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ý9JLÀ�C�Å�D•?BC#>rš�DÄA;J�û{Á�DÄA@À�Å�JL� DÄ¾kš�KBK¢DÄA�F¼DP7�7�7�7�7�7�7�7;7�7�7�7�7�7D†M†L•

þ9JL¾ZÁ�À”F�š»F¼?BJLCÌJ�ûHF¼I�A;>@JLC�D F�š�C&F¼D–7�7�7�7�7�7�7�7�7�7�7;7�7�7�7�7�7D†M†MŽ

�EÀ�¾ZA@›Ä?B>rš�Ku>rš�KB>@À�KBÀ�D 7�7�7�7�7�7;7�7�7�7�7�7�7�7�7�7�7;7�7�7�7�7�7D†M†MŽ

‘”7 •�7½† þ9JL¾ZÁ²š�›Ä?BDÄJLC�ï•?ÃF¼IÌû‚À�C�>�F¼?BJLC²š�K¢?BC�A@¿�À²š�KB?ÃF¼?BA@D�?BCäF¼I�A;›ÄA�ÂLA@›ÄDÄ?[��KBA;>rš�DÄA�†M†�‘

‘”7 •�7 ‹ On?BC�A�F¼?B>n8²JMZqZ�A@›E™yK š�C�>�ZäA@¿�À²š»F¼?BJLC27�7�7�7�7�7�7�7�7�7;7�7�7�7�7�7D†M†MÚ

¸4Á�Á�A@C�Å�? ü=‘”7 ¸ È C&F¼A@ML›¼š���?BKB?ÃFm;ZJ�û{I�?ÃFÄF¼?BC�M‹F¼?B¾ZA@D�À�C�Å�A@›•ú);&š�Á�À�C�JvÂ#>@JLC�Å�?ÃF¼?BJLC�D

›ÄA�Â	?BDÄ?ÃF¼A@Åg7�7�7�7�7�7;7�7�7�7�7�7�7�7�7�7;7�7�7�7�7�7�7�7�7�7�7;7�7�7�7�7�7D†M†�î

�



�



�
	���

��!/�$� �

�
Ó��ÍÌ�É��WÏ=ÄÐÏ=Ñ���� �������¶Ó�Ä¢Ç)É

�����

� � ’"!$#&%('4Œ=’”Ž)#��

þ9A�FÄF¼A F¼I	(@DÄA0D+% ?BC&F¼½@›ÄA@DÄDÄA0š�À.>@JL¾ZÁ�JL› F¼A@¾ZA@C&F`š�D2;	¾ZÁ”F¼J�F¼?B¿�À�A9A�F`C�JLC��•š�D2;	¾ZÁ”F¼J�F¼?B¿�À�A9Å�A@D

Á�›ÄJ	>@A@DÄDÄÀ�D4?BC�Å�A�ü”½@D4Á²š�›•KBA@DEÅ�JLC�C�½@A@DEÅ)% À�CNš�›E��›ÄAQ��?BC²š�?B›ÄA�*²š�À¤>@JL¾ZÁ�JL› F¼A@¾ZA@C&F4š�D2;	¾ZÁ”F¼JL�
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(X n ; n 2 N)
À�C�A|DÄÀ�?ÃF¼A�Å�A�Â�š�›Ä? š���KBA@Dnš�KB½rš»F¼JL?B›ÄA@D

Å�½e&²C�?BA DÄÀ�›HÀ�C‹A@DÄÁ²š�>@A9Á�›ÄJM�²š���?BKB?BDÄ½

(
; F ; P)
7�™HJLDÄJLC�D

Sn =
P n

i=1 X i
A�F{DÄÀ�Á�Á�JLDÄJLC�D

¿�À�A

(Sn=n; n 2 N)
>@JLC&ÂLA@›ÄMLAZA@CWÁ�›ÄJM�²š���?BKB?ÃF¼½�ÂLA@›ÄD�À�C�A|¿�À²š�C&F¼?ÃF¼½

s
*•š�KB½rš»F¼JL?B›ÄA.JLÀ

C�JLC¢7²È K¢D+% š�ML?ÃF>*�Á�JLÀ�›

� > 0
*�Å�A;Å�½�F¼A@›Ä¾Z?BC�A@›0Å�A@D/��JL›ÄC�A@D•Å�A;K š‹û‚JL›Ä¾ZA
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�
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n
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�
�
�
� > �

�
� h(�; n; c);
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›Ä? š���KBA@DÇš�KB½rš»F¼JL?B›ÄA@D

(X n )
*uA�F

h
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�
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c
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h(�; n; c)
>@JLC&ÂLA@›ÄMLAÌÂLA@›ÄD�ñ(¿�À²š�C�Å

n
F¼A@C�ÅPÂLA@›ÄD|KK% ?BC'&²C�?ó7Œ�EJLÀ�D�Á²š�›ÄKBA9�

›ÄJLC�DnÅ)% ?BC�½@M&š�KB?ÃF¼½�Å�A�Å�½�Â	? š»F¼?BJLC�D4A�ü”Á�JLC�A@C&F¼?BA@KBKBA@DÇDÄ?

h(�; n; c) = exp (�C (�; n; c))
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€™b¶n¹]A@CUš���›Ä½@ML½7��7N�ÇC,DÄÀ�Á�Á�JLDÄA�3ÌÁ�›Ä½@DÄA@C&F

¿�À�AäK š„DÄÀ�?ÃF¼A

(Sn=n; n 2 N)
Å�½e&²C�?BAä>@?…� Å�A@DÄDÄÀ�D�>@JLC&ÂLA@›ÄMLAÌA@CPÁ�›ÄJM�²š���?BKB?ÃF¼½�ÂLA@›ÄDSñ”7

<	JL?ÃF

(bn ; n 2 N)
À�C�AäDÄÀ�?ÃF¼AkÅ�AkÂ	?ÃF¼A@DÄDÄAkF¼A@KBKBAZ¿�À�A

p
n = o(bn )

A�F

bn = o(n)
7HÈ K

D+% š�ML?ÃF•ML›ÄJLDÄDÄJ|¾ZJ	Å�J	*”Á�JLÀ�›

� > 0
*�Å�A;Å�½�F¼A@›Ä¾Z?BC�A@›0KK% ½@¿�À�?ÃÂ�š�KBA@C�>@A;š�D2;	¾ZÁ”F¼J�F¼?B¿�À�A

n
b2

n
logP

�
Sn

bn
� �

�
� �I (� );

JMŠ

I (�)
A@D F4À�C�Anû‚JLC�>�F¼?BJLCÌDÄA@¾Z?…� >@JLC&F¼?BC�À�An?BC”û‚½@›Ä?BA@À�›ÄA@¾ZA@C&Fr7


‚?B?B?v�ný9JL›ÄC�A@D„A�ü”Á�KB?B>@?ÃF¼A@D#Á�JLÀ�›¤KK% A@›ÄMLJ	Å�?B>@?ÃF¼½NDÄJLÀ�D„A�ü”Á�JLC�A@C&F¼?BA@KBKBA@D#Å�A@D„Á�›ÄJ	>@A@DÄDÄÀ�DNÅ�A

¹„š�›EZ�JvÂ�3nF¼A@¾ZÁ�Dy>@JLC&F¼?BC�À¢7”<	JL?ÃF

(X t ; t � 0)
À�CZÁ�›ÄJ	>@A@DÄDÄÀ�D9Å�A4¹„š�›EZ�JvÂ|Å�A0û‚JLC�>�F¼?BJLC
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Å�A‹F¼›¼š�C�DÄ?ÃF¼?BJLC

(P t ; t � 0)
7)�ÇC(DÄÀ�Á�Á�JLDÄA.¿�À�A

(X t ; t � 0)
š�Å�¾ZA�FÇÀ�C�A.Á�›ÄJM�²š���?BKB?ÃF¼½

?BC&Â�š�›Ä? š�C&F¼A

�
7²È K•D+% š�ML?ÃF•š�KBJL›ÄD0Å�A;Å�½�F¼A@›Ä¾Z?BC�A@›0Å�A@D0û‚JLC�>�F¼?BJLC�D

r
A�F

g
F¼A@KBKBA@D0¿�À�A

r (t)kP t(x; �) � � (�)k � g(x);
JMŠ

k � k
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F¼?B¿�À�A�7�·yKBKBA@DbDÄJLC&F9À�Ck¾ZJ7;LA@CZÁ�JLÀ�›bÅ�½@¾ZJLC&F¼›ÄA@› >@A@› F�š�?BC�DyF¼I�½@JL›E(@¾ZA@D KB?B¾Z?ÃF¼A@D+*�C�J�F�š�¾Z¾ZA@C&F

K šUKBJL?•û‚JL› F¼A„Å�A@DÌML›¼š�C�Å�DäC�JL¾4��›ÄA@DäÂ	? šUKBA„KBA@¾Z¾ZA¤Å�AWý9JL›ÄA@Knþ�š�C&F¼A@KBKB?ó7U�EJLÀ�DäÀ”F¼?BKB?BDÄJLC�D

Å)% š�?BKBKBA@À�›ÄDZ>@ANû€š�?ÃFäš�À!>�I²š�Á�?ÃF¼›ÄAˆ†,Á�JLÀ�›ä>@JL¾ZÁ�KB½�F¼A@›kK šUKBJL?•û‚JL› F¼A„Å�A@DÌML›¼š�C�Å�DäC�JL¾4��›ÄA@D

½�F�š���KB?BA,Á²š�›
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>@JLC'&=š�C�>@A�C�JLCWš�D2;	¾ZÁ”F¼J�F¼?B¿�À�A�*u>�% A@D F2��38� Å�?B›ÄA‹C)% À”F¼?BKB?BD¼š�C&F4Á²š�DÇÀ�C(F¼I�½@JL›E(@¾ZA‹KB?B¾Z?ÃF¼A�*²Á�A@À”F

D+% šrÂL½@›ÄA@›.F¼›E(@D.À”F¼?BKBA|¿�À²š�C�ÅPKK% ½@>�I²š�C&F¼?BKBKBJLC,Å�JLC&F.JLC Å�?BDÄÁ�JLDÄAkA@D F�Å�AkÁ�A�F¼?ÃF¼AZF�š�?BKBKBA�*¢JLÀ Å�A

F�š�?BKBKBAE?BC�DÄÀ'1ZD¼š�C&F¼AnÁ�JLÀ�›0š�Á�Á�KB?B¿�À�A@›�KBA4F¼I�½@JL›E(@¾ZAÇKB?B¾Z?ÃF¼A•A@C#¿�À�A@D F¼?BJLC¢7²¶Çš�C�D0Å�AnÁ²š�›ÄA@?BKBKBA@D

DÄ?ÃF¼À²š»F¼?BJLC�D+*uKBA@Dn?BC�½@M&š�KB?ÃF¼½@D4Å�A�Å�½�Â	? š»F¼?BJLC�DnDÄJLC&FnF¼›E(@DV��?BA@C,š�Å²š�Á”F¼½@A@D;Å²š�C�DnK šä¾ZA@DÄÀ�›ÄA|JMŠ
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KK% ½@>�I²š�C&F¼?BKBKBJLC�½�F¼À�Å�?B½�7�ú•A@Db?BC�½@M&š�KB?ÃF¼½@D`Å�AEÅ�½�Â	? š»F¼?BJLC�DyJLC&F ½�F¼½EK š�›ÄMLA@¾ZA@C&Fy½�F¼À�Å�?B½@A@D Å²š�C�D K š

KB?ÃFÄF¼½@›¼š»F¼À�›ÄA�7”ú�% ?BC�½@M&š�KB?ÃF¼½EÅ�A;Å�½�Â	? š»F¼?BJLC�D�K š‹Á�KBÀ�D0>@½@K[(+��›ÄAnA@D F•>@A@› F�š�?BC�A@¾ZA@C&F•KK% ?BC�½@M&š�KB?ÃF¼½•Å�A
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•
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a�~�_cfelPk�xBf�h5dGi.A

F�aLF+rvo©rvlmzCrvxj{La�d9rya�xjlmf

� (�)
|

Y

k7h�hji7n7iLx'n�t+kjf

C � X
f�nel

(t � ; ")
AKne_�a�ovo gAhjiLk�dQk�x´lmfe_�hjn

t �
nelyd9rKpelmfe_cfexjlŒhji7nervlyr =�fel

" > 0
|

Y

k7h�hji7n7iLx'n�fexwh5o©k�n�t+k�u rvoPf]?Mr[nelmf

� > 0
fel�k�xBf‘=>iLxBpelyrKiLx

h : X � X ! [1;1)
lmfeo n4t+kjf

Ex;y [exp (�� C�C )] � h(x; y ); (x; y ) =2 C � C;
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7 ‘”7 ‹��

�

�



i.S

� C�C = inf ft � 0;(X t ; X 0
t ) 2 C � Cg

g

(X t )
fel

(X 0
t )

n7iLxjl�~qz·sPxjr[nSp�iLx��>iLrvxjlmfe_cfexjl

p�iL_�_cf8E�o}a„p�iLx'nelyd9kjpelyrKiLx´~�k•p�iLk7h5o}a�Tqf8Ê�|NþM|BÊ�|>OIi7n7iLx'n

A = sup
(x;y )2C �C

Ex;y [h(X t � ; X 0
t � )]

fel�nek7h�hji7n7iLx'nCt+kjf

A < 1
|)^�o[iLdGn�hjiLk�d

t > 0
felAhjiLk�dVlmiLk�l

0 < r < 1=t�
g

kL(X t ) � � (�)k T V � (1 � ") brtc + exp (�� (t � t � )) Abrtc�1 E [h (X 0; X 0
0)] :

6EC�AnÅ�A@D•Á�›Ä?BC�>@?BÁ²š�KBA@D�Å�?}1Z>@À�KÃF¼½@D0Å²š�C�D0KK% š�Á�Á�KB?B>rš»F¼?BJLCkÅ�An>@AnF¼I�½@JL›E(@¾ZAnA@D FEK š‹ÂL½@›Ä?}&²>rš8�

F¼?BJLC‹Å�A�K šE>@JLC�Å�?ÃF¼?BJLCw
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7 ‘”7 ‹���7L�EJLÀ�D`›ÄA�Â	?BA@C�Å�›ÄJLC�D`Á�KBÀ�DHF�š�›ÄÅ.DÄÀ�›`À�C�A�>@JLC�Å�?ÃF¼?BJLC‹DÄÀ'1ZD¼š�C&F¼A

Á�A@›Ä¾ZA�FÄF�š�C&F4Å�A‹KK% JM�”F¼A@C�?B›@7=ú~š|Á�›ÄA@À”ÂLA.Å�A‹>@A�F¼I�½@JL›E(@¾ZA�›ÄA@Á�JLDÄA‹A@CNML›¼š�C�Å�A�Á²š�› F¼?BA;DÄÀ�›4KBA

>@JLC&F¼›EƒLKBAnÅ�À#F¼A@¾ZÁ�D•Å�A;>@JLÀ�Á�K š�MLA eT
Å�½e&²C�?BA;Å²š�C�D•K š.>@JLC�D F¼›ÄÀ�>�F¼?BJLC¤Á�›Ä½@>@½@Å�A@C&F¼A�7

¶Çš�C�D KBA•>rš�D JMŠZK šn>@JLC&ÂLA@›ÄMLA@C�>@AÇÅ�A

P t (x; �)
ÂLA@›ÄD

� (�)
A@D F9DÄJLÀ�D�� A�ü”Á�JLC�A@C&F¼?BA@KBKBA�*�¶4JLÀ�>9�

8²JL› F2�



À�?BKBKB?BC + •�‹.-ÇJLC&FäÅ�JLC�C�½NÅ�A@Dw��JL›ÄC�A@DäC�JLC5A�ü”Á�KB?B>@?ÃF¼A@DkÁ�JLÀ�›

kP t (x; �) � � (�)k T V
7

þ9JLC�DÄ?BÅ�½@›ÄJLC�D•K š�>@JLC�Å�?ÃF¼?BJLCÌÅ�A;Å�½@›Ä?ÃÂLA;DÄÀ�?ÃÂ�š�C&F¼A;Á�JLÀ�›0À�C¤A@C�DÄA@¾4��KBA;Á�A�F¼?ÃF¼A

C
7

D(C; V ; �; b)
øuÈ K{A�ü”?BD F¼A.À�CWA@C�DÄA@¾4��KBA.Á�A�F¼?ÃF¼A

C
*uÀ�C�A.û‚JLC�>�F¼?BJLCN>>3�Å�K³3�M

V : X �!
[1;1)

*�À�C�A.û‚JLC�>�F¼?BJLC

� : [1;1) �! (0; 1)
>@›ÄJL?BDÄD¼š�C&F¼A�*¢Á�JLDÄ?ÃF¼?ÃÂLA�*u>@JLC�>ršrÂLA�*•Å�½@›Ä?ÃÂ�š���KBA

A�FEÀ�C�A;>@JLC�D F�š�C&F¼A

b < 1
F¼A@KBD0¿�À�A;Á�JLÀ�›0F¼JLÀ�D

s � 0
*

x 2 X
*

Ex

h
V(X s)

i
+ Ex

� Z s

0
� � V(X u)du

�
� V(x) + bEx

� Z s

0
1C (X u)du

�
:
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�EJ�F¼JLC�D•¿�À�Ac
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7 ‘”7 •q�9A@D FE½@¿�À�?ÃÂ�š�KBA@C&F�3�K š.>@JLC�Å�?ÃF¼?BJLCÌ¿�À�A�K š‹û‚JLC�>�F¼?BJLC�C�A@KBKBA

s 7�! V(X s) � V(X 0) +
Z s

0
� � V (X u)du � b

Z s

0
1C (X u)du

A@D FEÀ�C�A

Px
� DÄÀ�›Ä¾kš�› F¼?BC�M&š�KBA4Á²š�›0›¼š�Á�Á�JL› F/3|K šC&²KÃF¼›¼š»F¼?BJLC

(F t )t�0
Á�JLÀ�›�F¼JLÀ”F

x 2 X
7

ú~š‹D F�š���?BKB?ÃF¼½•A�F�K š�>@JLC&ÂLA@›ÄMLA@C�>@A;DÄJLÀ�D�� A�ü”Á�JLC�A@C&F¼?BA@KBKBA4JLC&F0½�F¼½Ç½�F¼À�Å�?B½@A@D�Å²š�C�D²+ •�‹0-¢DÄJLÀ�D

KK% I�;	Á�J�F¼I	(@DÄAZÁ�›Ä?BC�>@?BÁ²š�KBA

D(C; V ; �; b)
7u™yKBÀ�D;Á�›Ä½@>@?BDÄ½@¾ZA@C&F>*H¶4JLÀ�>G—ßš�KyJLC&F�¾ZJLC&F¼›Ä½�>@A

¿�À�?•DÄÀ�?ÃFr7

ŸCä~¬�=´�³	«Uµ

Ô/:[ô�:[ò

¼

ñ©ì

òkò

á{¥�´�Yëy5•rªvÕ�ª‚�®

ò�:«�

µ�ÕkŸCä~¬�=´�³	«Uµ

ò�:yÔqó¾0:

Y

k7h�hji7n7iLx'n

D(C; V ; �; b)
fel

supC V < 1
|'^�o[iLdGnIo[fŒh5dGi7p�f�n�nek�n�f�nel��Va�d9d9r[n�dGz�pek�d9dGfexjl

hji7nervlyr =/a�{�f�p�o}aQ_cf�nek�dGf�~qf«h5dGi F�aLF+rvo©rvlmzIrvxj{La�d9rya�xjlmf

�
lmfeovo[f�t+kjf

� (� � V) < 1
|

Y

rN~qf«h5o©k�n

k�xBf4pqV	a@°vxBf/n>t+kjfeo[felylmf4f�nelPrvd9dGzG~�kjpelyrDF+o[fCfel

lim+1 � 0 = 0
gDa�o[iLdGn�g�rvoNf]?Mr[nelmf�k�xBf4p�iLx'nel a�xjlmf

c
sPxjrKfVlmfeovo[f4t+kjf�hjiLk�d�lmiLk�l

t > 0
felUlmiLk�l

x 2 X
g

� � H �1
� (t)kP t (x; �) � � (�)k T V � cV(x)
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7 ‘”7½ŽM�

i.S=o}aH=>iLxBpelyrKiLx

H �
f�nel:~qz·sPxjrKf:h	a�d

H � (u) =
Z u

1

ds
�(s)

8u � 1:

�

œ



€äµ	«U°�´Là)‚~µ

Ô/:[ô�:

ì

:

Ë�a9h�hjfeo[iLx'n@t+kjfShjiLk�d

m > 0
g4o}a

m
AKn>t+kjfeo[felylmfˆ~�k´h5dGi7p�f�n�nek�n@~qf

±ˆa�dg³�iL{

(X t ; t � 0)
f�nelQo}aJpqV	a@°vxBf•~qfÇ±ˆa�dg³�iL{eE‰lmfe_�hjn•~�r[n7pedGfel

(X km ; k 2 N)
g4~qf

h5dGi F�aLF+rvo©rvlmz�~qf$lydEa�x'nervlyrKiLx

Pm |ÈDxÂT�dGi7n�gŒo}a

m
AKn>t+kjfeo[felylmfV~qf

(X t ; t � 0)
p�iLd9dGf�nmhjiLx5~8n$a�k

h5dGi7p�f�n�nek�n

(X t ; t � 0)
z�pqV	a�xjlyrvovo[iLxjxBzQa�k@?�rvx'nel a�xjlvn

m
g

2m
g

3m
g

� � �
|

þ9JL¾Z¾ZA(Á�JLÀ�›‰


•

7 ‘”7 ‹��9*�K šP>@JLC�Å�?ÃF¼?BJLC!Å�A,Å�½@›Ä?ÃÂLA

D(C; V ; �; b)
C)% A@D F„Á²š�DÌû€š�>@?BKBAˆ3

JM�”F¼A@C�?B›@7bÈ KEA@D FÌš�KBJL›ÄD|?B¾ZÁ�JL› F�š�C&FZÅ�A#û‚JLÀ�›ÄC�?B›ZÅ�A@Dk>@JLC�Å�?ÃF¼?BJLC�D|DÄÀ'1ZD¼š�C&F¼A@DÌA�FÌš�?BDÄ½@¾ZA@C&F

¾kš�C�? š���KBA@DÇ¿�À�?bÁ�A@›Ä¾ZA�FÄF¼A@C&F‹Å�A�ÂL½@›Ä?}&²A@›�>@A@D‹Å�A@À	ü,>@JLC�Å�?ÃF¼?BJLC�D@7N�ÇCUš„��A@DÄJL?BC,Á�JLÀ�›;>@A@K š

Å�A�¿�À�A@KB¿�À�A@D4C�J�F�š»F¼?BJLC�D@7=<	JL?ÃF

D(A)
KK% A@C�DÄA@¾4��KBA;Å�A@DEû‚JLC�>�F¼?BJLC�D0¾ZA@DÄÀ�›¼š���KBA@D

f : X ! R
š>;&š�C&F4K š�Á�›ÄJLÁ�›Ä?B½�F¼½;DÄÀ�?ÃÂ�š�C&F¼AZø²?BK¢A�ü”?BD F¼A�À�C�A;û‚JLC�>�F¼?BJLC#¾ZA@DÄÀ�›¼š���KBA

h : X ! R
F¼A@KBKBAn¿�À�A

K š¤û‚JLC�>�F¼?BJLC

t 7! h(X t )
A@D F�?BC&F¼½@ML›¼š���KBA

Px
� Á�›ÄA@DÄ¿�À�AÌÁ²š�› F¼JLÀ”F�Á�JLÀ�›�F¼JLÀ”F

x 2 X
A�F�KBA

Á�›ÄJ	>@A@DÄDÄÀ�D

t 7! f (X t ) � f (X 0) �
Z t

0
h(X s)ds

A@D F�À�C�A

Px
� ¾kš�› F¼?BC�M&š�KBA�KBJ	>rš�KBA.Á�JLÀ�›ÇF¼JLÀ”F

x 2 X
7N�ÇCW½@>@›Ä?ÃF‹š�KBJL›ÄD

h = Af
*¢A�F�JLCWÅ�?ÃF

¿�À�A

f
A@D FEÅ²š�C�D•KBAnÅ�JL¾kš�?BC�AÇÅ�À¤ML½@C�½@›¼š»F¼A@À�›•½�F¼A@C�Å�À�A

(A; D(A))
7

§Ì¬�ü`®HªvÕ�ª‚�®

Ô/:[ô�:

×

¼	�

�®?è�Õ�ª‚�®?•�ã~µ�
K��°	ëŒ‚H®~�ß

¾0:

´ r ·Ø¯:x´~�rvlItYu k�xBfJ=>iLxBpelyrKiLx

V : X ! [1;+1)
a9h�h	a�d9lmfex5a�xjl&E

D(A)
f�nelDk�xBfJ=>iLxBpxA

lyrKiLx•~qfHIa¸Ma9h5k�xBiL{�nju rvo nQf]?Mr[nelmfexjl«k�xˆfex'n7fe_GF+o[fPhjfelyrvlmf

C
gP~qf�nQp�iLx'nel a�xjlmf�n

� > 0
fel

b < 1
lmfeovo[f�n4t+kjf

AV (x) � ��V (x) + b1C (x); 8x 2 X:
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´ rvr ·

Y

iLrvl

� : [1; 1) ! (0; 1)
k�xBf>=>iLxBpelyrKiLx=pedGiLr[n�n>a�xjlmf�gŒp�iLxBpGa�{�f�g?~qzed9rv{LaLF+o[f�fel?lmfeovo[f

t+kjf

lim t!+1 �(t) = +1
g

lim t!+1 � 0(t) = 0
g

log�(t)=t # 0
t+k	a�x5~

t ! +1
|

¯:xÍ~�rvlQt+k�u k�xBfQ=>iLxBpelyrKiLx

V : X ! [1;+1)
a9h�h	a�d9lmfex5a�xjl˜E

D(A)
f�nel�k�xBf

�
A

=>iLxBpelyrKiLxS~qfKIa¸Ma9h5k�xBiL{Unju rvo n:f]?Mr[nelmfexjl5k�xcfex'n7fe_GF+o[fBhjfelyrvlmf

C
g5k�xBf�p�iLx'nel a�xjlmf

b < 1
lmfeo n4t+kjf

AV (x) � �� � V(x) + b1C (x); 8x 2 X:
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ú•A@Dy>@JLC�Å�?ÃF¼?BJLC�D`Å�A•ú);&š�Á�À�C�JvÂ=
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7 ‘”7 ‘��HA�F�
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7 ‘”7½ÚM�HDÄJLC&F KBA@D`Á�KBÀ�DyÀ”F¼?BKB?BDÄ½@A@D`Å²š�C�DyK šÇKB?ÃFÄF¼½9�

›¼š»F¼À�›ÄAnÁ�JLÀ�›�ÂL½@›Ä?}&²A@›•KBA@D0>@JLC�Å�?ÃF¼?BJLC�DV
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7 ‘”7 ‹��9A�F

D(C; V ; �; b)
7j�ÇC¤š�Á�KBÀ�D0Á�›Ä½@>@?BDÄ½@¾ZA@C&Fr7

ŸCä~¬�=´�³	«Uµ

Ô/:[ô�:[ô

¼

ñ

�YÞkò

Å
=´��±€±‚°²ª‚´�µ„ìUµ�Õðñ©ì

ò$ò

ŸCä~¬�=´�³	«Uµ

ò�:yÔYÔk¾0:

´ r ·

Y

iLrvl

C
k�xÍfex'n7fe_GF+o[f

(t � ; ")
AKne_�a�ovo}|

Y

k7h�hji7n7iLx'n�o}a´p�iLx5~�rvlyrKiLxß´)Ê�|NþM|Nþq·wn>a�lyr[nN=+a�rvlmf

a�{�f�p

V
g

�
fel

b
|/^�o[iLdGn�g�fex"hji7n>a�xjl

B = inf x=2C V(x)
gSiLx aJt+kjf•o}a p�iLx5~�rvlyrKiLx

´)Ê�|NþM|ÏÕx·�f�nelU{�zed9r s:z�fQa�{�f�p

h(x; y ) = 1=2(V (x) + V(y))
fel

� = � � b=B
|

´ rvr ·

Y

iLrvl

C
k�x²fex'n7fe_GF+o[fIhjfelyrvlmf9=>fed9_cz>|

Y

k7h�hji7n7iLx'nCo}a=p�iLx5~�rvlyrKiLx4´)Ê�|NþM|Íõ�·Sn>a�lyr[nN=+a�rvlmf

a�{�f�p

�
g

V
g

�
fel

b
|N^�o[iLdGnVo}a„p�iLx5~�rvlyrKiLx

D(C; V ; �; b)
f�nelU{�zed9r s:z�f>|

�EJLÀ�DkDÄA@›ÄJLC�DÌ>rš�Á²š���KBANš�À5>@JLÀ�›ÄDäÅ�A„>@A�FÄF¼A„F¼I	(@DÄA�*�Å�AN>@JLC�D F¼›ÄÀ�?B›ÄA„Å�A@Dkû‚JLC�>�F¼?BJLC�DkÅ�A

ú);&š�Á�À�C�JvÂZÁ�JLÀ�› Å�A@D Á�›ÄJ	>@A@DÄDÄÀ�D�>@JLÀ�Á�KB½@D+*�>@AE¿�À�?�DÄA@›¼š�K šn>@KB½EÁ�JLÀ�›bJM�”F¼A@C�?B›bC�JLD ›Ä½@DÄÀ�KÃF�š»F¼D@7

�EJ�F¼JLC�D4¿�À)% ?BK~A�ü”?BD F¼A.À�CNKB?BA@C)*Œ
‚¿�À�A.C�JLÀ�D4C)% š���JL›ÄÅ�JLC�D4Á²š�D4?B>@?v�9*=A@C&F¼›ÄA.KBA@D4>@JLC�Å�?ÃF¼?BJLC�D

Å�AUú);&š�Á�JLÀ�C�JvÂ�A�F¤KBA@D#?BC�½@M&š�KB?ÃF¼½@Dkû‚JLC�>�F¼?BJLC�C�A@KBKBA@Dˆ
€™HJL?BC�>rš�›Ä½�*E™HJL?BC�>rš�›Ä½(û€š�?[��KBA7��7:�EJLÀ�D

›ÄA@C&ÂLJ7;LJLC�D$3�+ î0-~Á�JLÀ�›0Á�KBÀ�D•Å�A;Á�›Ä½@>@?BDÄ?BJLC�D0DÄÀ�›•>@A;DÄÀ8�ÄA�Fr7

�

�



�EJ�F¼JLC�D•¿�À�A‹K š�>@JLC�D F�š�C&F¼A

c
¿�À�?{š�Á�Á²š�›¼šL‡BF•Å²š�C�DEKK% A@¿�À²š»F¼?BJLC‰
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7 ‘”7½ŽM��C)% A@D F4Á²š�DEÅ�½�F¼A@›��

¾Z?BC�½@A�7	·yCäDÄÀ�?ÃÂ�š�C&F�KBA@D9?BÅ�½@A@D9Å�AÇ:•JM��A@› F¼D��•:•JLDÄA@C&F¼I²š�Ka+ Ø�†0-�A�F�Å�An¶4JLÀ�>9�“û‚JL› F2�



À�?BKBKB?BCÇ+ •�‹0-K*

C�JLÀ�D C�JLÀ�DbÁ�›ÄJLÁ�JLDÄJLC�D+*	š�Àäþ9I²š�Á�?ÃF¼›ÄA/‘;Å�A•>@A�FÄF¼A•F¼I	(@DÄA�*	Å�A•û‚JLÀ�›ÄC�?B›`À�Ck>@JLC&F¼›EƒLKBA•A�ü”Á�KB?B>@?ÃF¼A

Å�A

kL(X t ) � � (�)k T V
DÄJLÀ�D`Å�A@D{I�;	Á�J�F¼I	(@DÄA@DyA@C&F¼›¼šL‡ C²š�C&F{KK% A@›ÄMLJ	Å�?B>@?ÃF¼½yDÄJLÀ�D`A�ü”Á�JLC�A@C&F¼?BA@KBKBA@D

Å�À�Á�›ÄJ	>@A@DÄDÄÀ�DyÅ�A•¹„š�›EZ�JvÂ

(X t )t�0
ÂLA@›ÄD`D¼šÇ¾ZA@DÄÀ�›ÄA�Å�A�Á�›ÄJM�²š���?BKB?ÃF¼½yÅ)% ½@¿�À�?BKB?[��›ÄA

� (�)
7»™yKBÀ�D

Á�›Ä½@>@?BDÄ½@¾ZA@C&F>*&DÄJL?BA@C&F

� : [1; 1) ! (0; 1)
À�C�A�û‚JLC�>�F¼?BJLC�>@›ÄJL?BDÄD¼š�C&F¼A�*&>@JLC�>ršrÂLA�*�Å�½@›Ä?ÃÂ�š���KBA

A�F•F¼A@KBKBAÇ¿�À�A

lim t!+1 �(t) = +1
*

lim t!+1 � 0(t) = 0
*

log�(t)=t # 0
¿�À²š�C�Å

t ! +1
A�F

H � (�)
K š.û‚JLC�>�F¼?BJLC#Å�½e&²C�?BA;Á²š�›

H � (u) =
Ru

1
ds

�(s) 8u � 1
7�<	JL?ÃF

C 2 X
À�C¤A@C�DÄA@¾4��KBA

(t � ; ")
� DÄ¾kš�KBK�Á�JLÀ�›0À�C#F¼A@¾ZÁ�D•D F¼›Ä?B>�F¼A@¾ZA@C&F•Á�JLDÄ?ÃF¼?Ãû

t � A�F

" > 0
7²¸4KBJL›ÄD0C�JLÀ�DEšrÂLJLC�D
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P f 4 f]?Mr[nelCa�x5~ØF9feo[iLx"T´lmi

F
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´ÍÌ�|«Ì�|BÊ$õ�·M|9ÚB=

lim sup
n!1

n
b2

n
log

 

n ess sup
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H 0 = � (X 1)
š�C�Å

H n = �
�
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� �

�
�
�H k�1

#

= exp
�

b2
n

n

�
� 2P f 2

2n

�
�
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� 2 (0; 1)
š�C�Å#û‚JL›•š�KBK

x 2 S:
�ÇC�A0>rš�C|Arš�DÄ?BK};�>�I�A@>�Z.F¼I²š»F>*&À�C�Å�A@›yI�;	Á�J�F¼I�A@DÄ?BD

¼]½

Þ�¾

*

Bb(S)
û‚À�K}&²KBKBDHI�;	Á�J�F¼I�A@DÄ?BD�
‚?v� �e
 Â	?v�

J�ûHF¼I�A;Á�›ÄA�Â	?BJLÀ�D•DÄA@>�F¼?BJLC¢7

6EC�Å�A@›#F¼I�?BD„š�DÄDÄÀ�¾ZÁ”F¼?BJLC)*�ï9A´ï•?BKBKnÁ�›ÄJvÂLAUA�ü”Á�JLC�A@C&F¼? š�K;Å�A�Â	? š»F¼?BJLC�?BC�A@¿�À²š�KB?ÃF¼?BA@Däû‚JL›

M Gr (f )
*

M Tr (f )
š�C�Å

M
�
n (f )

ï•I�A@C

f 2 Bb(S)
ï•?ÃF¼I

(�; f ) = 0

‚›ÄA@DÄÁ¢7

f 2 Bb
�
S3

�
ï•?ÃF¼I

(�; P f ) = 0
��7

ŸCä~µ�=´�µ	«

Þ�:[ò�:yÔ/:

INfel

f 2 Bb(S)
nekjpqV lBV	a�l

(�; f ) = 0
|`^�n�nek�_cf@lBV	a�l

¼]½

Þ�¾

r[n

n>a�lyr[n·s:fG~�|ZÔ�Vjfex�CDfQV	a�{�fK=>iLdCa�ovo

� > 0

P
�

M Gr (f ) > �
�

�
8
>>>>>>>>>>><

>>>>>>>>>>>:

exp (c00� ) exp(�c 0� 2jGr j) ; 8r 2 N;
r =

� � 1
2;

exp (�c 0� 2jGr j) ; 8r 2 N
nekjpqV=lBV	a�l

r > r 0;
r = 1

2 < � <
p

2
2 ;

exp
�

�c 0� 2 jG r j
r

�
; 8r 2 N

nekjpqV=lBV	a�l

r > r 0;
r =

� 2 = 1
2 ;

exp
�
�c 0� 2 1

� 2r

�
; 8r 2 N

nekjpqV=lBV	a�l

r > r 0;
r =

� 2 > 1
2 ;


K†	7 ‹”7

•

�

P
�

M Tr (f ) > �
�

�
8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

exp (c00� ) exp(�c 0� 2jT r j) ; 8r 2 N;
r =

� < 1
2;

exp (2c0� (r + 1)) exp(�c 0� 2jT r j) ; 8r 2 N;
r =

� = 1
2 ;

exp (�c 0� 2jT r j) ; 8r 2 N
nekjpqV„lBV	a�l

r > r 0 � 1;
r = 1

2 < � <
p

2
2 ;

exp
�

�c 0� 2 jT r j
r +1

�
; 8r 2 N

nekjpqV=lBV	a�l

r > r 0 � 1;
r =

� =
p

2
2 ;

exp
�
�c 0� 2 1

� 2(r +1)

�
; 8r 2 N� nekjpqV=lBV	a�l

r > r 0 � 3;
r =

� >
p

2
2 ;


K†	7 ‹”7½†M�

_g�



a�x5~

P
�

M
�
n (f ) > �

�
�

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

exp (c00� ) exp(�c 0� 2n) ; 8n 2 N;
r =

� < 1
2;

exp (2c0� (r n + 1)) exp(�c 0� 2n) ; 8n 2 N;
r =

� = 1
2

g

exp (�c 0� 2n) ; 8n 2 N
nekjpqV=lBV	a�l

rn > r 0;
r = 1

2 < � <
p

2
2 ;

exp
�

�c 0� 2 n
r n +1

�
; 8n 2 N

nekjpqV=lBV	a�l

rn > r 0;
r =

� =
p

2
2 ;

exp
�
�c 0� 2 1

� 2(r n +1)

�
; 8n 2 N� nekjpqV„lBV	a�l

rn > r 0 � 2;
r =

� >
p

2
2 ;


K†	7 ‹”7 ‹��

CaVjfedGf

r0 := log
�

�
c0

�
=log(� );

a�x5~

c0; c0 a�x5~

c00 a�dGfPhji7nervlyrv{�f$p�iLx'nel a�xjlvnKCaV�rKpqV�~qfmhjfex5~

iLx

�
a�x5~

f
a�x5~�~�r �$fed�o©rvxBf<FŒ¸�o©rvxBfG´yn7f�fVlBVjf�h5dGi7i)=GnK=>iLdVlBVjfC~qfmhjfex5~qfexBp�fº·M|

ODdGi7i)=+|

G0I�A;Å�A�F�š�?BKBD9J�û~F¼I�AnÁ�›ÄJ	J�ûHš�›ÄAÇ?BC¤<	A@>�F¼?BJLC=†	7 ¸‹7 ‹.?BCäF¼I�An¸4Á�Á�A@C�Å�? ü=†	7 ¸‹7yÈ“F0›ÄA@KB?BA@D

¾kš�?BC�K};ÇJLC.DÄÀ�>@>@A@DÄDÄ?ÃÂLA0>@JLC�Å�?ÃF¼?BJLC�?BC�M	*�À�DÄ?BC�M4>rš�›ÄA�û‚À�KBK};nF¼I�A9À�C�?Ãû‚JL›Ä¾TMLA@JL¾ZA�F¼›Ä?B> A@›ÄMLJ	Å�?B>@?ÃFm;

š�DÄDÄÀ�¾ZÁ”F¼?BJLCÌF¼J|MLA�FE›Ä?BÅÌJ�ûHF¼I�A;>@JLC�Å�?ÃF¼?BJLC�?BC�M�7

G0I�A4>@JLC�Å�?ÃF¼?BJLCkš���JLÀ”F

�
KBA@DÄD F¼I²š�C

1=2
JL› ML›ÄArš»F¼A@› ?BD J�û•>@JLÀ�›ÄDÄAÇKB?BC	Z�A@ÅZF¼J�F¼I�A���?BC²š�›2;

D F¼›ÄÀ�>�F¼À�›ÄA•J�û²F¼I�A�F¼›ÄA@A�7`G0I�A0A�ü	F¼A@C�DÄ?BJLC�F¼J

m�
š�›2;‹F¼›ÄA@A:ï•?BKBK�û‚JLKBKBJ7ï û‚›ÄJL¾XF¼I�A0D¼š�¾ZA�?BÅ�Arš�D@7

ŸCä~µ�=´�µ	«

Þ�:[ò�:[Þ�:

INfel

f 2 Bb

�
S3

�
nekjpqV lBV	a�l

(�; P f ) = 0
| ^�n�nek�_cf=lBV	a�l

¼]½

Þ�¾

r[nCn>a�lyr[n·s:fG~�|�Ô�VjfexPCDf¿V	a�{�f4lBVjfCn>a�_cf�p�iLxBpeo©k�nerKiLx'n�g�=>iLdClBVjf�lBV�dGf�fcfe_�h5rvd9rKpGa�o«a�{�fedEa�Tqf�n

M Gr (f )
g

M
�
n (f )

a�x5~

M Tr (f )
gDa8nQrvx•lBVjf¹Ô�Vjf�iLdGfe_oÌ�|ÏÕq|BÊ�|

ODdGi7i)=+|

<	A@A�DÄA@>�F¼?BJLC�†	7 ¸‹7 •Z?BCäF¼I�A;¸4Á�Á�A@C�Å�? ü�†	7 ¸‹7

�EJ7ïV*²À�DÄ?BC�MZý9JL›ÄA@KHþ�š�C&F¼A@KBKB?uG0I�A@JL›ÄA@¾Ôš�C�Å"
K†	7 ‹”7 ‹��9*'ï9A;D F�š»F¼A;Arš�DÄ?BK};kF¼I�Anû‚JLKBKBJ7ï•?BC�M

Å
=´��±€±‚°�´��

Þ�:[ò�:[ò�:

INfel

f 2 Bb(S)
nekjpqV¶lBV	a�l

(�; f ) = 0
´ dGf�nmh)|

f 2 Bb(S3)
a�x5~

(�; P f ) = 0
·M|U^�n�nek�_cf�lBV	a�l

¼]½

Þ�¾

r[nDn>a�lyr[n·s:fG~�|<Ô�Vjfex

M
�
n (f )

a�o©_ci7nelBnek�dGfeoÛ¸4p�iLxj{�fed[Tqf�n

lmi

0
a8n

n
Tqi7f�nQlmi

1
|

€äµ	«U°�´8é

Þ�:[ò�:

ì

:

¯=²p�iLk�dGn7f´k�xjr =>iLd9_ fed[Tqi>~�rKpervlD¸7g�a�x5~ßF9iLk�x5~qfG~¶lmf�nelH=9k�xBpelyrKiLx'n²a�dGf

nek�dGfeoÛ¸"a´{�fed\¸@nelydGiLx"T@n7fel�i)==a8n�nek�_�h5lyrKiLx'n�F+k�lQrvlQr[n„xBiLl�n7i‰~�r � pek�o©lVlmi´{�fed9r =\¸ˆr =„lBVjf

±ˆa�dg³�iL{SpqV	a�rvx'nV~�a�k T0V�lmfedGn�o©rKf�rvx•a�p�iL_�h	aqpelŒn7fel |

É

fQa�dGfQp�iLxj{7rvxBp�fG~�lBV	a�lPrvl�r[nDhji7n�nerDF+o[f

lmiCp�iLx'nery~qfedUlBVjfJTqf�iL_cfelyd9rKpIfed[Tqi>~�rKp/pGa8n7fIa�x5~˜F9iLk�x5~qfG~�lmf�nel =9k�xBpelyrKiLx'nMF+k�lAlmi$lBVjfŒh5d9rKp�f/i)=

lmfG~�rKiLk�n4pGa�o[pek�o}a�lyrKiLx'n$lBV	a�l�CDfaC�rvovoqh5k�dGnekjfVrvxˆa�xˆiLlBVjfedTCDiLdg³M|

É

faC�rvovoAa�o n7i�rvxj{�f�nelyrUT�a�lmf

lBVjfCk�n7fSi)=QlydEa�x'nmhjiLd9l a�lyrKiLxˆrvxBfGt+k	a�o©rvlyrKf�n�gDo[fGa�~�rvx"Tclmiw~qfe{7rya�lyrKiLx@rvxBfGt+k	a�o©rvlD¸H=>iLd²IŒr hjn7pqV�rvlbV

lmf�nel =9k�xBpelyrKiLx'n:k�x5~qfedPn7iL_cf

É

a8n�n7fedGnelmfervx�p�iLxjlydEaqpelyrKiLx�h5dGi�hjfed9lD¸a=>iLd:lBVjfJ³�fed9xBfeo

P
gNrvx�lBVjf

_
*



nmh5rvd9rvl/i)=ClBVjfðÔ�Vjf�iLdGfe_Cn¿Ì�|Bý�iLd¿Ì�|BÊLÊwrvx.JÏó�Ê_LÂ´ lBV	a�l:r[n

W d
1 (P (x; �); P (~x; �)) � rd(x; ~x)

=>iLdSfe{�fed\¸

x
g

~x
rvx

S
g=>iLd�n7iL_cf

r < 1
a�x5~

d
aw_cfelyd9rKpSiLx

S
·M|ÂP:rv{�fexˆlcCDiQh5dGi F�aLF+rvo©rvlD¸

_cfGa8nek�dGf�n

� 1
a�x5~

� 2
iLx

(S; S)
g�CDfQdGf�pGa�ovo)lBV	a�l

W d
1 (� 1; � 2) = sup

f :kf kLip �1

�
�
�
�

Z
fd� 1 �

Z
fd� 2

�
�
�
�

a�x5~

kf kLip = sup
x6=y

jf (x) � f (y)j
d(x; y)

:

Þ�:[ò�:[Þ

âiAã~µ�´�°'Õvµˆã~µ�ß~ª‚°'Õ�ª‚�® ëH´»ª€®?è&ª·ë{±‚µ„æ“=´Ìœ�â
Å

ùUA;?BC&F¼›ÄJ	Å�À�>@AÇF¼I�Anû‚JLKBKBJ7ï•?BC�M�š�DÄDÄÀ�¾ZÁ”F¼?BJLC#JLCÌF¼I�A;DÄÁ�A@A@Å„J�ûHF¼I�A‹¹„¶Ç™H7

¨w•>•>‚H«‰ëNÕ�ª‚�®

Ô/:

INfel

(bn )
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bnp
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a�x5~
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gUlBVjf$n7fGt+kjfexBp�f

(bn )
r[n$nekjpqV=lBV	a�l

bn=n �! 0
g

�
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� 2 = 1
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gUlBVjf$n7fGt+kjfexBp�f
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r[n$nekjpqV=lBV	a�l
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gUlBVjf$n7fGt+kjfexBp�f
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r[n$nekjpqV=lBV	a�l

(bn � r n +1 )=
p

n �! 0:
6EDÄ?BC�M�F¼I�A�¹„¶Ç™/û‚JL›0¾kš�› F¼?BC�M&š�KBAIï•?ÃF¼I„��JLÀ�C�Å�A@Å4�ÄÀ�¾ZÁ�DC
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�
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S
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a�x5~"dEa�lmf¿=9k�xBpelyrKiLx
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x2

2(�; P f 2)
|

ODdGi7i)=+|
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n = jT r j
gUa�x5~

(bn )
F9fQa4n7fGt+kjfexBp�fQi)=$dGfGa�oBxjk�_`A
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f 2 Bb(S3);
�

MTr (f )=bjT r j

�

n>a�lyr[n·s:f�n/a²±�RQO rvx

R
C�rvlBVSlBVjf:nmhjf�fG~

b2
jT r j=jTr j

a�x5~QlBVjfIdEa�lmf>=9k�xBpelyrKiLx

I (x) = x2
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|
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È C.F¼I�?BD{DÄA@>�F¼?BJLC)*Lï9A0DÄA@A+Z�F¼Jnš�Á�Á�K};nF¼I�A�›ÄA@DÄÀ�KÃF¼D`J�û²F¼I�A9Á�›ÄA�Â	?BJLÀ�D`DÄA@>�F¼?BJLC�D{F¼J4F¼I�A û‚JLKBKBJ7ï•?BC�M

��?Ãû‚À�›Ä>rš»F¼?BC�M|š�À”F¼JL›ÄA@ML›ÄA@DÄDÄ?ÃÂLA;Á�›ÄJ	>@A@DÄDIï•?ÃF¼I#¾ZA@¾ZJL›2;

•

Å�Ae&²C�A@Å���;

L(X 1) = �; and 8n � 1;

8
<

:

X 2n = � 0X n + � 0 + "2n

X 2n+1 = � 1X n + � 1 + "2n+1 ;
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•

�

ï•I�A@›ÄA

� 0; � 1 2 (�1; 1) ™ � 0; � 1 2 R
*

�
(" 2n; "2n+1 ); n � 1

�
û‚JL›Ä¾ZDEšZDÄA@¿�À�A@C�>@A.J�ûy?ó7 ?ó7 Å¢7

��?ÃÂ�š�›Ä? š»F¼AÇ›¼š�C�Å�JL¾åÂ�š�›Ä? š���KBA@D•š�C�Å

�
š�Á�›ÄJM�²š���?BKB?ÃFm;k¾ZArš�DÄÀ�›ÄA;JLC

R
7

<	A�ÂLA@›¼š�KuA�ü	F¼A@C�DÄ?BJLC�D0J�û•F¼I�AÇ¾ZJ	Å�A@K�I²šrÂLA���A@A@CÌÁ�›ÄJLÁ�JLDÄA@Å#š�C�ÅkÂ�š�›Ä?BJLÀ�D9A@D F¼?B¾kš»F¼JL›ÄD9š�›ÄA

D F¼À�Å�?BA@Å[?BCPF¼I�AÌKB?ÃF¼A@›¼š»F¼À�›ÄAkû‚JL›.F¼I�A#À�C	Z�C�J7ï•C/Á²š�›¼š�¾ZA�F¼A@›ÄD+* DÄA@AÌû‚JL›�?BC�D F�š�C�>@Ae+

•

‹.-K*«+

•

ñ0-K*

+

•M•

-K*>+

•

†0-K*m+

•

•.-K*m+

•

Ž0-ó7 <	A@Aµ+

•

î0-•û‚JL›0›ÄA@KBA�Â�š�C&F•›ÄA�û‚A@›ÄA@C�>@A@D@7

È CNš�KBKuF¼I�?BDEDÄA@>�F¼?BJLC)*jï9A.š�DÄDÄÀ�¾ZA;F¼I²š»F•F¼I�A‹Å�?BD F¼›Ä?[��À”F¼?BJLC

�
I²š�DI&²C�?ÃF¼A;¾ZJL¾ZA@C&F¼D•J�ûbš�KBK

JL›ÄÅ�A@›ÄD@7
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K†	7 •�7

•
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š�À�DÄDÄ? š�C#DÄA�FÄF¼?BC�M�ï•I�?B>�I¤>@JL›Ä›ÄA@DÄÁ�JLC�Å�D•F¼J�F¼I�A;>rš�DÄA�ï•I�A@›ÄA

�
(" 2n; "2n+1 ); n � 1

�

û‚JL›Ä¾ZD0š|DÄA@¿�À�A@C�>@A‹J�û{?ó7 ?ó7 Åw��?ÃÂ�š�›Ä? š»F¼AÇ›¼š�C�Å�JL¾åÂ�š�›Ä? š���KBA@DDï•?ÃF¼I¤K š>ï

N2(0; �)
ï•?ÃF¼I

� = � 2

�
1 �
� 1

�
; � 2 > 0; � 2 (�1; 1);
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F¼I�AV��JLÀ�C�Å�A@Å¤DÄA�FÄF¼?BC�M�ï•I�?B>�I¤>@JL›Ä›ÄA@DÄÁ�JLC�Å�D•F¼J�F¼I�A;>rš�DÄA�ï•I�A@›ÄA

X 1
š�C�Å

�
(" 2n; "2n+1 ); n � 1

�
;

ï•I�?B>�I„û‚JL›Ä¾ZDÇškDÄA@¿�À�A@C�>@A|J�ûb>@A@C&F¼A@›ÄA@ÅW?ó7 ?ó7 Å¢7/��?ÃÂ�š�›Ä? š»F¼A�›¼š�C�Å�JL¾SÂ�š�›Ä? š���KBA@D+*=Â�š�KBÀ�A@Å

?BCNšk>@JL¾ZÁ²š�>�FÇDÄA�Fr7nú•A�FnÀ�DÇC�J�F¼A�F¼I²š»FÇ?BC„F¼I�?BD4>rš�DÄA�*

(X n ; n 2 T)
F�š�Z�A@Dn?ÃF¼DEÂ�š�KBÀ�A@D

?BC#š|>@JL¾ZÁ²š�>�F•DÄA�Fr7

�ÇÀ�›E¾kš�?BC#MLJ&š�K•?BD0F¼JkML?ÃÂLA;Å�A�Â	? š»F¼?BJLC¤?BC�A@¿�À²š�KB?ÃF¼?BA@D•š�C�ÅN¹„¶Ç™5û‚JL›0F¼I�A‹A@D F¼?B¾kš»F¼JL›0J�û{F¼I�A

•L� Å�?B¾ZA@C�DÄ?BJLC²š�KHÀ�C	Z�C�J7ï•C,Á²š�›¼š�¾ZA�F¼A@›

� = (� 0; � 0; � 1; � 1)
š�C�Å(û‚JL›ÇF¼I�A�D F�š»F¼?BD F¼?B>rš�KHF¼A@D F

Å�Ae&²C�A@Å„?BCe+ ‘M‘0-ó7

GHJ;A@D F¼?B¾kš»F¼A�F¼I�A/•L� Á²š�›¼š�¾ZA�F¼A@›

� = (� 0; � 0; � 1; � 1)
*	š�D�ï9A@KBK=š�D

� 2 š�C�Å

�
*	š�DÄDÄÀ�¾ZA�ï9A

JM��DÄA@› ÂLA;š�>@JL¾ZÁ�KBA�F¼AEDÄÀ	�”F¼›ÄA@A

Tr +1
7yG0I�A4KBArš�D F�DÄ¿�À²š�›ÄA@D�A@D F¼?B¾kš»F¼JL› b� r =

�
b� r

0; b� r
0; b� r

1; b� r
1

�

_x_
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�
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‚DÄA@Aµ+ ‘M‘0-v�9*�û‚JL›

� 2 f0; 1g
8
>>>><

>>>>:

b� r
� =

jT r j �1
P

i2T r
X i X 2i+� �

 

jT r j �1
P

i2T r
X i

! 

jT r j �1
P

i2T r
X 2i+�

!

jT r j �1
P

i2T r
X 2

i �

 

jT r j � 1
P

i 2T r
X i

! 2

b� r
� = jT r j �1

P

i2T r

X 2i+� � b� r
� jT r j �1

P

i2T r

X i :
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¾kš�ü”?B¾.À�¾åKB?[Z�A@KB?BI�J	J	ÅäA@D F¼?B¾kš»F¼JL›@7

ùUAEš�KBDÄJ;C�A@A@ÅkF¼J;?BC&F¼›ÄJ	Å�À�>@A0F¼I�AEA@D F¼?B¾kš»F¼JL›ÄDyJ�ûuF¼I�A•>@JLC�Å�?ÃF¼?BJLC²š�K”Â�š�›Ä? š�C�>@A

� 2 š�C�Å|F¼I�A

>@JLC�Å�?ÃF¼?BJLC²š�KuDÄ?BD F¼A@›�� DÄ?BD F¼A@›0>@JL›Ä›ÄA@K š»F¼?BJLC

�
7bG0I�A@DÄA�A@D F¼?B¾kš»F¼JL›ÄD•š�›ÄAnC²š»F¼À�›¼š�KBK};kML?ÃÂLA@C=��;
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b� 2
r = 1

2Tr

P

i2T r

(b"2
2i + b"2

2i+1 )

b� r = 1
b� 2

r

P

i2T r

b"2i b"2i+1
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b"2i+� = X 2i+� � b� r
� X i � b� r

�
*'ï•?ÃF¼I

� 2 f0; 1g
7

ú•A�F|À�D|Å�A@C�J�F¼A=��;

Cpol(R)

‚›ÄA@DÄÁ¢7

Cpol(R3)
��F¼I�A#DÄA�FZJ�ûÇš�KBK9>@JLC&F¼?BC�À�JLÀ�D|û‚À�C�>�F¼?BJLC�D

f : R ! R

‚›ÄA@DÄÁ¢7

f : R3 ! R
�EDÄÀ�>�IWF¼I²š»F

jf j
?BD���JLÀ�C�Å�A@ÅUš���JvÂLA���;(šäÁ�JLK};	C�JL¾Z? š�Kó7

8²›ÄJL¾�+ ‘M‘.-K*'ï9AQZ�C�J7ïTF¼I²š»F

Cpol(R)
û‚À�K}&²KBKBD�I�;	Á�J�F¼I�A@DÄ?BDC
‚?v� �e
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ùUAPï•?BKBKLF�š�Z�A

F = C1
pol(R)

F¼I�A DÄA�F`J�û²š�KBK

C1 û‚À�C�>�F¼?BJLC�D

f : R ! R
DÄÀ�>�I.F¼I²š»F

jf j+ jf 0j
?BD:��JLÀ�C�Å�A@Å#š���JvÂLA���;Ìš‹Á�JLK};	C�JL¾Z? š�Kó7HG0I�A@C)*�JLC�AÇ>rš�CÌ>�I�A@>�ZkF¼I²š»F
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*�I�;	Á�J�F¼I�A@DÄ?BD

¼]½

Ôk¾

I�JLKBÅ�D:ï•?ÃF¼I

� = max(j� 0j; j� 1j)
7

ú•A�F

�
��A�F¼I�A�À�C�?B¿�À�A‹D F�š»F¼?BJLC²š�›2;ÌÅ�?BD F¼›Ä?[��À”F¼?BJLC#J�û`F¼I�A‹?BC�Å�À�>@A@Å(¹„š�›EZ�JvÂ„>�I²š�?BC

(Yr ; r 2
N)

*²DÄA@AG+ ‘M‘.-¢û‚JL›0¾ZJL›ÄAnÅ�A�F�š�?BKBD@7

ú•A�FZÀ�D|Å�A@C�J�F¼A„��;

C1
pol(R

3)
F¼I�A#DÄA�FkJ�ûÇš�KBK

C1 û‚À�C�>�F¼?BJLC�D

f : R3 ! R
DÄÀ�>�I[F¼I²š»F

jf j + jf 0j
?BD���JLÀ�C�Å�A@ÅNš���JvÂLAQ��;¤š|Á�JLK};	C�JL¾Z? š�Kó7{ùUA;DÄI²š�KBK•Å�A@C�J�F¼AQ��;

x

‚›ÄA@DÄÁ¢7

x2 *

xy
*

y � � �
�9F¼I�A;A@KBA@¾ZA@C&F•J�û

C1
pol(R

3)
Å�Ae&²C�A@Å���;

(x; y; z) 7! x

‚›ÄA@DÄÁ¢7

x2 *

xy
*

y
*

� � �
��7

ùUAÌÅ�Ae&²C�A#Fmï9J,>@JLC&F¼?BC�À�JLÀ�D�û‚À�C�>�F¼?BJLC�D

� 1 : � ! R
š�C�Å

� 2 : � � R�
+ ! R

��;

ï•›Ä?ÃF¼?BC�M

(�; x) = � 1(� ) and (�; x2) = � 2(�; � 2);
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� = (� 0; � 0; � 1; � 1) 2 � = (�1; 1) � R � (�1; 1) � R:
GHJPDÄA@ML›ÄA@M&š»F¼Aˆ��A�Fmï9A@A@C

H0 = f(� 0; � 0) = (� 1; � 1)g
š�C�Å�?ÃF¼DÌš�KÃF¼A@›ÄC²š»F¼?ÃÂLA

H1 =
f(� 0; � 0) 6= (�1; � 1)g

*	ï9A;DÄI²š�KBK¢À�DÄA;F¼I�AnF¼A@D FED F�š»F¼?BD F¼?B>

� (1)
r =

jT r j
2b� 2

r (1 � b� r )

�
(b� r

0 � b� r
1)

2(b� 2
2;r � b� 2

1;r ) +
�

(b� r
0 � b� r

1)b� 1;r + b� r
0 � b� r

1

� 2
�

;

ï•I�A@›ÄAVï9A�ï•›Ä?ÃF¼A

b� 1;r = � 1(b� r )
š�C�Å

b� 2;r = � 2(b� r ; b� r )
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��A�š�C
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bnp
n

�! +1 and
bnp

n logn
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b� r superexp
=)
b2
jT r j
jT r j

�:

ODdGi7i)=+|

ùUAIï•?BKBK	F¼›ÄArš»FbF¼I�AE>rš�DÄAEJ�û

b� r
0

ML?ÃÂLA@CZ?BC•
K†	7 •�7 ‹���7{G0I�AEJ�F¼I�A@›ÄD b� r
0; b� r

1
š�C�Å b� r

1
ML?ÃÂLA@C

?BC‰
K†	7 •�7 ‹��9¾kš>;���AnF¼›ÄArš»F¼A@Å¤?BC#š|DÄ?B¾Z?BK š�›Pï�š>;L7D�EJ�F¼AÇF¼I²š»F

b� r
0 =

Cr

B r
;

ï•I�A@›ÄA

Cr = M Tr (xy ) � M Tr (x) M Tr (y )
š�C�Å

B r = M Tr (x 2) � M Tr (x) 2:
�EJ7ïV*²À�DÄ?BC�MZú•A@¾Z¾kšS†	7 ý47½†�š�C�Å„™y›ÄJLÁ�JLDÄ?ÃF¼?BJLC=†	7½†	7

•

•	*�?ÃF�û‚JLKBKBJ7ï•D9F¼I²š»F

b� r
0

superexp
=)
b2
jT r j
jT r j
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~qf·sPxBfG~µFŒ¸

	 n (!; t) = V �1
n fM k + (V 2

k+1 � V 2
k )�1 (tV 2

n � V 2
k )(M k+1 � M k)g;

CaVjfex

V 2
k � tV 2

n < V 2
k+1

g

0 � k � n � 1
gZCDfGa0³LoÛ¸Sp�iLxj{�fed[Tqf�lmi4lBVjf

É

rKfexBfed�_cfGa8nek�dGfViLx
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|
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•
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Þ�:
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:

×

:

INfel

(bn )
aSn7fGt+kjfexBp�f$n>a�lyr[nN=\¸Lrvx"T

bn
r[nQrvxBpedGfGa8nervx"T

;
bnp

n
�! +1;

bn

n
�! 0;

nekjpqV„lBV	a�l

c(n) := n=bn
r[nVxBiLx/A2~qf�pedGfGa8nervx"T8gPa�x5~�~qf·sPxBfVlBVjfVdGf�per h5dGi7pGa�o@=9k�xBpelyrKiLx

c�1 (t)
FŒ¸

c�1 (t) := inf fn 2 N : c(n) � tg:
;

x5~qfedVlBVjf�=>iLovo[iIC�rvx"T�p�iLx5~�rvlyrKiLx'nCÆ
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n
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=)
b2
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Q

ö

´

›

Ö ·

lim sup
n!+1

n
b2

n
log

 

n ess sup
1�k �c � 1(bn+1 )

P(jM k � M k�1 j > bn jH k�1 )

!

= �1;

´

›T�

·8=>iLdQa�ovo

a > 0
1
n

nX

k=1

E
�

jM k � M k�1 j21fjM k �M k � 1 j� a n
bn

gjH k�1

�
superexp

=)
b2

n =n
0

ö

(M n=bn )n2N

n>a�lyr[n·s:f�n•lBVjf2±�RQOÛrvx

R
C�rvlBV lBVjf�nmhjf�fG~

b2
n=n

a�x5~²lBVjfˆdEa�lmf<=9k�xBpelyrKiLx

I (x) =
x2
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?BD.K š���A@KBKBA@Å
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* š�C�ÅPF¼I�AäFmï9J,J�TuDÄÁ�›Ä?BC�M(J�ûE>@A@KBK

k
š�›ÄAÌK š���A@KBKBA@Å

2k
š�C�Å

2k + 1
7UÈ“û

X k
Å�A@C�J�F¼A@D;š�C(JM��DÄA@› Â�š»F¼?BJLC(J�û DÄJL¾ZA.>�I²š�›¼š�>�F¼A@›Ä?BD F¼?B>‹J�û ?BC�Å�?ÃÂ	?BÅ�À²š�K
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F¼I�A@CNF¼I�A4&²›ÄD FnJL›ÄÅ�A@›
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k � 1
*j��;
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X 2k = a + bXk + "2k

X 2k+1 = a + bXk + "2k+1 :
G0I�AnC�JL?BDÄAnDÄA@¿�À�A@C�>@A

(" 2k; "2k+1 )
›ÄA@Á�›ÄA@DÄA@C&F¼DEA@C&Â	?B›ÄJLC�¾ZA@C&F�š�KuAeTuA@>�F¼D+*	ï•I�?BKBA
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š�›ÄAnÀ�C��
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jbj < 1
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F¼I�A;MLA@C�Arš�KBJLM�;L7

�ÇÀ�›0JM�q�ÄA@>�F¼?ÃÂLA�?BCäF¼I�?BD•>�I²š�Á”F¼A@›•?BD�F¼J|MLJZš|D F¼A@Á#û‚À�› F¼I�A@›I��;
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D F¼À�Å';	?BC�M0F¼I�Ay¾ZJ	Å�A@›¼š»F¼A`Å�A�Â	? š»F¼?BJLCÇÁ�›Ä?BC�>@?BÁ�KBA�
ó¹„¶Ç™?*rû‚JL›¢DÄI�JL› F9�uJ�û�F¼I�AyKBArš�D F~DÄ¿�À²š�›ÄA@D

A@D F¼?B¾kš»F¼JL›ÄD�J�ûHF¼I�A;À�C	Z�C�J7ï•C„Á²š�›¼š�¾ZA�F¼A@›ÄD0J�û`š�MLA@C�A@›¼š�K~š�D2;	¾Z¾ZA�F¼›Ä?B>

p
F¼I�� JL›ÄÅ�A@›���?…�

û‚À�›Ä>rš»F¼?BC�MWš�À”F¼JL›ÄA@ML›ÄA@DÄDÄ?ÃÂLA#Á�›ÄJ	>@A@DÄDÄA@D@75¹¤JL›ÄA#Á�›ÄA@>@?BDÄA@K};‰ï9A„š�›ÄAÌ?BC&F¼A@›ÄA@D F¼A@Å[?BCPF¼I�A

š�D2;	¾ZÁ”F¼J�F¼?B>ÇA@D F¼?B¾kš»F¼?BJLC�D�J�û

P
� p

n
bn

�
� n � �

�
2 A

�

ï•I�A@›ÄA

� n
Å�A@C�J�F¼A@DÌF¼I�ANA@D F¼?B¾kš»F¼JL›ZJ�û;F¼I�ANÀ�C	Z�C�J7ï•C�Á²š�›¼š�¾ZA�F¼A@›äJ�û;?BC&F¼A@›ÄA@D F

�
*

A
?BD|š(ML?ÃÂLA@C[Å�JL¾kš�?BCPJ�û4Å�A�Â	? š»F¼?BJLC)*

(bn > 0)
?BD�DÄJL¾ZAÌDÄA@¿�À�A@C�>@A„Å�A@C�J�F¼?BC�M(F¼I�A

DÄ>rš�KBA�J�ûyÅ�A�Â	? š»F¼?BJLC¢7�ù�I�A@C

bn = 1
F¼I�?BDE?BDEA�ü�š�>�F¼K};#F¼I�A‹A@D F¼?B¾kš»F¼?BJLC#J�û`F¼I�A‹>@A@C&F¼›¼š�K

KB?B¾Z?ÃFÇF¼I�A@JL›ÄA@¾¤7#ù�I�A@C

bn =
p

n
*{?ÃFC��A@>@JL¾ZA@D�F¼I�A

o}a�d[Tqfw~qfe{7rya�lyrKiLx

7#¸4C�Å‰ï•I�A@C

1 � bn �
p

n
*”F¼I�?BD0?BD9F¼I�A;DÄJ|>rš�KBKBA@Å
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2 ]; � � � ; X [ n

2p�1 ]

� t
*

� 2n = (a 0 + "2n)e1
*

� 2n+1 = (b0 + "2n+1 )e1
*Yï•?ÃF¼I
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n

ï•?BKBKB��A;DÄI�JL› F¼A@C�A@Å„š�D

Zn
superexp
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b2

n
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bn " 1 and
bnp

n
# 0:
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(M n )n
ï•?ÃF¼IZF¼JLÁ�JLKBJLML?B>rš�K”D F�š»F¼A

DÄÁ²š�>@A

(S; S)
D¼š»F¼?BD2&²A@D.š„¹„¶Ç™ ï•?ÃF¼I,DÄÁ�A@A@Å

b2
n

š�C�ÅU›¼š»F¼A�û‚À�C�>�F¼?BJLC

I : S ! R�
+

?Ãû û‚JL›

Arš�>�I

A 2 S
*

� inf
x2A o

I (x) � lim inf
n!1

1
b2

n
logP

� p
n

bn
Mn 2 A

�

� lim sup
n!1

1
b2

n
logP

� p
n

bn
Mn 2 A

�
� � inf

x2 A
I (x);

I�A@›ÄA

Ao š�C�Å

A
Å�A@C�J�F¼AnF¼I�A;?BC&F¼A@›Ä?BJL›0š�C�Å¤>@KBJLDÄÀ�›ÄA;J�û

A
›ÄA@DÄÁ�A@>�F¼?ÃÂLA@K};L7

ý9A�û‚JL›ÄAÇF¼I�A;Á�›ÄA@DÄA@C&F�š»F¼?BJLC#J�ûHF¼I�A;¾kš�?BCÌ›ÄA@DÄÀ�KÃF¼D+*�KBA�F•À�D�&”ü#DÄJL¾ZAn¾ZJL›ÄAÇC�J�F�š»F¼?BJLC¢7yú•A�F

a =
a0 + b0

2
; a2 =

a2
0 + b2

0

2
; A =

A + B
2

š�C�Å

e1 = (1; 0; � � � ; 0)t 2 Rp:
ùUA

Å�A@C�J�F¼A

� = a(I p � A) �1 e1;
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š�C�Å

�
F¼I�A;À�C�?B¿�À�A;DÄJLKBÀ”F¼?BJLCÌJ�ûHF¼I�A;A@¿�À²š»F¼?BJLC

� = T +
1
2

(A�A t + B�B t )
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ÚM�

ï•I�A@›ÄA

T =
�

� 2 + a2
�

e1et
1 +

1
2

�
a0

�
A�e t

1 + e1� tA t
�

+ b0

�
B �e t

1 + e1� tB t
��

;
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L
š�C�Å

�
ML?ÃÂLA@C=��;

L =
�

1 �
� �

�
š�C�Å

� = I 2 
 L:
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Ú9x•lBVjf�nmhjf�perya�o?pGa8n7f

p = 1
g�CDfQV	a�{�f

� =
a

1 � b
;

a�x5~

� =
a2 + � 2 + 2� ab

1 � b2
;

CaVjfedGf

ab=
a0a1 + b0b1

2
g

b=
a1 + b1

2
g

b2 =
a2

1 + b2
1

2
|

_

�

_

\]•bŽ)� !$h>i"'4‘“’ki

ú•A�FEÀ�D•Á�›ÄA@DÄA@C&F4C�J7ïTF¼I�A;¾kš�?BCä›ÄA@DÄÀ�KÃF¼D•J�ûHF¼I�?BD•>�I²š�Á”F¼A@›@7bÈ C#F¼I�Anû‚JLKBKBJ7ï•?BC�M‹F¼I�A@JL›ÄA@¾=*'ï9A

ï•?BKBK{ML?ÃÂLA�F¼I�A|Å�A�Â	? š»F¼?BJLC(?BC�A@¿�À²š�KB?ÃF¼?BA@DÇJ�û F¼I�A|A@D F¼?B¾kš»F¼JL›ÇJ�û F¼I�AZÁ²š�›¼š�¾ZA�F¼A@›ÄD+*•À�DÄA�û‚À�Kyû‚JL›

C�JLC„š�D2;	¾ZÁ”F¼J�F¼?B>ÇD F�š»F¼?BD F¼?B>rš�K¢D F¼À�Å�?BA@D@7
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Ú9x‰pGa8n7f`ÊXCDf˜V	a�{�f�=>iLd�a�ovo

� > 0
g�=>iLd�a�ovo

b > 0
nekjpqV�lBV	a�l

b < k�k=(1 + � )
a�x5~

=>iLdQa�ovo

n > c 0
log((1�� )b� )

log(� ) + p � 1

P
�

kb� n � � k > �
�

�

8
>>>>>>><

>>>>>>>:

c1 exp
�

� c2(�b) 2

c3+(�b)
2n

(n�1) 2

�
r =

� < 1
2

c1(n � 1) exp
�

�c 2(� b)2

c3+(�b)
2n

(n�1) 2

�
r =

� = 1
2

c1(n � 1) exp
�

�c 2(� b)2

c3+(�b)
1

(n�1)� n

�
r =

� > 1
2;
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CaVjfedGfQlBVjf�p�iLx'nel a�xjlvn

c0
g

c1
g

c2
a�x5~

c3
~qfmhjfex5~„iLx

� 2; �; 
a�x5~

�
a�x5~„a�dGfVnekjpqV

lBV	a�l

c0 2 R� g

c1; c2 > 0
g

c3 � 0:
¼

ª€ª

¾

Ú9x‰pGa8n7f8Ì.CDf˜V	a�{�f�=>iLd�a�ovo

� > 0
g�=>iLd�a�ovo

b > 0
nekjpqV�lBV	a�l

b < k�k=(1 + � )
a�x5~

=>iLdQa�ovo

n > c 0
log((1�� )b� )

log(� ) + p � 1

P
�

kb� n � � k > �
�

�

8
>>>>>>><

>>>>>>>:

c1 exp
�

� c2(�b) 2

c3+c 4(�b)
2n

(n�1) 2

�
r =

� <
p

2
2

c1 exp
�

� c2(�b) 2

c3+c 4(�b)
2n

(n�1) 3

�
r =

� =
p

2
2

c1 exp
�

� c2(�b) 2

c3+c 4(�b)
1

(n�1) 2 � 2n

�
r =

� >
p

2
2 ;
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CaVjfedGf�lBVjf�p�iLx'nel a�xjlvn

c0
g

c1
g

c2
g

c3
g$a�x5~

c4
~qfmhjfex5~•iLx

� 2; �; 
a�x5~

�
a�x5~�a�dGf

nekjpqV„lBV	a�l

c0 2 R� g

c1; c2 > 0
g

c3; c4 � 0
g

(c3; c4) 6= (0;0):
€äµ	«U°�´8é

ò�:[ò�:[Þ�:

¯:xBf$pGa�x�xBiLlyrKp�f/lBV	a�l?lBVjf�f�nelyrv_�a�lmf¿´ºÕq|ÏÕq|«ÌŒ·Vr[n:nelydGiLx"Tqfed�lBV	a�x�f�nelyrv_�a�lmf

´ºÕq|ÏÕq|BÊ\·M|<Ô�V�r[n�r[n�~�kjf�lmiClBVjfa=+aqpelŒlBV	a�lŒlBVjf�rvxjlmfÍT�dEaLF+rvo©rvlD¸Sp�iLx5~�rvlyrKiLx„rvx�pGa8n7f(ÌSr[nInelydGiLx"Tqfed

lBV	a�x@rvxjlmfÍT�dEaLF+rvo©rvlD¸�p�iLx5~�rvlyrKiLx•rvx‰pGa8n7f8Ê�|

€äµ	«U°�´8é

ò�:[ò�:[ò�:

Ô�Vjf�k7h�hjfed�F9iLk�x5~8n�rvx"h5dGfe{7rKiLk�n•lBVjf�iLdGfe_ VjiLo}~µ=>iLd@a�dŒF+rvlydEa�d\¸

n �
n0 + p � 1

gTCaVjfedGf

n0
pGa�x4F9f„p�iL_�h5k�lmfG~´f]?eh5o©rKpervlyoÛ¸Ø´ xBiLl�a•o©rv_�rvl�dGfeo}a�lyrKiLx'g$k�xjo©r«³�fclBVjf

F9feo[iIC²dGf�nek�o©lvnº·M|�QfexBp�f�g«lBVjf�n7f�f�nelyrv_�a�lmf�n$a�dGf�_�kjpqV�_ciLdGf�h5dEaqpelyrKpGa�om´ rvx„xBiLx=a8nx¸L_�h5lmiLlyrKp

nel a�lyr[nelyrKp�nº·M|

È C#F¼I�AnC�A�ü	F4›ÄA@DÄÀ�KÃF>*'ï9AVï•?BKBKuÁ�›ÄA@DÄA@C&FEF¼I�A‹¹„¶Ç™5J�ûHF¼I�A;A@D F¼?B¾kš»F¼JL› b� n
7

ŸCä~µ�=´�µ	«

ò�:[ò�:

ì

:

Ú9x´pGa8n7f8Ê„iLdVrvx´pGa8n7f˜Ì�gUlBVjf�n7fGt+kjfexBp�f

� p
jT n�1 j( b� n � � )=bjTn �1 j

�

n�1
n>a�lyr[n·s:f�nVlBVjf²±�RQO÷iLx

R2(p+1) C�rvlBVwnmhjf�fG~

b2
jT n�1 j

a�x5~�dEa�lmf�=9k�xBpelyrKiLx

I � (x) = sup
�2R 2(p+1)

f� tx � �(� 
 L �1 )� tg =
1
2

xt (� 
 L �1 )�1 x;
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L
a�x5~

�
a�dGf(T�rv{�fex•rvx5´ºÕq|«Ì�|BÊsr\·�a�x5~ð´ºÕq|«Ì�|ÏÎx·SdGf�nmhjf�pelyrv{�feoÛ¸M|

€äµ	«U°�´8é

ò�:[ò�:

×

:‘Y

rv_�rvo}a�dIdGf�nek�o©lvnVaLF9iLk�l�~qfe{7rya�lyrKiLxwrvxBfGt+k	a�o©rvlyrKf�n$a�x5~¿±�RQOPg�a�dGf�a�o©dGfGa�~@¸

i F+l a�rvxBfG~$rvxRJÍÌLÌ	LGgArvx�a$dGf�nelyd9rKpelyrv{�fIpGa8n7fIi)=‘F9iLk�x5~qfG~QiLd(PIa�k�n�nerya�xSxBiLr[n7f�a�x5~TCaVjfex

p = 1
g

F+k�lUdGf�nek�o©lvnQlBVjfedGfervxðVjiLo}~M=>iLd(TqfexBfedEa�o�±ˆa�dg³�iL{4_ci>~qfeo nCa�o n7iM|

ú•A�F•À�DE>@JLC�DÄ?BÅ�A@›0C�J7ïTF¼I�AnA@D F¼?B¾kš»F¼?BJLCÌJ�ûHF¼I�A;Á²š�›¼š�¾ZA�F¼A@›0?BCÌF¼I�A;C�JL?BDÄAnÁ�›ÄJ	>@A@DÄD@7

ŸCä~µ�=´�µ	«

ò�:[ò�:[ô�:

INfel

(bn )
a�x"rvxBpedGfGa8nervx"Twn7fGt+kjfexBp�f�i)=�hji7nervlyrv{�f�dGfGa�o«xjk�_GF9fedGn�CaV�rKpqV

n>a�lyr[nN=\¸ð´ºÕq|«Ì�|BÊLý\·M|9Ú9x´pGa8n7f<ÊwiLdVrvx‰pGa8n7f˜Ì�g

´)Ê\·�lBVjf�n7fGt+kjfexBp�f

� p
jTn�1 j(� 2

n � � 2)=bjTn�1 j

�

n�1
n>a�lyr[n·s:f�nVlBVjf²±�RQOÐiLx

R
C�rvlBV�nmhjf�fG~

b2
jT n�1 j

a�x5~�dEa�lmf�=9k�xBpelyrKiLx

I � 2 (x) =
x2

� 4 � 2� 4 + � 2
:


y‹”7 ‹”7 •q�

´ÍÌŒ·�lBVjf�n7fGt+kjfexBp�f

� p
jT n�1 j(� n � � )=bjT n�1 j

�

n�1
n>a�lyr[n·s:f�nVlBVjf²±�RQOÐiLx

R
C�rvlBV�nmhjf�fG~

b2
jT n�1 j

a�x5~�dEa�lmf�=9k�xBpelyrKiLx

I � (x) =
x2

2(� 2 � � 2)
:
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iLlmfQlBV	a�lUrvx•lBV�r[n�pGa8n7fVlBVjfQ±�RQOßVjiLo}~8nK=>iLdQa�ovoAlBVjf$n7pGa�o[f�n

(bn )
{�fed9rBA

=\¸Lrvx"T2´ºÕq|«Ì�|BÊLý\·HC�rvlBVjiLk�l�iLlBVjfedVdGf�nelyd9rKpelyrKiLx5|

€äµ	«U°�´8é

ò�:[ò�:

í

:

Ú9l�C�rvovomF9fV_ciLdGfQrvxjlmfedGf�nelyrvx"T�lmi�h5dGiL{�fVlBVjf²±�RQOe=>iLd

� p
jT n�1 j( b� 2

n � � 2)=bjTn �1 j

�

n�1
;

CaV�rKpqV[C�rvovomF9fQlBVjf�pGa8n7fVr =CiLxBf�h5dGiL{�f�nK=>iLdCf]?qa�_�h5o[fVlBV	a�l

� p
jT n�1 j( b� 2

n � � 2)=bjTn �1 j

�

n�1

a�x5~

� p
jT n�1 j(� 2

n � � 2)=bjTn�1 j

�

n�1
a�dGf´f]?ehjiLxBfexjlyrya�ovoÛ¸JfGt+k�rv{La�o[fexjl4rvxölBVjf�n7fex'n7fˆi)=�lBVjf�±�RQO�|ÂÔ�V�r[n�r[nˆ~qf�n7ped9rDF9fG~5FŒ¸²lBVjf

=>iLovo[iIC�rvx"T�p�iLxj{�fed[TqfexBp�f

p
jTn�1 j

bjT n�1 j
(b� 2

n � � 2
n )

superexp
=)

b2
j Tn �1 j

0:

Ô�Vjf�h5dGi7i)=Qr[nQ{�fed\¸clmf�pqV�xjrKpGa�o?a�x5~c{�fed\¸cdGf�nelyd9rKpelyrv{�fJ=>iLdVlBVjfVn7pGa�o[f�i)=QlBVjf�~qfe{7rya�lyrKiLx5|I^�pxA

lyk	a�ovoÛ¸\CDfCa�dGf�iLxjoÛ¸caLF+o[fVlmi�h5dGiL{�fQlBV	a�l

b� 2
n � � 2

n
superexp

=)
b2

jT n�1 j

0;

lBV�r[n�nek7hjfedGf]?ehjiLxBfexjlyrya�oNp�iLxj{�fed[TqfexBp�faC�rvovozF9f:h5dGiL{�fG~�rvx�Ô�Vjf�iLdGfe_oÕq|ÏÕq|tr�|
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Ú9x´pGa8n7f8Ê„iLdVrvx´pGa8n7f˜Ì�g�CDfQV	a�{�f

b� 2
n

superexp
=)

b2
jT n�1 j

� 2:

Ú9x´pGa8n7f8Êcrvx'nelmfGa�~wi)=

¼

ø

Þ�¾

gPr =aCDf4a8n�nek�_cfVlBV	a�l

¼

ø

Þ�uÏ¾

iLxBfSpGa�x�sPx5~

 0 > 0
nekjpqV�lBV	a�l=>iLd4a�ovo

n � p � 1;
=>iLd�a�ovo

k; l 2 Gn+1
C�rvlBV

[k
2 ] = [ l

2]
a�x5~M=>iLdCa�ovo

t 2] � c; c[
=>iLd$n7iL_cf

c > 0;

E [expt (" k" l � �)] � exp
�

 0t2

2

�
;

a�x5~�rvx´pGa8n7f¿Ì�rvx'nelmfGa�~wi)=

¼

¡Ç°

¾

gPr =aCDf4a8n�nek�_cfVlBV	a�l

¼

¡

Þ�uÏ¾

iLxBf�pGa�x�sPx5~

 0 > 0
nekjpqV•lBV	a�l=>iLd�a�ovo

n � p � 1;
=>iLd4a�ovo

k; l 2 Gn+1
C�rvlBV

[k
2 ] = [ l

2]
a�x5~M=>iLdCa�ovo

t 2 R

E [expt (" k" l � �) jF n ] � exp
�

 0t2

2

�
; a:s:

lBVjfex•rvx‰pGa8n7f8Ê„iLd�rvx‰pGa8n7f˜Ì�g�CDfQV	a�{�f

b� n
superexp

=)
b2

jT n�1 j

�:

ý9A�û‚JL›ÄA4MLJL?BC�M;F¼J�F¼I�A4Á�›ÄJ	J�û‚D+*	KBA�F9À�D�M&š»F¼I�A@› I�A@›ÄA4û‚JL›bF¼I�A4>@JLC&ÂLA@C�?BA@C�>@AnJ�û¢F¼I�AÇ›ÄArš�Å�A@›ÄD
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ú•A�F

M = (M n ; H n ; n � 0)
��AZšÌ>@A@C&F¼A@›ÄA@Å DÄ¿�À²š�›ÄAZ?BC&F¼A@ML›¼š���KBA.¾kš�› F¼?BC�M&š�KBA‹Å�Ae&²C�A@Å

JLC#š‹Á�›ÄJM�²š���?BKB?ÃFm;|DÄÁ²š�>@A

(
; H ; P)
š�C�Å

(hMi n )
?ÃF¼DD��›¼š�>�Z�A�Fr7 ú•A�F

(bn )
��Anš�Cä?BC�>@›ÄArš�DÄ?BC�M

DÄA@¿�À�A@C�>@A9J�û”›ÄArš�K&C�À�¾4��A@›ÄDHD¼š»F¼?BD ûv;	?BC�MQ
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F¼I�AE›ÄA@D F¼›Ä?B>�F¼?BJLCZJ�ûuF¼I�AI&²›ÄD F�š�C�Å|F¼I�AEDÄA@>@JLC�Å

¾kš�›ÄML?BC²š�K�J�û

P � F¼J
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P �
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�

š�C�Å
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1 = P �
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�; �S �
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�
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S
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INfel

X = (X n ; n 2 T)
F9f

a

P � A[¶‘±
^

iLx

( �S; �S);
C�rvlBV

P � n>a�lyr[nN=\¸Lrvx"Tô´Ïó5|BÊ�|Nþq·M|

É

f"pGa�ovo

(X n ; n 2 T � );
C�rvlBV

T � = fn 2 T : X n 6=@g;
a�¶‘±

^
iLxûP

É

lydGf�f>|�Ô�Vjf

P � A[¶‘±
^

r[n�n>a�ry~•nmh	a�lyrya�ovoÛ¸

VjiL_cigTqfexBf�iLk�n�r =

p1;0 = P � (x; S � S); p0 = P � (x; S � f@ g);
a�x5~

p1 = P � (x; f@g � S)
~qiwxBiLl�~qfmhjfex5~•iLx

x 2 S:
^¿nmh	a�lyrya�ovoÛ¸ÂVjiL_cigTqfexBf�iLk�n

P � A[¶‘±
^

r[nCn>a�ry~�nek7hjfed\AEped9rvlyrKpGa�o

r =

m > 1;
CaVjfedGf

m = 2p1;0 + p1 + p0:
ùUA;Å�A@C�J�F¼AV��;

(Yn ; n 2 N)
F¼I�A‹¹„š�›EZ�JvÂ#>�I²š�?BC¤JLC

S
ï•?ÃF¼I

Y0 = X 1
š�C�Å#F¼›¼š�C�DÄ?ÃF¼?BJLC

Á�›ÄJM�²š���?BKB?ÃFm;

Q = 1
m (P �

0 + P �
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É
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T � r[n4a2P

É

lydGf�f>|

�
^�ovo)lBV�dGiLk T0V=lBV�r[nRCDiLdg³7g�CDf$nqV	a�ovo?a8n�nek�_cfVlBV	a�lUlBVjf

P � A[¶‘±
^

r[n$nek7hjfed\AEped9rvlyrKpGa�o}|

�EJ7ïV*�û‚JL›•š�C�;ÌDÄÀ	��DÄA�F

J � T;
KBA�F

J � = J \ T � = fj 2 J : X j 6=@g
��AZF¼I�AZDÄÀ	��DÄA�F�J�û0KB?ÃÂ	?BC�M#>@A@KBKBD‹š�¾ZJLC�M

J;
š�C�Å

jJ j
��AZF¼I�Ak>rš�›ÄÅ�?BC²š�KyJ�û

J:
G0I�AkÁ�›ÄJ	>@A@DÄD

(jG �
k j; k 2 N) ;

?BD•š
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 (z) = (1 � p0 � p1 � p1;0) + (p 0 + p1)z + p1;0z2;
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¥«¹i¸Z¨…¤°¯{¨…±	¨W¯{²I³{´ ©q¹º¦�¨W»e¦p·e¸{¥§¦�¯{¨…±	¨W¯x¬o�¥§¦�¨‡©�¦¼³•½x½I¬M¤p¹�¨…¥§¦d½°ª•¸x·e³x·M¨…´ ¨…¥«¾ p1;0 : £o¤°¯{¨…±	¨W¯{²I³{´]¿O¶�¨…±{¬o©d·M¨…ªo¥§¦¥t¸Z¥«¹i¸

¨…¤°¯{¨…±	¨W¯{²I³{´ ©O¹º¦�¨W»e¦T¸{¤I´ ¾À¸{¤°¬�Áb¥§¦¼¬d¤°¬M¹a½I¸{´ ¬tÂÀ¯{¨…±	¨W¯x¬o©e�¥§¦�¨‡©�¦¼³•½x½I¬M¤a¹º¦�¨W»e¦�½°ª•¸x·e³x·M¨…´ ¨…¥«¾ p0: £o¤°¯{¨…±	¨W¯{²I³{´Ãµ{¿

¶�¨…±{¬o©�·M¨…ªo¥§¦p¥t¸^¥«¹i¸^¨…¤°¯{¨…±	¨W¯{²I³{´ ©Z¹º¦�¨W»e¦Q¯x¸¤°¸{¥�¯{¨…±	¨W¯x¬oi¥§¦�¨‡©~¦¼³•½x½I¬M¤R¹�¨…¥§¦Z½°ª•¸x·e³x·M¨…´ ¨…¥«¾ 1� p1;0 � p0 � p1:

š�C�Å/F¼I�ANšrÂLA@›¼š�MLANC�À�¾4��A@›kJ�û;Å²š�À�MLI&F¼A@›ÄDÌš�KB?ÃÂLA#?BD

m:
È“Fä?BD�Z�C�J7ï•C)*EDÄA@ANA�7 M + Ž0-K*�F¼I²š»F

m�k jG �
k j

>@JLC&ÂLA@›ÄMLA@Db?BC.Á�›ÄJM�²š���?BKB?ÃFm;ÇF¼J;š4C�JLC�� C�A@M&š»F¼?ÃÂLA�›¼š�C�Å�JL¾iÂ�š�›Ä? š���KBA

W
7y¹¤JL›ÄA@JvÂLA@›+*

P(W > 0) = 1
?}T„F¼I�A@›ÄA�?BD0C�J|A�ü	F¼?BC�>�F¼?BJLC¢7`ùUA;I²šrÂLA;û‚JL›•š�KBK

r � 0;

E [jG�
r j] = mr š�C�Å

E [jT �
r j] =

rX

q=0

E
�
jG �

qj
�

=
mr +1 � 1

m � 1
:= t r :
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W
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i 2 T;
DÄA�F

� i = (X i ; X 2i ; X 2i+1 )
F¼I�A•¾ZJ�F¼I�A@›�� Å²š�À�MLI&F¼A@›ÄDy¿�À²š�C&F¼?ÃF¼?BA@DyJ�ûu?BC&F¼A@›ÄA@D Fr7

8²JL›•š4&²C�?ÃF¼AnDÄÀ	��DÄA�F

J � T;
ï9A�DÄA�F

M J (f ) =

8
<

:

P

i2J
f (X i )

û‚JL›

f 2 B( �S);
P

i2J
f (� i )

û‚JL›

f 2 B( �S3);
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f
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J

M J (f ) =
1

jJ j
M J (f )

?Ãû

jJ j > 0
š�C�Å fM J (f ) =

1
E [jJ j]

M J (f )
?Ãû

E [jJ j] > 0:
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J = G�
n

š�C�Å

J =
T �

n ;
š�D

n
MLJ	A@DÇF¼J#?BC'&²C�?ÃFm;L7.6EC�Å�A@›;À�C�?Ãû‚JL›Ä¾ MLA@JL¾ZA�F¼›Ä?B>.A@›ÄMLJ	Å�?B>@?ÃFm;„š�DÄDÄÀ�¾ZÁ”F¼?BJLC(û‚JL›
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m = 2:
ùUACï•?BKBK~û‚JLKBKBJ7ïiA@DÄDÄA@C&F¼? š�KBK};#F¼I�A�D¼š�¾ZA.š�Á�Á�›ÄJ&š�>�I(F¼I²š»F4F¼I�A�K š»FÄF¼A@›EÁ²š�Á�A@›4û‚JL›4F¼I�A.Á�›ÄJ	J�û‚D

J�ûÇJLÀ�›Z›ÄA@DÄÀ�KÃF¼D@7!ú•A�FkÀ�Däš�KBDÄJW¾ZA@C&F¼?BJLCô+ †

•

-K*Uï•I�A@›ÄA¤F¼I�ANš�À”F¼I�JL›ÄD|A@D F�š���KB?BDÄI/Å�A�Â	? š»F¼?BJLC

?BC�A@¿�À²š�KB?ÃF¼?BA@D�û‚JL›EA@D F¼?B¾kš»F¼JL›ÄD•J�ûyÁ²š�›¼š�¾ZA�F¼A@›ÄDEJ�û`F¼I�A

p
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Á�›ÄJ	>@A@DÄD@7

G0I�AZ›ÄA@D F‹J�û9F¼I�?BD�>�I²š�Á”F¼A@›�?BD;JL›ÄM&š�C�?[<@A@ÅUš�D;û‚JLKBKBJ7ï•D@7ZÈ CUDÄA@>�F¼?BJLC‰•�7½†�*Nï9AZD F�š»F¼A@D‹JLÀ�›
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J = G�
n

š�C�Å

J = T �
n :

G0I�?BDIï•?BKBKA��A‹Å�JLC�A�À�C�Å�A@›4À�C�?Ãû‚JL›Ä¾SMLA@JL¾ZA�F¼›Ä?B>;A@›ÄMLJ	Å�?B>@?ÃFm;#š�DÄDÄÀ�¾ZÁ”F¼?BJLC#û‚JL›

Q;
š�C�ÅNDÄÀ�?ÃF�š���KBA‹š�DÄDÄÀ�¾ZÁ”F¼?BJLC�D4JLC„F¼I�AC��?BC²š�›2;
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(S; S)
DÄÀ�>�I F¼I²š»F‹û‚JL›‹š�KBK

f 2 Bb(S)
ï•?ÃF¼I

h�; f i = 0;
F¼I�A@›ÄAÌ?BD

c > 0
DÄÀ�>�IPF¼I²š»F.û‚JL›�š�KBK

k 2 N
š�C�Å û‚JL›�š�KBK

x 2 S;
jQk f (x)j � c� k :

¼]½

Þ�¾0÷

m >
p

2
7

¼]½

ò�¾0÷

p1;0 + p0 + p1 = 1
*	ï•I�A@›ÄA

p1;0
*

p0
š�C�Å

p1
š�›ÄAnÅ�Ae&²C�A@Å„?BC#DÄA@>�F¼?BJLC=•�7
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�Q¸�hjiLlBVjf�ner[n
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Ôk¾

rv_�h5o©rKf�n�lBV	a�lŒlBVjf‘±ˆa�dg³�iL{CpqV	a�rvx

Y
r[n$fed[Tqi>~�rKp�g?lBV	a�l

r[n>=>iLd/a�ovo

f 2 Cb(S)
a�x5~�=>iLd/a�ovo

x 2 S; lim
k!1

Ex [f (Yk)] = h�; f i:
^�n�nek�_�rvx"TQV"¸�hjiLlBVjf�ner[n

Á)Ã

�LÄ

_cfGa�x'nVlBV	a�l�CDfRCDiLdg³�p�iLx5~�rvlyrKiLx5a�ovoÛ¸Slmi�lBVjfQxBiLx/AEf]?MlyrvxBpelyrKiLx5|

È C(F¼I�A�DÄA@¿�À�A@KK*

Hr
ï•?BKBKHÅ�A@C�J�F¼A�JLC�A�J�û F¼I�A�DÄA�F

Gr
JL›

Tr :
ùUA�DÄA�F

hr = (m 2=2)r
?Ãû

Hr = Gr
š�C�Å

hr = (m 2=2)r +1 ?Ãû

Hr = Tr
7„ùUAä>rš�C C�J7ïåD F�š»F¼AäJLÀ�›‹¾kš�?BCU›ÄA@DÄÀ�KÃF¼D@7

�EJ�F¼?B>@AÇF¼I²š»F4š�C�;äû‚À�C�>�F¼?BJLC
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f (@) = 0:
ŸCä~µ�=´�µ	«Üì
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x5~qfedðV"¸�hjiLlBVjf�ner[n
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Ôk¾
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g�o[fel

f 2 Bb(S)
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h�; f i = 0:
Ô�Vjfex�CDfQV	a�{�fK=>iLdCa�ovo

� > 0

P
�

fMH �
r
(f ) > �

�
�

8
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>>>>>>>>>>>>>>>>>>>>>:

exp (c00� ) exp (�c 0� 2hr ) ; 8r 2 N;
r =

m� < 1;

exp (c00� ) exp (�c 0� 2(m2=2)r ) ; 8r 2 N;
r =

�m = 1
a�x5~

Hr = Gr ;

exp (c00� (r + 1)) exp (�c 0� 2(m2=2)r +1 ) ; 8r 2 N; Ä Å �m = 1 Æ_ÇÉÈ Hr = Tr

exp (�c 0� 2hr ) ; 8r 2 N
nekjpqV„lBV	a�l

r > r 0;
r =

1 < m� <
p

2
g

exp
�

� c0� 2 hr
r

�
; 8r 2 N

nekjpqV„lBV	a�l

r > r 0;
r =

m� =
p

2;

exp
�

� c0� 2

� 2r

�
; 8r 2 N� nekjpqV„lBV	a�l

r > r 0;
r =

m� >
p

2:
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ò�¾
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f 2 Bb(S)

P
�

fMH �
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�
�
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exp (c00� ) exp (�c 0� 2hr ) + A r ; 8r 2 N;
r =

m� < 1;

exp (c00� ) exp (�c 0� 2(m2=2)r ) + A r ; 8r 2 N;
r =

�m = 1
a�x5~

Hr = Gr ;
exp (c00� (r + 1)) exp (�c 0� 2(m2=2)r +1 ) + A r ; 8r 2 N;

r =

�m = 1
a�x5~

Hr = Tr

exp (�c 0� 2hr ) + A r ; 8r 2 N
nekjpqV=lBV	a�l

r > r 0;
r =

1 < m� <
p

2
g

exp
�

� c0� 2hr
r

�
+ Ar ; 8r 2 N

nekjpqV=lBV	a�l

r > r 0;
r =

m� =
p

2;

exp
�

� c0� 2

� 2r

�
+ Ar ; 8r 2 N� nekjpqV=lBV	a�l

r > r 0;
r =

m� >
p

2
g
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CaVjfedGf�g

�
=>iLdQa�ovo

r 2 N;

Ar =

(
c0exp

�
�c 00� 2=3(m1=3)r

�
r =

Hr = Gr

exp
�
c0� 2=3

�
exp

�
�c 00� 2=3 (t r =(r + 1) 2)1=3

�
r =

Hr = Tr ;

� r0 := log
�

�
c0

�
=log(� ) � k0;

C�rvlBV

k0 2 f0; 1g;

�
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� c0; c0 a�x5~

c00 a�dGfQhji7nervlyrv{�f=p�iLx'nel a�xjlvn�CaV�rKpqVJ~qfmhjfex5~‰iLx

�
g

m
g4a�x5~

c
a�x5~@_�a@¸

~�r �$fed�o©rvxBf8FŒ¸�o©rvxBf>|

G0I�A;C�A�ü	F4›ÄA@DÄÀ�KÃF¼D0>rš�C=��A;DÄA@A@CNš�DEš�>@JLC�DÄA@¿�À�A@C�>@A‹J�ûHF¼I�A;Á�›ÄA�Â	?BJLÀ�D•›ÄA@DÄÀ�KÃF¼D@7

ŸCä~µ�=´�µ	« ì

:[Þ�:[ò�:

É

fwa8n�nek�_cfclBV	a�lHV"¸�hjiLlBVjf�ner[n

¼]½

Ôk¾

å

¼]½

ò�¾

a�dGfSn>a�lyr[n·s:fG~�|�INfel

f 2
Bb(S):

N

iLd�a�ovo

� > 0;
=>iLdSa�ovo

a > 0
a�x5~Q=>iLdSa�ovo

b > 0
nekjpqV@lBV	a�l

b < a=(� + 1);
CDf

V	a�{�f

P
�

M H �
r
(f ) � h�; f i > �

�
�
�W � a

�

�

8
>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>:

exp (c00� b) exp (�c 0(�b) 2hr ) + A r ; 8r 2 N;
r =

m� < 1;

exp (c00�b) exp (�c 0(�b) 2(m2=2)r ) + A r ; 8r 2 N;
r =

�m = 1
a�x5~

Hr = Gr ;
exp (2c0�b(r + 1)) exp (�c 0(�b) 2(m2=2)r +1 ) + A r ; 8r 2 N;

r =

�m = 1
a�x5~

Hr = Tr

exp (�c 0(�b) 2hr ) + A r ; 8r 2 N
nekjpqV=lBV	a�l

r > r 0;
r =

1 < m� <
p

2
g

exp
�

� c0(�b) 2 hr

r

�
+ Ar ; 8r 2 N

nekjpqV„lBV	a�l

r > r 0;
r =

m� =
p

2
g

exp
�

� c0(�b) 2

� 2r

�
+ Ar ; 8r 2 N� nekjpqV„lBV	a�l

r > r 0;
r =

m� >
p

2;


·•�7½†	7 ‹��

CaVjfedGf�g

�
=>iLdQa�ovo

r 2 N;

Ar =

(
c0exp

�
�c 00(�b) 2=3(m1=3)r

�
r =

Hr = Gr

exp
�
c0(�b) 2=3

�
exp

�
�c 00(�b) 2=3 (t r =(r + 1) 2)1=3

�
r =

Hr = Tr ;

� r0 := log
�

�b
c0

�
=log(� ) � k0;

C�rvlBV

k0 2 f0; 1g;

� c0; c0 a�x5~

c00 a�dGfDhji7nervlyrv{�fCp�iLx'nel a�xjlvnaCaV�rKpqV=~qfmhjfex5~ciLx

�
g

m; a;
a�x5~

c
gDa�x5~S_�a@¸

~�r �$fed�o©rvxBf8FŒ¸�o©rvxBf>|

ùUAbI²šrÂLA F¼I�Abû‚JLKBKBJ7ï•?BC�M�A�ü	F¼A@C�DÄ?BJLC‹J�û²š���JvÂLAbF¼I�A@JL›ÄA@¾ZDAï•I�A@C

f
Å�J	A@DHC�J�FHJLC�K};ÇÅ�A@Á�A@C�Å

JLC„š�C#?BC�Å�?ÃÂ	?BÅ�À²š�K

X i ;
��À”F•JLC#F¼I�A;¾ZJ�F¼I�A@›�� Å²š�À�MLI&F¼A@›ÄD�F¼›Ä? š�C�MLKBA

� i :
ŸCä~µ�=´�µ	« ì

:[Þ�:

ì

:

INfel

f 2 Bb(S3):
ÚB=

h�; P � f i = 0;
lBVjfex'g/k�x5~qfed<V"¸�hjiLlBVjf�ner[n2Á)Ã

¾@Ä

a�x5~�Á)Ã�Ö

Ä

g�CDf¹V	a�{�f•~qfe{7rya�lyrKiLxörvxBfGt+k	a�o©rvlyrKf�nÒ´Ïó5|«Ì�|BÊ\·Z=>iLd fMH �
r
(f ):

ÚB=

h�; P � f i 6= 0;
k�x5~qfedˆa�~�~�rvlyrKiLx5a�o‘V"¸�hjiLlBVjf�ner[nXÁ)Ã

�LÄ

g\CDfðV	a�{�fˆ~qfe{7rya�lyrKiLxµrvxBfGt+k	a�o©rvlyrKf�n3´Ïó5|«Ì�|«ÌŒ· =>iLd

fMH �
r
(f ) � h�; P � f iW

a�x5~ð´Ïó5|«Ì�|ÏÕx·&=>iLd

M H �
r
(f ) � h�; P � f i

|
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•

7

•

7Œ�EJ�F¼?B>@A

F¼I²š»FkF¼I�A„Á�›ÄJ	>@A@DÄD

(X i ; i 2 T)
Å�Ae&²C�A@Å!?BC/DÄA@>�F¼?BJLCÍ•�7

•

7

•

*Dï•?ÃF¼I/F¼I�A„>@JLC&ÂLA@C&F¼?BJLC5F¼I²š»F

X i = @
?ÃûuF¼I�A4>@A@KBK

i
?BD ¾Z?BDÄDÄ?BC�M	*&?BD9š�DÄÁ²š»F¼? š�KBK};.I�JL¾ZJLMLA@C�A@JLÀ�D9ý0¹Nþ/JLCäš



ù F¼›ÄA@A�7`ùUA

ï•?BKBK”š�DÄDÄÀ�¾ZA

2p1;0+ p1+ p0 >
p

2
7{G0I�?BD`?B¾ZÁ�KB?BA@DHÁ²š�› F¼?B>@À�K š�›ÄK};ÇF¼I²š»F`F¼I�A0ý0¹NþPJLC



ù ?BD

DÄÀ�Á�A@›�� >@›Ä?ÃF¼?B>rš�Kó70ùUAQï•?BKBKHš�KBDÄJäš�DÄDÄÀ�¾ZA‹F¼I²š»F4F¼I�A‹C�JL?BDÄA‹DÄA@¿�À�A@C�>@A@D

((" 2n; "2n+1 ); n 2 T);
(" 0

2n; n 2 T)
š�C�Å

(" 0
2n+1 ; n 2 T)

*•š�C�Å/F¼I�A„?BC�?ÃF¼? š�K�D F�š»F¼A

X 1
Â�š�KBÀ�A@Å/?BC5šU>@JL¾ZÁ²š�>�F

DÄA�Fr7;G0I�A�K š»FÄF¼A@›E?B¾ZÁ�KB?BA@D•F¼I²š»F4F¼I�A.Á�›ÄJ	>@A@DÄD

(X i ; i 2 T)
?BD$��JLÀ�C�Å�A@Å¢7ÇùUA�Å�A@C�J�F¼A4��;

S
F¼I�A|D F�š»F¼AZDÄÁ²š�>@AZJ�û

(X i ; i 2 T)
7�ùUAkš�DÄDÄÀ�¾ZA�ï•?ÃF¼I�JLÀ”F;KBJLDÄD;J�û9MLA@C�A@›¼š�KB?ÃFm;„F¼I²š»F

S
?BD�š

>@JL¾ZÁ²š�>�F•DÄÀ	��DÄA�F4J�û

R
7

ú•A�F

T0;1
n

��A4F¼I�AnDÄÀ	��DÄA�F•J�ûH>@A@KBKBD�?BC

T �
n

ï•?ÃF¼IäFmï9J|KB?ÃÂ	?BC�M‹Å²š�À�MLI&F¼A@›ÄD+*

T0
n


‚›ÄA@DÄÁ¢7

T1
n

�U��A

F¼I�A;DÄA�FEJ�û{>@A@KBKBD0J�û

T �
n

ï•?ÃF¼I#JLC�K};kF¼I�A;C�Aeï¿
‚›ÄA@DÄÁ¢7bJLKBÅY�9Á�JLKBAÇÅ²š�À�MLI&F¼A@›Eš�KB?ÃÂLA�ø

T1;0
n = fi 2 T �

n : � i 2 S3g; T0
n = fi 2 T �

n : � i 2 S2 � f@ gg
š�C�Å

T1
n = fi 2 T �

n : � i 2 S � f@ g � Sg:
ùUA;>@JL¾ZÁ�À”F¼AÇF¼I�A;KBArš�D F2� DÄ¿�À²š�›ÄA@D•A@D F¼?B¾kš»F¼JL›V
€úH<”·U�

b� n = ( b� n
0 ; b� n

0 ; b� n
1 ; b� n

1 ; b�
0n
0 ; b�

0n
0 ; b�

0n
1 ; b�

0n
1 )

J�û

�
ML?ÃÂLA@C@��;²
·•�7

•

7½ŽM�9*B�²š�DÄA@ÅWJLC„F¼I�A.JM��DÄA@› Â�š»F¼?BJLCNJ�û šäDÄÀ	���“F¼›ÄA@A

T �
n+1 :

þ9JLC�DÄA@¿�À�A@C&F¼K};M*

ï9A�JM�&Â	?BJLÀ�DÄK};äI²šrÂLA;û‚JL›

� 2 f0; 1g;

b� n
� =

jT1;0
n j �1

X

i2T 1;0
n

X i X 2i+� �

0

@jT1;0
n j �1

X

i2T 1;0
n

X i

1

A

0

@jT1;0
n j �1

X

i2T 1;0
n

X 2i+�

1

A

jT1;0
n j �1

X

i2 T1;0
n

X 2
i �

0

@jT1;0
n j �1

X

i2T 1;0
n

X i

1

A

2 ;

b� n
� = jT 1;0

n j �1
X

i2T 1;0
n

X 2i+� � b� n
� jT1;0

n j �1
X

i2T 1;0
n

X i ;

b� 0n
� =

jT �
n j �1

X

i2T �
n

X i X 2i+� �

0

@jT �
n j �1

X

i2T �
n

X i

1

A

0

@jT �
n j �1

X

i2T �
n

X 2i+�

1

A

jT �
n j �1

X

i2T �
n

X 2
i �

0

@jT �
n j � 1

X

i 2T �
n

X i

1

A

2 ;

b� 0n
� = jT �

n j �1
X

i2T �
n

X 2i+� � b� 0n
� jT �

n j �1
X

i2T �
n

X i :

�EJ�F¼?B>@A�F¼I²š»FÇF¼I�JLDÄA�úH<”·Vš�›ÄA4�²š�DÄA@ÅWJLC(Á�JLK};	C�JL¾Z? š�K¢û‚À�C�>�F¼?BJLC�DÇJ�ûyF¼I�A�JM��DÄA@› Â�š»F¼?BJLC�D@7

<	J	*bDÄ?BC�>@AkF¼I�AÌK š»FÄF¼A@›.š�›ÄAw��JLÀ�C�Å�A@Å)*�ï9A#š�›ÄAÌ?BCUF¼I�Aäû‚À�C�>�F¼?BJLC²š�K9DÄA�FÄF¼?BC�M(J�û0F¼I�AÌ›ÄA@DÄÀ�KÃF¼D
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J�ûnDÄA@>�F¼?BJLCÍ•�7½†	7V:•A@>rš�KBKB?BC�MWF¼I�A(¹„š�›EZ�JvÂ/>�I²š�?BC

(Yn ; n 2 N)
*0C�J�F¼?B>@A#F¼I²š»F

Yn
?BDZÅ�?BD��

F¼›Ä?[��À”F¼A@Å,š�D

Zn = a1a2 � � � an�1 anY0 +
P n

k=1 a1a2 � � � ak�1 bk
*)ï•I�A@›ÄA

bn = b0
n + snen

*

((an ; b0
n ; sn ); n � 1)

?BD.šNDÄA@¿�À�A@C�>@A#J�û•?BC�Å�A@Á�A@C�Å�A@C&F|?BÅ�A@C&F¼?B>rš�KBK};WÅ�?BD F¼›Ä?[��À”F¼A@Å ›¼š�C�Å�JL¾

Â�š�›Ä? š���KBA@D+*�ï•I�JLDÄA�>@JL¾Z¾ZJLCÌÅ�?BD F¼›Ä?[��À”F¼?BJLCÌ?BD0ML?ÃÂLA@C„��;M*²û‚JL›

� 2 f0; 1g
*

P(a1 = � � ; b0
1 = � � ; s1 = � ) =

p1;0

m
š�C�Å

P(a1 = � 0
� ; b0

1 = � 0
� ; s1 = � � ) =

p�

m
;

(en ; n � 1)
?BD šnDÄA@¿�À�A@C�>@AÇJ�û¢?BC�Å�A@Á�A@C�Å�A@C&F

N (0; 1)
›¼š�C�Å�JL¾ Â�š�›Ä? š���KBA@D+*�š�C�ÅZ?BDb?BC�Å�A@Á�A@C��

Å�A@C&F4J�û

((an ; b0
n ; sn ); n � 1)

*²š�C�Å=��J�F¼I¤DÄA@¿�À�A@C�>@A@DÇš�›ÄA;?BC�Å�A@Á�A@C�Å�A@C&F4J�û

Y0
79¹¤JL›ÄA@JvÂLA@›+*

?ÃF�?BD�Arš�D2;äF¼J�>�I�A@>�ZkF¼I²š»F�F¼I�AnDÄA@¿�À�A@C�>@A

(Zn ; n 2 N)
>@JLC&ÂLA@›ÄMLA�š”7 D@7yF¼J|š.KB?B¾Z?ÃF

Z
*'ï•I�?B>�I

?B¾ZÁ�KB?BA@DyF¼I²š»F9F¼I�A;¹„š�›EZ�JvÂk>�I²š�?BC

(Yn ; n 2 N)
>@JLC&ÂLA@›ÄMLAn?BCäÅ�?BD F¼›Ä?[��À”F¼?BJLC|F¼J

Z
7{ùUAÇ›ÄA�û‚A@›

F¼JÀ+ ‹M‹0-K*•DÄA@>�F¼?BJLCˆ‘'*uû‚JL›4¾ZJL›ÄA.Å�A�F�š�?BKBD@7;8²JLKBKBJ7ï•?BC�M|F¼I�A.Á�›ÄJ	J�ûbJ�û9™y›ÄJLÁ�JLDÄ?ÃF¼?BJLC@†�î'*¢D F¼A@Á

•

?BC2+ ‘M‘0-K*�ï9A4>�I�A@>�ZkI�;	Á�J�F¼I�A@DÄ?BD

¼]½

Ôk¾

ï•?ÃF¼I

� = max(j� 0j; j� 1j; j� 0
0j; j� 0

1j) < 1
š�C�Åcï•?ÃF¼I

�
F¼I�A;Å�?BD F¼›Ä?[��À”F¼?BJLCÌJ�û

Z
7bú•A�F

� 1 = E [Z ]
š�C�Å

� 2 = E [Z 2]
7yùUA;I²šrÂLA�
‚DÄA@AG+ ‹M‹.-v�

� 1 =
�

1 � �
š�C�Å

� 2 =
2�� �=(1 � � ) + � 2 + � 2

1 � � 2
;

ï•I�A@›ÄA

� = E [a1]
*

� 2 = E
�
a2

1

�
*

� = E [b1]
*

� 2 = E
�
b2

1

�
*

�� = E [a1b1]
š�C�Å

� 2 =
E

�
s2

1

�
7

ùUAnF¼I�A@C¤I²šrÂLA;F¼I�Anû‚JLKBKBJ7ï•?BC�M‹Å�A�Â	? š»F¼?BJLC#?BC�A@¿�À²š�KB?ÃFm;Zû‚JL› b� n � �
7

¥�´�Yëy5•rªvÕ�ª‚�®Ýì

:[ò�:yÔ/:ÍN

iLd´a�ovo

� > 0
gQ=>iLd‰a�ovo

a > 0
gQ=>iLd´a�ovo

b > 0
a�x5~¹=>iLd´a�ovo

 > 0
nekjpqV²lBV	a�l

b < a=(� + 1)
a�x5~

 < min
n

c1=(1 + � ); c1=
�

1 +
p

�
�o

gRCaVjfedGf

c1
r[n�a�hji7nervlyrv{�fcp�iLx'nel a�xjl�CaV�rKpqV´~qfmhjfex5~8nciLx

p1;0
g

p0
g

p1
g

� 1
a�x5~

� 2
g�a�x5~˜=>iLd

n0 :=
(log ( q� pb=c0) =log� ) � 1

g�CDf²V	a�{�f

P
�

kb� n � � k > � jW � a
�

�
8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

c2 exp (c00 q� pb) exp
�

�c 0( q� pb)2 (m2=2)n+1
�

+ An + Cn

8n 2 N
r =

m� < 1;

c2 exp (c00 q� pb(n + 1)) exp
�

�c 0( q� pb)2 (m2=2)n+1
�

+ An + Cn

8n 2 N
r =

m� = 1;

c2 exp
�

�c 0( q� pb)2 (m2=2)n+1
�

+ An + Cn

8n > n 0
r =

1 < m� <
p

2;

c2 exp
�

�c 0( q� pb)2 (1=n) (m2=2)n+1
�

+ An + Cn

8n > n 0
r =

m� =
p

2;
c2 exp

�
�c 0( q� pb)2 � �2 n

�
+ An + Cn 8n > n 0

r =

m� >
p

2;
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Cn = c3P
� �

�
�
�
jT1;0

n j
jT �

n j
� p1;0

�
�
�
� > c4 q� pb

�
�
�W � a

�

+
1X

� =0

c3P
� �

�
�
�
jT �

n j
jT �

n j
� p�

�
�
�
� > c4 q� pb

�
�
�W � a

�
g

An = c3 exp
�

c0( q� pb)2=3
�

exp
�

�c 00( q� pb)2=3 �
tn=(n + 1) 2

� 1=3
�

g

p 2 f1=2; 1g
g

q 2 f0; 1=2;1g
g

c2
g

c3
g

c4
g

c0 a�x5~

c00 a�dGfDhji7nervlyrv{�fQp�iLx'nel a�xjlvnaCaV�rKpqV=~qfmhjfex5~ciLx

c
g

m
g

� p 1;0
g

p0
g

p1
g

� 1
a�x5~

� 2
|
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iLlyrKp�f„lBV	a�lQlBVjf•p�iLx'nel a�xjlvn
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g

c3
g

c4
g

c0 a�x5~

c00 CaV�rKpqV¶a9h�hjfGa�d�rvx

ODdGi�hji7nervlyrKiLx�ó5|ÏÕq|BÊ„_�a@¸=~�r �$fedClmfed9_ FŒ¸„lmfed9_�|ÀÔ�Vjf�{La�o©kjf�n�i)=

p
a�x5~

q
~qfmhjfex5~�iLx‰lBVjf

_�a�T�xjrvlyk	~qfQi)=

�
a�x5~


|

N

iLdVf]?qa�_�h5o[f�gk=>iLd

�
a�x5~


ne_�a�ovoNfexBiLk T0V�gOCDf(V	a�{�f

p = 1
a�x5~

q = 1
|
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ì
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ì
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f 2 Bb(S):
ùUA,š�›ÄANMLJL?BC�M F¼JPD F¼À�Å';!DÄÀ�>@>@A@DÄDÄ?ÃÂLA@K}; fMH �

r
(f )

û‚JL›

Hr = Gr
š�C�Å

Hr = Tr :
 BÕvµqë

Ô/:

ú•A�F.À�DQ&²›ÄD F�Å�Arš�KPï•?ÃF¼I fMG�
r
(f ):

ùUA�&²›ÄD F|š�DÄDÄÀ�¾ZAZF¼I²š»F

h�; f i = 0:
ýU;

þ9I�A@›ÄC�J�TW?BC�A@¿�À²š�KB?ÃFm;M*'ï9A;I²šrÂLA;û‚JL›•š�KBK

� > 0
š�C�Å#û‚JL›•š�KBK

� > 0

P
�

fMG�
r
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nekjpqV„lBV	a�l�=>iLdQa�ovo

t > 0
a�x5~�a�ovo

x 2 X
g

� � H �1
� (t)kP t (x; �) � � (�)k T V � cV(x)
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H �
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H � (u) =
Z u

1

ds
�(s)

8u � 1:
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Å�A@C�J�F¼A‹F¼I�A.>@K š�DÄDÇJ�ûyF¼I�A.¾ZArš�DÄÀ�›¼š���KBA.š�C�Å(C�JLC�� Å�A@>@›ÄArš�DÄ?BC�Mäû‚À�C�>�F¼?BJLC�D

r : [0;+1) ! [2;+1)
DÄÀ�>�IÌF¼I²š»F

logr (t)=t # 0
š�D

t ! +1
7yú•A�F

�
Å�A@C�J�F¼A4F¼I�A4>@K š�DÄD

J�û{Á�JLDÄ?ÃF¼?ÃÂLAn¾ZArš�DÄÀ�›¼š���KBAÇû‚À�C�>�F¼?BJLC�D

r
DÄÀ�>�I#F¼I²š»F•û‚JL›0DÄJL¾ZA

r 2 � 0
*

0 < lim inf
t

r (t)
r (t)

� lim sup
t

r (t)
r (t)

< 1:

G0I�A@C¤F¼I�A@›ÄA;A�ü”?BD F¼DEš|Á�JLDÄ?ÃF¼?ÃÂLAÇ>@JLC�D F�š�C&F

c
DÄÀ�>�I¤F¼I²š»F•û‚JL›

r (t) � � � H �1
� (t)

r (t)kP t (x; �) � � (�)k f � cV(x);
ï•I�A@›ÄA

r 2 �
*�û‚JL›4škDÄ?BMLC�A@Å(¾ZArš�DÄÀ�›ÄA

�; k�k f = supjgj�f �(g )
š�C�Å

f : X ! [0;1)
š

¾ZArš�DÄÀ�›¼š���KBAÇû‚À�C�>�F¼?BJLC

f
KB?BC	Z�A@ÅÌF¼J|F¼I�An>�I�JL?B>@A;J�û

r

 Â	? š.?BC&ÂLA@›ÄDÄAnÆ JLÀ�C�M|û‚À�C�>�F¼?BJLCY��7

6EC”û‚JL› F¼À�C²š»F¼A@K};M*0F¼I�AN>@JLC�D F�š�C&F

c
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�
7b¹¤JL›ÄAnÁ�›ÄA@>@?BDÄA@K};M*	F¼J

Å�A�F¼A@›Ä¾Z?BC�AÇš�û‚À�C�>�F¼?BJLC

g : X ! [0;1)
*qï•I�?B>�IÌ>rš�Cw��A4>@JL¾ZÁ�À”F¼A@ÅÌA�ü”Á�KB?B>@?ÃF¼K};M*�DÄÀ�>�IÌF¼I²š»F

r (t)kP t (x; �) � � (�)k T V � g(x) 8x 2 X;
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r 2 �:
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D(A)
Å�A@C�J�F¼AZF¼I�AZDÄA�F.J�û
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f : X ! R
ï•?ÃF¼I!F¼I�A(û‚JLKBKBJ7ï•?BC�MUÁ�›ÄJLÁ�A@› Fm;�øPF¼I�A@›ÄAWA�ü”?BD F¼D¤š

¾ZArš�DÄÀ�›¼š���KBA|û‚À�C�>�F¼?BJLC

h : X ! R
DÄÀ�>�IUF¼I²š»F�F¼I�AZû‚À�C�>�F¼?BJLC

t 7! h(X t )
?BD�?BC&F¼A@ML›¼š���KBA

Px �
š”7 D@7yû‚JL›0Arš�>�I

x 2 X
š�C�Å#F¼I�A;Á�›ÄJ	>@A@DÄD

t 7! f (X t ) � f (X 0) �
Z t

0
h(X s)ds

?BD4š

Px �
KBJ	>rš�K~¾kš�› F¼?BC�M&š�KBA4û‚JL›4š�KBK

x
7•G0I�A@C�ï9AQï•›Ä?ÃF¼A

h = Af
*�š�C�Å

f
?BD•D¼š�?BÅ¤F¼Jc��A�?BC

F¼I�A;Å�JL¾kš�?BCÌJ�ûHF¼I�A;A�ü	F¼A@C�Å�A@Å„MLA@C�A@›¼š»F¼JL›

(A; D(A))
7HùUAnF¼I�A@C¤I²šrÂLA�7
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^

g�a�pGa�~@Amo}a�T9=9k�xBpelyrKiLx

V : X ! [1;+1)
C�rvlBV

V 2 D (A)
g

� 2 C
gPa�x5~Sa�p�iLx'nel a�xjl

b < 1
nekjpqV=lBV	a�l1=>iLdCa�ovo

x 2 X
g

AV (x) � �� � V(x) + b1C (x):
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Á�›ÄJ	>@A@DÄD�ï•I�?B>�I�ï•?BKBKA��A�F¼I�ACZ�Ae;„F¼J	JLK¢û‚JL›4JLÀ�›E¾kš�?BC¤›ÄA@DÄÀ�KÃFr74¶4À�A�F¼JkF¼I�?BDEK š�D F4›ÄA@DÄÀ�KÃF/ï9A
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û‚À�C�>�F¼?BJLCU¾kš�Z�A@D�C�J„DÄA@C�DÄAˆ
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AV (x) � �� � V(x) + b1C (x):
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Ia¸Ma9h5k�xBiL{´p�iLx5~�rvlyrKiLx

VjiLo}~8n>|

r ·

N

iLdQa�ovo

x 2 X
a�x5~

t � > 0
g

Ex

" Z � t �
C

0
� � V(X s)ds

#

� V(x) � 1 + bt� :

rvr ·

N

iLdQa�ovo

x 2 X
a�x5~

t � � 0
g

Ex

" Z � t �
C

0
� � H �1

� (s)ds

#

� V(x) � 1 +
b

�(1)

Z t �

0
� � H �1

� (s)ds:
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L(X t )
š�C�ÅUA@›ÄMLJ	Å�?B>

šrÂLA@›¼š�MLA„K š>ï•D

Rt
0 P(X s 2 �)ds
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