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Résumé

Cette these est articulée autour de deux facettes de 1’étude des équations aux
dérivées partielles. Dans une premiere partie, on étudie la stabilité des solutions
périodiques pour des lois de conservation. On démontre d’abord la stabilité asymp-
totique dans L' des solutions périodiques de lois de conservation scalaires et inho-
mogenes. On montre ensuite un résultat de stabilité structurelle des roll-waves. Plus
précisément, on montre que les solutions périodiques d’un systéme hyperbolique sans
viscosité sont limites des solutions du probléme avec viscosité, quand le terme de
viscosité tend vers 0. Dans une deuxiéme partie, on s’intéresse a un systéme d’équa-
tions aux dérivées partielles issu de la biologie : le modéle de Patlak-Keller-Segel
en dimension 2; il décrit les phénomeénes de chimiotactisme. Pour ce modéle, on
construit un schéma de type volume fini, ce qui permet d’approcher la solution tout
en gardant certaines propriétés du systeme : positivité, conservation de la masse,
estimation d’énergie.

Abstract

This thesis is organized around two aspects of the study of partial differential
equations. In a first part, we study the stability of periodic solutions for conser-
vation laws. First, we prove asymptotic L!-stability of periodic solutions of scalar
inhomogeneous conservation laws. Then, we show a result on structural stability of
roll-waves. More precisely, we prove that periodic solutions of a hyperbolic system
without viscosity are the limits of the solutions of the problem with viscosity, as the
viscous term tends to 0. In a second part, we study a system of partial differential
equations derived from biology: the model of Patlak-Keller-Segel in dimension 2, de-
scribing the phenomena of chemotaxis. For this model, we construct a finite-volume
scheme, which approaches the solution while keeping some properties of the system:
positivity, conservation of mass, energy estimate.
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Introduction

Les équations aux dérivées partielles modélisent des phénomeénes physiques ou
biologiques dans lesquels peuvent apparaitre des structures : phénomeénes cycliques,
vagues, agrégats de matiére,... Dans cette thése, on s’intéresse d’une part a 1’étude
théorique autour des phénomeénes périodiques (qui peuvent s’apparenter aux vagues)
et d’autre part a la mise en place d'un schéma numérique pour le chimiotactisme,
qui concerne des mouvements de bactéries.

Les équations de Saint Venant, qui modélisent des écoulements de fluide en faible
profondeur, ont des solutions particuliéres qui sont des ondes progressives pério-
diques, appelées roll-waves. Ce type de structures périodiques, trouvé pour Saint Ve-
nant par R. F. Dressler [24], apparait également dans d’autres équations. L’existence
de roll-waves de petite amplitude a notamment été généralisée a des systémes hyper-
boliques généraux par P. Noble [54]. A.-L. Dalibard a par ailleurs montré ’existence
de solutions stationnaires périodiques pour des équations de convection-diffusion
scalaires non homogenes [19].

Ces structures périodiques appellent un certain nombre de questions sur leur
stabilité, tant asymptotique que structurelle.

L’étude de la stabilité asymptotique des ondes périodiques a débuté avec le
travail de R. A. Gardner sur la stabilité spectrale pour des systémes de réaction-
diffusion [30]. M. Oh et K. Zumbrun ont ensuite poursuivi ces travaux dans le cadre
des lois de conservations visqueuses : un développement asymptotique de la fonction
de Evans permet d’obtenir des conditions nécessaires pour avoir de la stabilité spec-
trale [57]. Ils ont également montré par des estimations sur les fonctions de Green
que, sous des hypothéses fortes de stabilité spectrale, on obtient de la stabilité li-
néaire asymptotique de L' N LP — LP pour p > 1 |58, 56].
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Dans le premier chapitre de cette these, on s’intéresse a la stabilité asymptotique
non linéaire de solutions périodiques d’équations scalaires de la forme :

O+ div(f(u,x)) = Au, x € R4t >0,
U(,O) = Uy, WS Rd7

(1)

ou f est une fonction lisse supposée périodique par rapport a la variable x sur un
réseau Y de R?. Compte tenu du fait que les équations de conservation scalaires
présentent de la contraction dans L' :

d
EHU — vl <0,

il est naturel de chercher de la stabilité L' — L'.

Plus précisément, on montre que les solutions stationnaires périodiques propo-
sées par A.-L. Dalibard [19]| sont stables dans L? pour ¢ > 1 et d quelconque et
qu’elles sont stables dans L' pour d = 1. En effet, Dalibard donne une famille de
solutions stationnaires Y -périodiques w, paramétrées par leurs moyennes sur Y : p.
On considére alors comme donnée initiale une perturbation de w, dans

LIRY) = {u e L'(RY): /Rdu(g:) dr = 0} :

up = wy, + b,b € Li(RY). On obtient le théoréme suivant dans le cas de la dimension
1:

Théoréme 1. (voir p. 17) Pour tout p € R, b € L{(R) N L>®(R), l'unique solution u
dans L2 (RT, L>®°(R)) de (1) avec ug = w, + b vérifie :

loc

lim [lu(t, ) — w, ], = 0.
De plus, quelle que soit la dimension d’espace, on obtient de la stabilité asymp-
totique dans L? et donc, en interpolant, dans L9, ¢ > 1.

Proposition 1. (voir p. 23) Soit R € R. Alors, il existe C > 0 tel que pour tout
p € Rb € L®RY) N LYR?Y) qui vérifient lencadrement w_r < w, + b < wg, la
solution u de (1) converge vers w, dans L*

b
Ju(t) — wylla < ColL )

Pour démontrer ces résultats, on s’inspire de ce qui a été fait dans le cas ou f ne
dépend pas de z |28, 65|, ¢’est-a-dire dans le cas o les solutions stationnaires sont
les constantes.
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Théoréme 2. [65] Pour tout k € R,b € Li(RY) N L®(RY), l'unique solution u €
Lee (R, L=(R%)) de

loc

(3)

O+ div(f(u)) = Au, x € R4t >0,
u(0,+) = uo, xr € RY,

avec la condition initiale
Uy = k’ + b,

satisfait la convergence
lim [fu(t, ) — k|, = 0.

Selon la dimension d’espace, (d = 1 ou d > 1), deux méthodes différentes ont
été développées. La premiére, élaborée par H. Freistiihler et D. Serre [28] utilise
des méthodes et résultats propres a la dimension 1 : intégration de l’équation sur
u, estimation du nombre de changements de sens de variation de la solution d’un
probléme parabolique. La seconde, développée par D. Serre [65], est plus générale
et utilise en fait de la stabilité linéaire dans L' pour I’équation de la chaleur. En
effet, par des changements de variable et d’inconnue, on peut voir le terme div f(u)
comme une perturbation quadratique sur I’équation de la chaleur, dont le noyau,

1 [Edls
t
K'(z) = OO exp <— w )

vérifie en particulier les estimations pour tout a dans L'(R?) :
1K all e < llallzs,

1
VKt*a 1 SC— allrr.
I I ﬁ\l Iz

Malgré leurs différences, les deux méthodes ont un point commun : elles utilisent
également de la stabilité dans L2. Celle-ci vient du fait que v — u? est une entropie
strictement convexe de I’équation autonome (3). Plus généralement, vu que u est
scalaire, toute fonction convexe 7 est une entropie pour (3) : il existe bien g tel que
g (u) = n'(u) f'(u). Les fonctions u — (u — k)T pour k € R, en particulier, sont des
entropies : elles s’apparentent aux entropies de Kruzkov. Dans le cas de 1’équation
non autonome (1), les fonctions convexes ne sont pas toutes des entropies. Il a
donc fallu trouver une entropie strictement convexe qui nous permette d’obtenir une
inégalité de dispersion (2). Cette entropie est construite en utilisant un analogue aux
entropies de Kruzkov ot les constantes sont remplacées par les solutions stationnaires
périodiques u — (u — w,) ", p € R, et en intégrant ces entropies par rapport a p, de
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sorte a obtenir une fonction strictement convexe par rapport a u. Les calculs nous
donnent alors de la convergence dans L? de u vers w, sous la seule condition que
ug — w, soit dans L' (la condition de masse nulle n’est pas nécessaire ici).

Pour conclure sur la stabilité L' dans le cas de la dimension 1, on utilise, comme
dans [28], I'équation vérifice par une primitive V' de u, des estimations dans L?
sur V ainsi qu'un lemme de H. Matano [49] sur le nombre de changements de sens
de variation de V. Dans le cas de la dimension d quelconque, un changement de
variable et d’inconnue ne suffit plus pour se ramener a une perturbation quadratique
de I’équation de la chaleur. Par conséquent, on a besoin pour conclure d’avoir de
la stabilité linéaire L' — L' sur un opérateur de convection-diffusion qui soit le
linéarisé de (1). Donnant uniquement de la stabilité dans L' en temps court, les
résultats de M. Oh et K. Zumbrun ne permettent donc pas encore de conclure sur
les questions de stabilité en temps long. [56].

Ceci étant, A.-L. Dalibard a depuis montré qu’on a bien de la stabilité dans
L' pour toute dimension d’espace [20]. Pour cela, elle utilise un développement
asymptotique de la solution par rapport a la période des oscillations et elle étudie
précisément les modulations basses fréquences. Obtenant ainsi des bornes dans des
espaces L? a poids, elle conclut par compacité dans L!.

Le deuxiéme chapitre de cette thése est orienté vers la stabilité structurelle des
ondes périodiques. Tandis que P. Noble s’est intéressé a la persistance des roll-waves
pour I'équation de Saint Venant hyperbolique [53], on s’intéresse ici a avoir de la
persistance avec I'ajout de viscosité. Le cas le plus simple ol cette persistance a lieu
est peut-étre celui des profils de choc visqueux pour les équations scalaires en une
dimension d’espace. En effet, si on considére la loi de conservation

Oyu+ 0, f(u) =0, reR,t>0,

et des états u~ # u' qui vérifient la condition de Rankine-Hugoniot (f(u™)—f(u™) =
s(u™ —u7)) et la condition de choc de Lax (f'(u") < s < f'(u7)), s € R, alors le
systéme visqueux qui en découle

O+ O, f (u) = €02, reRt>0,

admet des solutions qui connectent u~ & u*. De plus, sous une hypothése sur les
positions relatives du graphe de f et de la corde, ces solutions sont des profils de

T—st
£

solution du probléme non visqueux quand ¢ tend vers 0. Il a ainsi été montré que la

choc : elles s’écrivent donc sous la forme u®(t,z) = U ( ) et tendent vers la

structure est conservée en ajoutant de la viscosité, qui apporte de la régularité.
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Plus généralement, on consideére le systéme strictement hyperbolique en une di-
mension d’espace :

Ou+ O f (u) = g(u), reR,t>0. (4)

Le postulat, classique, qui nous intéresse est que tout u solution de I’équation non
visqueuse (4) est la limite quand € tend vers 0 des solutions u® de I’équation avec
viscosité

O+ 0, f(u) = g(u) + £02u, reRt>0, (5)

avec la méme donnée initiale. Ce résultat, connu pour les lois de conservation sca-
laires [71]| et pour certains systémes 2 x 2 [23], s’avére étre plus difficile pour les
systémes généraux. Le cas d’'un nombre fini de chocs a déja été traité par J. Good-
man et Z. P. Xin [32] dans le cas de chocs de petites amplitudes, d’une part, et par
F. Rousset [63] pour une amplitude quelconque, d’autre part. Enfin, dans le cas de
petite variation totale, A. Bressan et T. Yang donnent méme une estimation de la
vitesse de convergence [12].

Comme dit précédemment, on s’intéresse ici a la persistance des solutions pé-
riodiques de (4), ou de perturbation de ces derniéres. Par conséquent, on traite un
cas ot les solutions de (4) ont une infinité de chocs. Cependant, pour des raisons
qui semblent uniquement techniques, on a besoin d’une certaine structure sur wu,
solution de (4) : elle doit étre périodique, avec une période aussi grande que l'on
veut et un nombre fini de chocs par période. Par exemple, u peut étre une pertur-
bation périodique d’une roll-wave, dans le cas des équations de Saint Venant ou de
systémes hyperboliques plus généraux, perturbation dont I'existence a été montrée
par P. Noble [53, 54].

Pour démontrer le résultat de persistance (que ’on énonce plus bas), on s’inspire
largement des méthodes utilisées par F. Rousset [63| : construction d’une solution
approchée pour (5), construction itérative de la fonction de Green du linéarisé de (5)
autour de la solution approchée pour trouver des estimations. La difficulté ici est,
d’une part, de prendre en compte la présence de tous les chocs et de les fixer simul-
tanément, et, d’autre part, d’assurer que 1’on recolle bien la solution approchée, de
sorte a garder la périodicité que 'on demande au départ.

Donnons a présent les hypothéses dont nous avons besoin, ainsi que le résultat
principal. En ce qui concerne les hypothéses :
(H1) Le systéme (4) est strictement hyperbolique.

(H2) w est solution entropique de (4) sur [0; 7%], 7" > 0. De plus, u est une fonction
lisse par morceaux, L-périodique et a m chocs de Lax par période, dont on
suppose qu’ils ne se croisent pas.
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En particulier, cela signifie que u est lisse en dehors des courbes de choc lisses
r=X;(t)+iL,j=1,...,m,i € Z et que pour tout j, k,t,|X;(t) — Xx(t)| > 0.

(H2’) Pour chaque choc, il existe un profil de choc visqueux, pour ¢ € [0;7%].
Cela signifie que pour tout j,¢, il existe V7 (¢) tel que

RV = 0:(f(VI) = X;V7) =0 (6)

et
Vi(too,t) = i t,x).
(£00, 1) H;gjl(lt)iu( , )

(H3) Considérons pour 7 < T* l'opérateur

Liw = 02w — (df (VI (z,7)) — X(1))0.w.

J

On suppose que le profil de choc visqueux est linéairement stable pour cet
opérateur.

Sous ces hypothéses, on montre le théoréme suivant

Théoréme 3. (voir p. 36) Sous les hypothéses (H1)—(H2)—(H2’)—(H3), et si g
est linéaire (g(u) = Kku), alors pour tout e > 0, il existe une solution u® L-périodique
de (5) sur [0;T*] telle que

|u*(t = 0) —u(t = 0)|10) =0, quand e — 0,
et telle que l’on ait les convergences
|u® — || oo osr,L10s0)) — 0, quand € — 0,
et pour tout n € (0,1),

sup |u®(x,t) —u(x,t)| = 0, quand ¢ — 0.
0<E<T™ Ja— X (1) >en

De plus, on donne un développement asymptotique en ¢ de la solution u. En effet,

3
app’

de (5). Loin des chocs, la solution u de (4) est réguliére, donc le probléme peut étre

pour démontrer le théoréme, on commence par chercher u solution approchée

approché par I’équation non visqueuse, hyperbolique. On cherche dans ces régions

£
g, sous la forme

uf(x,t) = u(w,t) + eup(z,t) + *us(, t) + o(?),
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ot u est la solution de (5), et u; sont solutions d’équations hyperboliques linéaires,
que l'on résout en étudiant les caractéristiques. Dans un voisinage des chocs, le terme
de diffusion lisse la solution. On cherche alors u® sous la forme

u(a,t) = VI (2,t,2),t) + V] (€ (2,1 €), 1) + 2V (€ (2, 1, €), 1) + o(?)

ou l'on utilise le changement de variable &/ = %](t) + 67(t). Les V/ sont solutions

d’équations différentielles ordinaires du second ordre. Pour assurer de la régularité

sur uf, . on rajoute des conditions reliant les valeurs au bord des wu; et des V. u

app’ app
s’écrit ensuite comme combinaison convexe des fonctions ainsi définies a laquelle

s’ajoute un terme d’erreur d°. De plus, u = vérifie I’équation

app
at(upr) + a%f(upr) - 685(“2;);7) - I{qupp = _(Ra(‘r’ t)>$

ol R® et ses dérivées sont bornés en O(e®), a > 0.

ug,, construit, on cherche u® comme étant une perturbation de ug,, pour I'équa-
tion (5). Aprés avoir linéarisé cette équation, on s’intéresse donc a la fonction de
Green associée au linéarisé, pour laquelle on cherche des estimations. Pour cela on
utilise une méthode développée par E. Grenier et F. Rousset [34], qui consiste a
construire la fonction de Green de maniére itérative. La encore, on distingue les
comportements au voisinage des chocs (o le caractére parabolique de 1’équation
domine), des comportements en dehors des chocs (ot I'on suit les caractéristiques).

L’estimation ainsi obtenue sur les fonctions de Green nous permet finalement de

)

app vers 0, et donc de u® vers u.

montrer la convergence de u® — u

La deuxiéme partie de cette thése est consacrée a la mise en place d’un schéma
numérique pour un systéme modélisant le chimiotactisme, phénomeéne biologique par
lequel des cellules s’attirent entre elles via la sécrétion d’une particule chimique. En
notant n la densité des cellules et ¢ la densité de I’élément chimique, C. S. Patlak [59],
et E. Keller et L. Segel [41] modélisent le chimiotactisme par les équations dites de
Patlak-Keller-Segel qui, une fois adimensionnées, s’écrivent

o =An—V - (nVe), r €O teRT (7)
edic = Ac+n — ac, reQtelRT, (8)

dans lesquelles £, > 0 sont des constantes et 2 est un domaine de R?. On compléte
ces équations par les données au bord et initiales :

Vn-v=0, Vec-v=0, redNteR", (9)
n(t = 0) = ny, x €, (10)
c(t=0)=c¢osie#0, x € Q. (11)
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On remarque ici que 'on ne met une donnée initiale sur ¢ que quand € # 0, c’est-
a~dire, quand I’équation (8) est vraiment une équation d’évolution. Ce systéme a
déja fait 'objet d’études tant au niveau théorique que numérique. Ceci étant, quand
e = 0, le systéme se rameéne a une équation parabolique avec un terme non local,
ce qui en facilite I’étude, notamment si en plus a = 0. L’étude théorique permet
dans ce cas de mettre en évidence un phénomeéne d’agrégation des cellules selon une
condition sur la masse totale de celles-ci. En particulier, en dimension d = 2, il a
été montré que si la densité initiale de cellules M := [, ng(z) dz est inférieure & une
masse critique My, alors la solution de (7)—(10) existe pour tout temps ¢ > 0. Et
que, pour des masses surcritiques M > M, la solution explose en temps fini : la
densité de cellules se concentre en une masse de Dirac [8, 10]. Pour plus de précisions
sur ces résultats on peut se reporter a 'article de revue de Horstmann [39] et aux
références qui y sont données.

En ce qui concerne ’étude du systéme parabolique-parabolique (quand £ > 0),
on trouve également une masse critique en-dessous de laquelle la solution de (7)—(11)
existe pour tout temps t > 0 (voir [50, 29| dans le cas d’'un domaine borné et [15]
dans le cas de R?). Ceci étant, on ne sait pas dire pour l'instant avec précision ce
qu'il se passe pour des masses surcritiques (My = 87 pour Q = R?, My = 47 pour
Q un domaine lisse de R?). Une premiére réponse pour 2 = R? est qu’il existe des
solutions auto-similaires pour toute masse totale [9]. Une autre piste pour avancer
dans le cas surcritique est de regarder ce qu’il se passe numériquement. Des travaux
dans ce sens ont été effectués par des méthodes de Galerkin discontinues [25] et
par des méthodes de volume fini [16]. Dans le Chapitre 3, on développe un autre
schéma de type volume fini pour un systéme dérivé du systéme (7)—(11), on montre
sa convergence et on donne des simulations numériques tant pour des masses sous-
critiques que surcritiques.

Une des raisons qui motivent ici 'utilisation d’un schéma de type volume fini
est que la premiére équation (7) est une équation de conservation, donc la masse de
cellules M = fQ n(x)dz est conservée, propriété que l'on veut garder sur le schéma
numérique. De méme, on cherche a ce que le schéma conserve la positivité de n.
Ceci étant, la deuxiéme équation n’est pas une loi de conservation. De plus, dans la
premiére équation, ce n’est pas ¢ qui intervient directement mais son gradient Ve,
dans un terme de transport sur n, ce qui améne d’autres difficultés. Pour les pallier,
on utilise la méme méthode que dans |25, 16], on dérive I’équation (8), ce qui nous
donne une équation sur S := Ve. Le systéme devient
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Om = An —V - (nS), r € teRY (12)
e S =AS+Vn—-aS, ze€Q,teR", (13)
V x S8 =0, r e teR, (14)

avec les données au bord et initiales

Vn-v=0, S-v=0, r € 00,teRT, (15)
n(t=0)=ng, S(t=0)=.5, x € S (16)

La encore, la deuxiéme équation n’est pas une équation de conservation, (sauf si v =
0), mais cette transformation nous donne directement ce dont nous avons besoin pour
la premiére équation : S. La méthode ensuite utilisée par A. Kurganov et A. Chertock
[16] d’une part et A. Kurganov et Y. Epshteyn [25] d’autre part consiste a voir le
systéme (12)—(13) comme un systéme de convection-diffusion avec terme source.
Suivant 'hyperbolicité du terme convectif, ils discrétisent différemment 1’équation.
Plus précisément, en deux variables, ils écrivent le systéme sous la forme

U +0,F(U)+0,G(U) =AU+ R(U)

et considérent 1'hyperbolicité engendrée séparément par les flux F' et G. La partie
convective n’étant, en réalité, jamais globalement hyperbolique, nous avons choisi
de discrétiser la premiere équation comme une équation de transport et la seconde
par un schéma centré. En 'absence des termes de diffusion, un tel schéma serait
instable, mais ceux-ci permettent d’équilibrer le systéme. Dans le cas de conditions
au bord périodiques, nous montrons par un calcul d’énergie discréte que le schéma
est stable et converge vers une solution faible de (12)-(13)-(16).

Enfin, en annexe, a été mis un travail fait lors d’un stage sous la direction de
Pierre Degond en 2004. Il porte sur la modélisation du trafic routier par des modéles
de type dynamique des fluides. Les premiers modéles de ce type datent des années
1950 avec M. J. Lighthill et G. B. Whitham [47] et P. I. Richards [62]. Depuis,
d’autres modeles, plus complexes, ont été développés. Notamment, celui de A. Aw
et M. Rascle [3] a ensuite conduit au modéle présenté ici, qui est un modéle du
second ordre avec contrainte.

Plus précisément, on modélise une route, sur laquelle le dépassement est impos-
sible. On étudie I’évolution dans le temps de deux données mesurables : la densité
de véhicules n ainsi que la vitesse moyenne u. On construit ensuite un modeéle en
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considérant, d'une part, que la densité de véhicules ne peut dépasser une certaine
densité maximale n* et, d’autre part, que cette densité maximale dépend de la vi-
tesse a laquelle on roule (n*(u)). La nouveauté de ce modéle est justement ce dernier
point, qui revient a prendre en compte le fait que les distances de sécurité a respec-
ter dépendent de la vitesse. Par ailleurs, on peut observer que les conducteurs ne
diminuent significativement leur vitesse que lorsque la densité de véhicules atteint
la densité maximale. En prenant en compte tous ces points, on obtient le systéme
avec contraintes :

on + Oy (nu) = 0,
(O + u0y)(u + p) = 0, (17)
0<n<n*(u),p=>0,(n*(u) —n)p=0.

Ce systéme peut étre vu comme la limite quand € — 0 du systéme

on® + 0x(nuf) = 0,
(0, + 1 0) (07 + ep(n, 1)) = 0, (18)

-
p(n,u) = (£ - )

ot n*(u) vérifie un certain nombre de propriétés.

Dans ce modéle, on voit apparaitre deux types de comportement, déterminés par
la présence ou l’absence de bouchons. En effet, si n # n*(u), les voitures avancent
a leur vitesse préférée (p = 0). Par contre, si on est dans un bouchon (n = n*(u)),
p peut étre non nul et n’est a priori pas précisément déterminé. Une analyse assez
fine des problémes de Riemann pour le systéme (18), ot p est remplacé par ep et, en
passant a la limite, pour (17) permet d’évaluer p. De plus, en approchant faiblement
les données initiales par des données constantes par morceaux, on montre l’existence
de solutions faibles.



Premiére partie

Autour de la stabilité des ondes périodiques
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Certains phénomeénes physiques ou biologiques sont périodiques : les ondes éléc-
tromagnétiques, les vagues, certains mouvements cellulaires, etc. Ces structures pé-
riodiques se retrouvent dans la modélisation de ces phénomeénes : soit dans les équa-
tions elles-mémes, soit dans certaines solutions de ces équations. Dans cette partie,
on s’intéresse a des problémes de stabilité autour de ces solutions périodiques. Tout
d’abord, pour des équations de conservations scalaires et périodiques, on montre que
les solutions stationnaires périodiques sont asymptotiquement stables [46]. Ensuite,
on montre que, dans un cadre périodique, les solutions d'un systéme hyperbolique
sont bien limites de solutions du méme probléme avec viscosité évanescente.

Ces deux chapitres font 'objet de publications :

LE BLANC, V. Ll-stability of periodic stationary solutions of scalar convection-
diffusion equations. J. Differential FEquations 247, 6 (2009), 1746-1761.

LE BrLaNC, V. Persistence of generalized roll-waves under viscous perturbation.
Soumis & SIAM J. Math. Anal., 2010.






Chapitre 1

L'-stability of periodic stationary solutions
of scalar convection-diffusion equations

ABSTRACT. The aim of this paper is to study the L!-stability of periodic statio-
nary solutions of scalar convection-diffusion equations. We obtain dispersion in L?
for all space dimensions using Kruzkov type entropy. And when the space dimension
is one, we estimate the number of sign changes of a solution to obtain L!-stability.

1.1 Introduction

We study the solutions of a scalar convection-diffusion equation of the form:
o+ div(f(u,x)) = Au, t >0,z € R (1.1)

where x — f(-,z) is an Y-periodic function with ¥ = H?:1(07Tz‘) the basis of a
lattice. We assume that f belongs to C?(R,C!(R?)). For this equation, periodic
stationary solutions w), exist and are parameterized by their space average p: this is
a result of A.-L. Dalibard in [19]. In this paper, we focus on the L!-stability of these
periodic stationary solutions.

When f only depends on wu, the periodic stationary solutions are the constants
and the L!-stability of the constants is already proved by H. Freistiihler and D. Serre
in the one-dimensional space case in [28] and by D. Serre in all space dimensions
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in [65]. We define the space

Ly(RY) = {u e L'(RY): / u(z)dzr = 0} :
Rd
With this notation, the result can be written as follows:

Theorem 1.1. (See [65].) For all k € R,b € Li(RY) N L>°(RY), the unique solution
u € LS (RY, L= (RY)) of

loc

{ﬁtu +div(f(u) = Au, t>0,z€RY 12)

u(0,2) =k + b(z), r € R4,

satisfies
lim ||u(t,-) — k|1 = 0.
t—o0

The proof of this result can be made in 3 steps. First, the global existence of solu-
tion of (1.2) is proved using the Duhamel’s formula with div(f(u)) as a perturbation
of the heat equation, one obtains

u(t) = K"+ ug + /Ot VK" % f(u(s))ds.

The maximum principle allows to conclude about global existence by induction.
This defines the nonlinear semigroup S* so that u(t) = S'ug is the solution of (1.2).

Secondly, one establishes the so-called four “Co-properties” for ug, vo in L>(R9):
1. Comparison: 1y < v a.e.= Stug < Stvg a.e.;

2. Contraction: vy — ug € L'(R?) = Stvy — Stug € L'(RY) and
15% 00 — S*uo|| < [|vo — wuoll;

3. Conservation (of mass): vy —ug € L'(R?) = Stvy — Stug € L'(R?) and

/Rd(étvo ~ Gtuy) = /Rd(vo Y

4. Constants: if ug is a constant, then S’tuo = uyp.

Two methods allow to conclude: one in one space dimension and another one
in all space dimensions. The first one is due to H. Freistiihler and D. Serre [28]:
they study the number of sign changes of the solution. Having assumed that k£ =
0, f(0) =0, f(0) = 0 they study the primitive V' of the solution u which vanishes at
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—oo: V(x,t) = [* _u(y,t)dy. Since b € L§(R), this primitive also vanishes at +oo
and belongs to L>(R). Moreover, V satisfies a parabolic equation

OV + £(0,V) = B2V

They also apply the lemma of H. Matano [49] on V' to estimate the number of sign
changes of the derivative of V: u. Estimates on both ||u(t)||z: by ||V ()|l follows.
Using L*-estimates on the equations on both v and V, one shows that

lim ||V (¢)||z~ = 0,
t—o00

which permits to obtain the theorem.

The second method, due to D. Serre [65], is based on the Duhamel’s formula. A
dispersion inequality is obtained using the entropy u + u* for equation (1.2) and

L'-contraction, one obtains

[[wolls
"/

[ERTPRNE
Under the rather general assumption that f(u) is bounded by |u|?,we prove
t—o0

combining dispersion estimate and estimates on the heat kernel.

In this article, we will see how we can adapt some of these arguments to the
case where f depends both on u and x. We recall that in this case the stationary
solutions w, considered are periodic, parameterized by their space average p.

We obtain one theorem in the one-dimensional space case:

Theorem 1.2. For all p € R, for all b € L{(R) N L>®(R), the unique solution u in
Lis(RT, L*(R)) of

loc
O+ div(f(u,z)) = Au, t>0,z € R,
u(0,2) = w, + b(z), x € R,

satisfies:

lim [u(t, ) — wylly = 0.

First, we observe that in this theorem we assume ffooo b(x) dz = 0. This assump-
tion is necessary because of the conservation of mass:

Jw=w= [ w-w)=[ b
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Actually, we cannot have L!-convergence when f]Rd b # 0. But this assumption is not
necessary to prove LP-convergence for 1 < p < 2 and in this case we obtain a rate
of convergence d/2(1 —1/p).

To prove the theorem, we use results on the nonlinear semigroup and the lemma of
H. Matano, as in [28]. The main difference with the proof of D. Serre and H. Freistiih-
ler (|65, 28]) appears in the proof of L?-estimates for v and its primitive V. Since

2 is not an entropy and we have to find a

the problem is inhomogeneous, u — u
new entropy to prove dispersion inequality. For V' the results on periodic stationary

solutions of A.-L. Dalibard permit to prove that ||V||2 is bounded.

The paper is organized as follows. In Section 2, we recall the result obtained
by A.-L. Dalibard in [19] about the existence of periodic stationary solutions. In
Section 3, we focus on the existence and the properties of our nonlinear semigroup in
all space dimensions: comparison principle, contraction in L', conservation of mass,
dispersion inequality. For its existence and its three first properties the proofs are
similar to the homogeneous case f(u,z) = f(u), except that the maximum principle
does not hold anymore and is replaced by a comparison principle. For the dispersion
inequality, we build a new type of Kruzkov entropy, based on periodic stationary
solutions instead of constants. In Section 4, we focus on the one-dimensional space
case, and prove Theorem 1.2 using the lemma of H. Matano about the number of
sign changes.

1.2 Existence of stationary solutions

In this section, we recall the existence result of A.-L. Dalibard [19]. When f
depends only on u, but not on x, i.e. when we are in the case studied by D. Serre in
[65], the stationary solutions considered are all the constants. But in our case the
constants are not solutions except if div(f(k,z)) = 0 for all x € R?. The existence
of another class of stationary solutions is proved by A.-L. Dalibard (see Theorem
2 and Lemma 6 in [19]): there exist periodic stationary solutions, indexed by their
space average.

In this section, we recall a part of her results for the following equation:
div(f(u,z)) = Au,z € R

where 2 — f(-,z) is an Y-periodic function with ¥ = JT¢ 1(0,T;) the basis of a
lattice. We note the space average of a function u: (u)y = |—1| [y u(z) da.
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Theorem 1.3. Let f = f(u,z) € C*(R,CY(R?)) such that O,f € L®°(R x Y).
Assume that there exist Co > 0, and n € [0, %) when d > 3, such that for all
(p,x) eRxY

| div f(p, )] < Co(1+ [p|").

Then for all p € R, there exists a unique solution w(-,p) € H' (V) of

per
—Aw(z,p) + div f(w(z,p),z) =0, such that (w(-,p))y = p.
For all p € R,w(-,p) belongs to W2A(Y) for all 1 < q < oo and for all R > 0, there
exists C'r > 0 such that
lw(p)lwzayy < Cr - Vp € R, [p] < R,
Cgr > 0 depending only on d,Y,Cy,n,q,py and R.
Furthermore, for all p € R,0yw(-,p) € H., (Y) is in the kernel of the linear

per
operator

—A +div(0, f(w(z,p),x)-) =0, and (O,w)y = 1.
And there exists a > 0 depending only on d,Y and |0y f||ec such that

dpw(x,p) >« for a.e. (x,p) €Y xR.

Hence,
lim inf =
lm in w(z,p) = 400,
lim supw(z,p) = —oc.
p——0o0 vy
Remarks 1.1.

— A consequence of this theorem is that for all € R? the application p —
w(p, x) is increasing and bijective from R to R.
In this theorem, we impose the restrictive assumption that d,f € L* on the
whole domain R x Y. When 0, f belongs only to L° (L>(Y")), we obtain that
J,w > 0 but we have not the existence of the constant o. Hence, we have
no result on the limit when p — 400 of infy w(x, p) and sup, w(zx,p), but we
have that the application

R — ]pgrfmlr;fw(x,p),pgrflmsgpw(:v,p)[

p = wp )
is bijective. And we can adapt the result of Theorem 1.2 in this case: we
just have to make the assumption that there exists p such that for all x €

R ug(z) € [w(—p,z), w(p,z)].

In the sequel, we use the notation: w, = w(-, p).
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1.3 The nonlinear semigroup
In what follows, we focus on the Cauchy problem for equation (1.1):

{&u +div(f(u,z)) = Au, t >0,z € RY, (1.3)

u(0, ) = up(x), z € RY,
where the initial datum wuy belongs to L*(R?). First, we adapt the approach of
D. Serre [65] to prove the existence of solutions and their properties: comparison

principle, L!-contraction, conservation of mass. Then, we prove a dispersion in-
equality, using a new type of entropy based on periodic solutions.

1.3.1 Existence of the nonlinear semigroup

As in [65], the proof of the existence of solutions is based on Duhamel’s formula
for heat equation. We also need a comparison principle to replace the maximum
principle which is not true here.

Let us write problem (1.3) in the form:

{@u —Au=—div(f(u,z)), t>0,2€R?, (1.4)

u(0,x) = up(x), r € RY.
Here, the heat operator appears in the left-hand side of (1.4), and the right-hand

side is a lower order perturbation. Denote by H! the heat semigroup and K* its
kernel. They are given by:

HtUO — Kt * U, Kt(l') — ;exp o ||LU||2
(27t)d/2 4t
and satisfy the following properties:
[ uollp < Nluollp, 1< p < oo, 1.5)
Vo H' uoll, <t uglly, 1< p< o0, 1.6)
K'(z)dx =1, V.K'(z)dx = 0. (1.7)

R Rd
We prove the following result:
Proposition 1.1. Assume that f € C*(R,C*(R?)). Then for all a € L>°(R?), there

exist T > 0 and a unique solution u € L>®([0,T] x R?) of (1.3). Moreover, u €
CF((0,T),C>*(R%)) and T depends only on ||up]|se-
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Proof. We are searching for the mild solution of (1.3),i.e. which verifies Duhamel’s
formula:

u(t,”) = K" x ug — /t K" s div(f(u(s,-),-)) ds
0
= K'xuy — /Ot VK" % f(u(s,-),)ds.
Hence, we search for the solution of (1.3) as a fixed point of the map
M:ues (t s K xug — /Ot VLK % f(uls, ), -)ds).

In order to use Picard’s fixed point theorem we need to find a space which is stable
by M and where M is contractant. Using (1.5)-(1.6) with p = oo we have the
following estimate for all u € L°°(RY):

C/

M) < ol + | = (5., e .

We assume that for all 0 < s < T, ||[u($)|lo < 2|Juglloo. Since f(-,z) is locally in
L, uniformly in x, there exists C' such that for all 0 < s < T,

||f(u(3’ ')7 )Hoo < 07

where C' does not depend on u, but only on ||| feo((0.4)xre) < 2[|tg]|oc. Therefore, we
obtain the following estimate

| Mu(t)||oe < |Jtolls + 2¢.CVT, YO<t<T.

For T sufficiently small (2¢, CvV/T < ||ug|), the map M preserves the ball of radius
2||upl|oe of L°((0,T) x R?). This ball is denoted B(2||ug||o). Next we prove that
M is a contraction: let u,v € B(2||ug||), then

Mo(t) - Mu(t) = / VLK% (Flu(s,),) = fu(s, ), ) ds.

Since f(-,x) is locally Lipschitz, uniformly in z, there exists C’ (depending on
2||ugl|oo) such that || f(u,-) — f(v,")|lee < C'||u — v]|s. Hence, we obtain

| Mu — Mv||s < 2¢. C'VT ||t — 0]

and for T small enough, the map M is stable and contractant on B(2||ug]|so)-

We can now use Picard’s fixed point theorem to obtain a unique local solution in
L>=([0,T] x RY). Moreover, using again Duhamel’s formula, we prove that this solu-
tion is regular in time if f is regular in v and x ; for instance w is in C*((0, T"), C*>°(R%))
if fisin C*(R,C!(RY)). O
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To prove global existence in homogeneous problem, one uses maximum principle.
When the problem is inhomogeneous, this maximum principle is false and one uses
a comparison principle:

Lemma 1.2. Comparison principle: Let u,v € L>®([0,T] x R%) two solutions of
(1.1) on (0,T) such that for all v € R% ug(z) < vo(x). Then for all t € [0,T], and
r € R4, we have u(t,r) < v(t,z).

Using this lemma, we then prove global existence of solution:

Proposition 1.3. Assume that f € C*(R,C*(R?)). Then for all ug € L>(R?), there
exists a unique solution u € C*(RT,C®(R%)) of (1.5).

Proof. From Theorem 1.3 and Remarks 1.1 we deduce that for all z, the application
p — wy(x) is invertible from R to R. Since ug € L*(R?), there exists p such
that w_,(z) < wp(z) < wy(x). Proposition 1.1 gives us 7' (we can chose T =
T(max{||[w_p||co, ||wplls})) and a unique solution u. The lemma implies that for
all t € (0,7), and x € R, we have w_,(z) < u(t,z) < wy(x). Therefore, we can
iterate the local existence to prove that u exists on (0,7),..., (KT, (k+1)T) for any
k € N. Finally, we obtain a unique bounded solution, global and smooth for positive
time. ]

Next, we define the nonlinear semigroup S* on L*°(R?). From now, we will note
u = Stug,v = Stvg if ug, vy € L®°(RY).

As in [65], we have some properties on this semigroup: we have already men-
tionned the comparison principle (Lemma 1.2). We also have L'-contraction and
conservation of mass. And as said above, the constants are no longer stationary
solutions: they are replaced by periodic functions.

Proposition 1.4. For all ug,vy € L>(R?) such that ug —vo € L*(R?), for all t > 0
we have

(i) L'-contraction: S'uy — Stvy € L*(R?) and ||Stug — Stvo||y < |luo — voll1;

(Stug — S'vg) = / (o — vo).

(ii) conservation of mass: /
Rd

Rd

Proof. Let ug, vy € L®(R?) such that uy — vy € L*(R?). We first prove that S'uy —
Sty € L*(RY). Using Duhamel’s formula, one obtains:

o(t) — ult) = K* * (v — ug) - / (VoK) 5 (f(0(s,),) = Fluls, ), ) ds. (L8)
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Taking the L'-norm and using estimates (1.5)-(1.6) for p = 1, we deduce that

sup [[u(s) = u(s) |1 < [lvo — wolls + 26, C"VEsup [[o(s) — uls)]r-

s<t s<t
Hence, for ¢ small enough, v(s) — u(s) € L*(R?), for all 0 < s <t and by induction
it is true for all t € R™.
We now prove the L!-contraction principle. For all ug, vy € L>°(R?) one shows that

Orlu — o[ + div(sgn(u — v)(f(u, ) = f(v,))) < Alu —v].

Noting
w= —Kt*|v0—uo|+/ O, K" 5% div((f(u,z) — f(v,2)) sgn(u—v))+ |u—wv|, (1.9)
0

we easily prove dyw < Aw and w(0) = 0. Using comparison principle, we have
w < 0. We integrate (1.9) according to = to obtain

02/ w:—/ |v0—u0|+/ |u —v|. (1.10)
R¢ Rd Rd

From (1.10), we deduce the contraction principle.
Let us now prove the conservation of mass. Integrating (1.8), and using (1.7) we
immediately obtain for all ug, v € L®(R%): 8 [pu(u —v) = 0 and

/Rd(u _ )= /Rd(u(] ).

1.3.2 Dispersion inequality

In this section, we prove the following dispersion inequality for equation (1.1):

Proposition 1.5. Let R € R. There exists C > 0 so that for all p € R,b €
L>*(RY) N LYRY) such that w_p < w, +b < wg, u(t) = S*(w, + b) verifies a
dispersion inequality:

1611
lu(t) = wplle < Ca g7 (1.11)

This estimate gives convergence in L? when ug—wy € L'(R?) and the speed of this
convergence. In Section 1.4, we will see how L?-convergence imply L!'-convergence

in the one dimensional space case.



L'-STABILITY FOR SCALAR CONVECTION-DIFFUSION EQUATIONS 24

This property is first proved by P. Bénilan and C. Abourjaily in [1] in the case
where f does not depend on . When S* denotes the semigroup of (1.2), their result

can be written as follows:
[|uoll1
(/A

In this case, the proof of the inequality is based on the fact that for all convex function

15 |2 < cq

7, there exists g such that for all w, n'(u)div(f(u)) = div(g(u)), in particular for
n(u) = u®. This property is false in our case but we still have a dispersion inequality
(1.11).

To prove Proposition 1.5, we use a new class of entropies. When f does not
depend on x, an interesting class of entropies is the Kruzkov entropies u +— |u — k|
with & € R. Those are convex functions and for all solutions u of (1.2), we have the
inequality

Bulu — k| + div(sgn(u — K)(f(u) — (k) < Alu— K]

This inequality is still true in our case but we do not want to compare our solutions
to constants anymore, because they are not stationary solutions of (1.3). Hence, we
define a new type of entropy, using the stationary solutions wy,.

Proof. Without loss of generality we assume that p = 0. We have just said that
we need to base our new entropy on the stationary solutions. Theorem 1.3 gives us
that for all p € R, there exists a unique stationary solution w, under the constraint
(w,)y = p. Following the construction of Kruzkov entropies, let us consider , for any
p € R, the function 7, such that

My : (T, u) = np(z,u) = |u —wpy(z)].

This application verifies the inequality:
Omp(u(t, ), x) + div(sgn(u — wp)(f (u, ) — f(wp, x))) < A1y

In order to define our new entropy 7, we define two auxiliary functions p(u, z)
and 7(z,t). We recall that for all z € R?, the function p — w,(x) is a bijection from
R to R. We note p(u, z) the inverse of this application. It verifies:

Ve e R u e R, Wp(u,z)(T) = u.

If u is a function defined on R* x R?, we define 7(t,z) = p(u(t, r), ). One remarks
that —R < 7w < R. We can now define our particular entropy 7 as:

p(u,z)
n(u, ) = / (u— wp(a)) dp.
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This function is non negative. Next, we derive energy estimate on u using this new
entropy. Deriving n(u(t, z), x) with respect to t and using (1.3), one obtains

m(t,a) w(tx)
an(ut.a).a))= [ Aw=w)dp— [T div(fwa) = flupa)) dp. (112)

The last term of (1.12) is written as:

w(t,x) m(t,x)
/0 div(f(u,z) — f(wp, z)) dp = div (/O (f(u,z) = f(wp,x)) dp)

and .
/0 Au —wp)dp = A(n(u(t,z),x)) = Vi - V(u — wp) |p=r(t,2)-
We then obtain the following partial differential equation:
(t,z)
Omn(u) + div (/0 (f (u, )= f(wy, x)) dp) =An(u) =Vr-V(u — wp) p=r(ta)- (1.13)

Moreover, we have the equality:
0=V(u(t,z) — Wrta)(x)) = V(u —wp)|p=r(t2) — Opwy - V. (1.14)

We deduce from (1.13) and (1.14) that n satisfies the equation
w(t,x)
) +div ([ () = ) dp | = Ao = Gue VAl (115)
0

Integrate equation (1.15) in space: we get

d

— [ n(u)(z) dx+/ Dyw,| V> = 0.

Moreover, Theorem 1.3 gives us dyw, > a > 0. Using this inequality and Nash
inequality [67]:

_ 1 2
Imlle < callnlly' " IVal;  where 5 =1+7%,

we obtain: 2o
d HWHQ

— d ——=—— < 1.1
3 10 b+ Gy (1.16)
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Let us now relate m with n:
w(t,x)
wulta)) = [ (ulta) = w, o) dp
0
From the estimate

u(t, ) = wp ()] = [Wa(r.a)(x) = wp(x)| =

w(t,x)
/ pwp(x) dp
p

(1.17)

< |w(t, )| sup [Opwy|,
P

we deduce,
n(u(t, z),z) < |m(t, 2)|* sup [Gpwy|.
p

Since d,w, is locally bounded in p, i.e. dyw,(z) < C for all x € RY, for all p €
[—R, R], we deduce the inequality:

n(u(t, z),z) < Clr(t, r)|*. (1.18)

We combine (1.16) and (1.18) to obtain:

L ([ i ar) + U R <

I+ 2(1-6)/0
dt [ttt

We have now to overvalue ||7||; uniformly in ¢. Now
u(t,x)
7(t,x) = p(u(t,x),x) — plwe(z),z) = / Oup(w, x)dw.

wo ()

We deduce from the minoration d,w, > a the estimate 0,p < 1/a and we deduce

1 1
)l < —Jult) — < —||b
I @)l < ~llu(®) = wolls < — bl

with L'-contraction. Finally, we have the inequality

d% (/Rdn(u)(x) dx) + HI)H?(LH’W (/Rdn(u)(x) dx) v <0. (1.19)

Using g := — (fpa n(u)(2) da:)lfl/e, we solve this inequality and we obtain

t
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Hence,

o112
(/Rdn(:v)da:> <CW'

To conclude the proof, we prove that there exists C' > 0 such that for all ¢ > 0,

\/ [ n(u(®))(x) = C|lu(t) — wol|2. First, we have

p(u(z),x)
mw@wzé (u(x) — wy(x)) dp

p(u(x),z) p(u(x),z)
= / / Opwy(z)dq | dp
0 p

Then, estimate (1.17) shows that:

fu —wol? < (sup By, plulx), 2)> < Cplu(a), )2
p

This concludes the proof of the theorem. O

1.4 One-dimensional space case: proof of Theorem
1.2

In this section, we prove L!'-convergence in one space dimension. We bypass
the utilization of Duhamel’s formula by counting the number of sign changes. This
method is used by H. Freistithler and D. Serre in [28] to prove that constants are
stable in L' when the flux f does not depend on z, and when the space dimension
is one. It uses a lemma of H. Matano [49] which gives an evaluation of the number
of sign changes for the solution of our equation. The proof is carried out in four
steps: (1) At first, we make additional assumptions on f and the initial datum. (2)
Then, we prove L?-estimates on u and its primitive V' and we deduce that ||V ()]
vanishes at +00. (3) Using lemma of H. Matano, we find that ||u(t)||; is controlled by
IV (t)]| s, SO we prove the result under the additional hypothesis. (4) We generalized
the result without these assumptions.
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Proof. First, up to a translation, we will assume that
p=0,w,=0and f(0,-) =0.

We define F(u,x) = f(u, z)—0,f(0,x)u which verifies: F'(0,-) =0, and 9,F(0,-) =0
and we deduce the inequality
Juf?

F(u,z) < %Sup 02F|.

(1) Let us first assume that b is bounded in the following sense: let

pm=min{p:b<w,},p” =max{p:b>w,},
we assume that
max{ || wy+ oo, [[wp-[lec} < 7.

Therefore, we have: |b| < r and using the comparison property for all ¢, |S'b| < r.
Moreover, we assume [|b]|; sup;_, ,; [0;F| < 1. We will see at the end of the proof
how to remove these assumptions.

We further assume that b € C°(R, [—r,7]),l(b) < oo where [(b) is the number of
sign changes of b. Actually, we can approximate every function b that verifies the
conditions of step (1) by a function in C5°; and since the support is compact, we can
suppose that the sign of the function changes only a finite number of time.

(2) Assume now that b verifies all the previous assumptions. We define V(z) =
f_xoo u(t,y)dy. Since u belongs to L', V is well defined and belongs to L> and
[V]loo < [|b]|1. Moreover, since [, b = 0 and we have mass conservation, we have
that V € Cg°. In search of estimates on V', we consider an equation verified by V:

OV + 0uf(0,2)0,V + F(0,V,z) = O2V. (1.20)

Let 6 : x +— 6(z) from R to R be a positive function (which will be specified later).
Multiplying by 8V and integrating in space, we obtain
2

Besides, we have the inequality: |F(0,V,z)| < %sup\@ﬁﬂ. We deduce the
estimate:

d_dt( / evz) <- / 010,V + / V2 (9,(00,1(0,2)) + 0%0) .

Now we choose 6 to obtain an estimate on [ V2. We impose:
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~ 6> a>0sothat V — [#V?is a norm on L*.
— 0,(00,f(0,2)) + 920 = 0.
Actually, we only need that 9,(00,.f(0,z)) + 820 < 0.
The following lemma ensures the existence of such a 6:

Lemma 1.6. There exists 6 > 0 in H!, (V) such that

per

0.(00,f(0,2)) + 020 = 0.
Proof. We focus on the equation:
Ow — 0, (f(w, ) = Ow.

Theorem 1.3 ensures the existence of a periodic stationary solution w, of space
average p and this one verifies: d,w, > 0. Moreover, the function defined by 0 =
DpWy|p—0 18 Y-periodic, in H' and verifies the following equation:

0,(00, f (g, 7)) + 0260 = 0.

We remark that 0, f(0,2) = 0 = 920. Since w0y is the unique function such that
02y = — 0, f (0o, x) and {(Wy)y = 0, we have 1wy = 0. O

The definition of # ensures the inequality

i(/mﬂ)g—/m@VR
dt

Since 6 belongs to H! (V) C C(R), there exists ¢ > 0 such that ¢ < 6. Hence, we

per

deduce that V' is bounded in L*(R):

g/www</ﬂvwo</mw%m (1.21)

We also have an estimate on ||ul|z. Indeed, we proved in Section 4 the dispersion

> 10113
(/R|u(x,t)| da:) < C’lm.

lim ||u(t)2 = 0. (1.22)
t—o00

inequality (1.11) for u:

We deduce that

We can now prove an estimate on ||[V|». We have

v%aw=2/$w%ww%w@<zmmmmwmwm

—00
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From equations (1.22) and (1.21), we deduce:
1tlim (-, t)|l2 = 0,]|V (-, t)]]2 uniformly bounded in t.
—00

Consequently tlim IV (-, )|l = 0.
—00

(3) We now need an estimate on the number of sign changes of the solution u. To
obtain it, we refer to the article of H. Matano [49] in which an estimate on the lap
number of a solution of a parabolic problem is proved.
Let g : R — R be a continuous function. We define its lap number [ as the supremum
of 0 and all £ € N with the property that there exist £+ 1 points ¢y < --- < x such
that

VO <i<k, (9(zit1)—g(zi))(9(zi) — g(zi-1)) <O.
We adapt the lemma of H. Matano [49] to get:

Lemma 1.7. For any bounded solution V : [0,00) x R — R of (1.20):
OV + 0,f(0,2)0,V + F(8,V,z) = 9V

with V(0,-) € C°(R) having a finite lap number, the lap number of V (t,-) is uni-
formly bounded for all t > 0.

To do that, we just have to notice that F(9,V, z) = F(9,V, )0,V with F(9,V, z).
Since the number of sign changes of b is finite, V' (0,z) has a finite lap number.
The lemma of H. Matano proves that V¢, 3¢, ... & such that V' is monotone on
| —oo=¢&5&0, ..., 1€,: &, 1 = oo. Therefore, the sign of u does not change on the
same intervals. We deduce:

m f+1 m
I = 32| [ o] = SV - Vi)
=0 i =0

< 2(m+ )|V (#)|leo — 0.
Therefore the theorem is proved under the assumptions:

max{||wys |, wp-lloc} <7, [[bll1 sup [5F] < 1

[_rvr}
with

pt=min{p:b<w,}, p =max{p:b=>w,}.

(4) Next, we show how to remove these assumptions. We define

A, = {b c I(R) : /Oo — 0 and Va, w_,(z) < b(x) < wp(x)} |

[e.9]



31 1.5. Perspectives

We note M, = max{||w_,||c, ||y }. Hence, we have

sup |02F| < oo.
[7MP7MP}

Let now b € A, and n = 2|[bl[s sup_yy a,) [0;F|. Using w_, < 0 < w,, we have
b/n € A, and Vk € {1,...,n}, % € A,. The properties of the nonlinear semigroup
show that A, is stable under S, so we have for all ¢, S'(%2) € 4,

By induction on k, we can prove the theorem for % Let P, the property:

s ()
n
Pi: We have b/n € A,, ||| Sup[_ g, ar,) [02F | = 3 < 1. Using step (3), we deduce
5 ()
n

Py: Let assume that Py with k < n is true and let prove Py1. We have S*((k+1)2) €
A,. Moreover, the L'-contraction property gives

P : lim

t—o00

=0
1

=0.
1

lim ‘
t—o00

b kb b
’ 5 ((k+ 1>_) g (_> bl
n n )l n|l,
We deduce: ; i ;
Js*(e+02)] <[ CONL -
nJ nJh |y
Since .
lim ‘ 5t (_) 0,
t—o0 n 1
we have )
‘ St ((k‘ + 1)—) sup |02F| <1
1/ 1 [—Mp,Mp)

for ¢ large enough. Furthermore, S*((k+1)2) € A,. Hence, we can use the conclusion
of step (3) again to conclude the proof. ]

1.5 Perspectives

In this paper we have proved the L!-stability of the periodic stationary solutions
of (1.1) in the one dimensional space case. The proof uses a dispersion inequality
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which is also verified in the multidimensional space case and the lemma of H. Matano
(Lemma 1.7) about the number of sign changes of the solution of (1.1). But in the
multidimensional space case, the lemma of H. Matano has no more sense. An idea to
bypass it is to use Duhamel’s formula, as done by D. Serre in [65]. In this purpose, we
consider the linearized operator L = A — div(9, f(0, z)-), and we write the equation
in the form:

(0 — L)yu = — div(F(u, z))

with F(u,z) = f(u,x) — 9,f(0,z)u. We note K* the kernel of the operator 9, — L
so that we obtain Duhamel’s formula:

¢
u(t) = Kt b — / VoK« F(u(s,-),-)ds.
0
Taking L'-norms:
t
u(t) < I bl +/ IV B (11l F (uls, ), )11 ds. (1.23)
0

Moreover, we have 9,F(0,-) = 0, so we obtain |F(u,-)| < |u[?>. Hence, dispersion
inequality (1.11) gives

2
P (u(s. ). ) < 3

To obtain an L'-convergence theorem similar to Theorem 1.2, we can use esti-
mates on the kernel K and its derivative V,K*. Some results on this kernel are
given by M. Oh and K. Zumbrun in [57] and [58] when the space dimension is one.
When the space dimension d is larger than 2, we can refer to [55] and [56] in which
they obtain large-time estimates in L? where ¢ > 2, and when f is periodic in only
one direction. But, until now, we have not large-time L'-estimates for d > 2.

To conclude, we can see how estimates can give a theorem: if we obtain suitable
estimates, we can bound all the term in (1.23) by [|b||? as in [65] and conclude as
D. Serre does by continuity of the limit: Iy(b) = tlim 1S70]]; .

—00



Chapitre 2

Persistence of generalized roll-waves under
viscous perturbation

ABSTRACT. The purpose of this article is to study the persistence of solution
of a hyperbolic system under small viscous perturbation. Here, the solution of the
hyperbolic system is supposed to be periodic: it is a periodic perturbation of a roll-
wave. So, it has an infinity of shocks. The proof of the persistence is based on an
expansion of the viscous solution and estimates on Green’s functions.

2.1 Introduction

In this paper, we consider a one-dimensional system
up + f(u)e = g(u®) + cug, (2.1)

with a smooth flux f : R” — R” and a smooth function g : R® — R", which will
be supposed linear in the main theorem. We assume that the corresponding system
without viscosity

w + f(u)e = g(u) (2.2)
is strictly hyperbolic.
We consider a piecewise smooth function u which is a distributional solution

of (2.2) on the domain R x [0;7%]. We assume that u is periodic in the x variable,
with a period L and that u has m noninteracting Lax shocks per period.
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When g is a linear function, we show that u is a strong limit of solutions u®
of (2.1) as ¢ — 0. This work is of course motivated by the conjecture that the
admissible solutions of (2.2) are strong limits of solutions of (2.1) with the same
initial data.

In the case of scalar conservation laws, the proof of this conjecture uses the
maximum principle [71], and in the case of special 2x 2 systems, R. J. DiPerna proved
it by a compensated compactness argument |23]. For the general case of shocks, there
is a first paper of J. Goodman and Z. P. Xin which proves this conjecture for small
amplitude Lax shocks [32] and an other one of A. Bressan and T. Yang which gives
an estimate of the rate of convergence in the case of small total variation [12]. This
conjecture is also proved for a single non-characteristic Lax shock or overcompressive
shock by F. Rousset [63]. Here, we only consider Lax shocks but we have an infinity
of shocks.

An other motivation of this work states in the study of roll-waves, in fluid me-
chanics or in general hyperbolic systems with source terms. Indeed, P. Noble proved
the existence of roll-waves for this kind of system under assumptions on the source
term [54]. Specifically, in the case of inviscid Saint Venant equations

ht + (hu)x = O,
h2
(hu)¢ + (g cos 0? + hu?), = ghsinf — c;u?,

one can prove that there exist roll-waves which are persistent under small perturba-
tion [53]. So, there exist solutions of inviscid Saint Venant equations, near roll-waves.
Here, the idea is to prove that there exists a family of solutions of the viscous Saint
Venant system

ht + (hu)x = O,
h? (2.3)
(hu); + (g cos 97 + hu?), = ghsinf — cpu® + e(huy,),,

which tends to a solution of inviscid system as € goes to 0. We prove this result in
the case of full viscosity, and with linear source term.

We can now give the full set of assumptions and formulate our main result. First,
we suppose that

(H1) system (2.2) is strictly hyperbolic.

That means that there exist smooth matrices P(u), D(u) such that
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where D(u) = diag(Ai(u), ..., A\y(u)) is a diagonal matrix and \; # \; for all i # j.

(H2) wu is a distributional solution of (2.2) on [0;7*]. Moreover, we suppose that u
is piecewise smooth, periodic, and has m noninteracting and non-characteristic
Lax shocks per period.

That means that u is smooth except at the points (z,t) of smooth curves z =
X;(t)+iL,j=1,...,m,i € Z and that for all j, k. t, |X,;(t) — Xy(t)] > 2r > 0 (see
Figure 2.1).

uh

e

L~

»

ct 2L 4 ot 3L 4 et iL ot
X (t) Xo(t) X3(t) Xa() Xi(t)+L

Figure 2.1: Allure of solution u over one period when u is scalar and m = 4. The
periodic roll-wave is drawn in dotted line. The solution which checks our assumptions
is represented by continuous line. One also placed the shocks for the two solutions.

Moreover, following limits are finite:

OFwE(t) = OPu(X;(t) £0,¢) =  lim  OMu(w,t).

a— X, °
Since the shocks are non-characteristic k-Lax shocks, we have:
A7) < < e (077) < XG(E) < M(w?7) <o < (W),

M) < < (W) < XG() < Apr (W) < < A (W),
This assumption ensures the existence of at least one sonic point between two shocks.

We refer to [53] for the existence of such a solution in the case of Saint Venant
equations. This result can be extended to general hyperbolic systems.
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(H2’) There exists a viscous profile for each shock for all ¢ € [0;7%].
More precisely, for all j, ¢, there exists V7(t) such that
Vee = (F(V7) = Xj(5)V7)e = 0 (24)

and
VI (doo,t) = u/*(t).

We will give more details on the properties of V7 in Section 2.2.2. Now, we only need
to expose some assumption of linear stability. Consider for 7 < T, the operator

Llw=w.., — (df(V(z,7)) — X/(1))w..

J

We assume that the viscous shock profiles are linearly stable. This assumption is

equivalent to an Evans function criterion [74].

(H3) V7 € [0;T*],7 =1,...,m, L7 is such that DZ(\) # 0 VA, R\ > 0,\ # 0, and
Di'(0) # 0, where DJ is the Evans function of £7.

We can now state our main theorem:

Theorem 2.1. Under assumptions (H1)—(H2)—(H2’)—(H3) and if g is linear,
g(u) = ku, for all e > 0, there exists a solution u® of (2.1) on [0;T*] such that

|lu(t = 0) —u(t =0)|lpor) =0 ase—0, (2.5)
and we have the convergences
|u® — ul| Lo josro),21 (0;)) — 0, as e — 0.
And for any n € (0,1),

sup |u®(x,t) —u(z,t)] = 0, ase— 0.
0T [o— X (1) |>e7

The proof of this theorem is done in three steps: construction of an approximate
solution (which gives us an expansion of u° in €), estimates on the semigroup gen-
erated by linearized operator around this approximate solution and a Banach fixed
point argument to deal with the full problem.

The paper is organized as follows. In Section 2.2, we build an approximate

solution uf,,, of the full problem (2.1) close to u, solution of (2.2) up to order 2 with
respect to €. This is done separating slow parts where u®

app is close to v and shock
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parts where uzpp] x,+ev 18 close to V. More precisely, one expands u° in the slow part
as
uf(w,t) = u(x,t) + euy (x,t) + us(w, t) + o(e?)

where u is the solution of (2.2) and u; are solutions of the linearized equation of (2.2)
around wu, which is well-posed thanks to assumption (H3). In shock parts, the
expansion at shock j is

u(a,t) = VI(E (2,t,2), 1) + V] (€ (2,1 €), 1) + 2V (€ (2, 1, €), 1) + o(?)
X5 (

where the stretched variable is &/(z,t, &) = ==+~
equation (2.4) and V/,i = 1,2, are solutlons of the linearized equation of (2.4)

) 4 §3(t), V7 is solution of viscous

around V7. Moreover, the functions u;, Vj are related by matching conditions which

ensure regularity on the approximate solution u¢,_ . built by convex combination of

app’
the expansions:

e, iu( )Iﬁxt (1—2“( ))>O€(x,t)+d5(x,t).

where

)= {0 lel > 2,
PET= 1t o) < 1,

E(x,t) = VI(E (2, t,€),t) + eV (& (2, t,€), t) + e2V5 (& (w0, 1, €), 1),
O (z,t) = u(x,t) + cuy (v, t) + *ug(w, 1),

and d° verifies a heat equation with source term.

With this construction, we prove the theorem:

Theorem 2.2. There exists an approzimate solution ug,,, of (2.1) defined on [0;T*].
If ¢ is a smooth change of variable which fizes the shocks (Vt,4, j, o((j—1)&+iL,t) =
X;j(t) +iL), and u,,(2,t) = ug,,(©(z,1),t), then U, verifies the equation

( app) + f( app) (upr)Iﬂ? - /iufzpp —R;, (.Z' t)
with the following estimates on R®, where R°(z,t) = R(p(z,1),1),

HéEHLl(U;L) < CE?VY,HR;HLl(OL < Ce®~ 1/2, HéitHLI 0;L) 083’7*1 (26)
IR0y < C¥71 R0y < Ce¥7%2, (2.7)
HRzzHLI(O;L) S < Ce™™ 2- (28)
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S
app

us to have estimates on Riz in L' in €372, 3y — 2 > 0. This property will be useful

Here, u¢ ~ is constructed as a perturbation of u going to order 2, which allows

to prove the convergence of ug,, — u® to 0.

In Section 2.3, we linearize (2.1) in the neighbourhood of the approximate so-
lution ug,, and we compute estimates on the Green’s function. To do so, we use
the method of iterative construction of the Green’s function, which was first used
by E. Grenier and F. Rousset in [34]. So, we consider approximations of the Green’s
functions in neighbourhood of the shocks (given by K. Zumbrun and P. Howard
in [74]) and we build our own approximation far away from the shock, using the

characteristic curves.
The last section is dedicated to the proof of theorem

Theorem 2.3. Under assumptions (H1)—(H2)—(H2’)—(H3) and for linear g, for
all e, there exists u® solution of (2.1) on (0;T*) such that

And this u® verifies the convergences:
3 15
lu" = ugppll L (0ir) xm) = 0,

[0 — g || Lo (i) 21 R)) = O

when e goes to zero.

This is done using standard arguments for parabolic problems. Indeed, we com-
bine estimates on ¢°, and estimate on the Green’s function to obtain estimates on
U — Ugpp,
Then, using the convergence of u

and its derivatives, depending on € and uniform in time for € small enough.

[

app 10 u, we immediately deduce Theorem 2.1.

2.2 Construction of the approximate solution

The purpose of this section is to prove Theorem 2.2 on the existence of the

3
app

imate solution using outer and inner expansions of order 2. Indeed, in slow part,
where Vu is bounded, the solution u® of (2.1) may be approximated by truncation
of the formal series

approximate solution uZ,_~ of (2.1). In a first step, we compute formally this approx-

uf(x,t) ~ O (z,t) = u(w,t) + cuy (x,t) + %us(z, 1)
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where u is the solution of (2.2) we want to approach. Similarly, near the shocks j,

we search for ug,,, with the inner expansion

[(x,t) = VI(E (2, t,€),1) + eV (€, ), 1) + £2V5 (€ (2, 1, €), 1)

where & (x,t,e) = 2= X0 4 §3(¢) + e61(t) is the stretched variable and V7 is the
B 0 1

viscous shock profile, solution of (2.4). We match this expansion by continuity of

£

app and its spatial derivatives.

u

In this section, we formally substitute these expansions in (2.1) to find equations
satisfied by wu; and Vij, 1 =1,2,7 = 1,...,m, and matching conditions. Then, we
prove the existence of the u; and Vij on (0; 7*). Furthermore, we give rigorous esti-
mates on the error terms. We can remark here that we search for an approximation
of order 2, this will be useful to obtain good estimates on the second derivatives of
the error term.

2.2.1 Formal calculation and derivation of the equations

Substituting O° into (2.1) and identifying the power of € in the expressions, we
get for x # X;(1):

O(") sy + (f(u)e — g(u) =0,
0(51> SULE + (df(u) ’ ul)x - dg(u) c U = Uy,

O(e?) : ugy + (df(u) - ug), —dg(u) - ug = Urzy — %(de(u) (ur,up)),
1

+ 3 d*g(u) - (uy,uy).
A similar calculation for I’¢ yields the set of equations:
O™+ Vi = (f(VI) = XjV7)e =0,
O(e%) : Vige — (Af (V7)) = X)) - Vi )e = V{7 + V53, — g(V7),
O() : Vige = ((Af (V) = XG)-Vi)e = Vi + Vigh, + VE o, + 5 (@ (V7)- (V] VY))e

— dg(Vj) . V1j-

We remark that the equations for u; are hyperbolic equations: the first one
is (2.2), so nonlinear, and the others are the linearization of (2.2) around u. Similarly,
the equations for the shock profiles are ordinary equations: nonlinear for V7, we
recognize (2.4), and its linearization around V7 for V7 and V. To maximize the
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order of the approximation, we couple these equations with boundary conditions,
connecting u; and V7. First, we note

IulE(t) = Fuy(X;(t) £0,¢) = lim  OFuy(z,t), i=1,2.

=X t*

Then, we rewrite O° and ¢ with the variable £, in a vicinity of shock 7, and we ask
the two functions to coincide as € goes to 0. Therefore, we make Taylor expansion
of order 2 with respect to €. For example, for £ > 0, large enough,

O%(X; (1) + £(€ = 8(t) — =01(1)), 1) = w* (1) + £ (ul* (1) + ui* (€ — &)
+ %(ué*(t) + 2uly (8)(€ = 8) — 2ul 6] + uly (8)(€ — 8)°) + o(<?)
and

IF(X5(t) + (& — 65(t) —e6l(t), 1) = VI(&,t) + eV (&,8) + °V5 (£,1) + o(e?)

Identifying the terms of same order on ¢, we get as & — +oo:

Vi(+oo,t) = w/*(t), (2.9)
VI (€, 1) = ui™ (8) +uf*(1)(€ = 6(t)) + o(1), (2.10)
V3 (6.0) = (1) + uf((E — B0) + uEE(0)(E — B(0)° — uEE(5(1) + o(1).

(2.11)

For more details on the computation of these conditions, we refer to [26].

2.2.2 Existence of solutions of the outer and inner problems

In this section, we show that the solutions u; and V;j of the previous equations
exist under assumption (H3) on the spectral stability of the viscous shock profile.
We first remark that the leading-order outer function w is exactly the solution of (2.2)
which we want to approximate. Therefore, we first prove the existence of the V7,
and then we prove the existence of u; and all the Vlj . Simultaneously, we prove the
existence of the (56. Similarly, we prove the existence of uo, sz and (5{.

Construction at order 0

In this section, we deal with the existence of u, V7 which satisfy equations (2.2)-
(2.4) and matching condition (2.9). The existence of u is exactly assumption (H2).
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Since u is a distributional solution, u verifies Rankine-Hugoniot conditions at each
shock 7:
F@®) = f(u7) = Xj(t) (" — 7).

J

As said in assumption (H2’), we also assume the existence of the viscous shock
profile V7 which verifies

Ve — (J(V7) = Xj(1)V7)e = 0 (2.12)
and the asymptotic conditions:
VI(doo,t) = u/*(t).

We refer to N. Kopell and L. N. Howard [44] for the existence of such a profile under
smallness assumption on the amplitude of the shock. In our case, we assume this
existence, and the structure of the shock gives the convergence rate of the profile
and its derivatives as & — £o00. Indeed, since shocks are Lax-shocks, w/* and u/~
are hyperbolic rest points for the ordinary differential equation (2.12), and for some
w > 0, for any a € N, we have

0PV (€, 1) — opu/* (1) < eFl VEeR, (2.13)
VI < el vEeR. (2.14)

Construction at order 1: existence of V{ and u,

In this section, we prove the existence of uy, V7,8 on (0;T*) such that

Ut + (df<u) ' ul)m - dg(U) c U = Ugy, (215)
Viee = (Af (V) = X)) - Ve = V7 + VI8, — g(V7), (2.16)
V(&) = ul™ () + ud (1)(€ = 6)(t) + o(1), € — Foo. (2.17)

We first remark that these equations are linear. As in [63], it is convenient to deal
with bounded solutions. Therefore, we write

vf = Vi - D]
where D/ is a smooth function such that:

i &) i< -1,
ool &wdt(t) ifE> 1
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Consequently, Uf solves:

{Ufgg—((df( Vi) = X)) Uf)e = 8V + (&, 1), (2.18)
U (o0, 1) = uf* (1) — G (0)ul (1), (2.19)

with
W(E 1) = =Dige + Vi + (Af(V7) = X)) D])e — g(V).

From estimates (2.13), (2.14), we deduce that h satisfies:
W&, 1) = (1) + (Af () = Xpul*() — 9(w™) + O(e™¢)),a > 0.

And, since u is a smooth solution of (2.2), we have h € L'(R) and: h/({,t) =
O(e~@kl). Integrating (2.18) with respect to ¢ yields

3
— (df(V7) = XHU] = 6}, V7 + /0 B (n,t)dn + CI(t) (2.20)

where C7(t) is a constant, only depending on .

Let us solve the problem (2.15)-(2.20) with matching condition (2.19). Follow-
ing [63|, we construct the solution of this system in two steps. First, for all j, we
fix t and &), we find U] solution of (2.20) with finite limits at +oco. Since these
limits are explicit and only depends on ¢ 56, and ¢, we use the matching condition
(2.19) to rewrite (2.15) as a hyperbolic boundary value problem where u; and ) are
the only unknowns. After solving this system, we use the previous construction to
obtain U7 solution of (2.20) with matching conditions (2.19).

So, we fix t and &} for all j. With exactly the same arguments as in [63], we
prove the existence of U7 for all j. Hence, using assumption (H3) on the viscous
shock profile and theory of Fredholm operators, we show that Uf exists and the
limits satisfy:

tim U(€0) = ~(df (%) = X)) (0™ + 17 + %)

where H/* = foioo h(n,t)dn.

We now use matching conditions (2.19) to eliminate C? in these relations. Indeed,
we have

(df(uw'™) = X)) (uf™ — Ghul")
(df (™) = XJ)(u™ — Gul)

J

— (G’ + HIT 4 09,
— (Sl + HI™ + CY),
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and their difference is
At — Al 5 (W — i) = (ATl — ATl — (HPT — HYT) (2.21)
where A7+ = d f(u/*) — X/(t).

Now, we have to solve (2.15), (2.21). In order to find a solution of this system,
we rewrite it by fixing the shocks. Since the shocks do not interact, we can define a
change of variable Z (see Figure 2.2) which is bijective, continuous in (z, t), piecewise
linear in z and piecewise smooth:

20t0) = 5 o im U 1)% itz e [X;0t); X (O],i=1,...,m.

X, X, X, X, X +L°

Figure 2.2: Example of the change of variable Z in the case m = 4, for some t.

We also define v; by
uy(z,t) = v (Z(t, x),t).
It follows from these definitions that v; solves

v+ (Zp df(u) + Z)(Z7H(t, 2), t)vrs + bz, t)vy — h(z,t) = 0 (2.22)

where z —+ x = Z7(t, 2) is the inverse of z ++ z = Z(t, ), and, h and h only depend
on Z,u, u;, and .

We now use the fact that df(u) is diagonalizable, df(u) = P(u)~1D(u)P(u) so
(Zy df(u) + Z)(Z7 (t, 2),t) = P(2,t)"'D(z,t)P(2,1).
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Since zeroth order terms do not play any role in the wellposedness issue, we consider
the simplified system

wyy + D(z, wy, = k(z, 1), (2.23)
ATT(PIH)~Ywlt — A= (PI7) "l + 8, (uit — ul™) = 1 (1), (2.24)

with & and ¥ known functions. Therefore, we have to solve this system on [0; L]
under periodic boundary conditions. Since 0 and L correspond to the same shock,
the periodic boundary conditions are in fact the shock conditions (2.24) for j = 1.

Equation (2.23) is a linear transport equation on wy;,7 = 1,...,n. Since, gener-
ically, the existence of u smooth on [0; 7] ensures that the characteristics do not
intersect on [0; 7], they can be used to build w, ; smooth between shocks, using the
initial condition. So, it suffices to verify that the conditions (2.24) at the shocks are
well-posed. We must therefore count the incoming and outgoing information at the
shock. As we can see in Figure 2.3, for ¢ < k, the incoming characteristics come
from the right, so we obtain the value of w{j For ¢ > k, the incoming character-
istics come from the left, so we get w{: . And for i = k, the sign of the eigenvalue
change between two shocks: negative on the right of a shock and positive on the
left, so, using again characteristic construction, wy is defined on the whole interval
delimited by the shocks: we obtain w{; and w{;.By this method we have built wy;
on the right or left side of each shock. We now use the boundary conditions (2.24)
to obtain all the components of w], and &,.

t A

Figure 2.3: Characteristic curves between two shocks, example with m = 2. We also
plot s; and s, which are sonic points for k-th eigenvalue, that means A\;(s;) = 0.
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Indeed, if we note by r; the i-th eigenvector of df(u), and w, = P >, air;, then
af is known for ¢ < k and a!~ for ¢ > k by our construction and we rewrite (2.24)
as . .

Z Altaltelt — ZAj_ag_rf_ + &, (Wt =) =1(t)
i=1 i=1
or equivalently
SO X = YO X S ) = V).

i=1 =1

This yields the linear system on the unknowns a!™ for i > k, a!~ for i < k, and &},

SO X = S el s )
i>k i<k
=1(t) — Z(Af - X})aﬁrﬁ + Z(/\{_ — X;-)ag_rf_.
i<k izk
These equations have unique solutions if and only if the system obtained is invertible
for all ¢, that is the Majda-Liu condition:

L j- = gt g gt i+
Vi=1,...,m, det(ri ,...,rm_, W —uw" ..., 0") #0.

Using |75], our assumption (H3) implies Majda-Liu condition. To finish the con-
struction of the approximate solution, we use again the characteristics. By this way,
we have built a solution on the whole space R. To ensure the regularity of the so-
lution far away from the shocks, we only need suitable compatibility conditions on
the initial data.

Finally, we have proved the existence of u; and 5& for all 7 and for 0 < ¢t < T™.
The previous construction give us Vlj for all j. We can then apply the same method
to obtain the existence of VJ, §7, and us, since the linear system has the same terms
of maximal order.

Remarks 2.1.

— Since the construction of viscous shock profile only depends on the shock, we
can use the previous construction even if v is not periodic. However, we will
see in the following that the periodicity of u allows us first to obtain bounds
on u; and secondly to build the Green’s function in Section 2.3.

— In this section, we only assume that g is a smooth function. We will see in the
following that we need to integrate the equation, so we will assume that g is
linear.
we also have estimates on the error term for nonlinear g.



PERSISTENCE OF GENERALIZED ROLL-WAVES UNDER VISCOUS PERTURBATION 46

2.2.3 Construction of the approximate solution

We complete the construction of an approximate solution of equation (2.1). First,
we define a smooth function p such that:

)= O lal > 2.
PEPZ 1if fof < 1.

Then, the approximate solution ug,,, is defined as

U i“( )Iﬁxt (1_2“( ))>Of(x,t)+d€(x,t)

where d° verifies the parabolic equation
d; —ed;, — kd® = —¢° (2.25)

with initial data
d*(z,0) =0,
and ¢°(2,t) = 3.7 ¢¢(v,t) is an error term given by

2

i (0.8) =(1 = )[(F(0) = F(u) = £dfa) s — £ AF () ta = = € (w)-(ur, ),
- H(OE — U — €U — 52u2)
- 53“2303:]7

G5 t) = [(F() = FOV) =2 df (V) - V7 = (V) Vi =S 2 (V)- (W VD)),
— k(1P = VI — V)
+e%(0uVie + Vi + Vi),

¢5(x,t) =i (1F — O%) — epf, (I — OF) = 2, (1% — O%) + i (F(1%) = F(O))
+ ST+ (1= 1) O%)e — (W f(177) + (1 = 1) f(O7))s,

and 1/ = (%ﬂ)

Then, ug,, — d° verifies

(ufzpp - ds)t + f(ufzpp - da)f - ( Ugpp — d€> ( Uapp — dE)

and ug,, verifies

(upr)t + f(uipp) — €(uapp) — Huzpp =—R:,
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where R° = f(ug,,) — f(ug,, — d°).

app

We now want to prove that ug,, is a good approximation of u®, that means

P
u® — ug,, — 0 when € — 0. Therefore, we define w; = u® — ug,, where w solves:

wi + df (Ugyy) - Wo — €Wy — KW = =R — Q1 (U, W) (2.26)

with
Ql( Ugpps W ) f(wx + uapp) f( app) df( app)
which is at least quadratic term in w,.

Since (u;,,). is unbounded as ¢ goes to zero, we avoid the singularity by inte-

grating the equation on w,.

2.2.4 Estimates on the error term

To end with the proof of Theorem 2.2, it remains to compute the estimates on
the error term R, which only depends on d and ug,,. So, the first step is to compute
estimates on ¢°. As in [32], we can estimate the support of functions ¢5:

supp(q;) C {(z,1) : [z — X;(t)| = &7},
supp(gz) C {(z,t) : |v — X;(t)| < 27},
< 27}

supp(gz) C {(2,1) : €7 < |z = X;(1)] < 2¢

To obtain estimates on ¢; and their derivatives, we first need to fix the shocks by
a smooth change of variable. This manipulation cannot be avoided for the estimates
on ¢, ¢5. So, we define

o(z,t) =2+ Zaj(z,t) (Xj(t) - (j—- 1)% — 55j(t)> (2.27)

where o(+,t) are smooth functions, such that Zj a; = 1, ¢ is increasing, ¢, > 0
and ;(+,t) = 1 on a neighbourhood [(j — 1)L —7; (j—1)£ +r] of (j—1)£. We recall
that in assumption (H2) we have supposed that | X1 — X;| > 2r, which ensures
the existence of such a ¢.

With the notations
w(z,t) = w(p(2,t),1), g, (2, 1) = ug,, (p(2,1),1),

gs<z7t) = qg(gp(z,t),t),l%g(z,t) = RE(QD(’Z?t)?t)a
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equation (2.26) becomes:

~ 1 ~c 2z ~ L ~ e ~c ~
W + — (df(uapp) — Y+ 51002 ) Wy — 5?“&3’ — kW = - — Ql(uapp7wz)'
(2.28)
Similarly, d*(z,t) = d*(p(z,t),t) verifies the equation
e Pzz Pr\ e 1 e je _ _ £
d; + (8 i @> ds — 590—de2 — Rd® = —q (2.29)

and the following lemma gives estimates on ¢°:

Lemma 2.1. There exists a positive constant C' independent of € such that

1G5 (1G5 [l oo Gl e < O™, (2.30)

16 12 0.5 1G5 | 21 0:ys G5l 22 0ry < CE™, (2.31)

1@< s 1@l e < CEVNEN L0y, 1851 0s) < C™, (2.32)
.M < O, 1oy < CE7. (2.33)

Proof. Using the fact that f is smooth and w; is piecewise smooth, with discontinu-
ities only at z = X/(t), we have the following estimates for ¢i:

IGillz < Ce?

where C' is a constant which does not depend on e. Integrating this inequality, we
get:
1G5 112 o;) < C€.

Moreover, if ¢ is small enough (such that 227 < r),

@@szu—ﬂwqu+gﬂgw(w =

(Z,t) _X](t)> []

where the [...] is dominated by &3. Therefore we have
|Gl < CE2 1@ 10y < CE,

Similarly, we prove the same estimates for ¢j,,. Nevertheless we cannot have such
estimates for ¢j,. Indeed, we have

) = (= - (BB



49 2.2. Construction of the approximate solution

so we just have
1G5l < C¥7 @il oy < C€°
Similarly, we prove

quithLoo < 083_7’ ||Qizt||L1(0§L) < 0837

1G5 [l < O, IGia 12 oin) < CE*7.

Then, we compute estimates for ¢;:
150 zec s 1G5 220, 1G5l e < O,

1651121y 18l 0imy s N 3uell 2202y < €7,
165Nz 15l < C*7 @Ml 01y, 1Bt 0i2) < C

1G5l < C* (1G5, | 110y < CE¥7.

Eventually, we use matching conditions (2.9)-(2.10)-(2.11) to prove the estimates
on G;. Indeed, the properties of viscous shock profiles provide that terms o(1) can
be replaced by ekl in the matching conditions with « a positive number. So, we
have for z — (j — 1) & < r:

€

= (1) + e [l (1) + u(r) (LAY ] 4 l (1)
fuf(r) (U g (0 uzf(t)a{(t)}

lz—(-1) &)
+O (eo‘ — )

and, using Taylor expansion for u;(X; + (z + (j — 1) — &4})),

IE(p(2,t),1) = VJ( =0y ) +eVy (J—”% ) + &2V (]—”ﬁ t)

O%(p(z,0),t) = ulz+X;— (j—1E -, 1)
teur(z+ X;— (j— )& —ed, t)
+EQUQ(Z + Xj - (] — 1)% - E(Sj,t)

= +ulE(t) + ufE () (z = (- 1) E + e6) + £%6])
ﬂ%ﬁ(t)( — (= 1)& —eq)? + euf”
teult(z — (j — 1)L — &) + e2ul*
+O(E + (2 — ( — & —&d))?).
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Since

supp(q;) C {(z,t) e

O (53 - (z —(j - 1)% — 556)3> — O

and we obtain the estimates:

we have

Hgg”LO"v ||(j§t”L°°» ||(j§tt||L°° < 05277

151 2 0:25 1G5ell 22 059+ @5l 20y < €,
1G5 1o 116520l 2 < CEY 1G5 11 0:19 1G5l 21051y < C™,
152l < C, 1G5 [l 1oy < C€.
This ends the proof of the lemma. ]

We now end the proof of Theorem 2.2 with estimates on Re. Since d° verifies
equation (2.29) with zero initial data, d° is given by

t
_/ / k€<zay7t77)(j€<y77) dy dr
0 JR

where the kernel k¢ is defined by

) <_ (plz1) - m,w) .

k© t,7) =
(2:9,8,7) Ame(t —7) de(t — 1)

We easily verify that ||k°(-,y, -, 7)||zr + VE|kS(-, y, -, 7)||z is independent of & and
we deduce the estimates on d°

Id[lzr < O™ |l d* 1= < CE™,
<C

ld:llzr < Ce™ 42 ||dz | < O™ 2,

Then, we derive (2.29) to obtain the equation on d
7 Sozz szt
&+ <g >de - ( ) &
RN R 02! P
zZ 2 z
_q;‘ ( 903 __) de szt ((8902 §0t>d /ids—i—q)
Y Pz Pz Y3 P,

05 (,0) = —(2,0).

with initial data
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We deduce the estimates

Id5 | < Ce¥ 72 |1 d [l < OB,
Idz. |2 < 7 |d || < Ce™7

Taking again the time derivative of the equation we obtain estimates on Jit
ldi |z < O gl < O
Using space derivative, we obtain estimate on d<,

ldz.llzx < C2712, gyl o < CE7 2,

We recall that R® = (a5, ) — f(@S df) and using L*™-estimates on u:

app app app

[l oo + [1(tgpp el Lo + 1| (g )rel oe

<C
ell () : oo 4 €ll (G el oo + %]1(T,) 2l e < C,

)

we finally obtain the estimates on R°. This ends the proof of Theorem 2.2.

2.3 Estimates on the Green’s function

We now consider the linear operator

1 z2 ~ 1 ~ ~
L€11~):11~Jt+—(df(’118 )—(pt—l—sgo >-wz—e—wzz—/£w.
¥

app
4
The aim of this section is to prove the following theorem:

Theorem 2.4. There exists a Green’s function G*(t,7,z,y) of the linear operator
Le defined for 0 < 7, t < T z,y € R such that G*(t,7,z,y) =0 if T >t and

T* T*
sup / / (GE (b7, 2, )] dz dt + VE sup / / 0.G% (b2 )] dzdf < C
0 R 0 R

y,r<T* y,7<T™*
(2.34)
where C' is positive and does not depend on ¢.

Remark 2.2. If we replace x by a bounded smooth function h with bound indepen-
dent of e, estimate (2.34) still holds. We will prove this theorem with this general
assumption.



PERSISTENCE OF GENERALIZED ROLL-WAVES UNDER VISCOUS PERTURBATION 52

To find estimates on this Green’s function, we use approximations of the Green’s
function both near the shock and far away from the shocks.

First, we recall the method of iterative construction of the Green’s function of
E. Grenier and F. Rousset [34]. Then, to approximate the Green’s function near the
shocks, we recall the result of K. Zumbrun and P. Howard [74] about Green’s function
for pure viscous profile problem. Far away from the shocks, we use characteristic
curves to build some approximate Green’s functions. Finally, we combine all these
Green’s functions to obtain an approximate Green’s function of L and we find
bounds on the error terms.

2.3.1 Method

Here, we recall the method used by E. Grenier and F. Rousset in [34]. We want
to construct an approximate Green’s function G, of L in the form

N
Gt T, 2,y) = Z Sk(t, 7, z, y) k(T,v),
=1

where S, are Green’s kernels which satisfy (2.34) and II;, € C*°([0,T*] x R, L(R™))
are such that

Lk (¢, 2)v|| < Cllv], Vo>=0,te|0;T"],veR"

and
N
Z I, =1d.
k=1

We next define the error Ry(-,7,-,y) = L°Sk(7,y) for k = 1,..., N, and the
matrix of errors: M(T,Ty) = (o3 (11, T2))1<ki<n With

ou(Ty,Ty) = sup / /|H;c (t,2)Ry(t, 7, z,y)| dz dt.
Ti<7<Ty,yEsupp 1]
Thanks to Theorem 2.2 of [34], we just have to prove that there exists g5 > 0
such that 0 < T; — T < g9 implies
lim Mp(Tl,Tg) = 0.

p—00

Remark 2.3. Since we consider the error in a matrix, we need to consider a finite
number of Green’s kernel Sj,. We will see in the following that the number of these
kernels is proportional to the number of shocks per period. So, this method does
not allow us to treat the case of a non-periodic perturbation.
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2.3.2 Near the shocks

Near the shock j, we can approximate

1 ~e 2z
- (df(uapp) — ¢+ Eiz )

z

(o2
9

and we forget zeroth order term. Therefore, we search the Green’s functions for the
linear operators

1)L
Lijw = Jyw + (df (Vj (@,T)) - XJ’(T)> W, — EW,,

which depend on j and 7 < T™*. As in 63|, we remark that these Green’s functions
GoI(t, z,y) verify

LoDy G-k
g’ € €

902 = Lo |

where GH%J is the Green’s function related to the operator

Liw = 0w+ (df(VI(z,7)) — Xi(T)w, — w...

J

In [74], K. Zumbrun and P. Howard obtained estimates on the Green’s functions
which will be useful to obtain estimates for our operators. Let us denote by ] jE(T),
and /¥ (1) the eigenvalues and the associated eigenvectors of df(u/*(7)) — Xi(7).

Proposition 2.2. Under hypothesis (H3), we have

X ) . Met :
G (t,z+(j—1)— y+(]-1)a)= Z 0 I (T) x50

)
m

(2.35)
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(z—al" (1)t)?
L L eXpl — P A
0.6 (124 (- D=y (- D2)= 3 O ) PP

, et !
i,alt(r)>0
(z—al” (1)t)?
oxp (L)
+>. 0 T rl™ (7)Xz<0
i,al " (1)<0
)2
xp (-575)
+ O = e % |,

(2.36)

where M and o are positive constants, and x designs characteristic function. More-
over, O’s are at least linear forms, locally bounded in y and uniformly bounded in

(t,2).
2.3.3 Far away from the shocks

As in the previous section, we do not search Green’s function for L¢ but for the
approximate operator L¢ defined by

Lw_wt+g0—(df( (o(z, )t))—got—i—eg;z;).wz—éwzz.

We remark that, as in the previous section, we forget the terms in w.

Recall that df(u(z,t)) is diagonalizable for all z,, so we can write
df (u(e(z),1)) = Plulp(z1), 1)) D(u(e(z, 1), ) Pulp(z, 1), 1))

with D(u(p(z,),1)) = diag(\(u( (2, 1), ).
To obtain approximation of the Green’s function between two shocks, we define
7 approximate problems on R, with continuous solutions. First, we set

XF(t),t) ifze]—o0;(j—1)& +ed],
o(z,1),1)) isz}(j—1)E+€(53,jm+6(5j+1[,
X 4(t),1) ifz € [j£ + et oo

)‘g(w(za t)? t) =

/\ .

Then, we want to find approximate Green’s functions for the scalar operators

] 1 zz
ng:wt—i_go_ (/\] Sﬁt‘f‘&?z )wz_%wzz-
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To do so, we define characteristic curves x?(t,7,y) by
atxz(ta T, y) = )‘g(Xi (tv T, ?/), t)7 14 2 T,
Xl (r,7,y) = v,

and the approximate Green’s functions

0.7) (_(w(z,w X so(yﬁ)))2> |

Gj t7 ) ) -
(67 20) Ame(t —7) de(t —7)

We easily compute the error committed here
LG] = (N (o(z,1),8) = N (O (8,7, 0y, 7)), ) GL (L 7. 2,).

Before we build the whole Green’s function, we introduce some notations. First,
we write
G’ = diag(GY).
In the sequel, we need to distinguish at each shock the outgoing waves to the in-
coming waves. We define

D™ = diag(0,...,0,1,...,1), with & — 1 unit coefficients,
Do = diag(1,...,1,0,...,0), with & — 1 null coefficients,
D™ = diag(1,...,1,0,...,0), with & unit coefficients,
Dt = diag(0,...,0,1,...,1), with & null coefficients,

so that DT 4+ D¥owt — 1.

Finally, we define the projections
Pt 2) = P(t,2)D¥"P(t, 2) 71,
Prout(t 2) = P(t,2) DU P(t, 2) L.
2.3.4 Approximate Green’s function

Since the shocks are non-characteristic Lax shocks, we have the following in-
equality on a neighbourhood of each shock j =1,... m:

L L
Mili(,0) = X;(0)] > C > 0if (= 1)L —dn <2< (= D)= +dni=1,....m.

We can assume that 7 is such that 4n < r so that o; = 1 in (2.27) on the previous
neighbourhood.



PERSISTENCE OF GENERALIZED ROLL-WAVES UNDER VISCOUS PERTURBATION

Furthermore, we need some cut-off smooth functions

0if 2 < 1 if 2 < 2
+ ~X Y — . ~ )
K7() {1ifz>2 andK(Z)_{Oifz>—1.

We also assume the cut-off function u already used to read as p = (1—-K*)(1—K").
We can now build an approximate Green’s function in the form

m 7
Gopp(t.m 2 y) =D St 7, 2, y) T (7,y)

where the Green’s kernels are periodic with period (0,0, L, L):

SI(t, T, 2,y) = Zgi(tﬂ', 24+ 1L,y +1L)

ez
with

Sit, 2 y) = (Z — (277_ 1&) " <Z — S@;Dé) GSi(t —7,2,y),

S{at, T 2,y) = <%) KT (%) P(t,2) DT GI(t, 1, 2,y)P(r,y) ",
Si(t, 7, 2,y) = p (%) KT (#) P(t,2)DT™"GI(t, 1, 2,y)P(r,y) ",
Sit, 7, 2,y) = (K+ <4<z — <{7_ Di)) + K- (4(2_7]%)) - 1) P(t,2)G7 P(r,y) Y,

Sty = [ 220 ) k- (229 ey p @it 2 ) P )
5 77—a27y _,u 277 MlE ,Z 77'7279 Tvy )

L
~i R B 2 e —ou . -~
Séj(t,T, z2,y) = (%) K ( Voo ) P(t,2)D~""GI(t, T, z,y)P(r,y) ",

and the projectors are also periodic:

T (r,y) = > TH(r,y +1L)
leZ

o6
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7 M;se
) (5 ) (0 P
ﬁi(ﬂy):KJr( _(j_l)%>+K_ (y_n]%>—l,
Y]

(7, y) = p (7> K~ (%) <1 K (Q(yM;gi%)» Pou(1,y)).

It appears that all the Green’s kernels can be written in the following form:
St 2y) = T(2)S(t,7, 2,y) (2.37)

where T is a truncation function.

We will choose the three constants My, My, M3 at the end of the estimates on
the error matrix so that they verify

1
AM; < My < ZMg.
These inequalities are necessary to have

ZH‘,@ =1
.k

and

GPP (1,7, z,y) = 0,(2) Id..
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Under these notations, SJ describes the viscous dynamic at the shock j, S7 the
creation of outgoing waves in a vicinity at the right of the shock j, Sg the creation
and propagation of outgoing waves away from the shock j, at its right, 5‘§ the
creation and propagation of incoming waves at the right of the shock j. gi describes
the propagation of the waves between the shocks j and 7 + 1 Moreover, the kernels
5’;, S’g, S”g are the symmetric of respectively g{, Sg, S§ for the left of the shock j + 1.
We summarize this splitting in Figure 2.4.

$i — §J — |propagation between two shocks S
‘ .

«