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þ9A�FÄF¼A F¼I	(@DÄA0D+% ?BC&F¼½@›ÄA@DÄDÄA0š�À.>@JL¾ZÁ�JL› F¼A@¾ZA@C&F`š�D2;	¾ZÁ”F¼J�F¼?B¿�À�A9A�F`C�JLC��•š�D2;	¾ZÁ”F¼J�F¼?B¿�À�A9Å�A@D
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Å�½e&²C�?BA DÄÀ�›HÀ�C‹A@DÄÁ²š�>@A9Á�›ÄJM�²š���?BKB?BDÄ½

(
; F ; P)
7�™HJLDÄJLC�D

Sn =
P n

i=1 X i
A�F{DÄÀ�Á�Á�JLDÄJLC�D

¿�À�A

(Sn=n; n 2 N)
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*•š�KB½rš»F¼JL?B›ÄA.JLÀ

C�JLC¢7²È K¢D+% š�ML?ÃF>*�Á�JLÀ�›

� > 0
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� > �

�
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h
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>@JLC&ÂLA@›ÄMLAÌÂLA@›ÄD�ñ(¿�À²š�C�Å

n
F¼A@C�ÅPÂLA@›ÄD|KK% ?BC'&²C�?ó7Œ�EJLÀ�D�Á²š�›ÄKBA9�

›ÄJLC�DnÅ)% ?BC�½@M&š�KB?ÃF¼½�Å�A�Å�½�Â	? š»F¼?BJLC�D4A�ü”Á�JLC�A@C&F¼?BA@KBKBA@DÇDÄ?

h(�; n; c) = exp (�C (�; n; c))
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¿�À�AäK š„DÄÀ�?ÃF¼A

(Sn=n; n 2 N)
Å�½e&²C�?BAä>@?…� Å�A@DÄDÄÀ�D�>@JLC&ÂLA@›ÄMLAÌA@CPÁ�›ÄJM�²š���?BKB?ÃF¼½�ÂLA@›ÄDSñ”7

<	JL?ÃF

(bn ; n 2 N)
À�C�AäDÄÀ�?ÃF¼AkÅ�AkÂ	?ÃF¼A@DÄDÄAkF¼A@KBKBAZ¿�À�A

p
n = o(bn )

A�F

bn = o(n)
7HÈ K

D+% š�ML?ÃF•ML›ÄJLDÄDÄJ|¾ZJ	Å�J	*”Á�JLÀ�›

� > 0
*�Å�A;Å�½�F¼A@›Ä¾Z?BC�A@›0KK% ½@¿�À�?ÃÂ�š�KBA@C�>@A;š�D2;	¾ZÁ”F¼J�F¼?B¿�À�A

n
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n
logP

�
Sn

bn
� �

�
� �I (� );

JMŠ

I (�)
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¹„š�›EZ�JvÂ�3nF¼A@¾ZÁ�Dy>@JLC&F¼?BC�À¢7”<	JL?ÃF

(X t ; t � 0)
À�CZÁ�›ÄJ	>@A@DÄDÄÀ�D9Å�A4¹„š�›EZ�JvÂ|Å�A0û‚JLC�>�F¼?BJLC
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Å�A‹F¼›¼š�C�DÄ?ÃF¼?BJLC

(P t ; t � 0)
7)�ÇC(DÄÀ�Á�Á�JLDÄA.¿�À�A

(X t ; t � 0)
š�Å�¾ZA�FÇÀ�C�A.Á�›ÄJM�²š���?BKB?ÃF¼½

?BC&Â�š�›Ä? š�C&F¼A

�
7²È K•D+% š�ML?ÃF•š�KBJL›ÄD0Å�A;Å�½�F¼A@›Ä¾Z?BC�A@›0Å�A@D0û‚JLC�>�F¼?BJLC�D

r
A�F

g
F¼A@KBKBA@D0¿�À�A

r (t)kP t(x; �) � � (�)k � g(x);
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k � k
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À';LJLC,+ ‘M‘.-ó74·yKBKBA@D„Á�A@›Ä¾ZA�FÄF¼A@C&FN½@M&š�KBA@¾ZA@C&FNÅ)% ½�F�š���KB?B›#Å�A@DN>@JLC&ÂLA@›ÄMLA@C�>@A@D
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+ •�‹.-K*v¿�À�?�>@JLC�D F¼?ÃF¼À�A@C&F{K š��²š�DÄA Å�A C�J�F¼›ÄAbF¼›¼šrÂ�š�?BKó7@GHJLÀ”FHÅ)% š���JL›ÄÅ)*�>@JL¾Z¾ZA@C	�@JLC�D~Á²š�›~Å�JLC�C�A@›

¿�À�A@KB¿�À�A@DEÅ�½e&²C�?ÃF¼?BJLC�D0A�FEC�J�F�š»F¼?BJLC�D@7

<	JL?ÃF

(
; F ; (F t )t�0 ; (X t )t�0 ; (Px)x2X )
À�C�A`û€š�¾Z?BKBKBAHÅ�A ¹„š�›EZ�JvÂnÅ�½e&²C�?BAyDÄÀ�›~À�C;A@DÄÁ²š�>@A

¾Z½�F¼›Ä?B¿�À�ANDÄ½@Á²š�›¼š���KBANA�FÌKBJ	>rš�KBA@¾ZA@C&Fk>@JL¾ZÁ²š�>�F

X
*9¾.À�C�?4Å�AND¼š

�
�•š�KBMM(+��›ÄA���JL›Ä½@KB?BA@C�C�A

B(X )
ø

(
; F )
A@D F�À�CäA@DÄÁ²š�>@AÇ¾ZA@DÄÀ�›¼š���KBA�*

(X t )t�0
A@D F�À�CäÁ�›ÄJ	>@A@DÄDÄÀ�D�Å�An¹„š�›EZ�JvÂkDÄÀ�›

X
Á²š�›b›¼š�Á�Á�JL› FD3;K š�&²KÃF¼›¼š»F¼?BJLC

(F t )t�0
A�F

Px

‚›ÄA@DÄÁ¢7

Ex
�̀Å�½@DÄ?BMLC�AEK šnÁ�›ÄJM�²š���?BKB?ÃF¼½�>rš�C�JLC�?B¿�À�A


‚›ÄA@DÄÁ¢7~KK% A@DÄÁ�½@›¼š�C�>@A7�nš�DÄDÄJ	>@?B½@AZš�ÀWÁ�›ÄJ	>@A@DÄDÄÀ�D�Å�Ak¹„š�›EZ�JvÂWÅ�A|KBJL?`?BC�?ÃF¼? š�K

� x
*•K šä¾kš�DÄDÄA|Å�A

¶4?B›¼š�>9A@C

x
7M�EJLÀ�D`DÄÀ�Á�Á�JLDÄJLC�Dy¿�À�A

(X t )t�0
A@D FyÀ�C�Á�›ÄJ	>@A@DÄDÄÀ�DbÅ�A•¹„š�›EZ�JvÂ‹û‚JL› F`I�JL¾ZJLMM(@C�A

A�F�3ZF¼›¼š7�ÄA@>�F¼JL?B›ÄA@D4>>3�Å�K³3�M�7B�ÇCNÅ�½@DÄ?BMLC�A‹Á²š�›

(P t )t�0
K š|û‚JLC�>�F¼?BJLC„Å�A�F¼›¼š�C�DÄ?ÃF¼?BJLC„š�DÄDÄJ	>@?B½@A

DÄÀ�›

(X; B(X ))
7”™HJLÀ�›9À�C

t � 0 P t š�ML?ÃF9DÄÀ�›9KBA@D û‚JLC�>�F¼?BJLC�D9¾ZA@DÄÀ�›¼š���KBA@DD��JL›ÄC�½@A@D

f
A�F0KBA@D

¾ZA@DÄÀ�›ÄA@D

�
� &²C�?BA@D

�
DÄÀ�›

X
Â	? š.KBA@D0û‚JL›Ä¾.À�KBA@D

P t f (x) =
Z

X
P t (x; dy)f (y); �P t (A) =

Z

X
�(dx)P t(x; A):

6EC�A;¾ZA@DÄÀ�›ÄA;Å�A;Á�›ÄJM�²š���?BKB?ÃF¼½

�
DÄÀ�›

B(X )
A@D FEÅ�?ÃF¼An?BC&Â�š�›Ä? š�C&F¼AÇDÄ?

� = �P t 8t � 0:
ú•A;Á�›ÄJ	>@A@DÄDÄÀ�DEÅ�A‹¹„š�›EZ�JvÂ

(X t )t�0
A@D F

�
� ?B›Ä›Ä½@Å�À�>�F¼?[��KBAÇÁ�JLÀ�›0À�C�A;¾ZA@DÄÀ�›ÄA

�
� &²C�?BA

�
DÄ?K*

�(A) > 0 ) Ex

� Z 1

0
1A (X s)ds

�
> 08x 2 X:

6ECWÁ�›ÄJ	>@A@DÄDÄÀ�D

�
� ?B›Ä›Ä½@Å�À�>�F¼?[��KBA�Á�JLDÄDE(@Å�A|À�C�A�¾ZA@DÄÀ�›ÄA�Å)% ?B›Ä›Ä½@Å�À�>�F¼?[��?BKB?ÃF¼½;¾kš�ü”?B¾kš�KBA

 
*•š�À

DÄA@C�DnJMŠ„F¼JLÀ”F¼A�š�À”F¼›ÄA.¾ZA@DÄÀ�›ÄA.?B›Ä›Ä½@Å�À�>�F¼?[��KBA

'
A@D F�š���DÄJLKBÀ�¾ZA@C&F4>@JLC&F¼?BC�À�A�Á²š�›4›¼š�Á�Á�JL› F�3

 
7

ú•AnÁ�›ÄJ	>@A@DÄDÄÀ�D

(X t )t�0
A@D F4ÿ4š�›Ä›Ä?BD�� ›Ä½@>@À�›Ä›ÄA@C&FEDÄ?K*�Á�JLÀ�›0À�C�A;¾ZA@DÄÀ�›ÄA

�
� &²C�?BA

�
*

�(A) > 0 )
Z 1

0
1A (X s)ds = 1 Px

� Á�›ÄA@DÄ¿�À�A�Á²š�› F¼JLÀ”F

8x 2 X:

6EC#Á�›ÄJ	>@A@DÄDÄÀ�D4ÿ4š�›Ä›Ä?BD�� ›Ä½@>@À�›Ä›ÄA@C&F0A@D F•F¼›Ä?ÃÂ	? š�KBA@¾ZA@C&F

�
� ?B›Ä›Ä½@Å�À�>�F¼?[��KBA

™

Å�AnÁ�KBÀ�D˜+ Ž�Ø.-K*”D+% ?BK¢A@D F

>>3�Å�K³3�M	*&?BK=š�Å�¾ZA�F9À�C�A4¾ZA@DÄÀ�›ÄAE?BC&Â�š�›Ä? š�C&F¼A

� ™

DÄ?

�
A@D F�À�C�A4Á�›ÄJM�²š���?BKB?ÃF¼½�?BC&Â�š�›Ä? š�C&F¼A�*	š�KBJL›ÄD

KBA.Á�›ÄJ	>@A@DÄDÄÀ�D;A@D FnÅ�?ÃF;ÿ4š�›Ä›Ä?BD�� ›Ä½@>@À�›Ä›ÄA@C&FnÁ�JLDÄ?ÃF¼?Ãû•7�¶4?}Tu½@›ÄA@C&F¼Dn>@›Ä?ÃFG(@›ÄA@DÇÁ�JLÀ�›ÇÀ�CWÁ�›ÄJ	>@A@DÄDÄÀ�D

Å)% 6�F¼›ÄA�ÿ4š�›Ä›Ä?BD0›Ä½@>@À�›Ä›ÄA@C&F4Á�JLDÄ?ÃF¼?ÃûHJLC&F•½�F¼½;Å�JLC�C�½@D8+ î�†0-K*>+ îM‹.-ó7

�
_



ú•AZÁ�›ÄJ	>@A@DÄDÄÀ�D

(X t )t�0
A@D F.A@›ÄMLJ	Å�?B¿�À�AZD+% ?BKbA�ü”?BD F¼AkÀ�C�Ak¾ZA@DÄÀ�›ÄAZÅ�AkÁ�›ÄJM�²š���?BKB?ÃF¼½�?BC&Â�š8�

›Ä? š�C&F¼A

�
A�F

lim
t!1

kP t(x; �) � � (�)k T V = 0; 8x 2 X;
JMŠ¤K š.C�JL›Ä¾ZAnA@C#Â�š�›Ä? š»F¼?BJLCkF¼J�F�š�KBAÇÅ)% À�C�A�¾ZA@DÄÀ�›ÄA;DÄ?BMLC�½@A

�
A@D FEÅ�JLC�C�½@A�Á²š�›

k�k T V = sup
A2B (X )

�(A) � inf
A2B (X )

�(A):

�EJ�F¼JLC�D ¿�À)% À�CÌÁ�›ÄJ	>@A@DÄDÄÀ�D0ÿ4š�›Ä›Ä?BD�� ›Ä½@>@À�›Ä›ÄA@C&F9Á�JLDÄ?ÃF¼?ÃûuC)% A@D F�Á²š�D û‚JL›Ä>@½@¾ZA@C&F9A@›ÄMLJ	Å�?B¿�À�A�7	·yC

AeTuA�F>*&Å�A@D >@JLC�Å�?ÃF¼?BJLC�DyDÄÀ�Á�Á�KB½@¾ZA@C&F�š�?B›ÄA@DbDÄÀ�›bKBA0Á�›ÄJ	>@A@DÄDÄÀ�D9DÄJLC&F C�½@>@A@DÄD¼š�?B›ÄA@D9Á�JLÀ�›yJM�”F¼A@C�?B›

KK% A@›ÄMLJ	Å�?B>@?ÃF¼½�7•¶4AkÁ�KBÀ�D+*~Á�JLÀ�›;KBA@D�DÄ?B¾.À�K š»F¼?BJLC�DnC�À�¾Z½@›Ä?B¿�À�A@D+*H>@JLC�C²šL‡BF¼›ÄA�3¤¿�À�A@KBKBA�Â	?ÃF¼A@DÄDÄA

P t >@JLC&ÂLA@›ÄMLAnÂLA@›ÄD

�
A@D F0Å)% À�C�An?B¾ZÁ�JL› F�š�C�>@A4>rš�Á�?ÃF�š�KBA�7”™yKBÀ�D�Á�›Ä½@>@?BDÄ½@¾ZA@C&F>*�A@CÌDÄÀ�Á�Á�JLD¼š�C&F

¿�À�A4KBAEÁ�›ÄJ	>@A@DÄDÄÀ�D�A@D F�A@›ÄMLJ	Å�?B¿�À�A�*�JLCkDÄJLÀ�I²š�?ÃF¼A@›¼š�?ÃF Å�½�F¼A@›Ä¾Z?BC�A@› Å�A@À	üZû‚JLC�>�F¼?BJLC�D

g : X !
[0;1)

A�F

r : [0;+1) ! (0; +1)
*”>rš�KB>@À�K š���KBA@D�A�ü”Á�KB?B>@?ÃF¼A@¾ZA@C&F>*”F¼A@KBKBA@D0¿�À�A

kP t (x; �) � � (�)k T V �
g(x)
r (t)

8x 2 X:



•

7 ‘”7

•

�

ú•JL›ÄDÄ¿�À�A

r (t) = � t šrÂLA@>

� > 1
*=JLC„Á²š�›ÄKBA;Å)% A@›ÄMLJ	Å�?B>@?ÃF¼½;A�ü”Á�JLC�A@C&F¼?BA@KBKBA;JLÀ„ML½@JL¾Z½�F¼›Ä?B¿�À�A�7

<	?

r (t)
A@D FÌÀ�C!Á�JLK};	C	ƒL¾ZA�*bJLC5Á²š�›ÄKBA¤Å)% A@›ÄMLJ	Å�?B>@?ÃF¼½¤Á�JLK};	C�JL¾Z? š�KBA�7bþ9A�FÄF¼ANÅ�A@›ÄC�?[(@›ÄA„û€š�?ÃF

Á²š�› F¼?BAkÅ)% À�C�AÌ>@K š�DÄDÄAäÁ�KBÀ�D.ML›¼š�C�Å�Aä¿�À)% JLCQš�Á�Á�A@KBKBAkA@›ÄMLJ	Å�?B>@?ÃF¼½ZDÄJLÀ�D�� ML½@JL¾Z½�F¼›Ä?B¿�À�A�7«�EJLÀ�D

š�KBKBJLC�DP3�Á�›Ä½@DÄA@C&F0½@C�JLC�>@A@›9KBA@Db›Ä½@DÄÀ�KÃF�š»F¼D9JM�”F¼A@C�À�D9Á²š�›9:•JM��A@› F¼D A�F�:•JLDÄA@C&F¼I²š�Kz+ Ø�†0-�DÄÀ�›9KBA@D

��JL›ÄC�A@D0A�ü”Á�KB?B>@?ÃF¼A@D0Á�JLÀ�›�KK% A@›ÄMLJ	Å�?B>@?ÃF¼½4A�ü”Á�JLC�A@C&F¼?BA@KBKBAÇÅ�A@D•Á�›ÄJ	>@A@DÄDÄÀ�D•Å�A‹¹„š�›EZ�JvÂ„3‹F¼A@¾ZÁ�D

>@JLC&F¼?BC�À¢7�þ9JL¾Z¾ZA@C	�@JLC�D0Á²š�›•KBA@D0Å�½e&²C�?ÃF¼?BJLC�D0DÄÀ�?ÃÂ�š�C&F¼A@D@7

§Ì¬�ü`®HªvÕ�ª‚­�®

Ô/:[ô�:yÔ

¼

¡n®?•@µ	«@ç{±‚µ�•r«U°²±€±�á~¡n®?•@µ	«@ç{±‚µ�ëyµ�Õ�ªvÕvµ

¾0:

¯:xÐ~�rvlct+k�u k�xön7iLk�nxAEfex'n7fe_GF+o[f•xBiLx {7ry~qf

C � X
f�nel

(t � ; ")
AKne_�a�ovo¿´2iLkÍnerv_�h5o[fe_cfexjl

ne_�a�ovo ·7gUhjiLk�d�k�x¶lmfe_�hjncnelyd9rKpelmfe_cfexjlDhji7nervlyr =

t � fel

" > 0
g�nju rvoIf]?Mr[nelmf�k�xBfw_cf�nek�dGf=~qf

h5dGi F�aLF+rvo©rvlmz

Q(�)
nek�d

X
{�zed9r sDa�xjlUo}awp�iLx5~�rvlyrKiLxˆ~qfV_�rvxBiLdEa�lyrKiLx

P t �
(x; �) � "Q(�) 8x 2 C:




•

7 ‘”7½†M�

INfVn7iLk�nxAEfex'n7fe_GF+o[f

C
f�nel

� a
A[hjfelyrvlmfÇ´2iLk„nerv_�h5o[fe_cfexjlAhjfelyrvlmfº·Snju rvo nSf]?Mr[nelmfexjlDk�xBfC_cf�nek�dGf

~qf/h5dGi F�aLF+rvo©rvlmz

a
nek�d4o}a

�
A2a�o TqbCF+dGf`F9iLdGzeo©rKfexjxBf�~qf

[0;+1)
fel:k�xBf�_cf�nek�dGf

�
A½sPxjrKfCxBiLx

lyd9rv{7rya�o[f

� a
nek�d

B(X )
lmfeovo[f�n4t+kjf

Z 1

0
P t (x; �)a(dt) � � a(�) 8x 2 C:

�ÇCÌÂL½@›Ä?}&²A�š�?BDÄ½@¾ZA@C&FE¿�À�AnF¼JLÀ”F•A@C�DÄA@¾4��KBA;DÄ¾kš�KBK¢A@D FEÁ�A�F¼?ÃF¼A�7

6EC(JLÀ”F¼?BK{A@DÄDÄA@C&F¼?BA@KyÁ�JLÀ�›nKK% JM�”F¼A@C&F¼?BJLCNÅ�A@D���JL›ÄC�A@D;A�ü”Á�KB?B>@?ÃF¼A@D4A@D F�KBA.>@JLÀ�Á�K š�MLA�*u>�% A@D F2�

38� Å�?B›ÄAnK š�>@JLC�D F¼›ÄÀ�>�F¼?BJLC¤>@JLC8�ÄJL?BC&F¼A;Å�A�Å�A@À	ü¤Á�›ÄJ	>@A@DÄDÄÀ�D4Å�A.¹„š�›EZ�JvÂ#Å�JLC&F4KBA@D•¾kš�›ÄML?BC²š�KBA@D

Å�A�Â	›ÄJLC&F4DÄA;>@JL¾ZÁ�JL› F¼A@›0>@JL¾Z¾ZAÇK š�KBJL?uÅ�À¤Á�›ÄJ	>@A@DÄDÄÀ�DE?BC�?ÃF¼? š�Kó7

�xb



Ô/:[ô�:yÔ

Å
­�®?•eÕv´L‚?è�Õ�ª‚­�®Íã?‚ÍèL­5‚Në{±‚°	Ö=µ

<	À�Á�Á�JLDÄJLC�D�¿�À�A

C � X
A@D F

(t � ; �)
� DÄ¾kš�KBKó7•<	JL?ÃF

(X t )
A�F

(X 0
t )

Å�A@À	ü,Á�›ÄJ	>@A@DÄDÄÀ�D.¿�À�A

C�JLÀ�DEš�KBKBJLC�D9>@JLC�D F¼›ÄÀ�?B›ÄAnÁ²š�›0>@JLÀ�Á�K š�MLA�7��`F�š�C&F•Å�JLC�C�½;À�C�A;DÄÀ�?ÃF¼AnÅ�AÇÂ�š�›Ä? š���KBA@D0š�KB½rš»F¼JL?B›ÄA@D

?ó7 ?ó7 Å

Z1; Z2; :::
*

Z i � B (1; �)
*�JLC¤>@JLC�D F¼›ÄÀ�?ÃF

(X t ; X 0
t )

A�F•KBAÇF¼A@¾ZÁ�D•Å)% š�›Ä›E6�F4š�KB½rš»F¼JL?B›ÄA

eT = inf
�

e� t �

i + t � ;
�

X e� t �
i

; X 0
e� t �

i

�
2 C � C; Zi = 1

�
:

<	JL?ÃF

e� t �

C�C = inf
n

t � t � ; (X t ; X 0
t ) 2 C � C

o
; e� t �

1 = e� 0
C�C ;

A�F

e� t �

i = inf
n

t � e� t �

i�1 + t � ; (X t ; X 0
t ) 2 C � C

o
; i � 2:

™HJLÀ�›•>�I²š�¿�À�AnF¼A@¾ZÁ�D

e� t �

i
*²DÄ?

X t
A�F

X 0
t

C)% JLC&F•Á²š�D•A@C�>@JL›ÄA;½�F¼½n>@JLÀ�Á�KB½@D+*=š�KBJL›ÄD�JLC#Á�›ÄJ	>+(@Å�A

>@JL¾Z¾ZAnDÄÀ�?ÃF;ø

•

7`DÄ?

Z i = 1
*�JLC¤Á�JLDÄA

X e� t �
i +t � = X 0

e� t �
i +t � � Q(�);

A�FEJLC¤Å�½@>@K š�›ÄA;¿�À�A�KBA@D•Á�›ÄJ	>@A@DÄDÄÀ�D4JLC&FE½�F¼½�>@JLÀ�Á�KB½@D+*=A�FEÁ²š�›•K š�Å�½e&²C�?ÃF¼?BJLC#Å�À#F¼A@¾ZÁ�D

Å�A;>@JLÀ�Á�K š�MLA�*�JLC¤š

X e� t �
i +t � = X 0

e� t �
i +t �

*

†	7`DÄ?

Z i = 0
*�JLC¤Á�JLDÄA

X e� t �
i +t � �

1
1 � �

�
P t �

(X e� t �
i

; �) � �Q(� )
�

A�F

X 0
e� t �

i +t � �
1

1 � �

�
P t �

(X 0
e� t �

i
; �) � �Q(� )

�

>@JLC�Å�?ÃF¼?BJLC�C�A@KBKBA@¾ZA@C&F�?BC�Å�½@Á�A@C�Å²š�C&Fr7

¶Çš�C�DyKBA@D`Å�A@À	ü�>rš�D+*�JLC�›ÄA@¾ZÁ�KB?ÃF{KBA@D{Â�š�KBA@À�›ÄD

X t
A�F

X 0
t

Á�JLÀ�›

e� t �

i < t < e� t �

i + t � >@JLC�Å�?ÃF¼?BJLC��

C�A@KBKBA@¾ZA@C&F ?BC�Å�½@Á�A@C�Å²š�C&F¼A@D+*”A@CkÀ”F¼?BKB?BD¼š�C&FbKBA@D KBJL?BDy>@JLC�Å�?ÃF¼?BJLC�C�A@KBKBA@Dbš�Å²š�Á”F¼½@A@D9Å�A@D9Å�JLC�C�½@A@D

X e� t �
i

*

X 0
e� t �

i

*

X e� t �
i +t �

*

X 0
e� t �

i +t�

7 eT
A@D F�KBA.F¼A@¾ZÁ�DnÅ�A|>@JLÀ�Á�K š�MLA�7¢È KyA@D F;û€š�>@?BKBA.Å�A�ÂLJL?B›n¿�À�A

(X t )
A�F

(X 0
t )

DÄÀ�?ÃÂLA@C&FÌ¾kš�›ÄML?BC²š�KBA@¾ZA@C&F|KBA@DZÁ�›ÄJM�²š���?BKB?ÃF¼½@D|Å�A¤F¼›¼š�C�DÄ?ÃF¼?BJLC�D

P t (�; �)

 ÂLJL?B›

:•JM��A@› F¼D��•:•JLDÄA@C&F¼I²š�K�+ Ø�†�*jØ�•@-v��7

�ÇC#š�š�KBJL›ÄD9KBA4›Ä½@DÄÀ�KÃF�š»F0DÄÀ�?ÃÂ�š�C&F0¿�À�?¢Å�JLC�C�AnÀ�C�A$��JL›ÄC�AnA�ü”Á�JLC�A@C&F¼?BA@KBKBA4A�ü”Á�KB?B>@?ÃF¼A4Å�AnK š

Å�?BD F�š�C�>@A;A@C#Â�š�›Ä? š»F¼?BJLCkF¼J�F�š�KBAÇA@C&F¼›ÄA

L(X t )
A�F•K š�Á�›ÄJM�²š���?BKB?ÃF¼½4?BC&Â�š�›Ä? š�C&F¼A

� (�)
7

ŸCä~¬�­=´�³	«Uµ

Ô/:[ô�:[Þ�:HY

k7h�hji7n7iLx'nQt+kjfQo[f:h5dGi7p�f�n�nek�nC~qfQ±ˆa�dg³�iL{

(X t )t�0
a�~�_cfelPk�xBf�h5dGi.A

F�aLF+rvo©rvlmzCrvxj{La�d9rya�xjlmf

� (�)
|

Y

k7h�hji7n7iLx'n�t+kjf

C � X
f�nel

(t � ; ")
AKne_�a�ovo gAhjiLk�dQk�x´lmfe_�hjn

t �
nelyd9rKpelmfe_cfexjlŒhji7nervlyr =�fel

" > 0
|

Y

k7h�hji7n7iLx'n�fexwh5o©k�n�t+k�u rvoPf]?Mr[nelmf

� > 0
fel�k�xBf‘=>iLxBpelyrKiLx

h : X � X ! [1;1)
lmfeo n4t+kjf

Ex;y [exp (�� C�C )] � h(x; y ); (x; y ) =2 C � C;



•

7 ‘”7 ‹��

�

�



i.S

� C�C = inf ft � 0;(X t ; X 0
t ) 2 C � Cg

g

(X t )
fel

(X 0
t )

n7iLxjl�~qz·sPxjr[nSp�iLx��>iLrvxjlmfe_cfexjl

p�iL_�_cf8E�o}a„p�iLx'nelyd9kjpelyrKiLx´~�k•p�iLk7h5o}a�Tqf8Ê�|NþM|BÊ�|>OIi7n7iLx'n

A = sup
(x;y )2C �C

Ex;y [h(X t � ; X 0
t � )]

fel�nek7h�hji7n7iLx'nCt+kjf

A < 1
|)^�o[iLdGn�hjiLk�d

t > 0
felAhjiLk�dVlmiLk�l

0 < r < 1=t�
g

kL(X t ) � � (�)k T V � (1 � ") brtc + exp (�� (t � t � )) Abrtc�1 E [h (X 0; X 0
0)] :

6EC�AnÅ�A@D•Á�›Ä?BC�>@?BÁ²š�KBA@D�Å�?}1Z>@À�KÃF¼½@D0Å²š�C�D0KK% š�Á�Á�KB?B>rš»F¼?BJLCkÅ�An>@AnF¼I�½@JL›E(@¾ZAnA@D FEK š‹ÂL½@›Ä?}&²>rš8�

F¼?BJLC‹Å�A�K šE>@JLC�Å�?ÃF¼?BJLCw
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7 ‘”7 ‹���7L�EJLÀ�D`›ÄA�Â	?BA@C�Å�›ÄJLC�D`Á�KBÀ�DHF�š�›ÄÅ.DÄÀ�›`À�C�A�>@JLC�Å�?ÃF¼?BJLC‹DÄÀ'1ZD¼š�C&F¼A

Á�A@›Ä¾ZA�FÄF�š�C&F4Å�A‹KK% JM�”F¼A@C�?B›@7=ú~š|Á�›ÄA@À”ÂLA.Å�A‹>@A�F¼I�½@JL›E(@¾ZA�›ÄA@Á�JLDÄA‹A@CNML›¼š�C�Å�A�Á²š�› F¼?BA;DÄÀ�›4KBA

>@JLC&F¼›EƒLKBAnÅ�À#F¼A@¾ZÁ�D•Å�A;>@JLÀ�Á�K š�MLA eT
Å�½e&²C�?BA;Å²š�C�D•K š.>@JLC�D F¼›ÄÀ�>�F¼?BJLC¤Á�›Ä½@>@½@Å�A@C&F¼A�7

¶Çš�C�D KBA•>rš�D JMŠZK šn>@JLC&ÂLA@›ÄMLA@C�>@AÇÅ�A

P t (x; �)
ÂLA@›ÄD

� (�)
A@D F9DÄJLÀ�D�� A�ü”Á�JLC�A@C&F¼?BA@KBKBA�*�¶4JLÀ�>9�

8²JL› F2�




À�?BKBKB?BC + •�‹.-ÇJLC&FäÅ�JLC�C�½NÅ�A@Dw��JL›ÄC�A@DäC�JLC5A�ü”Á�KB?B>@?ÃF¼A@DkÁ�JLÀ�›

kP t (x; �) � � (�)k T V
7

þ9JLC�DÄ?BÅ�½@›ÄJLC�D•K š�>@JLC�Å�?ÃF¼?BJLCÌÅ�A;Å�½@›Ä?ÃÂLA;DÄÀ�?ÃÂ�š�C&F¼A;Á�JLÀ�›0À�C¤A@C�DÄA@¾4��KBA;Á�A�F¼?ÃF¼A

C
7

D(C; V ; �; b)
øuÈ K{A�ü”?BD F¼A.À�CWA@C�DÄA@¾4��KBA.Á�A�F¼?ÃF¼A

C
*uÀ�C�A.û‚JLC�>�F¼?BJLCN>>3�Å�K³3�M

V : X �!
[1;1)

*�À�C�A.û‚JLC�>�F¼?BJLC

� : [1;1) �! (0; 1)
>@›ÄJL?BDÄD¼š�C&F¼A�*¢Á�JLDÄ?ÃF¼?ÃÂLA�*u>@JLC�>ršrÂLA�*•Å�½@›Ä?ÃÂ�š���KBA

A�FEÀ�C�A;>@JLC�D F�š�C&F¼A

b < 1
F¼A@KBD0¿�À�A;Á�JLÀ�›0F¼JLÀ�D

s � 0
*

x 2 X
*

Ex

h
V(X s)

i
+ Ex

� Z s

0
� � V(X u)du

�
� V(x) + bEx

� Z s

0
1C (X u)du

�
:
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7 ‘”7 •q�

�EJ�F¼JLC�D•¿�À�Ac


•

7 ‘”7 •q�9A@D FE½@¿�À�?ÃÂ�š�KBA@C&F�3�K š.>@JLC�Å�?ÃF¼?BJLCÌ¿�À�A�K š‹û‚JLC�>�F¼?BJLC�C�A@KBKBA

s 7�! V(X s) � V(X 0) +
Z s

0
� � V (X u)du � b

Z s

0
1C (X u)du

A@D FEÀ�C�A

Px
� DÄÀ�›Ä¾kš�› F¼?BC�M&š�KBA4Á²š�›0›¼š�Á�Á�JL› F/3|K šC&²KÃF¼›¼š»F¼?BJLC

(F t )t�0
Á�JLÀ�›�F¼JLÀ”F

x 2 X
7

ú~š‹D F�š���?BKB?ÃF¼½•A�F�K š�>@JLC&ÂLA@›ÄMLA@C�>@A;DÄJLÀ�D�� A�ü”Á�JLC�A@C&F¼?BA@KBKBA4JLC&F0½�F¼½Ç½�F¼À�Å�?B½@A@D�Å²š�C�D²+ •�‹0-¢DÄJLÀ�D

KK% I�;	Á�J�F¼I	(@DÄAZÁ�›Ä?BC�>@?BÁ²š�KBA

D(C; V ; �; b)
7u™yKBÀ�D;Á�›Ä½@>@?BDÄ½@¾ZA@C&F>*H¶4JLÀ�>G—ßš�KyJLC&F�¾ZJLC&F¼›Ä½�>@A

¿�À�?•DÄÀ�?ÃFr7

ŸCä~¬�­=´�³	«Uµ

Ô/:[ô�:[ò

¼

ñ©ì

òkò

á{¥�´�­Yëy­5•rªvÕ�ª‚­�®

ò�:«�

µ�ÕkŸCä~¬�­=´�³	«Uµ

ò�:yÔqó­¾0:

Y

k7h�hji7n7iLx'n

D(C; V ; �; b)
fel

supC V < 1
|'^�o[iLdGnIo[fŒh5dGi7p�f�n�nek�n�f�nel��Va�d9d9r[n�dGz�pek�d9dGfexjl

hji7nervlyr =/a�{�f�p�o}aQ_cf�nek�dGf�~qf«h5dGi F�aLF+rvo©rvlmzIrvxj{La�d9rya�xjlmf

�
lmfeovo[f�t+kjf

� (� � V) < 1
|

Y

rN~qf«h5o©k�n

k�xBf4pqV	a@°vxBf/n>t+kjfeo[felylmf4f�nelPrvd9dGzG~�kjpelyrDF+o[fCfel

lim+1 � 0 = 0
gDa�o[iLdGn�g�rvoNf]?Mr[nelmf�k�xBf4p�iLx'nel a�xjlmf

c
sPxjrKfVlmfeovo[f4t+kjf�hjiLk�d�lmiLk�l

t > 0
felUlmiLk�l

x 2 X
g

� � H �1
� (t)kP t (x; �) � � (�)k T V � cV(x)
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7 ‘”7½ŽM�

i.S=o}aH=>iLxBpelyrKiLx

H �
f�nel:~qz·sPxjrKf:h	a�d

H � (u) =
Z u

1

ds
�(s)

8u � 1:

�

œ



€äµ	«U°�´Là)‚~µ

Ô/:[ô�:

ì

:

Ë�a9h�hjfeo[iLx'n@t+kjfShjiLk�d

m > 0
g4o}a

m
AKn>t+kjfeo[felylmfˆ~�k´h5dGi7p�f�n�nek�n@~qf

±ˆa�dg³�iL{

(X t ; t � 0)
f�nelQo}aJpqV	a@°vxBf•~qfÇ±ˆa�dg³�iL{eE‰lmfe_�hjn•~�r[n7pedGfel

(X km ; k 2 N)
g4~qf

h5dGi F�aLF+rvo©rvlmz�~qf$lydEa�x'nervlyrKiLx

Pm |­ÈDxÂT�dGi7n�gŒo}a

m
AKn>t+kjfeo[felylmfV~qf

(X t ; t � 0)
p�iLd9dGf�nmhjiLx5~8n$a�k

h5dGi7p�f�n�nek�n

(X t ; t � 0)
z�pqV	a�xjlyrvovo[iLxjxBzQa�k@?�rvx'nel a�xjlvn

m
g

2m
g

3m
g

� � �
|

þ9JL¾Z¾ZA(Á�JLÀ�›‰
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7 ‘”7 ‹��9*�K šP>@JLC�Å�?ÃF¼?BJLC!Å�A,Å�½@›Ä?ÃÂLA

D(C; V ; �; b)
C)% A@D F„Á²š�DÌû€š�>@?BKBAˆ3

JM�”F¼A@C�?B›@7bÈ KEA@D FÌš�KBJL›ÄD|?B¾ZÁ�JL› F�š�C&FZÅ�A#û‚JLÀ�›ÄC�?B›ZÅ�A@Dk>@JLC�Å�?ÃF¼?BJLC�D|DÄÀ'1ZD¼š�C&F¼A@DÌA�FÌš�?BDÄ½@¾ZA@C&F

¾kš�C�? š���KBA@DÇ¿�À�?bÁ�A@›Ä¾ZA�FÄF¼A@C&F‹Å�A�ÂL½@›Ä?}&²A@›�>@A@D‹Å�A@À	ü,>@JLC�Å�?ÃF¼?BJLC�D@7N�ÇCUš„��A@DÄJL?BC,Á�JLÀ�›;>@A@K š

Å�A�¿�À�A@KB¿�À�A@D4C�J�F�š»F¼?BJLC�D@7=<	JL?ÃF

D(A)
KK% A@C�DÄA@¾4��KBA;Å�A@DEû‚JLC�>�F¼?BJLC�D0¾ZA@DÄÀ�›¼š���KBA@D

f : X ! R
š>;&š�C&F4K š�Á�›ÄJLÁ�›Ä?B½�F¼½;DÄÀ�?ÃÂ�š�C&F¼AZø²?BK¢A�ü”?BD F¼A�À�C�A;û‚JLC�>�F¼?BJLC#¾ZA@DÄÀ�›¼š���KBA

h : X ! R
F¼A@KBKBAn¿�À�A

K š¤û‚JLC�>�F¼?BJLC

t 7! h(X t )
A@D F�?BC&F¼½@ML›¼š���KBA

Px
� Á�›ÄA@DÄ¿�À�AÌÁ²š�› F¼JLÀ”F�Á�JLÀ�›�F¼JLÀ”F

x 2 X
A�F�KBA

Á�›ÄJ	>@A@DÄDÄÀ�D

t 7! f (X t ) � f (X 0) �
Z t

0
h(X s)ds

A@D F�À�C�A

Px
� ¾kš�› F¼?BC�M&š�KBA�KBJ	>rš�KBA.Á�JLÀ�›ÇF¼JLÀ”F

x 2 X
7N�ÇCW½@>@›Ä?ÃF‹š�KBJL›ÄD

h = Af
*¢A�F�JLCWÅ�?ÃF

¿�À�A

f
A@D FEÅ²š�C�D•KBAnÅ�JL¾kš�?BC�AÇÅ�À¤ML½@C�½@›¼š»F¼A@À�›•½�F¼A@C�Å�À�A

(A; D(A))
7

§Ì¬�ü`®HªvÕ�ª‚­�®

Ô/:[ô�:

×

¼	�

­�®?è�Õ�ª‚­�®?•�ã~µ�
K��°	ëŒ‚H®~­�ß

¾0:

´ r ·Ø¯:x´~�rvlItYu k�xBfJ=>iLxBpelyrKiLx

V : X ! [1;+1)
a9h�h	a�d9lmfex5a�xjl&E

D(A)
f�nelDk�xBfJ=>iLxBpxA

lyrKiLx•~qfHIa¸Ma9h5k�xBiL{�nju rvo nQf]?Mr[nelmfexjl«k�xˆfex'n7fe_GF+o[fPhjfelyrvlmf

C
gP~qf�nQp�iLx'nel a�xjlmf�n

� > 0
fel

b < 1
lmfeovo[f�n4t+kjf

AV (x) � ��V (x) + b1C (x); 8x 2 X:
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7 ‘”7 ‘��

´ rvr ·

Y

iLrvl

� : [1; 1) ! (0; 1)
k�xBf>=>iLxBpelyrKiLx=pedGiLr[n�n>a�xjlmf�gŒp�iLxBpGa�{�f�g?~qzed9rv{LaLF+o[f�fel?lmfeovo[f

t+kjf

lim t!+1 �(t) = +1
g

lim t!+1 � 0(t) = 0
g

log�(t)=t # 0
t+k	a�x5~

t ! +1
|

¯:xÍ~�rvlQt+k�u k�xBfQ=>iLxBpelyrKiLx

V : X ! [1;+1)
a9h�h	a�d9lmfex5a�xjl˜E

D(A)
f�nel�k�xBf

�
A

=>iLxBpelyrKiLxS~qfKIa¸Ma9h5k�xBiL{Unju rvo n:f]?Mr[nelmfexjl5k�xcfex'n7fe_GF+o[fBhjfelyrvlmf

C
g5k�xBf�p�iLx'nel a�xjlmf

b < 1
lmfeo n4t+kjf

AV (x) � �� � V(x) + b1C (x); 8x 2 X:
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ú•A@Dy>@JLC�Å�?ÃF¼?BJLC�D`Å�A•ú);&š�Á�À�C�JvÂ=


•

7 ‘”7 ‘��HA�F�
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7 ‘”7½ÚM�HDÄJLC&F KBA@D`Á�KBÀ�DyÀ”F¼?BKB?BDÄ½@A@D`Å²š�C�DyK šÇKB?ÃFÄF¼½9�

›¼š»F¼À�›ÄAnÁ�JLÀ�›�ÂL½@›Ä?}&²A@›•KBA@D0>@JLC�Å�?ÃF¼?BJLC�DV
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7 ‘”7 ‹��9A�F

D(C; V ; �; b)
7j�ÇC¤š�Á�KBÀ�D0Á�›Ä½@>@?BDÄ½@¾ZA@C&Fr7

ŸCä~¬�­=´�³	«Uµ

Ô/:[ô�:[ô

¼

ñ

�YÞkò

Å
­=´�­�±€±‚°²ª‚´�µ„ìUµ�Õðñ©ì

ò$ò

ŸCä~¬�­=´�³	«Uµ

ò�:yÔYÔk¾0:

´ r ·

Y

iLrvl

C
k�xÍfex'n7fe_GF+o[f

(t � ; ")
AKne_�a�ovo}|

Y

k7h�hji7n7iLx'n�o}a´p�iLx5~�rvlyrKiLxß´)Ê�|NþM|Nþq·wn>a�lyr[nN=+a�rvlmf

a�{�f�p

V
g

�
fel

b
|/^�o[iLdGn�g�fex"hji7n>a�xjl

B = inf x=2C V(x)
gSiLx aJt+kjf•o}a p�iLx5~�rvlyrKiLx

´)Ê�|NþM|ÏÕx·�f�nelU{�zed9r s:z�fQa�{�f�p

h(x; y ) = 1=2(V (x) + V(y))
fel

� = � � b=B
|

´ rvr ·

Y

iLrvl

C
k�x²fex'n7fe_GF+o[fIhjfelyrvlmf9=>fed9_cz>|

Y

k7h�hji7n7iLx'nCo}a=p�iLx5~�rvlyrKiLx4´)Ê�|NþM|Íõ�·Sn>a�lyr[nN=+a�rvlmf

a�{�f�p

�
g

V
g

�
fel

b
|N^�o[iLdGnVo}a„p�iLx5~�rvlyrKiLx

D(C; V ; �; b)
f�nelU{�zed9r s:z�f>|

�EJLÀ�DkDÄA@›ÄJLC�DÌ>rš�Á²š���KBANš�À5>@JLÀ�›ÄDäÅ�A„>@A�FÄF¼A„F¼I	(@DÄA�*�Å�AN>@JLC�D F¼›ÄÀ�?B›ÄA„Å�A@Dkû‚JLC�>�F¼?BJLC�DkÅ�A

ú);&š�Á�À�C�JvÂZÁ�JLÀ�› Å�A@D Á�›ÄJ	>@A@DÄDÄÀ�D�>@JLÀ�Á�KB½@D+*�>@AE¿�À�?�DÄA@›¼š�K šn>@KB½EÁ�JLÀ�›bJM�”F¼A@C�?B›bC�JLD ›Ä½@DÄÀ�KÃF�š»F¼D@7

�EJ�F¼JLC�D4¿�À)% ?BK~A�ü”?BD F¼A.À�CNKB?BA@C)*Œ
‚¿�À�A.C�JLÀ�D4C)% š���JL›ÄÅ�JLC�D4Á²š�D4?B>@?v�9*=A@C&F¼›ÄA.KBA@D4>@JLC�Å�?ÃF¼?BJLC�D

Å�AUú);&š�Á�JLÀ�C�JvÂ�A�F¤KBA@D#?BC�½@M&š�KB?ÃF¼½@Dkû‚JLC�>�F¼?BJLC�C�A@KBKBA@Dˆ
€™HJL?BC�>rš�›Ä½�*E™HJL?BC�>rš�›Ä½(û€š�?[��KBA7��7:�EJLÀ�D

›ÄA@C&ÂLJ7;LJLC�D$3�+ î0-~Á�JLÀ�›0Á�KBÀ�D•Å�A;Á�›Ä½@>@?BDÄ?BJLC�D0DÄÀ�›•>@A;DÄÀ8�ÄA�Fr7

�

�



�EJ�F¼JLC�D•¿�À�A‹K š�>@JLC�D F�š�C&F¼A

c
¿�À�?{š�Á�Á²š�›¼šL‡BF•Å²š�C�DEKK% A@¿�À²š»F¼?BJLC‰
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7 ‘”7½ŽM��C)% A@D F4Á²š�DEÅ�½�F¼A@›��

¾Z?BC�½@A�7	·yCäDÄÀ�?ÃÂ�š�C&F�KBA@D9?BÅ�½@A@D9Å�AÇ:•JM��A@› F¼D��•:•JLDÄA@C&F¼I²š�Ka+ Ø�†0-�A�F�Å�An¶4JLÀ�>9�“û‚JL› F2�




À�?BKBKB?BCÇ+ •�‹0-K*

C�JLÀ�D C�JLÀ�DbÁ�›ÄJLÁ�JLDÄJLC�D+*	š�Àäþ9I²š�Á�?ÃF¼›ÄA/‘;Å�A•>@A�FÄF¼A•F¼I	(@DÄA�*	Å�A•û‚JLÀ�›ÄC�?B›`À�Ck>@JLC&F¼›EƒLKBA•A�ü”Á�KB?B>@?ÃF¼A

Å�A

kL(X t ) � � (�)k T V
DÄJLÀ�D`Å�A@D{I�;	Á�J�F¼I	(@DÄA@DyA@C&F¼›¼šL‡ C²š�C&F{KK% A@›ÄMLJ	Å�?B>@?ÃF¼½yDÄJLÀ�D`A�ü”Á�JLC�A@C&F¼?BA@KBKBA@D

Å�À�Á�›ÄJ	>@A@DÄDÄÀ�DyÅ�A•¹„š�›EZ�JvÂ

(X t )t�0
ÂLA@›ÄD`D¼šÇ¾ZA@DÄÀ�›ÄA�Å�A�Á�›ÄJM�²š���?BKB?ÃF¼½yÅ)% ½@¿�À�?BKB?[��›ÄA

� (�)
7»™yKBÀ�D

Á�›Ä½@>@?BDÄ½@¾ZA@C&F>*&DÄJL?BA@C&F

� : [1; 1) ! (0; 1)
À�C�A�û‚JLC�>�F¼?BJLC�>@›ÄJL?BDÄD¼š�C&F¼A�*&>@JLC�>ršrÂLA�*�Å�½@›Ä?ÃÂ�š���KBA

A�F•F¼A@KBKBAÇ¿�À�A

lim t!+1 �(t) = +1
*

lim t!+1 � 0(t) = 0
*

log�(t)=t # 0
¿�À²š�C�Å

t ! +1
A�F

H � (�)
K š.û‚JLC�>�F¼?BJLC#Å�½e&²C�?BA;Á²š�›

H � (u) =
Ru

1
ds

�(s) 8u � 1
7�<	JL?ÃF

C 2 X
À�C¤A@C�DÄA@¾4��KBA
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b2
n=n

a�x5~"dEa�lmf¿=9k�xBpelyrKiLx

I (x) =
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R
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L(X 1) = �; and 8n � 1;
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X 2n = � 0X n + � 0 + "2n

X 2n+1 = � 1X n + � 1 + "2n+1 ;
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� 0; � 1 2 (�1; 1) ™ � 0; � 1 2 R
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�
(" 2n; "2n+1 ); n � 1

�
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�
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lBVjf$n7fGt+kjfexBp�f
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jT r j( b� r � � )=bjT r j
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n>a�lyr[n·s:f�n�lBVjfQ±�RQO iLx

R4 C�rvlBV„lBVjf�nmhjf�fG~

b2
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a�x5~�lBVjfQdEa�lmf�=9k�xBpelyrKiLx
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I (x) =
1
2
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�
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C�rvlBV
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1
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�
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f = (f 1; f 2; f 3; f 4)t = (xy ; y ; xz; z)t ; Ur (f ) = MTr (f � P f ); A r = M Tr (x);
B r = M Tr (x 2) � M Tr (x) 2 š�C�Å
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P
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P(x; dy; dz) =
1

2�� 2(1 � � 2)
exp

�
�

1
2

�
y � � 0x � � 0

z � � 1x � � 1

� t
� �1

�
y � � 0x � � 0

z � � 1x � � 1

� �
dydz
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�
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� = (� 1; � 2; � 3; � 4)t 2 R4 7 8²JL›0š�KBK

x 2 R;
ï9A;I²šrÂLA;F¼I²š»F

P exp
�
� t (f � P f )

�
(x) =

Z

R2
exp

� 4X

i=1

� i (f i � P f i )
�

(x; y; z)P (x; dy; dz)

=
Z

R2
exp

0

B
B
@� t

0

B
B
@

xy � x(� 0x + � 0)
y � � 0x � � 0

xz � x(� 1x + � 1)
z � � 1x � � 1

1

C
C
A

1

C
C
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�
�

� 0x + � 0

� 1x + � 1
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� 3x + � 4

� !

�
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 �
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y
z
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� t �
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�
�

� 1x + � 2
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P exp
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� t
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� 3x + � 4
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�
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1
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H 0 = � (X 1)
š�C�Å

H n = �
�
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� �
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1
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(
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k=1 akX [ n

2k �1 ] + "2n
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X2n = AX n + � 2n
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Xn =
�

X n ; X [ n
2 ]; � � � ; X [ n

2p�1 ]

� t
*

� 2n = (a 0 + "2n)e1
*

� 2n+1 = (b0 + "2n+1 )e1
*Yï•?ÃF¼I

e1 = (1; 0; � � � ; 0)t 2 Rp 7Ç¹¤JL›ÄA@JvÂLA@›+*
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A =

0

B
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a1 a2 � � � ap

1 0 � � � 0
0 : : :
0 : 1 :

1

C
C
A and B =

0

B
B
@

b1 b2 � � � bp

1 0 � � � 0
0 : : :
0 : 1 :

1

C
C
A :
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jT n�1 j

a�x5~�dEa�lmf�=9k�xBpelyrKiLx

I � (x) =
x2

2(� 2 � � 2)
:


y‹”7 ‹”7½ŽM�

€äµ	«U°�´8é

ò�:[ò�:³ý­:

 

iLlmfQlBV	a�lUrvx•lBV�r[n�pGa8n7fVlBVjfQ±�RQOßVjiLo}~8nK=>iLdQa�ovoAlBVjf$n7pGa�o[f�n

(bn )
{�fed9rBA

=\¸Lrvx"T2´ºÕq|«Ì�|BÊLý\·HC�rvlBVjiLk�l�iLlBVjfedVdGf�nelyd9rKpelyrKiLx5|

€äµ	«U°�´8é

ò�:[ò�:

í

:
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n � � 2)=bjTn �1 j

�

n�1

a�x5~

� p
jT n�1 j(� 2
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g

�
=>iLdQa�ovo

r 2 N
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X = (X n ; n 2 T)
F9f

a

P � A[¶‘±
^

iLx

( �S; �S);
C�rvlBV

P � n>a�lyr[nN=\¸Lrvx"Tô´Ïó5|BÊ�|Nþq·M|

É

f"pGa�ovo

(X n ; n 2 T � );
C�rvlBV

T � = fn 2 T : X n 6=@g;
a�¶‘±

^
iLxûP

É

lydGf�f>|�Ô�Vjf

P � A[¶‘±
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r[n�n>a�ry~•nmh	a�lyrya�ovoÛ¸

VjiL_cigTqfexBf�iLk�n�r =

p1;0 = P � (x; S � S); p0 = P � (x; S � f@ g);
a�x5~

p1 = P � (x; f@g � S)
~qiwxBiLl�~qfmhjfex5~•iLx

x 2 S:
^¿nmh	a�lyrya�ovoÛ¸ÂVjiL_cigTqfexBf�iLk�n

P � A[¶‘±
^

r[nCn>a�ry~�nek7hjfed\AEped9rvlyrKpGa�o

r =

m > 1;
CaVjfedGf

m = 2p1;0 + p1 + p0:
ùUA;Å�A@C�J�F¼AV��;

(Yn ; n 2 N)
F¼I�A‹¹„š�›EZ�JvÂ#>�I²š�?BC¤JLC

S
ï•?ÃF¼I

Y0 = X 1
š�C�Å#F¼›¼š�C�DÄ?ÃF¼?BJLC

Á�›ÄJM�²š���?BKB?ÃFm;

Q = 1
m (P �

0 + P �
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P � A[¶‘±
^

r[n$nek7hjfed\AEped9rvlyrKpGa�o}|

�EJ7ïV*�û‚JL›•š�C�;ÌDÄÀ	��DÄA�F

J � T;
KBA�F

J � = J \ T � = fj 2 J : X j 6=@g
��AZF¼I�AZDÄÀ	��DÄA�F�J�û0KB?ÃÂ	?BC�M#>@A@KBKBD‹š�¾ZJLC�M
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š�C�Å
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��AZF¼I�Ak>rš�›ÄÅ�?BC²š�KyJ�û

J:
G0I�AkÁ�›ÄJ	>@A@DÄD

(jG �
k j; k 2 N) ;
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m:
È“Fä?BD�Z�C�J7ï•C)*EDÄA@ANA�7 M + Ž0-K*�F¼I²š»F

m�k jG �
k j
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W
7y¹¤JL›ÄA@JvÂLA@›+*

P(W > 0) = 1
?}T„F¼I�A@›ÄA�?BD0C�J|A�ü	F¼?BC�>�F¼?BJLC¢7`ùUA;I²šrÂLA;û‚JL›•š�KBK
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E [jG�
r j] = mr š�C�Å

E [jT �
r j] =

rX
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E
�
jG �
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�

=
mr +1 � 1

m � 1
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i 2 T;
DÄA�F

� i = (X i ; X 2i ; X 2i+1 )
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P

i2J
f (X i )

û‚JL›

f 2 B( �S);
P

i2J
f (� i )

û‚JL›

f 2 B( �S3);
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J

M J (f ) =
1

jJ j
M J (f )

?Ãû

jJ j > 0
š�C�Å fM J (f ) =

1
E [jJ j]

M J (f )
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J = G�
n

š�C�Å

J =
T �

n ;
š�D

n
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ùUACï•?BKBK~û‚JLKBKBJ7ïiA@DÄDÄA@C&F¼? š�KBK};#F¼I�A�D¼š�¾ZA.š�Á�Á�›ÄJ&š�>�I(F¼I²š»F4F¼I�A�K š»FÄF¼A@›EÁ²š�Á�A@›4û‚JL›4F¼I�A.Á�›ÄJ	J�û‚D

J�ûÇJLÀ�›Z›ÄA@DÄÀ�KÃF¼D@7!ú•A�FkÀ�Däš�KBDÄJW¾ZA@C&F¼?BJLCô+ †

•
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Á�›ÄJ	>@A@DÄD@7
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J = G�
n

š�C�Å

J = T �
n :

G0I�?BDIï•?BKBKA��A‹Å�JLC�A�À�C�Å�A@›4À�C�?Ãû‚JL›Ä¾SMLA@JL¾ZA�F¼›Ä?B>;A@›ÄMLJ	Å�?B>@?ÃFm;#š�DÄDÄÀ�¾ZÁ”F¼?BJLC#û‚JL›

Q;
š�C�ÅNDÄÀ�?ÃF�š���KBA‹š�DÄDÄÀ�¾ZÁ”F¼?BJLC�D4JLC„F¼I�AC��?BC²š�›2;
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(S; S)
DÄÀ�>�I F¼I²š»F‹û‚JL›‹š�KBK

f 2 Bb(S)
ï•?ÃF¼I

h�; f i = 0;
F¼I�A@›ÄAÌ?BD

c > 0
DÄÀ�>�IPF¼I²š»F.û‚JL›�š�KBK

k 2 N
š�C�Å û‚JL›�š�KBK

x 2 S;
jQk f (x)j � c� k :
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p

2
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ò�¾0÷

p1;0 + p0 + p1 = 1
*	ï•I�A@›ÄA
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š�C�Å
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r[n>=>iLd/a�ovo

f 2 Cb(S)
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x 2 S; lim
k!1

Ex [f (Yk)] = h�; f i:
^�n�nek�_�rvx"TQV"¸�hjiLlBVjf�ner[n

Á)Ã
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JL›
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Hr = Gr
š�C�Å

hr = (m 2=2)r +1 ?Ãû

Hr = Tr
7„ùUAä>rš�C C�J7ïåD F�š»F¼AäJLÀ�›‹¾kš�?BCU›ÄA@DÄÀ�KÃF¼D@7
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exp (c00� ) exp (�c 0� 2hr ) ; 8r 2 N;
r =

m� < 1;

exp (c00� ) exp (�c 0� 2(m2=2)r ) ; 8r 2 N;
r =

�m = 1
a�x5~

Hr = Gr ;

exp (c00� (r + 1)) exp (�c 0� 2(m2=2)r +1 ) ; 8r 2 N; Ä Å �m = 1 Æ_ÇÉÈ Hr = Tr

exp (�c 0� 2hr ) ; 8r 2 N
nekjpqV„lBV	a�l
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p

2
g
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r

�
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nekjpqV„lBV	a�l
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p
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� 2r

�
; 8r 2 N� nekjpqV„lBV	a�l

r > r 0;
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m� >
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exp (c00� ) exp (�c 0� 2hr ) + A r ; 8r 2 N;
r =

m� < 1;

exp (c00� ) exp (�c 0� 2(m2=2)r ) + A r ; 8r 2 N;
r =

�m = 1
a�x5~

Hr = Gr ;
exp (c00� (r + 1)) exp (�c 0� 2(m2=2)r +1 ) + A r ; 8r 2 N;

r =

�m = 1
a�x5~

Hr = Tr

exp (�c 0� 2hr ) + A r ; 8r 2 N
nekjpqV=lBV	a�l

r > r 0;
r =

1 < m� <
p

2
g

exp
�

� c0� 2hr
r

�
+ Ar ; 8r 2 N

nekjpqV=lBV	a�l

r > r 0;
r =

m� =
p

2;

exp
�

� c0� 2

� 2r

�
+ Ar ; 8r 2 N� nekjpqV=lBV	a�l

r > r 0;
r =

m� >
p

2
g


·•�7½†	7½†M�

CaVjfedGf�g

�
=>iLdQa�ovo

r 2 N;

Ar =

(
c0exp

�
�c 00� 2=3(m1=3)r

�
r =

Hr = Gr

exp
�
c0� 2=3

�
exp

�
�c 00� 2=3 (t r =(r + 1) 2)1=3

�
r =

Hr = Tr ;

� r0 := log
�

�
c0

�
=log(� ) � k0;

C�rvlBV

k0 2 f0; 1g;

�

6

�



� c0; c0 a�x5~

c00 a�dGfQhji7nervlyrv{�f=p�iLx'nel a�xjlvn�CaV�rKpqVJ~qfmhjfex5~‰iLx

�
g

m
g4a�x5~

c
a�x5~@_�a@¸

~�r �$fed�o©rvxBf8FŒ¸�o©rvxBf>|

G0I�A;C�A�ü	F4›ÄA@DÄÀ�KÃF¼D0>rš�C=��A;DÄA@A@CNš�DEš�>@JLC�DÄA@¿�À�A@C�>@A‹J�ûHF¼I�A;Á�›ÄA�Â	?BJLÀ�D•›ÄA@DÄÀ�KÃF¼D@7

ŸCä~µ�­=´�µ	« ì

:[Þ�:[ò�:

É

fwa8n�nek�_cfclBV	a�lHV"¸�hjiLlBVjf�ner[n

¼]½

Ôk¾

å

¼]½

ò�¾

a�dGfSn>a�lyr[n·s:fG~�|�INfel

f 2
Bb(S):

N

iLd�a�ovo

� > 0;
=>iLdSa�ovo

a > 0
a�x5~Q=>iLdSa�ovo

b > 0
nekjpqV@lBV	a�l

b < a=(� + 1);
CDf

V	a�{�f

P
�

M H �
r
(f ) � h�; f i > �

�
�
�W � a

�

�

8
>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>:

exp (c00� b) exp (�c 0(�b) 2hr ) + A r ; 8r 2 N;
r =

m� < 1;

exp (c00�b) exp (�c 0(�b) 2(m2=2)r ) + A r ; 8r 2 N;
r =

�m = 1
a�x5~

Hr = Gr ;
exp (2c0�b(r + 1)) exp (�c 0(�b) 2(m2=2)r +1 ) + A r ; 8r 2 N;

r =

�m = 1
a�x5~

Hr = Tr

exp (�c 0(�b) 2hr ) + A r ; 8r 2 N
nekjpqV=lBV	a�l

r > r 0;
r =

1 < m� <
p

2
g

exp
�

� c0(�b) 2 hr

r

�
+ Ar ; 8r 2 N

nekjpqV„lBV	a�l

r > r 0;
r =

m� =
p

2
g

exp
�

� c0(�b) 2

� 2r

�
+ Ar ; 8r 2 N� nekjpqV„lBV	a�l

r > r 0;
r =

m� >
p

2;


·•�7½†	7 ‹��

CaVjfedGf�g

�
=>iLdQa�ovo

r 2 N;

Ar =

(
c0exp

�
�c 00(�b) 2=3(m1=3)r

�
r =

Hr = Gr

exp
�
c0(�b) 2=3

�
exp

�
�c 00(�b) 2=3 (t r =(r + 1) 2)1=3

�
r =

Hr = Tr ;

� r0 := log
�

�b
c0

�
=log(� ) � k0;

C�rvlBV

k0 2 f0; 1g;

� c0; c0 a�x5~

c00 a�dGfDhji7nervlyrv{�fCp�iLx'nel a�xjlvnaCaV�rKpqV=~qfmhjfex5~ciLx

�
g

m; a;
a�x5~

c
gDa�x5~S_�a@¸

~�r �$fed�o©rvxBf8FŒ¸�o©rvxBf>|

ùUAbI²šrÂLA F¼I�Abû‚JLKBKBJ7ï•?BC�M�A�ü	F¼A@C�DÄ?BJLC‹J�û²š���JvÂLAbF¼I�A@JL›ÄA@¾ZDAï•I�A@C

f
Å�J	A@DHC�J�FHJLC�K};ÇÅ�A@Á�A@C�Å

JLC„š�C#?BC�Å�?ÃÂ	?BÅ�À²š�K

X i ;
��À”F•JLC#F¼I�A;¾ZJ�F¼I�A@›�� Å²š�À�MLI&F¼A@›ÄD�F¼›Ä? š�C�MLKBA

� i :
ŸCä~µ�­=´�µ	« ì

:[Þ�:

ì

:

INfel

f 2 Bb(S3):
ÚB=

h�; P � f i = 0;
lBVjfex'g/k�x5~qfed<V"¸�hjiLlBVjf�ner[n2Á)Ã

¾@Ä

a�x5~�Á)Ã�Ö

Ä

g�CDf¹V	a�{�f•~qfe{7rya�lyrKiLxörvxBfGt+k	a�o©rvlyrKf�nÒ´Ïó5|«Ì�|BÊ\·Z=>iLd fMH �
r
(f ):

ÚB=

h�; P � f i 6= 0;
k�x5~qfedˆa�~�~�rvlyrKiLx5a�o‘V"¸�hjiLlBVjf�ner[nXÁ)Ã

�LÄ

g\CDfðV	a�{�fˆ~qfe{7rya�lyrKiLxµrvxBfGt+k	a�o©rvlyrKf�n3´Ïó5|«Ì�|«ÌŒ· =>iLd

fMH �
r
(f ) � h�; P � f iW

a�x5~ð´Ïó5|«Ì�|ÏÕx·&=>iLd

M H �
r
(f ) � h�; P � f i

|

�

6

�
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_

-/‰4‰Ç‘•Ž•Œu•`’”Ž)#��.•‚YkŽº!$i&’ #K!$%(h�! nÇŽ)pq'H!�Œu•`’”Ž)�(Ù •�'•’k#K!$h>ÙK!$h>i"i	Žºl�hß‰(!$#aà

Œ­h>i"i"h>iËÊQŽ“’kdÌ�ºŽ)i"i	Ž)�(Ù,%4•`’”•

ùUA >@JLC�DÄ?BÅ�A@›•F¼I�A š�D2;	¾Z¾ZA�F¼›Ä?B>bš�À”F¼JL� ›ÄA@ML›ÄA@DÄDÄ?ÃÂLA Á�›ÄJ	>@A@DÄDÄA@D{ML?ÃÂLA@C�?BC;DÄA@>�F¼?BJLCQ•�7

•

7

•

7Œ�EJ�F¼?B>@A

F¼I²š»FkF¼I�A„Á�›ÄJ	>@A@DÄD

(X i ; i 2 T)
Å�Ae&²C�A@Å!?BC/DÄA@>�F¼?BJLCÍ•�7

•

7

•

*Dï•?ÃF¼I/F¼I�A„>@JLC&ÂLA@C&F¼?BJLC5F¼I²š»F

X i = @
?ÃûuF¼I�A4>@A@KBK

i
?BD ¾Z?BDÄDÄ?BC�M	*&?BD9š�DÄÁ²š»F¼? š�KBK};.I�JL¾ZJLMLA@C�A@JLÀ�D9ý0¹Nþ/JLCäš




ù F¼›ÄA@A�7`ùUA

ï•?BKBK”š�DÄDÄÀ�¾ZA

2p1;0+ p1+ p0 >
p

2
7{G0I�?BD`?B¾ZÁ�KB?BA@DHÁ²š�› F¼?B>@À�K š�›ÄK};ÇF¼I²š»F`F¼I�A0ý0¹NþPJLC




ù ?BD

DÄÀ�Á�A@›�� >@›Ä?ÃF¼?B>rš�Kó70ùUAQï•?BKBKHš�KBDÄJäš�DÄDÄÀ�¾ZA‹F¼I²š»F4F¼I�A‹C�JL?BDÄA‹DÄA@¿�À�A@C�>@A@D

((" 2n; "2n+1 ); n 2 T);
(" 0

2n; n 2 T)
š�C�Å

(" 0
2n+1 ; n 2 T)

*•š�C�Å/F¼I�A„?BC�?ÃF¼? š�K�D F�š»F¼A

X 1
Â�š�KBÀ�A@Å/?BC5šU>@JL¾ZÁ²š�>�F

DÄA�Fr7;G0I�A�K š»FÄF¼A@›E?B¾ZÁ�KB?BA@D•F¼I²š»F4F¼I�A.Á�›ÄJ	>@A@DÄD

(X i ; i 2 T)
?BD$��JLÀ�C�Å�A@Å¢7ÇùUA�Å�A@C�J�F¼A4��;

S
F¼I�A|D F�š»F¼AZDÄÁ²š�>@AZJ�û

(X i ; i 2 T)
7�ùUAkš�DÄDÄÀ�¾ZA�ï•?ÃF¼I�JLÀ”F;KBJLDÄD;J�û9MLA@C�A@›¼š�KB?ÃFm;„F¼I²š»F

S
?BD�š

>@JL¾ZÁ²š�>�F•DÄÀ	��DÄA�F4J�û

R
7

ú•A�F

T0;1
n

��A4F¼I�AnDÄÀ	��DÄA�F•J�ûH>@A@KBKBD�?BC

T �
n

ï•?ÃF¼IäFmï9J|KB?ÃÂ	?BC�M‹Å²š�À�MLI&F¼A@›ÄD+*

T0
n


‚›ÄA@DÄÁ¢7

T1
n

�U��A

F¼I�A;DÄA�FEJ�û{>@A@KBKBD0J�û

T �
n

ï•?ÃF¼I#JLC�K};kF¼I�A;C�Aeï¿
‚›ÄA@DÄÁ¢7bJLKBÅY�9Á�JLKBAÇÅ²š�À�MLI&F¼A@›Eš�KB?ÃÂLA�ø

T1;0
n = fi 2 T �

n : � i 2 S3g; T0
n = fi 2 T �

n : � i 2 S2 � f@ gg
š�C�Å

T1
n = fi 2 T �

n : � i 2 S � f@ g � Sg:
ùUA;>@JL¾ZÁ�À”F¼AÇF¼I�A;KBArš�D F2� DÄ¿�À²š�›ÄA@D•A@D F¼?B¾kš»F¼JL›V
€úH<”·U�

b� n = ( b� n
0 ; b� n

0 ; b� n
1 ; b� n

1 ; b�
0n
0 ; b�

0n
0 ; b�

0n
1 ; b�

0n
1 )

J�û

�
ML?ÃÂLA@C@��;²
·•�7

•

7½ŽM�9*B�²š�DÄA@ÅWJLC„F¼I�A.JM��DÄA@› Â�š»F¼?BJLCNJ�û šäDÄÀ	���“F¼›ÄA@A

T �
n+1 :

þ9JLC�DÄA@¿�À�A@C&F¼K};M*

ï9A�JM�&Â	?BJLÀ�DÄK};äI²šrÂLA;û‚JL›

� 2 f0; 1g;

b� n
� =

jT1;0
n j �1

X

i2T 1;0
n

X i X 2i+� �

0

@jT1;0
n j �1

X

i2T 1;0
n

X i

1

A

0

@jT1;0
n j �1

X

i2T 1;0
n

X 2i+�

1

A

jT1;0
n j �1

X

i2 T1;0
n

X 2
i �

0

@jT1;0
n j �1

X

i2T 1;0
n

X i

1

A

2 ;

b� n
� = jT 1;0

n j �1
X

i2T 1;0
n

X 2i+� � b� n
� jT1;0

n j �1
X

i2T 1;0
n

X i ;

b� 0n
� =

jT �
n j �1

X

i2T �
n

X i X 2i+� �

0

@jT �
n j �1

X

i2T �
n

X i

1

A

0

@jT �
n j �1

X

i2T �
n

X 2i+�

1

A

jT �
n j �1

X

i2T �
n

X 2
i �

0

@jT �
n j � 1

X

i 2T �
n

X i

1

A

2 ;

b� 0n
� = jT �

n j �1
X

i2T �
n

X 2i+� � b� 0n
� jT �

n j �1
X

i2T �
n

X i :

�EJ�F¼?B>@A�F¼I²š»FÇF¼I�JLDÄA�úH<”·Vš�›ÄA4�²š�DÄA@ÅWJLC(Á�JLK};	C�JL¾Z? š�K¢û‚À�C�>�F¼?BJLC�DÇJ�ûyF¼I�A�JM��DÄA@› Â�š»F¼?BJLC�D@7

<	J	*bDÄ?BC�>@AkF¼I�AÌK š»FÄF¼A@›.š�›ÄAw��JLÀ�C�Å�A@Å)*�ï9A#š�›ÄAÌ?BCUF¼I�Aäû‚À�C�>�F¼?BJLC²š�K9DÄA�FÄF¼?BC�M(J�û0F¼I�AÌ›ÄA@DÄÀ�KÃF¼D

�

6x�



J�ûnDÄA@>�F¼?BJLCÍ•�7½†	7V:•A@>rš�KBKB?BC�MWF¼I�A(¹„š�›EZ�JvÂ/>�I²š�?BC

(Yn ; n 2 N)
*0C�J�F¼?B>@A#F¼I²š»F

Yn
?BDZÅ�?BD��

F¼›Ä?[��À”F¼A@Å,š�D

Zn = a1a2 � � � an�1 anY0 +
P n

k=1 a1a2 � � � ak�1 bk
*)ï•I�A@›ÄA

bn = b0
n + snen

*

((an ; b0
n ; sn ); n � 1)

?BD.šNDÄA@¿�À�A@C�>@A#J�û•?BC�Å�A@Á�A@C�Å�A@C&F|?BÅ�A@C&F¼?B>rš�KBK};WÅ�?BD F¼›Ä?[��À”F¼A@Å ›¼š�C�Å�JL¾

Â�š�›Ä? š���KBA@D+*�ï•I�JLDÄA�>@JL¾Z¾ZJLCÌÅ�?BD F¼›Ä?[��À”F¼?BJLCÌ?BD0ML?ÃÂLA@C„��;M*²û‚JL›

� 2 f0; 1g
*

P(a1 = � � ; b0
1 = � � ; s1 = � ) =

p1;0

m
š�C�Å

P(a1 = � 0
� ; b0

1 = � 0
� ; s1 = � � ) =

p�

m
;

(en ; n � 1)
?BD šnDÄA@¿�À�A@C�>@AÇJ�û¢?BC�Å�A@Á�A@C�Å�A@C&F

N (0; 1)
›¼š�C�Å�JL¾ Â�š�›Ä? š���KBA@D+*�š�C�ÅZ?BDb?BC�Å�A@Á�A@C��

Å�A@C&F4J�û

((an ; b0
n ; sn ); n � 1)

*²š�C�Å=��J�F¼I¤DÄA@¿�À�A@C�>@A@DÇš�›ÄA;?BC�Å�A@Á�A@C�Å�A@C&F4J�û

Y0
79¹¤JL›ÄA@JvÂLA@›+*

?ÃF�?BD�Arš�D2;äF¼J�>�I�A@>�ZkF¼I²š»F�F¼I�AnDÄA@¿�À�A@C�>@A

(Zn ; n 2 N)
>@JLC&ÂLA@›ÄMLA�š”7 D@7yF¼J|š.KB?B¾Z?ÃF

Z
*'ï•I�?B>�I

?B¾ZÁ�KB?BA@DyF¼I²š»F9F¼I�A;¹„š�›EZ�JvÂk>�I²š�?BC

(Yn ; n 2 N)
>@JLC&ÂLA@›ÄMLAn?BCäÅ�?BD F¼›Ä?[��À”F¼?BJLC|F¼J

Z
7{ùUAÇ›ÄA�û‚A@›

F¼JÀ+ ‹M‹0-K*•DÄA@>�F¼?BJLCˆ‘'*uû‚JL›4¾ZJL›ÄA.Å�A�F�š�?BKBD@7;8²JLKBKBJ7ï•?BC�M|F¼I�A.Á�›ÄJ	J�ûbJ�û9™y›ÄJLÁ�JLDÄ?ÃF¼?BJLC@†�î'*¢D F¼A@Á

•

?BC2+ ‘M‘0-K*�ï9A4>�I�A@>�ZkI�;	Á�J�F¼I�A@DÄ?BD

¼]½

Ôk¾

ï•?ÃF¼I

� = max(j� 0j; j� 1j; j� 0
0j; j� 0

1j) < 1
š�C�Åcï•?ÃF¼I

�
F¼I�A;Å�?BD F¼›Ä?[��À”F¼?BJLCÌJ�û

Z
7bú•A�F

� 1 = E [Z ]
š�C�Å

� 2 = E [Z 2]
7yùUA;I²šrÂLA�
‚DÄA@AG+ ‹M‹.-v�

� 1 =
�

1 � �
š�C�Å

� 2 =
2�� �=(1 � � ) + � 2 + � 2

1 � � 2
;

ï•I�A@›ÄA

� = E [a1]
*

� 2 = E
�
a2

1

�
*

� = E [b1]
*

� 2 = E
�
b2

1

�
*

�� = E [a1b1]
š�C�Å

� 2 =
E

�
s2

1

�
7

ùUAnF¼I�A@C¤I²šrÂLA;F¼I�Anû‚JLKBKBJ7ï•?BC�M‹Å�A�Â	? š»F¼?BJLC#?BC�A@¿�À²š�KB?ÃFm;Zû‚JL› b� n � �
7

¥�´�­Yëy­5•rªvÕ�ª‚­�®Ýì

:[ò�:yÔ/:ÍN

iLd´a�ovo

� > 0
gQ=>iLd‰a�ovo

a > 0
gQ=>iLd´a�ovo

b > 0
a�x5~¹=>iLd´a�ovo


 > 0
nekjpqV²lBV	a�l

b < a=(� + 1)
a�x5~


 < min
n

c1=(1 + � ); c1=
�

1 +
p

�
�o

gRCaVjfedGf

c1
r[n�a�hji7nervlyrv{�fcp�iLx'nel a�xjl�CaV�rKpqV´~qfmhjfex5~8nciLx

p1;0
g

p0
g

p1
g

� 1
a�x5~

� 2
g�a�x5~˜=>iLd

n0 :=
(log (
 q� pb=c0) =log� ) � 1

g�CDf²V	a�{�f

P
�

kb� n � � k > � jW � a
�

�
8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

c2 exp (c00
 q� pb) exp
�

�c 0(
 q� pb)2 (m2=2)n+1
�

+ An + Cn

8n 2 N
r =

m� < 1;

c2 exp (c00
 q� pb(n + 1)) exp
�

�c 0(
 q� pb)2 (m2=2)n+1
�

+ An + Cn

8n 2 N
r =

m� = 1;

c2 exp
�

�c 0(
 q� pb)2 (m2=2)n+1
�

+ An + Cn

8n > n 0
r =

1 < m� <
p

2;

c2 exp
�

�c 0(
 q� pb)2 (1=n) (m2=2)n+1
�

+ An + Cn

8n > n 0
r =

m� =
p

2;
c2 exp

�
�c 0(
 q� pb)2 � �2 n

�
+ An + Cn 8n > n 0

r =

m� >
p

2;
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Cn = c3P
� �

�
�
�
jT1;0

n j
jT �

n j
� p1;0

�
�
�
� > c4
 q� pb

�
�
�W � a

�

+
1X

� =0

c3P
� �

�
�
�
jT �

n j
jT �

n j
� p�

�
�
�
� > c4
 q� pb

�
�
�W � a

�
g

An = c3 exp
�

c0(
 q� pb)2=3
�

exp
�

�c 00(
 q� pb)2=3 �
tn=(n + 1) 2

� 1=3
�

g

p 2 f1=2; 1g
g

q 2 f0; 1=2;1g
g

c2
g

c3
g

c4
g

c0 a�x5~

c00 a�dGfDhji7nervlyrv{�fQp�iLx'nel a�xjlvnaCaV�rKpqV=~qfmhjfex5~ciLx

c
g

m
g

� p 1;0
g

p0
g

p1
g

� 1
a�x5~

� 2
|

€äµ	«U°�´8é¢ì

:[ò�:[Þ�:

 

iLlyrKp�f„lBV	a�lQlBVjf•p�iLx'nel a�xjlvn

c2
g

c3
g

c4
g

c0 a�x5~

c00 CaV�rKpqV¶a9h�hjfGa�d�rvx

ODdGi�hji7nervlyrKiLx�ó5|ÏÕq|BÊ„_�a@¸=~�r �$fedClmfed9_ FŒ¸„lmfed9_�|ÀÔ�Vjf�{La�o©kjf�n�i)=

p
a�x5~

q
~qfmhjfex5~�iLx‰lBVjf

_�a�T�xjrvlyk	~qfQi)=

�
a�x5~



|

N

iLdVf]?qa�_�h5o[f�gk=>iLd
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ú);&š�Á�À�C�JvÂk>@JLC�Å�?ÃF¼?BJLC¢7y¹¤JL›ÄAEÁ�›ÄA@>@?BDÄA@K};M*�F¼I�Ae;|DÄI�J7ï9A@ÅäF¼I�A

û‚JLKBKBJ7ï•?BC�M�7
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ô�:yÔ/:yÔ

¼
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òkò
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^�n�nek�_cfDlBV	a�l?a

��
Ia¸Ma9h5k�xBiL{Vp�iLx5~�rvlyrKiLx<VjiLo}~8n�a�x5~

supC V < 1
|8Ô�Vjfex�lBVjfNh5dGi7p�f�n�n

r[n«hji7nervlyrv{�f^�Va�d9d9r[nIdGf�pek�d9dGfexjl~C�rvlBVca�x�rvxj{La�d9rya�xjl'h5dGi F�aLF+rvo©rvlD¸V_cfGa8nek�dGf

�
nekjpqVSlBV	a�l

� (� �

�v�]œ



V) < 1
|ZÚB=4_ciLdGf�iL{�fedVn7iL_cfCnq³�feo[felmiLxJpqV	a�rvx‰r[n�rvd9dGfG~�kjperDF+o[f�a�x5~

lim+1 � 0 = 0
gIlBVjfex

lBVjfedGf�f]?Mr[nelvnCa/sPxjrvlmf4p�iLx'nel a�xjl

c
nekjpqV„lBV	a�l�=>iLdQa�ovo

t > 0
a�x5~�a�ovo

x 2 X
g

� � H �1
� (t)kP t (x; �) � � (�)k T V � cV(x)


y‘”7

•

7 ‹��

CaVjfedGfVlBVjf�=9k�xBpelyrKiLx

H �
r[nC~qf·sPxBfG~ÂFŒ¸

H � (u) =
Z u

1

ds
�(s)

8u � 1:

�EJ�F¼AZF¼I²š»F‹F¼I�Aä?BC�A@¿�À²š�KB?ÃFm;WJM�”F�š�?BC�A@Å ?BC + •�‹0-�?BD‹¾ZJL›ÄAkMLA@C�A@›¼š�KbF¼I²š�Cµ
y‘”7

•

7 ‹���7(¹¤JL›ÄA

Á�›ÄA@>@?BDÄA@K};M*¢KBA�F

� 0
Å�A@C�J�F¼A‹F¼I�A.>@K š�DÄDÇJ�ûyF¼I�A.¾ZArš�DÄÀ�›¼š���KBA.š�C�Å(C�JLC�� Å�A@>@›ÄArš�DÄ?BC�Mäû‚À�C�>�F¼?BJLC�D

r : [0;+1) ! [2;+1)
DÄÀ�>�IÌF¼I²š»F

logr (t)=t # 0
š�D

t ! +1
7yú•A�F

�
Å�A@C�J�F¼A4F¼I�A4>@K š�DÄD

J�û{Á�JLDÄ?ÃF¼?ÃÂLAn¾ZArš�DÄÀ�›¼š���KBAÇû‚À�C�>�F¼?BJLC�D

r
DÄÀ�>�I#F¼I²š»F•û‚JL›0DÄJL¾ZA

r 2 � 0
*

0 < lim inf
t

r (t)
r (t)

� lim sup
t

r (t)
r (t)

< 1:

G0I�A@C¤F¼I�A@›ÄA;A�ü”?BD F¼DEš|Á�JLDÄ?ÃF¼?ÃÂLAÇ>@JLC�D F�š�C&F

c
DÄÀ�>�I¤F¼I²š»F•û‚JL›

r (t) � � � H �1
� (t)

r (t)kP t (x; �) � � (�)k f � cV(x);
ï•I�A@›ÄA

r 2 �
*�û‚JL›4škDÄ?BMLC�A@Å(¾ZArš�DÄÀ�›ÄA

�; k�k f = supjgj�f �(g )
š�C�Å

f : X ! [0;1)
š

¾ZArš�DÄÀ�›¼š���KBAÇû‚À�C�>�F¼?BJLC

f
KB?BC	Z�A@ÅÌF¼J|F¼I�An>�I�JL?B>@A;J�û

r

 Â	? š.?BC&ÂLA@›ÄDÄAnÆ JLÀ�C�M|û‚À�C�>�F¼?BJLCY��7

6EC”û‚JL› F¼À�C²š»F¼A@K};M*0F¼I�AN>@JLC�D F�š�C&F

c
ï•I�?B>�I�š�Á�Á�Arš�›ÄDä?BC»
y‘”7

•

7 ‹��|?BDkC�J�FÌA�ü”Á�KB?B>@?ÃFr7»�ÇÀ�›

¾kš�?BCäMLJ&š�K�?BD9F¼I�À�D�F¼J�JM�”F�š�?BCÌ¿�À²š�C&F¼?ÃF�š»F¼?ÃÂLA$��JLÀ�C�Å�D�û‚JL› F¼I�AnDÄÀ	��MLA@JL¾ZA�F¼›Ä?B>Ç>@JLC&ÂLA@›ÄMLA@C�>@A

›¼š»F¼A@D�J�û~F¼I�AÇÁ�›ÄJ	>@A@DÄD�F¼J.?ÃF¼D9D F�š»F¼?BJLC²š�›2;ZÁ�›ÄJM�²š���?BKB?ÃFm;|Å�?BD F¼›Ä?[��À”F¼?BJLC

�
7b¹¤JL›ÄAnÁ�›ÄA@>@?BDÄA@K};M*	F¼J

Å�A�F¼A@›Ä¾Z?BC�AÇš�û‚À�C�>�F¼?BJLC

g : X ! [0;1)
*qï•I�?B>�IÌ>rš�Cw��A4>@JL¾ZÁ�À”F¼A@ÅÌA�ü”Á�KB?B>@?ÃF¼K};M*�DÄÀ�>�IÌF¼I²š»F

r (t)kP t (x; �) � � (�)k T V � g(x) 8x 2 X;

y‘”7

•

7 •q�

ï•I�A@›ÄA

r 2 �:
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¸4DnA�ü”Á�K š�?BC�A@ÅN?BC3+ •�‹.-K*uF¼I�A
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ú);&š�Á�À�C�JvÂ(>@JLC�Å�?ÃF¼?BJLC„?BDÇC�J�FnArš�D2;„F¼JäÅ�A@›Ä?ÃÂLA�7�È“Fn?BDEF¼I�À�D

?B¾ZÁ�JL› F�š�C&FEF¼JÌÁ�›ÄJvÂ	?BÅ�A|šäDÄÀ'1Z>@?BA@C&F;>@JLC�Å�?ÃF¼?BJLC�ï•I�?B>�IW?BDÇ¾ZJL›ÄA�F¼›¼š�>�F�š���KBA�7�8²JL›4F¼I�?BD+*5ï9A

À�DÄAZF¼I�AZÀ�DÄÀ²š�K >@›Ä?ÃF¼A@›Ä? šw�²š�DÄA@Å JLCUA�ü	F¼A@C�Å�A@ÅPMLA@C�A@›¼š»F¼JL›@7#ú•A�F

D(A)
Å�A@C�J�F¼AZF¼I�AZDÄA�F.J�û

¾ZArš�DÄÀ�›¼š���KBANû‚À�C�>�F¼?BJLC�D

f : X ! R
ï•?ÃF¼I!F¼I�A(û‚JLKBKBJ7ï•?BC�MUÁ�›ÄJLÁ�A@› Fm;�øPF¼I�A@›ÄAWA�ü”?BD F¼D¤š

¾ZArš�DÄÀ�›¼š���KBA|û‚À�C�>�F¼?BJLC

h : X ! R
DÄÀ�>�IUF¼I²š»F�F¼I�AZû‚À�C�>�F¼?BJLC

t 7! h(X t )
?BD�?BC&F¼A@ML›¼š���KBA

Px �
š”7 D@7yû‚JL›0Arš�>�I

x 2 X
š�C�Å#F¼I�A;Á�›ÄJ	>@A@DÄD

t 7! f (X t ) � f (X 0) �
Z t

0
h(X s)ds

?BD4š

Px �
KBJ	>rš�K~¾kš�› F¼?BC�M&š�KBA4û‚JL›4š�KBK

x
7•G0I�A@C�ï9AQï•›Ä?ÃF¼A

h = Af
*�š�C�Å

f
?BD•D¼š�?BÅ¤F¼Jc��A�?BC

F¼I�A;Å�JL¾kš�?BCÌJ�ûHF¼I�A;A�ü	F¼A@C�Å�A@Å„MLA@C�A@›¼š»F¼JL›

(A; D(A))
7HùUAnF¼I�A@C¤I²šrÂLA�7
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^�n�nek�_cf4lBV	a�l:lBVjfedGfSf]?Mr[nelIa�peo[i7n7fG~Vhjfelyrvlmf

n7fel
^

g�a�pGa�~@Amo}a�T9=9k�xBpelyrKiLx

V : X ! [1;+1)
C�rvlBV

V 2 D (A)
g

� 2 C
gPa�x5~Sa�p�iLx'nel a�xjl

b < 1
nekjpqV=lBV	a�l1=>iLdCa�ovo

x 2 X
g

AV (x) � �� � V(x) + b1C (x):

y‘”7

•

7½ŽM�

lBVjfex´a

��
Ia¸Ma9h5k�xBiL{�p�iLx5~�rvlyrKiLx�VjiLo}~8n>|

G0I�A.ú);&š�Á�À�C�JvÂ„>@JLC�Å�?ÃF¼?BJLC�DEš�›ÄA;F¼I�A‹¾ZJLD F4À�DÄA�û‚À�KHJLC�A�F¼JZÂLA@›Ä?Ãûv;#?BC„Á�›¼š�>�F¼?B>@A�*�A�ÂLA@C(?Ãû

J�û¢>@JLÀ�›ÄDÄA•F¼I�Ae;|>rš�Cc��A0F¼›Ä?B>�Z�;�F¼J;A�ü”I�?[��?ÃF$
‚DÄA@A•û‚JL›bA�ü�š�¾ZÁ�KBA�F¼I�AEJLDÄ>@?BKBK š»F¼JL›{>rš�DÄA<+ ‘Mî0-v��7`È C

Á²š�› F¼?B>@À�K š�›+*�ï9A$ï•?BKBKY��Anš���KBAEF¼J.>@JLC�D F¼›ÄÀ�>�F•DÄÀ�>�I¤š.ú);&š�Á�À�C�JvÂä>@JLC�Å�?ÃF¼?BJLC�D û‚JL›�š‹>@JLÀ�Á�KB?BC�M

Á�›ÄJ	>@A@DÄD�ï•I�?B>�I�ï•?BKBKA��A�F¼I�ACZ�Ae;„F¼J	JLK¢û‚JL›4JLÀ�›E¾kš�?BC¤›ÄA@DÄÀ�KÃFr74¶4À�A�F¼JkF¼I�?BDEK š�D F4›ÄA@DÄÀ�KÃF/ï9A

ï•?BKBKyÀ�DÄAkC�J7ï F¼I�AZû‚JLKBKBJ7ï•?BC�MÌû‚JL›Ä¾kš�KyÅ�Ae&²C�?ÃF¼?BJLC,A�ÂLA@CP?Ãû9F¼I�AkMLA@C�A@›¼š»F¼JL›‹š�Á�Á�KB?BA@ÅWF¼J¤F¼I�A

û‚À�C�>�F¼?BJLCU¾kš�Z�A@D�C�J„DÄA@C�DÄAˆ
‚›ÄA@¾ZA@¾4��A@›Ä?BC�M¤?BCWF¼I�?BD�>rš�DÄAZF¼I²š»F�F¼I�AS&²›ÄD F.Å�Ae&²C�?ÃF¼?BJLC,?BD;?BC

>�I²š�›ÄMLA7��ø

AV (x) � �� � V(x) + b1C (x):

¸4D4A�ü”Á�K š�?BC�A@Å•��A�û‚JL›ÄA�*=F¼I�A4Z�Ae;¤F¼J	JLK~F¼JkA@D F�š���KB?BDÄINDÄÁ�A@A@Å(J�ûy>@JLC&ÂLA@›ÄMLA@C�>@A�F¼JäA@¿�À�?BKB?[���

›Ä?BÀ�¾º?BDyF¼I�A•Á�›ÄJ	J�û¢J�ûu?BC&F¼A@ML›¼š���?BKB?ÃFm;‹J�û¢I�?ÃFÄF¼?BC�MÇF¼?B¾ZA�*Mï9A•F¼I�À�D9›ÄA@>rš�KBK”F¼I�A•û‚JLKBKBJ7ï•?BC�Mn›ÄA@DÄÀ�KÃF

ï•I�?B>�I„ï•?BKBKB��A;À�DÄA�û‚À�K•û‚JL›�F¼I�A;Á�›ÄJ	J�ûHJ�û{JLÀ�›•›ÄA@DÄÀ�KÃF¼D@7
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^�n�nek�_cf�lBV	a�lCa

��
Ia¸Ma9h5k�xBiL{´p�iLx5~�rvlyrKiLx

VjiLo}~8n>|

r ·

N

iLdQa�ovo

x 2 X
a�x5~

t � > 0
g

Ex

" Z � t �
C

0
� � V(X s)ds

#

� V(x) � 1 + bt� :

rvr ·

N

iLdQa�ovo

x 2 X
a�x5~

t � � 0
g

Ex

" Z � t �
C

0
� � H �1

� (s)ds

#

� V(x) � 1 +
b

�(1)

Z t �

0
� � H �1

� (s)ds:

�EJ�F¼A4F¼I²š»F:ï9A�ï•?BKBK�Á�›ÄJvÂ	?BÅ�An?BCä¸4Á�Á�A@C�Å�? ü#š.DÄI�JL› F¼A@›Q
€š�C�Åwï9A���A@KB?BA�ÂLAÇ>@KBArš�›ÄA@›�� Á�›ÄJ	J�û

J�û`š�¾ZJ	Å�?}&²A@ÅÌÂLA@›ÄDÄ?BJLC¤J�ûHF¼I�?BD0›ÄA@DÄÀ�KÃF>*²I�J7ï9A�ÂLA@›EÁ�A@› û‚A@>�F¼K};�&�FÄF¼A@Å#û‚JL›0JLÀ�›0À�DÄA�7

G0I�AN>�I²š�Á”F¼A@›ä?BD|F¼I�A@C!JL›ÄM&š�C�?[<@A@Å!š�DZû‚JLKBKBJ7ï•D@7�È C!DÄA@>�F¼?BJLC ‘”7½†@ï9A(D F�š»F¼A„JLÀ�›k¾kš�?BC

›ÄA@DÄÀ�KÃF¼D@7#G0I�?BD‹?BC�>@KBÀ�Å�A@D�¿�À²š�C&F¼?ÃF�š»F¼?ÃÂLA���JLÀ�C�Å�D‹J�û9F¼I�AkÅ�?BD F�š�C�>@AkJ�û

L(X t )
š�C�ÅUA@›ÄMLJ	Å�?B>

šrÂLA@›¼š�MLA„K š>ï•D

Rt
0 P(X s 2 �)ds

F¼JWF¼I�A„D F�š»F¼?BJLC²š�›Ä?ÃFm;L7!<	A@>�F¼?BJLCÍ‘”7 ‹,?BDZÅ�A�ÂLJ�F¼A@Å/F¼J,F¼I�A

Á�›ÄJ	J�û9J�û9JLÀ�›;¾kš�?BC(›ÄA@DÄÀ�KÃF¼D@7k<	A@>�F¼?BJLC‰‘”7 •Ìû‚J	>@À�DÄA@D�JLCWDÄJL¾ZA|A�ü�š�¾ZÁ�KBA@D@7|G0I�AZš�Á�Á�A@C�Å�? ü

?BD0Å�A@Å�?B>rš»F¼A@ÅÌF¼JZš�DÄI�JL› FEÁ�›ÄJ	J�ûHJ�ûHF¼I�A;?BC&F¼A@ML›¼š���?BKB?ÃFm;|J�û`ÿE?ÃFÄF¼?BC�M.F¼?B¾ZA@D�À�C�Å�A@›Eú);&š�Á�À�C�JvÂ

>@JLC�Å�?ÃF¼?BJLC�D@7
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