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������� �� � �	��� 
��
 :
��� ����
	�������� ��
���� X.℄�

�	
� ��
���� 
 ������
��	� �� ��

�� �� �������� ��	
�� �� 1µ� ���
 
� 
���� �
 
��	���	���
�������� : 1.064µ�= � 
��
��� 
 ���%� �� 
� ���	��� �� 
 	���!
� %�	�����!
�� #8�� �� 
����
���
�����	� ����
���� : 5��B�� X$℄ �� ������� � ���
�!
�� !
 �
 
�� 
����� 	R 
� 
	�%
�
�
� 	��� �
 
���� ��� ���

	
� �

� ������ !
� 
� ���

� �� 
 	����= �

� ������ 
�� ���
�����	�
����
� �� ���
����� �
 ����	���� �� ���%��%� ���� 
�� ���
� 	���!
��

<	��!
 
� ���	� 

����
) �� �����
�� 	
 �� ��0�
��� : 
� �
���
� � 
�� ��

�= �
 
���%� ��

"
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 �� �	������ �� ����������� �� ������	�


������ ��� Z �� �������	 
�����
�� ��������������� ��� � �� ���� �� ��
������ �	 �����	 ���� ����

�

�	�
����	� ��� �� ����� �	 ���	������	� �	� ������ �� ��	 ��������	 ����
���� ��� �����
�

����
��	�� 6 
� �	��� �� �
� �
���������= 
�� ��	�	�� !
� �����
����� : 
� ���	� 
���%��� ��
�	����� �
) �
��� �� ����
��	� �� ����������� 
�� ���

��	� : 
� ��

� 
	��� 
�
� �	
����� ��
������ 
	�� � 
� 
�	
 �
����!
� �� ��
���!
� 

����!
� J(%� ���K� <� 

����� ��� ����� 
����
�
� �%�� ��
���!
����� �
� 
� ��

��

4� ��
� 	������ 
� �3�� ����������� �� �	
������� 
� ��

� : 
� %������� � ��������� 

��1
��
�� ���	������ < �3�� �� 
 ������
� �
 ����
��
 ���� : ������� 
� ��

� ���� 
� -	�� �� �

�
�	��� ��������� J(%� ���K� �� 	� 
��
��� 
� %������� � ��������� � 
� ����
��
 
���� %�
�����= 
�
��

� ��� ������� �
 ��)��
� � ��������� ���
� �
 ?���� �
 ����
��
� ,� �	
�
����� 
� ����
��

%�
����� ��� 
� 	���
��� �� ��
�	�
	��= 
� %������� � ��������� ������� ����- ���	����� �	
�
���%�� 
�� ��

�� 4� 
��� �
	�� 
�� ���
� 	���!
� J(%� ��*K� <� �	����	� � �!
�
���� �� 
� ��

�
�� ���
� 
�%������� �� ���
 �
 
����� �
 ����
��
= 
�� 
�� ������ �� 
� 

����� �� ��0�
��� �
�

� ��

� �� ���� : 
� �	
���� ���� 
���� ����
��	��
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	�� ���
��� 
�� �	�
�� ���
�!
��� �
) �	
�


�� %�[
� �
 ���
�
����� ��� ��

���
�	
� ��	�� 
�� �	��� ��������	� �� 
� �	�
� �
 ��� �	�
 �	��������
 �� ��
��� 
� ���
�
�����
��� ��

�� : 
� �	�
� �)��
�� �
� �

��� < �)������
� �	���� !
� 
� �	�
� �
��� ��� 
�� �����


�
������!
� �� ���
�C��� �
� 
�� ������
� ����
� X ������ 
� �������� �� 
� ��

�= �	�� �� ��
�	����	� � �!
�
���� ���� 
� ���%� ��� �� ���� �
����!
� �

�F = −kx �X

kx ����� 
� �����
� �
 ���%� ���� 
� ����
��	� �
 ���
�
������ �� 	� 
��
��� 
� 
���� �	
�����

�����������= 
� ���%��%� ��� ��
��� ��� ��	�� 
	�������� �� �����
� ��3�������= ��(���� �
�

 �)� �� ��	��%���	� �
 ����
��
 �� ���� 
� �
�� ��������


���� : 
� ��	��%���	�= �
� 
 �)�
�� �	
�������	� �� �	� �)� ��������


�����
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� �	�
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�� : 
�� ��

� ���%�� ��� ��	�	���	���
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�
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	�� �	�� ���� 
� ����%����� �
����� 
	����� ���
��� 
� ���
�
�����
�� �� ���
��� 
� �	�
��
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�
� �� �����	��� ��  ���� ���	 !���
��� �����

��� �	���	 
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/
 �)���� �� �	����
��� ����	��� �	
� ���
��� 
� �	�
� �)��
�� ��� 
� ���%� 	���!
�� <�
�

���� �� 
�� ����	��� 
	�������� : ������� 
� ���
�
����� �� ��

� �� 
��
����� �	� ���%�
����
�� 	
 �� ������	���� �� >	
���� �
� 
�� 
����� ''6 X&℄ 	
 
� ����
��
� �� �	����	� X�=
��℄� '�� ��������� ����	��� ��
�������� 
�� 
�
������	� �	
� ��
��� 
� ���
�
����� ��� ��

�� :

� �	�
� �)��
��� F�� �
��� ����	�� 	���!
� �� ��
�������� ��� �� 
�
������	� � ��� ����
	����
��� 
� %�	
�� �� @
��������= �� 
	������ : ���

�� 
� �������	� �� !
������ �� �	
������
�
��� ��� 
�� ��	�	�� 
	��!
 �
� ���������� 
� ��

� ���%�� X��℄�
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 ���%���� �� 
� ��

� ���� �	� �
�� �� >	
���� �	
� 
� ����
��	� �� 
�
�	�� �� 
�
������	� � ���
���� �
� 
� �	
������ @�	?���� �� 
� ��

� ���� �	� ���%�� D� ��

	�
����� �
� �
� 
�� ����	��� �� ����
��	� �� �� 
�
������	��
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 �� �	������ �� ����������� �� ������	�


����� ����
��� �� � �!��
���� �� �!�� 
�"��� �#��� ����� � �� ���
��$��

4� ��
� ����� 
 ���%� �� 
� ��

� �
� 
� ����
��
� �	
� ������� �	� ���
�
������ '�������� 
�
��	�
��� ����
� ������ ���� 
���� ����	��= 
�� 	� �� ���
�� ��� ��

����� 
� ���
�
�����
�� 
� ��

� ��� ����	�� �
 
����� �
 ���%�= �	�� 	� ��
� ���
��� 
� �	�
� ���
�!
��= ���� 
�
���
�
����� %
	��
 �� 
� ��

�� /
 ����P� ������� !
� �� 
� ���%� �	
%�= �	�� �	
	���������� 
��
	� �	
����� 
� ���
�
��= �	�� ���	
	���������� : 
�
�� �� ������� �
 ����
��
= 
� ���
�� ��
�	�
� �� 8��� ����
��� � ����
���

7����	��� �� 
��
����� �	� ��� 
 ���%� ����
��= ���� 
 ���%� ���� 
� �
�� �� >	
����= 	�
��
� � �3���
��� �� 
�� �������� ,� ����
�(���= 
� ����
��
 
���� ���%���� 
� ��

� ��� ����� ��
���������� 
� ��

� �� �	� ��%
� �� �������	� ����� 
����������� ���
 
� ���
�
����� �� ��

��
'	��� 
� (%
�� �� ��3��
��	� : 
 ��(��� � 
� 	���� ��� ���������� 
	��!
 	� �����
��� 
 	����
J���� 
 ����	)�����	� ����)��
�= 
� 
���� �
�
���!
� ����� �� ����� ��� 
� �����
���	�= �	�


 ��������� ����� ��
���%��K ���� ������ �� 
 ��%
� �� 

����� ����%����= 	� ��
� ���
��� 
�
�	�
� �)��
�� �
� 
�� ��

� ���� �3�� �
 ���
�
����� �
 ���%�� '���� ����	�� ���%���� ���
L����� �� �
����� X�℄= 
	������ �� �����!
� : �
���� 
 �

�������� �
 
���� �� ���%��%� ����

� �
�� �	
�
 ������� �� 
 	���
��� �� ����
��	� J	� 
 ����

� ����	�� 
� ����	�� �� ����
��	�

�� �	
� @�
B >	
�
 �
���K�

<� ������	���� �� >	
���� ������
� � 
� 	���� ��� �� (%
�� �� ��3��
��	� ���� 
 ����	)���1
��	� �� >��
��	���� #8�� �� 
 ����	)�����	� � ��� ��� ����
������ ����(��= �	������� ���
�
!
� 
� ��

� ��� �

����� ��� 
� ����
��
 %�
����� 
	����%����= 
 ���%� 	������� �
� 
� �
��

�
������� �� 
 	���
��� �� ����
��	� �������
� ���

	
� : 
�� �[
�� � 5���= �	�� 
� 
����� ��
���
�
� ��	�	���	���

����� : 
� �	�
� ���
�!
�� : 
� ��

� J>�%� ���K� < ����
� �� 
���� ���%�
������ ���

	
� �� 
� ��

� 
��
���� �� ��
� ��	�� ��� �3��� ���	������ �
� 
� �������
��� ��

� ����
��	� X��℄�

������ ��� Z "���
� �� �� ������� ������� �� ���#���� ��$�
��! ����
���	� ����� �� 1.87µ� �	 ���%��%��	�

��� ��
�
� � 5µ� �� �� ���!�
��



���� ������ �� ����� �

>���
�����= �� �3�
�
��� 
 ���%� �� 
� �
��

� ������� �
� 
� ����
��
� �� �	����	�= 	�
��
� 	������ 
�� �����	� �
�
���!
� ��	�	���	���

� �
 ���
�
����� �� 
� ��

�� +���� : ��
���

� ���
�
����� : 
� �	�
� �)��
�� %�[
� : 
�� 
�
������	��

����� % ���� ���� �� ��$�� �������

6��� 
� �

���� ��� 
��= 
� 
�
������	� ��� 
� �����%� 	�
�%� �	
� ���
��� 
� �	�
�� /
 �)����
�

���
�� ����	��� X�*℄= �	�� 
� �

� ���
��� �
�	
�� �
� � ���
�� �
� 
� ���
�� �
 �	
��1
���� ��	?���� �� 
� ��

� ���� �	� ���%� X"℄� 6� �	����
) ���������� ����������� ���� 
�

�
������	� �	�� 
	��
� ���
 
�� ��
�����
�� �� !
�
!
�� �	
� 
��� �� 
����� 
� �����������	�
�� 
� ��
�
� ���	

� �� 
� �	�
�� D� �	��� 
� ���� �����
 ���	��!
� �
� 
� �	
������ � 
��
��

� ���� �	� ���%� ����� �� ������ : 
� 
�
������	� �� �����!
��

���$�� �� -����(��

'	��� �� 
 �
������ �

� ��
�= 
� �	�
� �
��� ��� 
�� ��

� �� ���
�C��� �� �X �	�� �� ��
�	����	� � �!
�
���� ���� 
� ���%� ��� �� ���� �
����!
�= �F = −kx �X = kx ����� 
� �����
�
�
 ���%� ���� 
� ����
��	� �
 ���
�
������ < �!
���	� �
 �	
������ ����(�� ��� 
�� ��

�
���%�� �����%�� ���� 
� ��
��
 �!
�
) ����� �
	�� 
� �	��� � 
�� �!
���	� �� <��%����=

������ �	
� ��� ����	�� �����!
�� : 
�� �������	� �

m
d2X

dt2
= −kX − α

dX

dt
+ F

	R −α dX
dt

��� 
� �	�
� �� ��	������� ���!
�
) �
��� ��� 
� ��

� ������!
� �� F ��� 
� �	�
� ��
<��%���� ������� 
	���� ��� 
�	
� �	
�


����� �
���	����� '	��� 
� ��

� ��� ��	
�� �� 
�

���

� �
 ��
�	�
	�� 
	��!
 �

� ��� ���%��= 
� ��

� �� 
� 
���

� ������%������ ����	������1
!
������ �	
� ������� �� 
	���� 
�� �3��= 	� 
	���%� 
� 
	�I
���� �� ��	������� α �	���
�	
� 
�� ��

� ���� 
� 0
��� ��(�� �� 
 �
������ �	
� 
� �	��� �� 
� 
	� �� >�)�� X"℄ �

α =
6πηa

1− 9
16
a/h+ 1

8
(a/h)3 − 45

256
(a/h)4 − 1

16
(a/h)5

	R η ��� 
� ���
	���� �
 ��
��
= a 
� ���	� �� 
� ��

� �� h 
� ��
��
� �
 
����� �� 
� ��

� : 
�
�
���
�� <� ���	

��	� �� 
 �!
���	� �� <��%���� ��� �	����
� ���� 
� �	����� ���!
�����
 ��
�� �	
� ��������� �� ���������� 
�� ���������� ��
�������� : 
� 
�
������	��

2��
������� 1������������

,� ������� 
� ������	���� �� >	
���� �� 
 �!
���	� �
 �	
������ : 
�� �������	�= 	� ��
�
�
���� �

−m(2π)2f 2X̃(f) = −kX̃(f)− αi2πfX̃(f) + F̃(f)

	
 ��
	��

|X̃(f)|2 = |F̃(f)|2
| −m(2π)2f 2 + iα2πf + k|2

X̃ �� F̃ �	�� 
�� ������	����� �� >	
���� �����
����� �� X �� F �
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�������	�
 �� �	������ �� ����������� �� ������	�


<� ����� 
���
�������!
� �� �������	� �� 
� �	�
� �� <��%���� ��� �)��8������ ����
� J��

 	���� �� 10−13 �K ��� ����	�� �
) ����� 
���
�������!
�� �� 
 �
�
��	��!
� �� ����
��	�= ��
�	��� !
 	� ������
� 
� ���
��� �� ���!
��
� �� 
� �	�
� �� <��%���� : 
� ��
�� �
��
 X��℄�
<�� ���!
��
�� �� ������
 �	�� ��

�� !
 �� �����!
� m(2π)2f 2 ≪ k �� α2πf = 
� !
� ������ ��
����
�(�� �

|X̃(f)|2 = S0

1 + f2

f2

0

	R f0 =
k

2πα
�� S0 =

|F̃(f)|2

k2
�

<� ���	���� � �!
��������	� �	���

1

2
k| < X2 > | = 1

2
kBT J���K

�� 	� � ��� ��

�
��

| < X2 > | =

∫ ∞

0

|X̃(f)|2 df J���K

=

∫ ∞

0

S0

1 + f2

f2

0

df J��*K

| < X2 > | =
1

2
πS0f0 J���K

,� ����
�C��� 
� ���

��� �� 
 �!
���	� ��� ���� 
 �!
���	� ��� �� �� 
��
����� 
� ��(����	�
�� f0= 	� ��	
�� (��
�����

| ˜X(f)|2 = 4αkBT

1 + f2

f2

0

<� ����
��	� ��� ���
���� ��� 
�� 
��P�� �
�
��	��!
�� 6��� 
� %���� �� ���!
��
� !
�
�	
� ���������= �� �	��
��� 
���� 
��P�� ��� 
� (
��� ����� ��� �
 ������� 	����= �	�� 
�
���!
��
� �� 
	
�
�� fel ��� �� 40 B\-� '� �	��
� � ��� 	����
 : ������ �� 
� ���
�� ���
���
���� ��� ��

�� ���%���� <� ��%��
 ����
�� U ����� ��	�	���	���
 �
 ���
�
����� �� 
�
�����


�= �� �
�����
� ���
���
� ����� 
� �	��� �

|Ũ(f)|2 = S ′
0

(1 + f2

f2

0

)(1 + f2

f2

el

)

S ′
0 ������� �� 
	���� 
� �������
��� �
 ����
��
��

4� ��
� 	������ 
���� ���
�� �)���������
� : 
 ���� � 
� ���
���
� �� ���
���� /
 �� �����
�

� !
 : ��
���� 
� 
	
��� �)���������
� J>�%� ��"K ��� 
� �	��
� �	
� 	������ 
�� ����������
���������� 
	�� �� 
� ���
�� �� �	�
� � 
� �����
� �
 ���%� k ���� 
� ����
��	� �� 
� ���
��=

k = 2παf0



���� ������ �� ����� ��

�� 
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	�I
���� γ ��
���� 
� �����	� : 
� �	�
�= F = γU = ���


γ =

√

4αkBT
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� � � � � � � �
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"��#��
�� ���!

������ ��" Z &�	���
 ���
����� �� ������	
� ���	� ����� �� 1.87µ� ��
�
� � 5µ� �� �� ���!�
� '	���(

�� ��	 �$������	� ��
���
�� '�����(� �� !�

��	
� �� 
������ �� ����� f0 ��� �
� �� 2544.6 ± 18.2)* ��

�����������
√

S′

0
�� 1832 ± 6µ+,

√
)*� ���$������	� 	��� ������ �� �
����� 
���
� �� ������� �� ����� ���

�� 258 ± 2 �-,µ� �� 
�� 1+ �����
 ��� �� �
��
���� 
�������	� � 8.96 ± 0.03 �-� .	 ���� �� ��������

��������
�� ��� � ���$������	�/ �� !��� ���	��� �	 
����� ��� �	
��������� ��� �� ������� �� �� �����/ ��	

�������� �� �� ����
������ �� ���	 ���� ����	�� �	� ���������	 ��� ������� �
������ "�	��/ 
���� �

��� ��	�

�� ��#��/ ���	
�������� ��� �� ������� �� ����� ��� �	 �
����
 �� ������� �� 13 �-,µ� �� 
���� ��� �� 
��0
��	�

�� ���������		����
 �� 0.45 �-,+�

<� �����������	� �)�
�� �� 
� �	�
� ��� 
�
������	� ��� 
������ ��� 
 ��
�����
�� �� ���
��
�
� 
� ��������
��= 
� ��
��
� �� 
� ��

� : 
� �
���
� �� �	� ��������� F�� ����
� �� �]' : 
�
��������
�� ���

�= !
� ��� �����


�������� ��I
�
� : ���������� X�"℄= �����P�� 
�� ����
� ��
��"^ ���� 
� �����������	� �� 
� ���
	����� < �3�� �� 
 ����
� �
� 
� ��
��
� �� 
� ��

� ���
����	�� : 
� �
���
� ��� �

� ��I
�
� : !
����(�� !
 �
 � � ����P�= ���� �)���������
�����

�� ����
� �� �	����	������� �� 1µ� ��� ����	�� : 
� �
���
� �����P�� 
�� ����
� �
� 
�

	�I
���� �� ��	�	���	���
��� γ � �����	� �^ J�	�� ���� 
� 
������� *K� <� �������� �� 
�
��

�= 
	��
 �� %�����
 : *^ ����= ��0
� �� ��C	� �������� 
� �����������	� �� 
� �����
� ��
�
 
	�I
���� �� ��	�	���	���
��� γ ��� 
� 
	�I
���� �� ���
��	�� >���
�����= 
 ����
� 	���!
�



������	��� �� 	
�������	�
 �� �	������ �� ����������� �� ������	�


��� ��

�� ��
� �%�
����� ������ � 
�� ��

� : 
 �
���� <�� �	�
�� ���
���� ��� ���%� 	���!
�
�	�� ����� 
	��
�� : �����	� "^ �����



����
	�� �

����	��
	
�� �� ������ �
��� ��	
���

<�� �	���%�� : ���� �� ���%�� 	���!
�� �	�� �	����
) �
�	
�� �
� �� 	�� ��	
�� 
�� %�����
��������� ���� 
�
� ���� �� U
��� �� ���� 
�
�� ���
�
���	��� ���� ������ � 8��� �)��
����=
�� 
	����
� ��� ��������� 
�� %������ ����

�� �� ���%�� 	���!
�� 
��
���� �	
� 
 ��
�� ���
�
���� �


��!
��= ����� � �)�
�!
�� �	
�!
	� �	
� ��	�� 
�	��� 
� �	
�
� ���%� 	���!
�� D�
��
��� ���
��� 
�� ��3������ 
�	�) �������
� �� 
�� ��	�
���� ���
	����� 
	�� �� 
� 
	����

��	�
�
 �	
�
� ���%� 	���!
��

7	�	�� !
 �� ���	�� ��� ���%�� 	���!
��= �
 �)���� ���� � �
���� ��C	� � ��
���� 
�� �
����
�


��!
�� ��� ���
�� �� �	�
�= �	������� ���
 ��� ���%�� ��%����!
�� X�.℄= ��� ��
�	�
	���
: �	�
� ��	��!
� X�$℄= 	
 ��
	�� �� 
��
����� �� �

���
�� 
	�������	�� �

���� 
�� ���
�� ��
�	�
� : 
�� ���
�� �� 0
	���
��
� X�&℄ 	
 �� 
	
���� X��℄�

��� ��������
���� 	���
��
	� 	
 
���� 
	 �� 
����	 ���
	

��
���	

<�� ���
��� �� �	�
� �
� �
���� �


��!
�� 
	�������� : ������ 
�� �	
�


� �� : ���
��� ��
���	��� ��
���!
� �� ���

��� 
�� �	�
�� !
� 

� �	�� ���
�!
���� ,� �����!
�= ���� 
�� ���
�1

���	�� �)�%������= �
 ��
� �	
�	�� �
	�%��� 
�� �)�������� �� 
� �	
�


� ���
 
�� ���
���	�
�� 
 	���� �
 ���	����� �� ���
��� 
�� �	�
�� ���
�!
��� : �����	� 
� ��)���� �� ��
	��?�	�
�����

6��� 
�� �	���%�� !
� �	
� �����������= 
 
�� ��� �)�������� �� 
� �	
�


� ��
���� ���
()�� �
� 
�� ��

� ���%��= �
	�� !
� 
 �
��� �)������� ��� ()�� �	�� �
� 
�� ��
	��� ��

�= �	��
: 
� �
���
� � 
�� 
���

� J>�%� ���K�

6� �	����
) 
������� �	�� 
�

��
) �	
� �3�
�
�� 
�� �	��� ���
��= ���� 
 
� ��� ����1

���
) ��(� 
	������ : ���
��� 
� ������
� �������� 
�� �)�������� �� 
� �	
�


� ���� ���
�1
������� /
 ��
� �	�
 
	����
�� 
� ������
� ����� 
�� ��
) �
���
�� 	R �	�� ()��� 
�� �)��������
�� 
� �	
�


� �� ������ 
�� ������� ��
���!
���

<	��!
� 
� �	
�


� ��� ������ ����� 
�� ��

� �� 
�� 
���

�= 	� ��
� 
	����
�� 
� ������
�
����� 
�� ��
) �
���
�� ��� 
�� ���
� ���-	�
�
���!
�� 6��� ��� �)������
�� ��
�����= 	� ��
�
�!
 : �������� 
� �	����	� �� 
� 
���

� ��� 
�� ��
���!
� 	���!
� X��℄� '���� �	

��	� ����
�
�������� 
� �������������� ��
���!
� ���	�����= ���� �	��� �� ���� �	�� ���

���� X��℄�
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�����
� ��
���!
������

�*



�� ����	��� �� ��
������	�
 �� ������ �	
�� ���	���

a b

c d

������ ��� Z 1��	
����# �%��� �� ��	���� �������	� ��� ������ ����
��� ��	� ��� 
����� �� ������ ��

!��
� �	 ������ �� ������ ����� ����
��� �/ �� ���

��� ��� 
���
� �	��� �	� ����� ��
�
� �� �	� ���!�
� 
���	

���	����� ���
 �	� ����� ��
*�
��
���
�� 234/ 56℄� �/ +����	�� �� �� �
����� ��


��	��� �� ������� �� ��

������� ��� 
�	����
� �	 ������������	� ��� �	� �
����� ����
��� 9�
� ������ �������	��� �	� �#
����	��

��������
 253/ 55℄� 
/ �� ���

��� ��� 
���
� �	��� ���# ������ ��	� ���	� ��� ���	��	�� ��	� �	� ��
����������

:	 
���� �� ���

��� �	 �
���;�	� �� ��
��������� � ������ ���	 ������� ��
*�
��
���
�� 254℄� �/ :	 ����


������	� �������� ��� ������ ��������� 
�

� � ������ ���	 �����	������/ �� �	 
����	�	� ��� �
��
�����

�
����������
��� 25<℄�

7	
� 
��
��	�� ��
) ��

�� ���%��� ���� ��
) ����
��
) ��	������ �
 �8�� 
���� J>�%� ���K�
'	��� �	
� �

	�� 
� �	��= 
�� ��
) ����
��
) �����%��� 
�� %����� ������ �� 
�
� ���
	
��
�
� 
� ���
� 	���!
�� �� 
�� �������
��� ��
���!
� ����� ����
���� 
�� ����
��
)= �

� ����
���
%�����
����� 
�� ��
) ����
��
) �� 
� �8�� ��C	� �� 
�
)1
� �� ���
�
��� ������
� J>�%�
��*K� <�� ������� ��
���!
�� �������� �	
���� �
 �����
 �
 ��
�	�
	�� � 	�� ����� !
 
�
�3�� ����
� �
� 
� ������
� �������� 
�� ��
) ���%���



���� ���	� �����	��� �� �	�� �
 ����� �� ��
���� �"

������ ��� Z 9�	=�������	 �� 	���� �#�
���	
�� �� ���

��� 
����
� ��� 
���
� �	��� ���# ������ ��
�
��

��	� �� ������ ��	
� ����
���

������ ��* Z >
	
������	� ��� �����������	� ��� ��� !���
���# ���		�	� ���
��� ��� ���# !���
���# ���	���


����	�� ?� �	 ������ ��� ��
��� ��� !���
���# �� �
�

�����	� ��� �����
/ ��� ���# !���
���# ��	� �
�

��� ��

�� �@�� !�;�	 '���
��(� �� �����	
� �	��� ��� ������ ��� ��	�� ���	 ���	��	�� '������(�

��� ����� ��
���	�� 	
 ���	 	� ���
	 
� ���
��	 
	 
����	

���
	 ��
���	

<� %�	������ �
 ������� �� �	
�
� ���
� 	���!
� �	
� ������ � ������� 
�� �	��� �����1

��� 
	�� ��� ���
���= ���� �
 ��
� 
�������� 
�	���� ���� �	�%��
������ 
��!
� �
����� �	
�
����
��� 
�� ���	�� ���� 
�� ������ D� 
	����
� ��� ��
���� %
	��
����� 
� �	���%� 	���!
�=
����� �� �� 
	�
������ �

� ���
�(!
����� �
� 
�� �
������ �
 �	���%��

F� �
���� ���������� 
�� ����
���
) �
������ �
 �	���%� ��� �	��� (%
�� ���� 7	
�

��
��	�� 
� 
���� : 
����� 7� : _A44 �������� ���� 
 ������	
%� �	
� 
���� 
�� ���%��� <��
��������� 
����

�� ���������� �
��%������ 
� ����
��
 �	
� ������ !
� 
�� 	���!
�� �
�������
�
������� ��� �3��� ������!
�� ��	� ���	������� �	
� 	������ ��
) ���%�� ������������= 	�
������ 
� ����
��
 �� ��
) ����
��
) �� �	
�������	�� ��������


����� ��� 
 ���	
����	� � 
��

��� ����1	��� �� � 
� 

�� ��
��	Q!
� J>�%� ����K� 5���� � 8��� ��
	������ ��� 
� ��
	��


�� ��
��	Q!
�= 
 
� ��� ��
) ����
��
) ��� ��0�
�� ��� 
� ���	�� �	��� �
� 
�� 
�
� ���1
-	�
�
���!
�� <�� ����
��
) ��
	������ ������� ���� 
� 	���
��� : %����� 	
����
�� �� 
�����
��
) ���%�� �� �� �	
�
����� J>�%� ����K� <� ����
��
 ��0�
�� �
� 
� ���	�� �	��� �
� 
�� 
�
�
���-	�
�
���!
� ��
� �
	�� 8��� ��0�
�� �	
� ���
�
�� ���� ���
������� 
� ���%� !
 �
 �	����



�. ����	��� �� ��
������	�
 �� ������ �	
�� ���	���

<� ������ �
 �	���%� �
����� 
� ��
�	�
	�� ������ �� ������� 
�� ����
��
) �� �	
�������	�
�� �� ���
���� 
� ���
�� �� �	�
� ��� 
� ����	�� �� ����
��	� �� �
��

� ������� ��
���� ����

� 
������� ���
����� J>�%� ���
K�

a

c

b

������ ��� Z ?
�
�� ������=
 �� ��	����� '�( 9�
����	 �� ���# !���
���# �������
� �����	��
��������	��

'�( A�
��������	 ��� !���
���# �� ��
����� �� ���# ������ ��
���
���
���� '
( 1����� �� ��	���� ������
� ����

�� �
��
���	�

'	�
����	�� �	
� ���������� �

� �� �����
 �
� 
�� ��3������ �
������� <�� �
���	�
�	���� ���� 
�� ����%������ �
������ �	�� �������
� : 
�
) �� 
� (%
�� ��"�



���� ���	� �����	��� �� �	�� �
 ����� �� ��
���� �$

G	
� � ��	�� 
 ������
� �
 �	���%� ��� ��	��%� ��� 
	
����� � ��� ��� 
� ������
� ��
�
�!
�� �� �A'� '���� ��	��
��	� ���
���� ��� >����
� #	��� ��� ��
������� �� ���
�� �	�������

� ��
�� �
� 
�� ���
����

<� 
�	�) �
 
���� ��� ���� ���	����� �� �	�� ���	���� : �

���
�� 
�������� <� �����
� ���
���%�� �	�� 8��� ���	������ �	
� �	���� ���
������� 
�� �	
�


�� �������� '	��� 
� �����
�
��� ��	�	���	���

� : 
� �
�����
� �
 
����= �
 ��
� 
��
���� 
�� �
�����
� ���	������ �	
�
	������ 
�� �	��� �����
�� F�� �
�����
� �� 1N ��� %�����
����� ��
������� �	
� 
���� 
�
���%� �� �����
� �
I������ '�������� 
�� �
�����
� ���	������ ��%��(� 
� �
��
3�����=
�	��� 
�� ������	����	� �� 
 �
�����

	�� 4� 
�	��� 
�� 
	�%
�
� � 	��� !
� ��� ��
 ���	����
��� 
 ��
 �� 
�� �	
�


�� ��	
	%�!
��� ,� �����!
� 
�� 
	�%
�
�� � 	���� ��	
��� �� 1µ�
���	����� ���� : 
� 
������� >���
����� 
� ����
��
 
���� �	�� 8��� ����
� �� ��������� �� ��
�	����	��������
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�	��� 
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���� 7� : _A44 �© J�	��
� #�

���� /+ �� ���
���1�����
�K ����1
���� : 1.064µ� : 
�� �
�����
� ��)���
� �� 10N� �� �����
��� �� �
�����
� ��� �� 
 	����
�� �^ �
� !
�
!
�� ���
���= �� �� �����
��� �� �	����%� ��� �� 5µ��� ]̀'� '�� ���������� �	��
�
I����� �	
� ������� 
�� �	��� ���
�� �� �	�
��

<�� ��3������� 	���!
�� �
����� 
� 
���� 	�� �	
��� 
� ���������� ����1��0�� : 1.064µ��
'�
� 
����� 
�� ������ ��� ��0�)�	� : 
� �
���
� ��� 	���!
�� �� 
�� ����������
�� ��	������ ���
��0�)�	�� �

���
��� #8�� �� 
�� ��0�)�	�� �	�� 
������� ��� 
�� ����������� ����1��0���= �

��
���������� ����- �	
� �������
���� 
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���� �� ����������� ���� 
� 
������ �	
� �
������� 
��
�3���= �	
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��
��	�� 
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���
� >������ �©�
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Interference and crosstalk in double optical tweezers using
a single laser source
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75005 Paris, France
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Experimental studies of single molecule mechanics require high force sensitivity and low drift,

which can be achieved with optical tweezers. We built an optical tweezer setup for force

measurements in a two bead assay. A cw infrared laser beam is split by polarization and focused by

a high numerical aperture objective to create two traps. The same laser is used to form both traps

and to measure the force by back focal plane interferometry. We show that although the two beams

entering the microscope are designed to exhibit orthogonal polarization, interference and a

significant parasitic force signal occur. Comparing the experimental results with a ray optics model,

we show that the interference patterns are caused by the rotation of polarization on microscope lens

surfaces and slides. The model qualitatively describes the pattern and the dependence of the parasitic

force signal on the experimental parameters. We present two different approaches to experimentally

reduce the crosstalk, namely, polarization rectification and frequency shifting. © 2008 American

Institute of Physics. �DOI: 10.1063/1.2957652�

I. INTRODUCTION

Optical tweezers have been used over the two past de-

cades to probe biological objects of various sizes, from

whole cells down to individual proteins. Force measurement

devices based on double optical tweezers have initially been

used to manipulate nonspherical particles such as bacteria,
1

and have increasingly become important tools for single

molecule studies of nucleic acids,
2,3

and their interactions

with proteins.
4,5

An important feature of double optical tweezers derived

from a single laser source is that although the absolute posi-

tion of each trap is sensitive to external mechanical pertur-

bations, their relative position can be precisely imposed.

Beam steering may be achieved with galvanometer, piezo-

electric tilt mount,
3,6

or acousto-optic deflectors.
4

The force

acting on one bead is often measured with the back focal

plane method,
7

which allows us to decouple the force signal

from trap displacement and, hence, external vibrations. The

two traps usually exhibit perpendicular polarization in order

to reduce interference as well as to easily discriminate be-

tween them for detection. A laser of a different wavelength

can be used for detection, but a parasitic signal may then

arise from the relative drift between the trapping and detec-

tion lasers.

When one of the two trapping beams is used for force

measurement, it has to be distinguishable from the second

beam of the double trap. Orthogonal polarizations can be

used for this purpose. However, when linearly polarized light

goes through a system of microscope objectives, such as in

an optical tweezers apparatus, it suffers from the rotation of

polarization,
8,9

resulting in a nonhomogeneous polarization

when it exits the microscope. Consequently, important

crosstalk may occur when force is measured in this

configuration.

In this article we first consider the rotation of polariza-

tion for a Gaussian beam in a simple model. Crosstalk com-

ing from the rotation of polarization is evaluated, and we use

the theoretical results to describe the interference patterns

experimentally observed in the back focal plane method. Fi-

nally, we consider two different approaches to significantly

reduce the crosstalk.

II. ROTATION OF POLARIZATION IN A MICROSCOPE

Conventional polarizing microscopy suffers from the ro-

tation of polarization on lens surfaces or slides, which results

in a loss of contrast when imaging a sample.
8,9

A simple

explanation of the rotation of polarization can be given as

follows. For a linearly polarized beam refracting on the sur-

face of a lens, the electric field exhibits different parallel and

perpendicular components relative to the plane of incidence,

depending on the position on the lens. Since, according to

the Fresnel equations, the two components are refracted dif-

ferently, the polarization of the total electric field is rotated.

As described in more detail in the following sections, this

effect induces difficulties when detecting force with double

optical tweezers.

We theoretically describe the propagation of light in a

simple model to give a qualitative understanding of the ef-

fects coming from the rotation of polarization in optical

tweezers. These effects are of general validity for centered

systems, and the main results regarding field symmetry are

the same for complex objectives. In our description, the trap-

ping objective and the condenser collecting light from a

trapped particle are modeled by two planoconvex lenses,

faced front to front �as presented in Fig. 5�. We assume aa�
Electronic mail: ulrich.bockelmann@espci.fr.
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radius rL of the two planoconvex lenses of 2 mm and a glass

refractive index of 1.57. The two lenses are identical, cen-

tered on the same axis, and the back focal plane of the first

lens coincides with the front focal plane of the second lens.

The Gaussian beam entering this two lens system is sup-

posed to be parallel, linearly polarized �Fig. 1�a�� and refract-

ing according to the Fresnel equations. Propagation of light

is described in the limit of ray optics, and spherical aberra-

tion is neglected.

The electric field occurring in the back focal plane of the

second lens is presented in Fig. 1�b�. Polarization is rotated,

except for the x and y axes, which are perpendicular to the

optical axis and respectively perpendicular and collinear to

the incident polarization. For a given direction in the back

focal plane starting from the center, the magnitude of the

rotation of polarization increases with numerical aperture

�NA� �Fig. 1�c��. For a given radius, the rotation is stronger

when the electric field exhibits similar parallel and orthogo-

nal components according to the incidence plane on the

lenses. As described in Ref. 10, maximum values are reached

close to the x1 and y1 axes, but not exactly on these axes,

depending on the NA �Fig. 1�d��.

III. EXPERIMENTAL SETUP

Our setup is based on a custom-designed inverted micro-

scope �Fig. 2�. Optical components are from Thorlabs �Thor-

labs Inc., Newton, NJ� and Lambda �Lambda Research Op-

tics Inc., Costa Mesa, CA�. They are mounted on an optical

table �Newport Corp., Irvine, CA� for vibration isolation. For

optical trapping and force detection, we use a cw linearly

polarized diode pumped Nd:YVO4 laser �1.064 �m, 10 W,

Millenia IR, Spectra-Physics, Mountain View, CA�. To create

two independent traps, the laser beam is split by polarization

by the combination of a half-wave plate �� /2� and a polar-

izing cube beam splitter �C1�. The direction of one of the two
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FIG. 1. Rotation of polarization of a Gaussian beam E=E0e−r
2
/rL

2

passing the

two lens system. The electric fields are limited to a 3.8 mm disk. �a� Incident

electric field. �b� Calculated transmitted electric field in the back focal plane

of the second lens. The lines of the contour plot correspond to the rotation of

polarization of −8°, −6°, −4°, −2°, 2°, 4°, 6°, and 8°, and gray scales are

used to facilitate visualization. The x1 and y1 axes are the first and second

bisecting lines. The rotation of polarization of the electric field exiting from

the two lens system �c� on the y1 axis for y1�0 and �d� on the perimeter of

NA=0.20 �solid�, NA=0.30 �dotted�, NA=0.45 �dashed�, and NA=0.49

�dash-dotted�.

FIG. 2. �Color online� Schematic layout of the double optical tweezers

setup. Light pathways are indicated for the laser �red�, and for the white

light used for Köhler illumination and imaging of the sample �yellow�.
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beams is varied by a piezoelectric mirror mount with an in-

tegrated position sensor operating in a feedback loop �Mad

City Labs Inc., Madison, WI�. After recombination with the

second polarizing cube beam splitter �C2�, the two beams

exhibit perpendicular polarization, and their directions are

slightly tilted to obtain two separate traps. Lenses �L3� and

�L4� image the center of the mirror mounted on the piezo-

electric stage on the back focal plane of the trapping objec-

tive �100� /1.4 oil, Plan Apo IR, Nikon, Tokyo, Japan�. The

beams are then collimated by a second objective �60

� /1.2 W, UPlanSApo, Olympus, Tokyo, Japan�. Finally, a

Glan-laser polarizer reflects one of the two beams, and lens

�L5� images the back focal plane of the second objective on

a position sensitive detector �Pacific Silicon Sensor, Westlake

Village, CA�. A part of the optical path is also used to image

the beads on a charge coupled device camera. In order to

avoid fluctuations from air currents, the optical path is fully

enclosed. Most mechanical parts are custom designed to re-

duce drift and vibration.

IV. ROTATION OF POLARIZATION IN DOUBLE
OPTICAL TWEEZERS USING A SINGLE LASER
SOURCE

Force measurements in optical tweezers generally use

either laser light going through the trapped particle for inter-

ferometric position detection or white light illumination for

video based detection.
11

We use back focal plane interferom-

etry to measure the force.
7

The method consists in evaluating

the pattern of laser light diffracted by one of the trapped

beads in the back focal plane of the condenser �or second

objective� by imaging the pattern on a four-quadrant photo-

diode or a position sensitive detector.

As the two beams entering the trapping objective are of

perpendicular polarization, if one wants to separately detect

the position of one of the beads in its trap, one has to split by

polarization the beams used to trap. Since a linearly polar-

ized beam suffers from a nonhomogeneous rotation of polar-

ization when going through a microscope objective, the dis-

crimination of the two beams according to polarization

cannot be perfectly achieved. If the polarization of one beam

is checked after the back focal plane of the second objective

with the polarizer, we observe that the transmitted light pat-

tern exhibiting a polarization perpendicular to the incident

beam is cross shaped �Fig. 3�, in agreement with the calcu-

lation presented in Fig. 1�b�. Consequently, the rotation of

polarization allows for interference between the two beams,

and the crosstalk that occurs is not simply the sum of the

signals coming from the two beams separately. To under-

stand the interference pattern appearing in the back focal

plane of the second objective, we use the model introduced

in Sec. II. For the sake of simplicity, we restrict the theoret-

ical study to the case where no bead is trapped.

A. Model of interference without beads

To describe the interference pattern, we need to know

the amplitudes and phases of the two beams in the detector

plane. For this purpose we now closely consider the micro-

scope and detection part of the setup �Fig. 4� and, in particu-

lar, the image planes �A1�, �A2�, �B�, �C�, and �D�.
The back focal plane �C� of the second objective is con-

jugated with the detector plane �D�. The back focal planes of

the two objectives �B� and �C� are also conjugated, and fi-

nally lenses �L3� and �L4� conjugate the back focal plane of

the trapping objective, with plane �A1� centered on the mir-

ror mounted on the piezoelectric stage for the first beam

�directed by x� and y� axes� and with the equally distant

plane �A2� on the other path for the second beam. Planes

�A1� and �A2� are consequently conjugated with plane �D�.
When the traps overlap, the beams enter the microscope

with exactly the same angle. The phase shift ���A� between

the phases of planes �A1� and �A2� �respectively, ��A1� and

��A2�� is constant on plane �A1�, so that ���A�=��A1�

−��A2�=�0. This phase shift depends on the relative length

of the optical paths of the two beams and is difficult to avoid

because it corresponds to subwavelength �i.e., submicrome-

ter� displacements of the optical components and is therefore

particularly sensitive to thermal drift. To separate the two

traps, one has to tilt the mirror mounted on the piezoelectric

stage by an angle � around the y� axis. If the rotation axis is

centered on the optical path and if �	1, the corresponding

phase shift takes the simple form

FIG. 3. Light remaining on the back focal plane of the second objective

when a polarizer is used to reject the maximum of intensity arising from a

single polarized beam after transmission through the microscope.

FIG. 4. �Color online� Schematic layout of the microscope and detection

part of the setup. Planes �A1�, �A2�, �B�, �C�, and �D� are the ones described

in the text.
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���A��x�,�� = �0 +
4


�
�x�,

where � is the light wavelength �see the Appendix for the

calculation of this phase shift�. Assuming that the magnifica-

tion between planes �A1� and �A2� and the detector plane �D�
is �, the phase shift between the two beams in plane �D� is

given by

���D��x,�� = �0 +
4


��
�x .

The amplitude and phase of light going through two real

microscope objectives may be difficult to calculate and re-

quires knowledge of curvature, material, and coating of each

element. The field symmetry should nevertheless be identical

to the simpler case studied in Sec. II. Thus we use the model

of Sec. II to describe the field amplitudes of the two beams

on plane �D� and to evaluate the components that are trans-

mitted by the polarizer.

As the phase shift between the two beams and their re-

spective field amplitudes are given, we can describe the in-

terference pattern occurring on the detector plane. We con-

sider the specific and most useful case in which the polarizer

after the second objective is rotated to reject the maximum of

light coming from the moving trap. The vectors E1=E1ei�t

and E2=E2ei�t denote the electric fields in the detector plane

of the light coming from the fixed and mobile traps, respec-

tively. The light intensity I=
0c��E1+E2�2� �Ref. 12� on the

detector is given by

I�x,y,�� = 
0c��E1�x,y,���2 + �E2�x,y,���2

+ 2E1�x,y,�� · E2�x,y,��cos����D��x,���� . �1�

The sum of the first two terms of Eq. �1� describes

roughly the amplitude of a Gaussian beam, and we rewrite it

as


0c��E1�x,y,���2 + �E2�x,y,���2� = A�x,y,�� .

If the optical components are perfectly centered and the two

Gaussian beams impinge on the center of the back focal

plane of the trapping objective, the symmetry of the system

implies that A�x ,y ,��=A�x ,−y ,��. However, when ��0,

the rotation of polarization on the mobile trap is no more

symmetrical regarding the x�0 and x�0 halves. As shown

in Fig. 5, when the beam is refracted from air to the spherical

interface of �La�, the upper ray is refracted by a wider angle

than the lower one. When the beam is refracted from the

spherical interface of �Lb� to air, what used to be the upper

ray of the beam is now refracted by a smaller angle than

what used to be the lower one. Because Fresnel coefficients

differ when light is refracted from air to glass and glass to

air, even if the paths of the two rays are symmetrical, the

rotation of polarization that the two rays endure is not iden-

tical after passing through the two lenses. As a result, except

for a few points, A�x ,y ,���A�−x ,y ,��.
The last term of Eq. �1� creates interference, and we

rewrite it as

2
0cE1�x,y,�� · E2�x,y,��cos����D��x,��� = B�x,y,�� .

Once more, if the alignment is perfect, the symmetry of the

system implies that B�x ,y ,��=−B�x ,−y ,��. On the other

hand, because the refraction is asymmetrical, as described

above, except for a few special points, B�x ,y ,��
�B�−x ,y ,��.

The illumination calculated assuming perfect alignment

is shown in Fig. 6. The fringes are parallel to the y axis, and

in each quarter, the distance between neighboring maxima

equals �� /2�. The contrast of the fringes increases with the

absolute rotation of polarization, and contrast inversion ap-

pears when going from left to right and from top to bottom

due to the relative direction of the electric fields.

To calculate the expected normalized output signal of the

position sensitive detector, we subtract the illumination on

the x�0 half by the one on the x�0 half and divide this

difference by the total illumination. When we increase the

angle between the two beams, the system symmetries imply

that the fringes have no effect on the detector signal; only the

asymmetric refraction leads to a linear dependence of the

signal on the angular position �for 2.5 mrad, the normalized

difference reaches −5�10−6�.
In practice, the beams can be aligned to a precision of a

few micrometers. To illustrate the consequence of this limi-

tation, we now consider the case where one of the two beams

is slightly translated from its centered position. As a typical

example, if the beam creating the fixed trap is translated by

5 �m along the y axis in the back focal plane of the trapping

objective, the image on the detector plane still looks close to

the perfectly aligned case. The signal coming out of the de-

tector is however very different �Fig. 7�. The magnitude of

the parasitic signal is higher, increases with the translation of

the beam �data not shown�, and shows a dependence on the

phase shift �0. The variation of the signal when the traps

L La b

L front focal planea L back focal planeb

FIG. 5. Ray propagation through the two lens system. The two rays have

symmetrical paths, but their rotations of polarization are different as de-

scribed in the text.

�

�

FIG. 6. Calculated interference pattern in the back focal plane of the second

objective �the contrast is artificially enhanced for visualization�. The two

interfering beams exhibit perpendicular polarization before entering the mi-

croscope, and a polarizer is used to remove one of the two beams. The

angular difference between the two beams is 1 mrad and NA=0.47.

083103-4 P. Mangeol and U. Bockelmann Rev. Sci. Instrum. 79, 083103 �2008�
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move apart is closely linked to the appearance of new fringes

on the detector plane. As a result, the parasitic signal takes a

complicated form, depending on misalignments and NAs.

B. Crosstalk in force measurements with beads

In order to evaluate the crosstalk occurring during a

force measurement, we trap two 0.97 �m silica beads

�Bangs Laboratories Inc., Fishers, IN� in the two tweezers;

one bead is fixed and the other one is moved apart such as in

a single molecule experiment. The force is measured on the

bead in the fixed trap. Force is calibrated by measuring the

power spectrum of the Brownian motion of a trapped bead

with a spectrum analyzer.
13

Exciting separately the mobile or

the fixed trap and selecting the corresponding polarization in

the detection path, we measured the stiffness of each trap of

the double tweezers. The difference between these two stiff-

nesses is below 5%, an uncertainty comparable to the one

caused by common bead to bead variation. A typical experi-

mental interference pattern occurring in the detector plane is

presented in Fig. 8. When the two beads are separated by a

few micrometers in the sample �4 �m in Fig. 8�, the ob-

served light pattern exhibits the characteristics described in

Sec. IV A. Force measurements resulting from the evaluation

of the light pattern on a position sensitive detector are done

at different laser powers; we measure a few curves for each

power to illustrate the effect of drift on the signal �Fig.

9�a�–9�c��. The interference pattern creates a parasitic signal

whose magnitude decreases when the distance between the

beads increases and is approximately proportional to laser

power. Actually, when the back focal plane method is used to

measure force, one easily finds that force is proportional to

the difference of illumination on the two detector halves.

Consequently, the output voltage of the detector is com-

monly proportional to the force regardless of laser power,

while a given interference pattern generates a signal propor-

��� ��� ��� ��� ��� ���

�

������	
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FIG. 7. Theoretically expected normalized output signal of a position sen-

sitive detector in the presence of the two beams when the mobile beam is

deflected and NA=0.47. The fixed trap is translated by +5 �m along the y

axis in the detector plane �D�. The phase differences �0 between the two

beams are 0 �dashed�, 
 /3 �dotted�, 
 /2 �solid�, and 
 �dash-dotted�.

FIG. 8. Interference pattern seen in the back focal plane of the second

objective with two silica beads trapped. The two beads each exhibit a diam-

eter of 0.97 �m and are separated by 4 �m in the sample plane.
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FIG. 9. Dependence of the parasitic signal on the stiffness and the separa-

tion between the two traps. The force is measured on the fixed trap using

two unlinked beads. The stiffness k f of the fixed trap and the total laser

power in the back focal plane of the trapping objective P are �a�
k f =192 pN /�m and P=800 mW, �b� k f =339 pN /�m and P=1.40 W, and

�c� k f =593 pN /�m and P=2.05 W. The displacement velocity between the

two traps is 1 �m /s, and sampling is done at 800 Hz with an antialias filter

of 352 Hz. Individual curves are vertically shifted for clarity �1.5 pN be-

tween subsequent curves in �a�, 2 pN in �b�, and 4 pN in �c��. Notice the

change in vertical axis scaling between �a�, �b�, and �c�.
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tional to the laser power. The pattern of the signal is difficult

to reproduce because it depends on alignments and is subject

to drift.

Setup alignments are an important issue that should be

considered carefully. First, to ensure that the number of

fringes is equal for x�0 and x�0, the phase shift between

the two beams must be adjusted. One way to adjust the phase

is to add a parallel glass slide in the path of one of the beams

before they are combined. A rotation of the glass slide will

add a phase for this beam until the number of fringes is

exactly the same for both detector halves. This rotation also

adds a small translation of the beam, but it is possible to keep

the translation small enough to not increase significantly the

parasitic signal. Second, the image of the center of rotation

of the mirror mounted on the piezoelectric stage has to be

exactly in the center of the detector to assure the symmetry

of the pattern when rotating the mirror. Finally, as it has

already been pointed out in the previous paragraph, the

beams should be centered on the back focal planes of both

objectives, and the back focal plane of the second objective

should be centered on the detector.

V. HOW TO DECREASE CROSSTALK

A. Polarization rectification

As the interference originates from the rotation of polar-

ization in the microscope, an obvious way to reduce

crosstalk is to reduce the rotation. One fully optical method

was first developed by Inoué to increase contrast in polariz-

ing microscopy.
9

His idea was to compensate rotation by a

combination of a half-wave plate and spherical surfaces such

as glass or air meniscus, which he called “the polarization

rectifier.”

We investigate a new method based on the same idea,

but one that is easier to implement with optical tweezers. It

consists in going through the microscope twice and compen-

sating rotation of polarization by a quarter-wave plate. A

schematic layout is given in Fig. 10.

Let us consider a linearly polarized Gaussian beam en-

tering the system ���. When it passes the two objectives for

the first time, the electric field endures a first transformation

due to the rotation of polarization ���. The beam is reflected

in the upper part of the rectifier and passes twice through the

quarter-wave plate. This adds twice the opposite initial rota-

tion ���. Finally, when the beam goes through the micro-

scope for the second time, it again endures the initial trans-

formation ���. As the electric field is rotated twice by the

same angle and once by the double opposite angle, the elec-

tric field going out of the polarization rectifier is theoretically

perfectly linearly polarized. It remains to detect the bead

position by back focal plane interferometry, requiring to im-

age the light pattern of the back focal plane of the second

objective ��� with a corrected polarization. The combination

of lenses �L8� and �L9� and the mirror �M� enables us to

image plane �C� on itself, and as planes �C� and �D� are

conjugated, the light pattern used for detection ��� is finally

seen on plane �D�. As the polarization is corrected with the

rectifier, the light pattern on plane �D� is appropriate for back

focal plane interferometry.

However, some critical points have to be mentioned.

First, by going back in the microscope, the beams create

replicated tweezers that should not perturb the trapping ones.

In our configuration it is possible to align the beams going

first in the microscope on the optical axis, and then to tilt as

less as possible the mirror �M� so that replicated tweezers are

far enough to not disturb the trapping tweezers. Second,

when the beams are entering the microscope for the first

time, a significant part of the light is reflected on surfaces,

especially by the glass water interfaces. This generates re-

flected beams that may be difficult to separate from the ones

we want to detect. Third, as the beams are trapping beads

only when they first go through the microscope, but not

when they go back, paths are different in the two directions.

Finally, because Fresnel coefficients are different when light

is refracted from glass to air and air to glass interfaces, the

rotation of polarization is different when a beam passes

through an objective with opposite directions on the same

path. As a result, the rotation of polarization may be the same

when going through the microscope with opposite directions

only if the trapping objective and the condenser are identical.

As this is not the case in our experiments, the transformation

may not be perfectly achieved.

Using the trapping objective described above and a high

NA oil immersed objective as a collimation objective �100

� /1.3 oil, EC Plan-NeoFluar, Carl Zeiss, Thornwood, NY�,
this method permits us to decrease crosstalk by a factor of 4.

The power ratio of the two perpendicularly polarized beams

measured with the Glan-laser polarizer is 4�10−3 without

the rectifier and 1�10−3 when it is used at N.A.=1.3. The

method appears to be better suited when high NA is used. An

improvement of less than 2 is found at NA lower than 0.9.

B. Frequency shift of one beam

The second method to reduce the crosstalk coming from

interference is to shift the frequency of one of the two beams.

In our apparatus, the beam of the mobile trap goes through

an acousto-optic frequency shifter �AA Optoelectronic, Or-

α

β

δ

γ

FIG. 10. �Color online� Schematic layout of our polarization rectifier. The

electric fields are given for the first passage through the microscope in the

back focal plane of the first objective ��� and in the back focal plane of the

second objective ���. For the second passage, they are given in the back

focal plane of the second objective ��� and the back focal plane of the first

objective ���.
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say, France� before being deflected by the piezoelectric tilt

stage. In this way, as one retrieves the first order of the

acousto-optic device, the beam coming from the mobile trap

is shifted by the acoustic frequency f0 of the shifter, in our

case 80 MHz.

The intensity on the detector plane is now

I�x,y,�� = 
0c��E1�x,y,���2 + �E2�x,y,���2

+ 2E1�x,y,�� · E2�x,y,��

�cos�2
f0t + ���D��x,���� .

As the electronics of the position sensitive detector has a

bandwidth of about 100 kHz, it acts as a low pass filter for

higher frequencies; the signal coming from the rapidly mov-

ing fringes is therefore rejected, and crosstalk coming from

the interference pattern is no more measurable. Figure 11

provides an example of force measurements done with and

without the frequency shifter. The signal measured with the

frequency shifter shows no dependence on the bead separa-

tion, except for the first 600 nm where the proximity of the

beads affects detection.

While frequency shifting indeed enables us to average

out interference effects, one should remember that the rota-

tion of polarization still occurs and two beams are seen on

the detector plane. We did the following experiment to esti-

mate the influence of the mobile trap on the detection of

force in the fixed trap. The conversion coefficient, which

relates force to the output voltage of the detector, was deter-

mined by measuring the power spectrum of the Brownian

motion of one 0.97 �m silica bead in its trap. This measure-

ment was done separately for the two traps �the other trap

was switched off during the measurement�. The laser light

from the mobile trap was reflected with the polarizer.

From these measurements we estimated that the conversion

coefficient for the fixed trap was 0.26 V /pN and 5.4

�10−3 V /pN for the mobile trap, meaning that about 2% of

the force applied on the bead in the moving trap is detected

on the fixed trap. This effect should be considered when an

accurate measurement of the absolute value of the force

measurement is needed. In contrast to the interference effect,

this direct crosstalk does not depend on laser power.

VI. CONCLUSIONS

The rotation of polarization in double optical tweezers

creates parasitic signals that should be taken care of, espe-

cially for applications that require high trap stiffness or high

laser power. Indeed, whereas the output voltage of the detec-

tor is commonly proportional to the force regardless of laser

power, a given interference pattern generates a signal propor-

tional to the laser power. Consequently, an important feature

of this phenomena is that it is usually seen when laser power

is high �i.e., 0.5 W or higher�. For a low power trapping

laser, parasitic signal still exists but may be hidden by noise.

The rectification of polarization enables us to decrease

the crosstalk between the two traps, but not to annihilate it.

We found that an even simpler and most effective method is

to shift the frequency of one of the two beams. Even if

crosstalk between the two traps is still occurring, it is small

enough for most applications.
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APPENDIX: GEOMETRICAL DEFINITIONS AND PHASE
SHIFT CALCULATION

We give here a definition of the geometrical parameters

used in Sec. IV �Fig. 12� and calculate the phase shift ���A�.

As explained before, when the two beams have the same

direction �i.e., �=0�, the phases on planes �A1� and �A2� are

constant, so that the phase shift between the two beams is

also constant and equals �0 �the planes �A1� and �A2� are

indicated in Fig. 4�. Let us now consider the case where the

mobile beam is deflected by the piezoelectric stage. As de-

fined earlier, plane �A1� is directed by the x� and y� axes, and

we suppose that �	1. Because the beam is parallel, its phase

is constant on any plane perpendicular to its direction of

propagation, and in particular its phase is constant on seg-

ment �OH�. As O is on the rotation axis of the mirror, the

phase of ray 1 reflecting on O is constant on plane �A1� with

the deflection of the beam. In comparison to ray 1, ray 2

passing on point J, of abscissa x�, has the additional path

�HJ�=2�x� before hitting plane �A1�, so that its phase is

Displacement (µm)

0

1

2 4 6 8 10

3

0
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4

F
o
rc
e
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N
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FIG. 11. Force measurements with two 0.97 �m silica beads trapped with

the frequency shifter on �bottom: k f =213 pN /�m and P=910 mW� and off

�top: k f =192 pN /�m and P=800 mW�. The displacement velocity between

the two beads is 1 �m /s, and sampling is done at 800 Hz with an antialias

filter of 352 Hz. The signal measured without the frequency shifter on is

shifted vertically for better visualization.

θ

2θ

x

y

HJ
x

O

ray 1 ray 2

FIG. 12. Geometrical parameters describing the deflection of the mobile

trap by the piezoelectric mirror mount.
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��A1��x� ,��=��A1��0,��+ �2
 /��2�x�. Finally, as the phase

on plane �A2� is still constant, the phase shift between planes

�A1� and �A2� is

��A�x�,�� = �0 +
4
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	��	������� ��� 5+7 �� 
 �����
� �� ��	������
�� �	

��	�� <�� ��
) 
	����

��	�� 	�� ��� 
	��	�������� ������!
�� ���� ��3������ !
�
�	
��	�� 8��� 
	��
���������� 
	�� ��� ���
��� �� ������
� �� 
 ��
�
����

< 5+7 ��+75�� �� ���
�� : 15±1 �7 �� �� ���
�� : 9±1 �7 
	��!
 	� 
 ����� �� 
� ��
�)�
: 50 ����−1 J>�%� $��K� <� ���

�
�� �� 
�� 5+7 ��� ���� �

� ����
� !
� 
 5+7 �������� ����

� 
������� ���
������ �	� 	
����
�� �� �	� ���
������ �� �	�� �� 
�� ��

� ������ < 5+7
��+75�� � 	
��� : 
� �8�� �	�
� !
� ��+75��= ���� �
 ��
� �� ���
��� : �

� ��
�� �	�
�
J>�%� $�*K� /
 ��� �8�� �	����
� � 	������� 
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� ���
������ �	
� 
�� �	����	�
()� ��� ���%�� J>�%� $��K� <� ��3����
� �� 
	��	������� ����� 
�� ��
) 5+7 ��	����� �� 
�
��3����
� �� ���

� ����� 
�� �	


��� /
 � � 
�� �������� ����%���!
� �

� ���	������ ��������

�� ����� 	
���� �� ����� �	
� �����	� �	
� ��+75�� !
� �	
� ��+75��� F� 
	��	�������
����
���� � ���: ��� 	������ �
� ��� 
	����

��	�� � 567 X�*= .�℄�
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��� �� 
 ��
�� ��� ���� 	
������ 7	
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����


� ���
� � 
�� ��
�
���� �
� 
� ��
)���� 
	����

��	�= �	
� �����	�� �	�� 
�� �	��(
���	�
�� 
� ������!
� �� 
 	
����
�� �� ������
� �� 
� ��	�����= 
�� �	�� �� �

� : 
� ����
� ��

 	
����
�� �� ������
� �� 
 ��
�
����



&�����	��� +� ��
������	�
� ��������	��� ���� ������� ����
 ���	����� '���	

��

��

��

�

�

�
�
��
	
��


�

���������

������	�	�� ����

������ $�* Z D����� �� !��
� ��� ��"K- ��K-"65� �� 
����� �	 ����� ��� �	 �
������	� �� �� 
�����

�	 	��� �	 ��������	� ���
��
� ��� �� �@�� ���

����



+��� ������ �� ����� ��� ��� ��
������	�
� ��������	��� &*

14.0

13.5

13.0

12.5

12.0

F
o

rc
e

 (
p

N
)

656055504540

Temps (s)

������ $�� Z D����� �� !��
� ��� ��"K- ��K-"65 ��	� �
���
���	� ��� �������



&�����	��� +� ��
������	�
� ��������	��� ���� ������� ����
 ���	����� '���	



���
���
�� �� �� ����
��� ���	
�

<�� ���
��� �� �	�
� ���
 
� �	
�
� ���%� 	���!
� �	
� 	�� ������ � 	������� ����
������

 ������
��	� �� <�� ���
 �� ��%�	� 
��
� ���� 
 5+7 �*� � ���� �	� �)������
��= 
� ��	�����
�����
��� 
� ��%�	�� '� ����	���� �	
����� �%�
����� 8��� ������� 
	�� �� 
 ������
�%� �

���	�	�� �� �� %�����
���� : � �
���� ��	������� < ��
�� �� 
� ������ �	���	� �� 
 5+7 �*�
��� 
	�� � 8��� ��������= 
�� �

� ������%�� ���
 �
 �	��� !
���� �
���� ��	������� <� ()���	�
�� 
�

��1
� ����
� 8��� ������
��!
�= �� 
�
� ��
�� ��� ���
�� �� �	�
� �	
����� ���	����
��� ���	�����	�� ���� �������������� 7	�	�� !
� � 
� �	��� �� �
� ���	��!
�= �
 ��� ��
	��
��I
�
� �� ��
��� 
�� ���
��� �� �	�
� �	�� �!
�
���� �� ������
� �� ��	������ : ��� ����������
�����	������!
�� ����������� '� ��	�
��� 	
���� �� ����
� ��
�� �� ���������� 7	�	�� !
�

� ��	����� <�� ������%�� �%�
����� ���
 �	� ��	��� 5+7 �����%�� W 
�� 5+7 �������� ���
����� ���� ����
��
�� : 
�

� �� 
� �	�
��	� ��� ��
�
�� �� �� �� �� 
 5+7 �*� 	R <�� �� ()�
�� �%������ 
	��� ��������
� �� �� ��	��� �������� X.*= ��℄� '�������� 
���
�������!
�� ��

 ������
��	� ������� �� �
������ F�� ��
�� ��� ���
�� �� �	�
� �	
����� ����� : ���	
��� 
�
��	�
����

< ��
�� ��� ��
�
���� 6,56 �	) � �� ��� !
 : ��� ���
��� 7	
� �����	�� !
� 
�� ��	
������
���
��� �	�����	�� �	���

����� !
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�� ��
�
���� ������ : 
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��� 
�� ���
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5 ������ �
 H�� ��"*�= ��� (
��� ��
���!
�� �*&> �� .�� �� �	
��
���
�� 1 ???��	
��
���
���
	�
�� ��� �� ��" �� @��%�
�� 1 ???����%�
����
	�

#������ �� ��� 	

• >
�
	� �© ����	� 
���	���� ���#
200 �<

• >
�
	� �© ����	� ��	������ ����# 400 �<

J����
�C��
� ��� ����	� #,� "��#=
�\ "��K

• >
�
	� �© 
���	������� 1 %

• >
�
	� �© ����	� �	���� ���# 450 �<

• >
�
	� �© �����	
����� ���# 60 �<

• >
�
	� �© �	

��	� @�5 ���%`�<
110 �<

• >
�
	� �© ����	� �� ��	
B�%� 60 �<

<� ��	�	
	
� �
����� ��� ������ : 
� ���
�����	� � 
� �
�����

	� �� ��" �< : ��"% �� ��

�
�� �	
�������� 	
 ��
�
�� '�� ��

�� �	����� ��	�� 
� �������� �
 �	��� �%�
 : ��" µ��

5��
������� 	

�8 <�� 0�
	�� �© �� �© 
	��������� �� 
 �-��
�� �� �	��
� J7�73K : ���"% �� ���% ���1
��
��������� < �-��
�� �� �	��
� ��� ���� �	)�!
�� ,����� 
� 
	���
� ���
 
�� ��
) �� 
�
���
� 7� ��� ������ 
�� �	

��	�� ���� 
 ����� �� ������ 
� 
	���
� ���
 �
 ����
� < �-�1
�
�� �� �	��
� ��
� �	���� ��� ��
��%�� �)�
	����� <���� : %����� ��
 
�� �
���
�� ��

	���
� ���
 
� ��	�
���

�8 <� 
���	������� J>
�
	� �©K ��� 
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��� �	)�!
�� ,����� 
� 
	���
� ���
 
�� ��
) �� 
�
���
� F��
���� 
�� �����
���	� ���!
��� �� ������ 
 ����
���	��
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��� �
��� >�

	��©� D �� 
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��� 
 ������
� ��� ��	�
��� : ��������
�� �������� : ��
) �)1

����	�� ���� �

• �
 ��
� 
��
���� 
� 
���	������� ���� ���������� ����� �	���� �
 
	�%�
���
� �	
� 
������

�� ��	�
���� � ����	����	� �
 ��	�
�� �� �� �	� ����
���	��

• 
	�� �� 
� �������� �����= 	� ��
��%� 
�� ��

�� �
 ����	� �� ��	
B�%�= �� 	� 
�� �
�
� ��1
����������� �
 �����%�����
�� /
 � � � �	�
 ��� �� ����	� �� 
� ��
��
3�� : ��������
��
���������

#�����1������� 	 �	
� ��� ��

�� �� � µ� �� �	
��������= 
�� ������ �� 
������
%���	� ��

� ������ �< ��
�������� 
�� �

�
�����	� �� 
������
%���	� � �����	� ���� g ������� . ���
���
J������ � �
%�������	� �� �����
��	� �� 
� ������� �
� " ���
 
� 
������
%�
�� �����%������
��%
�� : ��]'K� <	�� ��� ������ �� 
� ������ "< 
���� �

�
�����	� ����
� �� �

� �
I��= 
�� 
�
�	

��	� ����� ��	
�
�� ,� 
 �
%������� : "��� g= 
�� �
���� ���������� ����� ()��= 
� ���

���
��� 
� ��
 ���
)�

7�@� � �
 ��
� ������� 
� ������� �� 
������
%���	� ���
 
� ���

� �� 
� ������� ��� �����


���
<�� �
���� ���������� ����� ()�� 
 �

�
�����	� �� 
������
%���	� ��� �

• �.� g �	
� ��� ��

�� �� ���$ µ� �� ��
�
�=

• "��� g �	
� ��� ��

�� �� � µ� �� �	
���������

;��� �

�1 � 2 �� �� ���
3 �� ������ 
 ���(-�!�� ��  
��2 ����

45& ����������	 �� �������� 
�������6

5���� �	�����	� �� �	�
��	���
�����	� 
���	)�
� ��� ��

��= �
 ����� �� �	

��	� �� �	����
)
��	�
��� !
� ��
���� 8��� %8���� �	
� 
� �
���= !
 	� �
����� 
	�� �� 
�� ��������� ������ J
�
@��%� <�� G�
� 7	��� ��� �� ��"K

�� �
�
�� ��"�< �� 
� �
������	� : 2.5% �� ��

�� 
���	)�
��� ���� 
� �
�� ,�����	�� ��

������
%���	� �� ��" : ��� �<� <� �	

��	� �� ��	
B �� ��

�� �� � µ� �� �	
��������
�� �	
���� �� ���������� !
� ��� %	
��� : %	
���= 
� �	

�� ����	)������ ��� ���

� ���

� ���!
� ��" �< �� 
 ,�����	���
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�� 5�	
��� �
 ����	� 
���	���� J>
�
	� �©K �	
� ����
�� 
� �
�� �� �������� ����������

*� '������
%�� " : . ���
��� 	
 �
�!
 : 
� !
� 
�� ��

�� �	����� 
� ���� ���� 
� 
�����1
�
%�
���

�� ,�
���� ��
�
������� 
� �
���%���� �� 
� ������

"� +������ 
�� ������ �= * �� � 
�� ��
)���� �	���

�	
� ����������� �*���� �

�K +���
�� 
� �
�� : �	���� �� ���������

�K A	���)���


K +���
�� 
� �
�� ������������

7�@� � 
	��!
� V���
������� 
 ����V ��� 
��
���= �� ������� : 
 ����� "�

.� +��
������� 
 ���� ���� 
� ����	� ��	������� J>
�
	� �©K

$� '������
%�� " : . ���
����

&� ,�
���� ��
�
������� 
� �
���%���� �� 
� ������

�� +������ 
�� ������ .= $= �� & ��
	�� � �	���

��� +��
������� 
 ���� ���� ��.�" �< �� ����	� ��	������ ����#= �\ ��"

�1 %�! ���� �#�� ������"��� �! 
��&  2�
 ��� &��
����  "��� �� � 
����!��� 4 '(��

478 ��	���� ���� 9#: &����� ������	�� ���� 98 ��	���� ������' �� �	 �� �� ��	��������	 ����
�� ����	���6

/
 ��� ��
�18��� �

� ������%�
) �� ����
�
�� 
� ����	� ��	������ ��� 
� ����	� #,�=

�� 
�� ��	������� ���
����� 
� ���
������ ��� 
���	�������� J
�� @��%� <�� G�
� 7	�� ��"
��%� *K�

�� >����!
�� ��$" �< � 
�� �	

��	� : 2% �� 
���	������� �� ������ �" �% �� 
���	���1
���� J>
�
	� �©K �� �� 
� ����	
���� ���� ��$" �< �� ����	� ��	������ J>
�
	� �©K�

7�@� � <� �	

��	� �� 
���	������� �	�� 8��� �������� �� 
��
���� �� �" ���
���� <� 
��1
�	������� ������� ���� 
� 0�
	� �© �	�� 8��� ��� : 
 ���� �� 
 �
������ � �������������
����� 
� ����� �� 
���	������� ��
�������= ���	

��� ��������� 
� 0�
	��
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��� �� ��������� ���� �� ��
��	�

��	���	�
 �
�	 �	���#��
	
� �� ����

�� 5�	
��� ��. �< �� 
� �	

��	� : 2% �� 
���	������� %	
��� : %	
��� : 
� �	

��	�
�� ��

�� �� ��
���

�� ��������� 
� �
��� /
 ��
� ���
) ��	
��� %	
��� : %	
��� 
�

���	������� �	
� �� �	���)���� �	
� 
�
�= �
 ��
� ������ 
� �	���) �
� �&�� �	
�`���
�� �	����	� on �� �	� touch= �	
� 8��� �

� : 
 ���� �� ������ 
�� �

�������

*� #�
��%�� * : � ��
��� : ��������
�� �������� �
� 
� �%�����
� �	������

�� '������
%�� " : . ���
��� �
�!
 : �	�����	� �� 
 ���� �� �
������ 
� �
���%�����

"� +��
������� 
 ���� ���� 
� ����	� ��	������� J>
�
	� �©K

.� '������
%�� " : . ���
��� �
�!
 : �	�����	� �� 
 ���� �� �
������ 
� �
���%�����

$� +������ 
�� ��
) ������ ���
������� ��
	�� � �	��� '�� ������ ���������� � �
������ 
�

���	������� � ����� ��� ���%���

&� +��
������� 
 ���� ���� � �< �� ����	� �	���� J>
�
	� �©K

�1 %���� �� �� � ����!���

�� 5�	
��� ��� : ��� µ% �� 
� ��	����� : 
	
�
�� 	
 ���
������� ���� � �< �� ��	�����
���� 
� ����	� �	�����

�� <������ 
� ��
��%� 
�� �
�� ������� : ��������
�� �������� �� ��
��%���� �	

�����
���
 
� �%�����
� �	����� ��� �)���
��

;��� �
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*� '������
%�� �� ���
����

�� +��
������� 
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Abstract. A double-tweezer setup is used to induce mechanical stress in systems of molecular biology. A
double strand of DNA is first stretched and the data is compared to precedent experiments to check the
experimental setup. Then a short foldable fragment of RNA is probed; the typical unfolding/refolding
hysteresis behaviour of this kind of construction is shown and followed by a study of its elasticity and a
comparison to a worm-like chain model. Eventually, we describe the unfolding of a larger RNA structure,
which unfolds by multiple steps. We show that this unfolding is not reversible and that it presents numerous
unfolding pathways.

PACS. 87.15.-v Biomolecules: structure and physical properties – 87.15.He Dynamics and conformational
changes – 87.64.-t Spectroscopic and microscopic techniques in biophysics and medical physics

Introduction

Force measurements on single molecules began more than
ten years ago, introducing great questions for statistical
physics and molecular biology. Experiments on elasticity
and structural transitions were done on increasingly com-
plex molecules, such as DNA [1–3], DNA and its complexes
with proteins [4,5], or RNA [6,7].

After presenting our experimental configuration based
on a double optical tweezer in Section 1, we study
the response to mechanical stress on different biological
molecules. We first stretch a double-stranded DNA (ds-
DNA) to verify our experimental setup in Section 2. Dif-
ferent fragments from 23S ribosomal RNA are then probed
in Section 3. A small fragment will allow us to examine the
elasticity of a single-stranded RNA and to give an estima-
tion of its persistence length. The study of the reversibil-
ity and reproducibility of a bigger fragment unfolding will
close this article.

1 Material and methods

There are many setups to measure force on the single-
molecule scale [8], the most recent and most precise of
which are based on AFM, optical or magnetic tweezers.
Our setup is a double optical tweezer; the experimen-
tal configuration involves two beads between which one

a e-mail: ulrich.bockelmann@espci.fr

has a biological molecule, and makes it possible to probe
molecules on a relevant force range (from 0 to 30 pN), with
sub-piconewton resolution.

1.1 Optics: how to obtain two tweezers?

We are using a CW laser beam coming from a titanium-
sapphire cavity (Ti:Sa) tunable in the infra-red and
pumped in the green thanks to a solid-state laser pumped
by laser diodes. To prevent optical elements from undergo-
ing too important heating effects as well as to allow a small
overfilling of the objective back focal plane, one starts by
widening the laser beam using lenses (L1) and (L2) form-
ing a telescope (Fig. 1). To obtain two independent traps
one then splits the beam according to polarization by the
association of a half wave plate (λ/2) and a dichroic cube
(C1) in order to obtain two beams of perpendicular po-
larizations. Before being recombined by a second dichroic
cube (C2), one of the two beams is reflected by a mirror
mounted on a piezoelectric holder (PZT) in order to de-
flect it easily from the second. The recombined beams are
made enter a high numerical aperture microscope objec-
tive in order to make them strongly converge and to obtain
two traps. Because of the use of several dichroic mirrors
on which beams of perpendicular polarizations may reflect
differently, the λ/2 wave plate is adjusted to ensure equal
beam intensities in the plane of the traps.

After their use for trapping, the beams are transmit-
ted through the beads and reflected by an oxidized silicon
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Fig. 1. Schematic of the double-optical-tweezer setup.

surface, and go back through the microscope objective
before being imaged by lens (L3) on a position-sensitive
detector (PSD). The use of perpendicular polarizations
makes it possible to detect only one beam as the other
one is blocked by a polarizer. In order to follow the beads
in the biological preparation they are illuminated by a
quartz-iodine lamp and imaged on a CCD camera via the
same microscope objective and lens (L3). As the laser has
the same optical path, an absorbing IR filter is placed in
order not to saturate the CCD.

1.2 Detection and force measurement

When a trapped bead (with diameter of 1µm) is pulled
by a weak force, in our case a few piconewtons, it moves
a characteristic length far smaller than its radius and the
laser waist. Thus in practice the deviation angle of the
laser beam varies linearly with the bead displacement and
thus also with force since at low force the optical trap
acts like a harmonic spring on the bead. Even after its
reflection and transmission by the microscope objective
and lens (L3), the linearity between beam deviation and
bead displacement remains true up to the detector. As
one of the two beams is absorbed by a polarizer, one
bead displacement is measured while its transmitted laser
beam deflection is followed by a position-sensitive detec-
tor (PSD). The detection system has a time response well
suited for calibration in the frequency domain of study.

1.3 Calibration

Optical trapping of particles very small or very large
compared to the laser wavelength is well described the-
oretically by dipolar and geometrical approximations, but
apart from these limiting cases there is no complete de-
scription and it is necessary to determine applied forces
experimentally. Fortunately, the frequency description of

Fig. 2. Position detection signal power spectrum (crosses)
and fit from equation (2) (solid line); the cutoff frequency is
2.71 kHz, corresponding to a stiffness of 0.16 pN/nm.

a bead movement is well known and described thanks to
Langevin theory [9]. A trapped bead immersed in aqueous
media will follow the frequency law

|X(ω)|2 =
kBT

π2α(f2 + f2
0 )

, (1)

where X(ω) is the Fourier transform of the axial displace-
ment, kB the Boltzmann constant, T the temperature, α
the drag coefficient of the bead, f the displacement fre-
quency and f0 the cutoff frequency. This frequency is re-
lated to the trap stiffness β by f0 = β(2πα)−1.

Detection is carried out by an electronic circuit that
can be modelled by a low-pass filter, with a cutoff fre-
quency of fel ≃ 14 kHz in our case. As the detector voltage
signal U is proportional to the particle displacement X,
the power spectrum of its Fourier transform takes the form

|U(ω)|2 =
S′

0
(

1 + f2

f2

0

)(

1 + f2

f2

el

) , (2)

S′

0 taking account of the detector sensitivity, i.e. the
proportionality factor between displacement and voltage.
The fit of the experimental curve finally gives us the trap
stiffness as β = f0

α (Fig. 2).

2 Force measurement on a single DNA

molecule

Force measurements on DNA molecules are of double in-
terest: on the one hand, the mechanical characteristics of
this polymer play a central role in some of its functions
in the cell, like its folding, replication, recombination, and
on the other hand, DNA is a molecule which is rather
easy to manipulate, and this makes it a privileged object
in polymer physics. Its mechanical characteristics are well
known and will be used here in order to check the correct
behaviour of the experimental setup.
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Fig. 3. Schematic view of a DNA molecule streched between
two protein functionalized beads.

2.1 DNA-beads complex formation

In order to stretch DNA, it is necessary to bind it to
macroscopic objects which can be easily handled, like solid
surfaces or beads that can be trapped optically or mag-
netically; here we use silica beads.

One starts by covering these beads with a layer of
negatively charged polymer so that DNA does not ab-
sorb in a nonspecific and noncontrolled way on the silica
surface [10]. Then, in order to have the best control on
binding DNA to beads, each end of the DNA is func-
tionalized with a different molecule, one end by biotin
and the other by digoxygenin, and beads are function-
alized in order to recognize these molecules. One type of
bead is functionalized with streptavidin, binding biotin by
a strong ligand-receptor noncovalent interaction, and the
other one is functionalized with an anti-digoxygenin anti-
body, thus binding digoxygenin also by a noncovalent but
specific interaction.

One forms then DNA-beads complexes by mixing three
solutions: a solution containing functionalized DNA, a so-
lution of streptavidin functionalized beads, and a third so-
lution of anti-digoxygenin functionalized beads. This mix-
ture incubates a few hours, and during this time, beads
and DNA diffuse and react in order to form complexes
where only a few strands are linked to two beads. Just
before the experiment this mixture is diluted in a buffer
solution (2µL of the mixture in 200µL of 10mM NaHPO4

buffer pH = 7.0). The final solution is a mixture of some
DNA-beads complexes with many individual beads.

2.2 Stretching DNA

Now we are ready to stretch DNA-beads complexes thanks
to the double tweezer. From an optical point of view the
two traps are equivalent, but let us remind that one trap
is fixed, the other one mobile, and force measurement is
done on the fixed trap (see Fig. 3).

One can find relevant DNA-beads complexes, because
of their characteristic movement: the trajectories of two
beads linked by a DNA molecule are correlated, whereas
after a few seconds of observation unlinked beads move
apart by a distance larger than the DNA molecule length.
When each bead is near to a trap position, the laser is

Fig. 4. Force-extension relationship for a double-stranded
DNA molecule. Data (crosses) is fitted with the Odijk formula
(solid line).

switched on, and the two beads are trapped in the two
tweezers simultaneously. This procedure is successful for
molecules longer than 2µm.

After a complex is trapped, the principle of the exper-
iment is very simple: by controlling the mobile-trap trans-
lation, the two silica beads move apart, each one attached
to an end of the molecule which is then stretched. There
remains to measure DNA tension thanks to the force it
exerts on the fixed bead, and to determine the molecule
extension. As we know the imposed distance between the
traps, but not the distance between the beads, there re-
mains to subtract the displacement of the beads in their
traps. One then simply obtains dbeads = dtraps−

2F
β , where

β is the known trap stiffness. In order to get the molecule
length one finally subtracts the radius of each bead.

We chose to study a 10 000 base pair DNA fragment,
obtained by PCR from the DNA of λ bacteriophage. A
measured force-extension curve is given in Figure 4.

There are several models and several expressions to de-
scribe DNA elasticity. The most relevant ones for ds-DNA
are based on worm-like chain models [11]. We chose to use
the Odijk solution [12], which gives the mean extension
〈x〉 of the molecule as a function of applied force F :

〈x〉 = L0

(

1 −
1

2

(

kBT

FLp

)1/2

+
F

K

)

, (3)

where L0 is the crystallographic length, Lp the persistence
length, K the elastic modulus and T the temperature. The
experimental curve fitted with the Odijk model gives the
parameters of Table 1. Our fitted parameters are in agree-
ment with the literature values, but the experimental un-
certainty is significant. Indeed the stiffness of our traps
obtained by calibration is known only with 10% accuracy,
and the beads used in the experiment do not necessarily
have the same shape and refractive index as those used
in the calibration. Because of our specific setup geometry,
another important point is that detection depends on the
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Table 1. Fit parameters from Odijk model. The literature
values come from experiments carried out by other groups for
K and Lp under equivalent conditions (PB1X buffer, pH =
7) [11] and the crystallographic length of the chain is obtained
by supposing that each base pair has a length of 0.338 nm [13].

Fit parameters Experimental values Literature values

K 1000 ± 50 pN 1008 ± 38 pN
Lp 47 ± 5 nm 47.4 ± 1.0 nm
L0 3.40 ± 0.05 µm 3.38 µm

trap height above the reflective surface. Therefore mea-
surements are done at fixed height (4.0 ± 0.5µm). The
experimental uncertainty in this height causes detection
signal changes of ±8% [14]. Even if these effects reduce
the precision of our results, the setup remains very suit-
able for the experiments which we will describe thereafter.

3 Force measurement on RNA structures

While the biological importance of RNA has been underes-
timated for a long time, its catalytic activity and its role
in regulation in the cell have made it a major research
object over the last 20 years [15]. Even though from a
chemical point of view RNA and DNA molecules are very
close, RNA is a more difficult object for mechanical stud-
ies. First, RNA is less stable because of the omnipresence
of RNAase enzymes in a standard laboratory environment.
Then, biochemistry of RNA is more difficult, as important
techniques like direct chemical synthesis, specific ligation,
digestion and enzymatic modifications are much less devel-
oped for RNA. Finally, the interpretation of RNA single-
molecule measurements are particularly challenging due
to the complex sequence-dependent structure and folding
processes [7].

We chose to study two RNA fragments from the do-
main II of 23S E. Coli ribosomal RNA (Fig. 5). The
first one, which we call RNA a in this article, is a 173
nucleotides fragment (consisting of nucleotides 991–1163)
and the second one, RNA b, is a 735 nucleotides fragment
including the first one (nucleotides 529–1263).

3.1 Molecular construction

Force measurement on a RNA fragment requires a partic-
ular molecular construction, because usually the two ends
of the molecule are very close one to the other, which
makes very difficult the direct connection with beads.

In this way, we chose a DNA/RNA hybrid duplex con-
struction. One starts by synthesizing by in vitro transcrip-
tion a 5662 nucleotides long RNA molecule, encompassing
the region of interest, located roughly at the middle of the
sequence. In addition, ds-DNA molecules with one of their
strand partially complementary to the RNA were obtained
by PCR. Each one of these strands has a functionalization
at its furthest end from the sequence of study: one by a bi-
otin molecule and the other by a digoxygenin molecule. Af-
ter hybridization of the RNA and the two DNA molecules,

Fig. 5. Secondary structure of the RNA fragments a and b.

Fig. 6. Schematic view of the RNA/DNA hybrid construction.

one finally obtains a construction (Fig. 6) where the RNA
we wish to investigate is flanked by two DNA/RNA “han-
dles”, which render the molecule long enough and allow
to manipulate it easily.

3.2 Unfolding RNA fragment a

The measurement is done exactly in the same way as the
one with DNA: the molecular construction is stretched
and the force measurement is done on the fixed bead. We
obtain, for example, the force-extension curve of Figure 7.
This force-extension curve displays a force drop around
16 pN with an amplitude of approximately 2 pN corre-
sponding to RNA opening and consistent with the force
needed to open the DNA helix [3]. We will suppose that
during the opening the entire construction is unfolded; this
assumption appears rather probable, because we could ex-
ert forces up to 20 to 30% higher than the force needed to
open the first bases without observing another drop. It is
thus not very probable that paired bases remain.

An interesting aspect of this measurement is that it
is reversible. By approaching the beads, one observes a
drop opposed to the one obtained during the separation
(Fig. 7), and also an important hysteresis. Thus folding-
up is done approximately 1.5 pN below unfolding where
extension is a hundred nanometers smaller. It is important
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Fig. 7. Force-extension curve on RNA fragment a presenting
a hystereris between stretching and relaxing.

Fig. 8. RNA length measurement principle.

to note that this hysteresis is related to the speed by which
the construction is pulled apart, and it seems that one
can make it fall considerably by reducing this speed [6].
All experiments shown here are carried out by imposing a
speed of 100 nm s−1 on the mobile trap.

Let us now extract from the measurements the length
changes of the molecular construction caused by unfold-
ing and refolding. For this purpose, we compare the bead
positions before and after unfolding or folding at a given
force (cf. Fig. 8). At given force the DNA/RNA hybrid
tension is constant, and thus its extension is also constant.
Thus the positions of the beads before and after unfolding
or folding directly give the length of the unfolded RNA.
A statistics of the measured length changes is presented
in Figure 9. Because of the hysteresis of approximately
1.5 pN, the length measurements obtained during folding
and unfolding are separately counted:

∆Lunfolding = 55.7±9.9 nm, ∆Lfolding = 51.1±9.9 nm.

Although the experimental error is of the order of 20%, one
observes that the RNA length during unfolding is more
important than the one during folding because the applied
force is stronger.

Fig. 9. (Colour online) Histogram of length variation during
RNA fragment a folding and unfolding (blue: unfolding; red:
folding).

We will quantify this effect thanks to a relation pro-
posed by Marko and Siggia [16]. It interpolates a worm-like
chain model of polymer elasticity, and has been shown to
fit well to mechanical measurements on DNA and RNA.
The relation takes the following form:

F =

(

kBT

Lp

) [

1

4(1 − x/L0)2
−

1

4
+

x

L0

]

. (4)

The crystallographic length L0 is simply given by the fact
that each RNA nucleotide has a length of 0.43 nm [17], and
that there are 173 nucleotides. Application of this formula
enables us to determine the persistence length of single-
stranded RNA. A last subtlety in the length estimation
of the unfolded RNA fragment is that it is necessary to
take into account the distance separating the ends from
the chain before unfolding. This distance is given by the
diameter of the RNA helix (2.2 nm); the neglect of this
geometrical issue would in our case lead to an overestima-
tion of the persistence length by about 3%. We obtain the
following persistence length:

Lp = 1.1 ± 0.6 nm.

This value is in agreement with the literature data, for
experiments carried out under equivalent salinity condi-
tions [6].

3.3 Unfolding RNA fragment b

We now turn to our RNA stretching study on a much
longer fragment of 23S RNA, which comprises 732 nu-
cleotides. The molecular construction is prepared in the
same way as the preceding one. Once more the molecular
construction is stretched thanks to optical tweezers, and
force is plotted as a function of extension (Fig. 10). Un-
folding of this fragment b is very different from the one we
observed on the smaller fragment a. It is noticed first of
all that the structure unfolds per piece and not completely
in one step, and that the measurement is not reversible
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Fig. 10. Force measurement on RNA fragment b during strech-
ing.

Fig. 11. Force-extension curve on RNA fragment b. Data is
shown for one fragment during a stretching/relaxing cycle.

(Fig. 11). A second observation is that the force measure-
ment is not as reproducible as the one observed for the
short RNA fragment. This observation was already done
on similar experiments by the Bustamante group [18] and
seems to be partly related to magnesium ion concentra-
tion. Indeed Mg2+ ions are able to bind together certain
parts of RNA by electrostatic interaction, thus playing an
important role in the formation of the three-dimensional
structure of the ribosome. We thus varied Mg2+ concen-
trations from 0 to 100mM, but within the experimental
uncertainty we did not observe notable dependence of the
force curves on the magnesium ion concentration. In the
same way, we observed no effect from the ionic strength
in the range of 10 to 250mM of sodium chloride. It is
not excluded either that RNA folds differently after each
unfolding. The large variety of conformations will then
be reflected in the force measurements, and will reveal
transitions at different forces and with different ampli-
tudes. However, we observed that in almost 30% of stretch-
ings, the force signal presents two to three transitions dis-
tributed between 10 and 16 pN; the other curves present
either only one transition at a nonreproducible force, or no
transition at all. Some curves are reproducible, but they
are isolated cases (Fig. 12).

Fig. 12. (Colour online) Green (α), red (β) and black (γ)
curves are three successive unfoldings of the same RNA frag-
ment b. Curves are translated along the x-axis for a better
visualization. Green (α) and red (β) curves show same transi-
tions (∼ 1% of cases), and the black one (γ) is totally different.

Conclusion

The use of a reflection-type double tweezer makes it pos-
sible to probe single molecules, even if the trap height to
the reflective surface is an important parameter that has
to be carefully controlled. The force-extension curves mea-
sured on single DNA molecules enable us to validate the
experimental setup. The study of the shortest RNA frag-
ment shows that its unfolding presents hysteresis. Mod-
elling of the measured single-strand elasticity is possible
and provides an estimation of the RNA persistence length.
The biggest RNA fragment seems to unfold with different
transitions. While some structures give quite expected re-
sponses [18], the majority of biologically relevant RNAs
should unfold in a much more complex way. The unfold-
ing experiments and modelling of highly complex RNA
structures may open a door to the determination of un-
known structures and their dynamics.
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