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Résumé

Inclusions Monotones en Dualité et Applications

Le but de cette thése est de développer de nouvelles techniques d’éclatement d’opéra-
teurs multivoques pour résoudre des problemes d’inclusion monotone structurés dans
des espaces hilbertiens. La dualité au sens des inclusions monotones tient une place es-
sentielle dans ce travail et nous permet d’obtenir des décompositions qui ne seraient
pas disponibles via une approche purement primale. Nous développons plusieurs algo-
rithmes a métrique fixe ou variable dans un cadre unifié, et montrons en particulier que
de nombreuses méthodes existantes sont des cas particuliers de la méthode explicite—
implicite formulée dans des espaces produits adéquats. Les méthodes proposées sont
appliquées aux problémes d’inéquations variationnelles, aux problémes de minimisa-
tion, aux problemes inverses, aux problemes de traitement du signal, aux problémes
d’admissibilité et aux problémes de meilleure approximation. Dans un second temps,
nous introduisons une notion de suite quasi-fejérienne a métrique variable et analysons
ses propriétés asymptotiques. Ces résultats nous permettent d’obtenir des extensions de
méthodes d’éclatement aux problémes ou la métrique varie a chaque itération.

Mots-clés : algorithme primal-dual, algorithme proximal, analyse convexe, cocoerciv-
ité, meilleure approximation, méthode explicite-implicite, méthode explicite-implicite-
explicite, métrique variable, dualité, inclusions monotones, opérateur monotone, restau-
ration d’images.

Abstract

Monotone Inclusions in Duality and Applications

The goal of this thesis is to develop new splitting techniques for set-valued operators to
solve structured monotone inclusion problems in Hilbert spaces. Duality plays a central
role in this work. It allows us to obtain decompositions which would not be available
through a purely primal approach. We develop several fixed and variable metric algo-
rithms in a unified framework, and show in particular that many existing methods are
special cases of the forward-backward method formulated in a suitable product space.
The proposed methods are applied to variational inequalities, minimization problems,
inverse problems, signal processing problems, feasibility problems, and best approxima-
tion problems. Next, we introduce the notion of a variable metric quasi-Fejér sequence
and analyze its asymptotic properties. These results allow us to obtain extensions of
splitting schemes to problems in which the metric varies at each iteration.

Key words : best approximation, forward-backward method, forward-backward-
forward method, image recovery, monotone operators, operator splitting, primal-dual
algorithm, proximal algorithm, signal theory, variable metric.
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Notations et Glossaire

Les notations suivantes seront utilisées dans toute la theése. De plus, nous rappelons
certaines définitions de base en analyse convexe.

Notations générales

H,G,Gi,...,G, : Espaces de Hilbert réels.

(-] -) : Produit scalaire et norme de I'espace H.

| - || : Norme de I'espace H.

Id : Opérateur identité sur .

27 : Ensemble des parties de H.

g=G, D - DG, : Somme hilbertienne directe.

Io(H) : Famille des fonctions convexes, propres et semi-continues inférieurement
de H dans |—o0, +00].

B (H,G) : Espace des opérateurs linéaires et bornés de # dans G.
B(H)=B(H,H).

L* : Adjoint de l'opérateur L € B (H,G).

S(H)={LeB(H)|L =L}

UzV:NeeH) Uz |z) > (Ve |z),oulU e 8(H),V € S8(H).
Po(H) ={U € B(H) | (Va € H) (Uz | ) > a|z|*}, ot a € ]0, +00].
Vze H)Vy e H) (x| y)y = (x| Uy), ou U € Py (H).

(Vo € H) ||lzllv = /(Uz | z), ou U € Po(H).

— : Convergence forte.

— : Convergence faible.

lim o, : Limite supérieure de la suite () cn de R.

lim v, : Limite inférieure de la suite (a,),en de R.

(% (N) : Lensemble des suites absolument sommables dans [0, +o0].

Soit C' un sous-ensemble non vide de H.

0 sizeC; e e
R ) > : Fonction indicatrice de C.
+oo, sixz gC
de: x — inf o ||x — y|| : Fonction distance a C' associée a la norme || - || = /(- | ).

xii



oc: T+ sup,ec (z | y) : Fonction d’appui de C.
P : Projecteur sur le sous-ensemble convexe fermé non vide C' de H.

PY : Projecteur sur le sous-ensemble convexe fermé non vide C' de H relativement
alanorme | - ||y, ou U € P, (H).

N {fueH|(Vyel) (y—z|u) <0} sizeC
%]

NC - .
simnon

: Opérateur cone nor-

mal a C.

intC' : Intérieur de C.

cone C' = UysoAC.

stiC = {z € C'| cone(C — x) =5pan (C — z)} : Intérieur relatif fort de C.
riC = {z € C| cone(C — z) = span (C — z)} : Intérieur relatif de C.

Notations et définitions relatives a un opérateur multivoque A: H — 27

dom A = {z € # | Az # @} : Domaine de A.

grad = {(z,u) € H? | u € Az} : Graphe de A.

A H = 2% uw {z e H | ue Az} : Inverse de A.
Fix A= {z € H |z € Az} : Points fixes de A.
zerA={x € H |0 € Ax} : Zéros de A.

rand = {u € H | (3z € H) u € Az} : Image de A.
Ja = (Id +A)7! : Résolvante de A.

R4 =2J4 —1d : Opérateur de réflexion de A.

A est monotone :
(V(z,u) € grad)(V(y,v) € grad) (r—y|u—v) >0.
A est maximalement monotone :
(V(w,u) e HOH) ((z.u) € grad & (v(y,v) € grad) (@ —y |u—v)>0).
A est y-fortement monotone :
(V(z,u) € grad)(V(y,v) € grad) (z—y|u—v) =]z —y[*
A est demirégulier en z € dom A :

(V((n, un))nen € (grad)")(Vu € Ax) {x" I
Uy —> U
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Définitions relatives a un opérateur univoque 7: H — H
e L’'ensemble des points fixes de T :
FiXT:{xEH}Tx:x}.
e T est lipschitzien de constante x € |0, +oo[ (ou T est y-lipschitzien) :
(V(z,y) € H?) ||Tz = Tyl < x|z -yl
e T est f—cocoercif, ou € |0, +o00| : ST est une contraction ferme,
(Ve e H)(Vy € H) (x—y|Te—Ty) > B|Tz - Tyl

e TW)={T:H—>H| (Ve eH)(VyeFixT) (y—Tx|z—Tz), <0}.

Notations relatives a une fonction f € I'y(H)

e Domainede f :
dom f = {z € H| f(z) < +oo}.

Ensemble des minimiseurs de f :

Argmin f.

Le minimiseur de f en cas d’unicité :

argmin f(#) ou argmin f(y).

yeEH

Conjuguée de f :
frruesup ((z | u) — f(2)).

zeH

Enveloppe de Moreau d’indice v € ]0, +oo[ de f :
1
vr - il — w2
£ ot (£ + 5ol = o).

Siy=1,onnote f = f.

Le sous-différentiel de f en z € dom f :
Of(x)={ueM|(VyeH)(y—a|u)+flx) < fy)}

Xiv



e L'opérateur de proximité de f :

. 1
prox,: H — H: x — argmin (f(y) + §|Ix —y||2>-

yeEH

e L’opérateur de proximité de f relativement a la norme || - ||y :

. 1
proxy: H — H: x — argmin (f(y)+—||$—y||2U>-
yeEH 2

e La section inférieure de f a hauteurn € R :

leve, f={zeH ‘ f(z) <n}.
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Chapitre 1

Introduction

1.1 Inclusions monotones

Rappelons un probleme classique de la théorie des opérateurs monotones et de ses
applications.

Probléme 1.1 Soit A un espace hilbertien réel, soit C: H — 2" un opérateur maxi-
malement monotone. Le probléme est de

trouver T dans H tel que 0 € CT. (1.1)

Ce probleme a été étudié extensivement dans la littérature (voir [4, 31, 38] et leur
bibliographies). La méthode proximale a été proposée dans [6, 31] pour résoudre le
Probleme 1.1. On rappelle le résultat suivant.

Théoréme 1.2 [2, Theorem 23.41] Dans le Probléeme 1.1, supposons que zerC' # .
Soient xy € H et (V,)nen une suite dans |0, +-oo| telle que Y, 72 = +oc. Alors, la suite
(y )nen engendrée par Ualgorithme

(VneN) z,41 = Jy.cnp (1.2)

converge faiblement vers une solution T du probléme (1.1).

En général, les résolvantes (.J,, o )nen sont difficile a mettre en ceuvre numérique-
ment. On s’oriente alors vers des stratégies d’éclatement sous forme de sommes d’opéra-
teurs. Ainsi le Probléeme 1.1 a ensuite été étendu dans [27] au probleme de trou-
ver un zéro de la somme C' = A + B de deux opérateurs maximalement mono-
tone, ot I'un d’entre eux est cocoercif, i.e., son inverse est fortement monotone (voir
aussi [1, 4, 22, 23, 24, 34, 35, 39] pour des travaux concernant les opérateurs cocoer-
cifs).



Probléme 1.3 Soient 3 € |0, +oo[, H un espace hilbertien réel, A: H — 2% un opérateur
maximalement monotone, et B: H — 7 un opérateur -cocoercif. Le probleme est de

trouver T dans H tel que 0 € AT + B=Z. (1.3)

La méthode explicite-implicite a été proposée dans [27] pour résoudre ce probleme.
Cette méthode trouve ses origines dans la méthode du gradient projeté en optimisation
convexe (voir aussi [1, 4, 13, 16, 17, 19] et leur bibliographies). On présente le résultat
plus général sur cette méthode dans le théoreme suivant [1, 13].

Théoreme 1.4 (Méthode explicite-implicite [1, Theorem 2.8], [13, Section 6.2]) Con-
sidérons le Probléme 1.3. Soient ¢ € )0, 3/2], (A)nen une suite dans [e, 1], (V,)nen une suite
dans [e,2 — €|, xg € H, (an)nen €t (by)nen des suites absolument sommables dans H. On
engendre une suite (x,),cy cOmme suit.

1.

Supposons que zer(A + B) # @. Alors, on a les résultats suivants pour une solution T du
probleme (1.3).
(i) (2n)nen converge faiblement vers 7.
(ii) Supposons que l'une de conditions suivante soit satisfaite :
(a) A ou B est demirégulier en T.
(b) intzer(A + B) # @.

Alors (x,,)nen converge fortement vers 7.

Dans le cas ou l'opérateur B dans le Probleme 1.3 est seulement lipschitzien et
monotone, on arrive au probleme suivant qui est plus général que Probleme 1.3.

Probléme 1.5 Soient 3 € ]0, +oc, H un espace hilbertien réel, A: H — 2" un opéra-
teur maximalement monotone, B: H — H un opérateur monotone et -lipschitzien. Le
probleme est de

trouver T dans H tel que 0 € AT + B=Z. (1.5

On peut utiliser la méthode explicite-implicite-explicite proposée initialement
dans [36] pour résoudre ce probleme. On rappelle le résultat suivant de [7] qui in-
corpore des termes d’erreur.

Théoreme 1.6 (Méthode explicite-implicite-explicite [7, Theorem 2.5]) Considérons
le Probléme 1.5. Soient vy € H, € € |0,87/2], (an)nen, (Dp)nen, €t (cn)nen des suites

2



absolument sommables dans H. Posons

Tn € [87671 - E]
Yn = Ty — Yu(Bzy + by)
(Vn € N) DPn = Iy, AYn + ap (1.6)
dn = Pn — Vn(Bpn + Cn)
Tptl = T — Yn + Qn.

Supposons que zer(A + B) # @. Alors, on a les résultats suivants pour une solution T du
probléeme (1.5).
(1) (x,)nen converge faiblement vers 7.
(i) Supposons que l'une des conditions suivantes soit satisfaite.
(a) A+ B est demirégulier en T.
(b) A ou B est uniformément monotone en T.
(c) intzer(A + B) # @.

Alors (z,)nen converge fortement vers .

On a vu que l'opérateur B dans les Problemes 1.3 et 1.5 est univoque. Dans le cas
ou il est multivoque, on a le probléeme suivant.

Probléme 1.7 Soient H un espace hilbertien réel, A: H — 2% et B: H — 2" des opéra-
teurs maximalement monotones. Le probleme est de

trouver T dans H tel que 0 € AT + B=T. (1.7)

On peut utiliser la méthode de Douglas-Rachford proposée initialement dans [26]
pour résoudre le probleme (1.7) (voir aussi [4, 13, 15, 21, 33] et leur bibliographies).

Théoréme 1.8 ( [4, Theorem 25.6]) Dans le Probléme 1.7, supposons que zer(A+ B) #
@. Soient y € |0, +00, g € H, (An)nen une suite dans [0, 2] telle que Y . M(2 = Ay) =
+00. On engendre des suites (,)nen, (Yn)nen €t (2n)neny cOmme suit.

Yn = JyBIn
(Vn € N) Zp = Jya(2yn — ) (1.8)
Tpt1 = T + )\n(zn - yn)
Alors on a les résultats suivants pour un point T € Fix R\ 4R p.
(i) J,BT € zer(A + B) et (x,,)nen converge faiblement vers 7.
(ii) (yn)nen converge faiblement vers J,gT.

(iii) (2, )nen converge faiblement vers J., 7.

Dans le cas ou l'opérateur C' dans le probleme (1.1) est une somme quelconque
d’opérateurs maximalement monotones, on arrive au probleme suivant [14, 32].

3



Probleme 1.9 Soient m un entier strictement positif et % un espace hilbertien réel.
Pour tout i € {1,...,m}, soit C;: H — 2" un opérateur maximalement monotone. Le
probleme est de

trouver T dans H tel que 0 € Z Cix. (1.9)

i=1

On peut le résoudre par la méthode paralléle basée sur Douglas-Rachford proposée
dans [14] ou celle des inverses partiels proposée dans [32]. Dans le cas ou I'un des
opérateurs (C;)1<i<m €St fortement monotone, on dispose également de la méthode par-
allele de type Dykstra de [14].

1.2 Objectifs

L’objectif principal de cette these est de développer des méthodes d’éclatement d’opéra-
teurs pour résoudre des problemes plus généraux par leur structure que le Probleme 1.9.
Le probleme générique que nous considérons est le suivant.

Probléme 1.10 Soient H un espace hilbertien réel, z € H, A: H — 2 un opéra-
teur maximalement monotone, et C': H — H un opérateur maximalement monotone.
Soient G un espace hilbertien réel, r € G, B: G — 29 et D: G — 29 deux opérateurs
maximalement monotones, et 0 # L € B(H,G). Le probleme est de résoudre I'inclusion
primale

trouver ¢ € H telque z € (A+ C)z + L* (B0 D)(Lz —r)) (1.10)
et I'inclusion duale

trouver v € G tel que
—re-L((A+C) ' (2— L))+ B 'v+ D 'v. (1.11)

Cette dualité générale a été introduite dans [18] (on trouve des cas particuliers dans
[2, 7,10, 11, 28, 29]).

La principale motivation de cette these est d’unifier un grand nombre de méthodes
existantes pour résoudre certains cas particuliers de Probleme 1.10 et de développer
de nouveaux algorithmes a métriques constante et variable. Ces algorithmes seront ap-
pliqués a plusieurs problémes concrets.



1.3 Organisation

Au Chapitre 2, nous élaborons une méthode primale-duale pour résoudre des problemes
d’optimisation fortement convexe composites. L’algorithme proposé est une application
de la méthode explicite-implicite (1.4) au probleme dual, et il est appliqué ensuite a
divers problemes en mathématiques appliquées. On montre que plusieurs algorithmes
connus [3, 5, 8, 30, 37] sont des cas particuliers de cet algorithme. Des comparaisons
numériques avec I'algorithme proposé récemment dans [9] et avec celui de [11] sont
présentées dans le contexte du débruitage d’image.

Au Chapitre 3, nous proposons un algorithme pour calculer 'opérateur proximal
d’une fonction composite de la forme

h: H —]—00,400] : x»—)Zgi(Li:p—n), (1.12)

i=1

ou (Vi e {1,...,m})r; € Gi,g9: € I'0(G;), et 0 # L; € B(H,G;). Ensuite, nous présentons
des applications aux problemes de meilleure approximation relativement a l'intersection
de sous-ensembles convexes composites, et de traitement du signal.

Au Chapitre 4, nous nous intéressons aux inclusions monotones composites impli-
quant des opérateurs cocoercifs. Nous proposons un algorithme qui admet une structure
de la méthode explicite-implicite pour résoudre ce probleme. Des liens avec les méthodes
de [9, 13, 20, 25] sont présentés.

Au Chapitre 5, nous introduisons la notion de suite quasi-fejérienne a métrique
variable et analysons son comportement asymptotique. Dans le cas d'une métrique con-
stante, ces résultats se réduisent aux résultats connus de [12]. Les résultats obtenus
sont utilisés pour montrer la convergence faible et forte d’algorithmes pour résoudre des
problémes de point fixe et d’admissibilité convexe dans le Chapitre 5, et des inclusions
monotones en dualité dans les Chapitres 6 et 7.

Au Chapitre 6 nous proposons tout d’abord une méthode explicite-implicite a
métrique variable pour résoudre le Probleme 1.3. Les résultats se réduisent aux résultats
connus de [7, 13, 19, 27] dans le cas d'une métrique constante. Ensuite, nous appliquons
cet algorithme a la résolution d’inclusions monotones en dualité. De plus, des nouvelles
applications sont présentées.

Au Chapitre 7, nous développons une méthode explicite-implicite-explicite a
métrique variable pour résoudre le Probleme 1.5. De plus, nous proposons un algo-
rithme primal-dual a métrique variable pour résoudre des inclusions monotones compos-
ites impliquant des opérateurs lipschitziens et monotones. Des liens avec les méthodes
de [7, 18, 36] sont établis.

Au Chapitre 8, nous présentons quelques conclusions et des problémes ouverts.



1.4 Contributions principales

e Unification de nombreuses méthodes d’éclatement d’opérateurs. Plusieurs méth-
odes en apparence sans lien sont regroupées et étendues dans un cadre commun.

e Etude primale-duale de la méthode explicite-implicite pour résoudre les prob-
lemes d’optimisation composites fortement convexes et d’inclusions composites
fortement monotones. Cette approche nous permet de développer de nouveaux
algorithmes et de résoudre des problemes pour lesquels aucune méthode déclate-
ment existait jusqu’alors.

e Conception et étude asymptotique de la méthode explicite-implicite a métrique
variable pour résoudre le Probleme 1.3 et de la méthode explicite-implicite a
métrique variable pour résoudre le Probleme 1.5.

e Introduction de la notion de suite quasi-fejérienne a métrique variable. Les résul-
tats obtenus sont des outils fondamentaux pour démontrer la convergence faible
et forte de schémas numériques a métrique variable en analyse non-linéaire.

e Conception et étude asymptotique d’'une méthode a métrique variable pour ré-
soudre le probleme de point fixe commun. En particulier, nous obtenons une
nouvelle méthode proximale a métrique variable.

e Etude systématique de la méthode explicite-implicite (a2 métrique variable) et de
la méthode explicite-implicite-explicite (a métrique variable) pour résoudre des
inclusions monotones associées a des opérateurs cocoercifs et lipschitziens, re-
spectivement.

e Développement de nouvelles méthodes de résolution de problemes inverses, de
théorie du signal, de traitement de 'image, et de meilleure approximation.

1.5 Publications issues de la these

e P. L. Combettes, Dinh Diing, and B. C. Vii, Dualization of signal recovery problems,
Set-Valued Var. Anal., vol. 18, pp. 373-404, 2010.

e P. L. Combettes, Dinh Diing, and B. C. Vii, Proximity for sums of composite func-
tions, J. Math. Anal. Appl., vol. 380, pp. 680-688, 2011.

e B. C. Vii, A splitting algorithm for dual monotone inclusions involving cocoercive
operators, Adv. Comput. Math., vol. 38, pp. 667-681, 2013.

e P. L. Combettes and B. C. Vii, Variable metric quasi-Fejér monotonicity, Nonlinear
Anal., vol. 78, pp. 17-31, 2013.

e P. L. Combettes and B. C. Vii, Variable metric forward-backward splitting with
applications to monotone inclusions in duality, Optimization, a paraitre, 2013.
http://www.tandfonline.com/doi/full/10.1080/02331934.2012.733883

e B. C. Vii, A variable metric extension of the forward—backward—forward algorithm
for monotone operators, Numer. Funct. Anal. Optim., a paraitre, 2013.
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Chapitre 2

Dualisation de problemes inverses en
théorie du signal

Nous proposons un algorithme pour minimiser la somme d’une fonction fortement con-
vexe et d'une fonction composite. L’algorithme résulte de I'application de la méthode
explicite-implicite au probleme dual. Nous obtenons la convergence forte de la suite
primale et faible de la suite duale dans des espaces hilbertiens réels.

2.1 Description et résultats principaux

Nous nous intéressons au probleme suivant qui permet la modélisation d’'une grande
classe de problemes [23, 24, 50, 56, 66, 68, 72, 79, 80].

Probleme 2.1 Soient H et G deux espaces hilbertiens réels, z € H, r € G, f € T'o(H),
g€To(G),et0+# L e B(H,QG) tels que

r € sri (L(dom f) — domg). 2.1)

Le probleme primal est de

1
minimiser f(z) + g(Lx —r) + 5”1’ — 2%, (2.2)

zeH

et le probleme dual est de

minimiser f*(z — L*v) + ¢*(v) + (v | r). (2.3)

veG
Le premier résultat établit des liens entre le probléme primal et le probleme dual.
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Proposition 2.2 Soit v € |0, +oo[. Sous les hypothéses du Probléme 2.1, le probléeme (2.2)
et le probleme (2.3) sont en dualité forte, c’est a dire,

1 ~
inf f(@) +g(Le =)+ S o= 2| = —min (== L)+ ") + 0| 1), @4
le probleme (2.3) posséde au moins une solution v, le probleme (2.2) posséde une solution
unique T, et ces solutions sont liées par les relations

T = prox;(z — L'0) et U =prox ,.(v+~LT). (2.5)

Observons que la fonction f* est différentiable sur G avec un gradient lips-
chitzien [7]. Donc, pour résoudre le Probleme 2.1, nous appliquons la méthode explicite-
implicite (1.4) au probléeme dual, et allons par ce biais récupérer la solution primale.

Algorithme 2.3 Soit (a,),ey une suite absolument sommable dans G, et soit (b,),en
une suite absolument sommable dans #. Des suites (z,,),en €t (U5, )nen SONt engendrées
comme suit.

Initialisation
e €0, min{1, | L] 7?}|
Vo € g

Pour n=0,1,... (2.6)
T, = ProxX;(z — L*v,) + by

Tn € [, 2| LI 7% — €]

An € [e,1]

| Unt1 = U+ A (prOX%g* (Un + Yu(Lxy — 1)) + @y — vn).

Dans cette méthode, on obtient un éclatement de tous les opérateurs puisque L,
prox, et prox,. sont utilisés individuellement a chaque itération. De plus, la méthode
tolere des erreurs dans I’évaluation de chaque opérateur impliqué. Nous obtenons le
résultat de convergence suivant.

Théoreme 2.4 Soient (x,,)nen et (vn)nen des suites engendrées par UAlgorithme 2.3 et soit
7 la solution du probléeme (2.2). Alors nous avons les résultats suivants.

(1) (2n)nen converge fortement vers T.

(i) (Lvn))neN converge faiblement vers une solution v du probléme (2.3) et T = proxf(z —
*0).

Nous illustrons a présent des applications du Probleme 2.1 aux problemes de
meilleure approximation, de débruitage de signaux a l'aide de dictionnaires et de restau-
ration de signaux avec des fonctions d’appui. Nous listons ci-dessous quelques cas parti-
culiers du Probleme 2.1.
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Exemple 2.5 Soient z € H, r € G, C C H et D C G deux sous-ensembles convexes
fermés, et 0 # L € B (H,G) tels que

resri(L(C) - D). 2.7)
Le probleme primal est de
1
minimiser — |z — z||?, (2.8)
el 2
Lz—reD

et le probleme dual est de

1 1
minirrgliser §Hz — L*v||* — ad%(z — L*) +op(v) + (v ]| 7). (2.9)
ve

Cet exemple est un cas particulier du Probleme 2.1 ou f = (¢ avec dom f = C, et
g = tp avec dom g = D. Donc, nous pouvons utiliser ’Algorithme 2.3 pour résoudre le
probleme (2.8) et le probleme (2.9).

La condition (2.7) implique que lintersection C' N L~ (r + D) dans 'Exemple 2.5
est non vide. Pourtant, dans certaines situations (voir [31, 81]), l'intersection peut étre
vide. Dans ce cas, nous proposons le probléme suivant.

Exemple 2.6 Soient z € H, r € G, C C H et D C G deux sous-ensembles convexes
fermés non vides, 0 # L € B (H,G), ¢ et 1) deux fonctions paires dans I'o(R) \ {¢(0) } tels
que

r € sri (L({x €M |dc(z) edomo}) —{y€G|dply) € domz/;}). (2.10)
Le probleme primal est de
. 1
minimiser ¢(de(z)) + ¥ (dp(Le — 1)) + §||x — z||?, (2.11)
et le probleme dual est de

minimiser %Hz C Ll = (o de) (2 — L) + op(@) + v (o) + @ | ). (2.12)

Cet exemple est encore un cas particulier du Probleme 2.1 ot f = ¢ o d¢ avec dom f =
{z € H | dc(z) € dom ¢}, et g =y odp avecdomg = {z € H | dp(z) € dom¢}.

D’autres cas particuliers du Probléme 2.1 sont des problemes de restauration de
signal. Nous nous intéressons a la restauration d’un signal original = a partir d'un signal
bruité = dans H selon le modele

Z2=7T+w, (2.13)

13



ol w est un bruit additif. Des méthodes variationnelles ont été proposées dans [2, 23, 24,
27,32, 36,44, 45, 54, 72, 77, 78] pour résoudre le probleme (2.13). Une approche com-
mune de résoudre ce probléme est de minimiser la fonction z — ||z —z||*/2 sous des con-
traintes sur x qui représentent les information a priori sur z, et quelques transformations
affines Lz — z de celles-ci. Dans ce contexte, L peut étre un gradient [23, 24, 45, 54, 72],
un filtre de basse-fréquence [2, 77], un opérateur de décomposition sur une base d’on-
dellette [36, 44, 78]. Nous proposons la formulation variationnelle suivante ou les in-
formations sur = portent sur les produits scalaires ((Z | ex))rex, OU (ex)rex €St une suite
finie ou infinie de vecteurs de références dans #, et la fonction f modélise les autres
propriétés connues de z.

Exemple 2.7 Soient z € H, f € ['((#H), et (ex)rex une suite de vecteurs normeés dans H
tels que

(36 €]0,+oo)(Vz € H) Y [z | ex)]” < 0|, (2.14)

kek

et (¢r)rex des fonctions dans I'y(R) telles que
(Vk € K)  ¢r = ¢r(0) =0 (2.15)

et

(&)kex € P(K), > ¢r(&) < +oo, et x € dom f}. (2.16)

keK

0e sri{((l’ | exr) — fk)keK

Le probleme primal est de

minimiser f(z +Zgbk (x| ex)) —||x—z||2 (2.17)

zeH
kek

et le probleme dual est de

minimiser f*(z—Y vaxer | + D 0h(). (2.18)
(Vi) ker €€2(K) ( Z ok k) Z(bk( k‘)

keK keK
Cet exemple est un cas particulier du Probleme 2.1 avec G = ¢*(K), r = 0, et

L:H—=G: x— ((z]ep)kex € g: G —]—00,+00] 1 (&)rex — Z¢k(§k) (2.19)

keK

Enfin, nous présentons une application aux problémes de débruitage de signaux
avec des fonctions d’appui.
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Exemple 2.8 Soient z € H, r € G, f € ['((H), D un ensemble convexe fermé non vide
deG,et0+# L € B(H,G) tels que

r € sri(L(dom f) — {y € G | sup (y | v) < +o0}). (2.20)
veD
Le probleme primal est de

1
minimiser f(z)+ op(Lz —r)+ 5“3: —z|)?, (2.21)

x€EH

et le probleme dual est de

minimiser f*(z — L*v) + (v | r). (2.22)

veD

Cet exemple est un cas particulier du Probléeme 2.1 ou g = op avec domg =
{y € G |sup,cp (y | v) < +oo}.On trouve des exemples de telles fonctions en débruitage
de signaux dans [1, 8, 9, 24, 35, 39, 42, 65, 72, 79].

Remarque 2.9 En appliquant I’Algorithme 2.3 a ces cas particuliers, nous obtenons des
algorithmes pour résoudre les probléemes dans les Exemples 2.5, 2.6, 2.7, et 2.8. Des
liens avec des méthodes existantes sont présentés dans les Sections 2.2.4.1 et 2.2.4.3.

2.2 Article en anglais

DUALIZATION OF SIGNAL RECOVERY PROBLEMS'*

Abstract : In convex optimization, duality theory can sometimes lead to simpler solu-
tion methods than those resulting from direct primal analysis. In this paper, this princi-
ple is applied to a class of composite variational problems arising in particular in signal
recovery. These problems are not easily amenable to solution by current methods but
they feature Fenchel-Moreau-Rockafellar dual problems that can be solved by forward-
backward splitting. The proposed algorithm produces simultaneously a sequence con-
verging weakly to a dual solution, and a sequence converging strongly to the primal
solution. Our framework is shown to capture and extend several existing duality-based
signal recovery methods and to be applicable to a variety of new problems beyond their
scope.

1. P. L. Combettes, Dinh Diing, and B. C. Vii, Dualization of signal recovery problems, Set-Valued Var.
Anal., vol. 18, pp. 373-404, 2010.
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2.2.1 Introduction

Over the years, several structured frameworks have been proposed to unify the anal-
ysis and the numerical solution methods of classes of signal (including image) recovery
problems. An early contribution was made by Youla in 1978 [80]. He showed that sev-
eral signal recovery problems, including those of [50, 66], shared a simple common
geometrical structure and could be reduced to the following formulation in a Hilbert
space #H with scalar product (- | -) and associated norm || - || : find the signal in a closed
vector subspace C' which admits a known projection r onto a closed vector subspace V,
and which is at minimum distance from some reference signal z. This amounts to solving
the variational problem

1
minimize — |z — z|?, (2.23)
xeC 2

Py x=r

where P, denotes the projector onto V. Abstract Hilbert space signal recovery problems
have also been investigated by other authors. For instance, in 1965, Levi [56] consid-
ered the problem of finding the minimum energy band-limited signal fitting N linear
measurements. In the Hilbert space # = L*(R), the underlying variational problem is to

1
minimize —||z|% (2.24)
zeC 2

(x]s1)=p1
(z|sn)=pn

where C is the subspace of band-limited signals, (s;)1<i<y € H" are the measurement
signals, and (p;)1<i<y € RY are the measurements. In [68], Potter and Arun observed
that, for a general closed convex set C, the formulation (2.24) models a variety of prob-
lems, ranging from spectral estimation [10, 74] and tomography [58], to other inverse
problems [12]. In addition, they employed an elegant duality framework to solve it,
which led to the following result.

Proposition 2.10 [68, Theorems 1 and 3] Set r = (p;)icicny and L: H — RY: 2
({z | 8:))1<i<n> and let -y € 10, 2. Suppose that S~ | ||s;||> < 1 and that r lies in the relative
interior of L(C). Set

wy €RY and (Vn €N) wyy1 =w, +7(r — LPcL w,), (2.25)

where L*: RY — H: (v3)1<icy — Zﬁvzl v;s; is the adjoint of L. Then (w,),en converges to
a point w such that LPcL*w = r and PoL*w is the solution to (2.24).

Duality theory plays a central role in convex optimization [46, 62, 71, 83] and it
has been used, in various forms and with different objectives, in several places in signal

recovery, e.g., [10, 14, 23, 26, 39, 43, 47, 51, 53, 55, 79]; let us add that, since the
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completion of the present paper [33], other aspects of duality in imaging have been
investigated in [15]. For our purposes, the most suitable type of duality is the so-called
Fenchel-Moreau-Rockafellar duality, which associates to a composite minimization prob-
lem a “dual” minimization problem involving the conjugates of the functions and the
adjoint of the linear operator acting in the primal problem. In general, the dual prob-
lem sheds a new light on the properties of the primal problem and enriches its analysis.
Moreover, in certain specific situations, it is actually possible to solve the dual problem
and to recover a solution to the primal problem from any dual solution. Such a scenario
underlies Proposition 2.10 : the primal problem (2.24) is difficult to solve but, if C is
simple enough, the dual problem can be solved efficiently and, furthermore, a primal
solution can be recovered explicitly. This principle is also explicitly or implicitly present
in other signal recovery problems. For instance, the variational denoising problem

1
minimize g(Lz) + = ||z — z|?, (2.26)
z€H 2

where z is a noisy observation of an ideal signal, L is a bounded linear operator from A
to some Hilbert space G, and g: G — |—o0, +o¢] is a proper lower semicontinuous convex
function, can often be approached efficiently using duality arguments [39]. A popular
development in this direction is the total variation denoising algorithm proposed in [23]
and refined in [24].

The objective of the present paper is to devise a duality framework that captures
problems such as (2.23), (2.24), and (2.26) and leads to improved algorithms and con-
vergence results, in an effort to standardize the use of duality techniques in signal re-
covery and extend their range of potential applications. More specifically, we focus on a
class of convex variational problems which satisfy the following.

(a) They cover the above minimization problems.

(b) They are not easy to solve directly, but they admit a Fenchel-Moreau-Rockafellar
dual which can be solved reliably in the sense that an implementable algorithm
is available with proven weak or strong convergence to a solution of the se-
quences of iterates it generates. Here “implementable” is taken in the classical
sense of [67] : the algorithm does not involve subprograms (e.g., “oracles” or
“black-boxes”) which are not guaranteed to converge in a finite number of steps.

(c) They allow for the construction of a primal solution from any dual solution.

A problem formulation which complies with these requirements is the following, where
we denote by sriC' the strong relative interior of a convex set C' (see (2.42) and Re-
mark 2.12).

Problem 2.11 (primal problem) Let % and G be real Hilbert spaces, let z € #, let
r e g, letf:H — ]-00,+o0] and g: G — |—00,+00] be lower semicontinuous con-
vex functions, and let L.: H — G be a nonzero linear bounded operator such that the
qualification condition

r € sri (L(dom f) — dom g) (2.27)
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holds. The problem is to

1
minin?}ize flz)+g(Lx —7r)+ §||x —z||%. (2.28)
re

In connection with (a), it is clear that (2.28) covers (2.26) for f = 0. Moreover, if
we let f and ¢ be the indicator functions (see (2.38)) of closed convex sets C' C ‘H and
D C g, respectively, then (2.28) reduces to the best approximation problem

1
minimize - |z — z|?, (2.29)

zeC 2

Lx—reD
which captures both (2.23) and (2.24) in the case when C' is a closed vector subspace
and D = {0}. Indeed, (2.23) corresponds to G = H and L = Py, while (2.24) corre-
spondsto G =RN, L: H — RY: .+ ((z | 8;))1<i<n> 7 = (pi)1<i<n, and z = 0. As will be
seen in Section 2.2.4, Problem 2.11 models a broad range of additional signal recovery
problems.

In connection with (b), it is natural to ask whether the minimization problem (2.28)
can be solved reliably by existing algorithms. Let us set

h: H — ]—00,4+00] : x — f(x) + g(Lx — ). (2.30)

Then it follows from (2.27) that h is a proper lower semicontinuous convex function.
Hence its proximity operator prox,, which maps each y € H to the unique minimizer of
the function z — h(z) + ||y — z||*/2, is well defined (see Section 2.2.2.3). Accordingly,
Problem 2.11 possesses a unique solution, which can be concisely written as

T = prox;z. (2.31)

Since no-closed form expression exists for the proximity operator of composite functions
such as h, one can contemplate the use of splitting strategies to construct prox, z since
(2.28) is of the form

miniergize fi(z) + fo(z), (2.32)
where
fi: x»—)f(x)+%||x—z||2 and fo: v — g(Lx —r) (2.33)

are lower semicontinuous convex functions from H to |—oo, +oc]. To tackle (2.32), a
first splitting framework is that described in [39], which requires the additional assump-
tion that f, be Lipschitz-differentiable on # (see also [13, 16, 20, 19, 27, 35, 42, 49]
for recent work within this setting). In this case, (2.32) can be solved by the proximal
forward-backward algorithm, which is governed by the updating rule

{ Tt = Violen) T

2.34
Tpil = Tn + A\ (prO)(%f1 (Sb’n — %SUM%) +ay, — :cn>, ( )
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where )\, > 0 and v, > 0, and where a,, and a,, model respectively tolerances in
the approximate implementation of the proximity operator of f; and the gradient of
fo. Precise convergence results for the iterates (z,),cy can be found in Theorem 2.37.
Let us add that there exist variants of this splitting method, which do not guarantee
convergence of the iterates but do provide an optimal (in the sense of [63]) O(1/n?) rate
of convergence of the objective values [8]. A limitation of this first framework is that it
imposes that g be Lipschitz-differentiable and therefore excludes key problems such as
(2.29). An alternative framework, which does not demand any smoothness assumption
in (2.32), is investigated in [36]. It employs the Douglas-Rachford splitting algorithm,
which revolves around the updating rule

\‘ Tpyd = PIOX 1 Ty + Ao (2.35)

Tpp1 = Ty + A\ (prox,yf1 (2;1:,”% — :cn) +ay, — :anr%),

where )\, > 0 and v > 0, and where «a,,, and ay,, model tolerances in the approximate
implementation of the proximity operators of f; and f,, respectively (see [36, Theo-
rem 20] for precise convergence results and [28] for further applications). However, this
approach requires that the proximity operator of the composite function f, in (2.33) be
computable to within some quantifiable error. Unfortunately, this is not possible in gen-
eral, as explicit expressions of prox ,; in terms of prox, require stringent assumptions,
for instance L o L* = k1d for some x > 0 (see Example 2.19), which does not hold in
the case of (2.24) and many other important problems. A third framework that appears
to be relevant is that of [5], which is tailored for problems of the form

1

miniI}_}ize hi(z) + hao(z) + §||x — 2|3, (2.36)
xre

where h, and h, are lower semicontinuous convex functions from H to |—oo, +oc] such

that dom ~; N dom hy # @. This formulation coincides with our setting for h; = f and

hs: x — g(Lxz —r). The Dykstra-like algorithm devised in [5] to solve (2.36) is governed

by the iteration

Initialization
Yo =%
0 =0
| po=0
For n=0,1,... (2.37)
Tn = Prox, (yn + Qn)
Gnt1 = Yn tGn — Tn
Yn+1 = PrOXy, (Tn + pn)
| Prn+t1 = Tn +Pn — Ynt1

and therefore requires that the proximity operators of 4; and h, be computable explic-
itly. As just discussed, this is seldom possible in the case of the composite function h,.
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To sum up, existing splitting techniques do not offer satisfactory options to solve Prob-
lem 2.11 and alternative routes must be explored. The cornerstone of our paper is that,
by contrast, Problem 2.11 can be solved reliably via Fenchel-Moreau-Rockafellar duality
so long as the operators prox; and prox, can be evaluated to within some quantifiable
error, which will be shown to be possible in a wide variety of problems.

The paper is organized as follows. In Section 2.2.2 we provide the convex analytical
background required in subsequent sections and, in particular, we review proximity op-
erators. In Section 2.2.3, we show that Problem 2.11 satisfies properties (b) and (c). We
then derive the Fenchel-Moreau-Rockafellar dual of Problem 2.11 and then show that it
is amenable to solution by forward-backward splitting. The resulting primal-dual algo-
rithm involves the functions f and ¢, as well as the operator L, separately and therefore
achieves full splitting of the constituents of the primal problem. We show that the primal
sequence produced by the algorithm converges strongly to the solution to Problem 2.11,
and that the dual sequence converges weakly to a solution to the dual problem. Finally,
in Section 2.2.4, we highlight applications of the proposed duality framework to best
approximation problems, denoising problems using dictionaries, and recovery problems
involving support functions. In particular, we extend and provide formal convergence
results for the total variation denoising algorithm proposed in [24]. Although signal
recovery applications are emphasized in the present paper, the proposed duality frame-
work is applicable to any variational problem conforming to the format described in
Problem 2.11.

2.2.2 Convex-analytical tools
2.2.2.1 General notation

Throughout the paper, H and G are real Hilbert spaces, and B (#,G) is the space
of bounded linear operators from H to G. The identity operator is denoted by Id, the
adjoint of an operator 7' € B (H,G) by T*, the scalar products of both ‘H and G by
(-]-) and the associated norms by || - ||. Moreover, — and — denote respectively
weak and strong convergence. Finally, we denote by I'((#) the class of lower semi-
continuous convex functions ¢: H — ]|—o0,+oco] which are proper in the sense that
domy = {z € H | p(z) < +o0} # @.

2.2.2.2 Convex sets and functions

We provide some background on convex analysis ; for a detailed account, see [83]
and, for finite-dimensional spaces, [70].
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Let C be a nonempty convex subset of . The indicator function of C' is

Lot T 0, %f zel; (2.38)
+oo, if z ¢ C,

the distance function of C' is

de: H — [0, +o0[: . — inf ||z — y|, (2.39)
yeC

the support function of C' is

oc: H — |—00,400] : u > sup (x| u), (2.40)
zeC

and the conical hull of C is

cone C' = U {)\37 ’ T € C}. (2.41)
A>0

If C is also closed, the projection of a point z in 4 onto C' is the unique point Pox
in C such that ||z — Poz|| = de(z). We denote by intC' the interior of C, by spanC
the span of C, and by spanC the closure of spanC. The core of C is coreC' =
{2 € C | cone(C — z) = H}, the strong relative interior of C' is

stiC = {z € C' | cone(C — z) =5pan (C' — z)}, (2.42)
and the relative interior of C'is1iC' = {z € C' | cone(C — z) = span (C — z)}. We have
intC CccoreC CsriC CcriC c C. (2.43)

The strong relative interior is therefore an extension of the notion of an interior. This
extension is particularly important in convex analysis as many useful sets have empty
interior infinite-dimensional spaces.

Remark 2.12 The qualification condition (2.27) in Problem 2.11 is rather mild. In view
of (2.43), it is satisfied in particular when r belongs to the core and, a fortiori, to the
interior of L(dom f) — dom ¢ ; the latter is for instance satisfied when L(dom f) N (r +
intdomg) # @. If f and ¢ are proper, then (2.27) is also satisfied when L(dom f) —
domg = H and, a fortiori, when f is finite-valued and L is surjective, or when g is
finite-valued. If G is finite-dimensional, then (2.27) reduces to [70, Section 6]

r €ri(L(dom f) — domg) = (ri L(dom f)) — ridom g, (2.44)
i.e., (riL(dom f)) N (r + ridomyg) # @.

21



Let ¢ € T'o(H). The conjugate of ¢ is the function ¢* € T'y(H) defined by

(VueH) ¢"(u) = Sup (@ | u) — p(). (2.45)

The Fenchel-Moreau theorem states that ¢** = . The subdifferential of ¢ is the set-
valued operator

dp: H—2" x5 {ueH ’ (VyeH) (y—xz|u)+ o) <py)}. (2.46)
We have
(V(z,u) e HxH) uedp(x) < x€dp(u). (2.47)

Moreover, if ¢ is Gateaux differentiable at x, then
dp(x) = {Ve(r)}. (2.48)

Fermat’s rule states that

(Ve € H) € Argming = {z € domyp | (Vy € H) o(z) <p(y)} < 0€dp(z).
(2.49)

If Argmin ¢ is a singleton, we denote by argmin,;, ©(y) the unique minimizer of ¢.
Lemma 2.13 [83, Theorem 2.8.3] Let ¢ € I'y(H), let ¢ € I'y(G), and let M € B (H,G)
be such that 0 € sri (M (dom ¢) — dom ). Then (¢ + 1 o M) = dp + M* o (0v)) o M.

2.2.2.3 Moreau envelopes and proximity operators

Essential to this paper is the notion of a proximity operator, which is due to Moreau
[60] (see [39, 61] for detailed accounts and Section 2.2.2.4 for closed-form examples).
The Moreau envelope of ¢ is the continuous convex function

~ . 1
o H —R:z—min o(y) + = ||z — y|]* (2.50)
yeEH 2

For every = € H, the function y — ¢(y) + ||z — y||*/2 admits a unique minimizer, which
is denoted by prox,z. The proximity operator of ¢ is defined by

1
prox,: H — H: x +— argmin ¢(y) + 5”1’ — g2 (2.51)
yeEH

and characterized by

(V(v,p) e HXH) p=prox,z < x—p€dp(p) (2.52)
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Lemma 2.14 [61] Let ¢ € I'¢(H). Then the following hold.
(i) (Yz e H)(Vy € H) |[prox, z — prox y||* < (z — y | prox = — prox,y).
(i) (Vz € H)(Vy € H) |[prox,z — prox y| < ||z — y].

(i) ¢+ ¢* = || -[12/2.

(iv) ¢* is Fréchet differentiable and V* = prox, = Id —prox,,..

The identity prox, = Id —prox . can be stated in a slightly extended context.

Lemma 2.15 [39, Lemma 2.10] Let ¢ € To(H), let € H, and let v € |0,+o0|. Then
T = Prox,,a -+ Yprox,i,.(y 'z).

The following fact will also be required.

Lemma 2.16 Let ¢ € To(H), let w € H, and set ¢: x +— P(x) + |lv — wl||*/2. Then
o*:u e Y (u+w) — ||w|?/2.

Proof. Let u € H. It follows from (2.45) and Lemma 2.14(iii) that

1
P () = = inf (@) + Sl = wllP = (| w)
1

1
_ 2 o - . 2
= Slhull?+ G [ ) = inf 9) + 5 o = (w4 )

1 1
= Sl wl? — ¢ ol ~ B+ w)
—~ 1
=" (u+w) — §Hw|]2, (2.53)

which yields the desired identity. [

2.2.2.4 Examples of proximity operators

To solve Problem 2.11, our algorithm will use (approximate) evaluations of the
proximity operators of the functions f and ¢g* (or, equivalently, of g by Lemma 2.14(iv)).
In this section, we supply examples of proximity operators which admit closed-form
expressions.

Example 2.17 Let C be a nonempty closed convex subset of . Then the following hold.
(i) Set ¢ = 1c. Then prox, = Po [61, Example 3.d].
(i) Set ¢ = 0. Then prox, = Id —P¢ [39, Example 2.17].

(iii) Set ¢ = d,/(2). Then (Vz € H) prox,z = z + (1 + a)~'(Pex — z) [39, Exam-
ple 2.14].
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(iv) Set o = (|| - [|> — d&)/(2c). Then (Vo € H) prox, =z =z — o~ Po(a(a +1)"'z) [39,
Lemma 2.7].

Example 2.18 [39, Lemma 2.7] Let ¢ € [y(H) and set ¢ = ||-||2/2 — 1. Then ¢ € Ty(H)
and (Vz € H) prox,x = x — prox,,»(z/2).

Example 2.19 [36, Proposition 11] Let G be a real Hilbert space, let v € I'4(G), let
M € B(H,G), and set o = 1) o M. Suppose that M o M* = k1d, for some x € |0, +00].
Then ¢ € I'y(#H) and

1 *
prox, = Id +;M o (prox,, —Id) o M. (2.54)

Example 2.20 [27, Proposition 2.10 and Remark 3.2(ii)] Set

p: H — |00, +o0] t z = Y (x| or)), (2.55)
keK
where :
(i) @ #KcN;

(ii) (ok)rex is an orthonormal basis of H ;
(iii) (¢x)rex are functions in I'h(R);
(iv) Either K is finite, or there exists a subset L of K such that :
(a) K\ L is finite;
(b) (Vk € L) ¢ > ¢1(0) = 0.
Then ¢ € I'y(#) and

(Vx € H) prox,z = Z (prox,, (z | ox))ox. (2.56)

keK

Example 2.21 [17, Proposition 2.1] Let C' be a nonempty closed convex subset of #,
let ¢ € T'4(R) be even, and set ¢ = ¢ o dc. Then ¢ € T'y(H). Moreover, prox, = Fc if
¢ = 10y +n for some n € R and, otherwise,

rox,.d
z+ p;Z—(:S(x)(ch —x), if do(z) > max 9¢(0);
(Vo € H) prox,z = Pex, if ¢ Cand do(z) < maxdp(0);
x, if xeC.

(2.57)

24



Remark 2.22 Taking C' = {0} and ¢ # 0y + 7 (n € R) in Example 2.21 yields the

proximity operator of ¢ o || - ||, namely (using Lemma 2.14(iv))
proxy|jzf| .
— f 0¢(0);
(Vz € H) prox,z = || @, A lzl] > max p(0); (2.58)
0, if [|z|| < maxdp(0).

On the other hand, if ¢ is differentiable at 0 in Example 2.21, then 0¢(0) = {0} and
(2.57) yields

prox.do(x)

(VeeH) prox,e=4" "  do(x) (Fox =), if = ¢ C; (2.59)
x, if xeC.
Example 2.23 [17, Proposition 2.2] Let C' be a nonempty closed convex subset of H,
let ¢ € T'y)(R) be even and nonconstant, and set ¢ = o¢ + ¢ o || - ||. Then ¢ € T'x(#H) and
rox,d
Pd¢7(c)($)<x — Pox), if de(x) > max Argmin ¢;
c\Z
(Y €H) prox,z = r — Pox, if + ¢ C and do(r) < max Argmin ¢;
0, if xeC.

(2.60)

Example 2.24 Let A € B (H) be positive and self-adjoint, let b € H, let & € R, and set
@: x> (Az | x)/2+(z | b)+a. Then ¢ € Ty(H) and (Vo € H) prox,z = (Id +A)~ (z—b).

Proof. It is clear that ¢ is a finite-valued continuous convex function. Now fix = € H and
set:y > |lz —yll?/2+ (Ay | y)/2+ (y | b) + a. Then Vi): y — y — = + Ay + b. Hence,
Vy e H) Vio(y) =0y = (Id +A)"(z —b).O

Example 2.25 For every i € {1,...,m}, let (G;, || - ||) be a real Hilbert space, let r; € G,
let T, € B(H,G;), and let o; € |0, +o0[. Set (Vo € H) o(z) = (1/2) Y7, ai|| Tix — i
Then ¢ € I'y(#H) and

m —1 m
(Vx € H) prox v = (Id + Z asz*Tz> <1‘ + Z az‘Ti*Ti) . (2.61)
=1 i=1

Proof. We have ¢: x — > " oy(Tix —r; | Tix —r;) /2 = (Az | 2) /2 + (x| b) + o, where
A=3" o, b= =>" aTfr;, and o = >7" | a;||r;||*/2. Hence, (2.61) follows
from Example 2.24. []

As seen in Example 2.20, Example 2.21, Remark 2.22, and Example 2.23, some
important proximity operators can be decomposed in terms of those of functions in
['y(R). Here are explicit expressions for the proximity operators of such functions.
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Example 2.26 [27, Examples 4.2 and 4.4] Let p € [1,+o0[, let & € |0, 400, let ¢: R —
R:n aln?, let £ € R, and set m = prox,{. Then the following hold.
(i) 7 =sign(§) max{|¢| — a,0},if p=1;
(i) m=¢€+ %Op — &M —|p+ §|1/3), where p = /€2 4+ 256a3/729, if p = 4/3;
(i) m=¢&+9a?sign(§)(1— /1+16[¢]/(9a2))/8, if p = 3/2;
(iv) m=¢/(14 2a),if p=2;
(V) 7 =sign(¢)(y/14 12af¢] — 1) /(6a), if p = 3;

1/3 e/
pg—zé —pg—(f , where p = /& 1 1/(27a), if p — 4.

i) 7=

Example 2.27 [39, Example 2.18] Let « € ]0, +-00[ and set

' —aln(¢), if € > 0;

Then (V¢ € R) prox,& = (£ + /&2 + 4a) /2.
Example 2.28 [35, Example 3.5] Let w € |0, +o0[ and set

¢: R — ]—00, +o0] : £ {ln(“) ~Infw e, i ¢ < (2.63)
~+00, otherwise.
Then
N RV [
(V§ c R) proxd)g = Slgn(f) 9 ) if |£| > 1/‘*‘]; (2.64)
0 otherwise.
Example 2.29 [27, Example 4.5] Let w € |0, +o00[, 7 € |0, +00[, and set
TE?, if [¢] <w/V2r;
¢: R —]—00,400]: £ — (2.65)
wV27|€] — w?/2, otherwise.

Then
: if €] < w(2r + 1)/v/37:

(V€ € R) prox,€ = {27 +1 (2.66)
€ —wyV2rsign(€), if |€] > w(2r +1)/V27.

Further examples can be constructed via the following rules.
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Lemma 2.30 [35, Proposition 3.6] Let ¢ = 1 + oq, where » € T'4(R) and Q C R is
a nonempty closed interval. Suppose that v is differentiable at 0 with ¢’(0) = 0. Then
prox, = prox, o softq, where

{—w, If {<w; .
; . w = inf ,
softg : R - R: & — <0, if &€ with — (2.67)
_ . _ w = sup €.
f_ w, If g > W,

Lemma 2.31 [36, Proposition 12(ii)] Let ¢ = 1 + 1, where ¢ € I'o(R) and where C'is a
closed interval in R such that C'dom # @. Then prox, ., = Pc o prox,,.

2.2.3 Dualization and algorithm
2.2.3.1 Fenchel-Moreau-Rockafellar duality

Our analysis will revolve around the following version of the Fenchel-Moreau-
Rockafellar duality formula (see [48], [62], and [69] for historical work). It will also
exploit various aspects of the Baillon-Haddad theorem [6].

Lemma 2.32 [83, Corollary 2.8.5] Let ¢ € T'o(H), let ¢ € T'y(G), and let M € B (H,G)
be such that 0 € sri(M(dom ) — dom ). Then

inf p(z) + (M) = —min ¢ (~M"0) + 9" (0). (2.68)

The problem of minimizing ¢ + 1) o M on H in (2.68) is referred to as the primal
problem, and that of minimizing ¢* o (—M*)+v* on G as the dual problem. Lemma 2.32
gives conditions under which a dual solution exists and the value of the dual problem
coincides with the opposite of the value of the primal problem. We can now introduce
the dual of Problem 2.11.

Problem 2.33 (dual problem) Under the same assumptions as in Problem 2.11,

minimize f*(z — L)+ g"(v)+ (v ]| r). (2.69)

veEG

Proposition 2.34 Problem 2.33 is the dual of Problem 2.11 and it admits at least one
solution. Moreover, every solution v to Problem 2.33 is characterized by the inclusion

L(prox,(z — L*v)) —r € dg*(v). (2.70)

Proof. Letus set w = z, o = f + || - —w||*/2, M = L, and ¢y = g(- — r). Then (Vz € H)
o(z) + v(Mz) = f(z) + g(Lz — r) + ||z — 2||*/2. Hence, it results from (2.68) and
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Lemma 2.16 that the dual of Problem 2.11 is to minimize the function
- 1 .
P o (=M*)+ ¢ v fH(=Mv+w) — §||w||2 + 9" (v)
- 1
= fre=L) =Sl + g7 (v) + (v [ ) (2.71)
or, equivalently, the function v — f*(z — L*v) + ¢*(v) + (v | r). In view of (2.27), the
first two claims therefore follow from Lemma 2.32. To establish the last claim, note that
(2.50) asserts that dom f*o(z— L*-) = G. Hence, using (2.49), Lemma 2.13, (2.48), and
Lemma 2.14(iv), we get
v solves (2.69) < 0¢€ 6(}1 o(z—=L")+g" + (| r})(v)
& 0¢ —L(Vf*(z — L*v)) 4+ 9g*(v) + 7
& 0e —L(prox,(z — L*v)) + dg*(v) +r, (2.72)
which yields (2.70). 0

A key property underlying our setting is that the primal solution can actually be
recovered from any dual solution (this is property (c) in the Introduction).

Proposition 2.35 Let v be a solution to Problem 2.33 and set
T = proxf(z — L*v). (2.73)
Then z is the solution to Problem 2.11.

Proof. We derive from (2.73) and (2.52) that z — L*v — z € 0f(x). Therefore

—L'v € of(x) +x — z. 2.74)
On the other hand, it follows from (2.70), (2.73), and (2.47) that

v solves (2.69) < Lz —r € dg*(v)

& vedg(Lr—r)
= Lvel* (8g(L:L’ — r)) (2.75)

Upon adding (2.74) and (2.75), invoking Lemma 2.13, and then (2.49) we obtain
vsolves (2.69) = 0=L*v— L
€ 0f(x)+ L*(0g(Lx — 1)) +x — 2

= 0f () + L (9g(La ) + V(5] —2I?) @)
= o(f (L —r) + 5l 2P @)
& x solves (2.28), (2.76)

which completes the proof. I
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2.2.3.2 Algorithm

As seen in (2.31), the unique solution to Problem 2.11 is prox, z, where & is defined
in (2.30). Since prox,z cannot be computed directly, it will be constructed iteratively
by the following algorithm, which produces a primal sequence (z,),cn as well as a dual
sequence (v, )nen-

Algorithm 2.36 Let (a,),en be a sequence in G such that ) _|la,| < +oc and let
(bn)nen be a sequence in H such that ) [|b,|| < +oo. Sequences (x,)neny and (vy,)nen
are generated by the following routine.

Initialization

e €0, min{1, || L]}

Vo € g

For n=0,1,...

Ty = ProX,(z — L*v,) + by

T € [€,2]| L] — €]

An € [, 1]

| Un1 =0 Ay (prOX%g*(vn + Yp(Lxy — 1)) + ap — vn).

(2.77)

It is noteworthy that each iteration of Algorithm 2.36 achieves full splitting with re-
spect to the operators L, prox;, and prox,., which are used at separate steps. In addition,
(2.77) incorporates tolerances a,, and b,, in the computation of the proximity operators
at iteration n.

2.2.3.3 Convergence

Our main convergence result will be a consequence of Proposition 2.35 and the
following results on the convergence of the forward-backward splitting method.

Theorem 2.37 [39, Theorem 3.4] Let f, and f> be functions in I'y(G) such that the set G
of minimizers of f; + fo is nonempty and such that f, is differentiable on G with a 1/-
Lipschitz continuous gradient for some [ € |0,4o0c[. Let (V,)nen be a sequence in |0,203]
such that inf,eny, > 0 and sup, ey 7 < 20, let (\,)nen be a sequence in |0, 1] such that

infen An > 0, and let (ay,)nen and (agn)nen be sequences in G such that ) |lai.] <
+ooand ),y |lazn|| < 4o0. Fix vy € G and, for every n € N, set
Un+1 = Un + )\n (pl’OXvnfl (Un - ’Yn(va (Un) + a2,n)) + al,n - Un) . (278)

Then (v,,)nen converges weakly to a point v € G and Y, ||V f2(vy) — V f2(v)[|* < +oc.

The following theorem describes the asymptotic behavior of Algorithm 2.36.
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Theorem 2.38 Let (x,,)nen and (vy,)nen be sequences generated by Algorithm 2.36, and let
x be the solution to Problem 2.11. Then the following hold.

(D) (vn)nen converges weakly to a solution v to Problem 2.33 and x = prox;(z — L*v).

(i) (x,)nen converges strongly to .

Proof. Let us define two functions f; and f, on G by f;: v +— ¢*(v) + (v | r) and fo: v —
f*(z — L*v). Then (2.69) amounts to minimizing f; + f, on G. Let us first check that
all the assumptions specified in Theorem 2.37 are satisfied. First, f; and f, are in I'y(G)
and, by Proposition 2.34, Argmin f; + f; # @. Moreover, it follows from Lemma 2.14(iv)
that f, is differentiable on G with gradient

Vv —L(proxf(z — L*v)). (2.79)
Hence, we derive from Lemma 2.14(ii) that

(Vo e G)(Vw € G)  [[Vfa(v) = Via(w)|| < [[L]| |[prox;(z — L*v) — prox;(z — L™w)]|

<|
< LHE v = Lrw]]
< LIP v = w]l- (2.80)

The reciprocal of the Lipschitz constant of V f, is therefore 3 = || L||~2. Now set
(VneN) a1, =a, and as, = —Lb,. (2.81)

Then 3, ey sl = X, ol < +00 and 3, flazall < I1LI e Iba]] < +o0. More-
over, for every n € N, (2.77) yields

Ty = Prox;(z — L*v,) + b, (2.82)

and, together with [39, Lemma 2.6(i)],

Untl = U + An (prox%g* (vn + W(Lay — 7)) + an — vn>
= U, + A\ (prox%gwr(_mr) (vn + L) + an — Un>
= v, + \y (proxw(g*ﬂ,w (vn 4+ Y L(prox,(z — L*vy) 4 bn)) + an — Un>
=u, + A\, (prox%f1 (vn = WV fa(vn) + a2n)) + a1, — vn>. (2.83)

This provides precisely the update rule (2.78), which allows us to apply Theorem 2.37.

(i) : In view of the above, we derive from Theorem 2.37 that (v,),cy converges
weakly to a solution v to (2.69). The second assertion follows from Proposition 2.35.

(ii) : Let us set

(Vn € N)  y, =z, — by, = prox,(z — L*v,). (2.84)
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As seen in (i), v, — v, where v is a solution to (2.69), and = = prox,(z — L*v). Now set
p = Sup,cy ||vn — v||. Then p < +o00 and, using Lemma 2.14(i) and (2.79), we obtain

I”

N

Yy — x||* = |[prox;(z — L*v,) — prox,(z — L*v)
(L*v = L*v, | prox;(z — L*v,) — prox,(z — L*v))
(vn —v | =L(prox;(z — L*v,)) + L(prox,;(z — L*v)))
= (vn —v | Vfa(vs) — Vf2(v))
< IV fa(vn) = V()] (2.85)

However, as seen in Theorem 2.37, ||V fa(v,) — V fo(v)|| — 0. Hence, we derive from
(2.85) that y,, — z. In turn, since b, — 0, (2.84) yields z,, — x.[

Remark 2.39 (Dykstra-like algorithm) Suppose that, in Problem 2.11,G =H, L =1d,
and r = 0. Then it follows from Theorem 2.38(ii) that the sequence (z,),n produced
by Algorithm 2.36 converges strongly to x = prox,, 2. Now let us consider the special
case when Algorithm 2.36 is implemented with vq = 0, v, = 1, A\, = 1, and no errors,
i.e., a, = 0 and b, = 0. Then it follows from Lemma 2.14(iv) that (2.77) simplifies to

Initialization

L vg=0

For n=0,1,... (2.86)
T, = Prox;(z — vn)

Upy1 = Ty + Uy — proxg(xn + vp).

Using [5, Eq. (2.10)] it can then easily be shown by induction that the resulting sequence
(n)nen coincides with that produced by the Dykstra-like algorithm (2.37) (with hy = ¢
and h, = f) and that the sequence (v, ),y coincides with the sequence (p,,)nen of (2.37).
The fact that x,, — prox g7 Was established in [5, Theorem 3.3(i)] using different tools.
Thus, Algorithm 2.36 can be regarded as a generalization of the Dykstra-like algorithm
(2.37).

Remark 2.40 Theorem 2.38 remains valid if we introduce explicitly errors in the imple-
mentation of the operators L and L* in Algorithm 2.36. More precisely, we can replace
the steps defining x,, and v,, in (2.77) by

{ Tn = prox;(z — L*v, — dyy) + di (2.87)

Upi1 = Un + Ay (prOX%g*(vn + YLy, +con — 1)) +C10 — vn),
where (dyn)nen and (doy)nen are sequences in H such that ) [/di,| < +oo and

Y nen lldon|| < 400, and where (c1,)nen and (con)nen are sequences in G such that
Y onen llein]l < 4ooand Y- |lc2.n|| < +00. Indeed set, for every n € N,

{a’n =Cin + pI‘OX“/ng* (Un + fyn(an + Con — T>) o proxﬁ/"g* <Un + ’}/n<an B T>) (2 88)

by =dy, + proxf(z — L*v, —dy,) — proxf(z — L*vy,).
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Then (2.87) reverts to

T, = Prox;(z — L*v,) + by,

2.89
Unt1 = Un + An (PIOX,, . (U + Yo (Ltn — 1)) + @y — ), (2.89)
as in (2.77). Moreover, by Lemma 2.14(ii),
(Vn € N)  lan|| < [[cinll + Iprox,, - (vn + Y (Lan + con — 7))
- proxwg*(vn + Yn(Lx, —1))||
< lernll +mlleznll
< lewnll + 21212l eanll- (2.90)

Thus, >, .y l|as|| < +o0. Likewise, we have » _ [|b,|| < +o0.

2.2.4 Application to specific signal recovery problems

In this section, we present a few applications of the duality framework presented
in Section 2.2.3, which correspond to specific choices of H, G, L, f, g, r, and z in Prob-
lem 2.11.

2.2.4.1 Best feasible approximation

A standard feasibility problem in signal recovery is to find a signal in the intersection
of two closed convex sets modeling constraints on the ideal solution [32, 73, 76, 82]. A
more structured variant of this problem, is the so-called split feasibility problem [18, 21,
22], which requires to find a signal in a closed convex set C' C ‘H and such that some
affine transformation of it lies in a closed convex set D C G. Such problems typically
admit infinitely many solutions and one often seeks to find the solution that lies closest
to a nominal signal z € H [30, 68]. This leads to the formulation (2.29), which consists
in finding the best approximation to a reference signal z € H from the feasibility set
CnL Y (r+ D).

Problem 2.41 Letz € H,letr € G,let C C H and D C G be closed convex sets, and let
L be a nonzero operator in B (#, G) such that

r € sri(L(C) — D). (2.91)
The problem is to

1
minimize — ||z — 2%, (2.92)
zcC 2
Lzx—reD
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and its dual is to
N ez Lo «
minimize in — L*v||* — §dc(z — L*v) 4+ op(v)+ (v | 7). (2.93)
ve

Proposition 2.42 Let (b,),cn be a sequence in H such that ) [|b,| < +oo, let (cp)nen
be a sequence in G such that ) |lca| < 400, and let (2, )nen and (v, )nen be sequences
generated by the following routine.

Initialization

e €0, min{1, || L|| 72}

Vo € Q

For n=0,1,...

xn, = Po(z — L*v,) + b,

Tn € [&,2[|L]| 7% — €]

An € [g,1]

| Unt1 = Un A+ AV (Lt — 7 — Pp(v, ' on + Ly —7) + ).

(2.94)

Then the following hold, where = designates the primal solution to Problem 2.41.
(1) (vn)nen converges weakly to a solution v to (2.93) and x = Po(z — L*v).

(i) (x,)nen converges strongly to z.

Proof. Set f = 1c and g = tp. Then (2.28) reduces to (2.92) and (2.27) reduces to (2.91).
In addition, we derive from Lemma 2.14(iii) that f* = || - ||?/2 — ¢ = (|| - ||* — d&) /2.
Hence, in view of (2.69), (2.93) in indeed the dual of (2.92). Furthermore, items (i) and
(ii) in Example 2.17 yield prox, = Pc and

(Vn €N) prox, .. =prox, , =prox,  =Id—P, p=1Id—%Pp(-/7). (2.95)

Finally, set (Vn € N) a, = yn¢,. Then > llan| < 2|L)| 72X, exllcnll < +oo and,
altogether, (2.77) reduces to (2.94). Hence, the results follow from Theorem 2.38. [

Our investigation was motivated in the Introduction by the duality framework of
[68]. In the next example we recover and sharpen Proposition 2.10.

Example 2.43 Consider the special case of Problem 2.41 in which z = 0, G = RY,
D = {0}, 7 = (pi)ici<n, and L: x — ((x | 8;))1<icn, Where (s;)1<icn € HY satisfies
SV Isill?> < 1. Then, by (2.44), (2.91) reduces to r € ri L(C) and (2.92) to (2.24).
Since ||L|| < 1, specializing (2.94) to the case when ¢, = 0 and A\, = 1, and introducing
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the sequence (w,,)n,en = (—v,)nen for convenience yields the following routine.
Initialization
e €]0,1]
Wy € RN
For n=0,1,... (2.96)
x, = Po(L*w,) + by,
Tn € [6,2|| L[| 7% — €]

| Wny1 = wn + fyn(r — an).

Thus, if ) _y|lbn]| < +o00, we deduce from Proposition 2.42(i) and Proposition 2.34
the weak convergence of (w,),en to a point w such that v = —w satisfies (2.70), i.e.,
L(Pe(=L*v)) — r € 9, (v) = {0} or equivalently, L(Pc(L*w)) = r, and such that
Po(—L*v) = Po(L*w) is the solution to (2.24). In addition, we derive from Proposi-
tion 2.42(ii), the strong convergence of (z,).cny to the solution to (2.24). These re-
sults sharpen the conclusion of Proposition 2.10 (note that (2.25) corresponds to setting
b, =0and v, =~ € ]0,2[ in (2.96)).

Example 2.44 We consider the standard linear inverse problem of recovering an ideal
signal 7 € ‘H from an observation

r = Lf + S (2.97)

in G, where L € B (H,G) and where s € G models noise. Given an estimate x of 7, the
residual » — Lx should ideally behave like the noise process. Thus, any known probabilis-
tic attribute of the noise process can give rise to a constraint. This observation was used
in [38, 76] to construct various constraints of the type Lz — r € D, where D is closed
and convex. In this context, (2.92) amounts to finding the signal which is closest to some
nominal signal z and which satisfies a noise-based constraint and some convex constraint
on T represented by C. Such problems were considered for instance in [30], where they
were solved by methods that require the projection onto the set {:c eH ] Lx —r e D},
which is typically hard to compute, even in the simple case when D is a closed Euclidean
ball [76]. By contrast, the iterative method (2.94) requires only the projection onto D
to enforce such constraints.

2.2.4.2 Soft best feasible approximation

It follows from (2.91) that the underlying feasibility set C N L~!(r + D) in Prob-
lem 2.41 is nonempty. In many situations, feasibility may not guaranteed due to, for
instance, imprecise prior information or unmodeled dynamics in the data formation pro-
cess [31, 81]. In such instances, one can relax the hard constraints x € C and Lx—r € D
in (2.92) by merely forcing that = be close to C' and Lx—r be close to D. Let us formulate
this problem within the framework of Problem 2.11.
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Problem 2.45 Let z € H, letr € G, let C € H and D C G be nonempty closed convex
sets, let L € B(H,G) be a nonzero operator, and let ¢ and ¢ be even functions in
Lo(R) ~ {tgo1} such that

resr(L({z €M |do(z) €dome}) — {y € G | dp(y) € domu}). (2.98)

The problem is to
1
miniegr{lize ¢(de(z)) + 1 (dp(Le — 1)) + §||x —2||%, (2.99)

and its dual is to

mi%ierélize %Hz — L*v||? = (pode)~ (2 — L*v) + op(v) +*(||v]|) + (v | 7). (2.100)

Since ¢ and v are even functions in I'y(R) \ {¢f0} }, we can use Example 2.21 to get
an explicitly expression of the proximity operators involved and solve the minimization
problems (2.99) and (2.100) as follows.

Proposition 2.46 Let (b,),cn be a sequence in H such that ) [|b,| < +oo, let (c,)nen
be a sequence in G such that ) . |lc.|| < +oo, and let (x,)nen and (v,)nen be sequences
generated by the following routine.

Initialization
e €10, min{1, |L]| 7}
Vo - Q
For n=0,1,...
Yn = 2 — L*v,
if de(y,) > max0¢(0)
prox *dc(yn)
if de(y,) < max 8gb(0)

| 20 = Poyn + b, (2.101)
Yo € [£, 21 L] 72 — €]
=, + L, —r
if dp(wy,) > v, maxdy(0)
L B ProX . -1,.dp(wy
Pn dp(wy)
if dp(w,) <7, max 9y (0)
Lpn:wn_PDwn+cn
An € [g,1]
Unt1 = Un + A (’ann - Un)-

(wn - PDwn) + Cp

Then the following hold, where x designates the primal solution to Problem 2.45.
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(1) (vn)nen converges weakly to a solution v to (2.100) and, if we set y = z — L*v,

.d
o (o P ey ), dety) > maxdo(0)

Pey, if de(y) < max0¢(0).

(2.102)

(i) (x,)nen converges strongly to .

Proof. Set f = ¢odc and g = wodp. Since d¢ and dp are continuous convex functions, f €
Io(H) and g € T'y(G). Moreover, (2.98) implies that (2.27) holds. Thus, Problem 2.45 is
a special case of Problem 2.11. On the other hand, it follows from Lemma 2.14(iii) that
f*=11?/2—(¢odc)~ and from [17, Lemma 2.2] that g* = op+1*o||-||. This shows that
(2.100) is the dual of (2.99). Let us now examine iteration n of the algorithm. In view of
Example 2.21, the vector z,, in (2.101) is precisely the vector z,, = prox;(z — L*v,) + b,
of (2.77). Moreover, using successively the definition of w, in (2.101), Lemma 2.15,
Example 2.21, and the definition of p, in (2.101), we obtain

%jlprox%g* (U + Y (L, — 1))
= ’yglprox'yng* (’ann)
= Wy, — ProX,—1,Wy
= Wp — PIOX(~1y)04, Wn
prox -1,.dp(wy)
= dD(wn)
w, — Ppw, if dp(w,) <, max 9y (0)
= P — Cn. (2.103)

(wn, — Ppwy,) if dp(w,) > v, max d9y(0)

Altogether, (2.101) is a special instance of (2.77) in which (Vn € N) a,, = 7,¢,. There-
fore, since Y, _yllan|l < 2|L72>",cx llenll < oo, the assertions follow from Theo-
rem 2.38, where we have used (2.57) to get (2.102). [

Example 2.47 We can obtain a soft-constrained version of the Potter-Arun problem
(2.24) revisited in Example 2.43 by specializing Problem 2.45 as follows : z = 0, G = R¥,
D = {0}, 7 = (pi)ici<n, and L: z — ({z ] 8;))1<icn, Where (s;)1<icy € HY satisfies
vaz 1 lls:]|* < 1. We thus arrive at the relaxed version of (2.24)

minimize o(de(r)) + 0 (/S | 5~ pl?) + 5l (2.104)

Since D = {0}, we can replace each occurrence of dp(w,) by ||w,| and each occurrence
of w, — Ppw, by w, in (2.101). Proposition 2.46(ii) asserts that any sequence (z,)nen
produced by the resulting algorithm converges strongly to the solution to (2.104). For
the sake of illustration, let us consider the case when ¢ = «f - |*/3 and ¢ = 3| - |, for some

36



a and 3 in |0, +oc[. Then dom¢) = R and (2.98) is trivially satisfied. In addition, (2.104)
becomes

1
Coe . 4/3 N
minimize ad’(@) + 5y/ S5 (e | ) — ol + 3 ] (2.105)

Since ¢*: pu +— 27|u|*/(2560%), prox,. in (2.101) can be derived from Example 2.26(vi).
On the other hand, since ¢* = 1|5 5, Example 2.17(i) yields prox,. = Pz 4. Thus,
upon setting, for simplicity, b, = 0, ¢, = 0, A, = 1, and ~,, = 1 (note that ||L]| < 1) in
(2.101) and observing that d¢(0) = {0} and 0v(0) = [—/, 5], we obtain the following
algorithm, where L*: (1;)1<icn = Son, ViSin

Initialization
T =3/(204'3), 0 = 2560°/729
Vo € RN

F-or n=0,1,...
Yn = 2 — L*v,

if y,¢C
V& (yn) + 0 — dc(yn)

Tdc (yn)

1/3 1/3
} ) o+ de(yn) —}
+

Tpn = Yn (PCyn - yn)

if y,€eC
an:yn

Wy, = v, + Lx, — 1
i [l > 3

Un4+1 = 777 Wn
[[wall

if flwal <8
Unt1 = Wy

As shown above, the sequence (z,),cn converges strongly to the solution to (2.105).

Remark 2.48 Alternative relaxations of (2.24) can be derived from Problem 2.11. For
instance, given an even function ¢ € I',(R) \ {03} and o € ]0, 400}, an alternative to
(2.104) is

1
minimize ¢(de(z)) + a max |(z | s;) — pi| + §||x||2 (2.106)

zeH 1<i<

This formulation results from (2.28) with z = 0, f = ¢odc, G = RY, r = (p;)1<icn,
L:x— ((x]s))i<i<n, and g = af| - ||« (note that (2.27) holds since dom g = G). Since
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g* = 1p, where D = {(vi)1<icy € RY ] Zi]\il lvi| < a}, the dual problem (2.69) therefore
assumes the form

o1
minimize —
(l/i) 1<i<N eD 2

N 2 N N
Z visil| — (¢pode)™ ( — Z VZ'SZ-) + Z Pili. (2.107)
i=1 i=1 i=1

The proximity operators of f/ = ¢ o d¢ and ~,¢9* = ¢p required by Algorithm 2.36 are
supplied by Example 2.21 and Example 2.17(i), respectively. Strong convergence of the
resulting sequence (z,,),en to the solution to (2.106) is guaranteed by Theorem 2.38(ii).

2.2.4.3 Denoising over dictionaries

In denoising problems, the goal is to recover the original form of an ideal signal
T € H from a corrupted observation

Z2=T+s, (2.108)

where s € H is the realization of a noise process which may for instance model imper-
fections in the data recording instruments, uncontrolled dynamics, or physical interfer-
ences. A common approach to solve this problem is to minimize the least-squares data
fitting functional = — ||z — 2||?/2 subject to some constraints on z that represent a priori
knowledge on the ideal solution 7 and some affine transformation L7 — r thereof, where
L € B(H,G) and r € G. By measuring the degree of violation of these constraints via
potentials f € I'o(#) and g € I'y(G), we arrive at (2.28). In this context, L can be a
gradient [23, 45, 54, 72], a low-pass filter [2, 77], a wavelet or a frame decomposition
operator [36, 44, 78]. Alternatively, the vector » € G may arise from the availability of
a second observation in the form of a noise-corrupted linear measurement of z, as in
(2.97) [27].

In this section, the focus is placed on models in which information on the scalar
products ((T | ex))rex of the original signal = against a finite or infinite a sequence of ref-
erence unit norm vectors (e )rex of H, called a dictionary, is available. In practice, such
information can take various forms, e.g., sparsity, distribution type, statistical properties
[27, 35, 41, 49, 57, 75], and they can often be modeled in a variational framework by
introducing a sequence of convex potentials (¢ )rex. If we model the rest of the infor-
mation available about T via a potential f, we obtain the following formulation.

Problem 2.49 Let z € H, let f € I'((#H), let (ex)rex be a sequence of unit norm vectors
in H such that

(30 €10, +o0)(Vz € H) Y [z | ex)]” < 0|, (2.109)

kek

and let (¢ )rex be functions in I'g(R) such that

(VE € K) ¢éx = ¢1(0) =0 (2.110)
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and

0 € sri {((x | ex) — gk)keK (&) rex € £ Zgbk (&) < 400, and z € domf}

kek

(2.111)

The problem is to

1
mlnlmlze flx +Z¢>k x| ex)) §||:L‘—Z||2, (2.112)

keK

and its dual is to

mlnlmlze <z — Z Uy, kek) + Z Or (V). (2.113)

62
(ve)rexe keK keK

Problems (2.112) and (2.113) can be solved by the following algorithm, where
i stands for a numerical tolerance in the implementation of the operator prox, or-
Let us note that closed-form expressions for the proximity operators of a wide range of
functions in I'y(R) are available [27, 35, 39], in particular in connection with Bayesian
formulations involving log-concave densities, and with problems involving sparse repre-
sentations (see also Examples 2.26-2.29 and Lemmas 2.30-2.31).

Proposition 2.50 Let (v k)nen)rek be sequences in R such that Y /> ek |0nil* <
+00, let (b,)nen be a sequence in H such that ) . ||bn|| < +oo, and let (z,)yen and

(Un)nen = ((Vnk)kek )nen be sequences generated by the following routine.

Initialization

e €0, min{1,6 1}

(Yok)kek € £2(K)

For n=0,1,...

T = Prox,(z — >, cx Vnier) + bn (2.114)
Tn € [87 207" — 8]

An € [g,1]

For every k € K

{ Vniik = Unk + An (proxwmz(un,ﬁc + Yol | €8)) + g — Vni)-

Then the following hold, where x designates the primal solution to Problem 2.49.

(D) (vn)nen converges weakly to a solution (vg)rex to (2.113) and x = prox;(z —
D kek Vk€k)-

(ii) (2, )nen converges strongly to .
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Proof. Set G = (*(K) and r = 0. Define

L:H—=G:o ((z]e)ex and g: G = ]—00,+00] : (&)rex — Y (&), (2.115)

kek

Then L € B (H,G) and its adjoint is the operator L* € B (G, H) defined by

kek

On the other hand, it follows from our assumptions that g € I'((G) (Example 2.20) and
that

9" G — =00, +00] : (vi)kex — Y i), (2.117)

kek

In addition, (2.111) implies that (2.27) holds. This shows that (2.112) is a special case
of (2.28) and that (2.113) is a special case of (2.69). We also observe that (2.109) and
(2.115) yield

IZLIPP = sup [|La]f* = sup D |{z | en)* <. (2.118)

[[z[|=1 l=l=1 pex

Hence, [¢,207! — ¢] C [¢, 2||L||7? — €]. Next, we derive from (2.45) and (2.110) that, for
every k € K, ¢;(0) = supgcg —én(§) = —infecr d(§) = ¢(0) = 0 and that (Vv € R)
(V) = supger §v — dr(§) = —¢r(0) = 0. In turn, we derive from (2.117) and Exam-
ple 2.20 (applied to the canonical orthonormal basis of ¢*(K)) that

(Vy €10, 400[) (Vo = (Vk)rex € G) Prox,,.v = (proxwzuk)keK. (2.119)

Altogether, (2.114) is a special case of Algorithm 2.36 with (Vn € N) a,, = (aux)rex.
Hence, the assertions follow from Theorem 2.38. [

Remark 2.51 Using (2.115), we can write the potential on the dictionary coefficients in
Problem 2.49 as

goL:xz > ¢n((z]ex)). (2.120)

kek

(i) If (ex)rex were an orthonormal basis in Problem 2.49, we would have L= = L*
and prox,,; would be decomposable as L* o prox, o L [39, Lemma 2.8]. As seen in
the Introduction, we could then approach (2.112) directly via forward-backward,
Douglas-Rachford, or Dykstra-like splitting, depending on the properties of f. Our
duality framework allows us to solve (2.112) for the much broader class of dictio-
naries satisfying (2.109) and, in particular, for frames [40].

40



(ii) Suppose that each ¢ in Problem 2.49 is of the form ¢, = vy, + oq,, where ¢, €
Io(R) satisfies ¢, > ¢x(0) = 0 and is differentiable at 0 with ;(0) = 0, and
where (), is a nonempty closed interval. In this case, (2.120) aims at promoting
the sparsity of the solution in the dictionary (ex)rex [35] (a standard case is when,
for every k € K, ¢, = 0 and Q) = [—ws,wy], which gives rise to the standard
weighted (' potential  — 3, . wi|(z | ex)|). Moreover, the proximity operator
Prox., - in (2.114) can be evaluated via Lemma 2.15 and Lemma 2.30.

2.2.4.4 Denoising with support functions
Suppose that ¢ in Problem 2.11 is positively homogeneous, i.e.,
(VA €]0,+oo[)(Vy € G)  g(A\y) = Ag(y). (2.121)

Instances of such functions arising in denoising problems can be found in [1, 8, 9, 24,
35, 39, 42, 65, 72, 79] and in the examples below. It follows from (2.121) and [4,
Theorem 2.4.2] that g is the support function of a nonempty closed convex set D C G,
namely

g=op=sup(-|v), where D=09g(0)={veg|(Vyeg) (y|v)<gly)}. (2.122)

veD

If we denote by bar D = {y € G | sup,cp (y | v) < +oo} the barrier cone of D, we thus
obtain the following instance of Problem 2.11.

Problem 2.52 let z € H, r € G, let f € I'y(H), let D be a nonempty closed convex
subset of G, and let L be a nonzero operator in B (H, G) such that

r € sri (L(dom f) — bar D). (2.123)

The problem is to

1
minimize f(z)+op(Lzx —1)+ 5“3: —z|)?, (2.124)

zEH

and its dual is to

minimize f*(z — L*v) + (v | 7). (2.125)

veD

Proposition 2.53 Let (a,),en be a sequence in G such that ), ||an| < +oo, let (by,)nen
be a sequence in H such that ) ||bn|| < +oo, and let (x,)nen and (v, )nen be sequences
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generated by the following routine.

Initialization
e €10, min{1, || L]~}
Vo € Q

For n=0,1,... (2.126)
Ty, = ProxX;(z — L*v,) + by

Vo € [€,2]|L[|7* — €]
An € [e,1]
| Unt1 = U+ A (PD(vn + Yp(Lxy — 1)) + ap — vn).

Then the following hold, where x designates the primal solution to Problem 2.52.
(D) (vn)nen converges weakly to a solution v to (2.125) and = = prox;(z — L*v).

(i) (2, )nen converges strongly to .

Proof. The assertions follow from Theorem 2.38 with ¢ = op. Indeed, ¢* = (p and,
therefore, (V7 € ]0, +-00]) prox. . = Pp. [

Remark 2.54 Condition (2.123) is trivially satisfied when D is bounded, in which case
bar D = G.

In the remainder of this section, we focus on examples that feature a bounded set
D onto which projections are easily computed.

Example 2.55 In Problem 2.52, let D be the closed unit ball of G. Then Pp: y —

y/ max{||ly||,1} and op = || - ||. Hence, (2.124) becomes
1
minigr{lize f(x) + ||Lx —r| + §||x — 2|3, (2.127)
TE

and the dual problem (2.125) becomes

minimize f*(z — L*v) + (v | r). (2.128)

veg, [lvfI<1

In signal recovery, variational formulations involving positively homogeneous func-
tionals to control the behavior of the gradient of the solutions play a prominent role,
e.g., [3, 14, 52, 65, 72]. In the context of image recovery, such a formulation can be ob-
tained by revisiting Problem 2.52 with H = H} (), where Q is a bounded open domain
inR?, G =L*(Q)®L¥Q),L=V,D={ycg |yl <pae.} where y € ]0,+oo|, and
r = 0. With this scenario, (2.124) is equivalent to

o 1 ,
Hilenégl(lslge f(z) + ptv(z) + 5”37 — 2|7, (2.129)
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where tv(z) = [,|Vz(w)|zdw. In mechanics, such minimization problems have been
studied extenswely for certain potentials f [46]. For instance, f = 0 yields Mossolov’s
problem and its dual analysis is carried out in [46, Section IV.3.1]. In image processing,
Mossolov’s problem corresponds to the total variation denoising problem. Interestingly,
in 1980, Mercier [59] proposed a dual projection algorithm to solve Mossolov’s problem.
This approach was independently rediscovered by Chambolle in a discrete setting [23,
24]. Next, we apply our framework to a discrete version of (2.129) for N x N images.
This will extend the method of [24], which is restricted to / = 0, and provide a formal
proof for its convergence (see also [79] for an alternative scheme based on Nesterov’s
algorithm [64]).

By way of preamble, let us introduce some notation. We denote by y =

(m-n) \<ri<y @ generic element in RV*Y @ RV*V and by

V: RVN _ RVXN g RVXN . (fk l) (771(911)7 771(921))1<k,z<N (2.130)

1<k l<N

the discrete gradient operator, where

77klz = &hy1r — Epy, I KB <N

77Nl 0;
V(k,1)e{l,...,N}? 2.131
(Vik. 1) €4 5) 771(” Ekgr1 — &y, if L < N; ( )
@ _p
Mg, N .

Now let p € [1, +o¢]. Then p* is the conjugate index of p, i.e., p* = +0 if p =1, p* =1 if
p = 400, and p* = p/(p — 1) otherwise. We define the p-th order discrete total variation
function as

tv,: RVYN 5 Rz || V[0, (2.132)
where
(Fy € RN RYVN) yll,s = > | u)], (2.133)
1<k,I<N

with

[P+ @, if p < foo;
W) e R [, =1 Y - (2.134)
( ) | ! max {[nV], [n®[}, if p=+oo.

In addition, the discrete divergence operator is defined as [23]

div: RV @ RV — R (77211)7771(?21))1@,1@\7 G fkl)1<k I<N? (2.135)
where
77511) if k=1, 7),(92{ if 1=1;
£ = 77,(:1) —nY,, if 1<k<N; and &) = nel =, if 1<I<N;
., k=N ., ifI=N

(2.136)
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Problem 2.56 Let z € RV*V let f € Ty(RV*V), let u € |0, +ool, let p € [1, +oc], and set

_ 1 .2 NxN NxN 1 (2
D, = {(Vk,l it )icrien ERVVOR ax | (Ve v

)

b S 1}. (2.137)
The problem is to

1
minimize f(z)+ ptv,(x) + §||x — 2|3, (2.138)

:BERNXN

and its dual is to

minimize f*(z + pdivv). (2.139)

veD)

Proposition 2.57 Let (aS}g’l)neN and (aﬂ,l)neN be sequences in RNV*N such that

STUST e el < oo, (2.140)

neN 1<k,I<N

let (by)nen be a sequence in RN *N such that Y, . [|ba]| < +o0, and let (2,,)nen and (vy)nen

be sequences generated by the following routine, where (m(;l)y, 7r,(,2)y) denotes the projection
of a point y € R? onto the closed unit (" ball in the Euclidean plane.

Initialization
e €10, min{1, u~/8}|

— (0 (2 NxN NxN
| Vo= (Yo, Vo,k,l)1<k,z<N €R OR

For n=0,1,...
T, = ProxX;(z + pdivu,) + by,
Tn € [57 :uil/4 - E]

1 2 _
(Cn,k,za Cn,k,l)1<k,l<N = Un + TV, (2.141)
An € [g,1]
For every (k,l) € {1,...,N}?

1) 1) /.01 2) 1) 1)
V1(1+1,k,l = T(L,k,l + A (771() (CV(L,I)e,l7 Cr(L,k,l) + aﬁz,k‘,l - V1(1,k,l>

2 2 2 1 2 2 2
Vr(hzl,k,l = yr(z,/)c,l + A (Wz() )(Cr(b,l)c,b Cr(z,/)c,l) + O‘i,zc,z - ’/n,/)c,l>

_ (D (2)
Unt1 = (Vn+1,kvzv yn+17k,l)1<k,l<N

Then (v,)nen converges to a solution v to (2.139), x = prox;(z + pdivv) is the primal
solution to Problem 2.56, and x,, — =.
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Proof. It follows from (2.133) and (2.137) that || - ||,; = op,. Hence, Problem 2.56 is a
special case of Problem 2.52 with H = RV*N G = RVXN@RNN [, = 1V (see (2.130)),
D = D,, and r = 0. Moreover, L* = —udiv (see (2.135)), ||L|| = u||V] < 2v/2u [23],
and the projection of y onto the set D, of (2.137) can be decomposed coordinatewise as

_ (1) (2 1) (2
Pp,y = ( ( )(nkzvnkl) . )(nk,lvnk,l))KhKN- (2.142)

: _ _ (1)
Altogether, upon setting, for every n € N, 7, = uvy, and a, = (an,k,l’

O‘f}u)l k<N (2.141) appears as a special case of (2.126). The results therefore follow

from (2.140) and Proposition 2.53. [

Remark 2.58 The inner loop in (2.141) performs the projection step. For certain values
of p, this projection can be computed explicitly and we can therefore dispense with
errors. Thus, if p = 1, then p* = +oc and the projection loop becomes

For every (k,l) € {1,...,N}?

1
0 o Gonk W
Vpt1ded = Vniet T An ( Vn,k,l>
n k 1 ’} (2.143)
2 2 Cn kol 2
S = g;lﬂ( . <>)
<n7k7l ‘}

Likewise, if p = 2, then p* = 2 and the projection loop becomes

For every (k,1) € {1,...,N}?

Vit = (lkl_'_)‘ ( gflll)” —y(ll)”>
R : (nménkz)\ S (2.144)
(2 an:l (2)
Vn kl_ynkl+)‘ ( _Vn,k,l>-
h NGEBIN

In the special case when f = 0, A\, = 1, and 7, = 7 € ]0, u"!/4[ the two resulting
algorithms reduce to the popular methods proposed in [24]. Finally, if p = +o0, then
p* = 1 and the efficient scheme described in [11] to project onto the ¢! ball can be used.

2.3 Débruitage par variation totale sous contrainte

Nous proposons quelques simulations pour comparer le comportement numérique de
I’Algorithme 2.3 avec d’autres méthodes. Pour chaque simulation, 'algorithme est exé-
cuté avec n = 5000 itérations afin de trouver une solution approchée fiable x5qy. Ensuite,
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chaque algorithme est relancé avec le test d’arrét relatif ||z, — 250001/ /||Z0 — Z5000]] < 1077
afin de calculer le temps d’exécution.

Nous nous intéressons a la restauration d’une image originale 7 € RV*¥ a partir
d’une image bruitée ~ dans RY*" selon le modéle

y— 4w, (2.145)

ol w est un bruit additif. La formulation variationnelle suivante a été proposée dans [72]
pour résoudre ce probleme :

... 1
minimiser || Vz|ls; + =[x — 2[?, (2.146)
2ERNXN ’ 2

ol p est un parametre strictement positif et |Vz|ly; est la variation totale de x
(voir (2.130), (2.134)). L’avantage du modele (2.146) est sa capacité a préserver des
contours de I'image. Pourtant, ce modele n’incorpore pas d’informations a priori sur
I'image originale. Donc, on utilisera le modeéle suivant (voir (2.138)) au lieu de (2.146),

. 1
minimiser pl| Vo + §||x — 2%, (2.147)
TE

ou C C RM*N est un sous-ensemble convexe fermé non vide qui représente les in-
formation a priori sur I'image originale. Le probleme (2.147) est un cas particulier du
Probleme 2.56 avec

f=1wc et p=2. (2.148)
On suppose que la composante basse-fréquence de 'image est connue [32],
C={x e RVN | (V(i,j) € {1+, N/S}?) i(i.5) = (i, 5) } (2.149)

ou 7 est la transformée de Fourier discrete de x. La projection de x sur C' est donnée
explicitement dans [32, Eq. (6.27)] par

Pex = F '@k, + dlg,), (2.150)

olt K1 = {(i,j) | 1<i,j < N/8} et Ko = {(i,j) | 1 <i,j < N}\Kj, 1, et 1g, sont
les fonctions caractéristiques de K, et K,, respectivement, et 7! est la transformée
de Fourier inverse. Pour évaluer la performance, nous utilisons les algorithmes avec les
parametres suivants :

(i) L’algorithme (2.141) avec

N=64,p=2,e=10"30v9=0,=0.1
(VneN) N, =1,7,=p'/4—¢0b,=0 (2.151)
(vn € N)(¥(k,1) € {1,...,N}?) al), =0,a,=0.
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(i) L’algorithme de Chen-Teboulle [29, Algorithm I] pour le probléme (2.147) :

Initialisation

Pour n=0,1,...

Pn+1 = Un + Vn(,uvxn - yn)

T € [, min{(1 —£)/2, (1 —¢)/(2ul[V[])}]

e €]0,min{1/3,1/2u| V|| + 1)}
(xO>UanO) c RNXN X (RNXN X RNXN) X (RNXN % RNXN)

Tpt1 = PC((l + 'Yn)il(xn + HYn divpn—l—l + 'Ynz))
Ynt1 = Yn + YaPnt1 — Yn b, (’7;1yn + pn—i—l)
Unt1 = Up + 7n<ﬂvxn+1 - yn+1)7

ou Pp, est donnée explicitement dans (2.142). On utilisera

e =103, (20, v0,%0) = 0,0 = 0.1,

et (VneN)n,

(1-¢)/2.

Lena, N = 64

L’algorithme de Chen-Teboulle

Temps d’exécution (s) | 57

726

et dans le tableau suivant et

le figure 2.6 pour I'image de Cameraman,

Cameraman, N = 256

L’algorithme (2.141)

L’algorithme de Chen-Teboulle

243

Temps d’exécution (s)

7745

On voit que l'algorithme (2.141) est plus rapide dans cet exemple.

Remarque 2.59 Depuis la parution de notre article dans [34] en 2010, un autre algo-
rithme a été proposé dans [25, Algorithm 2] en 2011. Nous comparons ces deux algo-
rithmes dans le tableau ci-dessous. Remarquons que notre algorithme est plus simple a
mettre en ceuvre, et ne nécessité a chaque itération que le stokage de deux variables de
grande taille, a savoir z,, et v,. Deux comparatifs sont fournis dans les figures 2.2 et 2.7

pour les images de Lena et Cameraman, respectivement.

| L’Algorithme 2.3 (2010)

| L’algorithme de Chambolle-Pock (2011) |

Notons :
an, = by < >0y llan — by < 400

r=0h=/f+3l-—|

(Ya)nen € Je, 2I|L) 7% — e[
Ty, R ProxX,(z — L*v,) (2.154)

Upg1 X ProxX, . (vp + Yu(Ln —1)).

Upt1 = Prox, ..(vn, +0,L7%,)
Tpy1 = Prox, , (T, — 7 L vpy1)
Ao =1+/T+27, "

Tni1 = (An — D)7y

Opni1 = 0n(Ay — 1)1

Tt = Tn + A(Tpp1 — Tn)-

(2.155)

Implémentation approchée des
opérateur proximaux

Implémentation exacte des
opérateur proximaux

Convergence forte de la suite primale

Pour n grand, ||z, — Z|| < ¢(T)/n

Convergence faible de la suite duale

Pas de résultat correspondant

47

(2.152)

(2.153)
Nous obtenons les résultats dans le tableau suivant et le figure 2.1 pour I'image de Lena

L’algorithme (2.141)




L’algorithme de Chen-Teboulle (2.152)

1og10(11%n - Xs000ll/l1Xo -Xs000l1)

&

L'algorithme (2.141)

I I I I I I I
-10
0 500 1000 1500 2000 2500 3000 3500 4000

Iterations

FIGURE 2.1 — Convergence de I'algorithme de Chen-Teboulle (2.152) et de I'algorithme
(2.141) pour I'image de Lena.
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l0g; (1% - Xs000ll/11%0 “*5000l1)

L’algorithme de Chambolle-Pock (2.155)

L'algorithme (2.141)

10 ! I I I I
0 100 200 300 400 500 600

Iterations

FIGURE 2.2 — Convergence de I'algorithme de Chambolle-Pock (2.155) et de 'algorithme
(2.141) pour I'image de Lena.

FIGURE 2.3 — L'image originale.

49



FIGURE 2.4 — L'image bruitée (le bruit blanc de moyenne 0 et SNR = 20 dB).

FIGURE 2.5 — L'image débruitée par I'algorithme (2.141).
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L’algorithme de Chen-Teboulle (2.152) q

10g10(I1Xn - Xs000ll/1X0 ~X5000l1)

&

F L'algorithme (2.141)

o 500 1000 1500 2000 2500 3000 3500
Iterations

FIGURE 2.6 — Convergence de l'algorithme de Chen-Teboulle (2.152) et de 'algorithme
(2.141) pour I'image de Cameraman.
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1og10(11%n - Xs000ll/l1Xo -Xs000l1)

L’algorithme de Chambolle-Pock (2.155)

L’algorithme (2.141)

0 50 100 150 200 250 300 350
Iterations

FIGURE 2.7 — Convergence de I'algorithme de Chambolle-Pock (2.155) et de l'algorithme
(2.141) pour I'image de Cameraman.

FIGURE 2.8 — L'image originale.
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FIGURE 2.9 — L'image bruitée (le bruit blanc de moyenne 0 et SNR = 26 dB).

FIGURE 2.10 - L'image débruitée par I'algorithme (2.141).
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Chapitre 3

Proximité pour les sommes de
fonctions composites

Nous proposons un algorithme pour calculer 'opérateur proximal d'une somme de fonc-
tions composites. La convergence de 'algorithme est démontrée dans des espaces hilber-
tiens réels. Des applications sont présentées.

3.1 Description et résultats principaux

On a vu que la suite (x,),cy engendrée par I'Algorithme 2.3 converge fortement vers
prox, z avec h: H — |—o0, +o0] :  — f(z)+g(Lx—r). Dans ce chapitre, nous traitons le
cas ol h est une somme de fonctions composites. Nous considérons le probleme suivant.

Probleme 3.1 Soient z € H et (w;)1<i<m des réels dans |0, 1] tels que > " | w; = 1. Pour
touti € {1,...,m}, soient (G;, || - ||g,) un espace hilbertien réel, r; € G;, g; € I'o(G), et
0+# L; € B(H,G;). Le probleme est de

m

1
minimiser gi(Lix — 1) + =z — 2| 3.1
imiser 3 (Lia =) + 5l | 6D

Nous supposons que les opérateurs proximaux de (g;)i<i<m sont calculables de
maniere approchée. Nous cherchons donc une méthode qui permet d’utiliser individu-
ellement les opérateurs proximaux de (g;)1<;<m, et d’éclater les structures composites.
Nous proposons 'algorithme suivant.
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Algorithme 3.2 Pour tout ¢ € {1,...,m}, soit (a;,),ey une suite dans gG,.

Initialisation
2
p= (maxlgz’gm HLiH)
e €10, min{1, p}|
Pour t=1,...,m
i L vio € G
Pour n=0,1,... (3.2)
Ty =2z— > 0 wiLiv,
Yu € [£,2p — €]
An € [g,1]
Pour i=1,...,m
L Vintl = Vin + A (PI’OX%Q; (Uz‘,n + Y (Lixy, — 7”@)) + ajp — Uzn>

En utilisant une technique d’espace produit, nous montrons le résultat de conver-
gence suivant.

Théoreme 3.3 Supposons que
(ri)1<icm € STL{(Lix — Yi)1<icm | © € H, (yi)1<icm € X domg; } (3.3)
et

(Vie{l,...,m}) Zuam

neN

g < +o0. (3.4)

De plus, soient (z,)nens (V1n)nens - - -» (Um.n)nen des suites engendrées par UAlgorithme 3.2.
Alors, le Probléeme 3.1 posséde une solution unique T et on a les résultats suivants.
(1) Pour touti € {1,...,m}, (v;,)nen converge faiblement vers un point v; € G;. De plus,
(T7)1<i<m est une solution du probléeme dual

m

*

z— E w; L7 v;
i=1

m

+ > wilgr (vi) + (v | m3)), (3.5)

i=1

. 1
minimiser —
V1E€GL, s, UmEGm 2

etT=z—y . w L.

(i) (2, )nen converge fortement vers T.

Exemple 3.4 Soient H un espace hilbertien réel, et = € H. Pour tout i € {1,...,m},
soient (G;, || - |lg,) un espace hilbertien réel, r; € G;, C; C G; un sous-ensemble convexe
fermé non vide, et 0 # L; € B (H,G;). Le probleme est de

mirt;ié%iser |lz—z||, ou D= ﬂ {z e | Lizer,+Ci}. (3.6)

i=1
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Cet exemple est un cas particulier du Probleme 3.1 avec (Vi € {1,...,m}) g = t¢c;, €

[o(G;) et w; = 1/m. Alors, remplagons prox, . dans (3.2) par Id —F¢,, nous obtenons

un algorithme numérique pour résoudre le probleme (3.6) (voir Section 3.2.3.1).
Enfin, nous nous intéressons a la résolution de problémes de traitement du signal

dans des espaces hilbertiens. Nous cherchons un signal original 7 € H a partir de I'ob-
servation de p signaux dégradés,

(Vie{l,....,p}) ri=T7T+s;. (3.7)

Dans ce modele, pour tout : € {1, ..., p}, le signal dégradé r; est dans un espace hilber-
tien réel G;, T; € B (H,G;), et s; € G; est un bruit. Afin de trouver une solution x, nous
résoudrons le probléeme variationnel suivant.

Exemple 3.5 Soient (w;)i<i<pso des réels dans ]0, 1] tels que 77w, = 1, Q € R? un
sous-ensemble non vide, borné et ouvert, H = H}(2), et (ex)ren une base orthonormale
de #H. Pour tout ¢ € {1,...,p}, soient (G,, || - ||g,) un espace hilbertien réel, r; € G, et
0+#1T; € B(H,G;). Le probleme est de

p
1
minimiser T —rilg, - 2 t , (3.8
imiser 3 calTir —rilo 3 (sl el +glte |l ) et B9

ol tve(z) = [, |Va(w)|2dw est la variation total de z.
Cet exemple est un cas particulier du Probleme 3.1 avec

(H = HLY(Q),m=p+2,2=0;

(Ve eH) |lo—zl* = yen (2 | e

(Vie{l,....p}) gi=|"llg et Li=T; (3.9)
Gpr1=L(N), gpr1 = || [ler, mp41 = 0, €t L1 @ = ({2 | ex))rens
(G2 =12(Q) @ L%(Q), gps2: y = fo [y(w)l2dw, 1pi2 =0, €t Lyp = V.

De plus, les opérateurs proximaux des fonctions (g¢;)i<i<,» sont disponibles (voir Sec-
tion 3.2.3.2). On peut donc utiliser ’Algorithme 3.2 pour résoudre le probléeme (3.8)
(voir Section 3.2.3.2).
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3.2 Article en anglais

PROXIMITY FOR SUMS OF COMPOSITE FUNCTIONS !

Abstract : We propose an algorithm for computing the proximity operator of a sum of
composite convex functions in Hilbert spaces and investigate its asymptotic behavior.
Applications to best approximation and image recovery are described.

3.2.1 Introduction

Let #H be a real Hilbert space with scalar product (- | -) and associated norm || - ||.
The best approximation to a point z € H from a nonempty closed convex set C' C H
is the point Prz € C that satisfies ||Pcz — z|| = mingec ||z — z||. The induced best
approximation operator Po: ‘H — C, also called the projector onto C, plays a central
role in several branches of applied mathematics [10]. If we designate by .. the indicator
function of C, i.e.,

0 if xreC;
e )0 v 3.10
osd {—l—oo, if ¢ C, (3.10)

then Ppz is the solution to the minimization problem
mimize 10(2) + 5 — =] (3.11)
minimize (g(x —||lr — 2| . .
rEH © 2

Now let T'y(H) be the class of lower semicontinuous convex functions f: H — |—o0, +oc]
such that dom f = {z € H ] f(z) < +oo} # @. In [13] Moreau observed that, for every
function f € I'y(H), the proximal minimization problem

L 1 2
minimize f(x)+§||x—z|| (3.12)

possesses a unique solution, which he denoted by prox,z. The resulting proximity oper-
ator prox,: H — H therefore extends the notion of a best approximation operator for
a convex set. This fruitful concept has become a central tool in mechanics, variational
analysis, optimization, and signal processing, e.g., [1, 7, 16].

Though in certain simple cases closed-form expressions are available [7, 8, 14],
computing prox,z in numerical applications is a challenging task. The objective of this
paper is to propose a splitting algorithm to compute proximity operators in the case
when f can be decomposed as a sum of composite functions.

1. P. L. Combettes, Dinh Diing, and B. C. Vi{i, Proximity for sums of composite functions, J. Math.
Anal. Appl., vol. 380, pp. 680-688, 2011.
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Problem 3.6 Let = € A and let (w;)i<i<m be reals in ]0,1] such that > " w; = 1. For
every i € {1,...,m}, let (G| - ||¢,) be a real Hilbert space, let r; € G;, let g; € T'o(G),
and let L;: H — G; be a nonzero bounded linear operator. The problem is to

- 1
minimize Zwigi(Lix —r;)+ 5”:6 —z||% (3.13)

z€H -
=1

The underlying practical assumption we make is that the proximity operators
(prox,, )i<i<m are implementable (to within some quantifiable error). We are therefore
aiming at devising an algorithm that uses these operators separately. Let us note that
such splitting algorithms are already available to solve Problem 3.6 under certain re-
strictions.

A) Suppose that G; = H, that L; = Id, that the functions (g;)2<;<., are differentiable
everywhere with a Lipschitz continuous gradient, and that r; = 0. Then (3.13)
reduces to the minimization of the sum of f; = ¢; € I'y(H) and of the smooth
function f, = > ", wig; 0o L; + || - —2||*/2, and it can be solved by the forward-
backward algorithm [8, 18].

B) The methods proposed in [4] address the case when, for every i € {1,...,m},
gz‘ =H, L; = Id, andn = 0.

C) The method proposed in [5] addresses the case when m = 2, G, = H,and L, = Id,
and r; = 0.

The restrictions imposed in A) are quite stringent since many problems involve at least
two nondifferentiable potentials. Let us also observe that since, in general, there is no
explicit expression for prox,, ;. in terms of prox,, and L;, Problem 3.6 cannot be reduced
to the setting described in B). On the other hand, using a product space reformulation,
we shall show that the setting described in C) can be exploited to solve Problem 3.6 us-
ing only approximate implementations of the operators (prox,, )i<i<m. Our algorithm is
introduced in Section 3.2.2, where we also establish its convergence properties. In Sec-
tion 3.2.3, our results are applied to best approximation and image recovery problems.

Our notation is standard. B (H, G) is the space of bounded linear operators from #H
to a real Hilbert space G. The adjoint of L € B (H,G) is denoted by L*. The conjugate
of f € I'o(H) is the function f* € I'((H) defined by f*: v — sup,y,((x | v) — f(2)).
The projector onto a nonempty closed convex set C' C H is denoted by Pr. The strong
relative interior of a convex set C' C H is

stiC = {z € C | cone(C — z) =5pan (C — )},
where coneC = U {)\x ‘ T € C’}, (3.19)

A>0

and the relative interior of C' is riC' = {z € C | cone(C — z) = span (C' — z) }. We have
intC csriC CriC C C and, if H is finite-dimensional, ri C' = sri C. For background on
convex analysis, see [19].
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3.2.2 Main result

To solve Problem 3.6, we propose the following algorithm. Its main features are
that each function g¢; is activated individually by means of its proximity operator, and
that the proximity operators can be evaluated simultaneously. It is important to stress
that the functions (g;)1<;<m and the operators (L;)1<;<, are used at separate steps in the
algorithm, which is thus fully decomposed. In addition, an error «;,, is tolerated in the
evaluation of the ith proximity operator at iteration n.

Algorithm 3.7 For every i € {1,...,m}, let (a;,),en be a sequence in G,.

Initialization
p = (maxicicm |1 Lil])
e €10, min{1, p}|
Fori=1,...,m
i L vio € G;
For n=0,1,... (3.15)
Ty =2z— 0 wLiv,
Tn € [57 2p — 5]
An € [g,1]
Fori=1,...,m
L Vintl = Vin + A (prox,yngj (vm + Yo (Lizy, — n)) + Qi — vm>

Note that an alternative implementation of (3.15) can be obtained via Moreau’s
decomposition formula in a real Hilbert space G [8, Lemma 2.10]

(Vg € To(G))(Vy €10, +00))(Vo € G)  Prox. ,.v = v — yprox. 1 ,(y 'v). (3.16)
We now describe the asymptotic behavior of Algorithm 3.7.

Theorem 3.8 Suppose that

(Ti)1<i<m € sri {(LZI‘ — yi)lgigm } T € H, (yi)lgigm € X;Zldomgz} (317)
and that
Vie{l,....,m}) D lainllg < +oo. (3.18)
neN

Furthermore, let (xy,)nen, (V1.0)nens - - - » (Um.n)nen be sequences generated by Algorithm 3.7.
Then Problem 3.6 possesses a unique solution x and the following hold.

64



(i) For every i € {1,...,m}, (Vin)nen converges weakly to a point v; € G;. Moreover,
(vi)1<i<m 1S a solution to the minimization problem

m
z— g w; Liv;
i=1

and x = z — Y " w;Lfv;.

(i) (x,)nen converges strongly to z.

1
minimize —
V1€G1,., UmEGm 2

2 m
+ 3 wi(gr () + (v | 7)), (3.19)
=1

Proof. Set f: H — |—o00,+00] : & — > " w;g;(L;x —r;). The assumptions imply that, for

every i € {1,...,m}, the function x — g¢,(L;x — r;) is convex and lower semicontinuous.
Hence, f is likewise. On the other hand, it follows from (3.17) that
(73)1<i<m € {(Lzllf — Yi)1<i<m ‘ v € H, (Yi)i<icm € X?;ldomgi} (3.20)

and, therefore, that dom f # @. Thus, f € I'y(H) and, as seen in (3.12), Problem 3.6
possesses a unique solution, namely x = prox;z.

Now let H be the real Hilbert space obtained by endowing the Cartesian product
H™ with the scalar product (- | -),,: (x,y) — >_."; wi(z; | ¥;), where & = (2;)1<i<,» and
Yy = (yi)1<i<m denote generic elements in H. The associated norm is

- Nz @ | willl|2. (3.21)
=1

Likewise, let G denote the real Hilbert space obtained by endowing the Cartesian product
Gy X --- X G,,, with the scalar product and the associated norm respectively defined by

(1) (2) = Y wilyi | g, and |-llg:y = | D willill?,- (3.22)
i=1 i=1

Define

(

f=tp, where D={(z,....0) e H |z €H}
g: G —]—oo, o0ty 31, wigi(yi)

L:H—->G: x— (Lixi)lgigm (3.23)
r=(ry,...,")
Lz =(2,...,2)

Then f € T'y(H), g € ['v(G), and L € B (H,G). Moreover, D is a closed vector subspace
of # with projector

prox; = Pp: x (Zwixi, e Zwi:ﬁi) (3.24)
i=1

i=1
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and

L G—-H: v— (L’;UZ-)KKm. (3.25)
Note that (3.22) and (3.21) yield
Ve e H) ||Lzlg =) wilLizig,
=1
<D will Ll Pl f?
=1
. 2 . . 2
< (e 10F) Kl
_ 12 2
= (e |1Z4l1?) |l (3.26)
Therefore,
| L] < max [|L]. (3.27)
1<i<m
We also deduce from (3.17) that
r € sri (L(dom f) — domg). (3.28)

Furthermore, in view of (3.21) and (3.23), in the space H, (3.13) is equivalent to
1
miniI%ize f(x)+g(Lx —7r)+ §||:v — 2|5, (3.29)
xe
Next, we derive from [5, Proposition 3.3] that the dual problem of (3.29) is to

minirgize }v*(z — L)+ g"(v) + (v | r)g, (3.30)
ve

where }v*: u > infyey (Ff(w) + (1/2)|lu — w|)3,) is the Moreau envelope of f*. Since
f =1.p, wehave f* =.,.. Hence, (3.21) and (3.24) yield

2
~ 1 1 ¢
(VueH) f(u)=;lu- Ppiul2, = aHPDuHi =3 > wiu (3.31)
=1
On the other hand, (3.22) and (3.23) yield
Vweg) g'(v)= Zwig;‘(vi) and  prox,.v = (Prox,.v;),_,_ . (3.32)
=1
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Altogether, it follows from (3.25), (3.31), (3.32), and (3.22), that

(3.30) is equivalent to (3.19). (3.33)
Now define
T, = (Tpy. .., Tp)
(Vn € N) U = (Viny vy Umon) (3.34)
an = (A1, .y Q).

Then, in view of (3.23), (3.24), (3.25), (3.27), and (3.32), (3.15) is a special case of the
following routine.

Initialization

p=|L|?

e €10, min{1, p}|

vy €G

For n = 0,1,... (3.35)
x, = prox;(z — L'v,)
Tn € [57 2p - 8]
An € [g,1]

| Vpp1 =00+ A, (prOX%g*('vn +Y(Lx, — 7)) + a, — 'vn).

Moreover, (3.18) implies that )\ |lax|lg < +o0o. Hence, it follows from (3.28) and [5,
Theorem 3.7] that the following hold, where « is the solution to (3.29).
(@) (vn)nen converges weakly to a solution v to (3.30) and x = prox;(z — L™v).
(b) (=,)nen converges strongly to x.
In view of (3.21), (3.22), (3.23), (3.24), (3.25), (3.33), and (3.34), items (a) and (b)
provide respectively items (i) and (ii). [

Remark 3.9 Let us consider Problem 3.6 in the special case when (Vi € {1,...,m})
Gi=H, L, =1d, and r; = 0. Then (3.13) reduces to
N 1 >
minimize ;wlgz(x) + §||x —z||*. (3.36)

Now let us implement Algorithm 3.7 with v, = 1, A\, = 1, a;,, = 0, and v; o = 0. The
iteration process resulting from (3.15) can be written as

Initialization
To =%
Fori=1,...,m
L v;0 =0
For n=0,1,... (3.37)
Fori=1,...,m
| Vint1 = ProXy: (, + vi).
m
| Tpyl = 2 — Zizl WiVin+1-
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Foreveryi € {1,...,m} and n € N, set z;,, = x,, + v;,,. Then (3.37) yields

Initialization
To = %
Fori=1,...,m
L Zio = %
For n=0,1,... (3.38)
Tyl =2 — ity W;iPIOX- Zi
Fori=1,...,m
L L Zint+l = Tntl + proxg;zi,n.

Next we observe that (Vn € N) Y™™ w;z, = 2. Indeed, the identity is clearly satisfied
for n = 0 and, for every n € N, (3.38) yields > " | wiZint1 = Tnt1 + 21y WiPIOX - Zi n =
(z —=>0", wiproxgjzm) + 3 WiPrOX s Ziy = 2. Thus, invoking (3.16) with v = 1, we
can rewrite (3.38) as

Initialization
To = %
Fori=1,...,m
L Zio = %
For n=0,1,... (3.39)
Tpy1 = E:il WiProxX, z;n
Fori=1,...,m
i L Zin4+1 = Tny1 + Zin — PYOX  Zip-

This is precisely the Dykstra-like algorithm proposed in [4, Theorem 4.2] for computing
PIOXs~m 0 % (which itself extends the classical parallel Dykstra algorithm for project-
ing 2 onto an intersection of closed convex sets [2, 11]). Hence, Algorithm 3.7 can be
viewed as an extension of this algorithm, which was derived and analyzed with different
techniques in [4].

3.2.3 Applications

As noted in the Introduction, special cases of Problem 3.6 have already been consid-
ered in the literature under certain restrictions on the number m of composite functions,
the complexity of the linear operators (L;)1<;<m, and/or the smoothness of the poten-
tials (¢;)1<i<m (one will find specific applications in [3, 5, 7, 8, 9, 15] and the references
therein). The proposed framework makes it possible to remove these restrictions simul-
taneously. In this section, we provide two illustrations.
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3.2.3.1 Best approximation from an intersection of composite convex sets

In this section, we consider the problem of finding the best approximation Ppz to
a point z € H from a closed convex subset D of H defined as an intersection of affine
inverse images of closed convex sets.

Problem 3.10 Let z € H and, for every i € {1,...,m}, let (G;, || - ||g,) be a real Hilbert
space, let r; € G;, let C; be a nonempty closed convex subset of G;, and let 0 # L; €
B (H,G;). The problem is to

minimize ||z — z||, where D = ﬂ {zreM|Lzer+Ci} (3.40)
xzeD

i=1

In view of (3.10), Problem 3.10 is a special case of Problem 3.6, where (Vi €
{1,....,m}) ¢; = tc, and w; = 1/m. It follows that, for every i € {1,...,m} and ev-
ery 7 € ]0, +oo[, prox_, reduces to the projector Py, onto C;. Hence, using (3.16), we
can rewrite Algorithm 3.7 in the following form, where we have set ¢;,, = —, 'a;,, for
simplicity.

Algorithm 3.11 For every i € {1,...,m}, let (¢;»)nen De a sequence in G;.

Initialization
p= (maxicicn | Lill)
e €10, min{1, p}|
Fori=1,...,m
| L Vo € G;
For n=0,1,... (3.41)
Tp=2—y o wiLiv,
Tn € [€,2p — €]
An € [, 1]
For:=1,...,m
{ Vint1 = Vip + TnAn (Lixn —r; — Pe, (vglvm + L;x, — ri) — cm>

In the light of the above, we obtain the following application of Theorem 3.8(ii).
Corollary 3.12 Suppose that
(ri)1<icm € STL{(Lix — Yi)1<icm | © € H, (yi)1<icm € X121 Ci} (3.42)

and that (Vi € {1,...,m}) > .y lcinlle, < +00. Then every sequence (x,)ncn generated
by Algorithm 3.11 converges strongly to the solution Ppz to Problem 3.10.
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3.2.3.2 Nonsmooth image recovery

A wide range of signal and image recovery problems can be modeled as instances
of Problem 3.6. In this section, we focus on the problem of recovering an image 7 € H
from p noisy measurements

ri=TT+s;, 1<i<p. (3.43)

In this model, the ith measurement r; lies in a Hilbert space G;, T; € B (H, G;) is the data
formation operator, and s; € G; is the realization of a noise process. A typical data fitting
potential in such models is the function

p
T sz‘gz‘(Tﬂ —r;), where 0<g; €To(G;) andg; vanishes only at 0. (3.44)
i=1

The proposed framework can handle p > 1 nondifferentiable functions (g;)1<;<, as well
as the incorporation of additional potential functions to model prior knowledge on the
original image 7. In the illustration we provide below, the following is assumed.
— The image space is H = H}(2), where (2 is a nonempty bounded open domain in
R2.
— T admits a sparse decomposition in an orthonormal basis (ej)reny of H. As dis-
cussed in [9, 20] this property can be promoted by the “elastic net” potential
T = Y en Ou((z ] e)), where (VE € N) ¢p: & — of¢| + B]€]?, with @ > 0 and
B > 0. More general choices of suitable functions (¢ )ren are available [6].
— 7 is piecewise smooth. This property is promoted by the total variation potential
tv(z) = [, |Va(w)|odw, where | - |, denotes the Euclidean norm on R* [17].
Upon setting ¢g; = || - ||, in (3.44), these considerations lead us to the following
formulation (see [5, Example 2.10] for more general nonsmooth potentials).

Problem 3.13 Let H = H}(Q2), where @ C R? is nonempty, bounded, and open, let
(wi)1<i<ps2 be reals in ]0,1] such that 3772w, = 1, and let (e;)ren be an orthonormal

basis of H. For every i € {1,...,p}, let 6:«& T, € B(H,G;), where (G, || - ||g,) is a real
Hilbert space, and let r; € G;. The problem is to

p
L. 1
miniize: T —ril + (wpsalte L)l 3l0e ] ) + ez (o). (345)

keN

It follows from Parseval’s identity that Problem 3.13 is a special case of Problem 3.6
in H = H}(Q) withm =p+2, 2 =0, and

gi=1"llg,and L = T;, if 1 <4< p;
Gpr1 =LC(N), gpr1 =1 o, 7p11 =0, and Lyy1: 2 — ((z | e))ren; (3.46)
gp+2 = LQ(Q) SY) L2(Q), gp+2: Yy — fQ |y(w)|2dw, Tp+2 = 0’ and Lp+2 — v
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To implement Algorithm 3.7, it suffices to note that L, ; : (vi)ren = Dy Vaer and
»ro = —div, and to specify the proximity operators of the functions (vg;)1<i<m, where
v € ]0,+o0l. First, leti € {1,...,p}. Then ¢g; = || - ||g, and therefore g = ¢p,, where B;
is the closed unit ball of G;. Hence Prox, . = Pg,. Next, it follows from (3.16) and [8,
Example 2.20] that prox, . (&k)wen = (Pr—11&k)ken. Finally, since g, is the support
function of the set [12]

K={y€Gya|lyz<lael}, (3.47)

gy+o = tx and therefore prox. +2 = Pk, which is straightforward to compute. Alto-

gether, as ||L,4:|| = 1 and ]\LP+QH 1, Algorithm 3.7 assumes the following form (since
all the proximity operators can be implemented with simple projections, we dispense
with the errors terms).

Algorithm 3.14

Initialization
—2
p = (max{L, | T3],.... I T,]1})
€ E ]07m1n{17p}[
F()r 1= 1,---7p
L U;,0 € gz

Vpt1,0 = (Vko)ken € *(N)
L Up+2,0 - LQ(Q) D Lz(Q)

For n=0,1,...
T =2 = Y i Wil Vi — Wpt1 D pen Vi€ + Wpra div upian
Tn € [Ev 2p - E]
An € [, 1]

Fori=1,...,p

Vin + Wn(ﬂxn - Tz’)
Vin :Uzn+)‘n( r _Uin>
\‘ mtl ’ max{l, ||Uz7n‘|“’7n(,-rzxn _Ti)||gi} 7
Vkn + Yn{Tn | €r) )
— Vkn

max{l, [V, + V(s | ex)|}

Forevery k € N, v 1 = Vg + )\n(

For almost every w € €,

_ Uptan(w) + 10 VI, (w) _
| ) =t (e T ey )

(3.48)

Let us establish the main convergence property of this algorithm.

Corollary 3.15 Every sequence (x,),cn generated by Algorithm 3.14 converges strongly to
the solution to Problem 3.13.
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Proof. In view of the above discussion and of Theorem 3.8(ii), it remains to check that
(3.17) is satisfied. Set S = {(Lyx — y;)1<i<m | © € H, (Yi)1<icm € X[ dom g;}. We have
domg; = G, foreveryi € {1,...,p}, domg,;; = ¢}(N), and dom g, ., = L*(Q2) & L*(Q).
Consequently,

§={(@w =y Tw =y (@ ] ) = m)rews Vo = ppia
v € H, (yicicy € XIaGir (mhrer € (N, iz € LA(Q) @ L2(0)}
= (XI_,G) x A(N) x (L*(Q) @ L*(Q))

= X ,Gi. (3.49)
Hence, we trivially have (ry,...,7,,0,0) € sriS. O

Let us emphasize that a novelty of the above variational framework is to perform
total variation image recovery in the presence of several nondifferentiable composite
terms, with guaranteed strong convergence to the solution to the problem, and with
elementary steps in the form of simple projections. The finite-dimensional version of the
algorithm can easily be obtained by discretizing the operators V and div as in [3] (see
also [5, Section 4.4] for variants of the total variation potential).

3.3 Résultats numériques

Dans cette section, nous illustrons une application de I’Algorithme 3.2 en traitement de
I'image.

3.3.1 Débruitage par variation totale sous contrainte

Nous nous intéressons au probleme (2.145). On utilise deux contraintes au lieu d’une,
comme dans (2.147). Le probléme est de

1 1 ,
- |z — 3.50
minimiser 2 u||Vallz + 5lle = 2% (3.50)

ol p est un parametre strictement positif, C; est donné par (2.149) et
Co={z e RN | (V(i,j) e {1,...,N}*) 0 < z(i,j) < 1}. (3.51)
Le probleme (3.50) correspond a un cas particulier du Probléme 3.1, ou
H=0G =G =RVN Gy =H xH,
Ly=Ly=1d,Ls =uV,ry =ry =13 =0,

W = Wy = W3 = 1/3,91 =lCcy, 92 = LCy, 93 = || ) ||2,1-
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Nous utiliserons ’Algorithme 3.2 avec les parameétres

N =256,v19= 0,099 =0,v39 =0, =1077,

Wy =wy =ws = 1/3, = 0.5, p = max{2uv/2,1}?,
(VneN) N, =1, v,=2/p—c¢,

(VneN) ay, =0,a2, =0,a3, =0.

(3.52)

On comparera également la solution a celle obtenue pour le probléme (3.50) avec l'al-
gorithme (2.141) pour résoudre le probleme (2.147) avec les parameétres

N =256,p=2,e =103, v9 =0, u = 0.5,
(WneN) N\, =11, =pu"/4—¢b,=0, (3.53)
(Vn € N)(V(k, 1) € {1,...,N}?) a;{;l =0, af}u —0.

Nous obtenons les résultats présentés dans le tableau suivant et la figure 3.3 :

n = 100 itérations Image bruitée | Méthode (2.141) | Méthode 3.2
Rapport signal-sur-bruit | 24.7 28.6 33

On voit que le modele (3.50) avec deux contraintes nous donne un meilleur résultat que
le modeéle (2.147) avec une contrainte.
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FIGURE 3.1 — L’image originale.

FIGURE 3.2 — L'image bruitée (le bruit blanc de moyenne 0 et SNR =24.7 dB ).
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FIGURE 3.3 — L'image débruitée avec la contrainte C; (probléeme (2.147)).

FIGURE 3.4 — L'image débruitée avec deux contraintes C et C; (probleme (3.50)).
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3.3.2 Restauration a partir d’observations multiples

Nous cherchons une image originale 7 € RY*Y 3 partir de deux images dégradées r, €
R™ et ry, € R™2 selon le modele

r = Llf + 51 €etry = Lgf + Sa, (354)

ol Li: RVN — R™ et L: RV*N — R™2 sont deux opérateurs linéaires, s; € R™ et
so € R™2 sont des bruits additifs. Nous utilisons le modéle suivant

minimiser w|| Lyz — 71| + wsl| Loz — 7] + %||g;||2, (3.55)
oll o, w; et wy sont des parameétres strictement positifs, ¢ ¢ RV*Y est un sous-ensemble
convexe fermé non vide. Nous utilisons C' = C, (cf. (3.51)), et L, et L, sont les opéra-
teurs de convolution definis respectivement par L;: x — h; * x ou h; est un noyau de
taille 10 x 10, et Ly: x + hy * x oU hy est un noyau de taille 15 x 15. De plus, s; et s,
sont des réalisations d’un bruit blanc de moyenne 0 et de variance 0.001. Nous utilisons
I'Algorithme 3.2 avec les parametres

wy =w3 = 1/3, N =256, x = 107°, 4, =1.99,\, = 1,41, =0,a2, =0,a3, =0. (3.56)

Nous obtenons les résultats dans le tableau suivant et les figures 3.5, 3.6 et 3.7 :

n = 40 itérations L’'image dégradée 1 | L'image dégradée 2 | Résultat
Rapport signal-sur-bruit | 22.85 20.63 28.2
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FIGURE 3.5 — L'image observée 1.

FIGURE 3.6 — L'image observée 2.
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FIGURE 3.7 — L'image restaurée.
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Chapitre 4

Résolution d’inclusions monotones
impliquant des opérateurs cocoercifs

Nous proposons un cadre général pour résoudre des inclusions composites faisant in-
térieur des opérateurs maximalement monotones et des opérateurs cocoercifs. La méth-
ode proposée unifie les méthodes primales-duales de [10, 18, 22].

4.1 Description et résultats principaux

Nous nous intéressons a la résolution d’inclusions monotones associées des opérateurs
cocoercifs dans des espaces hilbertiens réels.

Probleme 4.1 Soient H un espace hilbertien réel, z € H, m un entier strictement positif,
(wi)1<i<m des nombres réels dans ]0,1] tels que > " w; = 1, A: H — 2% un opérateur
maximalement monotone, p € ]0,4+o00], et C: H — H un opérateur p-cocoercif. Pour
tout i € {1,...,m}, soient G; un espace hilbertien réel, r; € G;, v; € |0, +o¢[, B;: G; —
29 un opérateur maximalement monotone, D,: G; — 2% un opérateur maximalement
monotone et v;-fortement monotone, et 0 # L; € B(H,G;). Le probleme est de résoudre
I'inclusion primale

trouver 7 € H tel que z € AT + ZwiLj ((B; 0 D;)(LiT — 1;)) + CT, (4.1)

=1

et l'inclusion duale

trouver v; € Gy,...,U, € G, tels que
_S" LT € A
FreH) z » o wi LI, E_ x4+ Cx “.2)

81



Nous notons par P et D des ensembles de solutions de problemes (4.1) et (4.2), respec-
tivement.

Plusieurs cas particuliers du Probléme 4.1 sont présentés dans [16]. Dans le cas ou
C' et (D;)1<i<m sont lipschitziens, le Probléeme 4.1 est étudié dans [16] mais ses auteurs
n’exploitent pas de cocoercivité de ces opérateurs. En utilisant la méthode explicite-
implicite dans la somme hilbertienne directe K = H & G, & ... & G,,, nous obtenons le
résultat suivant.

Théoreme 4.2 Dans le Probléme 4.1, supposons que

i=1

Soient T et (0;)1<i<m des réels strictement positifs tels que

2pmin{pu, vy, ..., vy} > 1,00 p = min {Tﬁl,afl,...,agf} <1 — TZO'iWiHLin )
i=1

4.4)

Soient ¢ € 10,1, (\y)nen une suite dans [e,1], g € H, (a1.n)nen €t (a2n)nen des suites
absolument sommables dans H. Pour tout i € {1,...,m}, soient v;g € G;, (b;n)nen et
(Cin)nen des suites absolument sommables dans G;. Soient (x,,)nen €t (Vin, - - -, Umn)nen des
suites engendrées comme suit.

Pn = JrA (xn - T(Z;Zl wiL;'kvi,n + CZCn + a1 n — Z)) + a2.n
Yn = 2pn — Tn

Tp+1 = Tp + )\n(pn - xn)
(¥n €N) pour ¢t =1,...,m (4.5)

\‘ Gin = JaiBfl (Ui,n + ag; (Lzyn — D;lvm — Cip — TZ>> + bi,n

Vint1 = Vin + M (Qin — Vi)

Alors pour un point T € P et un point(vy, ...,v,,) € D, nous avons ce qui suit.
1) z, = Tet (Vin,-- s Umn) = (U1, Tm)
(ii) Supposons que C' soit uniformément monotone en . Alors x,, — T.

(iii) Supposons que Dj_1 soit uniformément monotone en v; pour un indice j € {1,...,m}.
Alors vj, — ;.

Dans cette méthode, on obtient un éclatement de tous les opérateurs puisque
(Li)1<i<cms Cs (D; Y icicms A et (B ) 1<i<n sont utilisés individuellement a chaque itéra-
tion. De plus, la méthode tolere des erreurs dans I'évaluation de chaque opérateur im-
pliqué. On voit que les opérateurs univoques tels que (L;)1<i<m> (L¥)1<icms Cs (D D i<icm

7
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sont utilisés dans des étapes explicites, pourtant les opérateurs multivoques comme A et
(B; ) 1<i<m sont utilisés dans des étapes implicites, cest a dire que (4.5) admet une struc-

ture de la méthode explicite-implicite. Donce, il differe de la méthode de Combettes-
Pesquet dans [16].

Nous appliquons 'algorithme (4.5) au probléme variationnel [16, Problem 4.1].

Probleme 4.3 Soient H un espace hilbertien réel, z € H, m un entier strictement positif,
(wi)1<i<m des nombres réels dans ]0,1] tels que > " w; = 1, f € To(H), et h: H — R
une fonction convexe différentiable telle que son gradient est ;. !-lipschitzien avec u €
10, +oc[. Pour tout i € {1,...,m}, soient G; un espace hilbertien réel, r; € G;, g; € T'o(G:),
¢; € To(G;) une fonction v;-fortement convexe avec v; € |0, +oo[, et 0 # L;: H — G,. Le
probleme primal est de

minimiser /() + Z wi(g: O &) (Lix — 1) + h(z) — (x| 2), (4.6)

et le probleme dual est de

m

minimiser (f* 0 h*) <z — ZML*U@) Zwl g7 () + 0 (0) + (vi | 13)g,). (4.7)

v1€G1,..., VmEGm N
=1

Nous notons par P; et D; des ensembles de solutions de problémes (4.6) et (4.7), re-
spectivement.

Corollaire 4.4 Dans le Probléme 4.3, supposons que

z € ran <8f + ZwiL;k((&gi 0 0¢;)(L; - —ri)) + Vh). (4.8)

=1

Soient T et (0;)1<i<m des nombres réels strictement positifs tels que

2pmin{p, vy, ..., un} > 10t p= min{T_l,al_l, . .,0;11} (1 - TZO’Z-WZ-HLZ-HQ).
i=1
(4.9)

Soient ¢ € ]0,1], (A\n)nen une suite dans [e,1], xg € H, (a1n)nen et (a2n)nen des suites
absolument sommables dans H. Pour tout i € {1,...,m}, soient v;y € G, (bin)nen et
(Cin)nen des suites absolument sommables dans G;. Soient (x,,)nen €t (Vi - - - Umn)nen des
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suites engendrées comme suit.

Pn = PIOX,; (xn — T( Yo wiliv g, + Vh(z,) 4+ a1, — z)) + asp

(Vn € N) Tt = Tn + An(Pn — Tn)
pour t =1,...,m

{ Qi;n = PIOX;, o (Ui,n + 0; (Liyn — VU (Vig) + Cim — 7”@>> +bip

Vint1 = Vin + A(Qin — Vi)

(4.10)
Alors pour un point T € P et un point (vy,...,0,,) € D;, nous avons ce qui suit.
D z, — Tet (Vipy .- yUmn) = (U1,...,Um).
(ii) Supposons que h soit uniformément convexe en . Alors x, — T.
(iii) Supposons que (; soit uniformément convexe en v; pour un indice j € {1,...,m}.

Alors vj, — ;.

Des liens avec des méthodes existantes et des cas particuliers de ces résultats sont
présentés dans la Section 4.2.

4.2 Article en anglais

A SPLITTING ALGORITHM FOR DUAL MONOTONE INCLUSIONS
INVOLVING COCOERCIVE OPERATORS'!

Abstract : We consider the problem of solving dual monotone inclusions involving sums
of composite parallel-sum type operators. A feature of this work is to exploit explic-
itly the cocoercivity of some of the operators appearing in the model. Several splitting
algorithms recently proposed in the literature are recovered as special cases.

4.2.1 Introduction

Monotone operator splitting methods have found many applications in applied
mathematics, e.g., evolution inclusions [2], partial differential equations [1, 20, 23],
mechanics [21], variational inequalities [6, 19], Nash equilibria [8], and various opti-
mization problems [7, 9, 10, 14, 15, 17, 25, 29]. In such formulations, cocoercivity often
plays a central role ; see for instance [2, 6, 11, 13, 19, 20, 21, 23, 28, 29, 30]. Recall that

1. B. C. Vi, A splitting algorithm for dual monotone inclusions involving cocoercive operators, Adv.
Comput. Math., vol. 38, pp. 667-681, 2013.
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an operator C': H — H is cocoercive with constant 3 € |0, +oo[ if its inverse is 3-strongly
monotone, that is,

(Ve e H)(Vy € H) (x—y|Cx—Cy) = pl|Cx — Cy|*. (4.11)

In this paper, we revisit a general primal-dual splitting framework proposed in [16]
in the presence Lipschitzian operators in the context of cocoercive operators. This will
lead to a new type of splitting technique and provide a unifying framework for some
algorithms recently proposed in the literature. The problem under investigation is the
following, where the parallel sum operation is denoted by O (see (4.22)).

Problem 4.5 Let H be a real Hilbert space, let = € H, let m be a strictly positive integer,
let (w;)1<i<m e real numbers in |0, 1] such that ", w; = 1, let A: H — 2% be maximally
monotone, and let C: H — H be u-cocoercive for some p € ]0, +oo[. For every i €
{1,...,m}, let G; be a real Hilbert space, let r; € G;, let B;: G; — 29 be maximally
monotone, let D,: G; — 2% be maximally monotone and v;-strongly monotone for some
v; € |0, +o0[, and suppose that L;: H — G; is a nonzero bounded linear operator. The
problem is to solve the primal inclusion

find 7 € H such that z € AT + Z w; L} ((B; 0 Dy) (LT —ry)) + CT, (4.12)
i=1
together with the dual inclusion

findv, € Gi,...,V.m € G, such that

FzeH) z - >y wiLi, E_Ax +Cx 4.13)
We denote by P and D the sets of solutions to (4.12) and (4.13), respectively.

“)1<icm and C are general monotone Lipschitzian operators,
Problem 4.5 was investigated in [16]. Here are a couple of special cases of Problem 4.5.

In the case when (D,

Example 4.6 In Problem 4.5, set z = 0 and

(Vie{l,....,m}) B;:v~— {0} and D;:v+ {0}. (4.14)
The primal inclusion (4.12) reduces to

find # € H such that 0 € Az + C7. (4.15)

This problem is studied in [2, 11, 13, 17, 23, 28, 29].
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Example 4.7 Suppose that in Problem 4.5,

A:x— {0}, C:z+—0, and (Vie{l,...,m}) Di:zﬂ—){g 1;2;8’ (4.16)
Then we obtain the primal-dual pair
find ¥ € H such that z € Y~ w; L} (Bi(LiT — 14)), (4.17)

=1
and
m —
Ez’:l wiL;'kvi =z,

(4.18)

find v, € Gi,...,v,, € G, such that {

This framework is considered in [7], where further special cases will be found. In partic-
ular, it contains the classical Fenchel-Rockafellar [27] and Mosco [24] duality settings,
as well as that of [3].

The paper is organized as follows. Section 4.2.2 is devoted to notation and back-
ground. In Section 4.2.3, we present our algorithm, prove its convergence, and compare
it to existing work. Applications to minimization problems are provided in Section 4.2.4,
where further connections with the state-of-the-art are made.

4.2.2 Notation and background

We recall some notation and background from convex analysis and monotone oper-
ator theory (see [6] for a detailed account).

Throughout, H, G, and (G;)1<;<m are real Hilbert spaces. The scalars product and
the associated norms of both H and G are denoted respectively by (- | -) and || - ||. For
every i € {1,...,m}, the scalar product and associated norm of G, are denoted re-
spectively by (- | ), and || - [[g,. We denote by B(#,7) the space of all bounded lin-
ear operators from A to G. The symbols — and — denote respectively weak and
strong convergence. Let A: H{ — 2 be a set-valued operator. The domain and the
graph of A are respectively defined by domA = {z € H | Az # o} and grad =
{(z,u) € H xH | u € Az}. We denote by zerA = {z € H | 0 € Az} the set of zeros
of A, and by ranA = {u € H | (32 € H) u € Az} the range of A. The inverse of A is
ATV H e 2% wes {o € H | u € Az}, The resolvent of A is

Jy = (Id +A4)71, (4.19)
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where Id denotes the identity operator on ‘H. Moreover, A is monotone if

(V(z,y) € HxH) (V(u,v) € Az x Ay) (r—y|u—v) >0, (4.20)
and maximally monotone if it is monotone and there exists no monotone operator
B: H — 2% such that graB properly contains graA. We say that A is uniformly mono-

tone at € dom A if there exists an increasing function ¢: [0, +o00[ — [0, +0oc] vanishing
only at 0 such that

(Vu € Az) (V(y,v) € grad) (z—y|u—v) = ¢([|lz —yl)). (4.21)

If A—«ald is monotone for some « € ]0, +oo, then A is said to be a-strongly monotone.
The parallel sum of two set-valued operators A and B from # to 2% is

AOB=A"'+B L (4.22)
The class of all lower semicontinuous convex functions f: H — |—o0, +oo] such that
domf = {z € H | f(x) < +o0} # @ is denoted by I'((#). Now, let f € I'y(#). The
conjugate of f is the function f* € I'y(H) defined by f*: u +— sup,¢y((z | u) — f(z)), and
the subdifferential of f € I'y(H) is the maximally monotone operator

of =2z {ueH|(WeH) (y—zlu+fl2)<f)} (4.23)
with inverse given by

(@f) ' =of". (4.24)

Moreover, the proximity operator of f is

1
prox,: H — H: x — argmin f(y) + §||x — g2 (4.25)
yeEH
We have
Joy = prox;. (4.26)

The infimal convolution of two functions f and ¢ from H to |—oo, +o¢] is

fOg:H — ]—o0,+00] x»—>y12£(f(a:)+g(x—y)) (4.27)

Finally, the relative interior of a subset S of #, i.e., the set of points z € S such that the
cone generated by —z + S is a vector subspace of #, is denoted by ri S.
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4.2.3 Algorithm and convergence

Our main result is the following theorem, in which we introduce our splitting algo-
rithm and prove its convergence.

Theorem 4.8 In Problem 4.5, suppose that

i=1

Let T and (0;)1<i<m be strictly positive numbers such that

2pmin{p, v, ..., v} > 1,where p = min {7'_1,01_1, . ,0;11} <1 — TZUz‘Wz‘HLz‘HQ )
i=1
(4.29)

Let ¢ € 10, 1], let (\,)nen be a sequence in [e,1], let xy € H, let (a1,)nen and (asz)nen be
absolutely summable sequences in H. For every i € {1,...,m}, let v;o € G;, and let (b; ,)nen
and (c¢; n)nen be absolutely summable sequences in G;. Let (x,)neny and (vVip, - . ., Vmn)nen
be sequences generated by the following routine

P = Jra (xn — T( Yo wiliv g, + Cxy + ayp — z)) + asp
Yn = 2Pn — T
meny | =i hn
Qi = 51 (vm +0; (Ll-yn — D; M — Cin — n)) + bin
{ Vintl = Um + X (Gin — Vigp)-
Then the following hold for some T € P and (vy,...,0,,) € D.
@) z, = 7Tand (Vi ... Vmn) — (U1, 0m).
(ii) Suppose that C' is uniformly monotone at x. Then z,, — T.
(iii) Suppose that Dj_1 is uniformly monotone at v, for some j € {1,...,m}. Then v;,, —

’Uj.

Proof. We define G as the real Hilbert space obtained by endowing the Cartesian product
Gy x ... x G, with the scalar product and the associated norm respectively defined by

m

(g (vw) = wilv; [wi)g and |- [lg: v | > willvill, (4.31)
=1

i=1
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where v = (vq,...,v,) and w = (wy,...,w,,) denote generic elements in G. Next, we
let /1C be the Hilbert direct sum

K=HoG. (4.32)

Thus, the scalar product and the norm of /C are respectively defined by

(1 (@), (gw)) = (@ y)+ (v |w)g and || [lc: (z,0) = /]z]” + [[v]5-

(4.33)
Let us set
M: K — 2%
(z,v1,...,vm) = (— 2+ Az) x (r1 + By'vr) x ... X (1 + By 'om). (4.34)

Since the operators A and (B;)1<;<» are maximally monotone, M is maximally mono-
tone [6, Propositions 20.22 and 20.23]. We also introduce

S: K-> K (4.35)
(T, 01, ..., V) (Zwi[jvi, —Lyz, ..., —me). (4.36)
i=1
Note that S is linear, bounded, and skew (i.e, S* = —S). Hence, S is maximally mono-

tone [6, Example 20.30]. Moreover, since dom S = K, M + S is maximally monotone [6,
Corollary 24.24(i)]. Since, for every i € {1,...,m}, D; is v;-strongly monotone, D;* is
v;-cocoercive. Let us prove that

Q- K—-K
(T, 01, .., Up) (C:z:, Doy, .., D;nlvm) (4.37)
is B-cocoercive with
B =min{p,v1,...,Un}. (4.38)
For every (x,vy,...,v,) and every (y,wy, ..., w,,) in IC, we have

(z,v1,...,0m) = (Y, w1, ..., W) | Q(z, 01, ..., V) — Qy, w1, ..., W) s
=(r—y|Cx—Cy)+ Zwi@i —w; | D' — Di—lwi>gi

i=1
> pl|Cx — Cyll* + ) viwi|| Dy vy — D 'wi|3,

=1

> ﬁ(HC:c P+ S D Dﬁwma)

i=1

= 0|1Q(z,v1,...,vm) — Qy, wr, . .. ,wm)||,QC. (4.39)
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Therefore, by (4.11), @Q is S-cocoercive. It is shown in [16, Eq. (3.12)] that under the
condition (4.28), zer(M + S + Q) # @. Moreover, [16, Eq. (3.21)] and [16, Eq. (3.22)]
yield

(z,v) czerfM +85+Q)=z€P and veD. (4.40)
Now, define
V: K-> K
(T, 01,0, Up) — (Tlx — Z wilivi, o7 vy — Ly, ... 0, 0, — me). (4.41)

i=1

Then V is self-adjoint. Let us check that V' is p-strongly positive. To this end, define

T-H—G: z— (\/ale,...,\/ame). (4.42)
Then
(Vz € H) ”TIHQQ = iwiaiHLix (2; < |2 iwiaiHLiHQ, (4.43)
i=1 =1
which implies that
1T < iwiaiHLiHZ. (4.44)
=1

Now set

m -1
i=1

Then it follows from (4.29) that 6 > 0. Moreover, (4.44) and (4.45) yield

| TIP(L +68) < T(1+6) Y wioi| Lill> = (1 + )~ (4.46)

i=1
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For every « = (z,v1,...,v,,) in KC, by using (4.46), we obtain

m

(@ | Va)e =7z + ) o7 willoillg, =2 ) wilLix | vi)g,

i=1 i=1
m

m
= e+ o7 willuill3, - 2 Zwi<«/cr_iLix | @—1vi>g
=1 =1

i

m
=7 Yz|]® + Z o willvillg, — 2<Tx | (Vo1 ‘., \/am_lvm)>g
=1
Zm
> 7 el + ) o) willuillg,
i=1

Y L - ST VTED S
eI o wiledle

i=1

> (1-(1+0)7") <7‘1||90||2 + Z%‘lwinviﬂéi)
=1

> (1= (40 ) mingror ol
= rllellx. (47

Therefore, V is p-strongly positive. Furthermore, it follows from (4.47) that
V 'existsand |V 7| < p (4.48)
(i) : We first observe that (4.30) is equivalent to

T N 2n — pn) — Do wilivi, — Cay, €
—z2+ Apn, — az2pn) + a1, — T*1a27n
Tpt1 = Tp + An(Pn — )
(Vn € N) fori=1,...,m (4.49)
U;1<Ui,n - Qi,n> — Li(wp — pn) — Dflvi,n €
ri + B (Gin — bin) — Libn + Cin — 07 i
Vint1 = Vi + A (Qin — Vip)-

Now set
= (Tn, Vi - -+ s Umnin)
(p Qiny - Qm,n>
(Vn € N) = (A2, b1y - - - » Oran) (4.50)
= (@1, Clins - - -5 Cmn)
(dn = (77 agp, 07 b1n,---, 07 omn).
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We have

D lanllx < 400, > llenllc < 400, and Y ldnlx < +oo. (4.51)

neN neN neN

Furthermore, (4.49) yields

Next, we set

(VReN) b, =V ' ((S+V)a,+c,—d,). (4.53)
Then (4.51) implies that

> lIballe < +oo. (4.54)

neN

Moreover, using (4.48) and (4.53), we have

(VneN) V(x,—vy,) —Qx,c (M+S)(y, —a,) + Sa, +c,—d,
& (VneN) (V-Qzr,e M+S+V)y,—a,)+(S+V)a,+c,—d,

o (VneN) y, = (M+S+V)_1((V—Q):cn (S +V)a, —c, +dn> +a,
& (WneN) gy, = (Id YV M+ S))1 ((Id —VQ)z, — bn) +a,. (4.55)
We derive from (4.52) that, for every n € N,
Zoit =+ A (1l + V(M + 9)) 7 (@0 - V7'Q, — b,) + 0 — @)
= @+ M (Ja (@, — Ba, —b,) + @, — ). (4.56)
where
A=V ! M+S) and B=V'Q. (4.57)

Algorithm (4.56) has the structure of the forward-backward splitting algorithm [13].
Hence, it is sufficient to check the convergence conditions of the forward-backward split-
ting algorithm [13, Corollary 6.5] to prove our claims. To this end, let us introduce the
real Hilbert space Ky, with scalar product and norm defined by

(V(:L',y) c K x IC) (x|y)y =(x|Vy), and |z||v =+/(x|Vx),, (4.58)

respectively. Since V' is a bounded linear operator, it follows from (4.51) and (4.54) that

D llanlly <400 and Y |bullv < +oc. (4.59)

neN neN
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Moreover, since M + S is monotone on /C, we have

V(x,y) e KxK) (x—y|Ax— Ay)y, = (x—y|VAz - VAy),

=(®—y | (M +S)z— (M +S)y),
(4.60)

> 0. (4.61)
Hence, A is monotone on Ky . Likewise, B is monotone on /Cy.. Since V is strongly
positive, and since M + S is maximally monotone on &, A is maximally monotone on
Ky . Next, let us show that B is (#p)-cocoercive on Ky . Using (4.39), (4.47) and (4.48),
we have, V(z,y) € Ky X Ky,
(x—y| Bx — By),, = (x—y | VBx — VBy),

=(z—-y|Qz— Qy)x

> 6)Qz — Qulx

= 0lQz — Qyl[x|Qz — Qylx

=AIVHTHIVTQz — QylkllQx — Qulx

> BIVHTHVTIQe - VT QylklQx — Qullx

>BIVIHITHVTIQe - V'Qy | Qr — Qy)

=8IV 7(Bz - By | Qz — Qu)

=8IV Bz — Bylly,

> Bp||Bx — By} . (4.62)
Hence, by (4.11), B is (p)-cocoercive on Ky . Moreover, it follows from our assumption
that 25p > 1. Altogether, by [13, Corollary 6.5] the sequence (x, ),y converges weakly
in Cy tosome T = (7,71, ...,0,) € zer(A+B) = zer(M+S+Q). Since V is self-adjoint
and V! exists, the weak convergence of the sequence (x,)nen to T in KCy is equivalent

to the weak convergence of (x,),cy to @ in K. Hence, , — T € zer(M + S + Q). It
follows from (4.40) that 7 € P and (v, ...,0,,) € D. This proves (i).

(i) &(iii) : It follows from [13, Remark 3.4] that

> |Bx, — B[l < +oc. (4.63)

neN

On the other hand, from (4.47) and (4.63) yield Bx, — BT = V‘l(an - Qz) — 0,
which implies that Qx,, — Q= — 0. Hence,

Cz, —Cz and (Vie{l,...,m}) D;'v, — D;'v;. (4.64)

If C is uniformly monotone at 7, then there exists an increasing function ¢¢: [0, 400 —
[0, +00] vanishing only at 0 such that

dc||zn —F|) < (2n — T | Cn — CT) < ||2n — T | O — CF. (4.65)
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Since (z, — T)nen is bounded, it follows from (4.64) and (4.65) that z, — 7. This
proves (ii), and (iii) is proved in a similar fashion. [I

Remark 4.9 Here are some remarks concerning the connections between our frame-
work and existing work.

ey

(ii)

(iii)

(iv)

V)

The strategy used in the proof of Theorem 4.8 is to reformulate algorithm (4.30)
as a forward-backward splitting algorithm in a real Hilbert space endowed with
a suitable norm. Such a renorming technique was used in [22] for a minimiza-
tion problem in finite-dimensional spaces. The same strategy is also used in the
primal-dual minimization problem of [18], which will be further discussed in Re-
mark 4.13(iii) below.

Consider the special case when z = 0, and (B;)1<i<m and (D;)1<i<m, are as in (4.14).
Then algorithm (4.30) reduces to

(VneN) z,01=x,+ \n (JTA (xn —7(Cx, + alm)) +as, — xn) ., (4.66)

which is the standard forward-backward splitting algorithm [13, Algorithm 6.4]
where the sequence (7, ),en in [13, Eq. (6.3)] is constant.

Problems (4.17) and (4.18) in Example 4.7 can also be solved by [7, Theorem 3.8].
However, the algorithm resulting from (4.30) in this special case is different from
that of [7, Theorem 3.8].

In Problem 4.5, since C' and (D; 1)1<i<m are cocoercive, they are Lipschitzian.
Hence, Problem 4.5 can also be solved by the algorithm proposed in [16, Theo-
rem 3.1], which has a different structure from that of the present algorithm.

Consider the special case when z = 0 and (Vi € {1,...,m}) G; = H,L; = Id,
D;!' =0, and r; = 0. Then the primal inclusion (4.12) reduces to

find 7 € M such that 0 € AT+ » w;B7 + C7. (4.67)
=1

An alternative algorithm to solve this problem is proposed in [26], which provides
only primal solution.

Remark 4.10 Suppose that C' and (D;)i<i<,, are as in (4.16). Then it can be shown
that Theorem 4.8(i) remains valid for any sequence (A, ),y in [, 2 — ¢] and with condi-
tion (4.29) replaced by

7Y wio||Lil|* < 1. (4.68)
=1
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4.2.4 Application to minimization problems

We provide an application of the algorithm (4.30) to minimization problems, by
revisiting [16, Problem 4.1].

Problem 4.11 Let H be a real Hilbert space, let z € H, let m be a strictly positive
integer, let (w;)1<i<m be real numbers in ]0, 1] such that > " w; =1, let f € I'y(#), and
let h: H — R be convex and differentiable with a p~!-Lipschitzian gradient for some
p € 10,400l For every ¢« € {1,...,m}, let G; be a real Hilbert space, let r; € G, let
g: € T(Gy), let £; € Ty(G;) be v;-strongly convex, for some v; € |0, +o0c[, and suppose that
L;: H — G; is a nonzero bounded linear operator. Consider the primal problem

mlmmlze f(z) + Zwl g;: O ¢;) — 1)+ h(x) — (z | 2), (4.69)

and the dual problem

*Oh* — LI (g7 (v;) + € (v; i | mi)e ). (4.70
mmimise (7 0) (2= S uatin) 3 (g0 + 500+ (] 7)g) (470)
We denote by P; and D, the sets of solutions to (4.69) and (4.70), respectively.
Corollary 4.12 In Problem 4.11, suppose that
z € ran (8f + ZwiLf ((0g; O OL)(L; - —14)) + Vh). (4.71)

i=1

Let T and (0;)1<i<m be strictly positive numbers such that

2pmin{u, vy, ..., vy} > 1,where p = min {7_71’01717 . .,a;l} (1 — TZUiMiHLi”2>-
i=1

(4.72)

Let e € ]0,1[ and let (\,,)nen be a sequence in [¢, 1], let xy € H, let (a1.n)nen and (az,)nen be
absolutely summable sequences in H. For every i € {1,...,m}, let v;p € G;, and let (b; ,,)nen
and (¢;n)nen be absolutely summable sequences in G;. Let (x,,)neny and (i, - . ., Umn)nen
be sequences generated by the following routine

Pn = Prox,; (xn — T(Zgl w; Lv;  + Vh(zy,) + a1, — z)) +asp

Tpt+1 = Tp + )\n(pn - xn)
(¥n €N) fori=1,...,m

Qin = proxgig%‘ (Ui,n + Uz( iYn — VE* (Uz n) + Cin — z)) + bi,n
Vint1 = Vin + A (Qin — Vin)-
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(4.73)

Then the following hold for some T € P; and (1, ...,0,) € Ds.
1) z, = Tand (Vi .. Vmn) — (U1, Tm).
(ii) Suppose that h is uniformly convex at z. Then x,, — 7.

(iii) Suppose that ¢} is uniformly convex at v; for some j € {1,...,m}. Then v;, — ;.

Proof. The connection between Problem 4.11 and Problem 4.5 is established in the proof
of [16, Theorem 4.2]. Since Vh is u~!-Lipschitz continuous, by the Baillon-Haddad
Theorem [4, 5], it is u-cocoercive. Moreover since, for every i € {1,...,m}, ¢; is v;-
strongly convex, 0/; is v;-strongly monotone. Hence, by applying Theorem 4.8(i) with
A =08f, J.a = prox., C = Vh and for every i € {1,...,m}, D;' = V{;, B; = 9y,
J,. p-! = Prox we obtain that the sequence (x,,),cn converges weakly to some T € H

o 0ig;?
such that
2 €0f(T) + Y wiLli((0g; 0 06) (LT — 7)) + VA(T), (4.74)
i=1
and the sequence ((vy, ..., Umn))nen converges weakly to some (71, ..., 7,,) such that

- " Z’L*_Z' 0 h
Gren) {7 2m@liti €0/ +Vh() (4.75)
(Vie{l,....m}) ;€ (0g; 00)(Lix —r;).
As shown in the proof of [16, Theorem 4.2], © € P, and (vy,...,0,,) € D;. This
proves (i). Now, if A is uniformly convex at 7, then Vi is uniformly monotone at 7.

Hence, (ii) follows from Theorem 4.8(ii). Similarly, (iii) follows from Theorem 4.8(iii).
a

Remark 4.13 Here are some observations on the above results.

(1) If a function ¢: X — R is convex and differentiable function with a 37!-
Lipschitzian gradient, then V¢ is [-cocoercive [4, 5]. Hence, in the context of
convex minimization problems, the restriction of cocoercivity made in Problem 4.5
with respect to the problem considered in [16] disappears. Yet, the algorithm we
obtain is quite different from that proposed in [16, Theorem 4.2].

(ii) Sufficient conditions which ensure that (4.71) is satisfied are provided in [16,
Proposition 4.3]. For instance, if (4.69) has at least one solution, if H and (G;)1<i<m
are finite-dimensional, and if there exists x € ridom f such that

(Vie{l,...,m}) Lz —r; €eridomg; + ridom¢;, (4.76)
then (4.71) holds.
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(iii) Consider the special case when 2 = 0 and, for every i € {1,...,m}, r; = 0,0, =
o €10, +o0[, and

0 ifv=0
v { BU=5 (4.77)
+o00o otherwise.

Then (4.73) reduces to

Pn = PIOX,; (xn — T( S wiliv, + Vh(z,) + aLn)) + agp

Tpt+1 = Tn + An(pn - xn)
(¥n €N) fori=1,...,m

Vin4+1 = VUin + An(an - vi,n)a

\‘ Qin = Proxog;« (Ui,n + U(Lzyn + Ci,n)) + bi,n

(4.78)

which is the method proposed in [18, Eq. (36)]. However, in this setting, the con-
ditions (4.71) and (4.72) are different from the conditions [18, Eq. (39)] and [18,
Eq. (38)], respectively.

(iv) In finite-dimensional spaces, with exact implementation of the operators, and with
the additional restrictions that m = 1, h: x — 0, ¢; is as in (4.77), r; = 0, and
z = 0, (4.73) remains convergent if \, = A € |0,2[ under the same condition
presented here [22, Remark 5.4]. If we further impose the restriction \, = 1,
then (4.73) reduces to the method proposed in [10, Algorithm 1]. An alternative
primal-dual algorithm is proposed in [12].

Acknowledgement. I thank Professor Patrick L. Combettes for bringing this problem to
my attention and for helpful discussions.
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Chapitre 5

Suites quasi-fejériennes a métrique
variable

Nous introduisons la notion de suite quasi-fejérienne a métrique variable et analysons
ses propriétés asymptotiques dans des espaces hilbertiens. On déduit de ces résultats la
convergence de nouveaux algorithmes avec métrique variable.

5.1 Description et résultats principaux

Définition 5.1 Soient o € 0,400, ¢: [0,+00[ — [0,+00[, (W, )nen une suite dans
Po(H), C un sous-ensemble non vide de H, et (x,),en une suite dans H. Alors (x,,)nen
est :

(i) une suite ¢-quasi-fejérienne monotone par rapport a C relativement a (W,,),,en si

(3 (M )nen € LL(N)) (V2 € C) (3 (en)nen € LL(N))(Vn € N)
O([[Tns1 — zllwi) < L+ m2)d(2n — 2llws,) + €0 (5.1)

(i) une suite stationnairement ¢-quasi-fejérienne monotone par rapport a C' relative-
ment a (W,,),en Si

(3 (Enhnen € £(N)) (3 (M )ner € EL(N)) (V2 € C)(Vn € N)
Otnss = 2lw) < (L4 )8l — 2llw,) + €. (5.2)

Dans le casou W, =1d,n, =0,et ¢ = | -| ou ¢ = | - |, on obtient la notion de suite
quasi—fejérienne par rapport a C' étudiée dans [12]. De plus, si s, = 0, (5.1) correspond
aux cas classiques étudiés dans [20, 27, 30]. La notion de suite quasi-fejérienne est un
outil fondamental pour analyser la convergence de méthodes numériques [2, 5, 12, 13,
14, 18, 19, 30, 31, 35].
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Nous présentons quelques propriétés élémentaires dans la proposition suivante.

Proposition 5.2 Soit « € |0, +oc], soit ¢: [0,4+00] — [0, +o0[ une fonction strictement
croissante telle que lim;_, ., ¢(t) = +oo, soit (W, ),en une suite dans P, (H), soit C' un
sous-ensemble non vide de H, et soit (z,),en une suite dans H telle que (5.1) est vérifiée.
Nous avons les propriétés suivantes.

(i) Soit z € C. Alors (||z,, — z||w, )nen converge.
(i) (z,)nen est bornée.
Nous avons le résultat suivant pour la convergence faible.
Théoreme 5.3 Soit a € ]0, +o0[, soit ¢: [0,+o0[ — [0,+o0] une fonction strictement
croissante et telle que lim,_, , o, ¢(t) = +oo, soient (W,,),en et W des opérateurs dans P, (H)
tels que W,, — W ponctuellement, soit C' un sous-ensemble non vide de H, et soit (x,)nen

une suite dans H telle que (5.1) est vérifiée. Alors (x,,),en converge faiblement vers un point
de C si et seulement si tous les points d’accumulation faible de (x,),en sont dans C.

Nous présentons les caractérisations de la convergence forte.

Proposition 5.4 Soit a € |0,+o0], soit x € [1,+oo|, et soit ¢: [0,+00] — [0, +oo[ une
fonction croissante semi-continue supérieurement volatilisée seulement en 0 telle que

(V(€1, &) € 0,+00[")  d(&r + &) < x(6(ér) + 9(&2)- (5.3)
Soit (Wy,)nen une suite dans P, (H) telle que p = sup,,cy |Wa| < 400, soit C' un sous-
ensemble fermé non vide de H, et soit (x,),cn une suite dans H telle que (5.2) est vérifiée.

Alors (z,)nen converge fortement vers un point dans C' si et seulement si lim d¢(x,,) = 0.

Proposition 5.5 Soit o € ]0, +0c0, s0it (v,,)nen € (1 (N), et soit (W,),en une suite dans
Po(H) telle que

w=sup|W,| <+oo et (VneN) (1+uv,)Wyi1 = W,. (5.4)
neN

De plus, soit C' un sous-ensemble de H tel que intC' # &, soient z € C' et p € |0, 400 tels
que B(z; p) C C, et soit (x,,)nen une suite dans H telle que

(3 (En)nen € CL(N)) (3 (10 )nen € LL(N))(Vz € B(z;p))(Vn € N)
nsr — 2l < (14 )llen — 2l + 20 (5.5)

Alors (x,,)nen converge fortement.

Nous nous penchons a présent sur le cas ot ¢ = | - |2

102



Proposition 5.6 Soit a € |0, +0c[, soit (1,)nen une suite dans (% (N), soit (W,,)nen une
suite dans P, (H) telle que

p=sup||W,| <4+oo et (VneN) (14 n,)W, =W,i1. (5.6)
neN

Soit C' un sous-ensemble non vide de H et soit (z,),en une suite dans H telle que
(3 (M )nen € LL(N)) (V2 € C) (3 (en)nen € LL(N))(Vn € N)
s = 2B, < U m) = 2l + 20 (5.7)

Alors, nous avons les propriétés suivantes.
(1) (zn)nen est | - |2-quasi-fejérienne par rapport a conv C relativement a (W, ),en.
(ii) Pour tout y € conv C, (||z, — yllw,, )nen converge.

Dans le casou W, = Id,n, =0,e =0, et ¢ = |- | ou ¢ = | - |, et le sous-ensemble
C' dans (5.2) est convexe fermé, la suite de projections (Poz,),en converge fortement;
voir [2, Theorem 2.16(iv)], [32, Remark 1], et [12, Proposition 3.6(iv)]. Nous montrons
qu’il est encore vrai dans le contexte de métrique variable.

Proposition 5.7 Soit o € ]0, +0c0, s0it (1,)nen une suite dans ¢ (N), soit (W,,),en une
suite uniformément bornée dans P, (), soit C' un sous-ensemble convexe fermé non vide de
H, et soit (x,,)nen Une suite dans H telle que

(3 (En)nens € L4 (N)) (3 (Ma)men € E(N)) (V2 € C)(¥n € N)
s = =Wy < A+ m)ll2n — 23, +ene (5.8)

Alors (Pg/ "I, )nen CONVverge fortement.

En fin, nous proposons un nouvel algorithme pour résoudre les problemes d’admis-
sibilité convexe.

Théoreme 5.8 Soit (C;);c; une famille finie ou infinie dénombrable de sous-ensembles con-
vexes fermés de H telle que C' = (,.; C; # @, soit (a,)nen une suite dans H telle que
Y onen lan|l < 400, soit o € 10, +-00], soit (1, )nen une suite dans £ (N), et soit (W,,)en une
suite dans P, (H) telle que

p=sup||Wy| <4+oo et (VneN) (14 n,)W, =W,i1. (5.9)
neN

Soiti: N — [ telle que
(Vj e D3M; e N {0})(VneN) je{in),...,i(n+ M; —1)}. (5.10)
Pour tout i € I, soit (1}, )nen une suite d’'opérateurs telle que

(VneN) T,,eE(W,) et FixT;, =C. (5.11D)
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Soient ¢ € 10, 1], xg € H, (\y)nen une suite dans [e,2 — €], et
(VneN) z,01=x,+ \y (Ti(n)mxn + a, — xn) (5.12)

Supposons que, pour toute suite strictement croissante (p,)nen dans N, pour tout x € H, et
tout j € I,

Tp, — %

T p®p, — Tp, — 0 = zeCj. (5.13)
(Vn € N) j =i(pn)

Alors, pour un point T € C, nous avons les propriétés suivantes.
i z, — .
(i) Supposons que intC' # & et qu'il existe (vy)nen € £ (N) telle que (Vn € N) (1 +
Vn)Wai1 = W, Alors x,, — T.
(iii) Supposons que lim d¢(x,) = 0. Alors z,, — T.

(iv) Supposons qu’il existe un index j € I de demicompact régularité : pour toute suite
strictement croissante (py,)nen in N

sup e [y, || < +oo

T} pTp, — Tp, — 0 = (@p, )nen admet un point d’accumulation forte.

(Vn € N) j =1i(pn)
(5.14)

Alors z,, — T.

Nous présentons une application du Théoreme 5.8 a la méthode des projections
périodiques a métrique variable.

Corollaire 5.9 Soit m un entier strictement positif, soit I = {1,...,m}, soit (C;);c; une
famille de sous-ensembles convexes fermés non vides de H telle que C' = (,.; C; # @, soit
zo € H, soit a € 0, +00l, s0it (1,)nen une suite dans ¢ (N), et soit (W,,),en une suite dans
Po(H) telle que sup,,cy [|W|| < +oo et (Vn € N) (1 + n,)W,, = W,,1. Posons

(Vn €N) 2,4, = P - (5.15)

Cl+rem(n,m)x
ot rem(n,m) = n(modm) + 1. Alors, pour un point T € C, nous avons les propriétés
suivantes.
i) z, — 7.
(i) Supposons que intC' # & et qu'il existe (vy)nen € £ (N) telle que (Vn € N) (1 +
V)Wt = W, Alors z, — T.
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(iii) Supposons qu'’il existe j € I tel que C; est bornément compact, i.e., son intersection
avec toute boule fermée de H est compacte. Alors x,, — 7.

Corollaire 5.10 Soit A: H — 2™ un opérateur maximalement monotone tel que C =
{zeH | 04z} # @, soit a € ]0,+00], soit (an)nen une suite dans H telle que
> nen lanll < 400, soit (n,)nen une suite dans ¢} (N), et soit (W,),en une suite dans P, (H)
telle que ;1 = sup,cy |Wa| < +oo et (Vn € N) (1 + n,)W,, = W,11. Soient ¢ € ]0,1],
xg € H, (An)nen une suite dans [e,2 — €|, (7 )nen Une suite dans [e, +oo[. Posons

(VneN) 1=z, + An(Jggxn + a, — ). (5.16)

Alors, pour un point T € C, nous avons les propriétés suivantes.
@ z, = T
(i) Supposons que intC # & et il existe (v,)nen € ((N) telle que (Vn € N) (1 +
U )Wii1 = W, Alors x,, — T.
(iii) Supposons que A soit uniformément monotone en z. Alors z,, — T.

Nous présentons une application de l'algorithme proximal a métrique variable
(5.16) a un probleme inverse.

Corollaire 5.11 Soit f € I'g(H) et soit I un ensemble fini d’index non vide. Pour tout
i € I, soit (G, || - ||s) un espace hilbertien réel, soit 0 # L; € B (H,G;), soit r; € G;, et soit
; € )0, 4o00|. Considérons le probléeme

L 1 )

minimiser f(z) + 3 Z wil| Liz — 3|3 (5.17)
iel

Soit e € |0, 1/(14 > ;s il Li||*) |, soit (an)nen une suite dans H telle que Y-, ||an| <

+00, $0it (1, )nen une suite dans (% (N), et soit (v,)nen une suite dans R telle que

(VneN) e< L-c (5.18)

ShS&= 5 < Lz
ZMHLZH ZMzHLzH

el i€l

(L4 70)Yn — Yot

De plus, soient C' un ensemble de solutions du probléme (5.17), xo € H, (A\,)nen Une suite
dans [e,2 — ], et posons

(Vn eN) zp1 =z, + A\ (prox%f (:cn +Yn Z i L (ri — Llscn)) +a, — xn) . (5.19)
iel
Alors on a les résultats suivants pour un point = € C.

(i) Supposons que

: 1 2
lim  f(x)+ 5 Z will Lz — 1|7 = +o0. (5.20)

x||—+o00
el —

Alors z,, — T.
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(ii) Supposons qu'il existe j € I tel que Uopérateur L, vérifie
(3B €10, +oa) (Ve € H) [ Lzl, > Bllel. (5.21)

Alors C = {7} et z,, — 7.

5.2 Article en anglais

VARIABLE METRIC QUASI-FEJER MONOTONICITY'!

Abstract : The notion of quasi-Fejér monotonicity has proven to be an efficient tool
to simplify and unify the convergence analysis of various algorithms arising in applied
nonlinear analysis. In this paper, we extend this notion in the context of variable metric
algorithms, whereby the underlying norm is allowed to vary at each iteration. Applica-
tions to convex feasibility problems are demonstrated.

Let C' be a nonempty closed subset of the Euclidean space RY and let y be a point
in its complement. In 1922, Fejér [21] considered the problem of finding a point z € RY
such that (Vz € C) ||z — z|| < |ly — z||. Based on this work, the term Fejér-monotonicity
was coined in [27] in connection with sequences (x,,),cy in RY that satisfy

(Vze O)(Yn eN) |zpp — 2| < ||z — 2] (5.22)

This concept was later broadened to that of quasi-Fejér monotonicity in [20] by relaxing
(5.22) to

(V2 € O)(Vn €N) ||zper — 2|12 < ||lzn — 2]]* + €n, (5.23)

where (£,,),en IS @ summable sequence in [0, +oc[. These notions have proven to be
remarkably useful in simplifying and unifying the convergence analysis of a large col-
lection of algorithms arising in hilbertian nonlinear analysis, see for instance [2, 5, 12,
13, 14, 18, 19, 30, 31, 35] and the references therein. In recent years, there have been
attempts to generalize standard algorithms such as those discussed in the above refer-
ences by allowing the underlying metric to vary over the course of the iterations, e.g.,
[7,10, 11, 16, 26, 29]. In order to better understand the convergence properties of such
algorithms and lay the ground for further developments, we extend in the present pa-
per the notion of quasi-Fejér monotonicity to the context of variable metric iterations in
general Hilbert spaces and investigate its properties.

Our notation and preliminary results are presented in Section 5.3. The notion of
variable metric quasi-Fejér monotonicity is introduced in Section 5.4, where weak and

1. P.L.Combettes and B. C. Vii, Variable Metric Quasi-Fejér Monotonicity, Nonlinear Analysis : Theory,
Methods, and Applications, vol. 78, pp. 17-31, 2013.
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strong convergence results are also established. In Section 5.5, we focus on the special
case when, as in (5.23), monotonicity is with respect to the squared norms. Finally, we
illustrate the potential of these tools in the analysis of variable metric convex feasibility
algorithms in Section 5.6 and in the design of algorithms for solving inverse problems in
Section 5.7.

5.3 Notation and technical facts

Throughout, # is a real Hilbert space, (- | -) is its scalar product and || - || the asso-
ciated norm. The symbols — and — denote respectively weak and strong convergence,
Id denotes the identity operator, and B(z; p) denotes the closed ball of center z € ‘H and
radius p € |0, +o00[; 8 (H) is the space of self-adjoint bounded linear operators from #H
to H. The Loewner partial ordering on 8 (H) is defined by

Now let a € [0, +o0], set
Po(H)={L€S(H)|L»ald}, (5.25)

and fix W € P,(H). We define a semi-scalar product and a semi-norm (a scalar product
and a norm if o > 0) by

(Veet)(vyet) (ly)y =Wely) and |z[w = (Waz|z). (5.26)

Let C' be a nonempty subset of H, let a € |0, +o00[, and let W € P,(H). The interior of C'
is int C, the distance function of C is d, and the convex envelope of C' is conv C, with
closure conv C'. If C' is closed and convex, the projection operator onto C' relative to the
metric induced by W in (5.26) is

PY:H — C:z s argmin |z — yl|w- (5.27)
yeC

We write P! = Pe. Finally, ¢! (N) denotes the set of summable sequences in [0, +oo|.

Lemma 5.12 Let o € |0, o0, let o € |0, +00], and let A and B be operators in 8§ (H) such
that i 1d = A %= B %= a1d. Then the following hold.

(1) a'ld =B 1t= At = ptid.
() (Vo € H) (A7 x| z) > [JAI7 2>
(iii) |A7Y) <o L
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Proof. These facts are known [24, Section VI.2.6]. We provide a simple convex-analytic
proof.

(i) : It suffices to show that B~! 3= A~1. Set (Vo € H) f(z) = (Ax | :p>/2 and g T) =
(Bx | ) /2. The conjugate of f is f*: H — [—00,+00] : u — sup,ey ((z | u) — f(z)) =
(A=Yu | u)/2 [5, Proposition 17.28]. Likewise, g*: H — [—o0, +00] : u — (B~ !y | u)/2
Since, f > g, we have ¢* > f*, hence the result.

(ii) : Since ||A||1d = A, (i) yields A~ = ||A|7'Id.

(iii) : We have A~! € § (H) and, by (i), (Vx € H) ||z||*/a > (A~'z | z). Hence, upon
taking the supremum over B(0; 1), we obtain 1/a > ||A~!||. O

Lemma 5.13 [30, Lemma 2.2.2] Let (o,).en be a sequence in [0, +oc], let (1,)nen €
(1 (N), and let (¢,)nen € (L(N) be such that (Vn € N) a,1 < (1 + n,)o, + €,. Then
(tn)nen converges.

The following lemma extends the classical property that a uniformly bounded
monotone sequence of operators in 8 () converges pointwise [33, Théoréme 104.1].

Lemma 5.14 Let o € |0, +ool, let (1,)nen € CL(N), and let (W, ),en be a sequence in
Po(H) such that p = sup,,cy ||Wh|l < +o00. Suppose that one of the following holds.

@A) VneN) (1+n,)W, = Wi
() (Vn € N) (14 0,) Wit = W
Then there exists W € P,(H) such that W,, — W pointwise.

Proof. (i) : Set 7 =[], cn(1 +mn), 7o = 1, and, for every n € N~ {0}, 7, = P (14
Then 7,, =& 7 < +00 [25, Theorem 3 7.3] and
(VneN) pld =W, =ald and 7,11 =7(1+n,). (5.28)
Now define
1 1
(Vn e N)(Vm e N) W, = T_W” - Witm. (5.29)
n n+m
Then we derive from (5.28) that (Vn € N)(Vm € N\ {0})(Vz € H)
1 n+m—1
0= —(W 1 W,
U R | AR E
1
n n+m
= (Wome | )
1
<
< —(Woa | @)
< (W | x)
< ] (5.30)
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Therefore
(Vne N)(Vm e N) W, € Po(H) and ||[W, .| < p. (5.31)

Let us fix + € . By assumption, (Vn € N) |[z[}, ., < (1 + m)[z|}, . Hence, by
Lemma 5.13, (||#||3y, Jnen converges. In turn, (7,,'(|z||j;, Jnen converges, which implies

n
that

1

1
H:L’H%,nm = (Wpme | z) = 7_—|]:cH124,n — H:L’H%,Mm —0 as n,m— +oo. (5.32)

n n+m

Therefore, using (5.31), Cauchy-Schwarz for the semi-norms (|| - ||w,..)mm)en2, and
(5.32), we obtain

2
”Wn,mx”4 = (I | Wmmx)an
|x||12/Vn’m ||Wn7mx||%/vn,m
[y, 1]

—0 as n,m — 4oo. (5.33)

< |
< |

Thus, we derive from (5.29) that (7, 'W,z),ey is a Cauchy sequence. Hence, it con-
verges strongly, and so does (W, z),en. If we call Wz the limit of (W, z),cn, the above
construction yields the desired operator W € P, (H).

(ii) : Set (Vn € N) L,, = W, 1. It follows from Lemma 5.12(i) et (iii) that (L, ),cy lies
in Py, (H), sup,en || Ln]| < 1/a, and (Vn € N) (1 4 n,)L, > L,;,. Hence, appealing to
(i), there exists L € Py/,(H) such that ||L|| < 1/a and L,, — L pointwise. Now let z € H,
and set W = L~ and (Vn € N) x,, = L,,(Wx). Then W € P,(H) and z,, -+ L(Wz) = z.
Moreover, |W,x — Wz|| = ||W,(x — z,)|| < pllz, — 2| — 0.0

5.4 Variable metric quasi-Fejér monotone sequences

Our paper hinges on the following extension of (5.23).

Definition 5.15 Let a € |0, +o0], let ¢: [0, +00[ — [0, 400[, let (W,,).en be a sequence
in P,(H), let C be a nonempty subset of H, and let (z,),cn be a sequence in H. Then
(xn)nEN iS :

(i) ¢-quasi-Fejér monotone with respect to the target set C' relative to (W,,),en if

(3 (M)nen € LL(N)) (V2 € C) (3 (en)nen € L1 (N))(Vn € N)
O|zns1 — 2llwss) < X+ m0)0(|lzn — 2llw,) + €05 (5.34)
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(i) stationarily ¢-quasi-Fejér monotone with respect to the target set C' relative to
(Wn)nEN 1f

(3 (E)nen € L (N)) (3 (a)men € LL(N)) (V2 € C)(¥n € N)
(lznt1 — 2llwyr) < (X4 m2)9(lzn — 2llw) + €5 (5.35)

We start with basic properties.

Proposition 5.16 Let o € ]0,+oc[, let ¢: [0, +oo[ — [0,400[ be strictly increasing and
such that lim;_, o, ¢(t) = +o0, let (W,,),en be in P (H), let C be a nonempty subset of H,
and let (x,)nen be a sequence in H such that (5.34) is satisfied. Then the following hold.

(i) Let z € C. Then (||z,, — z|lw,, )nen converges.
(i) (x,)nen is bounded.

Proof. (i) : Set (vn € N) &, = ||z, — z||w,. It follows from (5.34) and Lemma 5.13
that (¢(&,))nen converges, say ¢(&,) — A. In turn, since lim; ., ;, ¢(t) = +00, (&)nen
is bounded and, to show that it converges, it suffices to show that it cannot have two
distinct cluster points. Suppose to the contrary that we can extract two subsequences
(&k, Jnen and (&, Jnen such that &, — nand &, — ¢ > n, and fix € € |0, (¢ — n)/2|. Then,
for n sufficiently large, &, < n+¢e¢ < ( —e < &, and, since ¢ is strictly increasing,
O(&k,) < p(n+e) < od(C—e) < P&, ). Taking the limit as n — +oo yields A < ¢(n +¢) <
(¢ — €) < A, which is impossible.

(ii) : Let z € C. Since (W, ),en lies in P, (H), we have
(Vn e N)  allz, — 2[]> < (xn — 2 | Wylzn — 2)) = |lzn — 2|3y, - (5.36)
Hence, since (i) asserts that (||z, — z||w, )nen is bounded, so is (z,,),en. U

The next result concerns weak convergence. In the case of standard Fejér mono-
tonicity (5.22), it appears in [9, Lemma 6] and, in the case of quasi-Fejér monotonicity
(5.23), it appears in [1, Proposition 1.3].

Theorem 5.17 Let o € ]0, +oo], let ¢: [0, +o0[ — [0, 400 be strictly increasing and such
that lim;_, | o, ¢(t) = +oo, let (W,)nen and W be operators in P,(H) such that W,, — W
pointwise, let C' be a nonempty subset of ‘H, and let (z,),en be a sequence in H such that
(5.34) is satisfied. Then (z,),en converges weakly to a point in C' if and only if every weak
sequential cluster point of (x,,)nen is in C.

Proof. Necessity is clear. To show sufficiency, suppose that every weak sequential cluster
point of (x,),en is in C, and let z and y be two such points, say z;,, — z and z;, —
y. Then it follows from Proposition 5.16(i) that (||x, — z||w, )neny and (||z, — yllw, )nen
converge. Moreover, ||z|[}, = (W,z | z) — (Wz | z) and, likewise, ||y|[5, — (Wy | y).
Therefore, since

1
(Fn e N) (Woz | 2= y) = 5 (lzn =yl — 2w —2liy, + ol — Iyliy,). (5.37)
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the sequence ((W,,x,, | * — y))nen converges, say (W,x, | * —y) — A € R, which implies
that

(Tp | Wa(z —y)) > A eR. (5.38)

However, since z;, — z and Wy (r —y) — W(z — y), it follows from (5.38) and
[5, Lemma 2.41(iii)] that (x | W(x — y)) = A. Likewise, passing to the limit along the
subsequence (x;, ) ey in (5.38) yields (y | W(x — y)) = A. Thus,

0=(z | W(a—y)—(y| Wa—y) = (e—y|Wa—y) >allz -yl  (5.39)

This shows that x = y. Upon invoking Proposition 5.16(ii) and [5, Lemma 2.38], we
conclude that z,, — z.0

Lemma 5.14 provides instances in which the conditions imposed on (W,,),en in
Theorem 5.17 are satisfied. Next, we present a characterization of strong convergence
which can be found in [12, Theorem 3.11] in the special case of quasi-Fejér monotonicity
(5.23).

Proposition 5.18 Let o € |0, +o0], let x € [1,+o0[, and let ¢: [0, +o0] — [0, 400 be an
increasing upper semicontinuous function vanishing only at 0 and such that

(V(€1,62) € [0,+00[)  6(&1 + &) < x(6(&1) + ¢(&)). (5.40)

Let (W,)nen be a sequence in P,(H) such that p = sup,cy ||[Wal|l < 400, let C be a
nonempty closed subset of H, and let (z,),en be a sequence in H such that (5.35) is satis-
fied. Then (z,,),en converges strongly to a point in C if and only if lim d¢(z,) = 0.

Proof. Necessity is clear. For sufficiency, suppose that lim d¢(z,) = 0 and set (Vn € N)
&, = inf.eo ||z, — 2|lw,. For every n € N, let (z,)ren be a sequence in C' such that
|zn — Znkllw, — &.- Then, since ¢ is increasing, (5.35) yields

(Vn e N)(Vk € N) - 6(&ns1) < Olzniri—2nkllwnis) < (Una)d([l2n =20kl ) +en. (5.41)

Hence, it follows from the upper semicontinuity of ¢ that

(Vn €N)  6(&nt1) < (L+ma) lim o2 — zugllw,) +en

k—>+o00
< (L4 m)9(&n) + n- (5.42)
Therefore, by Lemma 5.13,
(¢(§n))neN converges. (5.43)
Moreover, since
(Vn € N)(Vm € N)(Vz € H)  allzn — ol < |z — 2lly, < pllon -2, (5.44)
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we have

(Vn e N) Vade(z,) < & < ude(z,). (5.45)

Consequently, since lim d¢(z,,) = 0, we derive from (5.45) that lim &, = 0. Let us extract
a subsequence (&, )nen such that &, — 0. Since ¢ is upper semicontinuous, we have
0 < lim ¢(&, ) < lim ¢(&, ) < ¢(0) = 0. In view of (5.43), we therefore obtain ¢(&,) — 0
and, in turn, &, — 0. Hence, we deduce from (5.45) that

de(z,) — 0. (5.46)

Next, let N be the smallest integer such that N > ,/, and set p = x¥ 1 + S0 x* if
N > 1; p=1if N = 1. Moreover, let z € C' and let m and n be strictly positive integers.
Using (5.44), the monotonicity of ¢, and (5.40), we obtain

S(lzn — 2llw,,) < (Vallzn —2ll) < S(Nlzn — 2l) < po(llzn — 2l)). (5.47)

Now set 7 = [],.n(1 + 7). Then 7 < +o0o [25, Theorem 3.7.3] and we derive from
(5.40), (5.35), and (5.47) that

X
¢(||xn+m - x||Wm+n) + QS(Hxn - x||Wm+n)
n+m—1

X_lgb(Hxn-i-m - anWner) <
<

<7(00len—slw) + X &) +6(len -l
k=n
<pL+7)0(lzn —2]) +7)_ e (5.48)
k>n

Therefore, upon taking the infimum over = € C, we obtain by upper semicontinuity of ¢

¢(”xn+m - xn|’Wn+m) < xp(1+ T)(b(dC(xn)) + XTZEI@- (5.49)

k>n

Hence, appealing to (5.46) and the summability of (¢ )xen, we deduce from (5.49) that,
asn — +00, O(||Tnsm — Tnllw,,..) — 0and, hence, o |z m —znl1* < |Znsm —2alliy, ., —
0. Thus, (x,).en is @ Cauchy sequence in H and there exists T € ‘H such that z,, — 7. By
continuity of do and (5.46), we obtain d¢(Z) = 0 and, since C'is closed, 7 € C. [

5.5 The quadratic case

In this section, we focus on the important case when ¢ = |-|? in Definition 5.15. Our
first result states that variable metric quasi-Fejér monotonicity “spreads” to the convex
hull of the target set.
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Proposition 5.19 Let o € |0, +o0], let (1,)nen be a sequence in (% (N), let (W,),en be a
sequence in P, (H) such that

p=sup||W,| <4+oc and (YneN) (1+n,)W, = Wyi1. (5.50)
neN

Let C' be a nonempty subset of H and let (x,),en be a sequence in H such that
(3 (a)nen € €1(N)) (V2 € C) (3 (En)nen € L1 (N))(¥n € N)
s = 2y, < U+ — 2, + 20 (5.51)

Then the following hold.
(i) (zn)nen is | - |>-quasi-Fejér monotone with respect to conv C' relative to (W, ),en-

(ii) For every y € conv C, (||z,, — y|lw,, )nen converges.

Proof. Let us fix z € conv C. There exist finite sets {z;};c; C C and {\;};e; C |0, 1] such
that

el el

For every i € I, it follows from (5.51) that there exists a sequence (&;,)nen € ¢ (N) such
that

Now set

0w =5 30 S ANl - 5l

(\V/TL c N) icl jel (554)

en=(1+nn)on — Qpi1 +max{e1n, ..., Emmnl-

Then (max{ei,,...,emn})nen € 1 (N) and, by (5.50), (Vn € N) (1 + n,)an = api1.
Hence, Lemma 5.13 asserts that («,),en converges, which implies that (e,,),en € 4 (N).

(i) : Using (5.52), [5, Lemma 2.13(ii)], and (5.53), we obtain

(0 €N lars = 2%, = D Allanen = 2l — e

el
< 7m0) D Millwn — 2l — Gngn + max {e;,}
el
= (1 +ma)|lzn — 2[5y, + (1 +10)an — anga
+ 1%%{5@,“}
= (1+n)|lzn — 2[5, + en- (5.55)
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(ii) : It follows from [5, Lemma 2.13(ii)] that

(Vn eN) = 2%, = D> Nillzn — 23, — on. (5.56)

el

However, (a,)n.en converges and, for every i € [, Proposition 5.16(i) asserts that
(||, — zillw, )nen converges. Hence, (||x, — z|lw, )nen converges. Now let y € conv C.
Then there exists a sequence (yj )xen in conv C' such that y, — y. It follows from (i) and
Proposition 5.16(i) that, for every k € N, (||, — yx|lw,, )Jnen converges. Moreover, we have

(VEeN)(VneN)  — ullye —yll < —llyx — yllw,
|20 — yllw,, — 120 — yrllw,,
Hyk - yHWn

<
<
<
< Villye =yl (5.57)

Consequently,

(VEeN)  — ullyr —yll

< lim ||z — yllw, — lim ||z, — yellw,
< lim ||z, — yllw, — lim ||z, — y&l|w,
< Villve — vll- (5.58)

Taking the limit as k — +oo yields lim,, 1 ||z, — y|lw, = limg o0 imy, o oo |20 — i ||w, -
a

Standard Fejér monotone sequences may fail to converge weakly and, even when
they converge weakly, strong convergence may fail [12, 23]. However, if the target set
C'is closed and convex in (5.22), the projected sequence (Pcz,,),cn converges strongly ;
see [2, Theorem 2.16(iv)] and [32, Remark 1]. This property, which remains true in the
quasi-Fejérian case [12, Proposition 3.6(iv)], is extended below.

Proposition 5.20 Let o € ]0,+o0|, let (1,)nen be a sequence in (% (N), let (W,,),en be a
uniformly bounded sequence in P, (H), let C' be a nonempty closed convex subset of H, and
let (z,,)nen be a sequence in H such that

(3 (En)ners € L4 (N)) (3 (Ma)men € £ (N)) (V2 € C)(¥n € N)
Zni1 = 2l < (L4020 = 2[F, +en. (5.59)

Then (P}, )nen converges strongly.

Proof. Set (Vn € N) z, = P2 m,. For every (m,n) € N2, since 2, € C and z,,, =
ng "M Xnam, the well-known convex projection theorem [5, Theorem 3.14] yields

<Zn - Zn-‘,—m | xn-{—m - Zn+m>Wn+m < 07 (560)
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which implies that

<Zn - xn—i—m | xn—i—m - Zn+m>Wn+m - <Zn - Zn-‘,—m | xn-{—m - Zn+m>wn+m

— | Znm — Zn+mHI2/Vn+m

< _Hanrm - Zn+m”12/vn+m- (561)

Therefore, for every (m,n) € N2,

20 = 2wl = 120 = Tl + 20— Tain | Tasn = g,
+ [ Tntm = Zntmlli,
< lzn = nsmlliv, . = 12ntm = 20smlliv,,... (5.62)
Now fix z € C, and set ji = sup,,cy |W,|| and p = sup,,cy [|2n — 2|3y, - Then p < 400 and,
in view of Proposition 5.16(i), p < +o0. It follows from (5.59) that, for every n € N and

every m € N\ {0}, since P is nonexpansive with respect to | - ||, [5, Proposition 4.8],
we have

n+m—1
Hxn-i-m - Zn||12/Vn+m < Hxn - ZnHIQ/Vn + Z (%HM - ZnHIQ/V,c + Ek)

k=n
n+m—1

<lan = zallfy, + 30 (2meClae = 2, + 20— 21,) + )
k=n

n+m—1

<l =2l + 3 (2 o+ GNP 20 = P21, ) +20)

n+m—1
H 2
< wn — 2all? 2 ( —|z, — 2 )+€)
< lzn = zallw, + ; nelp+ v, ) + e
n+m—1

<z —zally, + Y <2p77k(1 + g) + gk). (5.63)
k=n

Combining (5.62) and (5.63), we obtain that for every n € N and every m € N \ {0},

OéHszrm - zn”Q < ”szrm o Z””%Vn-ﬁ—m
o
<o = zallly, = 12nsm = znrml,. + > (Qf”?k(l + a) + ’fk)-

k>n

(5.64)
On the other hand, (5.59) yields

[ Tni1 — 2n HI2/Vn+1

(VneN) |#nt1 — zosalliy,,, <|
< (L +m)|lzn — zallfy, + €n, (5.65)
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which, by Lemma 5.13, implies that (||z, — z.|lw, )nen converges. Consequently, since
(Mk)ken @nd (g ) ke are in E}r(N ), we derive from (5.64) that (z,),cn is a Cauchy sequence
and hence that it converges strongly. [J

In the case of classical Fejér monotone sequences, it has been known since [31] that
strong convergence is achieved when the interior of the target set is nonempty (see also
[12, Proposition 3.10] for the case of quasi-Fejér monotonicity). The following result
extends this fact in the context of variable metric quasi-Fejér sequences.

Proposition 5.21 Let « € |0, +oo|, let (v,)nen € €2 (N), and let (W,),en be a sequence in
Po(H) such that

p=sup||W,|| <+oo and (YneN) 1+ v,)W,i1 =W,. (5.66)
neN

Furthermore, let C' be a subset of H such that intC' # @, let = € C' and p € |0, +o0o[ be such
that B(z; p) C C, and let (x,).en be a sequence in H such that

(3 (En)nen € CL(N)) (3 (n)nen € CL(N))(Vz € B(z;p))(Vn € N)
|1 = |y, < (U4 ma)llzn — 2y, +en (5.67)

Then (x,,)nen converges strongly.

Proof. We derive from (5.66) and Proposition 5.16(ii) that

(= sup sup|z, — x|}, < 2u(sup |zn — 2|+ sup |z — zHQ) < +o0. (5.68)
zE€B(z;p) n€EN neN xE€B(z;p)

It follows from (5.67) and (5.68) that

(Vn € N)(Vz € B(%p))  llonser =2l ,, < l2n —2lliy, +&,  where &, =(nuten.

(5.69)
Now set
(VneN) v, =Wyi(zp —2) — Wz, — 2), (5.70)
and define a sequence (z,),cn in B(z; p) by
0, if v, =0;
(VneN) z,=2z-pu,, where u,= ) (5.71)
Un/l|vnll, if vy # 0.
Then
s = zalldrns, = lms = 2l + 200Waa (@ — 2) [ w2)
(Vn € N) + P llunlly,
Hxn - Zn”lz/vn = Hxn - Z”Iz/vn + 2P<Wn(xn - Z) | un) + p2||un||12/vn
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(5.72)

On the other hand, (5.69) yields (Vn € N) [[,11—zallfy,,, < |20 —2u |3y, +&n- Therefore,
it follows from (5.72), (5.70), and (5.66) that

(VR €N) Nz — 2, ., < llwn — 2l — 20llvall + 0* (lualliy, — lualli, ) +én

<
< lzn = 2l = 2pllvall + p°pivn + & (5.73)
Since (p* vy, + &n)nen € €2 (N), this implies that

D lwass —wall =D |lvall < 400, where (¥ne€N) w, = W,(z, — 2). (5.74)

neN neN

Hence, (w,)nen is @ Cauchy sequence in H and, therefore, there exists w € H such that
w, — w. On the other hand, we deduce from (5.66) and Lemma 5.14(ii) that there
exists W € P,(H) such that W,, — W. Now set x = z + W~ tw. Then, since (W, ),y lies
in P, (), it follows from Cauchy-Schwarz that

al|zn—z| < [[Whzn—Waz|| = ||w, =W, W w|| < ||w,—w||+||w—W,, W w| — 0, (5.75)

which concludes the proof.

5.6 Application to convex feasibility

We illustrate our results through an application to the convex feasibility problem,
i.e., the generic problem of finding a common point of a family of closed convex sets. As
in [4], given « € ]0, +oo[and W € P,(H), we say that an operator 7': H — H with fixed
point set Fix 7" belongs to T (W) if

(Vez e H)(Vy e FixT) (y—Tz |z —Tx), <O0. (5.76)

If T e ¥(W), then [12, Proposition 2.3(ii)] yields

(Vo € H)(Vy € FixT)(YA € [0,2])  [|(Id +NT —1d )z — y||3
<z =yl = A2 = N)|Tz - 2|} 5.77)

The usefulness of the class T(IW) stems from the fact that it contains many of the op-
erators commonly encountered in nonlinear analysis : firmly nonexpansive operators
(in particular resolvents of maximally monotone operators and proximity operators
of proper lower semicontinuous convex functions), subgradient projection operators,
projection operators, averaged quasi-nonexpansive operators, and several combinations
thereof [4, 6, 12].
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Theorem 5.22 Let o € |0, +oc], let (C;);cr be a finite or countably infinite family of closed
convex subsets of H such that C = (,.; C; # @, let (an)nen be a sequence in H such that
> nen llanll < 400, let (1,)nen be a sequence in ¢} (N), and let (W,),en be a sequence in
Po(H) such that

w=sup||[W,|| <400 and (YneN) (1+n,)W, = W,i1. (5.78)
neN

Leti: N — I be such that

(Vje)(AM; e N\ {0})(Vn e N) je{in),...,i(ln+ M, —1)}. (5.79)
For every i € I, let (1} ,)nen be a sequence of operators such that

(VneN) T,,e%(W,) and FixT;, =C;. (5.80)
Fix e €)0,1[ and xy € H, let (\,)nen be a sequence in [e,2 — ], and set

(VneN) z,01=x,+ \n (T-l(n)mxn + a, — xn) (5.81)

Suppose that, for every strictly increasing sequence (py,)nen in N, every x € H, and every
Jel,

Tp, — T

n

T} pTp, — Tp, — 0 = ze(]. (5.82)

J
(Vn e N) j =i(pn)
Then the following hold for some T € C.
i) z, — .
(i) Suppose that intC' # @ and that there exists (v,)nen € (4 (N) such that (Vn € N)
(1+ v)Wys1 = W,. Then z,, — T.
(iii) Suppose that lim d¢(z,) = 0. Then z, — 7.

(iv) Suppose that there exists an index j € I of demicompact regularity : for every strictly
increasing sequence (p,)nen in N,

sup e [z, || < +oo

T ppTp, — Tp,, — 0 = (xp, )nen has a strong sequential cluster point.

(Vn € N) j =1i(pn)
(5.83)

Then z,, — 7.
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Proof. Fix z € C and set
(Vn € N)  y, = 2y + M (Tiny o — 21). (5.84)

Appealing to (5.77) and the fact that, by virtue of (5.79), z € (;c; Ci = N, en FiX Titn),ns
we obtain,

(Y €N) Ay — 2lly, < llza = 2l — A2 = A Ty nn — Talli,
|

<
< |zn — z||12,vn — 52||Ti(n),nxn — xn||12,vn (5.85)

Moreover, it follows from (5.78) that

(VneN)  lyn — 2l <@+ m)llyn — 2|, - (5.86)
Thus,
(VneN) |y, — Z”%/Vnﬂ < (T +m)llzn — Z”%/Vn - 52(1 + nn>HTi(n),nxn - $n”%/l/n
< (L mlan — 2l — N itn — ally,  (587)
< (L4 ma)llzn = 215, (5.88)

Using (5.81), (5.84), and (5.88), we get

(Vn €N)  lzn = 2llwops < Nyn = 2llwan + Anllanllw,.

<
SvV1+ Ml Tn — 2||w, + \/ﬁ)‘nHanH
< (L) l7n — 2llw,, + 24/l anl, (5.89)

which shows that

(n)nen satisfies (5.35) —and hence (5.34) —with ¢ = | - |. (5.90)
It follows from (5.90) and Proposition 5.16(i) that (||z, — z|lw, )nen converges, say

Iz — 2llw,, = £ €R. (5.91)
We therefore derive from (5.89) that ||y, — z||w,,, — & and then from (5.87) that

0 Ty tn = l[* < | Ty tn o, < (W) |zl ~ vzl — 0. (5.92)

(1) : It follows from (5.81) and (5.92) that

< 2(||Ti(n),nxn - anWn/\/a + HanH)
— 0. (5.93)
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Now, fix j € [ and let x be a weak sequential cluster point of (x,),cn. According to
(5.79), there exist strictly increasing sequences (&, ),en and (py, )nen in N such that z;,, —
x and

(WneN) &SP M S Potl (5.94)
J= 1<pn>
Therefore, we deduce from (5.93) that
Fon+ M, —2
l2p, — 2kl < > Nz — o
I=kn
< - _
<@ -1 max 2141 — 2]
— 0, (5.95)

which implies that z,,, — z. We also derive from (5.92) and (5.94) that T}, z,, — xp, =
Tipn)pnTp, — Tp, — 0. Altogether, it follows from (5.82) that x € C;. Since j was arbi-
trarily chosen in /, we obtain x € C and, in view of Lemma 5.14(i) and Theorem 5.17,
we conclude that z,, — =z.

(ii) : Suppose that z € intC and fix p € ]0, +oo[ such that B(z;p) C C. Setn =

SUPpeN Thns C = SUPgeB(z;p) SUPneN ||$7l - $||Wn1 and

(Vn € N) en=4(CV/ulL T mlaul + pllan?). (5.96)

Then 1 < 400 and, as in (5.68), ( < +oo. Therefore (¢,,),en € ¢4 (N). Furthermore, we
derive from (5.81), (5.84), and (5.88) that, for every = € B(z; p) and every n € N,

g = 2l + 20l — 2llw,s lanllw + Anllanlly, .,

(L+ma)l|zn — 25y, + 4V 11+ n0) |20 — zllw, [|anl + 4pllanl®
(L4 no)llzn — 2|3y, + €n- (5.97)

21 =l

INCININ

Altogether, the assertion follows from (i) and Proposition 5.21.
(iii) : This follows from (5.90), Proposition 5.18, and (i).

(iv) : Let j € I be an index of demicompact regularity and let (p,),en be a strictly
increasing sequence such that (Vn € N) j = i(p,). Then (z,,).en is bounded, while
(5.92) asserts that 7}, x,, — x,, — 0. In turn, (5.83) and (i) imply that z,, — = € C.
Therefore lim d¢(z,,) < ||z, — Z|| = 0 and (iii) yields the result. [

Condition (5.79) first appeared in [9, Definition 5]. Property (5.82) was introduced
in [2, Definition 3.7] and property (5.83) in [12, Definition 6.5]. Examples of sequences
of operators that satisfy (5.82) can be found in [2, 6, 12]. Here is a simple application
of Theorem 5.22 to a variable metric periodic projection method.
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Corollary 5.23 Let a € |0, +ool, let m be a strictly positive integer, let [ = {1,...,m}, let
(Ci)ier be family of closed convex subsets of H such that C' = (,.; C; # 9, let (a)nen be
a sequence in H such that Y, |las|| < +oc, let (1,)nen be a sequence in ¢ (N), and let
(Wy)nen be a sequence in P, (H) such that sup, oy ||W,]| < +o0 and (Vn € N) (1+n,)W,, =
Wiia. Fixe € 10, 1] and x¢ € H, let (\,)nen be a sequence in [e,2 — €], and set

(VneN) zp1 =, + A\, (Pgﬁremm oy Tn - Gn — :cn), (5.98)
where rem(-, m) is the remainder function of the division by m. Then the following hold for
someT € C.

i z, — T
(i) Suppose that intC # & and that there exists (v,)neny € (4 (N) such that (Vn € N)
(1 + v,)Wyyq = W,,. Then z,, — 7.

(iii) Suppose that there exists j € I such that C; is boundedly compact, i.e., its intersection
with every closed ball of H is compact. Then z,, — 7.

Proof. The functioni: N — [: n +— 1 4 rem(n, m) satisfies (5.79) with (Vj € I) M; = m.
Now, set (Vi € I)(Vn € N) T;,, = PY". Then (Vi € I)(vn € N) T;, € T(W,) and
FixT;,, = C;. Hence, (5.98) is a special case of (5.81).

(1)-(i) : Fix j € I and let (x,, ),en be a weakly convergent subsequence of (z,,)nen,
say x,, — x,suchthatT;, =, —x, — 0and (Vn € N)j =i(p,). ThenC; > ng””xpn =
T p.xp, — x and, since C; is weakly closed [5, Theorem 3.32], we have « € (. This
shows that (5.82) holds. Altogether, the claims follow from Theorem 5.22(i)—(ii).

(iii) : Let (p,)nen be a strictly increasing sequence in N such that ng Py — X, =

T puTp, — Tp, — 0 and (Vn € N) j =i(p,). Then
1Py, — 2, || < | Pe ™ 2, — ]| = 0. (5.99)

On the other hand, since (z,, )nen is bounded and Fc, is nonexpansive, (FPg;p, Jnen 1S @
bounded sequence in the boundedly compact set C;. Hence, (FPg;, 2}, )nen admits a strong
sequential cluster point and so does (1, )nen since Pe,x,, — x,, — 0. Thus, j € I is an
index of demicompact regularity and the claim therefore follows from Theorem 5.22(iv).
a

Remark 5.24 In the special case when, for every n € N, W,, = Id and 7, = 0, Corol-
lary 5.23(i) was established in [8] (with (Vn € N) A, = 1), and Corollary 5.23(ii) in
[22].

Next is an application of Corollary 5.23 to the problem of solving linear inequalities.
In Euclidean spaces, the use of periodic projection methods to solve this problem goes

back to [27].
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Example 5.25 Let a € ]0, +o0, let m be a strictly positive integer, let I = {1,...,m},
let (7;):;c; be real numbers, and suppose that (u;);c; are nonzero vectors in H such that
C={zeH|Miel) (z|w) <n}+2. (5.100)

Let (7,)nen be a sequence in ¢} (N), and let (IW,,),en be a sequence in P,(H) such that
sup,en ||Wall < +o0 and (Vn € N) (14 n,)W,, = W,41. Fix ¢ € ]0,1] and zy € H, let
(An)nen be a sequence in [e,2 — ], and set

i(n) =14 rem(n,m)
if (2 | witm)) < i)

Yn = Tn
(vneN) | if (@0 | i) > Min) (5.101)
Nim) — (Tn ‘ Ui(n _
g — (m) — (n | s )>Wn s

Ty + —
(i) | Wi i)
Tp4+1 = Tn + An(yn - xn)

Then there exists 7 € C such that z,, — 7.

Proof. Set (Vi € I) C; = {x €H | (z|w)<m}. Then it follows from [5, Exam-
ple 28.16(iii)] that (5.101) can be rewritten as
(Vn €N)  Zpir = Tn + A (PW" o — xn) (5.102)

Cl+rem(n,m)
The claim is therefore a consequence of Corollary 5.23(i). [

We now turn our attention to the problem of finding a zero of a maximally mono-
tone operator A: H — 2 (see [5] for background) via a variable metric proximal point
algorithm. Let a € |0, +oo[, let v € ]0,+oc, let W € P,(H), and let A: H — 2% be
maximally monotone with graph graA. It follows from [3, Corollary 3.14(ii)] (applied
with f: 2 — (Wz | 2)/2) that

SN H = Hix s (W +~A) (Wa) (5.103)
is well-defined, and that
JWeT(W) and FixJ ={ze€H|0e Az}. (5.104)

We write J1% = J,4.

Corollary 5.26 Let o € |0, +ool, let A: H — 2" be a maximally monotone operator such
that C = {z € 1 | 0 € Az} # &, let (an)nen be a sequence in H such that Y-, [lan|| <
+00, let (1,)nen be a sequence in (%, (N), and let (W,),en be a sequence in P,(H) such that
p=sup,ey [[Wal < +o0 and (Vn € N) (1 + 1,)W,, = Wyi1. Fixe € ]0,1] and zg € H, let
(An)nen be a sequence in [e,2 — €|, let (v,)nen be a sequence in [, 00|, and set

(VR €N)  @nir = Tn + Ao (men tan — xn) (5.105)

Then the following hold for some T € C.
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i z, — T
(i) Suppose that intC # & and that there exists (v,)neny € (4 (N) such that (Vn € N)
(1+ v,)Wyyq = W,,. Then z,, — 7.
(iii) Suppose that A is pointwise uniformly monotone on C, i.e., for every x € C there
exists an increasing function ¢: [0, +oo[ — [0, +o00] vanishing only at 0 such that
(Vu € Az)(V(y,v) € graA) (x —y | u—wv) = ¢(||z —yl]). (5.106)

Then z,, — .
Proof. In view of (5.104), (5.105) is a special case of (5.81) with / = {1} and (Vn € N)

T, = JK: ". Hence, using Theorem 5.22(i)—-(ii), to show (i)—(ii), it suffices to prove that
(5.82) holds. To this end, let (z,,).en be a weakly convergent subsequence of (z,,),en,

say x,, — x,such that JX: "y Tp, — Tp, — 0. To show that 0 € Az, let us set
1
(VneN) yp=J" 4z, and v, = —Wy(xn — yn). (5.107)

n

Then (5.103) yields (Vn € N) v, € Ay,,. On the other hand, since y,,, —z,, — 0, we have

||an (:Epn - ypn) ||
Ton

Thus, y,, — z and Ay, > v, — 0. Since graA is sequentially closed in HWeak x F{strong
[5, Proposition 20.33(ii)], we conclude that 0 € Az. Let us now show (iii). We have
0 € A7 and (Vn € N) v,, € Ay,,. Hence, it follows from (5.106) that there exists an
increasing function ¢: [0, 400 — [0, +0oc] vanishing only at 0 such that

(VneN)  (Yp, =T | vp,) = ([, — 7)) (5.109)

Since v,, — 0, we get ¢(||y,, — Z||) — 0 and, in turn, |y,, — Z|| — 0. It follows that
|zp, —Z|| — 0 and hence that lim d¢(z,,) = 0. In view of Theorem 5.22(iii), we conclude
that z, — 7.0

W
|vp,, || = < glrxpn — Yy || = 0. (5.108)

Remark 5.27 Corollary 5.26(i) reduces to the classical result of [34, Theorem 1] when
(Vn € N) W, =1d, n, = 0, and A\, = 1. In this context, Corollary 5.26(ii) appears in
[28, Section 6]. In a finite-dimensional setting, an alternative variable metric proximal
point algorithm is proposed in [29], which also uses the above conditions on (W),,),en
but alternative error terms and relaxation parameters.

5.7 Application to inverse problems

In this section, we consider an application to a structured variational inverse prob-
lem. Henceforth, I'((#) denotes the class of proper lower semicontinuous convex func-
tions from H to |—oo, +00].
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Problem 5.28 Let f € I'y(#) and let I be a nonempty finite index set. For every i € I, let
(Gi, || - ||;) be a real Hilbert space, let L,: H — G, be a nonzero bounded linear operator,
let r; € G;, and let u; € ]0,400]. The problem is to

L 1 )
minimize f(z) + 5 > pall Liz — il (5.110)

el

This formulation covers many inverse problems (see [17, Section 5] and the ref-
erences therein) and it can be interpreted as follows : an ideal object 7 € H is to be
recovered from noisy linear measurements r; = L;7 + w; € G;, where w, represents
noise (i € I), and the function f penalizes the violation of prior information on z. Thus,
(5.110) attempts to strike a balance between the observation model, represented by the
data fitting term = — (1/2) >, || Liz — 74]|7, and a priori knowledge, represented by
f. To solve this problem within our framework, we require the following facts.

Let a € |0, 400, let W € P,(H), and let ¢ € I'y(H). The proximity operator of ¢
relative to the metric induced by W is

1
prox‘g’: H — H: x+— argmin <<p(y) + §||x - y||%,[,). (5.111)

yeEH

Now, let 9 be the subdifferential of ¢ [5, Chapter 16]. Then, in connection with (5.103),
0y is maximally monotone and we have [16, Section 3.3]

(Vv €10, +00]) proxl, = Jl5, = (W +~9¢) "' o W. (5.112)

Y0
: d _
We write prox;, = prox,,.

Lemma 5.29 Let A: H — 27 be maximally monotone, let U be a nonzero operator in
Po(H), let v €]0,1/||U]||[, let uw € H, set W =1d —U, and set B = A+ U + {u}. Then

(Ve e H) Lz = Jya(Wa —yu). (5.113)

Y

Proof. Since U € Py(H), U is maximally monotone [5, Example 20.29]. In turn, it follows
from [5, Corollary 24.4(i)] that B is maximally monotone. Moreover, W € P, (), where
a =1—~||U||. Now, let = and p be in ‘H. Then it follows from (5.103) that

p= J%:c SWreWp+yBpe Wr—vyu € p+yAp & p = JA,A(Wx—’yu), (5.114)
which completes the proof. [
Proposition 5.30 Let € € |0,1/(1+ >, wllLil|*) |, let (an)nen be a sequence in H such

that 3, oy lan|l < 400, let (n,)nen be a sequence in (', (N), and let (7,)nen be a sequence

in R such that

1—-¢ M

(VneN) e<m<=——; (L +00)¥m = § = ——- (5.115)
> wllLi| > willLil|

el el
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Furthermore, let C' be the set of solutions to Problem 5.28, let xq € H, let (\,)nen be a
sequence in [e,2 — €|, and set

(VneN) x,01 =x,+ N\, (pl’OX%f (xn +Yn Z i L (Ti — len)) +a, — xn) . (5.116)
el
Then the following hold for some T € C.
(i) Suppose that

. 1 )
lim  f(a)+ 5 > pill Lizw — 7))} = +o0. (5.117)

x||—+o00
el —

Then z,, — .

(ii) Suppose that there exists j € I such that L; is bounded below, say,
(3B €10,400)(Vz € H) || L;x|; = Bzl (5.118)
Then C = {7z} and x,, — 7.

Proof. SetU =) .., uiLiL;and v = — >, p; Lir;. Then

U< il Ll (5.119)

1)

and the assumptions imply that 0 # U € Po(H) and that (Vn € N) e <, < (1 —¢)/||U]-
Now set

g:?—[—>]—oo,+oo]:x»—>f(x)+%(Ux\x>+<:c|u) (5.120)
and
(Vn eN) W, =Id —y,U. (5.121)

Then (5.110) is equivalent to minimizing g. Furthermore, it follows from (5.115) that
(W )nen lies in P.(H) and that sup,,c ||W,|| < 2 — <. In addition, we have

(Vn e N) 9, = ((1L+02)% — W) IU]]- (5.122)

Indeed if, for some n € N, (14 7,)7n < Yny1 thenn, =0 = ((1+ 17,)vn — Yar1) |U]] ; oth-
erwise we deduce from (5.115) and (5.119) that 7, > ((1490) V0 — Ynt1) Doies tall Lil|* =
(1 + 10)ym — ¥ns+1) |U]]. Thus, since U € Py(H), we have [|U|| = supy,<; (Uz | z) and
therefore

(5.122) = (VneN)(VzeH) nllz]* = (1 +19)%m — Yns1) Uz | 2)
= (neN)(VeeH) (L+n)(lzl* = Uz |2) = 2] = ypsa(Uz | 2)
= (WneN) (1+n,)W, =Wy (5.123)
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Now set A = 0f and B = A+ U + {u}. Then we derive from [5, Corollary 16.38(iii)]
that B = dg. Hence, using (5.112), (5.121), and Lemma 5.29, (5.116) can be rewritten
as

(VneN) Tpp1 =2, + A\ (prox%f(:cn — (U, + 1)) + a, — :cn)
=z, + A\, (J%A(ann - %u) +a, — xn)
=, +An(J$%xn + a, —a:n). (5.124)
On the other hand, it follows from Fermat’s rule [5, Theorem 16.2] that

{z cH ‘ 0e Bz} = Argming = C. (5.125)

(i) : Since f € I'o(H) and U € Po(H), it follows from [5, Proposition 11.14(i)]
that Problem 5.28 admits at least one solution. Altogether, the result follows from Corol-
lary 5.26(i).

(i) : It follows from (5.118) that L;L; € Ps=(H). Therefore, U € P, 52(H) and,
since f € T'o(H), we derive from (5.120) that g € I'y(H) is strongly convex. Hence,
[5, Corollary 11.16] asserts that (5.110) possesses a unique solution, while [5, Exam-

ple 22.3(iv)] asserts that B is strongly — hence uniformly — monotone. Altogether, the
claim follows from Corollary 5.26(iii). U

Remark 5.31 In Problem 5.28 suppose that / = {1}, yy = 1, L1 = L,and ry = r,
and that lim,_1 f(2) + ||Lz — r|3/2 = +00. Then (5.116) reduces to the proximal
Landweber method

(Y €N)  @ns1 = T + A (prox% (@A L (= L)) + i — xn) (5.126)

and we derive from Proposition 5.30(i) that (z,,),cn converges weakly to a minimizer of
r— f(x)+ || Lz —r|?/2 if

e< Y < (1—¢)/|LI?
(n €N) 4 (14109 < st + /1L (5.127)
e< A\, <2 —=.

This result complements [17, Theorem 5.5(i)], which establishes weak convergence un-
der alternative conditions on the parameters (v, )nen and (A, )nen, Namely

(2—2o)/ILI

S (5.128)
<1 '

n

<
(VneN) {57
e< A

In particular, suppose that H is separable, let (e )reny be an orthonormal basis of H, and
set f:x = Y, .nOk((x|er)), where (VE € N) I'o(R) > ¢, > ¢1(0) = 0. Moreover, for
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every n € N, let (a,, ) ren be a sequence in ¢(N) and suppose that Y~ /> ey [k l? <

—+00.

Now set (Vn € N) a, = Y, .y &z Then, arguing as in [17, Section 5.4], (5.126)

becomes

(VneN) z,01 =x,+ N\, ( Z (amk +prox. , (zn + v L*(r — La,,) | ek))ek — xn) ,

keN

(5.129)

and we obtain convergence under the new condition (5.127) (see also [15] for potential
signal and image processing applications of this result).
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Chapitre 6

Méthode explicite-implicite a métrique
variable

Nous proposons une méthode explicite-implicite a métrique variable pour résoudre des
inclusions monotones et montrons sa convergence dans des espaces hilbertiens réels.
Nous l'appliquons aux problemes d’inclusions fortement monotones en dualité et aux
inclusions monotones impliquant des opérateurs cocoercifs.

6.1 Description et résultats principaux

Le résultat principal de ce chapitre est le suivant.

Théoréme 6.1 Soit A: H — 2% un opérateur maximalement monotone, soit o € 0, +00|,
soit 3 € ]0,+ool, soit B: H — H un opérateur [3-cocoercif, soit (1, )nen € (1 (N), et soit
(Un)nen une suite dans P, (H) telle que

pw=sup||U,|]| < +oo et (VneN) (1+n,)Uns1 = Up,. (6.1)
neN
Soit ¢ € ]0,min{1,28/(pu+ 1)}], soit (A,)nen une suite dans [e, 1], soit (7, )nen Une suite

dans [, (20 — €)/u], soit xy € H, et soient (a,)nen et (b,)nen deux suites absolument
sommables dans H. Supposons que

Z =zer(A+ B) # @, (6.2)
et posons
(¥n € N) V Zn = nUn(Ben + bn) 6.3)
Tp+1 = Tp + )\n(nynUnA (yn> +a, — xn) .

Alors, on a les résultats suivants pour un point T € Z.
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i z, — .
(i) X,ex |Bzn — BT|)* < +o0.
(iii) Supposons que l'une des conditions suivantes soit satisfaite.
(@) limdy(z,) = 0.
(b) En tout point dans Z, A ou B est demirégulier (voir Definition 6.22).
(0) intZ # @ et il existe (vy)nen € (1 (N) telle que (Vn € N) (14 v,)U,, = Upy1.
Alors z,, — T.

Remarque 6.2

(i) Supposons que (Vn € N) U, = Id. Alors l'algorithme (6.3) se réduit a la méth-
ode explicite-implicite (1.4) étudiée dans [1, 12] ot on trouve des cas particuliers
tels que [27, 29, 40]. Le Théoreme 6.1 étend les résultats de convergence de ces
articles.

(ii) Comme on a vu dans [18, Remark 5.12], la convergence de la méthode explicite-
implicite vers une solution peut étre seulement faible et pas forte, d’ot1 la nécessité
d’ajouter des conditions dans le Théoreme 6.1 (iii).

(iii) Dans des espaces euclidiens, la condition (6.1) a été utilisée dans [32] avec I'al-
gorithme proximal a métrique variable et ensuite dans [28] dans un cadre plus
général.

Nous présentons ci-dessous des applications aux inclusions monotones. Nous con-
sidérons tout d’abord des inclusions fortement monotones qui comportent des sommes
paralleles.

Probléme 6.3 Soit z € H, soit p € |0, +oo], soit A: H — 2 un opérateur maximalement
monotone, et soit m un entier strictement positif. Pour tout ¢ € {1,...,m}, soit r; € G;,
soit B;: G; — 29 un opérateur maximalement monotone, soit v; € |0, +ool, soit D;: G; —
29 un opérateur maximalement monotone et v;-fortement monotone, et sSupposons que
0+# L; € B(H,G,;). De plus, supposons que

i=1
Le probleme est de résoudre I'inclusion primale

trouver T € H tel que z € A7 + Z Ly ((B;OD;)(LiT — ;) + o, (6.5)

i=1

et P'inclusion duale

trouver v; € Gy, ..., U, € G,, tels que

Vie{l,...,m}) r €L, (J,,_IA <,o1 <z — ZL;v—j)» — B 'v; — D 'v;. (6.6)

J=1
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Voici quelques propriétés préliminaires.

Proposition 6.4 Dans le Probléme 6.3, posons
T=Ju(p'2), ot M=A+> Lfo(BiOD)o(L;-—r). (6.7)
i=1

Alors nous avons les résultats suivants.
(i) T est la solution unique de l'inclusion primale (6.5).
(ii) L’inclusion duale (6.6) admet au moins une solution.
(iii) Soit (v, ..., ,) une solution de (6.6). Alors T = J,-14(p~' (= — 31", Li;) ).

(iv) La condition (6.4) est vérifiée pour tout z dans H si et seulement si M est maximale-
ment monotone. C’est le cas lorsque l'une des conditions suivantes est vérifiée.

(a) L’enveloppe conique de

FE = {(Lll’ — T — vi)1<z’<m r € dom A et (Uz‘)lgigm € Xran(B;l + Dll)}
o i=1
(6.8)

est un sous-espace vectoriel fermé.

(b) A= 0f avec f € T'o(H), et pour tout i € {1,...,m}, B; = dg; avec g; € I'o(G;)
et D; = 0l; ou {; € T'y(G;) est une fonction fortement convexe, et l'une des
conditions suivantes est verifiée.

1/ (Tl,...,Tm) ESTi{(LiZL‘—yi)lgigm | xEdomf et

(Vie{l,...,m}) y; € domg; + dom¢;}.

2/ Pour touti € {1,...,m}, g; ou {; est une fonction a valeurs réelles.

3/ H et (G;)i<i<m sont de dimensions finies, et il existe = € ridom f tel que
(Vie{l,...,m}) Lz —r; €ridomg; +ridomé¢;. (6.9)

En appliquant la méthode explicite-implicite a métrique variable (6.3) au probléme
dual (6.6), nous obtenons I'algorithme primal-dual suivant.

Corollaire 6.5 Dans le Probléme 6.3, posons

1
B = —— - (6.10)
— 4z L
max +pl<;mH |
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Soit (a,)nen une suite absolument sommable dans H, soit « € |0, +ool, et soit (7, )nen €
(% (N). Pour tout i € {1,...,m}, soit v,y € G;, soient (b; ,)nen et (d; n)nen des suites absol-
ument sommables dans G, et soit (U, ,,)nen une suite dans P, (G;). Supposons que

jt = max sup |Uin| <400 et (Vie{l,...,m})(Vn e N) (14 n0,)Uint1 = Uip.
N

SESM e

(6.11)

Soit £ € |0, min{1,25/(uu+ 1)}, soit (A, )nen une suite dans [e, 1), et soit (7, )nen Une suite
dans [e, (28 — ¢)/u]. Posons

_ m *
Sp=2—y 0 Liv

_ —1
Ty = Jy1a(p7 ' 80) + ay
Pour i=1,...,m

Win = Vip +YUin (Lil’n —r; — D;lvim _ dz’,n) (6.12)

(Vn € N)

Vin+1 = Vi T An (J’YnUi,nBi_l (wl,n) + bivn - Uiv”) :
Alors, nous avons les résultats suivants pour la solution T du probléme (6.5) et pour une
solution (vy, ..., 7,,) du probléme (6.6).

D (Vie{l,...,m}) vy, — 0. Deplus, T=J,14(p " (z = X1, Liy)).
(i) z, —» ™

On voit que l'algorithme (2.6) et l'algorithme (3.2) sont deux cas particuliers
de (6.12). Des applications de I'algorithme (6.12) aux problemes variationnels et prob-
lemes de meilleure approximation sont présentées dans les Exemples 6.33 et 6.34, re-
spectivement.

Corollaire 6.6 Dans le Probléme 4.3, mettons (Vi € {1,...,m}) w; = 1, et supposons que
z € ran<A+ZLj((BiDDi)(Li ) +C), (6.13)
i=1
et posons
B =min{p,v1,...,Un}. (6.14)

Soit ¢ € |0, min{1, B}[, soit a € ]0,+o0], soit (\,)nen une suite dans [e, 1], soit o € H,
soient (a,)nen et (Cn)nen des suites absolument sommables dans H, et soit (Up,)nen une
suite dans P, (H) telle que (Vn € N) U, 11 = U,. Pour tout i € {1,...,m}, soit v;o € G,, et
soient (b; ,)nen et (d;n)nen des suites absolument sommables dans G;, et soit (U, ,)nen Une
suite dans P,(G;) telle que (Vn € N) U, 41 = U, . Pour tout n € N, posons

m —1
0 = ( > H\/Ui,nLMUTLH?) ~1, (6.15)
=1
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et supposons que

On 1
Cn = > . (6.16)
(1 +0n) max{{|Unl, [Urnll, - - - 1Umnll} — 26 —¢
Posons
D = JUHA<ZEn — Un(zzl Livip + Cpy + ¢ — z)) +a,
Tp4+1 = Tn + An(pn - xn)
(vn €N) Pour i=1,...,m (6.17)
Gin = Jy, p-1 (Uz‘,n +Uin (Liyn - Dflvz’,n —diy — Tz)) +bin
Vint1 = Vin + A(@in — Vin)-
Alors, on a les résultats suivants pour un point T € P et pour un point (01, . ..,Uy,) € D.
i z, — T
(i) (Vi e {1,....m}) vi,, = W
(iii) Supposons que C' soit demirégulier en . Alors x,, — T.
(iv) Supposons que, pour quelque j € {1,...,m}, Dj’1 soit demirégulier en v;. Alors

Vjn =7 Uj.

Le petit exemple suivant illustre la convergence de la méthode explicite-implicite a
métrique variable en comparaison avec le cas de la métrique constante.

Exemple 6.7 Considérons le systéme d’équations dans R? de trouver (&1,&,) € R? tel
que

§=0, (6.18)
=581 + & = 0.

Notons Hy = {(&,&) | & =0} C R? et Hy = {(&,&%) | —5& +& =0} C R2 Le
probléme (6.18) est équivalent au probleme de trouver un point dans H; N H,. Nous
utilisons la méthode de projection alternées a métrique variable (Var-POCS),

ro=(15,15) €R? et (VneN) w4y =Py PY z, (6.19)
ou
5 -1 n
h= { ~1 15 } et (YneN) Uy =0+ kz_old /K. (6.20)

Cette méthode est un cas particulier de la méthode explicite-implicite [18] a métrique
variable avec les parametres suivants,

(VneN) ~,=1, \,=1, a,=0, b,=0. (6.21)
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Nous comparons cette méthode avec la méthode de projection alternées a métrique
constante (POCS),

Yo =120 = (15,15) € R* et (Yn €N) yn41 = Py, Puyyn. (6.22)

Nous obtenons les résultats dans les figures 6.1 et 6.2.

20

y /
2 /vp

15 —

/‘ X1 Yo=%o

X
2 Yn

10 | | / u

En noir : Pocs *

En rouge : Var-Pocs

FIGURE 6.1 — Les suites (x, ),y produite par Var-POCS et (y,, ),en produite par POCS.

On voit que la méthode Var-POCS est plus rapide que la méthode POCS dans cet exem-
ple.
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L’algorithme (6.19)
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L’algorithme (6.22)

0 1

FIGURE 6.2 — La convergence de Var-POCS et POCS.

6.2 Article en anglais

VARIABLE METRIC FORWARD-BACKWARD SPLITTING WITH
APPLICATIONS TO MONOTONE INCLUSIONS IN DUALITY'

Abstract : We propose a variable metric forward-backward splitting algorithm and prove
its convergence in real Hilbert spaces. We then use this framework to derive primal-dual
splitting algorithms for solving various classes of monotone inclusions in duality. Some
of these algorithms are new even when specialized to the fixed metric case. Various
applications are discussed.

1. P. L. Combettes, B. C. Vii, Variable metric forward-backward splitting with applications to mono-
tone inclusions in duality, Optimization, to appear
http://www.tandfonline.com/doi/full/10.1080/02331934.2012.733883
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6.2.1 Introduction

The forward-backward algorithm has a long history going back to the projected
gradient method (see [1, 12] for historical background). It addresses the problem of
finding a zero of the sum of two operators acting on a real Hilbert space #, namely,

find x € H suchthat 0 € Ax + Bux, (6.23)

under the assumption that A: H — 2* is maximally monotone and that B: H — H is
-cocoercive for some 3 € ]0, 400, i.e. [4],

(Vo € H)(Vy € H) (v —y | Bx — By) > B||Bx — By|*. (6.24)

This framework is quite central due to the large class of problems it encompasses in areas
such as partial differential equations, mechanics, evolution inclusions, signal and image
processing, best approximation, convex optimization, learning theory, inverse problems,
statistics, game theory, and variational inequalities [1, 4, 7, 10, 12, 15, 18, 20, 21, 23, 24,
29, 30, 39, 40, 42]. The forward-backward algorithm operates according to the routine

ro€H and (YneN) xz,., = (1d +v,4) (2, —y.Br,), where 0< 7, < 283.
(6.25)

In classical optimization methods, the benefits of changing the underlying metric over
the course of the iterations to improve convergence profiles has long been recognized
[19, 33]. In proximal methods, variable metrics have been investigated mostly when
B = 0in (6.23). In such instances (6.25) reduces to the proximal point algorithm

ro€H and (YneN) xz,., = (Id +v,4)'2,, where =, >0. (6.26)

In the case when A is the subdifferential of a real-valued convex function in a fi-
nite dimensional setting, variable metric versions of (6.26) have been proposed in
[5, 11, 27, 35]. These methods draw heavily on the fact that the proximal point al-
gorithm for minimizing a function corresponds to the gradient descent method applied
to its Moreau envelope. In the same spirit, variable metric proximal point algorithms for
a general maximally monotone operator A were considered in [8, 36]. In [8], superlin-
ear convergence rates were shown to be achievable under suitable hypotheses (see also
[9] for further developments). The finite dimensional variable metric proximal point
algorithm proposed in [32] allows for errors in the proximal steps and features a flex-
ible class of exogenous metrics to implement the algorithm. The first variable metric
forward-backward algorithm appears to be that introduced in [10, Section 5]. It focuses
on linear convergence results in the case when A + B is strongly monotone and H is
finite-dimensional. The variable metric splitting algorithm of [28] provides a framework
which can be used to solve (6.23) in instances when # is finite-dimensional and B is
merely Lipschitzian. However, it does not exploit the cocoercivity property (6.24) and it
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is more cumbersome to implement than the forward-backward iteration. Let us add that,
in the important case when B is the gradient of a convex function, the Baillon-Haddad
theorem asserts that the notions of cocoercivity and Lipschitz-continuity coincide [4,
Corollary 18.16].

The goal of this paper is two-fold. First, we propose a general purpose variable met-
ric forward-backward algorithm to solve (6.23)—-(6.24) in Hilbert spaces and analyze its
asymptotic behavior, both in terms of weak and strong convergence. Second, we show
that this algorithm can be used to solve a broad class of composite monotone inclu-
sion problems in duality by formulating them as instances of (6.23)-(6.24) in alternate
Hilbert spaces. Even when restricted to the constant metric case, some of these results
are new.

The paper is organized as follows. Section 6.2.2 is devoted to notation and back-
ground. In Section 6.2.3, we provide preliminary results. The variable metric forward-
backward algorithm is introduced and analyzed in Section 6.2.4. In Section 6.2.5, we
present a new variable metric primal-dual splitting algorithm for strongly monotone
composite inclusions. This algorithm is obtained by applying the forward-backward al-
gorithm of Section 6.2.4 to the dual inclusion. In Section 6.2.6, we consider a more
general class of composite inclusions in duality and show that they can be solved by ap-
plying the forward-backward algorithm of Section 6.2.4 to a certain inclusion problem
posed in the primal-dual product space. Applications to minimization problems, varia-
tional inequalities, and best approximation are discussed.

6.2.2 Notation and background

We recall some notation and background from convex analysis and monotone oper-
ator theory (see [4] for a detailed account).

Throughout, H, G, and (G;)1<;< are real Hilbert spaces. We denote the scalar prod-
uct of a Hilbert space by (- | -) and the associated norm by || - ||. The symbols — and
— denote respectively weak and strong convergence, and Id denotes the identity oper-
ator. We denote by B (#, G) the space of bounded linear operators from H to G, we set
B(H) = B(H,H) and S (H) = {L € B(H) | L = L*}, where L* denotes the adjoint of
L. The Loewner partial ordering on 8 () is defined by

VU eSH)(VWeS(H) UV & (NexeH) (Uz|z)>(Valzx). (6.27)
Now let a € [0, +00[. We set
Pa(H)={U € S(H)| U »ald}, (6.28)

and we denote by /U the square root of U € P,(H). Moreover, for every U € P,(H),
we define a semi-scalar product and a semi-norm (a scalar product and a norm if a > 0)
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by

(VeeH)(vyeHt) (zly)y=(Uzly) and |zllv = ({Uz]|z). (6.29)

Notation 6.8 We denote by G = G, & - - - & G,,, the Hilbert direct sum of the Hilbert spaces
(Gi)1<i<ms L-€., their product space equipped with the scalar product and the associated norm
respectively defined by

<<~\~>>:(w7y)HZ<xi|yi> and ||| -[||: z — ZH%H% (6.30)

where x = (2;)1<i<m and y = (y;)1<i<m denote generic elements in G.

Let A: H — 2% be a set-valued operator. The domain and the graph of A are respec-
tively defined by dom A = {z € H | Az # &} and grad = {(z,u) € H X 1 | u € Az}.
We denote by zerd = {zeH ] 0 € Az} the set of zeros of A and by ranA =
{ueH | (3ze M) ue Az} the range of A. The inverse of A is A~™': H — 2%: u
{z € H | u € Az}, and the resolvent of A is

Ja=(Id +A)~". (6.31)
Moreover, A is monotone if
(V(z,y) € Hx H)(V(u,v) € Az x Ay) (r—y|u—v) >0, (6.32)

and maximally monotone if it is monotone and there exists no monotone operator
B: H — 2% such that graA C graB and A # B. The parallel sum of A and B: H — 2%
is

AOB=(A"'+BH (6.33)
The conjugate of f: H — |—o0, +00] is

[ H = [—o0,+00] s u s sup ((z | u) — f(x)), (6.34)
zeH

and the infimal convolution of f with g: H — |—o0, +0o0] is
ng:’H—>[—oo,+oo]:x»—)yigg(f(y)Jrg(x—y)). (6.35)
The class of lower semicontinuous convex functions f: H — |—o0,+oc| such that

dom f = {z € H| f(z) < +oo} # @ is denoted by I'o(H). If f € T'o(#), then f* € I'o(H)
and the subdifferential of f is the maximally monotone operator

8f:H—>2H:xn—>{u€H}(Vy€’H) (y—z|u)+ f(z) < fy)} (6.36)
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with inverse (0f)~! = 0f*. Let C be a nonempty subset of 4. The indicator function and
the distance function of C' are defined on # as

0 if zeC;
: ’ ’ =100 - ||: inf —ll. )
Lo: T {+oo, i r¢C and de = (0| |: 2z~ yHelC |z —yl| (6.37)

respectively. The interior of C is intC' and the support function of C' is o¢ = .. Now
suppose that C' is convex. The normal cone operator of C is defined as

{ueH|(Vyel) (y—x|u) <0}, ifzeC;

. (6.38)
, otherwise.

chaac:?[—>2%:xl—>{

The strong relative interior of C, i.e., the set of points = € C' such that the conical hull of
—x + C'is a closed vector subspace of #, is denoted by sri C'; if H is finite-dimensional,
sri C' coincides with the relative interior of C', denoted by ri C. If C is also closed, its
projector is denoted by P, i.e., Po: H — C: z +— argmin ||z — y||.

Finally, ¢} (N) denotes the set of summable sequences in [0, +oc|.

6.2.3 Preliminary results
6.2.3.1 Technical results

The following properties can be found in [26, Section VI.2.6] (see [17, Lemma 2.1]
for an alternate short proof).

Lemma 6.9 Let a € |0, +oo[ and p € ]0, +oc[, and assume that A and B are operators in
8 (H) such that p1d = A = B = «1d. Then the following hold.

1) o 'Ild = = AL = pId.
() (Vo€ H) (A" | 2) > A ]
(i) A7 <a™!

The next fact concerns sums of composite cocoercive operators.

Proposition 6.10 Let [ be a finite index set. For every i € I, let 0 # L; € B(H,G),
let 3; € |0,+00], and let T;: G; — G; be B;-cocoercive. Set T = >"._, L:T;L; and 3 =
1/(> s IILs|[?/B:). Then T is 3-cocoercive.

iel

141



Proof. Set (Vi € I) o; = B||Li||*/B;. Then } ", ; a; = 1 and, using the convexity of || - ||
and (6.24), we have

VoeH)(WyeH) (w—y|Te—Ty) =) (x—y| LTl — L;T;Ly)

iel

=Y (Lix — Ly | T;Liz — T Liy)
el

> Zﬁiumx ~TiLy?
iel

el
2
=3 Z o L*TL . — LT, Lyy)
el
2
> 6| Y (@iTina - LTy
1€l
= B||Tz — Ty, (6.39)

which concludes the proof. I

6.2.3.2 Variable metric quasi-Fejér sequences
The following results are from [17].

Proposition 6.11 Let a € ]0, +oo, let (W},),en be in P, (H), let C' be a nonempty subset
of H, and let (z,),en be a sequence in ‘H such that

(3 (Mn)nen € £1(N)) (V2 € C) (3 (en)nen € £ (N))(¥n €N)
[Zns1 = 2llwosr < (L4 m)ll2n — 2llw, + 0. (6.40)

Then (x,,)nen is bounded and, for every z € C, (||x, — z||w, )nen converges.

Proposition 6.12 Let o € |0, +o0|, and let (W,,),ey and W be operators in P, (H) such
that W,, — W pointwise as n — +oo, as is the case when

sup |[Wy| < +o0 and (3 (n)nen € L (N))(VR €N) (1 +n,)W,, = Wyir. (6.41)

neN

Let C be a nonempty subset of H, and let (z,),cn be a sequence in ‘H such that (6.40) is
satisfied. Then (x,,)nen converges weakly to a point in C'if and only if every weak sequential
cluster point of (z,,)nen is in C.
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Proposition 6.13 Let o € ]0,+oc[, let (W,),en be a sequence in P,(H) such that
SUp,en [|Wall < 400, let C be a nonempty closed subset of H, and let (x,,),en be a sequence
in H such that

(El (En)nen € E},_(N)) (3 (M )nen € E},_(N))(Vz € C)(Vn € N)
[Zns1 = 2llwoes < (L +m0)ll2n — 2llw, + 0. (6.42)

Then (x,,)nen converges strongly to a point in C' if and only if lim d¢(x,,) = 0.

Proposition 6.14 Let o € |0, +00, let (v,)nen € (1 (N), and let (W,,),en be a sequence in
Po(H) such that sup,,cy [|W,|| < 400 and (Vn € N) (1 + v, )W,,11 = W,,. Furthermore, let
C be a subset of H such that intC # @, let z € C'and p € |0, 00| be such that B(z; p) C C,
and let (x,)nen be a sequence in H such that

(3 (en)nen € L (N)) (3 (Mn)nen € €L(N)) (Vo € B(z;p))(Vn € N)
s =l < (14 m)llzn — 2l + 20 (643)

Then (x,)nen converges strongly.

6.2.3.3 Monotone operators

We establish some results on monotone operators in a variable metric environment.

Lemma 6.15 Let A: H — 2" be maximally monotone, let o € |0, +ool, let U € P, (H),
and let G be the real Hilbert space obtained by endowing H with the scalar product (x,y) —
(x | y)y—1 = (x| U 'y). Then the following hold.

(i) UA: G — 29 is maximally monotone.
(i) Jua: G — G is 1-cocoercive, i.e., firmly nonexpansive, hence nonexpansive.
(i) Jya= U1+ A)toUL

Proof. (i) : Set B=UA and V = U~'. For every (z,u) € graB and every (y,v) € graB,
Vu e VBx = Ax and Vv € V By = Ay, so that

(x—ylu—v)y=(—-y|Vu-Vv) =0 (6.44)

by monotonicity of A on H. This shows that B is monotone on G. Now let (y,v) € H? be
such that

(V(z,u) € graB) (z—y|u—v), >0. (6.45)
Then, for every (z,u) € graA, (z,Uu) € graB and we derive from (6.45) that

(x—ylu—-Vv)y=(x—y|Uu—u), >0. (6.46)
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Since A is maximally monotone on H, (6.46) gives (y, Vv) € graA, which implies that
(y,v) € graB. Hence, B is maximally monotone on G.

(ii) : This follows from (i) and [4, Corollary 23.8].
(iii) : Letx and pbein G. Thenp= Jyax © x € p+UAp < U e e (U '+ A)p &
p= U1+ A" YU x).0O

Remark 6.16 let o € 0,400, let U € P, (H), set f: H — R:z — (U 'z |x)/2, and
let D: (z,y) — f(z) — f(y) — (x —y | Vf(y)) be the associated Bregman distance. Then
Lemma 6.15(iii) asserts that Jya = (Vf + A)~! o Vf. In other words, Jy4 is the D-
resolvent of A introduced in [3, Definition 3.7].

Let U € P,(H) for some « € |0, 4o00[. The proximity operator of f € I'y(H) relative
to the metric induced by U is [25, Section XV.4]

1
proxy : H — H: x — argmin (f(y)+—||x—y||2U>, (6.47)
yeEH 2

and the projector onto a nonempty closed convex subset C' of # relative to the norm
| - || is denoted by PY. We have

prox; = Jy-15; and Pg = prox;, (6.48)

Le)
and we write prox}d = prox;.

In the case when U = Id in Lemma 6.15, examples of closed form expressions
for Jy 4 and basic resolvent calculus rules can be found in [4, 15, 18]. A few examples
illustrating the case when U # Id are provided below. The first result is an extension of
the well-known resolvent identity J4 + J4-1 = Id.

Example 6.17 Let o € |0, +ool, let v € |0, +00[, and let U € P,(#). Then the following
hold.

(i) Let A: H — 2™ be maximally monotone. Then
—1
JA/UA = \/EJV\/UA\/U\/E =1Id _’YUJV—lU—lA—l(’}/ilUil)- (6.49)
(ii) Let f € T'y(H). Then
—1 _
prox”, = VU procho\/ﬁ_l\/ﬁ =1d —fyU’lprongllf* (v10).
(iii) Let C' be a nonempty closed convex subset of 7. Then

1 -1, _
prox’  =+U Prochoﬁ—l\/ﬁ =1Id —yU'PE (y7'U).

Yoc
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Proof. (i) : Let x and p be in H. Then

p=Jwar & x—pecyUAp

& \/ﬁ_lx—\/ﬁ_lpEW\/ﬁA\/ﬁ\/ﬁ_lp
~1 ~1
= \/ﬁ p= Jﬂ/\/ﬁA\/ﬁ(\/ﬁ l‘)

1

s p=VUL gae(VU ). (6.50)

Furthermore, by [4, Proposition 23.23(iD)1, J 5,4y = 1d —VU(U + (fyA)‘l)*l\/ﬁ .
Hence, (6.50) yields

1

Jywa=1d -UU+ (vA)™) . (6.51)

However

p=(U+ (WA)_l)_lx & veUp+ (vA)'p
& 7 'pe Alz - Up)
& r—UpeA'(y'p)
s WUz e (Id +7’1U’1A’1)(7’1p)
& ylp=Jpgaa (U ). (6.52)
Hence, (U + (yA)™')! = vJ,-1y-14-1(y'U ) and, using (6.51), we obtain the right-
most identity in (i).
(i) : Apply (i) to A = Of, and use (6.48) and the fact that 9(f o \/Ufl) = (\/Ufl)* o
OF) o VT =T '0(df) o VT ' [4, Corollary 16.42(i)].
(iii) : Apply (ii) to f = o¢, and use (6.48). 0
Example 6.18 Define G as in Notation 6.8, let o € R, and, for every i € {1,...,m}, let
A;: G; — 29 be maximally monotone and let U; € P, (G;). Set A: G — 29 (2;)1<icm —

X Aix;and U: G — G: (2i)1<i<m — (Uiri)1<i<m. Then U A is maximally monotone
and

(V(zi)i<icm € G)  Jua(@i)icicm = (Ju,4,%i)1<i<m.- (6.53)

Proof. This follows from Lemma 6.15(i) and [4, Proposition 23.16]. U

Example 6.19 Let o € 0,40, let £ € R, let U € P,(H), let ¢ € Tx(R), suppose that
O#£uecM,andset H={zx € H | (z|u) <&} and g=¢((- | u). Then g € T'o(H) and

ProX) =ty 24 (2 | u) — (2 | u)
U VU~ 1u|2¢ -
(Vo € H) prox,z =1+ VT Tul? Uty (6.54)
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and

x, if (x|u)<E
o = {x + 7§u_| g_tz; U tu, if (z]u)> ¢ (6.55)
Proof. It follows from Example 6.17(ii) that
(Vo € H) prox)z = \/Fproxgom\/ﬁx. (6.56)

Moreover, g o VU1 = ¢((- | VU~'u)). Hence, using (6.56) and [4, Corollary 23.33], we
obtain

(Vo € H) prox,z = vU—lprox¢(<_|mu>)\/Ux

10X, /=1 2. | u) — {z | u
R PIOX, /7=ty ¢< | u) — (x| >U’1u. (6.57)
VU ul]?

Finally, upon setting ¢ = j_., ¢, we obtain (6.55) from (6.54).0

Example 6.20 Let o € |0, +o0], let v € R, let A € Po(H), let u € H,let U € P,(H), and
set o: H—=R: v — (Az | 2)/2 + (x| u) + . Then ¢ € I'y(H) and

(Vo € H) proxjz = (Id +UA) (. — U 'u). (6.58)

Proof. Let x € H. Then p = proxJz < z —p = U'Ve(p) &z —p=U"YAp+u) &
r—Utu=Id+UAp e p=(1d +UA)(z — U 'u).0

Example 6.21 Let o € |0, +oco[and let U € P,(H). Forevery i € {1,...,m}, letr; € G,

let w; € ]0,+0c[, and let L, € B (H,G;). Set p: x — (1/2) 37" wil|Liz — r;||*>. Then
p €l'g(H) and

m —1 m
(Vo € H) proxiz = (Id +UTY wiL;‘Li) (x +U> wiL;‘ri). (6.59)
=1 =1

Proof. We have ¢: z +— (Az|z)/2 + (x|u) + v, where A = Y7 w,LiL;, u =
— > wiLir, and vy = > willr]|?/2. Hence, (6.59) follows from (6.58).

6.2.3.4 Demiregularity
Definition 6.22 [1, Definition 2.3] An operator A: H — 2% is demiregular at z € dom A

if, for every sequence ((x,,u,))nen in graA and every u € Az such that x, — =z and
u, — u as n — +oo, we have x,, — r asn — +oo.
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Lemma 6.23 [1, Proposition 2.4] Let A: H — 2" be monotone and suppose that = €
dom A. Then A is demiregular at x in each of the following cases.

(i) A is uniformly monotone at x, i.e., there exists an increasing function ¢: [0, +oo[ —
[0, +00] that vanishes only at 0 such that (Yu € Az)(VY(y,v) € grad) (z —y | u—v) >
o(llz =yl

(ii) A is strongly monotone, i.e., there exists o € |0, +oo[ such that A — «1d is monotone.

(iii) J4 is compact, i.e., for every bounded set C' C H, the closure of J4(C') is compact. In
particular, dom A is boundedly relatively compact, i.e., the intersection of its closure
with every closed ball is compact.

(iv) A:H — H is single-valued with a single-valued continuous inverse.

(v) A is single-valued on dom A and Id —A is demicompact, i.e., for every bounded se-
quence (x,)nen in dom A such that (Ax,),en converges strongly, (z,)n,en admits a
strong cluster point.

(vi) A = 0f, where f € T'o(H) is uniformly convex at z, i.e., there exists an increasing
function ¢: [0,4o00] — [0, +00] that vanishes only at 0 such that (Vo € 0, 1[)(Vy €
dom f) f(az + (1 —a)y) +a(l — a)é(||z — yl|) < af(z) + (1 - a)f(y).

(vi) A = Of, where f € I'o(H) and, for every ¢ € R, {z € H ] f(x) < &} is boundedly
compact.

6.2.4 Algorithm and convergence

Our main result is stated in the following theorem.

Theorem 6.24 Let A: H — 2" be maximally monotone, let a € |0, +o0], let 3 € ]0, 00|,
let B: H — H be [-cocoercive, let (n,,)nen € €1 (N), and let (U, ),en be a sequence in P, (H)
such that

p=sup||U,]| <+oo and (VneN) (14 n,)Uns1 = U,. (6.60)
neN

Let ¢ € |0, min{1,25/(x + 1)}, let (\,)nen be a sequence in [e, 1], let (y,)nen be a sequence
nle, (28—¢)/ul, let zo € H, and let (a,)nen and (by,)nen be absolutely summable sequences
in H. Suppose that

Z =zer(A+ B) 4 2, 6.61)
and set

Vn € N (6.62)

( ) \‘ Tp+1 = Tp + )\n(nynUnA (yn> +a, — xn)

Then the following hold for some T € Z.
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(i) z, — Tasn — +oo.
(i) X, |Bzn — BT|)? < +o0.
(iii) Suppose that one of the following holds.
(@) limdyz(z,) = 0.
(b) At every point in Z, A or B is demiregular (see Lemma 6.23 for special cases).

(0) intZ # & and there exists (v,)nen € (L (N) such that (Vn € N) (1 + v,)U, =
Up+1-

Then z,, — T as n — +oo.
Proof. Set

DPn = JAnyn
and  { ¢, = Ju (2 — Bya) (6.63)

Sn = Tn + An(qn — Tp)-

(Vn € N) {

Then (6.62) can be written as
(Vn € N)  xp11 =2 + Au(pn + an — ). (6.64)

On the other hand, (6.60) and Lemma 6.9 (i) &(iii) yield

1
(neN) U<, UptePy ), and (1+m)U' = Uy (665)
and, therefore,
(VneN)(Vz eH) (1+ nn)Hfo]gl > Hfo],iI. (6.66)

Hence, we derive from (6.64), (6.63), Lemma 6.15(ii), (6.65) and (6.60) that

(¥ €N) s~ sallysr < da{lanllss + 9o — ol
HanHU,jl + [0 — T + annHU;I

<
<
< lanllyzr + vl Unbally
<

VU lanll + v/ [Unll 16

1 20 —¢
ﬁll I i 16l
Now let z € Z. Since B is -cocoercive,
(vneN) (x, —z| Bx, — Bz) > B||Bz, — Bz|*. (6.68)
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On the other hand, it follows from (6.60) that
(Vn € N)  [|Buzn = Buzllj-r < 7llUall |Bx — Bz||* < yppl|Bwn — Bz[*. (6.69)
We also note that, since —Bz € Az, (6.63) yields
(Vn € N) z=Ja,(z — B,2). (6.70)
Altogether, it follows from (6.63), (6.70), Lemma 6.15(ii), (6.68), and (6.69) that
(W €N) lgn— 2121 < (w0 — 2) = (Bawa — Buz) %1
— l(@n = @) = (Butn — Baz) |l
= ||z, — ZH?]# —2(xy — 2 | Bpn — Bnz)y
- 1Butn = Buz 21 — (@0 — @a) — (Buwn — Ba2) |1
= ||z, — Z”2U;1 — 29, {(x, — z | Bx, — Bz)
+ | Buwn — Buzll}; -1 = (0 — 4n) = (Buwn — Bo2) ||}
< 2 = 2llf-1 = (28 = py) | Bn — B2
e [CR S EC: Ay X

< fln — 2l2s — B — Bz
—(@n — qn) — (Ban — Bpz) ;

||U;1'

(6.71)
In turn, we derive from (6.66) and (6.63) that
(Vn €N)  (L47mm) " llsn = 2ll5-1, < llsn = 25
< (1 =M)|lzn — Z”?]gl + Anllgn — 2H2U;1
< l#n = 251 — €| Ban — Bz|)?
- €H<xn - Qn) o (ann - an)”nglu (6.72)
which implies that

(Vn e N) s, — ZH?fl < (14 nn) ||z, — ZH?fl — &%|Bx,, — Bz|]?
n+1 n

— ell(zn = ) — (Baza — Bu2)ly0 (6.73)
< 0% |z, — z||2U;1, (6.74)

where
0 =sup+/1+n,. (6.75)

neN

Next, we set

(vn € N) enza(fn anll + f W=y, ||) 6.76)
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Then our assumptions yield

an < +00. (6.77)

neN

Moreover, using (6.66), (6.73), and (6.67), we obtain

(Vn e N)  loniy = 2l < lensa = snllyzz, + llsn = 2llu,

S VIFmll@ner = sullyzr + V1 +mallzn — 2l

< O #nsa = snllyzr + V1 A+ 1llan — 2l

< V14w, — 2|l +éen

< (T4 )7 = 2llp-1 + e (6.78)

In view of (6.65), (6.77), and (6.78), we can apply Proposition 6.11 to assert that (||z,, —
z|ly-1)nen converges and, therefore, that

¢ =sup ||z, — 2|y < +oo. (6.79)

neN

On the other hand, (6.66), (6.67), and (6.76) yield
(VneN) |z — Sn||2U;+11 < (L+m0) |21 — sallf- < €5, (6.80)
Hence, using (6.73), (6.74), (6.75), and (6.79), we get

(Vn €N) lzn = 2llg-1, < llsn = 2l5-1, + 2l = 2llyz2, Inen = sulloz,
s = sall
< (L4 na)llen = 27— — €% Bz, — Bz||?
— &l — g — Bprp + an||(2];1 + 20Ce, + Ei
<z = 2l — || Bn — B2|”
—ellzn — ¢ — Bpxy + B"zH2U;1 + Py 4+ 26Ce, + 2.
(6.81)

Consequently, for every N € N,

N N
&3 Z | Bz, — Bz||> < ||z — z||2UO_1 —lzNni1 — z||§ml + Z (CPnn + 26Ce, +27)
n=0

n=0

N
SCHD (P +20Cen+22). (6.82)

n=0
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Appealing to (6.77) and the summability of (7, ),cn, taking the limit as N — +o0, yields

Z |Bx, — Bz||* < 5—2(@“2 + Z (o + 26Cen + 8%)) < +o0. (6.83)

neN neN

We likewise derive from (6.81) that

Z H:cn —qn — Bpr, + B"ZH?J;l < +00. (6.84)

neN

(i) : Let = be a weak sequential cluster point of (x,,),en, say zx, — zasn — +oo. In
view of (6.78), (6.65), and Proposition 6.12, it is enough to show that z € Z. On the one
hand, (6.83) yields Bz, — Bz as n — +o0. On the other hand, since B is cocoercive, it
is maximally monotone [4, Example 20.28] and its graph is therefore sequentially closed
in HWeak x Hswong [4. Proposition 20.33(ii)]. This implies that Bz = Bz and hence that
Bxy, — Bx as n — +o0. Thus, in view of (6.83),

> ||Bz, — Bx|* < +o0. (6.85)
neN
Now set
1
(VneN) w, =—U,  (z, — q.) — Bx,. (6.86)

n

Then it follows from (6.63) that
(Vn e N) wu, € Ag,. (6.87)
In addition, (6.63), (6.65), and (6.84) yield

1
[un + Ba|| = ,V_HUJI@VL — Gn — Bawn + B
1

EQ
< @Hxn — gn — Bnxy + Bzl
EQ n
—0 as n — +oo. (6.88)

Moreover, it follows from (6.63), (6.60), and (6.85) that

< ||zn — go — Bpxy + Bpz|| + || Bpx,, — Buz||

< lzn = gn — Bun + Boz|| + 1| Ul || Bz, — Bz

< ||lzn — gn — Bpxn + Buz|| + (28 — €)|| Bz, — Bz||

—0 as n — +oo. (6.89)

[0 = gnll
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and, therefore, since z;, — x asn — +oo, that ¢, — x asn — +oo. To sum up,

{an —~ 7 and U, — —Bx asn — 400, (6.90)

(Vn € N) (g, , ux,) € graA.

Hence, using the sequential closedness of grad in HWek x #™°"8 [4, Proposi-
tion 20.33(ii)], we conclude that —Bx € Az, i.e., x € Z.

(ii) : Since T € Z, the claim follows from (6.83).
(iii) : We now prove strong convergence.

(iii)(a) : Since A and B are maximally monotone and dom B = H, A + B is maxi-
mally monotone [4, Corollary 24.4(i)] and Z is therefore closed [4, Proposition 23.39].
Hence, the claim follows from (i), (6.78), and Proposition 6.13.

(iii) (b) : It follows from (i) and (6.89) that ¢, — T € Z asn — +oo and from (6.88)
that u,, - —BT € AT as n — +oo. Hence, if A is demiregular at 7, (6.87) yields ¢, — =
as n — +oo. In view of (6.89), we conclude that x,, — T as n — +o0o0. Now suppose that
B is demiregular at Z. Then since z, — T € Z as n — +oo by (i) and Bz, — BT as
n — +oo by (ii), we conclude that x,, — T as n — +o0.

(iii)(c) : Suppose that z € intZ and fix p € ]0,+oo[ such that B(z;p) C Z. It
follows from (6.79) that 6 = sup,¢ (.., SUPpen [|Tn — 2|1 < (1/v/@)(sup,en |20 — 2] +
SUD,ep(zp) 12 — 2]|) < 400 and from (6.81) that

(Vn e N)(Vz € B(z;p)  ||Tns1 — x||2U;#1 < |z, — :E||(2];1 + 0%n,, + 200e,, + 2.
(6.91)

Hence, the claim follows from (i), Lemma 6.9, and Proposition 6.14. [

Remark 6.25 Here are some observations on Theorem 6.24.

(i) Suppose that (Vn € N) U, = Id. Then (6.62) relapses to the forward-backward
algorithm studied in [1, 12], which itself captures those of [27, 29, 40]. Theo-
rem 6.24 extends the convergence results of these papers.

(ii) As shown in [18, Remark 5.12], the convergence of the forward-backward iter-
ates to a solution may be only weak and not strong, hence the necessity of the
additional conditions in Theorem 6.24(iii).

(iii) In Euclidean spaces, condition (6.60) was used in [32] in a variable metric proxi-
mal point algorithm and then in [28] in a more general splitting algorithm.

Next, we describe direct applications of Theorem 6.24, which yield new variable
metric splitting schemes. We start with minimization problems, an area in which the

forward-backward algorithm has found numerous applications, e.g., [15, 18, 21, 39, 40].
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Example 6.26 Let f € Iy (H), let « € 0,400, let 5 € |0,+oc0], let g: H — R
be convex and differentiable with a 1/j-Lipschitzian gradient, let (1,)nen € £} (N),
and let (U,),en be a sequence in P,(#H) such that (6.60) holds. Furthermore, let
e € ]0,min{1,25/(x+ 1)}| where p is given by (6.60), let (\,).en be a sequence in
[, 1], let (7,)nen be a sequence in [e, (26 — €)/u], let o € H, and let (a,)neny and (by,)nen
be absolutely summable sequences in . Suppose that Argmin (f + ¢g) # @ and set

U1 (6.92)
Tpil = Tp + A (proxw*;f Yn + Qp — xn)

(Vn € N) \‘
Then the following hold for some T € Argmin (f + g).
(1) z, — Tasn — +oo.
(D) X pen IVa(an) = Va(@)|?* < +o0.
(iii) Suppose that one of the following holds.
(@) lim dargmin (f+g)(Tn) = 0.
(b) At every point in Argmin (f + g¢), f or ¢ is uniformly convex (see
Lemma 6.23(vi)).
(c) int Argmin (f + g) # @ and there exists (v,),en € ¢} (N) such that (Vn € N)
(14 vp)Uy = Uy
Then z,, — T as n — +oo.

Proof. An application of Theorem 6.24 with A = 0f and B = Vg, since the Baillon-
Haddad theorem [4, Corollary 18.16] ensures that Vg is $-cocoercive and since, by [4,
Corollary 26.3], Argmin (f 4+ g) = zer(A+ B). U

The next example addresses variational inequalities, another area of application of
forward-backward splitting [4, 23, 39, 40].

Example 6.27 Let f € T'\(H), let a € |0,4o0[, let § € |0,+o0[, let B: H — H be
f3-cocoercive, let (1,),en € ¢4 (N), and let (U, ),en be a sequence in P, (H) that satis-
fies (6.60). Furthermore, let ¢ € |0, min{1,25/(x + 1)} where u is given by (6.60), let
(A )nen be a sequence in [e, 1], let (v,)n.en be @ sequence in [g, (26 — ¢)/p], let 2y € H,
and let (a,),eny and (b,),en be absolutely summable sequences in H. Suppose that the
variational inequality

find z€H suchthat (VyeH) (r—y|Bzx)+ f(x)< f(y) (6.93)

admits at least one solution and set

(Vn € N) (6.94)

-1
Tpi1 = Tn + A (proxvsf Yn + A — Tp).

Then (z,),en converges weakly to a solution 7 to (6.93).

Proof. Set A = 0f in Theorem 6.24(i). U
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6.2.5 Strongly monotone inclusions in duality

In [13], strongly convex composite minimization problems of the form

minimize f(z)+ g(Lx —7r)+ %Hx - z|)?, (6.95)

zeH

where z € H,r € G, f € To(H), g € T'9(G), and L € B (H,G), were solved by applying
the forward-backward algorithm to the Fenchel-Rockafellar dual problem

minirgize Fr(z = L) + g*(v) + (v | ), (6.96)
ve

where f* = f*0(| - |?/2) denotes the Moreau envelope of f*. This framework was
shown to capture and extend various formulations in areas such as sparse signal re-
covery, best approximation theory, and inverse problems. In this section, we use the
results of Section 6.2.4 to generalize this framework in several directions simultane-
ously. First, we consider general monotone inclusions, not just minimization problems.
Second, we incorporate parallel sum components (see (6.33)) in the model. Third, our
algorithm allows for a variable metric. The following problem is formulated using the
duality framework of [16], which itself extends those of [2, 22, 31, 34, 37, 38].

Problem 6.28 Let z € H, let p € ]0, +ool, let A: H — 2" be maximally monotone, and
let m be a strictly positive integer. For every i € {1,...,m}, letr; € G;, let B;: G; — 29
be maximally monotone, let v; € ]0, +ocl, let D;: G; — 29 be maximally monotone and
v;-strongly monotone, and suppose that 0 # L; € B (H, G;). Furthermore, suppose that

Z € ran (A + ZL:((BZ-DDZ-)(LZ- 1)) + pld ) (6.97)

i=1

The problem is to solve the primal inclusion

find T € # suchthat z € AT+ »  L;((B;0D:)(LiT — 7)) + pT, (6.98)

i=1

together with the dual inclusion

find 77 € Gy, ..., U, € G, such that

Vi {l,...,m}) r €L (JPIA (/)1 (z — Z L;v—j))) — B 'w; — D 'w;
j=1

(6.99)

Let us start with some properties of Problem 6.28.
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Proposition 6.29 In Problem 6.28, set

T=J,u(p'z), where M=A+> Lio(BiOD;)o (L;-—r;). (6.100)
i=1
Then the following hold.
(i) 7 is the unique solution to the primal problem (6.98).
(ii) The dual problem (6.99) admits at least one solution.
(iii) Let (v1,...,Um) be a solution to (6.99). Then T = J,-14(p~ (2 — Y1, Li3)).
(iv) Condition (6.97) is satisfied for every z in H if and only if M is maximally monotone.
This is true when one of the following holds.
(a) The conical hull of

FE = {(Lll‘ -, — Ui)léiém x € dom A and (vi)léiém S Xran(Bi_l + Dl_l)}

=1
(6.101)
is a closed vector subspace.
(b) A = Of for some f € T'\(H), for every i € {1,...,m}, B; = dg; for some

g; € T'o(G;) and D; = 0¢; for some strongly convex function ¢; € I'y(G;), and one
of the following holds.

1/ (r1,...,rm) € sti{(Liz — ) 1<icm | © € dom f and
(Vi € {1,...,m}) y; € domg; + dom,}.

2/ Foreveryi e {1,...,m}, g; or {; is real-valued.

3/ H and (G;)1<i<m are finite-dimensional, and there exists x € ridom f such
that

(Vie{l,...,m}) Lz —r; €ridomg; +ridom/;. (6.102)

Proof. (i) : It follows from our assumptions and [4, Proposition 20.10] that p='M
is a monotone operator. Hence, J,-1), is a single-valued operator with domain
ran(Id +p~1M) [4, Proposition 23.9(ii)]. Moreover, (6.97) < p~'z € ran(Id +p ' M) =
dom J,-1,, and, in view of (6.31), the inclusion in (6.98) is equivalent to T =
Jp—1M<p_1Z).

(i) &(iii) : It follows from (6.31) and (6.33) that

(Vie{l,....,m}) v € (B;,0OD)(L;T —r;)
z—y " Liv; € AT+ pT

Viec{l,...,m}) r € LT~ B 'v; — D; 'v;
T =Jpa(pt (2 - > Livj))

(1) & (1 €G) (30, € Gn) {
& (3 edr)--- (30, € Gn) {

- {(v_l, ..., Um) solves (6.99) (6.103)

T=Jpra(p™ (z = XL, LT5)).
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(iv) : It follows from Minty’s theorem [4, Theorem 21.1], that M + p1d is surjective
if and only if M is maximally monotone.

(iv) (a) : Using Notation 6.8, let us set
L:H—G:z— (Lix)Kz’gm and B:G—29: y— ((BiDDi)(yi—ri))KKm. (6.104)

Then it follows from (6.100) that M = A + L* o B o L and from (6.101) that
E = L(domA) — dom B. Hence, since cone(F) = Span(F), in view of [6, Sec-
tion 24], to conclude that M is maximally monotone, it is enough to show that B
is. For every i € {1,...,m}, since D; is maximally monotone and strongly monotone,
dom D; ' = ranD; = G, [4, Proposition 22.8(ii)] and it follows from [4, Proposi-
tion 20.22 and Corollary 24.4(i)] that B; 0 D; is maximally monotone. This shows that
B is maximally monotone.

(iv) (b) : This follows from [16, Proposition 4.3]. [J

Remark 6.30 In connection with Proposition 6.29(iv), let us note that even in the
simple setting of normal cone operators in finite dimension, some constraint qualifi-
cation is required to ensure the existence of a primal solution for every z € H. To
see this, suppose that, in Problem 6.28, H is the Euclidean plane, m = 1, p = 1,
G = H, Ly = 1d, z = (Cl,CQ), rr = 0, D = {0}71, A = N¢, and B; = Nk,
where C' = {(&,&) € R?* | (& — 1)+ & <1} and K = {(§,&) € R? | & < 0}. Then
dom(A + B; +Id) = domANdomB;, = C N K = {0} and the primal inclusion
z € AT+ B,7+7 reduces to ({1, (2) € NoO+Nk0 = |—00, 0] x{0}+[0, +oo[x {0} = Rx{0},
which has no solution if (; # 0. Here cone(dom A — dom B;) = cone(C — K) = —K is
not a vector subspace.

In the following result we derive from Theorem 6.24 a parallel primal-dual algo-
rithm for solving Problem 6.28.

Corollary 6.31 In Problem 6.28, set

p= 1 (6.105)

max — + 2 Z |L; ||2

Isism v Pi&i<
<m

Let (a,)nen be an absolutely summable sequence in H, let a € |0, +o00|, and let (n,)nen €
(L (N). For every i € {1,...,m}, let v;y € G;, let (b;n)nen and (d;,)nen be absolutely
summable sequences in G;, and let (U, n)nen be a sequence in P, (G;). Suppose that

= max sup |U; || < +oo and (Vie{l,...,m})(Vn e N) (14+n,)Uint1 = Uin.
SESM peN
(6.106)
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Let ¢ € |0, min{1,28/(un+ 1)}[, let (\,)nen be a sequence in [e,1], and let (,).en be a
sequence in [e, (20 — €)/u]. Set

m
Sp=2—y o Livip
_ ~1
Ty = Jy1a(p7'8n) + ay
Fori=1,...,m

Vn € N
( " ) Win = VUin + fYnUz,n (szn -7 = D;lvi,n - dz,n)

(6.107)

Vi1 = Vi + An (J'YnUi,nBi_l (Win) + bin — Uzn)

Then the following hold for the solution T to (6.98) and for some solution (vy,...,7,) to
(6.99).

@D (Vie{l,...,m}) v, — Tasn — +oo. Inaddition, T = J,-14(p~" (=21~ LiT;)).

(i) x, T asn — +oo.

Proof. For every i € {1,...,m}, since D; is maximally monotone and v;-strongly mono-
tone, D, 1'is v;-cocoercive with dom D; ' = ranD,; = G, [4, Proposition 22.8(ii)]. Let us
define G as in Notation 6.8, and let us introduce the operators

T:H—)H:xHJp—IA(Pfl(Z_x))
A:G—29: v (B '),

( )_llézém (6.108)
D:G—G:v~ (r;+ D 'v)
L:H—)Q::c»—>(Li3:)

1<i<m

1<i<m
and
(VneN) U,:G—G:v— (Uiv"vi)lgigm' (6.109)
(1) : In view of (6.30) and (6.108),
A is maximally monotone, (6.110)
D is (min;¢;<,, v;)-cocoercive, Lemma 6.15(ii) implies that
—T is p-cocoercive, (6.111)

while || L||* < Y, ||L;||*. Hence, we derive from (6.105) and Proposition 6.10 that
B =D — LTL" is [-cocoercive. (6.112)
Moreover, it follows from (6.106), (6.109), and (6.30) that

sup |Upll=p and (YneN) (1+4n,)U,1 = U, € P (G). (6.113)
neN
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Now set

(Vn € N) 1<i<m (6.114)

- (UZ”) 1<i<m

Wy, = (wm) 1<i<m”

Then ),y |l|lanl|| < +00, >, cn |[|bn]|| < +o00, and (6.107) can be rewritten as

(Vn € N) V" Un = uUn(Bon + bn) (6.115)
Upt1 = Up + An(J'ynUnA (wn) +a, — vn)~
Furthermore, the dual problem (6.99) is equivalent to
find ve€gG suchthat 0 € Av + Bv (6.116)

which, in view of (6.110), (6.112), and Proposition 6.29(ii), can be solved using (6.115).
Altogether, the claims follow from Theorem 6.24(i) and Proposition 6.29(iii).

(ii) : Set (Vn € N) z,, = x,, — a,. It follows from (i), (6.107) and (6.108) that
T=T(L'v) and (VneN) z,=T(L"v,). (6.117)
In turn, we deduce from (6.111), (i), (6.112), and the monotonicity of D that

plizn = 7% = plIT(L*v,) — T(L™D)|*
(L*(v, — ) | T(L'D) — T(L*v,))

N

< (v, —v | LT(L™0) — LT (L*v,,)))

< (v, — v | Dv, — Dv)) — ((v, —v | LT(L"v,) — LT(L"v)))

= ((v, —v | Bv, — Bv))

< 4|||Bv,, — Bvl|| (6.118)

where § = sup,cy |||, — P||| < +o00 by (i). Therefore, it follows from (6.115) and
Theorem 6.24(ii) that ||z, —Z|| — 0. Since a,, — 0 as n — 400, we conclude that x,, — T
asn — +oo.0

Remark 6.32 Here are some observations on Corollary 6.31.

(i) At iteration n, the vectors a,, b, ,, and d;,, model errors in the implementation of
the nonlinear operators. Note also that, thanks to Example 6.17(i), the computa-
tion of v; 4 in (6.107) can be implemented using J -1 ) rather than J ;g1

(i) Corollary 6.31 provides a general algorithm for solving strongly monotone com-
posite inclusions which is new even in the fixed standard metric case, i.e., (Vi €
{1,...,m})(Vn e N) U,,, = 1d.
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The following example describes an application of Corollary 6.31 to strongly con-
vex minimization problems which extends the primal-dual formulation (6.95)-(6.96) of
[13] and solves it with a variable metric scheme. It also extends the framework of [14],
where f =0and (Vi € {1,...,m}) {; = tyoy and (Vn € N) U; ,, = 1d.

Example 6.33 Let z € H, let f € ['o(H), let a € ]0, +00], let (1,)nen € €1 (N), let (a,)nen
be an absolutely summable sequence in H, and let m be a strictly positive integer. For
every i € {1,...,m}, letr; € G;, let g; € Tx(G)), let v; € ]0,400], let ¢; € Ty(G;) be
v;-strongly convex, let v,y € G;, let (b;,,)nen and (d;,)nen be absolutely summable se-
quences in G;, let (U; ,,)nen be a sequence in P, (G;), and suppose that 0 # L, € B (H,G;).
Furthermore, suppose that (see Proposition 6.29(iv) (b) for special cases)

z € ran <8f + Z L:(0g;006;)(L; - —r;) + 1d ) (6.119)

=1
The primal problem is

m

1
minimize f(z)+ Y (¢:06)(Lix — ;) + Sl - 2|12, (6.120)

zeH -
=1

and the dual problem is

m

minimize  f* <z — Z L;‘vi) + Z (g7 (vi) + € (v) + (v | 14)). (6.121)
=1

V1€G1,.., UmEGm —1
Suppose that (6.106) holds, let ¢ € |0, min{1,25/(x+ 1)}[, let (A\,)nen be a sequence in

[e,1], and let (,).en be a sequence in [, (28 — ¢)/u], where § is defined in (6.105) and
w1 in (6.106). Set

m
Sp = 2 — Zi:l L:vi,n
Ty = ProX;sy + a,
For:=1,...,m

(vn < N) \‘ wi,n = Ui,n + fYnUz,n (szn — T = vg: (Ui,n) - dz,n) (6122)

Ut
Vin+1 = Uin + )\n (PTOX,Y;’;;«wz‘,n + bi,n - Ui,n) .

Then (6.120) admits a unique solution = and the following hold for some solution
(U1, ..., ) to (6.121).

@) (Vie{l,...,m}) v, — T asn — +oo. In addition, T = prox,(» — 1", L;7;).

(i) x, — T asn — +oo.
Proof. Set
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It follows from [4, Theorem 20.40] that the operators A, (B;)i<i<m, and (D;)1<;<m are
maximally monotone. We also observe that (6.119) implies that (6.97) is satisfied. More-
over, for every i € {1,...,m}, D; is v;-strongly monotone [4, Example 22.3(iv)], ¢}
is Fréchet differentiable on G, [4, Corollary 13.33 and Theorem 18.15], and D; -
(00;)~r = atr = {VI;} [4, Corollary 16.24 and Proposition 17.26(i)]. Since, for every
i€{l,...,m},dom/¢ = G, [4, Proposition 24.27] yields

while [4, Corollaries 16.24 and 16.38(iii)] yield
(Vie{l,...,m}) B;'+D;'=adg +{Ve}=0(g+1). (6.125)

Moreover, (6.48) implies that (6.122) is a special case of (6.107). Hence, in view of
Corollary 6.31, it remains to show that (6.98) and (6.99) yield (6.120) and (6.121),
respectively. Let us set ¢ = || - ||?/2. We derive from [4, Example 16.33] that

Of+q(-—2)=0f+1d —=. (6.126)

On the other hand, it follows from (6.119) and [4, Proposition 16.5(ii)] that

m

8(f+‘1('—2))+z L (0(g:00:)) (Li-—r) C a<f+Q('—Z)+Z(9z‘DE@')O(Li'—Tz)) (6.127)

i=1

and that z — f(x)+ 7", (¢:06;)(Lix —r;) + ||z — z||*/2 is a strongly convex function in
[Co(H). Therefore [4, Corollary 11.16] asserts that (6.120) possesses a unique solution
7. Next, we deduce from (6.126), (6.123), (6.124), and Fermat’s rule [4, Theorem 16.2]
that, for every x € H,

m

x solves (6.98) & z € df(x)+ Y L ((0g:006:)(Lix —ry)) +x

i=1

& 0€d(f+q(-—2))(x)+ (ZL: 09(g:04;) o (L; - —Tz‘)) (z)

i=1

= 0¢ 6<f+q(- —2) +Z(gimfz‘)o(Li : _Tz))(x)

&z solves (6.120). (6.128)

Finally, set L: H — G: z — (L;z),_._ and h: G — |—00,400] : v = Y7 (g5 (v;) +
C:(v;) + (vi | r)). We recall that f* = f*0q is Fréchet differentiable on #H with

Vf* = prox; [4, Remark 14.4]. Hence, it follows from (6.123), (6.125), [4, Proposi-
tion 16.8 and Theorem 16.37(i)], and Fermat’s rule [4, Theorem 16.2] that, for every
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v = (V)1<i<m € G,

v solves (6.99) & (Vie {l,...,m})r, € L; <JA <z — ZL;W)>

j=1

— B;l’Ui — D;lvi
s Vie{l,...,m})r € L <proxf (z — ZL;UJ»)) —0(g; +€7)(vs)
j=1
= (0,...,0) ¢ —L(vf*(z - L*v)) + XO(gr + £+ (- | 1) (vs)
i=1

= (- L*)*(Vf*(z - L*'v)) + Oh(v)

- a(f*(z — L) +h>(v)
& v solves (6.121), (6.129)

which completes the proof. U

We conclude this section with an application to a composite best approximation
problem.

Example 6.34 Let z € H, let C' be a closed convex subset of H, let & € ]0,+o00|, let
(N )nen € €1(N), let (a,)nen be an absolutely summable sequence in 7, and let m be a
strictly positive integer. For every i € {1,...,m}, let r; € G;, let D, be a closed convex
subset of G;, let v;y € G;, let (b;,)neny be an absolutely summable sequence in G;, let
(Ui n)nen be a sequence in P, (G;), and suppose that 0 # L; € B (H,G;). The problem is

minimize ||z — z||. (6.130)
zeC
Lizeri+Dq

Lm$€7".m+Dm

Suppose that (6.106) holds, that (maxi<;<m Sup,ey [|Uinll) >, | Li]|* < 2, and that
(Tl, R ,Tm) € sri {(LZZL‘ — yi)léiém } x € C and (\V/Z S {1, R ,m}) Y; € Dz} (6131)
Set

— m *
Sp=2—y o Livp
Tp = PCSn + ay,
For:=1,...,m
Wip = Vin +Un (Lil’n - Tz)
Ui,n —1
Vint1 = Win — Uin (PD (Ui win) +bin).

i

(Vn € N) (6.132)

Then (z,),en converges strongly to the unique solution 7 to (6.130).
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Proof. Set f = 1o and (Vi € {1,...,m}) ¢; = tp,, {i = t0y, and (Vn € N) v, = A, = 1
and d, , = 0. Then (6.131) and Proposition 6.29(iv) ((b))i imply that (6.119) is satisfied.
Moreover, in view of Example 6.17(iii), (6.132) is a special case of (6.122). Hence, the
claim follows from Example 6.33(ii). O

6.2.6 Inclusions involving cocoercive operators

We revisit a primal-dual problem investigated first in [16], and then in [41] with
the scenario described below.

Problem 6.35 Let z € H, let A: H — 2" be maximally monotone, let . € ]0, +o0],
let C': H — H be u-cocoercive, and let m be a strictly positive integer. For every ¢ €
{1,...,m}, let r; € G;, let B;: G; — 2% be maximally monotone, let v; € ]0, +oo], let
D;: G; — 29 be maximally monotone and v;-strongly monotone, and suppose that 0 #
L; € B(H,G;). The problem is to solve the primal inclusion

find 7€ H suchthat zc Az + Z Ly ((B;oDy)(LiT — ;) + C7, (6.133)

=1

together with the dual inclusion

find 77 € Gy, ..., U, € G, such that
S S A= |
Geen) {7 ZmliticAvtCu (6.134)
(\V/Z S {]_, c. ,m}) V; € (BZDDZ)(LZI‘ — T‘Z‘).
Corollary 6.36 In Problem 6.35, suppose that
i=1
and set
B =min{p,v1,...,Un}. (6.136)

Let ¢ € ]0,min{1, 8}, let o € ]0,4o00|, let (\,)nen be a sequence in [e, 1], let xy € H, let
(an)nen and (¢, )nen be absolutely summable sequences in H, and let (U, ).en be a sequence
in P,(H) such that (Vn € N) U,11 = U,. For every i € {1,...,m}, let v;y € G,;, and
let (b;n)nen and (d; ,)nen be absolutely summable sequences in G;, and let (U, ,)nen be a
sequence in P,(G;) such that (Vn € N) U; 41 = U, .. For every n € N, set

m -1
by, = (J > H\/Ui,an/UnH?) —1, (6.137)
=1
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and suppose that
On 1
Cn =

> : (6.138)
(14 &) max{[[Un |, [Uvnll, - 1 Umall} — 26 =€

Set

P = JUnA(;pn — Un(Z?; Livip +Cxy + ¢, — z)) + a,
Yn = 2pn — Ty,

Tpt+1 = T + )\n(pn - xn)
(¥n €N) Fori=1,...,m

{ Gin = Jy,, B (Uz‘,n + Ui (Liyyn — Dy i — din — 7”@)> +bin

Vint1 = Vin + A (Qin — Vip)-

(6.139)

Then the following hold for some solution T to (6.133) and some solution (vy,...,0,,) to
(6.134).

(i) z, — Tasn — +oc.

(i) (Vi e {1,....,m})v;,, = T; as n — +o0.
(iii) Suppose that C'is demiregular at T. Then x,, — T as n — +oc.

(iv) Suppose that, for some j € {1,...,m}, D; ' is demiregular at v;. Then v;,, — ©; as

n — +0o0.

Proof. Define G as in Notation 6.8 and set IC = H & G. We denote the scalar product and
the norm of /C by (((- | -))) and |||| - ||||, respectively. As shown in [16, 41], the operators

(A K — 2K (2,01, oy vm) = (0 Livy — 24+ Ax) % (r1 — Lyz + By o) x ... %
(T — Lyyx + B uy,)
B: K= K: (z,01,...,0n) — (Cx,Dl_lvl,...,D;]lvm)

S K—=K: (v,01,...,0m) — <ZTlevi,—L1x,...,—me)
\

(6.140)

are maximally monotone and, moreover, B is -cocoercive [41, Eq. (3.12)]. Further-
more, as shown in [16, Section 3], under condition (6.135), zer(A + B) # @ and

(z,v) € zer(A+ B) = 7T solves (6.133) and v solves (6.134). (6.141)
Next, for every n € N, define

U, K- K: (z,v) — (Unx, Uy v, ..., Ummvm)
Vo K—=K: (z,v) — <Un_1x — > Livg, (= Liz + Ui7nlvi)1<i<m) (6.142)
T, H—G: s (, [UinLliz, ..., Um,anx).
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It follows from our assumptions and Lemma 6.9(iii) that

(6.143)

LI~

(Vn €N) Ui = U, €Po(K) and ||U,']| <

Moreover, for every n € N, V,, € §(K) since U,, € §(K). In addition, (6.142) and
(6.143) yield

1 m
(neN) |Vl < T +1IS] < p, where p=—+ [SILJ2  (6.144)
i=1

On the other hand,

(vn e N)(ve € H) |[[Toall® = S |VTin kv Ta/Tn 2|
=1
<lallf o D IV TinLi /Tl
=1

= Bullzlly-1. (6.145)
where (Vn € N) 8, =Y, H\/Uiani\/UnHQ. Hence, (6.137) yields
1
(6.146)

(Y eN) (14828, = 775

For every n € N, set

i = 20/ L+ 0000 Tt | VL + 62080 (VTim 011 s A T vm))) (6.147)
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Therefore, for every n € N and every x = (x,v1,...,v,) € IC, using (6.142), (6.145),
(6.146), Lemma 6.9(ii), and (6.138), we obtain

(| Vi) = (x| U;'e) + i (v | Uihvs) zf; (L | )
o+ i ol - zf; (VO | /Um0
e 1+Zuvzu w
> ol 1+Z e e <1+5n>5é ol
> Jall? 1+Z ol - - ﬂé ot +6n>ﬁni§; o)
(el 1+Zuv@u2 )

5 1 2 1 2
> 155 (Il + S 10l
> Gl (6148

In turn, it follows from Lemma 6.9(iii) and (6.138) that

(vneN) ||V Y < C <28 —e. (6.149)

Moreover, by Lemma 6.9(1), (Vvn € N) U, = U, = U,' = U}, =V, =V, =
V.1, = V. 1). Furthermore, we derive from Lemma 6.9(ii) and (6.144) that

_ _ 1
(Va e ) (Vi x|x) = V.l |l > ;|||I:vHH2- (6.150)
Altogether,
sup [V, U <26 —¢ and (VneN) V., =V, 'eP,,K). (6.151)
neN

Now set, for every n € N,

;

Tp = (Tn, Vi - - s Umon)

Y = (Pos Qs+ -+ Gmn)

an = (anybiny -y bimn) and b,=(S+V,)a,+c,—d,. (6.152)
¢, = (cn,dip, . dmn)

(dn = (U an, U pbrs -, Uy o)
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Then 3, oy l[llanllI| < 400, 3, cxllllealll] < +o0, and 3, Illjdalll] < +o0. Therefore
(6.144) implies that ) | ||/|bs]||| < 4-o00. Furthermore, using the same arguments as in
[41, Egs. (3.22)-(3.35)], we derive from (6.139) and (6.140) that

(Vn €N)  @ppr = &0 + A (JV;LIA(% ~V;Y(Bx, +b,)) + a, — mn) (6.153)

We observe that (6.153) has the structure of the variable metric forward-backward split-
ting algorithm (6.62), where (Vn € N) ~,, = 1. Finally, (6.149) and (6.151) imply that
all the conditions in Theorem 6.24 are satisfied.

(1) &(ii) : Theorem 6.24(i) asserts that there exists
T = (T,01,...,0m) € zer(A + B) (6.154)

such that , — % as n — +oo. In view of (6.141), the assertions are proved.

(ii1) &(iv) : It follows from Theorem 6.24(ii) that Bx, — BT as n — +oo. Hence,
(6.140), (6.152), and (6.154) yield

Cz, »Cz and (Vie{l,....m}) D;'v;, — D;'s; as n— +oo. (6.155)
Hence the results follow from (i)&(ii) and Definition 6.22. [

Remark 6.37 In the case when C' = pId for some p € 0,400, Problem 6.35 reduces
to Problem 6.28. However, the algorithm obtained in Corollary 6.29 is quite different
from that of Corollary 6.36. Indeed, the former was obtained by applying the forward-
backward algorithm (6.62) to the dual inclusion, which was made possible by the strong
monotonicity of the primal problem. By contrast, the latter relies on an application of
(6.62) in a primal-dual product space.

Example 6.38 Let z € H, let f € T'y(H), let u € ]0,4+00], let h: H — R be convex
and differentiable with a ;~!-Lipschitzian gradient, let (a,,),en and (¢, ),en be absolutely
summable sequences in #, let a € |0, +ocl, let m be a strictly positive integer, and let
(Un)nen be a sequence in P, () such that (Vn € N) Uy, = U,,. Foreveryi € {1,...,m},
let r; € G;, let g; € To(G), let v; € ]0,4+00], let ¢; € Ty(G;) be v;-strongly convex, let
vio € Gi, let (bin)nen and (d;,)nen be absolutely summable sequences in G;, suppose
that 0 # L; € B(H,G;), and let (U;,,)nen be a sequence in P, (G;) such that (Vn € N)
Uint+1 = U, . Furthermore, suppose that

1=1

The primal problem is

minimize f(z) + Z(gz 06;)(Lix —7;) + h(x) — (x| 2), (6.157)

zEH -
=1
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and the dual problem is
minimize (7°0n)( > Zv)+;(gz<v>+ ) ol ). (6.158)

Let 8 = min{u,v1,...,vn}, let ¢ € |0, min{1, 8}], let (\,).en be a sequence in [e, 1],
suppose that (6.138) holds, and set

Py = prox}l{;1 (xn — Un( Yo Livin + Vh(x,) + ¢ — z)) + a,
Tp41 = Tp + )\n Pn — xn)
(vn €N) Fori=1,...,m
-1
Gin = prOX;Jf‘i’n Vin + Ui,n (Lzyn - VE: (vi,n) - di,n - Tz)) + bi,n
Vint1 = Vin + Ao(Qin — Vip)-
(6.159)
Then (z,,),en converges weakly to a solution to (6.157), foreveryi € {1,...,m} (Vin)nen
converges weakly to some v; € G;, and (74, ...,7,,) is a solution to (6.158).

Proof. Set A = Jf, C = Vh, and (Vi € {1,...,m}) B; = dg; and D; = 0¢;. In this
setting, it follows from the analysis of [16, Section 4] that (6.157)—(6.158) is a special
case of Problem 6.35 and, using (6.48), that (6.159) is a special case of (6.139). Thus,
the claims follow from Corollary 6.36(i)&(ii). U

Remark 6.39 Suppose that, in Corollary 6.36 and Example 6.38, there exist 7 and
(0i)1<i<m 10 ]0, 400 such that (Vn € N) U,, = 71d and (Vi € {1,...,m}) U;,, = o;1d.
Then (6.139) and (6.159) reduce to the fixed metric methods appearing in [41,
Eq. (3.3)] and [41, Eq. (4.5)], respectively (see [41] for further connections with ex-
isting work).
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Chapitre 7

Meéthode explicite-implicite-explicite a
metrique variable

Nous proposons une extension avec métrique variable de 'algorithme explicite-implicite-
explicite (1.6) pour trouver un zéro de la somme d’un opérateur maximalement mono-
tone et d'un opérateur monotone et lipschitzien. Ce cadre nous donne un algorithme
d’éclatement a métrique variable pour résoudre des inclusions monotones composites.

7.1 Description et résultats principaux

Le résultat principal de ce chapitre est le suivant. On note ¢ (N) 'ensemble des suites
absolument sommables dans [0, +oo].

Théoreme 7.1 Soient « et [ des réels strictement positifs, soit (1,).eny Une suite dans
(% (N), et soit (U, )nen une suite dans B (IC) telle que

p=sup||U,| <+oo et (1+n,)U,s1 =U, € P, (K). (7.1)
neN
Soient A: IC — 2% un opérateur maximalement monotone, et B: IC — K un opérateur
monotone et 3-lipschitzien sur IC. Supposons que
zer(A + B) # @. (7.2)

Soient (a,)nen, (bn)nen, et (€n)nen des suites absolument sommables dans K, xy, € K,
e €10,1/(Bu+ 1), (Yn)nen une suite dans [, (1 — ¢)/(Bu)]. Posons

Y, = Tn — U (Bx, + a,)

y +b
\v/ c N pn ’YnUnAyn n 7‘3
(vn € ) q, = P, — WUn(Bp, + ¢,) 73
L1 =Tp — Y, T4,
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Alors, on a les résultats suivants pour un point T € zer(A + B).
@ T Ml = Pl < 00 et e 13, — qulllf? < +oc.
() =, — Tetp, — .
(iii) Supposons que l'une des conditions suivantes soit satisfaite.
(@) lim dyercasBy(x0) = 0.
(b) A + B est demirégulier en .
(c) A ou B est uniformément monotone en .

(d) intzer(A+ B) # @ et il existe (v, )nen € £ (N) telle que (Vn € N) (14 1v,)U,, =
Ui

Alors x,, — T.

Nous allons nous intéressons a la résolution d’inclusions monotones impliquant des
opérateurs lipschitziens et monotones.

Probleme 7.2 Soient H un espace hilbertien réel, 2 € H, m un entier strictement posi-
tif, A: # — 2% un opérateur maximalement monotone, vy € ]0,+oo[, et C: H — H
un opérateur vy-lipschitzien et monotone. Pour tout ¢ € {1,...,m}, soient G; un es-
pace hilbertien réel, r; € G;, v; € ]0,+00[, B;: G; — 2% un opérateur maximalement
monotone, D;: G; — 2% un opérateur monotone tel que D; ' est v;-lipschitzien, et
0+# L, € B(H,G;). Supposons que

z € ran (A + Z Ly ((B; 0 Dy)(L; - —r)) + C). (7.4)
=1
Le probleme est de résoudre I'inclusion primale
trouver 7 € H tel que z € AT + Z Ly ((B; 0 Dy)(LiT — ry)) + C7, (7.5)
i=1

et P'inclusion duale

trouver v, € Gy,...,7,, € Gntel que
SN L', € Ax +C
Gren) {° 2imbivicdrs (7.6)

Corollaire 7.3 Soit a € ]0, +00|, s0it (19.,)nen une suite dans ¢, (N), soit (U, ),en une suite
dans P, (H), et pour tout i € {1,...,m}, soit (1; ,)nen une suite dans ¢, (N), soit (U; ,)nen
une suite dans P, (G;) telle que po = sup,en{||Un||; |Unlls - - -, |[Unnll} < +o00 et

(\V/TL c N) (1 + 7707n)Un+1 = Un, et (\V/Z € {1, ceey m}) (1 + ni,n)Ui,n—I—l = Ui,n- (77)
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Soient (a1, )nen; (b1,n)nens €t (¢1.n)nen des suites absolument sommables dans H, et pour
tout i € {1,...,m}, soient (as;n)nen, (b2in)nen, €t (Cain)nen des suites absolument
sommables dans G;. De plus, posons

f =max{vy,V1,...,Un}+

>, (7.8)
i=1

soit xg € H, soit (v, ..., Umo) € G1D... DGy, soite €10,1/(1 + Bu)], et soit (y,)nen une
suite dans [, (1 — €)/(u)]. Posons

Yin = Tn — YUy (an + Z:{;l Livin + alv")
Pin = nynUnA<y1,n + anUnZ> + bl,n

pour t =1,...,m
Y2,in = Vin + YUin (Lﬂn - Di_lvi,n + a2,z‘,n)
(Vn € N) D2in = nynUiynBlfl(yQ,i,n — Y Uinri) + boin (7.9)

G2,in = D2,in + YnUin (Lz'pl,n — D;1p2,i,n + CQ,i,n)
Vin+1 = Vin — Y2,in + Q2,in
G0 = Pin — VUn(Corn + 30y LiDoin + C10)
| Tnt1 = T — Y10+ G1n-

Alors on a les résultats suivants.

D Y enllzn —piall? < 4ocet (Vie {1,...,m}) >, cx [Vin — Poinl)® < +o0.
(i) Il existe une solution T du probléme (7.5) et une solution (vi,...,v,,) du prob-
leme (7.6) telles que :

@z, ~Tetp, — 7.
(b) (VZ € {1, SN m}) Vip — v; et DP2in — V.
(c) Si A ou C est uniformément monotone en 7, alors x,, — T et py,, — 7.

(d) si Bj’1 ou Dj’1 est uniformément monotone en v;, pour j € {1,...,m}, alors
Vjn — @j et P2.jn — Ej'
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7.2 Article en anglais

A VARIABLE METRIC EXTENSION OF THE
FORWARD-BACKWARD-FORWARD ALGORITHM FOR MONOTONE
OPERATORS'!

Abstract :

We propose a variable metric extension of the forward-backward-forward algorithm
for finding a zero of the sum of a maximally monotone operator and a Lipschitzian
monotone operator in Hilbert spaces. In turn, this framework provides a variable metric
splitting algorithm for solving monotone inclusions involving sums of composite oper-
ators. Several splitting algorithms recently proposed in the literature are recovered as
special cases.

7.2.1 Introduction

A basic problem in applied monotone operator theory is to find a zero of a maxi-
mally monotone operator A on a real Hilbert space . This problem can be solved by
the proximal point algorithm proposed in [17] which requires only the resolvent of A,
provided it is easy to implement numerically. In order to get more efficient proximal
algorithms, some authors have proposed the use of variable metric or preconditioning
in such algorithms [3, 5, 6, 10, 13, 15, 16].

This problem was then extended to the problem of finding a zero of the sum of a max-
imally monotone operator A and a cocoercive operator B (i.e., B~! is strongly mono-
tone). In such instances, the forward-backward splitting algorithm [1, 8, 12, 18] can
be used. Recently, this algorithm has been investigated in the context of variable metric
[11]. In the case when B is only Lipschitzian and not cocoercive, the problem can be
solved by the forward-backward-forward splitting algorithm [4, 19]. New applications
of this basic algorithm to more complex monotone inclusions are presented in [4, 9].

In the present paper, we propose a variable metric version of the forward-backward-
forward splitting algorithm. In Section 7.2.2, we recall notation and background on
convex analysis and monotone operator theory. In Section 7.2.3, we present our variable
metric forward-backward-forward splitting algorithm. In Section 7.2.4, the results of
Section 7.2.3 are used to develop a variable metric primal-dual algorithm for solving
the type of composite inclusions considered in [9].

1. B. C. Vi, A variable metric extension of the forward—-backward—forward algorithm for monotone
operators, Numerical Functional Analysis and Optimization, a paraitre.
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7.2.2 Notation and background

Throughout, H, G, and (G;)1<;<m are real Hilbert spaces. Their scalar products and
associated norms are respectively denoted by (- | -) and || - ||. We denote by B (H, G) the
space of bounded linear operators from # to G. The adjoint of L. € B (H,G) is denoted
by L*. We set B (H) = B (H,H). The symbols — and — denote respectively weak and
strong convergence, and Id denotes the identity operator, and B(z; p) denotes the closed
ball of center € H and radius p € |0, +oo|. The interior of C' C H is denoted by int C.
We denote by ¢ (N) the set of summable sequences in [0, +-o0].

Let M; and M, be self-adjoint operators in B (), we write M; = M, if and only if
(Vo € H) (Myzx | ) = (Max | z). Let a € ]0, +00[. We set

Po(H)={M €B(H)|M*=M and M > ald}. (7.10)

Moreover, for every M € P,(H), we define respectively a scalar product and a norm by

VreH)(YyeH) (z|y)y=Mz|y) and |z|y =+ {(Mz|z). (7.11)

Let A: H — 2" be a set-valued operator. The domain is domA = {z € H | Az # @},
and the graph of A is graAd = {(z,u) € H x H ‘ u € Az}. The set of zeros of A is zerd =
{z €M | 0€ Az}, and the range of A is rand = {ue N | (32 € H)u e Az}. The
inverse of Ais A~': H — 2": u— {2 € H | u € Az}, and the resolvent of A is

Jy = (Id +4)7". (7.12)
Moreover, A is monotone if
(V(z,y) € Hx H)(V(u,v) € Ax x Ay) (x—y|u—v) =0, (7.13)

and maximally monotone if it is monotone and there exists no monotone operator
B: H — 2 such that graA C graB and A # B. We say that A is uniformly monotone at
x € dom A if there exists an increasing function ¢4: [0, +oo[ — [0, +00] vanishing only
at 0 such that

(Vu € Az) (V(y,v) € grad) (z—y|u—v) = gal[|z —yl|). (7.14)

7.2.3 Variable metric forward-backward-forward splitting algo-
rithm

The forward-backward-forward splitting algorithm was first proposed in [19] to solve
inclusion involving the sum of a maximally monotone operator and a Lipschitzian mono-
tone operator. In [4], it was revisited to include computational errors. Below, we extend
it to a variable metric setting.
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Theorem 7.4 Let K be a real Hilbert space with the scalar product ({(- | -))) and the
associated norm |||| - ||||. Let o and 3 be in ]0, +ocol, let (1,)nen be a sequence in (% (N), and
let (U,,)nen be a sequence in B (IC) such that

pw=sup||U,|| <+oo and (14 n,)U,+1 = U, € P,(K). (7.15)
neN

Let A: IC — 2 be maximally monotone, let B: IC — K be a monotone and [3-Lipschitzian
operator on IC such that zer(A + B) # @. Let (a,)nen, (bn)nen, and (c,,)nen be absolutely
summable sequences in KC. Let ¢ € K, let ¢ € ]0,1/(Bu+ 1)[, let (Vn)nen be a sequence in

e, (1 —¢)/(Bu)], and set
Y, = Tp — 7nUn(an + a'n)

=J +b
Vn € N Prn = JyU,AYn T On 7.16

Tnil = Tn — Yp T qp-
Then the following hold for some T € zer(A + B).
@ e lllan — p, 112 < +00 and 3, 1y, — gl < +oc.
(i) x, - zand p, — .
(iii) Suppose that one of the following is satisfied :
(a) h_mdzer(AJrB)(mn) = 0.
(b) A + B is demiregular (see [1, Definition 2.3]) at .
(c) A or B is uniformly monotone at .

(d) intzer(A + B) # & and there exists (v,,)nen € (% (N) such that (Vn € N) (1 +
Vn)Un t Un+1-
Then x,, — @ and p, — .

Proof. It follows from [11, Lemma 3.7] that the sequences (x,).en, (¥,,)nen, (P, )neny and
(q,,)nen are well defined. Moreover, using [10, Lemma 2.1(i) (ii)] and (7.15), we obtain

(Y(zunen €EY) D Mlllznllll < 400 & D llzallllu= < +oo (7.17)
neN neN
and
(Y(znnew € KY) D Mlllzallll <400 & > lllzallllu, < +o0. (7.18)
neN neN

Let us set, for every n € N,

Y, =, — U, Bz,
P, = JyU,4Y,

an = ﬁn - VnUnBﬁn
Zi'n-i-l =T, — gn + an,

w, =v,'U, (x, —p,) + Bp, — Bz,
and e, = in—l—l — Tp+1 (7.19)
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Then (7.19) yields
(VneN) w,=1,'U,"(y,—p,) + Bp, € Ap, + Bp,, (7.20)

and (7.19), (7.16), Lemma [11, Lemma 3.7(ii)], and the Lipschitzianity of B on K yield

My, = gallllo; < Buw)"Hllanllllu.
pn—ﬁn S bn -1+ B,u - an, n
(vn € ) 1l ~HHUn [16n[[ler+ + (Bre) Illll 1% 7.21)
g, ~@lllos < 2(lIBalllu: + () llaalllo,)

+(Bw)Hllenllllu..-

Since (a,,)nen, (bn)nen, and (¢, ).en are absolutely summable sequences in IC, we derive
from (7.17), (7.18), (7.19), and (7.21) that

S e 1P = Bollll < 400 and 3, |l = Pulllly-r < +00
Senlllldallll < +oo and 3, o [llldulllly-1 < +oo.

Now, let « € zer(A + B). Then, for every n € N, (x,—,U,Bx) € gra(v,U,A) and
(7.19) yields (p,,, y,, — P,,) € gra(y,U,A). Hence, by monotonicity of U,, A with respect
to the scalar product ({(- | -)))y-1, we have ({((p, — = | P, — ¥, — WUnBx)))y-1 < 0.
Moreover, by monotonicity of U, B with respect to the scalar product (({- | -)))y-1, we
also have (((p,, — = | v U,Bz —7,U,BD,)))y-1 < 0. By adding the last two inequali-
ties, we obtain

In turn, we derive from (7.19) that

(VneN) 2w({(p, —z |U Bwn U.Bp,)))v;

=2({(P, — T | P — Yy — 1Un Bpn>>>u
+ 2({(Pn —me Bwn+yn >>
2(<(pn—a: "VnU Bwn+yn >>>

=2(((P, —z | @0 —Pu))u
= Nl — 2/l = 1Bn — 2llg2 = [n — Pl (7.24)
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Hence, using (7.19), (7.24), the [-Lipschitz continuity of B, (7.15), and [10,
Lemma 2.1(ii)], for every n € N, we obtain
@1 = 2[[|[g=1 = 1@ + @0 = G — 2|71
= [|l(P. — ) + 1Un(Bz, — Bp, )|l
= [1Bn — 2l|l[g=1 + 2% (D, — = | Bz, — Bp,,)))
+ lUn(Bzn — Bp,)||l -1
< Mzn = 2ll1g-2 = [en — Pl
+ 7Bz — Bl
< 2w = 2[|[[f-1 — 17 @0 — Pl
+ 7Bz — Bl (7.25)
Hence, it follows from (7.15) and [10, Lemma 2.1(i)] that

(v €N) @01 — zlllf- < (14 na)lllJn — 2]/l
n+1 n
— 1 (1= Bl wn — Pl (7.26)
Consequently,
(Vn e N)  l[@nn = zl[lly, < @+ m)llllzn — 2|y, (7.27)

For every n € N, set

En = MOFI(2(\\\\bn\\\\U;1+(5u)’1|ll|anHHUn)+(/5’/~L)’1\\\\cn\\an+(ﬁu)’1HHan|ll|Un>-
(7.28)

Then (e,),en is summable by (7.17) and we derive from [10, Lemma 2.1(ii) (iii) ], and
(7.22) that

(Vn e N)  |lllealllly-1, = [lZn1 — Znialllly
< Varl|[[@n1 — @]
<V || @1 — T |||
<V (G = Yallllog + 118, = @ullllo)
<én (7.29)
In turn, we derive from (7.27) that
(41 €N) llznss = 2llllg=t, < MEnis =2l + Eis = el
< MMFnsr — g2, +
< (@ +m)lll|zn — ||l + en (7.30)
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This shows that (x,).cn is | - |[-quasi-Fejér monotone with respect to the target set
zer(A+ B) relative to (U, !),.cn. Moreover, by [10, Proposition 3.21, (||||x, —x||| lu=1)nen
is bounded. In turn, since B and (.J,,u,a)nen are Lipschitzian, and (Vn € N) = =
Jyuna(@ — U, Bx), we deduce from (7.19) that (y,,)nen, (P, )nen, and (q,,)nen are

bounded. Therefore,

7 = sup{[[[[@n = ¥ + @n = @llllyz [[ll@n = @llllgz, 1+ m} < +oo. (7.31)
ne
Hence, using (7.19), Cauchy-Schwarz for the norms (|||[ - [|||7-1)nen, and (7.25), we get,

for every n € N,

2 — 2|l = [ll#n =y + @, — 2]/l
= 1@, + @0 = Y — @ + dullll
<@ + 20 — 9 — 2/l + 27 ll1dn [l + [ldallllg
< Mewn = [[|[f7-1 = 17 (1 = 7B [||l2n = Pullll + 1,
(7.32)

where (Vn € N) e1,, = 27]|||d,|[|ly-+ + [[l|dnlll[},-:- In turn, for every n € N, by (7.15)
and [10, Lemma 2.1(i)],
[|@n1 — wllllé;il < (L ma)llll@nn — 2[]|[7-
< Mzn = ([0 — 17 A = 2287267l — B[l
+TELn + T - (7.33)
Since (7e1,, + 7210 )nen € €4 (N) by (7.22), it follows from [7, Lemma 3.1] that
> llzn — Pallll? < +o0. (7.34)

neN
(1) : It follows from (7.34) and (7.22) that
Sz = pallll? < 2> M2 = Ballll> + 2 [P, — Bulll* < +o0. (7.35)

neN neN neN
Furthermore, we derive from (7.22) and (7.19) that

D Myn = aallll> =D ll11@, — Gn + dallll?

neN neN

= Z P, — s + 1 Un(Bx, — Bp,) + dn||||2

neN

< 3(ZI|I|wn—ﬁn|l|I2+ 1aUn(Bey — Bp,)II|I* + HHan)

neN

< +o00. (7.36)
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(ii) : Let = be a weak cluster point of (x,).cn. Then there exists a subsequence
(@k, Jnen that converges weakly to . Therefore p, — x by (7.34). Furthermore, it
follows from (7.19) that u,, — 0. Hence, since (Vn € N) (p;, ,us,) € gra(A + B), we
obtain, x € zer(A + B) [2, Proposition 20.33(ii)]. Altogether, it follows [10, Lemma
2.3(i)] and [10, Theorem 3.3] that ,, — @ and hence that p, — by (i).

(iii)(a) : Since A and B are maximally monotone and domB = K, A + B is
maximally monotone [2, Corollary 24.4(i)], zer(A + B) is therefore closed [2, Proposi-
tion 23.39]. Hence, the claims follow from (i), (7.30), and [10, Proposition 3.4].

(iii)(b) : By (i), #, — =, and hence (7.34) implies that p, — =. Furthermore, it
follows from (7.19) that u,, — 0. Hence, since (Vn € N) (p,,, u,,) € gra(A+ B) and since
A + B is demiregular at &, by [1, Definition 2.3], p,, — &, and therefore (7.34) implies
that x,, — .

(iii) (c) : If A or B is uniformly monotone at Z, then A + B is uniformly monotone
at 7. Therefore, the result follows from [1, Proposition 2.4(i)].

(iii) (d) : Suppose that z € intzer(A + B) and fix p € |0, +oo[ such that B(z;p) C
zer(A + B). It follows from (7.30) and [10, Proposition 3.2] that

€= sup Supllllfvn—fvllllu,;l<(1/\/5)(81€1§||||wn—Z|III+ sup |||z —z|||]) < 400

xz€B(z;p) neN x€B(z;p)
(7.37)
and from (7.30) that
(Vn € N)(Vx € B(z;p)) |[||Tnt1 — wHH%;l <lan — 2l[|[f-2 + 2e(enn + &)
+ (enn +en)?. (7.38)

Hence, the claim follows from (i), [10, Lemma 2.1], and [10, Proposition 4.3].

Remark 7.5 Here are some remarks.

(i) In the case when (Vn € N) U, = Id, the standard forward-backward-forward
splitting algorithm (7.16) reduces to algorithm proposed in [4, Eq. (2.3)], which
was proposed initially in the error-free setting in [19].

(i) An alternative variable metric splitting algorithm proposed in [14] can be used to
find a zero of the sum of a maximally monotone operator A and a Lipschitzian
monotone operator B in instance when K is finite-dimensional. This algorithm
uses a different error model and involves more iteration-dependent variables than
(7.16).

Example 7.6 Let f: I — [—o0,+00] be a proper lower semicontinuous convex func-
tion, let & € ]0, +00[, let 5 € |0, +00[, let B: I — K be a monotone and §-Lipschitzian
operator, let (1,),en € (1 (N), and let (U,,),en be a sequence in P, (KC) that satisfies
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(7.15). Furthermore, let xy € K, let ¢ € |0, min{1,1/(u8 + 1)}], where u is defined as
in (7.15), let (y,)nen be a sequence in [g, (1 — ¢)/(5p)]. Suppose that the variational
inequality

find €K suchthat (VyeK) (z—y|Bz)+ f(z) < f(y) (7.39)

admits at least one solution and set

Y, =z, — U, Bx,

: 1
p, = argmin(f (@) + 7z - y,[ll[71)

Tpt1 = Tp — Y, T Q.

(Vn € N) (7.40)

Then (x,),cn converges weakly to a solution z to (7.39).

Proof. Set A = 0f and (Vn € N) a,, = 0,b, =0, ¢,, = 0 in Theorem 7.4(ii). U

7.2.4 Monotone inclusions involving Lipschitzian operators

The applications of the forward-backward-forward splitting algorithm considered
in [4, 9, 19] can be extended to a variable metric setting using Theorem 7.4. As an
illustration, we present a variable metric version of the algorithm proposed in [9, Eq.
(3.1)]. Recall that the parallel sum of A: H — 2" and B: H — 2% is [2]

AOB=(A"'+B )L (7.41)

Problem 7.7 Let H be a real Hilbert space, let m be a strictly positive integer, let z € H,
let A: H — 2% be maximally monotone operator, let C': # — #H be monotone and
p-Lipschitzian for some p € ]0, +o00[. For every i € {1,...,m}, let G; be a real Hilbert
space, let r; € G;, let B;: G; — 29 be maximally monotone operator, let D;: G; — 29 be
monotone and such that D; ! is v;-Lipschitzian for some v; € |0, +oo[, and let L;: H — G;
is a nonzero bounded linear operator. Suppose that

i=1
The problem is to solve the primal inclusion
find T € H such that z ¢ AT + Z Ly ((B; 0 Dy)(Liz — 1;)) + C7, (7.43)

i=1

and the dual inclusion find 7; € G, ..., v,, € G,, such that

z—y " L, € Az + Cu,

(Vic{1,...,m})®; € (B; O D;)(Liw —1;). (7.44)

(Fz € 7—[){
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As shown in [9], Problem 7.7 covers a wide class of problems in nonlinear analysis and
convex optimization problems. However, the algorithm in [9, Theorem 3.1] is studied in
the context of a fixed metric. The following result extends this result to a variable metric
setting.

Corollary 7.8 Let « be in ]0, +oo], let (1o.,)nen be a sequence in (', (N), let (Uy,)nen be a
sequence in P,(H), and for every i € {1,...,m}, let (n;,,)nen be a sequence in (, (N), let
(Ui n)nen be a sequence in P, (G;) such that ji = sup,cn{||Unll, |[Uinl];- - [|Unnll} < 400
and

(\V/TL € N) (1 + 7707n)Un+1 = Un, and (\V/Z c {1, .. ,m}) (1 + ni,n)Ui,n—I—l = Ui,n-
(7.45)

Let (a1,n)nen; (b1.n)nen, and (¢1.,)nen be absolutely summable sequences in ‘H, and for every
i€ {l,...,m}, let (az,in)nen, (b2in)nen, and (ca;n)nen be absolutely summable sequences
in G,. Furthermore, set

B =max{vy,V1,...,Un}+

> L, (7.46)
=1

let zyp € H, let (vig,...,Vm0) € G1 @ ... 0 G, let € € ]10,1/(1+ pu)], let (yn)nen be a
sequence in [e, (1 — &)/(Bu)]- Set

Yin = Tn — YUy (an + E:ll Livip + al,”)
Pin = Jﬁ/nUnA(yl,n + YnUnz) + bin

fori=1,...,m
Y2,im = Vim + YuUin (Lﬂn — Di_lvi,n + af2,i,n)
(Vn € N) DP2in = J%Ui’nBi—l(yZi,n — Y Uinri) + b2in (7.47)

@2,im = P2,in + YuUin (Lipl,n — D;1p2,i,n + C2,i,n)
Vin+1 = Vin — Y2,in + @in
Qin = Pipn — YnUn (Can + E:il Lipoin + C1,n)
Tpt1 = Tn — Y10 + qin-

Then the following hold.

@ > ey llzn — pial? < +ocand (Vi€ {1,...,m}) Y nen 1Vin — Po.inll* < 4oo.

(ii) There exist a solution T to (7.43) and a solution (1, ...,T,,) to (7.44) such that the
following hold.

@ z, -~ zand p;,, — 7.
(b) (VZ c {1, ... ,m}) Vin — and D2.in — ;.
(c) Suppose that A or C'is uniformly monotone at 7, then z,, — T and p; ,, — T.

(d) Suppose that Bj’1 or Dj’1 is uniformly monotone at v;, for some j € {1,...,m},
then Vjn — Ej and D2.jn — Ej.
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Proof. All sequences generated by algorithm (7.47) are well defined by [11, Lemma 3.7].
We define K = H& G & - -+ & G, the Hilbert direct sum of the Hilbert spaces # and
(Gi)1<i<m, the scalar product and the associated norm of KC respectively defined by

T (@), (g, w) = (@ |+ (v [ wg) and [[[]]]]]: (z,0) — J ]2+ flill2,
=1 =1

(7.48)

where v = (vq,...,v,) and w = (wy, ..., w,,) are generic elements in G; @ - - - ® G,,,. Set

A KK — 2% (2,01, 00) = (=2 + Ax) X (11 + By'oy) X oo X (1 + Btog,)
B: K- K: (z,v1,...,05)— (C:c—l—Z?;lL;fvi,Dllvl — Liz,..., D v, —me)
(VneN) U,: K= K: (x,v,...,0,)+— (Un:c, Ul,nvl,...Ummvm).

(7.49)

Since A is maximally monotone [2, Propositions 20.22 and 20.23], B is monotone
and [-Lipschitzian [9, Eq. (3.10)] with dom B = K, A + B is maximally mono-
tone [2, Corollary 24.24(i)]. Now set (Vn € N) n, = max{non, Mn,---:Pmn}. Then
(N )nen € € (N). Moreover, we derive from our assumptions on the sequences (U,,)en
and (U1 )nens - - - » (Unmon)nen that

p=sup||U,| <+4+occ and (14 n,)U,.1 %= U, € P, (K). (7.50)
neN

In addition, [2, Propositions 23.15(i) and 23.16] yield (Vy € ]0,+])(Vn €
N)(¥(z,v1, . vm) € K)

Jiu,a(@,vr, .. 0n) = (J'yUnA(Jj + YUn2), (J’YUi,nBi_l(Ui - ’YUimri))lgz'gm)' (7.51)

Itis shown in [9, Eq. (3.12)] and [9, Eq. (3.13)] that under the condition (7.42), zer(A+
B) # @. Moreover, [9, Eq. (3.21)] and [9, Eq. (3.22)] yield

(Z,01,...,Um) € zer(A+ B) = 7 solves (7.43) and (74, ..., v,,) solves (7.44). (7.52)

Let us next set, for every n € N,

Ty = (xru Viny - - - 7Um,n)
Yp = (Y1n, ¥ Y2,mn) G = (010,020, +» G2mn)
n — Yln, Y21n, - Y2mmn
and b, = (b1, b210,- -, b2.mn) (7.53)
P, = (pl,napll,n) s 7p2,m,n)
Cn = (01,n, Colmy--- ,CQ,m,n)-
q, = ((.h,na q2.1,ny - 7q2,m,n)
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Then our assumptions imply that

Y Mllaallll < oo, Y ballll < oo, and Y lflel|l] < oo (7.54)

neN neN neN

Furthermore, it follows from the definition of B, (7.51), and (7.53) that (7.47) can be
rewritten in IC as

Y, = Tn — U (Bx, + a,)

Vn e N Pn = Jy,U,4Y, + by 7.55
(vn ) q, =P, — mU.(Bp, + ¢,) (7.55)

Ln+1 = Lpn — Y, + q,,
which is (7.16). Moreover, every specific conditions in Theorem 7.4 are satisfied.
() : By Theorem 7.4(1), 3,y |l|2n — p,[]1* < oc.
(i1) (a)&(ii) (b) : These assertions follow from Theorem 7.4(ii).

(i) (c) : Theorem 7.4(ii) shows that (Z,71,...,7,,) € zer(A + B). Hence, it follows
from [9, Eq (3.19)] that (z, 74, . ..,7,,) satisfies the inclusions

(7.56)

-y L, —-CTe -2+ AT
(Vi€ {1,...,m}) LT — D;'v; € r; + B, ';.

For every n € N and every i € {1,...,m}, set

Uin = Tp — WUn(Cxn + it Livi ) and U2,in = Vin + YnUin (Lizy — Dj i)
ﬁl,n - J’ynUnA(gl,n + /YnUnZ) ﬁ?,i,n = J’YnUi,nBi_l (gQ,i,n - fynUZ,ntrl)

(7.57)
Then, using [11, Lemma 3.7], we get
Din—pn—0 and (Vie{l,....m}) Dpain—D2in— 0, (7.58)
in turn, by (i),(ii) (a), and (ii) (b), we obtain
{ﬁl,.n — &, =0, ﬁLnN - 7, N B (7.59)
(Vie{l,....m}) pain—in—>0, Dojin — U

Furthermore, we derive from (7.57) that

,Y;lU;l(xn - ﬁl,n) - Z:n:l L:'Ui,n - an € —z+ Aﬁl,n
(¥n € N) (Vie{l,...,m}) VEle‘,_nl(Uz;n — Poin) + Lizy — D vy (7.60)
eEr;+ Bl-_lﬁzi,n-
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Since A is uniformly monotone at 7, using (7.56) and (7.60), there exists an increasing
function ¢4: [0, 4+o00[ — [0, +0oc] vanishing only at 0 such that, for every n € N,

L

Sallprn — ) < <z’51,n —T | % U (@n = Pra) = ) (Livig — LE‘@)> — Xn

i=1

= <ﬁln —7| %ZlU{l(xn — ﬁln)> - (D1 —7 | Livip — Li7;)

M-

=1

— Xns (7.61)

where we denote (Vn € N) x,, = (1, — % | Cz,, — CZ). Since (B; ')1<;<m are monotone,
for every i € {1,...,m}, we obtain

(VneN) 0< (Pain—0i | Lizn + %:1UZ-,_n1(Uz‘,n — Poin) — LiT) — Bin
= (D2in — Ui | Li(z, — T) + %flUi,_nl (Vi — D2,im)) — Bims (7.62)

where (Vn € N) 8;,, = (P2 — Ui | D; 'vi — D;'0;). Now, adding (7.62) from i = 1 to
i =m and (7.61), we obtain, for every n € N,

(bA(Hﬁl,n - f”) < <ﬁl,n - ‘ 77:1U771<xn - ﬁl,n)> + <ﬁ1,n - ‘ Z L;(ﬁli,n - Ui,n)>
i=1

+ Z <152,z‘,n —0; | Li(zn — P1,n) + %:1Ui,_nl (Vin — ﬁQ,i,n»
i=1

—Xn— Y Bin- (7.63)
i=1

For every n € N and every i € {1,...,m}, we expand x,, and f3;,, as

Xn = (t, —T | Cx,, — CT) + (p1.y — xp | Cxp, — CT),
B . L . . i (7.64)
Bim = <Uz',n —7; | Dy vy — D Uz‘> + <p2,i,n — Vi | Dy vy — D, Uz'>-
By monotonicity of C' and (D; ) 1<i<m,
n - C n - C_ 2 )
(Vn € N) <:c T|Cx T) O_ B o (7.65)
(Vie{l,...,m}) <vi,n —0; | D v — D; UZ-> > 0.
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Therefore, for every n € N, we derive from (7.64) and (7.63) that

Pallprn —Zl) < @alllPrn — 7)) + (20 =T | Czp, — CT)

+ Z <Uz',n — Ei ‘ D;lvm — D;162>

i=1

< <’ﬁ1,n - | ’Yrlen_l(xn - ’ﬁl,n)> + <,ﬁ1,n - | Z L;k (ﬁZ,i,n - 'Ui,n)>

i=1

+ Z (P2 — Ui | Li(tn — Pra) + v Uit (Vi — D2im))
i=1

- <ﬁ1,n — Tn ‘ an - Cf> - Z <ﬁ2,i,n - Ui,n ‘ Dz‘ilvi,n - D;162>

(7.66)

We set

¢ = max sup{[la, = 7, [P = 7l [0 = Tl [P =il (7.67)

Then it follows from (ii)(a), (ii)(b), and (7.59) that ( < oo, and from [10, Lemma
2.1(ii)] that (Vn € N) [|7,'U, || < (ea)~"and (Vi € {1,...,m}) ||, 'Uy, 1 < (ea)™
Therefore, using the Cauchy-Schwarz inequality, and the L1psch1t21an1ty of C' and
(D; M) 1<icm, we derive from (7.66) that

Sa(llprn —7) < (e0)™'¢llan — puJHCZ [Lill [ln = Pral

T (ea) vin = Bosnll) + c(z TRl —

i=1

m
ollFn — 2l + 3 vl — vmn)

=1

— 0. (7.68)

We deduce from (7.68) and (7.59) that ¢4(||p1,» —Z||) — 0, which implies that p,,, — 7.
In turn, z,, — 7 and p, — 7. Likewise, if C' is uniformly monotone at 7, there exists an
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increasing function ¢¢: [0, +o00[ — [0, +oc] that vanishes only at 0 such that

do([l2n — Z/N) < (€0) " Cllwn = Prall + €D (1Lill 12 — Prnl
=1

T (ea) M vun — Bosnll) + <(Z T —
=1

m
llBin — 2ol + 3 il — vi,nu)
=1

— 0, (7.69)

in turn, x,, — = and p,, — T.

(i) (d) : Proceeding as in the proof of (ii)(c), we obtain the conclusions. [
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Chapitre 8

Conclusions et perspectives

8.1 Conclusions

Nous avons proposé de nouvelles méthodes primales et primales—duales d’éclatement
d’opérateurs pour résoudre divers types de problémes d’analyse non-linéaire. En partic-
ulier, afin d’analyser dans un cadre unifié le comportement asymptotique des méthodes
a métrique variable, nous avons introduit une nouvelle notion de suite quasi-fejérienne.
Les résultats obtenus ont été appliqué a divers schémas itératifs de construction de zéros
et d’optimisation.

8.2 Perspectives

Les résultats de la these suggerent I'étude des problémes ouverts suivants.

e Afin d'utiliser efficacement les méthodes a métrique variable proposées dans la
these, il faut calculer des résolvantes (Id +UA)~! ou A est multivoque maximale-
ment monotone, et U € P,(H). En particulier, il serait intéressant de trouver
des fonctions f € I'g(#H) telles que on a des formules explicites de proxﬁ[ avec

feTy(H)etU € P, (H), i.e., des formules explicites de la solution du probleme

1
éHx—szU, ouz € H. (8.1)

minimiser f(z) +

rEH
Dans le cas ou U = Id, les formules explicites sont données dans [3]. Le choix
des métriques optimales dans certains cas simples sont également a étudier, méme
si C’est un probleme complexe en général (probléemes de pré-conditionnement en

particulier).

e Les méthodes a métrique variable proposées dans la these sont appliquées aux
problemes d’inclusions monotones, des problémes variationnels, des problemes in-
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verses, des inégalités variationnelles, des problemes de traitement du signal, des
problémes d’admissibilité et de meilleure approximation. Des applications de ces
méthodes aux probléemes d’inclusions d’évolution [1], aux équations aux dérivées
partielles [4], aux équilibres de Nash [2] sont a explorer.

Nous avons montré la convergence de quelques algorithmes a métrique variable
dans les Chapitres 5, 6 et 7, mais le probleme de montrer la convergence de la
méthode d’éclatement de Douglas-Rachford a métrique variable est encore ouvert.

Soient H un espace hilbertien réel, A: H — 27 un opérateur maximalement mono-
tone, (u,v) € ]0,4o00[’, C: H — H un opérateur p-cocoercif ou y-lipschitzien
monotone, G et ) des espaces hilbertiens réels, r € G, B: Y — 2Y, D: G — 29 des
opérateurs maximalement monotones tels que D! est v-cocoercif ou p-lipschitzien
et monotone, et L € B (H,G), M € B(G,)). Le probleme est de résoudre I'inclu-
sion primale

trouver « € H tel que z € Az + L* (((M*BM)‘1 +D‘1)71(Lx—r)> +Cz, (8.2)
et I'inclusion duale
trouver v € G tel que —r € (M*BM)'v—L((A+C)~'(z—L*v))+ D 'v. (8.3)

Dans le casou G = )Y et M = Id, on peut utiliser la méthode du Chapitre 7 pour
résoudre ce probleme. Dans le cas général, il reste ouvert.

Paris, le 15 avril 2013.
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