N

N

Construction and multifractal analysis of random
functions and their graphs
Xiong Jin

» To cite this version:

Xiong Jin. Construction and multifractal analysis of random functions and their graphs. Classical
Analysis and ODEs [math.CA]. Université Paris Sud - Paris XI, 2010. English. NNT: . tel-00841501

HAL Id: tel-00841501
https://theses.hal.science/tel-00841501
Submitted on 5 Jul 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-00841501
https://hal.archives-ouvertes.fr

Faculte des As,

- sciences
g PARIS-SUD 11 d0rsay < y

Ne d’ordre: 9745

THESE

Présentée pour obtenir

LE GRADE DE DOCTEUR EN SCIENCES
DE L’UNIVERSITE PARIS-SUD XI

Spécialité: Mathématiques
par

Xiong JIN

Construction et analyse multifractale de
fonctions aléatoires et de leurs graphes

Soutenue le 14 Janvier 2010 devant la Commission d’examen:

J. BARRAL (Directeur de thése)
K. FALCONER

A.H. FAN

MIERMONT

PEYRIERE

SEURET

—ESEE=

»n @

Rapporteurs:

M. K. Falconer
M. D. Khoshnevisan



INETITUT HATIONAL

DE RECHERCHE
EN INFORMATIQUE ] NR]A
ET EN AUTOMATIQUE

centre de recherche PARIS - AOCQUENCOURT

Thése préparée au

Projet SISYPHE

INRIA Paris-Rocquencourt
Domaine de Voluceau, BP 105
78 153 Le Chesnay CEDEX



Résumé

Cette thése est consacrée a la construction et ’analyse multifractale de fonctions aléatoires
et de leurs graphes.

La construction de ces objets se fait dans le cadre de la théorie des T-martingales de
Kahane, et plus spécifiquement des [0, 1]-martingales. Cette théorie est fréquemment utilisée
pour construire des martingales a valeurs dans les mesures de Borel positives dont la limite soit
presque stirement singuliére par rapport & la mesure de Lebesgue. Ceci se fait en perturbant
cette derniére a l'aide d’une suite de densités aléatoires qui sont des martingales positives
d’espérance 1. Ici, nous autorisons ces martingales a prendre des valeurs complexes, et plutot
que des martingales & valeurs dans les mesures, nous considérons des martingales & valeurs
dans les fonctions continues & valeurs complexes, puis la question de leur convergence uniforme
presque siire. Nous obtenons une condition suffisante de convergence pour les éléments d’une
large classe de [0, 1]-martingales complexes. Les limites non dégénérées sont toutes candidates
a étre des fonctions multifractales. L’étude de leur nature multifractale révele de nouvelles
diffiultés. Nous la menons de fagon compléte dans le cas des “cascades b-adiques indépendantes”
complexes. Ceci conduit & de nouveaux phénoménes. En particulier, nous construisons des
fonctions continues statistiquement autosimilaires dont le spectre de singularité est croissant
et entiérement supporté par U'intervalle [0, co].

Nous considérons également de nouveaux spectres de singularité associés au graphe, a
I'image, ainsi qu’aux ensembles de niveau d’une fonction multifractale f donnée. Ces spectres
s’obtiennent de la facon suivante. Soit Ej ’ensemble iso-Holder de f associé & I'exposant h.
Soit I'j, le sous-ensemble du graphe de f obtenu en y relevant Ej. Pour tout h, on cherche la
dimension de Hausdorff de T', celle de f(E}), et celle des ensembles du type I', N LY, ou LY
est ’ensemble de niveau y de f. Pour les cascades b-adiques indépendantes non conservatives
a valeurs réelles, nous obtenons presque siirement les spectres associés au graphe et a I'image,
et pour les spectres associés aux ensembles de niveau, nous obtenons un résultat en regardant
des lignes de niveau dans “Lebesgue presque toute direction".

Enfin, nous considérons les mémes questions que précédemment pour une autre classe de
foncions aléatoires multifractales obtenues comme séries d’ondelettes pondérées par des me-
sures de Gibbs. Nous obtenons presque siirement les spectres associés au graphe et a 'image.

Mots-clefs : Fonctions aléatoires, chaos multiplicatif, dimension de Hausdorff, analyse multi-
fractale, graphe, image, ensembles de niveaux.

CONSTRUCTION AND MULTIFRACTAL ANALYSIS OF RANDOM FUNCTIONS AND THEIR
GRAPHS

Abstract

This thesis deals with the construction and multifractal analysis of random functions and
their graphs.

At first, we contribute to Kahane’s T-martingale theory by considering complex [0, 1]-
martingales. While until now this is done with positive [0, 1]-martingales, in particular in or-
der to build singular measures with respect to the Lebesgue, we construct complex continuous
function-valued martingales and consider the question of their almost sure uniform conver-
gence. We get a general sufficient condition for such a convergence to hold for the elements
of a large subclass of [0, 1]-martingales. All the non-degenerate limit functions are candidates
to be multifractal. Their multifractal analysis reveals new difficulties. We conduct this multi-
fractal analysis for complex "b-adic independent cascade functions". This study leads to new
interesting phenomena. In particular, we build statistically self-similar continuous functions
whose singularity spectrum is left-sided and supported by the whole interval [0, oo].



Further, we consider new singularity spectra associated with the graph, range and level
sets of multifractal functions. These spectra consist in calculating the Hausdorff dimension of
the iso-Holder sets put on the graph, range and level sets. For real-valued b-adic independent
cascade functions, with probability 1, we obtain the graph and range singularity spectra, as
well as the level set singularity spectrum in "Lebesgue almost every directions”, for the so-called
non-conservative b-adic independent cascade functions.

Finally, we consider the same question for another class of random multifractal functions,
namely random wavelet series built from Gibbs measures. Under suitable assumptions, we
obtain the graph and range singularity spectra almost surely.

Keywords : Random functions, multiplicative chaos, Hausdorff dimension, multifractal anal-
ysis, graph, range, level sets.
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Chapitre 1

Introduction

Cette theése est consacrée a la construction et I'analyse multifractale de fonctions
aléatoires et de leurs graphes.

La construction de ces objets se fait dans le cadre de la théorie des T-martingales
de Kahane, et plus spécifiquement des [0, 1]-martingales. Cette théorie est fréquemment
utilisée pour construire des martingales a valeurs dans les mesures de Borel positives
dont la limite soit presque stirement singuliére par rapport a la mesure de Lebesgue. Ceci
se fait en perturbant cette derniére a ’aide d’une suite de densités aléatoires qui sont
des martingales positives d’espérance 1. Ici, nous autorisons ces martingales a prendre
des valeurs complexes, et plutdét que des martingales a valeurs dans les mesures, nous
considérons des martingales a valeurs dans les fonctions continues & valeurs complexes,
puis la question de leur convergence uniforme presque siire. Nous obtenons une condi-
tion suffisante de convergence pour les éléments d’une large classe de [0, 1]-martingales
complexes. Les limites non dégénérées sont toutes candidates a étre des fonctions multi-
fractales. L’étude de leur nature multifractale révéle de nouvelles diffiultés. Nous la me-
nons de fagon compléte dans le cas des “cascades b-adiques indépendantes” complexes.
Ceci conduit & de nouveaux phénoménes. En particulier, nous construisons des fonctions
continues statistiquement autosimilaires dont le spectre de singularité est croissant et
entiérement supporté par l'intervalle [0, co.

Nous considérons également de nouveaux spectres de singularité associés au graphe,
a I'image, ainsi qu’aux ensembles de niveau d’une fonction multifractale f donnée. Ces
spectres s’obtiennent de la facon suivante. Soit E} ’ensemble iso-Holder de f associé &
Iexposant h. Soit I';, le sous-ensemble du graphe de f obtenu en y relevant Ej,. Pour tout
h, on cherche la dimension de Hausdorff de T'y,, celle de f(E}), et celle des ensembles
du type I', N LY, ou LY est 'ensemble de niveau y de f. Pour les cascades b-adiques
indépendantes non conservatives a valeurs réelles, nous obtenons presque stirement les
spectres associés au graphe et a l'image, et pour les spectres associés aux ensembles
de niveau, nous obtenons un résultat en regardant des lignes de niveau dans “Lebesgue
presque toute direction".

Enfin, nous considérons les mémes questions que précédemment pour une autre classe
de foncions aléatoires multifractales obtenues comme séries d’ondelettes pondérées par
des mesures de Gibbs. Nous obtenons presque stirement les spectres associés au graphe
et a I'image.

11



12 AVANT PROPOS SUR L’ANALYSE MULTIFRACTALE

L’introduction qui suit est organisée de telle sorte que le lecteur accede rapidement
aux résultats, une place plus importante étant laissée aux commentaires dans les sections
dédiées aux démonstrations.

1.1 Avant propos sur ’analyse multifractale

L’analyse multifractale a été introduite par les physiciens dans les années 80 pour
I'étude de la turbulence développée (voir [37] pour un état de I'art récent). On peut
la résumer ainsi : calculer la dimension de Hausdorff de I’ensemble des points ou 'on
observe une singularité héldérienne, ou exposant de holder donné. De facon plus précise,
soit (X, d) un espace métrique et M : 2% — R, une fonction positive et croissante définie
sur I'ensemble des parties de X. Soit Supp(M) ={z € X :Vr >0, M(B(z,r)) > 0}, le
support de M, ou B(x,r) ={y € X : d(z,y) <r} est la boule fermée de centre = et de
rayon r. L’exposant ponctuel de M en x peut étre défini comme

has(x) = lim inf log M(B(, 7))

Supp(M).
r—0+ log(r) @ € Supp(M)

Pour h > 0, 'ensemble de niveau h de hj; est défini par
Ex(h) = hyf({h}) = {x € X : hy(x) = h}.
L’analyse multifractale de M consiste a calculer le spectre des singularités
dy :h € Ry — dimy Ey(h),

ou dimy désigne la dimension de Hausdorff. Nous dirons que M est multifractale s’il
existe au moins deux valeurs de h > 0 telles que Ej/(h) soit non vide; sinon, M sera
dite monofractale.

Le LY spectre de M est défini par :

e logsup {50, M(Bi)?})
v (q) = hrgglf og (1)

, ¢ €ER,

la borne supérieure étant prise sur toutes les familles de boules fermées disjointes de
rayon r centrées sur Supp(M). La transformée de Legendre de 73, at h > 0 est donnée
par

7 (h) = inf gh — 7 (q).

Si X posséde la propriété de recouvrement de Besicovich, un argument de grandes
déviations montre que pour tout h > 0,

dur(h) < 13,(h),

une dimension négative signifiant que 'ensemble F)y;(h)est vide. On dit que le formalisme
multifractal est valide pour M en h si dy(h) = 75,(h).

On rencontre fréquemment les deux exemples suivants de fonctions M en analyse
multifractale :
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(i) M = p est une mesure de Borel positive et finie sur X, et 'exposant de holder
ponctuel est
h,(z) = liminf log p(B(x,1))
r—0+ log(r)

c’est a dire la dimension inférieure locale de i en x. L’analyse multifractale de p consiste
donc dans le calcul de d,, : h > 0 — dimpy E#(h), et on dit que le formalisme multifractal
est valide pour g en h > 0 si d,(h) = 7;(h). Bien que ce formalisme soit mis en
défaut en général, il est valide pour de nombreuses classes naturelles de mesures telles
que les mesure de Gibbs sur les espaces symboliques ou les répulseurs conformes, ainsi
que pour les mesures auto-similaires sur les attracteurs de systémes de fonctions itérés
satisfaisant certaines hypothéses de séparation, et les contreparties aléatoires de ces
mesures [134, 40, 43, 49, 69, 124, 137, 2, 117, 122, 52, 127, 128, 68, 54, 11, 19, 28, 66,
154, 15, 57, 22, 24, 56, 58|.

(i) M = Oscy est loscillation d'une fonction f : X — R", ie., Oscp(B) =
sup, ,ep |f(7) — f(y)| pour tout ensemble B C X, et 'exposant ponctuel est ici

hy(r) = lim inf log Oscy(B(x, 7))
r—0+t IOg(r)

Une définition alternative pour I'exposant ponctuel de Holder de f : R™ +— C est
Ef(xO) = Sup{h > 0: Elpmo € C[l’], |f<£li'> - Pxo(x>| = O(|l‘ - xO’h)vx - 513'0}-

Quand f est uniformément holdérienne, étant donnée une base d’ondelettes dont la meére
a suffisamment de moments nuls, on peut définir

M(B(x,7)) = Li—10g,(z), © € R™, r € (0,1),

oll L[_1og,,(x) est le “wavelet leader” de f de generation [—log,r] en x (voir Sec-
tion 5.1.1 pour les définitions). Alors, d’aprés le corollaire 1 de [81], on a hy = hy.
Pour for h > 0, I'ensemble de niveau Ef(h) = h;l({h}) ou Ef(h) = l_z]?l({h}) s’ap-
pelle ensemble iso-Holder de f, et la recherche du spectre de singularité¢ dy : h >
0 — dimy Er(h) s’appelle analyse multifractale de f. Ce spectre de singularité a
été déterminé pour certaines classes de fonctions incluant la fonction nulle part dé-
rivable de Riemann, les processus de Lévy, les fonctions auto-similaires, certaines sé-
ries d’ondelettes, et les fonctions génériques de certains espaces de Besov et de So-
bolev [74, 75, 76, 77, 78, 41, 80, 5, 81, 82, 23, 60, 25, 143|. Notons que lorsque
X = [0, 1], 'analyse multifractale d’une mesure p est essentiellement celle de la fonction
f(ZL‘) = M([O,ZL’]), S [O’ 1]'

Si 7y est dérivable en g € R, alors 73,(71,(q)) = q73,(q) — 7 (q). Si 73,(73,(q)) > 0,
pour que le formalisme multifractale soit valide pour M en 7},(q), il suffit d’exhiber une
mesure de Borel positive et finie p, sur X telle que pour p,-presque tout x € X, pour
r assez petit,

pg(B(x,1)) < M(B(, 1)) - r- @+,

Pour trouver une telle mesure, il est nécessaire de connaitre davantage de propriétés
de X et M. Par exemple, si X est 'espace symbolique {0, 1}+ muni de la métrique
standard et M = p est une mesure de probabilité sur X, 'existence d’une telle mesure
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ftq pour tout ¢ € R et la dérivabilité de 7, sont assurées si p est quasi-Bernoulli : il
existe C' > 0 tel que

C™u([u])u([v]) < p([uv]) < Cpl[u])p([v]) pour tous mots u, v,

ou [u], [v] et [uv] sont les cylindres enracinés en u, v, et uv. Pour en savoir plus sur le
formalisme multifractal, voir [40, 124, 28].

1.2 Processus multifractals

En premier lieu nous voulons construire de nouveaux processus stochastiques multi-
fractals. La motivation premiére provient du besoin de modéliser les signaux empiriques
pour lesquelles I'estimation de quantités telles que le Li-spectre révele des propriétés
d’invariance d’échelle frappantes. Ces signaux émanent de phénomeénes physiques ou
sociaux intermittents, comme la dissipation d’énergie en turbulence [107, 108, 109, 61],
la répartition des précipitations (en météorologie) [65], la variabilité du rythme car-
diaque [145, 120], le trafic internet [136, 63| et la variabilité des cours de la bourses
[111, 7]. L’une des approches principales pour modéliser ces signaux consiste a construire
des mesures statistiquement auto-similaires p sur [0,1] (ou R, ). Elles sont obtenues
comme limites faibles presque siires de martingales & valeurs dans les mesures ab-
solument continues par rapport a la mesure de Lebesgue, (pn)n>1, dont les densi-
tés (Qn)n>1 sont des martingales engendrées par des processus multiplicatifs (voir
[108, 109, 19, 115, 6, 20]). Ces objets sont ensuite utilisés pour construire des processus
stochastiques multifractals non monotone comme suit : (a) on considére un mouvement
brownien fractionnaire ou un processus de Lévy stable X, et indépendamment une me-
sure i, puis on fait le changement de temps multifractal X (u([0,¢])) [111, 6, 135, 44, 25];
(b) on intégre @, par rapport au mouvement brownien et on fait tendre n vers oo
[6, 44]; (c) on utilise u pour spécifier la covariance d’un processus gaussien [106]; (d)
on construit une série d’ondelettes aléatoire dont les coefficients sont batis a partir de
w3, 23].

Rappelons la construction des mesures statistiquement auto-similaires standardes
que sont les cascades canoniques b-adiques de Mandelbrot sur l'intervalle [0, 1]. Soit
b > 2 un entier et 'alphabet &/ = {0,--- ,b— 1}. Les sous-intervalles b-adiques de [0, 1]
sont naturellement codés par les noeuds de I'arbre &7* = |, ., %™, avec la convention
que 27° contient la racine de .&/* notée @. A chaque élément w de o7*, on associe une
variable aléatoire positive W (w), ces poids étant i.i.d. avec une variable aléatoire W telle
que E(W) = 1. On obtient alors une suite de densités (Q,),>1 ainsi : soit I, I'intervalle
b-adique semi-ouvert a droite codé par w = wyws - - Wy, ie. Iy = D p_  wpb * 07" +
Son_, wyb™*). On pose

Qn(t) = W(w)W (wyws) - - - W(wyws - - - wy,) pour t € I,

Soit (fin)n>1 la suite de mesures dont les densités par rapport a la mesure de Lebesgue
sont données par (Q,)n>1. Cette suite est la martingale a valeur mesure introduite dans
[108, 109]. L’étude de ces martingales et leurs limites a conduit a de trés nombreux
développements en théorie des probabilités et en théorie géométrique de la mesure [92,
48, 88, 90, 64, 91, 45, 69, 50, 122, 2, 10, 11, 104, 126, 53, 103, 105, 24]. Ces objets, et
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les autres mesures statistiquement auto-similaires mentionnées plus haut sont des cas
particuliers du modéle général que sont les “T-martingales" introduites dans [88, 90|, afin
de rendre rigoureuses la construction et les résultats présentés dans 'article fondateur
[107] sur le chaos multiplicatif log-normal.

1.2.1 Construction de nouveaux processus multifractals

Rappelons ce que sont les [0, 1]-martingales. Soit (€2, .4,P) un espace probabilisé.
L’intervalle [0, 1] est muni de la tribu borélienne B et le produit [0, 1] x € de la tribu
produit B® A. Soit (A,),>1 une suite croissante de sous-tribus de A. Soit (Q,,)n>1 une
suite de fonctions positives mesurables définies sur [0, 1] x €, telles que pour tout ¢t €
0,1], {Qn(t,-), A, }n>1 soit une martingale d’espérance 1. Une telle suite s’appelle une
[0, 1]-martingale. Etant donnée une mesure de Radon A sur [0, 1], pour tout n > 1 nous
pouvons définir la mesure aléatoire p,, dont la densité par rapport a A est donnée par @),,.
La convergence faible presque siire de la suite (p,,)n>1 est alors une conséquence directe
du théoréme de convergence des martingales positives et du théoréeme de représentation
de Riesz ([88, 90]).

Il est naturel d’étendre la construction précédente en autorisant la [0, 1]-martingale
(Qn)n>1 & prendre des valeurs négatives ou complexes, et en considérant la martingale
a valeurs dans les fonctions continues

(Fn 2t e|0,1] — /Ot Qn(s) d)\(s))

n>1

Quand les @,, sont positifs, on retrouve le cas des mesures en considérant F). Quand
les @, ne sont plus positives, les martingales (Q,()),>1 ne sont plus nécessairement
bornées dans L', et la variation totale de F), peut diverger et donc la sequence (F),>1
en faire de méme dans le dual de C([0,1]), I'espace des fonctions continues sur [0, 1] et
a valeurs complexes.

La premiére question qui se pose dans le cas ou (@,),>1 prend des valeurs non
positives est : en quel sens la suite (F},),>1 converge-t-elle presque sirement, et ce
vers une limite non triviale, i.e. non nulle avec probabilité strictement positive ? Nous
considérons la convergence uniforme de (F},),>1 pour une sous-classe de [0, 1]-martingales
complexe, notée M (voir Section 2.1.1 pour sa définition), telle que pour (Q,)n>1 €
M, nous obtenons une condition suffisante générale pour la convergence presque stire
uniforme de (F,),>1 vers une limite non triviale avec probabilité strictement positive,
ainsi qu’un résultat de régularité héldérienne globale. Précisément, pour p € R, soit

> A [ B dx<s>)

n—oo I
weH" w

1
©(p) = liminf —— log, (
n

Théoréme 1.1 (Barral, Jin, Mandelbrot)  Supposons que (Q,)n>1 € M.

1. Supposons que p(p) > 0 pour un nombre p € (0,1), et qu’il existe une fonction
¥ : Ny — Ry telle que (n) = o(n) et E(sup,e;, |Qn(t)]P) < e?™E(|Q,(t)[P) pour
tousn > 1, w € A" ett € I,,. Alors, presque sirement, F,, converge uniformément
vers 0 quand n — oo.
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2. Soit p € (1,2]. Supposons que p(p) > 0. Les fonctions F,, convergent uniformé-
ment, presque siirement et en norme L', vers une limite F', quandn — oo. De plus,
F est y-holdérienne pour tout v € (0, maxgep v(q)/q). Enfin, E(||F[Z,) < oco.

Le Théoréme 1.1 permet de construire les extensions aux fonctions complexes des
exemples fondamentaux de mesures statistiquement auto-similaires telles que les cas-
cades canoniques b-adiques [108, 109], les cascades de Poisson composées [19, 13|, et
les cascades infiniment divisibles |6, 44|. Nous pensons qu’en général les fonctions F
obtenues dans le Théoréme 1.1.2. sont multifractales. Cependant, 1’étude de leur nature
multifractale révéle de nouvelles difficultés que nous n’avons pu lever que pour une classe
spéciale, qui contient en fait plus que des [0, 1]-martingales. Elle correspond a l’exten-
sion aux fonctions complexes des cascades multiplicatives introduites comme modéle
de turbulence dans [108, 109]. Pour étre précis, fixons un vecteur aléatoire complexe

W =Wy, ,Wy_1) tel que E(Zb ! W;) = 1, et considérons une suite {W(w)} e+ de
copies de W( ) =W mdependantes Pour tout w = w; - - - w,, € &/™ posons

Qn(t) = b - Wi (D)W, (1) - - Wiy (w1 - - wr), € L.

Prenons A égale a la mesure de Lebesgue sur [0, 1] et considérons la suite de fonctions

(Fn te 0,1 — /Ot On(s) ds)n>1.

On voit aisément que lorsque E(W;) = 1/b pour tout 7, (Q,),>1 est une [0, 1]-martingale.
Pour p € R, soit

b—1
w(p) = — logbﬂz(Z W;[P).

Nous avons 'extension suivante du Théoréme 1.1.

Théoréme 1.2 (Barral, Jin, Mandelbrot)
(i) (Cas Non-conservatif) Supposons que P(Zf;é Wi # 1) > 0, et qu’il existe
p > 1 tel que pw(p) > 0. Supposons de plus que p € (1,2], ou pw(2) > 0. Alors,

1. (F,)n>1 converge uniformément, presque sirement et en norme LP, quand n
tends to oo, wvers une function F' = Fy, croissante st W > 0. De plus, la
fonction F' est y-holdérienne pour tout v € (0, maxqe(1, w(q)/q)-

2. F satisfait la propriété d’invariance d’échelle en loi suivante :

F = lebmb( (i/b) + Wi Fio S;),

ot Si(t) = (t +14)/b, les objets aléatoires W, Fy, ..., Fy_1 sont indépendants,
les F; ont la méme loi que F, et [’égalité a lieu presque strement.

(i) (Cas conservatif) Supposons que P(Z?;é W; #1)=0.

1. Sl existe p > 1 tel que ow(p) > 0, les mémes conclusions qu’en (i) sont
vrales.
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2. (Cas critique) Supposons que lim, .o pw(p) = 0 (en particulier gy est
croissante et pw(p) < 0 pour tout p > 1). Cela équivaut 4 dire que P(¥ 0 <
i<b—1, W <1)=1et S P(Wi|=1) = 1.

Supposons également que P(#{i : |[W;| =1} = 1) < 1, et qu’il ezistey € (0,1)
tel que presque stirement, l'une des deux propriétés suivantes soit satisfaite
pour chaque 0 <7 <b—1:

ou bien |W;| <,
ou bien |W;| =1 et ( oW ) € {(0,1),(1,0)}

Alors, (F,)n>1 converge presque strement uniformément vers une limite F' =
Fw qui n’est pas uniformément Hélder, et satisfait la partie 2. de (i).

Remarque 1.1 Si p; = E(W;) > 0 pour chaque i, soit v la mesure multinomiale en-

gendrée par (po,...,pp—1). Alors Qn(t) = Qun(t)/(Pw, - - Pw,) est une [0 1] martmgale
et sous les hypothéses du théoréme précédent, avec probabilité 1, F fo Qn dv(s)
converge uniformément vers la méme limite que F,.

On trouvera d’autres résultats sur le comportement asymptotique des cascades b-
adiques dans le Chapitre 2.

1.2.2 Analyse multifractale des cascades b-adiques complexes

Discutons a présent de ’analyse multifractale des limites non dégénérées de cas-
cades b-adiques complexes. Cela nécessite d’introduire quelques notions supplémentaires
d’analyse multifractale des fonctions.

Etant donnée f : I — C, ou I est un intervalle non triviale, rappelons la définition
de I'exposant de Holder ponctuel Ay donnée dans la Section 1.1 :

hy(xo) = sup{h > 0: 3P, € Clz],|F(z) — Ppy(2)| = O]z — 20|"), 2 — 20},

qui est 'exposant communément utilisé en analyse multifractale des fonctions. Lorsque
f est globalement holdérienne, on montre dans [73, 81] que l'exposant hs(xg) peut se
déduire du comportement asymptotique des coefficients d’ondelettes de f localisés dans
un voisinage de xg, si 'ondelette est suffisamment réguliére. Le développement en série
d’ondelette a ainsi été utilisé avec succés pour caractériser les ensembles iso-Holder
E¢(h) = ({h}) (h > 0), de larges classes de fonctions |74, 76, 29, 79, 80, 5, 23, 47|,
parfois dlrectement construites commes séries d’ondelettes (le développement dans la
base de Schauder est également exploité dans [83]). Pour la plupart de ces fonctions,
le spectre des singularités s’obtient comme la transformée de Legendre d’une fonction
d’énergie libre reflétant le comportement asymptotique global de la distribution des
coefficients d’ondelettes.

En pratique, il se peut qu’il soit difficile d’extraire une bonne caractérisation des
ensembles Ef(h) & partir d'une décomposition en ondelette. Cela conduit & chercher



18 PROCESSUS MULTIFRACTALS

d’autres méthodes d’estimation de hf(t) ou d’exposants proches de h(t) et éventuelle-
ment plus simples a estimer. L’alternative la plus naturelle est 1’exposant d’oscillation
d’ordre 1 de f définie par

.. logOscs(B(x,1))
(1) _ _ g f )
hy'(z) = hy(z) = llrn_l)(glf Tog(r) :

Si cet exposant n’est pas entier, alors il est égal a i_zf(m). Quand la fonction f peut

se décomposer en une fonction monofractale B en temps multifractal f, le spectre des
. . < (1) e :
singularités de f associ¢ a 'exposant h,” peut souvent se déduire aisément de celui de

f.

Il s’avére que pour les limites de cascades b-adiques, en général la décomposition en
ondelettes n’est pas suffisamment tractable pour donner des informations précises sur les
ensembles iso-Holder. De plus, tandis que certaines de ces fonctions se décomposent na-
turellement en une fonction monofractale et un changement de temps multifractal, cette
décomposition n’est pas possible dans certains cas, comme le cas conservatif critique.

Nous avons adopté une approche inspirée des idées développées dans [77, 81|, et
calculé le spectre des singularités en utilisant ’analyse multifractale des exposants d’os-
cillations de tous ordres. A notre connaisance, cette approche n’avait pas encore été
utilisée pour traiter un exemple non trivial.

Si J est un sous-intervalle non trivial de I, pour m > 1, soit

Osci™(J) = sup |APF(H)],
[x,x+8]CJ

ou A} f ( ) f(z+68)—f(x) et pour m > 2, AT f(z) = AP f(x+8)— AP f(z) (notons
que Osc ( ) = Oscf( )). Alors, I'exposant ponctuel d’oscillation d’ordre m > 1 de f
en r € Supp(Oscf ) est défini par

log Osc™ (B(x, r
h;m) (z) = liminf 8Osy (Bl )>
r—07t IOgT

Nous ne considérons que les points de Supp(Oscgcm)), car du point de vue de la régu-
larité ponctuelle, Supp(Oscgfm)) est I'ensemble sur lequel on peut voir des informations
non triviale grace a hsfm). En effet, en dehors de cet ensemble fermé, la fonction f est
localement égale & un polynome de degré au plus m — 1, donc f est C*°.

L’exposant ponctuel ]_Zf porte une information non-triviale en tout point ou f n’est
pas localement égale & un polynome, i.e., en tout point de I'ensemble () -, Supp(OscScm)).
Siz €1 Supp(Oscgcm)), il est clair que la suite (h;m) (x))m>1 est croissante. En fait,

SUD, ;> h;m) (z) = hy(z). C’est une conséquence du théoréme de Whitney sur ’approxi-
mation locale des fonctions bornées par des polynoémes [150, 141] : pour tout m > 1, il
existe Cy,, > 0 (indépendant de f) tel que pour tout sous-intervalle J de I, il existe une
fonction polynomiale P de degré au plus m — 1 telle que

|f(z) — P(z)| < C Oscl™ (7).

Ceci, combiné & la définition de h; donne I'énoncé suivant, également prouvé dans [81]
en utilisant une décomposition en ondelettes quand f est uniformément holdérienne :
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Proposition 1.1 Si f : I — C est continue, alors pourt € (1,5, Supp(f™), hgcm)(t)

converge vers h(t) quand m tend vers Uinfini. De plus, si h¢(t) < oo, alors hgcm) (t) =
hy(t) pour tout m > hy(t).

Maintenant, I’analyse multifractale de f consiste aussi a calculer les spectres de
singularités de la forme
h >0 dimy By (h),

oupour h >0et m>1,
EY(h) = {x € Supp(Osc{™) : b (z) = h},
et pour h > 0,
EJ(COO)(h) = {a: ¢ ﬂ Supp(Oscgcm)) : hgcoo)(x) = h}, (o h;oo) (z) = hy(x)).
m>1
La Proposition 1.1 donne

B (h) = E{™(h) (VR >0, ¥ m > h).

Comme dans la Section 1.1, pour tout m > 1 nous pouvons considérer le Li-spectre de
Osc;m) :
log sup {Z Osc;m)(Bi)q}
7™ (g) = lim inf '
g

r—0 log(r)

Y

ou la borne supérieure est prise sur toutes les familles de boules fermées de rayon r
centrées sur Supp(Osc;m)). Pour tous h > 0 et m > 1, nous avons (Proposition 3.2)

dimy EY™ (h) < (1)"™)*(h) = inf hq — 71" (q),

q€eR

et grace a la Proposition 1.1,

dimy E](coo)(h) < (T](coo))*(h) = inf (T}m))*(h),

m>h

une dimension négative sigifiant que E](cm)(h) est vide. Nous dirons que le formalisme
multifractal est valide pour f et m € Ny U {oo} en h > 0 si E](cm)(h) est non vide et
dimy B{™ (h) = (7]"™)*(h).

Quand m = oo, I'exposant h;m) est par construction stable par addition d’une fonc-
tion C°, et il en est de méme de la validité du formalisme multifractal associé a cet
exposant. Ce n’est pas le cas pour m < oo (voir le Corollaire 3.1 pour une illustration).

Comme nous l'avons dit, notre approche du formalisme multifractal s’inspire de
I""oscillation method" introduite dans [77, 81| pour les fonctions uniformément holdé-
riennes. Dans ces travaux, des quandités du type T}m) sont définies en utilisant des
boules centrées sur des grilles réguliéres de plus en plus fines, pour ¢ > 0. Ainsi, notre
choix pour T}m) est plus intrinséque, bien qu’équivalent. Le choix de ne considérer que
le cas ¢ > 0 dans [81] est lié & I'introduction d’espaces fonctionnels qui via les fonctions

7(m) permettent de lier les approches par ondelettes et par oscillations dans le cadre du
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formalisme multifractal quand ¢ > 0. Il est intéressant de noter que grace a ce lien, gour
tout ¢ > 0, si nous définissons n, comme le plus petit entier n tel que ng —1 > i (q)

alors pour tout n > n,, la fonction T}n) coincide sur [q, 00| avec la fonction d’échelle TfW

associée aux wavelet leaders dans |77, 81]. Ainsi, pour h > 0 tel que le formalisme mul-

?

tifractal est valide en h pour m = oo, méme si E](c")(h) = Ej(fo)(h) pour tout n > [h|+ 1,
dimg E}oo)(h) peut n’étre égal & (T}n))*(h) que pour n > [h] + 1 quand h tend vers
(mf")'(0%).

Commencgons a présent ’analyse multifractale des limites de cascades b-adiques. Nous
traitons d’emblée un modeéle plus général en considérant un couple (W, L) de vecteurs
aléatoires a valeurs dans C? x (Rj)b. Nous supposons que W and L satisfont les mémes
propriétés que W dans la section précédente : E(320_0 W;) = 1 = E(3.'—, L;). Nous
considérons une suite {(W, L)(w) }yew+ de copie de (W, L) indépedantes, et supposons
aussi que W et L satisfont the les hypothéses du Theorem 1.2. Cela donne presque
strement deux fonctions continues Fy, et F, la seconde étant strictement croissante.
Nous étudierons sur [0, F1,(1)] la fonction

F=FyoF "

Si les composantes de W et L sont des nombres réels déterministes et Z?;é W; =
1= Zf;é L;, nous retrouvons les fonctions auto-affines construites dans [26]. L’analyse
multifractale de ces fonctions est faite dans [76] en utilisant leur décomposition en on-
delettes (cependant, les points extrémaux du spectres ne sont pas étudiés). Il est aussi
possible d’utiliser I'alternative consistant & montrer que Fy, peut-étre représentée comme
fonction monofractale en temps multifractal [112, 143|, puis & considérer 'exposant h%l)
plutot que hp. Il s’avére qu'une telle décomposition existe aussi dans le cas aléatoire sous
des hypotheéses fortes sur W, qui incluent le cas déterministe (Théoréme 2.4). C’est utile
puisque, comme nous ’avons dit, nos calculs montrent qu’en général il semble difficile
de s’en tirer grace aux ondelettes. Cependant, cette approche ne pourrait pas couvrir
tous les cas puisqu’il n’y a pas de telle représentation naturelle dans le cas conservatif
critique. De plus, dans ce dernier cas, les fonctions obtenues sont nulle part localement
holdériennes et n’appartiennent a aucun espcace de Besov critique (leur spectre de sin-
gularité a une pente infinie en 0), donc il y a peu d’espoir de finir par réussir a utiliser
une approche par ondelettes.

L’emploi des exposants ponctuels d’oscillation s’avére ici trés efficace. Nous obtenons
les résultats suivants. Par soucis de simplicité, nous reportons a la section 3.2.7 la dis-
cussion d’extensions de ces résultat sous des hypotheéses plus faibles. Nous excluons le
cas trivial ou W = L, pour lequel F' = Idy £, (1)]. Nous supposons aussi que

pr, > —oo sur R et 0 < L; < 1 presque stirement.

Le premier résultat concerne les fonctions F' a spectre en forme de cloche. Dans
le cas conservatif critique, le plus petit exposant est nul et la pente du spectre en 0
est infinie. C’est un nouveau comportement dans l’analyse multifractale des fonctions
continues statistiquement auto-similaires.

Théoréme 1.3 (Barral, Jin) (Spectres en cloche)
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Supposons que (30—, Liw,z0p = 2) = 1 et ow > —oo sur R. Pour ¢ € R, soit
7(q) Uunique solution de E(Zf;é Low, 2ot |Wil9L; ") = 1. La fonction T est concave et
analytique. Avec probabilité 1,

1. Supp(Oscgn)) = Supp(Oscp) pour tout m > 1 et dimy Supp(Oscp) = —7(0).

2. Pour tous h > 0 et m € Ny U {oo}, dimpy E}m)(h) = (T[(Tm))*(h) = (T}l))*(h),
une dimension négative signifiant que E}m)(h) est vide. De plus, E}m)(h) # 0

si (T}l))*(h) = 0. En d’autres termes, pour tout m € Ni U {oo}, F' satisfait le

formalisme multifractal en tout h > 0 tel que (T}(;,m))*(h) > 0. De surcroit, si Fy
est construite comme dans le Théooréme 1.2 (i1) 2. (cas critique), le plus petit
exposant de I est ['exposant 0, et ’ensemble de niveau correspondant est dense,
de dimension de Hausdorff nulle.

3. Pour tout m > 1, TI(;m) = 7 sur lintervalle J = {qg € R: 7'(¢)qg — 7(q) > 0}, et si

g =sup(J) < oo (resp. q := inf(J) > —oc) alors T}m)(q) = 7'(q)q (resp. T'(q)q)

sur [q,00) (resp. (—00,q]). De plus, s’il n’eviste pas H € (0,1) tel que pour tout
0<i<b—1 on ait |W;| € {0,LE}, alors T est strictement concave sur J ; sinon,
7(q) = qH + 7(0) et F' est monofractale, d’exposant de Holder égal o H.

Notons que —7(0) < 1 si et seulement si au moins l'une des composantes de W
s’annule avec probabilité strictement positive, et dans ce cas le support de Oscp est un
ensemble de Cantor.

Dans le résultat suivant, nous obtenons des fonctions F' satisfaisant le formalisme
multifractal pour lesquels le spectre des singularités est strictement croissant et supporté
par Uintervalle [0, oo] tout entier. C’est encore un nouveau comportement dans l’analyse
multifractale des fonctions continues statistiquement auto-similaires. .

Théoréme 1.4 (Barral, Jin) (Spectres croissants)

Supposons que P(Zf;é Liw,z0y > 2) = 1 et pw(q) > —oo sur Ry. Pour q € Ry,
soit T(q) comme dans le Théoréme 1.3. La fonction T est concave et analytique sur
(0,00). Supposons aussi que E(Zf;é 1w, 201 Lilog(|W;])) = —o0, i.e. 7/(0) = oo. Enfin,
supposons qu’il existe € > 0 tel que E((maxogigb_l |Wl|)_€) <ooe>0.

Alors, les mémes conclusions que dans le Théoréme 1.3 sont vraies. De plus, le
spectre des singularités est croissant, et h%m) = oo pour tout m € Ny U {oo} sur une
partie de dimension pleine de Supp(Oscp). De surcroit, si Fy est construite comme
dans le Théoreme 1.2 (ii) 2. (cas critique case), le support du spectre est [0, 00].

Des exemples de fonctions continues croissantes possédant des propriétés d’auto-
similarité et un spectre croissant existent [110, 137, 113|, mais leur régularité héldérienne
minimale est strictement positive.

Il est intéressant de mentionner ici que dans certains espaces de Besov de fonctions
continues, le spectre de singularités générique est croissant, supporté par un intervalle
compact, et linéaire; de plus, 'exposant minimal est nul pour les espaces de Besov
critiques (80, 85].
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Dans le cas conservatif critique, la pente du spectre de singularité est infinie en 0 du
fait de la dualité entre h = 7/(q) et ¢ = (7*)'(h), et h — 0 correspond a ¢ — oo.

Dans le cas ot F est croissante (les composantes de W sont positives), des résultats
pour I'analyse multifractale de la mesure ;= F’ ont été obtenus dans plusieurs articles
(qui traitent aussi des mesures sur R?). Pour le cas de la dimension 1, les énoncés pré-
cédents sont des améliorations substantielles de ces résultats pour les raisons suivantes :

(1) En premier lieu, tous ces travaux ne traitent que de I’exposant d’oscillation
d’ordre 1, qui n’est parfois calculé que sur la grille distordue naturellement associée a
Fp |69, 122, 11], et pas de la fagon plus intrinséque consistant a prendre des intervalles
centrés. De plus, dans les articles qui considérent le point de vue plus intrinséque, les
hypotheéses sur W et L sont trés fortes : leurs composantes doivent étre comprises entre
deux constantes a et b de (0,1) presque stirement [2, 50| ; aussi les résultats sont vrais
pour tout h > 0 tel que 7*(h) > 0 presque stirement, et non presque srement pour tout
h >0 tel que 7(h) > 0. Enfin, le cas des spectres croissants n’est pas traité.

(2) Un autre point important concerne le calcul du spectre aux bornes de son support,
qui est une question délicate. En effet, il s’avére déja non trivial de montrer que les
ensembles iso-Holder correspondants sont non vides. Notre résultat donne la description
du spectre au bord de son support 75 '(R,), sans restriction sur le comportement
de 7. C’est une amélioration des résultats de [11] o le cas § = oo (resp. ¢ = —o0 et
lim, oo (resp. lim,_, o )7'(¢)g—7(g) = 0 n’est pas traité (ce résultat est particulierement
important dans la cas conservatif critique), et les exposants de Holder sont calculés a
partir de 'oscillation d’odre 1 sur les intervalles de la grille associée a Fp. De plus, la
méthode introduite ici peut étre utilisée pour étudier les bords des spectres de singularité
des éléments de la classe plus générale de mesures aléatoires considérée dans [20].

Dans les résultats précédents, tous les formalismes multifractals fournissent la méme
information. En particulier, notre discussion sur le lien entre les approches par oscilla-
tions et par ondelettes développées dans [81] montre que lorsque F' est uniformément
holdérienne, le formalisme multifractal utilisant les ondelettes est également valide dans
la partie croissante du spectre, sans qu’il soit nécessaire de calculer de transformée en
ondelette pour F.

Le résultat suivant illustre l'instabilité des exposants et des spectres associés aux
oscillations d’ordre m par addition d’une fonction C'°.

Corollaire 1.1 Soit f : Ry — C une fonction C* telle que pour tout m € Ny la
fonction £ ne s’annule pas. Soit F comme dans le Théoréeme 1.4 et G = F + f. Les
fonctions F' et G ont le méme comportement multifractal du point de vue de [’exposant
ponctuel de Holder h..

Pour m € Ny, soit q,, l'unique nombre réel tel que 7(qn) = ¢mm — 1.

Presque sirement, pour toutm € Ny, on a 70" = 70" = 7 sur [gn, 00), et 79" (q) =
gm — 1 pour 0 < q < @m. De plus, pour tout m € N, le formalisme multifractal est
(m)*

valide en tout h € [0,7'(gm)] tel que 757 (h) > 0 ainsi qu’en h = m, et pour tout
h e (7'(gm),m) on adimg ES”(h) = 7%(h) < (5™)* ().
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1.3 Spectres de singularité associés au graphe, a
I'image et aux ensembles de niveau des processus
multifractals

Nous nous sommes aussi intéressés a de nouveaux spectres de singularité associés
aux processus multifractals.

Soit f une fonction définie sur un intervalle I et a valeurs dans R. Pour tout £ C [
soit
Gy(E) = {(x, f(2)) : 2 € B}, Ry(E) = {f(a) :w € E}
les graphe et image de f au dessus de E; pour tout y € R;(E) soit

Ly(E) = {(z, f(z)) : x € B, f(x) = y}

I'ensemble de niveau y de f au dessus de E. Quand (f(¢))ic; est un preocessus sto-
chastique, le calcul des dimensions de Hausdorff de ces ensembles, dimy S;(E) pour
S € {G,R, LY}, est un probléme classique et important en théorie des probabilités et
théorie géométrique de la mesure. Les premiers travaux sur ces questions remontent a
1953 et sont dts a Lévy et Taylor [99, 146]. Ils concernent la dimension et la mesure de
Hausdorff de I'image d’un mouvement brownien. Depuis, de nombreux progrés ont été
faits, en particulier pour le mouvement brownien fractionnaire et les processus de Lévy
stables, mais aussi pour bien d’autres processus et fonctions [35, 36, 147, 70, 131, 121,
125, 30, 67, 31, 89, 118, 132, 149, 27, 32, 97, 71, 72, 139, 55, 93, 46| (voir aussi 'article
de survol [152] et ses références). Prenons I'exemple typique du mouvement brownien
fractionnaire. Soit 5 € (0,1) son indice. Dans son célébre livre [89] Kahane étudie ce
processus (X (t))icr, , caractérisé par le fait qu'il s’agit de 'unique processus gaussien
centré a trajectoires continues tel que X (0) = 0 et E(|X(s) — X(¢)|*) = |s — t** pour
tous s,t € R,. Il montre que pour tout compact £ C R, presque stirement

&) G

et que si dimy £ — > 0, alors il existe un ensemble ouvert aléatoire G C Rx(F) tel

que P(G #0) >0 et

A (dimyg E 41— ), dimy Ry (E) =

Notons que g est I'(unique) exposant de Holder de X et qu’il est donc uniforme sur
E (X est monofractal). Quand la fonction f est multifractale, la discussion précédente
conduit naturellement a considérer E = Ef(h) et a chercher a savoir si

dimy G;(E;(h)) = — A (dimy Ef(h) + 1 — h) et

dimy Ry(Ey(h)) = ==L A1

Cela conduit a définir les spectres de singularités suivants, associés respectivement au
graphe, & I'image et aux ensembles de niveau de f :

df : h >0+ dimy Sp(Es(h), S€{G,R,L}.

A notre connaissance, ces spectres n’ont pas été considérés auparavant.
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1.3.1 Une majoration générale
En premier lieu, il est naturel de chercher des bornes supérieures générales pour ces

spectres. Elles sont fournies par le résultat suivant, qui généralise le Lemme 8.2.1 de [1],
le Théoréme 6 du Chapitre 10 de [89], et le Lemme 2.2 de [151] :

Théoréme 1.5 (Jin) Soit E une partie de I. Supposons que inf,cp hs(z) = h > 0.

1. Notons dimp la dimension de packing. Pour D € {H, P} on a

dim, B
dimp Gy(E) < ( 2= A (dimDE+1—h)) v dimp, E,
dim, E
dimp Ry(E) < lth AL

2. Soit p une mesure de Borel positive sur R. Pour tout v > 0 soit R’;’V(E) ={y €
Ry(E) - hu(y) >~} Si p(RY7(E)) > 0, alors pour p-presque tout y € Ry (E),

dimpy LZJi(E) < (dimHE —h- 'y) V0.

Si nous remplacons E par Ef(h) pour h > 0, le Théoréme 1.5 donne une borne
supérieure générale pour dimgy Sy¢(h) for S € {G, R, LY} : pour tout h > 0, on a

di(h) < (M A (dg(h) +1 — h)) vV dy(h)

< (T;;Lh) A(ri(h) +1— h)) v ri(h),

R ds(h) 77 (h)
di(n) < fT/\l fh

IA

et avec les notations du Théoréme 1.5.2, pour p-presque tout y € R (h),

" (h) < (dg(h) —h-~v) VO < (15 (h) —h-7) VO.

Ces bornes supérieures appellent la question suivante : donnent-elles les valeurs
exactes des dimensions, en particulier lorsque f satisfait le formalisme multifractal en

h?

En général la réponse est négative. Il suffit pour le voir de considérer une fonction
monofractale f d’exposant de Holder 3 dont le graphe Gy = G ¢([3) est irrégulier au sens
ou ses dimensions de Hausdorff et dimension inférieure de boite différent. Alors on a

1-B+7/(8)=1=F+d;(3) =2~ > dimpG(B) > dimg G ().

On trouve de tels exemples dans [132, 149, 55|. Si au contraire le graphe de f est régulier
(comme pour le mouvement brownien fractionnaire), on a dimg G¢(8) =1 — 3+ 77(8).

Cela dit, la monofractalité concerne une classe tres restreinte de fonctions. Comme
fonction multifractale, considérons I’exemple suivant : Soit f(x) = u([0, z]) for € [0, 1],
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ol p est une mesure de probabilité supportée par [0, 1], et supposons que f satisfait
pleinement le formalisme multifractal associé a 'exposant hy(x)défini par

- 1 B
b (e) — L 805 (Bl.7)
r—0+ logr

Y

quand cette limite existe. On peut prendre par exemple pour p une mesure de Gibbs
ou une la limite d’une cascade de Mandelbrot. Les résultats de [114] sur 'analyse mul-
tifractale de la mesure pu* = o f~! portée par 'image de f (qui est toujours [0, 1] ici),
permettent de montrer facilement que les bornes supérieures pour les spectres associés
au graphe et a I'image donnent les dimensions exactes. Mais ici, le graphe de f est assez
trivial.

Il est intéressant de trouver des exemples de processus stochastiques et de fonctions
pour lesquels la détermination des nouveaux spectres que nous avons introduits est non
triviale.

Nous considérerons deux classes de fonctions aléatoires multifractales : D’une part
les limites de cascades b-adiques étudiées dans la Section 1.2.2, d’autre part des séries
d’ondelettes aléatoires dont les coefficients sont construits & partir d’une mesure de
Gibbs comme dans [23].

1.3.2 Spectres de singularités pour le graphe, I’image et les en-
sembles de niveau des limites de cascades b-adiques

Nous considérons la fonction F' = FyoF, Lconstruite a partir d’un couple de vecteurs
aléatoires (W, L) dans la Section 1.2.2; et rappelons que pour U € {W, L}, nous avons
défini oy (p) = —log, E(3.0—y |Ui|?). Nous supposons que les composantes de W sont
réelles, et donc F' est & valeurs réelles.

Pour 6 € [—m/2,7/2), notons [y la droite de R? passant par l'origine et faisant un
angle 6 avec ’axe des y. Pour tout y € [y, soit ljﬁ la droite perpendiculaire a ly passant
par y. Pour h > 0, soit Rpg(h) la projection orthogonale de Gg(h) sur [y, et pour tout
y € Rpg(h) soit Ly y(h) = Gr(h) N,

Nous ferons les hypothéses suivantes :

(A1) }P’(Z?;é W; =1) <1 et il existe p € (1,2] tel que pw(p) > 0;
(A2) P(V j,L; € (0,1)) =1, E(37Zg L;log L;) < 0 et ¢y, est fini sur R;
(A3) P(V j,|W;| > 0) =1 et py est fini sur R.

Théoréme 1.6 (Jin)

1. Presque sirement, pour tout h € {h > 0:75(h) > 0},

dimy Gp(h) = (T;’T(h) A (5(h) +1 — h)) vV 1i(h),

=(h
dlmHRF<h) == TFl(l >/\1
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De plus, si Gg désigne le graphe de I,
dlIIlH GF == dlmp GF == dlmB GF =1- TF(l).

2. Presque strement, pour Lebesque presque tout 0 € [—m/2,7/2), pour tout h € {h >
0:75(h) > h}, pour pyy presque tout y € Rpg(h),

dimy Ly (h) = 7(h) — h,

ot N}?,e est une mesure de Borel positive portée par Rpg(h) et elle est absoluement
continue par rapport a la mesure de Lebesgue sur la droite ly.

1.3.3 Spectres de singularités pour le graphe et 'image de séries
d’ondelettes aléatoires

Soit ¢ une ondelette mére ro-réguliére sur R, ro > 1, telle que les fonctions {¢;; =
Y(27-—k)}(jk)ezz forment une base orthogonale de L?(IR) (voir [119] pour la définitions et
la construction). Soit p une measure de Gibbs sur [0, 1] (invariante par la transformation
T(x) = 2z mod 1) associée & un certain potentiel holdérien.

Soit {7 k}j>0k=0,... 27—1 une suite de variables aléatoires indépendantes. Définissons
sur [0, 1]

271

Flljert(x) _ Z Z g - (F279E071P0) y([£279 (K +1)279))/P0) ) (),

>0 k=0
ol Sg,po > 0 et s — 1/py > 0.

Nous assumerons les hypothéses :

(A1) Pour tout ¢ € R, sup;~qSupg_q ;... oi_1 E(|7jx]?) < 00,

(A2) L’ondelette 1 a un nombre fini de zéros dans [0, 1].

(A3) Chaque variable 7;; a une densité f;; par rapport a la mesure de Lebesgue,
et pour tout € >0 on a .o (Supj_g,... 2i_1 [ fikllec) - 277 < 00.

Théoréme 1.7 (Jin) Presque strement, pour tout h > 0 tel que dFﬁert(h) >0,

dec'rt(h)
d%e'f't(h) — <HT /\ (dFﬁ)ETt(h) + 1 — h)) \/ dF;:ert(h),

et pour tout h € (0,1) tel que dFﬁ“T*(h) >0,

ngev't (h)

1.
b A

R _
dppen(h) =
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1.3.4 Remarques sur le spectre de singularité associé au graphe

(1) Si nous considérons 'exposant

~ L log Oscy(B(z,1))
hse) = Jiny log ()

lorsque la limite existe et considérons les plus petits ensembles iso-Holder
Es(h) :={x e€I:hs(x)=h},

les résultats des Théorémes 1.6.1 et 1.7 sont valides avec la dimension de packing si nous
remplacons E¢(h) par E¢(h).

(2) Dans le cas conservatif, en particulier le cas déterministe, la calcul du spectre de
singularité associé au graphe des limites de cascades b-adiques est un probléme plus
difficile que dans le cas non conservatif. Méme pour le calcul de la dimension du graphe,
il n’y a & notre connaissance de résultat général que pour la dimension de boite [26] et la
dimension de Hausdorff est connue dans des cas spéciaux |27, 59, 149, 9]. Ce probléme
est fortement lié au calcul explicite de la dimension des mesures auto-similaires avec
overlaps, qui est toujours un probléme ouvert. Dans certains cas particuliers comme la
fonction auto-affine de Urbanski en temps multifractal (intégrale d’'un produit de Ber-
noulli), nous avons quelque espoir d’obtenir le spectre de singularité associé au graphe,
et ce spectre pourrait étre donné par une formule différente de celle obtenue dans le cas
aléatoire non conservatif. Cela nous conduit au point (3).

(3) Quand le graphe de la fonction est irrégulier, la borne supérieure générale que nous
avons donnée pour le spectre de singularité associé au graphe peut étre strictement
supérieure a la valeur du spectre. Quelle peut bien étre alors la bonne formule pour
la dimension dans un cas pareil 7 Remarquons que la formule obtenue dans les Théo-
réemes 1.6.1 et 1.7 peut étre réécrite :

df(h) = (1=h)-dfi(h) +ds(h), h <1.

En combinant ceci a la formule obtenue pour la dimension du graphe des fonctions auto-
affines irréguliéres dans [149, 55|, nous devinons la formule variationnelle suivante :

df (h) = sup {(1 —h) - dimp (fop) + dimg(p) : p € M(Ef(h))}, h <1,

ou M(E(h)) est 'ensemble des mesures de Borel positives et finies portées par E¢(h).



Chapitre 2

Construction of new multifractal
stochastic processes

This chapter contains two joint works [17, 18] with Julien Barral and Benoit Man-
delbrot which study the convergence of complex [0,1]-martingales and complex b-adic
independent cascades.

Preliminaries

Given an integer b > 2, we denote by &7 the alphabet {0,...,b — 1} and define
o =,z @™ (by convention 27° is the set reduced to the empty word denoted @).

For every n > 0, the length of an element of &" is by definition equal to n and we
denote it by |w|.

Let n > 1 and w =w; ---w, € &™. Then for every 1 < k < n, the word wy ... wy is
denoted w|y ; if k = 0, then wly stands for &.

For w € &/*, we define t,, = ZLZ'I w;b™" and I, = [ty, t,+b""). For n > 1 we define
T, = {tw:w e "} U{1} and then T, = U,>1T,,.

For any ¢t € [0,1) and n > 1, we denote by ¢|,, the unique word in /" such that
t € Iy, we also denote by |y the empty word.

If f € C(]0,1]), the space of continuous complex-valued functions over [0, 1], and [ is
a subinterval of [0, 1], Af(I) denotes by the increment of f over I. Also, || f]|~ denotes
the norm sup,¢(o 11 [ f(?)]-

We denote by (€2, .A,P) the probability space on which the random variables are
defined. Write U = V to express that the random variable U and V have the same
probability distribution. The probability distribution of a random variable V' is denoted
by L(V).

28
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2.1 Convergence of complex [0, 1]-martingales

Positive T-martingales were developed as a general framework that extends the po-
sitive measure-valued martingales and are meant to model intermittent turbulence. We
extend their scope by allowing the martingale to take complex values. We focus on mar-
tingales constructed on the interval T = [0, 1], and replace random measures by random
functions. We specify a large class of such martingales, one that contains the complex
extension of b-adic canonical cascades, compound Poisson cascades, and more generally
infinitely divisible cascades. For this class, we provide a general sufficient condition for
almost sure uniform convergence to a non-trivial limit. Such limit yields new examples
of naturally generated multifractal processes that may be of use in multifractal signals
modeling.

2.1.1 A class of complex [0, 1]-martingales

Consider a sequence of measurable complex functions

P ([0,1] x Q,B([0,1]) ® A) > (C, B(C)), n > 1.

For n > 1 and I, a subinterval of [0, 1], let A! be the o-field generated in A by the
family of random variables {P,,(t, ) }ter1<m<n. Also let 7\2 be the o-field generated in

B by the family of random variables { P, (t, ") }ter,m>n- The o-fields D1 and 715) M are
simply denoted by A4, and A,.

(P1) For all t € [0,1], P,(t,-) is integrable and E(P,(¢,-)) = 1.
(P2) For every n > 1, A, and A, are independent.

(P3) There exist two integers b > 2 and N > 1 such that for every n > 1 and every
family G of b-adic subintervals of [0, 1] of generation n such that d(I,J) > Nb~" for

every I # J € G , the o-algebra’s 712 , I € G, are mutually independent, where
d(I,J)=mf{|t —s|:se I, te J}.

Under the properties (P1) and (P2), for each t € (0,1) the sequence
Qu(t,:) =] Pe(t.)
k=1

is a martingale of expectation 1 with respect to the filtration {4, },>1.

We denote by M the class of martingales (Q,)n,>1 obtained as above and which
satisfy properties (P1)—(P3).

We denote by M’ the subclass of M of those (@, ),>1 which, in addition to (P1)-
(P3), satisfy the self-similarity property :

(P4) Let b be as in (P3). For every closed b-adic subinterval I of [0, 1], let n(I) and S}
respectively stand for the generation of I and the canonical affine map from [0, 1] onto
1. The processes (Pn( N4n0S I)n>1 and (P,)n>1 have the same probability distributions.
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This property is referred to as statistical self-similarity.

Let A be a Radon measure on [0, 1]. If (Q,)n>1 € M, for n > 1, we define

Fu(t) = /0 On (1) dA(u). 2.1)

2.1.2 Convergence theorem for (F,),>;

For p € R, we define

Sty = 3 ALY [ Q0P 22)

weg™ Tw

and then the concave function

©(p) = liminf —% log, S(n,p). (2.3)

n—oo

We notice that ¢(0) < 0 by construction, and that due to our assumption that
E(Q.(t)) = 1, we also have (1) < 0.

Theorem 2.1

1. Suppose that o(p) > 0 for some p € (0,1). Suppose, moreover, that there exists
a function ¢ : Ny — Ry such that ¢(n) = o(n) and E(sup,c;, [Qn(t)|P) <
YWE(Qu()P) for alln > 1, w € @™ and t € I,. Then, with probability 1,
E,, converge uniformly to 0 as n — oo.

2. Let p € (1,2]. Suppose that p(p) > 0. The functions F,, converge uniformly, almost
surely and in L' norm, to a limit F, as n — oo. The function F is vy-Holder
continuous for all v € (0,maxge(1,) ¢(q)/q). Moreover, E(||F[%,) < oco.

Theorem 2.1 provides a sufficient condition for the almost sure uniform convergence
of F,, as n tends to oo, to a limit F' such that P(F # 0) > 0. It invokes the growth rate
of a kind of free energy function, and it is the extension of the condition introduced in
Part II. of [20] to show that when (Q,),>1 is non-negative, the sequence of measures
F! converge almost surely weakly to a random measure p such that P(u # 0) > 0. In
the non-negative case, the fact that the measures F] converges almost surely weakly
[90] is a quite simple consequence of positive martingale convergence theorem and Riesz
representation theorem. Moreover, this fact holds for any [0, 1]-martingale. What is
shown in [20] is that under our sufficient condition, when (Q,),>1 is non-negative and
belongs to M, the martingale ||F! | converges, almost surely and in L norm for some
p > 1, hence E(||u||) = 1 and P(u # 0) > 0. When (Q,,),>1 is not non-negative, the
uniform convergence of F), is a far more delicate issue.
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2.1.3 Examples
Homogeneous b-adic independent cascades

Let b be an integer > 2 and for every k > 0 let W®*) = (Wo(k), . ,Wb(ﬁ)l) be a vector
such that each of its components is complex, integrable, and has an expectation equal to
1. Then, consider {W*D(w)} e+, a family of independent vectors such that for each
k>0 and w € ¥ the vector W®) (w) is a copy of W*). A [0, 1]-martingale is obtained
as follows. For ¢ € [0,1) and n > 1 we define

n

Po(t) = W V(t], — 1) and then Q,(t) H Py(t H WD ()

By construction, (Q,)n>1 € M. If we suppose that A is the generalized Bernoulli mea-

sure associated with a sequence of probability vectors (A®) = )\ék), e 7)‘1(;’?1)16207 ie.,
AMIpyoown) = [Ty A U for all wy - w, € %, then
n—1 b—1
¢(p) = lim inf ——Zlong( (A Ek) \Wi(k)|)p>.
k=0 =0

If we suppose that all the vectors W) have the same distribution as a vector W, and
that all the vectors A*) are equal to a vector (Mg, ..., \—1) (X is a Bernoulli measure),

then (@Q,)n>1 belongs to M’ and

#(p) = —log, E (bﬁ_f (N wil)").

Canonical cascades correspond to the case where the components of W are i.i.d. and A
is the Lebesgue measure, see Figure 2.1 for illustration.

Remark 2.1 If the components of W are non negative, we can fully recover the mo-
del for turbulence considered in [108] as limit of a [0,1]-martingale. There, a vector
W = (Ws,...,Ws_1) with non-negative components and such that BE(30—3 W) = b is
considered wzthout the assumption that the components have the same expectatzon Then,
a sequence of independent copies {W (w) e+ is fived, and though in general for a gi-
ven t € [0,1] the sequence Qy,(t) = [1r_y Wi, (t|k—1) is not a martingale, the sequence of
measures [, whose density with respect to the Lebesque measure is (),, converges almost
surely weakly to a measure . We can recover this model as a martingale by defining A
as the Bernoulli measure associated with the probability vector

()\0 = E(Wo)/b, ceey )‘b—l = E(Wb_l)/b)

and replacing W by W = (Wo/bXo, ..., Wy_1/bXo_1) (with the convention 0 : 0 = 0).
Then, the weak limit of (F)n>1 is almost surely equal to . It seems that this fact had
not been noticed before.
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FIGURE 2.1 — A complex valued canonical cascade F), (Top), as well as its real (left-
bottom) and imaginary (right-bottom) parts for n =9, 11, 15, 16, 17, 18.
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Compound Poisson cascades

Let v be a positive Radon measure over (0, 1] and denote by A the measure Leb® v,
where Leb stands for the Lebesgue measure over R. We consider a Poisson point process
S of intensity A. To each point M of S, we associate a random variable W), picked
in a collection of random variables that are independent, independent of S, and are
identically distributed with an integrable complex random variable WW.

We fix § > 0, and for € € (0, 1] and ¢ € [0, 1] we define the truncated cone
C.(t)y={({t',r):e<r <1, t—pBr/2<t <t+pr/2}.

Then, we obtain an element of M as follows. For ¢ € [0,1) and n > 1 we define

Py(t) = exp (= A(AC,()) EW)-1)) [ W
MeSNAC,(t)
and then Q,(t) = H Py(t), where AC,,(t) = Cp—n(t) \ Cp-n(t). If X is taken equal to the
k=1

Lebesgue measure, we get

plp) =p 1+ B(p(ERIV) — 1) — (E(WP) ~ 1)), with § = limsuplog, A(Cy-r).

n—oo

If, moreover, there exists & > 0 such that v(dr) = &dr/r?, i.e. if A possesses scaling
invariance properties, we have § = 36 and (Q,,)n>1 belongs to M’

Representation as continuous time [0, 1]-martingales

It is natural to consider the left-continuous martingale

Q-(t) = exp (- AC.ONEW) - 1) [[ Wu

and the functions F.(t) = fg Q.(t) dt rather than Q, and F,, = F,». Under the assump-
tions of Theorem 2.1, the fact that || F||« is integrable, as well as the left continuity of
E in € and its martingale property ensure that Ii converges uniformly to F', almost
surely and in L! norm, as € — 0.

Remark 2.2 Complex-valued compound cascades are the extension considered in [15]
of the non-negative products of cylindrical pulses introduced in [19]. However, in [13]

the uniform convergence of F. is not studied ; only the martingale F.(1) is considered.

Log-infinitely divisible cascades

This example is an extension of compound Poisson cascades when the weights Wy,
take the form exp(L,/), in particular the W), do not vanish. We use the notations of
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the previous section and take 7 = 6 = 1. Let ¢ be a characteristic Lévy exponent v
defined on R?, i.e.

V6 R milel) — Q)2+ [ (1= +illa)laa) rld),  (24)

where a € R?, () is a non-negative quadratic form and 7 is a Radon measure on R?\ {0}
such that [(1 A |z]*)7(dz) < co.

Then let p = (p1, p2) be an independently scattered infinitely divisible random R>-
valued measure on R x R% with A as control measure and ¢ as Lévy exponent (see [133]
for the definition). In particular, for every Borel set B € R x R% and £ € R? we have,

E(e €)= exp (v(€)A(B)),

and for every finite family {B;} of pairwise disjoint Borel subsets of R x R such that
A(B;) < oo, the random variables p(B;) are independent.

Let I; be the interval of those & € R such that flw ef1®ir( dr) < oo. The function

N 1>1
1 has a natural extension ¢ to D = R?U (—il; x R) given by the same expression as
in (2.4) if we extend @ to an Hermitian form on C2. Then for every £ € D and every
Borel subset of R x R we have E(e'¢lP(B)) = exp ((£)A(B)).

Now, we assume that & = (—i,1) € D, and without loss of generality we set
1; = ?Z - 1;(50)-

Then, with the same definition of cones as in the previous section, if n > 1 and ¢ € [0, 1]
we define

pn(t) = eXp [<50‘p(ACn(t))>} = exXp [pl (Acn<t)) +1p2 (Acn(t))]

and Q,(t) = H P,(t). If we take A equal to the Lebesgue measure, and if p € R is such
k=1

that (—ip,0) € D, then N
o(p) =p— 1= B(—ip,0). (2.5)

In the positive case, this construction has been proposed has an extension of com-
pound Poisson cascades in [6] for the statistically self-similar case (v(dr) = dr/r?) and
in [44] for the general case.

If v(dr) = dr/r? then (Q,),>1 belongs to M’. In [6], a modification of the cones
C. is introduced, which yields a nice exact statistical scaling invariance property for the
increments of the limit measure. This property, which is different from the statistical
self-similarity imposed by (P4), also holds for the complex extension.

Representation as continuous time [0, 1]-martingales, and exact scaling pro-
perty

Here, we use the different cones introduced in [6], namely

Cs(t):{(t/’r>:7.2€’ {t T/ <t <t+7”/ if r < }

t—1/2<t <t+1/2 otherwise
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Then we define the left-continuous C([0, 1])-valued martingale
~ t ~ ~ ~ ~
F(t) = / Q-(t) dA(t), with Qc(t) = exp [p1(C=(t)) +ipa(C=(1))]-
0

If we set Qn(t) = Qp-n(t), the function ¢ is still given by (2.5). Under the assumptions

of Theorem 2.1, as € — 0, F. converges uniformly, almost surely and in L! norm, to the
limit F of F,(-) = [, Qn(u)du.

Then, if we take v(dr) = dr/r®, a direct verification shows that the arguments
developed in [6] to obtain an exact statistical scaling invariance property in the positive
case can be extended to the complex case. As a consequence, for every € € (0, 1] and
every subinterval J of [0, 1], there exists a copy W of Qv‘ 71(0), as well as a copie F of
F, independent of W, such that

F|JE|J|WJFJOJCJ_1a

where F], is the restriction of F' to J, f; is the unique increasing affine map from
[0,1] onto J, and = means equality in distribution. In particular, if ¢(p) > 0 for some
p € (1,2], then, for all ¢ € [0, p] and ¢ € [0, 1],

E(|F(#)]7) =t OE(|F(1)]7).

More elaborate constructions

An important property of M is that if (@Q;,),>1 and (@n)nZl belong to M and are
independent, then their product still belongs to M. This makes it possible to combine
the previous constructions with some other proposed in [20].

2.2 Convergence of complex b-adic independent cas-
cades

The familiar cascade measures are sequences of random positive measures obtained
on [0,1] via b-adic independent cascades. To generalize them, we allows the random
weights invoked in the cascades to take negative or complex values. This yields sequences
of random functions whose possible strong or weak limits are natural candidates for
modeling multifractal phenomena. Their asymptotic behavior is investigated, yielding
a sufficient condition for almost sure uniform convergence to non-trivial statistically
self-similar limits.

2.2.1 Construction

Let W = (W, ..., W,_1) be a complex vector whose components are integrable and
satisty E(Zf;é W;) = 1. Then let (W (w))yew~ be a sequence of independent copies of
W and consider the sequence of random functions

n

Fult) = Falt) = [ 4 T Wanlulos)du (2.6)
0 k=1
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(where each non b-adic point u is identified with the word uy - --u, --- defined by the
b-adic expansion u = Zk21 upb™", and we recall that u|,_; = uy -+~ up_1). A special case

playing an important role in the sequel is the conservative one, i.e. when Zf;é W; =1
almost surely. Remarkable functions obtained as limit of such deterministic sequences
F,, are the self-affine functions considered for instance in [96, 26, 148] (these functions
are called self-affine because their graphs are self-affine sets).

For p € Ry let
pw(p) = —log, E ( Z W Ip) (2.7)

Our assumptions imply —1 < o (0) A pw (1) < o (0) V o (1) < 0.

2.2.2 Strong uniform convergence

We give sufficient conditions for the almost sure uniform convergence of (F,),>1. We
distinguish the conservative and non-conservative cases. Our results are illustrated in
Figures 2.2 to 2.4.

Theorem 2.2 (Non-conservative case) Suppose that ]P’(Z?;S W; # 1> > 0 and

there exists p > 1 such that ow(p) > 0. Suppose, moreover, that either p € (1,2] or
pw(2) > 0.

1. (F,)n>1 converges uniformly, almost surely and in LP norm, as n tends to 0o, to
a function F' = Fy, which is non decreasing if W > 0. Moreover, the function F
is y-Holder continuous for all v belonging to (0, maxge(,p) ew(q)/q)-

2. F satisfies the statistical scaling invariance property :

F= leb ey (F(i/b) + Wi Fro 871), (2.8)

where S;(t) = (t +1)/b, the random objects W, Fy, ..., Fy,_1 are independent, and
the F; are distributed like F' and the equality holds almost surely.

Theorem 2.3 (Conservative case) Suppose that P(Z?;é W; # 1) = 0.

1. If there exists p > 1 such that pw (p) > 0, then the same conclusions as in Theo-
rem 2.2 hold.

2. (Critical case) Suppose that lim, .o pw(p) = 0 (in particular pw is increasing
and ow(p) < 0 for all p > 1). This is equivalent to the fact that P(¥ 0 < i <
b—1, |W;| <1) =1 and Y P(W;| =1) = 1.

Suppose also that P(#{i : |W;| = 1} = 1) < 1, and there exists vy € (0, 1) such that,
with probability 1, one of the two following properties holds for each 0 <i <b—1
either |W;| <,
or [Wil =1 and (224 Wi, X2 Wi) € (0.1, (1,0)}

Then, with probability 1, (F,),>1 converges almost surely uniformly to a limit
F = Fy which is not uniformly Holder and satisfies part 2. of Theorem 2.2.

(2.9)
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FIGURE 2.2 — Uniform convergence in the non-conservative case : Fyy,, forn = 2, 4, 8, 12

in the case b = 3 and pw (8) = 0 for § ~ 1.395.
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FIGURE 2.3 — Uniform convergence in the non-critical conservative case : Fyy,, for n =

2, 4, 8, 12 in the case b = 3 and oy (3) = 0 for § ~ 2.172.
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FIGURE 2.4 — Uniform convergence in the critical conservative case : Fy, for n =
2, 4, 6, 9in the case b =4 and py(p) < 0 on Ry, pw(p) — 0 when p — oo. The limit
is not uniformly Hélder.

Remark 2.3

(1) The sufficient condition for the convergence in LP of complez-valued martingales
like (F(1))p>1 is known in the context of martingales in the branching random walk
(133, 12]) ; however, the sequence of functions (F},),>1 is not considered in these papers.
When W has non-negative components, it follows from [92] and [48] that this condition
1S necessary.

(2) Theorem 2.3.2 goes far beyond the construction of deterministic self-affine functions
(126, 148]) which all fall in Theorem 2.3.1.

(8) The following discussion will be useful for the statement and proof of Theorem 2.6.
It is easily seen that F, vanishes (F, = 0) if and only if [[i_; W, (w|k—1) = 0 for all
w e A", and in this case, Fy, = 0 for all k > n. Thus, if we denote by ¥ the event
{3In>1: F, =0}, we have ¥ = liminf, _..{F, = 0}. Notice that P(¥") = 0 in the
conservative case.

By construction, there are b independent copies (Fj,)n>1 of (F)n>1, independent of
W, and converging respectively to F; almost surely, such that for n > 1 we can write

b—1
Fn = Z 1[i/b,(i+1)/b} (Fn(Z/b) —+ I/VZ Fi,n—l o Sz‘_1>-
1=0

Thus, {F, = 0} = N AWiFin—1 = 0}. Similarly, {F = 0} = (",{W,iF; = 0}. It is then
not difficult to see that under the assumptions of Theorem 2.2, P(¥) and P(F = 0) are
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equal to the unique fized point distinct from 1 of the convex polynomial

P(x)=> P(#{0<i<b—1:|Wi>0}=k)"

k=0
Consequently, since ¥ C {F = 0}, these events differ from a set of null probability.

We can also interpret the set of words w € /™ such that [[;_, W, (w]g—1) = 0 as
the nodes of generation n of a Galton-Watson tree whose offspring distribution is given
by that of the integer N = #{0 <i <b—1:|W;| > 0}. Then, P(z) = E(zV).

We end this section by introducing auxiliary non-negative b-adic independent cas-
cades, which will play an important role in the rest of this chapter.

Definition 2.1 If 8 > 0 and pw(8) > —o0, then for w € o/* let
WO (w) = o7 O ([Wo(w) |, ..., Wy (w)]?),

and simply denote WO () by WP, We have pyw)(p) = ow(Bp) — pow(8) for all
p > 0. In particular, oy @ (1) = 0. If oy (p) > 0 for some p € (1,2), we denote by
Fy ) the non-decreasing function obtained in Theorem 2.2 as the almost sure uniform
limit of Fy , - 1 € [0,1] 7 [3 0" TTr_, Wi (uly1) du.

2.2.3 Representation as a monofractal function in multifractal
time

As explained in the introduction, in order to qualitatively compare the strong limit
Fy obtained in Theorem 2.2 with other models of multifractal processes, it is important
to study the possibility to decompose it as a monofractal function in multifractal time.
Under the assumptions of Theorem 2.2 and Theorem 2.3.1 , if we denote by 3 the smal-
lest solution of gy (p) = 0, the only natural choice at our disposal as time change is the
function Fyy (s introduced in Definition 2.1. In the deterministic case, it is elementary to
check that By,3 = Fyy o FV;}Q) is monofractal (Section 4.7 in [111]) in the strong sense,
where by strong sense we mean the limit inferior of the pointwise Holder exponet is a
limit everywhere and the value is independent of the point. In the random case, this
also true under strong assumptions on the moments of W as shows Theorem 2.4, which
is illustrated in Figures 2.5 and 2.6. We do not know whether or not weaker assump-
tions on W lead to situations in which B; /3 is not monofractal. However, the functions
constructed in Theorem 2.3.2 provide simple examples of statistically self-similar conti-
nuous functions for which it seems to be impossible to find a natural decomposition
as monofractal functions in multifractal time; at least such a time change cannot be
obtained as limit of a positive b-adic independent cascade.

Theorem 2.4 Suppose that P(W € C*\R%) > 0 and SSUVE(WiP) < oo for allp € R.

Suppose also that the assumptions of Theorem 2.2 or Theorem 2.3.1 hold. Let (3 be
the smallest solution of pw(p) = 0 and suppose that oy (p) > 0 for all p > 3. We have

B>1, o (1) =0 and oy (p) >0 for all p > 1. Let Byjg = Fy o FVT/%W
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With probability 1, the function Byg is a monofractal function in the strong sense,
with constant pointwise Hélder exponent 1/[.

FIGURE 2.5 — The limit function Fy in Figure 2.2 (Left) can be written as the monofrac-
tal function By/g = Fy o F {, of exponent H = 1/ ~ 0.7168 (Middle) in multifractal
time Fyy s (Right).

FIGURE 2.6 — The limit function Fyy in Figure 2.3 (Left) can be written as the monofrac-
tal function By, = Fy o FV;%@ of exponent H = 1/ ~ 0.4604 (Middle) in multifractal
time Fy (Right).

Theorem 2.5 Suppose that the assumptions of Theorem 2.3.2 hold and the components
of W do not vanish. With probability 1, if the function Fy can be decomposed as a
monofractal function B in a multifractal time G, then the Holder exponent of B is 0,
and G must be such that dim ([0,1] \ E¢(c0)) = 0, where

Eofoo) = {te(0.1] s log(OSCGI(CE; (—T)r,t ) _ <)

Remark 2.4

(;) Notice that due to Theorems 2.2, 1/3 must belong to (1/2,1) when P( Z;B Wy =
1) <1

(2) When W is deterministic, we are necessarily in the conservative case Zf;é W, =1,
and Theorem 2.4.1 is well known (see for instance Section 4.7 in [111]). In this case,
it is also the simplest illustration of the general result obtained in [143] regarding the
representation of multifractal functions as monofractal functions (in the strong sense)
in multifractal time (see also [84] for another illustration of this concept).
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(3) Under the assumptions of Theorem 2.4.1, it seems possible to obtain the result by
using the general approach developed in [143]. However, this necessitates to use the
extension to the present context of some sophisticated estimates developed for positive
cascades in [24]. Thus, we will give a short and self-contained proof.

OSCFW([Ov 1])
Fyw ()15
2.4. Suppose that we have found sufficient conditions under which there exists q # 0

1
such that E[(OSCFW—([O;]))(]] = 00. Then, we know how to prove that the function
Fyye (1)1/P

By is not monofractal if ¢ > 0, and not strongly monofractal if ¢ < 0. Thus, to
OSCFW([07 1])
Fyo (1)V/8

W remains an important open question to complete the description of By g.

(4) The moments of are all finite under the strong assumptions of Theorem

finding information on the moments behavior under weak assumptions on

(5) As a consequence of Theorem 2.5, we get that the time change G cannot be equivalent
to the limit of a positive b-adic independent cascade obtained as in Theorem 2.2 or 2.3, in
the sense that their derivative in the distribution sense are equivalent positive measures.
Indeed, in this case the analysis of such a measure achieved in [92] or [10], implies that
there exists D > 0 such that lim,, o+ M = D at each point t of a set E of
Hausdorff dimension D.

Also, we can notice that if a time change G as described in Theorem 2.5 does exist,
from the multifractal analysis point of view, the decomposition would not simplify the
study of Fy, since it would necessitate to have a very fine description of the pointwise

divergence of log(oscf)g@“t”])) inside the set Eq(00).

An ezample of increasing function G such that dim ([0,1]\ Eg(c0)) = 0 is obtained

as follows : t
G(1) = /0 33 (5 ey () do

n>1 0<k<bn

We leave the reader check that t is not a b-adic number and if

log(|t — kb™"
0; = limsup sup og( ) < o0

n—oo 0<k<bn —n

log(Oscg ([t—r,t+7]))

on () = 00. Moreover, it is clear that dim{t : 6y = co} = 0.

then lim, o+

2.2.4 Degeneracy, divergence and weak uniform convergence
The following results are proven by Barral and Mandelbrot, here we only present the
statements and the proofs can be found in [18].

Recall that ¢y is concave, ou (0) < 0 and ¢p (1) < 0. Let us define
po = sup{p : ¢y (p) exists and @y, (p)p — pw(p) > 0}.

In order to simplify the next discussion, we assume that ¢ (p) > —oo for all p > 0.

Since w (0) < 0, we have py > 0. Also, if py < oo then ¢ (py) = 0 if and only if
ew(po) = i (po) = 0. If py = 0o, we define pw (po) = limy,—.o0 ow (p)-
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In the previous section, we have dealt with the convergence of F), in the following
cases that we gather in the condition (C) :

(C) : One of the following three cases arise.
(1) There exists p € (1, 2] such that ou (p) > 0.
(2) P(30_t Wi, = 1) = 1 and there exists p > 1 such that o (p) > 0;

B) P We=1) =1L, PV 0<i<b-1, [W<1)=1 Y P(W|=1) =1
and P(#{i : |W;| = 1} = 1) < 1. Equivalently, lim, .. pw(p) = 0 and P(#{i : |W;| =
11 =1)<1.

Suppose that (C) does not hold. We cannot have simultaneously py € (1,2] and
ew(po) > 0. Also, pw(2) < 0. Moreover, if P( Zj) Wi = 1) = 1, then o (py) < 0,
and if pg = oo then YU  P(JWi| = 1) > 1 or P(#{i : |W;] = 1} = 1) = 1 (see also
Remark 2.5).

The following results concern the asymptotic behavior of F,, when (C) does not hold.
Before stating it, we recall the discussion of Remark 2.3 (3).

Theorem 2.6 (Barral,Mandelbrot) (Degeneracy and divergence)

Suppose that (C) does not hold and pw(p) > —oo for all p > 0.

1. Suppose that py € (0,1]. Then, for all « < ow(po)/po, b"*F,, converges almost
surely uniformly to 0, and for all a« > pw(po)/po, O"*F, is unbounded almost
surely, conditionally on V.

2. Suppose that py € (1,2]. We have ow(po) < 0. Then, for all « > @w(po)/po,
b"*F, is unbounded almost surely, conditionally on V€. In particular, if we have
ew(po) <0, then F, is unbounded almost surely, conditionally on V.

3. Suppose that py > 2 and P(ZZ;B Wi, =1)=1. We have pw(po) < 0. If py < o0,
the same conclusions as in 2. hold. If py = oo, then (F,),>1 diverges in C([0,1])
almost surely.

Moreover, in both cases there is no sequence (1,,),>1 tending to 0 or co, asn — oo,
such that r, F,, converges in law to a non-trivial limit in C([0, 1]).

4. Suppose that py > 2 and P30t Wi # 1) > 0. Forn > 1, let r,, = brew@/?
if ow(2) < 0 and r, = n~ Y2 if oy (2) = 0. The probability distributions of the
random functions r, F,, form a tight sequence, and for all o > o (2)/2, O™ F,, is
unbounded almost surely, conditionally on V°.

Remark 2.5

(1) Suppose that (C) does not hold and py < oo. Thus py € (1,2] and ew(ps) = 0,
or when P( Z;t Wy =1)=1, po € (1,00) and pw(po) = 0. What we can only prove

1 n |AF, (1) =0 o
is that lim,_ oo SUPye gn |AF, (1) = 0 and lim inf 08 SUPe | (w)l . This is
n—oo —N

not enough to decide whether or not F,, is convergent. It is mainly for the same reason
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that we cannot deal with the case o = pw(po)/po in Theorems 2.6.2 and 2.6.3 (when
Po < OO)

(2) When py = oo, Theorem 2.6 tells nothing about the case where the assumptions of
Theorem 2.2.2 hold except that there is no v € (0,1) such that (2.9) holds.

(3) The results obtained in [48, 64] when W > 0 show that in this case, when F,
converges almost surely uniformly to 0, there does not exist a sequence (an)n>1 Such that
F,/a, converge in law to a non-trivial process as n tend to oo (see the discussion in

section VIII of [64]).

We now cease to assume that o (p) > —oo for all p > 0, but assume that oy (2) >
—o00. Define

E(| S wi?) -1
o=\ E(S wif?) — 1

\/ >z BV if o (2) =0

Theorem 2.7 (Barral,Mandelbrot) (Tightness of (L(F,/v/E(F,(1)?))n>1))
Suppose that P(S0—t Wi, # 1) > 0 and (C) does not hold. In particular, pw(2) < 0.

1. The sequence (F,(1))n>1 is unbounded in L* mnorm. Specifically, we have
E(|F.(1)[?) ~ a2 @ if oy (2) < 0 and E(|F,(1)]*) ~ o®n if ow(2) = 0.

2. Suppose that py > 2. Equivalently, ow(p)/p > ow(2)/2 near 2. For n > 1 let
Zn = F,/\/E(F,(1)2).
The sequence (Z,(1))n>1 is bounded in LP norm for all p such that pw(p)/p >
ew(2)/2.
Moreover, the probability distributions of the random continuous functions Z, =

Fo.//E(F,(1)2) form a tight sequence.

3. Suppose that py > 2. We have oy (p) > 0 near 17 (remember Definition 2.1).
Suppose, moreover, that W is R-valued and (Z,)n>1 converges in law, as n tends
to co. Then, the weak limit of Z, is the Brownian motion in multifractal time
Z = B o Fy, where B is a standard Brownian motion independent of Fyy ).
Moreover, Z satisfies the statistical scaling invariance property :

b—1
2= imarnn (20/0) + R, Zi0 571, (2.10)
=0

where S;(t) = (t +1)/b, the random objects W, Zy, ..., Zy_1 are independent, and
the Z; are distributed like Z.

Theorem 2.8 (Barral,Mandelbrot) (Functional central limit theorem when
F,, is unbounded)

Suppose that P( Z;B Wi # 1) > 0 and (C) does not hold. Suppose, moreover, that
W is RP-valued and ow (p)/p > ow(2)/2 over (2,00) (equivalently oy is increasing, or
Wi <1 almost surely for all0 <k <b—1).
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Then, (Zp)n>1 converges in law, as n tends to 0o, to the Brownian motion in multi-
fractal time Z described in Theorem 2.7.5. Also, the probability distribution of Z(1) is
determined by its moments.

Theorem 2.9 (Barral,Mandelbrot) (Functional central limit theorem when
F,, converges)

Suppose that P( Z;B Wi # 1) > 0 and (C) holds. Suppose, moreover, that W is
R°-valued and ow(p)/p > pw(2)/2 near 2.

Then, (E, — F)/\/E((F, — F)(1)?) converges in law, as n tends to oo, to the Brow-
nian motion in multifractal time described in Theorem 2.7.3.

Moreover, \/E((F,, — F)(1)%) = b—ew( /2\/E (1= Fw(1))?).

2.3 Proof of Theorem 2.1

2.3.1 Proof of Theorem 2.1.1
For any w € &/* and n > 1, define

AFy(Ly) = Fy(ty +5) — F(t) = / On(t) AN(D). (2.11)

We have E(||F,|[%,) < E((zweﬂn |AFn(]w)|)p> < E(Zweﬂ” |AFn(Iw)|p>, where we
have used the subadditivity of z > 0+ a? (p € (0, 1]). Thus

E(| Ful2,) (‘/ Qu (1) dA(t

) S A(L)E(sup [Qu (1))

weH™ wed ™ telu
<) eXp(w(n)))\(fw)plf E(1Qn(@)]") dA(t) = exp(¢(n))S(n, p).
weF™ Tw

Due to the property of ¢(n), we have limsup, ., log, (E(||F,|[2))/n < —¢(p) < 0. This
implies the result.

2.3.2 Proof of Theorem 2.1.2

The two following crucial statements, which take natural and classical forms, will be
proved at the end of the section.

Recall that for n > 1 we define T,, = {t,, : w € &"} U {1} and T} = Up>1T,.

Proposition 2.1 There exists a constant C, > 0 such that

(n22) Elmax|Fat) = Fas(OF) < CpS(n,p). (2.12)

Consequently, for every b-adic number t € T,, F,(t) converges almost surely and in LP
norm as n — 0o.
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Proposition 2.2 Let v € (0, maxgec1y ©(q)/q). With probability 1, there exists 1, > 0
such that for any t,s € T, such that |t — s| < n, we have

sup |F,(t) — Fo(s)] < C, |t — s|7. (2.13)

n>1

where C., is a constant depending on v only.

Since F,(0) = 0 almost surely for all n > 1, it follows from Propositions 2.2 and
Ascoli-Arzela’s theorem that, with probability 1, the sequence of continuous functions
(Fy)n>1 is relatively compact, and all the limit of subsequences of F), are ~-Holder
continuous for all 0 < v < maxge(1, ¢(q)/q. Moreover, Proposition 2.1 learns us that,
with probability 1, F,, is convergent over the dense countable subset T of [0,1]. This
yields the uniform convergence of F,, and the Holder regularity of the limit F'.

Denote || - ||, = E(| - |P)!/?. We then prove that ||[|F(#)]|l, < co.
For n > 1, let M,, = maxer, |F,.(t)|. We have

M, < M, + max [Fog1(t) = Fa(@)] + b+ max [V (w)]. (2.14)

weH/ ™t

Then Minkowski’s inequality yields

1Mally < N[Mallp + [T 025 | Froga (8) = Fu()][lp + 0[] max (Yo (w)l[lp-

Also, due to Proposition 2.1 we have » -, || maxier, [F1(t) — Fo(t)|[, < oo. Moreover,

| max Yaa@)lly < (Y EVaaaw)) " < S0+ 1,0),

weg/ntl
we.a/nt1

S0 Y .oq [lmaxy,epmntt | Y1 (w)||l, < oo. This implies sup,,s, || M,||, < oo, and since,
with probability 1, F, converges uniformly to F., and 7T, is dense in [0,1], we get
| sup,cjo) [F (1)l < liminf, . [|M,]|, < co. In particular, F' belongs to L' and for
every n > 1, the conditional expectation of F' with respect to A,, is well defined and it
converges almost surely and in L' norm to F' (see Proposition V-2-6 in [123]). It remains
to prove that F,, = E(F|A,) almost surely. For every t € T, we have shown that the
martingale (F),(t), A, )n>1 is uniformly integrable, so F,(t) = E(F(¢)|.A,) almost surely.
Consequently, since T, is countable, with probability 1, the restriction of E(F|.A4,,) coin-
cides with the function F,, over T,. Moreover, these two random functions are continuous
and T, is dense in [0, 1] so, with probability 1, they are equal.

2.3.3 Proof of Proposition 2.1

Fix n > 2 and denote the elements of T}, by t; , 0 < j < b", where 0 =ty < t; <
o <ty = 1. Also define J; = [t;,t;41] for 0 < j < b™. We can write

j—1

Fult) = Faslt) = Y [ U0V
k=0 " Jk
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with U(t) = Q,—1(t) and V(t) = P,(t) — 1. Then we divide the family {.J;}o<;<pn into
bN sub-families, namely the {Jyngti}e>00<onkricon, for 0 <i < bN — 1. Also we define
M,, = maxo<j<pn |F(t;) — Fo—1(t;)| and remark that

M, <bN max d/\(t)‘.
0<j<b" J
0<i<bN— 1 k>0 bk
== 0<bNk+i<j

By raising both sides of the previous inequality to the power p we can get

MP < (bN)P max ]/ )dr@)]
Osg<b” JoNk+i
0<i<bN-1
bN—1 »
< GNP S max / vinarm| (2.15)
; 0<j<on k>0 JoNk+i

0<ka+z<]

We are going to use the following lemma. It is proved for real valued random variables
in [144], and its extension to the complex case is immediate.

Lemma 2.1 Let p € (1,2]. There exists a constant C, > 0 such that for every n > 1
and every sequence {V;}1<j<n of independent and centered complex random variables we

have
(fgﬂggﬂzv\ ) <GBV
j=1

Due to (P3), for each 0 < i < bN—1, the restrictions of the function V'(¢) to the intervals
Jonkri » 0 < DNEk+i < b, are centered and independent. Also, due to (P2), the functions
U(t) and V() are independent. Consequently, by taking the conditional expectation with
respect to A,_1 in (2.15) and using Lemma 2.1 we get for each 0 <i <bN — 1

E[ max / d/\()‘ An—q
0sj=bn k>0 Jka-H
0<bNk+i<j
P
<c, Y K U )V (H)dA(1)| An,l).
E>0 JoNk+i
0<bNk+i<b"
This implies
e(gla) <6, Y k(] / A0 Aacr), (2.16)
O<g<

with 5p = C,(bN)P*!. Now, since p > 1, the Jensen inequality yields

‘/ UV Han| <A 1/ U0V () PAA().

Moreover, since E(|P,(t)|) > 1 and p > 1, we have

E([V(©)F) <27 (1 + E(|P.(t)") < 2°E(| Pa(t)[7). (2.17)
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Thus, taking the expectation in (2.16) yields

E(max |F,(t) — F,_(8)[P) < 2°C,S(n, p),

teTy

i.e. (2.12). If p(p) > 0, by definition of ¢, S(n, p) converges exponentially fast to 0, hence
the series ) -, S(n,p)/? converge and, due to (2.12) and the fact that T, = Unso Tns
F,.(t) converges almost surely and in L? norm as n — oo for all ¢t € T..

2.3.4 Proof of Proposition 2.2

Recall (2.11). Let ¢ € (1,p] such that ¢(q) > 0. It follows from (P1) that
(AF,(I,))n>1 is a martingale, so Doob’s and then Jensen’s inequalities yield a constant
Cy such that forn > 1

E( max |AFL(1,)|7) < CUE(|AF,(1,)]7) < Cq)‘(lw)q_l/ E(]Qn()[")dA(?).

Consequently
> E(max [AF(1,)|") < CyS(n,q). (2.18)

an 1<k<n
we

By using Markov’s inequality as well as (2.18) and Proposition 2.1, we get

—ny _ —-ny
P(max max [AF(Ly)] > 07" or max|F,(t) — Fu-a(6)] > 67)

—ny _ —ny
< > P(max |AFy(L,)] > b™) + Pmax | Fy(t) — Foa ()] > 57)

weA"
< g q g _ q
< ;nb E(max |AF(L,)]") + 07 - E(max [Fu(t) = Fua (5)]%)

< Cgb™5(n, q),

where C, is another constant depending only on ¢. Since v € (0, p(q)/q), by definition
of ¢(q) the series }_ -, 0"9S(n,q) converges, and by the Borel-Cantelli lemma, with
probability 1, there exists n; such that for all n > nq,

< p ™ — < p "™, .
max max [AF(L,)] < b7 and max|F,(t) — F ()] <0 (2.19)

Now fix n > ny. We are going to prove by induction that for all M > n + 1 and
t,s € Ty such that 0 <t —s < b™™ we have

M
Ap(t,s) <20 Y b, where Ay(t,s) = Jmax |Fy(t) = Fi(s)|- (2.20)
m=n+1 -

If M = n + 1, then there exist ¢ and i’ with 0 < i — i’ < 2b such that ¢ = ib~"*1) and
s =i'b~"*1) 5o due to (2.19) applied at generation n + 1,

Apyi(t,s) < (i — )b~ DY < 2p . p=(+ DY,

Now let M > n+1 and suppose that (2.20) holds for alln+1 <m < M. Let t,s € Ty 41
such that 0 < t—s < b~". If there is no element of T}, between s and ¢, then (2.19) yields
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Apria(t,s) < (b — 1o~ M+ Otherwise, consider f = max{u € Ty : u < t} and 5 =

min{u € Ty : u > s}. We have
s<s<t<t,t—t<(b-1b MV F5_s<O-1)b M [_5<pm
Since 5 and ¢ belong to Ty C Thry1, we deduce from (2.19) that

{max {Anr (1), Arpsa (5,8) ) < (b— 1)p-MH
max {|Far(5) — Fur(5)] [Futa(8) — Fur (B[} < b

M
Also, due to (2.20) we have Ay (¢,5) < 2b Z b~"7. Consequently,
m=n-+1
AM-l-l (ta 3)
< Auga(t ) + Anga(S,8) + Au (L, 5) + [Furga(5) — Fu ()] + [Fara () — Fu(0)]
M
< 2(b— 1)b—(M+1)7 +2b Z b7 4 2~ (MDY
m=n-+1

so (2.20) holds for m = M + 1. Let C,, = 2b/(1 — b™"). Letting M tend to infinity in
(2.20) yields that maxys; |Fy(t) — Fi.(s)| < C,o~™+D7 for all n > ny and ¢, s € T, such
that |t — s| < b~™. Now, for ¢,s € T, with |t — s| < b~ there is a unique n > n; such
that b~("1) < |t — s| < b~ and maxys, | Fi(t) — Fi(s)] < C,b~")7 < O, |t — s[7. The
conclusion comes from the density of T, in [0, 1] and the continuity of the Fy.

2.4 Proofs of Theorems 2.2, 2.3 and 2.4

We start with a remark. Under the assumptions of Theorems 2.2 and 2.3.1, we have
—1 < pw(0) < ew(l) <0 < pw(p). Since pw is concave this implies that vy (¢) < ¢—1
for all ¢ € (1, p] except if o (¢) = g—1 for all ¢. This can happen only if the components
of W are positive and equal to 1/b almost surely. In this case F,(t) =t for all n > 1 and
t € [0,1] and the result obviously holds. We exclude this case in the rest of this section.

For w € &/*, we denote by (F,EW})nZl the copy of (F,),>1 constructed with the random
vectors (W (w - u))yewr

t n
FT[LW] (t) = / b" H W (W - || 41—1) du.
0 k=1
For n > |w|, the increment AF,(I,) of F, over I, takes the form
AF, (L) = Qw)F",, (1), (2.21)

where Q(w) = Lﬂal |44

wisr (W|k). This implies in particular that for every n > 1 we
have

(=

-1
Fo= > L) (Fn(i/b) +WiFY o 5[1>- (2.22)

]

o

Moreover, Q(w) and F™

n—|w|

{E[lw]}nzl, w € &/P, are independent.

(1) are independent, and for each p > 1, the families
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2.4.1 Proof of Theorems 2.2 and Theorems 2.3.1

If P(Zf;é W; = 1) = 1 then Fi(1) = 1 almost surely. If p € (1,2], the fact that
the martingale (Fy(1))x>1 converges almost surely and in LP norm is a consequence
of Theorem 1 in [33], and the case p > 2 is a consequence of Theorem 1 in [12] (the
positive case is treated in [92] and [48]). Then, equation (2.21) implies the almost sure
convergence of the b-adic increments of F,.

Now we establish the almost sure uniform convergence of F,,. When F,, can be in-
terpreted as a [0, 1]-martingale, that is when the components of W have positive expec-
tations (see [20]), the proof provides a simpler alternative to the general proof given in

[20].
Let ¢ € (1,p] such that pw(q) > 0 and define M, = E(sup;>, [F%(1)|?). By using
(2.21) as well as the martingale property of (Fi(1))x>1 and Doob’s inequality we get

|w]

E(sup |AF, (L,)]) ZE |AFL(1,)]7) + E(|Q(w)|")E (Sup ) (D19

n>1 n>

le

< Y o EE(|Q(wl],)[7) + CoME(Q(w)]Y)

for some constant C,. Consequently, for v > 0 and N > 1 we have

P( max sup |AF,(I,)| > b~")

wedN n>1

< MY S b E(Qul,) ) + CME(Qu)Y

weaN n=1
N
pNa [Z p~NV=n)(g=1) p=new(a) | Cqub—Nsow(q)
n=1
pa—1-ew(a)
< [bq_1_¢w(q) — + Cqu} b'qub—NsO(q)7

where we used the fact that oy (¢) < ¢ — 1. It follows that if v < vw(q)/q, we have

Z]P’ max sup|AF (I,)] > ) < .

weF "
N>1

Due to the Borel-Cantelli lemma, we conclude that, with probability 1,
for N large enough, max sup |AE, (1) < bV, (2.23)
wed™ n>1

Next, we use the following classical property : for any continuous complex function f
on [0, 1], one has

w(f,6) <20 > sup Af(I,), (2.24)

where, w(f,d) stands for the modulus of continuity of f :

“(f.0) = sup (1) = F(5).
[
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Since F,,(0) = 0 almost surely for all n > 1, it follows from (2.23), (2.24) and Ascoli-
Arzela’s theorem that, with probability 1, the sequence of continuous functions (F},),>1
is relatively compact, and all the limit of subsequences of F;, are y-Hdolder continuous
for all v < maxgeq p ©(q)/q. Moreover, by the self-similarity of the construction (2.21)
we know that F}, converges almost surely on set of b-adic points. This yields the uniform
convergence of F), and the Holder regularity property of the limit F.

To see that (F),),>; converges in L” norm, it is enough to prove that the sequence
(E(supy<pen ||Fk||§0))n21 is bounded.

Forn>1and 0 <i<b—1 define

Sp = sup ||Fillse, Su(i) = sup ||F]|s, and S,(i) = sup |F(ib™")].

1<k<n 1<k<n 1<k<n

Due to (2.22) we have S,, < maXo<;<p—1 [gn(@) + |Wi|Sn-1(i)], so

—_

E(SE) < Y E([WilSuci(i) + Su(i)]F).

i

S

Il
=)

Denote by p > 2 the unique integer such that p — 1 < p < p. By using the sub-
additivity of the mapping z > 0 — zP/? we get

E((|WilSn-1(2) + Sa(@)7) <E((IW-|Sn 1('))p/p+§n(i)p/’5)ﬁ)

< E(|W;P) - E(Sn—1(4)P) + Py + Z ( ) [[Wi] Sy (i )]mp/p[g 71(i)](ﬁfm)p/ﬁ)'

Now let us make some remarks :

- The Holder inequality yields for any pair of non-negative random variables (U, V') and
m e [1,p—1]
E(Ump/ﬁv(ﬁ*mm/ﬁ) < E(Upyn/ﬁE(Vp)(ﬁ*m)/ﬁ_

- The convergence in L? norm of F, (1) implies that (S, (i))n>1 is bounded in L?.
- The random variables |W;| and S,,_; (i) are independent and |W;] is in LP.

- Since the expectation of F(1) is equal to 1 for all k& > 1, we have 1 < E(S?_,)™/? <
E(S2_)P=D/P for all m € [1,p — 1].

The previous remarks imply the existence of two constants A and B independent of
1 such that

E((W;Sn-1(i) + Su(4))?)

< E(|W;|")E(S;,_,) + B+

” M”ﬁ'

( >Am/pB(p m)/pE(S )p 1/p

= E(Wi")E(Sh_ )+ B+ (A B)PE(SP_,)#-V/?,
Summing this inequality over ¢ we find

E(S?) < b WWE(SE_)) + b(A+ B)PE(SE_ )PP +b. B.
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For z > 0 let f(x) = b=*w® .z 4+ b(A + B)PzP~V/P + b . B. Since b=¥W ) < 1 and
(p —1)/p < 1, there exists g such that f(z) < x for any z > xy, which implies
E(S?) < max{zg, E(S?_;)}. This yields the conclusion.

Property (2.8) is a consequence of (2.22).

2.4.2 Proof of Theorem 2.3.2

By construction, if there exists 0 < i < b — 1 such that P(|W;| > 1) > 0, then
lim, .o pw(p) = —oo. Otherwise, we have lim, ... ow(p) = —log, Zb JP(W| = 1),
and by concavity of ¢y we have py (p) < 0 for all p > 0 and lim,_,, ow(p) = 0 if and
only if S0 P(|W| =1) = 1.

For n > 1 let us define m,, = max,en |Q(w)|. Then, due to (2.21), for p > 1, we

have

[Entp = Frlloo < sup sup |Q(w)|| ) (8) — 1] < my, sup (L+ 1 E5 [loo)-
weH™

ntely

We are going to prove that lim,,_,., m,, = 0, and there exists C' > 0 such that || F}||oc < C
almost surely for all p > 1. Thus, (F},),>1 is almost surely a Cauchy sequence.

We start with the proof of lim,,_,o, m,, = 0. Due to the fact that the components of
W are either equal to 1 or less than or equal to v, the sequence (m,,),>1 is non-increasing
and my, 1 = my, or my1 < ym,,. Thus if lim,_,,, m,, > 0, we can find an infinite word
wy - wy - in &N and ng > 1 such that or all n > ng, W, (w; -+ w,)| = 1. By
construction, such an infinite word must belong to the boundary of a Galton-Watson
tree rooted at w; - --w,,, and whose offspring distribution generating function is given
by x +— ZZ:O P(#{i : |W;| = 1} = k)x*. This tree is subcritical, since we assumed that
Sy KB < (Wi =1} = k) = S0 P(Wil = 1) = Land P(#{i : [W] = 1} = 1) <

1. Consequently its boundary is empty almost surely, and m,, tends to 0 as n — oo.

Now we prove by induction that, with probability 1, for all p > 1 and w € &P, we
have

. b1 b—l .
max (| Fy(tw)], | Fy(te +077)|) <1+ Z A APk, (2.25)

where
—#{1§j§p W, w|j—1|_1}

This will imply that ||F}|lec <14 0/(1 —~) almost surely.

For the case p = 1, that | 327 Wi| <14 (b—1)y/2 for all 0 < j < b— 1 is a direct
consequence of our assumptions P(Zf_é W; = 1) = 1, and almost surely either |W;| =
Land (35,2 Wi, Yoo Wi) € {(0,1), (1,0)}, or [Wi| <. Thus [|F [l < 14 (b—1)7/2.

Now suppose that p > 1 and (2.25) holds. Let w € &/P. For every 1 < j <b—1, let
s;(w) = 32720 Wi(w). By construction, we have

Fpa(tuy) = Fpltw) + (Fp(tw +077) = Fy(tw))s;(w).
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If |W;(w)| = 1 then by our assumption we have k,; = k,, + 1 and s;(w) € {0, 1}, so
Foi1(ty;) € {Fp(tw), Fp(ty, +07P)} and (2.25) holds. Otherwise, k,; = k,, and since

p
Q(w)| < yP~* we get
| gl g

[Fppa(tug)| < [Fp(tw)| 277" ]s5(w)]
p—kyw—1

< 1 P—Rw P—FRw p+1—ky
< 1+ 5 ;1 v+ 5 7 + + 5

_ 1+b+1pikwj 1y 0o
- 2 1:17 2 !

p+1_kwj

Now we prove that the limit F' of (F},),>1 is not uniformly Hélder continuous. To see
this, we can consider of any ¢ > 1 the positive measure j, on [0, 1] obtained almost surely
as the derivative in the distribution sense of Fyy ) (see Definition 2.1). It follows from
the equality Q(w) = AF(I,) and Theorem IVi) of [10] that lim,, . log(|AF(1,,(1))])/ —
nlog(b) = ¢y (q) for p,-almost every ¢, where I,,(t) is the semi-open to the right b-adic
interval of generation n containing t. Moreover, by construction we have lim,_, ¢y, (q) =
0. This implies that, with probability 1, there exist a sequence (¢ )x>1 of points in [0, 1]
such that limy_.. hp(tr) = 0, hence F' is not uniformly Holder.

2.4.3 Proof of Theorem 2.4

The facts that § € (1,2) when IP’(Z;’;& W; = 1) < 1, as well as the propeties of W)
are immediate.

We will prove in the end of this section the following properties, which hold under
the assumptions of Theorem 2.4.

Lemma 2.2 Let X and Xz stand respectively for the oscillations of Fy and Fyys) over
0,1]. For all ¢ € R we have E(X7) < oo and E(X}) < oc.

For every w € &7, let X (w) and Xg(w) stand respectively for the oscillations of FIEE,U]

and F‘E;Ugﬁ) over [0, 1]. We deduce from the Lemma 2.2 that, with probability 1, for every
€ > 0, there exists n. such that

Vn>n, Ywed" VY € {X, Xg}, b7 <Y(w) <b™. (2.26)
This implies that

bQw)| < Oscpy (Iw) = [Qw)[X (w) < 0™|Q(w)]
b7eIQ(w)” < Oser, () (Iw) = [Q(w)"Xs(w) < b™|Q(w)]”.

Consequently,

p—n1+1/B)s < Oscry (Lw) _ X(w)
= Oscp i, (1o)V? Xg(w)!
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Let B = FWoFV;l(B). Let J, = Fy (Ly). We have |J,| = OSCFW(B) (1), and Oscg(Jy,) =

Oscry, (1), so the previous inequality is equivalent to

TR X(w)e

p—n(1+1/8)s < Oscp(Juw) X(wz < pr(+1/0)e

Under our assumptions, it is also true that (see Theorem 2.2.1)

. .. log, |J
lim inf M > g
n—oo wem —n

where ag = sup,-q ¢y (p)/p > 0 (in fact the equality holds). Also, we have the follo-
wing property (we postpone its proof to after that of Lemma 2.2).

Lemma 2.3 With probability 1, for every e > 0, there exists n. such that

Jwi
Vn>mn., b-™ < inf inf [ Jui <1, (2.27)
wedm 0<i<b—1 | J,|

We can also choose the random integer n. so that for all n > n. (2.27) holds as well as
the property : [J,| < b7"0/2 for all w € 7™,

Let t € (0,1) and 0 < r < mingey,_ ., |Jw|- Let wa € &7* such that |w,| > n.,
t € Jy, C[t—rt+7r] and |Jy,| is maximal. Then let (wy,ws) € &/* x &/* such that
min(|wi |, ws|) > ne, min(|Jy, |, |Jws|) > 7, the intervals J,,, i € {1,2,3} are adjacent,
[t =7t + 7] C Juy Uduy U Jus, and |Jy,| + |Jws| + |Juws| is minimal. This constraint
imposes that |J,| < 76! for w € {wy, ws}. Otherwise, due to (2.27) we can replace .J,,
by one of its sons in the covering of [t — r,t + r]. Also, we have 2r > |J,,| > rb=czl,
Otherwise, since t € J,,, due to (2.27) we can replace J,, by its father, hence |J,,| is
not maximal.

Since
Oscp(Jw,) < Oscp([t —r,t + 7)) < 3max Oscp(Jy,),

we have

[T | /P07 OO < Osep ([t — 7,8 + 7]) < 3max |, |/ ITHDe,

Now, we specify € < ap/4. We can deduce from the constraints on the length of the
intevals J,, that b°1"il < p=4¢/20 Consequently, there exists a constant C' depending on
W only such that for » small enough,

rl/B+Ce < Oscp([t —r,t +7]) < pl/B=Ce

Since this holds for all 0 < & < /4, almost surely for all ¢t € (0, 1), we have in fact that,

with probability 1, for all ¢ € (0,1), lim, o+ 1°g<0505)<g[§;)nt+r1>> = 1/, hence hp(t) = 1/5.
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Proof of Lemma 2.2

The part concerning the moments of positive orders is a consequence of Theorem
2.2.1 and the inequality Oscy([0,1]) < 2||f|lco, Which holds for any continuous function
fon [0,1].

For the moments of negative orders, the case of Xz, which is the increment between
0 and 1 of the increasing function Fyy (s, is treated for instance in any of [122, 10, 102].
For X, we just remark that we have

b—1
X >0 (Wi X (k). (2.28)
k=0

Moreover, the event {X = 0} is measurable with respect to [,-; oc(W(w) : |w| > n)
because the components of W do not vanish. Thus, this event have probability 0 or 1.
Since the function Fy, is not almost surely equal to 0, X is positive with probability 1.
We can then use the inequality (2.28) in the same way as in [69, 122, 10] when W is
positive to prove that all the moments of negative order of X are finite as soon as the
same property holds for the random variables |WV;].

Proof of Lemma 2.3

Let (e1)x>1 be a positive sequence converging to 0 at co. Since |J,,| = |Q(w)|’ Xs(w),
due to (2.26), for any k£ > 1, with probability 1, for n large enough we have b=k <
infewn infocicp—1 [Wi(w)|. This is an immediate consequence of the fact that all the
moments of negative order of the random variables |W;| are finite. Since the set {gy :
k > 1} is countable, we have the conclusion.

2.4.4 Proof of Theorem 2.5

Suppose that there exist a continuous and increasing function G defined on [0, 1]
with G(0) = 0, as well as a monofractal continuous function B defined on [G(0), G(1)]
such that F' = BoG. We denote by H the Holder exponent of B (notice that it may be
random).

At first, suppose that H € (0, 1]. For every o € (0, H) the function B is uniformly
a-Holder, so there exists C' > 0 such that Oscg(l) < C|I|*. Consequently, for every
n € N, and ¢ > 0, we have

D Oscp(L,)? < C1 Y |G(1,)]*

weA™ weA™
Since G is increasing, taking ¢ = 1/a yields Y, 4. Oscp(I,)Y® < CY*G(1), hence
7r(1/a) > 0. This is in contradiction with the fact (established in Chapter 3) that
Tr = pw over R almost surely.

Now we suppose that H = 0. If dim ([0, 1]\ E¢(c0)) > 0, then we have hgp,, (t) = 0
hp(G(t)) at each t € [0,1]\ Eg(00). But since 7% > ¢y over Ry, we have dim Er
71(0) <inf,>o —pw(q) = 0. This yields a contradiction.

—~
(e
~—



Chapitre 3

Multifractal Analysis of complex b-adic
independent Cascade functions

This chapter contains a joint work [16] with Julien Barral, which studies the mul-
tifractal analysis of complex b-adic independent cascade functions constructed in Sec-
tion 2.2.

Preliminaries

The coding space

We fix an integer b > 2. For every n > 0 we define &/ = {0,...,b — 1}" (by
convention &% contains the empty word denoted @), &* = |J,5, 4", and &+ =
{0,...,b—1}N+,

Ifn>1 and w = wy - -w, € & then for every 1 < k < n, the word w; ... wy is
denoted w|y, and if k = 0 then w|y stands for @. Also, if t € &N+ and n > 1, t|,, denotes
the word ¢; - - - t,, and t|p the empty word.

The word obtained by concatenation of u € &/* and v € &/* U &N+ is denoted u - v
and sometimes uv. For every w € &*, the cylinder with root w, i.e. {w-t:t € @N+} is
denoted [w]. The o-algebra generated in &+ by the cylinders, namely o([w] : w € &7*)
is denoted S. The set @™+ is endowed with the standard metric distance d(t,s) =
inf{b~":n >0, 3w e A", t,s € [w]}. Then the Borel o-algebra is equal to S.

We denote by 7 the natural projection of @™+ onto [0,1] : If t € &N+, 7(t) =
Z?;l teb™".

When t € [0,1] is not a b-adic point, we identify it with the element of 2™+ which
represent its b-adic expansion, namely the element of 7! ({t}).

For every n > 0, the length of an element of &/" is by definition equal to n and we
denote it |w|. For w € /*, we define I, = [ty,t, + b~ *1) and IL = F(I,). We denote
by w™ or w™! (resp. w or w™!) the unique element of o7/ such that t,, — t,- = bl
(resp. ty+ — by = b71”1) whenever t,, # 0 (resp. t, # 1 — b~") . We also denote w by

w?.

%)
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Multifractal analysis of functions

Denote by (f™),,>1 the sequence of f derivatives in the distribution sense. If J is
a non trivial compact subinterval of I, for m > 1, let

Osc"(J) = sup |ATS(1)],
[t,t+md)CJ
where ALf(t) = f(t +6) — f(t) and for m > 2, A f(t) = AP f(t+6) — APHf(2)
(notice that OSC;I)(J) = sup, e 7 |f(s) — f(t)]). Then, the pointwise oscillation exponent
of order m > 1 of f at t € Supp(f™) is defined as

log Osc™ (B(t, r
hgcm)(t) — lim inf —2 (B( ))
r—0+ logr

If t € (51 Supp( f(™), then the sequence (hgcm) (t))m>1 is non decreasing. In fact,
SUP, > hgcm) (t) = hy(t). Recall in Section 1.2.2 we have the following proposition :

Proposition 3.1 If f : I — C is continuous, then fort € ﬂm>1 Supp(f m)) h;m)(t)
converges to hg(t). Moreover, if h¢(t) < oo, then hgcm (t) = hg(t) for all m > hg(t).

The multifractal analysis of f consists in computing singularity spectra like
h >0 dimy B} (h), (3.1)
where for h > 0 and m € N,
E](cm) ={te Supp(f™ h(m = h},

and for h > 0,

BRI (h) = {t € () Supp(f™) : (1) = h} (where 1{™(t) = hy(1)).

n>1
Proposition 3.1 yields

B (h) = E{(h)  (Yh >0,V m > h).

For each m > 1 the L9-spectrum of f associated with the oscillations of order m is
(m

defined as
: log sup {ZZ Osc;m) (Bi)q}
Tf (Q) = llgi}glf IOg(T) )

where the supremum is taken over all the families of disjoint closed intervals B; of radius
r with centers in Supp(f™).

For all h > 0 and m > 1, we have (Proposition 3.2)

dimpg B (h) < (") (h) = inf ha — 7" (q),
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and due to Proposition 3.1,

dimy EY(h) < (r™))*(h) := inf (r{™)*(h), (3.2)

m>h

a negative dimension meaning that E](cm)(h) is empty. We will say that the multifractal
formalism holds for f and m € Ny U {oo} at h > 0 if E](cm)(h) is not empty and
dimy B (h) = (r\™)* (h).

Independent copies of Fyy and F}, and associated quantities

Let (W, L) be a couple of random vectors taking values in C® x R%". Assume that
W and L satisfy the assumptions in Theorem 1.2. Moreover, we assume that

wr > —oo over R and 0 < L; < 1 almost surely ,
where for U € {W, L} and p € R, ¢y(p) = — logb]E(Zf;é 1,20y |UilP).

Ifweo* n>1and U € {W, L}, we denote by F[[Jw,l the function constructed as
Fy,, in (2.6), but with the weights (U(w - v))yeo+. By construction, Fl[ﬁl = Fy,, and

t n
FI[JI,UA(t) = / b H U (w - ©juof5—1) .
0 k=1

We denote by F[[Jw] the almost sure uniform limit of (F[[Jwi)nzl (ensured by Theorem 1.2).
We also define

n

Qu(w) = [ ] U (wli-).

k=1

For m > 1 we denote Oscgg)([(), 1]) by Zl(]m) and more generally OSCE:;E]([O, 1]) by
U

ZM (w). Also, we denote OSCEJZ)(LU) by O™ (w). By construction, we have

Oscy(IL) = Oscii(L,) = O (w) = |Qw (w)| Zy" (w), (3.3)

w

1IL = Osch) (1) = O (w) = Qp(w)Z;" (w). (3.4)

For (q,t) € R? let

B(q,t) = E(i 1{Wi¢0}|Wi|qL;t> and U(q,t) = E(Oscr, ([0, 1))"FL(1)").  (3.5)

Hausdorff dimension

If (X,d) is a locally compact metric space, for D € R, § > 0, and £ C X, let

HP(B) =inf{)_|U["},

el
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where the infimum is taken over the set of all the at most countable coverings |J,.; U
of E such that 0 < |U;| < §, where |U;| stands for the diameter of U; and by convention
0P = 0. Then define

HP(E) = }Si{%H?(E)

(HE(F) is by construction a non-increasing function of §). If D > 0, H”(E) is called the
D-dimensional Hausdorff measure of ££. The Hausdorff dimension of E is the number

dimy E = inf{D : H”(E) < oc}.

It is clear that we have dimy £ < 0 if and only if dimy F = —oo and F is the emptyset
(see |51, 116] for more details).

If v is a Borel measure on X, we define dimy p as inf{dimy F : u(E) > 0}.

We denote by (€2, .A4,P) the probability space on which the random variables are
defined.

Finally, if f is a bounded C-valued function over an interval I, then || f|| stands for
supser [ (1)l

3.1 Statements of results

Theorem 3.1 (Bell shaped spectra)

Suppose that P(Zf;é Law,z0y > 2) = 1 and pw > —oo over R. For q € R, let 7(q)
be the unique solution of E(Zf;é w20y |[Wil9L; ") = 1. The function T is concave and
analytic. With probability 1,

1. Supp(F™)) = Supp(F") for all m € Ny and dimpy Supp(F') = —7(0).

2. For all h > 0 and m € N, U {oo}, dimy EV(h) = (ri™)*(h) = (+2))*(h),
a negative dimension meaning that E%m)(h) is empty. Moreover, E}m)(h) # 0 if
(T}l))*(h) = 0. In other words, for all m € Ny U {oo}, F' obeys the multifractal
formalism at every h > 0 such that (T}m))*(h) > 0. In addition, if Fw is built as in
Theorem 2.8.2 (critical case), the left endpoint of these singularity spectra is the
exponent 0, and the corresponding level set is dense, with Hausdorff dimension 0.

3. For allm € N, T}(;m) = 7 on the interval J = {qg € R : 7'(q)qg — 7(q¢) > 0}, and
if ¢ = sup(J) < oo (resp. q := inf(J) > —o0) then T}m)(q) = 7(q)q (resp. 7'(q)q)
over [g,00) (resp. (—00,q]).

Moreover, if there does not exist H € (0,1) such that for all0 < i < b—1 we have
|W;| € {0, LE} then 7 is strictly concave over J ; otherwise, 7(q) = qH + 7(0) and
F' is monofractal with a Holder exponent equal to H.

Theorem 3.2 (Left-sided spectra)

Suppose that IP’(Z?;& Liwi,z0p > 2) = 1 and ow(q) > —oo0 over Ry. For g € Ry, let
7(q) be defined as in Theorem 3.1 . The function T is concave, and analytic over (0,00).
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Suppose also that E(Zf;é 1w, 201 Lilog(|W])) = —o0, i.e. 7/(0) = oo. Finally, suppose
that B ((maxo<i<p—1 |[Wi|)™%) < oo for some € > 0.

Then, the same conclusions as in Theorem 3.1 hold. Moreover, the singularity spectra
are left-sided, and hg;n) = o0 for allm € N, U{oc} on a set of full dimension in Supp(F").
In addition, if Fyy is built as in Theorem 2.5.2 (critical case), the support of the spectra
is [0, o).

FI1GURE 3.2 — Bell shaped spectrum in the critical case where the left endpoint is 0.

Corollary 3.1 Let f be a complex valued C* function over R, such that for all m €
N, the function f™ does not vanish. Let F be as in Theorem 3.2 whose spectrum is
supported on [0,00] and let G = F+f. The functions F' and G have the same multifractal
behavior from the pointwise Holder exponent point of view.

For m € N, let q,, be the unique real number such that 7(¢m) = ¢mm — 1.

With probability 1, for all m € N, we have Tém) = Tl(pm) = T over [gm, ), and
Tc(;m)(q) =qgm —1 for 0 < q < q. Moreover, for all m € N, the multifractal formalism
holds at every h € [0,7'(qm)] such that Tc(;m) (h) > 0 as well as at h = m, and for all

h € (7' (gm), m) we have dimy ESY (h) = 7(h) < (97)*(h).
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FIGURE 3.3 — Concave left-sided spectra with support [0, co] in the critical case.

3.2 Proofs of Theorem 3.1, Theorem 3.2 and Corol-
lary 3.1

The next three sections provide intermediate results yielding Theorem 3.1. Detailed
proofs of these results are given in Section 3.3. The proof of Theorem 3.2 is almost the
same as that of Theorem 3.1 and we outline it in Section 3.2.5. Corollary 3.1 is given in
Section 3.2.6, and Section 3.2.7 provides weaker assumptions under which these result
still hold, or partially hold.

In the next three sections we work under the assumptions of Theorem 3.1.

3.2.1 Upper bound for the singularity spectra

Let f be a measurable bounded function from [0, 1] to R.

Proposition 3.2 Let m > 1. If Supp(f™) # 0 then for every h > 0 we have
<

(™) (n),

a negative dimension meaning that E¢(h) is empty. Also,

dimy E™ (h)

dimy Supp(f™) < dimpSupp(f™) = —71™(0),
where dimp stands for the upper box dimension (see [51] for the definition).

Remark 3.1 When f is non-decreasing and m = 1, the Li-spectrum T}l) 15 nothing

but the Li-spectrum of the measure f', and the inequality provided by Proposition 3.2 is
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FIGURE 3.4 — Top : Tél)(q) = min{q—1,7(¢)} for ¢ > 0. Bottom : (Tél))*(h) = 7*(h) for
he 0.7 (q)], (") (h) = (7' (@) +ar(h—7(a)) for b € (7'(qn), 1] and (7)) (h) =1

elsewhere.

familiar from the multifractal formalism for measures. Though the proof of the inequality
18 stmilar for m > 2, for the reader’s convenience we will give a proof of Proposition 3.2
in Section 3.4 (see also [81] for similar bounds).

We first need the following propositions.

Proposition 3.3 With probability 1, Supp(F"’) # 0, and the function F is nowhere lo-
cally equal to a polynomial over the support of F'. Consequently, Supp(F™)) = Supp(F")
for allm > 1.

Now for n > 1, and (q,t) € R? define
07" (q,t) = > Osci (1) L™ and 67 (q.t) = E(03") (g, 1)),
wEL™

with the convention 09 = 0. Then define

H%m)(q, t) = limsup 9}“;) (q,t) and ggym)(q, t) = lim sup 5%”3((], t),

n—oo n—oo

as well as

ng)(q) =sup{t e R: G%m)(q,t) =0} and 'fgz)(q) =sup{t € R: 5%)(%75) =0}.

Proposition 3.4 Let m > 1. With probability 1, for all ¢ € R, we have Tl(wm)(q) >

r}lg(q) > ?}%g(q), and for all ¢ < R* we have T}m)(q) > 7}(;77;) (q) > Ar'gz)(q).
Moreover, ?}?(q) = 7(q) for all ¢ < q, where ¢ = max{p : 7(p) = 0} (by convention
max(f)) = o0).
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Proof of the upper bound for the singularity spectra

Let m > 1. Recall that J = {¢ € R : 7/(¢)¢g — 7(¢) > 0}. Since 7 is concave, we
have J C (—o0, q]. Consequently, since (TFm) * is concave, due to Proposition 3.4, with
probability 1, for all h > 0 we may have (r}m)) (h) > 0 only if 7*(h) > 0. In this case,
we have dimy EW™ (h) < (70™)*(h) < 7*(h) by Proposition 3.2. Also, since 0 belongs to

J, we have dimy Supp(F’) < —7(0).

Lower bound for the singularity spectra

Let I = {7'(q) : ¢ € J}. We are going to distinguish the case h € Int(I) and the case
h € dl.

For ¢ € J and w € &/* we set

Wo(w) = (Lgw oy Wilw) [ (w) Li(w) 7D) - (3.6)

3.2.2 Lower bound in the case h € Int([])

At first we introduce some auxiliary measures. If ¢ € Int(J), w € &%, n > 1 and
ve I let

n

Qt[lw} (U) = H W(Iv’Uk (’LU ’ U’\w\—l-k—l)a (3.7)

k=1

and simply denote an}(v) by Qq(v) = 10y ()20} |Qw (v)|1QL(v)~ (@) et

w)= Y Q)

vEY™

Proposition 3.5

1. With probability 1, for all ¢ € Int(J) and w € o/*, the sequence Y, ,(w) converges
to a positive limit Y,(w). Moreover, for everyn > 1, o({Qu(w) : w € /"1 U €
{W,L}}) and o({Y,(w) : w € &/™}) are independent, and the random variables

Y,(w), w € &, are independent copies of Y,(0), that we denote by Y.

2. For every compact subinterval K of Int(J), there exists px > 1 such that
E(sup,ep Y/*) < o0.
3. With probability 1, for all q € Int(J), the function
tg([w]) = Qq(w)Yg(w), w € &7~ (3.8)

defines a Borel measure on o/™+.

Recall the definitions in the preliminaries.
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Form>1,t€ @™+ U € {W,L} and v € {—1,0,+1} let

logy, Osci” (t],)7)

n—oo n

ag”(t) (vesp. @7 (1)) = lim inf (resp. limsup) —

- n—oo

The next proposition follows directly from the definition of the m' oscillation.
Proposition 3.6 Lett € &N+ and t = Fy(n(t)).
1. Let r € (0,1) and suppose that

Elnr,nGN] CB(tT)C]L_

tI,UI| I+. (3.9)
Then

Oy (tln,) < OF(B(E,r) < 2" 'OR(B(E,r) <2mt Y O (w).

we{tl,;’/ri‘ngut‘:;}

3.10
2. Suppose that (3.9) holds for all v > 0 small enough and lim, g+ n,/n, = 1. (Then?
min{g(v{l/)ﬁ(t)(l:)z = Lo+ < h%m)(’tv) < ag/”)’o(t) . (3.11)
@ () min{a7(¢) : ¥ = =1,0,+1}
Recall that for (¢,t) € R? we have defined
®(q, 1) (Z Lo,z Wil 'Ly )
and 7(q) is the unique solution of ®(¢,7(q)) = 1. By construction, we have
0/00)(0.rla) _ B(Z Lo WL ox(WD)

)= @0 (0. 7(0) E( 32020 Lwisoy WAL og(Ly) )

Proposition 3.7 With probability 1, for all ¢ € Int(J), for pg-almost every t €
Supp(iq),
log |Qu(tl)] 00

1. nh_)rgo — —a—q(an(Q))§
1 t),)" d
i Og|QVz(n( DRI (=5 (@ 7)), oo}, fory € {=1,1};
- ogQp(tln) _ . log Qr((t].)”) 99 ,
2. lim ——— = lim ——— = 57 (@:7(), fory € {-1,1},
(m) (m) y
3. lim M lim log Zy ((t]»)") =0, forallm > 1, U € {W,L} and
n—oo n—00 n
ye{-1,1.
4 liminf 28Yah) S o

n—oo —Nn
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Proof of the lower bound

Due to (3.8) and Proposition 3.7 (1), (2) and (4), with probability 1, for all ¢ € Int(.J),

we have

ot PR BB r(a) - o0 S a7

= (¢7'(q) = 7(a)) - %—f@m(q)) >0, pig-a.c.

(%—f(q, 7(q)) > 0 due to our choice L; € (0,1)). Consequently, 1, is atomless, and defining
Uy = figo 7 Lo Fi ) we have v, (IL) = p,([w)) for all w € o7*. Thus,

log v, (IE(t)) 0P 0P

lim inf > qa—q(q, 7(q)) + T(q)a(q, 7(q)), vg-almost everywhere,

n—oo —nN
where IZ(t) is the unique interval IZ of generation n containing .

Now, Proposition 3.7 (2) and (3) as well as (3.4) also yield
log |Iy(t)] _ 0%

7111_{20 T o (q,7(q)) > 0, v,almost everywhere,
hence | e
t
lim inf log (1, (1)) > q7'(q) — 7(q), vs-almost everywhere.

n—oo  log |I}(1)|

Consequently, we can apply the mass distribution principle ([130], Lemma 4.3.2) and
we obtain dimy(v,) > q7'(q) — 7'(¢) = 7"(7'(q)).

We can also deduce from Proposition 3.7 that for p,-almost every ¢, for all m > 1,

{min{g%t)z 1041} =W = ~55(a, 7(0)/ los(0),
min{a{7(t) 1y = —1,0,+1} =@ (t) = 92(q, 7(q))/ log(b).

~y
Y

These properties imply that at v,-amost every t, for r € (0,1) small enough, we can
find integers n, and n. such that (3.10) holds with lim, .o+ n,/n!. = 1, and we have for
all m > 1 h;i") (t) = 7'(q). Due to Proposition 3.1, we also have h%oo) (t) = 7'(q). Since
dimpy(v,) > 7(7'(¢)) we have the desired lower bound for the dimensions of the sets
E}m)(T'(q)), m € NU {oo}. The case ¢ = 0 yields dimy Supp(F”’) > dimpy El(pl)(T’(O)) >
—7(0).

Combining this with Proposition 3.4 we obtain that, with Frobablhty 1, for all m €

N, , we have (70™)% = 7% over Int(I). Since we also have TF > TFb > 7 over J, this

yields 70" = l(p”;) =7 over J.

3.2.3 Lower bound in the case h € 9]

Recall that ¢ = inf J and g = sup J. Let

h=1lim7(q),h =1lim7'(q),d = lim 7' (q)q — 7(q),d = lim 7' (q)q — 7(q).

q—q q—q q—q q—q
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*(h) and d = 7*(h). Moreover, with probability 1, d = 7*(h) =

Then I = {h,h}, d =7
7*(h) = (73")*(h) for any m > 1.

(e™)*(h) and d =

The difficulty in the study of El(pm)(h) when h € {h, h} comes from the fact that there
is no simple choice of a measure carried by El(?m)(h) and whose Hausdorff dimension is
larger than or equal to (7 (m)) (h). Even, it is not obvious to construct a point belonging
to Efpm)(h). Nevertheless such a measure can be constructed.

A measure y, partly carried by E}m)(h), where (¢, h) € {(¢,h),(q,h)}
1. The case ¢ ¢ {—o0, 0}

Recall (3.6). We have

™(7'(q)) = SOWq Zqulogb ¢.i) = 0.

Moreover, pw, (p) > —oo in a neighborhood of 1*. Consequently, it follows from Theorem
2.5 of [101] that, with probability 1, for all w € &/*, the martingale

Yon(w) == > QM (v)log QI (v)

vEL™

converges to a limit Y (w) (Y;(0) = Y,) as n — oo. Moreover, by construction, the
branching property Y,(w) = Z?;é W,.i(w)Y,(wi) holds, the random variables Y, (w),
w € &/, are identically distributed, and for v > 0 we have E(Y,”) < oo if and only if
v < 1.

We deduce from the branching property and our assumption on the probability that
the components of W vanish that the event {Y, = 0} is measurable with respect to
the tail o-algebra (-, o(W(w) : w € |J,»n #™). Consequently, P(Y; > 0) = 1 since
E(Y,) > 0, and with probability 1, the branching property makes it possible to define
on &/™+ a measure y, by the formula

pa([w]) = Qq(w)Yy(w). (3.13)

Proposition 3.8 Let h € {h,h} and ¢ & {—00, 00} such that h = 7'(q). With probabi-
lity 1, there exists a Borel set Ey, C ™+ of positive pi,-measure such that for all t € Ej,
the same conclusions as in Proposition 3.7.1, 3.7.2 and 3.7.3 hold.

Then, the same arguments as in Section 3.2.2 yield v,(EW™ (h)) > 0, hence EY™ () is
not empty and we get the desired lower bound dimg; E(m)(h) > 0 since 7(h) = 0.

2. The case ¢ € {—00, 0}.

Let (qx)k>0 be an increasing (resp. decreasing) sequence converging to ¢ if ¢ = oo
(resp. ¢ = —00). For every k > 0 and w € &7*, recall that by (3.6)

W, (w) = (1{Wi(w)¢0} : |Wi<w)‘qui(w)iT(quogigbq'
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Then, for w € &/*, n > 1 and v € &, instead of (3.7) we define

n
HWQ\wHk 1,Vk (w - v|\w\+k 1)
k=1

and simply denote Q. (v) by Qq(v). Then let

w) =Y QM(v)

veH N

and simply denote Y, ,,(@) by Y, . The sequence (Y, ,(w)),>1 is a non-negative martin-
gale of expectation 1 which converges almost surely to a limit that we denote by Y, (w)
(Y, if w = 0). Since the set o/* is countable, all these random variable are defined simul-
taneously. Moreover, the branching property Y,(w) = Y.0— Qqi(w)Y,(wi) also holds.
Notice that by construction, given k > 1, the random variables Y,(w), w € &*, are
independent and identically distributed.

Proposition 3.9 The sequence (qx)k>0 can be chosen so that there exists a > 0 such
that for all w € o/* the sequence (Yy,(w))n>1 converges in L? norm to a limit Y, and

Yy (w)[|2 = O (pehel/ oty

Fix a sequence (gx)r>o as in the previous proposition. For the same reason as in the case
q & {—00,00}, we have P(Y, > 0) = 1 and with probability 1, the branching property
makes it possible to define on @™+ a measure i, by the formula (3.13).

Proposition 3.10 Let h € {h,h} and q € {—o0,00} such that h = limjsy_.,7'(q). Let
vy = pgon Lo Fot With probability 1, for every m > 1, we have h%m) (t) = h v -almost
everywhere and dimpg(v,) > 7*(h).

Remark 3.2 In the case ¢ ¢ {—o0, 00}, it is possible to construct p, as in the case
q € {—00,00} by using a sequence (J > qi)k>o converging to q. This avoids to require
to Theorem 2.5 of [101] which is a strong result. Nevertheless, we are able to use this
alternative only if pw (q) > —oo for some ¢ < —1. This is the case under the assumptions
of Theorem 3.1, but this does not always hold under the weaker assumptions provided by
Section 3.2.7.

3.2.4 The LY spectra of F

We have seen at the end of Section 3.2.2 that, with probability 1, for all m € N,
T}m)(q) = ng)(q) = 7(q) over J = [q,q]. It remains to show that 7'}(7 "’ is differentiable
at g (resp. g) and linear over [g, c0) (resp. (—00, q]) if § < co (resp. ¢ > —00). We treat

the case ¢ < oo and leave the case ¢ > —oo to the reader.

At first we notice that the equality T}m) = T};TZ) = 7 over J implies that

(Tl(vm)) () = TFb ( )/ = 7(q)/q = h. Also, by concavity of T}m), we have Tl(ym)(q) <
7M@) + Y@ ) g —7) = 7@ + (@) (q — §) = hq. To get the other inequality, and
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so the differentiability of Tl(ym) at g, we use a simple idea inspired by the work achieved

in [122] which focuses on ng in the case when the components of W are non-negative

and L = (1/b,...,1/b). If ¢ > g and t € R, we have

Z Osc W) < Z Osc W)L~ qt/q}q/q

weg™ wWEI™

because q/q > 1. Consequently, by definition we have ng)(q) > (q/q) - 7'1(777;) (q@) = qh.
This, together with Proposition 3.4, yields T}m)(q) > T}?Z)(q) > hq for ¢ > 7.

It remains to discuss the strict concavity of 7 over .J. Suppose 7 is affine over a non
trivial sub-interval J’ of J. The analyticity of 7 implies that it is affine over J (in fact
over R under our assumptions), which is equivalent to saying that for all ¢,¢ € J and
A € [0,1] we have

D(Ag+ (1 =N, At(q) + (1 = N7(d)) =0, (3.14)

where <I> is defined in (3.5). Let A € (0, 1) and ¢ 7§ q € J. Applying the Holder inequality
to S0 1wy Wi M LD | (004 -0 ghows that, in order to have (3.14) it
is necessary and sufficient that there exists C' such that

Liwizoy | Wil L7 = CLiypy Wi L)

almost surely. Thus, there exists H > 0, the slope of 7, such that |W;| = L¥ for all 4,
conditionally on W; # 0. If the components of W are non-negative almost surely, by
construction this implies E(Zf;é L7) =1, hence H =1 and W = L, the situation we
have discarded. Otherwise, we have E(Zf;é L7) > 1 hence H € (0,1).

3.2.5 Proof of Theorem 3.2

We only have to deal with the exponent h = 7/(0) = oo. The rest of the study is
similar to that achieved in the previous sections.

For w € &* let W(w) = (l{Wi(w#O}Li(w)_T(O))O<Z,<b_1. By construction the compo-
nents of W are non negative, we have ¢ (1) = 0, and ¢f(1) > 0. Consequently, the
Mandelbrot measure on &+ defined as pg = F% (with the notations of Theorem 1.2)
is positive with probability 1. Moreover, it follows from the study achieved in Chapter 2
that dimp vy = —7(0), where vy = g o7t o F; 1.

Now, for a € (0,1), we define W@ = (|W;| A a)o<i<p_1. We have h = lim, o h(a),
where h(a) = —E( Zf;é 1w, 20y L log(m(a))). By using the same techniques as in Sec-
tion 3.3 we can prove that, with probability 1, for ug-almost every ¢, we have

08 Qo (1))

n—oo —n

= h(a), v € {-1,0,1}.

log Zyy? ((t],)7)

Also, due to our assumptions and Proposition 3.14, we have lim = 0, for

n—oo

n
all v € {—1,0,1}. Consequently, for pp-almost every ¢, min(g%/)’v(t) v e{-1,0,1}) >



68 PRrROOFS OF THEOREM 3.1, THEOREM 3.2 AND COROLLARY 3.1

h(a). Since this holds for every a € (0,1), letting a tend to 0 yields min(a (! )7( t):v €

{=1,0,1}) = oo for pp-almost every ¢. Since there exists @ > 0 such that @ _(1) (t)y<a
for all t (see Lemma 3.1) we conclude thanks to Proposition 3.6 that for vy- almost every

t we have hg)(t) = 00.

3.2.6 Proof of Corollary 3.1

Fix 1 < m € N. Recall that g, is the unique real number such that 7(¢,,) = ¢,m—1.

Let C' > 0 such that Oscgcm)(B) < C|B|™ for all subintervals B of [0, F(1)].

For r > 0 let B, be a family of disjoint closed intervals B of [0, F(1)] of radius r
with centers in Supp(F (m)). For any ¢ € R, we have

Z OSCFH o<t Z (Osc%m)(B)q + Osc}m)(B)q)r_t
BEB, BeBr
< (20)7. ( Z Osc™ (B)4r~ + Z Tqm*t)-
BeB, BeB;

By the definition of Tém)(q) this yields Tém)(q) > min(T}(,m) (q),qm — 1) so (T((;m)) (h) <
7*(h) for h € [0,7'(gm)] (we have used the equality 7" = 7) and (75")*(h) = 1 for
h > m.

On the other hand, since we assumed that f™ does not vanish, we deduce from
Theorem 3.2 that for any ¢ € [0, F.(1)] we have hgn)(t) = h%m)(t) if hgn)(t) < m and
h () = m if B (t) > m. Thus
7*(h), if h € [0,m);

o8 0 2 im0 = { T G ED

This implies that (Tém))* is equal to 7* over [0,7'(¢,,)] and equal to h — 7*(7'(¢m)) +
qm(h — 7'(gm)) over [7'(gm), m]. Taking the inverse Legendre transform implies that

Tc(;m)<Q) = min(Tl(mm)(q), gm — 1) for all ¢ > 0.

3.2.7 Weaker assumptions
Theorem 3.1

If we only assume that gy > —oo in a neighborhood J of [0, 1], then the multifractal
formalisms holds for F at each h = 7/(¢) for all ¢ € J N J. Also, the functions 7'1(F ™ and
7 coincide over J N J If, moreover, there exists qo € J such that 7*(7'(qo)) = 0 then

either ¢ > 0 and TF (q) = 7'(q0)q/qo over [go,o0) or gy < 0 and 7'1{(T )(q) = 7(q0)q/q
over (—00, qo).

Theorem 3.2

The same discussion as for Theorem 3.1 holds, except that J is a neighbor of 0,1]
in R+.
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3.3 Proofs of the intermediate results of Section 3.2

3.3.1 Proofs of the results of Section 3.2.1
Proof of Proposition 3.2

This is a consequence of Proposition 3.12.

Proof of Proposition 3.3

The result could be obtained after achieving the multifractal analysis using the first
order oscillation exponent. Nevertheless we find valuable to have a proof only based on
the the functional equation satisfied by the process F.

We assumed that IP’(Z?;& 1w, 20y > 2) = 1. Consequently, it follows from the defi-

nition of Fyy that the event {ZI(;,) = 0} is measurable with respect to the tail o-algebra
Nusoo({W(w) : w € U,5, @P}) which contains only sets of probability 0 or 1. Since

E(Fw(1)) = 1, we have ZI(,‘l,) > 0 with positive probability, hence almost surely. So
Supp(F’) # () almost surely.

Now we prove that F' is nowhere locally equal to a polynomial function over the
support Supp(F").

At first, suppose that there exists 0 < ¢ < b—1 such that P(W; = 0) > 0. Then, with
probability 1, the interior of Supp(F”) is empty, since for every w € «/* the probability
that there exists v € &/* such that W;(w-v) = 0 is equal to 1. Thus F' is nowhere locally
equal to a polynomial function over Supp(F").

Now suppose that the components of W do not vanish and that there is a posi-
tive probability that there exists an interval IZ over which F is equal to a polyno-
mial. Equivalently, FI*l = FIE;,”] o(F éw])*l is a polynomial function. Due to the statis-
tical self-similarity of the construction, the probability that F' be itself a polynomial
function is positive. Moreover, F' is almost surely the uniform limit of the sequence
(F, = Fwyo FE i)nzl- The functions F;, are piecewise linear, and because we assumed
W # L and the vectors (W (w), L(w)), w € &/*, are independent, with probability 1, for
every w € @/*, there are infinitely many n such that the restriction of F,, to IX is not
linear, thus non differentiable. Consequently, the event {F is a polynomial} is measu-
rable with respect to the tail o-algebra [, -, c({W(w), L(w) : w € U,>,2/?}), so it has
a probability equal to 1. For 0 < i < b — 2, let x; = Fy(i/b). By construction, we have
(Wi/L)FRY (FL () = F(a,) = F'(ah,) = (Wit /Lisa)(FEUY(0). Due to the in-
dependence between (W, L), F and FI*+! we see that all the terms in the previous
equality must be deterministic, except if F' W(F B](l)) = (FE*UY(0) = 0 almost surely.
In this later case, by statistical self-similarity we also have F’(F.(1)) = F'(0) = 0, and
by induction over n > 0 we see that F” vanishes at all the endpoints of the intervals I,
w € &/™. Thus F' = 0 and F is constant. This is in contradiction with F'(0) = 0 and
E(F(F.(1))) = E(Fw(1)) = 1. Consequently, (W, L) must be deterministic. Since we
supposed that W # L, the assumption Zf;é W,=1= Z;’;& L; implies that |W;| > L;
for some 0 < i < b—1. Let us write |W;| = L¥ with H < 1 (recall that L; < 1). Then, de-
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noting by ™ the word consisting in n letters ¢, we have Osc(l)(F, IL) > |Wim = |15 |2

so F'is not C'. This is a new contradiction, hence F is nowhere locally equal to a
polynomial function.

Proof of Proposition 3.4

We first establish the inequalities 7‘1(T ™) > 7'}(; g over R, and Tl(;m) > Tg;) over R* . By
applying Theorem 2.4 in Chapter 2 to L we immediately have the following lemma :

Lemma 3.1 There exist a,a > 0 such that, with probability 1, there exists ng € N such
that for n > ng, b= < infyepm [IL] < supyeqyn [IE] < 072, Moreover, with probability
1, for every e > 0, there exists n. such that

7L
Vn>n., b-" < inf inf L =
weam 0<i<b-1 |TL|

<1. (3.15)

For P-almost every w € €2, we fix € > 0, ng and n, as in Lemma 3.1.

L
we‘”itl |Iw’

Let n. = max(ng,n.). Fix 0 < r < min

Let B, be a family of disjoint closed intervals B of radius r with centers in Supp(F").
If B € B,, by construction we can find three disjoint intervals Lﬁk, k = 1,2,3, with
lwi| > nl+ 1 such that B C Ik UIL UIL and r < |IL | < rblrle. Also, |15 | < b=lwnle
so blwrle < p=e/a Thus r < |IL | < rl7e/a,

We have O"(B) < 2m-10V(B) < 2m-1%% Og)(.ﬂﬁk), sofor ¢ >0 and ¢t € R we
have
3
OF (B)'r~ f(t,r) < 2137 %~ OR(1), )15, |,
k=1

with f(t,7) = 1if t < 0 and f(¢,r) = 7'/ otherwise. Moreover, each so selected interval
Iﬁk meets at most 1 4 r~°/¢ elements of B,. Consequently,

Z O%m)(B)qr_tf(t,T) < 20m=1aza(] 4 pe/a) Z ngm(q,t). (3.16)

BeB, n>nl+1

Suppose that ng(q) > —00; otherwise there is nothing to prove. Due to the existence

of a, by definition of Tl(p (q), ift < TFb( ) then we have > .. QSL(q,t) < 00. Then,

it follows from (3.16) and the definition of TF )(¢) that T} '(q) >t — (1 + |t|)e/a. Since
(

e is arbitrary, we get 70" (q) > T}lg(q)

On the other hand, for each B € B, there exists IX of maximal length included in B.
We have 2rb~Ivle < |IL| < 2r. This yields 2r < plole—a) g (27”)6/(9_6) < b~ Ivle whenever
a > ¢. consequently, for e small enough, we have (2r)'*¢/(@=¢) < |[L] < 2r. Thus, if
g < 0 we have

OF(B)1(2r) "t f(t, 1) < OF (1) IE|,
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where f(t,7) = 1if t > 0 and f(¢,7) = (2r)~*/(@%) otherwise. Since the elements of B,
are pairwise disjoint, this implies

ST o By Tty < Y 08 (g,1) (3.17)

BeB, n>nl+1

and the same arguments as when ¢ > 0 yield 7 (¢) > T}TZ)((]).

To see that, with probability 1, Tl(pb) > Ty b), due to the concavity of TFb and TF";),

it is enough to show that given ¢ € R, we have T}b)(q) > NI(;?Z) (q).

Let (¢q,t) € R? and suppose that ¢ < max{p : ow(p) = 0}. Due to Proposition 3.14
we have 1(q,t) < co. By using (3.3) we get (9Fn)(q, t) = ®(q,t)"¥(q,t) for al n > 1. This

yields AT/I%)(Q) = 7(q). Also, if t < 7(q) then ®(q,t) < 1 and }_ -, 5}m)(q,t) < 00 80

( )

Yot 9}":3 (q,t) < oo almost surely. This yields ¢ < TFTZ)(Q). Since t is arbitrary we get
) (a) = 75 (0).

To finish the proof, we notice that by construction, we have 7(p) = 0 if and only if
pw(p) = 0.

3.3.2 Proofs of the results of Section 3.2.2

Proof of Proposition 3.5

This proof could be deduced from those of Lemma 4 and Corollary 5 of [11]. For
reader’s convenience, we provide it.

e Proof of 1 and 2 : Recall (3.6) that for ¢ € Int(J) and w € &7*,

Wa(w) = (1w, wy0y | Wa(w) [/ Low) @) o, -

The function ® can be extended to an analytic function in a complex neighborhood of

J x C by
b—1
= E(Z 1{Wi¢0}|Wz‘|ZL?t>-
=0
For each ¢ € Int(J) we have %(%’z(q)) = —]E(Z?;é Wi log(LZ-)> > 0 and ®(q,7(q)) =1,

so there exists a neighborhood V; of ¢ in C such that for each z € V, there exists a
unique 7(z) such that ®(z,7(z)) = 1. Moreover, the mapping z — 7(z) is analytic. We
define

W, (w) = (1{Wi(w)7&0}‘Wi(w)|ZLi(w)7T(Z))0§i§b71
as well as the mapping

b—1
(va> S V;] X [1’00) = M(z,p) = ZEUWZJPD)

The property 7*(7'(¢)) > 0 is equivalent to —(q, ) < 0, so there exists p, > 1
and a open neighborhood V of ¢ in J such that sup, evy M(q',p) < 1forall p € (1,p,]
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(because p — M(q',p) is convex and M(q',1) = 1). Now, we fix K a non-trivial compact
subinterval of Int(.J). It is covered by a finite number of such V so that if Vi = J, V.
we have SUPgeyy. M(q,pk) < 1, where px = inf; p,,. By a comparable procedure we can
now find a complex neighborhood Vi of Vi such sup,y, M(z,px) < 1.

To prove the almost sure simultaneous convergence of the martingales (Y, ,,(w))n>1,
q € K, we are going to use the argument developed to get Theorem 2 in [33].

For z € Vi and w € &7* let

}/;',n(w) = Z H Wz,vk (’LU : U||w|+k71)
ved ™ k=1
and denote Y, ,(0) by Y. ,. Applying Proposition 3.13 to {V(w) = W,(w) }yex+ yields
forn>1

E([Yon = Yonal™) < CppeM (2, px)" < Cpie(sup M (2, pic))",
zeVi
where Y, = 1. Since, with probability 1, the functions z € V — Y,,, n > 0, are
analytic, if we fix a closed disc D(zp,2p) included in V', the Cauchy formula yields
SUD, e p(z.p) | Yo — Y| < p7! faD(zo,gp) |Yin — Yun—1||du|/27, so by using Jensen’s
inequality an then Fubini’s Theorem we get

27
dt
]E’( elS)L(lp )|sz,n - Y;:m,—1|pK) S 2pK/O E<|Ytzo+2pe“,n - z0+2pe“,nfl|p}() o
z 20,P

< 2PKC,, (sup ®(z,pK))".
zeV

This implies that, with probability 1, z — Y., converges uniformly over the compact
D(zp,p) to a limit Y,. This also implies that ||sup,cp,, ) Yzllpx < 00. Since K can
be covered by finitely many such discs, we get both the simultaneous convergence of
(Yyn)n>1 to Y, for all ¢ € K and 2.. Moreover, since Int(J) can be covered by a countable
increasing union of compact subintervals, we get the simultaneous convergence for all
q € Int(J). The same holds simultaneously for all the functions g € Int(J) — Y, (w),
w € &/, because &/* is countable.

To finish the proof of (1) we need to establish that, with probability 1, ¢ € K +— Y]
does not vanish. Up to an affine transform, we can suppose that K = [0,1]. If [ is a
closed dyadic subinterval of [0, 1], we denote by E; the event {3 ¢ € I : Y, =0}, and by
Iy and I its two sons. At first, we note that since for each fixed ¢ € K a component of
W, vanishes if and only the same component of W vanishes too, each E7 is a tail event.
Consequently, if I is a closed dyadic subinterval of [0, 1] and P(Er) = 1, then P(Ep) = 1
for some j € {0,1}. Suppose that P(Ej 1)) = 1. The previous remark yields a decreasing
sequence (I(n))n>o of nested closed dyadic intervals such that P(Eyy,)) = 1. Let g be
the unique element of () I(n). Since ¢ — Y, is continuous, we have P(Y,, = 0) = 1. This
contradicts the fact that the martingale (Y, ,)n>1 converges to Y, in LPX norm.

e Proof of 3. : This is a simple consequence of the fact that by construction we have for
all n > 1 and w € &* the branching property

b—1

Yont1(w) = Z Wai(w) You(w - 1).

1=0
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Proof of Proposition 3.7
1. We simply denote Qyw by @ and we define

9P b—1 e
€(0) = ~ 5, (@ 7(@) = ~E( 3 Lo Wil L: ™ og( W) ).

1=0

Ife>0,n>1and~vye{—1,0,1} we define
Egpe(v) = {t € ™ : Q((t].)") # 0 and "¢ @=DNQ((t])")| = 1},
Eppe(y) ={t € 7™ 1 Q((t].)") # 0 and " @*|Q((1],)")] < 1.

Our goal is to prove that for any compact subinterval K of Int(.J) and ¢ > 0,

(Supz,uq ol ) < 00 (3.18)

qEK

for all A € {—1,1} and v € {—1,0,1}. Then, with probability 1, for all ¢ € K, X €
{—1,1} and v € {-1,0, 1}, the series >_ -, ,uq(Eqns(y)) is finite. Since Int(J) can be
written as a countable union of compact subintervals, this holds in fact for all ¢ € Int(J).
Consequently, from the Borel-Cantelli lemma applied to 1,/ || we deduce that, with
probability 1, for all ¢ € Int(J), for p,-almost every ¢t € @+, there exists N > 1 such
that for all n > N and v € {—1,0,1}

cither Q((t])") = 0 or |Q((t]))] € [e™"(E@+), mnic@=2)

Notice that when ¢ € Supp(y,), we have Q((¢,)°) = Q(t|») # 0. Consequently, with
probability 1, for all ¢ € K, for p,-almost every ¢,

tim I ¢ o) - () 4]
i DB ¢ o) Ufe() — < gl o] fory € (1,1,

Since this holds for a sequence of positive € tending to 0, we have the desired result.

Now we prove (3.18). Fix K, a non-trivial compact subinterval of Int(.J). For n > 0,
g € K and v € {—1,0,1}, by using a Markov inequality we get

b Blnc)) < sl Loy ("0 1@ )
weF™

po(Epn () <> ig([w]) 1m0} <6"(§(q)+5) ' |Q(w7)|>

we™
Since p14([w]) = 1Quu)203|Qq(w)[Yy(w), for A € {—1,1} and v € {-1,0,1} we get

Epne) < D "0 g0 a0y Q) Q)Y (w).

weF™
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Now define

HMg,7) = Y OO 60 a0y Qq(w) Q) M. (3.19)

weF™

Write K = [qo, ¢1]. It follows from the independence between {H}Z’)‘(q, 'y)} and

qeK
{Y,(w) }wewn gerc that for n > 1
E(sup ﬂq(Eé\,n,a(V)) < E(sup Yq)E( sup HZ”\(q, 7))
€K qeK qeK
q1 d
< E(supYy) <E(HQ7A(QO77)) +/ E(‘d—Hg”\(q,v)‘)dq).
9K 9 q

Lemma 3.2 Let A € {—1,1} and v € {—1,0,1}. There ezist constants C, § > 0 and
N« > 0 such that for any g € K, n € (0,n,), A € {—1,1} andn > 1,

d
max {E(H} (g, 7)),E(\d—qHﬁ’A(q,v)l)} < Cne™™.

Then (3.18) comes from the fact that E(sup,c Y;) < oo (see Proposition 3.5 2.).

Proof of Lemma 3.2

Recall that £(q) = —%—f(q, —7(q)). Since ® is twice continuously differentiable, we
can chose 19 > 0 such that for n € (0,79),

0, = Inf en — An&(q) — log (S(g + An, —T(C]))> > 0. (3-20)

We now distinguish the cases v =0 and v € {—1,1}.

e The case v = 0. Straighforward computations using the definition of H"*(g,0) and
taking into account the independence in the b-adic cascade construction yield a constant
Ck such that for all ¢ € K and n > 1

E(Hg,)\(q’ 0)) — (p(q + /\n, _T(q))nen(Anf(Q)—gﬂ) S e—n(sn

d
E(\@HZ’A(q, 0)]) < Cxn®(q+ My, —7(q))"e" @~ < Crene ",

e The case v = —1. For n > 1 we have

U (ww) = O U O(u-i-gn_l_m,u-(i—l—l)-dn_l_m) (3.21)

weH™ m=0ueA™ i=0

where g, (resp. d,,) is the word consisting of n times the letter b — 1 (resp. 0). If w =
u-(i+1)-dp1-pmand w” =u-17-gy_1-m with u € o7, and Q(w)Q(w™) # 0 then

n—1

Qq(w)|Qw )M = Qq(u)Q(u) Wi (W) Wina (W) T Wao(wl)[Womr (w™ ).

k=m-+1
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Again, simple computations yield Cx > 0 such that for all ¢ € K, n > 1 and n € (0,7)
we have

iHﬁ’A(q, N])) < Cxn(®(q+ A, 7(q))e*@D==1)"S,.(q, n),

max (E(H*(q,7),E(] %

where

E(|Wy1 )
mzo[ q+A?7, (9)) ]

Due to (3.20), it is now enough to show that S,(g,n) is uniformly bounded with
respect to n, ¢ € K and n if ng is small enough. This is due to the fact that the mapping
(q,7) — E(W,0)E(|Wy_1|")/®(q + r,7(q)) is continuous in a neighborhood of J x {0}
and by deﬁmtlon of W, and & it takes values less than 1 at points of the form (g, 0).

e The case v = 1. It uses the same ideas as the case v = —1.

2. The proof is similar to the proof of (1). The only difference is that the components

log Q1 ((t[n)")

of L are positive so the limit of cannot be infinite.

3. We denote Z((Jm) by Z. Fix K a non-trivial compact subinterval of Int(J), A € {1, -1}
and v € {—1,0,1}. For a > 1 and n > 0 let

Eno(y) ={t € ™ + (Z(t]s)"))* > a"}.

It is enough that we show that

E(sup »  pq(Ep ) (7)) < 00 (3.22)

qeK n>0

Indeed, this implies that, with probability 1, for all ¢ € K, for p,-almost every ¢, if n is
large enough then

2l v
—loga < hminfM < lim sup w <loga.
n

n—00 n n—00

Since this holds for a sequence of numbers a tending to 1, we have the conclusion.

We have

sup 114(Ey,(7) = Sup Y Lizaopsany - fg([w])

qeK qeK

= sup Z Qq,n( ) : 1{Z(uﬂ)>‘>a”} ’ Y;(w)

By using the independence between o(Q(w) : w € &™) and o(Z(w"),Y,(w) : w €
A", q € K), as well as the equidistribution of the random variables 1z ~)rsqn} - Yq(w),
we get

E(sup 11g(E; o(7))) < E(Lz(ug) sany - sup Yg(wo))E(sup H)(q,7)),
€K qeK qeK
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where H>(q,~) is defined as in (3.19) and wy is any element of /™ such that wy is
defined. We learn from our computations in proving (1) that there exists a positive num-
ber Ci such that E(sup,cx H2(q,7)) < C(1+|K|)n. Moreover, the Hélder inequality
yields

E(l{Z(wg)A>an} - sup Y;Z(wo)) < | SUPKJHpKP(Z)‘E N asn)1f1/pK
qeK geK

< || SupK;HPK []E(ZA‘S)]I_UPKa—ns(1—1/pK)’
qeK

where ¢ > 0 is chosen such that E(Z*¢) < oo (this is possible thanks to Proposition 3.14).
Finally, E(sup,cx tq(Ep (7)) = O(na="<(=1/7x)) (with a > 1), hence (3.22) holds.

4. Fix K a non-trivial compact subinterval of Int(J). For a > 1, n > 0 and ¢ € K let
Fpo(q) = {t € o™ 1 Y(t],) > a"}.

For n > 0, we have
sup pg(Fra(q)) = sup E : Liv, (wy>an} - fq([w])
9€K €K weA™

< Sup Qua(w)]? - a4V (w)' .
qeK

Consequently, taking 7 = px — 1 and using the same kind of estimations as in the proof
of (3) we obtain

E(sup f1g(Fra(9))) < a "< VE(sup Hy (g, 7)) E(sup Yp<) = O(na "),

qeEK geK qeK

hence the result.

3.3.3 Proofs of the results of Section 3.2.3

We only deal with the case h = h, the case h = h being similar. Then ¢ = g > 0.

The case ¢ < oo : Proof of Proposition 3.8

At first, we specify a subset Ej of Er(h) of positive y,-measure. For N > 1, let
En(N) = {t € "+ :¥n > N, ,([t|»]) < 1}. With probability 1, there exists N > 1 such
that p,(En(N)) > 0, otherwise, p, is concentrated on a finite number of singletons with
a positive probability, which is impossible since by construction Supp(p,) = Supp(F’)
and dimg Supp(F”’) = —¢(0) > 0 almost surely. Thus, on a measurable set of probability
1, we can define the measurable function N(w) = inf{N : p,(E,(N)) > 0}. Then we set
Ep(w) = Ep(N(w)).

1. We denote Qw by @ and —0®/0q(q,7(q)) by &(q). For e > 0, v € {-1,0,1} and

n > 1 we define

E,.(v) = {t€Ey: Q) # 0 and " @=I|Q((t],)")] = 1},
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E.X(7) = {t€Ey:Q(t],) # 0 and "€ D*I|Q((t],)")]) < 1}}.
The result will follow if we show that for any ¢ > 0 and A € {—1,0,1}, with

probability 1,
> ug(B) (7)) < oo (3.23)

n>1

We deal with the case v = 0. Let 6 and n be two numbers in (0, 1], that will be
specified later. By using a Markov inequality and the definition of u; we can get

n —Ae A

po(Er.(0) < Y pg([w])Liquuyzop (€€ D) - Q(w)) ™
weAd™
paon)<1

n —Ae A
< 3 p([w) Loy ("D Qw)) M = S2.(6,m),
weg™
pa(foh<1

where

Z e (Ané(a 1{Q )20} Qq(w )Q(w)’\”qu.

weH ™

Consequently, (3.23) will follow if we show that

> E(S).(6,m)) < oo (3.24)

n>1

We have
E(S).(0,m)) = E(Y,))e" @~ D (6q + An, 67(q))".

Let £(q) = 22 (q,7(q)). By definition of £(g), €(q) and —7(q) we have

Mé(q) + log ®(0q + An, 07(q))
= —&(q)q(0 — 1) +&(q)(0 — 1)7(q) + O([g(0 — 1) + Mn?)

as (0,m) — (17,0). Moreover, we have

—&(q)q + &) 7(q) = —E(a) (7' (q)q — 7(q)) = 0.

It follows that if we fix 17 small enough and 6 close enough to 1~ we have
"D G (g + \n, O7(¢))" < e /2,
Since E(Y) < oo, we get (3.24).

In the case v = —1, we leave the reader check that like in the proof of Proposi-
tion 3.7.1 we can find a constant C' > 0 such that for 8,7 € (0, 1] we have

pq(En(—1))

< C-E(Y))er O~ (0g + A, 07(q))"

”‘1[ (W2 E(| W M]m
®(0g + \n,07(q))

M

m=0

2. The proof is similar to that of 1.
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3. We denote Z™ by Z. Let 6,n € (0,1). For n > 1, v € {=1,0,1}, A € {—1,1} and
e>01let E) () ={t € Ey: Z((t[.)")* > e"}. We have

na(Ex.oNY) < D palfw])’e ™ Z((tn))M.
wed™
Hq([w])<1
Thus, ]E(/Lq (Egg(fy))> < e D(0q, 07 (q))"E(Y, (w)? Z(w?)*). If we choose 6 = 1—n?/3,
then by using Holder’s inequality we get,

3/4 3/4
E(Yy Z()) < [V [l (B2 79T < oo

since E(Y)) < oo for § € (0,1) and E(Z*) < oo if |§] is small enough (see Proposi-
tion 3.14 2.). Moreover, by definition of 7(¢), since the L; are smaller than 1, we have
®(0q,07(q)) < 1. Consequently, > o E(u(E) (7)) < co. We conclude as in the proof
of Proposition 3.7 3..

The case ¢ = oo : Proof of Proposition 3.9

First we have the following lemma.

n—1
Lemma 3.3 [fz H P (2qy, 2T(qk))1/2 < oo then for every w € &/*, Y, ,(w) converges
n>1 k=0
to Yy (w) in L' norm as n — oo ; in particular E(Y,(w)) = 1.

Proof An application of Proposition 3.13 to Y, ,, — Y, ,—1 and p = 2 yields

n—1
S ¥an = Yanaalla < ¢ T @ 2aw 27(a)) . (3.25)

n>1 n>1 k=0

where we set Y, = 1 and C' is the supremum of the constants C), invoked in Propo-
sition 3.13. Then, since [|Y,,, — Y, n-1ll1 < ||Ygn — Ygn—1ll2 we have the conclusion for
w = @. Now, if m > 1 we have

Y= 3 Quw) Yy(w), (3.26)

wes™

where the random variables Y, (w), w € &/™, are identically distributed, as well as the
discrete processes (Y, (w)),>1 converging to them. Consequently, if Y,(w) is not the
limit of (Y, ,(w))u>1 in L' for some w € &7™, then E(Y,(w)) < 1 and the same holds for
all w € &™. In particular, (3.26) yields E(Y;) < 1, which is in contradiction with the
convergence in L' norm of (Y,,)n>1.

Now we specify the sequence (gi)r>0. We discard the obvious case where 7 is affine
and assume that 7 is strictly concave.

The graph of the function 7 has the asymptote line I(q) = hqg — 7*(h) with 7*(h) €
[0,1). For § > 0, let l5(¢) = I(q) — 0. We deduce from the strict concavity of 7 that
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for any 6 € (0, —7(0) — 7*(h)] there is a unique ¢(J) > 0 such that l5(¢(d)) = 7(q(9)).
Moreover, 9 +— q((5) is continuous and strictly decreasing, and ¢(d) — oo as § — 0. Fix
ko such that gk € (0,—7(0)—7*(h)), and for k > 0 let 6y = 1/log(ko—+k). Then choose
qr = q(dx) for k > 0. By using the definition of /5 and d(-) as well as the concavity of 7,
we obtain for all £ > 0

er = 7(2q) — 27(qx) = 7(2qx) — 215, (qr) > ls, (2qx) — 215, (qx) = 7°(h) + 0. (3.27)
We also have for any conjugate pair (a, ') such that 1/a+1/a/ =1

@(2%,27(%)) = E(§W2qk,iL?k)
((Sm)) " (B

1=

IN

Our assumption that 7 as an asymptote at oo implies that 7(q)/q is increasing, so
E(Zb 1VVC" ) =o(d/¢,d7(¢)) < P(/¢,7(c/q")) =1 for all ¢ > 0 and o > 1. Also,
the fact that the L; belong to (0,1) implies that ¢.(¢') ~ aq’ + ¢ at oo with a > 0,
so by choosing « large enough we ensure E(Zb ! LEW> = per(ee®) < pake/2 Thus

(I>(2qk, 27(qk)) < b=%#/2_ Consequently, for all n > 1, we have

n—1
H ®(2qk, 27—(qk))1/2 S b—ﬁsn/4’
k=0
n—1
where S,, = Zé‘k. We have either 7*(h) > 0 and S,, > n7*(h)/2 or 7%(h) = 0 and there
k=0

exists ng > 1 such that S, > n/(4log(n)) for n > ny. In both cases the conclusion of
Lemma 3.3 holds.

The same arguments as those used in the proof of Lemma 3.3 show that for w € &*
and n > 1 we have (with Yy(w) = 1)

¥Yon(w) = You1(w)|lz < C b7t/ (3.28)

If 7%(h) > 0, by using (3.27) we get ||Yy.(w) — Yy, 1(w)|]z < Cb—7 (W)/4 an upper
bound which does not depend on w, and finally sup,,¢c - [|Y;(w)]|2 < oco.

If 7*(h) = 0, we have Yy, (w) — Y;n_l(w)Hg < Cb¥8wl/* . p=3Swin/4 Thus,
Yy()ll: < 1+ 1Y, Yon-1(w)]2

n>1

S 1 + C . bas‘w|/4 Z b*ﬁs‘w|+n/4 S 1 _'_ C . bﬁs‘w|/4L7

n>1
where L =3 -, b=3%/4 is finite because S, > n/4log(n) for n large enough.

Now, we notice that we also have by concavity of 7

Due to our choice for dj, this implies that for |w| large enough we have S}, < %.

alw|
Finally, there exists C” > 0 such that for all w € &* we have [|Y,(w)]|s < C'bZrelvl.
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Proof of Proposition 3.10

We first prove the following proposition

Proposition 3.11 Let h € {h,h} and q € {—00,00} such that h = lim sy, 7'(q).

1. Letm > 1, y1,7 € {—1,0,1} and 01,92 € {0,1}. With probability 1, for p,-almost
1 tl, .Z(m)t%ch
every t € Supp(sy), lim 2B UL Zw ()2 _,
e log Qr(tln) - 2 (8])°
2. Fort e &N+ i€ {0,b—1} andn > 1 we define N,(t) =max{0<j<n: V0<
k < j, tn_i = i}. With probabilility 1, for p,-almost every t we have N, (t) = o(n).
3. Lete € (0,1), i€ {0,b—1} and r € {0,...,b — 1}. There ezists a(e) € (0,¢) such
that, with probability 1, for p,-almost every t, for n large enough and n(1—a(e)) <
p < n—1 such that Wy ,(t]n) := Wi (tlp-1) [Ti—prs Wiltlk—1) # 0, we have

log [Wip(t[n)]/1og OL(t]n) > —

Remark 3.3 Notice that in such a case we have h < oo (but could be equal to 0), the
case when h = 0o is already discussed in Theorem 3.2.

Proof

1. For 71,7 € {—1,0,1}, 01,00 € {0,1}, m > 1 and w € &* we simply denote

Ow(w) = Quw(w) - Z§" (W), Op(w) = Qr(w) - Z (w),
Z(w) = 2y (w2)% ) 2" (w ).

For e >0, n>1, and A € {—1,1} we define
E;z\,e = {t € LQ{N+ : OW(tln) 7£ 0 and OW(t|n)>\ < OL(t|n)/\h+8}-

For any 7,, > 0 we have

Ha(Bno) < ) pg(w)|Qu (w)[ " Quw) e Z (w)

weg ™
= Z Yq(w)Z(w))‘n” H ka (w|k_1)Qk—1—>\7iank (wlk—1>>\nnh+6nn_7—(qk_l)-
weH ™ k=1
This yields
E(1g(E).) < E(Yy - 2) T] ®(ah-1 = M 7(@1) — Mot — €110 (3.30)
k=1

Let us make the following observation. For any qx,n, > 0 we can write

log ®(qx — A, T(qr) — A, — €1)
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= () — W+ o8 + SAGE

= o)+ M) () — )+ GAGHE, (3:31)

where ( = (¢1, () = s(qr, 7(qr)) + (1= 8)(qr — A0, T(q1.) — Ahmy,, —emy,) for some s € [0, 1],
and
2 2

AG) = NG + M+ TG + AN +) o b(G).

o2
Also, we have
log ®(qr — A1, T(qr) — AR, — €n)
= log ®(qx — A, (@ — M) + A7 (qr) — W) + 7" (@02 /2 — €mn),

where @ € [qr — A\, qx]. Since T is concave and 7/(q) tends to h at oo, if 1, is small
enough, then for k large enough we have

M7 (qr) = W) + 7" (@) /2 — enn < —enn /2 <0,
hence log ®(qx — A1, 7(qr) — A, —eny) < log @(qx — A, T(qe — Anp)) = 0. Hence, due
o (3.31)
- - 1
0> —enné(qr) + Mmm&(qr) (7' (qk) — h) + §A(Ck) /s (3.32)

Moreover, under our assumptions, the multifractal analysis of the Mandelbrot measure
pr = F] achieved in [11]) implies that for any random probability vector W with

(Zf éW) =1 and E(Zb ! W logW) <0, — (Zb ! W log, L;) is a Holder exponent

for puy,, so it must belong to [Q al, where

0<a= hlll 77, (¢)/q < lim 7p,(¢)/q =7 < 0.
q—+oo q——00

Applying this with W = W, yields g(qk) /log(b) € la,al] for all £ > 0. Also, since

q /" q§ = +oo we have 7'(qr) = &(qr)/E(qr) . h < 00, 50 supso&(qr) < 00. These
properties together with (3.32) yield ¢ = sup, A((x) < o©.

For simplicity we define a := log(b) a and @ := log(b) a@.
By using again the fact that 7/(qx) — h > 0 as well as (3.30) and (3.31) we get
B (g ([2,)) < o5 i @) (Y, 1) - 7 ).

We take n,, = 1/4/log(n,, + n) for all n > 1, where n,, is an integer large enough so

AN 4N
that for any A € {—1,1} we have E((Z&C”))vlog("m“)) < 00 and ]E((Zg))vlogmfn“)) < 00
(the existence of n,, comes from Propositioin 3.14). Then due to Proposition 3.9, for
n >1and w € &/™ we have

E(Yy(w) - Z2) < [[Yy(w)l|a - [(Z) 204 - [(Z57)20m ||y = O(b*/ 5™, (3.33)

Notice that Y ,_, 7'(qx) — h = o(n), since 7/(gx) —h \, 0 when k — oo. Thus, due
to our choice for n,, for n large enough we have

n

—eanmy, + () 7 (q) — h)iw + en} = —cann, + o(nny). (3.34)
k=1
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Then (3.33) and (3.34) together yield E(u,(E;.)) = O(b—=an/2\/Tog(n))

2. Let us recall that E(||y,||) = E(Y,) = 1 and introduce on Q x &/™+ the "Peyriére
probability measure" Q, defined by

Q,(A) = E(/lA(w,t)uf;(dt) P(d(w))), A€ A®S.
Notice that "Q,-almost surely" means "with probability 1, p,-almost everywhere".

Without loss of generality, we can assume that for i € {0,b — 1} the sequence

(E<1{Wﬁéo}|VVi|quz’_T(qk)))k20

has a limit f; as k — oo, since this sequence takes values in the bounded interval [0, 1].

Now forn >1,i € {0,b—1} and (w,t) € Q@ x &M set fi,(w,t) = 1 (t,). It is not
difficult to show that the random variables f;,, n > 1 are Q, independent. Moreover,
we have

fin =Eo,(fin) = Eo,(f2,) = E(W,,_,;) = E(W;|#-1L; 71y,

Indeed,
EQq(fi,n)
= > Elpg(lwl)) = > E(Qq(wln-1))E(Wy, i (w]n-1)) E(Y(w)).

Consequently, fm converges to f; as m — oo, and on (Q x ™ A® S, Q,), the

martingale >, (fix — Eo,(fix))/k is bounded in L? norm by Ekzl ﬁk(l — fix)/ K%
It follows that the series >, (fix — Eqg,(fix))/k converges Qg -almost surely, and the
Kronecker lemma implies that >, _, f;,./n converges to f; Q,-almost surely. This implies
2..

3. Let o € (0,¢). Fix n € (0,1) and for n large enough let p € [(1 — a)n,n — 1] be an
integer. For (w,t) € Q x &M+ let X, ,(w,t) = log |W,,,(t],)]/log Or(t],). We have

Q(Xnp < =€) = D E(Lftog Wi p(th))/ 105 O (t1)<—e} Ha([]))

weH "

< D0 E(Y(0)Z0(w)E(Qq (wl-1)Quwl 1))

weH "

) E(WQPflva (w|p—1)pr (w|p—1)n€ |WT (w|p—1) |77)

T EWa s (1) L (w]ie—) ™ Wil |7)

k=p+1

for any n > 0. Applying the Cauchy-Schwarz inequality in the right hand side of the
above inequality yields

—1 n

Qq(Xn,p <-¢g) < H D(qe—1, T(qu—1) — Me) H P (2q—1,27(qr—-1) — 21m¢e)

=1 k:p

bS]

=
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WY Cw)lla - (1227 M2 - [HTWel 2 - (Wil ]]2)" -

Also, by using the same arguments as in the proof of (1) we can get

log ®(qs-1,7(gk-1) — 1) = —E(ax-1)me + O(1e?) -
log ®(2qx—1,27(qr—1) — 2ne) < log ®(2q1—1, 7(2qx—1) — 2n¢) = —E(2qr—1)7 + O(ne?).

It follows that
Qy(Xpp < —e) < C - enlmam= O (||| ]7]|5)°m.

Since |||W;]"||2 — 1 when n — 0, then we can find 1 small enough and « small enough
such that for n large enough :

Qy(Xnp < =€) < e 2y (I—a)p<p<n.

Consequently, > -, Q;(F (1 —a)n <m < n: X,, < —¢) < oo, and the conclusion
follows from the Borel-Cantelli lemma.

Proof of Proposition 3.10

. h%m) (t) = h for v,-almost every t. Due to Proposition 3.11.1, with probability 1, for
14, almost every t € &/N+ (notice that 1/h can be infinite since h can be equal to 0),

lim 108 1Qw [ logl@ulth)l _ logQL(f'”f 1

n—oo logQr(tls)  n—oog Osch) (t]n) "n—o0 Jog OSC%V (tl) I

and for v € {—1,1}

log Zy) (t1,)7) . log Z1((t].)")

n=% Jog Osch) (t],) "> log Osc%v) (t]n)

Also, due to the Lemma 3.1 and the fact that all the moments of Z; are finite, there
exist € > 0 such that for y,-almost every ¢ € @™+, there exists n,. such that for all
n > n;. we have Qp(t|,) € [b~@+) b="@=4)] In particular, for n large enough we have

oB(Qu(1)/ Qo) ¢ [2=Nolt) 3+ )
log Qr(t],) a+e n ‘a—e n 1

Consequently, since N, (t) = o(n) for u,-almost every t € @™+ (Proposition 3.11.2), we
have

_og Qr(tfn-n,w)
lim =1,
n—oo  log Qr(t|n)

and if h # 0, we have

B L log Qw(tl-naw) . 108 Qrltln-n.w) . logQu(t]n)
l=h-1-—= lim - lim - lim ————~
Bt 108 Qutl wuw) o log Qu(th) i 1og Qu ()

_ 1 log QW(t|TL—Nn(t))
= l11m
n—0oo log Qw (t|n)
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Moreover, let ¢ € {0,b — 1} and r € {0,...,b — 1}, since L; < 1, for any p < n — 1 we

have
1 t (T
lim inf og (L (t[,- 1)Hk =p+1 Li(t[x)) >0
s log Oscl2 ()

Then, due to Proposition 3.11.1 and .3, for p,-almost every t € &N+, for v € {—1,1},

log Osc tl,)” log Osc'Y tl,)?Y
either liminf — F%()( 1)) = oo or liminf 8 FV%()( 1)) > h;
n=ee log Oscy, (tn) n=ee log Oscy, (tn)

where the inequality for the case h = 0 is automatically true, and

We conclude from the fact that due to (3.10), for t = Fy((t)) we have

(m)pT loo O tl,)?

lim inf log Osc_(B(t, 7)) >  min liminf o8 SCF () >;
r—0 log r ¥==10,1 n—oc oo OSCF (t]n)
log r log OSCFL<< [n)7)

lim inf Y >  min liminf o) ,
=0 log Osc{” (B(t,r)) 7= nmee log Oscep, ()

where in the last inequality we have used Lemma 3.1. Consequently,

(m) pF
lim log Oscy. " (B(t, 1))

— h. for n, om o Fl-almost every t.
r—0 log r 10T Ha L Y

o Almost surely dimp (v,) > 7*(h). We only need to deal with the case where 7*(h) > 0.
We are going to prove that, with probability 1, for p,-almost every t € &M+,

g ([tL) .
it onth) =

Then, due to the last claim of Lemma 3.1, the mass distribution principle (see [130],
Lemma 4.3.2 or Section 4.1 in [51]) yields the conclusion.

We set d = 7%(h). Fix € > 0, and for n > 1 define
Ene = {t € Supp(pg) : OL(HN)_CH_‘6 “pg([t]n]) = 1}

For n > 1 let n, > 0 and set S,. = Z ,uq([w])(OL(15|n)_d+6 : ,uq([w])>%. For

weH "
n > 1 we have pu,(E,.) < Sy = Z Q1 (w)~ @™ Q, (w) Y, (w) ™ Z, (w)™ and
I weg ™
E(S, H O(qr + qunn, T(qr) + (7(q1) +d — €)n) - E(Yy(w) ™ Zp (w)™). If we show

that Zn>1 ]E( Spe) < 0o, then the series Y - f14(Ey,c) converges almost surely and the
conclusion follows from the Borel Cantelli lemma.
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By an argument similar to those used in the proof of Proposition 3.8, we have

log ®(qx + qunn, T(qr) + (7(qr) +d — <)1)

= —&(ar)amn + E(an) (7(ar) + d = e)nn + O(n)

— &g (T (7 (qr) — d+ ) + O(2) < —aen, + O(n?)

Thus
n—1
2
H (4 @i, T(q) + (7(qr) + d — €)np) < e 2EMmn+OMmm),
k=0
Now since

nn

E(Y(w)"™*™ Zy (w)™) < [|[Yg(w)lly™ - 1 2 (w) = [l

asn

by taking n, = \/ﬁ for ng large enough we will get E(S,,.) = O(b 2Vies ).

3.4 Appendix

Proposition 3.12 Let M be a non-negative bounded and non-decreasing function de-
fined over the subsets of RY. Let Supp(M) = {t : Vr > 0, M(B(t,r)) > 0} be the
closed support of M. Suppose that Supp(M) is a non-empty compact set and define the
Li-spectrum associated with M as the mapping namely

g ogsup >0, M(Bi)'}
™n(q) = hrrn_}glf log (1)

?

where the supremum is taken over all the families of disjoint closed balls B; of radius r
with centers in Supp(M). We have dimp(Supp(M)) = —7a(0), and for all h > 0,

log(M(B(t
dimy Ey(h) := {t € Supp(M) : lirrg(i)gf o8 loé(r() )

= h} < i(h),
a negative dimension meaning that Ey(h) is empty.

Proof The equality dimpg(Supp(M)) = —73,(0) is just the definition of the upper box
dimension.

Let h > 0. Fix € > 0. For every t € Ey(h), let (rix)r>0 be a decreasing sequence
tending to 0 such that rz;f < M(B(t,rex)) < 7’2?.

Fix 6 > 0, and for each t € Ej;(h) let k; be such that r,, < 6. Now, for every n > 0,
let A, = {t € Ep(h): 270D < Teg, < 27"}. By the Besicovich covering theorem (see
Theorem 2.7 in [116]) there exists an integer N such that for every n > 0 we can find N
disjoint subsets A, 1, ... A, n of A, such that each set A, ; is at most countable, the balls
of the form B(t,r.4,), t € Ay, are pairwise disjoint, and |, U;VZI Usea,, Bt rep,) is
a 0-covering of Ejr(h).

Suppose that h € [0,7;(07)]. We have 73,(h) = infyer, hqg — 7a(q). Fix ¢ > 0 such
that 7a/(¢) > —oo and then define D, = (h + ¢)q — Ta(q) + €. We have
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N
My (Bn(h)) < Z Z (275, )P < 2P ZZ S plata
€Ay,

n>0 j=1tcA, ;

< 9D- Z Z Z t r, k: T;I;M(Q)+E

n>0 j=1 t€A, ;

2D52|7'1u q)| Z Z Z ‘I2”(7'M(‘I) 5)

n>0 j=1 teA,

For each 1 < j < N, the family {B(t,27")}ca,, can be divided into two disjoint
27 "-packing of Supp(M). Consequently, by definition of 75;(q), for n large enough,

Z M(B(t: 2_n))q <2 9—n(ar(q)—¢/2)

teA, ;
and Hy®(Ep(h)) = O( 3,502 /%) < co. This yields dimp Ey(h) < D, for all € > 0,
hence dimy EM( ) < hg — 1 (q).

Now suppose that h > 74(07). We have 73,(h) = inf,cr_ hg — 7s(q). Fix ¢ < 0 such
that 7p/(¢) > —oo and then D, = (h — 5)q — 7m(q) + €. This time we have

HP=(Ep(h)) <2DE2ITM(Q|ZZ Z M(B(t, 2" n+1)))q2n(TM(q) ).

n>0 j=1tcA, ;

and for each 1 < j < N, the family {B(t,2~ "+ )}teA is a 2~ ("*Y_packing of Supp(M).
We conclude as in the previous case.

(n)
Proposition 3.13 Let (V™ (Vo 7-"7‘/;)_1))n21?

taking values in C°, and such that E(Zf;é Vi(n)) = 1. Let {V(w)}wew~ be a sequence
of independent vectors such that V(w) is distributed as V"D for each w € o7*. Define

Zo =1 and forn >1
=S [T Vet
weF™ k=1
Let p € (1,2]. There exists a constant C, < 2P depending on p only such that for all

n>1
n b—1
E(Z0 ~ Zual) < G [TE( VOP).
=0

k=1

be a sequence of random wvectors

See the proof of Theorem 1 in [12].

Proposition 3.14 We work under the assumptions of Theorem 1.2. Let m > 1 and
Ue{W,L}.

1. If ¢ > 1 and py(q) > 0 then E((Z )q) < oo Moreover, if W satisfies the
assumptions of Theorem B(2) then esssup OSCF ([0 1)) <

2. Define wU ( )= ]E(e_tzl(f ) fort > 0. Let Ay = maxo<;<p—1 |Uil.
If ¢ > 0 and E(A,?) < oo then LZ)((Jm)(t) = O(t™P) for all p € (0,q). Consequently,
E((Zé,m))_p) < oo for all p € (0,q).
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Proof of Proposition 3.14

1. Since Osc%mU)([O, 1]) < 27 10scW(Fy,[0,1]) < 2™||Fyl|os, this is a direct conse-

quence of Theorem 1.2 (that esssup Oscg;)([(), 1]) < oo when W satisfies the assumptions
of Theorem 2.3.2 is not stated in Chapter 2 but established in the proof of this theorem).

2. Since OSC%)([O, 1)) > Oscgz)(fi) for all 0 <7 < b— 1, by using (3.3) we get
Zig >N U] - 257, (3.35)

where the Z[(]m) () are independent copies of Z and they are independent of W.

Moreover, thanks to Proposition 3.3 applied to Fy;, we know that Z[(]m) > 0 almost
surely for all m € N,. Also, with probability 1, we can define ip = max{0 <i<b—1:
|U;| = maxo<g<p—1 |Ux| and iy = inf{0 < i < b—1:17# iy, U; # 0}, Ay = |U;,| and
Ay = Uy

Suppose that E(A,?) < oo. This clearly holds if ¢y (—¢) > —oo or if there exists
a > 0 such that maxo<g<p—1 |Ux| > @ almost surely (for instance a = 1/b is convenient
when U is conservative).

Set 1) = 1y. By definition of ¢, we deduce from (3.35) and the fact that Z[(]m) is
almost surely positive that 1 (t) < E(w(Aot)w(Alt)) and lim;_.., 1 (t) = 0. Suppose that
we have shown that ¢ (t) = O(t7?) at +o0, for all p € (0,¢q). Then, for x > 0 we have
P(Z™) < x) < e®(t) and choosing t = p/x yields P(Z < x) = O(a?) at 0*. Hence
E(Z7P) < > if h € (0,q).

Now we essentially use the elegant approach of [102] for the finiteness of the moments
of negative orders of Fy;(1), when the components of W are non-negative (see also the
references in [102] for this question). Let » > 1 and ¢ = ¢". Due to the bounded
convergence theorem we have lim; .o, E(1)(A;#)/"~Y) = 0, so the Holder inequality
yields ¢(t) = o(E(4(tAp)) at oo. Let v € (0, 1) small enough to have vE(A,”) < 1, and
let ty > 0 such that

o(t) < VE(¢(tAo)), t = to. (3.36)
Let (Avi>i21 be a sequence of independent copies of Ay Since ¢ < 1, for ¢t > ty we can
prove by induction using (3.36) the following inequalities valid for all n > 2 :

p(t) < AP(Agt < to) + VE(Liapizty)¢(Aot))

VE(AG”) (to/t) + VE(Liagesto) d(AoArt))
VE(A3?)(to/t) + 7 E($(AsAst))
(Ag

E(A p)(to/t) PE(AG")* (t/8)” + Y E(1 4 7,110 6(AoArt))

(to/D D (VE(AG")* + V" E(L 4, 5, imiy@(AoAr - Apit)).

k=1

IN N IA

Since ¢ < 1, and both v and YE(A,*) belong to (0,1), letting n tend to oo yields
o(t) = ()" = O(t7P). Since r and p are arbitrary respectively in (1, 00) and (0, q), we
have the desired result.



Chapitre 4

Graph, range and level set singularity
spectra of b-adic independent cascade
functions

This chapter contains the work in [86] on the study of graph, range and level set sin-
gularity spectra of the b-adic independent cascade functions constructed in Section 2.2.

Preliminaries
The coding space

Given an integer b > 2. Let b > 2 be an integer and &/ = {0,--- ;b — 1}. Then let
A = Upso @™ (by convention &7° contains the empty word denoted @) the set of finite
words over & and @™+ = {0,...,b— 1}"+ the set of infinite words.

If u € o/* we denote by |u| its length.

The word obtained by concatenation of u € &7* and v € &7* U &N+ is denoted by
u-v and sometimes uv. For every u € o/*, the cylinder with root u, i.e. {u-v:v € &N+}
is denoted by [u].

The set @+ is endowed with the standard metric distance d(s,t) = inf{b™" : n >
0, JueFd™, s,tclul}.

Ifn>1and u=wu - -u, € " then for every 1 < k < n, the word wuy...ug
is denoted by ulg, and if & = 0 then u|y stands for @. Also, for any infinite word
t =tity--- € &N+ and n > 1, t|,, denotes the word ¢; - - - t,, and t| the empty word.

We denote by 7(+) the natural projection from «* U @™+ onto [0,1] : for u € &*
we have 7(u) = Luz‘l upb™* and for ¢ = t1ty--- € ™ we have 7(t) = > o tb".

For any ¢t € [0,1] and n > 1, we define t|,, = ¢; - - - t,, the element of &/™ such that
mw(tl,) <t<m(t|,)+o"ift <1l ,aswellas 1], =b—1---b—1.

88



CHAPITRE 4. GRAPH, RANGE AND LEVEL SET SINGULARITY SPECTRA OF B-ADIC
INDEPENDENT CASCADE FUNCTIONS 89

b-adic independent cascade function and multifractal analysis

Let (W,L) : Q — R x R% be a couple of random vector satisfying the following
three assumptions :

(A1) P(Z?;é W; =1) < 1 and there exists p € (1, 2] such that oy (p) > 0;
(A2) P(Y j,L; € (0,1)) =1, E(3.7— L;log L;) < 0 and ¢y, is finite on R;
(A3) P(V j,|W;| > 0) =1 and ¢w is finite on R.

where for U € {W, L} and q € R, ¢y (q) = —log, E(3."_; 1, 0y [U;19).

Remark 4.1 The condition (A1), (A2) ensures the existence of Fy and Fy,. The extra
condition ]P)(Z?;(l) W; = 1) = 1 is for avoiding the non-conservative case, since in the
proof we need the randomness of Fy (1). The condition P(V j,|W;| > 0) = 1 implies that
almost surely F' is nowhere locally constant. The condition that oy is finite ensures that
the probability distribution of Fy (1) has a bounded density, in fact this condition can be
weaken to the existence of a real number ¢ < —1 such that pw (q) > —oo. The existence
of the bounded density of Fy (1) is a key property in the proof.

Let {(W,L)(w) = (W(w), L(w))},cy- be a family of independent copies of (W, L)
encoded by the finite words. For w,u € &/* define the products

Wy(w) = Wy (w) Wy, (w-uy) - Wy, (w-uy -+ tp_1); (4.1)

n

Ly(w) = Ly (w)- Ly,(w-uy) -+ Ly, (w-up-tup_1). (4.2)

For w € &/*, n>1and t € [0, 1] define

t t
F‘E:,U]n(t) = / b" - Wy, (w) du and F,Ewi(t) = / b - Ly, (w) du.
0 0

Under assumptions (A1-3), due to Theorem 1.2, (Fyy.,,)n>1 and (FL ,)n>1 converge almost
surely and uniformly to two limit functions FIEF,U} and F EU]. Then the real-valued b-adic
independent cascade function considered in this chapter is F : FyyoF; ' : F([0,1]) — R.
See Figure 4.1 for illustrations.

The multifractal analysis of F' is based on the construction of an uncountable family
of statistically self-similar measures p, defined on the coding space &M+ with desired
Hausdorff dimension. More precisely, for (¢,t) € R? we define

b—1

Dq,) = B L, g W17 - 7). (4.3)

J=0

Clearly ®(g,t) is analytic on the rectangle {(q,t) € R? : |¢o(g,t)| < oo}. Since L; € (0,1)
for 0 <j<b—1,foreachqe Q:={qgeR: (q1t) € R?|p(q,t)] < oo for some ¢} there
is a unique 7(q) such that ®(q,7(q)) = 1, and the function 7 is easily seen to be concave
and analytic over Q).

Define the interval J = {q € Q : q7'(¢) — 7(q) > 0}. For q € J, let
0 ~

£(0) =~ 5 (0 7(0). and E(o) = 500 7). (1.4
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FIGURE 4.1 — F in the non-conservative case.

By construction 7'(q) = £(q)/¢(q).

For any ¢ € J and w € &* we define the random vector

Wo(w) = (Woi(w) = Liw, w0y Wi (w)| - Li(w)™D)

Due to (4.1) and (4.2), for w,u € &* we define the product :

Waa(w) = 1w, w0y W (w)|" - L (w) 7. (4.5)

For g € J, w € &/* and n > 1 we define

Yon(w) = Y Woau(w).

uegm

Recall that if p is a positive Borel measure on a compact metric space, its lower
Hausdorft dimensions is defined as dimp(p) = inf{dimy F : pu(E) > 0}.

Due to the results in Chapter 3, we have the following proposition

Proposition 4.1

1. With probability 1, for all ¢ € J and uw € «/*, the sequence Y, ,(u) converges
to a positive limit Y,(u). For any u € &*, the function J > q — Yy (u) is an
independent copy of J 5 q— Y, (@) =Y.

2. For every compact subinterval K of J and u € o/* define

Yic(u) = sup Y, (u). (4.6)

qeEK

Then there exists px > 1 such that E(Yx (u)PX) < oo.
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3. With probability 1, for all g € J, the function
pq([w]) = Wow(2) - Yg(w), w e &~ (4.7)
defines a Borel measure on </™+ with

dimin(u) = 0 where 2(q) = a6(0) ~ T(@€l0) (45)

These statistically self-similar measures are the effective tools to study the multi-
fractal behavior of F' = Fyy o F ! Specifically, with each [ty We can induce a measure
(12 on the domain Dy = [0, F(1)] : for any Borel set B C R,

#P(B) = g o 7 (B) = ug ({t € ™ : Fiu(D) € BY),

where 7, : @™ 3t Fpom(t) € Dp and m: @™ 2 ¢ +— >2° ;07" is the natural
mapping from &N+ to [0,1]. Due to Chapter 3, with probability 1, for all ¢ € J, the
measure /1)) is carried by the set Ep(7'(¢)) and for p)-almost every = € Ep(7'(q)),

log pu)(B(z, 7))
. D R . q Y _ / _ _ * /
dimy ey () = lim inf =0 =q7'(q) = 7(q) = 7(7'(q)).

Consequently, dimpy Er(7'(q)) > dimg (u2) = 7%(7'(¢)). Then,

Proposition 4.2

1. With probability 1, 77 = 7 on the interval J. Moreover, if ow is finite on R, then
if @ = sup(J) < oo (resp. q := inf(J) > —o0) we have 7r(q) = 7'(q)q (resp. 7'(q)q)
over [q,00) (resp. (—o0,ql).

2. With probability 1, dp = 7* on the interval 7'(J).

:
"

"

s

FIGURE 4.2 — 7* in the case sup 7/(J) < 1 (Left), sup 7/(J) > 1 (Middle), and sup 7/(J) =
oo (Right).
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4.1 Statements of results

Let f be a real-valued function defined on an interval I. Recall that for any subset
E of I, the graph and the range of f over the set F is given by

Gi(E)={(z, f(x)) :x € E} and R¢(F) = {f(z) : x € E}.

We should introduce here the level set of f over set E in f-direction (since we can
only show the level set singularity spectrum in "Lebesgue almost every direction") : For
0 € (—m/2,7/2) denote by Iy the line in R? passing through the origin and making an
angle 0 with the y-axis (clockwise). For any y € lp, denote by l@ie the line perpendicular
to lp, passing through y. Denote by Proj, the orthogonal projection from R? onto [y.
Define Ryg(E) = Projy(Gf(E)). Then for each y € Ryo(FE), the level set of f over the
set E in f-direction is defined by L% ,(E) = G¢(E) Nl ,. Notice that the typical level
set L%(E) is just the level set LY ,(E) when ¢ = 0.

Thanks to the following generalization of Lemma 8.2.1 in [1], Theorem 6 of Chapter
10 in [89] and Lemma 2.2 in [151], we have

Theorem 4.1 Let E be any subset of 1. Suppose that inf,cp hp(x) = h > 0.
1. Let dimp stand for the packing dimension (see [51]). For D € {H, P} we have

1
dimD Gf(E) S dlIIlD Ev <(d1mD E + 1-— h) VAN ﬁ dlmD E) y
1
2. Suppose h < 1. Fixz 0 € (—n/2,7/2). Let u be any positive Borel measure defined
on ly. For any v > 0 define the set Ry J(E) = {y € Ryo(E) : hu(y) > v} If
PRy (E)) > 0 and dimg E — h -y > 0, then for p-almost every y € Ry (E),
dimpy LY o(E) < dimyg E — h - 7.
For each h > 0, the associated iso-Holder set is defined by
Ef(h) = {ZL‘ el: hf(l‘) = h},

where

he(z) = hrn—1>0i£1f oer

log Oscy(B(z,1)) (4.9)

is the pointwise oscillation exponent of f at x. The singularity spectrum of f is given
by
dy:h >0 dimy E¢(h).

From the multifractal analysis of functions we know that this spectrum has a general
upper bound given by the Legendre transform of the L?-spectrum of f, defined as

o 1
7(9) = hrrgégf log r

log supZOf(Bi)q, q€R, (4.10)
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where the supremum is taken over all the families of disjoint closed intervals B; of radius
r with centers in the support of f’ (in the sense of distributions). Thus, we have (see
Proposition 3.12)

ds(h) < 7j(h) = inf hg —74(q) (Vh 2 0),

a negative dimension meaning that E;(h) is empty. Define the graph, range and level
set singularity spectra

df :h >0~ dimy Sp(Ef(h)), S€{G,R,L}.
Then by replacing E to Ef(h), we have the following corollary of Theorem 4.1 :

Corollary 4.1 For any h > 0 we have

df(h) < v( h)+1— )/\%df(h))
( h)+1— )A%T;(h)),

dfi(h) < 1A hdf(h) <1A hrf(h)

< )V

and with the same notations as in Theorem 4.1.2, for p-almost every y € R?:g(h),
dimgy L (Ey(h) < dy(h) by < 75 (h) = .

Now we state our main result. For A > 0 denote Sg(h) = Sp(Er(h)) for S € {G, R}.
For § € —7/2,7/2 and h > 0 define Rpy(h) = Proj,(Gr(h)), and for each y € Rpg(h)
define Ly ,(h) = Gr(h) N1

We have the following theorem :
Theorem 4.2 Suppose that assumptions (A1)-(A3) hold.

(a) Almost surely for all h € Jp ={h > 0:75:(h) > 0},

dimg Gp(h) = (T;“(h)A(T;<h)+1—h))v7;<h),

dimpy Rp(h) = TF}(LMM.

Moreover, denote G the whole graph, then almost surely
dlmH GF == dlIIlp GF = dlmB GF =1- TF(l).

(b) Almost surely for Lebesgue almost every 0 € (—m/2,7/2), for all h € (0,1) such
that 75(h) — h > 0, for pjt, almost every y € Rpg(h),

dimpy Ly ,4(h) = 75(h) — h,

where ,u,lfﬂ is a positive Borel measure carried by Rpg(h) and it is absolutely conti-
nuous with respect to the one-dimensional Lebesgue measure on ly.

The rest of this chapter is organized as follows : in Section 4.2 we prove Theorem
4.2 with two intermediate results : Theorem 4.3 and Theorem 4.4, whose proofs are
postponed to Section 4.4; in Section 4.3 we prove Theorem 4.1 and finally in Section
4.5 we prove Proposition 4.4, which is our essential tool for proving Theorem 4.3 and
Theorem 4.4.
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xxxxx

FIGURE 4.6 — Function (7*(h) — h) V0 in case of sup Jp < 1 (Left), sup Jp > 1 (Middle)
and sup Jr = oo (Right).

4.2 Proof of Theorem 4.2.

4.2.1 Proof of Theorem 4.2(a).

Since using /i, is successful to describe the singularity spectrum of F', it is also worth
trying to use these measures to study the graph and range singularity spectra of F'.

For each g € J, like uf , associated with F, and Fy we can induce :
— a measure qu carried by the graph : for any Borel set A C R2,

/Jf(A) = uq<{t e N+ (FL o A(t), Fw o /\(t)) € A});

— a measure [LqR carried by the range : for any Borel set A C R,

pHe(A) = uq<{t c g™ Fyol(t) e A})

We focus on the lower Hausdorff dimension of the measures ,qu and uff. We show
that these dimensions provide the graph and range singularity spectra. Our approach
is based on the estimation of the energy of these two measures restricted on suitable
random sets (see Remark 4.3). As an essential intermediate result, we have the following
theorem :

Theorem 4.3 Suppose that (A1)-(A3) hold. With probability 1, for all ¢ € J we have
dimp (1S) = ~9(q) and dimp(pl) = v%(q), where

G _ T T/(q)) (7 _ (7
o = (T A @) - @) ) Ve @), )
YR q) = T*T—(q))M. (4.12)

Remark 4.2 Notice that for q € J we have dimy () = 7*(7'(q)), and we can write

79 (@) = 7(7'(@) +7"(@) - (1 = 7'(q)) V 0.
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So Theorem 4.3 actually provides us with a Ledrappier-Young like formula [98] for the
uncountable family of statistically self-similar measure (piq)qes uniformly : with probabi-
lity 1, for all q € J,

dimys () = dimg(42) + dimgr (uf) - (1= 7'()) V 0.

Similar formula also appear in Theorem 12 in [27], Theorem 3 in [59] and Corollary 5.2
in [8] in the study of the Hausdorff dimension of self-affine measures and sets.

Remark 4.3 It is worth noting that to prove Theorem 4.3 we are forced to calculate the
energy of p, restricted to suitable Cantor-like random sets (see Section 4.4.1). If we did
not use this restriction, for example for the measure uf in the case where its dimension
is greater than 1, we would have to estimate the expectation of

dpig(s)dpg(t)
1 o o e e e T

which turns out to be finite only if ®(2qg — 1,7 — 1+ 27(q)) < 1, which is equivalent to
saying that v < 1+ 71(2q¢ — 1) — 27(q). So the best lower bound we would get is :

dimp (uS) > 14 7(2q — 1) — 27(q). (4.13)

Comparing this value with the exact dimension 1+(q—1)7"(q) —7(q), we find that (4.13)
always provides a strick lower bound unless ¢ = 1. Thus, such an approach only provides
the Hausdorff dimension of the whole graph.

Since pl is carried by the set Er(7'(q)), by definition the measure pf is carried by
the set Sp(Er(7'(q))) for S € {G, R}. Then combining the results in Proposition 4.1,
Proposition 4.2 and Theorem 4.3, we prove the results on the singularity spectra part
of Theorem 4.2(a).

For the result on the dimension of the whole graph, let I = [0, F,(1)]. For each n > 1
we divide I into b" semi-open to the right intervals of the same length denoted by I,, 1,
fork=1,---,b"

Recall that Oscp(L,x) = sup, er. , [F(2)—F(y)], so for each interval I, , we will need
Oscr(In k)
|In,k|
by definition of the upper box-counting dimension and the definition of 77 in (4.10) we

get

at most | ] 4+ 1 many squares whose side length is |1, x| to cover Gp (I, x). Then,

_ log S50, (55 + 1)

dimpGr < i ikl L% <1+ (=7p(1)) V0.
e SIS T g By <)

From Proposition 4.2 we know that almost surely 77(1) = 7(1) < 0 and applying

Theorem 4.3 to ¢ = 1 we get with probability 1,

Consequently, with probability 1,

dlmH GF = dlmp GF = dlmB GF =1- TF(l).
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Remark 4.4 If we consider the exponent

hr (@) = Tlir(% logr

log Osc(B(x, 1))

whenever the limit exisits, and consider the following smaller iso-Hdélder sets
Ef(h) :={z €1 :hs(z)=h},

then we claim that the results in Theorem 4.2(a) also works for the packing dimension
if we replace the mono-Hdlder set E¢(h) by the set Ef(h), since in this case we have
dimp E’f(h) < 75(h) for h > 0 and, moreover, under the assumption P(Vj, [W;| > 0) = 1
in (A3), the measure pl is actually carried by the set Ew(7'(q)) for q € J (see [16]).

4.2.2 Proof of Theorem 4.2(b).

To get measures on the level sets, in the same spirit as when one constructs the
local times of certain stochastic processes, we could disintegrate the measures u? with
respect to pf in order to obtain Radon measures y carried by L for ,uf—almost every
y, but such a disintegration turns out to be difficult to study. The reason is that the
energy method we use does not provide the exact gauge function needed to describe the
density of the measure /Lf with respect to Lebesgue. It only yields the lower Hausdorff
dimension of pf. However, inspired by what is done in [125] to calculate the Hausdorff
dimension of the level sets of Gaussian process by using classical Martrand theorem,
and in [116] to deal with the the Hausdorff dimension of slices of sets, it is possible to
solve this problem for Lebesgue almost every direction.

For h > 0 and 0 € (—n/2,7/2), recall that Rpg(h) = Proj,(Gr(h)), and for each
y € Rpp(h) recall that Ly o(h) = Gp(h) N 5;0'

For g € J, let ply be the orthogonal projection of the measure u$ onto Iy : pliy(A) =
s o Proj, ' (A) for any Borel set A C ly. Since S is carried by Gp(7'(q)), so 1l is
carried by Rpg(7'(q)).

We have the following theorem :

Theorem 4.4 Suppose that (A1)-(A3) hold. With probability 1, for Lebesgue almost
every 0 € (—m/2,m/2), for all ¢ € J such that dimy(ug) =~%(¢) > 1 :

(a) The projected measure Mf,e 15 absolutely continuous with respect to the one-
dimensional Lebesgue measure on the lg.

(b) For ﬂge-almost every y € lg, the following limit :
.1 G
lim 1 $(x) duS(z)

+
r—0*t T x€R2,|:p71;9|§r

exists for any continuous function ¢ : R? — R, so it defines a measure “3,9
carried by LY (7' (q)).
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(¢) There exists a random set Ry C Rpo(7'(q)) of full ply-measure such that for
any y € Ry, the measure ug’(, has lower Hausdorff dimension

i (1)) = dim (5) — 1 = 7(7'(a) — 7'(0).

Theorem 4.2(b) is almost a direct consequence of Theorem 4.1(b) and Theorem 4.4,
we only remark that v%(q) > 1 if and only if 7/(¢) < 1 and 7*(7'(q)) — 7'(¢q) > 0.

Remark 4.5 As mentioned in Remark 4.1, the condition “pw is finite on R" can be
weakened to “there exists ¢ < —1 such that pw(q) is finite". Under this weaker assump-
tion, the results in Theorem 4.2 will still hold, but only for h € {h > 0:7*(h) > 0}. The
reason why we cannot conclude for {h > 0 : 7/:(h) > 0} is that under this weaker as-
sumption we do not know the value of Tr outside the interval J = {q : q7'(¢) —7(q) > 0}.
But if we assume “there exist ¢ < q € J such that q7'(q) — 7(q) = q7'(q) — 7(q) = 07,
then we will also obtain the same results as in Theorem 5.1.

4.3 Proof of Theorem 4.1.

4.3.1 Results on the packing dimension.
Proof Without loss of generality we suppose I = [0, 1]. For any x € [0,1] and n > 1,
we denote by I, the unique interval [k-27", (k+1)-27"), k € Z that contains =.

Let {E; C E,i > 1} be any countable covering of E. The families {R; = R;(E;) C
R¢(E),i > 1} and {G; = Gf(E;) C G¢(E,i > 1} are countable coverings of R;(FE) and
G (E) respectively, so

dimp R¢(F) = supdimp R;, dimp Gy(E) = sup dimp G;.

For any i« > 1, K > 0 and € > 0 with h — ¢ > 0 we define
Ep={x€E :Vn>kOi(l,) <|Ln"}
as well as R, = Ry(E; ;) and G, = G¢(E; ). By the fact that for any x € E; C E,

lim inf —10g Oy(Irn)
n—oo  log |]$,n|

we have Ukzo E; ) = E;, thus Ukzo R, = R; and Uk:ZO Gir = G,.

hf(m) > hv

For n > 1 and A C R?, let N,(A) be the minimal number of dyadic squares of the
form [k-27" (k+1)-2") x[l-27",(I+1)-27™), 0 <k < 2" —1, | € Z necessary to
cover A. By the construction of E; j, for any n > k we have
2n~((l—h+e)V0) . Nn(Ez k);

No(Rig) <2 Niw o1 (Ei), Noy(Gig) <
(Rik) <2 Nz (Eig), No(Gir) {Q'N[(h’éle(Eivk)'

This gives us

(1 =h+e)VO0+dimpE;y;
dlmBEz,k/((h - 6) AN 1)

- 1
dimgR; ) <
1mpg k> h— ¢

di—mBEi,lm di—mBGi,k < {
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We know that the packing dimension is equal to the upper modified box-counting
dimension (see Chapter 3, [51]), that is, for any set A C R?

dimp A = dimygA := inf {supﬁBAi A C UAZ} ,

where the infimum is taken over all possible countable coverings of A. Since {R;x,k > 0}
and {G;x, k > 0} are countable coverings of R; and G;, we have

sup dimpg F; j;

(1 —h-+e¢€)VO0-+sup, di_mBEi,k;
supy, dimpE; 1. /((h —€) A 1).

dimp R; = dimpypR; < sup dimBRi,k < h
k

dimp G; = dimypG; < supdimpG; ) < {
k

Since for any k£ > 0 we have E;;, C E; so that sup, dimpF; ; < dimpF;. Then we have
shown that for any countable covering {E;,i > 1},

1
dimp R¢(E) = supdimp R; < .

sup dimpFE;;

: . (1 —h+e¢€)VO0+sup,dimpF;;
E) = ; < _— !
dimp G 4(E) S‘ﬁp dimp G; < { sup, dimpFE;/((h —€) A 1).
By taking the infimum over all the possible {E;,i > 1} we get

1

— €

(1—=h+¢€)V0+dimpFE;
dimp E/((h —€) A 1).

Letting € tend to 0 yields the conclusion.

4.3.2 Results on the Hausdorff dimension.
Proof We fix ¢ € (0,h) and 6 € (—7/2,7/2). Recall that Proj, is the orthogonal
projection of R? onto ly and Ry y(FE) = Proj,(G;(E)).

Forz € R,r > 0 and k € Z we define the interval I (z,r) = [v4+(2k—1)r, z+(2k+1)r]
and the square Qy(z,r) =[x — r,x 4+ r] X I(f(z),r).

For any r > 0 let n(r) = [r" 1]+ 1 and N(r) = {k € Z : 2|k| < [r"=7!]}. We have
max{r, 7"~} < n(r)-r and #N(r) < n(r).

For any x € E and r > 0 define the family Q(z,r) = {Qk(a:,r) ke N(r)} and for
any y € Ryg(FE) define the family

QY(x,r) = {Qk(:p,r) cke N(r), Qr(z,m)N l;(, + @}.
By simple calculation we know #Qp(z,r) < |tan6| + 1.

Let d stand for dimy E. By definition of the Hausdorff dimension we can find a
decreasing sequence (d;);>; tending to 0 and for each ¢ > 1,

B = {B(i) =B (:U(i),r(i)) } ,
j VAR e
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a countable d;-covering of F such that x( € Eforj€ T, and Y (7 l))dJre <27
For x € E and r > 0 denote the rectangle :
R(z,r) = B(x,r) x [f(2) = n(r) -7 f(z) +n(r) 7],
and for any BJ@ =B (xy), ](2)> € %;, we use the convention R =R ( gl), r§i)>.

Let 1 be a positive Borel measure defined on ly. For v > 0 recall that
Ry(E) ={y € Ryo(E) : hu(y) =7}

Suppose that p(Ryy(E)) > 0. Then define a subset of J; :

T = {j € J;: M(Proje(R§i))) ((Qn( ](l)) cos + [sinf|) - r G )7_ }

We have the following lemma :
Lemma 4.1 For any N > 1, let %f\? = UizN UjeJi {IO(f(x§i))’ (r(i))h—e)}7

o = U U o), ¢¢ = J U {@o n() -1}

>N jeJ; i>N jeJ;
and for any y € Ry (E) let 65y = U;sn UJEJM Qy( ! ’Tj(i)).

Then €3, €5, ‘gﬁ and ‘503/7]\, form respectively a (6y5)"~-covering of Rf(E), a dx-
covering of Gy(E), an n(dy) - dn-covering of G¢(E), and a dx-covering of L} ,(E).

Proof Fix N > 1. For any = € F, since for any ¢ > N there are balls in %; covering

z and §; \, 0, we can find a sequence of balls {B; = B(z;,7)}i>1 C sy % such that

v € Byforalll >1and r, \,0asl — oo. For each [ > 1, let 7; = |z — 2y| < r; and
= (2n(r;) cos @ + | sinf)) - . Since

lim inf log Of(BE% 1))
[ log 7

> hf(l‘) Z h and

togu(lyn B(Projs(f(x)), ) ) |
lllrg(glf oz 7/ > h,(Projy(f(z))) > 7,
!

if Projg(f(x)) € Ry (E), so we can find [, (depending on z) such that for all [ > I,

O5(Blw,m)) < ()" and pu(lg N B(Projy(f()), 7)) < (7))~
Now for any [ > [, we have

|f (1) — fz)| < Op(Blz, 7)) < (7)" < ()" < nlr) - 0.

This implies that :
— x € B(xy,m);

— flz) € L(f (), (r)"=¢) € Io(f (21), n(ror) ;



4.3.2 - Results on the Hausdorff dimension. 101

o (l’7f($)) S QD(xlan(rl) ’ Tl) )
~ lg N B(Projg(f(x)),7]) D Projo(R(a1,71)),
which gives us the conclusion.

Now we are going to show that the coverings constructed in Lemma 4.1 lead to the
expected upper bounds. In order to simplify the proof, we use the convention |Q| =
% sup, ,eo | — yl, the half-diameter of the set Q.

(i) Since we took € € (0,h) we have

SRl =33 (! = 3N Pyt < 9N

Qeeh i>N jeT; i>N jeT;

(ii) If A > 1, if we take € small enough so that h —e > 1, then n(r) = 1 for all r < 1,
and for N large enough so that oy < 1,

Z Q4+ = Z Zm(r](l)) ,T§i)>d+e _ Z Z<T§i))d+e < 9 N+1

Qecgg i>N jeJ; i>N jeJ;

(iii) If A <1, then h —e — 1 < —e < 0, thus for r < 1 we have r"~<"! > 1, and this
implies that n(r) < 2-r"=1 hence for N large enough so that dy < 1,

Z Q = Z Z(n(rj(z)) ~7"J(l) = =2 ZZ J(’ dte < 9fft  9-N+1,

G i>N jeT; i>N jeJi

(iv) If h <1, for the same reason as (c), for N large enough such that iy < 1,

Z |Q‘d+1*h+2€ — Z Z Z |Qk(x§i)’r§i)>’d+l—h+2e

Qev§ =N JETi ke (V)

ZZ zd+1 h+26<2 ZZ (@) d+e<2 N+2
J

i>N j€T; i>N j€T;

Now by letting N tend to infinity and then e to 0 we obtain the desired upper bound
for dimy R(E) and dimy Gf(E).

Next we prove the upper bound for the Hausdorff dimension of the level sets.

Ifs=d+e—(y—¢€)(h—¢€)>0and h <1, then for any N large enough we have

[ Y ek
yeR)J (E)

Qe%g{N

S Y ek u(Proi(@)

z>NJ€j 0 QGQy( (@) T(i))

< 33 0y (ranel + 1) - (Proj (R, 1)) )

i>N ]ej” 1l

IN

<smce Q| = 7" ) and #04 (x; @ ](l)) < |tan6| + 1)
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< (|tanf| + 1) Z Z ](z) (271 ](Z)) cosf + [sinf|) - r ))7_

>N ]gj“ Y
< C’Z Z Yhmet rj(.i))v_e (we used h < 1 and N large enough)
>N jegty
_ CZ Z (r§i))d+s < CZ Z(r§i))d+s < 9Nty
>N jegty i>N jeg;
where C' = 22079 (|tan | + 1). Due to Borel-Cantelli lemma we get for u-almost every

€ Ry (E),
dimpy L ,(E) <s=d+e—(y—€)(h—e).

Applying this with a sequence (€,),>1 \, 0 we get the conclusion.

4.4 Proof of Theorem 4.3 and Theorem 4.4.

From now on we assume that (A1)-(A3) hold.

4.4.1 Cantor-like subsets of &+ carrying Lg

For any u € o/*, define the b-adic interval I, = {m(t) : ¢t € [u]}. By construction we
know that the limit functions Fy and F7, satisfy the following functional equation : For
any u € &%, s,t € I, and U € {W, L},

Fy(s) = Fu(t) = Uy - (F 0" - (s = m(w) = FO - (b= m(w)) . (414)

For u € &/* and U € {W, L} we define the oscillations Oy (u) = Osc ([0 1]). Then
from (4.14) we deduce that for any u € &* and U € {W, L},

Oscr, (1) = Uy - Op(u). (4.15)

Denote by u~ (resp. ut) the unique element of 271"l such that 7(u~) = 7(u) — b~
(resp. m(ut) = m(u) + b~1*) whenever 7(u) # 0 (vesp. m(u) # 1 — b~1).

Recall (4.4), the definition of £(q) and g(q) For any q € J, € > 0, u,v € &/* we
define the following subsets of € :
0.0 = {weQ : {Wiw), Wo-(u), Wer(u)} € [ePIE@+, i)
0.0 ={weQ : {Lw), L), Lo (w)} [, eiEo-all,

@Eu](f) = {w € : {OU(UU), Oy (uv™), Oy(uww™),U € {L,W}} C [elvle, elvle]}
(4.16)

For g € J, e > 0, u,v € &/* we define the indicator function :

11[]71] (q7 ) 1 (q E)OW[ul(q E)ﬂﬁ[u]( ) (417)
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and for ¢ € J and € > 0 we define the random subset of &7+ :

A (goe) = {fue ™ 12

|

(q, e) = 1}’ %anL (q> E)C = /" \ %M— (C], 6)'
From Chapter 3 we can deduce the following proposition :

Proposition 4.3 Let K be a compact subinterval of J. Then for any € > 0 there exist
constants C' = C(K) > 0 and § = §(e, K) > 0 such that for any n > 1,

E(sup Z 1g([u] N ) (g, e)c)> <C-n-b™.

g€k uegm

Now for n > 1 and € > 0 we define the random Cantor-like sets in .o7™+

Cn(g,€) = ﬂ szpm(q, €), and C(q) = lim lim C,(q,¢). (4.18)

e—0 n—oo
p=>n

Then we can deduce from Proposition 4.3 that, with probability 1, for all ¢ € K, p, is
supported by C(q), that is, u,(C(q)) = ||1qll = Yy > 0.

It worth noting that by construction, for any t € C(q), we have

. log Wy, (@) . log Wy (2) . log Wt\i(g)
lim ————— = lim ———— = lim ——*— = £(q),
n—oo —N n—oo —N n— oo —Nn
_log Ly, (9) . log L. (@) . log Ly (2) -~
lim —————= = lim ——*— = lim ———— =¢(q),
n—oo —nNn n—o00 —Nn n—oo —N
1 t 1 t 1 |
lim 0800(n) _ oy, 108 0ulth) _ 0eOutls) _ oy ¢ ey

Moreover, due to (4.15), the above equalities imply that

log Oscp(B(A(t),7)) _ S(Q)/g@ =7'(q).

lim
r—00 log r

4.4.2 Proof of Theorem 4.3

Proof Recall that for ¢t € &* U &N+ and U € {W, L} we use the convention Fy(t) =
Fom(t).

For any s,t € @/* U @™+ and v > 0 we define the Riesz-like kernels :

_ [ (Fu(s) = FL®OP + [Fw(s) — Fw (O) 72 v 1, ify > 1

Krls,t) = { Fir(s) — B ()] V 1, ity <1 (A1)
Recall that the definitions of v“(q) and v%(q) are given in (4.11) and (4.12) res-
pectively (see also Remark 4.6). For ¢ € J, S € {G,R} and § > 0 we will use the

notation
/Ci(;(s, t) = }C,YS(Q),(;(S, t)
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Recall (4.18), the definition of C,(g,¢€). For ¢ € J, ¢ > 0 and 6 > 0 we define the n-th
energy for n > 1 and S € {G, R} by

o= [ IC5a(5:1) Aty 1)
5,t€Cn(q,€),57#t

Let K be any compact subinterval of J. We assume for a while that we have proved
that there exists dx > 0 such that for any ¢ € (0, k), there exists €5 > 0 such that for
any n > 1, e € (0,¢5) and S € {G, R},

E (sup I 5(q, e)) < 00. (4.20)

qeEK

The following lemma is a slight modification of Theorem 4.13 in [51] regarding the
Hausdorff dimension estimate through the potential theoretic method.

Lemma 4.2 Let p be a Borel measure on R™ and let E C R™ be a Borel set such that
w(E) > 0. For any v > 0, if

// [z =yl V1 du(z)duly) < oo,
T, yEE x#y

1 ({x € E:dimy, u(x) = liminfM < fy}) =0.
r—0+ log r

then

Then, it easily follows from Proposition 4.3, (4.20) and Lemma 4.2 that, with pro-
bability 1, for all ¢ € K
— for p¢-almost every x € G4 := {(FL(t), Fw(t)) : t € C(q)} C Gr(7'(q)),

— 1im ;i 1 G G .
by () = lim inf 1= log 1ty (Blw,)) 2 77(q) = &

~ for plt-almost every y € Ry := {Fw(t) : t € C(q)} C Rr(7'(q)),

T . 1 R R
Py () = lim inf 12 og i (B(y, 7)) = v7(a) = 0.

We can consider a countable sequence of compact subintervals K,, C J such that
UK, = J and a corresponding sequence 6, € (0,0, ). Then the above facts imply
that with probability 1, for any ¢ € J and S € {G, R}, for uf—almost every x € S,
hus(z) > 75(q), hence dimy(u3) > 7°(q) (we use the mass distribution principle, see

[51]).

To complete the proof, we use the fact that, with probability 1, for all ¢ € J,
(il is carried by the iso-Hélder set Er(7'(¢q)). Then, applying Theorem 4.1 to any set
E' < Supp(u?) N Ep(r'(q)) yields

dimy (1) < dimy(uP) v ((dimH(uf) F1—7(q) A di‘ifééﬁ)ﬁq >> |
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dimp (1))
7(q)

and the conclusion comes from the fact that dimp () = 7(7'(¢)) for all ¢ € J.

dimp () <

Now we prove (4.20).

For any ¢ € K and € > 0 we define the neighborhood of ¢ in K :

U(q) = {q € K: _max la(q) — a(q)| < e} . (4.21)

ac{& g,y R}

By continuity of these functions, the set U,(q) is open in K.

For any u,v € &* U &N+ and p > 2, we define the indicator function

1p(u,v) = Lp-rt1 <pm(u)—n(v) <b-r+2}-

For any u € o/* we use the notation

[u]g.e = [u] N Calg; €).

q?E

Notice that for ¢ € K, 6 > 0 and S € {G, R} the Riez-like kernels K} ; are all positive
functions and, moreover, by the continuity of Fy and F; we have for any s,t € @/™+,
lim,,, 0 Kié(s]m, tlm) = ICi(;(s, t). Then by applying Fatou’s lemma we get

IS5(a¢) = // i K58l Hn) it (3)dpag(t)
$,t€Cn(q,€),

st M0

-/ lim K5 (5l o) ity ()1 (1)
5,6€Cn(q,€);1p(s,t)=1 "7

p>2

< Stmint [[ S5 (ehthe) ()1
p>2 m—0oo 5,t€Cn(q,€);1p(s,t)=1

= D lminf  »" K 0) - (g ug(l)
p=>2 uwEL ™1y (u,w)=1

< Dliminf YT Kgpu ) pgl(ulydug([0);),
p=>2 U e ™1y (u,v)=1

where the last inequality comes from the fact that due to (4.19) and (4.21), for any
ge K, e>0and u,v € &* U™, we have sup,cy;, g Ko 5(u,v) < K25, (u,v). Let

Apm= D0 Kselww) pg((uly (o],
w, €L ™1, (u,0)=1

Then,

sup Iié(q,e) < sup Zliminf Apm
q€Ue(q) q€U(q) p>2 e

< sup Z( pmp T Z |Ap7m+1 - Ap,m|)

q€U:(q) p>2 m>my
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< Z< sup Apm, + Z sup |Apmi1 — p,m|>a (4.22)

p>2 q€Ue(q) m>my q€Uc(q)

where for p > 2, we can choose m, > 3 to be any integer. We have

sup Apn < (Ifge) and  sup [Apmir — Apml| < (A[rfge)p,ma (4.23)
q€U(q) q€U(q)
where
S, n n
([nq E)P = Z ICq 5—}—6(“ U) Supf Mq([u]q,e)uq([v]q,e)7
u,vEL ™1, (u,v)=1 9€Ue(q)
S,0 n n
(Ajn ,q, e) = Z ‘lcq 6+e uul’ UU/) - ’Cg,cs—i-e(ua U)‘ Supf Mq([uu]q,e)ﬂq([vv]q,e)7
w,wEH M u! v gl qEUE(q)
1p(u,v)=1

and we have used the equality pq([u]y ) = >, c./ tq([unuly,) to get the second inequality.

Remark 4.6

(a) For technical reasons, we need to divide J into three parts, in which K will be
chosen :

Ji={qe J:v%q) > 1},

Jo={geJ:1%0q) <1, 7'(q) <1},

Js={ge J:7%q) <1, 7'(q) > 1}.
Then, due to (4.11) and (4.12), with h = 7'(q) we have

™h)+1—h ifqe Jy, 1 .
G x - R/ \ _ if g € Jh,
7o) = :Ezg/h ZZZ 2 ﬁ and "(q) = { (h)/h ifq € JoU J.

(b) Here we briefly explain why dimy(u$) = % (q) = 7(7'(¢)) when q € J5. Thus
we will not consider this case in the rest of the proof.
From Chapter 8 we have dimy(u)) = 7*(7'(q)) and p is the orthogonal projec-
tion of pS onto the x-azis, so we automatically have dimy(pS) > dimpg(pl) =

m(7'(q)). Then to prove dimp (1) = v%(q) we only need an upper bound estimate,
but this estimate is actually a direct consequence of Theorem 4.1.

For any compact subinterval K of J there exists cx € (0,1) such that for any
c<ck,Y%(q)—c>1if K C Jyand y(q) —c > 0if K C JoU Js. Let 0x = ex = cx /2.
An essential tool in this chapter is the following proposition, whose proof is given in
Section 4.5.

Proposition 4.4 Let S € {G, R}. Suppose that K is a subinterval of J; or Jy if S = G,
or a subinterval of Ji or Jo U J3 if S = R. Then there exists €, € (0,€ex) such that for
any 0 < 6 < dg, we can find constants ki, ke, m1,n2 > 0 and C' > 0 such that for any

jeK,0<e<e,n>1,p>2 andm>3-(nVp)

E ((]Sge)p m) < C VPP plipanyrin | oM (nVp)triem,

E <(A[S”§7e)p7m) < O pmVPpHL | pra(nVp)—mam
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Ko+ 16m

Now we may choose m;, = =2 (n V p) (by modifying a little 7, we can always
2t 0m _ _ 0mm . »
assume that > 3) and €5 = €, A et Lon) Then by using Proposition 4.4

and (4.22), (4.23), for any § < 0, § € K, € < ¢ and S € {G, R} we have

E| sup I75(q,€)
q€U(q)

5,0 S,

S Z E ((In,q,s)%mp) + Z E ((AIn,q,e>P7m>

p>2 m>mp
< Z C - b(n\/p)*erl . 61{p<n}m-n . efm&(n\/p)+me-mp + Z e/@-(n\/p)fng-m

p>2 m>myp
< . Z b(n\/p)prrl . 61{p<n}n1-n . 677715-(71\/1))+l€1-55-mp + €n2-(an)fn2-mp . 1

p>2 1 —er

< L ) Z p(nVP)=p+l | olipenyrin
T l—em

p>2

1s Ls
s . pommna  k2tgdn Ko+46m1
<e md-(nVp)+k1 mrng+ LonD) T (nVp) 4 652'("VP)—W2'+'(NVP)

= - 2. Z pVP)=p+1 | Jlipcpyrin | o= 50m(nVp)
— e 2
p>2
n—1
2C 1 :
. . n—p+1l  _Kk1n | ,—50mn . p—20mp
p=1 p=n
20 41 ) 1s 1—-b6" 1s 1
— . Tl ekl pmyomn R
I (b e o e T ey ) <o

Since for any 0 < € < €5, the family {U.(q) }ex forms an open covering of K, there
exist Gy, -, gy such that {U.(q;)}1<i<n also covers K. This gives us the conclusion.

4.4.3 Proof of Theorem 4.4.

Proof The proof of Theorem 4.4 exploits the main idea developed in [116] to study the
dimension of projections and sections of sets. Some complications come from the fact
that we want results holding for uncountably many sets and measures simultaneously.

Through the proof we use the same notation as in Section 4.4.2. Moreover, for n > 1,
q € J and € > 0 we define

Gulg.€) = {(FL(s), Fiw(5)) : 5 € Culg, €) }
and for 6 € [0, 7) we define R, ¢(q,€) = Projy(Gn(q,€)) C lg,-

For any y € [y we define the lower derivative of the measure Nﬁe ‘ R, o(q with respect

76)
to the one-dimensional Lebesgue measure on [y at y :

|
Q(MiO{Rn’g(q7e)v y) = liminf — - luf,@ (B(yv T’) N Rnﬁ(Q7 6)) :

r—0t T
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We fix a compact subset K C J; (recall Remark 4.6). For any ¢ € K, we can choose
0 € (0,dk) and €, such that the conclusions of Proposition 4.4 hold. Notice that for such
§ and € € (0,¢,) we always have v9(q) — § — e > 1.

For s,t € &/ U &/™+ recall

Ki(s,t)™" = (IFL(s) = FL(t)]* + [Fw(s) — Fw(t)]*)* A L,
and for 6 € (—m/2,7/2) and v > 0 we define
dg (s, t) = Ky (s,1)7" - | sin(0 + 6,,)],

where 6, stands for the angle between (Fp(t), Fw (t)) — (FL(s), Fw(s)) and z-axis (clo-
ckwise). Notice that for any r > 0 and v > 1 we always have

1{dG (s,t)<r} < lgnlnf ]‘{dG (8m, tlm)<2r} < lgnlnf ]‘{dG (8| ms tlm)<2r}-

— 00

Now, recall (4.21). For simplicity we will also use the notation

M (u,0) = sup pag([ull)pg ([0)2,). (4.24)

q€U(q)

Then an integration similar to that used in the proof of Theorem 9.7 of [116], as well
as arguments similar to that used in Section 4.4.2 yield for any v > 1 (by using Fatou’s
lemma repetitively)

sup / D(pgy o Y)digy(y)de
/0 q€U(q) J yERn 0(q,€) ! |Rn9q ) @

— / sup / lim 1nf ,uq p (B(y, )N Ry0(q, 6)>duf’9(y)d0
0 yER, 0 (g,€)

q€U(q r—0+

< / sup liminf — / / 1, 0 rduG(:v)duRe(y)de
0 q€U() r—0t T yER, 0(q,€) JxE€GR(q,€) { y,9|§} a i

= sup liminf — / / Liag (s.<rpdptg(t)dpg(s)do
/0 q€U(q) r—=0t T S$ECK(gq,¢) JtECK(q,¢) {d RS !

< / sup liminf — Z// o lim inf LLdS (sl thm y<2ry Aitg (t)dpag(s)do
0 s,t n(q,e m—0o0

ot T
qeUc(q) ™™ p>2 1p(s,t)=1

< / sup liminf — Z/ltec . hmnilo%f Liag (s sty <2y Aitg () dptg (5)dO

ot T
qeUc(q) ™ p>2 1p(s,t)=1

< /0 sup liminf — thnllorif /ﬁtecnqe) 1L (slmstlm) y<2ry Aptg (t)dpig(s)do

0+
q€lUc(q) "™ 1p(s,t)=1

SMmfZAstmfZ]w@mthwwww

r—0t T q€U(q) ™M wvE o™
1p(u,v)=1
< hmlnf g 1 e de - M7
= ot 7 {d uv)<2r} ( )
p>2 uvedmp
1p(u,v)=1

Z Z / {1{dc (uu’ vv")<2r} ]-{dG (u,) <2T}}d9 UU , VU )>

m>mp u, €A™ ! v Eat;
1p(u,v)=1
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Z( Z lim sup — / 1{decv(u7v)§27,}d9~M£€(u,v)+ Z
0 :

r—o0+ T

p>2 upexd P m>my
lp(u,’v):1
/ /
E lim Sup — / |1{dG (uu’ wv")<2r} 1{dG (uw)<2r} ‘de (UU , VU ))7
root+ T

u, e Mu! v g
1p(u,v)=1

where m,, is taken as in the proof of Theorem 4.3.

Notice that there exists a universal constant C’ > 0 such that for all » > 0,

/0 Lag (wuy<arydd = /0 L{Jsin(0-+0.,)|<2r-K (w340 < O 1 - Ky (u, v)
and
/o 145w wory<ary = Lgag uwy<an [d0 < C7 - K (u', 00) — K, (u, )]

Thus by taking v = 79(q) — § — € > 1, we deduce from Proposition 4.4 that

E </ sup / Dttgl s, e V) (v )d9>
0 q€Uc(q) JyeRy 9(g.€)

< CHE D (Togdem, + > (AL Jpm | < 0.

p>2 m>myp

Then by using the same argument as in Section 4.4.2 we can conclude that with proba-
bility 1, for Lebesgue almost every 6 € (—m/2,7/2), for all ¢ € Jy, for p}y-almost every
y € lg, the lower derivative Q(,uf’e, y) is finite, which is equivalent to saying that ,ugg
is absolutely continuous with respect to the one-dimensional Lebesgue measure on [y.
This ensures that for ,uff(,—almost every y € ly, the following limit :

lim = b(x) dub(z)

+
r—0T T |z—l;9|§r

exists for any continuous function 1 : R? — R, and thus defines a measure #Z,g carried
by Ly N {(FL(t), Fw(t)) : t € C(g)}.

Now for the lower bound of the Hausdorff dimension of p¥ , we notice that like in
Theorem 10.7 of [116], we have the following equality for the v“(¢) — § — 1 energy

Iqﬂ

= / // 1V |z — xQ|—yG(q)—(S—ldMZﬂ(xl)dlu,zﬂ(:L‘Q)dLebg(y)
YER, 0(g,€) $1,$2€l gﬂG (g,€)

= liminf - // e 1{d st)gr}dG(sat)_wc(q)_é_ldﬂq(t)dﬂq('s)a
Ste n q7

r—0t T

where Leby stands for the one-dimensional Lebesgue measure on ly. By using the same
method as above to establish the finiteness of D(p/%,y), we can show that
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/ sup Z,p do
0 que(q)

<Z< Z lim sup — /07T 1{dgl(u7v)s2r}l@(u,v)d9 M. Z Z

p>2 u,wed P r—0t r m>myp u,ved Miu! W €t
lp(u,v)zl 1p(u,v)=1
1 s
lim Sljp ; / ’1{dg;1(uu’,vv’)§2r}K§<uul, UU’) - l{dg;l(w,u)§2r}lca<u7 ?)) |d0 ’ Mz;e(uv U)) ’
r—0 0 ’ ’

where Yy =7 —1=7%(G) -9 —e—1>0.
Notice that for the same universal constant C’, we have

/0 1{dgl(u,o)§2r}Kﬁ(u7 0v)df < C"-r - Kypi(u,v) =C - Ky (u,v)

and
/0 |1{dgl(uu’,vv’)§2r}lcﬁ (uulv UU/) - l{dg;,l(u,v)§27‘}lc§<u7 U) |d9
< (/Cg(uu/, UU/) \ KI?(“? U)) ’ /0 ‘l{dgl(uu’,vv’)ﬁm‘} - 1{dgl(u,v)§2r}}d9
+ VC§<U’UI? le) - ’Cﬁ(u7 U)' / 1{d§1(uu’,vv’)§2r} \ 1{dgl(u,v)§2r}d9
0 : ;
< s AR (w0,
where

AR5 (uu', 0') = </Cg(uu',vv’) V K5 (u, v)) K (ud v0'") = Ky (u, v)]
+ (/Cl(uu’,m/) v ICl(u,v)) s (und, 0"y — K5 (u, v))|.

Then
E / sup Zop dO | <E | ) (Z20 Jpm, + D ZS,; <oo,  (4.25)
0 qEUe(q) p>2 m>mp
where
(ATSS, o = D AKs(ud,v0) sup pg((und ]} ) g (007
w,wE M u! vl ot ; que(Q)

1p(u,v)=1

The justification of the finiteness of the right hand side of (4.25) is postponed to Re-
mark 4.7.

Now, by using the same arguments as in Section 4.4.2 again, we deduce that, with
probability 1, for Lebesgue-almost every 0 € (—m/2,7/2), for all ¢ € J;, for ,ufj@—almost
every y € lyg, we have

dimp (115 ) > dimp (sig) — 1= 7(7'(q)) — 7'(q)-

Then we get the conclusion by applying Theorem 4.1(b) to the measure ufﬁ since we

know that the for pf-almost every y € Iy, the lower local dimension hyr, (y) is equal to
1. q,
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4.5 Proof of Proposition 4.4

4.5.1 Main Proof.

Proof Due to (4.21) we always have

U Cula.e) € Culq.2e).

q€U(q)

Let px = 1V sup,ex{lal +&(q) + &(q) + |7()| +v(q)} < oo.
Due to (4.24), (4.7), (4.17), (4.21) and (4.6) we have

Mg;e(u7v) = sup Mq([u]g,e)ﬂ’q([v]g,e)
(IGUE(@)
= sup e 20y (g 203 Wou (D) [[We,0 (9)]Yg (u)Yy(v)
que(‘i)
< sup 1{[u]gye,[U]gﬁé@}67““'“”‘)(7@)72”“)Yq(u)Yq(U)
que(‘j)
< 1{[u137257[v]g,2€¢@}e‘““'*‘”')(”(q)“lpKE)YK(u)YK(v).

This gives us

(1'575 )pam < e 2m0(@)—4pre),

n,q,e
Z IC?,&Jre(U» U) : 1{[u]g’2€,[v};—’,gﬁéﬂ}YK(u)YK (U)> (426)

u,vEL ™ 1, (u,w)=1

(A]S"S Jpam < o 2m+1)(v(@)—dpxce) Z

n’q76
u,ved ™! wed1p(u,v)=1

|K§5+€(uu’, ') — IC;(;Jre(u, v)‘ e, e, 201 Y ()Y (0v'). (4.27)

q,2¢ q,2¢

Now we deal with the individual terms of the above sums.

Fix pand n in N, let r = pV n, and fix m > 3r.

Fix a pair u,v € @™ with 1,(u,v) = 1, so [A(u) — A(v)| € [b7PT1, b7PF2).
Without loss of generality we suppose that A(u) < A(v).

Since 1,(u,v) = 1, we have A(u) < A(v|;) < A(v[;).

Let

Vo= K e (u,0) Lgay oy 20y Vi (0) Vi (0);

- (4.28)
AV = |IC;;5+E(uu’, vo') — K25, (u, ) Ly, forin . 20y Yie (ut) Yie (00).

q,2€ q,2¢

Let us state two elementary claims.
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Claim 1. Recall that [u]?, = [u] N C,(g,2¢). Due to (4.17) and (4.18), if [u]?, # 0,
then for [ =r,--- ,m we have 1W‘ (@,26) * 1% (@.26) ° 1%1(5) = 1. Define

@) (7 _
1“ (7,¢) = 1{OFW (Lu|, )VOFy, (Iy), ) Se~m (@ =69), Op, (IU‘T—)ZS*T@(@ME)}: (4.29)
12(g,¢) = 1y, @201z, @2  rua201 2,520 10,(0) (4.30)

and 12(7,¢) = 17(g,€) - 1(q, ). Also, [uw']7, # O implies [u]?,. # (). Then, due
0 (4.15) and (4.16), we have

Ly, oo 20y < g, i, 20y < 180(3,€) - 180(q, €).

Claim 2. For w € &/* we define Zy (w) = Fg}"](l). Then from (4.14) we have
Fy(\(w) + b7 — By (AN(w)) = W (@) - Zw (w), Y w € o (4.31)

Due to (4.31) we have

Fw(v) — Fw(u)
Fy(v) = Fw(vl,) + Fw(v],) — Fw(v],) + Fw(v],) — Fw(u)
= W,-(9) Zw(vl|,) + Fw(vl.) — Fw(vl,) + Fw(v], ) — Fw(u).

By construction we have Zy (v|;) is measurable with respect to
A(l;) = o (W, L)(v], - w) 1w € &)
and is independent of
A(v];) = o (W, L)(w) : w € &%, |w| <71 or w|, #wl|,).
Also due to the statistical self-similarity (4.14) we have

- ({ W,o Fw (vl) = Fw (v]7) + Fw (vl,) = Fw (u),

L(hz)(q, €), Y (u), Y (uu'), Yg(v), Y (v0') ) C A%(ul, ).

Now, due to Claim 1 and (4.28) we have

Vo< Kspelu,v) - 18)(q €) - Yie(u)Yie(v), and
AV < AKS 5+5< u',vv') - lq(fv(q_, €) - Yic(uu')Yi (vv'),

where

Kq 5+e( v) = K(§§+e(ua v) - 17(1171)1(@7 €);
(4.32)

AIC_

1 _
S ire(utd,w) = K8, (wd,0v) — K35, (u,0)| - 180(q, €).

Then due to Claim 2 we have

E(V’AG@\;)) < E(Kf (w0 ‘AC 1) 187 ) Yielw)Yic(v), (4.33)
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E(AV(AC@\;)) < E<AIC55+€(uu’,vv/) AC(U|;)) 12)(q €) - Yi(un!)Yic(v0'). (4.34)

Recall in Remark 4.6 we distinguished the cases K C J;, i = 1,2,3 according to
whether or not the corresponding power on the kernel is greater than 1. Then, due
0 (4.19), once we have taken § < dx and € < ek, only two situations are left :

(1Fe(u) = Fo ()P + [Fw(u) — Fw()P) 72V 1 ify > 1
Ko sie(u,v) =
o (w) = B (0)] 7 V 1, iy <1
where v = v°(q) — 0 —e.

We have the following lemma, whose proof is given in Section 4.5.2.

Lemma 4.3 There exists a constant C, such that

12,3, €) - B(Kgyp(u,v)

_ o7 (6(@)+6e—(§(q)+6¢)(1— 7)) ify > 1
(q7 6) . (f(Q)+6€ l{pZn} (&(@)— 66)(1 'y))’ Zf’}/ <1

15’L(q €) - (AICS (ua, vv')

q,0+e€

)
r(E@+6e)(14+7)—m(E(@—6) 4
1@ (G .1 € gl
<C,-1,.(q¢) { erE@+69-mE@D -6 (1= iy < |

To complete the proof, it remains to count the average number of pairs (u,v) in
(&/™)? such that 1,(u,v) =1 and 1&2,1)1(6, €¢) = 1. This is done in the next lemma, whose
proof is given in Section 4.5.3.

Lemma 4.4 For m > 3r, we have

B3 1n0) 138G 0)) < 20,

u,vEH ™

Now, by using Remark 4.6 and the definition of v, i.e. v = v°(q) —d —¢ for S = G, R,
we have to deal with the following three cases (i), (ii), (iii) :

(v(@) —€(@) /€@) + 5+, ity >1, case (i)
l1—y=< d+¢, ify<1land K C Jy, case (ii)
(€@ — (@) /@) +d+e, ify<land K CJyor Js, case (iii)

Then, due to (4.26), (4.27), (4.33) and (4.34), since 1)(g, €), Y (u) and Yi (v) (resp.
Yi (uu') and Yi (vv')) are independent, taking the expectation of Yy (u) and Yy (v) (resp.
Yi(uu') and Yi(vv')), and using Lemmas 4.3 and 4.4, for cases (i), (ii), (iii) we have
(Ck stands for E(Yx), which is finite by Proposition 4.1(b)) :

E((Iig,e)p,m) < 20,02 - e 2O @—pxe) | proptl | ((2mr)(2(@)+8pc)
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¢ E@ 6~ €@ 169 (TR +0+0) Q)

e Hp<n} (§(0)—66)(1—7) or(£()+6¢— (E@—6e)(6+¢)) (id)

erl{p<n}'(5@)*6€)( ) 7(£(7)+6e— (5(‘7)—65)(%4-54-6)) (111>
— 2070}2,( . bT’—p+1 . 61{p<n}[(E(Q)_Ge)(l_'\/)vo]"’"

o~ E@3[6-8px —E(@)~6(X LS +61)e) repem gy

e~ (V@@ +£(@)5-[6-8px ~£(9)+6(5+e)]e) r+24pcem (ii)

o~ (E(@—[6-8px—¢(@ D)+6(SL 2D 4 5te)e)r+24pem (i)

Y

E ((AI“

e )p, > < 20.C% - e 2m+1)(V(@)—dpxe) | p2 . pr—p+l | (2m—7)(7(@)+8pKe)

e (E@+69(14+7)—m(E(@—6e) ()
| er€@+6)-m(E@-69(1-7)  (ij) and (iii)
= 20, 02 e 201(@)—4pre)p2 | pr—ptl

l(E(@)+6€)(1+7)—7(a)~8px €] r—(£(q) +18¢)-m (i)
el6(@)+6e—7(q)—8pxe|-r—((£(q)—6€)(1- ’Y)+240K€)'m_ (ii) and (iii)

Let ng = inf e £(q) A g(q) Under our assumptions we have ng > 0. Let

K1 = SUD,cfe max{6+8pK+2(q)+6M*§<q)'+12,6+8m<+5(q)+6%+12,§(q)+1,24pK},

= SUPgek max {3(&( +6)+v(q)+8px,€( )+v(q)+6+8pK },
Mk 5

€ = 2/41—&—2731}({;7[(\/1) NeEx, = 2 y N2 = g )

C =2C,C%b%.

Clearly those parameters are all positive and finite. Notice that

1—v2>4, in case (ii) or (iii) ;
7(7'(q))/7'(q) > 1 thus v(q) — &(q) > 0, in the case (ii) ;
1+7§3,5K\/6K<1 in all cases.

Then, by construction, we get for any d < dx and € < e,,
S,0 r—p+1 1 k1T —mé-r+riem
E((InQe> ) < C-b"7PT . erpsm}f T o7 !

n,q,e)p

and E((AI“) ) < O pPtl . graromem

which gives the conclusion.

4.5.2 Proof of Lemma 4.3.

Step 1. At first, we prove that the probability distribution of Zy = Fy (1) has a
bounded density function fy,, with || fw||cc = Cw < 0.

Let ¢(t) = E(e®?") be the characteristic function of Zy. Since we have Zy =
Z?;(l) W; - Zw(j), where {W;}; and {Zw (j)}; are independent, and the Zy (j) are in-
dependent copies of Zy,, we have

8(t) = E <IE (eit~2f;;éwj-zw(j) o(Zw(§),0< j <b— 1))) -F (H::) ¢(th)> ,
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Since E(|Zw|) < oo, simultaneously we also get

gb/(t) _ E(iZW . eitZW> =K <ZZ;:) iWk(b’(Wkt) Hj;ék qﬁ(th)) .
Notice that |¢(?)| = |¢(—¢)| and [¢'(t)] = [¢'(—1)], so we have |¢([t])| = |¢(¢)| = [¢(—1)]
and [¢'([t])] = |¢(t)] = |¢'(—1)], then

o) < E(TL_ lewil) =& ([T, le(wilo ) ; (435)
ol < E(S IWlle (Wl TL, lo(wiln)) s (436)

Define [ = limsup,_, . [¢(t)]. Since |¢(t)| < 1, we have [ < 1. From Fatou’s lemma and
the fact that P(V j,W; # 0) = 1, we have

- b—1
I < limsupE (szo |¢(‘W]‘t)]> <E (liinsup Hj:(] |¢(’VVJ’?5)‘) =[P

t—o0

This implies that [ = 0 or 1. Since we are in the non-conservative case, Zy is not
almost surely a constant. Consequently, we can use the same approach as in the proof
of Lemma 3.1 in [102| (which deals with the case W > 0), and using the fact that
E(maxo<j<p_1 |[W;|P) < E(VZE [WilP) < 1 for some p > 1, we obtain [ = 0.

Define N = ming<;<p—1,w,20 |Wi|. Due to assumption (A3) there exists a ¢ > 1 such
that E(N~9) < E(3—, 1w, 03| Wi|™%) < oo. Then by using (4.35), (4.36), the same
arguments as in the proofs of Theorem 2.1 and 2.2 in [102] we can get |o(t)| = O(t79)
and [¢'(t)| = O(t~@V) when t — oco. Now as a consequence (Lemma 3 in [4]) we have
that Zy has a density function, which is bounded by [, [¢(t)|dt < co.

Step 2. Recall that v =~°(7) — 6 — e and K5, (u,v) = K, (u,v), as well as

K5, (u,v) = Ky (u,v) - 190(q, €) := K, (u, v);

q,0+¢

AKS 5, (uu,vv') = }ICW(uu’,vv/) — le(u,v)| : L}%(cj, €) == A, (v, v").

Let us prove the desired estimates, i.e., there exists a constant C., > 0 such that

12,0, E(K (o) 4])

e (€@)+6e—(E(@)+60)(1-7)) ify > 1

1@ (7 ). )
<C, - 1,0.(q€) {er@(q)we—l{pzm~<£<@>—66><1—W, if v < 1;

12),(a. ) - BB (un, 00

A(];))
r(€(@)+6¢€) (1+7)—m(£(q)—6e)

1@ (s )€ , ify > 1;
<0y 15u(G ) {er(s<q>+6e>—m(&(q)—Ge)(l—v) if v < 1.

)



116 PROOF OF PROPOSITION 4.4

The o-algebra A°(v|,") being defined as in Claim 2, we simplify the notations of
the following quantities, which are measurable with respect to A°(v|;), hence constant
given A°(v|;") :

(A = Wvl;;
B = Fw(v) — Fw(vl,) + Fw(v];) — Fw(u);
o - 1, if p<mny

L= 26_17(5(‘?)_65)’ lfp 2 n, ’

Cy = e VP E@+60).
Dy = Fy (v') — Fiy (uu') — (Fy (v) — Fy (u));
Dy = Fr(v') — Fr(uu') — (Fp(v) — Fr(u)).

\

Let fw stand for the bounded density of Zy (v, ) obtained in Step 1. Let

0,(5.8) = (1Fw(®) ~ Bwlu) + 5P + [Fu(v) — Fofw) + 7). st € R

Define
00 = | g et
20) = A<ID2| ’%%(Oat)’dt ! L|<D1 \tlsﬁL\lgz\ %97(57t) o
0D = T B
) = [T - T e

From (4.29) and Claim 2, we have

107, €) - ‘FW(U) - FW(u)‘ A< Oy
This implies

12(@.0) - E(K (w o) A0l)) < 18 L RTZ Y aa

12(q,e) - AKX (u,v) < 1

U,

1@ - E(AK (w,v)| A°0)) < 18

AN
p—
©
S ~—
—~
N—
—N
—_
+
o~
|

u,

where we have used the inequality |z V1 —y V 1| < |z — y| holds for any z,y > 0.

Now, we have the following inequalities :

Az+B

(I) By using the change of variable y = “Z5= we get

_ P dy
12 (7.€) - < CwlA 101”-/—W;
wal@€) - Ci(7) < CwlA]7C,y 1)



4.5.2 - Proof of Lemma 4.35. 117

(IT) It is not difficult to check that when Fp(v) — Fp(u) > Cy and |t| < |Dsy| we
always have

0 0
2 g 0.0] [ L 5.0)] < 510 = Fulw) + 6777 < 5 (C= D2y v 0)
In fact, we have

g0.n] < 7| Fo(v) = Fy(w) +1] v
ot (\Fw(v) — Fy(u)|?2 + |Fp(v) — Fp(u) + t|2) >

< FFJ(JZ;@)P;(ZL)%EEQ =~ |Fr(v) — Fp(u) +t|777 !

‘ggv(s,t)‘ < 7 Fw(v) = Fiv(u) + 5|
” (|FW<U>—F (W) sf + |Fufv) = Fulw) +47)
7 |Fiv(v) = Fiv(u) + 5| - |Fi.(v) = Fi(u) +4] 7
< The) — Fl) + P 7T 0)~ Fu) 17
v 1 FL(v) — Fy(u) +¢7
T 2AR(0) — Fr(w) + ]

(where we have used that for any a,b > 0
definition of (»(y) yields

12(7,€) - G2(7) < 2((Ce — | Del) v 0) (| D1] + [ Da)); (4.40)

(ITI) By using the change of variable y = Az + B when v < 1 we get

< [Fp(v) = Fr(u) +4 77

, =2 < 5;). This together with the

d
120, 6) < Culdl ™ [ S a0l iel
lu|<Ch ’ 1
IV) By using the change of variable y = A”B we get
( y using g y = g

Dy 1 1
1) <C |10y / — d
Me.9 - G0) < Cwpy | |~

Now we notice that

1 1
2 —y
y 4+ 1)y (v > 1 and/‘ —
/R( 7y (> and PR TR

are both finite and when 11(32,(@, €) = 1, we have

dy (v < 1)

|A|71 = | | 1 < pr(&( +2e)
D,y < OscFL( o) + Oscp, (I,) < 2b-m(E@-69)
D, < Oscpy, (L) + Oscp, (1,) < 267™E@— )

Moreover, when v > 1 we have £(q) < g(q_), so if m > 3r and g(q‘) — 12¢ > 0 then

Ca(7)

(b~ r(€a 046 (1 — b*(m*T)(f(é)*ﬁﬁfie))]—7—12(b—m(€(§)—66) + b—m(f(ti)—ﬁe))
4 . prE@+6e)(147) | p=m(E(@)—6e)

IAIA

Then by applying these inequalities to (4.37), (4.38), (4.39) we get the conclusion.
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Remark 4.7 At the end of the proof of Theorem 4.4, we define two quantities
AR5 (un, vv'") and (AI;fge) e and we claim (4.25). We justify this claim here. In fact,

—~——

(AIfge)pm and (AI;?SG) ., can be estimated from above similarly : we have (the first
inequality is similar to (4 38))
103, €) - 12(@,0) - A5 (ud,v') < C37 - G(1) + O3 ' G(7)

< 2(Cy — [Dof)*77(| D | + | Do),

which is exactly the same bound as in (II) for 11(3,@((], €)- CQ( ) (we have used (4.40) with
v =1 and v =7). Then, the upper bound estimation of ( Ifge) m can be treated like
that of ( Ifge)p,m, and one obtains the same estimate as for & ((AI“% )p, ) :

nq?

E ((AI” ), ) <O grermm,

n,q,e

which is enough to get (4.25).

4.5.3 Proof of Lemma 4.4.
Proof Let

Spm = > Lp(u,0) - Ly 20 Lniaze - 1ry, @20 Li(aze)

u,vEA ™

1$u\r (@26) 13“(‘?726) ’ 13’0\7« (5726) lgv (‘7726)

2)
uvEL ™ 1P(u7 U) ' 17(%1)1((]7 6) S Spym'
Recall that » = pV n and m > 3r. For any u € &™ we write u = ul, - v/ with
u' € &7, From (4.1) we have W, = Wy, - Wy (ul,), so Ly, (@20 " Lri(g20 = 1 implies
that

Then by (4.30) we have >

+r

“Zm=r9).

(W (ul,)| € [6—(m—r)(£(fi)+2%f:e)’ o (m=7)(&(@)
Thus, when m > 3r, we have
Ly, @20 - Wru@2e < 1y, (a2e) - 1%7\74@46),

and, moreover, 17/‘ (@20 and 1 are independent. Simultaneously we also have

#1817 (7.40)
Ly@2e) - Iriae < 1wy @20+ Lyt g gy
L @20 1zu@20 < 12, @29 " L gtuin) g g
12, @20 1z.@20 < Loy, @2 - Lyt g a0

We can drop the terms 1y, (z2¢ and lg, (g2¢) so that the remaining indicator func-

tions on the right hand side of the above inequalities are independent. Since for each
u € &/™, there are at most 20" P! many v|, such that 1,(u,v) = 1, we get

E(Nym) < 200 P7E( ) y@oolaaeg) - E( Y Ly, (g0 L 2u(gac)

ued" ucgm-—r
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For g with |g] + £(7) + €(@) + [7(q)| < px we always have
Lyyg20 < [Wal?- (@@ +20K) gnd 14, (@20 < L@ el (=T(@&(@+2pxe)
For k € {r,m — r} this yields
B (Z Ly (g 1%(@4@) < 0@,
uck

where recall that v(q) = G£(q) — T((j)g (). This gives us the conclusion.



Chapitre 5

Graph and range singularity spectra of
random wavelet series built from
Gibbs measures

This chapter deals with the graph and range singularity spectra of random wave-
let series. We apply the method used in Chapter 4 and achieve the graph and range
singularity spectra for random wavelet series built from Gibbs measures.

5.1 Introduction

5.1.1 Orthogonal wavelet basis and multifractal analysis

Let ¢ be an rg-smooth mother wavelet on R, with ry € N*| so that the functions
{¢jr = (27 - —k)}(jkyezz form an orthogonal wavelet basis of L*(R) (see [119] for
instance for the definition and construction). Each function f € L*(R) can be written
as

flz) = Z djk - ¥k(x), where

(4:k)€Z?

where the wavelet coefficient d;, is given by
djp = Qj/f(t) - x(t) dt.
R

It is known that the asymptotic behavior of the wavelet coefficients provides fine
informations on the Holder regularity of the function. For example, due to Proposition
4 in [81], if there exist constants Cy > 0, €y € (0,1) such that |d;x| < Co27“7 for each
j >0 and k € Z, then f is ep-Hélder continuous, that is there exist C' > 0, § > 0 such
that for any z,y € R with |x — y| < 9§, we have |f(z) — f(y)| < Clz — y|®. Moreover,
once f is €p-Holder continuous, one can also obtain the pointwise regularity of f from
its wavelet coefficients : for each (j, k) € Z? define the wavelet leader

Lix =sup {|dywl : (' K) € 22, W27, (K +1)27) € [k27, (k+1)277) }

120
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and for o € R and j > 0 define the coefficient
Lj(l'o) = sup {Lng ke Z, Xo € [(k — 1)27j, (k + 2)27])}

and the exponent

hs(z) = liminf —j ' log, L;(z). (5.1)

j—to0

Then, due to Corollary 1 in [81], for any z¢ € R, if [hs(xg)] < ro we have
hy(zo) =sup {h > 0:3P € Clz],|f(z) — P(z — z)| = O(|z — zo|"), 2 — zo},

that is ﬁf(xo) provides another very natural pointwise exponent for f at x, whose
connection with hs(zo) is explained in the following remark.

Remark 5.1 By definition we have hy(xo) < h(zg), and hy(zg) = hy(xo) if neither
of them is an integer. The difference between these two exponents is that hy(xo) is not
influenced by addition of a polynomial function, whereas h¢(xo) describes directly the
oscillation of function f around xqy, and his sensible to the addition of a polynomial
function.

Wavelet expansion is thus an effective tool to study the local regularity of a function.
It is also connected to the Hausdorff spectrum as follows. Define the scaling function of

f as

& 1 q € R &p(q) = lim inf —j ' log, > |L; 5|9 (5.2)
! k€Z:[k23 (k4+1)2-9]C[0,1],; 10

Then, if ry is large enough so that hs(z) < ry for all x € [0,1] ,we have

dimp{z € (0,1) : hy(z) = h} < &(h) == zgﬂf;q -h—¢&:(q), h >0, (5.3)

where a negative dimension means that the set is empty [81, 82]. One says that the
restriction of f to [0, 1] fulfills the multifractal formalism at A > 0 if the above inequality
is an equality.

5.1.2 Random wayvelet series built from multifractal measure

In [23|, Barral and Seuret construct a class of wavelet series by directly taking the
wavelet coefficients built from some well-known multifractal measures, in such a way
that the Hausdorff spectrum of the wavelet series can be directly deduced from that of
the measure.

Specifically, let u be a positive Borel measure on R supported by the interval [0, 1],
and define

oo 27—-1

Fu(x) =Y djp - tjr(x), where djj, = £277007Vm0) (k277 (k + 1)277)) /7o,

=0 k=0

with sg,pp > 0 and sg — 1/py > 0.
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Denote by I = [k277, (k + 1)277). Notice that in this setting, the wavelet leader
L is nothing but |d; x| = 2770=1/P0) ([, )1/P0 thus due to (5.2), we have

€k, (0) = a(s0 = 1/po) + 7u(a/po), 4 € R, (5:4)

where the so called Rényi entropy or L? spectrum of u is

Tu(g) = lim inf —j log, Z 1{;1(1],,6)7&0} pLin)?, g € R (5.5)

n—oo )
k=0,--- 291

By construction, F), is (so — 1/po)-Holder continuous and belongs to the Besov space
Byo>(R) if sy < ro. Moreover, if p fulfills the multifractal formalism for measures at
a > 0 (in the sense of [40]), then the restriction of F), to [0,1] fulfills the multifractal
formalism described above at h = sg — 1/py + o/py when [h] < 1y (see [23]).

From now on, F), stands for the restriction of F), to [0, 1].

In [23]|, Barral and Seuret also considered some random multiplicative perturba-
tion of F,. It consists in considering a sequence of independent random variables
{7ik}jz0, kefo1, 2113 and then the wavelet series F?"* on [0, 1] whose coefficients are

: t
given by di}" =7 - dj

co 29-1
Fpert( Zzﬂjvk :|:2 J(so— 1/p0)ﬂ( )/p0> ¢Jk-( )
k=0

7=0
Under certain conditions on the moments of 7, , for example,

(A1) For any ¢ € R we have sup;>osupy_g ... 21 E(|7;£|?) < oo.

they show that, with probability 1, Fﬁ’ert fulfills the multifractal formalism at h whenever
F,, does.

5.1.3 Main result

This chapter studies the graph and range singularity spectra for random wavelet
series FP", where y is the canonical image on [0, 1] of a Gibbs measure 1, associated
with a Holder potential ¢ on a symbolic space ¥ (see Section 5.2 and 5.3.1 for precise
definitions).

The random perturbation of F), is essential to our approach based on the potential
theoretic method for the estimation of Hausdorff dimensions (see Chapter 4 in [51]). The
efficiency of the combination between randomness and potential theoretic method has
been used to compute the Hausdorff dimension of the whole graph of classical processes
[51], random Weierstrass function |72] and random wavelet series [139] (see also [77, 13§]
for questions related to the dimensions of the whole graph of wavelet series).

In addition to (Al), we assume :
(A2) The mother wavelet ¢ has only finite many zeros on [0, 1].
(A3) Each random variable 7;; has a bounded density function f;; and for any

¢ > 0 we have ijo(supk:(),.“?gj_l I fiklloo) - 277¢ < o0.
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Under these assumptions we prove the following result :

Theorem 5.1 With probability 1 for all h € (0,1) such that & (h) > 0,

dFﬁ)ert(h) f;u (h) *
AGen(h) = <= (dFMpm(h) v1- h) = 2 A <§Fu(h) v1- h),
dpere(h) &, (h)
dem(h) = — 5 Al = " Al
Remark 5.2

(1) Since we are dealing with sets on the graph and range, it is more convenient to
use the oscillating exponent h Fpert- But while transferring the local dimension of Gibbs
measure p to the Holder exponent of wavelet series F pert, we have to use h Fpert So to
avoid complications, we only consider the iso-Holder set EFEert(h> for h € (0 1), since
in this case hF}:e” and h pper are equal everywhere on the set EFEL)ert(h>. For h > 1, it
is clear that dimy G FEert(h) = dimpy EFEL)ert(h>, which provides us with the whole graph
spectrum. But we have no result for the range singularity spectrum for A > 1.

(2) Notice that our result is uniform. It is valid almost surely for all A € (0,1) with
&k, (h) > 0, and not just for each i € (0,1) almost surely.

Let us roughly explain our strategy to prove Theorem 5.1. We apply the potential
theoretic method to families of images of Gibbs measures on the graph and range of
F }jert. We must consider the restrictions of the potentials (¢¢),er on a sequence { Xy }i>1

of subshifts of finite type of ¥ whose canonical projection )N(k in [0,1] has a positive
Hausdorff distance to the set of zeros of ¥, which tends to 0 as k tends to oco. We also
need to consider the canonical projections on [0, 1] of the equilibrium states of these

restricted potentials, that we denote by {(,u((lk))qeR}kZL Then for each k 2 1, there

exists an interval Jj, such that for each ¢ E Jk, there exists an exponent h € (0,1) as

well as E( C EFpert(h )) M X}, such that ,uq (E( ) > 0, and two numbers yég,yéR >0

such that for any ’5 > 0 small enough, almost surely, for all ¢ € J,
(k)
] EE ) = FEmOF + bs = ¢) 002 au (a0 < o
s,t€E,

and

er er - (k)

J] I = RO (a0 < o
s,t€E,

This yields the almost sharp lower bounds

(k k (k)

deert (h )) 2 - 5 and deert(h((l )) '-)/ - 6

and by letting k tend to oo we can get the sharp lower bound in Theorem 5.1 (See
Section 5.3.3 for details).

The reason why we must consider subshift of finite type that avoids zeros of v is
that for proving the finiteness of the above integrals, we have to control from below the
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increment |¢(s) —¥(t)| when s € E¥) and t is far away from s. This is possible only if
s is never too close to the zeros of 1.

Here we must mention the results of Roueff in [139] which deals with the Hausdorff di-
mension of whole graph of random wavelet series. Briefly speaking, let {¢;x} ;>0 =0, 211
be a sequence of real valued random variables whose laws are absolutely continuous with
respect to Lebesgue measure. Let 7 (c; ) stand for the L> norm of the density of ¢;.
Roueff proves that (Theorem 1 in [139]) if ¢ has finitely many zeros on [0, 1], then the
Hausdorff dimension of the graph of the random wavelet series

27 -1

F@) =) > cin-tixl@)

>0 k=0

is almost surely larger than or equal to

5 i flogminz;‘.]{ iy min{lvT(Ci,k)'271'}'”(11‘,1@)2}
111 Sup 111m 1n

Toei—r00 —jlog?2

)

where v can be chosen as any probability measure on [0, 1] such that there exists a
constant C' and s > 0 such that for any Borel sets A C [0,1] and B C A such that
v(A) > 0 we have v(B)/v(A) < C(|B|/|A|)*, where |B|, |A| stand for the diameters of
A and B. Due to the scaling properties of the equilibrium state j,, of each potential
qp, ¢ € R, it is natural to try using Roueft’s approach to our problem : for j7 > 0 and
k=0,---,27 —1 we take

Cik = Tjk " deg, where dj,k = :tzij(soil/po),u,(‘[j’k)l/po,
this, together with (A3) and the definition of 7 (¢; ), gives us
T(cju) = 1 fimlloo - ldjel ™
Then, for ¢ € R and € > 0 define

di ..
En(g.€) = {xe 0.1]:¥ j > n, { 5.

’ c [Q—j(htz"‘f)’ Q—j(hq—E)L }
Mq(]j,kj,x ’

) c [Q—j(f;u(hq)‘f'e) 2_j(§;u(hq)_5)]

where 1, is the canonical projection of pg, on [0,1], k;, is the unique integer k such
that « € I = [k277, (k4 1)277) and hy = so — 1/po + 7,,(¢) /po- Due to Section 5.2.3
and 5.3.1 we have for any € > 0, j1q,(lim, .o E,(q,€)) = 1. By continuity we can find an
integer N, such that pg,(En,.(q,€)) > 0. Now we define v by v(B) = pig,(B N Ey, )
for each Borel subset of [0, 1] (here v(B)/v(A) < C(|B|/|A|)® holds with some constant
C, s =&k (hy) — €, and A and B dyadic intervals). Then for j > N, we have

271

Z min{1, 7 (¢;x) - 277} . V([j,k)2

27-1

> min{L || fiulloo - 1dial ™ - 27} - o (L N Ew, (¢, 6))°

k=0

271

< Z min{1, ||fj,k||oo . 2—j(1—hq—e)} . 2—2j(§}u(hq)—e) 1
k=0

IN

Hq<p(Ij,k)227j(§F” (hq)Jre)}
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271
< Z min{l, ||f],k:||oo . 2—j(1—hq—e)} . 2—2j(£;‘u(hq)_5) . 2j(§}u (hq)te) Mq&p(Ij,k>
k=0

271
< minf@ 0 sup ) gl 27RO ST (1)
k=0,---,29 -1 k=0

< (s [ fillee) 2T
k=0,---,27—-1

Then under assumptions (A1-3), due to the fact that p, is carried by the set EFﬁert(hq)

almost surely, Roueft’s result implies that, if §}M(hq) +1— hy — 4e > 1 (this is essential
in his proof), then almost surely

dgpert(hq) > & (hg) + 1= hy — de.

By taking a sequence of € tending to 0, we get the sharp lower bound for d %,ert (hg) given

by Theorem 5.1 when d?pert(hq) > 1. But this result holds only "for each ¢ € R almost
u

surely", so is not uniform like Theorem 5.1, and it seems that Roueff’s method cannot
yield such a result, nor the value of d%ert(hq) when d%crt(hq) <1andh, <1.

The rest of the chapter is organized as follows : Section 5.2 gives some definitions
and notations about subshift of finite type, Gibbs measure and its multifractal analysis.
Sections 5.3 and 5.4 provide the proof of Theorem 5.1.

5.2 Subshift of finite types, Gibbs measures and mul-
tifractal analysis

5.2.1 Subshift of finite type

Let ¥ = {0,1}" and ¥, = |, Xn, where ¥y = {@} and ¥, = {0,1}" for n > 1.
Denote the length of w by |w|=nif w € ¥,, n > 0 and |w| = 00 if w € ¥.
For w € 3, and t € ¥, |J 3, the concatenation of w and t is denoted by w - t or wt.
For w € 3, the cylinder with root w, i.e. {w-wu:u € X} is denoted by [w].

The set X is endowed with the standard metric distance
p(s,t) =inf{27" :n >0, 3w € X, such that s,t € [w]}.

Then (X, p) is a compact metric space. Denote by B the Borel g-algebra with respect
to p. Clearly B can be generated by the cylinders [w], w € X,.

Ifn>1and w=w; - w, €%, then for every 0 < i < n, we write w|; = w; ... w;,
with the convention w|y = &. Also, for any infinite word ¢ = t1t5--- € ¥ and ¢ > 0, we
write t|; = t;...t;, with the convention t|y = &.

For t € ¥ define the left side shift o : ¥ +— X by

0<t1t2..-):t2t3....
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A subshift is a o-invariant compact set X C X, that is o(X) C X.

A subshift X is said to be of finite type if there is an admissible set A C ¥,, for some
n > 2 such that
X={teX:0™(t)|,€ A, Vm>0}

The admissible set A induces a transition matrix B : ¥, 1 X ¥, 1 — {0,1} with
B(ay---ay_1,a3-+-a,) =1ifa;---a, € A, and B(i,j) = 0 otherwise. Then X can be
redefined as

X={teX:B0o™#)|p1,0""#)]n 1) =1, Vm >0}

The dynamical system (X, o) is called topologically transitive (resp. mixing) if B is
irreducible, that is for any i,j € 3, _; there is a k > 1 such that B*(i,j) > 0 (resp. if B
is primitive, that is there is a k > 1 such that B*(i,j) > 0 for all 4,5 € 3, ).

5.2.2 Gibbs measure on topologically transitive subshift of finite
type
Let ¢ be a Holder continuous function defined on ¥, which will be mentioned as a
Holder potential in the following.
Let (X, o) be a topologically transitive subshift of finite type of the full shift (X, o).

For n > 1 the n'f-order Birkhoff sum of ¢ over o is the function

n—1

Sup(t) = poo'(t), t€X.

1=0

The topological pressure of ¢ on X is defined by

Px(¢) = lim = log Z exp (maxSngo(t)) (5.6)

nee WEDp:[w]NX A0 telw]

(the existence of the limit is ensured by sub-additivity properties of the logarithm on
the right hand side).

It follows from the thermodynamic formalism developed by Sinai, Ruelle, Bowen
and Walters 38, 140] that there exists a constant C'(¢) (independent of X)), as well as
a unique ergodic measure p, on (X, o), namely the equilibrium state or Gibbs measure
of ¢ restricted to X, such that for any ¢t € X, n > 0 and ' € [t],.],

to([tn])
exp(Snp(t') — nPx(p))

and f1, possesses the quasi-Bernoulli property,

Clp) ' < < C(p), (5.7)

Co) e ([whpg([u]) < po(fwul) < Cl)up(Wpp([u]),  Yw,u € Xy, fwu]N X ?5(2)8)
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5.2.3 Multifractal analysis of Gibbs measure

Here we follow [134, 14]. Consider a topologically transitive subshift X of finite type
and a Holder potential ¢ on X. Denote by p, the equilibrium state on (X, o) with
potential .

Define the Rényi entropy or L? spectrum of p, as

7 (9) :hminf—%logZ S () geR (5.9)

n—00
WEDn i ([w])#0

It is easy to deduce from (5.6) and (5.7) that the above limit inferior is in fact a limit,

and it is equal to
1

- log 2

(qPx(v) — Px(qp)). (5.10)

Due to Corollary 5.27 in [140], if (X, o) is topologically transitive, then ¢ — Px(qy) is
a convex analytic function on R, thus 7, is a concave analytic function on R and

T, (Q)

1

~ o5 (Pxle) = S Px(ap). (5.11)

dg

7y, (q)

Denote by 7; :a € R — infjer qa — 17, (q) the Legendre transform of 7. Since 7,
is concave and analytic over R, we have for any ¢ € R,

(1 (@) = a7l (q) — T, () = —qd%PX(QSO) + Pulay). (5.12)

For a € {7, (q) : ¢ € R} define the set

E, (oz):{tEX: limw—a}

n—oo  log27"

and

= 1 t]n 1 w
E,.(a) = {t € X - lim 0g i ([t]n]) _ iy 08 MAXweN (tn) Lo ([w]) _ a},
¢ n—0oo IOg 2" n—00 log 9—n

where for any w € X, define the set of neighbor words of w by

|wl

N(w) = {u € By : ‘ Z:(uz —w;) 271 < 2_|w|}. (5.13)

By using (5.9), it is standard to check that
dimy E,, () < dimy B, (o) < 77 _(a).

Moreover, one can prove that this is actually an equality : For ¢ € R denote by f,, the
equilibrium state of gy restricted to X. Then applying (5.7) to p, and fi4,, together
with (5.10) we can easily get for any ¢t € X and n > 1,

(CIC(ae)) ol [thal) e ™D < pugo([t]) < COIC )] ™,
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Then due to [14] and the fact that pu, is quasi-Bernoulli, we get for pi,,-almost every
te X,

lim logu¢([t’n]) — lim logmanEN(t\n) Mw([w]) — (q)
n—00 log2‘n n—00 logQ*” He

and | .
lim Ogﬂqwq |n]) ™ (7 (q)).

n—oo  log27" o He e

Due to the mass distribution principle, this implies that for any ¢ € R,

dimy By, (7, (0)) = dimg () 2 7, (7,,.(0)). (5.14)

where for any positive Borel measure p defined on a compact metric space, the lower
Hausdorft dimension of y is given by dimg(p) = inf{dimy E : u(F) > 0}.

5.3 Proof of Theorem 5.1

From now on we fix a Hélder potential ¢ on the ¥ and denote by u the Gibbs measure
on (¥, 0) with potential ¢. We avoid the trivial case that ¢ is a constant function.

5.3.1 The multifractal nature of F, and F/f’ert.

Denote the canonical mapping

|wl

/\:wEZ*UEH)\(w):ZwiQ—iG [0, 1].
i=1

For w € ¥, let

Ty:x€R— 27" 2 4 Nw) and v, = 1 o T, .

Consider the wavelet series

Fu(x) =Y dy-thy(x), with |d,| = 271IC071/r0) () /ro. (5.15)

WED«

Up to the formal replacement of dyadic intervals by the cylinders of X, this is the wavelet
series built from the image of p by A in Section 5.1.2. Recall (see (5.4)) that

&r,(q) = q(so — 1/po) + 7u(q/po), ¢ € R.
So for a« > 0 and h = s9 — 1/py + a/po such that h < rg, we have
dimy{z € (0,1) : Bpu(x) =h} < f}u(h) =71 (). (5.16)

I

For ¢ € R denote by i, the equilibrium state of the potential gy on (X, o).. Applying
the results in Section 5.2.3 we have for any ¢ € R, for pg,-almost every t € 3,

o Jogu(lth]) _ o log maxuwen, p([w]) _ ()
n—00 log 2—n n—o0 10g 2-n
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Together with Theorem 1 of [23|, this implies that i, is carried by {z € (0,1) : hp, (z) =
s0—1/po+7,,(q)/po}- Then due to (5.16) and (5.14), we get that F), obeys the multifractal
formalism at each h = sy — 1/po + a/py such that h < 7y and o € {7/,(q) : ¢ € R} :

dimg{z € [0,1] : g, (z) = h} = &, (h) = 7 ().

The random perturbation F}L’ert is obtained from F), and a sequence of independent
random variables {7y }yex, as

FPri(z) = > my - di - Yu(),

WED

and our assumption (Al) is : For any ¢ € R we have sup,,y,, E(|7,|?) < co. We have
seen in Section 5.1.2 that this implies that

{ppere = &p, and }_LFEert = hy, over (0,1) almost surely. (5.17)

Thus, F Eert fulfills the multifractal formalism at h, whenever F), does.

5.3.2 Topologically transitive subshifts of finite type avoiding
the set of zeros of ¢

For k > 0 and z € [0,1), let x|, be the unique word w € ¥, such that
Mw) <z < Mw) +27F,
aswellas 1|y =1---1for k > 1.
Let Z =¢~1({0}) N [0,1]. We have assumed that Z is finite ((A2)).

For k > 2 define the set of forbidden words by

Ak = A(x),

TEZ

where

[ {al), if z ¢ \(2,),
Ag(z) = { {wke Y10 < Mxlp) — Mw) <27F}, otherwise.

Define the subshift of finite type with respect to Ay by
Xe={teX:0™t)|x & Ax, ¥V m > 0}.

Clearly for small k, the subshift X, might be a empty set. But, since Z is a finite
set, it is easy to see that X} is not empty for all k£ large enough. In fact, denote by
d=min{|lzr —y|:z,y € Z, x #y} >0 and ky = [—log, ] + 3. Then for any z,y € Z
with & < y, there exists at least one word w € Xy, _; such that x < A\w) < y thus
M| kg—1) < Mw) < AM(Y|ry—1), since y —z > § > 2=*0=2) This ensures that for k& > ko,
for all w € Ay, his brother w’ (the unique w’ € ¥y such that w'[,_; = w|x_1, W' # w)
is an admissible word. Thus for any u € ¥;_1, at least one of w0, ul is allowed in Xy,
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which also implies that for each u € ¥;_1, there exists an infinite word ¢t € X, such that
t|x = u0 or t|, = ul. So for k > ko, the Hausdorff distance between X} and ¥ is not
greater than 27% that is

dist (X, 2) := max{sup inf p(s,t),sup inf p(s,t)} < 27F (5.18)
SEX), tex sex teXy

thus it converges to 0 when k£ — oo.

Since X}, is a increasing sequence (it is easy to see that £\ X; D £\ Xj41), dimp X},
increases and converges to 1 as k — oo. Otherwise dimp U, Xk < 1, thus |, Xk is not
dense in ¥, which is in contradiction with (5.18). Here dimp is the upper box-counting
dimension (see [51] for the definition and properties).

It is known that any subshift of finite type can be decomposed into several disjoint
closed sets X1, -+, Xim, m > 1, and each of them is a topologically transitive subshift
of finite type. This can be deduced from the non-negative matrix analysis that one can
always decomposes reducible matrix into several irreducible pieces.

The finite stability of dimp (see Section 3.2 in [51]) implies

dlmBXk: max dimBXM,

=1, m

so we can choose one of the X, such that di_mBX;m« = dimp X} and also denote it as
X Then we obtain a sequence of topologically transitive subshift of finite type (Xj)g>1
such that the upper box-counting dimension dimpX}, converges to 1. We prove that this
sequence converge to X in the Hausdorff distance :

Suppose that it is not the case, then there exist an ¢ > 0 and a subsequence
(Xk;)j>1 such that disty(Xj,,¥) > e for j > 1. Fix an integer N > —logye + 1.
Then disty (X, X) > € implies that there exist a w; € Xy such that X N [w;] = 0.
Since #X 5 = 2V is finite, then there exist w, € Yy and a subsequence (Xk;.)]Zl of
(Xk;)j=1 such that Xy N [w,] =0 for j > 1.

Since X, K, IS a subshift of finite type, X k0 [w,] = 0 implies that
X, C Xoi={t € Z:0™(t)|n #ws, Vm =0}

Denote by B, the transition matrix of X, and A, the maximal eigenvalue of B,. Due
to the standard Perron-Frobenius theory (|142|, Thm 1.1), A, is strictly less than the
maximal eigenvalue of the transition matrix of the full shift, which is equal to 2. This
yields that dimpX, = log\,/log2 < 1, which is in contradiction with the fact that

To end this section, since 1) is rg-smooth, for each k > ky we can easily find a constant
cy k. > 0 such that for each t € Xy,

(LA™ () [n)] = cpn, V=0, n > k. (5.19)

This is the main property required in our proof, which clearly would not hold if we
considered any t € .
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5.3.3 Lower bound estimation

For k > kg and ¢ € R, denote by ugk) the Gibbs measure on (X}, o) with potential
qe.

Apply (5.7) both to ;L((]k) and p, together with (5.10) we have for any ¢ € X and
n>1,

Ps(av)—Px, (a¢)

(C(p)C(qp))  u[t]a]) e e @e ez < plB([t],])
Ps:(a9)—Px, (a¢)
< C()C (g p([t]n]) e e @ Tz

By using large deviation method as in [14], it is standard to prove that for ,ugk)—almost

every t € X,

g o a(lth]) ) logmaxuen,) p([w))
n—oo log 2—n N 00 log 2_n
d Ps(qe) — Px,(qp
= @+ ( )10g2 28] ag?, (5.20)

and
i log g (1))
im ———————=
n—oo  log2™"

a5, (Pu(ap) — Px,(09)) + (Ps(gp) — Px,(29)) = D). (5.21)

— (@) o3

Let hgk) =so—1/po+ ocgk) /po. Then the above two equations together with Theorem
1 of [23] and (5.17) imply that
/L((lk) is carried by {z € [0, 1] : BFEert (x) = h((lk)} and dimH(,uék)) > Dék). (5.22)

We deduce from ,uék) two Borel measures ,ué{%, ué’f])% carried by the graph and range

of F Eert respectively in the following way :

— For any Borel set A C Gppen ([0, 1]), let

u®L(A) = p) (1 € Xy (N(E), FE (1)) € A) 3

q

— For any Borel set B C Rpper ([0, 1]), we have

R B) = ) (1€ Xis FEN0) € B).

As the essential intermediate result of this chapter, we have the following theorem.

Theorem 5.2 With probability 1 for all ¢ € R with 0 < hgk) < 1, we have

' Dk
dimp (i) = = i A (100 + DY),
q

q

(k) w . D&Y
dlmH(uq,R) Z Ygr = Bk
q

Al
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Let us show how it makes it possible to conclude.

For k > ko let I = {A{" : ¢ € R}N(0,1) and J® =), I®). Also for S € {G, R}
define the function
ék) ; hgk) cI® — %(12.
Due to (5.22), M,(;f; is carried by S Fsm(hgk)). Thus Theorem 5.2 implies that, for each
k > ko, with probability 1 for all h € J*),

dipors () = f$(h), ¥ p > .
Then to end the proof of Theorem 5.1, it only remains to show that for each ¢ € R,

hi = hg = 50— 1/po + 7,(q)/po and DF) — Dy = 7i(7/(q)) as k — 00, (5.23)

which implies that (J;~,, J® = {so — 1/po + 7/(q)/po : ¢ € R} N (0,1) and for any
compact subset I C (J;>y, / () the functions fék), S € {G, R} restricted to I converge
uniformly to

fs: hq € I — s,

where D D
Y4.G = h—q/\ (1—hq—|—Dq> and Yy p = h—q/\l.
q q

This implies that with probability 1 for all h € I and o = hpg + 1 — sgpo,

7. (@) R 7. (@)

AFger () = 25 A (1 . T;(a)) and - dfu (h) >

p
Ey

Together with Theorem A and Section 5.3.1, we get the conclusion by taking a sequence
of I converging to {so — 1/po + 7,,(q)/po : ¢ € R} N (0, 1).

Now we prove (5.23). This can be done due to (5.20), (5.21) and the following lemma :

Lemma 5.1 Given q € R, we have limy_., Px,(qp) = Px(qp). Consequently, since
these functions are convex and analytic, Px, (q¢) and diqPXk(qqzﬁ) converge uniformly on

compact intervals to Ps(q¢) and ding (q9) respectively.

Proof The idea is borrowed from the proof of Proposition 2 in [62].

Assume that this is not the case for some ¢ € R. Since Px, (qp) < Ps(qp), let
P.(qp) = liminf, .« Px, (qp) and let § = Px(qp) — Pi(qp) > 0.

Take a subsequence ( ,uékj )) j>1 converging to some probability measure y; in the weak”

topology. Due to Theorem B, for any ¢t € ¥ and n > 1,

,Uq(mn])

lal
xp(Syalt) — nPulgp)) ~ PR

(Clp)C(gp))™ <

Since X} converges to ¥ in sense of Hausdorff distance, then for all £ large enough, we
have Xy N [t],] # 0, thus

w1 ([ta)
exp(Snqe(t) — nPx, (qv))

(C()1C(gp)) " < < (C(p)1C(qyp)).
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This implies
pa([t]n]) < 5([tla]) - (C(9)1C(g9))? - exp(—nd /2).

Taking n large enough sothat (C(¢)l4C(qp))? - exp(—nd/2) < 1, this is in contradiction
with the fact that both u, and p; are probability measures.

5.4 Proof of Theorem 5.2

From now on we fix a k > kg such that X # 0.

5.4.1 Main proof

Proof Recall (5.13) that the set of neighbor words of w € ¥, is

|wl

N(w) = {u € By : ’Z(uz —w;)- 27 < 2_|w|}.

For p > 1 let P, be the subset of pairs of elements of 3, ; defined as
Py, ={(u,v) € pi1 X Epi1 20|, € N(ulp), v & N(u)}. (5.24)

Then for any s,t € ¥ with |s —¢| > 0, there exists a unique p > 1 such that 1,(s,t) = 1,
where the indicator function is defined by

L A (8lpras tlper) € Py
Lp(s,t) = { 0, otherwise.

By construction we know that if 1,(s,¢) = 1, then

in |s" —¢'| > 277~ and sup |s" —t'| <27Pth
s'€[s|pr1],t' E[tlp+1] §'€[s|p1],t! €t pt1]

Recall that for w € X,
Ty:z€R— 27 24 \w).
Then for any s,t € ¥ with 1,(s,t) = 1, for any m > 1 we have
TSTpl-H-rm()\(S)) < [0’ 1} and ‘TSTpl-H-rm()\(S)) - TSTpl-kl+m()\(t))| > 2"

Since ¢ decays at infinity, due to (5.19), there exists a large enough Ny > 1 such that
for any s,t € Xj, with 1,(s,t) =1, forany m > 1 and n > k

Cw7k
‘¢5|p+1+1\]w’k+m ()\(S)|p+1+Nw7k+m+n) - ¢S|p+1+Nw’k+m()\(t)|p+1+N'¢J,k+m+n>‘ > 7 (525)

Let J, = {g€R:0< hl¥ <1},
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For any ¢ € J, € > 0 and w € X, define

(a) -
1 (q,¢) = 1{|dwle[2_w|(h<qk>+e)72_w(hgk)_e)]} (5.26)
(0) —
e 1{uék)([w])6[2w'<D§k)+f),2”'(D‘gk)€)]} 20
19(q,e) = 1 RE (5.28)
{ sup |Fﬁert(s)_F5ert(t)|§2—\w|(hq —e)}
S’tEUuEN(w)[U‘]
For n > 1 define
20(q.€) = {w € Syt [w] N Xy # 0 and 1 (g, €) - 1 (q,€) - 1§ (q,€) = 1}
(In fact, 1(q,¢) = 1 implies [w] N X}, # 0). Then let
EXg.o=(1 U [l and E¥(g) = lim lim EF(g,e).
p>n wEE»Elk) (q’e) ¢
Due to (5.17), (5.20) and (5.21), with probability 1, for all ¢ € Jg,
E®(g) C Xp N Epperc (b)) and pf? (E®(q)) = 1. (5.29)
For v > 0 define the Riesz-like kernel : for s,t € ¥, (%,
(IR (A(s) = R )P + [A(s) = AB)P) 2 v 1, ify > 1,
K (s,t) = (5.30)
[ER(A(s)) — FR (M) V L, if v < 1.
For q € Jj recall that
(k) (k)
) _ Da K K (k) _ Da
TG = A (DP +1—h) and 4 = e AL (5.31)

For q € Jy, § > 0 and € > 0 we define the n*t-energy for n > 1 and S € {G, R} :

735600 = [ Koo y(5,8) dp (s)aul ().
s,tEE,(Lk)(q,e),s;ét q.8

Let K be any compact subinterval of J,. We assume for a while that we have proved
that for any 6 small enough, there exists €5 > 0 such that for any n > 1, € € (0, ¢5) and
S € {G, R},

E (Supfi(s(q, e)) < o0. (5.32)

qgeEK

The following lemma is a slight modification of Theorem 4.13 in [51] regarding the
Hausdorff dimension estimate through the potential theoretic method.
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Lemma 5.2 Let v be a Borel measure on R® and let E C R% be a Borel set such that
v(E) > 0. For any v > 0, if

// |z —y|77" v 1dv(z)dr(y) < oo,
z,yeEE x#y

v ({x € B dimy,v(z) = liminfw < 7}) =0.

r—0t log r

then

Then, it easily follows from (5.32) and Lemma 5.2 that, with probability 1, for all
q€e K :

(k
q7

~ For pi!*)-almost every = € {(A(t), F2™*(\(1))) : t € E®)(q)},

. k k
dimy, g5 (7) 2 Yy —
— For u(g’fl)%—almost every y € {FPY(A(t)) : t € E®(g)},

. k k
dl_mwc/j“((l,])?(y) Z ’7(5,})2 — 0.

Since d can be taken arbitrarily small, we get the conclusion by taking a countable
sequence of compact subintervals K; C Jj such that | K; = Jj.

Now we prove (5.32).

For any ¢ € K and € > 0 we define the neighborhood of g in K :

() )| 7, (k) (k)
_ 0 —al, 1 — a®| | - P,
U(q) = {q € K : max | k k k k ( y sy 0%
DS = DP|, In$% = 12 v =

By continuity of these functions, the set U.(q) is open in K.
Notice that for ¢ € K, § > 0 and S € {G, R} the Riesz-like kernels lC,Y(k)fé are
q,S

positive functions and, moreover, by the continuity of Fﬁ’ert we have for any s,t € X,

lim K

(k)
m—o00 'Yq,S*‘S

(8lms tlm) = Icyéﬁ%fa(sat)-
Then by applying Fatou’s lemma we get for any ¢ € U(q),
I?f,z?(Qa 6)

= li IC & mtmd(k) du® (¢
//s,teEﬁf)(q,e) = 722—5(8| ) dpg” (s)dpg” ()

(st M0

a ' (k) (k)
B Z/ﬂ,te]ﬂﬁf)(w); hn;olc»yéfgﬂs(s‘maﬂm) d,uq (s)dﬂq (t)

p>1 1p(s,t)=1 "

< Zl%nl)iorgf /ﬁﬁteEw(m; Kv§f§—5(‘9’m’t‘m) duék)@)dﬂgk)(t)
p>1 1p(s,t)=1

= Dlmint 30 K n0) w000 ED (0, ()0 (g, 0)
p> U,VEXM;

1p(u,v)=1
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< Sotmint > K (w0) w0 B (g D) 0 ED (g ),

p>1 u,VETm;
1p(u,v)=1

where the last inequality comes from the fact that due to (5.30) and (5.33), for any
g€ K, e>0andu,v € ¥, we have sup,cp, 5 K 28 s(uv) <K OIS (u,v). Let

> Koo (w0) - u([u) 0 BP (g, 0)d (0] 0 EX (g, ).

U, VEXm;
1p(u,v)=1
Then,
sup I;i(;(q, ) < sup Zliminf Ay
q€U:(q) q€U(q) p>1 oo
< sup Z( pmp + Z |Ap,m+1_Ap,m|>
acUe(q p>1 m>myp
< Z sup Apm, + Z sup |Apmi1 — p,m|>, (5.34)
p>1 q€U(q) m>my q€U(q)

where for p > 1, we can choose m, > 2 to be any integer. We have

sup Apm < By, and  sup Ay — Apm| < ABy (5.35)
qEUe(Q) que((f)
where
Bom = 3 Koy (wv) swp P ((u] 0 EP (g, 0)u(v] 0 EP (g, 6)),

U, VED M ; q€Ue ((I)

lp(u,v) 1

AB,,, = Z |IC7L;/TS>_5_€(U1LI,UU,) - Kvéfcg—ti—e(u’ U)‘ .
w,wESm,u’ v/ €{0,1};
1p(u,v)=1

sup )ué’“ ([ue] N EX (g, )P ([vv') N EP (g, €)),
qeUc(q

and we have used the equality 1{" ([u] N ES (g, €)) = > wefo) 1P ([u') N EP (g, €)) to
get the second inequality.

Remark 5.3 For technical reasons, we need to divide J; into two parts, in which K
will be chosen :

={q € Jy: 'yqG>1}and '={q€ Jy: 7 ) <1}

Then, due to (5.31), we have

w _ [ DY +1-nd ifqe and 1 if g € J],
46 = p® /) if g € J] Yok = D®/® if g€ Jy.

For any compact subinterval K of .J; there exists cx > 0 such that for any € < cx
andqu,'yg%—e>1ifKCJ/,’€ and'yéﬁ)%—e>0ifKCJ,g’.

Let dx = ex = ci /2. We have the following key proposition :
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Proposition 5.1 Let S € {G, R}. Suppose that K is a compact subinterval of J;, or
Ji. For any 0 < § < 0 we can find constants c1,ca > 0, K1, k2,m1,m2 > 0 and €, > 0
such that for any g€ K, 0<e<e,n>1,p>1, andm> (pVn)+1+ Ny +Ek,

cy e Oan .on. 262~((}7\/n)—p) ) 2_7715'P+H1€~m;

IA A

€1 Can : 202.((20\/”)77’) . 2"2'10*712-1?17

where Cpun = SUDyes i, . | fuwlloos here fu is just the formal replacement of the

bounded density function f; g}z’ven in (AS3).

Ko+ 20m1

2
1
can always assume that pVn) > (pVn)+1+4 Ny +k) and €5 = €, A %'
2

Then by using Proposition 5.1 and (5.34), (5.35), for any § < 0x, ¢ € K, € < €5 and
S € {G, R} we have

E( sup I;,(g¢)
qeUe(q)

Now fix any n > 1, and choose m, = - (p VvV n) (by modifying a little 7y we

ka2+3 5771(

< 3 (£ ¢ T 28]
p>1 m>myp
< Y cr- Gy - 22 (@V7P) (2"-2—"15‘17*“15% + ) 2“2'P—"2'm>
p>1 m>myp
1
. coc2((pvn)=p) | [ 9n  9—mdptri-esm K2-p—n2-Myp
< a ;Opm 2 (2 2 *+2 ’ 1—2—772>
=l ca:((pVn)=p) | on
< 1 —2m2 Z C 2 2

p>1

lSnan n2+ 6771 1
—16-pFK1- 2 Vi . .n2+§6n1 )
(2 nep Ki(kg+iom) M2 {(nvp) 4P TI Tp

= 2057, 2t e gn g-tom
1—2-m "
p>1

2n+1

= = ’ . - (c2+2md)-(n—p) . 9—3mp
T 1 —9-m (( sup ||fw||oo> 22 27T3Mm 2~ 20mp
p:

wEEn+4+N¢’k

[e.e]

950 (4+Ny i) | Z ( sup ”waOO) .2§6m(p+4+N¢,k)> < 00,

p=ntl  WEIpHANy i

where the finiteness is ensured by assumption (A3). Since for any 0 < € < €5, the family
{Uc(q) }4ex forms an open covering of K, there exist gy, - - - , g such that {U.(¢;) h<i<n
also covers K. This gives us the conclusion.
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5.4.2 Proof of Proposition 5.1

Proof Due to (5.33) we always have

U E¥(a.q) c B2

q€U(q)

Then due to (5.27) we have

sup 1 ([u] N EX (q,€) P ([v] N EP (g, €))

q€U(q)
< (Do) oI039
B qesllJle[()q’) 1{[u}mEﬁk)(q,e)7ﬁ®} 1{[”}0E’(ﬁ)(q’6#0}2
< o~ (lul o) (DY ~26)

- {[u]ﬂE““) ;é@} {[u]mE(‘“>(q2 ;AQ)}
This gives us

—2m(DF) —2¢) )
Bpm <2 g Z ’Cygf;ﬂsfe(%“) 1{[u]ﬂE(k)(q26)¢@} {InEP @20 20} (5.36)

u,WESm;
1p(u,v)=1

ABy < 9—2(m+1) (D ~2¢) . Z

u,veEm7u’,v’6{0,1};1p(u7v):1

[y s, 00) =Ky - (w,0)] -1 (5.37)

{ [uu’]ﬂE;k) (Q,Qe);é(a} 1 { [UU’]F‘IESC) (q,%);é@} )

Now we deal with each term of the above sums individually.
Fix pand nin N*, let r =pVn,and fix m > r + 1+ Ny + k.
Fix a pair u,v € ¥, with 1,(u,v) =1, 80 (¢|p41,V|p+1) € Pp.
Let

{[ ]ﬁE(k) (g, 26)#@} { U]ﬂE(k>(q 25)#@}

—6—e(uu )= Kwéﬁ%—é—s(u ) {[uu’]ﬂE(k) #@} {m/]ﬂE 26);&(])}'

Due to (5.26), (5.27) and (5.28), if [u] N Eq(lk)(cj, 2¢) # 0, then for [ = r,--- ,m we
have
1) (2.26) - 1,7(2.2¢) - 1{])(g. 2) = 1.

ul; li li

Define
10(7,6) = 197(7,26) - 117(7,26) - 119(3.2¢) - 109(7, 2€); (5.38)
15g.e) = 10 (7.2¢) - 11(7.2¢) - 17(7, 2¢) - 10)(7, 20), (5.39)

where "ran" stands for random and "det" stands for deterministic.

Since [uw/] N EY) (g, 2€) # 0 implies [u] N EY (g, 2€) # 0, we have

1{[uu}ﬂE(’“ 260} {[vv 1nEPX (g ;ﬁ@} {[ InEP 2020} { nE® (g.2070}



5.4.2 - Proof of Proposition 5.1 139

This implies
Vv < 1679@)_5_6( ) ]_det(Q7 ) and AV < A’C’ng)—zs—e( ) 1det(q, )’
q,S (k)

where

Koo t) = Ko s ) 13 )
' (5.40)
AK )

657676(u v) = }Kwékgiéie(uu’,vv’) — Kv(k)iéie(u,v)‘ 1(q, €).

u u,v
q,5

Since 1det(q, €) is deterministic, we have

IN

B(V) < E(K o, (m0) 15(0),

E(AV) < (AIC 7(u,v))~13%((j,6).

(k
73,8

Recall that in Remark 5.3 we distinguished the cases K C J; and K C J; according
to whether or not the corresponding power on the kernel is greater than 1. Then, due
0 (5.30), once we have taken 0 < dx and € < e, only two situations are left :

(1B ) = EE O] + M) = 2AR) V1, iy > 1,
’C’Y(u’v) =

|F56rt(A(u)) — Fgert(x(v))P V1, if v <1,

where v = yéﬁ; — § — €. Notice that when we take K a compact subinterval of J;, or J}.,

v could never be equal to 1.

Recall that C, = sup,ey; Ny || fwlloo, Where f,, is bounded density function of m,

given in (A3). We have the following two lemmas

Lemma 5.3 There exists a constant ¢, > 0 such that

_ (WP 420-p(1-7)
]E(IC,Y(U, v)) < ¢y G- 2 *) R
on . ortha 9 gy <

_ p3—m-(htF) —2¢)
E(AIC,Y(u, v)) < ¢y G- 2 " o =1,
2'r-3—m-(hq —26)’ Zf”}/ < 1.

Lemma 5.4

3 1,(u,0) - 1€(g€) < 3P 2 (D420 (020,

UVED
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Now, due to Remark 5.3, we have the following three expression of ~ :

fy:Dék)—i-l—h,(jk) —d—e>1, h(k < D(Sk), case (i),

v= Dl(jk)/hék) —d—e<]1, h(k) > D((l , case (ii),

v=1-0—-c<1, h(k < D case (iii).
Then, due to (5.36), (5.37), Lemma 5.3 and Lemma 5.4, we have

E(Bym) < ¢y C,-3r—pHl. g 2m(D"=20)  gam(D"+20-r(Df" ~20)
2r(hgk)+2e)—p(hg’“>—Dg’“)+5+e)’ (i)
on . (D —h (Fre+ae (i)
on . grlhg”=h¥ 6o+ ()
= ¢y 3Pl gBme g (D2 gmn(Dy -2
9r=p)(h+26) _op(DFY ~5+¢) (i)
on . 9r=p) (D P (+e)+4e) | gp(DY—hP(+erta9 (i)
on . 9 =p)hi —h G+ +ae) | gp(h —hi G+ (i)
2—(5—36)-p+86'm7 <1>
< ¢, O, -3 2UP)og3+2) on 9~ (i (3+e)=6e) prsem. (ii)
2—(hfjk>(6+6)—66)'p+8e~m7 (iii)

The upper bound of E (AB,,,) is simpler, in all cases we have

E(AB,m)
¢, - C,.37PH g 9—2(m+1) (D =2¢) | 92m(DP+2¢)—r(DF ~2¢) | 9(r—p)3 | op-3—m-(h{)~2¢)

VAN

< cy-C, - 3.2 PIlogy 343) op-3—m-(hg) —10¢)

Notice that by construction we always have hfjk) > so— 1/po > 0, then the existences
of the parameters ci,co > 0, K1, k2,11, m2 > 0 and €, > 0 are direct consequences of what
we have obtained.

5.4.3 Proof of Lemma 5.3.
Proof Let [ =7+ 1+ Ny . Due to (5.15), we have

FP (M) = R (A(©) = D Mo du - ($u(Aw) = Yu(A())

= :;:l -A+ B, (5.41)
where
A = dy, - (Y, (M) = Yuy, (A(v))); (5.42)

B = ) mudu (Gu(Mw) = Yu(A©)).

weT\{ul1}
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By construction A is deterministic, and m,), and B are independent.

Since when 1{(g,2¢) = 1 we have ,u(k ([u]) # 0, then (5.25) and the fact that
|u| =m > 1+ k yield

[ (A(w)) =, (A(0)] = 5. (5.43)
For u',v" € {0,1} we can write

F (M) = F (A(vo'))
= 0 (FP"(A\(w) = FP"(A\())) + D=1 (1, A+ B)+ D (5.44)

where
_ Yu (M) = b (') |
Yul(AW)) = ¢, (A(©))
D = Y mdy (G u) = Pu(A(00) =1+ (@u(Aw) = Pu(A(©)))).

weX\{ul}

We have that 7 is deterministic, and m,, and D are independent. Moreover, since 1 is
ro-smooth, there exists a constant Cy, such that for any z,y € R we have [¢(z) —¢(y)| <
Cyls — t|. Due to (5.43), this implies

o1l ‘mlu(uu’)) — Yy (A@) + Y (A®) = Yy (A@0))
Y W) = 0, A0))
< 29 (| o)) — 73 )| + [0~ T ()
Cy .k
< 20y ol . g—m (5.45)
Cd),k

where we have used |A(u) — A(ud)| V [A(v) — A(v')] < 27™.
For w € X, define the o-algebra A, = o(m, : u € 3, \ {w}).
By construction, B and D are A,,-measurable, thus are constant given A,,.
From assumption (A3) we know m,, has a bounded density function f,.
From (5.26), (5.42) and (5.43), we have

2
(g, 2€) - |A]7N < e 9l +29), (5.46)

When u,v € ¥, and 1,(u,v) = 1, we have

A1) = A(v) — (A(ua’) = ()] <2
{P\(U) — M) A M) = Ao > 2 (5.47)

Since 1,(u,v) = 1 implies v|, € N (ul,), by (5.28) we have

10)@20)- sup|FPT(Ms) = EETA)] < 27007,

ulp
S’tGUwEN(u\p) [’UJ}
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This implies, when 151(@, 2¢) =1,
(IFE= (M) = B )| V [ (M) = FE=(Awe))] ) A1
< o Lusmr(hg? =29 . (5.48)
Also, for the same reason, when 1.° (q,2¢) - 14 (q,2¢) =1,

(12 () = FE== (M) v | FE=2 (1) — B (\(wv')|

|/\v

o=m(hi!=2) .— . (5.49)
These two inequalities with (5.39), (5.44) and (5.45) imply that when 1;%)(q, ¢) = 1,

D] < | B )~ ERS )+ PR (1)~ FE () |+ | m=1 | | ERert ) — o7 (1) |

2C
< 284+ 89l g

ka
_ g.gmmP-20 | 2Cu o oo g-1gnny (-2

Cw’k

< 2 (@ : 21+Nw,k) L o=m(A) =2 +r(1-1 15y (b —26)
< T~
S CD 9—m h(> 26)-"—7"’ (550)

where Cp = 2 (i%ﬁ . 21+N¢vk) and we have used hék) —2e€(0,1).

Recall that [ = r 4+ 1 + Ny ;. Now we have

(I) When v > 1, (also v < 2), due to (5.40), (5.30), (5.46) and (5.47),

]E(l@w(u,v) Auh)
L (7€) - fup ()
< 1 —1v fu d d
S /R {Ky (uw)=1} f Iz(x) x"—/ (]A $+B‘2+|>\( ) )\(U)P)v/z x
) 1y Ju (PEEREE)

< 1 e Al7HA -2 d
< 1 [ 1@ AN = M) A

2 (k) 1
< 14+ 2 . 9llhg +26)  o9—(p+1)(1 3 Oo_/ d
— + Cw,k ||f ‘l” R (|Z|2+ 1)7/2 z

14Ny 1) (B 426
_ 14 / dz . 914Ny ) (hg +26)+y T . r(h+29—p(1—1)
r (|27 + 1)/ Cop R

dz 914Ny 1) (h{)+26)++
< 2 . Nem Ut & +20)- (1=
8 </ (2 + 172 Con

where we recall that C, = sup,ex, || fwlloo;

(IT) When v > 1, let

6, (,y) = (|2 (A(u)) — FPo (A\(v)) + 2| + [[A(w) — Aw)| +y|") /2.
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Then due to (5.40), (5.30), (5.49) and (5.47), we have

AR, (u,v) < /
lyl<2.2-m

where we have used that [aV1—bV 1| < |a—b| for any a,b > 0. It is not difficult
to check that

9
dy

%¢7(x, y)' dz, (5.51)

qzsw(o,y)‘ dy + /| sup

z|<B |y|<2-2—m

0| ¥ |50 | < 7 I = Al 5
In fact, we have
3l = A+ ]
(12 @) = FE Q@) + 15w =A@+ o)

7AW =A@ Y|
M) = M)+ o[

0
\a—ywo,y)\ <

M) = M) +y]
and

i)
7 [ () — Fpm(Aw) + 2]
(12 (\w) — EE @) + o]+ [17w) — A@)] )
- [BE Mw)) — FF(w) + ] - [|A) = Aw) 3]
[EE () = FE @) + 2+ [IAw) = M) +y]°

7 |IAw) = A +y|
T 2[AMu) = M)+

IA

<[ = A@) [+,

where we have used that —%5 < o for any a,b > 0. This together with [A(u) —

L

Aw)| >27m>p+1and vy <2 yields

A, (u, v)

IN

v (2P — 2. 27T (227 4 9R)

- 2PHDOF) (9. 97m 4 9. Q*m(hfyk)*%))

- 2O (g gmmhg? =20y (gince A — 2¢ < 1)
(472204D) . C, - op-3—m-(h{" —2¢)

VARRVAN

IN

(III) When ~ < 1, due to (5.40), (5.30), (5.46) and (5.48),

Au,)
fulz(x)

1l€ u,v)= fu (LU) de’—l-/ 1La2(676)‘—dx
/A.x+B|§a K lum)=1} ; |A-z+B|<a ’ ’A,I‘+B|'Y

z=B
<1t [ am@e ar M0 o
2] <er

E(ﬁy(u, v)

IN

|2
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2 () 4 92¢) 1
< 1y [ s

Cy.k |z|<«a ’Z”y
2
= 14— 2l(h¢(jk)+2€) N Fupi oo - 2017
ka

914Ny 1) (B +2)

< 9 Aty oo - 2 (A 126) =1 {5y (b —2¢) (1—7)
< cor .
(1+Ny ) (A +2¢)
Y N oo - 21tp<m T =2)1=)  gr(hgr+(4=27)¢)
C¢7k !
(1Ny 1) (g +2¢)
< 2 2 - : ||fu|z Hoo - oHp<myT . 2T(h‘(1k)7+46)
C,/)7k
(1+Ny 1) (B +-2¢)
< 2 2 e SCL-2m Qr(hfyk)vﬂe};

Cw7k

(IV) When v < 1, due to (5.40), (5.30), (5.46) and (5.50), by using again |a V 1 —
bV 1| <la—b| for any a,b > 0, we have

E(A/@(u, v)‘AuO

1 1
< ran ” d
= /R o (A .:1:~|—B)+D|7 A :z:—i—Bhfll(x) .
D-2z—B

— 1ran A 1 Dl v . ‘ ” d

[ e A 1P [ = e () s
< 2 2l(hé)+2€)'(OD'2_m(h'(j>_2E)+T)l_’y'||fu| ”oo/‘ 1 _ 1 d-
T Gk l rln-z+1p [z

Q1+(1+Ny 1) (A +2¢) 1= 1 1
= D /‘ — ‘ dz
Cyk r!n-z+1 |z

Nt lloo - 2708 2641 = ~2 (=)

g 21+(1+N¢7k)(h‘(7k)+26)c%—7 /‘ 1 1
- Co rIm-z+17 |2

Now, since

dz 1 1
e [
/R<|z|2+1w2 (v>1) an /Rm-zﬂw 42 (7<)

are both finite (notice that n is bounded away from 0 and infinity uniformly), and hék)
are chosen between sy — 1/py and 1, we can easily find a constant ¢, such that

QN ) (0§ +20) 4+ 5 1Ny ) (S +26)
fR (I2 |2+1 g Cyk ’ Cpk ’

<egc,.
dz)

max 14+ (14N, k)(h((jk)-!—Qe)Cl—fy

(4/722(7-’_1)) ) (2 : Cp ke - f]R

1
=17 IZW

This gives us the conclusion.
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5.4.4 Proof of Lemma 5.4.

Proof Recall (5.39) that

15(g,€) = 107 (7.2¢) - 1)

vl

(q_a 26) ) 11(Lb) (q_a 26) ) 11(1b) (q_a 26)

Let
Spm =, Lp(u,v)- 18 (7,26) - 1577, 2€) - 10(g, 2¢) - 10)(g, 2¢).

UVED

Recall that » = p V n. For any u € ¥, we write v = ul, - v/ with «’ € ¥,,_,.. Since
1,(u,v) only depends on u|,, v|,, we can write

Spm =3 L) 1972010 @20 Y 1) (7.2 15 (3 2).

Uy, Ur €eXr u/ 71}/6277177‘

Recall (see (5.27)) that

b _
1'2\11#(% 26) = 1{

(k) (k) :
g ([l el2” ™ P02 07 P ‘2”1}

Thus
1®

ulp-u’

(@,2¢) < 2P0+ 1B (u, - ).
This implies that

b _ b _
Z 1£|1u’ (q7 26) : 1£)|1)~’U/(q7 26)

w W EX

S D DI (SR S (C )

u' W EX

(D" 4o k k
22 P29 - B ([ul,]) - uf ([o],]).

Thus by the fact that given u|, in ¥, there are at most 37 P+l many v|, in 3, such that
1,(ul,, v|-) = 1, we have

Spm
m(D% 2¢ b) [~ b) /- k k
< 2P0 Nl o)) - 18 (7, 2€) <1507, 2€) - g ([ul]) - 1 (o)1)
u|r7’0|7‘62'r
A D IR NCREBRT ()

u|’r‘av|1"€27“

22m(Dék)+26)—r(Dék)—26) . 3T—p+1 . Z /‘L((jk)([u|T’D
U"rezr

IN

o92m(DY) +2¢)—r(D{ ~2¢) gr—ptl
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