N

HAL

open science

Some mathematical models of junctions

Pongpol Juntharee

» To cite this version:

Pongpol Juntharee. Some mathematical models of junctions. Solid mechanics [physics.class-ph].
Université Montpellier 1T - Sciences et Techniques du Languedoc, 2009. English. NNT: . tel-

00833161

HAL Id: tel-00833161
https://theses.hal.science/tel-00833161

Submitted on 12 Jun 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-00833161
https://hal.archives-ouvertes.fr

=

==

UNIVERSITE MONTPELLIER II
SCIENCES ET TECHNIQUES DU LANGUEDOC

THESE

pour obtenir le grade de

DOCTEUR DE L’UNIVERSITE DE MONTPELLIER II

Spécialité : Mathématiques et modelisation

Ecole doctorale : Information, Structures et Systemes

présentée et soutenue publiquement
par

Pongpol JUNTHAREE

le 9 Novembre 2009

Titre :

QUELQUES MODELES MATHEMATIQUES
DE JONCTIONS

JURY :
Alain LEGER Laboratoire de Mécanique et Rapporteur
d’Acoustique(LMA)
Mircea SOFONEA  LAMPS, Université de Perpignan Rapporteur
Hedy ATTOUCH  I3M, Université de Montpellier II Examinateur
Frédéric LEBON Laboratoire de Mécanique et Examinateur
d’Acoustique(LMA)
Christian LICHT LMGC, Université de Montpellier IT  Co-directeur

Gérard MICHAILLE I3M, Université de Montpellier 11 Co-directeur






Contents

Résumé de la these 1

I Two mathematical models of bonded adhesive joints 13

Introduction 15
1 An asymptotic model for a thin, soft and imperfectly bonded elastic

joint 17

1.1 Introduction . . . . . . . . . .. 17

1.2 Introducing an elementary situation . . . . . . .. .. .. ... ... ... 18

1.3 An asymptoticmodel . . . . . . ... 21

1.4 Proofs of the various results . . . . . . . . ... ... ... ... ... 27

1.4.1 Proof of Proposition 1.3.1: . . . . . . . . ... ... . ... ..... 27

1.4.2  Proof of Proposition 1.3.3: . . . . . . .. ... .. ... ... ..., 27

1.4.3 Proof of Proposition 1.3.4: . . . . . . .. .. ... ... ... ..., 28

1.4.4  Proof of Proposition 1.3.5: . . . . . . .. .. ... ... .. ..... 30

1.4.5 Proof of Theorem 1.3.2: . . . . . .. ... .. ... . ... ..... 31

1.4.6  Proof of Proposition 1.3.7: . . . . . . .. .. ... ... ... ..., 31

1.4.7 Proof of Theorem 1.3.8: . . . .. .. ... .. ... ... ...... 32

1.5 Awariant . . . . .. 33

1.6 Proofs of the variant results . . . . . .. .. .. ... ... 35

Bibliography 39
2 The effect on the internal energy of concentrated sources in a junction

and the gradient concentration phenomenon 41

2.1 Introduction . . . . . . .. ... 41

2.2 Description of the minimization problem . . . . ... ... ... ... ... 42

2.3 The variational asymptotic model . . . . . . . . ... ... 44

2.4 Some Examples of measure sources S, concentrated in B, . . . . ... ... 55

2.5 The gradient concentration phenomenon . . . . . . . ... ... ... ... 56



Bibliography

II A mathematical model for a pseudo-plastic welding joint
Introduction

3 First model(quasiconvexity and convexity of the density functions)
3.1 Description of the model . . . . . . . . ... ...
3.2  The main convergence results . . . . . . . ... .. L.

3.2.1  The lower bound for the I'; | —convergence of (F.).so . . . . . . . .
3.2.2  The upper bound for the I'; | —convergence of (F.)es0 - - - . . . . .
3.3 A modeling of a welding assembly . . . . . . ... ...

4 Second model(with possibly potential wells)
4.1 Introduction . . . . . . . . ...
4.2 The main convergence results . . . . . . . . ... ... ... ...
4.2.1 The lower bound for the I'; , —convergence of (F)eso « v v v v v o
4.2.2 The upper bound for the I'; , —convergence of (Fi)eso « + o ..

5 Regularization of the first model
5.1 Imtroduction . . . . . . . . . ...
5.2 The main convergence results . . . . . .. ... oo
5.2.1 The lower bound for the I'—convergence of 7, . . . . . . ... ...
5.2.2 The upper bound for the I'—convergence of 7, . . . . . . . ... ..

Bibliography

Bibliography

ii

63

65

67

69
75
75
76
79

83
83
83
85
36

91
91
92
93
95

97

99



List of Figures

1.1 The physical domain . . . . . . .. ... o
2.1 The physical domain . . . . . . .. ... ..

3.1 The reference configuration O.. The reference configuration involved in
Section 3.1is Qf. UQo, UB.USTUST. ..o oo

iii






Résumé de la thése en francais

La plupart des structures du Génie Civil consistent en I’assemblage de corps déformables,
ainsi il est important de disposer de modeles efficaces de jonctions entre des solides
déformables. Les schémas classiques de la Mécanique des Milieux Continus conduisent
a des problemes aux limites mettant en jeu plusieurs parametres, un est essentiel : la
faible épaisseur de la couche contenant ’adhésif. Pour les comportements usuels des
adhérents et de I’adhésif, il est facile de prouver I'existence de solutions, mais ’obtention
d’approximations numériques peut s’avérer délicate a cause de la faible épaisseur de
I’adhésif impliquant alors un maillage par trop fin. En outre, les propriétes mécaniques
tres différentes des adhérents et de ’adhésif peuvent conduire a des systemes tres mal con-
ditionnés. Donc, il est capital de proposer des modeles plus simples mais suffisamment
précis. Une maniere classique de les obtenir est de considérer les données géométriques
et mécaniques réelles (épaisseur, rigidité,...) comme des parametres et d’étudier le com-
portement asymptotique des problemes aux limites paramétrisés quand ces parametres
tendent vers des limites naturelles (0 si la quantité est petite, 400 si elle est grande).
Cela peut étre fait de diverses manieres : développements asymptotiques formels, pertur-
bations singulieres,... Ici, on choisit le point de vue rigoureux de ’analyse variationnelle
en étudiant le comportement asymptotique des minimiseurs de la fonctionnelle énergie
totale. On montre qu’ils convergent (pour une topologie induite par I’énergie mécanique)
vers les solutions d’un probleme de minimisation, qui, justement, sera notre proposition
de modele simplifié.

Deux principaux cas de jonctions élastiques ont été traités de cette facon:

i) les jonctions souples, ou la rigidité de la jonction est bien plus petite que celles
des adhérents (ce qui correspond e des joints collés souples), cf [1] et les références citées,

ii) les jonctions raides, ou la rigidité de la jonction est bien plus grande que
celles des adhérents (ce qui peut se produire pour certaines soudures), cf [21], [26] et
les réferénces citées.

Rappelons la tres grande différence quant a la nature des modeles asymptotiques ainsi
obtenus. La jonction souple est remplacée par une liaison mécanique entre les adhérents
dont la densité d’énergie surfacique est une fonction du déplacement relatif des adhérents
le long de l'interface en laquelle se réduit la jonction. Au contraire, la jonction raide
est remplacée par une surface matérielle parfaitement collée aux deux adhérents dont la



densité d’énergie de déformation est une fonction du gradient surfacique du déplacement
(ici, il n’y a pas de saut de déplacement a la traversée de 'interface).

De toutes fagons, ces modeles sont plus simples que les originaux parce que une fonc-
tionnelle intégrale de surface remplace une fonctionnelle intégrale définie sur la fine bande
adhésive. Ils sont suffisamment précis a cause de résultats rigoureux de convergence : plus
les parametres sont proches de leurs limites naturelles, plus le modele est précis.

Le but de cette these est de généraliser ces deux résultats fondamentaux dans plusieurs
directions. La premiere partie de cette these est consacrée aux jonctions souples et deux
extensions sont envisagées. On propose d’abord un modele asymptotique pour un joint
adhésif souple et imparfaitement collé. Pour simplifier, on n’a consideré que le cas d’un
seul adhérent occupant un domaine €2, inclus dans {z3 > 0} et de frontiere Lipschitzienne
dont l'intersection S avec {x3 = 0} est un domaine de R?. Il est lié & un support rigide
{z3 < €} par un adhésif occupant la bande B. := S x (—&, 0). La densité d’énergie de
déformation de I'adhérent est une fonction strictement convexe du tenseur de déformation
linéarisé e(u) — u est le deplacement-a croissance quadratique. L’adhérent est soumis a
des densités de forces volumiques f et surfaciques ¢ et est fixé le long de I'y C 0€2. La
densité d’énergie de déformation de I’adhésif est une fonction de la déformation du type :

Wysun(€) = psWi(tr(e)) + uoWa(deo(e)).

1
tr(e) :=  en1 + e+ es3, dev(e) :==e — gtr(e) I

qui, généralise sans difficultés mathématiques propres, la densité associée a un matériau
isotrope linéairement élastique, Wy, Ws étant strictement convexes et a croissance quadra-
tique (mais, comme T, non nécessairement quadratiques). On demande aussi I’existence
de fonctions de récession d’oder 2, W;>* suffisamment regulieres. I’adhésif est libre de
chargement, fixé sur le support rigide et lié mécaniquement a I’adhérent le long de S
par une liaison dérivant d’une densité d’énergie surfacique h non négative, convexe, semi-
continue dans R? s’annulant en 0. Ainsi peuvent étre prises en considération des densités
réalistes aussi bien régulieres comme = \ |” qu'irrégulieres comme des indicatrices de con-
vexes fermés de R®. En supposant les densités de forces de classe L2, il est clair qu'une
configuration d’équilibre est donnée par I'unique solution i du probleme suivant mettant

en jeu le triplet s := (e, us, up):

Vi = {vel’(QsR%); v i=v € H%O(Q;R?’), v i=wvp € Hy (B;R%}.
Hé_E(BE;R?’ = {ve Hl(Bg;]RB’) cv=0o0n5S_}.
/ f(z ) dx + / o(x) v(x) ds, le travail des forces extérieures.
Iy

S

/ Wew) do+ [ Wisole7)) e+ | @) as.
o]

(ou le déplacement relatif le long de S) ou le méme symbole vo(w) désigne la trace de

vh) — v (v7), lesaut de déplacement.



n’importe quel élément w d’a la fois H'(B.;R?) et H'(2;R3).

Pour obtenir un modele simplifié (propice aux calculs numériques), on étudie le com-
portement limite de %, sous les conditions : il exist 5 € {0} x [0, 00]?, (fg, Tp) € [0, 0]
et un réal positif gq. telque

5=lim s, (s, ip) = lim (2, ©2), 0 =1lim (epss, epip), 0 <& < o,

Dans [1], avait été mis en évidence la densité d’énergie surfacique
Wﬂs,ﬂD( ) Wi: iD (U XRg 63) = ﬂszoo’Q(tT’(U XRg 63)) + ,[LDWQOO’Q(CZGU(’U XRg 63)), Yo € Rg.

ol

1
a®sb=-(a®@b+b®a), Va,b € R

5 (
qui définissait la densité d’énergie associée a la liaison mécanique le long de S qui rem-
placait le joint souple parfaitement collé aux adhérents. Dans le cas présent, on a montré
que le joint imparfaitement collé va étre remplacé par une liaison dont la densité d’énergie
associée est I'inf-convolution g de h avec W 4,

g(t) == h # Wygnp () :=1inf {h(t") + Wy a0, (") t =t + 1", ', t" € R?}

Ce qui correspond a la mise en série de la liaison mécanique initiale le long de S de densité
h avec la liaison limite de densité W, ;. Précisément, on établit :

Quand s tend vers s, alors ug o converge fortement dans H%O(Q;R?’) vers ['unique so-
lution w de

(P) : Min{F(v) — L(v) ; v € H{ (Q;R*)} et F(u) = lim Fy(a,),

§—38
ol

/ W (e(v))dz + / g(0()dE,  quand g(r(v)) € L1(S),
F(v) :=

+00 sinon.

Ce résultat est établi par les stratégies habituelles de la convergente variationnelle :

i) propriétes de compacité des suites d’énergie bornées,
ii) borné supérieure pour Fy(us),
iii) borné inférieure pour Fi(us).

Le point i) s’obtient par des estimations en function de e des constantes intervenant
dans les inégalites de Poincaré et de Korn et de continuité de 'opérateur trace sur S
dans H{, (B.;R?). Le point ii) s’obtient par un relevement (similaire & celui de [1]) a
B. du champ défini sur S et réalisant le minimum dans la définition de g(yo(u)) grace a



une propriété essentielle de Lipschitz-continuité de g, conséquence des propriétés de VVioo’z.
Enfin, I'inégalite sous-différentielle et une intégration par parties donnent le dernier point.

Ainsi, notre proposition de modele est plus simple que le modele original : la fonc-
tionnelle intégrale définie sur le domaine tridimensionnel mince B, est remplacée par une
fonctionnelle intégrale définie sur la surface S vers laquelle la bande adhésive se réduit.
Et le résultat précédent de convergence montre que plus s est proche de s, plus le modele
est précis. En pratique, il conviendrait de remplacer lim(up/e), lim(ug/e) par les vraies
données physiques pp/e, ps/e. On peut encore affiner le modele par un résultat de
type correcteurs en étudiant le comportement asymptotique du déplacement optimal dans
I’adhésif. On a montré qu’il est énergétiquement équivalente un champ fonction affine de
x3 dont la trace sur S est fournie par le minimiseur invoqué dans la définition de g(yo(@)).

On donne ensuite divers exemples de densités réalistes h contenant celles traitées par
[3] au moyen d'une zoom de la troisieme coordonnée dans le joint et d'une formulation
indirecte a deux champs (déplacements et contraintes).

Enfin, motivé par le concept tribologique de troisieme corps, a été considéeré une
variante ou la couche mince contient une couche beaucoup plus mince et plus souple au
voisinage des adhérents.

La seconde extension concernant les junctions souples traite le cas ou le joint est
parfaitement collé aux deux adhérents mais est soumis a un chargement. Pour étre
réaliste, on considere un probleme scalaire, I'inconnue étant, par exemple, la déflexion
d’une membrane faite de trois parties et soumise a un chargement méme dans 1’étroite
partie intérieure. Si Q := ¥ x (—r,r), r > 0, o ¥ est un domaine borné de R?
I'adhésif occupe B. = ¥ x (—¢/2, £/2), et les adhérents Q. := Q\B.. Les densités
d’énergie de déformations sont respectivement £g et f, g et f sont strictement convexes
et a croissances quadratique et on suppose 'existence d’une fonction de récession d’ordre
2 pour g. Les adhérents sont fixées sur Iy C 0f) et soumis a des forces dont le tra-
vail L est une forme linéaire continue sur Hp (Qc,). Au contraire, le travail du charge-
ment appliqué a B. est défini a partir d'une forme linéaire S. continue sur V(B) :=

{u € L*(Q); 38—;; € L2(Q)} , B := By. Si 7. est I'opérateur de mise a 1’échelle, continu de
V(B.) sur V(B), défini par 7.(u)(Z,xy) := u(Z,xy/e) Vo = (Z,2n) € Be, alors le travail
est la forme linéaire u — (S., T.u).

Ainsi la détermination des configurations d’équilibre conduit au probleme

(P). : Min{F.(u) : uve L*(Q)},
ot F.:L*Q) — RU{+oo} définie par,
- /Qf(Vu)dm + 5/ g(Vu))dx — (S:, Tou) — L(u) quand u € WFIOQ(Q),

€

F.(u)

+00 sinon.

Clairement, le probleme a une solution unique @, dont il s’agit d’analyser le comporte-
ment asymptotique lorsque ¢ tend vers zéro et en supposant que S, converge fortement



vers S dans le dual de V(B). Il est facile (en procédant comme dans [1]) d’établir que les
suites d’énergies bornées sont relativement compactes dans L*(Q) et dans H} (£,) faible
pour tout n positif. Le calcul de la L?(Q) — T limite des deux premiers termes de F. a été
effectué en [1], mais comme u — (8., T.u) n’est pas une perturbation continue sur L*((2),
on peut s’attendre a ce que le probleme limite mette en jeu un mixage des comportements
limites de I’énergie de déformation de la bande et du travail du chargement au quel elle
est soumise. Soit

Vo(B) — {V(B) ; u:Ooan{:I:%}}.

~ 06

_ . 00,2 [u] P~ o o ~
6w = rin { [ 5220510 + 1@) do - (5.0) ) - (5.1

+ AN AN

ou u(r) = z3[ul(Z) + W@ +u (x)
On montre que :  Quand € tend vers zéro et S vers S, alors u. converge fortement
dans L*(Q) vers l'unique solution de
(P) - Min {/ f(Vu)dx + G(u) — L(u) : ue€ H%O(Q\E)} :
Q

Ainsi quand la source limite S est nulle, G(u) se réduit a

Glu) = / §2(0. [u) (@) d7

qui n’est autre que 1’énergie de surface obtenue en [1]. Au contraire si S n’est pas nulle,
G est de la forme

6w) = [ 0.5 ) + [W(®) do — (S,00) ~ (5.7,

olt O, est le minimizeur 1ié & G'(u), G est donc en général une fonctionnelle non locale
non seulement du champ de sauts [u] mais aussi des traces sur 3 des restrictions a QF de
u. L’intervention d’une variable interne 6 vient du fait que 7.u. converge faiblement vers
6 dans V(B) et que, par conséquent une borne inférieure de ¢ fBE 9(Vu.) dx + (S, ou.)
est G(u). Pour obtenir la borné supérieure, on construit u. dans B, a partir de ’optimum
0, mis en jeu par G(u). Divers exemples de sources S. sont données du type

+o0
Sp=a.(Z,.) dt+ Y ()0 m)
n=—o0
correspondant a des sources distribuées ou concentrées.

Enfin, on examine la génération par Vu, d'une “gradient Young mesure de concentra-
tion” i que nous analysons dans l'esprit de [16]. En outre, on exprime le terme non local
G/(u) en fontion de cette mesure et nous obtenons des bornes sur la mesure de probabilite
Iip provenant de la désintégration de f.



La seconde partie de cette these concerne la modelisation de certaines soudures. Pour
cela, nous avons reconsidéréles études [21], [26] consacrées aux jonctions raides. Dans
26], 'adhésif et les adhérents ont été considérés comme hyperélastiques avec des densités
d’énergie de déformation d’'un méme ordre de croissance p € (1,00), 'ordre de grandeur
de la rigidité de I’adhésif étant celui de 'inverse de son épaisseur. Les cordons de soudure
envisagés présentant un caractere fragile, on a, dans un premier temps, considéré I’adhésif
comme pseudo-plastique c’est a dire avec une densité d’énergie de déformation a crois-
sance linéaire. Ainsi, du point de vue mathématique, deux difficultés apparaissent : la
différence des ordres de croissance des densités d’énergie de déformation de I'adhésif et
des adhérents et la croissance linéaire dans 1’adhésif qui va impliquer d’utiliser des es-
paces de champs de déplacements a discontinuités libres. On utilise la méme géométrie
que précédemment, a savoir Q := S x (—r,r), r > 0. ou S est un domaine borné de
R2, I'adhésif occupe B, := S x (—¢/2,£/2) et les adhérents . := Q\B.. La rigidité
du matériau occupant la mince couche étant supposée d’ordre 1/¢, on utilisera le cadre
des petites perturbations pour modéliser I'adhésif. Sa densité d’énergie de déformation
s’exprime comme 1/eg(e(u)), g étant une fonction convexe a croissance linéaire. Quant
aux adhérents, il n’y a pas de difficultés mathématiques a supposer leur densité d’énergie
de déformation plus généralement comme une fonction (du gradient de déplacement Vu)
f quasi-convexe a croissance d’ordre p € (1,00). La structure faite de I'adhésif parfaite-
ment collé aux deux adhérents est fixée sur une part I'y de 9€2 et est soumise a des forces
volumiques et surfaciques & support inclus dans €., dont on note L(.) le travail. Ainsi, la
détermination des positions d’équilibre conduit au probleme

(P:) : inf { F.(u) — L(u) : w € L'(Q,R*)}.

ot F.: LY, R¥) — RU {+o0} définie par,

f(Vu) dx —l—é/ gle(u) dr quand u € A

F.(u) : = . :
+00 sinon.
et
A(Q) : ={ue DR : ugq € WH(Q.,R% }.
W;gp(Qg,Rg) Co= { u€ W (Q.,R*) : u=0o0nTy } )
LD(QR?) : ={ue L'(QR% : e(u) € L'(QM>) }.

A cause de la croissance linéaire de g, le probleme peut ne pas avoir de solutions mais au
moins des e-minimiseurs. Il a au moins une solution dans

A(Q):={ueBDQ) : uq € WrP(Q, R }.

0

avec

BD(Q,R?) := {ue L'(QLR?) : e(u) € M(Q,MP?) }.



qu’on notera aussi ..

Comme dans le cas [26] ou la densité d’énergie de déformation de 'adhésif est a crois-
sance super linéaire, lorsque e tend vers zéro, I'adhésif va étre remplacé par une sur-
face matérielle dont la densité (surfacique) d’énergie de déformation est fonction de la
déformation surfacique notée e(ys(u)), ot ys(u) désigne la trace sur S des deux premieres
composantes de tout élément u de er(’)p (2,R3) et e est le gradient (au sens des distribu-
tions) symétrisé. Cette densité gy se déduit de g par :

go(¢) =min { (&) : £ e MI® £ = }, €€ MIF o € € M2 o = s

Mais, alors que dans le cas superlinéaire, les traces des limites des champs d’énergies
bornées ont des tenseurs de déformations surfaciques dans LP(Q, M?*?), la croissance
linéaire va impliquer que les tenseurs de déformations sont non pas dans L'(€Q, M?*?)
mais dans M (Q, M2*?). Plus précisément, si

A(Q) = ={ueWpP(Q,R?) : y5(1) € BD(S,R?) }.
BD(QL,R?) : ={ueLl'(SR? : e(u) € M(S,M*?) }.

la fonctionnelle énergie de déformation totale du modele asymptotique va étre :
Fy : L'Y(Q,R*) — RU{ +oo } définie par,
Vu dx—l—/ e(vs(t uand u € Ay;
w4 [ fE0 et [ aetu@) q ;

+0o0 sinon.

le dernier terme étant compris au sens d’intégrale de fonction convexe de mesure, au vu

du résultat de convergence obtenu : lorsque € tend vers zéro, il existe une sous-suite non
s 1

renumérotée et @ dans Wi (Q,R?) tel que

u. — u in BD(Q,R3);
U, — U 1n Wﬁgp(Qn,RS) for every n > 0;
’75(7?6) € BD(S, R2>

En outre, w est solution du probléme
(P) - Min{ Fy(u) — L(u) : u € L'(Q,R%)}
et
F.(u.) — L(u.) — Fo(u) — L(u).

Dans ce modele, les traces sur S des champs de déplacement solution peuvent présenter
des discontinuités qu’on peut interpréter en termes de macrofissures et en défauts diffus
ou fractures fractales. En fait, du aux immersions de Sobolev, les traces vs(u) étant
continues si p > 3, v5(@) en tant qu’ élément de BD(S, R?) ne présente pas de sauts mais
seulement des singularités diffuses ou fractales. Il est a noter qu’alors que le modele de



départ peut présenter des fractures dans B, le modele limite (pour p > 3) ne présente
que des défauts diffus ou des fractures fractales dans la surface matérielle qui remplace
I’adhésif

Prenant en compte la géométrie de la bande, on montre aisément que pour toute suite
d’énergie bornée wu. il existe u dans Wll(’)p (22, R3) et une sous-suite non renumérotée tels
que u. converge faiblement dans BD(€,R?) et WI}(’)p (22,,, R?) pour tout n positif vers u et
que vs(u) appartient & BD(S,R?) et est la limite faible dans BD(S,R?) quotienté par
I’ensemble des déplacements rigides de R? de la moyenne selon x5 de %, dans B.. De cela
et de la définition méme de go, on déduit que Fj est une borne inférieure possible quant a
la T-convergence de F. vers Fy pour la topologie forte de L!(€2, R3). Pour vérifier la borne
supérieure, on montre d’abord que Fj est la régularisée semi-continue inférieurement pour
L'(Q,R?) d’une fonctionnelle ﬁo de méme expression que Fj mais vivant sur des champs
réguliers (ys(u) € C*(S,R?) ). Ensuite est établi que Fy > I' —limsup F. par le processus
de relevement a B, habituel et on conclut en prenant ’enveloppe s.c.i. des deux membres.

Ce résultat est ensuite étendu a une situation plus réaliste de soudage ou le domaine
occupé par la structure globale (adhérents plus adhésif) varie avec € au moyen de trans-
lations dans la direction de x3.

Il s’est agi ensuite d’affaiblir les hypotheses de quasiconvexité et de convexité pour f
et g respectivement de maniere a prendre en considération des matériaux susceptibles de
subir des transformations de phase solide/solide réversibles. Un candidat raisonnable de
fonctionnelle limite est Fy : L' (2, R3) — RU{+oo} définie par,

/Q Qf(Vu) dr + /S SQgo(e(15(@))) quand u € Ao

+00 sinon.

F()(U) =

olt Qf est 'enveloppe quasiconvexe de f et SQgy : M2*? — R est 'enveloppe quasiconvexe
symétrique définie par

5Qu(¢) = int {17 [ w(C+elo) di o < (DB}

Nous n’avons pu établir la borne inférieure que sur le sous ensemble go de Ay défini par :
Ay = {u e WiP(QR®) : v5(2) € SBD(S,R?)}

grace a un argument supplémentaire pris dans [27]. Pour la borne supérieure, comme
précédemment, on exhibe une fonctionnelle fo dont Fj est la régularisée s.c.i. La difficulté
posée par la différence de croissance de f et g est surmontée par l'introduction d’une
perturbation 7l.|” de gq.

Le dernier point, examine, a des fins numériques, les possibilités d'une régularisation
a la Norton-Hoff de la fonctionnelle Fy mise en jeu par le modele limite. Si ’on renomme
go en h supposée positivement homogene de degré 1 et telle que Ja, 5 > 0; «f¢| < h(€) <
BIE], V€ € M2*2, on considere une suite (hg)qeq,p) vérifiant.



i) hy: M2*?2 — R* est convexe et positivement homogene de degré g;
ii) hy — h simplement dans M?*?;
iii) Ja > 0; Vg > 1, assez proche de 1, h,(§) > h(§) V& € M2*2) [¢] > a.

On montre alors que lorsque ¢ — 1 la fonctionnelle F, : le(’)p (Q,R3?) — RT U {400}
définie par :

Fo(u) = /Qf(vu) dx + /Shq( e(ys(a)) ) di q.uand u € By,
+00 sinon.
B, = {u € WAP(Q,RY) - hyo (e(ys(i))) € L)},

I'-converge pour la topologie faible de Wy (€, R?) vers Fy : WpP(Q,R®) — RY U {+00}
définie par,

Folu) = /Qf(Vu) dx + /Sh(e(vs(ﬁ))) quand u € B,

+00 sinon.

ou
B = {ue W' (Q,R® : ys(a) € BD(S,R?)}.

Ainsi, si la suite (hq)qe(1p) satisfait en outre la condition de coercivité Joyg > 0; oy |€]7 <
hy(€), V&€ € M?*2 alors le probleme Min {F,(u) — L(u) : u € B,} posséde au moins une
solution %, et il existe une sous-suite extraite non renumérotée telle que u, converge
faiblement dans er(’)p(Q, R3) vers @, solution de Min {F(u) — L(u) : u € B}. Comme les
fonctions h, sont convexes et positivement homogenes de degré g et peuvent étre choisies
différentiables, les méthodes numériques de l'optimisation convexe peuvent facilement
fournir des approximations de %, donc de w.






Abstract in English

Most of the structures in Civil Engineering consists in assemblies of deformable bodies,
thus it is of interest to dispose of efficient models of junctions between deformable solids.
The classical schemes of Continuum Mechanics lead to boundary value problems involving
several parameters, one being essential: the (low) thickness of the layer filled by the
adhesive. For the usual behaviors of the adherents and the adhesive, it is not difficult to
prove existence of solutions, but their numerical approximations may be difficult due to the
rather low thickness of the adhesive implying a too fine mesh. Moreover, the mechanical
properties of adherents and adhesive being very different, the involved systems may be
very ill-conditioned. Hence, it is capital to propose simpler but accurate enough models.
A classical way is to consider the real geometrical and mechanical data, like thickness,
stiffness, etc..., as parameters and to study the asymptotic behavior of the parametrized
boundary value problems when these parameters go to a natural limit (0 if the quantity
is small, +oo if it is large). This may be done by various methods: formal asymptotic
expansions, singular perturbations. Here, we chose the rigorous point of view of variational
analysis by studying the asymptotic behavior of the minimizers of the total mechanical
energy functional. We show that they converge (with respect to a topology induced by
the mechanical energy) toward the solutions of a minimization problem which will be our
proposal of simplified model.

Two main cases of elastic junctions have been treated in this way:

i) the soft junctions, where the stiffness of the junction is far lower than the ones
of the adherents (it corresponds to soft adhesive bonded joints), see for instance [1] and
the references therein,

ii) the hard junctions, where the stiffness of the junction is far larger than the
ones of the adherents (which may occur in some situations of welding), see for instance
[21], [26] and the references therein.

Let us recall that a big difference occurs in the nature of the asymptotic models. The
soft adhesive junction is replaced by a mechanical constraint between the adherents whose
surface energy is a function of the relative displacement of the adherents along the interface
the junction shrinks toward. On the contrary, the hard junction is replaced by a material
surface perfectly stuck to the adherents, with a surface strain energy density function of
the surface gradient of the displacement (here, there is no jump of displacement across
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the interface).

Anyway, these models are simpler than the genuine one because surface integral func-
tionals are involved in place of integral functionals on a thin layer. They may be accurate
enough due to the rigorous convergence results: the closer the parameters to their natural
limits, the sharper the models.

The aim of this work is to generalize these two basic results in various directions.
The first part of this thesis is devoted to soft junctions and two extensions are presented.
First, we consider the case when the soft adhesive bonded joint is not perfectly stuck to the
adherents. It will be shown that the asymptotic model involves the “inf-convolution” of
the classical limit density supplied by the joint like in [1] with the densities corresponding
to the constraints between the joint and the adherents. A second extension deals with the
case when the joint, perfectly bonded to the adherents, is subjected to a loading. It will be
shown that the asymptotic constraint incorporates the loading and is described through a
non local functional acting on the fields of displacements of each adherent along the limit
interface. This point is completed by a study of the gradient concentration phenomenon
through a suitable tool of fields of measures. The second part of this thesis concerns
hard junctions and is a first attempt to model some fracture phenomenon in soldered
joint. So, the classical previous studies [21], [26] are revisited in assuming the joints to be
pseudo-plastic, that is to say its bulk energy density has a linear growth. Hence, we have
to tackle two new difficulties: the growths of the bulk energy densities in the adherents
and in the adhesive are different and the linear growth in the adherent will imply to work
in spaces of displacement fields with free discontinuities. First, we will consider the case
when the bulk energies of the adherents are quasi-convex while the one of the junction is
convex and next we will drop these conditions. Finally, for numerical purpose, we consider
a variational regularization (in the Norton-Hoff spirit) of the limit functional involved in
our model.

For the sake of simplicity, all the junctions considered here occupy layers of constant
thickness and, like the adherents, are assumed to be elastic. Hence the starting equilib-
rium problems may be formulated in terms of minimization problems in some suitable
function spaces and we systematically derive our asymptotic models through variational
convergence methods.
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Part 1

Two mathematical models of bonded
adhesive joints
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Introduction

This part is devoted to the modeling of soft junctions: mainly, the classical modelling
[1] of soft adhesive bonded joints is improved in two ways.

First, an asymptotic model for a thin, soft and imperfectly bonded elastic joint is
proposed. Here, we consider that the joint and the adherents are not perfectly stuck
together so that the reversible mechanical constraint between them is not pure adhesion
as in [1], but is given by some smooth or non smooth convex surface energy densities
ht, h?. We will show that the asymptotic model (obtained when thickness and stiffness
of the joint go to zero) consists in replacing the joint by a mechanical constraint whose
surface energy density is the “inf-convolution” of the densities h', h? and the limit energy
W obtained in [1]. This corresponds to the connection in series of the classical limit
constraint induced by the joint and the constraints between the joint and the adhesives.
Hence clearly, W is intrinsically associated with the thin and soft elastic joint. The limit
model is obtained by studying the variational convergence of the total energy functional
of the structure made of the adhesive and the two adherents. For the sake of simplicity,
the study is done in the framework of small perturbations (i.e., bulk energy densities as
convex functions of the linearized strain tensor).

The second extension considers the case when the joint, perfectly stuck to the adher-
ents, is subjected to body forces. Actually, to be realistic, we consider a scalar problem,
the unknown being for instance the out-plane displacement of a membrane made of three
parts and submitted to an external loading even in the narrow inner part. The main result
(still deduced by variational convergence) is that the asymptotic model still consists in
replacing the junction by a constraint, but the total surface energy functional associated
with this constraint does incorporate the loading and, generally, is a non local functional
not only of the relative displacement of the adherents along the interface the joint shrinks
to, but also of the displacements of each adherent on the interface. This study is com-
pleted by an analysis of the gradient concentration phenomenon through a suitable tool
of “gradient Young-concentration” measure as in [16].
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Chapter 1

An asymptotic model for a thin, soft
and imperfectly bonded elastic joint

1.1 Introduction

Many studies have been devoted to the asymptotic modeling of soft thin joints by
considering the stiffness and the thickness of the joints as small parameters. In the
static case, the mathematically rigorous variational approach consists in determining the
asymptotic behavior of the minimizers of the total mechanical energy of the structure
made of the adherents and the elastic joint when thickness and stiffness go to zero. This
can be done in the classical framework of displacements fields [1] or in an extended one
of fields of measures [2] which may supply additional pieces of information at lower scale.
Anyway, the starting point is to assume that the joint and the adherents are perfectly
stuck together so that the asymptotic model consists in replacing the physical joint by
an abstract mechanical constraint between the two adherents. This constraint keeps the
memory of the joint which disappears at the limit: its surface energy density W depends
strongly on the relative behavior of the parameters but can be written in an unified way
with a mathematical structure similar to the one of the bulk energy density of the genuine
joint.

Here, under the assumption of small strains, we assume that the joint and the adherents
are not perfectly stuck together so that the reversible mechanical constraint between them
is not pure adhesion but is given by some smooth or non smooth convex surface energy
densities h', h?. We will show that the asymptotic model consists in replacing the joint
by a constraint which, now, is the inf-convolution (or epigraphical sum) of the densities
k' and the limit density . This corresponds to the connection in series of the limit
constraint induced by the joint and the constraints between the joint and the adherents.

For the sake of clarity, in Section 1.2, we introduce a simplified situation where the
joint connects an elastic body to a rigid support: the joint is clamped on the rigid body

17



while there is a mechanical constraint between it and the elastic body. This situation has
been considered in [3] in the particular case of linearly elastic adhesive and adherent and
of bilateral contact with Tresca’s like sliding between them. Their asymptotic analysis
uses a rescaling of the coordinates through the joint and a mixed formulation(with two
fields: the displacement and the stress) in terms of variational inequality, so that the
various limit mechanical constraints are explicited in terms of graphs only(relationships
between the stress vector and the displacement). On the contrary, because it is obvious
from the mechanical point of view to guess the structure of the energy density of the
limit constraint(inf-convolution is the mathematical translation of connecting in series),
we prefer to deal directly with the total energy functional and study its variational con-
vergence; this is easily done by adapting the arguments of [1] to this framework, indeed
simpler because convex. Then, in Section 1.3, we propose our limit model which takes
into account the asymptotic behavior of the displacement inside the adherent and inside
the adhesive. The proofs of our statements are given in Section 1.4. Section 1.5 is devoted
to a variant important in Tribology(the concept of “third body”), where the thin adhesive
layer contains a far thinner and softer layer in the viscinity of the elastic adherent.

Eventually, let us point out that a partial analysis using our method and assorted with
numerical experiments may be found in [4] and that our analysis is also valuable when
the stiffness of the adhesive is not necessarily low but not too large (say of order strictly
lesser than the inverse of the thickness).

1.2 Introducing an elementary situation

As usual, we make no differences between R? and the physical euclidean space whose
an orthonormal basis is denoted {ey, €5, e3} and, for all £ = (&, &, &) € R3, Estands for
(&1, &a)-

If Q is a domain of R? included in {z3 > 0} with a Lipschitz boundary 9Q whose
intersection with {z3 = 0} is a domain S of R? let B. := S x (—¢,0) and . := QU
S U B., where ¢ is a small positive number, the boundary of ). being assumed Lipschitz
continuous.

Q,<

B,

; .

v

- :
Figure 1.1: The physical domain

Actually, € is the reference configuration of an elastic body(the adherent) whose bulk
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energy density denoted W is a strictly convex function of the linearized strain tensor e
which satisfies:

Ja>0, >0, st alfP<WE<BA+E), vEe s (1.2.1)

S? being the space of the 3 x 3 symmetric matrices. The body is clamped on 'y C 92\ S
and subjected to body forces f and surface forces ¢ on I'y = 9Q\(S U Iy), Ty and
I'; being assumed of positive two dimensional Hausdorff measures. The set B, is the
reference configuration of a thin adhesive layer made of an elastic material whose bulk
energy density reads as:

Wi un(€) = pus Wi(tr(e)) + pp Wa(deu(e)) }

1 1.2.2
tr(e) :==e1 + ez + €33, dev(e) :=e — 3 tr(e) I ( )
I is the identity matrix, pg, p are positive numbers, W7 and W, are strictly convex and
satisfy:

Vi€ {1,2},30; >0, 36; > 0, s. t. o |[¢]° < Wi(€) < B, (1 n \5i|2) , V(L €2) € RxS®
(1.2.3)
Moreover, we assume that there exists Wioo’z, 1 = 1,2, strictly convex positively ho-

mogeneous of degree 2 on R and S? respectively such that: for each i = 1,2 there exist
positive real numbers ¢;, a5°, 5° and r; € [1,2) such that

(Wi&) = W& < c (L+1&]7), V(6,&) R x S
(€ =€) (- ) = o gl =&, v e oW (e, V(e &) eRx S5, 1=1,2
G- GI<Be e -, e ow ™€), Ve, &) eRx S 1=1,2

(1.2.4)

Note that considering W),

<up 0 place of the classical %(tr(e))2 + plef’ is a slight
generalization of the isotropic linearly elastic case. The mathematical treatment being
similar, this generalization seems to us useful because it may concern materials with
different behaviors in stretching and squeezing. Actually, there should be minor changes
by replacing the growth condition of order 2 by a growth condition of order p in [1, 00).

The adhesive is clamped along S_. := —ee3 + S and not subjected to forces. Here
we will consider the case when the mechanical constraint between the adhesive and the
adherent is not necessarily pure adhesion but is described by a surface energy density

satisfying:

(H) h is a nonnegative convex lower semi-continuous function in R3 such that h(0) = 0.

1
Note that this assumption is satisfied by either a continuous function like — |- |7, 1 <

p < 0o, or a non-smooth function like the indicator function I of a closed convex subset
C of R? containing 0.
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In the following, for all domain G, H}(G;R?) will denote the subspace of the Sobolev
space H'(G;R?) whose elements vanish on a smooth enough part v of the boundary 0G
of G.

Hence, if we assume that (f,p) € L?(Q;R3) x L?(T';;R3), it is well-known that the
equilibrium configuration is given by the unique solution u, of the following problem
involving the triplet s := (¢, s, up) *

(Ps) = Min{F(v) — L(v) ; v € Vi}

with
Vy = {U € L*(Q;R?) ; vt = v € H%O(Q;RS), v =B, € Héia(Bg;R?’)};
(1.2.5)
L(v) / f(x ) dx + / o(x) v(x) ds, the work of the exterior loading;(1.2.6)
'

Fy(v) /W )d:v—l—/B Wgupn (e(v7)) d:v—l—/sh([v](f)) dz. (1.2.7)
= v") —49(v7), the jump of displacement across S

(or the relative displacement along S) where the same symbol ~(w) denotes the trace
on S of any element w of both H'(B.;R?) and H'(2;R?). To shorten notations, in the
sequel we will drop the superscript + and — for any element v of V, when no confusion is
possible.

Actually, determining numerical approximations of #s may be tricky because of the
large number of degrees of freedom implied by the meshing of the very thin adhesive layer
and the ill-conditioned system due to the low stiffness of the glue.

An important practical example of such constraints is when h(v) = v®,(0)+1g(vs), v is
a non negative number, F is a closed interval of R containing 0, and ®, = a, |- |, a, > 0
if p € [1,00), @ = I¢, C a closed convex subset of R? containing 0. The constraint implies
bilateral contact when E = {0}, play(without penetration) when £ = [0, J], 6 > 0, and
unilateral contact(without penetration) when E = [0, 0o). Moreover, the case v = 0 says
that the tangential component of the stress vector always vanishes. When ~ # 0, the sole
realistic situation is £ = {0}, then the constraint corresponds to bilateral contact with
confined sliding when p = oo or sliding with resistance of Tresca type when p = 1 or
Norton-Hoff type when 1 < p < oo. The particular case p =1, E = {0} has been treated
in [3].

Thus, it is of interest to propose a simpler but accurate enough model for the structure.
For that purpose, we will consider s as a triplet of small parameters and derive our
modeling through a rigorous mathematical study of the asymptotic behavior of u, when
s goes to zero by due account of the low values of the thickness and the stiffness of the
adhesive. Actually, the following analysis works also when eug, epup goes to zero, that is

LActually €, s and pp denote three sequences (£n)nen, (1s,n)neN and (4D n)neN-
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to say also when the stiffness is not too high. Henceforth, we will make the assumption:
there exists 5 € {0} x [0, 00]?, (jis, fip) € [0,00]? and a positive real number &y such that

s=1lims, (@g,fp)=lim (?, —) , 0=1lim (e ps,e pup), 0<e<ep, (1.2.8)

As usual, ¢ or C' will denote constants independent of s which may vary from line to
line.

1.3 An asymptotic model

The theory initiated in [5] and completed in [1] says that the thin layer is, when s
tends to zero, asymptotically equivalent to a mechanical constraint along S whose surface
energy density reads as:

Wﬁsﬂp(“) = WSZ%D (vV®ges3) 1= ﬂSWf°’2(tr (v ®g 63))+[LDW§°’2(dev(v®563)) for all v € R?
(1.3.1)
where

1
a®sb:§(a®b+b®a) for all a,b € R®

Of course when fig, fip are not finite, ggW;*° 20 pWs~° 2 is replaced by I (0y- The convention
oo X 0 = 0 makes then possible the unified writing (1.3.1). Note that

tr(v ®g e3) = vs

1 v
dev(v ®g e3)11 = dev(v g €3)a = —§dev(v ®Rg €3)33 = —33,
dev(v ®@g e3)12 =0, dev(v g e3)as = Ea’ a=1,2.
so that o
Wasgp(v) > 72 fip |v)* for all v € R®. (1.3.2)

Thus we expect to be in face with the connecting in series of the initial mechanical

constraint with surface energy density h and the limit one described by Wﬁ Because

SH»UD*
the graph of the connecting in series of two constraints is obtained by taking the inverse of
the addition of the inverse of the graph of each constraint, our asymptotic model should
involve the inf-convolution or epigraphical sum g : h # Wy, 5, of h and W, ;, in [6]

defined by:
g(t) == h # Wy, n, () :=inf {h(t") + Wy n, (") s t=t'+1", ¢, t" € R*}  (1.3.3)
To deal easily with some singular cases, we introduce the additional assumption on h:

(H') When (fis, ip) € {00} x (0, 00) or (fis, fip) € (0,00) x {0}, then h(t) = h(t)+ hs(ts)
for all t in R3 with h, hs two non negative convex lower semicontinuous functions in

R2, R respectively and such that h(0) = hs(0) = 0,
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which enables us to establish the following properties of g:

Proposition 1.3.1. The inf-convolution g = h # Wﬁsﬁo 1S a mon negative convex
function defined in R3 such that g(0) =0 and

i) when fip =o00: g =h,
ii) when fip € (0, 0o) and

a) fis € [0, 00): g is continuous on R3, g < Min (h, (> | - |2) ; moreover for all t
in R? there exists a unique z(t) in R® such that g(t) = h( t—2(t) )+ Wz, z, (2(1)),
z being a Lipschitz continuous function vanishing at 0,

b) s = 00 : g(t) is finite if and only if hs(t3) is finite and then g satisfies g(t) <
hs(ts) + C }f|2; moreover for all t in R?, there exists a unique Z(t) in R? such
that g(t) = h(ts) + h( L — 2(8) ) + ppWs>? (dev ((Z(£),0)®ses) ), Z being
a Lipschitz continuous function vanishing at 0, the previous constant ¢ and the
Lipschitz continuity constant of z being independent of ts.

iti) when ip =0, and

a) fig=0: g=0

b) fis € (0, 00): g(t) = hs # asW%(t3) for allt € R3, so that g is continuous
on R3, g(t) < Min (hs(ts), C |t3|2) and there exists a unique z3(t3) such that
g(t) = hs(ts — z3(ts)) + isWio%(23(ts)), 23 being a Lipschitz function vanishing
at 0,

c) jfis=o00: g(t)=hs(t3) forallteR3.

The proof of this capital proposition is given in Section 1.4. Hence, we are in a position
to define a functional in Hp, (€;R?) by:

/ W (e(v))dz + / g(10(0))d7, when g(°(v)) € L\(S),
F(v) := @ S
+00 otherwise.

Indeed to deal with the singular case fis = ip = 0, we, from now on, make the additional

assumption:
o g3
(H”) limsup — = limsup — = 0;
s—§ Hs s—5 HMD

when fis = fip = 0, h is coercive on R3,

which is essential, in this singular case, to establish following Proposition 1.3.3 that de-
scribes the asymptotic behavior of v, for a sequence such that Fy(vs) < C; so that our
asymptotic model will be supplied by the convergence result:
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Theorem 1.3.2. When s goes to 5, ul strongly converges in HF (;R3) towards the
unique solution u of
(P) : Min{F(v) — L(v) ; v € H} (R}
and F(u) = lim Fy(uy).

Actually, this result of variational convergence is a classical consequence of the following
three propositions whose proofs can also be found in Section 1.4 :

Proposition 1.3.3. For all sequences (vs) in Vs such that Fs(vs) < C, there ezists a
subsequence not relabelled such that:

i) vl weakly converges in H (Q;R?) toward some v;

i) o /@ 2do < O (Msﬂ%p)’

b)  o(vy) weakly converges in L*(S;R3) towards some (; moreover (3 = 0 if
fis = 00, ¢ =0 if ip = 00, and when is = fip = 00, Yo(vy ) converges strongly
in L*(S;R3) toward 0.

Proposition 1.3.4. For all u in H}, (;R?), there exists a sequence (us) in Vs such that
ul strongly converges in Hp, (4 R?) toward u and F(u) > limsup Fy(u,).

5—§

Proposition 1.3.5. For all u in H} (;R?) and all sequence (vs) in Vi such that v}
weakly converges in Hy, (;R?) toward u, we have:

i) /W dx<l1m1nf/W(e(v5)) i

§—S8

ii) / o0 (u dfghgg( /S h(va]) 5 + /B WHS,“D(e(vS))dx>;
iii)  F(u) < liminf F,(v,). 6

Thus Theorem 1.3.2 describes the asymptotic behavior of the displacement field inside
the adherent. Our limit model, problem(7P), concerns the equilibrium of the elastic adher-
ent subjected to body forces f and surface forces ¢ on I'y, clamped along I'y and subjected
to a mechanical constraint along S of energy density g which is the inf-convolution of the
genuine energy h with the limit surface energy Wﬁs,ﬁ , stemming from the bulk energy of
the thin adhesive layer.

When the adhesive is isotropic and linearly elastic i.e: W; = 5] : \2, = |- ’2,
3N+ 2 /
Us = _:: ,u7 pp = i, A and p being the classical Lame coefficients and hsy = I,—oy,
h=2 |-, pell, oo) [{| fl<1} if p = 00, it is easy to establish that
p
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£
ii) limg = [ € (0,00);
A<
a) hmg =X € (0,00)
: 2 A
p=1 g(t):Mln@ ] ,al}ﬂ>+§t§;
1 <p<oo, g(t):h#wﬂs,ﬁp(t); B
. 2 A
p = 00, git) =pn (Mm(m—l, 0)) —|—§t§
A
b) lim— = o0
£
, 2
p=1, g()=Min (u [iI", a1 [{]) + Tgeamoy );
L<p<oo, g(t)=h# W)
p=oco,  g(t)=p (Min(|{] =1,0)) + Iy=o(ts)
i) lmZ=0:
£
A< A
A
b) hmg =00, g(t) = Is=0y(ts).

From the mechanical point of view, it is interesting to also determine the graph of the
previous constraints that is to say the relationship between the stress vector o, and the
displacement u. We denote the stress and the unit normal outward €2 along S by ¢ and n,
of course n = —egz, so that the displacement and stress vector have tangential and normal

component given by:

or =0, — (ON) Ny, ON =0p N ;U =U—UN N, Uy = U N
Hence, the various constraints may also read as:
. N .
i) lim= =o0: uy =0 and
€
o p=1or|<ay,|or|<ay=0or=0,|or|=a,=3IN>0; ur =—X\or;
—2
o l<p<oo, or=—ay |lurl""" ur;

o p=o0, lup| <1
the constraint corresponds to a bilateral contact with sliding through Norton-

Hoff like resistance(l < p < oo) or Tresca like (p = 1) resistance or a confined
sliding (p = o0); the joint has no effect.
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i) lm” =7 e (0,00):

£
o p=1lor| < ay, lor] < a1 = or = —2u up, |lor| = a3 = 3IXN > 0
ur = =\ or;

1 / /
o l<p<oo, ur= (E—l—a;p o |” 2>UT7%+I%=1;

o p=o0,0r=pMin(lur|—1, 0)ug;
and

A _
a) limg =\ € (0,+00):

oy = — (5\ + 2/2) uy, the constraint corresponds to an elastic pull-back, non
linear for the tangential component and linear for the normal one;

b) lim— = oc:
€
uy = 0, the constraint corresponds to a bilateral contact with sliding through
non linear resistance.

i) lm” =0
g

A
a) lim— =\ € [0,+00):
€ _
or =0, oy = X uy, the body is tangentially free and subjected to a normal

linear elastic pull-back;

b) lim— = oc:

€
or = 0, uy = 0 that is to say free bilateral contact occurs.

It is worthwhile to recall that the laws of case ii) are used for numerical or theoretical
regularization goals [7], [8].

This results were obtained in [3] for p = 1, but the structure of the density of the limit
constraint as an epigraphical sum was not observed; this last point seems to us important
for the mechanical interpretation of the mathematical analysis and its conclusions.

An other realistic example is when h = 0, hz = Ijg 7}, T" very large which will supply
a so-called normal compliance law which permits a slight penetration in the half-space
{z3 < 0} but with a stiff normal pull-back; it corresponds to the penalization methods in
numerical Contact Mechanics [8].

Remark 1.3.6. : The coercivity assumption (H") on h when fis = fip = 0 was made
to get boundedness in L*(S,R®) of vo(vy) for any sequence such that Fiy(vs) < c¢. But
this condition prohibits the so-frequent condition of unilateral contact where hy = It >0y
It has been many times observed that the framework of small strains is not suitable to
model soft adhesive joints (especially here where fig = fip = 0 suggests very large strains)
because it does not take into account interpenetration condition. A first classical remedy
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is to remain in the frame work of small strains but to include in the formulation of (Ps)
a global interpenetration condition like

(vo(v™))3(Z) > - fora.e. T€S. (1.3.4)

With, this additional assumption the case h(t) = h(t) + Iti,>0y(t3) may be treated because
a sequence with bounded F(vs) will satisfy

Yo(vH)s > yo(v7)s > —e.

so that the boundedness of [, le(v)|? da implies the boundedness of vo(v])s in L2(S) and
consequently the one of vo(vy)s. Then the limit constraint with energy density g will be
the inf-convolution of h and Wﬂs,;’m augmented by Ii,>oy.

It is interesting to improve the modeling by studying the asymptotic behavior of the
adhesive layer, which was suggested in [3]. First, we have:

Proposition 1.3.7. When s goes to 5, vo((us)~) weakly converges in L*(S;R3) towards
¢ such that

9(0(@)(@)) = h (0(0)(F) = C@) + Wiap(C(F) forae. TS, (135)
Moreover if h is strictly convex and coercive, then ~o((us)™) strongly converges in L*(S; R?).

Furthermore, it is shown in the proof of Proposition 1.3.4, that there exists Z in
H'(B.,;R?) such that ¢ = 19(Z) and let R.C € HS (B.;R®) defined by

€0

R.C(x) = Z(z) (1 + %) for all z € B.. (1.3.6)
Theorem 1.3.8. With above definition

lim [ Wi (e((@s)”) = RC)) de =1lime™? | (@)~ — R de=0  (1.3.7)
< Be

5—8 5—8

Proposition 1.3.7 identifies the weak(strong) limit in L?(S;R?) of vo((us) ™) as the field
which achieves the minimum defining the epigraphical sum g while Theorem 1.3.8 tells
us that (us)~ is asymptotically equivalent to a field affine in z3 with a profile on S given
precisely by this limit (.

Hence, from a practical point of view to get easily a good approximation of @, we sug-

gest first to solve(P)(which is standard from a numerical point of view) where fig, fip

are replaced by the true real values 'Lﬁ, Hp and to replace @ by the solution .

_ e €
Next, (us)” may be replaced by R.(s, (s achieving the minimum in the definition of

(h#Wﬂg»ﬁfD) (7o(ts)).
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1.4 Proofs of the various results

1.4.1 Proof of Proposition 1.3.1:

The first claim and i) are obvious(see [6]). The growth condition in ii) a) is obtained
by choosing (',t") = (0,t), (¢,t") = (¢,0) in the definition (1.3.3) of g and due account
of (1.2.3). The existence and uniqueness of z(t) for all ¢ in R? stems from the fact that
h(t — ) + W g, 18 a strictly convex coercive function on R®. Moreover

h(ty—a(t;) = h(ti—2(t:) +&(2(t) . (¢ — 2(t) — (6 — 2(t:)))
§(2(t) € MWign, (2(ti), i #j €{1,2},
so that (1.2.4) yields that there exists @, 3 such that
a |2(t;) — 2" < € |2(ts) = 2(t))] [t — 151

The point ii) b) is obtained through the same reasoning but with due account of
fis W% (vs) = I;oy(v3). Eventually, iii-a) is obvious because Wy = 0, and the splitting
assumption h(t) = h(f)+ hs(t3) is just made in case b) to easily use the previous reasoning
and in case ¢) to note that g(¢) = inf {h(t — )+ hs(ts); v € ]RZ}

1.4.2 Proof of Proposition 1.3.3:

Point i) is an obvious consequence of the coercivity of W and of the Korn inequality.
Moreover, if M3 denotes the set of all 3 x 3 matrices, a Korn inequality like

V0 2oy < Ok le(v)] 25, forallv e Hy (B;RY) (1.4.1)

with C'x independent of € holds for all € < gy, because it suffices to use the Korn inequality
in H éfEO (Be,) for the extension of v by 0 into B.,\B.. Hence, the standard inequality

/ ‘U;|2 dr < & / |6’3U;}2 dx (1.4.2)
implies 8 5
/ lvs ‘ de < Ck ¢ (3,&_30%1/ wus Wi(tr(e(vy))) dx + H_Doéiz i, pup Wa(dev(e(vy))) dx)
) (1.4.3)

that is ii-a); while the other standard one

/}70(128_)’2 dz < ¢ / ‘33713_‘2 dx (1.4.4)
S BE

gives
e 1

/S ho(v:)|” di < Cx (?)M_soz_l/B ps Wi(tr(e(vy))) do + “—Da% Hp Wa(dev(e(v,))) dl’)
) ) (1.4.5)
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which implies that vo(v;) is bounded in L?(S;R?) when jig, fip € (0,00]. The same is
true when fig = jip = 0 by due account of the additional coercivity property(H’) of h
and previous established point i). Clearly, (1.4.5) implies that yo(v, ) strongly converges
in L?(S;R3) to 0 when fis = Jip = oo, the remaining part is obtained by going to the
limit in the identities:

[ 2@ Ses ()@ a7 = [ @) S ) () / din(p ) (0) () a7 i = 1.4,

with

J1=I1,32=¢1®5€3,3° =e3®5€3,3* =€ Qe +6e2® ey — 2e3 ® es.

p infinitely differentiable with compact support in S and the inequalities:

([ rstetw dfﬁ)Q <Cp)=- [ s Wiltr(e(w,) do

s o1 Jp,

</5p W - e(v,) dx>2 <o =t [y Waldev(e(v.)) de, j—2.4.

UD &2 JB,
2 e 1
([ i) vae) < corcke (S [ st da
. S &1 -

+ =1 Walden(e(w,)) daz) .

KD @2 JB,

1.4.3 Proof of Proposition 1.3.4:

It suffices to consider the case when F(u) < oo. First, when fip = oo we may choose
u+ = u, u; = 0. Next, when (fip, iis) € (0,00) x [0, 00) we proceed as follows. Any u in

H}, (% R3) can be continuously extended in R? := {z € R*; x5 > 0} by a field u belong-
ing to H'(R3;R?). From Proposition 1.3.1 ii-a) and a result of nonlinear interpolation
9][p. 137], ¢ := Z(u) is an element of H'/2(S;R3) so that there exists a continuous lifting
Z of ¢ into HS_E0 (B.,; R?). Let R. ¢ defined by:

R. ((z) = Z(2) (1 + %) for all z € B. (1.4.6)
clearly, R. ¢ € H. _(B.) and
e(R.()(x) = (1 n %) e(2)(z) + Z(z) ®s % forallz € B, (1.47)

IR, C(z))Pdz < C’(s/gK(fﬁ)Fde—l—sQ ; |VZ(:E)|2d:B> (1.4.8)

B
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because of
Z(z) = C@) de < | |VZ(x)] da (1.4.9)
Be Be
Let wug € Vi such that uf = w, u; = R. (. The convexity and the growth conditions
(1.2.3) satisfies by Wi, Wy implies (see [10]) that there exists 71, 72 such that

(Wi(eh) = Wi(€2)| < J€ = €| (14|l + |€2]) forall (€1,6) e Rx 8%, 1=1,2
(1.4.10)
and consequently
(W& = W) < v |6 — & (|6] + |&]) for all (¢],6)) e R x S, 1=1,2
(1.4.11)
Hence, the Cauchy Schwarz inequality gives:

/ <W“S’“D (e(uy)) = Wagup (C(Z) ®s ?)> dz

€

- Cmax(”s’”[)){/& ( ‘”% e(Z)+ (Z(x) — ((3)) ®S%)2 dm}%
X {a—l—/e (1—|—%)2 |e(Z)|2d;c+/Ba @dx_i_/s%)?da}é
< Cmax(us, ip) (/5 'V Z|? dx) ( sz ) dz /€|VZ(x)|2dx>2

so that
lim W up(e(uy))dr = lim WMS up (C(T) ®s —)d
5—8§ B. §—5§
= /WMS HD
Thus

/g(%(U)) dv = /(h(%(u)—g)JrW,ﬁs,MD(()) dz
S S

- lim (/ Blua)) dx+/€WMSMD( (us))dx>
/QW(e(u))dx ~ lim /W

When (fig, fip) € (0,00) x {o0}, the proof is similar but, now, due to Proposition 1.3.1
i) b) u; (x) = <Z(A) 0) (1 + ﬁ) for all # € B. where Z is a suitable lifting of Z (7o (u)).

s

Eventually, when fip = 0 we proceed as previously but, according to Proposition 1.3.1

iii) with ¢ = 70( ) and (3 = v(w)s when g = 0, (3 = Z3 (70(u)3) when g € (0,00),
(3 = 0 when g =
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1.4.4 Proof of Proposition 1.3.5:

The first assertion is a classical consequence of the convexity of W. Because iii) is an
obvious consequence of i) and ii), it remains to prove ii). Furthermore we may assume
that the liminf is finite, so that, from Proposition 1.3.3, there exists ¢ € L?(S,R?) such
that [vs] weakly converges in L%(S,R?) toward ~o(u) — ¢ and due to the convexity of h

/g h(o(u) — ) d < limint | h([os]) 5.

§—S8 S

Thus, ii) is true when fip = oo because Proposition 1.3.3 implies ( = 0 and Proposition
131 g = h.

Let us now consider the case (fip, jis) € [0,00)?, the Holder inequality and assumption
(1.2.4) imply

liminf | W, ., (e(vs))dz = liminf Weos < (e(vy)) da. (1.4.12)
5$—S B $—S B5

But, for all 7 > 0 there exists ¢, infinitely differentiable with compact support in S such
that hH(l) |Gy — C\LQ(S,Rg) = 0; let u,, = R. ¢, (R is defined in the proof of Proposition
n— ’

1.3.4, then the subdifferential inequality yields:

[BWEZiD( (vs))d-’rZ/B Weo2 (e(R. ¢) dr+ | &, e(vs— R ¢) dv (1.4.13)

B
with &, € sOW™? (tr e(R. &) Iy + ipdWs? (dev e(R. ¢,)).

The previous proof of Proposition 1.3.4 implies

lim WMO: 121«D (e(Re Cn)) dx = /SWﬁS,ﬁD (Cn) dz

$—8

while (1.2.4) and (1.4.7)-(1.4.9) give:

liminf | &, -e(vs — Re (,)dz = lim inf fn e(vs — Re ())dx

§—8 B §—8
€

where &, € fisOW*? (¢,3) Io+ ipdW5>? (dev (¢, ®s e3)).
Therefore, (1.4.12), (1.4.13), Proposition 1.3.3 ii-a) and (1.4.7)-(1.4.9) yield:

liminf/ Wisp (€(vs)) dz = /Wﬁ37ﬁD<”7) dx
Be S

§—S

S§—8

limint ( — [ divG, - (vs — R. G,)d Ces - (vs — Cy) dT
+1m1n(/awg (v C)x—i—/g@eg (v C)x)
[ Waamle) i+ [ Ges- (= 6) de

s s
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Hence, according to (1.2.4), letting 1 tend to 0 gives:

iint ([ il yai [ Wi, () ) 2 [ (10000 =€)+ Wyon(©)) 2

S$—S

which establishes g (7(u)) € L'(S) and ii).
Lastly, when (fip, fis) € [0,00) x {00}, Proposition 1.3.3 says that (3 = 0 so that the
previous reasoning also establishes ii) by disregarding the terms involving jg.

1.4.5 Proof of Theorem 1.3.2:

Classically [6], gathering the previous propositions implies all the claims of Theorem 1.3.2
except the strong convergence in H} (Q,R?) which (see for instance [11] where such a more
or less well-known argument is used) stems from the Korn inequality and the additional
fact J(u) = lim J(us), ¢ — [, W(q)dz being strictly convex and coercive on L*(12, 5?).
In fact, Props(?ssition 1.3.5 gives:

lim J(a,) = limsup (Fs(ﬂs) - { / Wi (el + /S h([ﬁs])‘ﬁ})

§—S8 $—3

< timAn) —imint { [ W, c@e+ [ 1
< Fla)- / 9(r0(u))d7

= J(u) < liminf J(as).

5—38

1.4.6 Proof of Proposition 1.3.7:

It has been established in the proof Proposition 1.3.5 that

A(h<vo<u>—é>+Ws,uD<§>)dfgngggf(/ i+ [ Wiy m),

but we also have:
S—S

i ([ wifay i + [ Wi () &) =l (A - @)

and the first result stems from the very definition of g.
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Finally, in the proof of Proposition 1.3.5, it has also been shown that

/ Wi, (€)dZ < lim inf / Wisup (€(s) ),
S B=

5§—38

hence

s [ #(fu])dE mﬂ(éhwdwf+A;WmﬂAd%DM)—hmm{/j%mm@waﬂx

g(/mmm—oﬁ
S

< liminf / h([ug])dz,
S

5—8

which establishes the last claim since vo(us) converges strongly in L?(S, R?) toward ().

1.4.7 Proof of Theorem 1.3.8:

We confine to case fig, ip € (0,00), the other cases being obvious or directly deduced
from this one. Let us consider the scaling S.v of any field v, defined in B, such that:

~ 1 - ~ ~
(Sev),, (U, y3) = - Va(U,eys),  (Sev); (U, y3) = v3(y,eys) forally € By

and let e(e, W) defined by: for any «, 5 € {1,2},
e(e,W)ap = g2 eap (W), e(e,W)ag =¢c eas (W) and e(e,W)s3 = e33 (W).

Arguing as in the second part of the proof of Proposition 1.3.7 yields

liminf/ WMS’MD(e(uS))dxz/SWus,uD(f_)d/f
Be

5—8

so that (1.2.4) implies

$—3S

/ W2 (E@ses)dy =lim [ Wio2 (e (e, Seiiy))dy. (1.4.14)
Bl 1

Using Proposition 1.3.3 and 1.3.5 with v, := 6 ()~ +(1—0) R. {, 0<6 <1, and
the previous scaling give:

/ W2 ((@ses)dy < limint / Witho( ez, S (00 + (1 0) Re () )dy
By By

S§—S

= liminf/ WEZZZD( be (e, S+ (1—0) ®se3) )dy
B

5—8

(1.4.15)

because of (1.4.11) and (1.4.7)-(1.4.9). Hence, (1.4.14), (1.4.15) and the strict convexity

of Wnglp yield that e (e, S.s) converges almost every where in B; toward ( ®g ez (see
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Lemma 4.7 and the proof of Theorem 4.9, page 272-273 in [11] for the details). Now,
using the coercivity of W;** and Wy?(deduced from (1.2.3), (1.2.4)), Lemma 4.8 page
273 and again the proof of Theorem 4.9 of [11], we have

lim/ le (e, 5.(a)) — £ ®s es|* dz = 0.
B

5$—38

A change of scale and (1.4.7)-(1.4.9) give:

while the last assertion stems from (1.4.3).

1.5 A variant

A trend in Tribology is to consider that a very thin “third body” is involved during the
contact of two deformable bodies(see [12]). This third body is made from very small parts
of matter pulled out from the bodies in the course of the first contacts that will occur.
Of course, such a third body has mechanical strength far lesser than those of the genuine
ones, so that the modeling of [1] involving a very soft layer may be also suitable to describe
this situation and complements have been given in [13] where dissipative behaviors have
been treated.

Actually, this trend is improved by considering that in the third body there are small
layers near the viscinity of the bodies in contact with properties even more downgraded.
To account for this point of view, we consider the following simplified situation where we
assume that a third body lays between an elastic body and a rigid support.

We shall use the notations and assumptions introduced in the previous sections except
if explicitly said. Now, B. is the reference configuration of the third body perfectly
bounded along S_. on a rigid support and perfectly stuck to the elastic body occupying
Q) as reference configuration. We assume that the third body is made of two elastic parts
perfectly bonded. The reference configuration of the previously mentioned very small
layer inside the third body is Bs, 0 < § << ¢, while its bulk energy density is 6~k where
k is a strictly convex function satisfying

B> 1, Fag, B> 05 ag | <KE) < B (1+[€fF) forallées®  (151)
Jk°P strictly convex and p—positively homogeneous such that
e [Lp)s [k(©) — k=€) < c(1+1g") forall ¢ € S

according to [1] the factor 6?~! is chosen in order that a limit surface energy k" (- @5 e3)
be supplied.
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The reference configuration of the remaining part of the third body is B.\B; and its

bulk energy is the density W .,

position of the structure made of the elastic adherent and the third body, submitted to

introduced Section 1.2. Hence, finding the equilibrium

the forces(f, ¢) and clamped along I'US__ involves a new parameter 0. Let 0 = (s, ) =
(¢, ps,p, 0). We now, assume:

J5 € {0} x [0,00]? x {0}, (is,jip) € [0, 00]?, Jeo > 0 such that
Hs KD

0= 1im07 (ﬂS)/:LD) = lim <_

)
>,O:Iim(€,us,5uD), 0=1lim—-,0<e < e
e’ ¢ €

(1.5.2)
Let the reflexive Banach space W, , defined by:

p>2, Wo,={ue H (Q;R? ;e(u) € LP(Bs; S?)}
p<2, W,,={ueW(Q;R3) ;e(u) € L*(Q.\Bs; S} (1.5.3)

’u|0',p = ’e(u)|L2(QS\B5;S3) + |€(U)’Lp(35;53)

and the strictly convex, continuous and coercive function F.. on W, , such that:

Fl(v) = /QW(e(v)) dx + 5’3_1/3 k(e(v)) dx +/ . W, up(e(w))dr  for all v € W, .

Hence, the problem of finding an equilibrium position
(P.) : Min{F.(v)—L(v); v e Wy,}

has a unique solution @,. We aim to study the asymptotic behavior of 4. when o tends to
g to provide an asymptotic model simpler than (P)) where, clearly, numerical difficulties
may occur due to a kind of two-scales meshing.

Because, asymptotically, the energy inside the layer Bj is equivalent to a surface energy
Js k=P([v] ®g e3)dT when & goes to zero and 4 is far lesser than e, we guess that we are in
a situation close to the one studied in Section 1.3 and 1.4, where h will be replaced by A’/

R (t) := k®P(t ®g e3) for all t € R®. (1.5.4)

That is why, in order to simplify the mathematical analysis, we have considered here
that there exists only one very thin layer inside the third body. A more realistic situation
should involve a second layer occupy B.\B._g, 0 < ¢ << ¢, and the analysis similar
to the following but a little more technical on A" may be done. Henceforth, we use the
previous assumptions H' — H” made on h so that ¢’ :== W, ., # ' will have the same
properties (see Proposition 1.3.1) as g and the asymptotic model is provided by

Theorem 1.5.1. When o goes to &, u,, strongly converges in H{ (€;R*) toward the
unique solution u' of

(P"):  Min{ F'(v)— L(v) ; ve H} (Q,R?) }
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where

F'(v) = /QW(e(v)) dx—l—/sg,(%(v)) dz wzjn .g,(%(v)) € [1(5)
oo Ootnerwise.

As in Section 1.2, this result of variational convergence is consequence of the following
three propositions:

Proposition 1.5.2. For all sequences (v,) in W,,, such that F.(v,) < C, there exists a
subsequence not relabelled such that:

i) v weakly converges in H (Q;R?) toward some v,

i) a) ’v;|2 dr < Ce? (i—i-i)
B:\B;s Hs KD
b) ~3(v;), the trace of v, on S_s considered as an element of L*(S;R?®) weakly
converges in L*(S;R?) toward some (' moreover ¢} = 0 if jis = oo, ¢’ = 0 if
fip = oo and when jis = jip = oo the convergence occurs in L*(S;R3) strong.

c) ; vg|P™ dx < € 6™t Pa=b yhere p,, = min(p, 2).
3

Proposition 1.5.3. For all u in Hf (;R?), there exists a sequences (u,) in We, such
that u} strongly converges in Hp (Q;R?) toward uw and F'(u) > limsup F, (u,).

o—0

Proposition 1.5.4. For all u in Hy (Q;R?) and all sequences (vy) in Wy, such that v}
weakly converges in Hy, (;R?) toward u, we have

i) J(u) = /Qw(e(u)) dr < liminf J(v)),

o—0

o—0

i) /S ¢ (7o(u)) d7 < liminf ( / E(sp—l k(e(vy)) dz + /B . Wus’uD(e(vg))dx) ,

wi) F'(u) <liminf F.(v,).

o—0

1.6 Proofs of the variant results

First, the proof of points i) and ii) a-b) of Proposition 1.5.2 follows the lines of the
one of Proposition 1.3.3 with B. and S replaced by B.\Bs and S_; and due account of

0 = lim (é) Let p,, = min(p, 2), we have

o—0 g

/ ’,Us‘pm dx S 2pm*1 (’S‘ 5pm1/ ”}/O(’Us)‘pm d/.r\+(5pm ‘vvs’pm dx) (161)
Bs S

Bs
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Introducing a smooth cut-off function such that
n(xs) =1if 3 < h, 0<n(z;) <1if 0 < h < x5 < 2h, n(zs) =0 if 23 > 2h with h small enough,

and reasoning on 7 v, and (1 — 1) v, it is easy to show that there exists C' independent
of € and ¢§ such that

Pm dI

|V ['™ de < C le(vy)

Bs BsUQ
which, with (1.6.1), proves point ii) c).
Next, to prove Proposition 1.5.3, it suffices, with respect to the proof of Proposition
1.3.4, to introduce liftings U and Z’ of yo(u) and ¢’ into H'(B.,;R?), ¢’ achieving the
minimum in the definition of ¢'(7o(u)) and to define R 5(u, (") by:

(1 + %) U (z) — %Z’(w), if 0>a5> -0
;,6(UJC/> = o S
(1 +2 ) Z'(x), if —0>ux3>—¢
€—90
Then, if u; = R’& s(u, ¢’) the arguments used in the proof of Proposition 1.3.3 work to get
i [ Wy lew)) de = [ Wy (¢) 5
979 JB:\B; S

Moreover, because e(u, ) = (L — Z’)®S%—I— (1 + %) e (I_I)—%e (Z') the same arguments,
but using now the convexity and the growth condition of order p for k (see for instance[1])
give

i ([ P Hel) ) = [ () = ) @) 5= [ () ) d

o—0

The proof is completed by taking u} = wu.

Finally, concerning Proposition 1.5.4, as in the proof of Proposition 1.3.5, but consid-
ering S_s in place of S, the use of the subdifferential inequality, an integration by part
and the estimate of [ B.\B; lus|* dx (see Proposition 1.5.2) yield:

liminf/ Wogup (€(vs) ) dz > /Wus,up(c) dz
<\Bs S

o—0

¢’ being the weak limit in L?(S;R?) of v (v.)(see Proposition 1.5.2). The remaining part

liminf/B Mk (e(vy)) do > /h'(%(u) (') dz

o—0 S

is also obtained by using the subdifferential inequality, an integration by part and the
estimate of [ Bs |vs["™ dx obtained in Proposition 1.5.2.

As in Section 1.3, it is possible to determine the asymptotic behavior of @, in the third
body:
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Theorem 1.6.1. When o goes to &
i) yo(ul) weakly converges in L*(S;R?) towards ¢ such that
9 (70(w))(@) = I (70(@))(@) = (@) + Wg (('(2)) for a.e. T € S.
i)
i ([ #70 belit, ~ R ) ot [ W (e, = R, 0) )
5 \Bs

= lim (5‘P \a;— ;75(a’,§’)|p dx+s/ \a;— 2,5(1775')\2 dx)
Enad B; B:\Bs

whose proof is similar to the one of Proposition 1.3.7 and Theorem 1.3.8. Thus, to get eas-

ily a good approximation of @, we suggest first to solve (P’) where fig, fip are replaced by

the true real values @, KD and to replace u} by the solution @,. Next, u, may be replaced
e’ €

by R. s(ts,(,), (, achieving the minimum in the definition of ( 2/ # Wrs up ) (70(ts)).
676 e e
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Chapter 2

The effect on the internal energy of
concentrated sources in a junction
and the gradient concentration
phenomenon

2.1 Introduction

This work is concerned with a soft thin junction problem whose internal energy functional

is perturbed by a source S, concentrated in the layer B, := ¥ x (=5, 5), ¥ C RN=1 e,
the total energy of the physical system is of the form
F.(u) = f(Vu) dz + 5/ g(Vu) dx — (S.,u)
O\B. .

where Q C R u : 2 — R runs through the Sobolev space W;OQ(Q) of Sobolev functions
satisfying u = 0 on a part 'y of the boundary of 2. The source S. rescaled on the
rescaled layer B := 3 X (—%, %), is assumed to strongly converge to some & in the dual
of the space V(B) made up of rescaled functions living on B. whose N distributional
derivative belongs to L*(B.). In Section 2.4, we give a general example of such sources
which are measures in B.. Obviously sources of the form cﬁ]l B. Where ¢ is any constant

and L(e) ~ ¢ is a trivial example of measure which satisfies this condition with & = 1.
The Euler-Lagrange equation associated with the minimization problem
(P.) - min_ F.(u)
ueWry'

is given by the Dirichlet problem
—divVeo.(z,Vu) =S. on

u =20 on I'y,
Gu—0 on 002\ Iy
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where o.(z,&) = La\p. f(§) +elp.g(§). Among the physical motivations of (P.) one may
mention various applications to heat conduction or electrostatic problems subjected to
concentrated sources on a layer B. and whose conductivity in the layer is of order the
small size of B.. One may also think about membrane problems with a exterior loading
concentrated on a layer B, and whose stiffness in the layer is of order the small size of B..

From the mathematical point of view, contrary to the various studies devoted to
the asymptotic modelings of junction problems ([2, 8, 6, 9] and references therein), the
source (or the loading) S is a non L2-continuous perturbation of the energy functional
fQ\B f(Vu) dx + EfB ) dx. When the size ¢ of the layer goes to zero, we show
that fields u. of finite energy develop a discontinuity through > and the variational limit
problem in general gives rise to a non local effect. More precisely, at the variational
limit, the internal energy functional € [, ¢ B. (Vu) dz of the junction and the external en-
ergy of the source (S.,u) are combined into a functional of the type infgc x () H(0) where

= [, 9°*(0, %) dz—(S,0), > is the 2-recession function of g and # runs through
a suitable subspace of V(B) depending on the traces u* on .

Such a junction problem with a source concentrated in the junction was considered in
[3] in a one dimensional case in order to highlight and illustrate a gradient concentration
phenomenon, but we were not able to express the variational limit problem. This chapter
illustrates the same phenomenon with a complete description of the N-dimensional limit
problem in the sense of the I'-convergence (Theorem 2.3.3). We show that the sequence of
gradient minimizers of (P.) converges to a minimizer u of the limit problem and generates
a gradient Young-concentration measure i that we analyse in the spirit of [3]. Moreover
we express the non local part infge x @) H(0) of the total energy in terms of this measure
(Theorem 2.5.3) and we obtain some bounds on the probability measure fi; stemming
from the disintegration of i (Corollary 2.5.4).

This work is organized as follows: in Section 2.2 we fix notations and describe in detail
the problem (P.). Section 2.3 is devoted to the asymptotic analysis of (P.) in the sense
of the I'-convergence of the functional F. extended to L?*() equipped with its strong
topology. In Section 2.4 we describe a large class of sources S. satisfying our suitable
convergence condition. Finally Section 2.5 is concerned with the analysis of the gradient
concentration phenomenon generated by the sequence of minimizers of (P.).

2.2 Description of the minimization problem

The reference configuration is a cylinder Q := 3 x (—r,r), r > 0 where ¥ is a bounded
domain in R? with Lipschitz boundary and we define the following sets:

 B.i=%x (5,%);
B =% x(—1/2,1/2);
Q. =Q\ B
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. Ty is a subset of the boundary 9 of Q such that dist(T'y, dB. N 9Q) > 0;

. we write Q_, QF, Q7 QF, BF and B_ for the sets Q. N [xy < 0] and Q. N[zy > 0],
QNjzy <0, 2N [xy > 0] and B N [zxy > 0], B- N [zy < 0] respectively;

\
Q;%
B, { Z—>\ """""""""" %‘ > ok
Q;%
L S

Figure 2.1: The physical domain
Writing,
CWEA(Q) == {u e WH(Q.) t w =0 on I'p}.
CWEA(Q) o= {u e WHA(Q) :u =0 on T}.
: WFIOQ(Q \E):={ue W' Q\X):u=0o0n Ty}

We say that a function h : RY — R U {400} satisfies a growth condition of order 2
if there exists o and 3 in R™ such that

alé]? < h(E) < B(1+ [€f) for all € € RY.

We consider two convex functions f, g : RY — R satisfying a growth condition of order
2, and we assume that there exists a positively 2-homogeneous function ¢°? satisfying

|9(6) = 2] < B+ [¢P7°) for all € € RY (2.2.1)
for some 8, 0 < 6 < 2. Note that ¢°>2 is the positively 2-homogeneous recession function
of g, i.e.,

206y = fim I8
g (5) - tl}inw t2 )

is convex and satisfies the same growth condition of order 2. We define the following space

vim) = fue ) 24 e ()}

) aIN

equipped with the norm

9] 3
lully s,y = (/B Juf? diﬁ‘i'/B }ﬁ ? dx)
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and we denote the duality bracket between the topological dual space V'(B.) and V(B.)
by (, ). The total energy functional F. : L?(Q) — RU {+o0} considered in this chapter
is defined by

F(u) = /QE f(Vu) dx +6/ 9(Vu) drv —(S;,u) if u € W5(Q)

£

+00 otherwise

where S, is given in V/(B.;). Our aim is to describe the asymptotic behavior of the
minimization problem

(P)e - min { F.(u) : u € L*(Q)},

i.e., the limit of min {F.(u) : uw € L*(Q)} together with the limit of the minimizer u., and
to identify the limit problem. Therefore we are lead to compute the I'-limit of the sequence
of functionals (F.).>o.

Let us consider the space V(B) := {u € L*(B) : 81—7;[ € LQ(B)} equipped with the

norm 5 )
U = ugd:p—k/ —qux>§,
lay o= ( [ 1 ot [ 15

the linear continuous operator
T.: V(B) — V(B:)

defined for every v = (#,7y) € B. by 7.(u)(#,2xn) := u(#,*¥) and the transposed
operator
' V'(B.) — V/(B)

defined for every u € V(B) by (S.,7.(u)) = (T7.8.,u) (for shorten notation, (,) denotes
as well the duality bracket between V'(B.) and V(B.) as the duality bracket between
V'(B) and V(B)). Then we also can write the functional F; as follows:

o, 1ot N
Fou) = /QE f(Vu) dz + 52/Bg(VT€ Lu, T ) dv — (F7.8., 77 ) if u € WEOQ(Q)

+00 otherwise.

which is a good writing for computing the I'-limit provided that we make the following
hypothesis on the source S.: there exists S in V/(B) such that

T'7.S. strongly converges to S in V'(B).

2.3 The variational asymptotic model

In all this chapter, C' denotes a non negative constant which does not depend on ¢ and may
vary from line to line. Moreover, we do not relabel the various considered subsequences

44



and the symbols — and — denote various strong convergences and weak convergences
respectively. Before addressing the variational convergence process, we begin by estab-
lishing some compactness properties of sequences with bounded energy. For this we will
use the e-translate operator 7. from W2(Q2) into W'?(Q \ X) as follows: set @ the ex-
tension by reflexion on ¥ x (=27, —r) U (r, 2r) of any function w € W?(2), we define the
e-translate T,w of w by

w(z, oy +35) ifzeQf

Tow(z,xy) = { _

w(z, oy —35) ifreQ.

Lemma 2.3.1 (compactness). Let (u.).~o be a sequence in L*(Q) such that sup.q F-(u.) <
+oo. Then

(i)

8u 2
N2 de < C /vﬁd / 1" d 2.3.1
[ e < ce( [ v an e [ 5 i) (2.1

sup(/ |Vu5\2dx+6/
e>0 Qe B.

(111) there exist u € WFIOQ(Q \ X) and a subsequence of (u.)eso such that u. — u in L*(Q)
and u; — u in WFIOQ(Qn) for all n > 0;

(i)

8xN

2
dx) < to0; (2.3.2)

(iv) there exists § € V(B) and a subsequence such that 7~'u. — 0 in V(B), i.e.

7 tu, — 0 in L*(B),

Ot . a0 o
. . in L*(B);

moreover V77 'u. — 0 in L*(B,R?);
(v) 0(.,£3) = u*.
Proof. Proof of (i). From

TN
us (T, xn) = Tou(2,0) + / iu6 (z,t) dt,
€ OJTN

£
2

by using Cauchy-Schwarz inequality an easy calculation gives.

2
/ lu.|> dz < C (/ \VT€u€]2+€/ Ou dx)
Bf Q+ Bf Oxy
< 0(/ |Vu5|2—|—€/ Ou, | dx)
- o B+ | 0N

The same calculation holds in B and (2.3.1) follows.

45



Proof of (ii). From the coercivity conditions satisfied by f and g, from (2.3.1), and
since 77,8, strongly converges in V(B), one has

2

a(/ |Vu5|2dx+€/ 856 dx) < CH+ [(1:8:,ue)|
Q. Be N
= C+ ('S, 77 )|
< O+ " 7Sl 7 uelly )
= C+ | S| (1/|uﬁdx+s/ Oue |
e~ellv!(B) € Jp. € B. ang
2 8’&5 2 1/2
< C+C’</QE\VuE] dx+5/BE . d:c) .

Oue
ox N

2 \1/2
Then, setting X, := <f95 V| do + &?st dx) , estimates (2.3.2) follows from

ozXE2 <C+CX..
Proof of (iii).

Step 1. We claim that there exists z € W?(Q\X) and a subsequence of (u.).., such
that T.u. — z in WH(Q\X) and strongly in L*(Q\X). Clearly,

T.u. are in WH?(Q\X) and V7.u, = T.Vu. for all € > 0. (2.3.3)
Indeed, by the Poincaré inequality, (2.3.2) and (2.3.3), we deduce

ou.

81’]\[

()

2
dx) < +o00.

Therefore, (Tru.) ., is bounded in W2(Q\X), so that the claim follows immediately. We
denote by z* and 2z~ the traces of z considered as a Sobolev function on 27 and Q~
respectively.

sup || Tote [y 2 zry < C'SUD </ Ve (z)[* de + 5/
e>0 e>0 Qe Be

Step 2. We establish that there exists u in L*(Q) such that we can extract of the previ-
ous subsequence (u.),., a subsequence which strongly converges to u in L*(Q). Precisely,
we will prove that lim [o luc(x)|? dov= [, |2(x)|* dz. By applying

e—

o fuelo)l”do = /Q+UQ Teue(m)l de = /ZX((TE NU(—rrt5)) fuclol de

29

we deduce

ez =/ [ Teue ()" do + !us(:c)IQd:c—/ ) | Jue(@)*da.
QtuQ— Be Zx( r—57r>u(—r,—r+5))
(2.3.4)
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From (2.3.1) lim 5. lu.(z)*dz = 0. On the other hand from the fact that T.u. —

z in L*(Q), we infer
. 2 2
i 0y = | 12() .
E— Q

lim ue(x) > dz = 0
e—0 EX((T—%,T)U(—T,—T+%))

It remains to establish

which is an easy consequence of the strong convergence of T.u. to z in L?(Q).

Step 3. We show that u = z. Since we have shown already that w. — w in L*(Q) and
T.u. — z in WH2(Q\X), we have for any ¢ € C°(Q),

/u(x)gp(x)dx = lim ue(x)go(/x\,xN—%)dx
Q

e—0 Q

= lim [ Tiu.(z)p(x)dz
e—=0 Jq

= /Qz(x)go(a:)d:c.

Then u = z, hence u, — u in L*(Q) and v € WH?(Q\X).

Finally, we establish that for any 7 > 0, there exists a subsequence of (u.)_., with
Uelo, — ujg, in WEH(Q,). The fact that u € Wy*(Q\X) will follow immediately. Let
n > 0, clearly, there exists €9 > 0 with g9 < 7 and 2, C Q. for all € < g. By the Poincaré

inequality and sup <fﬂ V()| de + e fB
e>0 N

2
Quc ( x)‘ da:) < 400, we have

()

ou 2
sup [0, 0y < C'sp ( [P aore [ |5 d:c) < +oo.
€ €

e>0 B. Orn

Thus, (u.).., is bounded in W;&Q(Qn), and consequently, there exists w € W;(;Q(Qn) and
a subsequence not relabelled of (u.),., with u. — w in L*(Q,) and u. — w in Wplf(ﬂn).
It is easily seen that w = uq, .

Proof of (iv). The weak convergence of 7_'u. to some 6 in V(B) follows from

1
||7— UEHV(B / |u | dx—i—e/ dx>2

which yields from (2.3.1)

2
Ou,

Oxy

< CX.

HT UEHV(B

and from (2.3.2)

< +00.

sup |7 e |y

e<0
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Now we deduce @T‘lus —+ V# in the distributional sense so that S@T_lug — 0 in the dis-

tributional sense. But from coercivity eVrlu, weakly converges to some 7 in L?*(B,R?).
Then eV tu. — 0 in L*(B,R?).
Proof of (v). Note that 6(.,£1) is well defined. Indeed, one has
V(B) €W (1 1), (%) € (1~ 5. 5], ().
With notation of the proof of (iii), clearly 7. 'u. (%, £3) = (TLu.)* (%) in the sense of traces

on ¥ of Wp?(2\ ¥)-functions so that 7 'u.(2, £3) — u* in L*(Z). On the other hand,
from

N
i) = 7 g+ [T ) ds
2 i% al'N

for a.e. x in B, we infer that for all ¢ € C.(%),

/ ;/276_1“5@’”)%0@) d = [ ()@

TN -1
/ / / O Ue (i o)o(i)dsde. (2.3.5)
% aZEN
Going to the limit in (2.3.5), we obtain

/%/Eeg[;(@ dx:/ dm+/é//m aieN Jo(&)dsda.

from which we deduce

[ @etaran = [ ot x50z,

by

thus 6(., £5) = u* a.e. in X. O

Let us consider the functional H : V(B) — R defined by

H(0) ::/B g>2(0, 8‘9—9) dx — (S, 0).

TN

We are going to show that F. [-converges to the functional Fy : L*(Q) — R U {400}
given by

/ f(Vu) dz+ inf H() if ue Wi (Q\ D),
Q

0eX (u)
+00 otherwise

where X (u) := {0 € V(B) : 0(.,£3) = u*}. The following lemma used for proving the
upper bound in the I'-convergence of the sequence (F.).~q to the functional Fj is a straight-

forward consequence of the direct method of the calculus of variations.
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Lemma 2.3.2. For any u € WSSQ(Q\E), let X(u) and H(0) as in the previous setting.
(1) for all 0 in X (u),

Then
2
10120 < O(H /B dx);

for some constant C' > 0, not depending on 0;

B

8xN

(i) for all 0 in X (u),

H(0) > aXi—C|0lly g for some constant C > 0, not depending on 6

moreover,
HO) > %Xg -C for some constant C > 0, not depending on 0
09 :
where X, = </ Fr. — () dm) ;

(111) inf H( ) > —o0 and there ezists O(u) in X (u) such that inf H(6) = H(0(u)).
9eX (u e X (u)

Proof. Proof of (i). For any 6 € X (u), we have

N 1 ™90
0z, zn) = 9(:6,—5)—1—/1 83:'N(x ,t)dt

2

v @+ [ LG (2.3.6)

8ZL‘N

1
2

Actually, by integrating (2.3.6) with respect to x on B and by a straightforward calcula-
tion, we obtain
a0 |
0], < C 1+/ dz | .
V(B) B B

TN
Proof of (ii). Since S € V'(B) and by the assumption on g, we infer that

H(H) = / 720, 2 (2))az — (s, 0)

&'EN
00
Z a/B %Q’E) d'r - ||S”V’(B) H HV(B)
00 |
N g 0 ' 2.3.
> a/B B:EN(QC) z—=C ”v(B) (230
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By the following basic inequality

1.(1)? ,
||9||V(B) < 5(% +0 ||49||‘2/(B)), valid for any 6 > 0,

and choosing the suitable § = i, from (2.3.7) and assertion (i), we obtain

2C

H(@z%/B

Proof of (iii). Obviously, . 1&{ )H (#) > —oo which follows from assertion (i). We
ceX(u

2

ﬁ dr + C.

aZL'N

()

purpose to establish existence of § in X (u) such that , 12% )H(G) = H() by using the
eX(u

so-called direct method in the calculus of variations. Setting I(u) = infoex () H(0).
Step 1. We will construct a sequence (0,,)nen in X (u) such that lim H(6,) = I(u).

For each n € N, there exists 6, in L?(B) such that

T(u) < H(B,) < I(u) + % (2.3.8)

Thus, clearly
lim H(0,) = I(u) (2.3.9)

n—oo

Step 2. We establish that there exists a subsequence not relabelled of (6,), .y and

_ _ 00, a0 . .
function 6 in L?(B) with 6, — 0 in L*(B) and — —— in L*(B). According to
3xN &xN
assertion (ii), one has
09, |I*
14+ I(u) +C > 2| L for all n € N, (2.3.10)
then
2
su - < 400 . 2.3.11
neIND Or N L2(B) ( )

By assertion (i), one has

00,
893N

00,
ox N

2 2
<C|1+4sup ,
L2(B) neN L2(B)

so that from (2.3.11), (6,,), .y is bounded in L*(B). Then there exists § € L?(B) and a

1622 < 18al 5y < C (1 " ‘

_ 0
subsequence of (6,),cy such that 6, — 6 in L*(B) and clearly P, 9 in L*(B)
_ " &cN 8;1:N
and 6 € V(B). It remain to show that
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Obviously,

inf H(9) < H(O). 2.3.12
A H(O) < H(©) (23.12)

00, 00 .
Since ¢°? is convex and 6,, — 0, —~ — —— weakly in L?(B), one has
0xN 8xN

%, (z))dx + lim (—(S,0,))

’ 8.73]\[ n—00

H@A) < liminf/goo’Q(a
B

n—oo

= liminf/ 9>%(0, %, (x))dx + liminf(— (S, 0,))
B

n—oo aQZN n—oo

< liminf ( / gm’Q(a,%(az))da:—(S,HnO
B O N

1
< liminf (1 — ) =I(u)= inf H(H 2.3.13
< timinf (100 + 3 ) = 1) = it HO (23.13)
Thus, from (2.3.12) and (2.3.13), we obtain
inf H(0) = / 20 8—5)(3:)013: —(8,6) = H(0)
0€X (u) B " Ox ’

Then, in its domain W1102(Q \ X)), the functional Fy may be written

Fo(u) = /Qf(Vu) dx + H(0(u)).

The main result of this section is

Theorem 2.3.3. The sequence (F.).~o ['-converges to the functional Fy when L?(Q) is
equipped with its strong topology.

The proof is obtained by the two following propositions.

Proposition 2.3.4. For every u € L*(Q) and all (u:)eso strongly converging to u in
L3(2) one has
Fy(u) < liminf F,(u.).

e—0

Proposition 2.3.5. For every u € L*(QQ) there exists (v.).so strongly converging to u in
L3(Q2) satisfying
Fy(u) > lim sup F(ve).
Proof of Proposition 2.3.4. Assuming liminf. o F.(u.) < +oo, Lemma 2.3.1 yields u €
Wr2(2\ ) and existence of 6§ € X (u) satisfying 77 'u. — 6 in V(B). Since 'n.S. — S
in V'(B), one has
lim("7.S., 77 u.) = (S, 6). (2.3.14)

e—0
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On the other hand, since from Lemma 2.3.1, u, — u in W;&Q(Qn) for all n > 0, one has

limiglf/ f(Vu,) da:Z/f(Vu) dx. (2.3.15)
0 Ja. Q
Finally from (iv) of Lemma 2.3.1 and a standard lower semicontinuity argument
. 1 .
hgliglfg/Bg(VTE_luE’ga(gT]:)) dr
1 . . y
2 ligiiglf (52/3 (VT Ue, ga(gT;)) dr — /Bgoo’z(esVQluE,—g(gx;b )) dx)
-1
+11m1nf/ 2(&?V7'E’1u€,—8(TE ue)) dx
e—0 B 895]\;
~ 1 -1 . . -1 i
> liren_glf (52/BQ<V751U57 58(287;)) dxr — /BgOO’Q(é“VTElUE, —8(22;; )) dw)
06
+ / g°°2(0,0, =——) dx
B K2
06
= | 90,0, 5)d 2.3.16
/;9 ( ) 76$N) X ( )

provided that we establish
. 10(7 u, . 6
lii% (62/BQ(V761UE, 58(78—67;)) dx — /Bgoo’2(€VTslu€, aaN) d;z:) =0. (2.3.17)

Since g°? is positively homogeneous of degree 2, and from (2.2.1), we have

- 1017 u - A1 )
2 -1 € € 00,2 -1 € €
V ey - ’ V €) d
/B eg(V1_u i ) — g (eVT U ST )| dx
~ 1977w ~ 10(r7 M ue)
2 —1 € € 00,2 —1 € €
= \V4 .- — ¢V o ———>)|d
[ fol@m e T — (T SR
_ 25 [19(r ) |*°
S IR N e L
B 3 81‘]\]
Thus, by using Holder’s inequality (take p = % q= %) we deduce
~ 1077, ~ ot e
/B e2g(Vr tu,, B ngu ) — g2 eV, (g}; )) dr < C&°

which proves (2.3.17). The conclusion of Proposition 2.3.4 follows by collecting (2.3.14),
(2.3.15) and (2.3.16). O

Proof of Proposition 2.3.5. Let u € L*(2). We have to construct a sequence (ve)e=o
strongly converges to u in L?*(€2) such that limsup F.(v.) < Fy(u). If Fy(u) = 400, then
e—0
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u € L2(Q)\WF1(’)2(Q\E), and clearly, for any sequence (v ).~ converging to u, lim sup F.(v.) <

e—0
Fy(u) is true. Now, for the harder part, we assume Fy(u) < +o0, then u € WFIOQ(Q\Z)
and

Fo(u):/ﬂf(Vu(m))dx—k inf H(0).

0eX (u)

To complete the proof, we construct such a sequence (v.).~o obtained from f in Lemma

2.321e., H(A) = . 12{‘ )H(G). We divide the proof into four steps:
ceX(u

Step 1. Let us extend u and @ by 0 in (RVN~'\ ) x (—=r,7) and write u and 6 the
extended functions respectively. For each § > 0, set

us = ps * u defined by ps * u(Z, zx) = / ps(T —y) xu(y,zn)dy for all (Z,zy) € £

N—-1

05 = ps %0 defined by ps *5(55, TN) = /R ps(T —7) *5(@, xy)dy for all (z,zy) € Q.

RN-1

where ps is a mollification function in C2°(RY).

Clearly,

o 05(Z,£3) =us(Z,0) forall T € &

o u; — uin L?(Q) and 05 — 0 in L*(B)

o us € WH(Q) and 0; € WH3(B)

Next, for each § > 0, we defined the sequence (vsc)e>0 as follow:

us(Z,xn £ g) on QF
Use(T,xN) = (2.3.18)
~ TN

0 — B.
6('r7 c ) on

and obviously, vs (7, zy) belongs to W12(Q2) and strongly converges to us in L*(12).

Step 2. We show that lir% F.(vse) = Fo(us) = / f(Vus)dz + H(6s). In fact, we claim
E— Q
that

lii% i f(Vv575)(x)dx:/Qf(Vu(;)(a:)dx (2.3.19)

~ 10771
lim (e2/ g(vfglvéa,—aTE Yy (2)da — <T7685,7'6_11)65>> = H(6s). (2.3.20)
e—0 B e Oxn ’
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Proof of (2.5.19): one has

e—0 e—0

lim/s f(Vuse)(z)de = lim< o f(Vus)(z, o8 — g)dl’—i—/ f(Vus(Z,xn + ))dx)

- mf(Vu(;)(:E)der . f(Vus)(z)dx

- / F(Vus) ()

Proof of (2.8.20): Since g°? is positively homogeneous of degree 2 and T7.S. strongly
converges to S in V’(B), one has

i (2 [ 905,22 0o = (s0)) = [ 220 00— (5,05

e—0

Step 3. We establish that (lgin% Fy(us) = Fo(u). Since

Fo(us) = /f(VU5)dx+H(05)

- /fVu5 dx+/ 920, gx_e;) dz — (S, 05)

the result is a straightforward consequence of u; — u in L*(Q2) and 65 — 0 in L*(B).
Step 4. By using a standard diagonalization argument, from step 2 and step 3, there
exists a mapping € +— d(¢) such that vs.) — u in L*(Q) and }:ILI(I) F.(vsey) = Fo(u).
The sequence (ve)c»o where v, := s fullfils all the conditions except the boundary
condition on I'y. By using De Giorgi’s slicing method in a neighborhood of I'y, one can
modify v, in €2, into a function o, satisfying the boundary condition, and from assumption
dist(To, dB. N OS) > 0, which is equal to v, in B., and satisfies lim._q er f(Vu.) dx =
lim,._.o st f(V1.) dz. Still denoting by v. this new function, we have lim. .y F.(v.) =
Fy(u). Hence the proof of this proposition is complete. H

Remark 2.3.6. In order to give an interpretation of the limit energy functional it is worth-
while to write

inf H(0) = inf {/39002(0 ﬁ(ac)+[u](:f:)) dx—<3,9>}—<5,a> (2.3.21)

9eX (u) 0eVo(B) 0r N

where [u] = ut —u™, Vo(B) = {ue V(B):u=0o0n ¥ x {+1}} and a(z) = zn[u|(2) +
w Therefore when the limit source & vanishes, by using Jensen’s inequality,

infge x () H(0) reduces to
[ 0@ di
s

which is nothing but the surface energy of the model obtained in [8]. In this case G : u —
infpe x () H(0) is a local functional with density h defined by h(z) = ¢>2(0, [u](#)). By
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contrast when the limit source is not trivial, the functional G is non local in general and
of the form

6w = [ 420, Dl (2 4 [u(2)) de — (S, 00) — (S, &)

8xN

where 0, is the minimizer of (2.3.21). In this general case, the functional G' is a non local
functional, not only of the jump field [u], but also of the trace fields u* and u™.

2.4 Some Examples of measure sources S. concentrated in B.

The general form of elements of V'(B) is given for every 6 in V(B) by (S,0) = [, so0 dz+
[ 515 ax dz where (sg,s1) € L*(B) x L?*(B). The limit sources S considered in this
section are generated by measures S. in M(B.) whose slicing structure HV ' ¥ ® S¢
is such that their slicing components S; do not present a diffuse singular part in their
Lebesgue-Nikodym decomposition in M(—5, 5), i.e., are of the general form

S ) dt + Z ben ()0, (2

n=—oo

where

{ a. € L*(B.), b., € L*(X),

N — (—%, %) is a Borel measurable map.
We make the following additional assumptions:
(H1) there exists a € L*(B) such that et 'a. — a in L*(B);
(H2) there exists b, € L*(X) such that b, — b, in L*(3) when € — 0;
(H3) there exists ¢, € RT such that ||b€n||L2 < ¢, and Zﬁo Cn < +00;
(H4) there exists (t)nez in (—1/2,1/2) such that t& = et,, for all n € Z.
It is easy to check that the measure 77.S. of M(B) is given by: T7.8. = HN 1| ®

(T7.8°%); where
+o00

( T7.8%); = €7, Yao dt + Z ben (Z)01,(2)

n=—oo

Proposition 2.4.1. The measure T7.8. strongly converges in V'(B) to the measure S
defined for every 0 € V(B) by

<8,9>:/a9 dz + Z / (2)) di.

n=—oo
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Therefore, the functional F. T-converges to the functional Fy : L*(Q) — RU{+o00} given
by

. o2y 00 ~— o ia g
) /Qf(Vu) da:+661§1€u){/Bg 2(0,%) dx—/Ba6 dx — Z /an(x)e(x,tn(x)) da:}

n=—oo

Foy(u
olu) if ue WE(Q\ %)
+00 otherwise.

Proof. The second assertion is a straightforward consequence of Theorem 2.3.3 provided
that we establish the strong convergence of 77.S. to S in V'(B). For every 6 € V(B) we
have

+o0
('7.8. - 8,0) = / (e a. — a)0 da + / > (bem — ba)0(@, ta(2)) dit,
B by

thus
+o0 1
— ~ ANI2 74\ 2
(TS = 8,0)] < 6] 2 o7 0 = all gyt D [ Bein = Bull o) ( / 00, ta(@)*di) " |.
- (2.4.1)
But it is easy to establish that there exists a non negative constant C' such that
1
. . 2\ 2
([ 1ot tu@dz)” < Clols
so that (2.4.1) yields
+o0o
T —1
H TSS&‘ - S‘ V/(B) S ||57—5 Qe — a”L?(B) + C Z ||(b€,n - bn||L2(E) .
The conclusion follows from assumptions (H1), (H2) and (H3). O

2.5 The gradient concentration phenomenon

We first recall the notion of gradient Young-concentration measure introduced in [3]. Let
us denote the unit sphere {—1,1} of R by S°, and consider S CC X, B. := S x (=5, 5).
Then we define

Definition 2.5.1. A pair (v, ) € L*(Q) x M* (2 x S°) is gradient Young-concentration
measure (localized on S) iff there exists a sequence (ve)esq in WEOQ(Q) satisfying

sup/ |Vv.|* dz < 400 such that
e>0 JO\B.

v. — v in L*(Q),
He = 5%/

*
®€]13é %P dr — .
oz

Ove
PEIN

(=)

56



We say that the sequence (ve)eso generates the gradient Young-concentration measure
(v, ). We denote the set of gradient Young concentration measures by YC.

Recall that the weak convergence X above is defined by

/69() oy

for all @ € C(Q) and all ¢ € C(S°), where the 2—homogeneous extension ¢ : R™ — R of
© € C(S) is defined for all ¢ € R™ by

2 < i
5(0) {|<| o(), i C A0,

SO

0 otherwise.

Let denote by u, ® 7 the slicing decomposition of the limit measure p. Then, whereas

the measure 7w provides the intensity of the concentration on ¥ generated by g;;, the

probability measure p, captures the change of sign of (%L; through .
Let us recall that the the gradient Young-concentration measures are characterized as
follows (see [3] Theorem 3.1)

Theorem 2.5.2 (Characterization). A pair (v, u = p, @ 7) belongs to YC if and only
ifv e WE&Q(Q), 7 is concentrated on S and, for every ¢ € C(SY) such that ¢** > —o0,

dH]Cvi—WlLS(x) /50 ©0(C) dugy > @™ ([v](z))  for HN ' a. e x €S

o(C) diy >0 forms a. e. x € S

(2.5.1)

SO
where ™ = WHN Y8+, is the Radon-Nikodym decomposition of m with respect to

the measure HN 71| S.

We know (see Remark 2.5 in [3]) that every sequence (v.).s¢ satisfying (2.3.2) gen-
erates a gradient Young-concentration measure. In this section, under the condition
goo’2(€ L&) > g°2(0,&3), we are going to characterize the gradient Young-concentration
measures generated by 4. € argmin F.. From the next Theorem, combined with Theorem
2.5.2, we will deduce some bounds on these measures.

Theorem 2.5.3. Let u. be a minimizer of min{F.(v):v € L*(Q)}, (4, 1) a gradient
Young-concentration measure localized on S CC X generated by the sequence (U.).~o, and
0 satisfying H () = infoex @y H(0). Assume that g°* satisfies the condition
Ve ER’, g72(E,6) > g™2(0,6), (25.2)
then
U — U in L*(Q);
F.(u.) — Fo(u) = min { Fy(u) : w € L*(Q)};

2 .00 d7 .
/ goo’2(0,a—)(§:,s) ds = T(:@)/ g°%(0,€) dpiz for a.e. @ in S. (2.5.3)
_ 83:]\/ dz S0

1
2
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Proof. According to the variational nature of the I'-convergence, for a subsequence one
has

i, — U in L*(Q)
lim F (i2.) = Fo(@) = min {Fo(v) :v e L*(Q)}
= / f(Va) de+ inf H(0). (2.5.4)

feX (u)

On the other hand, for the subsequence associated with the gradient Young-concentration
measure (i, fi), there exist a subsequence and a measure pu = u; ® 7 in M(Q x S°) with
7 concentrated in ¥ such that

. ~1z L
lim52/ Q(VTlﬂs,éaTe ug) dr = lim g°°2(€VT L., o1 ua) dr
B

e—0 c Oz =0 Jp Oxy
: ~ 0u
> hma/ g°°’2( , E) dz
e—0 B. axN

_ /Z</SO 720, €) duj) dr (2.5.5)

where we have used (2.3.17) in the first equality and (2.5.2) in the inequality. Let 6 be
the weak limit of 77 '@, in V(B) for the subsequence considered, then from (2.5.5), and
since

liminf/ f(Va,) dx > / f(Va) dx and hm( .S, 7 ) = (S, 0),

e—0

we infer

lim . (i) /f (Va) da:+/2</so §2(0,€) du;&) dr — (S, ). (2.5.6)

Collecting (2.5.4) and (2.5.6) we obtain

/Qf(Vu) do+ inf H(6) Z/Qf(Vu) d:p—l—/2</sog°°’2(@,§) d,@ dr — (S, 8),

in particular

/fVu ) de+ H(O /fVu dx+/(/sog°°’2(@,§) d/%,) dr — (S, 6),

thus

S
Na)
3
[N}
—
(@)
‘ o
D
N—
a
8
|

/z (/S g72(0,€) dpis) dr

LZQ@)(/SO 9>%(0.€) d;%) d. (2.5.7)

o8
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But by a standard lower semicontinuity argument, for every ¢ € C.(X2), ¢ > 0,

lim inf /B ()92 (0, Or. G Vdr = /E w(@( /S 97(0.€) duj) dr

e—0 aiEN

. 00
> Eot 00,2 07 d
> /Bsa(w)g ( _8xN) x
so that ) )
2 00 dm R
00,2 s 00,2 )
/_%9 (0, axN)( s)ds < (& )/Sog (0,€) dpsz (2.5.8)

for a.e. £ in ¥. Combining (2.5.7) and (2.5.8) we deduce

2 00 .. dm | R
[ 020 200y ds = @) [ 4220.8) dus
— X 50

for a.e. & in X. Noticing that u|S x S° = ji, we obtain

2 dr 3
00,2 S — S 00,2 o
[ 20 ) ds = @) [ 20.6) di

2

for a.e. # in S. It remains to show that H(f) = inf H(f). It suffices to notice that

X (1)
lim F.(a.) = /f(Vu) dr + inf H(Q)
e—0 Q oeX(u
. _ . . OtT'u.
> IIIEInglf o f(Va,) dx+11£rilglf</jg ((VT 1u5,m) dr — ("'r.S., 7 ' ))
] a0 ]
> f(Vu) dx + g (0, —) dz — (S, 6)
3xN

= /f dx—i—H()

which completes the proof. Il

We define the following two constants associated with the function g:

00,2 6 -1 00,2 6 1 00,2 6 -1 00,2 6 1
9>°(0, 1) g E,)>’C(g):_:max<g (0.-1) ¢ £)>
9°%(0,1) ~ g>*(0,-1) c(9) 9°%(0,1) ~ g>*(0,-1)

¢(g) := min (
Recall that

g0, 1) ¢ if  £€>0

and moreover, by the assumption on the function g, clearly

gw’Q(ﬁ,f):{ PO, -1 " if £<0

¢>%(0,1) > 0 and ¢>2(0,—1) > 0.
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We make precise the probability measure ji; localized on S CC X as follows:

fz = p(2)01 + q(2)0_1 with p(Z)+¢q(2) =1ae 7 €S8.

Corollary 2.5.4. With notation and assumption of Theorem 2.5.3, one has
(i) for a.e. T in S

1 — 2 — 2
2| 00 dm 2| 00
—(z < r) < — (2 0.
W [ |gy 9] s<g@sco [ [gres| e @59)
— 2
dr ... [2] 00 . PPN e
and dj(ﬁ)—/é %(x,s) ds when ¢g>*(0,—1) = g>*(0,1);

5 < p(z) <1 for a.e. & such that [u](z) > 0;

5 < q(z) <1 for a.e. & such that [u|(z) < 0.

Proof. Since fiz = p(%)81+q(Z)d_1, we have [g, 9°2(0,£)di, = p()g>2(0, 1)+q(2)g>>(0, - 1)
with p(Z) + ¢(Z) =1 a.e. T in S so that from (2.5.3), for a.e. in .S, one has:

[ 726 2 i = ([ o600 e
@ {p@)=20.1) + @90, 1)} . (25.10)

o=

We are going to establish

(9) / 1

From (2.5.10) we deduce

2 1 — 2

ds < F@ <l [

o0

8xN

|

5 —(7,5)

S

00

Z,8
" (3.5)

- a7
L g“’Q(O,ﬁ)dﬁx> 7@

= {p@520,1) + 0@, -1 } @)
< max {20, ~1), ¢*(@,1)} Z(@ (2.5.11)
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and

: 00,2 (N 00,2 (N dmw . : 00,2(\ 00,2 (1 ~ o 4T
min {g%(0, ~1), g°°*(0.1) } (&) = min {g*(0, ~1), g*(0, 1)}{p(:c)+q(m)}d_§(g;)
< {p@920.1) + o@)g™*0, 1)} E@
_~ dm .
- ([ s~0.9am.) F
= /2 9>2(0, % —(7,))ds
_% (9 TN
< max {goo’2(6 —1), %0 1)}/5 3—5@ 5) st (2.5.12)
= 3 3 3 _% aIN )
Then, from (2.5.11) and (2.5.12) we have
_ 2 min 900’2(6,—1), goo,Z(a7 1) % — 2
0| B of = ) ||| ds <T@
Orn maX{goo2(0 —1), 9002(0’1)} _1{0zy dz
and
dr HMX{ *2(0, -1), ng@i”} i o0 2 o0 2
—(2) < — / (Z,8)] ds=C(g9)|=—(7,s)| ds
dx min {g (O —1), 9002(071>} 1 orn ory
from which we deduce
1 — 2 1 — 2
2|00 . drw . a0
P — < — <
W [ |5y @) e < G@ <0 [ |57 o

We are going to prove (ii) and (iii). According to Theorem 2.5.2, for every ¢ € C(S?)
such that o™ > —o0,

d
%(w)/ ©(C) duy > ™ ([v)(x)) for HY tae. 2 € S (2.5.13)
dH s S0
d
where m = WLH{VSA + 7, is the Radon-Nikodym decomposition of 7 with respect to
S
the measure Hfg’l. We assume [u](Z) > 0 and show that
V12
o) MO _ ooy
/ 9% —(2,s)| ds
% a.CEN ’
By letting
_ [ el it €>0
ﬂ@—{ 0 it f<0 (2.5.14)
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< ) [ |got@) ds [ pn,
= Clop@e) [ 5| ds
Then, we obtain
W@E o) W@
C(q) / %(;&,s) ds / %(i«,s) ds

The proof of (iii) is similar.
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Part 11

A mathematical model for a
pseudo-plastic welding joint
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Introduction

Motivated by the mathematical modeling of a problem of welding, we revisit previous
studies ([1], [8]) devoted to the asymptotic behavior of a structure made of two adherents
connected by a thin and strong adhesive layer. In [8], the adherents and the adhesive
were modeled as hyperelastic by bulk energy densities with the same growth exponent
p laying in (1,400), the stiffness of the adhesive being of the order of the inverse of its
thickness. Here, our first attempt to account for some fracture phenomena in soldered
joint is to model the adhesive as pseudo-plastic, that is to say, its behavior is described
by a bulk energy density with linear growth. Hence, from the mathematical point of
view, two difficulties appear: the growths of the the bulk energy in the adhesive and the
adherents are different and the linear growth in the adhesive will imply to work in spaces
of displacement fields with free discontinuities.

Chapter 3 is organized as follows. In Section 3.1, we describe a model problem with
a simplified geometry directly connected to the study [8] where we assume that the bulk
energy density of the adherents is quasiconvex and that of the adhesive is convex. In
Section 3.2, a variational convergence result, when the thickness of the adhesive layer
goes to zero, justifies our proposal of simplified but accurate enough model. The adhesive
layer is replaced by a material pseudo-plastic surface. The case when f is not quasiconvex
and ¢ is not convex is considered in Chapter 4. In Section 3.3 of Chapter 3, we use the
previous results to model a more realistic situation of welding. Eventually, in the spirit
of ([7], [17]), we consider a variational regularization of the limit functional involved by
our model in Chapter 5.
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Chapter 3

First model(quasiconvexity and
convexity of the density functions)

3.1 Description of the model

We make no difference between R? and the three dimensional euclidean physical space
whose orthogonal basis is denoted by (ey, ez, e3), Greek coordinate indexes will run in
{1,2} and Latin ones in {1,2,3}. For all ¢ = ({1, (s, 3) of R3, { stands for (¢, (). Let S
be a domain of R? with a Lipschitz-continuous boundary .S and r a positive number. The
cylindrical domain € := S x (—r,r) is the reference configuration of a structure composed
of two adherents and an adhesive which, respectively occupies QF := {z € Q : 23 > 5t
and B. := {x € Q : |z3] < 5}. We set . := QF UQ_. The structure is clamped on a part
[y of the boundary I' of Q with a positive H2-measure and we assume that there exists
g9 > 0 such that dist(T'y, B.,) > 0. The structure is subjected to body forces of density
® and to surface forces of density ¢ on the complementary part I', of I'y. We assume
that the supports of ¢ and ® lay outside of B,,. Obviously, one can consider other types
of boundary conditions (e.g. a combination of some components of the stress vector and
of the displacement). At last, adhesive and adherents are assumed to be perfectly stuck
together. In Section 3.3 we will consider a more realistic structure (see figure 3.1 for the
two geometrical structures).

1
The stiffness of the material occupying the thin layer B. is assumed to be of order —

£
so that the strain in B, is expected to be small and we will use the framework of small
perturbations to model the behavior of the adhesive. To account for possible fracture
phenomena inside B., we consider the adhesive as pseudo-plastic. Hence the behavior

1
of the adhesive is described by a bulk energy density like — g(e(u)) where g is a convex
€

function with linear growth of the linearized strain e(u) i.e., the symmetric part (Vu)s
of the gradient displacement Vu. By contrast, the deformations in the adherents may be
large and they are modeled as hyperelastic with a continuous quasiconvex bulk energy
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density f, which is a function of the gradient displacement. More precisely, we assume
that there exists p > 1, and two positive constants «, 3 such that

f7 qg: M3><3 N ]R,
algl” < f(6) < B+ [€?) for all € € M (3.1.1)
ald] < g(€) <B(L+[¢])  forall & € M. (3.1.2)

Here and in the sequel M"™*™ and MZ*" stand for the set of n x n matrices and n x n
symmetric matrices with real entries, respectively. It is well known that f and ¢ satisfy
the following locally Lipschitz conditions: there exists a positive constant L such that

[F(€) = FEN S LIE=EI A+ [P+ [E]77) forall &, & € MP (3.1.3)
9(€) = g(&) < Llg = ¢| forall ¢, & € M. 3.1.4

Thus, if Fe(u) = [, f(Vu) dz+ 7 [ g(e(u) dzv and L(u) == [, Pudo + [ pu dH?
respectlvely denote the total Stored energy and the work of the external loadlng, deter-
mining the equilibrium configurations leads to the problem

inf{ o f(Vu) dx + % /5 gle(u)) de — L(u) :u € AE}

with
A = {u € LD(Q,R?) : U, € Wpl (QaRS)}
Flop(Qg,]R?’) = {ueW"(Q,R*) :u=0 onlp};
LD(Q,R?) = {ue LYQR?) :e(u) € L'(Q,M>3)}).

We aim to propose a simplified but accurate model where qualitative and quantitative
analysis are able to be done in an easier way than with the starting problem. For this,
we will consider € as a parameter going to zero and determine the asymptotic behavior of
(approximate) solutions of the previous minimization problem by identifying the I'-limit
of F. extended into the fixed space L'(Q,R?). More precisely, we still denote by F. its
extension outside A, given by: F. : L'(Q,R?) — RU {+oc},

f(Vu) dz + %/ gle(u)) dx ifu e A,
F.(u) := 2 c

+00 otherwise

Clearly, the previous minimization problem is equivalent to the following
(P.) : inf { F.(u) — L(u) : v € L'(Q,R*)} .

70



We will use the classical spaces

Wﬁgp(Q,R?’) ={ue W QR):u=0 onTy};
BD(Q,R?) := { v € L}(Q,R?) : e(v) € M(Q,M2*?) };

BD(S,R?) :={v e L'(S,R?) : e(v) € M(S,M2*?) }

and the set of “horizontal rigid motions” on S, i.e.
Ru = {v€BD(S,R2): eqp(v) =0}

= {wv:v(z)= (a1 — brg,as + bxy), (ar,a:) ER* beR}.

For reasons clarified in Lemma 3.1.2 below, we define the limit admissible set Ay by
Ag:={ue Wll(’)p(Q,R?’) :vs(a) € BD(S,R?) }
and its subspace A} made of smooth elements
Ay ={ue Ag:ys(u) € C'(S,R*)}.

For simplicity of notation, g will denote indifferently the trace operator from W1(Q, R
into W'~»?(S, RY) for i € {1,2,3}.

For all £ € M®3, define £ € M2*? by (€)as = £ap and consider the function gy
M?*2 — R defined by

golC) i=min { g(¢) : € e MP?, £~ }.

It is easily seen that g is a convex function on M?*? and it will be sometimes convenient
to express go as stated in the next lemma:

Lemma 3.1.1. For all 3 x 2—matriz &, )\'nri g((€IN)s) = go((€ap)s)-
€

Proof. The conclusion is a straightforward consequence of the calculation

13 12481 Mitéa
11

2 2
. . .
mH?l) g((fp\)s) == HHI% g % 522 2;532
e ASR Mt dotem
2 2 3
ST —512‘5521 A\
- T\EIR% g % a2 Ao
)\1 )\2 )\3
and the definition of g,. .

In Section 3.2, we establish the I'-convergence of the sequence (F).~¢ to the functional
Fy: LY(Q,R3) — RU{ 400 } defined by:

F()(’LL) — /Qf(VU) dr + /Sgo(e(ys(a)) ifue AO

+00 otherwise
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when L'(Q,R3) is equipped with its strong topology. For the definition of the scalar
measure go(e(v)), v € BD(S,R?), we refer the reader to ([12], [17], [6]). We recall that
the integral over S of the measure go(e(v)) is given by

[ ateto) = [ afeato di+ [ () el

where e(v) = e,(v) d + es(v) is the Lebesgue decomposition of e(v), |es(v)| denotes the
es(v)
les(v)]

€ — g°(&) = limy— 400 go(t€) /1 is the recession function of go. In [3], Ambrosio, Coscia
and Dal Maso proved that the singular measure es(v) has the following structure: there
exists a rectifiable set S, C S with normal v, and traces v* on both sides of S, such that

es(v) = %((UJr — 07 )@, + 1, ® (v — 'U’))Hl 1S, + C,

with C'v singular with respect to the Lebesgue measure and vanishing on Borel sets of
o-finite H!'-measure. We will also denote by [v] ® v, the symmetrical tensor product
(vt =v7)®vy + 1, @ (vF —v7)). The set S, will represent the macroscopic cracks
whereas the support of C, deals with the diffuse defects or fractal cracks in S towards the
layer shrinks.

We start by establishing a compactness result which justifies the introduction of the
limit set Ay of admissible functions. As usual, the arrows — and — will denote strong
and weak convergences respectively.

total variation of the singular measure e4(v), its Radon-Nikodym derivative, and

Lemma 3.1.2 (Compactness lemma). Let (u.).-o be a sequence in L'(2,R3) such

that sup F.(u.) < +o0o. Then, there exists u € L*(Q,R?) and a subsequence not relabelled
e>0
such that

i) ue — u in BD(,R3) and u € er(’)p(Q,R3),'
i) ue — u in erép(Qn,Rg) for every n > 0;
iii) s (@) € BD(S,R?);

(ST

—_— 1
iv) Ir. € Ry such that —/ e dws +r. — vs(a) in BD(S,R?).
€

N|m

Proof. From now on, we do not relabel the various subsequences obtained in the proof,
and C' will denote a positive constant which may vary from line to line. We divide the
proof into two steps.

Step 1. We establish (i) and (ii). According to the coerciveness condition (3.1.1)
and because u. = 0 on [y, (u.).>o is clearly bounded in LD(Q,R3) so that there exist
u € BD(Q,R3) and a subsequence satisfying u. — v in BD(Q,R3) and u. — u in
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L'(©2,R3). The weak convergence of u. to u in er(’)p (22,,R?) for every n > 0 is obvious.
We are going to prove that u € er(’)p(Q, R3).

We extend every function w € WI}(’)’)(Q, R3) by reflection on S x (£r, £2r F %) so that

the extended function, denoted by @, belongs to WP (S x (:I:g, :i:2r:|:g), R?)) and satisfies

/ e e |V de < 2/ |IVwl|? dx.
S><(:|:§,:|:2T’:F 5) oF

Set OF := QN [+x3 > 0] and, for every function w € er(’)p (92, R?), define its e-translate
T.w in WH(Q\ S,R3) by
(3, x5 + %), if 2 € QF
Tow(z, x3) =

w(T, r3 — %), if x € Q.

Because
sup/ VT u P de < sup/ e c e e |Vu.|? de
>0 JO\s e>0 SX(§,2T — 5) US x (—27’ + 5, —5)

< 2sup [ |Vu.|P dx < +o0,
e>0 JQ,
Poincaré’s inequality implies that there exist 2 € WP(2\ S,R?) and a subsequence of
(ue)eso such that TLu. — 2z in WHP(Q\ S,R?) and u. — z in LP(Q,R?). Actually v = 2
(so that u € WP(Q\ S,R?)) since for all » € D(2\ S, R?),

/ wap dr = lim Ue (T, x3 — E) dx
O\S =0 /s 2

= lim T.u: dx

:/ 2z dx.
oS

For all w € WP(Q\ S, R?)), we will denote the traces on S of w considered as a function
of WhP(Q* R?) by w* and its jump across S by [w] := w" —w~. Take 6§ € C=°(S), Green’s
formula yields

) / eos(uc) 0 do / O[Tuf] di + I (3.1.5)
e S
where 9
uE
I, .= — 30 dz.
/Bg 0x, “
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The left-hand side term of (3.1.5) tends to 0 by coercivity condition (3.1.2), and from

+|x3| c
ol = e+ [ T a
2 % axg
+|zs| €
- @@+ [ ey,
% 81’3
we deduce
)| do < e [ () @) + (T @) di e [ 25
B. S B. 073
< Ce(1+¢) (3.1.6)
so that

L] = < Ce(1+e),

00
s=— d
/B 5 Uy~ dr
and the right-hand side term of (3.1.5) tends to [ 6[us] di. Going to the limit on e in
(3.1.5) yields [u,] = 0 a.e. on S. Similarly, by letting € — 0 in
9,
U dy — /Q[Taug] dz,
81’3 S

and by using coercivity condition (3.1.2), we obtain [uz] = 0 a.e. on S.

Step 2. We establish (iii) and (iv). Coercivity condition (3.1.2) implies

]_ —_—
sup— [ le(u)|dr < +o0
e>0 € Be

so that there exists a subsequence of v, := %f?; Ue drsg, r. € 7/3; and v € BD(S,R?)
2

such that v, +7. —= v 111 BD(S,R?). Tt remains to prove that v = yg(@). For arbitrary

0 € Cx(S) and z3 € (—

we have

€
22>

s (i, s )(2) = (Tous,)*(2) 0(2) + / S (@) 0(2)
so that

/3/9“3@’1’3) 0(2) du = %/S@uz)*(:%) +(Toug) ™ (2) 0(3) di+ J. (3.1.7)

|zs| 8u ] (9u .
/ //_ 8:53 ) dt dx + — / // (93:3 ) 0(2) dt du.
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We claim that lim._,¢ J. = 0. Indeed

s 0u3 R N z3 Ouc )
/S/S e 0(z) dtdz = /S/; (Qega(ug) — 8902) 0 dtdi

_ /S/ (2€30(us) 0+ uS ;79) dtdz.

Thus
T <cC / (lesa(ue)] + [u5)]) d.

and the claim follows from (3.1.6) and coercivity condition (3.1.2). Letting ¢ — 0 in

(3.1.7), we obtain
/va 0 di = /’)/S(Ua) 0 dz.
S S

Thus v, = 75(ue) a.e. in S since @ is arbitrary.

3.2 The main convergence results

The main result of this section is the following theorem.
Theorem 3.2.1. The sequence (F.).~o I'-converges to the functional Fy.

The proof consists in establishing Proposition 3.2.2 and Proposition 3.2.4 below, corre-
sponding to the lower bound and the upper bound in the definition of the I'; -convergence.

3.2.1 The lower bound for the I'; , —convergence of (F.)..o

Our purpose in this section is to prove the lower bound for I';, — convergence of
(F.).>0, converging to Fy. That is for any sequence (u. ).~ converging to u in L'(Q, R3),it
must be imply Fy(u) < lim iglf F.(u.). Thus, the Proposition 3.2.2 is the goal in this sub-

section.

Proposition 3.2.2 (Lower bound). For all u and all sequence (u.).~o in L'(Q,R?)
such that u. = u, the following inequality holds:

Fy(u) < limiglf F.(u.). (3.2.1)

Proof. Clearly, we may assume that lim iglf F.(u:) < 400 so that from Lemma 3.1.2, u

belongs to Ag, and e(% f_%% e dmg,) =1 f_%% e/(\ue) dzz — e(ys(a)) in M(S, M?*2). Thus

€
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from Jensen’s inequality

liminf F.(u.) = 1iminf</Q f(VuE)dx—i—é/B g(e(ua))dx>

e—0 e—0
1
> liminf f(Vug)dx—i-liminf—/ g(e(u.))dx
e—0 Q. e—0 ¢ :

—

1
> liminf f(VuE)dx—i-limiglfg/ go(e(ue))dx

> / F(Vu)dz + / gole(rs(@)).

In the last inequality, we used the weak lower semicontinuity of the second integral func-
tional with respect to the weak convergence of measures. For the convergence of the first
integral, we proceeded as follows: take n > e, write st f(Vu.)dx > an f(Vu.)dz, and
apply the lower semicontinuity of the integral functional u +— an f(Vu)dx for the weak
convergence in W1P(Q, R3)). Then let n — 0.

O

3.2.2 The upper bound for the I';  —convergence of (F.)..o
For proving the upper bound, we need to establish the following relaxation result.

Lemma 3.2.3 (Relaxation). The functional Fy is the l.s.c. reqularization for the strong
topology of the functional defined on L'(Q,R3) by

) |10y o+ [ goetrst@n) di - ifue
F0<U) = @ S
400 otherwise.

Proof. Step 1. By using standard lower semicontinuous arguments, it is easily seen that
for every sequence (u,)nen strongly converging to u in L'(£2, R?), we have

Fy(u) < liminf Fy(uy).

n—-+o00

Step 2. We assume u € Ay and we construct a sequence (us)s=o in A} such that

([ us — u strongly in W(Q, R?):;
vs(tis) = vs — v := yg(1) strongly in L'(S, R?);

tim [ 7(Vuy) do = [ F(90) de

i [ aoletrn) d = [ mlelw))

Consider the open cylinder Q := S x (—r,r) containing ©, where S is an open set of R?
strictly containing S and extend u into a function @ in W'P(Q,R?). We also extend v
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into a function ¥ in BV (S, R?). More precisely, let P; denote the extension operators
Py WWP(Q,R?) — WHP(Q,R?),

and g the trace operator associated with the Sobolev space Wl’p(fl, R3). We define v in
BV (5,R%) by @ := vg 0 Ps(11), i.e., ¥ = v5(1).

For all § > 0, consider the open ball B, (0) of R? centered at 0 with a radius n(§) > 0
small enough so that S + B, (0) C S. Let ¢ in C(?O(S') with support spt(¢), ¢ = 1 on
a neighborhood S + B, ;) (0) included in S and pn(s) a standard mollifier with support
B)(0). Set vs := pys) * (D), us := py(s) * (¢@) and choose n(d) small enough so that:

"05 — UHLl S,R2) < 5 (3.2.2)
| [ outoniy < (0e@)) = | aloet)] < 5 (323
HU5 — u’lwl,p(gLRd) < 0. (3.2.4)

Estimates (3.2.2) and (3.2.4) are standard (note that the mollification of @ takes place
only on the & argument). Estimate (3.2.3) is a straightforward consequence of the narrow
convergence of the measure go(py(s * (¢e(?))) to the measure go(¢e(0)) in M*(R?) (see for
instance Lemma 5.2 and Remark 5.1 in [17], or, if go is positively homogeneous of degree
1, use Reshetnyak’s continuity theorem, Theorem 2.39 in [4]).

Clearly vs € C>°(S,R?) and, from (3.2.2), vs — v in L*(S, R?). Moreover, from (3.2.3),
and noticing that ¢ = 1 on S + B, 5)(0),

< 0490( pu) *(9e(0) ) (spt(@)\S ) +g0( de(0) ) (spt(9)\S ),

ﬁwmm—é%u»

so that letting 6 — 0 and letting spt(¢)\S— 05

lim Mmm:/%wm-

6—0

From (3.2.4), us — u in WHP(Q,R?) and, from (3.1.3),

(lsin(l)/fVu(g dm—/fVu

According to the definition of vs, us, and from the fact that & = y5(), we have vs(is) =
vs.

The sequence (us)s-o fulfills all the conditions of the set A} except the boundary
condition. By using De Giorgi’s slicing method in a neighborhood of 'y (see for instance
Theorem 11.2.1 in [6]), we can modify us into a new function s € Aj which has the same
trace as its weak limit u on 02, and satisfies

limsup/ f(Vas) do < / f(Vu) dx
0 Q

§—0
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Thus, finally

(lsi_{r(l)/ﬂf(v&(g) dx:/Qf(Vu) dx

Note that us is not affected on a neighborhood of S by this modification because dist(Ty, 0B, N T) >
0. Thus us that we denote now by us is the expected sequence. O

Proposition 3.2.4 (Upper bound). The following inequality holds in L*(Q, R3)
(I' = limsup F.) < Fy. (3.2.5)

Proof. Step 1. We establish T’ — limsup F. < .
Take u € A}. In what follows we set v := yg(@). For every fixed £ in D(S,R?), consider
the function v. in WP(B,R?), B =5 x (—3, 3) defined by

’Ug(.ﬁ%,l‘g) = ( ) +€$3£a(.@)
v3(Z,m3) = eud(2,0) + w383 (7)
and set . .
w(z,xg — =)+ 55(:%) in QF

T3 2
(T, x3) 1= vg(i,;) in B.

w(z, x3+€)——§( ) in Q.

Clearly, u. € A. except the boundary condition and u, — wu in L*(Q2,R3). An easy
calculation and the local Lipschitz conditions (3.1.3), (3.1.4), yield

llm f(Vu.) dx—/fVu
=0 Jo.

and
it [ gle)) de = tim [ g((Folt2%).) de
e—=0 ¢ ng : =0 B Egax
— [ a(¥ele).) i
S
so that
hmF (ue) /fVu dm—i—/ ((@v\f)s) di. (3.2.6)

According to a well known interchange result between infimum and integral (see [2]), we
have

/go(e(v)) di = inf /g(<%|g>s) di. (3.2.7)
S S

£€D(S,R3)

By taking the infimum over all £ € D(S,R?) in (3.2.6) and by using Lemma 3.1.1 we
deduce
inf { limsup F.(u.) : ue — u in LI(Q,R?’)} < Fo(u),

e—0
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ie. I' = limsup £, < Fg.

Step 2. Taking the lower semicontinuous envelope of each two functionals for the
strong topology of L'(€,R?), the conclusion then follows from the lower semicontinuity
of I' — limsup F. and from Lemma 3.2.3. O

According to Lemma 3.1.2 and to variational properties of the I'-convergence, we obtain

Corollary 3.2.5. Let u. be a e-solution of (P.). Then there exist a subsequence of (Uc)e>o
and u in Wll(’)p(Q, R3) such that

u. — u in BD(Q,R3);
Ue — U in WESP(Q,?,]R?’) for every n > 0;

vs(u) € BD(S,R?).
Moreover, u is solution of the minimization problem
(P) min { Fy(u) — L(u) 1w € L' (L, R?)}

and

F.(u.) — L(w.) — min { Fy(u) — L(u) : u € L'(Q,R?)}.

Thus, in this simplified case (see Section 3.3 for a realistic geometry), our proposal of
model is given by the limit problem (P) which describes the equilibrium of a structure
made of two adherents perfectly stuck to a material surface. The reference configuration of
the adherents are Q*F := QN [+x3 > 0] while that the material surface is S. The adherents
are hyperelastic with bulk energy density f and the material surface is pseudo-plastic
with surface density go. Due to the linear growth of gg, the displacement field solution of
(P) may present discontinuities in S which may be interpreted in terms of cracks. It is
worthwhile to note that this situation with strong adhesive layer is completely different
from the one considered in [15] with a soft adhesive: in the asymptotic model, the soft
adhesive layer is replaced by a mechanical constraint between the adherents, whereas
the strong adhesive layer is replaced by a material surface perfectly stuck to adherents.
Another strategy proposed in [7] leads to a similar model.

3.3 A modeling of a welding assembly

An elementary situation in welding can be described as follows. Let X1, 3~ and S three

domains of R? with Lipschitz-continuous boundaries such that S = X N X~. Let r and
€

e two positive numbers such that ¢ << r and QF := 3% x (j:§,j:fr), Q. = QFuQZ,

B.=5x(— c

g, 5), and SEi =St + % e3. Then O, := Q. U ST US> U B. is the reference
configuration of a structure made of two adherents and an adhesive (the soldered joint)
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which respectively occupies QF and B. (see Figure 3.1). The structure is clamped on a
part Iy of the boundary I' of  with a positive H2-measure and we assume that there
exists g9 > 0 such that dist(Ty, B.,) > 0. The structure is subjected to body forces of
density ® and to surface forces of density ¢ on the complementary part I', of I';. We
assume that the supports of ¢ and ® lie outside of B.,. Obviously one can consider other
type of boundary conditions (e.g. a combination of some components of the stress vector
and of the displacement). At last, adhesive and adherents are assumed to be perfectly
stuck together along S*.

The adherents and the adhesive are modeled as in Section 3.1 so that determining the
equilibrium configuration leads to the problem

(P.) inf { F.(u) — L(u) : u € A.},
Ty Qt"‘ ;g
&2
0 ————————— . e ——————
-£/2—
Qgg Ql_s

Figure 3.1: The reference configuration O.. The reference configuration involved in Section 3.1 is Q. U
Q. UB.USTUSC.

where F. and L have the same expression as in Section 3.1 but with the new definitions
of ), and B., whereas A, now reads as:

A. = {u€ LD(O.,R%) : upq, € erg’“<Qa,R3)}~

Again, to propose a simplified but accurate model we consider ¢ as a parameter and
study the asymptotic behavior, when ¢ goes to zero, of (approximate) solution of (P;).
The essential difference from the model problem of Section 3.1 is that here the structure
occupies a domain O, which varies with ¢, which from the mathematical point of view is
only of technical nature by simply modifying the kinds of convergences. That is why we
have preferred to consider the model problem in total detail and to confine the stating of
the sole results about this realistic problem of welding.

Let 2 := X" x (0,7)USUX™ x (—r,0) the set to which O, “converges”. Let I, := F.—L
and [y := Fy — L with Fy : L'(Q,R3?) — RU {400},

[sw s+ [ aetu@) it ue
Fy(u) == @ S

400 otherwise,
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where we keep the same definition for y¢ and Ay but with the new definition of €2. Doing
the same for the definition of the operator T, our asymptotic model is supplied by:

Theorem 3.3.1. Let u. be an e-minimizer of (P-). Then there exist a subsequence of
(Ue)eso and @ in Wll(’]p(Q,R?’) such that

T.ii. — @ weakly in WP(Q\ S, R3);
Uz | sx(—rp) — @ weakly in BD(S x (—r,r),R?);
vs(1) € BD(S,R?).

Moreover, u is a solution of the minimization problem
(P) : min { Fy(u) — L(u) 1w € L' (L, R?)}
and
inf { F.(u) — L(u) : w € L'(Q,R*)} — min {Fy(u) — L(u) : u € L' (Q,R?)}.

Sketch of the proof. The proof follows the line of the proof of Section 3.1 by considering
simultaneously T.u. and its restriction to the fixed domain S x (—r, 7). ]

For the mechanical interpretation see the end of Section 3.2.
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Chapter 4

Second model(with possibly
potential wells)

4.1 Introduction

In this section, we drop the quasiconvex and convex assumptions on the density functions
f and g, respectively. This is the case when the materials undergo reversible solid/solid
phase transformations, for which the density functions present a multi-well structure (for
f in the large deformation setting see [10], for g in the setting of small perturbations see
[13]). However we assume that f and g satisfy the locally Lipschitz conditions (3.1.3),
(3.1.4) and that g is positively 1-homogeneous.

4.2 The main convergence results

In this more general situation, we would like to show that the limit energy functional is
given by Fy : L' (Q,R?) — RU {+oc},

/ Qf (Vu) da + / SQaole((@)) if u € Ao,
Fo(u) == @ o

+00 otherwise

where Qf is the quasiconvex envelope of f and SQgy : M?*? — R is the symmetric
quasiconvex envelope of gy defined by

: 1 . o A
5Quu(Q)i=int { = [ go(¢ + ele) di s < CR(D. R}
DI Jp
Let denote the operator ¢ — ¢, from M?*2 into M2*2 by S,. Thus, for every ¢ € M?*2,
SQgo(¢) = Q(go © S2)(¢) where Q(go 0 S2) is the quasiconvex envelope of gy o Sp. Note
that the right-hand side term does not depend on the choice of the cube D of R? and
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that SQgq is 1-homogeneous. With the notation of Section 3.1, the integral over S of the
measure SQgo(e(v)) is given by

. es(v
[ s@uteto) = [ sQuiciw) o+ [ sQu( e
s S S les(v)]

As in Section 3.1 of Chapter 3, we prove Proposition 4.2.4 and Proposition 4.2.7 below,
corresponding to the lower and the upper bound in the definition of the I'-convergence.
Unfortunately, we establish the lower bound when u belongs to the subset Ay of Ay defined
by

Ao = {u € WEP(Q,R?) : y5(a) € SBD(S,R?)}
where SBD(S,R?) denotes the set of the elements u of BD(S,R?) whose the Cantor part
of the strain tensor e(u) is zero. Then, the main result of this section is

Theorem 4.2.1. The restriction of the I';_-limit of F. to the set Ay is given by

Fo(u) = / QF (V) da + / SQgolea(s(@)) di + / SQao([e(@)] ©s g2y )IH'.

Remark 4.2.2. If we assume that an approximate minimizer of (P.) strongly converges
to some @ in L'(€,R?) whose distributional gradient has no Cantor part, according to
the variational nature of the I'-convergence, we deduce that @ is a solution of the limit
problem
(P) : min { Fo(u) — L(u) : u € L'(Q,R*)}

and

inf { F.(u) — L(u) : w € L'(Q,R*)} — min { Fy(u) — L(u) : u € Ay}
Therefore, under the assumption that some approximate minimizer is regular in the sense
above, problem (P) is a good model in the sense of Section 3.2, where the density functions
are now @) f and SQgp.
Remark 4.2.3. In the case when the deformations in the adhesive may be large, they
are modeled as hyperelastic together with the deformations in the adherents. In this
particular case, we obtain a complete description of the I'-limit Fj in the set

Ay = {u e WEP(Q,R?) : ys(u) € BV(S,R%)}.
More precisely Fj is defined in fl{) by

Folu) = / Qf (V) dz + / Q9o(V (1s(w)) di

00 DsPYS(u) 1
+ /S(ng) (m)|D575(U)|dH,

where Du = Vu di + D,u is the Lebesgue decomposition of the distributional derivative
Du, go(¢) = min{g(€) : € € M¥3,€ — C} for every ¢ € M2<2, and ¢ > (Qgo)*(C) =
lim; 1 o Qgo(tC)/t is the recession function of Qgy. The proof uses the relaxation theorem,
Theorem 11.3.1 in [6], instead of Proposition 4.2.5 below and follows point by point the
claims of Propositions 4.2.4, 4.2.7 below.
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4.2.1 The lower bound for the I'; , —convergence of (F.)..o

Proposition 4.2.4 (Lower bound). For allu in Ay and all sequence (u.)so in L' (€, R?)
such that u. —= w, the following inequality holds:

Fo(u) < lim ionf F.(ug). (4.2.1)
Proof. We have

liminf F.(u.) = liminf (/Q f(Vu)dz + % /1359(6<UE))dI>

e—0 e—0

1
> hmlnf f(VuE)dx+11m1nf 5/ g(e(us))dx
Be

> hmlnf/ f(Vu,) d:zc—l—hmmf /go(eT\ug))dx. (4.2.2)
Be

e—0

For a.e. z in B, set 0.(z) 1= 0.(&,ex3) and v¥(z) := eud(#,ex3). Set B := S x (—1,1).
We have

liminf%/Be go(e@)d:ﬁ > lirgiglf/l?Sng((e/(zZ))da:. (4.2.3)

e—0
Consider the function h : M2*3 — R defined for every & € M3 by h(€) := SQgo(€). Tt
is easily seen that h is symmetric quasiconvex, i.e. satisfies the inequality:
WE) < ;[ e+ el)) d.
D[ Jp
for every p € C2°(D,R?) where D is any cube of R? (see [9] for the definition). Moreover,
(4.2.3) can be written

lim i]ﬂfl gO(T\))dx > liminf [ h(e(ve))dz. (4.2.4)

e—0 ¢ B. e—0 B

Let us denote by BD(B,R?) the space of bounded deformation on B and by Ry the set
of rigid motions on B. According to coercivity condition (3.1.2) we have

« € . € 1 1
sup/ ‘ (6 3(0) 61 3(?1 ) ’ de < — > sup—/ g(e(ug))dr < +o0. (4.2.5)

e>0 €3a/(Ve) 2 89[:3 e>0 €

Thus, by using the arguments of the proof of Lemma 3.1.2, one can easily establish the
existence of v € BD(B,R?®) and r. € Ry such that v. + r. — v weakly in BD(B,R?),
0 = yg(), v3 = 0 and a% = 0. Combining (4.2.2), (4.2.4), a classical results in relaxation
theory (Theorem 11.2.1 in [6]) and a relaxation result in BD(S,R?) (see [9]), we infer

lllan_)lglfF Ue) /Qf (Vu) dI‘F/SQgO(@a(VS( ) dz
+ / SQo ([ (8)] @5 15000 (8))dH ()

which ends the proof. O]
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4.2.2 The upper bound for the I'; , —convergence of (F.)..o
For proving the upper bound, we need to establish the following relaxation result.

Proposition 4.2.5 (Relaxation). The functional Fy is the l.s.c. regularization for
strong topology of the functional defined on L'(Q,R3) by

[ 190 o+ [ gotetrstan) di i A
Fo(u) = @ o
+00 otherwise.

In the proof of Proposition 4.2.5 we will use the following lemma.

Lemma 4.2.6. Let n > 0. Then for every ( € M?*2,

71713(1)5@( nl- 1P+ 90)(C) = SQg(¢).
Proof. From the integral representations

. 1 .
SQUn |- 1P +a0)(© = _ink o [ (0] P40 )(Cel)

and

SQm(Q) = _int o | w(Ceto)

where D is an arbitrary cube of R?, we can write

tin (it o [ P (G elo) di)
= inf <¢ecgon£7R2 m/(n | P 490 )(C+e(9)) di

n>0

$peC*(D,R2) \ >0

)
— inf mf’D|/ ]p+go)(C+e((b))dA)
)

= inf hm Dl / P+ g0 )¢+ e()) di).

¢eC>(D,R?) 77—>0

We complete the proof by using the dominated convergence theorem.
m

Proof of Proposition 4.2.5. Denote by Fy the Ls.c. regularization of Fp. By using stan-
dard l.s.c. results on integral functionals defined on Sobolev or BV -spaces, we can easily

prove Fy < F (see for instance [6], Chapter 11). We only establish the converse inequal-

ity Fo < Fy. Its proof is not easy because of the condition u € Ay and the fact that f
and ¢ do not fulfill the same growth conditions.
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Let u € L'(Q,R3) such that Fy(u) < +00. Then u € Ag. We have to exhibit u, in
A} strongly converging to u in L*(Q, R?) such that lim,, ., Fo(u,) = Fy(u). We proceed
into two steps.

Step 1. We prove the thesis when u € A}. For shorten notation we write v := yg().
Let n > 0 approach 0 and denote the constant involved in Korn’s inequality by K:

/|Vw|p di < K(/ le(w)[? + |w|p> di
S S

for all functions w in W'P(S,R?). From relaxation theory in Sobolev spaces, there exists
a sequence of smooth functions (u,, vn)nen in Wi?(Q,R?) x WLP(S,R?) such that (see
for instance [6], Theorem 11.2.1)

Up — U in WFIO”(Q R?), (|Vtn|P)nen uniformly integrable;

v, — v in WHP(S,R3);

lim [ f(Vu,) dx—/Qf (Vu) (4.2.6)
lim /( 3Kfn | . [P+ g0 )(e(vy))dE = / SQ(3KPn | . [P+ g0 )(e(v)) dz.

n—o Jg S )

The additional condition that (|Vu,|’),en may be assumed to be uniformly integrable
comes from the following consideration. Consider the sequence (@,),en Whose gradients
generate the same Young measure p and such that (|Vi,|P),en is uniformly integrable
(Lemma 11.4.1 in [6]). By using lower semicontinuity and continuity properties of Young
measures (Proposition 4.3.3 and Theorem 4.3.3 in [6]), and standard lower semicontinuity
results in Sobolev spaces, we have

/QQf(Vu) de = nETmAf(Vun) dx

> /Q Ty d

= nl_l)rfoo/gf(Vﬂn) dx
Vu) d

> /ﬂ Qf(Vu) dx,

so that

lim /f(Van) dr = lim /f(Vun) dx:/QQf(Vu) dx

n—-+o0o Q n—-+o00 Q

which proves the thesis. In what follows, we still denote by (u,).en the sequence (i, ) en-
We start by modifying the function w,, near S so that ys(uj) = vl. Set ¥, := S x
(=n,1m), Xay := S x (—2n,2n), consider a cut-off function ¢, in C'(R) satisfying

d 1
¢y =1o0nQ\ Xy, ¢,=00n%, 0<¢, <1, |d_9;77’§5’
3
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and define the function wu,,, by
g = pn(ug — vg) + vg;
uy = uf.
Clearly, u,, € er(,)p (2, R3) and ~vg(u™") = v". From the growth condition satisfied by f,
we have

/Qf(vun,n) dr = f(Vug,,) dm+/

E7] E2”]\277

f(Vu,,) dx +/ f(Vu,) dz

Q\EQ”I

IA

ﬁ/ (1+|Vu,|?P) dx + (1+|Vu,|P) dx
B

2277\271

1
+C’[/ |\Vu,|P dx + —/ |ty — vy |P dx} + / f(Vuy,)dx
San " Jx,, 0

= 35n/|an|p d:)ﬁ"—l—C’[n—k/ |Vu,|P dx
s >

2n

1
(i — v ? dx] + / F(Vuy)dz.
Q

+_
" Js,,

Thus, according to Korn’s inequality (note that sup,,cy [q [va|? dZ < +00),

/ (Vuny) de < 36Kn / (el di + C[y + / Vunl? de
Q S >

2n

1
b [ v dd] 4 [ H(Vu) do
Q

" Js,,
which yields
/Qf(Vunm)) dm+/sgo(e(vn))di: < /waun) dx—i—/S(SﬁKM.lp—l—go)(e(vn)) a2

1
sClp [ Vot [ - do
Yoy U Yon

and, from (4.2.6),

lim sup Fo(un,,) < /QQf(Vu)dx + /SSQ( 36Kn |.IP + g0 )(e(v)) dz

n—-+400

neN

1
+C’[n—|—sup/ |Vu,|P de+ — |1l—v|pdx].
San P Js,,

But since yg(@) = v, clearly one has

0
/ |t — vPdr < np/ |—u|pdm
227; 227] axg
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so that

limsup Fou,,) < [ QA(Vads + [ SQEKN P+ ) (e(w) di

n—-+4oo
ou
+C [77 + sup |Vu,|P de + |—|pdx]
neN Jx,, Son O3

By letting  — 0, from the uniform integrability of (|Vu,[?)nen, Lemma 4.2.6 and
Lebesgue’s dominated convergence theorem, we obtain

lim lim sup Fo(t,,) /Qf (Vu) d$+/SQ90 v)) di

=0 p—too

By using a standard diagonalization argument, there exists a map n — n(n) such that,
setting Uy := Uy y(n),

lim sup Fo(t,) < Fo(u).

n——+00
It is easily scen that @, — u in L*(Q, R3). Since classically liminf,, ;o0 Fo(in) > Fo(u),
the proof of Step 1 is complete.

Step 2. We end the proof as Step 2 of the proof of Lemma 3.2.3. We only have to
substitute

[ s@alono = e di [ sQmiseto)| < (427)

for (3.2.3). Estimate (4.2.7) is a straightforward consequence of the weak convergence of
the measure py(s * (¢e(v)) to the measure ge(v) in M(R?) together with lim fR2 | (o) *

(¢e(v)) | = [z | Pe(v) |, and Reshetnyak’s continuity theorem (see Theorem 2 39 in [4]).
[

Then proceeding exactly like in the proof of Proposition 3.2.4 and using Lemma 4.2.5,
we have

Proposition 4.2.7 (Upper bound). The following inequality holds in L' (2, R3)

(I' = limsup F,) < Fp. (4.2.8)
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Chapter 5

Regularization of the first model

5.1 Introduction

For the numerical solving of the optimization problem
inf { Fy(u) — L(u)}

obtained in Section 3.2 of Chapter 3, we approximate, in a variational way, the functional
of measure u — [¢go(e(ys(@))) by a suitable functional defined in the Sobolev space
Wha(S,R?), where g is close to 1 in the spirit of Norton-Hoff regularisation (cf [17]). The
mathematical technics used here is an adaptation from those of [7]. In order to simplify
the proofs, we assume that S is a finite union of cubes in R2.

We denote the limit density gy by h which we assume to be positively 1-homogeneous
and fulfilling the growth conditions «|¢] < h(§) < B|€|. We consider a sequence (hg)ge p)
satisfying the following three conditions:

(iq) hq: M2*? — R is convex and positively homogeneous of degree g;
(ii4) h, — h pointwise in M?2*?;
(i4i,) there exists a > 0 such that for all ¢ > 1 close enough to 1,

he(€) > h(€) for all £ € M*2) €] > a. (5.1.1)

For instance, when h = | . |, h, = | . |? satisfies these conditions with a = 1. Another
natural example consists in choosing h, := h9. Condition (éii,) is then satisfied by taking

a = —. In these two examples, h, satisfies uniform growth conditions with respect to ¢
o

(for the second example, %]5\‘1 < hy(§) < 20|€|7 for ¢ closed to 1). Note that, according

to (ii),, h, fulfills the equi-coerciveness condition:
he(§) = al€] V¢, [§] = a. (5.1.2)
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In what follows, the function h, is not assumed to satisfy a uniform upper growth
condition.

We consider the functional F, : er(’)p (2, R?) — RT U {400} defined by:

/ f(Vu) dx + / he(e(ys(@)) ) di if u € By,
Fqlu) = “ °

—+00 otherwise,

where
B, = {u e WEP(QRY) : hyo (e(vs(a))) € LHQ)}.

We are going to establish the I'-convergence of F, when ¢ — 1, when the space erg)p (Q,R3)
is equipped with its weak topology. The expected limit is the functional Fj : WFI(’JP (Q,R3) —
R U {400} defined in the previous section, more precisely its restriction to Wll(’)p (2, R3)
defined by

/ f(Vu) dz + / h(e(ys(a))) ifue B,
fo(u) = @ o
400 otherwise,

where

B = {ue W\ (Q,R% : ys(a) € BD(S,R?)}.

5.2 The main convergence results

Lemma 5.2.1 (Compactness lemma). Consider a sequence (uq)qe(1,p) in Wﬁ(;p(Q,R3)

such that sup F4(ug) < 4+00. Then there exist a subsequence of (uq)qe1p) and u € B
a€(1,p)

such that (uq, vs(iq)) — (u,vs(0)) weakly in WP (Q,R%) x BD(S,R?) when q goes to 1.

Proof. Since sup F,(uq) < 400, one has u, € B, and
9€(1,p)

Fylug) = / F(Vug)) de + / hale(vy)) i, v = 75(0y).

Thus, from (5.1.2)

sup /|e(vq)| di < sup (a\SH—/ le(vg)] di)
s [le(vg)[=a]

q€(1,p) q€(1,p)

1
< alS|+ — sup /hq(e(vq)) dz < 400. (5.2.1)
S

@ qe(1,p)

On the other hand from the coercivity condition fulfilled by f, there exists a subse-
quence and u € W”(,R?) such that u, — u in WP(Q,R?). According to the conti-
nuity of the trace operator vg, we deduce that v, — ys(@) in LP(S,R3), thus strongly
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in L'(S,R?) which, combined with (5.2.1), yields v, — v = 7g(a) in BD(S,R?) and
u € B. O

5.2.1 The lower bound for the I'-convergence of F,

Proposition 5.2.2 (Lower bound). For every sequence (uq)geip converging to u in
WFISP(Q,]R?’), we have
Fo(u) < liminf F,(ug).

g—1

Lemma 5.2.3. Let V, € L9(S,M?*?) and assume that the measure p, = V, di weakly
converges to p in M(S, M?*?) and that |p,| = |V,| d& weakly converges to v in M*(S).
Then for all open subset w of S such that v(0w) = 0, we have

nminf/hq(m di > h(/d,u).
q_)l w w

Proof. From Jensen’s inequality and since h, is positively ¢g-homogeneous,

/wh (V) dit > |wlh, (le /V dx) - |w|1_qhq</w‘/;1 di).

It remains to establish
liglliflth</u)% d;e) > h(/u}d/L). (5.2.2)

One may assume | fw d,u’ > 0, otherwise fw dp = 0 and (5.2.2) is trivially satisfied. Since
v(Ow) = 0, we have lim,_, [ V, d = [ du (cf Corollary 4.2.1 in [6]). Then for 0 < o <
| [, dp|, there exists go, 1 < go < p such that, for all ¢, 1 < ¢ < qo, | [, V, di| > 0. We

have hq</qu &) - (g)qhq(<§/qu i)

with ’ﬁ / V, dz| > a, so that from assumption (5.1.1),
o w

ol [ as) = (G [ v
_ (g)q_lh(</qu i),

Letting ¢ — 1, (5.2.2) follows from the lower semicontinuity of h and the fact that
limqql/Vq da%:/d,u. O

w w

Proof of Proposition 5.2.2. We may assume F,(u,) < +o0o so that, from Lemma 5.2.1,
one has u € B. We write v, for v5(4,) and v for yg(@). According to a standard lower
semicontinuity result in Sobolev spaces we have

q—>

hmmf]: (uq) /f (Vu) dx—i—hmmf/h (e(vq)) dz
s
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and it remains to establish

liminf [ hy(e(v,)) di > / h(e(v)). (5.2.3)
For § > 0 and approaching 0, consider a standard mollifier ps and 65 in C2°(S) satisfying
0<0;<1,65— lae. inS. For asubsequence not relabelled on ¢, clearly ps*6s|e(v,)| dz
weakly converges to some measure v5 in M1 (S). Moreover psx0se(v,) d weakly converges
to the measure ps * Ose(v) in M(S,M2*?). For n > 0, consider a finite family (w;)ies,
of pairwise disjoint open subsets of S, |w;| < n, such that [S\ Ujer,w;| = 0 and a family

(@n)ier, satisfying

S\ Jai| <n;
iel,
w; C wy;
1/5(8(:)1) =0.
Such a family exists (use Lemma 4.2.1 of [6]). Note that this family depends on §. By
using the g-homogeneity of h,, Jensen’s inequality and standard convex duality principle,
we have

[ buteteg) di = [ ainfetv)) di
= [ s etw) di
S
> [ s se(w) di
S [ tulos = 0seto) di

i€, Y Wi

v

Thus, from Lemma 5.2.3, 1-homogeneity and Lipschitz property of h,

liminf/shq(e(vq)) dz > liminf / hy(ps * (0s5e(vy))) dz

g—1

VALY,

agiing

£ =

=

ESH S
(=%}
*
5
=7
2
4
S—
SN~—
N—

—Llps * (B5e(0))] (S\ | @)-

icl,
The first term of the second member is a Riemann sum. Since, moreover, ps * O5e(v) is a
smooth function, by letting n — 0, we obtain

lim inf /S ho(e(vy)) di > / h(ps * Ose(1)).
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Noticing that ps * Ose(v) — e(v) weakly in M(S, M2*?), estimate (5.2.3) is obtained by
letting 6 — 0. O

5.2.2 The upper bound for the I'—convergence of F,

Proposition 5.2.4 (Upper bound). For every u € W;gp(Q,R:”), there ezists u, weakly
converging to u in W;gp(Q, R3) such that

lim sup F,(u,) < Fo(u),

q—1
or, equivalently, I' — lim sup F, < Fo.
Proof. Consider the following subset B! of B:
B':={ue Wl(’)p(Q,R?’) :ys(u) € C'(S,R?)}

and the functional F : VV1 P(Q,R?) — RT U {+00} defined by
/f(Vu) dx + / hie(ys(u))) di  if u € B,
fo(u) = Q@ S

+o0 otherwise.

Take v € B! and set v := 7,(u). Let (v,)nen+ be a sequence of continuous piecewise affine
functions satisfying an — vl|wrigre) < 1/n, and consider a sequence (uy)pen Weakly
converging to u in VVF P(Q2,R3) satisfying

hrf /fVun dx—/fVu

75' un = Up.

Such a sequence exists from Step 1 of the proof of Proposition 4.2.5 in Chapter 4 and u,,
belongs to B,. Writing e(v,) = > ,c; ainls,, where (Sin)icr, is a finite partition of .5,
and a;,, € M2, the following estimate holds:

lim(/gf(Vun) da:—l—/shq(e(vn)) d:e) - /fVun da:+l1mZh i) [Sinl

q—1
ZEIn

- /fVun dr + ) h(ain) [Sin

_ /Q F(Vin) dx+2nh(e(vn)) di. (5.2.4)

Letting n — 400, (5.2.4) yields
nl_i)rg@(l}i_rg(/gf(Vun) dx—l—/shq(e(vn)) dﬁ:) - /Qf(Vu) da;+/sh(e(v)) di.
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Then, by using a standard diagonalization argument, there exists a map ¢ — n(q) such

that _
lim Fy (tn(q)) = Fo(uw);

q—1
Un(g) — U,
which implies

inf { lim sup F(ug) : ug — u in W;gp(Q,Rg)} < Fo(u)

q—)l

for all u € WI}(;P (2,R?). Thus T' — limsup F, < Fy. The conclusion of Proposition 5.2.4
follows by taking the lower semi-continuous envelope of each two functionals for the weak
topology of WFISP(Q, R3) and by using Lemma 3.2.3. O

Corollary 5.2.5. Assume that h, satisfies the additional coerciveness condition: there
exists ag > 0 such that a,|&|? < hy(€) for all & € M2*2. Then

(i) The problem min { F,(u) — L(u)} possesses at least a solution tg;

(ii) There exists a subsequence of (Uq)ge(1,p) and @ solution of the problem min { Fo(u) —
L(u)} such that i, — @ in er(’)p(Q, R3).

Proof. The first assertion is obtained by using the direct method in the calculus of varia-
tions. The second assertion is a straightforward consequence of variational properties of
the I'-convergence. O]
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Résumé : Cette these de doctorat est consacrée a I’étude mathématique de deux types
de problemes de jonction. Le premier modele est obtenu comme limite variationnelle d’un
probleme d’élasticité avec jonction de faible épaisseur, I’adhésif occupant la jonction a une
rigidité de l'ordre de I’épaisseur. La densité élastique W de I'adhésif est complétée par
une densité d’énergie surfacique convexe h non nécessairement réguliere. Cette densité
traduit une contrainte mécanique entre adhérents et ’adhésif imparfaitement collés. On
montre que le modele limite consiste a remplacer la jonction par une contrainte qui est
I'inf-convolution de A et de la densité surfacique limite de WW. Dans un cadre scalaire on
effectue 'analyse des concentrations de gradient a l'interface au moyen d’outils récents
issus de la théorie de la mesure. Dans le second modele, la rigidité de ’adhésif est de
I'ordre inverse de 1’épaisseur de le jonction, la densité élastique du matériaux adhérent
a une croissance super-linéaire alors que celle de I'adhésif croit linéairement. Suivant la
stratégie utilisée pour le premier probleme on propose un modele simplifié mais fiable
comme limite variationnelle lorsque I'épaisseur tend vers zéro. A la limite la fine couche
intermédiaire est remplacée par une interface pseudo-plastique prédisant la formation de
fissures.

Titre : Quelques modeles mathématiques de jonctions.
Mots-clés : Gamma convergence, analyse asymptotique, jonctions.

Abstract : This thesis is devoted to the mathematical study of two kinds of junction
problems. The first model is obtained as the variational limit of a junction problem in the
scope of elasticity where the adhesive occupying the junction possesses a stiffness of the
order of the thickness. One adds a smooth or non smooth convex surface energy density h
to the elastic density W of the adhesive. This additional density conveys the fact that the
joint and the adherents are not perfectly stuck together. We show that the asymptotic
model consists in replacing the joint by a constraint which now is the inf-convolution of
h and the limit density of W. In the scalar case we analyse the gradient concentration
phenomenon at the interface by means of recent tools stemming from measure theory. In a
second model, the stiffness of the adhesive is of the order of the inverse of the thickness of
the junction. The bulk energy density of the adherents grows superlinearly while that of
the adhesive grows linearly. Following the strategy used in the first problem, we propose
a simplified but accurate model by studying the asymptotic behavior when the thickness
goes to zero through a variational convergence method. At the limit the intermediate
layer is replaced by a pseudo-plastic interface which allows cracks to appear.

Title : Some mathematical models of junctions.
Key words : Gamma convergence, asymptotic analysis, junctions.
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