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■♥ !❤❡  ❡❝♦♥❞ ♣❛/!✱ ❛ ✐♥ ❬✶✱✷❪✱ ✇❡  !✉❞② !❤❡  !❛❜✐❧✐③❛!✐♦♥ ♦❢ ✇❛✈❡ ❡6✉❛!✐♦♥ ✇✐!❤ ✐♥❞❡✲

✜♥✐!❡  ✐❣♥ ❞❛♠♣✐♥❣✳ ❍❡/❡ ✇❡  ❡❛/❝❤ ❢♦/  ✉✣❝✐❡♥! ❝♦♥❞✐!✐♦♥ ♦♥ !❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥!  ♦

!❤❛! !❤❡ ✇❛✈❡ ❡6✉❛!✐♦♥ ❛/❡ ❡✐!❤❡/ ❡①♣♦♥❡♥!✐❛❧❧② ♦/ ♣♦❧②♥♦♠✐❛❧❧②  !❛❜❧❡✳ ❋✐/ !✱ ✇❡ ❝♦♥ ✐❞❡/

!✇♦ ❞❛♠♣❡❞ ✇❛✈❡ ♣/♦❜❧❡♠ ✇❤✐❝❤ ❛/❡ ❡✐!❤❡/ ✐♥!❡/♥❛❧❧② ♦/ ❜♦✉♥❞❛/② ❞❛♠♣❡❞ ❛♥❞ ❢♦/ ✇❤✐❝❤

!❤❡ ❞❛♠♣✐♥❣ !❡/♠ ❛/❡ ❛❧❧♦✇❡❞ !♦ ❝❤❛♥❣❡ !❤❡✐/  ✐❣♥✳ ❯ ✐♥❣ ❛ ❝❛/❡❢✉❧  ♣❡❝!/❛❧ ❛♥❛❧② ✐ ✱ ✇❡

✜♥❞ ❝/✐!✐❝❛❧ ✈❛❧✉❡ ♦❢ !❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥! ❢♦/ ✇❤✐❝❤ !❤❡ ♣/♦❜❧❡♠ ❜❡❝♦♠❡ ❡①♣♦♥❡♥!✐❛❧❧②

♦/ ♣♦❧②♥♦♠✐❛❧❧②  !❛❜❧❡ ✉♣ !♦ !❤❡ ❡ ❝/✐!✐❝❛❧ ✈❛❧✉❡ ✳ ❆❢!❡/✇❛/❞ ✱ ✇❡ ❣❡♥❡/❛❧✐③❡ !❤❡ ❛♥❛❧② ✐ 
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♦❢ "❤❡ ♣&❡✈✐♦✉* "✇♦ ♣&♦❜❧❡♠* "♦ "❤❡ ❝❛*❡ ♦❢ ✇❛✈❡ ❡1✉❛"✐♦♥* ♦♥ ❛ *"❛& *❤❛♣❡❞ ♥❡"✇♦&❦ ✐♥

"❤❡ ♣&❡*❡♥❝❡ ♦❢ ✐♥❞❡✜♥✐"❡ *✐❣♥ ❞❛♠♣✐♥❣ "❡&♠*✳ ❋♦& "❤✐* ♣&♦❜❧❡♠✱ ✇❡ ✜♥❞ "❤❛" "❤❡ ✐♥"✉✐"✐✈❡

❝♦♥❞✐"✐♦♥ ♦♥ "❤❡ ♣♦*✐"✐✈✐"② ♦❢ "❤❡ ♠❡❛♥ ✐* ♥♦" *✉✣❝✐❡♥"✳ ❲❤❡"❤❡& "❤❡ L∞
♥♦&♠ ♦❢ "❤❡

❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥"* ✐* ❧❛&❣❡ ♦& *♠❛❧❧✱ ✇❡ *❡❛&❝❤ ❢♦& *✉✣❝✐❡♥" ❝♦♥❞✐"✐♦♥* ♦♥ "❤❡ ❞❛♠♣✐♥❣

❝♦❡✣❝✐❡♥"* ❢♦& ✇❤✐❝❤ "❤❡ ♣&♦❜❧❡♠ ❜❡❝♦♠❡* ❡①♣♦♥❡♥"✐❛❧❧② *"❛❜❧❡✳

❑❡② ✇♦%❞' ✿ ❙"❛❜✐❧✐"②✱ *❡♠✐✲❞✐*❝&❡"✐③❛"✐♦♥✱ ✈✐*❝♦*✐"② "❡&♠*✱ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐"✐♦♥✱

✐♥❞❡✜♥✐"❡ *✐❣♥ ❞❛♠♣✐♥❣✱ ❛*②♠♣"♦"✐❝ ❜❡❤❛✈✐♦&✱ ❘✐❡*③ ❜❛*✐*✱ *"❛&✲*❤❛♣❡❞ ♥❡"✇♦&❦✳

❙♣+❝✐❛❧✐0+ ✿ ▼❛"❤C♠❛"✐1✉❡* ❆♣♣❧✐1✉C❡*

▲❛❜♦&❛"♦✐&❡ ❞❡ ▼❛"❤C♠❛"✐1✉❡* ❡" ❧❡✉&* ❆♣♣❧✐❝❛"✐♦♥* ✭▲❆▼❆❱✮✱ ❯♥✐✈❡&*✐"C ❞❡ ❱❛❧❡♥❝✐❡♥♥❡*

❡" ❞✉ ❍❛✐♥❛✉"✲❈❛♠❜&C*✐*✱ ▲❡ ▼♦♥"✲❍♦✉②✱ ✺✾✸✶✸ ❱❛❧❡♥❝✐❡♥♥❡* ❈❡❞❡① ✾✱ ❊❝♦❧❡ ❞♦❝"♦&❛❧❡

&C❣✐♦♥❛❧❡ *❝✐❡♥❝❡* ♣♦✉& ❧✬✐♥❣C♥✐❡✉& ▲✐❧❧❡ ♥♦&❞✲❞❡✲❋&❛♥❝❡✲✵✼✷

▲❛❜♦&❛"♦✐&❡ ❞❡ ▼❛"❤C♠❛"✐1✉❡*✱ ❯♥✐✈❡&*✐"C ▲✐❜❛♥❛✐*❡✱ ❊❝♦❧❡ ❞♦❝"♦&❛❧❡ ❞❡* *❝✐❡♥❝❡* ❡" ❞❡

"❡❝❤♥♦❧♦❣✐❡✱ ❍❛❞❛"❤✱ ▲✐❜❛♥✳
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❆❝❦♥♦✇❧❡❞❣♠❡♥+

❋✐"#$ ♦❢ ❛❧❧✱ ■ $❤❛♥❦ ♠② #✉♣❡"✈✐#♦"# 4"✳ ❙❡"❣❡ ◆■❈❆■❙❊ ❛♥❞ 4"✳ ❆❧✐ ❲❊❍❇❊

❢♦" $❤❡✐" ✈❛❧✉❛❜❧❡ ❣✉✐❞❛♥❝❡ ❛♥❞ ❝♦♥$✐♥✉♦✉# ❡♥❝♦✉"❛❣❡♠❡♥$✳ ❚❤❡② ❤❛✈❡ ❧❡❛"♥❡❞ ♠❡

❤♦✇ $♦ ❝♦♥#$❛♥$❧② ❝❤❛❧❧❡♥❣❡ ❛♥❞ ✐♠♣"♦✈❡ ♠②#❡❧❢✳ ■ $❤❛♥❦ $❤❡♠ ❢♦" $❤❡✐" ❡♥♦"♠♦✉#

#✉♣♣♦"$ ✇❤✐❝❤ ✇❛# $❤❡ ♠❛✐♥ "❡❛#♦♥ ❢♦" $❤❡ ❡✈♦❧✉$✐♦♥ ♦❢ $❤✐# $❤❡#✐#✳ ❚❤❡✐" ✐♥❝"❡❞✐❜❧❡

❡♥$❤✉#✐❛#♠ ❢♦" ♠❛$❤❡♠❛$✐❝# ❛♥❞ ✐♥✜♥✐$❡ ❣❡♥$❧❡♥❡## ✇✐❧❧ ❛❧✇❛②# "❡♠❛✐♥ ❛ ❣"❡❛$ ✐♥#✲

♣✐"❛$✐♦♥ ❢♦" ♠❡✳ ■ ✇♦✉❧❞ ❧✐❦❡ $♦ ❡①♣"❡## ♠② #✐♥❝❡"❡ ❣"❛$✐$✉❞❡ $♦ $❤❡♠ ❢♦" $❤❡ ✐♥#✐❣❤$✱

❛❞✈✐❝❡✱ ❛♥❞ ♣❡"#♦♥❛❧ #✉♣♣♦"$ $❤❡② ❤❛✈❡ ♦✛❡"❡❞ ♠❡ ❛♥❞ ✐♥✢✉❡♥❝❡❞ ♠② "❡#❡❛"❝❤✳ ■ ❛♠

❧✉❝❦② ❡♥♦✉❣❤ ❢♦" ❤❛✈✐♥❣ #✉❝❤ #✉♣❡"✈✐#♦"#✳

■ $❤❛♥❦ ▼"✳ ❉❡♥✐# ▼❊❘❈■❊❘✱ ♠② ❛##✐#$❛♥$ #✉♣❡"✈✐#♦" ❛$ ▲❆▼❆❱✱ ❢♦" ❤✐# ❝"✉❝✐❛❧

❝♦♥$"✐❜✉$✐♦♥ $♦ $❤✐# $❤❡#✐#✳ ■ ❛♠ ❣"❛$❡❢✉❧ ❢♦" ❛❧❧ ❤✐# "❡♠❛"❦❛❜❧❡ #✉♣♣♦"$ ❛♥❞ ♣❡"#❡✈❡✲

"❛♥❝❡✳ ■ $❤❛♥❦ ❤✐♠ ❢♦" ❤✐# ❝♦♥$✐♥✉♦✉# ❛##✐#$❛♥❝❡ ❡#♣❡❝✐❛❧❧② ✐♥ ♥✉♠❡"✐❝❛❧ ✐##✉❡# ✇❤✐❝❤

❛❞❞❡❞ ❛ $❛#$❡ ❢♦" $❤✐# $❤❡#✐#✳ ■ "❡❛❧❧② $❤❛♥❦ ❤✐♠ ❢♦" ✜♥❞✐♥❣ ❤✐♠ ❛$ ❛♥② $✐♠❡ ■ ❤❛✈❡

✇❛♥$❡❞✳

▼❛♥② $❤❛♥❦#✱ ❛# ✇❡❧❧✱ ❣♦ $♦ ❏✉❧✐❡ ❱❛❧❡✐♥ ❢♦" ❤❡" ❝♦♥$"✐❜✉$✐♦♥ $♦ $❤❡ ✜"#$ ♣❛"$ ♦❢

$❤✐# $❤❡#✐#✳ ❍❡" "❡♠❛"❦❛❜❧❡ ♥♦$❡# ❛♥❞ ❛##✐#$❛♥❝❡ ❤❛✈❡ ❡♥"✐❝❤❡❞ ♦✉" #$✉❞②✳

■ ❛♠ ✐♥❝"❡❞✐❜❧② ❣"❛$❡❢✉❧ $♦ 4"✳ ❆♠✐♥❡ ❊▲ ❙❆❍■▲■ ❢♦" ❜❡✐♥❣ ❛ ❜"✐❞❣❡ $♦✇❛"❞# ♠②

4❤✳❉✳ #$✉❞✐❡#✳ ❍❡ ❤❛# ♠❛❞❡ ♠❡ "❡❛❧✐③❡ $❤❡ P✉♦$❡ ✧✇❤❡"❡ $❤❡"❡ ✐# ❛ ✇✐❧❧✱ $❤❡"❡ ✐# ❛

✇❛②✧✳

■ $❤❛♥❦ $❤❡ ▲❆▼❆❱ $❡❛♠ ✿ ❙❡"❣❡✱ ❉❡♥✐#✱ ❩❛✐♥❛❜✱ ❙❛❞❥✐❛✱ ❈♦❧❡$$❡✱ ❏✉❧✐❡$$❡✱ ❋❡❧✐①✱

❏❛❧❛❧✱ ◆❛❜✐❧❛✳✳✳ ❚❤❡② ✇❡"❡ ❡①$"❡♠❡❧② ♥✐❝❡ $♦ ♠❡ ❞✉"✐♥❣ ♠② #$❛② ❛$ ❱❛❧❡♥❝✐❡♥♥❡#✳ ■

$❤❛♥❦ $❤❡♠ ❢♦" ♠❛❦✐♥❣ ♠❡ ❡♥❥♦② ♠❛$❤❡♠❛$✐❝# ❛$ ▲❆▼❆❱✳ ■ ❝❛♥ ♥❡✈❡" ❢♦"❣❡$ $❤❡

♠❡♠♦"✐❡# ■ ❤❛❞ $❤❡"❡ ❛♥❞ ✇❤✐❝❤ ✇✐❧❧ ❛❧✇❛②# ❝❤❡"✐#❤ ✐♥#✐❞❡ ♠② ❞❡❡♣ ❤❡❛"$✳

❆❜♦✈❡ ❛❧❧ ❛♥❞ ❢♦"❡♠♦#$✱ ■ ✇♦✉❧❞ ❧✐❦❡ $♦ ❞❡❞✐❝❛$❡ $❤✐# $❤❡#✐# $♦ ♠② ❢❛♠✐❧② ❛♥❞



 ❡❧❛$✐✈❡' ❢♦ $❤❡✐ '✐❣♥✐✜❝❛♥$ ❡♥❝♦✉ ❛❣❡♠❡♥$ ❛♥❞ $❤❡✐ ❝♦♥'$❛♥$ ❜❡❧✐❡❢ ✐♥ ♠❡ ❡'♣❡❝✐❛❧❧②

❞✉ ✐♥❣ $✐♠❡' ♦❢ ♠❡❧$❞♦✇♥✳ ❚❤❛♥❦ ②♦✉ ♠② ♠♦♠✱ ❞❛❞✱ ❛♥❞ ♠② ❜ ♦$❤❡ ' ✿ ❘❛♠✐✱ ❚❛ ❡❦✱

❛♥❞ ▼♦❤❛♠❛❞ ❢♦ ❛❧❧ ✇❤❛$ ②♦✉ ❤❛✈❡ ❞♦♥❡ ❢♦ ♠❡ ❛♥❞ ❢♦ ❛❧❧ $❤❡ '❛❝ ✐✜❝❡' ②♦✉ ❤❛✈❡

✇✐❧❧✐♥❣❧② ♠❛❞❡ $♦ ❦❡❡♣ $❤❡ '♠✐❧❡ ♦♥ ♠② ❢❛❝❡✳ ■ ❧♦✈❡ ②♦✉ ❛❧❧ ❛♥❞ ■ ❝♦✉❧❞ ♥♦$ ❤❛✈❡ ❞♦♥❡

✐$ ✇✐$❤♦✉$ ②♦✉✳

▼❛♥② $❤❛♥❦' $♦ ❛❧❧ ♠② ❧♦✈❡❧② ❛♥❞ ❣ ❡❛$ ❢ ✐❡♥❞' ✇❤♦'❡ ♥❛♠❡' ❛ ❡ ♣♦'$❡❞ ♦♥ ♠②

❤❡❛ $✳

❋✐♥❛❧❧②✱ ■ ❛❝❦♥♦✇❧❡❞❣❡ $❤❡ ❛''♦❝✐❛$✐♦♥ ❆③♠ ❛♥❞ ❙❛❛❞❡ ❢♦ ❢✉♥❞✐♥❣ ♠② B❤❉ '$✉✲

❞✐❡'✳
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✹✳✷ ❋♦1♠✉❧❛)✐♦♥ ♦❢ )❤❡ ♣1♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✵

✹✳✸ ❍✐❣❤ ❢1❡I✉❡♥❝✐❡- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✶

✹✳✹ ❘✐❡-③ ❜❛-✐- ✇✐)❤ ♣❛1❡♥)❤❡-❡- ♦❢ H ❛♥❞ -✐♥❡✲)②♣❡ ❢✉♥❝)✐♦♥- ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✶

✹✳✺ ❊①♣♦♥❡♥)✐❛❧ -)❛❜✐❧✐)② ♦❢ ✭S1✮ ❛♥❞ ♣1♦♦❢ ♦❢ ❚❤❡♦1❡♠ ✹✳✶✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✸

✹✳✻ ❊①♣♦♥❡♥)✐❛❧ -)❛❜✐❧✐)② ♦❢ ✭Sǫ✮ ❢♦1 -♠❛❧❧ ✈❛❧✉❡- ♦❢ ǫ ❛♥❞ ♣1♦♦❢ ♦❢ ❚❤❡♦1❡♠

✹✳✶✳✹ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✼

✹✳✼ ❊①❛♠♣❧❡- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✵

✹✳✼✳✶ ❊①❛♠♣❧❡- ❢♦1 ✭S1✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✶

✹✳✼✳✷ ❊①❛♠♣❧❡- ❢♦1 ♣1♦❜❧❡♠ (Sǫ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✸

✸
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■♥"#♦❞✉❝"✐♦♥

❈♦♥#$♦❧ #❤❡♦$② ❝❛♥ ❜❡ ❞❡-❝$✐❜❡❞ ❛- #❤❡ ♣$♦❝❡-- ♦❢ ✐♥✢✉❡♥❝✐♥❣ #❤❡ ❜❡❤❛✈✐♦$ ♦❢

❛ ♣❤②-✐❝❛❧ -②-#❡♠ #♦ ❛❝❤✐❡✈❡ ❛ ❞❡-✐$❡❞ ❣♦❛❧✱ ♣$✐♠❛$✐❧② #❤$♦✉❣❤ #❤❡ ✉-❡ ♦❢ ❢❡❡❞❜❛❝❦

✇❤✐❝❤ ♠♦♥✐#♦$- #❤❡ ❡✛❡❝# ♦❢ ❛ -②-#❡♠ ❛♥❞ ♠♦❞✐✜❡- ✐#- ♦✉#♣✉#✳ ■# ✐- ❛♣♣❧✐❡❞ ✐♥ ❛

❞✐✈❡$-❡ $❛♥❣❡ ♦❢ -❝✐❡♥#✐✜❝ ❛♥❞ ❡♥❣✐♥❡❡$✐♥❣ ❞✐-❝✐♣❧✐♥❡- -✉❝❤ ❛- #❤❡ $❡❞✉❝#✐♦♥ ♦❢ ♥♦✐-❡✱

#❤❡ ✈✐❜$❛#✐♦♥ ♦❢ -#$✉❝#✉$❡- ❧✐❦❡ -❡✐-♠✐❝ ✇❛✈❡- ❛♥❞ ❡❛$#❤=✉❛❦❡-✱ #❤❡ $❡❣✉❧❛#✐♦♥ ♦❢

❜✐♦❧♦❣✐❝❛❧ -②-#❡♠- ❧✐❦❡ ❤✉♠❛♥ ❝❛$❞✐♦✈❛-❝✉❧❛$ -②-#❡♠✱ #❤❡ ❞❡-✐❣♥ ♦❢ $♦❜♦#✐❝ -②-#❡♠-✱

❧❛-❡$ ❝♦♥#$♦❧ ✐♥ =✉❛♥#✉♠ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ♠♦❧❡❝✉❧❛$ -②-#❡♠-✳

■♥ #❤✐- #❤❡-✐-✱ ✇❡ ✐♠♣❧❡♠❡♥# #❤❡ -❡♠✐❣$♦✉♣ #❤❡♦$② ✐♥ #❤❡ -♣✐$✐# ♦❢ -♣❡❝#$❛❧ #❤❡♦$②

#♦ -#✉❞② #❤❡ ❛♣♣$♦①✐♠❛#✐♦♥- ❛♥❞ -#❛❜✐❧✐③❛#✐♦♥ ♦❢ -♦♠❡ ❡✈♦❧✉#✐♦♥ ❡=✉❛#✐♦♥-✳ ■♥ ❣❡♥❡✲

$❛❧✱ -#❛❜✐❧✐#② $❡-✉❧#- ❛$❡ ♦❜#❛✐♥❡❞ ✉-✐♥❣ ❞✐✛❡$❡♥# ♠❡#❤♦❞- ❧✐❦❡ #❤❡ ♠✉❧#✐♣❧✐❡$- ♠❡#❤♦❞✱

#❤❡ ❢$❡=✉❡♥❝② ❞♦♠❛✐♥ ♠❡#❤♦❞✱ #❤❡ ♠✐❝$♦❧♦❝❛❧ ❛♥❛❧②-✐-✱ #❤❡ ❞✐✛❡$❡♥#✐❛❧ ❣❡♦♠❡#$② ♦$

❛ ❝♦♠❜✐♥❛#✐♦♥ ♦❢ #❤❡♠ ❬✹✼✱✺✵✱✼✼✱✼✽❪✳ ■♥ #❤✐- #❤❡-✐-✱ ✇❡ ✉-❡ ❞❡#❛✐❧❡❞ -♣❡❝#$❛❧ ❛♥❛❧②-✐-✳

■♥ ❢❛❝#✱ #❤✐- #❤❡-✐- ✐- ❞✐✈✐❞❡❞ ✐♥#♦ #✇♦ ♣❛$#-✳ ■♥ #❤❡ ✜$-# ♣❛$#✱ ✇❡ ❝♦♥-✐❞❡$ #❤❡ ❛♣✲

♣$♦①✐♠❛#✐♦♥- ♦❢ -❡❝♦♥❞ ♦$❞❡$ ❡✈♦❧✉#✐♦♥ ❡=✉❛#✐♦♥-✳ ❙#✉❞✐❡- ❛♥❞ $❡-❡❛$❝❤❡- ❤❛✈❡ -❤♦✇♥

#❤❛# #❤❡ ❛♣♣$♦①✐♠❛#❡❞ -②-#❡♠ ❜② ✜♥✐#❡ ❡❧❡♠❡♥# ♦$ ✜♥✐#❡ ❞✐✛❡$❡♥❝❡ ✐- ♥♦# ✉♥✐❢♦$♠❧②

❡①♣♦♥❡♥#✐❛❧❧② ♦$ ♣♦❧②♥♦♠✐❛❧❧② -#❛❜❧❡ ✇✐#❤ $❡-♣❡❝# #♦ #❤❡ ❞✐-❝$❡#✐③❛#✐♦♥ ♣❛$❛♠❡#❡$

❡✈❡♥ ✐❢ #❤❡ ❝♦♥#✐♥✉♦✉- -②-#❡♠ ❤❛- #❤✐- ♣$♦♣❡$#② ✭-❡❡ ❬✷✺✱ ✷✼✱ ✹✸✱ ✺✺✱ ✼✷✱ ✼✸✱ ✼✻✱ ✼✽❪✮✳

❚❤❡$❡❢♦$❡✱ ♦✉$ ❛✐♠ ✐♥ #❤❡ ✜$-# ♣❛$# ✐- #♦ -❡❛$❝❤ ❢♦$ ❛ -✉✐#❛❜❧❡ ❞✐-❝$❡#❡ -②-#❡♠ ✇❤✐❝❤

❛♣♣$♦①✐♠❛#❡- #❤❡ ❝♦♥#✐♥✉♦✉- -②-#❡♠ ❛♥❞ ♠♦-# ✐♠♣♦$#❛♥#❧② $❡-#♦$❡- #❤❡ ❞❡❝❛② $❛#❡

✼



✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐- ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙

♣!♦♣❡!$✐❡& ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉& ♦♥❡✳ ■♥ $❤❡ ♣!❡&❡♥❝❡ ♦❢ $❤❡ ❣❡♥❡!❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥✱

♦✉! &$!❛$❡❣② ✐& ❜❛&❡❞ ♦♥ ❛❞❞✐♥❣ ♥✉♠❡!✐❝❛❧ ✈✐&❝♦&✐$② $❡!♠& ✐♥ $❤❡ ❛♣♣!♦①✐♠❛$✐♦♥

&❝❤❡♠❡& $♦ ❞❛♠♣ ♦✉$ $❤❡ ❡✛❡❝$ ♦❢ $❤❡ ❤✐❣❤ ❢!❡:✉❡♥❝✐❡&✳

■♥ $❤❡ &❡❝♦♥❞ ♣❛!$✱ ✇❡ &$✉❞② $❤❡ &$❛❜✐❧✐③❛$✐♦♥ ♦❢ ✇❛✈❡ ❡:✉❛$✐♦♥& ✇✐$❤ ✐♥❞❡✜♥✐$❡

&✐❣♥ ❞❛♠♣✐♥❣✳ ❍❡!❡✱ ✇❡ ✉&❡ ❛ ❞❡$❛✐❧❡❞ &♣❡❝$!❛❧ ❛♥❛❧②&✐& $♦ &$✉❞② $❤❡ ❜❡❤❛✈✐♦! ♦❢

$❤❡ &♣❡❝$!✉♠ ♦✉$ ♦❢ ✇❤✐❝❤ ✇❡ &❡❛!❝❤ ❢♦! ❝!✐$✐❝❛❧ ✈❛❧✉❡& ♦❢ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$&

&♦ $❤❛$ $❤❡ ✇❛✈❡ ❡:✉❛$✐♦♥& ❛!❡ ❡✐$❤❡! ❡①♣♦♥❡♥$✐❛❧❧② ♦! ♣♦❧②♥♦♠✐❛❧❧② &$❛❜❧❡✳ ❋✐!&$✱

✇❡ ❝♦♥&✐❞❡! ♦♥❡ ❞✐♠❡♥&✐♦♥❛❧ ✐♥$❡!♥❛❧❧② ❛♥❞ ❜♦✉♥❞❛!② ❞❛♠♣❡❞ ✇❛✈❡ ♣!♦❜❧❡♠& ❛♥❞

❛❢$❡!✇❛!❞& ✇❡ ❣❡♥❡!❛❧✐③❡ $❤❡ ❛♥❛❧②&✐& ♦❢ ✐♥❞❡✜♥✐$❡ &✐❣♥ ❞❛♠♣❡❞ ✇❛✈❡ ❡:✉❛$✐♦♥& $♦ ❛

&$❛! &❤❛♣❡❞ ♥❡$✇♦!❦ ✇❤❡!❡ ✇❡ ✜♥❞ ❡①$!❛ ❝♦♥❞✐$✐♦♥& $♦ ❣❡$ &$❛❜✐❧✐$②✳

✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐-

❚❤✐& $❤❡&✐& ✐& ❞✐✈✐❞❡❞ ✐♥$♦ ❢♦✉! ♠❛✐♥ ❝❤❛♣$❡!&✳ ■♥ $❤❡ ✜!&$ ❝❤❛♣$❡!✱ ✇❡ !❡❝❛❧❧ &♦♠❡

❜❛&✐❝ ❞❡✜♥✐$✐♦♥& ❛♥❞ $❤❡♦!❡♠& ❛❜♦✉$ $❤❡ &❡♠✐❣!♦✉♣ ❛♥❞ &♣❡❝$!❛❧ ❛♥❛❧②&✐& $❤❡♦!✐❡&✳

■♥ $❤❡ &❡❝♦♥❞ ❝❤❛♣$❡!✱ ❛& ✐♥ ❬✸❪ ❛♥❞ ❬✹❪✱ ✇❡ ❝♦♥&✐❞❡! $❤❡ ❛♣♣!♦①✐♠❛$✐♦♥ ♦❢ ❧✐♥❡❛!

❡:✉❛$✐♦♥& ♠♦❞❡❧✐♥❣ $❤❡ ✈✐❜!❛$✐♦♥& ♦❢ ❡❧❛&$✐❝ &$!✉❝$✉!❡& ✇✐$❤ ❢❡❡❞❜❛❝❦ ❝♦♥$!♦❧✳ ▼♦!❡

♣!❡❝✐&❡❧②✱ ❧❡$ H ❜❡ ❛ ❝♦♠♣❧❡① ❍✐❧❜❡!$ &♣❛❝❡ ✇✐$❤ ♥♦!♠ ❛♥❞ ✐♥♥❡! ♣!♦❞✉❝$ ❞❡♥♦$❡❞

!❡&♣❡❝$✐✈❡❧② ❜② ‖.‖ ❛♥❞ (., .). ▲❡$ A : D(A) → H ❜❡ ❛ ❞❡♥&❡❧② ❞❡✜♥❡❞ &❡❧❢✲❛❞❥♦✐♥$

❛♥❞ ♣♦&✐$✐✈❡ ♦♣❡!❛$♦! ✇✐$❤ ❛ ❝♦♠♣❛❝$ ✐♥✈❡!&❡ ✐♥ H. ▲❡$ V = D(A
1
2 ) ❜❡ $❤❡ ❞♦♠❛✐♥

♦❢ A
1
2 . ❉❡♥♦$❡ ❜② D(A

1
2 )′ $❤❡ ❞✉❛❧ &♣❛❝❡ ♦❢ D(A

1
2 ) ♦❜$❛✐♥❡❞ ❜② ♠❡❛♥& ♦❢ $❤❡ ✐♥♥❡!

♣!♦❞✉❝$ ✐♥ H.

❋✉!$❤❡!♠♦!❡✱ ❧❡$ U ❜❡ ❛ ❝♦♠♣❧❡① ❍✐❧❜❡!$ &♣❛❝❡ ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐❞❡♥$✐✜❡❞ $♦ ✐$&

❞✉❛❧ &♣❛❝❡✮ ✇✐$❤ ♥♦!♠ ❛♥❞ ✐♥♥❡! ♣!♦❞✉❝$ ❞❡♥♦$❡❞ !❡&♣❡❝$✐✈❡❧② ❜② ‖.‖U ❛♥❞ (., .)U

✽



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐-

❛♥❞ ❧❡% B ∈ L(U, H). ❲❡ ❝♦♥)✐❞❡+ %❤❡ ❝❧♦)❡❞ ❧♦♦♣ )②)%❡♠

ω̈(t) + Aω(t) + BB∗ω̇(t) = 0,

ω(0) = ω0, ω̇(0) = ω1,
✭✵✳✶✳✶✮

✇❤❡+❡ t ∈ [0, ∞) +❡♣+❡)❡♥%) %❤❡ %✐♠❡ ❛♥❞ ω : [0, ∞) → H ✐) %❤❡ )%❛%❡ ♦❢ %❤❡ )②)%❡♠✳

❲❡ ❞❡✜♥❡ %❤❡ ❡♥❡+❣② ♦❢ )②)%❡♠ ✭✵✳✶✳✶✮ ❛% %✐♠❡ t ❜②

E(t) =
1

2

(
‖ω̇(t)‖2 +

∥∥∥A 1
2ω(t)

∥∥∥
2
)
.

❙✐♠♣❧❡ ❢♦+♠❛❧ ❝❛❧❝✉❧❛%✐♦♥) ❣✐✈❡

E(0)− E(t) =

∫ t

0

(BB∗ω̇(s), ω̇(s)) ds, ∀t ≥ 0.

❚❤✐) ♦❜✈✐♦✉)❧② ♠❡❛♥) %❤❛% %❤❡ ❡♥❡+❣② ✐) ♥♦♥✲✐♥❝+❡❛)✐♥❣✳ ■♥ %❤❡ )❡❝♦♥❞ ❝❤❛♣%❡+✱ ♦✉+

❣♦❛❧ ✐) %♦ )❡❛+❝❤ ❢♦+ ❛ )✉✐%❛❜❧❡ ❞✐)❝+❡%❡ )②)%❡♠ ✇❤✐❝❤ ✜+)% ❛♣♣+♦①✐♠❛%❡) ✭✵✳✶✳✶✮ ❛♥❞

)❡❝♦♥❞ ❤❛) %❤❡ )❛♠❡ )%❛❜✐❧✐%② ♣+♦♣❡+%✐❡) ❛) ✭✵✳✶✳✶✮✳ ❍♦✇❡✈❡+✱ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛%✐♦♥)✱

♠♦)% ♦❢ %❤❡ ❝❧❛))✐❝❛❧ ♥✉♠❡+✐❝❛❧ ❛♣♣+♦①✐♠❛%✐♦♥ )❝❤❡♠❡) ❞♦ ♥♦% ♣♦))❡)) %❤❡ )❛♠❡ ❞❡❝❛②

+❛%❡ ❛) %❤❛% ♦❢ %❤❡ ❝♦♥%✐♥✉♦✉) ♣+♦❜❧❡♠ ❛❧%❤♦✉❣❤ %❤❡ ❝♦♥✈❡+❣❡♥❝❡ ✐) ♣+❡)❡+✈❡❞✳ ❆%

%❤❡ ❞✐)❝+❡%❡ ❧❡✈❡❧✱ )♣✉+✐♦✉) ❤✐❣❤ ❢+❡D✉❡♥❝② ♦)❝✐❧❧❛%✐♦♥) ❛+❡ ❣❡♥❡+❛%❡❞ ❛♥❞ %❤❡+❡❢♦+❡

❜❛❞ ❜❡❤❛✈✐♦+ ♦❢ %❤❡ ❛♣♣+♦①✐♠❛%❡ )♦❧✉%✐♦♥ ✐) ❝❧❡❛+❧② ♦❜)❡+✈❡❞ ❝❛✉)✐♥❣ ❛ ♥♦♥✲✉♥✐❢♦+♠

❞❡❝❛② +❛%❡ ✭)❡❡ ❬✶✹✱✶✾✱✷✵✱✷✺✱✷✼✱✸✸✱✸✹✱✹✸✱✺✺✱✺✽✱✼✷✱✼✸✱✼✻✱✼✽❪✮✳ ❋♦+ ✐♥)%❛♥❝❡✱ ✇❡ )%❛+%

%❤❡ )❡❝♦♥❞ ❝❤❛♣%❡+ ❜② ❝♦♥)✐❞❡+✐♥❣ %❤❡ ✈✐❜+❛%✐♦♥) ♦❢ ❛ ✢❡①✐❜❧❡ )%+✐♥❣ ❥♦✐♥❡❞ ❛% ❡❛❝❤

♦❢ ✐%) ❡♥❞)✳ ❆❧%❤♦✉❣❤ %❤❡ ❝♦♥%✐♥✉♦✉) ♣+♦❜❧❡♠ ✐) ❡①♣♦♥❡♥%✐❛❧❧② )%❛❜❧❡✱ ✇❡ )❤♦✇ %❤❛%

%❤❡ ✜♥✐%❡ ❞✐✛❡+❡♥❝❡ )❡♠✐✲❞✐)❝+❡%❡ ♣+♦❜❧❡♠ ✐) ♥♦% ✉♥✐❢♦+♠❧② ❡①♣♦♥❡♥%✐❛❧❧② )%❛❜❧❡ ❀

✐✳❡✳✱ %❤❡+❡ ❞♦❡) ♥♦% ❡①✐)% ❝♦♥)%❛♥%) M ❛♥❞ β > 0 ✐♥❞❡♣❡♥❞❡♥% ♦❢ %❤❡ ❞✐)❝+❡%✐③❛%✐♦♥

♣❛+❛♠❡%❡+ )✉❝❤ %❤❛%

Eh(t) ≤Me−βt, ❛) t→ +∞,

✇❤❡+❡ Eh(t) +❡♣+❡)❡♥%) %❤❡ ❡♥❡+❣② ♦❢ %❤❡ )❡♠✐✲❞✐)❝+❡%❡ )②)%❡♠✳

✾
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❙❡✈❡#❛❧ #❡♠❡❞✐❡) ❛#❡ ♣#♦♣♦)❡❞ ,♦ #❡),♦#❡ ,❤❡ ✉♥✐❢♦#♠ ❞❡❝❛② #❛,❡ ♦❢ ,❤❡ ❞✐)❝#❡,❡

♣#♦❜❧❡♠) ❧✐❦❡ ❚②❝❤♦♥♦✛ #❡❣✉❧❛#✐③❛,✐♦♥ ❬✸✹✱ ✸✺✱ ✻✹✱ ✼✷❪✱ ❛ ❜✐✲❣#✐❞ ❛❧❣♦#✐,❤♠ ❬✸✷✱ ✺✽❪✱

❛ ♠✐①❡❞ ✜♥✐,❡ ❡❧❡♠❡♥, ♠❡,❤♦❞ ❬✶✹✱ ✶✾✱ ✷✵✱ ✸✸✱ ✺✻❪✱ ♦# ✜❧,❡#✐♥❣ ,❤❡ ❤✐❣❤ ❢#❡I✉❡♥✲

❝✐❡) ❬✹✸✱ ✹✾✱ ✼✻❪✳ ❆) ✐♥ ❬✻✹✱ ✼✷❪✱ ✇❡ ✐♥,#♦❞✉❝❡ ❛#,✐✜❝✐❛❧ ♥✉♠❡#✐❝❛❧ ✈✐)❝♦)✐,② ,❡#♠) ✐♥

,❤❡ ❛♣♣#♦①✐♠❛,✐♦♥ )❝❤❡♠❡) ,♦ #✉❧❡ ♦✉, ,❤❡ ❤✐❣❤ ❢#❡I✉❡♥❝② )♣✉#✐♦✉) ♥✉♠❡#✐❝❛❧ ♦)❝✐❧✲

❧❛,✐♦♥) ❛♥❞ ❤❡♥❝❡ #❡),♦#❡ ,❤❡ ✉♥✐❢♦#♠ ❞❡❝❛② #❛,❡ ♦❢ ,❤❡ ❞✐)❝#❡,❡ )❝❤❡♠❡✳ ❍♦✇❡✈❡#✱

❝♦♥,#❛#② ,♦ ❬✻✹❪ ✇❤❡#❡ ,❤❡ ),❛♥❞❛#❞ ❣❛♣ ❝♦♥❞✐,✐♦♥ ✐) #❡I✉✐#❡❞✱ ✇❡ ♦♥❧② ❛))✉♠❡ ,❤❛,

,❤❡ )♣❡❝,#✉♠ ♦❢ ,❤❡ ♦♣❡#❛,♦# A1/2
)❛,✐)✜❡) ,❤❡ ❣❡♥❡#❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐,✐♦♥✳ ■♥❞❡❡❞✱ ✐❢

{λk}k≥1 ❞❡♥♦,❡) ,❤❡ )❡, ♦❢ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A
1
2
❝♦✉♥,❡❞ ✇✐,❤ ,❤❡✐# ♠✉❧,✐♣❧✐❝✐,✐❡)✱ ,❤❡♥

✇❡ ❛))✉♠❡ ,❤❛, ,❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡#❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐,✐♦♥ ❤♦❧❞) ✿

∃M ∈ N∗, ∃γ0 > 0, ∀k ≥ 1, λk+M − λk ≥Mγ0.

❚❤❡ ),❛♥❞❛#❞ ❣❛♣ ❝♦♥❞✐,✐♦♥ ✐) )❛,✐)✜❡❞ ❢♦# ,❤❡ ♣❛#,✐❝✉❧❛# ❝❛)❡ ✇❤❡♥ M = 1✳ ❚❤❡#❡✲

❢♦#❡✱ ✐♥ ,❤❡ )❡❝♦♥❞ ❝❤❛♣,❡#✱ ✇❡ ,#❡❛, ♠♦#❡ ❣❡♥❡#❛❧ ❝♦♥❝#❡,❡ )②),❡♠)✳

❆❢,❡# #❡❝❛❧❧✐♥❣ ,❤❡ )✉✐,❛❜❧❡ ❝♦♥❞✐,✐♦♥) ❛♥❞ ♦❜)❡#✈❛❜✐❧✐,② ✐♥❡I✉❛❧✐,✐❡) ✇❤✐❝❤ ❧❡❛❞

,♦ ,❤❡ ❡①♣♦♥❡♥,✐❛❧ ♦# ,❤❡ ♣♦❧②♥♦♠✐❛❧ ),❛❜✐❧✐,② ♦❢ ,❤❡ )♦❧✉,✐♦♥ ♦❢ ♣#♦❜❧❡♠ ✭✵✳✶✳✶✮✱

✇❡ )❡❛#❝❤ ❢♦# ❛ )✉✐,❛❜❧❡ ❞✐)❝#❡,❡ )②),❡♠ ✇❤✐❝❤ ❤❛) ,❤❡ )❛♠❡ ❞❡❝❛② ♣#♦♣❡#,✐❡) ✉♥❞❡#

,❤❡)❡ ❝♦♥❞✐,✐♦♥)✳ ❋♦# ,❤✐) #❡❛)♦♥✱ ❛❢,❡# ✜♥❞✐♥❣ ,❤❡ )✉✐,❛❜❧❡ ❞✐)❝#❡,❡ )②),❡♠✱ ✇❡ ✉)❡ ,❤❡

❞✐)❝#❡,❡ #❡)✉❧, ♦❢ ❬✺✷❪ ✇❤✐❝❤ ❣✐✈❡) ,❤❡ ♥❡❝❡))❛#② ❛♥❞ )✉✣❝✐❡♥, ❝♦♥❞✐,✐♦♥) ❢♦# ✇❤✐❝❤ ❛♥

❛♣♣#♦①✐♠❛,❡ )♦❧✉,✐♦♥ ✐) ❡①♣♦♥❡♥,✐❛❧❧② ),❛❜❧❡✳ ❆) ❢♦# ,❤❡ ✉♥✐❢♦#♠ ♣♦❧②♥♦♠✐❛❧ ),❛❜✐❧✐,②✱

✇❡ ♣#♦✈❡ ❛ #❡)✉❧, ✇❤✐❝❤ ❣✐✈❡) ♥❡❝❡))❛#② ❛♥❞ )✉✣❝✐❡♥, ❝♦♥❞✐,✐♦♥) ❢♦# ✇❤✐❝❤ ❛ ❢❛♠✐❧②

♦❢ )❡♠✐❣#♦✉♣) ♦❢ ♦♣❡#❛,♦#) ✐) ✉♥✐❢♦#♠❧② ♣♦❧②♥♦♠✐❛❧❧② ),❛❜❧❡✳ ❚♦ ♦✉# ❦♥♦✇❧❡❞❣❡✱ ♦✉#

✇♦#❦ ✐♥ ,❤❡ )❡❝♦♥❞ ❝❤❛♣,❡# ✐) ,❤❡ ✜#), ♦♥❡ ✇❤✐❝❤ ❛❞❞#❡))❡) ,❤❡ ✉♥✐❢♦#♠ ♣♦❧②♥♦♠✐❛❧

),❛❜✐❧✐,② ♦❢ ,❤❡ ❞✐)❝#❡,❡ )❝❤❡♠❡)✳

❆) ❢♦# ,❤❡ ❝♦♥✈❡#❣❡♥❝❡ ♦❢ ,❤❡ ❝❤♦)❡♥ ❛♣♣#♦①✐♠❛,❡ )②),❡♠✱ ✇❡ ✉)❡ ❛ ❣❡♥❡#❛❧ ✈❡#)✐♦♥

♦❢ ,❤❡ ❚#♦,,❡#✲❑❛,♦ ❚❤❡♦#❡♠ ♣#♦✈❡❞ ✐♥ ❬✹✺❪ ,♦ )❤♦✇ ,❤❛, ,❤❡ ❞✐)❝#❡,❡ )♦❧✉,✐♦♥ ,❡♥❞)

,♦ ,❤❡ )♦❧✉,✐♦♥ ♦❢ ✭✵✳✶✳✶✮ ❛) ,❤❡ ❞✐)❝#❡,✐③❛,✐♦♥ ♣❛#❛♠❡,❡# ❣♦❡) ,♦ ③❡#♦ ❛♥❞ ✐❢ ,❤❡
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❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐-

❞✐"❝$❡&❡ ✐♥✐&✐❛❧ ❞❛&❛ ❛$❡ ✇❡❧❧ ❝❤♦"❡♥✳ ❋✐♥❛❧❧②✱ ✇❡ ❡♥❞ ✉♣ &❤❡ "❡❝♦♥❞ ❝❤❛♣&❡$ ❜② "♦♠❡

✐❧❧✉"&$❛&✐✈❡ ❡①❛♠♣❧❡" ✇❤✐❝❤ "❤♦✇ &❤❡ ❧✐♠✐&" ♦❢ &❤❡ ♣$❡✈✐♦✉" ✇♦$❦ ❞♦♥❡ ❝♦♥❝❡$♥✐♥❣

&❤❡ ❛♣♣$♦①✐♠❛&✐♦♥" ❛♥❞ ✈❛❧✉❡" &❤❡ ❛&&❛✐♥❡❞ $❡"✉❧&" ♦❢ &❤❡ "❡❝♦♥❞ ❝❤❛♣&❡$✳

■♥ &❤❡ &❤✐$❞ ❝❤❛♣&❡$✱ ✇❡ ♠♦✈❡ ♦♥ &♦ ❛♥♦&❤❡$ "✉❜❥❡❝& ✇❤✐❝❤ &$❡❛&" &❤❡ "&❛❜✐❧✐③❛&✐♦♥

♦❢ ✇❛✈❡ ❡=✉❛&✐♦♥" ✇✐&❤ ✐♥❞❡✜♥✐&❡ "✐❣♥ ❞❛♠♣✐♥❣✳ ❆" ✐♥ ❬✶❪✱ ✇❡ ❛♥❛❧②③❡ &❤❡ "&❛❜✐❧✐&② ♦❢

&✇♦ ♣$♦❜❧❡♠"✳ ❲❡ ❝♦♥"✐❞❡$ ❛ ♦♥❡✲❞✐♠❡♥"✐♦♥❛❧ ✇❛✈❡ ❡=✉❛&✐♦♥ ✇✐&❤ ❛♥ ✐♥❞❡✜♥✐&❡ "✐❣♥

❞❛♠♣✐♥❣ ❛♥❞ ❛ ③❡$♦ ♦$❞❡$ ♣♦&❡♥&✐❛❧ &❡$♠ ✇❤✐❝❤ ✐" ✐♥&❡$♥❛❧❧② ❞❛♠♣❡❞ ♦❢ &❤❡ ❢♦$♠

utt(x, t)− uxx(x, t) + 2χ(0,1)(x)ut(x, t) + 2αχ(−1,0)(x)ut(x, t) = 0, x ∈ (−1, 1), t > 0,

u(1, t) = u(−1, t) = 0, t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✭✵✳✶✳✷✮

✇❤❡$❡ α ✐" ❛ ❣✐✈❡♥ ❝♦♥"&❛♥&✳ ❇❡"✐❞❡"✱ ✇❡ ❝♦♥"✐❞❡$ ❛ ♦♥❡✲❞✐♠❡♥"✐♦♥❛❧ ✇❛✈❡ ❡=✉❛&✐♦♥

✇✐&❤ ❛♥ ✐♥❞❡✜♥✐&❡ "✐❣♥ ❞❛♠♣✐♥❣ ❛♥❞ ✇❤✐❝❤ ✐" ❜♦&❤ ✐♥&❡$♥❛❧❧② ❛♥❞ ❜♦✉♥❞❛$② ❞❛♠♣❡❞

✉♥❞❡$ &❤❡ ❢♦$♠

utt(x, t)− uxx(x, t) + aut(x, t) = 0, x ∈ (0, 1), t > 0,

u(0, t) = 0, ux(1, t) = −but(1, t), t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✭✵✳✶✳✸✮

✇❤❡$❡ a, b ∈ R✳

■& ✐" ✇❡❧❧ ❦♥♦✇♥ &❤❛& ♣$♦❜❧❡♠ ✭✵✳✶✳✷✮ ✐" ❡①♣♦♥❡♥&✐❛❧❧② "&❛❜❧❡ ✐❢ &❤❡ ❞❛♠♣✐♥❣

&❡$♠ α ✐" ♥♦♥✲♥❡❣❛&✐✈❡ ✭"❡❡ ❬✷✸❪✮✳ ❙✐♠✐❧❛$❧②✱ ✐❢ &❤❡ ❝♦❡✣❝✐❡♥&" a ❛♥❞ b ❛$❡ ❜♦&❤

♣♦"✐&✐✈❡✱ &❤❡♥✱ ✉"✐♥❣ ❢♦$ ✐♥"&❛♥❝❡ ✐♥&❡❣$❛❧ ✐♥❡=✉❛❧✐&✐❡"✱ ♦♥❡ ❝❛♥ ♣$♦✈❡ &❤❛& ✭✵✳✶✳✸✮ ✐"

❛❧"♦ ❡①♣♦♥❡♥&✐❛❧❧② "&❛❜❧❡✳ ■♥ &❤❡ &❤✐$❞ ❝❤❛♣&❡$✱ ✇❡ ❛$❡ ✐♥&❡$❡"&❡❞ ✐♥ &❤❡ ❝❛"❡ ✇❤❡♥

&❤❡ ❞❛♠♣✐♥❣ &❡$♠" ❛$❡ ❛❧❧♦✇❡❞ &♦ ❝❤❛♥❣❡ &❤❡✐$ "✐❣♥✳ ❖✉$ ❛✐♠ ✐" &♦ ❛♥❛❧②③❡ &♦ ✇❤❛&

❡①&❡♥& &❤❡ ✈❛$✐❛&✐♦♥ ♦❢ &❤❡ "✐❣♥ ❛✛❡❝&" &❤❡ "&❛❜✐❧✐&② ♦❢ &❤❡ ♣$♦❜❧❡♠✳

O$♦❜❧❡♠ ✭✵✳✶✳✷✮ ❝❛♥ ❜❡ ✇$✐&&❡♥ ❛" ❛ "②"&❡♠ ♦❢ &❤❡ ❢♦$♠ Ut = AαU ✇❤❡$❡ U =

✶✶



✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐- ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙

(u, ut)
⊤
❛♥❞ #❤❡ ♦♣❡(❛#♦( Aα : D(Aα) → X ✐* ❞❡✜♥❡❞ ❜②

Aα =


 0 I

d2

dx2 −2χ(0,1) − 2αχ(−1,0)




✇❤❡(❡ #❤❡ ❡♥❡(❣② *♣❛❝❡ X = H1
0 (−1, 1)×L2(−1, 1) ✐* ❡1✉✐♣♣❡❞ ✇✐#❤ #❤❡ ✉*✉❛❧ ✐♥♥❡(

♣(♦❞✉❝# ❞❡✜♥❡❞ ❜②

< (f, g)⊤, (u, v)⊤ >=

∫ 1

−1

(f ′u′ + gv)dx,

❛♥❞

D(Aα) = (H2(−1, 1) ∩H1
0 (−1, 1))×H1

0 (−1, 1).

■♥ #❤✐* ❝❛*❡✱ #❤❡ ❡♥❡(❣② ❛**♦❝✐❛#❡❞ ✇✐#❤ ♣(♦❜❧❡♠ ✭✵✳✶✳✷✮✱ ❛# #✐♠❡ #✱ ✐* ❣✐✈❡♥ ❜②

E1(t) =
1

2

(∫ 1

−1

(|ux(x, t)|2 + |ut(x, t)|2)dx
)

✇✐#❤

E ′
1(t) = −2

(∫ 1

0

|ut(x, t)|2dx+ α

∫ 0

−1

|ut(x, t)|2dx
)
, ∀(u0, u1) ∈ D(Aα).

❚❤❡(❡❢♦(❡✱ ✇❤❡♥ α < 0✱ #❤❡ ❞✐**✐♣❛#✐♦♥ ♦❢ #❤❡ ❡♥❡(❣② ✐* ♥♦# #(✐✈✐❛❧✳ ▼♦(❡♦✈❡(✱ #❤❡

❝❧❛**✐❝❛❧ #❡❝❤♥✐1✉❡* ✇❤✐❝❤ ❛(❡ ♥♦(♠❛❧❧② ❡♠♣❧♦②❡❞ #♦ *#✉❞② #❤❡ *#❛❜✐❧✐③❛#✐♦♥ ❧✐❦❡

♠✉❧#✐♣❧✐❡(* ♠❡#❤♦❞✱ ❡♥❡(❣② ❛♥❞ (❡*♦❧✈❡♥# ♠❡#❤♦❞* ❝❛♥♥♦# ❜❡ ✇❡❧❧ ✐♥✈♦❦❡❞ ✐♥ #❤✐*

❝❛*❡ *✐♥❝❡ #❤❡*❡ ♠❡#❤♦❞* ❛(❡ ❜❛*❡❞ ♦♥ ❡*#✐♠❛#✐♦♥* ✇❤✐❝❤ ✐♥✈♦❧✈❡ #❤❡ ❛❜*♦❧✉#❡ ✈❛❧✉❡

♦❢ #❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥#*✳ ❚❤❡(❡❢♦(❡✱ #❤❡ 1✉❡*#✐♦♥ ♦❢ #❤❡ *#❛❜✐❧✐#② ♦❢ #❤❡ *♦❧✉#✐♦♥

♦❢ ✭✵✳✶✳✷✮ ✐♥ #❤❡ ❝❛*❡ ♦❢ α < 0 ❜❡❝♦♠❡* ♠♦(❡ ✐♥✈♦❧✈❡❞✳

❚❤❡ ♠❛✐♥ ♠♦#✐✈❛#✐♦♥ ❜❡❤✐♥❞ #❤✐* 1✉❡*#✐♦♥ *#❛(#❡❞ ✇✐#❤ ❛ ❝♦♥❥❡❝#✉(❡ ✐♥ ❬✷✶❪ ❜②

❈❤❡♥ ❡# ❛❧✳ ✇❤♦ ❝♦♥*✐❞❡(❡❞ #❤❡ ✐♥#❡(♥❛❧❧② ✐♥❞❡✜♥✐#❡ *✐❣♥ ❞❛♠♣❡❞ ✇❛✈❡ ❡1✉❛#✐♦♥ ♦❢

#❤❡ ❢♦(♠

utt − uxx + 2a(x)ut = 0, x ∈ (0, 1), t > 0, ✭✵✳✶✳✹✮

✶✷



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐-

✇✐"❤ $"❛♥❞❛(❞ ✐♥✐"✐❛❧ ❝♦♥❞✐"✐♦♥$ ❛♥❞ ❉✐(✐❝❤❧❡" ❜♦✉♥❞❛(② ❝♦♥❞✐"✐♦♥$✳

■" ✇❛$ ❝♦♥❥❡❝"✉(❡❞ "❤❛" ✐❢ "❤❡(❡ ❡①✐$"$ $♦♠❡ γ > 0 $✉❝❤ "❤❛" ❢♦( ❡✈❡(② n ∈ N "❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐"✐♦♥ ✐$ $❛"✐$✜❡❞

In =

∫ 1

0

a(x) sin2(nπx)dx ≥ γ, ✭✵✳✶✳✺✮

"❤❡♥ "❤❡ ❡♥❡(❣② ❞❡❝❛②$ ❡①♣♦♥❡♥"✐❛❧❧②✳ ❚❤❡ ❤②♣♦"❤❡$✐$ ✐♠♣♦$❡❞ ♦♥ "❤❡ ✉♥✐❢♦(♠ ♣♦✲

$✐"✐✈✐"② ♦❢ In ✐♥ ✭✵✳✶✳✺✮ ②✐❡❧❞$ "❤❡ ♣♦$✐"✐✈✐"② ♦❢ "❤❡ ❛✈❡(❛❣❡ a0 ♦❢ a $✐♥❝❡ In → a0, ❛$

n→ +∞✳ ❍♦✇❡✈❡(✱ ❋(❡✐"❛$ ✐♥ ❬✷✽❪ ❞✐$♣(♦✈❡$ "❤❡ ❝♦♥❥❡❝"✉(❡ ♦❢ ❈❤❡♥ ❡" ❛❧✳ ❍❡ $❤♦✇$
"❤❛" ✭✵✳✶✳✺✮ ✐$ ♥♦" $✉✣❝✐❡♥" "♦ ❣✉❛(❛♥"❡❡ "❤❡ ❡①♣♦♥❡♥"✐❛❧ $"❛❜✐❧✐"②✳ ❍❡ ✜♥❞$ ♦✉" "❤❛"

✐❢ ‖a‖L∞
✐$ ❧❛(❣❡ "❤❡♥ "❤❡(❡ ♠❛② ❡①✐$" $♦♠❡ ♣♦$✐"✐✈❡ (❡❛❧ ❡✐❣❡♥✈❛❧✉❡$ ✭$❡❡ ❚❤❡♦(❡♠

✸✳✻ ♦❢ ❬✷✽❪✮✳ ❙♦ ❧❛"❡( ♦♥✱ ❋(❡✐"❛$ ❛♥❞ ❩✉❛③✉❛ ✐♥ ❬✸✵❪ $✉❣❣❡$" (❡♣❧❛❝✐♥❣ "❤❡ ❢✉♥❝"✐♦♥

a(x) ✐♥ ✭✵✳✶✳✹✮ ❜② ǫa(x) ✇✐"❤ ǫ > 0 $♠❛❧❧ ❡♥♦✉❣❤✳ ■♥ "❤✐$ ❝❛$❡✱ "❤❡ ❡①♣♦♥❡♥"✐❛❧ $"❛❜✐✲

❧✐"② ✐$ ♣(♦✈❡❞ ✉♥❞❡( ❝♦♥❞✐"✐♦♥ ✭✵✳✶✳✺✮ ❛♥❞ "❤❡ ❛❞❞✐"✐♦♥❛❧ ❝♦♥❞✐"✐♦♥ a ∈ L∞(0, 1)∩BV
$♦ "❤❛" ✐"$ ❞❡(✐✈❛"✐✈❡ ✐$ ❞❡✜♥❡❞ ✐♥ "❤❡ ✇❡❛❦ $❡♥$❡✳ ❋✉("❤❡(♠♦(❡✱ ✐♥ ❬✺✶❪✱ "❤❡ ❛✉"❤♦($

✜♥❞ ❛♥ ✉♣♣❡( ❜♦✉♥❞ ♦❢ ǫ ❢♦( ✇❤✐❝❤ "❤❡ ♣(♦❜❧❡♠ ❜❡❝♦♠❡$ ❡①♣♦♥❡♥"✐❛❧❧② $"❛❜❧❡ ✉♥❞❡(

❝♦♥❞✐"✐♦♥ ✭✵✳✶✳✺✮ ❛♥❞ "❤❡ ❛$$✉♠♣"✐♦♥ "❤❛" a ∈ L∞(0, 1) ✇✐"❤♦✉" "❤❡ ♥❡❡❞ ❢♦( "❤❡ ❛$✲

$✉♠♣"✐♦♥ "❤❛" a ∈ BV ✳ ❖♥ "❤❡ ♦"❤❡( ❤❛♥❞✱ ✐♥ ❬✺✼❪✱ ❘❛❝❦❡ ❛♥❞ ❘✐✈❡(❛ ❤❛✈❡ (❡♠♦✈❡❞

"❤❡ ❢❛❝"♦( ǫ ❛♥❞ ❝♦♥$✐❞❡(❡❞ "❤❡ ✇❛✈❡ ❡U✉❛"✐♦♥ utt − uxx + a(x)ut = 0 ♦♥ (0, L) ❢♦(

$♦♠❡ L > 0 ✇❤❡(❡ a ∈ L∞(0, L) ✐$ ❛❧❧♦✇❡❞ "♦ ❝❤❛♥❣❡ ✐"$ $✐❣♥ $✉❝❤ "❤❛" ✐"$ ♠❡❛♥

✈❛❧✉❡ a0 (❡♠❛✐♥$ ♣♦$✐"✐✈❡✳ ■♥ ❬✺✼❪✱ "❤❡ ❡①♣♦♥❡♥"✐❛❧ $"❛❜✐❧✐"② ✐$ ♣(♦✈❡❞ ✉♥❞❡( ♦♥❡ ♦❢

"❤❡$❡ ❝♦♥❞✐"✐♦♥$ ✿ ❊✐"❤❡( ‖a‖L∞
✐$ ♣♦$$✐❜❧② ❧❛(❣❡ ✇✐"❤ $✉✣❝✐❡♥"❧② $♠❛❧❧ ‖a − a0‖L2

♦( ‖a‖L∞
✐$ $✉✣❝✐❡♥"❧② $♠❛❧❧ ❜✉" "❤❡ ♣❛✐( (a, L) ❤❛$ "♦ $❛"✐$❢② $♦♠❡ ❡$"✐♠❛"❡$ ✇❤❡(❡

✐" ✐$ ♣♦$$✐❜❧❡ "♦ ❣❡" ❛ ♥❡❣❛"✐✈❡ ♠♦♠❡♥" Ik✳

■♥ "❤❡ "❤✐(❞ ❝❤❛♣"❡(✱ ♦✉( ✇♦(❦ ❞✐✛❡($ ❢(♦♠ "❤❡ ♣(❡✈✐♦✉$ (❡$✉❧"$ $✐♥❝❡ ✇❡ ❞♦ ♥♦"

✇❛♥" "♦ ✐♠♣♦$❡ ♥❡✐"❤❡( ❛ $♠❛❧❧ ✈❛❧✉❡ ♦❢ "❤❡ ❞❛♠♣✐♥❣ ❢❛❝"♦( a ♥♦( ❛ $♠❛❧❧ ✈❛❧✉❡ ♦❢

‖a − a0‖L2
✳ ■♥❞❡❡❞ ❢♦( $②$"❡♠ ✭✵✳✶✳✷✮✱ "❤✐$ ♠❡❛♥ ✈❛❧✉❡ ✐$ ❡U✉❛❧ "♦

√
2|1 − α| ✇❤✐❝❤

✇❡ ❞♦ ♥♦" ♥❡❡❞ "♦ ❜❡ $✉✣❝✐❡♥"❧② $♠❛❧❧✳ ▼♦(❡♦✈❡(✱ "❤❡ ✉♣♣❡( ❜♦✉♥❞ ♦❢ ǫ ❢♦✉♥❞ ✐♥ ❬✺✶❪

✶✸
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✐! ♥♦$ ❡❛!② $♦ ❝❤❡❝❦ ❢♦, !②!$❡♠ ✭✵✳✶✳✷✮✳

❋,♦♠ $❤❡ ❛!②♠♣$♦$✐❝ ❜❡❤❛✈✐♦, ♦❢ $❤❡ !♣❡❝$,✉♠ ♦❢ Aα✱ ✇❡ ✜♥❞ $❤❛$✱ ❛❝❝♦,❞✐♥❣

$♦ $❤❡ ✈❛❧✉❡ ♦❢ α✱ ♣,♦❜❧❡♠ ✭✵✳✶✳✷✮ ✐! ❡✐$❤❡, ✉♥!$❛❜❧❡ ♦, ❡①♣♦♥❡♥$✐❛❧❧② !$❛❜❧❡✳ ❯!✐♥❣

❞❡$❛✐❧❡❞ !♣❡❝$,❛❧ ❛♥❛❧②!✐!✱ ✇❡ ✜♥❞ $❤❡ ❝❤❛,❛❝$❡,✐!$✐❝ ❡A✉❛$✐♦♥ !❛$✐!✜❡❞ ❜② $❤❡ ❡✐❣❡♥✲

✈❛❧✉❡! ♦❢ Aα ❛♥❞ $❤❡♥ ✇❡ !❤♦✇ $❤❛$ $❤❡ ,♦♦$ ✈❡❝$♦,! ♦❢ Aα ❢♦,♠ ❛ ❘✐❡!③ ❜❛!✐! ♦❢ $❤❡

❡♥❡,❣② !♣❛❝❡✳ ❋✐♥❛❧❧②✱ ✇❡ ✜♥❞ ❛ ❝,✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❢♦, ✇❤✐❝❤ $❤❡ !♦❧✉$✐♦♥ ♦❢ ✭✵✳✶✳✷✮

❜❡❝♦♠❡! ❡①♣♦♥❡♥$✐❛❧❧② !$❛❜❧❡✳ ❆❧$❤♦✉❣❤ $❤❡ ❝,✐$✐❝❛❧ ✈❛❧✉❡ ✇❤✐❝❤ ✇❡ ✜♥❞ ❢♦, α ✐! ♥♦$

♦♣$✐♠❛❧✱ $❤✐! ✈❛❧✉❡ ,❡♠❛✐♥! ❝♦❤❡,❡♥$ ✇✐$❤ $❤❛$ ❣✐✈❡♥ ❜② $❤❡ ♣❡,$✉,❜❛$✐♦♥ $❤❡♦,② ♦❢

!❡♠✐❣,♦✉♣!✳

■♥ $❤❡ $❤✐,❞ ❝❤❛♣$❡,✱ ✇❡ ♣❡,❢♦,♠ ❛ !✐♠✐❧❛, ❛♥❛❧②!✐! ❢♦, ♣,♦❜❧❡♠ ✭✵✳✶✳✸✮✳ ❆! ✉!✉❛❧✱

❜② $❤❡ !$❛♥❞❛,❞ ,❡❞✉❝$✐♦♥ ♦❢ ♦,❞❡, ♠❡$❤♦❞✱ ✇❡ ❝❛♥ ,❡✇,✐$❡ ❢♦,♠❛❧❧② ✭✵✳✶✳✸✮ ✐♥ $❤❡

!✐♠♣❧❡, ❢♦,♠ Ut = AaU ✱ ✇✐$❤ U = (u, ut)
⊤

❛♥❞ $❤❡ ♦♣❡,❛$♦, Aa : D(Aa) → X ✐!

❞❡✜♥❡❞ ❜②

Aa =


 0 I

d2

dx2 −a




✭✵✳✶✳✻✮

✇❤❡,❡ $❤❡ ❡♥❡,❣② !♣❛❝❡ X = Hl(0, 1) × L2(0, 1) ✐! ❡A✉✐♣♣❡❞ ✇✐$❤ $❤❡ ✉!✉❛❧ ✐♥♥❡,

♣,♦❞✉❝$ ❞❡✜♥❡❞ ❜②

< (f, g)⊤, (u, v)⊤ >=

∫ 1

0

(f ′u′ + gv) dx,

✇❤❡,❡ Hl(0, 1) = {u ∈ H1(0, 1); u(0) = 0} ❛♥❞ $❤❡,❡❢♦,❡✱ D(Aa) = {(u, v)⊤ ∈
H2(0, 1) ∩Hl(0, 1)×Hl(0, 1); ux(1) = −bv(1)}✳

❚❤❡ ❡♥❡,❣② ♦❢ ✭✵✳✶✳✸✮ ✐! ❣✐✈❡♥ ❜②

E2(t) =
1

2

∫ 1

0

(
|ut|2 + |ux|2

)
dx,

❛♥❞ ❤❡♥❝❡ ❢♦,♠❛❧❧②

E ′
2(t) = −a

∫ 1

0

|ut|2dx− b|ut(1)|2.

✶✹



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐-

❋!♦♠ $❤✐' ✐❞❡♥$✐$②✱ ✇❡ !❡♠❛!❦ $❤❛$ Aa ✐' ♥♦$ ♥❡❝❡''❛!✐❧② ❞✐''✐♣❛$✐✈❡ ✇❤❡♥ ab < 0✳

❚❤❡!❡❢♦!❡✱ ✇❡ ❛!❡ ✐♥$❡!❡'$❡❞ ✐♥ $❤❡ ❝❛'❡ ✇❤❡♥ a ❛♥❞ b ❛!❡ ♦❢ ♦♣♣♦'✐$❡ '✐❣♥'✳ ◆♦$❡ $❤❛$

❢♦! '✉❝❤ ❛ ♣!♦❜❧❡♠✱ ♣❡!$✉!❜❛$✐♦♥ $❤❡♦!② ♦❢ ❝♦♥$!❛❝$✐✈❡ '❡♠✐❣!♦✉♣' ❝❛♥♥♦$ ❜❡ ✇❡❧❧

✐♥✈♦❦❡❞✳ ❯'✐♥❣ ❞❡$❛✐❧❡❞ '♣❡❝$!❛❧ ❛♥❛❧②'✐'✱ ✇❡ ✜♥❞ $❤❡ ❝♦♥❞✐$✐♦♥' $❤❛$ a ❛♥❞ b ♠✉'$

'❛$✐'❢② '♦ $❤❛$ ♣!♦❜❧❡♠ ✭✵✳✶✳✸✮ ❜❡❝♦♠❡' ❡①♣♦♥❡♥$✐❛❧❧② ♦! ♣♦❧②♥♦♠✐❛❧❧② '$❛❜❧❡✳ ❚❤❡

♣❛!$✐❝✉❧❛! ❝❛'❡ b ∈ (−1, 0) ❛♥❞ a > 0 !❡$❛✐♥' ♦✉! ❛$$❡♥$✐♦♥ ✇❤❡!❡ ✇❡ ✜♥❞ ♦♣$✐♠❛❧

!❡'✉❧$' ❢♦! ✇❤✐❝❤ ✭✵✳✶✳✸✮ ✐' ❡①♣♦♥❡♥$✐❛❧❧② ♦! ♣♦❧②♥♦♠✐❛❧❧② '$❛❜❧❡✳

❋✐♥❛❧❧② ✐♥ $❤❡ ❢♦✉!$❤ ❝❤❛♣$❡!✱ ❛' ✐♥ ❬✷❪✱ ✇❡ ❣❡♥❡!❛❧✐③❡ $❤❡ ❛♥❛❧②'✐' ♦❢ $❤❡ $❤✐!❞

❝❤❛♣$❡! $♦ '$✉❞② $❤❡ ❡①♣♦♥❡♥$✐❛❧ '$❛❜✐❧✐$② ♦❢ $❤❡ ✇❛✈❡ ❡G✉❛$✐♦♥ ♦♥ ❛ '$❛! '❤❛♣❡❞

♥❡$✇♦!❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ '✐❣♥ ❞❛♠♣✐♥❣ ✇❤✐❝❤ ✐' ♦❢ $❤❡ ❢♦!♠





uitt(x, t)− uixx(x, t) + 2ǫai(x)u
i
t(x, t) = 0, x ∈ (0, Li), t > 0,

ui(Li, t) = 0,

ui(0, t) = uj(0, t), ∀i 6= j,
N∑

i=1

uix(0, t) = 0,

ui(x, 0) = ui0(x), x ∈ (0, Li),

uix(x, 0) = ui1(x), x ∈ (0, Li).

✭S1✮

✇❤❡!❡ Li ∈ R+
∗ ✱ ❛♥❞ ai ∈ W 1,∞(0, Li)✳ ❲❡ ❢✉!$❤❡! ❝♦♥'✐❞❡! $❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦$❤❡'✐'

♦♥ $❤❡ ❣❡♦♠❡$!② ♦❢ $❤❡ ❞♦♠❛✐♥ ✿

✭❍✮ ❚❤❡!❡ ❡①✐'$' q ∈ N∗
'✉❝❤ $❤❛$ ❢♦! ❛❧❧ i = 2, ..., N ✱ $❤❡!❡ ❡①✐'$' pi ∈ N∗

✇❤❡!❡

Li =
pi
q
L1✳

■♥ $❤❡ ✜!'$ ♣❛!$ ♦❢ $❤❡ ❢♦✉!$❤ ❝❤❛♣$❡!✱ ✇❡ '$✉❞② $❤❡ '$❛❜✐❧✐$② ♦❢ '②'$❡♠ ✭S1✮ ✇❤❡♥

ǫ = 1✳ ❲❡ ❣✐✈❡ ♥❡❝❡''❛!② ❛♥❞ '✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥' ❢♦! ✇❤✐❝❤ '②'$❡♠ ✭S1✮ ❜❡❝♦♠❡'

❡①♣♦♥❡♥$✐❛❧❧② '$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥'✐♦♥❛❧ '♣❛❝❡✳ ❚❤❡ ✐❞❡❛ ✐' ✐♥'♣✐!❡❞ ❢!♦♠ ❬✻✺❪

✇❤❡!❡ $❤❡ ❝❤❛!❛❝$❡!✐'$✐❝ ❡G✉❛$✐♦♥ ♦❢ ✭S1✮ ✐' ❛♣♣!♦①✐♠❛$❡❞ ❜② ❛♥♦$❤❡! ❢✉♥❝$✐♦♥ ✉'✐♥❣

$❤❡ '❤♦♦$✐♥❣ ♠❡$❤♦❞✳ ❚❤✐' ❛♣♣!♦①✐♠❛$✐♦♥ ❛❧❧♦✇' ✉' $♦ ❞❡$❡❝$ $❤❡ ❜❡❤❛✈✐♦! ♦❢ $❤❡

✶✺
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❤✐❣❤ ❢$❡&✉❡♥❝✐❡* ❛♥❞ ❤❡♥❝❡ ❞❡❞✉❝❡ -❤❡ ❝♦♥❞✐-✐♦♥* ♦♥ -❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥-* ai ❢♦$

✇❤✐❝❤ -❤❡ ❤✐❣❤ ❢$❡&✉❡♥❝✐❡* ❛$❡ *✐-✉❛-❡❞ -♦ -❤❡ ❧❡❢- ♦❢ -❤❡ ✐♠❛❣✐♥❛$② ❛①✐*✳ ❋✐♥❛❧❧②✱ ❛❢-❡$

✇❡ ♣$♦✈❡ -❤❛- -❤❡ ❣❡♥❡$❛❧✐③❡❞ $♦♦- ✈❡❝-♦$* ❢♦$♠ ❛ ❘✐❡*③ ❜❛*✐* ✇✐-❤ ♣❛$❡♥-❤❡*❡*✱ ✇❡

❞❡❞✉❝❡ -❤❡ ❡①♣♦♥❡♥-✐❛❧ *-❛❜✐❧✐-② ♦❢ ✭S1✮ ✉♣ -♦ ❛ ✜♥✐-❡ ❞✐♠❡♥*✐♦♥❛❧ *♣❛❝❡ ❣❡♥❡$❛-❡❞

❜② -❤❡ $♦♦-* ✈❡❝-♦$* ♦❢ -❤❡ ❧♦✇ ❢$❡&✉❡♥❝✐❡*✳ ■♥ -❤❡ ✜$*- ♣❛$-✱ ✇❤❡♥ N = 2✱ ✇❡ $❡❝♦✈❡$

-❤❡ $❡*✉❧- ♦❢ ❚❤❡♦$❡♠ ✸✳✷✳✶ ♦❢ -❤✐* -❤❡*✐*✳

■♥ -❤❡ *❡❝♦♥❞ ♣❛$-✱ ✇❡ ❝♦♥*✐❞❡$ *②*-❡♠ ✭S1✮ ✇✐-❤ ǫ ♣♦*✐-✐✈❡ ❜✉- *♠❛❧❧ ❡♥♦✉❣❤ *♦

-❤❛- ✇❡ ❡①-❡♥❞ -❤❡ $❡*✉❧-* ♦❢ ❋$❡✐-❛* ❛♥❞ ❩✉❛③✉❛ ✐♥ ❬✸✵❪ ✇❤❡$❡ N = 2✳ ■♥ ❢❛❝-✱ ❢♦$

ǫ > 0 *♠❛❧❧ ❡♥♦✉❣❤✱ ✉♥❧✐❦❡ ❬✸✵❪✱ ✇❡ ❞❡❛❧ ✇✐-❤ ♠✉❧-✐♣❧❡ ❡✐❣❡♥✈❛❧✉❡* ✇❤❡♥ *♣❧✐--✐♥❣

♠❛② ♦❝❝✉$ ❛* ǫ ✐♥❝$❡❛*❡*✳ ❋✐$*-✱ ✇❡ ❝♦♥*✐❞❡$ ai ∈ R ❛♥❞ Li = 1 ❢♦$ ❛❧❧ i = 1, ..., N

❛♥❞ -❤❡♥ ✇❡ ❝♦♥*✐❞❡$ ai ∈ L∞(0, 1)✳ ■♥ ❢❛❝-✱ ✇❤❡♥ ǫ > 0 *♠❛❧❧ ❡♥♦✉❣❤✱ -❤❡ *-✉❞② ♦❢

-❤❡ ❡①♣♦♥❡♥-✐❛❧ *-❛❜✐❧✐-② ♦❢ ✭S1✮ ❡♥-❡$* ✐♥ -❤❡ ❢$❛♠❡✇♦$❦ ♦❢ -❤❡ ❛❜*-$❛❝- -❤❡♦$② ❞♦♥❡

✐♥ ❬✺✶❪✳ ❯*✐♥❣ -❤❡ ❝♦♥❝❡♣-* ✐♥-$♦❞✉❝❡❞ ✐♥ ❬✹✻❪ ❛❜♦✉- -❤❡ ❜❡❤❛✈✐♦$ ♦❢ -❤❡ *♣❡❝-$✉♠✱

✇❡ *❤❛❧❧ ✐♥-❡$♣$❡- -❤❡ ❤②♣♦-❤❡*✐* ✐♠♣♦*❡❞ ✐♥ ❬✺✶❪ -♦ ✜♥❞ ❡①♣❧✐❝✐- ❝♦♥❞✐-✐♦♥* ♦♥ -❤❡

❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥-* ❢♦$ ✇❤✐❝❤ ✭S1✮ ✐* ❡①♣♦♥❡♥-✐❛❧❧② *-❛❜❧❡✳ ■♥ -❤❡ ♣$❡*❡♥❝❡ ♦❢ ❛ ❘✐❡*③

❜❛*✐* ✇✐-❤ ♣❛$❡♥-❤❡*✐*✱ ✇❡ *❡❛$❝❤ ❢♦$ *✉✣❝✐❡♥- ❝♦♥❞✐-✐♦♥* ❢♦$ ✇❤✐❝❤ -❤❡ ❡✐❣❡♥✈❛❧✉❡*

❛$❡ *✐-✉❛-❡❞ *-$✐❝-❧② -♦ -❤❡ ❧❡❢- ♦❢ -❤❡ ✐♠❛❣✐♥❛$② ❛①✐*✳ ❲❡ ✜♥❞ ♦✉- -❤❛- -❤❡ ♣♦*✐-✐✈✐-②

♦❢ -❤❡ ♠❡❛♥ ♦❢ -❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥-* ✐* ♥♦- ❡♥♦✉❣❤ -♦ ❣✉❛$❛♥-❡❡ -❤❡ ❡①♣♦♥❡♥-✐❛❧

*-❛❜✐❧✐-② ♦❢ ✭S1✮ ✐♥ -❤❡ ✇❤♦❧❡ ❡♥❡$❣② *♣❛❝❡✳ ■♥ -❤✐* *❡❝♦♥❞ ♣❛$-✱ ✇❡ $❡❝♦✈❡$ -❤❡

$❡*✉❧- ♦❢ ❚❤❡♦$❡♠ ✷✳✶ ♦❢ ❬✸✵❪ ✇❤❡♥ -❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥- ✐* ♣✐❡❝❡✇✐*❡ ❝♦♥*-❛♥- ❜✉-

✇✐-❤♦✉- -❤❡ ❛**✉♠♣-✐♦♥ ♦♥ -❤❡ ♣♦*✐-✐✈✐-② ♦❢ -❤❡ ✐♥-❡❣$❛❧* In ❣✐✈❡♥ ✐♥ ✭✵✳✶✳✺✮✳ ❋✐♥❛❧❧②✱

✇❡ ❡♥❞ ✉♣ -❤❡ ❢♦✉$-❤ ❝❤❛♣-❡$ ❜② ❣✐✈✐♥❣ *♦♠❡ ❝♦♥❝$❡-❡ ❡①❛♠♣❧❡* ♦❢ {ai}Ni=1 ❛♥❞ N ✳

✶✻



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✵✳✷ ❆✐♠& ❛♥❞ ❛❝❤✐❡✈❡❞ .❡&✉❧1&

✵✳✷ ❆✐♠& ❛♥❞ ❛❝❤✐❡✈❡❞ .❡&✉❧1&

❋♦" ♠♦"❡ ❝♦❤❡"❡♥❝❡✱ ✇❡ *✉♠♠❛"✐③❡ /❤❡ ♠❛✐♥ ❣♦❛❧* ❛♥❞ /❤❡ ♥❡✇ "❡*✉❧/* ❛//❛✐♥❡❞

✐♥ /❤✐* 3❤✳❉✳ /❤❡*✐* ✐♥/♦ /❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥/* ✿

✭✐✮ ❙❡❛"❝❤ ❢♦" ❛ *✉✐/❛❜❧❡ ❛♣♣"♦①✐♠❛/❡ *②*/❡♠ ✇❤✐❝❤ ❝♦♥✈❡"❣❡* /♦✇❛"❞* ♣"♦❜❧❡♠

✭✵✳✶✳✶✮ ❛♥❞ ❤❛* /❤❡ *❛♠❡ ❞❡❝❛② ♣"♦♣❡"/✐❡* ❛* ✭✵✳✶✳✶✮ ✐♥ /❤❡ ♣"❡*❡♥❝❡ ♦❢ /❤❡

❣❡♥❡"❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐/✐♦♥✳

✭✐✐✮ ❆♥❛❧②③❡ /❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❝❛② ♦❢ /❤❡ ❞✐*❝"❡/❡ *❝❤❡♠❡* ✇❤❡♥ /❤❡ ❝♦♥/✐♥✉♦✉*

♣"♦❜❧❡♠ ❤❛* *✉❝❤ ❛ ❞❡❝❛② ❛♥❞ ♣"♦✈❡ ❛ "❡*✉❧/ ❛❜♦✉/ ✉♥✐❢♦"♠ ♣♦❧②♥♦♠✐❛❧ */❛❜✐❧✐/②

❢♦" ❛ ❢❛♠✐❧② ♦❢ *❡♠✐❣"♦✉♣* ♦❢ ♦♣❡"❛/♦"*✳

✭✐✐✐✮ ❯*❡ ❛ ❣❡♥❡"❛❧ ✈❡"*✐♦♥ ♦❢ /❤❡ ❚"♦//❡"✲❑❛/♦ ❚❤❡♦"❡♠ ♣"♦✈❡❞ ✐♥ ❬✹✺❪ /♦ ♣"♦✈❡

/❤❡ ❝♦♥✈❡"❣❡♥❝❡ ♦❢ /❤❡ ❞✐*❝"❡/❡ *♦❧✉/✐♦♥ /♦✇❛"❞* /❤❡ *♦❧✉/✐♦♥ ♦❢ ✭✵✳✶✳✶✮ ❛* /❤❡

❞✐*❝"❡/✐③❛/✐♦♥ ♣❛"❛♠❡/❡" ❣♦❡* /♦ ③❡"♦ ❛♥❞ ✐❢ /❤❡ ❞✐*❝"❡/❡ ✐♥✐/✐❛❧ ❞❛/❛ ❛"❡ ✇❡❧❧

❝❤♦*❡♥✳

✭✐✈✮ ❙/✉❞② /❤❡ */❛❜✐❧✐/② ♦❢ ✇❛✈❡ ❡K✉❛/✐♦♥* ✐♥ /❤❡ ♣"❡*❡♥❝❡ ♦❢ ✐♥❞❡✜♥✐/❡ *✐❣♥ ❞❛♠♣✐♥❣

✇❤❡"❡ /❤❡ ❝❧❛**✐❝❛❧ ♠❡/❤♦❞* ❢♦" */✉❞②✐♥❣ /❤❡ */❛❜✐❧✐③❛/✐♦♥ ❢❛✐❧ /♦ /"❡❛/ *✉❝❤

♣"♦❜❧❡♠*✳

✭✈✮ ❈♦♥*✐❞❡" ✐♥❞❡✜♥✐/❡ *✐❣♥ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥/* ✇❤♦*❡ L∞
♥♦"♠ ✐* ♥♦/ ♥❡❝❡**❛"✐❧②

*♠❛❧❧✳

✭✈✐✮ ❯*❡ ❞❡/❛✐❧❡❞ *♣❡❝/"❛❧ ❛♥❛❧②*✐* /♦ ✜♥❞ ❝"✐/✐❝❛❧ ✈❛❧✉❡* ♦❢ /❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥/*

❢♦" ✇❤✐❝❤ ✇❛✈❡ ❡K✉❛/✐♦♥* ✇✐/❤ ✐♥❞❡✜♥✐/❡ *✐❣♥ ❞❛♠♣✐♥❣ ❜❡❝♦♠❡ */❛❜❧❡✳

✭✈✐✐✮ ●❡♥❡"❛❧✐③❡ /❤❡ ❛♥❛❧②*✐* ♦❢ /❤❡ */❛❜✐❧✐/② ♦❢ ✇❛✈❡ ❡K✉❛/✐♦♥* ✇✐/❤ ✐♥❞❡✜♥✐/❡ *✐❣♥

❞❛♠♣✐♥❣ /❡"♠* ♦✈❡" ❛ */❛" *❤❛♣❡❞ ♥❡/✇♦"❦✳
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❈❤❛♣✐%&❡ ✶

)&❡❧✐♠✐♥❛&✐❡-

❆! "❤❡ ❛♥❛❧②!✐! ❞♦♥❡ ✐♥ "❤✐! ,❤✳❉✳ "❤❡!✐! ✐! ❜❛!❡❞ ♦♥ "❤❡ !❡♠✐❣2♦✉♣ ❛♥❞ !♣❡❝"2❛❧

❛♥❛❧②!✐! "❤❡♦2✐❡!✱ ✇❡ 2❡❝❛❧❧✱ ✐♥ "❤✐! ❝❤❛♣"❡2✱ !♦♠❡ ❜❛!✐❝ ❞❡✜♥✐"✐♦♥! ❛♥❞ "❤❡♦2❡♠!

✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉!❡❞ ✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣"❡2!✳ ❲❡ 2❡❢❡2 "♦ ❬✽✱ ✶✽✱ ✷✹✱✸✻✱✸✼✱ ✹✷✱✻✷✱✻✸❪✳

✶✳✶ ❙❡♠✐❣'♦✉♣+

▼♦!" ♦❢ "❤❡ ❡✈♦❧✉"✐♦♥ ❡F✉❛"✐♦♥! ❝❛♥ ❜❡ 2❡❞✉❝❡❞ "♦ "❤❡ ❢♦2♠





ẋ(t) = Ax(t), t > 0,

x(0) = x0,

✇❤❡2❡ A ✐! "❤❡ ✐♥✜♥✐"❡!✐♠❛❧ ❣❡♥❡2❛"♦2 ♦❢ ❛ ❈0 !❡♠✐❣2♦✉♣ T (t) ♦✈❡2 ❛ ❍✐❧❜❡2" !♣❛❝❡ H✳
❚❤❡2❡❢♦2❡✱ ✇❡ !"❛2" ❜② ✐♥"2♦❞✉❝✐♥❣ !♦♠❡ ❜❛!✐❝ ❝♦♥❝❡♣"! ❝♦♥❝❡2♥✐♥❣ "❤❡ !❡♠✐❣2♦✉♣!✳

❉❡✜♥✐%✐♦♥ ✶✳✶✳✶✳ ▲❡" X ❜❡ ❛ ❇❛♥❛❝❤ )♣❛❝❡✳

✶✮ ❆ ♦♥❡ ♣❛0❛♠❡"❡0 ❢❛♠✐❧② T (t)✱ t > 0✱ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛0 ♦♣❡0❛"♦0) ❢0♦♠ X ✐♥"♦

X ✐) ❛ )❡♠✐❣0♦✉♣ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛0 ♦♣❡0❛"♦0) ♦♥ X ✐❢

✭✐✮ T (0) = I ❀

✶✾



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

✭✐✐✮ T (t+ s) = T (t)T (s) ❢♦% ❡✈❡%② s, t ≥ 0✳

✷✮ ❆ ,❡♠✐❣%♦✉♣ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛% ♦♣❡%❛6♦%,✱ T (t)✱ ✐, ✉♥✐❢♦%♠❧② ❝♦♥6✐♥✉♦✉, ✐❢

lim
t→0

‖T (t)− I‖ = 0.

✸✮ ❆ ,❡♠✐❣%♦✉♣ T (t) ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛% ♦♣❡%❛6♦%, ♦♥ X ✐, ❛ ,6%♦♥❣❧② ❝♦♥6✐♥✉♦✉,

,❡♠✐❣%♦✉♣ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛% ♦♣❡%❛6♦%, ♦% ❛ ❈0 ,❡♠✐❣%♦✉♣ ✐❢

lim
t→0

T (t)x = x.

✹✮ ❚❤❡ ❧✐♥❡❛% ♦♣❡%❛6♦% A ❞❡✜♥❡❞ ❜②

Ax = lim
t→0

T (t)x− x

t
, ∀x ∈ D(A),

✇❤❡%❡

D(A) =

{
x ∈ X; lim

t→0

T (t)x− x

t
❡①✐,6,

}

✐, 6❤❡ ✐♥✜♥✐6❡,✐♠❛❧ ❣❡♥❡%❛6♦% ♦❢ 6❤❡ ,❡♠✐❣%♦✉♣ T (t)✳

❚❤❡♦$❡♠ ✶✳✶✳✷✳ ▲❡6 T (t) ❜❡ ❛ ❈0 ,❡♠✐❣%♦✉♣✳ ❚❤❡♥ 6❤❡%❡ ❡①✐,6 ❝♦♥,6❛♥6, ω ≥ 0 ❛♥❞

M ≥ 1 ,✉❝❤ 6❤❛6

‖T (t)‖ ≤Meωt, ∀t > 0.

■♥ $❤❡ ❛❜♦✈❡ $❤❡♦&❡♠✱ ✐❢ ω = 0✱ $❤❡♥ T (t) ✐- ❝❛❧❧❡❞ ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ❛♥❞ ✐❢

♠♦&❡♦✈❡& M = 1✱ $❤❡♥ T (t) ✐- ❝❛❧❧❡❞ ❛ ❈0 -❡♠✐❣&♦✉♣ ♦❢ ❝♦♥$&❛❝$✐♦♥-✳

❋♦& $❤❡ ❡①✐-$❡♥❝❡ ♦❢ -♦❧✉$✐♦♥-✱ ✇❡ ♥♦&♠❛❧❧② ✉-❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ▲✉♠❡&✲(❤✐❧❧✐♣-

❚❤❡♦&❡♠ ♦& ❍✐❧❧❡✲❨♦-✐❞❛ ❚❤❡♦&❡♠✳

❚❤❡♦$❡♠ ✶✳✶✳✸✳ ✭▲✉♠❡%✲C❤✐❧❧✐♣, ❚❤❡♦%❡♠✮ ▲❡6 A ❜❡ ❛ ❧✐♥❡❛% ♦♣❡%❛6♦% ✇✐6❤ ❞❡♥,❡

❞♦♠❛✐♥ D(A) ✐♥ ❛ ❍✐❧❜❡%6 ,♣❛❝❡ X✳ ■❢

✷✵



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

✭✐✮ A ✐# ❞✐##✐♣❛'✐✈❡ ❀ ✐✳❡✳✱ ℜ < Ax, x >X< 0, ∀x ∈ D(A)

❛♥❞ ✐❢

✭✐✐✮ '❤❡0❡ ❡①✐#'# ❛ λ0 > 0 #✉❝❤ '❤❛' '❤❡ 0❛♥❣❡ R(λ0I −A) = X✱

'❤❡♥ A ❣❡♥❡0❛'❡# ❛ ❈0 #❡♠✐❣0♦✉♣ ♦❢ ❝♦♥'0❛❝'✐♦♥# ♦♥ X✳

❚❤❡♦$❡♠ ✶✳✶✳✹✳ ✭❍✐❧❧❡✲❨♦#✐❞❛ ❚❤❡♦0❡♠✮ ▲❡' A ❜❡ ❛ ❧✐♥❡❛0 ♦♣❡0❛'♦0 ♦♥ ❛ ❇❛♥❛❝❤

#♣❛❝❡ X ❛♥❞ ❧❡' ω ∈ R✱ M ≥ 1 ❜❡ ❝♦♥#'❛♥'#✳ ❉❡♥♦'❡ ❜② ρ(A) '❤❡ 0❡#♦❧✈❡♥' #❡' ♦❢ A✳

❚❤❡♥ '❤❡ ❢♦❧❧♦✇✐♥❣ ♣0♦♣❡0'✐❡# ❛0❡ ❡C✉✐✈❛❧❡♥'

✭✐✮ A ❣❡♥❡0❛'❡# ❛ ❈0 #❡♠✐❣0♦✉♣ T (t)✱ t ≥ 0 #❛'✐#❢②✐♥❣

‖T (t)‖ ≤Meωt, ∀t ≥ 0;

✭✐✐✮ A ✐# ❝❧♦#❡❞✱ ❞❡♥#❡❧② ❞❡✜♥❡❞✱ ❛♥❞ ❢♦0 ❡✈❡0② λ > ω ♦♥❡ ❤❛# λ ∈ ρ(A) ❛♥❞

‖(λ− ω)n(λ−A)−n‖ ≤M, ∀n ∈ N;

✭✐✐✐✮ A ✐# ❝❧♦#❡❞✱ ❞❡♥#❡❧② ❞❡✜♥❡❞✱ ❛♥❞ ❢♦0 ❡✈❡0② λ ∈ C ✇✐'❤ ℜλ > ω✱ ♦♥❡ ❤❛#

λ ∈ ρ(A) ❛♥❞

‖(λ−A)−n‖ ≤ M

(ℜλ− ω)n
, ∀n ∈ N.

■❢ $❤❡ ❝♦♥❞✐$✐♦♥- ♦❢ $❤❡ ♣&❡✈✐♦✉- $✇♦ $❤❡♦&❡♠- ❛&❡ ♥♦$ ❝❧❡❛&❧② -❛$✐-✜❡❞✱ ✇❡ ♠❛②

✉-❡ $❤❡ ❢♦❧❧♦✇✐♥❣ $❤❡♦&❡♠ ❛❜♦✉$ ♣❡&$✉&❜❛$✐♦♥- ❜② ❜♦✉♥❞❡❞ ❧✐♥❡❛& ♦♣❡&❛$♦&- ✭-❡❡

❚❤❡♦&❡♠ ■■■✳✶✳✶ ♦❢ ❬✻✷❪✮✳

❚❤❡♦$❡♠ ✶✳✶✳✺✳ ▲❡' X ❜❡ ❛ ❇❛♥❛❝❤ #♣❛❝❡ ❛♥❞ ❧❡' A ❜❡ '❤❡ ✐♥✜♥✐'❡#✐♠❛❧ ❣❡♥❡0❛'♦0

♦❢ ❛ ❈0 #❡♠✐❣0♦✉♣ T (t) ♦♥ X✱ #❛'✐#❢②✐♥❣ ‖T (t)‖ ≤ Meωt✳ ■❢ B ✐# ❛ ❜♦✉♥❞❡❞ ❧✐♥❡❛0

♦♣❡0❛'♦0 ♦♥ X✱ '❤❡♥ A+B ✐# '❤❡ ✐♥✜♥✐'❡#✐♠❛❧ ❣❡♥❡0❛'♦0 ♦❢ ❛ ❈0 #❡♠✐❣0♦✉♣ S(t) ♦♥

X✱ #❛'✐#❢②✐♥❣ ‖S(t)‖ ≤Me(ω+M‖B‖)t
✳

◆♦✇ ✇❡ &❡❝❛❧❧ ❛ &❡-✉❧$ ✐♥ ❬✹✷✱ ✻✸❪ ✇❤✐❝❤ ❣✐✈❡- ♥❡❝❡--❛&② ❛♥❞ -✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥-

❢♦& ✇❤✐❝❤ ❛ -❡♠✐❣&♦✉♣ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✳

✷✶



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❚❤❡♦$❡♠ ✶✳✶✳✻✳ ▲❡" T (t) ❜❡ ❛ ❈0 &❡♠✐❣*♦✉♣ ♦♥ ❛ ❍✐❧❜❡*" &♣❛❝❡ H ❛♥❞ A ❜❡ ✐"& ✐♥✜✲

♥✐"❡&✐♠❛❧ ❣❡♥❡*❛"♦*✳ T (t) ✐& ❡①♣♦♥❡♥"✐❛❧❧② &"❛❜❧❡ ❀ ✐✳❡✳✱ "❤❡*❡ ❡①✐&"& M ❛♥❞ α ♣♦&✐"✐✈❡

❝♦♥&"❛♥"& &✉❝❤ "❤❛" ‖T (t)‖ ≤Me−αt
✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✐✮ iR ⊆ ρ(A)✱ ✇❤❡*❡ ρ(A) ❞❡♥♦"❡& "❤❡ *❡&♦❧✈❡♥" &❡" ♦❢ A

❛♥❞

✭✐✐✮ sup
ω∈R

‖(iω −A)−1‖ <∞.

❲❤❡♥ $❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ✐- ❛$$❛✐♥❡❞✱ ✇❡ -❡❛&❝❤ ❢♦& $❤❡ ♦♣$✐♠❛❧ ❡①♣♦♥❡♥$✐❛❧

❞❡❝❛② &❛$❡ ❀ ♠❛✐♥❧② ❢♦& $❤❡ -♣❡❝$&✉♠ ❞❡$❡&♠✐♥❡❞ ❣&♦✇$❤ ❝♦♥❞✐$✐♦♥✳

❉❡✜♥✐-✐♦♥ ✶✳✶✳✼✳ ▲❡" A ❜❡ "❤❡ ✐♥✜♥✐"❡&✐♠❛❧ ❣❡♥❡*❛"♦* ♦❢ ❛ ❈0 &❡♠✐❣*♦✉♣✱ T (t) ✱

♦♥ ❛ ❍✐❧❜❡*" &♣❛❝❡ H✳ ❈♦♥&✐❞❡*

ω(A) := inf{α ∈ R; ‖T (t)‖ ≤Meαt} = lim
t→∞

1

t
log ‖T (t)‖,

"❤❡ ❣*♦✇"❤ ❡①♣♦♥❡♥" ❜♦✉♥❞ ♦❢ T (t)✱ ❛♥❞

µ(A) = sup{ℜλ; λ ∈ σ(A)},

"❤❡ &♣❡❝"*❛❧ ❛❜&❝✐&&❛ ♦❢ "❤❡ ♦♣❡*❛"♦* A ✇❤❡*❡ σ(A) ❞❡♥♦"❡& ✐"& &♣❡❝"*✉♠✳ ■❢ ω(A) =

µ(A)✱ "❤❡♥ ✇❡ &❛② "❤❛" "❤❡ &♣❡❝"*✉♠ ❞❡"❡*♠✐♥❡❞ ❣*♦✇"❤ ❝♦♥❞✐"✐♦♥ ❤♦❧❞&✳

❘❡♠❛$❦ ✶✳✶✳✽✳ ❋*♦♠ "❤❡ ❍✐❧❧❡✲❨♦&✐❞❛ ❚❤❡♦*❡♠✱ ✇❡ ❦♥♦✇ "❤❛" µ(A) ≤ ω(A) ❢♦*

❛♥② ✐♥✜♥✐"❡&✐♠❛❧ ❣❡♥❡*❛"♦* ♦❢ ❛ &"*♦♥❣❧② ❝♦♥"✐♥✉♦✉& &❡♠✐❣*♦✉♣✳ ❍♦✇❡✈❡*✱ ✐♥ ❣❡♥❡*❛❧✱

ω(A) ≤ µ(A) ✐& ♥♦" ❛❧✇❛②& "*✉❡✳

■❢ $❤❡ -❡♠✐❣&♦✉♣ ❢❛✐❧- $♦ ❜❡ ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✱ ✇❡ -❡❛&❝❤ ❢♦& ❛♥♦$❤❡& $②♣❡

♦❢ ❞❡❝❛② &❛$❡ ❧✐❦❡ $❤❡ ♣♦❧②♥♦♠✐❛❧ -$❛❜✐❧✐$② ✇❤✐❝❤ ✐- ❝❤❛&❛❝$❡&✐③❡❞ ❜② $❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦&❡♠ ✐♥ ❬✶✽❪✳

✷✷



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❚❤❡♦$❡♠ ✶✳✶✳✾✳ ▲❡" (T (t))t≥0 ❜❡ ❛ ❜♦✉♥❞❡❞ ❈0 *❡♠✐❣.♦✉♣ ♦♥ ❛ ❍✐❧❜❡." *♣❛❝❡ H ✇✐"❤

❛ ❣❡♥❡.❛"♦. A *✉❝❤ "❤❛" iR ⊆ ρ(A)✳ ❚❤❡♥ ❢♦. ❛ ✜①❡❞ α > 0✱ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐"✐♦♥*

❛.❡ ❡;✉✐✈❛❧❡♥" ✿

✭✐✮

‖(is−A)−1‖ = O(|s|α), s→ ∞.

✭✐✐✮

‖T (t)A−α‖ = O(t−1), t→ ∞.

✭✐✐✐✮

‖T (t)A−1‖ = O(t
−1
α ), t→ ∞.

◆♦"❡ "❤❛" "❤❡ ♥♦"❛"✐♦♥ A = O(B) ♠❡❛♥) "❤❛" "❤❡*❡ ❡①✐)") c > 0 )✉❝❤ "❤❛"

|A| ≤ c|B|✳

✶✳✷ ❘✐❡&③ ❜❛&✐&

■♥ "❤❡ %❡❝♦♥❞ ♣❛+"✱ ✇❡ %❤♦✇ "❤❛" "❤❡ ❣❡♥❡+❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦+% ❢♦+♠ ❛ ❘✐❡%③ ❜❛%✐%

♦❢ "❤❡ ❡♥❡+❣② %♣❛❝❡✳ ❈♦♥%❡:✉❡♥"❧②✱ ✇❡ +❡❝❛❧❧ ❜❛%✐❝ ❞❡✜♥✐"✐♦♥% ❛♥❞ "❤❡♦+❡♠% ♥❡❡❞❡❞

❢♦+ ❘✐❡%③ ❜❛%✐% ❣❡♥❡+❛"✐♦♥✳ ❲❡ +❡❢❡+ "♦ ❬✽✱ ✸✻✱ ✸✼❪✳

❉❡✜♥✐%✐♦♥ ✶✳✷✳✶✳ ✭✐✮ ❆ ♥♦♥✲③❡*♦ ❡❧❡♠❡♥" ϕ ✐♥ ❛ ❍✐❧❜❡*" )♣❛❝❡ H ✐) ❝❛❧❧❡❞ ❛ ❣❡♥❡✲

*❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦* ♦❢ ❛ ❝❧♦)❡❞ ❧✐♥❡❛* ♦♣❡*❛"♦* A✱ ❝♦**❡)♣♦♥❞✐♥❣ "♦ ❛♥ ❡✐❣❡♥✈❛❧✉❡
λ ♦❢ A✱ ✐❢ "❤❡*❡ ❡①✐)") n ∈ N∗

)✉❝❤ "❤❛"

(λI −A)nϕ = 0 ❛♥❞ (λI −A)n−1ϕ 6= 0.

■❢ n = 1✱ "❤❡♥ ϕ ✐) ❛♥ ❡✐❣❡♥✈❡❝"♦*✳

✭✐✐✮ ❚❤❡ *♦♦" )✉❜)♣❛❝❡ ♦❢ A ❝♦**❡)♣♦♥❞✐♥❣ "♦ ❛♥ ❡✐❣❡♥✈❛❧✉❡ λ ✐) ❞❡✜♥❡❞ ❜②

Nλ(A) =
∞⋃

n=1

ker ((λI −A)n) .

✷✸



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

✭✐✐✐✮ ❚❤❡ ❝❧♦)❡❞ )✉❜)♣❛❝❡ )♣❛♥♥❡❞ ❜② ❛❧❧ 1❤❡ ❣❡♥❡3❛❧✐③❡❞ ❡✐❣❡♥✈❡❝1♦3) ♦❢ A ✐) ❝❛❧❧❡❞

1❤❡ 3♦♦1 )✉❜)♣❛❝❡ ♦❢ A✳

❘❡♠❛$❦ ✶✳✷✳✷✳ ❚❤❡ ❢❛♠✐❧② ♦❢ ❣❡♥❡3❛❧✐③❡❞ ❡✐❣❡♥✈❡❝1♦3) ♦❢ A ❝♦33❡)♣♦♥❞✐♥❣ 1♦ λ

❢♦3♠) ❛ ❜❛)✐) ❢♦3 1❤❡ )✉❜)♣❛❝❡ Nλ(A)✳ ❉❡♥♦1❡ ❜② mλ 1❤❡ ❛❧❣❡❜3❛✐❝ ♠✉❧1✐♣❧✐❝✐1② ♦❢

λ✳ ■♥ ❣❡♥❡3❛❧✱ 1❤❡)❡ ❣❡♥❡3❛❧✐③❡❞ ❡✐❣❡♥✈❡❝1♦3)✱ ❞❡♥♦1❡❞ ❜② {ϕj, 1 ≤ j ≤ mλ}✱ ❛3❡

❝♦♥)13✉❝1❡❞ ❜② 1❤❡ ❢♦❧❧♦✇✐♥❣ ♣3♦❝❡❞✉3❡ ✿





Aϕ1 = λϕ1

Aϕj = λϕj + ϕj−1, j = 2, ...,mλ.

◆♦✇✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ ❘✐❡-③ ❜❛-✐- ❛♥❞ $❤❡♥ ✇❡ &❡❝❛❧❧ -♦♠❡ $❤❡♦&❡♠- ✇❤✐❝❤ ❤❡❧♣

✉- ♣&♦✈❡ $❤❛$ ❛ ❢❛♠✐❧② ❢♦&♠- ❛ ❘✐❡-③ ❜❛-✐-✳

❉❡✜♥✐-✐♦♥ ✶✳✷✳✸✳ ▲❡1 Φ = {ϕn}n∈N ❜❡ ❛♥ ❛3❜✐13❛3② ❢❛♠✐❧② ♦❢ ✈❡❝1♦3) ✐♥ ❛ ❍✐❧❜❡31

)♣❛❝❡ H✳

✭✐✮ ❚❤❡ ❢❛♠✐❧② Φ ✐) )❛✐❞ 1♦ ❜❡ ❛ ❘✐❡)③ ❜❛)✐) ✐♥ 1❤❡ ❝❧♦)✉3❡ ♦❢ ✐1) ❧✐♥❡❛3 )♣❛♥ ✭♥♦✲

1❛1✐♦♥ Φ ∈ (LB)✮ ✐❢ Φ ✐) ❛♥ ✐♠❛❣❡ ❜② ❛♥ ✐)♦♠♦3♣❤✐❝ ♠❛♣♣✐♥❣ ♦❢ )♦♠❡ ♦31❤♦✲

♥♦3♠❛❧ ❢❛♠✐❧②✳ Φ ✐) )❛✐❞ 1♦ ❜❡ ❛ ❘✐❡)③ ❜❛)✐) ✐❢ Φ ∈ (LB) ❛♥❞ Φ ✐) ❛ ❝♦♠♣❧❡1❡

❢❛♠✐❧② ❀ ✐✳❡✳✱ Span{ϕn; n ∈ N} = H✳

✭✐✐✮ ❚❤❡ ❢❛♠✐❧② Φ ✐) )❛✐❞ 1♦ ❜❡ ω−❧✐♥❡❛3❧② ✐♥❞❡♣❡♥❞❡♥1 ✐❢ ✇❤❡♥❡✈❡3

∑

n∈N
anϕn = 0

❢♦3

∑

n∈N
|an|2 <∞ 1❤❡♥ an = 0 ❢♦3 ❡✈❡3② n ∈ N✳

✭✐✐✐✮ ❚❤❡ ❢❛♠✐❧② Φ ✐) ♠✐♥✐♠❛❧ ✐❢✱ ❢♦3 ❛♥② n ∈ N✱ 1❤❡ ❡❧❡♠❡♥1 ϕn ❞♦❡) ♥♦1 ❜❡❧♦♥❣ 1♦

1❤❡ )♣❛♥ ♦❢ ❛❧❧ 1❤❡ 3❡♠❛✐♥✐♥❣ ❡❧❡♠❡♥1) ❀ ✐✳❡✳✱ ϕn 6∈ Span{ϕi; i 6= n}✳

❘❡♠❛$❦ ✶✳✷✳✹✳ ✭✐✮ ■❢ Φ ∈ (LB)✱ 1❤❡♥ Φ ✐) ♠✐♥✐♠❛❧ ❛♥❞ ❤❡♥❝❡ ω−❧✐♥❡❛3❧② ✐♥❞❡✲

♣❡♥❞❡♥1✳

✭✐✐✮ ■❢ Φ ✐) ♠✐♥✐♠❛❧✱ 1❤❡♥ 1❤❡3❡ ❡①✐)1) ❛ ❢❛♠✐❧② Ψ = {ψn}n∈N ❜✐♦31❤♦❣♦♥❛❧ 1♦ Φ ❀

✐✳❡✳✱ < ϕj, ψi >H= δij✳

✷✹



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣&♦♣♦-✐$✐♦♥ ❛♥❞ $❤❡♦&❡♠- ❣✐✈❡ ♥❡❝❡--❛&② ❛♥❞ -✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥

-♦ $❤❛$ ❛ ❢❛♠✐❧② Φ ❢♦&♠- ❛ ❘✐❡-③ ❜❛-✐-✳

 !♦♣♦$✐&✐♦♥ ✶✳✷✳✺✳ ✭❇❛#✐✬& ❚❤❡♦#❡♠✱ ❇❛#✐ ✶✾✺✶ ❀ ●♦❦❤❜❡#❣ ❛♥❞ ❦#❡✐♥ ✶✾✻✺ ❀ ◆✐✲

❦♦❧&❦✐ ✶✾✽✵✮

Φ ∈ (LB) ✐❢ ❛♥❞ ♦♥❧② ✐❢ @❤❡#❡ ❡①✐&@& ♣♦&✐@✐✈❡ ❝♦♥&@❛♥@& C1 ❛♥❞ C2 &✉❝❤ @❤❛@ ❢♦# ❛♥②

&❡F✉❡♥❝❡ {αn}n∈N✱ ✇❡ ❤❛✈❡

C1

∑

n∈N
|αn|2 ≤

∥∥∥∥∥
∑

n∈N
αnϕn

∥∥∥∥∥

2

≤ C2

∑

n∈N
|αn|2.

■♥ @❤✐& ❝❛&❡✱ ❡❛❝❤ ❡❧❡♠❡♥@ f ∈ Span{ϕn, n ∈ N} ✐& ✇#✐@@❡♥ ❛&

f =
∑

n∈N
< f, ψn >H ϕn,

✇❤❡#❡ Ψ = {ψn}n∈N ✐& ❜✐♦#@❤♦❣♦♥❛❧ @♦ Φ = {ϕn}n∈N✳

■♥ $❤✐- $❤❡-✐-✱ ✇❡ ♠❛✐♥❧② ✉-❡ $❤❡ ❢♦❧❧♦✇✐♥❣ $❤❡♦&❡♠- $♦ ♣&♦✈❡ $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞

❡✐❣❡♥✈❡❝$♦&- ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ $❤❡ ❡♥❡&❣② -♣❛❝❡✳

❚❤❡♦!❡♠ ✶✳✷✳✻✳ ✭❚❤❡♦#❡♠ ✷✳✶ ♦❢ ❈❤❛♣@❡# ❱■ ✐♥ ❬✸✻❪✮

{φn} ✐& ❛ ❘✐❡&③ ❜❛&✐& ♦❢ ❛ ❍✐❧❜❡#@ &♣❛❝❡ H ✐❢ ❛♥❞ ♦♥❧② ✐❢ {φn} ✐& ❝♦♠♣❧❡@❡ ✐♥ H
❛♥❞ @❤❡#❡ ❝♦##❡&♣♦♥❞& @♦ ✐@ ❛ ❝♦♠♣❧❡@❡ ❜✐♦#@❤♦❣♦♥❛❧ &❡F✉❡♥❝❡ {ψn} &✉❝❤ @❤❛@ ❢♦# ❛♥②

f ∈ H ♦♥❡ ❤❛&

∑

n

|< φn, f >|2 <∞,
∑

n

|< ψn, f >|2 <∞. ✭✶✳✷✳✶✮

❚❤❡♦!❡♠ ✶✳✷✳✼✳ ✭❈❧❛&&✐❝❛❧ ❇❛#✐✬& ❚❤❡♦#❡♠✮

■❢ {ϕn}n∈N ✐& ❛ ❘✐❡&③ ❜❛&✐& ♦❢ ❛ ❍✐❧❜❡#@ &♣❛❝❡ H ❛♥❞ ❛♥♦@❤❡# ω−❧✐♥❡❛#❧② ✐♥❞❡♣❡♥❞❡♥@

❢❛♠✐❧② {ψn}n∈N ✐& F✉❛❞#❛@✐❝❛❧❧② ❝❧♦&❡ @♦ {ϕn}n∈N ✐♥ @❤❡ &❡♥&❡ @❤❛@

∞∑

n=1

‖ϕn −ψn‖2 <

∞✱ @❤❡♥ {ψn}n∈N ❛❧&♦ ❢♦#♠& ❛ ❘✐❡&③ ❜❛&✐& ♦❢ H✳

✷✺



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

◆♦&♠❛❧❧②✱ $❤❡&❡ ✐- ❞✐✣❝✉❧$② ✐♥ ✉♥❞❡&-$❛♥❞✐♥❣ $❤❡ ♥✉♠❜❡& ♦❢ ❣❡♥❡&❛❧✐③❡❞ ❡✐❣❡♥✲

❢✉♥❝$✐♦♥- ❝♦&&❡-♣♦♥❞✐♥❣ $♦ ❧♦✇ ❡✐❣❡♥✈❛❧✉❡-✳ ❚❤✐- -❡✈❡&❡❧② ❧✐♠✐$- $❤❡ ❛♣♣❧✐❝❛$✐♦♥ ♦❢

$❤❡ ❛❜♦✈❡ ❝❧❛--✐❝❛❧ ❇❛&✐✬- ❚❤❡♦&❡♠ ❡✈❡♥ ✐❢ $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❤✐❣❤ ❡✐❣❡♥✈❛❧✉❡- ❛♥❞

$❤❡✐& ❝♦&&❡-♣♦♥❞✐♥❣ ♠✉❧$✐♣❧✐❝✐$✐❡- ❛&❡ ❝❧❡❛&❧② ❦♥♦✇♥✳ ❈♦♥-❡B✉❡♥$❧②✱ ✐♥ ❝❛-❡ $❤❡ ❜❡✲

❤❛✈✐♦& ♦❢ $❤❡ ❧♦✇ ❡✐❣❡♥✈❛❧✉❡- ✐- ✈❛❣✉❡✱ ✇❡ -✉❣❣❡-$ ✉-✐♥❣ ❚❤❡♦&❡♠ ✻✳✸ ♦❢ ❬✸✼❪ ✇❤✐❝❤

✐- ❛ ♥❡✇ ❢♦&♠ ♦❢ ❇❛&✐✬- ❚❤❡♦&❡♠ ✭-❡❡ ❚❤❡♦&❡♠ ✷✳✸ ♦❢ ❈❤❛♣$❡& ❱■ ✐♥ ❬✸✻❪✮ ✿

❚❤❡♦$❡♠ ✶✳✷✳✽✳ ▲❡" A ❜❡ ❛ ❞❡♥'❡❧② ❞❡✜♥❡❞ ♦♣❡-❛"♦- ✐♥ ❛ ❍✐❧❜❡-" '♣❛❝❡ H ✇✐"❤ ❛

❝♦♠♣❛❝" -❡'♦❧✈❡♥"✳ ▲❡" {ϕn}∞n=1 ❜❡ ❛ ❘✐❡'③ ❜❛'✐' ♦❢ H✳ ■❢ "❤❡-❡ ❛-❡ ❛♥ ✐♥"❡❣❡- N ≥ 0

❛♥❞ ❛ '❡;✉❡♥❝❡ ♦❢ ❣❡♥❡-❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦-' {ψn}∞n=N+1 ♦❢ A '✉❝❤ "❤❛"

∞∑

n=N+1

‖ ϕn − ψn ‖2<∞,

"❤❡♥ "❤❡ '❡" ♦❢ ❣❡♥❡-❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦-' ♦❢ A✱ {ψn}∞n=1✱ ❢♦-♠' ❛ ❘✐❡'③ ❜❛'✐' ♦❢ H.

❉❡-♣✐$❡ $❤❛$ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✶✳✷✳✽ ✐- ❢♦✉♥❞ ✐♥ ❬✸✼❪✱ ✇❡ ❣✐✈❡ ❛♥♦$❤❡& ♣&♦♦❢

✇❤✐❝❤ ❝❧❛&✐✜❡- $❤❡ &❡❧❛$✐♦♥ ❜❡$✇❡❡♥ $❤❡ ❢❛♠✐❧✐❡- {ϕn}∞n=1 ❛♥❞ {ψn}∞n=1✳ ❋✐&-$✱ ✇❡

&❡❝❛❧❧ ▲❡♠♠❛ ✻✳✷ ♦❢ ❬✸✼❪✳

▲❡♠♠❛ ✶✳✷✳✾✳ ▲❡" {φn}∞n=1 ❜❡ ❛ ❘✐❡'③ ❜❛'✐' ♦❢ ❛ ❍✐❧❜❡-" '♣❛❝❡ H✳ ▲❡" N ≥ 0 ❛♥❞

{ψn}∞n=N+1 ❜❡ ❛♥♦"❤❡- ❢❛♠✐❧② '✉❝❤ "❤❛"

∞∑

n=N+1

‖ φn − ψn ‖2<∞.

❚❤❡♥ "❤❡-❡ ❡①✐'"' M ≥ N '✉❝❤ "❤❛"

✭✐✮ ❚❤❡ '❡" {φn}Mn=1 ∪ {ψn}∞n=M+1 ✐' ω−❧✐♥❡❛-❧② ✐♥❞❡♣❡♥❞❡♥"✳

✭✐✐✮ {φn}Mn=1 ∪ {ψn}∞n=M+1 ✐' ❛ ❘✐❡'③ ❜❛'✐' ♦❢ H✳

-$♦♦❢✿ ❖♥❝❡ ✭✐✮ ✐- ♣&♦✈❡❞✱ ✭✐✐✮ ❢♦❧❧♦✇- ❢&♦♠ ❚❤❡♦&❡♠ ✶✳✷✳✼✳ ❚♦ ♣&♦✈❡ ✭✐✮✱ ❧❡$ M ≥ N

❛♥❞ {cn}n ∈ l2(N∗) -✉❝❤ $❤❛$

M∑

n=1

cnφn +
∞∑

n=M+1

cnψn = 0.

✷✻



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❚❤❡♥

∞∑

n=1

cnφn = −
∞∑

n=M+1

cn(ψn − φn). ✭✶✳✷✳✷✮

❙✐♥❝❡ {φn}∞n=1 ✐- ❛ ❘✐❡-③ ❜❛-✐-✱ $❤❡&❡ ❡①✐-$- c1 > 0 -✉❝❤ $❤❛$

c1

∞∑

n=1

|cn|2 ≤
∥∥∥∥∥

∞∑

n=1

cnφn

∥∥∥∥∥

2

. ✭✶✳✷✳✸✮

❯-✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛&③ ✐♥❡A✉❛❧✐$②✱ ✇❡ ❣❡$

∥∥∥∥∥

∞∑

n=M+1

cn(ψn − φn)

∥∥∥∥∥

2

≤
∞∑

n=M+1

|cn|2
∞∑

n=M+1

‖ψn − φn‖2 ≤
c1
2

∞∑

n=1

|cn|2, ✭✶✳✷✳✹✮

♣&♦✈✐❞❡❞ M ✐- ❝❤♦-❡♥ ❣&❡❛$ ❡♥♦✉❣❤✳

❈♦♠❜✐♥✐♥❣ ✭✶✳✷✳✷✮✱ ✭✶✳✷✳✸✮✱ ❛♥❞ ✭✶✳✷✳✹✮ ✇❡ ❣❡$ cn = 0, ∀n ∈ N∗.

❚❤❡ ❢♦❧❧♦✇✐♥❣ $❤❡♦&❡♠ ❝❧❛&✐✜❡- $❤❡ &❡-✉❧$- ♦❢ ❚❤❡♦&❡♠ ✶✳✷✳✽✳

❚❤❡♦$❡♠ ✶✳✷✳✶✵✳ ▲❡" A ❜❡ ❛ ❞❡♥'❡❧② ❞❡✜♥❡❞ ♦♣❡-❛"♦- ✐♥ ❛ ❍✐❧❜❡-" '♣❛❝❡ H ✇✐"❤

❛ ❝♦♠♣❛❝" -❡'♦❧✈❡♥"✳ ▲❡" {ϕn}∞n=1 ❜❡ ❛ ❘✐❡'③ ❜❛'✐' ♦❢ H✳ ■❢ "❤❡-❡ ❛-❡ "✇♦ ✐♥"❡❣❡-'

N1, N2 ≥ 0 ❛♥❞ ❛ '❡;✉❡♥❝❡ ♦❢ ❣❡♥❡-❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦-' {ψn}∞n=N+1 ♦❢ A '✉❝❤ "❤❛"

∞∑

n=1

‖ ϕn+N2 − ψn+N1 ‖2<∞, ✭✶✳✷✳✺✮

"❤❡♥ "❤❡ '❡" ♦❢ ❣❡♥❡-❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦-' ✭♦- -♦♦" ✈❡❝"♦-'✮ ♦❢ A✱ {ψn}∞n=1 ❢♦-♠' ❛ ❘✐❡'③

❜❛'✐' ♦❢ H✳

*$♦♦❢✿ ❚❤❡ ♣&♦♦❢ ✐- ❞✐✈✐❞❡❞ ✐♥$♦ ✜✈❡ -$❡♣-✳

❋✐$/0 /0❡♣✳

❋♦& ❛❧❧ n ≥ 1, ✇❡ -❡$ χn+N2 = ψn+N1 . ❚❤✉-✱ ✇❡ ❤❛✈❡ χm = ψm+N1−N2 , ∀m ≥
N2 + 1. ✭✶✳✷✳✺✮ ♠❡❛♥- $❤❛$

∞∑

n=N2+1

‖ χn − φn ‖2<∞. ✭✶✳✷✳✻✮

✷✼



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❈♦♥-❡/✉❡♥$❧②✱ ❜② ▲❡♠♠❛ ✶✳✷✳✾✱ $❤❡&❡ ❡①✐-$-M ≥ N2 -✉❝❤ $❤❛$ {φn}Mn=1∪{ψn}∞n=M+N1−N2+1

✐- ❛ ❘✐❡-③ ❜❛-✐- ♦❢ H✳
❲❡ ❝❛♥ ❛--✉♠❡ $❤❛$ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❝♦&&❡-♣♦♥❞✐♥❣ $♦ {ψn} ❢♦& n ≤M +N1−N2

❛&❡ ❞✐✛❡&❡♥$ ❢&♦♠ $❤♦-❡ ♦❢ {ψn} ❢♦& n ≥M +N1 −N2 + 1✳

❙❡❝♦♥❞ &'❡♣✳

◆♦✇✱ ❧❡$ V = span{ψn}∞n=M+N1−N2+1, $❤❡♥ $❤❡ -❡$ ♦❢ &♦♦$- ✈❡❝$♦&- {ψn}M+N1−N2
n=1

✐- ✐♥❞❡♣❡♥❞❡♥$ ❛♥❞ ❞♦❡- ♥♦$ ❜❡❧♦♥❣ $♦ V ✳

❲❡ ❞❡♥♦$❡ ❜② πV $❤❡ ♦&$❤♦❣♦♥❛❧ ♣&♦❥❡❝$✐♦♥ ♦♥ $❤❡ -♣❛❝❡ V ❛♥❞ ❞❡✜♥❡

H0 = span{ψ̃n}M+N1−N2
n=1 ,

✇❤❡&❡ ψ̃i = ψi−πV ψi, i = 1, ...,M+N1−N2. ❈❧❡❛&❧②✱ {ψ̃n}M+N1−N2
n=1 ❛&❡ ✐♥❞❡♣❡♥❞❡♥$

❛♥❞ dimH0 =M +N1 −N2.

▲❡$ P ❜❡ $❤❡ ♦&$❤♦❣♦♥❛❧ ♣&♦❥❡❝$♦& ♦♥ H0✳ ❲❡ ❤❛✈❡

Pψ̃i = ψ̃i, i = 1, ...,M +N1 −N2 ❛♥❞ Pψi = 0, ∀i > M +N1 −N2

❇② $❤❡ ✜&-$ -$❡♣✱ ❢♦& ❡❛❝❤ i ∈ N∗
✱ $❤❡&❡ ❡①✐-$- {ain}∞n=1 ✇✐$❤ a

i
n ∈ C -✉❝❤ $❤❛$

ψ̃i =
M∑

n=1

ainφi +
∞∑

n=M+N1−N2+1

ainψi.

❍❡♥❝❡✱ ❢♦& i = 1, ...,M +N1 −N2✱ ✇❡ ❣❡$

ψ̃i = Pψ̃i =
M∑

n=1

ainPφi.

❚❤✐- -❤♦✇- $❤❛$ M ≥M +N1 −N2 ♦& ❡/✉✐✈❛❧❡♥$❧② N2 ≥ N1.

❚❤✐,❞ &'❡♣✳

■❢ ✇❡ ❛--✉♠❡ $❤❛$ N2 > N1✱ $❤❡♥ H0 ( V ⊥. ❚❤✉-✱ ❧❡$ ψ 6= 0 ∈ V ⊥ ∩ H⊥
0 ❛♥❞

❛--✉♠❡ ❢♦& $❤❡ ♠♦♠❡♥$ $❤❛$ $❤❡ -❡$ {ψn}∞n=1 ✐- ❝♦♠♣❧❡$❡ ✐♥ H. ❲❡ ❝❛♥ ✇&✐$❡

ψ =
∞∑

n=1

anψn.

✷✽



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❚❤❡&❡❢♦&❡✱

0 = Pψ =
∞∑

n=1

anPψn =

M+N1−N2∑

n=1

anPψn.

❇✉$ ❢♦& n ≤M +N1 −N2, ✇❡ ❤❛✈❡

Pψn = P (ψ̃n + πV ψn) = ψ̃n.

❈♦♥-❡6✉❡♥$❧②✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

0 =

M+N1−N2∑

n=1

anψ̃n;

✐✳❡✳✱ an = 0, i = 1, ...,M +N1 −N2. ■$ ❢♦❧❧♦✇- $❤❛$

ψ =
∞∑

M+N1−N2+1

anψn ∈ V ⊥ ∩ V = {0},

✇❤✐❝❤ ✐- ❛ ❝♦♥$&❛❞✐❝$✐♦♥✳ ❈♦♥-❡6✉❡♥$❧②✱ N1 = N2✳

❋♦✉#$❤ &$❡♣✳

❇② $❤❡ ✜&-$ -$❡♣✱ {φn}Mn=1 ∪ {ψn}∞n=M+1 ❢♦&♠- ❛ ❘✐❡-③ ❜❛-✐- ♦❢ H✳ ❚❤❡&❡❢♦&❡✱ ✐$
&❡♠❛✐♥- $♦ ♣&♦✈❡ $❤❛$ {ψn}∞n=1 ✐- ω−❧✐♥❡❛&❧② ✐♥❞❡♣❡♥❞❡♥$ -♦ $❤❛$ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❜②
❚❤❡♦&❡♠ ✶✳✷✳✼ $❤❛$ {ψn}∞n=1 ❢♦&♠- ❛ ❘✐❡-③ ❜❛-✐- ♦❢ H✳ ■♥❞❡❡❞✱ -✉♣♣♦-❡ $❤❛$

∞∑

n=1

anψn = 0.

❍❡♥❝❡✱

0 =
M∑

n=1

anψn +
∞∑

M+1

anψn.

❇② $❤❡ ✜&-$ -$❡♣✱ ✇❡ ❝❛♥ ✇&✐$❡

M∑

n=1

anψn =
M∑

n=1

bnφn +
∞∑

M+1

bnψn,

✇❤❡&❡ ❢♦& ❡✈❡&② n ∈ N∗
✱ bn ∈ C✳ ❚❤❡&❡❢♦&❡✱

0 =
M∑

n=1

bnφn +
∞∑

n=M+1

(an + bn)ψn,

✷✾



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

✇❤✐❝❤ ✐♠♣❧✐❡- $❤❛$ bn = 0 ❢♦& ❛❧❧ n = 1, ...,M ✳ ❋✐♥❛❧❧②✱ ❢&♦♠

M∑

n=1

anψn =
∞∑

M+1

bnψn,

✇❡ ❞❡❞✉❝❡ $❤❛$

M∑

n=1

anψn = 0 -✐♥❝❡ {ψn}Mn=1 ❞♦❡- ♥♦$ ❜❡❧♦♥❣ $♦ V ✳ ❍❡♥❝❡ an = 0, ∀n ∈

N∗.

▲❛"# "#❡♣✳

■$ &❡♠❛✐♥- $♦ ♣&♦✈❡ $❤❛$ {ψn}∞n=1 ✐- ❝♦♠♣❧❡$❡ ✐♥ H✳ ■❢ ✐$ ✐- ♥♦$ $❤❡ ❝❛-❡✱ ❜② $❤❡
✜&-$ ❛♥❞ -❡❝♦♥❞ -$❡♣-✱ ✇❡ ♦♥❧② ❦♥♦✇ $❤❛$ $❤❡ ❢❛♠✐❧② {ψn}∞n=1 ✐- ❛ ❘✐❡-③ ❜❛-✐- ❢♦& $❤❡

-✉❜-♣❛❝❡ H1 = Sp(A)✱ $❤❡ ❝❧♦-❡❞ -✉❜-♣❛❝❡ -♣❛♥♥❡❞ ❜② ❛❧❧ ❣❡♥❡&❛❧✐③❡❞ ❡✐❣❡♥✈❡❝$♦&-

{ψn}∞n=1 ♦❢ A✱ ❛♥❞ $❤❛$ ✐$- ❝♦❞✐♠❡♥-✐♦♥ ✐- ✜♥✐$❡✳
▲❡$ H2 = H⊥

1 . ❚❤✉-✱ H = H1⊕H2 ❛♥❞ dim(H2) <∞.❲✐$❤♦✉$ ❧♦-- ♦❢ ❣❡♥❡&❛❧✐$②✱

✇❡ ♠❛② ❛--✉♠❡ $❤❛$ 0 6∈ σ(A) ❀ ✐✳❡✳✱ A ❤❛- ❛ ❝♦♠♣❛❝$ ✐♥✈❡&-❡ A−1 = B✳

❙✐♥❝❡ H1 ✐- -$❛❜❧❡ ❜② B✱ $❤❡♥ H2 ✐- -$❛❜❧❡ ❜② B
∗
✳ ❈♦♥-❡F✉❡♥$❧② B∗

|H2
❛❞♠✐$- ❛$

❧❡❛-$ ♦♥❡ ❡✐❣❡♥✈❛❧✉❡ µ ❜❡❝❛✉-❡H2 ✐- ✜♥✐$❡ ❞✐♠❡♥-✐♦♥❛❧✳ ❚❤✉-✱ $❤❡&❡ ❡①✐-$- x 6= 0 ∈ H2

-✉❝❤ $❤❛$ B∗x = µx.

❲❡ -$❛&$ ❜② ♣&♦✈✐♥❣ $❤❛$ ♥❡❝❡--❛&✐❧② µ = 0. ■❢ µ 6= 0 $❤❡♥ $❤❡ ❝♦♠♣❧❡① λ 6= 0 -✉❝❤

$❤❛$ µ =
1

λ
✐- ✐♥ σ(A). ▲❡$ Hλ ❜❡ $❤❡ &♦♦$ -✉❜-♣❛❝❡ ♦❢ A ❛--♦❝✐❛$❡❞ $♦ λ ❛♥❞ n ❜❡ $❤❡

❛❧❣❡❜&❛✐❝ ♠✉❧$✐♣❧✐❝✐$② ♦❢ λ ❀ ✐✳❡✳✱ $❤❡ -♠❛❧❧❡-$ ✐♥$❡❣❡& -✉❝❤ $❤❛$ Hλ = ker(I − λB)n.

❙✐♥❝❡ B ✐- ❛ ❝♦♠♣❛❝$ ♦♣❡&❛$♦&✱ I − (I − λB)n ✐- ❛❧-♦ ❛ ❝♦♠♣❛❝$ ♦♣❡&❛$♦& ❛♥❞ ❜②

$❤❡ ❋&❡❞❤♦❧♠ ❛❧$❡&♥❛$✐✈❡

ker(I − [I − (I − λB)n])⊥ = R(I − [I − (I − λB)n])∗;

✐✳❡✳✱

H⊥
λ = (ker(I − λB)n)⊥ = R(I − λB∗)n.

❇✉$ Hλ ⊆ H1 ✐♠♣❧✐❡- $❤❛$ x ∈ H⊥
λ . ❈♦♥-❡F✉❡♥$❧②✱ $❤❡&❡ ❡①✐-$- y ∈ H, y 6= 0,

-✉❝❤ $❤❛$ x = (I − λB∗)ny.
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❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❆- (I − λB∗)x = 0, ✇❡ ❣❡$ 0 = (I − λB∗)n+1y ✇✐$❤ y 6= 0. ❍❡♥❝❡✱ ✇❡ ❣❡$ ❛

❝♦♥$&❛❞✐❝$✐♦♥ -✐♥❝❡

1

λ
∈ σ(B) ❛♥❞

1

λ
∈ σ(B∗) ❤❛✈❡ $❤❡ -❛♠❡ ❛❧❣❡❜&❛✐❝ ♠✉❧$✐♣❧✐❝✐$②✳

❚❤❡&❡❢♦&❡✱ ✇❡ ❤❛✈❡ µ = 0, ❜✉$ $❤✐- ❝♦♥$&❛❞✐❝$- $❤❡ ✇❡❧❧✲❦♥♦✇♥ ❢❛❝$ $❤❛$ H =

R(B)⊕ ker(B∗) ❛♥❞ $❤❡ ❛--✉♠♣$✐♦♥ R(B) = D(A) = H.

✶✳✸ ❘✐❡&③ ❜❛&✐& ✇✐+❤ ♣❛.❡♥+❤❡&✐&

❙♦♠❡$✐♠❡- ✇❡ ❢❛✐❧ $♦ ♣&♦✈❡ $❤❡ ❡①✐-$❡♥❝❡ ♦❢ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ $❤❡ ❡♥❡&❣② -♣❛❝❡ ♦&

✇❡ ♥❡❡❞ -♦♠❡ -✉♣♣❧❡♠❡♥$❛&② ❤②♣♦$❤❡-✐- $♦ ✜♥❞ ❛ ❘✐❡-③ ❜❛-✐-✳ ❍♦✇❡✈❡&✱ ❛- ✐♥ $❤❡

❢♦✉&$❤ ❝❤❛♣$❡&✱ ✇❡ ❝❛♥ ♥❡❣❧❡❝$ $❤❡-❡ ❤②♣♦$❤❡-✐- ❛♥❞ ✜♥❞ ❛ ♠♦&❡ ❣❡♥❡&❛❧ ❜❛-✐- ♦❢ $❤❡

❡♥❡&❣② -♣❛❝❡ ✇❤✐❝❤ ✐- ❝❛❧❧❡❞ ❛ ❘✐❡-③ ❜❛-✐- ✇✐$❤ ♣❛&❡♥$❤❡-✐-✳ ❆❝❝♦&❞✐♥❣ $♦ ❬✼✺❪✱ ✇❡

&❡❝❛❧❧ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ -✉❜-♣❛❝❡- ❛♥❞ ❛ ❘✐❡-③ ❜❛-✐- ✇✐$❤ ♣❛&❡♥$❤❡-✐-✳

❉❡✜♥✐%✐♦♥ ✶✳✸✳✶✳ ✕ ❆ ❢❛♠✐❧② ♦❢ )✉❜)♣❛❝❡) {Wk}k∈N ✐) ❝❛❧❧❡❞ ❛ ❘✐❡)③ ❜❛)✐) ♦❢

)✉❜)♣❛❝❡) ♦❢ H ✐❢

✭✐✮ ❢♦4 ❡✈❡4② f ∈ H✱ ❛♥❞ ❡✈❡4② k ∈ N✱ 8❤❡4❡ ✐) ❛ ✉♥✐:✉❡ fk ∈ Wk )✉❝❤ 8❤❛8

f =
∑

k∈N
fk✱ ❛♥❞

✭✐✐✮ 8❤❡4❡ ❛4❡ ♣♦)✐8✐✈❡ ❝♦♥)8❛♥8) C1 ❛♥❞ C2 )✉❝❤ 8❤❛8

C1

∑

k∈N
‖fk‖2 ≤

∥∥∥∥∥
∑

k∈N
fk

∥∥∥∥∥

2

≤ C2

∑

k∈N
‖fk‖2 .

✕ ❆ )❡:✉❡♥❝❡ {yi}i∈N ✐) ❝❛❧❧❡❞ ❛ ❘✐❡)③ ❜❛)✐) ✇✐8❤ ♣❛4❡♥8❤❡)✐) ♦❢ H ✐❢ 8❤❡4❡ ✐) ❛

❢❛♠✐❧② {Wk}k∈N ♦❢ ✜♥✐8❡✲❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡) )♣❛♥♥❡❞ ❜② )♦♠❡ yi ✇✐8❤ Wk ∩
Wj = {0} ❢♦4 k 6= j 8❤❛8 ❢♦4♠) ❛ ❘✐❡)③ ❜❛)✐) ♦❢ )✉❜)♣❛❝❡) ♦❢ H✳ ❚❤❡ )♣❛❝❡)

Wk ❛4❡ ❝❛❧❧❡❞ 8❤❡ ♣❛4❡♥8❤❡)❡)✳

◆♦✇✱ ✇❡ &❡❝❛❧❧ ❛ ❚❤❡♦&❡♠ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣&♦✈❡❞ ❡①❛❝$❧② ❛- ❚❤❡♦&❡♠ ✷ ✐♥ ❬✼✶❪

✇❤✐❝❤ ❣✐✈❡- -✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥- ❢♦& ✇❤✐❝❤ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝$✐♦♥- ♦❢ -♦♠❡
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❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

♦♣❡&❛$♦& Ã ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ✇✐$❤ ♣❛&❡♥$❤❡-✐-✳ ❋♦& $❤✐- ❛✐♠✱ ✇❡ ♥❡❡❞ $♦ ❣&♦✉♣ $❤❡

❡✐❣❡♥✈❛❧✉❡- ♦❢ Ã ❜② ♣❛❝❦❡$- ♠❛❞❡ ♦❢ ❛ ✜♥✐$❡ ♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡- ❛♥❞ ✐♥ -✉❝❤ ❛

✇❛② $❤❛$ $❤❡ ♣❛❝❦❡$- &❡♠❛✐♥ ❛$ ❛ ♣♦-✐$✐✈❡ ❞✐-$❛♥❝❡ ❢&♦♠ ❡❛❝❤ ♦$❤❡&✳ ◆❛♠❡❧② ❢♦&

❛♥② r > 0✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ -❡$- Gp(r), p ∈ Z ❛- $❤❡ ❝♦♥♥❡❝$❡❞ ❝♦♠♣♦♥❡♥$- ♦❢ $❤❡

-❡$ ∪λ∈σ(Ã)Dλ(r)✱✇❤❡&❡ Dλ(r) ✐- $❤❡ ❞✐-❝ ✇✐$❤ ❝❡♥$❡& λ ❛♥❞ &❛❞✐✉- r✱ ❛- ✇❡❧❧ ❛- $❤❡

♣❛❝❦❡$- ♦❢ ❡✐❣❡♥✈❛❧✉❡- Λp(r) = Gp(r)∩σ(Ã)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❚❤❡♦&❡♠ ❣✐✈❡- -✉✣❝✐❡♥$

❝♦♥❞✐$✐♦♥- ❢♦& ✇❤✐❝❤ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝$✐♦♥- ♦❢ ❛ ❜♦✉♥❞❡❞ ♣❡&$✉&❜❛$✐♦♥ ♦❢ ❛

-❡❧❢❛❞❥♦✐♥$ ♦♣❡&❛$♦& ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ✇✐$❤ ♣❛&❡♥$❤❡-✐-✳

❚❤❡♦$❡♠ ✶✳✸✳✷✳ ▲❡" T ❜❡ ❛ %❡❧❢❛❞❥♦✐♥" ♦♣❡.❛"♦. ♦✈❡. ❛ ❍✐❧❜❡." %♣❛❝❡ H ✇✐"❤ ❞✐%❝.❡"❡

%♣❡❝".✉♠ {µk}k∈Z ✇❤✐❝❤ %❛"✐%✜❡% "❤❡ ❣❡♥❡.❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐"✐♦♥✱ ✐✳❡✱ "❤❡.❡ ❡①✐%"% k0 >
0 ❛♥❞ c > 0 %✉❝❤ "❤❛"

µk+k0 − µk > c, ∀k ∈ Z.

▲❡" B ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡.❛"♦. ❢.♦♠ H ✐♥"♦ ✐"%❡❧❢✳ ❚❤❡♥ "❤❡ .♦♦" ✈❡❝"♦.% ♦❢ "❤❡ ♣❡.✲

"✉.❜❛"✐♦♥ Ã = T + B ❢♦.♠ ❛ ❘✐❡%③ ❜❛%✐% ✇✐"❤ ♣❛.❡♥"❤❡%✐% ♦❢ H✳ ■♥ "❤✐% ❝❛%❡✱ ♦♥❧②

"❡.♠% ❝♦..❡%♣♦♥❞✐♥❣ "♦ ♠❡.❣✐♥❣ ❡✐❣❡♥✈❛❧✉❡% %❤♦✉❧❞ ❜❡ ♣✉" ✐♥ ♣❛.❡♥"❤❡%✐%✱ ✐✳❡✱ "❤❡.❡

❡①✐%" r > 0 ❛♥❞ N ∈ N∗
%✉❝❤ "❤❛" ✐❢ ✇❡ %❡"

Λp = Λp(r),

"❤❡♥

#Λp ≤ N, ∀p ∈ Z,

σ(T +B) = ∪p∈ZΛp,

❛♥❞ ✇❡ ❝❛♥ "❛❦❡ ❛% ♣❛.❡♥"❤❡%✐% Wp✱ p ∈ Z✱ "❤❡ %♣❛❝❡ %♣❛♥♥❡❞ ❜② "❤❡ .♦♦" ✈❡❝"♦.% ♦❢

T +B ❝♦..❡%♣♦♥❞✐♥❣ "♦ "❤❡ ❡✐❣❡♥✈❛❧✉❡% ✐♥ Λp ✇❤❡.❡ ❢♦. ❛♥② f ∈ H✱ fp = Ppf ✐% "❤❡

"❤❡ ❘✐❡%③ ♣.♦❥❡❝"✐♦♥ ♦❢ T +B✱ ✐✳❡✳✱

fp = Ppf =
1

2iπ

∫

γp

(λ− T − B)−1f dλ,

✸✷



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

✇❤❡#❡ γp ✐% ❛ ❝♦♥*♦✉# %✉##♦✉♥❞✐♥❣ Λp.

✸✸



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

✸✹



❈❤❛♣✐%&❡ ✷

❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥%✐❛❧❧② ♦&

♣♦❧②♥♦♠✐❛❧❧② 1%❛❜❧❡ ❛♣♣&♦①✐♠❛%✐♦♥1

❢♦& 1❡❝♦♥❞ ♦&❞❡& ❡✈♦❧✉%✐♦♥ ❡7✉❛%✐♦♥1

❛♥❞ 1♦♠❡ ❛♣♣❧✐❝❛%✐♦♥1

✷✳✶ ■♥%&♦❞✉❝%✐♦♥ ❛♥❞ ▼♦%✐✈❛%✐♦♥

❘❡❝❡♥$❧②✱ $❤❡ ❛♣♣+♦①✐♠❛$✐♦♥ ♦❢ 1❡❝♦♥❞ ♦+❞❡+ ❡✈♦❧✉$✐♦♥ ❡5✉❛$✐♦♥1 ❤❛1 ❜❡❡♥ ❡①✲

$❡♥1✐✈❡❧② 1$✉❞✐❡❞ ✇❤❡+❡ ♠✐1❜❡❤❛✈✐♦+ ♦❢ $❤❡ ❞✐1❝+❡$❡ 1♦❧✉$✐♦♥1 ❤❛1 ❜❡❡♥ +❡♠❛+❦❛❜❧②

♦❜1❡+✈❡❞ ✭1❡❡ ❬✷✺✱ ✷✼✱ ✺✺✱ ✼✷✱ ✼✸❪✮✳ ■♥❞❡❡❞✱ $❤❡ ❞✐1❝+❡$❡ 1❝❤❡♠❡1✱ ♦❜$❛✐♥❡❞ ❜② ✜♥✐$❡

❞✐✛❡+❡♥❝❡✱ ✜♥✐$❡ ❡❧❡♠❡♥$✱ ♦+ ✜♥✐$❡ ✈♦❧✉♠❡ ❞✐1❝+❡$✐③❛$✐♦♥✱ ✐♥$+♦❞✉❝❡ 1♣✉+✐♦✉1 ❤✐❣❤

♦1❝✐❧❧❛$✐♦♥1 ✇❤✐❝❤ ❞♦ ♥♦$ ❡①✐1$ ❛$ $❤❡ ❝♦♥$✐♥✉♦✉1 ❧❡✈❡❧ ❛♥❞ ✇❤✐❝❤ ♣+♦♣❛❣❛$❡ ✇✐$❤

❣+♦✉♣ ✈❡❧♦❝✐$② ♦❢ $❤❡ ♦+❞❡+ ♦❢ $❤❡ ♠❡1❤ 1✐③❡✳ ❆1 ❛ +❡1✉❧$✱ ❡✈❡♥ $❤♦✉❣❤ $❤❡ ♥✉♠❡+✐❝❛❧

1❝❤❡♠❡ ❝♦♥✈❡+❣❡1 ✐♥ $❤❡ ❝❧❛11✐❝❛❧ 1❡♥1❡ $♦✇❛+❞1 $❤❡ ❝♦♥$✐♥✉♦✉1 ♣+♦❜❧❡♠✱ ♦❜1❡+✈❛❜✐✲

❧✐$② ✐♥❡5✉❛❧✐$✐❡1 ❞♦ ♥♦$ ❤♦❧❞ ✉♥✐❢♦+♠❧② ✇✐$❤ +❡1♣❡❝$ $♦ $❤❡ ❞✐1❝+❡$✐③❛$✐♦♥ ♣❛+❛♠❡$❡+

✸✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❛♥❞ ❤❡♥❝❡✱ $❤❡ ❞❡❝❛② &❛$❡ ♦❢ $❤❡ ❞✐1❝&❡$❡ 1②1$❡♠ $✉&♥1 ♦✉$ $♦ ❞❡♣❡♥❞ ♦♥ $❤❡ ♠❡1❤

1✐③❡✳ ■♥ ❢❛❝$✱ $❤❡ ✉♥✐❢♦&♠ ❞❡❝❛② &❛$❡ ✐1 ❡:✉✐✈❛❧❡♥$ $♦ 1♦♠❡ ♦❜1❡&✈❛❜✐❧✐$② ✐♥❡:✉❛❧✐$✐❡1

✇❤✐❝❤ ❡1$✐♠❛$❡ $❤❡ ❞✐1❝&❡$❡ ❡♥❡&❣② ❜② $❤❡ ✈❡❧♦❝✐$② ♦❢ $❤❡ ♣&♦♣❛❣❛$✐♦♥ ♦❢ $❤❡ ♦1❝✐❧❧❛✲

$✐♦♥1✳ ❍♦✇❡✈❡&✱ ✐♥ $❤❡ ♣&❡1❡♥❝❡ ♦❢ ❤✐❣❤ ❢&❡:✉❡♥❝② ❞✐1❝&❡$❡ 1♦❧✉$✐♦♥1 ✇❤♦1❡ ✈❡❧♦❝✐$②

✐1 ♦❢ $❤❡ ♦&❞❡& ♦❢ $❤❡ ♠❡1❤ 1✐③❡✱ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❝♦♥1$❛♥$1 ❜❧♦✇ ✉♣ ❛1 $❤❡ ♠❡1❤

1✐③❡ $❡♥❞1 $♦ ③❡&♦ ✭1❡❡ ❬✺✺✱ ✼✸❪✮✳ ❈♦♥1❡:✉❡♥$❧②✱ ♠♦1$ ♦❢ $❤❡ ❝❧❛11✐❝❛❧ ♥✉♠❡&✐❝❛❧ ❛♣✲

♣&♦①✐♠❛$✐♦♥ 1❝❤❡♠❡1 ❞♦ ♥♦$ ♣♦11❡11 $❤❡ 1❛♠❡ ❞❡❝❛② &❛$❡ ❛1 $❤❛$ ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1

♣&♦❜❧❡♠✳

❋♦& ♠♦&❡ ❝♦❤❡&❡♥❝❡✱ ✇❡ 1$❛&$ ✇✐$❤ ❛ 1✐♠♣❧❡ ❡①❛♠♣❧❡ ✇❤✐❝❤ 1$✉❞✐❡1 $❤❡ ❛♣♣&♦①✐♠❛✲

$✐♦♥ ♣&♦♣❡&$✐❡1 ♦❢ ❛ ✶✲❞ ✐♥$❡&♥❛❧❧② ❞❛♠♣❡❞ ✇❛✈❡ ❡:✉❛$✐♦♥ ✇❤✐❝❤ ♠♦❞❡❧1 $❤❡ ✈✐❜&❛$✐♦♥1

♦❢ ❛ ✢❡①✐❜❧❡ 1$&✐♥❣ ❝❧❛♠♣❡❞ ❛$ ❡❛❝❤ ♦❢ ✐$1 ❡♥❞1 ♦❢ $❤❡ ❢♦&♠





y′′ − yxx + ay′ = 0 (x, t) ∈ (0, 1)× (0,∞),

y(0, t) = y(1, t) = 0 t > 0,

y(x, 0) = y0, y′(x, 0) = y1, x ∈ (0, 1),

✭✷✳✶✳✶✮

✇❤❡&❡ a ≥ 0 1✉❝❤ $❤❛$ a ∈ L∞(0, 1) ❛♥❞ a(x) ≥ a1 > 0 ❢♦& ❛❧❧ x ∈ I ( (0, 1)✳ ❚❤❡

1②♠❜♦❧ ✬ ❞❡♥♦$❡1 $❤❡ ♣❛&$✐❛❧ ❞✐✛❡&❡♥$✐❛$✐♦♥ ✇✐$❤ &❡1♣❡❝$ $♦ $✐♠❡✳

■$ ✐1 ✇❡❧❧ ❦♥♦✇♥ $❤❛$ ❢♦& 1✉❝❤ ❛ ❝❤♦✐❝❡ ♦❢ a✱ ✭✷✳✶✳✶✮ ✐1 ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡ ✭1❡❡

❬✷✸❪✮✳ ❍♦✇❡✈❡&✱ &❡❢❡&&✐♥❣ $♦ ❬✷✻❪✱ ✇❡ 1❤♦✇ $❤❛$ ❢♦& $❤❡ ❝❧❛11✐❝❛❧ ✜♥✐$❡ ❞✐✛❡&❡♥❝❡ 1❝❤❡♠❡

♦❢ ✭✷✳✶✳✶✮✱ $❤❡ ❡①♣♦♥❡♥$✐❛❧ ❞❡❝❛② ♦❢ $❤❡ ❞✐1❝&❡$✐③❡❞ ❡♥❡&❣② ✐1 ♥♦♥✲✉♥✐❢♦&♠✳ ❋♦& $❤✐1

♣✉&♣♦1❡✱ ❣✐✈❡♥ N ∈ N∗
✱ 1❡$ h =

1

N + 1
❛♥❞ ❝♦♥1✐❞❡& $❤❡ 1✉❜❞✐✈✐1✐♦♥ ♦❢ (0, 1) ❣✐✈❡♥

❜②

0 = x0 < x1 < ... < xN < xN+1 = 1

✇❤❡&❡ xj = jh ❢♦& j ∈ {0, ..., N + 1}✳

❚❤❡&❡❢♦&❡✱ $❤❡ ❝❧❛11✐❝❛❧ ✜♥✐$❡ ❞✐✛❡&❡♥❝❡ 1♣❛❝❡ 1❡♠✐✲❞✐1❝&❡$✐③❛$✐♦♥ ♦❢ ♣&♦❜❧❡♠

✸✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✭✷✳✶✳✶✮ ✐1 ❣✐✈❡♥ ❜②





y′′j −
yj+1 − 2yj + yj−1

h2
+ ajy

′
j = 0 t > 0, j = 1, ..., N,

yj(t) = 0, t > 0, j = 0, N + 1,

yj(0) = y0j , y
′
j(0) = y1j j = 1, ..., N,

✭✷✳✶✳✷✮

✇❤❡&❡ $❤❡ ❢✉♥❝$✐♦♥ yj(t) ♣&♦✈✐❞❡1 ❛♥ ❛♣♣&♦①✐♠❛$✐♦♥ ♦❢ y(xj, t) ❛♥❞ aj = a(jh) ❢♦&

❛❧❧ j = 1, ..., N ✳ ❋♦& 1✐♠♣❧✐✜❝❛$✐♦♥✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ ✈❡❝$♦& ♥♦$❛$✐♦♥ ✇❤❡&❡ ✇❡ ❧❡$

yh(t) = (y1(t), ..., yN(t))
⊤
❛♥❞ ahyh(t) = (a1y1(t), ..., aNyN(t))

⊤
✳ ▼♦&❡♦✈❡&✱ ✇❡ ❞❡✜♥❡

$❤❡ ♠❛$&✐①

Ah =
1

h2




2 −1 0 0

−1
✳

✳

✳

✳

✳

✳ 0

0
✳

✳

✳

✳

✳

✳ −1

0 0 −1 2



.

❚❤❡♥ 1②1$❡♠ ✭✷✳✶✳✷✮ &❡❛❞1 ❛1





y′′h + Ahyh(t) + ahy
′
h = 0 t > 0,

yh(0) = y0h, y
′
h(0) = y1h.

❚❤❡ ❡♥❡&❣② ♦❢ 1②1$❡♠ ✭✷✳✶✳✷✮ ✐1 ❣✐✈❡♥ ❜②

Eh(yh, t) =
h

2

N∑

j=0

[
∣∣y′j(t)

∣∣2 +
∣∣∣∣
yj+1 − yj

h

∣∣∣∣
2
]
,

✇❤✐❝❤ ✐1 ❛ ♥❛$✉&❛❧ ❞✐1❝&❡$✐③❛$✐♦♥ ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ❡♥❡&❣② ❛♥❞ $❤❡ ❞✐1❝&❡$❡ ❞✐11✐♣❛$✐♦♥

❧❛✇ ✐1 ❡①♣&❡11❡❞ ❜②

E ′
h(yh, t) = −h

N∑

j=0

aj|y′j|2. ✭✷✳✶✳✸✮

❚❤❡♦$❡♠ ✷✳✶✳✶✳ ❚❤❡ ❡①♣♦♥❡♥'✐❛❧ ❞❡❝❛② ♦❢ Eh(yh, t) '♦ ③❡0♦ ✐1 ♥♦♥✲✉♥✐❢♦0♠ ✇✐'❤

0❡1♣❡❝' '♦ '❤❡ ♠❡1❤ 1✐③❡ h ❀ ✐✳❡✳✱ '❤❡0❡ ❞♦ ♥♦' ❡①✐1' ♣♦1✐'✐✈❡ ❝♦♥1'❛♥'1 M ❛♥❞ ω ✇❤✐❝❤

✸✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❛!❡ ✐♥❞❡♣❡♥❞❡♥' ♦❢ h *✉❝❤ '❤❛' ❢♦! ❛❧❧ h > 0✱ ❛♥❞ ❢♦! ❛❧❧ ✐♥✐'✐❛❧ ❞❛'❛ (y0j )j✱ ❛♥❞

(y1j )j ∈ RN
✱ ✇❡ ❤❛✈❡

Eh(yh, t) ≤Me−ωtEh(yh, 0).

❚♦ ♣&♦✈❡ $❤❡ ❛❜♦✈❡ $❤❡♦&❡♠✱ ✇❡ ♥❡❡❞ $❤❡ ❢♦❧❧♦✇✐♥❣ $✇♦ ❧❡♠♠❛1 ✿

▲❡♠♠❛ ✷✳✶✳✷✳ ■❢ '❤❡!❡ ❡①✐*'* *♦♠❡ ♣♦*✐'✐✈❡ ❝♦♥*'❛♥'* M ❛♥❞ ω ✐♥❞❡♣❡♥❞❡♥' ♦❢ h

*✉❝❤ '❤❛' ❢♦! ❛❧❧ (y0j )j✱ ❛♥❞ (y1j )j ∈ RN
✱ ✇❡ ❤❛✈❡

Eh(yh, t) ≤Me−ωtEh(yh, 0) ∀t > 0, ✭✷✳✶✳✹✮

'❤❡♥ '❤❡!❡ ❡①✐*'* T0 ❛♥❞ C0✱ ❜♦✉♥❞❡❞ ✇✐'❤ !❡*♣❡❝' '♦ h✱ *✉❝❤ '❤❛' ❢♦! ❛❧❧ (u0j)j ❛♥❞

(u1j)j ✐♥ RN

2Eh(uh, 0) = h
N∑

j=0

[
∣∣u1j

∣∣2 +
∣∣∣∣
u0j+1 − u0j

h

∣∣∣∣
2
]
≤ C0h

N∑

j=0

∫ T0

0

aj|u′j(t)|2dt, ✭✷✳✶✳✺✮

✇❤❡!❡ (uj)j *♦❧✈❡* '❤❡ ❝♦♥*❡!✈❛'✐✈❡ *❡♠✐✲❞✐*❝!❡'❡ *②*'❡♠ ❣✐✈❡♥ ❜②





u′′j −
uj+1 − 2uj + uj−1

h2
= 0, t > 0, j = 1, ..., N,

uj(t) = 0, t > 0, j = 0, N + 1,

uj(0) = u0j = y0j , u
′
j(0) = u1j = y1j , j = 1, ..., N.

✭✷✳✶✳✻✮

'(♦♦❢✿ ❚❤❡ ✐❞❡❛ ♦❢ $❤❡ ♣&♦♦❢ ✐1 ❢♦✉♥❞ ✐♥ ❬✼✸❪✳ ❆❝❝♦&❞✐♥❣ $♦ $❤❡ ❞✐11✐♣❛$✐♦♥ ❧❛✇

✭✷✳✶✳✸✮✱ ✇❡ ❤❛✈❡ ❢♦& ❛❧❧ T > 0✱

Eh(yh, 0)− Eh(yh, T ) = h

N∑

j=0

∫ T

0

aj|y′j|2dt. ✭✷✳✶✳✼✮

■❢ ✇❡ ❝❤♦♦1❡ T ≥
(
ln(4M

3
)
)
/ω✱ $❤❡♥ ✭✷✳✶✳✹✮ ✐♠♣❧✐❡1 $❤❛$

Eh(yh, T ) ≤
3

4
Eh(yh, 0) =

3

4
Eh(uh, 0).

✸✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❍❡♥❝❡✱

h
N∑

j=0

∫ T

0

aj|y′j|2dt ≥
1

4
Eh(uh, 0). ✭✷✳✶✳✽✮

▲❡$ yh = uh + vh ✇❤❡&❡ vh 1♦❧✈❡1 $❤❡ ❝♦♠♣❧❡♠❡♥$❛&② 1❡♠✐✲❞✐1❝&❡$❡ 1②1$❡♠ ❣✐✈❡♥ ❜②





v′′j −
vj+1 − 2vj + vj−1

h2
+ aj(v

′
j + u′j) = 0, t > 0, j = 1, ..., N,

vj(t) = 0, t > 0, j = 0, N + 1,

vj(0) = v′j(0) = 0, j = 1, ..., N.

✭✷✳✶✳✾✮

❙✐♥❝❡ Eh(vh, 0) = 0✱ $❤❡♥

Eh(vh, T ) + h
N∑

j=0

∫ T

0

aj
∣∣v′j(t)

∣∣2 dt = −h
N∑

j=0

∫ T

0

aju
′
j(t)v

′
j(t)dt.

❍❡♥❝❡✱

h
N∑

j=0

∫ T

0

aj
∣∣v′j(t)

∣∣2 dt ≤ h
N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt, ✭✷✳✶✳✶✵✮

✇❤✐❝❤ ✐♠♣❧✐❡1 $❤❛$

h

N∑

j=0

∫ T

0

aj
∣∣y′j(t)

∣∣2 dt ≤ 2h
N∑

j=0

∫ T

0

aj
∣∣v′j(t)

∣∣2 dt+ 2h
N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt

≤ 4h
N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt.

❯1✐♥❣ $❤❡ ❛❜♦✈❡ ✐♥❡D✉❛❧✐$② ✐♥ ✭✷✳✶✳✽✮ ②✐❡❧❞1

4h
N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt ≥ 1

4
Eh(uh, 0).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ 1❤♦✇1 $❤❛$ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❝♦♥1$❛♥$ C0 ✐♥ $❤❡ ❞✐1❝&❡$❡

♦❜1❡&✈❛❜✐❧✐$② ✐♥❡D✉❛❧✐$② ✭✷✳✶✳✺✮ ❜❧♦✇1 ✉♣ ❛1 h → 0 ❛♥❞ ❤❡♥❝❡ $❤❡ ✉♥✐❢♦&♠ ♦❜1❡&✈❛✲

❜✐❧✐$② ❢❛✐❧1 $♦ ❤♦❧❞ ✇❤✐❝❤ ✐♠♣❧✐❡1 $❤❡ ❧❛❝❦ ♦❢ ❛ ✉♥✐❢♦&♠ ❡①♣♦♥❡♥$✐❛❧ ❞❡❝❛② &❛$❡ ✇❤✐❝❤

❝♦♠♣❧❡$❡1 $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✷✳✶✳✶✳

✸✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

▲❡♠♠❛ ✷✳✶✳✸✳ ❋♦" ❛♥② T > 0✱ ✇❡ ❤❛✈❡

lim

h→ 0

inf

uh+♦❧✉.✐♦♥ ♦❢ ✭✷✳✶✳✻✮

1

Eh(uh, 0)
h

N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt = 0. ✭✷✳✶✳✶✶✮

()♦♦❢✿ ❋✐&1$✱ ✇❡ ❛♥❛❧②③❡ $❤❡ 1♣❡❝$&✉♠ ♦❢ $❤❡ ♠❛$&✐① Ah ❀ ✐✳❡✳✱ ✇❡ ❝♦♥1✐❞❡& $❤❡ ❡✐❣❡♥✲

✈❛❧✉❡ ♣&♦❜❧❡♠

− 1

h2
(wj+1 − 2wj + wj−1) = λwj, j = 1, ..., N ; w0 = wN+1 = 0. ✭✷✳✶✳✶✷✮

❆❝❝♦(❞✐♥❣ -♦ ❬✹✹❪✱ -❤❡ 4♣❡❝-(✉♠ ✐4 ❡①♣❧✐❝✐-❧② ❣✐✈❡♥ ❜②

λkh =
4

h2
sin2

(
kπh

2

)
, k = 1, ..., N,

❛♥❞ -❤❡ ❝♦((❡4♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝-♦(4 ❛(❡ ❣✐✈❡♥ ❜②

wk
h =

(
wk

1,h, ..., w
k
N,h

)T
; wk

j,h = sin(kπjh), k, j = 1, ..., N.

❖❜✈✐♦✉4❧②✱ λkh → λk = k2π2
✱ ❛4 h→ 0 ❢♦( ❡❛❝❤ k ≥ 1 ✇❤❡(❡ λk ✐4 -❤❡ ❦-❤ ❡✐❣❡♥✈❛❧✉❡ ♦❢

-❤❡ ❝♦♥-✐♥✉♦✉4 ✇❛✈❡ ❡B✉❛-✐♦♥ ✭✷✳✶✳✶✮✳ ▼♦(❡♦✈❡(✱ -❤❡ ❡✐❣❡♥✈❡❝-♦(4 wk
h ♦❢ -❤❡ ❞✐4❝(❡-❡

4②4-❡♠ ❝♦✐♥❝✐❞❡ ✇✐-❤ -❤❡ (❡4-(✐❝-✐♦♥ -♦ -❤❡ ♠❡4❤ ♣♦✐♥-4 ♦❢ -❤❡ ❡✐❣❡♥❢✉♥❝-✐♦♥4 wk(x) =

sin(kπx) ♦❢ -❤❡ ❝♦♥-✐♥✉♦✉4 ✇❛✈❡ ❡B✉❛-✐♦♥ ✭✷✳✶✳✶✮✳ ❋✉(-❤❡(♠♦(❡✱ ✇❡ ♥♦-✐❝❡ -❤❛- -❤❡

❣❛♣ ❜❡-✇❡❡♥

√
λNh ❛♥❞

√
λN−1
h ✐4 ♦❢ -❤❡ ♦(❞❡( h ✇❤✐❧❡✱ ✐♥ -❤❡ ❝♦♥-✐♥✉♦✉4 ❝❛4❡✱ -❤❡

❣❛♣ ❜❡-✇❡❡♥ ❛♥② -✇♦ ❝♦♥4❡❝✉-✐✈❡ ❡✐❣❡♥✈❛❧✉❡4 ✐4 ✐♥❞❡♣❡♥❞❡♥- ♦❢ k ✭4❡❡ ❋✐❣✉(❡ ✭❛✮ ♦❢

✷✳✶ -❛❦❡♥ ❢(♦♠ ❬✷✻❪ ✇❤✐❝❤ 4❤♦✇4 -❤❡ 4B✉❛(❡ (♦♦-4 ♦❢ -❤❡ ❡✐❣❡♥✈❛❧✉❡4 ✐♥ -❤❡ ❝♦♥-✐♥✉♦✉4

❛♥❞ ❞✐4❝(❡-❡ ❝❛4❡ ✈✐❛ ✜♥✐-❡ ❞✐✛❡(❡♥❝❡ 4❡♠✐✲❞✐4❝(❡-✐③❛-✐♦♥ ♦♥ -❤❡ ❧❡❢- ❛♥❞ -❤❡ ♣✐❡❝❡✇✐4❡

❧✐♥❡❛( ✜♥✐-❡ ❡❧❡♠❡♥- 4♣❛❝❡ 4❡♠✐✲❞✐4❝(❡-✐③❛-✐♦♥ ♦♥ -❤❡ (✐❣❤-✮✳

❚❤❡(❡❢♦(❡✱ ❛❝❝♦(❞✐♥❣ -♦ ❚❤❡♦(❡♠ ✻✳✾✳✸ ♦❢ ❬✼✹❪✱ ✇❡ ❝❤♦♦4❡ ❛ ❞✐4❝(❡-❡ 4♦❧✉-✐♦♥ uh ❛4

❛ ✇❛✈❡ ♣❛❝❦❛❣❡ ♦( ❛ 4✉♣❡(♣♦4✐-✐♦♥ ♦❢ 4❡♠✐✲❞✐4❝(❡-❡ ✇❛✈❡4 ❝♦((❡4♣♦♥❞✐♥❣ -♦ -❤❡ ❧❛4-

❡✐❣❡♥❢(❡B✉❡♥❝✐❡4 ♦❢ Ah ❀ ✐✳❡✳✱ ✇❡ ❝❤♦♦4❡ uh ∈ Span
{
ei
√

λk
h
twk

h : k ∼ γ

h
, 0 < γ < 1

}
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❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

1✉❝❤ $❤❛$ Eh(uh, 0) ∼ 1 ❛♥❞ h
N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt ∼ hL, L >> 1 1♦ $❤❛$ $❤❡ ♣&♦♦❢

♦❢ ✭✷✳✶✳✶✶✮ ✐1 ❝♦♠♣❧❡$❡✳ ❲❡ &❡♠❛&❦ $❤❛$ $❤❡ ✇❛✈❡ ♣❛❝❦❛❣❡✱ uh✱ ❞♦❡1 ♥♦$ ♣❡♥❡$&❛$❡

$❤❡ 1✉❜✐♥$❡&✈❛❧ I✱ ✇❤❡&❡ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$ a(.) ✐1 ❡✛❡❝$✐✈❡ ✭1❡❡ ❋✐❣✉&❡ ✭❜✮ ♦❢

✷✳✶ $❛❦❡♥ ❢&♦♠ ❬✷✻❪ ✇❤✐❝❤ 1❤♦✇1 ❛ ✇❛✈❡ ♣❛❝❦❛❣❡ ♣&♦♣❛❣❛$✐♥❣ ♦✉$1✐❞❡ $❤❡ ✐♥$❡&✈❛❧ I✮✳

■♥ $❤✐1 ❝❤❛♣$❡&✱ ❛1 ✐♥ ❬✹❪✱ ✇❡ ❝♦♥1✐❞❡& $❤❡ ❛♣♣&♦①✐♠❛$✐♦♥1 ♦❢ ♠♦&❡ ❣❡♥❡&❛❧ ❛❜1$&❛❝$

1❡❝♦♥❞ ♦&❞❡& ❡✈♦❧✉$✐♦♥ ❡H✉❛$✐♦♥1✳ ■♥ ♦$❤❡& ✇♦&❞1✱ ❧❡$ H ❜❡ ❛ ❝♦♠♣❧❡① ❍✐❧❜❡&$ 1♣❛❝❡

✇✐$❤ ♥♦&♠ ❛♥❞ ✐♥♥❡& ♣&♦❞✉❝$ ❞❡♥♦$❡❞ &❡1♣❡❝$✐✈❡❧② ❜② ‖.‖ ❛♥❞ (., .). ▲❡$ A : D(A) →
H ❜❡ ❛ ❞❡♥1❡❧② ❞❡✜♥❡❞ 1❡❧❢✲❛❞❥♦✐♥$ ❛♥❞ ♣♦1✐$✐✈❡ ♦♣❡&❛$♦& ✇✐$❤ ❛ ❝♦♠♣❛❝$ ✐♥✈❡&1❡ ✐♥

H. ▲❡$ V = D(A
1
2 ) ❜❡ $❤❡ ❞♦♠❛✐♥ ♦❢ A

1
2 . ❉❡♥♦$❡ ❜② D(A

1
2 )′ $❤❡ ❞✉❛❧ 1♣❛❝❡ ♦❢ D(A

1
2 )

♦❜$❛✐♥❡❞ ❜② ♠❡❛♥1 ♦❢ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ✐♥ H.

❋✉&$❤❡&♠♦&❡✱ ❧❡$ U ❜❡ ❛ ❝♦♠♣❧❡① ❍✐❧❜❡&$ 1♣❛❝❡ ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐❞❡♥$✐✜❡❞ $♦ ✐$1

❞✉❛❧ 1♣❛❝❡✮ ✇✐$❤ ♥♦&♠ ❛♥❞ ✐♥♥❡& ♣&♦❞✉❝$ ❞❡♥♦$❡❞ &❡1♣❡❝$✐✈❡❧② ❜② ‖.‖U ❛♥❞ (., .)U

❛♥❞ ❧❡$ B ∈ L(U, H). ❲❡ ❝♦♥1✐❞❡& $❤❡ ❝❧♦1❡❞ ❧♦♦♣ 1②1$❡♠

ω̈(t) + Aω(t) + BB∗ω̇(t) = 0,

ω(0) = ω0, ω̇(0) = ω1,
✭✷✳✶✳✶✸✮

✇❤❡&❡ t ∈ [0, ∞) &❡♣&❡1❡♥$1 $❤❡ $✐♠❡✱ ω : [0, ∞) → H ✐1 $❤❡ 1$❛$❡ ♦❢ $❤❡ 1②1$❡♠✳

▼♦1$ ♦❢ $❤❡ ❧✐♥❡❛& ❡H✉❛$✐♦♥1 ♠♦❞❡❧✐♥❣ $❤❡ ✈✐❜&❛$✐♦♥1 ♦❢ ❡❧❛1$✐❝ 1$&✉❝$✉&❡1 ✇✐$❤ ❢❡❡❞✲

❜❛❝❦ ❝♦♥$&♦❧ ✭❝♦&&❡1♣♦♥❞✐♥❣ $♦ ❝♦❧❧♦❝❛$❡❞ ❛❝$✉❛$♦&1 ❛♥❞ 1❡♥1♦&1✮ ❝❛♥ ❜❡ ✇&✐$$❡♥ ✐♥

$❤❡ ❢♦&♠ ✭✷✳✶✳✶✸✮✱ ✇❤❡&❡ ω &❡♣&❡1❡♥$1 $❤❡ ❞✐1♣❧❛❝❡♠❡♥$ ✜❡❧❞✳

❲❡ ❞❡✜♥❡ $❤❡ ❡♥❡&❣② ♦❢ 1②1$❡♠ ✭✷✳✶✳✶✸✮ ❛$ $✐♠❡ t ❜②

E(t) =
1

2

(
‖ω̇(t)‖2 +

∥∥∥A 1
2ω(t)

∥∥∥
2
)
.

❙✐♠♣❧❡ ❢♦&♠❛❧ ❝❛❧❝✉❧❛$✐♦♥1 ❣✐✈❡

E(0)− E(t) =

∫ t

0

(BB∗ω̇(s), ω̇(s)) ds, ∀t ≥ 0.

✹✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤✐1 ♦❜✈✐♦✉1❧② ♠❡❛♥1 $❤❛$ $❤❡ ❡♥❡&❣② ✐1 ♥♦♥✲✐♥❝&❡❛1✐♥❣✳

■♥ ♠❛♥② ❛♣♣❧✐❝❛$✐♦♥1✱ $❤❡ 1②1$❡♠ ✭✷✳✶✳✶✸✮ ✐1 ❛♣♣&♦①✐♠❛$❡❞ ❜② ✜♥✐$❡ ❞✐♠❡♥1✐♦♥❛❧

1②1$❡♠1 ❜✉$ ✉1✉❛❧❧②✱ ❛1 $❤❡ ❛❜♦✈❡ 1✐♠♣❧❡ ❡①❛♠♣❧❡ 1❤♦✇1✱ ✐❢ $❤❡ ❝♦♥$✐♥✉♦✉1 1②1$❡♠

✐1 ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡✱ $❤❡ ❞✐1❝&❡$❡ ♦♥❡1 ❞♦ ♥♦ ♠♦&❡ ✐♥❤❡&✐$ $❤✐1

♣&♦♣❡&$② ❞✉❡ $♦ 1♣✉&✐♦✉1 ❤✐❣❤ ❢&❡C✉❡♥❝② ♠♦❞❡1✳ ❙❡✈❡&❛❧ &❡♠❡❞✐❡1 ❤❛✈❡ ❜❡❡♥ ♣&♦♣♦1❡❞

❛♥❞ ❛♥❛❧②③❡❞ $♦ ♦✈❡&❝♦♠❡ $❤❡1❡ ❞✐✣❝✉❧$✐❡1✳ ▲❡$ ✉1 C✉♦$❡ $❤❡ ❚②❝❤♦♥♦✛ &❡❣✉❧❛&✐③❛$✐♦♥

❬✸✹✱✸✺✱✻✹✱✼✷❪✱ ❛ ❜✐✲❣&✐❞ ❛❧❣♦&✐$❤♠ ❬✸✷✱✺✽❪✱ ❛ ♠✐①❡❞ ✜♥✐$❡ ❡❧❡♠❡♥$ ♠❡$❤♦❞ ❬✶✹✱✶✾✱✷✵✱

✸✸✱ ✺✻❪✱ ♦& ✜❧$❡&✐♥❣ $❤❡ ❤✐❣❤ ❢&❡C✉❡♥❝✐❡1 ❬✹✸✱ ✹✾✱ ✼✻❪✳ ❚❤❡1❡ ♠❡$❤♦❞1 ♣&♦✈✐❞❡ ❣♦♦❞

♥✉♠❡&✐❝❛❧ &❡1✉❧$1✳

❆1 ✐♥ ❬✻✹✱ ✼✷❪ ♦✉& ❣♦❛❧ ✐1 $♦ ❞❛♠♣ $❤❡ 1♣✉&✐♦✉1 ❤✐❣❤ ❢&❡C✉❡♥❝② ♠♦❞❡1 ❜② ✐♥$&♦✲

❞✉❝✐♥❣ ♥✉♠❡&✐❝❛❧ ✈✐1❝♦1✐$② $❡&♠1 ✐♥ $❤❡ ❛♣♣&♦①✐♠❛$✐♦♥ 1❝❤❡♠❡1✳ ❚❤♦✉❣❤ ♦✉& ✇♦&❦

✐♥ ❬✹❪ ✐1 ✐♥1♣✐&❡❞ ❢&♦♠ ❬✻✹❪✱ ✐$ ❞✐✛❡&1 ❢&♦♠ $❤❛$ ♣❛♣❡& ♦♥ $❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥$1 ✿

✭✐✮ ❈♦♥$&❛&② $♦ ❬✻✹❪ ✇❤❡&❡ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✐1 &❡C✉✐&❡❞✱ ✇❡ ♦♥❧② ❛11✉♠❡

$❤❛$ $❤❡ 1♣❡❝$&✉♠ ♦❢ $❤❡ ♦♣❡&❛$♦& A1/2
1❛$✐1✜❡1 $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥✱

❛❧❧♦✇✐♥❣ $♦ $&❡❛$ ♠♦&❡ ❣❡♥❡&❛❧ ❝♦♥❝&❡$❡ 1②1$❡♠1✱

✭✐✐✮ ✇❡ ❛♥❛❧②③❡ $❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❝❛② ♦❢ $❤❡ ❞✐1❝&❡$❡ 1❝❤❡♠❡1 ✇❤❡♥ $❤❡ ❝♦♥$✐♥✉♦✉1

♣&♦❜❧❡♠ ❤❛1 1✉❝❤ ❛ ❞❡❝❛②✱

✭✐✐✐✮ ✇❡ ♣&♦✈❡ ❛ &❡1✉❧$ ❛❜♦✉$ ✉♥✐❢♦&♠ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$② ❢♦& ❛ ❢❛♠✐❧② ♦❢ 1❡♠✐✲

❣&♦✉♣1 ♦❢ ♦♣❡&❛$♦&1✱

✭✐✈✮ ❜② ✉1✐♥❣ ❛ ❣❡♥❡&❛❧ ✈❡&1✐♦♥ ♦❢ $❤❡ ❚&♦$$❡&✲❑❛$♦ $❤❡♦&❡♠ ♣&♦✈❡❞ ✐♥ ❬✹✺❪✱ ✇❡

1❤♦✇ $❤❛$ $❤❡ ❞✐1❝&❡$❡ 1♦❧✉$✐♦♥ $❡♥❞1 $♦ $❤❡ 1♦❧✉$✐♦♥ ♦❢ ✭✷✳✶✳✶✸✮ ❛1 $❤❡ ❞✐1❝&❡✲

$✐③❛$✐♦♥ ♣❛&❛♠❡$❡& ❣♦❡1 $♦ ③❡&♦ ❛♥❞ ✐❢ $❤❡ ❞✐1❝&❡$❡ ✐♥✐$✐❛❧ ❞❛$❛ ❛&❡ ✇❡❧❧ ❝❤♦1❡♥✳

❈♦♥1❡C✉❡♥$❧②✱ $❤✐1 ❝❤❛♣$❡& ✐1 ❞✐✈✐❞❡❞ ❛1 ❢♦❧❧♦✇1 ✿ ❆❢$❡& ✇❡ ♣&❡❝✐1❡ $❤❡ ♣&♦♣❡&

❢✉♥❝$✐♦♥❛❧ 1❡$$✐♥❣ ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐♥ ❙❡❝$✐♦♥ ✷✳✷✱ ✇❡ &❡❝❛❧❧ 1♦♠❡

&❡1✉❧$1 ❝♦♥❝❡&♥✐♥❣ $❤❡ 1$❛❜✐❧✐$② ♦❢ ✭✷✳✶✳✶✸✮ ✐♥ ❙❡❝$✐♦♥ ✷✳✸✳ ■♥ ❙❡❝$✐♦♥ ✷✳✹✱ ✇❡ ✐♥$&♦❞✉❝❡

$❤❡ 1✉✐$❛❜❧❡ ❞✐1❝&❡$❡ 1②1$❡♠1 ❛♥❞ $❤❡ ♠❛✐♥ &❡1✉❧$1 ♦❢ $❤✐1 ❝❤❛♣$❡&✳ ❙❡❝$✐♦♥ ✷✳✺ ❝♦♥1✐✲

✹✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❞❡&1 $❤❡ ✇❡❧❧✲♣♦1❡❞♥❡11 ♦❢ $❤❡ ❞✐1❝&❡$❡ 1②1$❡♠1✳ ◆❡①$✱ ✐♥ ❙❡❝$✐♦♥ ✷✳✻✱ ✇❡ 1❤♦✇ $❤❛$

$❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ❛♥❞ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❝♦♥❞✐$✐♦♥1 ✭✷✳✹✳✼✮ ❛♥❞ ✭✷✳✹✳✽✮

&❡♠❛✐♥ ✈❛❧✐❞ ❢♦& ✜❧$❡&❡❞ ❡✐❣❡♥✈❛❧✉❡1✳ ❙❡❝$✐♦♥ ✷✳✼ ✜&1$ &❡❝❛❧❧1 ❛ &❡1✉❧$ ❛❜♦✉$ ✉♥✐❢♦&♠

❡①♣♦♥❡♥$✐❛❧ 1$❛❜✐❧✐$② ❢♦& ❛ ❢❛♠✐❧② ♦❢ 1❡♠✐❣&♦✉♣ ♦❢ ♦♣❡&❛$♦&1✱ ❛♥❞ $❤❡♥ ❡①$❡♥❞1 1✉❝❤ ❛

&❡1✉❧$ $♦ $❤❡ ❝❛1❡ ♦❢ ✉♥✐❢♦&♠ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$②✳ ❙♦♠❡ $❡❝❤♥✐❝❛❧ ❧❡♠♠❛1 ❛&❡ ♣&♦✈❡❞

✐♥ ❙❡❝$✐♦♥ ✷✳✽✳ ❙❡❝$✐♦♥1 ✷✳✾ ❛♥❞ ✷✳✶✵ ❛&❡ ❞❡✈♦$❡❞ $♦ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✷✳✹✳✶ ❛♥❞

✷✳✹✳✹ &❡1♣❡❝$✐✈❡❧②✳ ■♥ ❙❡❝$✐♦♥ ✷✳✶✶✱ ✇❡ 1❤♦✇ $❤❛$ $❤❡ ❝❤♦1❡♥ ❞✐1❝&❡$❡ 1②1$❡♠1 ❝♦♥✈❡&❣❡

$♦✇❛&❞1 ✭✷✳✶✳✶✸✮✱ ❛1 $❤❡ ♠❡1❤ 1✐③❡ ❣♦❡1 $♦ ③❡&♦ ❛♥❞ ✐❢ $❤❡ ❞✐1❝&❡$❡ ✐♥✐$✐❛❧ ❞❛$❛ ❛&❡ ✇❡❧❧

❝❤♦1❡♥✳ ❋✐♥❛❧❧②✱ ✇❡ ✐❧❧✉1$&❛$❡ ♦✉& &❡1✉❧$1 ❜② ♣&❡1❡♥$✐♥❣ ❞✐✛❡&❡♥$ ❡①❛♠♣❧❡1 ✐♥ ❙❡❝$✐♦♥

✷✳✶✷✳ ❚❤❡ ✜&1$ ❛♣♣❧✐❝❛$✐♦♥ ✐1 ❢♦✉♥❞ ✐♥ ❬✸❪✳

✷✳✷ ❚❤❡ ♣&♦♣❡& ❢✉♥❝,✐♦♥❛❧ 0❡,,✐♥❣ ♦❢ ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮

❇❡❢♦&❡ 1$❛$✐♥❣ $❤❡ ♠❛✐♥ &❡1✉❧$1 ♦❢ $❤✐1 ❝❤❛♣$❡&✱ ✇❡ &❡✇&✐$❡ ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐♥ ❛

1✐♠♣❧✐✜❡❞ ❢♦&♠✳ ▲❡$ X := V ×H ❜❡ ❡R✉✐♣♣❡❞ ✇✐$❤ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$

((u, v)⊤, (u∗, v∗)⊤)X = a(u, u∗) + (v, v∗) ∀(u, v)⊤, (u∗, v∗)⊤ ∈ X,

✇❤❡&❡ a(., .) ✐1 $❤❡ 1❡1R✉✐❧✐♥❡❛& ❢♦&♠ ♦♥ V × V ❞❡✜♥❡❞ ❜②

a(u, u∗) = (A
1
2u, A

1
2u∗), ∀(u, u∗) ∈ V × V.

❚❤❡♥ ✭✷✳✶✳✶✸✮ ✐1 ❡R✉✐✈❛❧❡♥$ $♦

ż(t) = Ãz(t) ✐♥ X, z(0) = (ω0, ω1)
⊤,

✇❤❡&❡ z(t) = (ω(t), ω̇(t))⊤ ❛♥❞ Ã : D(Ã) → X ✐1 ❞❡✜♥❡❞ ❜②

Ã =


 0 I

−A −BB∗


 ,

✹✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇✐$❤ D(Ã) = D(A)×V ✳ ■$ ✐1 ❡❛1② $♦ ❝❤❡❝❦ $❤❛$ Ã ✐1 ❛ ♠❛①✐♠❛❧ ❞✐11✐♣❛$✐✈❡ ♦♣❡&❛$♦& ✐♥
X✳ ❚❤❡&❡❢♦&❡✱ ❛❝❝♦&❞✐♥❣ $♦ ▲✉♠❡&✲@❤✐❧❧✐♣1 ❚❤❡♦&❡♠✱ ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐1 ✇❡❧❧✲♣♦1❡❞✳

❲❡ ✇✐❧❧ ❞❡♥♦$❡ ❜② T (t), t ≥ 0✱ $❤❡ 1$&♦♥❣❧② ❝♦♥$✐♥✉♦✉1 1❡♠✐✲❣&♦✉♣ ♦❢ ❝♦♥$&❛❝$✐♦♥1

❣❡♥❡&❛$❡❞ ❜② Ã✳

✷✳✸ ❙$❛❜✐❧✐$② ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ♣3♦❜❧❡♠ ✭✷✳✶✳✶✸✮

❇❡❢♦&❡ ❞✐1♣❧❛②✐♥❣ $❤❡ 1✉✐$❛❜❧❡ ❛♣♣&♦①✐♠❛$❡ 1②1$❡♠ ✇❤✐❝❤ ❝♦♥✈❡&❣❡1 $♦✇❛&❞1 ✭✷✳✶✳✶✸✮

❛♥❞ 1❤❛&❡1 $❤❡ 1❛♠❡ 1$❛❜✐❧✐$② ♣&♦♣❡&$✐❡1 ♦❢ ✭✷✳✶✳✶✸✮✱ ✇❡ &❡❝❛❧❧ 1♦♠❡ ♣&♦♣❡&$✐❡1 ❝♦♥❝❡&✲

♥✐♥❣ $❤❡ 1$❛❜✐❧✐$② ♦❢ ✭✷✳✶✳✶✸✮✳ ❋♦& $❤✐1 ♣✉&♣♦1❡✱ ✇❡ 1$❛&$ ❜② ❛♥❛❧②③✐♥❣ $❤❡ 1♣❡❝$&✉♠

♦❢ $❤❡ ♦♣❡&❛$♦& A
1
2
✳

✷✳✸✳✶ ❙♣❡❝()❛❧ ❆♥❛❧②/✐/ ♦❢ ✭✷✳✶✳✶✸✮

❉❡♥♦$❡ ❜② {λk}k≥1 $❤❡ 1❡$ ♦❢ ❡✐❣❡♥✈❛❧✉❡1 ♦❢ A
1
2
❝♦✉♥$❡❞ ✇✐$❤ $❤❡✐& ♠✉❧$✐♣❧✐❝✐$✐❡1

✭✐✳❡✳ ✇❡ &❡♣❡❛$ $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ❛❝❝♦&❞✐♥❣ $♦ $❤❡✐& ♠✉❧$✐♣❧✐❝✐$✐❡1✮✳ ❲❡ ❢✉&$❤❡& &❡✇&✐$❡

$❤❡ 1❡J✉❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡1 {λk}k≥1 ❛1 ❢♦❧❧♦✇1 ✿

λk1 < λk2 < ... < λki < ...

✇❤❡&❡ k1 = 1, k2 ✐1 $❤❡ ❧♦✇❡1$ ✐♥❞❡① ♦❢ $❤❡ 1❡❝♦♥❞ ❞✐1$✐♥❝$ ❡✐❣❡♥✈❛❧✉❡✱ k3 ✐1 $❤❡ ❧♦✇❡1$

✐♥❞❡① ♦❢ $❤❡ $❤✐&❞ ❞✐1$✐♥❝$ ❡✐❣❡♥✈❛❧✉❡✱ ❡$❝✳ ❋♦& ❛❧❧ i ∈ N∗
✱ ❧❡$ li ❜❡ $❤❡ ♠✉❧$✐♣❧✐❝✐$②

♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λki ✱ ✐✳❡✳

λki−1
< λki = λki+1 = ... = λki+li−1 < λki+li = λki+1

.

❲❡ ❤❛✈❡ k1 = 1, k2 = 1 + l1, k3 = 1 + l1 + l2, ❡$❝✳ ▲❡$ {ϕki+j}0≤j≤li−1 ❜❡ $❤❡

♦&$❤♦♥♦&♠❛❧ ❡✐❣❡♥✈❡❝$♦&1 ❛11♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λki .

◆♦✇✱ ✇❡ ❛11✉♠❡ $❤❛$ $❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ❤♦❧❞1 ✿

∃M ∈ N∗, ∃γ0 > 0, ∀k ≥ 1, λk+M − λk ≥Mγ0. ✭✷✳✸✳✶✮

✹✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❋✐① ❛ ♣♦1✐$✐✈❡ &❡❛❧ ♥✉♠❜❡& γ′0 ≤ γ0 ❛♥❞ ❞❡♥♦$❡ ❜② Ak, k = 1, ..., M $❤❡ 1❡$ ♦❢ ♥❛$✉&❛❧

♥✉♠❜❡&1 km 1❛$✐1❢②✐♥❣ ✭1❡❡ ❢♦& ✐♥1$❛♥❝❡ ❬✶✸❪✮





λkm − λkm−1 ≥ γ′0

λkn − λkn−1 < γ′0 ❢♦& m+ 1 ≤ n ≤ m+ k − 1,

λkm+k
− λkm+k−1

≥ γ′0.

❚❤❡♥ ♦♥❡ ❡❛1✐❧② ❝❤❡❝❦1 $❤❛$

{km+j + l |km ∈ Ak, k ∈ {1, ...,M} , j ∈ {0, ..., k − 1} , l ∈ {0, ..., lm+j − 1}} = N∗.

◆♦$✐❝❡ $❤❛$ 1♦♠❡ 1❡$1 Ak ♠❛② ❜❡ ❡♠♣$② ❜❡❝❛✉1❡✱ ❢♦& $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥✱

$❤❡ ❝❤♦✐❝❡ ♦❢ M $❛❦❡1 ✐♥$♦ ❛❝❝♦✉♥$ ♠✉❧$✐♣❧❡ ❡✐❣❡♥✈❛❧✉❡1✳

❋♦& kn ∈ Ak✱ ✇❡ ❞❡✜♥❡ Bkn = (Bkn, ij)1≤i, j≤k $❤❡ ♠❛$&✐① ♦❢ 1✐③❡ k × k ❜②

Bkn, ij =





n+j−1∏

q=n
q 6=n+i−1

(λkn+i−1
− λkq)

−1
✐❢ i ≤ j, (i, j) 6= (1, 1),

1 ✐❢ (i, j) = (1, 1),

0 ❡❧1❡ .

▼♦&❡ ❡①♣❧✐❝✐$❧②✱ ✇❡ ❤❛✈❡

Bkn =




1 1
λkn−λkn+1

1
(λkn−λkn+1

)(λkn−λkn+2
)

· · · 1
(λkn−λkn+1

)···(λkn−λkn+k−1
)

0 1
λkn+1

−λkn

1
(λkn+1

−λkn )(λkn+1
−λkn+2

)
· · · 1

(λkn+1
−λkn )···(λkn+1

−λkn+k−1
)

0 0 1
(λkn+2

−λkn )(λkn+2
−λkn+1

)
· · · 1

(λkn+2
−λkn )···(λkn+2

−λkn+k−1
)

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 0 0 · · · 1
(λkn+k−1

−λkn )···(λkn+k−1
−λkn+k−2

)




.

▲❡♠♠❛ ✷✳✸✳✶✳ ❚❤❡ ✐♥✈❡&'❡ ♠❛*&✐① ♦❢ Bkn ✐' ❣✐✈❡♥ ❜②

B−1
kn, ij

=





n+i−2∏

q=n

(λkn+j−1
− λkq) ✐❢ i ≤ j, i 6= 1,

1 ✐❢ i = 1,

0 ❡❧'❡✱

✹✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

 ❤❛ ✐$  ♦ $❛②

B−1
kn

=




1 1 · · · 1

0 (λkn+1 − λkn) · · · (λkn+k−1
− λkn)

0 0 · · · (λkn+k−1
− λkn)(λkn+k−1

− λkn+1)
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 0 · · · (λkn+k−1
− λkn) · · · (λkn+k−1

− λkn+k−2
)




,

❛♥❞  ❤❡+❡❢♦+❡

B−1
kn

→




1 1 · · · 1

0 0 · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · 0



, ✇❤❡♥ n→ +∞.

 !♦♦❢✿❚❤❡ ❢♦&♠ ♦❢ B−1
kn
✐1 ♦❜$❛✐♥❡❞ ❜② ✐♥❞✉❝$✐♦♥ ♦♥ $❤❡ 1✐③❡ k ♦❢ Bkn ✳ ❚❤❡ ❣❡♥❡&❛❧✐③❡❞

❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ✐♠♣❧✐❡1 $❤❛$ λkn+j
− λkn → 0 ❛1 n → +∞, ∀0 ≤ j ≤ k − 1.

❚❤✐1 ❧❡❛❞1 $♦ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ B−1
kn
✳

❘❡♠❛!❦ ✷✳✸✳✷✳ ❚❤❡ $ +✉❝ ✉+❡ ♦❢  ❤❡ ♠❛ +✐① Bkn ❝♦♠❡$ ❢+♦♠ ■♥❣❤❛♠✬$ ✐♥❡6✉❛❧✐ ② ✐♥

❛ ❍✐❧❜❡+ $♣❛❝❡ H ✉♥❞❡+  ❤❡ ❣❡♥❡+❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐ ✐♦♥ ✭✷✳✸✳✶✮✳ ■♥❞❡❡❞✱ ❛❝❝♦+❞✐♥❣  ♦

❈♦+♦❧❧❛+② ✻✳✹ ♦❢ ❬✻✶❪✱ ✐❢  ❤❡ $❡6✉❡♥❝❡ {λn}n≥1 $❛ ✐$✜❡$ ✭✷✳✸✳✶✮✱  ❤❡♥ ❢♦+ ❛❧❧ $❡6✉❡♥❝❡

{αn}n∈Z∗
✐♥ H✱  ❤❡ ❢✉♥❝ ✐♦♥

f(t) =
∑

n∈Z∗

αne
iλkn t,

$❛ ✐$✜❡$  ❤❡ ❡$ ✐♠❛ ❡

∫ T

0

|f(t)|2 dt ∼
M∑

k=1

∑

|kn|∈Ak

∥∥B−1
kn
Ckn

∥∥2

H,2
,

❢♦+ T >
2π

γ0
✱ ✇❤❡+❡ λ−kn = −λkn✱ Ckn = (αn, ..., αn+k−1)

⊤ ∈ Hk
❛♥❞ ‖.‖H,2 ✐$  ❤❡

♥♦+♠ ✐♥ Hk
✳

✹✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✷✳✸✳✷ ❊①♣♦♥❡♥)✐❛❧ ❙)❛❜✐❧✐)② ♦❢ )❤❡ ❡♥❡2❣② ♦❢ ✭✷✳✶✳✶✸✮

❲❡ &❡❝❛❧❧ ❛ 1✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥ ❢♦& ✇❤✐❝❤ $❤❡ ❡♥❡&❣② ♦❢ ✭✷✳✶✳✶✸✮ ✐1 ❡①♣♦♥❡♥$✐❛❧❧②

1$❛❜❧❡✳ ■♥❞❡❡❞✱ $❤❡ ❛♣♣&♦❛❝❤ ✐1 ❜❛1❡❞ ♦♥ ♦❜1❡&✈❛❜✐❧✐$② ✐♥❡B✉❛❧✐$✐❡1 ❢♦✉♥❞ ✐♥ ❬✼❪ ❛♥❞

❬✻✶❪✳ ❋♦& $❤✐1 ❛✐♠✱ ❢♦& kn ∈ Ak✱ ✇❡ ❞❡✜♥❡ $❤❡ ♠❛$&✐① Φkn ✇✐$❤ ❝♦❡✣❝✐❡♥$1 ✐♥ U ❛♥❞

1✐③❡ k × Ln✱ ✇❤❡&❡ Ln =
k∑

i=1

ln+i−1, ❛1 ❢♦❧❧♦✇1 ✿ ❢♦& ❛❧❧ i = 1, ..., k✱ ✇❡ 1❡$

(Φkn)ij =





B∗ϕkn+i−1+j−Ln, i−1−1 ✐❢ Ln, i−1 < j ≤ Ln, i,

0 ❡❧$❡✱

✇❤❡(❡

Ln, 0 = 0, Ln, i =
i∑

i′=1

ln+i′−1 ❢♦( i ≥ 1. ✭✷✳✸✳✷✮

❋♦( ❛ ✈❡❝3♦( c = (cl)
m
l=1 ✐♥ Um, ✇❡ $❡3 ‖c‖U, 2 ✐3$ ♥♦(♠ ✐♥ Um

❞❡✜♥❡❞ ❜②

‖c‖2U, 2 =
m∑

l=1

‖cl‖2U .

◆♦✇✱ ✇❡ (❡❝❛❧❧ ❚❤❡♦(❡♠ ✷✳✷ ♦❢ ❬✼❪ ✇❤✐❝❤ ❧✐♥❦$ 3❤❡ ❡①♣♦♥❡♥3✐❛❧ $3❛❜✐❧✐3② ♦❢ ✭✷✳✶✳✶✸✮

✇✐3❤ $♦♠❡ ♦❜$❡(✈❛❜✐❧✐3② ♣(♦♣❡(3② ♦❢ 3❤❡ ❛$$♦❝✐❛3❡❞ ❝♦♥$❡(✈❛3✐✈❡ ♣(♦❜❧❡♠✳

❚❤❡♦$❡♠ ✷✳✸✳✸✳ ▲❡" ϕ ❜❡ "❤❡ %♦❧✉"✐♦♥ ♦❢ "❤❡ ✉♥❞❛♠♣❡❞ ♣0♦❜❧❡♠





ϕ̈(t) + Aϕ(t) = 0,

ϕ(0) = ω0, ϕ̇(0) = ω1.
✭✷✳✸✳✸✮

■❢ "❤❡0❡ ❡①✐%"% ❛ "✐♠❡ T > 0 ❛♥❞ ❛ ❝♦♥%"❛♥" c = c(T ) > 0 %✉❝❤ "❤❛" "❤❡ ♦❜%❡0✈❛❜✐❧✐"②

❡%"✐♠❛"❡

‖A 1
2ω0‖2H + ‖ω1‖2H ≤ c

∫ T

0

‖B∗ϕ̇(t)‖2Udt ✭✷✳✸✳✹✮

❤♦❧❞%✱ "❤❡♥ ♣0♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐% ❡①♣♦♥❡♥"✐❛❧❧② %"❛❜❧❡ ✐♥ "❤❡ ❡♥❡0❣② %♣❛❝❡ ❀ ✐✳❡✳✱ "❤❡0❡

❡①✐%" ❛ ❝♦♥%"❛♥" k > 0 ❛♥❞ ν > 0 %✉❝❤ "❤❛" ❢♦0 ❛❧❧ ✐♥✐"✐❛❧ ❞❛"❛ ✐♥ X = V ×H✱

E(t) ≤ kE(0)e−νt, ∀t > 0.

✹✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ ❛❧1♦ &❡❝❛❧❧ 5&♦♣♦1✐$✐♦♥ ✻✳✺ ♦❢ ❬✻✶❪ ✇❤✐❝❤ ❣✐✈❡1 ♥❡❝❡11❛&② ❛♥❞ 1✉✣❝✐❡♥$ 1♣❡❝$&❛❧

❝♦♥❞✐$✐♦♥1 1♦ $❤❛$ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❡1$✐♠❛$❡ ✭✷✳✸✳✹✮ ❤♦❧❞1✳

 !♦♣♦$✐&✐♦♥ ✷✳✸✳✹✳ ❆!!✉♠❡ %❤❛% %❤❡ ❣❡♥❡*❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐%✐♦♥ ✭✷✳✸✳✶✮ ❤♦❧❞!✳ ❚❤❡*❡

❡①✐!%! ❛ %✐♠❡ T > 0 ❛♥❞ ❛ ❝♦♥!%❛♥% c = c(T ) > 0 !✉❝❤ %❤❛% %❤❡ ♦❜!❡*✈❛❜✐❧✐%② ❡!%✐♠❛%❡

✭✷✳✸✳✹✮ ❤♦❧❞! ✐❢ ❛♥❞ ♦♥❧② ✐❢

∃α0 > 0, ∀k ∈ {1, ...,M}, ∀kn ∈ Ak, ∀C ∈ RLn ,
∥∥B−1

kn
ΦknC

∥∥
U, 2

≥ α0 ‖C‖2 ,
✭✷✳✸✳✺✮

✇❤❡*❡ ‖.‖2 ✐! %❤❡ ❡✉❝❧✐❞✐❛♥ ♥♦*♠✳

❘❡♠❛!❦ ✷✳✸✳✺✳ ■❢ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥

∃γ0 > 0, ∀n ≥ 1, λkn+1 − λkn ≥ γ0 ✭✷✳✸✳✻✮

❤♦❧❞1✱ $❤❡♥ A1 = N∗
❛♥❞ B1 = 1. ■♥ $❤✐1 ❝❛1❡✱ $❤❡ ❛11✉♠♣$✐♦♥ ✭✷✳✸✳✺✮ ❜❡❝♦♠❡1

∃α0 > 0, ∀kn ≥ 1, ∀C ∈ RLn , ‖ΦknC‖U ≥ α0 ‖C‖2 .

▼♦&❡♦✈❡&✱ ✐❢ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✻✮ ❤♦❧❞1 ❛♥❞ ✐❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ❛&❡

1✐♠♣❧❡✱ $❤❡ ❛11✉♠♣$✐♦♥ ✭✷✳✸✳✺✮ ❜❡❝♦♠❡1

∃α0 > 0, ∀k ≥ 1, ‖B∗ϕk‖U ≥ α0. ✭✷✳✸✳✼✮

❚❤❡1❡ ❛11✉♠♣$✐♦♥1 ❛&❡ ❛11✉♠❡❞ ✐♥ ❬✻✹❪✳

■♥ ❝♦♥❝❧✉1✐♦♥✱ ✐❢ ✭✷✳✸✳✺✮ ❤♦❧❞1✱ $❤❡♥ ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐1 ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡✳

✷✳✸✳✸ #♦❧②♥♦♠✐❛❧ ❙,❛❜✐❧✐,② ♦❢ ,❤❡ ❡♥❡1❣② ♦❢ ✭✷✳✶✳✶✸✮

❙✐♠✐❧❛& $♦ $❤❡ ❡①♣♦♥❡♥$✐❛❧ 1$❛❜✐❧✐$② ❝❛1❡✱ ✇❡ &❡❝❛❧❧ ❛ 1✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥ ❢♦& ✇❤✐❝❤

$❤❡ ❡♥❡&❣② ♦❢ ✭✷✳✶✳✶✸✮ ✐1 ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡✳ ❋✐&1$✱ ✇❡ &❡❝❛❧❧ ❚❤❡♦&❡♠ ✷✳✹ ♦❢ ❬✼❪

✹✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

♦& ❚❤❡♦&❡♠ ✺✳✸ ♦❢ ❬✻✶❪ ✇❤✐❝❤ ❣✐✈❡1 $❤❡ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$② ♦❢ ✭✷✳✶✳✶✸✮ ❜❛1❡❞ ♦♥

1♦♠❡ ♦❜1❡&✈❛❜✐❧✐$② ♣&♦♣❡&$② ♦❢ $❤❡ ❝♦♥1❡&✈❛$✐✈❡ ♣&♦❜❧❡♠ ✭✷✳✸✳✸✮✳ ❚❤❡♥✱ ✇❡ &❡❝❛❧❧

C&♦♣♦1✐$✐♦♥ ✻✳✽ ♦❢ ❬✻✶❪ ✇❤✐❝❤ ❣✐✈❡1 ♥❡❝❡11❛&② ❛♥❞ 1✉✣❝✐❡♥$ 1♣❡❝$&❛❧ ❝♦♥❞✐$✐♦♥1 1♦

$❤❛$ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❡1$✐♠❛$❡ ❤♦❧❞1✳

❚❤❡♦$❡♠ ✷✳✸✳✻✳ ▲❡" ϕ ❜❡ "❤❡ %♦❧✉"✐♦♥ ♦❢ ✭✷✳✸✳✸✮✳ ■❢ "❤❡2❡ ❡①✐%"% l ∈ N∗
✱ ❛ "✐♠❡

T > 0 ❛♥❞ ❛ ❝♦♥%"❛♥" c = c(T ) > 0 %✉❝❤ "❤❛"

∫ T

0

‖B∗ϕ̇(t)‖2Udt ≥ c

(
‖ω0‖2

D(A
1−l
2 )

+ ‖ω1‖2
D(A− l

2 )

)
✭✷✳✸✳✽✮

❤♦❧❞%✱ "❤❡♥ "❤❡ ❡♥❡2❣② ♦❢ ♣2♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ❞❡❝❛②% ♣♦❧②♥♦♠✐❛❧❧② ❀ ✐✳❡✳✱ "❤❡2❡ ❡①✐%"% ❛

❝♦♥%"❛♥" k = k(l) > 0 %✉❝❤ "❤❛" ❢♦2 ❛❧❧ ✐♥✐"✐❛❧ ❞❛"❛ ✐♥ D(Ã)✱

E(t) ≤ k

(1 + t)
1
l

‖(ω0, ω1)
⊤‖2

D(Ã)
, ∀t > 0.

*$♦♣♦,✐.✐♦♥ ✷✳✸✳✼✳ ❆%%✉♠❡ "❤❛" "❤❡ ❣❡♥❡2❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐"✐♦♥ ✭✷✳✸✳✶✮ ❤♦❧❞% ❛♥❞

(ω0, ω1)
⊤ ∈ X✳ ❚❤❡2❡ ❡①✐%"% l ∈ N∗

✱ ❛ "✐♠❡ T > 0 ❛♥❞ ❛ ❝♦♥%"❛♥" c = c(T ) > 0 %✉❝❤

"❤❛" ✭✷✳✸✳✽✮ ❤♦❧❞% ✐❢ ❛♥❞ ♦♥❧② ✐❢

∃α0 > 0, ∀k ∈ {1, ...,M}, ∀kn ∈ Ak, ∀C ∈ RLn ,
∥∥B−1

kn
ΦknC

∥∥
U, 2

≥ α0

λlkn
‖C‖2 .
✭✷✳✸✳✾✮

❘❡♠❛$❦ ✷✳✸✳✽✳ ■❢ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✻✮ ❤♦❧❞1✱ $❤❡ ❛11✉♠♣$✐♦♥ ✭✷✳✸✳✾✮

❜❡❝♦♠❡1

∃l ∈ N∗, ∃α0 > 0, ∀kn ≥ 1, ∀C ∈ RLn , ‖ΦknC‖U ≥ α0

λlkn
‖C‖2 .

▼♦&❡♦✈❡&✱ ✐❢ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✻✮ ❤♦❧❞1 ❛♥❞ ✐❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ❛&❡

1✐♠♣❧❡✱ $❤❡ ❛11✉♠♣$✐♦♥ ✭✷✳✸✳✾✮ ❜❡❝♦♠❡1

∃l ∈ N∗, ∃α0 > 0, ∀k ≥ 1, ‖B∗ϕk‖U ≥ α0

λlk
. ✭✷✳✸✳✶✵✮

✹✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❘❡♠❛$❦ ✷✳✸✳✾✳ ◆♦$❡ $❤❛$ $❤❡ ❛11✉♠♣$✐♦♥ ✭❍✮ ❢&♦♠ ❬✼❪ ❤❡&❡ ❤♦❧❞1 1✐♥❝❡ A ✐1 ❛

♣♦1✐$✐✈❡ 1❡❧❢❛❞❥♦✐♥$ ♦♣❡&❛$♦& ✇✐$❤ ❛ ❝♦♠♣❛❝$ &❡1♦❧✈❡♥$ ❛♥❞ B ✐1 ❜♦✉♥❞❡❞✳ ■♥ ❢❛❝$✱

❛11✉♠♣$✐♦♥ ✭❍✮ 1$❛$❡1 $❤❛$ ✐❢ β > 0 ✐1 ✜①❡❞ ❛♥❞ Cβ = {λ ∈ C; ℜλ = β}✱ $❤❡ ❢✉♥❝$✐♦♥

λ ∈ C+ = {λ ∈ C; ℜλ > 0} → H(λ) = λB∗(λ2I + A)−1B ∈ L(U)

✐1 ❜♦✉♥❞❡❞ ♦♥ Cβ✳ ■♥❞❡❡❞✱ ✐❢ λ = β + iξ✱ $❤❡♥ |λ2k + λ2|2 = (λ2k − ξ2 + β2)2 + 4β2ξ2✳

❍♦✇❡✈❡&✱

∥∥(λ2I + A)−1
∥∥
L(H)

≤ sup
k≥1

|λ2k + λ2|−1.

❍❡♥❝❡✱ ✐❢ |ξ| > ǫ ❢♦& 1♦♠❡ ǫ > 0✱ $❤❡♥

|λ|
∥∥(λ2I + A)−1

∥∥
L(H)

≤
√
β2 + ξ2

2β|ξ|

✇❤✐❝❤ ✐1 ❜♦✉♥❞❡❞ ❢♦& ❡✈❡&② |ξ| > ǫ✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✐❢ |ξ| ≤ ǫ✱ $❤❡♥ |λ2k+λ2| ≥
3β2

4
✱

❢♦& ǫ ≤ β

2
✳ ❚❤❡&❡❢♦&❡✱

|λ|
∥∥(λ2I + A)−1

∥∥
L(H)

≤ 2
√
5

3β

✇❤✐❝❤ ✐1 ❜♦✉♥❞❡❞ ♦♥ Cβ✳

■♥ ❝♦♥❝❧✉1✐♦♥✱ ✐❢ ✭✷✳✸✳✾✮ ❤♦❧❞1✱ $❤❡♥ ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐1 ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ✇✐$❤

❛ ❞❡❝❛② &❛$❡ ♦❢ $❤❡ ♦&❞❡&

1

(1 + t)
1
l

✳

✷✳✹ ❆♣♣%♦①✐♠❛+❡ -②-+❡♠ ❛♥❞ ♠❛✐♥ %❡-✉❧+-

■♥ $❤✐1 1❡❝$✐♦♥✱ ✇❡ ❞✐1♣❧❛② $❤❡ 1✉✐$❛❜❧❡ ❞✐1❝&❡$❡ 1②1$❡♠ ✇❤✐❝❤ ❛♣♣&♦①✐♠❛$❡1

✭✷✳✶✳✶✸✮ ❛♥❞ ❤❛1 $❤❡ 1❛♠❡ 1$❛❜✐❧✐$② ♣&♦♣❡&$✐❡1 ❛1 ✭✷✳✶✳✶✸✮✳ ❇❡❢♦&❡ 1$❛$✐♥❣ ♦✉& ♠❛✐♥

&❡1✉❧$1✱ ❧❡$ ✉1 ✐♥$&♦❞✉❝❡ 1♦♠❡ ♥♦$❛$✐♦♥1 ❛♥❞ ❛11✉♠♣$✐♦♥1✳

✺✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ ❞❡♥♦$❡ ❜② ‖.‖V $❤❡ ♥♦&♠

‖ϕ‖V =

√
(A

1
2ϕ, A

1
2ϕ), ∀ϕ ∈ V.

❘❡♠❛&❦ $❤❛$

‖ϕ‖V =
√

(Aϕ, ϕ), ∀ϕ ∈ D(A).

❲❡ ♥♦✇ ❛11✉♠❡ $❤❛$ (Vh)h>0 ✐1 ❛ 1❡9✉❡♥❝❡ ♦❢ ✜♥✐$❡ ❞✐♠❡♥1✐♦♥❛❧ 1✉❜1♣❛❝❡1 ♦❢ D(A
1
2 ).

❚❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ✐♥ Vh ✐1 $❤❡ &❡1$&✐❝$✐♦♥ ♦❢ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ♦❢ H ❛♥❞ ✐$ ✐1 1$✐❧❧

❞❡♥♦$❡❞ ❜② (., .) ✭1✐♥❝❡ Vh ❝❛♥ ❜❡ 1❡❡♥ ❛1 ❛ 1✉❜1♣❛❝❡ ♦❢ H✮✳ ❲❡ ❞❡✜♥❡ $❤❡ ♦♣❡&❛$♦&

Ah : Vh → Vh ❜②

(Ahϕh, ψh) = (A
1
2ϕh, A

1
2ψh), ∀ϕh, ψh ∈ Vh. ✭✷✳✹✳✶✮

▲❡$ a(., .) ❜❡ $❤❡ 1❡19✉✐❧✐♥❡❛& ❢♦&♠ ♦♥ Vh × Vh ❞❡✜♥❡❞ ❜②

a(ϕh, ψh) = (A
1
2ϕh, A

1
2ψh), ∀(ϕh, ψh) ∈ Vh × Vh. ✭✷✳✹✳✷✮

❲❡ ❛❧1♦ ❞❡✜♥❡ $❤❡ ♦♣❡&❛$♦&1 Bh : U → Vh ❜②

Bhu = jhBu, ∀u ∈ U, ✭✷✳✹✳✸✮

✇❤❡&❡ jh ✐1 $❤❡ ♦&$❤♦❣♦♥❛❧ ♣&♦❥❡❝$✐♦♥ ♦❢ H ✐♥$♦ Vh ✇✐$❤ &❡1♣❡❝$ $♦ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$

✐♥ H✳

❚❤❡ ❛❞❥♦✐♥$ B∗
h ♦❢ Bh ✐1 $❤❡♥ ❣✐✈❡♥ ❜② $❤❡ &❡❧❛$✐♦♥

B∗
hϕh = B∗ϕh, ∀ϕh ∈ Vh.

❲❡ ❛❧1♦ 1✉♣♣♦1❡ $❤❛$ $❤❡ ❢❛♠✐❧② ♦❢ 1♣❛❝❡1 (Vh)h ❛♣♣&♦①✐♠❛$❡1 $❤❡ 1♣❛❝❡ V =

D(A
1
2 ). ▼♦&❡ ♣&❡❝✐1❡❧②✱ ✐❢ πh ❞❡♥♦$❡1 $❤❡ ♦&$❤♦❣♦♥❛❧ ♣&♦❥❡❝$✐♦♥ ♦❢ V = D(A

1
2 ) ♦♥$♦

Vh✱ ✇❡ 1✉♣♣♦1❡ $❤❛$ $❤❡&❡ ❡①✐1$ θ > 0, h∗ > 0 ❛♥❞ C0 > 0 1✉❝❤ $❤❛$✱ ❢♦& ❛❧❧

h ∈ (0, h∗)✱ ✇❡ ❤❛✈❡ ✿

‖πhϕ− ϕ‖V ≤ C0h
θ ‖Aϕ‖ , ∀ϕ ∈ D(A), ✭✷✳✹✳✹✮

✺✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

‖πhϕ− ϕ‖ ≤ C0h
2θ ‖Aϕ‖ , ∀ϕ ∈ D(A). ✭✷✳✹✳✺✮

❆11✉♠♣$✐♦♥1 ✭✷✳✹✳✹✮ ❛♥❞ ✭✷✳✹✳✺✮ ❛&❡✱ ✐♥ ♣❛&$✐❝✉❧❛&✱ 1❛$✐1✜❡❞ ✐♥ $❤❡ ❝❛1❡ ♦❢ 1$❛♥❞❛&❞

✜♥✐$❡ ❡❧❡♠❡♥$ ❛♣♣&♦①✐♠❛$✐♦♥1 ♦❢ ❙♦❜♦❧❡✈ 1♣❛❝❡1✳

■♥ $❤✐1 1❡❝$✐♦♥✱ ✇❡ ♣&♦✈❡ $✇♦ &❡1✉❧$1✳ ❚❤❡ ✜&1$ &❡1✉❧$ ❣✐✈❡1 ❛ ♥❡❝❡11❛&② ❛♥❞ 1✉✣✲

❝✐❡♥$ ❝♦♥❞✐$✐♦♥ $♦ ❤❛✈❡ $❤❡ ❡①♣♦♥❡♥$✐❛❧ 1$❛❜✐❧✐$② ♦❢ $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1

ω̈h(t) + Ahωh(t) + BhB
∗
hω̇h(t) + hθAhω̇h(t) = 0

ωh(0) = ω0h ∈ Vh, ω̇h(0) = ω1h ∈ Vh,
✭✷✳✹✳✻✮

✐♥ $❤❡ ❛❜1❡♥❝❡ ♦❢ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ❛11✉♠❡❞ ✐♥ ❬✻✹❪✳ ❍❡&❡ ❛♥❞ ❜❡❧♦✇ ω0h

✭&❡1♣✳ ω1h✮ ✐1 ❛♥ ❛♣♣&♦①✐♠❛$✐♦♥ ♦❢ ω0 ✭&❡1♣✳ ω1✮ ✐♥ Vh✳ ❋♦& $❤❛$ ♣✉&♣♦1❡✱ ✇❡ ♥❡❡❞ $♦

♠❛❦❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ❛11✉♠♣$✐♦♥

∃α0 > 0, ∀k ∈ {1, ...,M}, ∀kn ∈ Ak, ∀C ∈ RLn ,
∥∥B−1

kn
ΦknC

∥∥
U, 2

≥ α0 ‖C‖2 ,
✭✷✳✹✳✼✮

✇❤❡&❡ ‖.‖2 ✐1 $❤❡ ❡✉❝❧✐❞✐❛♥ ♥♦&♠✳ ❚❤❡ ✜&1$ ♠❛✐♥ &❡1✉❧$ ✐1 $❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦$❡♠ ✷✳✹✳✶✳ ❙✉♣♣♦$❡ &❤❛& &❤❡ ❣❡♥❡+❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐&✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ &❤❡ ❛$$✉♠♣✲

&✐♦♥ ✭✷✳✹✳✼✮ ❛+❡ ✈❡+✐✜❡❞✳ ❆$$✉♠❡ &❤❛& &❤❡ ❢❛♠✐❧② ♦❢ $✉❜$♣❛❝❡$ (Vh) $❛&✐$✜❡$ ✭✷✳✹✳✹✮

❛♥❞ ✭✷✳✹✳✺✮✳ ❚❤❡♥ &❤❡ ❢❛♠✐❧② ♦❢ $②$&❡♠$ ✭✷✳✹✳✻✮ ✐$ ✉♥✐❢♦+♠❧② ❡①♣♦♥❡♥&✐❛❧❧② $&❛❜❧❡✱ ✐♥

&❤❡ $❡♥$❡ &❤❛& &❤❡+❡ ❡①✐$& ❝♦♥$&❛♥&$ M, α, h∗ > 0 ✭✐♥❞❡♣❡♥❞❡♥& ♦❢ h, ω0h, ω1h✮ $✉❝❤

&❤❛& ❢♦+ ❛❧❧ h ∈ (0, h∗) ✿

‖ω̇h(t)‖2 + a(ωh(t), ωh(t)) ≤Me−αt(‖ω1h‖2 + a(ω0h, ω0h)), ∀t ≥ 0.

❘❡♠❛$❦ ✷✳✹✳✷✳ ◆♦$❡ $❤❛$ ❚❤❡♦&❡♠ ✷✳✹✳✶ ✐1 $❤❡ ❞✐1❝&❡$❡ ❝♦✉♥$❡&♣❛&$ ♦❢ $❤❡ ❡①♣♦♥❡♥✲

$✐❛❧ ❞❡❝❛② ♦❢ $❤❡ 1♦❧✉$✐♦♥ ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✉♥❞❡& $❤❡ ❛11✉♠♣$✐♦♥1

✭✷✳✸✳✶✮ ❛♥❞ ✭✷✳✹✳✼✮✱ ✇❤✐❝❤ ❢♦❧❧♦✇1 ❢&♦♠ ❚❤❡♦&❡♠ ✷✳✸✳✸ ❛♥❞ P&♦♣♦1✐$✐♦♥ ✷✳✸✳✹ ♦& ❚❤❡♦✲

&❡♠ ✷✳✷ ♦❢ ❬✼❪ ❛♥❞ P&♦♣♦1✐$✐♦♥ ✻✳✺ ♦❢ ❬✻✶❪✳

✺✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❘❡♠❛$❦ ✷✳✹✳✸✳ ❚❤❡ ✉♥✐❢♦&♠ ❡①♣♦♥❡♥$✐❛❧ 1$❛❜✐❧✐$② ♦❢ $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✻✮

❤❛1 ❜❡❡♥ ❛❧&❡❛❞② ♣&♦✈❡❞ ✐♥ ❚❤❡♦&❡♠ ✼✳✶ ♦❢ ❬✷✺❪ ✇✐$❤♦✉$ ❛♥② ❛11✉♠♣$✐♦♥ ♦♥ $❤❡

1♣❡❝$&✉♠ ♦❢ A✳ ❚❤❡ ♣&♦♦❢ ♦❢ $❤✐1 $❤❡♦&❡♠ ✐1 ❜❛1❡❞ ♦♥ ❞❡❝♦✉♣❧✐♥❣ ♦❢ ❧♦✇ ❛♥❞ ❤✐❣❤

❢&❡D✉❡♥❝✐❡1✳ ▼♦&❡ ♣&❡❝✐1❡❧②✱ $❤❡ ❛✉$❤♦& ❝♦♠❜✐♥❡1 ❛ ✉♥✐❢♦&♠ ♦❜1❡&✈❛❜✐❧✐$② ❡1$✐♠❛$❡ ❢♦&

✜❧$❡&❡❞ ✐♥✐$✐❛❧ ❞❛$❛ ❝♦&&❡1♣♦♥❞✐♥❣ $♦ ❧♦✇ ❢&❡D✉❡♥❝✐❡1 ✭1❡❡ ❚❤❡♦&❡♠ ✶✳✸ ♦❢ ❬✷✺❪✮ $♦❣❡✲

$❤❡& ✇✐$❤ ❛ &❡1✉❧$ ♦❢ ❬✷✼❪✳ ■♥❞❡❡❞✱ ✐♥ ❬✷✼❪✱ ❛❢$❡& ❛❞❞✐♥❣ $❤❡ ♥✉♠❡&✐❝❛❧ ✈✐1❝♦1✐$② $❡&♠✱

❛♥♦$❤❡& ✉♥✐❢♦&♠ ♦❜1❡&✈❛❜✐❧✐$② ❡1$✐♠❛$❡ ✐1 ♦❜$❛✐♥❡❞ ❢♦& $❤❡ ❤✐❣❤ ❢&❡D✉❡♥❝② ❝♦♠♣♦✲

♥❡♥$1✳ ❚❤❡ $✇♦ ❡1$❛❜❧✐1❤❡❞ ♦❜1❡&✈❛❜✐❧✐$② ✐♥❡D✉❛❧✐$✐❡1 ②✐❡❧❞ $❤❡ ✉♥✐❢♦&♠ ❡①♣♦♥❡♥$✐❛❧

❞❡❝❛② ♦❢ ✭✷✳✹✳✻✮✳

■❢ $❤❡ ❝♦♥❞✐$✐♦♥ ✭✷✳✹✳✼✮ ✐1 ♥♦$ 1❛$✐1✜❡❞✱ ✇❡ ♠❛② ❧♦♦❦ ❛$ ❛ ✇❡❛❦❡& ✈❡&1✐♦♥✳ ◆❛♠❡❧②

✐❢ ✇❡ ❛11✉♠❡ $❤❛$

∃l ∈ N∗, ∃α0 > 0, ∀k ∈ {1, ...,M}, ∀kn ∈ Ak, ∀C ∈ RLn ,
∥∥B−1

kn
ΦknC

∥∥
U, 2

≥ α0

λlkn
‖C‖2 ,

✭✷✳✹✳✽✮

$❤❡♥ ✇❡ ✇✐❧❧ ♦❜$❛✐♥ ❛ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$② ❢♦& $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1

ω̈h(t) + (1 + hθ)−2(I + hθA
l
2
h )

2Ahωh(t)

+(I + hθA
l
2
h )(BhB

∗
h + hθA

1+ l
2

h )(I + hθA
l
2
h )

−1ω̇h(t) = 0,

ωh(0) = ω0h ∈ Vh, ω̇h(0) = (1 + hθ)−1(I + hθA
l
2
h )ω1h ∈ Vh.

✭✷✳✹✳✾✮

❚❤❡ 1$&✉❝$✉&❡ ♦❢ $❤❡ ❛❜♦✈❡ ❞✐1❝&❡$❡ 1②1$❡♠ ❤❛1 ❜❡❡♥ ✐♥1♣✐&❡❞ ❢&♦♠ $❤❡ ♦♥❡ ✐♥$&♦✲

❞✉❝❡❞ ✐♥ ❬✻✹❪ ❢♦& $❤❡ ❡①♣♦♥❡♥$✐❛❧ 1$❛❜✐❧✐$② ❝❛1❡ ✇❤❡&❡ $❤❡ ❛✉$❤♦&1 ❤❛✈❡ ✉1❡❞ 1②1$❡♠

✭✷✳✹✳✻✮ ❝♦&&❡1♣♦♥❞✐♥❣ $♦ l = 0✳ ■♥ ❜♦$❤ ❝❛1❡1✱ $❤✐1 ❝❤♦✐❝❡ ✐1 ♠♦$✐✈❛$❡❞ ❜② $❤❡ ❝♦&&❡1✲

♣♦♥❞✐♥❣ ♦❜1❡&✈❛❜✐❧✐$② ❡1$✐♠❛$❡1✳ ❚❤❡ ♥✉♠❡&✐❝❛❧ ✈✐1❝♦1✐$② $❡&♠ (I + hθA
l
2
h )(BhB

∗
h +

hθA
1+ l

2
h )(I + hθA

l
2
h )

−1ω̇h(t) ✐1 ❛❞❞❡❞ $♦ ❞❛♠♣ $❤❡ ❤✐❣❤ ❢&❡D✉❡♥❝② ♠♦❞❡1 ❛♥❞ ❛1 $❤❡

1❡$ ♦❢ ❤✐❣❤ ❢&❡D✉❡♥❝② ♠♦❞❡1 ✐1 ❧❛&❣❡& ✐♥ $❤❡ ♣♦❧②♥♦♠✐❛❧ ❝❛1❡✱ $❤❡ ✈✐1❝♦1✐$② $❡&♠ ✐1

♥❛$✉&❛❧❧② 1$&♦♥❣❡&✳ ■♥ $❤❡ ❝❛1❡ l > 0 $❤❡ ♣♦✇❡&1 ♦❢ (I + hθA
l
2
h ) ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞

$♦ ❣✉❛&❛♥$❡❡ $❤❡ ✉♥✐❢♦&♠ ❜♦✉♥❞❡❞♥❡11 ♦❢ $❤❡ &❡1♦❧✈❡♥$ ♦❢ Ãl,h ✭❞❡✜♥❡❞ ❜❡❧♦✇✮ ♥❡❛&

③❡&♦✳ ❚❤❡ D✉❡1$✐♦♥ ♦❢ $❤❡ ♦♣$✐♠❛❧✐$② ♦❢ $❤❡1❡ ✈✐1❝♦1✐$② $❡&♠1 &❡♠❛✐♥1 ♦♣❡♥✳

✺✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤❡ 1❡❝♦♥❞ ♠❛✐♥ &❡1✉❧$ ♦❢ $❤✐1 ❝❤❛♣$❡& ✐1 $❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✳

❚❤❡♦$❡♠ ✷✳✹✳✹✳ ❙✉♣♣♦$❡ &❤❛& &❤❡ ❣❡♥❡+❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐&✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ &❤❡ ❛$✲

$✉♠♣&✐♦♥ ✭✷✳✹✳✽✮ ❛+❡ ✈❡+✐✜❡❞ ✇✐&❤ l ∈ N∗
❡✈❡♥✳ ❆$$✉♠❡ &❤❛& &❤❡ ❢❛♠✐❧② ♦❢ $✉❜$♣❛❝❡$

(Vh) $❛&✐$✜❡$ ✭✷✳✹✳✹✮ ❛♥❞ ✭✷✳✹✳✺✮✳ ❚❤❡♥ &❤❡ ❢❛♠✐❧② ♦❢ $②$&❡♠$ ✭✷✳✹✳✾✮ ✐$ ✉♥✐❢♦+♠❧②

♣♦❧②♥♦♠✐❛❧❧② $&❛❜❧❡✱ ✐♥ &❤❡ $❡♥$❡ &❤❛& &❤❡+❡ ❡①✐$& ❝♦♥$&❛♥&$ C, h∗ > 0 ✭✐♥❞❡♣❡♥❞❡♥&

♦❢ h, ω0h, ω1h✮ $✉❝❤ &❤❛& ❢♦+ ❛❧❧ h ∈ (0, h∗) ✿
∥∥∥(I + hθA

l
2
h )

−1ω̇h(t)
∥∥∥
2

+ a(ωh(t), ωh(t)) ≤ C

t2
‖(ω0h, ω1h)‖2D(Ã2l

l,h
)
,

∥∥∥(I + hθA
l
2
h )

−1ω̇h(t)
∥∥∥
2

+ a(ωh(t), ωh(t)) ≤ C

t
1
l

‖(ω0h, ω1h)‖2D(Ãl,h)
,

∀t > 0, ∀(ω0h, ω1h) ∈ Vh × Vh,

✇❤❡+❡ ❢♦+ q ∈ N∗
✱ ‖.‖D(Ãq

l,h
) ✐$ &❤❡ ❣+❛♣❤ ♥♦+♠ ♦❢ &❤❡ ♠❛&+✐① ♦♣❡+❛&♦+ Ãq

l,h ❣✐✈❡♥ ✐♥

✭✷✳✺✳✶✮ ♦❢ ❙❡❝&✐♦♥ ✷✳✺ ❜❡❧♦✇✳

❋♦& ❛ $❡❝❤♥✐❝❛❧ &❡❛1♦♥✱ ✇❡ ❛11✉♠❡ l $♦ ❜❡ ❡✈❡♥ ✭1❡❡ ▲❡♠♠❛ ✷✳✽✳✹✮✳ ■❢ ✭✷✳✹✳✽✮ ❤♦❧❞1

❢♦& l ♦❞❞✱ $❤❡♥ ✇❡ ❝❛♥ 1$✐❧❧ ❛♣♣❧② $❤❡ &❡1✉❧$1 ♦❢ ❚❤❡♦&❡♠ ✷✳✹✳✹ ✭1❡❡ ❘❡♠❛&❦ ✷✳✶✵✳✶

❜❡❧♦✇✮✳

❘❡♠❛$❦ ✷✳✹✳✺✳ ❆1 ❜❡❢♦&❡✱ ❚❤❡♦&❡♠ ✷✳✹✳✹ ✐1 $❤❡ ❞✐1❝&❡$❡ ❝♦✉♥$❡&♣❛&$ ♦❢ $❤❡ ♣♦❧②♥♦✲

♠✐❛❧ ❞❡❝❛② ♦❢ $❤❡ 1♦❧✉$✐♦♥ ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✉♥❞❡& $❤❡ ❛11✉♠♣$✐♦♥1

✭✷✳✸✳✶✮ ❛♥❞ ✭✷✳✹✳✽✮✱ $❤❛$ ❢♦❧❧♦✇1 ❢&♦♠ ❚❤❡♦&❡♠ ✷✳✸✳✻ ❛♥❞ K&♦♣♦1✐$✐♦♥ ✷✳✸✳✼ ♦& ❚❤❡♦✲

&❡♠ ✷✳✹ ♦❢ ❬✼❪ ❛♥❞ K&♦♣♦1✐$✐♦♥ ✻✳✽ ♦❢ ❬✻✶❪✳

✷✳✺ ❲❡❧❧✲♣♦)❡❞♥❡)) ♦❢ -❤❡ ❞✐)❝1❡-✐③❡❞ ♣1♦❜❧❡♠

❋&♦♠ ♥♦✇ ♦♥✱ ✇❡ ✜① l ∈ N✱ l ❡✈❡♥✳ ❲❡ ✐♥$&♦❞✉❝❡ $❤❡ ❍✐❧❜❡&$ 1♣❛❝❡ Xh = Vh×Vh

❛♥❞ $❤❡ ♦♣❡&❛$♦& Ãl,h : Xh → Xh ❞❡✜♥❡❞ ❜②

Ãl,h =


 0 (1 + hθ)−1(I + hθA

l
2
h )

−(1 + hθ)−1(I + hθA
l
2
h )Ah −hθA1+ l

2
h − BhB

∗
h


 . ✭✷✳✺✳✶✮

✺✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤❡ 1♣❛❝❡ Xh ✐1 ❤❡&❡ ❡5✉✐♣♣❡❞ ✇✐$❤ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$




 uh

vh


 ,


 ũh

ṽh






Xh

= a(uh, ũh)+(vh, ṽh), ∀(uh, vh), (ũh, ṽh) ∈ Xh, ✭✷✳✺✳✷✮

✇✐$❤ ❛11♦❝✐❛$❡❞ ♥♦&♠ ‖.‖Xh
✳ ❚❤❡&❡❢♦&❡✱ $❤❡ 1②1$❡♠ ✭✷✳✹✳✾✮ ✐1 ❡5✉✐✈❛❧❡♥$ $♦ $❤❡ ❢♦❧❧♦✲

✇✐♥❣ ✜&1$ ♦&❞❡& 1②1$❡♠ ✐♥ Xh ✿

żh(t) = Ãl,hzh(t), zh(0) = z0h,

✇❤❡&❡ zh(t) =


 ωh(t)

(1 + hθ)(I + hθA
l
2
h )

−1ω̇h(t)



❛♥❞ z0h =


 ω0h

ω1h


 . ◆♦$❡ $❤❛$ ✇❡

&❡❝♦✈❡& $❤❡ 1②1$❡♠ ✭✷✳✹✳✻✮ ✐♥ $❤❡ ♣❛&$✐❝✉❧❛& ❝❛1❡ l = 0.

▲❡♠♠❛ ✷✳✺✳✶✳ Ãl,h ✐! ♠❛①✐♠❛❧ ❞✐!!✐♣❛(✐✈❡ ✐♥ Xh ❀ ❤❡♥❝❡✱ ✐( ❢♦❧❧♦✇! ❢3♦♠ ▲✉♠❡3✲

7❤✐❧❧✐♣! ❚❤❡♦3❡♠ (❤❛(✱ ❢♦3 ❡✈❡3② h > 0✱ Ãl,h ❣❡♥❡3❛(❡! ❛ C0 !❡♠✐❣3♦✉♣ ♦❢ ❝♦♥(3❛❝(✐♦♥!

✐♥ Xh✳ ❲❡ ✇✐❧❧ ❞❡♥♦(❡ (❤✐! C0 !❡♠✐❣3♦✉♣ ❜② Tl,h(t) ✳

()♦♦❢✿ ❋♦& $❤❡ ❞✐11✐♣❛$✐✈✐$② ♦❢ Ãl,h✱ ✐$ ✐1 ❡❛1② $♦ ❝❤❡❝❦ $❤❛$ ℜ(Ãl,hU,U) ≤ 0 ❢♦&

❡✈❡&② U ∈ Xh✳ ❆1 ❢♦& $❤❡ ♠❛①✐♠❛❧✐$②✱ Ãl,h ✐1 ❜✐❥❡❝$✐✈❡ 1✐♥❝❡ 0 ∈ ρ(Ãl,h) ✭1❡❡ ▲❡♠♠❛

✷✳✽✳✶ ❜❡❧♦✇✮✳ ❚❤❡&❡❢♦&❡✱ Ãl,h ❜❡❝♦♠❡1 ♠❛①✐♠❛❧✳ ■♥❞❡❡❞✱ ❧❡$ F ∈ Xh ❛♥❞ ❞❡✜♥❡ $❤❡

♦♣❡&❛$♦& T ♦♥ Xh 1✉❝❤ $❤❛$ TU = µÃ−1
l,hU − Ã−1

l,hF ✳ ❋♦& ❡✈❡&② U, V ∈ Xh✱ ✇❡ ❤❛✈❡

‖TU − TV ‖ = ‖µÃ−1
l,hU − µÃ−1

l,hV ‖ ≤ µ‖Ã−1
l,h‖‖U − V ‖.

❆1 Ã−1
l,h ✐1 ❜♦✉♥❞❡❞ 1✐♥❝❡ ✐$ ✐1 ❧✐♥❡❛& ♦✈❡& ❛ ✜♥✐$❡ ❞✐♠❡♥1✐♦♥❛❧ 1♣❛❝❡✱ ✇❡ ❝❤♦♦1❡

0 < µ <
1

‖Ã−1
l,h‖

1♦ $❤❛$ T ❜❡❝♦♠❡1 ❛ ❝♦♥$&❛❝$✐♦♥ ❛♥❞ ❤❡♥❝❡ ❛❞♠✐$1 ❛ ✜①❡❞ ♣♦✐♥$

U ✳ ❚❤❡&❡❢♦&❡✱ $❤❡&❡ ❡①✐1$1 U ∈ Xh ❛♥❞ µ > 0 1✉❝❤ $❤❛$ µÃ−1
l,hU − Ã−1

l,hF = U ♦&

(µI − Ãl,h)U = F ✳

✺✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ 1❤❛❧❧ ♥♦$❡ ❤❡&❡ $❤❛$ $❤❡ ❞✐1❝&❡$❡ ❡♥❡&❣② ♦❢ 1②1$❡♠ ✭✷✳✹✳✾✮ ✐1 ❣✐✈❡♥ ❜②

Eh(t) =
1

2
‖zh(t)‖2Xh

=
1

2
(Ahωh, ωh) +

1

2
(1 + hθ)2

(
(I + hθA

l
2
h )

−2ω̇h(t), ω̇h(t)
)
.

❚❤❡&❡❢♦&❡✱ ❢♦& ❛♥② t > 0✱ ✇❡ ❤❛✈❡

E ′
h(t) = −(1 + hθ)2

(∥∥∥B∗
h(I + hθA

l
2
h )

−1ω̇h(t)
∥∥∥
2

+ hθ
∥∥∥A

2+l
4

h (I + hθA
l
2
h )

−1ω̇h(t)
∥∥∥
2
)
.

❲❡ ♥♦$✐❝❡ $❤❡ ❛❞❞✐$✐♦♥❛❧ 1❡❝♦♥❞ $❡&♠ ♦♥ $❤❡ &✐❣❤$ ❤❛♥❞ 1✐❞❡ ♦❢ $❤❡ ❛❜♦✈❡ ❞✐11✐♣❛$✐♦♥

❡@✉❛❧✐$②✳ ■♥ ❢❛❝$✱ $❤✐1 ✈✐1❝♦1✐$② $❡&♠ ❤❡❧♣1 ✐♥❝&❡❛1❡ $❤❡ ❞❡❝❛② &❛$❡ ♦❢ $❤❡ ❞✐1❝&❡$❡

❡♥❡&❣②✳

✷✳✻ ❙♣❡❝'(❛❧ ❛♥❛❧②-✐- ♦❢ '❤❡ ❞✐-❝(❡'✐③❡❞ ♣(♦❜❧❡♠

❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ♦❢ $❤❡ ❞✐1❝&❡$✐③❡❞ ♣&♦❜❧❡♠ ✐1 $❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡ ✿ ✜♥❞

λk, h ∈]0, +∞[, ϕk, h ∈ Vh, 1✉❝❤ $❤❛$

a(ϕk, h, ψh) = λ2k, h(ϕk, h, ψh), ∀ψh ∈ Vh. ✭✷✳✻✳✶✮

▲❡$ N(h) ❜❡ $❤❡ ❞✐♠❡♥1✐♦♥ ♦❢ Vh✳ ❲❡ ❞❡♥♦$❡ ❜② {λ2k, h}1≤k≤N(h) $❤❡ 1❡$ ♦❢ ❡✐❣❡♥✈❛❧✉❡1

♦❢ ✭✷✳✻✳✶✮ ❝♦✉♥$❡❞ ✇✐$❤ $❤❡✐& ♠✉❧$✐♣❧✐❝✐$✐❡1✳ ▲❡$ {ϕk, h}1≤k≤N(h) ❜❡ $❤❡ ♦&$❤♦♥♦&♠❛❧

❡✐❣❡♥✈❡❝$♦&1 ❛11♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λ2k, h. ❲❡ ❞❡✜♥❡ $❤❡ 1❡1@✉✐❧✐♥❡❛& ❢♦&♠

al(., .) ♦♥ Vh ❜②

al(uh, vh) =
(
A

1+ l
2

h uh, vh

)
, ∀(uh, vh) ∈ Vh × Vh;

✐✳❡✳✱

al(uh, vh) =

N(h)∑

k=1

ckdkλ
2+l
k, h,

❢♦& uh =

N(h)∑

k=1

ckϕk, h ❛♥❞ vh =

N(h)∑

k=1

dkϕk, h✳ ❘❡♠❛&❦ $❤❛$ a
0(., .) = a(., .) ❞❡✜♥❡❞ ✐♥

✭✷✳✹✳✷✮✳

✺✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

■♥ $❤✐1 ❙❡❝$✐♦♥✱ ✇❡ 1❤♦✇ $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ $❤❡ ♦❜✲

1❡&✈❛❜✐❧✐$② ❝♦♥❞✐$✐♦♥1 ✭✷✳✹✳✼✮ ❛♥❞ ✭✷✳✹✳✽✮ 1$✐❧❧ ❤♦❧❞ ❢♦& $❤❡ ❛♣♣&♦①✐♠❛$❡ ♣&♦❜❧❡♠ ✭✉♥✐✲

❢♦&♠❧② ✐♥ h✮✱ ♣&♦✈✐❞❡❞ $❤❛$ ✇❡ ❝♦♥1✐❞❡& ♦♥❧② ✏❧♦✇ ❢&❡G✉❡♥❝✐❡1✑✳ ▼♦&❡ ♣&❡❝✐1❡❧②✱ ✇❡

❤❛✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ✜&1$ &❡1✉❧$ ✿

 !♦♣♦$✐&✐♦♥ ✷✳✻✳✶✳ ❙✉♣♣♦$❡ &❤❛& &❤❡ ❣❡♥❡+❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐&✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ &❤❡ ❛$✲

$✉♠♣&✐♦♥ ✭✷✳✹✳✼✮ ❛+❡ ✈❡+✐✜❡❞✳ ❚❤❡♥✱ &❤❡+❡ ❡①✐$& &✇♦ ❝♦♥$&❛♥&$ ǫ > 0 ❛♥❞ h∗ > 0,

$✉❝❤ &❤❛&✱ ❢♦+ ❛❧❧ 0 < h < h∗ ❛♥❞ ❢♦+ ❛❧❧ k ∈ {1, ..., N(h)} $❛&✐$❢②✐♥❣

hθλ2k ≤ ǫ, ✭✷✳✻✳✷✮

✇❡ ❤❛✈❡

∃M ∈ N∗, ∃γ > 0, λk+M,h − λk, h ≥Mγ ✭✷✳✻✳✸✮

❛♥❞

∃α > 0, ∀p ∈ {1, ...,M}, ∀kn ∈ Ap,h, ∀C ∈ RLn ,
∥∥B−1

kn
Φkn, hC

∥∥
U, 2

≥ α ‖C‖2 ,
✭✷✳✻✳✹✮

✇❤❡+❡ α ✐$ ✐♥❞❡♣❡♥❞❡♥& ♦❢ h✱ ❛♥❞ ✇❤❡+❡ &❤❡ ♠❛&+✐① Φkn, h ∈ Mp, Ln
(U), ✇✐&❤ ❝♦❡✣✲

❝✐❡♥&$ ✐♥ U ✱ ✐$ ❞❡✜♥❡❞ ❛$ ❢♦❧❧♦✇$ ✿ ❢♦+ ❛❧❧ i = 1, ..., p✱ ✇❡ $❡&

(Φkn, h)ij =





B∗
hϕkn+i−1+j−Ln, i−1−1, h ✐❢ Ln, i−1 < j ≤ Ln, i,

0 ❡❧$❡✱

✇❤❡+❡ Ln, i−1 ✐$ ❞❡✜♥❡❞ ❜② ✭✷✳✸✳✷✮ ❛♥❞

Ap,h = {kn ∈ Ap $❛&✐$❢②✐♥❣ ✭✷✳✻✳✷✮ ❛♥❞ $✳&✳ kn+p−1 + ln+p−1 − 1 ≤ N(h)} .

❋♦& $❤❡ ♣&♦♦❢ ♦❢ $❤✐1 ♣&♦♣♦1✐$✐♦♥✱ ✇❡ ♥❡❡❞ ❛ &❡1✉❧$ ♣&♦✈❡❞ ❜② ❇❛❜✉1❦❛ ❛♥❞ ❖1❜♦&♥

✐♥ ❬✶✷❪✳ ❋♦& $❤❛$ ♣✉&♣♦1❡✱ ✇❡ ✐♥$&♦❞✉❝❡ ǫh(n, j) 1✉❝❤ $❤❛$

ǫh(n, j) = inf
ϕ∈Mj(λkn )

inf
vh∈Vh

‖ϕ− vh‖V ,

✺✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇❤❡&❡ Mj(λkn) = {ϕ ∈ M(λkn) : a(ϕ, ϕkn, h) = ... = a(ϕ, ϕkn+j−2, h) = 0} ❛♥❞
M(λkn) = {ϕ : ϕ ✐1 ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢ A

1
2
❝♦&&❡1♣♦♥❞✐♥❣ $♦ λkn , ‖ϕ‖ = 1}. ❚❤❡ &❡1✲

$&✐❝$✐♦♥1 a(ϕ, ϕkn, h) = ... = a(ϕ, ϕkn+j−2, h) = 0 ❛&❡ ♥♦$ ✐♠♣♦1❡❞ ✐❢ j = 1. ❚❤❡♥✱

✇❡ ❤❛✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ❡1$✐♠❛$❡ ❛❜♦✉$ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ ❡✐❣❡♥✈❡❝$♦& ❡&&♦&1 ❢♦& $❤❡

●❛❧❡&❦✐♥ ♠❡$❤♦❞ ✐♥ $❡&♠1 ♦❢ $❤❡ ❛♣♣&♦①✐♠❛❜✐❧✐$② >✉❛♥$✐$✐❡1 ǫh(n, j).

❚❤❡♦$❡♠ ✷✳✻✳✷✳ ❚❤❡#❡ ❛#❡ ♣♦'✐)✐✈❡ ❝♦♥')❛♥)' C ❛♥❞ h0 '✉❝❤ )❤❛)

λkn+j, h−λkn+j ≤ Cǫ2h(n, j), ∀0 < h ≤ h0, j = 0, ..., ln−1, kn+ j ≤ N(h), n ∈ N∗

✭✷✳✻✳✺✮

❛♥❞ '✉❝❤ )❤❛) )❤❡ ❡✐❣❡♥✈❡❝)♦#' {ϕkn+j}0≤j≤ln−1 ♦❢ A
1
2
❝❛♥ ❜❡ ❝❤♦'❡♥ '♦ )❤❛)

‖ϕkn+j, h − ϕkn+j‖V ≤ Cǫh(n, j), ∀0 < h ≤ h0, j = 0, ..., ln−1, kn+j ≤ N(h), n ∈ N∗.

✭✷✳✻✳✻✮

❚❤✐1 &❡1✉❧$ ✐1 ♣&♦✈❡❞ ❜② ❇❛❜✉1❦❛ ❛♥❞ ❖1❜♦&♥ ✐♥ ❬✶✷✱ ♣✳ ✼✵✷❪ ❜❡❝❛✉1❡

λ2kn+j, h − λ2kn+j = (λkn+j, h − λkn+j)(λkn+j, h + λkn+j) ≥ 2λ1(λkn+j, h − λkn+j).

❘❡♠❛$❦ ✷✳✻✳✸✳ ◆♦)✐❝❡ )❤❛) ❢♦# ❡✈❡#② ϕ ∈Mj(λkn) ✇❡ ❤❛✈❡

ǫh(n, j) ≤ inf
vh∈Vh

‖ϕ− vh‖V
≤ C0h

θ ‖Aϕ‖ ❜② ✭✷✳✹✳✹✮

≤ C0h
θλ2kn ‖ϕ‖ = C0h

θλ2kn+j.

✭✷✳✻✳✼✮

-$♦♦❢ ♦❢ -$♦♣♦0✐2✐♦♥ ✷✳✻✳✶✳ ❲❡ ❜❡❣✐♥ ✇✐$❤ $❤❡ ♣&♦♦❢ ♦❢ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣

❝♦♥❞✐$✐♦♥ ❢♦& $❤❡ ❛♣♣&♦①✐♠❛$❡ ❡✐❣❡♥✈❛❧✉❡1 λk, h. ❋✐&1$✱ ✇❡ ✉1❡ $❤❡ ▼✐♥✲▼❛① ♣&✐♥❝✐♣❧❡

✭1❡❡ ❬✻✼❪✮ $♦ ♦❜$❛✐♥

λk ≤ λk, h, ∀k ∈ {1, ..., N(h)}. ✭✷✳✻✳✽✮

❙❡❝♦♥❞✱ ✇❡ ✉1❡ $❤❡ ❡1$✐♠❛$❡1 ✭✷✳✻✳✺✮ ❛♥❞ ✭✷✳✻✳✼✮ ❛♥❞ ✇❡ ❤❛✈❡

λk, h ≤ λk + C(C0h
θλ2k)

2 ≤ λk + C(C0ǫ)
2 ≤ λk + CC2

0ǫ, ✭✷✳✻✳✾✮

✺✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❢♦& ❛❧❧ k ∈ {1, ..., N(h)} ✈❡&✐❢②✐♥❣ ✭✷✳✻✳✷✮ ❛♥❞ ǫ ≤ 1✳ ❚❤❡&❡❢♦&❡✱ ✇❡ ♠❛② ✇&✐$❡

λk+M,h − λk, h ≥ λk+M − λk − CC2
0ǫ ≥Mγ0 − CC2

0ǫ ≥M
γ0
2

=:Mγ

❢♦& ❛❧❧ k ∈ {1, ..., N(h)} 1❛$✐1❢②✐♥❣ ✭✷✳✻✳✷✮ ❛♥❞ ❢♦& ǫ ≤ Mγ0
2CC2

0
.

◆♦✇✱ ✇❡ ♣&♦✈❡ $❤❡ ❡1$✐♠❛$❡ ✭✷✳✻✳✹✮ ✇❤✐❝❤ ✐1 $❤❡ ❛♣♣&♦①✐♠❛$❡❞ ✈❡&1✐♦♥ ♦❢ ✭✷✳✹✳✼✮✳

◆♦$✐❝❡ $❤❛$

‖Φkn, h − Φkn‖U ≤ C max
i=0,...,p−1

ln+i−1∑

j=0

∥∥B∗ϕkn+i+j, h − B∗ϕkn+i+j

∥∥
U

≤ C max
i=0,...,p−1

ln+i−1∑

j=0

‖B∗‖L(H,U)

∥∥ϕkn+i+j, h − ϕkn+i+j

∥∥

≤ C max
i=0,...,p−1

ln+i−1∑

j=0

‖B∗‖L(H,U)

∥∥ϕkn+i+j, h − ϕkn+i+j

∥∥
V

≤ C max
i=0,...,p−1

ln+i−1∑

j=0

ǫh(n+ i, j) ❜② (2.6.6)

≤ C max
i=0,...,p−1

ln+i−1∑

j=0

hθλ2kn+i+j ❜② ✭✷✳✻✳✼✮✳

❚❤✉1✱ ❜② ✭✷✳✻✳✷✮✱ ✇❡ ❣❡$

‖Φkn, h − Φkn‖U ≤ Cǫ. ✭✷✳✻✳✶✵✮

❚❤❡&❡❢♦&❡ $❤❡ $&✐❛♥❣✉❧❛& ✐♥❡D✉❛❧✐$② ❧❡❛❞1 $♦

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

=
∥∥B−1

kn
ΦknC +B−1

kn
(Φkn, h − Φkn)C

∥∥
U, 2

≥
∥∥B−1

kn
ΦknC

∥∥
U, 2

−
∥∥B−1

kn
(Φkn, h − Φkn)C

∥∥
U, 2

≥ α0 ‖C‖2 −
∥∥B−1

kn
(Φkn, h − Φkn)C

∥∥
U, 2

❜② ✭✷✳✹✳✼✮✳ ❇✉$✱ ❛1 B−1
kn

=




1 1 · · · 1

0 0 · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · 0




+Rkn , ✇✐$❤ Rkn → 0, ✇❤❡♥ kn → +∞

✺✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✭1❡❡ ▲❡♠♠❛ ✷✳✸✳✶✮✱ ✇❡ ♦❜$❛✐♥

∥∥B−1
kn
(Φkn, h − Φkn)C

∥∥
U, 2

≤

∥∥∥∥∥∥∥∥∥∥∥∥




1 1 · · · 1

0 0 · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · 0




(Φkn, h − Φkn)C

∥∥∥∥∥∥∥∥∥∥∥∥
U, 2

+ ‖Rkn(Φkn, h − Φkn)C‖U, 2
≤ C ‖Φkn, h − Φkn‖U ‖C‖2 + ηn ‖Φkn, h − Φkn‖U ‖C‖2
≤ Cǫ(1 + ηn) ‖C‖2 ,

✭✷✳✻✳✶✶✮

✇❤❡&❡ ηn = ‖Rkn‖ → 0. ❚❤✉1

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

≥ (α0 − Cǫ(1 + ηn)) ‖C‖2 ≥
α0

2
‖C‖2

❢♦& ǫ ≤ α0

2C(1+ max
n

(1 + ηn))
.�

❋♦& $❤❡ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$②✱ ✇❡ ❤❛✈❡ $❤❡ 1❛♠❡ ❦✐♥❞ ♦❢ &❡1✉❧$✱ ❜✉$ ♠♦&❡ ✜❧$❡&✐♥❣

✐1 ♥❡❝❡11❛&② ✐♥ ♦&❞❡& $♦ ❤❛✈❡ $❤❡ ❞✐1❝&❡$❡ ❝♦✉♥$❡&♣❛&$ ♦❢ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❝♦♥❞✐$✐♦♥

✭✷✳✹✳✽✮ ✭✉♥✐❢♦&♠❧② ✐♥ h✮✳

 !♦♣♦$✐&✐♦♥ ✷✳✻✳✹✳ ❙✉♣♣♦$❡ &❤❛& &❤❡ ❣❡♥❡+❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐&✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ &❤❡ ❛$✲

$✉♠♣&✐♦♥ ✭✷✳✹✳✽✮ ❛+❡ ✈❡+✐✜❡❞✳ ❚❤❡♥✱ &❤❡+❡ ❡①✐$& &✇♦ ❝♦♥$&❛♥&$ ǫ > 0 ❛♥❞ h∗ > 0,

$✉❝❤ &❤❛&✱ ❢♦+ ❛❧❧ 0 < h < h∗ ❛♥❞ ❢♦+ ❛❧❧ k ∈ {1, ..., N(h)}, $❛&✐$❢②✐♥❣

hθλ2k ≤
ǫ

λlk
, ✭✷✳✻✳✶✷✮

✇❡ ❤❛✈❡ ✭✷✳✻✳✸✮ ❛♥❞

∃α > 0, ∀p ∈ {1, ...,M}, ∀kn ∈ A
(l)
p,h, ∀C ∈ RLn ,

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

≥ α

λlkn
‖C‖2 ,
✭✷✳✻✳✶✸✮

✇❤❡+❡ A
(l)
p,h = {kn ∈ Ap $❛&✐$❢②✐♥❣ ✭✷✳✻✳✶✷✮ ❛♥❞ $✳&✳ kn+p−1 + ln+p−1 − 1 ≤ N(h)} .

✻✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

 !♦♦❢✿ ❚❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ❢♦& $❤❡ ❛♣♣&♦①✐♠❛$❡ ❡✐❣❡♥✈❛❧✉❡1 λk, h ✐1 ❛

❝♦♥1❡:✉❡♥❝❡ ♦❢ ;&♦♣♦1✐$✐♦♥ ✷✳✻✳✶✱ ❜❡❝❛✉1❡ λk ≥ λ1 > 0✳

❚♦ ♣&♦✈❡ $❤❡ ❡1$✐♠❛$❡ ✭✷✳✻✳✶✸✮ ✇❡ ♥♦$✐❝❡ $❤❛$

‖Φkn, h − Φkn‖U ≤ C max
i=0,...,p−1

ln+i−1∑

j=0

hθλ2kn+i+j ≤ C hθλ2kn+p−1
.

▼♦&❡♦✈❡& ❜② $❤❡ $&✐❛♥❣✉❧❛& ✐♥❡:✉❛❧✐$② ❛♥❞ ✭✷✳✹✳✽✮✱ ✇❡ ❤❛✈❡

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

≥ α0

λl
kn

‖C‖2 −
∥∥B−1

kn
(Φkn, h − Φkn)C

∥∥
U, 2

.

❇② ✭✷✳✻✳✶✶✮ ❛♥❞ ✭✷✳✻✳✶✷✮✱ ✇❡ ♦❜$❛✐♥

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

≥ ( α0

λl
kn

− C(1+ηn)ǫ

λl
kn+p−1

) ‖C‖2
≥ ( α0

λl
kn

− Cǫ
λl
kn

+ρn
(1 + ηn)) ‖C‖2 , ✇✐$❤ ρn = λlkn+p−1

− λlkn → 0

≥ α
λl
kn

‖C‖2

❢♦& ❛♥ ❛♣♣&♦♣&✐❛$❡ ❝❤♦✐❝❡ ♦❢ ǫ > 0.

❘❡♠❛!❦ ✷✳✻✳✺✳  !♦♣♦$✐&✐♦♥ ✷✳✻✳✶ ✐♥ ❝❛$❡ l = 0 ❛♥❞  !♦♣♦$✐&✐♦♥ ✷✳✻✳✹ ❢♦! l ∈ N∗

$❤♦✇ &❤❛& ✐❢ hθλ2+l
k ≤ ǫ✱ &❤❡♥ &❤❡ ❞✐$❝!❡&❡ ✈❡!$✐♦♥ ♦❢ &❤❡ ♦❜$❡!✈❛❜✐❧✐&② ✐♥❡9✉❛❧✐&✐❡$ ✐$

$&✐❧❧ ♣!❡$❡!✈❡❞ ✉♥✐❢♦!♠❧② ✐♥ h ❛♥❞ ❤❡♥❝❡ ♥♦ ♣!♦❜❧❡♠$ ✇✐&❤ &❤❡ $&❛❜✐❧✐&② ♦❢ &❤❡ ❞✐$❝!❡&❡

$②$&❡♠$ ❛!❡ ❡①♣❡❝&❡❞✳ ❖♥ &❤❡ ♦&❤❡! ❤❛♥❞✱ ✐❢ hθλ2+l
k ≥ ǫ✱ &❤❡♥ &❤❡ ✈✐$❝♦$✐&② &❡!♠✱

hθA
1+ l

2
h ω̇h(t)✱ ♣❧❛②$ ✐&$ !♦❧❡ ✐♥ ❞❛♠♣✐♥❣ &❤❡ $♣✉!✐♦✉$ ❤✐❣❤ ♦$❝✐❧❧❛&✐♦♥$✳ ■♥❞❡❡❞✱ ✐❢ ✇❡

✇!✐&❡

ω̇h(t) =

N(h)∑

k=1

αk,hϕk, h,

&❤❡♥

hθA
1+ l

2
h ω̇h(t) = hθ

N(h)∑

k=1

αk,hλ
2+l
k, hϕk, h.

✻✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❍❡♥❝❡✱ ✐❢ hθλ2+l
k ≥ ǫ✱ '❤❡♥

∥∥∥hθA1+ l
2

h ω̇h(t)
∥∥∥
2

≥ ǫ2‖ω̇h(t)‖2.

❚❤❡*❡❢♦*❡✱ ✐♥ '❤❡ ♣*❡-❡♥❝❡ ♦❢ ❤✐❣❤ ❢*❡/✉❡♥❝✐❡-✱ '❤❡ ✈✐-❝♦-✐'② '❡*♠ hθA
1+ l

2
h ω̇h(t) ❝❛♥

❜❡ ✈✐❡✇❡❞ ❛- ❛♥ ❛❞❞✐'✐♦♥❛❧ ❞❛♠♣✐♥❣ '❡*♠✳

✷✳✼ ❯♥✐❢♦(♠ *+❛❜✐❧✐+② (❡*✉❧+*

✷✳✼✳✶ ❊①♣♦♥❡♥*✐❛❧ .*❛❜✐❧✐*② 1❡.✉❧*

❚❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✷✳✹✳✶ ✐1 ❜❛1❡❞ ♦♥ $❤❡ ❢♦❧❧♦✇✐♥❣ &❡1✉❧$ ✭1❡❡ ❚❤❡♦&❡♠ ✼✳✶✳✸

✐♥ ❬✺✷❪✮ ✿

❚❤❡♦$❡♠ ✷✳✼✳✶✳ ▲❡' (Th)h>0 ❜❡ ❛ ❢❛♠✐❧② ♦❢ -❡♠✐❣*♦✉♣- ♦❢ ❝♦♥'*❛❝'✐♦♥- ♦♥ '❤❡ ❍✐❧❜❡*'

-♣❛❝❡- (Xh)h>0 ❛♥❞ ❧❡' (Ãh)h>0 ❜❡ '❤❡ ❝♦**❡-♣♦♥❞✐♥❣ ✐♥✜♥✐'❡-✐♠❛❧ ❣❡♥❡*❛'♦*-✳ ❚❤❡

❢❛♠✐❧② (Th)h>0 ✐- ✉♥✐❢♦*♠❧② ❡①♣♦♥❡♥'✐❛❧❧② -'❛❜❧❡✱ '❤❛' ✐- '♦ -❛② '❤❡*❡ ❡①✐-' ❝♦♥-'❛♥'-

M > 0, α > 0 ✭✐♥❞❡♣❡♥❞❡♥' ♦❢ h ∈ (0, h∗)✮ -✉❝❤ '❤❛'

‖Th(t)‖L(Xh)
≤Me−αt, ∀t ≥ 0,

✐❢ ❛♥❞ ♦♥❧② ✐❢ '❤❡ '✇♦ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐'✐♦♥- ❛*❡ -❛'✐-✜❡❞ ✿

✐✮ ❋♦* ❛❧❧ h ∈ (0, h∗), iR ✐- ❝♦♥'❛✐♥❡❞ ✐♥ '❤❡ *❡-♦❧✈❡♥' -❡' ρ(Ãh) ♦❢ Ãh✱

✐✐✮ sup
h∈(0,h∗),ω∈R

∥∥∥(iω − Ãh)
−1

∥∥∥
L(Xh)

< +∞.

✷✳✼✳✷ 3♦❧②♥♦♠✐❛❧ .*❛❜✐❧✐*② 1❡.✉❧*

❚❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✷✳✹✳✹ ✐1 ❜❛1❡❞ ♦♥ $❤❡ &❡1✉❧$1 ♣&❡1❡♥$❡❞ ✐♥ $❤✐1 1❡❝$✐♦♥

❜② ❛❞❛♣$✐♥❣ $❤❡ &❡1✉❧$1 ❢&♦♠ ❬✶✽❪ ❛♥❞ ❢&♦♠ ❬✹✽❪ $♦ ♦❜$❛✐♥ $❤❡ ✭✉♥✐❢♦&♠✮ ♣♦❧②♥♦♠✐❛❧

1$❛❜✐❧✐$② ♦❢ $❤❡ ❞✐1❝&❡$✐③❡❞ ♣&♦❜❧❡♠ ✭✷✳✹✳✾✮✳ ❚❤&♦✉❣❤♦✉$ $❤✐1 1❡❝$✐♦♥✱ ❧❡$ (Th(t)) t≥0

h∈(0,h∗)

✻✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❜❡ ❛ ❢❛♠✐❧② ♦❢ ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ C0 1❡♠✐❣&♦✉♣1 ♦♥ $❤❡ ❛11♦❝✐❛$❡❞ ❍✐❧❜❡&$ 1♣❛❝❡1

(Xh)h∈(0,h∗) ✭✐✳❡✳✱ ∃M > 0, ∀h ∈ (0, h∗), ‖Th(t)‖L(Xh) ≤ M ✮ ❛♥❞ ❧❡$ (Ãh)h∈(0,h∗) ❜❡

$❤❡ ❝♦&&❡1♣♦♥❞✐♥❣ ✐♥✜♥✐$❡1✐♠❛❧ ❣❡♥❡&❛$♦&1✳

■♥ $❤❡ ❢♦❧❧♦✇✐♥❣✱ ❢♦& 1❤♦&$♥❡11✱ ✇❡ ❞❡♥♦$❡ ❜② R(λ, Ãh) $❤❡ &❡1♦❧✈❡♥$ (λ− Ãh)
−1
❀

♠♦&❡♦✈❡&✱ ❢♦& ❛♥② ♦♣❡&❛$♦& ♠❛♣♣✐♥❣ Xh ✐♥$♦ Xh✱ ✇❡ 1❦✐♣ $❤❡ ✐♥❞❡① L(Xh) ✐♥ ✐$1

♥♦&♠✱ 1✐♥❝❡ ✐♥ $❤❡ ✇❤♦❧❡ 1❡❝$✐♦♥ ✇❡ ✇♦&❦ ✐♥ Xh✳

❉❡✜♥✐%✐♦♥ ✷✳✼✳✷✳ ❆!!✉♠✐♥❣ '❤❛'

iR ⊆ ρ(Ãh), ∀h ∈ (0, h∗), ✭✷✳✼✳✶✮

❛♥❞ '❤❛' ❢♦- ❛❧❧ m ≥ 1, '❤❡-❡ ❡①✐!'! c = c(m) > 0 !✉❝❤ '❤❛'

sup
h∈(0,h∗)

|s|≤m

‖R(is, Ãh)‖L(Xh) ≤ c, ✭✷✳✼✳✷✮

✇❡ ❞❡✜♥❡ '❤❡ ❢-❛❝'✐♦♥❛❧ ♣♦✇❡- Ã−α
h ❢♦- α > 0 ❛♥❞ h ∈ (0, h∗)✱ ❛❝❝♦-❞✐♥❣ '♦ ❬✻❪

❛♥❞ ❬✷✹❪✱ ❛!

Ã−α
h =

1

2πi

∫

Γ

λ−α(λ− Ãh)
−1dλ, ✭✷✳✼✳✸✮

✇❤❡#❡ λ−α = e−α log λ
❛♥❞ R+

✐( )❛❦❡♥ ❛( )❤❡ ❝✉) ❜#❛♥❝❤ ♦❢ )❤❡ ❝♦♠♣❧❡① log ❢✉♥❝)✐♦♥

❛♥❞ ✇❤❡#❡ )❤❡ ❝✉#✈❡ Γ = Γ1 ∪ Γ2 ✐( ❣✐✈❡♥ ❜②

Γ = {−ǫ+ teiθ, t ∈ [0,+∞)} ∪ {−ǫ− te−iθ, t ∈ (−∞, 0]} ✭✷✳✼✳✹✮

❢♦# (♦♠❡ ǫ > 0 (♠❛❧❧ ❡♥♦✉❣❤ ✐♥❞❡♣❡♥❞❡♥) ♦❢ h ❛♥❞ θ ✐( ❛ ✜①❡❞ ❛♥❣❧❡ ✐♥
(
0,
π

4

)
✳

■♥ (❤❡ +❡,✉❡❧✱ (❤❡ ❝♦♥+(❛♥( c > 0 ✐+ ❣❡♥❡5✐❝✱ ✐♥❞❡♣❡♥❞❡♥( ♦❢ h✱ ❛♥❞ ♠❛② ❝❤❛♥❣❡

❢5♦♠ ♦♥❡ ❧✐♥❡ (♦ ❛♥♦(❤❡5✳

❘❡♠❛$❦ ✷✳✼✳✸✳ ❚❤#♦✉❣❤♦✉) )❤✐( (❡❝)✐♦♥✱ ✇❤❡♥❡✈❡# Ã−α
h ✐( ♠❡♥)✐♦♥❡❞✱ )❤❡ ❛((✉♠♣✲

)✐♦♥( ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ❛#❡ ❞✐#❡❝)❧② )❛❦❡♥ ✐♥)♦ ❝♦♥(✐❞❡#❛)✐♦♥ (✐♥❝❡ ♦)❤❡#✇✐(❡ Ã−α
h

✐( ♥♦) ✇❡❧❧ ❞❡✜♥❡❞✳

✻✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

■♥ ❢❛❝$✱ ✉♥❞❡& $❤❡ ❛11✉♠♣$✐♦♥1 ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮✱ ❢♦& ❛❧❧ m > 0 $❤❡&❡ ❡①✐1$1

ǫ = ǫ(m) > 0 1✉❝❤ $❤❛$

−µ+ iβ ∈ ρ(Ãh), ∀h ∈ (0, h∗), ∀0 ≤ µ ≤ ǫ, ∀|β| ≤ m.

■♥❞❡❡❞✱ ❢♦& ❛❧❧ m > 0 1✉❝❤ $❤❛$ |β| ≤ m✱ ✇❡ ❤❛✈❡

(−µ+ iβ − Ãh)
−1 = (iβ − Ãh)

−1[Ih − µ(iβ − Ãh)
−1]−1

❛♥❞

‖µ(iβ − Ãh)
−1‖ ≤ µc.

❍❡♥❝❡✱ ✐❢ |β| ≤ m ❛♥❞ µ ≤ ǫ ≤ 1
2c
✱ $❤❡♥ (−µ+ iβ − Ãh) ✐1 ✐♥✈❡&$✐❜❧❡ ❛♥❞ ✇❡ ❤❛✈❡

‖(−µ+ iβ − Ãh)
−1‖ ≤ 2‖(iβ − Ãh)

−1‖ ≤ 2c, ∀h ∈ (0, h∗). ✭✷✳✼✳✺✮

❲❡ ❝❤♦♦1❡ m = ℑ(−ǫ + teiθ) = ǫ tan θ ✇❤❡♥ ℜ(−ǫ + teiθ) = 0✱ ✐✳❡✳ ✇❤❡♥ t = ǫ
cos θ

✳

❚❤❡&❡❢♦&❡✱ ❜② ✭✷✳✼✳✺✮✱ ❛11✉♠♣$✐♦♥1 ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ✐♠♣❧② $❤❛$ $❤❡&❡ ❡①✐1$1 ǫ > 0

✐♥❞❡♣❡♥❞❡♥$ ♦❢ h 1✉❝❤ $❤❛$ $❤❡ ❝✉&✈❡ Γ ✐1 ✐♥❝❧✉❞❡❞ ✐♥ ρ(Ãh) ❢♦& ❛♥② h ∈ (0, h∗)✱

❛♥❞ ❤❡♥❝❡ Ã−α
h ✐1 ✇❡❧❧ ❞❡✜♥❡❞✳ ■♥ ❢❛❝$✱ ✐❢ ξ ∈ Γ 1✉❝❤ $❤❛$ ℜξ > 0✱ $❤❡♥✱ ❜② $❤❡

❍✐❧❧❡✲❨♦1✐❞❛ ❚❤❡♦&❡♠✱ ξ ∈ ρ(Ãh)✱ ✇❤✐❧❡ ✐❢ −ǫ ≤ ξ ≤ 0✱ $❤❡♥✱ ❜② ✭✷✳✼✳✺✮✱ ξ ∈ ρ(Ãh)✳

 !♦♣♦$✐&✐♦♥ ✷✳✼✳✹✳ ■❢ "❤❡ ❛&&✉♠♣"✐♦♥& ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ❛4❡ &❛"✐&✜❡❞✱ "❤❡♥ Ã−α
h

✐& ❜♦✉♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥" ♦❢ h ∈ (0, h∗)✳

 !♦♦❢✿ ❲❡ ❤❛✈❡

Ã−α
h =

1

2πi

∫ +∞

0

(−ǫ+ teiθ)−α(−ǫ+ teiθ − Ãh)
−1eiθdt

+
1

2πi

∫ 0

−∞
(−ǫ− te−iθ)−α(−ǫ− te−iθ − Ãh)

−1(−e−iθ)dt.

✭✷✳✼✳✻✮

✻✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❙✐♥❝❡ (Th(t)) t≥0

h∈(0,h∗)
✐1 ❜♦✉♥❞❡❞✱ $❤❡♥ ❜② ❍✐❧❧❡✲❨♦1✐❞❛ ❚❤❡♦&❡♠ ✭1❡❡ ❚❤❡♦&❡♠ ■✳✸✳✶

♦❢ ❬✻✷❪✮ ✇❡ ❣❡$

‖R(λ, Ãh)‖ ≤ M

Reλ
, ∀Reλ > 0.

❋♦& −ǫ ≤ Reλ ≤ 0, ✇❡ ❤❛✈❡ |ℑλ| ≤ m ❛♥❞ $❤❡&❡❢♦&❡✱ ❜② ✭✷✳✼✳✺✮✱ ✇❡ ❣❡$

‖R(λ, Ãh)‖ ≤ 2c.

▲❡$ t0 > 0 ❜❡ 1✉❝❤ $❤❛$ −ǫ ≤ Re(−ǫ + teiθ) ≤ 0, ∀0 ≤ t ≤ t0 =
ǫ

cos θ
❛♥❞

Re(−ǫ + teiθ) ≥ 0, ∀t ≥ t0 ❛♥❞ ❧❡$ t1 = − ǫ

cos θ
≤ 0 ❜❡ 1✉❝❤ $❤❛$ Re(−ǫ − te−iθ) ≤

0, ∀t1 ≤ t ≤ 0 ❛♥❞ Re(−ǫ− te−iθ) ≥ 0, ∀t ≤ t1✳ ❚❤❡&❡❢♦&❡✱

Ã−α
h =

1

2πi

∫ t0

0

(−ǫ+ teiθ)−α(−ǫ+ teiθ − Ãh)
−1eiθdt

+
1

2πi

∫ +∞

t0

(−ǫ+ teiθ)−α(−ǫ+ teiθ − Ãh)
−1eiθdt

+
1

2πi

∫ t1

−∞
(−ǫ− te−iθ)−α(−ǫ− te−iθ − Ãh)

−1(−e−iθ)dt

+
1

2πi

∫ 0

t1

(−ǫ− te−iθ)−α(−ǫ− te−iθ − Ãh)
−1(−e−iθ)dt.

❍❡♥❝❡✱

∥∥∥Ã−α
h

∥∥∥ ≤ 2c

∫ t0

0

| −ǫ+ teiθ |−α dt+M

∫ +∞

t0

1

| −ǫ+ teiθ |α (−ǫ+ tcosθ)
dt

+M

∫ t1

−∞

1

| ǫ+ te−iθ |α (−ǫ− tcosθ)
dt+ 2c

∫ 0

t1

| ǫ+ te−iθ |−α dt,

✇❤✐❝❤ ✐1 ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ✇✐$❤ &❡1♣❡❝$ $♦ h✳

❚❤❡ ♣&♦♦❢ ♦❢ $❤❡ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$② ♦❢ (Th(t))t≥0 ✭1❡❡ ❚❤❡♦&❡♠ ✷✳✼✳✾ ❜❡❧♦✇✮ ✐1

❜❛1❡❞ ♦♥ $❤❡ ❢♦❧❧♦✇✐♥❣ $❤&❡❡ ❧❡♠♠❛1✳ ❚❤❡ ✜&1$ ❧❡♠♠❛ ✐1 $❤❡ ❞✐1❝&❡$✐③❡❞ ✈❡&1✐♦♥ ♦❢

✻✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

▲❡♠♠❛ ✸✳✷ ✐♥ ❬✹✽❪ ❛♥❞ $❤❡ ♦$❤❡& ♦♥❡1 ❛&❡ $❤❡ ❞✐1❝&❡$❡ ✈❡&1✐♦♥1 ♦❢ 1✐♠✐❧❛& &❡1✉❧$1 ♦❢

▲❡♠♠❛1 ✷✳✶ ❛♥❞ ✷✳✸ ✐♥ ❬✶✽❪✳

▲❡♠♠❛ ✷✳✼✳✺✳ ▲❡" S = {λ ∈ C : a ≤ Reλ ≤ b} ❜❡ ❛ %✉❜%❡" ♦❢ ρ(Ãh) ❢♦) ❛❧❧

h ∈ (0, h∗) ✇❤❡)❡ 0 ≤ a < b✳ ❚❤❡♥ ✐❢ ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ❛)❡ %❛"✐%✜❡❞ ❛♥❞ ✐❢ ❢♦) %♦♠❡

♣♦%✐"✐✈❡ ❝♦♥%"❛♥"% α ❛♥❞ M ✇❡ ❤❛✈❡

sup
h∈(0,h∗)

λ∈S

‖R(λ, Ãh)‖
1 + |λ|α ≤M,

"❤❡♥ "❤❡)❡ ❡①✐%"% ❛ ❝♦♥%"❛♥" c > 0 ✐♥❞❡♣❡♥❞❡♥" ♦❢ h %✉❝❤ "❤❛"

sup
h∈(0,h∗)

λ∈S

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c.

()♦♦❢✿ ❚❤❡&❡ ❡①✐1$1 c > 0 ❛♥❞ ϕ0, 0 < ϕ0 <
π

2
✱ 1✉❝❤ $❤❛$

|µ− eiϕ| ≥ c|µ|, ∀µ ∈ Γ, ∀ϕ0 < |ϕ| < π − ϕ0 ✭✷✳✼✳✼✮

✇❤❡&❡ $❤❡ ❝✉&✈❡ Γ ✐1 ❣✐✈❡♥ ❜② ✭✷✳✼✳✹✮✳ ■♥❞❡❡❞✱ ✐❢ µ = −ǫ+ teiθ ❢♦& 1♦♠❡ t > 0✱ $❤❡♥

|µ− eiϕ|2 = 1 + ǫ2 + t2 − 2tcos(θ + ϕ)− 2ǫtcosθ + 2ǫcosϕ

❛♥❞

|µ|2 = ǫ2 + t2 − 2ǫtcosθ.

❚❤❡&❡❢♦&❡✱ ✇❤❡$❤❡& t > 0 ✐1 ❧❛&❣❡ ❡♥♦✉❣❤ ♦& 1♠❛❧❧ ✱ ✭✷✳✼✳✼✮ ❤♦❧❞1 $&✉❡✳ ◆♦✇✱ ❙✐♥❝❡ b

✐1 ✜♥✐$❡✱ ❝❤♦♦1❡ N ❧❛&❣❡ ❡♥♦✉❣❤ 1✉❝❤ $❤❛$ ✇❤❡♥❡✈❡& λ ∈ S ❛♥❞ |λ| > N ✇❡ ❣❡$ ❜♦$❤

ϕ0 < |argλ| < π − ϕ0 ❛♥❞ λ ❞♦❡1 ♥♦$ ❜❡❧♦♥❣ $♦ $❤❡ 1❡❝$♦& ❜♦✉♥❞❡❞ ❜② $❤❡ ❝✉&✈❡

|λ|Γ = {−ǫ|λ|+ t|λ|eiθ, t ∈ [0,+∞)} ∪ {−ǫ|λ| − t|λ|e−iθ, t ∈ (−∞, 0]}✳

❋♦& ❛❧❧ 1✉❝❤ ❝❤♦✐❝❡ ♦❢ λ ∈ S✱ ✇❡ ❤❛✈❡ ❛❝❝♦&❞✐♥❣ $♦ ✭✷✳✼✳✼✮

|µ− eiargλ| ≥ c|µ| ∀µ ∈ Γ. ✭✷✳✼✳✽✮

✻✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❈♦♥1✐❞❡& $❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥$❡❣&❛❧ ❢♦& ❛❧❧ λ ∈ S ✇✐$❤ |λ| > N

Iλ =

∫

Γ

µ−α

µ− λ
dµ.

❇② $❤❡ ❛❜♦✈❡ ❝❤♦✐❝❡ ♦❢ λ✱ ✇❡ ❤❛✈❡ λ /∈ Γ ❛♥❞ λ /∈ |λ|Γ✳ ❈♦♥1❡;✉❡♥$❧②✱ $❤❡ ✐♥$❡❣&❛❧
❤❛1 ♥♦ 1✐♥❣✉❧❛& ♣♦✐♥$1 ❜❡$✇❡❡♥ Γ ❛♥❞ |λ|Γ✳ ❚❤❡&❡❢♦&❡✱ ❜② $❤❡ ❈❛✉❝❤② ❚❤❡♦&❡♠✱ ✇❡
❤❛✈❡

Iλ =

∫

|λ|Γ

µ−α

µ− λ
dµ =

1

|λ|α
∫

Γ

µ−α

µ− eiargλ
dµ.

❚❤❡&❡❢♦&❡✱ ❜② ✭✷✳✼✳✽✮✱ ✇❡ ❣❡$

|Iλ| ≤
c

|λ|α .

◆♦✇✱ ❢♦& |λ| > N ✇✐$❤ λ ∈ S✱ ✇❡ ❤❛✈❡ ❜② $❤❡ &❡1♦❧✈❡♥$ ✐❞❡♥$✐$②

R(λ, Ãh)Ã
−α
h =

1

2πi

∫

Γ

µ−αR(λ, Ãh)R(µ, Ãh)dµ

=
1

2πi

∫

Γ

µ−α

µ− λ
R(λ, Ãh)dµ− 1

2πi

∫

Γ

µ−α

µ− λ
R(µ, Ãh)dµ

=
1

2πi
IλR(λ, Ãh)−

1

2πi

∫

Γ

µ−α

µ− λ
R(µ, Ãh)dµ.

❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ 1✐♠✐❧❛& $♦ $❤❡ ♣&♦♦❢ ♦❢ D&♦♣♦1✐$✐♦♥ ✷✳✼✳✹✱

∣∣∣∣
∫

Γ

µ−α

µ− λ
R(µ, Ãh)dµ

∣∣∣∣ ≤ c

∫

Γ

1

|µ|α+1
‖R(µ, Ãh)‖dµ ≤ c′,

✇❤❡&❡ c′ ✐1 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ h. ❚❤❡&❡❢♦&❡ ❢♦& ❛❧❧ λ ∈ S✱ ✇✐$❤ |λ| > N ✱ ✇❡ ❤❛✈❡

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c

|λ|α‖R(λ, Ãh)‖+ c′ ≤ c
1 + |λ|α
|λ|α + c′ ≤ c′′.

◆♦✇✱ ❢♦& λ ∈ S 1✉❝❤ $❤❛$ |λ| ≤ N ✱ ✇❡ ❤❛✈❡

‖R(λ, Ãh)Ã
−α
h ‖ ≤ ‖R(λ, Ãh)‖‖Ã−α

h ‖ ≤ c(1 + |λ|α) ≤ c(1 +Nα),

✇❤✐❝❤ ❝♦♠♣❧❡$❡1 $❤❡ ♣&♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✼✳✺✳

✻✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

▲❡♠♠❛ ✷✳✼✳✻✳ ■❢ ✭✷✳✼✳✶✮✱ ✭✷✳✼✳✷✮ ❛♥❞

sup
h∈(0,h∗)

‖R(is, Ãh)‖L(Xh) = O(|s|α), |s| → ∞, ✭✷✳✼✳✾✮

❛,❡ .❛/✐.✜❡❞✱ /❤❡♥ /❤❡,❡ ❡①✐./. c > 0 ✐♥❞❡♣❡♥❞❡♥/ ♦❢ h .✉❝❤ /❤❛/

sup
h∈(0,h∗)

Reλ>0

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c. ✭✷✳✼✳✶✵✮

()♦♦❢✿ ❋♦& ❛❧❧ h ∈ (0, h∗)✱ m > 0✱ ❛♥❞ B > max{2m, 1}✱ ❝♦♥1✐❞❡& Fh(λ) =

R(λ, Ãh)λ
−α(1− λ2

B2 ) ♦♥ $❤❡ ❞♦♠❛✐♥ D =

{
λ ∈ C : Reλ > 0, m < |λ| ≤ B

2

}
✳

Fh✱ ❜② $❤❡ ♠❛①✐♠✉♠ ♣&✐♥❝✐♣❧❡✱ ❛$$❛✐♥1 ✐$1 ♠❛①✐♠✉♠ ❢♦& |λ| = B

2
✳ ❚❤❡&❡❢♦&❡✱

|Fh(λ)| ≤
c

Reλ
.

■❢ $❤❡&❡ ❡①✐1$1 ǫ > 0 1✉❝❤ $❤❛$ Reλ > ǫ✱ $❤❡♥ |Fh(λ)| ≤ c.

❖$❤❡&✇✐1❡✱ ❢♦& 0 < Reλ < ǫ✱ ✉1✐♥❣ $❤❡ &❡1♦❧✈❡♥$ ✐❞❡♥$✐$②

R(λ, Ãh) = R(iImλ, Ãh)−ReλR(iImλ, Ãh)R(λ, Ãh) ✭✷✳✼✳✶✶✮

$❤❡♥✱ ❛1 |Imλ| ≥ m− ǫ ❢♦& ❛❧❧ m > 0 ✱ ✇❡ ❤❛✈❡

‖R(λ, Ãh)‖ ≤ c|Imλ|α.

❚❤❡&❡❢♦&❡✱

|Fh(λ)| ≤ c|Imλ|α|λ|−α

∣∣∣∣1−
λ2

B2

∣∣∣∣ ≤ c.

❍❡♥❝❡✱ ✐♥ ❛❧❧ ❝❛1❡1✱ $❤❡&❡ ❡①✐1$1 c > 0 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ B 1✉❝❤ $❤❛$

|Fh(λ)| ≤ c.

❆1 ❛ &❡1✉❧$✱ ❢♦& ❛❧❧ λ ∈ D✱

‖R(λ, Ãh)‖ ≤ c|λ|α∣∣1− λ2

B2

∣∣ ≤ c|λ|α ≤ c(1 + |λ|α).

✻✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

■❢ 0 < Reλ ≤ |λ| ≤ m✱ $❤❡♥ ❜② ✭✷✳✼✳✶✶✮ ❛♥❞ ❛11✉♠♣$✐♦♥ ✭✷✳✼✳✷✮✱ ✇❡ ❣❡$

‖R(λ, Ãh)‖ ≤ c‖R(iImλ, Ãh)‖ ≤ c ≤ c(1 + |λ|α).

▲❡$$✐♥❣ B → +∞ ②✐❡❧❞1

‖R(λ, Ãh)‖ ≤ c(1 + |λ|α), ∀Reλ > 0.

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✼✳✺✱ ✇❡ ❣❡$ ❢♦& 0 ≤ Reλ ≤ m✱

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c.

■♥ ❛❞❞✐$✐♦♥✱ ✐❢ Reλ ≥ m✱ ❜② $❤❡ ❍✐❧❧❡✲❨♦1✐❞❛ $❤❡♦&❡♠ ❛♥❞ D&♦♣♦1✐$✐♦♥ ✷✳✼✳✹✱ $❤❡&❡

❡①✐1$1 1♦♠❡ ♣♦1✐$✐✈❡ ❝♦♥1$❛♥$1 c1 ❛♥❞ c2 1✉❝❤ $❤❛$

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c1

‖Ã−α
h ‖

Reλ
≤ c2.

■♥ ❛❧❧ ❝❛1❡1✱ ✇❡ ❣❡$ ✭✷✳✼✳✶✵✮✳

❚❤❡ ❧❛1$ ❧❡♠♠❛ ✐♥ $❤✐1 1❡❝$✐♦♥ ❣✐✈❡1 $❤❡ ♥❡❝❡11❛&② ❛♥❞ 1✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥1 ❢♦&

$❤❡ ❜♦✉♥❞❡❞♥❡11 ♦❢ ❛♥② ❢❛♠✐❧② ♦❢ C0 1❡♠✐❣&♦✉♣1 (Sh(t)) t≥0

h∈(0,h∗)
✳

▲❡♠♠❛ ✷✳✼✳✼✳ ▲❡" (Sh(t)) t≥0

h∈(0,h∗)
❜❡ ❛ ❢❛♠✐❧② ♦❢ C0 +❡♠✐❣-♦✉♣+ ♦♥ "❤❡ ❛++♦❝✐❛"❡❞

❍✐❧❜❡-" +♣❛❝❡+ (Yh)h∈(0,h∗) ❛♥❞ ❧❡" (Ẽh)h∈(0,h∗) ❜❡ "❤❡ ❝♦--❡+♣♦♥❞✐♥❣ ✐♥✜♥✐"❡+✐♠❛❧ ❣❡✲

♥❡-❛"♦-+✳ ❚❤❡♥ (Sh(t)) t≥0

h∈(0,h∗)
✐+ ✉♥✐❢♦-♠❧② ❜♦✉♥❞❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✐✮ {λ ∈ C : Reλ > 0} ⊆ ρ(Ẽh)✱ ∀h ∈ (0, h∗)

✭✐✐✮ ❚❤❡-❡ ❡①✐+"+ c > 0 ✐♥❞❡♣❡♥❞❡♥" ♦❢ h +✉❝❤ "❤❛"

sup
ξ>0

h∈(0,h∗)

ξ

∫

R

(‖R(ξ + iη, Ẽh)‖2 + ‖R(ξ + iη, Ẽ∗
h)‖2)dη ≤ c.

✻✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

 !♦♦❢✿ ❋✐"#$✱ ✇❡ ❛##✉♠❡ $❤❛$ (Sh(t)) ✐# ✉♥✐❢♦"♠❧② ❜♦✉♥❞❡❞✳ ❚❤❡♥ ✭✐✮ ❤♦❧❞# ❜② $❤❡

❍✐❧❧❡✲❨♦#✐❞❛ $❤❡♦"❡♠✳ ❆# ❢♦" ✭✐✐✮✱ ✇❡ ♦♥❧② ♥❡❡❞ $♦ ♣"♦✈❡ $❤❛$

sup
ξ>0

h∈(0,h∗)

ξ

∫

R

‖R(ξ + iη, Ẽh)xh‖2dη ≤ c‖xh‖2, ∀xh ∈ Yh ✭✷✳✼✳✶✷✮

❜❡❝❛✉#❡ ❛❝❝♦"❞✐♥❣ $♦ $❤❡ $❤❡♦"② ♦❢ ❛❞❥♦✐♥$ #❡♠✐❣"♦✉♣#✱ ✭#❡❡ ❬✻✷❪✮✱ S∗(t) ✐# ❛ C0

#❡♠✐❣"♦✉♣ ✇✐$❤ $❤❡ #❛♠❡ ♣"♦♣❡"$✐❡# ❛# S(t).

❙✐♠✐❧❛" $♦ $❤❡ ♣"♦♦❢ ♦❢ ▲❡♠♠❛ ✶ ♦❢ ❬✹✷❪✱ ✇❡ ❤❛✈❡ ❢♦" ❛❧❧ h ∈ (0, h∗)✱ xh ∈ Yh

‖R(ξ + iη, Ẽh)xh‖2 =
∫

R

e−iηsfh(s)ds,

✇❤❡"❡

fh(s) =

∫ +∞

max{0,−s}
e−ξ(s+2u) < Sh(u+ s)xh, Sh(u)xh >Yh,Yh

du.

❋♦" s ≥ 0✱ #✐♥❝❡ (Sh(t)h∈(0,h∗) ✐# ✉♥✐❢♦"♠❧② ❜♦✉♥❞❡❞✱ ✐✳❡✳ sup
h∈(0,h∗)

‖Sh(t)‖ ≤ M ✱ ✇❡

❤❛✈❡

|fh(s)| ≤
∫ +∞

0

M2‖xh‖2e−ξ(s+2u)du =
M2‖xh‖2

2ξ
e−ξs ≤ M2‖xh‖2

2ξ
.

❋♦" s < 0✱ ✇❡ ❤❛✈❡

|fh(s)| ≤
∫ +∞

−s

M2‖xh‖2e−ξ(s+2u)du =
M2‖xh‖2eξs

2ξ
≤ M2‖xh‖2

2ξ
.

❍❡♥❝❡✱ fh ∈ L1(R) ∩ L∞(R) ❛♥❞

F(fh(s)) =
1√
2π

‖R(ξ + iη, Ẽh)xh‖2.

❯#✐♥❣ ▲❡♠♠❛ 21.50 ✐♥ ❬✹✵❪✱ ✐$ ❢♦❧❧♦✇# $❤❛$

1

2π

∫

R

‖R(ξ + iη, Ẽh)xh‖2dη =
1√
2π

∫

R

F(fh)(τ)dτ ≤ c‖fh‖L∞ ≤ cM2‖xh‖2
2ξ

.

❍❡♥❝❡✱ ✭✷✳✼✳✶✷✮ ✐# ✈❡"✐✜❡❞✳

✼✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❆1 ❢♦& $❤❡ 1✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥✱ 1✐♥❝❡ {λ ∈ C : Reλ > 0} ⊆ ρ(Ẽh)✱ ✇✐$❤ σ = 1
t
✱

✇❡ ❣❡$ ❢♦& ❛❧❧ xh ∈ Yh

Sh(t)xh =
1

2πi

∫ σ+i∞

σ−i∞
eλt(λ− Ẽh)

−1xhdλ,

=
1

2πi

∫ σ+i∞

σ−i∞

eλt

t
(λ− Ẽh)

−2xhdλ+
eλt

t
(λ− Ẽh)

−1xh |σ+i∞
σ−i∞.

❇✉$

eλt

t
(λ− Ẽh)

−1xh|σ+i∞
σ−i∞ = 0 1✐♥❝❡ ❛❝❝♦&❞✐♥❣ $♦ ▲❡♠♠❛ 2.1 ♦❢ ❬✻✾❪✱ ✉♥❞❡& ❝♦♥❞✐$✐♦♥

✭✐✐✮✱ ✇❡ ❤❛✈❡ ‖R(λ, Ẽh)xh‖ → 0 ❛1 |λ| → +∞ ✇❤❡♥❡✈❡& Reλ > 0. ❚❤❡&❡❢♦&❡✱

〈Sh(t)xh, yh〉Yh,Yh
=

〈
1

2πit

∫ σ+i∞

σ−i∞
eλt(λ− Ẽh)

−2xhdλ, yh

〉

Yh,Yh

=
1

2πit

∫ σ+i∞

σ−i∞
eλt

〈
(λ− Ẽh)

−2xh, yh

〉
Yh,Yh

dλ.

▲❡$ λ = 1
t
+ iη ✇✐$❤ η ∈ R✳ ❚❤❡♥

〈Sh(t)xh, yh〉Yh,Yh
=

e

2πt

∫

R

eiηt
〈
R2(

1

t
+ iη, Ẽh)xh, yh

〉

Yh,Yh

dη.

❍ö❧❞❡&✬1 ✐♥❡H✉❛❧✐$② ②✐❡❧❞1

| 〈Sh(t)xh, yh〉Yh,Yh
| =

∣∣∣∣∣
e

2πt

∫

R

eiηt
〈
R(

1

t
+ iη, Ẽh)xh, R(

1

t
+ iη, Ẽ∗

h)yh

〉

Yh,Yh

dη

∣∣∣∣∣

≤ e

2πt

(∫

R

‖R(1
t
+ iη, Ẽh)xh‖2dη

) 1
2
(∫

R

‖R(1
t
+ iη, Ẽ∗

h)yh‖2dη
) 1

2

≤ c‖xh‖‖yh‖.
❚❤❡&❡❢♦&❡

‖Sh(t)‖ ≤ c, ∀h ∈ (0, h∗).

❇❡❢♦&❡ ✇❡ ❣✐✈❡ $❤❡ ♥❡❝❡11❛&② ❛♥❞ 1✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥1 $♦ ❣❡$ $❤❡ ✉♥✐❢♦&♠ ♣♦❧②✲

♥♦♠✐❛❧ 1$❛❜✐❧✐$② ♦❢ $❤❡ ❞✐1❝&❡$✐③❡❞ ♣&♦❜❧❡♠✱ ✇❡ &❡❝❛❧❧ ❚❤❡♦&❡♠ ■■✳✺✳✸✹ ♦❢ ❬✷✹❪ ❛❜♦✉$

$❤❡ ♠♦♠❡♥$ ✐♥❡H✉❛❧✐$②✳

✼✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤❡♦$❡♠ ✷✳✼✳✽✳ ▲❡" E ❜❡ "❤❡ ❣❡♥❡'❛"♦' ♦❢ ❛ +"'♦♥❣❧② ❝♦♥"✐♥✉♦✉+ +❡♠✐❣'♦✉♣ ❛♥❞

❧❡" α < β < γ✳ ❚❤❡♥ "❤❡'❡ ❡①✐+"+ ❛ ❝♦♥+"❛♥" L = L(α, β, γ) +✉❝❤ "❤❛"✱ ❢♦' ❡✈❡'②

x ∈ D(Eγ)✱ ✇❡ ❤❛✈❡

∥∥Eβx
∥∥ ≤ L ‖Eαx‖

γ−β
γ−α ‖Eγx‖

β−α
γ−α . ✭✷✳✼✳✶✸✮

◆♦✇✱ ✇❡ ❞✐1♣❧❛② $❤❡ ♠❛✐♥ $❤❡♦&❡♠ ✇❤✐❝❤ ❧❡❛❞1 $♦ $❤❡ ✉♥✐❢♦&♠ ♣♦❧②♥♦♠✐❛❧ 1$❛✲

❜✐❧✐$② ♦❢ $❤❡ ❞✐1❝&❡$✐③❡❞ ♣&♦❜❧❡♠ ✭✷✳✹✳✾✮✳

❚❤❡♦$❡♠ ✷✳✼✳✾✳ ▲❡" (Th(t)) t≥0

h∈(0,h∗)
❜❡ ❛ ❢❛♠✐❧② ♦❢ ✉♥✐❢♦'♠❧② ❜♦✉♥❞❡❞ C0 +❡♠✐❣'♦✉♣+

♦♥ "❤❡ ❛++♦❝✐❛"❡❞ ❍✐❧❜❡'" +♣❛❝❡+ (Xh)h∈(0,h∗) ❛♥❞ ❧❡" (Ãh)h∈(0,h∗) ❜❡ "❤❡ ❝♦''❡+♣♦♥❞✐♥❣

✐♥✜♥✐"❡+✐♠❛❧ ❣❡♥❡'❛"♦'+ +✉❝❤ "❤❛" ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ❛'❡ +❛"✐+✜❡❞✳ ❚❤❡♥ ❢♦' ❛ ✜①❡❞

α > 0✱ "❤❡ ❢♦❧❧♦✇✐♥❣ +"❛"❡♠❡♥"+ ❛'❡ ❡A✉✐✈❛❧❡♥" ✿

✭✐✮

sup
h∈(0,h∗)

‖R(is, Ãh)‖ = O(|s|α), |s| → ∞

✭✐✐✮

sup
h∈(0,h∗)

‖Th(t)Ã−α
h ‖ = O(t−1), t→ +∞

✭✐✐✐✮

sup
h∈(0,h∗)

‖Th(t)Ã−1
h ‖ = O(t

−1
α ), t→ +∞.

.$♦♦❢✿ ❲❡ ❜❡❣✐♥ $♦ ♣&♦✈❡ (ii) ⇔ (iii).❲❡ ❛❞❛♣$ $❤❡ ♣&♦♦❢ ❢♦✉♥❞ ✐♥ F&♦♣♦1✐$✐♦♥ ✸✳✶

♦❢ ❬✶✺❪ ✇✐$❤♦✉$ $❤❡ ❞✐1❝&❡$✐③❛$✐♦♥ ♣❛&❛♠❡$❡& h✳ ●✐✈❡♥ ✭✐✐✮✱ ✇❡ ❤❛✈❡

‖Th(t)Ã−αn
h ‖ =

∥∥∥∥
[
Th

(
t

n

)
Ã−α

h

]n∥∥∥∥ ≤ c
(n
t

)n

≤ c(n)t−n, ∀n ∈ N∗, h ∈ (0, h∗), t→ +∞.

❆❝❝♦&❞✐♥❣ $♦ $❤❡ ♠♦♠❡♥$ ✐♥❡L✉❛❧✐$② ✭✷✳✼✳✶✸✮✱ ✇❡ &❡♠❛&❦ $❤❛$ $❤❡&❡ ❡①✐1$1 ❛ ♣♦1✐$✐✈❡

✼✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❝♦♥1$❛♥$ L ✐♥❞❡♣❡♥❞❡♥$ ♦❢ ❤ 1✉❝❤ $❤❛$✱ ❢♦& ❛❧❧ ν ∈ (0, 1)✱ ✇❡ ❤❛✈❡

∥∥∥Th(t)Ã−αnν
h xh

∥∥∥ =
∥∥∥Ãαn(1−ν)

h Th(t)Ã
−αn
h xh

∥∥∥

=
∥∥∥Ãβ1

h Ã
αn(1−ν)−β1

h Th(t)Ã
−αn
h xh

∥∥∥

≤ L
∥∥∥Ãα1

h yh

∥∥∥
γ1−β1
γ1−α1

∥∥∥Ãγ1
h yh

∥∥∥
β1−α1
γ1−α1

≤ L
∥∥∥Ãα1+αn(1−ν)−β1

h Th(t)Ã
−αn
h xh

∥∥∥
ν

∥∥∥Ãγ1+αn(1−ν)−β1

h Th(t)Ã
−αn
h xh

∥∥∥
1−ν

,

✇❤❡&❡ yh = Ã
αn(1−ν)−β1

h Th(t)Ã
−αn
h xh✳ ◆♦✇✱ ✇❡ ❝❤♦♦1❡ α1, β1, ❛♥❞ γ1 1✉❝❤ $❤❛$





γ1 − β1 + αn(1− ν) = αn

α1 + αn(1− ν)− β1 = 0;

✐✳❡✳✱ 



α1 = β1 − αn(1− ν) < β1

γ1 = β1 + αnν > β1.

❚❤❡&❡❢♦&❡✱ 



γ1 − α1 = αn

γ1 − β1 = αnν.

❋✐♥❛❧❧②✱ ✇❡ ❣❡$

∥∥∥Th(t)Ã−αnν
h xh

∥∥∥ ≤ L
∥∥∥Ãαn

h Th(t)Ã
−αn
h xh

∥∥∥
1−ν ∥∥∥Th(t)Ã−αn

h xh

∥∥∥
ν

≤ LM1−νcν(n)t−nν‖xh‖, ∀ν ∈ (0, 1).

❈❤♦♦1❡ ν =
1

αn
✇✐$❤ n >

1

α
$♦ ❣❡$

‖Th(t)Ã−1
h ‖ ≤ ct−

1
α .

✼✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❈♦♥✈❡&1❡❧②✱ ❛11✉♠❡ $❤❛$ (iii) ❤♦❧❞1✳ ❚❤❡♥

‖Th(t)Ã−n
h ‖ = ‖[Th

(
t

n

)
Ã−1

h ]n‖ ≤ c

(
t

n

)−n
α

≤ cn
n
α t−

n
α , ∀n ∈ N∗.

❚❤❡&❡❢♦&❡✱

‖Th(t)Ã−nν
h ‖ ≤ c‖Ãn

hTh(t)Ã
−n
h ‖1−ν‖Th(t)Ã−n

h ‖ν

≤ cM1−νc(n)νt−
nν
α , ∀ν ∈ (0, 1).

❚❛❦❡ ν =
α

n
✇✐$❤ n > α $♦ ❣❡$

sup
h∈(0,h∗)

‖Th(t)Ã−α
h ‖ = O

(
t−1

)
.

◆♦✇✱ ✇❡ ♣&♦✈❡ $❤❡ ✐♠♣❧✐❝❛$✐♦♥ (iii) ⇒ (i) ✭❢♦& $❤❡ ❝♦♥$✐♥✉♦✉1 ❝❛1❡✱ 1❡❡ ❬✶✻❪✮✳

●✐✈❡♥ ✭✐✐✐✮✱ ❞❡✜♥❡

m1(t) = sup
h∈(0,h∗)

s≥t

‖Th(s)Ã−1
h ‖.

◆♦$✐❝❡ $❤❛$ m1(t) ✐1 ♥♦♥ ✐♥❝&❡❛1✐♥❣✳ ▲❡$ u0h ∈ D(Ãh)✱ f0h = (−Ãh + iτ)u0h, τ ∈ R✱

❛♥❞ ❧❡$ vh(t) = eitτu0h✳ ❲❡ ❤❛✈❡





∂tvh − Ãhvh = iτeitτu0h − Ãh(e
itτu0h) = eitτf0h

vh(0) = u0h.

❇② $❤❡ ❉✉❤❛♠❡❧ ❢♦&♠✉❧❛✱

vh = etÃhu0h +

∫ t

0

e(t−s)Ãheiτsf0hds.

❇② $❤❡ ❜♦✉♥❞❡❞♥❡11 ♦❢ $❤❡ 1❡♠✐❣&♦✉♣ (Th(t)) ❛♥❞ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ m1✱ ✇❡ ❤❛✈❡

‖u0h‖ = ‖vh(t)‖ ≤ ‖Th(t)Ã−1
h Ãhu0h‖+ c t‖f0h‖

≤ m1(t)‖Ãhu0h‖+ c t‖f0h‖
≤ m1(t)(‖f0h‖+ |τ |‖u0h‖) + c t‖f0h‖.

✼✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❆♣♣❧② $❤❡ ❛❜♦✈❡ ✐♥❡5✉❛❧✐$② ✇✐$❤ t = G(|τ |) ✇❤❡&❡

G(ξ) =





m−1
1r

(
1

2(ξ + 1)

)
if ξ > 0 ❛♥❞

1

2(ξ + 1)
≤ m1(0),

0 if ξ > 0 ❛♥❞
1

2(ξ + 1)
> m1(0),

✇❤❡&❡ m−1
1r ✐1 $❤❡ &✐❣❤$ ✐♥✈❡&1❡ ♦❢ m1✳ ❚❤❡&❡❢♦&❡✱

m1(t)|τ | = m1(G(|τ |))|τ | ≤
|τ |

2(|τ |+ 1)
≤ 1

2
.

❍❡♥❝❡✱

1
2
‖u0h‖ ≤ m1(G(|τ |))‖f0h‖+ c G(|τ |)‖f0h‖

≤ ‖f0h‖
2(|τ |+ 1)

+ c G(|τ |)‖f0h‖

≤ (1
2
+ c G(|τ |))‖f0h‖.

❈♦♥1❡5✉❡♥$❧②✱

‖(iτ − Ãh)
−1‖ ≤ 1 + 2c G(|τ |),

✐✳❡✳✱

sup
h∈(0,h∗)

‖(iτ − Ãh)
−1‖ ≤ 1 + 2c G(|τ |).

❙✐♥❝❡✱ ❜② (iii)✱

sup
h∈(0,h∗)

‖Th(t)Ã−1
h ‖ ≤Mt

−1
α , t→ +∞,

$❤❡♥✱ ❛1 m1 ✐1 ♥♦♥✲✐♥❝&❡❛1✐♥❣✱ ✇❡ ❣❡$

m1(t) ≤Mt
−1
α , t→ +∞.

❇❡1✐❞❡1✱ ❛1 $❤❡ ✐♥✈❡&1❡ ♦❢ t
−1
α
✐1 t−α

✱ $❤❡♥

G(ξ) ≤ m−1
1r

(
1

2(ξ + 1)

)
≤ C

(
1

2(ξ + 1)

)−α

= C(2(ξ + 1))α ≤ cξα, ξ → +∞.

❋✐♥❛❧❧②✱ ✇❡ ❣❡$

sup
h∈(0,h∗)

‖(iτ − Ãh)
−1‖ ≤ 1 + 2c|τ |α ≤ c|τ |α, |τ | → +∞.

✼✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

■$ &❡♠❛✐♥1 $♦ ♣&♦✈❡ $❤❛$ (i) ⇒ (ii)✳ ❋♦& $❤✐1 ❛✐♠✱ ❢♦& ❛❧❧ h ∈ (0, h∗)✱ ❧❡$ Xh =

Xh ×Xh ❛♥❞ ❝♦♥1✐❞❡& $❤❡ ♦♣❡&❛$♦& Ãh ❣✐✈❡♥ ❜② $❤❡ ♦♣❡&❛$♦& ♠❛$&✐①

Ãh =


 Ãh Ã−α

h

0 Ãh


 ,

✇❤❡&❡ D(Ãh) = D(Ãh)×D(Ãh). ❋♦& ❛❧❧ h ∈ (0, h∗) ❛♥❞ ❛❧❧ λh ∈ ρ(Ãh)✱ ✇❡ ❤❛✈❡

R(λh, Ãh) =


 R(λh, Ãh) R2(λh, Ãh)Ã

−α
h

0 R(λh, Ãh)


 .

■♥❞❡❡❞✱

R(λh, Ãh)(λh − Ãh) = (λh − Ãh)R(λh, Ãh) =


 Ih 0

0 Ih


 .

❚❤❡&❡❢♦&❡✱ ρ(Ãh) = ρ(Ãh) ❛♥❞ ❢♦& ❛❧❧ h ∈ (0, h∗), $❤❡ ♦♣❡&❛$♦& Ãh ✐1 $❤❡ ❣❡♥❡&❛$♦&

♦❢ $❤❡ C0 1❡♠✐❣&♦✉♣ (Th(t))t≥0 ♦♥ Xh ❞❡✜♥❡❞ ❜②

Th(t) =


 Th(t) tTh(t)Ã

−α
h

0 Th(t)


 .

■♥ ❢❛❝$✱

T̂h(t) =


 T̂h(t) t̂Th(t)Ã

−α
h

0 T̂h(t)




=


 R(λh, Ãh) R2(λh, Ãh)Ã

−α
h

0 R(λh, Ãh)




= R(λh, Ãh),

✇❤❡&❡ T̂h(t) ✐1 $❤❡ ▲❛♣❧❛❝❡ $&❛♥1❢♦&♠ ♦❢ Th(t)✳ ❙✐♥❝❡ ❢♦& ❛❧❧ h ∈ (0, h∗) ✇❡ ❤❛✈❡

‖R(is, Ãh)‖ = O(|s|α), ❛1 |s| → +∞,

✼✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

$❤❡♥ ❜② ▲❡♠♠❛ ✷✳✼✳✻ ✇❡ ❣❡$

sup
h∈(0,h∗)

Reλ>0

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c.

❍❡♥❝❡✱ ❢♦& ❛❧❧ xh = (x1h, x2h) ∈ Xh✱ ❛♥❞ Reλh > 0, ✇❡ ❤❛✈❡

‖R(λh, Ãh)xh‖2 =

∥∥∥∥∥∥


 R(λh, Ãh)x1h +R2(λh, Ãh)Ã

−α
h x2h

R(λh, Ãh)x2h



∥∥∥∥∥∥

2

≤ c
(
‖R(λh, Ãh)x1h‖2 + ‖R(λh, Ãh)x2h‖2

)
.

❙✐♠✐❧❛&❧②✱ ✇❡ ❤❛✈❡

‖R(λh, Ã∗
h
)xh‖2 ≤ c(‖R(λh, Ã∗

h)x1h‖2 + ‖R(λh, Ã∗
h)x2h‖2).

■♥❞❡❡❞✱ ✇❡ ❤❛✈❡

Ã
∗
h
=


 Ã∗

h (Ã∗
h)

−α

0 Ã∗
h


 .

■♥ ♦&❞❡& $♦ ❣❡$

sup
h∈(0,h∗)

Reλ>0

‖R(λ, Ã∗
h)(Ã

∗
h)

−α‖ ≤ c,

✇❡ ♠✉1$ ❤❛✈❡ ❛$ ❧❡❛1$

‖R(is, Ã∗
h)‖ = O(|s|α), ❛1 |s| → +∞.

❆❝$✉❛❧❧②✱ ✇❡ ❤❛✈❡

R(is, Ã∗
h) = [(is− Ã∗

h)]
−1 = [(is− Ãh)

∗]−1 = R(is, Ãh)
∗.

❚❤❡&❡❢♦&❡✱ ✇❡ ❣❡$

‖R(is, Ã∗
h)‖ ≤ ‖R(is, Ãh)‖ = O(|s|α), ❛1 |s| → +∞.

✼✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

◆♦✇✱ ❜② ▲❡♠♠❛ ✷✳✼✳✼✱ 1✐♥❝❡ ❢♦& ❛❧❧ h ∈ (0, h∗)✱ Th(t) ✐1 ❛ ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ❢❛♠✐❧②

♦❢ C0 1❡♠✐❣&♦✉♣1✱ ✇❡ ❣❡$

sup
ξ>0

h∈(0,h∗)

ξ

∫

R

(‖R(ξ + iη, Ãh)xh‖2) + (‖R(ξ + iη, Ã∗
h)xh‖2)dη <∞, ∀xh ∈ Xh.

❍❡♥❝❡✱

sup
ξ>0

h∈(0,h∗)

ξ

∫

R

(‖R(ξ + iη, Ãh)xh‖2) + (‖R(ξ + iη, Ã∗
h
)xh‖2)dη <∞, ∀xh ∈ Xh.

❚❤❡&❡❢♦&❡✱ (Th(t)) t≥0

h∈(0,h∗)
✐1 ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ♦✈❡& (Xh)h∈(0,h∗) ❜② ▲❡♠♠❛ ✷✳✼✳✼✳

❙✐♥❝❡ (Th(t)) t≥0

h∈(0,h∗)
✐1 ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ♦✈❡& (Xh)h∈(0,h∗)✱ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ Th(t)

✐♠♣❧✐❡1 $❤❛$

sup
t≥0

h∈(0,h∗)

‖tTh(t)Ã−α
h ‖ < +∞.

✷✳✽ #$❡❧✐♠✐♥❛$② ❧❡♠♠❛,

■♥ $❤✐1 1❡❝$✐♦♥✱ ✇❡ ♣&♦✈❡ $❤❛$ $❤❡ ❢❛♠✐❧② (Ãl,h)h∈(0,h∗) ❞❡✜♥❡❞ ✐♥ ✭✷✳✺✳✶✮ 1❛$✐1✜❡1

❝♦♥❞✐$✐♦♥ ✐✮ ✐♥ ❚❤❡♦&❡♠ ✷✳✼✳✶ ❛♥❞ $❤❡ ♣&♦♣❡&$✐❡1 ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ♦❢ ❙✉❜1❡❝$✐♦♥

✷✳✼✳✷✳ ❈♦♥❞✐$✐♦♥ ✐✮ ✐♥ ❚❤❡♦&❡♠ ✷✳✼✳✶ ♦& ✭✷✳✼✳✶✮ ✐♥ ❙✉❜1❡❝$✐♦♥ ✷✳✼✳✷ ✐1 1❛$✐1✜❡❞ ❞✉❡ $♦

$❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✿

▲❡♠♠❛ ✷✳✽✳✶✳ ❚❤❡ #♣❡❝&'✉♠ ♦❢ &❤❡ ♦♣❡'❛&♦' Ãl,h ❝♦♥&❛✐♥# ♥♦ ♣♦✐♥& ♦♥ &❤❡ ✐♠❛❣✐♥❛'②

❛①✐#✳

()♦♦❢✿ ❙✉♣♣♦1❡ $❤❛$


 ϕh

ψh


 ∈ Xh ❛♥❞ ω ∈ R ❛&❡ 1✉❝❤ $❤❛$

Ãl,h


 ϕh

ψh


 = iω


 ϕh

ψh


 .

✼✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤❡♥✱ ❜② ✉1✐♥❣ $❤❡ ❞❡✜♥✐$✐♦♥ ✭✷✳✺✳✶✮ ♦❢ Ãl,h, ✇❡ ❤❛✈❡




ψh = iω(1 + hθ)(I + hθA
l
2
h )

−1ϕh

−(1 + hθ)−1(I + hθA
l
2
h )Ahϕh − iω(1 + hθ)(hθA

1+ l
2

h +BhB
∗
h)(I + hθA

l
2
h )

−1ϕh

= −ω2(1 + hθ)(I + hθA
l
2
h )

−1ϕh.

✭✷✳✽✳✶✮

▲❡$ χh = (1 + hθ)(I + hθA
l
2
h )

−1ϕh $❤❡♥ $❤❡ 1❡❝♦♥❞ &❡❧❛$✐♦♥ ♦❢ ✭✷✳✽✳✶✮ ❜❡❝♦♠❡1

(1 + hθ)−2(I + hθA
l
2
h )

2Ahχh + iω(hθA
1+ l

2
h +BhB

∗
h)χh = ω2χh. ✭✷✳✽✳✷✮

■❢ ω = 0✱ $❤❡♥ $❛❦✐♥❣ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ♦❢ ✭✷✳✽✳✷✮ ✇✐$❤ χh ∈ Vh✱ ✇❡ ❣❡$ (I +

hθA
l
2
h )A

1
2
hχh = 0 ❛♥❞ ❤❡♥❝❡ χh = 0 ✇❤✐❝❤ ✐♠♣❧✐❡1 ❜② $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ χh $❤❛$

ϕh = ψh = 0✳

■$ $❤❡♥ &❡♠❛✐♥1 $♦ ❝♦♥1✐❞❡& $❤❡ ❝❛1❡ ω 6= 0✳ ■♥ $❤❛$ ❝❛1❡✱ ✇❡ $❛❦❡ $❤❡ ✐♠❛❣✐♥❛&②

♣❛&$ ♦❢ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ✭✐♥ H✮ ♦❢ ✭✷✳✽✳✷✮ ✇✐$❤ χh ∈ Vh $♦ ♦❜$❛✐♥

0 = ωhθ
(
A

1+ l
2

h χh, χh

)
+ ω (BhB

∗
hχh, χh)

= ωhθ
(
A

1
2
+ l

4
h χh, A

1
2
+ l

4
h χh

)
+ ω (B∗

hχh, B
∗
hχh)U ,

$❤❛$ ✐1 $♦ 1❛②

hθ
∥∥∥A

1
2
+ l

4
h χh

∥∥∥
2

+ ‖B∗
hχh‖2U = 0.

❚❤✐1 ❧❡❛❞1 $♦ χh = 0✱ ❛♥❞ ❤❡♥❝❡ ϕh = ψh = 0.

❖✉& ♠❛✐♥ ❣♦❛❧ ✐1 $♦ ♣&♦✈❡ ❝♦♥❞✐$✐♦♥ ✐✐✮ ♦❢ ❚❤❡♦&❡♠ ✷✳✼✳✶ ✐♥ $❤❡ ❝❛1❡ l = 0 ❛♥❞

❝♦♥❞✐$✐♦♥ ✐✮ ♦❢ ❚❤❡♦&❡♠ ✷✳✼✳✾ ❛1 ✇❡❧❧ ❛1 ✭✷✳✼✳✷✮ ✐♥ $❤❡ ❝❛1❡ l ≥ 2 ❛♥❞ α = 2l✳ ■♥ $❤❛$

❧❛1$ ❝❛1❡ ✭l ≥ 2✮✱ $❤❡1❡ $✇♦ ❝♦♥❞✐$✐♦♥1 ❛&❡ ❡H✉✐✈❛❧❡♥$ $♦

sup
h∈(0,h∗), s∈R

(1 + |s|2l)−1‖R(is, Ãl,h)‖L(Xh) <∞. ✭✷✳✽✳✸✮

❚♦ ♣&♦✈❡ $❤✐1 ❛❜♦✈❡ ♣&♦♣❡&$②✱ ✇❡ ✉1❡ ❛ ❝♦♥$&❛❞✐❝$✐♦♥ ❛&❣✉♠❡♥$✳ ▼♦&❡ ♣&❡❝✐1❡❧②✱ ✇❡

✇✐❧❧ ❛11✉♠❡ $❤❛$✱ ❢♦& ❛❧❧ n ∈ N, $❤❡&❡ ❡①✐1$ hn ∈ (0, h∗), ωn ∈ R ❛♥❞ zn =


 ϕn

ψn


 ∈

✼✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

Xhn
1✉❝❤ $❤❛$

‖zn‖2Xhn
= a(ϕn, ϕn) + ‖ψn‖2 = 1, ∀n ∈ N, ✭✷✳✽✳✹✮

❛♥❞

(1 + |ωn|2l)
∥∥∥iωnzn − Ãl,hn

zn

∥∥∥
Xhn

→ 0, ❛1 n→ ∞, ✭✷✳✽✳✺✮

✇❤❡&❡ l = 0 ✐♥ $❤❡ 1❡$$✐♥❣ ♦❢ ❚❤❡♦&❡♠ ✷✳✼✳✶✳

▲❡♠♠❛ ✷✳✽✳✷✳ ❆!!✉♠❡ %❤❛% %❤❡ !❡(✉❡♥❝❡! (hn), (ωn), (zn) !❛%✐!❢② ✭✷✳✽✳✹✮ ❛♥❞ ✭✷✳✽✳✺✮✳

❚❤❡♥✱ ✇❡ ❤❛✈❡

(1 + |ωn|2l)(hθnal(ψn, ψn) +
∥∥B∗

hn
ψn

∥∥2

U
) → 0, ❛! n→ ∞ ✭✷✳✽✳✻✮

❛♥❞

lim
n→∞

a(ϕn, ϕn) = lim
n→∞

‖ψn‖2 =
1

2
. ✭✷✳✽✳✼✮

'(♦♦❢✿❋♦& ✭✷✳✽✳✻✮✱ ✇❡ $❛❦❡ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ✐♥ Xhn
♦❢ iωnzn − Ãl,hn

zn ✇✐$❤ zn ❛♥❞

$❛❦❡ $❤❡ &❡❛❧ ♣❛&$✳ ❲❡ ♦❜$❛✐♥

ℜ
(
iωnzn − Ãl,hn

zn, zn

)
Xhn

= −ℜ




 (1 + hθn)

−1(I + hθnA
l
2
hn
)ψn

−(1 + hθn)
−1(I + hθnA

l
2
hn
)Ahn

ϕn − hθnA
1+ l

2
hn

ψn − Bhn
B∗

hn
ψn


 ,


 ϕn

ψn






Xhn

= ℜ
(
−(1 + hθn)

−1
(
(I + hθnA

l
2
h )Ahn

ψn, ϕn

)
+ (1 + hθn)

−1
(
(I + hθnA

l
2
hn
)Ahn

ϕn, ψn)
)

+(hθnA
1+ l

2
hn

ψn +Bhn
B∗

hn
ψn, ψn)

)

= (hθnA
1+ l

2
hn

ψn +Bhn
B∗

hn
ψn, ψn).

❚❤❡♥

(1 + |ωn|2l)ℜ
(
iωnzn − Ãl,hn

zn, zn

)
Xhn

= (1 + |ωn|2l)(hθnal(ψn, ψn) +
∥∥B∗

hn
ψn

∥∥2

U
) → 0 ❜② ✭✷✳✽✳✺✮✳

■♥ ♦&❞❡& $♦ ♣&♦✈❡ ✭✷✳✽✳✼✮✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ ♦♣❡&❛$♦&

A1hn
= (1 + hθn)

−1(I + hθnA
l
2
hn
)


 0 I

−Ahn
0


 . ✭✷✳✽✳✽✮

✽✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ ❤❛✈❡

Ãl,hn


 ϕn

ψn


 = A1hn


 ϕn

ψn


−


 0

hθnA
1+ l

2
hn

ψn +Bhn
B∗

hn
ψn


 , ∀


 ϕn

ψn


 ∈ Xhn

.

❲❡ $❛❦❡ $❤❡ ♥♦&♠ ‖.‖Xhn
♦❢ iωnzn − A1hn

zn +


 0

hθnA
1+ l

2
hn

ψn



$♦ ♦❜$❛✐♥

(1 + |ωn|2l)

∥∥∥∥∥∥
iωnzn − A1hn

zn +


 0

hθnA
1+ l

2
hn

ψn



∥∥∥∥∥∥

2

Xhn

= (1 + |ωn|2l)

∥∥∥∥∥∥
iωnzn − Ãl,hn

zn −


 0

Bhn
B∗

hn
ψn



∥∥∥∥∥∥

2

Xhn

≤ 2(1 + |ωn|2l)(
∥∥∥iωnzn − Ãl,hn

zn

∥∥∥
2

Xhn

+
∥∥Bhn

B∗
hn
ψn

∥∥2
)

≤ C(1 + |ωn|2l)(
∥∥∥iωnzn − Ãl,hn

zn

∥∥∥
2

Xhn

+
∥∥B∗

hn
ψn

∥∥2

U
) → 0,

❜② ✭✷✳✽✳✺✮ ❛♥❞ ✭✷✳✽✳✻✮✳ ❚❤❡&❡❢♦&❡

(1 + |ωn|2l)

∥∥∥∥∥∥
iωnzn − A1hn

zn +


 0

hθnA
1+ l

2
hn

ψn



∥∥∥∥∥∥

2

Xhn

→ 0. ✭✷✳✽✳✾✮

❲❡ ❝❛♥ ♥♦✇ ♣&♦✈❡ ✭✷✳✽✳✼✮✳ ❇② ▲❡♠♠❛ ✷✳✽✳✸ ❜❡❧♦✇✱ $❤❡&❡ ❡①✐1$1 n0 ∈ N 1✉❝❤ $❤❛$

$❤❡ 1❡G✉❡♥❝❡ (|ωn|)n≥n0 ✐1 ❜♦✉♥❞❡❞ ❛✇❛② ❢&♦♠ ③❡&♦✳ ❍❡♥❝❡✱ ✇❡ ♠❛② ✇&✐$❡

ℑ


iωnzn − A1hn

zn +


 0

hθnA
1+ l

2
hn

ψn


 , 1

ωn


 ϕn

−ψn






Xhn

=




 ϕn

ψn


 ,


 ϕn

−ψn






Xhn

= a(ϕn, ϕn)− ‖ψn‖2Vhn

❛♥❞ 1♦✱ ❜② ✭✷✳✽✳✾✮ ❛♥❞ ✭✷✳✽✳✹✮✱ ✇❡ ❤❛✈❡

lim
n→∞

(a(ϕn, ϕn)− ‖ψn‖2Vhn
) = 0.

✽✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤✐1 &❡❧❛$✐♦♥ ❛♥❞ ✭✷✳✽✳✹✮ ❧❡❛❞ $♦ ✭✷✳✽✳✼✮✳

▲❡♠♠❛ ✷✳✽✳✸✳ ❆!!✉♠❡ %❤❛% ✭✷✳✽✳✹✮ ❛♥❞ ✭✷✳✽✳✺✮ ❤♦❧❞✳ ❚❤❡♥ %❤❡4❡ ❡①✐!%! n0 ∈ N !✉❝❤

%❤❛% %❤❡ !❡8✉❡♥❝❡ (|ωn|)n≥n0 ✐! ✉♥✐❢♦4♠❧② ❜♦✉♥❞❡❞ ❛✇❛② ❢4♦♠ ③❡4♦✳

()♦♦❢✿ ❇② ❛ ❝♦♥$&❛❞✐❝$✐♦♥ ❛&❣✉♠❡♥$✱ ✇❡ 1❤♦✇ $❤❛$ $❤❡ 1❡A✉❡♥❝❡ (ωn)n ❝♦♥$❛✐♥1 ♥♦

1✉❜1❡A✉❡♥❝❡ ❝♦♥✈❡&❣✐♥❣ $♦ ③❡&♦✳ ◆❛♠❡❧② 1✉♣♣♦1❡ $❤❛$ 1✉❝❤ ❛ 1✉❜1❡A✉❡♥❝❡ ❡①✐1$1✳ ❋♦&

$❤❡ 1❛❦❡ ♦❢ 1✐♠♣❧✐❝✐$②✱ ✇❡ 1$✐❧❧ ❞❡♥♦$❡ ✐$ ❜② (ωn)n. ❍❡♥❝❡ ✭✷✳✽✳✾✮ ✐♠♣❧✐❡1 $❤❛$

−A1hn
zn +


 0

hθnA
1+ l

2
hn

ψn


 =


 −(1 + hθn)

−1(I + hθnA
l
2
hn
)ψn

(1 + hθn)
−1(I + hθnA

l
2
hn
)Ahn

ϕn + hθnA
1+ l

2
hn

ψn




→ 0 ✐♥ Xhn
.

✭✷✳✽✳✶✵✮

❚❛❦✐♥❣ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ♦❢ ✜&1$ ❝♦♠♣♦♥❡♥$ ✐♥ ✭✷✳✽✳✶✵✮ ✇✐$❤ ψn✱ ✇❡ ❣❡$

(1 + hθn)
−1a

(
(I + hθnA

l
2
hn
)ψn, ψn

)
= (1 + hθn)

−1
(
a(ψn, ψn) + hθna

l(ψn, ψn)
)
→ 0.

❆1 hn ≤ h∗✱ $❤❡♥✱ ❜② ✭✷✳✽✳✻✮✱ ✇❡ ❣❡$

∥∥∥A
1
2
hn
ψn

∥∥∥
2

= a(ψn, ψn) → 0. ✭✷✳✽✳✶✶✮

❚❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤❡ ✜&1$ ❝♦♠♣♦♥❡♥$ ✐♥ ✭✷✳✽✳✶✵✮ ✐♠♣❧✐❡1 $❤❛$

∥∥∥A
1
2
hn
(I + hθnA

l
2
hn
)ψn

∥∥∥
2

→ 0.

❚❤❡&❡❢♦&❡✱ ✭✷✳✽✳✶✶✮ ②✐❡❧❞1

hθnA
(1+l)

2
hn

ψn → 0 ✐♥ H. ✭✷✳✽✳✶✷✮

❚❤❡ 1❡❝♦♥❞ ❝♦♠♣♦♥❡♥$ ✐♥ ✭✷✳✽✳✶✵✮ ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ α‖x‖2 ≤ ‖A
1
2
hx‖2 = a(x, x) ❢♦&

❛❧❧ x ∈ Vh ✐♠♣❧② $❤❛$

(1 + hθn)
−1(I + hθnA

l
2
hn
)A

1
2
hn
ϕn + hθnA

1+l
2

hn
ψn → 0 ✐♥ H,

✽✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇❤✐❝❤✱ ❜② ✭✷✳✽✳✶✷✮✱ ②✐❡❧❞1

(1 + hθn)
−1(I + hθnA

l
2
hn
)A

1
2
hn
ϕn → 0 ✐♥ H.

❚❤✉1✱ ❛1 hn ≤ h∗✱ ✇❡ ❣❡$

a(ϕn, ϕn) → 0.

❚❤✐1 ❛❜♦✈❡ &❡❧❛$✐♦♥ ❛♥❞ ✭✷✳✽✳✶✶✮ ❝♦♥$&❛❞✐❝$ ✭✷✳✽✳✹✮✳

❆❝❝♦&❞✐♥❣ $♦ $❤❡ ❛❜♦✈❡ ❧❡♠♠❛✱ ✇❡ ♥♦$❡ $❤❛$ $❤❡ ❝♦❡✣❝✐❡♥$ 1 + |ωn|2l ❜❡❝♦♠❡1
❡C✉✐✈❛❧❡♥$ $♦ |ωn|2l✳ ◆♦✇✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ ♦♣❡&❛$♦& D1hn

❞❡✜♥❡❞ ❜②

D1hn
=


 0 I

−Ahn
0


 .

◆♦$❡ $❤❛$ A1hn
= (1 + hθn)

−1(I + hθnA
l
2
hn
)D1hn

✳ ❲❡ $❤❡♥ ✉1❡ $❤❡ ❢♦❧❧♦✇✐♥❣ 1♣❡❝$&❛❧

❜❛1✐1 ♦❢ $❤❡ ♦♣❡&❛$♦& D1hn
✳ ◆❛♠❡❧②✱ ✇❡ ❡①$❡♥❞ $❤❡ ❞❡✜♥✐$✐♦♥1 ♦❢ λk, hn

❛♥❞ ♦❢ ϕk, hn

❢♦& k ∈ {−1, ...,−N(hn)} ❜② 1❡$$✐♥❣ λk, hn
= −λ−k, hn

❛♥❞ ϕk, hn
= ϕ−k, hn

. ❚❤❡♥ ❛♥

♦&$❤♦♥♦&♠❛❧ ❜❛1✐1 ♦❢ Xhn
❢♦&♠❡❞ ❜② $❤❡ ❡✐❣❡♥✈❡❝$♦&1 ♦❢ D1hn

✐1 ❣✐✈❡♥ ❜②

Ψk, hn
=

1√
2


 − i

λk, hn
ϕk, hn

ϕk, hn


 , 0 < |k| ≤ N(hn), ✭✷✳✽✳✶✸✮

♦❢ ❛11♦❝✐❛$❡❞ ❡✐❣❡♥✈❛❧✉❡ iλk, hn
✱ $❤❛$ ✐1 $♦ 1❛②

D1hn
Ψk, hn

= iλk, hn
Ψk, hn

.

❈♦♥1❡C✉❡♥$❧②✱ ❢♦& ❛❧❧ n ∈ N, $❤❡&❡ ❡①✐1$ ❝♦♠♣❧❡① ❝♦❡✣❝✐❡♥$1 (cnk)0<|k|≤N(hn) 1✉❝❤ $❤❛$

zn =
∑

0<|k|≤N(hn)

cnkΨk, hn
. ✭✷✳✽✳✶✹✮

❚❤❡ ♥♦&♠❛❧✐③❛$✐♦♥ ❝♦♥❞✐$✐♦♥ ✭✷✳✽✳✹✮ ✐♠♣❧✐❡1 $❤❛$

∑

0<|k|≤N(hn)

|cnk |2 = 1.

✽✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

▲❡$ ǫ ❜❡ $❤❡ ❝♦♥1$❛♥$ ❢&♦♠ 5&♦♣♦1✐$✐♦♥ ✷✳✻✳✹ ✭✐❢ l = 0✱ ✇❡ &❡❝♦✈❡& $❤❡ ❝♦♥❞✐$✐♦♥ ❢&♦♠

5&♦♣♦1✐$✐♦♥ ✷✳✻✳✶✮✳ ❋♦& ❛♥② n ∈ N✱ ✇❡ ❞❡✜♥❡

Ml(hn) = max
{
k ∈ {1, ..., N(hn)}

∣∣∣∣h
θ
n(λk)

2 ≤ ǫ

λlk

}
, ✭✷✳✽✳✶✺✮

✐❢ hθn(λ1)
2 ≤ ǫ

λl
1
❛♥❞ Ml(hn) = 0 ♦$❤❡&✇✐1❡✳

▲❡♠♠❛ ✷✳✽✳✹✳ ❙✉♣♣♦$❡ &❤❛& &❤❡ $❡)✉❡♥❝❡$ (hn), (ωn), (zn) $❛&✐$❢② ✭✷✳✽✳✹✮ ❛♥❞ ✭✷✳✽✳✺✮✳

❚❤❡♥✱ ✇❡ ❤❛✈❡

ψn =
1√
2

N(hn)∑

k=1

(cnk + cn−k)ϕk, hn
, ✭✷✳✽✳✶✻✮

∑

Ml(hn)<k≤N(hn)

|ωn|2l
∣∣cnk + cn−k

∣∣2 → 0, ✭✷✳✽✳✶✼✮

❛♥❞

∑

0<|k|≤Ml(hn)

|ωn|2l
∣∣ωn − (1 + hθn)

−1(λk, hn
+ hθnλ

1+l
k, hn

)
∣∣2 |cnk |2 → 0. ✭✷✳✽✳✶✽✮

()♦♦❢✿ ❘❡❧❛$✐♦♥ ✭✷✳✽✳✶✻✮ ❢♦❧❧♦✇1 ❞✐&❡❝$❧② ❜② $❛❦✐♥❣ $❤❡ 1❡❝♦♥❞ ❝♦♠♣♦♥❡♥$ ✐♥ ✭✷✳✽✳✶✹✮

❛♥❞ ❜② ✉1✐♥❣ ✭✷✳✽✳✶✸✮ ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ ϕk, h = ϕ−k, h.

❋&♦♠ ✭✷✳✽✳✻✮ ❛♥❞ ✭✷✳✽✳✶✻✮✱ ✐$ ❢♦❧❧♦✇1 $❤❛$

|ωn|2l hθnal(ψn, ψn) =
1

2

N(hn)∑

k=1

hθnλ
2+l
k, hn

|ωn|2l
∣∣cnk + cn−k

∣∣2 → 0. ✭✷✳✽✳✶✾✮

❆1 ✇❡ ❤❛✈❡ λk ≤ λk, hn
❢♦& ❛❧❧ k ∈ {1, ..., N(hn)} ❛♥❞ ❜② $❤❡ ❞❡✜♥✐$✐♦♥ ✭✷✳✽✳✶✺✮✱ ✇❡

♦❜$❛✐♥ ✭✷✳✽✳✶✼✮✳

❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✇❡ ✉1❡ ✭✷✳✽✳✶✹✮ ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ Ψk, hn
✐1 ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢

D1hn
❛11♦❝✐❛$❡❞ ✇✐$❤ ❡✐❣❡♥✈❛❧✉❡ iλk, hn

$♦ ♦❜$❛✐♥ ❢♦& ❛❧❧ ψ̃hn
∈ Xhn

(
iωnzn − A1hn

zn, ψ̃hn

)

Xhn

=
∑

0<|k|≤N(hn)

i
(
ωn − (1 + hθn)

−1(λk, hn
+ hθnλ

1+l
k, hn

)
)
cnk

(
Ψk, hn

, ψ̃hn

)
Xhn

.
✭✷✳✽✳✷✵✮

✽✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❇② ✭✷✳✻✳✾✮✱ ✇❡ ❤❛✈❡

hθnλ
2
k, hn

≤ hθn(λk + (Chθnλ
2
k)

2)2 ≤ 2hθnλ
2
k + 2C4hθn(h

θ
nλ

2
k)

4 ≤ C
ǫ

λlk
+ C

ǫ4

λ4lk
≤ C ′ ǫ

λlk
✭✷✳✽✳✷✶✮

❢♦& hθn(λk)
2 ≤ ǫ

λl
k

. ❙♦✱ ❜② ✉1✐♥❣ ✭✷✳✽✳✶✾✮ ❛♥❞ ❛❣❛✐♥ ✭✷✳✻✳✾✮✱ $❤❡&❡ ❡①✐1$1 ❛ ❝♦♥1$❛♥$ C

✐♥❞❡♣❡♥❞❡♥$ ♦❢ hn 1✉❝❤ $❤❛$

h2θn

Ml(hn)∑

k=1

λ4+2l
k, hn

|ωn|2l
∣∣cnk + cn−k

∣∣2 ≤ C

Ml(hn)∑

k=1

ǫhθnλ
2+l
k, hn

|ωn|2l
∣∣cnk + cn−k

∣∣2

≤ Cǫ

Ml(hn)∑

k=1

hθnλ
2+l
k, hn

|ωn|2l
∣∣cnk + cn−k

∣∣2 → 0.

✭✷✳✽✳✷✷✮

❲❡ ❛❧1♦ ❤❛✈❡ ❢♦& ❛❧❧ ψ̃hn
∈ Xhn




 0

hθnA
1+ l

2
hn

ψn


 , ψ̃hn




Xhn

=
∑

0<|k|≤N(hn)

hθn
2
λ2+l
k, hn

(cnk + cn−k)
(
Ψk, hn

, ψ̃hn

)
Xhn

.

✭✷✳✽✳✷✸✮

❜❡❝❛✉1❡ l ✐1 ❡✈❡♥✳ ❘❡❧❛$✐♦♥ ✭✷✳✽✳✷✸✮ ✐♠♣❧✐❡1 $❤❛$ ❢♦& ❛❧❧ ψ̃hn
∈ Xhn




 0

hθnA
1+ l

2
hn

ψn


−

∑

Ml(hn)<|k|≤N(hn)

hθ
n

2
λ2+l
k, hn

(cnk + cn−k)Ψk, hn
, ψ̃hn




Xhn

=
∑

0<|k|≤Ml(hn)

hθ
n

2
λ2+l
k, hn

(cnk + cn−k)Ψk, hn
, ψ̃hn

)
Xhn

.

❍♦✇❡✈❡&✱

∥∥∥∥∥∥
|ωn|l

∑

0<|k|≤Ml(hn)

hθ
n

2
λ2+l
k, hn

(cnk + cn−k)Ψk, hn

∥∥∥∥∥∥

2

= |ωn|2l
∑

0<|k|≤Ml(hn)

h2θn
(2
√
2)2

λ4+2l
k, hn

|cnk + cn−k|2 + |ωn|2l
∑

0<|k|≤Ml(hn)

h2θn
(2
√
2)2

λ4+2l
k, hn

|cnk + cn−k|2

= 2 |ωn|2l
∑

0<|k|≤Ml(hn)

h2θn
(2
√
2)2

λ4+2l
k, hn

|cnk + cn−k|2.

✽✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤❡&❡❢♦&❡✱ ❜② ✭✷✳✽✳✷✷✮✱ ❢♦& ❛❧❧ ψ̃hn
∈ Xhn

|ωn|l



 0

hθnA
1+ l

2
hn

ψn


−

∑

Ml(hn)<|k|≤N(hn)

hθn
2
λ2+l
k, hn

(cnk + cn−k)Ψk, hn
, ψ̃hn




Xhn

→ 0.

❙♦✱ ✇❡ ♦❜$❛✐♥ ✇✐$❤ ✭✷✳✽✳✾✮✱ ✭✷✳✽✳✷✵✮ ❛♥❞ $❤❡ ❛❜♦✈❡ &❡❧❛$✐♦♥✱ ❢♦& ❛❧❧ ψ̃hn
∈ Xhn

✱ $❤❛$

$❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ✐♥ Xhn
♦❢ ψ̃hn

✇✐$❤

∑

0<|k|≤N(hn)

i |ωn|l
(
ωn − (1 + hθn)

−1(λk, hn
+ hθnλ

1+l
k, hn

)
)
cnkΨk, hn

+
∑

Ml(hn)<|k|≤N(hn)

hθ
n

2
|ωn|l λ2+l

k, hn
(cnk + cn−k)Ψk, hn

$❡♥❞1 $♦ ③❡&♦✳ ❆1 $❤❡ ❢❛♠✐❧② (Ψk, hn
) ✐1 ♦&$❤♦❣♦♥❛❧✱ $❤❡ ❛❜♦✈❡ &❡❧❛$✐♦♥ ✐♠♣❧✐❡1 ✭✷✳✽✳✶✽✮✳

✷✳✾ #$♦♦❢ ♦❢ ❚❤❡♦$❡♠ ✷✳✹✳✶

❲❡ ✉1❡ $❤❡ &❡1✉❧$1 ♦❢ $❤❡ ♣&❡✈✐♦✉1 1❡❝$✐♦♥ ✇✐$❤ l = 0 ❛♥❞ 1❡$✱ ❢♦& 1❤♦&$♥❡11✱

Ãh := Ã0,h ❛♥❞ M(hn) :=M0(hn).

 !♦♦❢ ♦❢ ❚❤❡♦!❡♠ ✷✳✹✳✶ ❚❤✐1 ♣&♦♦❢ ✐1 ❜❛1❡❞ ♦♥ ❚❤❡♦&❡♠ ✷✳✼✳✶✳ ❋✐&1$✱ ❢♦& ❛❧❧ h ∈
(0, h∗), $❤❡ ❢❛♠✐❧② (etÃh) ❢♦&♠1 ❛ ❝♦♥$&❛❝$✐♦♥ 1❡♠✐❣&♦✉♣✳ ❚❤❡ ❢❛♠✐❧② (Ãh) 1❛$✐1✜❡1 $❤❡

❝♦♥❞✐$✐♦♥ ✐✮ ✐♥ ❚❤❡♦&❡♠ ✷✳✼✳✶ ♦✇✐♥❣ $♦ ▲❡♠♠❛ ✷✳✽✳✶✳ ❚♦ 1❤♦✇ $❤❛$ $❤❡ ❢❛♠✐❧② (Ãh)

❛❧1♦ 1❛$✐1✜❡1 $❤❡ ❝♦♥❞✐$✐♦♥ ✐✐✮ ✐♥ ❚❤❡♦&❡♠ ✷✳✼✳✶✱ ✇❡ ✉1❡ ❛ ❝♦♥$&❛❞✐❝$✐♦♥ ❛&❣✉♠❡♥$✳

▲❡$ (hn)n, (ωn)n ❛♥❞ zn =


 ϕn

ψn


 ∈ D(Ãhn

) ❜❡ $❤&❡❡ 1❡J✉❡♥❝❡1 1❛$✐1❢②✐♥❣ ✭✷✳✽✳✹✮

❛♥❞ ✭✷✳✽✳✺✮✳ ◆♦$✐❝❡ $❤❛$ ❢♦& km ∈ Ak, ✇❡ ❤❛✈❡

λkm,hn
− λkm−1+lm−1−1,hn

≥ λkm − λkm−1+lm−1−1 − cǫ

= λkm − λkm−1 − cǫ ≥ γ′0 − cǫ

≥ γ′
0

2
=: γ′

✽✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❢♦& ǫ ≤ γ′
0

2c
❜② ✭✷✳✻✳✽✮ ❛♥❞ ✭✷✳✻✳✾✮✳ ❲❡ ♥♦✇ ✐♥$&♦❞✉❝❡ $❤❡ 1❡$

F =
{
n ∈ N

∣∣∃k(n) ∈ {1, ...,M}, ∃km(n) ∈ Ak(n),
∣∣km(n)

∣∣ ≤M(hn) ❛♥❞

∣∣km(n)+k(n)−1 + lm(n)+k(n)−1

∣∣ ≤ N(hn) 1✉❝❤ $❤❛$
∣∣∣ωn − λkm(n), hn

∣∣∣ < γ′

2

}
. ✭✷✳✾✳✶✮

❲❡ ❞✐1$✐♥❣✉✐1❤ $✇♦ ❝❛1❡1✳

❋✐&1$ ❝❛1❡ ✿ ❚❤❡ 1❡$ F ✐1 ✐♥✜♥✐$❡✳ ❚❤❡♥✱ ✇✐$❤♦✉$ ❧♦11 ♦❢ ❣❡♥❡&❛❧✐$②✱ ✇❡ ❝❛♥ 1✉♣♣♦1❡

$❤❛$ F = N ✭♦$❤❡&✇✐1❡ ✇❡ $❛❦❡ ❛ 1✉❜1❡F✉❡♥❝❡ ♦❢ (ωn)✮✳ ❚❤❡♥✱ ❜② &❡❞✉❝✐♥❣ $❤❡ ✈❛❧✉❡

♦❢ γ′ ✐❢ ♥❡❡❞❡❞✱ ✇❡ ❝❛♥ ❛11✉♠❡ $❤❛$ ❢♦& ❛❧❧ n ∈ N✱ ✇❡ ❤❛✈❡ $❤❛$ ❢♦& ❛❧❧ km ∈ Ak′ , k
′ =

1, ...,M ✇✐$❤ m 6= m(n),

∣∣ωn − λkm+j+l, hn

∣∣ ≥ γ′

2
, ∀j = 0, ..., k′ − 1, ∀l = 0, ..., lm+j − 1.

❇② ✉1✐♥❣ ✭✷✳✽✳✶✽✮✱ ✇❡ ♦❜$❛✐♥ $❤❛$

M∑

k=1

∑

km ∈ Ak

m 6= m(n)

k−1∑

j=0

lm+j−1∑

l = 0

0 < |km+j + lm+j − 1| ≤M(hn)

∣∣∣cnkm+j+l

∣∣∣
2

→ 0. ✭✷✳✾✳✷✮

❉❡✜♥❡ ♥♦✇

ψ̃n =
1√
2

k(n)−1∑

j=0

lm(n)+j−1∑

l=0

cnkm(n)+j+lϕkm(n)+j+l, hn
. ✭✷✳✾✳✸✮

❲❡ ❤❛✈❡✱ ❜② ✭✷✳✽✳✶✻✮✱

ψn =
1√
2

M∑

k=1

∑

km∈Ak

k−1∑

j = 0

1 ≤ km+j + l ≤ N(hn)

lm+j−1∑

l=0

(cnkm+j+l + cn−(km+j+l))ϕkm+j+l, hn
,

❛♥❞ 1♦✱ ❜② ✭✷✳✾✳✷✮ ❛♥❞ ✭✷✳✽✳✶✼✮✱ ✇❡ ♦❜$❛✐♥

∥∥∥ψ̃n − ψn

∥∥∥ → 0. ✭✷✳✾✳✹✮

✽✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤✉#✱ #✐♥❝❡ (‖B∗
h‖L(Vh, U))h∈(0, h∗) ✐# ❜♦✉♥❞❡❞✱ ✇❡ ❞❡❞✉❝❡ -❤❛-

∥∥∥B∗
hn
(ψ̃n − ψn)

∥∥∥
U
→ 0. ✭✷✳✾✳✺✮

❚❤❡ ❛❜♦✈❡ 6❡❧❛-✐♦♥ ❛♥❞ ✭✷✳✽✳✻✮ ✐♠♣❧② -❤❛-

∥∥∥B∗
hn
ψ̃n

∥∥∥
U
→ 0. ✭✷✳✾✳✻✮

❇✉-

∥∥∥B∗
hn
ψ̃n

∥∥∥
U

= 1√
2

∥∥∥∥∥∥

k(n)−1∑

j=0

lm(n)+j−1∑

l=0

cnkm(n)+j+lB
∗
hn
ϕkm(n)+j+l, hn

∥∥∥∥∥∥
U

= 1√
2

∥∥∥( B∗
hn
ϕkm(n), hn

· · · B∗
hn
ϕkm(n)+k(n)−1+lm(n)+k(n)−1−1, hn

)C

∥∥∥
U

= 1√
2

∥∥∥( 1 · · · 1)Φkm(n), hn
C

∥∥∥
U
,

✇❤❡6❡ C = ( ckm(n)
· · · ckm(n)+lm(n)−1 ckm(n)+1

· · · ckm(n)+k(n)−1+lm(n)+k(n)−1−1)
T .

❙♦✱ ✇❡ ❤❛✈❡

∥∥∥B∗
hn
ψ̃n

∥∥∥
U

= 1√
2

∥∥∥∥∥∥∥∥∥∥∥∥




1 1 · · · 1

0 0 · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · 0




Φkm(n), hn
C

∥∥∥∥∥∥∥∥∥∥∥∥
U, 2

.

❲❡ ♥♦✇ ✉#❡ ▲❡♠♠❛ ✷✳✸✳✶ -♦ ❤❛✈❡

∥∥∥B∗
hn
ψ̃n

∥∥∥
U

≥ c
∥∥∥B−1

km(n)
Φkm(n), hn

C
∥∥∥
U, 2

❢♦6 n ❧❛6❣❡ ❡♥♦✉❣❤

≥ cα ‖C‖2 ❜② E6♦♣♦#✐-✐♦♥ ✷✳✻✳✶✳
✭✷✳✾✳✼✮

●❛-❤❡6✐♥❣ ✭✷✳✾✳✸✮✱ ✭✷✳✾✳✻✮ ❛♥❞ ✭✷✳✾✳✼✮✱ ✇❡ ♦❜-❛✐♥ -❤❛- ψ̃n → 0 ✐♥ H. ❚❤❡6❡❢♦6❡✱ ❜②

✭✷✳✾✳✹✮✱ ψn → 0, ✇❤✐❝❤ ❝♦♥-6❛❞✐❝-# ✭✷✳✽✳✼✮✳

❙❡❝♦♥❞ ❝❛#❡ ✿ ❚❤❡ #❡- F ✐# ✜♥✐-❡✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ❛##✉♠❡✱ ✇✐-❤♦✉- ❧♦## ♦❢ ❣❡♥❡6❛❧✐-②✱

-❤❛- F ✐# ❡♠♣-② ✭♦-❤❡6✇✐#❡ ✇❡ -❛❦❡ ♦✛ -❤❡ ✜♥✐-❡ ♥✉♠❜❡6 ♦❢ (ωn)✮ ❀ ✐✳❡✳✱ -❤❛- ❢♦6 ❛❧❧

✽✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

n ∈ N, ✇❡ ❤❛✈❡ $❤❛$

|ωn − λk, hn
| ≥ γ′

2
✐❢ 0 < |k| ≤M(hn).

❚❤✉1✱ ❜② ✭✷✳✽✳✶✽✮ ❛♥❞ $❤❡ ❛❜♦✈❡ &❡❧❛$✐♦♥✱ ✇❡ ♦❜$❛✐♥ $❤❛$

∑

0<|k|≤M(hn)

|cnk |2 → 0.

❚❤❡&❡❢♦&❡✱ ❜② ✭✷✳✽✳✶✻✮✱ ✭✷✳✽✳✶✼✮ ❛♥❞ $❤❡ ❛❜♦✈❡ &❡❧❛$✐♦♥✱ ✇❡ ❤❛✈❡ ψn → 0 ✐♥ H, ✇❤✐❝❤

❝♦♥$&❛❞✐❝$1 ✭✷✳✽✳✼✮✳

■♥ ❝♦♥❝❧✉1✐♦♥✱ $❤❡ ❢❛♠✐❧② (Ãh) 1❛$✐1✜❡1 $❤❡ ❝♦♥❞✐$✐♦♥ ✐✐✮ ✐♥ ❚❤❡♦&❡♠ ✷✳✼✳✶ ❛♥❞ 1♦

$❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✻✮ ✐1 ✉♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡✳ �

✷✳✶✵ $%♦♦❢ ♦❢ ❚❤❡♦%❡♠ ✷✳✹✳✹

❍❡&❡ ✇❡ ✉1❡ $❤❡ &❡1✉❧$1 ♦❢ ❙❡❝$✐♦♥ ✷✳✽ ✇✐$❤ l > 0 ❛♥❞ l ❡✈❡♥✳ ❲✐$❤♦✉$ ❧♦11 ♦❢

❣❡♥❡&❛❧✐$②✱ ✇❡ ♠❛② ❛11✉♠❡ $❤❛$ 0 < h < h∗ = 1✳

 !♦♦❢ ♦❢ ❚❤❡♦!❡♠ ✷✳✹✳✹ ❛♥❞ ♦❢ ❝♦♥❞✐0✐♦♥ ✭✷✳✼✳✷✮ ❚❤✐1 ♣&♦♦❢ ✐1 ❜❛1❡❞ ♦♥ ❚❤❡♦✲

&❡♠ ✷✳✼✳✾✳ ❋✐&1$✱ ❢♦& ❛❧❧ h ∈ (0, h∗), (etÃl,h) ❢♦&♠1 ❛ ❢❛♠✐❧② ♦❢ ❝♦♥$&❛❝$✐♦♥ 1❡♠✐❣&♦✉♣1

❛♥❞ $❤❡ ❢❛♠✐❧② (Ãl,h)h 1❛$✐1✜❡1 ✭✷✳✼✳✶✮✳ ❚♦ ❛♣♣❧② $❤❡ &❡1✉❧$1 ♦❢ ❚❤❡♦&❡♠ ✷✳✼✳✾✱ $❤❡ ❢❛✲

♠✐❧② (Ãl,h) ♠✉1$ ❛❧1♦ 1❛$✐1❢② ❝♦♥❞✐$✐♦♥ ✐✮ ♦❢ ❚❤❡♦&❡♠ ✷✳✼✳✾ ✇✐$❤ α = 2l ❛♥❞ ❝♦♥❞✐$✐♦♥

✭✷✳✼✳✷✮ ♦& ❡K✉✐✈❛❧❡♥$❧② ❝♦♥❞✐$✐♦♥ ✭✷✳✽✳✸✮ ✳ ❲❡ ❛❣❛✐♥ ✉1❡ ❛ ❝♦♥$&❛❞✐❝$✐♦♥ ❛&❣✉♠❡♥$ $♦

♣&♦✈❡ $❤✐1 ❧❛1$ ❝♦♥❞✐$✐♦♥✳ ▲❡$ (hn)n, (ωn)n ❛♥❞ zn =


 ϕn

ψn


 ∈ Xh ❜❡ $❤&❡❡ 1❡✲

K✉❡♥❝❡1 1❛$✐1❢②✐♥❣ ✭✷✳✽✳✹✮ ❛♥❞ ✭✷✳✽✳✺✮✳ ◆♦$✐❝❡ $❤❛$ ❢♦& km ∈ Ak, ✇❡ ❤❛✈❡

λkm,h − λkm−1+lm−1−1,h ≥ λkm − λkm−1+lm−1−1 − cǫ
λ2l
km−1

≥ λkm − λkm−1 − cǫ
λ2l
k1

≥ γ′0 − cǫ
λ2l
k1

≥ γ′
0

2
=: γ′

✽✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❢♦& ǫ ≤ γ′
0λ

2l
k1

2c
❜② ✭✷✳✻✳✽✮✱ ✭✷✳✻✳✾✮ ❛♥❞ ❜❡❝❛✉1❡ λkm ≥ λk1 > 0✳ ❲❡ ✐♥$&♦❞✉❝❡ $❤❡ 1❡$ F2

❧✐❦❡

F2 =
{
n ∈ N

∣∣∃k(n) ∈ {1, ...,M}, ∃km(n) ∈ Ak(n),
∣∣km(n)

∣∣ ≤Ml(hn) ❛♥❞
∣∣km(n)+k(n)−1 + lm(n)+k(n)−1

∣∣ ≤ N(hn) 1✉❝❤ $❤❛$
∣∣∣ωn − (1 + hθn)

−1(λkm(n), hn
+ hθnλ

1+l
km(n), hn

)
∣∣∣ < γ′

4

}
. ✭✷✳✶✵✳✶✮

❲❡ ❞✐1$✐♥❣✉✐1❤ $✇♦ ❝❛1❡1✳

❋✐&1$ ❝❛1❡ ✿ ❚❤❡ 1❡$ F2 ✐1 ✐♥✜♥✐$❡✳ ❚❤❡♥✱ ✇✐$❤♦✉$ ❧♦11 ♦❢ ❣❡♥❡&❛❧✐$②✱ ✇❡ ❝❛♥ 1✉♣♣♦1❡

$❤❛$ F2 = N ✭♦$❤❡&✇✐1❡ ✇❡ $❛❦❡ ❛ 1✉❜1❡G✉❡♥❝❡ ♦❢ (ωn)n✮✳ ❚❤❡♥✱ ❜② &❡❞✉❝✐♥❣ $❤❡ ✈❛❧✉❡

♦❢ γ′ ✐❢ ♥❡❡❞❡❞✱ ✇❡ ❝❛♥ ❛11✉♠❡ $❤❛$ ❢♦& ❛❧❧ n ∈ N✱ ✇❡ ❤❛✈❡ $❤❛$ ❢♦& ❛❧❧ km ∈ Ak′ , k
′ =

1, ...,M ✇✐$❤ m 6= m(n), ❛♥❞ ❢♦& ❛❧❧ |km+j + l| ≤Ml(hn)

∣∣∣ωn − (1 + hθn)
−1(λkm+j+l, hn

+ hθnλ
1+l
km+j+l, hn

)
∣∣∣ ≥ γ′

8
, ∀j = 0, ..., k′−1, ∀l = 0, ..., lm+j−1.

✭✷✳✶✵✳✷✮

■♥❞❡❡❞✱ 1✐♠✐❧❛& $♦ ✭✷✳✽✳✷✶✮✱ ✇❡ ❤❛✈❡

∣∣∣ωn − (1 + hθn)
−1(λkm+j+l, hn

+ hθnλ
1+l
km+j+l, hn

)
∣∣∣

≥ (1 + hθn)
−1

∣∣∣λkm+j+l, hn
− λkm(n), hn

∣∣∣−
∣∣∣ωn − (1 + hθn)

−1(λkm(n), hn
+ hθnλ

1+l
km(n), hn

)
∣∣∣

−(1 + hθn)
−1(hθnλ

1+l
km(n), hn

+ hθnλ
1+l
km+j+l, hn

)

≥ γ′

2
− γ′

4
− 2Cǫ

λk1
.

❙♦ ❝❤♦♦1❡ ❛❣❛✐♥ ǫ ≤ γ′λk1
16C

$♦ ❣❡$ ✭✷✳✶✵✳✷✮✳ ❇② ✉1✐♥❣ ✭✷✳✽✳✶✽✮✱ ✇❡ ♦❜$❛✐♥ $❤❛$

M∑

k=1

∑

km ∈ Ak

m 6= m(n)

k−1∑

j=0

lm+j−1∑

l = 0

0 < |km+j + lm+j − 1| ≤Ml(hn)

|ωn|2l
∣∣∣cnkm+j+l

∣∣∣
2

→ 0.

✭✷✳✶✵✳✸✮

✾✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❉❡✜♥❡ ♥♦✇

ψ̃n =
1√
2

k(n)−1∑

j=0

lm(n)+j−1∑

l=0

cnkm(n)+j+lϕkm(n)+j+l, hn
. ✭✷✳✶✵✳✹✮

❲❡ ❤❛✈❡✱ ❜② ✭✷✳✽✳✶✻✮✱

ψn =
1√
2

M∑

k=1

∑

km∈Ak

k−1∑

j = 0

1 ≤ km+j + l ≤ N(hn)

lm+j−1∑

l=0

(cnkm+j+l + cn−(km+j+l))ϕkm+j+l, hn
,

❛♥❞ 1♦✱ ❜② ✭✷✳✶✵✳✸✮ ❛♥❞ ✭✷✳✽✳✶✼✮✱ ✇❡ ♦❜$❛✐♥

|ωn|l
∥∥∥ψ̃n − ψn

∥∥∥ → 0. ✭✷✳✶✵✳✺✮

❚❤✉1✱ 1✐♥❝❡ (‖B∗
h‖L(Vh, U))h∈(0, h∗) ✐1 ❜♦✉♥❞❡❞✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

|ωn|l
∥∥∥B∗

hn
(ψ̃n − ψn)

∥∥∥
U
→ 0. ✭✷✳✶✵✳✻✮

❚❤❡ ❛❜♦✈❡ &❡❧❛$✐♦♥ ❛♥❞ ✭✷✳✽✳✻✮ ✐♠♣❧② $❤❛$

|ωn|l
∥∥∥B∗

hn
ψ̃n

∥∥∥
U
→ 0. ✭✷✳✶✵✳✼✮

❇✉$

|ωn|l
∥∥∥B∗

hn
ψ̃n

∥∥∥
U

= |ωn|l√
2

∥∥∥∥∥∥

k(n)−1∑

j=0

lm(n)+j−1∑

l=0

cnkm(n)+j+lB
∗
hn
ϕkm(n)+j+l, hn

∥∥∥∥∥∥
U

= |ωn|l√
2

∥∥∥( B∗
hn
ϕkm(n), hn

· · · B∗
hn
ϕkm(n)+k(n)−1+lm(n)+k(n)−1−1, hn

)C

∥∥∥
U

= |ωn|l√
2

∥∥∥( 1 · · · 1)Φkm(n), hn
C

∥∥∥
U
,

✇❤❡&❡ C = ( ckm(n)
· · · ckm(n)+lm(n)−1 ckm(n)+1

· · · ckm(n)+k(n)−1+lm(n)+k(n)−1−1)
T .

❙♦✱ ✇❡ ❤❛✈❡

|ωn|l
∥∥∥B∗

hn
ψ̃n

∥∥∥
U

= |ωn|l√
2

∥∥∥∥∥∥∥∥∥∥∥∥




1 1 · · · 1

0 0 · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · 0




Φkm(n), hn
C

∥∥∥∥∥∥∥∥∥∥∥∥
U, 2

.

✾✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ ♥♦✇ ✉1❡ ▲❡♠♠❛ ✷✳✸✳✶ $♦ ❤❛✈❡

|ωn|l
∥∥∥B∗

hn
ψ̃n

∥∥∥
U

≥ c |ωn|l
∥∥∥B−1

km(n)
Φkm(n), hn

C
∥∥∥
U, 2

❢♦& n ❧❛&❣❡ ❡♥♦✉❣❤

≥ c α|ωn|l
λl
km(n)

‖C‖2 ❜② <&♦♣♦1✐$✐♦♥ 2.6.4.

❇✉$✱ ωn ✈❡&✐✜❡1

∣∣∣ωn − (1 + hθn)
−1(λkm(n), hn

+ hθnλ
1+l
km(n), hn

)
∣∣∣ < γ′

4
❜② ❞❡✜♥✐$✐♦♥ ✭✷✳✶✵✳✶✮

♦❢ F2 ✱ $❤✉1 |ωn| ≥ (1+hθn)
−1(λkm(n), hn

+hθnλ
1+l
km(n), hn

)− γ′

4
≥ 1

2
λkm(n), hn

− γ′

4
✳ ❚❤❡&❡❢♦&❡✱

✇❡ ❤❛✈❡

|ωn|l
∥∥∥B∗

hn
ψ̃n

∥∥∥
U

≥ cα

2l
(λkm(n), hn

− γ′

2
)l

λlkm(n)

‖C‖2

≥ cα

22l

λlkm(n), hn

λlkm(n)

‖C‖2 ❢♦& n ❧❛&❣❡ ❡♥♦✉❣❤

≥ cα

22l
‖C‖2 ❜② (2.6.8).

✭✷✳✶✵✳✽✮

●❛$❤❡&✐♥❣ ✭✷✳✶✵✳✹✮✱ ✭✷✳✶✵✳✼✮ ❛♥❞ ✭✷✳✶✵✳✽✮✱ ✇❡ ♦❜$❛✐♥ $❤❛$ ψ̃n → 0 ✐♥ H. ❚❤❡&❡❢♦&❡✱

❜② ✭✷✳✶✵✳✺✮✱ ψn → 0, ✇❤✐❝❤ ❝♦♥$&❛❞✐❝$1 ✭✷✳✽✳✼✮✳

❙❡❝♦♥❞ ❝❛1❡ ✿ ❚❤❡ 1❡$ F2 ✐1 ✜♥✐$❡✳ ❲❡ ♣&♦❝❡❡❞ 1✐♠✐❧❛& $♦ $❤❡ ♣&♦♦❢ ♦❢ $❤❡ 1❡❝♦♥❞

❝❛1❡ ♦❢ ❚❤❡♦&❡♠ ✷✳✹✳✶✳

■♥ ❝♦♥❝❧✉1✐♦♥✱ $❤❡ ❢❛♠✐❧② (Ãl,h) 1❛$✐1✜❡1 ✭✷✳✽✳✸✮ ❀ ✐✳❡✳✱ $❤❡ ❝♦♥❞✐$✐♦♥ ✭✐✮ ✐♥ ❚❤❡♦&❡♠

✷✳✼✳✾ ✇✐$❤ α = 2l ✇❤❡♥ l ✐1 ❡✈❡♥ ❛♥❞ ♣&♦♣❡&$② ✭✷✳✼✳✷✮ ♦❢ ❙✉❜1❡❝$✐♦♥ ✷✳✼✳✷✳

❘❡♠❛$❦ ✷✳✶✵✳✶✳ ❚❤❡ ♣$❡✈✐♦✉) ❛♥❛❧②)✐) ❤❛) ❜❡❡♥ ❤❡❧❞ ✐♥ ❝❛)❡ l ∈ N∗
✐) ❡✈❡♥✳ ❍♦✲

✇❡✈❡$✱ ✐♥ ❝❛)❡ l ✐) ♦❞❞✱ ✇❡ ❝❛♥ )6✐❧❧ ❛❞❛♣6 6❤❡ )❛♠❡ ❛♥❛❧②)✐) 6♦ ❣❡6 6❤❡ )❛♠❡ $❡)✉❧6)✳

■♥❞❡❡❞✱ ✇❡ ❝♦♥)✐❞❡$ ♣$♦❜❧❡♠ ✭✷✳✹✳✾✮ ✇✐6❤ ♣♦✇❡$) ♦❢ l + 1 ✐♥)6❡❛❞ ✐❢ l✳ ❇❡)✐❞❡)✱ ✇❤❡✲

♥❡✈❡$

∥∥B−1
kn
ΦknC

∥∥
U, 2

≥ α

λlkn
‖C‖2 ❛♥❞ hθλ2k ≤

ǫ

λl+1
k

, 6❤❡♥

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

≥ α

λlkn
‖C‖2 ,

❛♥❞ ∥∥∥(I + hθA
l
2
h )

−1ω̇h(t)
∥∥∥
2

+ a(ωh(t), ωh(t)) ≤
C

t
1
l

‖(ω0h, ω1h)‖2D(Ãl,h)
.

✾✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✷✳✶✶ ❈♦♥✈❡(❣❡♥❝❡ ♦❢ ,❤❡ ❞✐0❝(❡,✐③❡❞ ♣(♦❜❧❡♠

❍❡&❡ ✇❡ ✇❛♥$ $♦ ♣&♦✈❡ $❤❛$ $❤❡ 1♦❧✉$✐♦♥ ωh ♦❢ $❤❡ ❞✐1❝&❡$❡ ♣&♦❜❧❡♠ ✭✷✳✹✳✾✮ $❡♥❞1

$♦ $❤❡ 1♦❧✉$✐♦♥ ω ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐♥ X := V ×H ❛1 h ❣♦❡1 $♦ ③❡&♦

❛♥❞ ✐❢ $❤❡ ❞✐1❝&❡$❡ ✐♥✐$✐❛❧ ❞❛$❛ ❛&❡ ✇❡❧❧ ❝❤♦1❡♥✳ ❚❤✐1 ✐1 ♦❜$❛✐♥❡❞ ✇✐$❤ $❤❡ ❤❡❧♣ ♦❢ ❛

❣❡♥❡&❛❧ ✈❡&1✐♦♥ ♦❢ $❤❡ ❚&♦$$❡&✲❑❛$♦ ❚❤❡♦&❡♠ ♣&♦✈❡❞ ✐♥ ❬✹✺❪ $❤❛$ ✐1 ❛♣♣&♦♣&✐❛$❡❞ ✇❤❡♥

$❤❡ ❛♣♣&♦①✐♠❛$❡❞ 1❡♠✐✲❣&♦✉♣1 ❛&❡ ❞❡✜♥❡❞ ✐♥ ♣&♦♣❡& 1✉❜1♣❛❝❡1 ♦❢ $❤❡ ❧✐♠✐$ ♦♥❡✳ ❚❤❡

❜❛1✐❝ ✐❞❡❛ ✐1 $❤❛$ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤❡ 1❡♠✐✲❣&♦✉♣1 ✐1 ❡I✉✐✈❛❧❡♥$ $♦ $❤❡ ❝♦♥✈❡&❣❡♥❝❡

♦❢ $❤❡ &❡1♦❧✈❡♥$✱ ❤❡♥❝❡ ✇❡ ♣&♦✈❡ 1✉❝❤ ❛ ❝♦♥✈❡&❣❡♥❝❡ &❡1✉❧$ ❢♦& $❤❡ &❡1♦❧✈❡♥$1✳

❋✐&1$✱ ✇❡ &❡❝❛❧❧ $❤❡ ❚&♦$$❡&✲❑❛$♦ ❚❤❡♦&❡♠ ♣&♦✈❡❞ ✐♥ ❬✹✺❪✳ ▲❡$ Z ❛♥❞ Xn ❜❡

❇❛♥❛❝❤ 1♣❛❝❡1 ✇✐$❤ ♥♦&♠1 ‖.‖, ‖.‖n, n = 1, 2, ..., &❡1♣❡❝$✐✈❡❧②✱ ❛♥❞ X ❜❡ ❛ ❝❧♦1❡❞

❧✐♥❡❛& 1✉❜1♣❛❝❡ ♦❢ Z✳ ❖♥ X ❛ C0✲1❡♠✐❣&♦✉♣ T (.) ✇✐$❤ ✐♥✜♥✐$❡1✐♠❛❧ ❣❡♥❡&❛$♦& Ã ✐1

❣✐✈❡♥ ❛♥❞ ♦♥ $❤❡ 1♣❛❝❡1 Xn✱ $❤❡ C0✲1❡♠✐❣&♦✉♣1 Tn(.) ❛&❡ ❣❡♥❡&❛$❡❞ ❜② An✳ ❙✉♣♣♦1❡

$❤❛$✱ ❢♦& ❡✈❡&② n ∈ N∗
✱ $❤❡&❡ ❡①✐1$1 ❜♦✉♥❞❡❞ ❧✐♥❡❛& ♦♣❡&❛$♦&1 Pn : Z → Xn ❛♥❞

En : Xn → Z 1✉❝❤ $❤❛$ $❤❡ ❢♦❧❧♦✇✐♥❣ ❛11✉♠♣$✐♦♥1 ❤♦❧❞ ✿

✭❆✶✮ ‖Pn‖ ≤M1✱ ‖En‖ ≤M2✱ ✇❤❡&❡ M1, M2 ❛&❡ ✐♥❞❡♣❡♥❞❡♥$ ♦❢ n✱

✭❆✷✮ ‖EnPnx− x‖ → 0 ❛1 n→ ∞ ❢♦& ❛❧❧ x ∈ X✱

✭❆✸✮ PnEn = In✱ ✇❤❡&❡ In ✐1 $❤❡ ✐❞❡♥$✐$② ♦♣❡&❛$♦& ♦♥ Xn✳

❋♦& ❛❧❧ n ∈ N∗
✱ ❧❡$ Zn = range En✱ πn = EnPn✱ T̃n(t) = EnTn(t)Pn|Zn

✱ Ãn =

EnAnPn|Zn
✱ ❛♥❞ Ĩn = EnInPn|Zn

✳ ❚❤❡ ❚&♦$$❡&✲❑❛$♦ ❚❤❡♦&❡♠ ❣✐✈❡♥ ✐♥ ❚❤❡♦&❡♠ ✷✳✶

♦❢ ❬✹✺❪ 1$❛$❡1 $❤❡ ❢♦❧❧♦✇✐♥❣ ✿

❚❤❡♦$❡♠ ✷✳✶✶✳✶✳ ✭❚"♦$$❡"✲❑❛$♦✮✳ ❆,,✉♠❡ $❤❛$ (A1)− (A3) ❛"❡ ,❛$✐,✜❡❞✳ ❚❤❡♥ $❤❡

❢♦❧❧♦✇✐♥❣ ,$❛$❡♠❡♥$, ❛"❡ ❡8✉✐✈❛❧❡♥$ ✿

✭❛✮ ❚❤❡"❡ ❡①✐,$, ❛ λ0 ∈ ρ(Ã) ∩
∞⋂

n=1

ρ(Ãn) ,✉❝❤ $❤❛$✱ ❢♦" ❛❧❧ x ∈ X✱

∥∥∥(λ0Ĩn − Ãn)
−1πnx− (λ0I − Ã)−1x

∥∥∥ → 0, ❛, n→ ∞.

✾✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✭❜✮ ❋♦% ❡✈❡%② x ∈ X ❛♥❞ t ≥ 0✱

‖T̃n(t)πnx− T (t)x‖ → 0, ❛- n→ ∞

✉♥✐❢♦%♠❧② ♦♥ ❜♦✉♥❞❡❞ t−✐♥3❡%✈❛❧-✳

❖✉& ❛✐♠ ✐1 $♦ ♣&♦✈❡ $❤❛$ ❝♦♥❞✐$✐♦♥ ✭❛✮ ♦❢ ❚❤❡♦&❡♠ ✷✳✶✶✳✶ ❤♦❧❞1 $&✉❡ ✐♥ ♦&❞❡& $♦

❣❡$ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤❡ 1♦❧✉$✐♦♥1✳ ▲❡$ ✉1 1$❛&$ ✇✐$❤ 1♦♠❡ ♣&❡❧✐♠✐♥❛&② &❡1✉❧$1✳

▲❡♠♠❛ ✷✳✶✶✳✷✳ ▲❡3 l ∈ N, l ≥ 2✳ ■❢ f ∈ V = D(A
1
2 )✱ 3❤❡♥

‖(1 + hθ)(I + hθA
l
2
h )

−1πhf − πhf‖H ≤ Ch
θ
l ‖f‖V , ✭✷✳✶✶✳✶✮

❢♦% -♦♠❡ C > 0✳

'(♦♦❢✿ ❲❡ ✇&✐$❡

πhf =

N(h)∑

k=1

fkϕk,h,

✇✐$❤ fk ∈ C✳ ❍❡♥❝❡

vh = (1 + hθ)(I + hθA
l
2
h )

−1πhf,

❝❛♥ ❜❡ ✇&✐$$❡♥

vh =

N(h)∑

k=1

vkϕk,h,

✇✐$❤ vk = (1 + hθ)(1 + hθλlk,h)
−1fk✳ ❈♦♥1❡B✉❡♥$❧② ✇❡ ❤❛✈❡

‖vh − πhf‖2H =

N(h)∑

k=1

|fk|2
(
(1 + hθ)(1 + hθλlk,h)

−1 − 1
)2

= h2θ
N(h)∑

k=1

|fk|2
( 1− λlk,h
1 + hθλlk,h

)2

≤ ch2θ
N(h)∑

k=1

|fk|2
λ2lk,h

(1 + hθλlk,h)
2

≤ ch2θ
N(h)∑

k=1

λ2k,h|fk|2(g(λk,h))2

✾✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❢♦& 1♦♠❡ c > 0 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ h✱ ✇❤❡&❡ $❤❡ ❢✉♥❝$✐♦♥ g : [0,∞) 7→ R ✐1 ❣✐✈❡♥ ❜②

g(λ) =
λl−1

(1 + hθλl)
✳ ❆1 $❤❡ ♠❛①✐♠✉♠ ♦❢ g ✐1 ❛$$❛✐♥❡❞ ❛$ λ0 > 0 ❣✐✈❡♥ ❜②

hθλl0 = l − 1,

✇❡ ❣❡$ $❤❛$

‖vh − πhf‖2H ≤ cc22h
2θ
l

N(h)∑

k=1

|fk|2λ2k,h

1✐♥❝❡ λ0 = c1h
− θ

l
❛♥❞ g(λ0) = c2h

− θ(l−1)
l

✇✐$❤ c1, c2 $✇♦ ♣♦1✐$✐✈❡ ❝♦♥1$❛♥$1 ✐♥❞❡✲

♣❡♥❞❡♥$ ♦❢ h✳ ❚❤✐1 ♣&♦✈❡1 $❤❡ ✜&1$ ❡1$✐♠❛$❡ 1✐♥❝❡

N(h)∑

k=1

|fk|2λ2k,h = ‖A
1
2
hπhf‖2H = a(πhf, πhf) ≤ a(f, f) = ‖A 1

2f‖2H .

❈♦"♦❧❧❛"② ✷✳✶✶✳✸✳ ▲❡" l ∈ N, l ≥ 2✱ "❤❡♥ ❢♦( ❛♥② fh ∈ Vh ✇❡ ❤❛✈❡

‖(1 + hθ)(I + hθA
l
2
h )

−1fh − fh‖D(A
− 1

2
h

)
≤ Ch

θ
l ‖fh‖H , ✭✷✳✶✶✳✷✮

❢♦( -♦♠❡ C > 0✳

 !♦♦❢✿ ❆! ✐♥ $❤❡ ♣(❡✈✐♦✉! ❧❡♠♠❛✱ ✇❡ ❤❛✈❡

‖(1 + hθ)(I + hθA
l
2
h )

−1fh − fh‖2
D(A

− 1
2

h
)

= ‖A− 1
2

h

(
(1 + hθ)(I + hθA

l
2
h )

−1fh − fh

)
‖2H

= h2θ
N(h)∑

k=1

λ−2
k,h|fk|2

( 1− λlk,h
1 + hθλlk,h

)2

≤ ch2θ
N(h)∑

k=1

|fk|2(g(λk,h))2,

✇❤❡♥

fh =

N(h)∑

k=1

fkϕk,h.

❲❡ $❤❡♥ ❝♦♥❝❧✉❞❡ ❛! ❜❡❢♦(❡✳

✾✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

▲❡♠♠❛ ✷✳✶✶✳✹✳ ▲❡" l ∈ N, l ≥ 2 ❛♥❞ ❧❡" f ∈ D(A)✱ "❤❡♥

hθ‖A1+ l
2

h (I + hθA
l
2
h )

−2πhf‖D(A
− 1

2
h

)
≤ Ch

θ
l ‖f‖D(A), ✭✷✳✶✶✳✸✮

❢♦+ ,♦♠❡ C > 0✳

()♦♦❢✿ ❲❡ ❡❛1✐❧② 1❡❡ $❤❛$

h2θ‖A1+ l
2

h (I + hθA
l
2
h )

−2πhf‖2
D(A

− 1
2

h
)

= h2θ‖A− 1
2

h A
1+ l

2
h (I + hθA

l
2
h )

−2πhf‖2H

= h2θ
N(h)∑

k=1

|fk|2
λ2l+2
k,h

(1 + hθλlk,h)
4

≤ h2θ
N(h)∑

k=1

|fk|2λ4k,h(g(λk,h))2,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❛1 ❜❡❢♦&❡✳

▲❡♠♠❛ ✷✳✶✶✳✺✳ ▲❡" l ∈ N, l ≥ 2 ❛♥❞ ❧❡" f ∈ V ✱ "❤❡♥

‖(1+hθ)(I+hθA
l
2
h )

−1BhB
∗
h(1+h

θ)(I+hθA
l
2
h )

−1πhf−BhB
∗
hπhf‖D(A

− 1
2

h
)
≤ Ch

θ
l ‖f‖V ,
✭✷✳✶✶✳✹✮

❢♦+ ,♦♠❡ C > 0✳

()♦♦❢✿ ❆1 ✐♥ ▲❡♠♠❛ ✷✳✶✶✳✷✱ ✇❡ 1❡$

vh = (1 + hθ)(I + hθA
l
2
h )

−1πhf.

❋✐&1$✱ ✇❡ ♥♦$✐❝❡ $❤❛$

‖BhB
∗
h(vh − πhf)‖H ≤ C‖vh − πhf‖H ,

❛♥❞ ❜② ▲❡♠♠❛ ✷✳✶✶✳✷ ✇❡ ❣❡$

‖BhB
∗
h(vh − πhf)‖H ≤ Ch

θ
l ‖f‖V .

✾✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❙❡❝♦♥❞✱ ❜② ❈♦&♦❧❧❛&② ✷✳✶✶✳✸✱ ✇❡ ❤❛✈❡

‖(1 + hθ)(I + hθA
l
2
h )

−1BhB
∗
hvh − BhB

∗
hvh‖D(A

− 1
2

h
)

≤ Ch
θ
l ‖BhB

∗
hvh‖H

≤ Ch
θ
l (‖BhB

∗
h(vh − πhf)‖H + ‖BhB

∗
hπhf‖H)

≤ Ch
θ
l ‖f‖V ,

✇❤❡&❡ ✇❡ ✉1❡ $❤❡ ❢❛❝$ $❤❛$ ‖πhf‖H ≤ c‖πhf‖V ≤ c‖f‖V ✳ ❚❤❡ ❝♦♥❝❧✉1✐♦♥ ❢♦❧❧♦✇1
❢&♦♠ $❤❡ $✇♦ ❛❜♦✈❡ ❡1$✐♠❛$❡1✳

❚❤❡♦$❡♠ ✷✳✶✶✳✻✳ ■❢ z = (f, g)⊤ ∈ D(A)×D(A)✱ #❤❡♥

‖(Ãl,h)
−1(πhf, πhg)

⊤ − Ã−1(f, g)⊤‖X → 0 ❛( h→ 0.

*$♦♦❢✿ ❇② $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ Ãl,h ❛♥❞ Ã✱ ✇❡ ❤❛✈❡

(uh, vh)
⊤ = (Ãl,h)

−1(πhf, πhg)
⊤,

❛♥❞

(u, v)⊤ = Ã−1(f, g)⊤,

✐❢ ❛♥❞ ♦♥❧② ✐❢





vh = (1 + hθ)(I + hθA
l
2
h )

−1πhf

−Ahuh = (1 + hθ)(I + hθA
l
2
h )

−1(hθA
1+ l

2
h +BhB

∗
h)vh + (1 + hθ)(I + hθA

l
2
h )

−1πhg,

❛♥❞ 



v = f

−Au = BB∗v + g.

❚❤❡&❡❢♦&❡✱ ✇❡ ❝❛♥ ✇&✐$❡

−Ahuh = πhg +BhB
∗
hπhf + rh,

✾✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇❤❡&❡ rh ∈ Vh ✐1 ❣✐✈❡♥ ❜②

rh = (1 + hθ)(I + hθA
l
2
h )

−1πhg − πhg

+ (1 + hθ)hθ(I + hθA
l
2
h )

−1A
1+ l

2
h vh

+ (1 + hθ)(I + hθA
l
2
h )

−1BhB
∗
hvh − BhB

∗
hπhf.

❇② $❤❡ ♣&❡✈✐♦✉1 ▲❡♠♠❛1✱ rh 1❛$✐1✜❡1

‖rh‖D(A
− 1

2
h

)
≤ Ch

θ
l ‖(f, g)⊤‖D(A)×V . ✭✷✳✶✶✳✺✮

❚❤❡&❡❢♦&❡✱ uh ∈ Vh ❝❛♥ ❜❡ 1❡❡♥ ❛1 $❤❡ ✉♥✐B✉❡ 1♦❧✉$✐♦♥ ♦❢

a(uh, wh) = −(πhg, wh)− (BhB
∗
hπhf, wh)− 〈rh;wh〉 ∀wh ∈ Vh, ✭✷✳✶✶✳✻✮

✇❤❡&❡ 〈; 〉 ❞❡♥♦$❡1 $❤❡ ❞✉❛❧ ♣&♦❞✉❝$ ✐♥ D(A
− 1

2
h )✳ ❙✐♥❝❡ u ∈ V ✐1 1♦❧✉$✐♦♥ ♦❢

a(u, w) = −(g, w)− (BB∗f, w) ∀w ∈ V,

✇❡ ❣❡$ ✭&❡❝❛❧❧✐♥❣ $❤❛$ Vh ⊂ V ✮

a(u, wh) = −(g, wh)− (BB∗f, wh) ∀wh ∈ Vh.

❍❡♥❝❡✱ $❛❦✐♥❣ $❤❡ ❞✐✛❡&❡♥❝❡ ♦❢ $❤✐1 ✐❞❡♥$✐$② ✇✐$❤ ✭✷✳✶✶✳✻✮✱ ✇❡ ♦❜$❛✐♥

a(u− uh, wh) = (πhg − g, wh) + (B∗(πhf − f), B∗wh)U + 〈rh;wh〉 ∀wh ∈ Vh.

❈♦♥1❡B✉❡♥$❧②✱ $❛❦✐♥❣ wh = πhu− uh✱ ✇❡ ❣❡$

a(u− uh, u− uh) = a(u− uh, u− πhu) + a(u− uh, πhu− uh)

= a(u− uh, u− πhu) + (πhg − g, πhu− uh)

+ (B∗(πhf − f), B∗(πhu− uh))U + 〈rh; πhu− uh〉.

✾✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❍❡♥❝❡✱ ❜② ❈❛✉❝❤②✲❙❝❤✇❛&③✬1 ✐♥❡<✉❛❧✐$② ❛♥❞ $❤❡ ❜♦✉♥❞❡❞♥❡11 ♦❢ B∗
✱ ✇❡ ♦❜$❛✐♥

‖u− uh‖2V = a(u− uh, u− uh)

≤ ‖u− uh‖V ‖u− πhu‖V + C(‖πhg − g‖H + ‖πhf − f‖H + ‖rh‖D(A
− 1

2
h

)
)‖πhu− uh‖V .

◆♦✇✱ ✉1✐♥❣ $❤❡ $&✐❛♥❣❧❡ ✐♥❡<✉❛❧✐$②✱ ✇❡ ❣❡$

‖u− uh‖2V ≤ C
(
(‖u− πhu‖V + ‖πhg − g‖H + ‖πhf − f‖H + ‖rh‖D(A

− 1
2

h
)
)‖u− uh‖V

+ (‖πhg − g‖H + ‖πhf − f‖H + ‖rh‖D(A
− 1

2
h

)
)‖u− πhu‖V

)
.

❍❡♥❝❡✱ ❜② ❨♦✉♥❣✬1 ✐♥❡<✉❛❧✐$②✱ ✇❡ ❛&&✐✈❡ ❛$

‖u− uh‖2V ≤ C
(
‖u− πhu‖2V + ‖πhg − g‖2H + ‖πhf − f‖2H + ‖rh‖2

D(A
− 1

2
h

)

+ (‖πhg − g‖H + ‖πhf − f‖H + ‖rh‖D(A
− 1

2
h

)
)‖u− πhu‖V

)
.

❚❤❡ ❡1$✐♠❛$❡1 ✭✷✳✹✳✹✮✱ ✭✷✳✹✳✺✮✱ ❛♥❞ ✭✷✳✶✶✳✺✮ $❤❡♥ ②✐❡❧❞

‖u− uh‖2V ≤ C
(
h2θ‖u‖2D(A) + h4θ‖f‖2D(A) + h4θ‖g‖2D(A) + h

2θ
l ‖(f, g)⊤‖2D(A)×V✭✷✳✶✶✳✼✮

+ (h2θ‖f‖D(A) + h2θ‖g‖D(A) + h
θ
l ‖(f, g)⊤‖D(A)×V )h

θ‖u‖D(A)

)
.

❋♦& v − vh✱ ✇❡ ♥♦$✐❝❡ $❤❛$

v− vh = f − (1 + hθ)(I + hθA
l
2
h )

−1πhf = f − πhf + πhf − (1 + hθ)(I + hθA
l
2
h )

−1πhf,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ ✐$ $❡♥❞1 $♦ ③❡&♦ ✐♥ H ❞✉❡ $♦ $❤❡ ❡1$✐♠❛$❡ ✭✷✳✹✳✹✮ ❛♥❞ ▲❡♠♠❛

✷✳✶✶✳✷✳

❈♦"♦❧❧❛"② ✷✳✶✶✳✼✳ ■❢ z = (f, g)⊤ ∈ V ×H✱ #❡❝❛❧❧✐♥❣ +❤❛+ jh ✐- +❤❡ ♣#♦❥❡❝+✐♦♥ ❢#♦♠

H ✐♥+♦ Vh✱ ✇❡ ❤❛✈❡

‖(Ãl,h)
−1(πhf, jhg)

⊤ − Ã−1(f, g)⊤‖X → 0 ❛- h→ 0.

✾✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

 !♦♦❢✿ ❋✐&1$ ❢♦& z = (f, g)⊤ ∈ D(A)×D(A)✱ $❤❡♥

‖(Ãl,h)
−1(πhf, jhg)

⊤ − Ã−1(f, g)⊤‖X ≤ ‖(Ãl,h)
−1(πhf, πhg)

⊤ − Ã−1(f, g)⊤‖X
+‖(Ãl,h)

−1(0, jhg − πhg)
⊤‖X .

❚❤❡ ✜&1$ $❡&♠ ♦❢ $❤✐1 &✐❣❤$✲❤❛♥❞ 1✐❞❡ $❡♥❞1 $♦ ③❡&♦ ❛1 h ❣♦❡1 $♦ ③❡&♦ ❜② $❤❡ ♣&❡✈✐♦✉1

❚❤❡♦&❡♠✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞ ❢♦& $❤❡ 1❡❝♦♥❞ $❡&♠✱ ❛1 Ãl,h 1❛$✐1✜❡1 ✭✷✳✼✳✷✮ ✭1❡❡ ❙❡❝$✐♦♥

✷✳✶✵✮✱ $❤❡&❡ ❡①✐1$1 C > 0 ✭✐♥❞❡♣❡♥❞❡♥$ ♦❢ h✮ 1✉❝❤ $❤❛$ ❢♦& ❛❧❧ h < h∗

‖(Ãl,h)
−1(0, jhg − πhg)

⊤‖X ≤ C‖jhg − πhg‖H .

❍❡♥❝❡✱ ❜② $❤❡ $&✐❛♥❣❧❡ ✐♥❡G✉❛❧✐$② ❛♥❞ $❤❡ ♣&♦♣❡&$② ‖g − jhg‖H ≤ ‖g − πhg‖H ✭❛1 jh

✐♥ $❤❡ ♣&♦❥❡❝$✐♦♥ ♦♥ Vh ✐♥ H✮✱ ✇❡ ❣❡$

‖(Ãl,h)
−1(0, jhg − πhg)

⊤‖X ≤ 2C‖g − πhg‖H .

❇② $❤❡ ❡1$✐♠❛$❡ ✭✷✳✹✳✺✮✱ ✇❡ $❤❡♥ ❝♦♥❝❧✉❞❡ $❤❛$ $❤✐1 1❡❝♦♥❞ $❡&♠ $❡♥❞1 ❛❧1♦ $♦ ③❡&♦

❛1 h ❣♦❡1 $♦ ③❡&♦✳

■❢ z = (f, g)⊤ ✐1 ♦♥❧② ✐♥ V ×H✱ $❤❡♥ ❢♦& ❛♥ ❛&❜✐$&❛&② ε > 0✱ ✇❡ ✉1❡ $❤❡ ❞❡♥1✐$②

♦❢ D(A)×D(A) ✐♥$♦ V ×H $♦ ❣❡$ (F,G)⊤ ∈ D(A)×D(A) 1✉❝❤ $❤❛$

‖(f, g)⊤ − (F,G)⊤‖X ≤ ε.

◆♦✇✱ ❜② $❤❡ $&✐❛♥❣❧❡ ✐♥❡G✉❛❧✐$②✱ ✇❡ ❤❛✈❡

‖(Ãl,h)
−1(πhf, jhg)

⊤ − Ã−1(f, g)⊤‖X ≤ ‖(Ãl,h)
−1(πh(f − F ), jh(g −G))⊤‖X

+ ‖Ã−1(f − F, g −G)⊤‖X
+ ‖(Ãl,h)

−1(πhF, jhG)
⊤ − Ã−1(F,G)⊤‖X .

❇② $❤❡ ✜&1$ 1$❡♣✱ $❤❡&❡ ❡①✐1$1 hε 1♠❛❧❧ ❡♥♦✉❣❤ 1✉❝❤ $❤❛$

‖(Ãl,h)
−1(πhF, jhG)

⊤ − Ã−1(F,G)⊤‖X ≤ ε, ∀0 < h < hε.

✶✵✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❋♦& $❤❡ 1❡❝♦♥❞ $❡&♠✱ ❜② $❤❡ ❜♦✉♥❞❡❞♥❡11 ♦❢ Ã−1
✱ ✇❡ ♠❛② ✇&✐$❡

‖Ã−1(f − F, g −G)⊤‖X ≤ C‖(f − F, g −G)⊤‖X ≤ Cε.

❋✐♥❛❧❧② ❢♦& $❤❡ ✜&1$ $❡&♠✱ ✉1✐♥❣ $❤❡ ♣&♦♣❡&$② ✭✷✳✼✳✷✮ ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ πh ✭&❡1♣✳ jh✮

✐1 ❛ ♣&♦❥❡❝$✐♦♥ ❢&♦♠ V ✭&❡1♣✳ ❢&♦♠ H✮ ✐♥$♦ Vh✱ ✇❡ ❣❡$ ❢♦& ❛❧❧ h < h∗

‖(Ãl,h)
−1(πh(f−F ), jh(g−G))⊤‖X ≤ C‖(πh(f−F ), jh(g−G))⊤‖X ≤ C‖(f−F, g−G)⊤‖X ≤ Cε.

❆❧❧ $♦❣❡$❤❡& ✇❡ ❤❛✈❡ ♦❜$❛✐♥❡❞ $❤❛$

‖(Ãl,h)
−1(πhf, jhg)

⊤ − Ã−1(f, g)⊤‖X ≤ (1 + 2C)ε, ∀0 < h < min{hε, h∗}.

❚❤✐1 ♣&♦✈❡1 $❤❡ &❡1✉❧$✳

❲❡ ❛&❡ ♥♦✇ &❡❛❞② $♦ 1$❛$❡ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ &❡1✉❧$✳

❚❤❡♦$❡♠ ✷✳✶✶✳✽✳ ■❢ (ω0, ω1)
⊤ ∈ V ×H✱ #❤❡♥

‖Tl,h(t)(πhω0, jhω1)
⊤ − T (t)(ω0, ω1)

⊤‖X → 0 ❛( h→ 0. ✭✷✳✶✶✳✽✮

*$♦♦❢✿ ❲❡ ✉1❡ ❚❤❡♦&❡♠ ✷✳✶ ♦❢ ❬✹✺❪ ♦& ❚❤❡♦&❡♠ ✷✳✶✶✳✶ ✇✐$❤ X = Z = V × H✱

Xn = Vh × Vh✱ ❛♥❞ Pn : X → Xn ❞❡✜♥❡❞ ❜②

Pn(f, g)
⊤ = (πhf, jhg)

⊤, ∀(f, g)⊤ ∈ X,

❛♥❞ En = P ∗
n $❤❛$ ❤❡&❡ ✐1 $❤❡ ❝❛♥♦♥✐❝❛❧ ✐♥❥❡❝$✐♦♥ ♦❢ Vh × Vh ✐♥$♦ V × H✳ ❚❤❡

❛11✉♠♣$✐♦♥1 ✭❆✶✮ ❛♥❞ ✭❆✸✮ ♦❢ ❬✹✺❪ ❛&❡ $&✐✈✐❛❧❧② 1❛$✐1✜❡❞✱ ✇❤✐❧❡ $❤❡ ❛11✉♠♣$✐♦♥ ✭❆✷✮

✐1 ❛ ❝♦♥1❡K✉❡♥❝❡ ♦❢ ✭✷✳✹✳✹✮✱ ✭✷✳✹✳✺✮ ❛♥❞ $❤❡ ❞❡♥1✐$② ♦❢ D(A)×D(A) ✐♥$♦ V ×H✳

❙✐♥❝❡ ❈♦&♦❧❧❛&② ✷✳✶✶✳✼ 1❤♦✇1 $❤❛$ ❝♦♥❞✐$✐♦♥ ✭❛✮ ♦❢ ❚❤❡♦&❡♠ ✷✳✶✶✳✶ ❤♦❧❞1 ✇✐$❤

λ0 = 0 ∈ ρ(Ã) ∩
⋂

h

ρ(Ãl,h)✱ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ ❝♦♥❞✐$✐♦♥ ✭❜✮ ♦❢ $❤✐1 ❚❤❡♦&❡♠✱ ♥❛♠❡❧②

✭✷✳✶✶✳✽✮✱ ❤♦❧❞1✳

✶✵✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❘❡♠❛$❦ ✷✳✶✶✳✾✳ ■♥ ❝❛$❡ l = 0✱ ✇❡ ❝❛♥ $(✐❧❧ ❛♣♣❧② (❤❡ ❚/♦((❡/✲❑❛(♦ ❚❤❡♦/❡♠ (♦ ❣❡(

(❤❡ ❝♦♥✈❡/❣❡♥❝❡ ♦❢ (❤❡ ❞✐$❝/❡(❡ ♣/♦❜❧❡♠ ✭✷✳✹✳✻✮ (♦✇❛/❞$ (❤❡ ❝♦♥(✐♥✉♦✉$ ♦♥❡ ✭✷✳✶✳✶✸✮✳

■♥❞❡❡❞✱ $✐♠✐❧❛/ (♦ ▲❡♠♠❛ ✷✳✶✶✳✹✱ ✇❡ ❤❛✈❡ ❢♦/ f ∈ D(A)✱ hθ‖Ahπhf‖H ≤ hθ‖f‖D(A).

▼♦/❡♦✈❡/✱ ✐♥ (❤❡ ♣/♦♦❢ ♦❢ ❚❤❡♦/❡♠ ✷✳✶✶✳✻✱ ✇❡ ❣❡( rh = hθAhπhf ✱ ‖u − uh‖V ≤
chθ‖(f, g)‖D(A)×D(A), ❛♥❞ ‖v − vh‖H ≤ ch2θ‖(f, g)‖D(A)×D(A).

✷✳✶✷ ❊①❛♠♣❧❡*

✷✳✶✷✳✶ ❚✇♦ ❝♦✉♣❧❡❞ ✇❛✈❡ ❡.✉❛/✐♦♥2

❲❡ ❝♦♥1✐❞❡& $❤❡ ❢♦❧❧♦✇✐♥❣ 1②1$❡♠ ♦❢ ❬✸❪ ❣✐✈❡♥ ❜②





utt(x, t)− uxx(x, t) + αy(x, t) + β(x)ut(x, t) = 0 ✐♥ (0, 1)× R+,

ytt(x, t)− yxx(x, t) + αu(x, t) + γ(x)yt(x, t) = 0 ✐♥ (0, 1)× R+,

u(0, t) = u(1, t) = y(0, t) = y(1, t) = 0 ∀t > 0,

u(·, 0) = u0, ut(·, 0) = u1, y(·, 0) = y0, yt(·, 0) = y1 ✐♥ (0, 1)✱

✭✷✳✶✷✳✶✮

✇❤❡♥ α ∈ R 1✉❝❤ $❤❛$ α > 0 ✐1 1♠❛❧❧ ❡♥♦✉❣❤ ✭1❡❡ ❜❡❧♦✇✮✱ β ❛♥❞ γ ❛&❡ $✇♦ ♥♦♥✲

♥❡❣❛$✐✈❡ ❜♦✉♥❞❡❞ ❢✉♥❝$✐♦♥1 1✉❝❤ $❤❛$ β(x) ≥ β > 0 ❢♦& x ∈ Iβ ⊆ (0, 1) ❛♥❞ γ(x) ≥
γ > 0 ❢♦& x ∈ Iγ ⊆ (0, 1) ✇❤❡&❡ Iβ ❛♥❞ Iγ ❛&❡ $✇♦ ♦♣❡♥ 1❡$1 1✉❝❤ $❤❛$ $❤❡✐& ♠❡❛1✉&❡1

❞♦ ♥♦$ ✈❛♥✐1❤ 1✐♠✉❧$❛♥❡♦✉1❧②✳ ❍❡♥❝❡✱ ✭✷✳✶✷✳✶✮ ✐1 ✇&✐$$❡♥ ✐♥ $❤❡ ❢♦&♠ ✭✷✳✶✳✶✸✮ ✇✐$❤

$❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡1 ✿ ❚❛❦❡ H = L2(0, 1)2✱ $❤❡ ♦♣❡&❛$♦& B ❛1 ❢♦❧❧♦✇1 ✿

Bω =
√
β(.)


 u

0


+

√
γ(.)


 0

y


 , ✭✷✳✶✷✳✷✮

✇❤❡♥ ω =


 u

y



✱ ✇❤✐❝❤ ✐1 ❛ ❜♦✉♥❞❡❞ ♦♣❡&❛$♦& ❢&♦♠ H ✐♥$♦ ✐$1❡❧❢ ✭✐✳❡✳ U = H✮ ❛♥❞

$❤❡ ♦♣❡&❛$♦& A ❞❡✜♥❡❞ ❜②

D(A) = V ∩H2(0, 1)2,

✶✵✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇❤❡♥ V = H1
0 (0, 1)

2
❛♥❞

Aω =


 −uxx + αy

−yxx + αu


 .

■❢ α ✐1 1♠❛❧❧ ❡♥♦✉❣❤✱ ♥❛♠❡❧② ✐❢ α < π2
✱ $❤✐1 ♦♣❡&❛$♦& A ✐1 ❛ ♣♦1✐$✐✈❡ 1❡❧❢❛❞❥♦✐♥$

♦♣❡&❛$♦& ✐♥ H✱ 1✐♥❝❡ ✐$ ✐1 $❤❡ ❋&✐❡❞&✐❝❤1 ❡①$❡♥1✐♦♥ ♦❢ $❤❡ $&✐♣❧❡ (H, V, a)✱ ✇❤❡&❡ $❤❡

1❡1=✉✐❧✐♥❡❛& ❢♦&♠ a ✐1 ❞❡✜♥❡❞ ❜②

a(ω, ω∗) =

∫ 1

0

(ux(u∗)x+yx(y∗)x+αyu∗+αuy∗) dx, ∀ω =


 u

y


 , ω∗ =


 u∗

y∗


 ∈ V.

■♥❞❡❡❞ a ✐1 ❝❧❡❛&❧② ❛ ❝♦♥$✐♥✉♦✉1 1②♠♠❡$&✐❝ 1❡1=✉✐❧✐♥❡❛& ❢♦&♠ ♦♥ V ❛♥❞ ✐1 ❝♦❡&❝✐✈❡ ✐❢

α < π2
❞✉❡ $♦ ?♦✐♥❝❛&@✬1 ✐♥❡=✉❛❧✐$②

∫ 1

0

|ux|2 dx ≥ π2

∫ 1

0

|u|2 dx, ∀u ∈ H1
0 (0, 1).

❋✉&$❤❡&♠♦&❡✱ A ❤❛1 ❛ ❝♦♠♣❛❝$ &❡1♦❧✈❡♥$ 1✐♥❝❡ D(A) ✐1 ❝♦♠♣❛❝$❧② ❡♠❜❡❞❞❡❞ ✐♥$♦ H✳

▲❡$ ✉1 ♥♦✇ ❝❤❡❝❦ $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ $❤❡ ❛11✉♠♣$✐♦♥1

✭✷✳✹✳✼✮ ♦& ✭✷✳✹✳✽✮ ❛&❡ 1❛$✐1✜❡❞ ❢♦& ♦✉& 1②1$❡♠ ✭✷✳✶✷✳✶✮✳ ❲❡ 1$❛&$ ❜② $❤❡ ❞❡$❡&♠✐♥❛$✐♦♥

♦❢ $❤❡ 1♣❡❝$&✉♠ ♦❢ $❤❡ ♦♣❡&❛$♦& A✳ ❍❡♥❝❡ ✇❡ ❛&❡ ❧♦♦❦✐♥❣ ❢♦& ω = (u, y)⊤ ∈ V ∩
H2(0, 1)2 ❞✐✛❡&❡♥$ ❢&♦♠ 0 ❛♥❞ λ2 > 0 1♦❧✉$✐♦♥ ♦❢

−uxx + αy = λ2u ✐♥ (0, 1),

−yxx + αu = λ2y ✐♥ (0, 1).

■❢ 1✉❝❤ ❛ ♣❛✐& ❡①✐1$1✱ ✇❡ ❝❛♥ 1❡$

s =
u+ y

2
, d =

u− y

2
,

❛♥❞ ♥♦$✐❝❡ $❤❛$ s ❛♥❞ d ❜❡❧♦♥❣ $♦ H1
0 (0, 1) ∩H2(0, 1) ❛♥❞ ❛&❡ 1♦❧✉$✐♦♥ ♦❢

−sxx + αs = λ2s ✐♥ (0, 1),

−dxx − αd = λ2d ✐♥ (0, 1).

✶✵✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❍❡♥❝❡ s ✭&❡1♣✳ d✮ ✐1 ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢ $❤❡ ▲❛♣❧❛❝❡ ♦♣❡&❛$♦& − d
dx2 ✇✐$❤ ❉✐&✐❝❤❧❡$

❜♦✉♥❞❛&② ❝♦♥❞✐$✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡ λ2−α ✭&❡1♣✳ λ2+α✮✳ ❆ ✜&1$ ❝❤♦✐❝❡ ✐1 $❤❡♥ $♦ ❤❛✈❡
❢♦& ❛❧❧ k ∈ N∗

✿ λ2 = k2π2 + α✱ s = sin(kπ·) ❛♥❞ d = 0✳ ❈♦♠✐♥❣ ❜❛❝❦ $♦ (u, y)✱ ✇❡

✜♥❞ ✭1✐♥❝❡ u = s + d ❛♥❞ y = s − d✮ ❛ 1❡D✉❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡1 λ2+,k = k2π2 + α ♦❢

❛11♦❝✐❛$❡❞ ❡✐❣❡♥✈❡❝$♦&

ω+,k = (sin(kπ·), sin(kπ·)).

◆♦$❡ $❤❛$ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ✐1 1✐♠♣❧❡ ❛♥❞ $❤❛$ ω+,k ✐1 ♦❢ ♥♦&♠ ✶ ✐♥ H✳

❆ 1❡❝♦♥❞ ❝❤♦✐❝❡ ✐1 $♦ $❛❦❡ ❢♦& ❛❧❧ k ∈ N∗
✿ λ2 = k2π2 − α ✭✇❤✐❝❤ ✐1 ♠❡❛♥✐♥❣❢✉❧

1✐♥❝❡ α < π2
✮✱ s = 0 ❛♥❞ d = sin(kπ·)✳ ❆❣❛✐♥ ❝♦♠✐♥❣ ❜❛❝❦ $♦ (u, y)✱ ✇❡ ✜♥❞ ❛

1❡D✉❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡1 λ2−,k = k2π2 − α ♦❢ ❛11♦❝✐❛$❡❞ ❡✐❣❡♥✈❡❝$♦&

ω−,k = (sin(kπ·),− sin(kπ·)).

❆1 ❜❡❢♦&❡ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ✐1 1✐♠♣❧❡ ❛♥❞ ω−,k ✐1 ♦❢ ♥♦&♠ ✶ ✐♥ H✳

◆♦✇ ✇❡ &❡♠❛&❦ $❤❛$ $❤❡ 1❡D✉❡♥❝❡ {ω+,k}k∈N∗ ∪ {ω−,k}k∈N∗
✐1 ❛♥ ♦&$❤♦♥♦&♠❛❧

❜❛1✐1 ♦❢ H ✭❜❡❝❛✉1❡ ω+,k + ω−,k = 2(sin(kπ·), 0) ❛♥❞ ω+,k − ω−,k = 2(0, sin(kπ·))✮
❛♥❞ $❤❡&❡❢♦&❡ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❛❧❧ ♣♦11✐❜❧❡ ❡✐❣❡♥✈❡❝$♦&1 ♦❢ A✳ ❲❡ ❤❛✈❡ $❤❡♥ 1❤♦✇♥ $❤❛$

$❤❡ 1♣❡❝$&✉♠ ♦❢ A ✐1 ❣✐✈❡♥ ❜②

Sp(A) = {λ2+,k}k∈N∗ ∪ {λ2−,k}k∈N∗ ,

❛♥❞ $❤❛$ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ✐1 1✐♠♣❧❡ ✭❜❡❝❛✉1❡ $❤❡ ❛11✉♠♣$✐♦♥ α < π2
✐♠♣❧✐❡1 $❤❛$

k2π2 + α < (k + 1)2π2 − α✮✳

❲❡ ♥♦✇ ♥❡❡❞ $♦ ❡1$✐♠❛$❡ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ $❤❡ ❝♦♥1❡❝✉$✐✈❡ ❡✐❣❡♥✈❛❧✉❡1 ♦❢

A1/2
✳ ❲❡ ❤❛✈❡ $✇♦ ❞✐✛❡&❡♥$ ❝❛1❡1 $♦ ❝♦♥1✐❞❡& ✿

✶✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ♥❡❡❞ $♦ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λ+,k ❛♥❞ λ−,k✳ ❙✐♥❝❡

λ+,k − λ−,k =
√
k2π2 + α−

√
k2π2 − α =

2α√
k2π2 + α +

√
k2π2 − α

,

✶✵✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇❡ 1❡❡ $❤❛$ $❤✐1 ❞✐1$❛♥❝❡ ❣♦❡1 $♦ ③❡&♦ ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

✷✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λ+,k ❛♥❞ λ−,k+1✳ ❍❡&❡ ✇❡ ❤❛✈❡

λ−,k+1 − λ+,k =
√

(k + 1)2π2 − α−
√
k2π2 + α =

2kπ2 + π2 − 2α√
(k + 1)2π2 − α +

√
k2π2 + α

,

✇❤✐❝❤ $❡♥❞1 $♦ π ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

❚❤✐1 1❤♦✇1 $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ✐1 1❛$✐1✜❡❞ ✇✐$❤ M = 2✳

❍❡♥❝❡✱ ✇❡ 1❡❡ $❤❛$ A1 = ∅ ❛♥❞ A2 = N∗
✳

■♥ ♦&❞❡& $♦ ❝❤❡❝❦ ✭✷✳✹✳✼✮ ♦& ✭✷✳✹✳✽✮✱ ❢♦& ❛❧❧ k ∈ N∗
✱ ✇❡ 1❡$

αk = λ+,k − λ−,k,

$❤❛$ ❜❡❤❛✈❡1 ❧✐❦❡ k−1
♦& ❡H✉✐✈❛❧❡♥$❧② ❧✐❦❡ λ−1

−,k✳ ❲❡ ❢✉&$❤❡& ♥❡❡❞ $♦ ✉1❡ $❤❡ ♠❛$&✐①

✭1❡❡ ▲❡♠♠❛ ✷✳✸✳✶✮

B−1
k =


 1 1

0 αk


 ,

❛1 ✇❡❧❧ ❛1 $❤❡ ♠❛$&✐① Φk ✇❤✐❝❤ ❤❡&❡ $❛❦❡1 $❤❡ ❢♦&♠

Φk =


 B∗ω−,k 0

0 B∗ω+,k


 .

❍❡♥❝❡ ❢♦& ❛❧❧ C = (c1, c2)
⊤ ∈ R2

✱ ✇❡ ❤❛✈❡

B−1
k ΦkC =


 c1B

∗ω−,k + c2B
∗ω+,k

αkc2B
∗ω+,k


 ,

❛♥❞ ❝♦♥1❡H✉❡♥$❧②

‖B−1
k ΦkC‖2U,2 = ‖c1B∗ω−,k + c2B

∗ω+,k‖22 + |αk|2|c2|2‖B∗ω+,k‖22
= |c1 + c2|2

∫ 1

0

β(x) sin2(kπx)dx+ |c2 − c1|2
∫ 1

0

γ(x) sin2(kπx)dx

+|αk|2|c2|2
∫ 1

0

(β(x) + γ(x)) sin2(kπx)dx.

✶✵✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ ❤❛✈❡ $✇♦ ❞✐✛❡&❡♥$ ❝❛1❡1 $♦ ❝♦♥1✐❞❡& ✿

❋✐&1$ ❝❛1❡ ✿ Iβ 6= ∅ ❛♥❞ Iγ 6= ∅✳
■♥ $❤✐1 ❝❛1❡✱ ✇❡ ❤❛✈❡

‖B−1
k ΦkC‖2U,2

≥ min {β, γ}min

{∫

Iβ

sin2(kπx)dx,

∫

Iγ

sin2(kπx)dx

}
((c1 + c2)

2 + (c2 − c1)
2)

= 2min {β, γ}min

{∫

Iβ

sin2(kπx)dx,

∫

Iγ

sin2(kπx)dx

}
(c21 + c22)

❛♥❞ ❤❡♥❝❡ ✭✷✳✹✳✼✮ ❤♦❧❞1 1✐♥❝❡ min

{∫

Iβ

sin2(kπx)dx,

∫

Iγ

sin2(kπx)dx

}
✐1 ✉♥✐❢♦&♠❧②

❜♦✉♥❞❡❞ ❢&♦♠ ❜❡❧♦✇✳ ■♥❞❡❡❞✱ ❛1 Iγ 6= ∅✱ $❤❡&❡ ❡①✐1$1 a ∈ (0, 1) ❛♥❞ ǫ > 0 1✉❝❤ $❤❛$

(a, a+ ǫ) ⊂ Iγ✱ ❛♥❞ $❤❡&❡❢♦&❡

∫

Iγ

sin2(kπx)dx ≥ ǫ

2
+

1

4kπ
(sin(2kπa)− sin(2kπ(a+ ǫ))) ≥ ǫ

2
− 1

2kπ
≥ ǫ

4
,

❢♦& k ≥ 2

ǫπ
✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✇❡ ❝❧❡❛&❧② ❤❛✈❡

min

1≤k<
2

ǫπ

∫

Iγ

sin2(kπx)dx > 0,

✇❤✐❝❤ 1❤♦✇1 $❤❛$

∫

Iγ

sin2(kπx)dx ✐1 ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ❢&♦♠ ❜❡❧♦✇✳

❙❡❝♦♥❞ ❝❛1❡ ✿ Iβ = ∅ ♦& Iγ = ∅ ✭❜✉$ ♥♦$ ❡♠♣$② $♦❣❡$❤❡&✮✳ ❋♦& ✐♥1$❛♥❝❡✱ 1✉♣♣♦1❡
$❤❛$ Iβ = ∅ ❛♥❞ Iγ 6= ∅✳
❆1 |αk| ∼ λ−1

−,k✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

‖B−1
k ΦkC‖U,2 ≥ α0λ

−1
−,k‖C‖2,

❢♦& ❛ ♣♦1✐$✐✈❡ ❝♦♥1$❛♥$ α0✱ ❛♥❞ 1❤♦✇1 $❤❛$ ✭✷✳✹✳✽✮ ❤♦❧❞1 ✇✐$❤ l = 1✳

✶✵✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❆1 1$❛$❡❞ ❜❡❢♦&❡✱ ✐♥ $❤❡ ✜&1$ ❝❛1❡ $❤❡ 1②1$❡♠ ✭✷✳✶✷✳✶✮ ✐1 ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡✱

✇❤✐❧❡ ✐♥ $❤❡ 1❡❝♦♥❞ ❝❛1❡ ✭✷✳✶✷✳✶✮ ✐1 ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡✳ ❲❡ &❡❢❡& $♦ ❚❤❡♦&❡♠ ✷✳✹

♦❢ ❬✼❪ ♦& $♦ ❬✺✱ ✻✶❪ ❢♦& $❤❡ ♣&♦♦❢ ♦❢ $❤❡1❡ &❡1✉❧$1✳

❆1 ❛♣♣&♦①✐♠❛$❡❞ 1♣❛❝❡ Vh✱ ✇❡ ✉1❡ $❤❡ 1$❛♥❞❛&❞ ♦♥❡ ❜❛1❡❞ ♦♥ P1 ✜♥✐$❡ ❡❧❡✲

♠❡♥$1✳ ▼♦&❡ ♣&❡❝✐1❡❧②✱ ❢♦& N ∈ N ❛♥❞ h = 1
N+1

, ✇❡ ❞❡✜♥❡ $❤❡ ♣♦✐♥$1 xj = jh, j =

0, 1, ..., N+1. ❚❤❡ 1♣❛❝❡ Vh ✐1 $❤❡ ❧✐♥❡❛& 1♣❛♥ ♦❢ $❤❡ ❢❛♠✐❧② ♦❢ ❤❛$ ❢✉♥❝$✐♦♥1 (ei, ej)i,j∈{1,...,N}

1✉❝❤ $❤❛$

ej(x) =

[
1− |x− xj|

h

]+
, ❢♦& j = 1, ..., N.

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ $❤❡ ♦♣❡&❛$♦&1 Ah ❛♥❞ Bh ❜② ✭✷✳✹✳✶✮ ❛♥❞ ✭✷✳✹✳✸✮✳ ■$ ✐1 ✇❡❧❧✲❦♥♦✇♥

✭1❡❡ ❬✷✷❪✮ $❤❛$ $❤❡ ♦♣❡&❛$♦& A ❛♥❞ $❤❡ 1♣❛❝❡ Vh 1❛$✐1❢② ❝♦♥❞✐$✐♦♥1 ✭✷✳✹✳✹✮ ❛♥❞ ✭✷✳✹✳✺✮

✇✐$❤ θ = 1✳

❈♦♥1❡K✉❡♥$❧②✱ ✐♥ $❤❡ ✜&1$ ❝❛1❡ ✭ Iβ 6= ∅ ❛♥❞ Iγ 6= ∅✮✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦&❡♠ ✷✳✹✳✶

❛♥❞ $❤✉1 $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✻✮ ✐1 ✉♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡✱ ✐♥ $❤❡ 1❡♥1❡

$❤❛$ $❤❡&❡ ❡①✐1$ ❝♦♥1$❛♥$1 M, α, h∗ > 0 ✭✐♥❞❡♣❡♥❞❡♥$ ♦❢ h, u0h, u1h, y0h, y1h✮ 1✉❝❤

$❤❛$ ❢♦& ❛❧❧ h ∈ (0, h∗) ✿

‖ω̇h(t)‖2 + a(ωh(t), ωh(t)) ≤Me−αt(‖ω1h‖2 + a(ω0h, ω0h)), ∀t ≥ 0,

✇❤❡&❡ ωh = (uh, yh)✱ ❛♥❞ ω0h = (u0h, y0h) ∈ Vh ✭&❡1♣✳ ω1h = (u1h, y1h) ∈ Vh✮ ✐1 ❛♥

❛♣♣&♦①✐♠❛$✐♦♥ ♦❢ ω0 = (u0, y0) ✭&❡1♣✳ ω1 = (u1, y1))✳

■♥ $❤❡ 1❡❝♦♥❞ ❝❛1❡ ✭Iβ = ∅ ❛♥❞ Iγ 6= ∅✮✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦&❡♠ ✷✳✹✳✹ ❛♥❞

❘❡♠❛&❦ ✷✳✶✵✳✶ ✇✐$❤ l = 1 ❛♥❞ $❤✉1 $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✾✮ ✐1 ✉♥✐❢♦&♠❧② ♣♦❧②✲

♥♦♠✐❛❧❧② 1$❛❜❧❡✱ ✐♥ $❤❡ 1❡♥1❡ $❤❛$✱ $❤❡&❡ ❡①✐1$ ❝♦♥1$❛♥$1 C, h∗ > 0 ✭✐♥❞❡♣❡♥❞❡♥$ ♦❢

h, u0h, u1h, y0h, y1h✮ 1✉❝❤ $❤❛$ ❢♦& ❛❧❧ h ∈ (0, h∗) ✿

∥∥(I + hAh)
−1ω̇h(t)

∥∥2
+ a(ωh(t), ωh(t)) ≤

C

t
‖(ω0h, ω1h)‖2D(Ã1,h)

∀t > 0, ✭✷✳✶✷✳✸✮

✇❤❡&❡ Ã1,h ✐1 ❣✐✈❡♥ ❛1 ✐♥ ✭✷✳✺✳✶✮ ✇✐$❤ l = 1✱ θ = 1✱ ❛♥❞ $❤❡ $❤❡ ❣&❛♣❤ ♥♦&♠ ‖·‖D(Ã1,h)

✶✵✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✐1 ❞❡✜♥❡❞ ❜②

‖(ω0h, ω1h)‖2D(Ã1,h)
= ‖(ω0h, ω1h)‖2Xh

+ ‖Ã1,h(ω0h, ω1h)‖2Xh
.

✷✳✶✷✳✷ ❚✇♦ ❜♦✉♥❞❛+② ❝♦✉♣❧❡❞ ✇❛✈❡ ❡2✉❛3✐♦♥5

❲❡ ❝♦♥1✐❞❡& $❤❡ ❢♦❧❧♦✇✐♥❣ 1②1$❡♠





utt − uxx = 0 ✐♥ (0, 1)× R+,

ytt − yxx + βyt = 0 ✐♥ (0, 1)× R+,

u(0, t) = y(0, t) = 0 ∀t > 0,

yx(1, t) = αu(1, t) ∀t > 0,

ux(1, t) = αy(1, t) ∀t > 0,

u(·, 0) = 0, ut(·, 0) = u1, y(·, 0) = 0, yt(·, 0) = y1 ✐♥ (0, 1)✱

✭✷✳✶✷✳✹✮

✇❤❡♥ α, β ∈ R ✇✐$❤ β > 0 ❛♥❞ α > 0 1♠❛❧❧ ❡♥♦✉❣❤ ✭1❡❡ ❜❡❧♦✇✮✳ ❍❡♥❝❡ ✐$ ✐1 ✇&✐$$❡♥

✐♥ $❤❡ ❢♦&♠ ✭✷✳✶✳✶✸✮ ✇✐$❤ $❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡1 ✿ ❚❛❦❡ H = L2(0, 1)2✱ $❤❡ ♦♣❡&❛$♦& B

❛1 ❢♦❧❧♦✇1 ✿

Bω =
√
β


 0

y


 ,

✇❤❡♥ ω =


 u

y



✱ ✇❤✐❝❤ ✐1 ❛ ❜♦✉♥❞❡❞ ♦♣❡&❛$♦& ❢&♦♠ H ✐♥$♦ ✐$1❡❧❢ ✭✐✳❡✳ U = H✮ ❛♥❞

$❤❡ ♦♣❡&❛$♦& A ❞❡✜♥❡❞ ❜②

D(A) =
{
(u, y) ∈ V ∩H2(0, 1)2 : yx(1) = αu(1); ux(1) = αy(1)

}

✇❤❡♥ V = {ω ∈ H1(0, 1)2 : ω(0) = 0} ❛♥❞

Aω =


 −uxx

−yxx


 .

✶✵✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

■❢ α ✐1 1♠❛❧❧ ❡♥♦✉❣❤✱ ♥❛♠❡❧② ✐❢ α < 1✱ $❤✐1 ♦♣❡&❛$♦& A ✐1 ❛ ♣♦1✐$✐✈❡ 1❡❧❢❛❞❥♦✐♥$

♦♣❡&❛$♦& ✐♥ H✱ 1✐♥❝❡ ✐$ ✐1 $❤❡ ❋&✐❡❞&✐❝❤1 ❡①$❡♥1✐♦♥ ♦❢ $❤❡ $&✐♣❧❡ (H, V, a)✱ ✇❤❡&❡ $❤❡

1❡1=✉✐❧✐♥❡❛& ❢♦&♠ a ✐1 ❞❡✜♥❡❞ ❜②

a(ω, ω∗) =

∫ 1

0

(ux(u∗)x + yx(y∗)x) dx− αu(1)y∗(1)− αu∗(1)y(1),

❢♦& ❛❧❧ ω =


 u

y


 , ω∗ =


 u∗

y∗


 ∈ V. ■♥❞❡❡❞ a ✐1 ❝❧❡❛&❧② ❛ ❝♦♥$✐♥✉♦✉1 1②♠♠❡$&✐❝

1❡1=✉✐❧✐♥❡❛& ❢♦&♠ ♦♥ V ❛♥❞ ✐1 ❝♦❡&❝✐✈❡ ✐❢ α < 1 ❞✉❡ $♦ $❤❡ $&❛❝❡ $❤❡♦&❡♠

u(1)2 ≤
∫ 1

0

|ux|2 dx, ∀u ∈ V.

■♥ ❛❞❞✐$✐♦♥ $♦ $❤❛$✱ $❤❡ ♦♣❡&❛$♦& A ❛❞♠✐$1 ❛ ❝♦♠♣❛❝$ &❡1♦❧✈❡♥$ ❛1 D(A) ✐1 ❝♦♠♣❛❝$❧②

❡♠❜❡❞❞❡❞ ✐♥ H✳

▲❡$ ✉1 ♥♦✇ ❝❤❡❝❦ $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ $❤❡ ❛11✉♠♣$✐♦♥

✭✷✳✹✳✽✮ ❛&❡ 1❛$✐1✜❡❞ ❢♦& ♦✉& 1②1$❡♠ ✭✷✳✶✷✳✹✮✳ ❲❡ 1$❛&$ ❜② $❤❡ ❞❡$❡&♠✐♥❛$✐♦♥ ♦❢ $❤❡

1♣❡❝$&✉♠ ♦❢ $❤❡ ♦♣❡&❛$♦& A✳ ❍❡♥❝❡ ✇❡ ❛&❡ ❧♦♦❦✐♥❣ ❢♦& ω = (u, y)⊤ ∈ D(A) ❞✐✛❡&❡♥$

❢&♦♠ 0 ❛♥❞ λ2 > 0 1♦❧✉$✐♦♥ ♦❢

−uxx = λ2u ✐♥ (0, 1),

−yxx = λ2y ✐♥ (0, 1).

❚❤❡♥

u(x) = a sin(λx) ✐♥ (0, 1),

y(x) = b sin(λx) ✐♥ (0, 1).

❚❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥❞✐$✐♦♥ ✐♥ ✭✷✳✶✷✳✹✮ ❣✐✈❡1





aλ cosλ = αb sinλ

bλ cosλ = αa sinλ.

✶✵✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❙✐♥❝❡ ✐$ ✐1 ♥♦$ ♣♦11✐❜❧❡ $♦ ❤❛✈❡ sinλ = 0 ✭♦$❤❡&✇✐1❡ a = b = 0✮✱ ✇❡ ♦❜$❛✐♥

a =
bλ cosλ

α sinλ
, ✭✷✳✶✷✳✺✮

❛♥❞ $❤❡♥

tanλ = ±λ
α
, ✭✷✳✶✷✳✻✮

❜❡❝❛✉1❡ b 6= 0 ✭♦$❤❡&✇✐1❡ u = y = 0✮✳

❲❡ $❤❡♥ ❤❛✈❡ $✇♦ 1❡A✉❡♥❝❡1 ♦❢ ❡✐❣❡♥✈❛❧✉❡1 ❞❡✜♥❡❞ ❜②

λ−,k =
π

2
+ kπ − ǫ−,k

✇✐$❤ limk→+∞ ǫ−,k = 0 ❛♥❞ ǫ−,k > 0 ❢♦& ❛❧❧ k ∈ N✱ ❛♥❞

λ+,k =
π

2
+ kπ + ǫ+,k

✇✐$❤ limk→+∞ ǫ+,k = 0 ❛♥❞ ǫ+,k > 0 ❢♦& ❛❧❧ k ∈ N✳ ▼♦&❡♦✈❡& ❛1 λ−,k ❛♥❞ λ+,k 1❛$✐1✜❡1

✭✷✳✶✷✳✻✮✱ ✇❡ ❝❛♥ ✈❡&✐❢② $❤❛$

ǫ−,k = arctan

(
α

λ−,k

)
❛♥❞ ǫ+,k = arctan

(
α

λ+,k

)
.

❇② ✭✷✳✶✷✳✺✮ ❛♥❞ ✭✷✳✶✷✳✻✮✱ $❤❡ ❡✐❣❡♥✈❡❝$♦& ❛11♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λ+,k ✐1

❣✐✈❡♥ ❜②

ω+,k = b+,k sin(λ+,k·)(−1, 1)T ,

❛♥❞ $❤❡ ❡✐❣❡♥✈❡❝$♦& ❛11♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λ−,k ✐1 ❣✐✈❡♥ ❜②

ω−,k = b−,k sin(λ−,k·)(1, 1)T ,

✇❤❡&❡ b+,k, b−,k ❛&❡ ❝❤♦1❡♥ $♦ ♥♦&♠❛❧✐③❡ $❤❡ ❡✐❣❡♥✈❡❝$♦&1✳

❙✐♥❝❡ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❛❧❧ ♣♦11✐❜❧❡ ❡✐❣❡♥✈❡❝$♦&1 ♦❢ A✱ ✇❡ ❤❛✈❡ 1❤♦✇♥ $❤❛$ $❤❡

1♣❡❝$&✉♠ ♦❢ A ✐1 ❣✐✈❡♥ ❜②

Sp(A) = {λ2+,k}k∈N∗ ∪ {λ2−,k}k∈N∗ ,

✶✶✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❛♥❞ $❤❛$ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ✐1 1✐♠♣❧❡✳

❲❡ ❛❣❛✐♥ ♥❡❡❞ $♦ ❡1$✐♠❛$❡ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ $❤❡ ❝♦♥1❡❝✉$✐✈❡ ❡✐❣❡♥✈❛❧✉❡1 ♦❢

A1/2
❛♥❞ ❛1 ❜❡❢♦&❡ ✇❡ ❝♦♥1✐❞❡& $✇♦ ❞✐✛❡&❡♥$ ❝❛1❡1 ✿

✶✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ♥❡❡❞ $♦ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λ+,k ❛♥❞ λ−,k✳ ❙✐♥❝❡

λ+,k − λ−,k = ǫ+,k + ǫ−,k = arctan

(
α

λ+,k

)
+ arctan

(
α

λ−,k

)
,

✇❡ 1❡❡ $❤❛$ $❤✐1 ❞✐1$❛♥❝❡ ❣♦❡1 $♦ ③❡&♦ ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

✷✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λ+,k ❛♥❞ λ−,k+1✳ ❍❡&❡ ✇❡ ❤❛✈❡

λ−,k+1 − λ+,k = π − (ǫ+,k + ǫ−,k+1),

✇❤✐❝❤ $❡♥❞1 $♦ π ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

❚❤✐1 1❤♦✇1 $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ✐1 1❛$✐1✜❡❞ ✇✐$❤ M = 2✳

■♥ ♦&❞❡& $♦ ❝❤❡❝❦ ✭✷✳✹✳✽✮✱ ❢♦& ❛❧❧ k ∈ N∗
✱ ✇❡ 1❡$

αk = λ+,k − λ−,k,

$❤❛$ ❜❡❤❛✈❡1 ❧✐❦❡ k−1
♦& ❡L✉✐✈❛❧❡♥$❧② ❧✐❦❡ λ−1

−,k✳ ❆1 ✐♥ $❤❡ ♣&❡✈✐♦✉1 1✉❜1❡❝$✐♦♥ ❢♦& ❛❧❧

C = (c1, c2)
⊤ ∈ R2

✱ ✇❡ ❤❛✈❡

B−1
k ΦkC =


 c1B

∗ω−,k + c2B
∗ω+,k

αkc2B
∗ω+,k


 ,

❛♥❞ ❝♦♥1❡L✉❡♥$❧②

‖B−1
k ΦkC‖2U,2 = ‖c1B∗ω−,k + c2B

∗ω+,k‖2H + |αk|2|c2|2‖B∗ω+,k‖2H
= β

∫ 1

0

(b−,kc1 sin(λ−,kx) + b+,kc2 sin(λ+,kx))
2 dx

+β|αk|2|c2|2b2+,k

∫ 1

0

sin2(λ+,kx)dx.

✶✶✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❇② ✉1✐♥❣ ❨♦✉♥❣✬1 ✐♥❡8✉❛❧✐$② ✇✐$❤ ǫ > 0 ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ $❤❡ ❡✐❣❡♥✈❡❝$♦&1 ❛&❡

♥♦&♠❛❧✐③❡❞ ✭❜② $❤❡ ❝❤♦✐❝❡ ♦❢ b±,k✮✱ ✇❡ ♦❜$❛✐♥

‖B−1
k ΦkC‖2U,2 ≥ β

(
1− 1

ǫ

)
c21b

2
−,k

∫ 1

0

sin2(λ−,kx)dx+ β (1− ǫ) c22b
2
+,k

∫ 1

0

sin2(λ+,kx)dx

+β|αk|2|c2|2b2+,k

∫ 1

0

sin2(λ+,kx)dx

=
β

2

((
1− 1

ǫ

)
c21 +

(
1 + α2

k − ǫ
)
c22

)
.

❲❡ $❤❡♥ $❛❦❡ ǫ = 1 + α2
k/2✱ ✇❤✐❝❤ ✐♠♣❧✐❡1

1 + α2
k − ǫ =

α2
k

2
❛♥❞ 1− 1

ǫ
>
α2
k

4
,

✭1✐♥❝❡ α2
k < 2✮✳ ❈♦♥1❡8✉❡♥$❧②

‖B−1
k ΦkC‖2U,2 ≥

β

8
α2
k(c

2
1 + c22).

❆1 |αk| ∼ λ−1
−,k✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

‖B−1
k ΦkC‖U,2 ≥ α0λ

−1
−,k‖C‖2,

❢♦& ❛ ♣♦1✐$✐✈❡ ❝♦♥1$❛♥$ α0✱ ❛♥❞ 1❤♦✇1 $❤❛$ ✭✷✳✹✳✽✮ ❤♦❧❞1 ✇✐$❤ l = 1✳

❲❡ ❝♦♥1$&✉❝$ $❤❡ 1♣❛❝❡ Vh ❧✐❦❡ ✐♥ $❤❡ ♣&❡✈✐♦✉1 1✉❜1❡❝$✐♦♥✱ ✐✳❡✳ ✐$ ✐1 $❤❡ 1♣❛♥ ♦❢

(ei, ej)i,j∈{1,...,N+1}✱ $❤❛$ 1$✐❧❧ 1❛$✐1✜❡1 ✭✷✳✹✳✹✮ ❛♥❞ ✭✷✳✹✳✺✮ ✇✐$❤ θ = 1✳

❈♦♥1❡8✉❡♥$❧②✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦&❡♠ ✷✳✹✳✹ ❛♥❞ ❘❡♠❛&❦ ✷✳✶✵✳✶ ✇✐$❤ l = 1 ❛♥❞

$❤✉1 $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✾✮ ✐1 ✉♥✐❢♦&♠❧② ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡✱ ✐♥ $❤❡ 1❡♥1❡ $❤❛$

$❤❡ ❡1$✐♠❛$❡ ✭✷✳✶✷✳✸✮ ❤♦❧❞1✳

✶✶✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✷✳✶✷✳✸ ❆ ♠♦'❡ ❣❡♥❡'❛❧ ✇❛✈❡ /②♣❡ 2②2/❡♠

❲❡ ❝♦♥1✐❞❡& $❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦&❡ ❣❡♥❡&❛❧ 1②1$❡♠ ✿ ❧❡$ ω = (ω1, · · · , ωN)
T
❜❡ ❛

1♦❧✉$✐♦♥ ♦❢ 



ωtt − ωxx +Mω +BB∗ωt = 0 ✐♥ (0, 1)N × R+,

ω(0, t) = ω(1, t) = 0 ∀t > 0,

ω(·, 0) = ω(0), ωt(·, 0) = ω(1)
✐♥ (0, 1)N ✱

✭✷✳✶✷✳✼✮

✇❤❡&❡ M ∈ MN(R) ✐1 1②♠♠❡$&✐❝ ❛♥❞ 1✉❝❤ $❤❛$ A0 + M ✐1 ♣♦1✐$✐✈❡ ❞❡✜♥✐$❡ ✐♥

H = L2(0, 1)N ✱ ✇❤❡♥ A0 ✐1 $❤❡ ♦♣❡&❛$♦& ♦❢ ❞♦♠❛✐♥ D(A0) = H1
0 (0, 1)

N ∩H2(0, 1)N

❛♥❞ 1✉❝❤ $❤❛$ A0u = −uxx✱ ❢♦& ❛❧❧ u ∈ D(A0) ❀ B ∈ L(U, H)✱ ✇✐$❤ U ❛ ❝♦♠♣❧❡①

❍✐❧❜❡&$ 1♣❛❝❡✳

❍❡♥❝❡✱ ✐$ ✐1 ✇&✐$$❡♥ ✐♥ $❤❡ ❢♦&♠ ✭✷✳✶✳✶✸✮ ✇✐$❤ $❤❡ 1❡❧❢✲❛❞❥♦✐♥$ ♣♦1✐$✐✈❡ ♦♣❡&❛$♦& A

❞❡✜♥❡❞ ❜② A = A0 +M ❛♥❞ D(A) = D(A0) = V ∩H2(0, 1)N ✱ ✇❤❡♥ V = H1
0 (0, 1)

N
✳

❲❡ &❡♠❛&❦ $❤❛$ A ❛❞♠✐$1 ❛ ❝♦♠♣❛❝$ &❡1♦❧✈❡♥$ 1✐♥❝❡ D(A) ✐1 ❝♦♠♣❛❝$❧② ❡♠❜❡❞❞❡❞

✐♥$♦ H✳

❆1 M ✐1 1②♠♠❡$&✐❝✱ M ❝❛♥ ❜❡ ❞✐❛❣♦♥❛❧✐③❡❞ ❜② ❛♥ ♦&$❤♦❣♦♥❛❧ ♠❛$&✐①✱ ✐✳❡✳ $❤❡&❡

❡①✐1$ ❛ &❡❛❧ ♦&$❤♦❣♦♥❛❧ ♠❛$&✐① O ❛♥❞ ❛ ❞✐❛❣♦♥❛❧ ♠❛$&✐① D 1✉❝❤ $❤❛$ OTMO = D✳

❲❡ ❞❡♥♦$❡ ❜② di ✭i = 1, · · · , N✮ $❤❡ ❝♦❡✣❝✐❡♥$1 ♦❢ $❤❡ ❞✐❛❣♦♥❛❧ ♠❛$&✐① D✳
❲❡ 1$❛&$ ❜② $❤❡ ❞❡$❡&♠✐♥❛$✐♦♥ ♦❢ $❤❡ 1♣❡❝$&✉♠ ♦❢ $❤❡ ♦♣❡&❛$♦& A✳ ❍❡♥❝❡ ✇❡ ❛&❡

❧♦♦❦✐♥❣ ❢♦& ω ∈ V ∩H2(0, 1)N ❞✐✛❡&❡♥$ ❢&♦♠ 0 ❛♥❞ λ2 > 0 1♦❧✉$✐♦♥ ♦❢

−ωxx +Mω = λ2ω.

■❢ ✇❡ ❞❡♥♦$❡ ❜② U = OTω✱ $❤❡♥ U = (u1, · · · , uN)T 1❛$✐1✜❡1

−Uxx +DU = λ2U,

✇❤✐❝❤ ✐1 ❡M✉✐✈❛❧❡♥$ $♦

− d2

dx2
ui = (λ2 − di)ui, ✐♥ (0, 1), ∀i = 1, · · · , N.

✶✶✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❍❡♥❝❡ $❤❡&❡ ❡①✐1$1 ci ∈ C 1✉❝❤ $❤❛$

ui =
√
2ci sin(kπ.), λ2i,k = k2π2 + di, i = 1, · · · , N.

❚❤❡&❡❢♦&❡ ✇❡ ❤❛✈❡ ❢♦✉♥❞ N ❢❛♠✐❧✐❡1 ♦❢ ❡✐❣❡♥✈❡❝$♦&1 ❛♥❞ ❡✐❣❡♥✈❛❧✉❡1 ✿

Ui,k =
√
2fi sin(kπ.), λ2i,k = k2π2 + di, i = 1, · · · , N,

✇❤❡&❡ (fi)i∈{1,··· ,N} ✐1 $❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛1✐1 ♦❢ CN
✳ ❈♦♠✐♥❣ ❜❛❝❦ $♦ $❤❡ ✐♥✐$✐❛❧ ❡✐❣❡♥✈❛❧✉❡

♣&♦❜❧❡♠✱ ✇❡ ❤❛✈❡ ◆ ❢❛♠✐❧✐❡1 ♦❢ ❡✐❣❡♥✈❡❝$♦&1 ❣✐✈❡♥ ❜②

ωi,k = OUi,k, i = 1, · · · , N, ✭✷✳✶✷✳✽✮

❛♥❞ $❤❡ 1♣❡❝$&✉♠ ♦❢ A ✐1 ❣✐✈❡♥ ❜②

Sp(A) = {λ21,k}k∈N∗ ∪ · · · ∪ {λ2N,k}k∈N∗ .

❋♦& 1✐♠♣❧✐❝✐$②✱ ✇❡ ♥♦✇ ❛11✉♠❡ $❤❛$ ❛❧❧ di ❛&❡ ❞✐✛❡&❡♥$ ❛♥❞✱ ❢♦& ✐♥1$❛♥❝❡ $❤❛$

d1 < d2 < · · · < dN .

❲❡ 1$✐❧❧ ❤❛✈❡ $♦ ❡1$✐♠❛$❡ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ $❤❡ ❝♦♥1❡❝✉$✐✈❡ ❡✐❣❡♥✈❛❧✉❡1 ♦❢

A1/2
✿

✶✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ♥❡❡❞ $♦ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λi,k ❛♥❞ λj,k ✭i 6= j✮✳ ❙✐♥❝❡

λi,k − λj,k =
√
k2π2 + di −

√
k2π2 + dj =

di − dj√
k2π2 + di +

√
k2π2 + dj

,

✇❡ 1❡❡ $❤❛$ $❤✐1 ❞✐1$❛♥❝❡ ❣♦❡1 $♦ ③❡&♦ ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

✷✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λN,k ❛♥❞ λ1,k+1✳ ❍❡&❡ ✇❡ ❤❛✈❡

λ1,k+1−λN,k =
√

(k + 1)2π2 + d1−
√
k2π2 + dN =

2kπ2 + π2 + d1 − dN√
(k + 1)2π2 + d1 +

√
k2π2 + dN

,

✇❤✐❝❤ $❡♥❞1 $♦ π ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

✶✶✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤✐1 1❤♦✇1 $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ✐1 1❛$✐1✜❡❞ ✇✐$❤ M = N ✳

❲✐$❤ $❤❡ $❡&♠✐♥♦❧♦❣② ♦❢ ❙❡❝$✐♦♥ ✶✱ ✇❡ 1❡❡ $❤❛$ A1 = · · · = AN−1 = ∅ ❛♥❞ AN = N∗
✳

❍❡♥❝❡✱ ❢♦& N > 1✱ ♦✉& ♣&❡✈✐♦✉1 &❡1✉❧$1 ✇✐❧❧ ❛❧❧♦✇ $♦ ♦❜$❛✐♥ 1$❛❜✐❧✐$② &❡1✉❧$1 ❢♦& 1②1$❡♠

✭✷✳✶✷✳✼✮✳

■❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ❛&❡ 1✐♠♣❧❡ ✭❛ ♥❡❝❡11❛&② ❝♦♥❞✐$✐♦♥ ✐1 $❤❛$ ❛❧❧ di ❛&❡ ❞✐✛❡&❡♥$✮✱

$❤❡♥ ✐♥ ♦&❞❡& $♦ ✈❡&✐❢② ✭✷✳✹✳✼✮ ♦& ✭✷✳✹✳✽✮✱ ✇❡ ❤❛✈❡ $♦ ❜♦✉♥❞ ❢&♦♠ ❜❡❧♦✇

∥∥B−1
k ΦkC

∥∥2

U,2

✇✐$❤ C = (c1, · · · , cN) ∈ RN
✱ B−1

k ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸✳✶ ❛♥❞ Φk ❣✐✈❡♥ ❜②

Φk =




B∗ω1,k · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · B∗ωN,k


 .

❙✉❝❤ ❛ ❧♦✇❡& ❜♦✉♥❞ ❝❛♥ ♦♥❧② ❜❡ ♠❛❞❡ ♦♥ 1♦♠❡ ♣❛&$✐❝✉❧❛& ❡①❛♠♣❧❡1✳

◆♦$❡ $❤❛$✱ ✐❢ N = 2✱ B ✐1 ❞❡✜♥❡❞ ❜② ✭✷✳✶✷✳✷✮ ❛♥❞

M = α


 0 1

1 0




✇✐$❤ α > 0✱ $❤❡♥ ✇❡ ❛&❡ ❜❛❝❦ $♦ $❤❡ 1❡$$✐♥❣ ♦❢ ❙✉❜1❡❝$✐♦♥ ✷✳✶✷✳✶✳ ■♥❞❡❡❞ M ✐1

1②♠♠❡$&✐❝ ✇✐$❤ A0 +M ♣♦1✐$✐✈❡ ❞❡✜♥✐$❡ ❢♦& α 1♠❛❧❧ ❡♥♦✉❣❤✱ ❛♥❞ ❞✐❛❣♦♥❛❧✐③❡❞ ❜②

$❤❡ ♦&$❤♦❣♦♥❛❧ ♠❛$&✐①

O =
1√
2


 −1 1

1 1



✭✇✐$❤ D = α


 −1 0

0 1


).

❲❡ $❤❡♥ ✜♥✐1❤ $❤✐1 1✉❜1❡❝$✐♦♥ ❜② ❝♦♥1✐❞❡&✐♥❣ ❛♥♦$❤❡& ❡①❛♠♣❧❡✳ ❚❛❦❡ N = 3 ❛♥❞

B




ω1

ω2

ω3


 =

√
β




ω1

0

0


+

√
γ




0

ω2

0


+

√
δ




0

0

ω3


 ,

✶✶✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇✐$❤ ♥♦♥ ♥❡❣❛$✐✈❡ &❡❛❧ ♥✉♠❜❡&1 β✱ γ✱ δ✱ ✇❤✐❝❤ ✐1 ❛ ❜♦✉♥❞❡❞ ♦♣❡&❛$♦& ❢&♦♠ H ✐♥$♦

✐$1❡❧❢ ✭✐✳❡✳ U = H✮✳ ❲❡ ❝❤♦1❡ $❤❡ ♠❛$&✐① M ❞❡✜♥❡❞ ❜②

M = α




0 1 0

1 0 1

0 1 0


 , α > 0

✇❤✐❝❤ ✐1 ♦❜✈✐♦✉1❧② 1②♠♠❡$&✐❝✳ ❆1 ♣&❡✈✐♦✉1❧② ✇❡ ❝❛♥ ✈❡&✐❢② $❤❛$ A0 +M ✐1 ♣♦1✐$✐✈❡

❞❡✜♥✐$❡ ✐❢ α < π2/2✳ ▼♦&❡♦✈❡& M ❝❛♥ ❜❡ ❞✐❛❣♦♥❛❧✐③❡❞ ❜② $❤❡ ♦&$❤♦❣♦♥❛❧ ♠❛$&✐①

O =
1

2




1
√
2 1

−
√
2 0

√
2

1 −
√
2 1


 ,

✐♥$♦

D =




−
√
2α 0 0

0 0 0

0 0
√
2α


 .

❚❤❡♥ $❤❡ 1♣❡❝$&✉♠ ♦❢ A = A0 +M ✐1 ❣✐✈❡♥ ❜②

Sp(A) = {k2π2 −
√
2α}k∈N∗ ∪ {k2π2}k∈N∗ ∪ {k2π2 +

√
2α}k∈N∗ ,

❛♥❞ $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ❛&❡ 1✐♠♣❧❡ ✭❜❡❝❛✉1❡ $❤❡ ❛11✉♠♣$✐♦♥ α < π2/2 ✐♠♣❧✐❡1 $❤❛$

k2π2 +
√
2α < (k + 1)2π2 −

√
2α✮✳ ▼♦&❡♦✈❡&✱ ❛1 ✇❡ ❤❛✈❡ 1❤♦✇♥ ♣&❡✈✐♦✉1❧②✱ $❤❡

❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ✐1 1❛$✐1✜❡❞ ✇✐$❤ M = 3✳ ❚❤❛♥❦1 $♦ ✭✷✳✶✷✳✽✮ $❤❡

♥♦&♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝$♦&1 ❛&❡ ❣✐✈❡♥ ❜②

ω1,k =
1√
2




1

−
√
2

1


 sin(kπ·), ω2,k =

1√
2




√
2

0

−
√
2


 sin(kπ·),

ω3,k =
1√
2




1
√
2

1


 sin(kπ·).

✶✶✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ 1❡$

α
(1,2)
k = λ2,k − λ1,k, α

(1,3)
k = λ3,k − λ1,k, α

(2,3)
k = λ3,k − λ2,k.

❚❤❡&❡❢♦&❡✱ ❢♦& ❛❧❧ C = (c1, c2, c3)
T ∈ R3

✱ ✇❡ ❤❛✈❡

∥∥B−1
k ΦkC

∥∥2

U,2

=

∥∥∥∥∥∥∥∥∥




1 1 1

0 α
(1,2)
k α

(1,3)
k

0 0 α
(1,3)
k α

(2,3)
k







B∗ω1,k 0 0

0 B∗ω2,k 0

0 0 B∗ω3,k







c1

c2

c3




∥∥∥∥∥∥∥∥∥

2

U,2

= ‖c1B∗ω1,k + c2B
∗ω2,k + c3B

∗ω3,k‖2H +
∥∥∥c2α(1,2)

k B∗ω2,k + c3α
(1,3)
k B∗ω3,k

∥∥∥
2

H

+ |c3|2
∣∣∣α(1,3)

k α
(2,3)
k

∣∣∣
2

‖B∗ω3,k‖2H .

❆❢$❡& 1♦♠❡ ❝❛❧❝✉❧❛$✐♦♥1✱ ✇❡ ♦❜$❛✐♥

∥∥B−1
k ΦkC

∥∥2

U,2
= β

4
(c1 +

√
2c2 + c3)

2 + γ
2
(c3 − c1)

2 + δ
4
(c1 −

√
2c2 + c3)

2

+β
4
(
√
2α

(1,2)
k c2 + α

(1,3)
k c3)

2 + γ
2

∣∣∣c3α(1,3)
k

∣∣∣
2

+ δ
2
(−

√
2α

(1,2)
k c2 + α

(1,3)
k c3)

2

+ |c3|2
2

∣∣∣α(1,3)
k α

(2,3)
k

∣∣∣
2

(β+δ
2

+ γ).

❍❡♥❝❡ ❞✐✛❡&❡♥$ ❞❡❝❛② &❡1✉❧$1 ❝❛♥ ❜❡ ♦❜$❛✐♥❡❞ ❢♦& 1②1$❡♠ ✭✷✳✶✷✳✼✮ ❛❝❝♦&❞✐♥❣ $♦ $❤❡

✈❛❧✉❡1 ♦❢ β✱ γ ❛♥❞ δ✳

❋✐&1$ ✐❢ β, γ, δ > 0✱ $❤❡♥ ✇❡ ❤❛✈❡

∥∥B−1
k ΦkC

∥∥2

U,2
≥ C(c21 + c22 + c23)

❢♦& C > 0✱ ✇❤✐❝❤ 1❤♦✇1 $❤❛$ ✭✷✳✹✳✼✮ ❤♦❧❞1 ❛♥❞ $❤❡&❡❢♦&❡ 1②1$❡♠ ✭✷✳✶✷✳✼✮ ✐1 ❡①♣♦♥❡♥✲

$✐❛❧❧② 1$❛❜❧❡✳

✶✶✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❙❡❝♦♥❞ ✐❢ γ = 0 ❛♥❞ β, δ > 0✱ ✇❡ ❤❛✈❡

∥∥B−1
k ΦkC

∥∥2

U,2
≥ min{β,δ}

4

(
2c21 + 4c22 + 2c23 + 4c1c3 +min

{
α
(1,2)
k , α

(1,3)
k

}2

(4c22 + 2c23)

+min
{
α
(1,3)
k , α

(2,3)
k

}4

c23

)

≥ min{β,δ}
4

((
2− 2

ǫ

)
c21 + 4

(
1 + min

{
α
(1,2)
k , α

(1,3)
k

}2
)
c22

+

(
2− 2ǫ+ 2min

{
α
(1,2)
k , α

(1,3)
k

}2
)
c23

)
,

❜② ❨♦✉♥❣✬1 ✐♥❡=✉❛❧✐$② ✇✐$❤ ǫ > 0✳ ❲❡ $❤❡♥ $❛❦❡ ǫ = 1+min
{
α
(1,2)
k , α

(1,3)
k

}2

/2✱ ✇❤✐❝❤

✐♠♣❧✐❡1

2− 2

ǫ
>

min
{
α
(1,2)
k , α

(1,3)
k

}2

2
, 2−2ǫ+2min

{
α
(1,2)
k , α

(1,3)
k

}2

= min
{
α
(1,2)
k , α

(1,3)
k

}2

,

✐❢ k ✐1 ❧❛&❣❡ ❡♥♦✉❣❤✳ ❈♦♥1❡=✉❡♥$❧② ✐❢ k ✐1 ❧❛&❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ ♦❜$❛✐♥❡❞ $❤❛$

∥∥B−1
k ΦkC

∥∥2

U,2
≥ min{β,δ}

4

(
min

{
α
(1,2)
k

,α
(1,3)
k

}2

2
c21 + 4min

{
α
(1,2)
k , α

(1,3)
k

}2

c22

+ min
{
α
(1,2)
k , α

(1,3)
k

}2

c23

)

≥ min{β,δ}
8

min
{
α
(1,2)
k , α

(1,3)
k

}2

(c21 + c22 + c23) ,

✇❤✐❝❤ 1❤♦✇1 $❤❛$ ✭✷✳✹✳✽✮ ❤♦❧❞1 ✇✐$❤ l = 1✱ 1✐♥❝❡ min
{
α
(1,2)
k , α

(1,3)
k

}2

∼ λ−2
1,k✳

❲❡ ❝♦♥1$&✉❝$ $❤❡ 1♣❛❝❡ Vh ❧✐❦❡ ✐♥ $❤❡ ♣&❡✈✐♦✉1 1✉❜1❡❝$✐♦♥✱ ✐✳❡✳ ✐$ ✐1 $❤❡ 1♣❛♥ ♦❢

(ei, ej, ek)i,j,k∈{1,...,N}✱ $❤❛$ 1$✐❧❧ 1❛$✐1✜❡1 ✭✷✳✹✳✹✮ ❛♥❞ ✭✷✳✹✳✺✮ ✇✐$❤ θ = 1✳

❈♦♥1❡=✉❡♥$❧②✱ ✐♥ $❤❡ ✜&1$ ❝❛1❡ ✭β, γ, δ > 0✮✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦&❡♠ ✷✳✹✳✶ ❛♥❞

$❤✉1 $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✻✮ ✐1 ✉♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡✳ ■♥ $❤❡ 1❡❝♦♥❞

❝❛1❡ ✭β, δ > 0 ❛♥❞ γ = 0✮✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦&❡♠ ✷✳✹✳✹ ❛♥❞ ❘❡♠❛&❦ ✷✳✶✵✳✶ ✇✐$❤

l = 1 ❛♥❞ $❤✉1 $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✾✮ ✐1 ✉♥✐❢♦&♠❧② ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡✱ ✐♥ $❤❡

1❡♥1❡ $❤❛$ ✭✷✳✶✷✳✸✮ ❤♦❧❞1✳
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❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✷✳✶✸ ❖♣❡♥ ♣(♦❜❧❡♠

■♥ $❤✐1 ❝❤❛♣$❡&✱ $❤❡ 1$❛❜✐❧✐$② &❡1✉❧$1 ♦❢ $❤❡ ❛♣♣&♦①✐♠❛$❡ 1②1$❡♠1 ❤❛✈❡ ❜❡❡♥ 1$✉❞✐❡❞

✇❤❡♥ $❤❡ ❝♦♥$&♦❧ $❡&♠ B ✐! ❜♦✉♥❞❡❞✳ ❚❤❡ ❜♦✉♥❞❡❞♥❡!! ♦❢ ,❤❡ ❝♦♥,.♦❧ B ✐! ✉!❡❞ ✐♥

✭✷✳✾✳✺✮ ❢♦. ,❤❡ ♣.♦♦❢ ♦❢ ❚❤❡♦.❡♠ ✷✳✹✳✶ ❛♥❞ ✐♥ ✭✷✳✶✵✳✻✮ ❢♦. ,❤❡ ♣.♦♦❢ ♦❢ ❚❤❡♦.❡♠

✷✳✹✳✹✳ ❆♥ ♦♣❡♥ =✉❡!,✐♦♥ ❤❡.❡ ✐! ❤♦✇ ✇❡ ❝❛♥ ❤❛♥❞❧❡ ,❤❡ ❝❛!❡ ✇❤❡♥ ,❤❡ ❝♦♥,.♦❧ B ✐!

✉♥❜♦✉♥❞❡❞✳ ❉♦❡! ,❤❡ ❛♥❛❧②!✐! ✐♥ ,❤✐! ❝❤❛♣,❡. ❛❢,❡. ❛❞❞✐♥❣ !✉✐,❛❜❧❡ ✈✐!❝♦!✐,② ,❡.♠!

.❡♠❛✐♥ ✈❛❧✐❞ ♦. ❞♦ ✇❡ ❤❛✈❡ ,♦ !❡❛.❝❤ ❢♦. ❛♥♦,❤❡. ♠❡,❤♦❞ ❄
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Fig. (a)  Left: Square roots of the eigenvalues in the continuous and discrete cases (finite difference 

semidiscretization). The gaps are clearly independent of k in the continuous case and of order h for 

large k in the discrete one. Right: Dispersion diagram for the piecewise linear finite element space 

semidiscretization versus the continuous wave equation. 

 

 

Fig. (b)  A discrete wave packet and its propagation. In the horizontal axis we represent the time 

variable, varying between 0 and 2, and the vertical one the space variable x ranging from 0 to 1. 

❋✐❣✉$❡ ✷✳✶ ✕
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❈❤❛♣✐%&❡ ✸

❙♣❡❝%&❛❧ ❛♥❛❧②.✐. ❛♥❞ ❡①♣♦♥❡♥%✐❛❧ ♦&

♣♦❧②♥♦♠✐❛❧ .%❛❜✐❧✐%② ♦❢ .♦♠❡

✐♥❞❡✜♥✐%❡ .✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠.

✸✳✶ ■♥%&♦❞✉❝%✐♦♥ ❛♥❞ ❍✐.%♦&✐❝❛❧ ❜❛❝❦❣&♦✉♥❞

❙②"#❡♠" ✇✐#❤ ✐♥❞❡✜♥✐#❡ "✐❣♥ ❞❛♠♣✐♥❣ #❡/♠" ❛/✐"❡ ✐♥ "#✉❞②✐♥❣ #❤❡ ♥❛#✉/❡ ♦❢ ✇✐♥❞

❧♦❛❞" ❛♥❞ #❤❡✐/ ❡✛❡❝# ♦♥ ❞②♥❛♠✐❝ /❡"♣♦♥"❡✳ ❚❤✐" ✐♥❝❧✉❞❡" ❛✐/❝/❛❢#✱ ❜✉✐❧❞✐♥❣"✱ #❡❧❡✲

❣/❛♣❤ ✇✐/❡" ❛♥❞ ❜/✐❞❣❡"✳ ❋♦/ ✐♥"#❛♥❝❡✱ ✐♥ ❛♥ ❛✐/ ❝/❛❢#✱ ❛" #❤❡ "♣❡❡❞ ♦❢ #❤❡ ✇✐♥❞

✐♥❝/❡❛"❡" #❤❡/❡ ♠❛② ❜❡ ❛ ♣♦✐♥# ❛# ✇❤✐❝❤ "#/✉❝#✉/❛❧ ❞❛♠♣✐♥❣ ✐" ✐♥"✉✣❝✐❡♥# #♦ ❞❛♠♣

♦✉# #❤❡ ✈✐❜/❛#♦/② ♠♦#✐♦♥" ✇❤✐❝❤ ❛/❡ ✐♥❝/❡❛"✐♥❣ ❞✉❡ #♦ ❛❡/♦❞②♥❛♠✐❝ ❡♥❡/❣② ❜❡✐♥❣

❛❞❞❡❞ #♦ #❤❡ "#/✉❝#✉/❡✳ ❚❤❡ /❡"✉❧#✐♥❣ ✈✐❜/❛#✐♦♥" ❝❛♥ ❝❛✉"❡ "#/✉❝#✉/❛❧ ❢❛✐❧✉/❡✳ ❚❤❡✲

/❡❢♦/❡✱ ✐♥ #❤✐" ❝❤❛♣#❡/✱ ♦✉/ ❛✐♠ ✐" #♦ ✜♥❞ ❝/✐#✐❝❛❧ ✈❛❧✉❡" ♦❢ #❤❡ ❞❛♠♣✐♥❣ #❡/♠ ❢♦/

✇❤✐❝❤ "#/✉❝#✉/❛❧ ❢❛✐❧✉/❡ ❞♦❡" ♥♦# ♦❝❝✉/✳ ▼♦/❡ ♣/❡❝✐"❡❧②✱ ❛" ✐♥ ❬✶❪✱ ✇❡ ❝♦♥"✐❞❡/ ❛

♦♥❡✲❞✐♠❡♥"✐♦♥❛❧ ✇❛✈❡ ❡B✉❛#✐♦♥ ✇✐#❤ ❛♥ ✐♥❞❡✜♥✐#❡ "✐❣♥ ❞❛♠♣✐♥❣ ❛♥❞ ❛ ③❡/♦ ♦/❞❡/
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❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

♣♦$❡♥$✐❛❧ $❡&♠ ✇❤✐❝❤ ✐- ❡✐$❤❡& ✐♥$❡&♥❛❧❧② ❞❛♠♣❡❞ ♦❢ $❤❡ ❢♦&♠

utt(x, t)− uxx(x, t) + 2χ(0,1)(x)ut(x, t) + 2αχ(−1,0)(x)ut(x, t) = 0, x ∈ (−1, 1), t > 0,

u(1, t) = u(−1, t) = 0, t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✭✸✳✶✳✶✮

✇❤❡&❡ α ✐- ❛ ❣✐✈❡♥ ❝♦♥-$❛♥$ ♦& ✇✐$❤ ❜♦$❤ ✐♥$❡&♥❛❧❧② ❛♥❞ ❜♦✉♥❞❛&② ❞❛♠♣❡❞ $❡&♠-

✉♥❞❡& $❤❡ ❢♦&♠

utt(x, t)− uxx(x, t) + aut(x, t) = 0, x ∈ (0, 1), t > 0,

u(0, t) = 0, ux(1, t) = −but(1, t), t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✭✸✳✶✳✷✮

✇❤❡&❡ a, b ∈ R✳

■$ ✐- ✇❡❧❧ ❦♥♦✇♥ $❤❛$ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ✐❢ $❤❡ ❞❛♠♣✐♥❣

$❡&♠ α ✐- ♥♦♥✲♥❡❣❛$✐✈❡ ✭-❡❡ ❬✷✸❪✮✳ ❙✐♠✐❧❛&❧②✱ ✐❢ $❤❡ ❝♦❡✣❝✐❡♥$- a ❛♥❞ b ❛&❡ ❜♦$❤

♣♦-✐$✐✈❡✱ $❤❡♥✱ ✉-✐♥❣ ❢♦& ✐♥-$❛♥❝❡ ✐♥$❡❣&❛❧ ✐♥❡F✉❛❧✐$✐❡-✱ ♦♥❡ ❝❛♥ ♣&♦✈❡ $❤❛$ ✭✸✳✶✳✷✮ ✐-

❛❧-♦ ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✳

■♥ $❤✐- ❝❤❛♣$❡& ♦& ✐♥ ❬✶❪✱ ✇❡ ❛&❡ ✐♥$❡&❡-$❡❞ ✐♥ $❤❡ ❝❛-❡ ✇❤❡♥ $❤❡ ❞❛♠♣✐♥❣ $❡&♠- ❛&❡

❛❧❧♦✇❡❞ $♦ ❝❤❛♥❣❡ $❤❡✐& -✐❣♥✳ ❆- ♠❡♥$✐♦♥❡❞ ❜❡❢♦&❡✱ -✉❝❤ ❛ ❝❛-❡ ♦❝❝✉&-✱ ❢♦& ❡①❛♠♣❧❡✱

✐♥ ✇✐♥❞ ✐♥❞✉❝❡❞ ♦-❝✐❧❧❛$✐♦♥-✳ H&♦❜❧❡♠- ✭✸✳✶✳✶✮ ❛♥❞ ✭✸✳✶✳✷✮ ♠♦❞❡❧ $❤❡ ✈✐❜&❛$✐♦♥- ♦❢

✢❡①✐❜❧❡ -$&✉❝$✉&❡- -✉❜❥❡❝$ $♦ ❛❡&♦❞②♥❛♠✐❝ ❢♦&❝❡-✳ ❖✉& ❛✐♠ ✐- $♦ ❛♥❛❧②③❡ $♦ ✇❤❛$

❡①$❡♥$ $❤❡ ✈❛&✐❛$✐♦♥ ♦❢ $❤❡ -✐❣♥ ❛✛❡❝$- $❤❡ -$❛❜✐❧✐$② ♦❢ $❤❡ ♣&♦❜❧❡♠✳ ❍♦✇❡✈❡&✱ $❤❡

$❡❝❤♥✐F✉❡- ✇❤✐❝❤ ❛&❡ ♥♦&♠❛❧❧② ❡♠♣❧♦②❡❞ ✐♥ $❤❡ ❞❡✜♥✐$❡ ❝❛-❡✱ -✉❝❤ ❛- ♠✉❧$✐♣❧✐❡&-

❛♥❞ &❡-♦❧✈❡♥$ ♠❡$❤♦❞- ❝❛♥♥♦$ ❜❡ ✇❡❧❧ ✐♥✈♦❦❡❞ ✐♥ ❝❛-❡ ♦❢ ✐♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣✐♥❣

❝♦❡✣❝✐❡♥$-✳ ❈♦♥-❡F✉❡♥$❧②✱ ✇❤❡♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$- ❛&❡ ❛❧❧♦✇❡❞ $♦ ❝❤❛♥❣❡ $❤❡✐&

-✐❣♥✱ $❤❡ F✉❡-$✐♦♥ ♦❢ -$❛❜✐❧✐$② ♦❢ $❤❡ -♦❧✉$✐♦♥ ❜❡❝♦♠❡- ♠♦&❡ ✐♥$❡&❡-$✐♥❣✳

❙✉❝❤ ❛ F✉❡-$✐♦♥ ✇❛- ✜&-$ ❡①♣♦-❡❞ ✐♥ ❛ ❝♦♥❥❡❝$✉&❡ ✐♥ ❬✷✶❪ ❜② ❈❤❡♥ ❡$ ❛❧✳ ✇❤♦
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❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❝♦♥-✐❞❡&❡❞ $❤❡ ✐♥$❡&♥❛❧❧② ✐♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ✇❛✈❡ ❡7✉❛$✐♦♥ ♦❢ $❤❡ ❢♦&♠

utt − uxx + 2a(x)ut = 0, x ∈ (0, 1), t > 0, ✭✸✳✶✳✸✮

✇✐$❤ -$❛♥❞❛&❞ ✐♥✐$✐❛❧ ❝♦♥❞✐$✐♦♥- ❛♥❞ ❉✐&✐❝❤❧❡$ ❜♦✉♥❞❛&② ❝♦♥❞✐$✐♦♥-✳

■$ ✇❛- ❝♦♥❥❡❝$✉&❡❞ $❤❛$ ✐❢ $❤❡&❡ ❡①✐-$- -♦♠❡ c > 0 -✉❝❤ $❤❛$ ❢♦& ❡✈❡&② n ∈ N∗
$❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐$✐♦♥ ✐- -❛$✐-✜❡❞

In =

∫ 1

0

a(x) sin2(nπx)dx ≥ c, ✭✸✳✶✳✹✮

$❤❡♥✱ ✇❤❡♥ $❤❡ ❢✉♥❝$✐♦♥ a ∈ L∞(0, 1) ❤❛- ❛♥ ✐♥❞❡✜♥✐$❡ -✐❣♥✱ $❤❡ ❡♥❡&❣② ❞❡❝❛②- ❡①✲

♣♦♥❡♥$✐❛❧❧②✳ ❚❤❡ ✐❞❡❛ ♦❢ $❤❡ ❝♦♥❥❡❝$✉&❡ ✐- $❤❛$ ♦♥❝❡ $❤❡ ❞❛♠♣✐♥❣ $❡&♠ ✐❛ ❛❧❧♦✇❡❞ $♦

❜❡ ♠♦&❡ ♣♦-✐$✐✈❡ $❤❛♥ ♥❡❣❛$✐✈❡✱ $❤❡♥ $❤❡ -♦❧✉$✐♦♥ ❞❡❝❛②- ❛- $✐♠❡ ❣♦❡- $♦ ✐♥✜♥✐$②✳

❚❤❡ ❝♦♥❞✐$✐♦♥ ♦♥ In ❝❛♥ ❜❡ ✐♥$❡&♣&❡$❡❞ ❛- -♦♠❡ -♦&$ ♦❢ ♣♦-✐$✐✈✐$② ❝♦♥❞✐$✐♦♥ ♦♥ $❤❡

❞❛♠♣✐♥❣ $❡&♠ a(.) -✐♥❝❡ In → a0, ❛- n → +∞✱ ✇❤❡&❡ a0 ✐- $❤❡ ❛✈❡&❛❣❡ ♦❢ a(.)✳
■♥ ❢❛❝$✱ ♣&♦❜❧❡♠ ✭✸✳✶✳✸✮ ❝❛♥ ❜❡ ❝♦♥-✐❞❡&❡❞ ❛- ❛ ♣❡&$✉&❜❛$✐♦♥ ♦❢ ❛♥ ✉♥❞❛♠♣❡❞ ♣&♦✲

❜❧❡♠✳ ❚❤❡&❡❢♦&❡✱ ❢♦& ❛ -♠❛❧❧ ❡♥♦✉❣❤ ♣❡&$✉&❜❛$✐♦♥✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ $❤❡ ❛--♦❝✐❛$❡❞

❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ♦❢ ✭✸✳✶✳✸✮ ❛&❡ ❡①♣❡❝$❡❞ $♦ ♠♦✈❡ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✳

❍♦✇❡✈❡&✱ ✐$ $✉&♥- ♦✉$ $❤❛$ $❤✐- ✐- ♥♦$ ❡♥♦✉❣❤ $♦ ❡♥-✉&❡ -$❛❜✐❧✐$② -✐♥❝❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡-

✇❤✐❝❤ ❛&❡ $♦ $❤❡ ❧❡❢$ ❢♦& -♠❛❧❧ ♣❡&$✉&❜❛$✐♦♥- ♠❛② ♠♦✈❡ $♦ $❤❡ &✐❣❤$ ❛- ♣❡&$✉&❜❛$✐♦♥

✐♥❝&❡❛-❡-✳ ❚❤❡&❡❢♦&❡✱ ❋&❡✐$❛- ✐♥ ❬✷✽❪ ❞✐-♣&♦✈❡- $❤❡ ❝♦♥❥❡❝$✉&❡ ♦❢ ❈❤❡♥ ❡$ ❛❧✳ ❍❡ -❤♦✇-

$❤❛$ ✭✸✳✶✳✹✮ ✐- ✐♥-✉✣❝✐❡♥$ $♦ ❣✉❛&❛♥$❡❡ $❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$②✳ ■♥❞❡❡❞✱ ❤❡ ✜♥❞-

♦✉$ $❤❛$ ✐❢ ‖a‖L∞
✐- ❧❛&❣❡✱ $❤❡♥ $❤❡&❡ ♠❛② ❡①✐-$ -♦♠❡ ♣♦-✐$✐✈❡ &❡❛❧ ❡✐❣❡♥✈❛❧✉❡- ✭-❡❡

❚❤❡♦&❡♠ ✸✳✻ ♦❢ ❬✷✽❪✮✳ ❆❝$✉❛❧❧②✱ ❋&❡✐$❛- ✐♥ ❬✷✽❪ ❝♦♥-✐❞❡&- $❤❡ ♠♦&❡ ❣❡♥❡&❛❧ ✇❛✈❡ ❡7✉❛✲

$✐♦♥ ✇✐$❤ ❛♥ ❛❞❞✐$✐♦♥❛❧ ♣♦$❡♥$✐❛❧ $❡&♠ b(x)u ✇❤❡&❡ b ∈ L∞(0, 1) ❛♥❞ &❡♣❧❛❝❡- a(.)

❜② ǫa(.) ✇❤❡&❡ ǫ ✐- ❛ ♣♦-✐$✐✈❡ ♣❛&❛♠❡$❡& ❀ ✐✳❡✱ ❋&❡✐$❛- ❝♦♥-✐❞❡&- $❤❡ ❢♦❧❧♦✇✐♥❣ ♣&♦❜❧❡♠





utt −∆u− b(x)u+ ǫa(x)ut = 0, x ∈ Ω, t > 0,

u = 0, x ∈ ∂Ω,
✭✸✳✶✳✺✮

✶✷✺



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✇❤❡&❡ Ω ⊆ Rn
✐- ❜♦✉♥❞❡❞ ✇✐$❤ -♠♦♦$❤ ❜♦✉♥❞❛&② ∂Ω✳

❋&❡✐$❛- -❤♦✇- $❤❛$✱ ✉♥❞❡& $❤❡ ❝♦♥❞✐$✐♦♥- ✐♠♣♦-❡❞ ✐♥ $❤❡ ❝♦♥❥❡❝$✉&❡✱ $❤❡ ❛--♦❝✐❛$❡❞

❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ♠❛② ❛❞♠✐$ &❡❛❧ ♣♦-✐$✐✈❡ ❡✐❣❡♥✈❛❧✉❡- ❢♦& ǫ > ǫ0 > 0✱ ✇❤✐❝❤ -❤♦✇-

$❤❛$ $❤❡ -♦❧✉$✐♦♥ ♦❢ ✭✸✳✶✳✺✮ ❜❧♦✇- ✉♣ ❡①♣♦♥❡♥$✐❛❧❧② ❛- $✐♠❡ ❣♦❡- $♦ ✐♥✜♥✐$②✳ ❚❤❡ ✐❞❡❛

♦❢ ❋&❡✐$❛- ✐- ❜❛-❡❞ ♦♥ &❡♣❧❛❝✐♥❣ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ❛--♦❝✐❛$❡❞ ✇✐$❤ ✭✸✳✶✳✺✮ ❜②

❛♥ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ♦❢ ❛ -❡❧❢❛❞❥♦✐♥$ ♦♣❡&❛$♦& Lp = ∆+ pa(x) + b(x)✱ ✇❤❡&❡ p ✐- ❛

&❡❛❧ ♣❛&❛♠❡$❡&✳ ❚❤✐- ♠❡$❤♦❞ ✐- ♣&❡-❡♥$❡❞ ✐♥ ❬✷✾❪ ❛♥❞ ❬✻✻❪✳ ❚❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦&

♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Lp✱ ❛- |p| ❣♦❡- $♦ ✐♥✜♥✐$②✱ ✐- -$✉❞✐❡❞ ❛♥❞ ❝❤❛&❛❝$❡&✐③❡❞✳ ❚❤❡♥
❛ &❡❧❛$✐♦♥ ✐- ❢♦✉♥❞ ❜❡$✇❡❡♥ $❤❡ -♣❡❝$&✉♠ ♦❢ Lp ❛♥❞ $❤❡ &❡❛❧ ❡✐❣❡♥✈❛❧✉❡- ❛--♦❝✐❛$❡❞

✇✐$❤ ♣&♦❜❧❡♠ ✭✸✳✶✳✺✮✳ ■♥❞❡❡❞✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ❛--♦❝✐❛$❡❞ ✇✐$❤ ✭✸✳✶✳✺✮ ✐- ❣✐✈❡♥

❜② 



∆u− ǫa(x)λu+ b(x)u = λ2u, x ∈ Ω, ǫ > 0

u = 0 x ∈ ∂Ω.
✭✸✳✶✳✻✮

❍❡♥❝❡✱ ❋&❡✐$❛- ✜♥❞- $❤❛$ ❛ &❡❛❧ ♥✉♠❜❡& λ ✐- ❛♥ ❡✐❣❡♥✈❛❧✉❡ ❛--♦❝✐❛$❡❞ $♦ $❤❡ ❡✐❣❡♥✈❛❧✉❡

♣&♦❜❧❡♠ ✭✸✳✶✳✻✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ γ ✐- ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Lp ❛♥❞





λ = −p
ǫ

γ =
p2

ǫ2
.

❚❤❡&❡❢♦&❡✱ $❤❡ &❡❛❧ ❡✐❣❡♥✈❛❧✉❡- ❛--♦❝✐❛$❡❞ $♦ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ✭✸✳✶✳✻✮ ❝♦&&❡-✲

♣♦♥❞ $♦ $❤❡ ✐♥$❡&-❡❝$✐♦♥- ♦❢ $❤❡ ♣❛&❛❜♦❧❛✱

p2

ǫ2
✱ ✇✐$❤ $❤❡ ❡✐❣❡♥❝✉&✈❡- ❛--♦❝✐❛$❡❞ ✇✐$❤

$❤❡ ♦♣❡&❛$♦& Lp✳ ❆- ǫ ❜❡❝♦♠❡- ❧❛&❣❡✱ $❤❡ ❡✐❣❡♥❝✉&✈❡- ✐♥$❡&-❡❝$ $❤❡ ♣❛&❛❜♦❧❛ ✐♥ ❛$ ❧❡❛-$

$✇♦ ♣♦✐♥$- ❛♥❞ ❤❡♥❝❡ ❛ ♣♦-✐$✐✈❡ ❡✐❣❡♥✈❛❧✉❡ λ ❛♣♣❡❛&- ✇❤✐❝❤ ♣&❡✈❡♥$- $❤❡ -♦❧✉$✐♦♥ ♦❢

✭✸✳✶✳✺✮ ❢&♦♠ ❜❡✐♥❣ -$❛❜❧❡ ✭-❡❡ ❚❤❡♦&❡♠ ✸✳✻ ❛♥❞ ❈♦&♦❧❧❛&② ✸✳✼ ♦❢ ❬✷✽❪✮✳

❍♦✇❡✈❡&✱ $❤❡ &❡-✉❧$- ♦❢ ❋&❡✐$❛- ❞♦ ♥♦$ ❝❧❛&✐❢② ✇❤❛$ ❤❛♣♣❡♥- ❢♦& -♠❛❧❧ ✈❛❧✉❡- ♦❢ ǫ✳

❈♦♥-❡N✉❡♥$❧②✱ ❧❛$❡& ♦♥✱ ❋&❡✐$❛- ❛♥❞ ❩✉❛③✉❛ ✐♥ ❬✸✵❪ $&❡❛$ $❤❡ ❝❛-❡ ✇❤❡♥ $❤❡ L∞
♥♦&♠

♦❢ $❤❡ ❞❛♠♣✐♥❣ $❡&♠✱ ǫa(.)✱ ✇✐$❤ ✐♥❞❡✜♥✐$❡ -✐❣♥ ✐- ♥♦$ ❧❛&❣❡✳ ❋♦& ǫ > 0 -♠❛❧❧ ❡♥♦✉❣❤✱

$❤❡② ♣&♦✈❡ $❤❛$ $❤❡ -♦❧✉$✐♦♥ ♦❢ ✭✸✳✶✳✸✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ✉♥❞❡& ❝♦♥❞✐$✐♦♥ ✭✸✳✶✳✹✮

✶✷✻



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❛♥❞ $❤❡ ❛❞❞✐$✐♦♥❛❧ ❝♦♥❞✐$✐♦♥ a ∈ BV (0, 1) -♦ $❤❛$ $❤❡ ❞❡&✐✈❛$✐✈❡ ♦❢ a ✐- ❞❡✜♥❡❞ ✐♥

$❤❡ ✇❡❛❦ -❡♥-❡✳ ❚❤❡✐& ✐❞❡❛ ✐- ❜❛-❡❞ ♦♥ $❤❡ ❛♥-❛$③ -✉❣❣❡-$❡❞ ❜② ❍♦&♥ ✐♥ ❬✹✶❪ ✇❤❡&❡

$❤❡ ❡✐❣❡♥✈❡❝$♦&- ❛&❡ ✇&✐$$❡♥ ✐♥ ❛ -❡&✐❡- ❢♦&♠ ✐♥ ♦&❞❡& $♦ ✜♥❞ ❛♥ ❛♣♣&♦①✐♠❛$✐♦♥ ♦❢

$❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ❛♥❞ ❤❡♥❝❡ $❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡-✳

❆❢$❡& ✉-✐♥❣ $❤❡ -❤♦♦$✐♥❣ ♠❡$❤♦❞ ❛♥❞ ❘♦✉❝❤E✬- ❚❤❡♦&❡♠ ✐♥-♣✐&❡❞ ❢&♦♠ ❬✷✸❪✱ $❤❡②

♣&♦✈❡ $❤❛$ $❤❡&❡ ❡①✐-$- ǫ1 > 0 -✉❝❤ $❤❛$✱ ❢♦& ❡✈❡&② ǫ ∈ (0, ǫ1)✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛&❡

❛-②♠♣$♦$✐❝❛❧❧② ❝❧♦-❡ $♦ −ǫa0✱ ✇❤❡&❡ a0 ✐- $❤❡ ❛✈❡&❛❣❡ ♦❢ a(.) ❛♥❞ $❤❡&❡❢♦&❡ $❤❡ ❤✐❣❤
❢&❡I✉❡♥❝✐❡- ❛❞♠✐$ ♥❡❣❛$✐✈❡ &❡❛❧ ♣❛&$- -✐♥❝❡ $❤❡ ❤②♣♦$❤❡-✐- ✐♠♣♦-❡❞ ♦♥ $❤❡ ✉♥✐❢♦&♠

♣♦-✐$✐✈✐$② ♦❢ In ✐♥ ✭✸✳✶✳✹✮ ②✐❡❧❞- $❤❡ ♣♦-✐$✐✈✐$② ♦❢ $❤❡ ❛✈❡&❛❣❡ a0 ♦❢ a(.)✳ ▼♦&❡♦✈❡&✱

$❤❡ ♣♦-✐$✐✈✐$② ♦❢ $❤❡ ✐♥$❡❣&❛❧- In ❡♥-✉&❡- $❤❛$ $❤❡ ❧♦✇ ❢&❡I✉❡♥❝✐❡- ❛&❡ $♦ $❤❡ ❧❡❢$ ♦❢

$❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❢♦& ǫ ∈ (0, ǫ0)✳ ❋✐♥❛❧❧②✱ ❜② ♣&♦✈✐♥❣ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&- ❢♦&♠ ❛

❘✐❡-③ ❜❛-✐- ♦❢ $❤❡ ❡♥❡&❣② -♣❛❝❡✱ $❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ✐- ❡-$❛❜❧✐-❤❡❞ ❢♦& ǫ ∈ (0, ǫ2)

✇❤❡&❡ ǫ2 = min{ǫ0, ǫ1}✳

❚❤✐- &❡-✉❧$ ✐- ❡①$❡♥❞❡❞ ✐♥ ❬✶✼❪ $♦ $❤❡ ❝❛-❡ ✇❤❡&❡✱ ✐♥ $❤❡ ✇❛✈❡ ❡I✉❛$✐♦♥✱ $❤❡&❡

✐- ❛♥ ❛❞❞✐$✐♦♥❛❧ ③❡&♦ ♦&❞❡& ♣♦$❡♥$✐❛❧ $❡&♠ b(x)u(x, t) ✇✐$❤ b ∈ L1(0, 1)✳ ❍♦✇❡✈❡&✱

$❤❡ ❛♥-❛$③ ✐♥ ❍♦&♥ ❞♦❡- ♥♦$ ✇♦&❦ ❛♥② ♠♦&❡ ✐♥ $❤✐- ❝❛-❡✳ ❚❤❡&❡❢♦&❡✱ $❤❡ ❛✉$❤♦&-

❛❞❛♣$ ❛ -❤♦♦$✐♥❣ ♠❡$❤♦❞ ❡♠♣❧♦②❡❞ ✐♥ ❬✻✺❪ $♦ ❝♦♥-$&✉❝$ ❛♥ ❡①♣❧✐❝✐$ ❛♣♣&♦①✐♠❛$✐♦♥

♦❢ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡I✉❛$✐♦♥ ♦❢ $❤❡ ✉♥❞❡&❧②✐♥❣ -②-$❡♠ ❛♥❞ $♦ ✜♥❞ $❤❡ ❛-②♠♣$♦$✐❝

❡①♣❛♥-✐♦♥ ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛♥❞ ❡✐❣❡♥✈❡❝$♦&-✳ ❯♥❞❡& $❤❡ -❛♠❡ ❛--✉♠♣$✐♦♥- ✉-❡❞

✐♥ ❬✸✵❪ ♦♥ $❤❡ ❞❛♠♣✐♥❣ $❡&♠✱ ǫa(.)✱ ❛♥❞ ♦♥ $❤❡ ✐♥$❡❣&❛❧-✱ In✱ $❤❡ ❛✉$❤♦&- ✐♥ ❬✶✼❪

❡-$❛❜❧✐-❤ $❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ❢♦& ǫ > 0 -♠❛❧❧ ❡♥♦✉❣❤✳

❋✉&$❤❡&♠♦&❡✱ ✐♥ ❬✺✶❪✱ $❤❡ ❛✉$❤♦&- ❝♦♥-✐❞❡& ❛♥ ❛❜-$&❛❝$ ❧✐♥❡❛& -②-$❡♠ ✇✐$❤ ♣❡&✲

$✉&❜❛$✐♦♥ ♦❢ $❤❡ ❢♦&♠

d

dt
y = Ay+ ǫBy ♦♥ ❛ ❍✐❧❜❡&$ -♣❛❝❡✱ ✇❤❡&❡ A ✐- ❛ -❦❡✇❛❞❥♦✐♥$

♦♣❡&❛$♦&✱ B ✐- ❜♦✉♥❞❡❞✱ ❛♥❞ ǫ ✐- ❛ ♣♦-✐$✐✈❡ ♣❛&❛♠❡$❡&✳ ❯-✐♥❣ ❛♥ ❛❜-$&❛❝$ ♣❡&$✉&✲

❜❛$✐♦♥ &❡-✉❧$ ❛♥❞ ✉♥❞❡& $❤❡ ❤②♣♦$❤❡-✐- $❤❛$ $❤❡ ❞❛♠♣✐♥❣ ♦♣❡&❛$♦& B ✐- ✉♥✐❢♦&♠❧②

❡✛❡❝$✐✈❡ ❢♦& ❛❧❧ ♥♦&♠❛❧✐③❡❞ ❧✐♥❡❛& ❝♦♠❜✐♥❛$✐♦♥- ♦❢ ❡✐❣❡♥✈❡❝$♦&- ❝♦&&❡-♣♦♥❞✐♥❣ $♦ $❤❡

✶✷✼



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❡✐❣❡♥✈❛❧✉❡- ❧♦❝❛$❡❞ ✐♥ ❛ ♥❡✐❣❤❜♦&❤♦♦❞ ♦❢ ❛♥② ❡✐❣❡♥✈❛❧✉❡✱ $❤❡ ❛✉$❤♦&- ✜♥❞ ❛♥ ✉♣♣❡&

❜♦✉♥❞ ❢♦& ǫ ❢♦& ✇❤✐❝❤ $❤❡ ❛❜-$&❛❝$ -②-$❡♠ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✳ ■♥ ♣❛&$✐❝✉❧❛&✱ $❤❡

❛✉$❤♦&- ✐♥ ❬✺✶❪ ✜♥❞ ❛♥ ✉♣♣❡& ❜♦✉♥❞ ♦❢ ǫ ❢♦& ✇❤✐❝❤ ♣&♦❜❧❡♠ ✭✸✳✶✳✺✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧②

-$❛❜❧❡ ✉♥❞❡& ❝♦♥❞✐$✐♦♥ ✭✸✳✶✳✹✮ ❛♥❞ $❤❡ ❛--✉♠♣$✐♦♥ $❤❛$ a ∈ L∞(0, 1) ✇✐$❤♦✉$ $❤❡

♥❡❡❞ ❢♦& $❤❡ ❛--✉♠♣$✐♦♥ $❤❛$ a ∈ BV ✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ❢♦& ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮✱ ✐$

-❡❡♠- $♦ ✉- $❤❛$ $❤❡ ✉♣♣❡& ❜♦✉♥❞ ♦❢ ǫ ❢♦✉♥❞ ✐♥ ❬✺✶❪ ✐- ♥♦$ ❡❛-② $♦ ❝❤❡❝❦✳

▲❛$❡& ♦♥✱ ✐♥ ❬✺✼❪✱ ❘❛❝❦❡ ❛♥❞ ❘✐✈❡&❛ ❤❛✈❡ &❡♠♦✈❡❞ $❤❡ ❢❛❝$♦& ǫ ❛♥❞ ❝♦♥-✐❞❡&❡❞ $❤❡

✇❛✈❡ ❡H✉❛$✐♦♥ utt − uxx + a(x)ut = 0 ♦♥ (0, L) ❢♦& -♦♠❡ L > 0 ✇❤❡&❡ a ∈ L∞(0, L)

✐- ❛❧❧♦✇❡❞ $♦ ❝❤❛♥❣❡ ✐$- -✐❣♥ -✉❝❤ $❤❛$ ✐$- ♠❡❛♥ ✈❛❧✉❡ a0 &❡♠❛✐♥- ♣♦-✐$✐✈❡✳ ■♥ ❬✺✼❪✱

$❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ✐- ♣&♦✈❡❞ ✉♥❞❡& ♦♥❡ ♦❢ $❤❡-❡ ❝♦♥❞✐$✐♦♥- ✿ ❊✐$❤❡& ‖a‖L∞
✐-

♣♦--✐❜❧② ❧❛&❣❡ ✇✐$❤ -✉✣❝✐❡♥$❧② -♠❛❧❧ ‖a − a0‖L2
♦& ‖a‖L∞

✐- -✉✣❝✐❡♥$❧② -♠❛❧❧ ❜✉$

$❤❡ ♣❛✐& (a, L) ❤❛- $♦ -❛$✐-❢② -♦♠❡ ❡-$✐♠❛$❡- ✇❤❡&❡ ✐$ ✐- ♣♦--✐❜❧❡ $♦ ❣❡$ ❛ ♥❡❣❛$✐✈❡

♠♦♠❡♥$ In✳ ◆♦$❡ $❤❛$ $❤❡ -❡❝♦♥❞ ❝♦♥❞✐$✐♦♥ ✐♥ ❬✺✼❪ ❞♦❡- ♥♦$ ❝♦♥$&❛❞✐❝$ $❤❡ &❡-✉❧$

❢&♦♠ ❬✸✵❪✱ ❜❡❝❛✉-❡ ✐♥ $❤❛$ ❝❛-❡ $❤❡ ❛❞♠✐--✐❜❧❡ ♣❛✐&- (a, L)✱ ❧❡❛❞✐♥❣ $♦ ❡①♣♦♥❡♥$✐❛❧

❞❡❝❛②✱ ❛&❡ ♥♦$ ✐♥❞❡♣❡♥❞❡♥$ ❛♥❞✱ ❛❝❝♦&❞✐♥❣ $♦ ❘❛❝❦❡ ❛♥❞ ❘✐✈❡&❛✱ $❤❡ -♦❧✉$✐♦♥ ✐- ♥♦$

❡①♣♦♥❡♥$✐❛❧❧② ❞❡❝❛②✐♥❣ ✐❢ ♦♥❡ &❡♣❧❛❝❡- a(.) ❜② ǫa(.)✳ ❚❤❡ ♠❡$❤♦❞ ✐♥ ❬✺✼❪ ✐- ❜❛-❡❞ ♦♥

$❤❡ -♣❡❝$&❛❧ ❝&✐$❡&✐❛ ❝❤❛&❛❝$❡&✐③✐♥❣ ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ -❡♠✐❣&♦✉♣- ✐♥ $❡&♠- ♦❢ $❤❡

-♣❡❝$&✉♠ ♦❢ $❤❡ ❣❡♥❡&❛$♦& ♦❢ $❤❡ -❡♠✐❣&♦✉♣ ✭-❡❡ ❬✹✷❪✮✳ ❋♦& ✐♥-$❛♥❝❡✱ ❢♦& ♣♦--✐❜❧② ❧❛&❣❡

L∞
♥♦&♠ ♦❢ a(.) ❛♥❞ -♠❛❧❧ ‖a− a0‖L2

✱ ✉-✐♥❣ $❤❡ ✜①❡❞ ♣♦✐♥$ ❛&❣✉♠❡♥$✱ $❤❡ ❛✉$❤♦&-

♣&♦✈❡ $❤❛$ ❢♦& ǫ > 0✱

ΓI
ǫ =

{
ǫ+ α + iβ; α > ℜ

(
−a0

2
+

√(a0
2

)2

−
(π
L

)2
)
❛♥❞ β ∈ R

}
⊂ ρ(❆)

❛♥❞ $❤❛$

sup
λ∈ΓI

ǫ

∥∥(λI − ❆)−1
∥∥ <∞,

✇❤❡&❡ ❆ ✐- $❤❡ ❣❡♥❡&❛$♦& ♦❢ $❤❡ ❛--♦❝✐❛$❡❞ -❡♠✐❣&♦✉♣✳ ❋✉&$❤❡&♠♦&❡✱ ❢♦& $❤❡ -❡❝♦♥❞

❝❛-❡✱ $❤❡ ❛✉$❤♦&- ♣&♦✈❡ $❤❛$ ❢♦& -♠❛❧❧ ǫ0 > 0 ❛♥❞ ❛♥② ǫ1 > ǫ0✱ ✇❡ ❤❛✈❡ ❢♦& ❛❧❧

✶✷✽



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

ǫ ∈ [ǫ0, ǫ1]

ΓII
ǫ =

{
ǫ− a0

2
+ iη; η ∈ R

}
⊂ ρ(❆)

❛♥❞

sup
λ∈ΓII

ǫ , ǫ∈[ǫ0,ǫ1]

∥∥(λI − ❆)−1
∥∥ <∞,

♦♥ $❤❡ ❝♦♥❞✐$✐♦♥- $❤❛$

‖a(.)‖L∞(0,L) <
sinh

(
γ0
4

)
(
sinh

(
γ1
4

)
+ e

7
2
γ1e

7
2
γ1

) ,

✇❤❡&❡✱ ❢♦& ❛♥② ❣✐✈❡♥ γ0 > 0 ❛♥❞ γ1 > 0✱ ✇❡ ❤❛✈❡

γ0 ≤
∫ L

0

a(x)dx ≤ L‖a(.)‖L∞(0,L) ≤ γ1

❛♥❞

γ0
‖a(.)‖L∞(0,L)

< L ≤ γ1
‖a(.)‖L∞(0,L)

.

❋✐♥❛❧❧②✱ ▼❡♥③ ✐♥ ❬✺✹❪ ❣❡♥❡&❛❧✐③❡- $❤❡ ✇♦&❦ ❞♦♥❡ ✐♥ ❬✺✼❪ ❜② ❛❞❞✐♥❣ ❛ ♣♦$❡♥$✐❛❧ $❡&♠

b(x)u✳ ❍❡ ♣&♦✈❡- $❤❛$ ✐❢ $❤❡ ❛✈❡&❛❣❡ a0 ✐- ♣♦-✐$✐✈❡✱ $❤❡♥✱ ❢♦& a(.), b(.) ∈ L∞(0, L)✱

$❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ✐- ♣&♦✈❡❞ ❢♦& -♠❛❧❧ ‖a− a0‖L2
❜✉$ ♥♦$ ♥❡❝❡--❛&✐❧② ❢♦& -♠❛❧❧

‖a(.)‖L∞(0,L)✳ ❯-✐♥❣ ●❡❛&❤❡❛&$ ❛♥❞ ❍✉❛♥❣ &❡-✉❧$✱ ▼❡♥③ ♦❜$❛✐♥- $❤❡ &❡-♦❧✈❡♥$ ❡-$✐✲

♠❛$❡ ❢♦& $❤❡ -②-$❡♠ ✇❤❡&❡ $❤❡ ❢✉♥❝$✐♦♥ a(.) ✐- &❡♣❧❛❝❡❞ ❜② ✐$- ♠❡❛♥ ✈❛❧✉❡✱ a0✳ ❚❤❡♥

✉-✐♥❣ ❛ ✜①❡❞ ♣♦✐♥$ ❛&❣✉♠❡♥$✱ $❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② &❡-✉❧$ ✐- $&❛♥-❢❡&&❡❞ $♦ $❤❡

♦&✐❣✐♥❛❧ ♣&♦❜❧❡♠ ✇✐$❤ ♣♦$❡♥$✐❛❧ $❡&♠✳

✸✳✷ ▼❛✐♥ '❡)✉❧,)

■♥ $❤✐- ❝❤❛♣$❡& ♦& ✐♥ ❬✶❪✱ ♦✉& ✇♦&❦ ❞✐✛❡&- ❢&♦♠ $❤❡ ♣&❡✈✐♦✉- -$✉❞✐❡- ❜❡❝❛✉-❡ ✇❡ ❞♦

♥♦$ ✇❛♥$ $♦ ✐♠♣♦-❡ ♥❡✐$❤❡& ❛ -♠❛❧❧ ✈❛❧✉❡ ♦❢ $❤❡ ❞❛♠♣✐♥❣ ❢❛❝$♦& a ♥♦& ❛ -♠❛❧❧ ✈❛❧✉❡ ♦❢

‖a−a0‖L2
✳ ■♥❞❡❡❞ ❢♦& -②-$❡♠ ✭✸✳✶✳✶✮✱ $❤✐- ♠❡❛♥ ✈❛❧✉❡ ✐- ❡N✉❛❧ $♦

√
2|1−α| ✇❤✐❝❤ ✇❡

✶✷✾



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❞♦ ♥♦$ ♥❡❡❞ $♦ ❜❡ -✉✣❝✐❡♥$❧② -♠❛❧❧✳ ■♥❞❡❡❞ ✇❡ ✇✐❧❧ -❤♦✇ ❧❛$❡& ♦♥ $❤❛$ ❢♦& α ≤ −1✱

♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ♥❡✈❡& ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ✭❡✈❡♥ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥-✐♦♥❛❧ -♣❛❝❡✮✱

✇❤✐❧❡ ❢♦& α > −1✱ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥-✐♦♥❛❧

-♣❛❝❡✳ ❲❡ ❡✈❡♥ -❤♦✇ $❤❛$ $❤❡&❡ ❡①✐-$- ❛ ❝&✐$✐❝❛❧ ✈❛❧✉❡ α3 ≃ −0.2823 -✉❝❤ $❤❛$ ✐❢

α > α3✱ $❤❡♥ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✳ ❖✉& ♠❡$❤♦❞ $❛❦❡- ❛❞✈❛♥$❛❣❡

♦❢ $❤❡ ♦♥❡✲❞✐♠❡♥-✐♦♥❛❧ -❡$$✐♥❣ $❤❛$ ❛❧❧♦✇- $♦ ♣❡&❢♦&♠ ❛ ♣&❡❝✐-❡ -♣❡❝$&❛❧ ❛♥❛❧②-✐-✳

◆♦$❡ $❤❛$ $❤❡-❡ &❡-✉❧$- ❛&❡ ❝♦❤❡&❡♥$ ✇✐$❤ $❤♦-❡ ❣✐✈❡♥ ❜② $❤❡ ♣❡&$✉&❜❛$✐♦♥ $❤❡♦&②

♦❢ ❝♦♥$&❛❝$✐✈❡ -❡♠✐❣&♦✉♣- ✭-❡❡ ❬✻✷❪✮✳ ❆❝$✉❛❧❧②✱ ❢♦& -②-$❡♠ ✭✸✳✶✳✶✮ ❞❡✜♥❡❞ ✐♥ ❛♥ ❛♣♣&♦✲

♣&✐❛$❡ ❍✐❧❜❡&$ -❡$$✐♥❣✱ ✇❡ ❝❛♥ ✇&✐$❡ $❤❡ ❣❡♥❡&❛$♦& ♦❢ $❤❡ -❡♠✐❣&♦✉♣ ❛- A0+B−+B+

✇❤❡&❡ A0 ✐- $❤❡ -❦❡✇✲❛❞❥♦✐♥$ ♦♣❡&❛$♦& ❣✐✈❡♥ ❜②

A0 =


 0 I

d2

dx2 0


 ,

❛♥❞ B± ❛&❡ ❜♦✉♥❞❡❞ ♦♣❡&❛$♦&- ❣✐✈❡♥ ❜②

B+ =


 0 0

0 −2χ(0,1)


 , B− =


 0 0

0 −2αχ(−1,0)


 .

❚❤❡♥ ❛♣♣❧②✐♥❣ $❤❡ ♣❡&$✉&❜❛$✐♦♥ $❤❡♦&② ♦❢ ❝♦♥$&❛❝$✐✈❡ -❡♠✐❣&♦✉♣-✱ ✐♥ ♦&❞❡& $♦ ❣❡$

❛♥ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$②✱ $❤❡ ❝♦♥❞✐$✐♦♥ ‖B−‖ < |ω(A + B+)| -❤♦✉❧❞ ❜❡ ✐♠♣♦-❡❞✳
❍♦✇❡✈❡&✱ ❛❝❝♦&❞✐♥❣ $♦ ❬✷✸❪✱ µ(A+B+) = ω(A+B+) ≃ −0.45 ✇❤❡&❡ $❤❡ ❛♣♣&♦①✐♠❛$❡

✈❛❧✉❡ ✐- ❢♦✉♥❞ ♥✉♠❡&✐❝❛❧❧②✳ ❍❡&❡✱ µ(A) ❞❡♥♦$❡- $❤❡ -♣❡❝$&❛❧ ❛❜-❝✐--❛ ♦❢ $❤❡ ♦♣❡&❛$♦&

A ❀
µ(A) = sup{ℜλ : λ ∈ σ(A)},

σ(A) ❜❡✐♥❣ $❤❡ -♣❡❝$&✉♠ ♦❢ A✱ ✇❤✐❧❡ ω(A) ❞❡♥♦$❡- $❤❡ ❣&♦✇$❤ &❛$❡ ♦❢ $❤❡ ❡✈♦❧✉$✐♦♥

❡N✉❛$✐♦♥ ❛--♦❝✐❛$❡❞ ✇✐$❤ A ✐♥ $❤❡ ❍✐❧❜❡&$ -♣❛❝❡ X ❀

ω(A) = inf{ω : ∃C(ω) > 0 -✳ $✳ ‖U(t)‖2X ≤ C(ω)‖U(0)‖2Xe2ωt, ∀t > 0,

❢♦& ❡✈❡&② -♦❧✉$✐♦♥ U ♦❢ Ut(t) = AU(t), ∀t > 0}.
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❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❚❤❡&❡❢♦&❡ ‖B−‖ = 2|α| < |µ(A + B+)| ②✐❡❧❞- $❤❡ ❝♦♥❞✐$✐♦♥ $❤❛$ α > α1, ✇❤❡&❡

α1 ≃ −0.225✳ ❖✉& -♣❡❝$&❛❧ ❛♥❛❧②-✐- ✐♠♣&♦✈❡- $❤✐- ❝♦♥❞✐$✐♦♥ ❛♥❞ ②✐❡❧❞- ❛ ❧❛&❣❡& &❛♥❣❡

♦❢ ✈❛❧✉❡- ♦❢ α ❢♦& ✇❤✐❝❤ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✳ ❍♦✇❡✈❡&✱ $❤✐- &❡-✉❧$

✐- ♥♦$ ♦♣$✐♠❛❧ -✐♥❝❡ ♥✉♠❡&✐❝❛❧ &❡-✉❧$- -❤♦✇ $❤❛$ α > α2✱ ✇❤❡&❡ α2 ≃ −0.77, ②✐❡❧❞-

$❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ♦❢ ✭✸✳✶✳✶✮ ✭-❡❡ ❋✐❣✉&❡ ✶✮✳

❇② ❛ -✐♠✐❧❛& ❛♣♣&♦❛❝❤✱ ✇❡ ✜♥❞ -♦♠❡ ❡①♣♦♥❡♥$✐❛❧ ♦& ♣♦❧②♥♦♠✐❛❧ -$❛❜✐❧✐$② &❡-✉❧$-

❢♦& $❤❡ -❡❝♦♥❞ ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ✇❤❡&❡ a ❛♥❞ b ❛&❡ ♦❢ ♦♣♣♦-✐$❡ -✐❣♥- ❀ $❤❡ ♣❛&$✐❝✉❧❛&

❝❛-❡ b ∈ (−1, 0) ❛♥❞ a > 0 &❡$❛✐♥- ♦✉& ❛$$❡♥$✐♦♥✳ ◆♦$❡ $❤❛$ ❢♦& -✉❝❤ ❛ ♣&♦❜❧❡♠✱

♣❡&$✉&❜❛$✐♦♥ $❤❡♦&② ♦❢ ❝♦♥$&❛❝$✐✈❡ -❡♠✐❣&♦✉♣- ❝❛♥♥♦$ ❜❡ ✐♥✈♦❦❡❞✳

❚❤✐- ❝❤❛♣$❡& ✐- ❞✐✈✐❞❡❞ ✐♥$♦ $✇♦ ♠❛✐♥ ♣❛&$-✳ ■♥ $❤❡ ✜&-$ ♦♥❡✱ ✇❡ ❛♥❛❧②③❡ $❤❡

-♣❡❝$&❛❧ ♣&♦❜❧❡♠ ❛--♦❝✐❛$❡❞ ✇✐$❤ ✭✸✳✶✳✶✮ ✐♥ ♦&❞❡& $♦ ✜♥❞ ❛ ♣♦--✐❜❧❡ &❛♥❣❡ ♦❢ α ❢♦&

✇❤✐❝❤ ✭✸✳✶✳✶✮ ✐- -$❛❜❧❡✳ ❲❡ ✜♥❞ ❛♥❞ ♣&♦✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣ &❡-✉❧$- ♦❢ ❬✶❪ ✿

❚❤❡♦$❡♠ ✸✳✷✳✶✳ α > −1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♣)♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐2 ❡①♣♦♥❡♥4✐❛❧❧② 24❛❜❧❡ ✉♣

4♦ ❛ ✜♥✐4❡ ❞✐♠❡♥2✐♦♥❛❧ 2♣❛❝❡✳

❚❤❡♦$❡♠ ✸✳✷✳✷✳ ■❢ α > α3✱ ✇❤❡)❡ α3 ≃ −0.2823, 4❤❡♥ 4❤❡ 2♦❧✉4✐♦♥ ♦❢ ♣)♦❜❧❡♠

✭✸✳✶✳✶✮ ✐2 ❡①♣♦♥❡♥4✐❛❧❧② 24❛❜❧❡✳

■♥ $❤❡ -❡❝♦♥❞ ♣❛&$✱ ✇❡ ❛♥❛❧②③❡ ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ✐♥ ♦&❞❡& $♦ ✜♥❞ -♦♠❡ ❝♦♥❞✐$✐♦♥-

$❤❛$ a ❛♥❞ b ♠✉-$ -❛$✐-❢② $♦ ❣❡$ $❤❡ -$❛❜✐❧✐$② ♦❢ ✭✸✳✶✳✷✮✳ ❲❡ ✜♥❞ ♦✉$ $❤❡ ❢♦❧❧♦✇✐♥❣

&❡-✉❧$- ♦❢ ❬✶❪ ✿

❚❤❡♦$❡♠ ✸✳✷✳✸✳ ■❢ b 6∈ {−1, 0, 1}✱ 4❤❡♥ a > −2ℜ tanh−1 1

b
= −ln

∣∣∣∣
b+ 1

b− 1

∣∣∣∣ ✐❢ ❛♥❞ ♦♥❧②

✐❢ ♣)♦❜❧❡♠ ✭✸✳✶✳✷✮ ✐2 ❡①♣♦♥❡♥4✐❛❧❧② 24❛❜❧❡ ✉♣ 4♦ ❛ ✜♥✐4❡ ❞✐♠❡♥2✐♦♥❛❧ 2♣❛❝❡✳

❚❤❡♦$❡♠ ✸✳✷✳✹✳ ■❢ b ∈ (−1, 0)✱ #❤❡♥ a > −2 tanh−1 b ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♣.♦❜❧❡♠ ✭✸✳✶✳✷✮

✐7 ❡①♣♦♥❡♥#✐❛❧❧② 7#❛❜❧❡✳
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❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❚❤❡♦$❡♠ ✸✳✷✳✺✳ ■❢ b ∈ (−1, 0) ❛♥❞ a = −2 tanh−1 b✱ &❤❡♥ &❤❡)❡ ❡①✐,&, C > 0 ,✉❝❤

&❤❛& ❢♦) ❛❧❧ U(0) = (u0, u1) ∈ D(Aa)✱ ✇❡ ❤❛✈❡

E2(t) ≤ C
‖U(0)‖2D(Aa)

t
, ∀t > 0,

✇❤❡)❡ E2(t) ✐, &❤❡ ❡♥❡)❣② ♦❢ &❤❡ ,♦❧✉&✐♦♥ ♦❢ ♣)♦❜❧❡♠ ✭✸✳✶✳✷✮ ❛♥❞ Aa ✐, ❞❡✜♥❡❞ ✐♥

✭✸✳✹✳✷✮ ❜❡❧♦✇✳

◆♦$❡ $❤❛$ ❛ -$❛$❡♠❡♥$ -✐♠✐❧❛& $♦ $❤❡ ♦♥❡ ♦❢ ❚❤❡♦&❡♠ ✸✳✷✳✹ ❝❛♥♥♦$ ❤♦❧❞ ✐♥ $❤❡

❝❛-❡ b < −1 ❜❡❝❛✉-❡ $❤❡&❡ ❡①✐-$- -♦♠❡ a > −2ℜ tanh−1 1

b
-✉❝❤ $❤❛$ -♦♠❡ ❡✐❣❡♥✈❛❧✉❡-

λ ♦❢ Aa ❛&❡ ✐♥ ℜλ > 0 ✭-❡❡ ❋✐❣✉&❡ ✸✳✻ ✐♥ $❤❡ ❝❛-❡ b = −2 ❛♥❞ a = 1.1✮✳

❇❡❢♦&❡ ✇❡ -$❛&$ ♦✉& ❛♥❛❧②-✐-✱ ✇❡ ✐♥$&♦❞✉❝❡ -♦♠❡ ♥♦$❛$✐♦♥- ✉-❡❞ ✐♥ $❤❡ &❡♠❛✐♥❞❡&

♦❢ $❤✐- ❝❤❛♣$❡& ✿ ❖♥ D✱ $❤❡ L2(D)✲♥♦&♠ ✇✐❧❧ ❜❡ ❞❡♥♦$❡❞ ❜② ‖ · ‖D✳ ❙✐♠✐❧❛&❧② (·, ·)D
♠❡❛♥- $❤❡ L2(D) ✐♥♥❡& ♣&♦❞✉❝$✳ ❋✐♥❛❧❧②✱ $❤❡ ♥♦$❛$✐♦♥ A . B ❛♥❞ A ≃ B ♠❡❛♥- $❤❡

❡①✐-$❡♥❝❡ ♦❢ ♣♦-✐$✐✈❡ ❝♦♥-$❛♥$- C1 ❛♥❞ C2✱ ✇❤✐❝❤ ❛&❡ ✐♥❞❡♣❡♥❞❡♥$ ♦❢ A ❛♥❞ B -✉❝❤

$❤❛$ A ≤ C2B ❛♥❞ C1B ≤ A ≤ C2B✱ &❡-♣❡❝$✐✈❡❧②✳

✸✳✸ ❊①♣♦♥❡♥(✐❛❧ ,(❛❜✐❧✐(② ❢♦0 (❤❡ ✐♥❞❡✜♥✐(❡ ,✐❣♥ ✐♥✲

(❡0♥❛❧❧② ❞❛♠♣❡❞ ♣0♦❜❧❡♠ ✭✸✳✶✳✶✮

❙✐♥❝❡ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ✐❢ $❤❡ ❞❛♠♣✐♥❣ $❡&♠ α ✐- ♥♦♥✲

♥❡❣❛$✐✈❡ ✭-❡❡ ❬✷✸❪✮✱ ❢&♦♠ ♥♦✇ ♦♥ ✇❡ ❛--✉♠❡ $❤❛$ α < 0✳

❲❡ -$❛&$ ❜② ✇&✐$✐♥❣ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ❛- ❛ -②-$❡♠ ♦❢ $❤❡ ❢♦&♠ Ut = AαU ✇❤❡&❡

U = (u, ut)
⊤
❛♥❞ $❤❡ ♦♣❡&❛$♦& Aα : D(Aα) → X ✐- ❞❡✜♥❡❞ ❜②

Aα =


 0 I

d2

dx2 −2χ(0,1) − 2αχ(−1,0)




✶✸✷



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✇❤❡&❡ $❤❡ ❡♥❡&❣② -♣❛❝❡ X = H1
0 (−1, 1)×L2(−1, 1) ✐- ❡6✉✐♣♣❡❞ ✇✐$❤ $❤❡ ✉-✉❛❧ ✐♥♥❡&

♣&♦❞✉❝$ ❞❡✜♥❡❞ ❜②

< (f, g)⊤, (u, v)⊤ >=

∫ 1

−1

(f ′u′ + gv)dx,

❛♥❞

D(Aα) = (H2(−1, 1) ∩H1
0 (−1, 1))×H1

0 (−1, 1).

■♥ $❤✐- ❝❛-❡✱ $❤❡ ❡♥❡&❣② ❛--♦❝✐❛$❡❞ ✇✐$❤ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮✱ ❛$ $✐♠❡ $✱ ✐- ❣✐✈❡♥ ❜②

E1(t) =
1

2

(∫ 1

−1

(|ux(x, t)|2 + |ut(x, t)|2)dx
)

✇✐$❤

E ′
1(t) = −2

(∫ 1

0

|ut(x, t)|2dx+ α

∫ 0

−1

|ut(x, t)|2dx
)
, ∀(u0, u1) ∈ D(Aα).

◆♦$✐❝❡ $❤❛$ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ✇❡❧❧ ♣♦-❡❞ -✐♥❝❡ Aα ❝❛♥ ❜❡ ✇&✐$$❡♥ ❛- ❛ -✉♠ ♦❢ $❤❡

♠✲❞✐--✐♣❛$✐✈❡ ♦♣❡&❛$♦& A0 ✇✐$❤ ❛ ❜♦✉♥❞❡❞ ♦♣❡&❛$♦& ✭-❡❡ ❚❤❡♦&❡♠ ✶✳✶✳✺✮✳

■♥ $❤✐- -❡❝$✐♦♥✱ ✇❡ -$❛&$ ❜② ❛♥❛❧②③✐♥❣ $❤❡ -♣❡❝$&✉♠ ♦❢ $❤❡ ❣❡♥❡&❛$♦& Aα✳ ❋✐&-$✱ ✇❡

✜♥❞ $❤❡ ❛-②♠♣$♦$✐❝ ❞❡✈❡❧♦♣♠❡♥$ ♦❢ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡-✳ ❚❤✐- ❞❡✈❡❧♦♣♠❡♥$ -❤♦✇-

$❤❛$ $❤❡ ❤✐❣❤ ❢&❡6✉❡♥❝✐❡- ❛♣♣&♦❛❝❤ $❤❡ ❧✐♥❡ x = −α + 1

2
✭-❡❡ ✭✸✳✸✳✼✮✮✳ ❙❡❝♦♥❞✱ ✇❡

❞❡$❡&♠✐♥❡ $❤❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ α3 ♦❢ α ❢♦& ✇❤✐❝❤ ❛❧❧ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aα ❛&❡ -✐$✉❛$❡❞ $♦

$❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❢♦& ❛♥② α > α3✳ ❋✐♥❛❧❧②✱ ✇❡ -❤♦✇ $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞

❡✐❣❡♥✈❡❝$♦&- ♦❢ Aα ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ $❤❡ ❡♥❡&❣② -♣❛❝❡ ❢&♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡ $❤❡

❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ♦❢ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ❢♦& α > α3✳

✸✳✸✳✶ ❙♣❡❝'(❛❧ ❛♥❛❧②-✐- ♦❢ ♣(♦❜❧❡♠ ✭✸✳✶✳✶✮

❋✐&-$✱ ✇❡ ❞❡$❡&♠✐♥❡ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡6✉❛$✐♦♥ &❡❧❛$❡❞ $♦ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮✳ ■❢

U = (y, z)⊤ ∈ D(Aα) ✐- ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢ Aα ❛--♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λ✱ $❤❡♥

✶✸✸



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

z = λy ❛♥❞ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ✐- ❣✐✈❡♥ ❜②





yxx − λ2y − 2χ(0,1)λy − 2αχ(−1.0)λy = 0 ✐♥ (−1, 1),

y(−1) = y(1) = 0.
✭✸✳✸✳✶✮

❈❧❡❛&❧② λ = 0 ❝❛♥♥♦$ ❜❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aα✳ ❙✐♠✐❧❛&❧② $❤❡ -❛♠❡ ❝❛❧❝✉❧❛$✐♦♥- ❛-

❜❡❧♦✇ ❛❧❧♦✇ $♦ -❤♦✇ $❤❛$ λ = −2 ❛♥❞ λ = −2α ❛&❡ ♥♦$ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aα✳ ◆♦✇ ❢♦&

λ 6∈ {0,−2,−2α}✱ -❡$$✐♥❣ y+ = y|(0,1) ❛♥❞ y
− = y|(−1,0) ✱ ✇❡ ❣❡$





y+xx = (λ2 + 2λ)y+ ✐♥ (0, 1),

y+(1) = 0,

❛♥❞ ❝♦♥-❡@✉❡♥$❧②✱

y+(x) = c+ sinh[
√
λ2 + 2λ(x− 1)], ✭✸✳✸✳✷✮

❢♦& -♦♠❡ c+ ∈ C✳ ❙✐♠✐❧❛&❧②✱ ✇❡ ❤❛✈❡





y−xx = (λ2 + 2αλ)y− ✐♥ (−1, 0),

y−(−1) = 0,

✇❤✐❝❤ ✐♠♣❧✐❡- $❤❛$

y−(x) = c− sinh[
√
λ2 + 2αλ(x+ 1)], ✭✸✳✸✳✸✮

❢♦& -♦♠❡ c− ∈ C✳ ❆- $❤❡ ❞✐✛❡&❡♥$✐❛❧ ❡@✉❛$✐♦♥ ✐♥ ✭✸✳✸✳✶✮ ②✐❡❧❞- y ∈ H2(0, 1) ❛♥❞ ❞✉❡

$♦ $❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ $❤❡♦&❡♠ H2(0, 1) →֒ C1[0, 1]✱ ✇❡ ❣❡$





y+(0) = y−(0),

y+x (0) = y−x (0),

♦& ❡@✉✐✈❛❧❡♥$❧②





c+ sinh(
√
λ2 + 2λ) = −c− sinh(

√
λ2 + 2αλ),

c+
√
λ2 + 2λ cosh(

√
λ2 + 2λ) = c−

√
λ2 + 2αλ cosh(

√
λ2 + 2αλ),

✭✸✳✸✳✹✮

✶✸✹



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✐✳❡✳✱

Dα(λ)(c
+, c−)⊤ = (0, 0)⊤, ✭✸✳✸✳✺✮

✇❤❡&❡

Dα(λ) =


 sinh(

√
λ2 + 2λ) sinh(

√
λ2 + 2αλ)

√
λ2 + 2λ cosh(

√
λ2 + 2λ) −

√
λ2 + 2αλ cosh(

√
λ2 + 2αλ)


 .

❆- ✭✸✳✸✳✺✮ ❛❞♠✐$- ❛ ♥♦♥ ③❡&♦ -♦❧✉$✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ detDα(λ) = 0, $❤❡ ❝♦♠♣❧❡①

♥✉♠❜❡& λ 6∈ {0,−2,−2α} ✐- ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aα ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐$ ✐- $❤❡ &♦♦$ ♦❢ $❤❡

❝❤❛&❛❝$❡&✐-$✐❝ ❡A✉❛$✐♦♥

detDα(λ) = 0.

❉✐&❡❝$ ❝❛❧❝✉❧❛$✐♦♥- ②✐❡❧❞

detDα(λ) = −Fα(λ)

= −
√
λ2 + 2αλ sinh(

√
λ2 + 2λ) cosh(

√
λ2 + 2αλ)

−
√
λ2 + 2λ sinh(

√
λ2 + 2αλ) cosh(

√
λ2 + 2λ).

◆♦$❡ ❢✉&$❤❡& $❤❛$

2Fα(λ) = gα(λ) = t2(λ) sinh t2(λ)− t1(λ) sinh t1(λ),

✇❤❡&❡

t1(λ) =
√
λ2 + 2λ−

√
λ2 + 2αλ,

❛♥❞

t2(λ) =
√
λ2 + 2λ+

√
λ2 + 2αλ.

❲❡ ❤❛✈❡ ♣&♦✈❡❞ $❤❡ ♥❡①$ &❡-✉❧$✳

▲❡♠♠❛ ✸✳✸✳✶✳ Aα ❤❛" ❛ ❝♦♠♣❛❝' ✐♥✈❡,"❡ ❛♥❞ '❤❡,❡❢♦,❡ '❤❡ "♣❡❝',✉♠ ♦❢ Aα ✐" ❞✐"✲

❝,❡'❡ ❛♥❞ ✐'" ❡✐❣❡♥✈❛❧✉❡" ❛,❡ ♦❢ ✜♥✐'❡ ❛❧❣❡❜,❛✐❝ ♠✉❧'✐♣❧✐❝✐'②✳ ❋✉,'❤❡,♠♦,❡

σ(Aα) = {λ ∈ C \ {0,−2,−2α} : gα(λ) = 0}.

✶✸✺



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❘❡♠❛$❦ ✸✳✸✳✷✳ ◆♦"❡ "❤❛" "❤❡ ❡✐❣❡♥✈❛❧✉❡, ♦❢ Aα ❞❡♣❡♥❞ ❝♦♥"✐♥✉♦✉,❧② ♦♥ α✳ ■♥❞❡❡❞✱

✜① α ❛♥❞ ❛♥ ❡✐❣❡♥✈❛❧✉❡ λ0 ♦❢ Aα✳ ❚❤❡♥ ❛, λ0 ✐, ✐,♦❧❛"❡❞✱ "❤❡8❡ ❡①✐,", ρ > 0 ,✉❝❤ "❤❛"

gα(z) 6= 0, ∀z ∈ C : 0 < |z − λ0| ≤ ρ.

■♥ ♣❛8"✐❝✉❧❛8✱ ❛, gα ✐, ❛ ❝♦♥"✐♥✉♦✉, ❢✉♥❝"✐♦♥ ♦❢ z✱ ,❡""✐♥❣ D = {z ∈ C : |z−λ0| = ρ}✱
"❤❡8❡ ❡①✐,", ❛ ♣♦,✐"✐✈❡ 8❡❛❧ ♥✉♠❜❡8 κ ,✉❝❤ "❤❛"

|gα(z)| ≥ κ, ∀z ∈ D.

❋♦8 ❛ ✜①❡❞ ♣♦,✐"✐✈❡ 8❡❛❧ ♥✉♠❜❡8 ǫ0 ✇❡ ❝♦♥,✐❞❡8 "❤❡ ♠❛♣♣✐♥❣ ♦❢ "✇♦ ✈❛8✐❛❜❧❡,

H : [0, ǫ0]×D → C : (ǫ, z) → gα(z)− gα+ǫ(z).

❙✐♥❝❡ ✐" ✐, ❛ ✉♥✐❢♦8♠❧② ❝♦♥"✐♥✉♦✉, ❢✉♥❝"✐♦♥ ❛♥❞ ,✐♥❝❡ H(0, z) = 0 ❢♦8 ❛❧❧ z✱ ✇❡ ❞❡❞✉❝❡

"❤❡ ❡①✐,"❡♥❝❡ ♦❢ ❛ ♣♦,✐"✐✈❡ 8❡❛❧ ♥✉♠❜❡8 δ ,✉❝❤ "❤❛"

|H(ǫ, z)| < κ, ∀(ǫ, z) ∈ [0, δ]×D.

❚❤❡ "✇♦ ❧❛," ❡,"✐♠❛"❡, ✐♠♣❧② "❤❛"

|gα(z)− gα+ǫ(z)| < |gα(z)|, ∀(ǫ, z) ∈ [0, δ]×D.

❍❡♥❝❡✱ ❘♦✉❝❤@✬, "❤❡♦8❡♠ ❛❧❧♦✇, "♦ ❝♦♥❝❧✉❞❡ "❤❛" gα+ǫ ❤❛, "❤❡ ,❛♠❡ ♥✉♠❜❡8 ♦❢ 8♦♦",

❛" gα ❢♦8 ❛❧❧ ǫ ∈ [0, δ]✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ -❤♦✇- $❤❡ ❜♦✉♥❞❡❞♥❡-- ♦❢ $❤❡ &❡❛❧ ♣❛&$ ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡-

♦❢ $❤❡ ♦♣❡&❛$♦& Aα ❛♥❞ ♣&♦✈❡- $❤❛$ ✐$- ❡✐❣❡♥✈❛❧✉❡- ❝❛♥♥♦$ ❜❡ &❡❛❧✳

▲❡♠♠❛ ✸✳✸✳✸✳ ▲❡" λ ❜❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ "❤❡ ♦♣❡8❛"♦8 Aα✱ ❛♥❞ U = y(x, λ)(1, λ)⊤

❜❡ ❛♥ ❛,,♦❝✐❛"❡❞ ❡✐❣❡♥✈❡❝"♦8✳ ❚❤❡♥ λ ∈ C\R ✇✐"❤

ℜλ =

−
∫ 1

0

|y(x, λ)|2dx− α

∫ 0

−1

|y(x, λ)|2dx
∫ 1

−1

|y(x, λ)|2dx
,

✶✸✻
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❛♥❞

(ℑλ)2 =

∫ 1

−1

|yx(x, λ)|2dx
∫ 1

−1

|y(x, λ)|2dx
−




∫ 1

0

|y(x, λ)|2dx+ α

∫ 0

−1

|y(x, λ)|2dx
∫ 1

−1

|y(x, λ)|2dx




2

.

 !♦♦❢✿ ❆- Aα ✐- &❡❛❧✱ ✐♥ $❤❡ -❡♥-❡ $❤❛$ AαU = AαŪ ❢♦& ❛❧❧ U ∈ D(Aα)✱ ✐$ ❢♦❧❧♦✇-

$❤❛$ U = y(x, λ)(1, λ) ✐- ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢ Aα ❝♦&&❡-♣♦♥❞✐♥❣ $♦ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λ✳

■♥$❡❣&❛$✐♥❣ ✭✸✳✸✳✶✮ ❛❣❛✐♥-$ y(x, λ) ❣✐✈❡-

∫ 1

−1

|yx|2dx+ λ2
∫ 1

−1

|y|2dx+ 2λ

(∫ 1

0

|y|2dx+ α

∫ 0

−1

|y|2dx
)

= 0.

❍❡♥❝❡✱

λ =

−
∫ 1

0

|y|2dx− α

∫ 0

−1

|y|2dx±
[(∫ 1

0

|y|2dx+ α

∫ 0

−1

|y|2dx
)2

−
∫ 1

−1

|yx|2dx
∫ 1

−1

|y|2dx
] 1

2

∫ 1

−1

|y|2dx
.

■❢ λ ✐- &❡❛❧✱ $❤❡♥ ❜② $❤❡ @♦✐♥❝❛&A✲❋&✐❡❞&✐❝❤✬- ✐♥❡E✉❛❧✐$②

π2

4

∫ 1

−1

|w|2dx ≤
∫ 1

−1

|wx|2dx, ∀w ∈ H1
0 (−1, 1), ✭✸✳✸✳✻✮

✇❡ ❣❡$

0 ≤
(∫ 1

0

|y|2dx+ α

∫ 0

−1

|y|2dx
)2

−
∫ 1

−1

|yx|2dx
∫ 1

−1

|y|2dx

≤
(∫ 1

−1

|y|2dx
)2

−
(π
2

)2
(∫ 1

−1

|y|2dx
)2

=

(
1− π2

4

)(∫ 1

−1

|y|2dx
)2

< 0

✇❤✐❝❤ ✐- ✐♠♣♦--✐❜❧❡✳ ❈♦♥-❡E✉❡♥$❧②✱ λ ∈ C\R ❛♥❞ $❤❡ &❡-✉❧$ ❢♦❧❧♦✇-✳

❘❡♠❛!❦ ✸✳✸✳✹✳ ◆♦%❡ %❤❛%

✶✳ (ℜλ)2 + (ℑλ)2 ≥ π2

4
❜② ,♦✐♥❝❛/0✲❋/✐❡❞/✐❝❤✬4 ✐♥❡5✉❛❧✐%② ✭✸✳✸✳✻✮✳

✶✸✼
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✷✳ |ℜλ| ≤ max{1, |α|}✳

✸✳ ❉❡♥♦'❡ ❜② {λk}k∈Z∗
'❤❡ +♣❡❝'.✉♠ ♦❢ Aα✳ ❙✐♥❝❡ Aα ✐+ .❡❛❧✱ ✇✐'❤♦✉' ❧♦++ ♦❢ ❣❡✲

♥❡.❛❧✐'② ✇❡ ❝❛♥ ❛++✉♠❡ '❤❛' ❢♦. ❛❧❧ k ∈ Z∗, λ−k = λk✳

✸✳✸✳✶✳✶ ❆$②♠♣(♦(✐❝ ❜❡❤❛✈✐♦1 ♦❢ ❧❛1❣❡ ❡✐❣❡♥✈❛❧✉❡$

■♥ $❤❡ -❡3✉❡❧✱ ✇❡ -$✉❞② $❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- {λk}k∈Z∗
♦❢ Aα

❛- |λk| → +∞✳ ❆❝❝♦&❞✐♥❣ $♦ $❤❡ ♣&❡✈✐♦✉- &❡♠❛&❦✱ -✐♥❝❡ ℜλk ✐- ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞✱
$❤❡♥ |λk| → +∞ ✐- ❡3✉✐✈❛❧❡♥$ $♦ |ℑλk| → +∞✳ ▼♦&❡♦✈❡&✱ ✇❡ ❝❛♥ &❡-$&✐❝$ ♦✉& -$✉❞②
$♦ $❤❡ ❝❛-❡ k → +∞.

▲❡♠♠❛ ✸✳✸✳✺✳ ❚❤❡ ❧❛.❣❡ ❡✐❣❡♥✈❛❧✉❡+ ♦❢ Aα ❛.❡ +✐♠♣❧❡✳ ▼♦.❡♦✈❡. '❤❡.❡ ❡①✐+' m ∈ Z

❛♥❞ k0 ∈ N, +✉❝❤ '❤❛'

λk =
−α− 1

2
+ i(k +m)

π

2
+O

(
1

k

)
, ∀k ≥ k0. ✭✸✳✸✳✼✮

91♦♦❢✿ ▲❡$ λ ❜❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aα ♦& ❡3✉✐✈❛❧❡♥$❧② ❛ &♦♦$ ♦❢ gα✳ ❋♦& $❤❡ -❛❦❡ ♦❢

-✐♠♣❧✐❝✐$②✱ ✇❡ ❛--✉♠❡ $❤❛$

√
λ2 = λ✱ ✐❢ $❤✐- ✐- ♥♦$ $❤❡ ❝❛-❡✱ $❤❡ ♥❡①$ ❛&❣✉♠❡♥$- ❤♦❧❞

❜✉$ ✇✐$❤ t1 ❛♥❞ t2 &❡♣❧❛❝❡❞ ❜② $❤❡✐& ♦♣♣♦-✐$❡-✳

❋✐&-$✱ ✇❡ ♣&♦✈❡ $❤❛$

t1(λ) → 1− α ❛♥❞ t2(λ) = 2λ+ 1 + α + o(1) ❛- |λ| → +∞.

■♥❞❡❡❞✱ ✇❡ ✇&✐$❡

t1(λ) =
(
√
λ2 + 2λ−

√
λ2 + 2αλ)(

√
λ2 + 2λ+

√
λ2 + 2αλ)√

λ2 + 2λ+
√
λ2 + 2αλ

=
2λ(1− α)

t2(λ)
.

❚❤❡&❡❢♦&❡✱ ✇❡ ❣❡$

✶

t1(λ) ∼
2λ(1− α)

2λ
= 1− α, ❛- |ℑλ| → +∞. ✭✸✳✸✳✽✮

✶✳ ❛# ✉#✉❛❧ &❤❡ ♥♦&❛&✐♦♥ h(λ) ∼ g(λ) ❛# |ℑλ| → +∞ ♠❡❛♥# &❤❛& lim|ℑλ|→+∞
h(λ)
g(λ) = 1

✶✸✽
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❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱

t2(λ) = λ

√
1 +

2

λ
+ λ

√
1 +

2α

λ
.

❆- |λ| → +∞✱ ✇❡ ✇&✐$❡
√

1 +
2

λ
= 1 +

1

λ
+ o

(
1

λ

)
,

❛♥❞ √
1 +

2α

λ
= 1 +

α

λ
+ o

(
1

λ

)
.

❚❤❡&❡❢♦&❡✱

t2(λ) = λ

(
2 +

1 + α

λ

)
+ o(1) = 2λ+ 1 + α + o(1) ❛- |ℑλ| → +∞. ✭✸✳✸✳✾✮

❙✐♥❝❡ t2(λ) 6= 0 ❢♦& |ℑλ| ❧❛&❣❡ ❡♥♦✉❣❤✱ $❤❡♥ ❢&♦♠ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡@✉❛$✐♦♥ ✇❡

❝❛♥ ✇&✐$❡

gα(λ) = t2(λ)

[
sinh(t2(λ))−

t1(λ)

t2(λ)
sinh(t1(λ))

]
= 0,

♦& ❡@✉✐✈❛❧❡♥$❧②

hα(λ) = 0, ✭✸✳✸✳✶✵✮

✇❤❡&❡

hα(λ) = sinh(t2(λ))−
t1(λ)

t2(λ)
sinh(t1(λ)). ✭✸✳✸✳✶✶✮

◆♦✇ $❤❡ ❝♦♥❝❧✉-✐♦♥ ❢♦❧❧♦✇- ❜② ✉-✐♥❣ ❘♦✉❝❤G✬- ❚❤❡♦&❡♠✳ ❋♦& $❤✐- ❛✐♠✱ ❢♦& N ❧❛&❣❡

❡♥♦✉❣❤✱ ❞❡✜♥❡ $❤❡ ❝✉&✈❡

Γ±n = {z :
∣∣∣∣z +

1 + α

2
∓ i

nπ

2

∣∣∣∣ =
C0

n
}, n > N,

✇❤❡&❡ C0 ✐- ❛ ♣♦-✐$✐✈❡ ❝♦♥-$❛♥$ ✜①❡❞ ❧❛$❡& ♦♥ ✐♥ ▲❡♠♠❛ ✸✳✸✳✼✳

▲❡♠♠❛ ✸✳✸✳✼ ❜❡❧♦✇ -❤♦✇-✱ ❜② ❘♦✉❝❤G✬- ❚❤❡♦&❡♠✱ $❤❛$ hα(z) ❣✐✈❡♥ ✐♥ ✭✸✳✸✳✶✶✮

❤❛- $❤❡ -❛♠❡ &♦♦$- ❛- sinh(t2(z)) ✐♥ $❤❡ ❝✉&✈❡ Γ±n, ❢♦& ❡✈❡&② n > N ✇❤❡&❡ N ✐-

❧❛&❣❡ ❡♥♦✉❣❤✳ ❈♦♥-❡@✉❡♥$❧②✱ ✇❡ ❞❡❞✉❝❡ $❤❛$ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡- ❛&❡ -✐♠♣❧❡ -✐♥❝❡

✶✸✾
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$❤❡ &♦♦$- ♦❢ sinh(t2(z)) ❛&❡ -✐♠♣❧❡ ❢♦& |z| ❧❛&❣❡ ❛♥❞ ❛&❡ -✐$✉❛$❡❞ ✐♥-✐❞❡ Γ±n ❢♦& -♦♠❡

n ❧❛&❣❡✱ ✇❤✐❝❤ ②✐❡❧❞- ✭✸✳✸✳✼✮✳

❚❤❡ ♥❡①$ ❋✐❣✉&❡- ✸✳✶ ❛♥❞ ✸✳✷ ✐❧❧✉-$&❛$❡ $❤❡ &♦♦$- ♦❢ Fα ❢♦& α = −0.75 ❛♥❞

α = −0.2 ❝♦♠♣✉$❡❞ ✉-✐♥❣ ❛ ◆❡✇$♦♥ ♠❡$❤♦❞✱ ♥❛♠❡❧② ❛ -✉✣❝✐❡♥$❧② ❧❛&❣❡ ❜♦① ✐-

❞❡❝♦♠♣♦-❡❞ ✐♥ ❛ &❡❧❛$✐✈❡❧② ✜♥❡ ♠❡-❤ ❛♥❞ ❡❛❝❤ ♥♦❞❡ ♦❢ $❤❡ ♠❡-❤ ✐- ✉-❡❞ ❛- ✐♥✐$✐❛❧

✈❛❧✉❡ ❢♦& $❤❡ ◆❡✇$♦♥ ♠❡$❤♦❞✳ ■♥ $❤❡-❡ ❋✐❣✉&❡-✱ $❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ❢&♦♠ $❤❡

♣&❡✈✐♦✉- ❧❡♠♠❛ ✐- ❝❧❡❛&❧② ✈✐-✐❜❧❡✳

-0.126 -0.125 -0.124 -0.123

-50

50

❋✐❣✉$❡ ✸✳✶ ✕ ❊✐❣❡♥✈❛❧✉❡- ❢♦& α = −0.75

❘❡♠❛$❦ ✸✳✸✳✻✳ ✭■♥❝$❡❛'✐♥❣ *❤❡ ♦$❞❡$ ♦❢ *❤❡ ✜♥✐*❡ ❡①♣❛♥'✐♦♥✮

■❢ ✇❡ ✇$✐*❡ λk =
−α− 1

2
+ i(k +m)

π

2
+βk+ iεk ✇❤❡$❡ βk, εk ∈ R ❛$❡ '✉❝❤ *❤❛* βk =

O1

(
1

k

)
❛♥❞ εk = O2

(
1

k

)
✱ ❛♥❞ ✇❡ '✉❜'*✐*✉*❡ *❤✐' ✈❛❧✉❡ ✐♥*♦ t2(λk)✱ sinh(t2(λk))✱

✶✹✵
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-0.401 -0.400 -0.399 -0.398 -0.397

-50

50

❋✐❣✉$❡ ✸✳✷ ✕ ❊✐❣❡♥✈❛❧✉❡- ❢♦& α = −0.2

❛♥❞

t1(λk)

t2(λk)
sinh(t1(λk)✱ $❤❡♥ ✐♥❝)❡❛*✐♥❣ $❤❡ ♦)❞❡) ♦❢ $❤❡ ✜♥✐$❡ ❡①♣❛♥*✐♦♥✱ ✇❡ ❣❡$

t2(λk) = i(k +m)π + 2βk + 2iεk −
1 + α2

2i(k +m)π
+

(1 + α2)(1 + α)− 2(1 + α3)

(k +m)2π2
+ o

(
1

k2

)

sinh(t2(λk)) = (−1)k+m

(
2βk + 2iεk −

1 + α2

i(k +m)π
+

(1 + α2)(1 + α)− 2(1 + α3)

(k +m)2π2
+ o

(
1

k2

))

t1(λk)

t2(λk)
sinh(t1(λk)) =

(1− α) sinh(1− α)

i(k +m)π
+

(1− α2) sinh(1− α)

((k +m)π)2

+
(1− α2)(1− α) cosh(1− α)

((k +m)π)2
+ o

(
1

k2

)
.

❋)♦♠ $❤❡ ❡4✉❛❧✐$② sinh(t2(λk)) =
t1(λk)

t2(λk)
sinh(t1(λk))✱ ✇❡ ❝♦♥❝❧✉❞❡

εk = − 1 + α2

2(k +m)π
− (−1)k+m (1− α) sinh(1− α)

2(k +m)π
+ o(

1

k2
)

βk = −2(1 + α3)− (1 + α)(1 + α2)

2((k +m)π)2

+ (−1)k+m

2

[
(1− α2) sinh(1− α)

((k +m)π)2
+

(1− α2)(1− α) cosh(1− α)

((k +m)π)2

]
+ o

(
1

k2

)
.

❚❤❡ (−1)k+m
❢❛❝$♦) ❛♣♣❡❛)✐♥❣ ✐♥ $❤❡ ❡①♣)❡**✐♦♥ ♦❢ βk *❤♦✇* $❤❛$✱ ❛❝❝♦)❞✐♥❣ $♦ $❤❡

♣❛)✐$② ♦❢ k + m✱ $❤❡)❡ ❛)❡ ❡✐❣❡♥✈❛❧✉❡* $♦ $❤❡ ❧❡❢$ ❛♥❞ $♦ $❤❡ )✐❣❤$ ♦❢ $❤❡ ❛①✐* x =

✶✹✶
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−1 + α

2
✳ ❍❡♥❝❡ ✐❢ 1 + α ≤ 0✱ (❤❡♥ ♣+♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐4 ♥❡✈❡+ 4(❛❜❧❡✱ ✇❤✐❧❡ ✐❢ 1 +

α > 0✱ (❤❡♥ ✇❡ ❝❛♥ ❤♦♣❡ (❤❛( ✭✸✳✶✳✶✮ ✐4 ❡✐(❤❡+ ❡①♣♦♥❡♥(✐❛❧❧② 4(❛❜❧❡ ♦+ ✉♥4(❛❜❧❡ ❜✉(

❡①♣♦♥❡♥(✐❛❧❧② 4(❛❜❧❡ ✉♣ (♦ ❛ ✜♥✐(❡ ❞✐♠❡♥4✐♦♥❛❧ 4♣❛❝❡✳

▲❡♠♠❛ ✸✳✸✳✼✳ ❚❤❡+❡ ❡①✐4(4 N ∈ N ❧❛+❣❡ ❡♥♦✉❣❤ 4✉❝❤ (❤❛( ❢♦+ ❡✈❡+② n > N ❛♥❞ ❢♦+

❛❧❧ z ∈ Γ±n✱ ✇❡ ❤❛✈❡

|hα(z)− sinh(t2(z))| < |sinh(t2(z))| .

'(♦♦❢✿ ❚❤❡ ♣&♦♦❢ ✐- ❞✐✈✐❞❡❞ ✐♥$♦ $✇♦ -$❡♣-✳ ■♥ $❤❡ ✜&-$ -$❡♣✱ ❢♦& ❡✈❡&② n > N ✇❤❡&❡

N ✐- ❧❛&❣❡ ❡♥♦✉❣❤✱ ✇❡ -❤♦✇ $❤❛$ ✐❢ z ∈ Γ±n✱ $❤❡♥ |sinh(t2(z))| ≥
C0

|z| ✳ ■♥ ❢❛❝$✱ ✐$ ✐-
❡♥♦✉❣❤ $♦ ❝♦♥-✐❞❡& $❤❡ ❝❛-❡ ✇❤❡&❡ z ∈ Γn -✐♥❝❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛♣♣❡❛& ✐♥ ❝♦♥❥✉❣❛$❡

♣❛✐&-✳ ■❢ z ∈ Γn✱ $❤❡♥ z = −1 + α

2
+ i

nπ

2
+ ρne

iθ
✇❤❡&❡ θ ∈ [0, 2π) ❛♥❞ ρn =

C0

n
✳

❙✐♥❝❡ n ✐- ❧❛&❣❡ ❡♥♦✉❣❤✱ $❤❡♥ ❜② ✭✸✳✸✳✾✮✱ ✇❡ ❤❛✈❡

t2(z) = 2z + 1 + α + o1(1) + io2(1),

❛♥❞

|sinh(t2(z))|2 = sin2 (2ρn sin θ + o2(1)) + sinh2 (2ρn cos θ + o1(1))

= (2ρn sin θ + o(1))2 + (2ρn cos θ + o(1))2

= 4ρ2n + o(1).

❍❡♥❝❡✱

C2
0

|z|2≤
C2

0(
ρn sin θ +

nπ
2

)2 =
4C2

0

(nπ)2
+ o

(
1

n2

)
≤ 4C2

0

n2
+ o(1) = |sinh(t2(z))|2 .

◆♦✇ ✭✸✳✸✳✽✮ ❛♥❞ ✭✸✳✸✳✾✮ ✐♠♣❧② $❤❛$ $❤❡&❡ ❡①✐-$- C1 > 0 -✉❝❤ $❤❛$

|t1(z)| < 2|1− α|, ∀z : |ℑz| > C1,

|t2(z)| > |z|, ∀z : |ℑz| > C1,

✶✹✷
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❛♥❞ $❤❡&❡❢♦&❡ $❤❡&❡ ❡①✐-$- C0 > 0 -✉❝❤ $❤❛$

|t1(z) sinh(t1(z))| < C0, ∀z : |ℑz| > C1.

❆- ❢♦& z ∈ Γn✱ ✇✐$❤ n ≥ 1✱ ✇❡ ❤❛✈❡

ℑz ≥ nπ

2
− C0

n
,

✇❡ ♥❡❡❞ $♦ ❝❤♦-❡ N ❧❛&❣❡ ❡♥♦✉❣❤ -♦ $❤❛$

Nπ

2
− C0

N
> C1.

❲✐$❤ $❤✐- ❝♦♥-$&❛✐♥$ ❛♥❞ ❜② ✭✸✳✸✳✶✶✮ ✇❡ -❡❡ $❤❛$ ❢♦& z ∈ Γn✱ ✇❤❡&❡ n > N ✱ ✇❡ ❤❛✈❡

|hα(z)− sinh(t2(z))| ≤
∣∣∣∣
t1(z) sinh(t1(z))

t2(z)

∣∣∣∣ <
C0

|z| < |sinh(t2(z))| .

✸✳✸✳✶✳✷ ❈%✐'✐❝❛❧ ✈❛❧✉❡ ♦❢ α

❲❡ ✜♥✐-❤ $❤✐- -❡❝$✐♦♥ ❜② ❧♦♦❦✐♥❣ ❢♦& ❛ ❝&✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❢♦& ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❣❡$ ❛♥

❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ♦❢ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮✳ ◆✉♠❡&✐❝❛❧❧②✱ ❛- $❤❡ ❋✐❣✉&❡ ✸✳✸ ❜❡❧♦✇ -❤♦✇-

✭-❡❡ ❛❧-♦ ❋✐❣✉&❡- ✸✳✶ ❛♥❞ ✸✳✷✮✱ ❢♦& 0 > α > α2✱ ✇✐$❤ α2 ≈ −0.77✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡-

{λk}k∈Z∗
♦❢ $❤❡ ♦♣❡&❛$♦& Aα ❛&❡ ❛❧❧ -✐$✉❛$❡❞ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✳ ❍♦✇❡✲

✈❡&✱ $❤❡♦&❡$✐❝❛❧❧② ✇❡ ❝♦✉❧❞ ♥♦$ ❤✐$ $❤✐- &❛♥❣❡ ♦❢ α✳ ■♥-$❡❛❞✱ ✇❡ ♣&♦✈❡ -✉❝❤ ❛ &❡-✉❧$

❢♦& α ∈ (α3, 0) ✇✐$❤ α3 ≈ −0.2823✳ ■♥ ❢❛❝$✱ ❛- $❤❡ ✈❛❧✉❡ ♦❢ α ∈ (−1, 0) ❞❡❝&❡❛-❡-✱ $❤❡

❛①✐- x = −1 + α

2
✐- -❤✐❢$❡❞ $♦ $❤❡ &✐❣❤$ ❛♥❞ $❤❡&❡❢♦&❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛&❡ -❤✐❢$❡❞ ♥❡❛&

$❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✳ ❈♦♥-❡G✉❡♥$❧②✱ ✇❡ $&② $♦ -$✉❞② $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡-

♦♥ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❛♥❞ $❤❡♥ ✜♥❞ ❛ ❝&✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❢♦& ✇❤✐❝❤ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝

❡G✉❛$✐♦♥ ✭✸✳✸✳✶✵✮ ❤❛- ♥♦ &♦♦$- ♦♥ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✳

✶✹✸
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-1.0 -0.8 -0.6 -0.4 -0.2

-0.4

-0.2

0.2

❋✐❣✉$❡ ✸✳✸ ✕ ◆✉♠❡&✐❝❛❧ ✈❛❧✉❡ ♦❢ max{ℜλ : λ ∈ σ(Aα)} ✈❡&-✉- α✳

❚♦ -$❛$❡ ♣&♦♣❡&❧② ♦✉& &❡-✉❧$✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ ❢✉♥❝$✐♦♥-

f1 : (−∞, 0] → (0,∞)

α → 1

2

[
cosh

(
2ℜ(t2(i

π

2
))
)
− 1

]
,

f2 : (−∞, 0] → (0,∞)

α → 1

2

[
(1− α)2 +

(
ℑ(t1(iπ2 ))

)2] [
cosh (2(1− α))− cos

(
2ℑ(t1(iπ2 ))

)]

∣∣t2(iπ2 )
∣∣2 .

■$ ✐- ❡❛-② $♦ ❝❤❡❝❦ $❤❛$ f1 ✭&❡-♣✳ f2✮ ✐- ✐♥❝&❡❛-✐♥❣ ✭&❡-♣✳ ❞❡❝&❡❛-✐♥❣✮ ❛♥❞ $❤❛$ f1(0) >

f2(0) ✭-❡❡ ❋✐❣✉&❡ ✸✳✹✮✱ ❤❡♥❝❡ $❤❡&❡ ❡①✐-$- ❛ ✉♥✐D✉❡ ♥❡❣❛$✐✈❡ &❡❛❧ ♥✉♠❜❡& α3 -✉❝❤ $❤❛$

f1(α3) = f2(α3)✳ ◆✉♠❡&✐❝❛❧❧② ✇❡ ✜♥❞ $❤❛$ α3 ≈ −0.2823✳

❚❤❡♦$❡♠ ✸✳✸✳✽✳ ❋♦" ❛❧❧ α > α3✱ ❛♥② ❡✐❣❡♥✈❛❧✉❡ λ ♦❢ Aα .❛/✐.✜❡. ℜλ < 0✳

)$♦♦❢✿ ▲❡$ λ = iy ✇✐$❤ y ∈ R ❜❡ ❛ ♣✉&❡❧② ✐♠❛❣✐♥❛&② ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aα✳ ❆- $❤❡

❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✉❡- ❛♣♣❡❛& ✐♥ ❝♦♥❥✉❣❛$❡ ♣❛✐&-✱ ✐$ ✐- ❡♥♦✉❣❤ $♦ ❝♦♥-✐❞❡& $❤❡ ❝❛-❡

y > 0✳ ❆❝❝♦&❞✐♥❣ $♦ ❘❡♠❛&❦ ✸✳✸✳✹✱ y ≥ π

2
✳ ❲❡ -$❛&$ ❜② ✇&✐$✐♥❣

λ(2α + λ) = −y2 + 2iαy.

✶✹✹
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▲❡$

h(y, α) =

√
y2 + y

√
4α2 + y2

√
2

,

$❤❡♥✱ ❜② ❡①♣❛♥❞✐♥❣

(
αy

h(y, α)
+ ih(y, α)

)2

✱ ✇❡ ❤❛✈❡

√
−y2 + 2iαy =

αy

h(y, α)
+ ih(y, α).

❲❡ ♥♦$❡ $❤❛$ h(y, α) ✐! ♥♦♥ ❞❡❝'❡❛!✐♥❣ ❛! ❛ ❢✉♥❝,✐♦♥ ♦❢ y !✐♥❝❡

∂

∂y
h(y, α) =

1√
2



2y +

√
4α2 + y2 + y2√

4α2+y2

2
√
y2 + y

√
4α2 + y2


,

✇❤✐❧❡

h(y, α)

y
✐! ❞❡❝'❡❛!✐♥❣ !✐♥❝❡

∂

∂y

h(y, α)

y
=

−
√
2α2

y
√
4α2 + y2

√
y(y +

√
4α2 + y2)

.

▼♦'❡♦✈❡'✱ t2(iy) ✐! ❣✐✈❡♥ ❜②

t2(iy) =
αy

h(y, α)
+

y

h(y, 1)
+ i (h(y, α) + h(y, 1))

❛♥❞ t1(iy) ✐! ❣✐✈❡♥ ❜②

t1(iy) = − αy

h(y, α)
+

y

h(y, 1)
+ i (−h(y, α) + h(y, 1)) .

■♥ ,❤❡ !❡6✉❡❧✱ ♦✉' ❛✐♠ ✐! ,♦ ✜♥❞ !♦♠❡ ❜♦✉♥❞! ❢♦' |sinh(t2(iy))|2 ❛♥❞

∣∣∣∣
t1(iy)

t2(iy)
sinh(t1(iy))

∣∣∣∣
2

✳

❲❡ !,❛', ❜② ✜♥❞✐♥❣ ❛ ❧♦✇❡' ❜♦✉♥❞ ❢♦' |sinh(t2(iy))|2 ✇✐,❤ y ≥ π

2
✳ ❲❡ ❤❛✈❡

|sinh(t2(iy))|2 =
1

2
[cosh (2ℜ(t2(iy)))− cos (2ℑ(t2(iy)))] ≥

1

2
[cosh (2ℜ(t2(iy)))− 1].

❇✉, ℜ(t2(iy)) ✐! ❛ ♣♦!✐,✐✈❡ ❛♥❞ ✐♥❝'❡❛!✐♥❣ ❢✉♥❝,✐♦♥ ♦❢ y✳ ■♥ ❢❛❝,✱

ℜ(t2(iy)) =
y

h(y, α)

[
h(y, α)

h(y, 1)
+ α

]
.

✶✹✺
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❙✐♥❝❡

h(y, α)

h(y, 1)
✐- ♣♦-✐$✐✈❡ $❤❡♥ ✇❡ ♣&♦✈❡ $❤❛$ ✐$ ✐- ✐♥❝&❡❛-✐♥❣ ❜② ♣&♦✈✐♥❣ $❤❛$ ✐$- -8✉❛&❡

✐- ✐♥❝&❡❛-✐♥❣✳ ■♥❞❡❡❞✱ -✐♥❝❡ |α| < 1

∂

∂y

(
h(y, α)

h(y, 1)

)2

=
(y +

√
4α2 + y2)(

√
4 + y2 −

√
4α2 + y2)√

4 + y2
√

4α2 + y2(y +
√

4 + y2)
> 0.

❙✐♥❝❡

lim
y→0

h(y, α)

h(y, 1)
=

√
|α|,

$❤❡♥

h(y, α)

h(y, 1)
+ α > 0, ∀y > 0.

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ ℜ(t2(iy)) ✐- ♣♦-✐$✐✈❡ ❛♥❞ ❛♥ ✐♥❝&❡❛-✐♥❣ ❢✉♥❝$✐♦♥ ♦❢ y -♦

ℜ(t2(iy)) ≥ ℜ(t2(i
π

2
)). ✭✸✳✸✳✶✷✮

❚❤❡&❡❢♦&❡✱

|sinh(t2(iy))|2 ≥
1

2

[
cosh

(
2ℜ(t2(i

π

2
))
)
− 1

]
= f1(α). ✭✸✳✸✳✶✸✮

■♥ $❤❡ -❡❝♦♥❞ -$❡♣✱ ✇❡ ✜♥❞ ❛♥ ✉♣♣❡& ❜♦✉♥❞ ❢♦&

∣∣∣∣
t1(iy)

t2(iy)
sinh(t1(iy))

∣∣∣∣
2

✳ ℑ(t2(iy)) ✐- ❛
♥♦♥ ❞❡❝&❡❛-✐♥❣ ❢✉♥❝$✐♦♥ ♦❢ y -✐♥❝❡ h(y, α) ✐- ♥♦♥ ❞❡❝&❡❛-✐♥❣✳ ❙♦

ℑ(t2(iy)) ≥ ℑ(t2(i
π

2
)). ✭✸✳✸✳✶✹✮

❇♦$❤ ✭✸✳✸✳✶✷✮ ❛♥❞ ✭✸✳✸✳✶✹✮ ②✐❡❧❞

|t2(iy)|2 ≥
∣∣∣t2(i

π

2
)
∣∣∣
2

. ✭✸✳✸✳✶✺✮

◆❡①$✱ ✇❡ ✜♥❞ ❛♥ ✉♣♣❡& ❜♦✉♥❞ ❢♦& |t1(iy)|✳ ❲❡ ❤❛✈❡
∂

∂y
ℑ(t1(iy)) =

∂

∂y
h(y, 1)− ∂

∂y
h(y, α).

❑♥♦✇✐♥❣ $❤❛$ h(y, α) ✐- ♥♦♥ ❞❡❝&❡❛-✐♥❣✱ ✇❡ ❝♦♠♣❛&❡ $❤❡ ❞✐✛❡&❡♥❝❡ ❜❡$✇❡❡♥ $❤❡

-8✉❛&❡ ♦❢

∂

∂y
h(y, 1) ❛♥❞

∂

∂y
h(y, α)✳ ❲❡ ✜♥❞ $❤❛$

(
∂

∂y
h(y, α)

)2

=
(y +

√
4α2 + y2)3

8(4α2y + y3)
= ϕ(α2),

✶✹✻
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✇❤❡&❡

ϕ(β) =
(y +

√
4β + y2)3

8(4βy + y3)
.

❉❡&✐✈✐♥❣ ✇✐$❤ &❡-♣❡❝$ $♦ β✱ ✇❡ ❣❡$

ϕ′(β) =
(y +

√
4β + y2)2(4β + y2 − 2y

√
4β + y2)

4y(4β + y2)
5
2

.

❚❤❡&❡❢♦&❡✱ ϕ′(β) < 0 ✐❢ y >
2
√
β

3
=

2|α|
3
✳ ❇✉$ y ≥ π

2
>

2

3
>

2|α|
3

✇❤✐❝❤ ✐♠♣❧✐❡- $❤❛$

ϕ′(β) < 0. ❍❡♥❝❡✱ ❢♦& ❛❧❧ y ≥ π

2
✱

(
∂

∂y
h(y, 1)

)2

−
(
∂

∂y
h(y, α)

)2

< 0,

❛♥❞ -♦✱ ❢♦& ❛❧❧ y ≥ π

2
✱ ✇❡ ❣❡$

∂

∂y
h(y, 1)− ∂

∂y
h(y, α) < 0.

❚❤❡&❡❢♦&❡✱ ℑ(t1(iy)) ✐- ❞❡❝&❡❛-✐♥❣ ❛♥❞

|ℑ(t1(iy))| ≤ |ℑ(t1(i
π

2
))|. ✭✸✳✸✳✶✻✮

❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✇❡ ♣&♦✈❡ $❤❛$ ℜ(t1(iy)) ✐- ♥♦♥ ❞❡❝&❡❛-✐♥❣ ❛♥❞ -✐♥❝❡ ℜ(t1(iy)) →
1− α ❛- y → +∞✱ ✇❡ ♦❜$❛✐♥

|ℜ(t1(iy))| < 1− α. ✭✸✳✸✳✶✼✮

❈♦♥-❡D✉❡♥$❧②✱ ❜② ✭✸✳✸✳✶✻✮ ❛♥❞ ✭✸✳✸✳✶✼✮✱ ✇❡ ❣❡$

|sinh t1(iy)|2 =
1

2
[cosh (2ℜ(t1(iy)))− cos (2ℑ(t1(iy)))]

≤ 1

2

[
cosh (2(1− α))− cos

(
2ℑ(t1(i

π

2
))
)]
.

✭✸✳✸✳✶✽✮

❋✐♥❛❧❧②✱ ✭✸✳✸✳✶✺✮✱ ✭✸✳✸✳✶✻✮✱ ✭✸✳✸✳✶✼✮✱ ❛♥❞ ✭✸✳✸✳✶✽✮ ②✐❡❧❞

∣∣∣∣
t1(iy)

t2(iy)
sinh(t1(iy))

∣∣∣∣
2

≤ 1

2

[
(1− α)2 +

(
ℑ(t1(iπ2 ))

)2] [
cosh (2(1− α))− cos

(
2ℑ(t1(iπ2 ))

)]

∣∣t2(iπ2 )
∣∣2

= f2(α).

✭✸✳✸✳✶✾✮

✶✹✼
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-1.0 -0.8 -0.6 -0.4 -0.2

1

2

3

4

❋✐❣✉$❡ ✸✳✹ ✕ ❈✉&✈❡- ♦❢ f1 ✭❜❧✉❡✮ ❛♥❞ f2 ✭&❡❞✮✳

■♥ ❝♦♥❝❧✉-✐♦♥✱ ✉-✐♥❣ ✭✸✳✸✳✶✸✮ ❛♥❞ ✭✸✳✸✳✶✾✮ ❛♥❞ ❛❝❝♦&❞✐♥❣ $♦ $❤❡ ♣&♦♣❡&$✐❡- ♦❢

f1 ❛♥❞ f2 ♠❡♥$✐♦♥❡❞ ❜❡❢♦&❡ ✭-❡❡ ❋✐❣✉&❡ ✸✳✹✮✱ ✇❡ ✜♥❞ ♦✉$ $❤❛$ ✐❢ α > α3✱ $❤❡♥∣∣∣∣
t1(iy)

t2(iy)
sinh(t1(iy))

∣∣∣∣
2

< |sinh(t2(iy))|2 ❛♥❞ $❤❡&❡❢♦&❡ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡A✉❛$✐♦♥ ✭✸✳✸✳✶✵✮
❤❛- ♥♦ &♦♦$- ♦♥ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❞✉❡ $♦ ✭✸✳✸✳✶✶✮✳ ❲❡ ❞❡❞✉❝❡ $❤❛$ ❢♦& ❡✈❡&②

0 > α > α3✱ $❤❡&❡ ❞♦❡- ♥♦$ ❡①✐-$ ❛♥② ♣✉&❡ ✐♠❛❣✐♥❛&② ❡✐❣❡♥✈❛❧✉❡✳ ❇② $❤❡ ❝♦♥$✐✲

♥✉✐$② ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛- ❛ ❢✉♥❝$✐♦♥ ♦❢ α✱ ❛❧❧ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛&❡ -✐$✉❛$❡❞ $♦ $❤❡ ❧❡❢$

♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❢♦& ❡✈❡&② 0 > α > α3✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ -✉♣♣♦-❡ $❤❡ ❝♦♥$&❛&②✱ ♥❛✲

♠❡❧② $❤❛$ $❤❡&❡ ❡①✐-$- α̃ ∈ [α3, 0[ -✉❝❤ $❤❛$ $❤❡&❡ ❡①✐-$- -♦♠❡ λk(α̃) ✇✐$❤ ℜλk(α̃) > 0✳

❙✐♥❝❡ ❢♦& α = 0✱ ❛❧❧ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛&❡ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❜❡❝❛✉-❡ ♦❢

$❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$②✱ ✇❡ ❞❡❞✉❝❡ ❜② ❝♦♥$✐♥✉✐$② ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛- ❛ ❢✉♥❝$✐♦♥

♦❢ α $❤❛$ $❤❡&❡ ❡①✐-$- ˜̃α ∈ [α3, 0[ ✇✐$❤ α̃ < ˜̃α < 0 -✉❝❤ $❤❛$ $❤❡&❡ ❡①✐-$- -♦♠❡ ♣✉&❡

✐♠❛❣✐♥❛&② ❡✐❣❡♥✈❛❧✉❡ ❛--♦❝✐❛$❡❞ ✇✐$❤

˜̃α ✇❤✐❝❤ ✐- ❛ ❝♦♥$&❛❞✐❝$✐♦♥✳

✶✹✽
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✸✳✸✳✷ ❘♦♦% ✈❡❝%♦)*✱ ❘✐❡*③ ❜❛*✐*✱ ❛♥❞ ♣)♦♦❢ ♦❢ ❚❤❡♦)❡♠* ✸✳✷✳✶

❛♥❞ ✸✳✷✳✷

✸✳✸✳✷✳✶ ❘♦♦& ✈❡❝&♦*+

❲❡ "#❛%# ❜② ✐♥#%♦❞✉❝✐♥❣ #❤❡ %♦♦# ✈❡❝#♦%" ♦❢ Aα ❛♥❞ A
∗
α✱ #❤❡ ❛❞❥♦✐♥# ♦❢ Aα✳ ❲❡

♥♦#✐❝❡ #❤❛# Aα ❤❛" ❛ ❝♦♠♣❛❝# %❡"♦❧✈❡♥#✱ #❤❡ ❣❡♦♠❡#%✐❝ ♠✉❧#✐♣❧✐❝✐#② ♦❢ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡

✐" ♦♥❡✱ ❛♥❞✱ ❢%♦♠ ▲❡♠♠❛ ✸✳✸✳✼✱ #❤❡ ❧❛%❣❡ ❡✐❣❡♥✈❛❧✉❡" ❛%❡ "✐♠♣❧❡✳

❚❤❡%❡❢♦%❡✱ ❛" ✐♥ ❙❡❝#✐♦♥ ✻ ♦❢ ❬✷✸❪✱ ❢♦% ❛♥② n ∈ Z∗
✱ ✇❡ ❞❡♥♦#❡ #❤❡ ❛❧❣❡❜%❛✐❝

♠✉❧#✐♣❧✐❝✐#② ♦❢ λn ❜② mn✳ ❚♦ λn✱ ❞❡✜♥❡ #❤❡ ❛""♦❝✐❛#❡❞ ❏♦%❞❛♥ ❝❤❛✐♥ ♦❢ %♦♦# ✈❡❝#♦%"

{Un,j}mn−1
j=0 ❜②

Un,0 = y(x, λn)(1, λn)
⊤

AαUn,j = λnUn,j + Un,j−1, j = 0, ...,mn − 1 ✇✐#❤ Un,−1 = 0.

❆" ✉"✉❛❧ ✇❡ ❝❤♦♦"❡ #❤❡ ❣❡♥❡%❛❧✐③❡❞ ❡✐❣❡♥✈❡❝#♦%" "✉❝❤ #❤❛# < Un,j, Un,0 >= 0, j =

1, ...,mn − 1. ◆♦#✐❝❡ #❤❛# ❢♦% |n| ❧❛%❣❡✱ mn = 1 ❛♥❞ #❤❡ %♦♦# ✈❡❝#♦%" ❛%❡ ❧✐♠✐#❡❞

#♦ #❤❡ ❡✐❣❡♥✈❡❝#♦% Un,0✳ ❆❝❝♦%❞✐♥❣ #♦ ❚❤❡♦%❡♠ ✶✵✳✶ ♦❢ ❈❤❛♣#❡% ❱ ♦❢ ❬✸✻❪✱ #❤❡ %♦♦#

✈❡❝#♦%" ♦❢ Aα ❛%❡ ❝♦♠♣❧❡#❡ ✐♥ X "✐♥❝❡ Aα ✐" ❛ ❜♦✉♥❞❡❞ ♣❡%#✉%❜❛#✐♦♥ ♦❢ ❛ "❦❡✇

"②♠♠❡#%✐❝ ♦♣❡%❛#♦%✳ ▼♦%❡♦✈❡%✱ #❤❡ %♦♦# ✈❡❝#♦%" ❢♦%♠ ❛ ❜❛"✐" ♦❢ #❤❡ %♦♦# "✉❜"♣❛❝❡

Ln = {U ∈ D(Aα); (Aα − λn)
mnU = 0}✳

❲❡ ♥♦✇ ❝♦♥"✐❞❡% #❤❡ %♦♦# ✈❡❝#♦%" ♦❢ #❤❡ ❛❞❥♦✐♥# ♦❢ Aα ❣✐✈❡♥ ❜②

A∗
α =




0 −I

− ∂2

∂x2
−2χ(0,1) − 2αχ(−1,0)


 .

❙✐♥❝❡ σ(A∗
α) = σ(Aα) = σ(Aα)✱ ✇❡ ❛""♦❝✐❛#❡ #♦ λn #❤❡ %♦♦# ✈❡❝#♦%" ♦❢ A

∗
α ❛"

Wn,0 = y(x, λn) (1,−λn)⊤,
A∗

αWn,j = λnWn,j +Wn,j−1, < Wn,j, Un,mn−1 >= 0, j = 1, ...,mn − 1.

Wn,0 ✐" ❛♥ ❡✐❣❡♥✈❡❝#♦% ♦❢ A
∗
α ❛♥❞✱ ❜② ❝♦♠♣❧❡#❡♥❡""✱ Wn,j ❛%❡ ✉♥✐M✉❡❧② ❞❡#❡%♠✐♥❡❞

"✐♥❝❡ < Wn,0, Un,mn−1 > 6= 0✳ ❖#❤❡% ✇✐"❡✱ Un,mn−1 = 0 ✇❤✐❝❤ ✐" ✐♠♣♦""✐❜❧❡✳

✶✹✾
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✸✳✸✳✷✳✷ ❘✐❡&③ ❜❛&✐&

❍❡&❡ ✇❡ ❛❞❛♣$ $❤❡ &❡-✉❧$- ♦❢ ❙❡❝$✐♦♥ ✻ ✐♥ ❬✷✸❪ $♦ ♣&♦✈❡ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&- ♦❢ $❤❡

♦♣❡&❛$♦& Aα ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ $❤❡ ❡♥❡&❣② -♣❛❝❡ X ❀ ✐✳❡✳✱ ✇❡ ♣&♦✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣

$❤❡♦&❡♠✳

❚❤❡♦-❡♠ ✸✳✸✳✾✳ ❚❤❡ #♦♦% ✈❡❝%♦#( ♦❢ %❤❡ ♦♣❡#❛%♦# Aα ❢♦#♠ ❛ ❘✐❡(③ ❜❛(✐( ♦❢ %❤❡

❡♥❡#❣② (♣❛❝❡ X✳

0-♦♦❢✿ ♦❢ ❚❤❡♦-❡♠ ✸✳✸✳✾✳

❲❡ ✉-❡ $❤❡ ❇❛&✐✬- ❚❤❡♦&❡♠ ❣✐✈❡♥ ❜② ❚❤❡♦&❡♠ ✶✳✷✳✻ ✭-❡❡ ❚❤❡♦&❡♠ ✷✳✶ ♦❢ ❈❤❛♣$❡& ❱■

✐♥ ❬✸✻❪✮✳ ❋✐&-$✱ $❤❡ ❝♦♠♣❧❡$❡♥❡-- ✐♥ X ♦❢ $❤❡ &♦♦$ ✈❡❝$♦&- ♦❢ Aα ❢♦❧❧♦✇- ❢&♦♠ ❚❤❡♦&❡♠

✶✵✳✶ ♦❢ ❈❤❛♣$❡& ❱ ♦❢ ❬✸✻❪✳ ❙♦ ✐$ &❡♠❛✐♥- $♦ -❡❛&❝❤ ❢♦& ❛ ❜✐♦&$❤♦❣♦♥❛❧ -❡N✉❡♥❝❡✳ ❋♦&

$❤❛$ ♣✉&♣♦-❡✱ ✇❡ ❝❛♥ ❢♦❧❧♦✇ $❤❡ ♣&♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✷ ♦❢ ❬✷✸❪✳ ❋&♦♠ $❤❡ ♣&♦♦❢ ♦❢ ▲❡♠♠❛

✻✳✷ ♦❢ ❬✷✸❪✱ ✇❡ ❤❛✈❡

< Un,p,Wk,j >=< Un,p,Wn,mn−1−p > δn,kδmn−1−p,j,

❢♦& ❛❧❧ p = 0, ...,mn−1, j = 0, ...,mk−1, ❛♥❞ ❢♦& ❛❧❧ n, k ∈ Z∗
✱ ✇✐$❤< Un,p,Wn,mn−1−p > 6=

0✳ ■♥❞❡❡❞✱ ❢♦& ❛❧❧ n 6= k✱ ✇❡ ❤❛✈❡

< AαUn,0,Wk,0 >= λn < Un,0,Wk,0 >= λk < Un,0,Wk,0 > .

❍❡♥❝❡✱ < Un,0,Wk,0 >= 0✳ ◆❡①$✱

< AαUn,0,Wk,1 >= λn < Un,0,Wk,1 >= λk < Un,0,Wk,1 > + < Un,0,Wk,0 > .

❍❡♥❝❡✱ (λn − λk) < Un,0,Wk,1 >= 0 ❛♥❞ -♦ < Un,0,Wk,1 >= 0✳ R&♦❝❡❡❞✐♥❣ -✐♠✐❧❛&❧②✱

✇❡ ♣&♦✈❡ $❤❛$

< Un,0,Wk,j >= 0, ∀j = 0, ...,mn − 1.

❋✐♥❛❧❧②✱ ❜② ✐$❡&❛$✐♦♥✱ ✇❡ ❝❛♥ ♣&♦✈❡ $❤❛$

< Un,p,Wk,j >= 0, ∀p, j = 0, ...,mn − 1, ∀n 6= k.

✶✺✵



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

◆♦✇✱ ✐❢ n = k✱ $❤❡♥ ❋&❡❞❤♦❧♠ ❆❧$❡&♥❛$✐✈❡ ✐♠♣❧✐❡- $❤❛$

< Un,j,Wn,0 >= 0, ∀j = 0, ...,mn − 2.

❍❡♥❝❡✱ ❜② ❝♦♠♣❧❡$❡♥❡--✱ ✐$ ❢♦❧❧♦✇- $❤❛$

< Un,mn−1,Wn,0 > 6= 0.

❙✐♠✐❧❛&❧②✱

< Un,0,Wn,j >= 0, ∀j = 0, ...,mn − 2

❛♥❞

< Un,0,Wn,mn−1 > 6= 0.

❆❢$❡& ❝♦♠♣❛&✐♥❣ < AαUn,1,Wn,mn−k > ✇✐$❤ < Un,1, A
∗
αWn,mn−k >✱ ✇❡ ✜♥❞ $❤❛$

< Un,1,Wn,mn−k−1 >=< Un,0,Wn,mn−k > .

❚❤❡&❡❢♦&❡✱ Un,1 ✐- ♦&$❤♦❣♦♥❛❧ $♦ ❡❛❝❤ Wn,j ❡①❝❡♣$ ✇❤❡♥ j = mn − 2✳ ❋✐♥❛❧❧②✱ ❜②

✐$❡&❛$✐♦♥✱ ✇❡ ✜♥❞ $❤❛$ Un,p ✐- ♦&$❤♦❣♦♥❛❧ $♦ ❡❛❝❤ Wn,j ❡①❝❡♣$ ✇❤❡♥ j = mn − p− 1✳

■♥ ❝♦♥❝❧✉-✐♦♥✱ ✇❡ ❤❛✈❡

< Un,p,
Wn,mn−1−j

< Un,j,Wn,mn−1−j >
>= δp,j, ∀p, j = 0, ...,mn − 1.

❍♦✇❡✈❡&✱ $❤❡ ❛&❣✉♠❡♥$- ❛❜♦✈❡ ❛&❡ -✉✣❝✐❡♥$ ❢♦& $❤❡ ❧♦✇ ❢&❡C✉❡♥❝✐❡- ❜✉$ ❢♦& $❤❡

❤✐❣❤ ❢&❡C✉❡♥❝✐❡-✱ ✐♥ ♦&❞❡& $♦ &❡♣❧❛❝❡

Wn,0

< Un,0,Wn,0 >
❜② Wn,0 ✐♥ ✭✶✳✷✳✶✮✱ ✇❡ -$✐❧❧ ♥❡❡❞

$♦ -❤♦✇ $❤❛$ < Un,0,Wn,0 > ❞♦❡- ♥♦$ ❞❡❣❡♥❡&❛$❡ ❛- n ❜❡❝♦♠❡- ❧❛&❣❡✳ ❚❤✐- ✐- ♦✉&

♥❡①$ ❛✐♠✳

❆❝❝♦&❞✐♥❣ $♦ ✭✸✳✸✳✷✮ ❛♥❞ ✭✸✳✸✳✸✮✱ ✇❡ ❝❤♦♦-❡ Un,0 -✉❝❤ $❤❛$

Un,0| (0,1) = y(x, λn)| (0,1) (1, λn)
⊤ =

b+n√
λ2n + 2λn

sinh(
√
λ2n + 2λn(x− 1))(1, λn)

⊤

✶✺✶



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❛♥❞

Un,0| (−1,0) = y(x, λn)| (−1,0) (1, λn)
⊤ =

b−n√
λ2n + 2αλn

sinh(
√
λ2n + 2αλn(x+1)) (1, λn)

⊤,

✇❤❡&❡ b+n ❛♥❞ b
−
n ❛&❡ ❝❤♦-❡♥ -✉❝❤ $❤❛$ ✭-❡❡ ✭✸✳✸✳✹✮✮

b+n = −b−n
√
λ2n + 2λn√
λ2n + 2αλn

sinh
√
λ2n + 2αλn

sinh
√
λ2n + 2λn

, ✭✸✳✸✳✷✵✮

✇✐$❤ b−n ✜①❡❞ -✉❝❤ $❤❛$ < Un,0, Un,0 >= 1✳

❇✉$ ✇❡ ❤❛✈❡

< Un,0,Wn,0 >

=

∫ 1

−1

(
(y′(x, λn))

2 − λ2n(y(x, λn))
2
)
dx

= (b+n )
2

∫ 1

0

(
cosh2(

√
λ2n + 2λn(x− 1))− λ2n

λ2n + 2λn
sinh2(

√
λ2n + 2λn(x− 1))

)
dx

+(b−n )
2

∫ 0

−1

(
cosh2(

√
λ2n + 2αλn(x+ 1))− λ2n

λ2n + 2αλn
sinh2(

√
λ2n + 2αλn(x+ 1))

)
dx.

❋✉&$❤❡&♠♦&❡ ❛- ℜλn ✐- ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞✱ sinh(2
√
λ2n + 2λn(x− 1)) ❛♥❞

sinh(2
√
λ2n + 2αλn(x+ 1)) ❛&❡ ❜♦✉♥❞❡❞ ✭❢♦& −1 ≤ x ≤ 1✮✳ ❍❡♥❝❡✱

∫ 1

0

(
cosh2(

√
λ2n + 2λn(x− 1))− λ2n

λ2n + 2λn
sinh2(

√
λ2n + 2λn(x− 1))

)
dx

= 1 + o1(1),∫ 0

−1

(
cosh2(

√
λ2n + 2αλn(x+ 1))− λ2n

λ2n + 2αλn
sinh2(

√
λ2n + 2αλn(x+ 1))

)
dx

= 1 + o2(1).

❚❤❡&❡❢♦&❡✱

< Un,0,Wn,0 >= (b+n )
2(1 + o1(1)) + (b−n )

2(1 + o2(1)). ✭✸✳✸✳✷✶✮

❇✉$ ♦✇✐♥❣ $♦ ✭✸✳✸✳✼✮✱ ✇❡ -❡❡ $❤❛$

√
λ2n + 2λn =

1− α

2
+ i(n+m)

π

2
+O1(

1

n
), ✭✸✳✸✳✷✷✮

√
λ2n + 2αλn =

α− 1

2
+ i(n+m)

π

2
+O2(

1

n
). ✭✸✳✸✳✷✸✮

✶✺✷



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❚❤❡&❡❢♦&❡ ✐❢ n+m ✐- ❡✈❡♥ ✇❡ ❞❡❞✉❝❡ $❤❛$

sinh
√
λ2n + 2λn = sinh(

1− α

2
+ o3(1)) cos((n+m)

π

2
),

sinh
√
λ2n + 2αλn = sinh(

α− 1

2
+ o4(1)) cos((n+m)

π

2
),

❛♥❞ $❤❡&❡❢♦&❡

sinh
√
λ2n + 2αλn

sinh
√
λ2n + 2λn

= −1 + o5(1).

❙✐♠✐❧❛&❧② ✐❢ n+m ✐- ♦❞❞ ✇❡ -❤♦✇ $❤❛$

sinh
√
λ2n + 2αλn

sinh
√
λ2n + 2λn

= 1 + o6(1).

❚❤❡-❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦&- ✐♥ ✭✸✳✸✳✷✵✮ ❧❡❛❞ $♦

(b+n )
2 = (b−n )

2(1 + o7(1)), ✭✸✳✸✳✷✹✮

❛♥❞ ✐♥-❡&$✐♥❣ $❤✐- ✐❞❡♥$✐$② ✐♥ ✭✸✳✸✳✷✶✮ ✇❡ ❛&&✐✈❡ ❛$

< Un,0,Wn,0 >= 2(b−n )
2(1 + o8(1)).

❙♦ ✇❡ ❝❤♦♦-❡

Wn,0

2(b−n )2(1+o8(1))
✐♥-$❡❛❞ ♦❢ Wn,0✱ ❜✉$ ❛- ♠❡♥$✐♦♥❡❞ ❜❡❢♦&❡ ✇❡ ❤❛✈❡

$♦ -❤♦✇ $❤❛$ b−n ❞♦❡- ♥♦$ $❡♥❞ $♦ ③❡&♦ ❛- n $❡♥❞- $♦ ✐♥✜♥✐$②✳ ❆❝$✉❛❧❧② ❜② -✐♠✐❧❛&

❝❛❧❝✉❧❛$✐♦♥- ❛- ❜❡❢♦&❡✱ ✇❡ ❝❤❡❝❦ $❤❛$

< Un,0, Un,0 >= |b+n |2(δ + o9(1)) + |b−n |2(δ + o10(1)),

✇❤❡&❡

δ =
sinh(1− α)

1− α
,

$❤❛$ ✐- ♣♦-✐$✐✈❡ -✐♥❝❡ α < 0✳ ❚❤❡&❡❢♦&❡ ✇✐$❤ $❤❡ ❤❡❧♣ ♦❢ ✭✸✳✸✳✷✹✮ ✇❡ ❣❡$

< Un,0, Un,0 >= 2|b−n |2(δ + o11(1)),

✶✺✸



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❛♥❞ ❝♦♥-❡4✉❡♥$❧②

|b−n |2 =
1

2δ
+ o12(1).

■♥ -✉♠♠❛&②✱ ❜② ✜①✐♥❣ N ❧❛&❣❡ ❡♥♦✉❣❤ -✉❝❤ $❤❛$ ❢♦& |n| ≥ N ✱ mn = 1✱ ✇❡ ❤❛✈❡

♣&♦✈❡❞ $❤❛$ $❤❡ ❢❛♠✐❧②

{{
Wn,mn−1−j

< Un,j,Wn,mn−1−j >

}mn−1

j=0

}

0<|n|<N

⋃{
Wn,0

2(b−n )
2(1 + o8(1))

}

|n|≥N

✐- ❜✐♦&$❤♦❣♦♥❛❧ $♦ $❤❡ -❡$ ♦❢ &♦♦$ ✈❡❝$♦&- ♦❢ Aα✳

■$ &❡♠❛✐♥- $♦ ♣&♦✈❡ ✭✶✳✷✳✶✮✳ ❲❡ ✜&-$ ♣&♦✈❡ $❤❛$ ❢♦& ❛♥② (f, g) ∈ X ❛♥❞ ❢♦& ❛❧❧ N

❧❛&❣❡✱ $❤❡ -✉♠ S =
∑

n>N

|< Un,0, (f, g) >|2 ✐- ✜♥✐$❡✳ ■♥ ❢❛❝$✱

S =
∑

n>N

∣∣∣
∫ 1

0

b+n

(
cosh(

√
λ2n + 2λn(x− 1))f ′(x)

+
λn√

λ2n + 2λn
sinh(

√
λ2n + 2λn(x− 1))g(x)

)
dx

+

∫ 0

−1

b−n

(
cosh(

√
λ2n + 2αλn(x+ 1))f ′(x)

+
λn√

λ2n + 2αλn
sinh(

√
λ2n + 2αλn(x+ 1))g(x)

)
dx

∣∣∣
2

.

◆♦$✐♥❣ $❤❛$

λn√
λ2n + 2λn

= 1 + O3(
1

n
) ❛♥❞

λn√
λ2n + 2αλn

= 1 + O4(
1

n
) ❀ ❤❡♥❝❡✱ ✐♥

♦&❞❡& $♦ ♣&♦✈❡ $❤❛$ $❤❡ -✉♠ S ✐- ✜♥✐$❡✱ ✇❡ ✇✐❧❧ ♦♥❧② ♣&♦✈❡ $❤❛$

S1 =
∑

n>N

∣∣∣∣
∫ 1

0

cosh(
√
λ2n + 2λn(x− 1))f ′(x) dx

∣∣∣∣
2

<∞,

-✐♥❝❡ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤❡ ♦$❤❡& $❡&♠- ❛♣♣❡❛&✐♥❣ ✐♥ S ❢♦❧❧♦✇- -✐♠✐❧❛&❧②✳ ❆❝❝♦&❞✐♥❣

$♦ ✭✸✳✸✳✷✷✮✱ ✇❡ ❤❛✈❡

√
λ2n + 2λn = γ + i(n+m)

π

2
+ δn.

✇❤❡&❡ γ =
1− α

2
❛♥❞ δn = O1(

1

n
). ❚❤❡&❡❢♦&❡✱ ✇❡ ❝❛♥ ✇&✐$❡

cosh(
√
λ2n + 2λn(x− 1)) =

1

2
(e(γ+i(n+m)π

2
+δn)(x−1) + e−(γ+i(n+m)π

2
+δn)(x−1)).

✶✺✹



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❙♦ ✐♥ ♦&❞❡& $♦ ♣&♦✈❡ $❤❛$ S1 ✐- ✜♥✐$❡✱ ✇❡ ✇✐❧❧ ♦♥❧② ♣&♦✈❡ $❤❛$

∑

n>N

∣∣∣∣
∫ 1

0

e(γ+i(n+m)π
2
+δn)(x−1)f ′(x)

∣∣∣∣
2

<∞

-✐♥❝❡ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤❡ ♦$❤❡& $❡&♠ ❛♣♣❡❛&✐♥❣ ✐♥ S1 ❢♦❧❧♦✇- -✐♠✐❧❛&❧②✳ ❇✉$ $❤❡

❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤✐- -❡&✐❡- ✐- ❛ -✐♠♣❧❡ ❛♣♣❧✐❝❛$✐♦♥ ♦❢ ▲❡♠♠❛ ✸✳✷ ♦❢ ❬✼✵❪ ✭-❡❡ ❛❧-♦ ❬✸✽✱

▲❡♠♠❛ ✹✳✶❪✮ -✐♥❝❡ $❤❡ -❡H✉❡♥❝❡ (γ + i(n + m)π
2
+ δn)n>N -❛$✐-✜❡- $❤❡ ❝♦♥❞✐$✐♦♥-

♦❢ $❤✐- ▲❡♠♠❛ ❛♥❞ -✐♥❝❡ f ∈ H1(0, 1)✳ ❚❤❡&❡❢♦&❡✱ e(γ+i(n+m)π
2
+δn)(x−1)

✐- ❛ ❇❡--❡❧

-❡H✉❡♥❝❡✳ ❲❡ ❝❛♥ ❛❧-♦ ✉-❡ $❤❡ ♠❡❛♥ ✈❛❧✉❡ ❚❤❡♦&❡♠ ❛♥❞ ❋♦✉&✐❡& -❡&✐❡- $♦ ♣&♦✈❡ $❤❡

❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤✐- -❡&✐❡-✳ ■♥❞❡❡❞✱

∑

n>N

∣∣∣∣
∫ 1

0

e(γ+δn+i
(n+m)π

2
)(x−1)f ′(x)

∣∣∣∣
2

=
∑

n>N

∣∣∣∣
∫ 1

0

(eδn(x−1) − 1 + 1)eγ(x−1)ei
(n+m)π

2 (x−1)

f ′(x)

∣∣∣∣
2

.
∑

n>N

∫ 1

0

∣∣(eδn(x−1) − 1)eγ(x−1)f ′(x)
∣∣2 +

∑

n>N

∣∣∣∣
∫ 1

0

ei
(n+m)π

2
(x−1)eγ(x−1)f ′(x)

∣∣∣∣
2

.
∑

n>N

|δn|2
∫ 1

0

|(x− 1)|2e2γ(x−1)|f ′(x)|2dx+ ‖eγ(x−1)f ′‖2(0,1)

. ‖eγ(x−1)f ′‖2(0,1)
∑

n>N

|δn|2 + ‖eγ(x−1)f ′‖2(0,1)

. ‖eγ(x−1)f ′‖2(0,1)
∑

n>N

1

n2
+ ‖eγ(x−1)f ′‖2(0,1).

❚❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢

∑

n>N

|< Wn,0, (f, g) >|2 ❢♦& ❛♥② (f, g) ∈ X ❛♥❞ ❢♦& ❛❧❧ N ❧❛&❣❡

✐- ♣&♦✈❡❞ ✐♥ $❤❡ -❛♠❡ ♠❛♥♥❡& -✐♥❝❡

< Wn,0, (f, g) >=< Ūn,0, (f, g) >= < Un,0, (f̄ , ḡ) >.

❚❤❡&❡❢♦&❡✱ $❤❡ ❝♦♥❞✐$✐♦♥- ♦❢ ❚❤❡♦&❡♠ ✶✳✷✳✻ ❛&❡ ❛❧❧ ❢✉❧✜❧❧❡❞ ❛♥❞ ❤❡♥❝❡ $❤❡ &♦♦$

✈❡❝$♦&- ♦❢ Aα ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X✳

✶✺✺



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✸✳✸✳✷✳✸ #$♦♦❢ ♦❢ ❚❤❡♦$❡♠+ ✸✳✷✳✶ ❛♥❞ ✸✳✷✳✷

❙✐♥❝❡ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❡✐❣❡♥✈❡❝$♦&-✱ {Un,j}n,j✱ ♦❢ Aα ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X✱ $❤❡♥

❣✐✈❡♥ $❤❡ ✐♥✐$✐❛❧ ❞❛$✉♠

U(0) =
±∞∑

n=±1

mn−1∑

j=0

γn,jUn,j,

✇❡ ❝❛♥ ✇&✐$❡

U(t) = (u, ut)
⊤ =

±∞∑

n=±1

eλnt

mn−1∑

j=0

γn,j

j∑

k=0

tj−k

(j − k)!
Un,k.

❙✐♥❝❡ $❤❡ ❧♦✇ ❢&❡<✉❡♥❝✐❡- ❛&❡ ♦❢ ✜♥✐$❡ ♠✉❧$✐♣❧✐❝✐$②✱ $❤❡♥ ❞❡♥♦$✐♥❣ $❤❡ ♠❛①✐♠✉♠

♠✉❧$✐♣❧✐❝✐$② ❜② m✱ ✇❡ ❣❡$ ❢♦& ❛♥② ǫ > 0

E1(t) . E1(0)(1 + t2m)e2µ(Aα)t . E1(0)e
(2µ(Aα)+ǫ)t. ✭✸✳✸✳✷✺✮

❆- µ(Aα) < 0 ❢♦& α ∈]α3, 0] ✭α3 ≈ −0.2823✮✱ ✇❡ ❝❛♥ ❝❤♦♦-❡ 0 < ǫ < −µ(Aα) $♦ ❣❡$

$❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ♦❢ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ❛♥❞ ❤❡♥❝❡ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✸✳✷✳✷ ✐-

❝♦♠♣❧❡$❡✳

❚❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✸✳✷✳✶ ✐- -✐♠✐❧❛& -✐♥❝❡ ❢♦& α + 1 > 0✱ ❜② ❘❡♠❛&❦ ✸✳✸✳✹ ❛♥❞

▲❡♠♠❛ ✸✳✸✳✺✱ ❛$ ♠♦-$ ❛ ✜♥✐$❡ ♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aα ♠❛② ❜❡ -✐$✉❛$❡❞ ♦♥ $❤❡

✐♠❛❣✐♥❛&② ❛①✐- ♦& $♦ ✐$- &✐❣❤$ ❀ ❝♦♥-❡<✉❡♥$❧②✱ ❡①❝❧✉❞✐♥❣ $❤❡ ✜♥✐$❡ ❞✐♠❡♥-✐♦♥❛❧ -♣❛❝❡

-♣❛♥♥❡❞ ❜② $❤❡ ❝♦&&❡-♣♦♥❞✐♥❣ &♦♦$ ✈❡❝$♦&-✱ ✇❡ ♦❜$❛✐♥ ❛♥ ❡①♣♦♥❡♥$✐❛❧ ❞❡❝❛②✳

✸✳✹ ❊①♣♦♥❡♥)✐❛❧ -)❛❜✐❧✐)② ❢♦1 ❛♥ ✐♥❞❡✜♥✐)❡ -✐❣♥ ✐♥✲

)❡1♥❛❧❧② ❛♥❞ ❜♦✉♥❞❛1② ❞❛♠♣❡❞ ♣1♦❜❧❡♠

■♥ $❤✐- -❡❝$✐♦♥✱ ✇❡ ♣❡&❢♦&♠ ❛ -✐♠✐❧❛& ❛♥❛❧②-✐- ❢♦& ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ✇❤✐❝❤ ❝♦♥$❛✐♥-

❜♦$❤ ❛♥ ✐♥$❡&♥❛❧ ❛♥❞ ❛ ❜♦✉♥❞❛&② ✐♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣✐♥❣ $❡&♠✳ ❘❡❝❛❧❧ $❤❛$ ✭✸✳✶✳✷✮

✶✺✻



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✐- $❤❡ ♣&♦❜❧❡♠

utt(x, t)− uxx(x, t) + aut(x, t) = 0, x ∈ (0, 1), t > 0,

u(0, t) = 0, ux(1, t) = −but(1, t), t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✭✸✳✹✳✶✮

✇❤❡&❡ a, b ∈ R✳ ■❢ a ❛♥❞ b ❛&❡ ❜♦$❤ ♥♦♥ ♥❡❣❛$✐✈❡ ❛♥❞ ♦♥❡ ♦❢ $❤❡♠ ✐- ♣♦-✐$✐✈❡✱ $❤❡♥✱

✉-✐♥❣ ✐♥$❡❣&❛❧ ✐♥❡=✉❛❧✐$✐❡- ❢♦& ✐♥-$❛♥❝❡✱ ♦♥❡ ❝❛♥ -❤♦✇ $❤❛$ ✭✸✳✹✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧②

-$❛❜❧❡✳ ❖✉& ❛✐♠ ✐- $♦ ✜♥❞ -✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥- ♦♥ a ❛♥❞ b -♦ $❤❛$ ✭✸✳✹✳✶✮ ✐- ❡①♣♦♥❡♥✲

$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② -$❛❜❧❡ ✇❤❛$❡✈❡& $❤❡ -✐❣♥ ♦❢ a ❛♥❞ b✳

❚❤❡ ❡♥❡&❣② ♦❢ ✭✸✳✹✳✶✮ ✐- ❣✐✈❡♥ ❜②

E2(t) =
1

2

∫ 1

0

(
|ut|2 + |ux|2

)
dx,

❛♥❞ ❤❡♥❝❡ ❢♦&♠❛❧❧②

E ′
2(t) = −a

∫ 1

0

|ut|2dx− b|ut(1)|2.

❋&♦♠ $❤✐- ✐❞❡♥$✐$②✱ ✇❡ -❡❡ $❤❛$ ✐❢ a ≤ 0 ❛♥❞ b ≤ 0✱ $❤❡♥ E ′
2(t) ≥ 0✳ ❚❤❡&❡❢♦&❡✱ $❤❡

❡♥❡&❣② ✐♥❝&❡❛-❡- ❛♥❞ ♥♦ -$❛❜✐❧✐$② ❝❛♥ ❜❡ ❤♦♣❡❞✳ ❚❤❡&❡❢♦&❡✱ $❤❡ ♦♥❧② ❝❛-❡ ♦❢ ✐♥$❡&❡-$

✐- $❤❡ ❝❛-❡ ✇❤❡♥ a ❛♥❞ b ❛&❡ ♦❢ ♦♣♣♦-✐$❡ -✐❣♥-✳ ❲❡✱ $❤❡&❡❢♦&❡✱ ❛--✉♠❡ $❤❛$ ab < 0✳

❲❡ ❢✉&$❤❡& ❛--✉♠❡ $❤❛$ b 6∈ {−1, 0, 1}✳ ■♥❞❡❡❞ $❤❡ ❝❛-❡ b = 0 ❤❛- ♥♦ ✐♥$❡&❡-$ -✐♥❝❡

♦♥❧② $❤❡ ❝❛-❡ a > 0 ②✐❡❧❞- -$❛❜✐❧✐$② &❡-✉❧$- ❀ ✇❤✐❧❡ $❤❡ ❝❛-❡ b = 1 ♦& −1 ✐- ❡①❝❧✉❞❡❞

❢♦& $❡❝❤♥✐❝❛❧ &❡❛-♦♥- ✭-❡❡ ❙✉❜-❡❝$✐♦♥ ✸✳✹✳✸✮✳

✸✳✹✳✶ ❲❡❧❧✲♣♦*❡❞♥❡** ♦❢ ♣.♦❜❧❡♠ ✭✸✳✹✳✶✮

❆- ✉-✉❛❧✱ ❜② $❤❡ -$❛♥❞❛&❞ &❡❞✉❝$✐♦♥ ♦❢ ♦&❞❡& ♠❡$❤♦❞✱ ✇❡ ❝❛♥ &❡✇&✐$❡ ❢♦&♠❛❧❧②

✭✸✳✹✳✶✮ ✐♥ $❤❡ -✐♠♣❧❡& ❢♦&♠ Ut = AaU ✱ ✇❤❡&❡ U = (u, ut)
⊤
❛♥❞ $❤❡ ♦♣❡&❛$♦& Aa :

D(Aa) → X ✐- ❞❡✜♥❡❞ ❜②

Aa =


 0 I

d2

dx2 −a




✭✸✳✹✳✷✮

✶✺✼



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✇❤❡&❡ $❤❡ ❡♥❡&❣② -♣❛❝❡ X = Hl(0, 1) × L2(0, 1) ✐- ❡6✉✐♣♣❡❞ ✇✐$❤ $❤❡ ✉-✉❛❧ ✐♥♥❡&

♣&♦❞✉❝$ ❞❡✜♥❡❞ ❜②

< (f, g)⊤, (u, v)⊤ >=

∫ 1

0

(f ′u′ + gv) dx,

✇❤❡&❡ Hl(0, 1) = {u ∈ H1(0, 1); u(0) = 0} ❛♥❞ $❤❡&❡❢♦&❡✱ D(Aa) = {(u, v)⊤ ∈
H2(0, 1) ∩Hl(0, 1)×Hl(0, 1); ux(1) = −bv(1)}✳

❋✐&-$✱ ✇❡ &❡♠❛&❦ $❤❛$ Aa ✐- ♥♦$ ♥❡❝❡--❛&✐❧② ❞✐--✐♣❛$✐✈❡ -♦ ✇❡ ♣&♦♣♦-❡ $♦ ✇&✐$❡

Aa = A0 − aB ✇❤❡&❡

A0 =


 0 I

d2

dx2 0




✭✸✳✹✳✸✮

❛♥❞

B =


 0 0

0 1


 .

❚❤❡&❡❢♦&❡✱ Aa ✐- ❛ ❜♦✉♥❞❡❞ ♣❡&$✉&❜❛$✐♦♥ ♦❢ ❛ ♥♦♥ -❦❡✇ ❛❞❥♦✐♥$ ♦♣❡&❛$♦& A0✳ ◆❡✈❡&✲

$❤❡❧❡--✱ ✇❡ ✇✐❧❧ ♣&♦✈❡ ✐♥ ❙✉❜-❡❝$✐♦♥ ✸✳✹✳✹ $❤❛$ ✐❢ b 6= −1✱ $❤❡♥ A0 ❣❡♥❡&❛$❡- ❛ C0

-❡♠✐❣&♦✉♣ ❛♥❞ -✐♥❝❡ aB ∈ L(X)✱ Aa ✇✐❧❧ ❜❡ ❛❧-♦ ❛ ❣❡♥❡&❛$♦& ♦❢ ❛ C0 -❡♠✐❣&♦✉♣ ❛❝✲

❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠ ✸✳✶✳✶ ✐♥ ❬✻✷❪✳ ❚❤❡&❡❢♦&❡ ♣&♦❜❧❡♠ ✭✸✳✹✳✶✮ ✐- ❛ ✇❡❧❧ ♣♦-❡❞ ♣&♦❜❧❡♠

✭-❡❡ ❚❤❡♦&❡♠ ✸✳✹✳✼✮✳

✸✳✹✳✷ ❊✐❣❡♥✈❛❧✉❡ -.♦❜❧❡♠

■♥ $❤✐- ♣❛&$✱ ✇❡ ✜♥❞ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡6✉❛$✐♦♥ ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛--♦❝✐❛$❡❞

✇✐$❤ ✭✸✳✹✳✶✮✳ ▲❡$ (y, z)⊤ ∈ D(Aa), (y, z) 6= (0, 0), -✉❝❤ $❤❛$ Aa(y, z)
⊤ = λ(y, z)⊤

$❤❡♥ z = λy ❛♥❞

yxx − λ2y − aλy = 0 ✐♥ (0, 1),

y(0) = 0, yx(1) = −bλy(1).
✭✸✳✹✳✹✮

❋✐&-$✱ ✐$ ✐- ❡❛-② $♦ -❡❡ $❤❛$ λ = 0 ✐- ♥♦$ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aa✳ ❋✉&$❤❡&♠♦&❡✱ ✐❢ λ = −a✱
$❤❡♥ y = cx ✇✐$❤ c = abc ✇❤✐❝❤ -❛$✐-✜❡- $❤❡ ❜♦✉♥❞❛&② ❝♦♥❞✐$✐♦♥ ❛$ ✶✳ ❙✐♥❝❡ y 6= 0✱

✶✺✽



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✇❡ ❤❛✈❡ c 6= 0✱ ❛♥❞ ❣❡$ ab = 1 ✇❤✐❝❤ ✐- ✐♠♣♦--✐❜❧❡ -✐♥❝❡ ✇❡ ❤❛✈❡ ❛--✉♠❡❞ $❤❛$

ab < 0✳

◆♦✇ ✐❢ λ 6= 0 ❛♥❞ λ 6= −a, $❤❡♥ $❤❡&❡ ❡①✐-$- c1 ∈ C∗
-✉❝❤ $❤❛$

y(x) = c1 sinh
√
λ2 + aλx.

❍❡♥❝❡✱ $❤❡ ❜♦✉♥❞❛&② ❝♦♥❞✐$✐♦♥ ❛$ 1 ❜❡❝♦♠❡-

yx(1) = c1
√
λ2 + aλ cosh

√
λ2 + aλ = −bλc1 sinh

√
λ2 + aλ.

❆- c1 6= 0 $❤❡♥ λ ✐- ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aa ✐❢ ✐$ -❛$✐-✜❡- $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡?✉❛$✐♦♥

Fa(λ) =
√
λ2 + aλ cosh

√
λ2 + aλ+ bλ sinh

√
λ2 + aλ = 0. ✭✸✳✹✳✺✮

■♥$❡❣&❛$✐♥❣ ✭✸✳✹✳✹✮ ❛❣❛✐♥-$ y(x, λ) ❛♥❞ ♣❡&❢♦&♠✐♥❣ ❛♥ ✐♥$❡❣&❛$✐♦♥ ❜② ♣❛&$-✱ ✇❡ ❣❡$

λ2
∫ 1

0

|y|2dx+ bλ|y(1)|2 + aλ

∫ 1

0

|y|2dx+
∫ 1

0

|yx|2dx = 0.

❚❤❡&❡❢♦&❡✱

λ =

−
[
b|y(1)|2 + a

∫ 1

0

|y|2dx
]
±

[(
a

∫ 1

0

|y|2dx+ b|y(1)|2
)2

− 4

(∫ 1

0

|yx|2dx
)(∫ 1

0

|y|2dx
)] 1

2

2

∫ 1

0

|y|2dx
.

■❢ λ ∈ C\R✱ $❤❡♥

ℜλ =

−
(
b|y(1)|2 + a

∫ 1

0

|y|2dx
)

2

∫ 1

0

|y|2dx
✭✸✳✹✳✻✮

❛♥❞ -✐♥❝❡ y ∈ {u ∈ H1(0, 1) : u(0) = 0}✱ ✇❡ ❣❡$

(ℑλ)2 + (ℜλ)2 =

∫ 1

0

|yx|2dx
∫ 1

0

|y|2dx
≥ π2

4
. ✭✸✳✹✳✼✮

✶✺✾



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❘❡♠❛$❦ ✸✳✹✳✶✳ ■❢ b < 0 ❛♥❞ a > 0✱ &❤❡♥ ✇❤❡♥❡✈❡+ λ ∈ C\R✱ ❢+♦♠ ✭✸✳✹✳✻✮✱ ✇❡

❞❡❞✉❝❡ &❤❛& ℜλ > −a
2
. ❚❤✐8 ❡8&✐♠❛&❡ ❝❛♥ ❜❡ ❡✈❡♥ ❡①&❡♥❞❡❞ &♦ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡8 ♦❢ Aa✳

■♥❞❡❡❞✱ ❢♦+ (u, v)⊤ ∈ D(Aa)✱ ❜② ✐♥&❡❣+❛&✐♦♥ ❜② ♣❛+&8✱ ✇❡ ❝❤❡❝❦ &❤❛&

2ℜ < Aa(u, v)
⊤, (u, v)⊤ >= −a

∫ 1

0

|v|2 dx− b|v(1)|2.

■♥ ♣❛+&✐❝✉❧❛+✱ ✐❢ λ ✐8 ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aa ✇✐&❤ ❛88♦❝✐❛&❡❞ ♥♦+♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝&♦+

(u, v)⊤✱ ✇❡ ✇✐❧❧ ❣❡&

2ℜλ = −a
∫ 1

0

|v|2 dx− b|v(1)|2.

❙✐♥❝❡

∫ 1

0

|v|2 dx ≤< (u, v)⊤, (u, v)⊤ >= 1✱ ❛♥❞ +❡❝❛❧❧✐♥❣ &❤❛& ✇❡ ❤❡+❡ ❛88✉♠❡ &❤❛&

b < 0✱ ✇❡ &❤❡♥ ❝♦♥❝❧✉❞❡ &❤❛&

2ℜλ ≥ −a
∫ 1

0

|v|2 dx ≥ −a.

■♥ -✉♠♠❛&② ✇❡ ❤❛✈❡ ♣&♦✈❡❞ $❤❡ ♥❡①$ &❡-✉❧$✳

▲❡♠♠❛ ✸✳✹✳✷✳ A−1
a ✐8 ❝♦♠♣❛❝&✳ ❍❡♥❝❡ &❤❡ 8♣❡❝&+✉♠ ♦❢ Aa ❝♦♥8✐8&8 ♦❢ ❞✐8❝+❡&❡ ❡✐✲

❣❡♥✈❛❧✉❡8 ✇✐&❤ ✜♥✐&❡ ❛❧❣❡❜+❛✐❝ ♠✉❧&✐♣❧✐❝✐&②✳ ❋✉+&❤❡+♠♦+❡

σ(Aa) = {λ ∈ C \ {0,−a} : λ ✐8 ❛ +♦♦& ♦❢ (3.4.5)}.

❈♦♥❝❡&♥✐♥❣ $❤❡ ♠✉❧$✐♣❧✐❝✐$② ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡-✱ ✇❡ -❤♦✇ $❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✿

▲❡♠♠❛ ✸✳✹✳✸✳ ❚❤❡ ❤✐❣❤ ❢+❡F✉❡♥❝✐❡8 ♦❢ Aa ❛+❡ 8✐♠♣❧❡ ❛♥❞ &❤❡+❡ ❡①✐8&8 ❛& ♠♦8& &✇♦

❞♦✉❜❧❡ ❧♦✇ ❢+❡F✉❡♥❝② ❡✐❣❡♥✈❛❧✉❡8✳

,$♦♦❢✿ ❲❡ ❞❡&✐✈❡ ✭✸✳✹✳✺✮ ✇✐$❤ &❡-♣❡❝$ $♦ λ $♦ ❣❡$

F ′
a(λ) =

√
λ2 + aλ(2λ+ a+ 2b) sinh

√
λ2 + aλ+ (2λ+ a)(bλ+ 1) cosh

√
λ2 + aλ

2
√
λ2 + aλ

=
g(λ)

2
√
λ2 + aλ

.

✶✻✵



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

■❢ Fa(λ) = 0✱ $❤❡♥

cosh
√
λ2 + aλ = −bλ sinh

√
λ2 + aλ√

λ2 + aλ
.

❙✉❜-$✐$✉$✐♥❣ ✐♥$♦ g(λ)✱ ✇❡ ❣❡$

g(λ) =
λ sinh

√
λ2 + aλ√

λ2 + aλ

(
2(1− b2)λ2 + a(3− b2)λ+ a(a+ b)

)
.

❙✐♥❝❡ λ 6= 0 ❛♥❞ λ 6= −a✱ $❤❡♥ g(λ) = 0 ✐- ❡9✉✐✈❛❧❡♥$ $♦ 2(1− b2)λ2 + a(3− b2)λ +

a(a+ b) = 0 ✇❤✐❝❤ ♦♥❧② ❤❛- $✇♦ &♦♦$-✳

✸✳✹✳✸ ❆$②♠♣(♦(✐❝ ❉❡✈❡❧♦♣♠❡♥( ♦❢ (❤❡ ❍✐❣❤ ❋6❡7✉❡♥❝✐❡$

■♥ $❤✐- -✉❜-❡❝$✐♦♥✱ ✉-✐♥❣ ❚❛②❧♦& ❡①♣❛♥-✐♦♥-✱ ✇❡ ♣&♦✈❡ $❤❛$ $❤❡ ❤✐❣❤ ❢&❡9✉❡♥❝✐❡-

❛♣♣&♦❛❝❤ $❤❡ ❛①✐- x = −a
2
−ℜ tanh−1 1

b
✳ ■♥ ❢❛❝$✱ ✭✸✳✹✳✺✮ ✐♠♣❧✐❡- $❤❛$ ❢♦& b 6= 0

−
√
λ2 + aλ

bλ
= tanh(

√
λ2 + aλ); ✭✸✳✹✳✽✮

❤❡♥❝❡✱

√
λ2 + aλ = − tanh−1

(√
λ2 + aλ

bλ

)
+ ik1π, k1 ∈ Z. ✭✸✳✹✳✾✮

❋♦& ❧❛&❣❡ λ✱ ✇❡ ✇&✐$❡

√
λ2 + aλ = λ+

a

2
− a2

8λ
+ o

(
1

λ

)
. ✭✸✳✹✳✶✵✮

✶✻✶



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

▼♦&❡♦✈❡&✱ ❢♦& ❧❛&❣❡ λ✱ $❤❡&❡ ❡①✐-$- k2 ∈ Z -✉❝❤ $❤❛$ ✇❡ ❤❛✈❡

tanh−1

(√
λ2 + aλ

bλ

)
= tanh−1

(
1

b
+

a

2bλ
+ o

(
1

λ

))

=
1

2
log

(
1 +

1

b

)
+

1

2
log

(
1 +

a

2(b+ 1)λ
+ o

(
1

λ

))

−1

2
log

(
1− 1

b

)
− 1

2
log

(
1− a

2(b− 1)λ
+ o

(
1

λ

))
+ iπk2

= tanh−1 1

b
+

a

4λ

[
1

(b+ 1)
+

1

(b− 1)

]
+ iπk2 + o

(
1

λ

)

= tanh−1 1

b
+ iπk2 +

ab

2λ(b2 − 1)
+ o

(
1

λ

)
.

✭✸✳✹✳✶✶✮

❙✉❜-$✐$✉$✐♥❣ ✭✸✳✹✳✶✵✮ ❛♥❞ ✭✸✳✹✳✶✶✮ ✐♥$♦ ✭✸✳✹✳✾✮✱ ✇❡ ❣❡$ $❤❛$ ❢♦& λ ∈ σ(Aa) ✇✐$❤ |λ|
❧❛&❣❡ ❡♥♦✉❣❤✱ $❤❡&❡ ❡①✐-$- k ∈ Z -✉❝❤ $❤❛$

λ = −a
2
− tanh−1 1

b
+ ikπ +

a2

8λ
+

ab

2λ(1− b2)
+ o

(
1

λ

)
. ✭✸✳✹✳✶✷✮

■♥ ♦&❞❡& $♦ ❣❡$ ℜλ < 0 ❢♦& λ ❧❛&❣❡✱ ✇❡ ♥❡❡❞ $❤❛$

−a
2
−ℜ tanh−1 1

b
< 0. ✭✸✳✹✳✶✸✮

❆- ❜❡❢♦&❡ ✇❡ ✐❧❧✉-$&❛$❡ ✐♥ ❋✐❣✉&❡- ✸✳✺ ❛♥❞ ✸✳✻✱ $❤❡ &♦♦$- ♦❢ Fa ❢♦& a = 1, b = −0.5

❛♥❞ a = 1.1, b = −2 &❡-♣❡❝$✐✈❡❧②✱ ❝♦♠♣✉$❡❞ ✉-✐♥❣ $❤❡ -❛♠❡ -❝❤❡♠❡ ❛- ❜❡❢♦&❡✳ ■♥

❜♦$❤ ❝❛-❡-✱ −a
2
− ℜ tanh−1 1

b
✐- ♥❡❣❛$✐✈❡ ❛♥❞ $❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ✭✸✳✹✳✶✷✮ ✐-

❝❧❡❛&❧② ❝♦♥✜&♠❡❞✳ ◆♦$❡ $❤❛$ ✐♥ $❤❡ ✜&-$ ❝❛-❡✱ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡- ❛&❡ ✐♥ $❤❡ ❧❡❢$ ♦❢ $❤❡

✐♠❛❣✐♥❛&② ❛①✐-✱ ✇❤✐❝❤ ✐- ✐♥ ❛❝❝♦&❞❛♥❝❡ ✇✐$❤ ❚❤❡♦&❡♠ ✸✳✷✳✹✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ $❤❡

-❡❝♦♥❞ ❡①❛♠♣❧❡ ❞♦❡- ♥♦$ ❡♥$❡& ✐♥ $❤❡ ❢&❛♠❡✇♦&❦ ♦❢ ❚❤❡♦&❡♠ ✸✳✷✳✹ ❛♥❞ -❤♦✇- $❤❛$

❛♥ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② &❡-✉❧$ ❝❛♥♥♦$ ❤♦❧❞ ✐❢ b < −1 ❜✉$ ❝♦♥✜&♠- ❚❤❡♦&❡♠ ✸✳✷✳✸✳

◆♦$❡ $❤❛$ ✐♥ ❋✐❣✉&❡ ✸✳✻✱ -♦♠❡ ❡✐❣❡♥✈❛❧✉❡- ✇✐$❤ ♣♦-✐$✐✈❡ &❡❛❧ ♣❛&$ ❧✐❦❡

λ = 0.6910478014752763 ♦& λ = 0.012396324184610901± 2.9711251755632886i,

✶✻✷



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

-0.0770 -0.0765 -0.0760 -0.0755

-50

50

❋✐❣✉$❡ ✸✳✺ ✕ ❊✐❣❡♥✈❛❧✉❡- ❢♦& a = 1, b = −0.5

❛&❡ ♥♦$ &❡♣&❡-❡♥$❡❞ ❜❡❝❛✉-❡ $❤❡② ❛&❡ $♦♦ ❢❛& ❢&♦♠ $❤❡ ♦$❤❡& ❡✐❣❡♥✈❛❧✉❡-✳ ❆ &❡♣&❡✲

-❡♥$❛$✐♦♥ ✐♥ ❛ ❧❛&❣❡& -❝❛❧❡ ✐- ♣♦--✐❜❧❡ ❜✉$ ✇♦✉❧❞ ❛✈♦✐❞ $♦ -❡❡ $❤❡ ♠❛✐♥ ♣❛&$ ♦❢ $❤❡

-♣❡❝$&✉♠✳

✸✳✹✳✹ ❘✐❡&③ ❇❛&✐& ♦❢ X ❛♥❞ ❛ ♥♦.❡ ♦♥ .❤❡ ✇❡❧❧✲♣♦&❡❞♥❡&& ♦❢

♣4♦❜❧❡♠ ✭✸✳✹✳✶✮

■♥ $❤✐- ♣❛&$✱ ✇❡ ♣&♦✈❡ $❤❛$ $❤❡ ❡✐❣❡♥✈❡❝$♦&- ❛--♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ♣&♦❜❧❡♠ ✇✐$❤

a = 0 ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X ✐❢ b 6∈ {−1, 0, 1}✳ ■♥ ♦$❤❡& ✇♦&❞-✱ ❝♦♥-✐❞❡& $❤❡ ♣&♦❜❧❡♠

ũtt(x, t)− ũxx(x, t) = 0, x ∈ (0, 1), t > 0,

ũ(0, t) = 0, ũx(1, t) = −bũt(1, t), t > 0,

ũ(x, 0) = ũ0(x), ũt(x, 0) = ũ1(x).

✭✸✳✹✳✶✹✮

✭✸✳✹✳✶✹✮ ✐- ❡F✉✐✈❛❧❡♥$ $♦ Ũt = A0Ũ ✇✐$❤ Ũt = (ũ, ũt)
⊤
❛♥❞ A0 ✐- ❣✐✈❡♥ ❜② ✭✸✳✹✳✸✮✳

✶✻✸



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

-0.0015 -0.0010 -0.0005 0.0005 0.0010

-50

50

❋✐❣✉$❡ ✸✳✻ ✕ ❊✐❣❡♥✈❛❧✉❡- ❢♦& a = 1.1, b = −2

❇② $❤❡ ♣&❡✈✐♦✉- ❛♥❛❧②-✐-✱ ✇❡ ❦♥♦✇ $❤❛$ λ̃ ✐- ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A0 ✐❢ ❛♥❞ ♦♥❧② ✐❢

tanh λ̃ = −1

b
;

♦& ❡?✉✐✈❛❧❡♥$❧②

λ̃ = λ̃k = − tanh−1

(
1

b

)
+ ikπ = c(b) + ikπ, ❢♦& -♦♠❡ k ∈ Z. ✭✸✳✹✳✶✺✮

◆♦$✐❝❡ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&- ♦❢ A0 ❛&❡ &❡-$&✐❝$❡❞ $♦ ✐$- ❡✐❣❡♥✈❡❝$♦&- -✐♥❝❡ $❤❡ ❡✐❣❡♥✲

✈❛❧✉❡- λ̃k ❛&❡ -✐♠♣❧❡✳ ■♥ $❤❡ -❡?✉❡❧✱ ✇❡ ♣&♦✈❡ $❤❡ ♥❡①$ ❘✐❡-③ ❜❛-✐- ♣&♦♣❡&$②✳

❚❤❡♦$❡♠ ✸✳✹✳✹✳ ❚❤❡ ❢❛♠✐❧②

{φ̃k}k∈Z = {(ỹk, λ̃kỹk)}k∈Z =

{(
1

λ̃k
sinh(λ̃k·), sinh(λ̃k·)

)}

k∈Z

❢♦*♠+ ❛ ❘✐❡+③ ❜❛+✐+ ♦❢ X = Hl(0, 1)× L2(0, 1)✳

❋♦& $❤✐- ❛✐♠✱ ✇❡ ❛❣❛✐♥ ✉-❡ ❇❛&✐✬- ❝&✐$❡&✐♦♥ -$❛$❡❞ ✐♥ ❚❤❡♦&❡♠ ✶✳✷✳✻✳

✶✻✹



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

▲❡♠♠❛ ✸✳✹✳✺✳ ❚❤❡ #❡$✉❡♥❝❡ {φ̃k}k ✐# ❝♦♠♣❧❡-❡ ✐♥ X✳

()♦♦❢✿ ■$ -✉✣❝❡- $♦ -❤♦✇ $❤❛$ ❛♥② ❡❧❡♠❡♥$ ♦❢ X ♦&$❤♦❣♦♥❛❧ $♦ ❛❧❧ $❤❡ φ̃k ✐- ③❡&♦✳

❍❡♥❝❡ ❧❡$ (f, g)⊤ ∈ X ❜❡ -✉❝❤ $❤❛$ < (f, g)⊤, φ̃k >X= 0 ❢♦& ❛❧❧ k ∈ Z✳ ❚❤❡♥ ✇❡ ❣❡$

0 = 2

∫ 1

0

(
fx cosh(λ̃kx) + g sinh(λ̃kx)

)
dx

=

∫ 1

0

(
(fx + g)ec(b)xeikπx + (fx − g)e−c(b)xe−ikπx

)
dx, ∀k ∈ Z. ✭✸✳✹✳✶✻✮

■♥ ♣❛&$✐❝✉❧❛&✱ ❢♦& k = 0✱ ✇❡ ❤❛✈❡

∫ 1

0

(
(fx + g)ec(b)x + (fx − g)e−c(b)x

)
dx = 0. ✭✸✳✹✳✶✼✮

▼♦&❡♦✈❡&✱ ❢♦& k < 0✱ ✇❡ ✇&✐$❡ k = −k′ ✇✐$❤ k′ ∈ N∗
$♦ ♦❜$❛✐♥

∫ 1

0

(
(fx + g)ec(b)xe−ik′πx + (fx − g)e−c(b)xeik

′πx
)
dx = 0, ∀k′ ∈ N∗. ✭✸✳✹✳✶✽✮

❆❞❞✐♥❣ ✭✸✳✹✳✶✻✮ ❢♦& k = k′ > 0 ✇✐$❤ ✭✸✳✹✳✶✽✮ ②✐❡❧❞-

∫ 1

0

h(x)

(
eikπx + e−ikπx

2

)
dx = 0, ∀k ∈ N∗,

✇❤❡&❡

h(x) = (fx + g)(x)ec(b)x + (fx − g)(x)e−c(b)x.

❙✐♥❝❡ {cos(kπx)}k∈N ✐- ❛ ❜❛-✐- ♦❢ L2(0, 1)✱ ✇❡ ❣❡$

h = 0. ✭✸✳✹✳✶✾✮

❙✉❜$&❛❝$✐♥❣ ✭✸✳✹✳✶✻✮ ❢&♦♠ ✭✸✳✹✳✶✽✮✱ ✇❡ ❣❡$

∫ 1

0

K(x)

(
eikπx − e−ikπx

2

)
dx = 0, ∀k ∈ N∗,

✇❤❡&❡

K(x) = (fx + g)(x)ec(b)x − (fx − g)(x)e−c(b)x.

✶✻✺



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❙✐♥❝❡ {sin(kπx)}k∈N∗
❢♦&♠- ❛ ❜❛-✐- ♦❢ L2(0, 1)✱ ✇❡ ❣❡$

K = 0. ✭✸✳✹✳✷✵✮

✭✸✳✹✳✶✾✮ ❛♥❞ ✭✸✳✹✳✷✵✮ ✐♠♣❧② $❤❛$ fx = g = 0 ❛♥❞ -♦ f = 0 -✐♥❝❡ f(0) = 0✳

■♥ ❛ -❡❝♦♥❞ -$❡♣✱ ✇❡ -❡❛&❝❤ ❢♦& ❛ -❡A✉❡♥❝❡ {ψk}k∈Z ❜✐♦&$❤♦❣♦♥❛❧ $♦ {φ̃k}k∈Z✳ ❍❡&❡

✇❡ ❝❤♦♦-❡ {ψk}k∈Z =

{(
1

λ̃k
sinh(λ̃k·),− sinh(λ̃k·)

)}

k∈Z

✇❤❡&❡ λ̃k ✐- $❤❡ ❝♦♥❥✉❣❛$❡

♦❢ λ̃k✳ ❚❤❡ -❛♠❡ ❛&❣✉♠❡♥$- ❛- ❜❡❢♦&❡ -❤♦✇ $❤❛$ $❤✐- -❡$ ✐- ❝♦♠♣❧❡$❡✳ ■♥❞❡❡❞✱ ❢♦&

k ∈ Z✱ ψk ✐- ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢ $❤❡ ❛❞❥♦✐♥$ ♦❢ A0✳

▲❡♠♠❛ ✸✳✹✳✻✳ ❚❤❡ #❡$ {ψk}k∈Z ✐# ❜✐♦($❤♦❣♦♥❛❧ $♦ {φ̃k}k∈Z✳

()♦♦❢✿ ❇② ❞❡✜♥✐$✐♦♥✱ ✇❡ ❤❛✈❡

< φ̃k, ψl >X =

∫ 1

0

(
cosh(λ̃kx) cosh(λ̃lx)− sinh(λ̃kx) sinh(λ̃lx)

)
dx

=

∫ 1

0

cosh
(
(λ̃k − λ̃l)x

)
dx

=

∫ 1

0

cos ((k − l)πx) dx = δkl.

❋✐♥❛❧❧②✱ ✐♥ ♦&❞❡& $♦ ❛♣♣❧② ❇❛&✐✬- ❚❤❡♦&❡♠✱ ✐$ &❡♠❛✐♥- $♦ ♣&♦✈❡ ✭✶✳✷✳✶✮✳ ▲❡$ (f, g)⊤ ∈
X ❛♥❞ ❝♦♥-✐❞❡& $❤❡ ❢♦❧❧♦✇✐♥❣ -✉♠

∑

k∈Z

∣∣∣< (f, g)⊤, φ̃k >X

∣∣∣
2

.
∑

k∈Z

∣∣∣(fx, cosh(λ̃k·))(0,1)
∣∣∣
2

+
∑

k∈Z

∣∣∣(g, sinh(λ̃k·))(0,1)
∣∣∣
2

.

✭✸✳✹✳✷✶✮

✶✻✻



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❇② ✭✸✳✹✳✶✺✮ ❛♥❞ ;❛&-❡✈❛❧✬- ✐❞❡♥$✐$②✱ ✇❡ ❤❛✈❡

∑

k∈Z

∣∣∣(fx, cosh(λ̃k·))(0,1)
∣∣∣
2

.
∑

k∈Z

∣∣∣(fxec(b)·, eikπ·)(0,1)
∣∣∣
2

+
∑

k∈Z

∣∣∣(fxe−c(b)·, e−ikπ·)(0,1)

∣∣∣
2

≤
(
‖fxec(b)·‖2(0,1) + ‖fxe−c(b)·‖2(0,1)

)

. ‖fx‖2(0,1),
✭✸✳✹✳✷✷✮

❛♥❞

∑

k∈Z

∣∣∣(g, sinh(λ̃k·))(0,1)
∣∣∣
2

.
∑

k∈Z

∣∣∣(gec(b)·, eikπ·)(0,1)
∣∣∣
2

+
∑

k∈Z

∣∣∣(ge−c(b)·, e−ikπ·)(0,1)

∣∣∣
2

≤
(
‖gec(b)·‖2(0,1) + ‖ge−c(b)·‖2(0,1)

)

. ‖g‖2(0,1).
✭✸✳✹✳✷✸✮

✭✸✳✹✳✷✷✮ ❛♥❞ ✭✸✳✹✳✷✸✮ ✐♠♣❧② $❤❛$ $❤❡ &✐❣❤$✲❤❛♥❞ -✐❞❡ ♦❢ ✭✸✳✹✳✷✶✮ ✐- ✜♥✐$❡✳ ❙✐♠✐❧❛&❧②✱

✇❡ ♣&♦✈❡ $❤❛$

∑

k∈Z

∣∣< (f, g)⊤, ψk >X

∣∣2 <∞.

■♥ ❝♦♥❝❧✉-✐♦♥✱ ❜② ❚❤❡♦&❡♠ ✶✳✷✳✻✱ $❤❡ ❢❛♠✐❧② {φ̃k}k∈Z ❢♦&♠- ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X✳

❚❤❡♦&❡♠ ✸✳✹✳✹ ✐- $❤❡♥ ♣&♦✈❡❞✳

❚❤❡♦$❡♠ ✸✳✹✳✼✳ ■❢ b 6∈ {−1, 0, 1}✱ #❤❡♥ ♣(♦❜❧❡♠ ✭✸✳✹✳✶✮ ✐4 ✇❡❧❧ ♣♦4❡❞✳

*$♦♦❢✿ ■❢ ✇❡ ❝♦♥-✐❞❡& $❤❡ ♣&♦❜❧❡♠ ❛--♦❝✐❛$❡❞ ✇✐$❤ A0 ❀ ✐✳❡✳✱





Ut(t) = A0U(t), t > 0,

U(0) = U0,
✭✸✳✹✳✷✹✮

✶✻✼



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

$❤❡♥ ✇&✐$✐♥❣ U(0) =
∑

k∈Z
αkφ̃k ②✐❡❧❞-

U(t) =
∑

k∈Z
eλ̃ktαkφ̃k.

❚❤❡&❡❢♦&❡✱ ❜② $❤❡ ❘✐❡-③ ♣&♦♣❡&$② ♦❢ $❤❡ -❡:✉❡♥❝❡ {φ̃k}k ❛♥❞ ✭✸✳✹✳✶✺✮✱ ✇❡ ❣❡$

‖U(t)‖2X ≃
∑

k∈Z

∣∣∣eλ̃ktαk

∣∣∣
2

. e−2ℜ tanh−1( 1
b )t‖U(0)‖2X . ✭✸✳✹✳✷✺✮

❍❡♥❝❡✱ ✐❢ V =
∑

k∈Z
βkφ̃k ✐- ❣✐✈❡♥✱ $❤❡♥ ✇❡ ❞❡✜♥❡

S(t)V =
∑

k∈Z
eλ̃ktβkφ̃k, ∀t > 0.

❆❝❝♦&❞✐♥❣ $♦ ✭✸✳✹✳✷✺✮✱ ✇❡ ❤❛✈❡ S(t) ∈ L(X) ✇✐$❤

‖S(t)‖L(X) ≤Me−ℜ tanh−1( 1
b )t,

❢♦& -♦♠❡ ♣♦-✐$✐✈❡ ❝♦♥-$❛♥$M ✳ ❍❡♥❝❡ ✇❡ ❞❡❞✉❝❡ $❤❛$ (S(t))t≥0 ✐- ❛ C0 -❡♠✐❣&♦✉♣ ✭♥♦$

♥❡❝❡--❛&✐❧② ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞✮✳ ❆- ✇❡ ❝❛♥ ✇&✐$❡ Aa = A0 + aB ✇❤❡&❡ A0 ❣❡♥❡&❛$❡-

$❤❡ C0 -❡♠✐❣&♦✉♣ (S(t))t≥0 ❛♥❞ ❇ ✐- ❜♦✉♥❞❡❞✱ $❤❡♥✱ ❜② ❚❤❡♦&❡♠ ✸✳✶✳✶ ✐♥ ❬✻✷❪✱ Aa

❛❧-♦ ❣❡♥❡&❛$❡- ❛ C0 -❡♠✐❣&♦✉♣ (Sa(t))t≥0 $❤❛$ -❛$✐-✜❡-

‖Sa(t)‖L(X) ≤Me(−ℜ tanh−1( 1
b
)+|a|‖B‖)t, ∀t > 0.

❇② -$❛♥❞❛&❞ -❡♠✐❣&♦✉♣ $❤❡♦&②✱ ♣&♦❜❧❡♠ ✭✸✳✹✳✶✮ ❜❡❝♦♠❡- ✇❡❧❧ ♣♦-❡❞✳

❘❡♠❛$❦ ✸✳✹✳✽✳ ■❢ b = −1✱ ♦✉% ♣%❡✈✐♦✉* ❝♦♥*✐❞❡%❛/✐♦♥* *❤♦✇ /❤❛/ A0 ❤❛* ❛♥ ❡♠♣/②

*♣❡❝/%✉♠✳ ❚❤❡%❡❢♦%❡✱ ♦✉% ♠❡/❤♦❞ ❞♦❡* ♥♦/ ❛❧❧♦✇ /♦ ♣%♦✈❡ /❤❛/ ✐/ ❣❡♥❡%❛/❡* ❛ C0 *❡✲

♠✐❣%♦✉♣ ❛♥❞ ❤❡♥❝❡✱ /❤❡ ✇❡❧❧ ♣♦*❡❞♥❡** ♦❢ ♣%♦❜❧❡♠ ✭✸✳✹✳✶✮ ❜❡❝♦♠❡* ❛♥ ♦♣❡♥ ?✉❡*/✐♦♥✳

❖♥ /❤❡ ♦/❤❡% ❤❛♥❞✱ ✐❢ b = 1✱ /❤❡ ♦♣❡%❛/♦% A0 ❣❡♥❡%❛/❡* ❛ C0 *❡♠✐❣%♦✉♣ (S(t))t≥0

/❤❛/ *❛/✐*✜❡*

‖S(t)‖L(X) ≤Me−ωt,

✶✻✽



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❢♦" #♦♠❡ ♣♦#✐(✐✈❡ ❝♦♥#(❛♥(# M ❛♥❞ ω✳ ❚❤❡"❡❢♦"❡✱ ❜② (❤❡ ♣"❡✈✐♦✉# ❛"❣✉♠❡♥(#✱ ♣"♦❜❧❡♠

✭✸✳✹✳✶✮ ✐# ✇❡❧❧ ♣♦#❡❞ ❛♥❞ ✐# #(❛❜❧❡ ✐❢ a < 0 ✐# #♠❛❧❧ ❡♥♦✉❣❤ ❜② ♣❡"(✉"❜❛(✐♦♥ (❤❡♦"②

❜✉( (❤❡ =✉❡#(✐♦♥ ♦❢ ✐(# #(❛❜✐❧✐(② ❢♦" a < 0 ✧❧❛"❣❡✧ ✐# ❛♥ ♦♣❡♥ =✉❡#(✐♦♥✳

✸✳✹✳✺ ▲✐♥❦ ❜❡*✇❡❡♥ ♣-♦❜❧❡♠1 ✭✸✳✶✳✷✮ ❛♥❞ ✭✸✳✹✳✶✹✮ ❛♥❞ ❡♥❞ ♦❢

*❤❡ :-♦♦❢ ♦❢ ❚❤❡♦-❡♠ ✸✳✷✳✸

■♥ $❤✐- ♣❛&$✱ ✇❡ ♣&♦✈❡ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&- ♦❢ Aa ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X ✐❢ b 6∈
{−1, 0, 1}✳ ❋♦& $❤✐- ❛✐♠✱ ✇❡ ✇✐❧❧ ❛♣♣❧② ❚❤❡♦&❡♠ ✶✳✷✳✽ ✇✐$❤ $❤❡ -❡$ {φ̃k}k∈Z $❤❡ ❘✐❡-③
❜❛-✐- ❛--♦❝✐❛$❡❞ ✇✐$❤ ♣&♦❜❧❡♠ ✭✸✳✹✳✶✹✮ ❛♥❞ ❢♦& ❛♥ ❛♣♣&♦♣&✐❛$❡ -❡$ ♦❢ ❡✐❣❡♥✈❡❝$♦&- ♦❢

Aa ✭❝♦&&❡-♣♦♥❞✐♥❣ $♦ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡-✮✳ ■♥❞❡❡❞ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✸✳✹✳✸ ❛♥❞ ✭✸✳✹✳✶✷✮✱

✇❡ -♣❧✐$ ✉♣ $❤❡ -♣❡❝$&✉♠ ♦❢ Aa ✐♥$♦ $❤❡ -♠❛❧❧ ❛♥❞ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡- ✿

σ(Aa) = {λki}Mi=1 ∪ {λk}|k|>N , ✭✸✳✹✳✷✻✮

✇❤❡&❡ N ∈ N ✐- ❝❤♦-❡♥ ❧❛&❣❡ ❡♥♦✉❣❤ -✉❝❤ $❤❛$✱ ❢♦& ❡✈❡&② k ∈ Z∗
✇✐$❤ |k| > N ✱

|λk+
a

2
+tanh−1 1

b
− ikπ| < π

2
❛♥❞ λk ✐- -✐♠♣❧❡✳ ❈♦♥-❡H✉❡♥$❧② $❤❡ &❡♠❛✐♥✐♥❣ ♣❛&$ ♦❢

$❤❡ -♣❡❝$&✉♠ {λki}Mi=1 ✐- ❝❧❡❛&❧② ❜♦✉♥❞❡❞✳ ❆❝❝♦&❞✐♥❣ $♦ ♦✉& ♣&❡✈✐♦✉- ❝♦♥-✐❞❡&❛$✐♦♥-

❢♦& |k| > N ✱ $❤❡ ❡✐❣❡♥✈❡❝$♦& φk ✐- ♦❢ $❤❡ ❢♦&♠

φk = (yk, λkyk)
⊤ ,

✇✐$❤

yk(x) =
1√

λ2k + aλk
sinh

(√
λ2k + aλkx

)
, ∀x ∈ (0, 1).

❋♦& |k| > N ✱ ❜② ✭✸✳✹✳✾✮ ❛♥❞ ✭✸✳✹✳✶✶✮✱ ✇❡ ❤❛✈❡

√
λ2k + aλk = − tanh−1 1

b
+ ikπ +O

(
1

λk

)
= λ̃k +O

(
1

λk

)
.

✶✻✾



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❍❡♥❝❡✱ ❜② $❤❡ ♠❡❛♥ ✈❛❧✉❡ $❤❡♦&❡♠✱ ❢♦& ❛❧❧ x ∈ (0, 1)✱ $❤❡&❡ ❡①✐-$- θx ∈ (0, 1) ✭❞❡♣❡♥✲

❞✐♥❣ ❛❧-♦ ♦♥ k✮ -✉❝❤ $❤❛$

cosh(
√
λ2k + aλkx)− cosh(λ̃kx)

=
(√

λ2k + aλk − λ̃k

)
x sinh

(
λ̃kx+ θx(

√
λ2k + aλk − λ̃k)x

)
.

❍❡♥❝❡✱ ❜② $❤❡ ♣&❡✈✐♦✉- ✐❞❡♥$✐$②✱ ✇❡ ✜♥❞ $❤❛$ ❢♦& ❛❧❧ x ∈ (0, 1)

∣∣∣∣cosh(
√
λ2k + aλkx)− cosh(λ̃kx)

∣∣∣∣ . |λk|−1| sinh
(
λ̃kx+ θx(

√
λ2k + aλk − λ̃k)x

)
|.

▼♦&❡♦✈❡&✱ -✐♥❝❡ ✇❡ ❛--✉♠❡ $❤❛$ |b| 6= 1✱ $❤❡♥
∣∣ℜ tanh−1 1

b

∣∣
✐- ✜♥✐$❡ ❛♥❞ $❤❡&❡❢♦&❡✱

ℜλ̃k &❡♠❛✐♥- ❜♦✉♥❞❡❞ ✭✐♥❞❡♣❡♥❞❡♥$❧② ♦❢ k✮✳ ❚❤✐- ✐♠♣❧✐❡- $❤❛$
∣∣∣∣cosh(

√
λ2k + aλkx)− cosh(λ̃kx)

∣∣∣∣ . |λk|−1, ∀x ∈ (0, 1).

❚❤✐- ❡-$✐♠❛$❡ ✐♠♣❧✐❡- $❤❛$

‖(yk)x − (ỹk)x‖2(0,1) .
1

|λk|2
. ✭✸✳✹✳✷✼✮

❙✐♠✐❧❛&❧②✱ ✇❡ ❝❛♥ ♣&♦✈❡ $❤❛$

∥∥∥λkyk − λ̃kỹk

∥∥∥
2

(0,1)
.

1

|λk|2
. ✭✸✳✹✳✷✽✮

❚❤❡ ❡-$✐♠❛$❡- ✭✸✳✹✳✷✼✮ ❛♥❞ ✭✸✳✹✳✷✽✮ ②✐❡❧❞

∑

|k|>N

∥∥∥φk − φ̃k

∥∥∥
2

X
.

∑

|k|>N

1

|λk|2
.

∑

|k|>N

1

k2
<∞.

■♥ ❝♦♥❝❧✉-✐♦♥✱ ❛❝❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠ ✶✳✷✳✽✱ $❤❡ &♦♦$ ✈❡❝$♦&- ♦❢ Aa ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐-

♦❢ ❳✳

❙✐♠✐❧❛& $♦ ✭✸✳✸✳✷✺✮✱ ✇❡ ❝♦♥❝❧✉❞❡ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✸✳✷✳✸ ❢♦& ❛❧❧ a ∈ R✱ b 6∈
{−1, 0, 1} -✉❝❤ $❤❛$ −a

2
−ℜ tanh−1 1

b
< 0 -✐♥❝❡ $❤❡ ❤✐❣❤ ❢&❡L✉❡♥❝✐❡- ❛&❡ -✐$✉❛$❡❞ $♦

$❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✳

✶✼✵
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✸✳✹✳✺✳✶ ❋✉'(❤❡' ❈♦♠♠❡♥(/

❚❤❡♦&❡♠ ✶✳✷✳✽ ✐♠♣&♦✈❡- ❇❛&✐✬- ❚❤❡♦&❡♠ ❛- ✐$ -❤♦✇- $❤❛$ ✇❡ ❝❛♥ ♥❡❣❧❡❝$ ❛♥②

✐♥❢♦&♠❛$✐♦♥ ❝♦♥❝❡&♥✐♥❣ $❤❡ ❧♦✇ ❢&❡?✉❡♥❝✐❡-✳ ❍♦✇❡✈❡&✱ ✐♥ $❤❡ -❡?✉❡❧✱ ❛- ✇❡ ❛&❡ ✐♥$❡&✲

❡-$❡❞ ✐♥ -$✉❞②✐♥❣ $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡-✱ ✇❡ ❣✐✈❡ ❛♥ ❛❞❞✐$✐♦♥❛❧ ❛♥❛❧②-✐- $♦

-❤♦✇ $❤❛$ ✐♥❞❡❡❞ $❤❡ &♦♦$ ✈❡❝$♦&- ❝♦&&❡-♣♦♥❞✐♥❣ $♦ $❤❡ ❧♦✇ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa ❛!❡ ✐♥

❜✐❥❡❝(✐♦♥ ✇✐(❤ (❤♦,❡ ♦❢ A0✳

❋♦! (❤❡ ❧♦✇ ❢!❡1✉❡♥❝② ♠♦❞❡, ✭|k| < N✮✱ ✇❡ ✜① ❛ ,✉✣❝✐❡♥(❧② ❧❛!❣❡ !❡❝(❛♥❣❧❡ Γ

✇❤✐❝❤ ✐♥❝❧✉❞❡, ❛❧❧ (❤❡ ❧♦✇ ❢!❡1✉❡♥❝✐❡, ♦❢ Aa′ ❢♦! ❛❧❧ a
′
❜❡(✇❡❡♥ ③❡!♦ ❛♥❞ a ❛♥❞ ✇❤♦,❡

❡❞❣❡, ❞♦ ♥♦( ❝♦♥(❛✐♥ ❛♥② ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aa′ ❢♦! ❛♥② a
′
❜❡(✇❡❡♥ ③❡!♦ ❛♥❞ a✳ ❚❤✐, ❝❤♦✐❝❡

♦❢ (❤❡ !❡❝(❛♥❣❧❡ ✐, ♣♦,,✐❜❧❡ ❜② (❤❡ ❢♦❧❧♦✇✐♥❣ ❛!❣✉♠❡♥(,✳ ❋✐!,( ❢♦! (❤❡ ❤♦!✐③♦♥(❛❧ ❡❞❣❡,

✇❡ ♥♦(✐❝❡ (❤❛(✱ ❜② ✭✸✳✹✳✶✷✮✱ (❤❡ ❤♦!✐③♦♥(❛❧ ❧✐♥❡,

y = −ℑ tanh−1 1

b
± (2k0 + 1)π

2
, ❢♦! |k0| > N

❛!❡ ❢!❡❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡, ♦❢ Aa′ ❢♦! ❛❧❧ |a′| ≤ |a| ✐❢ N ✐, ❧❛!❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ a✮✳

❋♦! ❛♥ ✉♣♣❡! ✈❡!(✐❝❛❧ ❧✐♥❡✱ ❜② ❚❤❡♦!❡♠ ✸✳✹✳✼✱ ❛♥② ❡✐❣❡♥✈❛❧✉❡ λ ♦❢ Aa′ ,❛(✐,✜❡,

ℜλ ≤ −ℜ tanh−1(
1

b
) + |a′|‖B‖.

❍❡♥❝❡✱ (❤❡ ✈❡!(✐❝❛❧ ❧✐♥❡

x = 1−ℜ tanh−1(
1

b
) + |a|‖B‖

❞♦❡, ♥♦( ❝♦♥(❛✐♥ ❛♥② ❡✐❣❡♥✈❛❧✉❡, ♦❢ Aa′ ❢♦! ❛❧❧ |a′| ≤ |a|✳
❋✐♥❛❧❧②✱ ❢♦! (❤❡ ❧♦✇❡! ✈❡!(✐❝❛❧ ❧✐♥❡✱ ❢♦! ❛ ✜①❡❞ a✱ ✇❡ ❞❡♥♦(❡ ❜②

m(a) = min{ℜλ : λ ∈ σ(Aa)},

(❤❛( ✐, ❝❧❡❛!❧② ✜♥✐(❡✳ ❲❡ ♥♦✇ ,❤♦✇ (❤❛( ❢♦! ❛ ✜①❡❞ a✱ ✇❡ ❤❛✈❡

I := inf
|a′|≤|a|

m(a′) > −∞.

✶✼✶
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■♥❞❡❡❞✱ ✐❢ ✐$ ✇♦✉❧❞ ❜❡ ❢❛❧-❡✱ $❤❡♥ ✇❡ ✇♦✉❧❞ ✜♥❞ ❛ -❡7✉❡♥❝❡ (an)n∈N ✇✐$❤ |an| ≤ |a|
❢♦& ❛❧❧ n ❛♥❞ -✉❝❤ $❤❛$

m(an) → −∞ ❛- n→ ∞. ✭✸✳✹✳✷✾✮

❯♣ $♦ ❛ -✉❜-❡7✉❡♥❝❡✱ -$✐❧❧ ❞❡♥♦$❡❞ ❜② (an)n∈N✱ (an)n∈N ❝♦♥✈❡&❣❡- $♦ -♦♠❡ a′ ∈
[−|a|, |a|]✳ ❋✉&$❤❡&♠♦&❡✱ $❤❡&❡ ❡①✐-$- m ∈ N -✉❝❤ $❤❛$ ❢♦& ❛❧❧ n ≥ m✱ $❤❡&❡ ❡①✐-$- ❛♥

❡✐❣❡♥✈❛❧✉❡ λn ∈ σ(Aan) -✉❝❤ $❤❛$

m(an) = ℜλn.

■♥❞❡❡❞✱ ✐❢ ✇❡ ❛--✉♠❡ $❤❛$ ❢♦& ❛❧❧ m ∈ N✱ $❤❡&❡ ❡①✐-$- nm ≥ m -✉❝❤ $❤❛$ ❢♦& ❛❧❧

λ ∈ σ(Aanm
)✱ m(anm

) 6= ℜλ✱ $❤❡♥ ♥❡❝❡--❛&✐❧② m(anm
) = −anm

2
−ℜ tanh−1 1

b
✇❤✐❝❤ ✐-

✐♠♣♦--✐❜❧❡ -✐♥❝❡ ✐♥ $❤✐- ❝❛-❡✱ ❛- m→ +∞✱ m(anm
) $❡♥❞- $♦ −a′

2
−ℜ tanh−1 1

b
✇❤✐❝❤

✐- ✜♥✐$❡ ❛♥❞ $❤✐- ❝♦♥$&❛❞✐❝$- ✭✸✳✹✳✷✾✮✳ ❚❤❡&❡❢♦&❡✱ $❤❡&❡ ❡①✐-$- m ∈ N -✉❝❤ $❤❛$ ❢♦&

❛❧❧ n ≥ m✱ $❤❡&❡ ❡①✐-$- ❛♥ ❡✐❣❡♥✈❛❧✉❡ λn ∈ σ(Aan) -✉❝❤ $❤❛$

ℜλn → −∞ ❛- n→ ∞.

❆$ $❤✐- -$❛❣❡ ✇❡ ❝❛♥ ❛♣♣❧② ✭✸✳✹✳✶✷✮ $♦ λn ❛♥❞ ❜② $❛❦✐♥❣ $❤❡ &❡❛❧ ♣❛&$ ♦❢ $❤✐- ✐❞❡♥$✐$②

✇❡ ✜♥❞

ℜλn = −an
2

−ℜ tanh−1 1

b
+

(
a2n
8

+
anb

2(1− b2)

)
ℜ 1

λn
+ o

(
1

λn

)
. ✭✸✳✹✳✸✵✮

❍❡&❡ ❛❜♦✈❡ o
(

1
λn

)
❞❡♣❡♥❞- ♦♥ an ❜✉$ ✐$ ✐- ❡❛-② $♦ -❡❡ $❤❛$

o

(
1

λn

)
→ 0 ❛- n→ ∞.

❜❡❝❛✉-❡ $❤❡ -❡7✉❡♥❝❡ an ✐- ❜♦✉♥❞❡❞✳ J❛--✐♥❣ $♦ $❤❡ ❧✐♠✐$ ✐♥ ✭✸✳✹✳✸✵✮✱ ✇❡ ✜♥❞ $❤❛$

$❤❡ ❧❡❢$✲❤❛♥❞ -✐❞❡ $❡♥❞- $♦ −∞ ✇❤✐❧❡ $❤❡ &✐❣❤$✲❤❛♥❞ -✐❞❡ $❡♥❞- $♦ −a′

2
−ℜ tanh−1 1

b

✇❤✐❝❤ ✐- ❛ ❝♦♥$&❛❞✐❝$✐♦♥✳

✶✼✷
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❆❝❝♦&❞✐♥❣❧②✱ $❤❡ ❧✐♥❡

x = −1 + I

❞♦❡# ♥♦% ❝♦♥%❛✐♥ ❛♥② ❡✐❣❡♥✈❛❧✉❡# ♦❢ Aa′ ❢♦/ ❛❧❧ |a′| ≤ |a|✳
❍❛✈✐♥❣ ❝❤♦#❡♥ Γ✱ ✇❡ ❞❡✜♥❡ %❤❡ ♦♣❡/❛%♦/

P (a′) =
1

2πi

∮

Γ

(ξ − Aa′)
−1dξ. ✭✸✳✹✳✸✶✮

❆❝❝♦/❞✐♥❣ %♦ ❚❤❡♦/❡♠ ■■■✳✻✳✶✼ ♦❢ ❬✹✻❪ ♦/ ❚❤❡♦/❡♠ ❳■■✳✺ ♦❢ ❬✻✽❪✱ %❤❡ ❛❜♦✈❡ ♦♣❡/❛%♦/

✐# ❛ ♣/♦❥❡❝%✐♦♥ ✭❝❛❧❧❡❞ ❡✐❣❡♥♣/♦❥❡❝%✐♦♥✮ ❛♥❞ ✐%# /❛♥❣❡ ✐# %❤❡ #❡% ♦❢ %❤❡ ❣❡♥❡/❛❧✐③❡❞

❡✐❣❡♥#♣❛❝❡ ❝♦//❡#♣♦♥❞✐♥❣ %♦ %❤❡ ❡✐❣❡♥✈❛❧✉❡# ♦❢ Aa′ ✐♥#✐❞❡ Γ✳ ❇❡#✐❞❡#✱ ✇❡ /❡♠❛/❦ %❤❛%

Aa′ ✐# ❝❧♦#❡❞ ❢♦/ ❛♥② a′✳

■♥ %❤❡ #❡L✉❡❧✱ ✇❡ ♣/♦✈❡ %❤❛% %❤❡ ♠❛♣♣✐♥❣ F ❞❡✜♥❡❞ ❜② F (a′) = dim(P (a′)X) ❢♦/

❛❧❧ a′ ❜❡%✇❡❡♥ ③❡/♦ ❛♥❞ a ✐# ❝♦♥%✐♥✉♦✉#✳

▲❡♠♠❛ ✸✳✹✳✾✳ ❋✐① a0 ❜❡%✇❡❡♥ ③❡)♦ ❛♥❞ a ❛♥❞ ❧❡% ξ ∈ ρ(Aa0) ∩ Γ✳ ❚❤❡♥ ξ ∈ ρ(Aa′)

❢♦) ❛♥② a′ ♥❡❛) a0 ❛♥❞

(ξ − Aa′)
−1 → (ξ − Aa0)

−1
❛3 a′ → a0.

()♦♦❢✿ ❲✐%❤♦✉% ❧♦## ♦❢ ❣❡♥❡/❛❧✐%②✱ ❛##✉♠❡ %❤❛% a0 = 0 ❛♥❞ ❧❡% ξ ∈ ρ(A0) ∩ Γ✳ ❲❡

❤❛✈❡

ξ − Aa′ = ξ − A0 − a′B = (ξ − A0)[I − a′(ξ − A0)
−1B].

❙✐♥❝❡ a′ → 0✱ %❤❡♥ ✇❡ ❝❛♥ ❝❤♦♦#❡ a′ #✉❝❤ %❤❛% ‖a′(ξ − A0)
−1B‖ < 1 ❛♥❞ ❤❡♥❝❡

I−a′(ξ−A0)
−1B ✐# ✐♥✈❡/%✐❜❧❡✳ ❈♦♥#❡L✉❡♥%❧②✱ ξ−Aa′ ✐# ✐♥✈❡/%✐❜❧❡ ✇❤✐❝❤ ✐♠♣❧✐❡# %❤❛%

ξ ∈ ρ(Aa′) ❛♥❞ ❛# a′ → 0✱

∥∥(ξ − Aa′)
−1 − (ξ − A0)

−1
∥∥
L(X)

≤
∥∥(I − a′(ξ − A0)

−1B)−1 − I
∥∥
L(X)

∥∥(ξ − A0)
−1

∥∥
L(X)

→ 0.

◆♦✇✱ ✇❡ /❡❝❛❧❧ ❛ /❡#✉❧% ♦❢ ❑❛%♦ ❛♥❞ ❘❡❧❧✐❝❤✱ #❡❡ %❤❡ ▲❡♠♠❛ ✐♥ ♣❛❣❡ ✶✹ ♦❢ ❬✻✽❪✳

✶✼✸



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

▲❡♠♠❛ ✸✳✹✳✶✵✳ ■❢ P ❛♥❞ Q ❛%❡ '✇♦ ✭♥♦' ♥❡❝❡,,❛%✐❧② ♦%'❤♦❣♦♥❛❧✮ ♣%♦❥❡❝'✐♦♥, ✐♥ ❛

❍✐❧❜❡%' ,♣❛❝❡ H ❛♥❞ dim(PH) 6= dim(QH)✱ '❤❡♥ ‖P −Q‖ ≥ 1✳

▲❡♠♠❛ ✸✳✹✳✾ -❤♦✇- $❤❛$ P (a′) ✐- ❛ ❝♦♥$✐♥✉♦✉- ❢✉♥❝$✐♦♥ ♦❢ a′ ✇❤✐❧❡ $❤❡ ❛❜♦✈❡

▲❡♠♠❛ -❤♦✇- $❤❛$ $❤❡ ♠❛♣♣✐♥❣

{Q ∈ L(X); Q ✐- ❛ ♣&♦❥❡❝$✐♦♥} 7→ N : Q→ dim(QX)

✐- ❝♦♥$✐♥✉♦✉-✳ ❚❤❡&❡❢♦&❡✱ $❤❡ ♠❛♣♣✐♥❣ a′ → P (a′) → dim(P (a′)X) ✐- ❝♦♥$✐♥✉♦✉-

❛♥❞ ❤❡♥❝❡ dim(P (a′)X) ✐- ❝♦♥-$❛♥$ ❢♦& ❡✈❡&② a′ ❜❡$✇❡❡♥ ③❡&♦ ❛♥❞ a✳ ❑♥♦✇✐♥❣ $❤❛$

$❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ A0 ✐♥-✐❞❡ Γ ❛&❡ ♦❢ ✜♥✐$❡ ♠✉❧$✐♣❧✐❝✐$②✱ $❤❡♥ ✇❡ ❣❡$ dimP (a)X =

dimP (0)X✳ ❚❤❡&❡❢♦&❡✱ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ $❤❡ ♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa ✐- ❡B✉❛❧ $♦

$❤❡ ♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡- ♦❢ A0 ✐♥-✐❞❡ Γ ✇✐$❤ $❤❡ -❛♠❡ $♦$❛❧ ♥✉♠❜❡& ♦❢ ♠✉❧$✐♣❧✐❝✐$②✳

❈♦♥-❡B✉❡♥$❧②✱ $❤❡ &♦♦$ ✈❡❝$♦&- ❝♦&&❡-♣♦♥❞✐♥❣ $♦ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa ✐♥-✐❞❡ Γ ❛&❡

✐♥ ❜✐❥❡❝$✐♦♥ ✇✐$❤ $❤♦-❡ ♦❢ A0✳

✸✳✺ #$♦♦❢ ♦❢ ❚❤❡♦$❡♠ ✸✳✷✳✹

■♥ $❤✐- -❡❝$✐♦♥✱ ✇❡ ❝♦♥-✐❞❡& $❤❡ ❝❛-❡ b ∈ (−1, 0) ❛♥❞ a ≥ −2 tanh−1 b✳ ❲❡ ♣&♦✈❡

$❤❛$ ❛❧❧ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa ❛&❡ -✐$✉❛$❡❞ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ❛①✐- x = −a
2
−ℜ tanh−1 1

b
=

−a
2
− tanh−1 b✳ ❈♦♥-❡B✉❡♥$❧②✱ ✐♥ $❤❡ ❝❛-❡ a > −2 tanh−1 b✱ ❜② $❤❡ ❛&❣✉♠❡♥$- ♦❢ $❤❡

♣&❡✈✐♦✉- -❡❝$✐♦♥✱ ✇❡ ✐♠♠❡❞✐❛$❡❧② ❞❡❞✉❝❡ $❤❛$ ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡

✐♥ X✳ ■♥ $❤❡ ❝❛-❡ a = −2 tanh−1 b✱ ❞✉❡ $♦ ✭✸✳✹✳✶✷✮ ♥♦ ❡①♣♦♥❡♥$✐❛❧ ❞❡❝❛② ❝❛♥ ❜❡ ❡①✲

♣❡❝$❡❞ ❜✉$ ✇❡ ✇✐❧❧ -❤♦✇ ✐♥ $❤❡ ❧❛-$ -❡❝$✐♦♥ $❤❛$ ❛ ♣♦❧②♥♦♠✐❛❧ ❞❡❝❛② ✐- ❛✈❛✐❧❛❜❧❡✳

▲❡♠♠❛ ✸✳✺✳✶✳ ■❢ b ∈ (−1, 0) ❛♥❞ a ≥ −2 tanh−1 b✱ '❤❡♥ ❛♥② ❡✐❣❡♥✈❛❧✉❡ λ ♦❢ Aa

,❛'✐,✜❡,

ℜλ < −a
2
− tanh−1 b.

✶✼✹



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

 !♦♦❢✿ ❘❡❝❛❧❧ $❤❛$ ❢&♦♠ ❘❡♠❛&❦ ✸✳✹✳✶ ❛♥② ❡✐❣❡♥✈❛❧✉❡ λ ♦❢ Aa -❛$✐-✜❡- ℜλ > −a
2

✭-✐♥❝❡ ❜② ♦✉& ❛--✉♠♣$✐♦♥- b < 0 ❛♥❞ a > 0✮✳

❋✐&-$✱ ❛❝❝♦&❞✐♥❣ $♦ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡A✉❛$✐♦♥ ✭✸✳✹✳✽✮✱ ✇❡ ❝❛♥ ✇&✐$❡

λ = − u

b tanh u
. ✭✸✳✺✳✶✮

✇❤❡&❡ u =
√
λ2 + aλ✳ ❯-✐♥❣ $❤❡ ✐❞❡♥$✐$② tanh u = z−1

z+1
✱ ✇✐$❤ z = e2u✱ ✭✸✳✺✳✶✮ ✐-

❡A✉✐✈❛❧❡♥$ $♦

λ = −u(z + 1)

b(z − 1)
✇✐$❤ z = e2u.

❙✉❜-$✐$✉$✐♥❣ $❤✐- ✐❞❡♥$✐$② ✐♥$♦ u2 = λ2 + aλ ②✐❡❧❞- u = g(z)✱ ✇❤❡&❡

g(z) = ab

(
c0 −

c1
z + b1

− c2
z + b2

)
,

✇✐$❤ c0 =
1

1− b2
✱ c1 =

1

(1− b)2
✱ c2 =

1

(1 + b)2
✱ b1 =

1 + b

1− b
✱ ❛♥❞ b2 =

1− b

1 + b
✳ ❘❡♣❧❛❝✐♥❣

z ❜② e2u✱ ✇❡ ♦❜$❛✐♥

u = ab

(
c0 −

c1
e2u + b1

− c2
e2u + b2

)
. ✭✸✳✺✳✷✮

❘❡♠❛&❦ $❤❛$ ❢♦& b ∈ (−1, 0)✱ 0 < b1 < 1 < b2✳ ◆♦$❡ ❢✉&$❤❡& $❤❛$ $❤❡ ❝❛-❡ e
2u+b1 = 0

✭&❡-♣✳ e2u+b2 = 0✮ ❝❛♥♥♦$ ❤♦❧❞ ❀ ✐♥❞❡❡❞✱ ✇❡ $❤❡♥ ❤❛✈❡ tanh u = 1
b
✭&❡-♣✳ tanh u = −1

b
✮

❛♥❞ $❤❡&❡❢♦&❡✱ ❜② ✭✸✳✺✳✶✮✱ λ = −u ✭&❡-♣✳ λ = u✮ ✇❤✐❝❤ ②✐❡❧❞-

λ2 = λ2 + aλ,

❛♥❞ ❤❡♥❝❡ λ = 0✳ ❚❤✐- ✐- ✐♠♣♦--✐❜❧❡ -✐♥❝❡ ✵ ✐- ♥♦$ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aa✳

❲&✐$✐♥❣ u = U + iV ✱ ✇✐$❤ U, V ∈ R✱ ✇❡ ❝❛♥ -✉♣♣♦-❡ $❤❛$ U ≥ 0 ❛♥❞ V ≥ 0 -✐♥❝❡

$❤❡ ❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✉❡- ❛♣♣❡❛& ✐♥ ❝♦♥❥✉❣❛$❡ ♣❛✐&-✳ ■♥❞❡❡❞✱ u2 = λ2 + aλ ✐♠♣❧✐❡-

$❤❛$ y(2x+ a) = 2UV ✇❤❡&❡ λ = x+ iy✳ ❆- x ≥ −a
2
-♦ ✐❢ y ≥ 0 $❤❡♥ U ❛♥❞ V ❤❛✈❡

$❤❡ -❛♠❡ -✐❣♥✳ ❖$❤❡&✇✐-❡✱ ✇❡ ❝❤♦♦-❡ λ = x− iy $♦ ❣❡$ U ≥ 0 ❛♥❞ V ≥ 0✳

■♥ ❛ ✜&-$ -$❡♣✱ ✇❡ ♣&♦✈❡ $❤❛$

U = ℜu < ln b2
2

= − tanh−1 b. ✭✸✳✺✳✸✮

✶✼✺



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❋♦& $❤✐- ❛✐♠✱ ❜② -❡$$✐♥❣ ❢♦& j = 1, 2✱

Σj =
1

2
− bj
e2u + bj

=
1

2
tanh

(
u− 1

2
ln bj

)
, ✭✸✳✺✳✹✮

✇❡ ♥♦$✐❝❡ $❤❛$ ✭✸✳✺✳✷✮ ✐♠♣❧✐❡- $❤❛$

u =
ab

1− b2
(Σ1 + Σ2). ✭✸✳✺✳✺✮

❙✐♠♣❧❡ ❝❛❧❝✉❧❛$✐♦♥- -❤♦✇ $❤❛$

ℜΣj =
e4U − b2j

2|e2u + bj|2
=

sinh(2U − ln bj)

2(cos(2V ) + cosh(2U − ln bj))
. ✭✸✳✺✳✻✮

❍❡♥❝❡✱ ❜② $❤❡ ♣&♦♣❡&$② 0 < b1 < 1✱ ✇❡ ❞✐&❡❝$❧② -❡❡ $❤❛$ ℜΣ1 > 0✳

◆♦✇ ✐❢ ✇❡ -✉♣♣♦-❡ $❤❛$ ✭✸✳✺✳✸✮ ❞♦❡- ♥♦$ ❤♦❧❞✱ $❤❡♥ U ≥ ln b2
2

≥ 0 ❛♥❞ ❜② ✭✸✳✺✳✻✮✱

✇❡ ❣❡$ ℜΣ2 ≥ 0✳ ❇✉$ ❢&♦♠ ✭✸✳✺✳✺✮ ❛♥❞ $❤✐- ♣&♦♣❡&$②✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

U = ℜu =
ab

1− b2
(ℜΣ1 + ℜΣ2) < 0,

✇❤✐❝❤ ✐- ❛ ❝♦♥$&❛❞✐❝$✐♦♥✳ ❍❡♥❝❡ ✭✸✳✺✳✸✮ ❤♦❧❞-✳

■♥ ❛ -❡❝♦♥❞ -$❡♣✱ ✇❡ ❝❤❡❝❦ $❤❛$ U 6= 0✳ ■♥❞❡❡❞ ✐❢ U = 0✱ $❤❡♥ λ ∈ R -✐♥❝❡ ❜②

✭✸✳✺✳✶✮ ✇❡ ✜♥❞ ♦✉$ $❤❛$

λ = − V

b tanV
, ✭✸✳✺✳✼✮

✇✐$❤ V ∈ R \ {0} ✭❜❡❝❛✉-❡ λ = 0 ❛♥❞ λ = −a ❛&❡ ♥♦$ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa✮ -✉❝❤ $❤❛$

√
λ2 + aλ = iV.

❍❡♥❝❡✱ ✇❡ -❡❡ $❤❛$

λ =
−a±

√
a2 − 4V 2

2
,

$❤❛$ ✐- ❛❧✇❛②- ♥♦♥ ♣♦-✐$✐✈❡✳ ❚❤✐- ✐- ✐♥ ❝♦♥$&❛❞✐❝$✐♦♥ ✇✐$❤ ✭✸✳✺✳✼✮ ❜❡❝❛✉-❡ ✐$- &✐❣❤$✲

❤❛♥❞ -✐❞❡ ✐- ♣♦-✐$✐✈❡✳

✶✼✻



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

■♥ ❛ $❤✐&❞ -$❡♣✱ ✇❡ -❤♦✇ $❤❛$ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa ❛&❡ -✐$✉❛$❡❞ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡

❛①✐- −a
2
−ℜ tanh−1 1

b
= −a

2
− tanh−1 b✳

❙✉❜-$✐$✉$✐♥❣ ✭✸✳✺✳✷✮ ✐♥$♦ ✭✸✳✺✳✶✮✱ ✇❡ ✜♥❞✱ ❛❢$❡& -✐♠♣❧❡ ❝❛❧❝✉❧❛$✐♦♥-✱ $❤❛$

λ = − a

1− b2
− ab

1− b2
(Σ1 − Σ2). ✭✸✳✺✳✽✮

❍❡♥❝❡✱ -✉♠♠✐♥❣ ✭✸✳✺✳✽✮ ✇✐$❤ ✭✸✳✺✳✺✮ ❛♥❞ -✉❜$&❛❝$✐♥❣ ✭✸✳✺✳✽✮ ✇✐$❤ ✭✸✳✺✳✺✮✱ ✇❡ ♦❜$❛✐♥

Σ1 = − 1

2b
+
b2 − 1

2ab
(λ− u), ✭✸✳✺✳✾✮

Σ2 =
1

2b
+

1− b2

2ab
(λ+ u). ✭✸✳✺✳✶✵✮

◆♦✇ ❝♦♠✐♥❣ ❜❛❝❦ $♦ ✭✸✳✺✳✻✮✱ ✇❡ ❝❛♥ ✇&✐$❡ ✭♥♦$❡ $❤❛$ ℜΣj 6= 0✱ $❤❛♥❦- $♦ ✭✸✳✺✳✸✮✮

cos(2V ) = − cosh(2U − ln bj) +
sinh(2U − ln bj)

2ℜΣj

, ❢♦& j = 1, 2.

❚❤✐- ✐♠♣❧✐❡- $❤❛$

ℜΣ2

(
sinh(2U−ln b1)−2ℜΣ1 cosh(2U−ln b1)

)
= ℜΣ1

(
sinh(2U−ln b2)−2ℜΣ2 cosh(2U−ln b2)

)
.

❯-✐♥❣ ✭✸✳✺✳✾✮ ❛♥❞ ✭✸✳✺✳✶✵✮✱ ✇❡ ❣❡$✱ ❛❣❛✐♥ ❛❢$❡& -✐♠♣❧❡ ❝❛❧❝✉❧❛$✐♦♥-✱ $❤❡ ❢♦❧❧♦✇✐♥❣

&❡❧❛$✐♦♥ ❜❡$✇❡❡♥ x = ℜλ ❛♥❞ U = ℜu ✿

x2k2 sinh(2U) + xk1 sinh(2U) + h0(U) = 0, ✭✸✳✺✳✶✶✮

✇❤❡&❡ k2 = 4b(b− 1)(1 + b) > 0, k1 = 2ab(b2 − 3) > 0, ❛♥❞

h0(U) = −2b
(
(a2 − 2U2 + 2b2U2) sinh(2U) + 2abU cosh(2U)

)
.

❆- ❜② $❤❡ -❡❝♦♥❞ -$❡♣✱ U 6= 0✱ ✇❡ ❝❛♥ ❞✐✈✐❞❡ ✭✸✳✺✳✶✶✮ ❜② sinh(2U) ❛♥❞ ✜♥❞

k2x
2 + k1x+ k0(U) = 0, ✭✸✳✺✳✶✷✮

✇❤❡&❡

k0(U) =
h0(U)

sinh 2U
= −2b

(
a2 − 2U2 + 2b2U2 + 2ab

U

tanh(2U)

)
.

✶✼✼



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

■$ $✉&♥- ♦✉$ $❤❛$ k0(U) > 0 ❢♦& 0 < U ≤ − tanh−1 b -✐♥❝❡ k0 ✐- ❛ ♥♦♥ ✐♥❝&❡❛-✐♥❣

❢✉♥❝$✐♦♥ ♦♥ (0,∞) ❛♥❞ k0(− tanh−1 b) > 0✳ ❆- $❤❡ ❝♦❡✣❝✐❡♥$- ✐♥ ✭✸✳✺✳✶✷✮ ❛&❡ ❛❧❧

♣♦-✐$✐✈❡✱ x = ℜλ ❤❛- $♦ ❜❡ ♥❡❣❛$✐✈❡✳ ■♥ ❢❛❝$✱ ✭✸✳✺✳✶✷✮ ②✐❡❧❞- $✇♦ ❞✐-$✐♥❝$ &♦♦$- x±(U)
❣✐✈❡♥ ❜②

x±(U) =
−k1 ±

√
k21 − 4k2k0(U)

2k2
,

-✉❝❤ $❤❛$ x−(U) ≤ x+(U)✳ ❆❣❛✐♥ ❛- k0 ✐- ❛ ♥♦♥ ✐♥❝&❡❛-✐♥❣ ❢✉♥❝$✐♦♥ ♦♥ (0,∞) ❛♥❞

&❡❝❛❧❧✐♥❣ ✭✸✳✺✳✸✮✱ ✇❡ ❣❡$

x−(U) ≤ x+(U) < x+(− tanh−1 b) =
−k1 +

√
k21 − 4k2k0(− tanh−1 b)

2k2

= −a
2
− tanh−1 b.

✭✸✳✺✳✶✸✮

❘❡♠❛$❦ ✸✳✺✳✷✳ ■♥❝#❡❛&✐♥❣ )❤❡ ♦#❞❡# ♦❢ )❤❡ ❛&②♠♣)♦)✐❝ ❞❡✈❡❧♦♣♠❡♥) ♦❢ )❤❡ ❧❛#❣❡

❡✐❣❡♥✈❛❧✉❡&✱ ✇❡ ✜♥❞ )❤❛) ❢♦# &♦♠❡ N > 0 ❧❛#❣❡ ❡♥♦✉❣❤ ❛♥❞ ❢♦# ❡✈❡#② k ∈ Z∗
&✉❝❤

)❤❛) |k| > N

λk = −a
2
− tanh−1 1

b
+ ikπ +

c

λ
+

c̃

λ2
+ o(

1

λ2
)

= −a
2
− tanh−1 1

b
+ ikπ − ic

kπ
− c

k2π2

(
a

2
+ tanh−1 1

b

)
− c̃

k2π2
+ o

(
1

k2

)
,

✇❤❡#❡ c =
a2

8
+

ab

2(1− b2)
❛♥❞ c̃ =

a2

8

(
b(b2 − 3)

(1− b)2(1 + b)2
− a

2

)
✳ ❲❡ ❝❛♥ ❝❤❡❝❦ )❤❛)✱

✐♥ ❝❛&❡ a > 0 ❛♥❞ b ∈ (−1, 0)✱ )❤❡ ❧❛#❣❡ ❡✐❣❡♥✈❛❧✉❡& ❛♣♣#♦❛❝❤ )❤❡ ❛①✐& x = −a
2
−

ℜ tanh−1 1

b
= −a

2
− tanh−1 b ❢#♦♠ )❤❡ ❧❡❢)✳ ■♥❞❡❡❞✱ ✇❤❡♥ a > 0 ❛♥❞ b ∈ (−1, 0) ✇❡

❝❛♥ ♣#♦✈❡ )❤❛)

ℜ
(
ikπ − ic

kπ
− c

k2π2

(
a

2
+ tanh−1 1

b

)
− c̃

k2π2

)

= − 1

k2π2

(
c

(
a

2
+ ℜ tanh−1 1

b

)
+ c̃

)
< 0.

✶✼✽



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✸✳✻ #♦❧②♥♦♠✐❛❧ ❙,❛❜✐❧✐,② ♦❢ ♣0♦❜❧❡♠ ✭✸✳✶✳✷✮ ❛♥❞ #0♦♦❢

♦❢ ❚❤❡♦0❡♠ ✸✳✷✳✺

❲❡ ❡♥❞ ✉♣ ❜② ♣&♦✈✐♥❣ $❤❡ ♣♦❧②♥♦♠✐❛❧ -$❛❜✐❧✐$② ♦❢ ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ✐♥ $❤❡ ❝❛-❡

b ∈ (−1, 0) ❛♥❞ a = −2 tanh−1 b✳ ❇② ▲❡♠♠❛ ✸✳✺✳✶✱ $❤❡ -♣❡❝$&✉♠ ♦❢ Aa ✐- ❛$ $❤❡

❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✱ ❜✉$ ❛♣♣&♦❛❝❤❡- $❤✐- ❛①✐-✳ ❍❡♥❝❡✱ $❤❡ ❞❡❝❛② ♦❢ $❤❡ ❡♥❡&❣②

❞❡♣❡♥❞- ♦♥ $❤❡ ✇❛② $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡- ❛♣♣&♦❛❝❤ $❤✐- ❛①✐-✳ ❚❤❡&❡❢♦&❡✱ ✇❡ ♥❡❡❞ $♦

♣&❡❝✐-❡ $❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ✭✸✳✹✳✶✷✮✳ ❆❣❛✐♥ ✇❡ ✉-❡ $❤❡ -♣❧✐$$✐♥❣ ✭✸✳✹✳✷✻✮ ♦❢ $❤❡

-♣❡❝$&✉♠ ♦❢ Aa ✐♥$♦ $❤❡ -♠❛❧❧ ❛♥❞ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡✳

❆- ❜❡❢♦&❡✱ ✉-✐♥❣ ❚❛②❧♦& ❡①♣❛♥-✐♦♥ ❢♦& ❡✈❡&② k ∈ Z∗
✇✐$❤ |k| > N ✱ λk ✐- -✐♠♣❧❡

❛♥❞ ✐- ❣✐✈❡♥ ❜②

λk = −a
2
− tanh−1 1

b
+ ikπ − ic

kπ
− c

k2π2

(
a

2
+ tanh−1 1

b

)
− c̃

k2π2
+ o

(
1

k2

)
,

✇❤❡&❡ c =
a2

8
+

ab

2(1− b2)
❛♥❞ c̃ =

a2

8

(
b(b2 − 3)

(1− b)2(1 + b)2
− a

2

)
✳ ❙✐♥❝❡ a = −2 tanh−1 b✱

$❛❦✐♥❣ $❤❡ &❡❛❧ ♣❛&$ ♦❢ $❤✐- ❡①♣&❡--✐♦♥✱ ✇❡ ✜♥❞ $❤❛$

ℜλk = − c̃

k2π2
+ o

(
1

k2

)
. ✭✸✳✻✳✶✮

◆♦$❡ $❤❛$ ✇❡ ❝❛♥ ♣&♦✈❡ $❤❛$ c̃ > 0 ❢♦& ❡✈❡&② b ∈ (−1, 0) ❛♥❞ a = −2 tanh−1 b✳

■❢ mki ❞❡♥♦$❡- $❤❡ ♠✉❧$✐♣❧✐❝✐$② ♦❢ λki ❢♦& ❡✈❡&② i = 1, ...,M ✱ $❤❡♥ ✇❡ ❞❡♥♦$❡ ❜②

{{ϕki,j}
mki

−1

j=0 }Mi=1 ∪ {ϕk}|k|>N $❤❡ ❘✐❡-③ ❜❛-✐- ♦❢ X ❢♦&♠❡❞ ♦❢ $❤❡ ♥♦&♠❛❧✐③❡❞ &♦♦$

✈❡❝$♦&- ♦❢ Aa ✭&❡❝❛❧❧ $❤❛$ mki ✐- ♦♥❡ ♦& $✇♦✮✳ ❍❡♥❝❡✱ ✐❢ ✇❡ ✇&✐$❡ $❤❡ ✐♥✐$✐❛❧ ❞❛$✉♠

U(0) ✐♥ $❤✐- ❜❛-✐-

U(0) =
M∑

i=1

mki
−1∑

j=0

γki,jϕki,j +
∑

|k|>N

γkϕk, ✭✸✳✻✳✷✮

$❤❡♥ $❤❡ -♦❧✉$✐♦♥ U(t) ✐- ❣✐✈❡♥ ❜②

U(t) =
M∑

i=1

eλki
t

mki
−1∑

j=0

γki,j

j∑

n=0

tj−n

(j − n)!
ϕki,n +

∑

|k|>N

eλktγkϕk.

✶✼✾



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❚❤❡&❡❢♦&❡✱ ❢♦& t > 0 ❛♥❞ δ =
c̃

2π2
✱ ❜② ✭✸✳✻✳✶✮ ✇❡ ❣❡$

E(t) = 1
2
‖U(t)‖2 .

M∑

i=1

e2ℜλki
t

mki
−1∑

j=0

|γki,j|2 +
M∑

i=1

e2ℜλki
t

mki
−1∑

j=0

|γki,j|2t2j

+
∑

|k|>N

e2ℜλkt|γk|2

.

M∑

i=1

eℜλki
t

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

e−
2δ
k2

t|γk|2

.
1

t




M∑

i=1

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

k2|γk|2



.
‖U(0)‖2D(Aa)

t
,

✭✸✳✻✳✸✮

❜❡❝❛✉-❡

e−
2δ
k2

t .
k2

t
, ∀t > 0, k ∈ N∗.

■♥ $❤❡ ❧❛-$ -$❡♣ ❛❜♦✈❡ ✇❡ ❛❧-♦ ✉-❡ $❤❡ ❡@✉✐✈❛❧❡♥❝❡

‖U(0)‖2D(Aa) = ‖U(0)‖2X + ‖AaU(0)‖2X ≃
M∑

i=1

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

k2|γk|2,

$❤❛$ ❢♦❧❧♦✇- ❢&♦♠ $❤❡ ❘✐❡-③ ❜❛-✐- ♣&♦♣❡&$② ♦❢ {{ϕki,j}
mki

−1

j=0 }Mi=1 ∪ {ϕk}|k|>N ✳ ■♥❞❡❡❞✱

❜② ✭✸✳✻✳✷✮✱ ✇❡ ♠❛② ✇&✐$❡

AaU(0) =
M∑

i=1

λkiγki,0ϕki,0 +
M∑

i=1

mki
−1∑

j=1

γki,j(λkiϕki,j + ϕki,j−1) +
∑

|k|>N

γkλkϕk

=
M∑

i=1

λkiγki,0ϕki,0 +
M∑

i=1

λkiγki,mki
−1ϕki,mki

−1 +
M∑

i=1

γki,1ϕki,0

+
M∑

i=1

mki
−2∑

j=1

(γki,jλki + γki,j+1)ϕki,j +
∑

|k|>N

γkλkϕk

=
M∑

i=1

λkiγki,mki
−1ϕki,mki

−1 +
M∑

i=1

mki
−2∑

j=0

(γki,jλki + γki,j+1)ϕki,j +
∑

|k|>N

γkλkϕk.

✶✽✵



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❆- {{ϕki,j}
mki

−1

j=0 }Mi=1 ∪ {ϕk}|k|>N ✐- ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X✱ ✇❡ ❣❡$

‖U(0)‖2X ≃
M∑

i=1

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

|γk|2,

‖AaU(0)‖2 ≃
M∑

i=1

|λkiγki,mki
−1|2 +

M∑

i=1

mki
−2∑

j=0

|γki,jλki + γki,j+1|2 +
∑

|k|>N

|γk|2|k|2.

❚❤❡-❡ ❡:✉✐✈❛❧❡♥❝❡- ❞✐&❡❝$❧② ②✐❡❧❞

‖U(0)‖2D(Aa) &

M∑

i=1

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

k2|γk|2,

✇❤✐❧❡ $❤❡ ❝♦♥✈❡&-❡ ❡-$✐♠❛$❡ ❢♦❧❧♦✇- ❢&♦♠ $❤❡ ❢❛❝$ $❤❛$ $❤❡ -❡$ ♦❢ ✧-♠❛❧❧✧ ❡✐❣❡♥✈❛❧✉❡-

✐- ❜♦✉♥❞❡❞✳

❘❡♠❛$❦ ✸✳✻✳✶✳ ■❢ b ∈ (−1, 0) ❛♥❞ a = −2 tanh−1 b✱ &❤❡♥✱ ❣✐✈❡♥ U(0) = (u0, u1)
⊤ ∈

D(An
a) ❢♦- .♦♠❡ n ∈ N∗

✱ ✇❡ ❣❡&

E(t) .
‖U(0)‖2D(An

a )

tn
. ✭✸✳✻✳✹✮

❈♦♥.❡2✉❡♥&❧②✱ &❤❡ ♠♦-❡ -❡❣✉❧❛- &❤❡ ✐♥✐&✐❛❧ ❞❛&❛ ✐. ❝❤♦.❡♥✱ &❤❡ ❢❛.&❡- ✐. &❤❡ -❛&❡ ♦❢

♣♦❧②♥♦♠✐❛❧ ❞❡❝❛②✳

*$♦♦❢✿ ❆- ❜❡❢♦&❡ ✇❡ ❝❛♥ -❤♦✇ $❤❛$

‖U(0)‖2D(An
a )

=
n∑

ℓ=0

‖Aℓ
aU(0)‖2X ≃

M∑

i=1

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

k2n|γk|2.

◆♦✇✱ ❛- ✐♥ ✭✸✳✻✳✸✮✱ ✇❡ ❤❛✈❡

E(t) .
M∑

i=1

eℜλki
t

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

e−
2δ
k2

t|γk|2,

❛♥❞ -✐♥❝❡

e−
2δ
k2

t .
k2n

tn
, ∀t > 0, k ∈ N∗,

✇❡ ♦❜$❛✐♥ ✭✸✳✻✳✹✮✳

✶✽✶



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✸✳✼ ❖♣❡♥ '✉❡)*✐♦♥)

❚❤❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❢♦✉♥❞ ✐♥ ❚❤❡♦&❡♠ ✸✳✸✳✽✱ α3 ≃ −0.2823✱ ❢♦& ✇❤✐❝❤ ♣&♦❜❧❡♠

✭✸✳✶✳✶✮ ❜❡❝♦♠❡- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ❢♦& α > α3 -❤♦✇- $❤❛$ $❤❡ &❡-✉❧$ ❣✐✈❡♥ ❜②

$❤❡ ♣❡&$✉&❜❛$✐♦♥ $❤❡♦&② ♦❢ ❝♦♥$&❛❝$✐✈❡ -❡♠✐❣&♦✉♣- ✐- ♥♦$ ♦♣$✐♠❛❧✳ ❍♦✇❡✈❡&✱ ❛- $❤❡

♥✉♠❡&✐❝❛❧ &❡-✉❧$ ②✐❡❧❞- ❛ ✇✐❞❡& &❛♥❣❡ ♦❢ $❤✐- ❝&✐$✐❝❛❧ ✈❛❧✉❡✱ α > α2 ✇❤❡&❡ α2 ≃ −0.77,

$❤❡ B✉❡-$✐♦♥ ♦❢ $❤❡ ♦♣$✐♠❛❧✐$② ♦❢ α ❛♣♣❡❛&✐♥❣ ✐♥ ✭✸✳✶✳✶✮ &❡♠❛✐♥- ❛♥ ♦♣❡♥ ♣&♦❜❧❡♠✳

❆- ❢♦& $❤❡ -❡❝♦♥❞ ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮✱ ♥❡❝❡--❛&② ❛♥❞ -✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥- ❛&❡ ❢♦✉♥❞

-♦ $❤❛$ ✭✸✳✶✳✷✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② -$❛❜❧❡✳ ❖♣$✐♠❛❧ &❡-✉❧$- ❛&❡ ❛$$❛✐♥❡❞

❢♦& b ∈ (−1, 0)✳ ■❢ b ≤ −1✱ $❤❡♥ $❤❡ B✉❡-$✐♦♥ ♦❢ $❤❡ -$❛❜✐❧✐$② ❜❡❝♦♠❡- ❛♥ ♦♣❡♥

B✉❡-$✐♦♥✳ ❋✉&$❤❡&♠♦&❡✱ $❤❡ ❛♥❛❧②-✐- ❞♦♥❡ ❢♦& ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ❝❛♥ ❜❡ ✇❡❧❧ ❛❞❛♣$❡❞ $♦

-$✉❞② $❤❡ -$❛❜✐❧✐$② ♦❢ $❤❡ -♦❧✉$✐♦♥ ♦❢





utt(x, t)− uxx(x, t) + u+ aut(x, t) = 0, x ∈ (0, 1), t > 0,

ux(0, t) = b0ut(0, t), ux(1, t) = −but(1, t), t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✇❤❡&❡ bb0 < 0 ❛♥❞ a ∈ R✳

✶✽✷
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❈❤❛♣✐%&❡ ✹

❊①♣♦♥❡♥%✐❛❧ .%❛❜✐❧✐%② ♦❢ %❤❡ ✇❛✈❡

❡4✉❛%✐♦♥ ♦♥ ❛ .%❛& .❤❛♣❡❞ ♥❡%✇♦&❦

✇✐%❤ ✐♥❞❡✜♥✐%❡ .✐❣♥ ❞❛♠♣✐♥❣

✹✳✶ ■♥%&♦❞✉❝%✐♦♥

❆! ✐♥ ❬✷❪✱ ❢♦* N ≥ 2✱ ✇❡ ❝♦♥!✐❞❡* /❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛✈❡ ❡5✉❛/✐♦♥ ♦♥ ❛ !/❛* !❤❛♣❡❞

♥❡/✇♦*❦ ✿





uitt(x, t)− uixx(x, t) + 2ai(x)u
i
t(x, t) = 0, x ∈ (0, Li), t > 0, i ∈ {1, · · · , N},

ui(Li, t) = 0,

ui(0, t) = uj(0, t), ∀i 6= j,
N∑

i=1

uix(0, t) = 0,

ui(x, 0) = ui0(x), x ∈ (0, Li),

uit(x, 0) = ui1(x), x ∈ (0, Li).

✭S1✮

✶✽✺



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✇❤❡&❡ Li ∈ R+
∗ ✱ ❛♥❞ ai ∈ W 1,∞(0, Li)✳ ❚❤✐) )②)$❡♠ ♠♦❞❡❧) $❤❡ ✈✐❜&❛$✐♦♥) ♦❢ ❛ ❣&♦✉♣

♦❢ )$&✐♥❣) ❛$$❛❝❤❡❞ ❛$ ♦♥❡ ❡①$&❡♠✐$②✳ ❚❤❡ ❑✐&❝❤♦✛ ❧❛✇

N∑

i=1

uix(0, t) = 0 ❢♦❧❧♦✇) ❢&♦♠

$❤❡ ♣&✐♥❝✐♣❧❡ ♦❢ )$❛$✐♦♥❛&② ❛❝$✐♦♥ ❬✺✸✱✺✾❪✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ $❤✐) ✇♦&❦ ✐) $♦ )$✉❞② $❤❡ )$❛❜✐❧✐$② ♦❢ )②)$❡♠ ✭S1✮ ❜✉$ ❛❧)♦ $♦

❣✐✈❡ ♠♦&❡ ♣&❡❝✐)❡ &❡)✉❧$) ✇❤❡♥ ✇❡ &❡♣❧❛❝❡ ✐♥ $❤❡ )②)$❡♠ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$)

ai(x) ❜② ǫai(x), ✇❤❡&❡ $❤❡ ♣❛&❛♠❡$❡& ǫ ✐) ♣♦)✐$✐✈❡ ❛♥❞ )♠❛❧❧ ❡♥♦✉❣❤✳ ■♥ $❤✐) ❝❛)❡✱ ✇❡

✇✐❧❧ ❞❡♥♦$❡ $❤✐) ♠♦❞✐✜❡❞ )②)$❡♠ ❜② (Sǫ) ❛♥❞ ✇❡ ♦♥❧② ♥❡❡❞ $❤❛$ ai ∈ L∞(0, Li) ❢♦&

❛❧❧ i ∈ {1, · · · , N}✳

❯)✐♥❣ ♦❜)❡&✈❛❜✐❧✐$② ✐♥❡J✉❛❧✐$✐❡)✱ $❤❡ )$❛❜✐❧✐$② ♦❢ $❤❡ ✇❛✈❡ ❡J✉❛$✐♦♥) ♦✈❡& ❛ ♥❡$✲

✇♦&❦ ✇✐$❤ ♣♦)✐$✐✈❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) ❤❛) ❜❡❡♥ )$✉❞✐❡❞ ✐♥ ❬✻✵❪✳ ■♥ $❤❡ ❝❛)❡ ♦❢ ♦♥❡

✐♥$❡&✈❛❧✱ $❤❡ )$❛❜✐❧✐$② ♦❢ ❛ ✇❛✈❡ ❡J✉❛$✐♦♥ ✇✐$❤ ❛♥ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$

❤❛) ❜❡❡♥ )$✉❞✐❡❞ ✐♥ ❬✶✱✷✽✱✸✵✱✺✶✱✺✹✱✺✼❪✱ ✇❤❡&❡ ✐$ ✇❛) ❢♦✉♥❞ $❤❛$ $❤❡ )$❛❜✐❧✐$② ♦❢ $❤❡

✇❛✈❡ ❡J✉❛$✐♦♥ ✐) &❡❧❛$❡❞ $♦ $❤❡ ♠❡❛♥ ♦❢ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$✳ ■♥ $❤✐) ❝❤❛♣$❡&✱ ❛)

✐♥ ❬✷❪✱ ✉)✐♥❣ )♣❡❝$&❛❧ ❛♥❛❧②)✐)✱ ✇❡ ✜♥❞ ✭)✉✣❝✐❡♥$✮ ❝♦♥❞✐$✐♦♥) ♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡❢✲

✜❝✐❡♥$) $♦ ❣❡$ $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭S1✮ ❛♥❞ ✭Sǫ✮✳ ■♥ ❢❛❝$✱ ✇❡ ✜♥❞ ♥❡❝❡))❛&②

❛♥❞ )✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥) ❢♦& ✇❤✐❝❤ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥✲

)✐♦♥❛❧ )♣❛❝❡✳ ❚❤❡ ✐❞❡❛ ✐) ✐♥)♣✐&❡❞ ❢&♦♠ ❬✻✺❪ ✇❤❡&❡ $❤❡ ❝❤❛&❛❝$❡&✐)$✐❝ ❡J✉❛$✐♦♥ ♦❢ ✭S1✮

✐) ❛♣♣&♦①✐♠❛$❡❞ ❜② ❛♥♦$❤❡& ♦♥❡ ✉)✐♥❣ $❤❡ )❤♦♦$✐♥❣ ♠❡$❤♦❞✳ ❚❤✐) ❛♣♣&♦①✐♠❛$✐♦♥

❛❧❧♦✇) ✉) $♦ ❞❡$❡&♠✐♥❡ $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❤✐❣❤ ❢&❡J✉❡♥❝✐❡) ❛♥❞ ❤❡♥❝❡ $♦ ❞❡❞✉❝❡

$❤❡ ❝♦♥❞✐$✐♦♥) ♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) {ai}Ni=1 ❢♦& ✇❤✐❝❤ $❤❡ ❤✐❣❤ ❢&❡J✉❡♥❝✐❡)

❛&❡ )✐$✉❛$❡❞ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐)✳ ■♥ ❛ )❡❝♦♥❞ )$❡♣✱ ✇❡ ♣&♦✈❡ $❤❛$ $❤❡

❣❡♥❡&❛❧✐③❡❞ &♦♦$ ✈❡❝$♦&) ❢♦&♠ ❛ ❘✐❡)③ ❜❛)✐) ✇✐$❤ ♣❛&❡♥$❤❡)❡) ❛♥❞ $❤❡♥ ❞❡❞✉❝❡ $❤❡

❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭S1✮ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ❣❡♥❡&❛$❡❞ ❜② $❤❡ &♦♦$)

✈❡❝$♦&) ❝♦&&❡)♣♦♥❞✐♥❣ $♦ $❤❡ ❧♦✇ ❢&❡J✉❡♥❝✐❡)✳ ◆♦$❡ $❤❛$ $❤❡ )❤♦♦$✐♥❣ ♠❡$❤♦❞ ✐♥ ❬✷✸❪

❜❛)❡❞ ♦♥ $❤❡ ❛♥)❛$③ ♦❢ ❍♦&♥ ✐♥ ❬✹✶❪ ❛♥❞ ✉)❡❞ $♦ ❛♥❛❧②③❡ $❤❡ ❤✐❣❤ ❢&❡J✉❡♥❝✐❡) ❝❛♥✲

♥♦$ ❜❡ ❡❛)✐❧② ❛❞❛♣$❡❞ $♦ ♦✉& ♣&♦❜❧❡♠ ❛) ❧♦♥❣ ❛) $❤❡ )♦❧✉$✐♦♥ ✐♥ ❬✷✸❪ ✐) ✇&✐$$❡♥ ✐♥

✶✽✻



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❛ ♣♦✇❡& )❡&✐❡) ❢♦&♠ ✇✐$❤ ✉♥❦♥♦✇♥ ❝♦❡✣❝✐❡♥$)✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✇❤❡♥ {ai}Ni=1

✐) &❡♣❧❛❝❡❞ ❜② {ǫai}Ni=1 ✇✐$❤ $❤❡ ♣❛&❛♠❡$❡& ǫ )♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ )❡❛&❝❤ ❢♦& )✉✣❝✐❡♥$

❝♦♥❞✐$✐♦♥) ❢♦& ✇❤✐❝❤ ✭Sǫ✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✐♥ $❤❡ ✇❤♦❧❡ ❡♥❡&❣② )♣❛❝❡✳ ■♥ $❤✐)

❝❛)❡✱ ✇❡ ♥♦$❡ $❤❛$ $❤❡ ♣♦)✐$✐✈✐$② ♦❢ $❤❡ ♠❡❛♥ ♦❢ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) ✐♥ ❛❞❞✐$✐♦♥

$♦ ❛♥♦$❤❡& ❝♦♥❞✐$✐♦♥ ❛&❡ &❡B✉✐&❡❞ ✭)❡❡ ❚❤❡♦&❡♠ ✹✳✶✳✹ ❜❡❧♦✇✮✳ ■♥ ❢❛❝$✱ ❢♦& ǫ > 0 )♠❛❧❧

❡♥♦✉❣❤✱ ✉♥❧✐❦❡ ❬✷✸❪✱ ✇❡ ❞❡❛❧ ✇✐$❤ ♠✉❧$✐♣❧❡ ❡✐❣❡♥✈❛❧✉❡)✳ ◆♦$❡ $❤❛$ $❤❡ )$✉❞② ♦❢ $❤❡

❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭Sǫ✮ ❡♥$❡&) ✐♥ $❤❡ ❢&❛♠❡✇♦&❦ ♦❢ $❤❡ ❛❜)$&❛❝$ $❤❡♦&② ❞♦♥❡

✐♥ ❬✺✶❪✳ ❯)✐♥❣ $❤❡ ❝♦♥❝❡♣$) ✐♥$&♦❞✉❝❡❞ ✐♥ ❬✹✻❪ ❛❜♦✉$ $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ )♣❡❝$&✉♠✱

✇❡ )❤❛❧❧ ✐♥$❡&♣&❡$ $❤❡ ❤②♣♦$❤❡)✐) ✐♠♣♦)❡❞ ✐♥ ❬✺✶❪ $♦ ✜♥❞ ❡①♣❧✐❝✐$ ❝♦♥❞✐$✐♦♥) ♦♥ $❤❡

❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) ❢♦& ✇❤✐❝❤ ✭Sǫ✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡✳

❚❤&♦✉❣❤♦✉$ $❤✐) ❝❤❛♣$❡&✱ ✇❡ ♠❛❦❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦$❤❡)✐) ♦♥ $❤❡ ❣❡♦♠❡$&② ♦❢

$❤❡ ❞♦♠❛✐♥ ✿

✭❍✮ ❚❤❡&❡ ❡①✐)$) q ∈ N∗
)✉❝❤ $❤❛$ ❢♦& ❛❧❧ i = 2, · · · , N ✱ $❤❡&❡ ❡①✐)$) pi ∈ N∗

❢♦&

✇❤✐❝❤ Li =
pi
q
L1✳

■♥ ❛♣♣❧✐❝❛$✐♦♥)✱ $❤❡ ❛❜♦✈❡ ❤②♣♦$❤❡)✐) ✐) ♠♦&❡ &❡❛❧✐)$✐❝✳ ❋&♦♠ ❛ ♠❛$❤❡♠❛$✐❝❛❧ ♣♦✐♥$ ♦❢

✈✐❡✇✱ $❤✐) ❛❜♦✈❡ ❤②♣♦$❤❡)✐) ✐) ❝♦♥)✐❞❡&❡❞ )✐♥❝❡ ♦$❤❡&✇✐)❡ ✇❤❡♥ )♦♠❡ ♦❢ $❤❡ ❧❡♥❣$❤)

$❛❦❡ ✐&&❛$✐♦♥❛❧ ✈❛❧✉❡)✱ $❤❡♥ ✇❡ ❝❛♥ ✜♥❞ ❡①❛♠♣❧❡) ❢♦& ✇❤✐❝❤ ♥✉♠❡&✐❝❛❧❧② ✇❡ )❡❡ $❤❛$

$❤❡ )♣❡❝$&✉♠ ✐) ♥♦$ )$&✉❝$✉&❡❞ ✭❢♦& ✐♥)$❛♥❝❡ $❤❡&❡ ✐) ♥♦ ❛)②♠♣$♦$❡)✮ ❛♥❞ ❛♥ ✐♥✜♥✐$❡

♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡) ❛&❡ )✐$✉❛$❡❞ $♦ $❤❡ &✐❣❤$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐) ✭)❡❡ ❋✐❣✉&❡

✹✳✶✮✳ ▼♦&❡♦✈❡&✱ ❤②♣♦$❤❡)✐) ✭❍✮ ❛❧❧♦✇) ✉) $♦ ✜♥❞ ❛♥ ❡B✉✐✈❛❧❡♥$ ❛♥❞ ❛❧❣❡❜&❛✐❝ ❢♦&♠ ♦❢

$❤❡ ❛♣♣&♦①✐♠❛$❡❞ ❝❤❛&❛❝$❡&✐)$✐❝ ❡B✉❛$✐♦♥ ✭)❡❡ ▲❡♠♠❛ ✹✳✸✳✼✮✳

❚❤✐) ❝❤❛♣$❡& ✐) ❞✐✈✐❞❡❞ ✐♥$♦ $❤&❡❡ ♠❛✐♥ ♣❛&$)✳ ■♥ $❤❡ ✜&)$ ♣❛&$✱ ✇❡ ♣&♦✈❡ $❤❡

❢♦❧❧♦✇✐♥❣ $❤❡♦&❡♠ ✿

❚❤❡♦%❡♠ ✹✳✶✳✶✳ ❯♥❞❡$ %❤❡ ❤②♣♦%❤❡*✐* ✭❍✮✱ *②*%❡♠ ✭S1✮ ✐* ❡①♣♦♥❡♥%✐❛❧❧② *%❛❜❧❡ ✉♣

✶✽✼



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

Out[71]=

-0.5 -0.4 -0.3 -0.2 -0.1 0.1

-60

-40

-20

20

40

60

❋✐❣✉$❡ ✹✳✶ ✕ a1 = a2 =
1

2
, a3 = −1

3
, Li =

√
i, i = 1, 2, 3.

 ♦ ❛ ✜♥✐ ❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢  ❤❡ 0♦♦ ) ♦❢  ❤❡ ♣♦❧②♥♦♠✐❛❧ G ❞❡✜♥❡❞ ❜②

G(z) =
N∑

i=1

(
e
∫ Li
0 ai(x)dxzpi + e−

∫ Li
0 ai(x)dx

) N∏

k 6=i,k=1

(
e
∫ Lk
0 ak(x)dxzpk − e−

∫ Lk
0 ak(x)dx

)

✭✹✳✶✳✶✮

❛0❡ ✐♥)✐❞❡  ❤❡ ✉♥✐ ❛0② ♦♣❡♥ ❞✐)❦✳

■❢ N = 2✱ $❤❡♥ ❛❝❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠ ✹✳✶✳✶✱ )②)$❡♠ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡

✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

∫ L1

0

a1(x)dx+

∫ L2

0

a2(x)dx > 0.

❈❧❡❛&❧② $❤✐) ❝♦♥❞✐$✐♦♥ ❞❡♣❡♥❞) ♦♥❧② ♦♥

∫ Li

0
ai(x)dx✱ ❤❡♥❝❡ ❢♦& N ≥ 3✱ ✇❡ ♠❛② )$❛$❡

$❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝$✉&❡ ✿

❈♦♥❥❡❝&✉(❡ ✹✳✶✳✷✳ ❆❧ ❤♦✉❣❤  ❤❡ ❞❡❣0❡❡ ♦❢  ❤❡ ♣♦❧②♥♦♠✐❛❧ G ❞❡♣❡♥❞) ♦♥  ❤❡ ❧❡♥❣ ❤)

Li✱ ❛♥❞  ❤❡ ❝♦❡✣❝✐❡♥ ) ❛0❡ ❢✉♥❝ ✐♦♥) ♦❢  ❤❡ ♣❛0❛♠❡ ❡0) ai ❛♥❞ Li ❢♦0 ❛❧❧ i = 1, · · · , N ✱

✶✽✽



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

 ❤❡ ❢❛❝  ❤❛  ❤❡ &♦♦ ( ♦❢ G ❛&❡ ✐♥(✐❞❡  ❤❡ ♦♣❡♥ ✉♥✐ ❛&② ❞✐(❦ ❞❡♣❡♥❞( ♦♥❧② ♦♥  ❤❡ ✈❛❧✉❡(

♦❢

∫ Li

0

ai(x)dx ❢♦& ❛❧❧ i = 1, · · · , N ✭(❡❡  ❤❡ ❡①❛♠♣❧❡( ♦❢ ❙❡❝ ✐♦♥ ✹✳✼✮✳

❘❡♠❛$❦ ✹✳✶✳✸✳ ■❢ N = 2✱ a1 = 1✱ a2 = α ∈ R✱ ❛♥❞ L1 = L2 = 1✱  ❤❡♥ ✇❡ &❡❝♦✈❡&

 ❤❡ &❡(✉❧ ♦❢ ❚❤❡♦&❡♠ ✶✳✶ ♦❢ ❬✶❪ ✇❤✐❝❤ ( ❛ ❡(  ❤❛ ✭S1✮ ✐( ❡①♣♦♥❡♥ ✐❛❧❧② ( ❛❜❧❡ ✉♣

 ♦ ❛ ✜♥✐ ❡ ❞✐♠❡♥(✐♦♥❛❧ (♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α > −1✳ ■♥❞❡❡❞✱ ✐♥  ❤✐( ❝❛(❡✱ G(z) =

2e1+αz2 − 2e−1−α
❛♥❞ ❤❡♥❝❡ G(z) = 0 ②✐❡❧❞( |z| = e−(1+α)

✳ ❚❤❡&❡❢♦&❡✱ ❜② ❚❤❡♦&❡♠

✹✳✶✳✶ ❛❜♦✈❡✱ ✭S1✮ ✐( ❡①♣♦♥❡♥ ✐❛❧❧② ( ❛❜❧❡ ✉♣  ♦ ❛ ✜♥✐ ❡ ❞✐♠❡♥(✐♦♥❛❧ (♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧②

✐❢ α > −1✳

■♥ $❤❡ )❡❝♦♥❞ ♣❛&$✱ ✇❡ ❝♦♥)✐❞❡& )②)$❡♠ ✭Sǫ✮ ✇✐$❤ ǫ > 0 ❛♥❞ ♣&♦✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣

$❤❡♦&❡♠ ✿

❚❤❡♦$❡♠ ✹✳✶✳✹✳ ❯♥❞❡&  ❤❡ ❤②♣♦ ❤❡(✐( ✭❍✮✱ ✇❤❡♥ ai(x) = ai ∈ R ❛♥❞ Li = 1 ❢♦& ❛❧❧

i = 1, · · · , N ✱  ❤❡&❡ ❡①✐( ( ǫ0 > 0 (✉❝❤  ❤❛ ✱ ❢♦& ❛❧❧ ǫ ∈ (0, ǫ0)✱ (Sǫ) ✐( ❡①♣♦♥❡♥ ✐❛❧❧②

( ❛❜❧❡ ✐❢ ♦♥❡ ♦❢  ❤❡ ❢♦❧❧♦✇✐♥❣  ✇♦ ❝♦♥❞✐ ✐♦♥( ❤♦❧❞( ✿

✭✐✮ ❚❤❡&❡ ❡①✐( ( ❛ ♠♦( ♦♥❡ j0 ∈ {1, · · · , N} (✉❝❤  ❤❛ aj0 = 0 ❛♥❞ ai > 0 ❢♦&

❛❧❧ i 6= j0✳

✭✐✐✮ ❚❤❡&❡ ❡①✐( ( ♦♥❧② ♦♥❡ ♥❡❣❛ ✐✈❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥ ai0 (✉❝❤  ❤❛ ai > 0 ❢♦&

❛❧❧ i 6= i0✱

N∑

i=1

ai > 0✱ ❛♥❞

N∑

i=1

1

ai
< 0✳

❘❡♠❛$❦ ✹✳✶✳✺✳ ■❢ N = 2✱  ❤❡♥ ✇❡ &❡❝♦✈❡&  ❤❡ &❡(✉❧ ♦❢ ❚❤❡♦&❡♠ ✷✳✶ ♦❢ ❬✸✵❪ ✇❤❡♥

 ❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥ ✐( ♣✐❡❝❡✇✐(❡ ❝♦♥( ❛♥ ✳ ❍♦✇❡✈❡&✱ ✐♥  ❤✐( ❝❛(❡✱ ❚❤❡♦&❡♠ ✹✳✶✳✹

②✐❡❧❞(  ❤❡ &❡(✉❧ ♦❢ ❬✸✵❪ ✇✐ ❤♦✉  ❤❡ ❛((✉♠♣ ✐♦♥ ♦♥  ❤❡ ✐♥ ❡❣&❛❧( Ik ❞❡✜♥❡❞ ✐♥ ❬✸✵❪✳

❋✐♥❛❧❧②✱ ✐♥ $❤❡ $❤✐&❞ ♣❛&$✱ ✇❡ ❧♦♦❦ ❛$ )♦♠❡ ❝♦♥❝&❡$❡ ❡①❛♠♣❧❡) ♦❢ ♥❡$✇♦&❦) ❛♥❞

)♣❡❝✐✜❝ ✈❛❧✉❡) ♦❢ ai✳

■♥ $❤❡ ✇❤♦❧❡ ❝❤❛♣$❡&✱ ✇❡ )❤❛❧❧ ✉)❡ $❤❡ ♥♦$❛$✐♦♥ A . B ✭&❡)♣✳ A = O(B)✮ ❢♦& $❤❡

❡①✐)$❡♥❝❡ ♦❢ ❛ ♣♦)✐$✐✈❡ ❝♦♥)$❛♥$ c > 0 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ A ❛♥❞ B )✉❝❤ $❤❛$ A ≤ cB

✭&❡)♣✳ |A| ≤ c|B|✮ ❛♥❞ ❢♦& )❤♦&$♥❡)) ✇❡ ✇✐❧❧ ✇&✐$❡ ‖.‖∞ ❢♦& ‖.‖L∞(0,Li)✳

✶✽✾



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✹✳✷ ❋♦%♠✉❧❛*✐♦♥ ♦❢ *❤❡ ♣%♦❜❧❡♠

❲❡ )$❛&$ ❜② ❞❡$❡&♠✐♥✐♥❣ $❤❡ )✉✐$❛❜❧❡ ❢✉♥❝$✐♦♥❛❧ )❡$$✐♥❣ ♦❢ )②)$❡♠ ✭S1✮✳ ■❢ u ✐) ❛

&❡❣✉❧❛& )♦❧✉$✐♦♥ ♦❢ ✭S1✮✱ $❤❡♥ $❤❡ ❡♥❡&❣② ♦❢ ✭S1✮ ✐) ❢♦&♠❛❧❧② ❣✐✈❡♥ ❜②

E(t) =
1

2

N∑

i=1

∫ Li

0

(|uit|2 + |uix|2)dx,

❛♥❞

d

dt
E(t) = −

N∑

i=1

∫ Li

0

ai(x)|uit|2dx.

❙✐♥❝❡ $❤❡ )✐❣♥) ♦❢ $❤❡ ai ❛&❡ ♥♦$ )♣❡❝✐✜❡❞✱ $❤❡ ❞❡❝❛② ♦❢ $❤❡ ❡♥❡&❣② ✐) ♥♦$ ❣✉❛&❛♥$❡❡❞✳

❆) ❛♥ ❡♥❡&❣② )♣❛❝❡✱ ❧❡$ H = V ×H ✇❤❡&❡ H =
N∏

i=1

L2(0, Li) ❛♥❞

V =

{
u = (u1, · · · , uN)⊤ ∈

N∏

i=1

H1(0, Li); u
i(0) = uj(0) ∀i 6= j,

❛♥❞ ui(Li) = 0, ∀i = 1, · · · , N} .

❚❤❡ ❍✐❧❜❡&$ )♣❛❝❡ H ✐) ❡♥❞♦✇❡❞ ✇✐$❤ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$

< (u, v)⊤, (f, g)⊤ >=
N∑

i=1

∫ Li

0

(uixf
i
x + vigi)dx, ∀(u, v)⊤, (f, g)⊤ ∈ H.

❉❡✜♥❡ $❤❡ ♦♣❡&❛$♦& A : D(A) → H ❜②

D (A) =

{
(u, v)⊤ ∈ V × V ; u ∈

N∏

i=1

H2(0, Li) ❛♥❞
N∑

i=1

uix(0) = 0

}
,

❛♥❞ ❢♦& ❛❧❧ (u, v)⊤ ∈ D(A)

A(u, v)⊤ =


 0 A0

1

A2
1 A0

−2a


 (u, v)⊤

✇✐$❤ Ak
αw = (αi∂

k
xw

i)Ni=1 ❢♦& α = (αi)
N
i=1 ∈ ∏N

i=1 L
∞(0, Li) ❛♥❞ w = (wi)Ni=1 ∈

∏N
i=1H

k(0, Li)✱ ❢♦& k = 0 ♦& 2✳

✶✾✵



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

■❢ u ✐) ❛ )✉✣❝✐❡♥$❧② )♠♦♦$❤ )♦❧✉$✐♦♥ ♦❢ ✭S1✮✱ $❤❡♥ U = (u, ut)
⊤ ∈ H )❛$✐)✜❡) $❤❡

✜&)$ ♦&❞❡& ❡✈♦❧✉$✐♦♥ ❡>✉❛$✐♦♥





Ut = AU,

U(0) = (u0, u1)
⊤.

✭✹✳✷✳✶✮

❯)✐♥❣ )$❛♥❞❛&❞ )❡♠✐❣&♦✉♣ $❤❡♦&②✱ ✇❡ ❣❡$ $❤❡ ❢♦❧❧♦✇✐♥❣ $❤❡♦&❡♠ ♦♥ $❤❡ ❡①✐)$❡♥❝❡✱

✉♥✐>✉❡♥❡))✱ ❛♥❞ &❡❣✉❧❛&✐$② ♦❢ $❤❡ )♦❧✉$✐♦♥ ♦❢ ✭S1✮✳

❚❤❡♦$❡♠ ✹✳✷✳✶✳ ❚❤❡ ♦♣❡%❛'♦% A ❣❡♥❡%❛'❡* ❛ ❈0 *❡♠✐❣%♦✉♣ ♦♥ H ❛♥❞ ❤❡♥❝❡ ♣%♦✲

❜❧❡♠ ✭✹✳✷✳✶✮ ❛❞♠✐'* ❛ ✉♥✐:✉❡ *♦❧✉'✐♦♥ ✇❤✐❝❤ ✐♠♣❧✐❡* '❤❛' ✭S1✮ ✐* ✇❡❧❧✲♣♦*❡❞✳ ▼♦✲

%❡♦✈❡%✱ ✐❢ U(0) ∈ H✱ '❤❡♥ U ∈ C0([0,+∞);H) ❛♥❞ ✐❢ U(0) ∈ D (A)✱ '❤❡♥ U ∈
C1([0,+∞);H) ∩ C0([0,+∞);D (A))✳

*$♦♦❢✿ ❚❤❡ ✇❡❧❧✲♣♦)❡❞♥❡)) ♦❢ ✭✹✳✷✳✶✮ ❢♦❧❧♦✇) ❢&♦♠ $❤❡ ❢❛❝$ $❤❛$ $❤❡ ♦♣❡&❛$♦& A ✐) ❛

❜♦✉♥❞❡❞ ♣❡&$✉&❜❛$✐♦♥ ♦❢ ❛ )❦❡✇ ❛❞❥♦✐♥$ ♦♣❡&❛$♦& ✭)❡❡ ❚❤❡♦&❡♠ ■■■✳✶✳✶ ♦❢ ❬✻✷❪✮✱ ❤❡♥❝❡

✐$ ❣❡♥❡&❛$❡) ❛ )$&♦♥❣❧② ❝♦♥$✐♥✉♦✉) )❡♠✐❣&♦✉♣ ♦♥ H✳ ❚❤❡ &❡❣✉❧❛&✐$② &❡)✉❧$) ❛&❡ $❤❡♥
❛ ❞✐&❡❝$ ❝♦♥)❡>✉❡♥❝❡ ♦❢ ❚❤❡♦&❡♠ ■✳✷✳✹ ♦❢ ❬✻✷❪✳

❘❡♠❛$❦ ✹✳✷✳✷✳ ❙✐♥❝❡ D (A) ✐* ❝♦♠♣❛❝'❧② ❡♠❜❡❞❞❡❞ ✐♥ '❤❡ ❡♥❡%❣② *♣❛❝❡ H✱ '❤❡
*♣❡❝'%✉♠ σ(A) ✐* ❞✐*❝%❡'❡ ❛♥❞ '❤❡ ❡✐❣❡♥✈❛❧✉❡* ♦❢ A ❤❛✈❡ ❛ ✜♥✐'❡ ❛❧❣❡❜%❛✐❝ ♠✉❧'✐♣❧✐❝✐'②✳

✹✳✸ ❍✐❣❤ ❢(❡*✉❡♥❝✐❡.

■♥ $❤✐) )❡❝$✐♦♥✱ ✇❡ )❤❛❧❧ ❞❡$❡&♠✐♥❡ $❤❡ ❛)②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢

$❤❡ ♦♣❡&❛$♦& A✳ ❋♦& $❤✐) ❛✐♠✱ ✇❡ ✇✐❧❧ ❛❞❛♣$ $❤❡ )❤♦♦$✐♥❣ ♠❡$❤♦❞ $♦ ♦✉& )②)$❡♠✳

▲❡$ λ ❜❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A ❛♥❞ U = (y, z) ❜❡ ❛♥ ❛))♦❝✐❛$❡❞ ❡✐❣❡♥❢✉♥❝$✐♦♥✳ ❚❤❡♥✱

✶✾✶



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

z = λy ❛♥❞✱ ❢♦& ❛❧❧ i = 1, · · · , N ✱ ✇❡ ❤❛✈❡




yixx − 2ai(x)λy
i − λ2yi = 0, x ∈ (0, Li),

yi(Li) = 0,

yi(0) = yj(0), ∀i 6= j,
N∑

i=1

yix(0) = 0.

✭✹✳✸✳✶✮

■$ ✐) ❡❛)② $♦ )❡❡ $❤❛$ λ = 0 ✐) ♥♦$ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A✳

❘❡♠❛$❦ ✹✳✸✳✶✳ ❲❡ ❤❛✈❡

|ℜλ| ≤ 2 max
i∈{1,··· ,N}

{‖ai‖∞} . ✭✹✳✸✳✷✮

■♥❞❡❡❞✱ ✐❢ ✇❡ ♠✉❧$✐♣❧② $❤❡ ✜&)$ ✐❞❡♥$✐$② ♦❢ ✭✹✳✸✳✶✮ ❜② yi ❛♥❞ $❤❡♥ ✐♥$❡❣&❛$❡ ❜②

♣❛&$)✱ ✇❡ ❣❡$

λ2
N∑

i=1

∫ Li

0

|yi|2dx+ 2λ
N∑

i=1

∫ Li

0

ai(x)|yi|2dx+
N∑

i=1

∫ Li

0

|yix|2dx = 0.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡

λ =

−
N∑

i=1

∫ Li

0

ai(x)|yi|2dx± r(y)
1
2

N∑

i=1

∫ Li

0

|yi|2dx
,

✇✐$❤

r(y) :=

(
N∑

i=1

∫ Li

0

ai(x)|yi|2dx
)2

−
(

N∑

i=1

∫ Li

0

|yix|2dx
)(

N∑

i=1

∫ Li

0

|yi|2dx
)

❛♥❞ ❞❡❞✉❝❡ $❤❡ ❡)$✐♠❛$❡ ✭✹✳✸✳✷✮ ❜② ❞✐)$✐♥❣✉✐)❤✐♥❣ $❤❡ ❝❛)❡ r(y) ≥ 0 ♦& ♥♦$✳

◆♦✇✱ ✇❡ )$❛&$ ❜② )❡❛&❝❤✐♥❣ ❢♦& $❤❡ ❝❤❛&❛❝$❡&✐)$✐❝ ❡D✉❛$✐♦♥ ✉)✐♥❣ $❤❡ )❤♦♦$✐♥❣

♠❡$❤♦❞✳ ■♥ ♦&❞❡& $♦ ❛❞❛♣$ $❤❡ )❤♦♦$✐♥❣ ♠❡$❤♦❞ $♦ ♣&♦❜❧❡♠ ✭✹✳✸✳✶✮✱ ✇❡ ✜&)$ ❝♦♥)✐❞❡&

✶✾✷



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

$❤❡ $❤❡ ❢♦❧❧♦✇✐♥❣ )❡♣❛&❛$❡❞ ✐♥✐$✐❛❧ ✈❛❧✉❡ ♣&♦❜❧❡♠) ✿ ❢♦& ❛❧❧ i = 1, · · · , N ✱ ❧❡$ yi1 ❛♥❞
yi2 ❜❡ $❤❡ )♦❧✉$✐♦♥ ♦❢





yi1xx − 2ai(x)λy
i
1 − λ2yi1 = 0,

yi1(0) =
1

λ
,

yi1x(0) = 0.

✭✹✳✸✳✸✮





yi2xx − 2ai(x)λy
i
2 − λ2yi2 = 0,

yi2(0) = 0,

yi2x(0) = 1.

✭✹✳✸✳✹✮

❚❤❡ ✐♥✐$✐❛❧ ❝♦♥❞✐$✐♦♥) ❛&❡ ❝❤♦)❡♥ )✉❝❤ $❤❛$ $❤❡ )♦❧✉$✐♦♥) yi1 ❛♥❞ yi2 ❛&❡ ❧✐♥❡❛&❧②

✐♥❞❡♣❡♥❞❡♥$✳ ❍❡♥❝❡✱ yi✱ $❤❡ )♦❧✉$✐♦♥ ♦❢ ✭✹✳✸✳✶✮✱ ❝❛♥ ❜❡ ✇&✐$$❡♥ ❛) yi = ciy
i
1 + αiy

i
2✱

✇❤❡&❡ αi, ci ∈ C✳ ❇② $❤❡ ❝♦♥$✐♥✉✐$② ❝♦♥❞✐$✐♦♥ ❛$ ③❡&♦✱ ✇❡ ❣❡$ ci = c ❢♦& ❛❧❧ i =

1, · · · , N ✱ ❤❡♥❝❡
yi(x) = cyi1(x) + αiy

i
2(x). ✭✹✳✸✳✺✮

▼♦&❡♦✈❡&✱ ❢&♦♠ $❤❡ $&❛♥)♠✐))✐♦♥ ❝♦♥❞✐$✐♦♥✱

N∑

i=1

yix(0) = 0✱ ✇❡ ❤❛✈❡
N∑

i=1

αi = 0 ❛♥❞

❢&♦♠ $❤❡ ❜♦✉♥❞❛&② ❝♦♥❞✐$✐♦♥✱ yi (Li) = 0✱ ✇❡ ❣❡$



y11 (L1) y12 (L1) 0 0 · · · 0

y21 (L2) 0 y22 (L2) 0 · · · 0
✳

✳

✳ 0 0
✳

✳

✳ · · · 0
✳

✳

✳ 0 · · · 0
✳

✳

✳ 0

yN1 (LN) 0 · · · 0 yN2 (LN)

0 1 1 1 · · · 1







c

α1

α2

✳

✳

✳

✳

✳

✳

αN




= 0.

❍❡♥❝❡ ❛ ♥♦♥✲③❡&♦ ❡✐❣❡♥✈❡❝$♦& ❡①✐)$) ✐❢ ❛♥❞ ♦♥❧② ✐❢ $❤❡ ❞❡$❡&♠✐♥❛♥$ ♦❢ $❤❡ ❛❜♦✈❡

♠❛$&✐① ✈❛♥✐)❤❡)✱ ♦& ❛❢$❡& )♦♠❡ ❡❧❡♠❡♥$❛&② ❝❛❧❝✉❧❛$✐♦♥) ✐❢ ❛♥❞ ♦♥❧② ✐❢

Y (λ) =
N∑

k=1

yk1 (Lk)
N∏

l 6=k,l=1

yl2 (Ll) = 0. ✭✹✳✸✳✻✮

✶✾✸



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❘❡❝❛❧❧ $❤❛$ G ✐) ❞❡✜♥❡❞ ❜② ✭✹✳✶✳✶✮ ❛♥❞ )❡$ d := degree G✱ $❤❡ ❞❡❣&❡❡ ♦❢ G✳ ❚❤❡♥

❧❡$ rje
iϕj , 1 ≤ j ≤ d ❜❡ $❤❡ &♦♦$) ♦❢ G &❡♣❡❛$❡❞ ❛❝❝♦&❞✐♥❣ $♦ $❤❡✐& ♠✉❧$✐♣❧✐❝✐$②✳

❲✐$❤♦✉$ ❧♦)) ♦❢ ❣❡♥❡&❛❧✐$② ✇❡ ❝❛♥ )✉♣♣♦)❡ $❤❛$ $❤❡ ϕj ❛&❡ ♥♦♥ ❞❡❝&❡❛)✐♥❣✱ ♥❛♠❡❧②

0 ≤ ϕ1 ≤ ϕ2 ≤ · · · ≤ ϕd ≤ 2π.

◆♦✇ ✇❡ ❝❛♥ )$❛$❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛✐♥ &❡)✉❧$ ✿

❚❤❡♦$❡♠ ✹✳✸✳✷✳ ❚❤❡#❡ ❡①✐&'& k0 ∈ N &✉❝❤ '❤❛' ❢♦# ❛❧❧ j = 1, · · · , d ❛♥❞ ❛❧❧ k ∈ Z

&✉❝❤ '❤❛' |k| > k0✱ '❤❡ ♦♣❡#❛'♦# A ❤❛& ❛♥ ❡✐❣❡♥✈❛❧✉❡ λj,k &✉❝❤ '❤❛'

λj,k =
q

2L1

log rj + ı
q

2L1

ϕj + ıkπ
q

L1

+ ok(1), ✭✹✳✸✳✼✮

✇❤❡#❡ ok(1) → 0 ❛& |k| → ∞✳ ▼♦#❡♦✈❡# '❤❡ &❡' σ(A) \ ∪|k|>k0 ∪d
j=1 λj,k ✐& ❝♦♠♣❛❝'✳

❚❤❡#❡❢♦#❡✱ ✐❢ rj < 1✱ ❢♦# ❛❧❧ j = 1, · · · , d✱ '❤❡♥ '❤❡ ❧❛#❣❡ ❡✐❣❡♥✈❛❧✉❡& ♦❢ A ❛#❡ &✐'✉❛'❡❞

'♦ '❤❡ ❧❡❢' ♦❢ '❤❡ ✐♠❛❣✐♥❛#② ❛①✐&✳

❈♦$♦❧❧❛$② ✹✳✸✳✸✳ ❚❤❡#❡ ❡①✐&'& ℓ ∈ N ❛♥❞ α0 > 0 &✉❝❤ '❤❛' ❢♦# ❛❧❧ k ∈ N ✇✐'❤

k > k0✱ ✇❡ ❤❛✈❡

ℑ(λ1,k+ℓ − λd,k) ≥ α0,

ℑ(λ1,−k − λd,−k−ℓ) ≥ α0.

❚❤✐) ❝♦&♦❧❧❛&② )❤♦✇) $❤❛$ ✇❡ ❝❛♥ ❣&♦✉♣ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A ❜② ♣❛❝❦❡$) ♠❛❞❡

♦❢ ❛ ✜♥✐$❡ ♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡) ❛♥❞ ✐♥ )✉❝❤ ❛ ✇❛② $❤❛$ $❤❡ ♣❛❝❦❡$) &❡♠❛✐♥ ❛$

❛ ♣♦)✐$✐✈❡ ❞✐)$❛♥❝❡ $♦ ❡❛❝❤ ♦$❤❡& ✭)❡❡ )❡❝$✐♦♥ ✹✳✹ ❜❡❧♦✇✮✳ ◆❛♠❡❧② ❢♦& ❛♥② r > 0✱

✇❡ ❝❛♥ ✐♥$&♦❞✉❝❡ $❤❡ )❡$) Gp(r), p ∈ Z ❛) $❤❡ ❝♦♥♥❡❝$❡❞ ❝♦♠♣♦♥❡♥$) ♦❢ $❤❡ )❡$

∪λ∈σ(A)Dλ(r) ✭✇❤❡&❡ Dλ(r) ✐) $❤❡ ❞✐)❝ ✇✐$❤ ❝❡♥$❡& λ ❛♥❞ &❛❞✐✉) r✮✱ ❛) ✇❡❧❧ ❛) $❤❡

♣❛❝❦❡$) ♦❢ ❡✐❣❡♥✈❛❧✉❡) Λp(r) = Gp(r) ∩ σ(A)✳
❇❡❢♦&❡ ✇❡ ♣&♦✈❡ ❚❤❡♦&❡♠ ✹✳✸✳✷✱ ✇❡ )❡❛&❝❤ ❢♦& ❛♥ ❛♣♣&♦①✐♠❛$✐♦♥ ♦❢ $❤❡ ❝❤❛&❛❝$❡✲

&✐)$✐❝ ❡J✉❛$✐♦♥ ✭✹✳✸✳✻✮ ❢♦& ❛❧❧ λ ❧❛&❣❡ ❡♥♦✉❣❤✳ ❋♦& $❤✐) ❛✐♠✱ $❤❡ ♥❡①$ ❧❡♠♠❛ ❣✐✈❡) ❛♥

❡)$✐♠❛$✐♦♥ ♦❢ yi1 ❛♥❞ y
i
2 ❢♦& ❛❧❧ i = 1, · · · , N ✳

✶✾✹



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

▲❡♠♠❛ ✹✳✸✳✹✳ ❋♦" i = 1, · · · , N ❛♥❞ λ ∈ σ(A) ❧❛"❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

‖yi1‖∞ .
1

|λ| , ❛♥❞ ‖yi2‖∞ .
1

|λ| .

'(♦♦❢✿ ❋✐&)$✱ ❢♦& i = 1, · · · , N ❛♥❞ λ ∈ σ(A)✱ ✇❡ ❝♦♥(✐❞❡* +❤❡ ❤♦♠♦❣❡♥♦✉( ❡0✉❛+✐♦♥





zi1xx(x)− λ2zi1(x) = 0, x ∈ (0, Li),

zi1(0) =
1

λ
,

zi1x(0) = 0,

✇❤✐❝❤ ②✐❡❧❞( zi1(x) =
1

λ
cosh (λx)✳ ❍❡♥❝❡✱ ❢♦* ❧❛*❣❡ ❡♥♦✉❣❤ λ✱ ❘❡♠❛*❦ ✹✳✸✳✶ ②✐❡❧❞(

‖zi1‖∞ .
1

|λ| ✳ ◆♦✇✱ ❜② +❤❡ ✈❛*✐❛+✐♦♥ ♦❢ ❝♦♥(+❛♥+( ❢♦*♠✉❧❛✱ ✇❡ ✜♥❞ +❤❛+

yi1(x) = zi1(x) + 2

∫ x

0

sinh (λ(x− s)) ai(s)y
i
1(s)ds, ∀x ∈ (0, Li).

❚❤❡*❡❢♦*❡✱ ❜② +❤❡ ✐♥+❡❣*❛❧ ❢♦*♠ ♦❢ ●*♦♥✇❛❧❧✬( ▲❡♠♠❛✱ ✇❡ ❣❡+

|yi1(x)| ≤ |zi1(x)|+2

∫ x

0

[
|zi1(s)|| sinh (λ(x− s)) ai(s)| exp

(
2

∫ x

s

| sinh(λ(x− r))ai(r)|dr
)]

ds.

❚❤❡ ❛❜♦✈❡ ✐♥❡0✉❛❧✐+② ❛♥❞ ❘❡♠❛*❦ ✹✳✸✳✶ ✐♠♣❧② +❤❛+✱ ❢♦* λ ❧❛*❣❡ ❡♥♦✉❣❤✱ ‖yi1‖∞ .
1

|λ| ✳

❆ (✐♠✐❧❛* ❡(+✐♠❛+❡ ❢♦* yi2 ✐( ♦❜+❛✐♥❡❞ ❜② ✐♥+*♦❞✉❝✐♥❣ zi2 =
1

λ
sinh (λx)✱ +❤❡ (♦❧✉+✐♦♥

♦❢ 



zi2xx(x)− λ2zi2(x) = 0, x ∈ (0, Li),

zi2(0) = 0,

zi2x = 1,

❛♥❞ ✉(✐♥❣ +❤❛+ ‖zi2‖∞ .
1

|λ| ❢♦* λ ❧❛*❣❡ ❡♥♦✉❣❤✳

◆❡①+✱ ✇❡ ✜♥❞ (✉✐+❛❜❧❡ ❛♣♣*♦①✐♠❛+✐♦♥( ❢♦* yi1 ❛♥❞ yi2 ❢♦* i = 1, · · · , N ✳ ❋♦* +❤✐(

❛✐♠ ✇❡ ❞❡✜♥❡ ♦✈❡* (0, Li)✱ +❤❡ ❢✉♥❝+✐♦♥

θi(x) = λx+

∫ x

0

ai(s)ds, ∀x ∈ (0, Li),

✶✾✺



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❛♥❞ $❤❡ ❢✉♥❝$✐♦♥) vi1 ❛♥❞ v
i
2 ❛) ❧✐♥❡❛& ❝♦♠❜✐♥❛$✐♦♥ ♦❢ sinh θ

i(x) ❛♥❞ cosh θi(x) )✉❝❤

$❤❛$ vi1 )❛$✐)✜❡) $❤❡ ✐♥✐$✐❛❧ ❝♦♥❞✐$✐♦♥) ✐♥ ✭✹✳✸✳✸✮ ❛♥❞ v
i
2 )❛$✐)✜❡) $❤♦)❡ ✐♥ ✭✹✳✸✳✹✮✳ ◆♦$❡

$❤❛$✱ ❢♦& |λ| > M ✇✐$❤ M > max
i

‖ai(.)‖∞✱ ✇❡ ❤❛✈❡

vi1(x) =
1

λ
cosh θi(x), ❛♥❞ vi2(x) =

1

λ+ ai(0)
sinh θi(x), ∀x ∈ (0, Li).

◆♦$❡ $❤❛$ $❤❡ ❢✉♥❝$✐♦♥) vi1 ❛♥❞ v
i
2 ❞❡♣❡♥❞ ♦♥ λ✳

▲❡♠♠❛ ✹✳✸✳✺✳ ❋♦" ❛❧❧ i = 1, · · · , N ❛♥❞ λ ∈ σ(A) ❧❛"❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

∥∥vi1 − yi1
∥∥
∞ .

1

|λ|2 ❛♥❞

∥∥vi2 − yi2
∥∥
∞ .

1

|λ|2 .

()♦♦❢✿ ❋♦& i = 1, · · · , N ❛♥❞ ϕi ∈ H2(0, Li)✱ ❞❡✜♥❡ $❤❡ ❢✉♥❝$✐♦♥ L
i(ϕi) = ϕi

xx −
2aiλϕ

i − λ2ϕi
✳ ❚❤❡♥✱ ❢♦& ❛❧❧ x ∈ (0, Li)✱ ✇❡ ❤❛✈❡

Li
(
vi1(x)

)
=
aix(x)

λ
sinh θi(x) +

(ai(x))
2

λ
cosh θi(x),

❛♥❞

Li
(
vi2(x)

)
=

aix(x)

λ+ ai(0)
sinh θi(x) +

(ai(x))
2

λ+ ai(0)
cosh θi(x).

❚❤❡&❡❢♦&❡✱ ❜② ❘❡♠❛&❦ ✹✳✸✳✶✱ ✇❡ ❣❡$ $❤❛$ ❢♦& λ ❧❛&❣❡ ❡♥♦✉❣❤

∥∥Li(vi1)
∥∥
∞ .

1

|λ| , ❛♥❞

∥∥Li(vi2)
∥∥
∞ .

1

|λ| .

❙✐♥❝❡ ✇❡ ❤❛✈❡

vi1xx − 2aiλv
i
1 − λ2vi1 = Li(vi1),

vi1x(0) = 0,

vi1(0) =
1

λ
,

❜② $❤❡ ✈❛&✐❛$✐♦♥ ♦❢ ❝♦♥)$❛♥$) ❢♦&♠✉❧❛✱ ✇❡ ❣❡$ ❢♦& ❛❧❧ x ∈ (0, Li)

vi1(x) = yi1(x) +

∫ x

0

yi2(x− s)Li(vi1(s))ds.

✶✾✻



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❚❤❡&❡❢♦&❡✱ ❜② ▲❡♠♠❛ ✹✳✸✳✹✱ ✇❡ ❤❛✈❡

∥∥vi1 − yi1
∥∥
∞ .

1

|λ|2 .

❙✐♠✐❧❛&❧②✱ ❢♦& ❛❧❧ x ∈ (0, Li)✱ ✇❡ ❤❛✈❡

vi2(x) = yi2(x) +

∫ x

0

yi2(x− s)Li(vi2(s))ds,

✇❤✐❝❤ ✐♠♣❧✐❡) $❤❛$

∥∥vi2 − yi2
∥∥
∞ .

1

|λ|2 ,

◆♦✇✱ ✇❡ ❝❛♥ ✜♥❞ ❛♥ ❛♣♣&♦①✐♠❛$✐♦♥ ♦❢ $❤❡ ❝❤❛&❛❝$❡&✐)$✐❝ ❡@✉❛$✐♦♥ ✭✹✳✸✳✻✮ ❢&♦♠

✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡ $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❤✐❣❤ ❢&❡@✉❡♥❝✐❡)✳ ❋♦& $❤✐) ❛✐♠✱ ✇❡ ✐♥$&♦❞✉❝❡

V (λ) =
N∑

k=1

vk1 (Lk)
N∏

l 6=k,l=1

vl2 (Ll)

❛♥❞

F (λ) = λ−N

N∑

k=1

cosh θ̃k(λ)
N∏

l 6=k

sinh θ̃l(λ), ✭✹✳✸✳✽✮

✇❤❡&❡✱ ❢♦& z ∈ C✱ θ̃l(z) = zLl +

∫ Ll

0

al(s)ds✱ ❢♦& ❛❧❧ l = 1, · · · , N ✳

 !♦♣♦$✐&✐♦♥ ✹✳✸✳✻✳ ❋♦" λ ∈ σ(A) ❧❛"❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ -❤❡ ❢♦❧❧♦✇✐♥❣ ❡0-✐♠❛-❡

|Y (λ)− F (λ)| . 1

|λ|N+1
. ✭✹✳✸✳✾✮

 !♦♦❢✿ ▲❡$ λ ❜❡ ❛ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A✳ ❚❤❡ ❡)$✐♠❛$❡) ✐♥ ▲❡♠♠❛) ✹✳✸✳✹ ❛♥❞ ✹✳✸✳✺

✶✾✼



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✐♠♣❧② $❤❛$

|Y (λ)− V (λ)|

=

∣∣∣∣∣

N∑

k=1

(
yk1 (Lk)

N∏

l 6=k,l=1

yl2 (Ll)− vk1 (Lk)
N∏

l 6=k,l=1

vl2 (Ll)

)∣∣∣∣∣

=

∣∣∣∣∣

N∑

k=1

(
yk1 (Lk)− vk1(Lk)

) N∏

l 6=k,l=1

yl2 (Ll) +
N∑

k=1

vk1 (Lk)

(
N∏

l 6=k,l=1

yl2 (Ll)−
N∏

l 6=k,l=1

vl2 (Ll)

)∣∣∣∣∣

.
1

|λ|N+1
.

✭✹✳✸✳✶✵✮

❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✇❡ &❡❛❞✐❧② ❝❤❡❝❦ $❤❛$

∣∣∣∣∣V (λ)− 1

λN

N∑

k=1

cosh θk(Lk)
N∏

l 6=k

sinh θl(Ll)

∣∣∣∣∣ .
1

|λ|N+1
. ✭✹✳✸✳✶✶✮

❍❡♥❝❡✱ ❜② ✭✹✳✸✳✶✵✮ ❛♥❞ ✭✹✳✸✳✶✶✮✱ ✇❡ ❣❡$ ✭✹✳✸✳✾✮ )✐♥❝❡ θk(Lk) = θ̃k(λ)✳

❊)$✐♠❛$✐♦♥ ✭✹✳✸✳✾✮ )✉❣❣❡)$) $♦ ❛♣♣❧② ❘♦✉❝❤D✬) ❚❤❡♦&❡♠✳ ❚❤❡&❡❢♦&❡✱ ✇❡ ❛&❡ ✜&)$

✐♥$❡&❡)$❡❞ ✐♥ $❤❡ &♦♦$) ♦❢ F $❤❛$ ✇✐❧❧ ❜❡ ❡①♣&❡))❡❞ ✐♥ $❡&♠) ♦❢ $❤❡ &♦♦$) ♦❢ $❤❡

♣♦❧②♥♦♠✐❛❧ G ❣✐✈❡♥ ✐♥ ✭✹✳✶✳✶✮✳

▲❡♠♠❛ ✹✳✸✳✼✳ v ∈ C ✐! ❛ #♦♦% ♦❢ F ✐❢ ❛♥❞ ♦♥❧② ✐❢ z = e
2L1
q

v
✐! ❛ #♦♦% ♦❢ %❤❡

♣♦❧②♥♦♠✐❛❧ G ❞❡✜♥❡❞ ✐♥ ✭✹✳✶✳✶✮✳ ❈♦♥!❡6✉❡♥%❧②✱ ✐❢ v = x+ ıy ✐! ❛ #♦♦% ♦❢ F ❛♥❞ rje
iϕj

✐! ❛ #♦♦% ♦❢ G ❢♦# 1 ≤ j ≤ d✱ %❤❡♥ x =
q

2L1

log rj ❛♥❞ y =
q

2L1

ϕj + kπ
q

L1

❢♦# !♦♠❡

k ∈ Z✳

()♦♦❢✿ ❚❤❡ ♣&♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳✼ ✐) ❜❛)❡❞ ♦♥ ✇&✐$✐♥❣ F ✐♥ ❛♥ ❡①♣♦♥❡♥$✐❛❧ ❢♦&♠ ❛♥❞

♥♦$✐♥❣ $❤❛$

2NvNe
vL1

∑N
i=1 pi
q F (v)

=
N∑

i=1

(
e
∫ Li
0 ai(x)dxzpi + e−

∫ Li
0 ai(x)dx

) N∏

k 6=i,k=1

(
e
∫ Lk
0 ak(x)dxzpk − e−

∫ Lk
0 ak(x)dx

)
.

✶✾✽



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❘❡♠❛$❦ ✹✳✸✳✽✳ ■♥ "❤❡ ❛♣♣❧✐❝❛"✐♦♥+✱ "❤❡ ❞❡❣/❡❡ ♦❢ "❤❡ ♣♦❧②♥♦♠✐❛❧ G ✐+ ❤✐❣❤✱ ❤❡♥❝❡

✇❡ ✉+❡ "❤❡ ❛❧❣♦/✐"❤♠ ❣✐✈❡♥ ❜② "❤❡ "/❛♥+❢♦/♠❛"✐♦♥ ♦❢ ❙❝❤✉/ ✭+❡❡ ❬✸✶❪✮ "❤❛" ❣✐✈❡+ ❛

❝/✐"❡/✐♦♥ "❤❛" ❣✉❛/❛♥"❡❡+ "❤❛" "❤❡ /♦♦"+ ♦❢ ❛ ❣✐✈❡♥ ♣♦❧②♥♦♠✐❛❧ ❝❛♥ ❜❡ ♦✉"+✐❞❡ "❤❡

❝❧♦+❡❞ ✉♥✐"❛/② ❞✐+❦✳ ❚❤❡/❡❢♦/❡✱ ✐♥ ❛♣♣❧✐❝❛"✐♦♥+✱ ✇❡ ✉+❡ G

(
1

z

)
✐♥+"❡❛❞ ♦❢ G(z)✳

❇❡❢♦&❡ ❣✐✈✐♥❣ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✹✳✸✳✷✱ ✇❡ )❤♦✇ $❤❛$ Y ❤❛) $❤❡ )❛♠❡ ♥✉♠❜❡& ♦❢

&♦♦$) ❛) F ✐♥ ❛ ✇❡❧❧ ❝❤♦)❡♥ ❞♦♠❛✐♥✳ ❑♥♦✇✐♥❣ $❤❛$ α < ℜλ < β ✇❤❡&❡ λ ✐) ❛♥ ❡✐❣❡♥✲

✈❛❧✉❡ ♦❢ A✱ ✇❡ ❝♦♥)✐❞❡& $❤❡ &❡❝$❛♥❣❧❡ Rj,k ✇✐$❤ ✈❡&$✐❝❡) α+ı
q

2L1

ϕj + ı

(
k − 1

2

)
π
q

L1

✱

α+ı
q

2L1

ϕj + ı

(
k +

1

2

)
π
q

L1

✱ β+ı
q

2L1

ϕj + ı

(
k − 1

2

)
π
q

L1

✱ ❛♥❞ β+ı
q

2L1

ϕj + ı

(
k +

1

2

)
π
q

L1

✇❤❡&❡ ✇❡ &❡❝❛❧❧ $❤❛$ rje
iϕj

✱ j = 1, · · · , d✱ ❛"❡ $❤❡ "♦♦$' ♦❢ G✳

 !♦♣♦$✐&✐♦♥ ✹✳✸✳✾✳ ❚❤❡#❡ ❡①✐&'& k0 > 0 &✉❝❤ '❤❛' ❢♦# ❛❧❧ |k| ≥ k0 ❛♥❞ z ∈ ∂Rj,k✱

|Y (z)− F (z)| < |F (z)|. ✭✹✳✸✳✶✷✮

 !♦♦❢✿ ▲❡$ z ∈ ∂Rj,k ❛♥❞ |k| ≥ k0 ❢♦" '♦♠❡ k0 > 0 ❧❛"❣❡ ❡♥♦✉❣❤✳ ❙✐♠✐❧❛" $♦ ✭✹✳✸✳✾✮✱

✇❡ ❝❛♥ '❤♦✇ $❤❛$ $❤❡"❡ ❡①✐'$' C > 0 '✉❝❤ $❤❛$

|Y (z)− F (z)| ≤ C

|z|N+1
.

❚❤❡"❡❢♦"❡✱ ✐♥ ♦"❞❡" $♦ ❝♦♠♣❧❡$❡ $❤❡ ♣"♦♦❢✱ ✐$ ✐' ❡♥♦✉❣❤ $♦ '❤♦✇ $❤❛$ ❢♦" z ∈ ∂Rj,k

C

|z| < |F0(z)| ,

✇❤❡"❡

F0(z) =
N∑

k=1

cosh θ̃k(z)
N∏

l 6=k

sinh θ̃l(z). ✭✹✳✸✳✶✸✮

❲❡ "❡♠❛"❦ $❤❛$ |F0| ✐' iπ
q

L1

♣❡"✐♦❞✐❝✱ ❤❡♥❝❡✱ min
z∈∂Rj,k

|F0(z)| = mj ✐' ✐♥❞❡♣❡♥❞❡♥$ ♦❢

k✳ ▼♦"❡♦✈❡"✱ ❢♦" k0 ≥ 1✱ $❤❡"❡ ❡①✐'$' C̃ > 0 '✉❝❤ $❤❛$ ❢♦" |k| ≥ k0 ❛♥❞ z ∈ ∂Rj,k✱ ✇❡

❤❛✈❡

C

|z| ≤
C̃

|k| .

✶✾✾



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❈❤♦♦)✐♥❣ k0 ❧❛&❣❡ ❡♥♦✉❣❤✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

C

|z| ≤
C̃

|k| < mj

❛♥❞ $❤❡ ♣&♦♦❢ ❢♦❧❧♦✇)✳

 !♦♦❢✿ ♦❢ ❚❤❡♦!❡♠ ✹✳✸✳✷ ❲❡ )❤❛❧❧ ♣&♦✈❡ $❤❛$ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A ❛&❡

❛)②♠♣$♦$✐❝❛❧❧② ❝❧♦)❡ $♦ $❤❡ &♦♦$) ♦❢ F ✳

❋✐&)$ ▲❡♠♠❛ ✹✳✸✳✼ ②✐❡❧❞) $❤❛$ ❛❧❧ $❤❡ &♦♦$) ♦❢ F ❛&❡ ❣✐✈❡♥ ❜②

zj,k =
q

2L1

log rj + ı
q

2L1

ϕj + ıkπ
q

L1

.

❢♦& ❛❧❧ 1 ≤ j ≤ d✱ k ∈ Z✳

▲❡$ 0 < ρ < min
j

{∣∣∣∣
q

2L1

ϕj + π
q

L1

∣∣∣∣ ,
∣∣∣∣
q

2L1

log rj

∣∣∣∣
}
)♦ $❤❛$ B(zj,k, ρ) ❝♦♥$❛✐♥) ♦♥❧②

♦♥❡ &♦♦$ ♦❢ F ✳ ❋&♦♠ A&♦♣♦)✐$✐♦♥ ✹✳✸✳✻✱ ✐♥ ♦&❞❡& $♦ ♣&♦✈❡ $❤❛$ |Y (z)− F (z)| < |F (z)|
❢♦& z ∈ ∂B(zj,k, ρ)✱ ✐$ ✐) ❡♥♦✉❣❤ $♦ )❤♦✇ $❤❛$

C

|z| < |F0(z)| ✇❤❡&❡ F0 ✇❛) ❞❡✜♥❡❞ ❜②

✭✹✳✸✳✶✸✮✳

▲❡$ hj,k(ρ) = min
z∈∂B(zj,k,ρ)

|F0(z)|✳ ❙✐♥❝❡ |F0| ✐) iπ
q

L1

♣❡&✐♦❞✐❝✱ $❤❡♥ hj,k(ρ) ✐) ✐♥❞❡✲

♣❡♥❞❡♥$ ♦❢ k ❀ ✐✳❡✳✱ hj,k(ρ) = hj,0(ρ) = hj(ρ)✳ ❲❡ ❞❡♥♦$❡ ❜② h(ρ) = min
1≤j≤d

hj(ρ)✳ ■$ ✐)

❝❧❡❛& $❤❛$ h(ρ) > 0 ❛♥❞ h(ρ) → 0 ❛) ρ→ 0✳ ❚❤❡&❡❢♦&❡✱ $❤❡&❡ ❡①✐)$) k0 > 0 )✉❝❤ $❤❛$

❢♦& |k| > k0✱
C

|z| ≤
C̃

|k| < h (ρ) . ❈♦♥)❡K✉❡♥$❧②✱ ✇❡ ❞❡✜♥❡ ρk ❜②

ρk = min
ρ

{
C̃

|k| < h(ρ)

}
. ✭✹✳✸✳✶✹✮

❲❡ ♥♦$✐❝❡ $❤❛$ ρk → 0 ❛) |k| → +∞✳ ❚❤❡&❡❢♦&❡✱ ❢♦& ❡✈❡&② |k| > k0 ❛♥❞ z ∈

∂B(zj,k, ρk)✱ ✇❡ ❤❛✈❡
C

|z| ≤
C̃

|k| < h(ρk) ≤ |F0(z)|✳
❇② ❘♦✉❝❤N✬) ❚❤❡♦&❡♠✱ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ Y ❛♥❞ F ❤❛✈❡ $❤❡ )❛♠❡ &♦♦$) ✐♥)✐❞❡

B(zj,k, ρk)✳ ❆) A&♦♣♦)✐$✐♦♥ ✹✳✸✳✾ ❛♥❞ ❛❣❛✐♥ $❤❡ ❛♣♣❧✐❝❛$✐♦♥ ♦❢ ❘♦✉❝❤N✬) $❤❡♦&❡♠ ✐♠♣❧②

$❤❛$ Y ❛♥❞ F ❤❛) $❤❡ )❛♠❡ ♥✉♠❜❡& ♦❢ &♦♦$) ✐♥ Rj,k✱ ❢♦& ❛❧❧ j = 1, · · · , d ❛♥❞ |k| ≥ k0✱

✷✵✵



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✇❡ ❞❡❞✉❝❡ $❤❛$ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A ✐♥ Rj,k ❛&❡ ✐♥)✐❞❡ B(zj,k, ρk)✳ ❚❤✐) ❝♦♠♣❧❡$❡) $❤❡

♣&♦♦❢ )✐♥❝❡ ∪|k|≥k0Rj,k ❝♦✈❡&) $❤❡ ♣♦))✐❜❧❡ )❡$ ♦❢ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A✳

❘❡♠❛$❦ ✹✳✸✳✶✵✳ ❯!✐♥❣ ❚❛②❧♦* ❡①♣❛♥!✐♦♥ ✐♥ ρ✱ ✇❡ ✜♥❞ 2❤❛2 h(ρ) = O(ρn0) ❢♦* !♦♠❡

n0 ∈ N∗
✳ ❚❤❡*❡❢♦*❡✱ ❛❝❝♦*❞✐♥❣ 2♦ 2❤❡ ❞❡✜♥✐2✐♦♥ ♦❢ ρk ✐♥ ✭✹✳✸✳✶✹✮✱ ✇❡ ❝♦♥❝❧✉❞❡ 2❤❛2

ρk =
˜̃
C

|k|
1
n0

❢♦* !♦♠❡

˜̃
C > 0✳ ❈♦♥!❡?✉❡♥2❧②✱ 2❤❡*❡ ❡①✐!2! !♦♠❡ k0 ∈ N∗

❧❛*❣❡ ❡♥♦✉❣❤

!✉❝❤ 2❤❛2

λj,k =
q

2L1

log rj + ı
q

2L1

ϕj + ıkπ
q

L1

+O

(
1

|k|
1
n0

)
, ∀|k| > k0.

✹✳✹ ❘✐❡%③ ❜❛%✐% ✇✐*❤ ♣❛-❡♥*❤❡%❡% ♦❢H ❛♥❞ %✐♥❡✲*②♣❡

❢✉♥❝*✐♦♥%

■♥ $❤✐) )❡❝$✐♦♥✱ ✇❡ ✜&)$ ♣&♦✈❡ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&) ♦❢ A ❢♦&♠ ❛ ❘✐❡)③ ❜❛)✐) ✇✐$❤

♣❛&❡♥$❤❡)❡) ♦❢ H✳ ❆ ❞✐&❡❝$ ❝♦♥)❡@✉❡♥❝❡ ♦❢ ❚❤❡♦&❡♠ ✶✳✸✳✷ ❝♦♥❝❡&♥) ♦✉& ♦♣❡&❛$♦& A ✿

+$♦♣♦.✐0✐♦♥ ✹✳✹✳✶✳ ❚❤❡ ❢❛♠✐❧② ♦❢ *♦♦2 ✈❡❝2♦*! ♦❢ A ❢♦*♠! ❛ ❘✐❡!③ ❜❛!✐! ✇✐2❤ ♣❛✲

*❡♥2❤❡!❡! ♦❢ H✱ ✇❤✐❝❤ ♠❡❛♥! 2❤❛2 2❤❡ !2❛2❡♠❡♥2! ♦❢ ❚❤❡♦*❡♠ ✶✳✸✳✷ ❛*❡ ✈❛❧✐❞ ❢♦*

ıA✳

+$♦♦❢✿ ■$ )✉✣❝❡) $♦ ❛♣♣❧② ❚❤❡♦&❡♠ ✶✳✸✳✷ ✇✐$❤ $❤❡ ❝❤♦✐❝❡

T = i


 0 A0

1

A2
1 A0

0




❛♥❞ B = i


 0 0

0 A0
−2a


 .

$❤❛$ ❝❧❡❛&❧② )❛$✐)✜❡) $❤❡ ❛))✉♠♣$✐♦♥) ♦❢ ❚❤❡♦&❡♠ ✶✳✸✳✷✳

❆♥♦$❤❡& ❝♦♥)❡@✉❡♥❝❡ ♦❢ $❤❡ ♣&❡✈✐♦✉) &❡)✉❧$) ✐) $❤❛$ $❤❡ ♣❛❝❦❡$ Λp ❝❛♥ ❜❡ )♣❧✐$$❡❞

✉♣ ✐♥$♦ )✉❜♣❛❝❦❡$)✱ ♥❛♠❡❧② $❤❡&❡ ❡①✐)$) Np ∈ N∗
✇✐$❤ Np ≤ N )✉❝❤ $❤❛$

Λp = ∪Np

j=1{λp,j},

✷✵✶



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✇❤❡&❡ ❡❛❝❤ λp,j ∈ σ(A) ❛&❡ ❞✐✛❡&❡♥$ ❛♥❞ ♦❢ ♠✉❧$✐♣❧✐❝✐$② mp,j ✭✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ✐♥

p✮ ❛♥❞ $❤❡&❡❢♦&❡

Ppf =

Np∑

j=1

Pp,jf,

✇✐$❤

Pp,jf =
1

2iπ

∫

γp,j

(λ− T − B)−1f dλ,

γp,j ❜❡✐♥❣ ❛ ❝♦♥$♦✉& )✉&&♦✉♥❞✐♥❣ λp,j ❛♥❞ )♠❛❧❧ ❡♥♦✉❣❤ )♦ $❤❛$ ♦♥❧② $❤❡ ❡✐❣❡♥✈❛❧✉❡

λp,j ♦❢ A ✐) ✐♥)✐❞❡ γp,j✳

■♥ $❤❡ ♥❡①$ )❡❝$✐♦♥✱ ✇❡ ❛❧)♦ ♥❡❡❞ $♦ )❤♦✇ $❤❛$ Y ❞❡✜♥❡❞ ✐♥ ✭✹✳✸✳✻✮ ✐) ❛ )✐♥❡✲$②♣❡

❢✉♥❝$✐♦♥ ✐♥ $❤❡ ❢♦❧❧♦✇✐♥❣ )❡♥)❡ ✿

❉❡✜♥✐%✐♦♥ ✹✳✹✳✷✳ ▲❡" f ❜❡ ❛♥ ❡♥"✐'❡ ❝♦♠♣❧❡① ✈❛❧✉❡❞ ❢✉♥❝"✐♦♥✳ f ✐3 3❛✐❞ "♦ ❜❡ ♦❢

3✐♥❡✲"②♣❡ ✐❢

✭❛✮ ❚❤❡'❡ ❡①✐3"3 l > 0 3✉❝❤ "❤❛" ❢♦' ❛❧❧ z ∈ C✱ |f(z)| . el|z|✳

✭❜✮ ❚❤❡ ③❡'♦3 ♦❢ f ❧✐❡ ✐♥ ❛ 3"'✐♣ {z ∈ C; |ℜz| ≤ c} ❢♦' 3♦♠❡ c > 0✳

✭❝✮ ❚❤❡'❡ ❡①✐3" ❝♦♥3"❛♥"3 c1, c2 > 0 ❛♥❞ x0 ∈ R 3✉❝❤ "❤❛" ❢♦'✱ ❛❧❧ y ∈ R✱ c1 ≤
|f(x0 + iy)| ≤ c2✳

❚❤❡ ❝❧❛)) ♦❢ )✐♥❡✲$②♣❡ ❢✉♥❝$✐♦♥) ✐) ✉)❡❞ $♦ ❞❡❛❧ ✇✐$❤ ♣&♦❜❧❡♠) ♦❢ $❤❡ ❘✐❡)③ ❜❛✲

)✐) ♣&♦♣❡&$② ♦❢ $❤❡ ❝♦♠♣❧❡① ❡①♣♦♥❡♥$✐❛❧) ✐♥ L2(0, T ) )♣❛❝❡✱ ✇✐$❤ T > 0✳ ❲❤❡♥ f

✐) ❛ )✐♥❡✲$②♣❡ ❢✉♥❝$✐♦♥✱ $❤❡♥ ✇❡ ❝❛♥ ✇&✐$❡ $❤❡ ❡①♣❧✐❝✐$ ❡①♣&❡))✐♦♥ ♦❢ f ❛) f(z) =

lim
R→+∞

∏

|λ̃k|≤R

(
1− z

λ̃k

)
✱ ✇❤❡&❡ {λ̃k}k∈Z ✐) $❤❡ )❡$ ♦❢ ③❡&♦) ♦❢ f ✭)❡❡ ❬✽❪✮✳ ■❢ λ̃k = 0✱

$❤❡♥ ✇❡ &❡♣❧❛❝❡ $❤❡ $❡&♠

(
1− z

λ̃k

)
❜② z✳

■♥ ♦✉& ♣&♦❜❧❡♠✱ ✇❡ &❡♠❛&❦ $❤❛$ $❤❡ ❢✉♥❝$✐♦♥ F ❞❡✜♥❡❞ ✐♥ $❤❡ ❛♣♣&♦①✐♠❛$❡❞

❝❤❛&❛❝$❡&✐)$✐❝ ❡L✉❛$✐♦♥ ✭✹✳✸✳✽✮ ✐) ❛ )✐♥❡✲$②♣❡ ❢✉♥❝$✐♦♥✳ ■♥ ♦&❞❡& $♦ ❞❡❞✉❝❡ $❤❡ )❛♠❡

♣&♦♣❡&$② ❢♦& Y ❞❡✜♥❡❞ ✐♥ ✭✹✳✸✳✻✮✱ ✇❡ &❡❝❛❧❧ ❛ ❈♦&♦❧❧❛&② ♦❢ ❙❡❝$✐♦♥ ✷ ♦❢ ❬✶✶❪ ✿

✷✵✷



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

▲❡♠♠❛ ✹✳✹✳✸✳ ●✐✈❡♥ S(z) = lim
R→+∞

∏

|λ̃k|≤R

(
1− z

λ̃k

)
❛ &✐♥❡✲(②♣❡ ❢✉♥❝(✐♦♥✱ ✇❤❡2❡

{λ̃k}k∈Z ✐& (❤❡ &❡( ♦❢ ③❡2♦& ♦❢ S(z)✳ ❚❤❡♥ S0(z) = lim
R→+∞

∏

|λ̃k|≤R

(
1− z

λ̃k + ψk

)
✐& ❛❧&♦

❛ &✐♥❡✲(②♣❡ ❢✉♥❝(✐♦♥ ✐❢ {ψk}k∈Z ∈ ℓp, ❢♦2 &♦♠❡ p > 1✳

▲❡♠♠❛ ✹✳✹✳✹✳ Y ❞❡✜♥❡❞ ✐♥ ✭✹✳✸✳✻✮ ✐& &✐♥❡✲(②♣❡✱ ♦2 ❡?✉✐✈❛❧❡♥(❧② (❤❡ ❡✐❣❡♥✈❛❧✉❡& ♦❢

A ❛2❡ (❤❡ ③❡2♦& ♦❢ ❛ &✐♥❡✲(②♣❡ ❢✉♥❝(✐♦♥✳

'(♦♦❢✿ ❆❝❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠ ✹✳✸✳✷ ❛♥❞ ❘❡♠❛&❦ ✹✳✸✳✶✵✱ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡) A ❛&❡

❝❧♦)❡ $♦ $❤❡ ♦♥❡) ♦❢ F ✇✐$❤ ❛ &❡♠❛✐♥❞❡& {ψk}k∈Z )✉❝❤ $❤❛$

ψk = O

(
1

|k|
1
n0

)
,

❢♦& |k| > k0 $❤❛$ $❤❡♥ ❜❡❧♦♥❣) $♦ ℓ
n0+1

✳

✹✳✺ ❊①♣♦♥❡♥)✐❛❧ -)❛❜✐❧✐)② ♦❢ ✭S1✮ ❛♥❞ ♣4♦♦❢ ♦❢ ❚❤❡♦✲

4❡♠ ✹✳✶✳✶

❚❛❦✐♥❣ ❛❞✈❛♥$❛❣❡ ♦❢ $❤❡ ❢❛❝$ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&) ♦❢ A ❢♦&♠ ❛ ❘✐❡)③ ❜❛)✐) ✇✐$❤

♣❛&❡♥$❤❡)✐) ♦❢ H✱ ♦✉& ❛✐♠ ✐) ♥♦✇ $♦ ♣&♦✈❡ $❤❛$ ♣&♦❜❧❡♠ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡

✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✳

❋♦& ♦✉& ♣&♦♦❢ ✇❡ &❡❝❛❧❧ $❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ $❤❛$ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ▲❡♠♠❛ ✸✳✶

♦❢ ❬✸✾❪✳

▲❡♠♠❛ ✹✳✺✳✶✳ ▲❡( H ❜❡ ❛ &❡♣❛2❛❜❧❡ ❍✐❧❜❡2( &♣❛❝❡✳ ❙✉♣♣♦&❡ (❤❛( {en(t)}n∈J ❢♦2♠& ❛
❘✐❡&③ ❜❛&✐& ❢♦2 (❤❡ ❝❧♦&❡❞ &✉❜&♣❛❝❡ &♣❛♥♥❡❞ ❜② ✐(&❡❧❢ ✐♥ L2(0, T ), T > 0✳ ❚❤❡♥ ❢♦2 ❛♥②

ϕ(t) =
∑

n∈J
en(t)φn ∈ L2(0, T ;H)✱ (❤❡2❡ ❡①✐&( (✇♦ ♣♦&✐(✐✈❡ ❝♦♥&(❛♥(& C1(T ), C2(T )

✷✵✸



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

 ✉❝❤ $❤❛$

C1(T )
∑

n∈J
‖φn‖2H ≤ ‖ϕ‖2L2(0,T ;H) ≤ C2(T )

∑

n∈J
‖φn‖2H .

❚♦ ❛♣♣❧② $❤❡ ❛❜♦✈❡ ❧❡♠♠❛✱ ✇❡ ♥❡❡❞ $♦ )❡❛&❝❤ ❢♦& ❛ ❘✐❡)③ ❜❛)✐) ✐♥ L2(0, T )✳ ❙✐♥❝❡

$❤❡ ❡✐❣❡♥✈❛❧✉❡) ❛&❡ ♥♦$ ♥❡❝❡))❛&② )✐♠♣❧❡✱ $❤❡ ❢❛♠✐❧② {eλkt}k∈Z ❞♦❡) ♥♦$ ❢♦&♠ ❛ ❘✐❡)③

❜❛)✐) ✐♥ L2(0, T ) ❢♦& ❛♥② T > 0✳ ❍♦✇❡✈❡&✱ ❛) σ(A) ✐) ❛ ❞✐)❝&❡$❡ ✉♥✐♦♥ ♦❢ )❡♣❛&❛$❡❞ ❛♥❞

✜♥✐$❡ )❡$)✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ✉)❡ $❤❡ ❢❛♠✐❧② ♦❢ ❣❡♥❡&❛❧✐③❡❞ ❞✐✈✐❞❡❞ ❞✐✛❡&❡♥❝❡) ✭)❡❡ ❬✾✱✸✾❪✮✳

❉❡✜♥✐%✐♦♥ ✹✳✺✳✷✳ ▲❡$ M ∈ N∗
❜❡ ✜①❡❞ ❛♥❞ ❧❡$ vk, k = 1, · · · ,M, ❜❡ ❛.❜✐$.❛.②

❝♦♠♣❧❡① ♥✉♠❜❡. ✱ ♥♦$ ♥❡❝❡  ❛.✐❧② ❞✐ $✐♥❝$✳ ❚❤❡♥ $❤❡ ❣❡♥❡.❛❧✐③❡❞ ❞✐✈✐❞❡❞ ❞✐✛❡.❡♥❝❡ 

✭❞❡♥♦$❡❞ ❜② ●❉❉✮ ♦❢ ♦.❞❡. m = 0, · · · ,M − 1 ❛.❡ ❞❡✜♥❡❞ ❜② .❡❝✉..❡♥❝❡ ❛ ❢♦❧❧♦✇ ✿

$❤❡ ●❉❉ ♦❢ ♦.❞❡. ③❡.♦ ✐ ❞❡✜♥❡❞ ❛ [v1](t) = ev1t✱ $❤❡ ●❉❉ ♦❢ ♦.❞❡. m−1, 1 ≤ m ≤
M ✐ ❞❡✜♥❡❞ ❛ 

[v1, v2, · · · , vm](t) =:





[v1, v2..., vm−1](t)− [v2, v3, · · · , vm](t)
v1 − vm

, v1 6= vm

∂

∂v
[v, v2, · · · , vm−1](t) |v=v1 , v1 = vm.

❆♥ ❡H✉✐✈❛❧❡♥$ ❡①♣&❡))✐♦♥ ✐) ❣✐✈❡♥ ❜②

[v1, v2, · · · , vm](t) = tm−1

∫ 1

0

∫ τ1

0

...

∫ τm−2

0

et(v1+τ1(v2−v1)+...+τm−1(vm−vm−1))dτm−1...dτ2dτ1.

❍❡♥❝❡✱ ✐❢ ℜvm ≤ ℜvm−1 ≤ ... ≤ ℜv1✱ $❤❡♥ ❢♦& ❛❧❧ t ≥ 0

|[v1, v2..., vm](t)| ≤ tm−1eℜv1t. ✭✹✳✺✳✶✮

◆♦✇ ❛) )♦♠❡ vj ❝❛♥ ❜❡ &❡♣❡❛$❡❞✱ ✇❡ ✇&✐$❡ {v1, v2, · · · , vM} = {w1, w2, · · · , wn}
)✉❝❤ $❤❛$ wi 6= wj ❢♦& ❛❧❧ 1 ≤ i, j ≤ n )✉❝❤ $❤❛$ i 6= j✳ ❙✉♣♣♦)✐♥❣ $❤❛$ ❡❛❝❤ wj ✐)

&❡♣❡❛$❡❞ nj $✐♠❡)✱ ✐✳❡✱

n∑

j=1

nj = M ✱ $❤❡♥ ✇❡ ❝❛♥ &❡❝❛❧❧ M&♦♣♦)✐$✐♦♥ ✸✳✶ ♦❢ ❬✸✾❪ ✇❤✐❝❤

)❤♦✇) $❤❛$ ❢♦& ❛♥② 1 ≤ k ≤ nl✱ t
k−1ewlt

✱ l = 1, · · · , n ✐) ❛ ❧✐♥❡❛& ❝♦♠❜✐♥❛$✐♦♥ ♦❢
[v1](t), [v1, v2](t), · · · , [v1, v2, · · · , vM ](t)✳

✷✵✹



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

 !♦♣♦$✐&✐♦♥ ✹✳✺✳✸✳ ❆♥② ϕ(t) =
n∑

j=1

ewjt

nj∑

i=1

aijt
i−1

✇✐%❤ aij ∈ H ❝❛♥ ❜❡ +❡✇+✐%%❡♥ ❛,

ϕ(t) =
M∑

i=1

Gi[v1.v2, · · · , vi](t),

✇✐%❤ ,♦♠❡ Gi ∈ H✱ ✐♥ ♣❛+%✐❝✉❧❛+ G1 =
n∑

j=1

a1j✳

■❢ ✇❡ ❣♦ ❜❛❝❦ $♦ ♦✉& ♣&♦❜❧❡♠✱ ❢♦& ❡✈❡&② p ∈ Z✱ ✇❡ ❝♦♥)$&✉❝$ $❤❡ ❢❛♠✐❧② ♦❢ ●❉❉

♦❢ $❤❡ ❢♦&♠

Ep(t) =
{
[λp,1](t), [λp,1, λp,2], · · · , [λp,1, λp,2, · · · , λp,Mp

](t)
}
,

❛))♦❝✐❛$❡❞ ✇✐$❤ $❤❡ )❡$ λp,1, · · · , λp,Np
❜✉$ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ❜❡✐♥❣ &❡♣❡❛$❡❞ ❛❝❝♦&❞✐♥❣

$♦ $❤❡✐& ♠✉❧$✐♣❧✐❝✐$② ✭❛♥❞ ❝♦♥)❡?✉❡♥$❧② Mp =
∑Np

j=1mp,j✮✳

 !♦♣♦$✐&✐♦♥ ✹✳✺✳✹✳ ❚❤❡+❡ ❡①✐,%, T > 0 ,✉❝❤ %❤❛% %❤❡ ❢❛♠✐❧② ♦❢ ●❉❉ {Ep(t)}p∈Z
❢♦+♠, ❛ ❘✐❡,③ ❜❛,✐, ❢♦+ %❤❡ ❝❧♦,❡❞ ,✉❜,♣❛❝❡ ,♣❛♥♥❡❞ ❜② ✐%,❡❧❢ ✐♥ L2(0, T )✳

 !♦♦❢✿ ❆❝❝♦&❞✐♥❣ $♦ ▲❡♠♠❛ ✹✳✹✳✹✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A ❛&❡ &♦♦$) ♦❢ ❛ )✐♥❡✲$②♣❡

❢✉♥❝$✐♦♥✳ ❍❡♥❝❡✱ $❤❡ ♣&♦♦❢ ❜❡❝♦♠❡) ❛ ❞✐&❡❝$ ❝♦♥)❡?✉❡♥❝❡ ♦❢ ❚❤❡♦&❡♠ ✸ ♦❢ ❬✶✵❪ ✇❤❡&❡

T > 0 ✐) ❝❤♦)❡♥ ❧❛&❣❡ ❡♥♦✉❣❤ ✭♥♦$❡ ❛❧)♦ $❤❛$ ❛ )✐♥❡✲$②♣❡ ❢✉♥❝$✐♦♥ ❛✉$♦♠❛$✐❝❛❧❧②

)❛$✐)✜❡) $❤❡ ❍❡❧)♦♥✲❙③❡❣♦ ❝♦♥❞✐$✐♦♥ ❞✉❡ $♦ ✐$) ❡?✉✐✈❛❧❡♥$ ❢♦&♠ ✭❝♦♥❞✐$✐♦♥ ✭A2✮ ♣❛❣❡

✷ ✐♥ ❬✾❪✮ ❛♥❞ $❤❡ ❝♦♥❞✐$✐♦♥ ✭❝✮ ✐♥ ♦✉& ❞❡✜♥✐$✐♦♥ ✹✳✹✳✷✮✳

 !♦♦❢✿ ♦❢ ❚❤❡♦!❡♠ ✹✳✶✳✶✳ ●✐✈❡♥ ❛♥ ✐♥✐$✐❛❧ ❞❛$✉♠ U(0) ∈ H✱ ❜② O&♦♣♦)✐$✐♦♥
✹✳✹✳✶✱ ✐$ ❝❛♥ ❜❡ ✇&✐$$❡♥ ❛)

U(0) =
∑

p∈Z

Np∑

j=1

Pλp,j
(U(0)) ,

✷✵✺



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✇❤❡&❡ ✇❡ &❡❝❛❧❧ $❤❛$ Pλp,j
❞❡♥♦$❡) $❤❡ ❘✐❡)③ ♣&♦❥❡❝$✐♦♥ ♦❢ A ❝♦&&❡)♣♦♥❞✐♥❣ $♦ $❤❡

❡✐❣❡♥✈❛❧✉❡ λp,j✱ $❤❡♥✱ ❢♦& ❛♥② t > 0✱ ✇❡ ❤❛✈❡

etAU(0) =
∑

p∈Z

Np∑

j=1

eλp,jt

mp,j∑

i=1

(A− λp,j)
i−1

(i− 1)!
ti−1Pλp,j

(U(0))

=
∑

p∈Z

Np∑

j=1

eλp,jt

mp,j∑

i=1

aij,pt
i−1,

✭✹✳✺✳✷✮

✇❤❡&❡ aij,p =
(A− λp,j)

i−1

(i− 1)!
Pλp,j

(U(0))✳ ❇② C&♦♣♦)✐$✐♦♥ ✹✳✺✳✸✱ ✇❡ ❣❡$

etAU(0) =
∑

p∈Z

Mp∑

i=1

Gp,i[λp,1, λp,2, · · · , λp,i](t). ✭✹✳✺✳✸✮

▲❡♠♠❛ ✹✳✺✳✶ ❛♥❞ C&♦♣♦)✐$✐♦♥ ✹✳✺✳✹ ②✐❡❧❞ ❢♦& )♦♠❡ T > 0

∑

p∈Z

Mp∑

i=1

‖Gp,i‖2H .

∫ T

0

∥∥etAU(0)
∥∥2

H dt.

❇② $❤❡ )❡♠✐❣&♦✉♣ ♣&♦♣❡&$②✱ ✇❡ ❦♥♦✇ $❤❛$ $❤❡&❡ ❛&❡ C, ω > 0 )✉❝❤ $❤❛$ ❢♦& ❛❧❧ t ≥ 0

‖etA‖L(H) ≤ Ceωt.

❚❤❡&❡❢♦&❡✱ $❤❡ ♣&❡✈✐♦✉) ❡)$✐♠❛$❡ ❜❡❝♦♠❡)

∑

p∈Z

Mp∑

i=1

‖Gp,i‖2H .
C2

2ω
(e2ωT − 1) ‖U(0)‖2H . ✭✹✳✺✳✹✮

❋✐♥❛❧❧②✱ )✐♥❝❡ $❤❡ &♦♦$ ✈❡❝$♦&) ♦❢ A ❢♦&♠ ❛ ❘✐❡)③ ❜❛)✐) ✇✐$❤ ♣❛&❡♥$❤❡)✐) ♦❢ H✱ $❤❡♥
❜② ✭✹✳✺✳✶✮✱ ✭✹✳✺✳✸✮✱ ❛♥❞ ✭✹✳✺✳✹✮ ✇❡ ❣❡$ ❢♦& t ≥ 1

∥∥etAU(0)
∥∥2

H .
∑

p∈Z

∥∥∥∥∥

Mp∑

i=1

Gp,i[λp,1, λp,2, · · · , λp,i](t)
∥∥∥∥∥

2

H

✭✹✳✺✳✺✮

.
∑

p∈Z
t2(Mp−1)e2µpt

Mp∑

i=1

‖Gp,i‖2H,

✷✵✻



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✇❤❡&❡ µp = max1≤j≤Np
ℜλp,j✳

◆♦✇✱ ❜② ❚❤❡♦&❡♠ ✹✳✸✳✷✱ ✇❡ ❦♥♦✇ $❤❛$ ✐❢ $❤❡ &♦♦$) ♦❢ $❤❡ ♣♦❧②♥♦♠✐❛❧ G ❛&❡ ✐♥

$❤❡ ♦♣❡♥ ✉♥✐$ ❞✐)❦✱ $❤❡♥ $❤❡&❡ ❡①✐)$) µ < 0 ❛♥❞ p0 ∈ N )✉❝❤ $❤❛$

µp ≤ µ < 0, ∀|p| > p0.

❍❡♥❝❡ ❜② ✭✹✳✺✳✺✮✱ ✇❡ ❞❡❞✉❝❡ $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ♣&♦❜❧❡♠ ✭S1✮ ✉♣ $♦ $❤❡

✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ )♣❛♥♥❡❞ ❜② $❤❡ &♦♦$) ✈❡❝$♦&) ♦❢ A ❝♦&&❡)♣♦♥❞✐♥❣ $♦ $❤❡

❡✐❣❡♥✈❛❧✉❡) λp,j )✉❝❤ $❤❛$ |p| ≤ p0✳ ❚❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✹✳✶✳✶ ✐) ❝♦♠♣❧❡$❡✳

✹✳✻ ❊①♣♦♥❡♥)✐❛❧ -)❛❜✐❧✐)② ♦❢ ✭Sǫ✮ ❢♦3 -♠❛❧❧ ✈❛❧✉❡- ♦❢

ǫ ❛♥❞ ♣3♦♦❢ ♦❢ ❚❤❡♦3❡♠ ✹✳✶✳✹

■♥ $❤✐) )❡❝$✐♦♥✱ ✇❡ ❝♦♥)✐❞❡& ❝♦♥)$❛♥$ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) ❛♥❞ ❡H✉❛❧ ❧❡♥❣$❤) Li =

1✱ ❢♦& ❛❧❧ i = 1, · · · , N ✳ ❲✐$❤♦✉$ ❧♦)) ♦❢ ❣❡♥❡&❛❧✐$② ✇❡ ❝❛♥ ❛))✉♠❡ $❤❛$ $❤❡ ai ❛&❡
♥♦♥ ❞❡❝&❡❛)✐♥❣✱ ✐✳❡✳✱ a1 ≤ a2 ≤ · · · ≤ aN ✳ ■♥ $❤❡ )❡H✉❡❧✱ ✇❡ &❡♣❧❛❝❡ $❤❡ ❞❛♠♣✐♥❣

❝♦❡✣❝✐❡♥$) ai ❜② ǫai, ✇❤❡&❡ $❤❡ ♣❛&❛♠❡$❡& ǫ ✐) ♣♦)✐$✐✈❡✳ ❖✉& ❣♦❛❧ ✐) $♦ ✜♥❞ )✉✣❝✐❡♥$

❝♦♥❞✐$✐♦♥) ❢♦& ✇❤✐❝❤ ✭Sǫ✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✐♥ $❤❡ ✇❤♦❧❡ ❡♥❡&❣② )♣❛❝❡ ❢♦& ❡✈❡&②

ǫ )♠❛❧❧ ❡♥♦✉❣❤✳

❇❛)❡❞ ♦♥ $❤❡ &❡)✉❧$) ♦❢ $❤❡ ♣&❡✈✐♦✉) )❡❝$✐♦♥✱ ✐$ )❡❡♠) ❡♥♦✉❣❤ $♦ ✜♥❞ )✉✣❝✐❡♥$

❝♦♥❞✐$✐♦♥) ♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) )♦ $❤❛$ $❤❡ ❧♦✇ ❡✐❣❡♥✈❛❧✉❡) ❤❛✈❡ ♥❡❣❛$✐✈❡ &❡❛❧

♣❛&$) ❢♦& ❡✈❡&② ǫ )♠❛❧❧ ❡♥♦✉❣❤✳ ❍♦✇❡✈❡&✱ ✇❡ &❡♠❛&❦ $❤❛$ ❘♦✉❝❤M✬) ❚❤❡♦&❡♠ ✉)❡❞

✐♥ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✹✳✸✳✷ ②✐❡❧❞) ❛ ❝♦♥)$❛♥$ k0 ❞❡♣❡♥❞❡♥$ ♦❢ ǫ ✭♠❛✐♥❧② ♦❢ ♦&❞❡&
1

ǫ
✮✳ ❈♦♥)❡H✉❡♥$❧②✱ ✐$ )❡❡♠) ❞✐✣❝✉❧$ $♦ )❡♣❛&❛$❡ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡) ❢&♦♠ $❤❡ ❧♦✇

❡✐❣❡♥✈❛❧✉❡) ✉♥✐❢♦&♠❧② ✐♥ ǫ ❢♦& ❛❧❧ ǫ )♠❛❧❧ ❡♥♦✉❣❤✳

❆) ♣&❡✈✐♦✉)❧② ♠❡♥$✐♦♥❡❞✱ $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭Sǫ✮ ❤❛) ❜❡❡♥ )$✉❞✐❡❞ ✐♥ ❬✺✶❪

✉♥❞❡& )♦♠❡ ❛❜)$&❛❝$ ❤②♣♦$❤❡)✐)✳ ❈♦♥)❡H✉❡♥$❧②✱ ♦✉& ❛✐♠ ✐) $♦ ✐♥$❡&♣&❡$ $❤❡ ❤②♣♦$❤❡)✐)

✷✵✼



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❢&♦♠ ❬✺✶❪ $♦ ✜♥❞ ❡①♣❧✐❝✐$ ❝♦♥❞✐$✐♦♥) ♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$)✳ ❖✉& )$&❛$❡❣② ✐)

❜❛)❡❞ ♦♥ $❤❡ ❛)②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ♦❢ $❤❡ )♣❡❝$&✉♠ ♦❢ $❤❡ ❣❡♥❡&❛$♦& A = A(ǫ) ❛) ❛

❢✉♥❝$✐♦♥ ♦❢ ǫ✳ ■♥ $❤❡ )❡C✉❡❧✱ ✇❡ ✉)❡ )♦♠❡ ♥♦$❛$✐♦♥) ❢&♦♠ ❬✹✻❪ ❛♥❞ ✇❡ &❡❢❡& $❤❡ &❡❛❞❡&

$♦ $❤✐) ❜♦♦❦ ❢♦& $❤❡ ❡①❛❝$ ❞❡✜♥✐$✐♦♥)✳ ❋✐&)$✱ ✇❡ ♥♦$✐❝❡ $❤❛$ $❤❡ ❣❡♥❡&❛$♦& A = A(ǫ)

✐) ❤♦❧♦♠♦&♣❤✐❝ ♦❢ $②♣❡ ✭❆✮ ✐♥ $❤❡ ♣❛&❛♠❡$❡& ǫ ✐♥ $❤❡ )❡♥)❡ ♦❢ ✭✷✳✶✮ ♦❢ ❝❤❛♣$❡& ❱■■✳✷

✐♥ ❬✹✻❪✳ ■♥❞❡❡❞✱ ✇❡ )✐♠♣❧② ❤❛✈❡

A(ǫ) = A(0) + ǫB,

✇❤❡&❡ A(0) ✐) ❛ )❦❡✇❛❞❥♦✐♥$ ♦♣❡&❛$♦& ❛♥❞ B ✐) ❛ ❜♦✉♥❞❡❞ )❡❧❢❛❞❥♦✐♥$ ♦♣❡&❛$♦& ❞❡✜✲

♥❡❞ ❜②

A(0) =


 0 A0

1

A2
1 0



❛♥❞ B =


 0 0

0 A0
−2a


 .

❙✐♥❝❡ A(0) ✐) ❛ )❦❡✇ ❛❞❥♦✐♥$ ♦♣❡&❛$♦& ✇✐$❤ ❛ ❝♦♠♣❛❝$ &❡)♦❧✈❡♥$✱ $❤❡&❡ ✐) ❛♥

♦&$❤♦♥♦&♠❛❧ )②)$❡♠ ♦❢ ❡✐❣❡♥✈❡❝$♦&) ♦❢ A(0) ✇❤✐❝❤ ✐) ❝♦♠♣❧❡$❡ ✐♥ H. ❚❤❡ ❡✐❣❡♥✈❛❧✉❡)
♦❢ A(0) ❛&❡ λ1,k(0) = ı(kπ+

π

2
) ✇✐$❤ ♠✉❧$✐♣❧✐❝✐$② ♦♥❡✱ ❢♦& ❛❧❧ k ∈ Z✱ ❛♥❞ λ2,k(0) = ıkπ

✇✐$❤ ❣❡♦♠❡$&✐❝ ❛♥❞ ❛❧❣❡❜&❛✐❝ ♠✉❧$✐♣❧✐❝✐$② N − 1✱ ❢♦& ❛❧❧ k ∈ Z∗
✳ ❋♦& )❤♦&$♥❡)) ✇❡

✇&✐$❡ {λk(0)}k∈Z = {ıkπ}k∈Z∗ ∪
{
ı(kπ +

π

2
)
}
k∈Z

❛♥❞ ✇❡ )❡$ mk $❤❡ ♠✉❧$✐♣❧✐$② ♦❢

λk(0) ✭❤❡♥❝❡ mk = 1 ♦& mk = N − 1✮✳

◆♦✇ ❛❝❝♦&❞✐♥❣ $♦ ❙❡❝$✐♦♥ ❱■■✳✷✳✹ ✐♥ ❬✹✻❪✱ $❤❡&❡ ❡①✐)$) ǫ0 > 0 )✉❝❤ $❤❛$ ❢♦& ❛❧❧

ǫ ∈ (0, ǫ0)✱ A(ǫ) ❤❛) ❡①❛❝$❧② mk ❡✐❣❡♥✈❛❧✉❡) ✭❛❧❣❡❜&❛✐❝ ♠✉❧$✐♣❧✐❝✐$② ❝♦✉♥$❡❞✮ ✐♥

B(λk(0), ρ)✱ ✇✐$❤ ρ > 0 ✜①❡❞ )♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤✐) )❡$ ♦❢ ❡✐❣❡♥✈❛❧✉❡) ✐) ❝❛❧❧❡❞ $❤❡

λk(0)✲❣&♦✉♣ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ) ❣❡♥❡&❛$❡❞ ❜② $❤❡ )♣❧✐$$✐♥❣ ❢&♦♠ $❤❡ ❝♦♠♠♦♥ ❡✐❣❡♥✲

✈❛❧✉❡ λk(0) ♦❢ $❤❡ ✉♥♣❡&$✉&❜❡❞ ♦♣❡&❛$♦& A(0) ✭)❡❡ ♣❛❣❡ ✼✹ ✐♥ ❬✹✻❪✮✳ ❈♦♥)❡C✉❡♥$❧② ❛)

ǫ ✐♥❝&❡❛)❡)✱ ❛ )♣❧✐$$✐♥❣ ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♠❛② ♦❝❝✉& ❛♥❞ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ) ❝❛♥

❣♦ $♦ $❤❡ ❧❡❢$ ♦& $♦ $❤❡ &✐❣❤$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐) ✭♦& ❜♦$❤✮✳ ❍❡♥❝❡✱ ♦✉& ❛✐♠ ✐) $♦

✷✵✽



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✜♥❞ )♦♠❡ )✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥) ❢♦& ✇❤✐❝❤ ❡❛❝❤ λk(0)✲❣&♦✉♣ ✐) )$&✐❝$❧② $♦ $❤❡ ❧❡❢$ ♦❢

$❤❡ ✐♠❛❣✐♥❛&② ❛①✐)✳

❋♦& ❢✉&$❤❡& ✉)❡✱ ❢♦& ǫ ∈ (0, ǫ0) ❛♥❞ ❛❧❧ k ∈ Z✱ $❤❡ λk(0)✲❣&♦✉♣ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ)

✇✐❧❧ ❜❡ ❞❡♥♦$❡❞ ❜② {λk,j(ǫ)}mk

j=1✳

■♥ ❛ ✜&)$ )$❡♣✱ ❝♦♥)✐❞❡& Γk,ρ ❛ ♣♦)✐$✐✈❡❧②✲♦&✐❡♥$❡❞ ❝✐&❝❧❡ ❛&♦✉♥❞ λk(0) ✇✐$❤ &❛❞✐✉)

ρ <
π

4
)✉❝❤ $❤❛$ λk(0) ✐) ✐)♦❧❛$❡❞✳ ❋♦& ζ ∈ Γk,ρ✱ ✇❡ ❞❡♥♦$❡ ❜② R(ζ) = (A(0)− ζ)−1

✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣✐✈❡) ❛ ✉♥✐❢♦&♠ ❡)$✐♠❛$❡ ♦❢ ‖R(ζ)‖ ❢♦& ❛❧❧ ζ ∈ Γk,ρ.

▲❡♠♠❛ ✹✳✻✳✶✳ ❋♦" ❛❧❧ ζ ∈ Γk,ρ✱ ✇❡ ❤❛✈❡

‖R(ζ)‖ =
1

ρ
, ∀ζ ∈ Γk,ρ. ✭✹✳✻✳✶✮

()♦♦❢✿ ❋♦& ❝♦♥✈❡♥✐❡♥❝❡ ❛♥❞ ❢♦& ❛ ♠♦♠❡♥$✱ ✇❡ &❡♥❛♠❡ {iβk}k∈Z∗
$❤❡ )❡$ ♦❢ ❡✐❣❡♥✈❛✲

❧✉❡) ♦❢ A(0) ❛♥❞ ❛&&❛♥❣❡ ✐$ ✐♥ ✐♥❝&❡❛)✐♥❣ ♦&❞❡& ✭✐✳❡ ✳✳✳βk−1 ≤ βk ≤ βk+1...✮✳ ❲❡ ❞❡♥♦$❡

❜② {φk}k∈Z∗
$❤❡ ❛))♦❝✐❛$❡❞ )②)$❡♠ ♦❢ ❡✐❣❡♥✈❡❝$♦&) ✇❤✐❝❤ ❢♦&♠) ❛♥ ♦&$❤♦♥♦&♠❛❧ ❜❛)✐)

♦❢ H✳ ▲❡$ f =
∑

k∈Z∗

fkφk ∈ H, $❤❡♥ ❜② $❤❡ )♣❡❝$&❛❧ $❤❡♦&❡♠✱ ❢♦& ❛❧❧ ζ ∈ Γk,ρ✱ ✇❡ ❝❛♥

✇&✐$❡

R(ζ)f =
∑

k∈Z∗

fk
iβk − ζ

φk.

❙✐♥❝❡ |iβk − ζ| = ρ✱ ❢♦& ❛❧❧ k ∈ Z∗
✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

‖R(ζ)f‖2 =
∑

k∈Z∗

|fk|2
|iβk − ζ|2 =

1

ρ2

∑

k∈Z∗

|fk|2 =
1

ρ2
‖f‖2.

❚❤✐) ♣&♦✈❡) ✭✹✳✻✳✶✮ ❜② $❛❦✐♥❣ f ❝♦&&❡)♣♦♥❞✐♥❣ $♦ ♦♥❡ ❡✐❣❡♥✈❡❝$♦& ❛))♦❝✐❛$❡❞ ✇✐$❤ $❤❡

❡✐❣❡♥✈❛❧✉❡ λk(0)✳

◆♦✇ ✇❡ ❝❤❛&❛❝$❡&✐③❡ $❤❡ ❛)②♠♣$♦$✐❝ ❜❡❤❛✈✐♦✉& ♦❢ $❤❡ &❡❛❧ ♣❛&$) ♦❢ $❤❡ λk(0)✲

❣&♦✉♣ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ)✳

✷✵✾



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

▲❡♠♠❛ ✹✳✻✳✷✳ ❚❤❡#❡ ❡①✐&'& ǫ1 > 0 ❛♥❞ c > 0 &✉❝❤ '❤❛' ❢♦# ❛❧❧ ǫ ∈ (0, ǫ1)✱ ❛❧❧ k ∈ Z

❛♥❞ ❛❧❧ j = 1, · · · ,mk✱

ℜλk,j(ǫ) ≤ ǫ max
1≤j≤mk

µk,j + cǫ2,

✇❤❡♥ {µk,j}mk

j=1 ❞❡♥♦'❡& '❤❡ &❡' ♦❢ ❡✐❣❡♥✈❛❧✉❡& ♦❢ Pk(0)BPk(0) ❛♥❞ Pk(0) ❞❡♥♦'❡& '❤❡

❡✐❣❡♥♣#♦❥❡❝'✐♦♥ ❝♦##❡&♣♦♥❞✐♥❣ '♦ λk(0)✱ ✐✳❡✳✱ Pk(0) = − 1

2πi

∫

Γk,ρ

R(ξ)dξ✳

()♦♦❢✿ ❙.❡♣ ✶✳ ▲❡$ λk(0) ❜❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A(0)✳ ❉❡✜♥❡ $❤❡ )♣❛❝❡ Mk(ǫ) =

Pk(ǫ)H✱ ✇❤❡&❡ Pk(ǫ) ✐) $❤❡ ❡✐❣❡♥♣&♦❥❡❝$✐♦♥ ✭)❡❡ ✭✶✳✶✻✮ ♣❛❣❡ ✻✼ ♦❢ ❬✹✻❪✮ ❞❡✜♥❡❞ ❜②

Pk(ǫ) = − 1

2πi

∫

Γk,ρ

(A(ǫ)− ξ)−1 dξ.

◆♦$✐❝❡ $❤❛$ (A(ǫ)− ξ)−1
✐) ✇❡❧❧ ❞❡✜♥❡❞ ❢♦& ξ ∈ Γk,ρ ✇❤❡♥ ǫ <

1

‖B‖‖R(ξ)‖ =
ρ

‖B‖ ✳
■♥❞❡❡❞✱ ❛❝❝♦&❞✐♥❣ $♦ ✭✶✳✶✸✮ ❛♥❞ ✭✶✳✶✹✮ ♣❛❣❡ ✻✼ ♦❢ ❬✹✻❪✱ ✇❡ ❤❛✈❡ ❜② $❤❡ )❡❝♦♥❞ ◆❡✉✲

♠❛♥♥ )❡&✐❡) ❢♦& $❤❡ &❡)♦❧✈❡♥$

(A(ǫ)− ξ)−1 = R(ξ) (1 + ǫBR(ξ))−1 = R(ξ)
∞∑

n=0

(−ǫBR(ξ))n = R(ξ) +
∞∑

n=1

ǫnR
(n)
k (ξ),

✭✹✳✻✳✷✮

✇❤❡&❡

R
(n)
k (ξ) = R(ξ)(−BR(ξ))n. ✭✹✳✻✳✸✮

❍❡♥❝❡ $❤❡ )❡&✐❡) ♦♥ $❤❡ &✐❣❤$✲❤❛♥❞ )✐❞❡ ♦❢ ✭✹✳✻✳✷✮ ❝♦♥✈❡&❣❡) ✐❢ ǫ < ρ
‖B‖ ✭$❤❛♥❦) $♦

▲❡♠♠❛ ✹✳✻✳✶✱ ✇❡ ♥♦$✐❝❡ $❤❛$ $❤❡ ✉♣♣❡& ❜♦✉♥❞ ♦❢ ǫ ✐) ✐♥❞❡♣❡♥❞❡♥$ ♦❢ k ∈ Z✮ ❛♥❞ ✇❡

❣❡$

Pk(ǫ) = Pk(0) +
∞∑

n=1

ǫnP
(n)
k ,

✇❤❡&❡ P
(n)
k = − 1

2πi

∫

Γk,ρ

R
(n)
k (ξ)dξ ❛♥❞ P

(0)
k = Pk(0)✳

❆) ❛❧&❡❛❞② )❛✐❞ ❜❡❢♦&❡ ✐❢ ǫ ✐) )✉✣❝✐❡♥$❧② )♠❛❧❧✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ) ❧②✐♥❣ ✐♥

Γk,ρ ❢♦&♠ ❡①❛❝$❧② $❤❡ λk(0)✲❣&♦✉♣ ❡✐❣❡♥✈❛❧✉❡)✳ ❚❤❡&❡❢♦&❡✱ )✐♥❝❡ λk(0) ✐) )❡♠✐)✐♠♣❧❡

✷✶✵



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✭)✐♥❝❡ ✐$ ✐) ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ )❦❡✇❛❞❥♦✐♥$ ♦♣❡&❛$♦&✮✱ $❤❡♥ ❛❝❝♦&❞✐♥❣ $♦ $❤❡ ✐❞❡♥$✐$✐❡)

✭✺✳✶✸✮ ❛♥❞ ✭✺✳✶✹✮ ♦❢ ❬✹✻✱ ♣✳ ✶✶✷❪✱ $❤❡ λk(0)✲❣&♦✉♣ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ) ❛&❡ ♦❢ $❤❡ ❢♦&♠

λk,j(ǫ) = λk(0) + ǫµ
(1)
k,j(ǫ), j = 1, · · · ,mk, ✭✹✳✻✳✹✮

✇❤❡&❡ {µ(1)
k,j(ǫ)}mk

j=1 ❛&❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ $❤❡ ♦♣❡&❛$♦&

Ã
(1)
k (ǫ) = ǫ−1(A(ǫ)− λk(0))Pk(ǫ) = − ǫ

−1

2πi

∫

Γk,ρ

(ξ − λk(0)) (A(ǫ)− ξ)−1 dξ, ✭✹✳✻✳✺✮

✐♥ $❤❡ )✉❜)♣❛❝❡ Mk(ǫ) = Pk(ǫ)H✳ ❚❤❡ )❡❝♦♥❞ ❡G✉❛❧✐$② ✐♥ ✭✹✳✻✳✺✮ ❢♦❧❧♦✇) ❢&♦♠ $❤❡

❢❛❝$ $❤❛$

(A(ǫ)− λk(0)) (A(ǫ)− ξ)−1 = 1 + (ξ − λk(0)) (A(ǫ)− ξ)−1 .

❙!❡♣ ✷✳❲❡ ❡)$✐♠❛$❡ $❤❡ ❞✐✛❡&❡♥❝❡ ❜❡$✇❡❡♥ Ã
(1)
k (ǫ) ❛♥❞ Pk(0)BPk(0)✳ ❆❝❝♦&❞✐♥❣

$♦ $❤❡ ✐❞❡♥$✐$② ✭✷✳✶✻✮ ♣❛❣❡ ✼✼ ♦❢ ❬✹✻❪✱ ✇❡ ❤❛✈❡

(A(ǫ)− λk(0))Pk(ǫ) = (A(0)− λk(0))Pk(0) +
∞∑

n=1

ǫnÃ
(n)
k , ✭✹✳✻✳✻✮

✇❤❡&❡

Ã
(n)
k = (−1)n+1 1

2πi

∫

Γk,ρ

R(ξ)(BR(ξ))n(ξ − λk(0))dξ, ✭✹✳✻✳✼✮

✐♥ ♣❛&$✐❝✉❧❛& ✭)❡❡ ✭✷✳✶✾✮ ♣❛❣❡ ✼✼ ♦❢ ❬✹✻❪✮

Ã
(1)
k = Pk(0)BPk(0). ✭✹✳✻✳✽✮

❙✐♥❝❡ λk(0) ✐) )❡♠✐)✐♠♣❧❡✱ $❤❡♥ A(0)Pk(0) = λk(0)Pk(0)✳ ❚❤✉) ✭✹✳✻✳✻✮ ✐♠♣❧✐❡) $❤❛$

Ã
(1)
k (ǫ) =

∞∑

n=0

ǫnÃ
(n+1)
k .

❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ❢&♦♠ ✭✹✳✻✳✼✮ ❛♥❞ ▲❡♠♠❛ ✹✳✻✳✶✱ ✇❡ ❤❛✈❡ ❢♦& ❛❧❧ n ≥ 1

‖Ã(n)
k ‖ ≤ ‖B‖n

ρn
.

✷✶✶



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❚❤❡&❡❢♦&❡✱ ❢♦& ǫ )♠❛❧❧ ❡♥♦✉❣❤✱ $❤❡&❡ ❡①✐)$) c > 0 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ k )✉❝❤ $❤❛$

‖Ã(1)
k (ǫ)− Ã

(1)
k ‖ ≤

∞∑

n=1

ǫn
‖B‖n+1

ρn+1
≤ ‖B‖

ρ

(
ǫ‖B‖

ρ

1− ǫ‖B‖
ρ

)
≤ cǫ. ✭✹✳✻✳✾✮

❙!❡♣ ✸✳ ❲❡ ❝♦♠♣❛&❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡) {µ(1)
k,j(ǫ)}mk

j=1 ♦❢ Ã
(1)
k (ǫ) ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛✲

❧✉❡) ♦❢ Ã
(1)
k = Pk(0)BPk(0)✳ ❈♦♥)✐❞❡& µ

(1)
k,j(ǫ) ❛♥❞ φ

(1)
k,j(ǫ) ❛♥ ❛))♦❝✐❛$❡❞ ♥♦&♠❛❧✐③❡❞

❡✐❣❡♥✈❡❝$♦&✱ $❤❡♥

Ã
(1)
k (ǫ)φ

(1)
k,j(ǫ) = µ

(1)
k,j(ǫ)φ

(1)
k,j(ǫ).

❋&♦♠ ✭✹✳✻✳✾✮✱ ✇❡ ❤❛✈❡

‖Ã(1)
k (ǫ)φ

(1)
k,j(ǫ)− Ã

(1)
k φ

(1)
k,j(ǫ)‖ ≤ cǫ.

❚❤✉)✱ ❜② ❈❛✉❝❤②✲❙❝❤✇❛&③✬) ✐♥❡G✉❛❧✐$②✱ ✇❡ ❤❛✈❡

| < µ
(1)
k,j(ǫ)φ

(1)
k,j(ǫ)− Ã

(1)
k φ

(1)
k,j(ǫ), φ

(1)
k,j(ǫ) > | ≤ cǫ,

♦& ❡G✉✐✈❛❧❡♥$❧②

|µ(1)
k,j(ǫ)− < Ã

(1)
k φ

(1)
k,j(ǫ), φ

(1)
k,j(ǫ) > | ≤ cǫ.

❚❤❡&❡❢♦&❡✱

ℜ(µ(1)
k,j(ǫ)) ≤< Ã

(1)
k φ

(1)
k,j(ǫ), φ

(1)
k,j(ǫ) > +cǫ,

♦&

ℜ(µ(1)
k,j(ǫ)) ≤ max

1≤j≤mk

µk,j + cǫ.

❲❡ ❝♦♥❝❧✉❞❡ ❜② ✉)✐♥❣ $❤✐) ❡)$✐♠❛$❡ ❛♥❞ ✭✹✳✻✳✹✮✳

❆❝❝♦&❞✐♥❣ $♦ ▲❡♠♠❛ ✹✳✻✳✷✱ $♦ ♣&♦✈❡ $❤❛$ $❤❡ )♣❡❝$&✉♠ ♦❢ A(ǫ) ✐) )✐$✉❛$❡❞ $♦ $❤❡

❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐) ❢♦& ǫ > 0 )♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ $♦ ♣&♦✈❡ $❤❛$✱ ❢♦& ❡✈❡&②

k ∈ Z✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ Ã(1)
k = Pk(0)BPk(0) ❛&❡ )$&✐❝$❧② $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&②

❛①✐) ✐♥❞❡♣❡♥❞❡♥$❧② ♦❢ k ∈ Z ❛♥❞ ǫ > 0✳ ■♥ ❢❛❝$✱ $❤❡ ❤②♣♦$❤❡)✐) ✐♠♣♦)❡❞ ✐♥ ❬✺✶❪ $♦ ❣❡$

✷✶✷



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

$❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭Sǫ✮ ❝❛♥ ❜❡ ✐♥$❡&♣&❡$❡❞ ❛) ❛ ❝♦♥❞✐$✐♦♥ ♦♥ $❤❡ ♥❡❣❛$✐✈✐$②

♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ Pk(0)BPk(0)✳ ❚❤❡&❡❢♦&❡✱ ♦✉& ❛✐♠ ✐♥ $❤❡ ♥❡①$ $✇♦ ❧❡♠♠❛) ✐) $♦

✜♥❞ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ Pk(0)BPk(0) ❛♥❞ $♦ ✐♥✈❡)$✐❣❛$❡ $❤❡ ❝♦♥❞✐$✐♦♥) ❢♦& ✇❤✐❝❤ $❤❡✐&

&❡❛❧ ♣❛&$) ❛&❡ ♥❡❣❛$✐✈❡ ✐♥❞❡♣❡♥❞❡♥$❧② ♦❢ k ∈ Z ❛♥❞ ǫ > 0✳

▲❡♠♠❛ ✹✳✻✳✸✳ ■❢ µk,0 ❞❡♥♦&❡' &❤❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Pk(0)BPk(0)✱ ✇❤❡1❡ Pk(0) ✐' &❤❡ ❡✐✲

❣❡♥♣1♦❥❡❝&✐♦♥ ❝♦11❡'♣♦♥❞✐♥❣ &♦ λk(0) = ı(kπ+
π

2
)✱ ✇✐&❤ k ∈ Z✱ &❤❡♥ µk,0 = − 1

N

N∑

i=1

ai✳

()♦♦❢✿ ❲❡ &❡❝❛❧❧ $❤❛$ λk(0) = ı(kπ +
π

2
) ✐) )✐♠♣❧❡ ❢♦& ❛❧❧ k ∈ Z✳ ❙♦♠❡ ❡❧❡♠❡♥$❛&②

❝❛❧❝✉❧❛$✐♦♥) )❤♦✇ $❤❛$ $❤❡ ❛))♦❝✐❛$❡❞ ♥♦&♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝$♦& ✐) ♦❢ $❤❡ ❢♦&♠

φ0 =
1√
N
(u, v)⊤,

✇❤❡&❡✱ ❢♦& ❛❧❧ x ∈ (0, 1) ❛♥❞ i = 1, · · · , N ✱ ui(x) =
sinh (λk(0)(1− x))

λk(0)
❛♥❞ vi(x) =

sinh (λk(0)(1− x))✳ ❋♦& ❛♥② ψ ∈ H✱ ✇❡ ✜♥❞ $❤❛$

Pk(0)BPk(0)ψ = − 1

N

(
N∑

i=1

ai

)
(ψ, φ0)φ0,

❤❡♥❝❡ φ0 ✐) $❤❡ ❡✐❣❡♥✈❡❝$♦& ♦❢ Pk(0)BPk(0) ♦❢ ❡✐❣❡♥✈❛❧✉❡ −
1

N

N∑

i=1

ai✳

▲❡♠♠❛ ✹✳✻✳✹✳ ■❢ {µk,j}N−1
j=1 ❞❡♥♦&❡' &❤❡ '❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡' ♦❢ Pk(0)BPk(0)✱ ✇❤❡1❡

Pk(0) ✐' &❤❡ ❡✐❣❡♥♣1♦❥❡❝&✐♦♥ ❝♦11❡'♣♦♥❞✐♥❣ &♦ λk(0) = ıkπ✱ ✇✐&❤ k ∈ Z∗
✱ &❤❡♥

{µk,j}N−1
j=1 ✐' &❤❡ '❡& ♦❢ ③❡1♦' ♦❢ &❤❡ ♣♦❧②♥♦♠✐❛❧ Q ❞❡✜♥❡❞ ❜②

Q(z) = (z + a1)(z + aN)
N−1∑

i=2

N−1∏

l 6=i

l=2

(z + al) +
N−1∏

l=2

(z + al)(2z + a1 + aN) ✭✹✳✻✳✶✵✮

()♦♦❢✿ ❋✐&)$✱ ✇❡ ♥♦$✐❝❡ $❤❛$✱ ❢♦& ❛❧❧ k ∈ Z∗
✱ λk(0) = ıkπ ✐) ♦❢ ♠✉❧$✐♣❧✐❝✐$② N − 1

❛♥❞ $❤❛$ $❤❡ ❛))♦❝✐❛$❡❞ ❡✐❣❡♥✈❡❝$♦&) ❛&❡ ♦❢ $❤❡ ❢♦&♠ (u, v)⊤ ✇❤❡&❡✱ ❢♦& i = 1, · · · , N

✷✶✸



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❛♥❞ x ∈ (0, 1)✱ ui(x) =
αi

ıkπ
sin (kπ(1− x)) ❛♥❞ vi(x) = αi sin (kπ(1− x)) ✇✐$❤ α =

(αi)
N
i=1 ∈ CN

)✉❝❤ $❤❛$

N∑

i=1

αi = 0✳ ❆) ❛ ❜❛)✐) ♦❢ $❤❡ )✉❜)♣❛❝❡ Pk(0)H✱ ✇❡ ❝❛♥ ❝❤♦♦)❡

$❤❡ )②)$❡♠ ♦❢ ❡✐❣❡♥✈❡❝$♦&) {φ(i)}i=1,··· ,N−1 ❝♦&&❡)♣♦♥❞✐♥❣ $♦ $❤❡ ❝❤♦✐❝❡

α(1) = (1,−1, 0 · · · , 0), α(2) = (1, 0,−1, 0 · · · , 0), · · · , α(N−1) = (1, 0, · · · , 0,−1).

❚❤❡&❡❢♦&❡✱ ❢♦& ❛❧❧ i = 1, · · · , N − 1✱ Pk(0)BPk(0)φ
(i) =

N−1∑

k=1

αikφ
(k)
✇❤❡&❡ αik ∈ C✳

▼♦&❡♦✈❡&✱ ❢♦& ❛❧❧ i, j = 1, · · · , N − 1✱

〈
Pk(0)BPk(0)φ

(i), φ(j)
〉
=

〈
Bφ(i), φ(j)

〉
=

N−1∑

k=1

αik

〈
φ(k), φ(j)

〉
.

❍❡♥❝❡✱ Pk(0)BPk(0) = ΓG−1
✱ ✇❤❡&❡ Γ = (

〈
Bφ(i), φ(j)

〉
)i,j ❛♥❞ G ✐) $❤❡ ●&❛♠✐❛♥

♠❛$&✐① ❞❡✜♥❡❞ ❜② G = (
〈
φ(i), φ(j)

〉
)i,j✳ ❇✉$ )♦♠❡ ❡❧❡♠❡♥$❛&② ❝❛❧❝✉❧❛$✐♦♥) ②✐❡❧❞

Γ =




−a1 − a2 −a1 −a1 · · · −a1
−a1 −a1 − a3 −a1 · · · −a1
✳

✳

✳ · · · ✳

✳

✳ · · · ✳

✳

✳

✳

✳

✳ · · · · · · ✳

✳

✳ −a1
−a1 −a1 · · · −a1 −a1 − aN




❛♥❞

G =




2 1 1 · · · 1

1 2 1 · · · 1
✳

✳

✳ · · · ✳

✳

✳ · · · ✳

✳

✳

✳

✳

✳ · · · · · · ✳

✳

✳ 1

1 1 · · · 1 2




.

✷✶✹



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❙✐♥❝❡

G−1 =
1

N




N − 1 −1 −1 · · · −1

−1 N − 1 −1 · · · −1
✳

✳

✳ · · · ✳

✳

✳ · · · ✳

✳

✳

✳

✳

✳ · · · · · · ✳

✳

✳ −1

−1 −1 · · · −1 N − 1




= I − 1

N




1 · · · · · · 1

1 · · · · · · 1
✳

✳

✳

✳

✳

✳

1 · · · · · · 1



,

✇❡ ❣❡$

Pk(0)BPk(0)

=
1

N




−a1 − (N − 1)a2 −a1 + a2 −a1 + a2 · · · −a1 + a2

−a1 + a3 −a1 − (N − 1)a3 −a1 + a3 · · · −a1 + a3
✳

✳

✳ · · · ✳

✳

✳ · · · ✳

✳

✳

✳

✳

✳ · · · · · · ✳

✳

✳

✳

✳

✳

−a1 + aN −a1 + aN · · · −a1 + aN −a1 − (N − 1)aN




.

❚❤❡&❡❢♦&❡✱ {µk,j}N−1
j=1 ❛&❡ $❤❡ &♦♦$) ♦❢ $❤❡ ❝❤❛&❛❝$❡&✐)$✐❝ ♣♦❧②♥♦♠✐❛❧ det (zI − Pk(0)BPk(0))

♦& ❡:✉✐✈❛❧❡♥$❧②

Q(z) = det




z + a2 0 · · · · · · −z − aN

0 z + a3 0 · · · −z − aN
✳

✳

✳ · · · ✳

✳

✳ 0
✳

✳

✳

0 · · · 0 z + aN−1 −z − aN

z + a1 z + a1 · · · z + a1 2z + a1 + aN




.

❉❡✈❡❧♦♣✐♥❣ ✇✐$❤ &❡)♣❡❝$ $♦ $❤❡ ❧❛)$ ❧✐♥❡✱ ✇❡ ✜♥❞ ✭✹✳✻✳✶✵✮✳

❇❡❢♦&❡ ❣♦✐♥❣ ♦♥ ❧❡$ ✉) ♥♦$✐❝❡ $❤❛$ $❤❡ ❛❜♦✈❡ ❧❡♠♠❛) )❤♦✇ $❤❛$ $❤❡ ❡✐❣❡♥✈❛❧✉❡)

µk,j ♦❢ Pk(0)BPk(0) ❛&❡ ✐♥❞❡♣❡♥❞❡♥$ ♦❢ k✳ ■♥ $❤❡ ✜&)$ ❝❛)❡ ✇❡ ❞✐&❡❝$❧② ✜♥❞ ❛ ❝♦♥❞✐$✐♦♥

♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) $♦ ❤❛✈❡ µk,0 < 0✱ ❢♦& $❤❡ )❡❝♦♥❞ ❝❛)❡ ✇❡ ♥❡❡❞ $❤❛$ $❤❡

✷✶✺



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

&♦♦$) ♦❢ Q ❛&❡ ♥❡❣❛$✐✈❡✳ ❋♦& $❤✐) ❛✐♠✱ ✇❡ ✜&)$ ❧♦❝❛❧✐③❡ $❤❡ &♦♦$) ♦❢ Q✳ ❇❡❢♦&❡ ❞♦✐♥❣

)♦ ❧❡$ ✉) ✐♥$&♦❞✉❝❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦$❛$✐♦♥ ✿ ❛) $❤❡ ai ❛&❡ ♥♦$ ♥❡❝❡))❛&✐❧② ❞✐✛❡&❡♥$✱ ✇❡

❞❡♥♦$❡ ❜② M ≤ N $❤❡ ♥✉♠❜❡& ♦❢ ❞✐✛❡&❡♥$ ai✬) ❛♥❞ ❞❡♥♦$❡ ❜② {bj}Mj=1 $❤❡ )❡$ ♦❢ $❤❡

❞✐✛❡&❡♥$ ❝♦❡✣❝✐❡♥$) ✐♥ ✐♥❝&❡❛)✐♥❣ ♦&❞❡&✱ ✇❤✐❝❤ ♠❡❛♥) $❤❛$

{bj}Mj=1 = {ai}Ni=1,

❛♥❞

b1 < b2 < · · · < bM .

❋✉&$❤❡& ❢♦& ❛❧❧ j = 1, · · ·M ✱ ❞❡♥♦$❡ ❜② kj $❤❡ ♥✉♠❜❡& ♦❢ &❡♣❡❛$❡❞ ✈❛❧✉❡) ♦❢ bj ✐♥

$❤❡ ✐♥✐$✐❛❧ )❡$ ♦❢ ❝♦❡✣❝✐❡♥$) ai✱ ♥❛♠❡❧②

kj = #{i ∈ {1, · · · , N} : bj = ai}.

▲❡♠♠❛ ✹✳✻✳✺✳ ■❢ Q ✐# $❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡✜♥❡❞ ❜② ✭✹✳✻✳✶✵✮✱ $❤❡♥ ✐$# ❤❛# N − 1 9❡❛❧

9♦♦$# µi, i = 1, · · · , N − 1✱ ✐♥ [−aN ,−a1] #✉❝❤ $❤❛$

−bj+1 < µj < −bj, ∀j = 1, · · · ,M − 1,

$❤❡ ♦$❤❡9 9♦♦$# ❛9❡ −bj ♦❢ ♠✉❧$✐♣❧✐❝✐$② kj − 1✱ ❢♦9 ❛❧❧ j = 1, · · · ,M #✉❝❤ $❤❛$ kj ≥ 2✳

()♦♦❢✿ ❲❡ ✜&)$ ♥♦$✐❝❡ $❤❛$

Q(−ai) =
N∏

l=1
l 6=i

(al − ai).

❍❡♥❝❡ ✇❡ )❡❡ $❤❛$ −ai ✐) ❛ &♦♦$ ♦❢ Q ✐❢ ❛♥❞ ♦♥❧② ✐❢ $❤❡&❡ ❡①✐)$) ❛$ ❧❡❛)$ ♦♥❡ ℓ 6= i

)✉❝❤ $❤❛$ ai = aℓ✳ ❇✉$ ❢♦& ❛ ❝♦♠♣❧❡① ♥✉♠❜❡& µ )✉❝❤ $❤❛$ µ 6∈ {−ai}Ni=1✱ ✇❡ ♥♦$✐❝❡

$❤❛$

Q(µ) =
N∏

l=1

(µ+ al)

(
N∑

i=1

1

µ+ ai

)
. ✭✹✳✻✳✶✶✮

✷✶✻



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❚❤❡&❡❢♦&❡ µ 6∈ {−ai}Ni=1 ✐) ❛ &♦♦$ ♦❢ Q ✐❢ ❛♥❞ ♦♥❧② ✐❢

Q̃(µ) =
N∑

i=1

1

µ+ ai
= 0.

❆) Q̃ ❤❛) ✈❡&$✐❝❛❧ ❛)②♠♣$♦$❡) µ = −bj✱ ❢♦& ❛❧❧ j = 1, . . . ,M ❛♥❞ ✐) ❛ ❞❡❝&❡❛)✐♥❣

❢✉♥❝$✐♦♥ ♦♥ (−bj+1,−bj)✱ ❢♦& ❛❧❧ j = 1, · · · ,M − 1 ✭)❡❡ ❋✐❣✉&❡ ✹✳✷ ❢♦& $❤❡ ❣&❛♣❤ ♦❢

Q̃ ✇❤❡♥ N =M = 4, a1 = −2, a2 = 2, a3 = 3, a4 = 4✮✱ ✇❡ ❞❡❞✉❝❡ $❤❛$ Q ❤❛) ♦♥❡

❛♥❞ ♦♥❧② ♦♥❡ &❡❛❧ &♦♦$ ❜❡$✇❡❡♥ $✇♦ ❝♦♥)❡❝✉$✐✈❡ ✈❡&$✐❝❛❧ ❛)②♠♣$♦$❡)✳

◆♦✇ ❢♦& j = 1, · · · ,M )✉❝❤ $❤❛$ kj ≥ 2✱ ✇❡ $❛❦❡ µ 6= −bj ❜✉$ ❝❧♦)❡ $♦ ✐$ ❛♥❞ ✉)❡
$❤❡ ❡①♣&❡))✐♦♥ ✭✹✳✻✳✶✶✮ $♦ ✜♥❞ $❤❛$

Q(µ) =
∏

ℓ:aℓ 6=bj

(µ+ al) (µ+ bj)
kj


 kj
µ+ bj

+
∑

i:ai 6=bj

1

µ+ ai




✭✹✳✻✳✶✷✮

= (µ+ bj)
kj−1

∏

ℓ:aℓ 6=bj

(µ+ al)


kj + (µ+ bj)

∑

i:ai 6=bj

1

µ+ ai


 . ✭✹✳✻✳✶✸✮

❙✐♥❝❡

∏
ℓ:aℓ 6=bj

(µ+al)
(
kj + (µ+ bj)

∑
i:ai 6=bj

1
µ+ai

)
✐) ❤♦❧♦♠♦&♣❤✐❝ ✐♥ ❛ ♥❡✐❣❤❜♦&❤♦♦❞

♦❢ −bj✱ ✇❡ ❞❡❞✉❝❡ $❤❛$ −bj ✐) ❛ &♦♦$ ♦❢ Q ♦❢ ♠✉❧$✐♣❧✐❝✐$② kj − 1✳

❈♦"♦❧❧❛"② ✹✳✻✳✻✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ Q ❞❡✜♥❡❞ ❜② ✭✹✳✻✳✶✵✮ ❤❛5 ♥❡❣❛7✐✈❡ 9♦♦75 ✐❢ ❛♥❞

♦♥❧② ✐❢ ♦♥❡ ♦❢ 7❤❡ ❢♦❧❧♦✇✐♥❣ 7✇♦ ❝♦♥❞✐7✐♦♥5 ✐5 5❛7✐5✜❡❞ ✿

✭✐✮ a1 ≥ 0 ❛♥❞ ai > 0✱ ❢♦9 ❛❧❧ i = 2, · · · , N ✱

✭✐✐✮ a1 < 0✱ ai > 0✱ ❢♦9 ❛❧❧ i = 2, · · · , N ❛♥❞

N∑

i=1

1

ai
< 0.

)"♦♦❢✿ ❆❝❝♦&❞✐♥❣ $♦ $❤❡ ♣&❡✈✐♦✉) ❧❡♠♠❛✱ ✐❢ −b2 ≥ 0✱ $❤❡♥ Q ❤❛) ❛ ♣♦)✐$✐✈❡ &♦♦$✱

❤❡♥❝❡ b2 ❤❛) $♦ ❜❡ ♣♦)✐$✐✈❡✳ ◆♦✇ ✐❢ b1 = a1 ✐) ♣♦)✐$✐✈❡✱ ❛❧❧ &♦♦$) ❛&❡ $&✐✈✐❛❧❧② ♥❡❣❛$✐✈❡✳

✷✶✼
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-6 -4 -2 2 4

-5

5

❋✐❣✉$❡ ✹✳✷ ✕ N = 4, a1 = −2, a2 = 2, a3 = 3, a4 = 4

❖♥ &❤❡ ♦&❤❡* ❤❛♥❞✱ ✐❢ b1 ≤ 0 ✇✐&❤ k1 > 1✱ &❤❡♥ Q ❤❛1 ❛ ♥♦♥ ♥❡❣❛&✐✈❡ *♦♦& −b1✳ ❍❡♥❝❡
k1 ❤❛1 &♦ ❜❡ ❡7✉❛❧ &♦ ✶✳ ❚❤✐1 ❝♦✈❡*1 &❤❡ ✜*1& ✐&❡♠✳ ❋♦* &❤❡ 1❡❝♦♥❞ ✐&❡♠✱ ✇❡ ❤❛✈❡

b1 < 0 ✇✐&❤ k1 = 1 ❛♥❞ &❤❡*❡❢♦*❡ ❛❣❛✐♥ ❛❝❝♦*❞✐♥❣ &♦ &❤❡ ♣*❡✈✐♦✉1 ❧❡♠♠❛✱ Q ❤❛1 ❛

*♦♦& µ ✭♦* ❡7✉✐✈❛❧❡♥&❧② Q̃✮ ❜❡&✇❡❡♥ −a2 < 0 ❛♥❞ −a1 > 0 &❤❛& ♣♦&❡♥&✐❛❧❧② ❝♦✉❧❞ ❜❡

♣♦1✐&✐✈❡✱ ❜✉& 1✐♥❝❡ Q̃ ✐1 ❞❡❝*❡❛1✐♥❣ ♦♥ (−a2,−a1) &❤❡ ❝♦♥❞✐&✐♦♥

Q̃(0) =
N∑

i=1

1

ai
< 0

✐1 ❛ ♥❡❝❡11❛*② ❛♥❞ 1✉✣❝✐❡♥& ❝♦♥❞✐&✐♦♥ &♦ ❣❡& µ < 0✳

❙✉♠♠✐♥❣ ✉♣ &❤❡ *❡1✉❧&1 ♦❢ ▲❡♠♠❛1 ✹✳✻✳✷✱ ✹✳✻✳✸✱ ❛♥❞ ❈♦*♦❧❧❛*② ✹✳✻✳✻✱ ✇❡ ❣✐✈❡ &❤❡

♣*♦♦❢ ♦❢ ❚❤❡♦*❡♠ ✹✳✶✳✹✳

 !♦♦❢✿ ♦❢ ❚❤❡♦!❡♠ ✹✳✶✳✹ ✿ ❆❝❝♦*❞✐♥❣ &♦ ▲❡♠♠❛ ✹✳✻✳✷✱ ✐❢ max
k∈Z

max
j=1,··· ,mk

µk,j =

−C < 0✱ &❤❡♥ &❤❡*❡ ❡①✐1&1 ǫ0 > 0 1✉❝❤ &❤❛& ❢♦* ❛❧❧ ǫ ∈ (0, ǫ0), ❛♥❞ ❛❧❧ k ∈ Z✱

ℜλk(ǫ) ≤ −C
2
ǫ✳ ❯1✐♥❣ ▲❡♠♠❛1 ✹✳✻✳✸ ❛♥❞ ❈♦*♦❧❧❛*② ✹✳✻✳✻✱ &❤✐1 ✐1 1❛&✐1✜❡❞ ✐❢ ❡✐&❤❡*

✷✶✽



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

♦♥❡ ♦❢ $❤❡ $✇♦ ❝♦♥❞✐$✐♦♥) ✐) )❛$✐)✜❡❞ ✿

✭✐✮ a1 ≥ 0 ❛♥❞ ai > 0✱ ❢♦& ❛❧❧ i = 2, · · · , N ✱

✭✐✐✮ a1 < 0✱ ai > 0✱ ❢♦& ❛❧❧ i = 2, · · · , N ❛♥❞

N∑

i=1

ai > 0 ❛) ✇❡❧❧ ❛)
N∑

i=1

1

ai
< 0.

❙✐♥❝❡ $❤❡ &♦♦$ ✈❡❝$♦&) ♦❢ A(ǫ) ❢♦&♠ ❛ ❘✐❡)③ ❜❛)✐) ✇✐$❤ ♣❛&❡♥$❤❡)✐) ✭)❡❡ >&♦♣♦)✐$✐♦♥

✹✳✹✳✶✮✱ ✇❡ ❞❡❞✉❝❡ $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ $❤❡ )♦❧✉$✐♦♥ ♦❢ ✭Sǫ✮ ❢♦& ❛❧❧ ǫ ∈ (0, ǫ0)

✉♥❞❡& ♦♥❡ ♦❢ $❤❡ ❝♦♥❞✐$✐♦♥) ✭✐✮ ♦& ✭✐✐✮ )$❛$❡❞ ❛❜♦✈❡✳

❘❡♠❛$❦ ✹✳✻✳✼✳ ✭✐✮ ❖✇✐♥❣ '♦ ▲❡♠♠❛ ✹✳✻✳✸ ❛♥❞ ❈♦3♦❧❧❛3② ✹✳✻✳✻✱ ✐❢

N∑

i=1

ai < 0 ♦3

✐❢ Q ❤❛9 ❛ ♣♦9✐'✐✈❡ 3♦♦'✱ '❤❡♥ (Sǫ) ✐9 ✉♥9'❛❜❧❡ ❢♦3 ❛❧❧ ǫ > 0 9♠❛❧❧ ❡♥♦✉❣❤✳

✭✐✐✮ ■❢

N∑

i=1

ai = 0 ♦3 ✐❢ Q ❤❛9 ❛ 3♦♦' ❡?✉❛❧ '♦ ③❡3♦✱ '❤❡♥ '❤❡ ❡①♣♦♥❡♥'✐❛❧ 9'❛❜✐❧✐'②

♦❢ (Sǫ) ❢♦3 ǫ > 0 9♠❛❧❧ ❡♥♦✉❣❤ ✐9 ❛♥ ♦♣❡♥ ?✉❡9'✐♦♥✳ ❋♦3 ❡①❛♠♣❧❡✱ ✐♥ '❤❡ ❝❛9❡

N = 3✱ a1 = a2 = 1✱ ❛♥❞ a3 = −1

2
✱ ❋✐❣✉3❡ ✹✳✻ 9❤♦✇9 '❤❛' '❤❡3❡ ❛3❡ ❡✐❣❡♥✈❛❧✉❡9

'♦ '❤❡ 3✐❣❤' ♦❢ '❤❡ ✐♠❛❣✐♥❛3② ❛①✐9 ✇❤❡♥ ǫ = 0.1✳

❘❡♠❛$❦ ✹✳✻✳✽✳ ❚❤❡ ♣3❡✈✐♦✉9 ❛♥❛❧②9✐9 ❝❛♥ ❜❡ ❛❞❛♣'❡❞ '♦ '❤❡ ❝❛9❡ ✇❤❡♥ ai ∈ L∞(0, 1)

❛♥❞ Li = 1 ❢♦3 ❛❧❧ i = 1, · · · , N ✳ ❆9 ❜❡❢♦3❡ ✇❡ ❝❛♥ ♣3♦✈❡ '❤❛' '❤❡ 9♦❧✉'✐♦♥ ♦❢ ✭Sǫ✮ ✐9

❡①♣♦♥❡♥'✐❛❧❧② 9'❛❜❧❡ ❢♦3 ❛❧❧ ǫ ∈ (0, ǫ0) ❢♦3 ǫ0 > 0 9♠❛❧❧ ❡♥♦✉❣❤ ✐❢ '❤❡3❡ ❡①✐9'9 c0 > 0

❛♥❞ c1 > 0 9✉❝❤ '❤❛' ❢♦3 ❛❧❧ k ∈ Z✱ ♦♥❡ ♦❢ '❤❡ ❢♦❧❧♦✇✐♥❣ '✇♦ ❝♦♥❞✐'✐♦♥9 ❤♦❧❞9 ✿

✭❛✮ ❚❤❡3❡ ❡①✐9'9 ❛' ♠♦9' ♦♥❡ j0 ∈ {1, · · · , N} 9✉❝❤ '❤❛'∫ 1

0

aj0(x) sin
2(kπ(1− x))dx = 0✱

∫ 1

0

ai(x) sin
2(kπ(1− x))dx > c0 ❢♦3 ❛❧❧ i 6= j0

❛♥❞

N∑

i=1

∫ 1

0

ai(x) sin
2((kπ +

π

2
)(1− x))dx > c0✳

✭❜✮ ❚❤❡3❡ ❡①✐9'9 ♦♥❧② ♦♥❡ i0 ∈ {1, · · · , N} 9✉❝❤ '❤❛'∫ 1

0

ai0(x) sin
2(kπ(1−x))dx < 0✱

∫ 1

0

ai(x) sin
2(kπ(1−x))dx > c0 ❢♦3 ❛❧❧ i 6= i0✱

✷✶✾
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N∑

i=1

∫ 1

0

ai(x) sin
2((kπ +

π

2
)(1− x))dx > c0✱ ❛♥❞

N∑

i=1

1∫ 1

0

ai(x) sin
2(kπ(1− x))dx

< −c1✳

■♥❞❡❡❞✱ $❤❡ &❡)✉❧$) ♦❢ ▲❡♠♠❛ ✹✳✻✳✷ )$✐❧❧ ❤♦❧❞✳ ▲❡♠♠❛ ✹✳✻✳✸ ❛❧)♦ ❤♦❧❞) ❜✉$ ✐♥

$❤✐) ❝❛)❡✱ ❢♦& ❛❧❧ k ∈ Z✱ µk,0 = − 2

N

N∑

i=1

∫ 1

0

ai(x) sin
2((kπ +

π

2
)(1 − x))dx✳ ❙✐♠✐❧❛&❧②✱

✐♥ ▲❡♠♠❛ ✹✳✻✳✹✱ ✇❡ ❝❛♥ &❡♣❡❛$ $❤❡ )❛♠❡ ❛♥❛❧②)✐) ❛♥❞ ✜♥❞ $❤❛$✱ ❢♦& ❛❧❧ k ∈ Z∗
✱

{µk,j}N−1
j=1 ✐) $❤❡ )❡$ ♦❢ ③❡&♦) ♦❢

Q̂(z) = (z + I1)(z + IN)
N−1∑

i=2

N−1∏

l 6=i

l=2

(z + Il) +
N−1∏

l=2

(z + Il)(2z + I1 + IN),

✇❤❡&❡ ❢♦& ❛❧❧ i = 1, · · · , N ✱ Ii = 2

∫ 1

0

ai(x) sin
2(kπ(1−x))dx ✭✇❤✐❝❤ ❤❡&❡ ❞❡♣❡♥❞) ♦♥

k✮✳ ❆) ▲❡♠♠❛ ✹✳✻✳✺ ❝❛♥ ❜❡ ✉)❡❞ ❢♦& Q̂✱ ✇❡ ✜♥❞ $❤❡ )❛♠❡ &❡)✉❧$) ❜✉$ ✇✐$❤ ai &❡♣❧❛❝❡❞

❜② Ii ❢♦& ❛❧❧ i = 1, · · · , N ✳ ❚❤❡&❡❢♦&❡✱ $❤❛♥❦) $♦ ▲❡♠♠❛ ✹✳✻✳✷ ❛♥❞ ✉♥❞❡& ♦♥❡ ♦❢ $❤❡
❝♦♥❞✐$✐♦♥) ✭❛✮ ♦& ✭❜✮ )$❛$❡❞ ❛❜♦✈❡✱ ✇❡ ❞❡❞✉❝❡ $❤❡ ❡①✐)$❡♥❝❡ ♦❢ Ĉ > 0 )✉❝❤ $❤❛$ ❢♦&

❛❧❧ k ∈ Z✱ ℜλk(ǫ) ≤ −ǫĈ ❢♦& ❛❧❧ ǫ ∈ (0, ǫ0)✳

✹✳✼ ❊①❛♠♣❧❡*

■♥ ♦&❞❡& $♦ ✐❧❧✉)$&❛$❡ ♦✉& ❣❡♥❡&❛❧ &❡)✉❧$) ✇❡ ♣&❡)❡♥$ )♦♠❡ ❝♦♥❝&❡$❡ ❡①❛♠♣❧❡) ✇❤❡&❡

✇❡ ❝❛♥ ❣✐✈❡ ❡①♣❧✐❝✐$ ❝♦♥❞✐$✐♦♥) ♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) $♦ ❣❡$ ❡①♣♦♥❡♥$✐❛❧ ❞❡❝❛②

✭✉♣ $♦ ❛ ✜♥✐$❡✲❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✮ ❢♦& ❜♦$❤ ♣&♦❜❧❡♠) ✭S1✮ ❛♥❞ (Sǫ)✳ ■♥ $❤❡ ✜&)$ ❝❛)❡✱

$❤✐) ✐) &❡❞✉❝❡❞ $♦ $❤❡ ❝❛❧❝✉❧❛$✐♦♥ ♦❢ $❤❡ &♦♦$) ♦❢ $❤❡ ♣♦❧②♥♦♠✐❛❧ G ❞❡✜♥❡❞ ❜② ✭✹✳✶✳✶✮✱

✐♥ $❤❡ )❡❝♦♥❞ ♦♥❡ )✐♥❝❡ $❤❡ ❝♦♥❞✐$✐♦♥) ❢&♦♠ ❚❤❡♦&❡♠ ✹✳✶✳✹ ❛&❡ ❡❛)② $♦ ❝❤❡❝❦✱ ✇❡

❝♦♥❝❡♥$&❛$❡ ♦♥ ❛ ❧✐♠✐$ ❝❛)❡ ✭)❡❡ ❘❡♠❛&❦ ✹✳✻✳✼✮ ❛♥❞ ♦♥ $❤❡ ❝❤❛&❛❝$❡&✐③❛$✐♦♥ ♦❢ $❤❡

❧✐♠✐$ ✈❛❧✉❡) ♦❢ ǫ ❢♦& ✇❤✐❝❤ $❤❡ ❣❧♦❜❛❧ )$❛❜✐❧✐$② ✐) ❧♦)$✳

✷✷✵



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✹✳✼✳✶ ❊①❛♠♣❧❡+ ❢♦. ✭S1✮

❲❡ ❝♦♥)✐❞❡& ✭S1✮ ✇✐$❤ $❤&❡❡ ❡❞❣❡) ✭N = 3✮ ♦❢ ❧❡♥❣$❤ Li = 1 ❛♥❞ ai(.) ∈
W 1,∞(0, 1) )✉❝❤ $❤❛$

∫ 1

0

a1(x)dx =

∫ 1

0

a2(x)dx = 1 ❛♥❞

∫ 1

0

a3(x)dx = α ≤ 0✳ ❯)✐♥❣

❚❤❡♦&❡♠ ✹✳✶✳✶✱ ✇❡ ✇✐❧❧ ✜♥❞ $❤❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❢♦& ✇❤✐❝❤ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧②

)$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✳ ■♥❞❡❡❞✱ ❢♦& $❤✐) ❡①❛♠♣❧❡✱ $❤❡ ♣♦❧②♥♦♠✐❛❧ G

✐) ❣✐✈❡♥ ❜②

G(z) = 3e2+αz3 − (e2−α + 2eα)z2 − (e−2+α + 2e−α)z + 3e−2−α.

❚❤❡ &♦♦$) ♦❢ G ❛&❡ ❣✐✈❡♥ ❜②

z1 = e−2,

z2 = −e
−2

6
+
e−2α

6
− e−2−2α

6

√
e4 + e4α + 34e2+2α,

z3 −e
−2

6
+
e−2α

6
+
e−2−2α

6

√
e4 + e4α + 34e2+2α.

❘❡❝❛❧❧ $❤❛$ ❛❝❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠ ✹✳✶✳✶✱ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡

❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ |zi| < 1 ❢♦& ❛❧❧ i = 1, 2, 3✳ ❍❡♥❝❡ ✇❡ ♥❡❡❞ $♦ ❛♥❛❧②③❡

$❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ zi ✇✐$❤ &❡)♣❡❝$ $♦ α✳ ❈❧❡❛&❧② z1 < 1 ✐) ✐♥❞❡♣❡♥❞❡♥$ ♦❢ α✱ ✇❤✐❧❡

$❤❡ $✇♦ ♦$❤❡& ♦♥❡) ❞❡♣❡♥❞ ♦♥ α✳ ❋♦& z2✱ ✇❡ ❡❛)✐❧② ❝❤❡❝❦ $❤❛$ z2 < 0 ✐) ❛♥ ✐♥❝&❡❛)✐♥❣

❢✉♥❝$✐♦♥ ♦❢ α ✇✐$❤ lim
α→−∞

z2 = −3e−3 > −1✳ ❍❡♥❝❡✱ −1 < z2 < 0 ❢♦& ❛❧❧ α ≤ 0✳ ◆❡①$✱

✇❡ ♥♦$✐❝❡ $❤❛$ |z2||z3| = e−2−2α
✳ ❙♦✱ ✐❢ α ≤ −1✱ $❤❡♥ |z2||z3| ≥ 1 ✇❤✐❝❤ ♠❡❛♥) $❤❛$

|z3| ≥ 1✳ ❚❤❡&❡❢♦&❡✱ $♦ ❣❡$ $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭S1✮✱ ✇❡ ♠✉)$ ❤❛✈❡ α > −1✳

■♥ $❤✐) ❝❛)❡✱ z3 ✐) ❛ ❞❡❝&❡❛)✐♥❣ ❢✉♥❝$✐♦♥ ♦❢ α ❛♥❞ ❢♦& α0 =
1

2
ln

(
3 + e2

1 + 3e2

)
✇❡ ❣❡$

z3 ≥ 1 ✐❢ α ≤ α0 ❛♥❞ 0 < z3 < 1 ✐❢ α > α0✳ ■♥ ❝♦♥❝❧✉)✐♦♥✱ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧②

)$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ∈ (α0, 0]✳

❆) ❛ )❡❝♦♥❞ ❡①❛♠♣❧❡✱ ✇❡ )$✐❧❧ $❛❦❡ $❤&❡❡ ❡❞❣❡)✱ ❜✉$ ❝♦♥)✐❞❡& L1 = L2 = 1 ❛♥❞

L3 = 2 ✇✐$❤

∫ 1

0

a1(x)dx =

∫ 1

0

a2(x)dx = 1 ❛♥❞

∫ 2

0

a3(x)dx = α✳ ❲✐$❤ $❤✐) ❝❤♦✐❝❡✱

$❤❡ ♣♦❧②♥♦♠✐❛❧ G ✐) ❣✐✈❡♥ ❜②

G(z) = (ez − e−1)p(z).

✷✷✶



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✇❤❡&❡

p(z) = 3e1+αz3 + e−1+αz2 − e1−αz − 3e−1−α.

❆) $❤❡ &♦♦$) ♦❢ $❤❡ ✜&)$ ❢❛❝$♦& ✐) e−2 < 1✱ ✇❡ ♦♥❧② ❤❛✈❡ $♦ ❝♦♥)✐❞❡& $❤❡ &♦♦$) ♦❢ $❤❡

)❡❝♦♥❞ ❢❛❝$♦& p✳ ▲❡$ zi = zi(α) ❢♦& i = 1, 2, 3 ❜❡ $❤❡ &♦♦$) ♦❢ p ❛♥❞ ❞❡✜♥❡ ϕ(α) =

max
i∈{1,2,3}

|zi(α)|✳ ❲✐$❤ $❤❡ ❤❡❧♣ ♦❢ ❛ ❢♦&♠❛❧ ❝♦♠♣✉$❛$✐♦♥ )♦❢$✇❛&❡ ✭▼❛$❤❡♠❛$✐❝❛✮✱ ✇❡
❝❛♥ ✜♥❞ $❤❡ &♦♦$) zi(α) ❢♦& i = 1, 2, 3 ❛) ✇❡❧❧ ❛) ϕ(α)✳

-1.0 -0.8 -0.6 -0.4 -0.2

-0.2

0.2

0.4

0.6

❋✐❣✉$❡ ✹✳✸ ✕ ●&❛♣❤ ♦❢ ϕ(α)− 1 ✇❤❡♥

∫ 1

0

a1(x)dx =

∫ 1

0

a2(x)dx = 1,

∫ 2

0

a3(x)dx =

α.

❚❤❡ ❡①♣❧✐❝✐$ ❢♦&♠ ♦❢ ϕ ❛❧❧♦✇) $♦ ❝❤❡❝❦ $❤❛$ ✇❤❡♥ α > α0 =
1

2
ln

(
3 + e2

1 + 3e2

)

$❤❡♥ ϕ(α) < 1 ✭)❡❡ ❋✐❣✉&❡ ✹✳✸✮✳ ❍❡♥❝❡ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡

❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ∈ (α0, 0]✳

❚❤❡ )❛♠❡ )$✉❞② ❝❛♥ ❜❡ ❞♦♥❡ ✇❤❡♥ ❝❤❛♥❣✐♥❣ L3✱ ♥❛♠❡❧② ❜② $❛❦✐♥❣ L3 =
1

2
♦&

L3 = 3 ❛♥❞ ✇❡ )✉&♣&✐)✐♥❣❧② ♦❜$❛✐♥ $❤❡ )❛♠❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ α0 ♦❢ α )♦ $❤❛$ ✭S1✮ ✐)

❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✳ ▼♦&❡♦✈❡&✱ ✐❢ ✇❡ ❝❤♦♦)❡ L1 = 1

❛♥❞ L2 = 2 )✉❝❤ $❤❛$

∫ 1

0

a1(x)dx =

∫ 2

0

a2(x)dx = 1✱ $❤❡♥ ❢♦& L3 = 1 ♦& L3 = 2✱

✇❡ )$✐❧❧ ♦❜$❛✐♥ $❤❡ )❛♠❡ ❝♦♥❞✐$✐♦♥✱ α > α0 =
1

2
ln

(
3 + e2

1 + 3e2

)
$♦ ❣❡$ $❤❡ ❡①♣♦♥❡♥$✐❛❧

)$❛❜✐❧✐$② ♦❢ ✭S1✮ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✳ ❋✉&$❤❡&♠♦&❡✱ ✐❢ ✇❡ ❝❤❛♥❣❡ $❤❡

✷✷✷



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

Out[10]=

-1.0 -0.8 -0.6 -0.4 -0.2

-0.5

0.5

1.0

1.5

❋✐❣✉$❡ ✹✳✹ ✕ ●&❛♣❤ ♦❢ ϕ(α)− 1 ✇❤❡♥

∫ 1

0

a1(x)dx = 1,

∫ 1

0

a2(x)dx = 2, L3 = 2.

♠❡❛♥ ✈❛❧✉❡)✱ ❜② ❝♦♥)✐❞❡&✐♥❣ L1 = L2 = 1✱ ❜✉$

∫ 1

0

a1(x)dx = 1 ❛♥❞

∫ 1

0

a2(x)dx = 2✱

$❤❡♥ ✇❤❡$❤❡& L3 = 1 ♦& L3 = 2✱ ✇❡ )$✐❧❧ ♦❜$❛✐♥ $❤❡ )❛♠❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ α1 ✇✐$❤

0.45 < α1 < 0.46 )✉❝❤ $❤❛$ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧

)♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α > α1 ✭)❡❡ ❋✐❣✉&❡ ✹✳✹✮✳

■♥ ❝♦♥❝❧✉)✐♦♥✱ ✇❡ ✜♥❞ $❤❛$ $❤❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❞❡♣❡♥❞) ♦♥

∫ L1

0

a1(x)dx ❛♥❞
∫ L2

0

a2(x)dx ❛♥❞ ♥♦$ ♦♥ $❤❡ ❝❤♦✐❝❡ ♦❢ $❤❡ ❧❡♥❣$❤)✳ ❚❤✐) ♦♣❡♥) $❤❡ D✉❡)$✐♦♥ ✇❤❡$❤❡&

$❤❡ ❛❜)$&❛❝$ ❝♦♥❞✐$✐♦♥ ❣✐✈❡♥ ✐♥ ❚❤❡♦&❡♠ ✹✳✶✳✶ ❝❛♥ ❜❡ ❡①♣&❡))❡❞ ❡①♣❧✐❝✐$❧② ✐♥ $❡&♠)

♦❢

∫ Li

0

ai(x)dx ❢♦& ❛❧❧ i ∈ {1, · · · , N}✱ )❡❡ ❈♦♥❥❡❝$✉&❡ ✹✳✶✳✷✳

✹✳✼✳✷ ❊①❛♠♣❧❡+ ❢♦. ♣.♦❜❧❡♠ (Sǫ)

❲❡ )$❛&$ ✇✐$❤ ❛ ❧✐♠✐$ ❝❛)❡ ✐♥ ❚❤❡♦&❡♠ ✹✳✶✳✹✱ ♥❛♠❡❧② ✇❡ $❛❦❡ N = 3✱ a1 = a2 = 1✱

a3 = −1

2
✱ ❛♥❞ L1 = L2 = L3 = 1✳ ❍❡♥❝❡ ♥❡✐$❤❡& $❤❡ ✜&)$ ❝♦♥❞✐$✐♦♥ ❤♦❧❞) ♥♦& $❤❡

)❡❝♦♥❞ ♦♥❡ )✐♥❝❡

N∑

i=1

ai > 0 ❜✉$
N∑

i=1

1

ai
= 0✳

❇✉$ ▲❡♠♠❛ ✹✳✻✳✷ ②✐❡❧❞) $❤❛$ ❢♦& ❛❧❧ ǫ > 0 )♠❛❧❧ ❡♥♦✉❣❤✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ❛&❡ ♦❢

✷✷✸



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

$❤❡ ❢♦&♠

λ1,k(ǫ) = −ǫ+ ıkπ + o(ǫ),

λ2,k(ǫ) = ıkπ + o(ǫ),

λ3,k(ǫ) = − ǫ

2
+ ı

(2k + 1)π

2
+ o(ǫ),

❍❡♥❝❡ $❤❡ ♣&♦❜❧❡♠ ♦❢ )$❛❜✐❧✐$② ✇♦✉❧❞ ❝♦♠❡ ❢&♦♠ λ2,k(ǫ) ❜✉$ ❛ ♠♦&❡ ♣&❡❝✐)❡

❛)②♠♣$♦$✐❝ ❛♥❛❧②)✐) ②✐❡❧❞) ℜλ2,k(ǫ) =
ǫ3

12
+ o(ǫ3)✱ ❤❡♥❝❡ $❤❡ ♣&♦❜❧❡♠ ✐) ♥♦$ ❡①✲

♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ❢♦& ǫ )♠❛❧❧✳ ❋✐❣✉&❡ ✹✳✻ )❤♦✇) $❤❡ ❡①✐)$❡♥❝❡ ♦❢ ❛ ♣♦)✐$✐✈❡ ❛)②♠♣✲

$♦$❡ ✇❤❡♥ ǫ = 0.1✱ )✐♥❝❡ $❤❡ ❛)②♠♣$♦$❡) ❛&❡ x1 = −0.1, x2 ≈ −0.0500833✱ ❛♥❞

x3 ≈ 0.000083333 ✳

◆♦$❡ $❤❛$ ❢♦& ǫ = 1✱ $❤❡♥ ❜② ❚❤❡♦&❡♠ ✹✳✶✳✶ $❤❡&❡ ✐) ❛ ♣♦)✐$✐✈❡ ❛)②♠♣$♦$❡✱ )✐♥❝❡

$❤❡ ❛)②♠♣$♦$❡) ❛&❡ x1 = −1, x2 ≈ −0.580322, ❛♥❞ x3 ≈ 0.0803219 ✭)❡❡ ❋✐❣✉&❡ ✹✳✺✮✳
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❋✐❣✉$❡ ✹✳✺ ✕ a1 = a2 = 1, a3 = −1

2
, ǫ = 1.

■♥ ❣❡♥❡&❛❧✱ ✐❢ ✇❡ ❝♦♥)✐❞❡& a1 = a2 = a ❛♥❞ a3 6= a✱ $❤❡♥ ❛❝❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠

✹✳✶✳✹✱ $❤❡ ♣&♦❜❧❡♠ ❜❡❝♦♠❡) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ❢♦& ❛❧❧ ǫ )♠❛❧❧ ❡♥♦✉❣❤ ✐❢ ♦♥❡ ♦❢ $❤❡

❢♦❧❧♦✇✐♥❣ $✇♦ ❝♦♥❞✐$✐♦♥) ❤♦❧❞) ✿
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❋✐❣✉$❡ ✹✳✻ ✕ a1 = a2 = 1, a3 = −1

2
, ǫ = 0.1.

✭✐✮ a > 0 ❛♥❞ a3 ≥ 0

✭✐✐✮ a > 0 ❛♥❞ a3 < 0 )✉❝❤ $❤❛$ 2a+ a3 > 0 ❛♥❞ a+ 2a3 > 0✳

❚❤❡)❡ &❡)✉❧$) ❛&❡ ❝♦❤❡&❡♥$ ✇✐$❤ $❤❡ ♥✉♠❡&✐❝❛❧ &❡)✉❧$) )❤♦✇♥ ✐♥ ❋✐❣✉&❡ ✹✳✾ ✇✐$❤

a1 = a2 = 1, a3 = −1

4
❛♥❞ ǫ =

1

10
✇❤❡&❡ $❤❡ ❛)②♠♣$♦$❡) ✭x1 = −0.1, x2 ≈

−0.0166184, ❛♥❞ x3 ≈ −0.0583816✮ ❛&❡ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐)✳ ■❢ ✇❡

✐♥❝&❡❛)❡ ǫ ❛♥❞ $❛❦❡ ǫ = 1✱ $❤❡♥ ❋✐❣✉&❡ ✹✳✼ )$✐❧❧ )❤♦✇) $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ✐♥

$❤❡ ✇❤♦❧❡ ❡♥❡&❣② )♣❛❝❡ ✇❤❡&❡ $❤❡ ❛)②♠♣$♦$❡) ❛&❡ x1 = −1, x2 ≈ −0.630695✱ ❛♥❞

x3 ≈ −0.119305✳ ❇✉$ ❢♦& ǫ = 1.5✱ $❤❡♥ ❋✐❣✉&❡ ✹✳✽ )❤♦✇) $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ✉♣

$♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✳ ■♥❞❡❡❞✱ $❤❡ ❛)②♠♣$♦$❡) ❢♦✉♥❞ ✐♥ ❋✐❣✉&❡ ✹✳✽ ❛&❡ x1 =

−1.5, x2 ≈ −1.02451✱ ❛♥❞ x3 ≈ −0.100488 ✇❤✐❝❤ )❤♦✇ $❤❛$ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡)

❛&❡ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐) ❛❧$❤♦✉❣❤ $❤❡&❡ ❛&❡ )♦♠❡ ❧♦✇ ❡✐❣❡♥✈❛❧✉❡) ✇✐$❤

♣♦)✐$✐✈❡ &❡❛❧ ♣❛&$)✳ ■♥ ❢❛❝$✱ ✐♥ $❤❡ ❝❛)❡ a1 = a2 = 1, a3 = −1

4
, ❛❧❧ $❤❡ ❡✐❣❡♥✈❛❧✉❡)

❛&❡ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐) ❢♦& ❛❧❧ ǫ < ǫ0, ✇❤❡&❡ ♥✉♠❡&✐❝❛❧❧② ✇❡ ❤❛✈❡ ❢♦✉♥❞

$❤❛$ 1.30 < ǫ0 < 1.31.
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❋✐❣✉$❡ ✹✳✽ ✕ a1 = a2 = 1, a3 = −1

4
, ǫ = 1.5.
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 ❡"#♣❡❝&✐✈❡

❆! ❛ ❢✉%✉&❡ !%✉❞②✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ %♦ ❡①%❡♥❞ ♦✉& ✇♦&❦ ❛❜♦✉% %❤❡ !%❛❜✐❧✐%② ♦❢ ✇❛✈❡

❡5✉❛%✐♦♥! ✇✐%❤ ✐♥❞❡✜♥✐%❡ !✐❣♥ ❞❛♠♣✐♥❣ ♦✈❡& ❛ ♠✉❧%✐✲❞✐♠❡♥!✐♦♥❛❧ !♣❛❝❡✳ ❋♦& ✐♥!%❛♥❝❡✱

❧❡% Ω = (−1, 1) × (0, 1) ❜❡ ♣❛&%✐%✐♦♥❡❞ ✐♥%♦ Ω1 = (0, 1) × (0, 1) ❛♥❞ Ω2 = (−1, 0) ×
(0, 1)✳ ❲❡ ❛&❡ ✐♥%❡&❡!%❡❞ ✐♥ !%✉❞②✐♥❣ %❤❡ !%❛❜✐❧✐%② ♦❢ %❤❡ ❢♦❧❧♦✇✐♥❣ !②!%❡♠





utt −∆u+ a1ut = 0 ✐♥ Ω1 × R,

utt −∆u+ a2ut = 0 ✐♥ Ω2 × R,

u = 0 ♦♥ ∂Ω× R,

u(x, y, 0) = u0, ut(x, y, 0) = u1 ✐♥ Ω,

✭✹✳✼✳✶✮

✇❤❡&❡ a1 > 0 ❛♥❞ a2 < 0✳ ❲❡ ✇&✐%❡ %❤❡ !♦❧✉%✐♦♥ ❛! ❛ ❋♦✉&✐❡& !❡&✐❡! ♦❢ %❤❡ ❢♦&♠

u(x, y) = 2
∞∑

k=1

uk(x) sin(kπy), ∀(x, y) ∈ Ω.

❚❤❡♥





uktt − ukxx + k2π2uk + a(x)ukt = 0 (x, t) ∈ (−1, 1)× R,

uk(−1, t) = uk(1, t) = 0 t ∈ R,

uk(x, 0) = uk0, ukt(x, 0) = uk1 x ∈ (−1, 1),

✭✹✳✼✳✷✮

✇❤❡&❡ a(x) = a1 ✐❢ x ∈ (0, 1) ❛♥❞ a(x) = a2 ✐❢ x ∈ (−1, 0)✳ ❚❤❡ ❡♥❡&❣② ❛!!♦❝✐❛%❡❞

✇✐%❤ ✭✹✳✼✳✷✮ ✐! ❣✐✈❡♥ ❜②

Ek(t) =
1

2

∫ 1

−1

(
|ukx|2 + k2π2|uk|2 + |ukt|2

)
dx.
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❯)✐♥❣ 4❛&)❡✈❛❧✬) ❡8✉❛❧✐$②✱ $❤❡ ❡♥❡&❣② ❛))♦❝✐❛$❡❞ ✇✐$❤ ✭✹✳✼✳✶✮ ✐) ❣✐✈❡♥ ❜②

E(t) =
1

2

∫

Ω

(
|∇u|2 + |ut|2

)
dx =

∞∑

k=1

Ek(t).

❖✉& ❛✐♠ ✐) $♦ ✜♥❞ c > 0 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ k ❛♥❞ νk > 0 )✉❝❤ $❤❛$

Ek(t) ≤ ce−νktEk(0).

❍❡♥❝❡✱

E(t) ≤ c

∞∑

k=1

e−νktEk(0).

■❢ νk ≥ ν > 0✱ $❤❡♥ E(t) ≤ ce−νtE(0) ❛♥❞ ❤❡♥❝❡ )②)$❡♠ ✭✹✳✼✳✶✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧②

)$❛❜❧❡✳ ■❢ νk ∼=
1

kl
❢♦& )♦♠❡ l > 0✱ $❤❡♥

E(t) .

∞∑

k=1

e
−t

kl Ek(0)

.

∞∑

k=1

kl

t

t

kl
e

−t

kl Ek(0)

.
1

t

∞∑

k=1

klEk(0)

.
1

t
‖u‖

D(A
l
2 )
,

✇❤❡&❡ $❤❡ ♦♣❡&❛$♦& A ✐) $❤❡ ❣❡♥❡&❛$♦& ♦❢ $❤❡ )❡♠✐❣&♦✉♣ ❛))♦❝✐❛$❡❞ ✇✐$❤ )②)$❡♠

✭✹✳✼✳✶✮✳

❲❡ ❛&❡ ❛❧)♦ ✐♥$❡&❡)$❡❞ ✐♥ )$✉❞②✐♥❣ ❜♦$❤ ✐♥$❡&♥❛❧❧② ❛♥❞ ❜♦✉♥❞❛&② ❞❛♠♣❡❞ ♣&♦✲

❜❧❡♠) ♦❢ $❤❡ ❢♦&♠





utt −∆u+ aut = 0 ✐♥ Ω× R,

ux = −but ♦♥ ΓN × R,

u = 0 ♦♥ ΓD × R,

u(x, y, 0) = u0, ut(x, y, 0) = u1 ✐♥ Ω,

✭✹✳✼✳✸✮
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■♥"#♦❞✉❝"✐♦♥

❈♦♥#$♦❧ #❤❡♦$② ❝❛♥ ❜❡ ❞❡-❝$✐❜❡❞ ❛- #❤❡ ♣$♦❝❡-- ♦❢ ✐♥✢✉❡♥❝✐♥❣ #❤❡ ❜❡❤❛✈✐♦$ ♦❢

❛ ♣❤②-✐❝❛❧ -②-#❡♠ #♦ ❛❝❤✐❡✈❡ ❛ ❞❡-✐$❡❞ ❣♦❛❧✱ ♣$✐♠❛$✐❧② #❤$♦✉❣❤ #❤❡ ✉-❡ ♦❢ ❢❡❡❞❜❛❝❦

✇❤✐❝❤ ♠♦♥✐#♦$- #❤❡ ❡✛❡❝# ♦❢ ❛ -②-#❡♠ ❛♥❞ ♠♦❞✐✜❡- ✐#- ♦✉#♣✉#✳ ■# ✐- ❛♣♣❧✐❡❞ ✐♥ ❛

❞✐✈❡$-❡ $❛♥❣❡ ♦❢ -❝✐❡♥#✐✜❝ ❛♥❞ ❡♥❣✐♥❡❡$✐♥❣ ❞✐-❝✐♣❧✐♥❡- -✉❝❤ ❛- #❤❡ $❡❞✉❝#✐♦♥ ♦❢ ♥♦✐-❡✱

#❤❡ ✈✐❜$❛#✐♦♥ ♦❢ -#$✉❝#✉$❡- ❧✐❦❡ -❡✐-♠✐❝ ✇❛✈❡- ❛♥❞ ❡❛$#❤=✉❛❦❡-✱ #❤❡ $❡❣✉❧❛#✐♦♥ ♦❢

❜✐♦❧♦❣✐❝❛❧ -②-#❡♠- ❧✐❦❡ ❤✉♠❛♥ ❝❛$❞✐♦✈❛-❝✉❧❛$ -②-#❡♠✱ #❤❡ ❞❡-✐❣♥ ♦❢ $♦❜♦#✐❝ -②-#❡♠-✱

❧❛-❡$ ❝♦♥#$♦❧ ✐♥ =✉❛♥#✉♠ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ♠♦❧❡❝✉❧❛$ -②-#❡♠-✳

■♥ #❤✐- #❤❡-✐-✱ ✇❡ ✐♠♣❧❡♠❡♥# #❤❡ -❡♠✐❣$♦✉♣ #❤❡♦$② ✐♥ #❤❡ -♣✐$✐# ♦❢ -♣❡❝#$❛❧ #❤❡♦$②

#♦ -#✉❞② #❤❡ ❛♣♣$♦①✐♠❛#✐♦♥- ❛♥❞ -#❛❜✐❧✐③❛#✐♦♥ ♦❢ -♦♠❡ ❡✈♦❧✉#✐♦♥ ❡=✉❛#✐♦♥-✳ ■♥ ❣❡♥❡✲

$❛❧✱ -#❛❜✐❧✐#② $❡-✉❧#- ❛$❡ ♦❜#❛✐♥❡❞ ✉-✐♥❣ ❞✐✛❡$❡♥# ♠❡#❤♦❞- ❧✐❦❡ #❤❡ ♠✉❧#✐♣❧✐❡$- ♠❡#❤♦❞✱

#❤❡ ❢$❡=✉❡♥❝② ❞♦♠❛✐♥ ♠❡#❤♦❞✱ #❤❡ ♠✐❝$♦❧♦❝❛❧ ❛♥❛❧②-✐-✱ #❤❡ ❞✐✛❡$❡♥#✐❛❧ ❣❡♦♠❡#$② ♦$

❛ ❝♦♠❜✐♥❛#✐♦♥ ♦❢ #❤❡♠ ❬✹✼✱✺✵✱✼✼✱✼✽❪✳ ■♥ #❤✐- #❤❡-✐-✱ ✇❡ ✉-❡ ❞❡#❛✐❧❡❞ -♣❡❝#$❛❧ ❛♥❛❧②-✐-✳

■♥ ❢❛❝#✱ #❤✐- #❤❡-✐- ✐- ❞✐✈✐❞❡❞ ✐♥#♦ #✇♦ ♣❛$#-✳ ■♥ #❤❡ ✜$-# ♣❛$#✱ ✇❡ ❝♦♥-✐❞❡$ #❤❡ ❛♣✲

♣$♦①✐♠❛#✐♦♥- ♦❢ -❡❝♦♥❞ ♦$❞❡$ ❡✈♦❧✉#✐♦♥ ❡=✉❛#✐♦♥-✳ ❙#✉❞✐❡- ❛♥❞ $❡-❡❛$❝❤❡- ❤❛✈❡ -❤♦✇♥

#❤❛# #❤❡ ❛♣♣$♦①✐♠❛#❡❞ -②-#❡♠ ❜② ✜♥✐#❡ ❡❧❡♠❡♥# ♦$ ✜♥✐#❡ ❞✐✛❡$❡♥❝❡ ✐- ♥♦# ✉♥✐❢♦$♠❧②

❡①♣♦♥❡♥#✐❛❧❧② ♦$ ♣♦❧②♥♦♠✐❛❧❧② -#❛❜❧❡ ✇✐#❤ $❡-♣❡❝# #♦ #❤❡ ❞✐-❝$❡#✐③❛#✐♦♥ ♣❛$❛♠❡#❡$

❡✈❡♥ ✐❢ #❤❡ ❝♦♥#✐♥✉♦✉- -②-#❡♠ ❤❛- #❤✐- ♣$♦♣❡$#② ✭-❡❡ ❬✷✺✱ ✷✼✱ ✹✸✱ ✺✺✱ ✼✷✱ ✼✸✱ ✼✻✱ ✼✽❪✮✳

❚❤❡$❡❢♦$❡✱ ♦✉$ ❛✐♠ ✐♥ #❤❡ ✜$-# ♣❛$# ✐- #♦ -❡❛$❝❤ ❢♦$ ❛ -✉✐#❛❜❧❡ ❞✐-❝$❡#❡ -②-#❡♠ ✇❤✐❝❤

❛♣♣$♦①✐♠❛#❡- #❤❡ ❝♦♥#✐♥✉♦✉- -②-#❡♠ ❛♥❞ ♠♦-# ✐♠♣♦$#❛♥#❧② $❡-#♦$❡- #❤❡ ❞❡❝❛② $❛#❡

✼
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♣!♦♣❡!$✐❡& ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉& ♦♥❡✳ ■♥ $❤❡ ♣!❡&❡♥❝❡ ♦❢ $❤❡ ❣❡♥❡!❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥✱

♦✉! &$!❛$❡❣② ✐& ❜❛&❡❞ ♦♥ ❛❞❞✐♥❣ ♥✉♠❡!✐❝❛❧ ✈✐&❝♦&✐$② $❡!♠& ✐♥ $❤❡ ❛♣♣!♦①✐♠❛$✐♦♥

&❝❤❡♠❡& $♦ ❞❛♠♣ ♦✉$ $❤❡ ❡✛❡❝$ ♦❢ $❤❡ ❤✐❣❤ ❢!❡:✉❡♥❝✐❡&✳

■♥ $❤❡ &❡❝♦♥❞ ♣❛!$✱ ✇❡ &$✉❞② $❤❡ &$❛❜✐❧✐③❛$✐♦♥ ♦❢ ✇❛✈❡ ❡:✉❛$✐♦♥& ✇✐$❤ ✐♥❞❡✜♥✐$❡

&✐❣♥ ❞❛♠♣✐♥❣✳ ❍❡!❡✱ ✇❡ ✉&❡ ❛ ❞❡$❛✐❧❡❞ &♣❡❝$!❛❧ ❛♥❛❧②&✐& $♦ &$✉❞② $❤❡ ❜❡❤❛✈✐♦! ♦❢

$❤❡ &♣❡❝$!✉♠ ♦✉$ ♦❢ ✇❤✐❝❤ ✇❡ &❡❛!❝❤ ❢♦! ❝!✐$✐❝❛❧ ✈❛❧✉❡& ♦❢ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$&

&♦ $❤❛$ $❤❡ ✇❛✈❡ ❡:✉❛$✐♦♥& ❛!❡ ❡✐$❤❡! ❡①♣♦♥❡♥$✐❛❧❧② ♦! ♣♦❧②♥♦♠✐❛❧❧② &$❛❜❧❡✳ ❋✐!&$✱

✇❡ ❝♦♥&✐❞❡! ♦♥❡ ❞✐♠❡♥&✐♦♥❛❧ ✐♥$❡!♥❛❧❧② ❛♥❞ ❜♦✉♥❞❛!② ❞❛♠♣❡❞ ✇❛✈❡ ♣!♦❜❧❡♠& ❛♥❞

❛❢$❡!✇❛!❞& ✇❡ ❣❡♥❡!❛❧✐③❡ $❤❡ ❛♥❛❧②&✐& ♦❢ ✐♥❞❡✜♥✐$❡ &✐❣♥ ❞❛♠♣❡❞ ✇❛✈❡ ❡:✉❛$✐♦♥& $♦ ❛

&$❛! &❤❛♣❡❞ ♥❡$✇♦!❦ ✇❤❡!❡ ✇❡ ✜♥❞ ❡①$!❛ ❝♦♥❞✐$✐♦♥& $♦ ❣❡$ &$❛❜✐❧✐$②✳

✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐-

❚❤✐& $❤❡&✐& ✐& ❞✐✈✐❞❡❞ ✐♥$♦ ❢♦✉! ♠❛✐♥ ❝❤❛♣$❡!&✳ ■♥ $❤❡ ✜!&$ ❝❤❛♣$❡!✱ ✇❡ !❡❝❛❧❧ &♦♠❡

❜❛&✐❝ ❞❡✜♥✐$✐♦♥& ❛♥❞ $❤❡♦!❡♠& ❛❜♦✉$ $❤❡ &❡♠✐❣!♦✉♣ ❛♥❞ &♣❡❝$!❛❧ ❛♥❛❧②&✐& $❤❡♦!✐❡&✳

■♥ $❤❡ &❡❝♦♥❞ ❝❤❛♣$❡!✱ ❛& ✐♥ ❬✸❪ ❛♥❞ ❬✹❪✱ ✇❡ ❝♦♥&✐❞❡! $❤❡ ❛♣♣!♦①✐♠❛$✐♦♥ ♦❢ ❧✐♥❡❛!

❡:✉❛$✐♦♥& ♠♦❞❡❧✐♥❣ $❤❡ ✈✐❜!❛$✐♦♥& ♦❢ ❡❧❛&$✐❝ &$!✉❝$✉!❡& ✇✐$❤ ❢❡❡❞❜❛❝❦ ❝♦♥$!♦❧✳ ▼♦!❡

♣!❡❝✐&❡❧②✱ ❧❡$ H ❜❡ ❛ ❝♦♠♣❧❡① ❍✐❧❜❡!$ &♣❛❝❡ ✇✐$❤ ♥♦!♠ ❛♥❞ ✐♥♥❡! ♣!♦❞✉❝$ ❞❡♥♦$❡❞

!❡&♣❡❝$✐✈❡❧② ❜② ‖.‖ ❛♥❞ (., .). ▲❡$ A : D(A) → H ❜❡ ❛ ❞❡♥&❡❧② ❞❡✜♥❡❞ &❡❧❢✲❛❞❥♦✐♥$

❛♥❞ ♣♦&✐$✐✈❡ ♦♣❡!❛$♦! ✇✐$❤ ❛ ❝♦♠♣❛❝$ ✐♥✈❡!&❡ ✐♥ H. ▲❡$ V = D(A
1
2 ) ❜❡ $❤❡ ❞♦♠❛✐♥

♦❢ A
1
2 . ❉❡♥♦$❡ ❜② D(A

1
2 )′ $❤❡ ❞✉❛❧ &♣❛❝❡ ♦❢ D(A

1
2 ) ♦❜$❛✐♥❡❞ ❜② ♠❡❛♥& ♦❢ $❤❡ ✐♥♥❡!

♣!♦❞✉❝$ ✐♥ H.

❋✉!$❤❡!♠♦!❡✱ ❧❡$ U ❜❡ ❛ ❝♦♠♣❧❡① ❍✐❧❜❡!$ &♣❛❝❡ ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐❞❡♥$✐✜❡❞ $♦ ✐$&

❞✉❛❧ &♣❛❝❡✮ ✇✐$❤ ♥♦!♠ ❛♥❞ ✐♥♥❡! ♣!♦❞✉❝$ ❞❡♥♦$❡❞ !❡&♣❡❝$✐✈❡❧② ❜② ‖.‖U ❛♥❞ (., .)U

✽



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐-

❛♥❞ ❧❡% B ∈ L(U, H). ❲❡ ❝♦♥)✐❞❡+ %❤❡ ❝❧♦)❡❞ ❧♦♦♣ )②)%❡♠

ω̈(t) + Aω(t) + BB∗ω̇(t) = 0,

ω(0) = ω0, ω̇(0) = ω1,
✭✵✳✶✳✶✮

✇❤❡+❡ t ∈ [0, ∞) +❡♣+❡)❡♥%) %❤❡ %✐♠❡ ❛♥❞ ω : [0, ∞) → H ✐) %❤❡ )%❛%❡ ♦❢ %❤❡ )②)%❡♠✳

❲❡ ❞❡✜♥❡ %❤❡ ❡♥❡+❣② ♦❢ )②)%❡♠ ✭✵✳✶✳✶✮ ❛% %✐♠❡ t ❜②

E(t) =
1

2

(
‖ω̇(t)‖2 +

∥∥∥A 1
2ω(t)

∥∥∥
2
)
.

❙✐♠♣❧❡ ❢♦+♠❛❧ ❝❛❧❝✉❧❛%✐♦♥) ❣✐✈❡

E(0)− E(t) =

∫ t

0

(BB∗ω̇(s), ω̇(s)) ds, ∀t ≥ 0.

❚❤✐) ♦❜✈✐♦✉)❧② ♠❡❛♥) %❤❛% %❤❡ ❡♥❡+❣② ✐) ♥♦♥✲✐♥❝+❡❛)✐♥❣✳ ■♥ %❤❡ )❡❝♦♥❞ ❝❤❛♣%❡+✱ ♦✉+

❣♦❛❧ ✐) %♦ )❡❛+❝❤ ❢♦+ ❛ )✉✐%❛❜❧❡ ❞✐)❝+❡%❡ )②)%❡♠ ✇❤✐❝❤ ✜+)% ❛♣♣+♦①✐♠❛%❡) ✭✵✳✶✳✶✮ ❛♥❞

)❡❝♦♥❞ ❤❛) %❤❡ )❛♠❡ )%❛❜✐❧✐%② ♣+♦♣❡+%✐❡) ❛) ✭✵✳✶✳✶✮✳ ❍♦✇❡✈❡+✱ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛%✐♦♥)✱

♠♦)% ♦❢ %❤❡ ❝❧❛))✐❝❛❧ ♥✉♠❡+✐❝❛❧ ❛♣♣+♦①✐♠❛%✐♦♥ )❝❤❡♠❡) ❞♦ ♥♦% ♣♦))❡)) %❤❡ )❛♠❡ ❞❡❝❛②

+❛%❡ ❛) %❤❛% ♦❢ %❤❡ ❝♦♥%✐♥✉♦✉) ♣+♦❜❧❡♠ ❛❧%❤♦✉❣❤ %❤❡ ❝♦♥✈❡+❣❡♥❝❡ ✐) ♣+❡)❡+✈❡❞✳ ❆%

%❤❡ ❞✐)❝+❡%❡ ❧❡✈❡❧✱ )♣✉+✐♦✉) ❤✐❣❤ ❢+❡D✉❡♥❝② ♦)❝✐❧❧❛%✐♦♥) ❛+❡ ❣❡♥❡+❛%❡❞ ❛♥❞ %❤❡+❡❢♦+❡

❜❛❞ ❜❡❤❛✈✐♦+ ♦❢ %❤❡ ❛♣♣+♦①✐♠❛%❡ )♦❧✉%✐♦♥ ✐) ❝❧❡❛+❧② ♦❜)❡+✈❡❞ ❝❛✉)✐♥❣ ❛ ♥♦♥✲✉♥✐❢♦+♠

❞❡❝❛② +❛%❡ ✭)❡❡ ❬✶✹✱✶✾✱✷✵✱✷✺✱✷✼✱✸✸✱✸✹✱✹✸✱✺✺✱✺✽✱✼✷✱✼✸✱✼✻✱✼✽❪✮✳ ❋♦+ ✐♥)%❛♥❝❡✱ ✇❡ )%❛+%

%❤❡ )❡❝♦♥❞ ❝❤❛♣%❡+ ❜② ❝♦♥)✐❞❡+✐♥❣ %❤❡ ✈✐❜+❛%✐♦♥) ♦❢ ❛ ✢❡①✐❜❧❡ )%+✐♥❣ ❥♦✐♥❡❞ ❛% ❡❛❝❤

♦❢ ✐%) ❡♥❞)✳ ❆❧%❤♦✉❣❤ %❤❡ ❝♦♥%✐♥✉♦✉) ♣+♦❜❧❡♠ ✐) ❡①♣♦♥❡♥%✐❛❧❧② )%❛❜❧❡✱ ✇❡ )❤♦✇ %❤❛%

%❤❡ ✜♥✐%❡ ❞✐✛❡+❡♥❝❡ )❡♠✐✲❞✐)❝+❡%❡ ♣+♦❜❧❡♠ ✐) ♥♦% ✉♥✐❢♦+♠❧② ❡①♣♦♥❡♥%✐❛❧❧② )%❛❜❧❡ ❀

✐✳❡✳✱ %❤❡+❡ ❞♦❡) ♥♦% ❡①✐)% ❝♦♥)%❛♥%) M ❛♥❞ β > 0 ✐♥❞❡♣❡♥❞❡♥% ♦❢ %❤❡ ❞✐)❝+❡%✐③❛%✐♦♥

♣❛+❛♠❡%❡+ )✉❝❤ %❤❛%

Eh(t) ≤Me−βt, ❛) t→ +∞,

✇❤❡+❡ Eh(t) +❡♣+❡)❡♥%) %❤❡ ❡♥❡+❣② ♦❢ %❤❡ )❡♠✐✲❞✐)❝+❡%❡ )②)%❡♠✳
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❙❡✈❡#❛❧ #❡♠❡❞✐❡) ❛#❡ ♣#♦♣♦)❡❞ ,♦ #❡),♦#❡ ,❤❡ ✉♥✐❢♦#♠ ❞❡❝❛② #❛,❡ ♦❢ ,❤❡ ❞✐)❝#❡,❡

♣#♦❜❧❡♠) ❧✐❦❡ ❚②❝❤♦♥♦✛ #❡❣✉❧❛#✐③❛,✐♦♥ ❬✸✹✱ ✸✺✱ ✻✹✱ ✼✷❪✱ ❛ ❜✐✲❣#✐❞ ❛❧❣♦#✐,❤♠ ❬✸✷✱ ✺✽❪✱

❛ ♠✐①❡❞ ✜♥✐,❡ ❡❧❡♠❡♥, ♠❡,❤♦❞ ❬✶✹✱ ✶✾✱ ✷✵✱ ✸✸✱ ✺✻❪✱ ♦# ✜❧,❡#✐♥❣ ,❤❡ ❤✐❣❤ ❢#❡I✉❡♥✲

❝✐❡) ❬✹✸✱ ✹✾✱ ✼✻❪✳ ❆) ✐♥ ❬✻✹✱ ✼✷❪✱ ✇❡ ✐♥,#♦❞✉❝❡ ❛#,✐✜❝✐❛❧ ♥✉♠❡#✐❝❛❧ ✈✐)❝♦)✐,② ,❡#♠) ✐♥

,❤❡ ❛♣♣#♦①✐♠❛,✐♦♥ )❝❤❡♠❡) ,♦ #✉❧❡ ♦✉, ,❤❡ ❤✐❣❤ ❢#❡I✉❡♥❝② )♣✉#✐♦✉) ♥✉♠❡#✐❝❛❧ ♦)❝✐❧✲

❧❛,✐♦♥) ❛♥❞ ❤❡♥❝❡ #❡),♦#❡ ,❤❡ ✉♥✐❢♦#♠ ❞❡❝❛② #❛,❡ ♦❢ ,❤❡ ❞✐)❝#❡,❡ )❝❤❡♠❡✳ ❍♦✇❡✈❡#✱

❝♦♥,#❛#② ,♦ ❬✻✹❪ ✇❤❡#❡ ,❤❡ ),❛♥❞❛#❞ ❣❛♣ ❝♦♥❞✐,✐♦♥ ✐) #❡I✉✐#❡❞✱ ✇❡ ♦♥❧② ❛))✉♠❡ ,❤❛,

,❤❡ )♣❡❝,#✉♠ ♦❢ ,❤❡ ♦♣❡#❛,♦# A1/2
)❛,✐)✜❡) ,❤❡ ❣❡♥❡#❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐,✐♦♥✳ ■♥❞❡❡❞✱ ✐❢

{λk}k≥1 ❞❡♥♦,❡) ,❤❡ )❡, ♦❢ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A
1
2
❝♦✉♥,❡❞ ✇✐,❤ ,❤❡✐# ♠✉❧,✐♣❧✐❝✐,✐❡)✱ ,❤❡♥

✇❡ ❛))✉♠❡ ,❤❛, ,❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡#❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐,✐♦♥ ❤♦❧❞) ✿

∃M ∈ N∗, ∃γ0 > 0, ∀k ≥ 1, λk+M − λk ≥Mγ0.

❚❤❡ ),❛♥❞❛#❞ ❣❛♣ ❝♦♥❞✐,✐♦♥ ✐) )❛,✐)✜❡❞ ❢♦# ,❤❡ ♣❛#,✐❝✉❧❛# ❝❛)❡ ✇❤❡♥ M = 1✳ ❚❤❡#❡✲

❢♦#❡✱ ✐♥ ,❤❡ )❡❝♦♥❞ ❝❤❛♣,❡#✱ ✇❡ ,#❡❛, ♠♦#❡ ❣❡♥❡#❛❧ ❝♦♥❝#❡,❡ )②),❡♠)✳

❆❢,❡# #❡❝❛❧❧✐♥❣ ,❤❡ )✉✐,❛❜❧❡ ❝♦♥❞✐,✐♦♥) ❛♥❞ ♦❜)❡#✈❛❜✐❧✐,② ✐♥❡I✉❛❧✐,✐❡) ✇❤✐❝❤ ❧❡❛❞

,♦ ,❤❡ ❡①♣♦♥❡♥,✐❛❧ ♦# ,❤❡ ♣♦❧②♥♦♠✐❛❧ ),❛❜✐❧✐,② ♦❢ ,❤❡ )♦❧✉,✐♦♥ ♦❢ ♣#♦❜❧❡♠ ✭✵✳✶✳✶✮✱

✇❡ )❡❛#❝❤ ❢♦# ❛ )✉✐,❛❜❧❡ ❞✐)❝#❡,❡ )②),❡♠ ✇❤✐❝❤ ❤❛) ,❤❡ )❛♠❡ ❞❡❝❛② ♣#♦♣❡#,✐❡) ✉♥❞❡#

,❤❡)❡ ❝♦♥❞✐,✐♦♥)✳ ❋♦# ,❤✐) #❡❛)♦♥✱ ❛❢,❡# ✜♥❞✐♥❣ ,❤❡ )✉✐,❛❜❧❡ ❞✐)❝#❡,❡ )②),❡♠✱ ✇❡ ✉)❡ ,❤❡

❞✐)❝#❡,❡ #❡)✉❧, ♦❢ ❬✺✷❪ ✇❤✐❝❤ ❣✐✈❡) ,❤❡ ♥❡❝❡))❛#② ❛♥❞ )✉✣❝✐❡♥, ❝♦♥❞✐,✐♦♥) ❢♦# ✇❤✐❝❤ ❛♥

❛♣♣#♦①✐♠❛,❡ )♦❧✉,✐♦♥ ✐) ❡①♣♦♥❡♥,✐❛❧❧② ),❛❜❧❡✳ ❆) ❢♦# ,❤❡ ✉♥✐❢♦#♠ ♣♦❧②♥♦♠✐❛❧ ),❛❜✐❧✐,②✱

✇❡ ♣#♦✈❡ ❛ #❡)✉❧, ✇❤✐❝❤ ❣✐✈❡) ♥❡❝❡))❛#② ❛♥❞ )✉✣❝✐❡♥, ❝♦♥❞✐,✐♦♥) ❢♦# ✇❤✐❝❤ ❛ ❢❛♠✐❧②

♦❢ )❡♠✐❣#♦✉♣) ♦❢ ♦♣❡#❛,♦#) ✐) ✉♥✐❢♦#♠❧② ♣♦❧②♥♦♠✐❛❧❧② ),❛❜❧❡✳ ❚♦ ♦✉# ❦♥♦✇❧❡❞❣❡✱ ♦✉#

✇♦#❦ ✐♥ ,❤❡ )❡❝♦♥❞ ❝❤❛♣,❡# ✐) ,❤❡ ✜#), ♦♥❡ ✇❤✐❝❤ ❛❞❞#❡))❡) ,❤❡ ✉♥✐❢♦#♠ ♣♦❧②♥♦♠✐❛❧

),❛❜✐❧✐,② ♦❢ ,❤❡ ❞✐)❝#❡,❡ )❝❤❡♠❡)✳

❆) ❢♦# ,❤❡ ❝♦♥✈❡#❣❡♥❝❡ ♦❢ ,❤❡ ❝❤♦)❡♥ ❛♣♣#♦①✐♠❛,❡ )②),❡♠✱ ✇❡ ✉)❡ ❛ ❣❡♥❡#❛❧ ✈❡#)✐♦♥

♦❢ ,❤❡ ❚#♦,,❡#✲❑❛,♦ ❚❤❡♦#❡♠ ♣#♦✈❡❞ ✐♥ ❬✹✺❪ ,♦ )❤♦✇ ,❤❛, ,❤❡ ❞✐)❝#❡,❡ )♦❧✉,✐♦♥ ,❡♥❞)

,♦ ,❤❡ )♦❧✉,✐♦♥ ♦❢ ✭✵✳✶✳✶✮ ❛) ,❤❡ ❞✐)❝#❡,✐③❛,✐♦♥ ♣❛#❛♠❡,❡# ❣♦❡) ,♦ ③❡#♦ ❛♥❞ ✐❢ ,❤❡
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❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐-

❞✐"❝$❡&❡ ✐♥✐&✐❛❧ ❞❛&❛ ❛$❡ ✇❡❧❧ ❝❤♦"❡♥✳ ❋✐♥❛❧❧②✱ ✇❡ ❡♥❞ ✉♣ &❤❡ "❡❝♦♥❞ ❝❤❛♣&❡$ ❜② "♦♠❡

✐❧❧✉"&$❛&✐✈❡ ❡①❛♠♣❧❡" ✇❤✐❝❤ "❤♦✇ &❤❡ ❧✐♠✐&" ♦❢ &❤❡ ♣$❡✈✐♦✉" ✇♦$❦ ❞♦♥❡ ❝♦♥❝❡$♥✐♥❣

&❤❡ ❛♣♣$♦①✐♠❛&✐♦♥" ❛♥❞ ✈❛❧✉❡" &❤❡ ❛&&❛✐♥❡❞ $❡"✉❧&" ♦❢ &❤❡ "❡❝♦♥❞ ❝❤❛♣&❡$✳

■♥ &❤❡ &❤✐$❞ ❝❤❛♣&❡$✱ ✇❡ ♠♦✈❡ ♦♥ &♦ ❛♥♦&❤❡$ "✉❜❥❡❝& ✇❤✐❝❤ &$❡❛&" &❤❡ "&❛❜✐❧✐③❛&✐♦♥

♦❢ ✇❛✈❡ ❡=✉❛&✐♦♥" ✇✐&❤ ✐♥❞❡✜♥✐&❡ "✐❣♥ ❞❛♠♣✐♥❣✳ ❆" ✐♥ ❬✶❪✱ ✇❡ ❛♥❛❧②③❡ &❤❡ "&❛❜✐❧✐&② ♦❢

&✇♦ ♣$♦❜❧❡♠"✳ ❲❡ ❝♦♥"✐❞❡$ ❛ ♦♥❡✲❞✐♠❡♥"✐♦♥❛❧ ✇❛✈❡ ❡=✉❛&✐♦♥ ✇✐&❤ ❛♥ ✐♥❞❡✜♥✐&❡ "✐❣♥

❞❛♠♣✐♥❣ ❛♥❞ ❛ ③❡$♦ ♦$❞❡$ ♣♦&❡♥&✐❛❧ &❡$♠ ✇❤✐❝❤ ✐" ✐♥&❡$♥❛❧❧② ❞❛♠♣❡❞ ♦❢ &❤❡ ❢♦$♠

utt(x, t)− uxx(x, t) + 2χ(0,1)(x)ut(x, t) + 2αχ(−1,0)(x)ut(x, t) = 0, x ∈ (−1, 1), t > 0,

u(1, t) = u(−1, t) = 0, t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✭✵✳✶✳✷✮

✇❤❡$❡ α ✐" ❛ ❣✐✈❡♥ ❝♦♥"&❛♥&✳ ❇❡"✐❞❡"✱ ✇❡ ❝♦♥"✐❞❡$ ❛ ♦♥❡✲❞✐♠❡♥"✐♦♥❛❧ ✇❛✈❡ ❡=✉❛&✐♦♥

✇✐&❤ ❛♥ ✐♥❞❡✜♥✐&❡ "✐❣♥ ❞❛♠♣✐♥❣ ❛♥❞ ✇❤✐❝❤ ✐" ❜♦&❤ ✐♥&❡$♥❛❧❧② ❛♥❞ ❜♦✉♥❞❛$② ❞❛♠♣❡❞

✉♥❞❡$ &❤❡ ❢♦$♠

utt(x, t)− uxx(x, t) + aut(x, t) = 0, x ∈ (0, 1), t > 0,

u(0, t) = 0, ux(1, t) = −but(1, t), t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✭✵✳✶✳✸✮

✇❤❡$❡ a, b ∈ R✳

■& ✐" ✇❡❧❧ ❦♥♦✇♥ &❤❛& ♣$♦❜❧❡♠ ✭✵✳✶✳✷✮ ✐" ❡①♣♦♥❡♥&✐❛❧❧② "&❛❜❧❡ ✐❢ &❤❡ ❞❛♠♣✐♥❣

&❡$♠ α ✐" ♥♦♥✲♥❡❣❛&✐✈❡ ✭"❡❡ ❬✷✸❪✮✳ ❙✐♠✐❧❛$❧②✱ ✐❢ &❤❡ ❝♦❡✣❝✐❡♥&" a ❛♥❞ b ❛$❡ ❜♦&❤

♣♦"✐&✐✈❡✱ &❤❡♥✱ ✉"✐♥❣ ❢♦$ ✐♥"&❛♥❝❡ ✐♥&❡❣$❛❧ ✐♥❡=✉❛❧✐&✐❡"✱ ♦♥❡ ❝❛♥ ♣$♦✈❡ &❤❛& ✭✵✳✶✳✸✮ ✐"

❛❧"♦ ❡①♣♦♥❡♥&✐❛❧❧② "&❛❜❧❡✳ ■♥ &❤❡ &❤✐$❞ ❝❤❛♣&❡$✱ ✇❡ ❛$❡ ✐♥&❡$❡"&❡❞ ✐♥ &❤❡ ❝❛"❡ ✇❤❡♥

&❤❡ ❞❛♠♣✐♥❣ &❡$♠" ❛$❡ ❛❧❧♦✇❡❞ &♦ ❝❤❛♥❣❡ &❤❡✐$ "✐❣♥✳ ❖✉$ ❛✐♠ ✐" &♦ ❛♥❛❧②③❡ &♦ ✇❤❛&

❡①&❡♥& &❤❡ ✈❛$✐❛&✐♦♥ ♦❢ &❤❡ "✐❣♥ ❛✛❡❝&" &❤❡ "&❛❜✐❧✐&② ♦❢ &❤❡ ♣$♦❜❧❡♠✳

O$♦❜❧❡♠ ✭✵✳✶✳✷✮ ❝❛♥ ❜❡ ✇$✐&&❡♥ ❛" ❛ "②"&❡♠ ♦❢ &❤❡ ❢♦$♠ Ut = AαU ✇❤❡$❡ U =
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✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐- ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙

(u, ut)
⊤
❛♥❞ #❤❡ ♦♣❡(❛#♦( Aα : D(Aα) → X ✐* ❞❡✜♥❡❞ ❜②

Aα =


 0 I

d2

dx2 −2χ(0,1) − 2αχ(−1,0)




✇❤❡(❡ #❤❡ ❡♥❡(❣② *♣❛❝❡ X = H1
0 (−1, 1)×L2(−1, 1) ✐* ❡1✉✐♣♣❡❞ ✇✐#❤ #❤❡ ✉*✉❛❧ ✐♥♥❡(

♣(♦❞✉❝# ❞❡✜♥❡❞ ❜②

< (f, g)⊤, (u, v)⊤ >=

∫ 1

−1

(f ′u′ + gv)dx,

❛♥❞

D(Aα) = (H2(−1, 1) ∩H1
0 (−1, 1))×H1

0 (−1, 1).

■♥ #❤✐* ❝❛*❡✱ #❤❡ ❡♥❡(❣② ❛**♦❝✐❛#❡❞ ✇✐#❤ ♣(♦❜❧❡♠ ✭✵✳✶✳✷✮✱ ❛# #✐♠❡ #✱ ✐* ❣✐✈❡♥ ❜②

E1(t) =
1

2

(∫ 1

−1

(|ux(x, t)|2 + |ut(x, t)|2)dx
)

✇✐#❤

E ′
1(t) = −2

(∫ 1

0

|ut(x, t)|2dx+ α

∫ 0

−1

|ut(x, t)|2dx
)
, ∀(u0, u1) ∈ D(Aα).

❚❤❡(❡❢♦(❡✱ ✇❤❡♥ α < 0✱ #❤❡ ❞✐**✐♣❛#✐♦♥ ♦❢ #❤❡ ❡♥❡(❣② ✐* ♥♦# #(✐✈✐❛❧✳ ▼♦(❡♦✈❡(✱ #❤❡

❝❧❛**✐❝❛❧ #❡❝❤♥✐1✉❡* ✇❤✐❝❤ ❛(❡ ♥♦(♠❛❧❧② ❡♠♣❧♦②❡❞ #♦ *#✉❞② #❤❡ *#❛❜✐❧✐③❛#✐♦♥ ❧✐❦❡

♠✉❧#✐♣❧✐❡(* ♠❡#❤♦❞✱ ❡♥❡(❣② ❛♥❞ (❡*♦❧✈❡♥# ♠❡#❤♦❞* ❝❛♥♥♦# ❜❡ ✇❡❧❧ ✐♥✈♦❦❡❞ ✐♥ #❤✐*

❝❛*❡ *✐♥❝❡ #❤❡*❡ ♠❡#❤♦❞* ❛(❡ ❜❛*❡❞ ♦♥ ❡*#✐♠❛#✐♦♥* ✇❤✐❝❤ ✐♥✈♦❧✈❡ #❤❡ ❛❜*♦❧✉#❡ ✈❛❧✉❡

♦❢ #❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥#*✳ ❚❤❡(❡❢♦(❡✱ #❤❡ 1✉❡*#✐♦♥ ♦❢ #❤❡ *#❛❜✐❧✐#② ♦❢ #❤❡ *♦❧✉#✐♦♥

♦❢ ✭✵✳✶✳✷✮ ✐♥ #❤❡ ❝❛*❡ ♦❢ α < 0 ❜❡❝♦♠❡* ♠♦(❡ ✐♥✈♦❧✈❡❞✳

❚❤❡ ♠❛✐♥ ♠♦#✐✈❛#✐♦♥ ❜❡❤✐♥❞ #❤✐* 1✉❡*#✐♦♥ *#❛(#❡❞ ✇✐#❤ ❛ ❝♦♥❥❡❝#✉(❡ ✐♥ ❬✷✶❪ ❜②

❈❤❡♥ ❡# ❛❧✳ ✇❤♦ ❝♦♥*✐❞❡(❡❞ #❤❡ ✐♥#❡(♥❛❧❧② ✐♥❞❡✜♥✐#❡ *✐❣♥ ❞❛♠♣❡❞ ✇❛✈❡ ❡1✉❛#✐♦♥ ♦❢

#❤❡ ❢♦(♠

utt − uxx + 2a(x)ut = 0, x ∈ (0, 1), t > 0, ✭✵✳✶✳✹✮

✶✷
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✇✐"❤ $"❛♥❞❛(❞ ✐♥✐"✐❛❧ ❝♦♥❞✐"✐♦♥$ ❛♥❞ ❉✐(✐❝❤❧❡" ❜♦✉♥❞❛(② ❝♦♥❞✐"✐♦♥$✳

■" ✇❛$ ❝♦♥❥❡❝"✉(❡❞ "❤❛" ✐❢ "❤❡(❡ ❡①✐$"$ $♦♠❡ γ > 0 $✉❝❤ "❤❛" ❢♦( ❡✈❡(② n ∈ N "❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐"✐♦♥ ✐$ $❛"✐$✜❡❞

In =

∫ 1

0

a(x) sin2(nπx)dx ≥ γ, ✭✵✳✶✳✺✮

"❤❡♥ "❤❡ ❡♥❡(❣② ❞❡❝❛②$ ❡①♣♦♥❡♥"✐❛❧❧②✳ ❚❤❡ ❤②♣♦"❤❡$✐$ ✐♠♣♦$❡❞ ♦♥ "❤❡ ✉♥✐❢♦(♠ ♣♦✲

$✐"✐✈✐"② ♦❢ In ✐♥ ✭✵✳✶✳✺✮ ②✐❡❧❞$ "❤❡ ♣♦$✐"✐✈✐"② ♦❢ "❤❡ ❛✈❡(❛❣❡ a0 ♦❢ a $✐♥❝❡ In → a0, ❛$

n→ +∞✳ ❍♦✇❡✈❡(✱ ❋(❡✐"❛$ ✐♥ ❬✷✽❪ ❞✐$♣(♦✈❡$ "❤❡ ❝♦♥❥❡❝"✉(❡ ♦❢ ❈❤❡♥ ❡" ❛❧✳ ❍❡ $❤♦✇$
"❤❛" ✭✵✳✶✳✺✮ ✐$ ♥♦" $✉✣❝✐❡♥" "♦ ❣✉❛(❛♥"❡❡ "❤❡ ❡①♣♦♥❡♥"✐❛❧ $"❛❜✐❧✐"②✳ ❍❡ ✜♥❞$ ♦✉" "❤❛"

✐❢ ‖a‖L∞
✐$ ❧❛(❣❡ "❤❡♥ "❤❡(❡ ♠❛② ❡①✐$" $♦♠❡ ♣♦$✐"✐✈❡ (❡❛❧ ❡✐❣❡♥✈❛❧✉❡$ ✭$❡❡ ❚❤❡♦(❡♠

✸✳✻ ♦❢ ❬✷✽❪✮✳ ❙♦ ❧❛"❡( ♦♥✱ ❋(❡✐"❛$ ❛♥❞ ❩✉❛③✉❛ ✐♥ ❬✸✵❪ $✉❣❣❡$" (❡♣❧❛❝✐♥❣ "❤❡ ❢✉♥❝"✐♦♥

a(x) ✐♥ ✭✵✳✶✳✹✮ ❜② ǫa(x) ✇✐"❤ ǫ > 0 $♠❛❧❧ ❡♥♦✉❣❤✳ ■♥ "❤✐$ ❝❛$❡✱ "❤❡ ❡①♣♦♥❡♥"✐❛❧ $"❛❜✐✲

❧✐"② ✐$ ♣(♦✈❡❞ ✉♥❞❡( ❝♦♥❞✐"✐♦♥ ✭✵✳✶✳✺✮ ❛♥❞ "❤❡ ❛❞❞✐"✐♦♥❛❧ ❝♦♥❞✐"✐♦♥ a ∈ L∞(0, 1)∩BV
$♦ "❤❛" ✐"$ ❞❡(✐✈❛"✐✈❡ ✐$ ❞❡✜♥❡❞ ✐♥ "❤❡ ✇❡❛❦ $❡♥$❡✳ ❋✉("❤❡(♠♦(❡✱ ✐♥ ❬✺✶❪✱ "❤❡ ❛✉"❤♦($

✜♥❞ ❛♥ ✉♣♣❡( ❜♦✉♥❞ ♦❢ ǫ ❢♦( ✇❤✐❝❤ "❤❡ ♣(♦❜❧❡♠ ❜❡❝♦♠❡$ ❡①♣♦♥❡♥"✐❛❧❧② $"❛❜❧❡ ✉♥❞❡(

❝♦♥❞✐"✐♦♥ ✭✵✳✶✳✺✮ ❛♥❞ "❤❡ ❛$$✉♠♣"✐♦♥ "❤❛" a ∈ L∞(0, 1) ✇✐"❤♦✉" "❤❡ ♥❡❡❞ ❢♦( "❤❡ ❛$✲

$✉♠♣"✐♦♥ "❤❛" a ∈ BV ✳ ❖♥ "❤❡ ♦"❤❡( ❤❛♥❞✱ ✐♥ ❬✺✼❪✱ ❘❛❝❦❡ ❛♥❞ ❘✐✈❡(❛ ❤❛✈❡ (❡♠♦✈❡❞

"❤❡ ❢❛❝"♦( ǫ ❛♥❞ ❝♦♥$✐❞❡(❡❞ "❤❡ ✇❛✈❡ ❡U✉❛"✐♦♥ utt − uxx + a(x)ut = 0 ♦♥ (0, L) ❢♦(

$♦♠❡ L > 0 ✇❤❡(❡ a ∈ L∞(0, L) ✐$ ❛❧❧♦✇❡❞ "♦ ❝❤❛♥❣❡ ✐"$ $✐❣♥ $✉❝❤ "❤❛" ✐"$ ♠❡❛♥

✈❛❧✉❡ a0 (❡♠❛✐♥$ ♣♦$✐"✐✈❡✳ ■♥ ❬✺✼❪✱ "❤❡ ❡①♣♦♥❡♥"✐❛❧ $"❛❜✐❧✐"② ✐$ ♣(♦✈❡❞ ✉♥❞❡( ♦♥❡ ♦❢

"❤❡$❡ ❝♦♥❞✐"✐♦♥$ ✿ ❊✐"❤❡( ‖a‖L∞
✐$ ♣♦$$✐❜❧② ❧❛(❣❡ ✇✐"❤ $✉✣❝✐❡♥"❧② $♠❛❧❧ ‖a − a0‖L2

♦( ‖a‖L∞
✐$ $✉✣❝✐❡♥"❧② $♠❛❧❧ ❜✉" "❤❡ ♣❛✐( (a, L) ❤❛$ "♦ $❛"✐$❢② $♦♠❡ ❡$"✐♠❛"❡$ ✇❤❡(❡

✐" ✐$ ♣♦$$✐❜❧❡ "♦ ❣❡" ❛ ♥❡❣❛"✐✈❡ ♠♦♠❡♥" Ik✳

■♥ "❤❡ "❤✐(❞ ❝❤❛♣"❡(✱ ♦✉( ✇♦(❦ ❞✐✛❡($ ❢(♦♠ "❤❡ ♣(❡✈✐♦✉$ (❡$✉❧"$ $✐♥❝❡ ✇❡ ❞♦ ♥♦"

✇❛♥" "♦ ✐♠♣♦$❡ ♥❡✐"❤❡( ❛ $♠❛❧❧ ✈❛❧✉❡ ♦❢ "❤❡ ❞❛♠♣✐♥❣ ❢❛❝"♦( a ♥♦( ❛ $♠❛❧❧ ✈❛❧✉❡ ♦❢

‖a − a0‖L2
✳ ■♥❞❡❡❞ ❢♦( $②$"❡♠ ✭✵✳✶✳✷✮✱ "❤✐$ ♠❡❛♥ ✈❛❧✉❡ ✐$ ❡U✉❛❧ "♦

√
2|1 − α| ✇❤✐❝❤

✇❡ ❞♦ ♥♦" ♥❡❡❞ "♦ ❜❡ $✉✣❝✐❡♥"❧② $♠❛❧❧✳ ▼♦(❡♦✈❡(✱ "❤❡ ✉♣♣❡( ❜♦✉♥❞ ♦❢ ǫ ❢♦✉♥❞ ✐♥ ❬✺✶❪

✶✸
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✐! ♥♦$ ❡❛!② $♦ ❝❤❡❝❦ ❢♦, !②!$❡♠ ✭✵✳✶✳✷✮✳

❋,♦♠ $❤❡ ❛!②♠♣$♦$✐❝ ❜❡❤❛✈✐♦, ♦❢ $❤❡ !♣❡❝$,✉♠ ♦❢ Aα✱ ✇❡ ✜♥❞ $❤❛$✱ ❛❝❝♦,❞✐♥❣

$♦ $❤❡ ✈❛❧✉❡ ♦❢ α✱ ♣,♦❜❧❡♠ ✭✵✳✶✳✷✮ ✐! ❡✐$❤❡, ✉♥!$❛❜❧❡ ♦, ❡①♣♦♥❡♥$✐❛❧❧② !$❛❜❧❡✳ ❯!✐♥❣

❞❡$❛✐❧❡❞ !♣❡❝$,❛❧ ❛♥❛❧②!✐!✱ ✇❡ ✜♥❞ $❤❡ ❝❤❛,❛❝$❡,✐!$✐❝ ❡A✉❛$✐♦♥ !❛$✐!✜❡❞ ❜② $❤❡ ❡✐❣❡♥✲

✈❛❧✉❡! ♦❢ Aα ❛♥❞ $❤❡♥ ✇❡ !❤♦✇ $❤❛$ $❤❡ ,♦♦$ ✈❡❝$♦,! ♦❢ Aα ❢♦,♠ ❛ ❘✐❡!③ ❜❛!✐! ♦❢ $❤❡

❡♥❡,❣② !♣❛❝❡✳ ❋✐♥❛❧❧②✱ ✇❡ ✜♥❞ ❛ ❝,✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❢♦, ✇❤✐❝❤ $❤❡ !♦❧✉$✐♦♥ ♦❢ ✭✵✳✶✳✷✮

❜❡❝♦♠❡! ❡①♣♦♥❡♥$✐❛❧❧② !$❛❜❧❡✳ ❆❧$❤♦✉❣❤ $❤❡ ❝,✐$✐❝❛❧ ✈❛❧✉❡ ✇❤✐❝❤ ✇❡ ✜♥❞ ❢♦, α ✐! ♥♦$

♦♣$✐♠❛❧✱ $❤✐! ✈❛❧✉❡ ,❡♠❛✐♥! ❝♦❤❡,❡♥$ ✇✐$❤ $❤❛$ ❣✐✈❡♥ ❜② $❤❡ ♣❡,$✉,❜❛$✐♦♥ $❤❡♦,② ♦❢

!❡♠✐❣,♦✉♣!✳

■♥ $❤❡ $❤✐,❞ ❝❤❛♣$❡,✱ ✇❡ ♣❡,❢♦,♠ ❛ !✐♠✐❧❛, ❛♥❛❧②!✐! ❢♦, ♣,♦❜❧❡♠ ✭✵✳✶✳✸✮✳ ❆! ✉!✉❛❧✱

❜② $❤❡ !$❛♥❞❛,❞ ,❡❞✉❝$✐♦♥ ♦❢ ♦,❞❡, ♠❡$❤♦❞✱ ✇❡ ❝❛♥ ,❡✇,✐$❡ ❢♦,♠❛❧❧② ✭✵✳✶✳✸✮ ✐♥ $❤❡

!✐♠♣❧❡, ❢♦,♠ Ut = AaU ✱ ✇✐$❤ U = (u, ut)
⊤

❛♥❞ $❤❡ ♦♣❡,❛$♦, Aa : D(Aa) → X ✐!

❞❡✜♥❡❞ ❜②

Aa =


 0 I

d2

dx2 −a




✭✵✳✶✳✻✮

✇❤❡,❡ $❤❡ ❡♥❡,❣② !♣❛❝❡ X = Hl(0, 1) × L2(0, 1) ✐! ❡A✉✐♣♣❡❞ ✇✐$❤ $❤❡ ✉!✉❛❧ ✐♥♥❡,

♣,♦❞✉❝$ ❞❡✜♥❡❞ ❜②

< (f, g)⊤, (u, v)⊤ >=

∫ 1

0

(f ′u′ + gv) dx,

✇❤❡,❡ Hl(0, 1) = {u ∈ H1(0, 1); u(0) = 0} ❛♥❞ $❤❡,❡❢♦,❡✱ D(Aa) = {(u, v)⊤ ∈
H2(0, 1) ∩Hl(0, 1)×Hl(0, 1); ux(1) = −bv(1)}✳

❚❤❡ ❡♥❡,❣② ♦❢ ✭✵✳✶✳✸✮ ✐! ❣✐✈❡♥ ❜②

E2(t) =
1

2

∫ 1

0

(
|ut|2 + |ux|2

)
dx,

❛♥❞ ❤❡♥❝❡ ❢♦,♠❛❧❧②

E ′
2(t) = −a

∫ 1

0

|ut|2dx− b|ut(1)|2.

✶✹



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐-

❋!♦♠ $❤✐' ✐❞❡♥$✐$②✱ ✇❡ !❡♠❛!❦ $❤❛$ Aa ✐' ♥♦$ ♥❡❝❡''❛!✐❧② ❞✐''✐♣❛$✐✈❡ ✇❤❡♥ ab < 0✳

❚❤❡!❡❢♦!❡✱ ✇❡ ❛!❡ ✐♥$❡!❡'$❡❞ ✐♥ $❤❡ ❝❛'❡ ✇❤❡♥ a ❛♥❞ b ❛!❡ ♦❢ ♦♣♣♦'✐$❡ '✐❣♥'✳ ◆♦$❡ $❤❛$

❢♦! '✉❝❤ ❛ ♣!♦❜❧❡♠✱ ♣❡!$✉!❜❛$✐♦♥ $❤❡♦!② ♦❢ ❝♦♥$!❛❝$✐✈❡ '❡♠✐❣!♦✉♣' ❝❛♥♥♦$ ❜❡ ✇❡❧❧

✐♥✈♦❦❡❞✳ ❯'✐♥❣ ❞❡$❛✐❧❡❞ '♣❡❝$!❛❧ ❛♥❛❧②'✐'✱ ✇❡ ✜♥❞ $❤❡ ❝♦♥❞✐$✐♦♥' $❤❛$ a ❛♥❞ b ♠✉'$

'❛$✐'❢② '♦ $❤❛$ ♣!♦❜❧❡♠ ✭✵✳✶✳✸✮ ❜❡❝♦♠❡' ❡①♣♦♥❡♥$✐❛❧❧② ♦! ♣♦❧②♥♦♠✐❛❧❧② '$❛❜❧❡✳ ❚❤❡

♣❛!$✐❝✉❧❛! ❝❛'❡ b ∈ (−1, 0) ❛♥❞ a > 0 !❡$❛✐♥' ♦✉! ❛$$❡♥$✐♦♥ ✇❤❡!❡ ✇❡ ✜♥❞ ♦♣$✐♠❛❧

!❡'✉❧$' ❢♦! ✇❤✐❝❤ ✭✵✳✶✳✸✮ ✐' ❡①♣♦♥❡♥$✐❛❧❧② ♦! ♣♦❧②♥♦♠✐❛❧❧② '$❛❜❧❡✳

❋✐♥❛❧❧② ✐♥ $❤❡ ❢♦✉!$❤ ❝❤❛♣$❡!✱ ❛' ✐♥ ❬✷❪✱ ✇❡ ❣❡♥❡!❛❧✐③❡ $❤❡ ❛♥❛❧②'✐' ♦❢ $❤❡ $❤✐!❞

❝❤❛♣$❡! $♦ '$✉❞② $❤❡ ❡①♣♦♥❡♥$✐❛❧ '$❛❜✐❧✐$② ♦❢ $❤❡ ✇❛✈❡ ❡G✉❛$✐♦♥ ♦♥ ❛ '$❛! '❤❛♣❡❞

♥❡$✇♦!❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ '✐❣♥ ❞❛♠♣✐♥❣ ✇❤✐❝❤ ✐' ♦❢ $❤❡ ❢♦!♠





uitt(x, t)− uixx(x, t) + 2ǫai(x)u
i
t(x, t) = 0, x ∈ (0, Li), t > 0,

ui(Li, t) = 0,

ui(0, t) = uj(0, t), ∀i 6= j,
N∑

i=1

uix(0, t) = 0,

ui(x, 0) = ui0(x), x ∈ (0, Li),

uix(x, 0) = ui1(x), x ∈ (0, Li).

✭S1✮

✇❤❡!❡ Li ∈ R+
∗ ✱ ❛♥❞ ai ∈ W 1,∞(0, Li)✳ ❲❡ ❢✉!$❤❡! ❝♦♥'✐❞❡! $❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦$❤❡'✐'

♦♥ $❤❡ ❣❡♦♠❡$!② ♦❢ $❤❡ ❞♦♠❛✐♥ ✿

✭❍✮ ❚❤❡!❡ ❡①✐'$' q ∈ N∗
'✉❝❤ $❤❛$ ❢♦! ❛❧❧ i = 2, ..., N ✱ $❤❡!❡ ❡①✐'$' pi ∈ N∗

✇❤❡!❡

Li =
pi
q
L1✳

■♥ $❤❡ ✜!'$ ♣❛!$ ♦❢ $❤❡ ❢♦✉!$❤ ❝❤❛♣$❡!✱ ✇❡ '$✉❞② $❤❡ '$❛❜✐❧✐$② ♦❢ '②'$❡♠ ✭S1✮ ✇❤❡♥

ǫ = 1✳ ❲❡ ❣✐✈❡ ♥❡❝❡''❛!② ❛♥❞ '✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥' ❢♦! ✇❤✐❝❤ '②'$❡♠ ✭S1✮ ❜❡❝♦♠❡'

❡①♣♦♥❡♥$✐❛❧❧② '$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥'✐♦♥❛❧ '♣❛❝❡✳ ❚❤❡ ✐❞❡❛ ✐' ✐♥'♣✐!❡❞ ❢!♦♠ ❬✻✺❪

✇❤❡!❡ $❤❡ ❝❤❛!❛❝$❡!✐'$✐❝ ❡G✉❛$✐♦♥ ♦❢ ✭S1✮ ✐' ❛♣♣!♦①✐♠❛$❡❞ ❜② ❛♥♦$❤❡! ❢✉♥❝$✐♦♥ ✉'✐♥❣

$❤❡ '❤♦♦$✐♥❣ ♠❡$❤♦❞✳ ❚❤✐' ❛♣♣!♦①✐♠❛$✐♦♥ ❛❧❧♦✇' ✉' $♦ ❞❡$❡❝$ $❤❡ ❜❡❤❛✈✐♦! ♦❢ $❤❡

✶✺



✵✳✶ ❖✉%❧✐♥❡ ♦❢ %❤❡ %❤❡-✐- ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙

❤✐❣❤ ❢$❡&✉❡♥❝✐❡* ❛♥❞ ❤❡♥❝❡ ❞❡❞✉❝❡ -❤❡ ❝♦♥❞✐-✐♦♥* ♦♥ -❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥-* ai ❢♦$

✇❤✐❝❤ -❤❡ ❤✐❣❤ ❢$❡&✉❡♥❝✐❡* ❛$❡ *✐-✉❛-❡❞ -♦ -❤❡ ❧❡❢- ♦❢ -❤❡ ✐♠❛❣✐♥❛$② ❛①✐*✳ ❋✐♥❛❧❧②✱ ❛❢-❡$

✇❡ ♣$♦✈❡ -❤❛- -❤❡ ❣❡♥❡$❛❧✐③❡❞ $♦♦- ✈❡❝-♦$* ❢♦$♠ ❛ ❘✐❡*③ ❜❛*✐* ✇✐-❤ ♣❛$❡♥-❤❡*❡*✱ ✇❡

❞❡❞✉❝❡ -❤❡ ❡①♣♦♥❡♥-✐❛❧ *-❛❜✐❧✐-② ♦❢ ✭S1✮ ✉♣ -♦ ❛ ✜♥✐-❡ ❞✐♠❡♥*✐♦♥❛❧ *♣❛❝❡ ❣❡♥❡$❛-❡❞

❜② -❤❡ $♦♦-* ✈❡❝-♦$* ♦❢ -❤❡ ❧♦✇ ❢$❡&✉❡♥❝✐❡*✳ ■♥ -❤❡ ✜$*- ♣❛$-✱ ✇❤❡♥ N = 2✱ ✇❡ $❡❝♦✈❡$

-❤❡ $❡*✉❧- ♦❢ ❚❤❡♦$❡♠ ✸✳✷✳✶ ♦❢ -❤✐* -❤❡*✐*✳

■♥ -❤❡ *❡❝♦♥❞ ♣❛$-✱ ✇❡ ❝♦♥*✐❞❡$ *②*-❡♠ ✭S1✮ ✇✐-❤ ǫ ♣♦*✐-✐✈❡ ❜✉- *♠❛❧❧ ❡♥♦✉❣❤ *♦

-❤❛- ✇❡ ❡①-❡♥❞ -❤❡ $❡*✉❧-* ♦❢ ❋$❡✐-❛* ❛♥❞ ❩✉❛③✉❛ ✐♥ ❬✸✵❪ ✇❤❡$❡ N = 2✳ ■♥ ❢❛❝-✱ ❢♦$

ǫ > 0 *♠❛❧❧ ❡♥♦✉❣❤✱ ✉♥❧✐❦❡ ❬✸✵❪✱ ✇❡ ❞❡❛❧ ✇✐-❤ ♠✉❧-✐♣❧❡ ❡✐❣❡♥✈❛❧✉❡* ✇❤❡♥ *♣❧✐--✐♥❣

♠❛② ♦❝❝✉$ ❛* ǫ ✐♥❝$❡❛*❡*✳ ❋✐$*-✱ ✇❡ ❝♦♥*✐❞❡$ ai ∈ R ❛♥❞ Li = 1 ❢♦$ ❛❧❧ i = 1, ..., N

❛♥❞ -❤❡♥ ✇❡ ❝♦♥*✐❞❡$ ai ∈ L∞(0, 1)✳ ■♥ ❢❛❝-✱ ✇❤❡♥ ǫ > 0 *♠❛❧❧ ❡♥♦✉❣❤✱ -❤❡ *-✉❞② ♦❢

-❤❡ ❡①♣♦♥❡♥-✐❛❧ *-❛❜✐❧✐-② ♦❢ ✭S1✮ ❡♥-❡$* ✐♥ -❤❡ ❢$❛♠❡✇♦$❦ ♦❢ -❤❡ ❛❜*-$❛❝- -❤❡♦$② ❞♦♥❡

✐♥ ❬✺✶❪✳ ❯*✐♥❣ -❤❡ ❝♦♥❝❡♣-* ✐♥-$♦❞✉❝❡❞ ✐♥ ❬✹✻❪ ❛❜♦✉- -❤❡ ❜❡❤❛✈✐♦$ ♦❢ -❤❡ *♣❡❝-$✉♠✱

✇❡ *❤❛❧❧ ✐♥-❡$♣$❡- -❤❡ ❤②♣♦-❤❡*✐* ✐♠♣♦*❡❞ ✐♥ ❬✺✶❪ -♦ ✜♥❞ ❡①♣❧✐❝✐- ❝♦♥❞✐-✐♦♥* ♦♥ -❤❡

❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥-* ❢♦$ ✇❤✐❝❤ ✭S1✮ ✐* ❡①♣♦♥❡♥-✐❛❧❧② *-❛❜❧❡✳ ■♥ -❤❡ ♣$❡*❡♥❝❡ ♦❢ ❛ ❘✐❡*③

❜❛*✐* ✇✐-❤ ♣❛$❡♥-❤❡*✐*✱ ✇❡ *❡❛$❝❤ ❢♦$ *✉✣❝✐❡♥- ❝♦♥❞✐-✐♦♥* ❢♦$ ✇❤✐❝❤ -❤❡ ❡✐❣❡♥✈❛❧✉❡*

❛$❡ *✐-✉❛-❡❞ *-$✐❝-❧② -♦ -❤❡ ❧❡❢- ♦❢ -❤❡ ✐♠❛❣✐♥❛$② ❛①✐*✳ ❲❡ ✜♥❞ ♦✉- -❤❛- -❤❡ ♣♦*✐-✐✈✐-②

♦❢ -❤❡ ♠❡❛♥ ♦❢ -❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥-* ✐* ♥♦- ❡♥♦✉❣❤ -♦ ❣✉❛$❛♥-❡❡ -❤❡ ❡①♣♦♥❡♥-✐❛❧

*-❛❜✐❧✐-② ♦❢ ✭S1✮ ✐♥ -❤❡ ✇❤♦❧❡ ❡♥❡$❣② *♣❛❝❡✳ ■♥ -❤✐* *❡❝♦♥❞ ♣❛$-✱ ✇❡ $❡❝♦✈❡$ -❤❡

$❡*✉❧- ♦❢ ❚❤❡♦$❡♠ ✷✳✶ ♦❢ ❬✸✵❪ ✇❤❡♥ -❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥- ✐* ♣✐❡❝❡✇✐*❡ ❝♦♥*-❛♥- ❜✉-

✇✐-❤♦✉- -❤❡ ❛**✉♠♣-✐♦♥ ♦♥ -❤❡ ♣♦*✐-✐✈✐-② ♦❢ -❤❡ ✐♥-❡❣$❛❧* In ❣✐✈❡♥ ✐♥ ✭✵✳✶✳✺✮✳ ❋✐♥❛❧❧②✱

✇❡ ❡♥❞ ✉♣ -❤❡ ❢♦✉$-❤ ❝❤❛♣-❡$ ❜② ❣✐✈✐♥❣ *♦♠❡ ❝♦♥❝$❡-❡ ❡①❛♠♣❧❡* ♦❢ {ai}Ni=1 ❛♥❞ N ✳
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❢♦" ✇❤✐❝❤ ✇❛✈❡ ❡K✉❛/✐♦♥* ✇✐/❤ ✐♥❞❡✜♥✐/❡ *✐❣♥ ❞❛♠♣✐♥❣ ❜❡❝♦♠❡ */❛❜❧❡✳

✭✈✐✐✮ ●❡♥❡"❛❧✐③❡ /❤❡ ❛♥❛❧②*✐* ♦❢ /❤❡ */❛❜✐❧✐/② ♦❢ ✇❛✈❡ ❡K✉❛/✐♦♥* ✇✐/❤ ✐♥❞❡✜♥✐/❡ *✐❣♥

❞❛♠♣✐♥❣ /❡"♠* ♦✈❡" ❛ */❛" *❤❛♣❡❞ ♥❡/✇♦"❦✳

✶✼



✵✳✷ ❆✐♠& ❛♥❞ ❛❝❤✐❡✈❡❞ .❡&✉❧1& ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙

✶✽



❈❤❛♣✐%&❡ ✶

)&❡❧✐♠✐♥❛&✐❡-

❆! "❤❡ ❛♥❛❧②!✐! ❞♦♥❡ ✐♥ "❤✐! ,❤✳❉✳ "❤❡!✐! ✐! ❜❛!❡❞ ♦♥ "❤❡ !❡♠✐❣2♦✉♣ ❛♥❞ !♣❡❝"2❛❧

❛♥❛❧②!✐! "❤❡♦2✐❡!✱ ✇❡ 2❡❝❛❧❧✱ ✐♥ "❤✐! ❝❤❛♣"❡2✱ !♦♠❡ ❜❛!✐❝ ❞❡✜♥✐"✐♦♥! ❛♥❞ "❤❡♦2❡♠!

✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉!❡❞ ✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣"❡2!✳ ❲❡ 2❡❢❡2 "♦ ❬✽✱ ✶✽✱ ✷✹✱✸✻✱✸✼✱ ✹✷✱✻✷✱✻✸❪✳

✶✳✶ ❙❡♠✐❣'♦✉♣+

▼♦!" ♦❢ "❤❡ ❡✈♦❧✉"✐♦♥ ❡F✉❛"✐♦♥! ❝❛♥ ❜❡ 2❡❞✉❝❡❞ "♦ "❤❡ ❢♦2♠





ẋ(t) = Ax(t), t > 0,

x(0) = x0,

✇❤❡2❡ A ✐! "❤❡ ✐♥✜♥✐"❡!✐♠❛❧ ❣❡♥❡2❛"♦2 ♦❢ ❛ ❈0 !❡♠✐❣2♦✉♣ T (t) ♦✈❡2 ❛ ❍✐❧❜❡2" !♣❛❝❡ H✳
❚❤❡2❡❢♦2❡✱ ✇❡ !"❛2" ❜② ✐♥"2♦❞✉❝✐♥❣ !♦♠❡ ❜❛!✐❝ ❝♦♥❝❡♣"! ❝♦♥❝❡2♥✐♥❣ "❤❡ !❡♠✐❣2♦✉♣!✳

❉❡✜♥✐%✐♦♥ ✶✳✶✳✶✳ ▲❡" X ❜❡ ❛ ❇❛♥❛❝❤ )♣❛❝❡✳

✶✮ ❆ ♦♥❡ ♣❛0❛♠❡"❡0 ❢❛♠✐❧② T (t)✱ t > 0✱ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛0 ♦♣❡0❛"♦0) ❢0♦♠ X ✐♥"♦

X ✐) ❛ )❡♠✐❣0♦✉♣ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛0 ♦♣❡0❛"♦0) ♦♥ X ✐❢

✭✐✮ T (0) = I ❀

✶✾



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

✭✐✐✮ T (t+ s) = T (t)T (s) ❢♦% ❡✈❡%② s, t ≥ 0✳

✷✮ ❆ ,❡♠✐❣%♦✉♣ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛% ♦♣❡%❛6♦%,✱ T (t)✱ ✐, ✉♥✐❢♦%♠❧② ❝♦♥6✐♥✉♦✉, ✐❢

lim
t→0

‖T (t)− I‖ = 0.

✸✮ ❆ ,❡♠✐❣%♦✉♣ T (t) ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛% ♦♣❡%❛6♦%, ♦♥ X ✐, ❛ ,6%♦♥❣❧② ❝♦♥6✐♥✉♦✉,

,❡♠✐❣%♦✉♣ ♦❢ ❜♦✉♥❞❡❞ ❧✐♥❡❛% ♦♣❡%❛6♦%, ♦% ❛ ❈0 ,❡♠✐❣%♦✉♣ ✐❢

lim
t→0

T (t)x = x.

✹✮ ❚❤❡ ❧✐♥❡❛% ♦♣❡%❛6♦% A ❞❡✜♥❡❞ ❜②

Ax = lim
t→0

T (t)x− x

t
, ∀x ∈ D(A),

✇❤❡%❡

D(A) =

{
x ∈ X; lim

t→0

T (t)x− x

t
❡①✐,6,

}

✐, 6❤❡ ✐♥✜♥✐6❡,✐♠❛❧ ❣❡♥❡%❛6♦% ♦❢ 6❤❡ ,❡♠✐❣%♦✉♣ T (t)✳

❚❤❡♦$❡♠ ✶✳✶✳✷✳ ▲❡6 T (t) ❜❡ ❛ ❈0 ,❡♠✐❣%♦✉♣✳ ❚❤❡♥ 6❤❡%❡ ❡①✐,6 ❝♦♥,6❛♥6, ω ≥ 0 ❛♥❞

M ≥ 1 ,✉❝❤ 6❤❛6

‖T (t)‖ ≤Meωt, ∀t > 0.

■♥ $❤❡ ❛❜♦✈❡ $❤❡♦&❡♠✱ ✐❢ ω = 0✱ $❤❡♥ T (t) ✐- ❝❛❧❧❡❞ ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ❛♥❞ ✐❢

♠♦&❡♦✈❡& M = 1✱ $❤❡♥ T (t) ✐- ❝❛❧❧❡❞ ❛ ❈0 -❡♠✐❣&♦✉♣ ♦❢ ❝♦♥$&❛❝$✐♦♥-✳

❋♦& $❤❡ ❡①✐-$❡♥❝❡ ♦❢ -♦❧✉$✐♦♥-✱ ✇❡ ♥♦&♠❛❧❧② ✉-❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ▲✉♠❡&✲(❤✐❧❧✐♣-

❚❤❡♦&❡♠ ♦& ❍✐❧❧❡✲❨♦-✐❞❛ ❚❤❡♦&❡♠✳

❚❤❡♦$❡♠ ✶✳✶✳✸✳ ✭▲✉♠❡%✲C❤✐❧❧✐♣, ❚❤❡♦%❡♠✮ ▲❡6 A ❜❡ ❛ ❧✐♥❡❛% ♦♣❡%❛6♦% ✇✐6❤ ❞❡♥,❡

❞♦♠❛✐♥ D(A) ✐♥ ❛ ❍✐❧❜❡%6 ,♣❛❝❡ X✳ ■❢

✷✵



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

✭✐✮ A ✐# ❞✐##✐♣❛'✐✈❡ ❀ ✐✳❡✳✱ ℜ < Ax, x >X< 0, ∀x ∈ D(A)

❛♥❞ ✐❢

✭✐✐✮ '❤❡0❡ ❡①✐#'# ❛ λ0 > 0 #✉❝❤ '❤❛' '❤❡ 0❛♥❣❡ R(λ0I −A) = X✱

'❤❡♥ A ❣❡♥❡0❛'❡# ❛ ❈0 #❡♠✐❣0♦✉♣ ♦❢ ❝♦♥'0❛❝'✐♦♥# ♦♥ X✳

❚❤❡♦$❡♠ ✶✳✶✳✹✳ ✭❍✐❧❧❡✲❨♦#✐❞❛ ❚❤❡♦0❡♠✮ ▲❡' A ❜❡ ❛ ❧✐♥❡❛0 ♦♣❡0❛'♦0 ♦♥ ❛ ❇❛♥❛❝❤

#♣❛❝❡ X ❛♥❞ ❧❡' ω ∈ R✱ M ≥ 1 ❜❡ ❝♦♥#'❛♥'#✳ ❉❡♥♦'❡ ❜② ρ(A) '❤❡ 0❡#♦❧✈❡♥' #❡' ♦❢ A✳

❚❤❡♥ '❤❡ ❢♦❧❧♦✇✐♥❣ ♣0♦♣❡0'✐❡# ❛0❡ ❡C✉✐✈❛❧❡♥'

✭✐✮ A ❣❡♥❡0❛'❡# ❛ ❈0 #❡♠✐❣0♦✉♣ T (t)✱ t ≥ 0 #❛'✐#❢②✐♥❣

‖T (t)‖ ≤Meωt, ∀t ≥ 0;

✭✐✐✮ A ✐# ❝❧♦#❡❞✱ ❞❡♥#❡❧② ❞❡✜♥❡❞✱ ❛♥❞ ❢♦0 ❡✈❡0② λ > ω ♦♥❡ ❤❛# λ ∈ ρ(A) ❛♥❞

‖(λ− ω)n(λ−A)−n‖ ≤M, ∀n ∈ N;

✭✐✐✐✮ A ✐# ❝❧♦#❡❞✱ ❞❡♥#❡❧② ❞❡✜♥❡❞✱ ❛♥❞ ❢♦0 ❡✈❡0② λ ∈ C ✇✐'❤ ℜλ > ω✱ ♦♥❡ ❤❛#

λ ∈ ρ(A) ❛♥❞

‖(λ−A)−n‖ ≤ M

(ℜλ− ω)n
, ∀n ∈ N.

■❢ $❤❡ ❝♦♥❞✐$✐♦♥- ♦❢ $❤❡ ♣&❡✈✐♦✉- $✇♦ $❤❡♦&❡♠- ❛&❡ ♥♦$ ❝❧❡❛&❧② -❛$✐-✜❡❞✱ ✇❡ ♠❛②

✉-❡ $❤❡ ❢♦❧❧♦✇✐♥❣ $❤❡♦&❡♠ ❛❜♦✉$ ♣❡&$✉&❜❛$✐♦♥- ❜② ❜♦✉♥❞❡❞ ❧✐♥❡❛& ♦♣❡&❛$♦&- ✭-❡❡

❚❤❡♦&❡♠ ■■■✳✶✳✶ ♦❢ ❬✻✷❪✮✳

❚❤❡♦$❡♠ ✶✳✶✳✺✳ ▲❡' X ❜❡ ❛ ❇❛♥❛❝❤ #♣❛❝❡ ❛♥❞ ❧❡' A ❜❡ '❤❡ ✐♥✜♥✐'❡#✐♠❛❧ ❣❡♥❡0❛'♦0

♦❢ ❛ ❈0 #❡♠✐❣0♦✉♣ T (t) ♦♥ X✱ #❛'✐#❢②✐♥❣ ‖T (t)‖ ≤ Meωt✳ ■❢ B ✐# ❛ ❜♦✉♥❞❡❞ ❧✐♥❡❛0

♦♣❡0❛'♦0 ♦♥ X✱ '❤❡♥ A+B ✐# '❤❡ ✐♥✜♥✐'❡#✐♠❛❧ ❣❡♥❡0❛'♦0 ♦❢ ❛ ❈0 #❡♠✐❣0♦✉♣ S(t) ♦♥

X✱ #❛'✐#❢②✐♥❣ ‖S(t)‖ ≤Me(ω+M‖B‖)t
✳

◆♦✇ ✇❡ &❡❝❛❧❧ ❛ &❡-✉❧$ ✐♥ ❬✹✷✱ ✻✸❪ ✇❤✐❝❤ ❣✐✈❡- ♥❡❝❡--❛&② ❛♥❞ -✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥-

❢♦& ✇❤✐❝❤ ❛ -❡♠✐❣&♦✉♣ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✳

✷✶



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❚❤❡♦$❡♠ ✶✳✶✳✻✳ ▲❡" T (t) ❜❡ ❛ ❈0 &❡♠✐❣*♦✉♣ ♦♥ ❛ ❍✐❧❜❡*" &♣❛❝❡ H ❛♥❞ A ❜❡ ✐"& ✐♥✜✲

♥✐"❡&✐♠❛❧ ❣❡♥❡*❛"♦*✳ T (t) ✐& ❡①♣♦♥❡♥"✐❛❧❧② &"❛❜❧❡ ❀ ✐✳❡✳✱ "❤❡*❡ ❡①✐&"& M ❛♥❞ α ♣♦&✐"✐✈❡

❝♦♥&"❛♥"& &✉❝❤ "❤❛" ‖T (t)‖ ≤Me−αt
✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✐✮ iR ⊆ ρ(A)✱ ✇❤❡*❡ ρ(A) ❞❡♥♦"❡& "❤❡ *❡&♦❧✈❡♥" &❡" ♦❢ A

❛♥❞

✭✐✐✮ sup
ω∈R

‖(iω −A)−1‖ <∞.

❲❤❡♥ $❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ✐- ❛$$❛✐♥❡❞✱ ✇❡ -❡❛&❝❤ ❢♦& $❤❡ ♦♣$✐♠❛❧ ❡①♣♦♥❡♥$✐❛❧

❞❡❝❛② &❛$❡ ❀ ♠❛✐♥❧② ❢♦& $❤❡ -♣❡❝$&✉♠ ❞❡$❡&♠✐♥❡❞ ❣&♦✇$❤ ❝♦♥❞✐$✐♦♥✳

❉❡✜♥✐-✐♦♥ ✶✳✶✳✼✳ ▲❡" A ❜❡ "❤❡ ✐♥✜♥✐"❡&✐♠❛❧ ❣❡♥❡*❛"♦* ♦❢ ❛ ❈0 &❡♠✐❣*♦✉♣✱ T (t) ✱

♦♥ ❛ ❍✐❧❜❡*" &♣❛❝❡ H✳ ❈♦♥&✐❞❡*

ω(A) := inf{α ∈ R; ‖T (t)‖ ≤Meαt} = lim
t→∞

1

t
log ‖T (t)‖,

"❤❡ ❣*♦✇"❤ ❡①♣♦♥❡♥" ❜♦✉♥❞ ♦❢ T (t)✱ ❛♥❞

µ(A) = sup{ℜλ; λ ∈ σ(A)},

"❤❡ &♣❡❝"*❛❧ ❛❜&❝✐&&❛ ♦❢ "❤❡ ♦♣❡*❛"♦* A ✇❤❡*❡ σ(A) ❞❡♥♦"❡& ✐"& &♣❡❝"*✉♠✳ ■❢ ω(A) =

µ(A)✱ "❤❡♥ ✇❡ &❛② "❤❛" "❤❡ &♣❡❝"*✉♠ ❞❡"❡*♠✐♥❡❞ ❣*♦✇"❤ ❝♦♥❞✐"✐♦♥ ❤♦❧❞&✳

❘❡♠❛$❦ ✶✳✶✳✽✳ ❋*♦♠ "❤❡ ❍✐❧❧❡✲❨♦&✐❞❛ ❚❤❡♦*❡♠✱ ✇❡ ❦♥♦✇ "❤❛" µ(A) ≤ ω(A) ❢♦*

❛♥② ✐♥✜♥✐"❡&✐♠❛❧ ❣❡♥❡*❛"♦* ♦❢ ❛ &"*♦♥❣❧② ❝♦♥"✐♥✉♦✉& &❡♠✐❣*♦✉♣✳ ❍♦✇❡✈❡*✱ ✐♥ ❣❡♥❡*❛❧✱

ω(A) ≤ µ(A) ✐& ♥♦" ❛❧✇❛②& "*✉❡✳

■❢ $❤❡ -❡♠✐❣&♦✉♣ ❢❛✐❧- $♦ ❜❡ ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✱ ✇❡ -❡❛&❝❤ ❢♦& ❛♥♦$❤❡& $②♣❡

♦❢ ❞❡❝❛② &❛$❡ ❧✐❦❡ $❤❡ ♣♦❧②♥♦♠✐❛❧ -$❛❜✐❧✐$② ✇❤✐❝❤ ✐- ❝❤❛&❛❝$❡&✐③❡❞ ❜② $❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦&❡♠ ✐♥ ❬✶✽❪✳

✷✷



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❚❤❡♦$❡♠ ✶✳✶✳✾✳ ▲❡" (T (t))t≥0 ❜❡ ❛ ❜♦✉♥❞❡❞ ❈0 *❡♠✐❣.♦✉♣ ♦♥ ❛ ❍✐❧❜❡." *♣❛❝❡ H ✇✐"❤

❛ ❣❡♥❡.❛"♦. A *✉❝❤ "❤❛" iR ⊆ ρ(A)✳ ❚❤❡♥ ❢♦. ❛ ✜①❡❞ α > 0✱ "❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐"✐♦♥*

❛.❡ ❡;✉✐✈❛❧❡♥" ✿

✭✐✮

‖(is−A)−1‖ = O(|s|α), s→ ∞.

✭✐✐✮

‖T (t)A−α‖ = O(t−1), t→ ∞.

✭✐✐✐✮

‖T (t)A−1‖ = O(t
−1
α ), t→ ∞.

◆♦"❡ "❤❛" "❤❡ ♥♦"❛"✐♦♥ A = O(B) ♠❡❛♥) "❤❛" "❤❡*❡ ❡①✐)") c > 0 )✉❝❤ "❤❛"

|A| ≤ c|B|✳

✶✳✷ ❘✐❡&③ ❜❛&✐&

■♥ "❤❡ %❡❝♦♥❞ ♣❛+"✱ ✇❡ %❤♦✇ "❤❛" "❤❡ ❣❡♥❡+❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦+% ❢♦+♠ ❛ ❘✐❡%③ ❜❛%✐%

♦❢ "❤❡ ❡♥❡+❣② %♣❛❝❡✳ ❈♦♥%❡:✉❡♥"❧②✱ ✇❡ +❡❝❛❧❧ ❜❛%✐❝ ❞❡✜♥✐"✐♦♥% ❛♥❞ "❤❡♦+❡♠% ♥❡❡❞❡❞

❢♦+ ❘✐❡%③ ❜❛%✐% ❣❡♥❡+❛"✐♦♥✳ ❲❡ +❡❢❡+ "♦ ❬✽✱ ✸✻✱ ✸✼❪✳

❉❡✜♥✐%✐♦♥ ✶✳✷✳✶✳ ✭✐✮ ❆ ♥♦♥✲③❡*♦ ❡❧❡♠❡♥" ϕ ✐♥ ❛ ❍✐❧❜❡*" )♣❛❝❡ H ✐) ❝❛❧❧❡❞ ❛ ❣❡♥❡✲

*❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦* ♦❢ ❛ ❝❧♦)❡❞ ❧✐♥❡❛* ♦♣❡*❛"♦* A✱ ❝♦**❡)♣♦♥❞✐♥❣ "♦ ❛♥ ❡✐❣❡♥✈❛❧✉❡
λ ♦❢ A✱ ✐❢ "❤❡*❡ ❡①✐)") n ∈ N∗

)✉❝❤ "❤❛"

(λI −A)nϕ = 0 ❛♥❞ (λI −A)n−1ϕ 6= 0.

■❢ n = 1✱ "❤❡♥ ϕ ✐) ❛♥ ❡✐❣❡♥✈❡❝"♦*✳

✭✐✐✮ ❚❤❡ *♦♦" )✉❜)♣❛❝❡ ♦❢ A ❝♦**❡)♣♦♥❞✐♥❣ "♦ ❛♥ ❡✐❣❡♥✈❛❧✉❡ λ ✐) ❞❡✜♥❡❞ ❜②

Nλ(A) =
∞⋃

n=1

ker ((λI −A)n) .

✷✸



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

✭✐✐✐✮ ❚❤❡ ❝❧♦)❡❞ )✉❜)♣❛❝❡ )♣❛♥♥❡❞ ❜② ❛❧❧ 1❤❡ ❣❡♥❡3❛❧✐③❡❞ ❡✐❣❡♥✈❡❝1♦3) ♦❢ A ✐) ❝❛❧❧❡❞

1❤❡ 3♦♦1 )✉❜)♣❛❝❡ ♦❢ A✳

❘❡♠❛$❦ ✶✳✷✳✷✳ ❚❤❡ ❢❛♠✐❧② ♦❢ ❣❡♥❡3❛❧✐③❡❞ ❡✐❣❡♥✈❡❝1♦3) ♦❢ A ❝♦33❡)♣♦♥❞✐♥❣ 1♦ λ

❢♦3♠) ❛ ❜❛)✐) ❢♦3 1❤❡ )✉❜)♣❛❝❡ Nλ(A)✳ ❉❡♥♦1❡ ❜② mλ 1❤❡ ❛❧❣❡❜3❛✐❝ ♠✉❧1✐♣❧✐❝✐1② ♦❢

λ✳ ■♥ ❣❡♥❡3❛❧✱ 1❤❡)❡ ❣❡♥❡3❛❧✐③❡❞ ❡✐❣❡♥✈❡❝1♦3)✱ ❞❡♥♦1❡❞ ❜② {ϕj, 1 ≤ j ≤ mλ}✱ ❛3❡

❝♦♥)13✉❝1❡❞ ❜② 1❤❡ ❢♦❧❧♦✇✐♥❣ ♣3♦❝❡❞✉3❡ ✿





Aϕ1 = λϕ1

Aϕj = λϕj + ϕj−1, j = 2, ...,mλ.

◆♦✇✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ ❘✐❡-③ ❜❛-✐- ❛♥❞ $❤❡♥ ✇❡ &❡❝❛❧❧ -♦♠❡ $❤❡♦&❡♠- ✇❤✐❝❤ ❤❡❧♣

✉- ♣&♦✈❡ $❤❛$ ❛ ❢❛♠✐❧② ❢♦&♠- ❛ ❘✐❡-③ ❜❛-✐-✳

❉❡✜♥✐-✐♦♥ ✶✳✷✳✸✳ ▲❡1 Φ = {ϕn}n∈N ❜❡ ❛♥ ❛3❜✐13❛3② ❢❛♠✐❧② ♦❢ ✈❡❝1♦3) ✐♥ ❛ ❍✐❧❜❡31

)♣❛❝❡ H✳

✭✐✮ ❚❤❡ ❢❛♠✐❧② Φ ✐) )❛✐❞ 1♦ ❜❡ ❛ ❘✐❡)③ ❜❛)✐) ✐♥ 1❤❡ ❝❧♦)✉3❡ ♦❢ ✐1) ❧✐♥❡❛3 )♣❛♥ ✭♥♦✲

1❛1✐♦♥ Φ ∈ (LB)✮ ✐❢ Φ ✐) ❛♥ ✐♠❛❣❡ ❜② ❛♥ ✐)♦♠♦3♣❤✐❝ ♠❛♣♣✐♥❣ ♦❢ )♦♠❡ ♦31❤♦✲

♥♦3♠❛❧ ❢❛♠✐❧②✳ Φ ✐) )❛✐❞ 1♦ ❜❡ ❛ ❘✐❡)③ ❜❛)✐) ✐❢ Φ ∈ (LB) ❛♥❞ Φ ✐) ❛ ❝♦♠♣❧❡1❡

❢❛♠✐❧② ❀ ✐✳❡✳✱ Span{ϕn; n ∈ N} = H✳

✭✐✐✮ ❚❤❡ ❢❛♠✐❧② Φ ✐) )❛✐❞ 1♦ ❜❡ ω−❧✐♥❡❛3❧② ✐♥❞❡♣❡♥❞❡♥1 ✐❢ ✇❤❡♥❡✈❡3

∑

n∈N
anϕn = 0

❢♦3

∑

n∈N
|an|2 <∞ 1❤❡♥ an = 0 ❢♦3 ❡✈❡3② n ∈ N✳

✭✐✐✐✮ ❚❤❡ ❢❛♠✐❧② Φ ✐) ♠✐♥✐♠❛❧ ✐❢✱ ❢♦3 ❛♥② n ∈ N✱ 1❤❡ ❡❧❡♠❡♥1 ϕn ❞♦❡) ♥♦1 ❜❡❧♦♥❣ 1♦

1❤❡ )♣❛♥ ♦❢ ❛❧❧ 1❤❡ 3❡♠❛✐♥✐♥❣ ❡❧❡♠❡♥1) ❀ ✐✳❡✳✱ ϕn 6∈ Span{ϕi; i 6= n}✳

❘❡♠❛$❦ ✶✳✷✳✹✳ ✭✐✮ ■❢ Φ ∈ (LB)✱ 1❤❡♥ Φ ✐) ♠✐♥✐♠❛❧ ❛♥❞ ❤❡♥❝❡ ω−❧✐♥❡❛3❧② ✐♥❞❡✲

♣❡♥❞❡♥1✳

✭✐✐✮ ■❢ Φ ✐) ♠✐♥✐♠❛❧✱ 1❤❡♥ 1❤❡3❡ ❡①✐)1) ❛ ❢❛♠✐❧② Ψ = {ψn}n∈N ❜✐♦31❤♦❣♦♥❛❧ 1♦ Φ ❀

✐✳❡✳✱ < ϕj, ψi >H= δij✳

✷✹



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣&♦♣♦-✐$✐♦♥ ❛♥❞ $❤❡♦&❡♠- ❣✐✈❡ ♥❡❝❡--❛&② ❛♥❞ -✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥

-♦ $❤❛$ ❛ ❢❛♠✐❧② Φ ❢♦&♠- ❛ ❘✐❡-③ ❜❛-✐-✳

 !♦♣♦$✐&✐♦♥ ✶✳✷✳✺✳ ✭❇❛#✐✬& ❚❤❡♦#❡♠✱ ❇❛#✐ ✶✾✺✶ ❀ ●♦❦❤❜❡#❣ ❛♥❞ ❦#❡✐♥ ✶✾✻✺ ❀ ◆✐✲

❦♦❧&❦✐ ✶✾✽✵✮

Φ ∈ (LB) ✐❢ ❛♥❞ ♦♥❧② ✐❢ @❤❡#❡ ❡①✐&@& ♣♦&✐@✐✈❡ ❝♦♥&@❛♥@& C1 ❛♥❞ C2 &✉❝❤ @❤❛@ ❢♦# ❛♥②

&❡F✉❡♥❝❡ {αn}n∈N✱ ✇❡ ❤❛✈❡

C1

∑

n∈N
|αn|2 ≤

∥∥∥∥∥
∑

n∈N
αnϕn

∥∥∥∥∥

2

≤ C2

∑

n∈N
|αn|2.

■♥ @❤✐& ❝❛&❡✱ ❡❛❝❤ ❡❧❡♠❡♥@ f ∈ Span{ϕn, n ∈ N} ✐& ✇#✐@@❡♥ ❛&

f =
∑

n∈N
< f, ψn >H ϕn,

✇❤❡#❡ Ψ = {ψn}n∈N ✐& ❜✐♦#@❤♦❣♦♥❛❧ @♦ Φ = {ϕn}n∈N✳

■♥ $❤✐- $❤❡-✐-✱ ✇❡ ♠❛✐♥❧② ✉-❡ $❤❡ ❢♦❧❧♦✇✐♥❣ $❤❡♦&❡♠- $♦ ♣&♦✈❡ $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞

❡✐❣❡♥✈❡❝$♦&- ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ $❤❡ ❡♥❡&❣② -♣❛❝❡✳

❚❤❡♦!❡♠ ✶✳✷✳✻✳ ✭❚❤❡♦#❡♠ ✷✳✶ ♦❢ ❈❤❛♣@❡# ❱■ ✐♥ ❬✸✻❪✮

{φn} ✐& ❛ ❘✐❡&③ ❜❛&✐& ♦❢ ❛ ❍✐❧❜❡#@ &♣❛❝❡ H ✐❢ ❛♥❞ ♦♥❧② ✐❢ {φn} ✐& ❝♦♠♣❧❡@❡ ✐♥ H
❛♥❞ @❤❡#❡ ❝♦##❡&♣♦♥❞& @♦ ✐@ ❛ ❝♦♠♣❧❡@❡ ❜✐♦#@❤♦❣♦♥❛❧ &❡F✉❡♥❝❡ {ψn} &✉❝❤ @❤❛@ ❢♦# ❛♥②

f ∈ H ♦♥❡ ❤❛&

∑

n

|< φn, f >|2 <∞,
∑

n

|< ψn, f >|2 <∞. ✭✶✳✷✳✶✮

❚❤❡♦!❡♠ ✶✳✷✳✼✳ ✭❈❧❛&&✐❝❛❧ ❇❛#✐✬& ❚❤❡♦#❡♠✮

■❢ {ϕn}n∈N ✐& ❛ ❘✐❡&③ ❜❛&✐& ♦❢ ❛ ❍✐❧❜❡#@ &♣❛❝❡ H ❛♥❞ ❛♥♦@❤❡# ω−❧✐♥❡❛#❧② ✐♥❞❡♣❡♥❞❡♥@

❢❛♠✐❧② {ψn}n∈N ✐& F✉❛❞#❛@✐❝❛❧❧② ❝❧♦&❡ @♦ {ϕn}n∈N ✐♥ @❤❡ &❡♥&❡ @❤❛@

∞∑

n=1

‖ϕn −ψn‖2 <

∞✱ @❤❡♥ {ψn}n∈N ❛❧&♦ ❢♦#♠& ❛ ❘✐❡&③ ❜❛&✐& ♦❢ H✳

✷✺



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

◆♦&♠❛❧❧②✱ $❤❡&❡ ✐- ❞✐✣❝✉❧$② ✐♥ ✉♥❞❡&-$❛♥❞✐♥❣ $❤❡ ♥✉♠❜❡& ♦❢ ❣❡♥❡&❛❧✐③❡❞ ❡✐❣❡♥✲

❢✉♥❝$✐♦♥- ❝♦&&❡-♣♦♥❞✐♥❣ $♦ ❧♦✇ ❡✐❣❡♥✈❛❧✉❡-✳ ❚❤✐- -❡✈❡&❡❧② ❧✐♠✐$- $❤❡ ❛♣♣❧✐❝❛$✐♦♥ ♦❢

$❤❡ ❛❜♦✈❡ ❝❧❛--✐❝❛❧ ❇❛&✐✬- ❚❤❡♦&❡♠ ❡✈❡♥ ✐❢ $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❤✐❣❤ ❡✐❣❡♥✈❛❧✉❡- ❛♥❞

$❤❡✐& ❝♦&&❡-♣♦♥❞✐♥❣ ♠✉❧$✐♣❧✐❝✐$✐❡- ❛&❡ ❝❧❡❛&❧② ❦♥♦✇♥✳ ❈♦♥-❡B✉❡♥$❧②✱ ✐♥ ❝❛-❡ $❤❡ ❜❡✲

❤❛✈✐♦& ♦❢ $❤❡ ❧♦✇ ❡✐❣❡♥✈❛❧✉❡- ✐- ✈❛❣✉❡✱ ✇❡ -✉❣❣❡-$ ✉-✐♥❣ ❚❤❡♦&❡♠ ✻✳✸ ♦❢ ❬✸✼❪ ✇❤✐❝❤

✐- ❛ ♥❡✇ ❢♦&♠ ♦❢ ❇❛&✐✬- ❚❤❡♦&❡♠ ✭-❡❡ ❚❤❡♦&❡♠ ✷✳✸ ♦❢ ❈❤❛♣$❡& ❱■ ✐♥ ❬✸✻❪✮ ✿

❚❤❡♦$❡♠ ✶✳✷✳✽✳ ▲❡" A ❜❡ ❛ ❞❡♥'❡❧② ❞❡✜♥❡❞ ♦♣❡-❛"♦- ✐♥ ❛ ❍✐❧❜❡-" '♣❛❝❡ H ✇✐"❤ ❛

❝♦♠♣❛❝" -❡'♦❧✈❡♥"✳ ▲❡" {ϕn}∞n=1 ❜❡ ❛ ❘✐❡'③ ❜❛'✐' ♦❢ H✳ ■❢ "❤❡-❡ ❛-❡ ❛♥ ✐♥"❡❣❡- N ≥ 0

❛♥❞ ❛ '❡;✉❡♥❝❡ ♦❢ ❣❡♥❡-❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦-' {ψn}∞n=N+1 ♦❢ A '✉❝❤ "❤❛"

∞∑

n=N+1

‖ ϕn − ψn ‖2<∞,

"❤❡♥ "❤❡ '❡" ♦❢ ❣❡♥❡-❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦-' ♦❢ A✱ {ψn}∞n=1✱ ❢♦-♠' ❛ ❘✐❡'③ ❜❛'✐' ♦❢ H.

❉❡-♣✐$❡ $❤❛$ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✶✳✷✳✽ ✐- ❢♦✉♥❞ ✐♥ ❬✸✼❪✱ ✇❡ ❣✐✈❡ ❛♥♦$❤❡& ♣&♦♦❢

✇❤✐❝❤ ❝❧❛&✐✜❡- $❤❡ &❡❧❛$✐♦♥ ❜❡$✇❡❡♥ $❤❡ ❢❛♠✐❧✐❡- {ϕn}∞n=1 ❛♥❞ {ψn}∞n=1✳ ❋✐&-$✱ ✇❡

&❡❝❛❧❧ ▲❡♠♠❛ ✻✳✷ ♦❢ ❬✸✼❪✳

▲❡♠♠❛ ✶✳✷✳✾✳ ▲❡" {φn}∞n=1 ❜❡ ❛ ❘✐❡'③ ❜❛'✐' ♦❢ ❛ ❍✐❧❜❡-" '♣❛❝❡ H✳ ▲❡" N ≥ 0 ❛♥❞

{ψn}∞n=N+1 ❜❡ ❛♥♦"❤❡- ❢❛♠✐❧② '✉❝❤ "❤❛"

∞∑

n=N+1

‖ φn − ψn ‖2<∞.

❚❤❡♥ "❤❡-❡ ❡①✐'"' M ≥ N '✉❝❤ "❤❛"

✭✐✮ ❚❤❡ '❡" {φn}Mn=1 ∪ {ψn}∞n=M+1 ✐' ω−❧✐♥❡❛-❧② ✐♥❞❡♣❡♥❞❡♥"✳

✭✐✐✮ {φn}Mn=1 ∪ {ψn}∞n=M+1 ✐' ❛ ❘✐❡'③ ❜❛'✐' ♦❢ H✳

-$♦♦❢✿ ❖♥❝❡ ✭✐✮ ✐- ♣&♦✈❡❞✱ ✭✐✐✮ ❢♦❧❧♦✇- ❢&♦♠ ❚❤❡♦&❡♠ ✶✳✷✳✼✳ ❚♦ ♣&♦✈❡ ✭✐✮✱ ❧❡$ M ≥ N

❛♥❞ {cn}n ∈ l2(N∗) -✉❝❤ $❤❛$

M∑

n=1

cnφn +
∞∑

n=M+1

cnψn = 0.

✷✻



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❚❤❡♥

∞∑

n=1

cnφn = −
∞∑

n=M+1

cn(ψn − φn). ✭✶✳✷✳✷✮

❙✐♥❝❡ {φn}∞n=1 ✐- ❛ ❘✐❡-③ ❜❛-✐-✱ $❤❡&❡ ❡①✐-$- c1 > 0 -✉❝❤ $❤❛$

c1

∞∑

n=1

|cn|2 ≤
∥∥∥∥∥

∞∑

n=1

cnφn

∥∥∥∥∥

2

. ✭✶✳✷✳✸✮

❯-✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛&③ ✐♥❡A✉❛❧✐$②✱ ✇❡ ❣❡$

∥∥∥∥∥

∞∑

n=M+1

cn(ψn − φn)

∥∥∥∥∥

2

≤
∞∑

n=M+1

|cn|2
∞∑

n=M+1

‖ψn − φn‖2 ≤
c1
2

∞∑

n=1

|cn|2, ✭✶✳✷✳✹✮

♣&♦✈✐❞❡❞ M ✐- ❝❤♦-❡♥ ❣&❡❛$ ❡♥♦✉❣❤✳

❈♦♠❜✐♥✐♥❣ ✭✶✳✷✳✷✮✱ ✭✶✳✷✳✸✮✱ ❛♥❞ ✭✶✳✷✳✹✮ ✇❡ ❣❡$ cn = 0, ∀n ∈ N∗.

❚❤❡ ❢♦❧❧♦✇✐♥❣ $❤❡♦&❡♠ ❝❧❛&✐✜❡- $❤❡ &❡-✉❧$- ♦❢ ❚❤❡♦&❡♠ ✶✳✷✳✽✳

❚❤❡♦$❡♠ ✶✳✷✳✶✵✳ ▲❡" A ❜❡ ❛ ❞❡♥'❡❧② ❞❡✜♥❡❞ ♦♣❡-❛"♦- ✐♥ ❛ ❍✐❧❜❡-" '♣❛❝❡ H ✇✐"❤

❛ ❝♦♠♣❛❝" -❡'♦❧✈❡♥"✳ ▲❡" {ϕn}∞n=1 ❜❡ ❛ ❘✐❡'③ ❜❛'✐' ♦❢ H✳ ■❢ "❤❡-❡ ❛-❡ "✇♦ ✐♥"❡❣❡-'

N1, N2 ≥ 0 ❛♥❞ ❛ '❡;✉❡♥❝❡ ♦❢ ❣❡♥❡-❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦-' {ψn}∞n=N+1 ♦❢ A '✉❝❤ "❤❛"

∞∑

n=1

‖ ϕn+N2 − ψn+N1 ‖2<∞, ✭✶✳✷✳✺✮

"❤❡♥ "❤❡ '❡" ♦❢ ❣❡♥❡-❛❧✐③❡❞ ❡✐❣❡♥✈❡❝"♦-' ✭♦- -♦♦" ✈❡❝"♦-'✮ ♦❢ A✱ {ψn}∞n=1 ❢♦-♠' ❛ ❘✐❡'③

❜❛'✐' ♦❢ H✳

*$♦♦❢✿ ❚❤❡ ♣&♦♦❢ ✐- ❞✐✈✐❞❡❞ ✐♥$♦ ✜✈❡ -$❡♣-✳

❋✐$/0 /0❡♣✳

❋♦& ❛❧❧ n ≥ 1, ✇❡ -❡$ χn+N2 = ψn+N1 . ❚❤✉-✱ ✇❡ ❤❛✈❡ χm = ψm+N1−N2 , ∀m ≥
N2 + 1. ✭✶✳✷✳✺✮ ♠❡❛♥- $❤❛$

∞∑

n=N2+1

‖ χn − φn ‖2<∞. ✭✶✳✷✳✻✮

✷✼



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❈♦♥-❡/✉❡♥$❧②✱ ❜② ▲❡♠♠❛ ✶✳✷✳✾✱ $❤❡&❡ ❡①✐-$-M ≥ N2 -✉❝❤ $❤❛$ {φn}Mn=1∪{ψn}∞n=M+N1−N2+1

✐- ❛ ❘✐❡-③ ❜❛-✐- ♦❢ H✳
❲❡ ❝❛♥ ❛--✉♠❡ $❤❛$ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❝♦&&❡-♣♦♥❞✐♥❣ $♦ {ψn} ❢♦& n ≤M +N1−N2

❛&❡ ❞✐✛❡&❡♥$ ❢&♦♠ $❤♦-❡ ♦❢ {ψn} ❢♦& n ≥M +N1 −N2 + 1✳

❙❡❝♦♥❞ &'❡♣✳

◆♦✇✱ ❧❡$ V = span{ψn}∞n=M+N1−N2+1, $❤❡♥ $❤❡ -❡$ ♦❢ &♦♦$- ✈❡❝$♦&- {ψn}M+N1−N2
n=1

✐- ✐♥❞❡♣❡♥❞❡♥$ ❛♥❞ ❞♦❡- ♥♦$ ❜❡❧♦♥❣ $♦ V ✳

❲❡ ❞❡♥♦$❡ ❜② πV $❤❡ ♦&$❤♦❣♦♥❛❧ ♣&♦❥❡❝$✐♦♥ ♦♥ $❤❡ -♣❛❝❡ V ❛♥❞ ❞❡✜♥❡

H0 = span{ψ̃n}M+N1−N2
n=1 ,

✇❤❡&❡ ψ̃i = ψi−πV ψi, i = 1, ...,M+N1−N2. ❈❧❡❛&❧②✱ {ψ̃n}M+N1−N2
n=1 ❛&❡ ✐♥❞❡♣❡♥❞❡♥$

❛♥❞ dimH0 =M +N1 −N2.

▲❡$ P ❜❡ $❤❡ ♦&$❤♦❣♦♥❛❧ ♣&♦❥❡❝$♦& ♦♥ H0✳ ❲❡ ❤❛✈❡

Pψ̃i = ψ̃i, i = 1, ...,M +N1 −N2 ❛♥❞ Pψi = 0, ∀i > M +N1 −N2

❇② $❤❡ ✜&-$ -$❡♣✱ ❢♦& ❡❛❝❤ i ∈ N∗
✱ $❤❡&❡ ❡①✐-$- {ain}∞n=1 ✇✐$❤ a

i
n ∈ C -✉❝❤ $❤❛$

ψ̃i =
M∑

n=1

ainφi +
∞∑

n=M+N1−N2+1

ainψi.

❍❡♥❝❡✱ ❢♦& i = 1, ...,M +N1 −N2✱ ✇❡ ❣❡$

ψ̃i = Pψ̃i =
M∑

n=1

ainPφi.

❚❤✐- -❤♦✇- $❤❛$ M ≥M +N1 −N2 ♦& ❡/✉✐✈❛❧❡♥$❧② N2 ≥ N1.

❚❤✐,❞ &'❡♣✳

■❢ ✇❡ ❛--✉♠❡ $❤❛$ N2 > N1✱ $❤❡♥ H0 ( V ⊥. ❚❤✉-✱ ❧❡$ ψ 6= 0 ∈ V ⊥ ∩ H⊥
0 ❛♥❞

❛--✉♠❡ ❢♦& $❤❡ ♠♦♠❡♥$ $❤❛$ $❤❡ -❡$ {ψn}∞n=1 ✐- ❝♦♠♣❧❡$❡ ✐♥ H. ❲❡ ❝❛♥ ✇&✐$❡

ψ =
∞∑

n=1

anψn.

✷✽



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❚❤❡&❡❢♦&❡✱

0 = Pψ =
∞∑

n=1

anPψn =

M+N1−N2∑

n=1

anPψn.

❇✉$ ❢♦& n ≤M +N1 −N2, ✇❡ ❤❛✈❡

Pψn = P (ψ̃n + πV ψn) = ψ̃n.

❈♦♥-❡6✉❡♥$❧②✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

0 =

M+N1−N2∑

n=1

anψ̃n;

✐✳❡✳✱ an = 0, i = 1, ...,M +N1 −N2. ■$ ❢♦❧❧♦✇- $❤❛$

ψ =
∞∑

M+N1−N2+1

anψn ∈ V ⊥ ∩ V = {0},

✇❤✐❝❤ ✐- ❛ ❝♦♥$&❛❞✐❝$✐♦♥✳ ❈♦♥-❡6✉❡♥$❧②✱ N1 = N2✳

❋♦✉#$❤ &$❡♣✳

❇② $❤❡ ✜&-$ -$❡♣✱ {φn}Mn=1 ∪ {ψn}∞n=M+1 ❢♦&♠- ❛ ❘✐❡-③ ❜❛-✐- ♦❢ H✳ ❚❤❡&❡❢♦&❡✱ ✐$
&❡♠❛✐♥- $♦ ♣&♦✈❡ $❤❛$ {ψn}∞n=1 ✐- ω−❧✐♥❡❛&❧② ✐♥❞❡♣❡♥❞❡♥$ -♦ $❤❛$ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❜②
❚❤❡♦&❡♠ ✶✳✷✳✼ $❤❛$ {ψn}∞n=1 ❢♦&♠- ❛ ❘✐❡-③ ❜❛-✐- ♦❢ H✳ ■♥❞❡❡❞✱ -✉♣♣♦-❡ $❤❛$

∞∑

n=1

anψn = 0.

❍❡♥❝❡✱

0 =
M∑

n=1

anψn +
∞∑

M+1

anψn.

❇② $❤❡ ✜&-$ -$❡♣✱ ✇❡ ❝❛♥ ✇&✐$❡

M∑

n=1

anψn =
M∑

n=1

bnφn +
∞∑

M+1

bnψn,

✇❤❡&❡ ❢♦& ❡✈❡&② n ∈ N∗
✱ bn ∈ C✳ ❚❤❡&❡❢♦&❡✱

0 =
M∑

n=1

bnφn +
∞∑

n=M+1

(an + bn)ψn,

✷✾



❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

✇❤✐❝❤ ✐♠♣❧✐❡- $❤❛$ bn = 0 ❢♦& ❛❧❧ n = 1, ...,M ✳ ❋✐♥❛❧❧②✱ ❢&♦♠

M∑

n=1

anψn =
∞∑

M+1

bnψn,

✇❡ ❞❡❞✉❝❡ $❤❛$

M∑

n=1

anψn = 0 -✐♥❝❡ {ψn}Mn=1 ❞♦❡- ♥♦$ ❜❡❧♦♥❣ $♦ V ✳ ❍❡♥❝❡ an = 0, ∀n ∈

N∗.

▲❛"# "#❡♣✳

■$ &❡♠❛✐♥- $♦ ♣&♦✈❡ $❤❛$ {ψn}∞n=1 ✐- ❝♦♠♣❧❡$❡ ✐♥ H✳ ■❢ ✐$ ✐- ♥♦$ $❤❡ ❝❛-❡✱ ❜② $❤❡
✜&-$ ❛♥❞ -❡❝♦♥❞ -$❡♣-✱ ✇❡ ♦♥❧② ❦♥♦✇ $❤❛$ $❤❡ ❢❛♠✐❧② {ψn}∞n=1 ✐- ❛ ❘✐❡-③ ❜❛-✐- ❢♦& $❤❡

-✉❜-♣❛❝❡ H1 = Sp(A)✱ $❤❡ ❝❧♦-❡❞ -✉❜-♣❛❝❡ -♣❛♥♥❡❞ ❜② ❛❧❧ ❣❡♥❡&❛❧✐③❡❞ ❡✐❣❡♥✈❡❝$♦&-

{ψn}∞n=1 ♦❢ A✱ ❛♥❞ $❤❛$ ✐$- ❝♦❞✐♠❡♥-✐♦♥ ✐- ✜♥✐$❡✳
▲❡$ H2 = H⊥

1 . ❚❤✉-✱ H = H1⊕H2 ❛♥❞ dim(H2) <∞.❲✐$❤♦✉$ ❧♦-- ♦❢ ❣❡♥❡&❛❧✐$②✱

✇❡ ♠❛② ❛--✉♠❡ $❤❛$ 0 6∈ σ(A) ❀ ✐✳❡✳✱ A ❤❛- ❛ ❝♦♠♣❛❝$ ✐♥✈❡&-❡ A−1 = B✳

❙✐♥❝❡ H1 ✐- -$❛❜❧❡ ❜② B✱ $❤❡♥ H2 ✐- -$❛❜❧❡ ❜② B
∗
✳ ❈♦♥-❡F✉❡♥$❧② B∗

|H2
❛❞♠✐$- ❛$

❧❡❛-$ ♦♥❡ ❡✐❣❡♥✈❛❧✉❡ µ ❜❡❝❛✉-❡H2 ✐- ✜♥✐$❡ ❞✐♠❡♥-✐♦♥❛❧✳ ❚❤✉-✱ $❤❡&❡ ❡①✐-$- x 6= 0 ∈ H2

-✉❝❤ $❤❛$ B∗x = µx.

❲❡ -$❛&$ ❜② ♣&♦✈✐♥❣ $❤❛$ ♥❡❝❡--❛&✐❧② µ = 0. ■❢ µ 6= 0 $❤❡♥ $❤❡ ❝♦♠♣❧❡① λ 6= 0 -✉❝❤

$❤❛$ µ =
1

λ
✐- ✐♥ σ(A). ▲❡$ Hλ ❜❡ $❤❡ &♦♦$ -✉❜-♣❛❝❡ ♦❢ A ❛--♦❝✐❛$❡❞ $♦ λ ❛♥❞ n ❜❡ $❤❡

❛❧❣❡❜&❛✐❝ ♠✉❧$✐♣❧✐❝✐$② ♦❢ λ ❀ ✐✳❡✳✱ $❤❡ -♠❛❧❧❡-$ ✐♥$❡❣❡& -✉❝❤ $❤❛$ Hλ = ker(I − λB)n.

❙✐♥❝❡ B ✐- ❛ ❝♦♠♣❛❝$ ♦♣❡&❛$♦&✱ I − (I − λB)n ✐- ❛❧-♦ ❛ ❝♦♠♣❛❝$ ♦♣❡&❛$♦& ❛♥❞ ❜②

$❤❡ ❋&❡❞❤♦❧♠ ❛❧$❡&♥❛$✐✈❡

ker(I − [I − (I − λB)n])⊥ = R(I − [I − (I − λB)n])∗;

✐✳❡✳✱

H⊥
λ = (ker(I − λB)n)⊥ = R(I − λB∗)n.

❇✉$ Hλ ⊆ H1 ✐♠♣❧✐❡- $❤❛$ x ∈ H⊥
λ . ❈♦♥-❡F✉❡♥$❧②✱ $❤❡&❡ ❡①✐-$- y ∈ H, y 6= 0,

-✉❝❤ $❤❛$ x = (I − λB∗)ny.
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❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

❆- (I − λB∗)x = 0, ✇❡ ❣❡$ 0 = (I − λB∗)n+1y ✇✐"❤ y 6= 0. ❍❡♥❝❡✱ ✇❡ ❣❡" ❛

❝♦♥",❛❞✐❝"✐♦♥ .✐♥❝❡

1

λ
∈ σ(B) ❛♥❞

1

λ
∈ σ(B∗) ❤❛✈❡ "❤❡ .❛♠❡ ❛❧❣❡❜,❛✐❝ ♠✉❧"✐♣❧✐❝✐"②✳

❚❤❡,❡❢♦,❡✱ ✇❡ ❤❛✈❡ µ = 0, ❜✉" "❤✐. ❝♦♥",❛❞✐❝". "❤❡ ✇❡❧❧✲❦♥♦✇♥ ❢❛❝" "❤❛" H =

R(B)⊕ ker(B∗) ❛♥❞ "❤❡ ❛..✉♠♣"✐♦♥ R(B) = D(A) = H.

✶✳✸ ❘✐❡&③ ❜❛&✐& ✇✐+❤ ♣❛.❡♥+❤❡&✐&

❙♦♠❡"✐♠❡. ✇❡ ❢❛✐❧ "♦ ♣,♦✈❡ "❤❡ ❡①✐."❡♥❝❡ ♦❢ ❛ ❘✐❡.③ ❜❛.✐. ♦❢ "❤❡ ❡♥❡,❣② .♣❛❝❡ ♦,

✇❡ ♥❡❡❞ .♦♠❡ .✉♣♣❧❡♠❡♥"❛,② ❤②♣♦"❤❡.✐. "♦ ✜♥❞ ❛ ❘✐❡.③ ❜❛.✐.✳ ❍♦✇❡✈❡,✱ ❛. ✐♥ "❤❡

❢♦✉,"❤ ❝❤❛♣"❡,✱ ✇❡ ❝❛♥ ♥❡❣❧❡❝" "❤❡.❡ ❤②♣♦"❤❡.✐. ❛♥❞ ✜♥❞ ❛ ♠♦,❡ ❣❡♥❡,❛❧ ❜❛.✐. ♦❢ "❤❡

❡♥❡,❣② .♣❛❝❡ ✇❤✐❝❤ ✐. ❝❛❧❧❡❞ ❛ ❘✐❡.③ ❜❛.✐. ✇✐"❤ ♣❛,❡♥"❤❡.✐.✳ ❆❝❝♦,❞✐♥❣ "♦ ❬✼✺❪✱ ✇❡

,❡❝❛❧❧ "❤❡ ❞❡✜♥✐"✐♦♥ ♦❢ ❛ ❘✐❡.③ ❜❛.✐. ♦❢ .✉❜.♣❛❝❡. ❛♥❞ ❛ ❘✐❡.③ ❜❛.✐. ✇✐"❤ ♣❛,❡♥"❤❡.✐.✳

❉❡✜♥✐%✐♦♥ ✶✳✸✳✶✳ ✕ ❆ ❢❛♠✐❧② ♦❢ )✉❜)♣❛❝❡) {Wk}k∈N ✐) ❝❛❧❧❡❞ ❛ ❘✐❡)③ ❜❛)✐) ♦❢

)✉❜)♣❛❝❡) ♦❢ H ✐❢

✭✐✮ ❢♦4 ❡✈❡4② f ∈ H✱ ❛♥❞ ❡✈❡4② k ∈ N✱ 8❤❡4❡ ✐) ❛ ✉♥✐:✉❡ fk ∈ Wk )✉❝❤ 8❤❛8

f =
∑

k∈N
fk✱ ❛♥❞

✭✐✐✮ 8❤❡4❡ ❛4❡ ♣♦)✐8✐✈❡ ❝♦♥)8❛♥8) C1 ❛♥❞ C2 )✉❝❤ 8❤❛8

C1

∑

k∈N
‖fk‖2 ≤

∥∥∥∥∥
∑

k∈N
fk

∥∥∥∥∥

2

≤ C2

∑

k∈N
‖fk‖2 .

✕ ❆ )❡:✉❡♥❝❡ {yi}i∈N ✐) ❝❛❧❧❡❞ ❛ ❘✐❡)③ ❜❛)✐) ✇✐8❤ ♣❛4❡♥8❤❡)✐) ♦❢ H ✐❢ 8❤❡4❡ ✐) ❛

❢❛♠✐❧② {Wk}k∈N ♦❢ ✜♥✐8❡✲❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡) )♣❛♥♥❡❞ ❜② )♦♠❡ yi ✇✐8❤ Wk ∩
Wj = {0} ❢♦4 k 6= j 8❤❛8 ❢♦4♠) ❛ ❘✐❡)③ ❜❛)✐) ♦❢ )✉❜)♣❛❝❡) ♦❢ H✳ ❚❤❡ )♣❛❝❡)

Wk ❛4❡ ❝❛❧❧❡❞ 8❤❡ ♣❛4❡♥8❤❡)❡)✳

◆♦✇✱ ✇❡ ,❡❝❛❧❧ ❛ ❚❤❡♦,❡♠ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣,♦✈❡❞ ❡①❛❝"❧② ❛. ❚❤❡♦,❡♠ ✷ ✐♥ ❬✼✶❪

✇❤✐❝❤ ❣✐✈❡. .✉✣❝✐❡♥" ❝♦♥❞✐"✐♦♥. ❢♦, ✇❤✐❝❤ "❤❡ ❣❡♥❡,❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝"✐♦♥. ♦❢ .♦♠❡
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❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

♦♣❡&❛$♦& Ã ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ✇✐$❤ ♣❛&❡♥$❤❡-✐-✳ ❋♦& $❤✐- ❛✐♠✱ ✇❡ ♥❡❡❞ $♦ ❣&♦✉♣ $❤❡

❡✐❣❡♥✈❛❧✉❡- ♦❢ Ã ❜② ♣❛❝❦❡$- ♠❛❞❡ ♦❢ ❛ ✜♥✐$❡ ♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡- ❛♥❞ ✐♥ -✉❝❤ ❛

✇❛② $❤❛$ $❤❡ ♣❛❝❦❡$- &❡♠❛✐♥ ❛$ ❛ ♣♦-✐$✐✈❡ ❞✐-$❛♥❝❡ ❢&♦♠ ❡❛❝❤ ♦$❤❡&✳ ◆❛♠❡❧② ❢♦&

❛♥② r > 0✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ -❡$- Gp(r), p ∈ Z ❛- $❤❡ ❝♦♥♥❡❝$❡❞ ❝♦♠♣♦♥❡♥$- ♦❢ $❤❡

-❡$ ∪λ∈σ(Ã)Dλ(r)✱✇❤❡&❡ Dλ(r) ✐- $❤❡ ❞✐-❝ ✇✐$❤ ❝❡♥$❡& λ ❛♥❞ &❛❞✐✉- r✱ ❛- ✇❡❧❧ ❛- $❤❡

♣❛❝❦❡$- ♦❢ ❡✐❣❡♥✈❛❧✉❡- Λp(r) = Gp(r)∩σ(Ã)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❚❤❡♦&❡♠ ❣✐✈❡- -✉✣❝✐❡♥$

❝♦♥❞✐$✐♦♥- ❢♦& ✇❤✐❝❤ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝$✐♦♥- ♦❢ ❛ ❜♦✉♥❞❡❞ ♣❡&$✉&❜❛$✐♦♥ ♦❢ ❛

-❡❧❢❛❞❥♦✐♥$ ♦♣❡&❛$♦& ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ✇✐$❤ ♣❛&❡♥$❤❡-✐-✳

❚❤❡♦$❡♠ ✶✳✸✳✷✳ ▲❡" T ❜❡ ❛ %❡❧❢❛❞❥♦✐♥" ♦♣❡.❛"♦. ♦✈❡. ❛ ❍✐❧❜❡." %♣❛❝❡ H ✇✐"❤ ❞✐%❝.❡"❡

%♣❡❝".✉♠ {µk}k∈Z ✇❤✐❝❤ %❛"✐%✜❡% "❤❡ ❣❡♥❡.❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐"✐♦♥✱ ✐✳❡✱ "❤❡.❡ ❡①✐%"% k0 >
0 ❛♥❞ c > 0 %✉❝❤ "❤❛"

µk+k0 − µk > c, ∀k ∈ Z.

▲❡" B ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡.❛"♦. ❢.♦♠ H ✐♥"♦ ✐"%❡❧❢✳ ❚❤❡♥ "❤❡ .♦♦" ✈❡❝"♦.% ♦❢ "❤❡ ♣❡.✲

"✉.❜❛"✐♦♥ Ã = T + B ❢♦.♠ ❛ ❘✐❡%③ ❜❛%✐% ✇✐"❤ ♣❛.❡♥"❤❡%✐% ♦❢ H✳ ■♥ "❤✐% ❝❛%❡✱ ♦♥❧②

"❡.♠% ❝♦..❡%♣♦♥❞✐♥❣ "♦ ♠❡.❣✐♥❣ ❡✐❣❡♥✈❛❧✉❡% %❤♦✉❧❞ ❜❡ ♣✉" ✐♥ ♣❛.❡♥"❤❡%✐%✱ ✐✳❡✱ "❤❡.❡

❡①✐%" r > 0 ❛♥❞ N ∈ N∗
%✉❝❤ "❤❛" ✐❢ ✇❡ %❡"

Λp = Λp(r),

"❤❡♥

#Λp ≤ N, ∀p ∈ Z,

σ(T +B) = ∪p∈ZΛp,

❛♥❞ ✇❡ ❝❛♥ "❛❦❡ ❛% ♣❛.❡♥"❤❡%✐% Wp✱ p ∈ Z✱ "❤❡ %♣❛❝❡ %♣❛♥♥❡❞ ❜② "❤❡ .♦♦" ✈❡❝"♦.% ♦❢

T +B ❝♦..❡%♣♦♥❞✐♥❣ "♦ "❤❡ ❡✐❣❡♥✈❛❧✉❡% ✐♥ Λp ✇❤❡.❡ ❢♦. ❛♥② f ∈ H✱ fp = Ppf ✐% "❤❡

"❤❡ ❘✐❡%③ ♣.♦❥❡❝"✐♦♥ ♦❢ T +B✱ ✐✳❡✳✱

fp = Ppf =
1

2iπ

∫

γp

(λ− T − B)−1f dλ,
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❈❤❛♣$❡& ✶ (&❡❧✐♠✐♥❛&✐❡-

✇❤❡#❡ γp ✐% ❛ ❝♦♥*♦✉# %✉##♦✉♥❞✐♥❣ Λp.
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❈❤❛♣✐%&❡ ✷

❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥%✐❛❧❧② ♦&

♣♦❧②♥♦♠✐❛❧❧② 1%❛❜❧❡ ❛♣♣&♦①✐♠❛%✐♦♥1

❢♦& 1❡❝♦♥❞ ♦&❞❡& ❡✈♦❧✉%✐♦♥ ❡7✉❛%✐♦♥1

❛♥❞ 1♦♠❡ ❛♣♣❧✐❝❛%✐♦♥1

✷✳✶ ■♥%&♦❞✉❝%✐♦♥ ❛♥❞ ▼♦%✐✈❛%✐♦♥

❘❡❝❡♥$❧②✱ $❤❡ ❛♣♣+♦①✐♠❛$✐♦♥ ♦❢ 1❡❝♦♥❞ ♦+❞❡+ ❡✈♦❧✉$✐♦♥ ❡5✉❛$✐♦♥1 ❤❛1 ❜❡❡♥ ❡①✲

$❡♥1✐✈❡❧② 1$✉❞✐❡❞ ✇❤❡+❡ ♠✐1❜❡❤❛✈✐♦+ ♦❢ $❤❡ ❞✐1❝+❡$❡ 1♦❧✉$✐♦♥1 ❤❛1 ❜❡❡♥ +❡♠❛+❦❛❜❧②

♦❜1❡+✈❡❞ ✭1❡❡ ❬✷✺✱ ✷✼✱ ✺✺✱ ✼✷✱ ✼✸❪✮✳ ■♥❞❡❡❞✱ $❤❡ ❞✐1❝+❡$❡ 1❝❤❡♠❡1✱ ♦❜$❛✐♥❡❞ ❜② ✜♥✐$❡

❞✐✛❡+❡♥❝❡✱ ✜♥✐$❡ ❡❧❡♠❡♥$✱ ♦+ ✜♥✐$❡ ✈♦❧✉♠❡ ❞✐1❝+❡$✐③❛$✐♦♥✱ ✐♥$+♦❞✉❝❡ 1♣✉+✐♦✉1 ❤✐❣❤

♦1❝✐❧❧❛$✐♦♥1 ✇❤✐❝❤ ❞♦ ♥♦$ ❡①✐1$ ❛$ $❤❡ ❝♦♥$✐♥✉♦✉1 ❧❡✈❡❧ ❛♥❞ ✇❤✐❝❤ ♣+♦♣❛❣❛$❡ ✇✐$❤

❣+♦✉♣ ✈❡❧♦❝✐$② ♦❢ $❤❡ ♦+❞❡+ ♦❢ $❤❡ ♠❡1❤ 1✐③❡✳ ❆1 ❛ +❡1✉❧$✱ ❡✈❡♥ $❤♦✉❣❤ $❤❡ ♥✉♠❡+✐❝❛❧

1❝❤❡♠❡ ❝♦♥✈❡+❣❡1 ✐♥ $❤❡ ❝❧❛11✐❝❛❧ 1❡♥1❡ $♦✇❛+❞1 $❤❡ ❝♦♥$✐♥✉♦✉1 ♣+♦❜❧❡♠✱ ♦❜1❡+✈❛❜✐✲

❧✐$② ✐♥❡5✉❛❧✐$✐❡1 ❞♦ ♥♦$ ❤♦❧❞ ✉♥✐❢♦+♠❧② ✇✐$❤ +❡1♣❡❝$ $♦ $❤❡ ❞✐1❝+❡$✐③❛$✐♦♥ ♣❛+❛♠❡$❡+

✸✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❛♥❞ ❤❡♥❝❡✱ $❤❡ ❞❡❝❛② &❛$❡ ♦❢ $❤❡ ❞✐1❝&❡$❡ 1②1$❡♠ $✉&♥1 ♦✉$ $♦ ❞❡♣❡♥❞ ♦♥ $❤❡ ♠❡1❤

1✐③❡✳ ■♥ ❢❛❝$✱ $❤❡ ✉♥✐❢♦&♠ ❞❡❝❛② &❛$❡ ✐1 ❡:✉✐✈❛❧❡♥$ $♦ 1♦♠❡ ♦❜1❡&✈❛❜✐❧✐$② ✐♥❡:✉❛❧✐$✐❡1

✇❤✐❝❤ ❡1$✐♠❛$❡ $❤❡ ❞✐1❝&❡$❡ ❡♥❡&❣② ❜② $❤❡ ✈❡❧♦❝✐$② ♦❢ $❤❡ ♣&♦♣❛❣❛$✐♦♥ ♦❢ $❤❡ ♦1❝✐❧❧❛✲

$✐♦♥1✳ ❍♦✇❡✈❡&✱ ✐♥ $❤❡ ♣&❡1❡♥❝❡ ♦❢ ❤✐❣❤ ❢&❡:✉❡♥❝② ❞✐1❝&❡$❡ 1♦❧✉$✐♦♥1 ✇❤♦1❡ ✈❡❧♦❝✐$②

✐1 ♦❢ $❤❡ ♦&❞❡& ♦❢ $❤❡ ♠❡1❤ 1✐③❡✱ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❝♦♥1$❛♥$1 ❜❧♦✇ ✉♣ ❛1 $❤❡ ♠❡1❤

1✐③❡ $❡♥❞1 $♦ ③❡&♦ ✭1❡❡ ❬✺✺✱ ✼✸❪✮✳ ❈♦♥1❡:✉❡♥$❧②✱ ♠♦1$ ♦❢ $❤❡ ❝❧❛11✐❝❛❧ ♥✉♠❡&✐❝❛❧ ❛♣✲

♣&♦①✐♠❛$✐♦♥ 1❝❤❡♠❡1 ❞♦ ♥♦$ ♣♦11❡11 $❤❡ 1❛♠❡ ❞❡❝❛② &❛$❡ ❛1 $❤❛$ ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1

♣&♦❜❧❡♠✳

❋♦& ♠♦&❡ ❝♦❤❡&❡♥❝❡✱ ✇❡ 1$❛&$ ✇✐$❤ ❛ 1✐♠♣❧❡ ❡①❛♠♣❧❡ ✇❤✐❝❤ 1$✉❞✐❡1 $❤❡ ❛♣♣&♦①✐♠❛✲

$✐♦♥ ♣&♦♣❡&$✐❡1 ♦❢ ❛ ✶✲❞ ✐♥$❡&♥❛❧❧② ❞❛♠♣❡❞ ✇❛✈❡ ❡:✉❛$✐♦♥ ✇❤✐❝❤ ♠♦❞❡❧1 $❤❡ ✈✐❜&❛$✐♦♥1

♦❢ ❛ ✢❡①✐❜❧❡ 1$&✐♥❣ ❝❧❛♠♣❡❞ ❛$ ❡❛❝❤ ♦❢ ✐$1 ❡♥❞1 ♦❢ $❤❡ ❢♦&♠





y′′ − yxx + ay′ = 0 (x, t) ∈ (0, 1)× (0,∞),

y(0, t) = y(1, t) = 0 t > 0,

y(x, 0) = y0, y′(x, 0) = y1, x ∈ (0, 1),

✭✷✳✶✳✶✮

✇❤❡&❡ a ≥ 0 1✉❝❤ $❤❛$ a ∈ L∞(0, 1) ❛♥❞ a(x) ≥ a1 > 0 ❢♦& ❛❧❧ x ∈ I ( (0, 1)✳ ❚❤❡

1②♠❜♦❧ ✬ ❞❡♥♦$❡1 $❤❡ ♣❛&$✐❛❧ ❞✐✛❡&❡♥$✐❛$✐♦♥ ✇✐$❤ &❡1♣❡❝$ $♦ $✐♠❡✳

■$ ✐1 ✇❡❧❧ ❦♥♦✇♥ $❤❛$ ❢♦& 1✉❝❤ ❛ ❝❤♦✐❝❡ ♦❢ a✱ ✭✷✳✶✳✶✮ ✐1 ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡ ✭1❡❡

❬✷✸❪✮✳ ❍♦✇❡✈❡&✱ &❡❢❡&&✐♥❣ $♦ ❬✷✻❪✱ ✇❡ 1❤♦✇ $❤❛$ ❢♦& $❤❡ ❝❧❛11✐❝❛❧ ✜♥✐$❡ ❞✐✛❡&❡♥❝❡ 1❝❤❡♠❡

♦❢ ✭✷✳✶✳✶✮✱ $❤❡ ❡①♣♦♥❡♥$✐❛❧ ❞❡❝❛② ♦❢ $❤❡ ❞✐1❝&❡$✐③❡❞ ❡♥❡&❣② ✐1 ♥♦♥✲✉♥✐❢♦&♠✳ ❋♦& $❤✐1

♣✉&♣♦1❡✱ ❣✐✈❡♥ N ∈ N∗
✱ 1❡$ h =

1

N + 1
❛♥❞ ❝♦♥1✐❞❡& $❤❡ 1✉❜❞✐✈✐1✐♦♥ ♦❢ (0, 1) ❣✐✈❡♥

❜②

0 = x0 < x1 < ... < xN < xN+1 = 1

✇❤❡&❡ xj = jh ❢♦& j ∈ {0, ..., N + 1}✳

❚❤❡&❡❢♦&❡✱ $❤❡ ❝❧❛11✐❝❛❧ ✜♥✐$❡ ❞✐✛❡&❡♥❝❡ 1♣❛❝❡ 1❡♠✐✲❞✐1❝&❡$✐③❛$✐♦♥ ♦❢ ♣&♦❜❧❡♠

✸✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✭✷✳✶✳✶✮ ✐1 ❣✐✈❡♥ ❜②





y′′j −
yj+1 − 2yj + yj−1

h2
+ ajy

′
j = 0 t > 0, j = 1, ..., N,

yj(t) = 0, t > 0, j = 0, N + 1,

yj(0) = y0j , y
′
j(0) = y1j j = 1, ..., N,

✭✷✳✶✳✷✮

✇❤❡&❡ $❤❡ ❢✉♥❝$✐♦♥ yj(t) ♣&♦✈✐❞❡1 ❛♥ ❛♣♣&♦①✐♠❛$✐♦♥ ♦❢ y(xj, t) ❛♥❞ aj = a(jh) ❢♦&

❛❧❧ j = 1, ..., N ✳ ❋♦& 1✐♠♣❧✐✜❝❛$✐♦♥✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ ✈❡❝$♦& ♥♦$❛$✐♦♥ ✇❤❡&❡ ✇❡ ❧❡$

yh(t) = (y1(t), ..., yN(t))
⊤
❛♥❞ ahyh(t) = (a1y1(t), ..., aNyN(t))

⊤
✳ ▼♦&❡♦✈❡&✱ ✇❡ ❞❡✜♥❡

$❤❡ ♠❛$&✐①

Ah =
1

h2




2 −1 0 0

−1
✳

✳

✳

✳

✳

✳ 0

0
✳

✳

✳

✳

✳

✳ −1

0 0 −1 2



.

❚❤❡♥ 1②1$❡♠ ✭✷✳✶✳✷✮ &❡❛❞1 ❛1





y′′h + Ahyh(t) + ahy
′
h = 0 t > 0,

yh(0) = y0h, y
′
h(0) = y1h.

❚❤❡ ❡♥❡&❣② ♦❢ 1②1$❡♠ ✭✷✳✶✳✷✮ ✐1 ❣✐✈❡♥ ❜②

Eh(yh, t) =
h

2

N∑

j=0

[
∣∣y′j(t)

∣∣2 +
∣∣∣∣
yj+1 − yj

h

∣∣∣∣
2
]
,

✇❤✐❝❤ ✐1 ❛ ♥❛$✉&❛❧ ❞✐1❝&❡$✐③❛$✐♦♥ ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ❡♥❡&❣② ❛♥❞ $❤❡ ❞✐1❝&❡$❡ ❞✐11✐♣❛$✐♦♥

❧❛✇ ✐1 ❡①♣&❡11❡❞ ❜②

E ′
h(yh, t) = −h

N∑

j=0

aj|y′j|2. ✭✷✳✶✳✸✮

❚❤❡♦$❡♠ ✷✳✶✳✶✳ ❚❤❡ ❡①♣♦♥❡♥'✐❛❧ ❞❡❝❛② ♦❢ Eh(yh, t) '♦ ③❡0♦ ✐1 ♥♦♥✲✉♥✐❢♦0♠ ✇✐'❤

0❡1♣❡❝' '♦ '❤❡ ♠❡1❤ 1✐③❡ h ❀ ✐✳❡✳✱ '❤❡0❡ ❞♦ ♥♦' ❡①✐1' ♣♦1✐'✐✈❡ ❝♦♥1'❛♥'1 M ❛♥❞ ω ✇❤✐❝❤

✸✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❛!❡ ✐♥❞❡♣❡♥❞❡♥' ♦❢ h *✉❝❤ '❤❛' ❢♦! ❛❧❧ h > 0✱ ❛♥❞ ❢♦! ❛❧❧ ✐♥✐'✐❛❧ ❞❛'❛ (y0j )j✱ ❛♥❞

(y1j )j ∈ RN
✱ ✇❡ ❤❛✈❡

Eh(yh, t) ≤Me−ωtEh(yh, 0).

❚♦ ♣&♦✈❡ $❤❡ ❛❜♦✈❡ $❤❡♦&❡♠✱ ✇❡ ♥❡❡❞ $❤❡ ❢♦❧❧♦✇✐♥❣ $✇♦ ❧❡♠♠❛1 ✿

▲❡♠♠❛ ✷✳✶✳✷✳ ■❢ '❤❡!❡ ❡①✐*'* *♦♠❡ ♣♦*✐'✐✈❡ ❝♦♥*'❛♥'* M ❛♥❞ ω ✐♥❞❡♣❡♥❞❡♥' ♦❢ h

*✉❝❤ '❤❛' ❢♦! ❛❧❧ (y0j )j✱ ❛♥❞ (y1j )j ∈ RN
✱ ✇❡ ❤❛✈❡

Eh(yh, t) ≤Me−ωtEh(yh, 0) ∀t > 0, ✭✷✳✶✳✹✮

'❤❡♥ '❤❡!❡ ❡①✐*'* T0 ❛♥❞ C0✱ ❜♦✉♥❞❡❞ ✇✐'❤ !❡*♣❡❝' '♦ h✱ *✉❝❤ '❤❛' ❢♦! ❛❧❧ (u0j)j ❛♥❞

(u1j)j ✐♥ RN

2Eh(uh, 0) = h
N∑

j=0

[
∣∣u1j

∣∣2 +
∣∣∣∣
u0j+1 − u0j

h

∣∣∣∣
2
]
≤ C0h

N∑

j=0

∫ T0

0

aj|u′j(t)|2dt, ✭✷✳✶✳✺✮

✇❤❡!❡ (uj)j *♦❧✈❡* '❤❡ ❝♦♥*❡!✈❛'✐✈❡ *❡♠✐✲❞✐*❝!❡'❡ *②*'❡♠ ❣✐✈❡♥ ❜②





u′′j −
uj+1 − 2uj + uj−1

h2
= 0, t > 0, j = 1, ..., N,

uj(t) = 0, t > 0, j = 0, N + 1,

uj(0) = u0j = y0j , u
′
j(0) = u1j = y1j , j = 1, ..., N.

✭✷✳✶✳✻✮

'(♦♦❢✿ ❚❤❡ ✐❞❡❛ ♦❢ $❤❡ ♣&♦♦❢ ✐1 ❢♦✉♥❞ ✐♥ ❬✼✸❪✳ ❆❝❝♦&❞✐♥❣ $♦ $❤❡ ❞✐11✐♣❛$✐♦♥ ❧❛✇

✭✷✳✶✳✸✮✱ ✇❡ ❤❛✈❡ ❢♦& ❛❧❧ T > 0✱

Eh(yh, 0)− Eh(yh, T ) = h

N∑

j=0

∫ T

0

aj|y′j|2dt. ✭✷✳✶✳✼✮

■❢ ✇❡ ❝❤♦♦1❡ T ≥
(
ln(4M

3
)
)
/ω✱ $❤❡♥ ✭✷✳✶✳✹✮ ✐♠♣❧✐❡1 $❤❛$

Eh(yh, T ) ≤
3

4
Eh(yh, 0) =

3

4
Eh(uh, 0).

✸✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❍❡♥❝❡✱

h
N∑

j=0

∫ T

0

aj|y′j|2dt ≥
1

4
Eh(uh, 0). ✭✷✳✶✳✽✮

▲❡$ yh = uh + vh ✇❤❡&❡ vh 1♦❧✈❡1 $❤❡ ❝♦♠♣❧❡♠❡♥$❛&② 1❡♠✐✲❞✐1❝&❡$❡ 1②1$❡♠ ❣✐✈❡♥ ❜②





v′′j −
vj+1 − 2vj + vj−1

h2
+ aj(v

′
j + u′j) = 0, t > 0, j = 1, ..., N,

vj(t) = 0, t > 0, j = 0, N + 1,

vj(0) = v′j(0) = 0, j = 1, ..., N.

✭✷✳✶✳✾✮

❙✐♥❝❡ Eh(vh, 0) = 0✱ $❤❡♥

Eh(vh, T ) + h
N∑

j=0

∫ T

0

aj
∣∣v′j(t)

∣∣2 dt = −h
N∑

j=0

∫ T

0

aju
′
j(t)v

′
j(t)dt.

❍❡♥❝❡✱

h
N∑

j=0

∫ T

0

aj
∣∣v′j(t)

∣∣2 dt ≤ h
N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt, ✭✷✳✶✳✶✵✮

✇❤✐❝❤ ✐♠♣❧✐❡1 $❤❛$

h

N∑

j=0

∫ T

0

aj
∣∣y′j(t)

∣∣2 dt ≤ 2h
N∑

j=0

∫ T

0

aj
∣∣v′j(t)

∣∣2 dt+ 2h
N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt

≤ 4h
N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt.

❯1✐♥❣ $❤❡ ❛❜♦✈❡ ✐♥❡D✉❛❧✐$② ✐♥ ✭✷✳✶✳✽✮ ②✐❡❧❞1

4h
N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt ≥ 1

4
Eh(uh, 0).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ 1❤♦✇1 $❤❛$ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❝♦♥1$❛♥$ C0 ✐♥ $❤❡ ❞✐1❝&❡$❡

♦❜1❡&✈❛❜✐❧✐$② ✐♥❡D✉❛❧✐$② ✭✷✳✶✳✺✮ ❜❧♦✇1 ✉♣ ❛1 h → 0 ❛♥❞ ❤❡♥❝❡ $❤❡ ✉♥✐❢♦&♠ ♦❜1❡&✈❛✲

❜✐❧✐$② ❢❛✐❧1 $♦ ❤♦❧❞ ✇❤✐❝❤ ✐♠♣❧✐❡1 $❤❡ ❧❛❝❦ ♦❢ ❛ ✉♥✐❢♦&♠ ❡①♣♦♥❡♥$✐❛❧ ❞❡❝❛② &❛$❡ ✇❤✐❝❤

❝♦♠♣❧❡$❡1 $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✷✳✶✳✶✳

✸✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

▲❡♠♠❛ ✷✳✶✳✸✳ ❋♦" ❛♥② T > 0✱ ✇❡ ❤❛✈❡

lim

h→ 0

inf

uh+♦❧✉.✐♦♥ ♦❢ ✭✷✳✶✳✻✮

1

Eh(uh, 0)
h

N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt = 0. ✭✷✳✶✳✶✶✮

()♦♦❢✿ ❋✐&1$✱ ✇❡ ❛♥❛❧②③❡ $❤❡ 1♣❡❝$&✉♠ ♦❢ $❤❡ ♠❛$&✐① Ah ❀ ✐✳❡✳✱ ✇❡ ❝♦♥1✐❞❡& $❤❡ ❡✐❣❡♥✲

✈❛❧✉❡ ♣&♦❜❧❡♠

− 1

h2
(wj+1 − 2wj + wj−1) = λwj, j = 1, ..., N ; w0 = wN+1 = 0. ✭✷✳✶✳✶✷✮

❆❝❝♦&❞✐♥❣ $♦ ❬✹✹❪✱ $❤❡ 1♣❡❝$&✉♠ ✐1 ❡①♣❧✐❝✐$❧② ❣✐✈❡♥ ❜②

λkh =
4

h2
sin2

(
kπh

2

)
, k = 1, ..., N,

❛♥❞ $❤❡ ❝♦&&❡1♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝$♦&1 ❛&❡ ❣✐✈❡♥ ❜②

wk
h =

(
wk

1,h, ..., w
k
N,h

)T
; wk

j,h = sin(kπjh), k, j = 1, ..., N.

❖❜✈✐♦✉1❧②✱ λkh → λk = k2π2
✱ ❛1 h→ 0 ❢♦& ❡❛❝❤ k ≥ 1 ✇❤❡&❡ λk ✐1 $❤❡ ❦$❤ ❡✐❣❡♥✈❛❧✉❡ ♦❢

$❤❡ ❝♦♥$✐♥✉♦✉1 ✇❛✈❡ ❡H✉❛$✐♦♥ ✭✷✳✶✳✶✮✳ ▼♦&❡♦✈❡&✱ $❤❡ ❡✐❣❡♥✈❡❝$♦&1 wk
h ♦❢ $❤❡ ❞✐1❝&❡$❡

1②1$❡♠ ❝♦✐♥❝✐❞❡ ✇✐$❤ $❤❡ &❡1$&✐❝$✐♦♥ $♦ $❤❡ ♠❡1❤ ♣♦✐♥$1 ♦❢ $❤❡ ❡✐❣❡♥❢✉♥❝$✐♦♥1 wk(x) =

sin(kπx) ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ✇❛✈❡ ❡H✉❛$✐♦♥ ✭✷✳✶✳✶✮✳ ❋✉&$❤❡&♠♦&❡✱ ✇❡ ♥♦$✐❝❡ $❤❛$ $❤❡

❣❛♣ ❜❡$✇❡❡♥

√
λNh ❛♥❞

√
λN−1
h ✐1 ♦❢ $❤❡ ♦&❞❡& h ✇❤✐❧❡✱ ✐♥ $❤❡ ❝♦♥$✐♥✉♦✉1 ❝❛1❡✱ $❤❡

❣❛♣ ❜❡$✇❡❡♥ ❛♥② $✇♦ ❝♦♥1❡❝✉$✐✈❡ ❡✐❣❡♥✈❛❧✉❡1 ✐1 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ k ✭1❡❡ ❋✐❣✉&❡ ✭❛✮ ♦❢

✷✳✶ $❛❦❡♥ ❢&♦♠ ❬✷✻❪ ✇❤✐❝❤ 1❤♦✇1 $❤❡ 1H✉❛&❡ &♦♦$1 ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ✐♥ $❤❡ ❝♦♥$✐♥✉♦✉1

❛♥❞ ❞✐1❝&❡$❡ ❝❛1❡ ✈✐❛ ✜♥✐$❡ ❞✐✛❡&❡♥❝❡ 1❡♠✐✲❞✐1❝&❡$✐③❛$✐♦♥ ♦♥ $❤❡ ❧❡❢$ ❛♥❞ $❤❡ ♣✐❡❝❡✇✐1❡

❧✐♥❡❛& ✜♥✐$❡ ❡❧❡♠❡♥$ 1♣❛❝❡ 1❡♠✐✲❞✐1❝&❡$✐③❛$✐♦♥ ♦♥ $❤❡ &✐❣❤$✮✳

❚❤❡&❡❢♦&❡✱ ❛❝❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠ ✻✳✾✳✸ ♦❢ ❬✼✹❪✱ ✇❡ ❝❤♦♦1❡ ❛ ❞✐1❝&❡$❡ 1♦❧✉$✐♦♥ uh ❛1

❛ ✇❛✈❡ ♣❛❝❦❛❣❡ ♦& ❛ 1✉♣❡&♣♦1✐$✐♦♥ ♦❢ 1❡♠✐✲❞✐1❝&❡$❡ ✇❛✈❡1 ❝♦&&❡1♣♦♥❞✐♥❣ $♦ $❤❡ ❧❛1$

❡✐❣❡♥❢&❡H✉❡♥❝✐❡1 ♦❢ Ah ❀ ✐✳❡✳✱ ✇❡ ❝❤♦♦1❡ uh ∈ Span
{
ei
√

λk
h
twk

h : k ∼ γ

h
, 0 < γ < 1

}
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❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

1✉❝❤ $❤❛$ Eh(uh, 0) ∼ 1 ❛♥❞ h
N∑

j=0

∫ T

0

aj
∣∣u′j(t)

∣∣2 dt ∼ hL, L >> 1 1♦ $❤❛$ $❤❡ ♣&♦♦❢

♦❢ ✭✷✳✶✳✶✶✮ ✐1 ❝♦♠♣❧❡$❡✳ ❲❡ &❡♠❛&❦ $❤❛$ $❤❡ ✇❛✈❡ ♣❛❝❦❛❣❡✱ uh✱ ❞♦❡1 ♥♦$ ♣❡♥❡$&❛$❡

$❤❡ 1✉❜✐♥$❡&✈❛❧ I✱ ✇❤❡&❡ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$ a(.) ✐1 ❡✛❡❝$✐✈❡ ✭1❡❡ ❋✐❣✉&❡ ✭❜✮ ♦❢

✷✳✶ $❛❦❡♥ ❢&♦♠ ❬✷✻❪ ✇❤✐❝❤ 1❤♦✇1 ❛ ✇❛✈❡ ♣❛❝❦❛❣❡ ♣&♦♣❛❣❛$✐♥❣ ♦✉$1✐❞❡ $❤❡ ✐♥$❡&✈❛❧ I✮✳

■♥ $❤✐1 ❝❤❛♣$❡&✱ ❛1 ✐♥ ❬✹❪✱ ✇❡ ❝♦♥1✐❞❡& $❤❡ ❛♣♣&♦①✐♠❛$✐♦♥1 ♦❢ ♠♦&❡ ❣❡♥❡&❛❧ ❛❜1$&❛❝$

1❡❝♦♥❞ ♦&❞❡& ❡✈♦❧✉$✐♦♥ ❡H✉❛$✐♦♥1✳ ■♥ ♦$❤❡& ✇♦&❞1✱ ❧❡$ H ❜❡ ❛ ❝♦♠♣❧❡① ❍✐❧❜❡&$ 1♣❛❝❡

✇✐$❤ ♥♦&♠ ❛♥❞ ✐♥♥❡& ♣&♦❞✉❝$ ❞❡♥♦$❡❞ &❡1♣❡❝$✐✈❡❧② ❜② ‖.‖ ❛♥❞ (., .). ▲❡$ A : D(A) →
H ❜❡ ❛ ❞❡♥1❡❧② ❞❡✜♥❡❞ 1❡❧❢✲❛❞❥♦✐♥$ ❛♥❞ ♣♦1✐$✐✈❡ ♦♣❡&❛$♦& ✇✐$❤ ❛ ❝♦♠♣❛❝$ ✐♥✈❡&1❡ ✐♥

H. ▲❡$ V = D(A
1
2 ) ❜❡ $❤❡ ❞♦♠❛✐♥ ♦❢ A

1
2 . ❉❡♥♦$❡ ❜② D(A

1
2 )′ $❤❡ ❞✉❛❧ 1♣❛❝❡ ♦❢ D(A

1
2 )

♦❜$❛✐♥❡❞ ❜② ♠❡❛♥1 ♦❢ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ✐♥ H.

❋✉&$❤❡&♠♦&❡✱ ❧❡$ U ❜❡ ❛ ❝♦♠♣❧❡① ❍✐❧❜❡&$ 1♣❛❝❡ ✭✇❤✐❝❤ ✇✐❧❧ ❜❡ ✐❞❡♥$✐✜❡❞ $♦ ✐$1

❞✉❛❧ 1♣❛❝❡✮ ✇✐$❤ ♥♦&♠ ❛♥❞ ✐♥♥❡& ♣&♦❞✉❝$ ❞❡♥♦$❡❞ &❡1♣❡❝$✐✈❡❧② ❜② ‖.‖U ❛♥❞ (., .)U

❛♥❞ ❧❡$ B ∈ L(U, H). ❲❡ ❝♦♥1✐❞❡& $❤❡ ❝❧♦1❡❞ ❧♦♦♣ 1②1$❡♠

ω̈(t) + Aω(t) + BB∗ω̇(t) = 0,

ω(0) = ω0, ω̇(0) = ω1,
✭✷✳✶✳✶✸✮

✇❤❡&❡ t ∈ [0, ∞) &❡♣&❡1❡♥$1 $❤❡ $✐♠❡✱ ω : [0, ∞) → H ✐1 $❤❡ 1$❛$❡ ♦❢ $❤❡ 1②1$❡♠✳

▼♦1$ ♦❢ $❤❡ ❧✐♥❡❛& ❡H✉❛$✐♦♥1 ♠♦❞❡❧✐♥❣ $❤❡ ✈✐❜&❛$✐♦♥1 ♦❢ ❡❧❛1$✐❝ 1$&✉❝$✉&❡1 ✇✐$❤ ❢❡❡❞✲

❜❛❝❦ ❝♦♥$&♦❧ ✭❝♦&&❡1♣♦♥❞✐♥❣ $♦ ❝♦❧❧♦❝❛$❡❞ ❛❝$✉❛$♦&1 ❛♥❞ 1❡♥1♦&1✮ ❝❛♥ ❜❡ ✇&✐$$❡♥ ✐♥

$❤❡ ❢♦&♠ ✭✷✳✶✳✶✸✮✱ ✇❤❡&❡ ω &❡♣&❡1❡♥$1 $❤❡ ❞✐1♣❧❛❝❡♠❡♥$ ✜❡❧❞✳

❲❡ ❞❡✜♥❡ $❤❡ ❡♥❡&❣② ♦❢ 1②1$❡♠ ✭✷✳✶✳✶✸✮ ❛$ $✐♠❡ t ❜②

E(t) =
1

2

(
‖ω̇(t)‖2 +

∥∥∥A 1
2ω(t)

∥∥∥
2
)
.

❙✐♠♣❧❡ ❢♦&♠❛❧ ❝❛❧❝✉❧❛$✐♦♥1 ❣✐✈❡

E(0)− E(t) =

∫ t

0

(BB∗ω̇(s), ω̇(s)) ds, ∀t ≥ 0.
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❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤✐1 ♦❜✈✐♦✉1❧② ♠❡❛♥1 $❤❛$ $❤❡ ❡♥❡&❣② ✐1 ♥♦♥✲✐♥❝&❡❛1✐♥❣✳

■♥ ♠❛♥② ❛♣♣❧✐❝❛$✐♦♥1✱ $❤❡ 1②1$❡♠ ✭✷✳✶✳✶✸✮ ✐1 ❛♣♣&♦①✐♠❛$❡❞ ❜② ✜♥✐$❡ ❞✐♠❡♥1✐♦♥❛❧

1②1$❡♠1 ❜✉$ ✉1✉❛❧❧②✱ ❛1 $❤❡ ❛❜♦✈❡ 1✐♠♣❧❡ ❡①❛♠♣❧❡ 1❤♦✇1✱ ✐❢ $❤❡ ❝♦♥$✐♥✉♦✉1 1②1$❡♠

✐1 ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡✱ $❤❡ ❞✐1❝&❡$❡ ♦♥❡1 ❞♦ ♥♦ ♠♦&❡ ✐♥❤❡&✐$ $❤✐1

♣&♦♣❡&$② ❞✉❡ $♦ 1♣✉&✐♦✉1 ❤✐❣❤ ❢&❡C✉❡♥❝② ♠♦❞❡1✳ ❙❡✈❡&❛❧ &❡♠❡❞✐❡1 ❤❛✈❡ ❜❡❡♥ ♣&♦♣♦1❡❞

❛♥❞ ❛♥❛❧②③❡❞ $♦ ♦✈❡&❝♦♠❡ $❤❡1❡ ❞✐✣❝✉❧$✐❡1✳ ▲❡$ ✉1 C✉♦$❡ $❤❡ ❚②❝❤♦♥♦✛ &❡❣✉❧❛&✐③❛$✐♦♥

❬✸✹✱✸✺✱✻✹✱✼✷❪✱ ❛ ❜✐✲❣&✐❞ ❛❧❣♦&✐$❤♠ ❬✸✷✱✺✽❪✱ ❛ ♠✐①❡❞ ✜♥✐$❡ ❡❧❡♠❡♥$ ♠❡$❤♦❞ ❬✶✹✱✶✾✱✷✵✱

✸✸✱ ✺✻❪✱ ♦& ✜❧$❡&✐♥❣ $❤❡ ❤✐❣❤ ❢&❡C✉❡♥❝✐❡1 ❬✹✸✱ ✹✾✱ ✼✻❪✳ ❚❤❡1❡ ♠❡$❤♦❞1 ♣&♦✈✐❞❡ ❣♦♦❞

♥✉♠❡&✐❝❛❧ &❡1✉❧$1✳

❆1 ✐♥ ❬✻✹✱ ✼✷❪ ♦✉& ❣♦❛❧ ✐1 $♦ ❞❛♠♣ $❤❡ 1♣✉&✐♦✉1 ❤✐❣❤ ❢&❡C✉❡♥❝② ♠♦❞❡1 ❜② ✐♥$&♦✲

❞✉❝✐♥❣ ♥✉♠❡&✐❝❛❧ ✈✐1❝♦1✐$② $❡&♠1 ✐♥ $❤❡ ❛♣♣&♦①✐♠❛$✐♦♥ 1❝❤❡♠❡1✳ ❚❤♦✉❣❤ ♦✉& ✇♦&❦

✐♥ ❬✹❪ ✐1 ✐♥1♣✐&❡❞ ❢&♦♠ ❬✻✹❪✱ ✐$ ❞✐✛❡&1 ❢&♦♠ $❤❛$ ♣❛♣❡& ♦♥ $❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✐♥$1 ✿

✭✐✮ ❈♦♥$&❛&② $♦ ❬✻✹❪ ✇❤❡&❡ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✐1 &❡C✉✐&❡❞✱ ✇❡ ♦♥❧② ❛11✉♠❡

$❤❛$ $❤❡ 1♣❡❝$&✉♠ ♦❢ $❤❡ ♦♣❡&❛$♦& A1/2
1❛$✐1✜❡1 $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥✱

❛❧❧♦✇✐♥❣ $♦ $&❡❛$ ♠♦&❡ ❣❡♥❡&❛❧ ❝♦♥❝&❡$❡ 1②1$❡♠1✱

✭✐✐✮ ✇❡ ❛♥❛❧②③❡ $❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❝❛② ♦❢ $❤❡ ❞✐1❝&❡$❡ 1❝❤❡♠❡1 ✇❤❡♥ $❤❡ ❝♦♥$✐♥✉♦✉1

♣&♦❜❧❡♠ ❤❛1 1✉❝❤ ❛ ❞❡❝❛②✱

✭✐✐✐✮ ✇❡ ♣&♦✈❡ ❛ &❡1✉❧$ ❛❜♦✉$ ✉♥✐❢♦&♠ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$② ❢♦& ❛ ❢❛♠✐❧② ♦❢ 1❡♠✐✲

❣&♦✉♣1 ♦❢ ♦♣❡&❛$♦&1✱

✭✐✈✮ ❜② ✉1✐♥❣ ❛ ❣❡♥❡&❛❧ ✈❡&1✐♦♥ ♦❢ $❤❡ ❚&♦$$❡&✲❑❛$♦ $❤❡♦&❡♠ ♣&♦✈❡❞ ✐♥ ❬✹✺❪✱ ✇❡

1❤♦✇ $❤❛$ $❤❡ ❞✐1❝&❡$❡ 1♦❧✉$✐♦♥ $❡♥❞1 $♦ $❤❡ 1♦❧✉$✐♦♥ ♦❢ ✭✷✳✶✳✶✸✮ ❛1 $❤❡ ❞✐1❝&❡✲

$✐③❛$✐♦♥ ♣❛&❛♠❡$❡& ❣♦❡1 $♦ ③❡&♦ ❛♥❞ ✐❢ $❤❡ ❞✐1❝&❡$❡ ✐♥✐$✐❛❧ ❞❛$❛ ❛&❡ ✇❡❧❧ ❝❤♦1❡♥✳

❈♦♥1❡C✉❡♥$❧②✱ $❤✐1 ❝❤❛♣$❡& ✐1 ❞✐✈✐❞❡❞ ❛1 ❢♦❧❧♦✇1 ✿ ❆❢$❡& ✇❡ ♣&❡❝✐1❡ $❤❡ ♣&♦♣❡&

❢✉♥❝$✐♦♥❛❧ 1❡$$✐♥❣ ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐♥ ❙❡❝$✐♦♥ ✷✳✷✱ ✇❡ &❡❝❛❧❧ 1♦♠❡

&❡1✉❧$1 ❝♦♥❝❡&♥✐♥❣ $❤❡ 1$❛❜✐❧✐$② ♦❢ ✭✷✳✶✳✶✸✮ ✐♥ ❙❡❝$✐♦♥ ✷✳✸✳ ■♥ ❙❡❝$✐♦♥ ✷✳✹✱ ✇❡ ✐♥$&♦❞✉❝❡

$❤❡ 1✉✐$❛❜❧❡ ❞✐1❝&❡$❡ 1②1$❡♠1 ❛♥❞ $❤❡ ♠❛✐♥ &❡1✉❧$1 ♦❢ $❤✐1 ❝❤❛♣$❡&✳ ❙❡❝$✐♦♥ ✷✳✺ ❝♦♥1✐✲

✹✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❞❡&1 $❤❡ ✇❡❧❧✲♣♦1❡❞♥❡11 ♦❢ $❤❡ ❞✐1❝&❡$❡ 1②1$❡♠1✳ ◆❡①$✱ ✐♥ ❙❡❝$✐♦♥ ✷✳✻✱ ✇❡ 1❤♦✇ $❤❛$

$❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ❛♥❞ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❝♦♥❞✐$✐♦♥1 ✭✷✳✹✳✼✮ ❛♥❞ ✭✷✳✹✳✽✮

&❡♠❛✐♥ ✈❛❧✐❞ ❢♦& ✜❧$❡&❡❞ ❡✐❣❡♥✈❛❧✉❡1✳ ❙❡❝$✐♦♥ ✷✳✼ ✜&1$ &❡❝❛❧❧1 ❛ &❡1✉❧$ ❛❜♦✉$ ✉♥✐❢♦&♠

❡①♣♦♥❡♥$✐❛❧ 1$❛❜✐❧✐$② ❢♦& ❛ ❢❛♠✐❧② ♦❢ 1❡♠✐❣&♦✉♣ ♦❢ ♦♣❡&❛$♦&1✱ ❛♥❞ $❤❡♥ ❡①$❡♥❞1 1✉❝❤ ❛

&❡1✉❧$ $♦ $❤❡ ❝❛1❡ ♦❢ ✉♥✐❢♦&♠ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$②✳ ❙♦♠❡ $❡❝❤♥✐❝❛❧ ❧❡♠♠❛1 ❛&❡ ♣&♦✈❡❞

✐♥ ❙❡❝$✐♦♥ ✷✳✽✳ ❙❡❝$✐♦♥1 ✷✳✾ ❛♥❞ ✷✳✶✵ ❛&❡ ❞❡✈♦$❡❞ $♦ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✷✳✹✳✶ ❛♥❞

✷✳✹✳✹ &❡1♣❡❝$✐✈❡❧②✳ ■♥ ❙❡❝$✐♦♥ ✷✳✶✶✱ ✇❡ 1❤♦✇ $❤❛$ $❤❡ ❝❤♦1❡♥ ❞✐1❝&❡$❡ 1②1$❡♠1 ❝♦♥✈❡&❣❡

$♦✇❛&❞1 ✭✷✳✶✳✶✸✮✱ ❛1 $❤❡ ♠❡1❤ 1✐③❡ ❣♦❡1 $♦ ③❡&♦ ❛♥❞ ✐❢ $❤❡ ❞✐1❝&❡$❡ ✐♥✐$✐❛❧ ❞❛$❛ ❛&❡ ✇❡❧❧

❝❤♦1❡♥✳ ❋✐♥❛❧❧②✱ ✇❡ ✐❧❧✉1$&❛$❡ ♦✉& &❡1✉❧$1 ❜② ♣&❡1❡♥$✐♥❣ ❞✐✛❡&❡♥$ ❡①❛♠♣❧❡1 ✐♥ ❙❡❝$✐♦♥

✷✳✶✷✳ ❚❤❡ ✜&1$ ❛♣♣❧✐❝❛$✐♦♥ ✐1 ❢♦✉♥❞ ✐♥ ❬✸❪✳

✷✳✷ ❚❤❡ ♣&♦♣❡& ❢✉♥❝,✐♦♥❛❧ 0❡,,✐♥❣ ♦❢ ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮

❇❡❢♦&❡ 1$❛$✐♥❣ $❤❡ ♠❛✐♥ &❡1✉❧$1 ♦❢ $❤✐1 ❝❤❛♣$❡&✱ ✇❡ &❡✇&✐$❡ ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐♥ ❛

1✐♠♣❧✐✜❡❞ ❢♦&♠✳ ▲❡$ X := V ×H ❜❡ ❡R✉✐♣♣❡❞ ✇✐$❤ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$

((u, v)⊤, (u∗, v∗)⊤)X = a(u, u∗) + (v, v∗) ∀(u, v)⊤, (u∗, v∗)⊤ ∈ X,

✇❤❡&❡ a(., .) ✐1 $❤❡ 1❡1R✉✐❧✐♥❡❛& ❢♦&♠ ♦♥ V × V ❞❡✜♥❡❞ ❜②

a(u, u∗) = (A
1
2u, A

1
2u∗), ∀(u, u∗) ∈ V × V.

❚❤❡♥ ✭✷✳✶✳✶✸✮ ✐1 ❡R✉✐✈❛❧❡♥$ $♦

ż(t) = Ãz(t) ✐♥ X, z(0) = (ω0, ω1)
⊤,

✇❤❡&❡ z(t) = (ω(t), ω̇(t))⊤ ❛♥❞ Ã : D(Ã) → X ✐1 ❞❡✜♥❡❞ ❜②

Ã =


 0 I

−A −BB∗


 ,

✹✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇✐$❤ D(Ã) = D(A)×V ✳ ■$ ✐1 ❡❛1② $♦ ❝❤❡❝❦ $❤❛$ Ã ✐1 ❛ ♠❛①✐♠❛❧ ❞✐11✐♣❛$✐✈❡ ♦♣❡&❛$♦& ✐♥
X✳ ❚❤❡&❡❢♦&❡✱ ❛❝❝♦&❞✐♥❣ $♦ ▲✉♠❡&✲@❤✐❧❧✐♣1 ❚❤❡♦&❡♠✱ ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐1 ✇❡❧❧✲♣♦1❡❞✳

❲❡ ✇✐❧❧ ❞❡♥♦$❡ ❜② T (t), t ≥ 0✱ $❤❡ 1$&♦♥❣❧② ❝♦♥$✐♥✉♦✉1 1❡♠✐✲❣&♦✉♣ ♦❢ ❝♦♥$&❛❝$✐♦♥1

❣❡♥❡&❛$❡❞ ❜② Ã✳

✷✳✸ ❙$❛❜✐❧✐$② ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ♣3♦❜❧❡♠ ✭✷✳✶✳✶✸✮

❇❡❢♦&❡ ❞✐1♣❧❛②✐♥❣ $❤❡ 1✉✐$❛❜❧❡ ❛♣♣&♦①✐♠❛$❡ 1②1$❡♠ ✇❤✐❝❤ ❝♦♥✈❡&❣❡1 $♦✇❛&❞1 ✭✷✳✶✳✶✸✮

❛♥❞ 1❤❛&❡1 $❤❡ 1❛♠❡ 1$❛❜✐❧✐$② ♣&♦♣❡&$✐❡1 ♦❢ ✭✷✳✶✳✶✸✮✱ ✇❡ &❡❝❛❧❧ 1♦♠❡ ♣&♦♣❡&$✐❡1 ❝♦♥❝❡&✲

♥✐♥❣ $❤❡ 1$❛❜✐❧✐$② ♦❢ ✭✷✳✶✳✶✸✮✳ ❋♦& $❤✐1 ♣✉&♣♦1❡✱ ✇❡ 1$❛&$ ❜② ❛♥❛❧②③✐♥❣ $❤❡ 1♣❡❝$&✉♠

♦❢ $❤❡ ♦♣❡&❛$♦& A
1
2
✳

✷✳✸✳✶ ❙♣❡❝()❛❧ ❆♥❛❧②/✐/ ♦❢ ✭✷✳✶✳✶✸✮

❉❡♥♦$❡ ❜② {λk}k≥1 $❤❡ 1❡$ ♦❢ ❡✐❣❡♥✈❛❧✉❡1 ♦❢ A
1
2
❝♦✉♥$❡❞ ✇✐$❤ $❤❡✐& ♠✉❧$✐♣❧✐❝✐$✐❡1

✭✐✳❡✳ ✇❡ &❡♣❡❛$ $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ❛❝❝♦&❞✐♥❣ $♦ $❤❡✐& ♠✉❧$✐♣❧✐❝✐$✐❡1✮✳ ❲❡ ❢✉&$❤❡& &❡✇&✐$❡

$❤❡ 1❡J✉❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡1 {λk}k≥1 ❛1 ❢♦❧❧♦✇1 ✿

λk1 < λk2 < ... < λki < ...

✇❤❡&❡ k1 = 1, k2 ✐1 $❤❡ ❧♦✇❡1$ ✐♥❞❡① ♦❢ $❤❡ 1❡❝♦♥❞ ❞✐1$✐♥❝$ ❡✐❣❡♥✈❛❧✉❡✱ k3 ✐1 $❤❡ ❧♦✇❡1$

✐♥❞❡① ♦❢ $❤❡ $❤✐&❞ ❞✐1$✐♥❝$ ❡✐❣❡♥✈❛❧✉❡✱ ❡$❝✳ ❋♦& ❛❧❧ i ∈ N∗
✱ ❧❡$ li ❜❡ $❤❡ ♠✉❧$✐♣❧✐❝✐$②

♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λki ✱ ✐✳❡✳

λki−1
< λki = λki+1 = ... = λki+li−1 < λki+li = λki+1

.

❲❡ ❤❛✈❡ k1 = 1, k2 = 1 + l1, k3 = 1 + l1 + l2, ❡$❝✳ ▲❡$ {ϕki+j}0≤j≤li−1 ❜❡ $❤❡

♦&$❤♦♥♦&♠❛❧ ❡✐❣❡♥✈❡❝$♦&1 ❛11♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λki .

◆♦✇✱ ✇❡ ❛11✉♠❡ $❤❛$ $❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ❤♦❧❞1 ✿

∃M ∈ N∗, ∃γ0 > 0, ∀k ≥ 1, λk+M − λk ≥Mγ0. ✭✷✳✸✳✶✮

✹✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❋✐① ❛ ♣♦1✐$✐✈❡ &❡❛❧ ♥✉♠❜❡& γ′0 ≤ γ0 ❛♥❞ ❞❡♥♦$❡ ❜② Ak, k = 1, ..., M $❤❡ 1❡$ ♦❢ ♥❛$✉&❛❧

♥✉♠❜❡&1 km 1❛$✐1❢②✐♥❣ ✭1❡❡ ❢♦& ✐♥1$❛♥❝❡ ❬✶✸❪✮





λkm − λkm−1 ≥ γ′0

λkn − λkn−1 < γ′0 ❢♦& m+ 1 ≤ n ≤ m+ k − 1,

λkm+k
− λkm+k−1

≥ γ′0.

❚❤❡♥ ♦♥❡ ❡❛1✐❧② ❝❤❡❝❦1 $❤❛$

{km+j + l |km ∈ Ak, k ∈ {1, ...,M} , j ∈ {0, ..., k − 1} , l ∈ {0, ..., lm+j − 1}} = N∗.

◆♦$✐❝❡ $❤❛$ 1♦♠❡ 1❡$1 Ak ♠❛② ❜❡ ❡♠♣$② ❜❡❝❛✉1❡✱ ❢♦& $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥✱

$❤❡ ❝❤♦✐❝❡ ♦❢ M $❛❦❡1 ✐♥$♦ ❛❝❝♦✉♥$ ♠✉❧$✐♣❧❡ ❡✐❣❡♥✈❛❧✉❡1✳

❋♦& kn ∈ Ak✱ ✇❡ ❞❡✜♥❡ Bkn = (Bkn, ij)1≤i, j≤k $❤❡ ♠❛$&✐① ♦❢ 1✐③❡ k × k ❜②

Bkn, ij =





n+j−1∏

q=n
q 6=n+i−1

(λkn+i−1
− λkq)

−1
✐❢ i ≤ j, (i, j) 6= (1, 1),

1 ✐❢ (i, j) = (1, 1),

0 ❡❧1❡ .

▼♦&❡ ❡①♣❧✐❝✐$❧②✱ ✇❡ ❤❛✈❡

Bkn =




1 1
λkn−λkn+1

1
(λkn−λkn+1

)(λkn−λkn+2
)

· · · 1
(λkn−λkn+1

)···(λkn−λkn+k−1
)

0 1
λkn+1

−λkn

1
(λkn+1

−λkn )(λkn+1
−λkn+2

)
· · · 1

(λkn+1
−λkn )···(λkn+1

−λkn+k−1
)

0 0 1
(λkn+2

−λkn )(λkn+2
−λkn+1

)
· · · 1

(λkn+2
−λkn )···(λkn+2

−λkn+k−1
)

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 0 0 · · · 1
(λkn+k−1

−λkn )···(λkn+k−1
−λkn+k−2

)




.

▲❡♠♠❛ ✷✳✸✳✶✳ ❚❤❡ ✐♥✈❡&'❡ ♠❛*&✐① ♦❢ Bkn ✐' ❣✐✈❡♥ ❜②

B−1
kn, ij

=





n+i−2∏

q=n

(λkn+j−1
− λkq) ✐❢ i ≤ j, i 6= 1,

1 ✐❢ i = 1,

0 ❡❧'❡✱

✹✺
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 ❤❛ ✐$  ♦ $❛②

B−1
kn

=




1 1 · · · 1

0 (λkn+1 − λkn) · · · (λkn+k−1
− λkn)

0 0 · · · (λkn+k−1
− λkn)(λkn+k−1

− λkn+1)
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

0 0 · · · (λkn+k−1
− λkn) · · · (λkn+k−1

− λkn+k−2
)




,

❛♥❞  ❤❡+❡❢♦+❡

B−1
kn

→




1 1 · · · 1

0 0 · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · 0



, ✇❤❡♥ n→ +∞.

 !♦♦❢✿❚❤❡ ❢♦&♠ ♦❢ B−1
kn
✐1 ♦❜$❛✐♥❡❞ ❜② ✐♥❞✉❝$✐♦♥ ♦♥ $❤❡ 1✐③❡ k ♦❢ Bkn ✳ ❚❤❡ ❣❡♥❡&❛❧✐③❡❞

❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ✐♠♣❧✐❡1 $❤❛$ λkn+j
− λkn → 0 ❛1 n → +∞, ∀0 ≤ j ≤ k − 1.

❚❤✐1 ❧❡❛❞1 $♦ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ B−1
kn
✳

❘❡♠❛!❦ ✷✳✸✳✷✳ ❚❤❡ $ +✉❝ ✉+❡ ♦❢  ❤❡ ♠❛ +✐① Bkn ❝♦♠❡$ ❢+♦♠ ■♥❣❤❛♠✬$ ✐♥❡6✉❛❧✐ ② ✐♥

❛ ❍✐❧❜❡+ $♣❛❝❡ H ✉♥❞❡+  ❤❡ ❣❡♥❡+❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐ ✐♦♥ ✭✷✳✸✳✶✮✳ ■♥❞❡❡❞✱ ❛❝❝♦+❞✐♥❣  ♦

❈♦+♦❧❧❛+② ✻✳✹ ♦❢ ❬✻✶❪✱ ✐❢  ❤❡ $❡6✉❡♥❝❡ {λn}n≥1 $❛ ✐$✜❡$ ✭✷✳✸✳✶✮✱  ❤❡♥ ❢♦+ ❛❧❧ $❡6✉❡♥❝❡

{αn}n∈Z∗
✐♥ H✱  ❤❡ ❢✉♥❝ ✐♦♥

f(t) =
∑

n∈Z∗

αne
iλkn t,

$❛ ✐$✜❡$  ❤❡ ❡$ ✐♠❛ ❡

∫ T

0

|f(t)|2 dt ∼
M∑

k=1

∑

|kn|∈Ak

∥∥B−1
kn
Ckn

∥∥2

H,2
,

❢♦+ T >
2π

γ0
✱ ✇❤❡+❡ λ−kn = −λkn✱ Ckn = (αn, ..., αn+k−1)

⊤ ∈ Hk
❛♥❞ ‖.‖H,2 ✐$  ❤❡

♥♦+♠ ✐♥ Hk
✳

✹✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✷✳✸✳✷ ❊①♣♦♥❡♥)✐❛❧ ❙)❛❜✐❧✐)② ♦❢ )❤❡ ❡♥❡2❣② ♦❢ ✭✷✳✶✳✶✸✮

❲❡ &❡❝❛❧❧ ❛ 1✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥ ❢♦& ✇❤✐❝❤ $❤❡ ❡♥❡&❣② ♦❢ ✭✷✳✶✳✶✸✮ ✐1 ❡①♣♦♥❡♥$✐❛❧❧②

1$❛❜❧❡✳ ■♥❞❡❡❞✱ $❤❡ ❛♣♣&♦❛❝❤ ✐1 ❜❛1❡❞ ♦♥ ♦❜1❡&✈❛❜✐❧✐$② ✐♥❡B✉❛❧✐$✐❡1 ❢♦✉♥❞ ✐♥ ❬✼❪ ❛♥❞

❬✻✶❪✳ ❋♦& $❤✐1 ❛✐♠✱ ❢♦& kn ∈ Ak✱ ✇❡ ❞❡✜♥❡ $❤❡ ♠❛$&✐① Φkn ✇✐$❤ ❝♦❡✣❝✐❡♥$1 ✐♥ U ❛♥❞

1✐③❡ k × Ln✱ ✇❤❡&❡ Ln =
k∑

i=1

ln+i−1, ❛1 ❢♦❧❧♦✇1 ✿ ❢♦& ❛❧❧ i = 1, ..., k✱ ✇❡ 1❡$

(Φkn)ij =





B∗ϕkn+i−1+j−Ln, i−1−1 ✐❢ Ln, i−1 < j ≤ Ln, i,

0 ❡❧$❡✱

✇❤❡(❡

Ln, 0 = 0, Ln, i =
i∑

i′=1

ln+i′−1 ❢♦( i ≥ 1. ✭✷✳✸✳✷✮

❋♦( ❛ ✈❡❝3♦( c = (cl)
m
l=1 ✐♥ Um, ✇❡ $❡3 ‖c‖U, 2 ✐3$ ♥♦(♠ ✐♥ Um

❞❡✜♥❡❞ ❜②

‖c‖2U, 2 =
m∑

l=1

‖cl‖2U .

◆♦✇✱ ✇❡ (❡❝❛❧❧ ❚❤❡♦(❡♠ ✷✳✷ ♦❢ ❬✼❪ ✇❤✐❝❤ ❧✐♥❦$ 3❤❡ ❡①♣♦♥❡♥3✐❛❧ $3❛❜✐❧✐3② ♦❢ ✭✷✳✶✳✶✸✮

✇✐3❤ $♦♠❡ ♦❜$❡(✈❛❜✐❧✐3② ♣(♦♣❡(3② ♦❢ 3❤❡ ❛$$♦❝✐❛3❡❞ ❝♦♥$❡(✈❛3✐✈❡ ♣(♦❜❧❡♠✳

❚❤❡♦$❡♠ ✷✳✸✳✸✳ ▲❡" ϕ ❜❡ "❤❡ %♦❧✉"✐♦♥ ♦❢ "❤❡ ✉♥❞❛♠♣❡❞ ♣0♦❜❧❡♠





ϕ̈(t) + Aϕ(t) = 0,

ϕ(0) = ω0, ϕ̇(0) = ω1.
✭✷✳✸✳✸✮

■❢ "❤❡0❡ ❡①✐%"% ❛ "✐♠❡ T > 0 ❛♥❞ ❛ ❝♦♥%"❛♥" c = c(T ) > 0 %✉❝❤ "❤❛" "❤❡ ♦❜%❡0✈❛❜✐❧✐"②

❡%"✐♠❛"❡

‖A 1
2ω0‖2H + ‖ω1‖2H ≤ c

∫ T

0

‖B∗ϕ̇(t)‖2Udt ✭✷✳✸✳✹✮

❤♦❧❞%✱ "❤❡♥ ♣0♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐% ❡①♣♦♥❡♥"✐❛❧❧② %"❛❜❧❡ ✐♥ "❤❡ ❡♥❡0❣② %♣❛❝❡ ❀ ✐✳❡✳✱ "❤❡0❡

❡①✐%" ❛ ❝♦♥%"❛♥" k > 0 ❛♥❞ ν > 0 %✉❝❤ "❤❛" ❢♦0 ❛❧❧ ✐♥✐"✐❛❧ ❞❛"❛ ✐♥ X = V ×H✱

E(t) ≤ kE(0)e−νt, ∀t > 0.

✹✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ ❛❧1♦ &❡❝❛❧❧ 5&♦♣♦1✐$✐♦♥ ✻✳✺ ♦❢ ❬✻✶❪ ✇❤✐❝❤ ❣✐✈❡1 ♥❡❝❡11❛&② ❛♥❞ 1✉✣❝✐❡♥$ 1♣❡❝$&❛❧

❝♦♥❞✐$✐♦♥1 1♦ $❤❛$ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❡1$✐♠❛$❡ ✭✷✳✸✳✹✮ ❤♦❧❞1✳

 !♦♣♦$✐&✐♦♥ ✷✳✸✳✹✳ ❆!!✉♠❡ %❤❛% %❤❡ ❣❡♥❡*❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐%✐♦♥ ✭✷✳✸✳✶✮ ❤♦❧❞!✳ ❚❤❡*❡

❡①✐!%! ❛ %✐♠❡ T > 0 ❛♥❞ ❛ ❝♦♥!%❛♥% c = c(T ) > 0 !✉❝❤ %❤❛% %❤❡ ♦❜!❡*✈❛❜✐❧✐%② ❡!%✐♠❛%❡

✭✷✳✸✳✹✮ ❤♦❧❞! ✐❢ ❛♥❞ ♦♥❧② ✐❢

∃α0 > 0, ∀k ∈ {1, ...,M}, ∀kn ∈ Ak, ∀C ∈ RLn ,
∥∥B−1

kn
ΦknC

∥∥
U, 2

≥ α0 ‖C‖2 ,
✭✷✳✸✳✺✮

✇❤❡*❡ ‖.‖2 ✐! %❤❡ ❡✉❝❧✐❞✐❛♥ ♥♦*♠✳

❘❡♠❛!❦ ✷✳✸✳✺✳ ■❢ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥

∃γ0 > 0, ∀n ≥ 1, λkn+1 − λkn ≥ γ0 ✭✷✳✸✳✻✮

❤♦❧❞1✱ $❤❡♥ A1 = N∗
❛♥❞ B1 = 1. ■♥ $❤✐1 ❝❛1❡✱ $❤❡ ❛11✉♠♣$✐♦♥ ✭✷✳✸✳✺✮ ❜❡❝♦♠❡1

∃α0 > 0, ∀kn ≥ 1, ∀C ∈ RLn , ‖ΦknC‖U ≥ α0 ‖C‖2 .

▼♦&❡♦✈❡&✱ ✐❢ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✻✮ ❤♦❧❞1 ❛♥❞ ✐❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ❛&❡

1✐♠♣❧❡✱ $❤❡ ❛11✉♠♣$✐♦♥ ✭✷✳✸✳✺✮ ❜❡❝♦♠❡1

∃α0 > 0, ∀k ≥ 1, ‖B∗ϕk‖U ≥ α0. ✭✷✳✸✳✼✮

❚❤❡1❡ ❛11✉♠♣$✐♦♥1 ❛&❡ ❛11✉♠❡❞ ✐♥ ❬✻✹❪✳

■♥ ❝♦♥❝❧✉1✐♦♥✱ ✐❢ ✭✷✳✸✳✺✮ ❤♦❧❞1✱ $❤❡♥ ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐1 ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡✳

✷✳✸✳✸ #♦❧②♥♦♠✐❛❧ ❙,❛❜✐❧✐,② ♦❢ ,❤❡ ❡♥❡1❣② ♦❢ ✭✷✳✶✳✶✸✮

❙✐♠✐❧❛& $♦ $❤❡ ❡①♣♦♥❡♥$✐❛❧ 1$❛❜✐❧✐$② ❝❛1❡✱ ✇❡ &❡❝❛❧❧ ❛ 1✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥ ❢♦& ✇❤✐❝❤

$❤❡ ❡♥❡&❣② ♦❢ ✭✷✳✶✳✶✸✮ ✐1 ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡✳ ❋✐&1$✱ ✇❡ &❡❝❛❧❧ ❚❤❡♦&❡♠ ✷✳✹ ♦❢ ❬✼❪

✹✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

♦& ❚❤❡♦&❡♠ ✺✳✸ ♦❢ ❬✻✶❪ ✇❤✐❝❤ ❣✐✈❡1 $❤❡ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$② ♦❢ ✭✷✳✶✳✶✸✮ ❜❛1❡❞ ♦♥

1♦♠❡ ♦❜1❡&✈❛❜✐❧✐$② ♣&♦♣❡&$② ♦❢ $❤❡ ❝♦♥1❡&✈❛$✐✈❡ ♣&♦❜❧❡♠ ✭✷✳✸✳✸✮✳ ❚❤❡♥✱ ✇❡ &❡❝❛❧❧

C&♦♣♦1✐$✐♦♥ ✻✳✽ ♦❢ ❬✻✶❪ ✇❤✐❝❤ ❣✐✈❡1 ♥❡❝❡11❛&② ❛♥❞ 1✉✣❝✐❡♥$ 1♣❡❝$&❛❧ ❝♦♥❞✐$✐♦♥1 1♦

$❤❛$ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❡1$✐♠❛$❡ ❤♦❧❞1✳

❚❤❡♦$❡♠ ✷✳✸✳✻✳ ▲❡" ϕ ❜❡ "❤❡ %♦❧✉"✐♦♥ ♦❢ ✭✷✳✸✳✸✮✳ ■❢ "❤❡2❡ ❡①✐%"% l ∈ N∗
✱ ❛ "✐♠❡

T > 0 ❛♥❞ ❛ ❝♦♥%"❛♥" c = c(T ) > 0 %✉❝❤ "❤❛"

∫ T

0

‖B∗ϕ̇(t)‖2Udt ≥ c

(
‖ω0‖2

D(A
1−l
2 )

+ ‖ω1‖2
D(A− l

2 )

)
✭✷✳✸✳✽✮

❤♦❧❞%✱ "❤❡♥ "❤❡ ❡♥❡2❣② ♦❢ ♣2♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ❞❡❝❛②% ♣♦❧②♥♦♠✐❛❧❧② ❀ ✐✳❡✳✱ "❤❡2❡ ❡①✐%"% ❛

❝♦♥%"❛♥" k = k(l) > 0 %✉❝❤ "❤❛" ❢♦2 ❛❧❧ ✐♥✐"✐❛❧ ❞❛"❛ ✐♥ D(Ã)✱

E(t) ≤ k

(1 + t)
1
l

‖(ω0, ω1)
⊤‖2

D(Ã)
, ∀t > 0.

*$♦♣♦,✐.✐♦♥ ✷✳✸✳✼✳ ❆%%✉♠❡ "❤❛" "❤❡ ❣❡♥❡2❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐"✐♦♥ ✭✷✳✸✳✶✮ ❤♦❧❞% ❛♥❞

(ω0, ω1)
⊤ ∈ X✳ ❚❤❡2❡ ❡①✐%"% l ∈ N∗

✱ ❛ "✐♠❡ T > 0 ❛♥❞ ❛ ❝♦♥%"❛♥" c = c(T ) > 0 %✉❝❤

"❤❛" ✭✷✳✸✳✽✮ ❤♦❧❞% ✐❢ ❛♥❞ ♦♥❧② ✐❢

∃α0 > 0, ∀k ∈ {1, ...,M}, ∀kn ∈ Ak, ∀C ∈ RLn ,
∥∥B−1

kn
ΦknC

∥∥
U, 2

≥ α0

λlkn
‖C‖2 .
✭✷✳✸✳✾✮

❘❡♠❛$❦ ✷✳✸✳✽✳ ■❢ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✻✮ ❤♦❧❞1✱ $❤❡ ❛11✉♠♣$✐♦♥ ✭✷✳✸✳✾✮

❜❡❝♦♠❡1

∃l ∈ N∗, ∃α0 > 0, ∀kn ≥ 1, ∀C ∈ RLn , ‖ΦknC‖U ≥ α0

λlkn
‖C‖2 .

▼♦&❡♦✈❡&✱ ✐❢ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✻✮ ❤♦❧❞1 ❛♥❞ ✐❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ❛&❡

1✐♠♣❧❡✱ $❤❡ ❛11✉♠♣$✐♦♥ ✭✷✳✸✳✾✮ ❜❡❝♦♠❡1

∃l ∈ N∗, ∃α0 > 0, ∀k ≥ 1, ‖B∗ϕk‖U ≥ α0

λlk
. ✭✷✳✸✳✶✵✮

✹✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❘❡♠❛$❦ ✷✳✸✳✾✳ ◆♦$❡ $❤❛$ $❤❡ ❛11✉♠♣$✐♦♥ ✭❍✮ ❢&♦♠ ❬✼❪ ❤❡&❡ ❤♦❧❞1 1✐♥❝❡ A ✐1 ❛

♣♦1✐$✐✈❡ 1❡❧❢❛❞❥♦✐♥$ ♦♣❡&❛$♦& ✇✐$❤ ❛ ❝♦♠♣❛❝$ &❡1♦❧✈❡♥$ ❛♥❞ B ✐1 ❜♦✉♥❞❡❞✳ ■♥ ❢❛❝$✱

❛11✉♠♣$✐♦♥ ✭❍✮ 1$❛$❡1 $❤❛$ ✐❢ β > 0 ✐1 ✜①❡❞ ❛♥❞ Cβ = {λ ∈ C; ℜλ = β}✱ $❤❡ ❢✉♥❝$✐♦♥

λ ∈ C+ = {λ ∈ C; ℜλ > 0} → H(λ) = λB∗(λ2I + A)−1B ∈ L(U)

✐1 ❜♦✉♥❞❡❞ ♦♥ Cβ✳ ■♥❞❡❡❞✱ ✐❢ λ = β + iξ✱ $❤❡♥ |λ2k + λ2|2 = (λ2k − ξ2 + β2)2 + 4β2ξ2✳

❍♦✇❡✈❡&✱

∥∥(λ2I + A)−1
∥∥
L(H)

≤ sup
k≥1

|λ2k + λ2|−1.

❍❡♥❝❡✱ ✐❢ |ξ| > ǫ ❢♦& 1♦♠❡ ǫ > 0✱ $❤❡♥

|λ|
∥∥(λ2I + A)−1

∥∥
L(H)

≤
√
β2 + ξ2

2β|ξ|

✇❤✐❝❤ ✐1 ❜♦✉♥❞❡❞ ❢♦& ❡✈❡&② |ξ| > ǫ✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✐❢ |ξ| ≤ ǫ✱ $❤❡♥ |λ2k+λ2| ≥
3β2

4
✱

❢♦& ǫ ≤ β

2
✳ ❚❤❡&❡❢♦&❡✱

|λ|
∥∥(λ2I + A)−1

∥∥
L(H)

≤ 2
√
5

3β

✇❤✐❝❤ ✐1 ❜♦✉♥❞❡❞ ♦♥ Cβ✳

■♥ ❝♦♥❝❧✉1✐♦♥✱ ✐❢ ✭✷✳✸✳✾✮ ❤♦❧❞1✱ $❤❡♥ ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐1 ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ✇✐$❤

❛ ❞❡❝❛② &❛$❡ ♦❢ $❤❡ ♦&❞❡&

1

(1 + t)
1
l

✳

✷✳✹ ❆♣♣%♦①✐♠❛+❡ -②-+❡♠ ❛♥❞ ♠❛✐♥ %❡-✉❧+-

■♥ $❤✐1 1❡❝$✐♦♥✱ ✇❡ ❞✐1♣❧❛② $❤❡ 1✉✐$❛❜❧❡ ❞✐1❝&❡$❡ 1②1$❡♠ ✇❤✐❝❤ ❛♣♣&♦①✐♠❛$❡1

✭✷✳✶✳✶✸✮ ❛♥❞ ❤❛1 $❤❡ 1❛♠❡ 1$❛❜✐❧✐$② ♣&♦♣❡&$✐❡1 ❛1 ✭✷✳✶✳✶✸✮✳ ❇❡❢♦&❡ 1$❛$✐♥❣ ♦✉& ♠❛✐♥

&❡1✉❧$1✱ ❧❡$ ✉1 ✐♥$&♦❞✉❝❡ 1♦♠❡ ♥♦$❛$✐♦♥1 ❛♥❞ ❛11✉♠♣$✐♦♥1✳

✺✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ ❞❡♥♦$❡ ❜② ‖.‖V $❤❡ ♥♦&♠

‖ϕ‖V =

√
(A

1
2ϕ, A

1
2ϕ), ∀ϕ ∈ V.

❘❡♠❛&❦ $❤❛$

‖ϕ‖V =
√

(Aϕ, ϕ), ∀ϕ ∈ D(A).

❲❡ ♥♦✇ ❛11✉♠❡ $❤❛$ (Vh)h>0 ✐1 ❛ 1❡9✉❡♥❝❡ ♦❢ ✜♥✐$❡ ❞✐♠❡♥1✐♦♥❛❧ 1✉❜1♣❛❝❡1 ♦❢ D(A
1
2 ).

❚❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ✐♥ Vh ✐1 $❤❡ &❡1$&✐❝$✐♦♥ ♦❢ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ♦❢ H ❛♥❞ ✐$ ✐1 1$✐❧❧

❞❡♥♦$❡❞ ❜② (., .) ✭1✐♥❝❡ Vh ❝❛♥ ❜❡ 1❡❡♥ ❛1 ❛ 1✉❜1♣❛❝❡ ♦❢ H✮✳ ❲❡ ❞❡✜♥❡ $❤❡ ♦♣❡&❛$♦&

Ah : Vh → Vh ❜②

(Ahϕh, ψh) = (A
1
2ϕh, A

1
2ψh), ∀ϕh, ψh ∈ Vh. ✭✷✳✹✳✶✮

▲❡$ a(., .) ❜❡ $❤❡ 1❡19✉✐❧✐♥❡❛& ❢♦&♠ ♦♥ Vh × Vh ❞❡✜♥❡❞ ❜②

a(ϕh, ψh) = (A
1
2ϕh, A

1
2ψh), ∀(ϕh, ψh) ∈ Vh × Vh. ✭✷✳✹✳✷✮

❲❡ ❛❧1♦ ❞❡✜♥❡ $❤❡ ♦♣❡&❛$♦&1 Bh : U → Vh ❜②

Bhu = jhBu, ∀u ∈ U, ✭✷✳✹✳✸✮

✇❤❡&❡ jh ✐1 $❤❡ ♦&$❤♦❣♦♥❛❧ ♣&♦❥❡❝$✐♦♥ ♦❢ H ✐♥$♦ Vh ✇✐$❤ &❡1♣❡❝$ $♦ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$

✐♥ H✳

❚❤❡ ❛❞❥♦✐♥$ B∗
h ♦❢ Bh ✐1 $❤❡♥ ❣✐✈❡♥ ❜② $❤❡ &❡❧❛$✐♦♥

B∗
hϕh = B∗ϕh, ∀ϕh ∈ Vh.

❲❡ ❛❧1♦ 1✉♣♣♦1❡ $❤❛$ $❤❡ ❢❛♠✐❧② ♦❢ 1♣❛❝❡1 (Vh)h ❛♣♣&♦①✐♠❛$❡1 $❤❡ 1♣❛❝❡ V =

D(A
1
2 ). ▼♦&❡ ♣&❡❝✐1❡❧②✱ ✐❢ πh ❞❡♥♦$❡1 $❤❡ ♦&$❤♦❣♦♥❛❧ ♣&♦❥❡❝$✐♦♥ ♦❢ V = D(A

1
2 ) ♦♥$♦

Vh✱ ✇❡ 1✉♣♣♦1❡ $❤❛$ $❤❡&❡ ❡①✐1$ θ > 0, h∗ > 0 ❛♥❞ C0 > 0 1✉❝❤ $❤❛$✱ ❢♦& ❛❧❧

h ∈ (0, h∗)✱ ✇❡ ❤❛✈❡ ✿

‖πhϕ− ϕ‖V ≤ C0h
θ ‖Aϕ‖ , ∀ϕ ∈ D(A), ✭✷✳✹✳✹✮

✺✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

‖πhϕ− ϕ‖ ≤ C0h
2θ ‖Aϕ‖ , ∀ϕ ∈ D(A). ✭✷✳✹✳✺✮

❆11✉♠♣$✐♦♥1 ✭✷✳✹✳✹✮ ❛♥❞ ✭✷✳✹✳✺✮ ❛&❡✱ ✐♥ ♣❛&$✐❝✉❧❛&✱ 1❛$✐1✜❡❞ ✐♥ $❤❡ ❝❛1❡ ♦❢ 1$❛♥❞❛&❞

✜♥✐$❡ ❡❧❡♠❡♥$ ❛♣♣&♦①✐♠❛$✐♦♥1 ♦❢ ❙♦❜♦❧❡✈ 1♣❛❝❡1✳

■♥ $❤✐1 1❡❝$✐♦♥✱ ✇❡ ♣&♦✈❡ $✇♦ &❡1✉❧$1✳ ❚❤❡ ✜&1$ &❡1✉❧$ ❣✐✈❡1 ❛ ♥❡❝❡11❛&② ❛♥❞ 1✉✣✲

❝✐❡♥$ ❝♦♥❞✐$✐♦♥ $♦ ❤❛✈❡ $❤❡ ❡①♣♦♥❡♥$✐❛❧ 1$❛❜✐❧✐$② ♦❢ $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1

ω̈h(t) + Ahωh(t) + BhB
∗
hω̇h(t) + hθAhω̇h(t) = 0

ωh(0) = ω0h ∈ Vh, ω̇h(0) = ω1h ∈ Vh,
✭✷✳✹✳✻✮

✐♥ $❤❡ ❛❜1❡♥❝❡ ♦❢ $❤❡ 1$❛♥❞❛&❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ❛11✉♠❡❞ ✐♥ ❬✻✹❪✳ ❍❡&❡ ❛♥❞ ❜❡❧♦✇ ω0h

✭&❡1♣✳ ω1h✮ ✐1 ❛♥ ❛♣♣&♦①✐♠❛$✐♦♥ ♦❢ ω0 ✭&❡1♣✳ ω1✮ ✐♥ Vh✳ ❋♦& $❤❛$ ♣✉&♣♦1❡✱ ✇❡ ♥❡❡❞ $♦

♠❛❦❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ❛11✉♠♣$✐♦♥

∃α0 > 0, ∀k ∈ {1, ...,M}, ∀kn ∈ Ak, ∀C ∈ RLn ,
∥∥B−1

kn
ΦknC

∥∥
U, 2

≥ α0 ‖C‖2 ,
✭✷✳✹✳✼✮

✇❤❡&❡ ‖.‖2 ✐1 $❤❡ ❡✉❝❧✐❞✐❛♥ ♥♦&♠✳ ❚❤❡ ✜&1$ ♠❛✐♥ &❡1✉❧$ ✐1 $❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦$❡♠ ✷✳✹✳✶✳ ❙✉♣♣♦$❡ &❤❛& &❤❡ ❣❡♥❡+❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐&✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ &❤❡ ❛$$✉♠♣✲

&✐♦♥ ✭✷✳✹✳✼✮ ❛+❡ ✈❡+✐✜❡❞✳ ❆$$✉♠❡ &❤❛& &❤❡ ❢❛♠✐❧② ♦❢ $✉❜$♣❛❝❡$ (Vh) $❛&✐$✜❡$ ✭✷✳✹✳✹✮

❛♥❞ ✭✷✳✹✳✺✮✳ ❚❤❡♥ &❤❡ ❢❛♠✐❧② ♦❢ $②$&❡♠$ ✭✷✳✹✳✻✮ ✐$ ✉♥✐❢♦+♠❧② ❡①♣♦♥❡♥&✐❛❧❧② $&❛❜❧❡✱ ✐♥

&❤❡ $❡♥$❡ &❤❛& &❤❡+❡ ❡①✐$& ❝♦♥$&❛♥&$ M, α, h∗ > 0 ✭✐♥❞❡♣❡♥❞❡♥& ♦❢ h, ω0h, ω1h✮ $✉❝❤

&❤❛& ❢♦+ ❛❧❧ h ∈ (0, h∗) ✿

‖ω̇h(t)‖2 + a(ωh(t), ωh(t)) ≤Me−αt(‖ω1h‖2 + a(ω0h, ω0h)), ∀t ≥ 0.

❘❡♠❛$❦ ✷✳✹✳✷✳ ◆♦$❡ $❤❛$ ❚❤❡♦&❡♠ ✷✳✹✳✶ ✐1 $❤❡ ❞✐1❝&❡$❡ ❝♦✉♥$❡&♣❛&$ ♦❢ $❤❡ ❡①♣♦♥❡♥✲

$✐❛❧ ❞❡❝❛② ♦❢ $❤❡ 1♦❧✉$✐♦♥ ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✉♥❞❡& $❤❡ ❛11✉♠♣$✐♦♥1

✭✷✳✸✳✶✮ ❛♥❞ ✭✷✳✹✳✼✮✱ ✇❤✐❝❤ ❢♦❧❧♦✇1 ❢&♦♠ ❚❤❡♦&❡♠ ✷✳✸✳✸ ❛♥❞ P&♦♣♦1✐$✐♦♥ ✷✳✸✳✹ ♦& ❚❤❡♦✲

&❡♠ ✷✳✷ ♦❢ ❬✼❪ ❛♥❞ P&♦♣♦1✐$✐♦♥ ✻✳✺ ♦❢ ❬✻✶❪✳

✺✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❘❡♠❛$❦ ✷✳✹✳✸✳ ❚❤❡ ✉♥✐❢♦&♠ ❡①♣♦♥❡♥$✐❛❧ 1$❛❜✐❧✐$② ♦❢ $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✻✮

❤❛1 ❜❡❡♥ ❛❧&❡❛❞② ♣&♦✈❡❞ ✐♥ ❚❤❡♦&❡♠ ✼✳✶ ♦❢ ❬✷✺❪ ✇✐$❤♦✉$ ❛♥② ❛11✉♠♣$✐♦♥ ♦♥ $❤❡

1♣❡❝$&✉♠ ♦❢ A✳ ❚❤❡ ♣&♦♦❢ ♦❢ $❤✐1 $❤❡♦&❡♠ ✐1 ❜❛1❡❞ ♦♥ ❞❡❝♦✉♣❧✐♥❣ ♦❢ ❧♦✇ ❛♥❞ ❤✐❣❤

❢&❡D✉❡♥❝✐❡1✳ ▼♦&❡ ♣&❡❝✐1❡❧②✱ $❤❡ ❛✉$❤♦& ❝♦♠❜✐♥❡1 ❛ ✉♥✐❢♦&♠ ♦❜1❡&✈❛❜✐❧✐$② ❡1$✐♠❛$❡ ❢♦&

✜❧$❡&❡❞ ✐♥✐$✐❛❧ ❞❛$❛ ❝♦&&❡1♣♦♥❞✐♥❣ $♦ ❧♦✇ ❢&❡D✉❡♥❝✐❡1 ✭1❡❡ ❚❤❡♦&❡♠ ✶✳✸ ♦❢ ❬✷✺❪✮ $♦❣❡✲

$❤❡& ✇✐$❤ ❛ &❡1✉❧$ ♦❢ ❬✷✼❪✳ ■♥❞❡❡❞✱ ✐♥ ❬✷✼❪✱ ❛❢$❡& ❛❞❞✐♥❣ $❤❡ ♥✉♠❡&✐❝❛❧ ✈✐1❝♦1✐$② $❡&♠✱

❛♥♦$❤❡& ✉♥✐❢♦&♠ ♦❜1❡&✈❛❜✐❧✐$② ❡1$✐♠❛$❡ ✐1 ♦❜$❛✐♥❡❞ ❢♦& $❤❡ ❤✐❣❤ ❢&❡D✉❡♥❝② ❝♦♠♣♦✲

♥❡♥$1✳ ❚❤❡ $✇♦ ❡1$❛❜❧✐1❤❡❞ ♦❜1❡&✈❛❜✐❧✐$② ✐♥❡D✉❛❧✐$✐❡1 ②✐❡❧❞ $❤❡ ✉♥✐❢♦&♠ ❡①♣♦♥❡♥$✐❛❧

❞❡❝❛② ♦❢ ✭✷✳✹✳✻✮✳

■❢ $❤❡ ❝♦♥❞✐$✐♦♥ ✭✷✳✹✳✼✮ ✐1 ♥♦$ 1❛$✐1✜❡❞✱ ✇❡ ♠❛② ❧♦♦❦ ❛$ ❛ ✇❡❛❦❡& ✈❡&1✐♦♥✳ ◆❛♠❡❧②

✐❢ ✇❡ ❛11✉♠❡ $❤❛$

∃l ∈ N∗, ∃α0 > 0, ∀k ∈ {1, ...,M}, ∀kn ∈ Ak, ∀C ∈ RLn ,
∥∥B−1

kn
ΦknC

∥∥
U, 2

≥ α0

λlkn
‖C‖2 ,

✭✷✳✹✳✽✮

$❤❡♥ ✇❡ ✇✐❧❧ ♦❜$❛✐♥ ❛ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$② ❢♦& $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1

ω̈h(t) + (1 + hθ)−2(I + hθA
l
2
h )

2Ahωh(t)

+(I + hθA
l
2
h )(BhB

∗
h + hθA

1+ l
2

h )(I + hθA
l
2
h )

−1ω̇h(t) = 0,

ωh(0) = ω0h ∈ Vh, ω̇h(0) = (1 + hθ)−1(I + hθA
l
2
h )ω1h ∈ Vh.

✭✷✳✹✳✾✮

❚❤❡ 1$&✉❝$✉&❡ ♦❢ $❤❡ ❛❜♦✈❡ ❞✐1❝&❡$❡ 1②1$❡♠ ❤❛1 ❜❡❡♥ ✐♥1♣✐&❡❞ ❢&♦♠ $❤❡ ♦♥❡ ✐♥$&♦✲

❞✉❝❡❞ ✐♥ ❬✻✹❪ ❢♦& $❤❡ ❡①♣♦♥❡♥$✐❛❧ 1$❛❜✐❧✐$② ❝❛1❡ ✇❤❡&❡ $❤❡ ❛✉$❤♦&1 ❤❛✈❡ ✉1❡❞ 1②1$❡♠

✭✷✳✹✳✻✮ ❝♦&&❡1♣♦♥❞✐♥❣ $♦ l = 0✳ ■♥ ❜♦$❤ ❝❛1❡1✱ $❤✐1 ❝❤♦✐❝❡ ✐1 ♠♦$✐✈❛$❡❞ ❜② $❤❡ ❝♦&&❡1✲

♣♦♥❞✐♥❣ ♦❜1❡&✈❛❜✐❧✐$② ❡1$✐♠❛$❡1✳ ❚❤❡ ♥✉♠❡&✐❝❛❧ ✈✐1❝♦1✐$② $❡&♠ (I + hθA
l
2
h )(BhB

∗
h +

hθA
1+ l

2
h )(I + hθA

l
2
h )

−1ω̇h(t) ✐1 ❛❞❞❡❞ $♦ ❞❛♠♣ $❤❡ ❤✐❣❤ ❢&❡D✉❡♥❝② ♠♦❞❡1 ❛♥❞ ❛1 $❤❡

1❡$ ♦❢ ❤✐❣❤ ❢&❡D✉❡♥❝② ♠♦❞❡1 ✐1 ❧❛&❣❡& ✐♥ $❤❡ ♣♦❧②♥♦♠✐❛❧ ❝❛1❡✱ $❤❡ ✈✐1❝♦1✐$② $❡&♠ ✐1

♥❛$✉&❛❧❧② 1$&♦♥❣❡&✳ ■♥ $❤❡ ❝❛1❡ l > 0 $❤❡ ♣♦✇❡&1 ♦❢ (I + hθA
l
2
h ) ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞

$♦ ❣✉❛&❛♥$❡❡ $❤❡ ✉♥✐❢♦&♠ ❜♦✉♥❞❡❞♥❡11 ♦❢ $❤❡ &❡1♦❧✈❡♥$ ♦❢ Ãl,h ✭❞❡✜♥❡❞ ❜❡❧♦✇✮ ♥❡❛&

③❡&♦✳ ❚❤❡ D✉❡1$✐♦♥ ♦❢ $❤❡ ♦♣$✐♠❛❧✐$② ♦❢ $❤❡1❡ ✈✐1❝♦1✐$② $❡&♠1 &❡♠❛✐♥1 ♦♣❡♥✳

✺✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤❡ 1❡❝♦♥❞ ♠❛✐♥ &❡1✉❧$ ♦❢ $❤✐1 ❝❤❛♣$❡& ✐1 $❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✳

❚❤❡♦$❡♠ ✷✳✹✳✹✳ ❙✉♣♣♦$❡ &❤❛& &❤❡ ❣❡♥❡+❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐&✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ &❤❡ ❛$✲

$✉♠♣&✐♦♥ ✭✷✳✹✳✽✮ ❛+❡ ✈❡+✐✜❡❞ ✇✐&❤ l ∈ N∗
❡✈❡♥✳ ❆$$✉♠❡ &❤❛& &❤❡ ❢❛♠✐❧② ♦❢ $✉❜$♣❛❝❡$

(Vh) $❛&✐$✜❡$ ✭✷✳✹✳✹✮ ❛♥❞ ✭✷✳✹✳✺✮✳ ❚❤❡♥ &❤❡ ❢❛♠✐❧② ♦❢ $②$&❡♠$ ✭✷✳✹✳✾✮ ✐$ ✉♥✐❢♦+♠❧②

♣♦❧②♥♦♠✐❛❧❧② $&❛❜❧❡✱ ✐♥ &❤❡ $❡♥$❡ &❤❛& &❤❡+❡ ❡①✐$& ❝♦♥$&❛♥&$ C, h∗ > 0 ✭✐♥❞❡♣❡♥❞❡♥&

♦❢ h, ω0h, ω1h✮ $✉❝❤ &❤❛& ❢♦+ ❛❧❧ h ∈ (0, h∗) ✿
∥∥∥(I + hθA

l
2
h )

−1ω̇h(t)
∥∥∥
2

+ a(ωh(t), ωh(t)) ≤ C

t2
‖(ω0h, ω1h)‖2D(Ã2l

l,h
)
,

∥∥∥(I + hθA
l
2
h )

−1ω̇h(t)
∥∥∥
2

+ a(ωh(t), ωh(t)) ≤ C

t
1
l

‖(ω0h, ω1h)‖2D(Ãl,h)
,

∀t > 0, ∀(ω0h, ω1h) ∈ Vh × Vh,

✇❤❡+❡ ❢♦+ q ∈ N∗
✱ ‖.‖D(Ãq

l,h
) ✐$ &❤❡ ❣+❛♣❤ ♥♦+♠ ♦❢ &❤❡ ♠❛&+✐① ♦♣❡+❛&♦+ Ãq

l,h ❣✐✈❡♥ ✐♥

✭✷✳✺✳✶✮ ♦❢ ❙❡❝&✐♦♥ ✷✳✺ ❜❡❧♦✇✳

❋♦& ❛ $❡❝❤♥✐❝❛❧ &❡❛1♦♥✱ ✇❡ ❛11✉♠❡ l $♦ ❜❡ ❡✈❡♥ ✭1❡❡ ▲❡♠♠❛ ✷✳✽✳✹✮✳ ■❢ ✭✷✳✹✳✽✮ ❤♦❧❞1

❢♦& l ♦❞❞✱ $❤❡♥ ✇❡ ❝❛♥ 1$✐❧❧ ❛♣♣❧② $❤❡ &❡1✉❧$1 ♦❢ ❚❤❡♦&❡♠ ✷✳✹✳✹ ✭1❡❡ ❘❡♠❛&❦ ✷✳✶✵✳✶

❜❡❧♦✇✮✳

❘❡♠❛$❦ ✷✳✹✳✺✳ ❆1 ❜❡❢♦&❡✱ ❚❤❡♦&❡♠ ✷✳✹✳✹ ✐1 $❤❡ ❞✐1❝&❡$❡ ❝♦✉♥$❡&♣❛&$ ♦❢ $❤❡ ♣♦❧②♥♦✲

♠✐❛❧ ❞❡❝❛② ♦❢ $❤❡ 1♦❧✉$✐♦♥ ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✉♥❞❡& $❤❡ ❛11✉♠♣$✐♦♥1

✭✷✳✸✳✶✮ ❛♥❞ ✭✷✳✹✳✽✮✱ $❤❛$ ❢♦❧❧♦✇1 ❢&♦♠ ❚❤❡♦&❡♠ ✷✳✸✳✻ ❛♥❞ K&♦♣♦1✐$✐♦♥ ✷✳✸✳✼ ♦& ❚❤❡♦✲

&❡♠ ✷✳✹ ♦❢ ❬✼❪ ❛♥❞ K&♦♣♦1✐$✐♦♥ ✻✳✽ ♦❢ ❬✻✶❪✳

✷✳✺ ❲❡❧❧✲♣♦)❡❞♥❡)) ♦❢ -❤❡ ❞✐)❝1❡-✐③❡❞ ♣1♦❜❧❡♠

❋&♦♠ ♥♦✇ ♦♥✱ ✇❡ ✜① l ∈ N✱ l ❡✈❡♥✳ ❲❡ ✐♥$&♦❞✉❝❡ $❤❡ ❍✐❧❜❡&$ 1♣❛❝❡ Xh = Vh×Vh

❛♥❞ $❤❡ ♦♣❡&❛$♦& Ãl,h : Xh → Xh ❞❡✜♥❡❞ ❜②

Ãl,h =


 0 (1 + hθ)−1(I + hθA

l
2
h )

−(1 + hθ)−1(I + hθA
l
2
h )Ah −hθA1+ l

2
h − BhB

∗
h


 . ✭✷✳✺✳✶✮

✺✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤❡ 1♣❛❝❡ Xh ✐1 ❤❡&❡ ❡5✉✐♣♣❡❞ ✇✐$❤ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$




 uh

vh


 ,


 ũh

ṽh






Xh

= a(uh, ũh)+(vh, ṽh), ∀(uh, vh), (ũh, ṽh) ∈ Xh, ✭✷✳✺✳✷✮

✇✐$❤ ❛11♦❝✐❛$❡❞ ♥♦&♠ ‖.‖Xh
✳ ❚❤❡&❡❢♦&❡✱ $❤❡ 1②1$❡♠ ✭✷✳✹✳✾✮ ✐1 ❡5✉✐✈❛❧❡♥$ $♦ $❤❡ ❢♦❧❧♦✲

✇✐♥❣ ✜&1$ ♦&❞❡& 1②1$❡♠ ✐♥ Xh ✿

żh(t) = Ãl,hzh(t), zh(0) = z0h,

✇❤❡&❡ zh(t) =


 ωh(t)

(1 + hθ)(I + hθA
l
2
h )

−1ω̇h(t)



❛♥❞ z0h =


 ω0h

ω1h


 . ◆♦$❡ $❤❛$ ✇❡

&❡❝♦✈❡& $❤❡ 1②1$❡♠ ✭✷✳✹✳✻✮ ✐♥ $❤❡ ♣❛&$✐❝✉❧❛& ❝❛1❡ l = 0.

▲❡♠♠❛ ✷✳✺✳✶✳ Ãl,h ✐! ♠❛①✐♠❛❧ ❞✐!!✐♣❛(✐✈❡ ✐♥ Xh ❀ ❤❡♥❝❡✱ ✐( ❢♦❧❧♦✇! ❢3♦♠ ▲✉♠❡3✲

7❤✐❧❧✐♣! ❚❤❡♦3❡♠ (❤❛(✱ ❢♦3 ❡✈❡3② h > 0✱ Ãl,h ❣❡♥❡3❛(❡! ❛ C0 !❡♠✐❣3♦✉♣ ♦❢ ❝♦♥(3❛❝(✐♦♥!

✐♥ Xh✳ ❲❡ ✇✐❧❧ ❞❡♥♦(❡ (❤✐! C0 !❡♠✐❣3♦✉♣ ❜② Tl,h(t) ✳

()♦♦❢✿ ❋♦& $❤❡ ❞✐11✐♣❛$✐✈✐$② ♦❢ Ãl,h✱ ✐$ ✐1 ❡❛1② $♦ ❝❤❡❝❦ $❤❛$ ℜ(Ãl,hU,U) ≤ 0 ❢♦&

❡✈❡&② U ∈ Xh✳ ❆1 ❢♦& $❤❡ ♠❛①✐♠❛❧✐$②✱ Ãl,h ✐1 ❜✐❥❡❝$✐✈❡ 1✐♥❝❡ 0 ∈ ρ(Ãl,h) ✭1❡❡ ▲❡♠♠❛

✷✳✽✳✶ ❜❡❧♦✇✮✳ ❚❤❡&❡❢♦&❡✱ Ãl,h ❜❡❝♦♠❡1 ♠❛①✐♠❛❧✳ ■♥❞❡❡❞✱ ❧❡$ F ∈ Xh ❛♥❞ ❞❡✜♥❡ $❤❡

♦♣❡&❛$♦& T ♦♥ Xh 1✉❝❤ $❤❛$ TU = µÃ−1
l,hU − Ã−1

l,hF ✳ ❋♦& ❡✈❡&② U, V ∈ Xh✱ ✇❡ ❤❛✈❡

‖TU − TV ‖ = ‖µÃ−1
l,hU − µÃ−1

l,hV ‖ ≤ µ‖Ã−1
l,h‖‖U − V ‖.

❆1 Ã−1
l,h ✐1 ❜♦✉♥❞❡❞ 1✐♥❝❡ ✐$ ✐1 ❧✐♥❡❛& ♦✈❡& ❛ ✜♥✐$❡ ❞✐♠❡♥1✐♦♥❛❧ 1♣❛❝❡✱ ✇❡ ❝❤♦♦1❡

0 < µ <
1

‖Ã−1
l,h‖

1♦ $❤❛$ T ❜❡❝♦♠❡1 ❛ ❝♦♥$&❛❝$✐♦♥ ❛♥❞ ❤❡♥❝❡ ❛❞♠✐$1 ❛ ✜①❡❞ ♣♦✐♥$

U ✳ ❚❤❡&❡❢♦&❡✱ $❤❡&❡ ❡①✐1$1 U ∈ Xh ❛♥❞ µ > 0 1✉❝❤ $❤❛$ µÃ−1
l,hU − Ã−1

l,hF = U ♦&

(µI − Ãl,h)U = F ✳

✺✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ 1❤❛❧❧ ♥♦$❡ ❤❡&❡ $❤❛$ $❤❡ ❞✐1❝&❡$❡ ❡♥❡&❣② ♦❢ 1②1$❡♠ ✭✷✳✹✳✾✮ ✐1 ❣✐✈❡♥ ❜②

Eh(t) =
1

2
‖zh(t)‖2Xh

=
1

2
(Ahωh, ωh) +

1

2
(1 + hθ)2

(
(I + hθA

l
2
h )

−2ω̇h(t), ω̇h(t)
)
.

❚❤❡&❡❢♦&❡✱ ❢♦& ❛♥② t > 0✱ ✇❡ ❤❛✈❡

E ′
h(t) = −(1 + hθ)2

(∥∥∥B∗
h(I + hθA

l
2
h )

−1ω̇h(t)
∥∥∥
2

+ hθ
∥∥∥A

2+l
4

h (I + hθA
l
2
h )

−1ω̇h(t)
∥∥∥
2
)
.

❲❡ ♥♦$✐❝❡ $❤❡ ❛❞❞✐$✐♦♥❛❧ 1❡❝♦♥❞ $❡&♠ ♦♥ $❤❡ &✐❣❤$ ❤❛♥❞ 1✐❞❡ ♦❢ $❤❡ ❛❜♦✈❡ ❞✐11✐♣❛$✐♦♥

❡@✉❛❧✐$②✳ ■♥ ❢❛❝$✱ $❤✐1 ✈✐1❝♦1✐$② $❡&♠ ❤❡❧♣1 ✐♥❝&❡❛1❡ $❤❡ ❞❡❝❛② &❛$❡ ♦❢ $❤❡ ❞✐1❝&❡$❡

❡♥❡&❣②✳

✷✳✻ ❙♣❡❝'(❛❧ ❛♥❛❧②-✐- ♦❢ '❤❡ ❞✐-❝(❡'✐③❡❞ ♣(♦❜❧❡♠

❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ♦❢ $❤❡ ❞✐1❝&❡$✐③❡❞ ♣&♦❜❧❡♠ ✐1 $❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡ ✿ ✜♥❞

λk, h ∈]0, +∞[, ϕk, h ∈ Vh, 1✉❝❤ $❤❛$

a(ϕk, h, ψh) = λ2k, h(ϕk, h, ψh), ∀ψh ∈ Vh. ✭✷✳✻✳✶✮

▲❡$ N(h) ❜❡ $❤❡ ❞✐♠❡♥1✐♦♥ ♦❢ Vh✳ ❲❡ ❞❡♥♦$❡ ❜② {λ2k, h}1≤k≤N(h) $❤❡ 1❡$ ♦❢ ❡✐❣❡♥✈❛❧✉❡1

♦❢ ✭✷✳✻✳✶✮ ❝♦✉♥$❡❞ ✇✐$❤ $❤❡✐& ♠✉❧$✐♣❧✐❝✐$✐❡1✳ ▲❡$ {ϕk, h}1≤k≤N(h) ❜❡ $❤❡ ♦&$❤♦♥♦&♠❛❧

❡✐❣❡♥✈❡❝$♦&1 ❛11♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λ2k, h. ❲❡ ❞❡✜♥❡ $❤❡ 1❡1@✉✐❧✐♥❡❛& ❢♦&♠

al(., .) ♦♥ Vh ❜②

al(uh, vh) =
(
A

1+ l
2

h uh, vh

)
, ∀(uh, vh) ∈ Vh × Vh;

✐✳❡✳✱

al(uh, vh) =

N(h)∑

k=1

ckdkλ
2+l
k, h,

❢♦& uh =

N(h)∑

k=1

ckϕk, h ❛♥❞ vh =

N(h)∑

k=1

dkϕk, h✳ ❘❡♠❛&❦ $❤❛$ a
0(., .) = a(., .) ❞❡✜♥❡❞ ✐♥

✭✷✳✹✳✷✮✳

✺✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

■♥ $❤✐1 ❙❡❝$✐♦♥✱ ✇❡ 1❤♦✇ $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ $❤❡ ♦❜✲

1❡&✈❛❜✐❧✐$② ❝♦♥❞✐$✐♦♥1 ✭✷✳✹✳✼✮ ❛♥❞ ✭✷✳✹✳✽✮ 1$✐❧❧ ❤♦❧❞ ❢♦& $❤❡ ❛♣♣&♦①✐♠❛$❡ ♣&♦❜❧❡♠ ✭✉♥✐✲

❢♦&♠❧② ✐♥ h✮✱ ♣&♦✈✐❞❡❞ $❤❛$ ✇❡ ❝♦♥1✐❞❡& ♦♥❧② ✏❧♦✇ ❢&❡G✉❡♥❝✐❡1✑✳ ▼♦&❡ ♣&❡❝✐1❡❧②✱ ✇❡

❤❛✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ✜&1$ &❡1✉❧$ ✿

 !♦♣♦$✐&✐♦♥ ✷✳✻✳✶✳ ❙✉♣♣♦$❡ &❤❛& &❤❡ ❣❡♥❡+❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐&✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ &❤❡ ❛$✲

$✉♠♣&✐♦♥ ✭✷✳✹✳✼✮ ❛+❡ ✈❡+✐✜❡❞✳ ❚❤❡♥✱ &❤❡+❡ ❡①✐$& &✇♦ ❝♦♥$&❛♥&$ ǫ > 0 ❛♥❞ h∗ > 0,

$✉❝❤ &❤❛&✱ ❢♦+ ❛❧❧ 0 < h < h∗ ❛♥❞ ❢♦+ ❛❧❧ k ∈ {1, ..., N(h)} $❛&✐$❢②✐♥❣

hθλ2k ≤ ǫ, ✭✷✳✻✳✷✮

✇❡ ❤❛✈❡

∃M ∈ N∗, ∃γ > 0, λk+M,h − λk, h ≥Mγ ✭✷✳✻✳✸✮

❛♥❞

∃α > 0, ∀p ∈ {1, ...,M}, ∀kn ∈ Ap,h, ∀C ∈ RLn ,
∥∥B−1

kn
Φkn, hC

∥∥
U, 2

≥ α ‖C‖2 ,
✭✷✳✻✳✹✮

✇❤❡+❡ α ✐$ ✐♥❞❡♣❡♥❞❡♥& ♦❢ h✱ ❛♥❞ ✇❤❡+❡ &❤❡ ♠❛&+✐① Φkn, h ∈ Mp, Ln
(U), ✇✐&❤ ❝♦❡✣✲

❝✐❡♥&$ ✐♥ U ✱ ✐$ ❞❡✜♥❡❞ ❛$ ❢♦❧❧♦✇$ ✿ ❢♦+ ❛❧❧ i = 1, ..., p✱ ✇❡ $❡&

(Φkn, h)ij =





B∗
hϕkn+i−1+j−Ln, i−1−1, h ✐❢ Ln, i−1 < j ≤ Ln, i,

0 ❡❧$❡✱

✇❤❡+❡ Ln, i−1 ✐$ ❞❡✜♥❡❞ ❜② ✭✷✳✸✳✷✮ ❛♥❞

Ap,h = {kn ∈ Ap $❛&✐$❢②✐♥❣ ✭✷✳✻✳✷✮ ❛♥❞ $✳&✳ kn+p−1 + ln+p−1 − 1 ≤ N(h)} .

❋♦& $❤❡ ♣&♦♦❢ ♦❢ $❤✐1 ♣&♦♣♦1✐$✐♦♥✱ ✇❡ ♥❡❡❞ ❛ &❡1✉❧$ ♣&♦✈❡❞ ❜② ❇❛❜✉1❦❛ ❛♥❞ ❖1❜♦&♥

✐♥ ❬✶✷❪✳ ❋♦& $❤❛$ ♣✉&♣♦1❡✱ ✇❡ ✐♥$&♦❞✉❝❡ ǫh(n, j) 1✉❝❤ $❤❛$

ǫh(n, j) = inf
ϕ∈Mj(λkn )

inf
vh∈Vh

‖ϕ− vh‖V ,

✺✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇❤❡&❡ Mj(λkn) = {ϕ ∈ M(λkn) : a(ϕ, ϕkn, h) = ... = a(ϕ, ϕkn+j−2, h) = 0} ❛♥❞
M(λkn) = {ϕ : ϕ ✐1 ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢ A

1
2
❝♦&&❡1♣♦♥❞✐♥❣ $♦ λkn , ‖ϕ‖ = 1}. ❚❤❡ &❡1✲

$&✐❝$✐♦♥1 a(ϕ, ϕkn, h) = ... = a(ϕ, ϕkn+j−2, h) = 0 ❛&❡ ♥♦$ ✐♠♣♦1❡❞ ✐❢ j = 1. ❚❤❡♥✱

✇❡ ❤❛✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ❡1$✐♠❛$❡ ❛❜♦✉$ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ ❡✐❣❡♥✈❡❝$♦& ❡&&♦&1 ❢♦& $❤❡

●❛❧❡&❦✐♥ ♠❡$❤♦❞ ✐♥ $❡&♠1 ♦❢ $❤❡ ❛♣♣&♦①✐♠❛❜✐❧✐$② >✉❛♥$✐$✐❡1 ǫh(n, j).

❚❤❡♦$❡♠ ✷✳✻✳✷✳ ❚❤❡#❡ ❛#❡ ♣♦'✐)✐✈❡ ❝♦♥')❛♥)' C ❛♥❞ h0 '✉❝❤ )❤❛)

λkn+j, h−λkn+j ≤ Cǫ2h(n, j), ∀0 < h ≤ h0, j = 0, ..., ln−1, kn+ j ≤ N(h), n ∈ N∗

✭✷✳✻✳✺✮

❛♥❞ '✉❝❤ )❤❛) )❤❡ ❡✐❣❡♥✈❡❝)♦#' {ϕkn+j}0≤j≤ln−1 ♦❢ A
1
2
❝❛♥ ❜❡ ❝❤♦'❡♥ '♦ )❤❛)

‖ϕkn+j, h − ϕkn+j‖V ≤ Cǫh(n, j), ∀0 < h ≤ h0, j = 0, ..., ln−1, kn+j ≤ N(h), n ∈ N∗.

✭✷✳✻✳✻✮

❚❤✐1 &❡1✉❧$ ✐1 ♣&♦✈❡❞ ❜② ❇❛❜✉1❦❛ ❛♥❞ ❖1❜♦&♥ ✐♥ ❬✶✷✱ ♣✳ ✼✵✷❪ ❜❡❝❛✉1❡

λ2kn+j, h − λ2kn+j = (λkn+j, h − λkn+j)(λkn+j, h + λkn+j) ≥ 2λ1(λkn+j, h − λkn+j).

❘❡♠❛$❦ ✷✳✻✳✸✳ ◆♦)✐❝❡ )❤❛) ❢♦# ❡✈❡#② ϕ ∈Mj(λkn) ✇❡ ❤❛✈❡

ǫh(n, j) ≤ inf
vh∈Vh

‖ϕ− vh‖V
≤ C0h

θ ‖Aϕ‖ ❜② ✭✷✳✹✳✹✮

≤ C0h
θλ2kn ‖ϕ‖ = C0h

θλ2kn+j.

✭✷✳✻✳✼✮

-$♦♦❢ ♦❢ -$♦♣♦0✐2✐♦♥ ✷✳✻✳✶✳ ❲❡ ❜❡❣✐♥ ✇✐$❤ $❤❡ ♣&♦♦❢ ♦❢ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣

❝♦♥❞✐$✐♦♥ ❢♦& $❤❡ ❛♣♣&♦①✐♠❛$❡ ❡✐❣❡♥✈❛❧✉❡1 λk, h. ❋✐&1$✱ ✇❡ ✉1❡ $❤❡ ▼✐♥✲▼❛① ♣&✐♥❝✐♣❧❡

✭1❡❡ ❬✻✼❪✮ $♦ ♦❜$❛✐♥

λk ≤ λk, h, ∀k ∈ {1, ..., N(h)}. ✭✷✳✻✳✽✮

❙❡❝♦♥❞✱ ✇❡ ✉1❡ $❤❡ ❡1$✐♠❛$❡1 ✭✷✳✻✳✺✮ ❛♥❞ ✭✷✳✻✳✼✮ ❛♥❞ ✇❡ ❤❛✈❡

λk, h ≤ λk + C(C0h
θλ2k)

2 ≤ λk + C(C0ǫ)
2 ≤ λk + CC2

0ǫ, ✭✷✳✻✳✾✮

✺✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❢♦& ❛❧❧ k ∈ {1, ..., N(h)} ✈❡&✐❢②✐♥❣ ✭✷✳✻✳✷✮ ❛♥❞ ǫ ≤ 1✳ ❚❤❡&❡❢♦&❡✱ ✇❡ ♠❛② ✇&✐$❡

λk+M,h − λk, h ≥ λk+M − λk − CC2
0ǫ ≥Mγ0 − CC2

0ǫ ≥M
γ0
2

=:Mγ

❢♦& ❛❧❧ k ∈ {1, ..., N(h)} 1❛$✐1❢②✐♥❣ ✭✷✳✻✳✷✮ ❛♥❞ ❢♦& ǫ ≤ Mγ0
2CC2

0
.

◆♦✇✱ ✇❡ ♣&♦✈❡ $❤❡ ❡1$✐♠❛$❡ ✭✷✳✻✳✹✮ ✇❤✐❝❤ ✐1 $❤❡ ❛♣♣&♦①✐♠❛$❡❞ ✈❡&1✐♦♥ ♦❢ ✭✷✳✹✳✼✮✳

◆♦$✐❝❡ $❤❛$

‖Φkn, h − Φkn‖U ≤ C max
i=0,...,p−1

ln+i−1∑

j=0

∥∥B∗ϕkn+i+j, h − B∗ϕkn+i+j

∥∥
U

≤ C max
i=0,...,p−1

ln+i−1∑

j=0

‖B∗‖L(H,U)

∥∥ϕkn+i+j, h − ϕkn+i+j

∥∥

≤ C max
i=0,...,p−1

ln+i−1∑

j=0

‖B∗‖L(H,U)

∥∥ϕkn+i+j, h − ϕkn+i+j

∥∥
V

≤ C max
i=0,...,p−1

ln+i−1∑

j=0

ǫh(n+ i, j) ❜② (2.6.6)

≤ C max
i=0,...,p−1

ln+i−1∑

j=0

hθλ2kn+i+j ❜② ✭✷✳✻✳✼✮✳

❚❤✉1✱ ❜② ✭✷✳✻✳✷✮✱ ✇❡ ❣❡$

‖Φkn, h − Φkn‖U ≤ Cǫ. ✭✷✳✻✳✶✵✮

❚❤❡&❡❢♦&❡ $❤❡ $&✐❛♥❣✉❧❛& ✐♥❡D✉❛❧✐$② ❧❡❛❞1 $♦

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

=
∥∥B−1

kn
ΦknC +B−1

kn
(Φkn, h − Φkn)C

∥∥
U, 2

≥
∥∥B−1

kn
ΦknC

∥∥
U, 2

−
∥∥B−1

kn
(Φkn, h − Φkn)C

∥∥
U, 2

≥ α0 ‖C‖2 −
∥∥B−1

kn
(Φkn, h − Φkn)C

∥∥
U, 2

❜② ✭✷✳✹✳✼✮✳ ❇✉$✱ ❛1 B−1
kn

=




1 1 · · · 1

0 0 · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · 0




+Rkn , ✇✐$❤ Rkn → 0, ✇❤❡♥ kn → +∞

✺✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✭1❡❡ ▲❡♠♠❛ ✷✳✸✳✶✮✱ ✇❡ ♦❜$❛✐♥

∥∥B−1
kn
(Φkn, h − Φkn)C

∥∥
U, 2

≤

∥∥∥∥∥∥∥∥∥∥∥∥




1 1 · · · 1

0 0 · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · 0




(Φkn, h − Φkn)C

∥∥∥∥∥∥∥∥∥∥∥∥
U, 2

+ ‖Rkn(Φkn, h − Φkn)C‖U, 2
≤ C ‖Φkn, h − Φkn‖U ‖C‖2 + ηn ‖Φkn, h − Φkn‖U ‖C‖2
≤ Cǫ(1 + ηn) ‖C‖2 ,

✭✷✳✻✳✶✶✮

✇❤❡&❡ ηn = ‖Rkn‖ → 0. ❚❤✉1

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

≥ (α0 − Cǫ(1 + ηn)) ‖C‖2 ≥
α0

2
‖C‖2

❢♦& ǫ ≤ α0

2C(1+ max
n

(1 + ηn))
.�

❋♦& $❤❡ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$②✱ ✇❡ ❤❛✈❡ $❤❡ 1❛♠❡ ❦✐♥❞ ♦❢ &❡1✉❧$✱ ❜✉$ ♠♦&❡ ✜❧$❡&✐♥❣

✐1 ♥❡❝❡11❛&② ✐♥ ♦&❞❡& $♦ ❤❛✈❡ $❤❡ ❞✐1❝&❡$❡ ❝♦✉♥$❡&♣❛&$ ♦❢ $❤❡ ♦❜1❡&✈❛❜✐❧✐$② ❝♦♥❞✐$✐♦♥

✭✷✳✹✳✽✮ ✭✉♥✐❢♦&♠❧② ✐♥ h✮✳

 !♦♣♦$✐&✐♦♥ ✷✳✻✳✹✳ ❙✉♣♣♦$❡ &❤❛& &❤❡ ❣❡♥❡+❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐&✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ &❤❡ ❛$✲

$✉♠♣&✐♦♥ ✭✷✳✹✳✽✮ ❛+❡ ✈❡+✐✜❡❞✳ ❚❤❡♥✱ &❤❡+❡ ❡①✐$& &✇♦ ❝♦♥$&❛♥&$ ǫ > 0 ❛♥❞ h∗ > 0,

$✉❝❤ &❤❛&✱ ❢♦+ ❛❧❧ 0 < h < h∗ ❛♥❞ ❢♦+ ❛❧❧ k ∈ {1, ..., N(h)}, $❛&✐$❢②✐♥❣

hθλ2k ≤
ǫ

λlk
, ✭✷✳✻✳✶✷✮

✇❡ ❤❛✈❡ ✭✷✳✻✳✸✮ ❛♥❞

∃α > 0, ∀p ∈ {1, ...,M}, ∀kn ∈ A
(l)
p,h, ∀C ∈ RLn ,

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

≥ α

λlkn
‖C‖2 ,
✭✷✳✻✳✶✸✮

✇❤❡+❡ A
(l)
p,h = {kn ∈ Ap $❛&✐$❢②✐♥❣ ✭✷✳✻✳✶✷✮ ❛♥❞ $✳&✳ kn+p−1 + ln+p−1 − 1 ≤ N(h)} .

✻✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

 !♦♦❢✿ ❚❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ❢♦& $❤❡ ❛♣♣&♦①✐♠❛$❡ ❡✐❣❡♥✈❛❧✉❡1 λk, h ✐1 ❛

❝♦♥1❡:✉❡♥❝❡ ♦❢ ;&♦♣♦1✐$✐♦♥ ✷✳✻✳✶✱ ❜❡❝❛✉1❡ λk ≥ λ1 > 0✳

❚♦ ♣&♦✈❡ $❤❡ ❡1$✐♠❛$❡ ✭✷✳✻✳✶✸✮ ✇❡ ♥♦$✐❝❡ $❤❛$

‖Φkn, h − Φkn‖U ≤ C max
i=0,...,p−1

ln+i−1∑

j=0

hθλ2kn+i+j ≤ C hθλ2kn+p−1
.

▼♦&❡♦✈❡& ❜② $❤❡ $&✐❛♥❣✉❧❛& ✐♥❡:✉❛❧✐$② ❛♥❞ ✭✷✳✹✳✽✮✱ ✇❡ ❤❛✈❡

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

≥ α0

λl
kn

‖C‖2 −
∥∥B−1

kn
(Φkn, h − Φkn)C

∥∥
U, 2

.

❇② ✭✷✳✻✳✶✶✮ ❛♥❞ ✭✷✳✻✳✶✷✮✱ ✇❡ ♦❜$❛✐♥

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

≥ ( α0

λl
kn

− C(1+ηn)ǫ

λl
kn+p−1

) ‖C‖2
≥ ( α0

λl
kn

− Cǫ
λl
kn

+ρn
(1 + ηn)) ‖C‖2 , ✇✐$❤ ρn = λlkn+p−1

− λlkn → 0

≥ α
λl
kn

‖C‖2

❢♦& ❛♥ ❛♣♣&♦♣&✐❛$❡ ❝❤♦✐❝❡ ♦❢ ǫ > 0.

❘❡♠❛!❦ ✷✳✻✳✺✳  !♦♣♦$✐&✐♦♥ ✷✳✻✳✶ ✐♥ ❝❛$❡ l = 0 ❛♥❞  !♦♣♦$✐&✐♦♥ ✷✳✻✳✹ ❢♦! l ∈ N∗

$❤♦✇ &❤❛& ✐❢ hθλ2+l
k ≤ ǫ✱ &❤❡♥ &❤❡ ❞✐$❝!❡&❡ ✈❡!$✐♦♥ ♦❢ &❤❡ ♦❜$❡!✈❛❜✐❧✐&② ✐♥❡9✉❛❧✐&✐❡$ ✐$

$&✐❧❧ ♣!❡$❡!✈❡❞ ✉♥✐❢♦!♠❧② ✐♥ h ❛♥❞ ❤❡♥❝❡ ♥♦ ♣!♦❜❧❡♠$ ✇✐&❤ &❤❡ $&❛❜✐❧✐&② ♦❢ &❤❡ ❞✐$❝!❡&❡

$②$&❡♠$ ❛!❡ ❡①♣❡❝&❡❞✳ ❖♥ &❤❡ ♦&❤❡! ❤❛♥❞✱ ✐❢ hθλ2+l
k ≥ ǫ✱ &❤❡♥ &❤❡ ✈✐$❝♦$✐&② &❡!♠✱

hθA
1+ l

2
h ω̇h(t)✱ ♣❧❛②$ ✐&$ !♦❧❡ ✐♥ ❞❛♠♣✐♥❣ &❤❡ $♣✉!✐♦✉$ ❤✐❣❤ ♦$❝✐❧❧❛&✐♦♥$✳ ■♥❞❡❡❞✱ ✐❢ ✇❡

✇!✐&❡

ω̇h(t) =

N(h)∑

k=1

αk,hϕk, h,

&❤❡♥

hθA
1+ l

2
h ω̇h(t) = hθ

N(h)∑

k=1

αk,hλ
2+l
k, hϕk, h.

✻✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❍❡♥❝❡✱ ✐❢ hθλ2+l
k ≥ ǫ✱ '❤❡♥

∥∥∥hθA1+ l
2

h ω̇h(t)
∥∥∥
2

≥ ǫ2‖ω̇h(t)‖2.

❚❤❡*❡❢♦*❡✱ ✐♥ '❤❡ ♣*❡-❡♥❝❡ ♦❢ ❤✐❣❤ ❢*❡/✉❡♥❝✐❡-✱ '❤❡ ✈✐-❝♦-✐'② '❡*♠ hθA
1+ l

2
h ω̇h(t) ❝❛♥

❜❡ ✈✐❡✇❡❞ ❛- ❛♥ ❛❞❞✐'✐♦♥❛❧ ❞❛♠♣✐♥❣ '❡*♠✳

✷✳✼ ❯♥✐❢♦(♠ *+❛❜✐❧✐+② (❡*✉❧+*

✷✳✼✳✶ ❊①♣♦♥❡♥*✐❛❧ .*❛❜✐❧✐*② 1❡.✉❧*

❚❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✷✳✹✳✶ ✐1 ❜❛1❡❞ ♦♥ $❤❡ ❢♦❧❧♦✇✐♥❣ &❡1✉❧$ ✭1❡❡ ❚❤❡♦&❡♠ ✼✳✶✳✸

✐♥ ❬✺✷❪✮ ✿

❚❤❡♦$❡♠ ✷✳✼✳✶✳ ▲❡' (Th)h>0 ❜❡ ❛ ❢❛♠✐❧② ♦❢ -❡♠✐❣*♦✉♣- ♦❢ ❝♦♥'*❛❝'✐♦♥- ♦♥ '❤❡ ❍✐❧❜❡*'

-♣❛❝❡- (Xh)h>0 ❛♥❞ ❧❡' (Ãh)h>0 ❜❡ '❤❡ ❝♦**❡-♣♦♥❞✐♥❣ ✐♥✜♥✐'❡-✐♠❛❧ ❣❡♥❡*❛'♦*-✳ ❚❤❡

❢❛♠✐❧② (Th)h>0 ✐- ✉♥✐❢♦*♠❧② ❡①♣♦♥❡♥'✐❛❧❧② -'❛❜❧❡✱ '❤❛' ✐- '♦ -❛② '❤❡*❡ ❡①✐-' ❝♦♥-'❛♥'-

M > 0, α > 0 ✭✐♥❞❡♣❡♥❞❡♥' ♦❢ h ∈ (0, h∗)✮ -✉❝❤ '❤❛'

‖Th(t)‖L(Xh)
≤Me−αt, ∀t ≥ 0,

✐❢ ❛♥❞ ♦♥❧② ✐❢ '❤❡ '✇♦ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐'✐♦♥- ❛*❡ -❛'✐-✜❡❞ ✿

✐✮ ❋♦* ❛❧❧ h ∈ (0, h∗), iR ✐- ❝♦♥'❛✐♥❡❞ ✐♥ '❤❡ *❡-♦❧✈❡♥' -❡' ρ(Ãh) ♦❢ Ãh✱

✐✐✮ sup
h∈(0,h∗),ω∈R

∥∥∥(iω − Ãh)
−1

∥∥∥
L(Xh)

< +∞.

✷✳✼✳✷ 3♦❧②♥♦♠✐❛❧ .*❛❜✐❧✐*② 1❡.✉❧*

❚❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✷✳✹✳✹ ✐1 ❜❛1❡❞ ♦♥ $❤❡ &❡1✉❧$1 ♣&❡1❡♥$❡❞ ✐♥ $❤✐1 1❡❝$✐♦♥

❜② ❛❞❛♣$✐♥❣ $❤❡ &❡1✉❧$1 ❢&♦♠ ❬✶✽❪ ❛♥❞ ❢&♦♠ ❬✹✽❪ $♦ ♦❜$❛✐♥ $❤❡ ✭✉♥✐❢♦&♠✮ ♣♦❧②♥♦♠✐❛❧

1$❛❜✐❧✐$② ♦❢ $❤❡ ❞✐1❝&❡$✐③❡❞ ♣&♦❜❧❡♠ ✭✷✳✹✳✾✮✳ ❚❤&♦✉❣❤♦✉$ $❤✐1 1❡❝$✐♦♥✱ ❧❡$ (Th(t)) t≥0

h∈(0,h∗)

✻✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❜❡ ❛ ❢❛♠✐❧② ♦❢ ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ C0 1❡♠✐❣&♦✉♣1 ♦♥ $❤❡ ❛11♦❝✐❛$❡❞ ❍✐❧❜❡&$ 1♣❛❝❡1

(Xh)h∈(0,h∗) ✭✐✳❡✳✱ ∃M > 0, ∀h ∈ (0, h∗), ‖Th(t)‖L(Xh) ≤ M ✮ ❛♥❞ ❧❡$ (Ãh)h∈(0,h∗) ❜❡

$❤❡ ❝♦&&❡1♣♦♥❞✐♥❣ ✐♥✜♥✐$❡1✐♠❛❧ ❣❡♥❡&❛$♦&1✳

■♥ $❤❡ ❢♦❧❧♦✇✐♥❣✱ ❢♦& 1❤♦&$♥❡11✱ ✇❡ ❞❡♥♦$❡ ❜② R(λ, Ãh) $❤❡ &❡1♦❧✈❡♥$ (λ− Ãh)
−1
❀

♠♦&❡♦✈❡&✱ ❢♦& ❛♥② ♦♣❡&❛$♦& ♠❛♣♣✐♥❣ Xh ✐♥$♦ Xh✱ ✇❡ 1❦✐♣ $❤❡ ✐♥❞❡① L(Xh) ✐♥ ✐$1

♥♦&♠✱ 1✐♥❝❡ ✐♥ $❤❡ ✇❤♦❧❡ 1❡❝$✐♦♥ ✇❡ ✇♦&❦ ✐♥ Xh✳

❉❡✜♥✐%✐♦♥ ✷✳✼✳✷✳ ❆!!✉♠✐♥❣ '❤❛'

iR ⊆ ρ(Ãh), ∀h ∈ (0, h∗), ✭✷✳✼✳✶✮

❛♥❞ '❤❛' ❢♦- ❛❧❧ m ≥ 1, '❤❡-❡ ❡①✐!'! c = c(m) > 0 !✉❝❤ '❤❛'

sup
h∈(0,h∗)

|s|≤m

‖R(is, Ãh)‖L(Xh) ≤ c, ✭✷✳✼✳✷✮

✇❡ ❞❡✜♥❡ '❤❡ ❢-❛❝'✐♦♥❛❧ ♣♦✇❡- Ã−α
h ❢♦- α > 0 ❛♥❞ h ∈ (0, h∗)✱ ❛❝❝♦-❞✐♥❣ '♦ ❬✻❪

❛♥❞ ❬✷✹❪✱ ❛!

Ã−α
h =

1

2πi

∫

Γ

λ−α(λ− Ãh)
−1dλ, ✭✷✳✼✳✸✮

✇❤❡-❡ λ−α = e−α log λ
❛♥❞ R+

✐! '❛❦❡♥ ❛! '❤❡ ❝✉' ❜-❛♥❝❤ ♦❢ '❤❡ ❝♦♠♣❧❡① log ❢✉♥❝'✐♦♥

❛♥❞ ✇❤❡-❡ '❤❡ ❝✉-✈❡ Γ = Γ1 ∪ Γ2 ✐! ❣✐✈❡♥ ❜②

Γ = {−ǫ+ teiθ, t ∈ [0,+∞)} ∪ {−ǫ− te−iθ, t ∈ (−∞, 0]} ✭✷✳✼✳✹✮

❢♦- !♦♠❡ ǫ > 0 !♠❛❧❧ ❡♥♦✉❣❤ ✐♥❞❡♣❡♥❞❡♥' ♦❢ h ❛♥❞ θ ✐! ❛ ✜①❡❞ ❛♥❣❧❡ ✐♥
(
0,
π

4

)
✳

■♥ $❤❡ 1❡F✉❡❧✱ $❤❡ ❝♦♥1$❛♥$ c > 0 ✐1 ❣❡♥❡&✐❝✱ ✐♥❞❡♣❡♥❞❡♥$ ♦❢ h✱ ❛♥❞ ♠❛② ❝❤❛♥❣❡

❢&♦♠ ♦♥❡ ❧✐♥❡ $♦ ❛♥♦$❤❡&✳

❘❡♠❛-❦ ✷✳✼✳✸✳ ❚❤-♦✉❣❤♦✉' '❤✐! !❡❝'✐♦♥✱ ✇❤❡♥❡✈❡- Ã−α
h ✐! ♠❡♥'✐♦♥❡❞✱ '❤❡ ❛!!✉♠♣✲

'✐♦♥! ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ❛-❡ ❞✐-❡❝'❧② '❛❦❡♥ ✐♥'♦ ❝♦♥!✐❞❡-❛'✐♦♥ !✐♥❝❡ ♦'❤❡-✇✐!❡ Ã−α
h

✐! ♥♦' ✇❡❧❧ ❞❡✜♥❡❞✳

✻✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

■♥ ❢❛❝$✱ ✉♥❞❡& $❤❡ ❛11✉♠♣$✐♦♥1 ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮✱ ❢♦& ❛❧❧ m > 0  ❤❡#❡ ❡①✐& &

ǫ = ǫ(m) > 0 &✉❝❤  ❤❛ 

−µ+ iβ ∈ ρ(Ãh), ∀h ∈ (0, h∗), ∀0 ≤ µ ≤ ǫ, ∀|β| ≤ m.

■♥❞❡❡❞✱ ❢♦# ❛❧❧ m > 0 &✉❝❤  ❤❛ |β| ≤ m✱ ✇❡ ❤❛✈❡

(−µ+ iβ − Ãh)
−1 = (iβ − Ãh)

−1[Ih − µ(iβ − Ãh)
−1]−1

❛♥❞

‖µ(iβ − Ãh)
−1‖ ≤ µc.

❍❡♥❝❡✱ ✐❢ |β| ≤ m ❛♥❞ µ ≤ ǫ ≤ 1
2c

✱  ❤❡♥ (−µ+ iβ − Ãh) ✐& ✐♥✈❡# ✐❜❧❡ ❛♥❞ ✇❡ ❤❛✈❡

‖(−µ+ iβ − Ãh)
−1‖ ≤ 2‖(iβ − Ãh)

−1‖ ≤ 2c, ∀h ∈ (0, h∗). ✭✷✳✼✳✺✮

❲❡ ❝❤♦♦&❡ m = ℑ(−ǫ + teiθ) = ǫ tan θ ✇❤❡♥ ℜ(−ǫ + teiθ) = 0✱ ✐✳❡✳ ✇❤❡♥ t = ǫ
cos θ

✳

❚❤❡#❡❢♦#❡✱ ❜② ✭✷✳✼✳✺✮✱ ❛&&✉♠♣ ✐♦♥& ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ✐♠♣❧②  ❤❛  ❤❡#❡ ❡①✐& & ǫ > 0

✐♥❞❡♣❡♥❞❡♥ ♦❢ h &✉❝❤  ❤❛  ❤❡ ❝✉#✈❡ Γ ✐& ✐♥❝❧✉❞❡❞ ✐♥ ρ(Ãh) ❢♦# ❛♥② h ∈ (0, h∗)✱

❛♥❞ ❤❡♥❝❡ Ã−α
h ✐& ✇❡❧❧ ❞❡✜♥❡❞✳ ■♥ ❢❛❝ ✱ ✐❢ ξ ∈ Γ &✉❝❤  ❤❛ ℜξ > 0✱  ❤❡♥✱ ❜②  ❤❡

❍✐❧❧❡✲❨♦&✐❞❛ ❚❤❡♦#❡♠✱ ξ ∈ ρ(Ãh)✱ ✇❤✐❧❡ ✐❢ −ǫ ≤ ξ ≤ 0✱  ❤❡♥✱ ❜② ✭✷✳✼✳✺✮✱ ξ ∈ ρ(Ãh)✳

 !♦♣♦$✐&✐♦♥ ✷✳✼✳✹✳ ■❢ "❤❡ ❛&&✉♠♣"✐♦♥& ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ❛4❡ &❛"✐&✜❡❞✱ "❤❡♥ Ã−α
h

✐& ❜♦✉♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥" ♦❢ h ∈ (0, h∗)✳

 !♦♦❢✿ ❲❡ ❤❛✈❡

Ã−α
h =

1

2πi

∫ +∞

0

(−ǫ+ teiθ)−α(−ǫ+ teiθ − Ãh)
−1eiθdt

+
1

2πi

∫ 0

−∞
(−ǫ− te−iθ)−α(−ǫ− te−iθ − Ãh)

−1(−e−iθ)dt.

✭✷✳✼✳✻✮

✻✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❙✐♥❝❡ (Th(t)) t≥0

h∈(0,h∗)
✐1 ❜♦✉♥❞❡❞✱ $❤❡♥ ❜② ❍✐❧❧❡✲❨♦1✐❞❛ ❚❤❡♦&❡♠ ✭1❡❡ ❚❤❡♦&❡♠ ■✳✸✳✶

♦❢ ❬✻✷❪✮ ✇❡ ❣❡$

‖R(λ, Ãh)‖ ≤ M

Reλ
, ∀Reλ > 0.

❋♦& −ǫ ≤ Reλ ≤ 0, ✇❡ ❤❛✈❡ |ℑλ| ≤ m ❛♥❞ $❤❡&❡❢♦&❡✱ ❜② ✭✷✳✼✳✺✮✱ ✇❡ ❣❡$

‖R(λ, Ãh)‖ ≤ 2c.

▲❡$ t0 > 0 ❜❡ 1✉❝❤ $❤❛$ −ǫ ≤ Re(−ǫ + teiθ) ≤ 0, ∀0 ≤ t ≤ t0 =
ǫ

cos θ
❛♥❞

Re(−ǫ + teiθ) ≥ 0, ∀t ≥ t0 ❛♥❞ ❧❡$ t1 = − ǫ

cos θ
≤ 0 ❜❡ 1✉❝❤ $❤❛$ Re(−ǫ − te−iθ) ≤

0, ∀t1 ≤ t ≤ 0 ❛♥❞ Re(−ǫ− te−iθ) ≥ 0, ∀t ≤ t1✳ ❚❤❡&❡❢♦&❡✱

Ã−α
h =

1

2πi

∫ t0

0

(−ǫ+ teiθ)−α(−ǫ+ teiθ − Ãh)
−1eiθdt

+
1

2πi

∫ +∞

t0

(−ǫ+ teiθ)−α(−ǫ+ teiθ − Ãh)
−1eiθdt

+
1

2πi

∫ t1

−∞
(−ǫ− te−iθ)−α(−ǫ− te−iθ − Ãh)

−1(−e−iθ)dt

+
1

2πi

∫ 0

t1

(−ǫ− te−iθ)−α(−ǫ− te−iθ − Ãh)
−1(−e−iθ)dt.

❍❡♥❝❡✱

∥∥∥Ã−α
h

∥∥∥ ≤ 2c

∫ t0

0

| −ǫ+ teiθ |−α dt+M

∫ +∞

t0

1

| −ǫ+ teiθ |α (−ǫ+ tcosθ)
dt

+M

∫ t1

−∞

1

| ǫ+ te−iθ |α (−ǫ− tcosθ)
dt+ 2c

∫ 0

t1

| ǫ+ te−iθ |−α dt,

✇❤✐❝❤ ✐1 ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ✇✐$❤ &❡1♣❡❝$ $♦ h✳

❚❤❡ ♣&♦♦❢ ♦❢ $❤❡ ♣♦❧②♥♦♠✐❛❧ 1$❛❜✐❧✐$② ♦❢ (Th(t))t≥0 ✭1❡❡ ❚❤❡♦&❡♠ ✷✳✼✳✾ ❜❡❧♦✇✮ ✐1

❜❛1❡❞ ♦♥ $❤❡ ❢♦❧❧♦✇✐♥❣ $❤&❡❡ ❧❡♠♠❛1✳ ❚❤❡ ✜&1$ ❧❡♠♠❛ ✐1 $❤❡ ❞✐1❝&❡$✐③❡❞ ✈❡&1✐♦♥ ♦❢

✻✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

▲❡♠♠❛ ✸✳✷ ✐♥ ❬✹✽❪ ❛♥❞ $❤❡ ♦$❤❡& ♦♥❡1 ❛&❡ $❤❡ ❞✐1❝&❡$❡ ✈❡&1✐♦♥1 ♦❢ 1✐♠✐❧❛& &❡1✉❧$1 ♦❢

▲❡♠♠❛1 ✷✳✶ ❛♥❞ ✷✳✸ ✐♥ ❬✶✽❪✳

▲❡♠♠❛ ✷✳✼✳✺✳ ▲❡" S = {λ ∈ C : a ≤ Reλ ≤ b} ❜❡ ❛ %✉❜%❡" ♦❢ ρ(Ãh) ❢♦) ❛❧❧

h ∈ (0, h∗) ✇❤❡)❡ 0 ≤ a < b✳ ❚❤❡♥ ✐❢ ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ❛)❡ %❛"✐%✜❡❞ ❛♥❞ ✐❢ ❢♦) %♦♠❡

♣♦%✐"✐✈❡ ❝♦♥%"❛♥"% α ❛♥❞ M ✇❡ ❤❛✈❡

sup
h∈(0,h∗)

λ∈S

‖R(λ, Ãh)‖
1 + |λ|α ≤M,

"❤❡♥ "❤❡)❡ ❡①✐%"% ❛ ❝♦♥%"❛♥" c > 0 ✐♥❞❡♣❡♥❞❡♥" ♦❢ h %✉❝❤ "❤❛"

sup
h∈(0,h∗)

λ∈S

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c.

()♦♦❢✿ ❚❤❡&❡ ❡①✐1$1 c > 0 ❛♥❞ ϕ0, 0 < ϕ0 <
π

2
✱ 1✉❝❤ $❤❛$

|µ− eiϕ| ≥ c|µ|, ∀µ ∈ Γ, ∀ϕ0 < |ϕ| < π − ϕ0 ✭✷✳✼✳✼✮

✇❤❡&❡ $❤❡ ❝✉&✈❡ Γ ✐1 ❣✐✈❡♥ ❜② ✭✷✳✼✳✹✮✳ ■♥❞❡❡❞✱ ✐❢ µ = −ǫ+ teiθ ❢♦& 1♦♠❡ t > 0✱ $❤❡♥

|µ− eiϕ|2 = 1 + ǫ2 + t2 − 2tcos(θ + ϕ)− 2ǫtcosθ + 2ǫcosϕ

❛♥❞

|µ|2 = ǫ2 + t2 − 2ǫtcosθ.

❚❤❡&❡❢♦&❡✱ ✇❤❡$❤❡& t > 0 ✐1 ❧❛&❣❡ ❡♥♦✉❣❤ ♦& 1♠❛❧❧ ✱ ✭✷✳✼✳✼✮ ❤♦❧❞1 $&✉❡✳ ◆♦✇✱ ❙✐♥❝❡ b

✐1 ✜♥✐$❡✱ ❝❤♦♦1❡ N ❧❛&❣❡ ❡♥♦✉❣❤ 1✉❝❤ $❤❛$ ✇❤❡♥❡✈❡& λ ∈ S ❛♥❞ |λ| > N ✇❡ ❣❡$ ❜♦$❤

ϕ0 < |argλ| < π − ϕ0 ❛♥❞ λ ❞♦❡1 ♥♦$ ❜❡❧♦♥❣ $♦ $❤❡ 1❡❝$♦& ❜♦✉♥❞❡❞ ❜② $❤❡ ❝✉&✈❡

|λ|Γ = {−ǫ|λ|+ t|λ|eiθ, t ∈ [0,+∞)} ∪ {−ǫ|λ| − t|λ|e−iθ, t ∈ (−∞, 0]}✳

❋♦& ❛❧❧ 1✉❝❤ ❝❤♦✐❝❡ ♦❢ λ ∈ S✱ ✇❡ ❤❛✈❡ ❛❝❝♦&❞✐♥❣ $♦ ✭✷✳✼✳✼✮

|µ− eiargλ| ≥ c|µ| ∀µ ∈ Γ. ✭✷✳✼✳✽✮

✻✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❈♦♥1✐❞❡& $❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥$❡❣&❛❧ ❢♦& ❛❧❧ λ ∈ S ✇✐$❤ |λ| > N

Iλ =

∫

Γ

µ−α

µ− λ
dµ.

❇② $❤❡ ❛❜♦✈❡ ❝❤♦✐❝❡ ♦❢ λ✱ ✇❡ ❤❛✈❡ λ /∈ Γ ❛♥❞ λ /∈ |λ|Γ✳ ❈♦♥1❡;✉❡♥$❧②✱ $❤❡ ✐♥$❡❣&❛❧
❤❛1 ♥♦ 1✐♥❣✉❧❛& ♣♦✐♥$1 ❜❡$✇❡❡♥ Γ ❛♥❞ |λ|Γ✳ ❚❤❡&❡❢♦&❡✱ ❜② $❤❡ ❈❛✉❝❤② ❚❤❡♦&❡♠✱ ✇❡
❤❛✈❡

Iλ =

∫

|λ|Γ

µ−α

µ− λ
dµ =

1

|λ|α
∫

Γ

µ−α

µ− eiargλ
dµ.

❚❤❡&❡❢♦&❡✱ ❜② ✭✷✳✼✳✽✮✱ ✇❡ ❣❡$

|Iλ| ≤
c

|λ|α .

◆♦✇✱ ❢♦& |λ| > N ✇✐$❤ λ ∈ S✱ ✇❡ ❤❛✈❡ ❜② $❤❡ &❡1♦❧✈❡♥$ ✐❞❡♥$✐$②

R(λ, Ãh)Ã
−α
h =

1

2πi

∫

Γ

µ−αR(λ, Ãh)R(µ, Ãh)dµ

=
1

2πi

∫

Γ

µ−α

µ− λ
R(λ, Ãh)dµ− 1

2πi

∫

Γ

µ−α

µ− λ
R(µ, Ãh)dµ

=
1

2πi
IλR(λ, Ãh)−

1

2πi

∫

Γ

µ−α

µ− λ
R(µ, Ãh)dµ.

❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ 1✐♠✐❧❛& $♦ $❤❡ ♣&♦♦❢ ♦❢ D&♦♣♦1✐$✐♦♥ ✷✳✼✳✹✱

∣∣∣∣
∫

Γ

µ−α

µ− λ
R(µ, Ãh)dµ

∣∣∣∣ ≤ c

∫

Γ

1

|µ|α+1
‖R(µ, Ãh)‖dµ ≤ c′,

✇❤❡&❡ c′ ✐1 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ h. ❚❤❡&❡❢♦&❡ ❢♦& ❛❧❧ λ ∈ S✱ ✇✐$❤ |λ| > N ✱ ✇❡ ❤❛✈❡

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c

|λ|α‖R(λ, Ãh)‖+ c′ ≤ c
1 + |λ|α
|λ|α + c′ ≤ c′′.

◆♦✇✱ ❢♦& λ ∈ S 1✉❝❤ $❤❛$ |λ| ≤ N ✱ ✇❡ ❤❛✈❡

‖R(λ, Ãh)Ã
−α
h ‖ ≤ ‖R(λ, Ãh)‖‖Ã−α

h ‖ ≤ c(1 + |λ|α) ≤ c(1 +Nα),

✇❤✐❝❤ ❝♦♠♣❧❡$❡1 $❤❡ ♣&♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✼✳✺✳

✻✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

▲❡♠♠❛ ✷✳✼✳✻✳ ■❢ ✭✷✳✼✳✶✮✱ ✭✷✳✼✳✷✮ ❛♥❞

sup
h∈(0,h∗)

‖R(is, Ãh)‖L(Xh) = O(|s|α), |s| → ∞, ✭✷✳✼✳✾✮

❛,❡ .❛/✐.✜❡❞✱ /❤❡♥ /❤❡,❡ ❡①✐./. c > 0 ✐♥❞❡♣❡♥❞❡♥/ ♦❢ h .✉❝❤ /❤❛/

sup
h∈(0,h∗)

Reλ>0

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c. ✭✷✳✼✳✶✵✮

()♦♦❢✿ ❋♦& ❛❧❧ h ∈ (0, h∗)✱ m > 0✱ ❛♥❞ B > max{2m, 1}✱ ❝♦♥1✐❞❡& Fh(λ) =

R(λ, Ãh)λ
−α(1− λ2

B2 ) ♦♥ $❤❡ ❞♦♠❛✐♥ D =

{
λ ∈ C : Reλ > 0, m < |λ| ≤ B

2

}
✳

Fh✱ ❜② $❤❡ ♠❛①✐♠✉♠ ♣&✐♥❝✐♣❧❡✱ ❛$$❛✐♥1 ✐$1 ♠❛①✐♠✉♠ ❢♦& |λ| = B

2
✳ ❚❤❡&❡❢♦&❡✱

|Fh(λ)| ≤
c

Reλ
.

■❢ $❤❡&❡ ❡①✐1$1 ǫ > 0 1✉❝❤ $❤❛$ Reλ > ǫ✱ $❤❡♥ |Fh(λ)| ≤ c.

❖$❤❡&✇✐1❡✱ ❢♦& 0 < Reλ < ǫ✱ ✉1✐♥❣ $❤❡ &❡1♦❧✈❡♥$ ✐❞❡♥$✐$②

R(λ, Ãh) = R(iImλ, Ãh)−ReλR(iImλ, Ãh)R(λ, Ãh) ✭✷✳✼✳✶✶✮

$❤❡♥✱ ❛1 |Imλ| ≥ m− ǫ ❢♦& ❛❧❧ m > 0 ✱ ✇❡ ❤❛✈❡

‖R(λ, Ãh)‖ ≤ c|Imλ|α.

❚❤❡&❡❢♦&❡✱

|Fh(λ)| ≤ c|Imλ|α|λ|−α

∣∣∣∣1−
λ2

B2

∣∣∣∣ ≤ c.

❍❡♥❝❡✱ ✐♥ ❛❧❧ ❝❛1❡1✱ $❤❡&❡ ❡①✐1$1 c > 0 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ B 1✉❝❤ $❤❛$

|Fh(λ)| ≤ c.

❆1 ❛ &❡1✉❧$✱ ❢♦& ❛❧❧ λ ∈ D✱

‖R(λ, Ãh)‖ ≤ c|λ|α∣∣1− λ2

B2

∣∣ ≤ c|λ|α ≤ c(1 + |λ|α).

✻✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

■❢ 0 < Reλ ≤ |λ| ≤ m✱ $❤❡♥ ❜② ✭✷✳✼✳✶✶✮ ❛♥❞ ❛11✉♠♣$✐♦♥ ✭✷✳✼✳✷✮✱ ✇❡ ❣❡$

‖R(λ, Ãh)‖ ≤ c‖R(iImλ, Ãh)‖ ≤ c ≤ c(1 + |λ|α).

▲❡$$✐♥❣ B → +∞ ②✐❡❧❞1

‖R(λ, Ãh)‖ ≤ c(1 + |λ|α), ∀Reλ > 0.

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✼✳✺✱ ✇❡ ❣❡$ ❢♦& 0 ≤ Reλ ≤ m✱

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c.

■♥ ❛❞❞✐$✐♦♥✱ ✐❢ Reλ ≥ m✱ ❜② $❤❡ ❍✐❧❧❡✲❨♦1✐❞❛ $❤❡♦&❡♠ ❛♥❞ D&♦♣♦1✐$✐♦♥ ✷✳✼✳✹✱ $❤❡&❡

❡①✐1$1 1♦♠❡ ♣♦1✐$✐✈❡ ❝♦♥1$❛♥$1 c1 ❛♥❞ c2 1✉❝❤ $❤❛$

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c1

‖Ã−α
h ‖

Reλ
≤ c2.

■♥ ❛❧❧ ❝❛1❡1✱ ✇❡ ❣❡$ ✭✷✳✼✳✶✵✮✳

❚❤❡ ❧❛1$ ❧❡♠♠❛ ✐♥ $❤✐1 1❡❝$✐♦♥ ❣✐✈❡1 $❤❡ ♥❡❝❡11❛&② ❛♥❞ 1✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥1 ❢♦&

$❤❡ ❜♦✉♥❞❡❞♥❡11 ♦❢ ❛♥② ❢❛♠✐❧② ♦❢ C0 1❡♠✐❣&♦✉♣1 (Sh(t)) t≥0

h∈(0,h∗)
✳

▲❡♠♠❛ ✷✳✼✳✼✳ ▲❡" (Sh(t)) t≥0

h∈(0,h∗)
❜❡ ❛ ❢❛♠✐❧② ♦❢ C0 +❡♠✐❣-♦✉♣+ ♦♥ "❤❡ ❛++♦❝✐❛"❡❞

❍✐❧❜❡-" +♣❛❝❡+ (Yh)h∈(0,h∗) ❛♥❞ ❧❡" (Ẽh)h∈(0,h∗) ❜❡ "❤❡ ❝♦--❡+♣♦♥❞✐♥❣ ✐♥✜♥✐"❡+✐♠❛❧ ❣❡✲

♥❡-❛"♦-+✳ ❚❤❡♥ (Sh(t)) t≥0

h∈(0,h∗)
✐+ ✉♥✐❢♦-♠❧② ❜♦✉♥❞❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✐✮ {λ ∈ C : Reλ > 0} ⊆ ρ(Ẽh)✱ ∀h ∈ (0, h∗)

✭✐✐✮ ❚❤❡-❡ ❡①✐+"+ c > 0 ✐♥❞❡♣❡♥❞❡♥" ♦❢ h +✉❝❤ "❤❛"

sup
ξ>0

h∈(0,h∗)

ξ

∫

R

(‖R(ξ + iη, Ẽh)‖2 + ‖R(ξ + iη, Ẽ∗
h)‖2)dη ≤ c.

✻✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

 !♦♦❢✿ ❋✐"#$✱ ✇❡ ❛##✉♠❡ $❤❛$ (Sh(t)) ✐# ✉♥✐❢♦"♠❧② ❜♦✉♥❞❡❞✳ ❚❤❡♥ ✭✐✮ ❤♦❧❞# ❜② $❤❡

❍✐❧❧❡✲❨♦#✐❞❛ $❤❡♦"❡♠✳ ❆# ❢♦" ✭✐✐✮✱ ✇❡ ♦♥❧② ♥❡❡❞ $♦ ♣"♦✈❡ $❤❛$

sup
ξ>0

h∈(0,h∗)

ξ

∫

R

‖R(ξ + iη, Ẽh)xh‖2dη ≤ c‖xh‖2, ∀xh ∈ Yh ✭✷✳✼✳✶✷✮

❜❡❝❛✉#❡ ❛❝❝♦"❞✐♥❣ $♦ $❤❡ $❤❡♦"② ♦❢ ❛❞❥♦✐♥$ #❡♠✐❣"♦✉♣#✱ ✭#❡❡ ❬✻✷❪✮✱ S∗(t) ✐# ❛ C0

#❡♠✐❣"♦✉♣ ✇✐$❤ $❤❡ #❛♠❡ ♣"♦♣❡"$✐❡# ❛# S(t).

❙✐♠✐❧❛" $♦ $❤❡ ♣"♦♦❢ ♦❢ ▲❡♠♠❛ ✶ ♦❢ ❬✹✷❪✱ ✇❡ ❤❛✈❡ ❢♦" ❛❧❧ h ∈ (0, h∗)✱ xh ∈ Yh

‖R(ξ + iη, Ẽh)xh‖2 =
∫

R

e−iηsfh(s)ds,

✇❤❡"❡

fh(s) =

∫ +∞

max{0,−s}
e−ξ(s+2u) < Sh(u+ s)xh, Sh(u)xh >Yh,Yh

du.

❋♦" s ≥ 0✱ #✐♥❝❡ (Sh(t)h∈(0,h∗) ✐# ✉♥✐❢♦"♠❧② ❜♦✉♥❞❡❞✱ ✐✳❡✳ sup
h∈(0,h∗)

‖Sh(t)‖ ≤ M ✱ ✇❡

❤❛✈❡

|fh(s)| ≤
∫ +∞

0

M2‖xh‖2e−ξ(s+2u)du =
M2‖xh‖2

2ξ
e−ξs ≤ M2‖xh‖2

2ξ
.

❋♦" s < 0✱ ✇❡ ❤❛✈❡

|fh(s)| ≤
∫ +∞

−s

M2‖xh‖2e−ξ(s+2u)du =
M2‖xh‖2eξs

2ξ
≤ M2‖xh‖2

2ξ
.

❍❡♥❝❡✱ fh ∈ L1(R) ∩ L∞(R) ❛♥❞

F(fh(s)) =
1√
2π

‖R(ξ + iη, Ẽh)xh‖2.

❯#✐♥❣ ▲❡♠♠❛ 21.50 ✐♥ ❬✹✵❪✱ ✐$ ❢♦❧❧♦✇# $❤❛$

1

2π

∫

R

‖R(ξ + iη, Ẽh)xh‖2dη =
1√
2π

∫

R

F(fh)(τ)dτ ≤ c‖fh‖L∞ ≤ cM2‖xh‖2
2ξ

.

❍❡♥❝❡✱ ✭✷✳✼✳✶✷✮ ✐# ✈❡"✐✜❡❞✳

✼✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❆1 ❢♦& $❤❡ 1✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥✱ 1✐♥❝❡ {λ ∈ C : Reλ > 0} ⊆ ρ(Ẽh)✱ ✇✐$❤ σ = 1
t
✱

✇❡ ❣❡$ ❢♦& ❛❧❧ xh ∈ Yh

Sh(t)xh =
1

2πi

∫ σ+i∞

σ−i∞
eλt(λ− Ẽh)

−1xhdλ,

=
1

2πi

∫ σ+i∞

σ−i∞

eλt

t
(λ− Ẽh)

−2xhdλ+
eλt

t
(λ− Ẽh)

−1xh |σ+i∞
σ−i∞.

❇✉$

eλt

t
(λ− Ẽh)

−1xh|σ+i∞
σ−i∞ = 0 1✐♥❝❡ ❛❝❝♦&❞✐♥❣ $♦ ▲❡♠♠❛ 2.1 ♦❢ ❬✻✾❪✱ ✉♥❞❡& ❝♦♥❞✐$✐♦♥

✭✐✐✮✱ ✇❡ ❤❛✈❡ ‖R(λ, Ẽh)xh‖ → 0 ❛1 |λ| → +∞ ✇❤❡♥❡✈❡& Reλ > 0. ❚❤❡&❡❢♦&❡✱

〈Sh(t)xh, yh〉Yh,Yh
=

〈
1

2πit

∫ σ+i∞

σ−i∞
eλt(λ− Ẽh)

−2xhdλ, yh

〉

Yh,Yh

=
1

2πit

∫ σ+i∞

σ−i∞
eλt

〈
(λ− Ẽh)

−2xh, yh

〉
Yh,Yh

dλ.

▲❡$ λ = 1
t
+ iη ✇✐$❤ η ∈ R✳ ❚❤❡♥

〈Sh(t)xh, yh〉Yh,Yh
=

e

2πt

∫

R

eiηt
〈
R2(

1

t
+ iη, Ẽh)xh, yh

〉

Yh,Yh

dη.

❍ö❧❞❡&✬1 ✐♥❡H✉❛❧✐$② ②✐❡❧❞1

| 〈Sh(t)xh, yh〉Yh,Yh
| =

∣∣∣∣∣
e

2πt

∫

R

eiηt
〈
R(

1

t
+ iη, Ẽh)xh, R(

1

t
+ iη, Ẽ∗

h)yh

〉

Yh,Yh

dη

∣∣∣∣∣

≤ e

2πt

(∫

R

‖R(1
t
+ iη, Ẽh)xh‖2dη

) 1
2
(∫

R

‖R(1
t
+ iη, Ẽ∗

h)yh‖2dη
) 1

2

≤ c‖xh‖‖yh‖.
❚❤❡&❡❢♦&❡

‖Sh(t)‖ ≤ c, ∀h ∈ (0, h∗).

❇❡❢♦&❡ ✇❡ ❣✐✈❡ $❤❡ ♥❡❝❡11❛&② ❛♥❞ 1✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥1 $♦ ❣❡$ $❤❡ ✉♥✐❢♦&♠ ♣♦❧②✲

♥♦♠✐❛❧ 1$❛❜✐❧✐$② ♦❢ $❤❡ ❞✐1❝&❡$✐③❡❞ ♣&♦❜❧❡♠✱ ✇❡ &❡❝❛❧❧ ❚❤❡♦&❡♠ ■■✳✺✳✸✹ ♦❢ ❬✷✹❪ ❛❜♦✉$

$❤❡ ♠♦♠❡♥$ ✐♥❡H✉❛❧✐$②✳

✼✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤❡♦$❡♠ ✷✳✼✳✽✳ ▲❡" E ❜❡ "❤❡ ❣❡♥❡'❛"♦' ♦❢ ❛ +"'♦♥❣❧② ❝♦♥"✐♥✉♦✉+ +❡♠✐❣'♦✉♣ ❛♥❞

❧❡" α < β < γ✳ ❚❤❡♥ "❤❡'❡ ❡①✐+"+ ❛ ❝♦♥+"❛♥" L = L(α, β, γ) +✉❝❤ "❤❛"✱ ❢♦' ❡✈❡'②

x ∈ D(Eγ)✱ ✇❡ ❤❛✈❡

∥∥Eβx
∥∥ ≤ L ‖Eαx‖

γ−β
γ−α ‖Eγx‖

β−α
γ−α . ✭✷✳✼✳✶✸✮

◆♦✇✱ ✇❡ ❞✐1♣❧❛② $❤❡ ♠❛✐♥ $❤❡♦&❡♠ ✇❤✐❝❤ ❧❡❛❞1 $♦ $❤❡ ✉♥✐❢♦&♠ ♣♦❧②♥♦♠✐❛❧ 1$❛✲

❜✐❧✐$② ♦❢ $❤❡ ❞✐1❝&❡$✐③❡❞ ♣&♦❜❧❡♠ ✭✷✳✹✳✾✮✳

❚❤❡♦$❡♠ ✷✳✼✳✾✳ ▲❡" (Th(t)) t≥0

h∈(0,h∗)
❜❡ ❛ ❢❛♠✐❧② ♦❢ ✉♥✐❢♦'♠❧② ❜♦✉♥❞❡❞ C0 +❡♠✐❣'♦✉♣+

♦♥ "❤❡ ❛++♦❝✐❛"❡❞ ❍✐❧❜❡'" +♣❛❝❡+ (Xh)h∈(0,h∗) ❛♥❞ ❧❡" (Ãh)h∈(0,h∗) ❜❡ "❤❡ ❝♦''❡+♣♦♥❞✐♥❣

✐♥✜♥✐"❡+✐♠❛❧ ❣❡♥❡'❛"♦'+ +✉❝❤ "❤❛" ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ❛'❡ +❛"✐+✜❡❞✳ ❚❤❡♥ ❢♦' ❛ ✜①❡❞

α > 0✱ "❤❡ ❢♦❧❧♦✇✐♥❣ +"❛"❡♠❡♥"+ ❛'❡ ❡A✉✐✈❛❧❡♥" ✿

✭✐✮

sup
h∈(0,h∗)

‖R(is, Ãh)‖ = O(|s|α), |s| → ∞

✭✐✐✮

sup
h∈(0,h∗)

‖Th(t)Ã−α
h ‖ = O(t−1), t→ +∞

✭✐✐✐✮

sup
h∈(0,h∗)

‖Th(t)Ã−1
h ‖ = O(t

−1
α ), t→ +∞.

.$♦♦❢✿ ❲❡ ❜❡❣✐♥ $♦ ♣&♦✈❡ (ii) ⇔ (iii).❲❡ ❛❞❛♣$ $❤❡ ♣&♦♦❢ ❢♦✉♥❞ ✐♥ F&♦♣♦1✐$✐♦♥ ✸✳✶

♦❢ ❬✶✺❪ ✇✐$❤♦✉$ $❤❡ ❞✐1❝&❡$✐③❛$✐♦♥ ♣❛&❛♠❡$❡& h✳ ●✐✈❡♥ ✭✐✐✮✱ ✇❡ ❤❛✈❡

‖Th(t)Ã−αn
h ‖ =

∥∥∥∥
[
Th

(
t

n

)
Ã−α

h

]n∥∥∥∥ ≤ c
(n
t

)n

≤ c(n)t−n, ∀n ∈ N∗, h ∈ (0, h∗), t→ +∞.

❆❝❝♦&❞✐♥❣ $♦ $❤❡ ♠♦♠❡♥$ ✐♥❡L✉❛❧✐$② ✭✷✳✼✳✶✸✮✱ ✇❡ &❡♠❛&❦ $❤❛$ $❤❡&❡ ❡①✐1$1 ❛ ♣♦1✐$✐✈❡

✼✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❝♦♥1$❛♥$ L ✐♥❞❡♣❡♥❞❡♥$ ♦❢ ❤ 1✉❝❤ $❤❛$✱ ❢♦& ❛❧❧ ν ∈ (0, 1)✱ ✇❡ ❤❛✈❡

∥∥∥Th(t)Ã−αnν
h xh

∥∥∥ =
∥∥∥Ãαn(1−ν)

h Th(t)Ã
−αn
h xh

∥∥∥

=
∥∥∥Ãβ1

h Ã
αn(1−ν)−β1

h Th(t)Ã
−αn
h xh

∥∥∥

≤ L
∥∥∥Ãα1

h yh

∥∥∥
γ1−β1
γ1−α1

∥∥∥Ãγ1
h yh

∥∥∥
β1−α1
γ1−α1

≤ L
∥∥∥Ãα1+αn(1−ν)−β1

h Th(t)Ã
−αn
h xh

∥∥∥
ν

∥∥∥Ãγ1+αn(1−ν)−β1

h Th(t)Ã
−αn
h xh

∥∥∥
1−ν

,

✇❤❡&❡ yh = Ã
αn(1−ν)−β1

h Th(t)Ã
−αn
h xh✳ ◆♦✇✱ ✇❡ ❝❤♦♦1❡ α1, β1, ❛♥❞ γ1 1✉❝❤ $❤❛$





γ1 − β1 + αn(1− ν) = αn

α1 + αn(1− ν)− β1 = 0;

✐✳❡✳✱ 



α1 = β1 − αn(1− ν) < β1

γ1 = β1 + αnν > β1.

❚❤❡&❡❢♦&❡✱ 



γ1 − α1 = αn

γ1 − β1 = αnν.

❋✐♥❛❧❧②✱ ✇❡ ❣❡$

∥∥∥Th(t)Ã−αnν
h xh

∥∥∥ ≤ L
∥∥∥Ãαn

h Th(t)Ã
−αn
h xh

∥∥∥
1−ν ∥∥∥Th(t)Ã−αn

h xh

∥∥∥
ν

≤ LM1−νcν(n)t−nν‖xh‖, ∀ν ∈ (0, 1).

❈❤♦♦1❡ ν =
1

αn
✇✐$❤ n >

1

α
$♦ ❣❡$

‖Th(t)Ã−1
h ‖ ≤ ct−

1
α .

✼✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❈♦♥✈❡&1❡❧②✱ ❛11✉♠❡ $❤❛$ (iii) ❤♦❧❞1✳ ❚❤❡♥

‖Th(t)Ã−n
h ‖ = ‖[Th

(
t

n

)
Ã−1

h ]n‖ ≤ c

(
t

n

)−n
α

≤ cn
n
α t−

n
α , ∀n ∈ N∗.

❚❤❡&❡❢♦&❡✱

‖Th(t)Ã−nν
h ‖ ≤ c‖Ãn

hTh(t)Ã
−n
h ‖1−ν‖Th(t)Ã−n

h ‖ν

≤ cM1−νc(n)νt−
nν
α , ∀ν ∈ (0, 1).

❚❛❦❡ ν =
α

n
✇✐$❤ n > α $♦ ❣❡$

sup
h∈(0,h∗)

‖Th(t)Ã−α
h ‖ = O

(
t−1

)
.

◆♦✇✱ ✇❡ ♣&♦✈❡ $❤❡ ✐♠♣❧✐❝❛$✐♦♥ (iii) ⇒ (i) ✭❢♦& $❤❡ ❝♦♥$✐♥✉♦✉1 ❝❛1❡✱ 1❡❡ ❬✶✻❪✮✳

●✐✈❡♥ ✭✐✐✐✮✱ ❞❡✜♥❡

m1(t) = sup
h∈(0,h∗)

s≥t

‖Th(s)Ã−1
h ‖.

◆♦$✐❝❡ $❤❛$ m1(t) ✐1 ♥♦♥ ✐♥❝&❡❛1✐♥❣✳ ▲❡$ u0h ∈ D(Ãh)✱ f0h = (−Ãh + iτ)u0h, τ ∈ R✱

❛♥❞ ❧❡$ vh(t) = eitτu0h✳ ❲❡ ❤❛✈❡





∂tvh − Ãhvh = iτeitτu0h − Ãh(e
itτu0h) = eitτf0h

vh(0) = u0h.

❇② $❤❡ ❉✉❤❛♠❡❧ ❢♦&♠✉❧❛✱

vh = etÃhu0h +

∫ t

0

e(t−s)Ãheiτsf0hds.

❇② $❤❡ ❜♦✉♥❞❡❞♥❡11 ♦❢ $❤❡ 1❡♠✐❣&♦✉♣ (Th(t)) ❛♥❞ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ m1✱ ✇❡ ❤❛✈❡

‖u0h‖ = ‖vh(t)‖ ≤ ‖Th(t)Ã−1
h Ãhu0h‖+ c t‖f0h‖

≤ m1(t)‖Ãhu0h‖+ c t‖f0h‖
≤ m1(t)(‖f0h‖+ |τ |‖u0h‖) + c t‖f0h‖.

✼✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❆♣♣❧② $❤❡ ❛❜♦✈❡ ✐♥❡5✉❛❧✐$② ✇✐$❤ t = G(|τ |) ✇❤❡&❡

G(ξ) =





m−1
1r

(
1

2(ξ + 1)

)
if ξ > 0 ❛♥❞

1

2(ξ + 1)
≤ m1(0),

0 if ξ > 0 ❛♥❞
1

2(ξ + 1)
> m1(0),

✇❤❡&❡ m−1
1r ✐1 $❤❡ &✐❣❤$ ✐♥✈❡&1❡ ♦❢ m1✳ ❚❤❡&❡❢♦&❡✱

m1(t)|τ | = m1(G(|τ |))|τ | ≤
|τ |

2(|τ |+ 1)
≤ 1

2
.

❍❡♥❝❡✱

1
2
‖u0h‖ ≤ m1(G(|τ |))‖f0h‖+ c G(|τ |)‖f0h‖

≤ ‖f0h‖
2(|τ |+ 1)

+ c G(|τ |)‖f0h‖

≤ (1
2
+ c G(|τ |))‖f0h‖.

❈♦♥1❡5✉❡♥$❧②✱

‖(iτ − Ãh)
−1‖ ≤ 1 + 2c G(|τ |),

✐✳❡✳✱

sup
h∈(0,h∗)

‖(iτ − Ãh)
−1‖ ≤ 1 + 2c G(|τ |).

❙✐♥❝❡✱ ❜② (iii)✱

sup
h∈(0,h∗)

‖Th(t)Ã−1
h ‖ ≤Mt

−1
α , t→ +∞,

$❤❡♥✱ ❛1 m1 ✐1 ♥♦♥✲✐♥❝&❡❛1✐♥❣✱ ✇❡ ❣❡$

m1(t) ≤Mt
−1
α , t→ +∞.

❇❡1✐❞❡1✱ ❛1 $❤❡ ✐♥✈❡&1❡ ♦❢ t
−1
α
✐1 t−α

✱ $❤❡♥

G(ξ) ≤ m−1
1r

(
1

2(ξ + 1)

)
≤ C

(
1

2(ξ + 1)

)−α

= C(2(ξ + 1))α ≤ cξα, ξ → +∞.

❋✐♥❛❧❧②✱ ✇❡ ❣❡$

sup
h∈(0,h∗)

‖(iτ − Ãh)
−1‖ ≤ 1 + 2c|τ |α ≤ c|τ |α, |τ | → +∞.

✼✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

■$ &❡♠❛✐♥1 $♦ ♣&♦✈❡ $❤❛$ (i) ⇒ (ii)✳ ❋♦& $❤✐1 ❛✐♠✱ ❢♦& ❛❧❧ h ∈ (0, h∗)✱ ❧❡$ Xh =

Xh ×Xh ❛♥❞ ❝♦♥1✐❞❡& $❤❡ ♦♣❡&❛$♦& Ãh ❣✐✈❡♥ ❜② $❤❡ ♦♣❡&❛$♦& ♠❛$&✐①

Ãh =


 Ãh Ã−α

h

0 Ãh


 ,

✇❤❡&❡ D(Ãh) = D(Ãh)×D(Ãh). ❋♦& ❛❧❧ h ∈ (0, h∗) ❛♥❞ ❛❧❧ λh ∈ ρ(Ãh)✱ ✇❡ ❤❛✈❡

R(λh, Ãh) =


 R(λh, Ãh) R2(λh, Ãh)Ã

−α
h

0 R(λh, Ãh)


 .

■♥❞❡❡❞✱

R(λh, Ãh)(λh − Ãh) = (λh − Ãh)R(λh, Ãh) =


 Ih 0

0 Ih


 .

❚❤❡&❡❢♦&❡✱ ρ(Ãh) = ρ(Ãh) ❛♥❞ ❢♦& ❛❧❧ h ∈ (0, h∗), $❤❡ ♦♣❡&❛$♦& Ãh ✐1 $❤❡ ❣❡♥❡&❛$♦&

♦❢ $❤❡ C0 1❡♠✐❣&♦✉♣ (Th(t))t≥0 ♦♥ Xh ❞❡✜♥❡❞ ❜②

Th(t) =


 Th(t) tTh(t)Ã

−α
h

0 Th(t)


 .

■♥ ❢❛❝$✱

T̂h(t) =


 T̂h(t) t̂Th(t)Ã

−α
h

0 T̂h(t)




=


 R(λh, Ãh) R2(λh, Ãh)Ã

−α
h

0 R(λh, Ãh)




= R(λh, Ãh),

✇❤❡&❡ T̂h(t) ✐1 $❤❡ ▲❛♣❧❛❝❡ $&❛♥1❢♦&♠ ♦❢ Th(t)✳ ❙✐♥❝❡ ❢♦& ❛❧❧ h ∈ (0, h∗) ✇❡ ❤❛✈❡

‖R(is, Ãh)‖ = O(|s|α), ❛1 |s| → +∞,

✼✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

$❤❡♥ ❜② ▲❡♠♠❛ ✷✳✼✳✻ ✇❡ ❣❡$

sup
h∈(0,h∗)

Reλ>0

‖R(λ, Ãh)Ã
−α
h ‖ ≤ c.

❍❡♥❝❡✱ ❢♦& ❛❧❧ xh = (x1h, x2h) ∈ Xh✱ ❛♥❞ Reλh > 0, ✇❡ ❤❛✈❡

‖R(λh, Ãh)xh‖2 =

∥∥∥∥∥∥


 R(λh, Ãh)x1h +R2(λh, Ãh)Ã

−α
h x2h

R(λh, Ãh)x2h



∥∥∥∥∥∥

2

≤ c
(
‖R(λh, Ãh)x1h‖2 + ‖R(λh, Ãh)x2h‖2

)
.

❙✐♠✐❧❛&❧②✱ ✇❡ ❤❛✈❡

‖R(λh, Ã∗
h
)xh‖2 ≤ c(‖R(λh, Ã∗

h)x1h‖2 + ‖R(λh, Ã∗
h)x2h‖2).

■♥❞❡❡❞✱ ✇❡ ❤❛✈❡

Ã
∗
h
=


 Ã∗

h (Ã∗
h)

−α

0 Ã∗
h


 .

■♥ ♦&❞❡& $♦ ❣❡$

sup
h∈(0,h∗)

Reλ>0

‖R(λ, Ã∗
h)(Ã

∗
h)

−α‖ ≤ c,

✇❡ ♠✉1$ ❤❛✈❡ ❛$ ❧❡❛1$

‖R(is, Ã∗
h)‖ = O(|s|α), ❛1 |s| → +∞.

❆❝$✉❛❧❧②✱ ✇❡ ❤❛✈❡

R(is, Ã∗
h) = [(is− Ã∗

h)]
−1 = [(is− Ãh)

∗]−1 = R(is, Ãh)
∗.

❚❤❡&❡❢♦&❡✱ ✇❡ ❣❡$

‖R(is, Ã∗
h)‖ ≤ ‖R(is, Ãh)‖ = O(|s|α), ❛1 |s| → +∞.

✼✼
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◆♦✇✱ ❜② ▲❡♠♠❛ ✷✳✼✳✼✱ 1✐♥❝❡ ❢♦& ❛❧❧ h ∈ (0, h∗)✱ Th(t) ✐1 ❛ ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ❢❛♠✐❧②

♦❢ C0 1❡♠✐❣&♦✉♣1✱ ✇❡ ❣❡$

sup
ξ>0

h∈(0,h∗)

ξ

∫

R

(‖R(ξ + iη, Ãh)xh‖2) + (‖R(ξ + iη, Ã∗
h)xh‖2)dη <∞, ∀xh ∈ Xh.

❍❡♥❝❡✱

sup
ξ>0

h∈(0,h∗)

ξ

∫

R

(‖R(ξ + iη, Ãh)xh‖2) + (‖R(ξ + iη, Ã∗
h
)xh‖2)dη <∞, ∀xh ∈ Xh.

❚❤❡&❡❢♦&❡✱ (Th(t)) t≥0

h∈(0,h∗)
✐1 ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ♦✈❡& (Xh)h∈(0,h∗) ❜② ▲❡♠♠❛ ✷✳✼✳✼✳

❙✐♥❝❡ (Th(t)) t≥0

h∈(0,h∗)
✐1 ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ♦✈❡& (Xh)h∈(0,h∗)✱ $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ Th(t)

✐♠♣❧✐❡1 $❤❛$

sup
t≥0

h∈(0,h∗)

‖tTh(t)Ã−α
h ‖ < +∞.

✷✳✽ #$❡❧✐♠✐♥❛$② ❧❡♠♠❛,

■♥ $❤✐1 1❡❝$✐♦♥✱ ✇❡ ♣&♦✈❡ $❤❛$ $❤❡ ❢❛♠✐❧② (Ãl,h)h∈(0,h∗) ❞❡✜♥❡❞ ✐♥ ✭✷✳✺✳✶✮ 1❛$✐1✜❡1

❝♦♥❞✐$✐♦♥ ✐✮ ✐♥ ❚❤❡♦&❡♠ ✷✳✼✳✶ ❛♥❞ $❤❡ ♣&♦♣❡&$✐❡1 ✭✷✳✼✳✶✮ ❛♥❞ ✭✷✳✼✳✷✮ ♦❢ ❙✉❜1❡❝$✐♦♥

✷✳✼✳✷✳ ❈♦♥❞✐$✐♦♥ ✐✮ ✐♥ ❚❤❡♦&❡♠ ✷✳✼✳✶ ♦& ✭✷✳✼✳✶✮ ✐♥ ❙✉❜1❡❝$✐♦♥ ✷✳✼✳✷ ✐1 1❛$✐1✜❡❞ ❞✉❡ $♦

$❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✿

▲❡♠♠❛ ✷✳✽✳✶✳ ❚❤❡ #♣❡❝&'✉♠ ♦❢ &❤❡ ♦♣❡'❛&♦' Ãl,h ❝♦♥&❛✐♥# ♥♦ ♣♦✐♥& ♦♥ &❤❡ ✐♠❛❣✐♥❛'②

❛①✐#✳

()♦♦❢✿ ❙✉♣♣♦1❡ $❤❛$


 ϕh

ψh


 ∈ Xh ❛♥❞ ω ∈ R ❛&❡ 1✉❝❤ $❤❛$

Ãl,h


 ϕh

ψh


 = iω


 ϕh

ψh


 .

✼✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤❡♥✱ ❜② ✉1✐♥❣ $❤❡ ❞❡✜♥✐$✐♦♥ ✭✷✳✺✳✶✮ ♦❢ Ãl,h, ✇❡ ❤❛✈❡




ψh = iω(1 + hθ)(I + hθA
l
2
h )

−1ϕh

−(1 + hθ)−1(I + hθA
l
2
h )Ahϕh − iω(1 + hθ)(hθA

1+ l
2

h +BhB
∗
h)(I + hθA

l
2
h )

−1ϕh

= −ω2(1 + hθ)(I + hθA
l
2
h )

−1ϕh.

✭✷✳✽✳✶✮

▲❡$ χh = (1 + hθ)(I + hθA
l
2
h )

−1ϕh $❤❡♥ $❤❡ 1❡❝♦♥❞ &❡❧❛$✐♦♥ ♦❢ ✭✷✳✽✳✶✮ ❜❡❝♦♠❡1

(1 + hθ)−2(I + hθA
l
2
h )

2Ahχh + iω(hθA
1+ l

2
h +BhB

∗
h)χh = ω2χh. ✭✷✳✽✳✷✮

■❢ ω = 0✱ $❤❡♥ $❛❦✐♥❣ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ♦❢ ✭✷✳✽✳✷✮ ✇✐$❤ χh ∈ Vh✱ ✇❡ ❣❡$ (I +

hθA
l
2
h )A

1
2
hχh = 0 ❛♥❞ ❤❡♥❝❡ χh = 0 ✇❤✐❝❤ ✐♠♣❧✐❡1 ❜② $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ χh $❤❛$

ϕh = ψh = 0✳

■$ $❤❡♥ &❡♠❛✐♥1 $♦ ❝♦♥1✐❞❡& $❤❡ ❝❛1❡ ω 6= 0✳ ■♥ $❤❛$ ❝❛1❡✱ ✇❡ $❛❦❡ $❤❡ ✐♠❛❣✐♥❛&②

♣❛&$ ♦❢ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ✭✐♥ H✮ ♦❢ ✭✷✳✽✳✷✮ ✇✐$❤ χh ∈ Vh $♦ ♦❜$❛✐♥

0 = ωhθ
(
A

1+ l
2

h χh, χh

)
+ ω (BhB

∗
hχh, χh)

= ωhθ
(
A

1
2
+ l

4
h χh, A

1
2
+ l

4
h χh

)
+ ω (B∗

hχh, B
∗
hχh)U ,

$❤❛$ ✐1 $♦ 1❛②

hθ
∥∥∥A

1
2
+ l

4
h χh

∥∥∥
2

+ ‖B∗
hχh‖2U = 0.

❚❤✐1 ❧❡❛❞1 $♦ χh = 0✱ ❛♥❞ ❤❡♥❝❡ ϕh = ψh = 0.

❖✉& ♠❛✐♥ ❣♦❛❧ ✐1 $♦ ♣&♦✈❡ ❝♦♥❞✐$✐♦♥ ✐✐✮ ♦❢ ❚❤❡♦&❡♠ ✷✳✼✳✶ ✐♥ $❤❡ ❝❛1❡ l = 0 ❛♥❞

❝♦♥❞✐$✐♦♥ ✐✮ ♦❢ ❚❤❡♦&❡♠ ✷✳✼✳✾ ❛1 ✇❡❧❧ ❛1 ✭✷✳✼✳✷✮ ✐♥ $❤❡ ❝❛1❡ l ≥ 2 ❛♥❞ α = 2l✳ ■♥ $❤❛$

❧❛1$ ❝❛1❡ ✭l ≥ 2✮✱ $❤❡1❡ $✇♦ ❝♦♥❞✐$✐♦♥1 ❛&❡ ❡H✉✐✈❛❧❡♥$ $♦

sup
h∈(0,h∗), s∈R

(1 + |s|2l)−1‖R(is, Ãl,h)‖L(Xh) <∞. ✭✷✳✽✳✸✮

❚♦ ♣&♦✈❡ $❤✐1 ❛❜♦✈❡ ♣&♦♣❡&$②✱ ✇❡ ✉1❡ ❛ ❝♦♥$&❛❞✐❝$✐♦♥ ❛&❣✉♠❡♥$✳ ▼♦&❡ ♣&❡❝✐1❡❧②✱ ✇❡

✇✐❧❧ ❛11✉♠❡ $❤❛$✱ ❢♦& ❛❧❧ n ∈ N, $❤❡&❡ ❡①✐1$ hn ∈ (0, h∗), ωn ∈ R ❛♥❞ zn =


 ϕn

ψn


 ∈

✼✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

Xhn
1✉❝❤ $❤❛$

‖zn‖2Xhn
= a(ϕn, ϕn) + ‖ψn‖2 = 1, ∀n ∈ N, ✭✷✳✽✳✹✮

❛♥❞

(1 + |ωn|2l)
∥∥∥iωnzn − Ãl,hn

zn

∥∥∥
Xhn

→ 0, ❛1 n→ ∞, ✭✷✳✽✳✺✮

✇❤❡&❡ l = 0 ✐♥ $❤❡ 1❡$$✐♥❣ ♦❢ ❚❤❡♦&❡♠ ✷✳✼✳✶✳

▲❡♠♠❛ ✷✳✽✳✷✳ ❆!!✉♠❡ %❤❛% %❤❡ !❡(✉❡♥❝❡! (hn), (ωn), (zn) !❛%✐!❢② ✭✷✳✽✳✹✮ ❛♥❞ ✭✷✳✽✳✺✮✳

❚❤❡♥✱ ✇❡ ❤❛✈❡

(1 + |ωn|2l)(hθnal(ψn, ψn) +
∥∥B∗

hn
ψn

∥∥2

U
) → 0, ❛! n→ ∞ ✭✷✳✽✳✻✮

❛♥❞

lim
n→∞

a(ϕn, ϕn) = lim
n→∞

‖ψn‖2 =
1

2
. ✭✷✳✽✳✼✮

'(♦♦❢✿❋♦& ✭✷✳✽✳✻✮✱ ✇❡ $❛❦❡ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ✐♥ Xhn
♦❢ iωnzn − Ãl,hn

zn ✇✐$❤ zn ❛♥❞

$❛❦❡ $❤❡ &❡❛❧ ♣❛&$✳ ❲❡ ♦❜$❛✐♥

ℜ
(
iωnzn − Ãl,hn

zn, zn

)
Xhn

= −ℜ




 (1 + hθn)

−1(I + hθnA
l
2
hn
)ψn

−(1 + hθn)
−1(I + hθnA

l
2
hn
)Ahn

ϕn − hθnA
1+ l

2
hn

ψn − Bhn
B∗

hn
ψn


 ,


 ϕn

ψn






Xhn

= ℜ
(
−(1 + hθn)

−1
(
(I + hθnA

l
2
h )Ahn

ψn, ϕn

)
+ (1 + hθn)

−1
(
(I + hθnA

l
2
hn
)Ahn

ϕn, ψn)
)

+(hθnA
1+ l

2
hn

ψn +Bhn
B∗

hn
ψn, ψn)

)

= (hθnA
1+ l

2
hn

ψn +Bhn
B∗

hn
ψn, ψn).

❚❤❡♥

(1 + |ωn|2l)ℜ
(
iωnzn − Ãl,hn

zn, zn

)
Xhn

= (1 + |ωn|2l)(hθnal(ψn, ψn) +
∥∥B∗

hn
ψn

∥∥2

U
) → 0 ❜② ✭✷✳✽✳✺✮✳

■♥ ♦&❞❡& $♦ ♣&♦✈❡ ✭✷✳✽✳✼✮✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ ♦♣❡&❛$♦&

A1hn
= (1 + hθn)

−1(I + hθnA
l
2
hn
)


 0 I

−Ahn
0


 . ✭✷✳✽✳✽✮

✽✵
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❲❡ ❤❛✈❡

Ãl,hn


 ϕn

ψn


 = A1hn


 ϕn

ψn


−


 0

hθnA
1+ l

2
hn

ψn +Bhn
B∗

hn
ψn


 , ∀


 ϕn

ψn


 ∈ Xhn

.

❲❡ $❛❦❡ $❤❡ ♥♦&♠ ‖.‖Xhn
♦❢ iωnzn − A1hn

zn +


 0

hθnA
1+ l

2
hn

ψn



$♦ ♦❜$❛✐♥

(1 + |ωn|2l)

∥∥∥∥∥∥
iωnzn − A1hn

zn +


 0

hθnA
1+ l

2
hn

ψn



∥∥∥∥∥∥

2

Xhn

= (1 + |ωn|2l)

∥∥∥∥∥∥
iωnzn − Ãl,hn

zn −


 0

Bhn
B∗

hn
ψn



∥∥∥∥∥∥

2

Xhn

≤ 2(1 + |ωn|2l)(
∥∥∥iωnzn − Ãl,hn

zn

∥∥∥
2

Xhn

+
∥∥Bhn

B∗
hn
ψn

∥∥2
)

≤ C(1 + |ωn|2l)(
∥∥∥iωnzn − Ãl,hn

zn

∥∥∥
2

Xhn

+
∥∥B∗

hn
ψn

∥∥2

U
) → 0,

❜② ✭✷✳✽✳✺✮ ❛♥❞ ✭✷✳✽✳✻✮✳ ❚❤❡&❡❢♦&❡

(1 + |ωn|2l)

∥∥∥∥∥∥
iωnzn − A1hn

zn +


 0

hθnA
1+ l

2
hn

ψn



∥∥∥∥∥∥

2

Xhn

→ 0. ✭✷✳✽✳✾✮

❲❡ ❝❛♥ ♥♦✇ ♣&♦✈❡ ✭✷✳✽✳✼✮✳ ❇② ▲❡♠♠❛ ✷✳✽✳✸ ❜❡❧♦✇✱ $❤❡&❡ ❡①✐1$1 n0 ∈ N 1✉❝❤ $❤❛$

$❤❡ 1❡G✉❡♥❝❡ (|ωn|)n≥n0 ✐1 ❜♦✉♥❞❡❞ ❛✇❛② ❢&♦♠ ③❡&♦✳ ❍❡♥❝❡✱ ✇❡ ♠❛② ✇&✐$❡

ℑ


iωnzn − A1hn

zn +


 0

hθnA
1+ l

2
hn

ψn


 , 1

ωn


 ϕn

−ψn






Xhn

=




 ϕn

ψn


 ,


 ϕn

−ψn






Xhn

= a(ϕn, ϕn)− ‖ψn‖2Vhn

❛♥❞ 1♦✱ ❜② ✭✷✳✽✳✾✮ ❛♥❞ ✭✷✳✽✳✹✮✱ ✇❡ ❤❛✈❡

lim
n→∞

(a(ϕn, ϕn)− ‖ψn‖2Vhn
) = 0.

✽✶
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❚❤✐1 &❡❧❛$✐♦♥ ❛♥❞ ✭✷✳✽✳✹✮ ❧❡❛❞ $♦ ✭✷✳✽✳✼✮✳

▲❡♠♠❛ ✷✳✽✳✸✳ ❆!!✉♠❡ %❤❛% ✭✷✳✽✳✹✮ ❛♥❞ ✭✷✳✽✳✺✮ ❤♦❧❞✳ ❚❤❡♥ %❤❡4❡ ❡①✐!%! n0 ∈ N !✉❝❤

%❤❛% %❤❡ !❡8✉❡♥❝❡ (|ωn|)n≥n0 ✐! ✉♥✐❢♦4♠❧② ❜♦✉♥❞❡❞ ❛✇❛② ❢4♦♠ ③❡4♦✳

()♦♦❢✿ ❇② ❛ ❝♦♥$&❛❞✐❝$✐♦♥ ❛&❣✉♠❡♥$✱ ✇❡ 1❤♦✇ $❤❛$ $❤❡ 1❡A✉❡♥❝❡ (ωn)n ❝♦♥$❛✐♥1 ♥♦

1✉❜1❡A✉❡♥❝❡ ❝♦♥✈❡&❣✐♥❣ $♦ ③❡&♦✳ ◆❛♠❡❧② 1✉♣♣♦1❡ $❤❛$ 1✉❝❤ ❛ 1✉❜1❡A✉❡♥❝❡ ❡①✐1$1✳ ❋♦&

$❤❡ 1❛❦❡ ♦❢ 1✐♠♣❧✐❝✐$②✱ ✇❡ 1$✐❧❧ ❞❡♥♦$❡ ✐$ ❜② (ωn)n. ❍❡♥❝❡ ✭✷✳✽✳✾✮ ✐♠♣❧✐❡1 $❤❛$

−A1hn
zn +


 0

hθnA
1+ l

2
hn

ψn


 =


 −(1 + hθn)

−1(I + hθnA
l
2
hn
)ψn

(1 + hθn)
−1(I + hθnA

l
2
hn
)Ahn

ϕn + hθnA
1+ l

2
hn

ψn




→ 0 ✐♥ Xhn
.

✭✷✳✽✳✶✵✮

❚❛❦✐♥❣ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ♦❢ ✜&1$ ❝♦♠♣♦♥❡♥$ ✐♥ ✭✷✳✽✳✶✵✮ ✇✐$❤ ψn✱ ✇❡ ❣❡$

(1 + hθn)
−1a

(
(I + hθnA

l
2
hn
)ψn, ψn

)
= (1 + hθn)

−1
(
a(ψn, ψn) + hθna

l(ψn, ψn)
)
→ 0.

❆1 hn ≤ h∗✱ $❤❡♥✱ ❜② ✭✷✳✽✳✻✮✱ ✇❡ ❣❡$

∥∥∥A
1
2
hn
ψn

∥∥∥
2

= a(ψn, ψn) → 0. ✭✷✳✽✳✶✶✮

❚❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤❡ ✜&1$ ❝♦♠♣♦♥❡♥$ ✐♥ ✭✷✳✽✳✶✵✮ ✐♠♣❧✐❡1 $❤❛$

∥∥∥A
1
2
hn
(I + hθnA

l
2
hn
)ψn

∥∥∥
2

→ 0.

❚❤❡&❡❢♦&❡✱ ✭✷✳✽✳✶✶✮ ②✐❡❧❞1

hθnA
(1+l)

2
hn

ψn → 0 ✐♥ H. ✭✷✳✽✳✶✷✮

❚❤❡ 1❡❝♦♥❞ ❝♦♠♣♦♥❡♥$ ✐♥ ✭✷✳✽✳✶✵✮ ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ α‖x‖2 ≤ ‖A
1
2
hx‖2 = a(x, x) ❢♦&

❛❧❧ x ∈ Vh ✐♠♣❧② $❤❛$

(1 + hθn)
−1(I + hθnA

l
2
hn
)A

1
2
hn
ϕn + hθnA

1+l
2

hn
ψn → 0 ✐♥ H,

✽✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇❤✐❝❤✱ ❜② ✭✷✳✽✳✶✷✮✱ ②✐❡❧❞1

(1 + hθn)
−1(I + hθnA

l
2
hn
)A

1
2
hn
ϕn → 0 ✐♥ H.

❚❤✉1✱ ❛1 hn ≤ h∗✱ ✇❡ ❣❡$

a(ϕn, ϕn) → 0.

❚❤✐1 ❛❜♦✈❡ &❡❧❛$✐♦♥ ❛♥❞ ✭✷✳✽✳✶✶✮ ❝♦♥$&❛❞✐❝$ ✭✷✳✽✳✹✮✳

❆❝❝♦&❞✐♥❣ $♦ $❤❡ ❛❜♦✈❡ ❧❡♠♠❛✱ ✇❡ ♥♦$❡ $❤❛$ $❤❡ ❝♦❡✣❝✐❡♥$ 1 + |ωn|2l ❜❡❝♦♠❡1
❡C✉✐✈❛❧❡♥$ $♦ |ωn|2l✳ ◆♦✇✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ ♦♣❡&❛$♦& D1hn

❞❡✜♥❡❞ ❜②

D1hn
=


 0 I

−Ahn
0


 .

◆♦$❡ $❤❛$ A1hn
= (1 + hθn)

−1(I + hθnA
l
2
hn
)D1hn

✳ ❲❡ $❤❡♥ ✉1❡ $❤❡ ❢♦❧❧♦✇✐♥❣ 1♣❡❝$&❛❧

❜❛1✐1 ♦❢ $❤❡ ♦♣❡&❛$♦& D1hn
✳ ◆❛♠❡❧②✱ ✇❡ ❡①$❡♥❞ $❤❡ ❞❡✜♥✐$✐♦♥1 ♦❢ λk, hn

❛♥❞ ♦❢ ϕk, hn

❢♦& k ∈ {−1, ...,−N(hn)} ❜② 1❡$$✐♥❣ λk, hn
= −λ−k, hn

❛♥❞ ϕk, hn
= ϕ−k, hn

. ❚❤❡♥ ❛♥

♦&$❤♦♥♦&♠❛❧ ❜❛1✐1 ♦❢ Xhn
❢♦&♠❡❞ ❜② $❤❡ ❡✐❣❡♥✈❡❝$♦&1 ♦❢ D1hn

✐1 ❣✐✈❡♥ ❜②

Ψk, hn
=

1√
2


 − i

λk, hn
ϕk, hn

ϕk, hn


 , 0 < |k| ≤ N(hn), ✭✷✳✽✳✶✸✮

♦❢ ❛11♦❝✐❛$❡❞ ❡✐❣❡♥✈❛❧✉❡ iλk, hn
✱ $❤❛$ ✐1 $♦ 1❛②

D1hn
Ψk, hn

= iλk, hn
Ψk, hn

.

❈♦♥1❡C✉❡♥$❧②✱ ❢♦& ❛❧❧ n ∈ N, $❤❡&❡ ❡①✐1$ ❝♦♠♣❧❡① ❝♦❡✣❝✐❡♥$1 (cnk)0<|k|≤N(hn) 1✉❝❤ $❤❛$

zn =
∑

0<|k|≤N(hn)

cnkΨk, hn
. ✭✷✳✽✳✶✹✮

❚❤❡ ♥♦&♠❛❧✐③❛$✐♦♥ ❝♦♥❞✐$✐♦♥ ✭✷✳✽✳✹✮ ✐♠♣❧✐❡1 $❤❛$

∑

0<|k|≤N(hn)

|cnk |2 = 1.

✽✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

▲❡$ ǫ ❜❡ $❤❡ ❝♦♥1$❛♥$ ❢&♦♠ 5&♦♣♦1✐$✐♦♥ ✷✳✻✳✹ ✭✐❢ l = 0✱ ✇❡ &❡❝♦✈❡& $❤❡ ❝♦♥❞✐$✐♦♥ ❢&♦♠

5&♦♣♦1✐$✐♦♥ ✷✳✻✳✶✮✳ ❋♦& ❛♥② n ∈ N✱ ✇❡ ❞❡✜♥❡

Ml(hn) = max
{
k ∈ {1, ..., N(hn)}

∣∣∣∣h
θ
n(λk)

2 ≤ ǫ

λlk

}
, ✭✷✳✽✳✶✺✮

✐❢ hθn(λ1)
2 ≤ ǫ

λl
1
❛♥❞ Ml(hn) = 0 ♦$❤❡&✇✐1❡✳

▲❡♠♠❛ ✷✳✽✳✹✳ ❙✉♣♣♦$❡ &❤❛& &❤❡ $❡)✉❡♥❝❡$ (hn), (ωn), (zn) $❛&✐$❢② ✭✷✳✽✳✹✮ ❛♥❞ ✭✷✳✽✳✺✮✳

❚❤❡♥✱ ✇❡ ❤❛✈❡

ψn =
1√
2

N(hn)∑

k=1

(cnk + cn−k)ϕk, hn
, ✭✷✳✽✳✶✻✮

∑

Ml(hn)<k≤N(hn)

|ωn|2l
∣∣cnk + cn−k

∣∣2 → 0, ✭✷✳✽✳✶✼✮

❛♥❞

∑

0<|k|≤Ml(hn)

|ωn|2l
∣∣ωn − (1 + hθn)

−1(λk, hn
+ hθnλ

1+l
k, hn

)
∣∣2 |cnk |2 → 0. ✭✷✳✽✳✶✽✮

()♦♦❢✿ ❘❡❧❛$✐♦♥ ✭✷✳✽✳✶✻✮ ❢♦❧❧♦✇1 ❞✐&❡❝$❧② ❜② $❛❦✐♥❣ $❤❡ 1❡❝♦♥❞ ❝♦♠♣♦♥❡♥$ ✐♥ ✭✷✳✽✳✶✹✮

❛♥❞ ❜② ✉1✐♥❣ ✭✷✳✽✳✶✸✮ ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ ϕk, h = ϕ−k, h.

❋&♦♠ ✭✷✳✽✳✻✮ ❛♥❞ ✭✷✳✽✳✶✻✮✱ ✐$ ❢♦❧❧♦✇1 $❤❛$

|ωn|2l hθnal(ψn, ψn) =
1

2

N(hn)∑

k=1

hθnλ
2+l
k, hn

|ωn|2l
∣∣cnk + cn−k

∣∣2 → 0. ✭✷✳✽✳✶✾✮

❆1 ✇❡ ❤❛✈❡ λk ≤ λk, hn
❢♦& ❛❧❧ k ∈ {1, ..., N(hn)} ❛♥❞ ❜② $❤❡ ❞❡✜♥✐$✐♦♥ ✭✷✳✽✳✶✺✮✱ ✇❡

♦❜$❛✐♥ ✭✷✳✽✳✶✼✮✳

❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✇❡ ✉1❡ ✭✷✳✽✳✶✹✮ ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ Ψk, hn
✐1 ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢

D1hn
❛11♦❝✐❛$❡❞ ✇✐$❤ ❡✐❣❡♥✈❛❧✉❡ iλk, hn

$♦ ♦❜$❛✐♥ ❢♦& ❛❧❧ ψ̃hn
∈ Xhn

(
iωnzn − A1hn

zn, ψ̃hn

)

Xhn

=
∑

0<|k|≤N(hn)

i
(
ωn − (1 + hθn)

−1(λk, hn
+ hθnλ

1+l
k, hn

)
)
cnk

(
Ψk, hn

, ψ̃hn

)
Xhn

.
✭✷✳✽✳✷✵✮

✽✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❇② ✭✷✳✻✳✾✮✱ ✇❡ ❤❛✈❡

hθnλ
2
k, hn

≤ hθn(λk + (Chθnλ
2
k)

2)2 ≤ 2hθnλ
2
k + 2C4hθn(h

θ
nλ

2
k)

4 ≤ C
ǫ

λlk
+ C

ǫ4

λ4lk
≤ C ′ ǫ

λlk
✭✷✳✽✳✷✶✮

❢♦& hθn(λk)
2 ≤ ǫ

λl
k

. ❙♦✱ ❜② ✉1✐♥❣ ✭✷✳✽✳✶✾✮ ❛♥❞ ❛❣❛✐♥ ✭✷✳✻✳✾✮✱ $❤❡&❡ ❡①✐1$1 ❛ ❝♦♥1$❛♥$ C

✐♥❞❡♣❡♥❞❡♥$ ♦❢ hn 1✉❝❤ $❤❛$

h2θn

Ml(hn)∑

k=1

λ4+2l
k, hn

|ωn|2l
∣∣cnk + cn−k

∣∣2 ≤ C

Ml(hn)∑

k=1

ǫhθnλ
2+l
k, hn

|ωn|2l
∣∣cnk + cn−k

∣∣2

≤ Cǫ

Ml(hn)∑

k=1

hθnλ
2+l
k, hn

|ωn|2l
∣∣cnk + cn−k

∣∣2 → 0.

✭✷✳✽✳✷✷✮

❲❡ ❛❧1♦ ❤❛✈❡ ❢♦& ❛❧❧ ψ̃hn
∈ Xhn




 0

hθnA
1+ l

2
hn

ψn


 , ψ̃hn




Xhn

=
∑

0<|k|≤N(hn)

hθn
2
λ2+l
k, hn

(cnk + cn−k)
(
Ψk, hn

, ψ̃hn

)
Xhn

.

✭✷✳✽✳✷✸✮

❜❡❝❛✉1❡ l ✐1 ❡✈❡♥✳ ❘❡❧❛$✐♦♥ ✭✷✳✽✳✷✸✮ ✐♠♣❧✐❡1 $❤❛$ ❢♦& ❛❧❧ ψ̃hn
∈ Xhn




 0

hθnA
1+ l

2
hn

ψn


−

∑

Ml(hn)<|k|≤N(hn)

hθ
n

2
λ2+l
k, hn

(cnk + cn−k)Ψk, hn
, ψ̃hn




Xhn

=
∑

0<|k|≤Ml(hn)

hθ
n

2
λ2+l
k, hn

(cnk + cn−k)Ψk, hn
, ψ̃hn

)
Xhn

.

❍♦✇❡✈❡&✱

∥∥∥∥∥∥
|ωn|l

∑

0<|k|≤Ml(hn)

hθ
n

2
λ2+l
k, hn

(cnk + cn−k)Ψk, hn

∥∥∥∥∥∥

2

= |ωn|2l
∑

0<|k|≤Ml(hn)

h2θn
(2
√
2)2

λ4+2l
k, hn

|cnk + cn−k|2 + |ωn|2l
∑

0<|k|≤Ml(hn)

h2θn
(2
√
2)2

λ4+2l
k, hn

|cnk + cn−k|2

= 2 |ωn|2l
∑

0<|k|≤Ml(hn)

h2θn
(2
√
2)2

λ4+2l
k, hn

|cnk + cn−k|2.

✽✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤❡&❡❢♦&❡✱ ❜② ✭✷✳✽✳✷✷✮✱ ❢♦& ❛❧❧ ψ̃hn
∈ Xhn

|ωn|l



 0

hθnA
1+ l

2
hn

ψn


−

∑

Ml(hn)<|k|≤N(hn)

hθn
2
λ2+l
k, hn

(cnk + cn−k)Ψk, hn
, ψ̃hn




Xhn

→ 0.

❙♦✱ ✇❡ ♦❜$❛✐♥ ✇✐$❤ ✭✷✳✽✳✾✮✱ ✭✷✳✽✳✷✵✮ ❛♥❞ $❤❡ ❛❜♦✈❡ &❡❧❛$✐♦♥✱ ❢♦& ❛❧❧ ψ̃hn
∈ Xhn

✱ $❤❛$

$❤❡ ✐♥♥❡& ♣&♦❞✉❝$ ✐♥ Xhn
♦❢ ψ̃hn

✇✐$❤

∑

0<|k|≤N(hn)

i |ωn|l
(
ωn − (1 + hθn)

−1(λk, hn
+ hθnλ

1+l
k, hn

)
)
cnkΨk, hn

+
∑

Ml(hn)<|k|≤N(hn)

hθ
n

2
|ωn|l λ2+l

k, hn
(cnk + cn−k)Ψk, hn

$❡♥❞1 $♦ ③❡&♦✳ ❆1 $❤❡ ❢❛♠✐❧② (Ψk, hn
) ✐1 ♦&$❤♦❣♦♥❛❧✱ $❤❡ ❛❜♦✈❡ &❡❧❛$✐♦♥ ✐♠♣❧✐❡1 ✭✷✳✽✳✶✽✮✳

✷✳✾ #$♦♦❢ ♦❢ ❚❤❡♦$❡♠ ✷✳✹✳✶

❲❡ ✉1❡ $❤❡ &❡1✉❧$1 ♦❢ $❤❡ ♣&❡✈✐♦✉1 1❡❝$✐♦♥ ✇✐$❤ l = 0 ❛♥❞ 1❡$✱ ❢♦& 1❤♦&$♥❡11✱

Ãh := Ã0,h ❛♥❞ M(hn) :=M0(hn).

 !♦♦❢ ♦❢ ❚❤❡♦!❡♠ ✷✳✹✳✶ ❚❤✐1 ♣&♦♦❢ ✐1 ❜❛1❡❞ ♦♥ ❚❤❡♦&❡♠ ✷✳✼✳✶✳ ❋✐&1$✱ ❢♦& ❛❧❧ h ∈
(0, h∗), $❤❡ ❢❛♠✐❧② (etÃh) ❢♦&♠1 ❛ ❝♦♥$&❛❝$✐♦♥ 1❡♠✐❣&♦✉♣✳ ❚❤❡ ❢❛♠✐❧② (Ãh) 1❛$✐1✜❡1 $❤❡

❝♦♥❞✐$✐♦♥ ✐✮ ✐♥ ❚❤❡♦&❡♠ ✷✳✼✳✶ ♦✇✐♥❣ $♦ ▲❡♠♠❛ ✷✳✽✳✶✳ ❚♦ 1❤♦✇ $❤❛$ $❤❡ ❢❛♠✐❧② (Ãh)

❛❧1♦ 1❛$✐1✜❡1 $❤❡ ❝♦♥❞✐$✐♦♥ ✐✐✮ ✐♥ ❚❤❡♦&❡♠ ✷✳✼✳✶✱ ✇❡ ✉1❡ ❛ ❝♦♥$&❛❞✐❝$✐♦♥ ❛&❣✉♠❡♥$✳

▲❡$ (hn)n, (ωn)n ❛♥❞ zn =


 ϕn

ψn


 ∈ D(Ãhn

) ❜❡ $❤&❡❡ 1❡J✉❡♥❝❡1 1❛$✐1❢②✐♥❣ ✭✷✳✽✳✹✮

❛♥❞ ✭✷✳✽✳✺✮✳ ◆♦$✐❝❡ $❤❛$ ❢♦& km ∈ Ak, ✇❡ ❤❛✈❡

λkm,hn
− λkm−1+lm−1−1,hn

≥ λkm − λkm−1+lm−1−1 − cǫ

= λkm − λkm−1 − cǫ ≥ γ′0 − cǫ

≥ γ′
0

2
=: γ′

✽✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❢♦& ǫ ≤ γ′
0

2c
❜② ✭✷✳✻✳✽✮ ❛♥❞ ✭✷✳✻✳✾✮✳ ❲❡ ♥♦✇ ✐♥$&♦❞✉❝❡ $❤❡ 1❡$

F =
{
n ∈ N

∣∣∃k(n) ∈ {1, ...,M}, ∃km(n) ∈ Ak(n),
∣∣km(n)

∣∣ ≤M(hn) ❛♥❞

∣∣km(n)+k(n)−1 + lm(n)+k(n)−1

∣∣ ≤ N(hn) 1✉❝❤ $❤❛$
∣∣∣ωn − λkm(n), hn

∣∣∣ < γ′

2

}
. ✭✷✳✾✳✶✮

❲❡ ❞✐1$✐♥❣✉✐1❤ $✇♦ ❝❛1❡1✳

❋✐&1$ ❝❛1❡ ✿ ❚❤❡ 1❡$ F ✐1 ✐♥✜♥✐$❡✳ ❚❤❡♥✱ ✇✐$❤♦✉$ ❧♦11 ♦❢ ❣❡♥❡&❛❧✐$②✱ ✇❡ ❝❛♥ 1✉♣♣♦1❡

$❤❛$ F = N ✭♦$❤❡&✇✐1❡ ✇❡ $❛❦❡ ❛ 1✉❜1❡F✉❡♥❝❡ ♦❢ (ωn)✮✳ ❚❤❡♥✱ ❜② &❡❞✉❝✐♥❣ $❤❡ ✈❛❧✉❡

♦❢ γ′ ✐❢ ♥❡❡❞❡❞✱ ✇❡ ❝❛♥ ❛11✉♠❡ $❤❛$ ❢♦& ❛❧❧ n ∈ N✱ ✇❡ ❤❛✈❡ $❤❛$ ❢♦& ❛❧❧ km ∈ Ak′ , k
′ =

1, ...,M ✇✐$❤ m 6= m(n),

∣∣ωn − λkm+j+l, hn

∣∣ ≥ γ′

2
, ∀j = 0, ..., k′ − 1, ∀l = 0, ..., lm+j − 1.

❇② ✉1✐♥❣ ✭✷✳✽✳✶✽✮✱ ✇❡ ♦❜$❛✐♥ $❤❛$

M∑

k=1

∑

km ∈ Ak

m 6= m(n)

k−1∑

j=0

lm+j−1∑

l = 0

0 < |km+j + lm+j − 1| ≤M(hn)

∣∣∣cnkm+j+l

∣∣∣
2

→ 0. ✭✷✳✾✳✷✮

❉❡✜♥❡ ♥♦✇

ψ̃n =
1√
2

k(n)−1∑

j=0

lm(n)+j−1∑

l=0

cnkm(n)+j+lϕkm(n)+j+l, hn
. ✭✷✳✾✳✸✮

❲❡ ❤❛✈❡✱ ❜② ✭✷✳✽✳✶✻✮✱

ψn =
1√
2

M∑

k=1

∑

km∈Ak

k−1∑

j = 0

1 ≤ km+j + l ≤ N(hn)

lm+j−1∑

l=0

(cnkm+j+l + cn−(km+j+l))ϕkm+j+l, hn
,

❛♥❞ 1♦✱ ❜② ✭✷✳✾✳✷✮ ❛♥❞ ✭✷✳✽✳✶✼✮✱ ✇❡ ♦❜$❛✐♥

∥∥∥ψ̃n − ψn

∥∥∥ → 0. ✭✷✳✾✳✹✮

✽✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤✉1✱ 1✐♥❝❡ (‖B∗
h‖L(Vh, U))h∈(0, h∗) ✐1 ❜♦✉♥❞❡❞✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

∥∥∥B∗
hn
(ψ̃n − ψn)

∥∥∥
U
→ 0. ✭✷✳✾✳✺✮

❚❤❡ ❛❜♦✈❡ &❡❧❛$✐♦♥ ❛♥❞ ✭✷✳✽✳✻✮ ✐♠♣❧② $❤❛$

∥∥∥B∗
hn
ψ̃n

∥∥∥
U
→ 0. ✭✷✳✾✳✻✮

❇✉$

∥∥∥B∗
hn
ψ̃n

∥∥∥
U

= 1√
2

∥∥∥∥∥∥

k(n)−1∑

j=0

lm(n)+j−1∑

l=0

cnkm(n)+j+lB
∗
hn
ϕkm(n)+j+l, hn

∥∥∥∥∥∥
U

= 1√
2

∥∥∥( B∗
hn
ϕkm(n), hn

· · · B∗
hn
ϕkm(n)+k(n)−1+lm(n)+k(n)−1−1, hn

)C

∥∥∥
U

= 1√
2

∥∥∥( 1 · · · 1)Φkm(n), hn
C

∥∥∥
U
,

✇❤❡&❡ C = ( ckm(n)
· · · ckm(n)+lm(n)−1 ckm(n)+1

· · · ckm(n)+k(n)−1+lm(n)+k(n)−1−1)
T .

❙♦✱ ✇❡ ❤❛✈❡

∥∥∥B∗
hn
ψ̃n

∥∥∥
U

= 1√
2

∥∥∥∥∥∥∥∥∥∥∥∥




1 1 · · · 1

0 0 · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · 0




Φkm(n), hn
C

∥∥∥∥∥∥∥∥∥∥∥∥
U, 2

.

❲❡ ♥♦✇ ✉1❡ ▲❡♠♠❛ ✷✳✸✳✶ $♦ ❤❛✈❡

∥∥∥B∗
hn
ψ̃n

∥∥∥
U

≥ c
∥∥∥B−1

km(n)
Φkm(n), hn

C
∥∥∥
U, 2

❢♦& n ❧❛&❣❡ ❡♥♦✉❣❤

≥ cα ‖C‖2 ❜② H&♦♣♦1✐$✐♦♥ ✷✳✻✳✶✳
✭✷✳✾✳✼✮

●❛$❤❡&✐♥❣ ✭✷✳✾✳✸✮✱ ✭✷✳✾✳✻✮ ❛♥❞ ✭✷✳✾✳✼✮✱ ✇❡ ♦❜$❛✐♥ $❤❛$ ψ̃n → 0 ✐♥ H. ❚❤❡&❡❢♦&❡✱ ❜②

✭✷✳✾✳✹✮✱ ψn → 0, ✇❤✐❝❤ ❝♦♥$&❛❞✐❝$1 ✭✷✳✽✳✼✮✳

❙❡❝♦♥❞ ❝❛1❡ ✿ ❚❤❡ 1❡$ F ✐1 ✜♥✐$❡✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ❛11✉♠❡✱ ✇✐$❤♦✉$ ❧♦11 ♦❢ ❣❡♥❡&❛❧✐$②✱

$❤❛$ F ✐1 ❡♠♣$② ✭♦$❤❡&✇✐1❡ ✇❡ $❛❦❡ ♦✛ $❤❡ ✜♥✐$❡ ♥✉♠❜❡& ♦❢ (ωn)✮ ❀ ✐✳❡✳✱ $❤❛$ ❢♦& ❛❧❧

✽✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

n ∈ N, ✇❡ ❤❛✈❡ $❤❛$

|ωn − λk, hn
| ≥ γ′

2
✐❢ 0 < |k| ≤M(hn).

❚❤✉1✱ ❜② ✭✷✳✽✳✶✽✮ ❛♥❞ $❤❡ ❛❜♦✈❡ &❡❧❛$✐♦♥✱ ✇❡ ♦❜$❛✐♥ $❤❛$

∑

0<|k|≤M(hn)

|cnk |2 → 0.

❚❤❡&❡❢♦&❡✱ ❜② ✭✷✳✽✳✶✻✮✱ ✭✷✳✽✳✶✼✮ ❛♥❞ $❤❡ ❛❜♦✈❡ &❡❧❛$✐♦♥✱ ✇❡ ❤❛✈❡ ψn → 0 ✐♥ H, ✇❤✐❝❤

❝♦♥$&❛❞✐❝$1 ✭✷✳✽✳✼✮✳

■♥ ❝♦♥❝❧✉1✐♦♥✱ $❤❡ ❢❛♠✐❧② (Ãh) 1❛$✐1✜❡1 $❤❡ ❝♦♥❞✐$✐♦♥ ✐✐✮ ✐♥ ❚❤❡♦&❡♠ ✷✳✼✳✶ ❛♥❞ 1♦

$❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✻✮ ✐1 ✉♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡✳ �

✷✳✶✵ $%♦♦❢ ♦❢ ❚❤❡♦%❡♠ ✷✳✹✳✹

❍❡&❡ ✇❡ ✉1❡ $❤❡ &❡1✉❧$1 ♦❢ ❙❡❝$✐♦♥ ✷✳✽ ✇✐$❤ l > 0 ❛♥❞ l ❡✈❡♥✳ ❲✐$❤♦✉$ ❧♦11 ♦❢

❣❡♥❡&❛❧✐$②✱ ✇❡ ♠❛② ❛11✉♠❡ $❤❛$ 0 < h < h∗ = 1✳

 !♦♦❢ ♦❢ ❚❤❡♦!❡♠ ✷✳✹✳✹ ❛♥❞ ♦❢ ❝♦♥❞✐0✐♦♥ ✭✷✳✼✳✷✮ ❚❤✐1 ♣&♦♦❢ ✐1 ❜❛1❡❞ ♦♥ ❚❤❡♦✲

&❡♠ ✷✳✼✳✾✳ ❋✐&1$✱ ❢♦& ❛❧❧ h ∈ (0, h∗), (etÃl,h) ❢♦&♠1 ❛ ❢❛♠✐❧② ♦❢ ❝♦♥$&❛❝$✐♦♥ 1❡♠✐❣&♦✉♣1

❛♥❞ $❤❡ ❢❛♠✐❧② (Ãl,h)h 1❛$✐1✜❡1 ✭✷✳✼✳✶✮✳ ❚♦ ❛♣♣❧② $❤❡ &❡1✉❧$1 ♦❢ ❚❤❡♦&❡♠ ✷✳✼✳✾✱ $❤❡ ❢❛✲

♠✐❧② (Ãl,h) ♠✉1$ ❛❧1♦ 1❛$✐1❢② ❝♦♥❞✐$✐♦♥ ✐✮ ♦❢ ❚❤❡♦&❡♠ ✷✳✼✳✾ ✇✐$❤ α = 2l ❛♥❞ ❝♦♥❞✐$✐♦♥

✭✷✳✼✳✷✮ ♦& ❡K✉✐✈❛❧❡♥$❧② ❝♦♥❞✐$✐♦♥ ✭✷✳✽✳✸✮ ✳ ❲❡ ❛❣❛✐♥ ✉1❡ ❛ ❝♦♥$&❛❞✐❝$✐♦♥ ❛&❣✉♠❡♥$ $♦

♣&♦✈❡ $❤✐1 ❧❛1$ ❝♦♥❞✐$✐♦♥✳ ▲❡$ (hn)n, (ωn)n ❛♥❞ zn =


 ϕn

ψn


 ∈ Xh ❜❡ $❤&❡❡ 1❡✲

K✉❡♥❝❡1 1❛$✐1❢②✐♥❣ ✭✷✳✽✳✹✮ ❛♥❞ ✭✷✳✽✳✺✮✳ ◆♦$✐❝❡ $❤❛$ ❢♦& km ∈ Ak, ✇❡ ❤❛✈❡

λkm,h − λkm−1+lm−1−1,h ≥ λkm − λkm−1+lm−1−1 − cǫ
λ2l
km−1

≥ λkm − λkm−1 − cǫ
λ2l
k1

≥ γ′0 − cǫ
λ2l
k1

≥ γ′
0

2
=: γ′

✽✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❢♦& ǫ ≤ γ′
0λ

2l
k1

2c
❜② ✭✷✳✻✳✽✮✱ ✭✷✳✻✳✾✮ ❛♥❞ ❜❡❝❛✉1❡ λkm ≥ λk1 > 0✳ ❲❡ ✐♥$&♦❞✉❝❡ $❤❡ 1❡$ F2

❧✐❦❡

F2 =
{
n ∈ N

∣∣∃k(n) ∈ {1, ...,M}, ∃km(n) ∈ Ak(n),
∣∣km(n)

∣∣ ≤Ml(hn) ❛♥❞
∣∣km(n)+k(n)−1 + lm(n)+k(n)−1

∣∣ ≤ N(hn) 1✉❝❤ $❤❛$
∣∣∣ωn − (1 + hθn)

−1(λkm(n), hn
+ hθnλ

1+l
km(n), hn

)
∣∣∣ < γ′

4

}
. ✭✷✳✶✵✳✶✮

❲❡ ❞✐1$✐♥❣✉✐1❤ $✇♦ ❝❛1❡1✳

❋✐&1$ ❝❛1❡ ✿ ❚❤❡ 1❡$ F2 ✐1 ✐♥✜♥✐$❡✳ ❚❤❡♥✱ ✇✐$❤♦✉$ ❧♦11 ♦❢ ❣❡♥❡&❛❧✐$②✱ ✇❡ ❝❛♥ 1✉♣♣♦1❡

$❤❛$ F2 = N ✭♦$❤❡&✇✐1❡ ✇❡ $❛❦❡ ❛ 1✉❜1❡G✉❡♥❝❡ ♦❢ (ωn)n✮✳ ❚❤❡♥✱ ❜② &❡❞✉❝✐♥❣ $❤❡ ✈❛❧✉❡

♦❢ γ′ ✐❢ ♥❡❡❞❡❞✱ ✇❡ ❝❛♥ ❛11✉♠❡ $❤❛$ ❢♦& ❛❧❧ n ∈ N✱ ✇❡ ❤❛✈❡ $❤❛$ ❢♦& ❛❧❧ km ∈ Ak′ , k
′ =

1, ...,M ✇✐$❤ m 6= m(n), ❛♥❞ ❢♦& ❛❧❧ |km+j + l| ≤Ml(hn)

∣∣∣ωn − (1 + hθn)
−1(λkm+j+l, hn

+ hθnλ
1+l
km+j+l, hn

)
∣∣∣ ≥ γ′

8
, ∀j = 0, ..., k′−1, ∀l = 0, ..., lm+j−1.

✭✷✳✶✵✳✷✮

■♥❞❡❡❞✱ 1✐♠✐❧❛& $♦ ✭✷✳✽✳✷✶✮✱ ✇❡ ❤❛✈❡

∣∣∣ωn − (1 + hθn)
−1(λkm+j+l, hn

+ hθnλ
1+l
km+j+l, hn

)
∣∣∣

≥ (1 + hθn)
−1

∣∣∣λkm+j+l, hn
− λkm(n), hn

∣∣∣−
∣∣∣ωn − (1 + hθn)

−1(λkm(n), hn
+ hθnλ

1+l
km(n), hn

)
∣∣∣

−(1 + hθn)
−1(hθnλ

1+l
km(n), hn

+ hθnλ
1+l
km+j+l, hn

)

≥ γ′

2
− γ′

4
− 2Cǫ

λk1
.

❙♦ ❝❤♦♦1❡ ❛❣❛✐♥ ǫ ≤ γ′λk1
16C

$♦ ❣❡$ ✭✷✳✶✵✳✷✮✳ ❇② ✉1✐♥❣ ✭✷✳✽✳✶✽✮✱ ✇❡ ♦❜$❛✐♥ $❤❛$

M∑

k=1

∑

km ∈ Ak

m 6= m(n)

k−1∑

j=0

lm+j−1∑

l = 0

0 < |km+j + lm+j − 1| ≤Ml(hn)

|ωn|2l
∣∣∣cnkm+j+l

∣∣∣
2

→ 0.

✭✷✳✶✵✳✸✮

✾✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❉❡✜♥❡ ♥♦✇

ψ̃n =
1√
2

k(n)−1∑

j=0

lm(n)+j−1∑

l=0

cnkm(n)+j+lϕkm(n)+j+l, hn
. ✭✷✳✶✵✳✹✮

❲❡ ❤❛✈❡✱ ❜② ✭✷✳✽✳✶✻✮✱

ψn =
1√
2

M∑

k=1

∑

km∈Ak

k−1∑

j = 0

1 ≤ km+j + l ≤ N(hn)

lm+j−1∑

l=0

(cnkm+j+l + cn−(km+j+l))ϕkm+j+l, hn
,

❛♥❞ 1♦✱ ❜② ✭✷✳✶✵✳✸✮ ❛♥❞ ✭✷✳✽✳✶✼✮✱ ✇❡ ♦❜$❛✐♥

|ωn|l
∥∥∥ψ̃n − ψn

∥∥∥ → 0. ✭✷✳✶✵✳✺✮

❚❤✉1✱ 1✐♥❝❡ (‖B∗
h‖L(Vh, U))h∈(0, h∗) ✐1 ❜♦✉♥❞❡❞✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

|ωn|l
∥∥∥B∗

hn
(ψ̃n − ψn)

∥∥∥
U
→ 0. ✭✷✳✶✵✳✻✮

❚❤❡ ❛❜♦✈❡ &❡❧❛$✐♦♥ ❛♥❞ ✭✷✳✽✳✻✮ ✐♠♣❧② $❤❛$

|ωn|l
∥∥∥B∗

hn
ψ̃n

∥∥∥
U
→ 0. ✭✷✳✶✵✳✼✮

❇✉$

|ωn|l
∥∥∥B∗

hn
ψ̃n

∥∥∥
U

= |ωn|l√
2

∥∥∥∥∥∥

k(n)−1∑

j=0

lm(n)+j−1∑

l=0

cnkm(n)+j+lB
∗
hn
ϕkm(n)+j+l, hn

∥∥∥∥∥∥
U

= |ωn|l√
2

∥∥∥( B∗
hn
ϕkm(n), hn

· · · B∗
hn
ϕkm(n)+k(n)−1+lm(n)+k(n)−1−1, hn

)C

∥∥∥
U

= |ωn|l√
2

∥∥∥( 1 · · · 1)Φkm(n), hn
C

∥∥∥
U
,

✇❤❡&❡ C = ( ckm(n)
· · · ckm(n)+lm(n)−1 ckm(n)+1

· · · ckm(n)+k(n)−1+lm(n)+k(n)−1−1)
T .

❙♦✱ ✇❡ ❤❛✈❡

|ωn|l
∥∥∥B∗

hn
ψ̃n

∥∥∥
U

= |ωn|l√
2

∥∥∥∥∥∥∥∥∥∥∥∥




1 1 · · · 1

0 0 · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · 0




Φkm(n), hn
C

∥∥∥∥∥∥∥∥∥∥∥∥
U, 2

.

✾✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ ♥♦✇ ✉1❡ ▲❡♠♠❛ ✷✳✸✳✶ $♦ ❤❛✈❡

|ωn|l
∥∥∥B∗

hn
ψ̃n

∥∥∥
U

≥ c |ωn|l
∥∥∥B−1

km(n)
Φkm(n), hn

C
∥∥∥
U, 2

❢♦& n ❧❛&❣❡ ❡♥♦✉❣❤

≥ c α|ωn|l
λl
km(n)

‖C‖2 ❜② <&♦♣♦1✐$✐♦♥ 2.6.4.

❇✉$✱ ωn ✈❡&✐✜❡1

∣∣∣ωn − (1 + hθn)
−1(λkm(n), hn

+ hθnλ
1+l
km(n), hn

)
∣∣∣ < γ′

4
❜② ❞❡✜♥✐$✐♦♥ ✭✷✳✶✵✳✶✮

♦❢ F2 ✱ $❤✉1 |ωn| ≥ (1+hθn)
−1(λkm(n), hn

+hθnλ
1+l
km(n), hn

)− γ′

4
≥ 1

2
λkm(n), hn

− γ′

4
✳ ❚❤❡&❡❢♦&❡✱

✇❡ ❤❛✈❡

|ωn|l
∥∥∥B∗

hn
ψ̃n

∥∥∥
U

≥ cα

2l
(λkm(n), hn

− γ′

2
)l

λlkm(n)

‖C‖2

≥ cα

22l

λlkm(n), hn

λlkm(n)

‖C‖2 ❢♦& n ❧❛&❣❡ ❡♥♦✉❣❤

≥ cα

22l
‖C‖2 ❜② (2.6.8).

✭✷✳✶✵✳✽✮

●❛$❤❡&✐♥❣ ✭✷✳✶✵✳✹✮✱ ✭✷✳✶✵✳✼✮ ❛♥❞ ✭✷✳✶✵✳✽✮✱ ✇❡ ♦❜$❛✐♥ $❤❛$ ψ̃n → 0 ✐♥ H. ❚❤❡&❡❢♦&❡✱

❜② ✭✷✳✶✵✳✺✮✱ ψn → 0, ✇❤✐❝❤ ❝♦♥$&❛❞✐❝$1 ✭✷✳✽✳✼✮✳

❙❡❝♦♥❞ ❝❛1❡ ✿ ❚❤❡ 1❡$ F2 ✐1 ✜♥✐$❡✳ ❲❡ ♣&♦❝❡❡❞ 1✐♠✐❧❛& $♦ $❤❡ ♣&♦♦❢ ♦❢ $❤❡ 1❡❝♦♥❞

❝❛1❡ ♦❢ ❚❤❡♦&❡♠ ✷✳✹✳✶✳

■♥ ❝♦♥❝❧✉1✐♦♥✱ $❤❡ ❢❛♠✐❧② (Ãl,h) 1❛$✐1✜❡1 ✭✷✳✽✳✸✮ ❀ ✐✳❡✳✱ $❤❡ ❝♦♥❞✐$✐♦♥ ✭✐✮ ✐♥ ❚❤❡♦&❡♠

✷✳✼✳✾ ✇✐$❤ α = 2l ✇❤❡♥ l ✐1 ❡✈❡♥ ❛♥❞ ♣&♦♣❡&$② ✭✷✳✼✳✷✮ ♦❢ ❙✉❜1❡❝$✐♦♥ ✷✳✼✳✷✳

❘❡♠❛$❦ ✷✳✶✵✳✶✳ ❚❤❡ ♣$❡✈✐♦✉) ❛♥❛❧②)✐) ❤❛) ❜❡❡♥ ❤❡❧❞ ✐♥ ❝❛)❡ l ∈ N∗
✐) ❡✈❡♥✳ ❍♦✲

✇❡✈❡$✱ ✐♥ ❝❛)❡ l ✐) ♦❞❞✱ ✇❡ ❝❛♥ )6✐❧❧ ❛❞❛♣6 6❤❡ )❛♠❡ ❛♥❛❧②)✐) 6♦ ❣❡6 6❤❡ )❛♠❡ $❡)✉❧6)✳

■♥❞❡❡❞✱ ✇❡ ❝♦♥)✐❞❡$ ♣$♦❜❧❡♠ ✭✷✳✹✳✾✮ ✇✐6❤ ♣♦✇❡$) ♦❢ l + 1 ✐♥)6❡❛❞ ✐❢ l✳ ❇❡)✐❞❡)✱ ✇❤❡✲

♥❡✈❡$

∥∥B−1
kn
ΦknC

∥∥
U, 2

≥ α

λlkn
‖C‖2 ❛♥❞ hθλ2k ≤

ǫ

λl+1
k

, 6❤❡♥

∥∥B−1
kn
Φkn, hC

∥∥
U, 2

≥ α

λlkn
‖C‖2 ,

❛♥❞ ∥∥∥(I + hθA
l
2
h )

−1ω̇h(t)
∥∥∥
2

+ a(ωh(t), ωh(t)) ≤
C

t
1
l

‖(ω0h, ω1h)‖2D(Ãl,h)
.

✾✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✷✳✶✶ ❈♦♥✈❡(❣❡♥❝❡ ♦❢ ,❤❡ ❞✐0❝(❡,✐③❡❞ ♣(♦❜❧❡♠

❍❡&❡ ✇❡ ✇❛♥$ $♦ ♣&♦✈❡ $❤❛$ $❤❡ 1♦❧✉$✐♦♥ ωh ♦❢ $❤❡ ❞✐1❝&❡$❡ ♣&♦❜❧❡♠ ✭✷✳✹✳✾✮ $❡♥❞1

$♦ $❤❡ 1♦❧✉$✐♦♥ ω ♦❢ $❤❡ ❝♦♥$✐♥✉♦✉1 ♣&♦❜❧❡♠ ✭✷✳✶✳✶✸✮ ✐♥ X := V ×H ❛1 h ❣♦❡1 $♦ ③❡&♦

❛♥❞ ✐❢ $❤❡ ❞✐1❝&❡$❡ ✐♥✐$✐❛❧ ❞❛$❛ ❛&❡ ✇❡❧❧ ❝❤♦1❡♥✳ ❚❤✐1 ✐1 ♦❜$❛✐♥❡❞ ✇✐$❤ $❤❡ ❤❡❧♣ ♦❢ ❛

❣❡♥❡&❛❧ ✈❡&1✐♦♥ ♦❢ $❤❡ ❚&♦$$❡&✲❑❛$♦ ❚❤❡♦&❡♠ ♣&♦✈❡❞ ✐♥ ❬✹✺❪ $❤❛$ ✐1 ❛♣♣&♦♣&✐❛$❡❞ ✇❤❡♥

$❤❡ ❛♣♣&♦①✐♠❛$❡❞ 1❡♠✐✲❣&♦✉♣1 ❛&❡ ❞❡✜♥❡❞ ✐♥ ♣&♦♣❡& 1✉❜1♣❛❝❡1 ♦❢ $❤❡ ❧✐♠✐$ ♦♥❡✳ ❚❤❡

❜❛1✐❝ ✐❞❡❛ ✐1 $❤❛$ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤❡ 1❡♠✐✲❣&♦✉♣1 ✐1 ❡I✉✐✈❛❧❡♥$ $♦ $❤❡ ❝♦♥✈❡&❣❡♥❝❡

♦❢ $❤❡ &❡1♦❧✈❡♥$✱ ❤❡♥❝❡ ✇❡ ♣&♦✈❡ 1✉❝❤ ❛ ❝♦♥✈❡&❣❡♥❝❡ &❡1✉❧$ ❢♦& $❤❡ &❡1♦❧✈❡♥$1✳

❋✐&1$✱ ✇❡ &❡❝❛❧❧ $❤❡ ❚&♦$$❡&✲❑❛$♦ ❚❤❡♦&❡♠ ♣&♦✈❡❞ ✐♥ ❬✹✺❪✳ ▲❡$ Z ❛♥❞ Xn ❜❡

❇❛♥❛❝❤ 1♣❛❝❡1 ✇✐$❤ ♥♦&♠1 ‖.‖, ‖.‖n, n = 1, 2, ..., &❡1♣❡❝$✐✈❡❧②✱ ❛♥❞ X ❜❡ ❛ ❝❧♦1❡❞

❧✐♥❡❛& 1✉❜1♣❛❝❡ ♦❢ Z✳ ❖♥ X ❛ C0✲1❡♠✐❣&♦✉♣ T (.) ✇✐$❤ ✐♥✜♥✐$❡1✐♠❛❧ ❣❡♥❡&❛$♦& Ã ✐1

❣✐✈❡♥ ❛♥❞ ♦♥ $❤❡ 1♣❛❝❡1 Xn✱ $❤❡ C0✲1❡♠✐❣&♦✉♣1 Tn(.) ❛&❡ ❣❡♥❡&❛$❡❞ ❜② An✳ ❙✉♣♣♦1❡

$❤❛$✱ ❢♦& ❡✈❡&② n ∈ N∗
✱ $❤❡&❡ ❡①✐1$1 ❜♦✉♥❞❡❞ ❧✐♥❡❛& ♦♣❡&❛$♦&1 Pn : Z → Xn ❛♥❞

En : Xn → Z 1✉❝❤ $❤❛$ $❤❡ ❢♦❧❧♦✇✐♥❣ ❛11✉♠♣$✐♦♥1 ❤♦❧❞ ✿

✭❆✶✮ ‖Pn‖ ≤M1✱ ‖En‖ ≤M2✱ ✇❤❡&❡ M1, M2 ❛&❡ ✐♥❞❡♣❡♥❞❡♥$ ♦❢ n✱

✭❆✷✮ ‖EnPnx− x‖ → 0 ❛1 n→ ∞ ❢♦& ❛❧❧ x ∈ X✱

✭❆✸✮ PnEn = In✱ ✇❤❡&❡ In ✐1 $❤❡ ✐❞❡♥$✐$② ♦♣❡&❛$♦& ♦♥ Xn✳

❋♦& ❛❧❧ n ∈ N∗
✱ ❧❡$ Zn = range En✱ πn = EnPn✱ T̃n(t) = EnTn(t)Pn|Zn

✱ Ãn =

EnAnPn|Zn
✱ ❛♥❞ Ĩn = EnInPn|Zn

✳ ❚❤❡ ❚&♦$$❡&✲❑❛$♦ ❚❤❡♦&❡♠ ❣✐✈❡♥ ✐♥ ❚❤❡♦&❡♠ ✷✳✶

♦❢ ❬✹✺❪ 1$❛$❡1 $❤❡ ❢♦❧❧♦✇✐♥❣ ✿

❚❤❡♦$❡♠ ✷✳✶✶✳✶✳ ✭❚"♦$$❡"✲❑❛$♦✮✳ ❆,,✉♠❡ $❤❛$ (A1)− (A3) ❛"❡ ,❛$✐,✜❡❞✳ ❚❤❡♥ $❤❡

❢♦❧❧♦✇✐♥❣ ,$❛$❡♠❡♥$, ❛"❡ ❡8✉✐✈❛❧❡♥$ ✿

✭❛✮ ❚❤❡"❡ ❡①✐,$, ❛ λ0 ∈ ρ(Ã) ∩
∞⋂

n=1

ρ(Ãn) ,✉❝❤ $❤❛$✱ ❢♦" ❛❧❧ x ∈ X✱

∥∥∥(λ0Ĩn − Ãn)
−1πnx− (λ0I − Ã)−1x

∥∥∥ → 0, ❛, n→ ∞.

✾✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✭❜✮ ❋♦% ❡✈❡%② x ∈ X ❛♥❞ t ≥ 0✱

‖T̃n(t)πnx− T (t)x‖ → 0, ❛- n→ ∞

✉♥✐❢♦%♠❧② ♦♥ ❜♦✉♥❞❡❞ t−✐♥3❡%✈❛❧-✳

❖✉& ❛✐♠ ✐1 $♦ ♣&♦✈❡ $❤❛$ ❝♦♥❞✐$✐♦♥ ✭❛✮ ♦❢ ❚❤❡♦&❡♠ ✷✳✶✶✳✶ ❤♦❧❞1 $&✉❡ ✐♥ ♦&❞❡& $♦

❣❡$ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤❡ 1♦❧✉$✐♦♥1✳ ▲❡$ ✉1 1$❛&$ ✇✐$❤ 1♦♠❡ ♣&❡❧✐♠✐♥❛&② &❡1✉❧$1✳

▲❡♠♠❛ ✷✳✶✶✳✷✳ ▲❡3 l ∈ N, l ≥ 2✳ ■❢ f ∈ V = D(A
1
2 )✱ 3❤❡♥

‖(1 + hθ)(I + hθA
l
2
h )

−1πhf − πhf‖H ≤ Ch
θ
l ‖f‖V , ✭✷✳✶✶✳✶✮

❢♦% -♦♠❡ C > 0✳

'(♦♦❢✿ ❲❡ ✇&✐$❡

πhf =

N(h)∑

k=1

fkϕk,h,

✇✐$❤ fk ∈ C✳ ❍❡♥❝❡

vh = (1 + hθ)(I + hθA
l
2
h )

−1πhf,

❝❛♥ ❜❡ ✇&✐$$❡♥

vh =

N(h)∑

k=1

vkϕk,h,

✇✐$❤ vk = (1 + hθ)(1 + hθλlk,h)
−1fk✳ ❈♦♥1❡B✉❡♥$❧② ✇❡ ❤❛✈❡

‖vh − πhf‖2H =

N(h)∑

k=1

|fk|2
(
(1 + hθ)(1 + hθλlk,h)

−1 − 1
)2

= h2θ
N(h)∑

k=1

|fk|2
( 1− λlk,h
1 + hθλlk,h

)2

≤ ch2θ
N(h)∑

k=1

|fk|2
λ2lk,h

(1 + hθλlk,h)
2

≤ ch2θ
N(h)∑

k=1

λ2k,h|fk|2(g(λk,h))2

✾✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❢♦" #♦♠❡ c > 0 ✐♥❞❡♣❡♥❞❡♥* ♦❢ h✱ ✇❤❡"❡ *❤❡ ❢✉♥❝*✐♦♥ g : [0,∞) 7→ R ✐# ❣✐✈❡♥ ❜②

g(λ) =
λl−1

(1 + hθλl)
✳ ❆# *❤❡ ♠❛①✐♠✉♠ ♦❢ g ✐# ❛**❛✐♥❡❞ ❛* λ0 > 0 ❣✐✈❡♥ ❜②

hθλl0 = l − 1,

✇❡ ❣❡* *❤❛*

‖vh − πhf‖2H ≤ cc22h
2θ
l

N(h)∑

k=1

|fk|2λ2k,h

#✐♥❝❡ λ0 = c1h
− θ

l
❛♥❞ g(λ0) = c2h

− θ(l−1)
l

✇✐*❤ c1, c2 *✇♦ ♣♦#✐*✐✈❡ ❝♦♥#*❛♥*# ✐♥❞❡✲

♣❡♥❞❡♥* ♦❢ h✳ ❚❤✐# ♣"♦✈❡# *❤❡ ✜"#* ❡#*✐♠❛*❡ #✐♥❝❡

N(h)∑

k=1

|fk|2λ2k,h = ‖A
1
2
hπhf‖2H = a(πhf, πhf) ≤ a(f, f) = ‖A 1

2f‖2H .

❈♦"♦❧❧❛"② ✷✳✶✶✳✸✳ ▲❡" l ∈ N, l ≥ 2✱ "❤❡♥ ❢♦( ❛♥② fh ∈ Vh ✇❡ ❤❛✈❡

‖(1 + hθ)(I + hθA
l
2
h )

−1fh − fh‖D(A
− 1

2
h

)
≤ Ch

θ
l ‖fh‖H , ✭✷✳✶✶✳✷✮

❢♦( -♦♠❡ C > 0✳

 !♦♦❢✿ ❆! ✐♥ $❤❡ ♣(❡✈✐♦✉! ❧❡♠♠❛✱ ✇❡ ❤❛✈❡

‖(1 + hθ)(I + hθA
l
2
h )

−1fh − fh‖2
D(A

− 1
2

h
)

= ‖A− 1
2

h

(
(1 + hθ)(I + hθA

l
2
h )

−1fh − fh

)
‖2H

= h2θ
N(h)∑

k=1

λ−2
k,h|fk|2

( 1− λlk,h
1 + hθλlk,h

)2

≤ ch2θ
N(h)∑

k=1

|fk|2(g(λk,h))2,

✇❤❡♥

fh =

N(h)∑

k=1

fkϕk,h.

❲❡ $❤❡♥ ❝♦♥❝❧✉❞❡ ❛! ❜❡❢♦(❡✳

✾✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

▲❡♠♠❛ ✷✳✶✶✳✹✳ ▲❡" l ∈ N, l ≥ 2 ❛♥❞ ❧❡" f ∈ D(A)✱ "❤❡♥

hθ‖A1+ l
2

h (I + hθA
l
2
h )

−2πhf‖D(A
− 1

2
h

)
≤ Ch

θ
l ‖f‖D(A), ✭✷✳✶✶✳✸✮

❢♦+ ,♦♠❡ C > 0✳

()♦♦❢✿ ❲❡ ❡❛1✐❧② 1❡❡ $❤❛$

h2θ‖A1+ l
2

h (I + hθA
l
2
h )

−2πhf‖2
D(A

− 1
2

h
)

= h2θ‖A− 1
2

h A
1+ l

2
h (I + hθA

l
2
h )

−2πhf‖2H

= h2θ
N(h)∑

k=1

|fk|2
λ2l+2
k,h

(1 + hθλlk,h)
4

≤ h2θ
N(h)∑

k=1

|fk|2λ4k,h(g(λk,h))2,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❛1 ❜❡❢♦&❡✳

▲❡♠♠❛ ✷✳✶✶✳✺✳ ▲❡" l ∈ N, l ≥ 2 ❛♥❞ ❧❡" f ∈ V ✱ "❤❡♥

‖(1+hθ)(I+hθA
l
2
h )

−1BhB
∗
h(1+h

θ)(I+hθA
l
2
h )

−1πhf−BhB
∗
hπhf‖D(A

− 1
2

h
)
≤ Ch

θ
l ‖f‖V ,
✭✷✳✶✶✳✹✮

❢♦+ ,♦♠❡ C > 0✳

()♦♦❢✿ ❆1 ✐♥ ▲❡♠♠❛ ✷✳✶✶✳✷✱ ✇❡ 1❡$

vh = (1 + hθ)(I + hθA
l
2
h )

−1πhf.

❋✐&1$✱ ✇❡ ♥♦$✐❝❡ $❤❛$

‖BhB
∗
h(vh − πhf)‖H ≤ C‖vh − πhf‖H ,

❛♥❞ ❜② ▲❡♠♠❛ ✷✳✶✶✳✷ ✇❡ ❣❡$

‖BhB
∗
h(vh − πhf)‖H ≤ Ch

θ
l ‖f‖V .

✾✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❙❡❝♦♥❞✱ ❜② ❈♦&♦❧❧❛&② ✷✳✶✶✳✸✱ ✇❡ ❤❛✈❡

‖(1 + hθ)(I + hθA
l
2
h )

−1BhB
∗
hvh − BhB

∗
hvh‖D(A

− 1
2

h
)

≤ Ch
θ
l ‖BhB

∗
hvh‖H

≤ Ch
θ
l (‖BhB

∗
h(vh − πhf)‖H + ‖BhB

∗
hπhf‖H)

≤ Ch
θ
l ‖f‖V ,

✇❤❡&❡ ✇❡ ✉1❡ $❤❡ ❢❛❝$ $❤❛$ ‖πhf‖H ≤ c‖πhf‖V ≤ c‖f‖V ✳ ❚❤❡ ❝♦♥❝❧✉1✐♦♥ ❢♦❧❧♦✇1
❢&♦♠ $❤❡ $✇♦ ❛❜♦✈❡ ❡1$✐♠❛$❡1✳

❚❤❡♦$❡♠ ✷✳✶✶✳✻✳ ■❢ z = (f, g)⊤ ∈ D(A)×D(A)✱ #❤❡♥

‖(Ãl,h)
−1(πhf, πhg)

⊤ − Ã−1(f, g)⊤‖X → 0 ❛( h→ 0.

*$♦♦❢✿ ❇② $❤❡ ❞❡✜♥✐$✐♦♥ ♦❢ Ãl,h ❛♥❞ Ã✱ ✇❡ ❤❛✈❡

(uh, vh)
⊤ = (Ãl,h)

−1(πhf, πhg)
⊤,

❛♥❞

(u, v)⊤ = Ã−1(f, g)⊤,

✐❢ ❛♥❞ ♦♥❧② ✐❢





vh = (1 + hθ)(I + hθA
l
2
h )

−1πhf

−Ahuh = (1 + hθ)(I + hθA
l
2
h )

−1(hθA
1+ l

2
h +BhB

∗
h)vh + (1 + hθ)(I + hθA

l
2
h )

−1πhg,

❛♥❞ 



v = f

−Au = BB∗v + g.

❚❤❡&❡❢♦&❡✱ ✇❡ ❝❛♥ ✇&✐$❡

−Ahuh = πhg +BhB
∗
hπhf + rh,

✾✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇❤❡&❡ rh ∈ Vh ✐1 ❣✐✈❡♥ ❜②

rh = (1 + hθ)(I + hθA
l
2
h )

−1πhg − πhg

+ (1 + hθ)hθ(I + hθA
l
2
h )

−1A
1+ l

2
h vh

+ (1 + hθ)(I + hθA
l
2
h )

−1BhB
∗
hvh − BhB

∗
hπhf.

❇② $❤❡ ♣&❡✈✐♦✉1 ▲❡♠♠❛1✱ rh 1❛$✐1✜❡1

‖rh‖D(A
− 1

2
h

)
≤ Ch

θ
l ‖(f, g)⊤‖D(A)×V . ✭✷✳✶✶✳✺✮

❚❤❡&❡❢♦&❡✱ uh ∈ Vh ❝❛♥ ❜❡ 1❡❡♥ ❛1 $❤❡ ✉♥✐B✉❡ 1♦❧✉$✐♦♥ ♦❢

a(uh, wh) = −(πhg, wh)− (BhB
∗
hπhf, wh)− 〈rh;wh〉 ∀wh ∈ Vh, ✭✷✳✶✶✳✻✮

✇❤❡&❡ 〈; 〉 ❞❡♥♦$❡1 $❤❡ ❞✉❛❧ ♣&♦❞✉❝$ ✐♥ D(A
− 1

2
h )✳ ❙✐♥❝❡ u ∈ V ✐1 1♦❧✉$✐♦♥ ♦❢

a(u, w) = −(g, w)− (BB∗f, w) ∀w ∈ V,

✇❡ ❣❡$ ✭&❡❝❛❧❧✐♥❣ $❤❛$ Vh ⊂ V ✮

a(u, wh) = −(g, wh)− (BB∗f, wh) ∀wh ∈ Vh.

❍❡♥❝❡✱ $❛❦✐♥❣ $❤❡ ❞✐✛❡&❡♥❝❡ ♦❢ $❤✐1 ✐❞❡♥$✐$② ✇✐$❤ ✭✷✳✶✶✳✻✮✱ ✇❡ ♦❜$❛✐♥

a(u− uh, wh) = (πhg − g, wh) + (B∗(πhf − f), B∗wh)U + 〈rh;wh〉 ∀wh ∈ Vh.

❈♦♥1❡B✉❡♥$❧②✱ $❛❦✐♥❣ wh = πhu− uh✱ ✇❡ ❣❡$

a(u− uh, u− uh) = a(u− uh, u− πhu) + a(u− uh, πhu− uh)

= a(u− uh, u− πhu) + (πhg − g, πhu− uh)

+ (B∗(πhf − f), B∗(πhu− uh))U + 〈rh; πhu− uh〉.

✾✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❍❡♥❝❡✱ ❜② ❈❛✉❝❤②✲❙❝❤✇❛&③✬1 ✐♥❡<✉❛❧✐$② ❛♥❞ $❤❡ ❜♦✉♥❞❡❞♥❡11 ♦❢ B∗
✱ ✇❡ ♦❜$❛✐♥

‖u− uh‖2V = a(u− uh, u− uh)

≤ ‖u− uh‖V ‖u− πhu‖V + C(‖πhg − g‖H + ‖πhf − f‖H + ‖rh‖D(A
− 1

2
h

)
)‖πhu− uh‖V .

◆♦✇✱ ✉1✐♥❣ $❤❡ $&✐❛♥❣❧❡ ✐♥❡<✉❛❧✐$②✱ ✇❡ ❣❡$

‖u− uh‖2V ≤ C
(
(‖u− πhu‖V + ‖πhg − g‖H + ‖πhf − f‖H + ‖rh‖D(A

− 1
2

h
)
)‖u− uh‖V

+ (‖πhg − g‖H + ‖πhf − f‖H + ‖rh‖D(A
− 1

2
h

)
)‖u− πhu‖V

)
.

❍❡♥❝❡✱ ❜② ❨♦✉♥❣✬1 ✐♥❡<✉❛❧✐$②✱ ✇❡ ❛&&✐✈❡ ❛$

‖u− uh‖2V ≤ C
(
‖u− πhu‖2V + ‖πhg − g‖2H + ‖πhf − f‖2H + ‖rh‖2

D(A
− 1

2
h

)

+ (‖πhg − g‖H + ‖πhf − f‖H + ‖rh‖D(A
− 1

2
h

)
)‖u− πhu‖V

)
.

❚❤❡ ❡1$✐♠❛$❡1 ✭✷✳✹✳✹✮✱ ✭✷✳✹✳✺✮✱ ❛♥❞ ✭✷✳✶✶✳✺✮ $❤❡♥ ②✐❡❧❞

‖u− uh‖2V ≤ C
(
h2θ‖u‖2D(A) + h4θ‖f‖2D(A) + h4θ‖g‖2D(A) + h

2θ
l ‖(f, g)⊤‖2D(A)×V✭✷✳✶✶✳✼✮

+ (h2θ‖f‖D(A) + h2θ‖g‖D(A) + h
θ
l ‖(f, g)⊤‖D(A)×V )h

θ‖u‖D(A)

)
.

❋♦& v − vh✱ ✇❡ ♥♦$✐❝❡ $❤❛$

v− vh = f − (1 + hθ)(I + hθA
l
2
h )

−1πhf = f − πhf + πhf − (1 + hθ)(I + hθA
l
2
h )

−1πhf,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ ✐$ $❡♥❞1 $♦ ③❡&♦ ✐♥ H ❞✉❡ $♦ $❤❡ ❡1$✐♠❛$❡ ✭✷✳✹✳✹✮ ❛♥❞ ▲❡♠♠❛

✷✳✶✶✳✷✳

❈♦"♦❧❧❛"② ✷✳✶✶✳✼✳ ■❢ z = (f, g)⊤ ∈ V ×H✱ #❡❝❛❧❧✐♥❣ +❤❛+ jh ✐- +❤❡ ♣#♦❥❡❝+✐♦♥ ❢#♦♠

H ✐♥+♦ Vh✱ ✇❡ ❤❛✈❡

‖(Ãl,h)
−1(πhf, jhg)

⊤ − Ã−1(f, g)⊤‖X → 0 ❛- h→ 0.

✾✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

 !♦♦❢✿ ❋✐&1$ ❢♦& z = (f, g)⊤ ∈ D(A)×D(A)✱ $❤❡♥

‖(Ãl,h)
−1(πhf, jhg)

⊤ − Ã−1(f, g)⊤‖X ≤ ‖(Ãl,h)
−1(πhf, πhg)

⊤ − Ã−1(f, g)⊤‖X
+‖(Ãl,h)

−1(0, jhg − πhg)
⊤‖X .

❚❤❡ ✜&1$ $❡&♠ ♦❢ $❤✐1 &✐❣❤$✲❤❛♥❞ 1✐❞❡ $❡♥❞1 $♦ ③❡&♦ ❛1 h ❣♦❡1 $♦ ③❡&♦ ❜② $❤❡ ♣&❡✈✐♦✉1

❚❤❡♦&❡♠✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞ ❢♦& $❤❡ 1❡❝♦♥❞ $❡&♠✱ ❛1 Ãl,h 1❛$✐1✜❡1 ✭✷✳✼✳✷✮ ✭1❡❡ ❙❡❝$✐♦♥

✷✳✶✵✮✱ $❤❡&❡ ❡①✐1$1 C > 0 ✭✐♥❞❡♣❡♥❞❡♥$ ♦❢ h✮ 1✉❝❤ $❤❛$ ❢♦& ❛❧❧ h < h∗

‖(Ãl,h)
−1(0, jhg − πhg)

⊤‖X ≤ C‖jhg − πhg‖H .

❍❡♥❝❡✱ ❜② $❤❡ $&✐❛♥❣❧❡ ✐♥❡G✉❛❧✐$② ❛♥❞ $❤❡ ♣&♦♣❡&$② ‖g − jhg‖H ≤ ‖g − πhg‖H ✭❛1 jh

✐♥ $❤❡ ♣&♦❥❡❝$✐♦♥ ♦♥ Vh ✐♥ H✮✱ ✇❡ ❣❡$

‖(Ãl,h)
−1(0, jhg − πhg)

⊤‖X ≤ 2C‖g − πhg‖H .

❇② $❤❡ ❡1$✐♠❛$❡ ✭✷✳✹✳✺✮✱ ✇❡ $❤❡♥ ❝♦♥❝❧✉❞❡ $❤❛$ $❤✐1 1❡❝♦♥❞ $❡&♠ $❡♥❞1 ❛❧1♦ $♦ ③❡&♦

❛1 h ❣♦❡1 $♦ ③❡&♦✳

■❢ z = (f, g)⊤ ✐1 ♦♥❧② ✐♥ V ×H✱ $❤❡♥ ❢♦& ❛♥ ❛&❜✐$&❛&② ε > 0✱ ✇❡ ✉1❡ $❤❡ ❞❡♥1✐$②

♦❢ D(A)×D(A) ✐♥$♦ V ×H $♦ ❣❡$ (F,G)⊤ ∈ D(A)×D(A) 1✉❝❤ $❤❛$

‖(f, g)⊤ − (F,G)⊤‖X ≤ ε.

◆♦✇✱ ❜② $❤❡ $&✐❛♥❣❧❡ ✐♥❡G✉❛❧✐$②✱ ✇❡ ❤❛✈❡

‖(Ãl,h)
−1(πhf, jhg)

⊤ − Ã−1(f, g)⊤‖X ≤ ‖(Ãl,h)
−1(πh(f − F ), jh(g −G))⊤‖X

+ ‖Ã−1(f − F, g −G)⊤‖X
+ ‖(Ãl,h)

−1(πhF, jhG)
⊤ − Ã−1(F,G)⊤‖X .

❇② $❤❡ ✜&1$ 1$❡♣✱ $❤❡&❡ ❡①✐1$1 hε 1♠❛❧❧ ❡♥♦✉❣❤ 1✉❝❤ $❤❛$

‖(Ãl,h)
−1(πhF, jhG)

⊤ − Ã−1(F,G)⊤‖X ≤ ε, ∀0 < h < hε.

✶✵✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❋♦& $❤❡ 1❡❝♦♥❞ $❡&♠✱ ❜② $❤❡ ❜♦✉♥❞❡❞♥❡11 ♦❢ Ã−1
✱ ✇❡ ♠❛② ✇&✐$❡

‖Ã−1(f − F, g −G)⊤‖X ≤ C‖(f − F, g −G)⊤‖X ≤ Cε.

❋✐♥❛❧❧② ❢♦& $❤❡ ✜&1$ $❡&♠✱ ✉1✐♥❣ $❤❡ ♣&♦♣❡&$② ✭✷✳✼✳✷✮ ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ πh ✭&❡1♣✳ jh✮

✐1 ❛ ♣&♦❥❡❝$✐♦♥ ❢&♦♠ V ✭&❡1♣✳ ❢&♦♠ H✮ ✐♥$♦ Vh✱ ✇❡ ❣❡$ ❢♦& ❛❧❧ h < h∗

‖(Ãl,h)
−1(πh(f−F ), jh(g−G))⊤‖X ≤ C‖(πh(f−F ), jh(g−G))⊤‖X ≤ C‖(f−F, g−G)⊤‖X ≤ Cε.

❆❧❧ $♦❣❡$❤❡& ✇❡ ❤❛✈❡ ♦❜$❛✐♥❡❞ $❤❛$

‖(Ãl,h)
−1(πhf, jhg)

⊤ − Ã−1(f, g)⊤‖X ≤ (1 + 2C)ε, ∀0 < h < min{hε, h∗}.

❚❤✐1 ♣&♦✈❡1 $❤❡ &❡1✉❧$✳

❲❡ ❛&❡ ♥♦✇ &❡❛❞② $♦ 1$❛$❡ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ &❡1✉❧$✳

❚❤❡♦$❡♠ ✷✳✶✶✳✽✳ ■❢ (ω0, ω1)
⊤ ∈ V ×H✱ #❤❡♥

‖Tl,h(t)(πhω0, jhω1)
⊤ − T (t)(ω0, ω1)

⊤‖X → 0 ❛( h→ 0. ✭✷✳✶✶✳✽✮

*$♦♦❢✿ ❲❡ ✉1❡ ❚❤❡♦&❡♠ ✷✳✶ ♦❢ ❬✹✺❪ ♦& ❚❤❡♦&❡♠ ✷✳✶✶✳✶ ✇✐$❤ X = Z = V × H✱

Xn = Vh × Vh✱ ❛♥❞ Pn : X → Xn ❞❡✜♥❡❞ ❜②

Pn(f, g)
⊤ = (πhf, jhg)

⊤, ∀(f, g)⊤ ∈ X,

❛♥❞ En = P ∗
n $❤❛$ ❤❡&❡ ✐1 $❤❡ ❝❛♥♦♥✐❝❛❧ ✐♥❥❡❝$✐♦♥ ♦❢ Vh × Vh ✐♥$♦ V × H✳ ❚❤❡

❛11✉♠♣$✐♦♥1 ✭❆✶✮ ❛♥❞ ✭❆✸✮ ♦❢ ❬✹✺❪ ❛&❡ $&✐✈✐❛❧❧② 1❛$✐1✜❡❞✱ ✇❤✐❧❡ $❤❡ ❛11✉♠♣$✐♦♥ ✭❆✷✮

✐1 ❛ ❝♦♥1❡K✉❡♥❝❡ ♦❢ ✭✷✳✹✳✹✮✱ ✭✷✳✹✳✺✮ ❛♥❞ $❤❡ ❞❡♥1✐$② ♦❢ D(A)×D(A) ✐♥$♦ V ×H✳

❙✐♥❝❡ ❈♦&♦❧❧❛&② ✷✳✶✶✳✼ 1❤♦✇1 $❤❛$ ❝♦♥❞✐$✐♦♥ ✭❛✮ ♦❢ ❚❤❡♦&❡♠ ✷✳✶✶✳✶ ❤♦❧❞1 ✇✐$❤

λ0 = 0 ∈ ρ(Ã) ∩
⋂

h

ρ(Ãl,h)✱ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ ❝♦♥❞✐$✐♦♥ ✭❜✮ ♦❢ $❤✐1 ❚❤❡♦&❡♠✱ ♥❛♠❡❧②

✭✷✳✶✶✳✽✮✱ ❤♦❧❞1✳

✶✵✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❘❡♠❛$❦ ✷✳✶✶✳✾✳ ■♥ ❝❛$❡ l = 0✱ ✇❡ ❝❛♥ $(✐❧❧ ❛♣♣❧② (❤❡ ❚/♦((❡/✲❑❛(♦ ❚❤❡♦/❡♠ (♦ ❣❡(

(❤❡ ❝♦♥✈❡/❣❡♥❝❡ ♦❢ (❤❡ ❞✐$❝/❡(❡ ♣/♦❜❧❡♠ ✭✷✳✹✳✻✮ (♦✇❛/❞$ (❤❡ ❝♦♥(✐♥✉♦✉$ ♦♥❡ ✭✷✳✶✳✶✸✮✳

■♥❞❡❡❞✱ $✐♠✐❧❛/ (♦ ▲❡♠♠❛ ✷✳✶✶✳✹✱ ✇❡ ❤❛✈❡ ❢♦/ f ∈ D(A)✱ hθ‖Ahπhf‖H ≤ hθ‖f‖D(A).

▼♦/❡♦✈❡/✱ ✐♥ (❤❡ ♣/♦♦❢ ♦❢ ❚❤❡♦/❡♠ ✷✳✶✶✳✻✱ ✇❡ ❣❡( rh = hθAhπhf ✱ ‖u − uh‖V ≤
chθ‖(f, g)‖D(A)×D(A), ❛♥❞ ‖v − vh‖H ≤ ch2θ‖(f, g)‖D(A)×D(A).

✷✳✶✷ ❊①❛♠♣❧❡*

✷✳✶✷✳✶ ❚✇♦ ❝♦✉♣❧❡❞ ✇❛✈❡ ❡.✉❛/✐♦♥2

❲❡ ❝♦♥1✐❞❡& $❤❡ ❢♦❧❧♦✇✐♥❣ 1②1$❡♠ ♦❢ ❬✸❪ ❣✐✈❡♥ ❜②





utt(x, t)− uxx(x, t) + αy(x, t) + β(x)ut(x, t) = 0 ✐♥ (0, 1)× R+,

ytt(x, t)− yxx(x, t) + αu(x, t) + γ(x)yt(x, t) = 0 ✐♥ (0, 1)× R+,

u(0, t) = u(1, t) = y(0, t) = y(1, t) = 0 ∀t > 0,

u(·, 0) = u0, ut(·, 0) = u1, y(·, 0) = y0, yt(·, 0) = y1 ✐♥ (0, 1)✱

✭✷✳✶✷✳✶✮

✇❤❡♥ α ∈ R 1✉❝❤ $❤❛$ α > 0 ✐1 1♠❛❧❧ ❡♥♦✉❣❤ ✭1❡❡ ❜❡❧♦✇✮✱ β ❛♥❞ γ ❛&❡ $✇♦ ♥♦♥✲

♥❡❣❛$✐✈❡ ❜♦✉♥❞❡❞ ❢✉♥❝$✐♦♥1 1✉❝❤ $❤❛$ β(x) ≥ β > 0 ❢♦& x ∈ Iβ ⊆ (0, 1) ❛♥❞ γ(x) ≥
γ > 0 ❢♦& x ∈ Iγ ⊆ (0, 1) ✇❤❡&❡ Iβ ❛♥❞ Iγ ❛&❡ $✇♦ ♦♣❡♥ 1❡$1 1✉❝❤ $❤❛$ $❤❡✐& ♠❡❛1✉&❡1

❞♦ ♥♦$ ✈❛♥✐1❤ 1✐♠✉❧$❛♥❡♦✉1❧②✳ ❍❡♥❝❡✱ ✭✷✳✶✷✳✶✮ ✐1 ✇&✐$$❡♥ ✐♥ $❤❡ ❢♦&♠ ✭✷✳✶✳✶✸✮ ✇✐$❤

$❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡1 ✿ ❚❛❦❡ H = L2(0, 1)2✱ $❤❡ ♦♣❡&❛$♦& B ❛1 ❢♦❧❧♦✇1 ✿

Bω =
√
β(.)


 u

0


+

√
γ(.)


 0

y


 , ✭✷✳✶✷✳✷✮

✇❤❡♥ ω =


 u

y



✱ ✇❤✐❝❤ ✐1 ❛ ❜♦✉♥❞❡❞ ♦♣❡&❛$♦& ❢&♦♠ H ✐♥$♦ ✐$1❡❧❢ ✭✐✳❡✳ U = H✮ ❛♥❞

$❤❡ ♦♣❡&❛$♦& A ❞❡✜♥❡❞ ❜②

D(A) = V ∩H2(0, 1)2,

✶✵✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇❤❡♥ V = H1
0 (0, 1)

2
❛♥❞

Aω =


 −uxx + αy

−yxx + αu


 .

■❢ α ✐1 1♠❛❧❧ ❡♥♦✉❣❤✱ ♥❛♠❡❧② ✐❢ α < π2
✱ $❤✐1 ♦♣❡&❛$♦& A ✐1 ❛ ♣♦1✐$✐✈❡ 1❡❧❢❛❞❥♦✐♥$

♦♣❡&❛$♦& ✐♥ H✱ 1✐♥❝❡ ✐$ ✐1 $❤❡ ❋&✐❡❞&✐❝❤1 ❡①$❡♥1✐♦♥ ♦❢ $❤❡ $&✐♣❧❡ (H, V, a)✱ ✇❤❡&❡ $❤❡

1❡1=✉✐❧✐♥❡❛& ❢♦&♠ a ✐1 ❞❡✜♥❡❞ ❜②

a(ω, ω∗) =

∫ 1

0

(ux(u∗)x+yx(y∗)x+αyu∗+αuy∗) dx, ∀ω =


 u

y


 , ω∗ =


 u∗

y∗


 ∈ V.

■♥❞❡❡❞ a ✐1 ❝❧❡❛&❧② ❛ ❝♦♥$✐♥✉♦✉1 1②♠♠❡$&✐❝ 1❡1=✉✐❧✐♥❡❛& ❢♦&♠ ♦♥ V ❛♥❞ ✐1 ❝♦❡&❝✐✈❡ ✐❢

α < π2
❞✉❡ $♦ ?♦✐♥❝❛&@✬1 ✐♥❡=✉❛❧✐$②

∫ 1

0

|ux|2 dx ≥ π2

∫ 1

0

|u|2 dx, ∀u ∈ H1
0 (0, 1).

❋✉&$❤❡&♠♦&❡✱ A ❤❛1 ❛ ❝♦♠♣❛❝$ &❡1♦❧✈❡♥$ 1✐♥❝❡ D(A) ✐1 ❝♦♠♣❛❝$❧② ❡♠❜❡❞❞❡❞ ✐♥$♦ H✳

▲❡$ ✉1 ♥♦✇ ❝❤❡❝❦ $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ $❤❡ ❛11✉♠♣$✐♦♥1

✭✷✳✹✳✼✮ ♦& ✭✷✳✹✳✽✮ ❛&❡ 1❛$✐1✜❡❞ ❢♦& ♦✉& 1②1$❡♠ ✭✷✳✶✷✳✶✮✳ ❲❡ 1$❛&$ ❜② $❤❡ ❞❡$❡&♠✐♥❛$✐♦♥

♦❢ $❤❡ 1♣❡❝$&✉♠ ♦❢ $❤❡ ♦♣❡&❛$♦& A✳ ❍❡♥❝❡ ✇❡ ❛&❡ ❧♦♦❦✐♥❣ ❢♦& ω = (u, y)⊤ ∈ V ∩
H2(0, 1)2 ❞✐✛❡&❡♥$ ❢&♦♠ 0 ❛♥❞ λ2 > 0 1♦❧✉$✐♦♥ ♦❢

−uxx + αy = λ2u ✐♥ (0, 1),

−yxx + αu = λ2y ✐♥ (0, 1).

■❢ 1✉❝❤ ❛ ♣❛✐& ❡①✐1$1✱ ✇❡ ❝❛♥ 1❡$

s =
u+ y

2
, d =

u− y

2
,

❛♥❞ ♥♦$✐❝❡ $❤❛$ s ❛♥❞ d ❜❡❧♦♥❣ $♦ H1
0 (0, 1) ∩H2(0, 1) ❛♥❞ ❛&❡ 1♦❧✉$✐♦♥ ♦❢

−sxx + αs = λ2s ✐♥ (0, 1),

−dxx − αd = λ2d ✐♥ (0, 1).

✶✵✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❍❡♥❝❡ s ✭&❡1♣✳ d✮ ✐1 ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢ $❤❡ ▲❛♣❧❛❝❡ ♦♣❡&❛$♦& − d
dx2 ✇✐$❤ ❉✐&✐❝❤❧❡$

❜♦✉♥❞❛&② ❝♦♥❞✐$✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡ λ2−α ✭&❡1♣✳ λ2+α✮✳ ❆ ✜&1$ ❝❤♦✐❝❡ ✐1 $❤❡♥ $♦ ❤❛✈❡
❢♦& ❛❧❧ k ∈ N∗

✿ λ2 = k2π2 + α✱ s = sin(kπ·) ❛♥❞ d = 0✳ ❈♦♠✐♥❣ ❜❛❝❦ $♦ (u, y)✱ ✇❡

✜♥❞ ✭1✐♥❝❡ u = s + d ❛♥❞ y = s − d✮ ❛ 1❡D✉❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡1 λ2+,k = k2π2 + α ♦❢

❛11♦❝✐❛$❡❞ ❡✐❣❡♥✈❡❝$♦&

ω+,k = (sin(kπ·), sin(kπ·)).

◆♦$❡ $❤❛$ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ✐1 1✐♠♣❧❡ ❛♥❞ $❤❛$ ω+,k ✐1 ♦❢ ♥♦&♠ ✶ ✐♥ H✳

❆ 1❡❝♦♥❞ ❝❤♦✐❝❡ ✐1 $♦ $❛❦❡ ❢♦& ❛❧❧ k ∈ N∗
✿ λ2 = k2π2 − α ✭✇❤✐❝❤ ✐1 ♠❡❛♥✐♥❣❢✉❧

1✐♥❝❡ α < π2
✮✱ s = 0 ❛♥❞ d = sin(kπ·)✳ ❆❣❛✐♥ ❝♦♠✐♥❣ ❜❛❝❦ $♦ (u, y)✱ ✇❡ ✜♥❞ ❛

1❡D✉❡♥❝❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡1 λ2−,k = k2π2 − α ♦❢ ❛11♦❝✐❛$❡❞ ❡✐❣❡♥✈❡❝$♦&

ω−,k = (sin(kπ·),− sin(kπ·)).

❆1 ❜❡❢♦&❡ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ✐1 1✐♠♣❧❡ ❛♥❞ ω−,k ✐1 ♦❢ ♥♦&♠ ✶ ✐♥ H✳

◆♦✇ ✇❡ &❡♠❛&❦ $❤❛$ $❤❡ 1❡D✉❡♥❝❡ {ω+,k}k∈N∗ ∪ {ω−,k}k∈N∗
✐1 ❛♥ ♦&$❤♦♥♦&♠❛❧

❜❛1✐1 ♦❢ H ✭❜❡❝❛✉1❡ ω+,k + ω−,k = 2(sin(kπ·), 0) ❛♥❞ ω+,k − ω−,k = 2(0, sin(kπ·))✮
❛♥❞ $❤❡&❡❢♦&❡ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❛❧❧ ♣♦11✐❜❧❡ ❡✐❣❡♥✈❡❝$♦&1 ♦❢ A✳ ❲❡ ❤❛✈❡ $❤❡♥ 1❤♦✇♥ $❤❛$

$❤❡ 1♣❡❝$&✉♠ ♦❢ A ✐1 ❣✐✈❡♥ ❜②

Sp(A) = {λ2+,k}k∈N∗ ∪ {λ2−,k}k∈N∗ ,

❛♥❞ $❤❛$ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ✐1 1✐♠♣❧❡ ✭❜❡❝❛✉1❡ $❤❡ ❛11✉♠♣$✐♦♥ α < π2
✐♠♣❧✐❡1 $❤❛$

k2π2 + α < (k + 1)2π2 − α✮✳

❲❡ ♥♦✇ ♥❡❡❞ $♦ ❡1$✐♠❛$❡ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ $❤❡ ❝♦♥1❡❝✉$✐✈❡ ❡✐❣❡♥✈❛❧✉❡1 ♦❢

A1/2
✳ ❲❡ ❤❛✈❡ $✇♦ ❞✐✛❡&❡♥$ ❝❛1❡1 $♦ ❝♦♥1✐❞❡& ✿

✶✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ♥❡❡❞ $♦ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λ+,k ❛♥❞ λ−,k✳ ❙✐♥❝❡

λ+,k − λ−,k =
√
k2π2 + α−

√
k2π2 − α =

2α√
k2π2 + α +

√
k2π2 − α

,

✶✵✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇❡ 1❡❡ $❤❛$ $❤✐1 ❞✐1$❛♥❝❡ ❣♦❡1 $♦ ③❡&♦ ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

✷✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λ+,k ❛♥❞ λ−,k+1✳ ❍❡&❡ ✇❡ ❤❛✈❡

λ−,k+1 − λ+,k =
√

(k + 1)2π2 − α−
√
k2π2 + α =

2kπ2 + π2 − 2α√
(k + 1)2π2 − α +

√
k2π2 + α

,

✇❤✐❝❤ $❡♥❞1 $♦ π ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

❚❤✐1 1❤♦✇1 $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ✐1 1❛$✐1✜❡❞ ✇✐$❤ M = 2✳

❍❡♥❝❡✱ ✇❡ 1❡❡ $❤❛$ A1 = ∅ ❛♥❞ A2 = N∗
✳

■♥ ♦&❞❡& $♦ ❝❤❡❝❦ ✭✷✳✹✳✼✮ ♦& ✭✷✳✹✳✽✮✱ ❢♦& ❛❧❧ k ∈ N∗
✱ ✇❡ 1❡$

αk = λ+,k − λ−,k,

$❤❛$ ❜❡❤❛✈❡1 ❧✐❦❡ k−1
♦& ❡H✉✐✈❛❧❡♥$❧② ❧✐❦❡ λ−1

−,k✳ ❲❡ ❢✉&$❤❡& ♥❡❡❞ $♦ ✉1❡ $❤❡ ♠❛$&✐①

✭1❡❡ ▲❡♠♠❛ ✷✳✸✳✶✮

B−1
k =


 1 1

0 αk


 ,

❛1 ✇❡❧❧ ❛1 $❤❡ ♠❛$&✐① Φk ✇❤✐❝❤ ❤❡&❡ $❛❦❡1 $❤❡ ❢♦&♠

Φk =


 B∗ω−,k 0

0 B∗ω+,k


 .

❍❡♥❝❡ ❢♦& ❛❧❧ C = (c1, c2)
⊤ ∈ R2

✱ ✇❡ ❤❛✈❡

B−1
k ΦkC =


 c1B

∗ω−,k + c2B
∗ω+,k

αkc2B
∗ω+,k


 ,

❛♥❞ ❝♦♥1❡H✉❡♥$❧②

‖B−1
k ΦkC‖2U,2 = ‖c1B∗ω−,k + c2B

∗ω+,k‖22 + |αk|2|c2|2‖B∗ω+,k‖22
= |c1 + c2|2

∫ 1

0

β(x) sin2(kπx)dx+ |c2 − c1|2
∫ 1

0

γ(x) sin2(kπx)dx

+|αk|2|c2|2
∫ 1

0

(β(x) + γ(x)) sin2(kπx)dx.

✶✵✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❲❡ ❤❛✈❡ $✇♦ ❞✐✛❡&❡♥$ ❝❛1❡1 $♦ ❝♦♥1✐❞❡& ✿

❋✐&1$ ❝❛1❡ ✿ Iβ 6= ∅ ❛♥❞ Iγ 6= ∅✳
■♥ $❤✐1 ❝❛1❡✱ ✇❡ ❤❛✈❡

‖B−1
k ΦkC‖2U,2

≥ min {β, γ}min

{∫

Iβ

sin2(kπx)dx,

∫

Iγ

sin2(kπx)dx

}
((c1 + c2)

2 + (c2 − c1)
2)

= 2min {β, γ}min

{∫

Iβ

sin2(kπx)dx,

∫

Iγ

sin2(kπx)dx

}
(c21 + c22)

❛♥❞ ❤❡♥❝❡ ✭✷✳✹✳✼✮ ❤♦❧❞1 1✐♥❝❡ min

{∫

Iβ

sin2(kπx)dx,

∫

Iγ

sin2(kπx)dx

}
✐1 ✉♥✐❢♦&♠❧②

❜♦✉♥❞❡❞ ❢&♦♠ ❜❡❧♦✇✳ ■♥❞❡❡❞✱ ❛1 Iγ 6= ∅✱ $❤❡&❡ ❡①✐1$1 a ∈ (0, 1) ❛♥❞ ǫ > 0 1✉❝❤ $❤❛$

(a, a+ ǫ) ⊂ Iγ✱ ❛♥❞ $❤❡&❡❢♦&❡

∫

Iγ

sin2(kπx)dx ≥ ǫ

2
+

1

4kπ
(sin(2kπa)− sin(2kπ(a+ ǫ))) ≥ ǫ

2
− 1

2kπ
≥ ǫ

4
,

❢♦& k ≥ 2

ǫπ
✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✇❡ ❝❧❡❛&❧② ❤❛✈❡

min

1≤k<
2

ǫπ

∫

Iγ

sin2(kπx)dx > 0,

✇❤✐❝❤ 1❤♦✇1 $❤❛$

∫

Iγ

sin2(kπx)dx ✐1 ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ❢&♦♠ ❜❡❧♦✇✳

❙❡❝♦♥❞ ❝❛1❡ ✿ Iβ = ∅ ♦& Iγ = ∅ ✭❜✉$ ♥♦$ ❡♠♣$② $♦❣❡$❤❡&✮✳ ❋♦& ✐♥1$❛♥❝❡✱ 1✉♣♣♦1❡
$❤❛$ Iβ = ∅ ❛♥❞ Iγ 6= ∅✳
❆1 |αk| ∼ λ−1

−,k✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

‖B−1
k ΦkC‖U,2 ≥ α0λ

−1
−,k‖C‖2,

❢♦& ❛ ♣♦1✐$✐✈❡ ❝♦♥1$❛♥$ α0✱ ❛♥❞ 1❤♦✇1 $❤❛$ ✭✷✳✹✳✽✮ ❤♦❧❞1 ✇✐$❤ l = 1✳

✶✵✻



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❆1 1$❛$❡❞ ❜❡❢♦&❡✱ ✐♥ $❤❡ ✜&1$ ❝❛1❡ $❤❡ 1②1$❡♠ ✭✷✳✶✷✳✶✮ ✐1 ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡✱

✇❤✐❧❡ ✐♥ $❤❡ 1❡❝♦♥❞ ❝❛1❡ ✭✷✳✶✷✳✶✮ ✐1 ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡✳ ❲❡ &❡❢❡& $♦ ❚❤❡♦&❡♠ ✷✳✹

♦❢ ❬✼❪ ♦& $♦ ❬✺✱ ✻✶❪ ❢♦& $❤❡ ♣&♦♦❢ ♦❢ $❤❡1❡ &❡1✉❧$1✳

❆1 ❛♣♣&♦①✐♠❛$❡❞ 1♣❛❝❡ Vh✱ ✇❡ ✉1❡ $❤❡ 1$❛♥❞❛&❞ ♦♥❡ ❜❛1❡❞ ♦♥ P1 ✜♥✐$❡ ❡❧❡✲

♠❡♥$1✳ ▼♦&❡ ♣&❡❝✐1❡❧②✱ ❢♦& N ∈ N ❛♥❞ h = 1
N+1

, ✇❡ ❞❡✜♥❡ $❤❡ ♣♦✐♥$1 xj = jh, j =

0, 1, ..., N+1. ❚❤❡ 1♣❛❝❡ Vh ✐1 $❤❡ ❧✐♥❡❛& 1♣❛♥ ♦❢ $❤❡ ❢❛♠✐❧② ♦❢ ❤❛$ ❢✉♥❝$✐♦♥1 (ei, ej)i,j∈{1,...,N}

1✉❝❤ $❤❛$

ej(x) =

[
1− |x− xj|

h

]+
, ❢♦& j = 1, ..., N.

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ $❤❡ ♦♣❡&❛$♦&1 Ah ❛♥❞ Bh ❜② ✭✷✳✹✳✶✮ ❛♥❞ ✭✷✳✹✳✸✮✳ ■$ ✐1 ✇❡❧❧✲❦♥♦✇♥

✭1❡❡ ❬✷✷❪✮ $❤❛$ $❤❡ ♦♣❡&❛$♦& A ❛♥❞ $❤❡ 1♣❛❝❡ Vh 1❛$✐1❢② ❝♦♥❞✐$✐♦♥1 ✭✷✳✹✳✹✮ ❛♥❞ ✭✷✳✹✳✺✮

✇✐$❤ θ = 1✳

❈♦♥1❡K✉❡♥$❧②✱ ✐♥ $❤❡ ✜&1$ ❝❛1❡ ✭ Iβ 6= ∅ ❛♥❞ Iγ 6= ∅✮✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦&❡♠ ✷✳✹✳✶

❛♥❞ $❤✉1 $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✻✮ ✐1 ✉♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡✱ ✐♥ $❤❡ 1❡♥1❡

$❤❛$ $❤❡&❡ ❡①✐1$ ❝♦♥1$❛♥$1 M, α, h∗ > 0 ✭✐♥❞❡♣❡♥❞❡♥$ ♦❢ h, u0h, u1h, y0h, y1h✮ 1✉❝❤

$❤❛$ ❢♦& ❛❧❧ h ∈ (0, h∗) ✿

‖ω̇h(t)‖2 + a(ωh(t), ωh(t)) ≤Me−αt(‖ω1h‖2 + a(ω0h, ω0h)), ∀t ≥ 0,

✇❤❡&❡ ωh = (uh, yh)✱ ❛♥❞ ω0h = (u0h, y0h) ∈ Vh ✭&❡1♣✳ ω1h = (u1h, y1h) ∈ Vh✮ ✐1 ❛♥

❛♣♣&♦①✐♠❛$✐♦♥ ♦❢ ω0 = (u0, y0) ✭&❡1♣✳ ω1 = (u1, y1))✳

■♥ $❤❡ 1❡❝♦♥❞ ❝❛1❡ ✭Iβ = ∅ ❛♥❞ Iγ 6= ∅✮✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦&❡♠ ✷✳✹✳✹ ❛♥❞

❘❡♠❛&❦ ✷✳✶✵✳✶ ✇✐$❤ l = 1 ❛♥❞ $❤✉1 $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✾✮ ✐1 ✉♥✐❢♦&♠❧② ♣♦❧②✲

♥♦♠✐❛❧❧② 1$❛❜❧❡✱ ✐♥ $❤❡ 1❡♥1❡ $❤❛$✱ $❤❡&❡ ❡①✐1$ ❝♦♥1$❛♥$1 C, h∗ > 0 ✭✐♥❞❡♣❡♥❞❡♥$ ♦❢

h, u0h, u1h, y0h, y1h✮ 1✉❝❤ $❤❛$ ❢♦& ❛❧❧ h ∈ (0, h∗) ✿

∥∥(I + hAh)
−1ω̇h(t)

∥∥2
+ a(ωh(t), ωh(t)) ≤

C

t
‖(ω0h, ω1h)‖2D(Ã1,h)

∀t > 0, ✭✷✳✶✷✳✸✮

✇❤❡&❡ Ã1,h ✐1 ❣✐✈❡♥ ❛1 ✐♥ ✭✷✳✺✳✶✮ ✇✐$❤ l = 1✱ θ = 1✱ ❛♥❞ $❤❡ $❤❡ ❣&❛♣❤ ♥♦&♠ ‖·‖D(Ã1,h)

✶✵✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✐1 ❞❡✜♥❡❞ ❜②

‖(ω0h, ω1h)‖2D(Ã1,h)
= ‖(ω0h, ω1h)‖2Xh

+ ‖Ã1,h(ω0h, ω1h)‖2Xh
.

✷✳✶✷✳✷ ❚✇♦ ❜♦✉♥❞❛+② ❝♦✉♣❧❡❞ ✇❛✈❡ ❡2✉❛3✐♦♥5

❲❡ ❝♦♥1✐❞❡& $❤❡ ❢♦❧❧♦✇✐♥❣ 1②1$❡♠





utt − uxx = 0 ✐♥ (0, 1)× R+,

ytt − yxx + βyt = 0 ✐♥ (0, 1)× R+,

u(0, t) = y(0, t) = 0 ∀t > 0,

yx(1, t) = αu(1, t) ∀t > 0,

ux(1, t) = αy(1, t) ∀t > 0,

u(·, 0) = 0, ut(·, 0) = u1, y(·, 0) = 0, yt(·, 0) = y1 ✐♥ (0, 1)✱

✭✷✳✶✷✳✹✮

✇❤❡♥ α, β ∈ R ✇✐$❤ β > 0 ❛♥❞ α > 0 1♠❛❧❧ ❡♥♦✉❣❤ ✭1❡❡ ❜❡❧♦✇✮✳ ❍❡♥❝❡ ✐$ ✐1 ✇&✐$$❡♥

✐♥ $❤❡ ❢♦&♠ ✭✷✳✶✳✶✸✮ ✇✐$❤ $❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡1 ✿ ❚❛❦❡ H = L2(0, 1)2✱ $❤❡ ♦♣❡&❛$♦& B

❛1 ❢♦❧❧♦✇1 ✿

Bω =
√
β


 0

y


 ,

✇❤❡♥ ω =


 u

y



✱ ✇❤✐❝❤ ✐1 ❛ ❜♦✉♥❞❡❞ ♦♣❡&❛$♦& ❢&♦♠ H ✐♥$♦ ✐$1❡❧❢ ✭✐✳❡✳ U = H✮ ❛♥❞

$❤❡ ♦♣❡&❛$♦& A ❞❡✜♥❡❞ ❜②

D(A) =
{
(u, y) ∈ V ∩H2(0, 1)2 : yx(1) = αu(1); ux(1) = αy(1)

}

✇❤❡♥ V = {ω ∈ H1(0, 1)2 : ω(0) = 0} ❛♥❞

Aω =


 −uxx

−yxx


 .

✶✵✽



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

■❢ α ✐1 1♠❛❧❧ ❡♥♦✉❣❤✱ ♥❛♠❡❧② ✐❢ α < 1✱ $❤✐1 ♦♣❡&❛$♦& A ✐1 ❛ ♣♦1✐$✐✈❡ 1❡❧❢❛❞❥♦✐♥$

♦♣❡&❛$♦& ✐♥ H✱ 1✐♥❝❡ ✐$ ✐1 $❤❡ ❋&✐❡❞&✐❝❤1 ❡①$❡♥1✐♦♥ ♦❢ $❤❡ $&✐♣❧❡ (H, V, a)✱ ✇❤❡&❡ $❤❡

1❡1=✉✐❧✐♥❡❛& ❢♦&♠ a ✐1 ❞❡✜♥❡❞ ❜②

a(ω, ω∗) =

∫ 1

0

(ux(u∗)x + yx(y∗)x) dx− αu(1)y∗(1)− αu∗(1)y(1),

❢♦& ❛❧❧ ω =


 u

y


 , ω∗ =


 u∗

y∗


 ∈ V. ■♥❞❡❡❞ a ✐1 ❝❧❡❛&❧② ❛ ❝♦♥$✐♥✉♦✉1 1②♠♠❡$&✐❝

1❡1=✉✐❧✐♥❡❛& ❢♦&♠ ♦♥ V ❛♥❞ ✐1 ❝♦❡&❝✐✈❡ ✐❢ α < 1 ❞✉❡ $♦ $❤❡ $&❛❝❡ $❤❡♦&❡♠

u(1)2 ≤
∫ 1

0

|ux|2 dx, ∀u ∈ V.

■♥ ❛❞❞✐$✐♦♥ $♦ $❤❛$✱ $❤❡ ♦♣❡&❛$♦& A ❛❞♠✐$1 ❛ ❝♦♠♣❛❝$ &❡1♦❧✈❡♥$ ❛1 D(A) ✐1 ❝♦♠♣❛❝$❧②

❡♠❜❡❞❞❡❞ ✐♥ H✳

▲❡$ ✉1 ♥♦✇ ❝❤❡❝❦ $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ❛♥❞ $❤❡ ❛11✉♠♣$✐♦♥

✭✷✳✹✳✽✮ ❛&❡ 1❛$✐1✜❡❞ ❢♦& ♦✉& 1②1$❡♠ ✭✷✳✶✷✳✹✮✳ ❲❡ 1$❛&$ ❜② $❤❡ ❞❡$❡&♠✐♥❛$✐♦♥ ♦❢ $❤❡

1♣❡❝$&✉♠ ♦❢ $❤❡ ♦♣❡&❛$♦& A✳ ❍❡♥❝❡ ✇❡ ❛&❡ ❧♦♦❦✐♥❣ ❢♦& ω = (u, y)⊤ ∈ D(A) ❞✐✛❡&❡♥$

❢&♦♠ 0 ❛♥❞ λ2 > 0 1♦❧✉$✐♦♥ ♦❢

−uxx = λ2u ✐♥ (0, 1),

−yxx = λ2y ✐♥ (0, 1).

❚❤❡♥

u(x) = a sin(λx) ✐♥ (0, 1),

y(x) = b sin(λx) ✐♥ (0, 1).

❚❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥❞✐$✐♦♥ ✐♥ ✭✷✳✶✷✳✹✮ ❣✐✈❡1





aλ cosλ = αb sinλ

bλ cosλ = αa sinλ.

✶✵✾



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❙✐♥❝❡ ✐$ ✐1 ♥♦$ ♣♦11✐❜❧❡ $♦ ❤❛✈❡ sinλ = 0 ✭♦$❤❡&✇✐1❡ a = b = 0✮✱ ✇❡ ♦❜$❛✐♥

a =
bλ cosλ

α sinλ
, ✭✷✳✶✷✳✺✮

❛♥❞ $❤❡♥

tanλ = ±λ
α
, ✭✷✳✶✷✳✻✮

❜❡❝❛✉1❡ b 6= 0 ✭♦$❤❡&✇✐1❡ u = y = 0✮✳

❲❡ $❤❡♥ ❤❛✈❡ $✇♦ 1❡A✉❡♥❝❡1 ♦❢ ❡✐❣❡♥✈❛❧✉❡1 ❞❡✜♥❡❞ ❜②

λ−,k =
π

2
+ kπ − ǫ−,k

✇✐$❤ limk→+∞ ǫ−,k = 0 ❛♥❞ ǫ−,k > 0 ❢♦& ❛❧❧ k ∈ N✱ ❛♥❞

λ+,k =
π

2
+ kπ + ǫ+,k

✇✐$❤ limk→+∞ ǫ+,k = 0 ❛♥❞ ǫ+,k > 0 ❢♦& ❛❧❧ k ∈ N✳ ▼♦&❡♦✈❡& ❛1 λ−,k ❛♥❞ λ+,k 1❛$✐1✜❡1

✭✷✳✶✷✳✻✮✱ ✇❡ ❝❛♥ ✈❡&✐❢② $❤❛$

ǫ−,k = arctan

(
α

λ−,k

)
❛♥❞ ǫ+,k = arctan

(
α

λ+,k

)
.

❇② ✭✷✳✶✷✳✺✮ ❛♥❞ ✭✷✳✶✷✳✻✮✱ $❤❡ ❡✐❣❡♥✈❡❝$♦& ❛11♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λ+,k ✐1

❣✐✈❡♥ ❜②

ω+,k = b+,k sin(λ+,k·)(−1, 1)T ,

❛♥❞ $❤❡ ❡✐❣❡♥✈❡❝$♦& ❛11♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λ−,k ✐1 ❣✐✈❡♥ ❜②

ω−,k = b−,k sin(λ−,k·)(1, 1)T ,

✇❤❡&❡ b+,k, b−,k ❛&❡ ❝❤♦1❡♥ $♦ ♥♦&♠❛❧✐③❡ $❤❡ ❡✐❣❡♥✈❡❝$♦&1✳

❙✐♥❝❡ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❛❧❧ ♣♦11✐❜❧❡ ❡✐❣❡♥✈❡❝$♦&1 ♦❢ A✱ ✇❡ ❤❛✈❡ 1❤♦✇♥ $❤❛$ $❤❡

1♣❡❝$&✉♠ ♦❢ A ✐1 ❣✐✈❡♥ ❜②

Sp(A) = {λ2+,k}k∈N∗ ∪ {λ2−,k}k∈N∗ ,

✶✶✵



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❛♥❞ $❤❛$ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ✐1 1✐♠♣❧❡✳

❲❡ ❛❣❛✐♥ ♥❡❡❞ $♦ ❡1$✐♠❛$❡ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ $❤❡ ❝♦♥1❡❝✉$✐✈❡ ❡✐❣❡♥✈❛❧✉❡1 ♦❢

A1/2
❛♥❞ ❛1 ❜❡❢♦&❡ ✇❡ ❝♦♥1✐❞❡& $✇♦ ❞✐✛❡&❡♥$ ❝❛1❡1 ✿

✶✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ♥❡❡❞ $♦ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λ+,k ❛♥❞ λ−,k✳ ❙✐♥❝❡

λ+,k − λ−,k = ǫ+,k + ǫ−,k = arctan

(
α

λ+,k

)
+ arctan

(
α

λ−,k

)
,

✇❡ 1❡❡ $❤❛$ $❤✐1 ❞✐1$❛♥❝❡ ❣♦❡1 $♦ ③❡&♦ ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

✷✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λ+,k ❛♥❞ λ−,k+1✳ ❍❡&❡ ✇❡ ❤❛✈❡

λ−,k+1 − λ+,k = π − (ǫ+,k + ǫ−,k+1),

✇❤✐❝❤ $❡♥❞1 $♦ π ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

❚❤✐1 1❤♦✇1 $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ✐1 1❛$✐1✜❡❞ ✇✐$❤ M = 2✳

■♥ ♦&❞❡& $♦ ❝❤❡❝❦ ✭✷✳✹✳✽✮✱ ❢♦& ❛❧❧ k ∈ N∗
✱ ✇❡ 1❡$

αk = λ+,k − λ−,k,

$❤❛$ ❜❡❤❛✈❡1 ❧✐❦❡ k−1
♦& ❡L✉✐✈❛❧❡♥$❧② ❧✐❦❡ λ−1

−,k✳ ❆1 ✐♥ $❤❡ ♣&❡✈✐♦✉1 1✉❜1❡❝$✐♦♥ ❢♦& ❛❧❧

C = (c1, c2)
⊤ ∈ R2

✱ ✇❡ ❤❛✈❡

B−1
k ΦkC =


 c1B

∗ω−,k + c2B
∗ω+,k

αkc2B
∗ω+,k


 ,

❛♥❞ ❝♦♥1❡L✉❡♥$❧②

‖B−1
k ΦkC‖2U,2 = ‖c1B∗ω−,k + c2B

∗ω+,k‖2H + |αk|2|c2|2‖B∗ω+,k‖2H
= β

∫ 1

0

(b−,kc1 sin(λ−,kx) + b+,kc2 sin(λ+,kx))
2 dx

+β|αk|2|c2|2b2+,k

∫ 1

0

sin2(λ+,kx)dx.

✶✶✶



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❇② ✉1✐♥❣ ❨♦✉♥❣✬1 ✐♥❡8✉❛❧✐$② ✇✐$❤ ǫ > 0 ❛♥❞ $❤❡ ❢❛❝$ $❤❛$ $❤❡ ❡✐❣❡♥✈❡❝$♦&1 ❛&❡

♥♦&♠❛❧✐③❡❞ ✭❜② $❤❡ ❝❤♦✐❝❡ ♦❢ b±,k✮✱ ✇❡ ♦❜$❛✐♥

‖B−1
k ΦkC‖2U,2 ≥ β

(
1− 1

ǫ

)
c21b

2
−,k

∫ 1

0

sin2(λ−,kx)dx+ β (1− ǫ) c22b
2
+,k

∫ 1

0

sin2(λ+,kx)dx

+β|αk|2|c2|2b2+,k

∫ 1

0

sin2(λ+,kx)dx

=
β

2

((
1− 1

ǫ

)
c21 +

(
1 + α2

k − ǫ
)
c22

)
.

❲❡ $❤❡♥ $❛❦❡ ǫ = 1 + α2
k/2✱ ✇❤✐❝❤ ✐♠♣❧✐❡1

1 + α2
k − ǫ =

α2
k

2
❛♥❞ 1− 1

ǫ
>
α2
k

4
,

✭1✐♥❝❡ α2
k < 2✮✳ ❈♦♥1❡8✉❡♥$❧②

‖B−1
k ΦkC‖2U,2 ≥

β

8
α2
k(c

2
1 + c22).

❆1 |αk| ∼ λ−1
−,k✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

‖B−1
k ΦkC‖U,2 ≥ α0λ

−1
−,k‖C‖2,

❢♦& ❛ ♣♦1✐$✐✈❡ ❝♦♥1$❛♥$ α0✱ ❛♥❞ 1❤♦✇1 $❤❛$ ✭✷✳✹✳✽✮ ❤♦❧❞1 ✇✐$❤ l = 1✳

❲❡ ❝♦♥1$&✉❝$ $❤❡ 1♣❛❝❡ Vh ❧✐❦❡ ✐♥ $❤❡ ♣&❡✈✐♦✉1 1✉❜1❡❝$✐♦♥✱ ✐✳❡✳ ✐$ ✐1 $❤❡ 1♣❛♥ ♦❢

(ei, ej)i,j∈{1,...,N+1}✱ $❤❛$ 1$✐❧❧ 1❛$✐1✜❡1 ✭✷✳✹✳✹✮ ❛♥❞ ✭✷✳✹✳✺✮ ✇✐$❤ θ = 1✳

❈♦♥1❡8✉❡♥$❧②✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦&❡♠ ✷✳✹✳✹ ❛♥❞ ❘❡♠❛&❦ ✷✳✶✵✳✶ ✇✐$❤ l = 1 ❛♥❞

$❤✉1 $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✾✮ ✐1 ✉♥✐❢♦&♠❧② ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡✱ ✐♥ $❤❡ 1❡♥1❡ $❤❛$

$❤❡ ❡1$✐♠❛$❡ ✭✷✳✶✷✳✸✮ ❤♦❧❞1✳

✶✶✷



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✷✳✶✷✳✸ ❆ ♠♦'❡ ❣❡♥❡'❛❧ ✇❛✈❡ /②♣❡ 2②2/❡♠

❲❡ ❝♦♥1✐❞❡& $❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦&❡ ❣❡♥❡&❛❧ 1②1$❡♠ ✿ ❧❡$ ω = (ω1, · · · , ωN)
T
❜❡ ❛

1♦❧✉$✐♦♥ ♦❢ 



ωtt − ωxx +Mω +BB∗ωt = 0 ✐♥ (0, 1)N × R+,

ω(0, t) = ω(1, t) = 0 ∀t > 0,

ω(·, 0) = ω(0), ωt(·, 0) = ω(1)
✐♥ (0, 1)N ✱

✭✷✳✶✷✳✼✮

✇❤❡&❡ M ∈ MN(R) ✐1 1②♠♠❡$&✐❝ ❛♥❞ 1✉❝❤ $❤❛$ A0 + M ✐1 ♣♦1✐$✐✈❡ ❞❡✜♥✐$❡ ✐♥

H = L2(0, 1)N ✱ ✇❤❡♥ A0 ✐1 $❤❡ ♦♣❡&❛$♦& ♦❢ ❞♦♠❛✐♥ D(A0) = H1
0 (0, 1)

N ∩H2(0, 1)N

❛♥❞ 1✉❝❤ $❤❛$ A0u = −uxx✱ ❢♦& ❛❧❧ u ∈ D(A0) ❀ B ∈ L(U, H)✱ ✇✐$❤ U ❛ ❝♦♠♣❧❡①

❍✐❧❜❡&$ 1♣❛❝❡✳

❍❡♥❝❡✱ ✐$ ✐1 ✇&✐$$❡♥ ✐♥ $❤❡ ❢♦&♠ ✭✷✳✶✳✶✸✮ ✇✐$❤ $❤❡ 1❡❧❢✲❛❞❥♦✐♥$ ♣♦1✐$✐✈❡ ♦♣❡&❛$♦& A

❞❡✜♥❡❞ ❜② A = A0 +M ❛♥❞ D(A) = D(A0) = V ∩H2(0, 1)N ✱ ✇❤❡♥ V = H1
0 (0, 1)

N
✳

❲❡ &❡♠❛&❦ $❤❛$ A ❛❞♠✐$1 ❛ ❝♦♠♣❛❝$ &❡1♦❧✈❡♥$ 1✐♥❝❡ D(A) ✐1 ❝♦♠♣❛❝$❧② ❡♠❜❡❞❞❡❞

✐♥$♦ H✳

❆1 M ✐1 1②♠♠❡$&✐❝✱ M ❝❛♥ ❜❡ ❞✐❛❣♦♥❛❧✐③❡❞ ❜② ❛♥ ♦&$❤♦❣♦♥❛❧ ♠❛$&✐①✱ ✐✳❡✳ $❤❡&❡

❡①✐1$ ❛ &❡❛❧ ♦&$❤♦❣♦♥❛❧ ♠❛$&✐① O ❛♥❞ ❛ ❞✐❛❣♦♥❛❧ ♠❛$&✐① D 1✉❝❤ $❤❛$ OTMO = D✳

❲❡ ❞❡♥♦$❡ ❜② di ✭i = 1, · · · , N✮ $❤❡ ❝♦❡✣❝✐❡♥$1 ♦❢ $❤❡ ❞✐❛❣♦♥❛❧ ♠❛$&✐① D✳
❲❡ 1$❛&$ ❜② $❤❡ ❞❡$❡&♠✐♥❛$✐♦♥ ♦❢ $❤❡ 1♣❡❝$&✉♠ ♦❢ $❤❡ ♦♣❡&❛$♦& A✳ ❍❡♥❝❡ ✇❡ ❛&❡

❧♦♦❦✐♥❣ ❢♦& ω ∈ V ∩H2(0, 1)N ❞✐✛❡&❡♥$ ❢&♦♠ 0 ❛♥❞ λ2 > 0 1♦❧✉$✐♦♥ ♦❢

−ωxx +Mω = λ2ω.

■❢ ✇❡ ❞❡♥♦$❡ ❜② U = OTω✱ $❤❡♥ U = (u1, · · · , uN)T 1❛$✐1✜❡1

−Uxx +DU = λ2U,

✇❤✐❝❤ ✐1 ❡M✉✐✈❛❧❡♥$ $♦

− d2

dx2
ui = (λ2 − di)ui, ✐♥ (0, 1), ∀i = 1, · · · , N.

✶✶✸



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❍❡♥❝❡ $❤❡&❡ ❡①✐1$1 ci ∈ C 1✉❝❤ $❤❛$

ui =
√
2ci sin(kπ.), λ2i,k = k2π2 + di, i = 1, · · · , N.

❚❤❡&❡❢♦&❡ ✇❡ ❤❛✈❡ ❢♦✉♥❞ N ❢❛♠✐❧✐❡1 ♦❢ ❡✐❣❡♥✈❡❝$♦&1 ❛♥❞ ❡✐❣❡♥✈❛❧✉❡1 ✿

Ui,k =
√
2fi sin(kπ.), λ2i,k = k2π2 + di, i = 1, · · · , N,

✇❤❡&❡ (fi)i∈{1,··· ,N} ✐1 $❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛1✐1 ♦❢ CN
✳ ❈♦♠✐♥❣ ❜❛❝❦ $♦ $❤❡ ✐♥✐$✐❛❧ ❡✐❣❡♥✈❛❧✉❡

♣&♦❜❧❡♠✱ ✇❡ ❤❛✈❡ ◆ ❢❛♠✐❧✐❡1 ♦❢ ❡✐❣❡♥✈❡❝$♦&1 ❣✐✈❡♥ ❜②

ωi,k = OUi,k, i = 1, · · · , N, ✭✷✳✶✷✳✽✮

❛♥❞ $❤❡ 1♣❡❝$&✉♠ ♦❢ A ✐1 ❣✐✈❡♥ ❜②

Sp(A) = {λ21,k}k∈N∗ ∪ · · · ∪ {λ2N,k}k∈N∗ .

❋♦& 1✐♠♣❧✐❝✐$②✱ ✇❡ ♥♦✇ ❛11✉♠❡ $❤❛$ ❛❧❧ di ❛&❡ ❞✐✛❡&❡♥$ ❛♥❞✱ ❢♦& ✐♥1$❛♥❝❡ $❤❛$

d1 < d2 < · · · < dN .

❲❡ 1$✐❧❧ ❤❛✈❡ $♦ ❡1$✐♠❛$❡ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ $❤❡ ❝♦♥1❡❝✉$✐✈❡ ❡✐❣❡♥✈❛❧✉❡1 ♦❢

A1/2
✿

✶✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ♥❡❡❞ $♦ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λi,k ❛♥❞ λj,k ✭i 6= j✮✳ ❙✐♥❝❡

λi,k − λj,k =
√
k2π2 + di −

√
k2π2 + dj =

di − dj√
k2π2 + di +

√
k2π2 + dj

,

✇❡ 1❡❡ $❤❛$ $❤✐1 ❞✐1$❛♥❝❡ ❣♦❡1 $♦ ③❡&♦ ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

✷✳ ❋♦& ❛❧❧ k ∈ N∗
✱ ✇❡ ❧♦♦❦ ❛$ $❤❡ ❞✐1$❛♥❝❡ ❜❡$✇❡❡♥ λN,k ❛♥❞ λ1,k+1✳ ❍❡&❡ ✇❡ ❤❛✈❡

λ1,k+1−λN,k =
√

(k + 1)2π2 + d1−
√
k2π2 + dN =

2kπ2 + π2 + d1 − dN√
(k + 1)2π2 + d1 +

√
k2π2 + dN

,

✇❤✐❝❤ $❡♥❞1 $♦ π ❛1 k ❣♦❡1 $♦ ✐♥✜♥✐$②✳

✶✶✹



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❚❤✐1 1❤♦✇1 $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ✐1 1❛$✐1✜❡❞ ✇✐$❤ M = N ✳

❲✐$❤ $❤❡ $❡&♠✐♥♦❧♦❣② ♦❢ ❙❡❝$✐♦♥ ✶✱ ✇❡ 1❡❡ $❤❛$ A1 = · · · = AN−1 = ∅ ❛♥❞ AN = N∗
✳

❍❡♥❝❡✱ ❢♦& N > 1✱ ♦✉& ♣&❡✈✐♦✉1 &❡1✉❧$1 ✇✐❧❧ ❛❧❧♦✇ $♦ ♦❜$❛✐♥ 1$❛❜✐❧✐$② &❡1✉❧$1 ❢♦& 1②1$❡♠

✭✷✳✶✷✳✼✮✳

■❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ❛&❡ 1✐♠♣❧❡ ✭❛ ♥❡❝❡11❛&② ❝♦♥❞✐$✐♦♥ ✐1 $❤❛$ ❛❧❧ di ❛&❡ ❞✐✛❡&❡♥$✮✱

$❤❡♥ ✐♥ ♦&❞❡& $♦ ✈❡&✐❢② ✭✷✳✹✳✼✮ ♦& ✭✷✳✹✳✽✮✱ ✇❡ ❤❛✈❡ $♦ ❜♦✉♥❞ ❢&♦♠ ❜❡❧♦✇

∥∥B−1
k ΦkC

∥∥2

U,2

✇✐$❤ C = (c1, · · · , cN) ∈ RN
✱ B−1

k ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸✳✶ ❛♥❞ Φk ❣✐✈❡♥ ❜②

Φk =




B∗ω1,k · · · 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

0 · · · B∗ωN,k


 .

❙✉❝❤ ❛ ❧♦✇❡& ❜♦✉♥❞ ❝❛♥ ♦♥❧② ❜❡ ♠❛❞❡ ♦♥ 1♦♠❡ ♣❛&$✐❝✉❧❛& ❡①❛♠♣❧❡1✳

◆♦$❡ $❤❛$✱ ✐❢ N = 2✱ B ✐1 ❞❡✜♥❡❞ ❜② ✭✷✳✶✷✳✷✮ ❛♥❞

M = α


 0 1

1 0




✇✐$❤ α > 0✱ $❤❡♥ ✇❡ ❛&❡ ❜❛❝❦ $♦ $❤❡ 1❡$$✐♥❣ ♦❢ ❙✉❜1❡❝$✐♦♥ ✷✳✶✷✳✶✳ ■♥❞❡❡❞ M ✐1

1②♠♠❡$&✐❝ ✇✐$❤ A0 +M ♣♦1✐$✐✈❡ ❞❡✜♥✐$❡ ❢♦& α 1♠❛❧❧ ❡♥♦✉❣❤✱ ❛♥❞ ❞✐❛❣♦♥❛❧✐③❡❞ ❜②

$❤❡ ♦&$❤♦❣♦♥❛❧ ♠❛$&✐①

O =
1√
2


 −1 1

1 1



✭✇✐$❤ D = α


 −1 0

0 1


).

❲❡ $❤❡♥ ✜♥✐1❤ $❤✐1 1✉❜1❡❝$✐♦♥ ❜② ❝♦♥1✐❞❡&✐♥❣ ❛♥♦$❤❡& ❡①❛♠♣❧❡✳ ❚❛❦❡ N = 3 ❛♥❞

B




ω1

ω2

ω3


 =

√
β




ω1

0

0


+

√
γ




0

ω2

0


+

√
δ




0

0

ω3


 ,

✶✶✺



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

✇✐$❤ ♥♦♥ ♥❡❣❛$✐✈❡ &❡❛❧ ♥✉♠❜❡&1 β✱ γ✱ δ✱ ✇❤✐❝❤ ✐1 ❛ ❜♦✉♥❞❡❞ ♦♣❡&❛$♦& ❢&♦♠ H ✐♥$♦

✐$1❡❧❢ ✭✐✳❡✳ U = H✮✳ ❲❡ ❝❤♦1❡ $❤❡ ♠❛$&✐① M ❞❡✜♥❡❞ ❜②

M = α




0 1 0

1 0 1

0 1 0


 , α > 0

✇❤✐❝❤ ✐1 ♦❜✈✐♦✉1❧② 1②♠♠❡$&✐❝✳ ❆1 ♣&❡✈✐♦✉1❧② ✇❡ ❝❛♥ ✈❡&✐❢② $❤❛$ A0 +M ✐1 ♣♦1✐$✐✈❡

❞❡✜♥✐$❡ ✐❢ α < π2/2✳ ▼♦&❡♦✈❡& M ❝❛♥ ❜❡ ❞✐❛❣♦♥❛❧✐③❡❞ ❜② $❤❡ ♦&$❤♦❣♦♥❛❧ ♠❛$&✐①

O =
1

2




1
√
2 1

−
√
2 0

√
2

1 −
√
2 1


 ,

✐♥$♦

D =




−
√
2α 0 0

0 0 0

0 0
√
2α


 .

❚❤❡♥ $❤❡ 1♣❡❝$&✉♠ ♦❢ A = A0 +M ✐1 ❣✐✈❡♥ ❜②

Sp(A) = {k2π2 −
√
2α}k∈N∗ ∪ {k2π2}k∈N∗ ∪ {k2π2 +

√
2α}k∈N∗ ,

❛♥❞ $❤❡ ❡✐❣❡♥✈❛❧✉❡1 ❛&❡ 1✐♠♣❧❡ ✭❜❡❝❛✉1❡ $❤❡ ❛11✉♠♣$✐♦♥ α < π2/2 ✐♠♣❧✐❡1 $❤❛$

k2π2 +
√
2α < (k + 1)2π2 −

√
2α✮✳ ▼♦&❡♦✈❡&✱ ❛1 ✇❡ ❤❛✈❡ 1❤♦✇♥ ♣&❡✈✐♦✉1❧②✱ $❤❡

❣❡♥❡&❛❧✐③❡❞ ❣❛♣ ❝♦♥❞✐$✐♦♥ ✭✷✳✸✳✶✮ ✐1 1❛$✐1✜❡❞ ✇✐$❤ M = 3✳ ❚❤❛♥❦1 $♦ ✭✷✳✶✷✳✽✮ $❤❡

♥♦&♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝$♦&1 ❛&❡ ❣✐✈❡♥ ❜②

ω1,k =
1√
2




1

−
√
2

1


 sin(kπ·), ω2,k =

1√
2




√
2

0

−
√
2


 sin(kπ·),

ω3,k =
1√
2




1
√
2

1


 sin(kπ·).

✶✶✻
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❲❡ 1❡$

α
(1,2)
k = λ2,k − λ1,k, α

(1,3)
k = λ3,k − λ1,k, α

(2,3)
k = λ3,k − λ2,k.

❚❤❡&❡❢♦&❡✱ ❢♦& ❛❧❧ C = (c1, c2, c3)
T ∈ R3

✱ ✇❡ ❤❛✈❡

∥∥B−1
k ΦkC

∥∥2

U,2

=

∥∥∥∥∥∥∥∥∥




1 1 1

0 α
(1,2)
k α

(1,3)
k

0 0 α
(1,3)
k α

(2,3)
k







B∗ω1,k 0 0

0 B∗ω2,k 0

0 0 B∗ω3,k







c1

c2

c3




∥∥∥∥∥∥∥∥∥

2

U,2

= ‖c1B∗ω1,k + c2B
∗ω2,k + c3B

∗ω3,k‖2H +
∥∥∥c2α(1,2)

k B∗ω2,k + c3α
(1,3)
k B∗ω3,k

∥∥∥
2

H

+ |c3|2
∣∣∣α(1,3)

k α
(2,3)
k

∣∣∣
2

‖B∗ω3,k‖2H .

❆❢$❡& 1♦♠❡ ❝❛❧❝✉❧❛$✐♦♥1✱ ✇❡ ♦❜$❛✐♥

∥∥B−1
k ΦkC

∥∥2

U,2
= β

4
(c1 +

√
2c2 + c3)

2 + γ
2
(c3 − c1)

2 + δ
4
(c1 −

√
2c2 + c3)

2

+β
4
(
√
2α

(1,2)
k c2 + α

(1,3)
k c3)

2 + γ
2

∣∣∣c3α(1,3)
k

∣∣∣
2

+ δ
2
(−

√
2α

(1,2)
k c2 + α

(1,3)
k c3)

2

+ |c3|2
2

∣∣∣α(1,3)
k α

(2,3)
k

∣∣∣
2

(β+δ
2

+ γ).

❍❡♥❝❡ ❞✐✛❡&❡♥$ ❞❡❝❛② &❡1✉❧$1 ❝❛♥ ❜❡ ♦❜$❛✐♥❡❞ ❢♦& 1②1$❡♠ ✭✷✳✶✷✳✼✮ ❛❝❝♦&❞✐♥❣ $♦ $❤❡

✈❛❧✉❡1 ♦❢ β✱ γ ❛♥❞ δ✳

❋✐&1$ ✐❢ β, γ, δ > 0✱ $❤❡♥ ✇❡ ❤❛✈❡

∥∥B−1
k ΦkC

∥∥2

U,2
≥ C(c21 + c22 + c23)

❢♦& C > 0✱ ✇❤✐❝❤ 1❤♦✇1 $❤❛$ ✭✷✳✹✳✼✮ ❤♦❧❞1 ❛♥❞ $❤❡&❡❢♦&❡ 1②1$❡♠ ✭✷✳✶✷✳✼✮ ✐1 ❡①♣♦♥❡♥✲

$✐❛❧❧② 1$❛❜❧❡✳

✶✶✼



❈❤❛♣$❡& ✷ ❯♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡ ❛♣♣&♦①✐♠❛$✐♦♥1

❙❡❝♦♥❞ ✐❢ γ = 0 ❛♥❞ β, δ > 0✱ ✇❡ ❤❛✈❡

∥∥B−1
k ΦkC

∥∥2

U,2
≥ min{β,δ}

4

(
2c21 + 4c22 + 2c23 + 4c1c3 +min

{
α
(1,2)
k , α

(1,3)
k

}2

(4c22 + 2c23)

+min
{
α
(1,3)
k , α

(2,3)
k

}4

c23

)

≥ min{β,δ}
4

((
2− 2

ǫ

)
c21 + 4

(
1 + min

{
α
(1,2)
k , α

(1,3)
k

}2
)
c22

+

(
2− 2ǫ+ 2min

{
α
(1,2)
k , α

(1,3)
k

}2
)
c23

)
,

❜② ❨♦✉♥❣✬1 ✐♥❡=✉❛❧✐$② ✇✐$❤ ǫ > 0✳ ❲❡ $❤❡♥ $❛❦❡ ǫ = 1+min
{
α
(1,2)
k , α

(1,3)
k

}2

/2✱ ✇❤✐❝❤

✐♠♣❧✐❡1

2− 2

ǫ
>

min
{
α
(1,2)
k , α

(1,3)
k

}2

2
, 2−2ǫ+2min

{
α
(1,2)
k , α

(1,3)
k

}2

= min
{
α
(1,2)
k , α

(1,3)
k

}2

,

✐❢ k ✐1 ❧❛&❣❡ ❡♥♦✉❣❤✳ ❈♦♥1❡=✉❡♥$❧② ✐❢ k ✐1 ❧❛&❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ ♦❜$❛✐♥❡❞ $❤❛$

∥∥B−1
k ΦkC

∥∥2

U,2
≥ min{β,δ}

4

(
min

{
α
(1,2)
k

,α
(1,3)
k

}2

2
c21 + 4min

{
α
(1,2)
k , α

(1,3)
k

}2

c22

+ min
{
α
(1,2)
k , α

(1,3)
k

}2

c23

)

≥ min{β,δ}
8

min
{
α
(1,2)
k , α

(1,3)
k

}2

(c21 + c22 + c23) ,

✇❤✐❝❤ 1❤♦✇1 $❤❛$ ✭✷✳✹✳✽✮ ❤♦❧❞1 ✇✐$❤ l = 1✱ 1✐♥❝❡ min
{
α
(1,2)
k , α

(1,3)
k

}2

∼ λ−2
1,k✳

❲❡ ❝♦♥1$&✉❝$ $❤❡ 1♣❛❝❡ Vh ❧✐❦❡ ✐♥ $❤❡ ♣&❡✈✐♦✉1 1✉❜1❡❝$✐♦♥✱ ✐✳❡✳ ✐$ ✐1 $❤❡ 1♣❛♥ ♦❢

(ei, ej, ek)i,j,k∈{1,...,N}✱ $❤❛$ 1$✐❧❧ 1❛$✐1✜❡1 ✭✷✳✹✳✹✮ ❛♥❞ ✭✷✳✹✳✺✮ ✇✐$❤ θ = 1✳

❈♦♥1❡=✉❡♥$❧②✱ ✐♥ $❤❡ ✜&1$ ❝❛1❡ ✭β, γ, δ > 0✮✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦&❡♠ ✷✳✹✳✶ ❛♥❞

$❤✉1 $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✻✮ ✐1 ✉♥✐❢♦&♠❧② ❡①♣♦♥❡♥$✐❛❧❧② 1$❛❜❧❡✳ ■♥ $❤❡ 1❡❝♦♥❞

❝❛1❡ ✭β, δ > 0 ❛♥❞ γ = 0✮✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦&❡♠ ✷✳✹✳✹ ❛♥❞ ❘❡♠❛&❦ ✷✳✶✵✳✶ ✇✐$❤

l = 1 ❛♥❞ $❤✉1 $❤❡ ❢❛♠✐❧② ♦❢ 1②1$❡♠1 ✭✷✳✹✳✾✮ ✐1 ✉♥✐❢♦&♠❧② ♣♦❧②♥♦♠✐❛❧❧② 1$❛❜❧❡✱ ✐♥ $❤❡

1❡♥1❡ $❤❛$ ✭✷✳✶✷✳✸✮ ❤♦❧❞1✳

✶✶✽
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✷✳✶✸ ❖♣❡♥ ♣(♦❜❧❡♠

■♥ $❤✐1 ❝❤❛♣$❡&✱ $❤❡ 1$❛❜✐❧✐$② &❡1✉❧$1 ♦❢ $❤❡ ❛♣♣&♦①✐♠❛$❡ 1②1$❡♠1 ❤❛✈❡ ❜❡❡♥ 1$✉❞✐❡❞

✇❤❡♥ $❤❡ ❝♦♥$&♦❧ $❡&♠ B ✐1 ❜♦✉♥❞❡❞✳ ❚❤❡ ❜♦✉♥❞❡❞♥❡11 ♦❢ $❤❡ ❝♦♥$&♦❧ B ✐1 ✉1❡❞ ✐♥

✭✷✳✾✳✺✮ ❢♦& $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✷✳✹✳✶ ❛♥❞ ✐♥ ✭✷✳✶✵✳✻✮ ❢♦& $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠

✷✳✹✳✹✳ ❆♥ ♦♣❡♥ E✉❡1$✐♦♥ ❤❡&❡ ✐1 ❤♦✇ ✇❡ ❝❛♥ ❤❛♥❞❧❡ $❤❡ ❝❛1❡ ✇❤❡♥ $❤❡ ❝♦♥$&♦❧ B ✐1

✉♥❜♦✉♥❞❡❞✳ ❉♦❡1 $❤❡ ❛♥❛❧②1✐1 ✐♥ $❤✐1 ❝❤❛♣$❡& ❛❢$❡& ❛❞❞✐♥❣ 1✉✐$❛❜❧❡ ✈✐1❝♦1✐$② $❡&♠1

&❡♠❛✐♥ ✈❛❧✐❞ ♦& ❞♦ ✇❡ ❤❛✈❡ $♦ 1❡❛&❝❤ ❢♦& ❛♥♦$❤❡& ♠❡$❤♦❞ ❄

✶✶✾
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Fig. (a)  Left: Square roots of the eigenvalues in the continuous and discrete cases (finite difference 

semidiscretization). The gaps are clearly independent of k in the continuous case and of order h for 

large k in the discrete one. Right: Dispersion diagram for the piecewise linear finite element space 

semidiscretization versus the continuous wave equation. 

 

 

Fig. (b)  A discrete wave packet and its propagation. In the horizontal axis we represent the time 

variable, varying between 0 and 2, and the vertical one the space variable x ranging from 0 to 1. 

❋✐❣✉$❡ ✷✳✶ ✕
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❈❤❛♣✐%&❡ ✸

❙♣❡❝%&❛❧ ❛♥❛❧②.✐. ❛♥❞ ❡①♣♦♥❡♥%✐❛❧ ♦&

♣♦❧②♥♦♠✐❛❧ .%❛❜✐❧✐%② ♦❢ .♦♠❡

✐♥❞❡✜♥✐%❡ .✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠.

✸✳✶ ■♥%&♦❞✉❝%✐♦♥ ❛♥❞ ❍✐.%♦&✐❝❛❧ ❜❛❝❦❣&♦✉♥❞

❙②"#❡♠" ✇✐#❤ ✐♥❞❡✜♥✐#❡ "✐❣♥ ❞❛♠♣✐♥❣ #❡/♠" ❛/✐"❡ ✐♥ "#✉❞②✐♥❣ #❤❡ ♥❛#✉/❡ ♦❢ ✇✐♥❞

❧♦❛❞" ❛♥❞ #❤❡✐/ ❡✛❡❝# ♦♥ ❞②♥❛♠✐❝ /❡"♣♦♥"❡✳ ❚❤✐" ✐♥❝❧✉❞❡" ❛✐/❝/❛❢#✱ ❜✉✐❧❞✐♥❣"✱ #❡❧❡✲

❣/❛♣❤ ✇✐/❡" ❛♥❞ ❜/✐❞❣❡"✳ ❋♦/ ✐♥"#❛♥❝❡✱ ✐♥ ❛♥ ❛✐/ ❝/❛❢#✱ ❛" #❤❡ "♣❡❡❞ ♦❢ #❤❡ ✇✐♥❞

✐♥❝/❡❛"❡" #❤❡/❡ ♠❛② ❜❡ ❛ ♣♦✐♥# ❛# ✇❤✐❝❤ "#/✉❝#✉/❛❧ ❞❛♠♣✐♥❣ ✐" ✐♥"✉✣❝✐❡♥# #♦ ❞❛♠♣

♦✉# #❤❡ ✈✐❜/❛#♦/② ♠♦#✐♦♥" ✇❤✐❝❤ ❛/❡ ✐♥❝/❡❛"✐♥❣ ❞✉❡ #♦ ❛❡/♦❞②♥❛♠✐❝ ❡♥❡/❣② ❜❡✐♥❣

❛❞❞❡❞ #♦ #❤❡ "#/✉❝#✉/❡✳ ❚❤❡ /❡"✉❧#✐♥❣ ✈✐❜/❛#✐♦♥" ❝❛♥ ❝❛✉"❡ "#/✉❝#✉/❛❧ ❢❛✐❧✉/❡✳ ❚❤❡✲

/❡❢♦/❡✱ ✐♥ #❤✐" ❝❤❛♣#❡/✱ ♦✉/ ❛✐♠ ✐" #♦ ✜♥❞ ❝/✐#✐❝❛❧ ✈❛❧✉❡" ♦❢ #❤❡ ❞❛♠♣✐♥❣ #❡/♠ ❢♦/

✇❤✐❝❤ "#/✉❝#✉/❛❧ ❢❛✐❧✉/❡ ❞♦❡" ♥♦# ♦❝❝✉/✳ ▼♦/❡ ♣/❡❝✐"❡❧②✱ ❛" ✐♥ ❬✶❪✱ ✇❡ ❝♦♥"✐❞❡/ ❛

♦♥❡✲❞✐♠❡♥"✐♦♥❛❧ ✇❛✈❡ ❡B✉❛#✐♦♥ ✇✐#❤ ❛♥ ✐♥❞❡✜♥✐#❡ "✐❣♥ ❞❛♠♣✐♥❣ ❛♥❞ ❛ ③❡/♦ ♦/❞❡/

✶✷✸



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

♣♦$❡♥$✐❛❧ $❡&♠ ✇❤✐❝❤ ✐- ❡✐$❤❡& ✐♥$❡&♥❛❧❧② ❞❛♠♣❡❞ ♦❢ $❤❡ ❢♦&♠

utt(x, t)− uxx(x, t) + 2χ(0,1)(x)ut(x, t) + 2αχ(−1,0)(x)ut(x, t) = 0, x ∈ (−1, 1), t > 0,

u(1, t) = u(−1, t) = 0, t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✭✸✳✶✳✶✮

✇❤❡&❡ α ✐- ❛ ❣✐✈❡♥ ❝♦♥-$❛♥$ ♦& ✇✐$❤ ❜♦$❤ ✐♥$❡&♥❛❧❧② ❛♥❞ ❜♦✉♥❞❛&② ❞❛♠♣❡❞ $❡&♠-

✉♥❞❡& $❤❡ ❢♦&♠

utt(x, t)− uxx(x, t) + aut(x, t) = 0, x ∈ (0, 1), t > 0,

u(0, t) = 0, ux(1, t) = −but(1, t), t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✭✸✳✶✳✷✮

✇❤❡&❡ a, b ∈ R✳

■$ ✐- ✇❡❧❧ ❦♥♦✇♥ $❤❛$ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ✐❢ $❤❡ ❞❛♠♣✐♥❣

$❡&♠ α ✐- ♥♦♥✲♥❡❣❛$✐✈❡ ✭-❡❡ ❬✷✸❪✮✳ ❙✐♠✐❧❛&❧②✱ ✐❢ $❤❡ ❝♦❡✣❝✐❡♥$- a ❛♥❞ b ❛&❡ ❜♦$❤

♣♦-✐$✐✈❡✱ $❤❡♥✱ ✉-✐♥❣ ❢♦& ✐♥-$❛♥❝❡ ✐♥$❡❣&❛❧ ✐♥❡F✉❛❧✐$✐❡-✱ ♦♥❡ ❝❛♥ ♣&♦✈❡ $❤❛$ ✭✸✳✶✳✷✮ ✐-

❛❧-♦ ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✳

■♥ $❤✐- ❝❤❛♣$❡& ♦& ✐♥ ❬✶❪✱ ✇❡ ❛&❡ ✐♥$❡&❡-$❡❞ ✐♥ $❤❡ ❝❛-❡ ✇❤❡♥ $❤❡ ❞❛♠♣✐♥❣ $❡&♠- ❛&❡

❛❧❧♦✇❡❞ $♦ ❝❤❛♥❣❡ $❤❡✐& -✐❣♥✳ ❆- ♠❡♥$✐♦♥❡❞ ❜❡❢♦&❡✱ -✉❝❤ ❛ ❝❛-❡ ♦❝❝✉&-✱ ❢♦& ❡①❛♠♣❧❡✱

✐♥ ✇✐♥❞ ✐♥❞✉❝❡❞ ♦-❝✐❧❧❛$✐♦♥-✳ H&♦❜❧❡♠- ✭✸✳✶✳✶✮ ❛♥❞ ✭✸✳✶✳✷✮ ♠♦❞❡❧ $❤❡ ✈✐❜&❛$✐♦♥- ♦❢

✢❡①✐❜❧❡ -$&✉❝$✉&❡- -✉❜❥❡❝$ $♦ ❛❡&♦❞②♥❛♠✐❝ ❢♦&❝❡-✳ ❖✉& ❛✐♠ ✐- $♦ ❛♥❛❧②③❡ $♦ ✇❤❛$

❡①$❡♥$ $❤❡ ✈❛&✐❛$✐♦♥ ♦❢ $❤❡ -✐❣♥ ❛✛❡❝$- $❤❡ -$❛❜✐❧✐$② ♦❢ $❤❡ ♣&♦❜❧❡♠✳ ❍♦✇❡✈❡&✱ $❤❡

$❡❝❤♥✐F✉❡- ✇❤✐❝❤ ❛&❡ ♥♦&♠❛❧❧② ❡♠♣❧♦②❡❞ ✐♥ $❤❡ ❞❡✜♥✐$❡ ❝❛-❡✱ -✉❝❤ ❛- ♠✉❧$✐♣❧✐❡&-

❛♥❞ &❡-♦❧✈❡♥$ ♠❡$❤♦❞- ❝❛♥♥♦$ ❜❡ ✇❡❧❧ ✐♥✈♦❦❡❞ ✐♥ ❝❛-❡ ♦❢ ✐♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣✐♥❣

❝♦❡✣❝✐❡♥$-✳ ❈♦♥-❡F✉❡♥$❧②✱ ✇❤❡♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$- ❛&❡ ❛❧❧♦✇❡❞ $♦ ❝❤❛♥❣❡ $❤❡✐&

-✐❣♥✱ $❤❡ F✉❡-$✐♦♥ ♦❢ -$❛❜✐❧✐$② ♦❢ $❤❡ -♦❧✉$✐♦♥ ❜❡❝♦♠❡- ♠♦&❡ ✐♥$❡&❡-$✐♥❣✳

❙✉❝❤ ❛ F✉❡-$✐♦♥ ✇❛- ✜&-$ ❡①♣♦-❡❞ ✐♥ ❛ ❝♦♥❥❡❝$✉&❡ ✐♥ ❬✷✶❪ ❜② ❈❤❡♥ ❡$ ❛❧✳ ✇❤♦

✶✷✹



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❝♦♥-✐❞❡&❡❞ $❤❡ ✐♥$❡&♥❛❧❧② ✐♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ✇❛✈❡ ❡7✉❛$✐♦♥ ♦❢ $❤❡ ❢♦&♠

utt − uxx + 2a(x)ut = 0, x ∈ (0, 1), t > 0, ✭✸✳✶✳✸✮

✇✐$❤ -$❛♥❞❛&❞ ✐♥✐$✐❛❧ ❝♦♥❞✐$✐♦♥- ❛♥❞ ❉✐&✐❝❤❧❡$ ❜♦✉♥❞❛&② ❝♦♥❞✐$✐♦♥-✳

■$ ✇❛- ❝♦♥❥❡❝$✉&❡❞ $❤❛$ ✐❢ $❤❡&❡ ❡①✐-$- -♦♠❡ c > 0 -✉❝❤ $❤❛$ ❢♦& ❡✈❡&② n ∈ N∗
$❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐$✐♦♥ ✐- -❛$✐-✜❡❞

In =

∫ 1

0

a(x) sin2(nπx)dx ≥ c, ✭✸✳✶✳✹✮

$❤❡♥✱ ✇❤❡♥ $❤❡ ❢✉♥❝$✐♦♥ a ∈ L∞(0, 1) ❤❛- ❛♥ ✐♥❞❡✜♥✐$❡ -✐❣♥✱ $❤❡ ❡♥❡&❣② ❞❡❝❛②- ❡①✲

♣♦♥❡♥$✐❛❧❧②✳ ❚❤❡ ✐❞❡❛ ♦❢ $❤❡ ❝♦♥❥❡❝$✉&❡ ✐- $❤❛$ ♦♥❝❡ $❤❡ ❞❛♠♣✐♥❣ $❡&♠ ✐❛ ❛❧❧♦✇❡❞ $♦

❜❡ ♠♦&❡ ♣♦-✐$✐✈❡ $❤❛♥ ♥❡❣❛$✐✈❡✱ $❤❡♥ $❤❡ -♦❧✉$✐♦♥ ❞❡❝❛②- ❛- $✐♠❡ ❣♦❡- $♦ ✐♥✜♥✐$②✳

❚❤❡ ❝♦♥❞✐$✐♦♥ ♦♥ In ❝❛♥ ❜❡ ✐♥$❡&♣&❡$❡❞ ❛- -♦♠❡ -♦&$ ♦❢ ♣♦-✐$✐✈✐$② ❝♦♥❞✐$✐♦♥ ♦♥ $❤❡

❞❛♠♣✐♥❣ $❡&♠ a(.) -✐♥❝❡ In → a0, ❛- n → +∞✱ ✇❤❡&❡ a0 ✐- $❤❡ ❛✈❡&❛❣❡ ♦❢ a(.)✳
■♥ ❢❛❝$✱ ♣&♦❜❧❡♠ ✭✸✳✶✳✸✮ ❝❛♥ ❜❡ ❝♦♥-✐❞❡&❡❞ ❛- ❛ ♣❡&$✉&❜❛$✐♦♥ ♦❢ ❛♥ ✉♥❞❛♠♣❡❞ ♣&♦✲

❜❧❡♠✳ ❚❤❡&❡❢♦&❡✱ ❢♦& ❛ -♠❛❧❧ ❡♥♦✉❣❤ ♣❡&$✉&❜❛$✐♦♥✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ $❤❡ ❛--♦❝✐❛$❡❞

❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ♦❢ ✭✸✳✶✳✸✮ ❛&❡ ❡①♣❡❝$❡❞ $♦ ♠♦✈❡ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✳

❍♦✇❡✈❡&✱ ✐$ $✉&♥- ♦✉$ $❤❛$ $❤✐- ✐- ♥♦$ ❡♥♦✉❣❤ $♦ ❡♥-✉&❡ -$❛❜✐❧✐$② -✐♥❝❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡-

✇❤✐❝❤ ❛&❡ $♦ $❤❡ ❧❡❢$ ❢♦& -♠❛❧❧ ♣❡&$✉&❜❛$✐♦♥- ♠❛② ♠♦✈❡ $♦ $❤❡ &✐❣❤$ ❛- ♣❡&$✉&❜❛$✐♦♥

✐♥❝&❡❛-❡-✳ ❚❤❡&❡❢♦&❡✱ ❋&❡✐$❛- ✐♥ ❬✷✽❪ ❞✐-♣&♦✈❡- $❤❡ ❝♦♥❥❡❝$✉&❡ ♦❢ ❈❤❡♥ ❡$ ❛❧✳ ❍❡ -❤♦✇-

$❤❛$ ✭✸✳✶✳✹✮ ✐- ✐♥-✉✣❝✐❡♥$ $♦ ❣✉❛&❛♥$❡❡ $❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$②✳ ■♥❞❡❡❞✱ ❤❡ ✜♥❞-

♦✉$ $❤❛$ ✐❢ ‖a‖L∞
✐- ❧❛&❣❡✱ $❤❡♥ $❤❡&❡ ♠❛② ❡①✐-$ -♦♠❡ ♣♦-✐$✐✈❡ &❡❛❧ ❡✐❣❡♥✈❛❧✉❡- ✭-❡❡

❚❤❡♦&❡♠ ✸✳✻ ♦❢ ❬✷✽❪✮✳ ❆❝$✉❛❧❧②✱ ❋&❡✐$❛- ✐♥ ❬✷✽❪ ❝♦♥-✐❞❡&- $❤❡ ♠♦&❡ ❣❡♥❡&❛❧ ✇❛✈❡ ❡7✉❛✲

$✐♦♥ ✇✐$❤ ❛♥ ❛❞❞✐$✐♦♥❛❧ ♣♦$❡♥$✐❛❧ $❡&♠ b(x)u ✇❤❡&❡ b ∈ L∞(0, 1) ❛♥❞ &❡♣❧❛❝❡- a(.)

❜② ǫa(.) ✇❤❡&❡ ǫ ✐- ❛ ♣♦-✐$✐✈❡ ♣❛&❛♠❡$❡& ❀ ✐✳❡✱ ❋&❡✐$❛- ❝♦♥-✐❞❡&- $❤❡ ❢♦❧❧♦✇✐♥❣ ♣&♦❜❧❡♠





utt −∆u− b(x)u+ ǫa(x)ut = 0, x ∈ Ω, t > 0,

u = 0, x ∈ ∂Ω,
✭✸✳✶✳✺✮

✶✷✺



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✇❤❡&❡ Ω ⊆ Rn
✐- ❜♦✉♥❞❡❞ ✇✐$❤ -♠♦♦$❤ ❜♦✉♥❞❛&② ∂Ω✳

❋&❡✐$❛- -❤♦✇- $❤❛$✱ ✉♥❞❡& $❤❡ ❝♦♥❞✐$✐♦♥- ✐♠♣♦-❡❞ ✐♥ $❤❡ ❝♦♥❥❡❝$✉&❡✱ $❤❡ ❛--♦❝✐❛$❡❞

❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ♠❛② ❛❞♠✐$ &❡❛❧ ♣♦-✐$✐✈❡ ❡✐❣❡♥✈❛❧✉❡- ❢♦& ǫ > ǫ0 > 0✱ ✇❤✐❝❤ -❤♦✇-

$❤❛$ $❤❡ -♦❧✉$✐♦♥ ♦❢ ✭✸✳✶✳✺✮ ❜❧♦✇- ✉♣ ❡①♣♦♥❡♥$✐❛❧❧② ❛- $✐♠❡ ❣♦❡- $♦ ✐♥✜♥✐$②✳ ❚❤❡ ✐❞❡❛

♦❢ ❋&❡✐$❛- ✐- ❜❛-❡❞ ♦♥ &❡♣❧❛❝✐♥❣ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ❛--♦❝✐❛$❡❞ ✇✐$❤ ✭✸✳✶✳✺✮ ❜②

❛♥ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ♦❢ ❛ -❡❧❢❛❞❥♦✐♥$ ♦♣❡&❛$♦& Lp = ∆+ pa(x) + b(x)✱ ✇❤❡&❡ p ✐- ❛

&❡❛❧ ♣❛&❛♠❡$❡&✳ ❚❤✐- ♠❡$❤♦❞ ✐- ♣&❡-❡♥$❡❞ ✐♥ ❬✷✾❪ ❛♥❞ ❬✻✻❪✳ ❚❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦&

♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Lp✱ ❛- |p| ❣♦❡- $♦ ✐♥✜♥✐$②✱ ✐- -$✉❞✐❡❞ ❛♥❞ ❝❤❛&❛❝$❡&✐③❡❞✳ ❚❤❡♥
❛ &❡❧❛$✐♦♥ ✐- ❢♦✉♥❞ ❜❡$✇❡❡♥ $❤❡ -♣❡❝$&✉♠ ♦❢ Lp ❛♥❞ $❤❡ &❡❛❧ ❡✐❣❡♥✈❛❧✉❡- ❛--♦❝✐❛$❡❞

✇✐$❤ ♣&♦❜❧❡♠ ✭✸✳✶✳✺✮✳ ■♥❞❡❡❞✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ❛--♦❝✐❛$❡❞ ✇✐$❤ ✭✸✳✶✳✺✮ ✐- ❣✐✈❡♥

❜② 



∆u− ǫa(x)λu+ b(x)u = λ2u, x ∈ Ω, ǫ > 0

u = 0 x ∈ ∂Ω.
✭✸✳✶✳✻✮

❍❡♥❝❡✱ ❋&❡✐$❛- ✜♥❞- $❤❛$ ❛ &❡❛❧ ♥✉♠❜❡& λ ✐- ❛♥ ❡✐❣❡♥✈❛❧✉❡ ❛--♦❝✐❛$❡❞ $♦ $❤❡ ❡✐❣❡♥✈❛❧✉❡

♣&♦❜❧❡♠ ✭✸✳✶✳✻✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ γ ✐- ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Lp ❛♥❞





λ = −p
ǫ

γ =
p2

ǫ2
.

❚❤❡&❡❢♦&❡✱ $❤❡ &❡❛❧ ❡✐❣❡♥✈❛❧✉❡- ❛--♦❝✐❛$❡❞ $♦ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ✭✸✳✶✳✻✮ ❝♦&&❡-✲

♣♦♥❞ $♦ $❤❡ ✐♥$❡&-❡❝$✐♦♥- ♦❢ $❤❡ ♣❛&❛❜♦❧❛✱

p2

ǫ2
✱ ✇✐$❤ $❤❡ ❡✐❣❡♥❝✉&✈❡- ❛--♦❝✐❛$❡❞ ✇✐$❤

$❤❡ ♦♣❡&❛$♦& Lp✳ ❆- ǫ ❜❡❝♦♠❡- ❧❛&❣❡✱ $❤❡ ❡✐❣❡♥❝✉&✈❡- ✐♥$❡&-❡❝$ $❤❡ ♣❛&❛❜♦❧❛ ✐♥ ❛$ ❧❡❛-$

$✇♦ ♣♦✐♥$- ❛♥❞ ❤❡♥❝❡ ❛ ♣♦-✐$✐✈❡ ❡✐❣❡♥✈❛❧✉❡ λ ❛♣♣❡❛&- ✇❤✐❝❤ ♣&❡✈❡♥$- $❤❡ -♦❧✉$✐♦♥ ♦❢

✭✸✳✶✳✺✮ ❢&♦♠ ❜❡✐♥❣ -$❛❜❧❡ ✭-❡❡ ❚❤❡♦&❡♠ ✸✳✻ ❛♥❞ ❈♦&♦❧❧❛&② ✸✳✼ ♦❢ ❬✷✽❪✮✳

❍♦✇❡✈❡&✱ $❤❡ &❡-✉❧$- ♦❢ ❋&❡✐$❛- ❞♦ ♥♦$ ❝❧❛&✐❢② ✇❤❛$ ❤❛♣♣❡♥- ❢♦& -♠❛❧❧ ✈❛❧✉❡- ♦❢ ǫ✳

❈♦♥-❡N✉❡♥$❧②✱ ❧❛$❡& ♦♥✱ ❋&❡✐$❛- ❛♥❞ ❩✉❛③✉❛ ✐♥ ❬✸✵❪ $&❡❛$ $❤❡ ❝❛-❡ ✇❤❡♥ $❤❡ L∞
♥♦&♠

♦❢ $❤❡ ❞❛♠♣✐♥❣ $❡&♠✱ ǫa(.)✱ ✇✐$❤ ✐♥❞❡✜♥✐$❡ -✐❣♥ ✐- ♥♦$ ❧❛&❣❡✳ ❋♦& ǫ > 0 -♠❛❧❧ ❡♥♦✉❣❤✱

$❤❡② ♣&♦✈❡ $❤❛$ $❤❡ -♦❧✉$✐♦♥ ♦❢ ✭✸✳✶✳✸✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ✉♥❞❡& ❝♦♥❞✐$✐♦♥ ✭✸✳✶✳✹✮

✶✷✻



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❛♥❞ $❤❡ ❛❞❞✐$✐♦♥❛❧ ❝♦♥❞✐$✐♦♥ a ∈ BV (0, 1) -♦ $❤❛$ $❤❡ ❞❡&✐✈❛$✐✈❡ ♦❢ a ✐- ❞❡✜♥❡❞ ✐♥

$❤❡ ✇❡❛❦ -❡♥-❡✳ ❚❤❡✐& ✐❞❡❛ ✐- ❜❛-❡❞ ♦♥ $❤❡ ❛♥-❛$③ -✉❣❣❡-$❡❞ ❜② ❍♦&♥ ✐♥ ❬✹✶❪ ✇❤❡&❡

$❤❡ ❡✐❣❡♥✈❡❝$♦&- ❛&❡ ✇&✐$$❡♥ ✐♥ ❛ -❡&✐❡- ❢♦&♠ ✐♥ ♦&❞❡& $♦ ✜♥❞ ❛♥ ❛♣♣&♦①✐♠❛$✐♦♥ ♦❢

$❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ❛♥❞ ❤❡♥❝❡ $❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡-✳

❆❢$❡& ✉-✐♥❣ $❤❡ -❤♦♦$✐♥❣ ♠❡$❤♦❞ ❛♥❞ ❘♦✉❝❤E✬- ❚❤❡♦&❡♠ ✐♥-♣✐&❡❞ ❢&♦♠ ❬✷✸❪✱ $❤❡②

♣&♦✈❡ $❤❛$ $❤❡&❡ ❡①✐-$- ǫ1 > 0 -✉❝❤ $❤❛$✱ ❢♦& ❡✈❡&② ǫ ∈ (0, ǫ1)✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛&❡

❛-②♠♣$♦$✐❝❛❧❧② ❝❧♦-❡ $♦ −ǫa0✱ ✇❤❡&❡ a0 ✐- $❤❡ ❛✈❡&❛❣❡ ♦❢ a(.) ❛♥❞ $❤❡&❡❢♦&❡ $❤❡ ❤✐❣❤
❢&❡I✉❡♥❝✐❡- ❛❞♠✐$ ♥❡❣❛$✐✈❡ &❡❛❧ ♣❛&$- -✐♥❝❡ $❤❡ ❤②♣♦$❤❡-✐- ✐♠♣♦-❡❞ ♦♥ $❤❡ ✉♥✐❢♦&♠

♣♦-✐$✐✈✐$② ♦❢ In ✐♥ ✭✸✳✶✳✹✮ ②✐❡❧❞- $❤❡ ♣♦-✐$✐✈✐$② ♦❢ $❤❡ ❛✈❡&❛❣❡ a0 ♦❢ a(.)✳ ▼♦&❡♦✈❡&✱

$❤❡ ♣♦-✐$✐✈✐$② ♦❢ $❤❡ ✐♥$❡❣&❛❧- In ❡♥-✉&❡- $❤❛$ $❤❡ ❧♦✇ ❢&❡I✉❡♥❝✐❡- ❛&❡ $♦ $❤❡ ❧❡❢$ ♦❢

$❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❢♦& ǫ ∈ (0, ǫ0)✳ ❋✐♥❛❧❧②✱ ❜② ♣&♦✈✐♥❣ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&- ❢♦&♠ ❛

❘✐❡-③ ❜❛-✐- ♦❢ $❤❡ ❡♥❡&❣② -♣❛❝❡✱ $❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ✐- ❡-$❛❜❧✐-❤❡❞ ❢♦& ǫ ∈ (0, ǫ2)

✇❤❡&❡ ǫ2 = min{ǫ0, ǫ1}✳

❚❤✐- &❡-✉❧$ ✐- ❡①$❡♥❞❡❞ ✐♥ ❬✶✼❪ $♦ $❤❡ ❝❛-❡ ✇❤❡&❡✱ ✐♥ $❤❡ ✇❛✈❡ ❡I✉❛$✐♦♥✱ $❤❡&❡

✐- ❛♥ ❛❞❞✐$✐♦♥❛❧ ③❡&♦ ♦&❞❡& ♣♦$❡♥$✐❛❧ $❡&♠ b(x)u(x, t) ✇✐$❤ b ∈ L1(0, 1)✳ ❍♦✇❡✈❡&✱

$❤❡ ❛♥-❛$③ ✐♥ ❍♦&♥ ❞♦❡- ♥♦$ ✇♦&❦ ❛♥② ♠♦&❡ ✐♥ $❤✐- ❝❛-❡✳ ❚❤❡&❡❢♦&❡✱ $❤❡ ❛✉$❤♦&-

❛❞❛♣$ ❛ -❤♦♦$✐♥❣ ♠❡$❤♦❞ ❡♠♣❧♦②❡❞ ✐♥ ❬✻✺❪ $♦ ❝♦♥-$&✉❝$ ❛♥ ❡①♣❧✐❝✐$ ❛♣♣&♦①✐♠❛$✐♦♥

♦❢ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡I✉❛$✐♦♥ ♦❢ $❤❡ ✉♥❞❡&❧②✐♥❣ -②-$❡♠ ❛♥❞ $♦ ✜♥❞ $❤❡ ❛-②♠♣$♦$✐❝

❡①♣❛♥-✐♦♥ ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛♥❞ ❡✐❣❡♥✈❡❝$♦&-✳ ❯♥❞❡& $❤❡ -❛♠❡ ❛--✉♠♣$✐♦♥- ✉-❡❞

✐♥ ❬✸✵❪ ♦♥ $❤❡ ❞❛♠♣✐♥❣ $❡&♠✱ ǫa(.)✱ ❛♥❞ ♦♥ $❤❡ ✐♥$❡❣&❛❧-✱ In✱ $❤❡ ❛✉$❤♦&- ✐♥ ❬✶✼❪

❡-$❛❜❧✐-❤ $❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ❢♦& ǫ > 0 -♠❛❧❧ ❡♥♦✉❣❤✳

❋✉&$❤❡&♠♦&❡✱ ✐♥ ❬✺✶❪✱ $❤❡ ❛✉$❤♦&- ❝♦♥-✐❞❡& ❛♥ ❛❜-$&❛❝$ ❧✐♥❡❛& -②-$❡♠ ✇✐$❤ ♣❡&✲

$✉&❜❛$✐♦♥ ♦❢ $❤❡ ❢♦&♠

d

dt
y = Ay+ ǫBy ♦♥ ❛ ❍✐❧❜❡&$ -♣❛❝❡✱ ✇❤❡&❡ A ✐- ❛ -❦❡✇❛❞❥♦✐♥$

♦♣❡&❛$♦&✱ B ✐- ❜♦✉♥❞❡❞✱ ❛♥❞ ǫ ✐- ❛ ♣♦-✐$✐✈❡ ♣❛&❛♠❡$❡&✳ ❯-✐♥❣ ❛♥ ❛❜-$&❛❝$ ♣❡&$✉&✲

❜❛$✐♦♥ &❡-✉❧$ ❛♥❞ ✉♥❞❡& $❤❡ ❤②♣♦$❤❡-✐- $❤❛$ $❤❡ ❞❛♠♣✐♥❣ ♦♣❡&❛$♦& B ✐- ✉♥✐❢♦&♠❧②

❡✛❡❝$✐✈❡ ❢♦& ❛❧❧ ♥♦&♠❛❧✐③❡❞ ❧✐♥❡❛& ❝♦♠❜✐♥❛$✐♦♥- ♦❢ ❡✐❣❡♥✈❡❝$♦&- ❝♦&&❡-♣♦♥❞✐♥❣ $♦ $❤❡

✶✷✼



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❡✐❣❡♥✈❛❧✉❡- ❧♦❝❛$❡❞ ✐♥ ❛ ♥❡✐❣❤❜♦&❤♦♦❞ ♦❢ ❛♥② ❡✐❣❡♥✈❛❧✉❡✱ $❤❡ ❛✉$❤♦&- ✜♥❞ ❛♥ ✉♣♣❡&

❜♦✉♥❞ ❢♦& ǫ ❢♦& ✇❤✐❝❤ $❤❡ ❛❜-$&❛❝$ -②-$❡♠ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✳ ■♥ ♣❛&$✐❝✉❧❛&✱ $❤❡

❛✉$❤♦&- ✐♥ ❬✺✶❪ ✜♥❞ ❛♥ ✉♣♣❡& ❜♦✉♥❞ ♦❢ ǫ ❢♦& ✇❤✐❝❤ ♣&♦❜❧❡♠ ✭✸✳✶✳✺✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧②

-$❛❜❧❡ ✉♥❞❡& ❝♦♥❞✐$✐♦♥ ✭✸✳✶✳✹✮ ❛♥❞ $❤❡ ❛--✉♠♣$✐♦♥ $❤❛$ a ∈ L∞(0, 1) ✇✐$❤♦✉$ $❤❡

♥❡❡❞ ❢♦& $❤❡ ❛--✉♠♣$✐♦♥ $❤❛$ a ∈ BV ✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ❢♦& ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮✱ ✐$

-❡❡♠- $♦ ✉- $❤❛$ $❤❡ ✉♣♣❡& ❜♦✉♥❞ ♦❢ ǫ ❢♦✉♥❞ ✐♥ ❬✺✶❪ ✐- ♥♦$ ❡❛-② $♦ ❝❤❡❝❦✳

▲❛$❡& ♦♥✱ ✐♥ ❬✺✼❪✱ ❘❛❝❦❡ ❛♥❞ ❘✐✈❡&❛ ❤❛✈❡ &❡♠♦✈❡❞ $❤❡ ❢❛❝$♦& ǫ ❛♥❞ ❝♦♥-✐❞❡&❡❞ $❤❡

✇❛✈❡ ❡H✉❛$✐♦♥ utt − uxx + a(x)ut = 0 ♦♥ (0, L) ❢♦& -♦♠❡ L > 0 ✇❤❡&❡ a ∈ L∞(0, L)

✐- ❛❧❧♦✇❡❞ $♦ ❝❤❛♥❣❡ ✐$- -✐❣♥ -✉❝❤ $❤❛$ ✐$- ♠❡❛♥ ✈❛❧✉❡ a0 &❡♠❛✐♥- ♣♦-✐$✐✈❡✳ ■♥ ❬✺✼❪✱

$❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ✐- ♣&♦✈❡❞ ✉♥❞❡& ♦♥❡ ♦❢ $❤❡-❡ ❝♦♥❞✐$✐♦♥- ✿ ❊✐$❤❡& ‖a‖L∞
✐-

♣♦--✐❜❧② ❧❛&❣❡ ✇✐$❤ -✉✣❝✐❡♥$❧② -♠❛❧❧ ‖a − a0‖L2
♦& ‖a‖L∞

✐- -✉✣❝✐❡♥$❧② -♠❛❧❧ ❜✉$

$❤❡ ♣❛✐& (a, L) ❤❛- $♦ -❛$✐-❢② -♦♠❡ ❡-$✐♠❛$❡- ✇❤❡&❡ ✐$ ✐- ♣♦--✐❜❧❡ $♦ ❣❡$ ❛ ♥❡❣❛$✐✈❡

♠♦♠❡♥$ In✳ ◆♦$❡ $❤❛$ $❤❡ -❡❝♦♥❞ ❝♦♥❞✐$✐♦♥ ✐♥ ❬✺✼❪ ❞♦❡- ♥♦$ ❝♦♥$&❛❞✐❝$ $❤❡ &❡-✉❧$

❢&♦♠ ❬✸✵❪✱ ❜❡❝❛✉-❡ ✐♥ $❤❛$ ❝❛-❡ $❤❡ ❛❞♠✐--✐❜❧❡ ♣❛✐&- (a, L)✱ ❧❡❛❞✐♥❣ $♦ ❡①♣♦♥❡♥$✐❛❧

❞❡❝❛②✱ ❛&❡ ♥♦$ ✐♥❞❡♣❡♥❞❡♥$ ❛♥❞✱ ❛❝❝♦&❞✐♥❣ $♦ ❘❛❝❦❡ ❛♥❞ ❘✐✈❡&❛✱ $❤❡ -♦❧✉$✐♦♥ ✐- ♥♦$

❡①♣♦♥❡♥$✐❛❧❧② ❞❡❝❛②✐♥❣ ✐❢ ♦♥❡ &❡♣❧❛❝❡- a(.) ❜② ǫa(.)✳ ❚❤❡ ♠❡$❤♦❞ ✐♥ ❬✺✼❪ ✐- ❜❛-❡❞ ♦♥

$❤❡ -♣❡❝$&❛❧ ❝&✐$❡&✐❛ ❝❤❛&❛❝$❡&✐③✐♥❣ ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ -❡♠✐❣&♦✉♣- ✐♥ $❡&♠- ♦❢ $❤❡

-♣❡❝$&✉♠ ♦❢ $❤❡ ❣❡♥❡&❛$♦& ♦❢ $❤❡ -❡♠✐❣&♦✉♣ ✭-❡❡ ❬✹✷❪✮✳ ❋♦& ✐♥-$❛♥❝❡✱ ❢♦& ♣♦--✐❜❧② ❧❛&❣❡

L∞
♥♦&♠ ♦❢ a(.) ❛♥❞ -♠❛❧❧ ‖a− a0‖L2

✱ ✉-✐♥❣ $❤❡ ✜①❡❞ ♣♦✐♥$ ❛&❣✉♠❡♥$✱ $❤❡ ❛✉$❤♦&-

♣&♦✈❡ $❤❛$ ❢♦& ǫ > 0✱

ΓI
ǫ =

{
ǫ+ α + iβ; α > ℜ

(
−a0

2
+

√(a0
2

)2

−
(π
L

)2
)
❛♥❞ β ∈ R

}
⊂ ρ(❆)

❛♥❞ $❤❛$

sup
λ∈ΓI

ǫ

∥∥(λI − ❆)−1
∥∥ <∞,

✇❤❡&❡ ❆ ✐- $❤❡ ❣❡♥❡&❛$♦& ♦❢ $❤❡ ❛--♦❝✐❛$❡❞ -❡♠✐❣&♦✉♣✳ ❋✉&$❤❡&♠♦&❡✱ ❢♦& $❤❡ -❡❝♦♥❞

❝❛-❡✱ $❤❡ ❛✉$❤♦&- ♣&♦✈❡ $❤❛$ ❢♦& -♠❛❧❧ ǫ0 > 0 ❛♥❞ ❛♥② ǫ1 > ǫ0✱ ✇❡ ❤❛✈❡ ❢♦& ❛❧❧

✶✷✽
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ǫ ∈ [ǫ0, ǫ1]

ΓII
ǫ =

{
ǫ− a0

2
+ iη; η ∈ R

}
⊂ ρ(❆)

❛♥❞

sup
λ∈ΓII

ǫ , ǫ∈[ǫ0,ǫ1]

∥∥(λI − ❆)−1
∥∥ <∞,

♦♥ $❤❡ ❝♦♥❞✐$✐♦♥- $❤❛$

‖a(.)‖L∞(0,L) <
sinh

(
γ0
4

)
(
sinh

(
γ1
4

)
+ e

7
2
γ1e

7
2
γ1

) ,

✇❤❡&❡✱ ❢♦& ❛♥② ❣✐✈❡♥ γ0 > 0 ❛♥❞ γ1 > 0✱ ✇❡ ❤❛✈❡

γ0 ≤
∫ L

0

a(x)dx ≤ L‖a(.)‖L∞(0,L) ≤ γ1

❛♥❞

γ0
‖a(.)‖L∞(0,L)

< L ≤ γ1
‖a(.)‖L∞(0,L)

.

❋✐♥❛❧❧②✱ ▼❡♥③ ✐♥ ❬✺✹❪ ❣❡♥❡&❛❧✐③❡- $❤❡ ✇♦&❦ ❞♦♥❡ ✐♥ ❬✺✼❪ ❜② ❛❞❞✐♥❣ ❛ ♣♦$❡♥$✐❛❧ $❡&♠

b(x)u✳ ❍❡ ♣&♦✈❡- $❤❛$ ✐❢ $❤❡ ❛✈❡&❛❣❡ a0 ✐- ♣♦-✐$✐✈❡✱ $❤❡♥✱ ❢♦& a(.), b(.) ∈ L∞(0, L)✱

$❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ✐- ♣&♦✈❡❞ ❢♦& -♠❛❧❧ ‖a− a0‖L2
❜✉$ ♥♦$ ♥❡❝❡--❛&✐❧② ❢♦& -♠❛❧❧

‖a(.)‖L∞(0,L)✳ ❯-✐♥❣ ●❡❛&❤❡❛&$ ❛♥❞ ❍✉❛♥❣ &❡-✉❧$✱ ▼❡♥③ ♦❜$❛✐♥- $❤❡ &❡-♦❧✈❡♥$ ❡-$✐✲

♠❛$❡ ❢♦& $❤❡ -②-$❡♠ ✇❤❡&❡ $❤❡ ❢✉♥❝$✐♦♥ a(.) ✐- &❡♣❧❛❝❡❞ ❜② ✐$- ♠❡❛♥ ✈❛❧✉❡✱ a0✳ ❚❤❡♥

✉-✐♥❣ ❛ ✜①❡❞ ♣♦✐♥$ ❛&❣✉♠❡♥$✱ $❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② &❡-✉❧$ ✐- $&❛♥-❢❡&&❡❞ $♦ $❤❡

♦&✐❣✐♥❛❧ ♣&♦❜❧❡♠ ✇✐$❤ ♣♦$❡♥$✐❛❧ $❡&♠✳

✸✳✷ ▼❛✐♥ '❡)✉❧,)

■♥ $❤✐- ❝❤❛♣$❡& ♦& ✐♥ ❬✶❪✱ ♦✉& ✇♦&❦ ❞✐✛❡&- ❢&♦♠ $❤❡ ♣&❡✈✐♦✉- -$✉❞✐❡- ❜❡❝❛✉-❡ ✇❡ ❞♦

♥♦$ ✇❛♥$ $♦ ✐♠♣♦-❡ ♥❡✐$❤❡& ❛ -♠❛❧❧ ✈❛❧✉❡ ♦❢ $❤❡ ❞❛♠♣✐♥❣ ❢❛❝$♦& a ♥♦& ❛ -♠❛❧❧ ✈❛❧✉❡ ♦❢

‖a−a0‖L2
✳ ■♥❞❡❡❞ ❢♦& -②-$❡♠ ✭✸✳✶✳✶✮✱ $❤✐- ♠❡❛♥ ✈❛❧✉❡ ✐- ❡N✉❛❧ $♦

√
2|1−α| ✇❤✐❝❤ ✇❡

✶✷✾
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❞♦ ♥♦$ ♥❡❡❞ $♦ ❜❡ -✉✣❝✐❡♥$❧② -♠❛❧❧✳ ■♥❞❡❡❞ ✇❡ ✇✐❧❧ -❤♦✇ ❧❛$❡& ♦♥ $❤❛$ ❢♦& α ≤ −1✱

♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ♥❡✈❡& ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ✭❡✈❡♥ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥-✐♦♥❛❧ -♣❛❝❡✮✱

✇❤✐❧❡ ❢♦& α > −1✱ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥-✐♦♥❛❧

-♣❛❝❡✳ ❲❡ ❡✈❡♥ -❤♦✇ $❤❛$ $❤❡&❡ ❡①✐-$- ❛ ❝&✐$✐❝❛❧ ✈❛❧✉❡ α3 ≃ −0.2823 -✉❝❤ $❤❛$ ✐❢

α > α3✱ $❤❡♥ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✳ ❖✉& ♠❡$❤♦❞ $❛❦❡- ❛❞✈❛♥$❛❣❡

♦❢ $❤❡ ♦♥❡✲❞✐♠❡♥-✐♦♥❛❧ -❡$$✐♥❣ $❤❛$ ❛❧❧♦✇- $♦ ♣❡&❢♦&♠ ❛ ♣&❡❝✐-❡ -♣❡❝$&❛❧ ❛♥❛❧②-✐-✳

◆♦$❡ $❤❛$ $❤❡-❡ &❡-✉❧$- ❛&❡ ❝♦❤❡&❡♥$ ✇✐$❤ $❤♦-❡ ❣✐✈❡♥ ❜② $❤❡ ♣❡&$✉&❜❛$✐♦♥ $❤❡♦&②

♦❢ ❝♦♥$&❛❝$✐✈❡ -❡♠✐❣&♦✉♣- ✭-❡❡ ❬✻✷❪✮✳ ❆❝$✉❛❧❧②✱ ❢♦& -②-$❡♠ ✭✸✳✶✳✶✮ ❞❡✜♥❡❞ ✐♥ ❛♥ ❛♣♣&♦✲

♣&✐❛$❡ ❍✐❧❜❡&$ -❡$$✐♥❣✱ ✇❡ ❝❛♥ ✇&✐$❡ $❤❡ ❣❡♥❡&❛$♦& ♦❢ $❤❡ -❡♠✐❣&♦✉♣ ❛- A0+B−+B+

✇❤❡&❡ A0 ✐- $❤❡ -❦❡✇✲❛❞❥♦✐♥$ ♦♣❡&❛$♦& ❣✐✈❡♥ ❜②

A0 =


 0 I

d2

dx2 0


 ,

❛♥❞ B± ❛&❡ ❜♦✉♥❞❡❞ ♦♣❡&❛$♦&- ❣✐✈❡♥ ❜②

B+ =


 0 0

0 −2χ(0,1)


 , B− =


 0 0

0 −2αχ(−1,0)


 .

❚❤❡♥ ❛♣♣❧②✐♥❣ $❤❡ ♣❡&$✉&❜❛$✐♦♥ $❤❡♦&② ♦❢ ❝♦♥$&❛❝$✐✈❡ -❡♠✐❣&♦✉♣-✱ ✐♥ ♦&❞❡& $♦ ❣❡$

❛♥ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$②✱ $❤❡ ❝♦♥❞✐$✐♦♥ ‖B−‖ < |ω(A + B+)| -❤♦✉❧❞ ❜❡ ✐♠♣♦-❡❞✳
❍♦✇❡✈❡&✱ ❛❝❝♦&❞✐♥❣ $♦ ❬✷✸❪✱ µ(A+B+) = ω(A+B+) ≃ −0.45 ✇❤❡&❡ $❤❡ ❛♣♣&♦①✐♠❛$❡

✈❛❧✉❡ ✐- ❢♦✉♥❞ ♥✉♠❡&✐❝❛❧❧②✳ ❍❡&❡✱ µ(A) ❞❡♥♦$❡- $❤❡ -♣❡❝$&❛❧ ❛❜-❝✐--❛ ♦❢ $❤❡ ♦♣❡&❛$♦&

A ❀
µ(A) = sup{ℜλ : λ ∈ σ(A)},

σ(A) ❜❡✐♥❣ $❤❡ -♣❡❝$&✉♠ ♦❢ A✱ ✇❤✐❧❡ ω(A) ❞❡♥♦$❡- $❤❡ ❣&♦✇$❤ &❛$❡ ♦❢ $❤❡ ❡✈♦❧✉$✐♦♥

❡N✉❛$✐♦♥ ❛--♦❝✐❛$❡❞ ✇✐$❤ A ✐♥ $❤❡ ❍✐❧❜❡&$ -♣❛❝❡ X ❀

ω(A) = inf{ω : ∃C(ω) > 0 -✳ $✳ ‖U(t)‖2X ≤ C(ω)‖U(0)‖2Xe2ωt, ∀t > 0,

❢♦& ❡✈❡&② -♦❧✉$✐♦♥ U ♦❢ Ut(t) = AU(t), ∀t > 0}.
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❚❤❡&❡❢♦&❡ ‖B−‖ = 2|α| < |µ(A + B+)| ②✐❡❧❞- $❤❡ ❝♦♥❞✐$✐♦♥ $❤❛$ α > α1, ✇❤❡&❡

α1 ≃ −0.225✳ ❖✉& -♣❡❝$&❛❧ ❛♥❛❧②-✐- ✐♠♣&♦✈❡- $❤✐- ❝♦♥❞✐$✐♦♥ ❛♥❞ ②✐❡❧❞- ❛ ❧❛&❣❡& &❛♥❣❡

♦❢ ✈❛❧✉❡- ♦❢ α ❢♦& ✇❤✐❝❤ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡✳ ❍♦✇❡✈❡&✱ $❤✐- &❡-✉❧$

✐- ♥♦$ ♦♣$✐♠❛❧ -✐♥❝❡ ♥✉♠❡&✐❝❛❧ &❡-✉❧$- -❤♦✇ $❤❛$ α > α2✱ ✇❤❡&❡ α2 ≃ −0.77, ②✐❡❧❞-

$❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ♦❢ ✭✸✳✶✳✶✮ ✭-❡❡ ❋✐❣✉&❡ ✶✮✳

❇② ❛ -✐♠✐❧❛& ❛♣♣&♦❛❝❤✱ ✇❡ ✜♥❞ -♦♠❡ ❡①♣♦♥❡♥$✐❛❧ ♦& ♣♦❧②♥♦♠✐❛❧ -$❛❜✐❧✐$② &❡-✉❧$-

❢♦& $❤❡ -❡❝♦♥❞ ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ✇❤❡&❡ a ❛♥❞ b ❛&❡ ♦❢ ♦♣♣♦-✐$❡ -✐❣♥- ❀ $❤❡ ♣❛&$✐❝✉❧❛&

❝❛-❡ b ∈ (−1, 0) ❛♥❞ a > 0 &❡$❛✐♥- ♦✉& ❛$$❡♥$✐♦♥✳ ◆♦$❡ $❤❛$ ❢♦& -✉❝❤ ❛ ♣&♦❜❧❡♠✱

♣❡&$✉&❜❛$✐♦♥ $❤❡♦&② ♦❢ ❝♦♥$&❛❝$✐✈❡ -❡♠✐❣&♦✉♣- ❝❛♥♥♦$ ❜❡ ✐♥✈♦❦❡❞✳

❚❤✐- ❝❤❛♣$❡& ✐- ❞✐✈✐❞❡❞ ✐♥$♦ $✇♦ ♠❛✐♥ ♣❛&$-✳ ■♥ $❤❡ ✜&-$ ♦♥❡✱ ✇❡ ❛♥❛❧②③❡ $❤❡

-♣❡❝$&❛❧ ♣&♦❜❧❡♠ ❛--♦❝✐❛$❡❞ ✇✐$❤ ✭✸✳✶✳✶✮ ✐♥ ♦&❞❡& $♦ ✜♥❞ ❛ ♣♦--✐❜❧❡ &❛♥❣❡ ♦❢ α ❢♦&

✇❤✐❝❤ ✭✸✳✶✳✶✮ ✐- -$❛❜❧❡✳ ❲❡ ✜♥❞ ❛♥❞ ♣&♦✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣ &❡-✉❧$- ♦❢ ❬✶❪ ✿

❚❤❡♦$❡♠ ✸✳✷✳✶✳ α > −1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♣)♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐2 ❡①♣♦♥❡♥4✐❛❧❧② 24❛❜❧❡ ✉♣

4♦ ❛ ✜♥✐4❡ ❞✐♠❡♥2✐♦♥❛❧ 2♣❛❝❡✳

❚❤❡♦$❡♠ ✸✳✷✳✷✳ ■❢ α > α3✱ ✇❤❡)❡ α3 ≃ −0.2823, 4❤❡♥ 4❤❡ 2♦❧✉4✐♦♥ ♦❢ ♣)♦❜❧❡♠

✭✸✳✶✳✶✮ ✐2 ❡①♣♦♥❡♥4✐❛❧❧② 24❛❜❧❡✳

■♥ $❤❡ -❡❝♦♥❞ ♣❛&$✱ ✇❡ ❛♥❛❧②③❡ ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ✐♥ ♦&❞❡& $♦ ✜♥❞ -♦♠❡ ❝♦♥❞✐$✐♦♥-

$❤❛$ a ❛♥❞ b ♠✉-$ -❛$✐-❢② $♦ ❣❡$ $❤❡ -$❛❜✐❧✐$② ♦❢ ✭✸✳✶✳✷✮✳ ❲❡ ✜♥❞ ♦✉$ $❤❡ ❢♦❧❧♦✇✐♥❣

&❡-✉❧$- ♦❢ ❬✶❪ ✿

❚❤❡♦$❡♠ ✸✳✷✳✸✳ ■❢ b 6∈ {−1, 0, 1}✱ 4❤❡♥ a > −2ℜ tanh−1 1

b
= −ln

∣∣∣∣
b+ 1

b− 1

∣∣∣∣ ✐❢ ❛♥❞ ♦♥❧②

✐❢ ♣)♦❜❧❡♠ ✭✸✳✶✳✷✮ ✐2 ❡①♣♦♥❡♥4✐❛❧❧② 24❛❜❧❡ ✉♣ 4♦ ❛ ✜♥✐4❡ ❞✐♠❡♥2✐♦♥❛❧ 2♣❛❝❡✳

❚❤❡♦$❡♠ ✸✳✷✳✹✳ ■❢ b ∈ (−1, 0)✱ #❤❡♥ a > −2 tanh−1 b ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♣.♦❜❧❡♠ ✭✸✳✶✳✷✮

✐7 ❡①♣♦♥❡♥#✐❛❧❧② 7#❛❜❧❡✳

✶✸✶



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❚❤❡♦$❡♠ ✸✳✷✳✺✳ ■❢ b ∈ (−1, 0) ❛♥❞ a = −2 tanh−1 b✱ &❤❡♥ &❤❡)❡ ❡①✐,&, C > 0 ,✉❝❤

&❤❛& ❢♦) ❛❧❧ U(0) = (u0, u1) ∈ D(Aa)✱ ✇❡ ❤❛✈❡

E2(t) ≤ C
‖U(0)‖2D(Aa)

t
, ∀t > 0,

✇❤❡)❡ E2(t) ✐, &❤❡ ❡♥❡)❣② ♦❢ &❤❡ ,♦❧✉&✐♦♥ ♦❢ ♣)♦❜❧❡♠ ✭✸✳✶✳✷✮ ❛♥❞ Aa ✐, ❞❡✜♥❡❞ ✐♥

✭✸✳✹✳✷✮ ❜❡❧♦✇✳

◆♦$❡ $❤❛$ ❛ -$❛$❡♠❡♥$ -✐♠✐❧❛& $♦ $❤❡ ♦♥❡ ♦❢ ❚❤❡♦&❡♠ ✸✳✷✳✹ ❝❛♥♥♦$ ❤♦❧❞ ✐♥ $❤❡

❝❛-❡ b < −1 ❜❡❝❛✉-❡ $❤❡&❡ ❡①✐-$- -♦♠❡ a > −2ℜ tanh−1 1

b
-✉❝❤ $❤❛$ -♦♠❡ ❡✐❣❡♥✈❛❧✉❡-

λ ♦❢ Aa ❛&❡ ✐♥ ℜλ > 0 ✭-❡❡ ❋✐❣✉&❡ ✸✳✻ ✐♥ $❤❡ ❝❛-❡ b = −2 ❛♥❞ a = 1.1✮✳

❇❡❢♦&❡ ✇❡ -$❛&$ ♦✉& ❛♥❛❧②-✐-✱ ✇❡ ✐♥$&♦❞✉❝❡ -♦♠❡ ♥♦$❛$✐♦♥- ✉-❡❞ ✐♥ $❤❡ &❡♠❛✐♥❞❡&

♦❢ $❤✐- ❝❤❛♣$❡& ✿ ❖♥ D✱ $❤❡ L2(D)✲♥♦&♠ ✇✐❧❧ ❜❡ ❞❡♥♦$❡❞ ❜② ‖ · ‖D✳ ❙✐♠✐❧❛&❧② (·, ·)D
♠❡❛♥- $❤❡ L2(D) ✐♥♥❡& ♣&♦❞✉❝$✳ ❋✐♥❛❧❧②✱ $❤❡ ♥♦$❛$✐♦♥ A . B ❛♥❞ A ≃ B ♠❡❛♥- $❤❡

❡①✐-$❡♥❝❡ ♦❢ ♣♦-✐$✐✈❡ ❝♦♥-$❛♥$- C1 ❛♥❞ C2✱ ✇❤✐❝❤ ❛&❡ ✐♥❞❡♣❡♥❞❡♥$ ♦❢ A ❛♥❞ B -✉❝❤

$❤❛$ A ≤ C2B ❛♥❞ C1B ≤ A ≤ C2B✱ &❡-♣❡❝$✐✈❡❧②✳

✸✳✸ ❊①♣♦♥❡♥(✐❛❧ ,(❛❜✐❧✐(② ❢♦0 (❤❡ ✐♥❞❡✜♥✐(❡ ,✐❣♥ ✐♥✲

(❡0♥❛❧❧② ❞❛♠♣❡❞ ♣0♦❜❧❡♠ ✭✸✳✶✳✶✮

❙✐♥❝❡ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ✐❢ $❤❡ ❞❛♠♣✐♥❣ $❡&♠ α ✐- ♥♦♥✲

♥❡❣❛$✐✈❡ ✭-❡❡ ❬✷✸❪✮✱ ❢&♦♠ ♥♦✇ ♦♥ ✇❡ ❛--✉♠❡ $❤❛$ α < 0✳

❲❡ -$❛&$ ❜② ✇&✐$✐♥❣ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ❛- ❛ -②-$❡♠ ♦❢ $❤❡ ❢♦&♠ Ut = AαU ✇❤❡&❡

U = (u, ut)
⊤
❛♥❞ $❤❡ ♦♣❡&❛$♦& Aα : D(Aα) → X ✐- ❞❡✜♥❡❞ ❜②

Aα =


 0 I

d2

dx2 −2χ(0,1) − 2αχ(−1,0)




✶✸✷



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✇❤❡&❡ $❤❡ ❡♥❡&❣② -♣❛❝❡ X = H1
0 (−1, 1)×L2(−1, 1) ✐- ❡6✉✐♣♣❡❞ ✇✐$❤ $❤❡ ✉-✉❛❧ ✐♥♥❡&

♣&♦❞✉❝$ ❞❡✜♥❡❞ ❜②

< (f, g)⊤, (u, v)⊤ >=

∫ 1

−1

(f ′u′ + gv)dx,

❛♥❞

D(Aα) = (H2(−1, 1) ∩H1
0 (−1, 1))×H1

0 (−1, 1).

■♥ $❤✐- ❝❛-❡✱ $❤❡ ❡♥❡&❣② ❛--♦❝✐❛$❡❞ ✇✐$❤ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮✱ ❛$ $✐♠❡ $✱ ✐- ❣✐✈❡♥ ❜②

E1(t) =
1

2

(∫ 1

−1

(|ux(x, t)|2 + |ut(x, t)|2)dx
)

✇✐$❤

E ′
1(t) = −2

(∫ 1

0

|ut(x, t)|2dx+ α

∫ 0

−1

|ut(x, t)|2dx
)
, ∀(u0, u1) ∈ D(Aα).

◆♦$✐❝❡ $❤❛$ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐- ✇❡❧❧ ♣♦-❡❞ -✐♥❝❡ Aα ❝❛♥ ❜❡ ✇&✐$$❡♥ ❛- ❛ -✉♠ ♦❢ $❤❡

♠✲❞✐--✐♣❛$✐✈❡ ♦♣❡&❛$♦& A0 ✇✐$❤ ❛ ❜♦✉♥❞❡❞ ♦♣❡&❛$♦& ✭-❡❡ ❚❤❡♦&❡♠ ✶✳✶✳✺✮✳

■♥ $❤✐- -❡❝$✐♦♥✱ ✇❡ -$❛&$ ❜② ❛♥❛❧②③✐♥❣ $❤❡ -♣❡❝$&✉♠ ♦❢ $❤❡ ❣❡♥❡&❛$♦& Aα✳ ❋✐&-$✱ ✇❡

✜♥❞ $❤❡ ❛-②♠♣$♦$✐❝ ❞❡✈❡❧♦♣♠❡♥$ ♦❢ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡-✳ ❚❤✐- ❞❡✈❡❧♦♣♠❡♥$ -❤♦✇-

$❤❛$ $❤❡ ❤✐❣❤ ❢&❡6✉❡♥❝✐❡- ❛♣♣&♦❛❝❤ $❤❡ ❧✐♥❡ x = −α + 1

2
✭-❡❡ ✭✸✳✸✳✼✮✮✳ ❙❡❝♦♥❞✱ ✇❡

❞❡$❡&♠✐♥❡ $❤❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ α3 ♦❢ α ❢♦& ✇❤✐❝❤ ❛❧❧ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aα ❛&❡ -✐$✉❛$❡❞ $♦

$❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❢♦& ❛♥② α > α3✳ ❋✐♥❛❧❧②✱ ✇❡ -❤♦✇ $❤❛$ $❤❡ ❣❡♥❡&❛❧✐③❡❞

❡✐❣❡♥✈❡❝$♦&- ♦❢ Aα ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ $❤❡ ❡♥❡&❣② -♣❛❝❡ ❢&♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡ $❤❡

❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ♦❢ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ❢♦& α > α3✳

✸✳✸✳✶ ❙♣❡❝'(❛❧ ❛♥❛❧②-✐- ♦❢ ♣(♦❜❧❡♠ ✭✸✳✶✳✶✮

❋✐&-$✱ ✇❡ ❞❡$❡&♠✐♥❡ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡6✉❛$✐♦♥ &❡❧❛$❡❞ $♦ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮✳ ■❢

U = (y, z)⊤ ∈ D(Aα) ✐- ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢ Aα ❛--♦❝✐❛$❡❞ ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λ✱ $❤❡♥

✶✸✸



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

z = λy ❛♥❞ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠ ✐- ❣✐✈❡♥ ❜②





yxx − λ2y − 2χ(0,1)λy − 2αχ(−1.0)λy = 0 ✐♥ (−1, 1),

y(−1) = y(1) = 0.
✭✸✳✸✳✶✮

❈❧❡❛&❧② λ = 0 ❝❛♥♥♦$ ❜❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aα✳ ❙✐♠✐❧❛&❧② $❤❡ -❛♠❡ ❝❛❧❝✉❧❛$✐♦♥- ❛-

❜❡❧♦✇ ❛❧❧♦✇ $♦ -❤♦✇ $❤❛$ λ = −2 ❛♥❞ λ = −2α ❛&❡ ♥♦$ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aα✳ ◆♦✇ ❢♦&

λ 6∈ {0,−2,−2α}✱ -❡$$✐♥❣ y+ = y|(0,1) ❛♥❞ y
− = y|(−1,0) ✱ ✇❡ ❣❡$





y+xx = (λ2 + 2λ)y+ ✐♥ (0, 1),

y+(1) = 0,

❛♥❞ ❝♦♥-❡@✉❡♥$❧②✱

y+(x) = c+ sinh[
√
λ2 + 2λ(x− 1)], ✭✸✳✸✳✷✮

❢♦& -♦♠❡ c+ ∈ C✳ ❙✐♠✐❧❛&❧②✱ ✇❡ ❤❛✈❡





y−xx = (λ2 + 2αλ)y− ✐♥ (−1, 0),

y−(−1) = 0,

✇❤✐❝❤ ✐♠♣❧✐❡- $❤❛$

y−(x) = c− sinh[
√
λ2 + 2αλ(x+ 1)], ✭✸✳✸✳✸✮

❢♦& -♦♠❡ c− ∈ C✳ ❆- $❤❡ ❞✐✛❡&❡♥$✐❛❧ ❡@✉❛$✐♦♥ ✐♥ ✭✸✳✸✳✶✮ ②✐❡❧❞- y ∈ H2(0, 1) ❛♥❞ ❞✉❡

$♦ $❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ $❤❡♦&❡♠ H2(0, 1) →֒ C1[0, 1]✱ ✇❡ ❣❡$





y+(0) = y−(0),

y+x (0) = y−x (0),

♦& ❡@✉✐✈❛❧❡♥$❧②





c+ sinh(
√
λ2 + 2λ) = −c− sinh(

√
λ2 + 2αλ),

c+
√
λ2 + 2λ cosh(

√
λ2 + 2λ) = c−

√
λ2 + 2αλ cosh(

√
λ2 + 2αλ),

✭✸✳✸✳✹✮

✶✸✹
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✐✳❡✳✱

Dα(λ)(c
+, c−)⊤ = (0, 0)⊤, ✭✸✳✸✳✺✮

✇❤❡&❡

Dα(λ) =


 sinh(

√
λ2 + 2λ) sinh(

√
λ2 + 2αλ)

√
λ2 + 2λ cosh(

√
λ2 + 2λ) −

√
λ2 + 2αλ cosh(

√
λ2 + 2αλ)


 .

❆- ✭✸✳✸✳✺✮ ❛❞♠✐$- ❛ ♥♦♥ ③❡&♦ -♦❧✉$✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ detDα(λ) = 0, $❤❡ ❝♦♠♣❧❡①

♥✉♠❜❡& λ 6∈ {0,−2,−2α} ✐- ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aα ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐$ ✐- $❤❡ &♦♦$ ♦❢ $❤❡

❝❤❛&❛❝$❡&✐-$✐❝ ❡A✉❛$✐♦♥

detDα(λ) = 0.

❉✐&❡❝$ ❝❛❧❝✉❧❛$✐♦♥- ②✐❡❧❞

detDα(λ) = −Fα(λ)

= −
√
λ2 + 2αλ sinh(

√
λ2 + 2λ) cosh(

√
λ2 + 2αλ)

−
√
λ2 + 2λ sinh(

√
λ2 + 2αλ) cosh(

√
λ2 + 2λ).

◆♦$❡ ❢✉&$❤❡& $❤❛$

2Fα(λ) = gα(λ) = t2(λ) sinh t2(λ)− t1(λ) sinh t1(λ),

✇❤❡&❡

t1(λ) =
√
λ2 + 2λ−

√
λ2 + 2αλ,

❛♥❞

t2(λ) =
√
λ2 + 2λ+

√
λ2 + 2αλ.

❲❡ ❤❛✈❡ ♣&♦✈❡❞ $❤❡ ♥❡①$ &❡-✉❧$✳

▲❡♠♠❛ ✸✳✸✳✶✳ Aα ❤❛" ❛ ❝♦♠♣❛❝' ✐♥✈❡,"❡ ❛♥❞ '❤❡,❡❢♦,❡ '❤❡ "♣❡❝',✉♠ ♦❢ Aα ✐" ❞✐"✲

❝,❡'❡ ❛♥❞ ✐'" ❡✐❣❡♥✈❛❧✉❡" ❛,❡ ♦❢ ✜♥✐'❡ ❛❧❣❡❜,❛✐❝ ♠✉❧'✐♣❧✐❝✐'②✳ ❋✉,'❤❡,♠♦,❡

σ(Aα) = {λ ∈ C \ {0,−2,−2α} : gα(λ) = 0}.

✶✸✺
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❘❡♠❛$❦ ✸✳✸✳✷✳ ◆♦"❡ "❤❛" "❤❡ ❡✐❣❡♥✈❛❧✉❡, ♦❢ Aα ❞❡♣❡♥❞ ❝♦♥&✐♥✉♦✉)❧② ♦♥ α✳ ■♥❞❡❡❞✱

✜① α ❛♥❞ ❛♥ ❡✐❣❡♥✈❛❧✉❡ λ0 ♦❢ Aα✳ ❚❤❡♥ ❛) λ0 ✐) ✐)♦❧❛&❡❞✱ &❤❡7❡ ❡①✐)&) ρ > 0 )✉❝❤ &❤❛&

gα(z) 6= 0, ∀z ∈ C : 0 < |z − λ0| ≤ ρ.

■♥ ♣❛7&✐❝✉❧❛7✱ ❛) gα ✐) ❛ ❝♦♥&✐♥✉♦✉) ❢✉♥❝&✐♦♥ ♦❢ z✱ )❡&&✐♥❣ D = {z ∈ C : |z−λ0| = ρ}✱
&❤❡7❡ ❡①✐)&) ❛ ♣♦)✐&✐✈❡ 7❡❛❧ ♥✉♠❜❡7 κ )✉❝❤ &❤❛&

|gα(z)| ≥ κ, ∀z ∈ D.

❋♦7 ❛ ✜①❡❞ ♣♦)✐&✐✈❡ 7❡❛❧ ♥✉♠❜❡7 ǫ0 ✇❡ ❝♦♥)✐❞❡7 &❤❡ ♠❛♣♣✐♥❣ ♦❢ &✇♦ ✈❛7✐❛❜❧❡)

H : [0, ǫ0]×D → C : (ǫ, z) → gα(z)− gα+ǫ(z).

❙✐♥❝❡ ✐& ✐) ❛ ✉♥✐❢♦7♠❧② ❝♦♥&✐♥✉♦✉) ❢✉♥❝&✐♦♥ ❛♥❞ )✐♥❝❡ H(0, z) = 0 ❢♦7 ❛❧❧ z✱ ✇❡ ❞❡❞✉❝❡

&❤❡ ❡①✐)&❡♥❝❡ ♦❢ ❛ ♣♦)✐&✐✈❡ 7❡❛❧ ♥✉♠❜❡7 δ )✉❝❤ &❤❛&

|H(ǫ, z)| < κ, ∀(ǫ, z) ∈ [0, δ]×D.

❚❤❡ &✇♦ ❧❛)& ❡)&✐♠❛&❡) ✐♠♣❧② &❤❛&

|gα(z)− gα+ǫ(z)| < |gα(z)|, ∀(ǫ, z) ∈ [0, δ]×D.

❍❡♥❝❡✱ ❘♦✉❝❤?✬) &❤❡♦7❡♠ ❛❧❧♦✇) &♦ ❝♦♥❝❧✉❞❡ &❤❛& gα+ǫ ❤❛) &❤❡ )❛♠❡ ♥✉♠❜❡7 ♦❢ 7♦♦&)

❛& gα ❢♦7 ❛❧❧ ǫ ∈ [0, δ]✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ -❤♦✇- .❤❡ ❜♦✉♥❞❡❞♥❡-- ♦❢ .❤❡ 2❡❛❧ ♣❛2. ♦❢ .❤❡ ❡✐❣❡♥✈❛❧✉❡-

♦❢ .❤❡ ♦♣❡2❛.♦2 Aα ❛♥❞ ♣2♦✈❡- .❤❛. ✐.- ❡✐❣❡♥✈❛❧✉❡- ❝❛♥♥♦. ❜❡ 2❡❛❧✳

▲❡♠♠❛ ✸✳✸✳✸✳ ▲❡& λ ❜❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ &❤❡ ♦♣❡7❛&♦7 Aα✱ ❛♥❞ U = y(x, λ)(1, λ)⊤

❜❡ ❛♥ ❛))♦❝✐❛&❡❞ ❡✐❣❡♥✈❡❝&♦7✳ ❚❤❡♥ λ ∈ C\R ✇✐&❤

ℜλ =

−
∫ 1

0

|y(x, λ)|2dx− α

∫ 0

−1

|y(x, λ)|2dx
∫ 1

−1

|y(x, λ)|2dx
,

✶✸✻
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❛♥❞

(ℑλ)2 =

∫ 1

−1

|yx(x, λ)|2dx
∫ 1

−1

|y(x, λ)|2dx
−




∫ 1

0

|y(x, λ)|2dx+ α

∫ 0

−1

|y(x, λ)|2dx
∫ 1

−1

|y(x, λ)|2dx




2

.

 !♦♦❢✿ ❆- Aα ✐- &❡❛❧✱ ✐♥ $❤❡ -❡♥-❡ $❤❛$ AαU = AαŪ ❢♦& ❛❧❧ U ∈ D(Aα)✱ ✐$ ❢♦❧❧♦✇-

$❤❛$ U = y(x, λ)(1, λ) ✐- ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢ Aα ❝♦&&❡-♣♦♥❞✐♥❣ $♦ $❤❡ ❡✐❣❡♥✈❛❧✉❡ λ✳

■♥$❡❣&❛$✐♥❣ ✭✸✳✸✳✶✮ ❛❣❛✐♥-$ y(x, λ) ❣✐✈❡-

∫ 1

−1

|yx|2dx+ λ2
∫ 1

−1

|y|2dx+ 2λ

(∫ 1

0

|y|2dx+ α

∫ 0

−1

|y|2dx
)

= 0.

❍❡♥❝❡✱

λ =

−
∫ 1

0

|y|2dx− α

∫ 0

−1

|y|2dx±
[(∫ 1

0

|y|2dx+ α

∫ 0

−1

|y|2dx
)2

−
∫ 1

−1

|yx|2dx
∫ 1

−1

|y|2dx
] 1

2

∫ 1

−1

|y|2dx
.

■❢ λ ✐- &❡❛❧✱ $❤❡♥ ❜② $❤❡ @♦✐♥❝❛&A✲❋&✐❡❞&✐❝❤✬- ✐♥❡E✉❛❧✐$②

π2

4

∫ 1

−1

|w|2dx ≤
∫ 1

−1

|wx|2dx, ∀w ∈ H1
0 (−1, 1), ✭✸✳✸✳✻✮

✇❡ ❣❡$

0 ≤
(∫ 1

0

|y|2dx+ α

∫ 0

−1

|y|2dx
)2

−
∫ 1

−1

|yx|2dx
∫ 1

−1

|y|2dx

≤
(∫ 1

−1

|y|2dx
)2

−
(π
2

)2
(∫ 1

−1

|y|2dx
)2

=

(
1− π2

4

)(∫ 1

−1

|y|2dx
)2

< 0

✇❤✐❝❤ ✐- ✐♠♣♦--✐❜❧❡✳ ❈♦♥-❡E✉❡♥$❧②✱ λ ∈ C\R ❛♥❞ $❤❡ &❡-✉❧$ ❢♦❧❧♦✇-✳

❘❡♠❛!❦ ✸✳✸✳✹✳ ◆♦%❡ %❤❛%

✶✳ (ℜλ)2 + (ℑλ)2 ≥ π2

4
❜② ,♦✐♥❝❛/0✲❋/✐❡❞/✐❝❤✬4 ✐♥❡5✉❛❧✐%② ✭✸✳✸✳✻✮✳

✶✸✼
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✷✳ |ℜλ| ≤ max{1, |α|}✳

✸✳ ❉❡♥♦'❡ ❜② {λk}k∈Z∗
'❤❡ +♣❡❝'.✉♠ ♦❢ Aα✳ ❙✐♥❝❡ Aα ✐+ .❡❛❧✱ ✇✐'❤♦✉' ❧♦++ ♦❢ ❣❡✲

♥❡.❛❧✐'② ✇❡ ❝❛♥ ❛++✉♠❡ '❤❛' ❢♦. ❛❧❧ k ∈ Z∗, λ−k = λk✳

✸✳✸✳✶✳✶ ❆$②♠♣(♦(✐❝ ❜❡❤❛✈✐♦1 ♦❢ ❧❛1❣❡ ❡✐❣❡♥✈❛❧✉❡$

■♥ $❤❡ -❡3✉❡❧✱ ✇❡ -$✉❞② $❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- {λk}k∈Z∗
♦❢ Aα

❛- |λk| → +∞✳ ❆❝❝♦&❞✐♥❣ $♦ $❤❡ ♣&❡✈✐♦✉- &❡♠❛&❦✱ -✐♥❝❡ ℜλk ✐- ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞✱
$❤❡♥ |λk| → +∞ ✐- ❡3✉✐✈❛❧❡♥$ $♦ |ℑλk| → +∞✳ ▼♦&❡♦✈❡&✱ ✇❡ ❝❛♥ &❡-$&✐❝$ ♦✉& -$✉❞②
$♦ $❤❡ ❝❛-❡ k → +∞.

▲❡♠♠❛ ✸✳✸✳✺✳ ❚❤❡ ❧❛.❣❡ ❡✐❣❡♥✈❛❧✉❡+ ♦❢ Aα ❛.❡ +✐♠♣❧❡✳ ▼♦.❡♦✈❡. '❤❡.❡ ❡①✐+' m ∈ Z

❛♥❞ k0 ∈ N, +✉❝❤ '❤❛'

λk =
−α− 1

2
+ i(k +m)

π

2
+O

(
1

k

)
, ∀k ≥ k0. ✭✸✳✸✳✼✮

91♦♦❢✿ ▲❡$ λ ❜❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aα ♦& ❡3✉✐✈❛❧❡♥$❧② ❛ &♦♦$ ♦❢ gα✳ ❋♦& $❤❡ -❛❦❡ ♦❢

-✐♠♣❧✐❝✐$②✱ ✇❡ ❛--✉♠❡ $❤❛$

√
λ2 = λ✱ ✐❢ $❤✐- ✐- ♥♦$ $❤❡ ❝❛-❡✱ $❤❡ ♥❡①$ ❛&❣✉♠❡♥$- ❤♦❧❞

❜✉$ ✇✐$❤ t1 ❛♥❞ t2 &❡♣❧❛❝❡❞ ❜② $❤❡✐& ♦♣♣♦-✐$❡-✳

❋✐&-$✱ ✇❡ ♣&♦✈❡ $❤❛$

t1(λ) → 1− α ❛♥❞ t2(λ) = 2λ+ 1 + α + o(1) ❛- |λ| → +∞.

■♥❞❡❡❞✱ ✇❡ ✇&✐$❡

t1(λ) =
(
√
λ2 + 2λ−

√
λ2 + 2αλ)(

√
λ2 + 2λ+

√
λ2 + 2αλ)√

λ2 + 2λ+
√
λ2 + 2αλ

=
2λ(1− α)

t2(λ)
.

❚❤❡&❡❢♦&❡✱ ✇❡ ❣❡$

✶

t1(λ) ∼
2λ(1− α)

2λ
= 1− α, ❛- |ℑλ| → +∞. ✭✸✳✸✳✽✮

✶✳ ❛# ✉#✉❛❧ &❤❡ ♥♦&❛&✐♦♥ h(λ) ∼ g(λ) ❛# |ℑλ| → +∞ ♠❡❛♥# &❤❛& lim|ℑλ|→+∞
h(λ)
g(λ) = 1

✶✸✽



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱

t2(λ) = λ

√
1 +

2

λ
+ λ

√
1 +

2α

λ
.

❆- |λ| → +∞✱ ✇❡ ✇&✐$❡
√

1 +
2

λ
= 1 +

1

λ
+ o

(
1

λ

)
,

❛♥❞ √
1 +

2α

λ
= 1 +

α

λ
+ o

(
1

λ

)
.

❚❤❡&❡❢♦&❡✱

t2(λ) = λ

(
2 +

1 + α

λ

)
+ o(1) = 2λ+ 1 + α + o(1) ❛- |ℑλ| → +∞. ✭✸✳✸✳✾✮

❙✐♥❝❡ t2(λ) 6= 0 ❢♦& |ℑλ| ❧❛&❣❡ ❡♥♦✉❣❤✱ $❤❡♥ ❢&♦♠ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡@✉❛$✐♦♥ ✇❡

❝❛♥ ✇&✐$❡

gα(λ) = t2(λ)

[
sinh(t2(λ))−

t1(λ)

t2(λ)
sinh(t1(λ))

]
= 0,

♦& ❡@✉✐✈❛❧❡♥$❧②

hα(λ) = 0, ✭✸✳✸✳✶✵✮

✇❤❡&❡

hα(λ) = sinh(t2(λ))−
t1(λ)

t2(λ)
sinh(t1(λ)). ✭✸✳✸✳✶✶✮

◆♦✇ $❤❡ ❝♦♥❝❧✉-✐♦♥ ❢♦❧❧♦✇- ❜② ✉-✐♥❣ ❘♦✉❝❤G✬- ❚❤❡♦&❡♠✳ ❋♦& $❤✐- ❛✐♠✱ ❢♦& N ❧❛&❣❡

❡♥♦✉❣❤✱ ❞❡✜♥❡ $❤❡ ❝✉&✈❡

Γ±n = {z :
∣∣∣∣z +

1 + α

2
∓ i

nπ

2

∣∣∣∣ =
C0

n
}, n > N,

✇❤❡&❡ C0 ✐- ❛ ♣♦-✐$✐✈❡ ❝♦♥-$❛♥$ ✜①❡❞ ❧❛$❡& ♦♥ ✐♥ ▲❡♠♠❛ ✸✳✸✳✼✳

▲❡♠♠❛ ✸✳✸✳✼ ❜❡❧♦✇ -❤♦✇-✱ ❜② ❘♦✉❝❤G✬- ❚❤❡♦&❡♠✱ $❤❛$ hα(z) ❣✐✈❡♥ ✐♥ ✭✸✳✸✳✶✶✮

❤❛- $❤❡ -❛♠❡ &♦♦$- ❛- sinh(t2(z)) ✐♥ $❤❡ ❝✉&✈❡ Γ±n, ❢♦& ❡✈❡&② n > N ✇❤❡&❡ N ✐-

❧❛&❣❡ ❡♥♦✉❣❤✳ ❈♦♥-❡@✉❡♥$❧②✱ ✇❡ ❞❡❞✉❝❡ $❤❛$ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡- ❛&❡ -✐♠♣❧❡ -✐♥❝❡

✶✸✾



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

$❤❡ &♦♦$- ♦❢ sinh(t2(z)) ❛&❡ -✐♠♣❧❡ ❢♦& |z| ❧❛&❣❡ ❛♥❞ ❛&❡ -✐$✉❛$❡❞ ✐♥-✐❞❡ Γ±n ❢♦& -♦♠❡

n ❧❛&❣❡✱ ✇❤✐❝❤ ②✐❡❧❞- ✭✸✳✸✳✼✮✳

❚❤❡ ♥❡①$ ❋✐❣✉&❡- ✸✳✶ ❛♥❞ ✸✳✷ ✐❧❧✉-$&❛$❡ $❤❡ &♦♦$- ♦❢ Fα ❢♦& α = −0.75 ❛♥❞

α = −0.2 ❝♦♠♣✉$❡❞ ✉-✐♥❣ ❛ ◆❡✇$♦♥ ♠❡$❤♦❞✱ ♥❛♠❡❧② ❛ -✉✣❝✐❡♥$❧② ❧❛&❣❡ ❜♦① ✐-

❞❡❝♦♠♣♦-❡❞ ✐♥ ❛ &❡❧❛$✐✈❡❧② ✜♥❡ ♠❡-❤ ❛♥❞ ❡❛❝❤ ♥♦❞❡ ♦❢ $❤❡ ♠❡-❤ ✐- ✉-❡❞ ❛- ✐♥✐$✐❛❧

✈❛❧✉❡ ❢♦& $❤❡ ◆❡✇$♦♥ ♠❡$❤♦❞✳ ■♥ $❤❡-❡ ❋✐❣✉&❡-✱ $❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ❢&♦♠ $❤❡

♣&❡✈✐♦✉- ❧❡♠♠❛ ✐- ❝❧❡❛&❧② ✈✐-✐❜❧❡✳

-0.126 -0.125 -0.124 -0.123

-50

50

❋✐❣✉$❡ ✸✳✶ ✕ ❊✐❣❡♥✈❛❧✉❡- ❢♦& α = −0.75

❘❡♠❛$❦ ✸✳✸✳✻✳ ✭■♥❝$❡❛'✐♥❣ *❤❡ ♦$❞❡$ ♦❢ *❤❡ ✜♥✐*❡ ❡①♣❛♥'✐♦♥✮

■❢ ✇❡ ✇$✐*❡ λk =
−α− 1

2
+ i(k +m)

π

2
+βk+ iεk ✇❤❡$❡ βk, εk ∈ R ❛$❡ '✉❝❤ *❤❛* βk =

O1

(
1

k

)
❛♥❞ εk = O2

(
1

k

)
✱ ❛♥❞ ✇❡ '✉❜'*✐*✉*❡ *❤✐' ✈❛❧✉❡ ✐♥*♦ t2(λk)✱ sinh(t2(λk))✱

✶✹✵



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

-0.401 -0.400 -0.399 -0.398 -0.397

-50

50

❋✐❣✉$❡ ✸✳✷ ✕ ❊✐❣❡♥✈❛❧✉❡- ❢♦& α = −0.2

❛♥❞

t1(λk)

t2(λk)
sinh(t1(λk)✱ $❤❡♥ ✐♥❝)❡❛*✐♥❣ $❤❡ ♦)❞❡) ♦❢ $❤❡ ✜♥✐$❡ ❡①♣❛♥*✐♦♥✱ ✇❡ ❣❡$

t2(λk) = i(k +m)π + 2βk + 2iεk −
1 + α2

2i(k +m)π
+

(1 + α2)(1 + α)− 2(1 + α3)

(k +m)2π2
+ o

(
1

k2

)

sinh(t2(λk)) = (−1)k+m

(
2βk + 2iεk −

1 + α2

i(k +m)π
+

(1 + α2)(1 + α)− 2(1 + α3)

(k +m)2π2
+ o

(
1

k2

))

t1(λk)

t2(λk)
sinh(t1(λk)) =

(1− α) sinh(1− α)

i(k +m)π
+

(1− α2) sinh(1− α)

((k +m)π)2

+
(1− α2)(1− α) cosh(1− α)

((k +m)π)2
+ o

(
1

k2

)
.

❋)♦♠ $❤❡ ❡4✉❛❧✐$② sinh(t2(λk)) =
t1(λk)

t2(λk)
sinh(t1(λk))✱ ✇❡ ❝♦♥❝❧✉❞❡

εk = − 1 + α2

2(k +m)π
− (−1)k+m (1− α) sinh(1− α)

2(k +m)π
+ o(

1

k2
)

βk = −2(1 + α3)− (1 + α)(1 + α2)

2((k +m)π)2

+ (−1)k+m

2

[
(1− α2) sinh(1− α)

((k +m)π)2
+

(1− α2)(1− α) cosh(1− α)

((k +m)π)2

]
+ o

(
1

k2

)
.

❚❤❡ (−1)k+m
❢❛❝$♦) ❛♣♣❡❛)✐♥❣ ✐♥ $❤❡ ❡①♣)❡**✐♦♥ ♦❢ βk *❤♦✇* $❤❛$✱ ❛❝❝♦)❞✐♥❣ $♦ $❤❡

♣❛)✐$② ♦❢ k + m✱ $❤❡)❡ ❛)❡ ❡✐❣❡♥✈❛❧✉❡* $♦ $❤❡ ❧❡❢$ ❛♥❞ $♦ $❤❡ )✐❣❤$ ♦❢ $❤❡ ❛①✐* x =

✶✹✶



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

−1 + α

2
✳ ❍❡♥❝❡ ✐❢ 1 + α ≤ 0✱ (❤❡♥ ♣+♦❜❧❡♠ ✭✸✳✶✳✶✮ ✐4 ♥❡✈❡+ 4(❛❜❧❡✱ ✇❤✐❧❡ ✐❢ 1 +

α > 0✱ (❤❡♥ ✇❡ ❝❛♥ ❤♦♣❡ (❤❛( ✭✸✳✶✳✶✮ ✐4 ❡✐(❤❡+ ❡①♣♦♥❡♥(✐❛❧❧② 4(❛❜❧❡ ♦+ ✉♥4(❛❜❧❡ ❜✉(

❡①♣♦♥❡♥(✐❛❧❧② 4(❛❜❧❡ ✉♣ (♦ ❛ ✜♥✐(❡ ❞✐♠❡♥4✐♦♥❛❧ 4♣❛❝❡✳

▲❡♠♠❛ ✸✳✸✳✼✳ ❚❤❡+❡ ❡①✐4(4 N ∈ N ❧❛+❣❡ ❡♥♦✉❣❤ 4✉❝❤ (❤❛( ❢♦+ ❡✈❡+② n > N ❛♥❞ ❢♦+

❛❧❧ z ∈ Γ±n✱ ✇❡ ❤❛✈❡

|hα(z)− sinh(t2(z))| < |sinh(t2(z))| .

'(♦♦❢✿ ❚❤❡ ♣&♦♦❢ ✐- ❞✐✈✐❞❡❞ ✐♥$♦ $✇♦ -$❡♣-✳ ■♥ $❤❡ ✜&-$ -$❡♣✱ ❢♦& ❡✈❡&② n > N ✇❤❡&❡

N ✐- ❧❛&❣❡ ❡♥♦✉❣❤✱ ✇❡ -❤♦✇ $❤❛$ ✐❢ z ∈ Γ±n✱ $❤❡♥ |sinh(t2(z))| ≥
C0

|z| ✳ ■♥ ❢❛❝$✱ ✐$ ✐-
❡♥♦✉❣❤ $♦ ❝♦♥-✐❞❡& $❤❡ ❝❛-❡ ✇❤❡&❡ z ∈ Γn -✐♥❝❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛♣♣❡❛& ✐♥ ❝♦♥❥✉❣❛$❡

♣❛✐&-✳ ■❢ z ∈ Γn✱ $❤❡♥ z = −1 + α

2
+ i

nπ

2
+ ρne

iθ
✇❤❡&❡ θ ∈ [0, 2π) ❛♥❞ ρn =

C0

n
✳

❙✐♥❝❡ n ✐- ❧❛&❣❡ ❡♥♦✉❣❤✱ $❤❡♥ ❜② ✭✸✳✸✳✾✮✱ ✇❡ ❤❛✈❡

t2(z) = 2z + 1 + α + o1(1) + io2(1),

❛♥❞

|sinh(t2(z))|2 = sin2 (2ρn sin θ + o2(1)) + sinh2 (2ρn cos θ + o1(1))

= (2ρn sin θ + o(1))2 + (2ρn cos θ + o(1))2

= 4ρ2n + o(1).

❍❡♥❝❡✱

C2
0

|z|2≤
C2

0(
ρn sin θ +

nπ
2

)2 =
4C2

0

(nπ)2
+ o

(
1

n2

)
≤ 4C2

0

n2
+ o(1) = |sinh(t2(z))|2 .

◆♦✇ ✭✸✳✸✳✽✮ ❛♥❞ ✭✸✳✸✳✾✮ ✐♠♣❧② $❤❛$ $❤❡&❡ ❡①✐-$- C1 > 0 -✉❝❤ $❤❛$

|t1(z)| < 2|1− α|, ∀z : |ℑz| > C1,

|t2(z)| > |z|, ∀z : |ℑz| > C1,

✶✹✷



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❛♥❞ $❤❡&❡❢♦&❡ $❤❡&❡ ❡①✐-$- C0 > 0 -✉❝❤ $❤❛$

|t1(z) sinh(t1(z))| < C0, ∀z : |ℑz| > C1.

❆- ❢♦& z ∈ Γn✱ ✇✐$❤ n ≥ 1✱ ✇❡ ❤❛✈❡

ℑz ≥ nπ

2
− C0

n
,

✇❡ ♥❡❡❞ $♦ ❝❤♦-❡ N ❧❛&❣❡ ❡♥♦✉❣❤ -♦ $❤❛$

Nπ

2
− C0

N
> C1.

❲✐$❤ $❤✐- ❝♦♥-$&❛✐♥$ ❛♥❞ ❜② ✭✸✳✸✳✶✶✮ ✇❡ -❡❡ $❤❛$ ❢♦& z ∈ Γn✱ ✇❤❡&❡ n > N ✱ ✇❡ ❤❛✈❡

|hα(z)− sinh(t2(z))| ≤
∣∣∣∣
t1(z) sinh(t1(z))

t2(z)

∣∣∣∣ <
C0

|z| < |sinh(t2(z))| .

✸✳✸✳✶✳✷ ❈%✐'✐❝❛❧ ✈❛❧✉❡ ♦❢ α

❲❡ ✜♥✐-❤ $❤✐- -❡❝$✐♦♥ ❜② ❧♦♦❦✐♥❣ ❢♦& ❛ ❝&✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❢♦& ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❣❡$ ❛♥

❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ♦❢ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮✳ ◆✉♠❡&✐❝❛❧❧②✱ ❛- $❤❡ ❋✐❣✉&❡ ✸✳✸ ❜❡❧♦✇ -❤♦✇-

✭-❡❡ ❛❧-♦ ❋✐❣✉&❡- ✸✳✶ ❛♥❞ ✸✳✷✮✱ ❢♦& 0 > α > α2✱ ✇✐$❤ α2 ≈ −0.77✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡-

{λk}k∈Z∗
♦❢ $❤❡ ♦♣❡&❛$♦& Aα ❛&❡ ❛❧❧ -✐$✉❛$❡❞ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✳ ❍♦✇❡✲

✈❡&✱ $❤❡♦&❡$✐❝❛❧❧② ✇❡ ❝♦✉❧❞ ♥♦$ ❤✐$ $❤✐- &❛♥❣❡ ♦❢ α✳ ■♥-$❡❛❞✱ ✇❡ ♣&♦✈❡ -✉❝❤ ❛ &❡-✉❧$

❢♦& α ∈ (α3, 0) ✇✐$❤ α3 ≈ −0.2823✳ ■♥ ❢❛❝$✱ ❛- $❤❡ ✈❛❧✉❡ ♦❢ α ∈ (−1, 0) ❞❡❝&❡❛-❡-✱ $❤❡

❛①✐- x = −1 + α

2
✐- -❤✐❢$❡❞ $♦ $❤❡ &✐❣❤$ ❛♥❞ $❤❡&❡❢♦&❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛&❡ -❤✐❢$❡❞ ♥❡❛&

$❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✳ ❈♦♥-❡G✉❡♥$❧②✱ ✇❡ $&② $♦ -$✉❞② $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡-

♦♥ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❛♥❞ $❤❡♥ ✜♥❞ ❛ ❝&✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❢♦& ✇❤✐❝❤ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝

❡G✉❛$✐♦♥ ✭✸✳✸✳✶✵✮ ❤❛- ♥♦ &♦♦$- ♦♥ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✳

✶✹✸
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-1.0 -0.8 -0.6 -0.4 -0.2

-0.4

-0.2

0.2

❋✐❣✉$❡ ✸✳✸ ✕ ◆✉♠❡&✐❝❛❧ ✈❛❧✉❡ ♦❢ max{ℜλ : λ ∈ σ(Aα)} ✈❡&-✉- α✳

❚♦ -$❛$❡ ♣&♦♣❡&❧② ♦✉& &❡-✉❧$✱ ✇❡ ✐♥$&♦❞✉❝❡ $❤❡ ❢✉♥❝$✐♦♥-

f1 : (−∞, 0] → (0,∞)

α → 1

2

[
cosh

(
2ℜ(t2(i

π

2
))
)
− 1

]
,

f2 : (−∞, 0] → (0,∞)

α → 1

2

[
(1− α)2 +

(
ℑ(t1(iπ2 ))

)2] [
cosh (2(1− α))− cos

(
2ℑ(t1(iπ2 ))

)]

∣∣t2(iπ2 )
∣∣2 .

■$ ✐- ❡❛-② $♦ ❝❤❡❝❦ $❤❛$ f1 ✭&❡-♣✳ f2✮ ✐- ✐♥❝&❡❛-✐♥❣ ✭&❡-♣✳ ❞❡❝&❡❛-✐♥❣✮ ❛♥❞ $❤❛$ f1(0) >

f2(0) ✭-❡❡ ❋✐❣✉&❡ ✸✳✹✮✱ ❤❡♥❝❡ $❤❡&❡ ❡①✐-$- ❛ ✉♥✐D✉❡ ♥❡❣❛$✐✈❡ &❡❛❧ ♥✉♠❜❡& α3 -✉❝❤ $❤❛$

f1(α3) = f2(α3)✳ ◆✉♠❡&✐❝❛❧❧② ✇❡ ✜♥❞ $❤❛$ α3 ≈ −0.2823✳

❚❤❡♦$❡♠ ✸✳✸✳✽✳ ❋♦" ❛❧❧ α > α3✱ ❛♥② ❡✐❣❡♥✈❛❧✉❡ λ ♦❢ Aα .❛/✐.✜❡. ℜλ < 0✳

)$♦♦❢✿ ▲❡$ λ = iy ✇✐$❤ y ∈ R ❜❡ ❛ ♣✉&❡❧② ✐♠❛❣✐♥❛&② ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aα✳ ❆- $❤❡

❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✉❡- ❛♣♣❡❛& ✐♥ ❝♦♥❥✉❣❛$❡ ♣❛✐&-✱ ✐$ ✐- ❡♥♦✉❣❤ $♦ ❝♦♥-✐❞❡& $❤❡ ❝❛-❡

y > 0✳ ❆❝❝♦&❞✐♥❣ $♦ ❘❡♠❛&❦ ✸✳✸✳✹✱ y ≥ π

2
✳ ❲❡ -$❛&$ ❜② ✇&✐$✐♥❣

λ(2α + λ) = −y2 + 2iαy.

✶✹✹



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

▲❡$

h(y, α) =

√
y2 + y

√
4α2 + y2

√
2

,

$❤❡♥✱ ❜② ❡①♣❛♥❞✐♥❣

(
αy

h(y, α)
+ ih(y, α)

)2

✱ ✇❡ ❤❛✈❡

√
−y2 + 2iαy =

αy

h(y, α)
+ ih(y, α).

❲❡ ♥♦$❡ $❤❛$ h(y, α) ✐- ♥♦♥ ❞❡❝&❡❛-✐♥❣ ❛- ❛ ❢✉♥❝$✐♦♥ ♦❢ y -✐♥❝❡

∂

∂y
h(y, α) =

1√
2



2y +

√
4α2 + y2 + y2√

4α2+y2

2
√
y2 + y

√
4α2 + y2


,

✇❤✐❧❡

h(y, α)

y
✐- ❞❡❝&❡❛-✐♥❣ -✐♥❝❡

∂

∂y

h(y, α)

y
=

−
√
2α2

y
√
4α2 + y2

√
y(y +

√
4α2 + y2)

.

▼♦&❡♦✈❡&✱ t2(iy) ✐- ❣✐✈❡♥ ❜②

t2(iy) =
αy

h(y, α)
+

y

h(y, 1)
+ i (h(y, α) + h(y, 1))

❛♥❞ t1(iy) ✐- ❣✐✈❡♥ ❜②

t1(iy) = − αy

h(y, α)
+

y

h(y, 1)
+ i (−h(y, α) + h(y, 1)) .

■♥ $❤❡ -❡>✉❡❧✱ ♦✉& ❛✐♠ ✐- $♦ ✜♥❞ -♦♠❡ ❜♦✉♥❞- ❢♦& |sinh(t2(iy))|2 ❛♥❞
∣∣∣∣
t1(iy)

t2(iy)
sinh(t1(iy))

∣∣∣∣
2

✳

❲❡ -$❛&$ ❜② ✜♥❞✐♥❣ ❛ ❧♦✇❡& ❜♦✉♥❞ ❢♦& |sinh(t2(iy))|2 ✇✐$❤ y ≥ π

2
✳ ❲❡ ❤❛✈❡

|sinh(t2(iy))|2 =
1

2
[cosh (2ℜ(t2(iy)))− cos (2ℑ(t2(iy)))] ≥

1

2
[cosh (2ℜ(t2(iy)))− 1].

❇✉$ ℜ(t2(iy)) ✐- ❛ ♣♦-✐$✐✈❡ ❛♥❞ ✐♥❝&❡❛-✐♥❣ ❢✉♥❝$✐♦♥ ♦❢ y✳ ■♥ ❢❛❝$✱

ℜ(t2(iy)) =
y

h(y, α)

[
h(y, α)

h(y, 1)
+ α

]
.

✶✹✺



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❙✐♥❝❡

h(y, α)

h(y, 1)
✐- ♣♦-✐$✐✈❡ $❤❡♥ ✇❡ ♣&♦✈❡ $❤❛$ ✐$ ✐- ✐♥❝&❡❛-✐♥❣ ❜② ♣&♦✈✐♥❣ $❤❛$ ✐$- -8✉❛&❡

✐- ✐♥❝&❡❛-✐♥❣✳ ■♥❞❡❡❞✱ -✐♥❝❡ |α| < 1

∂

∂y

(
h(y, α)

h(y, 1)

)2

=
(y +

√
4α2 + y2)(

√
4 + y2 −

√
4α2 + y2)√

4 + y2
√

4α2 + y2(y +
√

4 + y2)
> 0.

❙✐♥❝❡

lim
y→0

h(y, α)

h(y, 1)
=

√
|α|,

$❤❡♥

h(y, α)

h(y, 1)
+ α > 0, ∀y > 0.

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ ℜ(t2(iy)) ✐- ♣♦-✐$✐✈❡ ❛♥❞ ❛♥ ✐♥❝&❡❛-✐♥❣ ❢✉♥❝$✐♦♥ ♦❢ y -♦

ℜ(t2(iy)) ≥ ℜ(t2(i
π

2
)). ✭✸✳✸✳✶✷✮

❚❤❡&❡❢♦&❡✱

|sinh(t2(iy))|2 ≥
1

2

[
cosh

(
2ℜ(t2(i

π

2
))
)
− 1

]
= f1(α). ✭✸✳✸✳✶✸✮

■♥ $❤❡ -❡❝♦♥❞ -$❡♣✱ ✇❡ ✜♥❞ ❛♥ ✉♣♣❡& ❜♦✉♥❞ ❢♦&

∣∣∣∣
t1(iy)

t2(iy)
sinh(t1(iy))

∣∣∣∣
2

✳ ℑ(t2(iy)) ✐- ❛
♥♦♥ ❞❡❝&❡❛-✐♥❣ ❢✉♥❝$✐♦♥ ♦❢ y -✐♥❝❡ h(y, α) ✐- ♥♦♥ ❞❡❝&❡❛-✐♥❣✳ ❙♦

ℑ(t2(iy)) ≥ ℑ(t2(i
π

2
)). ✭✸✳✸✳✶✹✮

❇♦$❤ ✭✸✳✸✳✶✷✮ ❛♥❞ ✭✸✳✸✳✶✹✮ ②✐❡❧❞

|t2(iy)|2 ≥
∣∣∣t2(i

π

2
)
∣∣∣
2

. ✭✸✳✸✳✶✺✮

◆❡①$✱ ✇❡ ✜♥❞ ❛♥ ✉♣♣❡& ❜♦✉♥❞ ❢♦& |t1(iy)|✳ ❲❡ ❤❛✈❡
∂

∂y
ℑ(t1(iy)) =

∂

∂y
h(y, 1)− ∂

∂y
h(y, α).

❑♥♦✇✐♥❣ $❤❛$ h(y, α) ✐- ♥♦♥ ❞❡❝&❡❛-✐♥❣✱ ✇❡ ❝♦♠♣❛&❡ $❤❡ ❞✐✛❡&❡♥❝❡ ❜❡$✇❡❡♥ $❤❡

-8✉❛&❡ ♦❢

∂

∂y
h(y, 1) ❛♥❞

∂

∂y
h(y, α)✳ ❲❡ ✜♥❞ $❤❛$

(
∂

∂y
h(y, α)

)2

=
(y +

√
4α2 + y2)3

8(4α2y + y3)
= ϕ(α2),

✶✹✻



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✇❤❡&❡

ϕ(β) =
(y +

√
4β + y2)3

8(4βy + y3)
.

❉❡&✐✈✐♥❣ ✇✐$❤ &❡-♣❡❝$ $♦ β✱ ✇❡ ❣❡$

ϕ′(β) =
(y +

√
4β + y2)2(4β + y2 − 2y

√
4β + y2)

4y(4β + y2)
5
2

.

❚❤❡&❡❢♦&❡✱ ϕ′(β) < 0 ✐❢ y >
2
√
β

3
=

2|α|
3
✳ ❇✉$ y ≥ π

2
>

2

3
>

2|α|
3

✇❤✐❝❤ ✐♠♣❧✐❡- $❤❛$

ϕ′(β) < 0. ❍❡♥❝❡✱ ❢♦& ❛❧❧ y ≥ π

2
✱

(
∂

∂y
h(y, 1)

)2

−
(
∂

∂y
h(y, α)

)2

< 0,

❛♥❞ -♦✱ ❢♦& ❛❧❧ y ≥ π

2
✱ ✇❡ ❣❡$

∂

∂y
h(y, 1)− ∂

∂y
h(y, α) < 0.

❚❤❡&❡❢♦&❡✱ ℑ(t1(iy)) ✐- ❞❡❝&❡❛-✐♥❣ ❛♥❞

|ℑ(t1(iy))| ≤ |ℑ(t1(i
π

2
))|. ✭✸✳✸✳✶✻✮

❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✇❡ ♣&♦✈❡ $❤❛$ ℜ(t1(iy)) ✐- ♥♦♥ ❞❡❝&❡❛-✐♥❣ ❛♥❞ -✐♥❝❡ ℜ(t1(iy)) →
1− α ❛- y → +∞✱ ✇❡ ♦❜$❛✐♥

|ℜ(t1(iy))| < 1− α. ✭✸✳✸✳✶✼✮

❈♦♥-❡D✉❡♥$❧②✱ ❜② ✭✸✳✸✳✶✻✮ ❛♥❞ ✭✸✳✸✳✶✼✮✱ ✇❡ ❣❡$

|sinh t1(iy)|2 =
1

2
[cosh (2ℜ(t1(iy)))− cos (2ℑ(t1(iy)))]

≤ 1

2

[
cosh (2(1− α))− cos

(
2ℑ(t1(i

π

2
))
)]
.

✭✸✳✸✳✶✽✮

❋✐♥❛❧❧②✱ ✭✸✳✸✳✶✺✮✱ ✭✸✳✸✳✶✻✮✱ ✭✸✳✸✳✶✼✮✱ ❛♥❞ ✭✸✳✸✳✶✽✮ ②✐❡❧❞

∣∣∣∣
t1(iy)

t2(iy)
sinh(t1(iy))

∣∣∣∣
2

≤ 1

2

[
(1− α)2 +

(
ℑ(t1(iπ2 ))

)2] [
cosh (2(1− α))− cos

(
2ℑ(t1(iπ2 ))

)]

∣∣t2(iπ2 )
∣∣2

= f2(α).

✭✸✳✸✳✶✾✮

✶✹✼
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-1.0 -0.8 -0.6 -0.4 -0.2

1

2

3

4

❋✐❣✉$❡ ✸✳✹ ✕ ❈✉&✈❡- ♦❢ f1 ✭❜❧✉❡✮ ❛♥❞ f2 ✭&❡❞✮✳

■♥ ❝♦♥❝❧✉-✐♦♥✱ ✉-✐♥❣ ✭✸✳✸✳✶✸✮ ❛♥❞ ✭✸✳✸✳✶✾✮ ❛♥❞ ❛❝❝♦&❞✐♥❣ $♦ $❤❡ ♣&♦♣❡&$✐❡- ♦❢

f1 ❛♥❞ f2 ♠❡♥$✐♦♥❡❞ ❜❡❢♦&❡ ✭-❡❡ ❋✐❣✉&❡ ✸✳✹✮✱ ✇❡ ✜♥❞ ♦✉$ $❤❛$ ✐❢ α > α3✱ $❤❡♥∣∣∣∣
t1(iy)

t2(iy)
sinh(t1(iy))

∣∣∣∣
2

< |sinh(t2(iy))|2 ❛♥❞ $❤❡&❡❢♦&❡ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡A✉❛$✐♦♥ ✭✸✳✸✳✶✵✮
❤❛- ♥♦ &♦♦$- ♦♥ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❞✉❡ $♦ ✭✸✳✸✳✶✶✮✳ ❲❡ ❞❡❞✉❝❡ $❤❛$ ❢♦& ❡✈❡&②

0 > α > α3✱ $❤❡&❡ ❞♦❡- ♥♦$ ❡①✐-$ ❛♥② ♣✉&❡ ✐♠❛❣✐♥❛&② ❡✐❣❡♥✈❛❧✉❡✳ ❇② $❤❡ ❝♦♥$✐✲

♥✉✐$② ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛- ❛ ❢✉♥❝$✐♦♥ ♦❢ α✱ ❛❧❧ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛&❡ -✐$✉❛$❡❞ $♦ $❤❡ ❧❡❢$

♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❢♦& ❡✈❡&② 0 > α > α3✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ -✉♣♣♦-❡ $❤❡ ❝♦♥$&❛&②✱ ♥❛✲

♠❡❧② $❤❛$ $❤❡&❡ ❡①✐-$- α̃ ∈ [α3, 0[ -✉❝❤ $❤❛$ $❤❡&❡ ❡①✐-$- -♦♠❡ λk(α̃) ✇✐$❤ ℜλk(α̃) > 0✳

❙✐♥❝❡ ❢♦& α = 0✱ ❛❧❧ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛&❡ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐- ❜❡❝❛✉-❡ ♦❢

$❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$②✱ ✇❡ ❞❡❞✉❝❡ ❜② ❝♦♥$✐♥✉✐$② ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛- ❛ ❢✉♥❝$✐♦♥

♦❢ α $❤❛$ $❤❡&❡ ❡①✐-$- ˜̃α ∈ [α3, 0[ ✇✐$❤ α̃ < ˜̃α < 0 -✉❝❤ $❤❛$ $❤❡&❡ ❡①✐-$- -♦♠❡ ♣✉&❡

✐♠❛❣✐♥❛&② ❡✐❣❡♥✈❛❧✉❡ ❛--♦❝✐❛$❡❞ ✇✐$❤

˜̃α ✇❤✐❝❤ ✐- ❛ ❝♦♥$&❛❞✐❝$✐♦♥✳

✶✹✽
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✸✳✸✳✷ ❘♦♦% ✈❡❝%♦)*✱ ❘✐❡*③ ❜❛*✐*✱ ❛♥❞ ♣)♦♦❢ ♦❢ ❚❤❡♦)❡♠* ✸✳✷✳✶

❛♥❞ ✸✳✷✳✷

✸✳✸✳✷✳✶ ❘♦♦& ✈❡❝&♦*+

❲❡ "#❛%# ❜② ✐♥#%♦❞✉❝✐♥❣ #❤❡ %♦♦# ✈❡❝#♦%" ♦❢ Aα ❛♥❞ A
∗
α✱ #❤❡ ❛❞❥♦✐♥# ♦❢ Aα✳ ❲❡

♥♦#✐❝❡ #❤❛# Aα ❤❛" ❛ ❝♦♠♣❛❝# %❡"♦❧✈❡♥#✱ #❤❡ ❣❡♦♠❡#%✐❝ ♠✉❧#✐♣❧✐❝✐#② ♦❢ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡

✐" ♦♥❡✱ ❛♥❞✱ ❢%♦♠ ▲❡♠♠❛ ✸✳✸✳✼✱ #❤❡ ❧❛%❣❡ ❡✐❣❡♥✈❛❧✉❡" ❛%❡ "✐♠♣❧❡✳

❚❤❡%❡❢♦%❡✱ ❛" ✐♥ ❙❡❝#✐♦♥ ✻ ♦❢ ❬✷✸❪✱ ❢♦% ❛♥② n ∈ Z∗
✱ ✇❡ ❞❡♥♦#❡ #❤❡ ❛❧❣❡❜%❛✐❝

♠✉❧#✐♣❧✐❝✐#② ♦❢ λn ❜② mn✳ ❚♦ λn✱ ❞❡✜♥❡ #❤❡ ❛""♦❝✐❛#❡❞ ❏♦%❞❛♥ ❝❤❛✐♥ ♦❢ %♦♦# ✈❡❝#♦%"

{Un,j}mn−1
j=0 ❜②

Un,0 = y(x, λn)(1, λn)
⊤

AαUn,j = λnUn,j + Un,j−1, j = 0, ...,mn − 1 ✇✐#❤ Un,−1 = 0.

❆" ✉"✉❛❧ ✇❡ ❝❤♦♦"❡ #❤❡ ❣❡♥❡%❛❧✐③❡❞ ❡✐❣❡♥✈❡❝#♦%" "✉❝❤ #❤❛# < Un,j, Un,0 >= 0, j =

1, ...,mn − 1. ◆♦#✐❝❡ #❤❛# ❢♦% |n| ❧❛%❣❡✱ mn = 1 ❛♥❞ #❤❡ %♦♦# ✈❡❝#♦%" ❛%❡ ❧✐♠✐#❡❞

#♦ #❤❡ ❡✐❣❡♥✈❡❝#♦% Un,0✳ ❆❝❝♦%❞✐♥❣ #♦ ❚❤❡♦%❡♠ ✶✵✳✶ ♦❢ ❈❤❛♣#❡% ❱ ♦❢ ❬✸✻❪✱ #❤❡ %♦♦#

✈❡❝#♦%" ♦❢ Aα ❛%❡ ❝♦♠♣❧❡#❡ ✐♥ X "✐♥❝❡ Aα ✐" ❛ ❜♦✉♥❞❡❞ ♣❡%#✉%❜❛#✐♦♥ ♦❢ ❛ "❦❡✇

"②♠♠❡#%✐❝ ♦♣❡%❛#♦%✳ ▼♦%❡♦✈❡%✱ #❤❡ %♦♦# ✈❡❝#♦%" ❢♦%♠ ❛ ❜❛"✐" ♦❢ #❤❡ %♦♦# "✉❜"♣❛❝❡

Ln = {U ∈ D(Aα); (Aα − λn)
mnU = 0}✳

❲❡ ♥♦✇ ❝♦♥"✐❞❡% #❤❡ %♦♦# ✈❡❝#♦%" ♦❢ #❤❡ ❛❞❥♦✐♥# ♦❢ Aα ❣✐✈❡♥ ❜②

A∗
α =




0 −I

− ∂2

∂x2
−2χ(0,1) − 2αχ(−1,0)


 .

❙✐♥❝❡ σ(A∗
α) = σ(Aα) = σ(Aα)✱ ✇❡ ❛""♦❝✐❛#❡ #♦ λn #❤❡ %♦♦# ✈❡❝#♦%" ♦❢ A

∗
α ❛"

Wn,0 = y(x, λn) (1,−λn)⊤,
A∗

αWn,j = λnWn,j +Wn,j−1, < Wn,j, Un,mn−1 >= 0, j = 1, ...,mn − 1.

Wn,0 ✐" ❛♥ ❡✐❣❡♥✈❡❝#♦% ♦❢ A
∗
α ❛♥❞✱ ❜② ❝♦♠♣❧❡#❡♥❡""✱ Wn,j ❛%❡ ✉♥✐M✉❡❧② ❞❡#❡%♠✐♥❡❞

"✐♥❝❡ < Wn,0, Un,mn−1 > 6= 0✳ ❖#❤❡% ✇✐"❡✱ Un,mn−1 = 0 ✇❤✐❝❤ ✐" ✐♠♣♦""✐❜❧❡✳

✶✹✾
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✸✳✸✳✷✳✷ ❘✐❡&③ ❜❛&✐&

❍❡&❡ ✇❡ ❛❞❛♣$ $❤❡ &❡-✉❧$- ♦❢ ❙❡❝$✐♦♥ ✻ ✐♥ ❬✷✸❪ $♦ ♣&♦✈❡ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&- ♦❢ $❤❡

♦♣❡&❛$♦& Aα ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ $❤❡ ❡♥❡&❣② -♣❛❝❡ X ❀ ✐✳❡✳✱ ✇❡ ♣&♦✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣

$❤❡♦&❡♠✳

❚❤❡♦-❡♠ ✸✳✸✳✾✳ ❚❤❡ #♦♦% ✈❡❝%♦#( ♦❢ %❤❡ ♦♣❡#❛%♦# Aα ❢♦#♠ ❛ ❘✐❡(③ ❜❛(✐( ♦❢ %❤❡

❡♥❡#❣② (♣❛❝❡ X✳

0-♦♦❢✿ ♦❢ ❚❤❡♦-❡♠ ✸✳✸✳✾✳

❲❡ ✉-❡ $❤❡ ❇❛&✐✬- ❚❤❡♦&❡♠ ❣✐✈❡♥ ❜② ❚❤❡♦&❡♠ ✶✳✷✳✻ ✭-❡❡ ❚❤❡♦&❡♠ ✷✳✶ ♦❢ ❈❤❛♣$❡& ❱■

✐♥ ❬✸✻❪✮✳ ❋✐&-$✱ $❤❡ ❝♦♠♣❧❡$❡♥❡-- ✐♥ X ♦❢ $❤❡ &♦♦$ ✈❡❝$♦&- ♦❢ Aα ❢♦❧❧♦✇- ❢&♦♠ ❚❤❡♦&❡♠

✶✵✳✶ ♦❢ ❈❤❛♣$❡& ❱ ♦❢ ❬✸✻❪✳ ❙♦ ✐$ &❡♠❛✐♥- $♦ -❡❛&❝❤ ❢♦& ❛ ❜✐♦&$❤♦❣♦♥❛❧ -❡N✉❡♥❝❡✳ ❋♦&

$❤❛$ ♣✉&♣♦-❡✱ ✇❡ ❝❛♥ ❢♦❧❧♦✇ $❤❡ ♣&♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✷ ♦❢ ❬✷✸❪✳ ❋&♦♠ $❤❡ ♣&♦♦❢ ♦❢ ▲❡♠♠❛

✻✳✷ ♦❢ ❬✷✸❪✱ ✇❡ ❤❛✈❡

< Un,p,Wk,j >=< Un,p,Wn,mn−1−p > δn,kδmn−1−p,j,

❢♦& ❛❧❧ p = 0, ...,mn−1, j = 0, ...,mk−1, ❛♥❞ ❢♦& ❛❧❧ n, k ∈ Z∗
✱ ✇✐$❤< Un,p,Wn,mn−1−p > 6=

0✳ ■♥❞❡❡❞✱ ❢♦& ❛❧❧ n 6= k✱ ✇❡ ❤❛✈❡

< AαUn,0,Wk,0 >= λn < Un,0,Wk,0 >= λk < Un,0,Wk,0 > .

❍❡♥❝❡✱ < Un,0,Wk,0 >= 0✳ ◆❡①$✱

< AαUn,0,Wk,1 >= λn < Un,0,Wk,1 >= λk < Un,0,Wk,1 > + < Un,0,Wk,0 > .

❍❡♥❝❡✱ (λn − λk) < Un,0,Wk,1 >= 0 ❛♥❞ -♦ < Un,0,Wk,1 >= 0✳ R&♦❝❡❡❞✐♥❣ -✐♠✐❧❛&❧②✱

✇❡ ♣&♦✈❡ $❤❛$

< Un,0,Wk,j >= 0, ∀j = 0, ...,mn − 1.

❋✐♥❛❧❧②✱ ❜② ✐$❡&❛$✐♦♥✱ ✇❡ ❝❛♥ ♣&♦✈❡ $❤❛$

< Un,p,Wk,j >= 0, ∀p, j = 0, ...,mn − 1, ∀n 6= k.

✶✺✵
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◆♦✇✱ ✐❢ n = k✱ $❤❡♥ ❋&❡❞❤♦❧♠ ❆❧$❡&♥❛$✐✈❡ ✐♠♣❧✐❡- $❤❛$

< Un,j,Wn,0 >= 0, ∀j = 0, ...,mn − 2.

❍❡♥❝❡✱ ❜② ❝♦♠♣❧❡$❡♥❡--✱ ✐$ ❢♦❧❧♦✇- $❤❛$

< Un,mn−1,Wn,0 > 6= 0.

❙✐♠✐❧❛&❧②✱

< Un,0,Wn,j >= 0, ∀j = 0, ...,mn − 2

❛♥❞

< Un,0,Wn,mn−1 > 6= 0.

❆❢$❡& ❝♦♠♣❛&✐♥❣ < AαUn,1,Wn,mn−k > ✇✐$❤ < Un,1, A
∗
αWn,mn−k >✱ ✇❡ ✜♥❞ $❤❛$

< Un,1,Wn,mn−k−1 >=< Un,0,Wn,mn−k > .

❚❤❡&❡❢♦&❡✱ Un,1 ✐- ♦&$❤♦❣♦♥❛❧ $♦ ❡❛❝❤ Wn,j ❡①❝❡♣$ ✇❤❡♥ j = mn − 2✳ ❋✐♥❛❧❧②✱ ❜②

✐$❡&❛$✐♦♥✱ ✇❡ ✜♥❞ $❤❛$ Un,p ✐- ♦&$❤♦❣♦♥❛❧ $♦ ❡❛❝❤ Wn,j ❡①❝❡♣$ ✇❤❡♥ j = mn − p− 1✳

■♥ ❝♦♥❝❧✉-✐♦♥✱ ✇❡ ❤❛✈❡

< Un,p,
Wn,mn−1−j

< Un,j,Wn,mn−1−j >
>= δp,j, ∀p, j = 0, ...,mn − 1.

❍♦✇❡✈❡&✱ $❤❡ ❛&❣✉♠❡♥$- ❛❜♦✈❡ ❛&❡ -✉✣❝✐❡♥$ ❢♦& $❤❡ ❧♦✇ ❢&❡C✉❡♥❝✐❡- ❜✉$ ❢♦& $❤❡

❤✐❣❤ ❢&❡C✉❡♥❝✐❡-✱ ✐♥ ♦&❞❡& $♦ &❡♣❧❛❝❡

Wn,0

< Un,0,Wn,0 >
❜② Wn,0 ✐♥ ✭✶✳✷✳✶✮✱ ✇❡ -$✐❧❧ ♥❡❡❞

$♦ -❤♦✇ $❤❛$ < Un,0,Wn,0 > ❞♦❡- ♥♦$ ❞❡❣❡♥❡&❛$❡ ❛- n ❜❡❝♦♠❡- ❧❛&❣❡✳ ❚❤✐- ✐- ♦✉&

♥❡①$ ❛✐♠✳

❆❝❝♦&❞✐♥❣ $♦ ✭✸✳✸✳✷✮ ❛♥❞ ✭✸✳✸✳✸✮✱ ✇❡ ❝❤♦♦-❡ Un,0 -✉❝❤ $❤❛$

Un,0| (0,1) = y(x, λn)| (0,1) (1, λn)
⊤ =

b+n√
λ2n + 2λn

sinh(
√
λ2n + 2λn(x− 1))(1, λn)

⊤

✶✺✶
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❛♥❞

Un,0| (−1,0) = y(x, λn)| (−1,0) (1, λn)
⊤ =

b−n√
λ2n + 2αλn

sinh(
√
λ2n + 2αλn(x+1)) (1, λn)

⊤,

✇❤❡&❡ b+n ❛♥❞ b
−
n ❛&❡ ❝❤♦-❡♥ -✉❝❤ $❤❛$ ✭-❡❡ ✭✸✳✸✳✹✮✮

b+n = −b−n
√
λ2n + 2λn√
λ2n + 2αλn

sinh
√
λ2n + 2αλn

sinh
√
λ2n + 2λn

, ✭✸✳✸✳✷✵✮

✇✐$❤ b−n ✜①❡❞ -✉❝❤ $❤❛$ < Un,0, Un,0 >= 1✳

❇✉$ ✇❡ ❤❛✈❡

< Un,0,Wn,0 >

=

∫ 1

−1

(
(y′(x, λn))

2 − λ2n(y(x, λn))
2
)
dx

= (b+n )
2

∫ 1

0

(
cosh2(

√
λ2n + 2λn(x− 1))− λ2n

λ2n + 2λn
sinh2(

√
λ2n + 2λn(x− 1))

)
dx

+(b−n )
2

∫ 0

−1

(
cosh2(

√
λ2n + 2αλn(x+ 1))− λ2n

λ2n + 2αλn
sinh2(

√
λ2n + 2αλn(x+ 1))

)
dx.

❋✉&$❤❡&♠♦&❡ ❛- ℜλn ✐- ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞✱ sinh(2
√
λ2n + 2λn(x− 1)) ❛♥❞

sinh(2
√
λ2n + 2αλn(x+ 1)) ❛&❡ ❜♦✉♥❞❡❞ ✭❢♦& −1 ≤ x ≤ 1✮✳ ❍❡♥❝❡✱

∫ 1

0

(
cosh2(

√
λ2n + 2λn(x− 1))− λ2n

λ2n + 2λn
sinh2(

√
λ2n + 2λn(x− 1))

)
dx

= 1 + o1(1),∫ 0

−1

(
cosh2(

√
λ2n + 2αλn(x+ 1))− λ2n

λ2n + 2αλn
sinh2(

√
λ2n + 2αλn(x+ 1))

)
dx

= 1 + o2(1).

❚❤❡&❡❢♦&❡✱

< Un,0,Wn,0 >= (b+n )
2(1 + o1(1)) + (b−n )

2(1 + o2(1)). ✭✸✳✸✳✷✶✮

❇✉$ ♦✇✐♥❣ $♦ ✭✸✳✸✳✼✮✱ ✇❡ -❡❡ $❤❛$

√
λ2n + 2λn =

1− α

2
+ i(n+m)

π

2
+O1(

1

n
), ✭✸✳✸✳✷✷✮

√
λ2n + 2αλn =

α− 1

2
+ i(n+m)

π

2
+O2(

1

n
). ✭✸✳✸✳✷✸✮

✶✺✷



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❚❤❡&❡❢♦&❡ ✐❢ n+m ✐- ❡✈❡♥ ✇❡ ❞❡❞✉❝❡ $❤❛$

sinh
√
λ2n + 2λn = sinh(

1− α

2
+ o3(1)) cos((n+m)

π

2
),

sinh
√
λ2n + 2αλn = sinh(

α− 1

2
+ o4(1)) cos((n+m)

π

2
),

❛♥❞ $❤❡&❡❢♦&❡

sinh
√
λ2n + 2αλn

sinh
√
λ2n + 2λn

= −1 + o5(1).

❙✐♠✐❧❛&❧② ✐❢ n+m ✐- ♦❞❞ ✇❡ -❤♦✇ $❤❛$

sinh
√
λ2n + 2αλn

sinh
√
λ2n + 2λn

= 1 + o6(1).

❚❤❡-❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦&- ✐♥ ✭✸✳✸✳✷✵✮ ❧❡❛❞ $♦

(b+n )
2 = (b−n )

2(1 + o7(1)), ✭✸✳✸✳✷✹✮

❛♥❞ ✐♥-❡&$✐♥❣ $❤✐- ✐❞❡♥$✐$② ✐♥ ✭✸✳✸✳✷✶✮ ✇❡ ❛&&✐✈❡ ❛$

< Un,0,Wn,0 >= 2(b−n )
2(1 + o8(1)).

❙♦ ✇❡ ❝❤♦♦-❡

Wn,0

2(b−n )2(1+o8(1))
✐♥-$❡❛❞ ♦❢ Wn,0✱ ❜✉$ ❛- ♠❡♥$✐♦♥❡❞ ❜❡❢♦&❡ ✇❡ ❤❛✈❡

$♦ -❤♦✇ $❤❛$ b−n ❞♦❡- ♥♦$ $❡♥❞ $♦ ③❡&♦ ❛- n $❡♥❞- $♦ ✐♥✜♥✐$②✳ ❆❝$✉❛❧❧② ❜② -✐♠✐❧❛&

❝❛❧❝✉❧❛$✐♦♥- ❛- ❜❡❢♦&❡✱ ✇❡ ❝❤❡❝❦ $❤❛$

< Un,0, Un,0 >= |b+n |2(δ + o9(1)) + |b−n |2(δ + o10(1)),

✇❤❡&❡

δ =
sinh(1− α)

1− α
,

$❤❛$ ✐- ♣♦-✐$✐✈❡ -✐♥❝❡ α < 0✳ ❚❤❡&❡❢♦&❡ ✇✐$❤ $❤❡ ❤❡❧♣ ♦❢ ✭✸✳✸✳✷✹✮ ✇❡ ❣❡$

< Un,0, Un,0 >= 2|b−n |2(δ + o11(1)),

✶✺✸



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❛♥❞ ❝♦♥-❡4✉❡♥$❧②

|b−n |2 =
1

2δ
+ o12(1).

■♥ -✉♠♠❛&②✱ ❜② ✜①✐♥❣ N ❧❛&❣❡ ❡♥♦✉❣❤ -✉❝❤ $❤❛$ ❢♦& |n| ≥ N ✱ mn = 1✱ ✇❡ ❤❛✈❡

♣&♦✈❡❞ $❤❛$ $❤❡ ❢❛♠✐❧②

{{
Wn,mn−1−j

< Un,j,Wn,mn−1−j >

}mn−1

j=0

}

0<|n|<N

⋃{
Wn,0

2(b−n )
2(1 + o8(1))

}

|n|≥N

✐- ❜✐♦&$❤♦❣♦♥❛❧ $♦ $❤❡ -❡$ ♦❢ &♦♦$ ✈❡❝$♦&- ♦❢ Aα✳

■$ &❡♠❛✐♥- $♦ ♣&♦✈❡ ✭✶✳✷✳✶✮✳ ❲❡ ✜&-$ ♣&♦✈❡ $❤❛$ ❢♦& ❛♥② (f, g) ∈ X ❛♥❞ ❢♦& ❛❧❧ N

❧❛&❣❡✱ $❤❡ -✉♠ S =
∑

n>N

|< Un,0, (f, g) >|2 ✐- ✜♥✐$❡✳ ■♥ ❢❛❝$✱

S =
∑

n>N

∣∣∣
∫ 1

0

b+n

(
cosh(

√
λ2n + 2λn(x− 1))f ′(x)

+
λn√

λ2n + 2λn
sinh(

√
λ2n + 2λn(x− 1))g(x)

)
dx

+

∫ 0

−1

b−n

(
cosh(

√
λ2n + 2αλn(x+ 1))f ′(x)

+
λn√

λ2n + 2αλn
sinh(

√
λ2n + 2αλn(x+ 1))g(x)

)
dx

∣∣∣
2

.

◆♦$✐♥❣ $❤❛$

λn√
λ2n + 2λn

= 1 + O3(
1

n
) ❛♥❞

λn√
λ2n + 2αλn

= 1 + O4(
1

n
) ❀ ❤❡♥❝❡✱ ✐♥

♦&❞❡& $♦ ♣&♦✈❡ $❤❛$ $❤❡ -✉♠ S ✐- ✜♥✐$❡✱ ✇❡ ✇✐❧❧ ♦♥❧② ♣&♦✈❡ $❤❛$

S1 =
∑

n>N

∣∣∣∣
∫ 1

0

cosh(
√
λ2n + 2λn(x− 1))f ′(x) dx

∣∣∣∣
2

<∞,

-✐♥❝❡ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤❡ ♦$❤❡& $❡&♠- ❛♣♣❡❛&✐♥❣ ✐♥ S ❢♦❧❧♦✇- -✐♠✐❧❛&❧②✳ ❆❝❝♦&❞✐♥❣

$♦ ✭✸✳✸✳✷✷✮✱ ✇❡ ❤❛✈❡

√
λ2n + 2λn = γ + i(n+m)

π

2
+ δn.

✇❤❡&❡ γ =
1− α

2
❛♥❞ δn = O1(

1

n
). ❚❤❡&❡❢♦&❡✱ ✇❡ ❝❛♥ ✇&✐$❡

cosh(
√
λ2n + 2λn(x− 1)) =

1

2
(e(γ+i(n+m)π

2
+δn)(x−1) + e−(γ+i(n+m)π

2
+δn)(x−1)).

✶✺✹



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❙♦ ✐♥ ♦&❞❡& $♦ ♣&♦✈❡ $❤❛$ S1 ✐- ✜♥✐$❡✱ ✇❡ ✇✐❧❧ ♦♥❧② ♣&♦✈❡ $❤❛$

∑

n>N

∣∣∣∣
∫ 1

0

e(γ+i(n+m)π
2
+δn)(x−1)f ′(x)

∣∣∣∣
2

<∞

-✐♥❝❡ $❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤❡ ♦$❤❡& $❡&♠ ❛♣♣❡❛&✐♥❣ ✐♥ S1 ❢♦❧❧♦✇- -✐♠✐❧❛&❧②✳ ❇✉$ $❤❡

❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤✐- -❡&✐❡- ✐- ❛ -✐♠♣❧❡ ❛♣♣❧✐❝❛$✐♦♥ ♦❢ ▲❡♠♠❛ ✸✳✷ ♦❢ ❬✼✵❪ ✭-❡❡ ❛❧-♦ ❬✸✽✱

▲❡♠♠❛ ✹✳✶❪✮ -✐♥❝❡ $❤❡ -❡H✉❡♥❝❡ (γ + i(n + m)π
2
+ δn)n>N -❛$✐-✜❡- $❤❡ ❝♦♥❞✐$✐♦♥-

♦❢ $❤✐- ▲❡♠♠❛ ❛♥❞ -✐♥❝❡ f ∈ H1(0, 1)✳ ❚❤❡&❡❢♦&❡✱ e(γ+i(n+m)π
2
+δn)(x−1)

✐- ❛ ❇❡--❡❧

-❡H✉❡♥❝❡✳ ❲❡ ❝❛♥ ❛❧-♦ ✉-❡ $❤❡ ♠❡❛♥ ✈❛❧✉❡ ❚❤❡♦&❡♠ ❛♥❞ ❋♦✉&✐❡& -❡&✐❡- $♦ ♣&♦✈❡ $❤❡

❝♦♥✈❡&❣❡♥❝❡ ♦❢ $❤✐- -❡&✐❡-✳ ■♥❞❡❡❞✱

∑

n>N

∣∣∣∣
∫ 1

0

e(γ+δn+i
(n+m)π

2
)(x−1)f ′(x)

∣∣∣∣
2

=
∑

n>N

∣∣∣∣
∫ 1

0

(eδn(x−1) − 1 + 1)eγ(x−1)ei
(n+m)π

2 (x−1)

f ′(x)

∣∣∣∣
2

.
∑

n>N

∫ 1

0

∣∣(eδn(x−1) − 1)eγ(x−1)f ′(x)
∣∣2 +

∑

n>N

∣∣∣∣
∫ 1

0

ei
(n+m)π

2
(x−1)eγ(x−1)f ′(x)

∣∣∣∣
2

.
∑

n>N

|δn|2
∫ 1

0

|(x− 1)|2e2γ(x−1)|f ′(x)|2dx+ ‖eγ(x−1)f ′‖2(0,1)

. ‖eγ(x−1)f ′‖2(0,1)
∑

n>N

|δn|2 + ‖eγ(x−1)f ′‖2(0,1)

. ‖eγ(x−1)f ′‖2(0,1)
∑

n>N

1

n2
+ ‖eγ(x−1)f ′‖2(0,1).

❚❤❡ ❝♦♥✈❡&❣❡♥❝❡ ♦❢

∑

n>N

|< Wn,0, (f, g) >|2 ❢♦& ❛♥② (f, g) ∈ X ❛♥❞ ❢♦& ❛❧❧ N ❧❛&❣❡

✐- ♣&♦✈❡❞ ✐♥ $❤❡ -❛♠❡ ♠❛♥♥❡& -✐♥❝❡

< Wn,0, (f, g) >=< Ūn,0, (f, g) >= < Un,0, (f̄ , ḡ) >.

❚❤❡&❡❢♦&❡✱ $❤❡ ❝♦♥❞✐$✐♦♥- ♦❢ ❚❤❡♦&❡♠ ✶✳✷✳✻ ❛&❡ ❛❧❧ ❢✉❧✜❧❧❡❞ ❛♥❞ ❤❡♥❝❡ $❤❡ &♦♦$

✈❡❝$♦&- ♦❢ Aα ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X✳

✶✺✺



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✸✳✸✳✷✳✸ #$♦♦❢ ♦❢ ❚❤❡♦$❡♠+ ✸✳✷✳✶ ❛♥❞ ✸✳✷✳✷

❙✐♥❝❡ $❤❡ ❣❡♥❡&❛❧✐③❡❞ ❡✐❣❡♥✈❡❝$♦&-✱ {Un,j}n,j✱ ♦❢ Aα ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X✱ $❤❡♥

❣✐✈❡♥ $❤❡ ✐♥✐$✐❛❧ ❞❛$✉♠

U(0) =
±∞∑

n=±1

mn−1∑

j=0

γn,jUn,j,

✇❡ ❝❛♥ ✇&✐$❡

U(t) = (u, ut)
⊤ =

±∞∑

n=±1

eλnt

mn−1∑

j=0

γn,j

j∑

k=0

tj−k

(j − k)!
Un,k.

❙✐♥❝❡ $❤❡ ❧♦✇ ❢&❡<✉❡♥❝✐❡- ❛&❡ ♦❢ ✜♥✐$❡ ♠✉❧$✐♣❧✐❝✐$②✱ $❤❡♥ ❞❡♥♦$✐♥❣ $❤❡ ♠❛①✐♠✉♠

♠✉❧$✐♣❧✐❝✐$② ❜② m✱ ✇❡ ❣❡$ ❢♦& ❛♥② ǫ > 0

E1(t) . E1(0)(1 + t2m)e2µ(Aα)t . E1(0)e
(2µ(Aα)+ǫ)t. ✭✸✳✸✳✷✺✮

❆- µ(Aα) < 0 ❢♦& α ∈]α3, 0] ✭α3 ≈ −0.2823✮✱ ✇❡ ❝❛♥ ❝❤♦♦-❡ 0 < ǫ < −µ(Aα) $♦ ❣❡$

$❤❡ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② ♦❢ ♣&♦❜❧❡♠ ✭✸✳✶✳✶✮ ❛♥❞ ❤❡♥❝❡ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✸✳✷✳✷ ✐-

❝♦♠♣❧❡$❡✳

❚❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✸✳✷✳✶ ✐- -✐♠✐❧❛& -✐♥❝❡ ❢♦& α + 1 > 0✱ ❜② ❘❡♠❛&❦ ✸✳✸✳✹ ❛♥❞

▲❡♠♠❛ ✸✳✸✳✺✱ ❛$ ♠♦-$ ❛ ✜♥✐$❡ ♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aα ♠❛② ❜❡ -✐$✉❛$❡❞ ♦♥ $❤❡

✐♠❛❣✐♥❛&② ❛①✐- ♦& $♦ ✐$- &✐❣❤$ ❀ ❝♦♥-❡<✉❡♥$❧②✱ ❡①❝❧✉❞✐♥❣ $❤❡ ✜♥✐$❡ ❞✐♠❡♥-✐♦♥❛❧ -♣❛❝❡

-♣❛♥♥❡❞ ❜② $❤❡ ❝♦&&❡-♣♦♥❞✐♥❣ &♦♦$ ✈❡❝$♦&-✱ ✇❡ ♦❜$❛✐♥ ❛♥ ❡①♣♦♥❡♥$✐❛❧ ❞❡❝❛②✳

✸✳✹ ❊①♣♦♥❡♥)✐❛❧ -)❛❜✐❧✐)② ❢♦1 ❛♥ ✐♥❞❡✜♥✐)❡ -✐❣♥ ✐♥✲

)❡1♥❛❧❧② ❛♥❞ ❜♦✉♥❞❛1② ❞❛♠♣❡❞ ♣1♦❜❧❡♠

■♥ $❤✐- -❡❝$✐♦♥✱ ✇❡ ♣❡&❢♦&♠ ❛ -✐♠✐❧❛& ❛♥❛❧②-✐- ❢♦& ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ✇❤✐❝❤ ❝♦♥$❛✐♥-

❜♦$❤ ❛♥ ✐♥$❡&♥❛❧ ❛♥❞ ❛ ❜♦✉♥❞❛&② ✐♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣✐♥❣ $❡&♠✳ ❘❡❝❛❧❧ $❤❛$ ✭✸✳✶✳✷✮

✶✺✻



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✐- $❤❡ ♣&♦❜❧❡♠

utt(x, t)− uxx(x, t) + aut(x, t) = 0, x ∈ (0, 1), t > 0,

u(0, t) = 0, ux(1, t) = −but(1, t), t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✭✸✳✹✳✶✮

✇❤❡&❡ a, b ∈ R✳ ■❢ a ❛♥❞ b ❛&❡ ❜♦$❤ ♥♦♥ ♥❡❣❛$✐✈❡ ❛♥❞ ♦♥❡ ♦❢ $❤❡♠ ✐- ♣♦-✐$✐✈❡✱ $❤❡♥✱

✉-✐♥❣ ✐♥$❡❣&❛❧ ✐♥❡=✉❛❧✐$✐❡- ❢♦& ✐♥-$❛♥❝❡✱ ♦♥❡ ❝❛♥ -❤♦✇ $❤❛$ ✭✸✳✹✳✶✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧②

-$❛❜❧❡✳ ❖✉& ❛✐♠ ✐- $♦ ✜♥❞ -✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥- ♦♥ a ❛♥❞ b -♦ $❤❛$ ✭✸✳✹✳✶✮ ✐- ❡①♣♦♥❡♥✲

$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② -$❛❜❧❡ ✇❤❛$❡✈❡& $❤❡ -✐❣♥ ♦❢ a ❛♥❞ b✳

❚❤❡ ❡♥❡&❣② ♦❢ ✭✸✳✹✳✶✮ ✐- ❣✐✈❡♥ ❜②

E2(t) =
1

2

∫ 1

0

(
|ut|2 + |ux|2

)
dx,

❛♥❞ ❤❡♥❝❡ ❢♦&♠❛❧❧②

E ′
2(t) = −a

∫ 1

0

|ut|2dx− b|ut(1)|2.

❋&♦♠ $❤✐- ✐❞❡♥$✐$②✱ ✇❡ -❡❡ $❤❛$ ✐❢ a ≤ 0 ❛♥❞ b ≤ 0✱ $❤❡♥ E ′
2(t) ≥ 0✳ ❚❤❡&❡❢♦&❡✱ $❤❡

❡♥❡&❣② ✐♥❝&❡❛-❡- ❛♥❞ ♥♦ -$❛❜✐❧✐$② ❝❛♥ ❜❡ ❤♦♣❡❞✳ ❚❤❡&❡❢♦&❡✱ $❤❡ ♦♥❧② ❝❛-❡ ♦❢ ✐♥$❡&❡-$

✐- $❤❡ ❝❛-❡ ✇❤❡♥ a ❛♥❞ b ❛&❡ ♦❢ ♦♣♣♦-✐$❡ -✐❣♥-✳ ❲❡✱ $❤❡&❡❢♦&❡✱ ❛--✉♠❡ $❤❛$ ab < 0✳

❲❡ ❢✉&$❤❡& ❛--✉♠❡ $❤❛$ b 6∈ {−1, 0, 1}✳ ■♥❞❡❡❞ $❤❡ ❝❛-❡ b = 0 ❤❛- ♥♦ ✐♥$❡&❡-$ -✐♥❝❡

♦♥❧② $❤❡ ❝❛-❡ a > 0 ②✐❡❧❞- -$❛❜✐❧✐$② &❡-✉❧$- ❀ ✇❤✐❧❡ $❤❡ ❝❛-❡ b = 1 ♦& −1 ✐- ❡①❝❧✉❞❡❞

❢♦& $❡❝❤♥✐❝❛❧ &❡❛-♦♥- ✭-❡❡ ❙✉❜-❡❝$✐♦♥ ✸✳✹✳✸✮✳

✸✳✹✳✶ ❲❡❧❧✲♣♦*❡❞♥❡** ♦❢ ♣.♦❜❧❡♠ ✭✸✳✹✳✶✮

❆- ✉-✉❛❧✱ ❜② $❤❡ -$❛♥❞❛&❞ &❡❞✉❝$✐♦♥ ♦❢ ♦&❞❡& ♠❡$❤♦❞✱ ✇❡ ❝❛♥ &❡✇&✐$❡ ❢♦&♠❛❧❧②

✭✸✳✹✳✶✮ ✐♥ $❤❡ -✐♠♣❧❡& ❢♦&♠ Ut = AaU ✱ ✇❤❡&❡ U = (u, ut)
⊤
❛♥❞ $❤❡ ♦♣❡&❛$♦& Aa :

D(Aa) → X ✐- ❞❡✜♥❡❞ ❜②

Aa =


 0 I

d2

dx2 −a




✭✸✳✹✳✷✮

✶✺✼



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✇❤❡&❡ $❤❡ ❡♥❡&❣② -♣❛❝❡ X = Hl(0, 1) × L2(0, 1) ✐- ❡6✉✐♣♣❡❞ ✇✐$❤ $❤❡ ✉-✉❛❧ ✐♥♥❡&

♣&♦❞✉❝$ ❞❡✜♥❡❞ ❜②

< (f, g)⊤, (u, v)⊤ >=

∫ 1

0

(f ′u′ + gv) dx,

✇❤❡&❡ Hl(0, 1) = {u ∈ H1(0, 1); u(0) = 0} ❛♥❞ $❤❡&❡❢♦&❡✱ D(Aa) = {(u, v)⊤ ∈
H2(0, 1) ∩Hl(0, 1)×Hl(0, 1); ux(1) = −bv(1)}✳

❋✐&-$✱ ✇❡ &❡♠❛&❦ $❤❛$ Aa ✐- ♥♦$ ♥❡❝❡--❛&✐❧② ❞✐--✐♣❛$✐✈❡ -♦ ✇❡ ♣&♦♣♦-❡ $♦ ✇&✐$❡

Aa = A0 − aB ✇❤❡&❡

A0 =


 0 I

d2

dx2 0




✭✸✳✹✳✸✮

❛♥❞

B =


 0 0

0 1


 .

❚❤❡&❡❢♦&❡✱ Aa ✐- ❛ ❜♦✉♥❞❡❞ ♣❡&$✉&❜❛$✐♦♥ ♦❢ ❛ ♥♦♥ -❦❡✇ ❛❞❥♦✐♥$ ♦♣❡&❛$♦& A0✳ ◆❡✈❡&✲

$❤❡❧❡--✱ ✇❡ ✇✐❧❧ ♣&♦✈❡ ✐♥ ❙✉❜-❡❝$✐♦♥ ✸✳✹✳✹ $❤❛$ ✐❢ b 6= −1✱ $❤❡♥ A0 ❣❡♥❡&❛$❡- ❛ C0

-❡♠✐❣&♦✉♣ ❛♥❞ -✐♥❝❡ aB ∈ L(X)✱ Aa ✇✐❧❧ ❜❡ ❛❧-♦ ❛ ❣❡♥❡&❛$♦& ♦❢ ❛ C0 -❡♠✐❣&♦✉♣ ❛❝✲

❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠ ✸✳✶✳✶ ✐♥ ❬✻✷❪✳ ❚❤❡&❡❢♦&❡ ♣&♦❜❧❡♠ ✭✸✳✹✳✶✮ ✐- ❛ ✇❡❧❧ ♣♦-❡❞ ♣&♦❜❧❡♠

✭-❡❡ ❚❤❡♦&❡♠ ✸✳✹✳✼✮✳

✸✳✹✳✷ ❊✐❣❡♥✈❛❧✉❡ -.♦❜❧❡♠

■♥ $❤✐- ♣❛&$✱ ✇❡ ✜♥❞ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡6✉❛$✐♦♥ ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ❛--♦❝✐❛$❡❞

✇✐$❤ ✭✸✳✹✳✶✮✳ ▲❡$ (y, z)⊤ ∈ D(Aa), (y, z) 6= (0, 0), -✉❝❤ $❤❛$ Aa(y, z)
⊤ = λ(y, z)⊤

$❤❡♥ z = λy ❛♥❞

yxx − λ2y − aλy = 0 ✐♥ (0, 1),

y(0) = 0, yx(1) = −bλy(1).
✭✸✳✹✳✹✮

❋✐&-$✱ ✐$ ✐- ❡❛-② $♦ -❡❡ $❤❛$ λ = 0 ✐- ♥♦$ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aa✳ ❋✉&$❤❡&♠♦&❡✱ ✐❢ λ = −a✱
$❤❡♥ y = cx ✇✐$❤ c = abc ✇❤✐❝❤ -❛$✐-✜❡- $❤❡ ❜♦✉♥❞❛&② ❝♦♥❞✐$✐♦♥ ❛$ ✶✳ ❙✐♥❝❡ y 6= 0✱

✶✺✽



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✇❡ ❤❛✈❡ c 6= 0✱ ❛♥❞ ❣❡$ ab = 1 ✇❤✐❝❤ ✐- ✐♠♣♦--✐❜❧❡ -✐♥❝❡ ✇❡ ❤❛✈❡ ❛--✉♠❡❞ $❤❛$

ab < 0✳

◆♦✇ ✐❢ λ 6= 0 ❛♥❞ λ 6= −a, $❤❡♥ $❤❡&❡ ❡①✐-$- c1 ∈ C∗
-✉❝❤ $❤❛$

y(x) = c1 sinh
√
λ2 + aλx.

❍❡♥❝❡✱ $❤❡ ❜♦✉♥❞❛&② ❝♦♥❞✐$✐♦♥ ❛$ 1 ❜❡❝♦♠❡-

yx(1) = c1
√
λ2 + aλ cosh

√
λ2 + aλ = −bλc1 sinh

√
λ2 + aλ.

❆- c1 6= 0 $❤❡♥ λ ✐- ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aa ✐❢ ✐$ -❛$✐-✜❡- $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡?✉❛$✐♦♥

Fa(λ) =
√
λ2 + aλ cosh

√
λ2 + aλ+ bλ sinh

√
λ2 + aλ = 0. ✭✸✳✹✳✺✮

■♥$❡❣&❛$✐♥❣ ✭✸✳✹✳✹✮ ❛❣❛✐♥-$ y(x, λ) ❛♥❞ ♣❡&❢♦&♠✐♥❣ ❛♥ ✐♥$❡❣&❛$✐♦♥ ❜② ♣❛&$-✱ ✇❡ ❣❡$

λ2
∫ 1

0

|y|2dx+ bλ|y(1)|2 + aλ

∫ 1

0

|y|2dx+
∫ 1

0

|yx|2dx = 0.

❚❤❡&❡❢♦&❡✱

λ =

−
[
b|y(1)|2 + a

∫ 1

0

|y|2dx
]
±

[(
a

∫ 1

0

|y|2dx+ b|y(1)|2
)2

− 4

(∫ 1

0

|yx|2dx
)(∫ 1

0

|y|2dx
)] 1

2

2

∫ 1

0

|y|2dx
.

■❢ λ ∈ C\R✱ $❤❡♥

ℜλ =

−
(
b|y(1)|2 + a

∫ 1

0

|y|2dx
)

2

∫ 1

0

|y|2dx
✭✸✳✹✳✻✮

❛♥❞ -✐♥❝❡ y ∈ {u ∈ H1(0, 1) : u(0) = 0}✱ ✇❡ ❣❡$

(ℑλ)2 + (ℜλ)2 =

∫ 1

0

|yx|2dx
∫ 1

0

|y|2dx
≥ π2

4
. ✭✸✳✹✳✼✮

✶✺✾



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❘❡♠❛$❦ ✸✳✹✳✶✳ ■❢ b < 0 ❛♥❞ a > 0✱ &❤❡♥ ✇❤❡♥❡✈❡+ λ ∈ C\R✱ ❢+♦♠ ✭✸✳✹✳✻✮✱ ✇❡

❞❡❞✉❝❡ &❤❛& ℜλ > −a
2
. ❚❤✐8 ❡8&✐♠❛&❡ ❝❛♥ ❜❡ ❡✈❡♥ ❡①&❡♥❞❡❞ &♦ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡8 ♦❢ Aa✳

■♥❞❡❡❞✱ ❢♦+ (u, v)⊤ ∈ D(Aa)✱ ❜② ✐♥&❡❣+❛&✐♦♥ ❜② ♣❛+&8✱ ✇❡ ❝❤❡❝❦ &❤❛&

2ℜ < Aa(u, v)
⊤, (u, v)⊤ >= −a

∫ 1

0

|v|2 dx− b|v(1)|2.

■♥ ♣❛+&✐❝✉❧❛+✱ ✐❢ λ ✐8 ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aa ✇✐&❤ ❛88♦❝✐❛&❡❞ ♥♦+♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝&♦+

(u, v)⊤✱ ✇❡ ✇✐❧❧ ❣❡&

2ℜλ = −a
∫ 1

0

|v|2 dx− b|v(1)|2.

❙✐♥❝❡

∫ 1

0

|v|2 dx ≤< (u, v)⊤, (u, v)⊤ >= 1✱ ❛♥❞ +❡❝❛❧❧✐♥❣ &❤❛& ✇❡ ❤❡+❡ ❛88✉♠❡ &❤❛&

b < 0✱ ✇❡ &❤❡♥ ❝♦♥❝❧✉❞❡ &❤❛&

2ℜλ ≥ −a
∫ 1

0

|v|2 dx ≥ −a.

■♥ -✉♠♠❛&② ✇❡ ❤❛✈❡ ♣&♦✈❡❞ $❤❡ ♥❡①$ &❡-✉❧$✳

▲❡♠♠❛ ✸✳✹✳✷✳ A−1
a ✐8 ❝♦♠♣❛❝&✳ ❍❡♥❝❡ &❤❡ 8♣❡❝&+✉♠ ♦❢ Aa ❝♦♥8✐8&8 ♦❢ ❞✐8❝+❡&❡ ❡✐✲

❣❡♥✈❛❧✉❡8 ✇✐&❤ ✜♥✐&❡ ❛❧❣❡❜+❛✐❝ ♠✉❧&✐♣❧✐❝✐&②✳ ❋✉+&❤❡+♠♦+❡

σ(Aa) = {λ ∈ C \ {0,−a} : λ ✐8 ❛ +♦♦& ♦❢ (3.4.5)}.

❈♦♥❝❡&♥✐♥❣ $❤❡ ♠✉❧$✐♣❧✐❝✐$② ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡-✱ ✇❡ -❤♦✇ $❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✿

▲❡♠♠❛ ✸✳✹✳✸✳ ❚❤❡ ❤✐❣❤ ❢+❡F✉❡♥❝✐❡8 ♦❢ Aa ❛+❡ 8✐♠♣❧❡ ❛♥❞ &❤❡+❡ ❡①✐8&8 ❛& ♠♦8& &✇♦

❞♦✉❜❧❡ ❧♦✇ ❢+❡F✉❡♥❝② ❡✐❣❡♥✈❛❧✉❡8✳

,$♦♦❢✿ ❲❡ ❞❡&✐✈❡ ✭✸✳✹✳✺✮ ✇✐$❤ &❡-♣❡❝$ $♦ λ $♦ ❣❡$

F ′
a(λ) =

√
λ2 + aλ(2λ+ a+ 2b) sinh

√
λ2 + aλ+ (2λ+ a)(bλ+ 1) cosh

√
λ2 + aλ

2
√
λ2 + aλ

=
g(λ)

2
√
λ2 + aλ

.

✶✻✵
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■❢ Fa(λ) = 0✱ $❤❡♥

cosh
√
λ2 + aλ = −bλ sinh

√
λ2 + aλ√

λ2 + aλ
.

❙✉❜-$✐$✉$✐♥❣ ✐♥$♦ g(λ)✱ ✇❡ ❣❡$

g(λ) =
λ sinh

√
λ2 + aλ√

λ2 + aλ

(
2(1− b2)λ2 + a(3− b2)λ+ a(a+ b)

)
.

❙✐♥❝❡ λ 6= 0 ❛♥❞ λ 6= −a✱ $❤❡♥ g(λ) = 0 ✐- ❡9✉✐✈❛❧❡♥$ $♦ 2(1− b2)λ2 + a(3− b2)λ +

a(a+ b) = 0 ✇❤✐❝❤ ♦♥❧② ❤❛- $✇♦ &♦♦$-✳

✸✳✹✳✸ ❆$②♠♣(♦(✐❝ ❉❡✈❡❧♦♣♠❡♥( ♦❢ (❤❡ ❍✐❣❤ ❋6❡7✉❡♥❝✐❡$

■♥ $❤✐- -✉❜-❡❝$✐♦♥✱ ✉-✐♥❣ ❚❛②❧♦& ❡①♣❛♥-✐♦♥-✱ ✇❡ ♣&♦✈❡ $❤❛$ $❤❡ ❤✐❣❤ ❢&❡9✉❡♥❝✐❡-

❛♣♣&♦❛❝❤ $❤❡ ❛①✐- x = −a
2
−ℜ tanh−1 1

b
✳ ■♥ ❢❛❝$✱ ✭✸✳✹✳✺✮ ✐♠♣❧✐❡- $❤❛$ ❢♦& b 6= 0

−
√
λ2 + aλ

bλ
= tanh(

√
λ2 + aλ); ✭✸✳✹✳✽✮

❤❡♥❝❡✱

√
λ2 + aλ = − tanh−1

(√
λ2 + aλ

bλ

)
+ ik1π, k1 ∈ Z. ✭✸✳✹✳✾✮

❋♦& ❧❛&❣❡ λ✱ ✇❡ ✇&✐$❡

√
λ2 + aλ = λ+

a

2
− a2

8λ
+ o

(
1

λ

)
. ✭✸✳✹✳✶✵✮

✶✻✶



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

▼♦&❡♦✈❡&✱ ❢♦& ❧❛&❣❡ λ✱ $❤❡&❡ ❡①✐-$- k2 ∈ Z -✉❝❤ $❤❛$ ✇❡ ❤❛✈❡

tanh−1

(√
λ2 + aλ

bλ

)
= tanh−1

(
1

b
+

a

2bλ
+ o

(
1

λ

))

=
1

2
log

(
1 +

1

b

)
+

1

2
log

(
1 +

a

2(b+ 1)λ
+ o

(
1

λ

))

−1

2
log

(
1− 1

b

)
− 1

2
log

(
1− a

2(b− 1)λ
+ o

(
1

λ

))
+ iπk2

= tanh−1 1

b
+

a

4λ

[
1

(b+ 1)
+

1

(b− 1)

]
+ iπk2 + o

(
1

λ

)

= tanh−1 1

b
+ iπk2 +

ab

2λ(b2 − 1)
+ o

(
1

λ

)
.

✭✸✳✹✳✶✶✮

❙✉❜-$✐$✉$✐♥❣ ✭✸✳✹✳✶✵✮ ❛♥❞ ✭✸✳✹✳✶✶✮ ✐♥$♦ ✭✸✳✹✳✾✮✱ ✇❡ ❣❡$ $❤❛$ ❢♦& λ ∈ σ(Aa) ✇✐$❤ |λ|
❧❛&❣❡ ❡♥♦✉❣❤✱ $❤❡&❡ ❡①✐-$- k ∈ Z -✉❝❤ $❤❛$

λ = −a
2
− tanh−1 1

b
+ ikπ +

a2

8λ
+

ab

2λ(1− b2)
+ o

(
1

λ

)
. ✭✸✳✹✳✶✷✮

■♥ ♦&❞❡& $♦ ❣❡$ ℜλ < 0 ❢♦& λ ❧❛&❣❡✱ ✇❡ ♥❡❡❞ $❤❛$

−a
2
−ℜ tanh−1 1

b
< 0. ✭✸✳✹✳✶✸✮

❆- ❜❡❢♦&❡ ✇❡ ✐❧❧✉-$&❛$❡ ✐♥ ❋✐❣✉&❡- ✸✳✺ ❛♥❞ ✸✳✻✱ $❤❡ &♦♦$- ♦❢ Fa ❢♦& a = 1, b = −0.5

❛♥❞ a = 1.1, b = −2 &❡-♣❡❝$✐✈❡❧②✱ ❝♦♠♣✉$❡❞ ✉-✐♥❣ $❤❡ -❛♠❡ -❝❤❡♠❡ ❛- ❜❡❢♦&❡✳ ■♥

❜♦$❤ ❝❛-❡-✱ −a
2
− ℜ tanh−1 1

b
✐- ♥❡❣❛$✐✈❡ ❛♥❞ $❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ✭✸✳✹✳✶✷✮ ✐-

❝❧❡❛&❧② ❝♦♥✜&♠❡❞✳ ◆♦$❡ $❤❛$ ✐♥ $❤❡ ✜&-$ ❝❛-❡✱ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡- ❛&❡ ✐♥ $❤❡ ❧❡❢$ ♦❢ $❤❡

✐♠❛❣✐♥❛&② ❛①✐-✱ ✇❤✐❝❤ ✐- ✐♥ ❛❝❝♦&❞❛♥❝❡ ✇✐$❤ ❚❤❡♦&❡♠ ✸✳✷✳✹✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ $❤❡

-❡❝♦♥❞ ❡①❛♠♣❧❡ ❞♦❡- ♥♦$ ❡♥$❡& ✐♥ $❤❡ ❢&❛♠❡✇♦&❦ ♦❢ ❚❤❡♦&❡♠ ✸✳✷✳✹ ❛♥❞ -❤♦✇- $❤❛$

❛♥ ❡①♣♦♥❡♥$✐❛❧ -$❛❜✐❧✐$② &❡-✉❧$ ❝❛♥♥♦$ ❤♦❧❞ ✐❢ b < −1 ❜✉$ ❝♦♥✜&♠- ❚❤❡♦&❡♠ ✸✳✷✳✸✳

◆♦$❡ $❤❛$ ✐♥ ❋✐❣✉&❡ ✸✳✻✱ -♦♠❡ ❡✐❣❡♥✈❛❧✉❡- ✇✐$❤ ♣♦-✐$✐✈❡ &❡❛❧ ♣❛&$ ❧✐❦❡

λ = 0.6910478014752763 ♦& λ = 0.012396324184610901± 2.9711251755632886i,

✶✻✷



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

-0.0770 -0.0765 -0.0760 -0.0755

-50

50

❋✐❣✉$❡ ✸✳✺ ✕ ❊✐❣❡♥✈❛❧✉❡- ❢♦0 a = 1, b = −0.5

❛0❡ ♥♦1 0❡♣0❡-❡♥1❡❞ ❜❡❝❛✉-❡ 1❤❡② ❛0❡ 1♦♦ ❢❛0 ❢0♦♠ 1❤❡ ♦1❤❡0 ❡✐❣❡♥✈❛❧✉❡-✳ ❆ 0❡♣0❡✲

-❡♥1❛1✐♦♥ ✐♥ ❛ ❧❛0❣❡0 -❝❛❧❡ ✐- ♣♦--✐❜❧❡ ❜✉1 ✇♦✉❧❞ ❛✈♦✐❞ 1♦ -❡❡ 1❤❡ ♠❛✐♥ ♣❛01 ♦❢ 1❤❡

-♣❡❝10✉♠✳

✸✳✹✳✹ ❘✐❡&③ ❇❛&✐& ♦❢ X ❛♥❞ ❛ ♥♦.❡ ♦♥ .❤❡ ✇❡❧❧✲♣♦&❡❞♥❡&& ♦❢

♣4♦❜❧❡♠ ✭✸✳✹✳✶✮

■♥ 1❤✐- ♣❛01✱ ✇❡ ♣0♦✈❡ 1❤❛1 1❤❡ ❡✐❣❡♥✈❡❝1♦0- ❛--♦❝✐❛1❡❞ ✇✐1❤ 1❤❡ ♣0♦❜❧❡♠ ✇✐1❤

a = 0 ❢♦0♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X ✐❢ b 6∈ {−1, 0, 1}✳ ■♥ ♦1❤❡0 ✇♦0❞-✱ ❝♦♥-✐❞❡0 1❤❡ ♣0♦❜❧❡♠

ũtt(x, t)− ũxx(x, t) = 0, x ∈ (0, 1), t > 0,

ũ(0, t) = 0, ũx(1, t) = −bũt(1, t), t > 0,

ũ(x, 0) = ũ0(x), ũt(x, 0) = ũ1(x).

✭✸✳✹✳✶✹✮

✭✸✳✹✳✶✹✮ ✐- ❡D✉✐✈❛❧❡♥1 1♦ Ũt = A0Ũ ✇✐1❤ Ũt = (ũ, ũt)
⊤
❛♥❞ A0 ✐- ❣✐✈❡♥ ❜② ✭✸✳✹✳✸✮✳

✶✻✸



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

-0.0015 -0.0010 -0.0005 0.0005 0.0010

-50

50

❋✐❣✉$❡ ✸✳✻ ✕ ❊✐❣❡♥✈❛❧✉❡- ❢♦& a = 1.1, b = −2

❇② $❤❡ ♣&❡✈✐♦✉- ❛♥❛❧②-✐-✱ ✇❡ ❦♥♦✇ $❤❛$ λ̃ ✐- ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A0 ✐❢ ❛♥❞ ♦♥❧② ✐❢

tanh λ̃ = −1

b
;

♦& ❡?✉✐✈❛❧❡♥$❧②

λ̃ = λ̃k = − tanh−1

(
1

b

)
+ ikπ = c(b) + ikπ, ❢♦& -♦♠❡ k ∈ Z. ✭✸✳✹✳✶✺✮

◆♦$✐❝❡ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&- ♦❢ A0 ❛&❡ &❡-$&✐❝$❡❞ $♦ ✐$- ❡✐❣❡♥✈❡❝$♦&- -✐♥❝❡ $❤❡ ❡✐❣❡♥✲

✈❛❧✉❡- λ̃k ❛&❡ -✐♠♣❧❡✳ ■♥ $❤❡ -❡?✉❡❧✱ ✇❡ ♣&♦✈❡ $❤❡ ♥❡①$ ❘✐❡-③ ❜❛-✐- ♣&♦♣❡&$②✳

❚❤❡♦$❡♠ ✸✳✹✳✹✳ ❚❤❡ ❢❛♠✐❧②

{φ̃k}k∈Z = {(ỹk, λ̃kỹk)}k∈Z =

{(
1

λ̃k
sinh(λ̃k·), sinh(λ̃k·)

)}

k∈Z

❢♦*♠+ ❛ ❘✐❡+③ ❜❛+✐+ ♦❢ X = Hl(0, 1)× L2(0, 1)✳

❋♦& $❤✐- ❛✐♠✱ ✇❡ ❛❣❛✐♥ ✉-❡ ❇❛&✐✬- ❝&✐$❡&✐♦♥ -$❛$❡❞ ✐♥ ❚❤❡♦&❡♠ ✶✳✷✳✻✳

✶✻✹



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

▲❡♠♠❛ ✸✳✹✳✺✳ ❚❤❡ #❡$✉❡♥❝❡ {φ̃k}k ✐# ❝♦♠♣❧❡-❡ ✐♥ X✳

()♦♦❢✿ ■$ -✉✣❝❡- $♦ -❤♦✇ $❤❛$ ❛♥② ❡❧❡♠❡♥$ ♦❢ X ♦&$❤♦❣♦♥❛❧ $♦ ❛❧❧ $❤❡ φ̃k ✐- ③❡&♦✳

❍❡♥❝❡ ❧❡$ (f, g)⊤ ∈ X ❜❡ -✉❝❤ $❤❛$ < (f, g)⊤, φ̃k >X= 0 ❢♦& ❛❧❧ k ∈ Z✳ ❚❤❡♥ ✇❡ ❣❡$

0 = 2

∫ 1

0

(
fx cosh(λ̃kx) + g sinh(λ̃kx)

)
dx

=

∫ 1

0

(
(fx + g)ec(b)xeikπx + (fx − g)e−c(b)xe−ikπx

)
dx, ∀k ∈ Z. ✭✸✳✹✳✶✻✮

■♥ ♣❛&$✐❝✉❧❛&✱ ❢♦& k = 0✱ ✇❡ ❤❛✈❡

∫ 1

0

(
(fx + g)ec(b)x + (fx − g)e−c(b)x

)
dx = 0. ✭✸✳✹✳✶✼✮

▼♦&❡♦✈❡&✱ ❢♦& k < 0✱ ✇❡ ✇&✐$❡ k = −k′ ✇✐$❤ k′ ∈ N∗
$♦ ♦❜$❛✐♥

∫ 1

0

(
(fx + g)ec(b)xe−ik′πx + (fx − g)e−c(b)xeik

′πx
)
dx = 0, ∀k′ ∈ N∗. ✭✸✳✹✳✶✽✮

❆❞❞✐♥❣ ✭✸✳✹✳✶✻✮ ❢♦& k = k′ > 0 ✇✐$❤ ✭✸✳✹✳✶✽✮ ②✐❡❧❞-

∫ 1

0

h(x)

(
eikπx + e−ikπx

2

)
dx = 0, ∀k ∈ N∗,

✇❤❡&❡

h(x) = (fx + g)(x)ec(b)x + (fx − g)(x)e−c(b)x.

❙✐♥❝❡ {cos(kπx)}k∈N ✐- ❛ ❜❛-✐- ♦❢ L2(0, 1)✱ ✇❡ ❣❡$

h = 0. ✭✸✳✹✳✶✾✮

❙✉❜$&❛❝$✐♥❣ ✭✸✳✹✳✶✻✮ ❢&♦♠ ✭✸✳✹✳✶✽✮✱ ✇❡ ❣❡$

∫ 1

0

K(x)

(
eikπx − e−ikπx

2

)
dx = 0, ∀k ∈ N∗,

✇❤❡&❡

K(x) = (fx + g)(x)ec(b)x − (fx − g)(x)e−c(b)x.

✶✻✺



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❙✐♥❝❡ {sin(kπx)}k∈N∗
❢♦&♠- ❛ ❜❛-✐- ♦❢ L2(0, 1)✱ ✇❡ ❣❡$

K = 0. ✭✸✳✹✳✷✵✮

✭✸✳✹✳✶✾✮ ❛♥❞ ✭✸✳✹✳✷✵✮ ✐♠♣❧② $❤❛$ fx = g = 0 ❛♥❞ -♦ f = 0 -✐♥❝❡ f(0) = 0✳

■♥ ❛ -❡❝♦♥❞ -$❡♣✱ ✇❡ -❡❛&❝❤ ❢♦& ❛ -❡A✉❡♥❝❡ {ψk}k∈Z ❜✐♦&$❤♦❣♦♥❛❧ $♦ {φ̃k}k∈Z✳ ❍❡&❡

✇❡ ❝❤♦♦-❡ {ψk}k∈Z =

{(
1

λ̃k
sinh(λ̃k·),− sinh(λ̃k·)

)}

k∈Z

✇❤❡&❡ λ̃k ✐- $❤❡ ❝♦♥❥✉❣❛$❡

♦❢ λ̃k✳ ❚❤❡ -❛♠❡ ❛&❣✉♠❡♥$- ❛- ❜❡❢♦&❡ -❤♦✇ $❤❛$ $❤✐- -❡$ ✐- ❝♦♠♣❧❡$❡✳ ■♥❞❡❡❞✱ ❢♦&

k ∈ Z✱ ψk ✐- ❛♥ ❡✐❣❡♥✈❡❝$♦& ♦❢ $❤❡ ❛❞❥♦✐♥$ ♦❢ A0✳

▲❡♠♠❛ ✸✳✹✳✻✳ ❚❤❡ #❡$ {ψk}k∈Z ✐# ❜✐♦($❤♦❣♦♥❛❧ $♦ {φ̃k}k∈Z✳

()♦♦❢✿ ❇② ❞❡✜♥✐$✐♦♥✱ ✇❡ ❤❛✈❡

< φ̃k, ψl >X =

∫ 1

0

(
cosh(λ̃kx) cosh(λ̃lx)− sinh(λ̃kx) sinh(λ̃lx)

)
dx

=

∫ 1

0

cosh
(
(λ̃k − λ̃l)x

)
dx

=

∫ 1

0

cos ((k − l)πx) dx = δkl.

❋✐♥❛❧❧②✱ ✐♥ ♦&❞❡& $♦ ❛♣♣❧② ❇❛&✐✬- ❚❤❡♦&❡♠✱ ✐$ &❡♠❛✐♥- $♦ ♣&♦✈❡ ✭✶✳✷✳✶✮✳ ▲❡$ (f, g)⊤ ∈
X ❛♥❞ ❝♦♥-✐❞❡& $❤❡ ❢♦❧❧♦✇✐♥❣ -✉♠

∑

k∈Z

∣∣∣< (f, g)⊤, φ̃k >X

∣∣∣
2

.
∑

k∈Z

∣∣∣(fx, cosh(λ̃k·))(0,1)
∣∣∣
2

+
∑

k∈Z

∣∣∣(g, sinh(λ̃k·))(0,1)
∣∣∣
2

.

✭✸✳✹✳✷✶✮

✶✻✻



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❇② ✭✸✳✹✳✶✺✮ ❛♥❞ ;❛&-❡✈❛❧✬- ✐❞❡♥$✐$②✱ ✇❡ ❤❛✈❡

∑

k∈Z

∣∣∣(fx, cosh(λ̃k·))(0,1)
∣∣∣
2

.
∑

k∈Z

∣∣∣(fxec(b)·, eikπ·)(0,1)
∣∣∣
2

+
∑

k∈Z

∣∣∣(fxe−c(b)·, e−ikπ·)(0,1)

∣∣∣
2

≤
(
‖fxec(b)·‖2(0,1) + ‖fxe−c(b)·‖2(0,1)

)

. ‖fx‖2(0,1),
✭✸✳✹✳✷✷✮

❛♥❞

∑

k∈Z

∣∣∣(g, sinh(λ̃k·))(0,1)
∣∣∣
2

.
∑

k∈Z

∣∣∣(gec(b)·, eikπ·)(0,1)
∣∣∣
2

+
∑

k∈Z

∣∣∣(ge−c(b)·, e−ikπ·)(0,1)

∣∣∣
2

≤
(
‖gec(b)·‖2(0,1) + ‖ge−c(b)·‖2(0,1)

)

. ‖g‖2(0,1).
✭✸✳✹✳✷✸✮

✭✸✳✹✳✷✷✮ ❛♥❞ ✭✸✳✹✳✷✸✮ ✐♠♣❧② $❤❛$ $❤❡ &✐❣❤$✲❤❛♥❞ -✐❞❡ ♦❢ ✭✸✳✹✳✷✶✮ ✐- ✜♥✐$❡✳ ❙✐♠✐❧❛&❧②✱

✇❡ ♣&♦✈❡ $❤❛$

∑

k∈Z

∣∣< (f, g)⊤, ψk >X

∣∣2 <∞.

■♥ ❝♦♥❝❧✉-✐♦♥✱ ❜② ❚❤❡♦&❡♠ ✶✳✷✳✻✱ $❤❡ ❢❛♠✐❧② {φ̃k}k∈Z ❢♦&♠- ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X✳

❚❤❡♦&❡♠ ✸✳✹✳✹ ✐- $❤❡♥ ♣&♦✈❡❞✳

❚❤❡♦$❡♠ ✸✳✹✳✼✳ ■❢ b 6∈ {−1, 0, 1}✱ #❤❡♥ ♣(♦❜❧❡♠ ✭✸✳✹✳✶✮ ✐4 ✇❡❧❧ ♣♦4❡❞✳

*$♦♦❢✿ ■❢ ✇❡ ❝♦♥-✐❞❡& $❤❡ ♣&♦❜❧❡♠ ❛--♦❝✐❛$❡❞ ✇✐$❤ A0 ❀ ✐✳❡✳✱





Ut(t) = A0U(t), t > 0,

U(0) = U0,
✭✸✳✹✳✷✹✮

✶✻✼
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$❤❡♥ ✇&✐$✐♥❣ U(0) =
∑

k∈Z
αkφ̃k ②✐❡❧❞-

U(t) =
∑

k∈Z
eλ̃ktαkφ̃k.

❚❤❡&❡❢♦&❡✱ ❜② $❤❡ ❘✐❡-③ ♣&♦♣❡&$② ♦❢ $❤❡ -❡:✉❡♥❝❡ {φ̃k}k ❛♥❞ ✭✸✳✹✳✶✺✮✱ ✇❡ ❣❡$

‖U(t)‖2X ≃
∑

k∈Z

∣∣∣eλ̃ktαk

∣∣∣
2

. e−2ℜ tanh−1( 1
b )t‖U(0)‖2X . ✭✸✳✹✳✷✺✮

❍❡♥❝❡✱ ✐❢ V =
∑

k∈Z
βkφ̃k ✐- ❣✐✈❡♥✱ $❤❡♥ ✇❡ ❞❡✜♥❡

S(t)V =
∑

k∈Z
eλ̃ktβkφ̃k, ∀t > 0.

❆❝❝♦&❞✐♥❣ $♦ ✭✸✳✹✳✷✺✮✱ ✇❡ ❤❛✈❡ S(t) ∈ L(X) ✇✐$❤

‖S(t)‖L(X) ≤Me−ℜ tanh−1( 1
b )t,

❢♦& -♦♠❡ ♣♦-✐$✐✈❡ ❝♦♥-$❛♥$M ✳ ❍❡♥❝❡ ✇❡ ❞❡❞✉❝❡ $❤❛$ (S(t))t≥0 ✐- ❛ C0 -❡♠✐❣&♦✉♣ ✭♥♦$

♥❡❝❡--❛&✐❧② ✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞✮✳ ❆- ✇❡ ❝❛♥ ✇&✐$❡ Aa = A0 + aB ✇❤❡&❡ A0 ❣❡♥❡&❛$❡-

$❤❡ C0 -❡♠✐❣&♦✉♣ (S(t))t≥0 ❛♥❞ ❇ ✐- ❜♦✉♥❞❡❞✱ $❤❡♥✱ ❜② ❚❤❡♦&❡♠ ✸✳✶✳✶ ✐♥ ❬✻✷❪✱ Aa

❛❧-♦ ❣❡♥❡&❛$❡- ❛ C0 -❡♠✐❣&♦✉♣ (Sa(t))t≥0 $❤❛$ -❛$✐-✜❡-

‖Sa(t)‖L(X) ≤Me(−ℜ tanh−1( 1
b
)+|a|‖B‖)t, ∀t > 0.

❇② -$❛♥❞❛&❞ -❡♠✐❣&♦✉♣ $❤❡♦&②✱ ♣&♦❜❧❡♠ ✭✸✳✹✳✶✮ ❜❡❝♦♠❡- ✇❡❧❧ ♣♦-❡❞✳

❘❡♠❛$❦ ✸✳✹✳✽✳ ■❢ b = −1✱ ♦✉% ♣%❡✈✐♦✉* ❝♦♥*✐❞❡%❛/✐♦♥* *❤♦✇ /❤❛/ A0 ❤❛* ❛♥ ❡♠♣/②

*♣❡❝/%✉♠✳ ❚❤❡%❡❢♦%❡✱ ♦✉% ♠❡/❤♦❞ ❞♦❡* ♥♦/ ❛❧❧♦✇ /♦ ♣%♦✈❡ /❤❛/ ✐/ ❣❡♥❡%❛/❡* ❛ C0 *❡✲

♠✐❣%♦✉♣ ❛♥❞ ❤❡♥❝❡✱ /❤❡ ✇❡❧❧ ♣♦*❡❞♥❡** ♦❢ ♣%♦❜❧❡♠ ✭✸✳✹✳✶✮ ❜❡❝♦♠❡* ❛♥ ♦♣❡♥ ?✉❡*/✐♦♥✳

❖♥ /❤❡ ♦/❤❡% ❤❛♥❞✱ ✐❢ b = 1✱ /❤❡ ♦♣❡%❛/♦% A0 ❣❡♥❡%❛/❡* ❛ C0 *❡♠✐❣%♦✉♣ (S(t))t≥0

/❤❛/ *❛/✐*✜❡*

‖S(t)‖L(X) ≤Me−ωt,

✶✻✽



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❢♦" #♦♠❡ ♣♦#✐(✐✈❡ ❝♦♥#(❛♥(# M ❛♥❞ ω✳ ❚❤❡"❡❢♦"❡✱ ❜② (❤❡ ♣"❡✈✐♦✉# ❛"❣✉♠❡♥(#✱ ♣"♦❜❧❡♠

✭✸✳✹✳✶✮ ✐# ✇❡❧❧ ♣♦#❡❞ ❛♥❞ ✐# #(❛❜❧❡ ✐❢ a < 0 ✐# #♠❛❧❧ ❡♥♦✉❣❤ ❜② ♣❡"(✉"❜❛(✐♦♥ (❤❡♦"②

❜✉( (❤❡ =✉❡#(✐♦♥ ♦❢ ✐(# #(❛❜✐❧✐(② ❢♦" a < 0 ✧❧❛"❣❡✧ ✐# ❛♥ ♦♣❡♥ =✉❡#(✐♦♥✳

✸✳✹✳✺ ▲✐♥❦ ❜❡*✇❡❡♥ ♣-♦❜❧❡♠1 ✭✸✳✶✳✷✮ ❛♥❞ ✭✸✳✹✳✶✹✮ ❛♥❞ ❡♥❞ ♦❢

*❤❡ :-♦♦❢ ♦❢ ❚❤❡♦-❡♠ ✸✳✷✳✸

■♥ $❤✐- ♣❛&$✱ ✇❡ ♣&♦✈❡ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&- ♦❢ Aa ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X ✐❢ b 6∈
{−1, 0, 1}✳ ❋♦& $❤✐- ❛✐♠✱ ✇❡ ✇✐❧❧ ❛♣♣❧② ❚❤❡♦&❡♠ ✶✳✷✳✽ ✇✐$❤ $❤❡ -❡$ {φ̃k}k∈Z $❤❡ ❘✐❡-③
❜❛-✐- ❛--♦❝✐❛$❡❞ ✇✐$❤ ♣&♦❜❧❡♠ ✭✸✳✹✳✶✹✮ ❛♥❞ ❢♦& ❛♥ ❛♣♣&♦♣&✐❛$❡ -❡$ ♦❢ ❡✐❣❡♥✈❡❝$♦&- ♦❢

Aa ✭❝♦&&❡-♣♦♥❞✐♥❣ $♦ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡-✮✳ ■♥❞❡❡❞ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✸✳✹✳✸ ❛♥❞ ✭✸✳✹✳✶✷✮✱

✇❡ -♣❧✐$ ✉♣ $❤❡ -♣❡❝$&✉♠ ♦❢ Aa ✐♥$♦ $❤❡ -♠❛❧❧ ❛♥❞ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡- ✿

σ(Aa) = {λki}Mi=1 ∪ {λk}|k|>N , ✭✸✳✹✳✷✻✮

✇❤❡&❡ N ∈ N ✐- ❝❤♦-❡♥ ❧❛&❣❡ ❡♥♦✉❣❤ -✉❝❤ $❤❛$✱ ❢♦& ❡✈❡&② k ∈ Z∗
✇✐$❤ |k| > N ✱

|λk+
a

2
+tanh−1 1

b
− ikπ| < π

2
❛♥❞ λk ✐- -✐♠♣❧❡✳ ❈♦♥-❡H✉❡♥$❧② $❤❡ &❡♠❛✐♥✐♥❣ ♣❛&$ ♦❢

$❤❡ -♣❡❝$&✉♠ {λki}Mi=1 ✐- ❝❧❡❛&❧② ❜♦✉♥❞❡❞✳ ❆❝❝♦&❞✐♥❣ $♦ ♦✉& ♣&❡✈✐♦✉- ❝♦♥-✐❞❡&❛$✐♦♥-

❢♦& |k| > N ✱ $❤❡ ❡✐❣❡♥✈❡❝$♦& φk ✐- ♦❢ $❤❡ ❢♦&♠

φk = (yk, λkyk)
⊤ ,

✇✐$❤

yk(x) =
1√

λ2k + aλk
sinh

(√
λ2k + aλkx

)
, ∀x ∈ (0, 1).

❋♦& |k| > N ✱ ❜② ✭✸✳✹✳✾✮ ❛♥❞ ✭✸✳✹✳✶✶✮✱ ✇❡ ❤❛✈❡

√
λ2k + aλk = − tanh−1 1

b
+ ikπ +O

(
1

λk

)
= λ̃k +O

(
1

λk

)
.

✶✻✾
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❍❡♥❝❡✱ ❜② $❤❡ ♠❡❛♥ ✈❛❧✉❡ $❤❡♦&❡♠✱ ❢♦& ❛❧❧ x ∈ (0, 1)✱ $❤❡&❡ ❡①✐-$- θx ∈ (0, 1) ✭❞❡♣❡♥✲

❞✐♥❣ ❛❧-♦ ♦♥ k✮ -✉❝❤ $❤❛$

cosh(
√
λ2k + aλkx)− cosh(λ̃kx)

=
(√

λ2k + aλk − λ̃k

)
x sinh

(
λ̃kx+ θx(

√
λ2k + aλk − λ̃k)x

)
.

❍❡♥❝❡✱ ❜② $❤❡ ♣&❡✈✐♦✉- ✐❞❡♥$✐$②✱ ✇❡ ✜♥❞ $❤❛$ ❢♦& ❛❧❧ x ∈ (0, 1)

∣∣∣∣cosh(
√
λ2k + aλkx)− cosh(λ̃kx)

∣∣∣∣ . |λk|−1| sinh
(
λ̃kx+ θx(

√
λ2k + aλk − λ̃k)x

)
|.

▼♦&❡♦✈❡&✱ -✐♥❝❡ ✇❡ ❛--✉♠❡ $❤❛$ |b| 6= 1✱ $❤❡♥
∣∣ℜ tanh−1 1

b

∣∣
✐- ✜♥✐$❡ ❛♥❞ $❤❡&❡❢♦&❡✱

ℜλ̃k &❡♠❛✐♥- ❜♦✉♥❞❡❞ ✭✐♥❞❡♣❡♥❞❡♥$❧② ♦❢ k✮✳ ❚❤✐- ✐♠♣❧✐❡- $❤❛$
∣∣∣∣cosh(

√
λ2k + aλkx)− cosh(λ̃kx)

∣∣∣∣ . |λk|−1, ∀x ∈ (0, 1).

❚❤✐- ❡-$✐♠❛$❡ ✐♠♣❧✐❡- $❤❛$

‖(yk)x − (ỹk)x‖2(0,1) .
1

|λk|2
. ✭✸✳✹✳✷✼✮

❙✐♠✐❧❛&❧②✱ ✇❡ ❝❛♥ ♣&♦✈❡ $❤❛$

∥∥∥λkyk − λ̃kỹk

∥∥∥
2

(0,1)
.

1

|λk|2
. ✭✸✳✹✳✷✽✮

❚❤❡ ❡-$✐♠❛$❡- ✭✸✳✹✳✷✼✮ ❛♥❞ ✭✸✳✹✳✷✽✮ ②✐❡❧❞

∑

|k|>N

∥∥∥φk − φ̃k

∥∥∥
2

X
.

∑

|k|>N

1

|λk|2
.

∑

|k|>N

1

k2
<∞.

■♥ ❝♦♥❝❧✉-✐♦♥✱ ❛❝❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠ ✶✳✷✳✽✱ $❤❡ &♦♦$ ✈❡❝$♦&- ♦❢ Aa ❢♦&♠ ❛ ❘✐❡-③ ❜❛-✐-

♦❢ ❳✳

❙✐♠✐❧❛& $♦ ✭✸✳✸✳✷✺✮✱ ✇❡ ❝♦♥❝❧✉❞❡ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✸✳✷✳✸ ❢♦& ❛❧❧ a ∈ R✱ b 6∈
{−1, 0, 1} -✉❝❤ $❤❛$ −a

2
−ℜ tanh−1 1

b
< 0 -✐♥❝❡ $❤❡ ❤✐❣❤ ❢&❡L✉❡♥❝✐❡- ❛&❡ -✐$✉❛$❡❞ $♦

$❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✳

✶✼✵



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✸✳✹✳✺✳✶ ❋✉'(❤❡' ❈♦♠♠❡♥(/

❚❤❡♦&❡♠ ✶✳✷✳✽ ✐♠♣&♦✈❡- ❇❛&✐✬- ❚❤❡♦&❡♠ ❛- ✐$ -❤♦✇- $❤❛$ ✇❡ ❝❛♥ ♥❡❣❧❡❝$ ❛♥②

✐♥❢♦&♠❛$✐♦♥ ❝♦♥❝❡&♥✐♥❣ $❤❡ ❧♦✇ ❢&❡?✉❡♥❝✐❡-✳ ❍♦✇❡✈❡&✱ ✐♥ $❤❡ -❡?✉❡❧✱ ❛- ✇❡ ❛&❡ ✐♥$❡&✲

❡-$❡❞ ✐♥ -$✉❞②✐♥❣ $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡-✱ ✇❡ ❣✐✈❡ ❛♥ ❛❞❞✐$✐♦♥❛❧ ❛♥❛❧②-✐- $♦

-❤♦✇ $❤❛$ ✐♥❞❡❡❞ $❤❡ &♦♦$ ✈❡❝$♦&- ❝♦&&❡-♣♦♥❞✐♥❣ $♦ $❤❡ ❧♦✇ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa ❛&❡ ✐♥

❜✐❥❡❝$✐♦♥ ✇✐$❤ $❤♦-❡ ♦❢ A0✳

❋♦& $❤❡ ❧♦✇ ❢&❡?✉❡♥❝② ♠♦❞❡- ✭|k| < N✮✱ ✇❡ ✜① ❛ -✉✣❝✐❡♥$❧② ❧❛&❣❡ &❡❝$❛♥❣❧❡ Γ

✇❤✐❝❤ ✐♥❝❧✉❞❡- ❛❧❧ $❤❡ ❧♦✇ ❢&❡?✉❡♥❝✐❡- ♦❢ Aa′ ❢♦& ❛❧❧ a
′
❜❡$✇❡❡♥ ③❡&♦ ❛♥❞ a ❛♥❞ ✇❤♦-❡

❡❞❣❡- ❞♦ ♥♦$ ❝♦♥$❛✐♥ ❛♥② ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aa′ ❢♦& ❛♥② a
′
❜❡$✇❡❡♥ ③❡&♦ ❛♥❞ a✳ ❚❤✐- ❝❤♦✐❝❡

♦❢ $❤❡ &❡❝$❛♥❣❧❡ ✐- ♣♦--✐❜❧❡ ❜② $❤❡ ❢♦❧❧♦✇✐♥❣ ❛&❣✉♠❡♥$-✳ ❋✐&-$ ❢♦& $❤❡ ❤♦&✐③♦♥$❛❧ ❡❞❣❡-

✇❡ ♥♦$✐❝❡ $❤❛$✱ ❜② ✭✸✳✹✳✶✷✮✱ $❤❡ ❤♦&✐③♦♥$❛❧ ❧✐♥❡-

y = −ℑ tanh−1 1

b
± (2k0 + 1)π

2
, ❢♦& |k0| > N

❛&❡ ❢&❡❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa′ ❢♦& ❛❧❧ |a′| ≤ |a| ✐❢ N ✐- ❧❛&❣❡ ❡♥♦✉❣❤ ✭❞❡♣❡♥❞✐♥❣ ♦♥ a✮✳

❋♦& ❛♥ ✉♣♣❡& ✈❡&$✐❝❛❧ ❧✐♥❡✱ ❜② ❚❤❡♦&❡♠ ✸✳✹✳✼✱ ❛♥② ❡✐❣❡♥✈❛❧✉❡ λ ♦❢ Aa′ -❛$✐-✜❡-

ℜλ ≤ −ℜ tanh−1(
1

b
) + |a′|‖B‖.

❍❡♥❝❡✱ $❤❡ ✈❡&$✐❝❛❧ ❧✐♥❡

x = 1−ℜ tanh−1(
1

b
) + |a|‖B‖

❞♦❡- ♥♦$ ❝♦♥$❛✐♥ ❛♥② ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa′ ❢♦& ❛❧❧ |a′| ≤ |a|✳
❋✐♥❛❧❧②✱ ❢♦& $❤❡ ❧♦✇❡& ✈❡&$✐❝❛❧ ❧✐♥❡✱ ❢♦& ❛ ✜①❡❞ a✱ ✇❡ ❞❡♥♦$❡ ❜②

m(a) = min{ℜλ : λ ∈ σ(Aa)},

$❤❛$ ✐- ❝❧❡❛&❧② ✜♥✐$❡✳ ❲❡ ♥♦✇ -❤♦✇ $❤❛$ ❢♦& ❛ ✜①❡❞ a✱ ✇❡ ❤❛✈❡

I := inf
|a′|≤|a|

m(a′) > −∞.

✶✼✶



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

■♥❞❡❡❞✱ ✐❢ ✐$ ✇♦✉❧❞ ❜❡ ❢❛❧-❡✱ $❤❡♥ ✇❡ ✇♦✉❧❞ ✜♥❞ ❛ -❡7✉❡♥❝❡ (an)n∈N ✇✐$❤ |an| ≤ |a|
❢♦& ❛❧❧ n ❛♥❞ -✉❝❤ $❤❛$

m(an) → −∞ ❛- n→ ∞. ✭✸✳✹✳✷✾✮

❯♣ $♦ ❛ -✉❜-❡7✉❡♥❝❡✱ -$✐❧❧ ❞❡♥♦$❡❞ ❜② (an)n∈N✱ (an)n∈N ❝♦♥✈❡&❣❡- $♦ -♦♠❡ a′ ∈
[−|a|, |a|]✳ ❋✉&$❤❡&♠♦&❡✱ $❤❡&❡ ❡①✐-$- m ∈ N -✉❝❤ $❤❛$ ❢♦& ❛❧❧ n ≥ m✱ $❤❡&❡ ❡①✐-$- ❛♥

❡✐❣❡♥✈❛❧✉❡ λn ∈ σ(Aan) -✉❝❤ $❤❛$

m(an) = ℜλn.

■♥❞❡❡❞✱ ✐❢ ✇❡ ❛--✉♠❡ $❤❛$ ❢♦& ❛❧❧ m ∈ N✱ $❤❡&❡ ❡①✐-$- nm ≥ m -✉❝❤ $❤❛$ ❢♦& ❛❧❧

λ ∈ σ(Aanm
)✱ m(anm

) 6= ℜλ✱ $❤❡♥ ♥❡❝❡--❛&✐❧② m(anm
) = −anm

2
−ℜ tanh−1 1

b
✇❤✐❝❤ ✐-

✐♠♣♦--✐❜❧❡ -✐♥❝❡ ✐♥ $❤✐- ❝❛-❡✱ ❛- m→ +∞✱ m(anm
) $❡♥❞- $♦ −a′

2
−ℜ tanh−1 1

b
✇❤✐❝❤

✐- ✜♥✐$❡ ❛♥❞ $❤✐- ❝♦♥$&❛❞✐❝$- ✭✸✳✹✳✷✾✮✳ ❚❤❡&❡❢♦&❡✱ $❤❡&❡ ❡①✐-$- m ∈ N -✉❝❤ $❤❛$ ❢♦&

❛❧❧ n ≥ m✱ $❤❡&❡ ❡①✐-$- ❛♥ ❡✐❣❡♥✈❛❧✉❡ λn ∈ σ(Aan) -✉❝❤ $❤❛$

ℜλn → −∞ ❛- n→ ∞.

❆$ $❤✐- -$❛❣❡ ✇❡ ❝❛♥ ❛♣♣❧② ✭✸✳✹✳✶✷✮ $♦ λn ❛♥❞ ❜② $❛❦✐♥❣ $❤❡ &❡❛❧ ♣❛&$ ♦❢ $❤✐- ✐❞❡♥$✐$②

✇❡ ✜♥❞

ℜλn = −an
2

−ℜ tanh−1 1

b
+

(
a2n
8

+
anb

2(1− b2)

)
ℜ 1

λn
+ o

(
1

λn

)
. ✭✸✳✹✳✸✵✮

❍❡&❡ ❛❜♦✈❡ o
(

1
λn

)
❞❡♣❡♥❞- ♦♥ an ❜✉$ ✐$ ✐- ❡❛-② $♦ -❡❡ $❤❛$

o

(
1

λn

)
→ 0 ❛- n→ ∞.

❜❡❝❛✉-❡ $❤❡ -❡7✉❡♥❝❡ an ✐- ❜♦✉♥❞❡❞✳ J❛--✐♥❣ $♦ $❤❡ ❧✐♠✐$ ✐♥ ✭✸✳✹✳✸✵✮✱ ✇❡ ✜♥❞ $❤❛$

$❤❡ ❧❡❢$✲❤❛♥❞ -✐❞❡ $❡♥❞- $♦ −∞ ✇❤✐❧❡ $❤❡ &✐❣❤$✲❤❛♥❞ -✐❞❡ $❡♥❞- $♦ −a′

2
−ℜ tanh−1 1

b

✇❤✐❝❤ ✐- ❛ ❝♦♥$&❛❞✐❝$✐♦♥✳

✶✼✷
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❆❝❝♦&❞✐♥❣❧②✱ $❤❡ ❧✐♥❡

x = −1 + I

❞♦❡# ♥♦% ❝♦♥%❛✐♥ ❛♥② ❡✐❣❡♥✈❛❧✉❡# ♦❢ Aa′ ❢♦/ ❛❧❧ |a′| ≤ |a|✳
❍❛✈✐♥❣ ❝❤♦#❡♥ Γ✱ ✇❡ ❞❡✜♥❡ %❤❡ ♦♣❡/❛%♦/

P (a′) =
1

2πi

∮

Γ

(ξ − Aa′)
−1dξ. ✭✸✳✹✳✸✶✮

❆❝❝♦/❞✐♥❣ %♦ ❚❤❡♦/❡♠ ■■■✳✻✳✶✼ ♦❢ ❬✹✻❪ ♦/ ❚❤❡♦/❡♠ ❳■■✳✺ ♦❢ ❬✻✽❪✱ %❤❡ ❛❜♦✈❡ ♦♣❡/❛%♦/

✐# ❛ ♣/♦❥❡❝%✐♦♥ ✭❝❛❧❧❡❞ ❡✐❣❡♥♣/♦❥❡❝%✐♦♥✮ ❛♥❞ ✐%# /❛♥❣❡ ✐# %❤❡ #❡% ♦❢ %❤❡ ❣❡♥❡/❛❧✐③❡❞

❡✐❣❡♥#♣❛❝❡ ❝♦//❡#♣♦♥❞✐♥❣ %♦ %❤❡ ❡✐❣❡♥✈❛❧✉❡# ♦❢ Aa′ ✐♥#✐❞❡ Γ✳ ❇❡#✐❞❡#✱ ✇❡ /❡♠❛/❦ %❤❛%

Aa′ ✐# ❝❧♦#❡❞ ❢♦/ ❛♥② a′✳

■♥ %❤❡ #❡L✉❡❧✱ ✇❡ ♣/♦✈❡ %❤❛% %❤❡ ♠❛♣♣✐♥❣ F ❞❡✜♥❡❞ ❜② F (a′) = dim(P (a′)X) ❢♦/

❛❧❧ a′ ❜❡%✇❡❡♥ ③❡/♦ ❛♥❞ a ✐# ❝♦♥%✐♥✉♦✉#✳

▲❡♠♠❛ ✸✳✹✳✾✳ ❋✐① a0 ❜❡%✇❡❡♥ ③❡)♦ ❛♥❞ a ❛♥❞ ❧❡% ξ ∈ ρ(Aa0) ∩ Γ✳ ❚❤❡♥ ξ ∈ ρ(Aa′)

❢♦) ❛♥② a′ ♥❡❛) a0 ❛♥❞

(ξ − Aa′)
−1 → (ξ − Aa0)

−1
❛3 a′ → a0.

()♦♦❢✿ ❲✐%❤♦✉% ❧♦## ♦❢ ❣❡♥❡/❛❧✐%②✱ ❛##✉♠❡ %❤❛% a0 = 0 ❛♥❞ ❧❡% ξ ∈ ρ(A0) ∩ Γ✳ ❲❡

❤❛✈❡

ξ − Aa′ = ξ − A0 − a′B = (ξ − A0)[I − a′(ξ − A0)
−1B].

❙✐♥❝❡ a′ → 0✱ %❤❡♥ ✇❡ ❝❛♥ ❝❤♦♦#❡ a′ #✉❝❤ %❤❛% ‖a′(ξ − A0)
−1B‖ < 1 ❛♥❞ ❤❡♥❝❡

I−a′(ξ−A0)
−1B ✐# ✐♥✈❡/%✐❜❧❡✳ ❈♦♥#❡L✉❡♥%❧②✱ ξ−Aa′ ✐# ✐♥✈❡/%✐❜❧❡ ✇❤✐❝❤ ✐♠♣❧✐❡# %❤❛%

ξ ∈ ρ(Aa′) ❛♥❞ ❛# a′ → 0✱

∥∥(ξ − Aa′)
−1 − (ξ − A0)

−1
∥∥
L(X)

≤
∥∥(I − a′(ξ − A0)

−1B)−1 − I
∥∥
L(X)

∥∥(ξ − A0)
−1

∥∥
L(X)

→ 0.

◆♦✇✱ ✇❡ /❡❝❛❧❧ ❛ /❡#✉❧% ♦❢ ❑❛%♦ ❛♥❞ ❘❡❧❧✐❝❤✱ #❡❡ %❤❡ ▲❡♠♠❛ ✐♥ ♣❛❣❡ ✶✹ ♦❢ ❬✻✽❪✳

✶✼✸
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▲❡♠♠❛ ✸✳✹✳✶✵✳ ■❢ P ❛♥❞ Q ❛%❡ '✇♦ ✭♥♦' ♥❡❝❡,,❛%✐❧② ♦%'❤♦❣♦♥❛❧✮ ♣%♦❥❡❝'✐♦♥, ✐♥ ❛

❍✐❧❜❡%' ,♣❛❝❡ H ❛♥❞ dim(PH) 6= dim(QH)✱ '❤❡♥ ‖P −Q‖ ≥ 1✳

▲❡♠♠❛ ✸✳✹✳✾ -❤♦✇- $❤❛$ P (a′) ✐- ❛ ❝♦♥$✐♥✉♦✉- ❢✉♥❝$✐♦♥ ♦❢ a′ ✇❤✐❧❡ $❤❡ ❛❜♦✈❡

▲❡♠♠❛ -❤♦✇- $❤❛$ $❤❡ ♠❛♣♣✐♥❣

{Q ∈ L(X); Q ✐- ❛ ♣&♦❥❡❝$✐♦♥} 7→ N : Q→ dim(QX)

✐- ❝♦♥$✐♥✉♦✉-✳ ❚❤❡&❡❢♦&❡✱ $❤❡ ♠❛♣♣✐♥❣ a′ → P (a′) → dim(P (a′)X) ✐- ❝♦♥$✐♥✉♦✉-

❛♥❞ ❤❡♥❝❡ dim(P (a′)X) ✐- ❝♦♥-$❛♥$ ❢♦& ❡✈❡&② a′ ❜❡$✇❡❡♥ ③❡&♦ ❛♥❞ a✳ ❑♥♦✇✐♥❣ $❤❛$

$❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ A0 ✐♥-✐❞❡ Γ ❛&❡ ♦❢ ✜♥✐$❡ ♠✉❧$✐♣❧✐❝✐$②✱ $❤❡♥ ✇❡ ❣❡$ dimP (a)X =

dimP (0)X✳ ❚❤❡&❡❢♦&❡✱ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ $❤❡ ♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa ✐- ❡B✉❛❧ $♦

$❤❡ ♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡- ♦❢ A0 ✐♥-✐❞❡ Γ ✇✐$❤ $❤❡ -❛♠❡ $♦$❛❧ ♥✉♠❜❡& ♦❢ ♠✉❧$✐♣❧✐❝✐$②✳

❈♦♥-❡B✉❡♥$❧②✱ $❤❡ &♦♦$ ✈❡❝$♦&- ❝♦&&❡-♣♦♥❞✐♥❣ $♦ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa ✐♥-✐❞❡ Γ ❛&❡

✐♥ ❜✐❥❡❝$✐♦♥ ✇✐$❤ $❤♦-❡ ♦❢ A0✳

✸✳✺ #$♦♦❢ ♦❢ ❚❤❡♦$❡♠ ✸✳✷✳✹

■♥ $❤✐- -❡❝$✐♦♥✱ ✇❡ ❝♦♥-✐❞❡& $❤❡ ❝❛-❡ b ∈ (−1, 0) ❛♥❞ a ≥ −2 tanh−1 b✳ ❲❡ ♣&♦✈❡

$❤❛$ ❛❧❧ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa ❛&❡ -✐$✉❛$❡❞ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ❛①✐- x = −a
2
−ℜ tanh−1 1

b
=

−a
2
− tanh−1 b✳ ❈♦♥-❡B✉❡♥$❧②✱ ✐♥ $❤❡ ❝❛-❡ a > −2 tanh−1 b✱ ❜② $❤❡ ❛&❣✉♠❡♥$- ♦❢ $❤❡

♣&❡✈✐♦✉- -❡❝$✐♦♥✱ ✇❡ ✐♠♠❡❞✐❛$❡❧② ❞❡❞✉❝❡ $❤❛$ ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡

✐♥ X✳ ■♥ $❤❡ ❝❛-❡ a = −2 tanh−1 b✱ ❞✉❡ $♦ ✭✸✳✹✳✶✷✮ ♥♦ ❡①♣♦♥❡♥$✐❛❧ ❞❡❝❛② ❝❛♥ ❜❡ ❡①✲

♣❡❝$❡❞ ❜✉$ ✇❡ ✇✐❧❧ -❤♦✇ ✐♥ $❤❡ ❧❛-$ -❡❝$✐♦♥ $❤❛$ ❛ ♣♦❧②♥♦♠✐❛❧ ❞❡❝❛② ✐- ❛✈❛✐❧❛❜❧❡✳

▲❡♠♠❛ ✸✳✺✳✶✳ ■❢ b ∈ (−1, 0) ❛♥❞ a ≥ −2 tanh−1 b✱ '❤❡♥ ❛♥② ❡✐❣❡♥✈❛❧✉❡ λ ♦❢ Aa

,❛'✐,✜❡,

ℜλ < −a
2
− tanh−1 b.

✶✼✹



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

 !♦♦❢✿ ❘❡❝❛❧❧ $❤❛$ ❢&♦♠ ❘❡♠❛&❦ ✸✳✹✳✶ ❛♥② ❡✐❣❡♥✈❛❧✉❡ λ ♦❢ Aa -❛$✐-✜❡- ℜλ > −a
2

✭-✐♥❝❡ ❜② ♦✉& ❛--✉♠♣$✐♦♥- b < 0 ❛♥❞ a > 0✮✳

❋✐&-$✱ ❛❝❝♦&❞✐♥❣ $♦ $❤❡ ❝❤❛&❛❝$❡&✐-$✐❝ ❡A✉❛$✐♦♥ ✭✸✳✹✳✽✮✱ ✇❡ ❝❛♥ ✇&✐$❡

λ = − u

b tanh u
. ✭✸✳✺✳✶✮

✇❤❡&❡ u =
√
λ2 + aλ✳ ❯-✐♥❣ $❤❡ ✐❞❡♥$✐$② tanh u = z−1

z+1
✱ ✇✐$❤ z = e2u✱ ✭✸✳✺✳✶✮ ✐-

❡A✉✐✈❛❧❡♥$ $♦

λ = −u(z + 1)

b(z − 1)
✇✐$❤ z = e2u.

❙✉❜-$✐$✉$✐♥❣ $❤✐- ✐❞❡♥$✐$② ✐♥$♦ u2 = λ2 + aλ ②✐❡❧❞- u = g(z)✱ ✇❤❡&❡

g(z) = ab

(
c0 −

c1
z + b1

− c2
z + b2

)
,

✇✐$❤ c0 =
1

1− b2
✱ c1 =

1

(1− b)2
✱ c2 =

1

(1 + b)2
✱ b1 =

1 + b

1− b
✱ ❛♥❞ b2 =

1− b

1 + b
✳ ❘❡♣❧❛❝✐♥❣

z ❜② e2u✱ ✇❡ ♦❜$❛✐♥

u = ab

(
c0 −

c1
e2u + b1

− c2
e2u + b2

)
. ✭✸✳✺✳✷✮

❘❡♠❛&❦ $❤❛$ ❢♦& b ∈ (−1, 0)✱ 0 < b1 < 1 < b2✳ ◆♦$❡ ❢✉&$❤❡& $❤❛$ $❤❡ ❝❛-❡ e
2u+b1 = 0

✭&❡-♣✳ e2u+b2 = 0✮ ❝❛♥♥♦$ ❤♦❧❞ ❀ ✐♥❞❡❡❞✱ ✇❡ $❤❡♥ ❤❛✈❡ tanh u = 1
b
✭&❡-♣✳ tanh u = −1

b
✮

❛♥❞ $❤❡&❡❢♦&❡✱ ❜② ✭✸✳✺✳✶✮✱ λ = −u ✭&❡-♣✳ λ = u✮ ✇❤✐❝❤ ②✐❡❧❞-

λ2 = λ2 + aλ,

❛♥❞ ❤❡♥❝❡ λ = 0✳ ❚❤✐- ✐- ✐♠♣♦--✐❜❧❡ -✐♥❝❡ ✵ ✐- ♥♦$ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Aa✳

❲&✐$✐♥❣ u = U + iV ✱ ✇✐$❤ U, V ∈ R✱ ✇❡ ❝❛♥ -✉♣♣♦-❡ $❤❛$ U ≥ 0 ❛♥❞ V ≥ 0 -✐♥❝❡

$❤❡ ❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✉❡- ❛♣♣❡❛& ✐♥ ❝♦♥❥✉❣❛$❡ ♣❛✐&-✳ ■♥❞❡❡❞✱ u2 = λ2 + aλ ✐♠♣❧✐❡-

$❤❛$ y(2x+ a) = 2UV ✇❤❡&❡ λ = x+ iy✳ ❆- x ≥ −a
2
-♦ ✐❢ y ≥ 0 $❤❡♥ U ❛♥❞ V ❤❛✈❡

$❤❡ -❛♠❡ -✐❣♥✳ ❖$❤❡&✇✐-❡✱ ✇❡ ❝❤♦♦-❡ λ = x− iy $♦ ❣❡$ U ≥ 0 ❛♥❞ V ≥ 0✳

■♥ ❛ ✜&-$ -$❡♣✱ ✇❡ ♣&♦✈❡ $❤❛$

U = ℜu < ln b2
2

= − tanh−1 b. ✭✸✳✺✳✸✮

✶✼✺



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❋♦& $❤✐- ❛✐♠✱ ❜② -❡$$✐♥❣ ❢♦& j = 1, 2✱

Σj =
1

2
− bj
e2u + bj

=
1

2
tanh

(
u− 1

2
ln bj

)
, ✭✸✳✺✳✹✮

✇❡ ♥♦$✐❝❡ $❤❛$ ✭✸✳✺✳✷✮ ✐♠♣❧✐❡- $❤❛$

u =
ab

1− b2
(Σ1 + Σ2). ✭✸✳✺✳✺✮

❙✐♠♣❧❡ ❝❛❧❝✉❧❛$✐♦♥- -❤♦✇ $❤❛$

ℜΣj =
e4U − b2j

2|e2u + bj|2
=

sinh(2U − ln bj)

2(cos(2V ) + cosh(2U − ln bj))
. ✭✸✳✺✳✻✮

❍❡♥❝❡✱ ❜② $❤❡ ♣&♦♣❡&$② 0 < b1 < 1✱ ✇❡ ❞✐&❡❝$❧② -❡❡ $❤❛$ ℜΣ1 > 0✳

◆♦✇ ✐❢ ✇❡ -✉♣♣♦-❡ $❤❛$ ✭✸✳✺✳✸✮ ❞♦❡- ♥♦$ ❤♦❧❞✱ $❤❡♥ U ≥ ln b2
2

≥ 0 ❛♥❞ ❜② ✭✸✳✺✳✻✮✱

✇❡ ❣❡$ ℜΣ2 ≥ 0✳ ❇✉$ ❢&♦♠ ✭✸✳✺✳✺✮ ❛♥❞ $❤✐- ♣&♦♣❡&$②✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

U = ℜu =
ab

1− b2
(ℜΣ1 + ℜΣ2) < 0,

✇❤✐❝❤ ✐- ❛ ❝♦♥$&❛❞✐❝$✐♦♥✳ ❍❡♥❝❡ ✭✸✳✺✳✸✮ ❤♦❧❞-✳

■♥ ❛ -❡❝♦♥❞ -$❡♣✱ ✇❡ ❝❤❡❝❦ $❤❛$ U 6= 0✳ ■♥❞❡❡❞ ✐❢ U = 0✱ $❤❡♥ λ ∈ R -✐♥❝❡ ❜②

✭✸✳✺✳✶✮ ✇❡ ✜♥❞ ♦✉$ $❤❛$

λ = − V

b tanV
, ✭✸✳✺✳✼✮

✇✐$❤ V ∈ R \ {0} ✭❜❡❝❛✉-❡ λ = 0 ❛♥❞ λ = −a ❛&❡ ♥♦$ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa✮ -✉❝❤ $❤❛$

√
λ2 + aλ = iV.

❍❡♥❝❡✱ ✇❡ -❡❡ $❤❛$

λ =
−a±

√
a2 − 4V 2

2
,

$❤❛$ ✐- ❛❧✇❛②- ♥♦♥ ♣♦-✐$✐✈❡✳ ❚❤✐- ✐- ✐♥ ❝♦♥$&❛❞✐❝$✐♦♥ ✇✐$❤ ✭✸✳✺✳✼✮ ❜❡❝❛✉-❡ ✐$- &✐❣❤$✲

❤❛♥❞ -✐❞❡ ✐- ♣♦-✐$✐✈❡✳

✶✼✻



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

■♥ ❛ $❤✐&❞ -$❡♣✱ ✇❡ -❤♦✇ $❤❛$ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aa ❛&❡ -✐$✉❛$❡❞ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡

❛①✐- −a
2
−ℜ tanh−1 1

b
= −a

2
− tanh−1 b✳

❙✉❜-$✐$✉$✐♥❣ ✭✸✳✺✳✷✮ ✐♥$♦ ✭✸✳✺✳✶✮✱ ✇❡ ✜♥❞✱ ❛❢$❡& -✐♠♣❧❡ ❝❛❧❝✉❧❛$✐♦♥-✱ $❤❛$

λ = − a

1− b2
− ab

1− b2
(Σ1 − Σ2). ✭✸✳✺✳✽✮

❍❡♥❝❡✱ -✉♠♠✐♥❣ ✭✸✳✺✳✽✮ ✇✐$❤ ✭✸✳✺✳✺✮ ❛♥❞ -✉❜$&❛❝$✐♥❣ ✭✸✳✺✳✽✮ ✇✐$❤ ✭✸✳✺✳✺✮✱ ✇❡ ♦❜$❛✐♥

Σ1 = − 1

2b
+
b2 − 1

2ab
(λ− u), ✭✸✳✺✳✾✮

Σ2 =
1

2b
+

1− b2

2ab
(λ+ u). ✭✸✳✺✳✶✵✮

◆♦✇ ❝♦♠✐♥❣ ❜❛❝❦ $♦ ✭✸✳✺✳✻✮✱ ✇❡ ❝❛♥ ✇&✐$❡ ✭♥♦$❡ $❤❛$ ℜΣj 6= 0✱ $❤❛♥❦- $♦ ✭✸✳✺✳✸✮✮

cos(2V ) = − cosh(2U − ln bj) +
sinh(2U − ln bj)

2ℜΣj

, ❢♦& j = 1, 2.

❚❤✐- ✐♠♣❧✐❡- $❤❛$

ℜΣ2

(
sinh(2U−ln b1)−2ℜΣ1 cosh(2U−ln b1)

)
= ℜΣ1

(
sinh(2U−ln b2)−2ℜΣ2 cosh(2U−ln b2)

)
.

❯-✐♥❣ ✭✸✳✺✳✾✮ ❛♥❞ ✭✸✳✺✳✶✵✮✱ ✇❡ ❣❡$✱ ❛❣❛✐♥ ❛❢$❡& -✐♠♣❧❡ ❝❛❧❝✉❧❛$✐♦♥-✱ $❤❡ ❢♦❧❧♦✇✐♥❣

&❡❧❛$✐♦♥ ❜❡$✇❡❡♥ x = ℜλ ❛♥❞ U = ℜu ✿

x2k2 sinh(2U) + xk1 sinh(2U) + h0(U) = 0, ✭✸✳✺✳✶✶✮

✇❤❡&❡ k2 = 4b(b− 1)(1 + b) > 0, k1 = 2ab(b2 − 3) > 0, ❛♥❞

h0(U) = −2b
(
(a2 − 2U2 + 2b2U2) sinh(2U) + 2abU cosh(2U)

)
.

❆- ❜② $❤❡ -❡❝♦♥❞ -$❡♣✱ U 6= 0✱ ✇❡ ❝❛♥ ❞✐✈✐❞❡ ✭✸✳✺✳✶✶✮ ❜② sinh(2U) ❛♥❞ ✜♥❞

k2x
2 + k1x+ k0(U) = 0, ✭✸✳✺✳✶✷✮

✇❤❡&❡

k0(U) =
h0(U)

sinh 2U
= −2b

(
a2 − 2U2 + 2b2U2 + 2ab

U

tanh(2U)

)
.

✶✼✼



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

■$ $✉&♥- ♦✉$ $❤❛$ k0(U) > 0 ❢♦& 0 < U ≤ − tanh−1 b -✐♥❝❡ k0 ✐- ❛ ♥♦♥ ✐♥❝&❡❛-✐♥❣

❢✉♥❝$✐♦♥ ♦♥ (0,∞) ❛♥❞ k0(− tanh−1 b) > 0✳ ❆- $❤❡ ❝♦❡✣❝✐❡♥$- ✐♥ ✭✸✳✺✳✶✷✮ ❛&❡ ❛❧❧

♣♦-✐$✐✈❡✱ x = ℜλ ❤❛- $♦ ❜❡ ♥❡❣❛$✐✈❡✳ ■♥ ❢❛❝$✱ ✭✸✳✺✳✶✷✮ ②✐❡❧❞- $✇♦ ❞✐-$✐♥❝$ &♦♦$- x±(U)
❣✐✈❡♥ ❜②

x±(U) =
−k1 ±

√
k21 − 4k2k0(U)

2k2
,

-✉❝❤ $❤❛$ x−(U) ≤ x+(U)✳ ❆❣❛✐♥ ❛- k0 ✐- ❛ ♥♦♥ ✐♥❝&❡❛-✐♥❣ ❢✉♥❝$✐♦♥ ♦♥ (0,∞) ❛♥❞

&❡❝❛❧❧✐♥❣ ✭✸✳✺✳✸✮✱ ✇❡ ❣❡$

x−(U) ≤ x+(U) < x+(− tanh−1 b) =
−k1 +

√
k21 − 4k2k0(− tanh−1 b)

2k2

= −a
2
− tanh−1 b.

✭✸✳✺✳✶✸✮

❘❡♠❛$❦ ✸✳✺✳✷✳ ■♥❝#❡❛&✐♥❣ )❤❡ ♦#❞❡# ♦❢ )❤❡ ❛&②♠♣)♦)✐❝ ❞❡✈❡❧♦♣♠❡♥) ♦❢ )❤❡ ❧❛#❣❡

❡✐❣❡♥✈❛❧✉❡&✱ ✇❡ ✜♥❞ )❤❛) ❢♦# &♦♠❡ N > 0 ❧❛#❣❡ ❡♥♦✉❣❤ ❛♥❞ ❢♦# ❡✈❡#② k ∈ Z∗
&✉❝❤

)❤❛) |k| > N

λk = −a
2
− tanh−1 1

b
+ ikπ +

c

λ
+

c̃

λ2
+ o(

1

λ2
)

= −a
2
− tanh−1 1

b
+ ikπ − ic

kπ
− c

k2π2

(
a

2
+ tanh−1 1

b

)
− c̃

k2π2
+ o

(
1

k2

)
,

✇❤❡#❡ c =
a2

8
+

ab

2(1− b2)
❛♥❞ c̃ =

a2

8

(
b(b2 − 3)

(1− b)2(1 + b)2
− a

2

)
✳ ❲❡ ❝❛♥ ❝❤❡❝❦ )❤❛)✱

✐♥ ❝❛&❡ a > 0 ❛♥❞ b ∈ (−1, 0)✱ )❤❡ ❧❛#❣❡ ❡✐❣❡♥✈❛❧✉❡& ❛♣♣#♦❛❝❤ )❤❡ ❛①✐& x = −a
2
−

ℜ tanh−1 1

b
= −a

2
− tanh−1 b ❢#♦♠ )❤❡ ❧❡❢)✳ ■♥❞❡❡❞✱ ✇❤❡♥ a > 0 ❛♥❞ b ∈ (−1, 0) ✇❡

❝❛♥ ♣#♦✈❡ )❤❛)

ℜ
(
ikπ − ic

kπ
− c

k2π2

(
a

2
+ tanh−1 1

b

)
− c̃

k2π2

)

= − 1

k2π2

(
c

(
a

2
+ ℜ tanh−1 1

b

)
+ c̃

)
< 0.

✶✼✽



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

✸✳✻ #♦❧②♥♦♠✐❛❧ ❙,❛❜✐❧✐,② ♦❢ ♣0♦❜❧❡♠ ✭✸✳✶✳✷✮ ❛♥❞ #0♦♦❢

♦❢ ❚❤❡♦0❡♠ ✸✳✷✳✺

❲❡ ❡♥❞ ✉♣ ❜② ♣&♦✈✐♥❣ $❤❡ ♣♦❧②♥♦♠✐❛❧ -$❛❜✐❧✐$② ♦❢ ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ✐♥ $❤❡ ❝❛-❡

b ∈ (−1, 0) ❛♥❞ a = −2 tanh−1 b✳ ❇② ▲❡♠♠❛ ✸✳✺✳✶✱ $❤❡ -♣❡❝$&✉♠ ♦❢ Aa ✐- ❛$ $❤❡

❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐-✱ ❜✉$ ❛♣♣&♦❛❝❤❡- $❤✐- ❛①✐-✳ ❍❡♥❝❡✱ $❤❡ ❞❡❝❛② ♦❢ $❤❡ ❡♥❡&❣②

❞❡♣❡♥❞- ♦♥ $❤❡ ✇❛② $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡- ❛♣♣&♦❛❝❤ $❤✐- ❛①✐-✳ ❚❤❡&❡❢♦&❡✱ ✇❡ ♥❡❡❞ $♦

♣&❡❝✐-❡ $❤❡ ❛-②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ✭✸✳✹✳✶✷✮✳ ❆❣❛✐♥ ✇❡ ✉-❡ $❤❡ -♣❧✐$$✐♥❣ ✭✸✳✹✳✷✻✮ ♦❢ $❤❡

-♣❡❝$&✉♠ ♦❢ Aa ✐♥$♦ $❤❡ -♠❛❧❧ ❛♥❞ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡✳

❆- ❜❡❢♦&❡✱ ✉-✐♥❣ ❚❛②❧♦& ❡①♣❛♥-✐♦♥ ❢♦& ❡✈❡&② k ∈ Z∗
✇✐$❤ |k| > N ✱ λk ✐- -✐♠♣❧❡

❛♥❞ ✐- ❣✐✈❡♥ ❜②

λk = −a
2
− tanh−1 1

b
+ ikπ − ic

kπ
− c

k2π2

(
a

2
+ tanh−1 1

b

)
− c̃

k2π2
+ o

(
1

k2

)
,

✇❤❡&❡ c =
a2

8
+

ab

2(1− b2)
❛♥❞ c̃ =

a2

8

(
b(b2 − 3)

(1− b)2(1 + b)2
− a

2

)
✳ ❙✐♥❝❡ a = −2 tanh−1 b✱

$❛❦✐♥❣ $❤❡ &❡❛❧ ♣❛&$ ♦❢ $❤✐- ❡①♣&❡--✐♦♥✱ ✇❡ ✜♥❞ $❤❛$

ℜλk = − c̃

k2π2
+ o

(
1

k2

)
. ✭✸✳✻✳✶✮

◆♦$❡ $❤❛$ ✇❡ ❝❛♥ ♣&♦✈❡ $❤❛$ c̃ > 0 ❢♦& ❡✈❡&② b ∈ (−1, 0) ❛♥❞ a = −2 tanh−1 b✳

■❢ mki ❞❡♥♦$❡- $❤❡ ♠✉❧$✐♣❧✐❝✐$② ♦❢ λki ❢♦& ❡✈❡&② i = 1, ...,M ✱ $❤❡♥ ✇❡ ❞❡♥♦$❡ ❜②

{{ϕki,j}
mki

−1

j=0 }Mi=1 ∪ {ϕk}|k|>N $❤❡ ❘✐❡-③ ❜❛-✐- ♦❢ X ❢♦&♠❡❞ ♦❢ $❤❡ ♥♦&♠❛❧✐③❡❞ &♦♦$

✈❡❝$♦&- ♦❢ Aa ✭&❡❝❛❧❧ $❤❛$ mki ✐- ♦♥❡ ♦& $✇♦✮✳ ❍❡♥❝❡✱ ✐❢ ✇❡ ✇&✐$❡ $❤❡ ✐♥✐$✐❛❧ ❞❛$✉♠

U(0) ✐♥ $❤✐- ❜❛-✐-

U(0) =
M∑

i=1

mki
−1∑

j=0

γki,jϕki,j +
∑

|k|>N

γkϕk, ✭✸✳✻✳✷✮

$❤❡♥ $❤❡ -♦❧✉$✐♦♥ U(t) ✐- ❣✐✈❡♥ ❜②

U(t) =
M∑

i=1

eλki
t

mki
−1∑

j=0

γki,j

j∑

n=0

tj−n

(j − n)!
ϕki,n +

∑

|k|>N

eλktγkϕk.

✶✼✾



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❚❤❡&❡❢♦&❡✱ ❢♦& t > 0 ❛♥❞ δ =
c̃

2π2
✱ ❜② ✭✸✳✻✳✶✮ ✇❡ ❣❡$

E(t) = 1
2
‖U(t)‖2 .

M∑

i=1

e2ℜλki
t

mki
−1∑

j=0

|γki,j|2 +
M∑

i=1

e2ℜλki
t

mki
−1∑

j=0

|γki,j|2t2j

+
∑

|k|>N

e2ℜλkt|γk|2

.

M∑

i=1

eℜλki
t

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

e−
2δ
k2

t|γk|2

.
1

t




M∑

i=1

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

k2|γk|2



.
‖U(0)‖2D(Aa)

t
,

✭✸✳✻✳✸✮

❜❡❝❛✉-❡

e−
2δ
k2

t .
k2

t
, ∀t > 0, k ∈ N∗.

■♥ $❤❡ ❧❛-$ -$❡♣ ❛❜♦✈❡ ✇❡ ❛❧-♦ ✉-❡ $❤❡ ❡@✉✐✈❛❧❡♥❝❡

‖U(0)‖2D(Aa) = ‖U(0)‖2X + ‖AaU(0)‖2X ≃
M∑

i=1

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

k2|γk|2,

$❤❛$ ❢♦❧❧♦✇- ❢&♦♠ $❤❡ ❘✐❡-③ ❜❛-✐- ♣&♦♣❡&$② ♦❢ {{ϕki,j}
mki

−1

j=0 }Mi=1 ∪ {ϕk}|k|>N ✳ ■♥❞❡❡❞✱

❜② ✭✸✳✻✳✷✮✱ ✇❡ ♠❛② ✇&✐$❡

AaU(0) =
M∑

i=1

λkiγki,0ϕki,0 +
M∑

i=1

mki
−1∑

j=1

γki,j(λkiϕki,j + ϕki,j−1) +
∑

|k|>N

γkλkϕk

=
M∑

i=1

λkiγki,0ϕki,0 +
M∑

i=1

λkiγki,mki
−1ϕki,mki

−1 +
M∑

i=1

γki,1ϕki,0

+
M∑

i=1

mki
−2∑

j=1

(γki,jλki + γki,j+1)ϕki,j +
∑

|k|>N

γkλkϕk

=
M∑

i=1

λkiγki,mki
−1ϕki,mki

−1 +
M∑

i=1

mki
−2∑

j=0

(γki,jλki + γki,j+1)ϕki,j +
∑

|k|>N

γkλkϕk.

✶✽✵



❈❤❛♣$❡& ✸ ■♥❞❡✜♥✐$❡ -✐❣♥ ❞❛♠♣❡❞ ♣&♦❜❧❡♠-

❆- {{ϕki,j}
mki

−1

j=0 }Mi=1 ∪ {ϕk}|k|>N ✐- ❛ ❘✐❡-③ ❜❛-✐- ♦❢ X✱ ✇❡ ❣❡$

‖U(0)‖2X ≃
M∑

i=1

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

|γk|2,

‖AaU(0)‖2 ≃
M∑

i=1

|λkiγki,mki
−1|2 +

M∑

i=1

mki
−2∑

j=0

|γki,jλki + γki,j+1|2 +
∑

|k|>N

|γk|2|k|2.

❚❤❡-❡ ❡:✉✐✈❛❧❡♥❝❡- ❞✐&❡❝$❧② ②✐❡❧❞

‖U(0)‖2D(Aa) &

M∑

i=1

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

k2|γk|2,

✇❤✐❧❡ $❤❡ ❝♦♥✈❡&-❡ ❡-$✐♠❛$❡ ❢♦❧❧♦✇- ❢&♦♠ $❤❡ ❢❛❝$ $❤❛$ $❤❡ -❡$ ♦❢ ✧-♠❛❧❧✧ ❡✐❣❡♥✈❛❧✉❡-

✐- ❜♦✉♥❞❡❞✳

❘❡♠❛$❦ ✸✳✻✳✶✳ ■❢ b ∈ (−1, 0) ❛♥❞ a = −2 tanh−1 b✱ &❤❡♥✱ ❣✐✈❡♥ U(0) = (u0, u1)
⊤ ∈

D(An
a) ❢♦- .♦♠❡ n ∈ N∗

✱ ✇❡ ❣❡&

E(t) .
‖U(0)‖2D(An

a )

tn
. ✭✸✳✻✳✹✮

❈♦♥.❡2✉❡♥&❧②✱ &❤❡ ♠♦-❡ -❡❣✉❧❛- &❤❡ ✐♥✐&✐❛❧ ❞❛&❛ ✐. ❝❤♦.❡♥✱ &❤❡ ❢❛.&❡- ✐. &❤❡ -❛&❡ ♦❢

♣♦❧②♥♦♠✐❛❧ ❞❡❝❛②✳

*$♦♦❢✿ ❆- ❜❡❢♦&❡ ✇❡ ❝❛♥ -❤♦✇ $❤❛$

‖U(0)‖2D(An
a )

=
n∑

ℓ=0

‖Aℓ
aU(0)‖2X ≃

M∑

i=1

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

k2n|γk|2.

◆♦✇✱ ❛- ✐♥ ✭✸✳✻✳✸✮✱ ✇❡ ❤❛✈❡

E(t) .
M∑

i=1

eℜλki
t

mki
−1∑

j=0

|γki,j|2 +
∑

|k|>N

e−
2δ
k2

t|γk|2,

❛♥❞ -✐♥❝❡

e−
2δ
k2

t .
k2n

tn
, ∀t > 0, k ∈ N∗,

✇❡ ♦❜$❛✐♥ ✭✸✳✻✳✹✮✳

✶✽✶
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✸✳✼ ❖♣❡♥ '✉❡)*✐♦♥)

❚❤❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❢♦✉♥❞ ✐♥ ❚❤❡♦&❡♠ ✸✳✸✳✽✱ α3 ≃ −0.2823✱ ❢♦& ✇❤✐❝❤ ♣&♦❜❧❡♠

✭✸✳✶✳✶✮ ❜❡❝♦♠❡- ❡①♣♦♥❡♥$✐❛❧❧② -$❛❜❧❡ ❢♦& α > α3 -❤♦✇- $❤❛$ $❤❡ &❡-✉❧$ ❣✐✈❡♥ ❜②

$❤❡ ♣❡&$✉&❜❛$✐♦♥ $❤❡♦&② ♦❢ ❝♦♥$&❛❝$✐✈❡ -❡♠✐❣&♦✉♣- ✐- ♥♦$ ♦♣$✐♠❛❧✳ ❍♦✇❡✈❡&✱ ❛- $❤❡

♥✉♠❡&✐❝❛❧ &❡-✉❧$ ②✐❡❧❞- ❛ ✇✐❞❡& &❛♥❣❡ ♦❢ $❤✐- ❝&✐$✐❝❛❧ ✈❛❧✉❡✱ α > α2 ✇❤❡&❡ α2 ≃ −0.77,

$❤❡ B✉❡-$✐♦♥ ♦❢ $❤❡ ♦♣$✐♠❛❧✐$② ♦❢ α ❛♣♣❡❛&✐♥❣ ✐♥ ✭✸✳✶✳✶✮ &❡♠❛✐♥- ❛♥ ♦♣❡♥ ♣&♦❜❧❡♠✳

❆- ❢♦& $❤❡ -❡❝♦♥❞ ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮✱ ♥❡❝❡--❛&② ❛♥❞ -✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥- ❛&❡ ❢♦✉♥❞

-♦ $❤❛$ ✭✸✳✶✳✷✮ ✐- ❡①♣♦♥❡♥$✐❛❧❧② ♦& ♣♦❧②♥♦♠✐❛❧❧② -$❛❜❧❡✳ ❖♣$✐♠❛❧ &❡-✉❧$- ❛&❡ ❛$$❛✐♥❡❞

❢♦& b ∈ (−1, 0)✳ ■❢ b ≤ −1✱ $❤❡♥ $❤❡ B✉❡-$✐♦♥ ♦❢ $❤❡ -$❛❜✐❧✐$② ❜❡❝♦♠❡- ❛♥ ♦♣❡♥

B✉❡-$✐♦♥✳ ❋✉&$❤❡&♠♦&❡✱ $❤❡ ❛♥❛❧②-✐- ❞♦♥❡ ❢♦& ♣&♦❜❧❡♠ ✭✸✳✶✳✷✮ ❝❛♥ ❜❡ ✇❡❧❧ ❛❞❛♣$❡❞ $♦

-$✉❞② $❤❡ -$❛❜✐❧✐$② ♦❢ $❤❡ -♦❧✉$✐♦♥ ♦❢





utt(x, t)− uxx(x, t) + u+ aut(x, t) = 0, x ∈ (0, 1), t > 0,

ux(0, t) = b0ut(0, t), ux(1, t) = −but(1, t), t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

✇❤❡&❡ bb0 < 0 ❛♥❞ a ∈ R✳

✶✽✷
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❈❤❛♣✐%&❡ ✹

❊①♣♦♥❡♥%✐❛❧ .%❛❜✐❧✐%② ♦❢ %❤❡ ✇❛✈❡

❡4✉❛%✐♦♥ ♦♥ ❛ .%❛& .❤❛♣❡❞ ♥❡%✇♦&❦

✇✐%❤ ✐♥❞❡✜♥✐%❡ .✐❣♥ ❞❛♠♣✐♥❣

✹✳✶ ■♥%&♦❞✉❝%✐♦♥

❆! ✐♥ ❬✷❪✱ ❢♦* N ≥ 2✱ ✇❡ ❝♦♥!✐❞❡* /❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛✈❡ ❡5✉❛/✐♦♥ ♦♥ ❛ !/❛* !❤❛♣❡❞

♥❡/✇♦*❦ ✿





uitt(x, t)− uixx(x, t) + 2ai(x)u
i
t(x, t) = 0, x ∈ (0, Li), t > 0, i ∈ {1, · · · , N},

ui(Li, t) = 0,

ui(0, t) = uj(0, t), ∀i 6= j,
N∑

i=1

uix(0, t) = 0,

ui(x, 0) = ui0(x), x ∈ (0, Li),

uit(x, 0) = ui1(x), x ∈ (0, Li).

✭S1✮
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❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✇❤❡&❡ Li ∈ R+
∗ ✱ ❛♥❞ ai ∈ W 1,∞(0, Li)✳ ❚❤✐) )②)$❡♠ ♠♦❞❡❧) $❤❡ ✈✐❜&❛$✐♦♥) ♦❢ ❛ ❣&♦✉♣

♦❢ )$&✐♥❣) ❛$$❛❝❤❡❞ ❛$ ♦♥❡ ❡①$&❡♠✐$②✳ ❚❤❡ ❑✐&❝❤♦✛ ❧❛✇

N∑

i=1

uix(0, t) = 0 ❢♦❧❧♦✇) ❢&♦♠

$❤❡ ♣&✐♥❝✐♣❧❡ ♦❢ )$❛$✐♦♥❛&② ❛❝$✐♦♥ ❬✺✸✱✺✾❪✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ $❤✐) ✇♦&❦ ✐) $♦ )$✉❞② $❤❡ )$❛❜✐❧✐$② ♦❢ )②)$❡♠ ✭S1✮ ❜✉$ ❛❧)♦ $♦

❣✐✈❡ ♠♦&❡ ♣&❡❝✐)❡ &❡)✉❧$) ✇❤❡♥ ✇❡ &❡♣❧❛❝❡ ✐♥ $❤❡ )②)$❡♠ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$)

ai(x) ❜② ǫai(x), ✇❤❡&❡ $❤❡ ♣❛&❛♠❡$❡& ǫ ✐) ♣♦)✐$✐✈❡ ❛♥❞ )♠❛❧❧ ❡♥♦✉❣❤✳ ■♥ $❤✐) ❝❛)❡✱ ✇❡

✇✐❧❧ ❞❡♥♦$❡ $❤✐) ♠♦❞✐✜❡❞ )②)$❡♠ ❜② (Sǫ) ❛♥❞ ✇❡ ♦♥❧② ♥❡❡❞ $❤❛$ ai ∈ L∞(0, Li) ❢♦&

❛❧❧ i ∈ {1, · · · , N}✳

❯)✐♥❣ ♦❜)❡&✈❛❜✐❧✐$② ✐♥❡J✉❛❧✐$✐❡)✱ $❤❡ )$❛❜✐❧✐$② ♦❢ $❤❡ ✇❛✈❡ ❡J✉❛$✐♦♥) ♦✈❡& ❛ ♥❡$✲

✇♦&❦ ✇✐$❤ ♣♦)✐$✐✈❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) ❤❛) ❜❡❡♥ )$✉❞✐❡❞ ✐♥ ❬✻✵❪✳ ■♥ $❤❡ ❝❛)❡ ♦❢ ♦♥❡

✐♥$❡&✈❛❧✱ $❤❡ )$❛❜✐❧✐$② ♦❢ ❛ ✇❛✈❡ ❡J✉❛$✐♦♥ ✇✐$❤ ❛♥ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$

❤❛) ❜❡❡♥ )$✉❞✐❡❞ ✐♥ ❬✶✱✷✽✱✸✵✱✺✶✱✺✹✱✺✼❪✱ ✇❤❡&❡ ✐$ ✇❛) ❢♦✉♥❞ $❤❛$ $❤❡ )$❛❜✐❧✐$② ♦❢ $❤❡

✇❛✈❡ ❡J✉❛$✐♦♥ ✐) &❡❧❛$❡❞ $♦ $❤❡ ♠❡❛♥ ♦❢ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$✳ ■♥ $❤✐) ❝❤❛♣$❡&✱ ❛)

✐♥ ❬✷❪✱ ✉)✐♥❣ )♣❡❝$&❛❧ ❛♥❛❧②)✐)✱ ✇❡ ✜♥❞ ✭)✉✣❝✐❡♥$✮ ❝♦♥❞✐$✐♦♥) ♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡❢✲

✜❝✐❡♥$) $♦ ❣❡$ $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭S1✮ ❛♥❞ ✭Sǫ✮✳ ■♥ ❢❛❝$✱ ✇❡ ✜♥❞ ♥❡❝❡))❛&②

❛♥❞ )✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥) ❢♦& ✇❤✐❝❤ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥✲

)✐♦♥❛❧ )♣❛❝❡✳ ❚❤❡ ✐❞❡❛ ✐) ✐♥)♣✐&❡❞ ❢&♦♠ ❬✻✺❪ ✇❤❡&❡ $❤❡ ❝❤❛&❛❝$❡&✐)$✐❝ ❡J✉❛$✐♦♥ ♦❢ ✭S1✮

✐) ❛♣♣&♦①✐♠❛$❡❞ ❜② ❛♥♦$❤❡& ♦♥❡ ✉)✐♥❣ $❤❡ )❤♦♦$✐♥❣ ♠❡$❤♦❞✳ ❚❤✐) ❛♣♣&♦①✐♠❛$✐♦♥

❛❧❧♦✇) ✉) $♦ ❞❡$❡&♠✐♥❡ $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❤✐❣❤ ❢&❡J✉❡♥❝✐❡) ❛♥❞ ❤❡♥❝❡ $♦ ❞❡❞✉❝❡

$❤❡ ❝♦♥❞✐$✐♦♥) ♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) {ai}Ni=1 ❢♦& ✇❤✐❝❤ $❤❡ ❤✐❣❤ ❢&❡J✉❡♥❝✐❡)

❛&❡ )✐$✉❛$❡❞ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐)✳ ■♥ ❛ )❡❝♦♥❞ )$❡♣✱ ✇❡ ♣&♦✈❡ $❤❛$ $❤❡

❣❡♥❡&❛❧✐③❡❞ &♦♦$ ✈❡❝$♦&) ❢♦&♠ ❛ ❘✐❡)③ ❜❛)✐) ✇✐$❤ ♣❛&❡♥$❤❡)❡) ❛♥❞ $❤❡♥ ❞❡❞✉❝❡ $❤❡

❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭S1✮ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ❣❡♥❡&❛$❡❞ ❜② $❤❡ &♦♦$)

✈❡❝$♦&) ❝♦&&❡)♣♦♥❞✐♥❣ $♦ $❤❡ ❧♦✇ ❢&❡J✉❡♥❝✐❡)✳ ◆♦$❡ $❤❛$ $❤❡ )❤♦♦$✐♥❣ ♠❡$❤♦❞ ✐♥ ❬✷✸❪

❜❛)❡❞ ♦♥ $❤❡ ❛♥)❛$③ ♦❢ ❍♦&♥ ✐♥ ❬✹✶❪ ❛♥❞ ✉)❡❞ $♦ ❛♥❛❧②③❡ $❤❡ ❤✐❣❤ ❢&❡J✉❡♥❝✐❡) ❝❛♥✲

♥♦$ ❜❡ ❡❛)✐❧② ❛❞❛♣$❡❞ $♦ ♦✉& ♣&♦❜❧❡♠ ❛) ❧♦♥❣ ❛) $❤❡ )♦❧✉$✐♦♥ ✐♥ ❬✷✸❪ ✐) ✇&✐$$❡♥ ✐♥
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❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❛ ♣♦✇❡& )❡&✐❡) ❢♦&♠ ✇✐$❤ ✉♥❦♥♦✇♥ ❝♦❡✣❝✐❡♥$)✳ ❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✇❤❡♥ {ai}Ni=1

✐) &❡♣❧❛❝❡❞ ❜② {ǫai}Ni=1 ✇✐$❤ $❤❡ ♣❛&❛♠❡$❡& ǫ )♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ )❡❛&❝❤ ❢♦& )✉✣❝✐❡♥$

❝♦♥❞✐$✐♦♥) ❢♦& ✇❤✐❝❤ ✭Sǫ✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✐♥ $❤❡ ✇❤♦❧❡ ❡♥❡&❣② )♣❛❝❡✳ ■♥ $❤✐)

❝❛)❡✱ ✇❡ ♥♦$❡ $❤❛$ $❤❡ ♣♦)✐$✐✈✐$② ♦❢ $❤❡ ♠❡❛♥ ♦❢ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) ✐♥ ❛❞❞✐$✐♦♥

$♦ ❛♥♦$❤❡& ❝♦♥❞✐$✐♦♥ ❛&❡ &❡B✉✐&❡❞ ✭)❡❡ ❚❤❡♦&❡♠ ✹✳✶✳✹ ❜❡❧♦✇✮✳ ■♥ ❢❛❝$✱ ❢♦& ǫ > 0 )♠❛❧❧

❡♥♦✉❣❤✱ ✉♥❧✐❦❡ ❬✷✸❪✱ ✇❡ ❞❡❛❧ ✇✐$❤ ♠✉❧$✐♣❧❡ ❡✐❣❡♥✈❛❧✉❡)✳ ◆♦$❡ $❤❛$ $❤❡ )$✉❞② ♦❢ $❤❡

❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭Sǫ✮ ❡♥$❡&) ✐♥ $❤❡ ❢&❛♠❡✇♦&❦ ♦❢ $❤❡ ❛❜)$&❛❝$ $❤❡♦&② ❞♦♥❡

✐♥ ❬✺✶❪✳ ❯)✐♥❣ $❤❡ ❝♦♥❝❡♣$) ✐♥$&♦❞✉❝❡❞ ✐♥ ❬✹✻❪ ❛❜♦✉$ $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ )♣❡❝$&✉♠✱

✇❡ )❤❛❧❧ ✐♥$❡&♣&❡$ $❤❡ ❤②♣♦$❤❡)✐) ✐♠♣♦)❡❞ ✐♥ ❬✺✶❪ $♦ ✜♥❞ ❡①♣❧✐❝✐$ ❝♦♥❞✐$✐♦♥) ♦♥ $❤❡

❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) ❢♦& ✇❤✐❝❤ ✭Sǫ✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡✳

❚❤&♦✉❣❤♦✉$ $❤✐) ❝❤❛♣$❡&✱ ✇❡ ♠❛❦❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦$❤❡)✐) ♦♥ $❤❡ ❣❡♦♠❡$&② ♦❢

$❤❡ ❞♦♠❛✐♥ ✿

✭❍✮ ❚❤❡&❡ ❡①✐)$) q ∈ N∗
)✉❝❤ $❤❛$ ❢♦& ❛❧❧ i = 2, · · · , N ✱ $❤❡&❡ ❡①✐)$) pi ∈ N∗

❢♦&

✇❤✐❝❤ Li =
pi
q
L1✳

■♥ ❛♣♣❧✐❝❛$✐♦♥)✱ $❤❡ ❛❜♦✈❡ ❤②♣♦$❤❡)✐) ✐) ♠♦&❡ &❡❛❧✐)$✐❝✳ ❋&♦♠ ❛ ♠❛$❤❡♠❛$✐❝❛❧ ♣♦✐♥$ ♦❢

✈✐❡✇✱ $❤✐) ❛❜♦✈❡ ❤②♣♦$❤❡)✐) ✐) ❝♦♥)✐❞❡&❡❞ )✐♥❝❡ ♦$❤❡&✇✐)❡ ✇❤❡♥ )♦♠❡ ♦❢ $❤❡ ❧❡♥❣$❤)

$❛❦❡ ✐&&❛$✐♦♥❛❧ ✈❛❧✉❡)✱ $❤❡♥ ✇❡ ❝❛♥ ✜♥❞ ❡①❛♠♣❧❡) ❢♦& ✇❤✐❝❤ ♥✉♠❡&✐❝❛❧❧② ✇❡ )❡❡ $❤❛$

$❤❡ )♣❡❝$&✉♠ ✐) ♥♦$ )$&✉❝$✉&❡❞ ✭❢♦& ✐♥)$❛♥❝❡ $❤❡&❡ ✐) ♥♦ ❛)②♠♣$♦$❡)✮ ❛♥❞ ❛♥ ✐♥✜♥✐$❡

♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡) ❛&❡ )✐$✉❛$❡❞ $♦ $❤❡ &✐❣❤$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐) ✭)❡❡ ❋✐❣✉&❡

✹✳✶✮✳ ▼♦&❡♦✈❡&✱ ❤②♣♦$❤❡)✐) ✭❍✮ ❛❧❧♦✇) ✉) $♦ ✜♥❞ ❛♥ ❡B✉✐✈❛❧❡♥$ ❛♥❞ ❛❧❣❡❜&❛✐❝ ❢♦&♠ ♦❢

$❤❡ ❛♣♣&♦①✐♠❛$❡❞ ❝❤❛&❛❝$❡&✐)$✐❝ ❡B✉❛$✐♦♥ ✭)❡❡ ▲❡♠♠❛ ✹✳✸✳✼✮✳

❚❤✐) ❝❤❛♣$❡& ✐) ❞✐✈✐❞❡❞ ✐♥$♦ $❤&❡❡ ♠❛✐♥ ♣❛&$)✳ ■♥ $❤❡ ✜&)$ ♣❛&$✱ ✇❡ ♣&♦✈❡ $❤❡

❢♦❧❧♦✇✐♥❣ $❤❡♦&❡♠ ✿

❚❤❡♦%❡♠ ✹✳✶✳✶✳ ❯♥❞❡$ %❤❡ ❤②♣♦%❤❡*✐* ✭❍✮✱ *②*%❡♠ ✭S1✮ ✐* ❡①♣♦♥❡♥%✐❛❧❧② *%❛❜❧❡ ✉♣
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❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

Out[71]=
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❋✐❣✉$❡ ✹✳✶ ✕ a1 = a2 =
1

2
, a3 = −1

3
, Li =

√
i, i = 1, 2, 3.

 ♦ ❛ ✜♥✐ ❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢  ❤❡ 0♦♦ ) ♦❢  ❤❡ ♣♦❧②♥♦♠✐❛❧ G ❞❡✜♥❡❞ ❜②

G(z) =
N∑

i=1

(
e
∫ Li
0 ai(x)dxzpi + e−

∫ Li
0 ai(x)dx

) N∏

k 6=i,k=1

(
e
∫ Lk
0 ak(x)dxzpk − e−

∫ Lk
0 ak(x)dx

)

✭✹✳✶✳✶✮

❛0❡ ✐♥)✐❞❡  ❤❡ ✉♥✐ ❛0② ♦♣❡♥ ❞✐)❦✳

■❢ N = 2✱ $❤❡♥ ❛❝❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠ ✹✳✶✳✶✱ )②)$❡♠ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡

✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

∫ L1

0

a1(x)dx+

∫ L2

0

a2(x)dx > 0.

❈❧❡❛&❧② $❤✐) ❝♦♥❞✐$✐♦♥ ❞❡♣❡♥❞) ♦♥❧② ♦♥

∫ Li

0
ai(x)dx✱ ❤❡♥❝❡ ❢♦& N ≥ 3✱ ✇❡ ♠❛② )$❛$❡

$❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝$✉&❡ ✿

❈♦♥❥❡❝&✉(❡ ✹✳✶✳✷✳ ❆❧ ❤♦✉❣❤  ❤❡ ❞❡❣0❡❡ ♦❢  ❤❡ ♣♦❧②♥♦♠✐❛❧ G ❞❡♣❡♥❞) ♦♥  ❤❡ ❧❡♥❣ ❤)

Li✱ ❛♥❞  ❤❡ ❝♦❡✣❝✐❡♥ ) ❛0❡ ❢✉♥❝ ✐♦♥) ♦❢  ❤❡ ♣❛0❛♠❡ ❡0) ai ❛♥❞ Li ❢♦0 ❛❧❧ i = 1, · · · , N ✱
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❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

 ❤❡ ❢❛❝  ❤❛  ❤❡ &♦♦ ( ♦❢ G ❛&❡ ✐♥(✐❞❡  ❤❡ ♦♣❡♥ ✉♥✐ ❛&② ❞✐(❦ ❞❡♣❡♥❞( ♦♥❧② ♦♥  ❤❡ ✈❛❧✉❡(

♦❢

∫ Li

0

ai(x)dx ❢♦& ❛❧❧ i = 1, · · · , N ✭(❡❡  ❤❡ ❡①❛♠♣❧❡( ♦❢ ❙❡❝ ✐♦♥ ✹✳✼✮✳

❘❡♠❛$❦ ✹✳✶✳✸✳ ■❢ N = 2✱ a1 = 1✱ a2 = α ∈ R✱ ❛♥❞ L1 = L2 = 1✱  ❤❡♥ ✇❡ &❡❝♦✈❡&

 ❤❡ &❡(✉❧ ♦❢ ❚❤❡♦&❡♠ ✶✳✶ ♦❢ ❬✶❪ ✇❤✐❝❤ ( ❛ ❡(  ❤❛ ✭S1✮ ✐( ❡①♣♦♥❡♥ ✐❛❧❧② ( ❛❜❧❡ ✉♣

 ♦ ❛ ✜♥✐ ❡ ❞✐♠❡♥(✐♦♥❛❧ (♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α > −1✳ ■♥❞❡❡❞✱ ✐♥  ❤✐( ❝❛(❡✱ G(z) =

2e1+αz2 − 2e−1−α
❛♥❞ ❤❡♥❝❡ G(z) = 0 ②✐❡❧❞( |z| = e−(1+α)

✳ ❚❤❡&❡❢♦&❡✱ ❜② ❚❤❡♦&❡♠

✹✳✶✳✶ ❛❜♦✈❡✱ ✭S1✮ ✐( ❡①♣♦♥❡♥ ✐❛❧❧② ( ❛❜❧❡ ✉♣  ♦ ❛ ✜♥✐ ❡ ❞✐♠❡♥(✐♦♥❛❧ (♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧②

✐❢ α > −1✳

■♥ $❤❡ )❡❝♦♥❞ ♣❛&$✱ ✇❡ ❝♦♥)✐❞❡& )②)$❡♠ ✭Sǫ✮ ✇✐$❤ ǫ > 0 ❛♥❞ ♣&♦✈❡ $❤❡ ❢♦❧❧♦✇✐♥❣

$❤❡♦&❡♠ ✿

❚❤❡♦$❡♠ ✹✳✶✳✹✳ ❯♥❞❡&  ❤❡ ❤②♣♦ ❤❡(✐( ✭❍✮✱ ✇❤❡♥ ai(x) = ai ∈ R ❛♥❞ Li = 1 ❢♦& ❛❧❧

i = 1, · · · , N ✱  ❤❡&❡ ❡①✐( ( ǫ0 > 0 (✉❝❤  ❤❛ ✱ ❢♦& ❛❧❧ ǫ ∈ (0, ǫ0)✱ (Sǫ) ✐( ❡①♣♦♥❡♥ ✐❛❧❧②

( ❛❜❧❡ ✐❢ ♦♥❡ ♦❢  ❤❡ ❢♦❧❧♦✇✐♥❣  ✇♦ ❝♦♥❞✐ ✐♦♥( ❤♦❧❞( ✿

✭✐✮ ❚❤❡&❡ ❡①✐( ( ❛ ♠♦( ♦♥❡ j0 ∈ {1, · · · , N} (✉❝❤  ❤❛ aj0 = 0 ❛♥❞ ai > 0 ❢♦&

❛❧❧ i 6= j0✳

✭✐✐✮ ❚❤❡&❡ ❡①✐( ( ♦♥❧② ♦♥❡ ♥❡❣❛ ✐✈❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥ ai0 (✉❝❤  ❤❛ ai > 0 ❢♦&

❛❧❧ i 6= i0✱

N∑

i=1

ai > 0✱ ❛♥❞

N∑

i=1

1

ai
< 0✳

❘❡♠❛$❦ ✹✳✶✳✺✳ ■❢ N = 2✱  ❤❡♥ ✇❡ &❡❝♦✈❡&  ❤❡ &❡(✉❧ ♦❢ ❚❤❡♦&❡♠ ✷✳✶ ♦❢ ❬✸✵❪ ✇❤❡♥

 ❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥ ✐( ♣✐❡❝❡✇✐(❡ ❝♦♥( ❛♥ ✳ ❍♦✇❡✈❡&✱ ✐♥  ❤✐( ❝❛(❡✱ ❚❤❡♦&❡♠ ✹✳✶✳✹

②✐❡❧❞(  ❤❡ &❡(✉❧ ♦❢ ❬✸✵❪ ✇✐ ❤♦✉  ❤❡ ❛((✉♠♣ ✐♦♥ ♦♥  ❤❡ ✐♥ ❡❣&❛❧( Ik ❞❡✜♥❡❞ ✐♥ ❬✸✵❪✳

❋✐♥❛❧❧②✱ ✐♥ $❤❡ $❤✐&❞ ♣❛&$✱ ✇❡ ❧♦♦❦ ❛$ )♦♠❡ ❝♦♥❝&❡$❡ ❡①❛♠♣❧❡) ♦❢ ♥❡$✇♦&❦) ❛♥❞

)♣❡❝✐✜❝ ✈❛❧✉❡) ♦❢ ai✳

■♥ $❤❡ ✇❤♦❧❡ ❝❤❛♣$❡&✱ ✇❡ )❤❛❧❧ ✉)❡ $❤❡ ♥♦$❛$✐♦♥ A . B ✭&❡)♣✳ A = O(B)✮ ❢♦& $❤❡

❡①✐)$❡♥❝❡ ♦❢ ❛ ♣♦)✐$✐✈❡ ❝♦♥)$❛♥$ c > 0 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ A ❛♥❞ B )✉❝❤ $❤❛$ A ≤ cB

✭&❡)♣✳ |A| ≤ c|B|✮ ❛♥❞ ❢♦& )❤♦&$♥❡)) ✇❡ ✇✐❧❧ ✇&✐$❡ ‖.‖∞ ❢♦& ‖.‖L∞(0,Li)✳
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❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✹✳✷ ❋♦%♠✉❧❛*✐♦♥ ♦❢ *❤❡ ♣%♦❜❧❡♠

❲❡ )$❛&$ ❜② ❞❡$❡&♠✐♥✐♥❣ $❤❡ )✉✐$❛❜❧❡ ❢✉♥❝$✐♦♥❛❧ )❡$$✐♥❣ ♦❢ )②)$❡♠ ✭S1✮✳ ■❢ u ✐) ❛

&❡❣✉❧❛& )♦❧✉$✐♦♥ ♦❢ ✭S1✮✱ $❤❡♥ $❤❡ ❡♥❡&❣② ♦❢ ✭S1✮ ✐) ❢♦&♠❛❧❧② ❣✐✈❡♥ ❜②

E(t) =
1

2

N∑

i=1

∫ Li

0

(|uit|2 + |uix|2)dx,

❛♥❞

d

dt
E(t) = −

N∑

i=1

∫ Li

0

ai(x)|uit|2dx.

❙✐♥❝❡ $❤❡ )✐❣♥) ♦❢ $❤❡ ai ❛&❡ ♥♦$ )♣❡❝✐✜❡❞✱ $❤❡ ❞❡❝❛② ♦❢ $❤❡ ❡♥❡&❣② ✐) ♥♦$ ❣✉❛&❛♥$❡❡❞✳

❆) ❛♥ ❡♥❡&❣② )♣❛❝❡✱ ❧❡$ H = V ×H ✇❤❡&❡ H =
N∏

i=1

L2(0, Li) ❛♥❞

V =

{
u = (u1, · · · , uN)⊤ ∈

N∏

i=1

H1(0, Li); u
i(0) = uj(0) ∀i 6= j,

❛♥❞ ui(Li) = 0, ∀i = 1, · · · , N} .

❚❤❡ ❍✐❧❜❡&$ )♣❛❝❡ H ✐) ❡♥❞♦✇❡❞ ✇✐$❤ $❤❡ ✐♥♥❡& ♣&♦❞✉❝$

< (u, v)⊤, (f, g)⊤ >=
N∑

i=1

∫ Li

0

(uixf
i
x + vigi)dx, ∀(u, v)⊤, (f, g)⊤ ∈ H.

❉❡✜♥❡ $❤❡ ♦♣❡&❛$♦& A : D(A) → H ❜②

D (A) =

{
(u, v)⊤ ∈ V × V ; u ∈

N∏

i=1

H2(0, Li) ❛♥❞
N∑

i=1

uix(0) = 0

}
,

❛♥❞ ❢♦& ❛❧❧ (u, v)⊤ ∈ D(A)

A(u, v)⊤ =


 0 A0

1

A2
1 A0

−2a


 (u, v)⊤

✇✐$❤ Ak
αw = (αi∂

k
xw

i)Ni=1 ❢♦& α = (αi)
N
i=1 ∈ ∏N

i=1 L
∞(0, Li) ❛♥❞ w = (wi)Ni=1 ∈

∏N
i=1H

k(0, Li)✱ ❢♦& k = 0 ♦& 2✳
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❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

■❢ u ✐) ❛ )✉✣❝✐❡♥$❧② )♠♦♦$❤ )♦❧✉$✐♦♥ ♦❢ ✭S1✮✱ $❤❡♥ U = (u, ut)
⊤ ∈ H )❛$✐)✜❡) $❤❡

✜&)$ ♦&❞❡& ❡✈♦❧✉$✐♦♥ ❡>✉❛$✐♦♥





Ut = AU,

U(0) = (u0, u1)
⊤.

✭✹✳✷✳✶✮

❯)✐♥❣ )$❛♥❞❛&❞ )❡♠✐❣&♦✉♣ $❤❡♦&②✱ ✇❡ ❣❡$ $❤❡ ❢♦❧❧♦✇✐♥❣ $❤❡♦&❡♠ ♦♥ $❤❡ ❡①✐)$❡♥❝❡✱

✉♥✐>✉❡♥❡))✱ ❛♥❞ &❡❣✉❧❛&✐$② ♦❢ $❤❡ )♦❧✉$✐♦♥ ♦❢ ✭S1✮✳

❚❤❡♦$❡♠ ✹✳✷✳✶✳ ❚❤❡ ♦♣❡%❛'♦% A ❣❡♥❡%❛'❡* ❛ ❈0 *❡♠✐❣%♦✉♣ ♦♥ H ❛♥❞ ❤❡♥❝❡ ♣%♦✲

❜❧❡♠ ✭✹✳✷✳✶✮ ❛❞♠✐'* ❛ ✉♥✐:✉❡ *♦❧✉'✐♦♥ ✇❤✐❝❤ ✐♠♣❧✐❡* '❤❛' ✭S1✮ ✐* ✇❡❧❧✲♣♦*❡❞✳ ▼♦✲

%❡♦✈❡%✱ ✐❢ U(0) ∈ H✱ '❤❡♥ U ∈ C0([0,+∞);H) ❛♥❞ ✐❢ U(0) ∈ D (A)✱ '❤❡♥ U ∈
C1([0,+∞);H) ∩ C0([0,+∞);D (A))✳

*$♦♦❢✿ ❚❤❡ ✇❡❧❧✲♣♦)❡❞♥❡)) ♦❢ ✭✹✳✷✳✶✮ ❢♦❧❧♦✇) ❢&♦♠ $❤❡ ❢❛❝$ $❤❛$ $❤❡ ♦♣❡&❛$♦& A ✐) ❛

❜♦✉♥❞❡❞ ♣❡&$✉&❜❛$✐♦♥ ♦❢ ❛ )❦❡✇ ❛❞❥♦✐♥$ ♦♣❡&❛$♦& ✭)❡❡ ❚❤❡♦&❡♠ ■■■✳✶✳✶ ♦❢ ❬✻✷❪✮✱ ❤❡♥❝❡

✐$ ❣❡♥❡&❛$❡) ❛ )$&♦♥❣❧② ❝♦♥$✐♥✉♦✉) )❡♠✐❣&♦✉♣ ♦♥ H✳ ❚❤❡ &❡❣✉❧❛&✐$② &❡)✉❧$) ❛&❡ $❤❡♥
❛ ❞✐&❡❝$ ❝♦♥)❡>✉❡♥❝❡ ♦❢ ❚❤❡♦&❡♠ ■✳✷✳✹ ♦❢ ❬✻✷❪✳

❘❡♠❛$❦ ✹✳✷✳✷✳ ❙✐♥❝❡ D (A) ✐* ❝♦♠♣❛❝'❧② ❡♠❜❡❞❞❡❞ ✐♥ '❤❡ ❡♥❡%❣② *♣❛❝❡ H✱ '❤❡
*♣❡❝'%✉♠ σ(A) ✐* ❞✐*❝%❡'❡ ❛♥❞ '❤❡ ❡✐❣❡♥✈❛❧✉❡* ♦❢ A ❤❛✈❡ ❛ ✜♥✐'❡ ❛❧❣❡❜%❛✐❝ ♠✉❧'✐♣❧✐❝✐'②✳

✹✳✸ ❍✐❣❤ ❢(❡*✉❡♥❝✐❡.

■♥ $❤✐) )❡❝$✐♦♥✱ ✇❡ )❤❛❧❧ ❞❡$❡&♠✐♥❡ $❤❡ ❛)②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢

$❤❡ ♦♣❡&❛$♦& A✳ ❋♦& $❤✐) ❛✐♠✱ ✇❡ ✇✐❧❧ ❛❞❛♣$ $❤❡ )❤♦♦$✐♥❣ ♠❡$❤♦❞ $♦ ♦✉& )②)$❡♠✳

▲❡$ λ ❜❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A ❛♥❞ U = (y, z) ❜❡ ❛♥ ❛))♦❝✐❛$❡❞ ❡✐❣❡♥❢✉♥❝$✐♦♥✳ ❚❤❡♥✱

✶✾✶



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

z = λy ❛♥❞✱ ❢♦& ❛❧❧ i = 1, · · · , N ✱ ✇❡ ❤❛✈❡




yixx − 2ai(x)λy
i − λ2yi = 0, x ∈ (0, Li),

yi(Li) = 0,

yi(0) = yj(0), ∀i 6= j,
N∑

i=1

yix(0) = 0.

✭✹✳✸✳✶✮

■$ ✐) ❡❛)② $♦ )❡❡ $❤❛$ λ = 0 ✐) ♥♦$ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A✳

❘❡♠❛$❦ ✹✳✸✳✶✳ ❲❡ ❤❛✈❡

|ℜλ| ≤ 2 max
i∈{1,··· ,N}

{‖ai‖∞} . ✭✹✳✸✳✷✮

■♥❞❡❡❞✱ ✐❢ ✇❡ ♠✉❧$✐♣❧② $❤❡ ✜&)$ ✐❞❡♥$✐$② ♦❢ ✭✹✳✸✳✶✮ ❜② yi ❛♥❞ $❤❡♥ ✐♥$❡❣&❛$❡ ❜②

♣❛&$)✱ ✇❡ ❣❡$

λ2
N∑

i=1

∫ Li

0

|yi|2dx+ 2λ
N∑

i=1

∫ Li

0

ai(x)|yi|2dx+
N∑

i=1

∫ Li

0

|yix|2dx = 0.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡

λ =

−
N∑

i=1

∫ Li

0

ai(x)|yi|2dx± r(y)
1
2

N∑

i=1

∫ Li

0

|yi|2dx
,

✇✐$❤

r(y) :=

(
N∑

i=1

∫ Li

0

ai(x)|yi|2dx
)2

−
(

N∑

i=1

∫ Li

0

|yix|2dx
)(

N∑

i=1

∫ Li

0

|yi|2dx
)

❛♥❞ ❞❡❞✉❝❡ $❤❡ ❡)$✐♠❛$❡ ✭✹✳✸✳✷✮ ❜② ❞✐)$✐♥❣✉✐)❤✐♥❣ $❤❡ ❝❛)❡ r(y) ≥ 0 ♦& ♥♦$✳

◆♦✇✱ ✇❡ )$❛&$ ❜② )❡❛&❝❤✐♥❣ ❢♦& $❤❡ ❝❤❛&❛❝$❡&✐)$✐❝ ❡D✉❛$✐♦♥ ✉)✐♥❣ $❤❡ )❤♦♦$✐♥❣

♠❡$❤♦❞✳ ■♥ ♦&❞❡& $♦ ❛❞❛♣$ $❤❡ )❤♦♦$✐♥❣ ♠❡$❤♦❞ $♦ ♣&♦❜❧❡♠ ✭✹✳✸✳✶✮✱ ✇❡ ✜&)$ ❝♦♥)✐❞❡&

✶✾✷



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

$❤❡ $❤❡ ❢♦❧❧♦✇✐♥❣ )❡♣❛&❛$❡❞ ✐♥✐$✐❛❧ ✈❛❧✉❡ ♣&♦❜❧❡♠) ✿ ❢♦& ❛❧❧ i = 1, · · · , N ✱ ❧❡$ yi1 ❛♥❞
yi2 ❜❡ $❤❡ )♦❧✉$✐♦♥ ♦❢





yi1xx − 2ai(x)λy
i
1 − λ2yi1 = 0,

yi1(0) =
1

λ
,

yi1x(0) = 0.

✭✹✳✸✳✸✮





yi2xx − 2ai(x)λy
i
2 − λ2yi2 = 0,

yi2(0) = 0,

yi2x(0) = 1.

✭✹✳✸✳✹✮

❚❤❡ ✐♥✐$✐❛❧ ❝♦♥❞✐$✐♦♥) ❛&❡ ❝❤♦)❡♥ )✉❝❤ $❤❛$ $❤❡ )♦❧✉$✐♦♥) yi1 ❛♥❞ yi2 ❛&❡ ❧✐♥❡❛&❧②

✐♥❞❡♣❡♥❞❡♥$✳ ❍❡♥❝❡✱ yi✱ $❤❡ )♦❧✉$✐♦♥ ♦❢ ✭✹✳✸✳✶✮✱ ❝❛♥ ❜❡ ✇&✐$$❡♥ ❛) yi = ciy
i
1 + αiy

i
2✱

✇❤❡&❡ αi, ci ∈ C✳ ❇② $❤❡ ❝♦♥$✐♥✉✐$② ❝♦♥❞✐$✐♦♥ ❛$ ③❡&♦✱ ✇❡ ❣❡$ ci = c ❢♦& ❛❧❧ i =

1, · · · , N ✱ ❤❡♥❝❡
yi(x) = cyi1(x) + αiy

i
2(x). ✭✹✳✸✳✺✮

▼♦&❡♦✈❡&✱ ❢&♦♠ $❤❡ $&❛♥)♠✐))✐♦♥ ❝♦♥❞✐$✐♦♥✱

N∑

i=1

yix(0) = 0✱ ✇❡ ❤❛✈❡
N∑

i=1

αi = 0 ❛♥❞

❢&♦♠ $❤❡ ❜♦✉♥❞❛&② ❝♦♥❞✐$✐♦♥✱ yi (Li) = 0✱ ✇❡ ❣❡$



y11 (L1) y12 (L1) 0 0 · · · 0

y21 (L2) 0 y22 (L2) 0 · · · 0
✳

✳

✳ 0 0
✳

✳

✳ · · · 0
✳

✳

✳ 0 · · · 0
✳

✳

✳ 0

yN1 (LN) 0 · · · 0 yN2 (LN)

0 1 1 1 · · · 1







c

α1

α2

✳

✳

✳

✳

✳

✳

αN




= 0.

❍❡♥❝❡ ❛ ♥♦♥✲③❡&♦ ❡✐❣❡♥✈❡❝$♦& ❡①✐)$) ✐❢ ❛♥❞ ♦♥❧② ✐❢ $❤❡ ❞❡$❡&♠✐♥❛♥$ ♦❢ $❤❡ ❛❜♦✈❡

♠❛$&✐① ✈❛♥✐)❤❡)✱ ♦& ❛❢$❡& )♦♠❡ ❡❧❡♠❡♥$❛&② ❝❛❧❝✉❧❛$✐♦♥) ✐❢ ❛♥❞ ♦♥❧② ✐❢

Y (λ) =
N∑

k=1

yk1 (Lk)
N∏

l 6=k,l=1

yl2 (Ll) = 0. ✭✹✳✸✳✻✮

✶✾✸



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❘❡❝❛❧❧ $❤❛$ G ✐) ❞❡✜♥❡❞ ❜② ✭✹✳✶✳✶✮ ❛♥❞ )❡$ d := degree G✱ $❤❡ ❞❡❣&❡❡ ♦❢ G✳ ❚❤❡♥

❧❡$ rje
iϕj , 1 ≤ j ≤ d ❜❡ $❤❡ &♦♦$) ♦❢ G &❡♣❡❛$❡❞ ❛❝❝♦&❞✐♥❣ $♦ $❤❡✐& ♠✉❧$✐♣❧✐❝✐$②✳

❲✐$❤♦✉$ ❧♦)) ♦❢ ❣❡♥❡&❛❧✐$② ✇❡ ❝❛♥ )✉♣♣♦)❡ $❤❛$ $❤❡ ϕj ❛&❡ ♥♦♥ ❞❡❝&❡❛)✐♥❣✱ ♥❛♠❡❧②

0 ≤ ϕ1 ≤ ϕ2 ≤ · · · ≤ ϕd ≤ 2π.

◆♦✇ ✇❡ ❝❛♥ )$❛$❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛✐♥ &❡)✉❧$ ✿

❚❤❡♦$❡♠ ✹✳✸✳✷✳ ❚❤❡#❡ ❡①✐&'& k0 ∈ N &✉❝❤ '❤❛' ❢♦# ❛❧❧ j = 1, · · · , d ❛♥❞ ❛❧❧ k ∈ Z

&✉❝❤ '❤❛' |k| > k0✱ '❤❡ ♦♣❡#❛'♦# A ❤❛& ❛♥ ❡✐❣❡♥✈❛❧✉❡ λj,k &✉❝❤ '❤❛'

λj,k =
q

2L1

log rj + ı
q

2L1

ϕj + ıkπ
q

L1

+ ok(1), ✭✹✳✸✳✼✮

✇❤❡#❡ ok(1) → 0 ❛& |k| → ∞✳ ▼♦#❡♦✈❡# '❤❡ &❡' σ(A) \ ∪|k|>k0 ∪d
j=1 λj,k ✐& ❝♦♠♣❛❝'✳

❚❤❡#❡❢♦#❡✱ ✐❢ rj < 1✱ ❢♦# ❛❧❧ j = 1, · · · , d✱ '❤❡♥ '❤❡ ❧❛#❣❡ ❡✐❣❡♥✈❛❧✉❡& ♦❢ A ❛#❡ &✐'✉❛'❡❞

'♦ '❤❡ ❧❡❢' ♦❢ '❤❡ ✐♠❛❣✐♥❛#② ❛①✐&✳

❈♦$♦❧❧❛$② ✹✳✸✳✸✳ ❚❤❡#❡ ❡①✐&'& ℓ ∈ N ❛♥❞ α0 > 0 &✉❝❤ '❤❛' ❢♦# ❛❧❧ k ∈ N ✇✐'❤

k > k0✱ ✇❡ ❤❛✈❡

ℑ(λ1,k+ℓ − λd,k) ≥ α0,

ℑ(λ1,−k − λd,−k−ℓ) ≥ α0.

❚❤✐) ❝♦&♦❧❧❛&② )❤♦✇) $❤❛$ ✇❡ ❝❛♥ ❣&♦✉♣ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A ❜② ♣❛❝❦❡$) ♠❛❞❡

♦❢ ❛ ✜♥✐$❡ ♥✉♠❜❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡) ❛♥❞ ✐♥ )✉❝❤ ❛ ✇❛② $❤❛$ $❤❡ ♣❛❝❦❡$) &❡♠❛✐♥ ❛$

❛ ♣♦)✐$✐✈❡ ❞✐)$❛♥❝❡ $♦ ❡❛❝❤ ♦$❤❡& ✭)❡❡ )❡❝$✐♦♥ ✹✳✹ ❜❡❧♦✇✮✳ ◆❛♠❡❧② ❢♦& ❛♥② r > 0✱

✇❡ ❝❛♥ ✐♥$&♦❞✉❝❡ $❤❡ )❡$) Gp(r), p ∈ Z ❛) $❤❡ ❝♦♥♥❡❝$❡❞ ❝♦♠♣♦♥❡♥$) ♦❢ $❤❡ )❡$

∪λ∈σ(A)Dλ(r) ✭✇❤❡&❡ Dλ(r) ✐) $❤❡ ❞✐)❝ ✇✐$❤ ❝❡♥$❡& λ ❛♥❞ &❛❞✐✉) r✮✱ ❛) ✇❡❧❧ ❛) $❤❡

♣❛❝❦❡$) ♦❢ ❡✐❣❡♥✈❛❧✉❡) Λp(r) = Gp(r) ∩ σ(A)✳
❇❡❢♦&❡ ✇❡ ♣&♦✈❡ ❚❤❡♦&❡♠ ✹✳✸✳✷✱ ✇❡ )❡❛&❝❤ ❢♦& ❛♥ ❛♣♣&♦①✐♠❛$✐♦♥ ♦❢ $❤❡ ❝❤❛&❛❝$❡✲

&✐)$✐❝ ❡J✉❛$✐♦♥ ✭✹✳✸✳✻✮ ❢♦& ❛❧❧ λ ❧❛&❣❡ ❡♥♦✉❣❤✳ ❋♦& $❤✐) ❛✐♠✱ $❤❡ ♥❡①$ ❧❡♠♠❛ ❣✐✈❡) ❛♥

❡)$✐♠❛$✐♦♥ ♦❢ yi1 ❛♥❞ y
i
2 ❢♦& ❛❧❧ i = 1, · · · , N ✳

✶✾✹



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

▲❡♠♠❛ ✹✳✸✳✹✳ ❋♦" i = 1, · · · , N ❛♥❞ λ ∈ σ(A) ❧❛"❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

‖yi1‖∞ .
1

|λ| , ❛♥❞ ‖yi2‖∞ .
1

|λ| .

'(♦♦❢✿ ❋✐&)$✱ ❢♦& i = 1, · · · , N ❛♥❞ λ ∈ σ(A)✱ ✇❡ ❝♦♥(✐❞❡* +❤❡ ❤♦♠♦❣❡♥♦✉( ❡0✉❛+✐♦♥





zi1xx(x)− λ2zi1(x) = 0, x ∈ (0, Li),

zi1(0) =
1

λ
,

zi1x(0) = 0,

✇❤✐❝❤ ②✐❡❧❞( zi1(x) =
1

λ
cosh (λx)✳ ❍❡♥❝❡✱ ❢♦* ❧❛*❣❡ ❡♥♦✉❣❤ λ✱ ❘❡♠❛*❦ ✹✳✸✳✶ ②✐❡❧❞(

‖zi1‖∞ .
1

|λ| ✳ ◆♦✇✱ ❜② +❤❡ ✈❛*✐❛+✐♦♥ ♦❢ ❝♦♥(+❛♥+( ❢♦*♠✉❧❛✱ ✇❡ ✜♥❞ +❤❛+

yi1(x) = zi1(x) + 2

∫ x

0

sinh (λ(x− s)) ai(s)y
i
1(s)ds, ∀x ∈ (0, Li).

❚❤❡*❡❢♦*❡✱ ❜② +❤❡ ✐♥+❡❣*❛❧ ❢♦*♠ ♦❢ ●*♦♥✇❛❧❧✬( ▲❡♠♠❛✱ ✇❡ ❣❡+

|yi1(x)| ≤ |zi1(x)|+2

∫ x

0

[
|zi1(s)|| sinh (λ(x− s)) ai(s)| exp

(
2

∫ x

s

| sinh(λ(x− r))ai(r)|dr
)]

ds.

❚❤❡ ❛❜♦✈❡ ✐♥❡0✉❛❧✐+② ❛♥❞ ❘❡♠❛*❦ ✹✳✸✳✶ ✐♠♣❧② +❤❛+✱ ❢♦* λ ❧❛*❣❡ ❡♥♦✉❣❤✱ ‖yi1‖∞ .
1

|λ| ✳

❆ (✐♠✐❧❛* ❡(+✐♠❛+❡ ❢♦* yi2 ✐( ♦❜+❛✐♥❡❞ ❜② ✐♥+*♦❞✉❝✐♥❣ zi2 =
1

λ
sinh (λx)✱ +❤❡ (♦❧✉+✐♦♥

♦❢ 



zi2xx(x)− λ2zi2(x) = 0, x ∈ (0, Li),

zi2(0) = 0,

zi2x = 1,

❛♥❞ ✉(✐♥❣ +❤❛+ ‖zi2‖∞ .
1

|λ| ❢♦* λ ❧❛*❣❡ ❡♥♦✉❣❤✳

◆❡①+✱ ✇❡ ✜♥❞ (✉✐+❛❜❧❡ ❛♣♣*♦①✐♠❛+✐♦♥( ❢♦* yi1 ❛♥❞ yi2 ❢♦* i = 1, · · · , N ✳ ❋♦* +❤✐(

❛✐♠ ✇❡ ❞❡✜♥❡ ♦✈❡* (0, Li)✱ +❤❡ ❢✉♥❝+✐♦♥

θi(x) = λx+

∫ x

0

ai(s)ds, ∀x ∈ (0, Li),

✶✾✺



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❛♥❞ $❤❡ ❢✉♥❝$✐♦♥) vi1 ❛♥❞ v
i
2 ❛) ❧✐♥❡❛& ❝♦♠❜✐♥❛$✐♦♥ ♦❢ sinh θ

i(x) ❛♥❞ cosh θi(x) )✉❝❤

$❤❛$ vi1 )❛$✐)✜❡) $❤❡ ✐♥✐$✐❛❧ ❝♦♥❞✐$✐♦♥) ✐♥ ✭✹✳✸✳✸✮ ❛♥❞ v
i
2 )❛$✐)✜❡) $❤♦)❡ ✐♥ ✭✹✳✸✳✹✮✳ ◆♦$❡

$❤❛$✱ ❢♦& |λ| > M ✇✐$❤ M > max
i

‖ai(.)‖∞✱ ✇❡ ❤❛✈❡

vi1(x) =
1

λ
cosh θi(x), ❛♥❞ vi2(x) =

1

λ+ ai(0)
sinh θi(x), ∀x ∈ (0, Li).

◆♦$❡ $❤❛$ $❤❡ ❢✉♥❝$✐♦♥) vi1 ❛♥❞ v
i
2 ❞❡♣❡♥❞ ♦♥ λ✳

▲❡♠♠❛ ✹✳✸✳✺✳ ❋♦" ❛❧❧ i = 1, · · · , N ❛♥❞ λ ∈ σ(A) ❧❛"❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

∥∥vi1 − yi1
∥∥
∞ .

1

|λ|2 ❛♥❞

∥∥vi2 − yi2
∥∥
∞ .

1

|λ|2 .

()♦♦❢✿ ❋♦& i = 1, · · · , N ❛♥❞ ϕi ∈ H2(0, Li)✱ ❞❡✜♥❡ $❤❡ ❢✉♥❝$✐♦♥ L
i(ϕi) = ϕi

xx −
2aiλϕ

i − λ2ϕi
✳ ❚❤❡♥✱ ❢♦& ❛❧❧ x ∈ (0, Li)✱ ✇❡ ❤❛✈❡

Li
(
vi1(x)

)
=
aix(x)

λ
sinh θi(x) +

(ai(x))
2

λ
cosh θi(x),

❛♥❞

Li
(
vi2(x)

)
=

aix(x)

λ+ ai(0)
sinh θi(x) +

(ai(x))
2

λ+ ai(0)
cosh θi(x).

❚❤❡&❡❢♦&❡✱ ❜② ❘❡♠❛&❦ ✹✳✸✳✶✱ ✇❡ ❣❡$ $❤❛$ ❢♦& λ ❧❛&❣❡ ❡♥♦✉❣❤

∥∥Li(vi1)
∥∥
∞ .

1

|λ| , ❛♥❞

∥∥Li(vi2)
∥∥
∞ .

1

|λ| .

❙✐♥❝❡ ✇❡ ❤❛✈❡

vi1xx − 2aiλv
i
1 − λ2vi1 = Li(vi1),

vi1x(0) = 0,

vi1(0) =
1

λ
,

❜② $❤❡ ✈❛&✐❛$✐♦♥ ♦❢ ❝♦♥)$❛♥$) ❢♦&♠✉❧❛✱ ✇❡ ❣❡$ ❢♦& ❛❧❧ x ∈ (0, Li)

vi1(x) = yi1(x) +

∫ x

0

yi2(x− s)Li(vi1(s))ds.

✶✾✻



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❚❤❡&❡❢♦&❡✱ ❜② ▲❡♠♠❛ ✹✳✸✳✹✱ ✇❡ ❤❛✈❡

∥∥vi1 − yi1
∥∥
∞ .

1

|λ|2 .

❙✐♠✐❧❛&❧②✱ ❢♦& ❛❧❧ x ∈ (0, Li)✱ ✇❡ ❤❛✈❡

vi2(x) = yi2(x) +

∫ x

0

yi2(x− s)Li(vi2(s))ds,

✇❤✐❝❤ ✐♠♣❧✐❡) $❤❛$

∥∥vi2 − yi2
∥∥
∞ .

1

|λ|2 ,

◆♦✇✱ ✇❡ ❝❛♥ ✜♥❞ ❛♥ ❛♣♣&♦①✐♠❛$✐♦♥ ♦❢ $❤❡ ❝❤❛&❛❝$❡&✐)$✐❝ ❡@✉❛$✐♦♥ ✭✹✳✸✳✻✮ ❢&♦♠

✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡ $❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ ❤✐❣❤ ❢&❡@✉❡♥❝✐❡)✳ ❋♦& $❤✐) ❛✐♠✱ ✇❡ ✐♥$&♦❞✉❝❡

V (λ) =
N∑

k=1

vk1 (Lk)
N∏

l 6=k,l=1

vl2 (Ll)

❛♥❞

F (λ) = λ−N

N∑

k=1

cosh θ̃k(λ)
N∏

l 6=k

sinh θ̃l(λ), ✭✹✳✸✳✽✮

✇❤❡&❡✱ ❢♦& z ∈ C✱ θ̃l(z) = zLl +

∫ Ll

0

al(s)ds✱ ❢♦& ❛❧❧ l = 1, · · · , N ✳

 !♦♣♦$✐&✐♦♥ ✹✳✸✳✻✳ ❋♦" λ ∈ σ(A) ❧❛"❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ -❤❡ ❢♦❧❧♦✇✐♥❣ ❡0-✐♠❛-❡

|Y (λ)− F (λ)| . 1

|λ|N+1
. ✭✹✳✸✳✾✮

 !♦♦❢✿ ▲❡$ λ ❜❡ ❛ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A✳ ❚❤❡ ❡)$✐♠❛$❡) ✐♥ ▲❡♠♠❛) ✹✳✸✳✹ ❛♥❞ ✹✳✸✳✺

✶✾✼



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✐♠♣❧② $❤❛$

|Y (λ)− V (λ)|

=

∣∣∣∣∣

N∑

k=1

(
yk1 (Lk)

N∏

l 6=k,l=1

yl2 (Ll)− vk1 (Lk)
N∏

l 6=k,l=1

vl2 (Ll)

)∣∣∣∣∣

=

∣∣∣∣∣

N∑

k=1

(
yk1 (Lk)− vk1(Lk)

) N∏

l 6=k,l=1

yl2 (Ll) +
N∑

k=1

vk1 (Lk)

(
N∏

l 6=k,l=1

yl2 (Ll)−
N∏

l 6=k,l=1

vl2 (Ll)

)∣∣∣∣∣

.
1

|λ|N+1
.

✭✹✳✸✳✶✵✮

❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ✇❡ &❡❛❞✐❧② ❝❤❡❝❦ $❤❛$

∣∣∣∣∣V (λ)− 1

λN

N∑

k=1

cosh θk(Lk)
N∏

l 6=k

sinh θl(Ll)

∣∣∣∣∣ .
1

|λ|N+1
. ✭✹✳✸✳✶✶✮

❍❡♥❝❡✱ ❜② ✭✹✳✸✳✶✵✮ ❛♥❞ ✭✹✳✸✳✶✶✮✱ ✇❡ ❣❡$ ✭✹✳✸✳✾✮ )✐♥❝❡ θk(Lk) = θ̃k(λ)✳

❊)$✐♠❛$✐♦♥ ✭✹✳✸✳✾✮ )✉❣❣❡)$) $♦ ❛♣♣❧② ❘♦✉❝❤D✬) ❚❤❡♦&❡♠✳ ❚❤❡&❡❢♦&❡✱ ✇❡ ❛&❡ ✜&)$

✐♥$❡&❡)$❡❞ ✐♥ $❤❡ &♦♦$) ♦❢ F $❤❛$ ✇✐❧❧ ❜❡ ❡①♣&❡))❡❞ ✐♥ $❡&♠) ♦❢ $❤❡ &♦♦$) ♦❢ $❤❡

♣♦❧②♥♦♠✐❛❧ G ❣✐✈❡♥ ✐♥ ✭✹✳✶✳✶✮✳

▲❡♠♠❛ ✹✳✸✳✼✳ v ∈ C ✐! ❛ #♦♦% ♦❢ F ✐❢ ❛♥❞ ♦♥❧② ✐❢ z = e
2L1
q

v
✐! ❛ #♦♦% ♦❢ %❤❡

♣♦❧②♥♦♠✐❛❧ G ❞❡✜♥❡❞ ✐♥ ✭✹✳✶✳✶✮✳ ❈♦♥!❡6✉❡♥%❧②✱ ✐❢ v = x+ ıy ✐! ❛ #♦♦% ♦❢ F ❛♥❞ rje
iϕj

✐! ❛ #♦♦% ♦❢ G ❢♦# 1 ≤ j ≤ d✱ %❤❡♥ x =
q

2L1

log rj ❛♥❞ y =
q

2L1

ϕj + kπ
q

L1

❢♦# !♦♠❡

k ∈ Z✳

()♦♦❢✿ ❚❤❡ ♣&♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳✼ ✐) ❜❛)❡❞ ♦♥ ✇&✐$✐♥❣ F ✐♥ ❛♥ ❡①♣♦♥❡♥$✐❛❧ ❢♦&♠ ❛♥❞

♥♦$✐♥❣ $❤❛$

2NvNe
vL1

∑N
i=1 pi
q F (v)

=
N∑

i=1

(
e
∫ Li
0 ai(x)dxzpi + e−

∫ Li
0 ai(x)dx

) N∏

k 6=i,k=1

(
e
∫ Lk
0 ak(x)dxzpk − e−

∫ Lk
0 ak(x)dx

)
.

✶✾✽



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❘❡♠❛$❦ ✹✳✸✳✽✳ ■♥ "❤❡ ❛♣♣❧✐❝❛"✐♦♥+✱ "❤❡ ❞❡❣/❡❡ ♦❢ "❤❡ ♣♦❧②♥♦♠✐❛❧ G ✐+ ❤✐❣❤✱ ❤❡♥❝❡

✇❡ ✉+❡ "❤❡ ❛❧❣♦/✐"❤♠ ❣✐✈❡♥ ❜② "❤❡ "/❛♥+❢♦/♠❛"✐♦♥ ♦❢ ❙❝❤✉/ ✭+❡❡ ❬✸✶❪✮ "❤❛" ❣✐✈❡+ ❛

❝/✐"❡/✐♦♥ "❤❛" ❣✉❛/❛♥"❡❡+ "❤❛" "❤❡ /♦♦"+ ♦❢ ❛ ❣✐✈❡♥ ♣♦❧②♥♦♠✐❛❧ ❝❛♥ ❜❡ ♦✉"+✐❞❡ "❤❡

❝❧♦+❡❞ ✉♥✐"❛/② ❞✐+❦✳ ❚❤❡/❡❢♦/❡✱ ✐♥ ❛♣♣❧✐❝❛"✐♦♥+✱ ✇❡ ✉+❡ G

(
1

z

)
✐♥+"❡❛❞ ♦❢ G(z)✳

❇❡❢♦&❡ ❣✐✈✐♥❣ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✹✳✸✳✷✱ ✇❡ )❤♦✇ $❤❛$ Y ❤❛) $❤❡ )❛♠❡ ♥✉♠❜❡& ♦❢

&♦♦$) ❛) F ✐♥ ❛ ✇❡❧❧ ❝❤♦)❡♥ ❞♦♠❛✐♥✳ ❑♥♦✇✐♥❣ $❤❛$ α < ℜλ < β ✇❤❡&❡ λ ✐) ❛♥ ❡✐❣❡♥✲

✈❛❧✉❡ ♦❢ A✱ ✇❡ ❝♦♥)✐❞❡& $❤❡ &❡❝$❛♥❣❧❡ Rj,k ✇✐$❤ ✈❡&$✐❝❡) α+ı
q

2L1

ϕj + ı

(
k − 1

2

)
π
q

L1

✱

α+ı
q

2L1

ϕj + ı

(
k +

1

2

)
π
q

L1

✱ β+ı
q

2L1

ϕj + ı

(
k − 1

2

)
π
q

L1

✱ ❛♥❞ β+ı
q

2L1

ϕj + ı

(
k +

1

2

)
π
q

L1

✇❤❡&❡ ✇❡ &❡❝❛❧❧ $❤❛$ rje
iϕj
✱ j = 1, · · · , d✱ ❛&❡ $❤❡ &♦♦$) ♦❢ G✳

*$♦♣♦-✐/✐♦♥ ✹✳✸✳✾✳ ❚❤❡/❡ ❡①✐+"+ k0 > 0 +✉❝❤ "❤❛" ❢♦/ ❛❧❧ |k| ≥ k0 ❛♥❞ z ∈ ∂Rj,k✱

|Y (z)− F (z)| < |F (z)|. ✭✹✳✸✳✶✷✮

*$♦♦❢✿ ▲❡$ z ∈ ∂Rj,k ❛♥❞ |k| ≥ k0 ❢♦& )♦♠❡ k0 > 0 ❧❛&❣❡ ❡♥♦✉❣❤✳ ❙✐♠✐❧❛& $♦ ✭✹✳✸✳✾✮✱

✇❡ ❝❛♥ )❤♦✇ $❤❛$ $❤❡&❡ ❡①✐)$) C > 0 )✉❝❤ $❤❛$

|Y (z)− F (z)| ≤ C

|z|N+1
.

❚❤❡&❡❢♦&❡✱ ✐♥ ♦&❞❡& $♦ ❝♦♠♣❧❡$❡ $❤❡ ♣&♦♦❢✱ ✐$ ✐) ❡♥♦✉❣❤ $♦ )❤♦✇ $❤❛$ ❢♦& z ∈ ∂Rj,k

C

|z| < |F0(z)| ,

✇❤❡&❡

F0(z) =
N∑

k=1

cosh θ̃k(z)
N∏

l 6=k

sinh θ̃l(z). ✭✹✳✸✳✶✸✮

❲❡ &❡♠❛&❦ $❤❛$ |F0| ✐) iπ
q

L1

♣❡&✐♦❞✐❝✱ ❤❡♥❝❡✱ min
z∈∂Rj,k

|F0(z)| = mj ✐) ✐♥❞❡♣❡♥❞❡♥$ ♦❢

k✳ ▼♦&❡♦✈❡&✱ ❢♦& k0 ≥ 1✱ $❤❡&❡ ❡①✐)$) C̃ > 0 )✉❝❤ $❤❛$ ❢♦& |k| ≥ k0 ❛♥❞ z ∈ ∂Rj,k✱ ✇❡

❤❛✈❡

C

|z| ≤
C̃

|k| .

✶✾✾



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❈❤♦♦)✐♥❣ k0 ❧❛&❣❡ ❡♥♦✉❣❤✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

C

|z| ≤
C̃

|k| < mj

❛♥❞ $❤❡ ♣&♦♦❢ ❢♦❧❧♦✇)✳

 !♦♦❢✿ ♦❢ ❚❤❡♦!❡♠ ✹✳✸✳✷ ❲❡ )❤❛❧❧ ♣&♦✈❡ $❤❛$ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A ❛&❡

❛)②♠♣$♦$✐❝❛❧❧② ❝❧♦)❡ $♦ $❤❡ &♦♦$) ♦❢ F ✳

❋✐&)$ ▲❡♠♠❛ ✹✳✸✳✼ ②✐❡❧❞) $❤❛$ ❛❧❧ $❤❡ &♦♦$) ♦❢ F ❛&❡ ❣✐✈❡♥ ❜②

zj,k =
q

2L1

log rj + ı
q

2L1

ϕj + ıkπ
q

L1

.

❢♦& ❛❧❧ 1 ≤ j ≤ d✱ k ∈ Z✳

▲❡$ 0 < ρ < min
j

{∣∣∣∣
q

2L1

ϕj + π
q

L1

∣∣∣∣ ,
∣∣∣∣
q

2L1

log rj

∣∣∣∣
}
)♦ $❤❛$ B(zj,k, ρ) ❝♦♥$❛✐♥) ♦♥❧②

♦♥❡ &♦♦$ ♦❢ F ✳ ❋&♦♠ A&♦♣♦)✐$✐♦♥ ✹✳✸✳✻✱ ✐♥ ♦&❞❡& $♦ ♣&♦✈❡ $❤❛$ |Y (z)− F (z)| < |F (z)|
❢♦& z ∈ ∂B(zj,k, ρ)✱ ✐$ ✐) ❡♥♦✉❣❤ $♦ )❤♦✇ $❤❛$

C

|z| < |F0(z)| ✇❤❡&❡ F0 ✇❛) ❞❡✜♥❡❞ ❜②

✭✹✳✸✳✶✸✮✳

▲❡$ hj,k(ρ) = min
z∈∂B(zj,k,ρ)

|F0(z)|✳ ❙✐♥❝❡ |F0| ✐) iπ
q

L1

♣❡&✐♦❞✐❝✱ $❤❡♥ hj,k(ρ) ✐) ✐♥❞❡✲

♣❡♥❞❡♥$ ♦❢ k ❀ ✐✳❡✳✱ hj,k(ρ) = hj,0(ρ) = hj(ρ)✳ ❲❡ ❞❡♥♦$❡ ❜② h(ρ) = min
1≤j≤d

hj(ρ)✳ ■$ ✐)

❝❧❡❛& $❤❛$ h(ρ) > 0 ❛♥❞ h(ρ) → 0 ❛) ρ→ 0✳ ❚❤❡&❡❢♦&❡✱ $❤❡&❡ ❡①✐)$) k0 > 0 )✉❝❤ $❤❛$

❢♦& |k| > k0✱
C

|z| ≤
C̃

|k| < h (ρ) . ❈♦♥)❡K✉❡♥$❧②✱ ✇❡ ❞❡✜♥❡ ρk ❜②

ρk = min
ρ

{
C̃

|k| < h(ρ)

}
. ✭✹✳✸✳✶✹✮

❲❡ ♥♦$✐❝❡ $❤❛$ ρk → 0 ❛) |k| → +∞✳ ❚❤❡&❡❢♦&❡✱ ❢♦& ❡✈❡&② |k| > k0 ❛♥❞ z ∈

∂B(zj,k, ρk)✱ ✇❡ ❤❛✈❡
C

|z| ≤
C̃

|k| < h(ρk) ≤ |F0(z)|✳
❇② ❘♦✉❝❤N✬) ❚❤❡♦&❡♠✱ ✇❡ ❝♦♥❝❧✉❞❡ $❤❛$ Y ❛♥❞ F ❤❛✈❡ $❤❡ )❛♠❡ &♦♦$) ✐♥)✐❞❡

B(zj,k, ρk)✳ ❆) A&♦♣♦)✐$✐♦♥ ✹✳✸✳✾ ❛♥❞ ❛❣❛✐♥ $❤❡ ❛♣♣❧✐❝❛$✐♦♥ ♦❢ ❘♦✉❝❤N✬) $❤❡♦&❡♠ ✐♠♣❧②

$❤❛$ Y ❛♥❞ F ❤❛) $❤❡ )❛♠❡ ♥✉♠❜❡& ♦❢ &♦♦$) ✐♥ Rj,k✱ ❢♦& ❛❧❧ j = 1, · · · , d ❛♥❞ |k| ≥ k0✱

✷✵✵



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✇❡ ❞❡❞✉❝❡ $❤❛$ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A ✐♥ Rj,k ❛&❡ ✐♥)✐❞❡ B(zj,k, ρk)✳ ❚❤✐) ❝♦♠♣❧❡$❡) $❤❡

♣&♦♦❢ )✐♥❝❡ ∪|k|≥k0Rj,k ❝♦✈❡&) $❤❡ ♣♦))✐❜❧❡ )❡$ ♦❢ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A✳

❘❡♠❛$❦ ✹✳✸✳✶✵✳ ❯!✐♥❣ ❚❛②❧♦* ❡①♣❛♥!✐♦♥ ✐♥ ρ✱ ✇❡ ✜♥❞ 2❤❛2 h(ρ) = O(ρn0) ❢♦* !♦♠❡

n0 ∈ N∗
✳ ❚❤❡*❡❢♦*❡✱ ❛❝❝♦*❞✐♥❣ 2♦ 2❤❡ ❞❡✜♥✐2✐♦♥ ♦❢ ρk ✐♥ ✭✹✳✸✳✶✹✮✱ ✇❡ ❝♦♥❝❧✉❞❡ 2❤❛2

ρk =
˜̃
C

|k|
1
n0

❢♦* !♦♠❡

˜̃
C > 0✳ ❈♦♥!❡?✉❡♥2❧②✱ 2❤❡*❡ ❡①✐!2! !♦♠❡ k0 ∈ N∗

❧❛*❣❡ ❡♥♦✉❣❤

!✉❝❤ 2❤❛2

λj,k =
q

2L1

log rj + ı
q

2L1

ϕj + ıkπ
q

L1

+O

(
1

|k|
1
n0

)
, ∀|k| > k0.

✹✳✹ ❘✐❡%③ ❜❛%✐% ✇✐*❤ ♣❛-❡♥*❤❡%❡% ♦❢H ❛♥❞ %✐♥❡✲*②♣❡

❢✉♥❝*✐♦♥%

■♥ $❤✐) )❡❝$✐♦♥✱ ✇❡ ✜&)$ ♣&♦✈❡ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&) ♦❢ A ❢♦&♠ ❛ ❘✐❡)③ ❜❛)✐) ✇✐$❤

♣❛&❡♥$❤❡)❡) ♦❢ H✳ ❆ ❞✐&❡❝$ ❝♦♥)❡@✉❡♥❝❡ ♦❢ ❚❤❡♦&❡♠ ✶✳✸✳✷ ❝♦♥❝❡&♥) ♦✉& ♦♣❡&❛$♦& A ✿

+$♦♣♦.✐0✐♦♥ ✹✳✹✳✶✳ ❚❤❡ ❢❛♠✐❧② ♦❢ *♦♦2 ✈❡❝2♦*! ♦❢ A ❢♦*♠! ❛ ❘✐❡!③ ❜❛!✐! ✇✐2❤ ♣❛✲

*❡♥2❤❡!❡! ♦❢ H✱ ✇❤✐❝❤ ♠❡❛♥! 2❤❛2 2❤❡ !2❛2❡♠❡♥2! ♦❢ ❚❤❡♦*❡♠ ✶✳✸✳✷ ❛*❡ ✈❛❧✐❞ ❢♦*

ıA✳

+$♦♦❢✿ ■$ )✉✣❝❡) $♦ ❛♣♣❧② ❚❤❡♦&❡♠ ✶✳✸✳✷ ✇✐$❤ $❤❡ ❝❤♦✐❝❡

T = i


 0 A0

1

A2
1 A0

0




❛♥❞ B = i


 0 0

0 A0
−2a


 .

$❤❛$ ❝❧❡❛&❧② )❛$✐)✜❡) $❤❡ ❛))✉♠♣$✐♦♥) ♦❢ ❚❤❡♦&❡♠ ✶✳✸✳✷✳

❆♥♦$❤❡& ❝♦♥)❡@✉❡♥❝❡ ♦❢ $❤❡ ♣&❡✈✐♦✉) &❡)✉❧$) ✐) $❤❛$ $❤❡ ♣❛❝❦❡$ Λp ❝❛♥ ❜❡ )♣❧✐$$❡❞

✉♣ ✐♥$♦ )✉❜♣❛❝❦❡$)✱ ♥❛♠❡❧② $❤❡&❡ ❡①✐)$) Np ∈ N∗
✇✐$❤ Np ≤ N )✉❝❤ $❤❛$

Λp = ∪Np

j=1{λp,j},

✷✵✶



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✇❤❡&❡ ❡❛❝❤ λp,j ∈ σ(A) ❛&❡ ❞✐✛❡&❡♥$ ❛♥❞ ♦❢ ♠✉❧$✐♣❧✐❝✐$② mp,j ✭✉♥✐❢♦&♠❧② ❜♦✉♥❞❡❞ ✐♥

p✮ ❛♥❞ $❤❡&❡❢♦&❡

Ppf =

Np∑

j=1

Pp,jf,

✇✐$❤

Pp,jf =
1

2iπ

∫

γp,j

(λ− T − B)−1f dλ,

γp,j ❜❡✐♥❣ ❛ ❝♦♥$♦✉& )✉&&♦✉♥❞✐♥❣ λp,j ❛♥❞ )♠❛❧❧ ❡♥♦✉❣❤ )♦ $❤❛$ ♦♥❧② $❤❡ ❡✐❣❡♥✈❛❧✉❡

λp,j ♦❢ A ✐) ✐♥)✐❞❡ γp,j✳

■♥ $❤❡ ♥❡①$ )❡❝$✐♦♥✱ ✇❡ ❛❧)♦ ♥❡❡❞ $♦ )❤♦✇ $❤❛$ Y ❞❡✜♥❡❞ ✐♥ ✭✹✳✸✳✻✮ ✐) ❛ )✐♥❡✲$②♣❡

❢✉♥❝$✐♦♥ ✐♥ $❤❡ ❢♦❧❧♦✇✐♥❣ )❡♥)❡ ✿

❉❡✜♥✐%✐♦♥ ✹✳✹✳✷✳ ▲❡" f ❜❡ ❛♥ ❡♥"✐'❡ ❝♦♠♣❧❡① ✈❛❧✉❡❞ ❢✉♥❝"✐♦♥✳ f ✐3 3❛✐❞ "♦ ❜❡ ♦❢

3✐♥❡✲"②♣❡ ✐❢

✭❛✮ ❚❤❡'❡ ❡①✐3"3 l > 0 3✉❝❤ "❤❛" ❢♦' ❛❧❧ z ∈ C✱ |f(z)| . el|z|✳

✭❜✮ ❚❤❡ ③❡'♦3 ♦❢ f ❧✐❡ ✐♥ ❛ 3"'✐♣ {z ∈ C; |ℜz| ≤ c} ❢♦' 3♦♠❡ c > 0✳

✭❝✮ ❚❤❡'❡ ❡①✐3" ❝♦♥3"❛♥"3 c1, c2 > 0 ❛♥❞ x0 ∈ R 3✉❝❤ "❤❛" ❢♦'✱ ❛❧❧ y ∈ R✱ c1 ≤
|f(x0 + iy)| ≤ c2✳

❚❤❡ ❝❧❛)) ♦❢ )✐♥❡✲$②♣❡ ❢✉♥❝$✐♦♥) ✐) ✉)❡❞ $♦ ❞❡❛❧ ✇✐$❤ ♣&♦❜❧❡♠) ♦❢ $❤❡ ❘✐❡)③ ❜❛✲

)✐) ♣&♦♣❡&$② ♦❢ $❤❡ ❝♦♠♣❧❡① ❡①♣♦♥❡♥$✐❛❧) ✐♥ L2(0, T ) )♣❛❝❡✱ ✇✐$❤ T > 0✳ ❲❤❡♥ f

✐) ❛ )✐♥❡✲$②♣❡ ❢✉♥❝$✐♦♥✱ $❤❡♥ ✇❡ ❝❛♥ ✇&✐$❡ $❤❡ ❡①♣❧✐❝✐$ ❡①♣&❡))✐♦♥ ♦❢ f ❛) f(z) =

lim
R→+∞

∏

|λ̃k|≤R

(
1− z

λ̃k

)
✱ ✇❤❡&❡ {λ̃k}k∈Z ✐) $❤❡ )❡$ ♦❢ ③❡&♦) ♦❢ f ✭)❡❡ ❬✽❪✮✳ ■❢ λ̃k = 0✱

$❤❡♥ ✇❡ &❡♣❧❛❝❡ $❤❡ $❡&♠

(
1− z

λ̃k

)
❜② z✳

■♥ ♦✉& ♣&♦❜❧❡♠✱ ✇❡ &❡♠❛&❦ $❤❛$ $❤❡ ❢✉♥❝$✐♦♥ F ❞❡✜♥❡❞ ✐♥ $❤❡ ❛♣♣&♦①✐♠❛$❡❞

❝❤❛&❛❝$❡&✐)$✐❝ ❡L✉❛$✐♦♥ ✭✹✳✸✳✽✮ ✐) ❛ )✐♥❡✲$②♣❡ ❢✉♥❝$✐♦♥✳ ■♥ ♦&❞❡& $♦ ❞❡❞✉❝❡ $❤❡ )❛♠❡

♣&♦♣❡&$② ❢♦& Y ❞❡✜♥❡❞ ✐♥ ✭✹✳✸✳✻✮✱ ✇❡ &❡❝❛❧❧ ❛ ❈♦&♦❧❧❛&② ♦❢ ❙❡❝$✐♦♥ ✷ ♦❢ ❬✶✶❪ ✿

✷✵✷



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

▲❡♠♠❛ ✹✳✹✳✸✳ ●✐✈❡♥ S(z) = lim
R→+∞

∏

|λ̃k|≤R

(
1− z

λ̃k

)
❛ &✐♥❡✲(②♣❡ ❢✉♥❝(✐♦♥✱ ✇❤❡2❡

{λ̃k}k∈Z ✐& (❤❡ &❡( ♦❢ ③❡2♦& ♦❢ S(z)✳ ❚❤❡♥ S0(z) = lim
R→+∞

∏

|λ̃k|≤R

(
1− z

λ̃k + ψk

)
✐& ❛❧&♦

❛ &✐♥❡✲(②♣❡ ❢✉♥❝(✐♦♥ ✐❢ {ψk}k∈Z ∈ ℓp, ❢♦2 &♦♠❡ p > 1✳

▲❡♠♠❛ ✹✳✹✳✹✳ Y ❞❡✜♥❡❞ ✐♥ ✭✹✳✸✳✻✮ ✐& &✐♥❡✲(②♣❡✱ ♦2 ❡?✉✐✈❛❧❡♥(❧② (❤❡ ❡✐❣❡♥✈❛❧✉❡& ♦❢

A ❛2❡ (❤❡ ③❡2♦& ♦❢ ❛ &✐♥❡✲(②♣❡ ❢✉♥❝(✐♦♥✳

'(♦♦❢✿ ❆❝❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠ ✹✳✸✳✷ ❛♥❞ ❘❡♠❛&❦ ✹✳✸✳✶✵✱ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡) A ❛&❡

❝❧♦)❡ $♦ $❤❡ ♦♥❡) ♦❢ F ✇✐$❤ ❛ &❡♠❛✐♥❞❡& {ψk}k∈Z )✉❝❤ $❤❛$

ψk = O

(
1

|k|
1
n0

)
,

❢♦& |k| > k0 $❤❛$ $❤❡♥ ❜❡❧♦♥❣) $♦ ℓ
n0+1

✳

✹✳✺ ❊①♣♦♥❡♥)✐❛❧ -)❛❜✐❧✐)② ♦❢ ✭S1✮ ❛♥❞ ♣4♦♦❢ ♦❢ ❚❤❡♦✲

4❡♠ ✹✳✶✳✶

❚❛❦✐♥❣ ❛❞✈❛♥$❛❣❡ ♦❢ $❤❡ ❢❛❝$ $❤❛$ $❤❡ &♦♦$ ✈❡❝$♦&) ♦❢ A ❢♦&♠ ❛ ❘✐❡)③ ❜❛)✐) ✇✐$❤

♣❛&❡♥$❤❡)✐) ♦❢ H✱ ♦✉& ❛✐♠ ✐) ♥♦✇ $♦ ♣&♦✈❡ $❤❛$ ♣&♦❜❧❡♠ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡

✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✳

❋♦& ♦✉& ♣&♦♦❢ ✇❡ &❡❝❛❧❧ $❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ $❤❛$ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ▲❡♠♠❛ ✸✳✶

♦❢ ❬✸✾❪✳

▲❡♠♠❛ ✹✳✺✳✶✳ ▲❡( H ❜❡ ❛ &❡♣❛2❛❜❧❡ ❍✐❧❜❡2( &♣❛❝❡✳ ❙✉♣♣♦&❡ (❤❛( {en(t)}n∈J ❢♦2♠& ❛
❘✐❡&③ ❜❛&✐& ❢♦2 (❤❡ ❝❧♦&❡❞ &✉❜&♣❛❝❡ &♣❛♥♥❡❞ ❜② ✐(&❡❧❢ ✐♥ L2(0, T ), T > 0✳ ❚❤❡♥ ❢♦2 ❛♥②

ϕ(t) =
∑

n∈J
en(t)φn ∈ L2(0, T ;H)✱ (❤❡2❡ ❡①✐&( (✇♦ ♣♦&✐(✐✈❡ ❝♦♥&(❛♥(& C1(T ), C2(T )

✷✵✸



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

 ✉❝❤ $❤❛$

C1(T )
∑

n∈J
‖φn‖2H ≤ ‖ϕ‖2L2(0,T ;H) ≤ C2(T )

∑

n∈J
‖φn‖2H .

❚♦ ❛♣♣❧② $❤❡ ❛❜♦✈❡ ❧❡♠♠❛✱ ✇❡ ♥❡❡❞ $♦ )❡❛&❝❤ ❢♦& ❛ ❘✐❡)③ ❜❛)✐) ✐♥ L2(0, T )✳ ❙✐♥❝❡

$❤❡ ❡✐❣❡♥✈❛❧✉❡) ❛&❡ ♥♦$ ♥❡❝❡))❛&② )✐♠♣❧❡✱ $❤❡ ❢❛♠✐❧② {eλkt}k∈Z ❞♦❡) ♥♦$ ❢♦&♠ ❛ ❘✐❡)③

❜❛)✐) ✐♥ L2(0, T ) ❢♦& ❛♥② T > 0✳ ❍♦✇❡✈❡&✱ ❛) σ(A) ✐) ❛ ❞✐)❝&❡$❡ ✉♥✐♦♥ ♦❢ )❡♣❛&❛$❡❞ ❛♥❞

✜♥✐$❡ )❡$)✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ✉)❡ $❤❡ ❢❛♠✐❧② ♦❢ ❣❡♥❡&❛❧✐③❡❞ ❞✐✈✐❞❡❞ ❞✐✛❡&❡♥❝❡) ✭)❡❡ ❬✾✱✸✾❪✮✳

❉❡✜♥✐%✐♦♥ ✹✳✺✳✷✳ ▲❡$ M ∈ N∗
❜❡ ✜①❡❞ ❛♥❞ ❧❡$ vk, k = 1, · · · ,M, ❜❡ ❛.❜✐$.❛.②

❝♦♠♣❧❡① ♥✉♠❜❡. ✱ ♥♦$ ♥❡❝❡  ❛.✐❧② ❞✐ $✐♥❝$✳ ❚❤❡♥ $❤❡ ❣❡♥❡.❛❧✐③❡❞ ❞✐✈✐❞❡❞ ❞✐✛❡.❡♥❝❡ 

✭❞❡♥♦$❡❞ ❜② ●❉❉✮ ♦❢ ♦.❞❡. m = 0, · · · ,M − 1 ❛.❡ ❞❡✜♥❡❞ ❜② .❡❝✉..❡♥❝❡ ❛ ❢♦❧❧♦✇ ✿

$❤❡ ●❉❉ ♦❢ ♦.❞❡. ③❡.♦ ✐ ❞❡✜♥❡❞ ❛ [v1](t) = ev1t✱ $❤❡ ●❉❉ ♦❢ ♦.❞❡. m−1, 1 ≤ m ≤
M ✐ ❞❡✜♥❡❞ ❛ 

[v1, v2, · · · , vm](t) =:





[v1, v2..., vm−1](t)− [v2, v3, · · · , vm](t)
v1 − vm

, v1 6= vm

∂

∂v
[v, v2, · · · , vm−1](t) |v=v1 , v1 = vm.

❆♥ ❡H✉✐✈❛❧❡♥$ ❡①♣&❡))✐♦♥ ✐) ❣✐✈❡♥ ❜②

[v1, v2, · · · , vm](t) = tm−1

∫ 1

0

∫ τ1

0

...

∫ τm−2

0

et(v1+τ1(v2−v1)+...+τm−1(vm−vm−1))dτm−1...dτ2dτ1.

❍❡♥❝❡✱ ✐❢ ℜvm ≤ ℜvm−1 ≤ ... ≤ ℜv1✱ $❤❡♥ ❢♦& ❛❧❧ t ≥ 0

|[v1, v2..., vm](t)| ≤ tm−1eℜv1t. ✭✹✳✺✳✶✮

◆♦✇ ❛) )♦♠❡ vj ❝❛♥ ❜❡ &❡♣❡❛$❡❞✱ ✇❡ ✇&✐$❡ {v1, v2, · · · , vM} = {w1, w2, · · · , wn}
)✉❝❤ $❤❛$ wi 6= wj ❢♦& ❛❧❧ 1 ≤ i, j ≤ n )✉❝❤ $❤❛$ i 6= j✳ ❙✉♣♣♦)✐♥❣ $❤❛$ ❡❛❝❤ wj ✐)

&❡♣❡❛$❡❞ nj $✐♠❡)✱ ✐✳❡✱

n∑

j=1

nj = M ✱ $❤❡♥ ✇❡ ❝❛♥ &❡❝❛❧❧ M&♦♣♦)✐$✐♦♥ ✸✳✶ ♦❢ ❬✸✾❪ ✇❤✐❝❤

)❤♦✇) $❤❛$ ❢♦& ❛♥② 1 ≤ k ≤ nl✱ t
k−1ewlt

✱ l = 1, · · · , n ✐) ❛ ❧✐♥❡❛& ❝♦♠❜✐♥❛$✐♦♥ ♦❢
[v1](t), [v1, v2](t), · · · , [v1, v2, · · · , vM ](t)✳

✷✵✹



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

 !♦♣♦$✐&✐♦♥ ✹✳✺✳✸✳ ❆♥② ϕ(t) =
n∑

j=1

ewjt

nj∑

i=1

aijt
i−1

✇✐%❤ aij ∈ H ❝❛♥ ❜❡ +❡✇+✐%%❡♥ ❛,

ϕ(t) =
M∑

i=1

Gi[v1.v2, · · · , vi](t),

✇✐%❤ ,♦♠❡ Gi ∈ H✱ ✐♥ ♣❛+%✐❝✉❧❛+ G1 =
n∑

j=1

a1j✳

■❢ ✇❡ ❣♦ ❜❛❝❦ $♦ ♦✉& ♣&♦❜❧❡♠✱ ❢♦& ❡✈❡&② p ∈ Z✱ ✇❡ ❝♦♥)$&✉❝$ $❤❡ ❢❛♠✐❧② ♦❢ ●❉❉

♦❢ $❤❡ ❢♦&♠

Ep(t) =
{
[λp,1](t), [λp,1, λp,2], · · · , [λp,1, λp,2, · · · , λp,Mp

](t)
}
,

❛))♦❝✐❛$❡❞ ✇✐$❤ $❤❡ )❡$ λp,1, · · · , λp,Np
❜✉$ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ❜❡✐♥❣ &❡♣❡❛$❡❞ ❛❝❝♦&❞✐♥❣

$♦ $❤❡✐& ♠✉❧$✐♣❧✐❝✐$② ✭❛♥❞ ❝♦♥)❡?✉❡♥$❧② Mp =
∑Np

j=1mp,j✮✳

 !♦♣♦$✐&✐♦♥ ✹✳✺✳✹✳ ❚❤❡+❡ ❡①✐,%, T > 0 ,✉❝❤ %❤❛% %❤❡ ❢❛♠✐❧② ♦❢ ●❉❉ {Ep(t)}p∈Z
❢♦+♠, ❛ ❘✐❡,③ ❜❛,✐, ❢♦+ %❤❡ ❝❧♦,❡❞ ,✉❜,♣❛❝❡ ,♣❛♥♥❡❞ ❜② ✐%,❡❧❢ ✐♥ L2(0, T )✳

 !♦♦❢✿ ❆❝❝♦&❞✐♥❣ $♦ ▲❡♠♠❛ ✹✳✹✳✹✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A ❛&❡ &♦♦$) ♦❢ ❛ )✐♥❡✲$②♣❡

❢✉♥❝$✐♦♥✳ ❍❡♥❝❡✱ $❤❡ ♣&♦♦❢ ❜❡❝♦♠❡) ❛ ❞✐&❡❝$ ❝♦♥)❡?✉❡♥❝❡ ♦❢ ❚❤❡♦&❡♠ ✸ ♦❢ ❬✶✵❪ ✇❤❡&❡

T > 0 ✐) ❝❤♦)❡♥ ❧❛&❣❡ ❡♥♦✉❣❤ ✭♥♦$❡ ❛❧)♦ $❤❛$ ❛ )✐♥❡✲$②♣❡ ❢✉♥❝$✐♦♥ ❛✉$♦♠❛$✐❝❛❧❧②

)❛$✐)✜❡) $❤❡ ❍❡❧)♦♥✲❙③❡❣♦ ❝♦♥❞✐$✐♦♥ ❞✉❡ $♦ ✐$) ❡?✉✐✈❛❧❡♥$ ❢♦&♠ ✭❝♦♥❞✐$✐♦♥ ✭A2✮ ♣❛❣❡

✷ ✐♥ ❬✾❪✮ ❛♥❞ $❤❡ ❝♦♥❞✐$✐♦♥ ✭❝✮ ✐♥ ♦✉& ❞❡✜♥✐$✐♦♥ ✹✳✹✳✷✮✳

 !♦♦❢✿ ♦❢ ❚❤❡♦!❡♠ ✹✳✶✳✶✳ ●✐✈❡♥ ❛♥ ✐♥✐$✐❛❧ ❞❛$✉♠ U(0) ∈ H✱ ❜② O&♦♣♦)✐$✐♦♥
✹✳✹✳✶✱ ✐$ ❝❛♥ ❜❡ ✇&✐$$❡♥ ❛)

U(0) =
∑

p∈Z

Np∑

j=1

Pλp,j
(U(0)) ,

✷✵✺



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✇❤❡&❡ ✇❡ &❡❝❛❧❧ $❤❛$ Pλp,j
❞❡♥♦$❡) $❤❡ ❘✐❡)③ ♣&♦❥❡❝$✐♦♥ ♦❢ A ❝♦&&❡)♣♦♥❞✐♥❣ $♦ $❤❡

❡✐❣❡♥✈❛❧✉❡ λp,j✱ $❤❡♥✱ ❢♦& ❛♥② t > 0✱ ✇❡ ❤❛✈❡

etAU(0) =
∑

p∈Z

Np∑

j=1

eλp,jt

mp,j∑

i=1

(A− λp,j)
i−1

(i− 1)!
ti−1Pλp,j

(U(0))

=
∑

p∈Z

Np∑

j=1

eλp,jt

mp,j∑

i=1

aij,pt
i−1,

✭✹✳✺✳✷✮

✇❤❡&❡ aij,p =
(A− λp,j)

i−1

(i− 1)!
Pλp,j

(U(0))✳ ❇② C&♦♣♦)✐$✐♦♥ ✹✳✺✳✸✱ ✇❡ ❣❡$

etAU(0) =
∑

p∈Z

Mp∑

i=1

Gp,i[λp,1, λp,2, · · · , λp,i](t). ✭✹✳✺✳✸✮

▲❡♠♠❛ ✹✳✺✳✶ ❛♥❞ C&♦♣♦)✐$✐♦♥ ✹✳✺✳✹ ②✐❡❧❞ ❢♦& )♦♠❡ T > 0

∑

p∈Z

Mp∑

i=1

‖Gp,i‖2H .

∫ T

0

∥∥etAU(0)
∥∥2

H dt.

❇② $❤❡ )❡♠✐❣&♦✉♣ ♣&♦♣❡&$②✱ ✇❡ ❦♥♦✇ $❤❛$ $❤❡&❡ ❛&❡ C, ω > 0 )✉❝❤ $❤❛$ ❢♦& ❛❧❧ t ≥ 0

‖etA‖L(H) ≤ Ceωt.

❚❤❡&❡❢♦&❡✱ $❤❡ ♣&❡✈✐♦✉) ❡)$✐♠❛$❡ ❜❡❝♦♠❡)

∑

p∈Z

Mp∑

i=1

‖Gp,i‖2H .
C2

2ω
(e2ωT − 1) ‖U(0)‖2H . ✭✹✳✺✳✹✮

❋✐♥❛❧❧②✱ )✐♥❝❡ $❤❡ &♦♦$ ✈❡❝$♦&) ♦❢ A ❢♦&♠ ❛ ❘✐❡)③ ❜❛)✐) ✇✐$❤ ♣❛&❡♥$❤❡)✐) ♦❢ H✱ $❤❡♥
❜② ✭✹✳✺✳✶✮✱ ✭✹✳✺✳✸✮✱ ❛♥❞ ✭✹✳✺✳✹✮ ✇❡ ❣❡$ ❢♦& t ≥ 1

∥∥etAU(0)
∥∥2

H .
∑

p∈Z

∥∥∥∥∥

Mp∑

i=1

Gp,i[λp,1, λp,2, · · · , λp,i](t)
∥∥∥∥∥

2

H

✭✹✳✺✳✺✮

.
∑

p∈Z
t2(Mp−1)e2µpt

Mp∑

i=1

‖Gp,i‖2H,
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❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✇❤❡&❡ µp = max1≤j≤Np
ℜλp,j✳

◆♦✇✱ ❜② ❚❤❡♦&❡♠ ✹✳✸✳✷✱ ✇❡ ❦♥♦✇ $❤❛$ ✐❢ $❤❡ &♦♦$) ♦❢ $❤❡ ♣♦❧②♥♦♠✐❛❧ G ❛&❡ ✐♥

$❤❡ ♦♣❡♥ ✉♥✐$ ❞✐)❦✱ $❤❡♥ $❤❡&❡ ❡①✐)$) µ < 0 ❛♥❞ p0 ∈ N )✉❝❤ $❤❛$

µp ≤ µ < 0, ∀|p| > p0.

❍❡♥❝❡ ❜② ✭✹✳✺✳✺✮✱ ✇❡ ❞❡❞✉❝❡ $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ♣&♦❜❧❡♠ ✭S1✮ ✉♣ $♦ $❤❡

✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ )♣❛♥♥❡❞ ❜② $❤❡ &♦♦$) ✈❡❝$♦&) ♦❢ A ❝♦&&❡)♣♦♥❞✐♥❣ $♦ $❤❡

❡✐❣❡♥✈❛❧✉❡) λp,j )✉❝❤ $❤❛$ |p| ≤ p0✳ ❚❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✹✳✶✳✶ ✐) ❝♦♠♣❧❡$❡✳

✹✳✻ ❊①♣♦♥❡♥)✐❛❧ -)❛❜✐❧✐)② ♦❢ ✭Sǫ✮ ❢♦3 -♠❛❧❧ ✈❛❧✉❡- ♦❢

ǫ ❛♥❞ ♣3♦♦❢ ♦❢ ❚❤❡♦3❡♠ ✹✳✶✳✹

■♥ $❤✐) )❡❝$✐♦♥✱ ✇❡ ❝♦♥)✐❞❡& ❝♦♥)$❛♥$ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) ❛♥❞ ❡H✉❛❧ ❧❡♥❣$❤) Li =

1✱ ❢♦& ❛❧❧ i = 1, · · · , N ✳ ❲✐$❤♦✉$ ❧♦)) ♦❢ ❣❡♥❡&❛❧✐$② ✇❡ ❝❛♥ ❛))✉♠❡ $❤❛$ $❤❡ ai ❛&❡
♥♦♥ ❞❡❝&❡❛)✐♥❣✱ ✐✳❡✳✱ a1 ≤ a2 ≤ · · · ≤ aN ✳ ■♥ $❤❡ )❡H✉❡❧✱ ✇❡ &❡♣❧❛❝❡ $❤❡ ❞❛♠♣✐♥❣

❝♦❡✣❝✐❡♥$) ai ❜② ǫai, ✇❤❡&❡ $❤❡ ♣❛&❛♠❡$❡& ǫ ✐) ♣♦)✐$✐✈❡✳ ❖✉& ❣♦❛❧ ✐) $♦ ✜♥❞ )✉✣❝✐❡♥$

❝♦♥❞✐$✐♦♥) ❢♦& ✇❤✐❝❤ ✭Sǫ✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✐♥ $❤❡ ✇❤♦❧❡ ❡♥❡&❣② )♣❛❝❡ ❢♦& ❡✈❡&②

ǫ )♠❛❧❧ ❡♥♦✉❣❤✳

❇❛)❡❞ ♦♥ $❤❡ &❡)✉❧$) ♦❢ $❤❡ ♣&❡✈✐♦✉) )❡❝$✐♦♥✱ ✐$ )❡❡♠) ❡♥♦✉❣❤ $♦ ✜♥❞ )✉✣❝✐❡♥$

❝♦♥❞✐$✐♦♥) ♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) )♦ $❤❛$ $❤❡ ❧♦✇ ❡✐❣❡♥✈❛❧✉❡) ❤❛✈❡ ♥❡❣❛$✐✈❡ &❡❛❧

♣❛&$) ❢♦& ❡✈❡&② ǫ )♠❛❧❧ ❡♥♦✉❣❤✳ ❍♦✇❡✈❡&✱ ✇❡ &❡♠❛&❦ $❤❛$ ❘♦✉❝❤M✬) ❚❤❡♦&❡♠ ✉)❡❞

✐♥ $❤❡ ♣&♦♦❢ ♦❢ ❚❤❡♦&❡♠ ✹✳✸✳✷ ②✐❡❧❞) ❛ ❝♦♥)$❛♥$ k0 ❞❡♣❡♥❞❡♥$ ♦❢ ǫ ✭♠❛✐♥❧② ♦❢ ♦&❞❡&
1

ǫ
✮✳ ❈♦♥)❡H✉❡♥$❧②✱ ✐$ )❡❡♠) ❞✐✣❝✉❧$ $♦ )❡♣❛&❛$❡ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡) ❢&♦♠ $❤❡ ❧♦✇

❡✐❣❡♥✈❛❧✉❡) ✉♥✐❢♦&♠❧② ✐♥ ǫ ❢♦& ❛❧❧ ǫ )♠❛❧❧ ❡♥♦✉❣❤✳

❆) ♣&❡✈✐♦✉)❧② ♠❡♥$✐♦♥❡❞✱ $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭Sǫ✮ ❤❛) ❜❡❡♥ )$✉❞✐❡❞ ✐♥ ❬✺✶❪

✉♥❞❡& )♦♠❡ ❛❜)$&❛❝$ ❤②♣♦$❤❡)✐)✳ ❈♦♥)❡H✉❡♥$❧②✱ ♦✉& ❛✐♠ ✐) $♦ ✐♥$❡&♣&❡$ $❤❡ ❤②♣♦$❤❡)✐)

✷✵✼



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❢&♦♠ ❬✺✶❪ $♦ ✜♥❞ ❡①♣❧✐❝✐$ ❝♦♥❞✐$✐♦♥) ♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$)✳ ❖✉& )$&❛$❡❣② ✐)

❜❛)❡❞ ♦♥ $❤❡ ❛)②♠♣$♦$✐❝ ❜❡❤❛✈✐♦& ♦❢ $❤❡ )♣❡❝$&✉♠ ♦❢ $❤❡ ❣❡♥❡&❛$♦& A = A(ǫ) ❛) ❛

❢✉♥❝$✐♦♥ ♦❢ ǫ✳ ■♥ $❤❡ )❡C✉❡❧✱ ✇❡ ✉)❡ )♦♠❡ ♥♦$❛$✐♦♥) ❢&♦♠ ❬✹✻❪ ❛♥❞ ✇❡ &❡❢❡& $❤❡ &❡❛❞❡&

$♦ $❤✐) ❜♦♦❦ ❢♦& $❤❡ ❡①❛❝$ ❞❡✜♥✐$✐♦♥)✳ ❋✐&)$✱ ✇❡ ♥♦$✐❝❡ $❤❛$ $❤❡ ❣❡♥❡&❛$♦& A = A(ǫ)

✐) ❤♦❧♦♠♦&♣❤✐❝ ♦❢ $②♣❡ ✭❆✮ ✐♥ $❤❡ ♣❛&❛♠❡$❡& ǫ ✐♥ $❤❡ )❡♥)❡ ♦❢ ✭✷✳✶✮ ♦❢ ❝❤❛♣$❡& ❱■■✳✷

✐♥ ❬✹✻❪✳ ■♥❞❡❡❞✱ ✇❡ )✐♠♣❧② ❤❛✈❡

A(ǫ) = A(0) + ǫB,

✇❤❡&❡ A(0) ✐) ❛ )❦❡✇❛❞❥♦✐♥$ ♦♣❡&❛$♦& ❛♥❞ B ✐) ❛ ❜♦✉♥❞❡❞ )❡❧❢❛❞❥♦✐♥$ ♦♣❡&❛$♦& ❞❡✜✲

♥❡❞ ❜②

A(0) =


 0 A0

1

A2
1 0



❛♥❞ B =


 0 0

0 A0
−2a


 .

❙✐♥❝❡ A(0) ✐) ❛ )❦❡✇ ❛❞❥♦✐♥$ ♦♣❡&❛$♦& ✇✐$❤ ❛ ❝♦♠♣❛❝$ &❡)♦❧✈❡♥$✱ $❤❡&❡ ✐) ❛♥

♦&$❤♦♥♦&♠❛❧ )②)$❡♠ ♦❢ ❡✐❣❡♥✈❡❝$♦&) ♦❢ A(0) ✇❤✐❝❤ ✐) ❝♦♠♣❧❡$❡ ✐♥ H. ❚❤❡ ❡✐❣❡♥✈❛❧✉❡)
♦❢ A(0) ❛&❡ λ1,k(0) = ı(kπ+

π

2
) ✇✐$❤ ♠✉❧$✐♣❧✐❝✐$② ♦♥❡✱ ❢♦& ❛❧❧ k ∈ Z✱ ❛♥❞ λ2,k(0) = ıkπ

✇✐$❤ ❣❡♦♠❡$&✐❝ ❛♥❞ ❛❧❣❡❜&❛✐❝ ♠✉❧$✐♣❧✐❝✐$② N − 1✱ ❢♦& ❛❧❧ k ∈ Z∗
✳ ❋♦& )❤♦&$♥❡)) ✇❡

✇&✐$❡ {λk(0)}k∈Z = {ıkπ}k∈Z∗ ∪
{
ı(kπ +

π

2
)
}
k∈Z

❛♥❞ ✇❡ )❡$ mk $❤❡ ♠✉❧$✐♣❧✐$② ♦❢

λk(0) ✭❤❡♥❝❡ mk = 1 ♦& mk = N − 1✮✳

◆♦✇ ❛❝❝♦&❞✐♥❣ $♦ ❙❡❝$✐♦♥ ❱■■✳✷✳✹ ✐♥ ❬✹✻❪✱ $❤❡&❡ ❡①✐)$) ǫ0 > 0 )✉❝❤ $❤❛$ ❢♦& ❛❧❧

ǫ ∈ (0, ǫ0)✱ A(ǫ) ❤❛) ❡①❛❝$❧② mk ❡✐❣❡♥✈❛❧✉❡) ✭❛❧❣❡❜&❛✐❝ ♠✉❧$✐♣❧✐❝✐$② ❝♦✉♥$❡❞✮ ✐♥

B(λk(0), ρ)✱ ✇✐$❤ ρ > 0 ✜①❡❞ )♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤✐) )❡$ ♦❢ ❡✐❣❡♥✈❛❧✉❡) ✐) ❝❛❧❧❡❞ $❤❡

λk(0)✲❣&♦✉♣ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ) ❣❡♥❡&❛$❡❞ ❜② $❤❡ )♣❧✐$$✐♥❣ ❢&♦♠ $❤❡ ❝♦♠♠♦♥ ❡✐❣❡♥✲

✈❛❧✉❡ λk(0) ♦❢ $❤❡ ✉♥♣❡&$✉&❜❡❞ ♦♣❡&❛$♦& A(0) ✭)❡❡ ♣❛❣❡ ✼✹ ✐♥ ❬✹✻❪✮✳ ❈♦♥)❡C✉❡♥$❧② ❛)

ǫ ✐♥❝&❡❛)❡)✱ ❛ )♣❧✐$$✐♥❣ ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♠❛② ♦❝❝✉& ❛♥❞ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ) ❝❛♥

❣♦ $♦ $❤❡ ❧❡❢$ ♦& $♦ $❤❡ &✐❣❤$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐) ✭♦& ❜♦$❤✮✳ ❍❡♥❝❡✱ ♦✉& ❛✐♠ ✐) $♦
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❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✜♥❞ )♦♠❡ )✉✣❝✐❡♥$ ❝♦♥❞✐$✐♦♥) ❢♦& ✇❤✐❝❤ ❡❛❝❤ λk(0)✲❣&♦✉♣ ✐) )$&✐❝$❧② $♦ $❤❡ ❧❡❢$ ♦❢

$❤❡ ✐♠❛❣✐♥❛&② ❛①✐)✳

❋♦& ❢✉&$❤❡& ✉)❡✱ ❢♦& ǫ ∈ (0, ǫ0) ❛♥❞ ❛❧❧ k ∈ Z✱ $❤❡ λk(0)✲❣&♦✉♣ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ)

✇✐❧❧ ❜❡ ❞❡♥♦$❡❞ ❜② {λk,j(ǫ)}mk

j=1✳

■♥ ❛ ✜&)$ )$❡♣✱ ❝♦♥)✐❞❡& Γk,ρ ❛ ♣♦)✐$✐✈❡❧②✲♦&✐❡♥$❡❞ ❝✐&❝❧❡ ❛&♦✉♥❞ λk(0) ✇✐$❤ &❛❞✐✉)

ρ <
π

4
)✉❝❤ $❤❛$ λk(0) ✐) ✐)♦❧❛$❡❞✳ ❋♦& ζ ∈ Γk,ρ✱ ✇❡ ❞❡♥♦$❡ ❜② R(ζ) = (A(0)− ζ)−1

✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣✐✈❡) ❛ ✉♥✐❢♦&♠ ❡)$✐♠❛$❡ ♦❢ ‖R(ζ)‖ ❢♦& ❛❧❧ ζ ∈ Γk,ρ.

▲❡♠♠❛ ✹✳✻✳✶✳ ❋♦" ❛❧❧ ζ ∈ Γk,ρ✱ ✇❡ ❤❛✈❡

‖R(ζ)‖ =
1

ρ
, ∀ζ ∈ Γk,ρ. ✭✹✳✻✳✶✮

()♦♦❢✿ ❋♦& ❝♦♥✈❡♥✐❡♥❝❡ ❛♥❞ ❢♦& ❛ ♠♦♠❡♥$✱ ✇❡ &❡♥❛♠❡ {iβk}k∈Z∗
$❤❡ )❡$ ♦❢ ❡✐❣❡♥✈❛✲

❧✉❡) ♦❢ A(0) ❛♥❞ ❛&&❛♥❣❡ ✐$ ✐♥ ✐♥❝&❡❛)✐♥❣ ♦&❞❡& ✭✐✳❡ ✳✳✳βk−1 ≤ βk ≤ βk+1...✮✳ ❲❡ ❞❡♥♦$❡

❜② {φk}k∈Z∗
$❤❡ ❛))♦❝✐❛$❡❞ )②)$❡♠ ♦❢ ❡✐❣❡♥✈❡❝$♦&) ✇❤✐❝❤ ❢♦&♠) ❛♥ ♦&$❤♦♥♦&♠❛❧ ❜❛)✐)

♦❢ H✳ ▲❡$ f =
∑

k∈Z∗

fkφk ∈ H, $❤❡♥ ❜② $❤❡ )♣❡❝$&❛❧ $❤❡♦&❡♠✱ ❢♦& ❛❧❧ ζ ∈ Γk,ρ✱ ✇❡ ❝❛♥

✇&✐$❡

R(ζ)f =
∑

k∈Z∗

fk
iβk − ζ

φk.

❙✐♥❝❡ |iβk − ζ| = ρ✱ ❢♦& ❛❧❧ k ∈ Z∗
✱ ✇❡ ❞❡❞✉❝❡ $❤❛$

‖R(ζ)f‖2 =
∑

k∈Z∗

|fk|2
|iβk − ζ|2 =

1

ρ2

∑

k∈Z∗

|fk|2 =
1

ρ2
‖f‖2.

❚❤✐) ♣&♦✈❡) ✭✹✳✻✳✶✮ ❜② $❛❦✐♥❣ f ❝♦&&❡)♣♦♥❞✐♥❣ $♦ ♦♥❡ ❡✐❣❡♥✈❡❝$♦& ❛))♦❝✐❛$❡❞ ✇✐$❤ $❤❡

❡✐❣❡♥✈❛❧✉❡ λk(0)✳

◆♦✇ ✇❡ ❝❤❛&❛❝$❡&✐③❡ $❤❡ ❛)②♠♣$♦$✐❝ ❜❡❤❛✈✐♦✉& ♦❢ $❤❡ &❡❛❧ ♣❛&$) ♦❢ $❤❡ λk(0)✲

❣&♦✉♣ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ)✳

✷✵✾



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

▲❡♠♠❛ ✹✳✻✳✷✳ ❚❤❡#❡ ❡①✐&'& ǫ1 > 0 ❛♥❞ c > 0 &✉❝❤ '❤❛' ❢♦# ❛❧❧ ǫ ∈ (0, ǫ1)✱ ❛❧❧ k ∈ Z

❛♥❞ ❛❧❧ j = 1, · · · ,mk✱

ℜλk,j(ǫ) ≤ ǫ max
1≤j≤mk

µk,j + cǫ2,

✇❤❡♥ {µk,j}mk

j=1 ❞❡♥♦'❡& '❤❡ &❡' ♦❢ ❡✐❣❡♥✈❛❧✉❡& ♦❢ Pk(0)BPk(0) ❛♥❞ Pk(0) ❞❡♥♦'❡& '❤❡

❡✐❣❡♥♣#♦❥❡❝'✐♦♥ ❝♦##❡&♣♦♥❞✐♥❣ '♦ λk(0)✱ ✐✳❡✳✱ Pk(0) = − 1

2πi

∫

Γk,ρ

R(ξ)dξ✳

()♦♦❢✿ ❙.❡♣ ✶✳ ▲❡$ λk(0) ❜❡ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A(0)✳ ❉❡✜♥❡ $❤❡ )♣❛❝❡ Mk(ǫ) =

Pk(ǫ)H✱ ✇❤❡&❡ Pk(ǫ) ✐) $❤❡ ❡✐❣❡♥♣&♦❥❡❝$✐♦♥ ✭)❡❡ ✭✶✳✶✻✮ ♣❛❣❡ ✻✼ ♦❢ ❬✹✻❪✮ ❞❡✜♥❡❞ ❜②

Pk(ǫ) = − 1

2πi

∫

Γk,ρ

(A(ǫ)− ξ)−1 dξ.

◆♦$✐❝❡ $❤❛$ (A(ǫ)− ξ)−1
✐) ✇❡❧❧ ❞❡✜♥❡❞ ❢♦& ξ ∈ Γk,ρ ✇❤❡♥ ǫ <

1

‖B‖‖R(ξ)‖ =
ρ

‖B‖ ✳
■♥❞❡❡❞✱ ❛❝❝♦&❞✐♥❣ $♦ ✭✶✳✶✸✮ ❛♥❞ ✭✶✳✶✹✮ ♣❛❣❡ ✻✼ ♦❢ ❬✹✻❪✱ ✇❡ ❤❛✈❡ ❜② $❤❡ )❡❝♦♥❞ ◆❡✉✲

♠❛♥♥ )❡&✐❡) ❢♦& $❤❡ &❡)♦❧✈❡♥$

(A(ǫ)− ξ)−1 = R(ξ) (1 + ǫBR(ξ))−1 = R(ξ)
∞∑

n=0

(−ǫBR(ξ))n = R(ξ) +
∞∑

n=1

ǫnR
(n)
k (ξ),

✭✹✳✻✳✷✮

✇❤❡&❡

R
(n)
k (ξ) = R(ξ)(−BR(ξ))n. ✭✹✳✻✳✸✮

❍❡♥❝❡ $❤❡ )❡&✐❡) ♦♥ $❤❡ &✐❣❤$✲❤❛♥❞ )✐❞❡ ♦❢ ✭✹✳✻✳✷✮ ❝♦♥✈❡&❣❡) ✐❢ ǫ < ρ
‖B‖ ✭$❤❛♥❦) $♦

▲❡♠♠❛ ✹✳✻✳✶✱ ✇❡ ♥♦$✐❝❡ $❤❛$ $❤❡ ✉♣♣❡& ❜♦✉♥❞ ♦❢ ǫ ✐) ✐♥❞❡♣❡♥❞❡♥$ ♦❢ k ∈ Z✮ ❛♥❞ ✇❡

❣❡$

Pk(ǫ) = Pk(0) +
∞∑

n=1

ǫnP
(n)
k ,

✇❤❡&❡ P
(n)
k = − 1

2πi

∫

Γk,ρ

R
(n)
k (ξ)dξ ❛♥❞ P

(0)
k = Pk(0)✳

❆) ❛❧&❡❛❞② )❛✐❞ ❜❡❢♦&❡ ✐❢ ǫ ✐) )✉✣❝✐❡♥$❧② )♠❛❧❧✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ) ❧②✐♥❣ ✐♥

Γk,ρ ❢♦&♠ ❡①❛❝$❧② $❤❡ λk(0)✲❣&♦✉♣ ❡✐❣❡♥✈❛❧✉❡)✳ ❚❤❡&❡❢♦&❡✱ )✐♥❝❡ λk(0) ✐) )❡♠✐)✐♠♣❧❡

✷✶✵



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✭)✐♥❝❡ ✐$ ✐) ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ )❦❡✇❛❞❥♦✐♥$ ♦♣❡&❛$♦&✮✱ $❤❡♥ ❛❝❝♦&❞✐♥❣ $♦ $❤❡ ✐❞❡♥$✐$✐❡)

✭✺✳✶✸✮ ❛♥❞ ✭✺✳✶✹✮ ♦❢ ❬✹✻✱ ♣✳ ✶✶✷❪✱ $❤❡ λk(0)✲❣&♦✉♣ ❡✐❣❡♥✈❛❧✉❡) ♦❢ A(ǫ) ❛&❡ ♦❢ $❤❡ ❢♦&♠

λk,j(ǫ) = λk(0) + ǫµ
(1)
k,j(ǫ), j = 1, · · · ,mk, ✭✹✳✻✳✹✮

✇❤❡&❡ {µ(1)
k,j(ǫ)}mk

j=1 ❛&❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ $❤❡ ♦♣❡&❛$♦&

Ã
(1)
k (ǫ) = ǫ−1(A(ǫ)− λk(0))Pk(ǫ) = − ǫ

−1

2πi

∫

Γk,ρ

(ξ − λk(0)) (A(ǫ)− ξ)−1 dξ, ✭✹✳✻✳✺✮

✐♥ $❤❡ )✉❜)♣❛❝❡ Mk(ǫ) = Pk(ǫ)H✳ ❚❤❡ )❡❝♦♥❞ ❡G✉❛❧✐$② ✐♥ ✭✹✳✻✳✺✮ ❢♦❧❧♦✇) ❢&♦♠ $❤❡

❢❛❝$ $❤❛$

(A(ǫ)− λk(0)) (A(ǫ)− ξ)−1 = 1 + (ξ − λk(0)) (A(ǫ)− ξ)−1 .

❙!❡♣ ✷✳❲❡ ❡)$✐♠❛$❡ $❤❡ ❞✐✛❡&❡♥❝❡ ❜❡$✇❡❡♥ Ã
(1)
k (ǫ) ❛♥❞ Pk(0)BPk(0)✳ ❆❝❝♦&❞✐♥❣

$♦ $❤❡ ✐❞❡♥$✐$② ✭✷✳✶✻✮ ♣❛❣❡ ✼✼ ♦❢ ❬✹✻❪✱ ✇❡ ❤❛✈❡

(A(ǫ)− λk(0))Pk(ǫ) = (A(0)− λk(0))Pk(0) +
∞∑

n=1

ǫnÃ
(n)
k , ✭✹✳✻✳✻✮

✇❤❡&❡

Ã
(n)
k = (−1)n+1 1

2πi

∫

Γk,ρ

R(ξ)(BR(ξ))n(ξ − λk(0))dξ, ✭✹✳✻✳✼✮

✐♥ ♣❛&$✐❝✉❧❛& ✭)❡❡ ✭✷✳✶✾✮ ♣❛❣❡ ✼✼ ♦❢ ❬✹✻❪✮

Ã
(1)
k = Pk(0)BPk(0). ✭✹✳✻✳✽✮

❙✐♥❝❡ λk(0) ✐) )❡♠✐)✐♠♣❧❡✱ $❤❡♥ A(0)Pk(0) = λk(0)Pk(0)✳ ❚❤✉) ✭✹✳✻✳✻✮ ✐♠♣❧✐❡) $❤❛$

Ã
(1)
k (ǫ) =

∞∑

n=0

ǫnÃ
(n+1)
k .

❖♥ $❤❡ ♦$❤❡& ❤❛♥❞✱ ❢&♦♠ ✭✹✳✻✳✼✮ ❛♥❞ ▲❡♠♠❛ ✹✳✻✳✶✱ ✇❡ ❤❛✈❡ ❢♦& ❛❧❧ n ≥ 1

‖Ã(n)
k ‖ ≤ ‖B‖n

ρn
.

✷✶✶



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❚❤❡&❡❢♦&❡✱ ❢♦& ǫ )♠❛❧❧ ❡♥♦✉❣❤✱ $❤❡&❡ ❡①✐)$) c > 0 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ k )✉❝❤ $❤❛$

‖Ã(1)
k (ǫ)− Ã

(1)
k ‖ ≤

∞∑

n=1

ǫn
‖B‖n+1

ρn+1
≤ ‖B‖

ρ

(
ǫ‖B‖

ρ

1− ǫ‖B‖
ρ

)
≤ cǫ. ✭✹✳✻✳✾✮

❙!❡♣ ✸✳ ❲❡ ❝♦♠♣❛&❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡) {µ(1)
k,j(ǫ)}mk

j=1 ♦❢ Ã
(1)
k (ǫ) ✇✐$❤ $❤❡ ❡✐❣❡♥✈❛✲

❧✉❡) ♦❢ Ã
(1)
k = Pk(0)BPk(0)✳ ❈♦♥)✐❞❡& µ

(1)
k,j(ǫ) ❛♥❞ φ

(1)
k,j(ǫ) ❛♥ ❛))♦❝✐❛$❡❞ ♥♦&♠❛❧✐③❡❞

❡✐❣❡♥✈❡❝$♦&✱ $❤❡♥

Ã
(1)
k (ǫ)φ

(1)
k,j(ǫ) = µ

(1)
k,j(ǫ)φ

(1)
k,j(ǫ).

❋&♦♠ ✭✹✳✻✳✾✮✱ ✇❡ ❤❛✈❡

‖Ã(1)
k (ǫ)φ

(1)
k,j(ǫ)− Ã

(1)
k φ

(1)
k,j(ǫ)‖ ≤ cǫ.

❚❤✉)✱ ❜② ❈❛✉❝❤②✲❙❝❤✇❛&③✬) ✐♥❡G✉❛❧✐$②✱ ✇❡ ❤❛✈❡

| < µ
(1)
k,j(ǫ)φ

(1)
k,j(ǫ)− Ã

(1)
k φ

(1)
k,j(ǫ), φ

(1)
k,j(ǫ) > | ≤ cǫ,

♦& ❡G✉✐✈❛❧❡♥$❧②

|µ(1)
k,j(ǫ)− < Ã

(1)
k φ

(1)
k,j(ǫ), φ

(1)
k,j(ǫ) > | ≤ cǫ.

❚❤❡&❡❢♦&❡✱

ℜ(µ(1)
k,j(ǫ)) ≤< Ã

(1)
k φ

(1)
k,j(ǫ), φ

(1)
k,j(ǫ) > +cǫ,

♦&

ℜ(µ(1)
k,j(ǫ)) ≤ max

1≤j≤mk

µk,j + cǫ.

❲❡ ❝♦♥❝❧✉❞❡ ❜② ✉)✐♥❣ $❤✐) ❡)$✐♠❛$❡ ❛♥❞ ✭✹✳✻✳✹✮✳

❆❝❝♦&❞✐♥❣ $♦ ▲❡♠♠❛ ✹✳✻✳✷✱ $♦ ♣&♦✈❡ $❤❛$ $❤❡ )♣❡❝$&✉♠ ♦❢ A(ǫ) ✐) )✐$✉❛$❡❞ $♦ $❤❡

❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐) ❢♦& ǫ > 0 )♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ $♦ ♣&♦✈❡ $❤❛$✱ ❢♦& ❡✈❡&②

k ∈ Z✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ Ã(1)
k = Pk(0)BPk(0) ❛&❡ )$&✐❝$❧② $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&②

❛①✐) ✐♥❞❡♣❡♥❞❡♥$❧② ♦❢ k ∈ Z ❛♥❞ ǫ > 0✳ ■♥ ❢❛❝$✱ $❤❡ ❤②♣♦$❤❡)✐) ✐♠♣♦)❡❞ ✐♥ ❬✺✶❪ $♦ ❣❡$

✷✶✷



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

$❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭Sǫ✮ ❝❛♥ ❜❡ ✐♥$❡&♣&❡$❡❞ ❛) ❛ ❝♦♥❞✐$✐♦♥ ♦♥ $❤❡ ♥❡❣❛$✐✈✐$②

♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ Pk(0)BPk(0)✳ ❚❤❡&❡❢♦&❡✱ ♦✉& ❛✐♠ ✐♥ $❤❡ ♥❡①$ $✇♦ ❧❡♠♠❛) ✐) $♦

✜♥❞ $❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ Pk(0)BPk(0) ❛♥❞ $♦ ✐♥✈❡)$✐❣❛$❡ $❤❡ ❝♦♥❞✐$✐♦♥) ❢♦& ✇❤✐❝❤ $❤❡✐&

&❡❛❧ ♣❛&$) ❛&❡ ♥❡❣❛$✐✈❡ ✐♥❞❡♣❡♥❞❡♥$❧② ♦❢ k ∈ Z ❛♥❞ ǫ > 0✳

▲❡♠♠❛ ✹✳✻✳✸✳ ■❢ µk,0 ❞❡♥♦&❡' &❤❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Pk(0)BPk(0)✱ ✇❤❡1❡ Pk(0) ✐' &❤❡ ❡✐✲

❣❡♥♣1♦❥❡❝&✐♦♥ ❝♦11❡'♣♦♥❞✐♥❣ &♦ λk(0) = ı(kπ+
π

2
)✱ ✇✐&❤ k ∈ Z✱ &❤❡♥ µk,0 = − 1

N

N∑

i=1

ai✳

()♦♦❢✿ ❲❡ &❡❝❛❧❧ $❤❛$ λk(0) = ı(kπ +
π

2
) ✐) )✐♠♣❧❡ ❢♦& ❛❧❧ k ∈ Z✳ ❙♦♠❡ ❡❧❡♠❡♥$❛&②

❝❛❧❝✉❧❛$✐♦♥) )❤♦✇ $❤❛$ $❤❡ ❛))♦❝✐❛$❡❞ ♥♦&♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝$♦& ✐) ♦❢ $❤❡ ❢♦&♠

φ0 =
1√
N
(u, v)⊤,

✇❤❡&❡✱ ❢♦& ❛❧❧ x ∈ (0, 1) ❛♥❞ i = 1, · · · , N ✱ ui(x) =
sinh (λk(0)(1− x))

λk(0)
❛♥❞ vi(x) =

sinh (λk(0)(1− x))✳ ❋♦& ❛♥② ψ ∈ H✱ ✇❡ ✜♥❞ $❤❛$

Pk(0)BPk(0)ψ = − 1

N

(
N∑

i=1

ai

)
(ψ, φ0)φ0,

❤❡♥❝❡ φ0 ✐) $❤❡ ❡✐❣❡♥✈❡❝$♦& ♦❢ Pk(0)BPk(0) ♦❢ ❡✐❣❡♥✈❛❧✉❡ −
1

N

N∑

i=1

ai✳

▲❡♠♠❛ ✹✳✻✳✹✳ ■❢ {µk,j}N−1
j=1 ❞❡♥♦&❡' &❤❡ '❡& ♦❢ ❡✐❣❡♥✈❛❧✉❡' ♦❢ Pk(0)BPk(0)✱ ✇❤❡1❡

Pk(0) ✐' &❤❡ ❡✐❣❡♥♣1♦❥❡❝&✐♦♥ ❝♦11❡'♣♦♥❞✐♥❣ &♦ λk(0) = ıkπ✱ ✇✐&❤ k ∈ Z∗
✱ &❤❡♥

{µk,j}N−1
j=1 ✐' &❤❡ '❡& ♦❢ ③❡1♦' ♦❢ &❤❡ ♣♦❧②♥♦♠✐❛❧ Q ❞❡✜♥❡❞ ❜②

Q(z) = (z + a1)(z + aN)
N−1∑

i=2

N−1∏

l 6=i

l=2

(z + al) +
N−1∏

l=2

(z + al)(2z + a1 + aN) ✭✹✳✻✳✶✵✮

()♦♦❢✿ ❋✐&)$✱ ✇❡ ♥♦$✐❝❡ $❤❛$✱ ❢♦& ❛❧❧ k ∈ Z∗
✱ λk(0) = ıkπ ✐) ♦❢ ♠✉❧$✐♣❧✐❝✐$② N − 1

❛♥❞ $❤❛$ $❤❡ ❛))♦❝✐❛$❡❞ ❡✐❣❡♥✈❡❝$♦&) ❛&❡ ♦❢ $❤❡ ❢♦&♠ (u, v)⊤ ✇❤❡&❡✱ ❢♦& i = 1, · · · , N

✷✶✸



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

❛♥❞ x ∈ (0, 1)✱ ui(x) =
αi

ıkπ
sin (kπ(1− x)) ❛♥❞ vi(x) = αi sin (kπ(1− x)) ✇✐$❤ α =

(αi)
N
i=1 ∈ CN

)✉❝❤ $❤❛$

N∑

i=1

αi = 0✳ ❆) ❛ ❜❛)✐) ♦❢ $❤❡ )✉❜)♣❛❝❡ Pk(0)H✱ ✇❡ ❝❛♥ ❝❤♦♦)❡

$❤❡ )②)$❡♠ ♦❢ ❡✐❣❡♥✈❡❝$♦&) {φ(i)}i=1,··· ,N−1 ❝♦&&❡)♣♦♥❞✐♥❣ $♦ $❤❡ ❝❤♦✐❝❡

α(1) = (1,−1, 0 · · · , 0), α(2) = (1, 0,−1, 0 · · · , 0), · · · , α(N−1) = (1, 0, · · · , 0,−1).

❚❤❡&❡❢♦&❡✱ ❢♦& ❛❧❧ i = 1, · · · , N − 1✱ Pk(0)BPk(0)φ
(i) =

N−1∑

k=1

αikφ
(k)
✇❤❡&❡ αik ∈ C✳

▼♦&❡♦✈❡&✱ ❢♦& ❛❧❧ i, j = 1, · · · , N − 1✱

〈
Pk(0)BPk(0)φ

(i), φ(j)
〉
=

〈
Bφ(i), φ(j)

〉
=

N−1∑

k=1

αik

〈
φ(k), φ(j)

〉
.

❍❡♥❝❡✱ Pk(0)BPk(0) = ΓG−1
✱ ✇❤❡&❡ Γ = (

〈
Bφ(i), φ(j)

〉
)i,j ❛♥❞ G ✐) $❤❡ ●&❛♠✐❛♥

♠❛$&✐① ❞❡✜♥❡❞ ❜② G = (
〈
φ(i), φ(j)

〉
)i,j✳ ❇✉$ )♦♠❡ ❡❧❡♠❡♥$❛&② ❝❛❧❝✉❧❛$✐♦♥) ②✐❡❧❞

Γ =




−a1 − a2 −a1 −a1 · · · −a1
−a1 −a1 − a3 −a1 · · · −a1
✳

✳

✳ · · · ✳

✳

✳ · · · ✳

✳

✳

✳

✳

✳ · · · · · · ✳

✳

✳ −a1
−a1 −a1 · · · −a1 −a1 − aN




❛♥❞

G =




2 1 1 · · · 1

1 2 1 · · · 1
✳

✳

✳ · · · ✳

✳

✳ · · · ✳

✳

✳

✳

✳

✳ · · · · · · ✳

✳

✳ 1

1 1 · · · 1 2




.

✷✶✹
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❙✐♥❝❡

G−1 =
1

N




N − 1 −1 −1 · · · −1

−1 N − 1 −1 · · · −1
✳

✳

✳ · · · ✳

✳

✳ · · · ✳

✳

✳

✳

✳

✳ · · · · · · ✳

✳

✳ −1

−1 −1 · · · −1 N − 1




= I − 1

N




1 · · · · · · 1

1 · · · · · · 1
✳

✳

✳

✳

✳

✳

1 · · · · · · 1



,

✇❡ ❣❡$

Pk(0)BPk(0)

=
1

N




−a1 − (N − 1)a2 −a1 + a2 −a1 + a2 · · · −a1 + a2

−a1 + a3 −a1 − (N − 1)a3 −a1 + a3 · · · −a1 + a3
✳

✳

✳ · · · ✳

✳

✳ · · · ✳

✳

✳

✳

✳

✳ · · · · · · ✳

✳

✳

✳

✳

✳

−a1 + aN −a1 + aN · · · −a1 + aN −a1 − (N − 1)aN




.

❚❤❡&❡❢♦&❡✱ {µk,j}N−1
j=1 ❛&❡ $❤❡ &♦♦$) ♦❢ $❤❡ ❝❤❛&❛❝$❡&✐)$✐❝ ♣♦❧②♥♦♠✐❛❧ det (zI − Pk(0)BPk(0))

♦& ❡:✉✐✈❛❧❡♥$❧②

Q(z) = det




z + a2 0 · · · · · · −z − aN

0 z + a3 0 · · · −z − aN
✳

✳

✳ · · · ✳

✳

✳ 0
✳

✳

✳

0 · · · 0 z + aN−1 −z − aN

z + a1 z + a1 · · · z + a1 2z + a1 + aN




.

❉❡✈❡❧♦♣✐♥❣ ✇✐$❤ &❡)♣❡❝$ $♦ $❤❡ ❧❛)$ ❧✐♥❡✱ ✇❡ ✜♥❞ ✭✹✳✻✳✶✵✮✳

❇❡❢♦&❡ ❣♦✐♥❣ ♦♥ ❧❡$ ✉) ♥♦$✐❝❡ $❤❛$ $❤❡ ❛❜♦✈❡ ❧❡♠♠❛) )❤♦✇ $❤❛$ $❤❡ ❡✐❣❡♥✈❛❧✉❡)

µk,j ♦❢ Pk(0)BPk(0) ❛&❡ ✐♥❞❡♣❡♥❞❡♥$ ♦❢ k✳ ■♥ $❤❡ ✜&)$ ❝❛)❡ ✇❡ ❞✐&❡❝$❧② ✜♥❞ ❛ ❝♦♥❞✐$✐♦♥

♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) $♦ ❤❛✈❡ µk,0 < 0✱ ❢♦& $❤❡ )❡❝♦♥❞ ❝❛)❡ ✇❡ ♥❡❡❞ $❤❛$ $❤❡

✷✶✺
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&♦♦$) ♦❢ Q ❛&❡ ♥❡❣❛$✐✈❡✳ ❋♦& $❤✐) ❛✐♠✱ ✇❡ ✜&)$ ❧♦❝❛❧✐③❡ $❤❡ &♦♦$) ♦❢ Q✳ ❇❡❢♦&❡ ❞♦✐♥❣

)♦ ❧❡$ ✉) ✐♥$&♦❞✉❝❡ $❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦$❛$✐♦♥ ✿ ❛) $❤❡ ai ❛&❡ ♥♦$ ♥❡❝❡))❛&✐❧② ❞✐✛❡&❡♥$✱ ✇❡

❞❡♥♦$❡ ❜② M ≤ N $❤❡ ♥✉♠❜❡& ♦❢ ❞✐✛❡&❡♥$ ai✬) ❛♥❞ ❞❡♥♦$❡ ❜② {bj}Mj=1 $❤❡ )❡$ ♦❢ $❤❡

❞✐✛❡&❡♥$ ❝♦❡✣❝✐❡♥$) ✐♥ ✐♥❝&❡❛)✐♥❣ ♦&❞❡&✱ ✇❤✐❝❤ ♠❡❛♥) $❤❛$

{bj}Mj=1 = {ai}Ni=1,

❛♥❞

b1 < b2 < · · · < bM .

❋✉&$❤❡& ❢♦& ❛❧❧ j = 1, · · ·M ✱ ❞❡♥♦$❡ ❜② kj $❤❡ ♥✉♠❜❡& ♦❢ &❡♣❡❛$❡❞ ✈❛❧✉❡) ♦❢ bj ✐♥

$❤❡ ✐♥✐$✐❛❧ )❡$ ♦❢ ❝♦❡✣❝✐❡♥$) ai✱ ♥❛♠❡❧②

kj = #{i ∈ {1, · · · , N} : bj = ai}.

▲❡♠♠❛ ✹✳✻✳✺✳ ■❢ Q ✐# $❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡✜♥❡❞ ❜② ✭✹✳✻✳✶✵✮✱ $❤❡♥ ✐$# ❤❛# N − 1 9❡❛❧

9♦♦$# µi, i = 1, · · · , N − 1✱ ✐♥ [−aN ,−a1] #✉❝❤ $❤❛$

−bj+1 < µj < −bj, ∀j = 1, · · · ,M − 1,

$❤❡ ♦$❤❡9 9♦♦$# ❛9❡ −bj ♦❢ ♠✉❧$✐♣❧✐❝✐$② kj − 1✱ ❢♦9 ❛❧❧ j = 1, · · · ,M #✉❝❤ $❤❛$ kj ≥ 2✳

()♦♦❢✿ ❲❡ ✜&)$ ♥♦$✐❝❡ $❤❛$

Q(−ai) =
N∏

l=1
l 6=i

(al − ai).

❍❡♥❝❡ ✇❡ )❡❡ $❤❛$ −ai ✐) ❛ &♦♦$ ♦❢ Q ✐❢ ❛♥❞ ♦♥❧② ✐❢ $❤❡&❡ ❡①✐)$) ❛$ ❧❡❛)$ ♦♥❡ ℓ 6= i

)✉❝❤ $❤❛$ ai = aℓ✳ ❇✉$ ❢♦& ❛ ❝♦♠♣❧❡① ♥✉♠❜❡& µ )✉❝❤ $❤❛$ µ 6∈ {−ai}Ni=1✱ ✇❡ ♥♦$✐❝❡

$❤❛$

Q(µ) =
N∏

l=1

(µ+ al)

(
N∑

i=1

1

µ+ ai

)
. ✭✹✳✻✳✶✶✮

✷✶✻
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❚❤❡&❡❢♦&❡ µ 6∈ {−ai}Ni=1 ✐) ❛ &♦♦$ ♦❢ Q ✐❢ ❛♥❞ ♦♥❧② ✐❢

Q̃(µ) =
N∑

i=1

1

µ+ ai
= 0.

❆) Q̃ ❤❛) ✈❡&$✐❝❛❧ ❛)②♠♣$♦$❡) µ = −bj✱ ❢♦& ❛❧❧ j = 1, . . . ,M ❛♥❞ ✐) ❛ ❞❡❝&❡❛)✐♥❣

❢✉♥❝$✐♦♥ ♦♥ (−bj+1,−bj)✱ ❢♦& ❛❧❧ j = 1, · · · ,M − 1 ✭)❡❡ ❋✐❣✉&❡ ✹✳✷ ❢♦& $❤❡ ❣&❛♣❤ ♦❢

Q̃ ✇❤❡♥ N =M = 4, a1 = −2, a2 = 2, a3 = 3, a4 = 4✮✱ ✇❡ ❞❡❞✉❝❡ $❤❛$ Q ❤❛) ♦♥❡

❛♥❞ ♦♥❧② ♦♥❡ &❡❛❧ &♦♦$ ❜❡$✇❡❡♥ $✇♦ ❝♦♥)❡❝✉$✐✈❡ ✈❡&$✐❝❛❧ ❛)②♠♣$♦$❡)✳

◆♦✇ ❢♦& j = 1, · · · ,M )✉❝❤ $❤❛$ kj ≥ 2✱ ✇❡ $❛❦❡ µ 6= −bj ❜✉$ ❝❧♦)❡ $♦ ✐$ ❛♥❞ ✉)❡
$❤❡ ❡①♣&❡))✐♦♥ ✭✹✳✻✳✶✶✮ $♦ ✜♥❞ $❤❛$

Q(µ) =
∏

ℓ:aℓ 6=bj

(µ+ al) (µ+ bj)
kj


 kj
µ+ bj

+
∑

i:ai 6=bj

1

µ+ ai




✭✹✳✻✳✶✷✮

= (µ+ bj)
kj−1

∏

ℓ:aℓ 6=bj

(µ+ al)


kj + (µ+ bj)

∑

i:ai 6=bj

1

µ+ ai


 . ✭✹✳✻✳✶✸✮

❙✐♥❝❡

∏
ℓ:aℓ 6=bj

(µ+al)
(
kj + (µ+ bj)

∑
i:ai 6=bj

1
µ+ai

)
✐) ❤♦❧♦♠♦&♣❤✐❝ ✐♥ ❛ ♥❡✐❣❤❜♦&❤♦♦❞

♦❢ −bj✱ ✇❡ ❞❡❞✉❝❡ $❤❛$ −bj ✐) ❛ &♦♦$ ♦❢ Q ♦❢ ♠✉❧$✐♣❧✐❝✐$② kj − 1✳

❈♦"♦❧❧❛"② ✹✳✻✳✻✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ Q ❞❡✜♥❡❞ ❜② ✭✹✳✻✳✶✵✮ ❤❛5 ♥❡❣❛7✐✈❡ 9♦♦75 ✐❢ ❛♥❞

♦♥❧② ✐❢ ♦♥❡ ♦❢ 7❤❡ ❢♦❧❧♦✇✐♥❣ 7✇♦ ❝♦♥❞✐7✐♦♥5 ✐5 5❛7✐5✜❡❞ ✿

✭✐✮ a1 ≥ 0 ❛♥❞ ai > 0✱ ❢♦9 ❛❧❧ i = 2, · · · , N ✱

✭✐✐✮ a1 < 0✱ ai > 0✱ ❢♦9 ❛❧❧ i = 2, · · · , N ❛♥❞

N∑

i=1

1

ai
< 0.

)"♦♦❢✿ ❆❝❝♦&❞✐♥❣ $♦ $❤❡ ♣&❡✈✐♦✉) ❧❡♠♠❛✱ ✐❢ −b2 ≥ 0✱ $❤❡♥ Q ❤❛) ❛ ♣♦)✐$✐✈❡ &♦♦$✱

❤❡♥❝❡ b2 ❤❛) $♦ ❜❡ ♣♦)✐$✐✈❡✳ ◆♦✇ ✐❢ b1 = a1 ✐) ♣♦)✐$✐✈❡✱ ❛❧❧ &♦♦$) ❛&❡ $&✐✈✐❛❧❧② ♥❡❣❛$✐✈❡✳

✷✶✼
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-6 -4 -2 2 4

-5

5

❋✐❣✉$❡ ✹✳✷ ✕ N = 4, a1 = −2, a2 = 2, a3 = 3, a4 = 4

❖♥ &❤❡ ♦&❤❡* ❤❛♥❞✱ ✐❢ b1 ≤ 0 ✇✐&❤ k1 > 1✱ &❤❡♥ Q ❤❛1 ❛ ♥♦♥ ♥❡❣❛&✐✈❡ *♦♦& −b1✳ ❍❡♥❝❡
k1 ❤❛1 &♦ ❜❡ ❡7✉❛❧ &♦ ✶✳ ❚❤✐1 ❝♦✈❡*1 &❤❡ ✜*1& ✐&❡♠✳ ❋♦* &❤❡ 1❡❝♦♥❞ ✐&❡♠✱ ✇❡ ❤❛✈❡

b1 < 0 ✇✐&❤ k1 = 1 ❛♥❞ &❤❡*❡❢♦*❡ ❛❣❛✐♥ ❛❝❝♦*❞✐♥❣ &♦ &❤❡ ♣*❡✈✐♦✉1 ❧❡♠♠❛✱ Q ❤❛1 ❛

*♦♦& µ ✭♦* ❡7✉✐✈❛❧❡♥&❧② Q̃✮ ❜❡&✇❡❡♥ −a2 < 0 ❛♥❞ −a1 > 0 &❤❛& ♣♦&❡♥&✐❛❧❧② ❝♦✉❧❞ ❜❡

♣♦1✐&✐✈❡✱ ❜✉& 1✐♥❝❡ Q̃ ✐1 ❞❡❝*❡❛1✐♥❣ ♦♥ (−a2,−a1) &❤❡ ❝♦♥❞✐&✐♦♥

Q̃(0) =
N∑

i=1

1

ai
< 0

✐1 ❛ ♥❡❝❡11❛*② ❛♥❞ 1✉✣❝✐❡♥& ❝♦♥❞✐&✐♦♥ &♦ ❣❡& µ < 0✳

❙✉♠♠✐♥❣ ✉♣ &❤❡ *❡1✉❧&1 ♦❢ ▲❡♠♠❛1 ✹✳✻✳✷✱ ✹✳✻✳✸✱ ❛♥❞ ❈♦*♦❧❧❛*② ✹✳✻✳✻✱ ✇❡ ❣✐✈❡ &❤❡

♣*♦♦❢ ♦❢ ❚❤❡♦*❡♠ ✹✳✶✳✹✳

 !♦♦❢✿ ♦❢ ❚❤❡♦!❡♠ ✹✳✶✳✹ ✿ ❆❝❝♦*❞✐♥❣ &♦ ▲❡♠♠❛ ✹✳✻✳✷✱ ✐❢ max
k∈Z

max
j=1,··· ,mk

µk,j =

−C < 0✱ &❤❡♥ &❤❡*❡ ❡①✐1&1 ǫ0 > 0 1✉❝❤ &❤❛& ❢♦* ❛❧❧ ǫ ∈ (0, ǫ0), ❛♥❞ ❛❧❧ k ∈ Z✱

ℜλk(ǫ) ≤ −C
2
ǫ✳ ❯1✐♥❣ ▲❡♠♠❛1 ✹✳✻✳✸ ❛♥❞ ❈♦*♦❧❧❛*② ✹✳✻✳✻✱ &❤✐1 ✐1 1❛&✐1✜❡❞ ✐❢ ❡✐&❤❡*

✷✶✽



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

♦♥❡ ♦❢ $❤❡ $✇♦ ❝♦♥❞✐$✐♦♥) ✐) )❛$✐)✜❡❞ ✿

✭✐✮ a1 ≥ 0 ❛♥❞ ai > 0✱ ❢♦& ❛❧❧ i = 2, · · · , N ✱

✭✐✐✮ a1 < 0✱ ai > 0✱ ❢♦& ❛❧❧ i = 2, · · · , N ❛♥❞

N∑

i=1

ai > 0 ❛) ✇❡❧❧ ❛)
N∑

i=1

1

ai
< 0.

❙✐♥❝❡ $❤❡ &♦♦$ ✈❡❝$♦&) ♦❢ A(ǫ) ❢♦&♠ ❛ ❘✐❡)③ ❜❛)✐) ✇✐$❤ ♣❛&❡♥$❤❡)✐) ✭)❡❡ >&♦♣♦)✐$✐♦♥

✹✳✹✳✶✮✱ ✇❡ ❞❡❞✉❝❡ $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ $❤❡ )♦❧✉$✐♦♥ ♦❢ ✭Sǫ✮ ❢♦& ❛❧❧ ǫ ∈ (0, ǫ0)

✉♥❞❡& ♦♥❡ ♦❢ $❤❡ ❝♦♥❞✐$✐♦♥) ✭✐✮ ♦& ✭✐✐✮ )$❛$❡❞ ❛❜♦✈❡✳

❘❡♠❛$❦ ✹✳✻✳✼✳ ✭✐✮ ❖✇✐♥❣ '♦ ▲❡♠♠❛ ✹✳✻✳✸ ❛♥❞ ❈♦3♦❧❧❛3② ✹✳✻✳✻✱ ✐❢

N∑

i=1

ai < 0 ♦3

✐❢ Q ❤❛9 ❛ ♣♦9✐'✐✈❡ 3♦♦'✱ '❤❡♥ (Sǫ) ✐9 ✉♥9'❛❜❧❡ ❢♦3 ❛❧❧ ǫ > 0 9♠❛❧❧ ❡♥♦✉❣❤✳

✭✐✐✮ ■❢

N∑

i=1

ai = 0 ♦3 ✐❢ Q ❤❛9 ❛ 3♦♦' ❡?✉❛❧ '♦ ③❡3♦✱ '❤❡♥ '❤❡ ❡①♣♦♥❡♥'✐❛❧ 9'❛❜✐❧✐'②

♦❢ (Sǫ) ❢♦3 ǫ > 0 9♠❛❧❧ ❡♥♦✉❣❤ ✐9 ❛♥ ♦♣❡♥ ?✉❡9'✐♦♥✳ ❋♦3 ❡①❛♠♣❧❡✱ ✐♥ '❤❡ ❝❛9❡

N = 3✱ a1 = a2 = 1✱ ❛♥❞ a3 = −1

2
✱ ❋✐❣✉3❡ ✹✳✻ 9❤♦✇9 '❤❛' '❤❡3❡ ❛3❡ ❡✐❣❡♥✈❛❧✉❡9

'♦ '❤❡ 3✐❣❤' ♦❢ '❤❡ ✐♠❛❣✐♥❛3② ❛①✐9 ✇❤❡♥ ǫ = 0.1✳

❘❡♠❛$❦ ✹✳✻✳✽✳ ❚❤❡ ♣3❡✈✐♦✉9 ❛♥❛❧②9✐9 ❝❛♥ ❜❡ ❛❞❛♣'❡❞ '♦ '❤❡ ❝❛9❡ ✇❤❡♥ ai ∈ L∞(0, 1)

❛♥❞ Li = 1 ❢♦3 ❛❧❧ i = 1, · · · , N ✳ ❆9 ❜❡❢♦3❡ ✇❡ ❝❛♥ ♣3♦✈❡ '❤❛' '❤❡ 9♦❧✉'✐♦♥ ♦❢ ✭Sǫ✮ ✐9

❡①♣♦♥❡♥'✐❛❧❧② 9'❛❜❧❡ ❢♦3 ❛❧❧ ǫ ∈ (0, ǫ0) ❢♦3 ǫ0 > 0 9♠❛❧❧ ❡♥♦✉❣❤ ✐❢ '❤❡3❡ ❡①✐9'9 c0 > 0

❛♥❞ c1 > 0 9✉❝❤ '❤❛' ❢♦3 ❛❧❧ k ∈ Z✱ ♦♥❡ ♦❢ '❤❡ ❢♦❧❧♦✇✐♥❣ '✇♦ ❝♦♥❞✐'✐♦♥9 ❤♦❧❞9 ✿

✭❛✮ ❚❤❡3❡ ❡①✐9'9 ❛' ♠♦9' ♦♥❡ j0 ∈ {1, · · · , N} 9✉❝❤ '❤❛'∫ 1

0

aj0(x) sin
2(kπ(1− x))dx = 0✱

∫ 1

0

ai(x) sin
2(kπ(1− x))dx > c0 ❢♦3 ❛❧❧ i 6= j0

❛♥❞

N∑

i=1

∫ 1

0

ai(x) sin
2((kπ +

π

2
)(1− x))dx > c0✳

✭❜✮ ❚❤❡3❡ ❡①✐9'9 ♦♥❧② ♦♥❡ i0 ∈ {1, · · · , N} 9✉❝❤ '❤❛'∫ 1

0

ai0(x) sin
2(kπ(1−x))dx < 0✱

∫ 1

0

ai(x) sin
2(kπ(1−x))dx > c0 ❢♦3 ❛❧❧ i 6= i0✱

✷✶✾



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

N∑

i=1

∫ 1

0

ai(x) sin
2((kπ +

π

2
)(1− x))dx > c0✱ ❛♥❞

N∑

i=1

1∫ 1

0

ai(x) sin
2(kπ(1− x))dx

< −c1✳

■♥❞❡❡❞✱ $❤❡ &❡)✉❧$) ♦❢ ▲❡♠♠❛ ✹✳✻✳✷ )$✐❧❧ ❤♦❧❞✳ ▲❡♠♠❛ ✹✳✻✳✸ ❛❧)♦ ❤♦❧❞) ❜✉$ ✐♥

$❤✐) ❝❛)❡✱ ❢♦& ❛❧❧ k ∈ Z✱ µk,0 = − 2

N

N∑

i=1

∫ 1

0

ai(x) sin
2((kπ +

π

2
)(1 − x))dx✳ ❙✐♠✐❧❛&❧②✱

✐♥ ▲❡♠♠❛ ✹✳✻✳✹✱ ✇❡ ❝❛♥ &❡♣❡❛$ $❤❡ )❛♠❡ ❛♥❛❧②)✐) ❛♥❞ ✜♥❞ $❤❛$✱ ❢♦& ❛❧❧ k ∈ Z∗
✱

{µk,j}N−1
j=1 ✐) $❤❡ )❡$ ♦❢ ③❡&♦) ♦❢

Q̂(z) = (z + I1)(z + IN)
N−1∑

i=2

N−1∏

l 6=i

l=2

(z + Il) +
N−1∏

l=2

(z + Il)(2z + I1 + IN),

✇❤❡&❡ ❢♦& ❛❧❧ i = 1, · · · , N ✱ Ii = 2

∫ 1

0

ai(x) sin
2(kπ(1−x))dx ✭✇❤✐❝❤ ❤❡&❡ ❞❡♣❡♥❞) ♦♥

k✮✳ ❆) ▲❡♠♠❛ ✹✳✻✳✺ ❝❛♥ ❜❡ ✉)❡❞ ❢♦& Q̂✱ ✇❡ ✜♥❞ $❤❡ )❛♠❡ &❡)✉❧$) ❜✉$ ✇✐$❤ ai &❡♣❧❛❝❡❞

❜② Ii ❢♦& ❛❧❧ i = 1, · · · , N ✳ ❚❤❡&❡❢♦&❡✱ $❤❛♥❦) $♦ ▲❡♠♠❛ ✹✳✻✳✷ ❛♥❞ ✉♥❞❡& ♦♥❡ ♦❢ $❤❡
❝♦♥❞✐$✐♦♥) ✭❛✮ ♦& ✭❜✮ )$❛$❡❞ ❛❜♦✈❡✱ ✇❡ ❞❡❞✉❝❡ $❤❡ ❡①✐)$❡♥❝❡ ♦❢ Ĉ > 0 )✉❝❤ $❤❛$ ❢♦&

❛❧❧ k ∈ Z✱ ℜλk(ǫ) ≤ −ǫĈ ❢♦& ❛❧❧ ǫ ∈ (0, ǫ0)✳

✹✳✼ ❊①❛♠♣❧❡*

■♥ ♦&❞❡& $♦ ✐❧❧✉)$&❛$❡ ♦✉& ❣❡♥❡&❛❧ &❡)✉❧$) ✇❡ ♣&❡)❡♥$ )♦♠❡ ❝♦♥❝&❡$❡ ❡①❛♠♣❧❡) ✇❤❡&❡

✇❡ ❝❛♥ ❣✐✈❡ ❡①♣❧✐❝✐$ ❝♦♥❞✐$✐♦♥) ♦♥ $❤❡ ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥$) $♦ ❣❡$ ❡①♣♦♥❡♥$✐❛❧ ❞❡❝❛②

✭✉♣ $♦ ❛ ✜♥✐$❡✲❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✮ ❢♦& ❜♦$❤ ♣&♦❜❧❡♠) ✭S1✮ ❛♥❞ (Sǫ)✳ ■♥ $❤❡ ✜&)$ ❝❛)❡✱

$❤✐) ✐) &❡❞✉❝❡❞ $♦ $❤❡ ❝❛❧❝✉❧❛$✐♦♥ ♦❢ $❤❡ &♦♦$) ♦❢ $❤❡ ♣♦❧②♥♦♠✐❛❧ G ❞❡✜♥❡❞ ❜② ✭✹✳✶✳✶✮✱

✐♥ $❤❡ )❡❝♦♥❞ ♦♥❡ )✐♥❝❡ $❤❡ ❝♦♥❞✐$✐♦♥) ❢&♦♠ ❚❤❡♦&❡♠ ✹✳✶✳✹ ❛&❡ ❡❛)② $♦ ❝❤❡❝❦✱ ✇❡

❝♦♥❝❡♥$&❛$❡ ♦♥ ❛ ❧✐♠✐$ ❝❛)❡ ✭)❡❡ ❘❡♠❛&❦ ✹✳✻✳✼✮ ❛♥❞ ♦♥ $❤❡ ❝❤❛&❛❝$❡&✐③❛$✐♦♥ ♦❢ $❤❡

❧✐♠✐$ ✈❛❧✉❡) ♦❢ ǫ ❢♦& ✇❤✐❝❤ $❤❡ ❣❧♦❜❛❧ )$❛❜✐❧✐$② ✐) ❧♦)$✳

✷✷✵



❈❤❛♣$❡& ✹ ❙$❛& )❤❛♣❡❞ ♥❡$✇♦&❦ ✇✐$❤ ✐♥❞❡✜♥✐$❡ )✐❣♥ ❞❛♠♣✐♥❣

✹✳✼✳✶ ❊①❛♠♣❧❡+ ❢♦. ✭S1✮

❲❡ ❝♦♥)✐❞❡& ✭S1✮ ✇✐$❤ $❤&❡❡ ❡❞❣❡) ✭N = 3✮ ♦❢ ❧❡♥❣$❤ Li = 1 ❛♥❞ ai(.) ∈
W 1,∞(0, 1) )✉❝❤ $❤❛$

∫ 1

0

a1(x)dx =

∫ 1

0

a2(x)dx = 1 ❛♥❞

∫ 1

0

a3(x)dx = α ≤ 0✳ ❯)✐♥❣

❚❤❡♦&❡♠ ✹✳✶✳✶✱ ✇❡ ✇✐❧❧ ✜♥❞ $❤❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❢♦& ✇❤✐❝❤ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧②

)$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✳ ■♥❞❡❡❞✱ ❢♦& $❤✐) ❡①❛♠♣❧❡✱ $❤❡ ♣♦❧②♥♦♠✐❛❧ G

✐) ❣✐✈❡♥ ❜②

G(z) = 3e2+αz3 − (e2−α + 2eα)z2 − (e−2+α + 2e−α)z + 3e−2−α.

❚❤❡ &♦♦$) ♦❢ G ❛&❡ ❣✐✈❡♥ ❜②

z1 = e−2,

z2 = −e
−2

6
+
e−2α

6
− e−2−2α

6

√
e4 + e4α + 34e2+2α,

z3 −e
−2

6
+
e−2α

6
+
e−2−2α

6

√
e4 + e4α + 34e2+2α.

❘❡❝❛❧❧ $❤❛$ ❛❝❝♦&❞✐♥❣ $♦ ❚❤❡♦&❡♠ ✹✳✶✳✶✱ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡

❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ |zi| < 1 ❢♦& ❛❧❧ i = 1, 2, 3✳ ❍❡♥❝❡ ✇❡ ♥❡❡❞ $♦ ❛♥❛❧②③❡

$❤❡ ❜❡❤❛✈✐♦& ♦❢ $❤❡ zi ✇✐$❤ &❡)♣❡❝$ $♦ α✳ ❈❧❡❛&❧② z1 < 1 ✐) ✐♥❞❡♣❡♥❞❡♥$ ♦❢ α✱ ✇❤✐❧❡

$❤❡ $✇♦ ♦$❤❡& ♦♥❡) ❞❡♣❡♥❞ ♦♥ α✳ ❋♦& z2✱ ✇❡ ❡❛)✐❧② ❝❤❡❝❦ $❤❛$ z2 < 0 ✐) ❛♥ ✐♥❝&❡❛)✐♥❣

❢✉♥❝$✐♦♥ ♦❢ α ✇✐$❤ lim
α→−∞

z2 = −3e−3 > −1✳ ❍❡♥❝❡✱ −1 < z2 < 0 ❢♦& ❛❧❧ α ≤ 0✳ ◆❡①$✱

✇❡ ♥♦$✐❝❡ $❤❛$ |z2||z3| = e−2−2α
✳ ❙♦✱ ✐❢ α ≤ −1✱ $❤❡♥ |z2||z3| ≥ 1 ✇❤✐❝❤ ♠❡❛♥) $❤❛$

|z3| ≥ 1✳ ❚❤❡&❡❢♦&❡✱ $♦ ❣❡$ $❤❡ ❡①♣♦♥❡♥$✐❛❧ )$❛❜✐❧✐$② ♦❢ ✭S1✮✱ ✇❡ ♠✉)$ ❤❛✈❡ α > −1✳

■♥ $❤✐) ❝❛)❡✱ z3 ✐) ❛ ❞❡❝&❡❛)✐♥❣ ❢✉♥❝$✐♦♥ ♦❢ α ❛♥❞ ❢♦& α0 =
1

2
ln

(
3 + e2

1 + 3e2

)
✇❡ ❣❡$

z3 ≥ 1 ✐❢ α ≤ α0 ❛♥❞ 0 < z3 < 1 ✐❢ α > α0✳ ■♥ ❝♦♥❝❧✉)✐♦♥✱ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧②

)$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ∈ (α0, 0]✳

❆) ❛ )❡❝♦♥❞ ❡①❛♠♣❧❡✱ ✇❡ )$✐❧❧ $❛❦❡ $❤&❡❡ ❡❞❣❡)✱ ❜✉$ ❝♦♥)✐❞❡& L1 = L2 = 1 ❛♥❞

L3 = 2 ✇✐$❤

∫ 1

0

a1(x)dx =

∫ 1

0

a2(x)dx = 1 ❛♥❞

∫ 2

0

a3(x)dx = α✳ ❲✐$❤ $❤✐) ❝❤♦✐❝❡✱

$❤❡ ♣♦❧②♥♦♠✐❛❧ G ✐) ❣✐✈❡♥ ❜②

G(z) = (ez − e−1)p(z).
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p(z) = 3e1+αz3 + e−1+αz2 − e1−αz − 3e−1−α.

❆) $❤❡ &♦♦$) ♦❢ $❤❡ ✜&)$ ❢❛❝$♦& ✐) e−2 < 1✱ ✇❡ ♦♥❧② ❤❛✈❡ $♦ ❝♦♥)✐❞❡& $❤❡ &♦♦$) ♦❢ $❤❡

)❡❝♦♥❞ ❢❛❝$♦& p✳ ▲❡$ zi = zi(α) ❢♦& i = 1, 2, 3 ❜❡ $❤❡ &♦♦$) ♦❢ p ❛♥❞ ❞❡✜♥❡ ϕ(α) =

max
i∈{1,2,3}

|zi(α)|✳ ❲✐$❤ $❤❡ ❤❡❧♣ ♦❢ ❛ ❢♦&♠❛❧ ❝♦♠♣✉$❛$✐♦♥ )♦❢$✇❛&❡ ✭▼❛$❤❡♠❛$✐❝❛✮✱ ✇❡
❝❛♥ ✜♥❞ $❤❡ &♦♦$) zi(α) ❢♦& i = 1, 2, 3 ❛) ✇❡❧❧ ❛) ϕ(α)✳
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∫ 1

0

a1(x)dx =

∫ 1

0

a2(x)dx = 1,

∫ 2

0

a3(x)dx =

α.

❚❤❡ ❡①♣❧✐❝✐$ ❢♦&♠ ♦❢ ϕ ❛❧❧♦✇) $♦ ❝❤❡❝❦ $❤❛$ ✇❤❡♥ α > α0 =
1

2
ln

(
3 + e2

1 + 3e2

)

$❤❡♥ ϕ(α) < 1 ✭)❡❡ ❋✐❣✉&❡ ✹✳✸✮✳ ❍❡♥❝❡ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡

❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ∈ (α0, 0]✳

❚❤❡ )❛♠❡ )$✉❞② ❝❛♥ ❜❡ ❞♦♥❡ ✇❤❡♥ ❝❤❛♥❣✐♥❣ L3✱ ♥❛♠❡❧② ❜② $❛❦✐♥❣ L3 =
1

2
♦&

L3 = 3 ❛♥❞ ✇❡ )✉&♣&✐)✐♥❣❧② ♦❜$❛✐♥ $❤❡ )❛♠❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ α0 ♦❢ α )♦ $❤❛$ ✭S1✮ ✐)

❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✳ ▼♦&❡♦✈❡&✱ ✐❢ ✇❡ ❝❤♦♦)❡ L1 = 1

❛♥❞ L2 = 2 )✉❝❤ $❤❛$

∫ 1

0

a1(x)dx =

∫ 2

0

a2(x)dx = 1✱ $❤❡♥ ❢♦& L3 = 1 ♦& L3 = 2✱

✇❡ )$✐❧❧ ♦❜$❛✐♥ $❤❡ )❛♠❡ ❝♦♥❞✐$✐♦♥✱ α > α0 =
1

2
ln

(
3 + e2

1 + 3e2

)
$♦ ❣❡$ $❤❡ ❡①♣♦♥❡♥$✐❛❧

)$❛❜✐❧✐$② ♦❢ ✭S1✮ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✳ ❋✉&$❤❡&♠♦&❡✱ ✐❢ ✇❡ ❝❤❛♥❣❡ $❤❡
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∫ 1

0

a1(x)dx = 1,

∫ 1

0

a2(x)dx = 2, L3 = 2.

♠❡❛♥ ✈❛❧✉❡)✱ ❜② ❝♦♥)✐❞❡&✐♥❣ L1 = L2 = 1✱ ❜✉$

∫ 1

0

a1(x)dx = 1 ❛♥❞

∫ 1

0

a2(x)dx = 2✱

$❤❡♥ ✇❤❡$❤❡& L3 = 1 ♦& L3 = 2✱ ✇❡ )$✐❧❧ ♦❜$❛✐♥ $❤❡ )❛♠❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ α1 ✇✐$❤

0.45 < α1 < 0.46 )✉❝❤ $❤❛$ ✭S1✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ✉♣ $♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧

)♣❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α > α1 ✭)❡❡ ❋✐❣✉&❡ ✹✳✹✮✳

■♥ ❝♦♥❝❧✉)✐♦♥✱ ✇❡ ✜♥❞ $❤❛$ $❤❡ ❝&✐$✐❝❛❧ ✈❛❧✉❡ ♦❢ α ❞❡♣❡♥❞) ♦♥

∫ L1

0

a1(x)dx ❛♥❞
∫ L2

0

a2(x)dx ❛♥❞ ♥♦$ ♦♥ $❤❡ ❝❤♦✐❝❡ ♦❢ $❤❡ ❧❡♥❣$❤)✳ ❚❤✐) ♦♣❡♥) $❤❡ D✉❡)$✐♦♥ ✇❤❡$❤❡&

$❤❡ ❛❜)$&❛❝$ ❝♦♥❞✐$✐♦♥ ❣✐✈❡♥ ✐♥ ❚❤❡♦&❡♠ ✹✳✶✳✶ ❝❛♥ ❜❡ ❡①♣&❡))❡❞ ❡①♣❧✐❝✐$❧② ✐♥ $❡&♠)

♦❢

∫ Li

0

ai(x)dx ❢♦& ❛❧❧ i ∈ {1, · · · , N}✱ )❡❡ ❈♦♥❥❡❝$✉&❡ ✹✳✶✳✷✳

✹✳✼✳✷ ❊①❛♠♣❧❡+ ❢♦. ♣.♦❜❧❡♠ (Sǫ)

❲❡ )$❛&$ ✇✐$❤ ❛ ❧✐♠✐$ ❝❛)❡ ✐♥ ❚❤❡♦&❡♠ ✹✳✶✳✹✱ ♥❛♠❡❧② ✇❡ $❛❦❡ N = 3✱ a1 = a2 = 1✱

a3 = −1

2
✱ ❛♥❞ L1 = L2 = L3 = 1✳ ❍❡♥❝❡ ♥❡✐&❤❡( &❤❡ ✜(*& ❝♦♥❞✐&✐♦♥ ❤♦❧❞* ♥♦( &❤❡

*❡❝♦♥❞ ♦♥❡ *✐♥❝❡

N∑

i=1

ai > 0 ❜✉&

N∑

i=1

1

ai
= 0✳

❇✉& ▲❡♠♠❛ ✹✳✻✳✷ ②✐❡❧❞* &❤❛& ❢♦( ❛❧❧ ǫ > 0 *♠❛❧❧ ❡♥♦✉❣❤✱ &❤❡ ❡✐❣❡♥✈❛❧✉❡* ❛(❡ ♦❢
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$❤❡ ❢♦&♠

λ1,k(ǫ) = −ǫ+ ıkπ + o(ǫ),

λ2,k(ǫ) = ıkπ + o(ǫ),

λ3,k(ǫ) = − ǫ

2
+ ı

(2k + 1)π

2
+ o(ǫ),

❍❡♥❝❡ $❤❡ ♣&♦❜❧❡♠ ♦❢ )$❛❜✐❧✐$② ✇♦✉❧❞ ❝♦♠❡ ❢&♦♠ λ2,k(ǫ) ❜✉$ ❛ ♠♦&❡ ♣&❡❝✐)❡

❛)②♠♣$♦$✐❝ ❛♥❛❧②)✐) ②✐❡❧❞) ℜλ2,k(ǫ) =
ǫ3

12
+ o(ǫ3)✱ ❤❡♥❝❡ $❤❡ ♣&♦❜❧❡♠ ✐) ♥♦$ ❡①✲

♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡ ❢♦& ǫ )♠❛❧❧✳ ❋✐❣✉&❡ ✹✳✻ )❤♦✇) $❤❡ ❡①✐)$❡♥❝❡ ♦❢ ❛ ♣♦)✐$✐✈❡ ❛)②♠♣✲

$♦$❡ ✇❤❡♥ ǫ = 0.1✱ )✐♥❝❡ $❤❡ ❛)②♠♣$♦$❡) ❛&❡ x1 = −0.1, x2 ≈ −0.0500833✱ ❛♥❞

x3 ≈ 0.000083333 ✳

◆♦$❡ $❤❛$ ❢♦& ǫ = 1✱ $❤❡♥ ❜② ❚❤❡♦&❡♠ ✹✳✶✳✶ $❤❡&❡ ✐) ❛ ♣♦)✐$✐✈❡ ❛)②♠♣$♦$❡✱ )✐♥❝❡

$❤❡ ❛)②♠♣$♦$❡) ❛&❡ x1 = −1, x2 ≈ −0.580322, ❛♥❞ x3 ≈ 0.0803219 ✭)❡❡ ❋✐❣✉&❡ ✹✳✺✮✳
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$♦ ❛ ✜♥✐$❡ ❞✐♠❡♥)✐♦♥❛❧ )♣❛❝❡✳ ■♥❞❡❡❞✱ $❤❡ ❛)②♠♣$♦$❡) ❢♦✉♥❞ ✐♥ ❋✐❣✉&❡ ✹✳✽ ❛&❡ x1 =

−1.5, x2 ≈ −1.02451✱ ❛♥❞ x3 ≈ −0.100488 ✇❤✐❝❤ )❤♦✇ $❤❛$ $❤❡ ❧❛&❣❡ ❡✐❣❡♥✈❛❧✉❡)

❛&❡ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐) ❛❧$❤♦✉❣❤ $❤❡&❡ ❛&❡ )♦♠❡ ❧♦✇ ❡✐❣❡♥✈❛❧✉❡) ✇✐$❤

♣♦)✐$✐✈❡ &❡❛❧ ♣❛&$)✳ ■♥ ❢❛❝$✱ ✐♥ $❤❡ ❝❛)❡ a1 = a2 = 1, a3 = −1

4
, ❛❧❧ $❤❡ ❡✐❣❡♥✈❛❧✉❡)

❛&❡ $♦ $❤❡ ❧❡❢$ ♦❢ $❤❡ ✐♠❛❣✐♥❛&② ❛①✐) ❢♦& ❛❧❧ ǫ < ǫ0, ✇❤❡&❡ ♥✉♠❡&✐❝❛❧❧② ✇❡ ❤❛✈❡ ❢♦✉♥❞

$❤❛$ 1.30 < ǫ0 < 1.31.
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 ❡"#♣❡❝&✐✈❡

❆! ❛ ❢✉%✉&❡ !%✉❞②✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ %♦ ❡①%❡♥❞ ♦✉& ✇♦&❦ ❛❜♦✉% %❤❡ !%❛❜✐❧✐%② ♦❢ ✇❛✈❡

❡5✉❛%✐♦♥! ✇✐%❤ ✐♥❞❡✜♥✐%❡ !✐❣♥ ❞❛♠♣✐♥❣ ♦✈❡& ❛ ♠✉❧%✐✲❞✐♠❡♥!✐♦♥❛❧ !♣❛❝❡✳ ❋♦& ✐♥!%❛♥❝❡✱

❧❡% Ω = (−1, 1) × (0, 1) ❜❡ ♣❛&%✐%✐♦♥❡❞ ✐♥%♦ Ω1 = (0, 1) × (0, 1) ❛♥❞ Ω2 = (−1, 0) ×
(0, 1)✳ ❲❡ ❛&❡ ✐♥%❡&❡!%❡❞ ✐♥ !%✉❞②✐♥❣ %❤❡ !%❛❜✐❧✐%② ♦❢ %❤❡ ❢♦❧❧♦✇✐♥❣ !②!%❡♠





utt −∆u+ a1ut = 0 ✐♥ Ω1 × R,

utt −∆u+ a2ut = 0 ✐♥ Ω2 × R,

u = 0 ♦♥ ∂Ω× R,

u(x, y, 0) = u0, ut(x, y, 0) = u1 ✐♥ Ω,

✭✹✳✼✳✶✮

✇❤❡&❡ a1 > 0 ❛♥❞ a2 < 0✳ ❲❡ ✇&✐%❡ %❤❡ !♦❧✉%✐♦♥ ❛! ❛ ❋♦✉&✐❡& !❡&✐❡! ♦❢ %❤❡ ❢♦&♠

u(x, y) = 2
∞∑

k=1

uk(x) sin(kπy), ∀(x, y) ∈ Ω.

❚❤❡♥





uktt − ukxx + k2π2uk + a(x)ukt = 0 (x, t) ∈ (−1, 1)× R,

uk(−1, t) = uk(1, t) = 0 t ∈ R,

uk(x, 0) = uk0, ukt(x, 0) = uk1 x ∈ (−1, 1),

✭✹✳✼✳✷✮

✇❤❡&❡ a(x) = a1 ✐❢ x ∈ (0, 1) ❛♥❞ a(x) = a2 ✐❢ x ∈ (−1, 0)✳ ❚❤❡ ❡♥❡&❣② ❛!!♦❝✐❛%❡❞

✇✐%❤ ✭✹✳✼✳✷✮ ✐! ❣✐✈❡♥ ❜②

Ek(t) =
1

2

∫ 1

−1

(
|ukx|2 + k2π2|uk|2 + |ukt|2

)
dx.
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❯)✐♥❣ 4❛&)❡✈❛❧✬) ❡8✉❛❧✐$②✱ $❤❡ ❡♥❡&❣② ❛))♦❝✐❛$❡❞ ✇✐$❤ ✭✹✳✼✳✶✮ ✐) ❣✐✈❡♥ ❜②

E(t) =
1

2

∫

Ω

(
|∇u|2 + |ut|2

)
dx =

∞∑

k=1

Ek(t).

❖✉& ❛✐♠ ✐) $♦ ✜♥❞ c > 0 ✐♥❞❡♣❡♥❞❡♥$ ♦❢ k ❛♥❞ νk > 0 )✉❝❤ $❤❛$

Ek(t) ≤ ce−νktEk(0).

❍❡♥❝❡✱

E(t) ≤ c

∞∑

k=1

e−νktEk(0).

■❢ νk ≥ ν > 0✱ $❤❡♥ E(t) ≤ ce−νtE(0) ❛♥❞ ❤❡♥❝❡ )②)$❡♠ ✭✹✳✼✳✶✮ ✐) ❡①♣♦♥❡♥$✐❛❧❧②

)$❛❜❧❡✳ ■❢ νk ∼=
1

kl
❢♦& )♦♠❡ l > 0✱ $❤❡♥

E(t) .

∞∑

k=1

e
−t

kl Ek(0)

.

∞∑

k=1

kl

t

t

kl
e

−t

kl Ek(0)

.
1

t

∞∑

k=1

klEk(0)

.
1

t
‖u‖

D(A
l
2 )
,

✇❤❡&❡ $❤❡ ♦♣❡&❛$♦& A ✐) $❤❡ ❣❡♥❡&❛$♦& ♦❢ $❤❡ )❡♠✐❣&♦✉♣ ❛))♦❝✐❛$❡❞ ✇✐$❤ )②)$❡♠

✭✹✳✼✳✶✮✳

❲❡ ❛&❡ ❛❧)♦ ✐♥$❡&❡)$❡❞ ✐♥ )$✉❞②✐♥❣ ❜♦$❤ ✐♥$❡&♥❛❧❧② ❛♥❞ ❜♦✉♥❞❛&② ❞❛♠♣❡❞ ♣&♦✲

❜❧❡♠) ♦❢ $❤❡ ❢♦&♠





utt −∆u+ aut = 0 ✐♥ Ω× R,

ux = −but ♦♥ ΓN × R,

u = 0 ♦♥ ΓD × R,

u(x, y, 0) = u0, ut(x, y, 0) = u1 ✐♥ Ω,

✭✹✳✼✳✸✮
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✇❤❡&❡ ΓN = {x = 1} × (0, 1) ❛♥❞ ΓD = ∂Ω/ΓN ✳ ❲❡ ❛&❡ ✐♥$❡&❡)$❡❞ ✐♥ )$✉❞②✐♥❣ $❤❡

)$❛❜✐❧✐$② ♦❢ ✭✹✳✼✳✸✮ ✇❤❡♥ ab < 0✳ ■❢ a = 0 ❛♥❞ b > 0 ♦& a > 0 ❛♥❞ b = 0✱ ♣&♦❜❧❡♠

✭✹✳✼✳✸✮ ✐) ♣♦❧②♥♦♠✐❛❧❧② )$❛❜❧❡ ❛♥❞ ♥♦$ ❡①♣♦♥❡♥$✐❛❧❧② )$❛❜❧❡✳ ❚❤❡&❡❢♦&❡✱ ✇❡ ❡①♣❡❝$ $♦

✜♥❞ ❝♦♥❞✐$✐♦♥) ♦♥ a ❛♥❞ b ❢♦& ✇❤✐❝❤ ♣&♦❜❧❡♠ ✭✹✳✼✳✸✮ ✐) ♣♦❧②♥♦♠✐❛❧❧② )$❛❜❧❡✳
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