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Problèmes de contrôle et équations
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Introdution générale
1 Théorie du ontr�leLa théorie du ontr�le trouve ses origines dans des problèmes d'ingénierie onrets qui étaient audépart résolus par des méthodes empiriques. La première approhe mathématique des problèmesde ontr�le est sans doute à trouver dans l'artile de J. C. Maxwell [85℄ datant de 1867. Il ydérit mathématiquement les propriétés de stabilisation du régulateur de Watt qui était employéentre autres dans les mahines à vapeur.1.1 Desription mathématique de deux problèmes.Considérons un système dynamique général :

{

Ẋ(t) = F (X(t), U(t)),

X(0) = X0,
(1)oùX ∈ X désigne l'état du système et U ∈ U le ontr�le. Un aspet lé de l'analyse mathématiqueonsistera à bien hoisir l'espae des états X et l'espae des ontr�les U . Dans la pratique, lesystème dynamique (1) sera une équation di�érentielle ordinaire ou une équation aux dérivéespartielles d'évolution. L'idée est de modéliser un système physique représenté par l'état X, surlequel on a une in�uene via le ontr�le U . La question est de savoir omment utiliser le ontr�lepour obtenir un omportement souhaité du système. Dans ette optique, on va introduire deuxproblèmes lassiques (parmi d'autres) de la théorie du ontr�le.1. Le problème le plus naturel est elui de la ontr�labilité exate. Il s'agit d'amener le systèmedans un état désiré en un temps �xé et depuis un état initial quelonque. Plus préisément,pour deux états X0 ∈ X et X1 ∈ X et un temps T > 0, il faut trouver un ontr�le

t ∈ [0, T ] 7→ U(t) ∈ U tel que la solution de (1) satisfait X(T ) = X1.2. Supposons maintenant l'on ait un état (Xe, Ue) ∈ X × U tel que F (Xe, Ue) = 0. C'est àdire qu'on a un état d'équilibre du système. Ce sont des solutions naturelles importantesde (1). Cependant on ne peut dans la pratique observer que les états d'équilibre stablesdu système. C'est le as par exemple du pendule simple pour lequel l'état d'équilibre hautn'est jamais observé dans la nature, ar il s'agit d'un équilibre instable. Pour ompensere défaut, on pourrait herher un ontr�le t ∈ [0, T ] 7→ U(t) ∈ U tel que la solution de (1)satisfait X(T ) = Xe et que U(T ) = Ue. Cependant, ette méthode sou�re d'un défaut, elle1



2 Introdution généraleest très sensible aux perturbations et aux inertitudes : sur le modèle, sur le ontr�le ou surla onnaissane de l'état initial. Pour des questions de robustesse on lui préférera don unontr�le en boule fermée. Plus préisément le problème de la stabilisation asymptotiquedemande de trouver une fontion U : U → X , satisfaisant U(Xe) = Ue et telle que, pour lesystème dit en boule fermée :
{

Ẋ(t) = F (X(t),U(X(t)))

X(0) = X0,
(2)l'état Xe soit asymptotiquement stable. Rappelons que ela signi�e qu'on a les deux pro-priétés suivantes.

• Pour tout ǫ > 0, il existe ν > 0 tel que si X0 est un état satisfaisant ||X0 −Xe|| ≤ νet si X est une solution maximale de (2), alors elle est globale en temps et satisfait :
∀t ≥ 0, ||X(t)−Xe|| ≤ ǫ.

• Pour tout état initialX0, une solution maximale de (2) est globale en temps et satisfait,
||X(t) −Xe|| →

t→+∞
0.On a énoné ii les propriétés globales de stabilisation asymptotique et de ontr�labilité exate .Des variantes dites loales existent lorsque les données initiales (et �nales pour la ontr�labilité)ne sont prises que dans de petits ouverts.Dans les as où le système dynamique (1) est régi par une équation di�érentielle ordinaire,la théorie est désormais mûre et des tehniques robustes existent (voir par exemple [96℄, [34℄).1.2 Contr�le et équations aux dérivées partielles.Conernant l'étude des problèmes de ontr�labilité exate et de stabilisation asymptotique dansle adre des équations aux dérivées partielles, les ontr�les agiront le plus souvent via les don-nées au bord et sur une partie de elui-i, ou éventuellement omme un terme soure loalisédans un sous domaine. Plusieurs méthodes générales existent pour les équations linéaires. Parmiles méthodes diretes on itera la méthode de ontr�labilité par extension de Russell [92℄ dontune variante non-linéaire sera partiellement utilisée dans le hapitre 2. Une autre méthode trèsgénérale est la méthode HUM de Lions et Russell qui proède par dualité. L'élément essentiel enest l'équivalene entre la propriété de ontr�labilité sur une ertaine E.D.P. et l'existene d'uneinégalité d'observabilité sur le système adjoint. On remplae ainsi un problème non standardonsistant à trouver une fontion, par un problème standard onsistant à établir une ertaineinégalité, e nouveau problème n'étant pas faile pour autant. On pourra onsulter [78℄ pour plusde détails. Il faut noter par ontre que de nombreuses méthodes (dépendant de l'E.D.P. onsidé-rée) peuvent être utilisées pour montrer l'inégalité d'observabilité : par exemple les inégalités deCarleman, la méthode des multipliateurs, l'analyse miroloale...Pour ontr�ler/stabiliser une équation aux dérivées partielles non-linéaire, une première idéeest de s'appuyer sur les méthodes linéaires. Si l'équation linéarisée est ontr�lable/stabilisable,on peut espérer obtenir des propriétés loale de ontr�le/stabilisation sur l'équation non-linéairepar exemple via une méthode de point �xe. Cependant, il est important de remarquer que etteondition est seulement su�sante. En e�et, il peut arriver dans ertains as que le linéarisé nesoit pas, en général, ontr�lable ou même que la linéarisation ne soit pas envisageable alors que



2. Résultats prinipaux de la thèse. 3le système non-linéaire, lui, l'est. Les problème abordés dans e manusrit appartiennent tous àette atégorie. Di�érentes méthodes existent pour utiliser la non-linéarité (voir en partiulierle livre [34℄). Nous allons dérire, pour le système (1), la méthode du retour que J.-M. Coron aintroduite dans [33℄ et qui est elle que l'on utilisera dans la suite.La méthode onsiste à trouver une trajetoire partiulière (X̄, Ū) de (1) (autre que la traje-toire stationnaire (Xe, Ue)) telle que l'on ait
X̄(T ) = X̄(0) = Xe et Ū(T ) = Ū(0) = Ue,mais aussi que le système linéarisé le long de ette solution :

{

Ẋ(t) = ∂XF (X̄(t), Ū (t))X(t) + ∂UF (X̄(t), Ū (t))U(t),

X(0) = X0,
(3)soit ontr�lable. On peut alors généralement en déduire un résultat de ontr�labilité loale auvoisinage de Xe. Dans le as où la linéarisation est problématique (e qui sera le as dans leshapitres 2 et 3), on demandera plut�t que ertaines propriétés assurant la ontr�labilité soientsatisfaites près de (X̄, Ū). Intuitivement ela signi�e que même si les états initiaux et �naux sontpetits, il n'y a pas de raison pour que la taille des états intermédiaires soient forément du mêmeordre. Cette méthode a été utilisée ave suès pour résoudre des problèmes de ontr�labilitéexate et de stabilisation asymptotique dans de nombreux as : l'équation d'Euler inompressibleen deux dimensions ([37℄, [38℄, [59℄) et en dimension 3 [60℄, l'équation de Camassa-Holm sur le tore[58℄, le système d'Euler isentropique [57℄, l'équation de Navier-Stokes [40℄, l'équation de Burgers([69℄, [20℄, [72℄), l'équation de Saint-Venant [36℄, le système de Vlasov-Poisson [61℄, l'équation deShrödinger ([13℄, [14℄), l'équation de Korteweg-de Vries [21℄ et des systèmes hyperboliques [39℄.Pour tout e qui onerne ette partie on pourra onsulter [35℄.2 Résultats prinipaux de la thèse.Nous allons maintenant présenter les prinipaux résultats obtenus durant la thèse.2.1 Équation de Camassa-HolmDans le hapitre 1, on s'intéresse au problème mixte non homogène, à la ontr�labilité exate et àla stabilisation asymptotique de l'équation de Camassa-Holm sur un intervalle. Dans la pratiqueon travaillera sur (0, 1) mais les résultats s'étendent lairement à un intervalle borné quelonque.Ave κ un nombre réel l'équation Camassa-Holm s'érit :

∂tv − ∂3txxv + 2κ∂xv + 3v∂xv = 2∂xv∂
2
xxv + v∂3xxxv ave (t, x) ∈ (0, T )× (0, 1). (4)Cette équation dérit des ondes unidimensionnelles se propageant à la surfae de l'eau sousl'ation de la gravité lorsque la profondeur d'eau est petite. La fontion v(t, x) représente la vitessede l'onde au point x et à l'instant t. Mais d'après Camassa et Holm [22℄ la fontion représenteaussi l'élévation de la surfae d'eau dans l'approximation d'eau peu profonde. L'équation (4) a étéintroduite pour la première fois par Fokas et Fuhssteiner [56℄ en tant que modèle bi-Hamiltonien.Ce n'est que plus tard qu'elle a été utilisée pour modéliser la propagation d'ondes à la surfaede l'eau par Camassa et Holm [22℄, et le long d'une tige rigide ylindrique par Dai [48℄.L'équation (4) a de nombreuses propriétés ommunes ave l'équation KdV : elles sont toutesles deux bi-Hamiltoniennes, omplétement intégrables et admettent des solutions soliton ([22℄,



4 Introdution générale[29℄, [32℄, [56℄, [76℄). Cependant, (4) modélise aussi un nouveau phénomène via l'apparition desingularités en temps �ni : 'est le déferlement des vagues. Ainsi, dans Hs(T) (s > 3
2) les solutionsdéveloppent des singularités en temps �ni de façon générale ([26℄,[27℄, [28℄).Le problème de Cauhy assoié à l'équation (4) posée sur le tore ou sur la droite a étébeauoup étudié es dernières années ([17℄, [23℄ ,[30℄, [49℄, [50℄, [67℄, [79℄, [98℄). Il y a par ontrebeauoup moins de résultats onernant le problème mixte. Le as homogène, 'est à dire ave

v = 0 aux bords, a été traité grâe à des arguments de symétrie dans [53℄ et de manière plusgénérale dans [54℄. Et un as partiulier du problème non-homogène sur la droite entière estonsidéré dans [101℄ : la "ondition au bord" onsistant à demander qu'il existe une onstante
C telle que l'on ait :

∀t ≥ 0, v(t, x) →
|x|→+∞

C.Du point de vue de la théorie du ontr�le, de nombreux résultats existent pour l'équation deKdV ([6℄, [24℄, [25℄, [41℄, [42℄, [63℄, [64℄, [90℄, [91℄, [93℄, [94℄, [100℄). En omparaison les premiersrésultats onernant (4) ont été donnés par O. Glass dans [58℄. Il y prouve en utilisant un ontr�ledistribué sur un intervalle arbitraire du erle :
• la ontr�labilité exate dans Hs(T) pour s > 3

2 en temps arbitraire,
• la stabilisation asymptotique de l'état v = −κ dans H2(T) via une loi de retour stationnaireà valeurs dans H−1(T).Pour l'équation (4) posée sur un intervalle, après avoir montré que l'on a une bonne notion desolution faible pour le problème mixte, le résultat de Glass de ontr�labilité exate sur le tore viaun ontr�le distribué sur un intervalle ω assure que l'on a ontr�labilité exate sur un intervalleen utilisant des ontr�les agissant sur les bords : il su�t d'identi�er (0, 1) à T \ ω. Par ontre onne peut pas faire de même pour trouver une loi de retour stationnaire stabilisant −κ.Avant d'expliiter nos onditions au bord pour (1.1), remarquons que l'équation (1.1) peutêtre reformulée en :

{

∂ty + v∂xy = −2y∂xv,

y − κ = (1− ∂2xx)v.
(5)Sous ette forme, l'équation de Camassa-Holm a une analogie au moins formelle ave la formu-lation de l'équation d'Euler utilisant la vortiité ω :en dimension 2 : 





∂tω + (U.∇)ω = 0,div U = 0,rot U = ω,

(6)
et enore plus en dimension 3 : 





∂tω + (U.∇)ω = (ω.∇)U,div U = 0,rot U = ω.

(7)On a un ouplage entre une équation de transport et une équation stationnaire elliptique. Leproblème mixte pour ette équation a été étudié dans [99℄ pour le as 2D et [74℄ pour le as 3D,et le problème de la stabilisation asymptotique dans [37℄ et [59℄ pour le as 2D. On a herhéà adapter leurs méthodes à notre as, sahant qu'on a un terme d'étirement dans l'équationde transport à l'instar du as d'Euler 3D, mais que la géométrie du problème est plus simple.En partiulier, la ondition au bord de l'équation de transport d'Euler 3D due à Khazikov est



2. Résultats prinipaux de la thèse. 5la donnée de la omposante normale de la vortiité sur la partie du bord où du �uide rentre({U(t, x).n(t, x) < 0}), alors que dans notre as (resp. pour Euler 2D) on a une équation detransport salaire et la donnée au bord est y ( resp. ω pour Euler 2D) sur la partie du bord oudu �uide rentre : {(t, 0) | vl(t) > 0} ∪ {(t, 1) | vr(t) < 0} (resp. {U(t, x).n(t, x) < 0}).Introduisons maintenant des dé�nitions néessaires à l'énoné des résultats. On hoisit T unnombre stritement positif. Dans toute ette partie on notera ΩT = [0, T ]× [0, 1]. Soient vl et vrdeux fontions de C0([0, T ],R) et y0 ∈ L∞(0, 1). Posons
Γl = {t ∈ [0, T ] | vl(t) > 0} et Γr = {t ∈ [0, T ] | vr(t) < 0}.Nous allons faire l'hypothèse que les ensembles
Pl = {t ∈ [0, T ] | vl(t) = 0} et Pr = {t ∈ [0, T ] | vr(t) = 0}, (8)ont un nombre �ni de omposantes onnexes. Nous hoisissons en�n yl ∈ L∞(Γl) et aussi yr ∈

L∞(Γr). Les fontions vl, vr, yl et yr seront les données aux bords et y0 sera la donnée initiale.Nous introduisons maintenant le relèvement A de vl et vr qui est dé�ni par :
{

(1− ∂2xx)A(t, x) = 0, ∀(t, x) ∈ ΩT ,

A(t, 0) = vl(t), A(t, 1) = vr(t), ∀t ∈ [0, T ].
(9)En notant v = u+A, on peut réérire (5) omme suit :

{

y(t, x)− κ = (1− ∂2xx)u(t, x), ,

u(t, 0) = u(t, 1) = 0, dt p.p.,
(10)

{

∂ty + (u+A)∂xy = −2y∂x(u+A),

y(0, .) = y0, y(., 0)|Γl
= yl et y(., 1)|Γr

= yr.
(11)Le sens faible de l'équation (10) ne pose pas de problème, nous allons don juste dé�nirles solutions faibles de l'équation (11). On va d'abord ommener par introduire l'espae desfontions test.

Adm(ΩT ) = {ψ ∈ C1(ΩT ) | ψ(t, x) = 0 sur [0, T ]\Γl×{0} ∪ [0, T ]\Γr×{0} ∪ {T}×[0, 1]}. (12)De�nition 1. Lorsque u ∈ L∞((0, T ); Lip([0, 1])), une fontion y ∈ L∞(ΩT ) est une solutionfaible de (1.12) si ∀ψ ∈ Adm(ΩT ) :
∫∫

ΩT

y(∂tψ + (u+A)∂xψ − ∂x(u+A)ψ)dtdx = −

∫ 1

0
y0(x)ψ(0, x)dx

+

∫ T

0
(ψ(t, 1)vr(t)yr(t)− ψ(t, 0)vl(t)yl(t))dt.Il est évident que C1

0(ΩT ) ⊂ Adm(ΩT ) don une solution faible de (1.12) est aussi une solutionde (1.12) au sens des distributions. Et à partir de là, on voit qu'une solution faible su�sammentrégulière est bien une solution forte.Cei nous permet de prouver le théorème d'existene suivant.



6 Introdution généraleThéorème 1. Soit T̃ > 0, vl, vr ∈ C0([0, T̃ ]) tels que les ensembles Pl et Pr n'ont qu'unnombre �ni de omposantes onnexes. Soient y0 ∈ L∞(0, 1), yl ∈ L∞(Γl) et yr ∈ L∞(Γr).Il existe un temps T > 0, et un ouple de fontions (u, y) solution faible de (10)-(11) ave
u ∈ L∞

(

(0, T ); C1,1([0, 1])
)

∩ Lip
(

[0, T ];H1
0 (0, 1)

) et y ∈ L∞(ΩT ). De plus, toute solution u ap-partient à C0([0, T ];W 2,p(0, 1)) ∩ C1([0, 1];W 1,p
0 (0, 1)), ∀p < +∞. De plus, le temps d'existened'une solution maximale est plus grand que min(T̃ , T ∗), où :

T ∗ = max
β>0

(

ln(1 + β/C0)

2(C1 + (2 + sinh(1))(C0 + |κ|+ β))

)

, (13)
C0 = max

(

||y0||L∞(0,1), ||yl||L∞(Γl), ||yr||L∞(Γl)

)

, (14)
C1 =

1

tanh(1)
(||vr||L∞(0,T ) + ||vl||L∞(0,T )). (15)On prouvera également le résultat d'uniité fort-faible suivant :Théorème 2. Soit (u, y) ∈ L∞

(

(0, T ); C1,1([0, 1])
)

∩Lip
(

[0, T ];H1
0 (0, 1)

)

×L∞([0, T ]; Lip([0, 1]))une solution faible de (10) et (11). Elle est unique dans L∞
(

(0, T ); C1,1([0, 1])
)

× L∞(ΩT ).Ayant maintenant une bonne théorie du problème mixte non-homogène, on s'intéresse auproblème de la stabilisation asymptotique de (4) par une loi de retour stationnaire agissant aubord. Soient Al > 2 sinh(1), Ar > Al cosh(1) + sinh(2), M > 0 et T > 0. On hoisit pour (5) laloi de retour :
y ∈ C0([0, 1]) 7→











vl(y) = Al||y||C0([0,1]) − κ,

vr(y) = Ar||y||C0([0,1]) − κ,

ẏl(t) +Myl(t) = 0.

(16)On peut alors montrer le résultat suivant.Théorème 3. Quelque soit y0 ∈ C0([0, 1]) il existe (y, v) ∈ C0(ΩT ) × C0([0, T ], C2([0, 1])) unesolution faible de (5) and (16) satisfaisant
∀x ∈ [0, 1], y(0, x) = y0(x). (17)De plus toute solution maximale de (5), (16) et (17) est globale en temps, et si on prend

c = min(Al − 2 sinh(1),
Ar −Al cosh(1) − sinh(2)

sinh(1)
) et τ =

1

M
ln(

2c||y0||C0([0,1])

M
),on a :

∀t ≥ τ ||y(t, .)||C0([0,1]) ≤
M

2c

1

1 +M(t− τ)
.On a stabilisé y = 0 dans C0([0, 1]), en onsidérant la dé�nition du relèvement A, elaorrespond pour l'équation originale (4) à stabiliser v = u+A = −κ dans C2([0, 1]). Ce résultatest résolument dans la lignée des résultats de stabilisation de Coron [37℄ et Glass [59℄ pourl'équation d'Euler inompressible et de Glass [58℄ pour l'équation de Camassa-Holm sur le toreave ontr�le interne : il utilise une forme de la méthode du retour adapté au problème de lastabilisation asymptotique. On exposera les idées essentielles de la preuve dans la partie 3 deette introdution.



2. Résultats prinipaux de la thèse. 72.2 Lois de onservation salaires et solutions entropiques.Dans les hapitres 2 et 3, on étudie respetivement les problèmes de ontr�labilité exate et destabilisation asymptotique pour le système suivant :
∂tu+ ∂xf(u) = g(t),

u(0, x) = u0(x),

u(t, 0) = ul(t),

u(t, 1) = ur(t).

(t, x) ∈ (0, T ) × (0, 1), (18)La fontion de �ux f ∈ C1(R,R) est onvexe, u0 ∈ BV(0, 1) est la donnée initiale, et en�n ul,
ur et g sont les ontr�les. Si on imagine que l'équation (18) modélise le hamp de vitesse d'un�uide dans un tuyau, on peut penser au terme g omme à une fore agissant diretement sur etuyau rigide.Quelques généralités sur les lois de onservation.Les lois de onservation salaires telles que :

∂tu+ ∂x(f(u)) = 0, (19)sont utilisées par exemple pour modéliser le tra� routier ou les réseaux de distribution degaz. Cependant leur étude est aussi intéressante en tant que première étape en diretion del'analyse des systèmes de lois de onservation. Ce type de système apparaît naturellement dans lamodélisation de très nombreux problèmes physiques : la dynamique des gaz, l'életromagnétisme,la magnéto-hydrodynamique, la propagation des ondes en eau peu profonde, les phénomènes deombustion... On pourra onsulter [45℄ ou [95℄ pour plus de détails.Pour de telles équations, on peut montrer que pour une donnée initiale régulière (par exemple
C1), il existe une solution régulière en temps ourt. Cependant, es solutions développent géné-ralement des singularités en temps �ni. Ainsi, pour l'équation de Burgers :

∂tu+ ∂x(
u2

2
) = 0, (20)les seules données initiales engendrant une solution régulière globale en temps sont les fontionsroissantes de C1(R). On peut même montrer par la méthode des aratéristiques que le tempsmaximal d'existene d'une solution régulière pour une donnée initiale u0 dans C1(R) vaut :

sup
x∈R

−
1

u′0(x)
.Cei montre la néessité d'introduire une notion de solution faible pour espérer obtenir un théo-rème d'existene globale. Grâe à la forme partiulière de l'équation, on obtient après une inté-gration par partie en x qu'une solution forte u de l'équation (19) satisfait pour toute fontiontest φ dans C1

c (R
2) :

∫ +∞

0

∫ +∞

−∞
u(t, x)∂tφ(t, x) + f(u(t, x))∂xφ(t, x)dxdt =

∫ +∞

−∞
u0(x)φ(0, x)dx. (21)Cette égalité a un sens à un niveau de régularité de u beauoup plus faible que préédemment, parexemple u ∈ L∞

loc su�t. Il faut noter que la possibilité d'intégrer par parties dépend entièrement



8 Introdution généralede la formulation partiulière des lois de onservation : la dérivation suivant x porte sur tout leterme f(u). Par ontre, l'équation linéarisée n'a pas la même forme, et il sera di�ile de dé�nir leproduit f ′(u)∂xu. A e niveau de régularité, on ne pourra don plus s'appuyer sur des tehniqueslinéaires.On peut aussi onstater que si on se donne une fontion c ∈ C1(R+) et deux fontions C1, u+et u− telles que l'on ait :
∀t > 0, et ∀x > c(t), ∂tu

+(t, x) + ∂x(f(u
+))(t, x) = 0, (22)

∀t > 0, et ∀x < c(t), ∂tu
−(t, x) + ∂x(f(u

−))(t, x) = 0, (23)alors la fontion u égale à u− sur {x < c(t)} et à u+ sur {x < c(t)} satisfait (21) si et seulementsi la ondition dite de Rankine-Hugoniot est véri�ée :
∀t > 0, f(u+(t, c(t)+))− f(u−(t, c(t)−)) = ċ(t)(u+(t, c(t)+)− u−(t, c(t)−)). (24)Cependant on ne peut se ontenter d'adopter l'égalité (21) omme dé�nition d'une solution faiblear dans e as il serait impossible d'obtenir un résultat d'uniité, omme le montre l'exemplesuivant.On va à nouveau onsidérer l'équation de Burgers (20). Prenons a et b deux nombres réelstels que a < b, on dé�nit u0 par :

u0(x) =

{

a si x < 0,

b si x > 0.
(25)On peut alors voir que les fontions u et v dé�nies par :

u(t, x) =

{

a si x < b2−a2

b−a t,

b si x < b2−a2

b−a t,
(26)

v(t, x) =











a si x < at,

b si x > bt,
x
t

autrement , (27)sont, toutes les deux, des solutions faibles de (20) pour la donnée initiale u0.Un premier résultat important pour la résolution de e problème a été elui d'Oleinik [87℄ en1956. Elle a montré que pour un �ux f ∈ C2(R) tel que l'on ait :
∀z ∈ R, f ′′(z) > 0,et pour une fontion u0 dans L∞(R), il existe une unique fontion u dans L∞(R2) (qu'on appellerala solution entropique) satisfaisant (21) et l'inégalité dite d'Oleinik :

∀x ∈ R, ∀t > 0, ∀a > 0,
u(t, x+ a)− u(t, x)

a
≤
E

t
, (28)où E est une onstante dépendant des quantités inf(f ′′) et sup(f ′) prises sur [−||u0||L∞ , ||u0||L∞ ].En 1970, Kruzkov généralise le résultat d'Oleinik aux lois de onservation salaires multidi-mensionnelles et ave un �ux f de lasse C1 qui n'est plus néessairement onvexe :

∂tu+ div(f(t, x, u)) = g(t, x, u), pour t > 0, x ∈ R
n, u : Rn 7→ R.



2. Résultats prinipaux de la thèse. 9Il introduit au passage une dé�nition équivalente d'une solution entropique via une inégalitéintégrale. Dans le as de l'équation (19) ette dé�nition est la suivante :
∀k ∈ R, ∀φ ∈ C1

c (R
2) ≥ 0,

∫ +∞

0

∫

R

|u− k|φt + sgn(u− k)(f(u)− f(k))φxdxdt+

∫

R

u0(x)φ(0, x)dx ≥ 0. (29)Le problème aux limites, quant à lui, a été étudié par Leroux [80℄ pour le as unidimensionnelave données initiales et aux bords dans BV, par Bardos, Leroux et Nédéle [15℄ pour le asmultidimensionnel ave des données C2 et nettement plus tard par Otto [88℄ pour des donnéesinitiales et aux bords L∞. Le point lé est qu'on ne peut pas espérer obtenir une égalité dela solution ave les données aux bords au sens de Dirihlet. A la plae, on a de nouveau uneondition d'entropie que nous allons maintenant dérire.Commençons par introduire la notation suivante :
∀α, β ∈ R I(α, β) = [min(α, β),max(α, β)]. (30)On va s'intéresser à l'équation suivante :























∂tu+ ∂x(f(u)) = g(t) sur (0,+∞)× (0, 1),

u(0, .) = u0 sur (0, 1),
sgn(u(t, 1−)− ur(t))(f(u(t, 1

−))− f(k)) ≥ 0 ∀k ∈ I(ur(t), u(t, 1
−)), dt p.p.,

sgn(u(t, 0+)− ul(t))(f(u(t, 0
+))− f(k)) ≤ 0 ∀k ∈ I(ul(t), u(t, 0

+)), dt p.p.,

(31)où les deux dernières équations remplaent u(t, 1−) = ur(t) et u(t, 0+) = ul(t). Alors d'après [80℄et [15℄ on dit qu'une fontion u ∈ L∞((0,+∞),BV((0, 1)) est une solution entropique de (31)lorsque quelques soient le nombre k ∈ R et la fontion positive φ ∈ C1
c (R

2) on a :
∫ +∞

0

∫ 1

0
|u− k|φt + sgn(u− k)(f(u)− f(k))φx+sgn(u−k)g(t)φdxdt+

∫ 1

0
|u0(x)− k|φ(0, x)dx

+

∫ +∞

0
sgn(ur(t)− k)(f(k)−f(u(t, 1−)))φ(t, 1)−sgn(ul(t)− k)(f(k)−f(u(t, 0+))φ(t, 0)dt ≥ 0.(32)Pour une lasse d'équivalene ū à la fois dans l'espae L∞((0,+∞); BV(0, 1)) et aussi dans

Lip([0,+∞) ;L1(0, 1)) on peut trouver une fontion u mesurable sur (0, T )× (0, 1), représentantette lasse et qui satisfait :
∀t ≥ 0, u(t, .) ∈ BV(0, 1).Les traes de ū aux points x = 0 et x = 1 sont alors les limites de e représentant en 0+ et en 1−pour tout temps. Mais alors les onditions aux bords de (3.14) sont véri�ées uniquement presquepartout pour e représentant privilegié. Cei va rendre l'analyse de l'in�uene des onditions auxbords sur la solution plus di�ile, omme on le verra au hapitre 3.Nous allons maintenant nous intéresser à l'étude du système (18) du point de vue de la théoriedu ontr�le.



10 Introdution généraleRésultats de ontr�le.Dans le adre des solutions fortes des lois de onservation, il y a eu de nombreux travaux onsarésaux problèmes de la ontr�labilité exate et de la stabilisation asymptotique parmi eux-i nousiterons seulement les artiles [8℄, [9℄, [65℄, [66℄, [39℄ et le livre [77℄.Dans le ontexte des solutions entropiques, il n'y a que peu de résultats sur le problème dela ontr�labilité exate et il semble qu'il n'y en ait auun sur le problème de la stabilisationasymptotique par boule fermée. On va maintenant détailler quelques résultats onnus. Dansl'artile [4℄, Fabio Anona et Andrea Marson dérivent exatement l'ensemble atteignable pourl'équation salaire suivante :
{

∂tu+ ∂x(f(u)) = 0, t > 0, x > 0,

u(0, x) = 0, x > 0, u(t, 0) = c(t), t > 0.
(33)ave f : R 7→ R stritement onvexe et un ontr�le au bord c. Un état w ∈ L∞(0,+∞) estatteignable en temps T si et seulement si les onditions suivantes sont satisfaites :

w(x) 6= 0 ⇒ f ′(w(x)) ≥
x

T
,

(

w(x−) 6= 0 et pour tout y > x, w(y) = 0
)

⇒ f ′(w(x−)) >
x

T
, (34)

lim sup
h→0

w(x+ h)− w(x)

h
≤

f ′(w(x))

xf ′′(w(x))
,pour tout x > 0. Les deux premières onditions sont liées à la vitesse �nie de propagation pourles solutions de (33) et la troisième est une variation de l'inégalité d'Oleinik (28) en présened'un bord.Thierry Horsin a apporté dans [69℄ des onditions su�santes (liées à (34)) pour qu'un état soitatteignable par une solution de l'équation de Burgers (20) sur un intervalle ompat, ave unedonnée initiale quelonque et où les ontr�les sont les données aux bords.Il existe également des résultats de Bressan et Colite [17℄, Anona et Colite [3℄, Anona etMarson [5℄ et Glass [57℄ sur la ontr�labilité et la non-ontr�labilité des systèmes de lois deonservation dans le ontexte des solutions entropiques. Dans tous les résultats évoqués, il y a denombreux états naturels qui ne peuvent être atteints et e quelque soit le temps �xé en utilisantjuste des ontr�les au bord. Ainsi l'état onstant 0 ne peut être atteint par les solutions de (20)en temps quelonque pour la majorité des onditions initiales.Par ontre, si on utilise, en plus des données aux bords, un nouveau ontr�le g(t) tel qu'ilest présenté dans (18), Marianne Chapouly a prouvé dans [20℄ que pour l'équation de Burgerset ave des solutions régulières on peut atteindre n'importe quel état régulier depuis n'importequelle donnée initiale régulière et en temps arbitraire. Il faut noter que dans le ontexte dessolutions lassiques, les ontr�les doivent aussi empêher l'explosion des solutions, e qui n'estpas un problème dans le adre des solutions entropiques.Contr�labilité exate.En e qui onerne la ontr�labilité exate, les ontr�les aux bords peuvent être onsidérésomme des indéterminées. En e�et pour deux fontions u0, u1 ∈ BV(0, 1) et un temps stritementpositif T , si l'on arrive à trouver deux fontions :

g ∈ C0([0, T ]) et u ∈ L∞((0, T ); BV(0, 1)) ∩ Lip([0, T ];L1(0, 1)),



2. Résultats prinipaux de la thèse. 11telles que l'on ait :
∀k ∈ R, ∀φ ∈ C1

c ((0, T )× (0, 1)) ≥ 0, (35)
∫ +∞

0

∫ 1

0
|u− k|φt + sgn(u− k)(f(u) − f(k))φx + sgn(u− k)g(t)φdxdt ≥ 0, (36)

u(0, .0) = u0, u(T, .) = u1, (37)alors u est en fait l'unique solution entropique de (31) ave les données aux bord ul(t) = u(t, 0+)et ur(t) = u(t, 1−). On va don se onentrer sur l'équation sous-déterminée :
{

∂tu+ ∂x(f(u)) = g(t) sur (0, T )× (0, 1),

u(0, .) = u0 sur (0, 1). (38)Comme une solution entropique satisfait loalement une inégalité telle que (28), on ne peutespérer atteindre n'importe quelle fontion dans BV(0, 1). On va don fournir quelques onditionssu�santes pour qu'une fontion de BV(0, 1) soit atteignable en temps T . Dans le hapitre 2 nousmontrerons les résultats suivant :Théorème 4. Soit u1 ∈ BV(0, 1) telle que :
sup

0<h<1
0<x<1−h

u1(x+ h)− u1(x)

h
< +∞, (39)et supposons que la fontion �ux f soit C2, onvexe et satisfasse au moins une des deux onditionssuivantes :

f ′(M)

sup
z∈[0,M ]

f ′′(z)
→

M→+∞
+∞ ou f ′(M)

sup
z∈[M,0]

f ′′(z)
→

M→−∞
−∞. (40)Alors quelque soient le temps T > 0 et la donnée initiale u0 ∈ BV(0, 1), on peut trouver deuxfontions g et u appartenant respetivement aux espaes C1([0, T ]) et L∞((0, T ); BV(0, 1)) ∩

Lip([0, T ];L1(0, 1)), telles que u soit une solution entropique de (38) sur (0, T )× (0, 1) et qu'onait également :
u(0, .) = u0 et u(T, .) = u1 sur (0, 1).En omparaison ave les résultat préédemment ités on peut noter que :

• les inégalités (39) et (28) sont relativement semblables, mais (2.13) est nettement moinsrestritive puisque le supremum peut être arbitrairement grand et e indépendamment de
t et f ,

• les deux premières onditions de (34) sont ii remplaées par (40) qui ne onerne que le�ux. De e fait on peut atteindre beauoup plus d'états grâe au ontr�le g. De plus, onpeut le faire en temps arbitrairement petit.On peut améliorer le résultat en permettant une dégénéresene de la ondition (39) près d'unbord. On expliitera juste le as où la dégénéresene se produit en 0. Pour e faire introduisonsla fontion K dé�nie par :
∀x ∈ (0, 1), K(x) =






sup
x≤y<1

0<h<1−y

u1(y + h)− u1(y)

h







+

. (41)On peut alors obtenir le résultat suivant :



12 Introdution généraleThéorème 5. Soit u1 ∈ BV(0, 1) satisfaisant à la fois :
K(x) = O

(

1

xp

) et (

u1(0)− inf
0<y≤x

u1(y)

)

= O(x2p) lorsque x→ 0+. (42)Dé�nissons ensuite :
∀M > 0, IM = [ inf

x∈(0,1)
u1(x), sup

x∈(0,1)
u1(x) +M ], (43)et supposons que pour un ertain q > 0, tel que p(2q+1) ≤ 1, la fontion �ux f soit C2, onvexeet véri�e les deux onditions suivantes :

M q

sup
z∈IM

f ′′(z)
−−−−−→
M→+∞

+∞ et |h|q

|f ′(u1(0) + h)|
= O(1) en 0 et en +∞. (44)Alors pour n'importe quels temps T > 0, et donnée initiale u0 ∈ BV(0, 1), il existe deuxfontions g et u appartenant respetivement aux espaes C1([0, T ]) et L∞((0, T ); BV(0, 1)) ∩

Lip([0, T ];L1(0, 1)) telles que l'on ait les propriétés suivantes :
• u est une solution entropique de (38) sur (0, T ) × (0, 1) ave u(0, .) = u0 sur (0, 1),
• au temps �nal T on a à la fois u(T, .) = u1 et g(T ) = 0.On �nit maintenant ette partie ave la ondition la plus générale des trois présentées.Théorème 6. Nous supposons que f est C2, onvexe et que f ′(z) tend vers +∞ ave z. Soient

u1 ∈ BV(0, 1) et T̄ > 0. Introduisons la notation :
∀x ∈ (0, 1), τ(x) = min






T̄ ,

1

2K(x)

1

sup
z∈IM

f ′′(z)






. (45)Supposons qu'il existe une fontion ḡ ∈ C1([0, T̄ ]) telle que :

lim inf
β→0+

sup
3β
2
≤α<1

(

α−

∫ T̄

T̄−τ(α−β)
f ′

(

inf
α−β≤x≤α

u1(x)−

∫ T̄

s

ḡ(r)dr

)

ds

)

≤ 0. (46)Alors pour tout temps T > T̄ et pour toute donnée initiale u0 ∈ BV(0, 1), on peut trouver deuxfontions g ∈ C1([0, T ]) et u ∈ L∞((0, T ); BV(0, 1)) ∩ Lip([0, T ];L1(0, 1)) telles que :
u est une solution entropique de (38) sur (0, T ) × (0, 1),

u(0, .) = u0 et u(T, .) = u1 sur (0, 1).Dans le hapitre 2, nous montrerons d'abord le théorème 6 puis nous en déduirons les deuxpréédents. Les onditions de eux-i sont moins générales mais ont l'avantage d'être plus lisibles.On pourra regarder la partie 3 de ette introdution pour des détails sur la stratégie de ladémonstration.Stabilisation asymptotique. Dans le hapitre 3 nous nous intéresserons au problème de lastabilisation asymptotique des états onstants de (31) par une loi de retour stationnaire. Lesfontions g, ul et ur ne dépendront plus du temps mais de l'état du système : u(t, .).



2. Résultats prinipaux de la thèse. 13Pour un ertain ū ∈ R, il est lair que la fontion u dé�nie par :
∀(t, x) ∈ R+×(0, 1), u(t, x) = ū,est une solution entropique de (31) ave des données initiales et aux bords onstantes égales à ū.Dans e qui suit nous allons introduire deux lois de retour (suivant que f ′(ū) 6= 0 ou f ′(ū) = 0),telles que la solution onstante préédente soit asymptotiquement stable pour le système enboule fermée. Nous allons ommener par le premier as.Si f ′(ū) 6= 0, on utilise la loi de retour stationnaire donnée par :

∀W ∈ L1(0, 1), G1(W ) =
f ′(ū)

2
||W − ū||L1(0,1), (47)

∀W ∈ L1(0, 1), ul(W ) = ur(W ) = ū. (48)Dans l'équation (31), on va don substituer : g(t) par G1(u(t, .)), ul(t) par ul(u(t, .)) et en�n
ur(t) par ur(u(t, .)) a�n d'obtenir un système en boule fermée où la seule donnée du problèmeest la donnée initiale u0.Dans toute ette partie, on va supposer que la fontion �ux f est C1, stritement onvexe.On aura besoin de distinguer deux omportements di�érents pour f .De�nition 2. • On dira que f est de type I s'il existe u∗ tel que :

f ′(u∗) = 0. (49)L'équation de Burgers a par exemple un �ux de type I.
• On dira que f est de type II autrement, et dans e as on aura forément :

∀z ∈ R, f ′(z) > 0, (50)ou
∀z ∈ R, f ′(z) < 0. (51)Le �ux f(z) = ez est de type II.Si le �ux f est de type I, on peut en déduire en utilisant également sa strite onvexité :

lim
z→+∞

f(z) = lim
z→−∞

f(z) = +∞. (52)Si de plus f ′(ū) 6= 0, on aura forément û 6= ū tel que f(ū) = f(û). On peut alors reformuler lesonditions aux bords (3.14) omme suit (on traite le as f ′(ū) > 0) :
u(t, 1−) ∈ [u∗; +∞) dt p.p., (53)

u(t, 0+) ∈ (−∞, û] ∪ {ū} dt p.p.. (54)L'idée est que soit la limite au bord est égale à la donnée au bord, soit la solution du problèmede Riemann entre es deux valeurs n'admet que des ondes qui quittent le domaine. On pourraonsulter [51℄ pour plus de renseignements sur les onditions aux bords que l'on peut hoisir pourles lois salaires mais également pour les systèmes.On peut alors démontrer le résultat suivant.



14 Introdution généraleThéorème 7. Quelque soit u0 ∈ BV(0, 1), le système en boule fermée (3.14) où ul, ur et gsont données par les lois de retour (3.17) et (3.16) a une unique solution entropique u. Elle estglobale en temps, appartient à l'espae L∞((0,+∞); BV(0, 1))∩Lip([0,+∞) ;L1(0, 1)) et dépendontinûment de la donnée initiale. De plus si le �ux f est de type I on a les propriétés suivantes.
• Il existe deux onstantes C1 et C2 qui dépendent uniquement de ū et telles que u satisfait :

∀t ≥ 0, ||u(t, .) − ū||L1(0,1) ≤ C1e
− f ′(ū)

2
t||u0 − ū||L1(0,1), (55)

∀t ≥ 0, ||u(t, .) − ū||L∞(0,1) ≤ C2e
− f ′(ū)

2
t||u0 − ū||L∞(0,1). (56)

• Il existe un temps T qui dépend seulement de ū tel que u est régulière sur (T,+∞)× [0, 1].Si par ontre le �ux f est de type II on a seulement les propriétés suivantes :
• il existe une onstante C3 qui dépend de ū et de ||u0 − ū||L∞(0,1) telle que u satisfait :

∀t ≥ 0, ||u(t, .) − ū||L∞(0,1) ≤ C3e
− f ′(ū)

2
t||u0 − ū||L∞(0,1). (57)

• Il existe un temps T ′ qui dépend de ū et de ||u0 − ū||L∞(0,1) tel que u est régulière sur
(T ′,+∞)× [0, 1].On a don établi un résultat de stabilisabilité asymptotique omme annoné. Ajoutons aussique :

• dans le hapitre 3, on donnera des onstantes expliites pour C1, C2, C3, T et T ′,
• si ette loi de retour utilisant la norme L1 permet d'assurer une stabilisation au sens dela norme L∞, l'utilisation d'une loi de retour utilisant la norme L∞ pourrait se révélerproblématique. En raison de son absene de régularité en temps (déjà en boule ouverte)mais aussi à ause de l'impossibilité de passer à la limite dans ||.||L∞(0,1) lorsqu'on a justeonvergene pontuelle d'une suite de fontions.Nous allons maintenant onsidérer le deuxième as, à savoir que f ′(ū) = 0. Introduisons lafontion auxiliaire A :

A(z) =

{

f(ū+z)−f(ū)
2 si 0 ≤ z ≤ 1,

f ′(ū+1)
2 (z − 1) + f(ū+1)−f(ū)

2 si z ≥ 1.
(58)Nous allons de nouveau utiliser la loi de retour stationnaire :

∀W ∈ L1(0, 1), ul(W ) = ū = ur(W ),pour les termes de bord. Par ontre pour le terme soure on va plut�t utiliser :
∀W ∈ L1(0, 1), G2(W ) = A(||W − ū||L1(0,1)), (59)Comme préédemment on éhangera g(t) et G2(u(t, .)) dans (3.14). On a alors le résultat suivant.Théorème 8. Le système en boule fermée (3.14) où ul, ur et g sont fournis par les lois deretour (3.17) et (3.28) a les propriétés suivantes.
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• Quelque soit u0 ∈ BV(0, 1), il existe une unique solution entropique u. Celle-i est globaleen temps, et appartient à l'espae

L∞((0,+∞); BV(0, 1)) ∩ Lip([0,+∞) ;L1(0, 1)).De plus elle dépend ontinûment de la donnée initiale.
• La solution u satisfait également :

||u(t, .) − ū||L∞(0,1) →
t→+∞

0. (60)
• Si on a l'hypothèse supplémentaire :

α = inf
z∈R

f ′′(z) > 0,alors il existe une fontion uniformément lipshitzienne R telle que :
R(0) =

f ′(1 + ū)

2α

√

2e

e− 1
+ A−1

(

e(f ′(1 + ū))2

4α(e − 1)

)

, (61)
∀t ≥ 0, ||u(t, .) − ū||L∞(0,1) ≤ R(||u0 − ū||L∞(0,1)). (62)La dernière propriété est plus faible que la stabilité, on ne peut don pas dire qu'on stabili-sation asymptotique de ū. Cependant en prenant c > 0 et en ajustant la fontion A de la façonsuivante :

A(z) =

{

f(ū+z)−f(ū)
2 si 0 ≤ z ≤ c,

f ′(ū+c)
2 (z − c) + f(ū+c)−f(ū)

2 si z ≥ c,
(63)on peut voir que f ′(ū+c)

2 tend vers 0 ave c et don que R(0) peut être arbitrairement petit.Nous allons maintenant dérire dans les grandes lignes les méthodes qui nous permettront deprouver es résultats.3 Méthodologie.Avant d'exposer les stratégies de ontr�le spéi�ques permettant d'obtenir les résultats préé-demment présentés, nous allons ommener par présenter les idées ommunes aux trois hapitreset pour ela, faire des rappels sur les équations de transport linéaires. Le leteur pourra onsulter[43℄ pour plus détails sur elles-i.Considérons l'équation :
∂tY (t, x) + a(t, x)∂xY (t, x) = b(t, x)Y (t, x) + f(t, x), (t, x) ∈ R

+ × (0, 1), (64)où Y , a, b et f sont des fontions dé�nies sur R+ × [0, 1] à valeurs réelles, que nous supposeronsrégulières pour l'instant. La méthode des aratéristiques onsiste à introduire le �ot φ du hamp
a omme suit. Pour tout (t, x) ∈ R

+ × (0, 1) on a deux nombres positifs e(t, x) et h(t, x) telleque la fontion s 7→ φ(s, t, x) est la solution maximale de l'équation di�érentielle suivante :
{

∂sφ(s, t, x) = a(s, φ(s, t, x)), s ∈ (e(t, x), h(t, x))

φ(t, t, x) = x.
(65)



16 Introdution généraleLes fontions e(t, x) et h(t, x) sont respetivement les temps d'entrée et de sortie de la ara-téristique (la ourbe s 7→ φ(s, t, x)) passant par le point (t, x). En e�et, on a les propriétéssuivantes :
e(t, x) > 0 implique que φ(e(t, x), t, x) ∈ {0, 1}, (66)

h(t, x) < +∞ implique que φ(h(t, x), t, x) ∈ {0, 1}. (67)On peut alors onstater que si Y est solution forte de (64) alors pour tout (t, x) ∈ R
+ × (0, 1) :

∀s ∈ (e(t, x), h(t, x)),
d

ds
Y (s, φ(s, t, x)) = b(s, φ(s, t, x))Y (s, φ(s, t, x)) + f(s, φ(s, t, x)).(68)Pour obtenir la valeur de Y au point (t, x) il su�t don de remonter la aratéristique passantpar e point jusqu'à e que elle-i touhe x = 1, x = 0 ou t = 0 puis utiliser une donnée au bordou la donnée initiale et l'équation di�érentielle (68). On pourra trier les points de R

+ × (0, 1)suivant que la aratéristique remonte jusqu'à x = 0, x = 1 ou t = 0. A�n de pouvoir dérirela régularité de la solution Y , il faudra aussi identi�er un ensemble problématique P qui fait latransition entre des zones où les aratéristiques se omportent di�éremment. Tout ela aboutità la dé�nition de la partition de R
+ × (0, 1) suivante.

P ={(t, x) ∈ R
+×(0, 1) | ∃s ∈ [e(t, x), h(t, x)] tel que φ(s, t, x) ∈ {0, 1} et a(s, φ(s, t, x)) = 0}

∪ {(s, φ(s, 0, 0)) | ∀s ∈ [0, T ]} ∪ {(s, φ(s, 0, 1)) | ∀s ∈ [0, T ]},

I = {(t, x) ∈ R
+ × (0, 1) \ P | e(t, x) = 0},

L = {(t, x) ∈ R
+ × (0, 1) \ P | φ(e(t, x), t, x) = 0},

R = {(t, x) ∈ R
+ × (0, 1) \ P | φ(e(t, x), t, x) = 1}.Les résultats sur les solutions faibles de (64) sont réunis dans la partie 1.4 du hapitre 1.Du point de vue de la ontr�labilité, si les données aux bords sont des ontr�les, il est lairqu'on ne pourra in�uener la solution Y que sur l'ensemble L ∪R, il y aura don des onditionsgéométriques sur a pour obtenir la ontr�labilité exate. Dans les résultats énonés dans lesparties 2.1 et 2.2 de ette introdution, on se ramène à ontr�ler des équations de transporttelles que (64) ave la nuane qu'il y a désormais un ouplage entre la solution Y et la fontion a.C'est grâe à e ouplage qu'on obtiendra de bonnes propriétés de ontr�labilité. De manière pluspréise, on utilisera la méthode du retour de Jean-Mihel Coron (voir [33℄, [34℄) : dans un premiertemps on utilise les ontr�les pour qu'après un ertain T toutes les aratéristiques trouvent leurorigine sur le même oté : x = 0 ou x = 1 (voir la �gure 1). Un tel régime est stable vis à vis depetites perturbations, don on a loalement de bonnes propriétés de ontr�labilité. Nous allonsmaintenant dérire les spéi�ités des di�érents problèmes.Équation de Camassa-HolmPour l'équation de Camassa-Holm étudiée dans le hapitre 1, on a f = 0, b = −2∂xa. De plus,les fontions a et Y sont ouplées via l'équation stationnaire suivante :

{

(1− ∂2xx)a = Y − κ,

a(t, 1) = dr(t) a(t, 0) = dl(t).
(69)Les données au bord dl et dr étant également des ontr�les, on va agir sur la géométrie du �otde a via es ontr�les, puis on ontr�lera les valeurs de Y via les données au bord de (64). Cette
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Figure 1 �stratégie de ontr�le pour un système ouplé onstitué d'une équation de transport et d'uneéquation elliptique stationnaire a déjà été utilisée par J.-M. Coron dans [34℄ pour stabiliser lesétats onstants de l'équation d'Euler bidimensionnelle.Pour établir le résultat d'existene en temps petit pour le problème mixte aux limites, on vautiliser un théorème de point �xe. En e�et, on a deux équations ouplées : l'équation de transport(64) et l'équation stationnaire (69). On va les résoudre suessivement pour obtenir un ertainopérateur don tout point �xe sera une solution simultanée des deux équations. Plus préisémentpour une fontion a dans L∞
(

(0, T ); C1,1([0, 1])
)

∩Lip
(

[0, T ];H1
0 (0, 1)

) on regarde la solution Yde l'équation :
∂tY (t, x) + a(t, x)∂xY (t, x) = −2∂xa(t, x)Y (t, x), (t, x) ∈ R

+ × (0, 1), (70)à laquelle on a rajouté des onditions aux bord et initiales telles que préisées dans la partie 1.4du hapitre 1. On onstruit ensuite la fontion ã solution de :
(1− ∂2xx)ã = Y − κ, (71)ave les onditions de Dirihlet lassiques aux bords. Grâe à de bonnes estimées linéaires (voir1.4 hapitre 1) sur es deux équations l'opérateur qui, à la fontion a, assoie la fontion

ã est ontinue pour la norme ||.||L∞((0,T );Lip([0,1])). De plus, l'espae L∞
(

(0, T ); C1,1([0, 1])
)

∩
Lip

(

[0, T ];H1
0 (0, 1)

) s'injete de manière ompate dans L∞ ((0, T ); Lip([0, 1])). Cei permetd'appliquer le théorème du point �xe de Shauder.Pour établir le résultat de stabilisation asymptotique de l'état Y = 0, a = −κ, on utilise laloi de retour :
dr(Y ) = Ar||Y ||C0([0,1]), (72)
dl(Y ) = Al||Y ||C0([0,1]), (73)

Ẏl +MYl = 0. (74)Les onstantes Al et Ar sont hoisies de façon à utiliser les propriétés provenant de l'équationelliptique (69) :
{

a(t, x) ≥ (Al − 2 sinh(1))||Y (t, .)||C0[0,1]),

∂xa(t, x) ≥
Ar−2 cosh(1)Al−sinh(2)

sinh(1) ||Y (t, .)||C0[0,1]).
(75)



18 Introdution généraleLa première inégalité garantit que le �ot de a orrespond bien à la situation dérite par la partiegauhe de la �gure 1 dès l'instant initial. La seonde inégalité implique quant à elle que l'on adéroissane de |Y | le long des aratéristiques de a. Combiné à la déroissane de Yl impliquéepar (72) quand M est positive, ela permet d'obtenir :
||Y (t, .)||C0([0,1]) →

t→+∞
0. (76)Pour montrer l'existene d'une solution de l'équation de Camassa-Holm en boule fermée muniede la loi de retour (72), on proède de la même manière que pour le problème mixte aux limites.A ei près que le gain de régularité est plus faible ar les données aux bords sont maintenantdes inonnues. La ompaité sera obtenue dans C0([0, 1]) par le théorème d'Asoli grâe à lapropagation du module de ontinuité de la donnée initiale et des données aux bords par l'équationde transport (70).Lois de onservation salaires.Pour une loi de onservation salaire dotée d'un �ux f telle que dans les hapitres 2 et 3, leouplage entre a et Y prendra la forme suivante :

∀(t, x) ∈ R
+ × (0, 1), a(t, x) = f ′(Y (t, x)). (77)Sahant qu'on a b = 0, f(t, x) = g(t), où g est un ontr�le supplémentaire, on arrive à l'équation :
∂tY + ∂x(f(Y )) = g(t). (78)La stratégie de ontr�le onsistera à agir à la fois sur la géométrie des aratéristiques de

f ′(Y (t, x)) et sur l'état Y . Cependant, et ontrairement à e qui s'est produit pour l'équation deCamassa-Holm, le ouplage ne permet ii auun gain de régularité en espae. Cei oblige de tra-vailler ave Y (t, .) ∈ BV(0, 1), or à e niveau de régularité, la onstrution du �ot de f ′(Y (t, x))est beauoup plus déliate et l'existene du �ot n'est pas garantie. On pourra regarder [43℄ pourplus d'information à e sujet. En pratique la double ation des ontr�les sur la géométrie et surl'état sera mise en plae via l'algorithme de suivi de fronts pour le problème de la ontr�labilitéexate dans le hapitre 2 et par la théorie des aratéristiques généralisées de Dafermos [44℄ dansle hapitre 3.Contr�labilité exate.Classiquement l'algorithme de suivi de fronts introduit par Dafermos [44℄ et développé égalementpar Bressan [16℄ onsiste à trouver des approximations onstantes par moreaux sur des domainespolygonaux en utilisant les relations de Rankine-Hugoniot et les onditions d'entropie de Lax.On passe ensuite à la limite par ompaité dans L1 via des estimations uniformes sur la variationtotale. On introduira dans le hapitre 2 une petite modi�ation de l'algorithme permettant uneanalyse géométrique plus faile de l'ation du ontr�le g sur les solutions de (78). Le point dedépart pour l'algorithme de suivi de front est la résolution approhée du problème de Riemann.Pour une donnée initiale Y0 telle que :
∀x ∈ R, Y0(x) =

{

Y − si x < 0,

Y + si x > 0,
(79)on résout approximativement l'équation (78) de la façon suivante. Si Y − ≥ Y +, on introduit laourbe :

γ(t) =

∫ t

0

f(Y − +
∫ s

0 g(r)dr)− f(Y + +
∫ s

0 g(r)dr)

Y − − Y +
ds. (80)
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t

xFigure 2 �Cei permet de dé�nir la solution exate :
Y (t, x) =

{

Y − +
∫ t

0 g(s)ds si x < γ(t),

Y + +
∫ t

0 g(s)ds si x > γ(t).Par ontre, si Y − < Y +, on hoisit un entier p (qui sera amené à tendre vers +∞). Puis onintroduit :
Y l =

p− l

p
Y − +

l

p
Y +, pour 0 ≤ l ≤ p, (81)et pour 1 ≤ l ≤ p, γl(t) =

∫ t

0

f(Y l +
∫ s

0 g(r)dr)− f(Y l−1 +
∫ s

0 g(r)dr)

Y l − Y l−1
ds. (82)Cei nous permet alors de dé�nir une solution approhée de (78) :

Y (t, x) =











Y 0 +
∫ t

0 g(r)dr si x < γ1(t),

Y l +
∫ t

0 g(r)dr si γl−1(t) < x < γl(t) et 1 ≤ l ≤ p− 1,

Y p +
∫ t

0 g(r)dr si γp(t) < x.

(83)On peut montrer que lorsque le nombre p tend vers +∞, Y tend vers une solution d'entropie del'équation (78). De ette façon, pour une donnée initiale onstante par moreaux, on sait propagerles disontinuités et de e fait résoudre l'équation de manière approhée ave une fontion Y telleque Y (t, .) est onstante par moreaux pour tout temps t (voir �gure 2). L'algorithme de suivide front onsiste alors à approher la donnée initiale par des fontions onstantes par moreauxpour lesquelles on résout le problème de plus en plus �nement.Pour obtenir le résultat de ontr�labilité exate, on proède alors en trois étapes en utilisantla méthode du retour de J.-M. Coron et la méthode d'extension de Russell.
• La première étape va onsister à passer d'une donnée initiale Y0 quelonque dans BV(0, 1)à un état �nal onstant en un temps T1 arbitrairement petit. Pour ela on va prolonger ladonnée initiale à R par des onstantes sur (−∞, 0) et (1,+∞). On va ensuite utiliser leontr�le g qui est lié d'après (80) et (82) à l'aélération des points de disontinuité, pour
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t

x1

T1

Figure 3 �que la disontinuité partant de x = 0 à l'instant initial se trouve en un point à droite de
x = 1 au temps T1. Comme il s'agit du point de disontinuité le plus à gauhe, la restritionde la solution Y (T1, .) à l'intervalle (0, 1) sera onstante (voir �gure 3).

• La deuxième étape onsiste à passer d'un état onstant quelonque et à un autre étatonstant donné. Cette étape est triviale puisque pour des états onstants en espae, l'équa-tion (78) est réduite à une ODE.
• La dernière étape onsiste à résoudre un problème rétrograde pour l'équation (78), onveut partir au temps �nal de l'état à atteindre et revenir à un instant antérieur à un étatonstant sur (0, 1). Si YT est l'état à atteindre dans BV(0, 1), on le prolonge sur (1,+∞)par la onstante YT (1

−). On utilise ensuite l'algorithme de suivi de fronts de manièrerétrograde. L'objetif étant que le front de disontinuité partant de x = 1 au temps �nal
T , doit passer à gauhe de 0 à un instant antérieur. Mais on a ette fois-i un problème :on ne peut pas résoudre de manière entropique la "ollision" rétrograde de deux fronts dedisontinuité. Il faut don aratériser les états �naux pour lesquelles on arrive à faire sortirtous les fronts de disontinuité de (0,+∞) avant qu'ils ne se renontrent (voire �gure 4).Au �nal, on peut se faire suéder les solutions obtenues aux trois étapes pour obtenir unesolution entropique passant d'un état initial quelonque à un instant �nal véri�ant ertainesonditions liées à la résolution du problème rétrograde. Cette stratégie est déjà elle adoptéedans l'artile de Glass [57℄. À ei près que dans notre as il n'y a qu'une seule famille d'onde,et que le ontr�le g nous permet de modi�er la dynamique des fronts de disontinuité.Stabilisation asymptotique.La théorie des aratéristiques généralisées de Dafermos [44℄ onsiste à étudier les solutions faiblesde l'équation (65) au sens de Filippov [55℄, ave a(t, x) = f ′(Y (t, x)) et sahant que Y est BVen espae. A e niveau de régularité on garde l'existene mais on perd l'uniité des solutions de(65). Cependant, grâe aux onditions d'entropie sur les solutions des lois de onservation de(18), on peut prouver l'existene de ertaines aratéristiques privilégiées possédant de bonnespropriétés de régularité et qui permettent une analyse à posteriori des solutions entropiques delois de onservation.
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Figure 4 �Pour stabiliser un état onstant stationnaire Ȳ de l'équation (78), on introduit une loi deretour sur les ontr�les via :
g(Y (t, .)) =

f ′(ū)

2
||Y (t, .) − Ȳ ||L1(0,1), (84)et on hoisit des données aux bords égales à Ȳ quelque soit l'état Y (t, .). Il faut d'abord montrerl'existene d'une solution du système en boule fermée. Cela sera aompli via le théorème depoint �xe Banah sur g(Y (t, .)) grâe aux bonnes propriétés de ontration du semi-groupe assoiéà une loi de onservation salaire. L'analyse à posteriori des solutions est ensuite e�etuée grâeaux aratéristiques généralisées. Il s'agit de ourbes lipshitziennes γ véri�ant l'équation du �ot(65) au sens suivant :

γ̇(t) ∈ [f ′(Y (t, γ(t)+)), f ′(Y (t, γ(t)−))], dt p.p.. (85)La théorie de Filippov [55℄ assure qu'il existe toujours au moins une telle aratéristique passantpar un point donné lorsque Y (t, .) ∈ BV. Par ontre il n'y a plus du tout de résultat d'uniité.Dafermos a montré qu'en fait, si Y est une solution entropique de (78) ave un �ux f onvexe,il y a uniité vers le futur de la aratéristique passant par (t, x) mais pas vers le passé. De plus,parmi les aratéristiques généralisées rétrogrades, ertaines sont régulières et véri�ent l'ODE(68) au sens lassique. Cei nous permettra de relier les valeurs de Y à di�érents points. Ladi�ulté essentielle est alors de montrer que lorsqu'une telle aratéristique renontre le bord
x = 0 ou x = 1, l'ODE (68) fournit bien une valeur onforme à e que laisse espérer les onditionsaux bords assoiées à l'équation (78). Une fois e type de résultat démontré, on verra qu'aprèsun ertain temps su�samment long, le �ot rétrograde de la solution entropique est tel que déritdans la �gure 1. Une estimation de e temps, permettra alors d'obtenir des estimations uniformesassurant la stabilisation asymptotique.4 PerspetivesLes travaux e�etués durant ette thèse soulèvent de nouvelles questions que nous allons main-tenant évoquer.



22 Introdution généraleEn e qui onerne les résultats du hapitre 1, deux questions naturelles se posent dans le pro-longement du travail présenté. Tout d'abord les onditions sur le bord proposées permettent-ellesd'obtenir l'uniité de la solution faible dans l'espae L∞
(

(0, T ); C1,1([0, 1])
)

∩Lip
(

[0, T ];H1
0 (0, 1)

)et pas seulement le résultat d'uniité forte-faible démontrée ii. Un deuxième point onerne lerésultat de stabilisation asymptotique : peut-on trouver une loi qui stabilise les états station-naires u = κ omme dans le théorème 3 ou d'autres états mais ette fois-i dans des espaesmoins réguliers. Par exemple on pourrait espérer obtenir une stabilisation en norme W 2,p avedes données initiales dans W 2,∞ en s'appuyant sur les résultats de la partie 1.4 du hapitre 1.On pourrait également essayer d'adapter la méthode employée à d'autre équations de la mêmefamille.
• Tout d'abord, l'équation de Degasperis-Proesi [52℄ :

ut − utxx + 2κux + 4uux = 3uxuxx + uuxxx, (86)qui peut être mise sous la forme :
{

yt + uyx = −3yux,

y − 2κ
3 = u− uxx.Il semble raisonnable d'espérer pouvoir adapter les résultats obtenus pour l'équation deCamassa-Holm étant donnée la très forte ressemblane entre es deux équations.

• On peut également s'intéresser à l'équation de Hunter-Saxton [71℄ qui est utilisée dans lamodélisation des ristaux liquides.
(ut + uux)x =

(ux)
2

2
.Celle-i peut être mise sous la forme :

{

yt + uyx = −y2,

y = ux,L'utilisation des méthodes employées sur Camassa-Holm semble ii nettement plus déliate.En e�et on a un gain moindre de régularité de y vers u, et on a également une semi-linéaritéexplosive au seond membre de l'équation de transport.Il faut aussi mentionner que Alberto Bressan et Adrian Constantin ont introduit dans [18℄une notion de solution plus faible que elle onsidérée dans notre étude. Cei leur a permis demontrer l'existene et l'uniité d'une solution globale ave donnée initiale dans H1(R). Il pourraitêtre intéressant d'étudier les problèmes de ontr�labilité exate et de stabilisation asymptotiquedans e adre. Notons également que la même remarque peut être faite onernant l'équationd'Hunter-Saxton (voir l'artile [19℄). De plus à e niveau de régularité, l'utilisation des araté-ristiques généralisées devient pertinente, omme on peut le voir dans l'artile de Dafermos [47℄,on peut don peut être s'inspirer des méthodes du hapitre 3 pour le problème de la stabilisationasymptotique.En e qui onerne les résultats des hapitres 2 et 3, une premier problème naturel serait deremplaer le ontr�le g(t) dans (18) par des ontr�les agissant non uniformément en espae. Onpeut essayer d'abord d'utiliser un ontr�le distribué 1[a,b](x)g(t). Cependant, il semble probablequ'on ne puisse guère améliorer les résultats obtenus dans [69℄, [4℄. Une manière plus judiieuse



4. Perspetives 23serait alors d'utiliser V (x)g(t) où V est une fontion régulière et véri�ant par exemple V (x) > 0sur (0, 1).Des problèmes sans doute plus di�iles seraient d'adapter les méthodes utilisées pour lessolutions entropiques des lois salaires 1d à �ux onvexe à des as plus généraux.
• Tout d'abord on peut s'intéresser aux solutions entropiques des lois salaires 1d ave un�ux non forément onvexe. L'algorithme de suivi de fronts employé dans le hapitre 2 segénéralise à e as là, mais on génère plusieurs ondes en résolvant le problème de Riemann.De plus la orrespondane entre l'état u et la vitesse f ′(u) devient nettement plus di�ileà gérer. On pourrait également essayer d'utiliser la méthode de limite de visosité évanes-ente telle qu'employée dans [62℄ et [75℄. Les aratéristiques généralisées de Dafermos sontbeauoup moins e�aes dans ette situation et il faudrait dont trouver une autre méthoded'analyse à posteriori des solutions pour gérer les systèmes en boule fermée.
• Un deuxième problème ouvert onsiste à s'intéresser aux lois de onservation salaires endimension supérieure. Le problème mixte a déjà été étudié dans [15℄, mais il semble que lesproblèmes de ontr�le n'ont pas enore été étudiés dans le adre des solutions entropiques.Dans e adre là aussi l'algorithme de suivi de fronts se généralise [70℄, mais la géométriedu problème est forément plus ompliquée. Les méthodes par visosité évanesentes sontlà aussi dignes d'intérêt ar on a des résultats de ontr�labilité exate pour l'équation deBurgers visqueuse en 2-D [72℄.
• Une première étape pour généraliser les résultats du hapitre 2 aux systèmes hyperboliquesde lois de onservation pourrait être de regarder les systèmes de Temple [97℄ pour lesquelsles ourbes de raréfations et les ourbes de hos oïnident. C'est par exemple, e qu'ontfait Anona et Colite dans [3℄ pour la ontr�labilité par le bord. Notons que le problèmemixte pour les systèmes a été étudié dans [51℄, et l'algorithme de suivi de fronts adaptédans [1℄, [2℄.
• On peut également s'intéresser Euler-Poisson où l'équivalent du ontr�le g des hapitres 2et 3 apparaît naturellement. Le système s'érit :


















∂tρ+ ∂xm = 0, ρ(0, .) = ρ0, ρ(t, 0) = ρl(t), ρ(t, L) = ρr(t),

∂tm+ ∂x(
m2

ρ
+p(ρ)) = ρ∂xV −m, m(0, .) = m0, m(t, 0) = ml(t), m(t, L) = mr(t),

−∂2xxV = ρ, V (t, 0) = Vl(t), V (t, L) = Vr(t), (87)et les ontr�les sont les données aux bords ρl, ρr, ml, mr, Vl et Vr. Mais en prenant
g(t) = Vr(t)−Vl(t)

L
on arrive à Vx(t, .) = g(t) +Aρ(t, .) où A l'opérateur intégral dé�ni par :

Aθ(x) =

∫ x

0
θ(z)dz −

1

L

∫ L

0

∫ y

0
θ(z)dzdy.On se retrouve don ave un système hyperbolique ontr�lé par le bord et par un termesoure agissant uniformément en espae. On pourra essayer d'utiliser la méthode d'exten-sion omme dans le hapitre 2 pour résoudre le problème diret. La di�ulté essentielle vaonsister à trouver à l'instar de e qui est fait dans [57℄, de bonnes onditions su�santessur l'état �nal pour pouvoir résoudre le problème rétrograde mais également à onstruireune variante de l'algorithme de suivi de front pour résoudre le problème rétrograde tout enprenant en ompte l'in�uene géométrique du ontr�le g.



24 Introdution généraleEn�n la formulation en vortiité de l'équation d'Euler en dimension 3 peut être vue ommeune généralisation 3D de la formulation (5) de Camassa-Holm. En e�et si U est la vitesse du�uide et ω sa vortiité, on peut érire l'équation d'Euler omme une équation de transport aveun seond membre :
∂tω + (U.∇)ω = (ω.∇)U, (88)ouplée ave une équation stationnaire elliptique :

{

rotU = ω,

divU = 0.
(89)Or rappelons que si pour l'équation d'Euler, le problème de la ontr�labilité exate a été résoluen dimension 2 par J.-M. Coron [37℄ et en dimension 3 par O. Glass [60℄, le problème de la stabi-lisation asymptotique, lui, n'a été résolu qu'en dimension 2, par J.-M. Coron pour les domainessimplement onnexes [38℄ et par O. Glass pour les domaines généraux.



Chapitre 1Problème mixte et stabilisationasymptotique par une loi de retourstationnaire pour l'équation deCamassa-Holm sur un intervalle borné.Abstrat. We investigate the non-homogeneous initial boundary value problem for the Camassa-Holmequation on an interval. We provide a loal in time existene theorem and a weak strong uniquenessresult. Next we establish a result on the global asymptoti stabilization problem by means of a boundaryfeedbak law.1.1 Introdution1.1.1 Origins of the equation and presentation of the problemsThis artile presents results onerning the initial boundary value problem and the possibilityof asymptoti stabilization of the Camassa-Holm equation on a ompat interval by means of astationary feedbak law ating on the boundary. The Camassa-Holm equation reads as follows(with κ a real onstant):
∂tv − ∂3txxv + 2κ.∂xv + 3v.∂xv = 2∂xv.∂

2
xxv + v.∂3xxxv for (t, x) ∈ [0, T ] × [0, 1]. (1.1)The Camassa-Holm equation desribes one-dimensional surfae waves at a free surfae of shallowwater under the in�uene of gravity. Here v(t, x) represents the �uid veloity at time t andposition x. It is interesting to note that aording to [22℄, it an equally represents the waterelevation.Equation (1.1) was �rst introdued by Fokas and Fuhssteiner [56℄ as a bi-Hamiltonian model,and was derived later as a water wave model by Camassa and Holm [22℄. It turns out that thisequation was also obtained as a model for propagating waves in ylindrial elasti rods, see Dai[48℄.Equation (1.1) shares many features with the KdV equation, see [73℄. It is bi-Hamiltonian,ompletely integrable, and admits soliton solutions see [22, 29, 32, 56, 76℄. However, it an alsomodel breaking waves, in fat in Hs(T) (s > 3
2 ) the solution generally develops singularity in�nite time, see [26, 27, 28℄.The Cauhy problem of (1.1) has been investigated in great details both on the torus and on the25



26 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.real line, see [7, 23, 30, 49, 50, 67, 79, 98℄. On the other hand, the study of the initial boundaryvalue problem is muh less omplete, the homogeneous ase was treated in [53℄ and in a moregeneral setting in [54℄. Finally a speial ase of the inhomogeneous ase is onsidered in [101℄(the boundary ondition is that there is a onstant C suh that ∀t ≥ 0 we have v(t, x) →
|x|→+∞

C).The �rst part of this artile will be devoted to the proofs of a loal in time existene theoremand of a weak-strong uniqueness result for the initial boundary value problem of (1.1).To explain our boundary formulation of (1.1), let us �rst remark that (1.1) is equivalent to thesystem:
{

∂ty + v.∂xy = −2y.∂xv,

y − κ = (1− ∂2xx)v.
(1.2)This formulation of (1.1) and the vortiity formulation of the two dimensional Euler equationfor inompressible perfet �uids (U is the speed and ω its vortiity) share similarities:











∂tω + (U.∇)ω = 0,div U = 0,url U = ω.

(1.3)In both (1.2) and (1.3) there is a oupling between a transport equation and a stationary elliptione. The initial boundary value problem for the two dimensional inompressible Euler equationwas treated by Yudovith in [99℄, where he showed that the problem is well-posed in a lassialsense with strong solutions if one presribes the initial veloity or vortiity, the normal veloityon the boundary and also the vortiity of the �uid on the parts of the boundary where �uidenters.Similarly we will study the initial boundary value problem of (1.2) with v presribed on theboundary, and y presribed at time 0 and on the parts of the boundary where �uid enters.Remark 1. Note that (1.2) is even more similar to the vortiity formulation of the three dimen-sional inompressible Euler equation whih reads:










∂tω + (U.∇)ω = (ω.∇)Udiv U = 0url U = ω

(1.4)beause here we have a strething term (ω.∇)U similar to the term −2y ∂xv in (1.2). Kazhikovhas studied the loal in time initial boundary value problem in three dimensions see [74℄. Howeverthe Euler equation is muh less understood in three dimensions. For example it is still unknownwhether a singularity may appear in �nite time, see [84℄. Furthermore the asymptoti stabilizationproblem is still open for the three dimensional inompressible Euler equation whih is not the asein two dimensions thanks to the papers of Coron [38℄ and Glass [59℄.In the seond part of the artile we will investigate equation (1.1) from the perspetive ofontrol theory. For a general ontrol system
{

ẋ = f(x, u),

x(t0) = x0,
(1.5)(x being the state of the system and u the so alled ontrol), we an onsider two lassialproblems among others in ontrol theory.



1.1. Introdution 271. First the exat ontrollability problem whih asks, given two states x0 and x1 and a time
T to �nd a ertain funtion u(t) suh that the solution to (1.5) satis�es x(T ) = x1.2. If f(0, 0) = 0, the problem of asymptoti stabilization by a stationary feedbak law asksto �nd a funtion u(x), suh that for any state x0 a solution x(t) to

{

ẋ(t) = f(x(t), u(x(t))),

x(t0) = x0
(1.6)is global, satis�es x(t) →

t→+∞
0 and also

∀R > 0, ∃r > 0 suh that ||x0|| ≤ r ⇒ ∀t ∈ R, ||x(t)|| ≤ R. (1.7)It may seem that if we have ontrollability, the asymptoti stabilization property is weaker.Indeed for any initial state x0, we an �nd T and u(t) suh that the solution to (1.5) satis�es
x(T ) = 0 in this way we stabilize 0 in �nite time. However this ontrol su�ers from a lakof robustness with respet to perturbation. Indeed with any error on the model, or on theinitial state, the state at time T will only be approximately 0. This an be disastrous if x = 0 isunstable for the equation ẋ = f(x, 0). This motivates the problem of asymptoti stabilization by astationary feedbak law whih is learly more robust. In fat in �nite dimension, it automatiallyprovides a Lyapunov funtion.Conerning the Camassa-Holm equation, O. Glass provided in [58℄ the �rst results for theontrollability and stabilization. More preisely he onsidered:
∂tv− ∂3txxv+2κ.∂xv+3v.∂xv = 2∂xv.∂

2
xxv+ v.∂3xxxv+ g(t, x)1ω(x) for (t, x) ∈ [0, T ]×T, (1.8)where the ontrol is the funtion g, and ω is a nonempty open subset of the torus T. He provedthat for any time T > 0 we have exat ontrollability in Hs(T) (s > 3

2), and also proposed astationary feedbak law g : H2(T) → H−1(ω) that stabilizes the state v = −κ in H2(T). Wewill onsider those problems, but in our ase the ontrol will be the boundary values of v and y.Sine [0, 1] an be seen as T \ω the result of Glass on exat ontrollability by a distributed termon the torus implies a ontrollability result by boundary terms as soon as the initial boundaryvalue problem makes sense, whih will be the ase by the end of the �rst part of this artile (wealso need enough regularity on the solution).Therefore we will only investigate the asymptoti stabilization by a stationary feedbak law atingon the boundary of (1.1). This time again we will onsider the analogy with the asymptotistabilization of the two dimensional Euler equation of inompressible �uids result by Coron [38℄for a simply onneted domain and Glass [59℄ for a general domain. It should be remarked thatin three dimension the problem of asymptoti stabilization is still open. In both ases one of themain di�ulty is that the linearized system around the equilibrium (whih are (y, v) = (0,−κ)for (1.2) and (ω,U) = (0, 0) for (1.3)) is not stabilizable, so we will use the so alled returnmethod introdued by Coron in [33℄. Sine the evolution equation of (1.2) is on y, it will bemuh easier to work if we onsider y and not v to be the state of the system.1.1.2 ResultsWe begin with a general remark that will be used many times later.Remark 2. Changing v(t, x) in −v(t, 1 − x) and y(t, x) in −y(t, 1 − x) we hange κ into −κ,therefore from now on we will suppose that κ ≤ 0 (this hoie is more onvenient for the stabi-lization part).



28 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.Let T be a positive number. In the following we take ΩT = [0, T ] × [0, 1]. Let vl and vr bein C0([0, T ],R) and y0 ∈ L∞(0, 1). We set
Γl = {t ∈ [0, T ] | vl(t) > 0} and Γr = {t ∈ [0, T ] | vr(t) < 0}.In the following, we will always suppose that the sets
Pl = {t ∈ [0, T ] | vl(t) = 0} and Pr = {t ∈ [0, T ] | vr(t) = 0} (1.9)have a �nite number of onneted omponents. Finally let yl ∈ L∞(Γl) and yr ∈ L∞(Γr). Thefuntions vl, vr, yl and yr will be the boundary values for the equation and y0 is the initial data.Let now A be the auxiliary funtion whih lifts the boundary values vl and vr and is de�ned by:

{

(1− ∂2xx)A(t, x) = 0, ∀(t, x) ∈ ΩT ,

A(t, 0) = vl(t), A(t, 1) = vr(t), ∀t ∈ [0, T ].
(1.10)Setting v = u+A, we an further rewrite the system (1.2) as:

{

y(t, x)− κ = (1− ∂2xx)u(t, x), dx ,

u(t, 0) = u(t, 1) = 0, dt a.e.,
(1.11)

{

∂ty + (u+A).∂xy = −2y.∂x(u+A),

y(0, .) = y0, y(., 0)|Γl
= yl and y(., 1)|Γr

= yr.
(1.12)The meaning of being a solution to (1.11)-(1.12) will be spei�ed later but we an already say thatwe will have u ∈ L∞ ((0, T ); Lip([0, 1])) and y ∈ L∞(ΩT ). In the �rst part of this artile, we willbe interested in the initial boundary value problem on the interval for the system (1.11)-(1.12).We will �rst prove a loal in time existene theorem:Theorem 1. For T̃ > 0, we onsider vl, vr ∈ C0([0, T̃ ]) suh that the sets Pl and Pr haveonly a �nite number of onneted omponents. Let y0 ∈ L∞(0, 1), yl ∈ L∞(Γl) and yr ∈

L∞(Γr). There exist T > 0, and (u, y) a weak solution of the system (1.11)-(1.12) with u ∈
L∞

(

(0, T ); C1,1([0, 1])
)

∩ Lip
(

[0, T ];H1
0 (0, 1)

) and y ∈ L∞(ΩT ). Moreover any suh solution uis in fat in C0([0, T ];W 2,p(0, 1)) ∩ C1([0, 1];W 1,p
0 (0, 1)), ∀p < +∞. Furthermore the existenetime of a maximal solution is larger than min(T̃ , T ∗), with

T ∗ = max
β>0

(

ln(1 + β/C0)

2(C1 + (2 + sinh(1))(C0 + |κ| + β))

) (1.13)
C0 = max

(

||y0||L∞(0,1), ||yl||L∞(Γl), ||yr||L∞(Γl)

)

, (1.14)
C1 =

1

tanh(1)
.(||vr||L∞(0,T ) + ||vl||L∞(0,T )). (1.15)In a seond step, we will show a weak-strong uniqueness property:Theorem 2. Let (u, y) ∈ L∞

(

(0, T ); C1,1([0, 1])
)

∩ Lip
(

[0, T ];H1
0 (0, 1)

)

× L∞([0, T ]; Lip([0, 1]))be a weak solution of (1.11) and (1.12) then it is unique in L∞
(

(0, T ); C1,1([0, 1])
)

× L∞(ΩT ).In the seond part of the paper, we will be interested in the asymptoti stabilization of thesystem (1.1) by a boundary feedbak law. Let Al > 2. sinh(1), Ar > Al. cosh(1)+sinh(2), M > 0and T > 0. Our feedbak law for (1.2) reads:
y ∈ C0([0, 1]) 7→











vl(y) = Al.||y||C0([0,1]) − κ

vr(y) = Ar.||y||C0([0,1]) − κ

ẏl(t) +M.yl(t) = 0

. (1.16)This allows us to get the following theorem:



1.2. Initial boundary value problem 29Theorem 3. For any y0 ∈ C0([0, 1]) there exists (y, v) ∈ C0(ΩT ) × C0([0, T ], C2([0, 1])) a weaksolution of (1.2) and (1.16) satisfying
∀x ∈ [0, 1], y(0, x) = y0(x). (1.17)Furthermore any maximal solution of (1.2), (1.16) and (1.17) is global, and if we let

c = min(Al − 2. sinh(1),
Ar −Al. cosh(1)− sinh(2)

sinh(1)
) and τ =

1

M
. ln(

2.c.||y0||C0([0,1])

M
)then we have:

∀t ≥ τ ||y(t, .)||C0([0,1]) ≤
M

2c
.

1

1 +M(t− τ)
.1.2 Initial boundary value problemWe �rst de�ne what we mean by a weak solution to (1.12). Our test funtions will be in thespae:

Adm(ΩT ) = {ψ ∈ C1(ΩT ) | ψ(t, x) = 0 on [0, T ]\Γl×{0} ∪ [0, T ]\Γr×{0} ∪ {T}×[0, 1]}. (1.18)De�nition 3. When u ∈ L∞((0, T ); Lip([0, 1])), a funtion y ∈ L∞(ΩT ) is a weak solutionto (1.12) if ∀ψ ∈ Adm(ΩT ):
∫∫

ΩT

y(∂tψ + (u+A)∂xψ − ∂x(u+A)ψ)dtdx = −

∫ 1

0
y0(x)ψ(0, x)dx

+

∫ T

0
(ψ(t, 1)vr(t)yr(t)− ψ(t, 0)vl(t)yl(t))dt.Remark 3. It is obvious that C1

0(ΩT ) ⊂ Adm(ΩT ) therefore a weak solution to (1.12) is also asolution to (1.12) in the distribution sense. And it is then lear that a regular weak solution isa lassial solution.1.2.1 StrategyIn this part we will prove Theorems 1 and 2. Let us �rst explain the general strategy.We want to solve (1.11) and (1.12). Equation (1.11) is a linear ellipti equation, and with u �xed(1.12) is a linear transport equation in y, with boundary data. Even when the �ow is regularenough (and it will be in our ase) to use the method of harateristis to solve the equation,singularity will generally appear, no matter how smooth the initial and boundary datas are,beause of the boundary.
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30 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.It is therefore useful to deal with weak solution of (1.12) belonging to L∞(ΩT ). This is done inthe appendix.One we know how to deal with eah equation separately and have appropriate linear estimates,we use a �xed point strategy. It is interesting to remark that Yudovith dealt with the two di-mensional inompressible Euler equation with non-homogeneous boundary onditions in a similarway. However with y only essentially bounded, we annot easily estimate the di�erene of twoouples (u1, y1) and (u2, y2), therefore we will rather use a ompatness argument and a Shauder�xed point instead of a Banah �xed point. The auxiliary funtion A may be less regular intime than u and this is why we will be able to transfer the time regularity of y on u. We willonly prove a weak-strong uniqueness property, for the same reason that prevented us from usinga Banah �xed point theorem.Therefore in Subsetion 1.2.2 we will de�ne preisely the �xed point operator F and study someof its properties. In Subsetion 1.2.3 we will preise the domain on whih we will apply Shauder's�xed point theorem, we will prove the ontinuity of F in Subsetion 1.2.4 and also study theadditional properties of a �xed point. Finally in Subsetion 1.2.5 we will prove the weak-stronguniqueness property.1.2.2 The operator FThe operator F is obtained as follows. Given u in L∞
(

(0, T ); C1,1([0, 1])
)

∩Lip
(

[0, T ];H1
0 (0, 1)

)we will de�ne y to be the solution of (1.12), and one we have y in L∞(ΩT ), we introdue ũsolution of
(1− ∂2xx)ũ = y − κ. (1.19)Then F is de�ned as the operator assoiating ũ to u.Now let us desribe the auxiliary funtion A one and for all.Proposition 1. The funtion A de�ned by (1.10) satis�es:

∀(t, x) ∈ ΩT A(t, x) =
1

sinh(1)
.(sinh(x).vr(t) + sinh(1− x).vl(t))

A ∈ C0([0, T ]; C∞([0, 1])),and hene ||A||L∞((0,T );C1,1([0,1])) ≤
cosh(1)

sinh(1)
.(||vr||L∞(0,T ) + ||vl||L∞(0,T )).As in Subsetion 1.4.1, for a funtion u ∈ L∞

(

(0, T ); C1,1([0, 1])
)

∩ Lip
(

[0, T ];H1
0 (0, 1)

) weonsider φ the �ow of u + A. For (t, x) ∈ ΩT , φ(., t, x) is de�ned on a set [e(t, x), h(t, x)], here
e(t, x) is basially the entrane time in ΩT of the harateristi urve going through (t, x).Lemma 1. The �ow φ satis�es the following properties:1. φ is C1 with the following partial derivatives

∂1φ(s, t, x) = (u+A)(s, φ(s, t, x)),

∂2φ(s, t, x) = −(u+A)(t, x). exp(

∫ s

t

∂x(u+A)(r, φ(r, t, x))dr),

∂3φ(s, t, x) = exp(

∫ s

t

∂x(u+A)(r, φ(r, t, x))dr),



1.2. Initial boundary value problem 312. ∀j ∈ {1, 2, 3}, ||∂jφ||C0 ≤ (1 + ||u+A||C0(ΩT ))e
T.||∂x(u+A)||

C0(ΩT ) ,3. if e(t, x) > 0 then φ(e(t, x), t, x) ∈ {0, 1},4. if h(t, x) < T then φ(h(t, x), t, x) ∈ {0, 1}.We introdue a partition of ΩT , whih allows us to distinguish the di�erent in�uene zonesin ΩT .De�nition 4. Let
• P =

{

(t, x) ∈ ΩT | ∃s ∈ [e(t, x), h(t, x)] for whih (φ(s, t, x) = 0 and vl(s) = 0)or (φ(s, t, x) = 1 and vr(s) = 0)
}

∪ {φ(s, 0, 0) | s ≤ h(0, 0)} ∪ {φ(s, 0, 1) | s ≤ h(0, 1)},
• I = {(t, x) ∈ ΩT \ P | e(t, x) = 0},
• L = {(t, x) ∈ ΩT \ P | e(t, x) > 0 and φ(e(t, x)t, x) = 0},
• R = {(t, x) ∈ ΩT \ P | e(t, x) > 0 and φ(e(t, x)t, x) = 1}.Remark 4. The set P is onstituted of the problemati points. Indeed those points belong to theharateristis tangent to the boundary, whih are preisely the singular points of e and h.Proposition 2. We have the following properties.1. The sets P , I, L and R onstitute a partition of ΩT .2. The set P is negligible and eah spatial setion of P is negligible for the 1d lebesgue measure.3. The funtion e is C1 on L ∪R ∪ I.4. If (t, x) ∈ L then e(t, x) ∈ Γl and if (t, x) ∈ R then e(t, x) ∈ Γr.5. All those sets are invariant by the �ow φ.6. If (t, x) ∈ L then ∀x̃ ∈ [0, x], (t, x̃) ∈ P ∪ L, if (t, x) ∈ R then ∀x̃ ∈ [x, 1], (t, x̃) ∈ P ∪ Rand if (t, x) ∈ I and (t, x+ x′) ∈ I then ∀x̃ ∈ [x, x+ x′], (t, x̃) ∈ P ∪ I.Proof. The points 1, 4, 5, 6 are easy. The seond point is true beause for any t ∈ [0, T ] theset {(t, x) | x ∈ [0, 1]} ∩ P} is injeted in the set of onneted omponents of Pl and Pr, so it isountable and therefore 1d negligible. It implies that P itself is 2d negligible.And the third point is shown in Proposition 9
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32 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.For u ∈ L∞
(

(0, T ); C1,1([0, 1])
)

∩ Lip
(

[0, T ];H1
0 (0, 1)

), we de�ne y ∈ L∞(ΩT ) by:
• if (t, x) ∈ I y(t, x) = y0(φ(0, t, x)). exp

(

−2
∫ t

0 ∂x(u+A)(s, φ(s, t, x))ds
)

,

• if (t, x) ∈ L y(t, x) = yl(e(t, x)). exp
(

−2
∫ t

e(t,x) ∂x(u+A)(s, φ(s, t, x))ds
)

,

• if (t, x) ∈ R y(t, x) = yr(e(t, x)). exp
(

−2
∫ t

e(t,x) ∂x(u+A)(s, φ(s, t, x))ds
)

.And we have:1. the funtion y is the unique weak solution of (1.12) in the sense of de�nition 3, thanksto Theorem 6 and Proposition 13(whih an be applied beause u ∈ C0(ΩT ) and ∂xu ∈
C0(ΩT )),2. sine y ∈ L∞(ΩT ) and satis�es (1.12), we immediately get y ∈W 1,∞(0, T,H−1(0, 1)),3. the funtion y satis�es the estimates:
||y||L∞(ΩT ) ≤ max(||y0||L∞ , ||yl||L∞ , ||yr||L∞) exp

(

2T
(

||∂xu||L∞(ΩT ) + ||∂xA||L∞(ΩT )

))

,(1.20)
||∂ty||L∞((0,T ),H−1) ≤ 3.max

(

||y0||L∞(0,1), ||yl||L∞(Γl), ||yr||L∞(Γl)

)

× exp
(

2T
(

||∂xu||L∞(ΩT ) + ||∂xA||L∞(ΩT )

))

×
(

||u||L∞((0,T );Lip([0,1])) + ||A||L∞((0,T );Lip([0,1]))

)

, (1.21)4. if (t, x) ∈ I ∪ L ∪R and if (s, s′) ∈ [e(t, x), h(t, x)]2 , one has the following property:
y(s, φ(s, t, x)) = y(s′, φ(s′, t, x)). exp

(

−2

∫ s

s′
∂x(u+A)(r, φ(r, t, x))dr

)

.We an now fous on the ellipti equation (1.11).Lemma 2. There exists a unique ũ ∈ L∞
(

(0, T ),H1
0 (0, 1)

) suh that
∀t ∈ (0, T ), y(t, .)− κ = (1− ∂2xx)ũ(t, .) in D′(0, 1).Furthermore we an see that ũ belongs to L∞

(

(0, T ); C1,1([0, 1])
)

∩ Lip
(

(0, T ),H1
0 (0, 1)

) sine
y ∈ L∞(ΩT ) ∩ Lip([0, T ];H−1(0, 1)). Moreover we have the bounds:

||ũ||L∞((0,T );C1,1([0,1])) ≤ (1 + 2 sinh(1)).(|κ| + ||y||L∞(ΩT )), (1.22)
||∂tũ||L∞((0,T );H1

0 (0,1))
≤ ||∂ty||L∞((0,T ),H−1(0,1)). (1.23)Proof. In the �rst point, the onstant omes from:

ũ(t, x) =

∫ x

0
sinh(x− x̃).(κ − y(t, x̃))dx̃−

sinh(x)

sinh(1)
.

∫ 1

0
sinh(x̃).(κ − y(t, x̃))dx̃. (1.24)The seond point is lassialFinally we an de�ne F by:

∀u ∈ L∞
(

(0, T ); C1,1([0, 1])
)

∩ Lip
(

[0, T ];H1
0 (0, 1)

)

,

F(u) = ũ ∈ L∞
(

(0, T ); C1,1([0, 1])
)

∩ Lip
(

[0, T ];H1
0 (0, 1)

)

. (1.25)We now introdue a domain for the operator F .



1.2. Initial boundary value problem 331.2.3 The domainLet B0 and B1 be positive numbers, then we set:
CB0,B1,T = {u ∈ L∞

(

(0, T ); C1,1([0, 1])
)

∩ Lip
(

[0, T ];H1
0 (0, 1)

)

| suh that both
||u||L∞((0,T );C1,1([0,1])) ≤ B0 and ||u||Lip([0,T ];H1

0(0,1))
≤ B1}. (1.26)Obviously CB0,B1,T is onvex. We will endow CB0,B1,T with the norm ||.||L∞((0,T );Lip([0,1])).Lemma 3. There exist positive numbers B0, B1, T , suh that F maps CB0,B1,T into itself.Proof. Let us �rst introdue the two following onstants depending only on the initial and bound-ary onditions

C0 = max
(

||y0||L∞(0,1), ||yl||L∞(Γl), ||yr||L∞(Γr)

)

,

C1 =
cosh(1)

sinh(1)
.(||vr||L∞(0,T ) + ||vl||L∞(0,T )).Estimates (1.20), (1.21), (1.22) and (1.23) on y and ũ now read:

||y||L∞(ΩT ) ≤ C0. exp
(

2T
(

||∂xu||L∞(ΩT ) +C1

))

,

||ũ||L∞((0,T );C1,1([0,1])) ≤ (1 + 2 sinh(1)).(|κ| + ||y||L∞(ΩT )),

||∂ty||L∞((0,T );H−1(0,1)) ≤ 3.C0. exp
(

2T
(

||∂xu||L∞(ΩT ) + C1

))

.
(

||u||L∞((0,T );Lip([0,1])) + C1

)

,

||∂tũ||L∞((0,T );H1
0 (0,1))

≤ ||∂ty||L∞((0,T );H−1(0,1)).Combining those estimates we get:
||ũ||L∞((0,T );C1,1([0,1])) ≤ (1 + 2 sinh(1)).

(

|κ|+ C0. exp
(

2T
(

||∂xu||L∞(ΩT ) + C1

)))

,

||∂tũ||L∞((0,T );H1
0 (0,1))

≤ 3.C0. exp
(

2T
(

||∂xu||L∞(ΩT ) + C1

))

.
(

||u||L∞((0,T );Lip([0,1])) + C1

)

.Now if u ∈ CB0,B1,T we have
||ũ||L∞((0,T );C1,1([0,1])) ≤ (1 + 2 sinh(1)). (|κ|+ C0. exp (2T (B0 + C1))) ,

||∂tũ||L∞((0,T );H1
0 (0,1))

≤ 3.C0. exp (2T (B0 + C1)) . (B0 + C1) .Finally, to obtain ũ ∈ CB0,B1,T it is su�ient that
(1 + 2 sinh(1)). (|κ|+ C0. exp (2T (B0 + C1))) ≤ B0and B0 + 3.C0. exp (2T (B0 + C1)) . (B0 + C1) ≤ B1.One we have hosen T and B0, it is easy to hoose B1 to satisfy the seond inequality. For the�rst one we just hoose B0 su�iently large and then T lose to 0 . More preisely:

B0 > (1 + 2 sinh(1)).(|κ| + C0),

T ≤
ln( B0

1+2 sinh(1) − |κ|)− ln(C0)

2(B0 + C1)
.It only to remains to maximize the bound of T to get the minimum existene, and with

B0
1+2 sinh(1) = |κ|+ C0 + β we get the result announed.



34 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.Let us now prove the ompatness of the domain.Proposition 3. CB0,B1,T is ompat with respet to the norm ||.||L∞((0,T );Lip([0,1])).Proof. The fat that CB0,B1,T is losed in L∞ ((0, T ); Lip([0, 1])) follows from the weak* om-patness of the domain in L∞
(

(0, T ); C1,1([0, 1])
) and in Lip

(

[0, T ];H1
0 (0, 1)

), and a lassial useof a limit uniqueness.We now show the relative ompatness of CB0,B1,T in L∞ ((0, T ); Lip([0, 1])). Let (un) be a se-quene of CB0,B1,T . Sine H1
0 (0, 1) →֒ C

1
2 ([0, 1]) we an extrat by Asoli's theorem a subsequene

(un′) onverging in L∞(ΩT ). But sine we have
∀u ∈ L∞((0, T );W 2,∞(0, 1)), ||∂xu||L∞(ΩT ) ≤ 2.

√

||u||L∞(ΩT ).||∂2xxu||L∞(ΩT ),we an onlude that (un′) atually onverges in L∞ ((0, T ); Lip([0, 1])).Before applying Shauder's �xed point theorem, it only remains to prove the ontinuity ofthe operator F .1.2.4 Continuity of F and properties of the �xed pointsWe begin with a result about the ontinuity of F .Proposition 4. The operator F : CB0,B1,T → CB0,B1,T is ontinuous with respet to the norm
||.||L∞((0,T );Lip([0,1])).Proof. Let us take a sequene (un) whih tends to u with respet to ||.||L∞((0,T );Lip([0,1])). Weall ũn = F(un) and ũ = F(u). Denote by φn the �ow of un + A and φ the �ow of u + A.Thanks to Proposition 10, we have that φn −−−−−→

n→+∞
φ loally in C1. Let us show �rst that

||yn(t, .) − y(t, .)||L1(0,1) −−−→
n→0

0 dt a.e..Let t ∈ [0, T ], having supposed that Pl and Pr have only a �nite number of onneted omponents(see (1.9)), we an assume, reduing t if neessary that vl and vr do not hange sign on [0, t].We will fous on the ase where vl ≥ 0 and vr ≤ 0, the situation:
0

0
1

tPSfrag replaements
φ(t, 0, 0) φ(t, 0, 1)

φn(t, 0, 0) φn(t, 0, 1)The harateristis of φn and φ may or may not ross before time t, but we are only interested intheir relative positions at time t, whih here orrespond to φ(t, 0, 0) ≤ φn(t, 0, 0) ≤ φ(t, 0, 1) ≤
φn(t, 0, 1). The other ases are proved in the same way. We �rst point out that sine un ∈ CB0,B1,T



1.2. Initial boundary value problem 35we have a bound for (yn) in L∞(ΩT ). Now
∫ 1

0
|y(t, x) − yn(t, x)|dx =

∫ φ(t,0,0)

0
|y(t, x)− yn(t, x)|dx+

∫ φn(t,0,0)

φ(t,0,0)
|y(t, x)− yn(t, x)|dx

+

∫ φ(t,0,1)

φn(t,0,0)
|y(t, x)− yn(t, x)|dx+

∫ φn(t,0,1)

φ(t,0,1)
|y(t, x)− yn(t, x)|dx

+

∫ 1

φn(t,0,1)
|y(t, x)− yn(t, x)|dx

= I1 + I2 + I3 + I4 + I5.Sine φn(t, 0, 0) −−−−−→
n→+∞

φ(t, 0, 0) and φn(t, 0, 1) −−−−−→
n→+∞

φ(t, 0, 1) and thanks to the uniformbound on ||yn||L∞(ΩT ) we see that both I2 and I4 tend to 0 when n goes to in�nity.For I1 we have:
I1 =

∫ φ(t,0,0)

0

∣

∣

∣

∣

∣

yl(en(t, x)). exp

(

−2

∫ t

en(t,x)
∂x(un +A)(r, φn(r, t, x))dr

)

− yl(e(t, x)). exp

(

−2

∫ t

e(t,x)
∂x(u+A)(r, φ(r, t, x))dr

)∣

∣

∣

∣

∣

dx.But thanks to Proposition 8, if (t, x) /∈ P (de�ned by φ) we have en(t, x) −−−−−→
n→+∞

e(t, x). Thisimplies that if yl were ontinuous, sine we have a uniform bound on ||un||L∞((0,T );Lip([0,1])) thedominated onvergene theorem would provide:
I1 =

∫ φ(t,0,0)

0
|y(t, x) − yn(t, x)|dx −−−−−→

n→+∞
0.The same idea an be applied to I3 and I5.Hene for yl, yr and y0 ontinuous we have ||yn(t, .)− y(t, .)||L1(0,1) −−−−−→
n→+∞

0.But now thanks to inequality (1.59), we have:
||y(t, .)||L1(0,1) ≤

(

||y0||L1(0,1) + ||yl||L1((0,t)∩Γl) + ||yr||L1((0,t)∩Γr)

)

× ||u+A||L∞(ΩT ).e
3t.||∂x(u+A)||L∞(ΩT ) , (1.27)

||yn(t, .)||L1(0,1) ≤
(

||y0||L1(0,1) + ||yl||L1((0,t)∩Γl) + ||yr||L1((0,t)∩Γ−r)

)

× ||un +A||L∞(ΩT ).e
3t.||∂x(un+A)||L∞(ΩT ) . (1.28)So by density of C0 in L1, and with the uniform bound on ||un||L∞((0,T );Lip([0,1])), the general asefollows,

||yn(t, .) − y(t, .)||L1(0,1) −−−−−→
n→+∞

0.Now only the restrition on t remains, we reall that until now we supposed that vl and vl didnot hange sign on [0, t].But if vl and vr do not hange sign on [0, t1] and then on [t1, t], we have:
||yn(t1, .) − y(t1, .)||L1(0,1) −−−−−→

n→+∞
0.



36 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.Let us all ỹn the solution of ∂tỹn + (un + A)∂xỹn = −2.ỹn.∂x(un + A) on [t1, t] × [0, 1] withinitial value y(t1, .) and boundary values yl, yr. Due to what preedes we have ||ỹn(t, .) −
y(t, .)||L1(0,1) −−−−−→

n→+∞
0. Now we an onlude that:

||yn(t, .) − y(t, .)||L1(0,1) ≤||yn(t, .)− ỹn(t, .)||L1(0,1) + ||ỹn(t, .) − y(t, .)||L1(0,1)

≤||yn(t1, .) − ỹn(t1, .)||L1(0,1).||un +A||L∞(ΩT ).e
3(t−t1)||∂x(un+A)||L∞(ΩT )

+ ||ỹn(t, .) − y(t, .)||L1(0,1)

≤||yn(t1, .) − y(t1, .)||L1(0,1).||un +A||L∞(ΩT ).e
3(t−t1)||∂x(un+A)||L∞(ΩT )

+ ||ỹn(t, .) − y(t, .)||L1(0,1)

−−−−−→
n→+∞

0.Therefore the onvergene in L1(0, 1) propagates on eah interval where vl and vr do not hangesign, thanks to the hypothesis on Pr and Pl we have:
∀t ∈ [0, T ] ||yn(t, .)− y(t, .)||L1(0,1) −−−−−→

n→+∞
0. (1.29)Combining this �rst onvergene result with the uniform bound of yn − y in L∞(ΩT ) and usingthe dominated onvergene theorem in the time variable we obtain:

yn → y in L1(ΩT ).In term of ũ and ũn it implies that
ũn → ũ in L1(0, T,W 2,1(0, 1)).But we also have ∀n ∈ N F(un) ∈ CB0,B1,T , and we know (see 3) that CB0,B1,T is ompattherefore ũn → ũ in CB0,B1,T (as the unique aumulation point of the sequene).Now we an apply Shauder's �xed point theorem to F and we get a solution

u ∈ L∞
(

(0, T ); C1,1([0, 1])
)

∩ Lip
(

[0, T ];H1
0 (0, 1)

)

.The additional regularity properties of any solution u, meaning
∀p > +∞ u ∈ C0([0, T ],W 2,p(0, 1)) ∩C1([0, 1],W 1,p

0 (0, 1)),follow diretly from the onstrution of F and from Proposition 14.To obtain the minimum existene time announed we just have to realize that the only possibleredution of T ourred in subsetion 1.2.3. This onludes the proof of Theorem 1.1.2.5 UniquenessTo onlude the part about the initial boundary value problem, we prove a weak-strong unique-ness property.Theorem 4. Let (y, u) and (ỹ, ũ) be two solutions of (1.11) and (1.12) for the same initial andboundary data, and suh that ỹ ∈ L∞((0, T ); Lip([0, 1])). Then y = ỹ and u = ũ.



1.3. Stabilization 37Proof. De�ne Y = ỹ − y and U = ũ− u. Then we have:
U ∈ Lip

(

[0, T ];H1
0 (0, 1)

)

, (1− ∂2xx)U(t, .) = Y (t, .) dt a.e.,and Y ∈ L∞(ΩT ) is the unique weak solution of:
∂tY + (u+A)∂xY = −2.Y.∂x(u+A)− ∂xỹ.U − 2ỹ.∂xU,with Y0 = 0, Yl = 0, Yr = 0. Using Theorem 6 and formula (1.53) we get with b = −2.∂x(u+A)and f = −U.∂xỹ − 2ỹ.∂xU : For (t, x) ∈ P, Y (t, x) = 0,For (t, x) ∈ I, Y (t, x) =

∫ t

0
f(r, φ(r, t, x)). exp

(∫ t

r

b(r′, φ(r′, t, x))dr′
)

dr,For (t, x) ∈ L, Y (t, x) =

∫ t

e(t,x)
f(r, φ(r, t, x)). exp

(∫ t

r

b(r′, φ(r′, t, x))dr′
)

dr,For (t, x) ∈ R, Y (t, x) =

∫ t

e(t,x)
f(r, φ(r, t, x)). exp

(
∫ t

r

b(r′, φ(r′, t, x))dr′
)

dr.Now sine ||U(t, .)||L∞(0,1) ≤ 5.||Y (t, .)||L∞(0,1) and ỹ, ∂xỹ bounded, we see that for some C > 0:
||f(t, .)||L∞(0,1) ≤ C.||Y (t, .)||L∞(0,1) dt a.e.,and sine b is bounded, we get that for some C ′ > 0:

||Y (t, .)|| ≤ C ′.

∫ t

0
||Y (s, .)||L∞(0,1)ds dt a.e.,and we onlude using Gronwall's lemma.1.3 StabilizationIn this part we prove Theorem 3. Here again we suppose that κ ≤ 0. We begin by reformulat-ing (1.2) and we also give the orresponding statement to Theorem 3 for this new formulation.Rather than (1.2) we will work on:







∂ty + (ǔ+ Ǎ − κ).∂xy = −2y.∂x(ǔ+ Ǎ)
(1− ∂2xx)ǔ = y, ǔ(t, 0) = ǔ(t, 1) = 0

(1− ∂2xx)Ǎ = 0, Ǎ(t, 0) = vl(t) + κ, Ǎ(t, 1) = vr(t) + κ

. (1.30)This system is equivalent to (1.2) with the hange of unknown
v = Ǎ+ ǔ− κ.And our stationary feedbak law still reads (1.16). One an hek that Theorem 3 an bereformulated in terms of those new unknowns as:Theorem 5. Let Al > 2. sinh(1), Ar > Al. cosh(1) + sinh(2), M > 0, T > 0. For any y0 ∈

C0([0, 1]) there exists y ∈ C0(ΩT ) suh that if we de�ne ǔ and Ǎ by:
∀(t, x) ∈ ΩT (1− ∂2xx)ǔ(t, x) = y(t, x), ǔ(t, 0) = ǔ(t, 1) = 0,
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∀(t, x) ∈ ΩT , (1−∂

2
xx)Ǎ(t, x) = 0, Ǎ(t, 0) = Al.||y(t, .)||C0([0,1]) and Ǎ(t, 1) = Ar.||y(t, .)||C0([0,1]),then y is the weak solution of

∂ty + (ǔ+ Ǎ − κ).∂xy = −2.y.∂x(ǔ+ Ǎ). (1.31)This funtion y also satis�es:
∀t ∈ [0, T ] ∂ty(t, 0) +M.y(t, 0) = 0,

∀x ∈ [0, 1] y(0, x) = y0(x).Besides, if y is a maximal solution of the losed loop system (1.16),(1.30) then y is de�ned on
[0,+∞) × [0, 1].And �nally if we let c = min(Al − 2. sinh(1), Ar−Al. cosh(1)−sinh(2)

sinh(1) ) and τ = 1
M
. ln(

2.c.||y0||C0([0,1])
M

),we have:
∀t ≥ τ ||y(t, .)||C0([0,1]) ≤

M

2c
.

1

1 +M(t− τ)
. (1.32)We now prove Theorem 5.1.3.1 StrategyLet us �rst desribe the main steps of the proof of Theorem 5. In terms of the new unknowns,the equilibrium state that we want to stabilize is y = 0, ǔ = Ǎ = 0. A �rst natural idea wouldbe to look at the linearized system around the equilibrium state. Its stabilization would providea loal stabilization result on the nonlinear system. But the linearized system reads:







∂ty − κ.∂xy = 0
(1− ∂2xx)ǔ = y, ǔ(t, 0) = ǔ(t, 1) = 0

(1− ∂2xx)Ǎ = 0, Ǎ(t, 0) = vl(t) + κ, Ǎ(t, 1) = vr(t) + κ
. (1.33)In the ase κ = 0, the state y is onstant therefore the system is not stabilizable.In this situation we will apply a rough version of the return method that J.-M. Coron introduedin [33℄. We will try to use the ontrol in order to put the system in a simpler dynami where itis easier to stabilize.When we look at the transport equation we see that the sign of ǔ+ Ǎ−κ ontrols the geometryof the harateristis, and the sign of ∂x(ǔ+Ǎ) ontrols the growth of y along the harateristis.Therefore we would like our feedbak law to provide ǔ+Ǎ ≥ 0 (sine −κ ≥ 0) and ∂x(ǔ+Ǎ) ≥ 0.Considering the estimates ((1.36),(1.37)) on ǔ we an get from the ellipti equation of (1.30) wesee that with

vl(t) = Al.||y(t, .)||C0([0,1]) − κ, (1.34)
vr(t) = Ar.||y(t, .)||C0([0,1]) − κ, (1.35)the funtion Ǎ will dominate ǔ and we will have the desired signs.For the existene of a solution we annot adapt our proof of existene for the initial boundaryvalue problem ompletely. Our feedbak law makes us lose some regularity in time beause Ǎis now an unknown and it has exatly the time regularity of ||y(t, .)||C0([0,1]). To ompensate forthis, we will work in the spae of ontinuous funtions for y. This is now possible beause the�ow will always point toward x = 1. Therefore we have to presribe yl, and we just need tomake a ontinuous transition at (t, x) = (0, 0) and have yl dereasing in time. This is guaranteedby ∂tyl(t) +M.yl(t) = 0. In the next part we will prove the existene part of Theorem 5. Theasymptoti properties will be proved in the last part.



1.3. Stabilization 391.3.2 Existene of a solution to the losed loop systemOne again, we use a �xed point strategy on an operator S we desribe now. We begin byde�ning the domain of the operator.De�nition 5. Let X be the spae of (g,N) ∈ C0([0, T ] × [0, 1]) × C0([0, T ]) satisfying:1. ∀(t, x) ∈ [0, T ] × [0, 1] g(0, x) = y0(x) g(t, 0) = y0(0).e
−M.t,2. ∀t ∈ [0, T ] ||g(t, .)||C0([0,1]) ≤ N(t),3. N is non-inreasing and N(0) ≤ ||y0||C0([0,1]).Proposition 5. The domain X is non empty, onvex, bounded and losed with respet to theuniform topology.The proof is elementary and one noties that (y0(x).e−Mt, ||y0||C0([0,1]).e

−Mt) ∈ X.Now for (y,N) ∈ X we de�ne ǔ and Ǎ as the solutions of:
∀(t, x) ∈ ΩT (1− ∂2xx)ǔ(t, x) = y(t, x) and ǔ(t, 0) = ǔ(t, 1) = 0,

∀(t, x) ∈ ΩT (1− ∂2xx)Ǎ(t, x) = 0, Ǎ(t, 0) = AlN(t) and Ǎ(t, 1) = ArN(t).One has the following exat formulas:
∀(t, x) ∈ ΩT ǔ(t, x) = −

∫ x

0
sinh(x− x̃).y(t, x̃)dx̃,

∀(t, x) ∈ ΩT Ǎ(t, x) =
N(t)

sinh(1)
.(Ar. sinh(x) +Al. sinh(1− x)).Therefore we have the following inequalities:

∀(t, x) ∈ [0, T ] × [0, 1] |ǔ(t, x)| ≤ 2 sinh(1)||y(t, .)||C0([0,1]), (1.36)
|∂xǔ(t, x)| ≤ 2 cosh(1)||y(t, .)||C0([0,1]), |∂2xxǔ(t, x)| ≤ (1 + 2 sinh(1))||y(t, .)||C0([0,1]), (1.37)

|∂xǍ(t, x)| ≥
Ar − 2 cosh(1)Al

sinh(1)
.N(t), |Ǎ(t, x)| ≥ Al.N(t). (1.38)And in turn those provide:

∀(t, x) ∈ [0, T ]× [0, 1] (ǔ+ Ǎ)(t, x) ≥ (Al − 2. sinh(1)).||y(t, .)||C0([0,1]), (1.39)
∀(t, x) ∈ [0, T ]× [0, 1] ∂x(ǔ+ Ǎ)(t, x) ≥

Ar − 2. cosh(1).Al − sinh(2)

sinh(1)
.||y(t, .)||C0([0,1]).(1.40)Now if φ is the �ow of ǔ+Ǎ−κ, φ is C1 and sine ǔ+Ǎ−κ ≥ 0 (thanks to the inequalities above),

φ(., t, x) is nondereasing. This allows us to de�ne the entrane time and then the operator S asfollows. Let e(t, x) = min{s ∈ [0, T ] | φ(s, t, x) = 0} with the onvention that min ∅ = 0. Nowfor (t, x) ∈ [0, T ]× [0, 1], S(y,N) = (ỹ, Ñ ) with:1. if x ≥ φ(t, 0, 0) ỹ(t, x) = y0(φ(0, t, x)). exp(−2
∫ t

0 ∂x(ǔ+ Ǎ)(s, φ(s, t, x))ds),2. if x ≤ φ(t, 0, 0) ỹ(t, x) = y0(0).e
−M.e(t,x). exp(−2.

∫ t

e(t,x) ∂x(ǔ+ Ǎ)(s, φ(s, t, x))ds),



40 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.3. Ñ(t) = ||ỹ(t, .)||C0([0,1]).From Theorem 6 we know that ỹ is the weak solution of:
∂tỹ + (ǔ+ Ǎ − κ)∂xỹ = −2ỹ∂x(ǔ+ Ǎ) ỹ(0, .) = y0 ỹ(t, 0) = y0(0) e

−M t. (1.41)Before applying Shauder's �xed point theorem to S we prove the following identities.Proposition 6. 1. The operator S maps X to X.2. The family S(X) is uniformly bounded and equiontinuous.3. S is ontinuous w.r.t. the uniform topology.Proof. 1. It will be useful to distinguish the ases where y0(0) = 0 (ase 1) and y0(0) 6= 0(ase 2). First remark that ỹ being ontinuous, Ñ is ontinuous. Now in ase 1, we have:
∀(t, x) ∈ ΩT , x ≤ φ(t, 0, 0) ⇒ ỹ(t, x) = 0,and both the ontinuity on {(t, x) ∈ ΩT | x > φ(t, 0, 0)} and the ontinuity at the interfae

{(t, x) ∈ ΩT | x = φ(t, 0, 0)} are obvious.In ase 2, one must �rst remark that ∀t ∈ [0, T ], y(t, 0) 6= 0, so
∀t ∈ [0, T ], 0 < ||y(t, .)||C0([0,1]) ≤ N(t.This implies that every harateristi urve points to the right and so e orresponds toDe�nition 1.4.1. Therefore e is C1 on {(t, x) ∈ ΩT | x < φ(t, 0, 0)} and ontinuous at theinterfae {(t, x) ∈ ΩT | x = φ(t, 0, 0)}, one again we see that ỹ is ontinuous in ΩT , andso is Ñ .Now it is straightforward from its de�nition that

∀(t, x) ∈ [0, T ]× [0, 1], ỹ(0, x) = y0(x), ỹ(t, 0) = y0(0).e
−M.t.It only remains to see that Ñ = ||ỹ(t, .)||C0([0,1]) is non-inreasing. Sine ∂x(ǔ + Ǎ) ≥ 0(see (1.40)), we see from the de�nition of ỹ that |ỹ| does not inrease along the harater-istis, and sine |ỹ(t, 0)| is also non-inreasing we an onlude.2. Sine X is already bounded and thanks to the �rst part of the proof, S(X) is bounded.The equiontinuity of the family {Ñ} being implied by the one of the family {ỹ}, we willshow that we have a ommon ontinuity modulus for all {ỹ}. For now let us fous only on

{(t, x) ∈ ΩT | x ≤ φ(t, 0, 0)}. On this set ỹ(t, x) = 0 in ase 1. In the seond ase, we needthe following inequalities valid on ΩT and whih follow from the de�nition of ǔ and Ǎ:
||ǔ||C0(ΩT ) ≤ 2. sinh(1).||y0||C0([0,1]), (1.42)

||∂xǔ||C0(ΩT ) ≤ 2. cosh(1).||y0||C0([0,1]), (1.43)
||∂2xxǔ||C0(ΩT ) ≤ (1 + 2. sinh(1)).||y0||C0([0,1]), (1.44)

||Ǎ||C0(ΩT ) = ||∂2xxǍ||C0(ΩT ) ≤ (Ar +Al)||y0||C0([0,1]), (1.45)
||∂xǍ||C0(ΩT ) ≤

Ar +Al
tanh(1)

.||y0||C0([0,1]). (1.46)



1.3. Stabilization 41And sine φ is the �ow of ǔ+ Ǎ − κ we also have:
||∂1φ||C0([0,1]) ≤ −κ+ (2 sinh(1) +Al +Ar)||y0||C0([0,1]),

||∂2φ||C0([0,1]) ≤ (−κ+ (2 sinh(1) +Al +Ar)||y0||C0([0,1]))

× exp

(

2.T. cosh(1).

(

2 +
Ar +Al
sinh(1)

)

||y0||C0([0,1])

)

,

||∂3φ||C0([0,1]) ≤ exp

(

2.T. cosh(1).

(

2 +
Ar +Al
sinh(1)

)

||y0||C0([0,1])

)

.Now sine we have
ỹ(t, x) = y0(0).e

−M.e(t,x). exp(−2.

∫ t

e(t,x)
∂x(ǔ+ Ǎ)(r, φ(r, t, x))dr),we see that we only need a uniform bound on ||e||C1 to onlude about the equiontinuityon {(t, x) ∈ ΩT | x ≤ φ(t, 0, 0)}.We have 0 ≤ e(t, x) ≤ T , and thanks to the de�nition of e, to (1.42), (1.45) and also thanksto:

||y(t, .)||C0([0,1]) ≥ |y(t, 0)| = |y0(0)|.e
−M.t ≥ |y0(0).e

−M.T |,we get:
|∂te(t, x)| ≤

(κ+(2 sinh(1)+Al+Ar)||y0||C0([0,1])) exp(2T cosh(1)(2 + Ar+Al

sinh(1) )||y0||C0([0,1]))

(Al − 2 sinh(1))e−MT |y0(0)|
.In the same way:

|∂xe(t, x)| ≤
exp(2.T. cosh(1).(2 + Ar+Al

sinh(1) )||y0||C0([0,1]))

(Al − 2 sinh(1)).e−M.T .|y0(0)|
.In the end, we see that both in ase 1 and ase 2, the family {ỹ} is uniformly Lipshitz onthe set:

{(t, x) ∈ ΩT | x ≤ φ(t, 0, 0)}.Now on {(t, x) ∈ ΩT | x ≥ φ(t, 0, 0)}, we know
ỹ(t, x) = y0(φ(0, t, x)). exp(−2.

∫ t

0
∂x(ǔ+ Ǎ)(r, φ(r, t, x))dr).Clearly y0 is ontinuous on [0, 1] therefore it is both bounded and uniformly ontinuous,the family of funtions φ is uniformly Lipshitz and the family

{

exp(−2.

∫ t

0
∂x(ǔ+ Ǎ)(r, φ(r, t, x))dr)

}

,is uniformly bounded and equiontinuous. We an onlude that the family {ỹ} is alsoequiontinuous on {(t, x) ∈ ΩT | x ≥ φ(t, 0, 0)}. Sine we have ontinuity on the set
{(t, x) ∈ ΩT | x = φ(t, 0, 0)}, we an onlude that the family S(X) is uniformly boundedand equiontinuous on ΩT , S(X) is therefore relatively ompat in X.



42 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.3. It remains to prove that S is ontinuous w.r.t. to the uniform onvergene.Let (yn) be a sequene in X onverging uniformly to y ∈ X. We only have to show that ỹnonverges uniformly to ỹ, sine it immediately implies that Ñn onverges uniformly to Ñ .First the uniform onvergene of yn and Nn implies the uniform onvergene of ǔn and Ǎn.Then by Gronwall's lemma, we also have φn → φ uniformly in C1(ΩT ). Using Proposition8, we then obtain en → e uniformly in C0(ΩT ). Now we deompose ΩT in three partsdepending on n.
Ln = {(t, x) ∈ ΩT | x ≤ min(φn(t, 0, 0), φ(t, 0, 0))},

Rn = {(t, x) ∈ ΩT | x ≥ max(φn(t, 0, 0), φ(t, 0, 0))},

In = ΩT \ (Ln ∪Rn).Let us point out �rst that when n→ +∞:
lim inf Ln = {(t, x) ∈ ΩT | x ≤ φ(t, 0, 0)}, lim inf Rn = {(t, x) ∈ ΩT | x ≥ φ(t, 0, 0)},and lim sup In = {(t, x) ∈ ΩT | x = φ(t, 0, 0)}.

• For (t, x) ∈ Ln if y0(0) = 0 then yn and ỹ are equal to zero otherwise we have theformulas:
ỹ(t, x) = y0(0).e

−M.e(t,x). exp(−2

∫ t

e(t,x)
∂x(ǔ+ Ǎ)(r, φ(r, t, x))dr),

ỹn(t, x) = y0(0).e
−M.en(t,x). exp(−2

∫ t

en(t,x)
∂x(ǔn + Ǎn)(r, φn(r, t, x))dr),and the uniform onvergene of ỹn follows from the uniform boundedness and onver-gene of ∂xǔn, ∂xǍn, en and φn.

• For (t, x) ∈ Rn the proof is similar.
• It remains only to prove the onvergene in In. But the width of In tends to zero,and the family {ỹn} is equiontinuous. Therefore the uniform onvergene of ỹn in Infollows from those in Ln and Rn.Now we an apply Shauder's �xed point theorem to S and get (y,N) �xed point of S. Itremains to show that it satis�es all of the properties of Theorem 5 exept (1.32) whih will beproven in the next subsetion.First we have y(t, 0) = ỹ(t, 0) = y0(0).e

−M.t and it implies ∂ty(t, 0) = −M.y(t, 0).But also N(t) = Ñ(t) = ||ỹ(t, .)||C0([0,1]) = ||y(t, .)||C0([0,1]), therefore ||y(t, .)||C0([0,1]) is non-inreasing and, thanks to Theorem 6, y = ỹ is a weak solution of






(1− ∂2xx)ǔ = y, ǔ(t, 0) = ǔ(t, 1) = 0

(1− ∂2xx)Ǎ = 0, Ǎ(t, 0) = Al.||y(t, .)||C0([0,1]), Ǎ(t, 1) = Ar.||y(t, .)||C0([0,1])

∂ty + (ǔ+ Ǎ − κ).∂xy = −2y.∂x(ǔ+ Ǎ)

. (1.47)Remark 5. • Sine (ǔ+ Ǎ − κ)(t, 1) = Ar.||y(t, .)||C0([0,1]) − κ ≥ 0 we had all along Γr = ∅.
• Sine (ǔ + Ǎ − κ)(t, 0) = Al.||y(t, .)||C0([0,1]) − κ, we see that a priori, Γl depends on
y. But in fat if y0(0) 6= 0 then ∀t, y(t, 0) 6= 0 and Γl = R+. And if y0(0) = 0 then
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∀t, yl(t) = y(t, 0) = 0 and it makes no di�erene in the weak formulation(1.56) if weenlarge Γl to R+. Therefore the spae of test funtions is always:

Adm(ΩT ) = {φ ∈ C1(ΩT ) | ∀x ∈ [0, 1] φ(T, x) = 0, ∀t ∈ [0, T ] φ(t, 1) = 0}.

• It must be noted that while we required T <∞, we did not need T to be small.1.3.3 Stabilization and global existeneTo �nish the proof of Theorem 5 we have to prove the global existene of a maximal solutionand estimate (1.32).Proof. First we rewrite (1.39),(1.40) as:
∀(t, x) ∈ ΩT (ǔ+ Ǎ)(t, x) ≥ c||y(t, .)||C0([0,1]),

∂x(ǔ+ Ǎ)(t, x)) ≥ c||y(t, .)||C0([0,1]).But y is the solution of the transport equation (1.31) and it satis�es:
y(t, x) = y(s, φ(s, t, x)). exp(−2

∫ t

s

∂x(ǔ+ Ǎ)(r, φ(r, t, x))dr).Combining those fats, we get for t ≥ s:
|y(t, x)| ≤ |y(s, φ(s, t, x))|. exp(−2

∫ t

s

c.||y(r, .)||C0([0,1])dr).This implies that |y| dereases along the harateristis (stritly for the times where y(t, .) 6≡ 0).But we have also imposed y(t, 0) = y(s, 0).e−M(t−s), therefore |y| also dereases along x = 0.This already shows, thanks to the existene theorem that a maximal solution of the losed loopsystem is global. To get a more preise statement, we onsider all the harateristis betweentime t and s and we obtain:
∀t ≥ s ≥ 0, ||y(t, .)||C0([0,1]) ≤ ||y(s, .)||C0([0,1])max

r∈[s,t]

(

e−M(r−s) exp(−2c

∫ t

r

||y(α, .)||C0([0,1])dα)

)

.Now let us de�ne the funtion g as follows:
g(r) = e−M(r−s) exp(−2c

∫ t

r

||y(α, .)||C0([0,1])dα).We then have:
g′(r) = (2c||y(r, .)||C0([0,1]) −M)g(r),and we know that as long as the quantity ||y(r, .)||C0([0,1]) is not equal to zero, it is dereasing.So if ||y0||C0([0,1]) >

M
2c , for t small enough ||y(t, .)||C0([0,1]) ≥

M
2c and we have:

||y(t, .)||C0([0,1]) ≤ ||y0||C0([0,1]).e
−M.twhih implies ||y(τ, .)||C0([0,1]) ≤

M
2c . This provides for τ ≤ s ≤ t, the inequality (whih was learwhen ||y0||C0([0,1]) ≤

M
2c )

||y(t, .)||C0([0,1]) ≤ ||y(s, .)||C0([0,1]). exp(−2c

∫ t

s

||y(r, .)||C0([0,1])dr).And we onlude with a lassial omparison priniple for ODES.



44 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.Remark 6. • For κ 6= 0 the result is easily improved.Indeed if t ≥ τ − 2 sinh(1)+Al+Ar

κ.c
we have −κ+ ǔ+ Ǎ ≥ −κ

2 .And therefore t ≥ τ − 2 sinh(1)+Al+Ar

κ.c
− 2

κ
⇒ ||y(t, .)||C0([0,1]) ≤ |y0(0)|.e

−M(t+ 2
κ
)

• In partiular if y0(0) = 0 we see that we stabilize the null state in �nite time.
• Of ourse similar results hold for κ ≥ 0 thanks to Remark 2.1.4 Initial boundary value problem for a linear transport equa-tionIn this setion we will onsider the initial boundary value problem for the following linear trans-port equation:

∂ty + a(t, x).∂xy = b(t, x).y + f(t, x) (1.48)We will look at strong and weak solutions of (1.48) on ΩT = [0, T ]×[0, 1]. It should be noted thatthe bakward problem is transformed in a standard one by the hange of variables: t→ T − t.1.4.1 Properties of the �owLet a ∈ C0(ΩT ) be uniformly Lipshitz in the seond variable. We will denote the Lipshitzonstant by
L = ||a||L∞((0,T ),Lip([0,1])).Sine we want to use the method of harateristis to solve (1.48) we need to study the �ow of

a.De�nition 6. For (t, x) ∈ ΩT , let φ(., t, x) be the C1 maximal solution to :
{

∂sφ(s, t, x) = a(s, φ(s, t, x))

φ(t, t, x) = x
, (1.49)whih is de�ned on a ertain set [e(t, x), h(t, x)] (whih is losed beause [0, 1] is ompat) andwith possibly e(t, x) and/or h(t, x) = t.Remark 7. Obviously e(t, x) > 0 ⇒ φ(e(t, x), t, x) ∈ {0, 1}.Now we take into aount the in�uene of the boundaries by introduing the sets:

P = {(t, x) ∈ ΩT | ∃s ∈ [e(t, x), h(t, x)] suh that φ(s, t, x) ∈ {0, 1} and a(s, φ(s, t, x)) = 0}

∪ {(s, φ(s, 0, 0)) | ∀s ∈ [0, T ]} ∪ {(s, φ(s, 0, 1)) | ∀s ∈ [0, T ]},

I = {(t, x) ∈ ΩT \ P | e(t, x) = 0},

L = {(t, x) ∈ ΩT \ P | φ(e(t, x), t, x) = 0},

R = {(t, x) ∈ ΩT \ P | φ(e(t, x), t, x) = 1},

Γl = {t ∈ [0, T ] | a(t, 0) > 0},

Γr = {t ∈ [0, T ] | a(t, 1) < 0}.Proposition 7. The funtion φ is uniformly Lipshitz on its domain.



1.4. Initial boundary value problem for a linear transport equation 45Proof. This is easily dedued from the standard ase by the use of a Lipshitzian extension of
a. We an now study the regularity of e.Proposition 8. Let (t, x) ∈ ΩT \P , (an) ∈ C0(ΩT )∩L

∞((0, T ); Lip([0, 1])) a sequene suh that
||an−a||C0(ΩT ) → 0, ||an||L∞(0,1;Lip([0,1])) is bounded and (tn;xn) ∈ ΩT suh that (tn, xn) → (t, x).Then en(tn, xn) → e(t, x).Proof. One again we will use a Lipshitzian extension operator Π and we set ãn = Π(an) and
ã = Π(a). Now let φ̃n and φ̃ be their respetive �ows. Using Gronwall's lemma we have:

|(φ̃n − φ̃)(s, t, x)| ≤ T.||ãn − ã||C0(ΩT ).e
T.||ã||L∞((0,T );Lip([0,1])) . (1.50)But we an see that:

en(tn, xn) = min{s ∈ [0, tn] | ∀r ∈ [s, tn] φ̃n(r, t, x) ∈ [0, 1]}.

• If (t, x) ∈ I sine we have exluded the harateristis oming from (0, 0) and (0, 1) wehave:
inf

s∈[0,T ]
(d(φ(s, t, x), [0, t] × {0} ∪ [0, t]× {1})) > 0.So we an onlude from (1.50) that for n large enough φn(., t, x) is de�ned bak to 0 thatis en(t, x) = 0. From now on (t, x) ∈ L ∪R.

• Now we an take s stritly lower and lose enough to e(t, x), φ̃(s, t, x) /∈ [0, 1], sine
(t, x) /∈ P ⇒ e(t, x) ∈ Γl ∪ Γr. But φ̃n(s, tn, xn) → φ̃(s, t, x), therefore for n largeenough φ̃n(s, tn, xn) /∈ [0, 1] and s < tn and we an onlude that lim inf en(tn, xn) ≥ s.But s is arbitrarily lose to e(t, x) and we get

lim inf en(tn, xn) ≥ e(t, x).

• If e(t, x) = t then lim sup en(tn, xn) ≤ lim sup tn = t and en(tn, xn) → e(t, x). Otherwisesine (t, x) /∈ P then ∀s ∈]e(t, x), t[ φ(s, t, x) ∈]0, 1[. And now ∀ǫ > 0 ∃α > 0 suh that
∀s ∈ [e(t, x) + ǫ, t− ǫ], min(φ(s, t, x), 1 − φ(s, t, x)) ≥ α.But for n large enough we have:

||φn − φ||C0(ΩT ) ≤
α

4
,

|φn(s, tn, xn)− φn(s, t, x)| ≤
α

4
,(the seond estimate omes from the uniform bound on ||an||L∞((0,1);Lip([0,1]))). But now,ombining those two inequalities we see that for n large and for all s between e(t, x) + ǫand t− ǫ we have:

min(φn(s, tn, xn), 1− φn(s, tn, xn)) ≥
α

2
.This provides lim sup en(tn, xn) ≤ e(t, x) + ǫ, and sine ǫ is arbitrarily small we obtain:

lim sup en(tn, xn) ≤ e(t, x).



46 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.This proposition has a few immediate orollaries.Remark 8. • For an = a it shows that e is ontinuous outside of P .
• If P = ∅, sine ΩT is ompat the proposition implies that en onverges uniformly toward
e.Proposition 9. If we assume that ∂xa ∈ C0(ΩT ) then φ is C1 and e is C1 on ΩT \ P with:

∂te(t, x) =
a(t, x). exp(

∫ s

e(t,x) ∂xa(r, φ(r, t, x))dr)

a(e(t, x), φ(e(t, x), t, x))
, ∂xe(t, x) = −

exp(
∫ s

e(t,x) ∂xa(r, φ(r, t, x))dr)

a(e(t, x), φ(e(t, x), t, x))
.(1.51)Proof. The regularity of φ is a lassial result. If (t, x) ∈ I, e(t, x) = 0 and it is obvious. For

(t, x) ∈ L we have φ(e(t, x), t, x) = 0 and e(t, x) ∈ Γl therefore ∂1φ(e(t, x), t, x) > 0 and theimpliit funtion theorem let us onlude, we an proeed in the same way for R. The inlusionof the harateristis of (0, 0) and (0, 1) in P is needed here.Proposition 10. Let (an) be a sequene of C0([0, T ]; C1([0, 1])) and a ∈ C0([0, T ]; C1([0, 1])) suhthat ||an − a||L∞((0,T );Lip([0,1])) −−−−−→
n→+∞

0. If we all φn the �ow of an and φ the �ow of a then
φn −−−−−→

n→+∞
φ loally in C1.Proof. One again using a C1 extension operator on an and a we dedue the result from thelassial standard ase, whih follows from appliations of Gronwall's lemma.1.4.2 Strong solutionsHere we onsider the ase of data a ∈ C0([0, T ]; C1([0, 1])), yl ∈ C1

c (Γl), yr ∈ C1
c (Γr), y0 ∈ C1

c (0, 1),
b ∈ C1(ΩT ) and f ∈ C1

c (ΩT \ P ). We de�ne the funtion y in the following way:for (t, x) ∈ P y(t, x) = 0, (1.52)for (t, x) ∈ I y(t, x) = y0(φ(0, t, x)). exp

(
∫ t

0
b(r, φ(r, t, x))dr

)

+

∫ t

0
f(r, φ(r, t, x)). exp

(∫ t

r

b(r′, φ(r′, t, x))dr′
)

dr,for (t, x) ∈ L y(t, x) = yl(e(t, x)). exp

(

∫ t

e(t,x)
b(r, φ(r, t, x))dr

)

+

∫ t

e(t,x)
f(r, φ(r, t, x)). exp

(∫ t

r

b(r′, φ(r′, t, x))dr′
)

dr,

(1.53)for (t, x) ∈ R y(t, x) = yr(e(t, x)). exp

(

∫ t

e(t,x)
b(r, φ(r, t, x))dr

)

+

∫ t

e(t,x)
f(r, φ(r, t, x)). exp

(
∫ t

r

b(r′, φ(r′, t, x))dr′
)

dr.



1.4. Initial boundary value problem for a linear transport equation 47Proposition 11. We have y ∈ C1(ΩT ), supp(y) ⊂ ΩT \ P and y is a strong solution of (1.48)with the additional onditions that for all x in [0, 1] y(0, x) = y0(x), for all t in Γl y(t, 0) = yl(t)and for all t in Γr y(t, 1) = yr(t). Besides we have the estimate:
||y||C0(ΩT ) ≤

(

max
(

||y0||C0(0,1), ||yl||C0(Γl), ||yr||C0(Γr)

)

+ T.||f ||C0(ΩT )

)

.e
T.||b||

C0(ΩT ) . (1.54)Proof. First, y is equal to 0 in a neighborhood of P beause we hose y0, yl, yr, f to be null loseto P and beause of(1.53). Outside of this neighborhood, the regularity of y omes from theintegral formulas (1.53) and from the regularity of y0, yl, yr, f , b, φ and e (proved in proposition9). The fat that y satis�es (1.48) is a straightforward alulation.Remark 9. We have that:
∀(t, x) ∈ ΩT and ∀s ∈ [e(t, x), h(t, x)] y(t, x) = y(s, φ(s, t, x)). exp

(
∫ t

s

b(r, φ(r, t, x))dr

)

+

∫ t

s

f(r, φ(r, t, x)). exp

(∫ t

r

b(r′, φ(r′, t, x))dr′
)

dr. (1.55)1.4.3 Weak solutionsIn this setion we will onsider the ase of data a ∈ C0([0, T ]; C1([0, 1])), b, f ∈ L∞(ΩT ), y0 ∈
L∞(0, 1), yl ∈ L∞(Γl) and yr ∈ L∞(Γr). We introdue the spae of test funtions:
Adm(ΩT ) = {φ∈C1(ΩT )| ∀x ∈ [0, 1], φ(T, x) = 0,

∀t ∈ [0, T ] \ Γl, φ(t, 0) = 0, ∀t ∈ [0, T ] \ Γr, φ(t, 1) = 0}.Proposition 12. For y ∈ C1(ΩT ), y is a strong solution of (1.48), if and only if it satis�es
∀φ ∈ Adm(ΩT )

∫

ΩT

y.(∂tφ+ a.∂xφ+ (b+ ∂xa)φ)dxdt = −

∫

ΩT

f(t, x).φ(t, x)dtdx

−

∫ 1

0
φ(0, x).y(0, x)dx +

∫ T

0
(a(t, 1).φ(t, 1).y(t, 1) − a(t, 0).φ(t, 0).y(t, 0))dt. (1.56)This legitimates the following de�nition of a weak solution.De�nition 7. For a ∈ L∞(0, T,Lip(0, 1)), b, f ∈ L1(ΩT ) , y0 ∈ L1(0, 1), yl ∈ L1(Γl) and

yr ∈ L1(Γr), we say that y ∈ L∞(ΩT ) is a weak solution of (1.48) if it satis�es (1.56).Theorem 6. Let a ∈ C0([0, T ]; C1([0, 1])), b, f ∈ L∞(ΩT ), y0 ∈ L∞(0, 1), yl ∈ L∞(Γl) and
yr ∈ L∞(Γr). We will also suppose that the sets

Pl = {t ∈ [0, T ] | a(t, 0) = 0} and Pr = {t ∈ [0, T ] | a(t, 1) = 0}have at most a ountable number of onneted omponents. Then the funtion y de�ned by theformula (1.53), is a weak solution of (1.48) and satis�es:
||y||L∞(ΩT ) ≤

(

max
(

||y0||L∞(0,1), ||yl||L∞(Γl), ||yr||L∞(Γr)

)

+ T.||f ||L∞(ΩT )

)

.eT.||b||L∞(ΩT ) . (1.57)



48 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.Proof. If we let Pt̃ = P ∩ {(t, x) ∈ ΩT | t = t̃}, we an see that eah points of a Pt̃ orrespondsto at least one onneted omponent of Pl ∪Pr (sine only one harateristi urve goes throughthe whole onneted omponent) therefore, Pt̃ is at most ountable and thus 1d negligible, thisimplies that P is 2d negligible.Now we have:
• C1

c (ΩT \ P ) is dense in L1(ΩT ),
• C1

c (0, 1) is dense in L1(0, 1),
• C1

c (Γl) is dense in L1(Γl),
• C1

c (Γr) is dense in L1(Γr).And we an take, thanks to the hypothesis on b, f , y0, yl and yr:
• (bn) ∈ C1(ΩT ) suh that ||bn − b||L1(ΩT ) → 0 and ||bn||L∞(ΩT ) is bounded,
• (fn) ∈ C1

c (ΩT \ P ) suh that ||fn − f ||L1(ΩT ) → 0 and ||fn||L∞(ΩT ) is bounded,
• (y0,n) ∈ C1

c (0, 1) suh that ||y0,n − y0||L1(0,1) → 0 and ||y0,n||L∞(0,1) is bounded,
• (yl,n) ∈ C1

c (Γl) suh that ||yl,n − yl||L1(Γl) → 0 and ||yl,n||L∞(Γl) is bounded,
• (yr,n) ∈ C1

c (Γr) suh that ||yr,n − yl||L1(Γr) → 0 and ||yr,n||L∞(Γr) is bounded.We all (yn) the sequene of strong solutions to (1.48). Thanks to (1.54) we an extrat so that:
∃y ∈ L∞(ΩT ) suh that yn onverges to y for the weak-* topology of L∞(ΩT ).Now we take the limit in (1.56) and onlude that y is a weak solution to (1.48).We an also suppose (we just need to extrat again) that we have pointwise onvergene almosteverywhere of:

bn → b, fn → f, y0,n → y0, yl,n → yl, yr,n → yr.Thanks to the dominated onvergene theorem and to the limit uniqueness, we see that y satis-�es (1.53) and (1.55) almost everywhere, and this provides (1.57).1.4.4 Uniqueness of the weak solutionWe have proved the existene of a weak solution to (1.48) and we have the bound (1.57), thereforethe initial boundary value problem will be well posed one we have shown the uniqueness of theweak solution.Proposition 13. Under the hypothesis of the theorem 6, there is only one weak solution to (1.48).Proof. By linearity we only need to prove the uniqueness for f = 0, y0 = 0, yl = 0, yr = 0.Whih is ∀y ∈ L∞(ΩT ):
(

∀φ ∈ Adm(ΩT )

∫

ΩT

y.(∂tφ+ a.∂xφ+ (b+ ∂xa).φ)dxdt = 0

)

⇒ y = 0 a.e.Let y be suh as above, we take:
• yn ∈ C1

c (ΩT \ P ) suh that ||yn − y||L2(ΩT ) → 0 and ||yn||L∞(ΩT ) is bounded,



1.4. Initial boundary value problem for a linear transport equation 49
• dn ∈ C1(ΩT ) suh that ||dn − (b+ ∂xa)||L2(ΩT ) → 0 and ||dn||L∞(ΩT ) is bounded.We want φn ∈ Adm(ΩT ) to be a strong solution of ∂tφn + a.∂xφn + dn.φn = yn, but theboundary onditions for funtions in Adm(ΩT ) makes it a bakward problem. Indeed for φn tobe a test funtion we must have ∀x ∈ [0, 1], φn(T, x) = 0, ∀t ∈ [0, T ] \ Γl, φn(t, 0) = 0 and ∀t ∈

[0, T ] \ Γr, φn(t, 1) = 0. As we said previously the hange of variables t → T − t transforms abakward problem in a regular forward one, whih we an solve thanks to setion 1.4.2. We justneed to realize that the hange of variables t → T − t sends the old P on the new P , the old
[0, T ] \ Γl on the new Γl ∪ Pl and the old [0, T ] \ Γr on the new Γl ∪ Pr.And therefore: ∀n ∈ N,

∫

ΩT

y.(yn + φn(b+ ∂xa− dn))dxdt = 0.Now thanks to the hypothesis on yn and dn, and to (1.54), when n→ +∞ we get
∫

ΩT

|y(t, x)|2dxdt = 0.

1.4.5 Additional properties of yUntil now weak solutions had only the L∞ regularity but in fat we have more.Lemma 4. If a and ∂xa are ontinuous and if the sets Pl = {t ∈ [0, T ] | a(t, 0) = 0} and Pr =
{t ∈ [0, T ] | a(t, 1) = 0} have a �nite number of onneted omponents, and if b and f are in
L∞(ΩT ) then ∀p < +∞ we have ||y||Lp(0,1) ∈ C0([0, T ]).Proof. Let t ∈ [0, T ] and ǫ ≥ 0. Reduing ǫ if neessary we an suppose that a(s, 0) and a(s, 1)have a onstant sign on [t, t + ǫ]. Hene we will prove the result in the ase a(t, 0) ≥ 0 and
a(t, 1) ≥ 0 (the other ases being similar). This implies h(t, 0) ≥ t+ ǫ and e(t+ ǫ, 1) ≤ t:

0
0 1

tPSfrag replaements t + ǫ

φ(t, t + ǫ, 1)φ(t + ǫ, t, 0)Now we have:
||y(t+ ǫ, .)||p

Lp(0,1) =

∫ φ(t+ǫ,t,0)

0
|y(t+ ǫ, x)|pdx+

∫ 1

φ(t+ǫ,t,0)
|y(t+ ǫ, x)|pdxsine φ(t+ǫ, t, 0) −−→

ǫ→0
0 and y ∈ L∞(ΩT ) the �rst integral tends to 0. Then, if x ∈ [φ(t+ǫ, t, 0), 1]we reall that thanks to (1.55) and after performing the hange of variables x̃ = φ(t, t+ ǫ, x) one



50 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.has:
∫ 1

φ(t+ǫ,t,0)
|y(t+ ǫ, x)|pdx =

∫ φ(t,t+ǫ,1)

0

∣

∣

∣

∣

y(t, x̃). exp

(∫ t+ǫ

t

b(s, φ(s, t, x̃))ds

)

+

∫ t+ǫ

t

f(t, φ(r, t, x̃)). exp

(∫ t+ǫ

r

b(r′, φ(r′, t, x̃))dr′
)

dr

∣

∣

∣

∣

p

×exp

(∫ t+ǫ

t

∂xa(s, φ(s, t, x̃))ds

)

dx̃.(1.58)And �nally sine φ(t, t+ ǫ, 1) →
ǫ→0+

1, f, b, y ∈ L∞(ΩT ) and ∂xa ∈ C0(ΩT ) we get
∫ 1

φ(t+ǫ,t,0)
|y(t+ ǫ, x)|pdx −−−→

ǫ→0+

∫ 1

0
|y(t, x)|pdx.The other geometries of the harateristis are treated in the same way. And the argument islearly reversible in time so we also have the ase ǫ ≤ 0.Now we an get some additional regularity for y.Proposition 14. If a and ∂xa are ontinuous, if the sets Pl and Pr de�ned by:

Pl = {t ∈ [0, T ] | a(t, 0) = 0}, Pr = {t ∈ [0, T ] | a(t, 1) = 0},have a �nite number of onneted omponents, if y0, yl yr are essentially bounded and if b and fare in L∞(ΩT ) then ∀p < +∞ we have y ∈ C0([0, T ], Lp(0, 1)).Proof. We take t = 0 and ǫ > 0. Reduing ǫ if neessary, we an suppose that a(s, 0) and a(s, 1)have a onstant sign on [t, t+ ǫ]. We will prove the result in the ase a(t, 0) ≥ 0 and a(t, 1) ≤ 0(the others an be treated in the same way). This implies:
h(0, 1), h(0, 0) ≥ ǫ.Let γ > 0, sine y0 ∈ L∞(0, 1) we have a funtion ỹ0 ∈ C0([0, 1]) suh that ||y0 − ỹ0||Lp(0,1) ≤ γ.We now onsider ỹ the weak solution of (1.48) with boundary value yl and yr and initial value

ỹ0. By linearity it is lear that y− ỹ is solution to (1.48) with boundary value 0 and initial value
y0 − ỹ0. Therefore the previous lemma asserts that t 7→ ||y(t, .)− ỹ(t, .)||Lp(0,1) is ontinuous andwe see that for t su�iently small

||y(t, .) − ỹ(t, .)||Lp(0,1) ≤ 2γ.Now sine ỹ satis�es (1.55), sine b, f, ỹ ∈ L∞(ΩT ) and more importantly sine ỹ0 ontinuous,we obtain:
ỹ(ǫ, x) →

ǫ→0+
ỹ0(x) for any x in (0, 1).This in turn provides:

∫ φ(ǫ,0,1)

φ(ǫ,0,0)
|ỹ(ǫ, x)− ỹ0(x)|

pdx →
ǫ→0+

0.And �nally we onlude that for ǫ su�iently small we have:
||ỹ(ǫ, .)− ỹ0(.)||Lp(0,1) ≤ γ,whih implies that for ǫ small enough:
||y(ǫ, .) − y0(.)||Lp(0,1) ≤ 4γ.We an both translate and reverse the argument in time.



1.4. Initial boundary value problem for a linear transport equation 51To �nish this part we will prove an inequality about the ontinuity property of the linearoperator providing y in term of f , y0, yl and yr.Proposition 15. If a and ∂xa are ontinuous and if the sets Pl and Pr de�ned by:
Pl = {t ∈ [0, T ] | a(t, 0) = 0}, Pr = {t ∈ [0, T ] | a(t, 1) = 0},have a �nite number of onneted omponents then we have the inequality:

∀t ∈ [0, T ] ||y(t, .)||L1(0,1) ≤ (||f ||L1((0,t)×(0,1))+ ||y0||L1(0,1)+ ||yl||L1((0,t)∩Γl)+ ||yr||L1((0,t)∩Γr))

× ||a||L∞(ΩT ))e
t(||∂xa||L∞(ΩT )+||b||L∞(ΩT )). (1.59)Proof. Let us �rst suppose that a(s, 0), a(s, 1) ≥ 0 on [0, T ], this implies h(0, 0) ≥ t and e(t, 1) =

0, therefore we an write:
||y(t, .)||L1(0,1) ≤

∫ φ(t,0,0)

0

∣

∣

∣

∣

∣

yl(e(t, x)). exp

(

∫ t

e(t,x)
b(r, φ(r, t, x))dr

)∣

∣

∣

∣

∣

dx

+

∫ φ(t,0,0)

0

∣

∣

∣

∣

∣

∫ t

e(t,x)
f(t, φ(r, t, x)). exp

(∫ t

s

b(s, φ(s, t, x))ds

)

dr

∣

∣

∣

∣

∣

dx

+

∫ 1

φ(t,0,0)

∣

∣

∣

∣

y0(φ(0, t, x)). exp

(∫ t

0
b(r, φ(r, t, x))dr

)∣

∣

∣

∣

dx

+

∫ 1

φ(t,0,0)

∣

∣

∣

∣

∫ t

0
f(t, φ(r, t, x)). exp

(
∫ t

s

b(s, φ(s, t, x))ds

)

dr

∣

∣

∣

∣

dx

=I1 + I2 + I3 + I4.Now we will treat eah Ik separately. In I1 we perform the hange of variables: s = e(t, x) (orequivalently x = φ(t, s, 0)) and we get:
I1 =

∫ t

0
|yl(s)|.a(s, 0). exp

(
∫ t

s

b(r, φ(r, s, 0)) + ∂xa(r, φ(r, s, 0))dr

)

dsTherefore we have I1 ≤ ||yl||L1(0,t).||a||L∞(ΩT ).e
t.(||∂xa||L∞(ΩT )+||b||L∞(ΩT )).For the seond integral we have:

I2 =

∫ φ(t,0,0)

0

∣

∣

∣

∣

∣

∫ t

e(t,x)
f(t, φ(r, t, x)). exp

(∫ t

s

b(s, φ(s, t, x))ds

)

dr

∣

∣

∣

∣

∣

dx

≤

∫ t

0

∫ φ(t,0,0)

φ(s,0,0)
|f(t, φ(r, t, x))| . exp

(∫ t

s

b(s, φ(s, t, x))ds

)

dxdr.This time we perform the hange of variables: x̃ = φ(r, t, x). And we get:
I2 ≤ et(||∂xa||L∞(ΩT )+||b||L∞(ΩT )) ×

∫ t

0

∫ φ(r,0,0)

0
|f(t, x̃)|dx̃dr.In the same way we obtain:

I3 ≤ et(||b||L∞(ΩT )+||∂xa||L∞(ΩT )) ×

∫ φ(0,t,1)

0
|y0(x̃)|dx̃.



52 Chapitre 1. Problème mixte et stabilisation de Camassa-Holm.And �nally for I4 we use x̃ = φ(r, t, x) to obtain:
I4 ≤ et(||b||L∞(ΩT )+||∂xa||L∞(ΩT ))

∫ t

0

∫ φ(r,t,1)

φ(r,0,0)
|f(t, x̃)|dx̃dr.Combining the inequalities on I1, I2, I3 and I4 we get (1.59). However we supposed that a(s, 0)and a(s, 1) did not hange signs between on [0, T ]. Therefore if either a(s, 0) or a(s, 1) hangesign at time t1 we only have the desired estimates separately on [t0, t1] and on [t1, t2] where oneah interval, a(s, 0) and a(s, 1) do not hange sign. More preisely if t ∈ [t1, t2] we have:

||y(t1, .)||L1(0,1) ≤ (||f ||L1((t0,t1)×(0,1)) + ||y(t0, .)||L1(0,1) + ||yl||L1((t0,t1)∩Γl) + ||yr||L1((t0,t1)∩Γr))

×||a||L∞(ΩT )).e
(t1−t0)(||∂xa||L∞(ΩT )+||b||L∞(ΩT ))

||y(t, .)||L1(0,1) ≤ (||f ||L1((t1,t)×(0,1)) + ||y(t1, .)||L1(0,1) + ||yl||L1((t1,t)∩Γl) + ||yr||L1((t1,t)∩Γr))

×||a||L∞(ΩT )).e
(t−t1)(||∂xa||L∞(ΩT )+||b||L∞(ΩT ))And now we an substitute ||y(t1, .)||L1(0,1) in the right side of (1.4.5) with the right side of(1.4.5), whih provides (1.59) on the whole interval [t0, t2]. Finally sine we know that a(s, 0)and a(s, 1) hange sign only a �nite number of time, the previous argument allows us to extend(1.59) to [0, T ].Remark 10. The previous estimate and the well posedness in L∞(ΩT ) of the initial boundaryvalue problem (1.12) for data y0, yl, yr and f in L∞ show that the same problem is well posedin C([0, T ];L1(0, 1)) with data in L1. And then sine the equation is linear and beause we haveboth the well-posedness in L∞(ΩT ) with essentially bounded data, and also the well-posedness in

C0([0, T ];L1(0, 1)) with summable data we an interpolate the two results and get well posednessin C0([0, T ];Lp(0, 1)) with data in Lp.



Chapitre 2Contr�labilité exate des solutionsentropiques de lois de onservationsalaires ave un ontr�le additionnel.Abstrat. In this paper, we study the exat ontrollability problem for nonlinear salar onservation lawson a ompat interval, with a regular onvex �ux and in the framework of entropy solutions. With theboundary data and a soure term depending only on the time as ontrols, we provide su�ient onditionsfor a state to be reahable in arbitrary small time. To do so we introdue a slightly modi�ed wave-fronttraking algorithm.2.1 IntrodutionThis paper is onerned with the exat ontrollability problem of a nonlinear salar onservationlaw with a soure term, on a bounded interval and in the framework of entropy solutions:
∂tu+ ∂xf(u) = g(t),

u(0, x) = u0(x),

u(t, 0) = ul(t),

u(t, L) = ur(t),

(t, x) ∈ (0, T ) × (0, L), (2.1)where f is assumed to be a C2 stritly onvex funtion.Salar onservation laws are used for instane to model tra� �ow or gas networks, but theirimportane also onsists in being a �rst step in the understanding of systems of onservationlaws. Those systems of equations model a huge number of physial phenomena: gas dynamis,eletromagnetism, magneto-hydrodynamis, shallow water theory, ombustion theory... see [45,Chapter2℄.In this paper, we study (3.1) from the point of view of ontrol theory and we regard theboundary data ul, ur and the soure term g as ontrols. We will provide su�ient onditions ona state u1 in BV(0, L) so that for any time T and any u0 in BV(0, L) there exist ul and ur in
BV(0, T ) and g in C1([0, T ]) suh that u(T, .) = u1.For equations suh as (3.1), the Cauhy problem on the whole line is well posed in small timein the framework of lassial solutions and with a lassial initial value. However those solutionsgenerally blow up in �nite time: shok waves appear. Hene to get global in time results, a53



54 Chapitre 2. Contr�labilité des lois salaires.weaker notion of solution is alled for. In [87℄ Oleinik proved that given a �ux f ∈ C2 suh that
f ′′ > 0 and any u0 ∈ L∞(R) there exists one and only one weak solution to:

ut + (f(u))x = 0, x ∈ R and t > 0, (2.2)
u(0, .) = u0, (2.3)satisfying the additional ondition:

u(t, x+ a)− u(t, x)

a
<
E

t
for x ∈ R, t > 0, and a > 0, (2.4)and where E depends only on the quantities inf(f ′′) and sup(f ′) taken on [−||u0||L∞ , ||u0||L∞ ] andnot on u0. Later in [82℄, Kruzkov extended this global result to the multidimensional problem,with a C1 �ux f : R → R

n not neessarily onvex and with a di�erent entropy ondition:
ut + div(f(u)) = 0, for t > 0 and x ∈ R

n. (2.5)This time the weak entropy solution is de�ned as satisfying the following integral inequality:for all real numbers k and all positive funtions φ in C1
c (R

2), (2.6)
∫∫

R2

|u− k|φt + sgn(u− k)(f(u)− f(k))∇φdtdx+

∫

R

u0(x)φ(0, x)dx ≥ 0. (2.7)The initial boundary value problem for equation (3.1) is also well posed as shown by Leroux in[80℄ for the one dimensional ase with BV data, by Bardos Leroux and Nedele in [15℄ for themultidimensional ase with C2 data and later by Otto in [88℄ (see also [86℄) for L∞ data. Howeverthe meaning of the boundary ondition is quite intriate and the Dirihlet ondition may not beful�lled pointwise a.e. in time. In the following, we will use the fat that the restrition of aweak entropy solution of (3.1) on the whole line is the weak entropy solution to the IBVP on aninterval with boundary data given by its trae at the boundary points (whih exists the solutionbeing in BV).In the framework of entropy solutions, only a few ontrollability results exist for equation(3.1). In [4℄, Anona and Marson haraterized exatly the reahable states of
{

∂tu+ ∂x(f(u)) = 0, t > 0, x > 0,

u(0, x) = 0, x > 0, u(t, 0) = c(t), t > 0.
(2.8)where f is stritly onvex and with a boundary ontrol c. A state w ∈ L∞(0,+∞) is reahablein time T if and only if the following onditions hold:

w(x) 6= 0 ⇒ f ′(w(x)) ≥
x

T
,

(

w(x−) 6= 0 and for every y greater than x, w(y) = 0
)

⇒ f ′(w(x−)) >
x

T
, (2.9)

lim sup
h→0

w(x+ h)− w(x)

h
≤

f ′(w(x))

xf ′′(w(x))
,for every x > 0. The �rst two onditions are related to the propagation speed of (2.8) and thethird is analogous to (2.4) but in the presene of a boundary.In [69℄ Horsin provided su�ient onditions (related to (2.9)) on a state to be reahable for theBurgers equation posed on a ompat interval and with a general initial data and where the



2.2. Statement of the results. 55ontrols are the two boundary values.There are also some results on the ontrollability and non-ontrollability of systems of onserva-tion laws in the ontext of entropy solutions by Bressan and Colite [17℄, Anona and Colite [3℄,Anona and Marson [5℄ and by Glass [57℄. In all those ases, some very reasonable looking statesannot be reahed in any time using only boundary ontrol. For example in the ase of Burgers'equation on a ompat interval, the onstant state 0 annot be reahed from most initial statesin any given time.However with an additional ontrol g(t) as in (3.1) and with f(z) = z2

2 (Burgers equation),Chapouly showed in [20℄ that in the framework of lassial solutions, any state is reahable fromany initial data and in any time (note that in this ontext, the ontrols also had to prevent theblow up of the solution, whih will not be a onern for entropy solutions). This is the kindof improvement we want to obtain in the framework of entropy weak solutions, and for moregeneral onvex �uxes.In the ase of the Burgers equation, our additional ontrol g an be seen as a pressure �eld,but (3.1) is also a toy model for the Euler-Poisson system:


















∂tρ+ ∂xm = 0, ρ(0, .) = ρ0, ρ(t, 0) = ρl(t), ρ(t, L) = ρr(t),

∂tm+ ∂x(
m2

ρ
+p(ρ)) = ρ∂xV −m, m(0, .) = m0, m(t, 0) = ml(t), m(t, L) = mr(t),

−∂2xxV = ρ, V (t, 0) = Vl(t), V (t, L) = Vr(t), (2.10)where the ontrols are ρl, ρr, ml, mr, Vl and Vr. Indeed one we take g(t) = Vr(t)−Vl(t)
L

we get
Vx = g(t) + Aρ(t) with A a linear integral operator. So we have to deal with an hyperbolisystem ontrolled by the boundary data and an additional soure term depending only on thetime variable.2.2 Statement of the results.In what follows f is a C2 stritly onvex funtion and L and T are positive numbers. We onsiderthe equation:

∂tu+ ∂x(f(u)) = g(t), for (t, x) ∈ (0, T ) × (0, L), (2.11)where g is a C1 funtion that we an speify, that is, a ontrol.We begin by realling the de�nition of an entropy solution for a salar onservation law.De�nition 8. A ouple of C1(R,R) funtions (η, q) is a onvex entropy-�ux pair for f if:
η is onvex and ∀z ∈ R, η′(z)f ′(z) = q′(z).Now we say that u ∈ L∞((0, T )×(0, L)) is an entropy solution of (2.11) if for all non-negativefuntions φ in C1

c ((0, T ) × (0, L)) and all onvex entropy-�ux pairs (η, q) we have:
∫ T

0

∫ L

0
η(u(t, x))∂tφ(t, x) + q(u(t, x))∂xφ(t, x) + η′(u(t, x))φ(t, x)g(t)dxdt ≥ 0. (2.12)It will be useful to onsider only the lass representatives of BV funtions that are right-ontinuous, whih is possible sine the disontinuity points of suh a funtion are ountable, wewill do so in all the paper. We now provide our �rst ontrollability result onerning (2.11).



56 Chapitre 2. Contr�labilité des lois salaires.Theorem 7. Let u1 ∈ BV(0, L) satisfy:
sup

0<h<L
0<x<L−h

u1(x+ h)− u1(x)

h
< +∞, (2.13)and suppose that f satisfy one of the following onditions:

f ′(M)

sup
z∈[0,M ]

f ′′(z)
→ +∞ as M → +∞ or f ′(M)

sup
z∈[M,0]

f ′′(z)
→ −∞ as M → −∞. (2.14)Then for any positive time T and any u0 in BV(0, L) there exist two funtions g and u respetivelyin C1([0, T ]) and L∞((0, T ); BV(0, L)) ∩ Lip([0, T ];L1(0, L)), suh that u is an entropy solutionof (2.11) on (0, T ) × (0, L) and

u(0, .) = u0 and u(T, .) = u1 in (0, L).Remark 11. • Estimates (2.13) and (2.4) are of similar nature but (2.13) is muh lessrestritive sine this supremum an be arbitrarily large.
• The �rst two onditions of (2.9) are replaed here by (2.14) whih onerns only the �ux.Therefore many more states are reahable with the additional ontrol g. Furthermore theyare reahable in arbitrarily small time.We now provide some results in the ase where the semi-Lipshitz ondition (2.13) degeneratesnear one boundary point. Indeed we an see that in the third ondition of (2.9), the right-handside an blow up as x→ 0+, whih is not the ase for (2.13). Sine the transformation:

X = L− x, F (z) = f(−z), v(t,X) = −u(t, x), (2.15)transforms an entropy solution u of (2.11) in an entropy solution v of ∂tv + ∂XF (v) = −g with
F (z) = f(−z) also a onvex funtion, and exhanges the boundary points, we will only onsiderthe ase where the degeneray takes plae at 0.Now to quantify this degeneray, we introdue the following funtion K:

∀x ∈ (0, L), K(x) =






sup

x≤y<L
0<h<L−y

u1(y + h)− u1(y)

h







+

. (2.16)From now on, we will always suppose that K is �nite at eah point of (0, L). It is obviouslynon-inreasing and non-negative therefore it may only blow up at 0. In the ase of suh a blow-upwe have the following su�ient ondition for ontrollability.Theorem 8. Let u1 ∈ BV(0, L) satisfy both
K(x) = O

(

1

xp

) and (

u1(0)− inf
0<y≤x

u1(y)

)

= O(x2p) as x→ 0+. (2.17)Let us de�ne:
∀M > 0, IM = [ inf

x∈(0,L)
u1(x), sup

x∈(0,L)
u1(x) +M ], (2.18)



2.2. Statement of the results. 57and suppose that for a ertain q > 0, suh that p(2q + 1) ≤ 1, the �ux f satis�es both:
M q

sup
z∈IM

f ′′(z)
−−−−−→
M→+∞

0 and |h|q

|f ′(u1(0) + h)|
= O(1) at 0 and at +∞. (2.19)Then for any T positive and any u0 in BV(0, L) there exist two funtions g and u respetively in

C1([0, T ]) and L∞((0, T ); BV(0, L)) ∩ Lip([0, T ];L1(0, L)) suh that the following holds:
• u is an entropy solution of (2.11) on (0, T )× (0, L) with u(0, .) = u0,
• at the �nal time T we have both u(T, .) = u1 and g(T ) = 0 .Remark 12. • This ontains the �uxes of shape f(z) = |z|q+1 with q less than 1

2p −
1
2 .

• The fat that at time T , g is C1 and equal to zero is restritive. The ompatibility ondition
p(2q + 1) ≤ 1 ould be improved by removing either hypotheses.

• Note that in omparison to onditions (2.9), the ompatibility ondition p(2q + 1) ≤ 1 is anew phenomenon.
• Using the theory of generalized harateristis of Dafermos [44℄, it is easy to show that anentropy solution u of (2.11) satis�es the following neessary ondition. For 0 < x < y < Llet us take:

V = max(|f ′(||u(t, .)||L∞(0,L) + ||g||L1(0,t))|, |f
′(−||u(t, .)||L∞(0,L) − ||g||L1(0,t))|),then we have: u(t, y)− u(t, x) ≤

V

inf(f ′′(z))

1

min(L− y, x, V t)
(y − x). (2.20)So we see that the semi-Lipshitz ondition (2.13) may a priori blow up at both endpoints.We onlude this part with the most general result on ontrollability properties for equation(2.11).Theorem 9. Suppose that f ′(z) tends to in�nity as z does. Let u1 be in BV(0, L) and let T̄ bea positive number. We introdue the following notations:

∀x ∈ (0, L), τ(x) = min






T̄ ,

1

2K(x)

1

sup
z∈IM

f ′′(z)






. (2.21)Suppose that there exists a non-positive funtion ḡ ∈ C1([0, T̄ ]) suh that:

lim inf
β→0+

sup
3β
2
≤α<L

(

α−

∫ T̄

T̄−τ(α−β)
f ′

(

inf
α−β≤x≤α

u1(x)−

∫ T̄

s

ḡ(r)dr

)

ds

)

≤ 0. (2.22)Then for any time T larger that T̄ and any funtion u0 in BV(0, L) there exist two funtions gin C1([0, T ]) and u in L∞((0, T ); BV(0, L)) ∩ Lip([0, T ];L1(0, L)) suh that:
u is an entropy solution of (2.11) on (0, T ) × (0, L),

u(0, .) = u0 and u(T, .) = u1 in (0, L).



58 Chapitre 2. Contr�labilité des lois salaires.Before proving the results above let us make a few general omments on the problem andon the method whih we will use. The linearization of equation (2.11) is problemati beause ofthe lak of regularity and also beause the linearized equation is no longer in onservative form.Therefore we will rather onstrut approximate solutions using a wave-front traking algorithmand then use a lassial ompatness argument to get a trajetory solving the exat ontrollabilityproblem. It should be noted that another approah would be to ontrol the visous equation andthen let the visosity tend to zero while keeping uniformly bounded ontrols, as in [62℄ or [75℄.A �rst obvious remark is that when both the initial and �nal states u0 and u1 are onstantfuntions on (0, L), the exat ontrollability problem for (2.11) is redued to �nding g in C1([0, T ])suh that ∫ T0 g(s)ds = u1 − u0 whih is trivial for any hoie of T , g(0) and g(T ). Now wefollow the strategy of the return method J.-M. Coron introdued in [33℄ (see also [34℄): ratherthan keeping the ontrol small and use a linearization argument, we use large ontrols and thenonlinearity to perturb the system. More preisely more preisely we proeed in two steps, inthe �rst we begin with a general initial value and end with a hosen onstant one, in the seondwith begin with a onstant initial value and end with a more general oneThe rest of the paper is organized as follows. In the next setion, we will prove that for anyinitial ondition u0 in BV(0, L) and any positive T , we an �nd g in C1([0, T ]) and an entropysolution of (2.11) suh that both u(0, .) = u0 and u(T, .) is onstant on (0, L). In Setion 4we will prove the remaining part of Theorem 9: given T̄ positive, u1 in BV(0, L) and a �ux fsatisfying the hypotheses of the theorem we an onstrut g and an entropy solution u of (2.11)suh that u(T̄ , .) = u1 and u(0, .) is onstant on (0, L). In Setion 5 we show how we dedueTheorem 7 from Theorem 9. And in Setion 6 we prove Theorem 8 using Theorem 9. Finallywe ollet useful results on our wave-front traking algorithm in an appendix.2.3 Control toward a onstant.The aim of this setion is to prove the following result dealing with the exat ontrollabilityproblem from a general initial data toward a �nal onstant state in arbitrarily small time.Proposition 16. Let u0 be in BV(0, L), and T be a positive number. There exist g and urespetively in C1([0, T ]) and L∞((0, T ); BV(0, L)) ∩ Lip([0, T ];L1(0, L)) suh that:
• u is an entropy solution of (2.11),
• u(0, .) = u0 on (0, L),
• u(T, .) is onstant on (0, L).Proof. Take g non-negative in C1([0, T ]) suh that the following ondition is satis�ed:

∫ T

0
f ′
(
∫ t

0
g(s)ds − ||u0||L∞(0,1)

)

dt ≥ L, (2.23)and de�ne:
c(t) =

∫ t

0
f ′
(
∫ r

0
g(s)ds − ||u0||L∞(0,1)

)

dr. (2.24)We �rst reall a lassial lemma.



2.3. Control toward a onstant. 59Lemma 5. If (un) is a family of funtions de�ned on [t1, t2]×(a, b) and C a onstant independentof n suh that:
∀t ∈ [t1, t2], ||un(t, .)||BV((a,b)) ≤ C, (2.25)

∀t, s ∈ [t1, t2],

∫ b

a

|un(t, z)− un(s, z)|dz ≤ C|t− s|. (2.26)Then we an extrat (uψ(n))n≥0 and get u satisfying (2.25), (2.26) and suh that:
||uψ(n) − u||L1

loc((0,T )×(a,b)) → 0

∀t ∈ [0, T ], ||uψ(n)(t, .) − u(t, .)||L1
loc

(a,b) → 0
when n→ +∞. (2.27)Proof. See [16℄ Chapter 2 Setion 4.Now we will to onstrut u by approximation.Lemma 6. Suppose that we have a sequene (un)n≥1 satisfying the following properties:1. the family (un)n≥1 is bounded in L∞((0, T ); BV(R)) ∩ Lip([0, T ], L1

loc(R)),2. we have ||un(0, .) − u0||L1(0,L) → 0 when n→ +∞,3. for every entropy-�ux pair (η, q), we have:
lim sup
n→+∞

∫ T

0

∫ L

0
η(un(t, x))∂tφ(t, x) + q(un(t, x))∂xφ(t, x) + η′(un(t, x))φ(t, x)g(t)dtdx ≤ 0,(2.28)4. the funtions un(t, x)− ∫ t0 g(s)ds are onstant on the set {(t, x) ∈ [0, T ]× R | x ≤ c(t)}.Then there exists u as in Proposition 16.Proof. Using the �rst property above and the standard ompatness result of lemma 5, we anextrat a subsequene (uφ(n))n≥1 that onverges in L1

loc(R
2) toward a funtion u suh that:

u ∈ L∞((0, T ); BV(R)) ∩ Lip([0, T ], L1
loc(R)).Furthermore we an also suppose that for every t in [0, T ] we have ||uφ(n)(t, )−u(t, .)||L1(0,L) → 0.The third property satis�ed by (un)n≥1 implies that u is an entropy solution of (2.11), the seondthat u0 = u(0, .) on (0, L) and the last property together with (2.23) and (2.24) implies that

u(T, .) is onstant on (0, L).It only remains to onstrut suh a family. We will do so using a wave-front traking al-gorithm. Compared to the lassial wave-front traking algorithm (see [45℄ hapter 14 or [16℄hapter 6) the disontinuities travel along pieewise C1 urves and not polygonal lines. Note thatwhile we use this modi�ation to deal with a soure term g(t), the same ideas might be usedwith g(t, u).To be more preise take
G1(t) =

∫ t

0
g(s)ds (2.29)and introdue the following notion of wave-front traking approximation.



60 Chapitre 2. Contr�labilité des lois salaires.De�nition 9. If ǫ is a positive number and uǫ a funtion de�ned on [0, T ] × (0, L) we say that
uǫ is an ǫ-approximate front traking solution of (2.11) if:

• as a funtion of two variables uǫ(t, x)−G1(t) is loally onstant exept on a �nite numberof urves x = xα(t) whih are C1 where the disontinuities are loated and whih we willall disontinuity fronts,
• for eah urve xα we have for a.e. t:

ẋα(t) =
f(uǫ(t, xα(t)

+))− f(uǫ(t, xα(t)
−))

u(t, xα(t)+)− u(t, xα(t)−)
, (2.30)

• for eah urve xα and a.e. time t we have
uǫ(t, xα(t)

+) ≤ uǫ(t, xα(t)
−) + ǫ. (2.31)We have the following key property of the ǫ-approximate front traking solution.Lemma 7. If uǫ is an ǫ-approximate front traking solution of (2.11) and (η, q) is an entropy-�uxpair then we have for every positive funtion φ in C1

c ((0, T ) × (0, L)):
∫ T

0

∫ L

0
(η(uǫ(t, x))∂tφ(t, x) + q(uǫ(t, x))∂xφ(t, x) + η′(uǫ(t, x))φ(t, x)g(t)dtdx

≥ −C||φ||C0((0,T )×(0,L))ǫ. (2.32)Where the onstant C depends only on f , η, ||g||L1(0,T ) and ||uǫ||L∞((0,T ),BV(0,L)).Proof. See the Appendix.Now to onstrut suh a wave-front traking approximation we proeed as follows.Let n be a positive integer, we de�ne:
ukn = u0(

2k − 1

2n
L), for 1 ≤ k ≤ n, u0n = u0(0), un+1

n = u0(L). (2.33)We take un(0, x) on R equal to:
• ukn for k−1

n
L < x < k

n
L and 1 ≤ k ≤ n,

• u0n for x < 0,
• un+1

n for x > L.Now at eah disontinuity point of un(0, .), we approximately solve the Riemann problem asfollows. We suppose that the disontinuity is at x = 0 and that the left and right state arerespetively v− and v+. Then
• if v− > v+ the disontinuity is a shok and de�ning

γ(t) =

∫ t

0

f(v− +
∫ s

0 g(r)dr)− f(v+ +
∫ s

0 g(r)dr)

v− − v+
ds, (2.34)we take:

v(t, x) =

{

v− +
∫ t

0 g(r)dr if x < γ(t)

v+ +
∫ t

0 g(r)dr if x > γ(t)
. (2.35)
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• if v− < v+ take p = ⌈n(v+ − v−)⌉+ 1 and de�nefor 0 ≤ l ≤ p, vl =

p− l

p
v− +

l

p
v+, (2.36)and for1 ≤ l ≤ p, γl(t) =

∫ t

0

f(vl +
∫ s

0 g(r)dr)− f(vl−1 +
∫ s

0 g(r)dr)

vl − vl−1
ds. (2.37)Finally we de�ne:

v(t, x) =











v0 +
∫ t

0 g(r)dr if x < γ1(t)

vl +
∫ t

0 g(r)dr if γl−1(t) < x < γl(t) and 1 ≤ l ≤ p− 1

vp +
∫ t

0 g(r)dr if γp(t) < x.

(2.38)Now there is a small time during whih all the disontinuity fronts reated at time t = 0 do notinterset. And when two or more fronts interat at a time t > 0 we use the same proedure. Itshould be noted that only one front leaves the interation point. In order to see that we beginwith the following simple lemma.Lemma 8. let u1, u2, u3 be three real numbers suh that:
f(u1)− f(u2)

u1 − u2
>
f(u2)− f(u3)

u2 − u3
, (2.39)then u3 < u1Proof. Straightforward from the onvexity of f .Now if m fronts separating m+1 states u1, ..., um+1 are interating at time τ we have, thanksto the order of their respetive speed:

f(ui−1(τ))− f(ui(τ))

ui−1(τ)− ui(τ)
>
f(ui(τ))− f(ui+1(τ))

ui(τ)− ui+1(τ)
, ∀1 ≤ i ≤ m. (2.40)Now using the lemma we get if m is even u1 > u3 > u5 > · · · > um+1 and the resulting front is ashok, if m is odd we have u1 > u3 > u5 > · · · > um and sine um+1 ≤ um + 1

n
we an onludethat um+1 ≤ u1 + 1

n
and we have either a shok or a single rarefation front.Sine the number of disontinuity fronts dereases at eah interation, this sheme allowsus to de�ne un on R + ×R and produe a 1

n
-approximate wave-front traking solution. Fur-thermore sine all the states separated by the disontinuity fronts are translated by the samevalue ∫ t0 g(s)ds, the quantity TotVar(un(t, .)) does not inrease with time and the quantity

||un(t, .)||L∞(R) is bounded by ||u0||L∞(0,L) + ||g||L1(0,T ). Sine un is a 1
n
-approximate wave-front traking solution we an apply Lemma 7. And we see that the third property of Lemma 6is satis�ed. Obviously the seond property is satis�ed. And we also have the following estimate:

||un||L∞(0,T ;BV(0,L)) ≤ ||u0||BV(0,L) + ||g||L1(0,T ). (2.41)Furthermore sine the speed of the disontinuity fronts is bounded by f ′(||un||L∞((0,T )×(0,L)) wehave:
||un(t+ h, .)− un(t, .)||L1(loc(R) ≤ |h|

(

||g||L∞(0,T ) + 2||un||L∞((0,T )×R).f
′(||un||L∞((0,T )×R))

)

,(2.42)



62 Chapitre 2. Contr�labilité des lois salaires.and we see that the �rst property of Lemma 6 is satis�ed.Finally for any n larger than 0 the leftmost disontinuity front γ(t) satis�es the following:
γ̇(t) =

f(u0n +
∫ t

0 g(r)dr)− f(ukn +
∫ t

0 g(r)dr)

u0n − ukn
≥ f ′

(

−||u0||L∞(0,L) +

∫ t

0
g(r)dr

)

= ċ(t),(2.43)where k may depend on t. Sine c(0) ≤ γ(0) we end up with γ(t) ≥ c(t) for all positive time
t. And using (2.23) and (2.24) we see that the fourth property of Lemma 6 is satis�ed by
(un)n≥1.2.4 Proof of Theorem 9.We now prove the following result whih deals with the exat ontrollability from a onstantstate toward a state u1 belonging to BV(0, L) and satisfying the hypotheses of Theorem 9. Thisonludes the proof of Theorem 9.We reall that the funtion τ is de�ned in (2.21), and for a given number M the interval IM in(2.18).Proposition 17. Consider T > 0, M > 0 and u1 in BV(0, L). Suppose that there exists g in
C1([0, T ]) a non-positive funtion satisfying:

||g||L1(0,T ) ≤M, g(T ) = 0, (2.44)
lim inf
β→0+

sup
α∈[ 3β

2
,L]

(

α−

∫ T

T−τ(α−β)
f ′

(

inf
x∈[α−β,α]

(u1(x))−

∫ T̄

s

g(r)dr

)

ds

)

≤ 0. (2.45)Then there exists u in L∞((0, T ); BV(0, L)) ∩Lip([0, T ];L1(0, L)) an entropy solution of (2.11),suh that:
u(T, .) = u1 and u(0, .) onstant on (0, L).From now on we let G2 be the funtion de�ned by:

G2(s) = −

∫ T

s

g(r)dr. (2.46)We begin with a lemma dealing with two disontinuity fronts of a wave-front traking approxi-mation:Lemma 9. For α ∈ (0, L) and 0 < β < min(α,L− α) onsider γ+ and γ− as follows:
γ±(T ) = α±

β

2
, γ̇±(t) =

f(u1(α± β) +G2(t))− f(u1(α) +G2(t))

u1(α± β)− u1(α)
, (2.47)we have the two following properties:

∀t ∈ [T − τ(α− β), T ], γ−(t) ≤ γ+(t), (2.48)
γ−(T − τ(α− β)) ≤ α−

β

2
−

∫ T

T−τ(α−β)
f ′( inf

x∈[α−β,α]
(u1(x)) +G2(s))ds. (2.49)



2.4. Proof of Theorem 9. 63Proof. Both properties are onsequenes of the onvexity of f . The �rst one follows from:
γ+(t)− γ−(t) = β −

∫ T

t

f(u1(α+ β) +G2(s))− f(u1(α) +G2(s))

u1(α+ β)− u1(α)

−
f(u1(α− β) +G2(s))− f(u1(α) +G2(s))

u1(α− β)− u1(α)
ds

≥ β−

∫ T

t

f ′(max(u1(α), u1(α+ β))+G2(s))−f
′(min(u1(α− β), u1(α))+G2(s))ds

≥ β −

∫ T

t

f ′(u1(α) +K(α)β +G2(s))− f ′(u1(α)−K(α− β)β +G2(s))ds

≥ β −

∫ T

t

sup
z∈IM

(f ′′(z))(K(α) +K(α− β))β

≥ β(1 − (T − t) sup
z∈IM

(f ′′(z))(K(α) +K(α− β)))

≥ 0 when T − t ≤ τ(α− β).And the seond one omes from:
γ−(t) = α−

β

2
−

∫ T

t

f(u1(α− β) +G2(s))− f(u1(α) +G2(s))

u1(α− β)− u1(α)
ds

≤ α−
β

2
−

∫ T

t

f ′[min(u1(α), u1(α− β)) +G2(s)]ds

≤ α−
β

2
−

∫ T

t

f ′[ inf
x∈[α−β,α]

(u1(x)) +G2(s)]ds.We prove Proposition 17 by onstruting appropriate wave-front traking approximations.Proof. Thanks to (2.22) we an take (βn) and (δn) two dereasing sequenes suh that βn → 0,
δn → 0 and

sup
α∈[ 3βn

2
,L]

(

α−

∫ T

T−τ(α−βn)
f ′
(

inf
x∈[α−βn,α]

(u1(x)) +G2(s)

)

ds

)

≤ δn. (2.50)We an also suppose that:
K(δn)βn → 0. (2.51)Now we onstrut un ∈ L∞((0, T ); BV(δn, L)) as follows. Let p = ⌈L−δn

βn
⌉. For k ∈ {1, .., p},we take:

xk = δn + kβn, (2.52)
vk(t) = u1(δn + (k +

1

2
)βn) +G2(t). (2.53)For k ∈ {1, .., p − 1} we de�ne the urve γk by:

γk(T ) = xk, (2.54)
γ̇k(t) =

f(vk(t))− f(vk−1(t))

vk(t)− vk−1(t)
. (2.55)



64 Chapitre 2. Contr�labilité des lois salaires.Thanks to (2.48), (2.49) and (2.50) we see that the urves γk do not ross eah other inside
[0, T ] × [δn, L] therefore we an de�ne un as follows:

un(t, x) =











v1(t) if x ≤ γ1(t),

vk(t) if γk−1(t) ≤ x ≤ γk(t) and 2 ≤ k ≤ p− 1,

vp(t) if γp−1(t) ≤ x.

(2.56)Furthermore thanks to (2.21) and (2.49) we see that:
∀x ∈ [δn, L], un(0, x) = u1(δn + (p−

1

2
)βn) +G2(0). (2.57)We also have the estimates:

||un||L∞((0,T );BV(δn,L)) ≤ ||u1||BV(0,L) +M, (2.58)
||un||Lip([0,T ];L1(δn,L)) ≤ max(L(||u1||L∞(0,L)+M), ||g||C0([0,T ])+||u1||BV(0,L)f

′(||u1||L∞(0,L)+M)).(2.59)Finally thanks to (2.16), (2.51) and (2.32), for every onvex entropy-�ux ouple (η, q) we get aonstant C independent of n suh that ∀φ ∈ C1
c ((0, T ) × (δn, L)) non-negative we have:

∫ T

0

∫ L

δn

(η(un(t, x))∂tφ(t, x) + q(un(t, x))∂xφ(t, x) + η′(un(t, x))g(t)φ(t, x))dtdx

≥ −C.||φ||C0((0,T )×(0,L))βnK(δn). (2.60)Using lemma 5, we extrat a subsequene from (un) and get a solution to equation (2.11). Sine
δn → 0 the limit u is de�ned on (0, T )× (0, L) and is an entropy solution of (2.11). And takingthe limit n→ +∞ in (2.57) we see that u(0, .) is onstant on (0, L).2.5 Proof of Theorem 7.We now show that under the hypotheses of Theorem 7, ondition (2.22) is satis�ed. We knowthat:

∀α ∈ (0, L), K(α) ≤ K < +∞, (2.61)
f ′(M)

sup
z∈[0,M ]

f ′′(z)
→

M→+∞
+∞. (2.62)Realling the de�nitions of IM in (2.18) and τ in (2.21), it is lear that

∀α ∈ (0, L) τ(α) ≥ τM :=
1

2K

1

sup
z∈IM

f ′′(z)
.Therefore with g non-positive and suh that G2 satis�es:

G2(T ) = G′
2(T ) = 0, (2.63)

∀t ∈ [0, T −
τM
2

] G2(t) =M, (2.64)



2.6. Proof of Theorem 8. 65we have when M is large enough so that f ′( inf
x∈(0,L)

u1(x) +M) ≥ 0:
sup

α∈[ 3β
2
,L]

(

α−

∫ T

T−τ(α−β)
f ′( inf

x∈[α−β,α]
(u1(x)) +G2(s))ds

)

≤ L−
τM
2

(

f ′( inf
x∈(0,L)

(u1(x))) + f ′( inf
x∈(0,L)

(u1(x)) +M)

)

. (2.65)But now we an get:
lim inf
β→0+

sup
α∈[ 3β

2
,L]

(

α−

∫ T

T−τ(α−β)
f ′( min

x∈[α−β,α]
(u1(x)) +G2(s))ds

)

≤ L−
τM
2

(

f ′( inf
x∈(0,L)

(u1(x))) + f ′( inf
x∈(0,L)

(u1(x)) +M)

)

≤
L

4K






1−

f ′( inf
x∈(0,L)

(u1(x))) + f ′( inf
x∈(0,L)

(u1(x)) +M)

sup
z∈IM

f ′′(z)






.And thanks to (2.62) this expression is non-positive for M large enough.2.6 Proof of Theorem 8.In this part we prove that under the hypotheses of Theorem 8 ondition (2.22) is satis�ed andtherefore that we have exat ontrollability in arbitrarily small time.We reall that u1 ∈ BV(0, L), M > 0 and 0 < ǫ < T , where ǫ is the amount of time neededto get ontrollability and therefore is as small as we want. Indeed if we an ontrol in time T1we an obviously ontrol in any time T2 ≥ T1 sine in our strategy we an spend an arbitraryamount of time between the two intermediate states onstant spaes.We use one again the funtions K, τ and the interval IM de�ned in (2.16) (2.21) and (2.18),and also the following:

Ui(α) = inf
z∈(0,α]

(u1(z)) and αc(ǫ) = sup{α ∈ (0, L) | τ(α) < ǫ}. (2.66)It is lear thatK and Ui are non-inreasing, that τ is non-inreasing in α but non-dereasing inMand that αc is non-dereasing in ǫ but non-dereasing in M . We an suppose that τ(α) →
α→0+

0.It implies that αc(ǫ) →
ǫ→0+

0.The assumptions made in Theorem 8 an be reformulated as follows, for any H > 0 thereexist C > 0 and Ūi > 0 suh that the following holds:
M q

sup
z∈[0,M ]

f ′′(z)
→

M→+∞
+∞, ∀h > 0, f ′(Ui(0

+) + h) ≥
hq

Cand ∀h ∈ (0,H] f ′(Ui(0
+)− h) ≥ −Chq, (2.67)

∀α ∈ (0, L), K(α) ≤
K̄

αp
and Ui(0

+)− Ui(α) ≤ Ūiα
2p, (2.68)



66 Chapitre 2. Contr�labilité des lois salaires.and �nally we have the ompatibility ondition:
p(2q + 1) ≤ 1. (2.69)Now we de�ne:

τ̃(α) =
αp

2K̄

1

sup
z∈IM

f ′′(z)
, (2.70)

F(α, β) = α−

∫ T

T−τ(α−β)

(

Ui(0
+)− Ūiα

2p +G2(s)
)

ds. (2.71)Finally we take g suh that:
G2(t) = −

∫ T

t

g(s)ds is dereasing, (2.72)
∀s ∈ [T − ǫ, T ] G2(s) =

M

2

(

T − s

ǫ

)2

, (2.73)
∀s ∈ [0, T ] G2(s) ≤M. (2.74)We want to prove that (2.22) holds, but sine f ′ is monotone and using the bound on Ui in (2.68)it is su�ient to prove:
lim inf
β→0+

sup
3β
2
≤α≤L

F(α, β) ≤ 0, (2.75)for M large enough and ǫ given by:
ǫ =

1
√

f ′
(

Ui(0+)− ŪiL2p + M
8

)

. sup
z∈IM

f ′′(z)
. (2.76)Note that with this hoie ǫ→ 0 when M → +∞.We will get upper bounds of F in two di�erent ways.Lemma 10. There exists M0 suh that for all (α, β) suh that α ≥ αc(ǫ) + β and for any

M ≥M0 we have F(α, β) ≤ 0.Proof. If α− β ≥ αc(ǫ) we have τ(α− β) = ǫ and therefore:
F(α, β) = α−

∫ T

T−ǫ

(

Ui(0
+)− Ūiα

2p +G2(s)
)

ds (2.77)
≤ L−

ǫ

2

(

f ′
(

Ui(0
+)− ŪiL

2p
)

+ f ′
(

Ui(0
+)− ŪiL

2p +
M

8

)) (2.78)
≤ L−

ǫ

2
f ′
(

Ui(0
+)− ŪiL

2p
)

−







f ′
(

Ui(0
+)− ŪiL

2p + M
8

)

sup
z∈IM

f ′′(z)







1
2

. (2.79)And using the de�nition of ǫ and (2.67) we an onlude.It remains to bound F on β
2 ≤ α− β < αc(ǫ), we begin by a few observations.



2.6. Proof of Theorem 8. 67Lemma 11. The following properties hold:
• when M → +∞ we have αc(ǫ) → 0,
• for α ≤ αc(ǫ) + β we have τ̃(α− β) ≤ τ(α− β)

• for α ≤ αc(ǫ) + β we have:
α−

∫ T

T−τ̃(α−β)
f ′

(

Ui(0
+)− Ūiα

2p +
M

2

(

T − s

ǫ

)2
)

ds ≤ 0 ⇒ F(α, β) ≤ 0. (2.80)Proof. The �rst part of the lemma omes from the de�nitions of αc and ǫ through the followingalulations:
αc(ǫ) = sup{α ∈ (0, L) | τ(α) < ǫ}

= sup
{

α ∈ (0, L)
∣

∣

1

2K(α)

1

sup
z∈IM

f ′′(z)
< ǫ
}

= sup
{

α ∈ (0, L)
∣

∣ K(α) >
1

2ǫ sup
z∈IM

f ′′(z)

}

= sup
{

α ∈ (0, L)
∣

∣ K(α) >
1

2

f ′
(

Ui(0
+)− ŪiL

2p + M
8

)

sup
z∈IM

f ′′(z)

}

.The seond part is an immediate onsequene of the de�nitions of τ̃ , τ , αc and of the �rst partof (2.68).And for the third part we have, thanks to the monotoniity of f ′:
α−

∫ T

T−τ̃(α−β)
f ′

(

Ui(0
+)− Ūiα

2p +
M

2

(

T − s

ǫ

)2
)

ds ≤ 0

⇒ f ′

(

Ui(0
+)− Ūiα

2p +
M

2

(

τ̃(α − β)

ǫ

)2
)

≥ 0

⇒

∫ T−τ̃(α−β)

T−(̃α−β)
f ′

(

Ui(0
+)− Ūiα

2p +
M

2

(

T − s

ǫ

)2
)

ds ≥ 0. (2.81)Hene:
F(α, β) ≤ α−

∫ T

T−τ̃(α−β)
f ′

(

Ui(0
+)− Ūiα

2p +
M

2

(

T − s

ǫ

)2
)

ds ≤ 0. (2.82)Lemma 12. There exists M1 suh that for any M ≥M1 and if 3β

2
≤ α ≤ αc(ǫ) + β we have:

α−

∫ T

T−τ̃(α−β)
f ′

(

Ui(0
+)− Ūiα

2p +
M

2

(

T − s

ǫ

)2
)

ds ≤ 0. (2.83)



68 Chapitre 2. Contr�labilité des lois salaires.Proof. Let
Q := α−

∫ T

T−τ̃(α−β)
f ′

(

Ui(0
+)− Ūiα

2p +
M

2

(

T − s

ǫ

)2
)

ds

≤ α−
τ̃(α− β)

2

(

f ′
(

Ui(0
+)− Ūiα

2p
)

+ f ′

(

Ui(0
+)− Ūiα

2p +
M

2

(

τ̃(α− β)

2ǫ

)2
))

.Using the de�nition of τ̃ and (2.67) we get:
Q ≤ α−

(α− β)p

4K̄ sup
z∈IM

f ′′(z)






−CŪiα

2pq +
1

C







M (α− β)2p

8K̄2

f ′
(

Ui(0
+)− ŪiL

2p + M
8

)

sup
z∈IM

f ′′(z)
− Ūiα

2p







q





≤ α− αp(2q+1)

(

1− β
α

)p

4K̄ sup
z∈IM

f ′′(z)






−CŪi+

1

C







M
(

1− β
α

)2p

8K̄2

f ′
(

Ui(0
+)− ŪiL

2p + M
8

)

sup
z∈IM

f ′′(z)
−Ūi







q




.Now using (2.69) and the fat that 1− β

α
≥ 1

3 we see that, for any A > 0 and for M large enough(independently of α and β) we have:
(

1− β
α

)p

4K̄ sup
z∈IM

f ′′(z)






−CŪi +

1

C







M
(

1− β
α

)2p

8K̄2

f ′
(

Ui(0
+)− ŪiL

2p + M
8

)

sup
z∈IM

f ′′(z)
− Ūi







q




≥ A.Finally thanks to (2.69) we see that for any A > 1, α − Aαp(2q+1) ≤ 0 and sine αc tends to 0when M goes to in�nity and β is arbitrarily small we have the lemma.2.7 Wave-front traking approximations.Here we provide two results useful for the wave-front traking algorithm. Let T > 0, a, b ∈ Rsuh that a < b. We onsider g a ontinuous funtion on [0, T ] and reall that G1(t) =
∫ t

0 g(s)ds.And �nally we suppose that f is a C2 onvex funtion de�ned on R.We will be interested in the entropi solutions of the equation:
∂tu(t, x) + ∂x(f(u(t, x))) = g(t) on [0, T ]× (a, b). (2.84)Note that while here we deal only with g(t), the same idea ould be used to deal with a soureterm g(t, u) though of ourse one would need some additional informations on g to get theexistene in large time. We reall that approximate wave-front traking approximations werede�ned in De�nition 9, and we will now prove Lemma 7.Proof of Lemma 7. We evaluate the left hand side of (2.32) using the fat that v = u − G1 ispieewise onstant.More preisely we apply Green's theorem to the vetor �eld X = (φη(v + G1), q(v + G1)φ) onthe parts where it is regular. We know that η, q and G1 are regular. Furthermore we know that

v is pieewise onstant therefore regular exept on the urves xα.Now onsider D a onneted omponent of the open subset of (0, T ) × (a, b) onstituted of the



2.7. Wave-front traking approximations. 69points (t, x) on a neighborhood of whih, v is onstant. Thanks to the de�nition of approximatefront traking solutions we know that the boundary of D is onstituted of
D = {(t, x) ∈ (t1, t2)× (a, b)|xα1(t) < x < xα2(t)} suh that no other urve xα lies in D, andthat we have the following alternatives:1. either t1 = 0 or xα1(t1) = xα2(t1) or x1(t1) = a or x2(t1) = b,2. either t2 = T or xα1(t2) = xα2(t2) or x1(t2) = a or x2(t2) = b,When we apply Green's theorem to X on D we get the following:

∫∫

D

div(X)dxdt =

∫

∂D

X.n ds

=

∫ t2

t1

(X(t, xα2(t)).(−ẋα2(t), 1) +X(t, xα1(t)).(ẋα1(t),−1)) dt

+

∫ xα2 (t2)

xα1(t2)
q(u(t2, x))φ(t2, x)dx−

∫ xα2(t1)

xα1 (t1)
q(u(t1, x))φ(t1, x)dx.Now sine either xα1(t2) = xα2(t2) or φ(T, .) = 0 we get:

∫ xα2 (t2)

xα1(t2)
q(u(t2, x))φ(t2, x)dx = 0.And with the same kind of reasoning we also have

∫ xα2 (t1)

xα1(t1)
q(u(t1, x))φ(t1, x)dx = 0.On the other hand we have:

∫∫

D

div(X)dxdt =

∫∫

D

η(u(t, x))∂tφ(t, x) + q(u(t, x))∂xφ(t, x) + η′(u(t, x))φ(t, x)g(t)dtdx.(2.85)In the end we obtain:
∫∫

D

η(u(t, x))∂tφ(t, x) + q(u(t, x))∂xφ(t, x) + η′(u(t, x))φ(t, x)g(t)dtdx =

∫ t2

t1

(

q(u(t, xα2(t)
−))− ẋα2(t)η(u(t, xα2(t)

−))
)

φ(t, xα2(t))

−
(

q(u(t, xα1(t)
+))− ẋα1(t)η(u(t, xα1(t)

+))
)

φ(t, xα1(t))dt. (2.86)Furthermore by adding arbitrary fronts to the family {xα} on the parts of the domain where vis onstant (sine there is no jump those arti�ial fronts automatially satisfy (2.30) and (2.31)),we an obtain a partition of (a, b)× (0, T ) by sets suh as D. As a onsequene we get:
∫ b

a

∫ T

0
η(u(t, x))∂tφ(t, x) + q(u(t, x))∂xφ(t, x) + η′(u(t, x))φ(t, x)g(t)dtdx =

∑

α

∫ T

0

(

ẋα(t)(η(u(t, xα(t)
+))−η(u(t, xα(t)

−))+q(u(t, xα(t)
−))−q(u(t, xα(t)

+))
)

φ(t, xα(t))dt.(2.87)Now we replae ẋα by its value in terms of u and we use the following lemma whih we will provelater:



70 Chapitre 2. Contr�labilité des lois salaires.Lemma 13. Let z− and z+ be real numbers suh that z+ ≤ z− + ǫ then we have:
f(z+)− f(z−)

z+ − z−
(

η(z+)− η(z−)
)

−
(

q(z+)− q(z−)
)

≥ −Cǫ|z+ − z−|, (2.88)with C = (||f ′′||C0([z−,z+])||η
′||C0([z−,z+]) + ||f ′||C0([z−,z+])||η

′′||C0([z−,z+])).Thus we get:
∫ b

a

∫ T

0
η(u(t, x))∂tφ(t, x) + q(u(t, x))∂xφ(t, x) + η′(u(t, x))φ(t, x)g(t)dtdx

≥

∫ T

0

∑

α

−Cǫ|u(t, xα(t)
+)− u(t, xα(t)

−)|||φ||C0((0,T )×(a,b))

≥

∫ T

0
−Cǫ||φ||C0((0,T )×(a,b))TotVar(u(t, .))dt

≥ −C̃ǫ||φ||C0((0,T )×(a,b))||u||L∞((0,T );BV(a,b)). (2.89)Where the onstant C̃ is given by:
C̃ = T

(

||f ′′||C0([−||u||L∞ ,||u||L∞ ])||η
′||C0([−||u||L∞ ,||u||L∞ ])

+ ||f ′||C0([−||u||L∞ ,||u||L∞ ])||η
′′||C0([−||u||L∞ ,||u||L∞ ])

)

. (2.90)Proof of Lemma 13. We begin with a basi equality:
f(z+)− f(z−)

z+ − z−
η(z+)− η(z−)

z+ − z−
−
q(z+)− q(z−)

z+ − z−

=

∫ z+

z−
f ′(z)

dz

z+ − z−

∫ z+

z−
η′(z)

dz

z+ − z−
−

∫ z+

z−
q′(z)

dz

z+ − z−

=

∫ z+

z−
f ′(z)

dz

z+ − z−

∫ z+

z−
η′(z)

dz

z+ − z−
−

∫ z+

z−
f ′(z).η′(z)

dz

z+ − z−
. (2.91)But thanks to the onvexity of f and η we also have the following:

∫ z+

z−

∫ z+

z−
(f ′(z) − f ′(w))(η′(z)− η(w))

dz

z+ − z−
dw

z+ − z−
≥ 0so ∫ z+

z−

∫ z+

z−
f ′(z)η′(z) + f ′(w)η′(w)

dz

z+ − z−
dw

z+ − z−

≥

∫ z+

z−

∫ z+

z−
f ′(z)η′(w) + f ′(w)η′(z)

dz

z+ − z−
dw

z+ − z−therefore ∫ z+

z−
f ′(z)η′(z)

dz

z+ − z−
≥

∫ z+

z−
f ′(z)

dz

z+ − z−

∫ z+

z−
η′(z)

dz

z+ − z−
.



2.7. Wave-front traking approximations. 71Now if z+ < z− we get:
f(z+)− f(z−)

z+ − z−
(

η(z+)− η(z−)
)

−
(

q(z+)− q(z−)
)

= (z+ − z−)

(

f(z+)− f(z−)

z+ − z−
η(z+)− η(z−)

z+ − z−
−
q(z+)− q(z−)

z+ − z−

)

≥ 0. (2.92)On the other hand if we have z− ≤ z+ ≤ z− + ǫ we an take z1, z2, z3 ∈ [z−, z− + ǫ] suh that:
f(z+)− f(z−)

z+ − z−
= f ′(z1),

η(z+)− η(z−)

z+ − z−
= η′(z2),

q(z+)− q(z−)

z+ − z−
= f ′(z3)η

′(z3).(2.93)And now we get:
∣

∣

∣

∣

f(z+)−f(z−)

z+ − z−
η(z+)−η(z−)

z+ − z−
−
q(z+)−q(z−)

z+ − z−

∣

∣

∣

∣

=
∣

∣(f ′(z1)−f
′(z3))η

′(z2)+f
′(z3)(η

′(z2)−η
′(z3))

∣

∣

≤ (z+ − z−)(||f ′′||C0([z−,z+])||η
′||C0([z−,z+]) + ||f ′||C0([z−,z+])||η

′′||C0([z−,z+])). (2.94)
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Chapitre 3Stabilisation asymptotique dessolutions entropiques de lois deonservation salaires par une loi deretour stationnaire.Abstrat In this paper, we study the problem of asymptoti stabilization by losed loop feedbak for asalar onservation law with a onvex �ux and in the ontext of entropy solutions. Besides the boundarydata, we use an additional ontrol whih is a soure term ating uniformly in spae.3.1 Introdution.This paper is onerned with the asymptoti stabilization problem for a nonlinear salar onser-vation law with a soure term, on a bounded interval and in the framework of entropy solutions:
∂tu+ ∂xf(u) = g(t),

u(0, x) = u0(x),

u(t, 0) = ul(t),

u(t, L) = ur(t).

(t, x) ∈ (0, T ) × (0, 1), (3.1)Here u is the sate and ul, ur and g are the ontrols. For any regular stritly onvex �ux f andany state ū ∈ R we will provide expliit stationnary feedbak law for g, ur and ul suh that thestate ū is asymptotially stable in the L1(0, 1) norm and in the L∞(0, 1) norm.3.1.1 Generalities and previous results.Salar onservation laws are used for instane to model tra� �ow or gas networks, but theirimportane also onsists in being a �rst step in the understanding of systems of onservationlaws. Those systems of equations model a huge number of physial phenomena: gas dynamis,eletromagnetism, magneto-hydrodynamis, shallow water theory, ombustion theory... see [45,Chapter2℄.For equations suh as (3.1), the Cauhy problem on the whole line is well posed in smalltime in the framework of lassial solutions and with a C1 initial value. However those solutionsgenerally blow up in �nite time: shok waves appear. Hene to get global in time results, a73



74 Chapitre 3. Stabilisation des lois salaires.weaker notion of solution is alled for. In [87℄ Oleinik proved that given a �ux f ∈ C2 suh that
f ′′ > 0 and any u0 ∈ L∞(R) there exists a unique weak solution to:

ut + (f(u))x = 0, x ∈ R and t > 0, (3.2)
u(0, .) = u0, (3.3)satisfying the additional ondition:

u(t, x+ a)− u(t, x)

a
≤
E

t
for x ∈ R, t > 0, and a > 0, (3.4)and where E depends only on the quantities inf(f ′′) and sup(f ′) taken on [−||u0||L∞ , ||u0||L∞ ] andnot on u0. Later in [82℄, Kruzkov extended this global result to the multidimensional problem,with a C1 �ux f : R → R

n not neessarily onvex:
ut + div(f(u)) = 0, for t > 0 and x ∈ R

n. (3.5)This time the weak entropy solution is de�ned as satisfying the following integral inequality:for all real numbers k and all nonnegative funtions φ in C1
c (R

2), (3.6)
∫∫

R2

|u− k|φt + sgn(u− k)(f(u)− f(k))∇φdtdx+

∫

R

u0(x)φ(0, x)dx ≥ 0. (3.7)The initial boundary value problem for equation (3.1) is also well posed as shown by Lerouxin [80℄ for the one dimensional ase with BV data, by Bardos, Leroux and Nédéle in [15℄ forthe multidimensional ase with C2 data and later by Otto in [88℄ (see also [86℄) for L∞ data.However the meaning of the boundary ondition is quite intriate and the Dirihlet onditionmay not be ful�lled pointwise a.e. in time. We will go into further details later.Now for a general ontrol system:
{

Ẋ = F (X,U),

X(t0) = X0,
(3.8)(X being the state of the system and U the so alled ontrol), we an onsider two lassialproblems (among others) in ontrol theory.1. First the exat ontrollability problem whih asks, given two states X0 and X1 and a time

T the possibility to �nd a ertain funtion U(t) suh that the solution to (3.8) satis�es
X(T ) = X1.2. If F (0, 0) = 0, the problem of asymptoti stabilization by a stationary feedbak law asksto �nd a funtion U(X), suh that for any state X0 a maximal solution X(t) of the losedloop system:

{

Ẋ(t) = f(X(t), u(X(t))),

X(t0) = X0,
(3.9)is global and satis�es additionally:

∀R > 0, ∃r > 0 suh that ||X0|| ≤ r ⇒ ∀t ∈ R, ||X(t)|| ≤ R, (3.10)
X(t) →

t→+∞
0. (3.11)



3.1. Introdution. 75The asymptoti stabilization property might seem weaker than exat ontrollability: for anyinitial state X0, we an �nd T and U(t) suh that the solution to (3.8) satis�es X(T ) = 0 in thisway we stabilize 0 in �nite time. However this method su�ers from a lak of robustness withrespet to perturbation: with any error on the model, or on the initial state, the ontrol may notat properly anymore. This motivates the problem of asymptoti stabilization by a stationaryfeedbak law whih is more robust. In fat in �nite dimension, the asymptoti stabilizationproperty automatially guarantees the existene of a Lyapunov funtion.In the framework of entropy solutions, only a few results exist for the exat ontrollabilityproblem see [4℄, [5℄, [3℄, [17℄, [57℄, [62℄, [69℄. In all ases the ontrol at only at the boundarypoints. Furthermore many of those results show that boundary ontrols are not su�ient toreah many states. However with an additional ontrol g(t) as in (3.1) and with f(z) = z2

2(Burgers equation), Chapouly showed in [20℄ that in the framework of lassial solutions, anyregular state is reahable from any regular initial data and in any time (note that in this ontext,the ontrols also had to prevent the blow up of the solution, whih will not be a onern forentropy solutions). It was shown in [89℄ that the same kind of improvement our also in theframework of entropy solutions.The aim of this paper is to investigate the problem of asymptoti stabilization with thisadditional ontrol on the right-hand side. To the author's knowledge it is the �rst result aboutasymptoti stabilization through a losed loop feedbak law in the framework of entropy solutions.However it should be noted that in the framework of lassial solutions the problem has beenstudied extensively see for example: [77℄, [8℄ or [9℄ among many others.As for the physial signi�ane of g, it an be seen as a pressure �eld in the ase where theBurgers equation is onsidered as a one dimensional Euler inompressible equation. Equation(3.1) is also a toy model for the ompressible Euler-Poisson system:


















∂tρ+ ∂xm = 0, ρ(0, .) = ρ0, ρ(t, 0) = ρl(t), ρ(t, L) = ρr(t),

∂tm+ ∂x(
m2

ρ
+p(ρ)) = ρ∂xV −m, m(0, .) = m0, m(t, 0) = ml(t), m(t, L) = mr(t),

−∂2xxV = ρ, V (t, 0) = Vl(t), V (t, L) = Vr(t), (3.12)where the ontrols are ρl, ρr, ml, mr, Vl and Vr. Indeed one we take g(t) = Vr(t)−Vl(t)
L

weget Vx = g(t) + Aρ(t) with A a linear integral operator. So we have to deal with a hyperbolisystem ontrolled by the boundary data and an additional soure term depending only on thetime variable.3.1.2 Results.In this artile, funtions in BV(R) will be onsidered ontinuous from the left in order to preventambiguity on the representative of the L1 equivalene lass.We will also suppose that the �ux f is a C1 stritly onvex funtion.We will make use the following notation:
∀α, β ∈ R I(α, β) = [min(α, β),max(α, β)]. (3.13)



76 Chapitre 3. Stabilisation des lois salaires.We are interested in the following equation:






















∂tu+ ∂x(f(u)) = g(t) on (0,+∞) × (0, 1),

u(0, .) = u0 on (0, 1),

sgn(u(t, 1−)− ur(t))(f(u(t, 1
−))− f(k)) ≥ 0 ∀k ∈ I(ur(t), u(t, 1

−)), dt a.e.,

sgn(u(t, 0+)− ul(t))(f(u(t, 0
+))− f(k)) ≤ 0 ∀k ∈ I(ul(t), u(t, 0

+)), dt a.e..

(3.14)We reall that following [80℄ and [15℄ a funtion u in L∞((0,+∞); BV(0, 1)) is an entropy solutionof (3.14) when it satis�es the following inequality for every k in R and every nonnegative funtion
φ in C1

c (R
2):

∫ +∞

0

∫ 1

0
|u− k|φt + sgn(u−k)(f(u)−f(k))φx + sgn(u−k)g(t)φdxdt +

∫ 1

0
|u0(x)− k|φ(0, x)dx

+

∫ +∞

0
sgn(ur(t)−k)(f(k)−f(u(t, 1

−)))φ(t, 1)−sgn(ul(t)−k)(f(k)−f(u(t, 0
+))φ(t, 0)dt ≥ 0.(3.15)Remark 13. It should be noted that if u in L∞((0,+∞); BV(0, 1)) ∩ Lip([0,+∞) ;L1(0, 1)) theexists a unique representative u suh that:

u ∈ Lip([0,+∞) ;L1(0, 1)) and ∀t ≥ 0, u(t, .) ∈ BV(0, 1).Thus the traes of u at x = 0 and x = 1 are taken as the limit of this representative for every time
t and the boundary onditions in (3.14) hold almost everywhere and not neessarily everywhere.This will make the analysis more deliate as will be seen in Setion 3.3.Here the funtions g, ul and ur will not depend on the time but on the state u(t, .). Theirvalue will be presribed by a losed loop feedbak law.Consider ū ∈ R. It is lear that if we de�ne u by:

∀(t, x) ∈ R+×(0, 1), u(t, x) = ū,then u is an entropy solution of (3.14) for initial and boundary data equal to ū. In the followingwe will provide two feedbak laws and two orresponding results in the respetive ases f ′(ū) = 0and f ′(ū) 6= 0, suh that the previous stationary solution is asymptotially stable.If f ′(ū) 6= 0, we will use the following stationary feedbak laws:
∀W ∈ L1(0, 1), G1(W ) =

f ′(ū)

2
||W − ū||L1(0,1), (3.16)

∀W ∈ L1(0, 1), ul(W ) = ur(W ) = ū. (3.17)In the system (3.14) we will exhange: g(t) and G1(u(t, .)), ul(t) and ul(u(t, .)) and �nally ur(t)and ur(u(t, .)) to obtain a losed loop system.We will need to distinguish between two possible behavior of f as follows:De�nition 10. • We say that f if of type I if there exists u∗ suh that:
f ′(u∗) = 0. (3.18)The Burgers equation has a �ux of type I.



3.1. Introdution. 77
• We say that f is of type II otherwise. In this ase we have either

∀z ∈ R, f ′(z) > 0, (3.19)or
∀z ∈ R, f ′(z) < 0. (3.20)The �ux f(z) = ez is of type II.Remark 14. If the �ux f is of type I, we an dedue sine it also stritly onvex:

lim
z→+∞

f(z) = lim
z→−∞

f(z) = +∞. (3.21)If f ′(ū) 6= 0, guarantees the existene of û 6= ū suh that f(ū) = f(û). We an then reformulatethe boundary ondition of (3.14) as follows (we desribe the ase f ′(ū) > 0):
u(t, 1−) ∈ [u∗; +∞) dt a.e., (3.22)

u(t, 0+) ∈ (−∞, û] ∪ {ū} dt a.e.. (3.23)We now have the following result.Theorem 10. For any u0 in BV(0, 1), the losed loop system (3.14) where ul, ur and g aregiven by the feedbak laws (3.17) and (3.16) has a unique entropy solution u. It is global in time,belongs to the spae L∞((0,+∞); BV(0, 1))∩Lip([0,+∞) ;L1(0, 1)) and ontinuously depends onthe initial data. Furthermore if the �ux f is of type I we have:
• There exist two positive onstants C1 and C2 depending only on ū suh that u satis�es:

∀t ≥ 0, ||u(t, .) − ū||L1(0,1) ≤ C1e
− f ′(ū)

2
t||u0 − ū||L1(0,1). (3.24)

∀t ≥ 0, ||u(t, .)− ū||L∞(0,1) ≤ C2e
− f ′(ū)

2
t||u0 − ū||L∞(0,1). (3.25)

• There exists a ertain time T depending only on ū suh that u is atually regular on
(T,+∞)× [0, 1].On the other hand if the �ux f is of type II we have:

• There exists a positive onstants C3 depending on ū and ||u0−ū||L∞(0,1) suh that u satis�es:
∀t ≥ 0, ||u(t, .) − ū||L∞(0,1) ≤ C3e

− f ′(ū)
2

t||u0 − ū||L∞(0,1). (3.26)
• There exists a ertain time T ′ depending on ū and ||u0 − ū||L∞(0,1) suh that u is atuallyregular on (T ′,+∞)× [0, 1].Remark 15. • In Setion 3.4, we will provide expliit formulae for C1, C2, C3, T and T ′.
• It is interesting to see that a feedbak using the L1 norm atually provides a ontrol in the
L∞ norm. On the other hand a feedbak relying on the L∞ norm may be problemati dueto the impossibility of taking the limit in ||.||L∞(0,1) with a pointwise onvergene and alsodue to the lak of time regularity of ||u(t, .)||L∞(0,1) for an etropy solution of the open loopsystem.



78 Chapitre 3. Stabilisation des lois salaires.Now let us suppose that f ′(ū) = 0, we introdue the following auxiliary funtion A:
A(z) =

{

f(ū+z)−f(ū)
2 if 0 ≤ z ≤ 1,

f ′(ū+1)
2 (z − 1) + f(ū+1)−f(ū)

2 if z ≥ 1.
(3.27)We will use (3.17) for the boundary terms but the stationary feedbak law for the soure termwill now be:

∀W ∈ L1(0, 1), G2(W ) = A(||W − ū||L1(0,1)), (3.28)and as previously we will exhange g(t) and G2(u(t, .)) in (3.14). This allows us to prove thefollowing.Theorem 11. The losed loop system (3.14) where ul, ur and g are provided by the feedbaklaws (3.17) and (3.28) has the following properties.
• For any u0 in BV(0, 1) there exists a unique entropy solution u. It is global in time, belongsto the spae

L∞((0,+∞); BV(0, 1)) ∩ Lip([0,+∞) ;L1(0, 1)).and depends ontinuously on the initial data.
• The solution satis�es:

||u(t, .) − ū||L∞(0,1) →
t→+∞

0. (3.29)
• If additionally

α = inf
z∈R

f ′′(z) > 0,then we have a globally Lipshitz funtion R suh that:
R(0) =

f ′(1 + ū)

2α

√

2e

e− 1
+ A−1

(

e(f ′(1 + ū))2

4α(e − 1)

)

, (3.30)
∀t ≥ 0, ||u(t, .) − ū||L∞(0,1) ≤ R(||u0 − ū||L∞(0,1)). (3.31)Remark 16. The last property is weaker than stability, thus we do not have asymptoti stabilityof ū. However taking c positive and adjusting A as follows:

A(z) =

{

f(ū+z)−f(ū)
2 if 0 ≤ z ≤ c,

f ′(ū+c)
2 (z − c) + f(ū+c)−f(ū)

2 if z ≥ c,
(3.32)we an see that f ′(ū+c)

2 tends to 0 with c and therefore R(0) an be as small as we want.The feedbak laws (3.16) and (3.28) at in two steps. In the �rst step the ontrol g uniformlyinreases the state u(t, .) and therefore the harateristi speed f ′(u(t, .)) (in the ase where
f ′(ū) ≥ 0) to eventually reah a point where the speed is everywhere positive on (0, 1) (thesame speed pro�le as the target state ū). It should be noted that we may potentially inrease
||u(t, .) − ū|| during this part. One suh a speed pro�le is reahed the feedbak loop inreasesthe speed f ′(u) more than the state u and we have stabilization toward ū. This is the samestrategy as the return method of J.-M. Coron [33℄, [34℄.The paper will be organized as follows. In Setion 3.2, we will prove using a Banah �xedpoint theorem that the the losed loop systems of both Theorem 10 and 11 has a unique maximal



3.2. Cauhy problem for the losed loop system. 79entropy solution whih furthermore is global in time (a Lax-Friedrihs sheme with a disrete
||u(t, .) − ū||L1(0,1) would also have provided existene). In Setion 3.3, we will adapt the resultof [44℄ and desribe the in�uene of the boundary onditions on the generalized haraterististouhing the boundary points. In Setion 3.4 we prove Theorem 10 in the ase f ′(ū) > 0 theother ase being diretly dedued from it using the transformation:

X = 1− x,

F (z) = f(−z),

U(t,X) = −u(t, 1− x).Finally in Setion 3.5 we will prove Theorem 11.3.2 Cauhy problem for the losed loop system.In this setion, we will prove the following result whih will imply the �rst part of Theorem 10and Theorem 11 about existene uniqueness and ontinuous dependene on the initial data forthe losed loop systems.Proposition 18. For ū in R, u0 in BV(0, 1) and g a C1 funtion on R whih is globally Lipshitz(with onstant LG) and satis�es g(0) = 0, there exists a unique entropy solution of:






















∂tu+ ∂x(f(u)) = g(||u(t, .) − ū||L1(0,1)) on (0,+∞)× (0, 1),

u(0, .) = u0 on (0, 1),

sgn(u(t, 1−)− ū)(f(u(t, 1−))− f(k)) ≥ 0 ∀k ∈ I(ū, u(t, 1−)), dt a.e.,

sgn(u(t, 0+)− ū)(f(u(t, 0+))− f(k)) ≤ 0 ∀k ∈ I(ū, u(t, 0+)), dt a.e..

(3.33)Furthermore two solutions u and v of (3.33) for two initial data u0 and v0 satisfy:
∀t ≥ 0, ||u(t, .)− v(t, .)||L1(0,1) ≤ ||u0 − v0||L1(0,1)e

LGt.It is ruial that the boundary data is independent of u so that we an use a �xed pointtheorem on the soure term of the equation. This proposition implies the �rst parts of Theorem10 and Theorem 11 beause both take the form of (3.33).Thanks to [80℄, [81℄ and [15℄, we know that for any u0 in BV(0, 1) and any funtion h in C0(R+)there exists a unique entropy solution v in L∞
loc((0,+∞); BV(0, 1)) ∩ Liploc([0,+∞);L1(0, 1)) to























∂tv + ∂x(f(v)) = h(t), on (0,+∞)× (0, 1),

v(0, .) = u0, on (0, 1),

sgn(v(t, 1−)− ū)(f(v(t, 1−))− f(k)) ≥ 0, ∀k ∈ I(ū, v(t, 1−)), dt a.e.,

sgn(v(t, 0+)− ū)(f(v(t, 0+))− f(k)) ≤ 0, ∀k ∈ I(ū, v(t, 0+)), dt a.e..

(3.34)We now have the following key estimate, whih is a lassial result of Kruzkov [82℄ when thereis no boundary.Lemma 14. If v and ṽ are entropy solutions of (3.34) with respetive soure terms h and h̃ andrespetive initial data u0 and ũ0 then we have:
∀T ≥ 0, ||v(T, .) − ṽ(T, .)||L1(0,1) ≤ ||u0 − ũ0||L1(0,1) +

∫ T

0
|h(s)− h̃(s)|ds. (3.35)



80 Chapitre 3. Stabilisation des lois salaires.Proof. Following the method of Kruzkov[82℄, we take ψ nonnegative funtion in C1
c (R

4). Sinefor any (t̃, x̃) in R
2, ψ(., t̃, ., x̃) is in C1

c (R
2) we get when substituting k and ṽ(t̃, x̃) in (3.15):

∫ +∞

0

∫ 1

0
|v(t, x)− ṽ(t̃, x̃)|ψt(t, t̃, x, x̃) + sgn(v(t, x) − ṽ(t̃, x̃))(f(v(t, x)) − f(ṽ(t̃, x̃)))ψx(t, t̃, x, x̃)

+ sgn(v(t, x) − ṽ(t̃, x̃))h(t)ψ(t, t̃, x, x̃)dxdt+

∫ 1

0
|u0(x)− ṽ(t̃, x̃)|ψ(t, t̃, x, x̃)dx

+

∫ +∞

0
sgn(ū− ṽ(t̃, x̃))(f(ṽ(t̃, x̃))− f(v(t, 1−)))ψ(t, t̃, 1, x̃)

− sgn(ū− ṽ(t̃, x̃))(f(ṽ(t̃, x̃))− f(v(t, 0+))ψ(t, t̃, 0, x̃)dt ≥ 0.Integrating the above inequality in the variables t̃ and x̃ and using the ompatness of the supportof the left-hand side, we get:
∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0
|v(t, x)−ṽ(t̃, x̃)|ψt(t, t̃, x, x̃) + sgn(v(t, x) − ṽ(t̃, x̃))h(t)ψ(t, t̃, x, x̃)

+ sgn(v(t, x)−ṽ(t̃, x̃))(f(v(t, x))−f(ṽ(t̃, x̃)))ψx(t, t̃, x, x̃)dxdx̃dtdt̃

+

∫ +∞

0

∫ 1

0

∫ +∞

0
sgn(ū− ṽ(t̃, x̃))(f(ṽ(t̃, x̃))− f(v(t, 1−)))ψ(t, t̃, 1, x̃)

− sgn(ū− ṽ(t̃, x̃))(f(ṽ(t̃, x̃))− f(v(t, 0+))ψ(t, t̃, 0, x̃)dtdx̃dt̃

+

∫ +∞

0

∫ 1

0

∫ 1

0
|u0(x)− ṽ(t̃, x̃)|ψ(0, t̃, x, x̃)dxdx̃dt̃ ≥ 0. (3.36)But now we an reverse the roles of the funtions v and ṽ. So we have:

∫ +∞

0

∫ 1

0
|v(t, x)− ṽ(t̃, x̃)|ψt̃(t, t̃, x, x̃) + sgn(v(t, x) − ṽ(t̃, x̃))(f(v(t, x)) − f(ṽ(t̃, x̃)))ψx̃(t, t̃, x, x̃)

− sgn(v(t, x) − ṽ(t̃, x̃))h̃(t)ψ(t, t̃, x, x̃)dx̃dt̃+

∫ 1

0
|u0(x)− ṽ(t̃, x̃)|ψ(t, t̃, x, x̃)dx̃

+

∫ +∞

0
sgn(ū− v(t, x))(f(v(t, x)) − f(ṽ(t̃, 1−)))ψ(t, t̃, x, 1)

− sgn(ū− v(t, x))(f(v(t, x)) − f(ṽ(t̃, 0+))ψ(t, t̃, x, 0)dt̃ ≥ 0.and then we obtain:
∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0
|v(t, x) − ṽ(t̃, x̃)|ψt̃(t, t̃, x, x̃)− sgn(v(t, x) − ṽ(t̃, x̃))h̃(t̃)ψ(t, t̃, x, x̃)

+ sgn(v(t, x)− ṽ(t̃, x̃))(f(v(t, x)) − f(ṽ(t̃, x̃)))ψx̃(t, t̃, x, x̃)dxdx̃dtdt̃

+

∫ +∞

0

∫ 1

0

∫ +∞

0
sgn(ū− v(t, x))(f(v(t, x)) − f(ṽ(t̃, 1−)))ψ(t, t̃, x, 1)

− sgn(ū− ṽ(t, x))(f(v(t, x)) − f(ṽ(t̃, 0+))ψ(t, t̃, x, 0)dtdxdt̃

+

∫ +∞

0

∫ 1

0

∫ 1

0
|ũ0(x̃)− v(t, x)|ψ(t, 0, x, x̃)dx̃dxdt ≥ 0. (3.37)



3.2. Cauhy problem for the losed loop system. 81And �nally adding (3.36) and (3.37) we get:
∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0
|v(t, x) − ṽ(t̃, x̃)|(ψt(t, t̃, x, x̃) + ψt̃(t, t̃, x, x̃))

+ sgn(v(t, x) − ṽ(t̃, x̃))(f(v(t, x)) − f(ṽ(t̃, x̃)))(ψx(t, t̃, x, x̃) + ψx̃(t, t̃, x, x̃))

+ sgn(v(t, x)− ṽ(t̃, x̃))(h(t) − h̃(t̃))ψ(t, t̃, x, x̃)dxdx̃dtdt̃

+

∫ +∞

0

∫ 1

0

∫ 1

0
|ũ0(x̃)− v(t, x)|ψ(t, 0, x, x̃)dx̃dxdt+

∫ +∞

0

∫ 1

0

∫ 1

0
|u0(x)− ṽ(t̃, x̃)|ψ(0, t̃, x, x̃)dxdx̃dt̃

+

∫ +∞

0

∫ 1

0

∫ +∞

0
sgn(ū− v(t, x))(f(v(t, x)) − f(ṽ(t̃, 1−)))ψ(t, t̃, x, 1)

− sgn(ū− ṽ(t, x))(f(v(t, x)) − f(ṽ(t̃, 0+))ψ(t, t̃, x, 0)dtdxdt̃

+

∫ +∞

0

∫ 1

0

∫ +∞

0
sgn(ū− ṽ(t̃, x̃))(f(ṽ(t̃, x̃))− f(v(t, 1−)))ψ(t, t̃, 1, x̃)

− sgn(ū− ṽ(t̃, x̃))(f(ṽ(t̃, x̃))− f(v(t, 0+))ψ(t, t̃, 0, x̃)dtdx̃dt̃ ≥ 0. (3.38)Now onsider φ a nonnegative funtion in C1
c (R

2) and ρ a nonnegative, even, C∞ funtion withsupport in [−1; 1] satisfying also:
∫ 1

−1
ρ(x)dx = 1.We de�ne the family (ψn) of nonnegative funtions in C1

c (R
4) by:

ψn(t, t̃, x, x̃) = n2φ(
t+ t̃

2
,
x+ x̃

2
)ρ(n(t− t̃))ρ(n(x− x̃)). (3.39)It is lear that for all n in N and all (t, t̃, x, x̃) in R
4:

∂tψn(t, t̃, x, x̃) + ∂t̃ψn(t, t̃, x, x̃) = n2φ(
t+ t̃

2
,
x+ x̃

2
)ρ(n(t− t̃))ρ(n(x− x̃)),

∂xψn(t, t̃, x, x̃) + ∂x̃ψn(t, t̃, x, x̃) = n2∂2φ(
t+ t̃

2
,
x+ x̃

2
)ρ(n(t− t̃))ρ(n(x− x̃)).We substitute ψn in (3.38) and let n tend to in�nity. We will do so term by term.

∫ +∞

0

∫ 1

0

∫ 1

0
|ũ0(x̃)− v(t, x)|ψn(t, 0, x, x̃)dx̃dxdt

=

∫ +∞

0

∫ 1

0

∫ 1

0
|ũ0(x̃)− v(t, x)|n2φ(

t

2
,
x+ x̃

2
)ρ(nt)ρ(n(x− x̃))dx̃dxdt

=

∫ +∞

0

∫ n

−n

∫ 1

0
|ũ0(X −

δx
2n

)− v(
δt
n
,X −

δx
2n

)|φ(
δt
2n
,X)ρ(δt)ρ(δx)dXdδxdδt,after the hange of variable (t, x, x̃) →

(

δt = nt, δx = n(x− x̃),X = x+x̃
2

). And sine
∫ 1

0
|ũ0(X −

δx
2n

)− v(
δt
n
,X −

δx
2n

)|φ(
δt
2n
,X)dX →

n→+∞

∫ 1

0
|ũ0(X)− u0(X)|φ(0,X)dX dδtdδx a.e.,we obtain:

∫ +∞

0

∫ 1

0

∫ 1

0
|ũ0(x̃)− v(t, x)|ψn(t, 0, x, x̃)dx̃dxdt →

n→+∞

1

2

∫ 1

0
|ũ0(X)− u0(X)|φ(0,X)dX. (3.40)



82 Chapitre 3. Stabilisation des lois salaires.Note that the 1
2 fator omes from integrating δt from 0 to +∞ and beause ρ is even.The same type of reasoning imply:

∫ +∞

0

∫ 1

0

∫ 1

0
|u0(x)− ṽ(t̃, x̃)|ψn(0, t̃, x, x̃)dxdx̃dt̃ →

n→+∞

1

2

∫ 1

0
|ũ0(X)− u0(X)|φ(0,X)dX, (3.41)

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0
|v(t, x) − ṽ(t̃, x̃)|(∂tψn(t, t̃, x, x̃) + ∂t̃ψn(t, t̃, x, x̃))dxdx̃dtdt̃

→
n→+∞

∫ +∞

0

∫ 1

0
|v(T,X) − ṽ(T,X)|∂Tφ(T,X)dXdT ,(3.42)

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0
sgn(v(t, x)−ṽ(t̃, x̃))(f(v(t, x))−f(ṽ(t̃, x̃)))(∂tψn(t, t̃, x, x̃)+∂x̃ψn(t, t̃, x, x̃))dxdx̃dtdt̃

→
n→+∞

∫ +∞

0

∫ 1

0
sgn(v(T,X) − ṽ(T,X))(f(v(T,X)) − f(ṽ(T,X)))∂Xφ(T,X)dXdT .(3.43)In the derivation of (3.43) the fat that (w, z) → sgn(z−w)(f(z)−f(w)) is Lipshitz near z = wis ritial so the lak of regularity of (w, z) → sgn(z − w) prevents the same argument to workfor the remaining terms. However it is lear that

sgn(v(t, x) − ṽ(t̃, x̃))(h(t) − h̃(t̃))ψ(t, t̃, x, x̃) ≤ |h(t) − h̃(t̃)|ψ(t, t̃, x, x̃).So we get:
lim sup
n→+∞

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0
sgn(v(t, x) − ṽ(t̃, x̃))(h(t) − h̃(t̃))ψn(t, t̃, x, x̃)dxdx̃dtdt̃

≤

∫ +∞

0

∫ 1

0
|h(T )− h̃(T )|φ(T,X)dXdT . (3.44)It only remains to ontrol the boundary terms:

∫ +∞

0

∫ 1

0

∫ +∞

0
sgn(ū− v(t, x))(f(v(t, x)) − f(ṽ(t̃, 1−)))ψn(t, t̃, x, 1)

−sgn(ū− ṽ(t, x))(f(v(t, x)) − f(ṽ(t̃, 0+))ψn(t, t̃, x, 0)dtdxdt̃,
∫ +∞

0

∫ 1

0

∫ +∞

0
sgn(ū− ṽ(t̃, x̃))(f(ṽ(t̃, x̃))− f(v(t, 1−)))ψn(t, t̃, 1, x̃)

−sgn(ū− ṽ(t̃, x̃))(f(ṽ(t̃, x̃))− f(v(t, 0+))ψn(t, t̃, 0, x̃)dtdx̃dt̃.But if φ has a support in R× (0, 1) then for n large enough we have:
ψn(., ., ., 0) = ψn(., ., ., 1) = ψn(., ., 1, .) = ψ(., ., 0, .) = 0,so both boundary terms tend to 0. Combining this with (3.40), (3.41), (3.42), (3.43) and (3.44),we see that for every nonnegative funtion φ in C1

c (R× (0, 1)):
∫ +∞

0

∫ 1

0
|v(t, x) − ṽ(t, x)|φt(t, x) + sgn(v(t, x) − ṽ(t, x))(f(v(t, x)) − f(ṽ(t, x)))φx(t, x)

+ |h(t)− h̃(t)|φ(t, x)dxdt +

∫ 1

0
|u0(x)− ũ0(x)|φ(0, x)dx ≥ 0. (3.45)



3.2. Cauhy problem for the losed loop system. 83A density argument shows that the previous estimate holds for any Lipshitz funtion φ withompat support in R× (0, 1). Now for T > 0 and n ∈ N
∗, we de�ne αn and βn as follows:

αn(t) =











1 for t ≤ T,

0 for t ≥ T + 1
n
,

1− n(t− T ) for T ≤ t ≤ T + 1
n
,

βn(x) =























1 for x ∈ [ 1
n
, 1− 1

n
],

2nx− 1 for x ∈ [ 1
2n ,

1
n
],

2n(1− x)− 1 for x ∈ [1− 1
n
, 1− 1

2n ]

0 otherwise .Taking φ = αn(t)βn(x) in (3.45) and letting n tend to in�nity we end up with:
∫ T

0
sgn(v(t, 0+)−ṽ(t, 0+))(f(v(t, 0+))−f(ṽ(t, 0+)))

−sgn(v(t, 1−)−ṽ(t, 1−))(f(v(t, 1−))−f(ṽ(t, 1−)))dt +

∫ T

0
|h(t)− h̃(t)|dt

+ ||u0 − ũ0||L1(0,1) − ||v(T, .) − ṽ(T, .)||L1(0,1) ≥ 0. (3.46)Now for three numbers a, b, c we have:
∀k ∈ I(a, b) ∩ I(a, c) ∩ I(b, c),

sgn(c− b)(f(c)− f(b)) = sgn(c− a)(f(c) − f(k)) + sgn(b− a)(f(b)− f(k)).Applying this identity with (a = ū, b = v(t, 1−), c = ṽ(t, 1−)) or (a = ū, b = v(t, 0+), c = ṽ(t, 0+))and using the boundary onditions of (3.34) we obtain:
sgn(v(t, 0+)− ṽ(t, 0+))(f(v(t, 0+))− f(ṽ(t, 0+))) ≤ 0 dt a.e.,

sgn(v(t, 1−)− ṽ(t, 1−))(f(v(t, 1−))− f(ṽ(t, 1−))) ≥ 0 dt a.e..Finally substituting those inequalities in (3.46) provides (3.35).We de�ne X as the following funtion spae:
X = {α ∈ C0(R+) | ||α||X := supt≥0(|α(t)|e

−2LGt) < +∞},where LG is the Lipshitz onstant of g (see 18). Consider the operator F whih to α ∈ Xassoiates the funtion ||v(t, .) − ū||L1(0,1), with v the entropy solution of






















∂tv + ∂x(f(v)) = g(α(t)) on (0,+∞) × (0, 1),

v(0, .) = u0 on (0, 1),

sgn(v(t, 1−)− ū)(f(v(t, 1−))− f(k)) ≥ 0 ∀k ∈ I(ū, v(t, 1−)), dt a.e.,

sgn(v(t, 0+)− ū)(f(v(t, 0+))− f(k)) ≤ 0 ∀k ∈ I(ū, v(t, 0+)), dt a.e..

(3.47)Then we have the following result.Lemma 15. The operator F has the following properties.
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• For any funtion α in X , the funtion F(α) belongs to X .
• The operator F is 1

2 -Lipshitz on X .Proof. We take α in X and v the entropy solution of (3.47). The onstant funtion ū is a solutionof (3.34) with soure term equal to 0 and initial data equal to ū. Using (3.35) we have:
F(α)(T ) = ||v(T, .) − ū||L1(0,1)

≤ ||u0 − ū||L1(0,1) +

∫ T

0
g(α(t))dt.Therefore for any T ≥ 0, we have:

e−2LGTF(α)(T ) ≤ ||u0 − ū||L1(0,1) +

∫ T

0
e−2LGT g(α(t))dt

≤ ||u0 − ū||L1(0,1) +

∫ T

0
LGe

−2LG(T−t)|α(t)|e−2LGtdt

≤ ||u0 − ū||L1(0,1) + ||α||X

∫ T

0
LGe

−2LG(T−t)dt ≤ ||u0 − ū||L1(0,1) +
||α||X
2

.It follows that F(α) is in X .In order to prove the seond assertion let us onsider α, β in X and vα, vβ the orrespondingentropy solutions of (3.47). Using (3.35) we see that for any nonnegative T :
|F(α)(T ) −F(β)(T )| = |||vα(T, .)− ū||L1(0,1) − ||vβ(T, .)− ū||L1(0,1)|

≤ ||vα(T, .) − vβ(T, .)||L1(0,1)

≤

∫ T

0
|g(α(t)) − g(β(t))|dt.But for any T ≥ 0:

e−2LGT |F(α) −F(β)|(T ) ≤

∫ T

0
LGe

−2LG(T−t)|α(t) − β(t)|e−2LGtdt

≤ ||α− β||X

∫ T

0
LGe

−2LG(T−t)dt

≤
||α− β||X

2
.Let us now go bak to the proof of Proposition 18. Applying the Banah �xed point theoremto F , we see that (3.33) has a unique entropy solution u suh that ||u(T, .) − ū||L1(0,1) is in X .But if v is an entropy solution of (3.33) and if we use (3.35) we have:

||v(T, .) − ū||L1(0,1) ≤ ||u0 − ū||L1(0,1) +

∫ T

0
LG||v(t, .) − ū||L1(0,1)dt.Using Gronwall's lemma we obtain:

||v(T, .) − ū||L1(0,1) ≤ ||u0 − ū||L1(0,1)e
LGT .



3.3. Generalized harateristis and boundary onditions. 85Thus the appliation:
T 7→ ||v(T, .) − ū||L1(0,1),is in X and therefore v = u. Using Lemma 14 and Gronwall's lemma we have that for u and vthe entropy solutions to (3.33) for initial data u0 and v0:

∀t ≥ 0, ||u(t, .) − v(t, .)||L1(0,1) ≤ ||u0 − v0||L1(0,1)e
LGt.This onludes onludes the proof of Proposition 18.3.3 Generalized harateristis and boundary onditions.We begin by realling a few de�nitions and results from [44℄. We will refer in this setion to thesystem:























∂tu+ ∂x(f(u)) = h(t) on (0,+∞)× (0, 1),

u(0, .) = u0 on (0, 1),

sgn(u(t, 1−)− ū)(f(u(t, 1−))− f(k)) ≥ 0 ∀k ∈ I(ū, u(t, 1−)), dt a.e.,

sgn(u(t, 0+)− ū)(f(u(t, 0+))− f(k)) ≤ 0 ∀k ∈ I(ū, u(t, 0+)), dt a.e.,

(3.48)where u0 ∈ BV(0, 1), h ∈ C0(R+), ū ∈ R and u is the unique entropy solution. Following [44℄ weintrodue the following.De�nition 11. • If γ is an absolutely ontinuous funtion de�ned on an interval (a, b) ⊂ R
+and with values in (0, 1), we say that γ is a generalized harateristi of (3.48) if:

γ̇(t) ∈ I(f ′(u(t, γ(t)−)), f ′(u(t, γ(t)+))) dt a.e..This is the lassial harateristi ODE taken in the weak sense of Filippov [55℄.
• A generalized harateristi γ is said to be genuine on (a, b) if:

u(t, γ(t)+) = u(t, γ(t)−) dt a.e..We reall the following results from [44℄.Theorem 12. • For any (t, x) in (0,+∞)× (0, 1) there exists at least one generalized har-ateristi γ suh that γ(t) = x.
• If γ is a generalized harateristis de�ned on (a, b) then for almost all t in (a, b):

γ̇(t) =

{

f ′(u(t, γ(t)) if u(t, γ(t)+) = u(t, γ(t)−),
f(u(t,γ(t)+))−f(u(t,γ(t)−))

u(t,γ(t)+)−u(t,γ(t)−) if u(t, γ(t)+) 6= u(t, γ(t)−).

• If γ is a genuine generalized harateristis on (a, b), then there exists a C1 funtion vde�ned on (a, b) suh that:
u(b, γ(b)+) ≤ v(b) ≤ u(b, γ(b)−),

u(t, γ(t)+) = v(t) = u(t, γ(t)−) ∀t ∈ (a, b), (3.49)
u(a, γ(a)−) ≤ v(a) ≤ u(a, γ(a)+).



86 Chapitre 3. Stabilisation des lois salaires.Furthermore (γ, v) satisfy the lassial ODE equation:
∀t ∈ (a, b)

{

γ̇(t) = f ′(v(t)),

v̇(t) = h(t).
(3.50)

• Two genuine harateristis may interset only at their endpoints.
• If γ1 and γ2 are two generalized harateristis de�ned on (a, b), then we have:

∀t ∈ (a, b), (γ1(t) = γ2(t) ⇒ ∀s ≥ t, γ1(s) = γ2(s)) .

• For any (t, x) in R
+ × (0, 1) there exist two generalized harateristis χ+ and χ− alledmaximal and minimal and assoiated to v+ and v− by (3.50), suh that if γ is a generalizedharateristi going through (t, x) then

∀s ≤ t, χ−(s) ≤ γ(s) ≤ χ+(s),

χ+ and χ− are genuine on {s < t} ,

v+(t) = u(t, x+) and v−(t) = u(t, x−).Note that in the previous theorem every property dealt only with the interior of the domain
R
+ × [0, 1]. We will now be interested in the in�uene of the boundary onditions on thegeneralized harateristis. Following the method of [44℄, we begin with a few tehnial identities.Lemma 16. • If χ is a Lipshitz funtion de�ned on [a, b] and satisfying:

∀t ∈ (a, b), 0 ≤ χ(t) < 1, (3.51)we have:
∫ χ(b)

0
u(b, x)dx −

∫ χ(a)

0
u(a, x)dx =

∫ b

a

χ(t)h(t)dt

+

∫ b

a

f(u(t, 0+))− f(u(t, χ(t)+)) + χ̇(t)u(t, χ(t)+)dt. (3.52)
• If χ is a Lipshitz funtion de�ned on [a, b] and suh that:

∀t ∈ (a, b), 1 ≥ χ(t) > 0,we have:
∫ 1

χ(b)
u(b, x)dx−

∫ 1

χ(a)
u(a, x)dx =

∫ b

a

(1− χ(t))h(t)dt

+

∫ b

a

f(u(t, χ(t)−))− f(u(t, 1−))− χ̇(t)u(t, χ(t)−)dt. (3.53)
• Finally if χ1 and χ2 are two Lipshitz funtions de�ned on [a, b] and satisfying:

∀t ∈ (a, b), 0 < χ1(t) < χ2(t) < 1,
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∫ χ2(b)

χ1(b)
u(b, x)dx−

∫ χ2(a)

χ1(a)
u(a, x)dx =

∫ b

a

h(t)(χ2(t)− χ1(t))dt

+

∫ b

a

f(u(t, χ1(t)
−))− f(u(t, χ2(t)

+)) + χ̇2(t)u(t, χ2(t)
+)− χ̇1(t)u(t, χ1(t)

−)dt. (3.54)Proof. We begin with the proof of (3.52). We will prove the equality when (3.51) holds on [a, b]and then extend sine both sides of (3.52) are ontinuous in a and b. For ǫ > 0 we de�ne thefollowing two funtions:
ψǫ(t, x) =











1 when t ∈ [a, b] and 0 ≤ x ≤ χ(t),

1− x−χ(t)
ǫ

when t ∈ [a, b] and χ(t) ≤ x ≤ χ(t) + ǫ,

0 otherwise,
∀t ∈ R

+, ρǫ(t) =























1 when a+ ǫ ≤ t ≤ b,
b−t
ǫ

when b− ǫ ≤ t ≤ b,
t−a
ǫ

when a ≤ t ≤ a+ ǫ,

0 otherwise.The produt ρǫψǫ is Lipshitz and has ompat support in R
+× [0, 1]. Sine u is a weak solutionof (3.48) we have:

∫ +∞

0

∫ 1

0
u(t, x)(∂tρǫ(t)ψǫ(t, x) + ρǫ(t)∂tψǫ(t, x)) + f(u(t, x))ρǫ(t)∂xψǫ(t, x) + h(t)dxdt

+

∫ T

0
u0(x)ρǫ(0)ψǫ(0, x)dx +

∫ +∞

0
f(u(t, 0+))ρǫ(t)ψǫ(t, 0)− f(u(t, 1−))ρǫ(t)ψǫ(t, 1)dt = 0.(3.55)It is easy to see that:

• for ǫ > 0, ρǫ(0) = 0,
• for ǫ small enough: ρ(t)ψǫ(t, 1) = 0 for all t,
• when ǫ→ 0, ∀t ≥ 0, ρǫ(t)ψǫ(t, 0) → 1[a,b](t),
• when ǫ→ 0, we have:

∫ +∞

0

∫ 1

0
u(t, x)∂tρǫ(t)ψǫ(t, x)dxdt →

∫ χ(a)

0
u(a, x)dx−

∫ χ(b)

0
u(b, x)dx,

∫ +∞

0

∫ 1

0
u(t, x)ρǫ(t)∂tψǫ(t, x)dxdt →

∫ b

a

χ̇(t)u(t, χ(t)+)dt,

∫ +∞

0

∫ 1

0
f(u(t, x))ρǫ(t)∂xψǫ(t, x)dxdt → −

∫ b

a

f(u(t, χ(t)+))dt.
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∫ χ(a)

0
u(a, x)dx −

∫ χ(b)

0
u(b, x)dx+

∫ T

a

h(t)dt

+

∫ T

a

f(u(t, 0+))− f(u(t, χ(t)+)) + χ̇(t)u(t, χ(t)+)dt = 0,whih is exatly (3.52).The proof of (3.53) is symmetrial and is omitted. And for (3.54) we use the same ideas butwith the following test funtions:
ψǫ(t, x) =























1 when t ∈ [a, b] and χ1(t) ≤ x ≤ χ2(t),

1− x−χ2(t)
ǫ

when t ∈ [a, b] and χ2(t) ≤ x ≤ χ2(t) + ǫ,
x+ǫ−χ1(t)

ǫ
when t ∈ [a, b] and χ1(t)− ǫ ≤ x ≤ χ1(t),

0 otherwise,
∀t ∈ R

+, ρǫ(t) =























1 when a+ ǫ ≤ t ≤ b− ǫ,
b−t
ǫ

when b− ǫ ≤ t ≤ b,
t−a
ǫ

when a ≤ t ≤ a+ ǫ,

0 otherwise.Let us also show the additional lemma.Lemma 17. Consider t > 0 and x in {0, 1} and suppose that one of the following onditions issatis�ed:
x = 1 and f ′(u(t, x−)) > 0,

x = 0 and f ′(u(t, x+)) < 0.Then there is a genuine bakward harateristi γ going through (t, x) and suh that:
γ̇(t) =

{

f ′(u(t, 1−)) if x = 1,

f ′(u(t, 0+)) if x = 0.Proof. We will prove only the �rst ase, the seond one being idential. Let (xn) be an inreasingsequene in (0, 1) suh that xn →
n→+∞

1. We immediately see that:
f ′(u(t, xn)) →

n→+∞
f ′(u(t, 1−)), (3.56)and so we an suppose that:

∀n ≥ 0, f ′(u(t, xn)) ≥
f ′(u(t, 1−))

2
. (3.57)Now onsider χn the maximal generalized bakward harateristi going through (t, xn) and vnthe funtions assoiated to them by (3.50). Using (3.57) and the ontinuity of h, we deduethat there exists ǫ > 0 independent of n suh that if the funtions χn, vn are maximally de�ned



3.3. Generalized harateristis and boundary onditions. 89on an interval I then [t − ǫ, t] ⊂ I. Now a lassial ODE result asserts that beause xn and
f ′(u(t, xn)) onverge then the funtions χn and vn onverge uniformly toward two funtions γand v satisfying:

∀s ∈ [t− ǫ, t],

{

v̇(s) = h(s) v(t) = u(t, 1−)

γ̇(s) = f ′(v(s)) γ(t) = 1
. (3.58)It is know that the uniform limit of generalized harateristis is a generalized harateristi (see[68℄[Chapter 1℄ or [44℄[Chapter10℄) therefore γ is a generalized harateristi. It is genuine sineit satis�es (3.58).In the remaining part of this setion, we will suppose:

f ′(ū) ≥ 0 and ∀t ∈ R
+, h(t) ≥ 0. (3.59)Remark 17. Note that h being nonnegative and f being onvex, any genuine generalized har-ateristi is also onvex sine it satis�es ODE (3.50).We will now desribe the behavior of generalized harateristis at the boundary points.Proposition 19. There is no genuine generalized harateristi γ de�ned on (a, b) with a > 0and suh that:

γ(t) →
t→a+

1. (3.60)Proof. Let us suppose that (3.60) is false. We have a genuine harateristi γ de�ned on (a, b)suh that γ(a) = 1 and a > 0. Thanks to Remark 17, we have
f ′(v(a)) < 0.Now onsider ǫ > 0 and apply (3.54) with χ1(t) = γ(t)− ǫ and χ2 = γ. Then:

∫ γ(T )

γ(T )−ǫ
u(T, x)dx−

∫ 1

1−ǫ
u(a, x)dx = ǫ

∫ T

a

h(s)ds

+

∫ T

a

f(u(s, γ(s)− ǫ−))− f(u(s, γ(s)+))− γ̇(s)(u(s, γ(s) − ǫ−)− u(s, γ(s)+))ds.Sine u(s, γ(s)+) = v(s), γ̇(s) = f ′(v(s)) and f is onvex we obtain:
∫ γ(T )

γ(T )−ǫ
u(T, x)dx−

∫ 1

1−ǫ
u(a, x)dx ≥ ǫ(v(T ) − v(a)).Therefore after dividing by ǫ and taking the limit ǫ→ 0 we arrive at:

v(T )− u(a, 1−) ≥ v(T )− v(a). (3.61)And so:
f ′(u(a, 1−)) ≤ f ′(v(a)) < 0.Sine we supposed f ′(ū) ≥ 0 this fores f to be of type I. Thus we have a unique u∗ suh that

f ′(u∗) = 0 and the boundary ondition at x = 1 beomes:
u(t, 1−) ≥ u∗, dt a.e. (3.62)
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xn xn+1

γ

a

an

an+1

t

xFigure 3.1:Consider (xn)n≥0 satisfying:
∀n ≥ 0, 0 < xn < xn+1 < 1,

u(a, .) is ontinuous at every xn,
xn →

n→+∞
1,

∀n ≥ 0, f ′(u(a, xn)) ≤
f ′(u(a, 1−))

2
.This sequene exists thanks to (3.61) and also beause u(a, .) is in BV(0, 1). Using Theorem 12we know that for any n, there exist a unique number an < a and two regular funtions γn and

vn solutions of:
{

v̇n(t) = h(t),

vn(a) = u(a, xn),
(3.63)

{

γ̇n(t) = f ′(vn(t)),

γn(a) = xn,
(3.64)

γn(an) = 1, (3.65)maximally de�ned on (an, a). Furthermore γn is a genuine generalized harateristi on (an, a).Using the fat that xn is inreasing and Theorem 12, we an see that an is nondereasing.Furthermore using f ′(un) ≤ f ′(u(a,1−))
2 < 0, h ≥ 0 and f onvex, we obtain:

an →
n→+∞

a.Suppose now that given n, we have a ertain T suh that:
an < T < a and f ′(u(T, 1−)) > 0.Using Lemma 17, we get a time R < T and a bakward harateristi δ issue from (T, 1), de�nedon [R,T ] and genuine on (R,T ). We also have R ≥ an and δ(R) = 1 beause γn and δ do notross. Additionally if w is the regular funtion assoiated to δ by (3.50), we have w(T ) = u(T, 1−).
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f ′(u(T, 1−)) = f ′(w(T )) =

1

T −R

∫ T

R

(f ′(w(T )) − f ′(w(t)))dt

≤
||f ′′||L∞

T −R

∫ T

R

∫ T

t

h(s)dsdt

≤
T −R

2
||f ′′||L∞ ||h||L∞(R,T )

≤
a− an

2
||f ′′||L∞ ||h||L∞(R,T ).Combined with (3.62) this implies:

essup
t∈[a−ν,a]

f ′(u(t, 1−)) →
ν→0+

0. (3.66)Sine f is onvex and there is only one number u∗ suh that f ′(u∗) = 0, we an dedue:
essup
t∈[a−ν,a]

f(u(t, 1−)) →
ν→0+

f(u∗). (3.67)Let us now onsider any number ui suh that f ′(ui) < 0 and de�ne χǫ(t) = 1− ǫ+ f ′(ui)(t− a).Applying (3.53) between a(ǫ) = a+ ǫ
f ′(ui)

and a we obtain:
∫ 1

1−ǫ
u(a, x)dx =

∫ a

a(ǫ)
(1− χǫ(t))h(t)dt +

∫ a

a(ǫ)
(f(u(t, χǫ(t)

−))−f(u(t, 1−))−χ̇ǫ(t)u(t, χǫ(t)
−))dt

=

∫ a

a(ǫ)
(1− χǫ(t))h(t)dt +

∫ a

a(ǫ)
(f(u(t, χǫ(t)

−))− f(ui)− χ̇ǫ(t)(u(t, χǫ(t)
−)− ui))dt

+

∫ a

a(ǫ)
(f(ui)− f(u(t, 1−)))dt +

∫ a

a(ǫ)
χ̇ǫ(t)uidt.Using the onvexity of f and sine χ̇ǫ = f ′(ui) we have:

∀t ∈ (a(ǫ), a), f(u(t, χǫ(t)
−))− f(ui)− χ̇ǫ(t)(u(t, χǫ(t)

−)− ui) ≥ 0. (3.68)We have supposed f ′(ui) < 0 therefore f(ui) > f(u∗) and then for ǫ small enough, a(ǫ) is loseenough to a to guarantee, thanks to (3.67):
f(ui) ≥ f(u(t, 1−)) dt a.e. on (a(ǫ), a).Thus we have:

∫ 1

1−ǫ
u(a, x)dx ≥

∫ a

a(ǫ)
(1− χǫ(t))h(t)dt + ǫui.And now dividing by ǫ and letting ǫ tend to 0 we obtain:

∀ui s.t. f
′(ui) < 0, u(a, 1−) ≥ ui.In turn this implies f ′(u(a, 1−)) ≥ 0 and we have a ontradition.Proposition 20. Consider a genuine generalized harateristi γ de�ned on (a, b) with a > 0and v the regular funtion assoiated to γ by (3.50). If γ(t) →

t→a
0 then v(t) →

t→a
ū.
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t

x

γ

a

ǫ

T (ǫ)

1

χ1

Figure 3.2:Proof. We will proeed in two steps.
• First let us show that v(a) ≥ ū. One again we onsider ǫ > 0 small enough and de�ne thetime

T (ǫ) = inf{t ∈ (a, b) | γ(t) ≥ ǫ}.Then if we apply (3.54) to χ1(t) = γ(t)− ǫ and χ2(t) = γ(t) on [T (ǫ), b] we get:
∫ γ(b)

γ(b)−ǫ
u(b, x)dx −

∫ ǫ

0
u(T (ǫ), x)dx = ǫ

∫ b

T (ǫ)
h(t)dt

+

∫ b

T (ǫ)
(f(u(t, γ(t) − ǫ−))− f(u(t, γ(t)+)) + γ̇(t)(u(t, γ(t)+)− u(t, γ(t) − ǫ−)))dt.We apply (3.52) to χ(t) = γ(t) on [a, T (ǫ)] to have:

∫ ǫ

0
u(T (ǫ), x)dx −

∫ γ(a)

0
u(a, x)dx =

∫ T (ǫ)

a

γ(t)h(t)dt

+

∫ T (ǫ)

a

(f(u(t, 0+))− f(u(t, γ(t)+)) + γ̇(t)u(t, γ(t)+))dt.Adding the two previous equalities and remembering that:
γ(a) = 0, u(t, γ(t)) = v(t) and γ̇(t) = f ′(v(t)),we obtain:

∫ γ(b)

γ(b)−ǫ
u(b, x)dx = ǫ

∫ b

T (ǫ)
h(t)dt+

∫ T (ǫ)

a

γ(t)h(t)dt

+

∫ b

T (ǫ)
(f(u(t, γ(t)− ǫ−))− f(v(t)) + f ′(v(t))(v(t) − u(t, γ(t) − ǫ−)))dt

+

∫ T (ǫ)

a

(f(u(t, 0+))− f(v(t)) + f ′(v(t))v(t))dt.



3.3. Generalized harateristis and boundary onditions. 93Now using the fat that f(u(t, 0+)) ≥ f(ū) for almost all t and remembering that f isonvex we have:
∫ b

T (ǫ)
(f(u(t, 0+))− f(v(t)) + f ′(v(t))v(t))dt ≥

∫ b

T (ǫ)
(f(ū)− f(v(t)) + f ′(v(t))v(t))dt

≥

∫ b

T (ǫ)
(f(ū)−f(v(t))−f ′(v(t))(ū − v(t)))dt

+ ū

∫ b

T (ǫ)
γ̇(t)dt

≥ ǫū.The onvexity of f also implies:
∫ b

T (ǫ)
f(u(t, γ(t)− ǫ−))− f(v(t)) + f ′(v(t))(v(t) − u(t, γ(t) − ǫ−))dt ≥ 0.But thanks to (3.50) we know that:

∫ b

T (ǫ)
h(t)dt = v(b) − v(T (ǫ)),so in the end we have for any ǫ positive and small enough:

∫ γ(b)

γ(b)−ǫ
u(b, x)dx ≥

∫ T (ǫ)

a

γ(t)h(t)dt + ǫ(v(b) − v(T (ǫ))) + ǫū.Dividing by ǫ and letting it tend to 0 provides:
v(b) ≥ v(b)− v(a) + ū,whih is indeed v(a) ≥ ū.

• Now to prove v(a) ≤ ū, let us suppose v(a) > ū.For ǫ positive if we apply (3.54) to χ1 = γ and χ2 = γ + ǫ between a and t > a, we have:
∫ γ(t)+ǫ

γ(t)
u(t, x)dx −

∫ ǫ

0
u(a, x)dx = ǫ

∫ t

a

h(s)ds+

∫ t

a

f(v(t))− f(u(t, (γ(t) + ǫ)+))

+ f ′(v(t))(u(t, (γ(t) + ǫ)+)− v(t))dt

≤ ǫ

∫ t

a

h(s)ds

≤ v(t)− v(a).Dividing by ǫ and letting it tend to 0 provides:
u(t, γ(t)+)− u(a, 0+) ≤ v(t)− v(a).Sine γ is genuine this implies:

ū < v(a) ≤ u(a, 0+). (3.69)
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x

t γ

x

a χ

c

T

R

δ

1Figure 3.3:Now onsider x in (0, 1), χ the minimal generalized harateristi through (a, x) and w thefuntion assoiated to it by (3.50). We an see that if x is lose enough to 0 then thanksto f ′(u(a, 0+)) > 0 there exists c < a suh that
χ(c) = 0.Consider T suh that c < T < a and suppose that f ′(u(T, 0+)) < 0. Using Lemma 17 weget a generalized harateristi δ on [R,T ], genuine on (R,T ) and suh that δ(T ) = 0. Butwe would also have R ≥ c and δ(R) = 0 beause δ and γ do not ross (Theorem 12). Thisis impossible beause thanks to Remark 17, δ is onvex, therefore no suh T exists. (see�gure 3.3)Using the boundary ondition at x = 0 this implies:for almost all t in (c, a), u(t, 0+) = ū.Now we onsider ui larger than ū. This implies that f ′(ui) is positive. We de�ne γǫ and

aǫ by:
γǫ(t) = ǫ+ f ′(ui)(t− a),

aǫ =
ǫ

f ′(ui)
.If we apply (3.52) with χ = γǫ for ǫ small enough (so that aǫ ≥ c), we obtain:

∫ ǫ

0
u(a, x)dx =

∫ a

aǫ

γǫ(t)h(t)dt+

∫ a

aǫ

(f(u(t, 0+))− f(u(t, γǫ(t)
+)) + f ′(ui)u(t, γǫ(t)

+))dt

≤

∫ a

aǫ

γǫ(t)h(t)dt+

∫ a

aǫ

(f(ui)− f(u(t, γǫ(t)
+)) + f ′(ui)(u(t, γǫ(t)

+)− ui))dt+ ǫui

≤

∫ a

aǫ

γǫ(t)h(t)dt+ ǫui.Dividing by ǫ and letting it tend to 0 provides:
u(a, 0+) ≤ ui.Sine ui an be arbitrarily lose to ū, we end up with:

v(a) ≤ u(a, 0+) ≤ ū.



3.3. Generalized harateristis and boundary onditions. 95Proposition 21. If γ is a genuine generalized harateristi de�ned on (a, b) with a > 0 and vis the regular funtion assoiated to γ by (3.50). Suppose:
γ(t) →

t→b
0 and v(t) →

t→b
v̄, (3.70)then

f ′(v̄) ≤ 0 and f(v̄) ≥ f(ū). (3.71)Proof. Sine γ is onvex and sine for t in (a, b) γ(t) > 0 = γ(b), we have:
∀t ∈ (a, b), γ̇(t) ≤ 0.Letting t tend to b we have

f ′(v̄) = lim
t→b

f ′(v(t)) = lim
t→b

γ̇(t) ≤ 0.Now onsider ǫ positive and de�ne:
T (ǫ) = sup{t ∈ (a, b) | γ(t) ≥ ǫ}.We apply (3.54) to χ1(t) = γ(t)− ǫ and χ2(t) = γ(t) on [a, T (ǫ)] and get:

∫ ǫ

0
u(T (ǫ), x)dx −

∫ γ(a)

γ(a)−ǫ
u(a, x)dx = ǫ

∫ T (ǫ)

a

h(t)dt

+

∫ T (ǫ)

a

(f(u(t, (γ(t) − ǫ)−))− f(u(t, γ(t)+)) + γ̇(t)(u(t, γ(t)+)− u(t, (γ(t) − ǫ)−)))dt.We apply (3.52) to χ(t) = γ(t) on [T (ǫ), b] to obtain:
∫ γ(b)

0
u(b, x)dx −

∫ ǫ

0
u(T (ǫ), x)dx =

∫ b

T (ǫ)
γ(t)h(t)dt

+

∫ b

T (ǫ)
(f(u(t, 0+))− f(u(t, γ(t)+)) + γ̇(t)u(t, γ(t)+))dt.As in the proof of Proposition 20, we add the two previous equalities and remember that:

γ(b) = 0, u(t, γ(t)) = v(t) and γ̇(t) = f ′(v(t)),to get:
−

∫ γ(a)

γ(a)−ǫ
u(a, x)dx = ǫ

∫ T (ǫ)

a

h(t)dt+

∫ b

T (ǫ)
γ(t)h(t)dt

+

∫ T (ǫ)

a

(f(u(t, (γ(t) − ǫ)−))− f(v(t)) + f ′(v(t))(v(t) − u(t, (γ(t) − ǫ)−)))dt

+

∫ b

T (ǫ)
(f(u(t, 0+))− f(v(t)) + f ′(v(t))v(t))dt.



96 Chapitre 3. Stabilisation des lois salaires.Using the fat that f(u(t, 0+)) ≥ f(ū) for almost all t thanks to the boundary ondition andremembering that f is onvex, we have for any ui suh that f(ū) ≥ f(ui):
∫ b

T (ǫ)
(f(u(t, 0+))− f(v(t)) + f ′(v(t))v(t))dt ≥

∫ b

T (ǫ)
f(ui)− f(v(t)) + f ′(v(t))v(t)dt

≥

∫ b

T (ǫ)
(f(ui)− f(v(t))− f ′(v(t))(ui − v(t)))dt

+ ui

∫ b

T (ǫ)
γ̇(t)dt

≥ −ǫui.The onvexity of f also implies:
∫ T (ǫ)

a

(f(u(t, (γ(t) − ǫ)−))− f(v(t)) + f ′(v(t))(v(t) − u(t, (γ(t)− ǫ)−)))dt ≥ 0.Thanks to (3.50) we know:
∫ T (ǫ)

a

h(t)dt = v(T (ǫ)) − v(a).We dedue that for any ǫ > 0 small enough:
−

∫ γ(a)

γ(a)−ǫ
u(a, x)dx ≥

∫ b

T (ǫ)
γ(t)h(t)dt + ǫ(v(T (ǫ))− v(a)) − ǫui.And �nally dividing by ǫ and letting ǫ tend to 0 we have:

−v(a) ≥ v̄ − v(a)− ui,In the end:
∀ui s.t. f(ui) ≤ f(ū), v̄ ≤ ui.Thus we have proven (3.71).We will now use the three previous propositions to prove two ruial estimates on the in�mumand supremum of u(t, .).Proposition 22. If u is the unique entropy solution of the system (3.48) then:

∀t ≥ 0, inf
x∈(0,1)

u(t, x) ≥ min(ū, inf
x∈(0,1)

u0(x) +

∫ t

0
h(s)ds), (3.72)

∀t ≥ 0, sup
x∈(0,1)

u(t, x) ≤ max(ū, sup
x∈(0,1)

u0(x)) +

∫ t

0
h(s)ds. (3.73)Proof. Take (t, x) in (0,+∞) × (0, 1) and onsider χ+ the maximal bakward generalized har-ateristi going through (t, x), and v the funtion assoiated to χ+ by (3.50). We suppose that

χ+ is maximally de�ned on [a, b] for a ertain a. If χ+(a) = 0 we have, thanks to Proposition20:
v(a) ≥ ū.



3.4. Proof of Theorem 10 97Therefore using the last part of Theorem 12 we get:
u(t, x+) = v(t) = v(a) +

∫ t

a

h(s)ds ≥ ū.Now if χ+(a) > 0 then thanks to Proposition 19 we get a = 0 and using (3.49) we have:
u(t, x+) = v(t) = v(0) +

∫ t

0
h(s)ds ≥ u(0, χ+(0)−) ≥ inf

(0,1)
u0.And sine u is an entropy solution u(t, x−) ≥ u(t, x+) for t > 0 thus we have (3.72). The samekind of reasoning provides (3.73).Let us now prove a simple estimate on the harateristi speed.Lemma 18. Let us onsider u the entropy solution of (3.48) then for any positive t and any xin (0, 1) we have:

f ′(u(t, x+)) ≥
x− 1

t
. (3.74)Proof. Let χ+ be the maximal bakward generalized harateristi going through (t, x). Thenthanks to Theorem 12 we know that:

χ̇+(t) = f ′(u(t, x+)).But thanks to Remark 17, χ+ is onvex and so we get:
∀s ≤ t, χ̇+(s) ≤ f ′(u(t, x+)).Finally thanks to Proposition 19, χ+ annot ross x = 1 at a positive time, whih implies(3.74).3.4 Proof of Theorem 10In this setion we will prove the remaining parts of Theorem 10 in the ase f ′(ū) > 0. The�rst point was already proven in Setion 3.2, (3.24) will be proven in Proposition 24, (3.25) and(3.26) will be proven in Proposition 25 and �nally the regularization property will be proven inProposition 23.Sine the feedbak law (3.16) satis�es:
∀z ∈ L1(0, 1), G1(z) ≥ 0, (3.75)we an apply all the results of the preeding setion to the entropy solution u of (3.14), (3.16)and (3.17). We begin the proof of Theorem 10 with the following geometri lemma.Lemma 19. Let us de�ne the time T2 in two ways depending on the type of the �ux funtion fintrodued in De�nition 10:

T2 =







1
2

2ū−û−u∗

f(ū)−f(u
∗+û
2

)
− 1

f ′(u
∗+û
2

)
if f is of type I,

1
f ′(ū−||u0−ū||L∞(0,1))

if f is of type II.Then for any t larger than T2 and any x in (0, 1) if χ− is the minimal bakward generalizedharateristi going through (t, x) there exists a positive time a suh that:
χ−(a) = 0.



98 Chapitre 3. Stabilisation des lois salaires.Proof. We begin with the ase where f is of type I. Let us de�ne:
T1 = −

1

f ′(u
∗+û
2 )

,and thanks to the hypothesis on f , we have 0 < T1 < +∞. Using Lemma 18 we see:
∀x ∈ (0, 1), ∀t ≥ T1, f ′(u(t, x)) ≥ −

1

T1
= f ′(

û+ u∗

2
).Sine f is stritly onvex we dedue:

∀x ∈ (0, 1), ∀t ≥ T1, u(t, x) ≥
û+ u∗

2
. (3.76)Looking at the boundary ondition (3.23) we see that this also implies:for almost all t in [T1,+∞), u(t, 0+) = ū.Consider b > T1 and suh that u(b, 0+) = ū. Then for x su�iently lose to 0 we have:

f ′(u(b, x)) ≥
f ′(ū)

2
> 0. (3.77)Let χ be the minimal bakward harateristi going through (b, x), a the time suh that χ ismaximally de�ned on [a, b], and v the funtion assoiated to χ by (3.50). For x su�iently loseto 0 we have thanks to (3.77),(3.50) and Proposition 20:

a ≥ T1, v(a) = ū. (3.78)Now let γ be the forward harateristi going through (b, x) and maximally de�ned on [b, c) fora ertain c (eventually in�nite). Thanks to (3.78), we see that for any t in (b, c), the minimalbakward harateristi through (t, γ(t)) ross x = 0 at a time a1 suh that a1 ≥ a ≥ T1 > 0.Using (3.50) and Proposition 20 we dedue:
∀t ∈ (b, c), u(t, γ(t)−) ≥ ū.Using (3.76) we obtain:for almost all t in (b, c), γ̇(t) ≥ 2

f(ū)− f( û+u
∗

2 )

2ū− û− u∗
> 0.This implies that c is �nite and that γ(c) = 1. Consequently if c ≤ T2 we have �nished, otherwise:

γ(T2) ≥ 2(T2 − b)
f(ū)− f( û+u

∗

2 )

2ū− û− u∗
.The number b an be hosen as lose to T1 as we want and

2(T2 − T1)
f(ū)− f( û+u

∗

2 )

2ū− û− u∗
= 1.This onludes the proof in the ase of a �ux f of type I.



3.4. Proof of Theorem 10 99Now we suppose that f is of type II. Using Proposition 22 we see that:
∀x ∈ (0, 1), ∀t ≥ 0, u(t, x) ≥ min(ū, inf

y∈(0,1)
(u0(y)))

≥ ū+min(0, inf
y∈(0,1)

(u0(y)− ū))

≥ ū− ||u0 − ū||L∞(0,1).Obviously sine f is of type II and sine f ′(ū) > 0 we have:
f ′(ū− ||u0 − ū||L∞(0,1)) > 0 and thus T2 < +∞.Now for t larger than T2 and for x in (0, 1) onsider χ the minimal bakward harateristithrough (t, x) and a the nonnegative number suh that χ is maximally de�ned on [a, t]. Using(3.50) we see
∀s ∈ (a, t) χ̇(s) ≥ f ′(ū− ||u0 − ū||L∞(0,1)),and sine

T2f
′(ū− ||u0 − ū||L∞(0,1)) = 1,we dedue a > 0, whih onludes the proof.Proposition 23. The unique entropy solution u of (3.14), (3.16) and (3.17) is regular on

(T2,+∞)× (0, 1) and satis�es:
∀t ≥ T2, ||u(t, .)− ū||L1(0,1) ≤ ||u(T2, .) − ū||L1(0,1)e

− f ′(ū)
2

(t−T2). (3.79)Proof. Let us take t larger than T2 and x, y in (0, 1) with x < y. Consider γ1 and γ2 the minimalbakward generalized harateristis going through (t, x) and (t, y) and v1, v2 the funtionsassoiated to them by (3.50). Thanks to Lemma 19, we get two times a1 and a2 larger than T1suh that:
γ1(a1) = γ2(a2) = 0.Furthermore sine two genuine harateristis may ross only at their endpoints we have a2 ≤ a1.But using (3.50) we have:

u(t, y) = v2(t) = ū+

∫ t

a2

G1(u(s, .))ds

≥ ū+

∫ t

a1

G1(u(s, .))ds = v1(t) = u(t, x). (3.80)So for any time t larger than T2, u(t, .) is nondereasing, using Oleinik inequality (3.4) thisimplies that it is ontinuous on (0, 1). The previous alulation also shows that:
∀t ≥ T2, ∀x ∈ (0, 1), u(t, x) ≥ ū. (3.81)Sine f ′(ū) > 0 we an see that as y tends to 0, a2 tends to t and therefore using (3.50) weobtain:

∀t ≥ T2, u(t, 0+) = ū. (3.82)Let us now prove the regularity of u. For the sake of onveniene let us put:
∀t ≥ 0, g(t) = G1(u(t, .)).



100 Chapitre 3. Stabilisation des lois salaires.Using the de�nition of G1 and the result of Setion 3.2 we already know that g is ontinuous.We introdue the following auxiliary funtion B:
∀t ≥ 0, e ≥ 0, x ∈ (0, 1), u ∈ R, B(t, x, e, u) =

(

u−ū−

∫ t

e

g(s)ds, x−

∫ t

e

f ′
(

ū+

∫ s

e

g(r)dr
)

ds

)

.For t larger than T2 and x in (0, 1), let e(t, x) be the time for whih the genuine bakwardharateristi γ going through (t, x) satis�es:
γ(e(t, x)) = 0.Using (3.50) and Proposition 20 we an see that the following holds:

B(t, x, e(t, x), u(t, x)) = (0, 0).It is lear that:
∂uB(t, x, e, u) = (1, 0),

∂eB(t, x, e, u) = (g(e), f ′(ū)(1 +

∫ t

e

f ′′(ū+

∫ s

e

g(r)dr)ds)).And sine f ′(ū) > 0 and f ′′ ≥ 0, the regularity of u omes as a onsequene of the impliitfuntion theorem.To show (3.79) let us onsider s and t satisfying T2 < s < t. Using (3.81) and Lemma 16 weget:
||u(t, .) − ū||L1(0,1) − ||u(s, .)− ū||L1(0,1) =

∫ 1

0
(|u(t, x) − ū| − |u(s, x)− ū|)dx

=

∫ 1

0
(u(t, x) − u(s, x))dx

=

∫ t

s

G1(u(r, .))dr +

∫ t

s

(f(u(r, 0+))− f(u(r, 1−)))dr

=

∫ t

s

G1(u(r, .))dr +

∫ t

s

(f(ū)− f(u(r, 1−)))dr

≤

∫ t

s

G1(u(r, .))dr +

∫ t

s

f ′(ū)(ū− u(r, 1−))dr.Thanks to (3.80) and (3.82) we also have:
∀x ∈ (0, 1), |u(r, x) − ū| = u(r, x) − ū ≤ u(r, 1−)− ū,and therefore

∫ 1

0
|u(r, x) − ū|dx ≤ u(r, 1−)− ū.Using the two previous inequalities and the de�nition of G1 we then dedue:

||u(t, .) − ū||L1(0,1) − ||u(s, .)− ū||L1(0,1) ≤
f ′(ū)

2

∫ t

s

||u(r, .) − ū||L1(0,1)dr

− f ′(ū)

∫ t

s

||u(r, .) − ū||L1(0,1)dr

≤ −
f ′(ū)

2

∫ t

s

||u(r, .) − ū||L1(0,1)dr.Applying Gronwall's lemma we obtain (3.79).



3.4. Proof of Theorem 10 101We end this setion with the last remaining estimate of Theorem 10.Proposition 24. If u is the entropy solution assoiated to the initial data u0 we have:
∀t ≥ 0, ||u(t, .) − ū||L1(0,1) ≤ ef

′(ū)T2e−
f ′(ū)

2
t||u0 − ū||L1(0,1). (3.83)Proof. The onstant funtion ū is the unique entropy solution of (3.14), (3.16), (3.17) assoiatedto the onstant initial data ū. Therefore omparing u and ū with Lemma 14 gives us:

∀t ≥ 0, ||u(t, .) − ū||L1(0,1) ≤ ||u0 − ū||L1(0,1) +

∫ t

0
G1(u(s, .)) − G1(ū)ds

≤ ||u0 − ū||L1(0,1) +
f ′(ū)

2

∫ t

0
||u(s, .)− ū||L1(0,1)ds.Using Gronwall's lemma we get:

∀t ∈ [0, T2], ||u(t, .) − ū||L1(0,1) ≤ ||u0 − ū||L1(0,1)e
f ′(ū)

2
t ≤ ||u0 − ū||L1(0,1)e

f ′(ū)
2

T2 . (3.84)Combining the last estimate with (3.79) we obtain indeed (3.83).Proposition 25. The state ū is asymptotially stable in L∞(0, 1) for the system (3.14), (3.16)and (3.17), and if u is the entropy solution assoiated to the initial data u0 we have:
∀t ≥ 0, ||u(t, .)− ū||L∞(0,1) ≤ e2f

′(ū)T2+1||u0 − ū||L∞(0,1)e
− f ′(ū)

2
t. (3.85)Proof. Using Proposition 22 we have:

∀t ∈ [0, T2], inf
x∈(0,1)

(u(t, x) − ū) ≥ min(0, inf
x∈(0,1)

(u0(x)− ū)) ≥ −||u0 − ū||L∞(0,1).Using Proposition 22 and (3.84) we obtain:
∀t ∈ [0, T2], sup

x∈(0,1)
(u(t, x)− ū) ≤ max(0, sup

x∈(0,1)
(u0(x)− ū) +

∫ t

0
G1(u(s, .))ds)

≤ ||u0 − ū||L∞(0,1) +

∫ t

0

f ′(ū)

2
e

f ′(ū)
2

s||u0 − ū||L1(0,1)ds

≤ e
f ′(ū)

2
T2 ||u0 − ū||L∞(0,1).Thus we get:

∀t ∈ [0, T2], ||u(t, .) − ū||L∞(0,1) ≤ e
f ′(ū)

2
T2 ||u0 − ū||L∞(0,1). (3.86)Thanks to (3.80) and (3.81) we have:

∀t ≥ T2, ||u(t, .)− ū||L∞(0,1) = u(t, 1−)− ū.If we take χt the minimal bakward generalized harateristi going through (t, 1) and vt thefuntion assoiated to it by (3.50) we know that, thanks to Proposition 20, there exists at positivesuh that:
χt(at) = 0 and vt(at) = ū.



102 Chapitre 3. Stabilisation des lois salaires.Now using (3.81) and (3.50) we see:
χt(t)− χt(at) =

∫ t

at

f ′(vt(s))ds

≥ (t− at)f
′(ū).In turn this shows:

at ≥ t−
1

f ′(ū)
→

t→+∞
+∞. (3.87)Thanks to estimate (3.83) and to the de�nition of G1 we also have:

∀T ≥ 0,

∫ +∞

T

G1(u(s, .))ds ≤

∫ +∞

T

f ′(ū)

2
e−

f ′(ū)
2

s||u0 − ū||L1(0,1)e
f ′(ū)T2ds

≤ ef
′(ū)T2 ||u0 − ū||L∞(0,1)e

− f ′(ū)
2

T .So using the last two estimates we obtain:
∀t ≥ T2, ||u(t, .) − ū||L∞(0,1) = u(t, 1−)− ū = vt(t)− ū =

∫ t

at

G1(u(s, .))ds

≤

∫ +∞

at

G1(u(s, .))ds

≤ ef
′(ū)T2 ||u0 − ū||L∞(0,1)e

− f ′(ū)
2

at

≤ e1+f
′(ū)T2 ||u0 − ū||L∞(0,1)e

− f ′(ū)
2

t. (3.88)Combining (3.86) and (3.88) we obtain (3.85).3.5 Proof of Theorem 11In this setion we will prove the remaining parts of Theorem 11, therefore f ′(ū) = 0. Therefore
f is neessarily of type I and ū = u∗ = û. We will onsider in the following the unique entropysolution u of (3.14), (3.16) and (3.17). We begin by proving the following Lemma whih desribestwo alternative behaviors for u.Lemma 20. If the following ondition holds:

∫ +∞

0
G2(u(t, .))dt ≤ ū− inf

x∈(0,1)
u0(x), (3.89)then we have both:

||u(t, .) − ū||L∞(0,1) →
t→+∞

0, (3.90)and
∀t ≥ 0, ||u(t, .) − ū||L∞(0,1) ≤ 2||u0 − ū||L∞(0,1). (3.91)Otherwise with T1 the smallest time suh that:

∫ T1

0
G2(u(t, .))dt = ū− inf

x∈(0,1)
u0(x), (3.92)we have:

∀t ≥ T1, ∀x ∈ (0, 1), u(t, x) ≥ ū. (3.93)



3.5. Proof of Theorem 11 103Proof. First let assume that ondition (3.89) holds. Then thanks to Proposition 22 we have:
∀t ≥ 0, inf

x∈(0,1)
u(t, x)− ū ≥ min(0, inf

x∈(0,1)
(u0(x)− ū) +

∫ t

0
G2(u(s, .))ds)

≥ min(0, inf
x∈(0,1)

(u0(x)− ū)) ≥ −||u0 − ū||L∞(0,1).Moreover:
∀t ≥ 0, sup

x∈(0,1)
(u(t, x) − ū) ≤ max(0, sup

x∈(0,1)
(u0(x)− ū)) +

∫ t

0
G2(u(s, .))ds

≤ ||u0 − ū||L∞(0,1) +

∫ +∞

0
G2(u(s, .))ds ≤ 2||u0 − ū||L∞(0,1).Thus we have (3.91). In order to prove (3.90) let us take T suh that:

∫ +∞

T

G2(u(s, .))ds > 0,and de�ne ui by:
ui = ū+

∫ +∞

T

G2(u(s, .))ds > ū. (3.94)Let us also de�ne δT by:
δT =

1

f ′(ui)
.This is a �nite number beause ui > ū, f ′(ū) = 0 and f stritly onvex.For t larger than T +δT and x in (0, 1), onsider γ the minimal bakward harateristi goingthrough (t, x) and the number a suh that γ is maximally de�ned on [a, t]. Consider also thefuntion v assoiated to γ by (3.50) we have:

∀s ∈ [max(a, T ), t], v(s) = v(t)−

∫ t

s

G2(u(r, .))dr

≥ u(t, x−)−

∫ +∞

T

G2(u(r, .))dr

≥ u(t, x−) + ū− ui.We also have:
∀s ∈ [max(a, T ), t], γ(t)− γ(s) =

∫ t

s

f ′(v(r))dr

≥

∫ t

s

f ′(u(t, x−) + ū− û)dr

≥ (t− s)f ′(u(t, x−) + ū− û). (3.95)Let us now suppose that the following holds:
u(t, x−) ≥ 2ui − ū. (3.96)Then if we suppose a ≤ T , we have thanks to (3.95) and sine we took t larger than T + δT :

γ(T ) ≤ x− δTf ′(ui) < 0,



104 Chapitre 3. Stabilisation des lois salaires.whih is not possible, therefore a > T . Thanks to Proposition 20 we dedue:
γ(a) = 0 and v(a) = ū.Using (3.50) we an dedue:

u(t, x−) = v(t) = v(a) +

∫ t

a

G2(u(r, .))dr ≤ ū+

∫ +∞

T

G2(u(r, .))dr ≤ ū+ ui − ū ≤ ui.However this ontradits (3.94) and (3.96) therefore:
∀t ≥ T + δT, sup

x∈(0,1)
u(t, x) ≤ 2ui − ū →

T→+∞
ū.Now Lemma 18 provides:

lim inf
t→+∞

inf
x∈(0,1)

f ′(u(t, x)) ≥ 0,and we know thanks to the strit onvexity of f that ū is the only number suh that f ′(ū) = 0.This ends the proof of Lemma 20.Lemma 21. If there exists a time T1 < +∞ as in (3.92), then for any time a ≥ T1, there existsa generalized harateristi γ going through (a, 0), de�ned on [a, b] for a ertain b, and whihsatis�es:
∀t ∈ [a, b], γ(t) ≥

∫ t

a

f ′
(

ū+

∫ s

a

G2(u(r, .))dr
)

ds. (3.97)Proof. Consider a time a larger or equal to T1, the numbers bn (larger than a and possiblyin�nite) and the funtions γn suh that γn is the unique forward generalized harateristi goingthrough (a, 1
n
) and it is maximally de�ned on [a, bn]. Thanks to Theorem 12 we have:for almost all t in (a, bn), γ̇n(t) =

{

f ′(u(t, γn(t))) if u(t, γn(t)−) = u(t, γn(t)
+),

f(u(t,γn(t)−))−f(u(t,γn(t)+))
u(t,γn(t)−)−u(t,γn(t)+) otherwise. (3.98)Thanks to (3.4) u satis�es:

∀(t, x) ∈ (0,+∞)× (0, 1), u(t, x−) ≥ u(t, x+).Therefore we dedue: for almost all t in (a, bn), γ̇n(t) ≥ f ′(u(t, γn(t)
+). (3.99)For any t in (a, bn) the maximal bakward generalized harateristi going through (t, γn(t)) isneessarily de�ned at least on (a, t). Indeed it annot ross x = 0 at a time s > a beause itis maximal, and it annot ross x = 1 beause of Proposition 19. Sine a ≥ T1 we have, using(3.50):

u(t, γn(t)
+) ≥ ū+

∫ t

a

G2(u(s, .))ds.After substituting in (3.99) we get:
∀t ∈ (a, bn), γn(t) =

1

n
+

∫ t

a

γ̇n(s)ds (3.100)
≥

∫ t

a

f ′
(

ū+

∫ s

a

G2(u(r, .))dr
)

ds. (3.101)



3.5. Proof of Theorem 11 105Sine a ≥ T1 the harateristis γn may leave (0, 1) only at x = 1. Thanks to Theorem 12 thereis a only one forward generalized harateristi going through a point of (0,+∞)× (0, 1). So thesequene bn is nondereasing. We an hoose b larger than a suh that all harateristis γn arede�ned on [a, b].Furthermore using (3.98) we see that the family γn is uniformly Lipshitz on [a, b] with valuesin [0, 1]. Using the Arzela-Asoli theorem we an suppose that there is an absolutely ontinuousurve γ de�ned on [a, b] and suh that:
sup
t∈[a,b]

|γ(t) − γn(t)| →
n→+∞

0.But it is known ([68, Chapter 1℄) that the uniform limit of generalized harateristis is a gen-eralized harateristi. Therefore γ is a generalized harateristi and as the limit of the urves
γn it also satis�es:

∀t ∈ [a, b], γ(t) ≥

∫ t

a

f ′(ū+

∫ s

a

G2(u(r, .))dr)ds,

γ(a) = 0.We now prove a �rst asymptoti result in the ase where we have a time T1 < +∞.Proposition 26. We have:
||u(t, .) − ū||L∞(0,1) →

t→+∞
0.Proof. Let us �rst remark that should u(t, .) be equal to ū for some t, it remains at ū thanksto the uniqueness of the onstant solution ū of the system (3.14), (3.28), (3.17) and the proof is�nished. Otherwise we have:

∀t ≥ 0, ||u(t, .) − ū||L1(0,1) > 0. (3.102)Thanks to the de�nition of G2 this implies that the funtion
t 7→

∫ t

T1

G2(u(s, .))ds,is positive and nondereasing on (0,+∞). Sine f is stritly onvex and f ′(ū) = 0, we know that
f ′ is positive and inreasing on (ū,+∞). Thus we obtain:

∫ T

T1

f ′
(

ū+

∫ t

T1

G2(u(s, .))ds
)

dt →
T→+∞

+∞. (3.103)Let us take T2 the smallest time suh that:
∫ T2

T1

f ′
(

ū+

∫ t

T1

G2(u(s, .))ds
)

dt = 1.Thanks to Lemma 21, we see that the generalized harateristi γ going through (T1, 0) hasreahed x = 1 by T2 at the latest. Therefore for any (t, x) in [T2,+∞)×(0, 1), if γ is the minimalbakward harateristi through (t, x) there is a time a whih is at least equal to T1 and suhthat:
γ(a) = 0.



106 Chapitre 3. Stabilisation des lois salaires.Consider 0 < x < y < 1 and t > T2. Let χ1, χ2 be the minimal generalized harateristisgoing through (t, x) and (t, y), and v1, v2 the funtions assoiated to them by (3.50). Thanksto the hoie of T2 and sine genuine harateristis may ross only at their endpoints (Theorem12), we have a1 and a2 suh that:
T1 ≤ a2 ≤ a1, χ1(a1) = 0, χ2(a2) = 0.Using Proposition 20 we also get:

v1(a1) = v2(a2) = ū.But using (3.50), Proposition 20 and the positivity of G2(u(s, .)) we an see that:
u(t, x) = v1(t) = ū+

∫ t

a1

G2(u(s, .))ds ≤ ū+

∫ t

a2

G2(u(s, .))ds = v2(a2) = u(t, y).Thus u(t, .) is non dereasing on (0, 1), using additionally (3.81), we arrive at:
∀t ≥ T2, ||u(t, .) − ū||L1(0,1) =

∫ 1

0
|u(t, x)− ū|dx =

∫ 1

0
(u(t, x) − ū)dx (3.104)

≤ u(t, 1−)− ū. (3.105)And now for t ≥ T2 and h > 0 we get thanks to (3.104) and Lemma 16:
||u(t+ h, .)− ū||L1(0,1) − ||u(t, .) − ū||L1(0,1) =

∫ 1

0
u(t+ h, x)− u(t, x)dx (3.106)

=

∫ t+h

t

G2(u(s, .))ds

+

∫ t+h

t

f(u(s, 0+))− f(u(s, 1−))ds.(3.107)So using (3.105) and the fats that u(s, .) is non dereasing on (0, 1), f is onvex and f ′(ū) = 0,we end up with:
f(u(s, 1−))− f(u(s, 0+)) = f(ū+ u(s, 1−)− ū)− f(ū)

≥ f(ū+ ||u(s, .) − ū||L1(0,1))− f(ū) ≥ 2G2(u(s, .)).Combining the two previous estimates we have:
||u(t+ h, .) − ū||L1(0,1) − ||u(t, .) − ū||L1(0,1) ≤ −

∫ t+h

t

G2(u(s, .))ds.With A the funtion introdued in (3.27) and Q the funtion
Q : t 7→ ||u(t, .) − ū||L1(0,1), (3.108)this implies that for any t larger than T2:

Q̇(t) ≤ −A(Q(t)). (3.109)



3.5. Proof of Theorem 11 107Therefore if we introdue the solution Q1 of:
{

Q̇1(t) = −A(Q1(t)),

Q1(T2) = Q(T2),
(3.110)the omparison priniple provides:

∀t ≥ T2, 0 ≤ Q(t) ≤ Q1(t).Finally sine f is stritly inreasing on (ū,+∞), so is A on (0,+∞). Therefore Q1 is stritlydereasing on (T2,+∞). In turn this implies that Q̇1 is inreasing on (T2,+∞). So Q1 is stritlyonvex, dereasing and positive therefore Q̇1(t) → 0 when t→ +∞. So Q1(t) → 0 and:
0 ≤ ||u(t, .) − ū||L1(0,1) = Q(t) ≤ Q1(t) →

t→+∞
0.We reall that thanks to the hoies of T1 and T2 we have (3.80) and (3.81) and then:

∀t ≥ T2, ||u(t, .)− ū||L∞(0,1) = u(t, 1−)− ū.For t ≥ T2 onsider the number at and the funtion χ suh that χ is the minimal bakwardharateristi through (t, 1), maximally de�ned on [at, t]. Using (3.50) we have:
u(t, 1−)− ū =

∫ t

at

G2(u(s, .))ds.We have seen that if Q2 is the solution to:
{

Q̇2(s) = −A(Q2(s)),

Q2(at) = Q(at),we an dedue:
∀s ≥ T2, G2(u(s, .)) = A(Q(s)) ≤ A(Q2(s)) = −Q̇2(s).So we see that:

0 ≤ u(t, 1−)− ū ≤

∫ t

at

−Q̇2(s)ds = Q2(at)−Q2(t) ≤ Q2(at) = Q(at).Thanks to Lemma 21, we see that for any time a1 ≥ T1, we have a time c1 > a1 a generalizedharateristi γ1 maximally de�ned on [a1, c1] suh that γ1(a1) = 0 and:
∀s ∈ (a1, c1), γ1(s) ≥

∫ s

a1

f ′
(

ū+

∫ r

a1

G2(u(ω, .))dω
)

dr.Combining this estimate with (3.102) and using the same reasoning as the one leading to (3.103),we obtain c1 < +∞. Therefore we get:
at →

t→+∞
+∞.This onludes the proof of the �rst part of Theorem 11. The remaining part is proven inthe next Proposition.



108 Chapitre 3. Stabilisation des lois salaires.Proposition 27. If we suppose additionally that there exists a positive number α suh that:
∀z ∈ R f ′′(z) ≥ α, (3.111)then we have:

∀t ≥ 0, ||u(t, .) − ū||L∞(0,1) ≤2||u0 − ū||L∞(0,1)

+A−1

(

e

e− 1

(

(f ′(ū+ 1))2

4α
+A(2||u0 − ū||L∞(0,1))

))(3.112)
+

√

2e

α(e− 1)

(

(f(1 + ū))2

4α
+A(2||u0 − ū||L∞(0,1))

)

.Proof. Looking at (3.91) in the proof of Lemma 20, it is lear that we only need to prove theresult in the ases where we have T1 < +∞ suh that:
∫ T1

0
G2(u(s, .))ds = ū− inf

x∈(0,1)
u0(x).Using Proposition 22 as in the proof of Lemma 20 we have:

∀t ∈ [0, T1], ||u(t, .) − ū||L∞(0,1) ≤ 2||u0 − ū||L∞(0,1). (3.113)Looking at the proof of Proposition 26 we see that:
∀t ≥ T2, ||u(t, .) − ū||L1(0,1) ≤ ||u(T2, .)− ū||L1(0,1).Therefore we only need to estimate ||u(t, .) − ū||L1(0,1) on [T1, T2] to onlude.Thanks to (3.111) we have:

∀z ≥ 0, f ′(ū+ z) ≥ αz. (3.114)As in the proof of Proposition 26 we take Q given by (3.108) and additionally:
∀t ≥ 0, I(t) = A(Q(t)).Using Lemma 14 and Gronwall's lemma we have:

∀t ≥ 0, İ(t) = Q̇(t)A′(Q(t)) ≤
f ′(ū+ 1)

2
I(t). (3.115)In the following we will also use the notation:

L =
f ′(ū+ 1)

2
.Thanks to the de�nition of T2 we have for any T in (T1, T2]:

∫ T

T1

f ′(ū+

∫ t

T1

I(s)ds)dt ≤ 1.So using (3.114) we have:
α

∫ T

T1

∫ t

T1

I(s)dsdt ≤ 1. (3.116)



3.5. Proof of Theorem 11 109Using (3.115) we see that
∀s ∈ (T1, T ], I(s) ≥ I(T )e−LT eLs.Therefore we have:

∀T ∈ [T1, T2], αI(T )

∫ T

T1

∫ t

T1

eL(s−T )dsdt ≤ 1,whih beomes:
α

L2

(

I(T )(1− L(T − T1)e
−L(T−T1))− I(T )e−L(T−T1)

)

≤ 1.We also have:
∀T ≥ T1, L(T − T1)e

−L(T−T1) ≤
1

e
.Thus we get:

I(T )(1−
1

e
) ≤

L2

α
+ I(T )e−L(T−T1).Finally using (3.115), the fat that A is inreasing and (3.113) we obtain:

∀T ∈ [T1, T2], Q(T ) ≤ A−1

(

e

e− 1

(

L2

α
+ I(T1)

))

≤ A−1

(

e

e− 1

(

L2

α
+A(2||u0 − ū||L∞(0,1))

))

.Let us now introdue the onstant K and the funtion J by:
K =

e

e− 1

(

L2

α
+A(2||u0 − ū||L∞(0,1))

)

∀t ∈ [T1, T2], J (t) =

∫ t

T1

I(s)ds.We have thanks to the (3.111):
∫ T2

T1

J (s)ds ≤
1

α
. (3.117)We also have the estimate:

∀t ∈ [T1, T2], J (t) ≥

{

J (T2)−K(T2 − t) if t ≥ T2 −
J (T2)
K

,

0 otherwise.Substituting in (3.117) provides:
J (T2) ≤

√

2K

α
.Combining with Proposition 22 we get:

∀t ∈ [0, T2], ||u(t, .) − ū||L∞(0,1) ≤ 2||u0 − ū||L∞(0,1) +

√

2K

α
.But using (3.109) we have:

∫ +∞

T2

I(t)dt ≤

∫ +∞

T2

−Q̇(s)ds = Q(T2).



110 Chapitre 3. Stabilisation des lois salaires.Therefore we obtain:
∀t ≥ T2, ||u(t, .) − ū||L∞(0,1) ≤ 2||u0 − ū||L∞(0,1) +

√

2K

α
+A−1(K), (3.118)whih onludes the proof.
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RésuméDans ette thèse nous étudierons plusieurs problèmes de la théorie du ontr�le portant sur desmodèles non-linéaires issus de la méanique des �uides.Dans le hapitre 1, nous étudions l'équation de Camassa-Holm sur un intervalle ompat de
R. Après avoir introduit de bonnes onditions aux bords et une notion de solution faible, nousmontrons un théorème d'existene et un théorème d'uniité fort-faible pour le problème mixte.Dans une seonde partie nous fournissons une loi de retour pour les données aux bords qui nouspermet de stabiliser asymptotiquement l'état stationnaire naturel de l'équation.Dans le hapitre 2, nous étudions le problème de la ontr�labilité exate d'une loi de onser-vation salaire à �ux onvexe, posée sur un intervalle ompat et dans le adre des solutionsentropiques. On fournit des onditions su�santes sur des fontions de BV pour qu'elles soientatteignables en temps arbitraire depuis n'importe quelle donnée initiale. On ontr�le l'équationvia les données aux bords et aussi grâe à un terme soure agissant uniformément en espae.En�n le hapitre 3 est onsaré au problème de la stabilisation asymptotique des états sta-tionnaires onstants d'une loi de onservation salaire à �ux onvexe, posée sur un intervalleompat et dans le adre des solutions entropiques. On ontr�le à nouveau l'équation via lesdonnées aux bords et un terme soure agissant uniformément en espae. Nous fournissons deuxlois de retour stationnaires (suivant que l'état à stabiliser est de vitesse ritique ou non) qui nouspermettent de montrer la stabilisation asymptotique globale.Mots-lés: Contr�labilité exate, stabilisation asymptotique, équation de Camassa-Holm, loisde onservation, solutions entropiques, problème mixte.



AbstratIn this thesis, we study some problems from ontrol theory on several models from �uidmehanis.In hapter 1, we study the Camassa-Holm equation on a ompat interval. After introduingour boundary onditions and a notion of weak solution, we prove an existene result and a weak-strong uniqueness result for the non-homogeneous initial boundary value problem. In a seondpart, we establish a result on the global asymptoti stabilization problem by means of a boundaryfeedbak law.In hapter 2, we study the exat ontrollability problem for a 1-D salar onservation lawwith onvex �ux, on a ompat interval and in the ontext of entropy solution. We provide severalsu�ient onditions for a BV funtion to be reahable in any time and from any initial data in
BV. We ontrol the equation by means of the boundary data and also through a soure termating uniformly in spae.Finally in hapter 3, we investigate the asymptoti stabilization problem of the onstantstationary solutions of a salar onservation laws with a onvex �ux, on a ompat interval andin the ontext of entropy solutions. One again we ontrol the equation through the boundarydata and a soure term ating uniformly in spae. We provide two stationary feedbak laws(depending on whether the state to stabilize has ritial speed or not) whih allow us to provethe global asymptoti stabilization property.Keywords: Exat ontrollability, asymptoti stabilization, Camassa-Holm, onservation laws,entropy solutions, initial boundary value problem.


