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Résumé

Nous calculons presque stirement, simultanément, les dimensions de Hausdorff des en-
sembles de branches infinies de la frontiére d’un arbre de Galton-Watson super-critique (muni
d’une métrique aléatoire) le long desquelles les moyennes empiriques d’une marche aléatoire
de branchement vectorielle admettent un ensemble donné de points limites. Cela va au-dela
de l'analyse multifractale, question pour laquelle nous complétons les travaux antérieurs en
considérant les ensembles associés & des niveaux situés dans la frontiére du domaine d’étude.
Nous utilisons une méthode originale dans ce contexte, consistant a construire des mesures de
Mandelbrot inhomogénes appropriées. Cette méthode est inspirée de I’approche utilisée pour
résoudre des questions similaires dans le contexte de la dynamique hyperboliques pour les
moyennes de Birkhoff de potentiels continus. Elle exploite des idées provenant du chaos mul-
tiplicatif et de la théorie de la percolation pour estimer la dimension inférieure de Hausdorff
des mesures de Mandelbrot inhomogénes. Cette méthode permet de renforcer I’analyse mul-
tifractale en raffinant les ensembles de niveaux de telle sorte qu’ils contiennent des branches
infinies le long desquels on observe une version quantifiée de la loi des grands nombres d’Erdos
Renyi; de plus elle permet d’obtenir une loi de type 0-oc pour les mesures de Hausdorff de ces
ensembles. Nos résultats donnent naturellement des informations géométriques et de grandes
déviations sur I’hétérogénéité du processus de naissance le long des différentes branches infi-
nies de ’arbre de Galton-Watson.

Mots-clefs : Marches aléatoires de branchement vectorielles, chaos multiplicatif, percolation,
dimension de Hausdorff, analyse multifractale.

ASYMPTOTIC BEHAVIOR OF BRANCHING RANDOM WALKS IN RY AND HAUSDORFF
DIMENSION.

Abstract

We compute almost surely (simultaneaously) the Hausdorff dimensions of the sets of infi-
nite branches of the boundary of a super-critical Galton-Watson tree (endowed with a random
metric)along which the averages of a vector valued branching random walk have a given set
of limit points. This goes beyond multifractal analysis, for which we complete the previous
works on the subject by considering the sets associated with levels in the boundary of the
domain of study. Our method is inspired by some approach used to solve similar questions in
the different context of hyperbolic dynamics for the Birkhoff averages of continuous potentials.
It also exploits ideas from multiplicative chaos and percolation theories, which are used to
estimate the lower Hausdorff dimension of a family of inhomogeneous Mandelbrot measures.
This method also makes it possible to strengthen the multifractal analysis of the branching
random walk averages by refining the level sets so that they contain branches over which a
quantified version of the Erdés Renyi law of large numbers holds, and yields a 0-co law for the
Hausdorff measures of these sets. Our results naturally give geometric and large deviations
information on the heterogeneity of the birth process along different infinite branches of the
Galton-Watson tree.

Keywords : Branching random walks, multiplicative chaos, percolation, Hausdorff dimen-
sion, multifractal analysis.
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Chapitre 1

Introduction

1.1 Introduction and mains results

My PhD thesis was founded via the french National Research Agency project
“DMASC”, whose goal was both to develop theoretical results on multifractal analysis
and large deviations theory, and develop tools based on these theories to study the dy-
namics of cardiac electro-mecanical activity, starting with cardiac signals processing.
This manuscript is devoted to theoretical results. I also participated to the elaboration
of an applied paper published this year by DMASC project in the journal Physica A
(P. Loiseau, C. Médigue, P. Gongalves, N. Attia, S. Seuret, F. Cottin, D. Chemla, M.
Sorine, and J. Barral, Physica A, 391 (2012) 5658-5671) about the application to the
so-called R-R signals of some new signal processing tools dedicated to “multifractal”
signals developed in [5].

The theoretical part of this thesis deals with the natural question of measuring,
through their Hausdorff dimensions, the sizes of the sets of infinite branches of the
boundary of a supercritical Galton-Watson tree (endowed with a random ultrametric)
along which the averages of a vector valued branching random walk have a given set of
limit points ; this goes beyond the multifractal analysis, which consists in computing the
Hausdorff dimension of the level sets of infinite branches over which the averages of the
walk has a given limit, and for which we solve a delicate question left open in previous
works, namely the case of levels belonging to the boundary of the set of possible levels.
The corresponding questions have been studied extensively in the context of Birkhoff
averages of continuous potentials on conformal repellers, a situation which, though
different, is inspiring in our context (we will give some references making it possible to
compare our results with the corresponding litterature). The new method we develop,
combined with recent almost sure large deviations results for random walks also yields
a refinement of the multifractal analysis by considering level sets over the branch of
which large deviations with respect to the average behavior are measured through a
quantified version of the Erdds Renyi law of large numbers, and giving a 0-oo law for
the Hausdorff measures of these sets. Before going to the detail of our results, we need
some definitions and notations.

Let (N, X1, X5, ...) be a random vector taking values in N x (R%)N+,

11



12 INTRODUCTION AND MAINS RESULTS

Let {(Nuo, Xu1, Xu2),--.)}u be a family of independent copies of (N, X, Xo,...)
indexed by the finite sequences u = uy «--u,, n > 0, u; € Ny (n = 0 corresponds to
the empty sequence denoted )), and let T be the Galton-Watson tree with defining
elements {N,} : we have ) € T and, if v € T and ¢ € N, then ui, the concatenation of
v and 7, belongs to T if and only if 1 <4 < N,,. Similarly, for each u € (J,>¢ N}, denote
by T(u) the Galton-Watson tree rooted at v and defined by the { Ny}, v € Up>o N1

The probability space over which the previous random variables are built is denoted
(Q, A, P), and the expectation with respect to P is denoted E.

We assume that E(/N) > 1 so that the Galton-Watson tree is supercritical. Without
loss of generality, we also assume that the probability of extinction equals 0, so that
P(N>1)=1.

Also, we will assume without loss of generality the following property about X :

Alg,c) e (RIN{0}) xR, (g|Xi)=c V1<i<N as. (1.1)

Otherwise, if d = 1, then the X;, 1 < i < N, are equal to the same constant almost
surely, and the situation is trivial, and if d > 2, they belong to the same hyperplane so
that we can reduce our study to the case of R%~! valued random variables.

For each u € U,>0 N}, we denote by |u| its length, i.e. the number of letters of u,
and [u] the cylinder u - N, i.e. the set of those t € N.""* such that ity -t = u.
If t € N, we set |t| = oo, and the set of prefixes of ¢ consists of {#} U {t1ty---t, :
n > 1} U{t}.

Our results will depend on the metric under which we will work. Let us recall that
given a subset K of NT* endowed with a metric d making it o-compact, g : R, — R
a continuous non-decreasing function near 0 and such that g(0) = 0, and E a subset of
K, the Hausdorff measure of E' with respect to the gauge function ¢ is defined as

HI(E) = lim inf {Z g(diam(Ui))}’

+
60 ieN

the infimum being taken over all the countable coverings (Uj;);en of E by subsets of K
of diameters less than or equal to 6.

If s € RY and g(u) = v°, then H9(E) is also denoted H*(E) and called the s-
dimensional Hausdorff measure of E. Then, the Hausdorff dimension of F is defined
as

dim £ = sup{s > 0: H*(F) = oo} = inf{s > 0: H*(E) = 0},

with the convention sup () = 0 and inf ) = co. Moreover, if E is a Borel set and p is a
measure supported on F, then its lower Hausdorff dimension is defined as

dim(p) = inf {dim F: F Borel, pu(F) > 0},
and we have

log pu(B(t
dim(p) = ess inf, lim inf W
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where B(t,r) stands for the closed ball of radius 7 centered at ¢ ; (see [28] for instance,
in which upper Hausdorff dimensions and lower and upper packing dimensions are also
considered).

Let us assume for the moment that NT* is endowed with the standard ultrametric
distance

dy : (s,t) — exp(—|s A t]),

where s A t stands for the longest common prefix of s and ¢, and with the convention
that exp(—o0) = 0.

The boundary of T is the subset of N}* defined as

oT = Ul

n>1u€eT,

where T,, = TN N. With probability 1, the metric space (9T, d;) is compact.

The vector space R? is endowed with the canonical scalar product and the associated
Euclidean norm respectively denoted (-|-) and || - ||. For ¢ € R? let

S(q) =D exp({q|X;)).

i=1
Let us assume that
VgeR? E(S(q)) < oo (1.2)

(we will see how to relax this assumption). In particular, the logarithmic moment
generating function

P:qeR— logE(S(q)) (1.3)
is finite over R¢, and under (1.1) it is strictly convex.

We are interested in the asymptotic behavior of the branching random walk
S X () =Y Xty (t€0T).
k=1

Since this quantity depends on t; - - - ¢, only, we also denote by S, X (u) the constant
value of S, X (-) over [u] whenever u € T,,.

The multifractal analysis of 5, X is a first natural consideration. It consists in
computing the Hausdorff dimensions of the sets

Ex(a) = {t € 0T : lim S X (1) = a}, (o € RY).

n—oo n

Indeed, considering the branching measure on JT (see Section 6 for the definition)
makes it possible to show that Ex(ap) is of full Hausdorff dimension in 0T, where

ap = VP(0) = IE( PO XJ/E(N), and it is worth investigating the existence of other

branches over which such a law of large numbers holds, with different values of «.
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Such deviations phenomena with respect to a typical one emerge in many suffi-
ciently random, or chaotic, contexts. Quantifying these phenomena has always genera-
ted strong, reach and new interplays between probability or dynamical systems theory,
and geometric measure theory. As important examples, let us mention the problem of
measuring how often on a Brownian motion the law of the iterated logarithm fails, by
measuring the Hausdorff or packing dimension of sets of rapid points [65, 50| and slow
points [44, 67]; we must also mention the works of Jarnik and his followers about the
sets of irrational numbers with a given rate of approximation by rational numbers [42]
and the works of Besicovitch and Eggleston around the Hausdorff dimension of the sets
of real numbers with prescribed frequencies of their digits in a given basis [23]; also,
and this is closely related to the subject of this thesis (and Besicovitch sets), after the
concept of multifractals, i.e. the notion of iso-Hdélder sets of a measure or a function, was
pointed out by physicits in turbulence and statistical physics [36, 38, 21] as a convenient
way to describe the heterogeneity of energy distribution by a hierarchy of fractal sets,
a considerable mathematical literature has developed around the multifractal analysis
of measures generated by multiplicative procedures, like Mandelbrot measures defi-
ned below, self-conformal measures and Gibbs measures on hyperbolic repellers (see
[68, 4] and references therein), the multifractal analysis of the harmonic measures on
the Brownian frontier [52] and more generally on the boundary of simply connected
planar domains [59], and the multifractal analysis of functions [40, 41, 10, 7, 6.

Let us come back to our problem. We will see that the domain of those o for which
Ex(a) # 0 is the convex compact set

I=1Ix={aeR: P*(a) >0},

where
f*(a) = inf{f(q) — {(gla) : ¢ € R}
for any function f : R — RU {oo} and any a € R

A direct approach to the Hausdorff dimension of Ex(a) consists in taking a € I
such that a = VP(q) for some ¢ € R? and P*(a) > 0 (we will see in the proof of
Proposition 3.1 that this is equivalent to taking o € I , the interior of 7). Then, one
considers the associated Mandelbrot measure on 0T defined as

11q([u]) = exp((q]S, X (u)) — nP(q))Z(q,u), (u€ T,),

where

Z(q,u) = lim 37 exp({ql(SuspX (u-0) = S X(w))) — pP(q))
vETp(u)

and here we simply denoted [u] NOT by [u] (see Section 6.1 for a general description of
Mandelbrot measures). Under our assumptions, the fact that ﬁ*(a) > () implies that
this measure is almost surely positive [45, 13, 54, 56] (while p, = 0 almost surely if
P*(a) < 0). Moreover, j, is carried by Ex () and its Hausdorff dimension is P*(a),
so that dim Ex(a) > P*(a). Then, a simple covering argument yields dim Ex () =
ﬁ*(a). This approach holds for each a € I almost surely, and it has been followed
in the case d = 1 for the multifractal analysis of Mandelbrot measures, especially in
[39, 62, 27, 60, 1, 17] (under always weaker assumptions), where more general metric
than d; are considered to get results for geometric realizations of these measures in
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R™. Nevertheless, it is possible to strengthen the result to get, with probability 1,
dim Ex (a) = P*(a) for all a € I. This is done in [2] for the case d = 1 on homogeneous
Galton Watson trees with bounded branching number. Let us assume in addition to
(1.2) the following property.

Jv: g€ J v, € (1,00), C° and such that E(S(¢)") < oo for all g € J.  (1.4)

We obtain the following result, which does not follow from a direct adaptation of the
techniques used in [3|, as we explain in Section 2.3, and is proved in Chapter 2.

Theorem 1.1 Assume (1.2) and (1.4) hold. Suppose that OT is endowed with the me-
tric dy. With probability 1, for alla € I, dim Ex(«) = P*(«) ; in particular, Ex(a) # 0.

It is worth mentioning that a direct consequence of the previous result is the following
large deviation property, which could also be deduced from the study achieved in [16] :
With probability 1, for all a € I,

lim lim inf n~tlog#{u € T, :n 'S, X (u) € B(a,e)}

e—0t+ n—

= lim limsupn ' log #{u €T,:n 'S, X(u) € B(a, 6)} = P*(a).

e—0t n—ooo

The method we use to prove Theorem 1.1 requires to simultaneously building the
measures (i, and computing their Hausdorff dimension; it will extensively use tech-
niques combining analytic functions in several variables theory and large deviations
estimates. However, this approach is unable to cover the levels a € 9. When d = 1,
this boundary consists of two points, and the question has been solved partially in
[2] and completely in [7] in the case of homogeneous trees : when a € OI takes the
form P'(q) for ¢ € R such that P*(P'(q)) = 0, one substitutes to y, a measure that
is naturally deduced from the fixed points of the associated smoothing transforma-
tion in the “boundary case” (see [18, 2]); when a € 0 and o = lim,_,o, P'(q) (resp.
lim,_,_o P'(q)), a “concatenation” method is used in [7] to build an inhomogeneous
Mandelbrot measure carried by Ex(«) and with the right dimension (see Section 6.2
for a foreword about inhomogeneous Mandelbrot measures).

It turns out that these methods are not sufficient to deal with the points of 01
when d > 2. In collaboration with J. Barral, we adopted an approach, based on a more
sofisticated construction of inhomogeneous Mandelbrot measures than that considered
in [7], that makes it possible to deal with the cases a € I and « € 91 in a unified way.
This approach is inspired by the study of vector Birkhoff averages on mixing subshift
of finite type and their geometric realizations on conformal repellers [12, 30, 35, 34,
11, 63, 33]. It makes it possible to conduct the calculation of the Hausdorff dimension
of far more general sets and obtain in the context of branching random walks the
counterpart of the main results obtained in the papers mentioned above about the
asymptotic behavior of Birkhoff averages.

Let us assume

VqgecR? E(S(q) <oo, and VgeJ, Fy>1, E(S(q)) < . (1.5)
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If K is a compact connected subset of R?, let

Ex(K)={teaT: {S"X(t):nZN}:K},

N>1 n

the set of those ¢t € OT such that the set of limit points of (5, X (t)/n),>1 is equal to K.
Recall that [ = Ix = {a € R?: P*(a) > 0}.

Theorem 1.2 Assume (1.5). Suppose that OT is endowed with the metric dy. With
probability 1, for all compact connected subset K of R, we have Ex(K) # 0 if and
only if K C I, and in this case

dim Ex(K) = inf P*(a).

acK

Section 6.2 aims at giving basic properties of inhomogeneous measures that should
convince the reader of the pertinence of this family of measures to control the sets
Ex(K).

The first part of the next result about multifractal analysis is a corollary of the
previous result. The second one provides an information to be compared with the
information provided by the approach consisting in putting on Ex(VP(q)) the Man-
delbrot measure /i, to get the dimension of Ex(VP(q)). The third one adds a precision
about the level set of maximal dimension which will be useful to state Theorem 1.8.

Theorem 1.3 (Multifractal analysis) Assume (1.5). With probability 1,

1. for all o € R, Ex(a) # 0 if and only if a € I, and in this case dim Ex(a) =
Pr(a);

2. ifa € 1, then Ex(«a) carries uncountably many mutually singular inhomogeneous
Mandelbrot measures of Hausdorff dimension P*(v) (in particular Ex(a) is not
countable when P*(a) = 0). Moreover, if o € I then Ex(«) carries a unique
Mandelbrot measure of maximal Hausdorff dimension, namely p, if o s written

VP(q).

3. Ex(VP(0)) is the unique level set of maximal Hausdorff dimension dim 9T =
log E(N).

The part on the uniqueness of the Mandelbrot measure should be compared to the
uniqueness of the ergodic measure carried by such a set in the multifractal analysis
of Holder potentials on symbolic spaces, especially when this potential only depends
on the first digit. As a corollary of Theorem 1.3, we get the following large deviations
result, which completes what can be deduced from the study achieved by Biggins in
[15], by including the points of JI.

Corollary 1.1 (Large deviations) Assume (1.5). With probability 1, for all o € I,
lim Tim inf ntlog#{u € T, :n "5, X(u) € B(a,e)}

e—0t+ n—

= lim limsupn~'log #{u €T,:n 'S, X(u) € B(a, e)} = P*(a).

e—0t n—ooco
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The upper bounds estimates for the Hausdorff dimensions of the sets Ex(K) are
quite easy. Lower bounds estimates are much more delicate and will use a uniform
version of the percolation argument introduced by Kahane in [46] to calculate the
Hausdorff dimension of a non-degenerate Mandelbrot measure p on a homogeneous
tree, without using assumptions assuring that E(||u|| log™ (||12])) < oo as it was done by
Peyriére in [64, 45]. Specifically, the approach developed in this paper extends Kahane’s
result by making it possible to control simultaneously the lower Hausdorff dimension of
uncountably many non degenerate limits of inhomogeneous Mandelbrot martingales on
OT, and under the random metrics described below. The simplest extension of Kahane’s
result consisting in dealing with a single Mandelbrot measure on 0T is described in
Section 6.1. Let us also mention that our uniform approach is based, in an essential way,
on vector martingales theory (see [61] for instance), whose first using in the context of
the branching random walk seem to go back to [43], in which the authors consider the
case where N = 2, X; and X5 are two independent real valued random variables of
characteristic function ¢, and study the continuous functions valued martingale t € I —
Zy(t) = 20(t)) " YCuefoayr €9 ¥ @ in the domain {¢ : 2|p(t)[* > 1} (they use the L?
criterion for convergence) ; they also prove that when X; and X, are Bernoulli variables
taking values 0 and 1 with probability 1/2, #{u € {0,1}" : S, X (u) = 0} = o(n).

Remark 1.1 Theorem 1.2 should be compared to the results of [35] and [63], and
Theorem 1.3(1) and Corollary 1.1 to the results of [30], obtained in the context of
Birkhoff averages of continuous potentials over a symbolic space endowed with the
standard metric.

The space NI}r can be endowed with other ultrametric distances than d;. Here
we consider the following natural, and classical, generalization of d;. Instead of
(N, X1, Xs,...) we consider (N, (X1, ¢1),(Xa, ¢2),...) a random vector taking values
in Ny x (R x R )N+,

Then we consider {(Nuo, (Xu1, Pu1, (Xu2, Puz), - - .)}ueU N, 2 family of inde-
pendent copies of (N, (X1, ¢1), (X2, ¢2),...). This yields two branching random walks

Sp,X and S,¢. Moreover, if there exists v > 0 such that E(Zfil exp(—vqbi)) <1

(which happens for instance if E(Zf\;l exp(—”y@-)) < oo for all ¥ > 0 by dominated

convergence) then (see Lemma 4.1), with probability 1, S,¢(u) tends to oo uniformly
inueT,, as n — 00, so that we get the random ultrametric distance

dqg : (S, t) = eXp(_S\s/\t|¢(S N t))a

on JT, and (JT, dy) is compact. Such metrics are used to obtain geometric realization of
Mandelbrot measures on random self-similar sets satisafying some separation conditions
[27, 62, 2, 17].

For all (¢,t) € R? x R, let

S(q,t) = Zexp(@IXD — t;).
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Then, since the ¢; are positive, for each ¢ € R? and o € R? there exists a unique
t = P,(q) € R such that

E(iexp((q!Xi —a) —16))) = L.

i=1
Moreover, it is direct to see that (a,q) — P.(q) is analytic by using the implicit
function theorem and the analyticity of («, q,t) — E< SN exp({q| X — a) — tqbz-)).

Notice that P, (0) does not depend on «. Notice also that when ¢; = 1 for all i > 1,
we have dy = dy, and P,(q) = P(q) — (g|a), hence P*(0) = P*(«a).

We assume that

Y (¢, @) € R? x R? such that PX(VP,(q)) >0, 3~ > 1, E(S(q, P(q))?) < oo. (1.6)
Theorem 1.2 now takes the following form.

Theorem 1.4 Suppose that OT is endowed with the distance dy almost surely. Assume
(1.6).
With probability 1, for all compact connected subset K of R, we have Ex(K) # ()
if and only if K C I, and in this case
dim Ex(K) = inf P*(0).

acK

The analogues, under dg4, of some parts of Theorem 1.3 hold under the same as-
sumptions as in Theorem 1.4, but we need additional assumptions to extend the other
ones : we need to assume the following property, which under (1.6) holds for instance
if the ¢; are uniformly bounded, or if they are independent of N and the X; and

sup;>; E(¢i) < oo, or if sup,cpa E(Zfil exp (2(<q|X¢> — 15(61»)) <00

sup E( 3 v exp({g]X,) — P(g))) < . (1.7)

geRd i=1

Under this property (that we have not been able to relax), we have the following fact
(the proof is given in Section 4.1) :

Proposition 1.1 Assume (1.7). For each o € ]O, there exists a unique q = q, such
that VP,(q) = 0. Moreover, a € I + q,, is analytic.

Theorem 1.3 has the following extension, whose proof is given in Section 5.1.

Theorem 1.5 Suppose that OT is endowed with the distance dy almost surely. Assume
(1.6). With probability 1,
1. for all o € RY, Ex(a) # 0 if and only if a € I, and in this case dim Ex(a) =
£ (0);
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2. ifa €I, then Ex(a) carries uncountably many mutually singular inhomogeneous
Mandelbrot measures of Hausdorff dimension P:(0) ; if (1.7) holds and o € I,
then Ex(«) carries a unique Mandelbrot measure of maximal Hausdorff dimen-
sion (namely the measure g, o defined in the beginning of Section 4.3) ;

3. recall that ﬁa(()) does not depend on «. Denote this number by ty. Let cg =
]E(Zf\il X, exp(—top;)). The level set Ex(ag) is the unique level set of mazximal

dimension dim 0T = tg.
Corollary 1.3 has the following analogue under d, :

Corollary 1.2 (Large deviations)Assume (1.6). With probability 1, for all o € 1,

. .. 1 BT . -1
lim lim inf n log #{u € |J Ty : diam([u]) = e™"; |u| 'Sy X (u) € B(a,€)}

+ n
e—0 k>1

= lim limsupn ' log#{u € |J Ty : diam([u]) = e |u| 'S}y X (u) € B(a, €)} = P (0).

+
e—0 n— 00 k>1

Notice that contrarily to what happens when T is endowed with dy, in general the
mapping o € [ — dim Ex () = P(0) is not concave when 0T is endowed with d4. For
instance, when X; = ¢;, the distortion induced by d,; can be observed by noting that

in this case P,(q) = ¢ — P~'(aq), which implies P*(0) = P*(a)/a for a € I.

Remark 1.2 When 0T is endowed with a random metric, our results should be com-
pared to those obtained in [63] (for Theorem 1.4) and [11, 34] in the context of Birkhoff
averages on conformal repellers (for Theorem 1.5).

Theorem 1.4 has the following generalization. Instead of (N, (X1, ¢1), (X2, ¢2),...),
consider a random (N, (X1, X;, ¢1), (X2, X2, ¢2), . . .) vector taking values in N, x (R?x
(R%)% x Ry )N+

Then we consider {(Nyo, (Xu1, Xuts Guts (Xuzs Xuzs Guz); - - uelJ, -,y @ family of

independent copies of (N, (X7, j(vlgl), (X2, X5, ¢2),...). If we denote by X7 (resp. X7)
the j-th component of X (resp. X), we can consider the asymptotic behavior of the
Sn X7 (t)>

SnXI(t)/1<j<d
all1<i1< Nand 1< 5 <d.

. The previous situation corresponds to )A(f = 1 almost surely for

vector (

For all (¢,t) € R? x R, let

S(g.t) = Zexp((QIYD — 1)

We assume that

V (g, t) e R xR, I~v>1, E(S(¢q,t)") +E(S(q, 1)) < 0. (1.8)
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If a=(a,...,aq) € R? and u € R, we define

a-Uu = (ozlul, c. ,adud).

For each ¢ € R? and a € R? there exists a unique ¢t = P,(q) € R such that
N —_—
]E(Zexp((q|Xi —a-X;) — tqﬁl)) =1.
=1

Theorem 1.6 Assume (1.8). Suppose that OT is endowed with the distance d, almost
surely. Let K = {a € R?: Pr(0) > 0}.

1. The set K is a non-empty compact connected set.

If K is a compact connected subset of RY set

Bex(K) = {reom: 0 {(%>1m :

2. With probability 1, for every compact connected subset K of RY, we have
EX,)?(K) # 0 if and only if K C K, and in this case dimEXX(K) =

inf e P2(0).

Remark 1.3 (1) When K is a singleton, Theorem 1.6 should be compared to the
results obtained in [11, 33, 9] for ratios of Birkhoff averages.

(2) Suppose that d = 1 to simplify the discussion. The special case X, = ¢; cor-
responds to study the level sets associated with the averages S, X (t)/S,¢(t), and it is
closely related to the multifractal analysis of Mandelbrot measures under dg4. A direct

application of the definitions yields P,(q) = 7(q¢) — ga where 7(q) is the convex func-
tion defined by E(Zi]L exp(gX; — T(q)qﬁz)) =1, so P*(0) = 7*(a), and this situation
appears as, and indeed is, similar to the case X, = ¢; = 1 considered in Theorem 1.2.

In the general case considered in Theorems 1.4 and 1.5, the introduction of ﬁa()
comes from the remark that the points ¢ such that S, X (t)/n — « tends to 0, are also
those for which S, (X — «)(t)/S,¢(t) tends to 0, hence the study of Ex(«) is reducible
to that of the level 0 S, (X — «)/S,¢, which, as we just said, is similar to that of the
level 0 of S, X/n when working under the metric d;. Such an idea seems to come from
[34] in the study of Birkhoff averages on conformal repellers.

Theorems 1.2 and 1.4 follow from Theorem 1.6. However, it turns out that the proof
of Theorem 1.2 simplifies the understanding of the proof of the other results. So, we
will first give the proof of Theorem 1.2 in Chapter 3, then explain in Chapter 4 the
(non direct) modifications needed to prove Theorem 1.4, and finally Theorem 1.6.

Now let us come to the refinement of the multifractal analysis announced in the
beginning of the introduction. It consists in a better description of the asymptotic
behavior lim,, . S, X (t)/n = « along the branches distinguished when considering the
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set Ex(a). Specifically, our goal is, given a sequence k(n) increasing to oo, to quantify
along the walk S, X (¢), how many blocks

AS, X (j,t) = SjnX(t) = S—1mX(t)
behave like nf3, with g # a.

Recall the definition of the Mandelbrot measures p, given above, which is the most

natural measure carried by Ex(VP(g)) with full Hausdorff dimension when 9T is
endowed with d;. For each ¢q € J, let

AjireRYes logE(Zexp (((a+ NX) — P(@))) = P+ N — Pla).  (1.9)

According to the quantified version of the Erdés-Renyi law of large numbers [25] es-
tablished in [8] (see specifically [8, section 3.4]) if we define for ¢ € 0T, B any Borel
subset of R? and any \ € R?

#{1<j<kn):

fin(B) = R 1

and
ALY = og | exp(n(Mle))dt (x). (1.10)

then, for all ¢ € J, with probability 1, for p,-almost every ¢, lim, o 5, X (t)/n =
VP(q) = VA,(0), i.e. t € Ex(VA,4(0)), and the following large deviations properties
hold (notice that by convention the concave Legendre transform defined in this pa-
per, which is convenient to express Hausdorff dimensions, is the opposite of the more
standard convex convention used in [§]) :

LD(q) :
(1) for all A € R? such that liminf, ., log(n > —A;(VA4(N)), we have

lim At n(A) = A (N);

n—oo n,

due to the Gartner Ellis theorem [24], this implies that for all A € R? such that
lim inf,, o BE) S A%(VA,(V)),

lim lim — log 1y, (B(VA(X), €)) = A2 (VA,(N)).

e—~0n—oo n

(2) For all A € R? such that limsup,, ,, 2e¢m) ~ =N (VA (), there exists € > 0

n

such that for n large enough, {1 <j<kn): AS” A5 X0 ¢ B(VA,(N), )} = 0.

In particular, for all ¢ € J, if we define
L@ (7 P(q)) = {t € Ex(VP(q)) : LD(¢) holds},

with probability 1, uq(E;}D(q)(Vﬁ(q)) > 0, hence we have the following fact.
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Proposition 1.2 Suppose that OT is endowed with the distance dy almost surely. As-
sume (1.5). For all g € J, with probability 1, dim EX°(VP(q)) = P*(VP(q)).

It turns out that to strengthen this result into a result valid simultaneously for all ¢ € J,
the simultaneous consideration of the measures p,, together with a combination of the

approach developed in Chapter 2 for the simultaneous study of the sets EX(Vﬁ(q))
and the approach of [8] to get the previous proposition seems to be not sufficient.
However, the family of inhomogeneous Mandelbrot measures that we will consider is
adapted to get the strong version. Notice that the previous result only deals with the
level sets Ex () with o € I. Indeed, when o € 81 N VP(R?), the function A, is well

defined as well as LD(q), but our approach fails. When o € 01 \ Vﬁ(RdL there is no
natural substitute to LD(q).

We also want such a strong version for any random metric dy. For this we assume

(1.7). In this case, according to Proposition 1.1, if o € I we can build the measure T~
of Theorem 1.5(2), which is carried by Ex(«) and of maximal Hausdorff dimension.

For o € I let
N o~
Agra s A ERY 5 1og E( D exp((MX) + {galXi —0) = Palaa)dn)).  (L11)
=1

When ¢; = 1 for all ©+ > 1, this corresponds to (1.9). Given an increasing sequence of
positive integers (k(n))ns1, for any « € I, define for any ¢ € N|* the large deviation
property (which given «, due to [8] applied to our context, is pointed out almost surely,
[g., o-almost everywhere)

LD(¢a, @) :
(1) for all A € R? such that liminf,_,. log(n( D > —A; o(VAg (X)), we have

1
lim —AL (M) = Ay, (M),

n—oo n,

so that for all A € R? such that liminf,_,, 26&0) ( D > =N (VA a(N),

lim lim — log ty,(B(VA(N), €) = Ao (VA o(N).

e—~0n—oo n

(2) For all A € R? such that limsup,,_,_ et ~ —A; o(VA a())), there exists

n

e > 0 such that for n large enough, {1 <j<k(n): AS" (]t € B(VA,, o(N), )} = 0.

Now define
E;{D(qma)@é) ={t € Ex(a) : LD(gq, @)) holds}.

We will prove in Section 5.2 the following result.

Theorem 1.7 Assume (1.6) and (1.7). Suppose that OT is endowed with the distance
dy almost surely. With probability 1, for all o € I, dim B O‘)( ) = Px(0).
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It is worth mentioning that changing the metric has changed the large devia-
tions principle LD(q) into LD(g,, ), so that the previous result says nothing about
dim E5”? () under dy when oo = VP(q) if ¢ is not a multiple of (1);>1. Then a natural
related question is : is it possible to find in Ex(a) other subsets of full Hausdorff di-
mension P*(0), each corresponding to a different large deviations principle for (g, ),>1
holding over its infinite branches?

It is now interesting to try I:))recising the information we obtained about Hausdorft
dimension of the sets EE(D(q“’a (o) by information concerning their Hausdorff mea-
sure when the gauge function varies. Our approach provides a 0-oo law for the sets
EXPU% () subject to dim EX>%* (@) < dim OT. Indeed the level set Ey(ag) of
maximal Hausdorff dimension has a particular status because it carries a Mandelbrot
measure of maximal Hausdorff dimension on (0T, dy), and the behavior of its Hausdortf
measures turns out to differ from that of the other sets Ex(«), because it is closely
related to that of OT. We refer the reader to [37, 53, 73] for the study of the Hausdorff
measures of 0T. We notice that in the deterministic case, such a 0-oc law has been ob-
tained in [58] when d = 1 for the sets Ex(«) seen as Besicovich subsets of the attractor
of an IFS of contractive similtudes of R satisfying the open set condition. Our result,
which is proved in Section 5.3, is the following.

Theorem 1.8 Assume (1.6) and (1.7). Suppose that OT is endowed with the dis-
tance dg almost surely. With probability 1, for all o € [ such that dimE <
dim OT, if F € {EX(oz),E;}D(q“’a)(a)}, for all gauge functions g, HY(E) = oo if
lim sup,_, o+ log(g(t))/log(t) < dim E' and HI(E) = 0 otherwise.

Let us give some simple consequences of our study. The first one concerns the
branching process itself. Assuming that the moment generating function of the random
variable N is finite over R, the previous results apply to the natural branching random
walk associated with the branching numbers, namely S,N(t) = Ny, + Nyjypp, + -+ +
Ny, ..., and provide, if N is not constant, geometric and large deviations information
on the heterogeneity of the birth process along different infinite branches. The same
kind of information can be derived for the branching random walk obtained from an
homogeneous percolation process : the X,, v € U,>1 N} are independent copies of
the same Bernoulli variable, and are independent of OT. The branching random walk
S, X (t) must be interpreted as the covering number of ¢ by the family of balls [u] of
generation not greater than n such that X, =1 (see [31] for related results concerning
some subsets of the sets Ey(«) on a dyadic tree). Then, our results also provide for
instance a joint multifractal analysis of S, N(t) and S, X (t).

1.2 Some comments and perspectives

1.2.1 Possible relaxation of the assumptions

We have deliberately assumed strong assumptions like (1.6) on the moment gene-
rating functions of the random walks to be sure to have a whole compact domain [
of study at our disposal, and be in a situation comparable to that of the context of
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Birkhoff averages of continuous potentials on conformal repellers, where this domain
is always compact, the pressure functions (analogues of P), being always defined eve-
rywhere, and with bounded subgradiant, because the potentials are bounded. In our
context, the analogous property would amount to assume that the random variables
X; and ¢;, 1 <1 < N are bounded, which is rather restrictive, and in this sense the
assumptions of the introduction are not so unsatisfactory. However they can be relaxed.

For Theorem 1.1, see Section 2.3.

For Theorem 1.2, the point is to consider the domain of the convex function P
as possibly smaller than RY. We will assume that it has a non-empty interior. This
makes it possible to define J = {¢q € dom(P) : VP(q) exists and P*(VP(q)) > 0}.
Then, if we assume that for all ¢ € J there exists v > 1 such that E(S(¢q)?) < oo, the
conclusions of Theorem 1.2 hold, except that Ix can cease to be compact (the other
conclusions of Proposition 3.1 about Iy remain valid). Otherwise, we can consider
J={qgeJ: 3~v>1:E(S(q)) < o<} (it equals J if N is bounded), and then
the conclusions of Theorem 1.2 hold for the compact connected sets of points a of
Ix for which there exists a sequence (qy)n>1 of points in J such that VP(g,) — a,
P*(VP(q,)) > 0 and P*(VP(q,)) > 0 as n — oo. Theorem 1.3 is also valid under
these assumptions.

For instance, if we consider for the X; i.i.d positive vectors with d i.i.d. a-stable
components (a € (0,1)), and independent of IV, there exists ¢ > 0 such that P(q) =
log(E(N)) —c YL, |q|® for ¢ € (—00,0]¢ and P(q) = +oo for ¢ € R\ (—o0, 0]¢, and we
find Ix = {ca(lg|*")1<i<a : log(E(N)) — (1 — a) Ly |g;]* > 0 and g € (—o0, 0]}

For Theorems 1.4 the following condition is a bit technical because closely connected
to the heart of the proof, but in the spirit of the previous lines. In general, the results are
valid for the compact connected sets of points o € I for which we can find a sequence

(¢n, 0t )n>1 in the interior of {(q, a) € RIxRY: ﬁa(q) and Vﬁa(q) are defined, ﬁa(q)—

<q|V§a(q)> >0and 3y >1: E((Zf\;l exp((¢|X; — - )7» — ﬁa(q)gbi))V) < oo}, such

that a,, — «, Vs, (¢n) = 0, and Py(¢n) — (¢u|VPalgn)) — P2(0), as n — oco. Similar
conditions can be stated in relation with Theorem 1.8.

The validity of Theorems 1.7 and 1.8 is based on Proposition 1.1, which already
requires the strong assumption (1.7). Nevertheless, under our assumptions and without
assuming (1.7), it is true that o — ¢, is well defined and analytic in a neighborhood of
oy, because ¢,, is clearly identified as being 0, and one can apply the implicit function
theorem. However, we were unable to prove that this neighborhood can be extended
to I in general.

1.2.2 Possible analogous results for the packing dimension

For all the sets Ex(a) and E;D(q“’a)(a), it is clear that packing and Hausdorff
dimension coincide, due to the self-similarity properties.

For the connected compact sets K of Ix, one expects dimp K = sup,cg ?; (0).
In fact, our approach as it is developed may provide this result for K in the interior
of Ix, and also an extension of Theorem 1.8 for packing measures, with a 0-oo law
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related to liminf, .o+ log(g(r))/log(r). However, we meet some difficulties to control
what happens when K touches the boundary of Iy (also for the Hausdorff measures of
the sets Ex(a) when a € 0lx). This is due to an not sufficient control of the right tail
at of the supremum of the total masses of the collection of inhomogeneous martingales
we build. However, we realized these last days that the solution may come from the
adaptation of some ideas in [14], in which case we would also have an alternative to
the uniform Kahane’s argument.

1.2.3 Some other perspectives

We briefly mention here that we strongly believe that our method is suitable to solve
related questions like (1) the multifractal analysis of Lyapunov exponents of products
of independent matrices on Galton-Watson trees; (2) strengthening the multifractal
analysis of statistically self-similar measures obtained in [17| under the open set condi-
tion, which does not obtain almost surely the whole spectrum but only its value for
each fixed singularity almost surely. We think inhomogeneous Mandelbrot measures
may introduce flexibility to control some delicate geometric aspects of the problem.
Finally, it would be interesting to study the possibility of combining our approach with
that of [51], to improve the partial results obtained there about the joint multifractal
analysis of the branching and the visibility measures.



Chapitre 2

Uniform result for the sets Ex ()
when o € Iy, and under the metric d;

Recall that J = {q € R?: P*(VP(q)) > 0}. We prove Theorem 1.1 by exploiting
the simultaneous construction of the Mandelbrot measures p,, ¢ € J. We will focus on
the lower bounds for the Hausdorff dimensions of the sets Ex(a), a € V.P(J), only,
since the upper bounds estimates follow the same lines as in Chapter 3. At the end
of the chapter, we will give some partial answers to the calculation of dim Ex («) for
a € 01, and we also give some information about the pressure like function

P(g) =Timsup ~ log (3 exp((glS,X(w))) (g € B

n—o0 ’U,ETn

used in Section 3.2 to get general upper bounds for the sets Ex(K). The main infor-
mation we collect from Section 3.2 is that, with probability 1, for all ¢ € R?¢ we have
P(q) < P(q), and for all o € R?, dim Ex(a) < P*(a) < P*(a).

2.1 Lower bounds for the Hausdorff dimensions

For (q,p) € J x [1,00), we define the function

¢(p,q) = exp(P(pq) — pP(q)).

and for ¢ € J and u € T' , we define the sequence

N -n
Yn(u7 q) — ]E(Ze(fIlXi)) Z e<Q|5\u\+nX(uv)—S|u|(u)>7 (n > 1>.
=1

vETH(u)

When u = (), Y,,(0, q) will be denoted by Y;(q).
The sequence (Yn(u, q))n> | Is a positive martingale with expectation 1, which converges

almost surely and in L' norm to a positive random variable Y (u, q) (see [45, 13] or [16,
Theorem 1]). However, our study will need the almost sure simultaneous convergence
of these martingales to positive limits (see Proposition 2.1(1)).

26
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Let us start by stating two propositions, the proof of which is postponed to the end
of this section. The uniform convergence part of Proposition 2.1 is essentially Theorem
2 of [16], with slightly different assumptions. However, for the reader convenience,
and since the method used by Biggins will be used also in proving Propositions 2.2
and 2.3, we will include its proof. The second part of Proposition 2.1 defines the family
of Mandelbrot measures built simultaneously to control the Hausdorff dimensions of
the sets Ex(VP(q)), ¢ € J, from below. Then Proposition 2.2 introduces suitable
logarithmic moment generating functions associated with these measures to get the
desired lower bounds via large deviations inequalities.

Proposition 2.1 1. Let K be a compact subset of J. There exists px € (1,2] such
that for all w € U,>o N7, the continuous functions ¢ € K — Y,(u,q) converge
uniformly, almost surely and in Ly, norm, to a limit ¢ € K — Y(u,q). In
particular, E(sup Y (u, q)P%) < oco. Moreover, Y (u,+) is positive almost surely.

geK

In addition, for alln >0, o({(Xu1, -+, Xun(w),u € Tp}) and o({Y (u,-),u €
Tn+1}) are independent, and the random functions Y (u,-),u € T,41, are a inde-
pendent copies of Y (+).

2. With probability 1, for all ¢ € J, the function

,uq([u]) = ]E( i_v:l €<Q|X¢))|Ue<q|Su|(U)>Y(u’ q)

defines a measure on OT .

For q € J, let

Lo(g,\) = ilog /8T exp (IS X () )dpg(t), (A € RY),

and

L(g,\) = limsup Ly,(q, ).

n—oo

Proposition 2.2 Let K be a compact subset of J. There exists a compact neighborhood
A of the origin such that, with probability 1,

lim supsup |, (g, A) — (P(q+ ) — P(g))| = 0, (2.1)

n—=00 y A qeK

in particular L(g, \) = P(q+ \) — P(q) for (¢,\) € K x A.

Corollary 2.1 With probability 1, for all ¢ € J, for pg-almost every t € 0T,

lim 2nX®) _ VP(q).

n—o0 n




28 LOWER BOUNDS FOR THE HAUSDORFF DIMENSIONS

Proof It follows from Proposition 2.2 that there exists ' C Q with P(Q') = 1, and
such that for all w € ', for all ¢ € J, there exists a neighborhood of 0 over Wthh
Ly (g, \) converges uniformly in A towards L(g, \) = P(q + \) — P(q).

For each w € (¥, let us define for each ¢ € J the sequence of measures {y,, }n>1 as
pe (B) = pe({t € T : £5,X(t) € B}) for all Borel set B C R?. We denote L(g, \) by
L,(X). Since

LulgN) = log || exp(n(Au)) dp, (),

it is known that for all closed subset I' of R, we have for all ¢ € J

hmsup—log,uqn(f‘) < sup L;(a).

n—o00 acl’

Let € > 0, and for each ¢ € J let A, = {a € RY : d(a, VL,(0)) > )} In
1
particular we have limsup —log pi;,,(Age) < sup Lg(a). In addition, since Ly(\) =
n—oo N ’

aEAG,e

P(qg+ )\) — P(g) in a neighborhood of 0, we have VL,(0) = VP(q) and L;(VLy(0)) =
0 = max L;. Moreover, since L, is differentiable at 0, we have L (a) < L} (VL4(0)) for
all a # VL ¢(0). Indeed, suppose that L;(a) = 0; then it follows from the definition of
the Legendre transformation and the fact that Lq (0) =0, that

YA ERY L,(\) > Ly(0) + (Ma),

hence a belongs to the subgradient of L, at 0, which reduces to {VL,(0)} since L, is
differentiable at 0.

Now, due to the upper semi-continuity of the concave function L, we have v, =
SUDaeqa. . Li(a) < 0.
qe 4

Consequently, for all ¢ € J, for n large enough, pg, (Agc) < ™o/ ie.

p({ € OT: 2 8,X(1) € Ayl}) < e

Then it follows from the Borel-Cantelli Lemma (applied with respect to p) that for

all ¢ € J, for pe-almost every t € 9T, we have 15, X (t) € B(VP(q),¢) for n large
enough. Letting € tend to 0 along a countable sequence yields the desired conclusion.

The next corollary uses the notations of the previous proof.

Corollary 2.2 With probability 1, for all ¢ € J, the sequence of random measure
(u;n)nzl satisfies the following large deviation property : for all X in a neighborhood
of 0,

lim lim log 11, (B(VLyg(N), €)) = LE(VLg(N)).

e—0n—oo n

Proof It is a consequence of Gartner Ellis theorem (see [22]).

We need a last proposition to get the lower bounds in Theorem 1.1. Its proof will
end the section.
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Proposition 2.3 With probability 1, for all ¢ € J, for p,-almost every t € 0T,

log Y (t,
i 08 (tn, @)

n—o0 n

=0.

Proof of the lower bounds in Theorem 1.1 : From Corollary 2.1, we have with
probability 1, p, (E (VP (q))) = 1. In addition, with probability 1, for s,-almost every

t € BE(VP(q)), from the same corollary and Proposition 2.3, we have

o log(ulty) o -1 )
Jim log(diam([t,])) lim o log (eXp ( (q| S X (1)) — np(q))y(tlm q>)
- ﬁ(qHJE&Wﬂ%W

= P(q) - (q|VP(q)) = P*(VP(q)).

This implies that the lower Hausdorff dimension of p, is equal to P*(VP(q)), hence
dim Ex(VP(q) > E(VP(q).

Before giving the proofs of the previous propositions, we will first recall the Cauchy
formula for holomorphic functions in several variables.

Definition 2.1 Let d > 1. Asubset D of C? is an open polydisc if there exist open
discs Dy, ..., Dq of C such that D = Dy x ... x Dy. If we denote by ¢; the centre of D;,
then ¢ = (Cy, ..., Ca) is the centre of D and if r; is the radius of D; then r = (r1,...,74)
is the multiradius of D. The set 0D = 0Dy X ... x 0Dy is the distinguished boundary
of D. We denote by D((,r) the polydisc with center ¢ and radius r.

Let D = D((,r) be a polydisc of C* and g € C(OD) a continuous function on OD.
We define the integral of g on 0D as

/ G(O)dCr.dCa = (26m) 1. / g(C(0))e2™_e20aqp, . db,,
oD

[0,1)¢
where C(0) = (¢1(0), ..., Ca(0)) and ;(0) = ¢ + rje®™ for j =1,....d.

Theorem 2.1 Let D = D(a,r) be polydisc in C* with a multiradius whose components
are positive, and f be a holomorphic function in a neiborhood of D. Then, for all z € D

1 f(Q)d¢y...dy
flz) = (2d7)d /BD (€= 21)--(Ca — za)

It follows that
sw |f(z) <2 [ () d6y...db (2.2)

z€D(a,r/2) [0,1

Now, we give the proofs of the previous propositions. We start by reminding that
we assumed (1.4) :

3 g€ J—p, €(1,00), C” and such that E(S(q)pq) < oo forall g e J.

Next we establish several lemmas.
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Lemma 2.1 For all nontrivial compact K C J there exists a real number 1 < px < 2
such that for all 1 < p < px we have

sup ¢(pr,q) < 1.
qeK

Proof Let ¢ € J, since P*(VP(q)) > 0 one has g—ﬁ(lﬂ q) < 0 and there exists p, > 1
such that ¢(p,,q) < 1. Therefore, in a neighborhood V; of ¢, one has ¢(p,q¢’) < 1 for
all ¢ € V,. If K is a nontrivial compact of J, it is covered by a finite number of such
V,, and for all ¢ € K one has ¢(px,q) < 0 with px = iIilqui. Now, if 1 < p < pg

and sup,cx ¢(p, q) = 1, there exists ¢ € K tel que ¢(p,q) = 1. By log-convexity of the
mapping p — ¢(p, q) and the fact that ¢(1,¢) = 1, there is a contradiction.

Lemma 2.2 For all compact K C J, there exists px > 1 such that,

supE(( g: e<q|Xi>)5K> < 0.

geK i=1

Proof Since ¢ — p, is continuous, there exists px > 1 such that we have

N
((Ze‘”X ) ><oo for all ¢ € K.

=1

Then the result follows from the same continuity argument as in [16, p. 141].

The next lemma comes from [16].

Lemma 2.3 If{X,}ics is a finite family of integrable and independent complex random
variables with BE(X;) = 0, then E| S ier Xi|P < 2P S E|X; P for 1 <p < 2.

Lemma 2.4 Let (N,Vy,Va,--+) be a random vector taking values in N, x CN+ and
such that S-N Vi is integrable and ]E( N V;) = 1. Let M be an integrable complex

random variable. Consider {(Nu, Vi, Vo, - - a sequence of independent co-

')}HGUnEO Ni
pies of (N, Vi,--+ ,Vx) and {M“}UGUnm Ne O Ssequence of copies of M such that for

all n > 1, the random variables M(u), u € N%, are independent, and independent of
{(Nu,Vul,Vug, . )} eUr=i N . We define the sequence (Z,)n>0 by Zo = E(M) and for
n>1

= 3 (1] Vi) M(

u€T, k=1

Let p € (1,2]. There exists a constant C,, depending on p only such that for alln > 1

B2, — Zoal) < GEQMP(ECS IP) ™ (BOSIV) + B ) +1).
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Proof The definition of the process Z,, gives immediately

Zi—Zin= Y I Vulk(ZVmM (ui) — M(u)). (2.3)

u€ETyp—1 k=1
For each n > 1 let F,, = 0{(Nu,Vu1,...) Cul < n— 1} and let F;, be the trivial
sigma-field. The random variable Z,, — Z,,_; is a weighted sum of independent and
identically distributed random variables with zero mean, namely the random variables
N ViiM (ui) — M (u), which are independent of F,,_;. Applying the Lemma 2.3 with

li[ u‘k(ZVuzM (ui) — M(u))7 (ueTy),

given F,_1, and noticing that the weights Hz;l Vu‘k, u € T,_1, are F,,_1-measurable,
we get

E(|Zy ~ Zarl?) = E(E(1Z,— Zual?) | ]—"n_l)
< E(r ¥ i Vi ] ZVmM ui) = M(u)[").
ueT,_1 k=1
n—1 N
It is easy to see that IE( > H |Vu|k|p) =11 E(Z |Vi|p). Using the inequality
u€Tp_1 k=1 k=1 i=1
o +y[" < 277 (|2l + [yl7), (r > 1), (2.4)

we get

Ny, Ny,

E(|> VieM(ui) = M(u)|") < 27'B(| Y ViaM (ui)|” + E(IM])?).

i=1 1=1

Write M (ui) = M (ui) — E(M (ui)) +E(M(ui)). Then from the inequality (2.4), we get
Ny

E(| Z ViiM (ui)|") = E(| Z Vi (M (ui) — B(M (ui))) + Vo E(M (ui)|")

§2p_1E(‘z;Vui(M(Ui)—E(M( ui)))|") + 2P 'E(|M|")E \ZVW

It follows, from the Lemma 2.3 applied with X; = V,;(M (ui) — E(M (ui))), and from
the independence of M (ui) and (N, Vi1, -+, Vun, ), that

E(\ 12_31 Vs (M (i) — E(M(m)))]p) < 2PE( 2 \VM(MW) - E(M(m‘)))‘p)

< 2B(|M(w) ~ B @) B Val)
< 2VE(MP)E(Y V).

Finally, we have

E( f;vmwuz‘))”) < opE|M|p>(E(z; Vi) +B( Vi) + 1).
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Now we prove Propositions 2.1 and 2.2.

Proof of the Proposition 2.1 : (1) Recall that the uniform convergence result uses
an argument developed in [17]. Fix a compact K C J. By Lemma 2.2 we can fix a
compact neighborhood K’ of K and pg: > 1 such that

E (gl X:) \P/
sup ((Ze )< < oo.

By Lemma 2.1, we can fix 1 < px < min(2, pxr) such that sup ¢ ¢(px,q) < 1. Then
for each ¢ € K, there exists a neighborhood V, C C? of ¢, whose projection to R? is
contained in K’, and such that for all u € T and z € V,, the random variable

e(leU>

E( iv: e<z|><i>)
=1

W, (u) =

is well defined, and we have

sup ¢(pk, z) < 1,
2€Vq

where for all 2,2’ € C? we set ( Z z;Z;i, and

E( SN |elelXo)
’E( ﬁ: et ) [
=1

By extracting a finite covering of K from U V., we find a neighborhood V' C C? of K
qeK

)

¢(pK7 Z) =

such that

sup ¢(pr, z) < 1.
zeV

Since the projection of V to R? is included in K’ and the mapping z
E( N, el#%9) is continuous and does not vanish on V, by considering a smaller neigh-
borhood of K included in V' if necessary, we can assume that

Ay = supE(‘ Ze X0

zeV

—PK
‘E Ze |X ' +1 < o0.

Now, for u € T', we define the analytic extension to V' of Y,,(u, ¢) given by
Z W (u-vy) - Wo(u-v---vy,)

vET R (u)
N
= veT(u)

We denote also Y, (0, z) by Y, (2). Now, applying Lemma 2.4, with

N
Vi = X0 E( S BN and M =1,
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we get

E(|Ya(2) = Yaoa(2)[)

< G (E(S WP (E(S Vi) + B S Vi) +1).

=1 =1 =1
Notice that E( =, [Vil" ) = ¢(p. 2). Then,

E([Yo(2) = Yoo (2)[”)
< Gy sup ¢(px, 2)" + Cpye Ay sup d(pxc, 2)" .
zeV zeV

With probability 1, the functions z € V +— Y,,(2),n > 0, are analytic. Fix a closed
polydisc D(zg,2p) C V. Equation (2.2) gives

sup |Yu(z) = Y,1(2)| < Qd/ ‘Yn(zo +2pe™) — Y, 1 (20 + 2pei2”t)’ dt.
z€D(z0,p) [0,1]¢

Furthermore Jensen’s inequality and Fubini’s Theorem give

E( sup Y, (2) — Yn,l(z)]pK)
z€D(z0,p)
< E((Qd/[ " ‘Yn(zo +2pe™®™) — Y, 1 (2 + 2pei2”t)‘ dt)pK)
0,1
< 2deE(/ ) ’Yn(zo +2pe?™) — Y, 1 (20 + 2pei2”t)‘pK dt)
[0,1]
< ok / ) E ’Yn(zo +2pe™®™) — Y, _1 (2 + 2pei2”t)’pK dt
[0,1]

< QdPKC'pK su‘li d(pr, 2)" + Cpye su‘l/) o(pr, z)"_lA.
zEe ze

Since sup ¢(px,z) < 1, it follows that H sup |Yu(z) = Y,._1(2)] H < 00. This
2V n>1 #€D(z0,p) K

implies, z — Y,,(z) converge uniformly, almost surely and in LPX norm over the compact
D(zp, p), to a limit Y (z). This also implies that

sup Y(2)
z€D(20,p)

< Q.
PK

Since K can be covered by finitely many such polydiscs D(zg, p) we get the uniform
convergence, almost surely and in LPX norm, of the sequence (¢ € K +— Y,(q))n>1 to
q € K — Y (q). Moreover, since J can be covered by a countable union of such compact
K we get the simultaneous convergence for all ¢ € J. The same holds simultaneously
for all the function ¢ € J — Y, (u,q), u € Un>o N}, because J,>o N} is countable.

To finish the proof of Proposition 2.2(1), we must show that with probability 1,
g € K — Y(q) does not vanish. Without loss of generality we can suppose that
K = [0,1]4 If I is a dyadic closed subcube of [0,1]%, we denote by E; the event
{3qel:Y(q) =0} Let Iy, I, -, Ia_; stand for the descendants of I. The event
E; being a tail event of probability 0 or 1, if we suppose that P(E;) = 1, there exists



34 LOWER BOUNDS FOR THE HAUSDORFF DIMENSIONS

j€{0,1,---,29-1} such that P(E;,) = 1. Suppose now that P(Ex) = 1. The previous
remark allows to construct a decreasing sequence (I(n)),so of dyadic subscubes of K
such that P(Ejq)) = 1. Let gy be the unique element of N,>/(n). Since ¢ — Y(q)
is continuous we have P(Y(qy) = 0) = 1, which contradicts the fact that (Y,(qo))n>1
converge to Y(qg) in L.

(2) It is a consequence of the branching property

N ~
Yn+1(ua Q) = Z e<q|Xui)_P(Q)Yn(Uia Q)
=0

Proof of Proposition 2.2 : Let K be a compact subset of J. Since for all ¢ € K,
we have ¢ + 0 € J, there exists a compact neighborhood A of the origin such that
{g+X:ge K, eACcJ Let R={q+A:qe K,AN€ A}. Forge K and ) € A we
define

Fo(q,\) = Z e<q+/\\SnX(U)>*n13(q)y<q’u)

UGTn
and

Fo(q,\) nP
Z(g\) = — 270 — (g+A[Sn X (u))=nP(g+A)y '
0 = &F ) ~ 2 (@)

As in the proof of Proposition 2.1, we can find pg € (1, 2] and a neighborhood V' x V) C
C? x C? of K x A such that the functions

N -n
Fn(Z, Z,) _ (E<Z€<z+z/‘){1>>> Z 6<Z+Z/‘S"X(u)>Y(Z,U),
i=1 ueTy

and

Fo(z,2")

252 = FiE, (o)

are well defined on V' x V}, and

SUP,scy, SUP,cy O(Pr, 2 + 2') < 1,

N
Avsvy = sup E(‘ 3 el 1K)
(2,2")EV X V) i—1

N , —PR
E(Ze<z+z ‘X”) +1< o0
i=1

;DR)

Suppose that for each (2, 2() € V x V and p > 0 such that D(zp,2p) x D(2{,2p) C
V x Vi we have

> E( sup | Z0(2,2") — Zp_1 (2, z')|pR> < 00. (2.5)

n>1 (2,2")€D(20,p) X D(2{,p)

Then, with probability 1, (z,2') — Z,(z, 2’) converges uniformly on D(zg, p) X D(z, p)
to a limit Z(z, 2'), whose restriction to K x A can be shown to be positive, in the same
way as Y (-) was shown to be positive. Since K x A can be covered by finitely many
polydiscs of the previous form D(z, p) x D(z(, p), we get the almost sure uniform
convergence of Z,(q,\) over K x A to Z(q,A) > 0, hence the almost sure uniform
convergence of ~log(Z,(g, A)) to 0 over K x A. This yields the conclusion.
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Now we prove (2.5). Given (z,2') € V' x Vi, applying Lemma 2.4 with

N
V; = eI E(SY T e HIN)) and M =Y (2),

Jj=1

we get

E(|Zn(2,2") = Zp-1(2,2)|"")
< CprE(|Y (2)[")(d(pr, 2 + 2)" + Avsy d(pr. 2 + 2)" 7).

For 2 = (2,7) e V.x Vyand n > 1 let M,(2) = Z,(2,7') — Z,_1(2,2"). With
probability 1 the functions z € V x Vi +— M,(2), n > 1, are analytic. Fix a closed
polydisc D(Zy,2p) C V x Vi with p > 0. The Cauchy formula gives

sup | My (3)] < 22 / M,y (Z0 + 2pei2™)|dt.

ZED(;o,p) [0»1]2d
Furthermore Jensen’s inequality and Fubini’s Theorem give

E( sup |Mn(§)\m>
z2€D(Zo,p)

E((QQd/

[071]2d

22dpR]E( /

[071]2d

92dpr / E ’Mn(zo + 2p6i27rt)’pR dt
[0,1]2d

IA

M, (% + 2pe™™)| dt)Pr)

IA

My (2o + 2pe™)|"™ dt)

IN

IA

22rC, E(sup Y (2)[7)
zeV

< sup  P(pr, 2+ 2)" + Ayxy, sup  d(pr, 2z + z')”’l))
(2,2/)EV XV (2,2")EV XV

Since sup(, ,ney v, o(pr, 2z + 2') < 1, we get the conclusion.

Proof of the Proposition 2.3 Let K be a compact subset of J and A € {—1,1}. For
a>0,qge K andn > 1, we set

E),={t€0T:Y(tn,q* > a™}.
It is sufficient to show that for A € {—1,1},

E(ngg > 1g(E,)) < oo (2.6)

n>1

Indeed, if this holds, then with probability 1, for each ¢ € K, 3,51 uq(Eﬁya) < 00, for
all A\ € {—1,1}, hence by the Borel-Cantelli lemma, for p,-almost every ¢t € 0T, if n is
big enough we have

1 1
—loga < liminf —log Y (¢, q) < limsup —log Y (¢,,q) < loga.
n n—oo T

n—oo

Letting a tend to 1 along a countable sequence yields the result.
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Let us prove (2.6) for A =1 (the case A = —1 is similar). At first we have,

sup fig(Ey ) = sup > pg([u]) iy (ug>an}

geK 9€K 4eT,
= sup »_ IOV (u ) Ly (0 g)san)
geK ueTy
< sup Y €<q|snx<u>>e—nﬁ<q)(y(u Q) Hra, v > 0.
qeK u€Ty,

For ¢ € K and v > 0, we set H,(q,v) = Y e<q|S"X(“)>e_”ﬁ(q)a_””, and we have

u€Ty
E(sup pg(Ep,)) < E(supY(q)'*)E(sup Ha(q,v)). (2.7)
geK qeK qeK
Lemma 2.5 Let H,( (Ze 21X ) - Z IS X W) = " There exists a neigh-
u€Ty

borhood V.C C? of K such that, for all z € V, for all n € N*,

E(|Hy(z,v)|) <a ™/ (2.8)
Proof For z € C? and close to K,

j':[/l(Z’ V) — ‘E( Z €<Z|Xi>) ’,

N

is well defined since E(Ze<z|xi>) does not vanish. Let ¢ € K. Since E(H,(q,v) =
i=1

Hi(q,v)) = a™", there exists a neighborhood V, C C? of ¢ such that for all z € V,, we

have E(‘ﬁl(z, I/)D < a~/?. By extracting a finite covering of K from U Vg, we find a
qgeK

neighborhood V' C C? of K such that E(‘ﬁl(z, V)D < a7v/? for all z € V. Therefore,

E(|H,(2,v)|) = E(3 )" B(| 3 elsX]) g

i=1 u€Ty
S E( Zl €<z|X )) E( ZT ‘e(z\SnX(u» ‘) a~ ™
1= uelp

N . N
= |[E(D B0 E(Z‘€<
= i=1

< E(‘Hl(z,y)‘)n <a ™2

With probability 1, the functions z € V' +—— H,(z,v) are analytic. Fix a closed polydisc
D(zp,2p) C V, p > 0. Cauchy’s formula gives

sup ’H z 1/)‘ < Qd/[o,l]d

2€D(z0,p)

H, (20 + 2pe™™, V)’dt.
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Furthermore Fubini’s Theorem gives

E( sup [Ha(z,v)|) < E(Zd/[ ]d‘Hn(zo%—QpeiQ“t,y)‘dt)
0,1

2€D(20,p)
< 2d/ E|H,(z0 + 20¢™", v)| dt
[0,1]¢
< 2da—nu/2‘
Taking v = px — 1 in (2.7), we get

E( sup /qu(E}l’a)) < QdE( sup Y(q)pK)a*”(Pkfl)/Q_
qeEK qeEK

Since ]E(sup Y(q)pK> < 00, we get (2.6).
qgeEK

2.2 Behavior of P(q) outside J and partial results for
a € 0l

We have proved that, with probability 1, for all a € I , we have

dim Ex (a) = P*(a) = P*(a).

_ Also, as a consequence of Proposition 2.1, by considering log(Y;,(q))/n we have
P(-) = P(-) almost surely on J. For a ¢ I, we have P*(«) < 0, then the set Ex(a) = 0.
So, it is naturally to ask :

1. What is the value of P outside J
2. Why the previous method no longer works when a € 01?7
3. Is, for o € OI, the set Ex(«) non-empty, and if so what is its Hausdorff dimen-

sion ?

The last question is solved in Theorem 1.3, but we will give in this section some
weak results in this direction.

2.2.1 Answer to the question 1.

~ Let 87 = {v e R*: ||z|| = 1}, and consider, for v € S%, the mapping P iA>0—
P*(VP(\v)). Since the concave function P* reaches its supremum at A = 0, we deduce

that P is a decreasing function. Then, we can define for all v € S¢

Ay = sup{A > 0: [0, \w[C J},

and we have the following proposition.

Proposition 2.4 With probability 1, for v € S, we have
1. If Ay = 00, then ¥ X >0, P(\v) = P(\v).
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2. If Ay, < oo, then, ¥V 0 < X < A, P(hw) = P(w) and ¥ X > A,, P(\) =
MV P(A0)|v).
3. If A\, < o0, then YA > X\, P*(VP(\v)) < 0 and P*(VP(\v)) = 0.

Proof. (1) and (2). Here we follow the approach used in [66] to obtain the L? spectrum
of Mandelbrot measures.

Recall that, with probability 1, for all ¢ € J, we have ﬁ(q) = P(q). Then, with
probability 1, Vo € STand V0 < X < A,
P(\u) = P(\u).

Let v € S such that \, < oo. In this case, we have Ay € 8J and P*(VP(A\wv)) = 0,
so that _ _

P(A\,v) = A (VP(A0)]v).
Thus, the line A : y(\v) = MVP(A)|v) is the tangent to the graph of P at
(Ayv, P(Ayv)). Since P is convex, YA € Ry, P(Av) > Av, VP(A\,v)). On the other
hand, for each A\ > A,

> (el X)) = 3 el X))

u€eTy u€T,

< [ exp((Ao]S, X ()] ™,

UETn

which implies that P(\) < 2P(A,0) = 2 P(Aw) = A(VP(A0)[v) = M(VP(A\0)[v).

(3) Let v € S such that A\, < oco. From (2), we have for all A > X, that
(VP(A\v)|v) = (VP(Mv)|v). Moreover, P(Av) = A(VP(\,v)|v), so that P*(VP(\v)) =
0. And since A\,v € 9J, we have A\v ¢ J, so that VP(A\v) ¢ I, hence P*(VP(\v)) < 0.

2.2.2 Partial answer to the second question

Let a € 01, then two cases can occur.
1. There exists ¢ € 9.J, such that a = Vﬁ(q). Then ﬁ*(a) = 0. Also, %(1,(]) =0,
so we cannot find p > 1 such that ¢(p,q) < 1 and Lemma 2.1 is not verified.

2. There does not exist ¢ € 8.J such that o = VP(g). In this case, P*(c) > 0 and
there exists a sequence (g,),>1 converging in norm to oo and o = lim VP(qn).

- n—oo

In this situation, there is no ¢ to construct the Mandelbrot measure ji,.

This problem was solved in dimension 1 in [7], and when d > 1 we have the following
result.

Theorem 2.2 Let o € 1. Assume that
R(a): FveS? such that a = )\lin/’\l VP(\)
— v
holds. Then with probability 1, diim Ex(c) = P*(a).

Proof Notice first that if o € I and o = VP(g) for some ¢ € .J then condition R
holds true automatically. But, R is difficult to check when A\, = oo.
Under R, we can go back to dimension 1, and the proof is given in [7].
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2.3 Remarks

1. To estimate the dimension of the measure j,, we could have introduced, the
logarithmic generating functions

1
Lolg,s) = 1o [ palwn)'dug(a), (2 € J. s €R),

and studied their convergence in the same way as L,(q,s) was studied in Pro-
position 2.2. However, we would have had to find an analytic extension of the
mapping ¢ — Y (¢)'™*, almost surely in a deterministic neighborhood of any com-
pact subset of J in order to apply the technique using Cauchy formula. It turns
out that the existence of such an extension is not clear, but assuming its exis-
tence, the same approach as in the proof of Corollary 2.1 would give the Hausdorff
dimension of p,. If we only seek for a result valid for each ¢ € J almost surely,
then it is not hard to get the almost sure uniform convergence of s Zn(q, s)
in a compact neighborhood of 0 towards s — P(q(1+s)) — (1 + s)P(q), and the
same approach as that of Corollary 2.1 yields the dimension of .

2. The method used in this paper is not a direct extension of that used in [2] for the
case d = 1 on homogeneous trees. Indeed, in 2] the complex extension is used
to build simultaneously the measures ji,, but the proof that, uniformly in ¢, g,
is carried by Ex(P’(¢q)) and has a Hausdorff dimension P(q) — ¢P’(q) uses a real
analysis method, which seems hard to extend when d > 2.

3. Our assumptions can be relaxed as follows. We could assume that~1g is finite
over a neighborhood V' of 0, consider Jy = {q € V : P(q) — (¢|VP(q)) > 0},
and suppose that there exists a continuous function ¢ € Jy — p, € (1, 00) such

that E((Zf;l e<q|Xi>)pq) < oo for all ¢ € Jy. Then the same conclusions as in
Theorem 1.1 hold with I = {VP(q) : q € Jy'}.



Chapitre 3

The Hausdorft dimensions of the sets
Ex(K) under the metric d;

This chapter is devoted to the proof of Theorem 1.2.

3.1 The domain of study

_ Recall that Ix = I = {a € R? : P*(a) > 0}. Define also J = {g € R® :
P*(VP(q)) > 0}.

Proposition 3.1

1. I is convex, compact and non-empty.

2. 1={VP(q):qeJ}, and = VP(J).

Proof Recall that we can assumed (1.1).

(1) At first notice that / contains VP(0) (P*(VP(0)) = ;]5(0) = log(E(N)) > 0). The
convexity of I comes from the concavity of the function P*. The fact that I is closed
results from the upper semi-continuity of P*. It remains to show that I is bounded.
Suppose that this is not the case. Let (ay,)n>1 € I+ which tends to oo as n tends
to 0o. Since S?! is compact, without loss of generality we can assume that (Hg—zll)nzl

converges to a limit u € S9! as n — oo. Let A > 0. From the definition of P*, since
P*(a) > 0, we have

0 < P(w) = Mulay) = P(Au) — Ml ow|u) + Mulllan|Ju — o)
P(x) — Mall(1+ <u’u— © ).

vl

Since ﬁ converge to u as n — oo, this yields
n

P(Au) > Aoy, [|(1+0(1)) asn — oo,

40
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hence P (Au) = oo for all A > 0. This contradics the finiteness of P over R?,

(2) We first notice that (1.1) implies the strict convexity of P, hence the second
differential of P is positive definite, so VP is a diffeomorphism from J onto its
image. Indeed, suppose that there exists ¢ # ¢ € R? and A € (0,1) such that
P(Aqg+(1=)N)q) = AP(q)+(1—=X)P(q¢’). Applying successively the Holder inequality to

N exp((q| X)) exp({¢'| X;))=* in RN and E(Z/\Z’I_A) with Z = ( N exp((q|Xi>)))\

1-2
and Z = <Z,f\;1 exp((q'|Xi))) , we see that this forces the existence of a determinis-

tic ¢ € R such that exp((q|X;)) = cexp({¢'|X;)) almost surely for all 1 <4 < N, in
contradiction with (1.1).

The previous lines imply that I # () since it must contain VP (/), which is an open
set. Now, we use the general facts about the concave function P* : its domain, i.e.
{a € R?: P*(a) > —o0}, is included in the closure of the range of VP, and its interior
is included in the image of VP (see |71, Sec. 24, p. 227|).

Suppose that o € I and there exists a sequence (qy,)n>1 of vectors in R? such that
o = lim,_,0o VP(g,) and P*(VP(q,)) <0 for all n > 1. Then the concave function p*
being continuous at «, we have P*(a) = 0. Since VP(0) € I and P*(VP( )) = P(0) >
0 (or more generally since J 7 (), the concavity of P* implies that P* takes negative
values over I which is excluded by definition of I. Thus IcC VP(J ). Consequently,

[ =VP(J)and I =VP(J).

Corollary 3.1 Let D be a dense subset of J. For all a € I, there exists a sequence
(Gn)n>1 of elements of D such that lim, o VP(q,) = a and lim, o P*(VP(g,)) =
P*(«).

Proof Fix a point 8 € I\ {a}. The restriction of P* to [B,a] is continuous, since P+
is concave and upper semi-continuous. Thus lim,_,o+ P*(t3 + (1 —t)a) = P*(«a). For
each integer n > 1 let a,, = n™ '8+ (1 —n~')a. This point is in I, so it takes the form
VP()\,) with \, € J. Since D is dense i in J and ff(VPN( )) is continuous, we can find
¢n € D such that |\, — ¢,|| < 1/n and |P*(cv,) — P*(VP(qn))| < 1/n. By construction
the sequence (g, )n>1 is as desired.

3.2 Upper bounds for the Hausdorff dimensions

Let us define the pressure like function

P(g) = timsuplog (Y exp((alS, X () (4 € BY) (3.1)

n—oo
u€Ty

Proposition 3.2 With probability 1, P(q) < P(q) for all ¢ € R®.



42 UPPER BOUNDS FOR THE HAUSDORFF DIMENSIONS

Proof The fonctions P and P being convex, we only need to prove the inequality for
each ¢ € R? almost surely. Fix ¢ € R For s > P(q) we have

E(Y_e™ > exp((qlSnX () = Ze_"SE(;eXp(@IXD))"

n>1 u€T, n>1

_ on(P(@)—s)

n>1

Consequently, > e Y exp({¢/SnX(u))) < oo almost surely, so that

n>1 uETy

> exp((qSn X (u)) = O(e™) and P(q) < s. Since s > P(q) is arbitrary, we have
UETn
the conclusion.

For o € R? let

Ex(a) = {te@T:ae N {SnX(t) :nzN}}.

N>1 n

Proposition 3.3 With probability 1, for all o € R%, dim Ex(a) < P*(a), where
P*(a) = inf cga P(q) — (q|a), and a negative dimension means that Ex(«) is empty.

Proof We have
Ex(@) = N U{tedT:|IS,X(t) —nall < ne}

NN ULteoT: [@SiX ) - na)l < nlalle)

Fix ¢ € R? and € > 0. For N > 1, the set E(q, N,¢,a) = Upsn{t € 9T : [{g|S, X (t) —
na)| < n|lq|le} is covered by the union of those [u] such that v € T,, and (¢|.S, X (u) —
na) + nl|g|le > 0. Consequently, for s > 0,
Hen(E(q,N,e,0)) < > > e ™exp((g]SnX (u) — na) +nl|g|e).
n>N ueTy,
Thus, if n > 0 and s > P(q) +n — (g|la) + ||lg|le, by definition of P(q), for N large
enough we have

Hg—N (E(q7 Na €, O‘)) < Z efnn/Z.

n>N
This yields H*(FE(q, N,€,a)) = 0, hence dim E(q, N, ¢, ) < s. Since this holds for all
n > 0, we get dim E(q, N, ¢, ) < P(q) — (qla) + ||g||e. Tt follows that

dim Ex (a) < inf inf P(q) — (q|e) + ||q]le = P*(a).
g€eR >0
If P*(a) < 0, we necessarily have Ex (o) = 0.

Corollary 3.2 With probability 1, for all compact connected subset K of R?, we have
Ex(K)=0if K ¢ I, and dim Ex(K) < inf,cx P*(a) otherwise.

Proof We have Ex(K) = Nack Ex (). Consequently, due to the previous proposition,
if K ¢ I, Ex(K) = (. Otherwise, dim Ex (K) < infoex dim Ex () < infaex P*(a) <
inf,e P*().
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3.3 Construction of inhomogeneous Mandelbrot mea-
sures and lower bounds for the Hausdorff dimen-
sions of the sets Fy(K)

3.3.1 A family of inhomogeneous Mandelbrot martingales
The set of parameters
Recall that J = {q € R : P*(VP(q)) > 0}. For (¢,p) € J x [1,00), let

¢(p.q) = P(pq) — pP(q).

Let (D;)j>1 be an increasing sequence of non-empty set of J, such that D; has
cardinality j and D = {J;>1 D; is a dense subset of J. Without loss of generality we

assume that VP does not vanish on D (this will be used in (3.14)).

Let (N;);>0 be a sequence of integers such that Ny = 0, and that we will specify at
the end of this section.

Then let (M;);>0 be the increasing sequence defined as

J
M; =" Ny for all j > 0. (3.2)
k=1

For n € N, let 7, denote the unique integer satisfying

Mjn +1 S n S Mjn+1.

We will build a random family of measures indexed by the set of sequences
T ={0=(@)r>1:V] 20,0041 = Q42 = - = Qi € Dy} (3.3)

Since each D; is finite, so compact, for all 7 > 1, the set J is compact for the metric

- ’CJk - QH
d(o = (qk)r>1, o= (q’)k>1) = g~k __HF ARL
- = ;; 1+ |gx — ¢

For 0 = (qx)r>1 € J and n > 1 we will denote by g),, the sequence (gi)1<k<n-

Inhomogeneous Mandelbrot martingales indexed by J

For each f € (0,1], let W3 be a random variable taking the value 1/ with proba-
bility S and the value 0 with probability 1 — 5. Then let {Wﬁ,u}ueu o7 be a family
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of independent copies of Wj. Denote by (€23, Ag,P3) the probability space on which
this family is defined.

We naturally extend to (2 x Q, A3 @ A,Pg ® P) the random variables W3, and
the random vectors (Nyg, Xu1, Xu2),...) as
Wau(ws,w) = Wpu(ws)
(Nu()(wﬁ)w)) Xul(wﬂa CU), Xu?(wﬂa w)a .. ) = (NUO(W)a Xul(w)7 XUQ(("))? .. ')7

so that the families {Wautuey  nn and {(Nuo, Xu1, Xuz, .. ) }bue(y, . nn are inde-
pendent. - -

The expectation with respect to Pg ® P will be also denoted by E.

Forn > 1 and f € (0, 1], we set F = o((Ny, Xur, Xua,- ) 0 € Upo NI ) and

Fan = U(Wg,ul, Wz, .-.) - u € U N’fr_l). We also denote by Fy and Fg the
trivial o-field.

If BE(N) > 1, the random variables Ng,(wg,w) = sV () 1313 (Wgui(wg)) define
a new supercritical Galton-Watson process to which are associated the trees Tg,, C T,
and Tg,(u) C Th(u), w € Un>o N, n > 1, as well as the infinite tree Tg C T and the
boundary 0Tz C 0T conditionally on non extinction.

For v € Up>o N, 1 <i < N(u) and 9o € J we define

exP((quf+1|Xus)) ~
Wi = ——p i — exp((qui 1| Xui) — P(quis1)),

E(> exp({qu+11Xi))

=1

and

Wﬁ,ui eXp(<Q\uH—1 ’Xm>>
N

E( Waiexp((qu+1]Xi))

i=1

(since E(Wg,;) =1 and (E(Wjs,))i>1 and (V, (X;);>1) are independent).

W/3797Ui = = Wﬁ,uiWQ,ui

For 0 = (qx)i>1 € T, v € Up>o N and n > 0 we define

Y, (o,u) = Z H |-

v1- U €Ty (u) k=1

Yn(ﬁu o, u) = Z H Wﬂ,g,u'vl"'vk

v1-vp €Ty (u) k=1

When u = ) those quantities will be denoted by Y,,(0) and Y, (8, 0) respectively, and
when n = 0, their values equal 1.

For 8 € (E(N)~',1], L > 1 and € > 0 we set

1 &K ~, o~
Tnre=1{0€ T Y P'(VP(@) = ~log B +€,¥n > L},
k=1
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which is a compact subset of 7.

Notice that since P* takes values between 0 and P(0) = log(E(N)) over I, we have

1o~
{o€ 7 limint = PU(VP(a) > 0} = U Tone.  (34)
k=1

BE(E(N)~1,1],L>1,e>0
Specification of the sequence (N;),>1

The function P is analytic. We denote by H its Hessian matrix. For each 7 > 1,

m; = sup sup sup ‘wH(q+ tv)v (3.5)
t€[0,1] veSd—1 geD;
and
m; = sup sup sup ‘¢H(q+t(p —1)q)q (3.6)
t€[0,1] pe[1,2] g€ D;
are finite.

Next we notice that due to (1.1), two applications of the Cauchy-Schwartz inequality
as in the proof of Proposition 3.1 yield

la.q) = E@Nlexp S Ualx) — Pla)] e [S(a1%) - Plah)]) <1 @)

if ¢ # ¢ € R For j > 2 let

¢j= sup c(q,q) < 1. (3.8)
q#q' €D;

Let (v;);>1 € (0,1 be a positive sequence such that vj?mj converges to 0 as
j — oo (in particular lim;_,. 7; = 0) and 77 ;m;41 = o(log ¢;) as j — oco.

Let (pj);>1 be a sequence in (1,2) such that (p; — 1)m; converges to 0 as j tends
to oo.

We can also suppose that p; is small enough so that we also have

sup E(S(¢)") < o0.
qeD;
For each ¢ € J there exists a real number 1 < p, < 2 such that ¢(p,q) < 0 for all
p € (1,p,). Indeed, since P*(VP(q)) > 0 one has g—ﬁ(q, 17) <.
For all j > 1 we set

pj =min(p;, inf p,), and a; = sup o(p;,q).
q€D;j 1 qeD;

By construction, we have a; < 0. Then let

§; = max {m 1q € DJ} and r; = max (aj/pj, (2jp;)) (1 —pj)).  (3.9)
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Recall that Ny = 0. For j > 1 choose an integer N; big enough so that

(J+ Dlsjm
1-— eXp(Tj_H)

(which is possible since 741 < 0),

exp(Njrjg1) < j° (3.10)

(J+ Dlsjn (J + 2)!sjto 2
< C N3 ; 3.11
1-— exp(rj+1) * 1-— exp(rj+2) = eXP( 373+1mj+1> ( )
. S1 282
th =
with Co 1 — exp(ry) + 1 —exp(ry)’
N; > max(v; %, 3log((5 + 1)!); (3.12)
if j > 9
(j)2ei? < j2 (3.13)
and
i1 _ ) ~
(30 M) max(1, max{||VP(q)]| : g € D;1}) < 7 Nymin(1, {|[VP(q)] ¢ € D;}).
k=1
(3.14)

3.3.2 A family of measures indexed by [J

Proposition 3.4

1. For all v € U,>oN7, the sequence of continuous functions Y, (-,u) converges
uniformly on J, almost surely and in L' norm, to a positive limit Y (-, u).

2. With probability 1, for all o € J, the mapping
fo([u]) = (H W)Y (05u),  u € Ty
k=1
defines a positive measure on OT.

3. With probability 1, for all (o,0') € J?, the measures p, and py are absolutely
continuous with respect to each other or mutually singular according to whether
0 and ¢ coincide ultimately or not.

The measures 11, will be used to approximate from below the Hausdorff dimensions
of the sets Ex(K) in the next section.

Lemma 3.1 [72] Let (X;);>1 be a sequence of centered independent real valued random
variables. For every finite I C Ny and p € (1,2)

(|2 x|) <o SEr@xp).

i€l iel

E
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Lemma 3.2 Let p € J and 8 € (0,1]. Define Z,(5,0) = Yn(B,0) — Yau_1(B,0) for
n > 0. For every p € (1,2) we have

E(S(q

B1Z0(3,0)) < (257 g )

lj B pexp( (pax) — pﬁ(%)) (3.15)

Proof Fix p € (1,2]. By using the branching property we can write
N(u)

Zn(ﬁvg): Z HW,BU1 ukWQul uk(ZWﬂuz guz_l)-

u€Th_1 k=1
N(u)
Let A, = Z W5uiW,oui- By construction, the random variables (A4, — 1),
i=1

u € T,_1, are centered and ii.d., and independent of Fgz,_; ® F,_;. Conse-
quently, conditionally on Fgz,_1 ® F,—1, we can apply Lemma 3.1 to the family
{AL T W5y Wouug Yuer, - Noticing that the A,, v € T,_;, have the same
distribution, this yields

(|Z (6 Q)‘p‘Fn 1®]:Bn 1)<2p lE |A 1|p Z ngul Uk 9”1 U

u€Ty_1 k=1

Since E(A) = 1 and A > 0, convexity inequalities yield E(|A — 1|P) < 2E(AP).
Moreover, since 0 < Wﬁl < B, we have A < B715(q,)/E(S(g,)), and then

2PIE(JA — 1]P) < (28~ ) )3 Moreover, a recursive using of the branching pro-
perty and the independence of the random vectors (N, X,1,...) and random variables

W5, used in the constructions yields, setting W,, ; = exp({qx|X;))/E(S(q)) :

ueT,_1 k=1

o( 3 MW ) = TEove(Sws)
)

= le ﬁl_pm = :lj B exp (Ppay) — pPlar))-

Collecting the previous estimates yields the conclusion.

Proof of Proposition 3.4. (1) Recall the definitions of the paragraph of section 3.3.1 in
which the parameter set J is defined.

Let us first assume that u = (). First observe that if n > 1, it is easily seen from
its construction that Y,,(-) = Y,,(+,0) is a continuous function, constant over the set of
those ¢ sharing the same n first components.

Forn > 1 and p € J, we have M;, +1 <n < M, 1, and Lemma 3.2 applied with
P = pj,+1 and B = 1 provides us with the inequality

Vo)~ Yooy < gl T o0 (P, 100) ~ s Pl0)
(S(4.)
(S(4.)

E(S(gy))Pim+t kI;[l exp (¢(pj,+1, 1))



CONSTRUCTION OF INHOMOGENEOUS MANDELBROT MEASURES AND LOWER BOUNDS FOR THE
48 HAUSDORFF DIMENSIONS OF THE SETS Ex(K)

n—1

< 2pjn+13§?igr+11 Hexp( sup 80(pjn+1aQ)>
k=1 q€D; 41

(since {qx : 1 <k <n} C Dj 1)
< 2Pmrglinttexp((n — 1)pj, 4175, 41)

(due (3.9); this bound is independent of p).

Notice that by the definition of 7, the cardinality of {o}, : 0 € J} is equal to that of
HJ"H Dj, ie. (jo+1)!, and Y, (0) —Y,,—1(0) only depends on (¢i, - - - , gn). Consequently,

[sup [YVa(o) = Yaa (o)l < > [1Yal0) = Yar1(0)llpyn < 200 + Dlsj 1 exp((n — 1)7j,41).
0T {o|n:0€T}

We deduce from this that

Yo lsup[Ya(o) =Youu(o)llh < X2 X2 20+ Dlsjraexp((n— D)
n>1 0€J J20 Mj+1<n<M;1

exp(M;rj1)

< 2( —_—
S RN el
281 , exp(N;rj41)
N+ 1)l I

1 —exp(ry) ; ( ) AR exp(rj11)

25y
+2 < 00,
1—eXp 1) ];j

where we have used (3.10). The convergence of the above series gives the desired uniform
convergence, almost surely and in L' norm, of Y,, to a function Y.

Let us show that Y does not vanish on J almost surely. For each n > 1 let 7, =
{om 1 0€ T}, and for v = (71,...,7) € Ty define the event £, = {w € Q: Jo €
J, Y(0) =0, g =7} Let E={weQ:3p0eJ, Y(o) =0}. Since the functions Y,
are almost surely positive, this event is a tail event, and it has probability 0 or 1. The
same property holds for the events £, v € Un>1 Jn.

Suppose that F has probability 1. Since &/ = J,, ez E,, necessarily, there exists
7 € Ji such that P(E,,) > 0, and so P(E,,) = 1. Iterating this remark we can build
an infinite deterministic sequence v = (vx)r>1 € J such that P(E,,,  .,.)) = 1 for all
n > 1. This means that almost surely, for all n > 1, there exists Q(" € .7 such that
Q|(n) (Y1, ..., 7m) and Y (™) = 0. But Q‘n) (71, - .., 7) implies that o™ converges
to . Hence, by continuity of Y at 7, we get Y (y) = 0 almost surely. However, a
consequence of our convergence result for Y,, is that the martingale Y, () converges in

L' to Y (v), so that E(Y (7)) = 1. This is a contradiction. Thus P(E) = 0.
Now let u € J,>1 N’. By using the same calculations as above, for all n > 1 we get
I Sup Yoo, u) = Yaa(o,wllls < 20 upen + D18,y r1 exp((n = 1)rj o 41)-
Thus

> IIsup[Ya(e, u) = Yaoi(o,u)llh

n>1 ©€J
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M 41— |ul
[ul
< Yo 20+ Dlsj, s exp((n — Dy, 1)
n=1
FY Y s e )

320+ Mij4+1<|ul+n< M4

3 2(j + Dlsj LY 2+ 1)!sj+1eXp((Mj - |U|)7"j+1).

<
I ST 1 L= eXp(Tj"'l) 202 L= eXp(rj'H)

Now, since M; +1 < |u| < M;j,, +1, for j = jju + 2 we have and M; — lu| > N; and

[ul

Z H SUE \Yn(g, U) - Ynfl(ga u)’Hl

n>1 ©€
2(7 4+ D)ls; ' ox( N7
< 2 2 o > 20+ 1)!3j+1M (3.16)
J1u) ST<Jjul 1 L —exp(rj1) 32012 1 — exp(rj41)
S 200 eXp(Nj\ulfy]z\ulﬂlejlu\-Fl) +2 Z j_27
J2J|u| 2

where we have used (3.10) and (3.11). This yields the desired convergence to a limit
Y (-,u). Moreover, since (Jg>o Nﬁ is countable, the convergence holds almost surely,
simultaneously for all u. Then the proof finishes as for u = ().

Let us put the previous upper bound in a form that will be useful. Let ¢, =
¥3 11mj, 41 for all k > 0. It follows from the above calculations, the fact that Yp(-,u) = 1
for all u € Up>o N%, and the fact that [u| > N;  that there exists a constant C; such
that :

[ SEEY@’ u)|l1 < Cgexple Ny, ) < Cqexplelul) (Vue NE). (3.17)
o

k>0

Remark 3.1 Let K be a compact subset of J containing the unique element of
Dy. Then, it is not difficult to see that there exists px € (1,2) such that
15(a) llpx

SUP;>1 SUPgep,ni P(Pr:q) < 0 and sup;s; Supyep,nk S@h < o00. Then it follows

from the previous calculations that if we define J(K)={0€ J: Vk>1, ¢ € K},
then

| sup Y(o,u)|lp = O((Ju +2)1)-
0€J(K)

(2) This is a direct consequence of the branching property.

(3) Postponed to Section 3.3.5.
U

3.3.3 Lower bounds for the Hausdorff dimensions of the mea-

sures {10} ocy

The estimation of the Hausdorff dimensions of the measures 1,, 0 € J, will use the
second part of the next proposition, together with a uniform version of the percolation-
covering argument introduced by Kahane in [47, 46| in order to remove a technical
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assumption made in [45] to estimate the Hausdorff dimension of Mandelbrot measures
on the boundary of a homogeneous tree.

Proposition 3.5 Let g € (0, 1] such that SE(N) > 1. Conditionally on non extinction
of (Tpn(w))n>1, for all N > 1 and € € Q7

1. the sequence of continuous functions Y, (-, 3) converges uniformly, almost surely
and in L' norm, to a positive limit Y (3,-) on Js.1.-

2. the sequence of continuous functions

0 uB.0) = 3 (T Wonoww ito([])

u€Ty, k=1
converges uniformly, almost surely and in L'-norm, towards Y (83,-) on Js.1..

Proof (1) Let L > 1 and € > 0. For p € Js 1, and n > 1, Lemma 3.2 applied with
P = pj,+1 provides us with the inequality

1Y (58, 0) — Yau_1(B, 0)|Bintt

Pjn+1
E Pjn+1 n—1
S (2/671)])3‘,”4,1 (S(qn) )

E(S(gy))Pin+t kl;Il B Pin+1 exp (ﬁ(pjnﬂqk) - pjnﬂﬁ(qk))_

Let ¢ € Dj, 41 and set g : A € R — P(\q). For p € [1,2] we have

op) = g(1) + (p =~ /(1) + (p = 1 [ (1= 0)g"(1 +t(p — 1)
with

Jd'A+tlp—1)=¢H(q+tlp—1)g)g< sup ¢'H(qg+t(p—1)q)q <my, 41,

q€Djp, 11

where (m;);>1 is defined in (3.6). Let n; = 2(p; — 1)m; for j > 1. By construction of
(pj)j>1 we have lim;_,,, 7; = 0. Specifying p = p;,11 we have now

9(p) — pg(1)
(1- Pan+1)(9(1) 9'(1) +nj11(pjuy1 — 1)
(1 = pj,c1) P (VP(q)) + 0js1(pjur — 1).

P(pj,+19) — pi1Plq) =

IN

We can insert this upper bound in our estimation of [|Y,,(3,0) — Yu-1(5, o)l Pon i and
get, remembering that o € J3 1, forn > L 41

Y8, 0) = Yuea (8. )

Pin+1
n—1 . N
< @i exp (L-pj) Y (log(8) + P*(VP(qr)) — 1j,1))
k=1

< (@87 exp (0 = 1)L = pjan) (€ = M)
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Let j(e) =min{j > [e '] +1:n; <€/2} and n, =min{n > L+ 1: j,41 > j(e)}. For
n > n. we have, remembering (3.9)
IYa(8, ) = Yn-r(B, o)l

(28~ )pm+1 Bintlexp ((n —1)( pjn+1)€/2>)

< (267 )pj”“sp”ff exp ((n = 1)(1 = pj,+1)/2(jn +1)))
= (28 )pj"“ Linttexp ((” )Pgn+17‘gn+1))

Pjn+1
Pin+1

IN

Consequently, using the same inequalities as in the proof of Proposition 3.4 we get

DI sup [Ya(B,0) = Yau (B0l < ) > 2(7 + Dlsjriexp((n — 1)rjp1)

n>ne ©€JBLe 72j(e) Mj+1<n<Mji1
L exp(M;r;1)
< Y28+ 1)!SjHTPJ(T]'+1)
>0 J
2871 exp(N;r;41)
< 2 1)ls —
~— 1—-exp(n) ]§>:1 FrG+ - exp(r;)
237 1s
— 1+ 283" < 0.
1- exp(rl ];j

This yields the conclusion on uniform convergence. The fact that the limit Y (5, -) does
not vanish almost surely, conditionally on non extinction of (Tg,,)n>1, follows the same
lines as in the study of Y(-), combined with the fact that for a fixed o € J3, the
probability that the limit of Y, (5, 0) be 0 equals that of the extinction of (Tg,,)n>1-
This comes from the fact that conditionally on non extinction, the event {Y (3, 0) = 0}
is asymptotic so has probability 0 or 1, and it has probability 0 since the convergence
of Y, (B, 0) to Y (B, 0) holds in L.

Thus, we have the desired result for a given couple (L, €) ; but it holds simultaneously
for all L > 1 and € € Q7 since N x Q7 is countable.

(2) Here we develop, in the context of the boundary of a supercritical Galton-Watson
tree, a uniform version of the argument used by Kahane in [46] on homogeneous trees,
and written in complete rigor in [75] and in [32] (for general multiplicative chaos). Our
uniform approach can be generalized to uncountable families of multiplicative chaos on
general o-compact sets.

Fix L > 1 and € > 0. Denote by E the separable Banach space of the real valued
continuous functions over the compact set Js . endowed with the supremum norm

I oo

Forn>m >1and o € J31. let

= Z Ynfm(gv U) H Wﬁ,u|kWQ,u|k-
k=1

uETm

Notice that Z, (o) = Ya(5, 0). Moreover, since Y,,(3, -) converges almost surely and in
L' norm to Y(8,-) as n — 00, Y,,(53,-) belongs to L, = Ly (s x Q, Az x A, Pg x P)
(where we use the notations of [61, Section V-2|), so that the continuous random
function E(Z, ,,(0)|Fsm @ Fn) is well defined by [61, Proposition V-2-5]; also, for any
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fixed o € Jp 1, we can deduce from the definitions and the independence assumptions
that
Zmn(0) = B(Znn(0)| Fam © Fn)

almost surely. By [61, Proposition V-2-5| again, since g € E — ¢(p) is a continuous
linear form over E, we thus have

Zmn(0) = B(Znn ()| Fam @ Fn)(0)

almost surely. By considering a dense countable set of ¢ in J3 1 ., we can conclude that
the random continuous functions Z,,,(-) and E(Z, ,(-)|Fsm ® F,) are equal almost
surely.

Similarly, since for each ¢ € Js the martingale (Y,,(5, 0), Fs,n ® F,) converges
to Y(8, 0) almost surely and in L', and Y (8, -) € L%, by using |61, Proposition V-2-5]
again we can get

Znyn(-) =EY (B, )| Fsn @ Fn), hence Z,, ,(-) =EY (B, )| Fpm @ Fn), (3.18)

almost surely. Moreover, it follows from Proposition 3.4(1) and the definition of ,([u])

that Z,,.,(-) converges almost surely uniformly and in L' norm, as n — oo, to Yo (5,-).
This and (3.18) yield, using [61, Proposition V-2-6],

Yiu(B,) = Hm Zpu() = E(Y (B, )| Fam @ o(|J Fn)),

n—00
n>1

and finally
lim Y (8,) = E(Y(8,)lo( U Fom) @ (| Fn)) =Y (5,-).

m—00
m>1 n>1

almost surely (since by construction Y(3, -) is 0 (Um>1 Fa,m) @0 (Un>1 Frn)-measurable),
where the convergences hold in the uniform norm.

Proposition 3.6 With probability 1, for all o € T,

. . . —1 “ TS =9
dim(y,) > liminfn kZlP (VP(q)).

Proof Let 3 € (0,1] such that SE(N) > 1. Let L > 1 and € € Q7.

For every t € T and ws € ()3 set
Qﬁm(tvwﬂ) = H Wﬁ,tw
k=1

so that for o € Js.1.e, Yo(f3, 0) is the total mass of the measure Qg (t,ws) - dpg (t).

Now, Proposition 3.5 claims that there exists a measurable subset A of Q2 x (13
of full probability in the set of those (w,wg,) such that (Tg,)n>1 survives such that
for all (w,wg) € A, for all o € Tz, ?n(ﬁ, 0) does not converge to 0. Moreover,
since the branching number of the tree T is P-almost surely equal to the constant
E(N) and SE(N) > 1, conditionally on T, the Pg-probability of non extinction of
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(Tgn)n>1 1s positive ([57, Th. 6.2]). Thus, the projection of A to Q has P-probability
1, and there exists a measurable subset Q(f, L,€) of €, such that P(Q2(3, L,¢€)) = 1
and for all w € Q(f, L, ¢), there exists Q5 C Q4 of positive probability such that for
all w e Q(B, L,e), for all p € Js 1, for all wg € QF, ?n(ﬁ, 0) does not converge to 0.
In terms of the multiplicative chaos theory developed in [47|, this means, that for all
w e QB,Le) and 0 € Js,., the set of those ws such that the multiplicative chaos
(Qpn(-,w))n>1 has not killed the measure p, on the compact set 0T has a positive
Ps-probability. Now, the good property of (Qpn(-,w))n>1 is that Eﬁ(SUp(Qﬁm(t))h) =
teB

en=mos(®) — (| B|)~(1=11ee) for any h € (0,1) and any ball B of generation n in 9T,
where | B| stands for the diameter of B and Es stands for the expecttion with respect
to Pg. Thus, we can apply Theorem 3 of [47] and claim that for all w € Q(5, L, €) and
all o € J3 1, the measure 1, is not carried by a Borel set of Hausdorff dimension less

than — log(5).

Let ' = NBe®E(N)-1,1]nQ7 , L>1,cc0* Q(B, L, €). This set is of P-probability 1. Let o €
J.If D = liminf, . n ' 7, P*(VP(q)) = 0, then it is clear that dim(u,) > D.
Otherwise, by (3.4), there exists a sequence of points (8, L,,€,) € (E(N)™! 1] x
Ny x Q% such that D > —log(f,) + €,/2 for all n > 1, lim,_,o —log(5,) D,
lim, o €, = 0, and @ € Nyu>1 T3, Ln.e,- Consequently, the previous paragraph implies
that for all w € &', dim(p¢) > limsup,, ., —log(8,) = D.

3.3.4 Lower bounds for the Hausdorff dimensions of the set
Ex(K)

The sharp lower bound estimates for the Hausdorff dimensions of the set Ex(K)
are direct consequences of Proposition 3.6 and the following last two propositions.

Proposition 3.7 With probability 1, for all 0 = (qx)k>1 € T, for p,-almost all t € OT
we have

mnf%&X@—ﬁévm%D:Q
k=1

n—oo

Proof Let v a be vector of the canonical basis B of R?. For p € J, n > 1 and € > 0,

we set
E! @:&emr@sxm—évﬁm>7@
SX@—éVﬂm

g7n7€

) <0

Suppose we have shown that for all e > 0, A € {—1,1} and v € B we have

ESL (v) = {tE@T: <v

[UNS

E(Sup > ug(Eg"M(v))) < 00. (3.19)
€T p>1
Then, with probability 1, for all o € J, A € {-1,1}, ¢ € Q% and v € B,

> ,ug(E;"n’e(v)) < 00, consequently, by the Borel-Cantelli lemma, for j,-almost every
n>1
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t, for all v € B, we have

lim <v n_1<SnX(t) -3 Vﬁ(qk)» =0,
k=1
which yields the desired result.

Now we prove (3.19) when A\ = 1 (the case A = —1 is similar). Let o € J. For every
~v > 0 have

fo(Eyn) <Y pg([ul]) kﬁ exp (Y(v| Xy, — Y[V P(qr)) — 7€) = far(0).

UETn

and due to the definition of j,, fn~(0) can be written

Fan(0) = > Y(0,u) T exp (@ + 0| Xu,) — Pla) — (7| VP(qr)) — ve).
u€Ty, k=1
We have
sup fan(0) < Y supY(o,u) sup H exp ((gx + 70| Xu,) — Plae) — (w|VP(gr)) — ve).
u€T, ¢€J 0|n:0€J k=1

Consequently, since E(sup,c 7 Y (0,u)) < Cgexp(€y|ul) by (3.17), we have (taking into
account the independences)

E(Sup fnn(0))

< Crexpme)B( X sup T exp (g +701X,) — Plao) — (019 P(a0) — 7e))

wETy Qn'0CT k=1

< Crexpme)E( X Y TLep (g +701X0,) - Plan) — (019 P(g) —7e) )

u€Ty Q|n 0eJ k=1

= Cgexp(ne,) Z H exp( qr + yv) — P(qk) — <7U|V§(qk)> — fye).
o|n:0€J k=1
For each ¢ € J, we have ¢, € D, 41 for all 1 < k < n. Thus, writing for each
1 < k < n the Taylor expansion with integral rest of order 2 of v = P(q, + yv) —
P(q) — (yo|VP(q)) at 0, taking v = ;,+1, and using (3.5) we get

Z (qr + ) P(Qk) - WU’Vﬁ(%» < n%znﬂmjnﬂ
uniformly in o € J. Consequently, using that €, = 2732n+1mjn+1 and card({o;, : 0 €
J}) = (jn + 1)}, we get
E(Sgg Frormin) < C(in + 1)V exp (=07, 41 (e = 375, 41m5,41))-
0

1/2

Now we use (3.12) : (j, + 1)! < eXp(N]1TL/3) < exp(n'/?) and v;,11 > N; /% > n7/2

Thus

E(Sgg to(Egne(v))) < B(SUp fuon0) < C exp(n'/?) exp (= n'"2(e = 37j,41m5,11)).
4 o

Since 7;, 11m;, 41 tends to 0 as n tends to 0o, we get Y,>1 E(sup,e s to( B}, (v))) < o0,
as desired.
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Proposition 3.8 For every compact connected subset K of I there exists o € J such
that

N {n—lkiVﬁ(qk):nZN} =K

N>1
liminf, ,oon 'S0, P*(VP(q)) > inf{P*(a) : o € K}

Proof For every integer m > 1, let B(aus, 1/m)1<i<r,, be a finite covering of K by
balls centered on K, with L,, > 2. Since K is connected, without loss of generality
we can assume that B(ay, e, 1/m) N B(amei1,1/m) # 0 for all 1 < ¢ < L,, — 1, and
B(ami11,1/(m+ 1)) N B(am,L,,, 1/m) # 0.

Now, applying Corollary 3.1, for each ¢ let g, e € D such that HVﬁ(qm’g) -
el < 1/m and |P*(VP(gmye)) — P*(cumye)| < 1/m. Let j17 = min{j > 1:¢1 € D;}.
Then for each e, 1 < Ly, — 1, let Jur1 = min{j > Jms : Gmes1 € D;}, and let
Jm1a = min{j > jm 1, : Gmi11 € D}

We build o as follows. We pick ¢ € D; and let ¢, be equal to ¢ for 1 < k <
Mj, ,—1. Then, we let g = q1,, for k € [M;, ,_y +1,M; ,_1], and so on recursively
QG = Gmy for k € [M;, , 1+ 1,M; ifl1 <¢< L,—1and ¢4 = ¢nr, for
k€ [Mjm,Lm_l +1, Mjm+1,1—1]'

m,e+1—1]

Now let n > M,

J2,1
1’ Mj7nn,£n+1*1] for some 1 S ETL S Lmn - 1 orn E [M

Jmn, Ly, —

+ 1. There is an integer m,, > 2 such that either n € [M;

]mnln_l +
Ty L, Mj

mn+1,1*1]'

In the first case, let us write 37, Vﬁ(qk) =51+ Sy + S3, where

jmn,én72 ~ Mjmn,2n71 ~ n ~
Si= Y  VP(q), Sa= > VP(qx), S3= > VP(qx).
k=1 k:Mjmn,ln72+1 k:Mjmn,Zn71+1

We have Sy = (M;, , 1 — Mjmn,zn,g)Vﬁ(q), where ¢ = @, 0,-1 if £, > 2 and ¢ =
Gmn—1,Lm,_, Otherwise, so by construction of a, ¢ and gy, ¢, we have ||Sy — (M;, , 1 —
Mjmmen_g)qu S (Mjmn,en—l — Mjm"ln_g)/(mn — 1), where a1 = Oy, 0,—1 if Zn Z 2 and
a1 = Qpyp—1,L,,,_, Otherwise. Also, we have S5 = (n—Mjmn}ln,l)Vﬁ(q) with ¢ = g, 0,
80 |83 —(n— M, , 1)) < (n—M;, , _1)/m,, where ay = au,, s, Moreover, due
to (3.14), we have [|S1| < (jmt = 17N, 0 1IVP@) < (i, — D70 VP(9)]
with ¢ = Gm, 0., 50 S1 < (Jmp.en — 1) 70|z + 1/m,); also due to (3.14) we have
1M, —20m, |l < U — 1) 7', 0, ||- Moreover, our construction of the balls
B(ame, 1/m) implies that ||a; — as|| < 1/(m, —1). Consequently, putting the previous
estimates together we get

> VP(q) = 1, 0, || < n( + | .n»fn” / )
k=1 my, — 1 jmn,fn -1
The same estimate holds if n € [Mjmn,Lmnfl + 1, M, +1,171]- Consequently, since as

n tends to oo the sequence au,, s, describes all the o, ,, the set of limit points of
n~t S0 VP(qx) is the same as that of the sequence ((q,¢)1<i<L,, )m>1, that is K by
construction.

The fact that liminf, . n~ ' Sp_, P*(VP(q)) > inf{E*(a) ta € K} is a direct
consequence of the choice of the vectors ¢, ¢, since P*(VP(¢ne)) > inf{P*(a) : o €
K} —1/m.
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3.3.5 Mutual singularity of the measures yu, and application

Proposition 3.9 With probability 1, for all o,0" € J such that q; # q; for infinitely
many j > 1, the measures p, and iy are mutually singular.

Proof We will use the notion of Hellinger distance between probability measures (it
was already used in the context of Mandelbrot martingales in [55] to prove the mutual
singularity of the branching and visibility measures on JT).

For 7 > 1 let
T ={(0,d) €T X T a5 # ¢, ¥V My +1 < k < M},
and let

=Ny J; = )€ T X T : qr # g, for infinitely many k}.

0>1 >0

For n > 1 and (p, ¢') € J let

= 3 gl (fu]) .

uETy

Notice that (A, (o, ¢))n>1 is non increasing. Let A(p, ¢') denote its limit. If we show
that A(p, ¢') = 0 almost surely, then by definition almost surely the Hellinger distance
between fi,/|| 1ol and py /|1y is 1, ie. p, and py are mutually singular. Of course,
we want A(g, ¢') = 0 almost surely, simultaneously for all (g, ") € J. We notice that
for every j > ¢ > 1 and (o, ¢') € J;, we have

V< 2 polful)' g ([u) 2.

uET]\/[j
Consequently,
A= sup Ao, d) <Y sup Ao, d) <> sup D pp([u]) Py ([u])?,
(0,0)€T 3>t (0.0)eT; 3>t (0,0")€T] u€T

SO

E(A)
< SE( swp Y polfu) g ([u)?)

jZf (Q,Q/)ejj UGTA[.

12

= SE( Y s (TEWE W2 )Y (o) Y (o))

]Z@ UGT]M]. (99)6\7] k=1
< SE( Y s [TW WY B Y (o (i)

izt ueTny (0,0)€T;j k=1 0eJ
< > (#H(om, o) : (0.0) € Tj}) sup E( > HWQ{i W uk)E(squ(Q,U(j)))

j>t (0.0)eT;  ueTm, k=1 °cJ
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< SO s T elawe ) JE(sup Y (oruti)

>t (0,0)€T; k=1

where u(j) is any word in Nyj , ¢(qx, q;,) is defined in (3.7), and we used the fact that

M;
E( > Hngﬁ w) W uk> =kl:[10(qk,q;)-

uET]\/jj k=1
Moreover,
M, M,
/
H (qr. q;) T el a)
k=1 k=M, 41

since ¢(qg, q;,) is always bounded by 1. Consequently, due to the definition of :7; and ¢;
n (3.8), and recalling (3.17) we have

N.
) < ZCJ ? exp( ﬂj+1mg+1)c
>0

Remember that we required 72, ;m; 1 = o(log¢;) as j — oo in the definition of (v;);>1.
Consequently, for ¢ large enough, we have E(A) < ¥;5,C7/7* due to (3.13). Conse-
quently A = 0 almost surely.

Application : Ex(a) carries uncountably many mutually singular inhomoge-
neous Mandelbrot measures of Hausdorff dimension P*(«a)

Indeed, with probability 1, for all a € I simultaneously, we can find uncountably
many o € J such that pu, is carried by Ex(a) and these measures are all mutually

singular ; moreover they can be taken to have Hausdorff dimension equal to ﬁ*(&). To
see this, given o € I, for eagh Ji ZN 1, ﬁi( in D; points qgg- and qg’;, distirlct if j > 2,
among those ¢ such that (VP(q), P*(VP(q)) is as close as possible to (a, P*(«)). Now

the set of those sequences ¢ of the form (q,(lljc (J)), : 7QSJC (J)))jzh where C' runs in the

Nj
set of equivalent classes of subsets of N, under the relation S ~ S if 15(j) = 1¢/(j)
for 5 large enough, is as desired.



Chapitre 4

The Hausdorft dimensions of the sets
Ex(K) and Ey (K) under the
metric d¢

We prove Theorems 1.4 and 1.6.

4.1 Justification of some claims of the introduction

We start with the justification of the fact that dy is a metric, and then we prove
Proposition 1.1. The fact that dg4 is a metric is a direct consequence of the following
lemma, which tells us a little more about (S,¢),>1.

Lemma 4.1 Assume E(S(0,7)) < oo for all v € R. There exist 0 < 1 < [y < 1 such
that, with probability 1, under the metric dy, for n large enough,

A7 < min{exp(—S,¢(u)) = diam([u]) : v € T,,} < max{exp(—S,¢(u)) :u € T,} < 5.

We notice that the same result with #; = 0 as close as desired of 0~ can be deduced
from Corollary 1.1 applied to the positive random branching random walk (S,¢),>1
since under our assumptions I, must be a compact subset of R, .

Proof For every n > 1 let us denote r, = max{diam([u]) : v € T,} and r/, =
min{diam([u]) : u € T,}.

For each 3 € R% and v > 0, we have P(r, > B") = P({ €

3 u
To, exp(=Sub()F > 1}) < E(Suer, A exp(—1Sud(u)) = 5 (E(S(0,7))"
Since the ¢; are positive and we assumed that E(S(0,7)) < oo for all v € R, there
exists vp > 0 such that E(S(0,7)) < 1. Consequently, if 3 € (E(S(0, 7)), 1), we
have 3,1 P(r, > ") < oo, hence by the Borel-Cantelli Lemma, with probability 1,
for n lage enough, r, < g".

Similarly, for each f € R’ and v > 0, we may write the inequality P(r],
B") = P{3 u € Ty, exp(=S5,0(u)8™ < 1}) < E(Tuer, 87 exp(15,9(u)))

[ IA

o8
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B (E(S(0, —7))”. Since 1 < E(S(0,—v)) < oo choosing f € (0,1) small enough
so that S7E(S(0, —v)) < 1, yields that, with probability 1, for n lage enough, r/, > "

Proof of Proposition 1.1. Denote by A the supremum in (1.7). Fix ¢ € R¢ and a € I.
Then for t € R write

1(0) = tog E( Y exp ({01X,—)~16.)) = 1o [B( S emp (1) Pl0)—0)) |+ o) gl

We have 4(0) = P(g) — {gla) and 1(0) = ~E( X, ¢yexp ((glX) — Pla)) = —A.
Moreover h is convex, so for all £ > 0 we have h(t) > h(0) — At. By definition, we have
h(Px(q)) = 0, hence P,(q) > A (P(q) — (¢la)). Now it follows from the convexity
in ¢ of P,(q), the strict convexity of P(q) — (¢|a), and the fact that P(q) — {(g|a)
reaches its infimum that P,(g) reaches its infimum at some ¢, € R? If there are
two distinct such ¢, and ¢, then VP,(q) = 0 over [ga,q,], i.e. due to (4.1) below,

E(Efil(Xi — a)exp({q| X; — a) — ﬁa(q)@)) = 0. Differentiating in the direction of
v = ¢ — ¢, and taking the scalar product with v yields E( N (| X —a)? exp({(q] X; —

a) — Iga(q)ngz)) = 0 over [qa, ¢, ], hence (g, |X; — a) = (¢/,| X; — «) almost surely for all
1 <i < N. But this contradicts (1.1).

To see that a — ¢, is analytic, an examination of the differential of ¢ — Vﬁa(q) at
(o shows that it is invertible, except if there exists gy € R%\{0} such that {go|X;—a) = 0
for all 1 <4 < N almost surely, which is forbidden by (1.1). Then the invertibility of
q — VP,(q) at g, for each a € I makes it possible to apply the implicit function
theorem to (a, q) — VP,(q) at (&, qa).

O

Now we explain the modifications to make with respect to the proof of Theorem 1.2
to get Theorem 1.4, by following the same structure of paragraphs. Then, we explain
how to get Theorem 1.6.

4.2 Upper bounds for the Hausdorff dimensions
For each (¢, a,t) € R? x R? x R let us define

P,(q) = inf {t € R : limsup i& log< Z exp((q|Sn(X — a)(u)) — tSan(u))) < 0}'

n—o0 uETn

The following proposition is a direct consequence of the log-convexity of
the mappings (¢,t) — Y exp({q|Sn(X —a)(u)) — tSpé(u)) and (a,t)

UETn
> exp({g]Sn(X — a)(u)) — tS,é(u)) given a € R? and ¢ € R? respectively.

u€T,

Proposition 4.1 The mappings q — P.(q) and o — P,(q) are convez.



60 UPPER BOUNDS FOR THE HAUSDORFF DIMENSIONS

Proposition 4.2 With probability 1, P,(q) < Pa(q) for all (¢,o) € R x R?.

Proof Due to Proposition 4.1, we only need to prove the inequality for each (q,) €
R? x R? almost surely. Fix (¢, ) € R? x R?. For t > P,(q) we have

E(Y. > exp({glSu(X — a)(u)) —tShd(uw)) = 3 E(E exp({q|Xi — a) —t¢;))" < oo.

Consequently, Y exp ((g]Sn(X — a)(u)) — tS,¢(u)) is bounded almost surely, so ¢ >
ucTy

P,(q) almost surely. Since ¢ > P,(q) is arbitrary, we have the conclusion.

Recall that for o € R¢ we defined

Ex(a) = {teaT:aE N {SnX(t) :nzN}}.

N>1 n

Proposition 4.3 With probability 1, for all o € R?, dim Ex(a) < PX(0), a negative
dimension meaning that Ex(«) is empty.

Proof For every n > 1 let us denote r, = max{diam([u]) : u € T, }. Recall that

Ex(e) = NN U{tedT |S.X(t) —na| < ne}

e>0N>1n>N

c N NN U{EedTl: [(glSX(t) —na)| <nllglle}.
geRI >0 N>1n>N
Fix ¢ € R? and € > 0. For N > 1, the set E(q, N,¢,a) = Upsn{t € 0T : [{g|S, X (t) —
na)| < n|lg|le} is covered by the union of those [u] such that v € T,, and (¢|.S, X (u) —
na) 4 nl|g|le > 0. Consequently, for s > 0,

H (B N.e.a)) < 303 diam([u])® exp((q] S, X (u) — na) + nllqll)

n>N ueT,

= > > exp((qlSn(X — @) (u)) — sSue(u) + nllglle).
n>N ueT,
Hence, if n > 0 and s > P,(q) + n + ||q|le, by definition of P,(q), for N large enough
we have

H; (E(q,N,e,a)) < Z e /2,

n>N

Since ry tends to 0 almost surely as N tends to oo, we thus have H*(F(q, N, ¢, «)) = 0,
hence dim E(q, N, €, ) < s. Since this holds for all n > 0, we get dim E(q, N, ¢, ) <
P.(q) + ||q|le. It follows that

dim Ex (o) < inf inf Pa(q) + [lalle = inf Pu(q).
If inf e Pa(q) < 0, we necessarily have Ex(a) = 0.

Corollary 4.1 With probability 1, for all compact connected subset K of R?, we have
Ex(K)=0if K ¢ I, and dim Ex(K) < inf,cx P*(0) otherwise.
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4.3 Construction of inhomogeneous Mandelbrot mea-
sures and lower bounds for the Hausdorff dimen-
sions of the sets Fy(K)

Preliminary facts

A calculation shows that
E( X Xiexp((glX; — a) — Pala)6)) — a

AOE .
q E( X, 6 exp((alXi — ) — Pal0)6))

(4.1)

By construction, for each (¢,a) € R? x R? a Mandelbrot measure fi,, on 9T
is associated with the vectors (Ny,exp({g|Xu1 — @) — Pa(q)dur), exp((q|Xu2 — @) —
Po(q)us),...), u € Un>o N7, and this measure is non degenerate (see section 6) if and
only if the “entropy”

N

h(g,a) = — (Z ((alX; — @) = Pal@)¢i) exp({q|X; — a) — E(qm)) >0, (42)

i=1

Define the “Lyapounov exponent”

Aa.0) =B gre((alXi - o) = Pufa)6)) € (0.00). (4.3)
An identification shows that
PAVE) = Pale) - IV Pala)) = 30,

hence (i, is non degenerate if and only if P*(VP,(q)) > 0. Moreover (see section 6
again), with probability 1, we have

lim SnX (1)

n—oo n

=ax(qg,a) pea-ae., (4.4)
where

ax(a,0) = B( L Xiexp((alXi — ) = Pala)n)

Notice that when the assumption of Proposition 1.1 holds, a € I and q = (o, We have
VF.(q) =0, hence ax(q,a) = a and P;(VFPs(q)) = Fa(q)-

We will exploit the previous facts to build the new family of inhomogeneous Man-
delbrot measures adapted to the context associated with the random metric dy. Let

Js = {(q,0) R x I : Po(q) — (q|VPalg)) > 0}.

We will need the following generalization of Corollary 3.1.
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Proposition 4.4 Let D be a dense subset of Jy. For all o € I, there exists a sequence
(Gn, an)n>1 of elements of D such that limy, oo ax(qn, ) = @ and lim, o P, (gn) —

60|V Pa, (40)) = P3(0).

Moreover, if (1.7) holds, and D contains a sequence (qa,,, Cm)m>1 Such that {o, :
m > 1} is dense in I, then for o € I the previous sequence can be chosen so that
Gn = Gay, -

Proof Let a € I. Since Ex () # (), we have 0 < dim Ex(«) < inf cpa P.(q) = ]3*(0)
The upper-semi-continuous concave function P possesses the same properties as P
in Corollary 3.1. Consider a sequence (Gn)n>1 such that VP, (gn) tends to 0, P,(qn) —
(] V Pa(gn)) > 0 50 that (¢, @) € Jy, and 1imy, e Pal(gn) — (Gn|V Palgn)) = P(0).

Since E( SN s exp({q| X — ) — ]Sa(q)gb,)) € (0,00), lim,, o Vﬁa(qn) = 0 implies

lim, 0 x(qn, @) = a. Now, the mappings (¢, @) = ax(¢,a) and (¢,a) — ﬁa(q) —
(q|V P,(q)) being continuous, the first property follows. The second one is obvious due
to Proposition 1.1.

4.3.1 Parametrized family of inhomogeneous Mandelbrot mar-
tingales

At first we need to make the following observation. Applications of the Cauchy-
Schwartz inequality as of the Holder inequality in the proof of Proposition 3.1 yield
(remembering the definition of P,(-)), for (¢, a) # (¢/,a’) € R% x R4

((q.0). (g (Zexp[ (gl Xima)—Pala)e)] exp [ (¢ Xima') = P(d)6)] ) < 1

(4.5)
except in the case that (| X; — o) — Pa(q)d:i = (¢'|X; — o) — Pu(q')¢; almost surely
for all 1 < ¢ < N. This situation holds if and only if the ¢; depend linearly on the
X;. Moreover, if this equality holds for all the distinct couples (¢, ) and (¢, ') of
an open set, which can be taken in the form U x V, differentiating with respect to
q yields, for all 1 <4 < N, for all (¢,a) € U XV, X; —a — VFP,(q)¢; = 0 almost
surely, hence VP, (¢q) must be constant. Consequently, up to a simple transformation,
the situation reduces to X; = ¢;u for a fixed vector © € R?, so that we can assume
that d = 1 and X; = ¢; almost surely for all 1 < 7 < N. Then, coming back to
(q|Xi — ) — Pu(q)9i = (¢'| Xi — ') — Por(q')¢i, we see that since X; = ¢;, 1 <i <N,
we have (¢ — P,(q) — (¢ — Pw(q')))X; = aqg — d'q, so either ¢ — P,(q) is constant over
U x V, which is impossible, or there exists ¢ € R such that X; = ¢, almost surely for
all 1 <4 < N, which contradicts (1.1).

Consequently, we can find a dense countable subset D of R? x R? such that
c((¢, @), (¢, ') < 1forall (¢,a) # (¢',a’) € D. Also, under (1.7) we can find a dense
countable subset of I such that for all @ # o € D we have ¢((qa, @), (¢, ")) < 1.
Indeed, if a # o in I, the equality (ga|X; — @) — Pa(qa)d: = (qur|X; — 0') — Por(qor ) &5
almost surely for all 1 <4 < N implies that the Mandelbrot measures i, o and g, o
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coincide, so that by Proposition 6.1 we have ax(ga, @) = ax(qu, '), i.e. @« = &/, which
is a contradiction.

The set of parameters

For (¢, a,t) € R x R? x R let

Salg;t) = %GXP(<Q|X1' —a) —tdy),

=1

and
@Z)a((b t) = 1Og]E(Soc(Q7 t))

Useful in some calculations will be the equalities :

37% D awa

5 @ Pal@) = ax(ga) —a and (4. Pale) = —Mg.), (46)
and
Walll e U0 () - g, 0) = (alax(a,0) ~ o) ~ Pafa)\(g.0). (47

Let (D;)j>1 be an increasing sequence of non-empty subsets of Jy such that D;
has cardinality j, D = (J;>1 D, is a dense subset of J,, and c((q, @), (¢',’)) < 1 for
all (¢,) # (¢',’) € D. Moreover, assume without loss of generality that ax(q,«)
does not vanish on D. If, moreover, (1.7) holds, according to Proposition 4.4 and the
discussion of the beginning of this section, we can choose D so that it contains only
pairs of the form (g, @), a € I (this will be used in the proof of Theorem 1.8).

Let (NV;);>0 be a sequence of integers such that Ny = 0, and that we will specify at
the end of this section. Then let (M;);>¢ be the increasing sequence defined as

J
M; =Y Ny for all j > 0. (4.8)

k=1
For n € N, let j,, denote the unique integer satisfying
M, +1<n<M .
We will build a random family of measures indexed by the set
Js =10 = ((qr; w)rz1 : V5 > 0, (qar; 41, nr;1) = (Qagy42, ngyr2) = - = Qs gy, ) € Dy}

Since each D; is finite, so compact, for all j > 1, the set J, is compact for the metric

o lae—dll + Jah —
d(o,0)=>_27" -
(e.d) = 2 2 T o ol

For o = (qk, ax)i>1 € Jg and n > 1 we will denote by g}, the sequence (g, ak)1<p<n-
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Inhomogeneous Mandelbrot martingales indexed by J;

For v € Up>o N, 1 <i < N(u), FE(N) > 1, and ¢ € J, we define

Wg,ui = eXp(<Q|u|+l|Xuz - CV\u|—&—1> - Pa|u|+1 (Q|u|+1)¢m)7

and

Wﬁ,g,ui = W67uin,ui-
For o = (i, oi)k>1 € Ty, u € Un>o N7}, BE(N) > 1, and n > 0 we define

YVolo,u) = Y ] Wouwrmn

v1- U €Ty (u) k=1

Yn(@a 0, U) = Z H Wﬁ,g,u-vlmvk

v1-vp €Ty (u) k=1

When u = ) those quantities will be denoted by Y,,(0) and Y, (8, 0) respectively, and
when n = 0, their values equal 1.

Recall the definition of h(g, a) given in (4.2). For 8 € (E(N)™*,1], L>1and e >0

we set

1 n
Tonre=1{0€ To: — > hlaan) 2 —log B+, ¥n > L},
k=1
which is a compact subset of Jy.

Notice that h(gx, ax)>0, and this number is the opposite of the derivative at 1 of
the convex function f : A > 0 — logE(XN, W), with W; = exp({qi]X; — o) —

P.,(qx)9:), so that f(1) =0 and f(0) = logE(N) > 0. Thus h(gg, ax) € (0,log E(N)].
Consequently,

1
{Q S ._7¢ : hygll}lorolf ﬁ Z h(qk, Oék) > 0} = U j¢’57L’€. (49)
k=1

Be(E(N)~1,1],L>1,e>0

For n > 1 and 8 € (0,1], we set F, = 0<(Nu,(Xu1,¢u1,(Xuz,¢u2),--.) fu €

Ur_ N1_1> and Fg,, = 0<W5,u1, (W2, ---) 1 u € Up_g N’}r_1>. We also denote by Fy
and Fjp the trivial o-field.

Specification of the sequence (N;);>

For each o € I the function v, is analytic. We denote by H,,, its Hessian matrix.
For each 57 > 1,

= g o, (o) et o) )
o2

4+ max max max —=

t€[0,1] ve{—1,1} (g,a)eD; Ot2

Yal(q, Palq) +tv) (4.10)
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and

—~ t q = q
o ~ 1. P _1)P - 411
m; tme[%pmeﬁg];eug (Pa@) Hy. (q+t(p—1)q, Pa(q)+t(p—1)Pa(q)) (Pa(q)> (4.11)

are finite. Let
m; = max(m;, m;).
For 7 > 2 let

cj = sup c((q,0), (¢, ")) <1
(9,0)#(q" ;0" )ED;

(recall the definition (4.5)). Let (v;);51 € (0,1]"+ be a positive sequence such that
v;my; converges to 0 as j — oo (in particular lim;_,y; = 0) and 77, 7,1 = o(log ¢;)
as j — 00.

Let (pj);>1 be a sequence in (1,2) such that (p; — 1)m; converges to 0 as j tends
to oo.

We can also suppose that p; is small enough so that we also have

sup  E(Sa(q, Palg))?) < 0.

(¢,2)€D;

For each (¢,a) € J, there exists a real number 1 < p, < 2 such that
Ya(pg,pPa(q)) < 0 for all p € (1,p,). Indeed, Pi(VP,(¢)) > 0 is equivalent to

& (a(pg. pPalq))(1F) < 0.

For all j > 1 we set

p; =min(p;, inf p,) and a; = sup Ya(p;qp;Palq)).
(¢:0)€D;j+1 (¢;2)eD;

By construction, we have a; < 0. Then let

sj = max {||Sa(q, Pa(q))llp, : (¢.) € D;} and  r; = max (a;/p;, (2jp;) (1 — p)))

(4.12)
Now set Ny = 0 and for j > 1 choose an integer N; big enough so that
(] + 1)!Sj+1 ._9
—_ Niriiq) < 4.13
1 — eXp(Tj+1) eXp( ]TJ-‘rl) =7 ( )
(J + Dlsjia (J +2)!sj40 2
+ < Coexp(N;vi miiy), 4.14
1 explrer) (1= explryg) = 0Pt 1
. S1 282
th Cy =
W LR exp(r) + 1 —exp(ry)’
N; = max ((12,7541) 2, 5 log((j + 1)) (4.15)
if j>2
(j!)ZC;Vj/2 S j_2
and

(ii_: Nk) max(1, max{|lax(g, a)[| : (¢,@) € Dj—1}) < j7'Nymin(L, {ax(g, @) : (¢, @) € Dy}).
- (4.16)



CONSTRUCTION OF INHOMOGENEOUS MANDELBROT MEASURES AND LOWER BOUNDS FOR THE
66 HAUSDORFF DIMENSIONS OF THE SETS Ex(K)

4.3.2 A family of measures indexed by J,

Proposition 4.5

1. For all v € U,>o N, the sequence of continuous functions Y, (-,u) converges
uniformly, almost surely and in L' norm, to a positive limit Y (-, u) on Jy.

2. With probability 1, for all o € J4, the mapping

defines a positive measure on OT.

3. With probability 1, for all (o,0') € J?, the measures p, and py are absolutely
continuous with respect to each other or mutually singular according to whether
0 and ¢ coincide ultimately or not.

The following lemma is a direct extension of Lemma 3.2.
Lemma 4.2 Let p € J and § € (0,1]. Define Z,(5,0) = Yn(B,0) — Yn_1(B,0) for
n > 0. For every p € (1,2) we have

n—1

E(|1Z0(8, 0)I") < (287" )"E(Sa, (4n, Pan(40))") [T 87 exp (v (PG, PP (41)))-
B (4.17)

Proof of Proposition 4.5. The proof is formally the same as that of Proposition 3.4, but
uses Lemma 4.2 instead of Lemma 3.2.

If we set ¢, = ’y]?kﬂ/mjkﬂ for all k > 0, we still get C7, > 0 such that :

| sup Y (o,u)[ly < Cyg, exp(euN;,,) < Cg, explepful) (Yue J NF). (4.18)
0€Ty E>0

O

Remark 4.1 This is the analogue of Remark 3.1.

Let K be a compact subset of J, containing the unique element of Dy. Then, there
exists px € (1,2) such that

sup  sup  Pa(piq, prcFalq)) <0 and sup  sup  E(Sa(g, Pa(q))") < oo,
J>1 (g,0)eD;NK jz1 (qa)eD;NK

Then if we define J(K)={0€ J: Vk>1, q. € K}, we have

” sup Y<Qa u)”pk = O((]IU\ + 2)‘)
0€J(K)
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4.3.3 Lower bounds for the Hausdorff dimensions of the mea-
sures {1o}oes

Proposition 4.6 Let 5 € (0,1] such that SE(N) > 1. Conditionally on non extinction
of (Tﬁ,n(u))nzh forall N >1 and € € Qi;

1. the sequence of continuous functions Y, (-, B) converges uniformly, almost surely
and in L' norm, to a positive limit Y (8,-) on Jsp5.1.,

2. the sequence of continuous functions

0 Vu(B0) = 3 (1] W )ita([u])

ueT, k=1

converges uniformly, almost surely and in L' norm, towards Y (B,-) on Jsp.1.c-

Proof (1) Let L > 1 and € > 0. For p € J451, and n > 1, Lemma 4.2 applied with
P = pj,+1 provides us with the inequality

n—1

S (2571)pjn+1E(San (qn? ﬁan (qn))pjn+1) H ﬁlfpjnJrl eXp (wak (p]n+1Qk7 pjn‘i’lﬁak (Qk))>
k=1

Let (a,q) € Dj,+1 and set g : A € R — wa(pq,pﬁa(q). By construction we have
g(1) =0 so for p € [1,2]

o) = (o= g/ ()+ (o= 12 [ (1= 0g"(1+ 1(p— 1)),

with ¢’(1) = —h(q, @) (see (4.2) for the definition) and

g'A+tp-1) ="' <§aq(q)> Hy, (¢ +t(p — 1)g, Pa(q) + t(p — 1) Palq)) (}~)aq(q)>

S mjnJrla

where (m;);>1 is defined in (4.11). Let n; = 2(p; — 1)m; for j > 1. By construction of
(pj)j>1 we have lim;_,o n; = 0. Specifying p = p;, +1 we have now

Ya(Dini19, Pjus1 Pa(@)) < (1= pjs1)h(g, @) + 05, 11(pjt1 — 1).

We can insert this upper bound in our estimation of Y, (5, 0) — Y,—1(5, 0) and get,
remembering that o € Ty, forn > L +1

n—1

< @87 st exp (- pjon) Y- 108(8) + h(gs. o) — s )
k=1

< (287 hpmrstinitexp (n = 1)(1 = pj,41) (€ — nj,41)).

The proof ends like that of Proposition 3.5.
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Recall definitions (4.2) and (4.3). The proof of the next proposition follows the same
lines as that of Proposition 4.9 in the next section.

Proposition 4.7 There ezists a positive sequence (6y,)n>1 converging to 0 such that,
with probability 1, for all 0 = (qx, ok)k>1 € Ty, for pe-almost all t € OT, for n large

enough, we have
n

Z Ak, O{k

< 0.

Proposition 4.8 With probability 1, for all o € Ty,

h ny “tn IS D
dim(u,) := inf {dim E : E Borel, p,(E) > 0} > lim inf ((qoz) = P;n(vpan(qn))).

n—00 Gn; Ot

Proof Let 5 € (0,1] such that SE(N) > 1. Let L > 1 and € € Q7.

For every t € T and wg € ()3 set
Qﬁn t wﬂ Hwﬁtw

so that for o € Js 1., }7”(5, 0) is the total mass of the measure Qg (t,ws) - dpe (t).

There exists a measurable subset Q(5, L, €) of €, such that P(Q(5, L,€)) = 1 and
for all w € Q(B, L, ¢), there exists QF C Qs of positive probability such that for all

w € QpB, Lye), for all p € Ty 1., for all wg € O, ?n(ﬂ,g) does not converge to 0.
In terms of the multiplicative chaos theory developed in [47], this means, that for all
w e QB,L,e) and 0 € Tp.Le, the set of those ws such that the multiplicative chaos
(Qpn(-,w))n>1 has not killed the measure p, on the compact set 0T has a positive
Ps-probability.

Let Q' = NBe®E(N)-1,1]nQ7 , L>1,cc0* Q(B, L, €). This set is of P-probability 1. Let o €
Js. The same argument as in the proof of Proposition 3.6 shows that setting D =
liminf, oo n™ ' S0, A(qk, o), the lower Hausdorff dimension of p, with respect to the

lo tin
metric d; it larger than or equal to D ; in particular, we have 1171111) ggf M > D,

pto-almost everywhere. Then, since by definition of dy the diameter |[t},]| of [tln] equals
exp(—S,¢(t)), Proposition 4.7 together with Lemma 4.1 yield that for all n € (0, 1),
for p,-almost every ¢, for n large enough,

1
log [[t]] k=1 Mk, )
h(gn, o D
Let Dy = liminf, M By definition of D we have liminf — n >
)\(Qna O-/n) o Zk:l )‘(Qka ak)
D, Indeed let (n;)j>1 be an increasing sequence of integers such that

lim n; -1 Zh qk, ) = D. For any 6 > 0, for k large enough we have h(qg,ax) >

n;D
Dy — 8)X(qi, ou), from which we deduce that lim inf ——2
(D I, ) o S A (g, )

> Dy — 6. Conse-

quently, dim(u,) > Dy in the metric dy.
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4.3.4 Lower bounds for the Hausdorff dimensions of the set
Ex(K)

The sharp lower bound estimates for the Hausdorff dimensions of the set Ex(K)
are direct consequences of the following two propositions.

Proposition 4.9 There ezists a positive sequence (0,)n>1 converging to 0 such that,
with probability 1, for all o = (qx)k>1 € Tp, for pe-almost allt € OT, forn large enough

we have
n

Z qk7 O(k

< op.

Proof Fix a positive sequence (0,),>1 converging to 0. Let v be a vector of the cano-
nical basis B of R%. For g € Js and n > 1, we set :

n

Egné():{teﬁT:< Z qk,ak>2n5n}
{t € 0T : < zn: (qx, ax) > < —nén}

It is enough to specify (d,)n>1 such that for A € {—1,1} and v € B we have

Egrlté ( )

]E( sup Y po(Eo,, s, (v ))) < 00. (4.19)

0€Tp n>1

Then, with probability 1, for all p € Jy, A € {—1,1} and v € B, > p,( (v)) < o0,

n>1
and consequently, by the Borel-Cantelli lemma, for j,-almost every ¢ for all v € B, for

n large enough we have

(oln~

which yields the desired result.

gn6

( zn: (qk, o >>‘ < 0y,

Now we prove (4.19) when A = 1 (the case A = —1 is similar). Let p € J,. For
every 7 > 0 we have

Ho(Eyp s, (0) < fusy(o),

where

f”:’Y(Q) - Z :uQ 1:[ eXp( U\k - aX(Qk7ak)> - 7571)

uGTn

= ZHHW u)Y (0, u),

’MGTn

where we used the definition of p, and set

an(Q, u) = H exp <<qk + 7U|Xu|k - ak> - ﬁak (Qk)gbwk - <’YU|O‘X(Q/€7 ak) - ak) - 7571)
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Since II,, (o, u) only depends on g),, and u, we have

sup foqy(0) < Y. sup II,(o,u)- sup Y(o,u).

0€Jy w€T, 2ne€Ts 0€Jy

Consequently, since E(sup,c ;Y (0,u)) < Cg, exp(ey|ul) by (4.18), we have (taking
into account the independences)

E(sup fn,”/(@))

0€Ty

< Oy, exp(ney) IE( > sup (e, U))
uET, Qn0€Ts
< Cy, exp(nen) ( > Y I(ow )

u€Ty g|n :0€Ty

= Cg, exp(ne,) Z H exp (wak(qk + Yo, Pak(qk)) — (yw|ax(qx, ax) — ag) — ’ycsn).

O|n:0€Jp k=1

For each o € Jy, we have g, € Dj, 41 for all 1 <k < n. Thus, writing foreach 1 <k <n
the Taylor expansion with integral rest of order 2 of v — ¥, (& + Vv, Pa, (qx)) —
(yolax (qk, ax) — ax) at 0, taking v = ~;, 41, and using (4.6) and (4.10) we get

> Yoy (@r 04105 Poy (@)= (Vjur10lax (G ) =) =, 4100 < 05 1M, 11—1Y5,410n
k=1

uniformly in ¢ € J,. Consequently, using that €, = 27]2n+17”\jn+17 mj,+1 < M;j, 41, and
card({opn, : 0 € J}) = (Jn + 1)1, we get

E(Seu}a Frinir (0)) < C, (i + D)V exp ((=n,41 (00 — 372, 41775, 41)) -
0CJe

Let 6, = 477 |, 11. Now we use (4.15) : (jn +1)! < exp(len/S) < exp(n'/®) and
73 A1 2 N_l/2 n~'/2. Thus

E( 5 1g(E}5,(0)) S E(SUD fun, 1 (0)) < C, expl(n ) exp(—n!2).
0€Jy 0€Js

Since &, = 472 17,41 tends to 0 as n tends to 0o, and 3,51 E( SUP e 7, 1o(EL,5.)) <
oo, we get the desired conclusion.

Proposition 4.10 For every compact connected subset K of I there exists o € Jy
such that

ﬂ {n 1Zax K, k) nZN}:K

N>1

hmlnfn_mP (VP (qn)) = inf{P* () : v € K}

Proof It is similar to that of Proposition 3.8 but uses Propositions 4.4 and 4.8 | as
well as (4.16) instead of Corollary 3.1, Proposition 3.6 and (3.14).
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4.4 Proof of Theorem 1.6

(1) We will interpret K via the set of the possible accumulating points of
(S, X, S, X). Consider

P (0.0 = log E( S exp((alX) + (715))

=1

and the compact set

d d . *
Ik = {(0.@) eRIxRY: B ¢ (0.d) > 0}

Due to Theorem 1.3 applied to (X, X ) and j(v the projection on the second coordinate
of I (X.%) equals I¢. Moreover using arguments similar to those use to prove Lemma 4.1,

we can get that I¢ C R*er.
Let ® : RY x Rid — R? be the mapping defined as

Ty xd)

@(xl,...,xd,yl,...yd):( s )
Y1 Yd

Proposition 4.11 We have
K= (I)(I(X,)?))'
Notice that this proposition implies the compactness and connectedness of I since ¢

is continuous and ](X7X“) 1S convex.

Proof First for a € R? let us define

Presle) {t aeer{(g §2E2>1sm:"2N}}'

For every t € T and a € R,

ae {(S n X (1) n>N} iff 0e () {(S”(Xj_a’yj)@

N>1 S X (t) >1<]<d N>1 n )1§j§d

:n>N},

—~

in other words EXX(Q) =F

X_a.f(o)‘

Now suppose that o € K, i.e. inf cga ﬁa(Q) > 0. Like in Proposition 4.4 we can
find a sequence (qx)p=1 in R? such that P*(VP,(g)) > 0 and VP, (g) converges to 0.
For each ¢; in the sequence, let pi,, o be the Mandelbrot measure associated with the
family of vectors (N, X!, = (q| X1 — - 5(,“1> — ?a(qk)gbul, X!y = (qr| Xu2 — - )A(/u2> —
Po(gi)buz,...), u € Un>0 N7 (see Section 6). For the same reasons as those invoked in
Section 4.3 for the measure (i, this measure is non degenerate. Also, here

(S (X — o Xo) exp((ge] X — a - X) — Palar)ér))

Vﬁa(%) — —
E( Y dvexp((@nlXi - a- X) — Pala)6))
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Consequently, if we set for ¢ € R?

ax(g.0) = B( X Xiexp((glXi — a- X)) — Pala)sy)),

ag(ge) = E(ZEeXp(<Q|Xi_a'Z>_ﬁa(Q)¢i)>'

by Proposition 6.1, with probability 1, for p, .-almost every t € T,

T}LHQOS"X(” _:'S”X(t) - E(Zqﬁlexp D)V Pa(a) (4.20)
= &X(Qka >_ : X(leoo
R
tim 2 o)
N
Jim 270 = B( S o))

We notice that IE( SN o eXp(XZ-’)), which depends on k, is a limit point of S"%m, SO

it belongs to a deterministic compact set isolated from 0. Also, (ax(q, ), az(qr, a))

£ Sn(X X)(t)

being a limit point o , it belongs to I 5. Moreover, since VP, (q) converges

to 0 as k — oo, the above hmlt show that a = limk_>C>O P(ax(qr, o), az(qr, @), and
since @ is continuous, o belongs to the closed set ®(/, ). This yields K C ®(/,, ).

Now consider (v,7) € I, 3. Our study of the level sets of the limit points of
S,(X, X)/n shows that lim,, o0 Sn (X, X)(t)/n = (7,7) a.s. for some t € AT. It follows
that if o = ®(7,7), we have E z(a) # 0. Moreover, our study in Section 4.2 implies
that dim EX () < inf cpa ﬁa(q) almost surely for all o simultanously, a negative

dimension meaning that E xla) = (. We thus have inf cga P.(¢) > 0 and o € K.
Thus we have proved that <I>( 3 CK.

(2) The upper bound for the Hausdorff dimension comes from the previous lines. For
the lower bound, the strategy is exactly the same as the one developed to prove Theo-
rem 1.4. The essential changes are as follow. We again set Jy = {(q, a) € R x R :

P*(VP,(q) > 0}, but remind that the definition of P, has changed.

The sets D;, 7 > 1, and the set of sequences J, are defined formally in the same
way as in Section 4.3, and for u € U,>o N7}, 1 <i < N(u), and o € J; we define

Wg,ui = eXp(<Q|u|+1|Xuz = Qy|+1 - 5(/m> - ?a‘qu (q|u|+1)¢uz)

to build the associated inhomogeneous Mandelbrot measure p,. Then, choosing the
sequence (N;);> suitably, with probability 1, for all o = ((gx, ))k>1 € Ty, 1, has OT
as closed support, and for ji,-almost every ¢ we have

lim —(S X(t ZO‘X qk,ak)) = 0,

n—oo n,
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,}LI&TIL( i faon) = 0,

1 n
so lim —<S (X —a-X)( Z ax(qe, o) —a - ag (qk,ak)) = 0 (Ya€RY,

n—oo n,

moreover dimy, > liminf, ﬁ;‘k(VISQk(qk))

Also, given a compact connected subset K of K, for each point a of K we can find
(g,¢) € J, such that o is arbitrarily close to a, VP (g) is arbitrarily close to 0 and
Pr(VP.,(q)) is arbitrarily close to inf cga P,(q). Notice that assuming that VP, (q)
is close to 0 implies, after (4.20), that ax(q,) — o' - az(g,a’) is close to 0, and so
ax(q,) — a - azx(q,a’) is. This and the previous propertles valid for any g, can be
used to build, in the spirit of Propositions 3.8 and 4.10, a sequence ¢ € J; such that
liminf,, ﬁ;k(V?ak(qk)) > inf,e inf cpa P.(¢) and

K = ﬂ{@(nlzax (qr, ), nlza qk,ak)>:n2N},

N>1

so that p,(Ey 5(K)) > 0.



Chapitre 5

Results about the level sets Fx(«) and

LD(qq,)

Ey under the metric d¢

We prove Theorems 1.5, 1.7 and 1.8

5.1 Proof of Theorem 1.5

(1) It is a consequence of Theorem 1.4.

(2) The part concerning inhomogeneous measures can be proved by using the same
approach as in Section 3.3.5.

The point concerning the fact that almost surely, for all a € I simultaneously, the
measures [, o is supported on Ex(a) and of maximal Hausdorff dimension requires
first to prove that the associated homogeneous Mandelbrot martingales converge al-
most surely simultaneously to non trivial limits i, o, which are indeed carried by the
sets Ex () and have lower Hausdorff dimension at least P(0). This can be done by
mimicking the approach of Chapter 2, since we know that a € I (o is analytic (Pro-
position 1.1). The point concerning the uniqueness of the Mandelbrot measure carried
by Ex(«) follows from the following general fact.

Proposition 5.1 Let i/ be a non degenerate Mandelbrot measure built simultaneously
with (S, X, Sn@)n>1 as in Section 6. Fix (q,a) € R*?. For s € [0,1] let

¥ (s) = log E( > exp(X]) exp(s({alXi — ) - Puala)di — X1))).
Suppose that (1) = 0. Then
B(S_((alX; - o) - Pul)o) e(X])) ~ B( L X] exp(XD) <0 (5.1)

=1

with equality if and only if X! = (q|X; — a) — Pa(q)d: for all1 <i < N almost surely.

74
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We assume this proposition and apply it with ¢ = ¢,, where o € Vﬁ(J) (this is
possible since we assumed (1.7)). Suppose that p’ is a non degenerate Mandelbrot

measure built simultaneously with (S, X, S,¢),>1, such that E( SN IXG exp(X{)) <

00, and E( YN X, exp(X{)) — a, i.e. i/ is supported on Ex(«), and dim i/ = P*(0) =

dim g4, o, where we recall that i, o is the Mandelbrot measure generated by the vectors

(Nu, ((q|Xui — @) = Pa(q)ui)iz1), u € Un>o N7 By using Theorem 6.1 we get

Py - AT Xiew(X) (52
B b)) |

(notice that since v € I we have P*(0) > 0 hence IE( SN o exp(X{)) < 00). On the
other hand, the equality E( YN X, eXp(X{)) = « implies that E( SN ({qa] X — ) —
Palaa)o) exp(X))) = ~Palg)E( X, drexp(X) = ~FiOE( S, grexp(X))).
and by (5.2) this equals E( NoX! exp(X{)). Thus equality holds in (5.1), hence the

conclusion.

Proof of Proposition 5.1. It is enough to notice that ® is convex and ®(0) = ¢(1) = 0,
and equality in (5.1) means that ®'(0") = 0, so that ®(s) = 0 for all s € [0, 1]. Using
Holder’s inequality yields the conclusion. U

(3) The fact that Ex(ap) and 0T have Hausdorff dimension ¢, comes from the
fact that by using the natural covering of 0T by the cylinders of generation n and
the definition of tg one finds dim 0T < ¢, almost surely, and the Mandelbrot measure
[to,«, which does not depend on ¢, is by construction of dimension ¢, and is carried by
Ex () almost surely. Suppose that another level set Ex () has Hausdorff dimension
to = P,(0). This means Pf(0) = to, so that P,(q) reaches its minimum at ¢ = 0. Then,
due to (4.1), we have oo = .

5.2 Proof of Theorem 1.7

Additional conditions on (N;);>1 and definitions

We need to slightly modify the set J; by requiring, in addition to the initial condi-
tions on (NN;);>0, that for all j > 1

Njw > Myk(M;) and  ((j +3))? exp(~N; /) < j2 (5.3)

Since the sequence (k(n)),>1 is increasing, writing M;, + 1 < n < M, 1 we have
nk(n) < Mj, 11k(Mj,11) < Nj,42 < Mj, 12, 50 Jukm) < Jn + 1.

For each integer m > 1, define the compact set

K ={(q,a) € Jy,N B(0,m) : d((q,),dJ3) > 1/m} U{(q1, 1)},
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where B(0,m) is the ball of radius m centered at 0 in R?? and (q;, ) is the unique
element of D;. Then, for £/,m > 1 let

Tom = {9 = (av, )izt € Ty N Ky 23 a € VP(J), lim (g, o) = (qa,a)} (5.4)

and
1= {a € VP(J) : (40, @) € {Jim 01 = (gr, 00) 0 € Ty} }

By construction we have Vﬁ(J) = Um>1 I I (¢, @) = limy_,0 0k, set o = .

Let x = liminf, , log(k(n))/n and &’ = limsup,,_,.. log(k(n))/n. For all integers
¢,m > 1 and closed dyadic cube @ in R?, define the sets

Tomta={0€ Tom: ¥YAEQ, =A; . (VAq, a,(\) <min(t, 5 —1/0)},
Timio={0€ Tom: VAEQ, =N . (VA 0,(N) > & +1/¢},

(Iag o)

where @ stands for the union of @ and the closed dyadic cubes of the same generation
as () and neighboring Q).

Proposition 5.2 With probability 1, for all integers £,m > 1 and all dyadic cubes @,
1. for all 9 € Tymeq, for pe-almost every t, we have limy, oo n *AL(N) = Nge, o (N

for all X € Q.
2. For all 0 € Jj 00 Jor po-almost every t, for all X € Q, there exists € > 0 such
AS, X (j,t
that for n large enough, {1 <j<kn): Sn(j) € B(VAan,ag()\)>€)} = 0.

Suppose the proposition has been proved. Let us prove the theorem. We have

{(a,\) € VP(J) x R : =A% (VAg (V) < &}

= U U{@N) e VP(J) xR a € Iy, =A% (VAg o(N) < min(l,k — 1/0)}
m>14>1

= UU U {a€l,:¥reQ, —A; (VAL o(\) <min(l,x—1/0)} x Q,

m>10>1 Q,
dyadic cube

where we have used the continuity in («, A) of —=A} (VA o(A)). Consequently, due
to Proposition (5.2)(1), with probability 1, for all & € V.P(J), if m is large enough
so that o € I, for all p € J,,, such that limg o 0r = (ga, @), since each \ € R?
such that —A? (VA «())) < & belongs, for £ large enough, to a dyadic cube @ such
that —A? (VAg,.«) < min(l, s — 1/£) over Q, we have that p,-almost everywhere,
limy, o0 27 AL (A) = Ag, o for all A € R? such that —A?  (VAg, (A)) < &, Le. the first
part of the large deviations principle LD(q,, ). For the second point, one uses a similar
argument. Now, to get the desired lower bound for dim ELPaen) (a), it is enough to
pick o such that limy_,o 0k = (¢a, @) and limg_,oo Pa, () — (G| V Pa, (qx)) = P2(0), as
in Proposition 4.4 (then Proposition(4.8) yields the result).

Proof of Proposition 5.2. Fix m, (,Q. We need to cut the sets Ty m.eq and T, o as
follows : for every integer L > 1 let

Tsmir.g=10€ Tpmeq: VE> L, VAEQ, —A! o (VAg (V) < min(26, 5 —1/20)} |
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and

j(iimeQ
= {0€ Tomua: Vh> L, VANEQ, A 0, (VA a,(N) = AL (VAg, a,(V)] < 1/2(}.

Due to the continuity of A,, as a function of (¢, a) taking values in the set of conti-
nuous functions over R% x R¢ endowed with the topology of the uniform convergence
over compact sets and the compactness of ), we have Jyme0o = Ur>1 Tpmer.o and

Tpmeq = U1 Tymerq-

(1) Fix L > 1. For p € Tpmero, A € Q,n>11<;5< k(n) and t € OT, set

in
Snvj(@ /\) = Z A%ak()‘)
k=(—-1)n+1
and
Zyi(0, A\ 1) = exp((MNAS, X (7, 1)) — snj(0, ). (5.5)

It is enough that we prove that for every A € CNQ and € > 0 we have

E(Z sup {ug({téaT ’ |

-1
n>1 j=l

(n)
n] Qa)‘ t )‘ > 6) : Q € j(j),m,é,L,Q} < .

N (5.6)
Indeed, suppose that (5.6) holds true. Then, for every A € @ and € € (0,1), with
probability 1, for all ¢ € Jym..1.0, applying the Borel-Cantelli lemma to p, yields, for
[to-almost every ¢, an integer n, > 1 such that for all n > n,,

1—e<k(n)™? > Znj(oA\t) < 1+e
=

Moreover, given ¢ € J4mr.1,0, there exists k, > 1 such that for all £ > £k,, one has
[Agp o (N) = Ay, .00 (V)| < €, hence for n > k, we have

|5n,5(0; A) = nhg,, 0,(N)| < ne if j > 2
|sn.1(0,A) — nAan,ag (M < ne+ Co(N) ’

where Co(3) = Y421 [Ag00(A) = Aguy 0, (V)
Consequently, for n > max(k,, n,), recalling the definition (1.10) of AL (X) we have
(1 —€) exp(—ne — C,(N)) < exp (Afl()\) — nAqagv%()\)) < (1 + €) exp(ne + Cy(N)).

Letting € go to 0 along a discrete family, this gives that almost surely, for all p €
Toma.L.Qs for pr-almost every ¢, lim,, oo n 1AL (N) = Aqag,%()\). Then this convergence
holds almost surely for a countable and dense subset of elements A of Q, and finally the
convexity of the functions A}, gives the convergence for all A € @Q, since @ is included
in the interior of (). Then the desired result comes from the Gartner-Ellis theorem.

To prove (5.6), we need the following lemma, in which Q, stands for the Peyriére
measure associated with u, (see section 6.2).
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Lemma 5.1 1. Let ¢ € Jymurqg ond X € Q. The random variables (w,t) —
Znj(o,\t)—1,1<j<Ek(n), defined on 2 x NT* are centered and independent
with respect to Q,.

2. There exists p(m,{,L,Q) € (1,2] and C(m,¢,L,Q) > 0 such that for all p €
(1,p(m, €, L,c)], for all e > 0,

A

independently of 0 € Tymurq and A € Q.

k(n)

ZugleAt) =) > ¢) < Clm,t,L,Q)exp(~n(p— 1)t/4)

-1
J=1

We postpone the proof of this lemma to the end of the section.

Now, for ¢ € Ty mer.0, A € Q, and t € 9T let

k(n)
Vale A t) = k)™ Y (Zugle. A1) - 1)

=1

and notice that by construction V,, (g, A, t) is constant over each cylinder [u] of genera-
tion nk(n), so that we also denote it by V,,(o, A, u). Now we can write

,ug({t €T : Vn(97 )\,t) > 6}) = Z 1{Vn(g,>\,u)>e}ﬂ@([u])-

ueTnk(n)

Recall that by definition we have p,([u]) as H W)Y (0, w), with E(Y (0,u)) =1,
k=1
and due to Remark 4.1, since Ty m,r,0 C J (Km), we have |[sup,ey, V(0 u)lli <

O((Jpu + 2)1)-

n

Consequently, using the independence between ([ [ Wouy.uy )oegymer.o a0d Y (-, 1)
k=1
for all u € Ty, we get

E(sup {uo({t € 0T : Valo. M 1) > €}): 0 € Tomera})

< B X s (g [ Wenw) | _sw Yl

uET i (n) 0€Tp,m,0,L,Q = 0€ETp,m.e,1,Q
nk(n)

< S E( Y Apeansa I W w) | s Y(ewl
Q|nk(n):ges7¢,m,l,L Q UETnk(n> Q€j¢,m,Z,L,Q

- S E( Y (Lol H W )Y (20)) | sup ¥(o.w)]l
Onk(n):0€ETp,m 0,L,Q UET i (n) 0€Tp,m,0,L,Q

= Z QQ( (Qa)\ t) > E) || sup Y(Qv u)”l
Olnk(n):0€ETp,m £,L,Q 0€Tp,m 0,L,Q

< (o 0€T)( s QValeAn =) | s Y(ewlh

0€J$,m,e,L,Q 0€T$,m ¢,L,Q
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< (Unkm)C(m, £, L, Q) exp(=n(p — 1)¢/4)O((Gnkn) + 2)1),

where we have used Lemma 5.1(2). Now recall that due to (5.3) we have juum) < jn+1,
hence

E(sup {,ug({t €dT: Vy(o,\t) >¢€}):0€ j¢,m,e,L,Q}>
< O(M)C(m, £, L, Q)((jn + 3))* exp(—n(p — 1)(/4).

It follows that

> E(sup {ug({t €dT: Vy(o,\t) >€}):0€ ..7¢,m,e,L,Q})

n>1

- o(YX X (G+3)ep(-nlp— 1))

§>0 Mj+1<n<Mj 41

= of > ex(l(ij(;’)!_) o7 P Mie - 1)0/4))

= O 2(( +3))exp(=Ny(p — 1)¢/4)).

Jj=0

Due to (5.3) the above series converges.

(2) This situation is not empty only if " < co. Fix L > 0. Given ¢ € J; ,,, 110+ A € @,
€¢>0,n2>1land 1 <j <k(n), weset Vi(o, A1) = L{a5,X(i)-nVAg, .0, NEBOMO}-
Mimicking what was done above, we can get

k(n)
E( sup ,ug({t : Z Vi(o, A\, t) > 1}))
€T g me,L,Q j=1
k(n)
< @Howw 0T s Q({XViean=1f)) I s Y(ewl
0€TY 01,0 Jj=1 0€TY 010
k(n)
= 0.3 sw ([ vitern=1}).
0€T g me,L,Q j=1
We have
k(n)
o,({ X vitent) > 1})
j=1
< Q({Vilo A1) > 1}) < 3~ Qu((AAS, X (5,t) = nV Ay, a,(N) = —nel|Al])
=1 =1
< Y exp (el Al = n(A[VA,, .0,(M))Eg, (exp((A[AS, X (5,1))))
j=1
k(n) in

= X e (el = n VA0 (W) e (3 Aga)

Jj= k=(G—-1)n+1
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< A Z exp (neH/\H - n()\|VAq%7%()\)>) exp (n/% + nAan%(/\))
=1

= A exp (ne|| Al +n/2¢0+ nAZQQ,%(VAan%(/\))) < Ak(n)exp (ne||A|| — n/2¢ — nk'),
=1

where we have used the definition of Jj ,, , o and

L
log(A) = sup  sup ) [Agy,a,(A) = Ay (V)]

0€TG m L. M@ k=1

Thus, taking 0 < € = €, small enough so that €||\|| < ¢/8, since log(k(n)) < n(k'+4¢/8)
for n large enough, we get that

sup QQ({ 2221 Vi(o, A\, t) > 1}) = O(exp(—n/4r)).

!
9€‘7¢,m,€,L,Q

Mimicking the end of the proof of part (1) of this proposition, we can get that given
A€ Q, with e = ¢,

k(n)

]E( > sup ug({t : z:; Vi(o, A\, t) > 1})) < 00,

n>10874 4 1.Q

hence, with probability 1, by the Borel Cantelli-Lemma applied to each p,, we have
that for all 0 € J;,, 1o, for pe-almost every ¢, for n large enough, {1 < j < k(n) :
nTAS,(5,1) € B(VA,,.0,(A) €2)} = 0.

Now, for each A\ € @, there exists 1y > 0 such that for all N € B(\,n,), for all
0 € Thmurq Wehave B(VA,, o, (N),€x/2) C B(VA,,, a,()), €1). We can extract from
(B(A,m))req a finite subfamily (B(A;,my,))1<i<r Which covers Q. Since this family is
finite, with probability 1, for all o € jq/s,m,e,L,@ for p,-almost every t, for n large
enough, for all 1 <i <7, {1 <j < k(n): n'AS,(j,t) € B(VA,,, a,(Ni), 1)} = 0;
consequently, by construction of (B(A;,my,))1<i<r, for all X € @, {1 < j < k(n) :
n'AS,(j,t) € B(VA,,, a,(N),inficic,€x,/2)} = 0. This finishes the proof of the
proposition. [l

Proof of Lemma 5.1. (1) Let n > 1 and (f1,..., fum)) be k(n) Borel functions defined
on R. Using the fact that Z,, (o, A\, t) is o(N(u), Xy : u € Uf:(jlfl)n NF.ieNy)®C-
measurable, using the definition of x, as well as the independence between generations
and the branching property yields

o, (TT 500 1)

=B Y e I (her) T Wew))

UET g (n) J=1 k=(j—1)n+1



CHAPITRE 5. RESULTS ABOUT THE LEVEL SETS Ex(a) AND EYP(@*®) UNDER THE

METRIC D, 81
k(n) in
= ( Z ( Zn,i(0, A u)) H WQ,m"ﬂk))
UET pp(n) J=1 k=(G—-1)n+1
k(n) jn ~
= E( X (A Zueru) I epllanlXumn — ax) — Po(@)bu-)) ).
UET i (n) j=1 k=(j—1)n+1
Set
jn .
( ) fj( nj(gv A u)) H eXp((Qk|XU1"'uk - ak’) - Poék (Qk)¢U1uk)
k=(j—1)n+1

and notice that this random variable is measurable with respect to G, ;
a((Nu, (X1, Pu1),--) U € U?J;(jlq)n Ni) Now, the above equality can be rewritten

(nynjaxm) B Y g;lImjw)

UETn(k(n) 1) vETR (u) J=

Conditioning on G, x(n) and using the independences and identity in distribution bet-
ween the random variables of the construction we get

( H fi(Znj(0, A t))) E( Z k(ﬁl Un7j<uv)>(7ﬂ,k(n)’
u€Tp(k(n)-1) J=1

where

Uy =E( 3 £i(exp((ASuX (W) — 500, V)

u€ETy,

T exp({aG-1yn k1 Xurur = @G-1yn4k) = Pag s (Bt G-1)n) P - Uk>>
k=1

for 1 < j < k(n). Iterating this yields

(Hf] (0, A1) )Ilﬁ)ﬁn’j.

.
—

Applying this with f;; =1 for 5’ # j yields
k(n)

(Hf] (0, A 1)) ) H]EQQ(f] (Znj(0, A, t)))

hence the desired independence. Then taking f;(z) = z and f;/(z) = 1 for j' # j yields,
writing &’ for (j — 1)n+ k

EQQ (ZnJ(Qa A, t))

= ( Z H eXp ( /\|Xu1 uk> - Aqk/,ak/()‘) + <qk’|Xu1uk - ak’) - ﬁay(Qk’)gbulmuk))

u€Ty k=

—_

T
n N ~
= H E( Z eXp )\lX <q1<:’|Xz - Oék;/> - Pak,(Qk’)gbi - Aqk/,ak/()‘D)

k=1 i=1
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=1

by definition of Ay, ., (A). Finally, the random variables Z,;(o,\,t) — 1 are Q,-
independent and centered.

(2) Thanks to (1), we can apply Lemma 3.1 and get

1k‘(n) k(n) D
Q, (|k(n)~ <zmwaw—nkﬂﬂs<%mwﬂE%(}:u%x@xw—wﬂ)
j:l J=1
< 207 Yek(n) ZEQ (| Zni(0, A\, t) — 1) < 2% (ek(n ZEQ (0, A 1)P)
7j=1

since Eg,(Zn,;(0,A,t)) = 1. Moreover, calculations similar to those used to establish
part (1) of this lemma yield

n
EQQ (Zn,j(ga A, t)p) = €xXp < Z AfIszék (p)‘) o pAQk:ak()\))'
k=(j—1)n+1
Since Jpmero C J(Ky), with K, a compact subset of J,, using Taylor’s expansion
we have Ay, o, (P) — PAgy (V) = (1= DAL 0 (VAgaA) + O((p — 1)2) uniformly in

~ qk,Ok
0 € Tpmuero, N € Q and p — 1 small enough. Consequently, using the definition of
Tomu,Lo for k> L, we have

Akaak (p)‘) _pAQkaak()\) S (p - 1) min(%, K= 1/26) + O((p - 1)2)7
hence for all 1 < j < k(n)
n
Z AQkyak (p)‘) - pA!Ik,Oék ()‘) S A + n((p - 1) min(QK: K= 1/2@ + O((p - 1)2))
k=(j—1)n+1

uniformly in 0 € Ty mer,0, A € Q and p — 1 small enough, where

A= sup sup supZIAqk o (PA) = PAgp 0 (A)]-

pE[L,2] 0€T3,m.0,L,Q \eQ k=1

The previous estimates yield

0t

in the same uniform manner as above. Take p close enough to 1 so that O((p — 1)?) <
(p—1)/8¢.

Now, for n large enough, we have k(n) > exp(n(min(2¢, x — 1/8())), so that

> (Znjlo N\ t)— )‘ > < eePk(n)) P exp (n((p—1) min(2¢, k—1/20)+0((p—1)%)))

-1
7=1

k(n)

k:(n)_1 Z(Zn,j(g, A t) — 1)‘ > e) < edeP exp (n(l —p)l/4)

=1

2,

uniformly in 0 € Jymer,q and A € Q. O
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5.3 Proof of Theorem 1.8

We need two new propositions. Let :7;) = {Q €T Ag, o} k>1}F C J¢}.

Proposition 5.3 There ezists a positive sequence (6y,)n>1 converging to 0 such that,

with probability 1, for all o € j;s, for po-almost every t, for n large enough,
n~logY (o, tp,)| < 0.

Proof For each m > 1, let J,, be defined as in (5.4). Fix a positive sequence ()51
converging to 0, to be specified later, and m > 1. For every 9o € Jym, n € {—1,1} and
n>1let

E(o,n,n) ={t€dT :Y(o,t,)" > 6"5”},

and notice that for any v > 0

po(B(e,n,m) < 37 po([u))Y (0, u) e = 37 <H Wouy - uk) ) e m0n,

uETy V1 Un€Tx

According to Remark 4.1, we can choose v < 1 small enough so that there exists C,,, > 0
for which E(supQQ%m Y (o, u)1+“’> < Cr(fi + 2)1)1*7 for all n > 1 and u € N'}.. Then,
using an approach similar to the one used to establish (4.19), we can get

E( sup f1o(E(0.1,1)) < Cou(jn +2)1) e < Cppe e,
erqb,m

Now, taking 0, = v~'77 ,m;,4+1 and using (4.15) we get

2/5 7n1/2N1/ n2/5

’Y]n+1m3n+1 < C el 6_n1/2

E( sup p,(E(0,n,1m)) < Cpe”

Qqub,m
The previous inequality yields

E(Z >, sup MQ(E(Q,n,n)))<oo,

n>1ne{—1,1} 2€Jo.m

hence the desired result when ¢ € Jj,,. Since Zb is the countable union of the sets
Jsm, the result holds with 7.

Proposition 5.4 There ezists a positive sequence (6y,)n>1 converging to 0 such that,
with probability 1, for all o € Ty, for p,-almost every t, for n large enough,

n

Z (@] Xty ot — k>_ﬁak(Qk>¢t1---tk_Z<Qk|04X(QkaC“k>_ak>_ﬁak(Qk))\<Qkaak) < Op-

k=1

Proof It is similar to that of Proposition 4.9. Fix (J,),>1 a positive sequence conver-
ging to 0.

For o€ J,n>1,and t € OT we set :

=Y ar|ox (qrs o) — ar) — Poy (qr)AM(qr, ),
k=1
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Q; t|n Z qk‘thmtk - Oék> - ﬁak(Qk)¢t1mtk~

Els = {t € 0T sulo,t) — sulo) = nd,}

g_'rll 6n {t € oT: Sn(@a t|n) - 5n(@) < —nén}

It is enough to specify (d,),>1 such that for A € {—1,1} we have

E( sup Y 11,(Ep s, )) < 0. (5.7)

0€J4 n>1

We prove (5.7) when A = 1 (the case A = —1 is similar). Let ¢ € J,. For every
v > 0 we have

Ho(Eg 5, (1) < fas(0),

where

fan(0) = D no([u] exp (v(sn(o u) = sa(0)) — Y1)

ueTy

= 2 Mus(ew)Y(e u),

’lLETn
where we used the definition of 1, and

an(g, U) - kﬁ €xXp ((1 + ’Y) <qk’Xu|k - ak> - (1 + 7)ﬁo¢k <q1€)¢u|k)

- exp ( — (v(ar|ox (qr, o) — o) — ’yﬁak (@) M ar, o)) — 75n).

The same arguments as in the proof of Proposition 4.9 yields

E(sup fuy(0)) < Cg,exp(ne,) < > oy I )
0€Ty u€Ty g‘n :0€Ty
= Cg,exp(ne,) Y Hek 0,7
01n:0€Jp k=1
where
d o , P,

e4(07) = 050 (1 (14 ), (1+9) Poyg)) — 7 Vel L QL0 gy )
since by (4.7)

da, (1 +u (14w P
(arlox (g o) — ) — Pa, (a1) Maw, o)) = 2 Jd ( ) (Qk>>(0) For each
0 € Jy, we have ¢, € Dj, 11 for all 1 < k < n. Thus, by ertmg for each 1 < k < n the

Taylor expansion with integral rest of order 2 of v — ), ((1 + ), (1+7)Pa, (qk)> at
0 as in the proof of Proposition 4.6, and taking v = v;,+1, we get

Z %k((l +7)qr, (1 + V)ﬁak(%)) — Vjn+10n < ”%2n+1mjn+1 — N}, +10n
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uniformly in o € J4. Consequently, using that €, = 27]2n 1M1, my < My, 41, and
card({op 1 0 € J}) = (jn + 1)!, we get

E(Stelg Frsir (0)) < Ca(Gin + Dlexp ((—=n7, 11 (60 — 377, 11 7j,11)).
4

Let 0, = 477 ,17j,41. Now we use (4.15) : (jn + 1)! < exp(len/E’) < exp(n'/?) and

E( sup 1g(Eypn s, () < E(sup fos,.0(0) < Cg, exp(n'’?) exp(—n'/?).
0€Jy 0€Js

Since 6, = 4%2”“@3-”“ tends to 0 as n tends to oo, we get
> on>1 E(Supgej¢ ug(Eén’(;n)) < 00, as desired.

Now we come to the proof of Theorem 1.8. We fix a set ' of probability 1 over
which the conclusions of Theorem 1.7 hold, as well as those of Propositions 4.7, 5.3
and 5.4 with the same sequence (dy,),>1-

Let o € I such that P*(0) < dimdT, as well as g, a gauge function satisfying
the property limsup,_q: log(g(r))/log(r) < P*(0) (the fact that HI(EX ) (a)) =0
if this does not hold is obvious). The conclusion will come if for all w € €' there
exists o € J, such that ,ug(EﬁgD(qa’a)(a)) > 0 and there is a positive sequence (6},)n>1
such that lim,,_,., nd], = +oo and for p,-almost every ¢, for n large enough, we have

g(diam([t|n]) > OUQ([t\nDP%'

We can find a non decreasing function 6 such that g(r) > rt a(0+6()  with
lim, o+ 6(r) = 0. Let 6,, = 0(3Y), where /35 is chosen as in Lemma 4.1.

Let (nx)r>1 be decreasing sequence converging to 0, and such that lim,,_,., nn, = oo

and nd, = 0(2221 77k> as n — oo. Now fix o € j¢ such that ¢, = q,, for all

k > 1, oy converges to «, so that ﬁak(qk) = ﬁ;‘k(()) converges to P*(0), but en-
ough slowly so that for k large enough we have P, (qx) > (1 + n)2(P2(0) + 0).
We recall that due to the relation between oy and g, we have ax (g, ax) = .
Proposition 5.4 applied with f, then takes a particularly simple form, and writing
po([tn]) = Y(ort1 -+ tn) Tlizy XP((Gay, [ Xy, — %) = Fay. (4o, )91, ) and using simulta-
neously Propositions 5.3 and 5.4 we get, for p,- almost every ¢, for n large enough,

n

polltal) < exp (208, = S (140 (Pi0) + 0N gars )

< oxp (208, — (14 1) (P2(0) +6,) (1 + 7)Aoy ) ).
k=1

Now, we notice that since each Lyapounov exponent A(ga,, ) belongs to the com-
pact interval Iy, it is larger than or equal to log(1/52). Consequently, since nd, =

0( Sy nk), for n large enough we have 2nd,, — (1+nn)(ﬁ;(0) +00) 71 MeA Qo k) <
—(1 4+ 1,)(P2(0) 4 6,)nd,, so that

pollal) < exp (= (14 mPE0) + 0 (1 + 3 My ) )
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On the other hand, Proposition 4.7 yields, for n large enough,

diam([t),]) = exp(—S, (1)) = exp ( — nd, - S Alda,, a)))-

k=1

Thus

po([tn]) < (diam([t‘n]))(1+nn)(Pa*(0)+en)
< (diam([t,,])) ) Pa O+ @D) < g(diam([f,])) ).

Finally, the sequence ¢/, =1 —1/(1 +n,) is as desired.



Chapitre 6

Homogeneous and inhomogeneous
Mandelbrot measures ; some basic
properties

6.1 Mandelbrot measures

Let (N, (X1, X1, 01), (X2, X}, ¢2),...) be a random vector taking values in N, X
(R? x R x R*%)N+. Suppose that N satisfies the assumptions of the previous sections
and, moreover,

E(ZZ L exp(X] ) =
E( X (X! ) , (6.1)

]E(( ol 1exp(X))log ( L 1eXp(X’))) < o0

v Xl exp(

and

E(i X, exp(X))) < oo, (6.2)

Let {(Nuo, (Xu1, X1, Pu1), (Xuz, X9, du2), - - .) }u be a family of independent copies
of (N, (X1, X}, ¢1), (X2, X,, ¢9),...) indexed by the finite sequences u = uq - - - u,, n >
0, u; € Ny and defined on a probability space (€', A, P")

Condition (6.1) implies that with probability 1, for all n > 1 and u € N7, the
sequence
Yo(u) = > exp(SnpX'(uv) = SuX'(u)) (p>1)
vETp(u)
converges to a positive limit Y’(u), while the limit exists and vanishes if the condition
is violated. This fact was proven by Kahane in [45] when N is constant and Biggins
in [13] in general. Then with the family {(Nuo, (Xu1, X.1), (Xu2, X}5), - .) }u, We can
associate the Mandelbrot measure defined on the o-field C generated by the cylinders
of NIt as
exp(Sp X' (w))Y'(u) ifueT,
p([u]) = {

0 otherwise ’

87
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and supported on OT. The branching measure corresponds to the choice X! =
—logE(N) for 1 <i < N.

Using 6.2 to apply the strong law of large numbers to S, X (t) with respect to the
so-called Peyriére’s measure Q' defined on A’ ® C as Q'(F) = E[W(f 1p(W',t) u’(dt)),

we get the well known following fact (see [45, 55, 3] for instance) :

Proposition 6.1 With probability 1, for p'-almost every t,
SpX(t
lim

n—oo

<ZX exp(X ) and  lim n¢ = (Zgblexp )€R+U{+oo}.

n—oo

Moreover, still following either of [45, 55, 3], since E(Y') < oo we have :

Proposition 6.2 With probability 1, for p'-almost every t,

log Y'(¢,
lim sup 08 % Vin) ( | )

n— 00 —n

<0.

Corollary 6.1 With probability 1, for u'-almost every t,

1 "([t),
lim sup og 1 ([tn])
n—oo —n

N
< —E( 3 Xl exp(X))).

i=1
The next result holds thanks to a similar argument to that yielding Corollary 6.1 un-
der the property E(Y’log™ Y") < oo, hence in particular when E(Y'™) < oo for some
h > 1 (see [45, 55, 3|). However this property necessitates to add assumptions on
(N, X1, X}, ...), while the approach developed by Kahane in [46] for Mandelbrot ca-
nonical cascades on homogeneous trees, and extended in this paper to simultaneously
control the lower Hausdorff dimensions of uncountably many inhomogeneous Mandel-
brot measures, requires no additional information :

Proposition 6.3 With probability 1, for p'-almost every t,

1 /
lim inf 08 KAL) <[t|n])

n—oo —nNn

> —E( 3 Xl exp(X)

i=1
We deduce the following theorem.

Theorem 6.1 With probability 1, for u'-almost every t,

lim M _ ]E(Zfil Xz{eXp(Xi,))

e = o wen)

Consequently, if dy defines a metric on OT (see the introduction), then ' is exact
dimensional with dimension D = —E(Efil X/ exp(X{))/E(Zfil oi exp(Xi’)), in the
sense that D = inf {dim F: F Borel, p(F) >0} = inf {dimp F : F Borel, u(F) =
||}, where dimp stands for the packing dimension.
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6.2 Inhomogeneous Mandelbrot measures

We consider an integer valued random variable N and a family (N, X'x1, Xj 5, .. .),
k > 1, of random vectors taking values in N, x RN+ and such that the normalization

E(Zf\il exp(X,/m)> = 1 holds.

For each £ > 1, let {(Nu,X,’Cyul,X,’g’ﬂ,...)}ueNzrl be a family of copies of

(N, X'1, X5, .), so that all the random vectors so obtained as u runs in Ugxo N1
are independent.

With probability 1, for all n > 1 and u € N7}, the sequence

Y;:(U) = Z eXp(X;H-l uv] + X/ n+2,uvi vy ' X;H—p uvy - vp) (p Z 1)

vETH(u)

converges to a non negative li-
mit Y’'(u). Then with the family {(Nu, X} .1, X} 20 - - .)}kzl’ueNifl, we can associate
the inhomogeneous Mandelbrot measure defined on the o-field C generated by the
cylinders of N+ as

exp (X}

1u1

+ X

0 otherwise ’

¢ Y'(u) ifueT,

2u1u2 n,UL - Up

p([u]) = {

and supported by OT. It is proved in [3] (and this also follows from computations similar
to those achieved in the previous chapters) that if there exists v > 1

supE(Zexp (7 X}.0) ) +supE<(ZeXp > > < 00,

k>1

then the limit measure p’ is positive almost surely (in fact [3] assumes weaker assump-
tions). Suppose, moreover, that

> kT 2IE(X:X exp( X,“)> < 00.

k>1

Proposition 6.4 Under the above assumptions, with probability 1, for u'-almost every
t, ve have

/
hgggc}f—ZE(ZXmexp(Xk )) = hmjnfw

— —
nop= i=1 oo n

< limsup log 1 (lw]) _ — lim sup — ZE(ZszeXP(sz))

n—oo —nNn n—00 n =1 i—1

This yields the Hausdorff and packing dimensions of p’ (see [26, 28| for precise defini-
tions). Following the ideas of [3], which itself followed the L*-martingale approach to
the law of large numbers used by Peyriére in [45] to compute the Hausdorff dimension
of Mandelbrot measures on homogeneous trees, one can easily prove the following re-
sult about the asymptotic behavior of the branching random walk S, X, if it is built
simultanously with p'.
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Proposition 6.5 Suppose, in addition to the above assumptions, that

N
S EE( Y Xl exp(X,)) < oo.

k>1 i=1

With probability 1, for p'-almost every t, we have

Nl X,exp(X},))) = 0.

n—oo

n
lim o' (5,X (1) — S E(
k=1 A
The previous propositions entail inhomogeneous Mandelbrot measures as a useful tool
to study level sets of infinite branches over which S, X (¢) possesses a given set of limit
points. This thesis provides for all these level sets simultaneously, such a measure of
maximal lower Hausdorff dimension.
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