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!).,+: 1,%% >!/ ṁj 5 H$7$+&'$ $%%3(& (% .$)!&$. &',& 0$+-!+1,)
$ .$
+$,%$% (- &'$ 1,%% >!/ +,&$ (% ()
+$,%$. 8: $)F ,+"()" ()2$
&(!) 0!+& ,% +$0!+&$. () K#'%$  !$℄3 K#'%$ ,). J'!10%!)  !%℄3 L!E,G(
AM



 ! "#$%&'&(&)* +,' +,+(*$-.+( +//0&+.% ! "#$  !"℄ !"#$%& '&( )*'+(  !!℄ ,'-."/  ! "#$  $%℄ !+"-0%&  ! "#$  !&℄ ,%%(1"//2'&( 3"'4"/  !'℄ 5+$+  ! "#$  !(℄ '&( 6% '&( 7%%&  )*℄8 9:+0 '4*-+;
'$+%& ("
'2 +0/"-'$"( $% $:" +&$"/'
$+%& %= >%#0 '&( :+?:"/ 4%4"&$@4 %= :+?:"/ */"00@/" ?'0$:'$ *-'2 $:" 4'A%/ /%-" +& (+B"/$+&? $:" 4'+& A"$ '&( '@?4"&$+&? $:" +&A"
$'&$&'$@/'- /"'
$+B" =%/
"8 9:" %$:"/ "C"
$ %= $:" 0"
%&('/2 +&A"
$+%& *%0+$+%& 
%4"0=/%4 $:" -%#"/ 0$'$+
 */"00@/" '$ $:" &%DD-" 0$'$+%&0 
-%0"/ $% $:" "E+$ "&'1-+&? $:":+?:"/ +&A"
$+%& /"'
$+B" =%/
" F(2&'-*2 >@EG '&( $:@0 '& +&
/"'0"( *"&"$/'$+%&%/ '

%44%('$+%& :"+?:$8 !+"-0%&  ! "#$  !&℄ '-0% ("&%$"( $:'$ $:" /"(@
$+%& %=$:" 0+(" =%/
" #+-- %

@/ #:"& $:" $/'
" %= $:" 0:%
. %& $:" &%DD-" #'-- 
/%00"0$:" 
"&$"/H-+&" %= $:" &%DD-"8 9:" "C"
$0 %= $:" 'C"
$"( &%DD-" >%# +& (+C"/"&$
/%00H0"
$+%&0 '/" '-0% 
'*$@/"( @0+&? $:" -'0"/ +&(@
"( >@%/"0
"&
" 4"$:%( +&!"# '&( 9'2  )'℄8 I%&
"/&+&? $:" %*$+4'- 4'00 >%# /'$" +&A"
$+%& ,+&? '&(J+@-+'&%  !+℄ +&B"0$+?'$"( ' ?"%4"$/+
'- 0:'*" %= $:" +&A"
$%/ '0 $:" 
+/
@-'/ /+&?'&( 0-%$ +&A"
$+%& '&( +$0 "C"
$ %& $:" *"/=%/4'&
"08 9:" /+&? +&A"
$+%& #'0 (+0H/"?'/("( +& 4"&$+%&"( +&B"0$+?'$+%& '0 +$ */%B"( $% 1" +&"K
+"&$ #:+-" $:" 0-%$+&A"
$+%& =%/ 
"/$'+& '**-+
'$+%&0 0:%#"( +&
/"'0" +& $:" 0+(" =%/
" '&( %B"/'-- *"/H=%/4'&
"08 ,+&? '&( J+@-+'&%  !+℄ 
%&
-@("( $:'$ ?"%4"$/+
'- 0:'*" %= +&A"
$%/%B"/'-- :'0 A@0$ ' 4+&%/ "C"
$ %& $:" L95 020$"4 *"/=%/4'&
"08 L+&'--2 #+$: '&"B%-@$+%& %= $:" &@4"/+
'- 4"$:%(0 +& $:" -'0$ ("
'("0 &@41"/ %= +&B"0$+?'$+%&01'0"( %& $:" &@4"/+
'- 0+4@-'$+%&0 '0 6% '&( 7%%&  )*℄ %/ M''/%@=  )+℄ "E'4+&"()N95I */%1-"4 '&( *%00+1-" %*$+4+D'$+%& $"
:&+O@"08 !" #$%&'(()*+%
 
-./)+0).*12%/)+0).* .-334) 2)1&%0. 5.2 6)+7-+(5.
))@*"/0%&+
 
%&B"/?"&$H(+B"/?"&$ */%*@-0+B" &%DD-" '0 '& "&(H"-"4"&$ %= $:" */%*@-H0+%& 
2
-" %= '&2 /%
."$ "&?+&" "&'1-"0 $:" "E*'&0+%& %= */%*"--"&$0 =/%4 0@10%&+
0$'$" +& $:" 
%41@0$+%& 
:'41"/ $% $:" 0@*"/0%&+
 >%# /"?+4" '$ $:" &%DD-" "E+$*-'&"8 9:" $'0. %= '

"-"/'$+&? '&( "K
+"&$-2 "E:'@0$+&? 
%41@0$"( '&( /"'
$+B"?'0"0 '

%/(+&? $% $:" ("-+B"/"( $:/@0$ +0 $:" 4'+& %1A"
$+B" %= $:" */%*@-0+%& 020H$"4 ("0+?&8 N4*%0+&? $:" &%DD-" +&-"$ 0$'?&'$+%& */%*"/$+"0 Fp0, T0G $%?"$:"/ #+$:$:" ?"%4"$/+
 
:'/'
$"/+0$+
0 %= $:" &%DD-" $:/%'$ '/"' Ac '&( &%DD-" "E*'&0+%& /'H
PP



 !"! #$%&'(()*+%
 -./ 01223) 4)&%50 604 7)+81+(60
) !" ! !# $"##!%&'  " 
)&
*&) ' " +', -*). ! !'# *#!./  +'  +'",0 "1 ".'23!4'.#!".)&."55&' 6"7#8 9+' ".'23!4'.#!".)&  +'",0 )##*4'#  +)  +' 6"7 $,"$', !'# ),'
".# ). )
,"##  +' #'
 !". A .",4)&  "  +' ."55&' ):!#8 ;!.
'  +' 6"7 !.  +' ,')&."55&' !# "1  7"23!4'.#!".)& 
+),)
 ',< ", !. 
"4$&!
) '3 
)#'#  +,''23!4'.#!".)&< +'#' )##*4$ !".# ,'$,'#'. # ".&0 ,)7 )$$,":!4) !".8 ="7'>',< ?@ 6"7  +'",0"1 '. $,">!3'# ,'&!)%&' )$$,":!4) !". )  +' $,'&!4!.),0 3'#!/. # )/'8 A"4$,'##2!%&' ."55&' 6"7  +'",0 !# ) 1*.3)4'. )& 4)  ', "1 ).0 ,'&'>). /)# 30.)4!
#&! ',) *,' )# B!'$4).. ).3 C"#+D"  !"℄8 E.  +' 
*,,'. # *30< *#'3 ).3 3',!>'3 +'",!'# ) $,'3'#!/. # )/' ",!/!.) ' 4)!.&0 1,"4 @'&',0  !$℄< 7+','  +'0 ),' '&)%2",) '3 !. 4",' 3' )!&8F

",3!./  "  +' $,'#'. '3 ?@  +'",0<  +' 6*!3 !# )##*4'3 )# ) .".2>!#
"*#).3  +' 6"7 $',4).'. < 7+!&'  +' ."55&' !# )$$,":!4) '3  " '.#*,' ). !#'. ,"$!
':$).#!". 1,"4  +' !.! !)& 
".3! !".# Gp0, T0H  "  +' 
".3! !".# !.  +' ':! $&).'Gpe, Te, ρe...H A".#!3',!./  +'#' )##*4$ !".#<  +' ':$).#!". 
). %' ,'$,'#'. '3 !. +' I"&&!', GS, hH3!)/,)4 )>)!&)%&' !. @'&',0  !$℄8 E.  +' 
". ': "1 ?@ +0$" +'#!# +' 6"7 !# /">',.'3 %0  +' 
". !.*! 0 '-*) !". J8?< K*&', '-*) !". "1 4" !". J8J).3 '.',/0 '-*) !". J8L8%
continuity :

dρ

ρ
+
du

u
+
dA

A
= 0 GJ8?H

Euler : u · du+ dp

p
= 0 GJ8JH

energy : h +
u2

2
= h0 = const GJ8LH;*%# ! * !./  +' >)&*'# !. )%">' M,#  7" '-*) !".< *.3',  +' !#'. ,"$!
 6"7)##*4$ !".< ,'#*& # !.N  !! "#$ %&" "'&%(  )$ $*+! '%$, '% "#$ %&-$%
! "/)$ ($
"'&%

JL



 ! "#$%&'&(&)* +,' +,+(*$-.+( +//0&+.%
du

u

[
1− u2

(dp/dρ)

]
+
dA

A
= 0  !"#$

c2 = (
∂p

∂ρ
)S =

dp

dρ
 !"%$&'( )'&**+ ,-./*01'2 1' 3/'(&4-'0&* Hugoniot -5/&016' !"7 08&0 
8&,&
0-,1:-
6'01'/-.; .0-&(+; 1'<1.
1(; (1<&,1&'0 &'( '6'=,-&
01'2 ./>-,.6'1
 ?6@"

du

u

(
1− u2

(c2)

)
+
dA

A
= 0  !"A$

du

u

(
1−M2

)
+
dA

A
= 0  !"7$B8-.- -5/&016'. '--( 06 C- ./>>*-4-'0-( C+ & 08-,46(+'&41
 ,-*&016'" D/>>6.=1'2 & >-,3-
0*+ 
&*6,1
&* 2&.; -'-,2+ -5/&016' 4&+ C- @,100-' &.E

CpT +
u2

2
= CpT0 = const  !"F$

⇒ u2 + 2CpT = const, 2CpT =
2

γ − 1
c2  !"G$

u2 +
2

γ − 1
c2 = const  !"HI$@108 ,-./*01'2 Saint−V enant -5/&016' !"HI" J

6,(1'2 06 08- K6**1-,  s, h$ 2&.08-,46(+'&41
 (1.0,1C/016' 10 1. >6..1C*- 06 
&*
/*&0- ?6@ >,6>-,01-. 36, -&
8'6::*- .-
016'; A(x)" L108 08- M'6@' 
,101
&* .-
016' &,-& Ac &'( >-,3-
0*+ 
&*6,=1
&* 2&. &../4>016'. 10 1. >6..1C*- 06 (-(/
- >,6>-,01-. ,-*&016' 1' &'+ '6::*- 
,6...-
016' &

6,(1'2 06 08- 3/'(&4-'0&*; Saint− V enant &'( Hugoniot -5/&016'."

!#
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)
T

T0
=

(
1 +

γ − 1

2
M2

)
−1  !"##$

p

p0
=

(
1 +

γ − 1

2
M2

)
−

γ

γ−1  !"#!$
ρ

ρ0
=

(
1 +

γ − 1

2
M2

)
−

1
γ−1  !"#%$

A

Ac

=
1

M

[(
2

γ + 1

)(
1 +

γ − 1

2
M2

)] γ+1
2(γ−1)  !"#&$

u =
√

2(h0 − h)
h=0,vaccum−−−−−−−→ u∗ =

√
2h0 =

√
2

γ − 1
c0  !"#'$() *)+,-./+)0.*)12 34+*56 7)-+5 34+ 03+1-6 0313+ 1007/83.*)9 1 )*::2+ /100 ;*<513+ 
1) >+ 
12
7213+- 70.)? 34+ 
*)3.)7.36 +@713.*) A*5 
5.3.
12  345*13$ )*::2+0+
3.*) ¯̇mq9 !"#B" C12
7213+- .-+12 
5.3.
12 /100 ;*< 513+ 04*72- >+ 34+) 
*55+
3+-<.34 34+ -.0
415?+ 
*+D
.+)3 Cd 5+85+0+)3.)? 1 /100 ;*< -+E.13.*) A5*/ 34+ .-+12
10+ 1

*5-.)? 3* 34+ ?10 85*8+53.+09 368+ *A >*7)-156 216+5 1)- 0418+ *A 34+345*13"

¯̇mq =
C∗(γ)√
CpT0

p0Ac, where :  !"#B$
C∗(γ) =

γ√
γ − 1

(
γ + 1

2

)
−

γ+1
2(γ−1)

, ṁq = Cd
¯̇mq  !"#F$

 !"!# $%&
(&%)*+, +- )./ -+0
/1 %
)*,2 +, %, %3*1455/)0*
$67 ,+88&/G.34 1) 1007/83.*) 3413 34+ ;7.- -*+0 )*3 41E+ <+.?43 1)- 34+ /*3.*) .0 03+1-6.3 .0 8*00.>2+ 3* -+H)+ 34+ >121)
+ >+3<++) 34+ /*/+)37/ ;7I A*5
+0 *A 34+ ;7.-
!'



 ! "#$%&'&(&)* +,' +,+(*$-.+( +//0&+.% !" #$% #%!&'(! )%
#(+ ~P #$ # +%,+%&%!#& #$% 
(!# 
# -(+
%& %.%+#%" /0 #$% 12'"(!  
3(&% &2+- 
% (S)4
∫∫

(S)

[
~P + (ρ~u.~n) ~u

]
dS = 0, or : 564789

∫∫

(S)

~DdS = 0, ~D = ~P + (ρ~u.~n) ~u 5647:9;'#$ "0! 3,0< ~D< "%=!%"  &  ! '!#%>+ !# (- #$% -(+
% / 3 !
% +%3 #'(!< '# '&"'+%
#30 "%"2
# /3% #$ # 12. (- #$% "0! 3,0 )%
#(+ #$+(2>$ #$% 
3(&%" &2+- 
% '&?%+(4 @,,3'%" #( #$% !(??3% 
 &% A$%+% -(+
%&  
#'!> (! #$% %.#%+! 3 &'"% (- #$%!(??3% A 33 (S2) 5"+ >9 A'#$ B(B%!#2B 12. #%+B '! #$ # 
 &% &%# #( ?%+(< '# '&,(&&'/3% #( "%+')% "0! 3,0 12. +%3 #'(!&  &C
~R = −

[∫∫

(S1)

~DdS +

∫∫

(S2)

~DdS

] 5646D9
∫∫

(S1)

~DdS = −
∫∫

(S2)

~PdS = −~R 564679A$%+% '# '& ,(&&'/3% #(  ++')% #( 
(!
32&'(! #$ #  +%&23# !# (-  %+("0! B'
 -(+
%&'& %E2 3 #( #$% (,,(&'#% 12. (- #$% "0! 3,0 )%
#(+ #$+(2>$  &2++(2!"'!> &2+- 
%4@,,3'%" #( #$% 7F #$%(+%#'
 3 !(??3% -(+ '"% 3 
 &% A$%! 
 ,#'(! "+ > '& ?%+(< (+!(??3% ) 
22B (,%+ #'(! '# '& ,(&&'/3% #( "%=!% '!#+'!&'
 (+ ) 
22B #$+2&#  &C
F ∗

e = −
(∫∫

(Se)

~DdS

)
· ~x =

∫∫

(Ae)

[
~P + (ρ~u.~n)~u

]
dS 564669G(+ #$% !(??3%  #B(&,$%+'
 (,%+ #'(!< #$% 
 ,#'(! "+ > %.'&#&  !" '# B 0 /%
(!&'"%+%"  &  #%!&'(! )%
#(+ (+  B/'%!# ,+%&&2+% -(+
%  
#'!> (! #$% !(??3%&2+- 
%4 @,,3'%" #( #$% 7F !(??3% 1(A ,+%&&2+% -(+
%& (! #$% %.#%+! 3 &2+- 
%
 !
%3 % 
$ (#$%+ "2% #(  .'&0BB%#+'
 &$ ,% 3% )'!> (!30 #$% ,+%&&2+% -(+
%  
#'!(!  %.'# &%
#'(!4 H$% 
(!)%!#'(! 3 (+ >+(&& !(??3% #$+2&# '& #$%! "%=!%"  &  -(+
% (,,(&'#% #( #$% +%&23# !# '! #$% !(??3% %.'# &%
#'(!4

6I
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)
F ∗

e =

∫∫

(Ae)

[
~P + (ρ~u.~n) ~u

]
dS −

∫∫

(AI)

~PdS  !"!#$
1Dsolution−−−−−−→ Fex = [ρeu

2
e + (pe − pa)]Ae  !"!%$&' ()*+ ,)- +(./01 234
(*63 ()2.+( 782
3 *+ 3649.4(3/ 4( ()3 3:*( +3
(*8' 87 ()3;4*' 4:*+0;;3(2*
 +.<32+8'*
 '8==93 ;8/39+ 4'/ 4( ()3 *'>3
(*8' <82( 8' ()3/*632?3'( '8==93 +3
(*8' *' ()3 y /*23
(*8'" @.274
3 *'(3?249+ 87 ()3 <23++.23 4'/6*+
8.+ 782
3+ 8' ()3 '8==93 A499+ 423 ()3' 
49
.94(3/ 782 ()3 +*/3 782
3 3649.4(*8'"

 !" #$%&%!'()!'*+ ,-$%
 '%$+ !$/ 
-$%
!' 01-(2'+ !$/ 
3!1!
&+1%,&%
 
-401+,,%-$ 5!)+,  6" #/+!' 
-$&-*1 01-2'+ 
3!1!
&+1%,&%
,B*?.23 !"CD @
)3;3 87 E3()8/ 87 
)424
(32*+(*
+ <28
3/.23 F0 G.
28A 4'/ H8IJ;4'  !"℄
 !"! #$%&'( )* +( +,&%-..$/0&
 23# ()445$ 
)(/)60B8.2 4:*+0;;3(2*
 KJ- '8==93 (0<3+ 423 
8'+*/323/ *' ()*+ +(./0" L'490(*
4913:<32*;3'(49 4'/ '.;32*
49 4'490+3+ A323 F4+3/ 8' ()3 237323'( 
8'*
49 4'/(2.'
4(3/J*/349J
8'(8.2  M&K$ E4
) # '8==93+" L//*(*8'49901 782 
8;<42*+8'4'/ 23+.9(+ /*+
.++*8' N48 ()2.+(J8<(*;*=3/J
8'(8.2  MOK$ 4'/ N48 4/632+3J<23++.23J?24/*3'(  L,P$ '8==93+ 423 '.;32*
4990 +*;.94(3/ 782 ()3 237323'( @&MQK
4+3 4'/ 
8;<423/ *' ()3 K)4<(32 R"S"  !"#
%&  '( "!))&*M)3 
8'*
49 KJ- '8==93 87 E4
) #"TS *+ /3+*?'3/ 4+ 4 +.F+
493 ;8/39 (8 ()3'8==93 *'(3'/3/ 782 ()3 Perseus 94.'
)32 4'/ 4

82/*'? (8 ()3 A*'/J(.''39
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 !"#$% &'()* +,-./0!
-. 2-..34$%55#$% 6!50$!7#0!8, -0 !,9%
0!8, 5!6% 8: - 5/;;%0$/4.-,% :8$ <=>?@A'& -,6 $-,"% 8: B=>* 1− 0.667, 2− 0.833, 3− 1, 4− 1.167;%-5#$%;%,0 C!- B
-,!C-.C%r DEF3GGH @G 
I-,,%. 2-5 !;4.%;%,0%6 8, 0I% @G
0.6mm 6!-;%0%$ 4$%55#$% 0-45' JI% 4$%55#$% 0-45 2%$% 6!50$!7#0%6 -.8," ;%$!63!8,-. 2-.. .!,%5 :8$ 0I% 5%C%$-. 
%,0$-. -,".%5 [8◦, 17◦, 30◦, 45◦, 60◦, 75◦, 90◦] -,6
8;7!,%6 2!0I K#.!0%r 4$87%5 8, 
$!0!
-. 5%4-$-0!8, 5%
0!8,5' B!;!.-$./ 2!0I 0I%2-.. 5I%-$ 50$%55 6-0- 2% 
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0!8,5 !, 5%4-$-0!8,M8,% 2!0I 0I% 5%
8,6-$/ !,9%
0!8,3$-0% !,
$%-5% -5 =NO "8C%$,%6 4.-0%-#34$%55#$%5%
0!8, -,6 BNO 68;!,-0%6 4$%55#$% 4%-P' Q, -66!0!8, 08 0I% 4$!,
!4-. 4$%55#$%4%-PL 0I% 50$#
0#$% -,6 5!M% 8: 0I% 5%
8,6-$/ 4%-P -$% -44-$%,0 2I!
I !5 
-#5%67/ 0I% 5%
8,6-$/ !,9%
0-,0 !,0%$:%$%,
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8,6#
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8,6!0!8,5 -,6 4.800%608"%0I%$ 2!0I 0I% 4$8Y.%5 %C-.#-0%6 :$8; ,#;%$!
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%*+$ ,+-.&/0 ($0 1'*2('3 4 5&
+$0('3 ,+- 
+$0*%*+$5
!"#$ %" $&
' "%'$( &)* +)#+*$ +)%(,#+-$!. *$/"(0$* #$1&(&%$* ($2+")3 4'$($ %'$1($##,($ 2(&*+$)% 
'&)2$ +# '+2'5 6'$ *+7$($)
$ +# *$%$
%$* +) #%&)*&(* *$-+&%+")"/ %'$#$ +))$( 1("8$# &# & 
")#$9,$)
$ "/ %'$ 1($##,($ 1("8$ *$#+2)3 4'$($ %'$2&# +)%&:$ 0+
(" '"!$# &($ *+#%(+8,%$* ") %'$ ",%$( !+)$ "/ %'$ 1("8$ '$&*5 6'$($;/"($3 %'$ &-$(&2$* 0$&#,($0$)%# ") %'$ <=== *&%& 
',):# %&:$) ") $-$(. =5<>#4$($ "#
+!!&%+)2 /"( %'$ #&0$ ?"4 
")*+%+")# 4'+
' !$* %" %'$ #%&)*&(* *$-+&%+")8$%4$$) 0$&#,($0$)% 1"+)%# "/ (±1.49kPa) 4'+
' 4&# #%+!! &

$1%&8!$5 6'$ $@;1$(+0$)%&! A,!+%$ 1("8$# *&%& &($ %',# 1($#$)%$* 4+%' 
"(($#1")*+)2 $(("( 8&(#5B+)&!!. #"0$ "/ %'$ *+#
($1&)
+$# &($ &!#" *,$ %" %'$ &11!+$* ),0$(+
&! 0"*$!3&)* :)"4) !+0+%&%+")# "/ %'$ ,#$* k − ε 0"*$! +) $#%+0&%+)2 %'$ 
($*+8!$ #+C$#3+)#+*$ %'$ #,1$(#")+
 #$1&(&%$* 8",)*&(.;!&.$(#5

B+2,($ >5DEF G&!! 1($##,($ *+#%(+8,%+") &% 0$(+*+")&! 1"#+%+")# &(",)* )"CC!$ &@+#&%F 1−0◦; 2−8◦; 3−17◦; 4−30◦; 5−45◦; 6−60◦; 7−75◦and 8−90◦5 /"( HIJKLM5>&)* NIJKEO !+)$# ($1($#$)%+)2 ),0$(+
&! #+0,!&%+")# &)* #+2)# $@1$(+0$)%&! *&%& !""#" $%"& ' ()*+,!&- ,"+%./*!& ' 0
%.+2%*2! 3"!&&)"! ,%3&46'$ #0&!! 1($##,($ %&1# *+#%(+8,%$* &!")2 %'$ 0$(+*+")&! !+)$# 4$($ 1!&
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 !"#$% &'()* +,-- .$%//#$% 0!/1$!2#1!34 ,1 5%$!0!34,- .3/!1!34/ ,$3#40 4366-% ,7!/,1* 1−0◦; 2−8◦; 3−17◦; 4−30◦; 5−45◦; 6−60◦; 7−75◦and 8−90◦' 83$ 9:;<=>'&,40 ?:;<@'A==B -!4%/ $%.$%/%41!4" 4#5%$!
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S-K %7!1 1L% 4366-% -%,G!4" 1L% -3H .$%//#$% 634% HL!
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%*+$ ,+-.&/0 ($0 1'*2('3 4 5&
+$0('3 ,+- 
+$0*%*+$5 ! "#$ %$&'(" )*+!"& *, "#$ &-..$"%+
0((- )(0
$1 )%$&&'%$ "0)&2 ($," 0!1 %+3#",%*. "#$ &-..$"%- )(0!$ 0" xj/ln = 0.72 4$%- &(+3#" 1+5$%$!
$ *, 0))%*6+.0"$(-
∼ 0.9kPa +& 1$"$
"$1 +! 7*"# 89: "$&" 
0&$&; <#+& .0- 7$ $6)(0+!$1 7- 0 4$%-&.0(( .+&0(+3!.$!" *, "#$ +!=$
"+*! )*%" #*($ 0!1 "#$ !*>>($ ?0(( ?#+
# 0(&* 
0!7$ *7&$%4$1 +! "#$ &
#(+$%$! )#*"*3%0)# +! @+3'%$ A;BAC0D 0!1 +! "#$ (0"$%0( ,*%
$
*.)*!$!" .$0&'%$.$!"& C∆Fz ≃ 0.85D; <#$ ,*%
$& 0
"+!3 ')*! "#$ !*>>($ 0%$!*%.0((- .$0&'%$1 0" &"0"+
 
*!1+"+*!& ?+"#*'" "#$ E*?2 "#$! ?+"# *!(- )%+!
+)0(E*? 0!1 *! "#$ $!1 ?+"# &$
*!10%- +!=$
"+*!; <#$ ,*%
$ 10"0 ?0& 0
F'+%$1 &-!G
#%*!*'&(- ?+"# "#$ H'(+"$& )%$&&'%$ )%*7$ ?+"# 8000Hz &0.)($ %0"$ 0!1 "#$!04$%03$1 *! IJJJ &0.)($& 10"0 
#'!K&; <#$ &+1$ 0!1 (0"$%0( ,*%
$ 
*.)*!$!"&20%$ ,*'!1 0& 0 1+5$%$!
$ 7$"?$$! .$0&'%$.$!"& ?+"# +!=$
"+*! 0!1 .$0&'%$.$!"&?+"#*'" +!=$
"+*!2 ∆Fy = Fyj − Fy0 ?#+($ "#$ 06+0( ,*%
$ +& ,*'!1 0& 0 1+5$%$!
$7$"?$$! "#$ E*? 
*!1+"+*!& 0!1 "#$ &"0"+
 
*!1+"+*!& +! 0 )'.) 40
''.$1 ?+!1G"'!!$( "$&" &$
"+*!2 ∆Fx = Fx0 − Fst; L& 0 
0'&$ *, !*" #$0"$1 )%+.0%- 0!1&$
*!10%- E*? "#$ "$.)$%0"'%$ ?0& 
*!&"0!"(- 1$
0-+!3 1'%+!3 "#$ "$&"&;  " ?0&%0!3+!3 ,%*. 274K 0" 7$3+!!+!3 "* 241K 0" "#$ $!1 *, "#$ $6)$%+.$!"; <#$
#0!3$ *, "$.)$%0"'%$ 1+%$
"(- +.)0
"& "#$ 0!0(->$1 .0&&GE*?G%0"$2 "#$%$,*%$2"#$ 04$%03$ )*+!" 10"0 0%$ 3+4$! "*3$"#$% ?+"# 
*%%$&)*!1+!3 "$.)$%0"'%$ 04G$%03$1 *! "#$ &0.$ &0.)($ 10"0 
#'!K&;  ! "#$ 
%+"+
0(2 &$
*!10%- +!=$
"+*!2.$0&'%+!3 %$3+*! "$.)$%0"'%$ ?0& +! "#$ %0!3$ 260K ∼ 248K "#'&2 T0 = 255K?0& &$($
"$1 ,*% "#$ %$,$%$!" *!$ 0!1 +.)*&$1 +! !'.$%+
0( &+.'(0"+*!&; <#$ $6G)$%+.$!"0((- 0!1 !'.$%+
0((- 
*(($
"$1 ,*%
$ 10"0 0%$ "07'(0"$1 "*3$"#$% ?+"# "#$E*? 
*!1+"+*!& +! <07($& A;M 0!1 A;NJ;<07($ A;MO P6)$%+.$!"0( E*? 
*!1+"+*!& 0!1 ,*%
$& 10"0

SPR = Pj0/P0 T0, [K]
∑
Fy, [N ]

∑
Fx, [N ] ∆Fz , [N ] δ, [◦]

SPR = 0.5 252 7.49 NBA GJ;BI B;NQ
SPR = 0.667 249.9 10.8 NBR;M GJ;IM R;AQ
SPR = 0.833 252.4 12.37 NBS;JS GJ;I A;IJ
SPR = 1.00 257.6 16.17 NBS;N J;JQ S;TQ
SPR = 1.167 263.74 18.9 NBT;T J;BN T;QI
∗NPR = 37.5, Tj0 ≈ 283 ∼ 279K, T0 = 270K,F0 = 135.84N
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 ! "#$%&#' ()&#&(*+#$,*$(, -. &/$,'%%+*#$( 0-112+ ,$*3( !"#$ %&'() *+,$-.
!# 012 
134.5.136 !34 71-
$6 4!5!
SPR = Pj0/P0 ṁj/ṁ0 Fjy, N Fwy, N

∑
Fy, N

∑
Fx, N δ,◦

SPR = 0.1 0.008 0.672 1.202 '&898 ':;&<88 (&8'
SPR = 0.333 0.025 2.936 3.15 =&(8= ':;&=89 <&%8
SPR = 0.5 0.038 4.57 4 8&%> ':%&(<8 :&=:
SPR = 0.667 0.051 6.158 5.031 ''&'89 ':%&=' ;&>'=
SPR = 0.833 0.063 7.755 6.033 ':&>88 ':%&9(= %&8
SPR = 1.00 0.076 9.341 7.134 '=&;>% ':=&<' =&89
SPR = 1.167 0.089 10.976 8.17 '9&';= ':=&;> >&98=
SPR = 1.333 0.102 12.577 9.173 <'&>% ':=&>;% 9&(:>
SPR = 1.667 0.127 15.792 11.116 <=&9(8 ':>&:<; ''&(8
∗NPR = 37.5, T0 = 255K, Tj0 = 280K, ṁ0 = 236.2g/s, F0 = 134.05N

 ?$ !@-$$,$35 "$52$$3 5?$ $AB$-.,$35!# !34 5?$ 3+,$-.
!# 71-
$ ,$!6+-$C,$356 .6 $A
$##$35& D12$E$-F 5?$-$ !-$ 61,$ E$-G 6#.@?5 
?!3@$6 13 +BB$- !34#12$- $346 17 5$656 "+5 5?$G !-$ 3$@#.@."#$ !6 2$## 5?$ !"$--!5.136 .3 #!5$-!#F Fz71-
$& H1,$ 6,!##$- ,$!6+-$,$35 4.I$-$3
$6 !#61 $A.65 .3 5?$ @#1"!# !34 !A.!#71-
$ ,$!6+-$,$356 2?.
? 
!3 "$ !66.@3$4 51 5?$ 
1365!35#G 4$
!G.3@ 5$,B$-!5+-$4+-.3@ 5?$ $AB$-.,$356F "+5 1E$-!## ,!5
?.3@ 17 5?$ 4!5! 2!6 ?.@?#G 6!5.67!
51-G&J5 
!3 "$ 315.
$4 5?!5 E$
51-.3@ !,B#.K
!5.13 7!
51- CAV F 2?.
? -$B-$6$356-!5.1 "$52$$3 5?$ E$
51- B.5
? !3@#$ !34 B$-
$35 17 5?$ 6$
134!-G 51 5?$ B-.,!-G012 -!5$F .6 ?.@?$- 71- 5?$ #12$- 6$
134!-G .3L$
5!35 ,!66C012C-!5$6 !34 
1--$C6B134.3@#G 4$
!G6 2.5? 5?$ !+@,$35!5.13 17 HMN&  ?$ @#1"!# 71-
$ !,B#.K
!5.13F
CAF @1$6 +B 2.5? 5?$ HMN .3
-$!6$F !6 .5 .6 
!+6$4 "G 5?$ 3!5+-!# -$!
5.13 71-
$.3
-$!6$ 71- 5?$ ?.@?$- .3L$
5.13& D12$E$-F "G ,+#5.B#G.3@ 5?$ 71-
$ 
1$O
.$3562.5? 5?$ @#1"!# ,!66C012C-!5.1 !34 5?$3 
136.4$-.3@ 5?$ E!#+$6 61-5$4 !6 5?$ 6B$C
.K
 .,B+#6$ 
1$O
.$35F CAI F 13$ 
!3 4$4+
$ ! 
1365!35 4$
!G 17 5?$ B$-71-,!3
$.3 5$-,6 17 !
?.$E$4 71-
$6 E$-6+6 7+$# 
136+,B5.13&  ?$ 6$#$
5$4 !3!#G5.
!# ,14C$#6 2?.
? 2$-$ 4$6.@3$4 71- 
13.
!# 31PP#$ 2$-$ $A5-!B1#!5$4 51  JQ 31PP#$ -$6+#56!34 5?$.- B-$4.
5.13 K56 E$-G 2$## 2.5? 5?$ 5$65 -$6+#56 #!G.3@ "$52$$3 H
?.##.3@  !"℄!34 R-$$3  !$℄ 
-.5$-.13 
!#
+#!5.136&
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 !"! #$%&'(
%*+$ ,+-.&/0 ($0 1'*2('3 4 5&
+$0('3 ,+- 
+$0*%*+$5 !"#$ %&''( )$*+,*-!.
$ 
,$0
1$.23
SPR = Pj0/P0 CAV CAF CAI

SPR = 0.1 1.0125 1.002 4&556
SPR = 0.333 1.015 1.005 4&57'
SPR = 0.5 0.955 1.009 4&589
SPR = 0.667 0.925 1.014 4&5:%
SPR = 0.833 0.921 1.018 4&5%7
SPR = 1.00 0.904 1.024 4&5%9
SPR = 1.167 0.897 1.027 4&56;
SPR = 1.333 0.885 1.032 4&5;:
SPR = 1.667 0.872 1.043 4&59%

<1=>*$ %&6;( ?$
2,*1.= @12
A !.=#$ B$*3>3 -!33CD,EC*!2$ *!21, ,"2!1.$F +*,-.>-$*1
!# !.F $G@$*1-$.2!# *$3>#23 !.F +*,- 3$#$
2$F !.!#H21
!# -,F$#3(
1−I*$$.  !"℄J 2−K
A->
L$*  $%℄J 3−K
A1##1.=  !&℄<>*2A$* F$
*$!3$ ,+ 2A$ 3$
,.F!*H 1.M$
2!.2 -!33CD,EC*!2$ E!3 31->#!2$F .>C-$*1
!##H !3 2A$ +,*
$ 
,-@,.$.23 E$*$ "$#,E 2A$ -$!3>*1.= $N>1@-$.2 *!.=$& A$ F!2! @*$3$.2$F 1.  !"#$ %&'4 !.F %&'' !.F 1. <1=>*$ %&66J F$@1
23 
A!*!
C2$*1321
 O,.$3 EA1
A 
!. "$ 1F$.21P$F 1. 2A$ B$
2,*1.= @$*+,*-!.
$ 
,$0
1$.2J
CAV & <*,- *1=A2 2, #$+2J P*32 1F$.21P$F O,.$ 13 2A$ .>-$*1
!##H !.F $G@$*1-$.C2!##H !.!#HO$F O,.$ !2 EA1
A CAV 3-,,2A#H !.F !#-,32 #1.$!*#H 1.
*$!3$ E12A 2A$F$
*$!3$ ,+ 2A$ 3$
,.F!*H 1.M$
2!.2 D,E *!2$& Q. 2A13 O,.$J 2A$ .!2>*!# *$!
21B$+,*
$ ,+ 2A$ 1.M$
2!.2 1. y−F1*$
21,. 13 3,-$EA!2 A1=A$* 2A!. 2A$ 1.2$*!
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NPR = P0/pa Fjy, N Fwy, N

∑
Fy, N

∑
Fx, N δ,◦ Fx08 *

NPR = 37.5 9.368 7.169 16.537 '(9&:' 9&;: '(<&=%
NPR = 30 9.368 7.19 16.558 '(:&>9 ?&'= '(=&?(
NPR = 20 9.361 7.20 16.561 ':<&9= ?&%? '::&<'
NPR = 15 9.207 7.378 16.585 ''9&9? >&=> ''<&''
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 !"#$% &'()* +,-%$!.%/012 1/3 /#.%$!
12 -$%55#$% 3101 67$ $1/"% 76 .%$!3!1/-75!0!7/58 10 NPR = 37.5, SPR = 18  !"#$ %#&%#$#"' "()#%!
+ %#$( '$ +", $!-"$#.&#%!)#"'$ /#%%0%1+% 23( !'#491:2% &'(* +,-%$!.%/012 67$
% 3101 67$ 9;< /7==2% 5270 !/>%
0!7/ 
15% 10 xj/ln =
0.882
P0, kPa Pj0, kPa T0, K Tj , K

∑
Fy8 ?@℄ ∑

Fx8 ?@℄ δ

300.12 300.06 256K 281K 19.97N ± 0.76 135.98N ± 1.1 8.35◦91:2% &')* @#.%$!
122B %C12#10%3 67$
%5 $%5#205<15% ṁj8 ?"D5℄ Fjy8 ?@℄ Fwy8 ?@℄ ∑
Fy8 ?@℄ ∑

Fx8 ?@℄ δ

circular 19.63 10.21 7.71 (E'F) (G&')G 7.493◦

slot 19.83 10.23 9.43 (F'&& (G&'&H 8.187◦

∗NPR = 37.5, SPR = 1, fm = 0.082, F0 = 134.05N, I0sp = 57.88sI%$67$.1/
% 3101*
15% 3!.'8 mm hj , mm xsepj, mm CAV CAF CAI

circular dj = 6 5.512 15.664 J'F(H ('J)K J'FH&
slot bj = 2.5 5.205 17.595 J'FL& ('J)F J'FK(-$%55#$% 
7/3!0!7/5 -7!/058 0M10 N%$% 7:5%$C%3 !/ 0M% -$%C!7#5 %,-%$!.%/012 .73%2N%$% 5.770M%3 15 0M% $%5#205 76 /7 !/0$#5!7/ 10 0M% N122 1/3 7C%$122 :%00%$ 0%50
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 !" #!
% &'()*+ ,& -.((*/+. 01!&*  )" 2!11 !&3 -*
4&3!+. 04+/ 0+*--'+* 
4&/4'+- !"#$% &'()* +$%,,#$% -./ 0-
2 .#34%$ 5678, 79 :;<=> >?-'@A .7BB6% C!82 !.?
6!.%/ 
!$
#6-$ !.D%
8!7. -8 SPR = 1, NPR = 37.5 
7./!8!7.,97$
% 
7357.%.8 79 82% $%-
8!E% 97$
% C!66 /%
$%-,%F C2!6% .%"-8!E%6G 7$!%.8%/ x?/!$%
8!7. 
7357.%.8 !.
$%-,%,' H7C%E%$F 82% 9-E7$-46% -
8!7. 758!3!B-8!7. 79 82%
$7,,?I7C !.8%$-
8!7. 97$
% !, ,#4,8-.8!-6 
735-$!." 87 82% $%-
8!E% 97$
% 
7357?.%.8'<-46% &'J* KL5%$!3%.8-6 -./ .#3%$!
-66G %E-6#-8%/ 97$
% /-8- 79 >?-'@A .7BB6%-8 NPR = 37.5, SPR = 1 
7./!8!7.,>-,% ṁj F M"N,℄ F0F MP℄ ∑
FyF MP℄ ∑

FxF MP℄ δ

experimental 19.3 131.7 19.8 (J@'& 8.6◦

numerical 19.71 130.31 20.04 (J@'AQ( 8.7◦

<2% 3%-,#$%/ 97$
% /-8- !, "!E%. !. 8-46% &'J' ;8 
-. 4% .78!
%/ 82-8 -L!-6
7.8$!4#8!7. 87 82% "674-6 -L!-6 97$
% 9$73 82% ,%
7./-$G !.D%
8!7. !, $-82%$ 3!.?!3-6 !. 82!, 
-,%' <2% -"$%%3%.8 79 82% %L5%$!3%.8-6 -./ .#3%$!
-66G 748-!.%/97$
%, C-, 97#./ ,-8!,9-
87$G %.7#"2 -./ -667C%/ 9#$82%$ .#3%$!
-6 !.E%,8!"-8!7.79 -. -."#6-$ -88!8#/% %R%
8 7. 82% :;<=> .7BB6%,'
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 !" 0
◦# $%&'!( )% !*+,  -" 20

◦ ./,)&0!' 1&%' $%&'!( )%!*+,

 
" 30
◦ ./,)&0!' 1&%' $%&'!( )%!*+,  3" 40

◦ ./,)&0!' 1&%' $%&'!( )%!*+, !"#$% &'(&) *+,,-.$%//#$% +01 /%.+$+2!30 1%,!0%+2!30 +,30" 4+,, 35 
30!
+,Mach30377,% 4!28 !09%
2!30 +2 xj/ln = 0.9: SPR = 1: NPR = 37 +01 ;+$!3#/ !0
,!0+2!30+0",%/ 35 /%
301+$< !09%
2!30 !"!# $%&'()*+ ,-
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+0 B% 3B/%$;%1 28+2 4!28 %+
8 !0
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$%+/% 
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 !"#$% &'()7 8.556-$%,,#$% -$095%, 0: xj/ln = 0.9 ;<*=> 
01!
.5 10335%, .12?.$!0#, !1
5!1./!01 .1"5%,@ ϕA!/+ /+% %.
+ 
01,%
#/!?% !1
5!1./!01 ,/%-';!B!5.$5C /0 /+% 
01!
.5 10335% /%,/,@ *<> 10335% A!/+ /+% ,%5%
/%2 !1D%
/!01 -06,!/!01@ xj/ln = 0.882 A., .1.5C3%2 :0$ ,%?%$.5 !1
5!1./!01 .1"5%, $%5./!?% /0 /+%B.!1 .E!, 10$B.5@ #- /0 ϕ = 70◦' F1.50"0#,5C@ "$.2#.5 "$0A/+ 0: /+% ,%-.$./!01A., 2%/%
/%2 A!/+ /+% #-,/$%.B !1
5!1./!01 !1
$%B%1/' G0A%?%$@ A!/+ !1
5!1.6/!01 ,/%-, 5.$"%$ /+.1 ϕ = 40◦ -$02#
%2 H0A 9%52 I%
0B%, 5.$"%5C 2%?!./%2 .12B0$% 
0B-5%E' J.B%5C@ 5.$"%5C ,/$%/
+%2 !1D%
/!01 -0$/ .501" A!/+ /+% %501"./!010: A!12A.$2 ,!2% .12 ,+0$/%1!1" 0: /+% 5%%A.$2 ,!2% "%1%$./%, . +!"+5C ?.$!.I5%-$095% ./ /+% ,%
012.$C !1D%
/!01 -0$/' *+% H0A !1 /+% 301% 
50,%$ /0 A!12A.$2,!2% !, 5.$"%5C %E-.12%2 A!/+ . ,#I,/.1/!.55C 50A%$ -$%,,#$% /+.1 /+% 
0$% H0A-5.
%2 
50,%$ /0 /+% 5%%A.$2 ,!2%' *+% -$%,,#$% ?.5#% .--%.$, 50A%$ /+.1 /+%-$%,,#$% ./ /+% -%.K 301%, ./ /+% A.55 ,%-.$./%2 $%"!01' *+!, !B-5!%, /+./ ,0B%0: /+% -$%,,#$!3%2 "., !1 /+!, 301% %,
.-%, /+$0#"+ /+% 5.$"% .,-!$./!01 !1/%$:.
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 !" ϕ = 30
◦  #" ϕ = 60

◦ !"#$% &'()* +,--./$%00#$% ,12 0%/,$,3!41 2%-!1%,3!41 ,-41" 5,-- 46 789 14::-%5!3; #/03$%,< !1
-!1%2 !1>%
3!41 ,3 xj/ln = 0.88? SPR = 1? NPR = 37

 !" $%&&'()% *+!,' Mach !,-.'+/
1(%2.'
(/) 3'+-  #" 4!++ !,- 1,5'
(1/, */)( *)'667)'
/,(/7)6 !"#$% &'(@* 94134#$ /-430 46 789 14::-% 5!3; ϕ = 60◦ #/03$%,< !1
-!1%2 !1>%
3!41,3 xj/ln = 0.88? SPR = 1? NPR = 37.5,12 
4</-%A B45C%-2'81  !"#$% &'DE !3 
,1 F% 4F0%$G%2 3;,3 64$ ϕ = 60◦ /$!<,$H ,12 0%
412,$H /$%00#$%/%,I0 ,$% !1 3;% $,1"% 46 <,A!<#< /$%00#$% ,3 !1>%
3!41 /4$3' 7;% 0%
412,$H/%,I ,//$4,
;%0 
-40%-H 3;% 0%
412,$H /4$3 5!125,$2 %2"% ,12 ,63%$ !3 2%
,H0$,/!2-H !10!2% 3;% /4$3' 7;% ,
3!41 46 3;% -45 /$%00#$% $%"!41 !10!2% 3;% !1>%
3!41/4$3 5!3; G4$3!
%0 /$42#
%0 ,1 #103%,2H ,
3!41 46 3;% !13%$,
3!41 C%-2 ,//%,$.!1" !1 3;% 64$< 46 B,//!1" !10!2% 3;% 0%/,$,3!41 :41%' 7;!0 
,1 F% 4F0%$G%2 FH
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 !"#$% &'()* +$%,,#$% -$./0%, .1 2300 345 !46%
8!.4 -.$8 !4 ,9::%8$9 -034% 1.$
xj/ln = 0.88 ;<=>? =<? 4.@@0%

 !"#$% &'(A* <48%$3
8!.4 B 2300 ,!5% 1.$
% 8%:-.$30 %C.0#8!.4 1.$ xj/ln = 0.88;<=>? =<? 4.@@0% 345 ( !4
0!438!.4 
3,%,-$.D!4" 8E% !48%$3
8!.4 2300 ,!5% 1.$
% 5#$!4" 8E% ,!:#038!.4' F, 5%-!
8%5 !4  !"B#$% &'(AG 8E%$% !, 3 ,#D,8348!30 345 4.4B4%"0!"!D0% !4
$%3,% !4 .,
!0038.$9 3:-0!8#5%D%E3C!.$ .1 8E% !48%$3
8!.4 1.$
% 
.:-.4%48 2!8E 8E% E!"E%$ !46%
8!.4 !4
0!438!.434"0%,' H.2%C%$G #,!4" 8E% 3C3!03D0% IFJ; 3--$.3
E !4
0!438!.4 
3#,%5 !4,83D!0B!8!%, 2%$% 4.8 1#$8E%$ !4C%,8!"38%5 !4 8E!, ,8#59' k − ε 8#$D#0%4
% -$.5#
8!.48%$:, .1 %4%$"9 345 5!,,!-38!.4 !4  !"#$% &'(( 5%-!
8 8E% 
.4
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 !"#$ %&'( )*+$,-
!##/ $0!#*!1$2 34,
$ 
4+546$617 34, xj/ln = 0.9 
46-
!# 6488#$946-
!# xj/ln = 0.9 6488#$(9!7$ Fjy: ;)℄ Fwy: ;)℄ ∑

Fy: ;)℄ Fxj: ;)℄ Fx: ;)℄ ∑
Fx: ;)℄

ϕ = 0◦ 9.94 8.67 18.61 =>&?@A @?A&BB @?A&AA
ϕ = 20◦ 10.03 10.28 20.31 =>&%C @?%&BC@ @?%&C>@
ϕ = 30◦ 10.02 10.98 21. =@&D' @?%&@'C @?'&C>C
ϕ = 40◦ 10.05 11.42 21.47 =C&'@ @?E&'%? @??&>EE
∗NPR = 37, SPR = 1, fm = 0.083, F0 = 126.41N, I0sp = 57.77s F9 xj/ln = 0.88 6488#$(
ϕ = 0◦ 10.20 7.71 17.72 =>&@BA @C%&'?A @C%&?C
ϕ = 20◦ 10.22 9.61 19.83 =>&E% @CE&?C @C'&%A
ϕ = 30◦ 10.03 10.39 20.42 =@&D@ @C'&@ @C?&?'
ϕ = 40◦ 10.05 10.81 20.86 =C&E @CC&CA @?B&DA
ϕ = 50◦ 10.14 11.48 21.62 =%&@D @C?&%? @?%&''
ϕ = 60◦ 10.19 12.52 22.71 =B&>? @C?&>@ @??&BD
∗NPR = 37.5, SPR = 1, fm = 0.082, F0 = 134.05N, I0sp = 57.88sG$,34,+!6
$ 2!1!(
!7$ δ, [◦] hj , mm CAV CAF CAI9&ϕ = 0◦ 8.27 5.47 0.995 @&>?@ >&BCB9&ϕ = 20◦ 9.13 6.43 1.088 @&>@@ >&BCC9&ϕ = 30◦ 9.59 7.40 1.143 >&BBA >&B?9&ϕ = 40◦ 9.97 7.91 1.188 >&BD >&B>' F9ϕ = 0◦ 7.5 5.51 0.914 @&>?E >&B'% F9ϕ = 20◦ 8.38 6.78 1.011 @&>@E >&BCD F9ϕ = 30◦ 8.78 7.82 1.064 >&BBD >&B?? F9ϕ = 40◦ 9.13 8.36 1.113 >&BD@ >&B>% F9ϕ = 50◦ 9.7 9.37 1.18 >&BEA >&DD' F9ϕ = 60◦ 10.46 10.38 1.272 >&BC? >&D%@
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 !"#$% &'(&) *+,, -$%..#$% -$/0,%. 1/$ .!2",% +23 4#,5!-/$5 $+3!+,,6 +23 4%$!3!/27+,,6 "$/#-%3 !28%
5!/2 !25/ -$!4+$6 :;< 2/==,% +5 xj/ln = 0.7, SPR = 1, NPR =
450:+>,% &'?) @%.!"2 
A+$+
5%$!.5!
. +23 B/C 
/23!5!/2. /1 4#,5!-/$5 2/==,%.

nozzle mj djt, mm pej, kPa Tj , K x/ln, mm θ,◦

J − 1L 5.89 3.35 1.452 280 0.65 D
J − 0L 5.85 3.35 1.199 280 0.7 D
J − 2L 5.79 3.35 0.92 280 0.75 D
J − 0R 5.85 3.35 1.199 280 0.7 D
J − 12R 5.87 3.35 1.199 280 0.7 ±15
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0+4$0+!
case Fjy5 67℄ Fwy5 67℄ ∑

Fy5 67℄ Fxj5 67℄ Fx5 67℄ ∑
Fx5 67℄

single 9.34 9.074 18.414 −0.847 155.55 9:;&<9
multiportL 9.356 8.421 17.77 −0.82 155.19 9:;&=<
multiportR 9.244 9.23 18.474 −0.941 156.09 9::&9;
∗NPR = 450, SPR = 1, fm = 0.076, F0 = 152.7N, I0sp = 65.96s>$0./02!*
$ -!4!(
!?$ NPRj δ, [◦] xsep/dj0 CAV CAF CAI

single 6.787 5.987 0.887 1.02 0.938
multiportL 6.566 5.97 0.865 1.018 0.936
multiportR 6.8 7.266 0.896 1.023 0.941 @$0$ +? */ 0$!# A!+* +* 4$02? /. /"4!+*$- ./0
$ /0 B$
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4+/*& G4 ?@/D#- "$ 2$*4+/*$- 4@!4 4@$?!2$ θ = 30◦ =L@/#$? 2D#4+3/04 FG HI K!? +23#$2$*4$- +* GIMN MinutemanO 0/
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"#$%$&$'(  )* %#++')&*, -. &/* -$0
'1') %
/1$*)*( 2$%# 1$3 &$'(4 5$0
'1') %
/1$*)*($% )* 1$3*, 2$ ,# 1 %1$& )*,06)**( 
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'(,$&$'(%  )* 6$2*($( = -1* I4J4 D( &/* (#;*)$
 1  (,  ( 1.&$
 1 $(2*%&$6 &$'(  $) $% ;',*1*,  %  = -1* I4JK H+*
$* +)'+*)&$*%  & T0j = 280K,P0j = 300kPa 
'(,$&$'(%
specie Mg Cp Rg γ µM λL6M;'1℄ LOMP6Q℄ LOMP6Q℄ Cp/CV LP6M;·%℄ LRM;·Q℄
Air 28.96015 1003.8844 287.102 1.4 J4IISC0T U4VWVC0U
He 4.0026 5192.86912 2077.265 1.66673 J4SXUJC0T J4VWWYSC0J
Ar 39.948 521.740582 208.132 1.66367 U4JVC0T J4YIUC0U
CO2 44.0098 833.298 188.923 1.297 J4VXTC0T J4TEC0U
∗Air = 78.084%N2 + 20.9476%O2 + 0.9365%Ar + 0.0319%CO29'#) 
';+'(*(& 6 % ;$>&#)* 8$&/ $&% 
';+'%$&$'( ,*7(*, $( %& (, ),  &;'%+/*)* %K

78.084%N2 ; 20.9476%O2 ; 0.9365%Ar ; 0.0319%CO2 ZI4J[
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χi ·Mi ZI4U[
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air: Cp(T) =3.2074e−16*t5 − 3.3278e−10*t4 + 4.9854e−07*t3 + 8.7184e−06*t2 − 0.04081*t + 1005.7

N
2
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O
2
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CO
2
: Cp(T) = − 2.436e−06*t3 + 0.0020887*t2 + 0.33212*t + 630.64

Ar: Cp(T) = − 2.6133e−15*t7 + 5.8493e−12*t6 − 5.473e−09*t5 + 2.7714e−06*t4 − 0.00081985*t3 + 0.14188*t2 − 13.37*t + 1057.92/53#" L1MN Cp(T ) ,*# 60−500K (")%"#-(3#" #-'5" *, 
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(T) = 8.4502e−10*t

4
 − 1.378e−06*t

3
 + 0.0008509*t

2
 − 0.23934*t + 547.09
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specie Mg γ mj(SPR = 1) SPR(fm = 0.076)=>?6.#℄ Cp/CV =>?*℄ P0j/P0

Air 28.96015 1.4 AB&AC% A&
He 4.0026 1.66673 %&ADEC '&FGC
Ar 39.948 1.66367 ''&DGF H&BHG
CO2 44.0098 1.297 'A&B'D H&BGG
∗Cdj = 0.955
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 &
'& "#$%(  )* #"*) "*+ ,$) "-* "-)** *&*.*%"( C H O  %+ /0 $1" #%*+(2*
#*(3 4$.1'("#$% 5 ( (#.'& "*+ $% "-* "-)** $6#+ %" "$ ,'*& .#6"')* ) "#$(
o/f = 1.2, 1.4, 1.57 5#"- .*%"#$% "- " o/f = 1.4 #( (*&*
"*+ ,$) "-* )*,*)*%" $%*38$) "-* lH2 − lOX "-* o/f range : 4., 5., 6. 5-*)* o/f = 6. 5 ( (*&*
"*+ ,$) "-*)*,*)*%" $6#+ %" "$ ,'*& ) "#$7 *9*% "-$':-" o/f 8 5$'&+ 1* 
&$(*) "$ "-* ("$#
-#$;.*")#
 9 &'*3 <*9*)"-*&*((7 $6#+ %"=,'*& ) "#$( ,$) 1$"- 2)$2*&& %" 
$%>:') "#$%5 ( 
&$(* "$ ("$#
-#$.*")?  %+ ('#"*+ ,$) *@'#&#1)#'. 
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'& "#$%(3 A*+'
*+ )*; 
"#$% .*
- %#(.(  )* (#.'& "*+  %+ >% & . ((#
 ,) 
"#$%( $, "-* (2*
#*(  1$9*
2E− 06 9 &'* #% "$" & (- )*  )* 
$%(#+*)*+3 B-* 
$.1'("#$% 
- .1*) )*('&"(  )*:#9*% #% B 1&* C3D ,$) C2H5OH − lOX  %+ #% B 1&* C3/ ,$) lH2 − lOX 3B 1&* C3DE C2H5OH−lOX 7 FG4 
- .1*) *@'#&#1)#'. "-*).$
-*.#
 & 
 &
'& "#$%

o/f = 1.4 #%H*
"$)I#%,3J 
$.1'("#$% 
- .1*) "-)$ "
T (K) o90.17/f293 3106.10 2915.61
ρ (kg/m3) o1145.4/f789 1.6707 1.0300
P (kPa) 2.E + 03 2.E + 03 1.1476E + 03
Pinf/P 1 1 1.7427
u(m/s) 0 1171.1 1133.0
Irsp(m/s) 0 1132.9 2176.2
H(kJ/kg) / −2751.73 −3393.51
Cp(kJ/(kg ·K) / 4.4755 3.8492
γ / 1.1457 1.1521

Mass fractions :
CO K3LDCMN K3LDK/L
CO2 K3NDOOK K3NMPKD
H K3KKK0K K3KKK/O
HCO K3KKKKP K3KKKKK
H2 K3KPPC0 K3KPP0K
H2O K3LMMM/ K3LCPCM
O K3KKPLP K3KKKML
OH K3KP0LD K3KKPC0
O2 K3KKL/O K3KKPC0
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5!."$6 156-!1
T (K) o90.17/f20.17 3341.84 3174.83
ρ (kg/m3) o1145.4/f73.364 0.95518 0.58860
P (kPa) 2.E + 03 2.E + 03 1.1563E + 03
Pinf/P 1 1 1.7296
u(m/s) 0 1539.6 1490.9
Irsp(m/s) 0 1490.9 2907.3
H(kJ/kg) / −986.31 −2097.71
Cp(kJ/(kg ·K) / 10.8090 9.9370
γ / 1.1321 1.1315
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43&-(10) !"#$ %&'( C2H5OH − lOX )* +,$-./
,$.& 
!#
1#!+2/3
o/f = 1.4 p, [Pa] T, [K] M Fth, [N ] Irsp, [m/s]

Equilibrium : ,-/!+ )&)4'567' 8&9)4)67: )&55) %&%;94678 8&));:67:6<2+ ;&%;%4674 )&=;9'67: 8&=5%4 )&54''67: 8&=;::67:
Frozen : ,-/!+ )&)4'567' 8&9)4)67: )&55) %&%;94678 8&));:67:6<2+ ;&:'55674 )&'98%67: 8&=%:= )&5:8%67: 8&=);467:
Kinetics : ,-/!+ )&)4'567' 8&9)4)67: )&55) %&%;94678 8&));:67:6<2+ ;&;=5%674 )&%%9'67: 8&=8:% )&5:967: 8&=:8%67: !"#$ %&%( lH2 − lOX )* +,$-./
,$.& 
!#
1#!+2/3
o/f = 1.4 p, [Pa] T, [K] M Fth, [N ] Irsp, [m/s]

Equilibrium : ,-/!+ )&);;567' :&)%4)67: )&55) %&%4:5678 8&=5'%67:6<2+ '&:);:674 8&89;967: 8&%84' )&5;=)67: :&=:;%67:
Frozen : ,-/!+ )&);;567' :&)%4)67: )&55) %&%4:5678 8&=5'%67:6<2+ ;&45:%674 )&='8%67: 8&='89 )&5:8467: :&%48:67:
Kinetics : ,-/!+ )&);;567' :&)%4)67: )&55) %&%4:5678 8&=5'%67:6<2+ ;&989%674 8&59'=67: 8&%':) )&54%%67: :&%9%967:%&);> %&)'&?@ A$+$
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@ 23 
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 !"#$% &'()* C2H5OH − lOX (+ ,-%
!/
 !0-#12% -$3/1%
 !" #$%&'( )*%
,  -" #,./,%!(&%, ,0*1&(2*3 !"#$% &'(4* C2H5OH − lOX 56$#27 83$
% 9:; 7%0-%$97#$% -$3/1%2

 !" #,./,%!(&%, ,0*1&(2*3  -" 4/,
25
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!/
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 (# &+ .*++ /& -#"*
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Vectorisation fluidique de la poussée d'une tuyère axisymétrique 

supersonique par injection secondaire 
 

Résumé :  

La vectorisation de la poussée d'une tuyère propulsive supersonique axisymétrique est étudiée par le biais 
d'une injection fluidique transversale dans sa partie divergente. Cette étude menée dans le cadre du 
programme PERSEUS du CNES a été motivée par la recherche d'une solution alternative au pilotage 
conventionnel de la poussée par actionneurs mécaniques. 

Le travail de la thèse, tout en s'appuyant sur des approches expérimentale et numérique, comprend 
essentiellement une large étude paramétrique concernant principalement la position de l'injection, la forme 
de la tuyère, la nature et le débit du fluide injecté. 
L'analyse des résultats montre que pour certaines configurations optimales, des angles de déviation 
pertinents peuvent être obtenus pour des taux d'injections modérés. 
L'analyse numérique étendue aux écoulements chauds multi-espèces, plus proches des applications réelles, 
a montré que la vectorisation fluidique reste très performante lors de l'injection de produits de combustion 
dans le divergent. 

Mots clés : écoulement transversal supersonique, tuyère propulsive, interaction de choc, décollement, force 
latérale aérodynamique, vectorisation de la poussée 

 Secondary injection fluidic thrust vectoring of an axisymmetric 
supersonic nozzle 

 

Abstract :  

Secondary injection into the divergent section of a supersonic rocket nozzle is investigated for the fluidic 
thrust vectoring effects. The study was conducted in the framework of CNES PERSEUS program and was 
motivated by the need for an alternative vectoring solution aimed for a small space launcher.  

The thesis work, based on the combined experimental and numerical approaches, essentially comprises of a 
wide parametric study mainly concerning the position of the injection, the shape of the primary and injection 
nozzles, flow regime, gas thermophysical properties and injected fluid mass-flow-rate. 

The analysis shows that for some optimal configurations, pertinent deflection angles can be obtained using 
the moderate injection rates. 
Furthermore, the study was extended to the hot flow multi-species investigation, simulating a case closer to 
the real applications. This numerical analysis indicated that the fluidic vectoring method remains effective 
with injection of combustion products into the divergent section of a propulsive rocket nozzle. 

Keywords: supersonic cross-flows, rocket nozzle, shock interaction, flow separation, side loads, thrust 
vectoring 
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