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Résumé

Cette thèse est consacrée à l’étude de quelques propriétés mathématiques de deux modèles de pop-
ulation : le processus Fleming-Viot généralisé d’une part et le processus de branchement d’autre part.
Dans les deux cas, la population est composée d’une infinité d’individus, chacun étant caractérisé par un
type génétique. Au cours du temps les fréquences asymptotiques de ces types évoluent de façon aléa-
toire au travers d’événements de reproduction où un individu tiré aléatoirement donne naissance à une
descendance portant le même type génétique.
Mathématiquement ces deux modèles sont décrits par des processus aléatoires à valeurs mesures. Afin
de donner un sens à la généalogie de la population sous-jacente, plusieurs approches ont été proposées
au cours des quinze dernières années. La contribution principale de cette thèse consiste en l’unification
de deux constructions : la représentation lookdown définie par Peter Donnelly et Thomas Kurtz en 1999
et les flots stochastiques de ponts (ou de subordinateurs) introduits au début des années 2000 par Jean
Bertoin et Jean-François Le Gall. Cette unification nécessite l’introduction d’objets nouveaux (les Eves,
les flots stochastiques de partitions) et repose sur une étude fine des comportements asymptotiques des
deux modèles mentionnés précédemment.
En particulier, nous définissons la propriété d’Eve comme suit : si la fréquence asymptotique d’un type
génétique tend vers 1 lorsque t devient grand alors la population descend asymptotiquement d’un seul
individu au temps initial, appelé l’Eve de la population. Dans le cas des processus de branchement
nous obtenons une condition nécessaire et suffisante sur le paramètre du modèle (aussi appelé mécan-
isme de branchement) qui assure que cette propriété d’Eve est vérifiée. Nous obtenons également une
classification complète de tous les autres comportements possibles. Dans le cas des processus Fleming-
Viot généralisés, nous obtenons une classification partielle des comportements possibles en fonction du
paramètre du modèle. Enfin, lorsque la propriété d’Eve est vérifiée, nous construisons de façon trajecto-
rielle la représentation lookdown à partir d’un flot stochastique de ponts (ou de subordinateurs).
Nous présentons également une étude complète du processus de branchement explosif conditionné à la
non-explosion et faisons apparaître une famille infinie de mesures quasi-stationnaires pour ce processus.
Finalement nous nous intéressons au processus des longueurs du coalescent de Kingman dynamique et
présentons une construction alternative à celle de Pfaffelhuber, Wakolbinger et Weisshaupt.
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Abstract

This thesis focuses on mathematical properties of two population models, namely the generalised
Fleming-Viot process and the branching process. In both cases, the population is composed of infinitely
many individuals characterised by a genetic type. As time passes, the asymptotic frequencies of the
types within the population evolve stochastically through reproduction events where a uniformly chosen
individual gives birth to a progeny with the same genetic type.
Mathematically these two models are defined by measure-valued processes. In order to give a meaning
to the genealogy of the underlying population, several approaches have been proposed these last fifteen
years. One of the main contributions of this thesis is to unify two constructions: the lookdown repre-
sentation introduced by Peter Donnelly and Thomas Kurtz in 1999 and the stochastic flow of bridges (or
subordinators) introduced by Jean Bertoin and Jean-François Le Gall in 2000. This unification relies on
the definition of new objects (the Eves, the stochastic flow of partitions) and necessitates a fine study of
the asymptotic behaviours of the two aforementioned population models.
In particular we define the Eve property as follows: if there is a genetic type whose asymptotic frequency
tends to 1 as t becomes large then the population asymptotically descends from a single ancestor called
the Eve of the population. In the case of the branching process, we obtain a necessary and sufficient
condition on the branching mechanism ensuring the Eve property. We also provide a complete classifi-
cation of all the possible asymptotic behaviours according to the branching mechanism. In the case of
the generalised Fleming-Viot process, we obtain a partial classification of the possible asymptotic be-
haviours. Finally when the Eve property is fulfilled we present a pathwise construction of the lookdown
representation from a stochastic flow of bridges (or subordinators).
We also present a complete study of the explosive branching process conditioned to the non-explosion
and provide an infinite collection of quasi-stationary distributions for this conditioned process. Finally
we study the process of lengths of the evolving Kingman coalescent and propose an alternative construc-
tion to that of Pfaffelhuber, Wakolbinger and Weisshaupt.
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CHAPTER 0

Introduction

In this thesis, we study two classes of measure-valued processes:

• The generalised Fleming-Viot processes.

• The measure-valued branching processes.

These objects describe the evolution of infinite populations and can be obtained as scaling limits of el-
ementary finite population models. In population genetics, one is naturally interested in tracking the
genealogy of the population backward in time. Although it could seem a simple matter, giving a mathe-
matical meaning to the genealogy of these measure-valued processes is not straightforward and has given
rise to several approaches. In the present work, we consider two constructions: the so-called lookdown
representation, introduced in 1999 by Peter Donnelly and Thomas Kurtz [24], and the stochastic flow of
subordinators (or bridges), defined in 2000-2003 by Jean Bertoin and Jean-François Le Gall [12, 13].
We present a new framework that allows to unify these constructions. This framework relies on two
key objects: the sequence of so-called Eves, which is a relevant ordering of the atomic support of the
measure-valued processes, and the stochastic flow of partitions, which appears as the genealogical struc-
ture shared by both representations. These objects are interesting in their own right and motivate a fine
study of the asymptotic behaviour of the two classes of measure-valued processes. In the introduction,
this new framework is explained in detail and the main results are presented, sometimes in an informal
way. However we shall always provide precise references to the formal statements.
After this introduction, the thesis is composed of five chapters that we now briefly present:

Chapter I focuses on the asymptotic properties of the generalised Fleming-Viot process and presents
the coupling between the two representations. It corresponds to the article [52].

Chapter II presents several properties of the measure-valued branching process together with the cou-
pling of the two representations in this case. This chapter forms the article [53] accepted for
publication in the Annales de l’Institut Henri Poincaré.

Chapter III provides a classification of the asymptotic behaviours of the measure-valued branching
process normalised by its total mass. It has been taken from the article [25] written in collaboration
with Thomas Duquesne.

13



0 - Introduction

Chapter IV presents a complete study of the quasi-stationary distributions associated with an explosive
continuous-state branching process. It has been taken from the article [54] published in Electronic
Communications in Probability.

Chapter V proposes an alternative construction of the tree length process of the evolving Kingman
coalescent. The original construction is due to Pfaffelhuber, Wakolbinger and Weisshaupt [65].

Finally, an Appendix gathers additional results and some technical proofs.

1 Two classes of measure-valued processes

Two classes of measure-valued processes have received a particular interest for many years: the gen-
eralised Fleming-Viot processes, which can be seen as the infinite population limit of the Moran model
(see for instance Etheridge [29] and Fleming and Viot [32]); and the measure-valued branching pro-
cesses, that generalise one-dimensional branching processes. We will see that these two classes present a
lot of similarities, though the tools used to deal with them are different (duality for generalised Fleming-
Viot processes, Laplace transform for measure-valued branching processes).
We mention that more elaborate versions of these processes, where the type of each individual evolves
independently according to a Markov process, have been studied for many years (see Dawson [21],
Etheridge [30] or Le Gall [60]). In this work, we do not consider these elaborate versions.
Let us now introduce the basic framework for the definition of these measure-valued processes. We are
going to deal with populations of individuals that possess a type, assumed to be for simplicity a point in
[0, 1]. Although the population is uncountably infinite, we characterize its size by a positive real number.
Henceforth the population is described by a finite measure on [0, 1]: the mass given to any subinterval
[a, b] ⊂ [0, 1] corresponds to the size of the subpopulation whose types lie in [a, b]. The total mass of this
measure is then the size of the population. We denote by Mf the set of finite measures on [0, 1], and by
M1 the subset of probability measures on [0, 1].

1.1 Generalised Fleming-Viot processes

The generalised Fleming-Viot processes take values in M1 and are in duality with a famous class of
coalescent processes introduced by Pitman [66] and Sagitov [67], called Λ coalescents. Therefore, these
measure-valued processes are also called Λ Fleming-Viot.
Let Λ be a finite measure on [0, 1]. We start with a brief definition of the Λ coalescent. We denote by
Pn the set of partitions of [n] := {1, 2, . . . , n} for all n ∈ N ∪ {∞}. The Λ coalescent is a P∞-valued

Markov process (Πt, t ≥ 0) with the following dynamics. For all n ≥ 1 and all t ≥ 0, let Π[n]
t be the

restriction to Pn of Πt: if Π[n]
t has m ∈ {2, . . . , n} blocks, then any k of them merge into a single block

at rate

λm,k :=

∫

[0,1]
uk(1− u)m−ku−2Λ(du)

for all k ∈ {2, . . . ,m}. One should think of a Λ coalescent as the genealogy of an infinite population:
blocks involved in a coalescence event can be interpreted as lineages finding their common ancestor
backward in time.
The Λ Fleming-Viot process is the corresponding forward-in-time population model.

DEFINITION 0.1. (Informal) Let N be a Poisson point process on R+ × [0, 1] with intensity dt⊗
u−2Λ(du). The Λ Fleming-Viot process (ρt, t ≥ 0) can be constructed as follows:

• Initially, the population is composed of a continuum of types: ρ0(dx) = dx.

14



1. Two classes of measure-valued processes

• At each jump (t, u) ∈ N , choose a parent y according to the distribution ρt−(.) just before the

jump, kill a fraction u of individuals uniformly chosen among the population and add a fraction u
of individuals with the same type as the parent:

ρt(dx) = (1− u)ρt−(dx) + u δy(dx)

This definition is informal and does not cover the case where Λ has an atom at 0. A rigorous definition
is given by the following martingale problem.

DEFINITION 0.2. (Bertoin-Le Gall [13]) The Λ Fleming-Viot process ρ = (ρt, t ≥ 0) is an M1-

valued Markov process completely characterised by the following martingale problem. For every integer

n ≥ 1, let f be a continuous function on [0, 1]n and µ be an element of M1. Define

Gf (µ) :=

∫

[0,1]n
µ(dx1) . . . µ(dxn)f(x1, . . . , xn)

LGf (µ) :=
∑

K ⊂ [n]
k = #K ≥ 2

λn,k

∫

[0,1]
µ(dx1) . . . µ(dxn)

(
f(RK(x1, . . . , xn−k+1))− f(x1, . . . , xn)

)

where RK(x1, . . . , xn−k+1) = (y1, . . . , yn) with yi = xminK for all i ∈ K and yi, i /∈ K are the values

x1, . . . , xminK−1, xminK+1, . . . , xn−k+1 in the same order.

Then

Gf (ρt)−
∫ t

0
LGf (ρs)ds

is a martingale.

To prove that this martingale problem characterises the law of a Markov process, Bertoin and Le
Gall showed a duality relation between the one-dimensional marginals of the Λ Fleming-Viot and the Λ
coalescent, we refer to [13] for further details.

REMARK 0.3. We will always assume that Λ({1}) = 0 to avoid trivial behaviours. Indeed, an

atom at 1 implies reproduction events involving all the individuals at once.

From now on, ρ0 is the uniform measure on [0, 1] so that initially all the individuals have distinct
types. This implies, together with the definition, that the distribution of (ρt, t ≥ 0) is invariant under bi-
jections from [0, 1] onto [0, 1] that preserve the Lebesgue measure. Therefore, the associated distribution
function Ft(x) := ρt([0, x]) verifies for all t ≥ 0:

• Ft(0) = 0, Ft(1) = 1.

• x 7→ Ft(x) is non-decreasing.

• x 7→ Ft(x) has exchangeable increments.

This makes Ft a bridge in the sense of Kallenberg [47], and therefore ensures that ρt has the following
form

ρt(dx) =
∑

i≥1

ρt({xi})δxi(dx) +
(

1−
∑

i≥1

ρt({xi})
)

dx (1)

where (xi)i≥1 is a sequence of i.i.d. uniform[0, 1] r.v. Notice that this sequence can be finite. In Section
3 we will see how Bertoin and Le Gall exploited this fact to define the stochastic flow of bridges. We
now provide some important examples of Λ Fleming-Viot processes, that will be of use in the sequel.
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Kingman coalescent / standard Fleming-Viot. Λ(du) = δ0(du) corresponds to the celebrated stan-
dard Fleming-Viot process [32] whose genealogy is given by the Kingman coalescent [49], that is, the
coalescent where only two blocks merge at once.

Beta coalescent / Beta Fleming-Viot. Take for Λ the distribution of a Beta(2 − α, α) r.v. with α ∈
(0, 2)

Λ(du) =
u1−α(1− u)α−1

Γ(2− α)Γ(α)
du

These Beta(2 − α, α) Fleming-Viot are in duality with the Beta(2 − α, α) coalescents that have been
extensively studied, see [6, 7, 18] for instance.

Bolthausen-Sznitman coalescent. When Λ(du) = du, the Λ coalescent is called Bolthausen-Sznitman
coalescent. Notice that it corresponds to the Beta(2− α, α) coalescent with α = 1. This object arose in
the mathematical physics literature, see in particular [4, 12, 19, 37].

Some contributions of this thesis.

Here are two results on the standard Fleming-Viot / Kingman coalescent. The first concerns the
number of atoms / blocks of these processes, the second focuses on the length of the evolving Kingman
coalescent.

Denote by #µ (resp. #π) the number of atoms of a given measure µ (resp. the number of blocks of
a given partition of integers π). It is well-known that #ρt and #Πt are equal in law at any given time
t ≥ 0, whenever ρ and Π are a Λ Fleming-Viot process and a Λ coalescent.

THEOREM (cf TH A.1) Suppose that ρ is the standard Fleming-Viot process and (Πt, t ≥ 0) is a

Kingman coalescent. The processes (#ρt, t ≥ 0) and (#Πt, t ≥ 0) have the same distribution.

We refer to Appendix A for a discussion on a similar identity for other measures Λ.

One can naturally associate a real tree to a Kingman coalescent. We denote by ǫ-erased Kingman
coalescent the tree obtained after having erased a length ǫ > 0 from each leaf. Note also that the evolv-
ing Kingman coalescent is a consistent collection of Kingman coalescents obtained from the lookdown
construction (see the next section).

THEOREM (cf TH V.2 AND V.3) The process of length of the evolving ǫ-erased Kingman coalescent

can be suitably compensated so that it converges in the Skorohod’s topology as ǫ ↓ 0 toward a non-trivial

limit, which is the same as the one obtained by Pfaffelhuber, Wakolbinger and Weisshaupt in [65].

1.2 Measure-valued branching processes

We start with the definition of the continuous-state branching process (CSBP for short) introduced
by Jirina [46] and Lamperti [57]. A CSBP is a [0,∞]-valued Markov process that verifies the branching
property: for any two given initial values x, x′ ∈ [0,∞], the process starting from x + x′ has the same
distribution as the sum of two independent copies starting from x and x′ respectively. Such a process is
uniquely characterized by a so-called branching mechanism Ψ, which is a convex function of the form

∀u ≥ 0, Ψ(u) = γu+
σ2

2
u2 +

∫

(0,∞)
(e−hu − 1 + hu1{h<1}) ν(dh)
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1. Two classes of measure-valued processes

where γ ∈ R, σ ≥ 0 and ν is a measure on (0,∞) such that
∫

(0,∞)(1 ∧ h2)ν(dh) < ∞. Observe that

Ψ is the Laplace exponent of a spectrally positive Lévy process.

DEFINITION 0.4. A Ψ-CSBP is a Markov process (Zt, t ≥ 0) whose semigroup is characterized

by

∀t ≥ 0, ∀λ > 0, E
[
e−λZt |Z0

]
= e−Z0u(t,λ)

where

u(t, λ) = λ−
∫ t

0
Ψ(u(s, λ))ds, ∀t ≥ 0, λ > 0

This semigroup is Feller so that the Ψ-CSBP can be constructed as a r.v. on D([0,∞), [0,∞]). It is easy
to deduce from the definition that a CSBP admits two absorbing states, namely 0 and +∞. Hence we
introduce the lifetime of Z as the stopping time T := T0 ∧ T∞ where

(Extinction) T0 := inf{t ≥ 0 : Zt = 0}
(Explosion) T∞ := inf{t ≥ 0 : Zt = +∞}

We refer to [60, 62] or Chapter II Subsection 2.2 for further details on CSBPs. Let us now introduce the
measure-valued branching process (MVBP for short). In the setting of measure-valued processes, we say
that the branching property is verified if for any given m,m′ ∈ Mf , the process starting from m +m′

has the same distribution as the sum of two independent copies starting from m and m′ respectively. In
other terms, two disjoint subpopulations have independent and identically distributed (w.r.t. their initial
conditions) evolutions. Processes verifying the branching property can see their total mass explode in
finite time, therefore we need to define a point ∆ that stands for all the infinite measures. The space
Mf := Mf ∪ {∆} is endowed with the so-called Watanabe topology, see [77] or Chapter II Subsection
2.3 for further details.

DEFINITION 0.5. A Markov process (mt, t ≥ 0) taking values in Mf and such that

∀f ∈ B++([0, 1]), E
[
exp(−〈mt, f〉) |m0

]
= exp

(

−
〈
m0, u(t, f(·))

〉 )

is called a measure-valued branching process associated with Ψ (Ψ-MVBP for short).

Recall that B++([0, 1]) denotes the set of bounded Borel functions on [0, 1] with a strictly positive in-
fimum. Note that 〈∆, f〉 = +∞. From now on, we assume that m0 is the Lebesgue measure on
[0, 1]. From the definition, we derive that the size (mt([0, x]), t ≥ 0) of the subpopulation [0, x], for
any x ∈ [0, 1], is a Ψ-CSBP starting from x. In particular, we denote by Zt := mt([0, 1]), t ≥ 0 the
total-mass of m and we define the lifetime of m, say T, as the lifetime of Z.
Intuitively a Ψ-MVBP is a coupling of an infinity of Ψ-CSBPs, each of them starting from an initial
condition in [0, 1]. An important fact is that x 7→ mt([0, x]) is a (possibly killed) subordinator with
Laplace exponent u(t, ·), for every t ≥ 0. Using the Lévy-Khintchine formula, there exist at, dt ≥ 0 and
a measure wt verifying

∫

(0,∞)(1 ∧ h)wt(dh) < ∞ such that

∀λ > 0, u(t, λ) = at + dtλ+

∫

(0,∞)
(1− e−hλ)wt(dh)

When at is strictly positive, the Ψ-CSBP has a positive probability to explode in finite time: we say
that the branching mechanism is non-conservative (see Grey [40] or Subsection 2.2 for a necessary and
sufficient condition on Ψ for being non-conservative). From the Lévy-Khintchine decomposition, we
deduce that mt (conditional on the event that it has not exploded yet) has the following form

mt(dx) =
∑

i≥1

mt({xi})δxi(dx) + dt dx (2)
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where (xi)i≥1 is a sequence of i.i.d. uniform[0, 1] r.v. Observe the similarity with (1).
One should notice that our previous definition characterizes a unique Markov process: the semigroup is
completely characterized by the Laplace functional, see for instance Section 3.5 in [21]. This characteri-
zation from Laplace transforms is fundamentally different from that of Λ Fleming-Viot via a martingale
problem and involving duality. However, as it will be useful in the lookdown construction, we recall in
Appendix D a martingale problem that characterizes this Markov process. We end this subsection with a
selection of important examples.

Feller diffusion. When Ψ(u) = σ2

2 u2, the Ψ-CSBP is called the Feller diffusion and we have

u(t, λ) =
2λ

2 + σ2λt
, ∀t ≥ 0, λ > 0.

α-stable branching mechanism, α ∈ (1, 2). Take Ψ(u) = k uα with α ∈ (1, 2) and k > 0, then Ψ is
the Laplace exponent of an α-stable Lévy process. In that case

ν(dh) =
k α(α− 1)

Γ(2− α)h1+α
dh, γ =

∫

[1,∞)
h ν(dh), σ = 0.

The associated Ψ-CSBP is self-similar with index α− 1 and we have

u(t, λ) =
(
λ1−α + (α− 1)kt

)−1/(α−1)
, ∀t ≥ 0, λ > 0.

Neveu branching mechanism. Take Ψ(u) = u log u. In that case

ν(dh) = h−2dh, γ = 1−
∫

(0,∞)
(1{h<1} − e−h)h−1dh, σ = 0.

This Ψ-CSBP is due to Neveu and we have

u(t, λ) = λe−t
, ∀t ≥ 0, λ > 0.

α-stable branching mechanisms, α ∈ (0, 1). Take Ψ(u) = −k uα with α ∈ (0, 1) and k > 0, then Ψ
is the Laplace exponent of an α-stable Lévy process. In that case

ν(dh) =
k α(1− α)

Γ(2− α)h1+α
dh, γ = −

∫

(0,1)
h ν(dh), σ = 0.

We have
u(t, λ) =

(
λ1−α + (1− α)k t

)1/(1−α)
, ∀t ≥ 0, λ > 0.

Some contributions of this thesis.

The following lemma gives the formula of the drift term that appears in the Lévy-Khintchine decom-
position of u(t, ·): Silverstein proved in [72] that this drift equals 0 whenever Ψ is of infinite variation
form(i.e. σ > 0 or

∫

(0,1) hν(dh) = +∞), but it seems that the expression of this drift in the finite
variation case does not appear in the literature.

LEMMA. (cf LEMMA III.2 OR PROP IV.3) When Ψ is the Laplace exponent of a Lévy process

with infinite variation paths, dt = 0. Otherwise, for all t ≥ 0 we have

dt = e−Dt, where D := γ +

∫

(0,1)
h ν(dh).
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1. Two classes of measure-valued processes

The next theorem is a complete description of the quasi-stationary distributions associated with CSBPs
that explode in finite time. We call quasi-stationary distribution (associated with the Ψ-CSBP Z) a
probability measure µ on (0,∞) such that

Pµ(Zt ∈ · |T > t) = µ(·)

where Pµ is the distribution on D([0,∞), [0,∞]) of the Ψ-CSBP with initial distribution µ.

THEOREM (cf TH IV.1, IV.2 AND IV.3) Consider a branching mechanism Ψ such that T < ∞
and ZT = ∞ almost surely and set

Φ(λ) :=

∫ 0

λ

du

Ψ(u)
, ∀λ ≥ 0

For any β > 0 there exists a unique quasi-stationary distribution µβ associated to the rate of decay β.

This distribution is infinitely divisible and is characterized by

∫

(0,∞)
µβ(dr)e

−rλ = e−βΦ(λ), ∀λ ≥ 0

Additionally, the following dichotomy holds true:

(i) Ψ(+∞) ∈ (−∞, 0). The limiting conditional distribution is given by

lim
t→∞

Px(Zt ∈ · |T > t) = µxν(0,∞)(·), ∀x ∈ (0,∞)

(ii) Ψ(+∞) = −∞. The limiting conditional distribution is trivial:

lim
t→∞

Px(Zt ≤ a |T > t) = 0, ∀a, x ∈ (0,∞)

However, under some regularity assumptions on Ψ, there exists a function f such that Zt/f(t)
conditioned on non-explosion converges to a non-trivial limit.

Finally, in any case the Q-process associated with the Ψ-CSBP is itself a CSBP with branching mecha-

nism

u 7→ Du.

This is the drift part of Ψ as identified in the previous lemma.

We refer to Chapter IV for more details.

1.3 Classification of the behaviours

The specific forms (1) and (2) taken by ρt and mt are very close. Actually many connections have
been established between these two classes of measure-valued processes. We recall them briefly, and
then we present a classification that we develop in Chapters I and II.

Connection for stable processes. A well-known and beautiful result due to Birkner and al. [18] shows a
pathwise connection between α-stable MVBPs and Beta(2− α, α) Fleming-Viot processes. Consider a
Ψ-MVBP m and let τ : [0,T) → [0,∞) be a random time change (adapted to the natural filtration of
m). Then the process

ρt :=
mτ−1(t)

mτ−1(t)[0, 1]

is a Λ Fleming-Viot process if and only if we are in one the following cases
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(a) Feller diffusion / standard Fleming-Viot

Ψ(u) =
σ2

2
u2, τ(t) =

∫ t

0

σ2

Zs
ds, Λ(du) = δ0(du)

(b) α-stable MVBP / Beta(2− α, α) Fleming-Viot

Ψ(u) = k uα, τ(t) =
1

k α(α− 1) Γ(α)

∫ t

0

ds

Zα−1
s

, Λ is a Beta(2− α, α), with α ∈ (1, 2)

or

Ψ(u) = −k uα, τ(t) =
−1

k α(α− 1) Γ(α)

∫ t

0
Z1−α
s ds, Λ is a Beta(2− α, α), with α ∈ (0, 1)

(c) Neveu branching mechanism / Bolthauzen-Sznitman coalescent

Ψ(u) = u log u, τ(t) = t, Λ(du) = du

Connection for small populations. Consider a critical branching mechanism, that is, a branching mecha-
nism Ψ of the form

Ψ(u) =
σ2

2
u2 +

∫

(0,∞)
(e−hu − 1− hu) ν(dh)

with σ ≥ 0 and
∫

(0,∞)(h ∧ h2)ν(dh) < ∞. For every a > 0, let ν(a) := ν1(0,a) be the restriction of ν

to (0, a) and ν̃(a) its pushforward through the contraction r 7→ r/a so that u2ν̃(a)(du) is a finite measure
on (0, 1). Therefore, one can consider the generalised Fleming-Viot process ρ̃(a) associated with the
measure u2ν̃(a)(du). Bertoin and Le Gall proved in [15] the following convergence

(
aρ̃

(a)
at

(
[0, a−1]

)
, t ≥ 0

)
=⇒
a→∞

(Zt, t ≥ 0)

where Z is a Ψ-CSBP starting from 1 and the convergence holds in D([0,∞), [0,∞)).

Let us make the following simple comment. The process t 7→ ρ̃
(a)
t ([0, a−1]) makes both positive and

negative jumps. The latter are due to the constraint on the population size in the Fleming-Viot model and
form the major difference with the behaviour of a CSBP. The result of Bertoin and Le Gall shows that a
small subpopulation tends to feel less this constraint.

Connection for small times. Berestycki, Berestycki and Limic [5] constructed a coupling between a Λ
Fleming-Viot (when Λ({0}) = 0) and a Ψ-MVBP where

Ψ(u) :=

∫

(0,1)
(e−hu − 1− hu)ν(dh) and ν(dh) := h−2Λ(dh), ∀h ∈ (0, 1).

They remarked that these two processes can be defined from a same Poisson point process in the look-
down representation (up to a random time change for the MVBP). For small times, this random time
change is close to the identity, and therefore, the two measure-valued processes are close. In particular,
this coupling gives a probabilistic explanation to the condition of Bertoin and Le Gall [15] for the coming
down from infinity of the Λ coalescent (see below).
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1. Two classes of measure-valued processes

A classification into four regimes. These three connections have been a source of motivation for a
systematic comparison of the two classes of measure-valued processes. In order to present the results in
a unified way, we adopt the notation γ = 0, σ2 = Λ({0}) and ν(dh) = h−2Λ(dh) along with T = ∞ in
the Λ Fleming-Viot case and so

Ψ(u) :=
Λ({0})

2
u2 +

∫

(0,1)
(e−hu − 1− hu)h−2Λ(dh), ∀u ≥ 0.

For the MVBP, these quantities keep the same meaning. Recall the general form (1), (2) taken by ρt, mt:
it is composed of an atomic part and a Lebesgue part, that we now call dust component. Our classification
relies on the following two criteria:

a) The number of atoms for all t ∈ (0,T): finite or infinite.

b) The dust component for all t ∈ (0,T): positive or null.

According to (γ, σ, ν), we identify four regimes for the two classes of measure-valued processes:

• REGIME 1: ν
(
(0, 1)

)
< ∞ and σ = 0.

• REGIME 2: ν
(
(0, 1)

)
= ∞,

∫

(0,1) hν(dh) < ∞ and σ = 0.

• REGIME 3:
∫

(0,1) hν(dh) = ∞ and
∫∞ du

Ψ(u) = ∞.

• REGIME 4:
∫∞ du

Ψ(u) < ∞.

Each regime corresponds to a given behaviour in terms of our two criteria above.

REGIME 1 REGIME 2 REGIME 3 REGIME 4
Finitely many events Infinitely many events

ν
(
(0, 1)

)
< ∞ and σ = 0 ν

(
(0, 1)

)
= ∞ or σ > 0

Finite variation Infinite variation
∫

(0,1)
hν(dh) < ∞ and σ = 0

∫

(0,1)
hν(dh) = ∞ or σ > 0

No CDI CDI
∫
∞ du

Ψ(u) = ∞
∫
∞ du

Ψ(du) < ∞
Λ F-V # of atoms < ∞ ∞ ∞ < ∞

Dust X X

Ψ-MVBP # of atoms < ∞ ∞ ∞ < ∞
Dust X X

Let us make some comments on this table. We start with the Λ F-V. The condition for Finitely many

events / Infinitely many events is due to Freeman [35]: it ensures that the number of non-singleton blocks
in a Λ coalescent is finite / infinite in REGIME 1 / REGIME 2. The duality with Λ F-V ensures that
the same holds when considering the number of atoms of the Λ F-V instead of the number of blocks of
the Λ coalescent. Notice that Freeman’s proof relies on the representation through flows of bridges: we
propose another proof of this result based on the lookdown representation in Theorem B.1. The condition
for the split Finite variation / Infinite variation is due to Pitman [66]: it ensures that the Λ coalescent has
infinitely many / zero singleton blocks. Once again the duality ensures the presence / absence of a dust
component for the Λ F-V. The last condition on the No CDI / CDI is due to Bertoin and Le Gall [15] but
a former and equivalent condition was stated by Schweinsberg [69] as follows

∞∑

n=2

( n∑

k=2

(k − 1)

(
n

k

)

λn,k

)−1
< ∞.
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Actually these two equivalent conditions determine whether the Λ coalescent has finitely many blocks
at time 0+ or infinitely many at any time, almost surely. This explains the denomination coming down
from infinity (CDI). By analogy, we say that the Λ Fleming-Viot comes down from infinity when it has
finitely many atoms (and no dust) immediately after time 0.

EXAMPLE 0.6. The standard and the Beta(2 − α, α) Fleming-Viot, with α ∈ (1, 2), belong to

REGIME 4. The Λ Fleming-Viot associated to the Bolthausen-Sznitman coalescent is in REGIME 3.

Finally the Beta(2− α, α) Fleming-Viot, with α ∈ (0, 1), belongs to REGIME 2.

We turn our attention to the Ψ-MVBP. The condition for Finitely many events / Infinitely many

events is proven in Theorem B.2. The condition for the split Finite variation / Infinite variation actually
determines whether the Ψ-CSBP has finite or infinite variation paths. That it is a necessary and sufficient
condition for the presence of dust is a consequence of Proposition IV.3. Finally the last condition for No

CDI / CDI is due to Grey [40] and determines whether the Ψ-CSBP has a positive probability of reaching
0 in finite time. When it does, it is elementary to check that the Lévy measure wt of u(t, ·) has a finite
mass, and so, mt has finitely many atoms.

EXAMPLE 0.7. The Feller diffusion as well as the α-stable MVBPs, with α ∈ (1, 2), belong to

REGIME 4. The Neveu MVBP is in REGIME 3. Finally the α-stable MVBPs, with α ∈ (0, 1), belong to

REGIME 2.

1.4 The Eves

In the previous subsection, we have described the measure ρt (resp. mt) at any given time t ∈ (0,T).
In particular, we have paid attention to its number of atoms. It is important to notice that, as time passes,
the atomic support does not ‘move’ but only evolves when an atom gets a positive mass or loses its mass.
To formalise this idea, we introduce the following notion.

DEFINITION 0.8. A point x ∈ [0, 1] is called ancestral type if there exists t ∈ [0,T) such that

ρt({x}) > 0 (resp. mt({x}) > 0).

An ancestral type x ∈ [0, 1] is a genetic type carried by an ancestor with a significant progeny at a
given time. We characterize its emergence (the first time it has a strictly positive progeny) and its decay
(the last time it has a strictly positive progeny). Specifically, it emerges either immediately after time
0, in REGIMES 3 & 4; or at a strictly positive time, in REGIMES 1 & 2. Concerning the decay, it can
either never become extinct; or become extinct at a finite time d := sup{t ≥ 0 : ρt({x}) > 0} (resp.
d := sup{t ∈ [0,T) : mt({x}) > 0}), this happens only in REGIME 4. We can now reinterpret the table
of the preceding subsection.

• REGIME 1. Finitely many ancestral types emerge on any compact interval of time so that the
atomic support at any time is finite. As time passes, the atomic support gets larger and larger since
none of the ancestral types become extinct in finite time.

• REGIME 2. The times at which ancestral types emerge are dense in (0,∞). The atomic support
"increases" as time passes, since here again, none of the ancestral types become extinct in finite
time.

• REGIME 3. The ancestral types emerge immediately after time 0 and do not become extinct in
finite time.

• REGIME 4. The ancestral types emerge also immediately after time 0. The difference with the
preceding regime is that infinitely many (all but one for the Λ Fleming-Viot / all but a Poisson
number with parameter the second root of Ψ for the Ψ-MVBP) become extinct in finite time.
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So far, we have only considered the number of ancestral types. It is natural to ask for a description of the
relative sizes of the progenies. We define the frequency at time t ≥ 0 of an ancestral type x as the quantity
ρt({x}) (resp. mt({x})/mt([0, 1])). Below we present a study of the behaviour of the frequencies when
t goes to T . This will lead us to a crucial property in this thesis: we say that the Eve property is fulfilled
if there exists an ancestral type e whose frequency converges to 1 as t → T.

The Λ Fleming-Viot case.

THEOREM (Bertoin-Le Gall [13]) There exists a random variable e ∈ [0, 1], uniformly distributed,

such that

ρt({e}) −→
t→∞

1

This point is called the primitive Eve of the population.

This result ensures that the Eve property is fulfilled by the Λ Fleming-Viot process, without condition
on Λ. Notice that e is an ancestral type according to our definition. To further the study, one would
like to have information on those individuals that do not descend from e. To that end, we propose a
generalisation of the primitive Eve of Bertoin and Le Gall.

DEFINITION 0.9. According to the regime of Λ, we introduce the Eves as follows:

Eves - persistent case. In REGIMES 1, 2 & 3, we say that the Λ Fleming-Viot admits an infinite se-

quence of Eves if there exists a collection (ei)i≥1 of r.v. such that almost surely for all i ≥ 1

ρt({ei})
ρt([0, 1]\{e1, . . . , ei−1}) −→

t→∞
1

Eves - extinction case. In REGIME 4, we say that the Λ Fleming-Viot admits an infinite sequence of

Eves if one can order the ancestral types by strictly decreasing extinction times, the sequence is

then denoted by (ei)i≥1.

We now present results ensuring the existence / non-existence of the sequence of Eves.

THEOREM (cf TH I.1) Suppose that:

• Λ is in REGIME 1, or

• Λ is in REGIME 2 and fulfils
∫

[0,1) ν(du)u log
1
u < ∞

then the Λ Fleming-Viot does not admit an infinite sequence of Eves.

Let us comment briefly this result. In REGIME 1, we show that after a certain random time all the ele-
mentary reproduction events choose a parent with type e: as a consequence, no other ancestral type gets
an overwhelming progeny in the remaining population. In REGIME 2, we show that under the u log 1

u
condition, the dust component is still large (the precise statement strongly relies on the lookdown rep-
resentation, we refer to Chapter I) so that one cannot identify a recursive sequence of Eves. When the
u log 1

u condition does not hold, we conjecture that, even if the dust component becomes negligible, no
ancestral type gets an overwhelming progeny, see Conjecture I.35.

We turn to REGIME 3.

PROPOSITION (cf PROP I.4) When Λ(du) = du, the Λ Fleming-Viot admits an infinite sequence

of Eves.
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Unfortunately the existence of this sequence of Eves for other measures in that regime remains an open
question, see Conjecture I.36.

In REGIME 4, the definition of the Eves requires distinct extinction times. Consequently we introduce
the following event

E := {There exists t > 0 s.t. at least two ancestral types become extinct simultaneously at time t}

On the complementary event, the ancestral types become extinct at distinct times and therefore, they
can be naturally ordered by decreasing extinction times. Conversely on E, the ancestral types cannot
be ordered by decreasing extinction times and therefore the Λ Fleming-Viot process does not admit an
infinite sequence of Eves.

THEOREM (cf TH I.2) Consider REGIME 4. The event E is trivial, that is, P(E) ∈ {0, 1}. If

Λ({0}) > 0 or Λ(du) = f(u)du where f is a regularly varying function at 0+ with index 1 − α with

α ∈ (1, 2) then P(E) = 0 so that the Λ Fleming-Viot admits an infinite sequence of Eves.

We conjecture that P(E) = 0 in REGIME 4 without further condition on Λ, see Conjecture I.37.

The Ψ-MVBP case.

The Eve property can be rephrased in the branching setting as follows.

DEFINITION 0.10. We say that the branching mechanism Ψ verifies the Eve property on the event

{ZT = 0} (resp. {ZT = +∞}) if there exists a random variable e on [0, 1] such that

mt({e})
mt([0, 1])

−→
t→T

1

almost surely on {ZT = 0} (resp. {ZT = +∞}). This point is called the primitive Eve.

As we will see, there exists a large class of branching mechanisms for which the Eve property is not
fulfilled. Therefore, one is naturally interested in the other possible behaviours of the ratio Mt(.) :=
mt(.)/mt([0, 1]) as t → T. In collaboration with Thomas Duquesne, we have obtained a complete clas-
sification. First we have proved that M∞ := limt→TMt exists almost surely, and that the convergence
holds for the total variation distance. Then we have a description of M∞ according to the branching
mechanism Ψ: we rely on the following definitions. We call settlers the atoms of M∞, and dust its
continuous part with respect to Lebesgue measure. When M∞ has no dust, and the number of settlers is
almost surely 1, we say that M∞ verifies the Eve property. Finally we denote by q the second root of Ψ.

THEOREM (cf TH III.2) We assume that Ψ is a non-linear branching mechanism. Then the fol-

lowing holds true almost surely

(i) On the event A = {T<∞}, M∞ verifies the Eve property.

(ii) On the event B = {T=∞ ; limt→∞ Zt=∞}:

(ii-a) If Ψ′(0+)=−∞, then M∞ verifies the Eve property.

(ii-b) If Ψ′(0+)∈ (−∞, 0) and q <∞, M∞ has no dust and finitely many settlers whose number,

under P( · |B), is distributed as a Poisson r.v. with mean q conditioned to be non zero.

(ii-c) If Ψ′(0+) ∈ (−∞, 0) and q =∞, M∞ has no dust and infinitely many settlers that form a

dense subset of [0, 1].

(iii) On the event C = {T=∞ ; limt→∞ Zt=0}:
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1. Two classes of measure-valued processes

(iii-a) If Ψ is of infinite variation type, then M∞ verifies the Eve property.

(iii-b) If Ψ is of finite variation type, then the following holds true:

(iii-b-1) If ν((0, 1)) < ∞, then M∞ has dust and finitely many settlers whose number, under

P( · |C), is distributed as a Poisson r.v. with mean 1
D

∫

(0,∞) e
−qhν(dh).

(iii-b-2) If ν((0, 1))=∞ and
∫

(0,1) ν(dh)h log 1/h < ∞, then M∞ has dust and infinitely many

settlers that form a dense subset of [0, 1].

(iii-b-3) If
∫

(0,1) ν(dh)h log 1/h = ∞, then M∞ has no dust and infinitely many settlers that

form a dense subset of [0, 1].

Case (i) is relatively trivial: the extinction / explosion time has a density w.r.t. the Lebesgue measure so
that two independent Ψ-CSBPs become extinct / explode at distinct times almost surely. Cases (ii-b) and
(ii-c) are rather intuitive: when the Ψ-CSBP is super-critical with a finite mean, two independent copies
grow at comparable speeds. Cases (ii-a) and (iii-a) are perhaps the most surprising. Let us also comment
briefly the behaviour of the dust. First the dust component of M∞ is always the limit of the dust of Mt

when t → T: in other words, it cannot be the result of atoms becoming negligible at the infinite. Second,
observe that we have obtained a h log h condition for the existence of dust at the limit in case (iii-b): this
kind of condition appears regularly in the literature on branching processes [40, 64].

This result yields a necessary and sufficient condition on Ψ for the Eve property to hold, namely:
on {ZT = 0}, Ψ has to be of infinite variation type and on {ZT = ∞}, Ψ′(0+) has to be infinite.
Let us further the study of those Ψ-MVBPs fulfilling the Eve property: we introduce the counterpart of
Definition 0.9.

DEFINITION 0.11. According to the regime of Ψ, we introduce the Eves as follows:

Eves - persistent case. In REGIMES 1, 2 & 3, we say that the Ψ-MVBP admits an infinite sequence of

Eves if there exists a collection (ei)i≥1 of r.v. such that almost surely for all i ≥ 1

ρt({ei})
ρt([0, 1]\{e1, . . . , ei−1}) −→

t→∞
1

Eves - extinction case. In REGIME 4 when Ψ′(0+) ≥ 0, we say that the Ψ-MVBP admits an infinite

sequence of Eves if one can order the ancestral types by strictly decreasing extinction times, the

sequence is then denoted by (ei)i≥1.

Eves - hybrid case. In REGIME 4 when Ψ′(0+) ∈ [−∞, 0), we say that the Ψ-MVBP admits an infinite

sequence of Eves if one can order the (finitely many) super-critical ancestral types according to the

first criterion and then the (infinitely many) sub-critical ancestral types according to the second

criterion, the sequence is then denoted by (ei)i≥1.

Notice that we call super-critical those ancestral types whose frequency goes to infinity.

THEOREM (cf TH II.5) Assume that Ψ is conservative. If the Eve property holds then the Ψ-MVBP

admits an infinite sequence of Eves.

The non-conservative case is different, we refer to Remark II.24.
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Conclusion. Let us sum up the results exposed in this section. In the Λ Fleming-Viot case, the Eve
property is always fulfilled, but the infinite sequence of Eves does not always exist. In the Ψ-MVBP
case, the Eve property is not always fulfilled. But when it is fulfilled (and when Ψ is conservative), the
MVBP always admits an infinite sequence of Eves. Whereas we have a complete classification of the
asymptotic behaviours in the branching case, some questions remain open in the Λ Fleming-Viot case
(we refer to Chapter I Subsection 4.5 for conjectures): this asymmetry is mainly due to the powerful
log-Laplace identity which is missing in the latter case.

Let us also mention that the sequence of Eves, in both cases, verifies some nice properties: for
instance they are i.i.d. uniform[0, 1]. We will see later on that they have a profound meaning in the
lookdown representation.

2 A new formulation of Donnelly and Kurtz’s lookdown representation

The purpose of this section is to provide a new formulation of the celebrated lookdown representa-
tion of Donnelly and Kurtz [24]. Our presentation does not require previous familiarity with the original
article as all the arguments will be provided, but it will also shed a new light on this object. The novelty
is primarily due to the introduction of a stochastic flow of partitions encoding the so-called lookdown
graph. We also mention that Foucart has developed independently a very similar object for generalised
Fleming-Viot processes with immigration [34].

The lookdown construction focuses on neutral population models, that is, population models where
the genetic type of an individual does not modify its chances to reproduce or die. This property is funda-
mental as it allows to construct the genealogical structure regardless of the types carried by the lineages.
Although this construction is very general and applies to many objects, we will restrict ourselves to the
Λ Fleming-Viot and the Ψ-MVBP.
We briefly present the objectives of the lookdown construction. Suppose we are given the population
size t 7→ Zt (we set Zt = 1 in the Λ Fleming-Viot case for convenience). We want to define a countable
collection of random processes (ξt(i), t ≥ 0)i≥1 such that:

(i) The process t 7→ (Zt, ξt(1), ξt(2), . . .) is Markov.

(ii) At every time t ≥ 0, the sequence (ξt(i))i≥1 admits a limiting empirical measure

Ξt(dx) := lim
n→∞

1

n

n∑

i=1

δξt(i)(dx)

(iii) The process (Zt · Ξt, t ≥ 0) is a Λ Fleming-Viot process or a Ψ-MVBP.

The collection (ξt(i), t ≥ 0)i≥1 should be understood as a particle system that discretizes a measure-
valued process. To define this particle system, we have to specify:

• The initial types (ξ0(i))i≥1.

• The dynamics of the particle system.

Our presentation starts with the definition of the dynamics which is given by a stochastic flow of par-
titions. In a second part, we look at the main properties of this object and derive the exchangeability
property of (ξt(i))i≥1, which is crucial in this construction. The third part is devoted to the identification
of the measure-valued process through a martingale problem.
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2. A new formulation of Donnelly and Kurtz’s lookdown representation

Notation. We denote by P∞ the set of partitions of N := {1, 2, . . .}. The blocks of a partition π ∈
P∞ are ordered by increasing values of their least elements so that π(1) is the block containing 1, π(2)
is the block containing the smallest integer not in π(1) and so on. We set O[∞] := {1}, {2}, . . . and
1[∞] := {1, 2, 3, . . .}. Given π, π′ ∈ P∞, we define Coag(π, π′) as the partition of N whose i-th block is
given by ∪j∈π′(i)π(j). Finally we define P∗

∞ as the set of partitions with a unique non-singleton block.

2.1 The lookdown graph

Our presentation of the measure-valued processes showed that, although the population is a contin-
uum, there are at most a countable number of ancestors with a positive frequency. Henceforth, we are
going to deal with a countable collection of individuals. At any time each individual will be located at
a level taken to be an element of N: two distinct individuals are located at two distinct levels and each
level is occupied. The level of an individual is related to the future behaviour of its progeny: low levels
tend to carry individuals with large progenies. We set the notation (i, t) to designate the individual alive
at time t and located at level i.

REMARK 0.12. We can already notice that this ordering relies on the future of the population, and

therefore the lookdown representation is not adapted to the filtration of the population model. This is a

fundamental difference with the stochastic flow of Bertoin and Le Gall.

For any pair of times s < t, we need to specify the genealogical relationships between the individuals
(i, s), i ≥ 1 and (j, t), j ≥ 1. In our formalism, these relationships are encoded by a random partition
Π̂s,t of N: the progeny of (i, s) is specified by the block Π̂s,t(i) so that the integers j in this block
are in one-to-one correspondence with the individuals (j, t) that descend from (i, s). Let us now explain
precisely how one constructs these partitions. First we notice that the population models we are interested
in prescribe only two kinds of elementary reproduction events:

• binary reproduction events, where a parent gives birth to two individuals before dying.

• multiple reproduction events, where a parent gives birth to an infinity of individuals before dying,
the children representing a strictly positive fraction of the population just after the birth.

Suppose that the individual (i0, t−) is the parent of a multiple reproduction event at time t. At this
time t, the population is then divided into the descendants of (i0, t−), we call K the set of levels they
occupy, and the other individuals already alive at time t− whose levels have been possibly modified by
the reproduction event. The lookdown construction prescribes that K has to be of the form {i0 < j1 <
j2 < . . .}: that is, one child is located at the same level as his parent while all the other children are at
higher levels. Subsequently the individuals already alive at time t− are redistributed, keeping the same
order, on the remaining levels N\K. Let us comment briefly the necessary form of K. Even if it should
be seen as an ad-hoc construction, it is possible to give an intuitive explanation in certain cases. Recall
that the level is related to the importance of the progeny. In the case where the progenies become extinct
in finite time (REGIME 4), the level of an individual is related to the extinction time of its progeny so
that, in our example, the extinction time of the progeny of (i0, t−) is the supremum of the extinction
times of the progenies of its children. Consequently one child has to be located at level i0 while all the
other children are at higher levels. A similar explanation holds when the sizes of the progenies are of
distinct asymptotic orders.

REMARK 0.13. Observe that the intuitive explanation we have given for the form taken by K
requires the existence of an infinite sequence of Eves for the measure-valued process. One can already

suspect a rigorous connection between our sequence of Eves and the lookdown representation.
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We denote by IK the partition of N with a unique non singleton block K: if we order the blocks
by their least elements, this implies that IK(i0) = K and for any j 6= i0, IK(j) is a singleton. The
genealogical transition from time t− to time t is completely described by the partition IK: the progeny
of i0 is given by the block IK(i0) = K, while the progeny of j is the singleton IK(j) for every j 6= i0.
Assume we are given the genealogical relationships Π̂s,t− from time s to time t−. Then we have the
following identity:

Π̂s,t = Coag(IK, Π̂s,t−) (3)

To show that (3) holds, observe that the descendants at time t of (i, s) are the children at time t of all the
individuals in Π̂s,t−(i), which can be written formally

Π̂s,t(i) =
⋃

j∈Π̂s,t−(i)

IK(j)

In the particular case of a binary reproduction event, K has only two elements and (3) still holds. The
construction now boils down to generate a suitable (random) collection of partitions of the form IK.

We introduce a random point process P on [0,T)× P∗
∞ which collects all the elementary reproduction

events. This point process is the union of two components:

• A binary part Nbinary, whose atoms are of the form (t, I{i,j}) where 1 ≤ i < j.

• A multiple collisions part Nmultiple, whose atoms are of the form (t, IK) where K ⊂ N has a strictly
positive asymptotic frequency.

The point process P has to satisfy an important property: on any interval (s, t] and for any integer n ∈ N,
the intersection of its projection on (s, t]×Pn with (s, t]×P∗

n has a (random) finite number of atoms,
let us call them

(t1, ̺1), . . . , (tq, ̺q)

in the increasing order of their time coordinate. In terms of genealogy, this property ensures that the n
first levels undergo only finitely many elementary reproduction events on compact intervals of time. We
set

Π̂
[n]
s,t := Coag(̺q,Coag(̺q−1, . . . ,Coag(̺2, ̺1) . . .))

which belongs to Pn. Obviously, the collection of partitions
(
Π̂

[n]
s,t

)

n∈N
is consistent and defines by an

inductive limit a partition Π̂s,t ∈ P∞. In the case where s = t, we let Π̂s,t := O[∞].

Extending this construction to all intervals (s, t], we get a collection Π̂ := (Π̂s,t, 0 ≤ s ≤ t < T) that
we call stochastic flow of partitions. The term "flow" is due to the so-called cocycle property:

Π̂r,t = Coag(Π̂s,t, Π̂r,s) a.s.

for every r ≤ s ≤ t in [0,T). Actually this property holds for all triplets r ≤ s ≤ t simultaneously with
probability one, see Subsection 2.2. To end the definition of the lookdown graph, we give the specific
intensities of Nbinary and Nmultiple.

Λ Fleming-Viot

Nbinary is a Poisson point process on R× P∗
∞ with intensity measure

dt⊗
( ∑

1≤i<j

Λ(0) δI{i,j}(·)
)
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2. A new formulation of Donnelly and Kurtz’s lookdown representation

where I{i,j} is the element of P∗
∞ whose unique non-singleton block is {i, j}. Nmultiple is a Poisson point

process on R× P∗
∞ with intensity measure

dt⊗
∫

(0,1)
ϑx(·)ν(dx)

where ϑx is the distribution of the random exchangeable partition with mass-partition (x, 0, . . .) (we
refer to [9] or to Chapter II Subsection 2.1 for a reminder on the so-called paint-box distribution). Note
that these Poisson point processes are taken on the whole line R and not only on [0,∞) and that the
intensities are stationary in time. The following result is immediate.

THEOREM The collection of partitions (Π̂s,t,−∞ < s ≤ t < ∞) enjoys the following properties:

• For every r ≤ s ≤ t, Π̂r,t = Coag(Π̂s,t, Π̂r,s) a.s. (cocycle property).

• Π̂s,t is an exchangeable random partition whose law only depends on t− s. Furthermore, for any

s1 < s2 < . . . < sn the partitions Π̂s1,s2 , Π̂s2,s3 , . . . , Π̂sn−1,sn are independent.

• Π̂0,0 = O[∞] and Π̂0,t → O[∞] in probability as t ↓ 0, for the distance dP .

Moreover the process (Π̂−t,0, t ≥ 0) is a Λ coalescent.

We call this object a Λ flow of partitions.

Ψ-MVBP

Let Nbinary be a doubly stochastic Poisson point process on [0,T)× P∗
∞ with random intensity mea-

sure

dt⊗
( ∑

1≤i<j

σ2

Zt
δI{i,j}(·)

)

while Nmultiple is obtained from the point process

⋃

{t≥0:∆Zt>0}

{(

t,
∆Zt

Zt

)}

as follows. For each atom (t, ∆Zt
Zt

), let ̺t be a paint-box based on the mass-partition (∆Zt
Zt

, 0, . . .). Then

Nmultiple :=
⋃

{t≥0:∆Zt>0}

{
(t, ̺t)

}

Intuitively, this means that binary reproduction events occur at rate σ2

Zt
, while each jump ∆Zt corresponds

to the birth of a fraction ∆Zt
Zt

of new individuals.

THEOREM (cf TH II.1) The collection of partitions (Π̂s,t, 0 ≤ s ≤ t < T), together with the

Ψ-CSBP Z, satisfies

• For all 0 ≤ s ≤ t < T, Π̂s,t is distributed as a paint-box based on an independent subordinator

with Laplace exponent u(t− s, ·) and restricted to [0,Zs].

• For all 0 ≤ r < s < t < T, a.s. Π̂r,t = Coag(Π̂s,t, Π̂r,s) (cocycle property).
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We call (Π̂s,t, 0 ≤ s ≤ t < T) a Ψ flow of partitions with underlying CSBP Z. This object is very
tractable to deal with convergences. We illustrate this fact with the following limit theorem.

THEOREM (cf TH II.4) Consider a sequence of branching mechanisms (Ψm)m≥1 and let Π̂m be a

Ψm flow of partitions. Suppose that

i) For all u ∈ R+, Ψm(u) → Ψ(u) as m → ∞.

ii) The branching mechanism Ψ satisfies the Eve property.

iii) Ψ is not the Laplace exponent of a compound Poisson process.

then

(Π̂m
0,t, t ≥ 0)

(d)−→
m→∞

(Π̂0,t, t ≥ 0)

in D(R+,P∞).

2.2 Limiting empirical measure and exchangeability

We consider a flow of partitions Π̂ which is either related to Λ or Ψ as defined in the preceding
subsection. A crucial property of this genealogical structure is that for every s ≤ t the random partition
Π̂s,t is exchangeable. Indeed for every n ∈ N, the partition Π̂

[n]
s,t is obtained by coagulating a finite

number of exchangeable partitions: exchangeability then follows from classical arguments. A result due
to Kingman and de Finetti then ensures that Π̂s,t has asymptotic frequencies almost surely: we denote by
|Π̂s,t(i)| the asymptotic frequency of the i-th block, for every i ≥ 1. Actually we have a stronger result
for the flow of partitions.

THEOREM (cf PROP I.15) With probability one, the following three properties are fulfilled:

i) (Cocycle property) for all triplets r ≤ s ≤ t we have

Π̂r,t = Coag(Π̂s,t, Π̂r,s)

ii) (Regularity in (P∞, dP)) for every s ≤ t we have the following convergences in (P∞, dP)

lim
ǫ↓0

Π̂s,t+ǫ = lim
ǫ↓0

Π̂s+ǫ,t = Π̂s,t

lim
ǫ↓0

Π̂s,t−ǫ = Π̂s,t−

lim
ǫ↓0

Π̂s−ǫ,t = Π̂s−,t

iii) (Regularity in frequencies) for every s ≤ t the partitions Π̂s,t, Π̂s,t−, Π̂s−,t possess asymptotic fre-

quencies and whenever s < t we have the following convergences for every integer i ≥ 1

lim
ǫ↓0

|Π̂s,t+ǫ(i)| = lim
ǫ↓0

|Π̂s+ǫ,t(i)| = |Π̂s,t(i)|

lim
ǫ↓0

|Π̂s,t−ǫ(i)| = |Π̂s,t−(i)|

lim
ǫ↓0

|Π̂s−ǫ,t(i)| = |Π̂s−,t(i)|

iv) For every s ∈ R, t 7→ ∑

i≥1 |Π̂s,s+t(i)| is càdlàg on (0,∞).
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2. A new formulation of Donnelly and Kurtz’s lookdown representation

REMARK 0.14. We do not provide the proof of this result in the MVBP case, but it follows as an

easy adaptation of the Λ Fleming-Viot case.

REMARK 0.15. Partitions Π̂s−,t and Π̂s,t− are well defined: they differ from Π̂s,t whenever Π̂s−,s

or Π̂t−,t are non trivial, that is, whenever an elementary reproduction event occurs at time s or t.

This illustrates how the formalism of partitions is well-suited to state precise properties on the reg-
ularity of the genealogy. From now on, we will work on the event of probability one prescribed by the
preceding theorem. Observe that for every s ∈ [0,T) the process

t 7→
∑

i≥1

|Π̂s,s+t(i)|

is non-decreasing and càdlàg on (0,∞). In REGIMES 3 & 4, it jumps from 0 to 1 at time 0+, while in
REGIMES 1 & 2 it reaches 1 in infinite time.
Based on this genealogical structure, we define a measure-valued process. We assume that initially (i, 0)
has a given type ξ0(i) ∈ [0, 1], for every i ≥ 1, and that it transmits its type to all his children. This
yields a particle system t 7→ (ξt(i))i≥1 that fulfils the following identity:

∀i, j ≥ 1, j ∈ Π̂0,t(i) ⇒ ξt(j) = ξ0(i).

From the regularity of the frequencies of the blocks, we deduce that the following map

[0,T) ∋ t 7→ Ξt(dx) :=
∑

i≥1

|Π̂0,t(i)|δξ0(i)(dx) +
(

1−
∑

i≥1

|Π̂0,t(i)|
)

dx

defines an M1-valued process which is càdlàg on (0,T) for the topology of the total variation distance1.
Notice that the continuity at 0+ does not hold in REGIMES 3 & 4, but we can show that it is almost
surely continuous at 0+ for the topology of the weak convergence of probability measures. Of course,
at any time t ≥ 0 Ξt is the limiting empirical measure of the exchangeable sequence (ξt(i))i≥1 and we
recover the original definition by Donnelly and Kurtz [24] of the measure-valued process.

Observe that this definition of the measure-valued process allows to identify clearly the respective
rôles played by the initial types and the genealogical structure. In particular the evolution of the frequen-
cies does not depend on the initial types.

REMARK 0.16. We have defined the measure-valued process (Ξt, t ∈ [0,T)) from time 0 in the

flow of partitions. Similarly we can define a measure-valued process (Ξs,t, t ∈ [s,T)) from time s in the

flow of partitions by setting

[s,T) ∋ t 7→ Ξs,t(dx) :=
∑

i≥1

|Π̂s,t(i)|δξs,s(i)(dx) +
(

1−
∑

i≥1

|Π̂s,t(i)|
)

dx

if we are given a sequence of initial types (ξs,s(i))i≥1.

2.3 Martingale problem

Given a flow of partitions and a sequence of initial types at time 0, we have defined a measure-valued
process t 7→ Ξt. The goal now is to identify the distribution of this process. An essential ingredient is
the following (the proof is postponed to Appendix C).

1This regularity for the total variation distance is due to the fact that, in our setting, the individuals inherit the types of their
parent and do not undergo a spatial motion. The proof follows from the càdlàg property of each frequency and the monotonicity
of the dust.
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THEOREM 0.1. Suppose that (ξ0(i))i≥1 is an exchangeable sequence of r.v. on [0, 1]. Then at

any time t ≥ 0 the sequence (ξt(i))i≥1 is exchangeable and for any integer n ≥ 1 and any bounded

measurable map f : [0, 1]n → R we have

E

[

f(ξt(1), . . . , ξt(n))
∣
∣FZ,Ξ

t

]

=

∫

[0,1]n
f(x1, . . . , xn) Ξt(dx1) · · ·Ξt(dxn)

where FZ,Ξ
t is the σ-field generated by the population size Z and the process Ξ up to time t.

REMARK 0.17. This result is stated in Theorem 4.1 of [24], but the proof does not seem to be

complete. Our formalism with partitions turns out to be appropriate to show such properties.

From now on, ξ0(i), i ≥ 1 is taken i.i.d. uniform[0, 1]. To identify the distribution of t 7→ Zt · Ξt we
prove that it solves a martingale problem for which uniqueness is known. Below, we provide the specific
arguments for the Λ Fleming-Viot as they are relatively easy. Those for the Ψ-MVBP are postponed
to Appendix D. However in both cases, we follow the strategy of proof of Donnelly and Kurtz: first
we identify a martingale problem solved by the process (Zt, ξt(1), . . . , ξt(n)). Then we translate this
martingale problem in terms of (Zt ·Ξt) thanks to Theorem 0.1 and for appropriate test functions. Finally
we remark that it is exactly the martingale problem that characterises the desired measure-valued process.

Λ Fleming-Viot

Let Π̂ = (Π̂s,t, s ≤ t) be a flow of partitions associated with the measure Λ as defined previously.
Let (ξ0(i))i≥1 be a sequence of i.i.d. uniform[0, 1] r.v. and (ξt(i), t ≥ 0)i≥1, (Ξt, t ≥ 0) be defined as
above.
Step 1. We define the bounded linear operator An : C([0, 1]n) → C([0, 1]n) as follows. For any function
f ∈ C([0, 1]n) we set (recall the notation from Subsection 1.1)

Anf(x1, . . . , xn) :=
∑

K ⊂ [n]
k = #K ≥ 2

λn,k

(
f(RK(x1, . . . , xn−k+1))− f(x1, . . . , xn)

)

It is a simple matter to check that (ξt(1), . . . , ξt(n); t ≥ 0) is a continuous time Markov chain with
generator An. Hence the process

f
(
ξt(1), . . . , ξt(n)

)
−
∫ t

0
Anf

(
ξu(1), . . . , ξu(n)

)
du

is a martingale in the natural filtration Fξ of the particle system ξ. Since the sigma-field Fξ
t contains

FΞ
t , we deduce that for every 0 ≤ s ≤ t almost surely

E

[

f
(
ξt(1), . . . , ξt(n)

)
− f

(
ξs(1), . . . , ξs(n)

)
−
∫ t

s
Anf

(
ξu(1), . . . , ξu(n)

)
du

∣
∣FΞ

s

]

= 0

Step 2. We now prove that Ξ verifies the martingale problem of Definition 0.2: recall the map Gf and
the operator L. From Theorem 0.1, we deduce that

Gf (Ξt) = E

[

f
(
ξt(1), . . . , ξt(n)

)
| FΞ

t

]

Also, this theorem combined with a straightforward calculation entails

LGf (Ξu) = E
[
Anf

(
ξu(1), . . . , ξu(n)

)
| FΞ

u

]
, ∀u ≥ 0
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This ensures that

E

[

Gf (Ξt)−Gf (Ξs)−
∫ t

s
LGf (Ξu) du

∣
∣FΞ

s

]

= E

[

E
[
f
(
ξt(1), . . . , ξt(n)

) ∣
∣FΞ

t

]
−f

(
ξs(1), . . . , ξs(n)

)

−
∫ t

s
E
[
Anf

(
ξu(1), . . . , ξu(n)

) ∣
∣FΞ

u

]
du

∣
∣FΞ

s

]

= E

[

f
(
ξt(1), . . . , ξt(n)

)
− f

(
ξs(1), . . . , ξs(n)

)
−
∫ t

s
Anf

(
ξu(1), . . . , ξu(n)

)
du

∣
∣FΞ

s

]

= 0

where we use Fubini theorem at the second equality. Consequently (Ξt, t ≥ 0) is a Λ Fleming-Viot pro-
cess, thanks to the uniqueness of the martingale problem obtained by Bertoin and Le Gall (see Subsection
1.1).

Conclusion. The lookdown representation allows to construct the Λ Fleming-Viot (resp. the Ψ-MVBP)
along with its genealogy. Actually our reformulation provides explicitly the genealogy through the flow
of partitions. In the next section, we present an alternative representation.

3 Bertoin and Le Gall’s stochastic flows

Bertoin and Le Gall introduced in a series of four papers [12, 13, 14, 15] a representation of Ψ-MVBP
and Λ Fleming-Viot processes using stochastic flows.

3.1 Stochastic flows of bridges

Recall that a bridge in the sense of Kallenberg [47] is a non-decreasing random process F : [0, 1] →
[0, 1] such that F (0) = 0, F (1) = 1 and F has exchangeable increments. Kallenberg showed that there
exist a sequence (Vi)i≥1 of i.i.d. uniform[0, 1] r.v. and an independent sequence a1 ≥ a2 ≥ . . . ≥ 0 of
r.v. verifying

∑
ai ≤ 1 such that almost surely for all x ∈ [0, 1]

F (x) =
∑

i≥1

ai1{Vi≤x} + x
(

1−
∑

i≥1

ai

)

We have already encountered this object in the definition of the Λ Fleming-Viot process: we then re-
marked that x 7→ ρt([0, x]) is a bridge. This simple fact is the underlying idea for flows of bridges.

DEFINITION 0.18. (Bertoin-Le Gall [13]) A collection of r.v. (Fs,t,−∞ < s ≤ t < ∞) that

verifies:

• For every s ≤ t, Fs,t is a bridge whose law only depends on t − s. Furthermore, if t1 < t2 <
. . . < tp, the bridges Ft1,t2 , . . . ,Ftn−1,tn are independent.

• For every r ≤ s ≤ t, we have almost surely

Fr,t = Fs,t ◦ Fr,s (cocycle property)

• F0,0 = Id and F0,t → Id in probability as t ↓ 0 in Skorohod’s topology.
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is called a stochastic flow of bridges. Additionally, if we define ρs,t as the probability measure on [0, 1]
whose distribution function is Fs,t and if (ρ0,t, t ≥ 0) is a Λ Fleming-Viot process, then the flow is said

associated to the measure Λ.

We postpone the construction of such flows to the next paragraph. We first examine some properties
of this object. Consider an independent sequence (Ui)i≥1 of i.i.d. uniform[0, 1] r.v. and define for all
t ≥ 0 the following random partition

i
Πt∼ j ⇔ F−1

−t,0(Ui) = F−1
−t,0(Uj)

where F−1
−t,0 is the right-continuous inverse of F−t,0 for every t ≥ 0. There is a one-to-one correspon-

dence between the jumps of F−t,0 and the blocks of Πt with positive asymptotic frequency. Additionally
Πt has dust iff F−t,0 has a drift component. These two properties are consequences of the fact that Πt is
a paint-box based on the mass-partition obtained from the jumps of F−t,0 (see [9] or Chapter II Subsec-
tion 2.1 for the definitions). Bertoin and Le Gall proved that the process (Πt, t ≥ 0) is an exchangeable
coalescent (or Ξ coalescent), and in the particular case where the flow of bridges is associated to Λ, it is
a Λ coalescent.
To construct a flow of bridges associated to a given measure Λ, Bertoin and Le Gall first considered the
case where u−2Λ(du) is a finite measure before passing to the limit. We propose another construction
based on Kolmogorov’s extension theorem. However in any case, the trajectories of the flow do not have
much regularity properties.

Construction of flows of bridges. Fix an integer n ≥ 1 and a sequence t1 < t2 < . . . < tn+1. Denote
by Π̂ a flow of partitions associated to the measure Λ. For each i ∈ [n], consider the mass-partition
|Π̂ti,ti+1 |↓ =: (ai,j)j≥1 formed by the asymptotic frequencies of the blocks of Π̂ti,ti+1 in the decreasing
order. Using an independent sequence (Vi,j)j≥1 of i.i.d. uniform[0, 1] r.v. we define the bridge Fti,ti+1

as follows. For all x ∈ [0, 1], let

Fti,ti+1(x) :=
∑

j≥1

ai,j1{Vi,j≤x} + x
(
1−

∑

j≥1

ai,j
)

Doing so for each i ∈ [n], we get a collection of independent bridges Fti,ti+1 , i ∈ [n] whose distribution
is the one expected. We need to verify the consistency of this law when n varies. To that end, we remark
that the ordered jumps of the bridge

Ft2,t3 ◦ Ft1,t2

are equal in law to the asymptotic frequencies of the partition

Coag(Π̂t2,t3 , Π̂t1,t2)

This identity is a consequence of Corollary 1 in [13]. But since this last partition is distributed as Π̂t1,t3 ,
we deduce that

Ft2,t3 ◦ Ft1,t2
(d)
= Ft1,t3

The consistency follows. Therefore, one can apply Kolmogorov’s extension theorem to deduce the exis-
tence of a stochastic flow of bridges associated to Λ.

Notice that a flow of bridges encodes much more than a single Λ Fleming-Viot process: it actually
couples an infinite collection (ρs,t, t ∈ [s,∞))s∈R of such processes indexed by s ∈ R.
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3. Bertoin and Le Gall’s stochastic flows

3.2 Stochastic flows of subordinators

The idea is very close, but a major difference consists in the varying population size.

DEFINITION 0.19. (Bertoin-Le Gall [12]) A collection of r.v. (Ss,t(a), 0 ≤ s ≤ t, a ≥ 0) that

verifies:

• For every 0 ≤ s ≤ t, (Ss,t(a), a ≥ 0) is a subordinator with Laplace exponent u(t− s, ·).

• For every integer p ≥ 2 and 0 ≤ t1 ≤ . . . ≤ tp, the subordinators St1,t2 , . . . , Stp−1,tp are indepen-

dent and almost surely

St1,tp(a) = Stp−1,tp ◦ . . . ◦ St1,t2(a), ∀a ≥ 0 (cocycle property)

• For all a ≥ 0, (S0,t(a), t ≥ 0) is a Ψ-CSBP started from a.

is called a stochastic flow of subordinators.

To prove the existence of such an object, Bertoin and Le Gall made use of Kolmogorov’s extension
theorem, we refer to Proposition 1 in [12] for details.
As we will be interested in an initial population [0, 1] at time 0, we introduce the Ψ-MVBP

m0,t([0, x]) := S0,t(x), ∀x ∈ [0, 1]

This Ψ-MVBP admits a càdlàg modification, still denoted (m0,t, t ≥ 0), that allows to deal with its
lifetime T. Also, we let Zt := m0,t([0, 1]). From now on, we will restrict our attention to the flow
(Ss,t(a), 0 ≤ s ≤ t < T, 0 ≤ a ≤ Zs). This object defines a collection of Ψ-MVBPs (ms,t, t ∈
[s,T)s∈[0,T) each starting from a point s ∈ [0,T):

ms,t([0, x]) := Ss,t(x), ∀x ∈ [0,Zs]

Note the analogy between the collection of Λ Fleming-Viot obtained from the flow of bridges, and this
collection of Ψ-MVBPs obtained from the flow of subordinators.

Genealogical interpretation of stochastic flows. In both cases, the stochastic flows provide a notion of
genealogy for the underlying measure-valued process: the progeny of those individuals lying in [a, b] ⊂
[0, 1] at time 0 is given by t 7→ F0,t([a, b]) (and similarly with S). Moreover, for any 0 < s < t, the
cocycle property expresses the following consistency: the progeny at time t of [a, b] is the union of all
the progenies at time t of the descendants at time s of [a, b]. This representation through stochastic flows
does not provide explicitly a particle system, as the lookdown representation does. The goal of the next
section is to explain how one can read the lookdown representation from a stochastic flow.

A remark on the cocycle property. One should pay attention to the fact that, for both flows of bridges
and subordinators, the cocycle property is verified for each given triplet r < s < t almost surely, but
nothing ensures that it holds for all triplets with probability one. Indeed, the construction from Kol-
mogorov’s extension theorem does not provide such an almost sure result. However, this simultaneous
cocycle property is obtained in the particular case where ν(du) is a finite measure thanks to a Poissonian
construction, see Section 5 in [13]. It is interesting to notice that the cocycle property is verified for all
triplets with probability one in the case of flows of partitions, see Subsection 2.2.
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4 Unification of two representations

Consider a flow of bridges F (resp. a flow of subordinators S) associated to Λ (resp. to Ψ). Our
goal is to define, from any time s ∈ R (resp. s ∈ [0,T)), a lookdown process whose limiting empirical
measure is equal to (ρs,t, t ∈ [s,∞)) (resp. to (ms,t, t ∈ [s,T) up to the population size Z). To that end,
we need to identify a sequence of initial types and a flow of partitions.

Assumption. From now on, Λ and Ψ are such that the measure-valued process admits an infinite se-
quence of Eves (see Subsection 1.4). This requirement will be explained below.

At any time s ∈ R, the Λ Fleming-Viot (ρs,t, t ∈ [s,∞)) admits almost surely a sequence of Eves,
say (eis)i≥1. Similarly, when s ∈ [0,T), the Ψ-MVBP (ms,t, t ∈ [s,T)) that starts from the Lebesgue
measure on [0,Zs] admits almost surely a sequence of Eves, but for convenience, we normalise this
sequence by the total-mass Zs. Here again, we denote the Eves by (eis)i≥1. In both cases they are i.i.d.
uniform[0, 1].
Since the flow fulfils a consistency property (the so-called cocycle property), it is natural to look at the
genealogical relationships between the Eves taken at different times. For every s < t we define the
random partition Π̂s,t by

i
Π̂s,t∼ j ⇐⇒ eit and ejt descend from a same ancestor at time s

The r.h.s. can be stated formally as F−1
s,t (e

i
t) = F−1

s,t (e
j
t ) for the Λ Fleming-Viot, and S−1

s,t (Zt · eit) =

S−1
s,t (Zt · ejt ) for the Ψ-MVBP. It is a simple matter to check that the ancestor at time s of an Eve at time

t is necessarily itself an Eve. Additionally for each i ≥ 1, the i-th block Π̂s,t(i) is the progeny at time t
of the i-th Eve eis at time s.

THEOREM (cf TH I.3 AND TH II.6) The collection of partitions (Π̂s,t,−∞ < s ≤ t < ∞)
(respectively (Π̂s,t, 0 ≤ s ≤ t < T)) is a Λ (respectively Ψ) flow of partitions.

Therefore, in both cases we have extracted a genealogical structure from the flow of bridges (resp.
subordinators). However, the lack of regularity of the latter (the cocycle property is not verified simul-
taneously by all triplets) prevents the flow of partitions to be itself regular. More precisely, nothing
ensures that with probability one the number of elementary reproduction events in the flow of partitions
restricted to [n] is finite on compact intervals of time and that the cocycle property holds for all triplets.
These regularity properties are necessary for the lookdown representation since it is a pathwise construc-
tion. Consequently we propose a regularisation procedure to show the existence of a modification of the
original flow of partitions that verifies the required properties. We refer to Chapter I Section 2.3 and
Proposition II.30 for further details. From now on, we will deal with this regular modification.

We have identified a process of Eves s 7→ (eis)i≥1 and a stochastic flow of partitions Π̂. As explained
in Section 2, this is sufficient to define a lookdown process. From every time s, we introduce:

[s,T) ∋ t 7→ Ξs,t(dx) =
∑

i≥1

|Π̂s,t(i)|δeis(dx) +
(

1−
∑

i≥1

|Π̂s,t(i)|
)

dx

Our main result is the following.

THEOREM (cf TH I.4 AND II.7) The lookdown construction based on the flow of partitions Π̂
and the process of Eves s 7→ (eis)i≥1 allows to recover the flow of bridges (resp. subordinators). More

precisely, in the Λ Fleming-Viot case for every s ∈ R almost surely

(Ξs,t, t ∈ [s,∞)) = (ρs,t, t ∈ [s,∞))
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while in the Ψ-MVBP case for every s ∈ [0,T) almost surely

(Zt · Ξs,t, t ∈ [s,T)) = (ms,t, t ∈ [s,T))

Additionally, this decomposition is unique in the following sense. Consider another flow of partitions Π̂′

and another process of initial types s 7→ (χs(i))i≥1 and suppose that the lookdown construction based

on these objects allows to recover the flow of bridges (resp. subordinators) then:

• (Initial types) For each s, almost surely ∀i ≥ 1 χs(i) = eis.

• (Lookdown graph) Almost surely Π̂′ = Π̂.

The existence of an infinite sequence of Eves: a necessary condition for uniqueness. Consider a
measure Λ or a branching mechanism Ψ such that the measure-valued process does not admit an infinite
sequence of Eves, and for the moment exclude REGIME 4 for Λ Fleming-Viot. Consider the lookdown
representation. We stress that there is no uniqueness of the initial types. Indeed, since the measure-
valued process does not admit an infinite sequence of Eves there exist two ancestral types x 6= y whose
progenies at the infinite are of comparable asymptotic. Necessarily x and y have to be two initial types in
the lookdown representation. Since their progenies are comparable at the infinite, x has both a positive
probability to be located above y and a positive probability to be located below y.
We are now concerned with the uniqueness of the lookdown graph associated with the flow of measure-
valued processes. We start with the Ψ-MVBP case. Assume that the Eve property is not fulfilled:
from Subsection 1.4 we know that T = ∞ a.s. Necessarily any such Ψ-flow of partitions Π̂ enjoys
the following property: the number of elementary reproduction events on the time interval [0,T = ∞)
involving at least two levels among [n] is finite almost surely (otherwise the Eve property would be
fulfilled). The result stated in Theorem 0.1 can be applied to the entire interval [0,T = ∞) (the proof
only requires the finiteness of the number of elementary reproduction events restricted to [n] on [0, t])
and yields another flow of partitions Π̂′ which allows to construct the same flow of Ψ-MVBPs. As a
consequence there is no uniqueness of the lookdown graph.
We turn to the Λ Fleming-Viot. Consider first REGIME 1. The number of elementary reproduction events
involving at least two levels among [n] is infinite almost surely, therefore the preceding procedure cannot
be applied. However one can consider a restriction of this flow of partitions by removing the progeny of
the first level at time 0, that is, by removing Π̂0,t(1) for all t ≥ 0. Once we have reindexed the integers in
the partitions, we get a new collection of partitions that verifies the cocycle property. For this collection
of partitions the number of elementary reproduction events involving at least two levels among [n] is
finite almost surely, and we can apply our procedure to construct another collection of partitions. The
non-uniqueness then follows. When the Λ Fleming-Viot is in REGIME 2 OR 3 and does not admits an
infinite sequence of Eves, one can adapt the preceding argument to show the non-uniqueness of the flow
of partitions.
Finally in REGIME 4 for the Λ Fleming-Viot, there does not exist an infinite sequence of Eves if the
process loses two ancestral types simultaneously. The question of uniqueness of the initial types and the
lookdown graph remains then open: however we conjecture that there does not exist such Λ Fleming-Viot
processes.
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CHAPTER I

From flows of Lambda Fleming-Viot processes to lookdown processes

via flows of partitions

This chapter has been taken from the article [52].

1 Introduction

The Λ coalescent process (Πt, t ≥ 0) has been introduced by Pitman [66] and Sagitov [67]. This
is a Markov process with values in the set P∞ of partitions of N := {1, 2 . . .} whose distribution is
characterised by a finite measure Λ on [0, 1]. Let us describe briefly the dynamics of this process. Using

the consistency of the partitions, it suffices to define the dynamics of the restriction (Π
[n]
t , t ≥ 0) of the

process to the set Pn of partitions of [n] := {1, . . . , n}, for every n ≥ 1. If Π[n]
t has m blocks at a given

time t ≥ 0, then any k of them merge at rate

λm,k :=

∫

[0,1]
xk(1− x)n−kx−2Λ(dx) (I.1)

for every integer k ∈ {2, . . . ,m}. If we assume that Π0 is the trivial partition O[∞] := {{1}, {2}, . . .}
then the process (Πt, t ≥ 0) can be interpreted as the genealogy of an infinite population: each individual
is represented by an integer so that the coalescence of a collection of blocks corresponds to groups of
individuals finding their most recent common ancestor backward in time.
The Λ coalescent is in duality (see Lemma 5 of Bertoin and Le Gall [13]) with the so-called Λ Fleming-
Viot process which, on the contrary, describes the evolution forward in time of an infinite population.
This Markov process has been introduced by Bertoin and Le Gall [13], and implicitly by Donnelly and
Kurtz [24]. In this population model, each individual possesses a genetic type taken to be a real value
in [0, 1] so that the frequencies of the genetic types among the population are encoded by an element
of the set M1 of probability measures on [0, 1]. The Λ Fleming-Viot process is therefore an M1-valued
process. It starts from the Lebesgue measure on [0, 1] and evolves through reproduction events that can
be informally described as follows. At rate ν(dx) := x−2Λ(dx) a parent (uniformly chosen among the
population) reproduces: a fraction x of individuals dies out and is replaced by individuals with the same
type as the parent. The duality with the Λ coalescent can be thought of as follows: each reproduction
event induces a coalescence event backward in time.
Although one can easily construct the Λ coalescent thanks to the consistency of the restrictions of the
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partitions, the construction of the Λ Fleming-Viot process is not trivial. The main objective of this
paper is to unify two constructions, namely the stochastic flow of bridges introduced by Bertoin and Le
Gall [13] and the lookdown representation of Donnelly and Kurtz [24]. This is achieved in three main
steps. First we propose a new formulation of the lookdown representation that relies on the introduction
of an object called the stochastic flow of partitions. Second we investigate the asymptotic behaviour of
the Λ Fleming-Viot process, and introduce the notion of Eves that generalise the primitive Eve of Bertoin
and Le Gall [13]. We stress that this study is interesting in its own right. Third, we use the Eves and the
stochastic flow of partitions to define the lookdown representation pathwise from the stochastic flow of
bridges.

1.1 The lookdown representation via the flow of partitions

In the lookdown representation introduced by Donnelly and Kurtz [24], the Λ Fleming-Viot process
is obtained as the process of empirical measures of a countable particle system (ξt(i), t ≥ 0), i ≥ 1
which is called the lookdown process. The particle system is constructed in such a way that the n first
particles do not depend on all the other ones, for every n ≥ 1. Let us describe the dynamics of the n
first particles for a given n ≥ 1. Initially the particles start from a sequence of values called initial types

which are i.i.d. uniform[0, 1] r.v. Then to every subset K ⊂ {1, . . . , n} whose cardinality k belongs
to {2, . . . , n} is associated an exponential clock with parameter λn,k. When this clock rings, the values
of the n first particles are updated as follows. All the particles indexed by i ∈ K take the type of the
particle indexed by minK, while the remaining particles indexed by i ∈ [n]\K take, in the same order,
the values of the particles indexed by {1, . . . ,minK − 1,minK + 1, . . . , n− k+ 1}. These transitions
are called reproduction events and the particle indexed by minK is called the parent. The total transition
rate of the n first particles is equal to

λn :=

n∑

k=2

(
n

k

)

λn,k. (I.2)

The consistency of the particle system comes from the fact that the n-th particle does never give its type
to one of the (n−1) first particles so that the infinite collection of particles can be defined simultaneously.
This particle system admits a process of empirical measures which is a Λ Fleming-Viot process. We refer
to Subsection 2.1 for precise definitions.
The collection of reproduction events forms the so-called lookdown graph. It is well-known that this
object implicitly defines the genealogy of the particle system. However this has never been formalised.
One contribution of the present paper is to show that the lookdown graph can be encoded by a collection
of partitions of N := {1, 2, . . .} that we call a stochastic flow of partitions and that gives an explicit
description of the genealogy of the lookdown process. To state the definition of this object, we introduce
some notation. The restriction of an element π ∈ P∞ to the set Pn is denoted π[n]. We endow P∞

with the distance dP defined as follows

dP(π, π′) = 2−i where i = sup{n ≥ 1 : π[n] = π′[n]}. (I.3)

We order the blocks of a partition π in the increasing order of their least element. We denote by π(i) the
i-th block according to this ordering, and we define the asymptotic frequency of this block

|π(i)| := lim
n→∞

1

n
#{π(i) ∩ [n]}

when this limit exists. For any partitions π, π′, we introduce the partition Coag(π, π′) as follows. For
every i ≥ 1, the i-th block of Coag(π, π′) is the union of the blocks π(j) for j ∈ π′(i).

40



1. Introduction

DEFINITION I.1. A stochastic flow of partitions is a collection Π̂ = (Π̂s,t,−∞ < s ≤ t < ∞) of

partitions of N := {1, 2, . . .} such that:

• For every r < s < t, Π̂r,t = Coag(Π̂s,t, Π̂r,s) a.s. (cocycle property).

• Π̂s,t is an exchangeable random partition whose law only depends on t− s. Furthermore, for any

s1 < s2 < . . . < sn the partitions Π̂s1,s2 , Π̂s2,s3 , . . . , Π̂sn−1,sn are independent.

• Π̂0,0 = O[∞] :=
{
{1}, {2}, . . .

}
and Π̂0,t → O[∞] in probability as t ↓ 0 for the distance dP .

Furthermore if the process (Π̂−t,0, t ≥ 0) is a Λ coalescent then we say that Π̂ is a Λ flow of partitions.

In Section 2 we show a correspondence between lookdown graphs and flows of partitions. This corre-
spondence allows us to propose a new formulation of the lookdown representation that we now present.
Let ξ0 = (ξ0(i), i ≥ 1) be a sequence of i.i.d. uniform[0, 1] r.v., referred to as the initial types, and let
Π̂ be an independent Λ flow of partitions. For every t > 0 and every i ≥ 1, we let j be the index of the
block of Π̂0,t that contains i and we set ξt(i) = ξ0(j). Then (ξt(i), t ≥ 0), i ≥ 1 is a lookdown pro-

cess. Furthermore its process of empirical measures coincides almost surely with the M1-valued process
(E0,t(Π̂, ξ0), t ≥ 0) defined by

E0,t(Π̂, ξ0) :=
∑

i≥1

|Π̂0,t(i)|δξ0(i) +
(
1−

∑

i≥1

|Π̂0,t(i)|
)
ℓ.

where ℓ stands for the Lebesgue measure on [0, 1]. Consequently (E0,t(Π̂, ξ0), t ≥ 0) is a Λ Fleming-
Viot process. We refer to Subsection 2.3 for the simultaneous existence of the asymptotic frequencies of
the blocks at all times t ≥ 0.
Observe that the lookdown representation provides much information on the Λ Fleming-Viot process. In
particular, it shows that at any time t ≥ 0 the probability measure E0,t(Π̂, ξ0) has an atomic component
and a Lebesgue component. When this Lebesgue component is not null, we say that the measure has
dust. Notice that this terminology comes from the theory of partitions of N: if the union of the singleton
blocks of π ∈ P∞ admits a positive asymptotic frequency, we say that π has dust (see Section 2.1 in
Bertoin [9]).

1.2 The Eves

We shall assume that Λ({1}) = 0 to avoid trivial reproduction events where all individuals merge at
once in the Λ coalescent. For convenience, we introduce the following notation

Ψ(u) = Λ({0})u2 +
∫

(0,1)
(e−xu − 1 + xu)ν(dx), ∀u ≥ 0 where ν(dx) = x−2Λ(dx). (I.4)

Let ρ = (ρt, t ≥ 0) be a Λ Fleming-Viot process assumed to be càdlàg for the weak convergence in M1

(the semigroup is Feller). For the moment we do not assume that ρ has been obtained from the lookdown
representation. From the behaviour (recalled in Section 3) of the dust and the number of non-singleton
blocks in the Λ coalescent and thanks to the duality with the Λ coalescent, we are able to identify four
regimes for the Λ Fleming-Viot process.

PROPOSITION I.2. We identify the following four regimes according to the measure Λ:

1. DISCRETE: ν([0, 1)) < ∞. For all t > 0, almost surely ρt has dust and finitely many atoms.

2. INTENSIVE W. DUST: ν([0, 1)) = ∞ and
∫

[0,1) xν(dx) < ∞. For all t > 0, almost surely ρt has

dust and infinitely many atoms.
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3. INTENSIVE ∞:
∫

[0,1) xν(dx) = ∞ and
∫∞ du

Ψ(u) = ∞. For all t > 0, almost surely ρt has no dust

and infinitely many atoms.

4. CDI:
∫∞ du

Ψ(u) < ∞. For all t > 0, almost surely ρt has no dust and finitely many atoms.

This classification will be useful for the study of the asymptotic behaviour of the Λ Fleming-Viot process
that we now present. Bertoin and Le Gall [13] showed the existence of a r.v. e such that almost surely

ρt({e}) −→
t→∞

1.

The r.v. e has a uniform distribution on [0, 1] and is called the primitive Eve of the population. It can
be interpreted as an ancestor whose progeny fixes in the population. In the present paper, we investigate
the existence of an infinite sequence of Eves ei, i ≥ 1 that would generalise the primitive Eve in the
following sense: for every i ≥ 1, the progeny of ei is overwhelming among the population that does not
descend from e1, . . . , ei−1. The precise definition is given below.

DEFINITION I.3. According to the regime of Λ, we introduce the Eves as follows:

Eves - persistent case. In regimes DISCRETE, INTENSIVE W. DUST and INTENSIVE ∞, we say that ρ

admits an infinite sequence of Eves if there exists a collection (ei)i≥1 of points in [0, 1] such that

for every i ≥ 1
ρt({ei})

ρt([0, 1]\{e1, . . . , ei−1}) −→
t→∞

1

Eves - extinction case. In regime CDI, we say that ρ admits an infinite sequence of Eves if one can

order the atoms by strictly decreasing extinction times, the sequence is then denoted by (ei)i≥1.

In Proposition I.21 we show that the event where ρ admits an infinite sequence of Eves is measur-
able in the sigma-field generated by ρ and that, on this event, the Eves are measurable. It is simple
to check that almost surely e1 is well-defined and coincides with the primitive Eve. To determine the
existence of the whole sequence, we need to study the asymptotic properties of the Λ Fleming-Viot
process. The lookdown representation is particularly appropriate to that purpose. Indeed, suppose that
ρt = E0,t(Π̂, ξ0), t ≥ 0 where Π̂ is a Λ flow of partitions and ξ0 is an independent sequence of i.i.d.
uniform[0, 1] r.v., then if the Λ Fleming-Viot process (ρt, t ≥ 0) admits an infinite sequence of Eves then
necessarily ei = ξ0(i) for every i ≥ 1, see Proposition I.23. We now present our results on the existence
of the Eves.

THEOREM I.1. Suppose that Λ belongs to:

• Regime DISCRETE or

• Regime INTENSIVE W. DUST and fulfils the condition
∫

[0,1) x log
1
xν(dx) < ∞

then almost surely the Λ Fleming-Viot process does not admit an infinite sequence of Eves.

Let us comment briefly this result. We rely on the lookdown representation. In regime DISCRETE, we
will prove that eventually all the reproduction events choose a parent with type ξ0(1) so that only the
frequency of the primitive Eve makes positive jumps. It is then easy to derive that the second initial type
ξ0(2) does not fix in the remaining population that does not descend from ξ0(1). In regime INTENSIVE

W. DUST under the condition
∫

[0,1) x log
1
xν(dx) < ∞, we will prove the almost sure existence of at least

one initial type, say ξ0(i) for a certain i ≥ 2, whose frequency stays equal to 0 forever. Consequently the
i-th Eve does not exist. Notice that the x log 1

x condition is fulfilled by all the Beta(2−α, α) coalescents
with α ∈ (0, 1). Let us mention that this x log 1

x condition does also appear in a very similar context
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with continuous state branching processes, see [25].

In regime INTENSIVE ∞, we have the following result.

PROPOSITION I.4. In regime INTENSIVE ∞, when Λ(dx) = dx almost surely the Λ Fleming-Viot

process admits an infinite sequence of Eves.

This result strongly relies on the connection between the Bolthausen-Sznitman coalescent [12, 19] and
the Neveu continuous state branching process, see Subsection 4.3. The existence of the sequence of Eves
for other measures Λ in regime INTENSIVE ∞ remains an open question.

To study regime CDI, we rely again on the lookdown representation. Definition I.3 and the remark
that follows the statement imply that the Λ Fleming-Viot process admits an infinite sequence of Eves if
and only if the initial types ξ0(2), ξ0(3), . . . become extinct at distinct times almost surely. We call E the
event where at least two initial types become extinct simultaneously.

THEOREM I.2. The event E has probability 0 or 1. When Λ({0}) > 0 or when Λ(dx) = f(x)dx
with f a regularly varying function at 0 with index 1− α where α ∈ (1, 2), then E has probability 0 and

almost surely the Λ Fleming-Viot process admits an infinite sequence of Eves.

The regular variation condition on the density of Λ is verified by the well-studied class of Beta(2−α, α)
coalescents with α ∈ (1, 2). We refer to Subsection 4.5 for conjectures on the existence of the sequence
of Eves in the remaining cases.

1.3 The flow of bridges and the unification

Let us present another approach to construct the Λ Fleming-Viot process. An exchangeable bridge as
defined by Kallenberg [47] is a non-decreasing random process F : [0, 1] → [0, 1] such that F (0) = 0,
F (1) = 1, and F has exchangeable increments. Bertoin and Le Gall observed that the distribution
function of the Λ Fleming-Viot process taken at a given time t ≥ 0, say Ft, is an exchangeable bridge.
Moreover for all 0 < s < t, Ft has the same distribution as F ′

t−s ◦Fs where F ′
t−s is an independent copy

of Ft−s and ◦ stands for the composition operator of real-valued functions. This observation motivates
the following definition due to Bertoin and Le Gall [13].

DEFINITION I.5. A flow of bridges is a collection F := (Fs,t,−∞ < s ≤ t < ∞) of bridges such

that :

• For every r < s < t, Fr,t = Fs,t ◦ Fr,s a.s. (cocycle property).

• The law of Fs,t only depends on t− s. Furthermore, if s1 < s2 < . . . < sn
the bridges Fs1,s2 ,Fs2,s3 , . . . ,Fsn−1,sn are independent.

• F0,0 = Id and F0,t → Id in probability as t ↓ 0 for the Skorohod’s topology.

Furthermore, if one denotes by ρs,t the probability measure with distribution function Fs,t and if (ρ0,t, t ≥
0) is a Λ Fleming-Viot process, then F is called a Λ flow of bridges.

Observe that the stationarity of the increments of the flow of bridges ensures that the distribution of
(ρs,s+t, t ≥ 0) does not depend on s ∈ R. Consequently a Λ flow of bridges does not only construct one
Λ Fleming-Viot process, it actually couples an infinite collection of Λ Fleming-Viot processes indexed
by s ∈ R.
We now present the main contribution of the present paper. Consider a measure Λ such that the Λ
Fleming-Viot process almost surely admits an infinite sequence of Eves. Notice that we do not restrict
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I - From flows of Lambda F-V to lookdown processes

ourselves to the particular cases that we have identified in Proposition I.4 and Theorem I.2 and we only
assume that Definition I.3 is verified. Let F be a Λ flow of bridges. For every s ∈ R, consider a càdlàg
modification of the Λ Fleming-Viot process that we still denote by (ρs,s+t, t ≥ 0) for simplicity. We let
es := (eis, i ≥ 1) be the sequence of Eves of the Λ Fleming-Viot process (ρs,s+t, t ≥ 0). The cocycle
property of the flow of bridges expresses the consistency of the collection of Λ Fleming-Viot processes,
it is therefore natural to look at the relationships between the Eves taken at different times. We introduce
the random partitions Π̂s,t of N by setting for every i ≥ 1

Π̂s,t(i) :=
{
j ≥ 1 : F−1

s,t (e
j
t ) = eis

}
.

where F−1
s,t is the càdlàg inverse of Fs,t. This formula means that we put in a same block all the Eves at

time t that descend from a same Eve at time s.

THEOREM I.3. The collection of partitions (Π̂s,t,−∞ < s ≤ t < ∞) is a Λ flow of partitions.

From this Λ flow of partitions we can define a collection of measure-valued processes using the lookdown
representation. Fix s ∈ R and introduce the M1-valued process (Es,s+t(Π̂, es), t ≥ 0) by setting

Es,s+t(Π̂, es) :=
∑

i≥1

|Π̂s,s+t(i)|δeis + (1−
∑

i≥1

|Π̂s,s+t(i)|) ℓ, ∀t ≥ 0.

Simple arguments show that es is a sequence of i.i.d. uniform[0, 1] r.v. which is independent of Π̂ so that
(Es,s+t(Π̂, es), t ≥ 0) is a Λ Fleming-Viot process. This leads us to the statement of our main result.

THEOREM I.4. Suppose that the Λ Fleming-Viot process admits an infinite sequence of Eves. The

Λ flow of bridges is uniquely decomposed into two random objects: the flow of partitions and the Eves

process. More precisely, for all s ∈ R almost surely

(Es,s+t(Π̂, es), t ≥ 0) = (ρs,s+t, t ≥ 0)

Furthermore if we are given a Λ flow of partitions Π̂′ and for each s ∈ R an independent sequence

χs := (χs(i), i ≥ 1) i.i.d. uniform[0, 1] such that almost surely (Es,s+t(Π̂
′,χs), t ≥ 0) = (ρs,s+t, t ≥ 0)

then

• (Initial types) For all s ∈ R, almost surely for every i ≥ 1 χs(i) = eis.

• (Genealogy) Almost surely Π̂′ = Π̂.

This theorem shows that the Λ flow of partitions Π̂ and the process of Eves (es, s ∈ R) are sufficient to
recover the whole collection of Λ Fleming-Viot processes encoded by the flow of bridges. Furthermore
these two ingredients are unique. Notice that our construction actually defines a flow indexed by s ∈ R

of lookdown processes.

2 Flows of partitions

We start this section with the original definition of the lookdown representation. Then we introduce
our formalism based on partitions of integers and show a one-to-one correspondence between lookdown
graphs and flows of partitions. Let us also mention that stochastic flows of partitions have been indepen-
dently introduced by Foucart [34] to define generalised Fleming-Viot processes with immigration.
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2. Flows of partitions

2.1 The lookdown representation

In the lookdown representation, the population is composed of a countable collection of individuals:
at any time each individual is located at a so-called level, taken to be an element of N. This induces at
any time an ordering of the population. At time 0 the individual located at level i ≥ 1 is called the i-th
ancestor, his type is denoted by ξ0(i) ∈ [0, 1]. As time passes, reproduction events occur in which an
individual, called the parent, gives birth to a collection of children and dies out. Each child is necessarily
located at the same or a higher level than the parent and has the same type. All the individuals (except
the parent) that were alive before the reproduction event are then redistributed keeping the same order on
the levels that are not occupied by a child. The variable ξt(i) is then defined as the type carried at time
t ≥ 0 by the individual located at level i ≥ 1. We now provide formal definitions.

We define S∞ as the subset of {0, 1}∞ whose elements have at least two coordinates equal to 1. For
every n ≥ 2 we also introduce Sn as the subset of {0, 1}∞ whose elements have at least two coordinates
equal to 1 among [n]. For a subset p of R×S∞ and an integer n ≥ 2, let p|[s,t]×Sn

be the intersection of
p with [s, t]× Sn.

DEFINITION I.6. A deterministic lookdown graph is a countable subset p of R×S∞ such that for

all n ∈ N and all s ≤ t, p|[s,t]×Sn
has a finite number of points. To every point (t, v) ∈ p we associate

the set It,v := {i ≥ 1 : v(i) = 1}.

A deterministic lookdown graph should be seen as a collection of reproduction events (t, v) ∈ R× S∞,
where t denotes the reproduction time, min It,v is the level of the parent and It,v is the set of levels that
participate to the reproduction event.

DEFINITION I.7. Let p be a lookdown graph and ξ0 = (ξ0(i), i ≥ 1) be a collection of values in

[0, 1]. The deterministic lookdown process constructed from p and ξ0 is the particle system (ξt(i), t ≥
0), i ≥ 1 defined as follows:

• The initial values are given by (ξ0(i), i ≥ 1)

• At any reproduction event (t, v) ∈ p with t > 0 we have
{

ξt(i) = ξt−(min(It,v)) for every i ∈ It,v

ξt(i) = ξt−(i− (#{It,v ∩ [i]} − 1) ∨ 0) for every i /∈ It,v.
(I.5)

The transitions should be interpreted as follows. At level min(It,v) is located the parent of the repro-
duction event, this individual dies at time t. At any level i ∈ It,v a new individual is born with the type
ξt−(min(It,v)) of the parent. All the individuals alive at time t− except the parent are then redistributed,
keeping the same order, on those levels that do not belong to It,v (see Figure I.1). When v does not belong
to Sn, then ξt(i) = ξt−(i) for every i ∈ [n]. The finiteness of the set p|[s,t]×Sn

for all s < t thus ensures
that the n first particles (ξt(i), t ≥ 0), i ∈ [n] make only finitely many jumps on any compact interval
of time so that they are well-defined. Observe the consistency of the particle system when n varies: the
(n+ 1)-th particle does not affect the n first. Consequently (ξt(i), t ≥ 0), i ≥ 1 is well-defined.

We now explain how one randomises the previous objects so that the lookdown process admits al-
most surely a process of empirical measures that forms a Λ Fleming-Viot process. Let (Ω,F ,P) be a
probability space and let P be a Poisson point process on R×S∞ with intensity measure dt⊗(µK+µΛ).
The measures µK and µΛ are defined by

µΛ(.) :=

∫

(0,1)
σu(.) ν(du) , µK(.) := Λ(0)

∑

1≤i<j

δsi,j (.) (I.6)
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Figure I.1: A lookdown graph. Each arrow corresponds to a reproduction event: the level carrying a dot repro-
duces on the levels carrying an ending arrow. For example, at time t1, level 2 reproduces on levels 5 and 7 while
former levels 5, 6 and 7 are pushed up to the next available levels.
The ancestor of the individual alive at time t3 at level 7 is given by At3(7) = 4.
The corresponding flow of partitions, restricted to [7], would be entirely defined by the parti-
tions Π̂t1−,t1 = {{1}, {2, 5, 7}, {3}, {4}, {6}}, Π̂t2−,t2 = {{1, 2, 4}, {3}, {5}, {6}, {7}}, Π̂t3−,t3 =
{{1}, {2, 5}, {3}, {4}, {6}, {7}} and so on.

where for all u ∈ (0, 1), σu(.) is the distribution on S∞ of a sequence of i.i.d. Bernoulli random variables
with parameter u, and for all 1 ≤ i < j, si,j is the element of S∞ that has only two coordinates equal
to 1: i and j. The measure µΛ corresponds to reproduction events involving a positive proportion of
individuals while µK corresponds to reproduction events involving only two individuals at once.

DEFINITION I.8. A lookdown graph associated with the measure Λ - or Λ lookdown graph in

short - is a Poisson point process P on R× S∞ with intensity measure dt⊗ (µK + µΛ).

Using Formula (I.2) we easily get

(µK + µΛ)
(
Sn

)
= Λ(0)

(
n

2

)

+

∫

(0,1)

n∑

k=2

(
n

k

)

uk(1− u)n−k ν(du) = λn.

Basic properties of Poisson point processes ensure that P|[s,t]×Sn
is a Poisson point process on [s, t]×Sn

whose intensity has a total mass equal to (t − s)λn < ∞. Consequently for P-almost all ω, P(ω) is a
deterministic lookdown graph. Let ξ0 = (ξ0(i), i ≥ 1) be an independent sequence of i.i.d. uniform[0, 1]
r.v.

DEFINITION I.9. Applying Definition I.7 to P(ω) and ξ0(ω) for P-almost all ω ∈ Ω, we get a

particle system (ξt(i), t ≥ 0), i ≥ 1 that we call the lookdown process associated to P and ξ0.

We let M1 be the set of probability measures on [0, 1] endowed with the topology of the weak conver-
gence.

THEOREM I.5. (Donnelly-Kurtz [24]) P-almost surely the particle system (ξt(i), t ≥ 0), i ≥ 1
admits a process of empirical measures

t 7→ Ξt := lim
n→∞

1

n

n∑

i=1

δξt(i).

This M1-valued process is a càdlàg Λ Fleming-Viot process.
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This result is not stated in these terms in the article of Donnelly and Kurtz so that we provide some details
on the proof.

Proof Let us introduce for every n ≥ 1, the process of empirical measures of the n first particles:

t 7→ Ξ
[n]
t :=

1

n

n∑

i=1

δξt(i).

This process takes values in the space D([0,∞),M1) of càdlàg M1-valued functions. Let fk, k ≥ 1 be
a dense sequence of continuous functions on [0, 1]. Lemma 3.4 and 3.5 of Donnelly and Kurtz [24] show

that for every k ≥ 1, almost surely the sequence of processes (
∫

[0,1] fk(x)Ξ
[n]
t (dx), t ≥ 0), n ≥ 1 is a

Cauchy sequence in D([0,∞),R) endowed with the norm:

du(X,Y ) =

∫

[0,∞)
e−t sup

s≤t
1 ∧ |Xs − Ys| dt.

Although it is not separable, this space is complete. Subsequently using the distance

d(m,m′) :=
∑

k≥1

2−k

(∣
∣
∣

∫

[0,1]
fk(x)m(dx)−

∫

[0,1]
fk(x)m

′(dx)
∣
∣
∣ ∧ 1

)

that metrises the topology of the weak convergence on M1, it is a simple matter to check that almost
surely (Ξ

[n]
t , t ≥ 0), n ≥ 1 is a Cauchy sequence in D([0,∞),M1) endowed with the norm:

d′u(M,M ′) =

∫

[0,∞)
e−t sup

s≤t
d(Ms,M

′
s) dt.

The sequence converges almost surely since the latter is a complete space. The identification of the
distribution of the limiting process can be carried out by comparing (modulo a simple calculation) the
expression of the generator obtained by Donnelly and Kurtz in Section 4 [24] with the expression of the
generator of the Λ Fleming-Viot process obtained by Bertoin and Le Gall in Theorem 3 [13]. �

2.2 Deterministic flows of partitions

We start with the definition of the deterministic flow of partitions. Then we prove a one-to-one cor-
respondence between the set of deterministic flows of partitions and the set of deterministic lookdown
graphs. Finally we show that the deterministic flow of partitions formalises the implicit genealogy en-
coded by a deterministic lookdown graph. A key rôle will be played by the coagulation operator. Recall
that for all π, π′ ∈ P∞, Coag(π, π′) is the element of P∞ whose i-th block is equal to the union of
the π(j)’s for j ∈ π′(i). We extend this notation to the case where π, π′ ∈ Pn by taking implicitly
Coag(π, π′) as an element of Pn and using the same definition for its blocks.

DEFINITION I.10. A deterministic flow of partitions is a collection π̂ = (π̂s,t,−∞ < s ≤ t < ∞)
of partitions of N that verifies:

• For all r < s < t, we have π̂r,t = Coag(π̂s,t, π̂r,s) (cocycle property).

• For all s ∈ R, π̂s,s = O[∞] and the limit lim
r↑s

π̂r,s =: π̂s−,s exists and is either a partition with a

unique non-singleton block or O[∞].

• For all t ∈ R, lim
r<s<t
r,s ↑ t

π̂r,s exists and equals O[∞] (left regularity).
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• For all s ∈ R, lim
t↓s

π̂s,t exists and equals O[∞] (right regularity).

It is natural to call {(s, π̂s−,s) : π̂s−,s 6= O[∞]} the collection of the jumps of π̂. For convenience, we
write this collection of jumps in a slightly different manner. To every partition π̂s−,s that differs from
O[∞] we associate the element vs of S∞ whose i-th coordinate is 1 if and only if i belongs to the non-
singleton block of π̂s−,s. We then set J(π̂) := {(s, vs) : π̂s−,s 6= O[∞]} for the collection of jumps of

π̂. Similarly for every n ≥ 2, we set Jn(π̂) := {(s, vs) : π̂[n]
s−,s 6= O[n]}. Notice that J(π̂) and Jn(π̂) are

subsets of R× S∞ and R× Sn respectively.

LEMMA I.11. For every n ≥ 1, the intersection of Jn(π̂) with any set of the form [s, t] × Sn has

finitely many points.

Proof Suppose that the intersection of Jn(π̂) with the set [s, t] × Sn has infinitely many points. Nec-
essarily these points accumulate near a certain point in [s, t]. For simplicity we assume that they accu-
mulate on the right of r ∈ [s, t) and we let (r1, v1), (r2, v2), . . . be a sequence of these points such that
ri ↓ r as i → ∞. Since π̂u,ri converges to the partition with a unique non-singleton block equal to

{j ≥ 1 : vri(j) = 1} as u ↑ ri and since vri ∈ Sn, there exists u ∈ (ri+1, ri) such that π̂[n]
u,ri 6= O[n].

Therefore the cocycle property π̂
[n]
ri+1,ri = Coag(π̂

[n]
u,ri , π̂

[n]
ri+1,u) ensures that π̂[n]

ri+1,ri 6= O[n]. Using the

cocycle property once again we get that π̂[n]
r,ri 6= O[n]. Taking the limit as i → ∞ we deduce that the right

regularity at r is not verified. If we had assumed that the points accumulate on the left of a given point r
then the left regularity at r would have failed. �

We now make the connection between deterministic flows of partitions and deterministic lookdown
graphs.

PROPOSITION I.12. The map J that associates to a deterministic flow of partitions π̂ the collec-

tion of its jumps J(π̂) is a bijection between the set of deterministic flows of partitions and the set of

deterministic lookdown graphs.

Proof Let π̂ be a deterministic flow of partitions. One can write

J(π̂) =
⋃

n≥1

Jn(π̂).

Hence the set on the left is a countable union of countable sets thanks to Lemma I.11, so that it is itself
countable. Moreover Lemma I.11 shows that the intersection of J(π̂) with any set of the form [s, t]×Sn

has only finitely many points. Consequently J(π̂) is a deterministic lookdown graph.
Let p be deterministic lookdown graph. For every n ≥ 1, we construct the restriction of π̂ to Pn as

follows. Fix s ≤ t. If s = t, set π̂[n]
s,t := O[n]. If s < t, let (t1, v1), . . . , (tk, vk) be the finite collection

of points in p|(s,t]×Sn
ranked by increasing time coordinates. We define the map φn : Sn → Pn as

follows. For every v ∈ Sn, φn(v) is the element of Pn with a unique non-singleton block equal to
{i ∈ [n] : v(i) = 1}. We then set

π̂
[n]
s,t := Coag

(

φn(vk),Coag
(
φn(vk−1), . . . ,Coag(φn(v2), φn(v1)) . . .

))

.

Our construction is consistent when n varies so that there exists a unique partition π̂s,t whose restriction

to [n] is given by π̂
[n]
s,t , for all s ≤ t. Let us now check that π̂ is indeed a deterministic flow of partitions.

The cocycle property is a direct consequence of our definition with the coagulation operator. The finite-
ness of p|(s,t]×Sn

for every s ≤ t and every n ≥ 1 ensures the existence of π̂s−,s for all s ∈ R along with
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2. Flows of partitions

the left and right regularity. The fact that π̂s−,s is either O[∞] or a partition with a unique non-singleton
block is a consequence of the fact that we have only coagulated partitions with a unique non-singleton
block. Finally it is simple to check that J(π̂) = p. �

Let us now explain why the deterministic flow of partitions is relevant in our context. Let p be a determin-
istic lookdown graph. For any level j ≥ 1 taken at a given time t ≥ 0, one can define its ancestral line by
tracing its genealogy backward in time until its ancestor at time 0. This ancestral line starts at j and stays
constant between two reproduction events. At a reproduction event, say (s, v) with s ∈ (0, t], either the
ancestral line belongs to Is,v and then it jumps to min Is,v, or the ancestral line does not belong to Is,v.
In the latter case, the ancestral line jumps from its current position, say i, to i− (#{It,v ∩ [i]} − 1) ∨ 0.
The value of the ancestral line at 0 is then the ancestor of level j at time t, we denote it by At(j). We
refer to Figure I.1 for an illustration of these ancestral lines.
Denote by J−1 the inverse map of J and set π̂ := J−1(p). The following lemma shows that π̂ is the
genealogical structure implicitly encoded by p.

LEMMA I.13. For all i ≥ 1 and all t ≥ 0, π̂0,t(i) = {j ≥ 1 : At(j) = i}.

In other words, π̂0,t(i) is the progeny at time t of the i-th ancestor. This allows to state an alternative
definition of the lookdown process. Consider a sequence of initial types ξ0(i), i ≥ 1. Then it is simple
to check that the lookdown process of Definition I.7 verifies and is characterised by

∀i, j ≥ 1, i ∈ π̂0,t(j) ⇒ ξt(i) = ξ0(j).

Proof Fix n ≥ 1. Let (s1, v1), (s2, v2), . . . be the elements of p|(0,∞)×Sn
ranked by increasing time

coordinates. From the definition of the map J , it is immediate to check that t 7→ π̂
[n]
0,t only evolves at

times sk, k ≥ 1. Set s0 = 0. We prove by induction on k that for every i ≥ 1, π̂[n]
0,sk

(i) = {j ∈ [n] :
Ask(j) = i}. At rank 0 this is trivial. Suppose that it holds at a certain rank k− 1 ≥ 0. At rank k, we set

I
[n]
sk,vk := {j ∈ [n] : vk(j) = 1} and for every j ∈ [n] we define b(j) by setting

b(j) = min I [n]sk,vk
if j ∈ I [n]sk,vk

, b(j) = j − (#{I [n]sk,vk
∩ [j]} − 1) ∨ 0 otherwise.

Then the definition of the ancestral line immediately yields that Ask(j) = Ask−1
(b(j)). Let π be the

partition of [n] whose blocks are given by {j ∈ [n] : Ask(j) = i}, i ∈ [n]. From the formula above we
check that j and j′ are in a same block of π if and only if Ask−1

(b(j)) = Ask−1
(b(j′)) which is equivalent

to saying (thanks to the induction hypothesis) that b(j) and b(j′) are in a same block of π̂[n]
0,sk−1

. From

the very definition of π̂[n]
sk−1,sk , it is elementary to check that b(j) is the index of the block of π̂[n]

sk−1,sk

containing j. Since π̂
[n]
0,sk

= Coag(π̂
[n]
sk−1,sk , π̂

[n]
0,sk−1

) we deduce that π̂[n]
0,sk

(i) = π and the induction is
complete. We have checked the asserted equality for the restrictions to [n] for any given n ≥ 1. The
lemma follows. �

2.3 Stochastic flows of partitions

We now consider the stochastic flow of partitions of Definition I.1. We first propose a Poissonian
construction of this object and show that almost surely its trajectories are deterministic flows of partitions.
Consequently almost all the trajectories encode a deterministic lookdown graph and can be used to apply
the lookdown construction. Second we consider a stochastic flow of partitions not necessarily constructed
from a Poisson point process. Nothing ensures that almost all its trajectories are deterministic flows of
partitions. However we show the existence of a modification of this stochastic flow of partitions such that
almost all its trajectories are deterministic flow of partitions. The lookdown representation can therefore
be applied to the modification. We will need this result for the unification.
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I - From flows of Lambda F-V to lookdown processes

Poissonian construction

Let (Ω,F ,P) be a probability space. Fix a finite measure Λ on [0, 1) and consider a Λ lookdown
graph P as introduced in Definition I.8. Note that for P-a.a. ω ∈ Ω, for all s < t and all n ≥ 1 the point
collection P(ω)|[s,t]×Sn

has a finite number of points. Therefore we define for P-a.a. ω the deterministic

flow of partitions Π̂(ω) by setting Π̂(ω) := J−1(P(ω)).

PROPOSITION I.14. The collection of partitions Π̂ is a Λ flow of partitions.

Proof The cocycle and continuity properties are verified for P-a.a. trajectories by construction. The
independence of the increments comes from the independence properties of Poisson point processes.
Finally the Poissonian construction of coalescent processes (see Section 4.2.3 of the book of Bertoin [9])
ensures that (Π̂−t,0, t ≥ 0) is a Λ coalescent. �

The trajectories of the stochastic flow of partitions obtained from this Poisson point process are P-a.s. de-
terministic flows of partitions. Actually they enjoy several nice regularity properties as the following
result shows (the proof is postponed to Subsection 6.1).

PROPOSITION I.15. On a same event of P-probability one, the following holds true:

i) The trajectories of Π̂ are deterministic flows of partitions.

ii) (Regularity in frequencies) For every s ∈ R, t ≥ 0 the partitions Π̂s,s+t, Π̂s,s+t−, Π̂s−,s+t possess

asymptotic frequencies and whenever t > 0 we have the following convergences for every integer

i ≥ 1

lim
ǫ↓0

|Π̂s,s+t+ǫ(i)| = lim
ǫ↓0

|Π̂s+ǫ,s+t(i)| = |Π̂s,s+t(i)|

lim
ǫ↓0

|Π̂s,s+t−ǫ(i)| = |Π̂s,s+t−(i)|

lim
ǫ↓0

|Π̂s−ǫ,s+t(i)| = |Π̂s−,s+t(i)|

iii) For every s ∈ R, t 7→ ∑

i≥1 |Π̂s,s+t(i)| is càdlàg on (0,∞).

Let ξ0 = (ξ0(i))i≥1 be a sequence of i.i.d. uniform[0, 1] r.v. As remarked after Lemma I.13, one can
construct the lookdown process associated with P and ξ0 as follows.

DEFINITION I.16 (Second definition of the lookdown process.). The lookdown process associated

with Π̂ and ξ0 is the unique collection of processes (ξt(i), t ≥ 0), i ≥ 1 such that for every integers

i, j ≥ 1 and all t ≥ 0
i ∈ Π̂0,t(j) ⇒ ξt(i) = ξ0(j).

This process coincides with the lookdown process associated with P and ξ0 of Definition I.9.

The exchangeability of Π̂0,t and ξ0 ensures that (ξt(i))i≥1 is itself exchangeable (see for instance the
proof of Theorem 2.1 in [9]). The original formalism of the lookdown representation does not provide
such an immediate argument for the exchangeability. Now we set for all t ≥ 0

E0,t :=
∑

i≥1

|Π̂0,t(i)|δξ0(i) +
(
1−

∑

i≥1

|Π̂0,t(i)|
)
ℓ

where ℓ is the Lebesgue measure on [0, 1]. This definition makes sense on the event of P-probability one
of Proposition I.15.
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PROPOSITION I.17. The process (E0,t(Π̂, ξ0), t ≥ 0) is a càdlàg Λ Fleming-Viot process. It

coincides P-a.s. with the process of empirical measures of the lookdown process (ξt(i), t ≥ 0), i ≥ 1
introduced in Theorem I.5.

REMARK I.18. The process (E0,t(Π̂, ξ0), t > 0) is even càdlàg for the total variation distance on

M1.

Proof From Proposition I.15, we know that P-a.s. (E0,t(Π̂, ξ0), t > 0) is a càdlàg M1-valued process.
Moreover for all t ≥ 0, P-a.s. E0,t(Π̂, ξ0) coincides with the empirical measure of (ξt(i), i ≥ 1) (see for
instance Lemma 2 of Foucart [34]). From Theorem I.5, we know that the process of empirical measures
of the lookdown process is a càdlàg Λ Fleming-Viot process. Since two càdlàg processes that coincide
P-a.s. for all rational values, are P-a.s. equal, the almost sure equality follows. �

Regularisation

We now consider a Λ flow of partitions Π̂ in the sense of Definition I.1. Observe that its trajectories
are not necessarily deterministic flows of partitions. Indeed, the cocycle property does not necessarily
hold simultaneously for all triplets r < s < t on a same event of probability one. Hence the bijection J

cannot be directly applied to obtain lookdown graphs. Below we prove the existence of a modification ˜̂
Π

whose trajectories are genuine deterministic flows of partitions. The reason that motivates this technical
discussion is that we will identify in Section 5 a stochastic flow of partitions embedded into a flow of
bridges from which we will construct a lookdown process.

PROPOSITION I.19. Let Π̂ be a Λ flow of partitions. There exists a collection of partitions
˜̂
Π such

that for all s ≤ t, almost surely Π̂s,t =
˜̂
Πs,t and such that on a same event ΩΠ̂ of probability one, all the

trajectories
˜̂
Π(ω) are deterministic flows of partitions.

Our strategy of proof is to restrict to the rational marginals of the flow of partitions Π̂, and to prove
that they verify the properties of a deterministic flow of partitions up to an event of probability zero.
Then, we take right and left limits on this object and prove that we recover a modification of the initial
flow. The proof is postponed to Subsection 6.2.

REMARK I.20. From a stochastic flow of partitions, we have been able to define a regularised

modification. Note that this operation does not seem possible for a stochastic flow of bridges. Indeed,

a key argument in our proof relies on the continuity of the coagulation operator whereas this property

does not hold with the composition operator for bridges.

3 The Eves

We start with the classification into four regimes of the Λ Fleming-Viot process. In view of the proof
of Proposition I.2, we recall some results of the literature on the behaviour of the Λ coalescent, we refer
to Pitman [66], Schweinsberg [69], Bertoin and Le Gall [15], Gnedin et al. [36] and Freeman [35] for the
proofs. Let (Πt, t ≥ 0) be a Λ coalescent. We use the regimes introduced in the statement of Proposition
I.2 which are characterised in terms of the measure Λ. In regime DISCRETE, almost surely for all t > 0
the partition Πt has dust and finitely many non-singleton blocks. In regime INTENSIVE W. DUST, almost
surely for all t > 0 the partition Πt has dust and infinitely many non-singleton blocks. In regime INTEN-
SIVE ∞, almost surely for all t > 0 the partition Πt has no dust and infinitely many non-singleton blocks.
Finally in regime CDI, almost surely for all t > 0 the partition Πt has no dust and finitely many non-
singleton blocks. In the latter regime, we say that the Λ coalescent Comes Down from Infinity (CDI).
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I - From flows of Lambda F-V to lookdown processes

Proof of Proposition I.2. Let (ρt, t ≥ 0) be a Λ Fleming-Viot process. Fix t > 0. We know that ρt
has the same distribution on M1 as the r.v. E0,t(Π̂, ξ0) defined in Subsection 2.3. By definition of the
measure E0,t(Π̂, ξ0), the dust and the number of atoms of this random probability measure have the same
law as the dust and the number of non-singleton blocks of a Λ coalescent taken a time t. Using the results
on the Λ coalescent recalled above, we obtain the asserted classification. �

To study the existence of the Eves we need to deal with a regular version of the Λ Fleming-Viot
process. Let P be the distribution of the Λ Fleming-Viot process on the space D := D([0,∞),M1) of
càdlàg M1-valued functions endowed with the usual Skorohod’s topology. Recall that M1 is equipped
with the topology of the weak convergence of probability measures. We denote by B(D) the Borel
sigma-field associated with D augmented with the P-null sets. Recall also from Proposition I.17 that one
can get such a regular version of the Λ Fleming-Viot process using the lookdown representation.

PROPOSITION I.21. The set

O := {ρ ∈ D : ρ admits an infinite sequence of Eves}

belongs to B(D). Moreover the map

D ∩ O → [0, 1]N

ρ 7→ (ei)i≥1

is measurable when [0, 1]N is endowed with the product sigma-field.

Proof We start with regimes DISCRETE, INTENSIVE W. DUST and INTENSIVE ∞. We set for any k, l, n ≥ 1
and any ǫ ∈ (0, 1)

O(k, ǫ, l, n):=
⋃

i1,...,ik∈[2n]

⋂

j∈[k]

⋂

t≥l
t∈Q

{

ρt

([ ij − 1

2n
,
ij
2n

))

> (1− ǫ)

(

1−
j−1
∑

m=1

ρt

([ im − 1

2n
,
im
2n

)))}

which is clearly an element of B(D). Subsequently we set

O(k) =
⋂

ǫ∈(0,1)∩Q

lim
l→∞

lim
n→∞

O(k, ǫ, l, n).

The event O(k) is the event where the k first Eves exist. Then O = lim ↓ O(k) so that O belongs to
B(D). The event {e1 ≤ x} is then obtained by modifying the definition of O(1, ǫ, l, n) by restricting to
the i1’s which are smaller than inf{j ∈ [2n] : x ≤ j2−n} and taking the union on n ≥ 1 and the limit as
l → ∞ and ǫ ↓ 0. This can be easily generalised to prove the measurability of the whole sequence.

We now turn to regime CDI which is more involved. We rely on the following four claims.
Claim 1. The set

C :=

{

ρ ∈ D :
∀t ∈ Q∗

+, ρt is a weighted sum of finitely many atoms
∀t, s ∈ Q∗

+ the atoms as time t+ s are a subset of the atoms at time t.

}

belongs to B(D).

Claim 2. On the set C, for all t > 0 the measure ρt is a sum of finitely many atoms. Furthermore, for
every s ∈ Q∗

+ and every t > s the atoms of ρt are necessarily atoms of ρs.

Consequently on C we can define #ρt as the number of atoms of the measure ρt for any given time
t > 0. Of course ρ 7→ #ρt is measurable from C to N.
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3. The Eves

Claim 3. For every i ≥ 2 and every ρ ∈ C we define the following quantity τi := inf{t > 0 : #ρt <
i}. Then τi is a Ht-stopping time where Ht := σ(ρs, s ∈ [0, t]) augmented with the P-null sets.

Claim 4. The set

C ′ :=






ρ ∈ D :

∀t ∈ R∗
+, ρt is a weighted sum of finitely many atoms

∀t, s ∈ R∗
+ the atoms as time t+ s are a subset of the atoms at time t

t 7→ #ρt is càdlàg on (0,∞)







belongs to B(D).

The set O is the subset of C ′ where t 7→ #ρt makes only jumps of size −1 so that it belongs to B(D).
To end the proof of Proposition I.21 in regime CDI we observe that on the event O, we have for every
x ∈ [0, 1]

{e1 ≤ x} = O
⋂

(
⋃

t∈Q+

{ρ : #ρt = 1, ρt([0, x]) = 1}
)

so that the measurability of e1 is immediate. This can be generalised easily to prove the measurability of
the whole sequence.
Proof of Claim 1. For every t, s > 0 and every k ≥ 1,m ≥ 0, n ≥ 1 let

C(k, t,m, s, n) :=
⋃

i1,...,ik+m∈[2n]
i1,...,ik+mare distinct

(
⋂

j∈[k]

{

ρt

([ ij − 1

2n
,
ij
2n

))

> 0; ρt+s

([ ij − 1

2n
,
ij
2n

))

> 0

}

⋂

k<j≤k+m

{

ρt

([ ij − 1

2n
,
ij
2n

))

> 0; ρt+s

([ ij − 1

2n
,
ij
2n

))

= 0

}

⋂

i∈[2n],i 6=i1,...,ik+m

{

ρt

([ i− 1

2n
,
i

2n

))

= ρt+s

([ i− 1

2n
,
i

2n

))

= 0
})

which is obviously a measurable set. Then we have

C =
⋂

t,s∈Q∗
+

⋃

k≥1

⋃

m≥0

lim
n→∞

C(k, t,m, s, n).

so that it is a Borel set of D. Claim 1 is proved.
Proof of Claim 2. Fix t > 0 and let s ∈ (0, t) ∩ Q. We restrict ourselves to ρ’s which belong to C. We
know that for every ǫ > 0 such that t + ǫ ∈ Q the atoms of ρt+ǫ are atoms of ρs. Let S be the union
of the atoms of ρt+ǫ when ǫ varies. Necessarily S is a finite set so that it is a closed set of [0, 1]. By the
right continuity of ρ we deduce that

ρt([0, 1]\S) ≤ lim
ǫ↓0

ρt+ǫ([0, 1]\S) = 0

where implicitly ǫ is taken such that t + ǫ belongs to Q. This ensures that ρt is a sum of finitely many
atoms which are also atoms of ρs. Claim 2 is proved.
Proof of Claim 3. If τi ≤ t then there are two cases. Either at time t the number of atoms is smaller than
i, this is a measurable event. Or at any time s ∈ {t} ∪

(
(0, t) ∩ Q

)
the number of atoms is larger than

or equal to i and there exists at least one time r ∈ (0, t)\Q such that #ρr < i. Let us show that the
latter case is measurable. Fix m ≥ 0 and consider the interval of time (s−, s+) on which for all rational
t ∈ (s−, s+) ∩ Q the measure ρt has m + i atoms. We call a1 < . . . < am+i these atoms. By the right
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continuity of ρ we know that t 7→ ρt({a1}), . . . , ρt({am+i}) are càdlàg processes on [s−, s+). For each
collection j1 < . . . < jm+1 of m+ 1 indices among [m+ i], we introduce the hitting time of 0 ∈ Rm+1

by (s−, s+) ∋ t 7→
(
ρt({aj1}), . . . , ρt({ajm+1})

)
which is a stopping time in the augmented filtration

Ht. Then {τi < t} coincides P-a.s. with the union on m ≥ 0 and on the j1 < . . . < jm+1’s of the event
where this hitting time belongs to (s−, s+). The claim follows.
Proof of Claim 4. The set C ′ is the subset of C where the times τi are the infimum of the rational times
at which ρ has less than i atoms. Therefore

C ′ := C
⋂

i≥2

{

τi = inf{t ∈ Q∗
+ : #ρt < i}

}

and the claim follows. This ends the proof of the proposition. �

From now on, we rely on the lookdown representation to study the Eves. We consider a probability
space (Ω,F ,P) on which is defined a Λ flow of partitions Π̂ arising from the Poissonian construction of
Subsection 2.3 and an independent sequence ξ0 of i.i.d. uniform[0, 1] r.v. We then set ρt := E0,t(Π̂, ξ0)
for all t ≥ 0. Proposition I.17 ensures that (ρt, t ≥ 0) is a Λ Fleming-Viot P-a.s. càdlàg. The study of the
existence of the Eves in regime CDI requires a precise description of the behaviour of the Λ Fleming-Viot
process.

LEMMA I.22. In regime CDI we define for every i ≥ 1 the r.v. d(i) := inf{t > 0 : |Π̂0,t(i)| = 0}.

Then P-a.s. for every i ≥ 1 we have d(i) = inf{t > 0 : Π̂0,t(i) = ∅}. Consequently P-a.s.

• for every i ≥ 1, d(i) ≥ d(i+ 1),

• for every i ≥ 1, the block Π̂0,t(i) has a strictly positive frequency when t ∈ (0, d(i)) and is empty

when t ∈ [d(i),∞),

• d(i) ↓ 0 as i → ∞.

Proof First observe the following deterministic fact. For any two partitions π, π′ ∈ P∞, if π has n
blocks then Coag(π′, π) has at most n blocks. Recall that in regime CDI at any time t > 0 the exchange-
able partition Π̂0,t has P-a.s. finitely many blocks that all have stricly positive asymptotic frequency.
Using these two observations, we easily get that P(C) = 1 where C is the event introduced in Claim 1
of the proof of Proposition I.21.
We now prove that P(C ′) = 1 where C ′ is the event introduced in Claim 4. For every i ≥ 2 we de-
fine qi := inf{t ∈ Q∗

+ : #ρt < i}. As P(C) = 1 we know that P-a.s. the sequence qi, i ≥ 2 is
non-increasing. Since Π̂0,0 = O[∞] and P-a.s. for every t ∈ Q∗

+ the partition Π̂0,t has a finite num-
ber of blocks which have positive asymptotic frequencies we deduce that P-a.s. the sequence qi, i ≥ 2
has no positive lower bound and thus converges to 0. For every i ≥ 2 and every ǫ ∈ Q∗

+ we define
τi(ǫ) := inf{t ≥ ǫ : #ρt < i}. The right continuity of ρ and the P-a.s. finiteness of the number of atoms
on [ǫ,∞) entail that P-a.s. the measure ρτi(ǫ) has less than i atoms. Furthermore the arguments in the
proof of Claim 3 above ensure that this is an Ht-stopping time. Then Proposition 3.1 in Donnelly and
Kurtz [24] yields that the sequence (ξτi(ǫ)(j))j≥1 is exchangeable. Necessarily its empirical measure is
P-a.s. equal to ρτi(ǫ). By de Finetti Theorem (see for instance p.103 in Bertoin [9]) conditionally on
ρτi(ǫ) the sequence (ξτi(ǫ)(j))j≥1 is i.i.d. with distribution ρτi(ǫ). Therefore P-a.s. this sequence takes

its values in the set of atoms of ρτi(ǫ) and therefore Π̂0,τi(ǫ) has at most i− 1 blocks. This together with

the exchangeability of Π̂0,t at any given time t ensures the existence of an event Ω∗ of P-probability 1
on which Π̂ fulfils the regularity properties of Proposition I.15, on which ρ ∈ C and on which for all
t ∈ Q∗

+ ∪ {τi(ǫ), i ≥ 2, ǫ ∈ Q∗
+} we have
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(a) #Π̂0,t = #ρt,

(b) |Π̂0,t(j)| = ρt({ξ0(j)}) is strictly positive i.f.f. j ≤ #Π̂0,t.

We work deterministically on Ω∗. Fix i ≥ 2. There exists ǫ ∈ Q∗
+ such that ǫ < qi. Suppose that

τi(ǫ) < qi. Then by (a) and (b) above and the deterministic fact at the beginning of the proof, we have
#ρt < i for all t ∈ [τi(ǫ),∞) which is in contradiction with the definition of qi. Therefore τi(ǫ) = qi
and for all ǫ′ ∈ Q∗

+ such that ǫ′ < ǫ we have τi(ǫ
′) = qi. Since τi = limǫ↓0 τi(ǫ) we deduce that τi = qi.

Consequently P(C ′) = 1.
Set τ1 = ∞. Notice that the right continuity of the asymptotic frequencies of the blocks ensures that
|Π̂0,d(i)(i)| = 0. For every i ≥ 1 the atom ξ0(i) disappears at time d(i) and thus necessarily d(i) = τk
for a certain k ≥ 1. Let us that d(i) = τi for every i ≥ 1. If d(1) < ∞ then properties (a) and (b) above
hold true for t = d(1) and we deduce that #Π̂0,d(1) has no blocks which is not possible for a partition.
Consequently d(1) = ∞. We now prove by induction that d(i) = τi ≤ d(i− 1) for every i ≥ 2. At rank
i = 2, we know that for all t ∈ (0, d(2)) we have ρt({ξ0(j)} > 0 when j = 1, 2 so that #ρt ≥ 2 and
τ2 ≥ d(2). Since ρd(2)({ξ0(2)}) = 0 we deduce using property (b) above that τ2 = d(2). As d(1) = ∞,
the inequality d(2) ≤ d(1) is trivially verified. Suppose now that d(j) = τj for all j ∈ [i− 1] with i ≥ 2
being given. Necessarily d(i) ≤ d(i − 1). Indeed if d(i) > d(i − 1) then ρd(i−1)({ξ0(i)}) > 0 and
property (b) would yield that ρd(i−1)({ξ0(i− 1)}) > 0 which is contradictory. Now observe that for all
t ∈ (0, d(i)) we have ρt({ξ0(j)}) > 0 for j ∈ [i] so that #ρt ≥ i. Consequently d(i) is the first time
at which ρ has less than i atoms. Hence d(i) = τi. The induction is complete. We have shown that for
every i ≥ 1 on (0, d(i)) the asymptotic frequency of Π̂0,t(i) is strictly positive and that Π̂0,t(i) is empty
on [d(i),∞). Furthermore since d(i) = qi we know that the sequence d(i), i ≥ 2 is non-increasing and
converges to 0. �

The following proposition justifies the use of the lookdown representation in the study of the Eves. Recall
that we are in the Eves - extinction case when the Λ Fleming-Viot process is in regime CDI and admits
an infinite sequence of Eves, while we are in the Eves - persistent case when the Λ Fleming-Viot process
is in any other regime and admits an infinite sequence of Eves.

PROPOSITION I.23. Let (ρt, t ≥ 0) be a Λ Fleming-Viot process constructed with the lookdown

representation. Then P-a.s. ξ0(1) coincides with the primitive Eve of Bertoin and Le Gall. If we assume

that the Λ Fleming-Viot process P-a.s. admits an infinite sequence of Eves (ei, i ≥ 1) then we have P-a.s.

for every i ≥ 1, ei = ξ0(i).

Proof Consider first the Eves - extinction case. By construction of ρ, we know that P-a.s. for all t ≥ 0

ρt =

#Π̂0,t∑

i=1

|Π̂0,t(i)|δξ0(i)

where #π denotes the number of blocks of a partition π. The existence of the infinite sequence of Eves
ensures that P-a.s. for every i ≥ 1 we have d(i) > d(i + 1) where d(i) has been introduced in Lemma
I.22. This lemma actually shows that the extinction time of ξ0(i) is equal to d(i). Consequently P-a.s.
for every i ≥ 1 we have ξ0(i) = ei. Consider now the Eves - persistent case. For all t ≥ 0, we denote
by at(1) ≥ at(2) ≥ . . . ≥ 0 the masses of ρt ranked in the decreasing order. We prove by induction on
i ≥ 1 that

P(∀j ∈ [i], Π̂0,t(j) = at(j)) −→
t→∞

1 and P-a.s. ∀j ∈ [i],
|Π̂0,t(j)|

1−∑j−1
k=1 |Π̂0,t(k)|

−→
t→∞

1.
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We start at rank i = 1. From the definition of ρ, there is a one-to-one correspondence between the blocks
of Π̂0,t with positive frequency and the masses of ρt. The definition of e1 entails that P-a.s. |Π̂0,t(1)|
converges to either 0 or 1 as t → ∞ and that at(1) converges to 1 as t → ∞. The exchangeability of
the partition Π̂0,t implies that P(|Π̂0,t(1)| = at(1)|(at(k))k≥1) = at(1). Consequently P(|Π̂0,t(1)| =
at(1)) → 1 as t → ∞ by the dominated convergence theorem. This implies that P-a.s. |Π̂0,t(1)| → 1 as
t → ∞. The claimed property is proved at rank i = 1. Assume that it holds at a given rank i − 1 ≥ 1.
The existence of an infinite sequence of Eves yields that

at(i)

1−∑i−1
j=1 at(j)

−→
t→∞

1.

The one-to-one correspondence between the atoms of ρt and the blocks of Π̂0,t with positive frequency
along with the induction hypothesis and the existence of an infinite sequence of Eves imply that P-a.s.

Π̂0,t(i)

1−∑i−1
j=1 Π̂0,t(j)

converges to either 0 or 1 as t → ∞. The exchangeability of Π̂0,t entails that

P

(

|Π̂0,t(i)| = at(i)
∣
∣
∣ {∀j ∈ [i− 1], |Π̂0,t(j)| = at(j)}; (at(k))k≥i

)

=
at(i)

1−∑i−1
j=1 at(j)

.

Using the dominated convergence theorem and the arguments above we deduce that P(Π̂0,t(i) = at(i))

converges to 1. Henceforth P-a.s. Π̂0,t(i)

1−
∑i−1

j=1 Π̂0,t(j)
goes to 1 as t goes to infinity and the induction is

complete. Since for all i ≥ 1, ρt({ξ0(i)}) = |Π̂0,t(i)| we deduce from the convergence obtained by
induction and the uniqueness of the Eves that P-a.s. ξ0(i) = ei.
In the case where the Λ Fleming-Viot process does not admit an infinite sequence of Eves the arguments
above still hold for the primitive Eve. �

COROLLARY I.24. Consider a càdlàg Λ Fleming-Viot process that admits P-a.s. an infinite se-

quence of Eves (ei, i ≥ 1). Then the Eves are i.i.d. uniform[0, 1] and are independent of the sequence

(ρt({ei}), t ≥ 0), i ≥ 1.

Proof First assume that the Λ Fleming-Viot process is obtained via the lookdown representation. Since
(ξ0(i), i ≥ 1) is a sequence of i.i.d. uniform[0, 1] r.v. independent of Π̂ and since for every i ≥ 1,
(ρt({ei}), t ≥ 0) = (Π̂0,t(i), t ≥ 0) then Proposition I.23 ensures that the asserted result holds. Now
consider any càdlàg Λ Fleming-Viot process (ρt, t ≥ 0). Proposition I.21 ensures that the Eves are
σ(ρ)-measurable r.v. and therefore their distribution coincides with that obtained via the lookdown con-
struction. �

4 Results on the existence of the Eves

The goal of this section is to prove Theorem I.1, Proposition I.4 and Theorem I.2. We consider each
of the four regimes separately. Except for regime INTENSIVE ∞ we rely on the lookdown representation
of the Λ Fleming-Viot process. Let (Ω,F ,P) be a probability space on which is defined a Λ flow of
partitions arising from the Poissonian construction and an independent sequence ξ0 of i.i.d. uniform[0, 1]
r.v. We set ρt := E0,t(Π̂, ξ0) for all t ≥ 0. We also rely on the lookdown process (ξt(i), t ≥ 0), i ≥ 1
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defined from Π̂ and ξ0 according to Definition I.16. Let us introduce some technical tools for later use.
We define the filtration

Ft := σ(Π̂0,s, 0 ≤ s ≤ t), t ≥ 0 (I.7)

associated to the flow of partitions. We augment this filtration with the P-null sets.

LEMMA I.25. The process (Π̂0,t, t ≥ 0) is a P∞-valued Markov process with a Feller semigroup.

For any Ft-stopping time τ , conditionally given {τ < ∞} the process (Π̂τ,τ+t, t ≥ 0) is independent of

Fτ and has the same distribution as (Π̂0,t, t ≥ 0).

Proof The very definition of stochastic flows of partitions ensures that (Π̂0,t, t ≥ 0) is Markov with a
semigroup Qt defined as follows. For every π ∈ P∞ and every bounded measurable map f on P∞

Qtf(π) = E

[

f(Coag(Π̂0,t, π))
]

.

Consider a bounded continuous map f . Since Coag is a bi-continuous operator (see Section 4.2 of
the book of Bertoin [9]), the dominated convergence theorem ensures that π 7→ Qtf(π) is a bounded
continuous map. Since P∞ is a compact metric space, the map f is uniformly continuous. For every
ǫ > 0, there exists n ≥ 1 such that dP(π, π′) ≤ 2−n ⇒ |f(π) − f(π′)| < ǫ where dP is the distance
introduced in Formula (I.3). Thus we get

sup
π∈P∞

|Qtf(π)− f(π)| ≤ ǫP
(
Π̂

[n]
0,t = O[n]

)
+ 2 sup

π∈P∞

|f(π)|
(

1− P
(
Π̂

[n]
0,t = O[n]

))

Since Π̂0,t → O[∞] in probability as t ↓ 0, the right member goes to ǫ as t ↓ 0. This implies the Feller
property of Q. Let τ be an Ft-stopping time. Let A ∈ Fτ . Let f1, . . . , fp be p ≥ 1 bounded continuous
maps on P∞. We want to prove that for every 0 ≤ t1 ≤ . . . ≤ tp

E[1A1{τ<∞}f1(Π̂τ,τ+t1) . . . fp(Π̂τ,τ+tp)] = E[1A1{τ<∞}]E[f1(Π̂0,t1) . . . fp(Π̂0,tp)].

We check the result for p = 1, since the general case can be treated similarly. For every integer n ≥ 1,
let τn be the smallest real number of the form k/n which is strictly larger than τ . The right continuity of
the trajectories at the first line, the independence and stationarity of the increments of a flow of partitions
at the third and fourth lines ensure that

E[1A1{τ<∞}f1(Π̂τ,τ+t1)] = lim
n→∞

E[1A1{τ<∞}f1(Π̂τn,τn+t1)]

= lim
n→∞

∑

k≥0

E[1A1{(k−1)/n≤τ<k/n}f1(Π̂k/n,k/n+t1)]

= lim
n→∞

∑

k≥0

E[1A1{(k−1)/n≤τ<k/n}]E[f1(Π̂k/n,k/n+t1)]

= E[1A1{τ<∞}]E[f1(Π̂0,t1)].

�

We also introduce the lowest level associated to an ancestor.

DEFINITION I.26. For all t ≥ 0 and every i ≥ 1, we set Lt(i) := inf{j ≥ 1 : j ∈ Π̂0,t(i)} where

inf ∅ = ∞ by convention. The r.v. Lt(i) is the lowest level at time t that belongs to the progeny of the

i-th ancestor.

In regime CDI and from Lemma I.22 we know that P-a.s. for every i ≥ 1 the r.v. Lt(i) < ∞ when
t ∈ [0, d(i)) while Lt(i) = ∞ when t ∈ [d(i),∞).
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LEMMA I.27. Let π be a deterministic partition with a unique non-singleton block whose index is

k ≥ 1. Assume that π(k) admits an asymptotic frequency, say u ∈ (0, 1]. Then for any exchangeable

random partition π′ almost surely the partition Coag(π, π′) admits asymptotic frequencies and we have

∀i ≥ 1, |Coag(π, π′)(i)| = |π′(i)|(1− u) + 1{k∈π′(i)}u.

Proof Lemma 4.6 in the book of Bertoin [9] ensures that Coag(π, π′) admits asymptotic frequencies
almost surely, we only need to prove the asserted formula on the these frequencies. Let γ(n) := minπ(n)
be the smallest integer in the n-th block of π. Since π has an infinite number of blocks, γ(n) goes to
infinity as n tends to infinity. Observe that

∀n ≥ 1, γ(n)−
(
#{π(k) ∩ [γ(n)]} − 1

)
∨ 0 = n.

We thus get that n/γ(n) goes to 1−u as n goes to infinity. From the definition of the coagulation operator
for every i ≥ 1 if k ∈ π′(i) then the block Coag(π, π′)(i) contains the elements in π(k) together with
the images through γ of the elements in π′(i) while if k /∈ π′(i) then the block Coag(π, π′)(i) contains
only the images through γ of the elements in π′(i). Therefore we get for every n ≥ k

#
(

Coag(π, π′)(i)
⋂

[γ(n)]
)

= #
(
π′(i) ∩ [n]

)
+ 1{k∈π′(i)}

(

#
(
π(k) ∩ [γ(n)]

)
− 1

)

Since the blocks of π′ have asymptotic frequencies almost surely and since n/γ(n) → 1− u we get the
asserted equality of the lemma by dividing both members of the above formula by γ(n) and taking the
limit as n → ∞. �

4.1 Regime DISCRETE

Recall from Proposition I.23 that the primitive Eve e of Bertoin and Le Gall is almost surely equal
to ξ0(1). Consider the process t 7→ ρt([0, 1]\{ξ0(1)}). Theorem 4 of Bertoin and Le Gall [13] shows
that this process is Markov with a Feller semigroup. Since we have constructed ρ with the lookdown
representation, t 7→ ρt([0, 1]\{ξ0(1)}) evolves at the reproduction events of the lookdown process. In
regime DISCRETE, these reproduction events are finitely many on any compact interval of time. Therefore
we can enumerate {(s, Π̂s−,s) : s > 0, Π̂s−,s 6= O[∞]} by increasing time coordinates, say (ti, πi), i ≥ 1.
For each partition πi, we let ui be the asymptotic frequency of its unique non-singleton block (these
asymptotic frequencies are well-defined on a same event of probability one, see the proof of Proposition
I.15). From Formula (I.6) we deduce that the ui’s are i.i.d. with distribution ν(du)/ν([0, 1)). We work
with the collection (ti, ui), i ≥ 1. We then set X0 := 1 and for every i ≥ 1, Xi := ρti([0, 1]\{ξ0(1)}).
From the above arguments, we deduce that (Xi, i ≥ 0) is a Markov chain. Let us denote by Qx the
distribution of this Markov chain when it starts from x ∈ (0, 1]. The following lemma provides the
transition probabilities of this chain.

LEMMA I.28. Fix x ∈ (0, 1] and let u be a r.v. with law ν(du)/ν([0, 1)). Under Qx the r.v. X1 is

distributed as follows:

X1 =

{

(1− u)x with probability u+ (1− x)(1− u)

(1− u)x+ u with probability x(1− u).
(I.8)

Proof We use the lookdown representation and work under measure P in the proof. Fix i ≥ 1. We have
P-a.s. Xti = 1 − |Π̂0,ti(1)| and Π̂0,ti = Coag(πi, Π̂0,ti−1). Let K be the index of the non-singleton
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block of πi. Lemma I.27 entails that P-a.s. if K ∈ Π̂0,ti−1(1) then |Π̂0,ti(1)| = |Π̂0,ti−1(1)|(1−ui)+ui
while if K /∈ Π̂0,ti−1(1) then |Π̂0,ti(1)| = |Π̂0,ti−1(1)|(1− ui). Therefore

P
(
Xi = Xi−1(1− ui) |ui,Xi−1

)
= P(K ∈ Π̂0,ti−1(1) |ui,Xi−1)

P
(
Xi = Xi−1(1− ui) + ui |ui,Xi−1

)
= P(K /∈ Π̂0,ti−1(1) |ui,Xi−1)

Observe that P-a.s. {K ∈ Π̂0,ti−1(1)} = {ξti−1(K) = ξ0(1)}. Since ui has law ν(du)/ν([0, 1)) and is
independent from Xi−1, the proof boils down to determining P(ξti−1(K) = ξ0(1) |ui,Xi−1). Since πi
is an exchangeable random partition independent of the lookdown process up to time ti−1 and since ui
is the asymptotic frequency of its unique non-singleton block, we have for all k ≥ 1

P
(
K = k | (ξti−1(j))j≥1, ui

)
= (1− ui)

k−1ui.

On the event where K = 1 the parent of the reproduction event is of type ξti−1(1). Recall that ξti−1(1) =
ξ0(1) since the first particle of the lookdown process is constant. On the event where K = k ≥ 2 the
parent of the reproduction event is of type ξti−1(k). Proposition 3.1 of Donnelly and Kurtz [24] ensures
that (ξti−1(j), j ≥ 1) is an exchangeable sequence of r.v. Its empirical measure is P-a.s. equal to ρti−1 .
Consequently

∀k ≥ 2, P
(
ξti−1(k) = ξti−1(1) |ui,Xi−1

)
= 1−Xi−1.

Therefore we get

P(ξti−1(K) = ξ0(1) |ui,Xi−1) =

∞∑

k=1

P(K = k|(ξti−1(j))j≥1, ui)P(ξti−1(k) = ξti−1(1)|ui,Xi−1)

= ui + (1−Xi−1)(1− ui).

This ends the proof of the lemma. �

PROPOSITION I.29. There exists a random time T > 0 after which P-a.s. the process t 7→
ρt({ξ0(1)}) makes only positive jumps. In other terms, eventually all the reproduction events choose

a parent of type ξ0(1).

Proof We work on (Ω,F ,P). We introduce the random variables τ0 := inf{i ≥ 0 : Xi < 1/2} and for
each n ≥ 0, rn := inf{i > τn : Xi − Xi−1 > 0} and τn+1 := inf{i > rn : Xi < 1/2}. We use the
convention inf ∅ = ∞. In words, τ0 is the first time the process X hits (0, 1/2) and r0 is the first time
after τ0 the process X makes a positive jump. Recursively τn+1 is the first time after rn the process X hits
again (0, 1/2), and rn+1 is the time of the next positive jump. Set Fk := σ(Xi, 0 ≤ i ≤ k). Recall that
the objective is to prove that P-a.s. X eventually makes only negative jumps. The proof of the proposition
therefore boils down to showing that P-a.s. the sequence (rn)n≥0 eventually equals +∞. The transition
probabilities of the chain entail that x 7→ Qx(X makes only negative jumps) is decreasing. Thus for all
n ≥ 0, P-a.s.

P(rn+1 = ∞|Fτn+1)1{rn<∞} = QXτn+1
(X makes only negative jumps)1{rn<∞}

≥ Q1/2(X makes only negative jumps)1{rn<∞}

Consequently for all n ≥ 0

P(rn < ∞) ≤
(
1−Q1/2(X makes only negative jumps)

)n+1

59



I - From flows of Lambda F-V to lookdown processes

Hence to prove the proposition it is sufficient to show that Q1/2(X makes only negative jumps) is strictly
positive. From the transition probabilities of the chain, this quantity is equal to

E

[
∏

i≥1

(

ui + (1− ui)
(
1− 1

2

i−1∏

j=1

(1− uj)
))

]

≥ E

[
∏

i≥1

(
1− 1

2

i−1∏

j=1

(1− uj)
)
]

≥ E

[

exp
(∑

i≥1

log
(
1− 1

2

i−1∏

j=1

(1− uj)
))

]

Let us now prove that the negative r.v. inside the exponential is finite almost surely. Its expectation is
given by

E

[
∑

i≥1

log
(
1− 1

2

i−1∏

j=1

(1− uj)
)
]

≥ E

[

− c

2

∑

i≥1

i−1∏

j=1

(1− uj)

]

(I.9)

≥ − c

2

∑

i≥1

E

[ i−1∏

j=1

(1− uj)

]

where c is a positive constant such that log(1 − y) ≥ −c y for all y ∈ [0, 1/2]. We have used the
monotone convergence theorem to go from the first to the second line. We get

E

[ i−1∏

j=1

(1− uj)
]

=

(∫

[0,1)(1− u) ν(du)
∫

[0,1) ν(du)

)i−1

.

The measure ν is supported by (0, 1) since we are in regime DISCRETE, consequently the right mem-
ber is strictly smaller than 1. This ensures that the series at the second line of (I.9) is finite, which
in turn implies the almost sure finiteness of the negative r.v. inside the exponential above. Therefore
Q1/2(X makes only negative jumps) > 0. �

Proof of Theorem I.1 for regime DISCRETE. We know from Lemma I.27 and Proposition I.29 that P-
a.s. for every i ≥ 1 if ti > T then |Π̂0,ti(1)| = (1 − ui)|Π̂0,ti−1(1)| + ui and |Π̂0,ti(2)| = (1 −
ui)|Π̂0,ti−1(2)|. Consequently P-a.s. for every i ≥ 1 if ti > T then ρti([0, 1]\{ξ0(1)}) = (1 −
ui)ρti−1([0, 1]\{ξ0(1)}) and ρti({ξ0(2)}) = (1 − ui)ρti−1({ξ0(2)}). Moreover Proposition I.2 en-
tails that P-a.s. for all t ∈ Q+ the measure ρt has dust and therefore ρt({ξ0(2)}) < ρt([0, 1]\{ξ0(1)}).
Consequently P-a.s. the process

ρt({ξ0(2)})
ρt([0, 1]\{ξ0(1)})

, t ≥ 0 (I.10)

is constant after time T and is strictly lower than 1 so that the Λ Fleming-Viot process does not admit a
second Eve. �

4.2 Regime INTENSIVE W. DUST

Recall that for every n ≥ 2, Lt(n) is defined as the smallest integer in Π̂0,t(n) - or equivalently as the
lowest level with type ξ0(n) at time t ≥ 0. For every t ≥ 0 we let Ct(n) be equal to 1 if Ls(n), s ∈ [0, t]
has been chosen as the parent of a reproduction event, 0 otherwise. In other terms Ct(n) equals 1 if and
only if a reproduction event has chosen a parent of type ξ0(n) on the time interval [0, t]. Let us describe
the dynamics of the pair (Lt(n), Ct(n), t ≥ 0). For every k ≥ 2 and every l ≥ 1 we set

q(k, k + l) :=

(l+1)∧k
∑

i=2

(
k

i

)(
l − 1

l + 1− i

)

λk+l,l+1
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where λk+l,l+1 is defined at Formula (I.1).

LEMMA I.30. The process t 7→ (Lt(n), Ct(n)) is a continuous time Markov chain with values in

N× {0, 1}. For every k ≥ 2 and every l ≥ 1 the transition rates are given by

(k, 0) →
{

(k + l, 0) at rate q(k, k + l)

(k, 1) at rate λk,1

and (k, 1) → (k + l, 1) at rate q(k, k + l)

Proof This is a consequence of the transitions of the lookdown process given at Definition (I.7). Indeed
suppose that the process t 7→ Lt(n) is currently at level k. It jumps to a higher level if a reproduction
event involves at least two levels among [k]. This higher level equals k + l if:

• i levels are involved among the [k] first, with i ∈ {2, . . . , (l + 1) ∧ k},

• l + 1− i levels are involved among {k + 1, . . . , k + l − 1},

• level k + l is not involved.

This yields the rate q(k, k + l). Concerning the second coordinate, observe that level k is chosen as the
parent of a reproduction event at rate λk,1. Once the second coordinate reaches 1 it does not evolve any
more by definition. �

This lemma has two consequences. First the process (Lt(n), t ≥ 0) is a continuous time Markov chain.
Second conditionally given this process, the probability that C∞(n) := lim

t→∞
Ct(n) equals 0 is given by

P
(
C∞(n) = 0

∣
∣ (Lt(n), t ≥ 0)

)
= exp

(

−
∫ ∞

0
λLt(n),1dt

)

.

Finally let us observe that the map k 7→ λk,1 is decreasing.

PROPOSITION I.31. Consider regime INTENSIVE W. DUST and assume that
∫

[0,1) x log
1
x ν(dx) <

∞. Almost surely there exists at least one initial type whose frequency remains null.

REMARK I.32. A simple adaptation of the proof actually shows that there exists an infinity of

initial types whose frequencies remain null.

Proof The frequency of ξ0(n) remains null if L(n) is never chosen as the parent of any reproduction
event or equivalently if C∞(n) = 0. To prove the proposition, it suffices to show the P-a.s. existence of
an integer n ≥ 1 such that C∞(n) = 0. First we claim the existence of an integer n0 ≥ 1 and of a real
value w ∈ (0, 1] such that

∀n ≥ n0, P
(
C∞(n) = 0

)
= E

[

exp
(

−
∫ ∞

0
λLt(n),1 dt

)]

≥ w. (I.11)

We postpone the proof of this claim below and complete the proof of the proposition. First observe that
P-a.s. the set {C∞(n) = 0} coincides with {∀t ≥ 0 : Π̂0,t(n) is a singleton}. We stress that the latter
set P-a.s. coincides with {∀t ≥ 0, |Π̂0,t(n)| = 0}. One inclusion is trivial since a singleton has null
frequency. Let us prove the other inclusion. P-a.s. if at a given time t > 0 the block Π̂0,t(n) is not a
singleton then for all s ≥ 0 the block Π̂0,t+s(n) is not a singleton (otherwise the partition Π̂0,t+s would
have a finite number of blocks and this is not the case in this regime). Moreover P-a.s. for all time t ∈ Q∗

+

the block Π̂0,t(n) is either a singleton or admits a strictly positive asymptotic frequencies. The converse
inclusion follows. Consequently P-a.s. the set {C∞(n) = 0} coincides with {∀t ≥ 0, |Π̂0,t(n)| = 0}.
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Let r0 := inf{t ≥ 0 : |Π̂0,t(n0)| > 0} be the first time at which the n0-th block gets a positive frequency.
On the event where r0 < ∞, we let n1 := inf{n > n0 : |Π̂0,r0(n)| = 0} be the lowest level n such that
ξ0(n) has never reproduced on [0, r0]. Observe that n1 is P-a.s. finite on the event r0 < ∞ since P-a.s.
the partition Π̂0,r0 has singleton blocks. Then recursively we define for every k ≥ 1, rk := inf{t ≥ 0 :
|Π̂0,t(nk)| > 0} and on the event where rk < ∞, nk+1 := inf{n > nk : |Π̂0,rk(n)| = 0}. Here again
on the event where rk < ∞, the r.v. nk+1 is P-a.s. finite thanks to the same argument. To prove the
proposition we need to show that P-a.s. there exists k ≥ 1 such that rk = ∞. From (I.11) we have

P(r0 = ∞) = P
(
C∞(n0) = 0

)
≥ w.

For every k ≥ 0, rk is a stopping time in the filtration Ft, t ≥ 0 of the flow of partitions. Lemma
I.25 entails that on the event where rk < ∞ the process (Π̂rk,rk+t, t ≥ 0) has the same distribution as
(Π̂0,t, t ≥ 0) so that (I.11) does also hold for this process:

∀n ≥ n0, P

(

∀t ≥ 0, |Π̂rk,rk+t(n)| = 0
∣
∣ rk < ∞

)

≥ w.

Thus we get
P(rk+1 = ∞|rk < ∞) ≥ w.

This easily implies that
P(∀k ≥ 0, rk < ∞) = 0

and the proof is complete.

Proof of (I.11). The strategy of the proof is to construct on an auxiliary probability space (A,A,Q)
an integer-valued process Y = (Yt, t ≥ 0) which is stochastically lower than L(n) for every n ≥ n0

with n0 suitably chosen. From the description of the process (L(n), C(n)), the probability under P of
C∞(n) = 0 is bounded below by the expectation under Q of exp

(
−

∫∞
0 λYt,1dt

)
.

Let u∗ be a real value in (0, 1) such that Λ
(
(u∗, 1)

)
> 0 and set a = 4−u∗

4−2u∗ . Notice that a > 1. There
exists n0 ≥ 3 such that

0 < 1−
1− u∗

4 − 2
n0

a
< u∗ ,

4a

(u∗)2n0
< 1 , an0 ≥ n0 + 1. (I.12)

We set u′ := 1− 1−u∗

4
− 2

n0
a . Then we claim that for every n ≥ n0

∞∑

l=0

q(n, ⌊an⌋+ l) ≥
∫

(u′,1)
ν(dx)x2

⌊an⌋−3
∑

j=⌊an⌋−1−n

(⌊an⌋ − 3

j

)

xj(1− x)⌊an⌋−3−j . (I.13)

An analytic proof of this claim is given below but let us make the following comment. On the left, we
have the total rate at which L(n) jumps from n to a level above (or equal to) ⌊an⌋ while on the right, we
have the rate at which occur reproduction events verifying:

• The proportion of individuals involved in the reproduction event belongs to (u′, 1).

• The two first levels participate to the reproduction event.

• Among levels {3, . . . , ⌊an⌋ − 1} the number j of levels that participate is greater than or equal to
⌊an⌋ − 1 − n so that in such a reproduction event L(n) jumps from n to a level above (or equal
to) ⌊an⌋.
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Fix x ∈ (u′, 1), n ≥ n0 and let B be a Binomial r.v. with ⌊an⌋ − 3 trials and probability of success x.
We observe that for every given x ∈ (u′, 1)

⌊an⌋−3
∑

j=⌊an⌋−1−n

(⌊an⌋ − 3

j

)

xj(1− x)⌊an⌋−3−j

is the probability that B is greater than or equal to ⌊an⌋ − 1− n. Let P be the probability distribution of
B. From (I.12), we easily verify that

x(⌊an⌋ − 3)− ⌊an⌋+ 1 + n = n− 2− (1− x)(⌊an⌋ − 3) ≥ n− 2− (1− x)an ≥ u∗

4
n > 0.

Using the Bienaymé-Chebyshev inequality at the third line, we get

P(B < ⌊an⌋ − 1− n) = P
(
B − x(⌊an⌋ − 3) < ⌊an⌋ − 1− n− x(⌊an⌋ − 3)

)

≤ P
(
|B − x(⌊an⌋ − 3)| > n− 2− (1− x)(⌊an⌋ − 3)

)

≤ x(1− x)(⌊an⌋ − 3)
(
n− 2− (1− x)(⌊an⌋ − 3)

)2 ≤ 4a

(u∗)2n

Using (I.13) we get

∫

(u′,1)
ν(dx)x2

⌊an⌋−3
∑

j=⌊an⌋−1−n

(⌊an⌋ − 3

j

)

xj(1− x)⌊an⌋−3−j ≥
∫

(u′,1)
ν(dx)x2

(

1− 4a

(u∗)2n

)

≥ Λ
(
(u′, 1)

)
(1− 4a

(u∗)2n0
) =: r.

Together with (I.12) this ensures that the rate at which the process L jumps from n to a level above or
equal to ⌊an⌋ is greater or equal to r > 0, uniformly for all n ≥ n0. Consider an auxiliary probability
space (A,A,Q) on which is defined a Poisson process with rate r. Denote by 0 = t0 < t1 < t2 < . . .
the jump times of this Poisson process. Still on (A,A,Q) we define the process Y = (Yt, t ≥ 0) as
follows. Initially Y0 = n0, and Y stays constant on every interval [tk, tk+1) while its transitions are
given by Ytk+1

= ⌊aYtk⌋. We then set b := inf{⌊an⌋/n, n ≥ n0}. Thanks to (I.12) we have for every
n ≥ n0, ⌊an⌋/n ≥ (n + 1)/n. Moreover ⌊an⌋/n → a > 1 as n → ∞. Consequently b > 1 and thus
for every k ≥ 0, Ytk ≥ bk. From the bound obtained on the jump rates, we deduce that the process Y is
stochastically lower than the process L(n) for every n ≥ n0. Set w(n) := P

(
C∞(n) = 0

)
. For every

n ≥ n0 we have

w(n) ≥ Q
[

exp
(
−

∑

k≥0

(tk+1 − tk)λYtk
,1

)]

= exp
( ∞∑

k=0

log
( r

r + λYtk
,1

))

.

The right member is strictly positive if and only if
∑

k≥0 λYtk
,1 < ∞. Using the simple inequality

∀m ≥ 1, λm,1 ≤
∫

(0,m− 1
2 ]
x ν(dx) + (1−m− 1

2 )m−1

∫

(0,1)
x ν(dx)

we get
∞∑

k=0

λYtk
,1 ≤

∞∑

k=0

∫

(
0,b−

k
2

] x ν(dx) +

∞∑

k=0

(1− Y
− 1

2
tk

)Ytk
−1

∫

(0,1)
x ν(dx)
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The second sum on the right converges since Ytk ≥ bk > 1. Thus we deduce that
∑

k≥0 λYtk
,1 < ∞ if

∞∑

k=0

∫

(
0,b−

k
2

] x ν(dx) < ∞.

Observe that this last quantity is equal to

∞∑

k=0

(k + 1)

∫

(
b−

k+1
2 ,b−

k
2

]x ν(dx) =

∞∑

k=0

∫

(
b−

k+1
2 ,b−

k
2

]x ν(dx) +

∞∑

k=0

k

∫

(
b−

k+1
2 ,b−

k
2

]x ν(dx)

=

∫

[0,1)
xν(dx) +

2

log b

∞∑

k=0

log
(

b
k
2

)∫

(
b−

k+1
2 ,b−

k
2

]x ν(dx)

which is finite since
∫

[0,1) x log
1
x ν(dx) < ∞. Therefore w := infn≥n0 w(n) > 0.

Proof of (I.13). Consider the set S := {1, . . . , ⌊an⌋+ l − 1}. Observe that

(⌊an⌋+l+1−n)∧n
∑

i=2

(
n

i

)( ⌊an⌋+ l − n− 1

⌊an⌋+ l + 1− n− i

)

is the number of combinations with ⌊an⌋+ l+ 1− n elements among S with at least 2 elements among
{1, . . . , n}. This number is greater than the number of combinations with ⌊an⌋ + l + 1 − n elements
among S with the constraint that 1 and 2 are chosen. The latter is equal to

( ⌊an⌋+l−3
⌊an⌋+l−n−1

)
. Consequently

we can bound the left member of (I.13) as follows.

∫

[0,1)
ν(dx)

∞∑

l=0

(⌊an⌋+l+1−n)∧n
∑

i=2

(
n

i

)( ⌊an⌋+ l − n− 1

⌊an⌋+ l + 1− n− i

)

x⌊an⌋+l−n+1(1− x)n−1

≥
∫

(u′,1)
ν(dx)

∞∑

l=0

x⌊an⌋+l−n+1(1− x)n−1

( ⌊an⌋+ l − 3

⌊an⌋+ l − n− 1

)

The binomial factor in the right member corresponds to the number of combinations with ⌊an⌋ + l −
n − 1 elements among the set {3, . . . , ⌊an⌋ + l − 1}. Splitting this last set into {3, . . . , ⌊an⌋ − 1} and
{⌊an⌋, . . . , ⌊an⌋+ l − 1} we get that the last quantity is equal to

∫

(u′,1)
ν(dx)

∞∑

l=0

x⌊an⌋+l−n+1(1− x)n−1

(⌊an⌋+l−n−1)∧(⌊an⌋−3)
∑

j=⌊an⌋−n−1

(⌊an⌋ − 3

j

)(
l

⌊an⌋+ l − n− 1− j

)

=

∫

(u′,1)
ν(dx)x2

⌊an⌋−3
∑

j=⌊an⌋−n−1

(⌊an⌋ − 3

j

)

xj(1− x)⌊an⌋−3−j

×
∞∑

l=j+n+1−⌊an⌋

(
l

⌊an⌋+ l − n− 1− j

)

x⌊an⌋−n−1−j+l(1− x)n−⌊an⌋+2+j

Finally using the change of variable p = ⌊an⌋+ l − n− 1− j and setting k := n+ 1 + j − ⌊an⌋, one
gets

∞∑

l=j+n+1−⌊an⌋

(
l

⌊an⌋+ l − n− 1− j

)

x⌊an⌋−n−1−j+l(1− x)n−⌊an⌋+2+j =
(1− x)1+k

k!

∞∑

p=0

(p+ k)!

p!
xp

A simple induction on k shows that the last quantity is equal to 1. �
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Proof of Theorem I.1 in regime INTENSIVE W. DUST. We know from Proposition I.31 that P-a.s. there
exists n ≥ 2 such that ρt({ξ0(n)}) = 0 for all t ≥ 0 so that the n-th Eve is not defined. �

4.3 Regime INTENSIVE ∞

When Λ is the Lebesgue measure on [0, 1], one obtains the celebrated Bolthausen-Sznitman coales-
cent [19]. Its Λ Fleming-Viot counterpart belongs to regime INTENSIVE ∞. The proof of Proposition I.4
relies strongly on the connection with measure-valued branching processes obtained by Bertoin and Le
Gall [12] for the Bolthausen-Sznitman coalescent, and by Birkner et al. [18] for all the Beta(2 − α, α)
coalescents with α ∈ (0, 2). We refer to Dawson [21], Etheridge [30] and Le Gall [60] for further details
on measure-valued branching processes. Let us also mention that the existence of an infinite sequence
of Eves for the measure-valued branching process with the Neveu branching mechanism can be obtained
thanks to the results in [25, 53].

Proof of Proposition I.4. One can construct ρ by rescaling a measure-valued branching process (mt, t ≥
0) associated with the Neveu branching mechanism Ψ(u) = u log u as follows:

ρt(dx) :=
mt(dx)

mt([0, 1])
, ∀t ≥ 0

This result was initially stated for the Bolthausen-Sznitman coalescent by Bertoin and Le Gall in [12], and
later on by Birkner et al. for the forward-in-time process in [18]. As a consequence of this connection,
we deduce that there exists a r.v. e such that almost surely

mt({e})
mt([0, 1])

−→
t→∞

1

The branching property ensures that the restrictions of m to any two disjoint subintervals of [0, 1] are
independent. For each integer n ≥ 1, we divide [0, 1] into dyadic subintervals of the form

[0, 2−n), [2−n, 2× 2−n), . . . , [1− 2−n, 1]

and we consider the corresponding restrictions of m. Obviously, for each subinterval [(i− 1)2−n, i 2−n)
there exists e(i, n) such that

mt({e(i, n)})
mt([(i− 1)2−n, i 2−n))

−→
t→∞

1

Necessarily m restricted to the union of two subintervals indexed by i 6= j ∈ [2n] admits either e(i, n)
or e(j, n) as an Eve and therefore

lim
t→∞

mt({e(i, n)})
mt({e(j, n)})

∈ {0,+∞}

Hence one can order the e(i, n), i ∈ [2n] by asymptotic sizes. Using the consistency of the restrictions
when n varies, one gets the existence of a sequence (ei)i≥1 fulfilling the formula of the statement. �

It is rather unfortunate that this simple argument does not apply to other measures in regime INTENSIVE

∞.

4.4 Regime CDI

In this subsection, we work on the probability space (Ω,F ,P) on which is defined the Λ flow of
partitions Π̂ and the sequence of initial types ξ0 = (ξ0(i), i ≥ 1) i.i.d. uniform[0, 1]. For every t ≥ 0 we
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I - From flows of Lambda F-V to lookdown processes

set ρt := E0,t(Π̂, ξ0) and we let (ξt(i), t ≥ 0), i ≥ 1 be the lookdown process constructed from Π̂ and
ξ0. Recall the filtration introduced in (I.7). A classical argument ensures that F0+ is a trivial sigma-field
under P, that is, for every A ∈ F0+ we have P(A) ∈ {0, 1}. We restrict our attention to regime CDI and
we define the following event

E := {There are at least two initial types that become extinct simultaneously}.

LEMMA I.33. Consider regime CDI. Then P(E) is either 0 or 1.

Proof Recall from Lemma I.22 that P-a.s. for every i ≥ 1, d(i) stands for the extinction time of the
initial type ξ0(i) and that it coincides with the first time at which Π̂0,t(i) is empty. The r.v. d(i) is an
Ft-stopping time. We also know from Lemma I.22 that P-a.s. d(i) ↓ 0 as i → ∞. Then it is easy to
check that ∩i≥1Fd(i) = F0+. The event E can be written as follows:

E := {∃i ≥ 2 : d(i) = d(i+ 1)}.

We introduce the following collection of nested events

Ei := {∃j ≥ i : d(j) = d(j + 1)}, i ≥ 1

and we set E∞ := ∩i≥1Ei. Since Ei ∈ Fd(i), we deduce that E∞ ∈ F0+ so that P(E∞) ∈ {0, 1}. To end
the proof, we show that P(E∞) = P(E).
Suppose that P(E∞) = 1. Since E∞ ⊂ E, we deduce that P(E) = 1. Suppose now that P(E∞) = 0 and
assume that there exists i ≥ 1 and p ∈ (0, 1] such that P(d(i) = d(i + 1)) = p. Recall Definition I.26.
For every k ≥ i, let τk(i) := inf{t ≥ 0 : Lt(i) ≥ k}. This is an Ft-stopping time. By consistency,
P-a.s. Lτk(i)(i) < Lτk(i)(i+ 1) and we have

{d(i) = d(i+ 1)} = {(Lτk(i)+t(i), t ≥ 0) and (Lτk(i)+t(i+ 1), t ≥ 0) reach ∞ simultaneously}.

Since τk(i) is a P-a.s. finite Ft-stopping time, Lemma I.25 ensures that (Π̂τk(i),τk(i)+s, s ≥ 0) has the

same distribution as (Π̂0,s, s ≥ 0) and is independent of Fτk(i). We deduce that

P(d(i) = d(i+ 1)) =
∑

j′>j≥k

P
(
Lτk(i)(i) = j, Lτk(i)(i+ 1) = j′

)
P
(
d(j) = d(j′)

)

≤
∑

j′>j≥k

P
(
Lτk(i)(i) = j, Lτk(i)(i+ 1) = j′

)
P
(
d(j) = d(j + 1)

)

≤ P(Ek)

We have proved that for all k ≥ i, P(Ek) ≥ p > 0. Since the events Ek, k ≥ i are nested this ensures that
P(E∞) ≥ p > 0 which contradicts the hypothesis. Therefore for all i ≥ 1, P(d(i) = d(i + 1)) = 0 and
consequently P(E) = 0. �

For every n ≥ 1 and every c > 0 we now introduce the event

En,c :=
{
∃m ≥ n : d

(
(1 + c)m

)
= d(m)

}
.

PROPOSITION I.34. Suppose that P(E) = 1. There exists c > 0 such that P
(
∩n≥1 En,c) > 0.
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Proof The equality P(E) = 1 entails the existence of an integer j ≥ 2 such that P(d(j) = d(j+1)) > 0.
Since the process t 7→ (Lt(2), Lt(3)) has a positive probability to reach (j, j + 1) at a certain time, a
simple argument based on Lemma I.25 entails the existence of η ∈ (0, 1] such that P(d(2) = d(3)) = η.
We introduce for every n ≥ 1 the Ft-stopping time

τn := inf
{

t ≥ 0 : ρt
(
[0, 1]\{ξ0(1)}

)
≤ 1

n2

}

which is finite almost surely since the primitive Eve e = ξ0(1) fixes. We first show that Lτn(3)−Lτn(2)
becomes large as n goes to infinity. To that end, we define

Zτn := inf{k > Lτn(2) : k /∈ Π̂0,τn(1)} = inf{k > Lτn(2) : ξτn(k) 6= ξ0(1)}.
Hence Lτn(2) and Zτn are the first and second levels at time τn which are not of type ξ0(1). Necessarily
ξτn(Zτn) is either equal to ξ0(2) or is equal to ξ0(3) in which case Zτn = Lτn(3). In both cases
Zτn is lower than or equal to Lτn(3). Proposition 3.1 in [24] ensures that the sequence (ξτ ′(i))i≥1 is
exchangeable with empirical measure ρτ ′ as soon as τ ′ is a stopping time in the filtration of ρ. This result
can be extended easily to show that (ξτ ′(i))i≥2 is exchangeable with empirical measure ρτ ′ whenever τ ′

is a stopping time in the filtration of the pair
(
ρ, ρ({ξ0(1)})

)
. We deduce that the sequence (ξτn(i))i≥2

is exchangeable with empirical measure ρτn so that the ξτn(i), i ≥ 2 are i.i.d. with law ρτn . The law of
(Lτn(2), Zτn) can then be characterised as follows.
Fix a real value p ∈ (0, 1) and consider an auxiliary probability space (A,A,Q) on which are defined
two independent geometric r.v. G and G′ with parameter p, that is:

∀k ≥ 1, Q(G = k) = (1− p)k−1p.

Then the distribution under P of (Lτn(2), Zτn) conditionally given ρτn
(
[0, 1]\{ξ0(1)}

)
= p is the dis-

tribution under Q of (1 +G, 1 +G+G′). A simple calculation yields for all c > 0

Q
( G′

1 +G
≥ c ; G ≥ n

)

=

∞∑

k=n

∞∑

l=c(k+1)

p2(1− p)k+l−2

=
p(1− p)c−2+n(1+c)

1− (1− p)1+c
. (I.14)

By the right continuity of ρ, P-a.s. ρτn
(
[0, 1]\{ξ0(1)}

)
≤ 1/n2. From the dominated convergence

theorem and (I.14) we get

P

(
Zτn − Lτn(2)

Lτn(2)
≥ c ; Lτn(2) ≥ n

)

−→
n→∞

1

1 + c
.

Recall that Lτn(3) ≥ Zτn so that

lim
n→∞

P

(
Lτn(3)− Lτn(2)

Lτn(2)
≥ c ; Lτn(2) ≥ n

)

≥ lim
n→∞

P

(
Zτn − Lτn(2)

Lτn(2)
≥ c ; Lτn(2) ≥ n

)

=
1

1 + c
.

We now introduce the event

Bn :=
{

d(2) = d(3) ;
Lτn(3)− Lτn(2)

Lτn(2)
≥ c ; Lτn(2) ≥ n

}

.

Take c > 0 such that 1
1+c + η > 1. There exists ǫ > 0 such that 1−ǫ

1+c + η > 1. From the bound on the
lim above we deduce the existence of n0 ≥ 1 such that for all n ≥ n0

P

(
Lτn(3)− Lτn(2)

Lτn(2)
≥ c ; Lτn(2) ≥ n

)

≥ 1− ǫ

1 + c
.
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Using the inequality P(D ∩D′) ≥ P(D) + P(D′)− 1 that holds for any two events D,D′ we get

P(Bn) ≥ P(d(2) = d(3)) + P

(
Lτn(3)− Lτn(2)

Lτn(2)
≥ c ; Lτn(2) ≥ n

)

− 1

≥ η +
1− ǫ

1 + c
− 1 > 0

Moreover we have

Bn =
⋃

m≥n

{
Lτn(3) ≥ (1 + c)Lτn(2) ; Lτn(2) = m ;

(Lτn+t(3), t ≥ 0) and (Lτn+t(2), t ≥ 0) reach ∞ simultaneously

}

. (I.15)

Since τn is a P-a.s. finite Ft-stopping time, Lemma I.25 ensures that (Π̂τn,τn+s, s ≥ 0) has the same
distribution as (Π̂0,s, s ≥ 0) and is independent of Fτn . This yields together with (I.15) that for every
n ≥ n0

P(En,c) ≥ P(Bn) ≥ η +
1− ǫ

1 + c
− 1 > 0.

Since the events En,c, n ≥ 1 are nested, P(∩n≥1En,c) = limn→∞ P(En,c) > 0 and the proposition is
proved. �

Proof of Theorem I.2. Recall the function Ψ from Equation (I.4). Since
∫∞ du

Ψ(u) < ∞, we can introduce
the continuous map t 7→ v(t) as the unique solution of

∫ ∞

v(t)

du

Ψ(u)
= t, ∀t > 0

Proposition 15 in Berestycki et al. [5] ensures that for all ǫ ∈ (0, 1) we have

P

(

lim inf
t→0

#Π̂0,t

v
(
1+ǫ
1−ǫ t

) ≥ 1

1 + ǫ
; lim sup

t→0

#Π̂0,t

v
(
1−ǫ
1+ǫ t

) ≤ 1

1− ǫ

)

= 1 (I.16)

where #Π̂0,t denotes the number of blocks of Π̂0,t. Assume that Λ(dx) = f(x)dx where f is regularly
varying at 0+ with index 1 − α (where α ∈ (1, 2)) or that Λ({0}) > 0 (in which case α is taken equal
to 2). Then Ψ is regularly varying at +∞ with index α and v is itself regularly varying at 0+ with index
−1/(α− 1) (see Subsection 6.3 for a proof of this fact). Consequently we have for all ǫ ∈ (0, 1)

v
(1 + ǫ

1− ǫ
t
)(1 + ǫ

1− ǫ

)1/(α−1)
∼
t↓0

v
(1− ǫ

1 + ǫ
t
)(1− ǫ

1 + ǫ

)1/(α−1)
∼
t↓0

v(t).

Together with (I.16) this yields

P

(

lim
t→0

#Π̂0,t

v(t)
= 1

)

= 1.

This forces the jumps of t 7→ #Π̂0,t to be small near 0+. More precisely for any c > 0

P

(

lim sup
t→0

#Π̂0,t− −#Π̂0,t

#Π̂0,t

< c

)

= 1. (I.17)

The collection of events (En,c, n ≥ 1) is nested. Recall that P-a.s. d(i) ↓ 0 as i → ∞. Using (I.17) we
deduce that for any c > 0

P
(

∩
n≥1

En,c) = 0.

This identity combined with Proposition I.34 entails that P(E) is not equal to 1. Lemma I.33 in turn
ensures that P(E) = 0. �
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5. Unification

4.5 Open questions

Consider regime INTENSIVE W. DUST and recall the function Ψ from (I.4). In [25], it is shown
that the measure-valued branching process with branching mechanism Ψ (we refer to Dawson [21],
Etheridge [30] or Le Gall [60] for a definition of this object) has a residual dust component when t tends
to infinity iff

∫

(0,1) x log
1
x ν(dx) < ∞. However when this x log 1

x condition is not fulfilled the frequen-
cies in the population when t goes to infinity are of comparable order and the measure-valued branching
process does not admit an infinite sequence of Eves. As branching processes and Λ Fleming-Viot pro-
cesses present many similarities [6, 15, 18], it is natural to expect the following behaviour.

CONJECTURE I.35. In regime INTENSIVE W. DUST when
∫

[0,1) x log
1
x ν(dx) = ∞, every initial

type of the lookdown representation gets a positive frequency at a certain time. However there does not

exist an infinite sequence of Eves.

In regime INTENSIVE ∞, if we could prove that L(n+ 1) goes to infinity much faster than L(n) then
we could deduce the existence of a sequence of Eves. But the main difficulty lies in finding a precise
upper bound for L(n).

CONJECTURE I.36. In regime INTENSIVE ∞, the Λ Fleming-Viot admits an infinite sequence of

Eves without further condition on Λ.

Finally in regime CDI, our proof relies strongly on the regular variation of the measure Λ. However
the similarity between Λ Fleming-Viot and branching processes (for which the extinction times of two
independent copies are distinct almost surely) suggests the following.

CONJECTURE I.37. In regime CDI, without further condition on Λ we have P(E) = 0 and thus,

the Λ Fleming-Viot always admits an infinite sequence of Eves.

5 Unification

Let (Ω,F ,P) be a probability space on which is defined a Λ flow of bridges (Fs,t,−∞ < s ≤
t < ∞) according to Definition I.5. We consider a modification of this flow of bridges that we still
denote (Fs,t,−∞ < s ≤ t < ∞) and such that for every s ∈ R the process (ρs,s+t, t ≥ 0) is a
càdlàg Λ Fleming-Viot process. This modification does exist since the Λ Fleming-Viot process has a
Feller semigroup, see p.278 in [13] . From now on, we assume that the measure Λ is such that the Λ
Fleming-Viot process admits P-a.s. an infinite sequence of Eves. Let us emphasise the fact that we only
rely on Definition I.3 and do not restrict ourselves to the particular examples of measures Λ presented in
Proposition I.4 and Theorem I.2.

5.1 The evolving sequence of Eves

For each s ∈ R, we define the Eves (eis, i ≥ 1) of the Λ Fleming-Viot process (ρs,s+t, t ≥ 0). Notice
that this sequence is defined on an event of P-probability 1 that depends on s. For each s ∈ R, outside
this event we set an arbitrary value to the sequence (eis, i ≥ 1). Below we provide a simple description
of the connection between the Eves taken at two distinct times. We rely on a key property due to Bertoin
and Le Gall [13] that we now recall. Consider an exchangeable bridge B and an independent sequence
V = (Vi, i ≥ 1) of i.i.d. uniform[0, 1] r.v. We define an exchangeable random partition π = π(B, V ) by
setting

i ∼ j ⇔ B−1(Vi) = B−1(Vj).

For each j ≥ 1, if the j-th block π(j) is not empty then we define V ′
j := B−1(Vi) for an arbitrary integer

i ∈ π(j). If the number of blocks of π is finite, we complete the sequence V ′ with i.i.d. uniform[0, 1] r.v.
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I - From flows of Lambda F-V to lookdown processes

Then Lemma 2 in [13] entails that the (V ′
j , j ≥ 1) are i.i.d. uniform[0, 1] and are independent of π.

PROPOSITION I.38. Fix s > 0. Define the partition π = π(F0,s, (e
i
s)i≥1). Then the sequence

(ej0, j ≥ 1) is independent of π and P-a.s. for every j ≥ 1, if π(j) is not empty then ej0 = F−1
0,s(e

i
s) for

any i ∈ π(j).

This allows to introduce (Π̂s,t,−∞ < s ≤ t < ∞) by setting for every s ≤ t

Π̂s,t := π(Fs,t, (e
i
t)i≥1) if s < t , Π̂s,t := O[∞] if s = t.

Proof Let Ω0,s be an event of P-probability one on which the definitions of the Eves at times 0 and s
hold and on which for all t ∈ Q+ we have F0,s+t = Fs,s+t ◦F0,s. Recall that (eis, i ≥ 1) is a sequence of
i.i.d. uniform[0, 1] r.v. which only depends on σ(Fs,s+t, t ≥ 0) so that (eis, i ≥ 1) is independent of F0,s

from the independence of the increments of the flow of bridges. The sequence (eis, i ≥ 1) plays the rôle
of the sequence (Vi, i ≥ 1) above. We introduce K as the random number of blocks of π which is P-a.s.
finite in the Eves - extinction case (the bridge F0,s has a finite number of jumps and no drift) while it is
P-a.s. infinite in the Eves - persistent case (the bridge F0,s has an infinite number of jumps). We define

the following sequence of random variables V ′
j := F−1

0,s(e
ij
s ) where ij := minπ(j) for every j ∈ [K]. If

K is finite, we set V ′
j := ej0 for all j > K. To prove the proposition, it remains to show that:

(i) P-a.s. ej0 = V ′
j for every j ∈ [K],

(ii) (ej0)j≥1 is independent of π.

We start with the first assertion. We argue deterministically on the event Ω0,s of P-probability one. We
claim that for every j ∈ [K] and all t ∈ Q+

ρs,s+t

(
{eijs }

)
≤ ρ0,s+t

(
{V ′

j }
)
≤ ρs,s+t

(
[0, 1]\{e1s, . . . , e

ij−1
s }

)
. (I.18)

Let us prove (I.18). Recall that V ′
j is the pre-image of e

ij
s through F0,s so that V ′

j is either the location of
a jump of the bridge or it is point of increase. First assume that V ′

j is the location of a jump of F0,s. This

yields that F0,s(V
′
j ) ≥ e

ij
s > F0,s(V

′
j−). Consequently F0,s+t(V

′
j ) ≥ Fs,s+t(e

ij
s ) ≥ Fs,s+t(e

ij
s −) ≥

F0,s+t(V
′
j−) and the first inequality of (I.18) follows. To prove the second inequality, observe that for

all l ∈ [ij − 1], els does not belong to (F0,s(V
′
j−),F0,s(V

′
j )]. Consequently

ρ0,s+t

(
{V ′

j }
)
= ρs,s+t

(
(F0,s(V

′
j−),F0,s(V

′
j )]

)
≤ 1−

ij−1
∑

l=1

ρs,s+t({els})

and the second inequality follows. Assume now that F0,s is continuous but increasing at V ′
j . Then

F0,s(V
′
j ) = e

ij
s = F0,s(V

′
j−). Since F0,s is increasing at V ′

j we have F0,s+t(V
′
j−) = Fs,s+t(e

ij
s −) and

we get ρ0,s+t

(
{V ′

j }
)
= ρs,s+t

(
{eijs }

)
. The second equality of (I.18) derives from the fact that for every

l ∈ [ij − 1], els 6= e
ij
s so that

ρ0,s+t

(
{V ′

j }
)
= ρs,s+t

(
{eijs }

)
≤ 1−

ij−1
∑

l=1

ρs,s+t({els}).

Therefore (I.18) is proved. We now carry out the proof of Assertion (i), we treat separately two cases.
We start with the Eves - extinction case. The bridge F0,s has no drift and K jumps. These K jumps
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5. Unification

are located on the points (V ′
j )j∈[K]. Necessarily the K first Eves are the jump locations of F0,s so

that the sets {V ′
j , j ∈ [K]} and {ej0, j ∈ [K]} coincide. By definition of the Eves, the processes

t 7→ ρs,s+t([0, 1]\{e1s, . . . , e
ij−1
s }) and t 7→ ρs,s+t({eijs }) reach 0 at the same time. From (I.18) we

conclude that t 7→ ρ0,s+t({V ′
j }) reaches 0 also at that time. Hence, the collection (V ′

j )j∈[K] is ordered

by decreasing extinction times and we conclude that V ′
j = ej0 for all j ∈ [K]. We turn to the Eves -

persistent case. The definition of the Eves implies that for all j ≥ 1

lim
t→∞
t∈Q

ρs,s+t

(
{eijs }

)

ρs,s+t

(
[0, 1]\{e1s, . . . , e

ij−1
s }

) = 1

The arguments used in the proof of (I.18) can be adapted to show that for all t ∈ Q+

ρs,s+t

(
{e1s, . . . , e

ij−1
s }

)
≤ ρ0,s+t

(
{V ′

1 , . . . , V
′
j−1}

)

Together with (I.18) this yields

lim
t→∞
t∈Q

ρ0,s+t({V ′
j })

ρ0,s+t

(
[0, 1]\{V ′

1 , . . . , V
′
j−1}

) ≥ lim
t→∞
t∈Q

ρs,s+t({eijs })
ρs,s+t

(
[0, 1]\{e1s, . . . , e

ij−1
s }

) = 1

By the uniqueness of the Eves we get V ′
j = ej0 for all j ≥ 1. The first assertion is proved.

We turn to the second assertion. In the Eves - persistent case, this assertion is a consequence of the key
property of Bertoin and Le Gall and of the first assertion since K = ∞ P-a.s. We consider the Eves -

extinction case. Let Gs := σ(Fr,t,−∞ < r ≤ t ≤ s), implicitly we augment this sigma-field with the
P-null sets. Observe that on the event {K = k}, the Eves (ej0)j>k have extinct progenies at time s so
that 1{K=k}(e

j
0)j>k is Gs-measurable. For every k ≥ 1, we define a sigma-field on {K = k} by setting

Bk :=
{
A ∩ {K = k} : A ∈ σ(F0,s, (e

j
s)j≥1)

}
.

We claim that (ej0)j>k is independent of Bk. Indeed let h be a bounded measurable map on D([0, 1], [0, 1])
and let g0, gs be two bounded measurable maps on [0, 1]N (endowed with the product sigma-field).

E

[

g0
(
(ej0)j>k

)
h(F0,s)gs

(
(ejs)j≥1

)
1{K=k}

]

= E

[

E

[

g0
(
(ej0)j>k

)
h(F0,s)gs

(
(ejs)j≥1

)
1{K=k} |Gs

]]

= E

[

g0
(
(ej0)j>k

)
h(F0,s)1{K=k}

]

E
[
gs
(
(ejs)j≥1

)]

= E

[

g0
(
(ej0)j>k

)]

E

[

h(F0,s)1{K=k}

]

E
[
gs
(
(ejs)j≥1

)]

where the second equality comes from the independence of the increments of a flow of bridges and the
Gs-measurability of 1{K=k}(e

j
0)j>k, while the third equality comes from Corollary I.24 and the fact that

on {K = k} the bridge F0,s only depends on (ei0)i≤k and (ρ0,s({ei0}))i≤k. The claimed independence
follows. We now prove the independence of (ej0)j≥1 with π. Let m ≥ 1 be an integer, f1, . . . , fm be m
bounded measurable maps on [0, 1] and 1 ≤ i1 < i2 < . . . < im be m integers. Let also φ be a bounded
measurable map on P∞. Let Pk := P(· | {K = k}). We have

E

[ m∏

j=1

fj(e
ij
0 )φ(π)

]

=
∞∑

k=1

Ek

[ m∏

j=1

fj(e
ij
0 )φ(π)

]

P(K = k)

=
∞∑

k=1

Ek

[

Ek

[ m∏

j=1

fj(e
ij
0 )φ(π) | Bk

]]

P(K = k)

=

∞∑

k=1

E

[ ∏

j:ij>k

fj(e
ij
0 )

]

E

[ ∏

j:ij≤k

fj(e
ij
0 )φ(π)1{K=k}

]
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I - From flows of Lambda F-V to lookdown processes

where we use the claim proved above and the fact that on {K = k} the r.v. π and (ej0)j≤k are Bk-
measurable. Then we apply the key property of Bertoin and Le Gall together with Assertion (i) to obtain

E

[ m∏

j=1

fj(e
ij
0 )φ(π)

]

=
∞∑

k=1

E

[ ∏

j:ij>k

fj(e
ij
0 )

]

E

[ ∏

j:ij≤k

fj(e
ij
0 )

]

E

[

φ(π)1{K=k}

]

= E

[ m∏

j=1

fj(e
ij
0 )

]

E

[

φ(π)
]

Assertion (ii) follows. This ends the proof of the proposition. �

Proof of Theorem I.3. The cocycle property is trivially fulfilled if r = s or s = t thus we fix r < s < t
and prove the cocyle property. We argue deterministically on the event of P-probability one on which
Fr,t = Fs,t ◦ Fr,s and on which the definition of the Eves at times r, s and t hold. Fix two integers i, j

and let ki, kj be the integers such that F−1
s,t (e

i
t) = ekis and F−1

s,t (e
j
t ) = e

kj
s . Observe that

F−1
r,t (e

i
t) = F−1

r,t (e
j
t ) ⇔ F−1

r,s ◦ F−1
s,t (e

i
t) = F−1

r,s ◦ F−1
s,t (e

j
t ).

The right member is equivalent with

ki = kj or F−1
r,s (e

ki
s ) = F−1

r,s (e
kj
s ).

Consequently we have proved that i and j are in a same block of Π̂r,t if and only if they are in a same
block of Π̂s,t or the indices of their respective blocks in Π̂s,t, say ki and kj , are in a same block of Π̂r,s.
The cocycle property follows.
Theorem 1 [13] ensures that for every s ∈ R, (Π̂s−t,s, t ≥ 0) is an exchangeable coalescent. Since
the flow of bridges is associated with the measure Λ, we deduce that (Π̂−t,0, t ≥ 0) is a Λ coalescent.
Another consequence of this fact is that Π̂s,t is an exchangeable random partition whose distribution only
depends of t− s.
Fix s1 < s2 < . . . < sn. If we prove that Π̂sn−1,sn is independent of Π̂s1,s2 , . . . , Π̂sn−2,sn−1 , then an easy
induction allows to prove the independence of Π̂s1,s2 , . . . , Π̂sn−2,sn−1 , Π̂sn−1,sn . For every i ∈ [n − 1],

Π̂si,si+1 is a σ(Fsi,si+1 , (e
j
si+1)j≥1)) measurable r.v. and if i ∈ [n − 2] then (ejsi+1)j≥1 is measurable in

the sigma-field

σ
(

(ejsi+2
)j≥1 , (Fsi+1,t, si+1 ≤ t ≤ si+2)

)

.

Consequently it is sufficient to prove that Π̂sn−1,sn is independent of σ
(
(ejsn−1)j≥1, (Fs,t,−∞ < s ≤

t ≤ sn−1)
)
. Fix k ≥ 1. Let Gsn−1 be the sigma-field generated by (Fs,t,−∞ < s ≤ t ≤ sn−1). Let

f1, . . . , fk be k bounded measurable maps on [0, 1] and let h be a bounded measurable map on P∞. For
all j1, . . . , jk ≥ 1 and all A ∈ Gsn−1 we have

E

[ k∏

l=1

fl(e
jl
sn−1

) 1A h(Π̂sn−1,sn)
]

= E

[

E

[ k∏

l=1

fl(e
jl
sn−1

) 1A h(Π̂sn−1,sn)|Gsn−1

]]

= E

[

1A E

[ k∏

l=1

fl(e
jl
sn−1

)h(Π̂sn−1,sn)
]]

= E

[ k∏

l=1

fl(e
jl
sn−1

)
]

E
[
1A

]
E

[

h(Π̂sn−1,sn)
]
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where we use the independence of the increments of a flow of bridges at the second line, and Proposition
I.38 at the third line. Hence Π̂sn−1,sn is independent of σ

(
(ejsn−1)j≥1, (Fs,t,−∞ < s ≤ t ≤ sn−1)

)
.

The asserted independence follows.
Finally the convergence in distribution of Π̂0,t towards O[∞] as t ↓ 0 derives from Lemma 1 in [13]. Since
the limit is deterministic and since P∞ is a metric space, the convergence in probability is immediate.�

5.2 Proof of Theorem I.4

From the Λ flow of bridges, we have defined a Λ flow of partitions. The trajectories of the latter
are not necessarily deterministic flows of partitions. However using the regularisation procedure of
Subsection 2.3, we can consider a modification of this flow of partitions that we still denote (Π̂s,t,−∞ <
s ≤ t < ∞) and whose trajectories are deterministic flows of partitions P-a.s. At any given time s ∈ R,
we use this flow of partitions and the Eves at time s to define a measure-valued process thanks to the
lookdown construction

t 7→ Es,s+t(Π̂, (e
i
s)i≥1) :=

∑

i≥1

|Π̂s,s+t(i)|δeis +
(
1−

∑

i≥1

|Π̂s,s+t(i)|
)

ℓ.

Fix s ∈ R. Both (Es,s+t(Π̂, (e
i
s)i≥1), t ≥ 0) and (ρs,s+t, t ≥ 0) are P-a.s. càdlàg processes. To prove

that they coincide P-a.s., it suffices to show that for every t ≥ 0, P-a.s. Es,s+t(Π̂, (eis)i≥1) = ρs,s+t. Fix
t ≥ 0. Since Fs,s+t is an exchangeable bridge, we know that P-a.s. Fs,s+t has a collection of jumps
and possibly a drift component. Proposition I.38 ensures that P-a.s. the jump locations of Fs,s+t are
included in the set {eis, i ≥ 1}. Moreover since (eit+s, i ≥ 1) is independent of Fs,s+t P-a.s. each block
of the partition Π̂s,s+t admits an asymptotic frequency equal to the size of a jump of Fs,s+t. Since the
i-th block is associated with the jump located on the i-th Eve eis, we deduce that P-a.s. for every i ≥ 1,
ρs,s+t({eis}) = |Π̂s,s+t(i)|. Consequently P-a.s.

ρs,s+t =
∑

i≥1

|Π̂s,s+t(i)|δeis +
(
1−

∑

i≥1

|Π̂s,s+t(i)|
)
ℓ = Es,s+t(Π̂, (eis)i≥1).

The first assertion of Theorem I.4 is proved. We turn to the second assertion. Let Π̂′ be another Λ flow of
partitions and for every s ∈ R, let χs = (χs(i), i ≥ 1) be an independent sequence of i.i.d. uniform[0, 1]
r.v. We assume that for each s ∈ R, P-a.s.

(Es,s+t(Π̂, (e
i
s)i≥1), t ≥ 0) = (Es,s+t(Π̂

′,χs), t ≥ 0) = (ρs,s+t, t ≥ 0).

From Proposition I.23, we deduce that P-a.s. for every i ≥ 1, χs(i) = eis.
Thanks to these almost sure equalities we get P-a.s. for every i ≥ 1 and all s ∈ Q and t ∈ Q+

ρs,s+t({eis}) = |Π̂s,s+t(i)| = |Π̂′
s,s+t(i)|. (I.19)

We now work on an event Ω∗ of P-probability one on which (I.19) holds true and on which both Π̂, Π̂′

verify the regularity properties of Proposition I.15. We argue deterministically on Ω∗. Using Proposition
I.15, we deduce that for all s ∈ R, t ≥ 0 and every i ≥ 1, |Π̂s,s+t(i)| = |Π̂′

s,s+t(i)|. To end the proof,

it suffices to obtain that for all s ∈ R, Π̂s−,s = Π̂′
s−,s. This is a consequence of the next lemma which

concludes the proof of Theorem I.4.

LEMMA I.39. Let Π̂× denote indifferently either Π̂ or Π̂′. Let I be a subset of N. The following

assertions are equivalent

i) Π̂×
s−,s has a unique non-singleton block I .
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I - From flows of Lambda F-V to lookdown processes

ii) For every i 6= min I , let b(i) be the unique integer such that i=b(i)−(#{I ∩ [b(i)]}−1) ∨ 0. Then

(|Π̂×
s−,s+t(i)|, t ≥ 0)=(|Π̂×

s,s+t(b(i))|, t ≥ 0).

Proof Suppose i). Recall that Π̂×
s−,t = Coag(Π̂×

s,t, Π̂
×
s−,s). Let i be an integer distinct from min I . The

definition of the coagulation operator implies that for all t ≥ 0, Π̂×
s−,s+t(i) = Π̂×

s,s+t(b(i)). Conse-
quently the identity on the asymptotic frequencies follows.
Suppose ii). Since the trajectories of Π̂× are deterministic flows of partitions, we know that Π̂×

s−,s is a par-

tition with at most one non-singleton block. For i 6= min I we stress that the equality (|Π̂×
s−,s+t(i)|, t ≥

0) = (|Π̂×
s,s+t(b(i))|, t ≥ 0) implies that Π̂×

s−,s(i) = {b(i)}. We first prove that b(i) ∈ Π̂×
s−,s(i), let us

denote by J the latter block. In the Eves - extinction case for j < j′ the process (|Π̂×
s,s+t(j)|, t ≥ 0)

reaches 0 strictly after (|Π̂×
s,s+t(j

′)|, t ≥ 0) so that the process (|Π̂×
s−,s+t(i)|, t ≥ 0) reaches 0 at the

same time as (|Π̂×
s,s+t(min J)|, t ≥ 0) reaches 0. Consequently min J = b(i). In the Eves - per-

sistent case for every j the ratio |Π̂×
s,s+t(j)|/

∑

j′≥j |Π̂×
s,s+t(j

′)| goes to 1 as t → ∞. Consequently

we have |Π̂×
s−,s+t(i)| ∼ |Π̂×

s,s+t(min J)| as t → ∞. If min J < b(i) then |Π̂×
s,s+t(b(i))| is negligi-

ble compared with |Π̂×
s−,s+t(i)| as t → ∞ while if min J > b(i) the converse holds true. Therefore

min J = b(i). We now prove that J = {b(i)}. Suppose that there is another element k ∈ J . Then we
have |Π̂×

s−,s+t(i)| ≥ |Π̂×
s,s+t(b(i))| + |Π̂×

s,s+t(k)| for all t ≥ 0. The process (|Π̂×
s,s+t(k)|, t ≥ 0) cannot

be null at all times since otherwise the Eve eks would not be well-defined. We then deduce that the equal-
ity |Π̂×

s−,s+t(i)| = |Π̂×
s,s+t(b(i))| is not verified at all times, which is contradictory. Hence J = {b(i)}.

We have proved that for every i 6= min I , Π̂×
s−,s(i) = {b(i)}. This suffices to recover completely the

partition Π̂×
s−,s and to assert that Π̂×

s−,s(min I) = I . �

6 Appendix

6.1 Proof of Proposition I.15

Recall that P is a Λ lookdown graph. Without loss of generality, we can assume that for every ω ∈ Ω,
for all s < t and all n ≥ 1 the collection P|[s,t]×Sn

(ω) has a finite number of points. Since Π̂ = J−1(P),

we deduce that for every ω ∈ Ω, Π̂(ω) is a deterministic flow of partitions. The difficulty of the proof
lies in the regularity of the asymptotic frequencies.

LEMMA I.40. P-a.s. for all s ∈ R, Π̂s−,s admit asymptotic frequencies.

Proof Fix n ≥ 1. Consider the set {(s, Π̂s−,s) : Π̂
[n]
s−,s 6= O[n]}. A simple argument shows that this is

a Poisson point process on R× P∞ with intensity dt× φ(mn) where φ(mn) is the pushforward of the
finite measure

mn := (µΛ + µK)
(
. ∩ Sn

)

through the map φ : S∞ → P∞ that associates to an element v ∈ S∞ the partition with a unique non-
singleton block equal to {i ≥ 1 : v(i) = 1}. If we enumerate the points in {(s, Π̂s−,s) : Π̂

[n]
s−,s 6= O[n]}

by increasing absolute time coordinate, then we get a collection (ti, πi)i≥1 where (πi)i≥1 is a sequence
of i.i.d. exchangeable P∞-valued r.v. with distribution φ(mn)/mn(Sn). Consequently almost surely
for every i ≥ 1 the partition πi admits asymptotic frequencies. We deduce that with probability one all
the Π̂s−,s such that Π̂[n]

s−,s 6= O[n] admit asymptotic frequencies. Taking a countable union on n ≥ 1, we
get the asserted result.

LEMMA I.41. With probability one for every rational value s and every integer i ≥ 1 the process

(|Π̂s,s+t(i)|, t ≥ 0) are well-defined and càdlàg.
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Proof This follows as an adaptation of Lemmas 3.4 and 3.5 in [24].

To end the proof, we need to distinguish three cases.
1- CDI. The process (Π̂t−r,t, r ≥ 0) starts with infinitely many blocks, and immediately after time 0,
comes down from infinity. Note that this property holds a priori on an event of probability one that
depends on t, but the cocycle property allows to assert that the coming down from infinity holds for all
t simultaneously on a same event of probability one. The jumps of (Π̂t−r,t, r ≥ 0) are finitely many
on any compact interval of (0,∞) since the jump rate of a coalescent with a finite number of blocks is
finite. Thus P-a.s. for all s ∈ R, t > 0, there exists a rational value q(ω) = q ∈ (s, s + t) such that
Π̂s,s+t = Π̂q,s+t and the existence of asymptotic frequencies follows from the rational case. The limit

lim
ǫ↓0

|Π̂s+ǫ,s+t(i)| = |Π̂s,s+t(i)|, ∀i ∈ N

is then obvious. Similarly, there exists a rational value p(ω) = p < s such that Π̂p,s+t = Π̂s−,s+t. It
implies the existence of asymptotic frequencies for the latter along with the limit

lim
ǫ↓0

|Π̂s−ǫ,s+t(i)| = |Π̂s−,s+t(i)|, ∀i ∈ N

The same kind of arguments apply to show the regularity when t varies.
Finally the process (

∑

i≥1 |Π̂s,s+t(i)|, t ≥ 0) is càdlàg on (0,∞) since at any time t > 0 only finitely

many |Π̂s,s+t(i)|’s are non-null and since each of these are càdlàg processes in t.
2- DISCRETE and INTENSIVE W. DUST. On any compact interval of time, only a finite number of repro-
duction events hit any given level (recall that

∫

(0,1)u ν(du) < ∞), therefore r 7→ Π̂t−r,t(i) evolves at
discrete times for any given i ≥ 1. The arguments of the previous regime can therefore be applied by
considering Π̂s,t(i) instead of Π̂s,t in order to show the regularities in frequency.
Showing that (

∑

i≥1 |Π̂s,s+t(i)|, t > 0) is càdlàg on (0,∞) is more involved. This will be a consequence
of a uniform bound on the block frequencies. More precisely we introduce for every t ≥ 0

N0,t(n) :=
∑

s∈(0,t]

#{i ∈ [n] : vs(i) = 1}.

One can show that the sequence of processes (N0,t(n)/n, t ≥ 0) converges P-a.s. to a càdlàg process
(Y0,t, t ≥ 0) for the uniform norm on D([0,∞),R). Then a simple argument based on the transitions of
the lookdown process ensures that for every i, n ≥ 1 and every s, t ≥ 0

1

n

∣
∣

i∑

j=1

#{Π̂s,s+t+ǫ(j) ∩ [n]} −
i∑

j=1

#{Π̂s,s+t(j) ∩ [n]}
∣
∣ ≤ N0,s+t+ǫ(n)−N0,s+t(n)

n

so that for every i ≥ 1

∣
∣
∣

i∑

j=1

|Π̂s,s+t+ǫ(j)| −
i∑

j=1

|Π̂s,s+t(j)|
∣
∣
∣ ≤ Y0,s+t+ǫ − Y0,s+t.

Taking the limit as i → ∞, one gets the asserted right continuity of (
∑

i≥1 |Π̂s,s+t(i)|, t > 0). A similar
argument yields the existence of left limits.
3- INTENSIVE ∞. In this regime, all the partitions have infinitely many blocks and no singleton. Arguing
like in Lemma I.41, we can show that on a same event of probability one for every s ∈ Q the process
(
∑

i≥1 |Π̂s,s+t(i)|, t > 0) is constant equal to 1. We now prove the existence of asymptotic frequencies
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for Π̂s,s+t when s is not rational. Fix i ≥ 1 and a rational value p ∈ (s, s+ t) ∩Q. For every n ≥ i, we
set

η(n) := 1−
n∑

l=1

|Π̂p,s+t(l)|

From the property proved above η(n) → 0 as n → ∞. Let us denote by j1, j2, . . . the elements of the
block Π̂s,p(i). From the cocycle property, we have:

∑

jl≤n

|Π̂p,s+t(jl)| ≤ lim
m→∞

#
{
Π̂s,s+t(i) ∩ [m]

}

m
≤ lim

m→∞

#
{
Π̂s,s+t(i) ∩ [m]

}

m
≤

∑

jl≤n

|Π̂p,s+t(jl)|+η(n)

(I.20)
Letting n go to infinity ensures the existence of |Π̂s,s+t(i)|. The same reasoning applies to Π̂s−,s+t

and Π̂s,s+t−. We now prove the regularity properties. Since p is rational, we know that there exists
ǫ0(ω) = ǫ0 > 0 small enough so that

∣
∣|Π̂p,s+t+ǫ(j)| − |Π̂p,s+t(j)|

∣
∣ ≤ η(n)

n
, ∀ǫ < ǫ0, ∀j ≤ n

Therefore

1−
n∑

l=1

|Π̂p,s+t+ǫ(l)| ≤ 2η(n), ∀ǫ < ǫ0

Combined with Equation (I.20), this ensures the convergence of |Π̂s,s+t+ǫ(i)| towards |Π̂s,s+t(i)| when ǫ
goes to 0. We get similarly the convergence when t−ǫ goes to t−. To prove the convergences when s−ǫ
goes to s− and s + ǫ goes to s, one remarks that there exists ǫ0(ω) = ǫ0 > 0 such that no reproduction
events affecting at least two levels among [n] fall in (s− ǫ0, s) nor in (s, s+ ǫ0). Hence Π̂s−ǫ,p(i) ∩ [n]
and Π̂s+ǫ,p(i) ∩ [n] do not vary whenever ǫ is in (0, ǫ0). Similar arguments as above apply.
To end the proof, we need to check that (

∑

i≥1 |Π̂s,s+t(i)|, t > 0) is constant equal to 1 for all s ∈ R.
We have checked it for rational values s. Fix s ∈ R and t > 0. Take an arbitrary p ∈ (s, s + t) ∩ Q.
From the cocycle property and Fatou lemma, we know that for all i ≥ 1 we have

|Π̂s,s+t(i)| ≥
∑

j∈Π̂s,p(i)

|Π̂p,s+t(j)|

so that ∑

i≥1

|Π̂s,s+t(i)| ≥
∑

i≥1

∑

j∈Π̂s,p(i)

|Π̂p,s+t(j)| =
∑

j≥1

|Π̂p,s+t(j)| = 1.

This concludes the proof. �

6.2 Proof of Proposition I.19

The proof of the proposition relies on three lemmas.

LEMMA I.42. Consider the restriction (Π̂s,t, s ≤ t ∈ Q) of the flow of partitions to its rational

marginals. Then there exists an event ΩΠ̂ of probability 1 on which:

• ∀r < s < t ∈ Q, Π̂r,t = Coag(Π̂s,t, Π̂r,s)

• For every n ≥ 1, every a < b there exist m0 ≥ 1 and k ≥ 0 such that for all m ≥ m0, every

partition Π̂
[n]
a+(i−1)2−m(b−a),a+i2−m(b−a)

has at most one non-singleton block and #{i ∈ [2m] :

Π̂
[n]
a+(i−1)2−m(b−a),a+i2−m(b−a)

6= O[m]} equals k.
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This lemma implies that almost surely the trajectories of (Π̂s,t, s ≤ t ∈ Q) are deterministic flows of
partitions.

Proof First, one has

P

(

Π̂r,t = Coag(Π̂s,t, Π̂r,s), ∀r < s < t ∈ Q3
)

= 1 (I.21)

Fix a < b. The second assertion is trivially verified for a stochastic flow of partitions Π̂P defined from
a Λ lookdown graph P . Using Equation (I.21) and the fact that the finite-dimensional distributions of Π̂
and Π̂P are equal, the assertion for these values of a, b follow. Taking a countable union on a < b ∈ Q

the asserted result follows. �

We now define for every s ≤ t ∈ R the partition ˜̂
Πs,t on the event ΩΠ̂ as follows.

LEMMA I.43. On the event ΩΠ̂, the following random partition is well-defined.

˜̂
Πs,t :=







Π̂s,t if s, t ∈ Q, s < t

O[∞] if s = t

lim
v↓t,v∈Q

Π̂s,v if s ∈ Q, t /∈ Q

lim
r↓s,r∈Q

Π̂r,t if s /∈ Q, t ∈ Q

Coag(
˜̂
Πq,t,

˜̂
Πs,q) for any arbitrary rational q ∈ (s, t) if s, t /∈ Q

(I.22)

Furthermore, for every r < s < t,
˜̂
Πr,t = Coag(

˜̂
Πs,t,

˜̂
Πr,s).

Proof We work on the event ΩΠ̂ throughout this proof. Recall the cocycle property together with the
left and right regularity properties verified by the flow restricted to its rational marginals. Fix s ∈ Q

and let us prove the existence of a limit for Π̂s,v when v is rational and goes to a given irrational value
t ∈ (s,∞). Fix n ≥ 1. There exists ǫ = ǫ(ω) > 0 such that for all rational values p, q in (t, t + ǫ),

Π̂
[n]
p,q = O[n]. Combined with the cocycle property on rational marginals, this ensures that v 7→ Π̂

[n]
s,v is

constant whenever v ∈ (t, t+ ǫ) ∩Q. The existence of the limit follows. A similar argument shows the
existence of a limit for Π̂v,t when v is rational and goes to an irrational value s and t is a given rational
value.
Fix r < s < t. If all three are rational, the corresponding cocycle property holds since we are on ΩΠ̂.
Now suppose that either s is rational or both r and t are rational, then we stress that the corresponding
cocycle property still holds. Indeed, take a limiting sequence of rational values for which the cocycle
property holds and then use the continuity of the coagulation operator (see Lemma 4.2 in Bertoin [9]).

Finally, suppose that s, t /∈ Q. To verify that our definition of ˜̂
Πs,t makes sense, we need to show that

Coag(
˜̂
Πq,t,

˜̂
Πs,q) does not depend on the value q ∈ (s, t)∩Q. Consider two such values q, q′ ∈ (s, t)∩Q,

suppose that q < q′ and use the associativity of the coagulation operator (see Lemma 4.2 in [9]) to obtain

Coag
( ˜̂
Πq′,t,

˜̂
Πs,q′

)
= Coag

( ˜̂
Πq′,t,Coag(

˜̂
Πq,q′ ,

˜̂
Πs,q)

)

= Coag
(
Coag(

˜̂
Πq′,t,

˜̂
Πq,q′),

˜̂
Πs,q

)
= Coag

( ˜̂
Πq,t,

˜̂
Πs,q

)

Thus, the definition of ˜̂
Πs,t does not depend on q ∈ (s, t).

Finally, consider three irrational r < s < t, and two rational values q, q′ such that q ∈ (r, s) and
q′ ∈ (s, t).

Coag
( ˜̂
Πs,t,

˜̂
Πr,s

)
= Coag

(
Coag(

˜̂
Πq′,t,

˜̂
Πs,q′),Coag(

˜̂
Πq,s,

˜̂
Πr,q)

)

= Coag
( ˜̂
Πq′,t,Coag(

˜̂
Πs,q′ ,Coag(

˜̂
Πq,s,

˜̂
Πr,q))

)
=

˜̂
Πr,t
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This concludes the proof. �

On the complement of ΩΠ̂, set any arbitrary value to ˜̂
Πs,t.

LEMMA I.44. The collection of partitions
˜̂
Π is a modification of Π̂, that is, for every s ≤ t, a.s.

˜̂
Πs,t = Π̂s,t. Furthermore, for each ω ∈ ΩΠ̂,

˜̂
Π(ω) is a deterministic flow of partitions.

Proof Fix s ∈ Q. For every t ∈ Q+, ˜̂
Πs,s+t = Π̂s,s+t on the event ΩΠ̂, so it holds a.s. We know

that the process (Π̂s,s+t, t ≥ 0) admits a càdlàg modification from Lemma I.25. Almost surely for all

t ∈ Q the t-marginals of this modification coincide with Π̂s,s+t and also with ˜̂
Πs,s+t. Since the process

(
˜̂
Πs,t, t ∈ [s,∞)) is also càdlàg, we deduce that almost surely it coincides with the modification. Thus

it is itself a modification of (Π̂s,s+t, t ≥ 0). Consequently for all s ∈ Q and all t ≥ 0 we have almost

surely ˜̂
Πs,s+t = Π̂s,s+t.

Now suppose s irrational, take t > 0 and fix n ∈ N. We have for all q ∈ (s, s+ t) ∩Q

P

(
˜̂
Π

[n]
s,s+t = Π̂

[n]
s,s+t

)

≥ P

(
˜̂
Π

[n]
q,s+t = Π̂

[n]
q,s+t ; Π̂

[n]
s,s+t = Coag(Π̂

[n]
q,s+t, Π̂

[n]
s,q) ; Π̂

[n]
s,q = O[n]

)

As q ↓ s, P(Π̂[n]
s,q = O[n]) → 1 by definition of a stochastic flow of partitions. The cocycle property of a

stochastic flow of partitions together with the almost sure identity ˜̂
Πq,s+t = Π̂q,s+t that we have already

proved, ensures that the probability of the event on the r.h.s. tends to 1 as q ↓ s. Thus ˜̂
Πs,s+t = Π̂s,s+t

almost surely. Finally, when t = 0 we know that Π̂s,s = O[∞] almost surely by definition. Therefore, ˜̂Π

is a modification of Π̂.
We need to verify that for all ω ∈ ΩΠ̂, ˜̂Π(ω) is a deterministic flow of partitions. The cocycle property
was proved in the preceding lemma. Let us show the right regularity. Fix s ∈ R and n ∈ N. Recall that

there exists ǫ = ǫ(ω) > 0 such that for all rational p < q ∈ (s, s + ǫ), ˜̂Π[n]
p,q = O[n]. Letting p ↓ s, we

get ˜̂Π[n]
s,q = O[n] for all q ∈ (s, s + ǫ) ∩ Q. Similarly for all r ∈ (s, s + ǫ), we have ˜̂

Π
[n]
q,r = O[n] as soon

as q ∈ (s, r). Using the fact that ˜̂Π[n]
s,r = Coag(

˜̂
Π

[n]
q,r,

˜̂
Π

[n]
s,q) we get that ˜̂Π[n]

s,r = O[n] for all r ∈ (s, s+ ǫ).

This in turn implies that ˜̂
Π

[n]
s,r → ˜̂

Π
[n]
s,s as r ↓ s and the right regularity is proved. The left regularity is

obtained similarly. �

6.3 Calculations on regular variation

We fix α ∈ (1, 2) and assume that Λ(du) = f(u)du with f(u) = u1−αL(u) for all u ∈ (0, 1) and L
is slowly varying at 0+ (see [56]). Fix λ ∈ (0,∞). For all u > 0 we have

Ψ(λu)

λα
= Ψ(u)+

∫ λ

0
(e−xu− 1+xu)x−1−α

(

L
(x

λ

)
−L(x)

)

dx−
∫ 1

λ
(e−xu− 1+xu)x−1−αL(x)dx

Since L is slowly varying at 0+, the ratio L(x/λ)/L(x) goes to 1 as x tends to 0+. This, together with
the fact that Ψ(u)/u → ∞ as u → ∞, ensures that

Ψ(λu) ∼
u→∞

λαΨ(u)

Let us now prove that the map v defined in the proof of Theorem I.2 is itself regularly varying at 0+ with
index −1/(α− 1). We have

v(t)

Ψ(v(t))
=

∫ t

0

Ψ(v(s))− v(s)Ψ′(v(s))
(
Ψ(v(s))

)2 v′(s) ds ∼
t→0

(α− 1)t
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In the above calculations, we use the identity v′(s) = −Ψ(v(s)) and the regular variation of Ψ at ∞ that
ensures the convergence uΨ′(u)/Ψ(u) → α as u → ∞ (see Theorem 2 in [56]). Therefore we have
proved that

t v′(t)

v(t)
−→
t→0

−1

α− 1

This identity implies, thanks to Theorem 2 in [56], that v is regularly varying at 0+ with index −1/(α−
1).
Assume now that Λ(du) = c δ0(du)+f(u)du where c > 0 and f is any positive and measurable function
such that

∫

(0,1) f(u)du < ∞. It is simple to show that Ψ(u) ∼ c u2/2 as u → ∞. The calculations on v
above then applies with α = 2. We deduce that v is regularly varying at 0+ with index −1. �
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CHAPTER II

Genealogy of flows of continuous-state branching processes via flows

of partitions and the Eve property

This article [53] has been accepted for publication in the Annales de l’Institut Henri Poincaré.

1 Introduction

A continuous-state branching process (CSBP for short) is a Markov process (Zt, t ≥ 0) that takes its
values in [0,+∞] and fulfils the branching property: for all z, z′ ∈ [0,+∞], (Zt + Z′

t, t ≥ 0) is a CSBP,
where (Zt, t ≥ 0) and (Z′

t, t ≥ 0) are two independent copies started from z and z′ respectively. Such
a process describes the evolution of an initial population size Z0, and the branching property implies
that two disjoint subpopulations have independent evolutions. To alleviate notation, we will implicitly
consider an initial population size Z0 = 1. A CSBP has a Feller semigroup entirely characterized by
a convex function Ψ called its branching mechanism, so we will write Ψ-CSBP to designate the corre-
sponding distribution. The Feller property entails the existence of a càdlàg modification, still denoted
(Zt, t ≥ 0) and thus allows to define the lifetime of Z as the stopping time

T := inf{t ≥ 0 : Zt /∈ (0,∞)}

with the convention inf ∅ = ∞. The denomination lifetime is due to the simple fact that both 0 and ∞
are absorbing states.

The process Z can be seen as the total-mass of a measure-valued process (mt, t ∈ [0,T)) on [0, 1]
(or any compact interval), started from the Lebesgue measure on [0, 1] and such that for all x ∈ [0, 1],
(mt([0, x]), t ≥ 0) and (mt((x, 1]), t ≥ 0) are two independent Ψ-CSBP corresponding to the sizes of
the subpopulations started from [0, x] and (x, 1] respectively. The process m is called a measure-valued
branching process or Ψ-MVBP for short. Note that when ZT = ∞, the measure is no longer finite and
therefore we set mT = ∆, see Subsection 2.3 for further details.

DEFINITION II.1. We say that the branching mechanism Ψ satisfies the Eve property if and only if

there exists a random variable e in [0, 1] such that

mt(dx)

mt([0, 1])
−→
t↑T

δe(dx) a.s. (II.1)
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in the sense of weak convergence of probability measures. The r.v. e is called the primitive Eve of the

population.

This property means that a fraction asymptotically equal to 1 of the population descends from a single
individual located at e as t gets close to the lifetime T. This property seems to have never been studied
before, except by Tribe [75] in the case of the Feller diffusion with a spatial motion. From the branching
property, we will show that e is necessarily uniform[0, 1], when the Eve property is verified. The goal
of the present paper is to study this Eve property in connection with the genealogy of the Ψ-CSBP. Note
that the complete classification of the asymptotic behaviour of mt(dx)

mt([0,1])
will be provided in a forthcoming

work [25].

A CSBP describes the evolution of the population size, but does not provide clear information on
the genealogy. In recent years, several approaches have been proposed to study the genealogical struc-
ture: one can cite the historical superprocess of Dawson and Perkins [22], the continuum random tree
introduced by Aldous in [2], the Lévy trees of Le Gall, Le Jan and Duquesne [26, 61], we also refer
to [13, 38, 39] for the genealogy of related population models. This paper presents a new object, called
a stochastic flow of partitions associated with a branching mechanism, that unifies two well-known ap-
proaches: the flow of subordinators of Bertoin and Le Gall [12] and the lookdown representation of
Donnelly and Kurtz [24]. Let us mention that this object focuses on the genealogical structure, and does
not pay attention to the genetic types carried by the individuals: hence it would not be appropriate to deal
with more elaborate models incorporating mutations or spatial motions. We first introduce this object and
its relationships with these two representations, before presenting the connection with the Eve property.

As mentioned above, the population size does not define in itself the genealogy. Therefore we start
from a càdlàg Ψ-CSBP (Zt, t ∈ [0,T)) and enlarge the probability space in order to add more information
to this process. This is achieved by defining a random point process P with values in [0,T)×P∞, where
P∞ stands for the space of partitions of the integers N. To each jump (t,∆Zt) of the CSBP is associated
a point (t, ̺t) in P such that the random partition ̺t is distributed according to the paint-box scheme
with mass-partition (∆Zt

Zt
, 0, 0, . . .), see Subsection 2.1 for a precise definition of the paint-box scheme.

The genealogical interpretation is the following: (t,∆Zt) corresponds to a reproduction event where a
parent, chosen uniformly among the population alive at time t−, gives birth to a subpopulation of size
∆Zt; therefore a fraction ∆Zt

Zt
of the individuals at time t descends from this parent. In addition, when Z

has a diffusion part, P contains points of the form (t, I{i,j}) that model binary reproduction events, that
is, events where an individual i at time t− is the parent of two individuals i and j at time t, the partition
I{i,j} having a unique non-singleton block {i, j}, with i < j. A precise definition of the point process
P will be given in Subsection 3.2, but it should be seen as an object that collects all the elementary

reproduction events as time passes.
We then introduce a collection of random partitions (Π̂s,t, 0 ≤ s ≤ t < T) by "composing" the partitions
contained in P . In order not to burden this introduction, we do not provide the precise definition of
these partitions but, roughly speaking, Π̂s,t is the result of the composition forward-in-time of all the
elementary reproduction events provided by P on the interval (s, t]. Therefore the partitions collect the
following information

• Backward-in-time : the process s 7→ Π̂t−s,t gives the genealogy of the population alive at time t.

• Forward-in-time : the process s 7→ Π̂t,t+s gives the descendants of the population alive at time t.

(Π̂s,t, 0 ≤ s ≤ t < T) is called a Ψ flow of partitions and Z its underlying Ψ-CSBP.
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Connection with the lookdown representation

This object is intimately related to the lookdown representation of Donnelly and Kurtz [24]. A lookdown
process is a particle system entirely characterized by a sequence of initial types, that provides a sampling
of the initial population, and a so-called lookdown graph, that stands for the genealogical structure. In
a previous work [52], we showed that the flow of partitions formalizes and clarifies the notion of look-
down graph which was implicit in the lookdown construction of Donnelly and Kurtz [24]. To complete
the picture of the lookdown construction, note that the limiting empirical measure of the particle system
at time t, say Ξt, is a probability measure such that the process Z · Ξ is a Ψ-MVBP, see Section 3 for
further details.

Connection with the flow of subordinators

It is well-known that the process x 7→ mt([0, x]) is a subordinator whose Laplace exponent ut(·) is
related to the branching mechanism Ψ via forthcoming Equation (II.7). In addition, the branching prop-
erty ensures that mt+s is obtained by composing the subordinator mt with an independent subordinator
distributed as ms. This is the key observation that allowed Bertoin and Le Gall [12] to describe the
genealogy of the Ψ-MVBP with a collection of subordinators. Formally, a Ψ flow of subordinators
(Ss,t(a), 0 ≤ s ≤ t, a ≥ 0) is a collection of random processes that verify

• For every 0 ≤ s ≤ t, (Ss,t(a), a ≥ 0) is a subordinator with Laplace exponent ut−s.

• For every integer p ≥ 2 and 0 ≤ t1 ≤ . . . ≤ tp, the subordinators St1,t2 , . . . , Stp−1,tp are indepen-
dent and

St1,tp(a) = Stp−1,tp ◦ . . . ◦ St1,t2(a), ∀a ≥ 0 a.s. (cocycle property)

• For all a ≥ 0, (S0,t(a), t ≥ 0) is a Ψ-CSBP started from a.

Each subordinator [0, 1] ∋ x 7→ S0,t(x) can be seen as the distribution function of a random measure
m0,t on [0, 1] so that (m0,t, t ≥ 0) forms a Ψ-MVBP. In particular, St := S0,t(1) is its total-mass process
and one can define TS as its lifetime. Hence, all the relevant information about this initial population
[0, 1] is contained into the flow (Ss,t(a), 0 ≤ s ≤ t, 0 ≤ a ≤ Ss). Fix 0 ≤ s < t < TS and consider
a point a ∈ [0, Ss] such that Ss,t(a) − Ss,t(a−) > 0. Bertoin and Le Gall interpreted a as an ancestor
alive at time s and Ss,t(a) − Ss,t(a−) as its progeny alive at time t. We show that our collection of
partitions actually formalizes this genealogical structure. To state this result we use the notation P(Ss,t)
that stands for the paint-box distribution based on the mass-partition obtained from the rescaled jumps
{Ss,t(a)−Ss,t(a−)

St
, a ∈ [0, Ss]} of the subordinator Ss,t, here again we refer to Subsection 2.1 for a precise

definition.

THEOREM II.1. The collection of partitions (Π̂s,t, 0 ≤ s ≤ t < T), together with its underlying

CSBP Z, satisfies

• For all n ≥ 1 and all 0 < t1 < . . . < tn,

(Zt1 , . . . ,Ztn , Π̂0,t1 , . . . , Π̂tn−1,tn |tn < T)
(d)
= (St1 , . . . , Stn ,P(S0,t1), . . . ,P(Stn−1,tn)|tn < TS)

• For all 0 ≤ r < s < t < T, a.s. Π̂r,t = Coag(Π̂s,t, Π̂r,s) (cocycle property).

Note that the operator Coag is a composition operator for partitions, see Section 4.2 in [9] or Sub-
section 2.1 of the present paper.

Main results
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II - Genealogy of CSBPs via flows of partitions

We now study the connection between the Eve property and the genealogy. To alleviate notation, we set
Π̂t := Π̂0,t and let σ be the diffusion coefficient appearing in the branching mechanism Ψ. In addition,
we let I[∞] := {{1, 2, 3, . . .}} denote the partition with a unique block containing all the integers.

THEOREM II.2. There exists an exchangeable partition Π̂T such that Π̂t → Π̂T almost surely as

t ↑ T. Moreover, these three assumptions are equivalent

i) Ψ satisfies the Eve property.

ii) Π̂T = I[∞] a.s.

iii)
∑

{s<T:∆Zs>0}

(∆Zs

Zs

)2
+

∫ T

0

σ2

Zs
ds = ∞ a.s.

This result allows to define Π̂t := Π̂T for all t ≥ T.

If there are individuals who do not share their ancestors with any other individuals then the partition
has singleton blocks: we say that the partition has dust. It is well-known that for coalescent processes
with multiple collisions, a dichotomy occurs (except in a very trivial case) between those coalescent
processes that have infinitely many singletons at every time t > 0 almost surely and those that have no
singletons at every time t > 0 almost surely, see [66]. It is striking that a similar dichotomy holds in the
branching process setting.

THEOREM II.3. The following dichotomy holds:

• If Ψ is the Laplace exponent of a Lévy process with finite variation paths, then almost surely for

all t ∈ (0,T), the partition Π̂t has singleton blocks.

• Otherwise, almost surely for all t ∈ (0,T), the partition Π̂t has no singleton blocks.

Furthermore when σ = 0, almost surely for all t ∈ (0,T] the asymptotic frequency of the dust component

of Π̂t is equal to
∏

s≤t(1− ∆Zs
Zs

) whereas when σ > 0, almost surely for all t ∈ (0,T] there is no dust.

A flow of partitions also appears as an efficient tool to deal with convergences. We illustrate this fact
with the following problem. Consider a sequence of branching mechanisms (Ψm)m≥1 that converges
pointwise to another branching mechanism Ψ. Implicitly, Zm, Π̂m will denote Ψm-CSBP and Ψm flow
of partitions, for every m ≥ 1. It is easy to deduce from [20] that Zm → Z in a sense that will be made
precise in Subsection 5.2, so that a similar result for the corresponding genealogies is expected.

THEOREM II.4. Suppose that

i) For all u ∈ R+, Ψm(u) → Ψ(u) as m → ∞.

ii) The branching mechanism Ψ satisfies the Eve property.

iii) Ψ is not the Laplace exponent of a compound Poisson process.

then

(Π̂m
t , t ≥ 0)

(d)−→
m→∞

(Π̂t, t ≥ 0)

in D(R+,P∞).
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1. Introduction

The Eve property says that the rescaled Ψ-MVBP can be approximated by a Dirac mass as t gets
close to T. It is natural to ask if finer results can be obtained: for instance, does there exist a second Eve
that carries a significant part of the remaining population ?
We call ancestor a point x ∈ [0, 1] for which there exists t ∈ [0,T) such that mt({x}) > 0; in that
case, mt({x}) is called the progeny of x at time t. We will prove in Subsection 4.2 that the collection of
ancestors is countable. Roughly speaking, the progeny of a given ancestor is a Ψ-CSBP started from 0.
Therefore, one can naturally compare two ancestors: either by persistence, i.e. according to the extinction
times of their progenies (if they become extinct in finite time); or by predominance, i.e. according to the
asymptotic behaviours of their progenies (if their lifetimes are infinite). Notice that these two notions
(persistence/predominance) are mutually exclusive.

THEOREM II.5. Assume that Z does not reach ∞ in finite time. If the Eve property holds then one

can order the ancestors by persistence/predominance. We denote this ordering (ei)i≥1 and call these

points the Eves. In particular, e1 is the primitive Eve.

The Eves enjoy several nice properties. For instance, Proposition II.26 shows that the sequence
(ei)i≥1 is i.i.d. uniform[0, 1]. Also, the Eves will be of major importance in the last part of this work we
now present.

Theorem II.1 shows that flows of subordinators and flows of partitions are related by their finite-
dimensional marginals. One could wonder if the connection is deeper: does there exist a flow of partitions
embedded into a flow of subordinators ? It turns out that the Eve property plays a crucial rôle in this topic.

Consider a Ψ flow of subordinators (Ss,t(a), 0 ≤ s ≤ t < TS, 0 ≤ a ≤ Ss), and for simplicity
let Zs := Ss denote the total population size and T := TS its lifetime. For all s ≤ t, the subordinator
Ss,t defines a random measure ms,t on [0,Zs] with total mass Zt. Assume that Z does not reach ∞
in finite time and that the Eve property is verified. Theorem II.5 allows to introduce the Eves process

(eis, s ∈ [0,T))i≥1 by considering at each time s ∈ [0,T), the sequence of Eves of the Ψ-MVBP
(ms,t, t ∈ [s,T)) that starts from the Lebesgue measure on [0,Zs]. Notice that we actually rescale the
Eves (eis)i≥1 by the mass Zs in order to obtain r.v. in [0, 1].
The Eves process is the set of individuals that play a significant rôle in the population as time passes. One
is naturally interested in the genealogical relationships between these Eves, so we introduce a collection
of partitions (Π̂s,t, 0 ≤ s ≤ t < T) by setting

Π̂s,t(i) := {j ∈ N : ejt descends from eis}

Here "ejt descends from eis" means that Zt · ejt ∈
(
Ss,t(Zs · eis−), Ss,t(Zs · eis)

]
.

THEOREM II.6. The collection of partitions (Π̂s,t, 0 ≤ s ≤ t < T) defined from the flow of

subordinators and the Eves process is a Ψ flow of partitions.

We end with a decomposition result similar to the main theorem of [52]. For each time s ∈ [0,T),
let Es(Π̂, (e

i
s)i≥1) be the measure-valued process defined by

[s,T) ∋ t 7→
∑

i≥1

|Π̂s,t(i)|δeis(dx) +
(

1−
∑

i≥1

|Π̂s,t(i)|
)

dx

and rs,t the probability measure on [0, 1] defined by

rs,t(dx) :=
ms,t(Zs · dx)

Zt

85



II - Genealogy of CSBPs via flows of partitions

THEOREM II.7. The flow of subordinators can be uniquely decomposed into two random objects:

the Eves process (eis, s ∈ [0,T)) and the flow of partitions (Π̂s,t, 0 ≤ s ≤ t < T).

i) Decomposition. For each s ∈ R, a.s. Es(Π̂, (eis)i≥1) = (rs,t, t ∈ [s,T))

ii) Uniqueness. Let (Hs,t, 0 ≤ s ≤ t < T) be a Ψ flow of partitions defined from the Ψ-CSBP Z, and

for each s ∈ [0,T), consider a sequence (χs(i))i≥1 of r.v. taking distinct values in [0, 1]. If for each

s ∈ [0,T), a.s. Es(H, (χs(i))i≥1) = (rs,t, t ∈ [s,T)) then

• For each s ∈ [0,T), a.s. (χs(i))i≥1 = (eis)i≥1.

• Almost surely H = Π̂.

This theorem provides an embedding of the lookdown representation into a flow of subordinators and
thus, unifies those two representations. Note that the Eve property is actually a necessary condition for
the uniqueness. Indeed when the Eve property does not hold, there is no natural order on the ancestors
and therefore no uniqueness of the embedding.

2 Preliminaries

2.1 Partitions of integers

For every n ∈ N ∪ {∞}, let Pn be the set of partitions of [n] := {1, . . . , n}. We equip P∞ with
the distance dP defined as follows. For all π, π′ ∈ P∞

dP(π, π′) = 2−i ⇔ i = sup{j ∈ N : π[j] = π′[j]} (II.2)

where π[j] is the restriction of π to [j]. (P∞, dP) is a compact metric space. We also introduce for every
n ∈ N∪{∞}, P∗

n as the subset of Pn whose elements have a unique non-singleton block. In particular,
for all subsets K ⊂ N, we denote by IK the element of P∗

∞ whose unique non-singleton block is K.
Also we denote by O[∞] := {{1}, {2}, . . .} the trivial partition of N into singletons.
Let π ∈ P∞, for each i ≥ 1 we denote by π(i) the i-th block of π in the increasing order of their least
element. Furthermore, the asymptotic frequency of π(i) when it exists is defined to be

|π(i)| = lim
n→∞

1

n

n∑

j=1

1{j∈π(i)}

When all the blocks of a partition π admit an asymptotic frequency, we denote by |π|↓ the sequence of its
asymptotic frequencies in the decreasing order. We consider the Borel σ-field of (P∞, dP), and define
an exchangeable random partition π as a random variable on P∞ whose distribution is invariant under
the action of any permutation of N, see Section 2.3.2 in [9] for further details.
We define the coagulation operator Coag : P∞ × P∞ → P∞ as follows. For any elements π, π′ ∈
P∞, Coag(π, π′) is the partition whose blocks are given by

Coag(π, π′)(i) =
⋃

j∈π′(i)

π(j) (II.3)

for every i ∈ N. This is a Lipschitz-continuous operator and we have

Coag
(
π,Coag(π′, π′′)

)
= Coag

(
Coag(π, π′), π′′

)
(II.4)
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2. Preliminaries

for any elements π, π′, π′′ ∈ P∞, see Section 4.2 in [9] for further details.
We call mass-partition a sequence s = (si)i≥1 such that s1 ≥ s2 ≥ . . . ≥ 0,

∑

i≥1 si ≤ 1. From a
mass-partition s one can define the paint-box based on s, that is, the distribution P(s) of the random
exchangeable partition whose sequence of asymptotic frequencies is s. This can be achieved by con-
sidering a sequence (Ui)i≥1 i.i.d. uniform[0, 1] and defining the random partition π via the following
equivalence relation

i ∼ j ⇔ ∃ p ≥ 1 s.t. Ui, Uj ∈
[
p−1
∑

k=1

sk,

p
∑

k=1

sk

)

In this work, we will consider the mass-partition (x, 0, . . .) associated to a point x ∈ (0, 1] and the
corresponding paint-box distribution P(x, 0, . . .) in order to define the flow of partitions, see Subsection
3.2.
Finally consider a subordinator X restricted to [0, a], with a > 0. On the event {Xa > 0}, the sequence
(∆Xt

Xa
)↓t∈[0,a] will be called the mass-partition induced by the subordinator X , and the paint-box based on

this sequence will be denoted by P(X). This can be achieved by considering an i.i.d. sequence (Ui)i≥1

of uniform[0, 1] r.v., and defining on the event {Xa > 0} the exchangeable random partition π by the
following equivalence relation

i
π∼ j ⇔ X−1(XaUi) = X−1(XaUj) (II.5)

where X−1 denotes the right continuous inverse of t 7→ Xt. We also complete the definition by setting
P(X) := I[∞] = {{1, 2, 3, . . .}} on the event {Xa = 0}.

2.2 Continuous-state branching processes

We recall the definition of the continuous-state branching processes introduced in the celebrated
article of Jirina [46]. A continuous-state branching process (CSBP for short) started from a ≥ 0 is a
Markov process (Za

t , t ≥ 0) with values in [0,∞] such that (Za+b
t , t ≥ 0) has the same distribution as

(Za
t + Zb

t , t ≥ 0) where Za and Zb are two independent copies started from a and b respectively. Such a
process is entirely characterized by a convex function Ψ : [0,+∞) → (−∞,+∞), called its branching
mechanism, via the following identity

E[e−λZa
t ] = e−aut(λ), ∀λ > 0 (II.6)

where the function ut(λ) solves

∂ut(λ)

∂t
= −Ψ(ut(λ)), u0(λ) = λ (II.7)

and Ψ is the Laplace exponent of a spectrally positive Lévy process. Thus Ψ has the following form

Ψ(u) = γu+
σ2

2
u2 +

∫ ∞

0

(
e−hu − 1 + hu1{h≤1}

)
ν(dh) (II.8)

where γ ∈ R, σ ≥ 0 and ν is a measure on (0,∞) such that
∫∞
0 (1 ∧ x2)ν(dx) < ∞. In the sequel, we

will omit the symbol a and consider a = 1 as the results we will expose do not depend on this value. Note
that the semigroup is Feller, so a Ψ-CSBP admits a càdlàg modification. In the rest of this subsection,
we consider implicitly a càdlàg modification of Z.
We say that the Ψ-CSBP is subcritical, critical or supercritical according as Ψ′(0+) is positive, null, or
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II - Genealogy of CSBPs via flows of partitions

negative. Furthermore since 0 and ∞ are two absorbing states, we introduce the following two stopping
times, namely the extinction time and the explosion time by setting

T0 := inf {t ≥ 0 : Zt = 0}, T∞ := inf{t ≥ 0 : Zt = ∞} (II.9)

Let also T := T0 ∧ T∞ denote the lifetime of the Ψ-CSBP Z. Classical results entail that P(ZT = 0) =
e−q, and therefore P(ZT = ∞) = 1 − e−q where q := sup{u ≥ 0 : Ψ(u) ≤ 0}. Note that we use the
convention supR+ = ∞. In [40], Grey provided a complete classification of the possible behaviours of
Z at the end of its lifetime:

Extinction. For all t > 0, we have P(T0 ≤ t) = e−ut(∞) and

ut(∞) < ∞ ⇔ Ψ(v) > 0 for large enough v and
∫ ∞

v

du

Ψ(u)
< ∞

If ut(∞) is finite, then ut(∞) ↓ q as t → ∞. This ensures that on the event {ZT = 0} either T < ∞
a.s., or T = ∞ a.s.

Explosion. For all t > 0, we have

P(T∞ > t) = lim
λ→0+

E[e−λZt ] = e−ut(0+) (II.10)

Using this last equality, Grey proved that T∞
a.s.
= ∞ ⇔

∫

0+
du

Ψ(u) = ∞. When this condition holds, we
say that the CSBP is conservative. Here again, on the event {ZT = +∞} either T < ∞ a.s., or T = ∞
a.s.
The proofs of the following two lemmas are postponed to Section 7.

LEMMA II.2. On the event {T < ∞}, T has a distribution absolutely continuous with respect to

the Lebesgue measure on R+.

For all ǫ ∈ (0, 1), we introduce Tǫ := inf{t ≥ 0 : Zt /∈ (ǫ, 1/ǫ)}, and notice that Tǫ < T a.s. for all
ǫ ∈ (0, 1).

LEMMA II.3. For all t ≥ 0 and all ǫ ∈ (0, 1)

E




∑

s≤t∧Tǫ:∆Zs>0

(
∆Zs

Zs

)2


 < ∞

2.3 Measure-valued branching processes and flows of subordinators

In this subsection, we introduce the measure-valued branching processes associated to a branching
mechanism Ψ. For the sake of simplicity, we will consider measures on the interval [0, 1], but the
definition holds for any other compact interval. Let Mf denote the set of finite measures on [0, 1] and let
∆ be an extra point that will represent infinite measures. We set Mf := Mf ∪ {∆} and equip this space
with the largest topology that makes continuous the map

[0,+∞]× M1 → Mf

(λ, µ) 7→
{

λ · µ if λ < ∞
∆ if λ = ∞

This topology is due to Watanabe [77].
We denote by B++ the set of bounded Borel functions on [0, 1] that admit a strictly positive infimum.
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2. Preliminaries

We call measure-valued branching process associated with the branching mechanism Ψ, or Ψ-MVBP in
short, a Mf -valued Markov process (mt, t ≥ 0) started from a given measure m0 ∈ Mf that verifies for
all f ∈ B++

E
[
exp(−〈mt, f〉)

]
= exp(−〈m0, ut ◦ f〉)

Note that 〈∆, f〉 = +∞, thus ∆ is an absorbing point. The existence of this process can be obtained
using a flow of subordinators as it will be shown below. The uniqueness of the distribution derives from
the Markov property and the characterization of the Laplace functional on B++.

It is straightforward to check that the total-mass process (mt([0, 1]), t ≥ 0) is a Ψ-CSBP, say Z,
started from m0([0, 1]). As proved in [28], this process verifies the branching property: for every
m0,m

′
0 ∈ Mf , the process (mt + m′

t, t ≥ 0) is a Ψ-MVBP started from m0 + m′
0, where (mt, t ≥ 0)

and (m′
t, t ≥ 0) are two independent Ψ-MVBP started from m0 and m′

0 respectively.
Finally, from Lemma 3.5.1 in [21] one can prove that its semigroup verifies the Feller property. This
implies that the Ψ-MVBP admits a càdlàg modification. In the rest of this subsection, we consider im-
plicitly a càdlàg modification of m and will denote by T the lifetime of its total-mass process (which is
necessarily a càdlàg Ψ-CSBP).

Suppose that (mt, t ≥ 0) starts from the Lebesgue measure on [0, 1]. It is then immediate to deduce
that for all t ≥ 0, the process x 7→ mt([0, x]) is a (possibly killed) subordinator whose Laplace exponent
is given by (ut(λ), λ > 0). From the Lévy-Khintchine formula, we deduce that there exists a real number
dt ≥ 0 and a measure wt on (0,∞) that verifies

∫∞
0 (1 ∧ h)wt(dh) < ∞, such that

ut(λ) = ut(0+) + dtλ+

∫ ∞

0
(1− e−λh)wt(dh) , for all λ > 0 (II.11)

Notice that ut(0+) is the instantaneous killing rate of the subordinator, which is related to the explosion
of the total mass process (mt([0, 1]), t ≥ 0). Indeed P(T∞ ≤ t) = P(mt([0, 1]) = ∞) = 1− e−ut(0+),
see Equation (II.10).

From this observation, Bertoin and Le Gall introduced an object called flow of subordinators. Propo-
sition 1 in [12] asserts the existence of a process (Ss,t(a), 0 ≤ s ≤ t, a ≥ 0) such that

• For every 0 ≤ s ≤ t, (Ss,t(a), a ≥ 0) is a subordinator with Laplace exponent ut−s.

• For every integer p ≥ 2 and 0 ≤ t1 ≤ . . . ≤ tp, the subordinators St1,t2 , . . . , Stp−1,tp are indepen-
dent and

St1,tp(a) = Stp−1,tp ◦ . . . ◦ St1,t2(a), ∀a ≥ 0 a.s. (cocycle property)

• For all a ≥ 0, (S0,t(a), t ≥ 0) is a Ψ-CSBP started from a.

Actually in their construction, they excluded the non-conservative branching mechanisms but one can
easily adapt their proof to the general case.
Let us now present the connection with the Ψ-MVBP. Introduce the random Stieltjes measures

m0,t(dx) := dxS0,t(x), ∀x ∈ [0, 1]

From the very definition of the flow of subordinators, one can prove that (m0,t, t ≥ 0) is a Ψ-MVBP
started from the Lebesgue measure on [0, 1]. One can consider a càdlàg modification still denoted
(m0,t, t ≥ 0), and let TS be the lifetime of its total-mass process St := m0,t([0, 1]), t ≥ 0 (which is
a càdlàg Ψ-CSBP). It is then natural to introduce the random Stieltjes measures

ms,t(dx) := dxSs,t(x), ∀x ∈ [0, Ss]
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II - Genealogy of CSBPs via flows of partitions

for every 0 < s ≤ t < TS. Each process (ms,t, t ∈ [s,TS)) is a Ψ-MVBP and admits a càdlàg
modification still denoted (ms,t, t ∈ [s,TS)). Then we obtain a flow of Ψ-MVBP (ms,t, 0 ≤ s ≤ t <
TS) that describes the evolution of an initial population [0, 1].

3 Flows of partitions and the lookdown representation

The goal of this section is to develop the construction of Ψ flows of partitions presented in the
introduction. To that end, we first recall the definition of deterministic flows of partitions as introduced
in [52] since the one-to-one correspondence with lookdown graphs is deterministic. Then, we define a
random point process P pathwise from a càdlàg Ψ-CSBP Z, which will allow us to construct a Ψ flow
of partitions. Finally we give a precise characterization of its jump rates which will be necessary in the
proof of Theorem II.4, this last subsection can be skipped on first reading.

3.1 Deterministic flows of partitions

Fix T ∈ (0,+∞]. In [52], we introduced deterministic flows of partitions and proved they are in
one-to-one correspondence with the so-called lookdown graphs. Lookdown graphs are implicit in the
lookdown construction of Donnelly and Kurtz [24], and the upshot of the flows of partitions is to clarify
and formalize this notion. In the present paper, we do not recall the definition of the lookdown graph and
we refer to [52] for further details.
Below this formal definition of deterministic flows of partitions, the reader should find intuitive com-
ments.

DEFINITION II.4. A deterministic flow of partitions on [0, T ) is a collection π̂ = (π̂s,t, 0 ≤ s ≤
t < T ) of partitions such that

• For every r < s < t ∈ [0, T ), π̂r,t = Coag(π̂s,t, π̂r,s).

• For every s ∈ (0, T ), lim
r↑s

lim
t↑s

π̂r,t =: π̂s−,s− = O[∞].

• For every s ∈ [0,T), lim
t↓s

π̂s,t = π̂s,s = O[∞].

Furthermore, if for all s ∈ (0, T ), π̂s−,s has at most one unique non-singleton block, then we say that π̂
is a deterministic flow of partitions without simultaneous mergers.

The first property asserts a cocycle property for the collection of partitions: the evolution forward-
in-time is obtained by coagulating consecutive partitions. The second and third properties ensure that
for all n ≥ 1 and every compact interval [r, t] ⊂ [0, T ), only a finite number of partitions π̂

[n]
s−,s differ

from the trivial partition O[n]. Note that in this paper, we will only consider flows of partitions without
simultaneous mergers.

Construction from a point process

Let p be a deterministic point process on [0, T ) × P∗
∞ whose restriction to any subset of the form

(s, t] × P∗
n has finitely many points. Fix an integer n ∈ N and two real numbers s ≤ t ∈ [0, T ). Let

(ti, ̺i)1≤i≤q be the finitely many points of p|(s,t]×P∗
n

in the increasing order of their time coordinate. We
introduce

π̂
[n]
s,t := Coag(̺q,Coag(̺q−1, . . . ,Coag(̺2, ̺1) . . .)) (II.12)

Obviously, the collection of partitions (π̂
[n]
s,t , n ∈ N) is compatible and defines by a projective limit a

unique partition π̂s,t such that its restriction to [n] is π̂[n]
s,t , for each n ∈ N. Then, one easily verifies that

(π̂s,t, 0 ≤ s ≤ t < T ) is a deterministic flow of partitions without simultaneous mergers.
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REMARK II.5. This construction gives a hint of the one-to-one correspondence with lookdown

graphs. See [52] for further details.

We can now introduce the lookdown representation using a deterministic flow of partitions. Let
(ξs,s(i))i≥1 be a sequence of points in R+ and define the particle system (ξs,t(i), t ∈ [s, T ))i≥1 as
follows. For all t ≥ s and all i, j ≥ 1,

ξs,t(j) = ξs,s(i) ⇔ j ∈ π̂s,t(i) (II.13)

DEFINITION II.6. We use the notation Ls(π̂, (ξs,s(i))i≥1) to denote the deterministic lookdown

function (ξs,t(i), t ∈ [s,∞))i≥1 defined from the flow of partitions π̂ and the initial types (ξs,s(i))i≥1.

Moreover, for all t ∈ [s, T ), set

Ξs,t(dx) := lim
n→∞

1

n

n∑

i=1

δξs,t(i)(dx) (II.14)

when this is well-defined.

DEFINITION II.7. We denote by Es(π̂, (ξs,s(i))i≥1) the collection of limiting empirical measures

(Ξs,t, t ∈ [s,∞)) defined from the flow of partitions π̂ and the initial types (ξs,s(i))i≥1, when it exists.

Let us give an intuitive explanation of this particle system. If one considers each point ξs,s(i) as
some characteristic (type or location for instance) of the i-th ancestor at time s, then the underlying idea
of the lookdown representation is to give the same characteristic to the descendants of this ancestor at
any time t > s. Therefore, the measure Ξs,t(dx) describes the composition of the population at time t:
Ξs,t({ξs,s(i)}) is the proportion of individuals at time t who descend from the i-th ancestor alive at time
s. In the next subsection, we will see that if one applies this scheme with a random flow of partitions,
whose distribution is well chosen, then Ξ is a MVBP (rescaled by its total-mass).

3.2 Stochastic flows of partitions associated with a branching mechanism

We randomize the previous definitions using a point process P on [0,T)×P∞ where T is a random
positive time in order to introduce flows of partitions associated with a branching mechanism Ψ. As
mentioned in the introduction, this point process is obtained as the union of two point processes: Nσ

that stands for the binary reproduction events due to the diffusion of the underlying CSBP, and Nν that
encodes the positive frequency reproduction events due to the jumps of the CSBP. As these objects rely
on many definitions, one should refer on first reading to the heuristic definitions given in the introduction.

For every z > 0, we introduce the map φz : R∗
+ → [0, 1], that will be used to consider rescaled

jumps of a CSBP, by setting

φz : h 7→ h

h+ z

We define a measure µbinary on P∞ that will encode binary reproduction events often called Kingman
reproduction events. Recall that I{i,j} stands for the element of P∗

∞ whose unique non-singleton block
is {i, j} for every integers 1 ≤ i < j.

µbinary(dπ) :=
∑

i<j

δI{i,j}(dπ) (II.15)
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II - Genealogy of CSBPs via flows of partitions

This ends the introduction of preliminary notation. Fix a branching mechanism Ψ and consider a Ψ-
CSBP (Zt, t ≥ 0) started from 1 assumed to be càdlàg. We keep the notation of Section 2.2, in particular
T denotes the lifetime of Z. We start with the definition of Nν . Consider the random point process

Q :=
⋃

{t≥0:∆Zt>0}

{(

t,
∆Zt

Zt

)}

and define a P-randomization Nν of Q in the sense of Chapter 12 in [48], where P is the paint-box
probability kernel introduced in Subsection 2.1. The point process Nν := ∪{(t, ∆Zt

Zt
, ̺t)} on R+ ×

[0, 1]×P∞ can be described as follows. For all t ≥ 0 such that ∆Zt > 0, ̺t is a r.v. on P∞ distributed
according to the paint-box distribution P(∆Zt

Zt
, 0, . . .). It is more convenient to consider the restriction

of this point process to R+ × P∞ still denoted by Nν = ∪{(t, ̺t)}.

Second, we define a doubly stochastic Poisson point process Nσ on R+ × P∞, in the sense of
Chapter 12 in [48], with a random intensity measure given by

1{t<T}dt⊗
σ2

Zt
µbinary(dπ) (II.16)

We finally define the point process P on R+ × P∞ as

P := Nσ ∪Nν (II.17)

Notice that almost surely this point process takes its values in R+×P∗
∞, and has finitely many points in

any set of the form [0, t]×P∗
n with t < T and n ∈ N, as we will see in Proposition II.13. Thus for each

ω ∈ Ω, we define a deterministic flow of partitions without simultaneous mergers (Π̂s,t(ω), 0 ≤ s ≤ t <
T) using the point collection P(ω) and the pathwise construction of Subsection 3.1.

Let us now explain how one defines a lookdown process associated with a Ψ-MVBP. Fix s ≥ 0
and condition on {s < T}. Consider a sequence (ξs,s(i))i≥1 of i.i.d. uniform[0, 1] r.v. and define
the lookdown process (ξs,t(i), t ∈ [s,T))i≥1 := Ls(Π̂, (ξs,s(i)))i≥1. Lemma 3.5 in [24] ensures that
almost surely this particle system admits a process of limiting empirical measures (Ξs,t, t ∈ [s,T)) :=
Es(Π̂, (ξs,s(i))i≥1), and almost surely for all t ∈ [s,T) we have

Ξs,t(dx) =
∑

i≥1

|Π̂s,t(i)|δξs,s(i)(dx) +
(

1−
∑

i≥1

|Π̂s,t(i)|
)

dx

Moreover, Section 2 in [18] shows that the process (Zt · Ξs,t(Zs · dx), t ∈ [s,T)) is a càdlàg Ψ-MVBP
started from the Lebesgue measure on [0,Zs], conditionally on Zs.

REMARK II.8. The results in [18, 24] are stated with the usual notion of lookdown graph. But

they are immediately translated in terms of flows of partitions thanks to our one-to-one correspondence.

REMARK II.9. We can define from any time s ∈ [0,T), a Ψ-MVBP with total-mass process Z using

an independent sequence of initial types (ξs,s(i))i≥1 and the flow Π̂. Then, it could seem simple to define

a flow of Ψ-MVBP using this lookdown representation simultaneously for all s ∈ [0,T). However, this

is far from being trivial since the initial types s 7→ (ξs,s(i))i≥1 have to be suitably coupled. In Section

6, we will show that these initial types have to be the Eves.

An important property of the lookdown process (see [24]) is that for all t ≥ s, conditionally given Zt

the sequence (ξs,t(i))i≥1 is exchangeable on [0, 1]. This implies that conditionally given Zt the partition
Π̂s,t has the paint-box distribution on the subordinator x 7→ Zt · Ξs,t([0, x]). More generally, we have
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3. Flows of partitions and the lookdown representation

THEOREM II.1 The collection of partitions (Π̂s,t, 0 ≤ s ≤ t < T), together with its underlying

CSBP Z, satisfies

• For all n ≥ 1 and all 0 < t1 < . . . < tn,

(Zt1 , . . . ,Ztn , Π̂0,t1 , . . . , Π̂tn−1,tn |tn < T)
(d)
= (St1 , . . . , Stn ,P(S0,t1), . . . ,P(Stn−1,tn)|tn < TS)

• For all 0 ≤ r < s < t < T, a.s. Π̂r,t = Coag(Π̂s,t, Π̂r,s) (cocycle property).

Proof The cocycle property is a consequence of our construction as we have defined the restrictions
of the partitions by coagulating elementary reproduction events. We turn our attention to the finite
dimensional distributions. Fix an integer n ≥ 1 and a n-tuple 0 = t0 < t1 < . . . < tn. Let (Ss,t(a), 0 ≤
s ≤ t, 0 ≤ a ≤ S0,s(z)) be a Ψ flow of subordinators restricted to an initial population [0, z] instead of
[0, 1], and keep the notation TS to denote the lifetime of the total mass process (St := S0,t(z), t ≥ 0)
which is a Ψ-CSBP started from z. For every i ∈ [n], let Hti−1,ti be distributed according to the paint-
box P(Sti−1,ti). Note that H0,t1 , . . . ,Htn−1,tn are coupled only through their mass-partitions. We use
our construction of the beginning of this subsection to define pathwise from the CSBP (St, t ≥ 0) a
collection (Π̂S

s,t, 0 ≤ s ≤ t < TS). We will use the notation Pz to emphasize the dependence on the
initial value z. Implicitly, fi will denote a bounded Borel map from P∞ to R and gi a bounded Borel
map from R+ to R. We now prove by recursion on n ≥ 1 that

Ez[f1(Π̂
S
0,t1)g1(St1) . . . fn(Π̂

S
tn−1,tn)gn(Stn)1{tn<TS}]

= Ez[f1(H0,t1)g1(St1) . . . fn(Htn−1,tn)gn(Stn)1{tn<TS}]

The case n = 1 follows from the discussion above the statement of the theorem. Fix n ≥ 2 and suppose
that for all z > 0 and all f1, . . . , fn−1, g1, . . . , gn−1, we have

Ez[f1(Π̂
S
0,t1

)g1(St1) . . . fn−1(Π̂
S
tn−2,tn−1

)gn−1(Stn−1)1{tn−1<TS}]

= Ez[f1(H0,t1)g1(St1) . . . fn−1(Htn−2,tn−1)gn−1(Stn−1)1{tn−1<TS}]

Then, we obtain at rank n for any given z > 0 and any f1, . . . , fn, g1, . . . , gn

Ez[f1(Π̂
S
0,t1)g1(St1) . . . fn(Π̂

S
tn−1,tn)gn(Stn)1{tn<TS}]

= Ez

[

f1(Π̂
S
0,t1)g1(St1)1{t1<TS}ESt1

[
f2(Π̂

S
0,t2−t1) . . . fn(Π̂

S
tn−1−t1,tn−t1)gn(Stn−t1)1{tn−t1<TS}

]]

= Ez

[

f1(H0,t1)g1(St1)1{t1<TS}ESt1

[
f2(H0,t2−t1) . . . fn(Htn−1−t1,tn−t1)gn(Stn−t1)1{tn−t1<TS}

]]

= Ez[f1(H0,t1)g1(St1) . . . fn(Htn−1,tn)gn(Stn)1{tn<TS}]

where the first (resp. last) equality comes from the Markov property applied to the process (St, t ∈
[0,TS)) (resp. to the homogeneous chain (Sti ,Hti−1,ti , ti+1− ti)1≤i≤n) while the second equality makes
use of the recursion hypothesis and the case n = 1. �

This result motivates the following definition.

DEFINITION II.10. A collection of random partitions (Π̂s,t, 0 ≤ s ≤ t < T) defined on a same

probability space as a càdlàg Ψ-CSBP (Zt, t ∈ [0,T)) and that verifies

• For all n ≥ 1 and all 0 < t1 < . . . < tn,

(Zt1 , . . . ,Ztn , Π̂0,t1 , . . . , Π̂tn−1,tn |tn < T)
(d)
= (St1 , . . . , Stn ,P(S0,t1), . . . ,P(Stn−1,tn)|tn < TS)
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II - Genealogy of CSBPs via flows of partitions

• For all 0 ≤ r < s < t < T, a.s. Π̂r,t = Coag(Π̂s,t, Π̂r,s) (cocycle property).

is called a Ψ flow of partitions. Z is called its underlying CSBP.

REMARK II.11. In our construction from a point process, we can verify that the cocycle property

is fulfilled almost surely simultaneously for all triplets, that is,

P
[
∀ 0 ≤ r < s < t < T, Π̂r,t = Coag(Π̂s,t, Π̂r,s)

]
= 1

This is not necessarily the case for a general Ψ flow of partitions: however Proposition II.30 will show

that we can define a regularized modification which fulfils that property.

3.3 A characterization of the jump rates

The formalism of partitions enables one to restrict to n individuals sampled uniformly among the
population. In this subsection, we give a characterization of the dynamics of this finite-dimensional
process. The restriction of P to R+ ×P∗

n is denoted P [n]. We introduce, for any integer 2 ≤ k ≤ n and
any subset K ⊂ [n] such that #K = k, the quantity

Lt(n, K) := #
{
r ∈ (0, t] : (r, 1

[n]
K ) ∈ P [n]

}
(II.18)

where I [n]
K is the restriction of IK to [n] and IK is the partition whose unique non-singleton block is K.

Moreover, we set
Lt(n) :=

∑

{K⊂[n]:#K≥2}

Lt(n, K) (II.19)

In words, Lt(n) is the total number of points of P restricted to (0, t] × P∗
n. Note that the collection of

processes {(Lt(n, K), t ∈ [0,T)); K ⊂ [n],#K ≥ 2} is completely equivalent with the restricted flow

(Π̂
[n]
s,t , 0 ≤ s ≤ t < T) : the knowledge of any one of them is sufficient to recover the other. We denote

by dn the number of subsets of [n] with at least 2 elements, that is, dn :=
∑n

k=2

(
n
k

)
and we introduce

the filtration (Ft, t ≥ 0) by setting for all t ≥ 0

Ft := σ
{
Zs, s ∈ [0, t]

}∨

σ
{
P[0,t]×P∞

}
(II.20)

For every integer k such that 2 ≤ k ≤ n, we set

λn,k(z,Ψ) :=

∫ 1

0
xk(1− x)n−k

(σ2

z
x−2δ0(dx) + z ν ◦ φ−1

z (dx)
)

where ν◦φ−1
z is the pushforward measure of ν through the map φz . Notice that λn,k can be seen as a map

from R∗
+ × Mf (R+) to R+. Indeed, any element of Mf (R+) has the form σ̃2δ0(dh) + (1 ∧ h2)ν̃(dh),

where σ̃ ≥ 0 and ν̃ is a measure on (0,∞) such that
∫∞
0 (1 ∧ h2)ν̃(dh) < ∞, so it can be associated to

the branching mechanism Ψ̃ defined by the triplet (γ̃ = 0, σ̃, ν̃).
This ends the introduction of notation. We now state two results: the first is a technical continuity
statement and the second is the characterization of the jump rates. They will be of main importance for
the proof of Theorem II.4.

PROPOSITION II.12. Fix k, n such that 2 ≤ k ≤ n. The map λn,k is continuous from R∗
+ ×

Mf (R+), endowed with the product topology, to R+.

The proof of this first result will be given in Section 7, as it is rather technical. For the next result,
we rely on notions of stochastic calculus introduced in Chapters I.3 and II.2 in [45].
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3. Flows of partitions and the lookdown representation

PROPOSITION II.13. The collection of counting processes {(Lt(n, K), t ∈ [0,T)); K ⊂ [n],#K ≥
2} is a pure-jump dn-dimensional semimartingale on [0,T) with respect to F . Its predictable compen-

sator is the dn-dimensional process

{(∫ t

0
λn,#K(Zs−,Ψ)ds, t ∈ [0,T)

)

; K ⊂ [n],#K ≥ 2
}

(II.21)

Proof Fix K ⊂ [n] such that its cardinality, denoted by k := #K, is greater than 2. It is straightforward
to check that (Lt(n, K), t ∈ [0,T)) is a counting process adapted to the filtration F . Similarly, one can
easily verify that the process

(∫ t

0
λn,k(Zs−,Ψ)ds, t ∈ [0,T)

)

is a predictable increasing process w.r.t. the filtration F . Let us prove that the process

(

Lt(n, K)−
∫ t

0
λn,k(Zs−,Ψ)ds, t ∈ [0,T)

)

is a local martingale on [0,T) w.r.t. F . To do so, set for all t ∈ [0,T)

M
(1)
t := Lt(n, K)−

∑

s≤t

(∆Zs

Zs

)k(

1− ∆Zs

Zs

)n−k
− 1{k=2}

∫ t

0

σ2

Zs−
ds

M
(2)
t :=

∑

s≤t

(∆Zs

Zs

)k(

1− ∆Zs

Zs

)n−k
−
∫ t

0

∫ 1

0
xk(1− x)n−kZs− ν ◦ φ−1

Zs−
(dx) ds

It is sufficient to show that both M (1) and M (2) are local martingales on [0,T) w.r.t. F .
Let us focus on the first one. Fix ǫ ∈ (0, 1) and recall the definition of the stopping time Tǫ := inf{t ≥
0 : Zt /∈ (ǫ, 1/ǫ)}. Condition on (Zs, s ∈ [0,T)) and consider a time s > 0 such that ∆Zs > 0 (note that
those times are countably many a.s.). The P-randomization procedure implies that the restriction of the
random partition ̺s to Pn has a probability (∆Zs

Zs
)k(1 − ∆Zs

Zs
)n−k to be equal to I [n]

K independently of

the other partitions (̺t){t 6=s:∆Zt>0}. For all t ≥ 0, the number of occurrences of the partition I [n]
K in Nν

restricted to [0, t ∧ Tǫ]× Pn is given by the following r.v.

#
{
s ∈ [0, t ∧ Tǫ] : (s, I [n]

K ) ∈ N [n]
ν

}
(II.22)

which is, therefore, distributed as the sum of a sequence, indexed by {s ∈ [0, t ∧ Tǫ] : ∆Zs > 0}, of
independent Bernoulli r.v. with parameters ((∆Zs

Zs
)k(1− ∆Zs

Zs
)n−k). Since

(∆Zs

Zs

)k(

1− ∆Zs

Zs

)n−k
≤

(∆Zs

Zs

)2
(II.23)

a simple application of Borel-Cantelli lemma together with Lemma II.3 ensures that the r.v. of Equation
(II.22) is finite a.s. One also easily deduces that for all t ≥ 0

E

[

#
{
s ∈ [0, t ∧ Tǫ] : (s, I [n]

K ) ∈ N [n]
ν

}
∣
∣
∣

(
Zs, s ∈ [0, t ∧ Tǫ]

)]

=
∑

s≤t∧Tǫ

(∆Zs

Zs

)k(

1− ∆Zs

Zs

)n−k

Furthermore when k = 2, we deduce from the definition of Nσ that the counting process

#
{
s ∈ [0, t] : (s, I [n]

K ) ∈ N [n]
σ

}
, t ∈ [0,T)
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II - Genealogy of CSBPs via flows of partitions

is a doubly stochastic Poisson process with intensity 1{t<T}
σ2

Zt
dt. Therefore, for all t ≥ 0

E

[

#
{
s ∈ [0, t ∧ Tǫ] : (s, I [n]

K ) ∈ N [n]
σ

}
∣
∣
∣

(
Zs, s ∈ [0, t ∧ Tǫ]

)]

=

∫ t∧Tǫ

0

σ2

Zs
ds

Notice that the r.h.s. is finite a.s. Putting together the preceding results, we get that

E

[

Lt∧Tǫ(n, K)
∣
∣
(
Zs, s ∈ [0, t ∧ Tǫ]

)]

=
∑

s≤t∧Tǫ

(∆Zs

Zs

)k(

1− ∆Zs

Zs

)n−k
+ 1{k=2}

∫ t∧Tǫ

0

σ2

Zs
ds

Using Lemma II.3 and Equation (II.23), we deduce that the r.h.s. of the preceding equation is integrable
for all t ≥ 0. Therefore

E
[
M

(1)
t∧Tǫ

]
= 0

Note that the integrability is indeed locally uniform since we deal with non-decreasing processes. In
addition, we have for all 0 ≤ r ≤ t,

E
[
M

(1)
t∧Tǫ

∣
∣Fr

]
= M

(1)
r∧Tǫ

+ E

[

Lr∧Tǫ,t∧Tǫ(n, K)

−
∑

s∈(r∧Tǫ,t∧Tǫ]

(∆Zs

Zs

)k(

1− ∆Zs

Zs

)n−k
− 1{k=2}

∫ t∧Tǫ

r∧Tǫ

σ2

Zs
ds

∣
∣Fr

]

By applying the strong Markov property at time r ∧ Tǫ to the process Z, one easily gets that the
second term in the r.h.s. is zero a.s. using the preceding arguments. Therefore, we have proven that
(M

(1)
t∧Tǫ

, t ∈ [0,T)) is a locally uniformly integrable martingale. Since Tǫ ↑ T a.s., it implies that M (1)

is a local martingale on [0,T).

We turn our attention to M (2). It is well-known that the dual predictable compensator of the random
measure ∑

{t≥0:∆Zt>0}

δ
(t,

∆Zt
Zt

)
(II.24)

is the random measure 1{t<T}Zt−dt⊗ ν ◦ φ−1
Zt−

(dx) on R+ × [0, 1]. Thus Th.II.1.8 in [45] ensures that

M (2) is a local martingale on [0,T). Indeed, it suffices to take W (ω, t, x) := 1{t<T}x
k(1 − x)n−k and

to apply the theorem to the random measure of Equation (II.24).
We have proved that both M (1) and M (2) are local martingales w.r.t. F , this implies that the process

(

Lt(n, K)−
∫ t

0
λn,k(Zs−,Ψ)ds, t ∈ [0,T)

)

is a local martingale on [0,T) w.r.t. F .
Finally, consider the vector formed by the dn counting processes. Since we have identified for each of
them their compensator in a same filtration F , we have identified the compensator of the vector. The
proposition is proved. �

4 The Eve property

Throughout this section, m designates a càdlàg Ψ-MVBP started from the Lebesgue measure on
[0, 1], Z denotes its total-mass process and T its lifetime. In the first subsection, we define the Eve
property and prove Theorem II.2. In the second subsection, we identify a complete sequence of Eves and
prove Theorem II.5. Some properties of the Eves are given in the third subsection.

96



4. The Eve property

4.1 Definition

Recall the definition given in the introduction.

Definition II.1 We say that the branching mechanism Ψ satisfies the Eve property if and only if there

exists a random variable e in [0, 1] such that

mt(dx)

mt([0, 1])
−→
t↑T

δe(dx) a.s. (II.25)

in the sense of weak convergence of probability measures. The r.v. e is called the primitive Eve of the

population.

LEMMA II.14. Suppose that the Eve property is verified. Then e is uniform[0, 1].

Proof Let us consider a bijection f from [0, 1] to [0, 1] that preserves the Lebesgue measure. For all
t ≥ 0, we denote by mt ◦ f−1 the pushforward measure of mt by the function f . The process (mt ◦
f−1, t ∈ [0,T)) is still a Ψ-MVBP whose lifetime is T. Thus there exists a r.v. e′ ∈ [0, 1] such that

mt ◦ f−1(dx)

mt([0, 1])
−→
t→T

δe′(dx) a.s. (II.26)

Moreover, it is immediate to check that e′ := f(e) and that e′ and e have the same distribution. We
deduce that e is a r.v. on [0, 1] whose distribution is invariant under bijections that preserve the Lebesgue
measure. Hence it is a uniform[0, 1] r.v. �

The following proposition specifies an important case where the Eve property is fulfilled.

PROPOSITION II.15. If T < ∞ a.s. then Ψ satisfies the Eve property.

Proof Suppose that T < ∞ a.s. The branching property fulfilled by the process (mt, t ≥ 0) ensures that
(
mt([0, 2

−n)), t ∈ [0,T)
)
;
(
mt([2

−n, 2× 2−n)), t ∈ [0,T)
)
; . . . ;

(
mt([1− 2−n, 1]), t ∈ [0,T)

)

are 2n i.i.d. Ψ-CSBP started from 2−n and stopped at the infimum of their lifetimes. Since the lifetimes
of these CSBP are independent and finite a.s., we deduce from Lemma II.2 that they are distinct a.s. and
that T is either the first explosion time or the last extinction time of the preceding collection. Therefore,
for all i ∈ [2n],

lim
t→T

mt([(i− 1)2−n, i2−n))

mt([0, 1])
∈ {0, 1} a.s.

This implies that there exists a unique (random) integer un ∈ [2n] such that

lim
t→T

mt([(un − 1)2−n, un2
−n))

mt([0, 1])
= 1 a.s.

This holds for all n ∈ N and obviously [(un − 1)2−n, un2
−n) ⊃ [(un+1 − 1)2−(n+1), un+12

−(n+1)).
We can therefore introduce the following random variable

e := inf
n∈N

un2
−n

We have proved that
mt(dx)

mt([0, 1])
−→
t→T

δe(dx) a.s. (II.27)

in the sense of weak convergence of probability measures. �
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REMARK II.16. A complete classification of the asymptotic behaviour of
mt(.)

mt([0,1])
will be estab-

lished in a forthcoming work [25]. In particular it will be shown that whenever the CSBP is supercritical,

the Eve property is fulfilled if and only if the mean is infinite: an intuitive argument for this result is that

two independent copies of a same CSBP have comparable asymptotic sizes iff the mean is finite.

We now present a result that relates the Eve property with the behaviour of the Ψ flow of partitions at the
end of its lifetime T. In addition, this result provides a necessary and sufficient condition on Z for the
Eve property to hold.

Theorem II.2 There exists an exchangeable partition Π̂T such that Π̂t → Π̂T almost surely as t ↑ T.

Moreover, these three assumptions are equivalent

i) Ψ satisfies the Eve property.

ii) Π̂T = I[∞] a.s.

iii)
∑

{s<T:∆Zs>0}

(∆Zs

Zs

)2
+

∫ T

0

σ2

Zs
ds = ∞ a.s.

REMARK II.17. This theorem should be compared with Theorem 6.1 in [24] where a similar condi-

tion on the total-mass process is given but for a much larger class of measure-valued processes. However

their result is proved only when T < ∞, which in our particular case of branching processes, is a trivial

case as we already know from Proposition II.15 that the Eve property is fulfilled.

Proof To prove the asserted convergence, it suffices to show that for each n ∈ N, the restriction Π̂
[n]
t of

Π̂t to Pn admits a limit when t ↑ T almost surely. We fix n ∈ N until the end of the proof.

Step 1. Remark that conditional on
∫ T
0

σ2

Zs
ds, the r.v. #{Nσ|[0,T)×P∗

n
} has a Poisson distribution with

parameter
(
n
2

) ∫ T
0

σ2

Zs
ds. Thus we have almost surely

P

(

#{Nσ|[0,T)×P∗
n
} = 0

∣
∣

∫ T

0

σ2

Zs
ds

)

= exp
(

−
(
n

2

)∫ T

0

σ2

Zs
ds
)

(II.28)

In addition, thanks to Borel-Cantelli lemma we notice that

P

(

#
{
Nν|[0,T)×P∗

n

}
= 0

∣
∣
∑

s<T

(∆Zs

Zs

)2
= ∞

)

≤

1− P

(

#
{
Nν|[0,T)×P∗

n

}
= ∞

∣
∣
∑

s<T

(∆Zs

Zs

)2
= ∞

)

= 0 (II.29)

Step 2. Introduce ti := inf{t ≥ 0 : Π̂
[i]
t = I[i]} for all i ∈ N, we first prove that tn < T conditional on

{∑s<T(
∆Zs
Zs

)2 +
∫ T
0

σ2

Zs
ds = ∞}, thus it will imply that Π̂[n]

t → I[n] as t ↑ T on the same event, and
also the implication iii) ⇒ ii). We proceed via a recursion. At rank i = 2, we use Equations (II.28) and
(II.29) to obtain

P

(

#{P|[0,T)×P∗
2
} = 0

∣
∣
∑

s<T

(∆Zs

Zs

)2
+

∫ T

0

σ2

Zs
ds = ∞

)

= 0

Hence t2 < T a.s. Suppose that ti−1 < T almost surely for a given integer i ≥ 3, then we have

Π̂
[i−1]
ti−1

= I[i−1] a.s. Thus either ti = ti−1 and the recursion is complete, or Π̂[i]
ti−1

= {1, . . . , i− 1}, {i}.
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4. The Eve property

In the latter case, we need to prove that on [ti−1,T) there will be a reproduction event involving an
integer in [i− 1] and the integer i. We denote by Ai the subset of P∗

i whose elements are partitions with
a non-singleton block containing an integer lower than i− 1 and the integer i. Remark that on the event
{∑s<T(

∆Zs
Zs

)2 +
∫ T
0

σ2

Zs
ds = ∞}

∑

ti−1<s<T

(∆Zs

Zs

)2
+

∫ T

ti−1

σ2

Zs
ds = ∞ a.s.

so that almost surely

P

(

#{Nσ|(ti−1,T)×Ai
} = 0

∣
∣

∫ T

0

σ2

Zs
ds = ∞

)

= 0

P

(

#{Nν|(ti−1,T)×Ai
} = 0

∣
∣
∑

s<T

(∆Zs

Zs

)2
= ∞

)

= 0

which in turn ensures that ti < T a.s. The recursion is complete.

Step 3. We now prove that conditional on {∑s<T

(
∆Zs
Zs

)2
+
∫ T
0

σ2

Zs
ds < ∞}, the number of reproduction

events #{P|[0,T)×P∗
n
} is finite. This will imply that Π̂[n]

t admits a limit as t ↑ T on the same event.

Thanks to the remark preceding (II.28), we deduce that on {
∫ T
0

σ2

Zs
ds < ∞}, the r.v. #{Nσ|[0,T)×P∗

n
}

is finite. In addition, for each s ≥ 0 such that ∆Zs > 0, the probability that the restriction of ̺s to Pn

differs from 0[n] is equal to
n∑

k=2

(
n

k

)(∆Zs

Zs

)k(

1− ∆Zs

Zs

)n−k

independently of the other (̺t)t 6=s. Since

∑

s<T

n∑

k=2

(
n

k

)(∆Zs

Zs

)k(

1− ∆Zs

Zs

)n−k
≤

∑

s<T

n∑

k=2

(
n

k

)(∆Zs

Zs

)2

an application of Borel-Cantelli lemma implies that

P

(

#{Nν|[0,T)×P∗
n
} < ∞

∣
∣
∑

s<T

(∆Zs

Zs

)2
< ∞

)

= 1

Thus we have proved that #{P|[0,T)×P∗
n
} is finite on the event {∑s<T(

∆Zs
Zs

)2 +
∫ T
0

σ2

Zs
ds < ∞}.

Step 4. We now prove that

P

( ∑

s<T

(∆Zs

Zs

)2
+

∫ T

0

σ2

Zs
ds < ∞

)

> 0 ⇒ P
(
Π̂T 6= I[∞]

)
> 0

this will imply ii) ⇒ iii).
Thanks to Equation (II.28), we get

P

(

#{Nσ|[0,T)×P∗
2
} = 0

∣
∣

∫ T

0

σ2

Zs
ds < ∞

)

> 0

Also, note that

P

(

#{Nν|[0,T)×P∗
2
} = 0

∣
∣
{
(
∆Zs

Zs
)2; s < T

})

=
∏

s<T

(

1−
(∆Zs

Zs

)2
)
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One can readily prove that the r.h.s. is strictly positive on the event {∑s<T(
∆Zs
Zs

)2 < ∞}. Therefore we
have proven that

P

(

Π̂
[2]
T = 0[2]

∣
∣
∑

s<T

(∆Zs

Zs

)2
+

∫ T

0

σ2

Zs
ds < ∞

)

> 0

This inequality ensures the implication ii) ⇒ iii).

Step 5. We turn our attention to the proof of ii) ⇔ i). Consider a sequence (ξ0(i))i≥1 of i.i.d. uniform[0, 1]
r.v. and let (ξt(i), t ≥ 0)i≥1 := L0(Π̂, (ξ0(i))i≥1) be the lookdown process defined from this last se-
quence and the flow of partitions Π̂. We know that (Zt ·Ξt(.), t ≥ 0) is a Ψ-MVBP, where (Ξt, t ≥ 0) :=
E0(Π̂, (ξ0(i))i≥1). Moreover, a.s. for all t ∈ [0,T)

Ξt

(
{ξ0(1)}

)
= lim

n→∞

1

n

n∑

i=0

1{ξt(i)=ξ0(1)}

= |Π̂t(1)|

It is intuitively easy to see that the Eve property is equivalent with the almost sure convergence

Ξt

(
{ξ0(1)}

)
−→
t↑T

1

Roughly speaking, the primitive Eve is necessarily the type ξ0(1) in the sequence of initial types of the
lookdown representation. For a rigorous proof of this result, see Proposition II.25. Then, it is sufficient
to show the following equivalence

Ξt

(
{ξ0(1)}

)
−→
t↑T

1 a.s. ⇐⇒ Π̂t −→
t↑T

I[∞] a.s.

Since Π̂t is, conditionally on {t < T}, an exchangeable random partition, we deduce that for all n ≥ 1

P

(

Π̂
[n]
t = I[n]

∣
∣ |Π̂t(1)|

)

= |Π̂t(1)|n−1

Thus
Ξt

(
{ξ0(1)}

)
−→
t↑T

1 a.s. ⇐⇒ |Π̂t(1)| −→
t↑T

1 a.s. ⇐⇒ ∀n ≥ 1, Π̂
[n]
T = I[n] a.s.

The proof is complete. �

Thanks to this theorem, we can set Π̂t := Π̂T for all t ≥ T.

4.2 An ordering of the ancestors

Consider the following definition of an ancestor.

DEFINITION II.18. Fix a point x ∈ [0, 1]. If there exists a time t > 0 such that mt({x}) > 0, then

we say that x is an ancestor of m and mt({x}) is called its progeny at time t. We say that an ancestor

x becomes extinct at time d, if d := sup{t > 0 : mt({x}) > 0} is finite. If so, d is called its extinction

time.

Thanks to the lookdown representation the set of ancestors is countable almost surely. Indeed, an
ancestor is a point of the atomic support of the MVBP at a given time. Since at any time, the atomic
support is included in the set of initial types (of the lookdown representation) and since this last set is
countable, the result follows.
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4. The Eve property

REMARK II.19. In the infinite variation case, one can identify an ancestor and its progeny with

a Lévy tree among the Lévy forest that represents the genealogy of a CSBP. For further details on Lévy

trees see [26, 27, 61].

The progeny mt({x}) of an ancestor x has the same possible long-term behaviours as a Ψ-CSBP
(these behaviours have been recalled in Subsection 2.2). We thus propose a classification of the Ψ-
MVBPs according to these possible behaviours; for the moment we do not require the Eve property to
be verified. Recall dt, wt from Equation (II.11).

Classification of the behaviours

• Extinction. The total-mass process Z reaches 0 in finite time. All the ancestors become extinct in
finite time but no two of them simultaneously. At any time t ∈ (0,T), mt has finitely many atoms,
hence the number of ancestors that have not become extinct is finite, and mt has no continuous
part, that is, dt = 0.

• Explosion. The total-mass process Z reaches ∞ in finite time. All the ancestors, except the primi-
tive Eve, have finite progenies at time T.

• Infinite lifetime - no extinction of ancestors. T = ∞ and Ψ is either negative or has a second
positive root q ∈ [0,∞) and verifies

∫∞ du
Ψ(u) = ∞. Then no ancestor becomes extinct in finite

time, and their progenies reach, in infinite time, 0 or ∞.

• Infinite lifetime - possible extinction of ancestors. T = ∞, Ψ has a second positive root q > 0 and
∫∞ du

Ψ(u) < ∞. The set of ancestors can be subdivided into those, infinitely many, which become
extinct in finite time (no two of them simultaneously) and those, finitely many, whose progenies
reach ∞ in infinite time.

Additionally in the last two cases, the number of ancestors whose progenies reach ∞ is Poisson with
parameter q under the condition that Ψ is conservative.

REMARK II.20. A Ψ-MVBP enjoys at most two distinct behaviours: one on the event {ZT = 0}
and another on the event {ZT = ∞}.

EXAMPLE II.21. Let us give some examples that illustrate the previous cases

• Ψ(u) = u2, the Ψ-CSBP reaches 0 in finite time almost surely and so we are in the Extinction case

almost surely.

• Ψ(u) = −√
u, the Ψ-CSBP reaches +∞ in finite time almost surely and so we are in the Explosion

case almost surely.

• Ψ(u) = u ln(u), this is called the Neveu CSBP: it has an infinite lifetime almost surely and so we

are in the Infinite lifetime - no extinction of ancestors case almost surely.

• Ψ(u) = u ln(u) + u2, this CSBP reaches either 0 in finite time or ∞ in infinite time. On the event

{ZT = ∞} we are in the Infinite lifetime - possible extinction of ancestors case, while on the event

{ZT = 0} we are in the Extinction case.

Proof (Classification of the behaviours) It is plain that these four cases cover all the possible combi-
nations of branching mechanisms and asymptotic behaviours of the total-mass processes.
Extinction case. If dt > 0 or wt is an infinite measure then we have P(Zt = 0) = 0, therefore nec-
essarily wt is a finite measure and dt = 0. Since each atom of mt is associated with an ancestor with
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II - Genealogy of CSBPs via flows of partitions

a positive progeny at time t, we deduce that at any time t > 0 only finitely many ancestors have not
become extinct. Now condition on {t < T} and consider two ancestors x1 and x2 in [0, 1] not yet extinct
at time t. Their progenies after time t are given by two independent Ψ-CSBP (mt+s({x1}), s ≥ 0) and
(mt+s({x2}), s ≥ 0). The extinction times of these two ancestors are then distinct a.s. thanks to Lemma
II.2.
Explosion case. Since two independent Ψ-CSBP cannot explode at the same finite time thanks to Lemma
II.2, we deduce that only one ancestor has an infinite progeny at time T.
Infinite lifetime cases. The Poisson distribution of the statement can be derived from Lemma 2 in [11].
Let x ∈ [0, 1] be an ancestor. Then, there exists t > 0 s.t. mt({x}) > 0. The process (mt+s({x}), s ≥
0) is a Ψ-CSBP started from mt({x}), and so, either it reaches ∞ in infinite time with probability
1− e−mt({x})q or it reaches 0 with the complementary probability. In the latter case, it reaches 0 in finite
time if and only if

∫∞ du
Ψ(u) < ∞.

Now consider the case
∫∞ du

Ψ(u) < ∞. Remark that in that case dt = 0 for all t > 0 and that there is
no simultaneous extinction (same proof as above). Let us prove that infinitely many ancestors become
extinct in finite time. Consider the lookdown representation of the Ψ-MVBP: we stress that the set of ini-
tial types is exactly equal to the set of ancestors. We have already proved one inclusion at the beginning
of this subsection: each ancestor is an initial type. The converse is obtained as follows. Observe first
that Ψ is necessarily the Laplace exponent of a Lévy process with infinite variation paths since otherwise
∫∞ du

Ψ(u) < ∞ would not hold. Therefore Theorem II.3 ensures that the partitions Π̂0,t, t > 0 have no
singleton: each block has a strictly positive asymptotic frequency and therefore each initial types of the
lookdown representation has a strictly positive frequency. This implies that each initial type is necessar-
ily an ancestor. As the initial types are infinitely many, so are the ancestors: a Poisson number of them
have a progeny that reaches ∞ in infinite time, hence infinitely many become extinct in finite time. �

REMARK II.22. One should compare the Extinction case with the behaviour of the Λ Fleming-Viot

processes that come down from infinity. But in that setting, the question of simultaneous loss of ancestral

types remains open, see Section 6 or [52] for further details.

THEOREM II.5 Assume that Z does not reach ∞ in finite time. If the Eve property holds then one

can order the ancestors by persistence/predominance. We denote this ordering (ei)i≥1 and call these

points the Eves. In particular, e1 is the primitive Eve.

The persistence of an ancestor refers to the extinction time of its progeny (when it reaches 0 in finite
time) while the predominance denotes the asymptotic behaviour of its progeny (when it does not become
extinct in finite time). The proof of this theorem is thus split into the Extinction and the Infinite lifetime

cases. Note that we have excluded the case where the Ψ-CSBP is non-conservative for a reason given in
Remark II.24.

Extinction case

One can enumerate the ancestors of (mt, t ∈ [0,T)), say (ei)i≥1, in the decreasing order of their
extinction times (di)i≥1, that is, T = d1 > d2 > d3 . . . > 0. In particular, e1 is the primitive Eve.

Infinite lifetime case

We let e1 be the primitive Eve of the population: necessarily it does not become extinct in finite time.
Then we use the following result.

LEMMA II.23. In the Infinite lifetime - no extinction of ancestors case: there exists a sequence
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4. The Eve property

(ei)i≥2 such that for all i ≥ 2

lim
t→∞

mt({ei})
mt([0, 1]\{e1, . . . , ei−1}) = 1

In the Infinite lifetime - possible extinction of ancestors case: let K be the random number of ancestors

which never become extinct. There exists a sequence (ei)i≥2 such that for all i ∈ {2, . . . ,K}

lim
t→∞

mt({ei})
mt([0, 1]\{e1, . . . , ei−1}) = 1

and (ei)i>K are the remaining ancestors in the decreasing order of their extinction times (di)i>K , that

is, T = ∞ > dK+1 > dK+2 > dK+3 . . . > 0.

Proof We focus on the Infinite lifetime - no extinction of ancestors case, the other case is then a mixture
of the latter with the Extinction case. For every n ∈ N, we subdivide [0, 1] into

[0, 2−n), [2−n, 2× 2−n), . . . , [1− 2−n, 1]

Since these intervals are disjoint, the restrictions of mt to each of them are independent. Therefore, we
define for each i ∈ [2n], the random point e(i, n) as the Eve of the process

(
mt(. ∩ [(i− 1)2−n, i2−n)), t ≥ 0

)

(note that for i = 2n we take [1 − 2−n, 1]). In addition, one can define an ordering of the collection
(e(i, n))i∈[2n] according to the asymptotic behaviours of their progenies. More precisely, for two integers
i 6= j ∈ [2n], thanks to the classification of the behaviours and the Eve property, we have

lim
t→∞

mt({e(i, n)})
mt({e(j, n)})

∈ {0,∞}

Thus, there exist two r.v. in1 6= in2 ∈ [2n] such that for all i ∈ [2n]

lim
t→∞

mt

(
{e(in1 , n)}

)

mt

(
{e(i, n)}

) = ∞ if i 6= in1

lim
t→∞

mt

(
{e(in2 , n)}

)

mt

(
{e(i, n)}

) = ∞ if i 6= in1 , i
n
2

We set e1(n) := e(in1 , n) and e2(n) := e(in2 , n). We claim that almost surely the sequences (e1(n))n≥1

and (e2(n))n≥1 are eventually constant. This is clear for (e1(n))n≥1 since for each n ≥ 1, e1(n) =
e1, which is the primitive Eve of the entire population [0, 1]. We turn our attention to the sequence
(e2(n))n≥1, in that case the claim is not so clear. Roughly speaking, the wild behaviour this sequence
could have is the following: infinitely often, the second Eve e2(n) is "hidden" in the interval [(in−1

1 −
1)2−(n−1), in−1

1 2−(n−1)) containing the first Eve e1 at rank n − 1, but we will see that it cannot occur.
Suppose that the claim does not hold. Thus there exists an event E of positive probability on which
there exists a sequence (nk)k≥1 of integers such that e2(nk − 1) 6= e2(nk) for every k ≥ 1. From the
consistency of the restrictions of the MVBP m to the subintervals defined at ranks nk − 1 and nk, we
deduce that e2(nk) is in [(ink−1

1 − 1)2−(nk−1), ink−1
1 2−(nk−1)), that is, the same interval as e1 at rank

nk − 1. Hence on the event E
|e1 − e2(n)| → 0 as n ↑ ∞ (II.30)
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We now exhibit a contradiction. By the exchangeability of the increments of the MVBP m, we know that
(in1 , i

n
2 ) is distributed uniformly among the pairs of integers in [2n]. Therefore, one easily deduces that

for all n ≥ p

P(|e1 − e2(n)| ≤ 2−p) ≤ P(|in1 − in2 | ≤ 2n−p + 1) ≤ 22−p

This implies that the convergence of Equation (II.30) holds with probability 0, and E cannot have positive
probability. Therefore our initial claim is proved and we can define e2 := lim

n→∞
e2(n).

The property is proved for the first two ancestors e1 and e2. The general case is obtained similarly. �

REMARK II.24. In the case where Z reaches ∞ in finite time (non-conservative case), we cannot

obtain a relevant ordering. Indeed, in that case all the progenies mT({x}) of the ancestors x 6= e are

finite at time T. Therefore, no natural order appears in that setting.

4.3 The Eves and the lookdown representation

Let us motivate the previous ordering by presenting a striking connection with the lookdown rep-
resentation. The following proposition implies that, if the process of limiting empirical measures of a
lookdown process is equal to a given Ψ-MVBP, then the initial types are necessarily the sequence of Eves
of the Ψ-MVBP. We denote by rt the probability measure obtained by rescaling mt by its total-mass Zt.

PROPOSITION II.25. Assume that the Eve property is fulfilled and that the Ψ-CSBP does not

explode in finite time. Consider a Ψ flow of partitions (Π̂s,t, 0 ≤ s ≤ t < T) defined from the Ψ-

CSBP Z and a sequence (ξ0(i))i≥1 of r.v. taking distinct values in [0, 1]. Let (Ξt, t ∈ [0,T)) :=
E0(Π̂, (ξ0(i))i≥1) be the limiting empirical measures of the lookdown process defined from these objects.

If (Ξt, t ∈ [0,T)) = (rt, t ∈ [0,T)) a.s., then (ξ0(i))i≥1 = (ei)i≥1 a.s.

Proof We prove the proposition in the Extinction and Infinite lifetime - no extinction of ancestors cases,
as the Infinite lifetime - possible extinction of ancestors case is a combination of these two cases. Consider
the lookdown process

(ξt(i), t ∈ [0,T))i≥1 := L0(Π̂, (ξ0(i))i≥1)

Suppose this lookdown process verifies the assumptions of the proposition: there exists an event Ω∗ of
probability 1 on which

(Ξt, t ∈ [0,T)) = (rt, t ∈ [0,T)) (II.31)

We have to prove that ξ0(i) = ei for all i ≥ 1 a.s. First we notice that each initial type ξ0(i) (resp. each
ancestor ei) is associated with a process of frequencies

(
|Π̂0,t(i)|, t ≥ 0

)
(resp.

(
rt({ei}), t ≥ 0

)
). In

addition, we have

Ξt(dx) =
∑

i≥1

|Π̂0,t(i)|δξ0(i)(dx) +
(

1−
∑

i≥1

|Π̂0,t(i)|
)

dx (II.32)

We work on the event Ω∗ throughout this proof.
Extinction case. There is no drift part in Equation (II.32), and the two sets {ξ0(i); i ≥ 1} and {ei; i ≥ 1}
are equal. The initial types {ξ0(i); i ≥ 1} of the lookdown process are ordered by decreasing persistence
by construction. The Eves of the Ψ-MVBP (mt, t ∈ [0,T)) are also ordered by decreasing persistence.
Therefore ξ0(i) = ei for all i ≥ 1.
Infinite lifetime - no extinction of ancestors case. From Equations (II.31) and (II.32), we know that

(
|Π̂0,t(i)|

)↓

i≥1
=

(
rt({ei})

)↓

i≥1
(II.33)
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for all t ∈ [0,T). By definition of the ancestors, we know that for every i ≥ 1

P

[(
rt({ej0})

)

1≤j≤i
=

(
rt({ej0})

)↓

1≤j≤i

]

−→
t→∞

1

Thus, using the exchangeability of the partition Π̂0,t, Equation (II.33) and the last identity, we deduce
that for every i ≥ 1

P

[(
|Π̂0,t(j)|

)

1≤j≤i
=

(
|Π̂0,t(j)|

)↓

1≤j≤i

]

−→
t→∞

1

which entails that
P

[(
ξ0(j)

)

1≤j≤i
= (ej)1≤j≤i

]

= 1

This concludes the proof. �

We now determine the distribution of the sequence of Eves (ei)i≥1.

PROPOSITION II.26. The sequence (ei)i≥1 is i.i.d. uniform[0, 1] and is independent of the se-

quence of processes
(
mt({ei}), t ∈ [0,T)

)

i≥1

Proof Consider a sequence (ξ0(i))i≥1 of i.i.d. uniform[0, 1] r.v. and a Ψ flow of partitions (Π̂s,t, 0 ≤
s ≤ t < T) defined from the Ψ-CSBP (Zt, t ∈ [0,T)). Let (Ξt, t ∈ [0,T)) := E0(Π̂, (ξ0(i))i≥1) be the
limiting empirical measures of the corresponding lookdown process. Denote by Φ the measurable map
that associates to a Ψ-MVBP its sequence of Eves. From Proposition II.25, we deduce that a.s.

Φ
(
(Zt · Ξt(.), t ∈ [0,T))

)
= (ξ0(i))i≥1

Since (Zt · Ξt(.), t ∈ [0,T))
(d)
= (mt(.), t ∈ [0,T)), we obtain thanks to Proposition II.25 the following

identity:
(
(mt(.), t ∈ [0,T)), (ei)i≥1

) (d)
=

(
(Zt · Ξt(.), t ∈ [0,T)), (ξ0(i))i≥1

)
(II.34)

Therefore (ei)i≥1 is a sequence of i.i.d. uniform[0, 1] r.v. In addition the collection of asymptotic fre-
quencies (Zt · Ξt({ξ0(i)}), t ∈ [0,T))i≥1 only depends on Π̂, thus it is independent of the initial types
(ξ0(i))i≥1. The asserted result follows. �

5 Some properties of the genealogy

Consider a branching mechanism Ψ, a Ψ-CSBP Z started from 1 assumed to be càdlàg and a Ψ flow
of partitions (Π̂s,t, 0 ≤ s ≤ t < T) defined from the Ψ-CSBP Z. We present some properties of the Ψ
flow of partitions before stating a limit theorem. For the sake of simplicity, let Π̂t := Π̂0,t for all t ≥ 0
(recall that Theorem II.2 allows us to extend this process after time T).

5.1 Dust and modification

THEOREM II.3 The following dichotomy holds:

• If σ = 0 and
∫∞
0 (1 ∧ h)ν(dh) < ∞, then almost surely for all t ∈ (0,T), the partition Π̂t has

singleton blocks.

• Otherwise, almost surely for all t ∈ (0,T), the partition Π̂t has no singleton blocks.

Furthermore when σ = 0, almost surely for all t ∈ (0,T] the asymptotic frequency of the dust component

of Π̂t is equal to
∏

s≤t(1− ∆Zs
Zs

) whereas when σ > 0, almost surely for all t ∈ (0,T] there is no dust.
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REMARK II.27. The condition σ = 0 and
∫∞
0 (1 ∧ h)ν(dh) < ∞ is equivalent to saying that Ψ is

the Laplace exponent of a Lévy process with finite variation paths.

Proof By the definition of a Ψ flow of partitions, we know that, conditional on t < T, Π̂t is distributed
as a paint-box on the subordinator S0,t therefore it has no singleton blocks iff dt = 0 (recall that dt is the
drift term of the Laplace exponent ut(.)). Since for all t, s ≥ 0, ut+s(.) = ut ◦ us(.), classical results
ensure that dt+s = dt.ds. Therefore

∃t > 0, dt > 0 ⇔ ∀t > 0, dt > 0

Also, the equivalence dt > 0 ⇔ σ = 0 and
∫∞
0 (1 ∧ h)ν(dh) < ∞ can be found in [72].

Suppose now that σ = 0. Classical results on exchangeable partitions (see [9] for instance) ensure
that the asymptotic frequency of the dust is almost surely equal to the probability that the first block
is a singleton conditional on the mass partition. If t < T, then Π̂t(1) is a singleton iff no elementary
reproduction event has involved 1. This occurs with probability

∏

s≤t(1 − ∆Zs
Zs

) conditionally on Z. If

t = T, then either Π̂T has finitely many blocks and in that case it cannot have dust, or it has infinitely
many blocks. In the latter case Π̂T(1) is a singleton iff for all t < T Π̂t(1) is a singleton. This occurs
with probability

∏

s<T(1− ∆Zs
Zs

).

When σ > 0, the number of blocks in Π̂t is finite almost surely since we are either in the Extinction case
or in the Infinite lifetime - possible extinction of ancestors case.
Finally, for all t ∈ [0,T) we have proved that the asserted properties hold almost surely. Since the
process of asymptotic frequencies of Π̂t is càdlàg, we deduce that these properties hold almost surely for
all t ∈ [0,T). �

Another interesting question about genealogical structures is the following: can we recover the popula-
tion size from the genealogy ?

PROPOSITION II.28. The process (Zt, t ≥ 0) is measurable in the filtration F Π̂
t := σ{Π̂r,s, 0 ≤

r ≤ s ≤ t}, t ≥ 0.

Proof We give a sketch of the proof. Suppose that σ > 0 then the infinitesimal jumps due to binary
coagulation events allow one to recover the jump rates which is σ2/Zt at any given time t ≥ 0 thus the
process Z is entirely recovered from this only information. Now suppose that σ = 0. The rescaled jumps
(∆Zt

Zt
, t ≥ 0) are measurable w.r.t. (F Π̂

t , t ≥ 0). Conjointly with the knowledge of the deterministic drift
γ, we are able to recover the paths of the process. �

Recall that the trajectories of a stochastic flow of partitions are not necessarily deterministic flows of
partitions: the cocycle property does not necessarily hold simultaneously for all triplets r < s < t. But
we have mentioned that this property is actually verified in the particular case of a flow of partitions
defined from a càdlàg CSBP as presented in Subsection 3.2. The goal of what follows is to prove that
any Ψ flow of partitions admits a modification whose trajectories are deterministic flows of partitions.
The following two results are proved in Section 7.

LEMMA II.29. The process (Zt, Π̂t; t ≥ 0) is a Markov process in its own filtration with a Feller

semigroup.

PROPOSITION II.30. Consider a Ψ flow of partitions (Π̂s,t, 0 ≤ s ≤ t < T) with underlying

Ψ-CSBP (Zt, 0 ≤ t < T). There exists a process (
˜̂
Πs,t, 0 ≤ s ≤ t < T) such that:

• For all s ≤ t, almost surely on the event {t < T} Π̂s,t =
˜̂
Πs,t.

• For P-a.a. ω ∈ Ω,
˜̂
Π(ω) is a deterministic flow of partitions without simultaneous mergers.
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5.2 A limit theorem

We now turn our attention to the continuity properties of the law of (Π̂t, t ≥ 0) according to its
branching mechanism Ψ. To motivate this study we provide a convergence result for sequences of Ψ-
CSBPs, but this requires first to introduce a suitable topology to compare càdlàg functions that possibly
reach ∞ in finite time. At first reading, one can replace our topology with the usual Skorohod’s topology
and skip the next paragraph.
Our topology is the same as the one introduced in [20]. Let d̄ be a metric on [0,+∞] that makes
this space homeomorphic to [0, 1]. We denote by D([0,+∞], [0,+∞]) the space of càdlàg functions
f : [0,+∞] → [0,+∞] such that f(t) = 0 (resp. ∞) implies f(t + s) = 0 (resp. ∞) and lim

t→∞
f(t)

exists in [0,+∞] and is equal to f(∞).
We define Λ∞ as the set of increasing homeomorphisms of [0,+∞] into itself. Let d̄∞ be the following
metric on D([0,+∞], [0,+∞])

d̄∞(f, g) := 1 ∧ inf
λ∈Λ∞

(

sup
s≥0

d̄(f(s), g ◦ λ(s)) ∨ sup
s≥0

|s− λ(s)|
)

Let (Ψm)m∈N be a sequence of branching mechanisms such that Equation (II.8) is fulfilled with the
triplet (γm, σm, νm)m∈N verifying the corresponding assumptions and denote by Zm a Ψm-CSBP started
from 1. Let Ψ be another branching mechanism and Z a Ψ-CSBP. We consider the following assumption.

ASSUMPTION 1. For all u ∈ R+, we have Ψm(u) → Ψ(u) as m → ∞.

REMARK II.31. This assumption is equivalent with

γm − νm((1,∞)) −→
m→∞

γ − ν((1,∞))

in R and

σ2
mδ0(dh) + (1 ∧ h2) νm(dh) −→

m→∞
σ2δ0(dh) + (1 ∧ h2) ν(dh)

in the sense of weak convergence in the set Mf (R+) of finite measures on R+. See Theorem VII.2.9 and

Remark VII.2.10 in [45].

The following proposition yields a convergence result on sequences of CSBP, which is a consequence
of the work of Caballero, Lambert and Uribe Bravo in [20].

PROPOSITION II.32. Under Assumption 1, we have

(Zm
t , t ≥ 0)

(d)−→
m→∞

(Zt, t ≥ 0) , in the sense of weak convergence in D([0,+∞], [0,+∞]) (II.35)

Proof The proof of Proposition 6 in [20] ensures that there exists a sequence (Ym
t , t ≥ 0) of Ψm-

Lévy processes started from 1 stopped whenever reaching 0 that converges almost surely to a Ψ-Lévy
process (Yt, t ≥ 0) stopped whenever reaching 0, where the convergence holds in D([0,+∞], [0,+∞]).
Furthermore, Proposition 5 in [20] yields that L−1 is continuous on (D([0,+∞], [0,+∞]), d̄∞) where
L is a time change due to Lamperti, see Subsection 7.1 for the definition. Therefore, we deduce that

d̄∞(L−1(Ym), L−1(Y)) −→
m→∞

0 a.s.

Since L−1(Ym) (resp. L−1(Y)) is a Ψm (resp. Ψ) CSBP for all m ≥ 1, this concludes the proof. �

Let (Π̂m
s,t, 0 ≤ s ≤ t) be a Ψm flow of partitions, for each m ≥ 1.

THEOREM II.4 Suppose that
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II - Genealogy of CSBPs via flows of partitions

i) For all u ∈ R+, Ψm(u) → Ψ(u) as m → ∞.

ii) The branching mechanism Ψ satisfies the Eve property.

iii) Ψ is not the Laplace exponent of a compound Poisson process.

then

(Π̂m
t , t ≥ 0)

(d)−→
m→∞

(Π̂t, t ≥ 0)

in D(R+,P∞).

The proof of this theorem requires a preliminary lemma. Recall that Tǫ := inf{t ≥ 0 : Zt /∈
(ǫ, 1/ǫ)}.

LEMMA II.33. Under the hypothesis of the theorem, suppose that Zm → Z almost surely as m ↑ ∞
in D([0,+∞], [0,+∞]), then for all ǫ ∈ (0, 1) we have Tm

ǫ −→
m→∞

Tǫ a.s. and

(
Zm
t∧Tm

ǫ
, t ≥ 0) −→

m→∞

(
Zt∧Tǫ , t ≥ 0

)
a.s.

in D(R+,R+).

We postpone the proof of this lemma to Section 7. We are now ready to prove the theorem.

Proof (Theorem II.4) The definition of the topology on P∞ entails that it suffices to show that for every
n ∈ N,

(
Π̂

m,[n]
t , t ≥ 0

) (d)−→
m→∞

(
Π̂

[n]
t , t ≥ 0

)
(II.36)

in D(R+,Pn). So we fix n ∈ N. Our proof consists in showing that

a) P

(

Π̂
[n]
Tǫ

= I[n]
)

→ 1 as ǫ ↓ 0.

b)
(

Π̂
m,[n]
t∧Tm

ǫ
, t ≥ 0

)
(d)−→

m→∞

(

Π̂
[n]
t∧Tǫ

, t ≥ 0
)

in D(R+,Pn) for every ǫ ∈ (0, 1).

To see that those two properties imply the asserted convergence, observe that they entail

P
(
Π̂

m,[n]
Tǫ

= I[n]
)
→ 1

as m → ∞ and ǫ ↓ 0. Since I[n] is an absorbing state for the processes Π̂[n] and Π̂m,[n], we deduce that

P
[
(Π̂

[n]
t∧Tǫ

, t ≥ 0) = (Π̂
[n]
t , t ≥ 0)

]
→ 1

P

[(
Π̂

m,[n]
t∧Tm

ǫ
, t ≥ 0

)
=

(
Π̂

m,[n]
t , t ≥ 0

)]

→ 1

as m → ∞ and ǫ ↓ 0. Hence, the asserted convergence follows. We now prove a) and b).

The first property a) derives from Theorem II.2 and the fact that Tǫ → T a.s. as ǫ ↓ 0.
Let us prove the second property b). Note that this is sufficient to show that for every ǫ ∈ (0, 1)

{(
Lm
t∧Tm

ǫ
(n,K), t ≥ 0

)
;K ⊂ [n],#K ≥ 2

}
(d)−→

m↑∞

{(
Lt∧Tǫ(n,K), t ≥ 0

)
;K ⊂ [n],#K ≥ 2

}

in D(R+,R
dn
+ ), where {(Lt(n,K), t ≥ 0);K ⊂ [n],#K ≥ 2} are the counting processes whose

jump rates have been characterized in Subsection 3.3. Indeed the knowledge of these processes allows to

108



6. From a flow of subordinators to the lookdown representation

determine the elementary reproduction events Π̂[n]
t−,t, and so, is sufficient to recover the process (Π̂[n]

t , t ≥
0). Obviously, this also holds when the processes are stopped at Tǫ.
Let Zm (resp. Z) be a Ψm-CSBP (resp. Ψ-CSBP) such that Zm → Z almost surely as m ↑ ∞ in
D([0,+∞], [0,+∞]). Fix ǫ ∈ (0, 1), we know from Lemma II.33 that

(
Zm
t∧Tm

ǫ
, t ≥ 0

)
−→
m→∞

(
Zt∧Tǫ , t ≥ 0

)
a.s.

in D(R+,R+). Using Proposition II.12 and the definition of the stopping times Tm
ǫ , we deduce that for

each 2 ≤ k ≤ n

(∫ t∧Tm
ǫ

0
λn,k(Z

m
s−,Ψ

m)ds, t ≥ 0
)

−→
m↑∞

(∫ t∧Tǫ

0
λn,k(Zs−,Ψ)ds, t ≥ 0

)

a.s. (II.37)

in D(R+,R+).
From each Ψm-CSBP Zm, we define a flow of partitions and consider the corresponding dn-dimensional
counting process

{(
Lm
t∧Tm

ǫ
(n,K), t ≥ 0

)
;K ⊂ [n],#K ≥ 2

}

We do the same from the Ψ-CSBP Z and define
{(

Lt∧Tǫ(n,K), t ≥ 0
)
;K ⊂ [n],#K ≥ 2

}

We have shown in Proposition II.13 that this process is a dn-dimensional pure-jump semimartingale
whose predictable compensator is the dn-dimensional process

{(
∫ t∧Tǫ

0
λn,#K(Zs−,Ψ)ds, t ≥ 0

)
;K ⊂ [n],#K ≥ 2

}

and similarly for {(Lm
t∧Tm

ǫ
(n,K), t ≥ 0);K ⊂ [n],#K ≥ 2}, for each m ≥ 1. From Theorem

VI.4.18 in [45] we deduce that the collection of dn-dimensional processes {(Lm
t∧Tm

ǫ
(n,K), t ≥ 0);K ⊂

[n],#K ≥ 2}m≥1 is tight D(R+,R
dn
+ ). Indeed, in the notation of [45] conditions (i) and (ii) are triv-

ially verified, while condition (iii) is a consequence of Equation (II.37). Furthermore, this last equation
ensures that any limit of a subsequence of the collection of dn-dimensional semimartingales is a dn-
dimensional semimartingale whose predictable compensator is

{(
∫ t∧Tǫ

0
λn,#K(Zs−,Ψ)ds, t ≥ 0

)
;K ⊂ [n],#K ≥ 2

}

which characterizes uniquely the semimartingale {(Lt∧Tǫ(n,K), t ≥ 0);K ⊂ [n],#K ≥ 2} (see for
instance Theorem IX.2.4 in [45]). This ensures the following convergence

{(
Lm
t∧Tm

ǫ
(n,K), t ≥ 0

)
;K ⊂ [n],#K ≥ 2

}
(d)−→

m↑∞

{(
Lt∧Tǫ(n,K), t ≥ 0

)
;K ⊂ [n],#K ≥ 2

}

(II.38)
in D(R+,R

dn
+ ). �

6 From a flow of subordinators to the lookdown representation

6.1 Connection with generalised Fleming-Viot and motivation

In [52], we considered the class of generalised Fleming-Viot processes: they are Markov processes
that take values in the set of probability measures on a set of genetic types, say [0, 1], and that describe
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II - Genealogy of CSBPs via flows of partitions

the evolution of the asymptotic frequencies of genetic types in a population of constant size 1. A flow of
generalised Fleming-Viot processes (ρs,t,−∞ < s ≤ t < +∞) is a consistent collection of generalised
Fleming-Viot processes and is completely encoded by a stochastic flow of bridges, see the article [13]
of Bertoin and Le Gall. This object is similar to the stochastic flow of subordinators (restricted to an
initial population [0, 1]), but while in the former the population size is constant in the latter it varies as a
CSBP. This will be a major difficulty in the present work. We introduced the notion of ancestral type for
a generalised Fleming-Viot process, similarly as we have identified the ancestors of a MVBP. Then we
restricted our study to the following two subclasses of generalised Fleming-Viot:

• Eves - extinction: the ancestral types with a positive frequency are finitely many at any positive
time almost surely and any two of them do never get extinct simultaneously. Thus we can order
them by decreasing extinction times, hence obtaining a sequence (ei)i≥1 called the Eves.

• Eves - persistent: the ancestral types do never become extinct and can be ordered according to the
asymptotic behaviours of their progenies as t tends to ∞, we called the corresponding sequence
(ei)i≥1 the Eves as well.

At each time s ∈ R, we defined the sequence of Eves (eis)i≥1 as the ancestral types of the generalised
Fleming-Viot process (ρs,t, t ∈ [s,∞)). Then, expressing the genealogical relationships between those
Eves in terms of partitions of integers we obtained a stochastic flow of partitions (Π̂s,t,−∞ < s ≤
t < ∞). These two objects catch all the information encoded by the flow of generalised Fleming-Viot
processes: (eis)i≥1 is the sequence of types carried by the population started at time s while (Π̂s,t, t ∈
[s,∞)) tells how the frequencies of these types evolve in time. Additionally, it provides a pathwise
connection with the lookdown representation: the main result of [52] asserts that for every time s ∈ R,
the process of limiting empirical measures Es(Π̂, (eis)i≥1) is almost surely equal to (ρs,t, t ∈ [s,∞)).

Many connections exist between generalised Fleming-Viot processes and Ψ-MVBP: in [12], Bertoin
and Le Gall proved that the Bolthausen-Sznitman coalescent is the genealogy of the Neveu branching
process, in [18] Birkner et al. exhibited a striking connection between α-stable branching processes
and Beta(2 − α, α) Fleming-Viot processes and in [15] Bertoin and Le Gall proved that a generalised
Fleming-Viot process has a behaviour locally (i.e. for a small subpopulation) identical with a branching
process. It is thus natural to expect that a result similar to the one stated in [52] holds in the present
setting of branching processes.
For our construction to hold, we need the following assumptions:

• Ψ is conservative, that is, the Ψ-CSBP does not reach ∞ in finite time a.s.

• The branching mechanism Ψ enjoys the Eve property.

These assumptions ensure the existence of the ordering of ancestors presented in Subsection 4.2 in three
different cases: Extinction, Infinite lifetime - no extinction of ancestors and Infinite lifetime - possible

extinction of ancestors.

From now on, we consider a flow of Ψ-MVBP (ms,t, 0 ≤ s ≤ t < T) defined from a Ψ flow
of subordinators. As explained in Subsection 2.3, we can assume that each process (ms,t, t ∈ [s,T))
is càdlàg. Note that in this section, we use T instead of TS for the lifetime of the flow and we set
Zt := m0,t([0, 1]) for all t ∈ [0,T) instead of the notation St. Finally, recall the definition of the
probability measure rs,t via the rescaling

rs,t(dx) :=
ms,t(Zs · dx)

Zt
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6. From a flow of subordinators to the lookdown representation

In the next subsection, we define the Eves process (eis, s ∈ [0,T))i≥1 and a Ψ-flow of partitions
(Π̂s,t, 0 ≤ s ≤ t < T) pathwise from the flow of Ψ-MVBP. In particular, we prove Theorem II.6.
In the last subsection, we introduce for all s ∈ [0,T), the lookdown process (ξs,t(i), t ∈ [s,T))i≥1 :=
Ls(Π̂, (eis)i≥1) and define the measure-valued process (Ξs,t, t ∈ [s,T)) := Es(Π̂, (eis)i≥1). The rest of
that subsection is devoted to the proof of the following result.

THEOREM II.7 The flow of subordinators can be uniquely decomposed into two random objects:

the Eves process (eis, s ∈ [0,T)) and the flow of partitions (Π̂s,t, 0 ≤ s ≤ t < T).

i) Decomposition. For each s ∈ R, a.s. Es(Π̂, (eis)i≥1) = (rs,t, t ∈ [s,T))

ii) Uniqueness. Let (Hs,t, 0 ≤ s ≤ t < T) be a Ψ flow of partitions defined from the Ψ-CSBP Z, and

for each s ∈ [0,T), consider a sequence (χs(i))i≥1 of r.v. taking distinct values in [0, 1]. If for each

s ∈ [0,T), a.s. Es(H, (χs(i))i≥1) = (rs,t, t ∈ [s,T)) then

• For each s ∈ [0,T), a.s. (χs(i))i≥1 = (eis)i≥1.

• Almost surely H = Π̂.

6.2 Eves process and flow of partitions

For each s ∈ [0,T), the process (ms,t, t ∈ [s,T)) is a Ψ-MVBP started from the Lebesgue measure
on [0,Zs]. Therefore, we introduce the sequence (eis)i≥1 defined as its sequence of Eves (according to
the definition given in Subsection 4.2) but rescaled by the mass Zs in order to obtain r.v. in [0, 1]. The
process (eis, s ∈ [0,T))i≥1 is then called the Eves process.
A motivation for the rescaling of the Eves by the mass Zs is given by the following lemma.

LEMMA II.34. For every s ∈ [0,T), the sequence (eis)i≥1 is i.i.d. uniform[0, 1] and independent

of the past of the flow until time s, that is, of σ{mu,v, 0 ≤ u ≤ v ≤ s}.

Proof An easy adaptation of Proposition II.26 shows that, conditional on σ{mu,v, 0 ≤ u ≤ v ≤ s}, the
sequence (Zse

i
s)i≥1 is i.i.d. uniform[0,Zs]. Therefore, the sequence (eis)i≥1 is i.i.d. uniform[0, 1] and

independent of σ{mu,v, 0 ≤ u ≤ v ≤ s}. �

We now express the genealogical relationships between the Eves in terms of partitions. It is convenient
to define the process Fs,t as the distribution function of rs,t for all 0 ≤ s ≤ t < T. One easily shows
that this process is a bridge in the sense of [13]: it is a non-decreasing random process from 0 to 1 with
exchangeable increments. We define an exchangeable random partition Π̂s,t for all 0 ≤ s ≤ t < T
thanks to the following equivalence relation

i
Π̂s,t∼ j ⇔ F−1

s,t (e
i
t) = F−1

s,t (e
j
t )

for all integers i, j.

PROPOSITION II.35. For all 0 ≤ s ≤ t < T, almost surely (Fs,t, (e
i
t)i≥1, (e

i
s)i≥1) follows the

composition rule, that is:

• (eit)i≥1 is i.i.d. uniform[0, 1].

• Π̂s,t is an exchangeable random partition independent of (eis)i≥1. Denote its blocks by (Aj)j≥1

in the increasing order of their least elements. Then, for each j and any i ∈ Aj , we have ejs =
F−1
s,t (e

i
t).

111



II - Genealogy of CSBPs via flows of partitions

• (eis)i≥1 is i.i.d. uniform[0, 1].

The proof of this proposition follows from very similar arguments to those developed in Section
5 of [52], where the Eves - extinction case corresponds here to the Extinction case while the Eves -

persistent case corresponds to Infinite lifetime - no extinction of ancestors here. Once again, the Infinite

lifetime - possible extinction of ancestors case is obtained as a mixture of the previous two ones.

THEOREM II.6 The collection of partitions (Π̂s,t, 0 ≤ s ≤ t < T) defined from the flow of subordi-

nators and the Eves process is a Ψ flow of partitions.

Proof Fix 0 ≤ r < s < t < T. We know that for all integers i, j

i
Π̂r,t∼ j ⇔ F−1

r,t (e
i
t) = F−1

r,t (e
j
t )

Recall that F−1
r,t (e

i
t) = F−1

r,s ◦ F−1
s,t (e

i
t) a.s. and similarly for j. Proposition II.35 shows that there exists

an integer ki (resp. kj) such that F−1
s,t (e

i
t) = ekis a.s. (resp. j instead of i). Then we obtain that a.s.

i
Π̂r,t∼ j ⇔ ki

Π̂r,s∼ kj

From the definition of the coagulation operator, we deduce that a.s. Π̂r,t = Coag(Π̂s,t, Π̂r,s).
Now we prove the property on the finite dimensional marginals via a recursion on n. Implicitly fi (resp.
gi) will denote a bounded Borel map from P∞ (resp. R+) to R while φ will be a bounded Borel map
from [0, 1]N to R. For any sequence 0 = t0 < t1 < t2 < . . . < tn, Hti−1,ti := P(Sti−1,ti) will denote
the random partitions obtained via independent paint-box schemes based on Sti−1,ti , with i ∈ [n]. In
addition, we will consider a more general setting in which the flow of subordinators is taken at time 0
with an initial population [0, z] for a given z > 0 (whereas in this section we consider only the case
z = 1). Then we make use of Pz to emphasize the dependence on z > 0. We will prove that for any
integer n ≥ 1, for all z > 0, 0 < t1 . . . < tn, and all f1, . . . , fn, g1, . . . , gn we have

Ez

[
f1(Π̂0,t1)g1(Zt1) . . . fn(Π̂tn−1,tn)gn(Ztn)

∣
∣ (ei0)i≥1

]

= Ez

[
f1(H0,t1)g1(Zt1) . . . fn(Htn−1,tn)gn(Ztn)

]

This identity will ensure the asserted distribution for finite dimensional marginals of Π̂.
At rank n = 1, we use Lemma II.34 to deduce that the sequence (eit1)i≥1 is independent from the
subordinator S0,t1 . Therefore, we can assume that H0,t1 is defined according to the paint-box scheme
with this sequence of i.i.d. uniform[0, 1] and the subordinator S0,t1 , that is, H0,t1 = Π̂0,t1 . It suffices to
prove that Π̂0,t1 and Zt1 are independent from the sequence (ei0)i≥1. The first independence comes from
Proposition II.35. The second independence can be obtained from Lemma II.34. The identity follows.
Now suppose that the identity holds at rank n − 1 for all z > 0, and all f1, g1, . . . , fn−1, gn−1. At rank
n, we get for any f1, g1, . . . , fn, gn, φ and z > 0

Ez

[

f1(Π̂0,t1)g1(Zt1) . . . fn(Π̂tn−1,tn)gn(Ztn)φ((e
i
0)i≥1)

]

= Ez

[

f1(Π̂0,t1)g1(Zt1)φ((e
i
0)i≥1)E

[
f2(Π̂t1,t2)g2(Zt2) . . . fn(Π̂tn−1,tn)gn(Ztn)

∣
∣Ft1 , (e

i
t1)i≥1

]]

where Ft1 is the σ-field generated by the flow of subordinators until time t1. Remark that we have
used the measurability of (ei0)i≥1 from Ft1 and (eit1)i≥1, given by Proposition II.35. We now apply the
Markov property to the process (Zt, t ≥ 0) to obtain

= Ez

[

f1(Π̂0,t1)g1(Zt1)φ((e
i
0)i≥1)EZt1

[
f2(Π̂0,t2−t1)g2(Zt2−t1) . . . gn(Ztn−t1)

∣
∣ (eit1)i≥1

]]
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Notice that we use an abusive notation when conditioning on (eit1)i≥1: we mean that the sequence of
ancestors at time 0 in the shifted (by t1) process is equal to the sequence (eit1)i≥1 of the original flow of
subordinators. We believe that an accurate notation would have greatly burdened the preceding equations.
We now apply the recursion hypothesis and the case n = 1 to obtain

= Ez

[

f1(H0,t1)g1(Zt1)EZt1
[f2(H0,t2−t1)g2(Zt2−t1) . . . gn(Ztn−t1)]

]

Ez

[
φ((ei0)i≥1)

]

= Ez[f1(H0,t1)g1(Zt1)f2(Ht1,t2) . . . fn(Htn−1,tn)gn(Ztn)]Ez[φ((e
i
0)i≥1)]

where the last equality is due to the Markov property applied to the chain
(
Zti ,Hti−1,ti , (ti+1−ti)

)

1≤i≤n
.

Note that this discrete chain is homogeneous in time since we include in the state-space the length of the
next time interval. The recursion is complete. �

6.3 The pathwise lookdown representation

So far, we have defined pathwise from the flow of Ψ-MVBP (ms,t, 0 ≤ s ≤ t < T) the Eves process
(eis, s ∈ [0,T))i≥1 and a Ψ flow of partitions (Π̂s,t, 0 ≤ s ≤ t < T). Thanks to Proposition II.30, we can
consider a regularized modification of the flow of partitions that we still denote (Π̂s,t, 0 ≤ s ≤ t < T)
for convenience. We are now able to define a particle system (ξs,t(i), 0 ≤ s ≤ t < T)i≥1 as follows.
For all s ∈ [0,T), let (ξs,t(i), t ∈ [s,T))i≥1 := Ls(Π̂, (eis)i≥1) and define the measure-valued process
(Ξs,t, t ∈ [s,T)) := Es(Π̂, (e

i
s)i≥1). The rest of this subsection is devoted to the proof of Theorem II.7.

Proof (Theorem II.7) Fix s ≥ 0 and work conditionally on {s < T}. From the lookdown representation,
we know that for all t ∈ [s,T), almost surely

Ξs,t(dx) =
∑

i≥1

|Π̂s,t(i)|δeis(dx) + (1−
∑

i≥1

|Π̂s,t(i)|)dx

Thanks to Proposition II.35, for all t ∈ [s,T), almost surely for all i ≥ 1, |Π̂s,t(i)| = rs,t({eis}) and

rs,t =
∑

i≥1

rs,t({eis})δeis(dx) + (1−
∑

i≥1

rs,t({eis}))dx

we obtain that almost surely for all t ∈ [s,T) ∩ Q, Ξs,t = rs,t. Since both processes are càdlàg, we
deduce they are equal almost surely.

We now turn our attention to the proof of the uniqueness property. Let (Hs,t, 0 ≤ s ≤ t < T) be a
Ψ-flow of partitions defined from Z and (χs(i), s ∈ [0,T))i≥1 be, at each time s ∈ [0,T), a sequence of
r.v. taking distinct values in [0, 1]. Define for each s ∈ [0,T)

(Xs,t, t ∈ [s,T)) := Es(H, (χs(i))i≥1)

and suppose that a.s. (Xs,t, t ∈ [s,T)) = (rs,t, t ∈ [s,T)).

From Proposition II.25, we deduce that for each s ∈ [0,T), almost surely (χs(i))i≥1 = (eis)i≥1. So
the first uniqueness property is proved. We now prove the second uniqueness property. There exists an
event Ω∗ of probability 1 such that on this event, for every rational numbers s, t such that 0 ≤ s ≤ t < T
and every integer i ≥ 1 we have

rs,t({eis}) = |Π̂s,t(i)| = |Hs,t(i)| (II.39)

In the rest of the proof, we work on the event Ω∗. Our proof relies on the following claim.
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Claim The flow of partitions Π̂ is entirely defined by the knowledge of the quantities |Π̂s,t(i)| for every
rational values 0 ≤ s ≤ t < T and every integer i ≥ 1.

Obviously, the same then holds for the flow of partitions H. Thanks to this result and Equation (II.39),
we deduce that Π̂ = H almost surely. �

It remains to prove the Claim. This is achieved thanks to the following two lemmas.

LEMMA II.36. Almost surely, for every s ≤ t in [0,T) such that t is rational, Π̂s,t admits asymp-

totic frequencies and the process r 7→ |Π̂t−r,t(i)| is làdcàg for every integer i.

LEMMA II.37. Let I be a subset of N. The following assertions are equivalent

i) Π̂s−,s has a unique non-singleton block I .

ii) For every i 6= min I let b(i) be the unique integer such that i = b(i)− (#{I ∩ [b(i)]}−1)∨0. Then

we have (|Π̂s−,t(i)|, t ∈ (s,∞) ∩Q) = (|Π̂s,t(b(i))|, t ∈ (s,∞) ∩Q).

and similarly when Π̂ is replaced by H.

Proof (Claim) The knowledge of |Π̂s,t(i)| for every rational values 0 ≤ s ≤ t < T and every integer
i ≥ 1, entails, thanks to Lemma II.36, the knowledge of the quantities |Π̂r−,t(i)| and |Π̂r,t(i)| for all
r ∈ (0, t). Then, Lemma II.37 ensures that the elementary reproduction events Π̂s−,s are obtained from
the preceding quantities. �

Proof (Lemma II.36) From the exchangeability properties of Π̂, we know that almost surely the quan-
tities |Π̂s,t(i)| exist simultaneously for all rational values s ≤ t and integers i ≥ 1. Fix the rational value
t. We differentiate three cases. First if wt is a finite measure and dt = 0, then the process r 7→ Π̂t−r,r

has finitely many blocks and no dust, and evolves at discrete times by coagulation events. Thus, for all
s ∈ (0,T), there exist rational values p < s < q such that Π̂s−,t = Π̂p,t and Π̂s,t = Π̂q,t. The result
follows. Second if dt > 0. Then, one can easily prove that the rate at which the i-th block is involved in
a coalescence event is finite, for every i ≥ 1. Therefore, the same identities, but for the i-th block, as in
the previous case hold.
Finally, consider the case where blocks have infinitely many blocks but no dust. Then, one can adapt the
arguments used in Section 7 of [52] to obtain the result. �

Proof (Lemma II.37) The objects are well-defined thanks to Lemma II.36. One can adapt the proof in
Section 6 of [52] in this setting to obtain the asserted result. For this, it is enough to remark that the
processes (|Π̂s,t(i)|, t ∈ (s,T) ∩ Q)i≥1 are distinct by pair since either they reach 0 at distinct finite
times or their asymptotic behaviours are distinct. �

7 Appendix

7.1 The Lamperti representation

The Lamperti representation provides a time change that maps a Ψ-Lévy process to a Ψ-CSBP. It
relies on the following objects. Define for all t ≥ 0 and any f ∈ D([0,+∞], [0,+∞]),

I(f)t := inf{s ≥ 0 :

∫ s

0
f(u)du > t}
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Then we define L : D([0,+∞], [0,+∞]) → D([0,+∞], [0,+∞]) by setting

L(f) := f ◦ I(f) for all f ∈ D([0,+∞], [0,+∞])

Conversely, one can verify that L−1(g) = g ◦ J(g) where, for all g ∈ D([0,+∞], [0,+∞])

J(g)t := inf{s ≥ 0 :

∫ s

0
g−1(u)du > t}

Consider a Ψ-Lévy process Y started from 1 stopped whenever reaching 0, the result of Lamperti ensures
that L−1(Y) is a Ψ-CSBP started from 1, and that L(Z) is a Ψ-Lévy started from 1 stopped whenever
reaching 0.

7.2 Proof of Lemma II.2

A simple calculation ensures that t 7→ ut(∞) (when ut(∞) < ∞) and t 7→ ut(0+) are differentiable,
with derivatives equal to −Ψ(ut(∞)) and −Ψ(ut(0+)) respectively. Therefore t 7→ P(T ≤ t) =
e−ut(∞) + 1 − e−ut(0+) is differentiable as well. So the distribution of T is absolutely continuous with
respect to the Lebesgue measure on (0,∞) on the event {T < ∞}. �

7.3 Proof of Lemma II.3

Let (Yt, t ≥ 0) be a Ψ-Lévy started from 1. Using the Lamperti’s result, we define a Ψ-CSBP
Z := L−1(Y) started from 1. For all ǫ ∈ (0, 1), we introduce the stopping time

TY
ǫ := inf{t ≥ 0 : Yt /∈ (ǫ, 1/ǫ)}

and use the stopping time Tǫ introduced for Z previously. It is immediate to check that for all t ≥ 0,
YJ(Y)t∧TY

ǫ
= Zt∧Tǫ . Fix t ≥ 0 and notice that

J(Y)t ∧ TY
ǫ ≤ t

ǫ

Thus, we get that

E

[
∑

s≤t∧Tǫ:∆Zs>0

(∆Zs

Zs

)2
]

= E

[
∑

s≤J(Y)t∧TY
ǫ :

0<∆Ys<1

(∆Ys

Ys

)2
]

+ E

[
∑

s≤J(Y)t∧TY
ǫ :

∆Ys≥1

(∆Ys

Ys

)2
]

≤ 1

ǫ2
E

[
∑

s≤J(Y)t∧TY
ǫ :

0<∆Ys<1

(
∆Ys

)2
]

+ E

[

#{s ≤ J(Y)t ∧ TY
ǫ : ∆Ys ≥ 1}

]

≤ 1

ǫ2
E

[
∑

s≤t/ǫ:0<∆Ys<1

(
∆Ys

)2
]

+ E

[

#{s ≤ t/ǫ : ∆Ys ≥ 1}
]

≤ t

ǫ3

∫

(0,1)
h2ν(dh) +

t

ǫ
ν([1,∞)) < ∞

where the last inequality derives from the very definition of ν. �
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7.4 Proof of Proposition II.12

Fix 2 ≤ k ≤ n. Consider a sequence (zm)m≥1 ∈ R∗
+ that converges to z > 0, and a sequence of

branching mechanisms (Ψm)m≥1 such that Assumption 1 is verified. We have to prove that
∫ 1

0
xk(1−x)n−k

(σ2
m

zm
x−2δ0(dx)+zmνm◦φ−1

zm(dx)
)

→
∫ 1

0
xk(1−x)n−k

(σ2

z
x−2δ0(dx)+zν◦φ−1

z (dx)
)

Since x 7→ xk−2(1− x)n−k is continuous on [0, 1], it suffices to prove that

σ2
m

zm
δ0(dx) + zmx2νm ◦ φ−1

zm(dx)
(w)−→ σ2

z
δ0(dx) + zx2ν ◦ φ−1

z (dx) (II.40)

in the sense of weak convergence in Mf ([0, 1]). Let f : [0, 1] → R be a continuous function. Set

Im :=

∫ 1

0
f(x)

(σ2
m

zm
δ0(dx)+zmx2νm◦φ−1

zm(dx)
)

=

∫ ∞

0
f(

h

h+ zm
)
(σ2

m

zm
δ0(dh)+zm

( h

h+ zm

)2
νm(dh)

)

We decompose Im = Am +Bm where

Am :=

∫ ∞

0
f(

h

h+ z
)(

h

h+ z
)2

z

1 ∧ h2
(σ2

mδ0(dh) + (1 ∧ h2)νm(dh))

Bm :=

∫ ∞

0

(

f(
h

h+ zm
)(

h

h+ zm
)2zm − f(

h

h+ z
)(

h

h+ z
)2z

) 1

1 ∧ h2
(
σ2
mδ0(dh) + (1 ∧ h2)νm(dh)

)

Using the remark below Assumption 1, one can check that Am → A where

A :=

∫ ∞

0
f
( h

h+ z

)( h

h+ z

)2 z

1 ∧ h2
(
σ2δ0(dh) + (1 ∧ h2)ν(dh)

)

=

∫ 1

0
f(x)

(σ2

z
δ0(dx) + zx2ν ◦ φ−1

z (dx)
)

Therefore, the proof of Equation (II.40) reduces to show that Bm → 0 as m ↑ ∞. To that end, we get

Bm =

∫ ∞

0
f(

h

h+ zm
)

h

h+ zm

( h

h+ zm

zm
1 ∧ h2

− h

h+ z

z

1 ∧ h2

)[
σ2
mδ0(dh) + (1 ∧ h2)νm(dh)

]

+

∫ ∞

0

(

f(
h

h+ zm
)

h

h+ zm
− f(

h

h+ z
)

h

h+ z

) h

h+ z

z

1 ∧ h2
[
σ2
mδ0(dh) + (1 ∧ h2)νm(dh)

]

Set gm(h) :=
h

h+ zm

zm
1 ∧ h2

− h

h+ z

z

1 ∧ h2
. One can easily prove that gm(h) → 0 as m ↑ ∞ uniformly

in h ∈ R+. Therefore we have the following upper bound for the absolute value of the first term on the
r.h.s. of the preceding equation

||f ||∞
∫ ∞

0
|gm(h)|[σ2

mδ0(dh) + (1 ∧ h2)νm(dh)] → 0 as m ↑ ∞

Finally remark that the second term in the r.h.s. of the preceding equation gives
∫ ∞

0

(

f(
h

h+ zm
)

h

h+ zm
− f(

h

h+ z
)

h

h+ z

) h

h+ z

z

1 ∧ h2
[
σ2
mδ0(dh) + (1 ∧ h2)νm(dh)

]

=

∫ ∞

0

(

f(
h

h+ zm
)− f(

h

h+ z
)
)

(
h

h+ z
)2

z

1 ∧ h2
[
σ2
mδ0(dh) + (1 ∧ h2)νm(dh)

]

+

∫ ∞

0
f(

h

h+ zm
)
( 1

h+ zm
− 1

h+ z

) h2

h+ z

z

1 ∧ h2
[
σ2
mδ0(dh) + (1 ∧ h2)νm(dh)

]
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Denote by Cm and Dm respectively the first and second term on the r.h.s. of the preceding equation. One

can easily prove that h 7→ h

h+ zm
− h

h+ z
converges to 0 as m ↑ ∞ uniformly in h ∈ R+. And since

f is uniformly continuous on [0, 1], we deduce that h 7→ f( h
h+zm

) − f( h
h+z ) converges to 0 as m ↑ ∞

uniformly on R+. Therefore it is immediate to check that |Cm| → 0 as m ↑ ∞. Moreover,

|f( h

h+ zm
)(

1

h+ zm
− 1

h+ z
)

h2

h+ z

z

1 ∧ h2
| ≤ ||f ||∞

|z − zm|
zm

(
1

z
∨ z)

Hence, Dm → 0 as m ↑ ∞. This ends the proof of the proposition. �

7.5 Proof of Lemma II.29

The state space of this process is (0,∞) × P∞ to which is added formally a cemetery point ∂ that
gathers all the states of the form (0, π) and (∞, π) where π is any partition. The semigroup has been
completely defined in Theorem II.1, and it follows that the corresponding process (Zt, Π̂t; t ≥ 0) is
Markov. To prove that this semigroup verifies the Feller property, we have to show first that the map
(z, π) 7→ E[f(Zt, Π̂t)] is continuous and vanishes at ∂, and second that E[f(Zt, Π̂t)] → f(z, π) as t ↓ 0,
for any given continuous map f : (0,∞) × P∞ → R that vanishes at ∂, and any initial condition
(z, π) ∈ (0,∞)× P∞ for the process (Z, Π̂).
To show the first assertion, we consider the map

(z, π) 7→ E[f(S0,t(z),Coag(P(Sz0,t), π))]

where (S0,t(a), a ≥ 0) is a subordinator with Laplace exponent ut(.) and Sz0,t is its restriction to [0, z].
Let (zm, πm)m≥1 be a sequence converging to (z, π) ∈ (0,∞)×P∞. For all ǫ > 0, there exists m0 ≥ 1
such that for all m ≥ m0, we have

P

( |S0,t(z)− S0,t(zm)|
S0,t(z) ∨ S0,t(zm)

> ǫ
∣
∣ S0,t(z) /∈ {0,∞}

)

< ǫ

P
(
S0,t(zm) 6= S0,t(z) | S0,t(z) ∈ {0,∞}

)
< ǫ

Then, there are two cases: on the event {S0,t(z) ∈ {0,∞}}, the process starting from (z, π) is in
the cemetery point at time t and with conditional probability greater than 1 − ǫ, this is also the case
at time t for the process starting from (zm, πm), for every m ≥ m0. On the complementary event
{S0,t(z) /∈ {0,∞}}, fix m ≥ m0 and n ≥ 1. Without loss of generality, we can suppose that zm ≤ z. Let
(Ui)i≥1 be a sequence of i.i.d. uniform[0, S0,t(z)] r.v. and introduce the partitions P(Sz0,t) by applying
the paint-box scheme to the subordinator Sz0,t using the (Ui)i≥1. Let (Vi)i≥1 be an independent sequence
of i.i.d. uniform[0, S0,t(zm)] r.v. and define the sequence Wi := Ui1{Ui≤S0,t(zm)} + Vi1{Ui>S0,t(zm)}.
This sequence is also i.i.d. uniform[0, S0,t(zm)], and we apply the paint-box scheme to the subordinator
Szm
0,t with that sequence (Wi)i≥1, then obtaining a partition P(Szm

0,t ). We have (recall the definition of
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the metric dP given in Equation (II.2))

P
(
dP(P(Szm0,t ),P(Sz0,t)) ≤ 2−n | S0,t(z) /∈ {0,∞}

)

≥ P

[
⋂

i≤n

{
Ui = Wi

}⋂{ |S0,t(z)− S0,t(zm)|
S0,t(z) ∨ S0,t(zm)

< ǫ
} ∣
∣ S0,t(z) /∈ {0,∞}

]

≥ P

[
⋂

i≤n

{
Ui ≤ S0,t(zm)

}
∣
∣
∣
|S0,t(z)− S0,t(zm)|
S0,t(z) ∨ S0,t(zm)

< ǫ ; S0,t(z) /∈ {0,∞}
]

×P

[ |S0,t(z)− S0,t(zm)|
S0,t(z) ∨ S0,t(zm)

< ǫ
∣
∣ S0,t(z) /∈ {0,∞}

]

≥ P

( U1

S0,t(z)
≤ 1− ǫ

)n
(1− ǫ) ≥ (1− ǫ)n+1

Putting all these arguments together and using the facts that the coagulation operator is bicontinuous and
that f is continuous and vanishes near ∂, one deduces that

E
[
f(S0,t(z),Coag(P(Sz0,t), π))− f(S0,t(zm),Coag(P(Szm0,t ), πm))

]
−→
m→∞

0

and the continuity property follows. The fact that it vanishes at ∂ is elementary. Let us now prove that
for all (z, π) ∈ (0,∞)× P∞, we have

E
[
f(S0,t(z),Coag(P(Sz0,t), π))

]
→
t↓0

f(z, π)

This convergence follows from the càdlàg property of t 7→ S0,t(z) and the fact that P(Sz0,t) tends to O[∞]

in distribution as t ↓ 0. The Feller property follows. �

7.6 Proof of Proposition II.30

Let (Π̂s,t, 0 ≤ s ≤ t < T) be a Ψ-flow of partitions with underlying Ψ-CSBP Z. The idea of
the proof is the following: we consider the rational marginals of the flow and show that for P-a.a. ω,
(Π̂s,t(ω), 0 ≤ s ≤ t < T; s, t ∈ Q) is a deterministic flow of partitions. Thus we extend this flow to
the entire interval [0,T) and show that its trajectories are still deterministic flows of partitions, almost
surely.
There exists an event ΩΠ̂ of probability 1 such that on this event, we have:

• For every r < s < t ∈ [0,T) ∩Q, Π̂r,t = Coag(Π̂s,t, Π̂r,s).

• For every s ∈ (0,T), ∀n ≥ 1, ∃ǫ > 0 s.t. ∀p, q ∈ (s− ǫ, s) ∩Q, Π̂[n]
p,q = O[n].

• For every s ∈ [0,T), ∀n ≥ 1, ∃ǫ > 0 s.t. ∀p, q ∈ (s, s+ ǫ) ∩Q, Π̂[n]
p,q = O[n].

• For every s ∈ [0,T) ∩Q, Π̂s,s = 0[∞] and the process (Π̂s,t, t ∈ [s,T) ∩Q) is càdlàg.

The existence of this event follows from the following arguments. First, for each given triplet the coagu-
lation property holds a.s. So it holds simultaneously for all rational triplets, a.s. Second, the probability
that Π̂r,t is close to O[∞] increases to 1 as t− r ↓ 0. Together with the coagulation property this ensures

the second and third properties. Finally, Lemma II.29 shows that the process (Zt, Π̂t; t ≥ 0) is Markov
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with a Feller semigroup, so it admits a càdlàg modification. This ensures the last assertion.

We now define a process ( ˜̂Πs,t, 0 ≤ s ≤ t < T) as follows. On ΩΠ̂, we set for all 0 ≤ s ≤ t < T

˜̂
Πs,t :=







Π̂s,t if s, t ∈ Q

lim
r↓t,r∈Q

Π̂s,r if s ∈ Q, t /∈ Q

lim
r↓s,r∈Q

Π̂r,t if t ∈ Q, s /∈ Q

O[∞] if s = t

Coag(
˜̂
Πr,t,

˜̂
Πs,r) if s, t /∈ Q with any given r ∈ (s, t) ∩Q

On the complementary event Ω\ΩΠ̂, set any arbitrary values to the flow ˜̂
Π. A long but easy enumeration

of all possible cases proves that this defines a modification of Π̂ and that almost surely, the trajectories
are deterministic flows of partitions. �

7.7 Proof of Lemma II.33

Let (fm)m≥1 and f be elements of D([0,+∞], [0,+∞]) without negative jumps and introduce for
all ǫ ∈ (0, 1)

T f (ǫ) := inf{t ≥ 0 : f(t) /∈ (ǫ, 1/ǫ)} and T fm(ǫ) := inf{t ≥ 0 : fm(t) /∈ (ǫ, 1/ǫ)} for all m ≥ 1

We make the following assumptions

i) fm(0) = f(0) = 1 and fm −→
m→∞

f for the distance d̄∞.

ii) T f (ǫ) = inf{t ≥ 0 : f(t) /∈ [ǫ, 1/ǫ]}.

iii) ∆f(T f (ǫ)) > 0 ⇒ f(T f (ǫ)) > 1/ǫ.

iv) For all r ∈ [0, T f (ǫ)), inf
s∈[0,r]

f(s) > ǫ. Moreover when ∆f(T f (ǫ)) > 0, it remains true with

r = T f (ǫ).

We fix ǫ ∈ (0, 1) until the end of the proof.
Step 1. We stress that T fm(ǫ) → T f (ǫ) as m → ∞. Indeed, suppose that there exists δ > 0 such that
T fm(ǫ) < T f (ǫ)− δ for an infinity of m ≥ 1 (for simplicity, say for all m ≥ 1). Then, for all m ≥ 1 we
use iv) to deduce

d̄∞(f, fm) ≥ δ

2
∧ inf

{s∈[0,T f (ǫ)− δ
2
]}
{|1/ǫ− f(s)| ∧ |f(s)− ǫ|} > 0

which contradicts the convergence hypothesis. Similarly, suppose that there exists δ > 0 such that
T fm(ǫ) > T f (ǫ) + δ for an infinity of m ≥ 1 (here again, say for all m ≥ 1). For all m ≥ 1, using ii)
we have

d̄∞(f, fm) ≥ δ

2
∧ sup

{s∈[T f (ǫ),T f (ǫ)+ δ
2
]}

{|f(s)− 1/ǫ| ∧ |ǫ− f(s)|} > 0

which also contradicts the convergence hypothesis. Therefore, the asserted convergence T fm(ǫ) →
T f (ǫ) as m → ∞ holds. For simplicity, we now write T f instead of T f (ǫ) to alleviate the notation.

Step 2. We now prove that (fm(t∧T fm), t ≥ 0) → (f(t∧T f ), t ≥ 0) for the distance d̄∞. We consider
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two cases.
Step 2a. Suppose that T f is a continuity point of f . Fix η > 0, there exists δ > 0 such that for all
t ∈ [T f − δ, T f + δ], we have

d̄(f(T f ), f(t)) < η

From i), we know there exists an integer m0 ≥ 1 and a sequence (λm)m≥m0 of homeomorphisms of
[0,∞) into [0,∞) such that for all m ≥ m0, |T fm − T f | < δ/4 and

sup
s≥0

|λm(s)− s| < δ/4 and sup
s≥0

d̄(fm(λm(s)), f(s)) < η

We consider now any integer m ≥ m0. For all r ∈ [0, δ/2], we have

d̄(fm(T fm − r), f(T f )) ≤ d̄(fm(T fm − r), f(λ−1
m (T fm − r))) + d̄(f(λ−1

m (T fm − r)), f(T f ))

< 2η

using the preceding inequalities. In particular we have proven that fm(T fm) → f(T f ) as m → ∞.
Finally for all t ≥ 0 and all m ≥ m0 we have

d̄(fm(λm(t) ∧ T fm), f(t ∧ T f )) ≤ d̄(fm(λm(t)), f(t)) + d̄(fm(T fm), f(t))1{λm(t)>T fm ,t<T f}

+ d̄(fm(λm(t)), f(T f ))1{λm(t)≤T fm ,t≥T f} + d̄(fm(T fm), f(T f ))

The first and the fourth term in the r.h.s are inferior to η and 2η thanks to the preceding inequalities.
Concerning the second term, one can show that |t − T f | < δ/2 when {λm(t) > T fm , t < T f} which
ensures that

d̄(fm(T fm), f(t))1{λm(t)>T fm ,t<T f} ≤ d̄(fm(T fm), f(T f )) + d̄(f(T f ), f(t))1{|t−T f |<δ/2} ≤ 3η

Similarly, when {λm(t) ≤ T fm , t ≥ T f} the quantity r := T fm − λm(t) belongs to [0, δ/2] and thus

d̄(fm(λm(t)), f(T f ))1{λm(t)≤T fm ,t≥T f} < 2η

Hence, we have d̄(fm(λm(t) ∧ T fm), f(t ∧ T f )) ≤ 8η. This proves the asserted convergence when T f

is a continuity point of f .
Step 2b. Now suppose that f jumps at time T f . Recall that in that case, f(T f ) > 1/ǫ. We denote by
S := sup{f(s) : s ∈ [0, T f )} the supremum of f before time T f , which is strictly inferior to 1/ǫ, and
similarly I := inf{f(s) : s ∈ [0, T f )} which is strictly superior to ǫ thanks to iv). Set

η := [d̄(1/ǫ, S) ∧ d̄(1/ǫ, f(T f )) ∧ d̄(ǫ, I)]/2

Thanks to i), there exists an integer m0 ≥ 1 and a sequence (λm)m≥m0 of homeomorphisms of [0,∞)
into itself such that for all m ≥ m0 we have

sup
s≥0

|λm(s)− s| < η and sup
s≥0

d̄(fm(λm(s)), f(s)) < η

Suppose that λm(T f ) > T fm . Then necessarily,

d̄(fm(T fm), f(λ−1
m (T fm))) > d̄(1/ǫ, S) ∧ d̄(ǫ, I) > η

which contradicts the hypothesis. Similarly, if λm(T f ) < T fm , then

d̄(fm(λm(T f )), f(T f )) > d̄(1/ǫ, f(T f )) > η

120



7. Appendix

which also contradicts the hypothesis. Hence, λm(T f ) = T fm . And we conclude that

(fm(t ∧ T fm), t ≥ 0) → (f(t ∧ T f ), t ≥ 0)

in (D([0,+∞], [0,+∞]), d̄∞). But these functions are elements of D(R+,R+), so the last convergence
also holds in the usual Skorohod’s topology (see the remark below Proposition 5 in [20]).

To finish the proof, it suffices to apply these deterministic results to the processes Zm and Z once we
have verified that their trajectories fulfil the required assumptions a.s. Recall that a Ψ-CSBP Z can be
obtained via the Lamperti time change (see Appendix 7.1) of a Ψ Lévy process Y

Zt = YJ(Y)t

and that the map t 7→ J(Y)t is continuous.
As we have assumed that Ψ is not the Laplace exponent of a compound Poisson process, we deduce that
a.s. Tǫ = inf{s ≥ 0 : Zs /∈ [ǫ, 1/ǫ]} and that if Z jumps at time Tǫ then ZTǫ > 1/ǫ a.s. Moreover,
inf

s∈[0,r]
Zs > ǫ a.s. for all r ∈ [0,Tǫ), and also for r = Tǫ when Z jumps at Tǫ. Otherwise, the càdlàg

inverse of the infimum of Z would admit a fixed discontinuity at time ǫ with positive probability, but the
latter is (the Lamperti time-change of) the opposite of a subordinator, and so, it does not admit any fixed
discontinuity. �
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CHAPTER III

The Eve property for continuous-state branching processes

This article [25] has been written in collaboration with Thomas Duquesne.

1 Introduction

Continuous State Branching Processes (CSBP for short) have been introduced by Jirina [46] and
Lamperti [58, 57, 59]. They are the scaling limits of Galton-Watson processes: see Grimvall [41] and
Helland [43] for general functional limit theorems. They represent the random evolution of the size
of a continuous population. Namely, if Z = (Zt)t∈[0,∞) is a CSBP, the population at time t can be
represented as the interval [0, Zt]. In this paper, we focus on the following question: as t→∞, does

the population concentrate on the progeny of a single ancestor e∈ [0, Z0] ? If this holds true, then we
say that the population has an Eve. More generally, we discuss the asymptotic frequencies of settlers. A
more formal definition is given further in the introduction.

The Eve terminology was first introduced by Bertoin and Le Gall [13] for the generalised Fleming-
Viot process. Tribe [75] addressed a very similar question for super-Brownian motion with quadratic
branching mechanism, while in Theorem 6.1 [24] Donnelly and Kurtz gave a particle system interpre-
tation of the Eve property. In the CSBP setting, the question has been raised for a general branching
mechanism in [53]. Let us mention that Grey [40] and Bingham [17] introduced martingales techniques
to study the asymptotic behaviours of CSBP under certain assumptions on the branching mechanism: to
answer the above question in specific cases, we extend their results using slightly different tools. For
related issues, we also refer to Bertoin, Fontbona and Martinez [11], Bertoin [10] and Abraham and
Delmas [1].

Before stating the main result of the present paper, we briefly recall basic properties of CSBP, whose
proofs can be found in Silverstein [72], Bingham [17], Le Gall [60] or Kyprianou [50]. CSBP are [0,∞]-
Feller processes whose only two absorbing states are 0 and ∞ and whose transition kernels (pt(x, · ) ; t∈
[0,∞), x∈ [0,∞]) satisfy the so-called branching property:

∀x, x′ ∈ [0,∞] , ∀t ∈ [0,∞) , pt(x, · ) ∗ pt(x′, · ) = pt(x+ x′, ·) . (III.1)

Here, ∗ stands for the convolution product of measures. We do not view ∞ as a cemetery point, and
we do not consider killed CSBP. Then, the transition kernels are true probability measures on [0,∞] and
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III - The Eve property for CSBPs

they are characterised by their branching mechanism Ψ : [0,∞) → R as follows: for any t, λ, x∈ [0,∞),
∫

[0,∞)
pt(x, dy) exp(−λy) = exp

(
− xu(t, λ)

)
, (III.2)

where u( · , λ) is a [0,∞)-valued function that satisfies ∂tu (t, λ) =−Ψ(u(t, λ)) and u(0, λ) = λ. For
short, we write CSBP(Ψ, x) for continuous state branching process with branching mechanism Ψ and
initial value x. The branching mechanism Ψ is necessarily of the following Lévy-Khintchine form:

∀λ ∈ [0,∞) , Ψ(λ) = γλ+ βλ2 +

∫

(0,∞)
π(dr)

(
e−λr − 1 + λr1{r<1}

)
, (III.3)

where γ ∈R, β≥ 0 and π is a Borel measure on (0,∞) such that
∫

(0,∞)(1 ∧ r2)π(dr)<∞. We recall
that a CSBP with branching mechanism Ψ is a time-changed spectrally positive Lévy process whose
Laplace exponent is Ψ: see for instance Lamperti [57] and Caballero, Lambert and Uribe Bravo [20].
Consequently, the sample paths of a cadlag CSBP have no negative jump. Moreover, a CSBP has infinite
variation sample paths iff the corresponding Lévy process has infinite variation sample paths, which is
equivalent to the following assumption:

(Infinite variation) β > 0 or
∫

(0,1)
r π(dr) = ∞ . (III.4)

Therefore, the finite variation cases correspond to the following assumption:

(Finite variation) β = 0 and
∫

(0,1)
r π(dr) < ∞ . (III.5)

In the finite variation cases, Ψ can be rewritten as follows:

∀λ ∈ [0,∞), Ψ(λ) = Dλ−
∫

(0,∞)
π(dr) (1− e−λr) , where D := γ +

∫

(0,1)
r π(dr) . (III.6)

In these cases, note that D = limλ→∞Ψ(λ)/λ.
We shall always avoid the cases of deterministic CSBP that correspond to linear branching mecha-

nisms. Namely, we shall always assume that either β > 0 or π 6= 0.
Since Ψ is convex, it has a right derivative at 0, that is possibly equal to −∞. Furthermore, Ψ has at

most two roots. We introduce the following notation:

Ψ′(0+) := lim
λ→0+

λ−1Ψ(λ) ∈ [−∞,∞) and q = sup
{
λ∈ [0,∞) : Ψ(λ)≤0

}
. (III.7)

Note that q>0 iff Ψ′(0+)<0, and that q=∞ iff −Ψ is the Laplace exponent of a subordinator.
We next discuss basic properties of the function u defined by (III.2). The Markov property for CSBP

entails

∀t, s, λ∈ [0,∞), u(t+s, λ) = u(t, u(s, λ)) and ∂tu (t, λ)=−Ψ(u(t, λ)), u(0, λ)=λ. (III.8)

If λ ∈ (0,∞), then u( · , λ) is the unique solution of (III.8). If λ= q, then u( · , q) is constant to q. An
easy argument derived from (III.8) entails the following: if λ>q (resp. λ<q), then u( · , λ) is decreasing
(resp. increasing). Then, by an easy change of variable, (III.8) implies

∀t ∈ [0,∞), ∀λ ∈ (0,∞)\{q},
∫ λ

u(t,λ)

du

Ψ(u)
= t . (III.9)
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For any x ∈ [0,∞], we denote by Px the canonical law of CSBP(Ψ, x) on the Skorohod space of
cadlag [0,∞]-valued functions that is denoted by D([0,∞), [0,∞]). We denote by Z = (Zt)t∈[0,∞)

the canonical process on D([0,∞), [0,∞]). As t→∞, a CSBP either converges to ∞ or to 0. More
precisely,

∀x ∈ (0,∞), e−qx = Px

(
lim
t→∞

Zt = 0
)
= 1− Px

(
lim
t→∞

Zt = ∞
)
. (III.10)

If Ψ′(0+)≥ 0, then q= 0 and the CSBP gets extinct: Ψ is said to be sub-critical. If Ψ′(0+)< 0, then
q>0 and the CSBP has a positive probability to tend to ∞: Ψ is said to be super-critical.

Let us briefly discuss absorption: let ζ0 and ζ∞ be the times of absorption in resp. 0 and ∞. Namely:

ζ0=inf
{
t>0 : Zt or Zt− = 0

}
, ζ∞=inf

{
t>0 : Zt or Zt− = ∞

}
and ζ=ζ0 ∧ ζ∞, (III.11)

with the usual convention: inf ∅ =∞. We call ζ the time of absorption. The integral equation (III.9)
easily implies the following:

(Conservative Ψ) ∀x ∈ [0,∞), Px(ζ∞ < ∞) = 0 ⇐⇒
∫

0+

dr

(Ψ(r))−
= ∞ . (III.12)

Here ( · )− stands for the negative part function. If Ψ is non-conservative, namely if

(Non-conservative Ψ)
∫

0+

dr

(Ψ(r))−
< ∞ , (III.13)

then, Ψ′(0+)=−∞ and for any t, x∈(0,∞), Px(ζ∞>t)=exp(−xκ(t)), where κ(t) :=limλ→0+ u(t, λ)

satisfies
∫ κ(t)
0 dr/(Ψ(r))− = t. Note that κ : (0,∞)−→ (0, q) is one-to-one and increasing. Thus, Px-

a.s. limt→∞ Zt =∞ iff ζ∞ <∞ and in this case, limt→ζ∞− Zt =∞. Namely, the process reaches ∞
continuously.

The integral equation (III.9) also implies the following:

(Persistent Ψ) ∀x ∈ [0,∞), Px(ζ0 < ∞) = 0 ⇐⇒
∫ ∞ dr

Ψ(r)
= ∞ . (III.14)

If Ψ allows extinction in finite time, namely if

(Non-persistent Ψ)
∫ ∞ dr

Ψ(r)
< ∞ , (III.15)

it necessarily implies that Ψ satisfies (III.4), namely that Ψ is of infinite variation type. In this case, for
any t, x ∈ (0,∞), Px(ζ0 ≤ t) = exp(−xv(t)) where v(t) := limλ→∞ u(t, λ) satisfies

∫∞
v(t)dr/Ψ(r) = t.

Note that v : (0,∞)−→(q,∞) is one-to-one and decreasing. Thus, Px-a.s. limt→∞ Zt=0 iff ζ0<∞.

The previous arguments allow to define u for negative times. Namely, for all t ∈ (0,∞), set
κ(t) = limλ→0+ u(t, λ) and v(t) = limλ→∞ u(t, λ). As already mentioned, κ(t) is positive if Ψ is
non-conservative and null otherwise and v(t) is finite if Ψ is non-persistent and infinite otherwise.
Then, observe that u(t, · ) : (0,∞) −→ (κ(t), v(t)) is increasing and one-to-one. We denote by
u(−t, · ) : (κ(t), v(t)) −→ (0,∞) the reciprocal function. It is plain that (III.9) extends to negative
times. Then, observe that ∂tu(−t, λ) = Ψ(u(−t, λ)) and that (III.8) extends to negative times as soon
as it makes sense.

Let us give here the precise definition of the Eve property. To that end, we fix x∈ (0,∞), we denote
by B([0, x]) the Borel subsets of [0, x]. We also denote by M ([0, x]) the set of positive Borel-measures
on [0, x] and by M1([0, x]) the set of Borel probability measures. Let us think of mt ∈ M1([0, x]),
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III - The Eve property for CSBPs

t ∈ [0,∞), as the frequency distributions of a continuous population whose set of ancestors is [0, x]
and that evolves through time t. Namely for any Borel set B ⊂ [0, x], mt(B) is the frequency of the
individuals at time t whose ancestors belong to B. The relevant convergence mode is the total variation

norm:
∀µ, ν∈M1([0, x]) , ‖µ− ν‖var = sup

{
|µ(A)−ν(A)| ; A ∈ B([0, x])

}
.

Here, it is natural to assume that t 7→ mt is cadlag in total variation norm. The Eve property can be
defined as follows.

DEFINITION III.1. We denote by ℓ the Lebesgue measure on R (or its restriction to [0, x] according

to the context). Let t∈(0,∞) 7−→mt∈M1([0, x]) be cadlag with respect to ‖·‖var and assume that there

exists m∞∈M1([0, x]) such that limt→∞‖mt −m∞‖var = 0, where

m∞ = a ℓ+
∑

y∈S

m∞({y})δy . (III.16)

Here, a is called the dust, S is a countable subset of [0, x] that is the set of settlers and for any y ∈ S,

m∞({y}) is the asymptotic frequency of the settler y.

If a = 0, then we say that the population m := (mt)t∈(0,∞) has no dust (although mt may have a

diffuse part at any finite time t). If a = 0 and if S reduces to a single point e, then m∞ = δe and the

population m is said to have an Eve that is e. Furthermore, if there exists t0∈(0,∞) such that mt=δe,

for any t>t0, then we say that the population has an Eve in finite time.

The following theorem asserts the existence of a regular version of the frequency distributions asso-
ciated with a CSBP.

THEOREM III.1. Let x ∈ (0,∞). Let Ψ be a branching mechanism of the form (III.3). We as-

sume that Ψ is not linear. Then, there exists a probability space (Ω,F ,P) on which the two following

processes are defined.

(a) Z = (Zt)t∈[0,∞) is a cadlag CSBP (Ψ, x).

(b) M = (Mt)t∈[0,∞] is a M1([0, x])-valued process that is ‖·‖var-cadlag on (0,∞) such that

∀B ∈ B([0, x]), P-a.s. lim
t→0+

Mt(B) = x−1ℓ(B).

The processes Z and M satisfy the following property: for any Borel partition B1, . . . , Bn of [0, x] there

exist n independent cadlag CSBP(Ψ), Z(1), . . . , Z(n), with initial values ℓ(B1), . . . , ℓ(Bn), such that

∀k ∈ {1, . . . , n} , ∀t ∈ [0, ζ) , Mt(Bk) = Z
(k)
t /Zt , (III.17)

where ζ stands for the time of absorption of Z.

We call M the frequency distribution process of a CSBP(Ψ, x). If Ψ is of finite variation type, then
M is ‖·‖var-right continous at time 0, which is not the case if Ψ is of infinite variation type as explained
in Section 2.3. The strong regularity of M requires specific arguments: in the infinite variation cases, we
need a decomposition of CSBP into Poisson clusters, which is the purpose of Theorem III.3 in Section
2.2. (see this section for more details and comments).

The main result of the paper concerns the asymptotic behaviour of M on the following three events.

• A := {ζ <∞} that is the event of absorption. Note that P(A)>0 iff Ψ either satisfies (III.13) or
(III.15), namely iff Ψ is either non-conservative or non-persistent.
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• B := {ζ=∞ ; limt→∞ Zt=∞} that is the event of explosion in infinite time. Note that P(B)>0
iff Ψ satisfies (III.12) and Ψ′(0+)∈ [−∞, 0), namely iff Ψ is conservative and super-critical.

• C := {ζ=∞ ; limt→∞ Zt=0} that is the event of extinction in infinite time. Note that P(C)>0
iff Ψ satisfies (III.14) and q<∞.

THEOREM III.2. We assume that Ψ is a non-linear branching mechanism. Let x∈ (0,∞) and let

M and Z be as in Theorem III.1. Then, P-a.s. limt→∞‖Mt−M∞‖var = 0, where M∞ is of the form

(III.16). Moreover, the following holds true P-almost surely.

(i) On the event A = {ζ <∞}, M has an Eve in finite time.

(ii) On the event B = {ζ=∞ ; limt→∞ Zt=∞}:

(ii-a) If Ψ′(0+)=−∞, then M has an Eve;

(ii-b) If Ψ′(0+) ∈ (−∞, 0) and q <∞, there is no dust and M has finitely many settlers whose

number, under P( · |B), is distributed as a Poisson r.v. with mean xq conditionned to be non

zero;

(ii-c) If Ψ′(0+) ∈ (−∞, 0) and q = ∞, there is no dust and M has infinitely many settlers that

form a dense subset of [0, x].

(iii) On the event C = {ζ=∞ ; limt→∞ Zt=0}:

(iii-a) If Ψ is of infinite variation type, then M has an Eve;

(iii-b) If Ψ is of finite variation type, then the following holds true:

(iii-b-1) If π((0, 1)) < ∞, then there is dust and M has finitely many settlers whose number,

under P( · |C), is distributed as a Poisson r.v. with mean x
D

∫

(0,∞) e
−qrπ(dr);

(iii-b-2) If π((0, 1)) = ∞ and
∫

(0,1) π(dr) r log 1/r < ∞, then there is dust and there are in-

finitely many settlers that form a dense subset of [0, x];

(iii-b-3) If
∫

(0,1) π(dr) r log 1/r = ∞, then there is no dust and there are infinitely many settlers

that form a dense subset of [0, x].

First observe that the theorem covers all the possible cases, except the deterministic ones that are trivial.
On the absorption event A={ζ <∞}, the result is easy to explain: the descendent population of a single
ancestor either explodes strictly before the others, or gets extinct strictly after the others, and there is an
Eve in finite time.

The cases where there is no Eve – namely, Theorem III.2 (ii-b), (ii-c) and (iii-b) – are simple to
explain: the size of the descendent populations of the ancestors grow or decrease in the same (deter-
ministic) scale and the limiting measure is that of a normalised subordinator as specified in Proposition
III.12, Lemma III.13, Proposition III.14, Lemma III.15, and also in the proof Section 3.2. Let us mention
that in Theorem III.2 (iii-b1) and (iii-b2), the dust of M∞ comes only from the dust of the Mt, t∈(0,∞):
it is not due to limiting aggregations of atoms of the measures Mt as t→∞.

Theorem III.2 (ii-a) and (iii-a) are the main motivation of the paper: in these cases, the descendent
populations of the ancestors grow or decrease in distinct scales and one dominates the others, which
implies the Eve property in infinite time. This is the case of the Neveu branching mechanism Ψ(λ) =
λ log λ, that is related to the Bolthausen-Sznitman coalescent: see Bolthausen and Sznitman [19], and
Bertoin and Le Gall [13].

Let us first make some comments in connection with the Galton-Watson processes. The asymptotic
behaviours displayed in Theorem III.2 (ii) find their counterparts at the discrete level: the results of
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Seneta [70, 71] and Heyde [44] implicitly entail that the Eve property is verified by a supercritical Galton-
Watson process on the event of explosion iff the mean is infinite. However neither the extinction nor the
dust find relevant counterparts at the discrete level so that Theorem III.2 (i) and (iii) are specific to the
continuous setting.

CSBP present many similarities with generalised Fleming-Viot processes, see for instance the mono-
graph of Etheridge [30]: however for this class of measure-valued processes Bertoin and Le Gall [13]
proved that the population has an Eve without assumption on the parameter of the model (the measure Λ
which is the counterpart of the branching mechanism Ψ). We also mention that when the CSBP has an
Eve, one can define a recursive sequence of Eves on which the residual populations concentrate, see [53].
Observe that this property is no longer true for generalised Fleming-Viot processes, see [52].

The paper is organized as follows. In Section 2.1, we gather several basic properties and estimates on
CSBP that are needed for the construction of the cluster measure done in Section 2.2. These preliminary
results are also used to provide a regular version of M which is the purpose of Section 2.3. Section 3
is devoted to the proof of Theorem III.2: in Section 3.1 we state specific results on Grey martingales
associated with CSBP in the cases where Grey martingales evolve in comparable deterministic scales:
these results entail Theorem III.2 (ii-b), (ii-c) and (iii-b), as explained in Section 3.2. Section 3.3 is
devoted to the proof of Theorem III.2 (ii-a) and (iii-a): these cases are more difficult to handle and the
proof is divided into several steps; in particular it relies on Lemma III.20, whose proof is postponed to
Section 3.3.

2 Construction of M.

2.1 Preliminary estimates on CSBP.

Recall that we assume that Ψ is not linear: namely, either β > 0 or π 6= 0. The branching property
(III.1) entails that for any t∈ (0,∞), u(t, · ) is the Laplace exponent of a subordinator. Namely, it is of
the following form:

u(t, λ) = κ(t) + d(t)λ+

∫

(0,∞)
νt(dr)

(
1− e−λr

)
, λ ∈ [0,∞), (III.18)

where κ(t) = limλ→0+ u(t, λ), d(t) ∈ [0,∞) and
∫

(0,∞)(1 ∧ r) νt(dr)<∞. Since Ψ is not linear, we
easily get νt 6=0. As already mentioned in the introduction if Ψ is conservative, κ(t)=0 for any t and if Ψ
is non-conservative, then κ : (0,∞)−→(0, q) is increasing and one-to-one. To avoid to distinguish these
cases, we extend νt on (0,∞] by setting νt({∞}) := κ(t). Thus, (III.18) can be rewritten as follows:
u(t, λ)=d(t)λ+

∫

(0,∞] νt(dr) (1− e−rλ), with the usual convention exp(−∞)=0. Recall from (III.6)
the definition of D.

LEMMA III.2. Let t∈ (0,∞). Then d(t)> 0 iff Ψ is of finite variation type. In this case, d(t) =
e−Dt.

Proof First note that d(t)=limλ→∞ λ−1u(t, λ). An elementary computation implies that

u(t, λ)

λ
= exp

(∫ t

0
∂s log u (s, λ) ds

)

= exp
(

−
∫ t

0

Ψ(u(s, λ))

u(s, λ)
ds
)

. (III.19)

If Ψ satisfies (III.15), then recall that limλ→∞ u(t, λ)<∞. Thus, in this case, d(t) = 0. Next assume
that Ψ satisfies (III.14). Then, limλ→∞ u(t, λ) =∞. Note that Ψ(λ)/λ increases to ∞ in the infinite
variation cases and that it increases to the finite quantity D in the finite variation cases, which implies
the desired result by monotone convergence in the last member of (III.19). �
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2. Construction of M.

Recall that for any x∈ [0,∞], Px stands for the law on D([0,∞), [0,∞]) of a CSBP(Ψ, x) and recall
that Z stands for the canonical process. It is easy to deduce from (III.1) the following monotone property:

∀t∈ [0,∞), ∀y∈ [0,∞), ∀x, x′∈ [0,∞] such that x ≤ x′, Px

(
Zt > y

)
≤ Px′

(
Zt > y

)
. (III.20)

LEMMA III.3. Assume that Ψ is not linear. Then, for all t, x, y∈(0,∞), Px

(
Zt > y

)
> 0 .

Proof Let (Sx)x∈[0,∞) be a subordinator with Laplace exponent u(t, · ) that is defined on an auxiliary
probability space (Ω,F ,P). Thus Sx under P has the same law as Zt under Px. Since νt 6= 0, there
is r0 ∈ (0,∞) such that νt((r0,∞)) > 0. Consequently, N := #{z ∈ [0, x] : ∆Sz > r0} is a Poisson
r.v. with non-zero mean xνt((r0,∞)). Then, for any n such that nr0 >y we get Px(Zt >y) =P(Sx >
y)≥P(N ≥ n)>0, which completes the proof. �

The following lemmas are used in Section 2.2 for the construction of the cluster measure.

LEMMA III.4. Assume that Ψ is of infinite variation type. Then, for any t, s∈(0,∞),

νt+s(dr) =

∫

(0,∞]
νs(dx)Px

(
Zt ∈ dr ; Zt > 0

)
. (III.21)

Proof Let ν be the measure in the right member of (III.21). Then, for all λ∈ (0,∞), (III.2) and (III.8)
imply that
∫

(0,∞]
ν(dr)

(
1−e−λr

)
=

∫

(0,∞]
νs(dx)

(
1−e−xu(t,λ)

)
= u(s, u(t, λ)) = u(s+t, λ) =

∫

(0,∞]
νt+s(dr)

(
1−e−λr

)
.

By letting λ go to 0, this implies that ν({∞}) = νt+s({∞}). By differentiating in λ, we also get
∫

(0,∞) ν(dr) re
−λr =

∫

(0,∞) νt+s(dr) re
−λr. Since Laplace transform of finite measures is injective,

this entails that ν and νt+s coincide on (0,∞) which completes the proof. �

LEMMA III.5. Assume that Ψ is of infinite variation type. Then, for all ε ∈ (0, 1) and all s, t ∈
(0,∞) such that s<t,

∫

(0,∞]
νs(dx)Px(Zt−s > ε) = νt

(
(ε,∞]

)
∈ (0,∞). (III.22)

Proof The equality follows from (III.21). Next observe that νt
(
(ε,∞]

)
≤ 1

ε

∫

(0,∞](1 ∧ r) νt(dr) < ∞.
Since νs does not vanish on (0,∞), Lemma III.3 entails that the first member is strictly positive. �

We shall need the following simple result in the construction of M in Section 2.3.

LEMMA III.6. For all a, y ∈ (0,∞), limr→0+ Pr(Za > y) = 0 and limr→0+ Pr(supb∈[0,a] Zb >
y)=0.

Proof First note that Pr(Za>y) ≤ (1−e−1)−1Er[1−e−Za/y] = (1−e−1)−1(1 − e−ru(a,1/y)) → 0 as
r → 0, which implies the first limit. Let us prove the second limit: if q=∞, then Z is non-decreasing
and the second limit is derived from the first one. We next assume that q <∞, and we claim that there
exist θ, C∈(0, 1) that only depend on a and y such that

∀z ∈ [y,∞), ∀b ∈ [0, a], pb(z, [0, θy]) ≤ C . (III.23)

Proof of (III.23). We specify θ∈(0, 1) further. By (III.20), pb(z, [0, θy]) ≤ pb(y, [0, θy]) = Py(Zb≤θy).
By an elementary inequality, for all λ ∈ (0,∞), Py(Zb ≤ θy)≤ exp(yθλ)Ey[exp(−λZb)] = exp(yθλ−
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yu(b, λ)). We take λ=q+1. Thus, u(·, q+1) is decreasing and pb(z, [0, θy])≤exp(yθ(q+1)−yu(a, q+1)).
We choose θ= u(a,q+1)

2(q+1) . Then, (III.23) holds true with C=exp(−yθ(q + 1)). �

We next set T =inf{t∈ [0,∞) : Zt>y}, with the convention inf ∅=∞. Thus {supb∈[0,a] Zb>y} =
{T ≤a}. Let θ and C as in (III.23). First note that Pr(T ≤a)≤Pr(Za>θy)+Pr(T ≤a; Za≤θy). Then,
by the Markov property at T and (III.23), we get

Pr(T ≤a ; Za≤θy) = Er[1{T≤a} pa−T (ZT , [0, θy])] ≤ C Pr(T ≤ a) .

Thus, Pr(supb∈[0,a] Zb>y)≤(1−C)−1Pr(Za>θy) → 0 as r → 0, which completes the proof. �

We next state a more precise inequality that is used in the construction of the cluster measure of CSBP.

LEMMA III.7. We assume that Ψ is not linear. Then, for any ε, η∈ (0, 1) and for any t0∈ (0,∞),
there exists a∈(0, t0/4) such that

∀x∈ [0, η], ∀b∈ [0, a], ∀c∈ [ 12 t0, t0], Px

(

sup
t∈[0,b]

Zt > 2η ; Zc > ε
)

≤ 2Px

(
Zb > η ; Zc > ε

)
.

(III.24)

Proof Since Ψ is not linear, νt 6= 0. If q=∞, the corresponding CSBP has increasing sample paths and
the lemma obviously holds true. So we assume that q<∞. We first claim the following.

∀x, y, t0, t1∈(0,∞) with t1 ≤ t0, inf
t∈[t1,t0]

Px

(
Zt > y

)
> 0. (III.25)

Proof of (III.25). Suppose that there is a sequence sn ∈ [t1, t0] such that limn→∞ Px(Zsn > y) = 0.
Without loss of generality, we can assume that limn→∞ sn = t. Since u( · , λ) is continuous, Zsn → Zt

in law under Px and the Portmanteau Theorem implies that Px(Zt>y) ≤ lim infn→∞ Px(Zsn >y) = 0,
which contradicts Lemma III.3 since t > 0. �

We next claim the following: for any η, δ∈(0, 1), there exists a∈(0,∞) such that

∀x∈ [2η,∞), ∀s∈ [0, a], Px

(
Zs ≤ η

)
≤ δ. (III.26)

Proof of (III.26). We fix x ∈ [2η,∞). Let a∈(0,∞) that is specified later. For any s∈ [0, a], the Markov
inequality entails for any λ∈(0,∞)

Px(Zs ≤ η) ≤ eληEx

[
e−λZs

]
= eλη−xu(s,λ) ≤ e−λη+2η(λ−u(s,λ)) . (III.27)

We now take λ>q. Then, u( · , λ) is decreasing and we get

− λη + 2η
(
λ−u(s, λ)

)
≤ −λη + 2η

∫ s

0
Ψ(u(b, λ)) db ≤ −λη + 2η aΨ(λ). (III.28)

Then set λ = q + 1−η−1 log δ and a = (q + 1)/(2Ψ(λ)), which entails (III.26) by (III.28) and (III.27).
�

We now complete the proof of the lemma. We first fix ε, η∈(0, 1) and t0∈(0,∞) and then we set

δ =
1

2

inft∈[ 14 t0,t0]
P2η

(
Zt > ε

)

supt∈[ 14 t0,t0]
Pη

(
Zt > ε

) .

130



2. Construction of M.

By (III.25), δ > 0. Let a∈ (0, 1
4 t0) be such that (III.26) holds true. We then fix x∈ [0, η], b∈ [0, a] and

c∈ [ 12 t0, t0] and we introduce the stopping time T = inf{t∈ [0,∞) : Zt > 2η}. Then,

A := Px

(

sup
s∈[0,b]

Zt > 2η ; Zc > ε
)

= Px

(
T ≤ b ; Zc>ε

)
≤ Px

(
Zb> η ; Zc>ε

)
+B , (III.29)

where B := Px

(
T ≤ b ; Zb ≤ η ; Zc>ε

)
is bounded as follows: by the Markov property at time b and

by (III.20), we first get

B ≤ Ex

[
1{T≤b ; Zb≤η} PZb

(Zc−b>ε)
]
≤ Pη(Zc−b>ε)Ex

[
1{T≤b ; Zb≤η}

]
.

Recall that pt(x, dy)=Px(Zt ∈ dy) stands for the transition kernels of Z. The Markov property at time
T then entails

B ≤ Pη(Zc−b>ε)Ex

[
1{T≤b} pb−T

(
ZT , [0, η]

)]
.

Next observe that Px-a.s. b−T ≤a and ZT >2η, which implies pb−T

(
ZT , [0, η]

)
≤ δ by (III.26). Thus,

B ≤ δ Pη(Zc−b>ε)Ex

[
1{T≤b}

]
.

Since c−b∈ [ 14 t0, t0], we get δ Pη(Zc−b>ε) ≤ 1
2 inft∈[ 14 t0,t0] P2η

(
Zt>ε

)
. Next, observe that

Px-a.s. on {T ≤ b}, inf
t∈[ 14 t0,t0]

P2η

(
Zt>ε

)
≤ pc−T

(
2η, (ε,∞]

)
≤ pc−T

(
ZT , (ε,∞]

)
,

where we use (III.20) in the last inequality. Thus, by the Markov property at time T and the previous
inequalities, we finally get

B ≤ 1

2
Ex

[
1{T≤b} pc−T

(
ZT , (ε,∞]

)]
=

1

2
Px

(
T ≤ b ; Zc>ε

)
=

1

2
A ,

which implies the desired result by (III.29). �

We end the section by a coupling of finite variation CSBP. To that end, let us briefly recall that CSBP
are time-changed Lévy processes via Lamperti transform: let X = (Xt)t∈[0,∞) be a cadlag Lévy process
without negative jump that is defined on the probability space (Ω,F ,P). We assume that X0 = x ∈
(0,∞) and that E[exp(−λXt)]=exp(−xλ+ tΨ(λ)). We then set

τ = inf
{
t∈ [0,∞) : Xt=0

}
, Lt = τ ∧ inf

{

s∈ [0, τ) :

∫ s

0

dr

Xr
> t

}

and Zt = XLt , (III.30)

with the conventions inf ∅=∞ and X∞ =∞. Then, (Zt)t∈[0,∞) is a CSBP(Ψ, x). See [20] for more
details. Recall from (III.6) the definition of D.

LEMMA III.8. Assume that Ψ is of finite variation type and that D is strictly positive. Let (Zt)t∈[0,∞)

be a CSBP(Ψ, x) defined on a probability space (Ω,F ,P). For any λ ∈ [0,∞), set Ψ∗(λ) := Ψ(λ) −
Dλ. Then, there exists (Z∗

t )t∈[0,∞), a CSBP(Ψ∗, x) on (Ω,F ,P) such that

P-a.s. ∀t ∈ [0,∞), sup
s∈[0,t]

Zt ≤ Z∗
t .

Proof Without loss of generality, we assume that there exists a Lévy process X defined on (Ω,F ,P)
such that Z is derived from X by the Lamperti time-change (III.30). We then set X∗

t =Xt+Dt that is a
subordinator with Laplace exponent −Ψ∗ and with initial value x. Since D is positive, we have Xt ≤ X∗

t

for all t ∈ [0,∞). Observe that τ∗ =∞. Let L∗ and Z∗ be derived from X∗ as L and Z are derived
from X in (III.30). Then, Z∗ is a CSBP(Ψ∗, x) and observe that L∗

t ≥Lt. Since X∗ is non-decreasing,
Z∗
t =X∗

L∗
t
≥X∗

Lt
≥XLt =Zt, which easily implies the desired result since Z∗ is non-decreasing. �
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2.2 The cluster measure of CSBP with infinite variation.

Recall that D([0,∞), [0,∞]) stands for the space of [0,∞]-valued cadlag functions. Recall that Z
stands for the canonical process. For any t ∈ [0,∞), we denote by Ft the canonical filtration. Recall
from (III.11) the definition of the times of absorption ζ0, ζ∞ and ζ. Also recall from the beginning of
Section 2.1 the definition of the measure νt on (0,∞].

THEOREM III.3. Let Ψ be of infinite variation type. Then, there exists a unique sigma-finite mea-

sure NΨ on D([0,∞), [0,∞]) that satisfies the following properties.

(a) NΨ-a.e. Z0 = 0 and ζ > 0.

(b) νt(dr) = NΨ

(
Zt∈dr ; Zt > 0

)
, for any t ∈ (0,∞).

(c) NΨ

[
F (Z · ∧t)G(Zt+ · ) ; Zt > 0

]
= NΨ

[
F (Z · ∧t)EZt [G ] ; Zt > 0

]
, for any nonnegative func-

tionals F,G and for any t ∈ (0,∞).

The measure NΨ is called the cluster measure of CSBP(Ψ).

Proof The only technical point to clear is (a): namely, the right-continuity at time 0. For any s, t∈(0,∞)
such that s≤ t and for any ε∈(0, 1), we define a measure Qs

t,ε on D([0,∞), [0,∞]) by setting

Qs
t,ε[F ] =

1

νt((ε,∞])

∫

(0,∞]
νs(dx) Ex

[
F (Z( · −s)+) ; Zt−s>ε

]
, (III.31)

for any functional F . By Lemma III.5, (III.31) makes sense and it defines a probability measure on
the space D([0,∞), [0,∞]). The Markov property for CSBP and Lemma III.5 easily imply that for any
s≤s0≤ t,

Qs
t,ε

[
F (Zs0+ · )

]
=

1

νt((ε,∞])

∫

(0,∞]
νs0(dx) Ex

[
F (Z) ; Zt−s0 >ε

]
, (III.32)

We first prove that for t and ε fixed, the laws Qs
t,ε are tight as s→0. By (III.32), it is clear that we only

need to control the paths in a neighbourhood of time 0. By a standard criterion for Skorohod topology
(see for instance Theorem 16.8 [16] p. 175), the laws Qs

t,ε are tight as s→0 if the following claim holds
true: for any η, δ∈(0, 1), there exists a1∈(0, 1

4 t) such that

∀s∈(0, a1], Qs
t,ε

(

sup
[0,a1]

Z > 2η
)

< δ . (III.33)

To prove (III.33), we first prove that for any η, δ∈(0, 1), there exists a0 ∈ (0, t) such that

∀s, b∈(0, a0] such that s ≤ b, Qs
t,ε

(
Zb>η

)
<

1

3
δ . (III.34)

Proof of (III.34). Recall that 1[1,∞](y)≤ C(1−e−y), for any y ∈ [0,∞], where C = (1−e−1)−1. Fix
η, δ∈(0, 1) and s, b∈(0, t) such that s≤b. Then, (III.32), with b=s0, implies that

Qs
t,ε

(
Zb>η

)
≤ C Qs

t,ε

(
1− e

− 1
η
Zb
)
=

C

νt((ε,∞])

∫

(0,∞]
νb(dx)

(
1− e

− 1
η
x)

Px(Zt−b>ε)

≤ C2

νt((ε,∞])

∫

(0,∞]
νb(dx)

(
1− e

− 1
η
x)

Ex

[
1− e−

1
ε
Zt−b

]

≤ C2

νt((ε,∞])

∫

(0,∞]
νb(dx)

(
1− e

− 1
η
x)(

1− e−xu(t−b, 1
ε
)
)
=: f(b).
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By developping the product in the integral of the last right member of the inequality, we get

f(b) =
C2

νt((ε,∞])

(

u(b,
1

η
) + u(t,

1

ε
)− u

(
b ,

1

η
+u(t−b,

1

ε
)
) )

−−−→
b→0

0 ,

We then define a0 such that supb∈(0,a0] f(b) <
1
3δ, which implies (III.34).

Proof of (III.33). We fix η, δ ∈ (0, 1). Let a∈ (0, 1
4 t) such that (III.24) in Lemma III.7 holds true with

t0 = t. Let a0 as in (III.34). We next set a1 = a∧a0. We fix s ∈ (0, a1] and we then get the following
inequalities:

Qs
t,ε

(

sup
[0,a1]

Z > 2η
)

≤ Qs
t,ε(Zs > η) +Qs

t,ε

(

sup
[0,a1]

Z > 2η ; Zs ≤ η,
)

≤ 1

3
δ +

1

νt((ε,∞])

∫

(0,η]
νs(dx)Px

(

sup
[0,a1−s]

Z > 2η ; Zt−s>ε
)

≤ 1

3
δ +

2

νt((ε,∞])

∫

(0,η]
νs(dx)Px

(
Za1−s > η ; Zt−s>ε

)

≤ 1

3
δ + 2Qs

t,ε(Za1 > η) < δ.

Here we use (III.34) in the second line, (III.24) in the third line and (III.34) in the fourth one.

We have proved that for t, ε fixed, the laws Qs
t,ε are tight as s → 0. Let Qt,ε stand for a possible

limiting law. By a simple argument, Qt,ε has no fixed jump at time s0 and basic continuity results entail
that (III.32) holds true with Qt,ε instead of Qs

t,ε, which fixes the finite-dimensional marginal laws of Qt,ε

on (0,∞). Next observe that for η, δ ∈ (0, 1) and a1 ∈ (0, 1
4 t) as in (III.33), the set {sup(0,a1) Z> 2η}

is an open set of D([0,∞), [0,∞]). Then, by (III.33) and the Portmanteau Theorem, Qt,ε(sup(0,a1) Z >
2η) ≤ δ. This easily implies that Qt,ε-a.s. Z0 = 0, which completely fixes the finite-dimensional
marginal laws of Qt,ε on [0,∞). This proves that there is only one limiting distribution and Qs

t,ε → Qt,ε

in law as s → 0.
We next set Nt,ε = νt((ε,∞])Qt,ε. We easily get Nt,ε − Nt,ε′ = Nt,ε( · ; Zt ∈ (ε, ε′]), for any

0<ε<ε′<1. Fix εp ∈ (0, 1), p ∈ N, that decreases to 0. We define a measure Nt by setting

Nt = Nt,ε0 +
∑

p≥0

Nt,εp+1

(
· ; Zt∈(εp+1, εp]

)
= Nt,ε0 +

∑

p≥0

Nt,εp+1−Nt,εp .

By the first equality, Nt is a well-defined sigma-finite measure; the second equality shows that the defini-
tion of Nt does not depend on the sequence (εp)p∈N, which implies Nt

(
· ; Zt > ε

)
= νt((ε,∞])Qt,ε,

for any ε∈ (0, 1). Consequently, we get Nt − Nt′ = Nt( · ; Zt′ = 0), for any t′>t>0. Fix tq ∈ (0, 1),
q ∈ N, that decreases to 0. We define NΨ by setting

NΨ = Nt0 +
∑

q≥0

Ntq+1

(
· ; Ztq = 0

)
= Nt0 +

∑

q≥0

Ntq+1−Ntq .

The first equality shows that NΨ is a well-defined measure and the second one that its definition does not
depend on the sequence (tq)q∈N, which implies

∀ε∈(0, 1), ∀t ∈ (0,∞), NΨ

(
· ; Zt > ε

)
= νt((ε,∞])Qt,ε . (III.35)

This easily entails that for any nonnegative functional F

∀t ∈ (0,∞), NΨ

[
F (Zt+ · ) ; Zt>0

]
=

∫

(0,∞]
νt(dx)Ex[F ] . (III.36)
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Recall that ζ is the time of absorption in {0,∞}. Since Ntq ,εp(ζ = 0) = 0, we get NΨ(ζ = 0) = 0 and
thus, NΨ({O})= 0, where O stands for the null function. Set Ap,q = {Ztq >εp}. Then, NΨ(Ap,q)<∞
by (III.35). Since D([0,∞), [0,∞])= {O} ∪⋃

p,q≥1Ap,q, NΨ is sigma-finite. Properties (b) and (c) are
easily derived from (III.36), (III.35) and standard limit-procedures: the details are left to the reader. �

2.3 Proof of Theorem III.1.

Poisson decomposition of CSBP.

From now on, we fix (Ω,F ,P), a probability space on which are defined all the random variables
that we mention, unless the contrary is explicitly specified. We also fix x∈ (0,∞) and we recall that ℓ
stands for the Lebesgue measure on R or on [0, x], according to the context.

We first briefly recall Palm formula for Poisson point measures: let E be a Polish space equipped
with its Borel sigma-field E . Let An ∈ E , n∈N, be a partition of E. We denote by Mpt(E) the set of
point measures m on E such that m(An) <∞ for any n ∈ N; we equip Mpt(E) with the sigma-field
generated by the applications m 7→ m(A), where A ranges in E . Let N =

∑

i∈I δzi , be a Poisson point
measure on E whose intensity measure µ satisfies µ(An) <∞ for every n ∈ N. We shall refer to the
following as to the Palm formula: for any measurable F : E×Mpt(E)−→ [0,∞),

E
[∑

i∈I

F (zi ,N−δzi)
]

=

∫

E
µ(dz)E

[
F (z ,N )

]
. (III.37)

We next introduce the Poisson point measures that are used to define the population associated with a
CSBP.

Infinite variation cases. We assume that Ψ is of infinite variation type. Let

P =
∑

i∈I

δ(xi,Zi) (III.38)

be a Poisson point measure on [0, x]×D([0,∞), [0,∞]), with intensity 1[0,x](y)ℓ(dy)NΨ(dZ), where
NΨ is the cluster measure associated with Ψ as specified in Theorem III.3. Then, for any t∈ (0,∞), we
define the following random point measures on [0, x]:

Zt =
∑

i∈I

Zi
t δxi and Zt− =

∑

i∈I

Zi
t− δxi . (III.39)

We also set Z0 = ℓ( · ∩ [0, x]). �

Finite variation cases. We assume that Ψ is of finite variation type and not linear. Recall from (III.6)
the definition of D. Let

Q =
∑

j∈J

δ(xj ,tj ,Zj) (III.40)

be a Poisson point measure on [0, x]×[0,∞)×D([0,∞), [0,∞]), whose intensity measure is

1[0,x](y)ℓ(dy) e
−Dtℓ(dt)

∫

(0,∞)
π(dr)Pr(dZ) ,

where Pr is the canonical law of a CSBP(Ψ, r) and where π is the Lévy measure of Ψ. Then, for any
t∈(0,∞), we define the following random measures on [0, x]:

Zt=e−Dtℓ( · ∩ [0, x])+
∑

j∈J

1{tj≤t}Z
j
t−tj

δxj , Zt−=e−Dtℓ( · ∩ [0, x])+
∑

j∈J

1{tj≤t}Z
j
(t−tj)−

δxj .

(III.41)
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We also set Z0 = ℓ( · ∩ [0, x]). �

In both cases, for any t ∈ [0,∞) and any B ∈ B([0, x]), Zt(B) and Zt−(B) are [0,∞]-valued
F -measurable random variables. The finite dimensional marginals of (Zt(B))t∈[0,∞) are those of a
CSBP(Ψ, ℓ(B)): in the infinite variation cases, it is a simple consequence of Theorem III.3 (c); in the
finite variation cases, it comes from direct computations: we leave the details to the reader. Moreover, if
B1, . . . , Bn are disjoint Borel subsets of [0, x], note that the processes (Zt(Bk))t∈[0,∞), 1≤ k≤ n are
independent. To simplify notation, we also set

∀t ∈ [0,∞), Zt = Zt([0, x]) , (III.42)

that has the finite dimensional marginals of a CSBP(Ψ, x).

Regularity of Z.

Since we deal with possibly infinite measures, we introduce the following specific notions. We fix
a metric d on [0,∞] that generates its topology. For any positive Borel measures µ and ν on [0, x], we
define their variation distance by setting

dvar(µ, ν) := sup
B∈B([0,x])

d
(
µ(B), ν(B)

)
. (III.43)

The following proposition deals with the regularity of Z on (0,∞), which is sufficient for our purpose.
The regularity at time 0 is briefly discussed later.

PROPOSITION III.9. Let Z be as in (III.39) or (III.41). Then,

P-a.s. ∀t ∈ (0,∞), lim
h→0+

dvar
(
Zt+h,Zt

)
= 0 and lim

h→0+
dvar

(
Zt−h,Zt−

)
= 0. (III.44)

Proof We first prove the infinite variation cases. We proceed by approximation. Let us fix s0 ∈ (0,∞).
For any ε ∈ (0, 1), we set

∀t ∈ (0,∞) , Zε
t =

∑

i∈I

1{Zi
s0

>ε} Z
i
t δxi .

Note that #{i∈I : Zi
s0 >ε} is a Poisson r.v. with mean xNΨ(Zs0 >ε) = xνs0((ε,∞])<∞. Therefore,

Zε is a finite sum of weighted Dirac masses whose weights are cadlag [0,∞]-valued processes. Then,
by an easy argument, P-a.s. Zε is dvar-cadlag on (0,∞).

For any v ∈ [0,∞], then set ϕ(v) = sup{d(y, z) ; y ≤ z ≤ y+v}, which is well-defined, bounded,
non-decreasing and such that limv→0 ϕ(v) = 0. For any ε > ε′ > 0, observe that Zε′

t = Zε
t +

∑

i∈I 1{Zi
s0

∈(ε′,ε]} Z
i
t δxi . Then, we fix T ∈ (0,∞), we set Y ε′, ε

t :=
∑

i∈I 1{Zi
s0

∈(ε′,ε]} Z
i
s0+t and we

get
sup

t∈[s0,s0+T ]

dvar
(
Zε′

t ,Zε
t

)
≤ ϕ(Vε′, ε) where Vε′, ε := sup

t∈[0,T ]
Y ε′, ε
t .

Note that Y ε′, ε is a cadlag CSBP(Ψ). The exponential formula for Poisson point measures and Theorem
III.3 (b) imply for any λ∈(0,∞),

− 1

x
logE

[
exp

(
−λY ε′, ε

0

)]
=

∫

(ε′,ε]
νs0(dr)

(
1− e−λr

)
≤ λ

∫

(0,ε]
νs0(dr) r −−−→

ε→0
0 .

For any η ∈ (0,∞), it easily implies limε→0 supε′∈(0,ε]P(Y ε′, ε
0 > η) = 0. Next, note that r 7−→

Pr(supt∈[0,T ] Zt > η) is non-decreasing and recall that limr→0+ Pr(supt∈[0,T ] Zt > η) = 0, by Lemma
III.6. This limit, combined with the previous argument, entails that limε→0 supε′∈(0,ε]E[ϕ(Vε′, ε)] = 0.
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Therefore, we can find εp∈(0, 1), p∈N, that decreases to 0 such that
∑

p≥0E[ϕ(Vεp+1,εp)]<∞, and
there exists Ω0 ∈ F such that P(Ω0) = 1 and such that Rp :=

∑

q≥p ϕ(Vεq+1,εq) −→ 0 as p→∞, on
Ω0. We then work determininistically on Ω0: by the previous arguments, for all Borel subsets B of [0, x],
for all t ∈ (s0, s0 + T ) and for all q > p, we get d(Zεq

t (B),Zεp
t (B))≤Rp and d(Zεq

t−(B),Zεp
t−(B))≤

Rp, since d is a distance on [0,∞]. Since t > s0, the monotone convergence for sums entails that
limq→∞Zεq

t (B) =Zt(B) and limq→∞Zεq
t−(B) =Zt−(B). By the continuity of the distance d, for all

B, all t ∈ (s0,∞) and all p ∈N, we get d(Zt(B),Zεp
t (B))≤Rp and d(Zt−(B),Zεp

t−(B))≤Rp. This
easily implies that Z is dvar-cadlag on (s0, s0 + T ) since the processes Zεp are also dvar-cadlag on the
same interval. This completes the proof in the infinite variation cases since s0 can be taken arbitrarily
small and T arbitrarily large.

We next consider the finite variation cases: we fix s0 ∈ (0,∞) and for any ε ∈ (0, 1), we set

∀t ∈ [0, s0] , Zε
t =

∑

j∈J

1
{tj≤t ,Zj

0>ε}
Zj
t−tj

δxj .

Since #{j ∈ J : tj ≤ s0 , Z
j
0 > ε} is a Poisson r.v. with mean xπ((ε,∞])

∫ s0
0 e−Dtdt <∞, Zε, as a

process indexed by [0, s0], is a finite sum of weighted Dirac masses whose weights are cadlag [0,∞]-
valued processes on [0, s0]: by an easy argument, it is dvar-cadlag on [0, s0]. Next observe that for any
ε>ε′>0, Zε′

t =Zε
t +

∑

j∈J 1{tj≤t ,Zj
0∈(ε

′,ε]}
Zj
t−tj

δxj . Thus,

sup
t∈[0,s0]

dvar
(
Zε′

t ,Zε
t

)
≤ ϕ(Vε′, ε) where Vε′, ε :=

∑

j∈J

1
{tj≤s0 ,Z

j
0∈(ε

′,ε]}
sup

t∈[0,s0]

Zj
t .

The exponential formula for Poisson point measures then implies for any λ∈(0,∞),

− 1

x
logE

[
exp

(
−λVε′, ε

)]
=

∫ s0

0
e−Dt dt

∫

(ε′,ε]
π(dr)Er

[

1−e−λ sup[0,s0] Z
]

.

We now use Lemma III.8: if D ∈ (0,∞), we set Ψ∗(λ) = Ψ(λ) − Dλ and if D ∈ (−∞, 0], we simply
take Ψ∗ = Ψ. Denote by u∗ the function derived from Ψ∗ as u is derived from Ψ by (III.9). As a
consequence of Lemma III.8, we get Er[1− e−λ sup[0,s0] Z] ≤ 1− e−ru∗(s0,λ). Thus,

− 1

x
logE

[
exp

(
−λVε′, ε

)]
≤

∫ s0

0
e−Dt dt

∫

(ε′,ε]
π(dr)

(
1−e−ru∗(s0,λ)

)

≤ s0e
|D|s0u∗(s0, λ)

∫

(0,ε]
π(dr) r −−−→

ε→0
0.

This easily entails limε→0 supε′∈(0,ε]E[ϕ(Vε′, ε)] = 0. We then argue as in the infinite variation cases:
there exists a sequence εp ∈ (0, 1), p∈N, that decreases to 0 and there exists Ω0 ∈ F with P(Ω0)= 1,
such that Rp :=

∑

q≥p ϕ(Vεq+1,εq) −→ 0 as p→∞, on Ω0. We work determininistically on Ω0: we set

Z∗
t = Zt−e−Dtℓ( · ∩[0, x]), that is the purely atomic part of Zt. Then, for all B, for all t∈ [0, s0] and for

all p∈N, d(Z∗
t (B),Zεp

t (B))≤Rp and d(Z∗
t−(B),Zεp

t−(B))≤Rp. This implies that P-a.s. Z∗ is dvar-
cadlag on [0, s0], by the same arguments as in the infinite variation cases. Clearly, a similar result holds
true for Z on [0, s0], which completes the proof of Proposition III.9, since s0 can be chosen arbitrarily
large. �

Note that in the finite variation cases, Z is dvar-right continuous at 0. In the infinite variation cases,
this cannot be so: indeed, set B = [0, x]\{xi ; i∈ I}, then Zt(B) = 0 for any t∈ (0,∞) but Z0(B) =
ℓ(B)=x. However, we have the following lemma.
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2. Construction of M.

LEMMA III.10. Assume that Ψ is of infinite variation type. Let Z be defined on (Ω,F ,P) by

(III.39). Then

∀B ∈ B([0, x]), P-a.s. lim
t→0+

Zt(B) = ℓ(B).

This implies that P-a.s. Zt → Z0 weakly as t → 0+.

Proof Since (Zt(B))t∈[0,∞) has the finite dimensional marginal laws of a CSBP(Ψ, ℓ(B)), it admits a
modification Y = (Yt)t∈[0,∞) that is cadlag on [0,∞). By Proposition III.9, observe that Z · (B) is
cadlag on (0,∞). Therefore, P-a.s. Y and Z · (B) coincide on (0,∞), which implies the lemma. �

Proof of Theorem III.1 and of Theorem III.2 (i).

Recall the notation Zt = Zt([0, x]). By Proposition III.9, Z is cadlag on (0,∞) and by arguing as
in Lemma III.10, without loss of generality, we can assume that Z is right continuous at time 0: it is
therefore a cadlag CSBP(Ψ, x). Recall from (III.11) the definition of the absorption times ζ0, ζ∞ and ζ
of Z. We first set

∀t ∈ [0, ζ), ∀B ∈ B([0, x]), Mt(B) =
Zt(B)

Zt
. (III.45)

Observe that M has the desired regularity on [0, ζ) by Proposition III.9 and Lemma III.10. Moreover M
satisfies property (III.17). It only remains to define M for the times t≥ζ on the event {ζ <∞}.

Let us first assume that P(ζ0 < ∞) > 0, which can only happen if Ψ satisfies (III.15). Note that
in this case, Ψ is of infinite variation type. Now recall P from (III.38) and Z from (III.39). Thus,
ζ0 = supi∈I ζ

i
0, where ζi0 stands for the extinction time of Zi. Then, P(ζ0 < t) = exp(−xNΨ(ζ0 ≥ t)).

Thus, NΨ(ζ0≥ t) = v(t), that is the function defined right after (III.15) which satisfies
∫∞
v(t) dr/Ψ(r) = t.

Since v is C1, the law (restricted to (0,∞)) of the extinction time ζ0 under NΨ is diffuse. This implies
that P-a.s. on {ζ0<∞} there exists a unique i0 ∈ I such that ζ0 = ζi00 . Then, we set ξ0 := sup{ζi0 ; i ∈
I\{i0}}, e = xi0 and we get Mt = δe for any t ∈ (ξ0, ζ0). Thus, on the event {ζ0 <∞} and for any
t> ζ0, we set Mt = δe and M has the desired regularity on the event {ζ0<∞}. An easy argument on
Poisson point measures entails that conditional on {ζ0<∞}, e is uniformly distributed on [0, x].

Let us next assume that P(ζ∞ < ∞) > 0, which can only happen if Ψ satisfies (III.13). We first
consider the infinite variation cases: note that ζ∞ = infi∈I ζ

i
∞, where ζi∞ stands for the explosion time

of Zi. Then, P(ζ∞≥ t) = exp(−xNΨ(ζ∞<t)). Thus, NΨ(ζ∞<t) = κ(t) that is the function defined

right after (III.13) which satisfies
∫ κ(t)
0 dr/(Ψ(r))− = t. Since κ is C1, the law (restricted to (0,∞)) of

the explosion time ζ∞ under NΨ is diffuse. This implies that P-a.s. on {ζ∞<∞} there exists a unique
i1∈I such that ζ∞=ζi1∞. Then, on {ζ∞<∞}, we set e = xi1 and Mt = δe, for any t≥ζ∞. Then, we get
limt→ζ∞−‖Mt−δe‖var =0 and an easy argument on Poisson point measures entails that conditional on
{ζ∞<∞}, e is uniformly distributed on [0, x]. This completes the proof when Ψ is of infinite variation
type. In the finite variation cases, we argue in the same way: namely, by simple computations, one shows
that for any t∈ (0,∞), #{j ∈ J : tj ≤ t,Zj

t−tj
=∞} is a Poisson r.v. with mean xκ(t); it is therefore

finite and the times of explosion of the population have diffuse laws: this proves that the descendent
population of exactly one ancestor explodes strictly before the others, and it implies the desired result in
the finite variation cases: the details are left to the reader. �

REMARK III.11. Note that the above construction of M entails Theorem III.2 (i). �
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III - The Eve property for CSBPs

3 Proof of Theorem III.2.

3.1 Results on Grey martingales.

We briefly discuss the limiting laws of Grey martingales (see [40]) associated with CSBP that are
involved in describing the asymptotic frequencies of the settlers. Recall from (III.39) and (III.41) the
definition of Zt: for any y fixed, t 7−→Zt([0, y]) is a CSBP(Ψ, y) and for any t fixed, y 7−→Zt([0, y]) is a
subordinator. Let θ∈ (0,∞) and y∈ (0, x]. We assume that u(−t, θ) is well-defined for any t∈ (0,∞):
namely, we assume that κ(t) < θ < v(t), for all t ∈ (0,∞). Recall that (III.8) extends to negative
times. Therefore, t 7−→ exp(−u(−t, θ)Zt([0, y])) is a [0, 1]-valued martingale that a.s. converges to
a limit in [0, 1] denoted by exp(−W θ

y ), where W θ
y is a [0,∞]-valued random variable. Since y 7−→

u(−t, θ)Zt([0, y]) is a subordinator, y 7−→W θ
y is a (possibly killed) subordinator. We denote by φθ its

Laplace exponent that has therefore the general Lévy-Khintchine form:

∀λ ∈ [0,∞), φθ(λ) = κθ + dθλ+

∫

(0,∞)
̺θ(dr)

(
1− e−λr

)
,

where κθ, dθ∈ [0,∞) and
∫

(0,∞)(1∧r) ̺θ(dr)<∞. Note that φθ(1) = θ, by definition. We first consider
the behaviour of CSBP when they tend to ∞.

PROPOSITION III.12. We assume that Ψ is not linear and that Ψ′(0+)∈ (−∞, 0), which implies

that Ψ is conservative and q∈(0,∞]. Let θ∈(0, q). Then, u(−t, θ) is well-defined for all t∈(0,∞) and

limt→∞ u(−t, θ) = 0. For any θ′∈(0, q) and any y∈(0, x], we then get P-a.s.

W θ
y = Rθ′,θ W

θ′

y where Rθ′,θ := exp
(

Ψ′(0+)

∫ θ

θ′

dλ

Ψ(λ)

)

. (III.46)

W θ is a conservative subordinator without drift: namely κθ = dθ = 0. Moreover,

∀λ ∈ (0,∞), φθ(λ) = u
( log λ

−Ψ′(0+)
, θ

)

and ̺θ
(
(0,∞)

)
= q . (III.47)

Thus, if q < ∞, W θ is a compound Poisson process with jump-rate q and jump-law 1
q̺θ whose Laplace

transform is λ 7→ 1− 1
qu(

log λ
−Ψ′(0+) , θ).

Proof Let θ∈(0, q) and t∈(0,∞). Note that v(t)>q and since Ψ is conservative, κ(t)=0. Thus, for all
t∈(0,∞), u(−t, θ) is well-defined. Note that Ψ is negative on (0, q), then, by (III.9), limt→∞ u(−t, θ)=
0 and limt→∞ u(t, θ)=q, even if q=∞. Next, observe that

u(−t, θ)

u(−t, θ′)
= exp

(∫ θ

θ′
dλ ∂λ log(u(−t, λ))

)

= exp
(∫ θ

θ′

Ψ(u(−t, λ))

u(−t, λ)

dλ

Ψ(λ)

)

. (III.48)

This entails (III.46) since limλ→0Ψ(λ)/λ = Ψ′(0+). Thus, φθ(1/Rθ′,θ) = φθ′(1) = θ′. Then, take
θ′ = u(t, θ): by (III.9), it implies that φθ(e

−Ψ′(0+)t) = u(t, θ), for any t ∈ R, which proves the formula
for φθ in (III.47). Next observe that κθ = limλ→0 φθ(λ) = limt→∞ u(−t, θ) = 0. Namely, W θ is
conservative. Also note that limλ→∞ φθ(λ) = limt→∞ u(t, θ) = q. Thus, if q < ∞, dθ = 0 and the last
part of the proposition holds true.

We next assume that q = ∞. Then, −Ψ is the Laplace exponent of a conservative subordinator and
we are in the finite variation cases. We set A(t) := log(eΨ

′(0+)tu(t, θ)) and we observe that log dθ =
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3. Proof of Theorem III.2.

limt→∞A(t), by taking λ = e−Ψ′(0+)t in (III.47). An easy comptutation using (III.8) entails

A(t)− log θ =

∫ t

0

(
Ψ′(0+) + ∂s log u(s, θ)

)
ds =

∫ t

0

(

Ψ′(0+)−Ψ(u(s, θ))

u(s, θ)

)

ds

= t

∫ 1

0

(

Ψ′(0+)−Ψ(u(st, θ))

u(st, θ)

)

ds .

Recall that limλ→∞Ψ(λ)/λ = D. Then, for any s ∈ (0, 1],

lim
t→∞

Ψ′(0+)−Ψ(u(st, θ))

u(st, θ)
= Ψ′(0+)−D = −

∫

(0,∞)
r π(dr) < 0 ,

since π 6= 0. This implies that limt→∞A(t) = −∞ and thus dθ = 0. �

We complete this result by the following lemma.

LEMMA III.13. We assume that Ψ is not linear and that Ψ′(0+) ∈ (−∞, 0), which implies Ψ
is conservative and q ∈ (0,∞]. Let θ ∈ (0, q). Then, u(−t, θ) is well-defined for all t ∈ (0,∞) and

limt→∞ u(−t, θ) = 0. Moreover, there exists a cadlag subordinator W θ whose initial value is 0 and

whose Laplace exponent is φθ as defined by (III.47) such that

P-a.s. ∀y ∈ [0, x], lim
t→∞

u(−t, θ)Zt([0, y]) = W θ
y and lim

t→∞
u(−t, θ)Zt({y}) = ∆W θ

y ,

where ∆W θ
y stands for the jump of W θ at y.

Proof We first assume that Ψ is of finite variation type. Fix ε, s0 ∈ (0,∞). Recall from (III.40) the
definition of Q and observe that

∑

j∈J 1{tj≤s0,Z
j
0>ε}

δ(xj ,tj ,Zj) =
∑

1≤n≤N δ(Xn,Tn,Z(n)), where N is

a Poisson r.v. with mean C := xD−1(1−e−Ds0)π((ε,∞)) and conditionally given N , the variables
Xn, Tn, Z(n), 1≤ n≤N are independent: the Xn are uniformly distributed on [0, x], the law of Tn is
(1−e−Ds0)−1De−Dt1[0,s0](t)ℓ(dt) and the processes Z(n) are distributed as CSBP(Ψ) whose entrance
law is π((ε,∞))−11(ε,∞)(r)π(dr). When D = 0, one should replace (1 − e−Dt)D−1 by t in the last

two expressions. We next observe that u(−t, θ)Z
(n)
t−Tn

= u(−(t−Tn), u(−Tn, θ))Z
(n)
t−Tn

→ Vn exists as
t → ∞ and by Proposition III.12,

E
[
e−λVn

]
=

1

π((ε,∞))

∫

(ε,∞)
π(dr)E

[
e−rφu(−Tn,θ)(λ)

]
=xC−1

∫ s0

0
dt e−Dt

∫

(ε,∞)
π(dr)e−rφu(−t,θ)(λ) (III.49)

As ε → 0 and s0 → ∞, this proves that there exists Ω0 ∈ F such that P(Ω0) = 1 and on Ω0, for any
j ∈ J , limt→∞ u(−t, θ)Zt({xj}) = limt→∞ u(−t, θ)Zj

t−tj
=: ∆j exists in [0,∞). Then, on Ω0, for

any y ∈ [0, x], we set W θ
y =

∑

j∈J 1[0,y](xj)∆j and we take W θ as the null process on Ω\Ω0. Clearly,

W θ is a cadlag subordinator whose initial value is 0. We next prove that its Laplace exponent is φθ. To
that end fix y ∈ (0, x]; by (III.49)

E
[

exp
(

−λ
∑

j∈J

1
{xj≤y ; Zj

0>ε ; tj≤s0}
∆j

)]

= E
[

exp
(

−λ
∑

1≤n≤N

1{Xn≤y}Vn

)]

= exp
(

−y

∫ s0

0
dt e−Dt

∫

(ε,∞)
π(dr)

(
1− e−rφu(−t,θ)(λ)

))

.
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Let ε → 0 and s0 → ∞ to get

− 1

y
logE

[
e−λW θ

y
]

=

∫ ∞

0
dt e−Dt

∫

(0,∞)
π(dr)

(
1− e−rφu(−t,θ)(λ)

)

=

∫ ∞

0
dt e−Dt

(
Dφu(−t,θ)(λ)−Ψ(φu(−t,θ)(λ))

)
. (III.50)

Then, we set g(t) := e−Dtφu(−t,θ)(λ). By (III.47) and (III.8), g(t) = e−Dtu(−t, φθ(λ)). Thus, ∂tg(t) =
e−Dt(Ψ(φu(−t,θ)(λ))−Dφu(−t,θ)(λ)) and to compute (III.50), we need to specify the limit of g as t tends
to ∞: since limt→∞ u(−t, φθ(λ)) = 0,

∂t log g(t) =
Ψ(u(−t, φθ(λ)))

u(−t, φθ(λ))
−D −−−−→

t→∞
Ψ′(0+)−D = −

∫

(0,∞)
π(dr) r < 0

which easily implies that limt→∞ g(t) = 0 and by (III.50), we get E[exp(−λW θ
y )] = exp(−yφθ(λ)).

Namely, the Laplace exponent of W θ is φθ.
From Proposition III.12, for any y ∈ [0, x], we get P-a.s. limt→∞ u(−t, θ)Zt([0, y]) =: W ′

y, where
the random variable W ′

y has the same law as W θ
y . Next observe that

u(−t, θ)Zt([0, y]) = u(−t, θ)e−Dty +
∑

j∈J

1{xj≤y}u(−t, θ)Zt({xj}) .

Recall from above that limt→∞ e−Dtu(−t, θ) = 0. Thus, by Fatou for sums, we get P-a.s. W ′
y ≥

∑

j∈J 1{xj≤y}∆j = W θ
y , which implies W ′

y = W θ
y . Then, there exists Ω1 ∈ F such that P(Ω1) = 1

and on Ω1, for any q∈Q ∩ [0, x], limt→∞ u(−t, θ)Zt([0, q]) = W θ
q .

We next work deterministically on Ω2=Ω0 ∩ Ω1. First observe that if y /∈ {xj ; j∈J}, Zt({y}) = 0.
Thus, by definition of W θ, for any y ∈ [0, x], we get limt→∞ u(−t, θ)Zt({y}) = ∆W θ

y . Moreover, for
any y ∈ [0, x) and any q ∈ Q ∩ [0, x] such that q > y, we get

W θ
y ≤ lim inf

t→∞
u(−t, θ)Zt([0, y]) ≤ lim sup

t→∞
u(−t, θ)Zt([0, y]) ≤ W θ

q ,

the first equality being a consequence of Fatou. Since W θ is right continuous, by letting q go to y in the
previous inequality we get limt→∞ u(−t, θ)Zt([0, y]) = W θ

y for any y ∈ [0, x] on Ω2, which completes
the proof of the lemma when Ψ is of finite variation type.

When Ψ is of infinite variation type the proof follows the same lines. Fix ε, s0 ∈ (0,∞), recall
from (III.38) the definition of P and recall the Markov property in Theorem III.3 (c). Then observe
that

∑

i∈I 1{Zi
s0

>ε}δ(xi,Zi
s0+ · )

=
∑

1≤n≤N δ(Xn,Z(n)), where N is a Poisson random variable with mean

C := xNΨ(Zs0 > ε) and, conditionally on N , the variables Xn, Z(n), 1 ≤ n ≤ N , are independent:
Xn is uniformly distributed on [0, x] and the processes Z(n) are CSBP(Ψ) whose entrance law is given

by NΨ(Zs0 ∈ dr |Zs0 > ε). Then, note that u(−t, θ)Z
(n)
t−s0

= u(−(t − s0), u(−s0, θ))Z
(n)
t−s0

→ Vn

exists as t → ∞ and by Proposition III.12, E[exp(−λVn)] = NΨ(exp(−φu(−s0,θ)(λ)Zs0)|Zs0 > ε). By
letting ε and s0 go to 0, this proves that there exists Ω0 ∈ F such that P(Ω0) = 1 and on Ω0, for any
i ∈ I , limt→∞ u(−t, θ)Zt({xi}) = limt→∞ u(−t, θ)Zi

t =: ∆i exists in [0,∞). Then, on Ω0, for any
y ∈ [0, x], we set W θ

y =
∑

i∈I 1[0,y](xi)∆i and we take W θ as the null process on Ω\Ω0. Clearly, W θ

is a cadlag subordinator whose initial value is 0 and we prove that its Laplace exponent is φθ as follows.
First note that

E
[

exp
(

−λ
∑

i∈I

1{xi≤y ; Zi
s0

>ε }∆i

)]

= E
[

exp
(

−λ
∑

1≤n≤N

1{Xn≤y}Vn

)]

= exp
(

− yNΨ

(
1{Zs0>ε}

(
1− e−φu(−s0,θ)

(λ)Zs0
)))

.(III.51)
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By (III.47) and (III.8), we get NΨ

(
1 − e−φu(−s0,θ)

(λ)Zs0
)
= φθ(λ). Then, by letting ε, s0 → 0 in

(III.51), we get E[exp(−λW θ
y )] = exp(−yφθ(λ)). We next proceed exactly as in the finite variation

cases to complete the proof of the lemma. �

We next consider the behaviour of finite variation sub-critical CSBP.

PROPOSITION III.14. Let Ψ be a branching mechanism of finite variation type such that Ψ′(0+)∈
[0,∞). Then, Ψ is conservative and persistent, D ∈ (0,∞), and for all θ, t∈ (0,∞), u(−t, θ) is well-

defined and limt→∞ u(−t, θ)=∞. For any θ, θ′∈(0,∞), and any y∈(0, x], we also get P-a.s.

W θ
y = Sθ′,θ W

θ′

y where Sθ′,θ := exp
(

D

∫ θ

θ′

dλ

Ψ(λ)

)

. (III.52)

W θ is a conservative subordinator. Namely, κθ = 0. Moreover,

∀λ ∈ (0,∞), φθ(λ) = u
(

− log λ

D
, θ

)

and ̺θ
(
(0,∞)

)
= π

(
(0,∞)

)
/D . (III.53)

The subordinator W θ has a positive drift iff
∫

(0,1) π(dr) rlog 1/r < ∞. In this case,

log dθ = log θ −
∫ ∞

θ

( D

Ψ(λ)
− 1

λ

)

dλ . (III.54)

Proof Since Ψ is conservative and persistent, κ(t) = 0 and v(t) =∞ and u(−t, θ) is well-defined for
any θ ∈ (0,∞). Moreover, (III.9) implies limt→∞ u(−t, θ) =∞ and limt→∞ u(t, θ) = 0. Recall that
limλ→∞Ψ(λ)/λ = D. Then, (III.48) entails (III.52). We then argue as in the proof of Proposition
III.12 to prove that φθ(e

−Dt) = u(t, θ) for any t ∈ R, which entails the first part of (III.53). Thus,
κθ = limλ→0 φθ(λ) = limt→∞ u(t, θ) = 0 and W θ is conservative.

We next compute the value of dθ. To that end, we set B(t) = log(e−Dtu(−t, θ)) and we observe
that log dθ = limt→∞B(t), by taking λ = eDt in (III.53). By an easy computation using (III.8), we get

log θ−B(t)=

∫ 0

−t
ds
(
D+ ∂s log u(s, θ)

)
=

∫ t

0
ds
(

D− Ψ(u(−s, θ))

u(−s, θ)

)

=

∫ u(−t,θ)

θ
dλ

( D

Ψ(λ)
− 1

λ

)

. (III.55)

Now recall that D − λ−1Ψ(λ) =
∫

(0,∞) π(dr)(1− e−λr)/λ. Thus,

log θ −B(t) =

∫

(0,∞)
π(dr)

∫ u(−t,θ)

θ
dλ

1− e−λr

λΨ(λ)
−−→
t→∞

∫

(0,∞)
π(dr)

∫ ∞

θ
dλ

1− e−λr

λΨ(λ)
=: I . (III.56)

Now observe that λ 7→ λ−1Ψ(λ) is increasing and tends to D as λ → ∞. Thus, 1
DJ ≤ I ≤ θ

Ψ(θ)J
where

J :=

∫

(0,∞)
π(dr)

∫ ∞

θ
dλ

1− e−λr

λ2
=

∫

(0,∞)
π(dr) r

∫ ∞

θr
dµ

1− e−µ

µ2
.

Clearly, J < ∞ iff
∫

(0,1) π(dr) r log 1/r < ∞, which entails the last point of the proposition. By an
easy computation, (III.55) implies (III.54).

It remains to prove the second equality in (III.53). First assume that dθ = 0. This implies that
π((0,∞)) = ∞ and the first part of (III.53) entails ̺θ((0,∞)) = limλ→∞ φθ(λ) = limt→∞ u(−t, θ) =
∞, which proves the second part of (III.53) in this case. We next assume that dθ > 0. We set C(t) =
u(−t, θ)− dθe

Dt. Thus, ̺θ((0,∞)) = limt→∞C(t). By (III.55), we get

C(t)

u(−t, θ)
= 1− dθ

e−Dtu(−t, θ)
= 1− exp

(

−
∫ ∞

u(−t,θ)
dλ

( D

Ψ(λ)
− 1

λ

))

∼t→∞

∫ ∞

u(−t,θ)
dλ

( D

Ψ(λ)
− 1

λ

)
.
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Then, C(t) ∼t→∞ F (u(−t, θ)) where F (x) = x
∫∞
x

(
D

Ψ(λ) − 1
λ

)
dλ. We then set ϕ(λ) = Dλ − Ψ(λ)

and we observe that limλ→∞ ϕ(λ) = π((0,∞)). Thus,

F (x) = x

∫ ∞

x

ϕ(λ)

λΨ(λ)
dλ =

∫ ∞

1

ϕ(xµ)x

µΨ(xµ)
dµ −−→

x→∞

π((0,∞))

D

∫ ∞

1

dµ

µ2
=

π((0,∞))

D
,

which implies the second part of (III.53). �

We complete this result by the following lemma.

LEMMA III.15. Let Ψ be a branching mechanism of finite variation type such that Ψ′(0+) ∈
[0,∞). Then, Ψ is conservative and persistent, D ∈ (0,∞), and for all θ, t∈ (0,∞), u(−t, θ) is well-

defined and limt→∞ u(−t, θ)=∞. Moreover, there exists a cadlag subordinator W θ whose initial value

is 0 and whose Laplace exponent is φθ as defined by (III.53) such that

P-a.s. ∀y ∈ [0, x], lim
t→∞

u(−t, θ)Zt([0, y]) = W θ
y and lim

t→∞
u(−t, θ)Zt({y}) = ∆W θ

y ,

where ∆W θ
y stands for the jump of W θ at y.

Proof The proof Lemma III.13 works verbatim, except that in (III.50)

∫ ∞

0
dt e−Dt

(
Dφu(−t,θ)(λ)−Ψ(φu(−t,θ)(λ))

)
= φθ(λ)− dθλ ,

which is easy to prove since e−Dtφθ(e
Dtλ) → dθλ as t → ∞. �

3.2 Proof of Theorem III.2 (ii-b), (ii-c) and (iii-b).

We now consider the cases where there is no Eve property. Recall that x ∈ (0,∞) is fixed and that ℓ
stands for Lebesgue measure on R or on [0, x] according to the context. Recall that Ψ is not linear and
recall the notation Zt := Zt([0, x]). We first need the following elementary lemma.

LEMMA III.16. For any t∈(0,∞], let mt∈M1([0, x]) be of the form mt=atℓ+
∑

y∈S mt({y})δy,

where S is a fixed countable subset of [0, x] and at∈ [0,∞). We assume that for any y∈S, limt→∞mt({y})=
m∞({y}) and limt→∞ at=a∞. Then, limt→∞‖mt−m∞‖var=0.

Proof For all ε ∈ (0,∞), there is Sε ⊂ S, finite and such that
∑

y∈S\Sε
m∞({y})< ε. Then, for any

A⊂ [0, x]

|mt(A)−m∞(A)| ≤ x |at−a∞|+
∑

y∈Sε

|mt({y})−m∞({y})|+
∑

y∈S\Sε

mt({y}) +
∑

y∈S\Sε

m∞({y})

≤ x |at−a∞|+
∑

y∈Sε

|mt({y})−m∞({y})|+ 1−atx−
∑

y∈Sε

mt({y}) + ε.

Thus,

lim sup
t→∞

sup
A⊂[0,x]

|mt(A)−m∞(A)| ≤ 1−a∞x−
∑

y∈Sε

m∞({y}) + ε = ε+
∑

y∈S\Sε

m∞({y}) ≤ 2ε ,

which implies the desired result. �
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Proof of Theorem III.2 (ii-b) and (ii-c). Recall that B = {ζ = ∞ ; limt→∞ Zt = ∞}. We assume
that Ψ′(0+) ∈ (−∞, 0), which implies q ∈ (0,∞] and that Ψ is conservative. Let θ ∈ (0, q) and let
W θ be a cadlag subordinator as in Lemma III.13. Recall that its Laplace exponent is φθ as defined
by (III.47). It is easy to prove that P-a.s. 1{W θ

x>0} = 1B . We now work a.s. on B: it makes sense

to set M∞(dr) = dW θ
r /W

θ
x that does not depend on θ as proved by (III.46) in Proposition III.12.

Note that Mt = atℓ +
∑

y∈S Mt({y})δy either with at = 0 and S = {xi ; i ∈ I} if Ψ is of infinite

variation type, or with at=e−Dt/Zt and S = {xj ; j∈J} if Ψ is of finite variation type. Next note that
{y∈ [0, x] : ∆W θ

y >0} ⊂ S and since W θ has no drift, we get M∞=
∑

y∈S M∞({y}) δy. Then, Lemma
III.13 easily entails that a.s. on B, for any y ∈ S, limt→∞Mt({y}) =M∞({y}). Next, recall from the
proof of Proposition III.12 that limt→∞ u(−t, θ)e−Dt=dθ=0, which implies that limt→∞ at=0. Then,
Lemma III.16 entails that a.s. on B, limt→∞‖Mt −M∞‖var = 0.

If q < ∞, then Proposition III.12 entails that W θ is a compound Poisson process: in this case and
on B, there are finitely many settlers and conditionally on B, the number of settlers is distributed as a
Poisson r.v. with parameter xq conditionned to be non zero, which completes the proof of Theorem III.2
(ii-b). If q=∞, then the same proposition shows that W θ has a dense set of jumps. Therefore, a.s. on
B there are a dense countable set of settlers, which completes the proof of Theorem III.2 (ii-c). In both
cases, the asymptotic frequencies are described by Proposition III.12 and Lemma III.13 �

Proof of Theorem III.2 (iii-b). Recall that C = {ζ =∞ ; limt→∞ Zt = 0}. We assume that Ψ is of
finite variation type, which implies that Ψ is persistent. Also recall that P(C) = e−qx > 0. Thus, we
also assume that q <∞. Then, observe that Z under P( · |C) is distributed as the process derived from
the finite variation sub-critical branching mechanism Ψ(· + q). So, without loss of generality, we can
assume that Ψ is of finite variation and sub-critical, namely Ψ′(0+) ∈ [0,∞), which implies that Ψ is
conservative and D∈(0,∞).

Let θ∈ (0,∞) and let W θ be a cadlag subordinator as in Lemma III.15 whose Laplace exponent φθ

is defined by (III.53). Since Ψ is conservative and persistent, it makes sense to set M∞(dr)=dW θ
r /W

θ
x

that does not depend on θ as proved by (III.52) in Proposition III.14. Note that Mt=atℓ+
∑

y∈S Mt({y})
where at = e−Dt/Zt and S = {xj ; j ∈ J}, and observe that {y ∈ [0, x] : ∆W θ

y > 0} ⊂ S. Recall that
dθ stands for the (possibly null) drift of W θ. Then, we get M∞ = a∞ℓ +

∑

y∈S M∞({y}) δy, where

a∞ = dθ/W
θ
x . By Lemma III.15, a.s. for any y ∈ S, limt→∞Mt({y}) =M∞({y}) and recall from the

proof of Proposition III.12 that limt→∞ u(−t, θ)e−Dt=dθ, which implies that limt→∞ at = a∞. Then,
Lemma III.16 entails that a.s. limt→∞‖Mt −M∞‖var = 0.

If π((0, 1)) < ∞, then π((0,∞)) < ∞ and
∫

(0,1) π(dr) r log 1/r < ∞. Proposition III.14 entails

that W θ has a drift part and finitely many jumps in [0, x]: there is dust and finitely many settlers. More
precisely, conditionally given C, the number of settlers is distributed as a Poisson r.v. with parameter
x
D

∫

(0,∞) e
−qrπ(dr) since e−qrπ(dr) is the Lévy measure of Ψ(· + q). This proves Theorem III.2 (iii-

b1). If π((0, 1))=∞ and
∫

(0,1) π(dr) r log 1/r <∞, Proposition III.14 entails that W θ has a drift part
and a dense set of jumps in [0, x]: thus, a.s. on C, there is dust and infinitely many settlers. This proves
Theorem III.2 (iii-b2). Similarly, if

∫

(0,1) π(dr) r log 1/r=∞, Proposition III.14 entails that a.s. on C,
there is no dust and there are infinitely many settlers, which proves Theorem III.2 (iii-b3). In all cases,
conditionally on C, the asymptotic frequencies are described thanks to Proposition III.14 and Lemma
III.15 applied to the branching mechanism Ψ(·+ q). �
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3.3 Proof of Theorem III.2 (ii-a) and (iii-a).

Preliminary lemmas.

Recall that x ∈ (0,∞) is fixed and recall that M1([0, x]) stands for the set of Borel probability
measures on [0, x]. We first recall (without proof) the following result – quite standard – on weak
convergence in M1([0, x]).

LEMMA III.17. For any t ∈ [0,∞), let mt ∈ M1([0, x]) be such that for all q ∈ Q ∩ [0, x],
limt→∞mt([0, q]) exists. Then, there exists m∞ ∈M1([0, x]) such that limt→∞mt=m∞ with respect

to the topology of the weak convergence.

Recall the definition of (Mt)t∈[0,∞) from Theorem III.1 and Section 2.3.

LEMMA III.18. We assume that Ψ is not linear and conservative. Then, there exists a random

probability measure M∞ on [0, x] such that P-a.s. limt→∞Mt=M∞ with respect to the topology of the

weak convergence.

Proof By Lemma III.17, it is sufficient to prove that for any q ∈Q ∩ [0, x], P-a.s. limt→∞Mt([0, q])
exists. To that end, we use a martingale argument: for any t ∈ [0,∞), we denote by Gt the sigma-field
generated by the r.v. Zs([0, q]) and Zs((q, x]), where s ranges in [0, t]. Recall that Zt = Zt([0, q]) +
Zt((q, x]) and that (Zt([0, q]))t∈[0,∞) and (Zt((q, x]))t∈[0,∞) are two independent conservative CSBP(Ψ).
Then, for any λ, µ ∈ (0,∞) and any t, s ∈ [0,∞)

E
[
exp

(
−µZt+s([0, q])−λZt+s

) ∣
∣Gt

]
= exp

(
−u(s, λ+µ)Zt([0, q])−u(s, λ)Zt((q, x])

)

By differentiating in µ = 0, we get

E[1{Zt+s>0}Zt+s([0, q]) e
−λZt+s |Gt] = 1{Zt>0}Zt([0, q]) e

−u(s,λ)Zt ∂λu (s, λ) . (III.57)

By continuity in λ, (III.57) holds true P-a.s. for all λ ∈ [0,∞). We integrate (III.57) in λ: note that for
any z ∈ (0,∞), I(z) :=

∫∞
0 dλ e−u(s,λ)z ∂λu (s, λ) = z−1(1−e−v(s)z) if Ψ is non-persistent (here v is

the function defined right after (III.15)) and I(z)=z−1 if Ψ is persistent. In both cases, I(z)≤z−1 and
thus we get

E[1{Zt+s>0}Mt+s([0, q]) |Gt] = E[1{Zt+s>0}
Zt+s([0,q])

Zt+s
|Gt] ≤ 1{Zt>0}

Zt([0,q])

Zt
= 1{Zt>0}Mt([0, q]).

Then, t 7−→ 1{Zt>0}Mt([0, q]) is a nonnegative super-martingale: it almost surely converges and Lemma
III.17 applies on the event {ζ0=∞}. Since we already proved that M has an Eve on the event {ζ0<∞},
the proof is complete. �

For any v ∈ [0, 1) and any t ∈ (0,∞], we set

R−1
t (v) = inf

{
y ∈ [0, x] : Mt([0, y]) > v

}
. (III.58)

Let U, V : Ω → [0, 1) be two independent uniform r.v. that are also independent of the Poisson point
measures P and Q. Then, for any t, s∈(0,∞], the conditional law of (R−1

t (U), R−1
s (V )) given P and

Q is Mt⊗Ms. Moreover, Lemma III.18 and standard arguments entail

P-a.s. lim
t→∞

R−1
t (U) = R−1

∞ (U) and lim
t→∞

R−1
t (V ) = R−1

∞ (V ). (III.59)

For any t∈ (0,∞), we recall the definition of the function v(t) = limλ→∞ u(t, λ) that is infinite if Ψ is
persistent and finite if Ψ is non-persistent. Recall that u(−t, ·) : (κ(t), v(t)) → (0,∞) is the reciprocal
function of u(t, ·). It is increasing and one-to-one, which implies that limλ→v(t) u(−t, λ) = ∞.
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LEMMA III.19. Let us assume that Ψ is conservative. Then, for all t, θ∈(0,∞) and all s∈ [0,∞),

E
[
1{R−1

t (U) 6=R−1
t+s(V )}

(
1−e−θZt+s

)]
=x2

∫ v(t)

0
dwΨ(w) e−xw

u(−t, w)−
(
u(−t, w)−u(s, θ)

)

+

Ψ(u(−t, w))
, (III.60)

where ( · )+ stands for the positive part function.

Proof We first prove the lemma when Ψ is of infinite variation type: recall from (III.38) the definition
of P and note that on {Zt+s>0},

E
[
1{R−1

t (U) 6=R−1
t+s(V )}

∣
∣P

]
=

∑

i,j∈I, i 6=j

Zi
t Z

j
t+s

(
Zi
t+Zj

t+
∑

k∈I\{i,j} Z
k
t

)(
Zi
t+s+Zj

t+s+
∑

k∈I\{i,j} Z
k
t+s

) ,

To simplify notation, we denote by A the left member in (III.60). By Palm’s formula (III.37) we then
get,

A = x2
∫

NΨ(dZ)

∫

NΨ(dZ
′) E

[
1{Zt+s+Z′

t+s+Zt+s>0}Zt Z
′
t+s

(
1− e−θ(Zt+s+Z′

t+s+Zt+s)
)

(Zt + Z′
t + Zt)(Zt+s + Z′

t+s + Zt+s)

]

.

For any λ1, λ2 ∈ (0,∞), we then set

B(λ1, λ2) =

∫

NΨ(dZ)

∫

NΨ(dZ
′) E

[

ZtZ
′
t+se

−λ1(Zt+Z′
t+Zt)e−λ2(Zt+s+Z′

t+s+Zt+s)
]

= NΨ

(
Zte

−λ1Zt−λ2Zt+s
)
NΨ

(
Zt+se

−λ1Zt−λ2Zt+s
)
E
[
e−λ1Zt−λ2Zt+s

]

Recall that NΨ(1− e−λZt) = u(t, λ) and recall Theorem III.3 (c). Then, we first get

NΨ

(
Zte

−λ1Zt−λ2Zt+s
)
= NΨ

(
Zte

−(λ1+u(s,λ2))Zt
)
= ∂λu (t, λ1+u(s, λ2)).

By the same argument we get

NΨ

(
Zt+se

−λ1Zt−λ2Zt+s
)

= ∂λ2NΨ

(
1− e−λ1Zt−λ2Zt+s

)
= ∂λ2NΨ

(
1− e−(λ1+u(s,λ2))Zt

)

= ∂λu(s, λ2) ∂λu(t, λ1+u(s, λ2)).

This implies that

B(λ1, λ2) = ∂λu(s, λ2)
(
∂λu(t, λ1+u(s, λ2))

)2
e−xu(t,λ1+u(s,λ2)) . (III.61)

An easy argument then entails that

A = x2
∫ ∞

0

∫ ∞

0
dλ1dλ2

(
B(λ1, λ2)−B(λ1, λ2+θ)

)
.

Set C(θ) := x2
∫∞
0

∫∞
0 B(λ1, λ2+θ) dλ1dλ2. The previous equality shows that A = C(0)−C(θ). We

recall that v(s) = limλ→∞ u(s, λ) and let us compute C(θ). To that end we use the changes of variable
y = u(s, λ2+θ) and λ = λ1 + y to get

C(θ) = x2
∫ ∞

0
dλ1

∫ v(s)

u(s,θ)
dy

(
∂λu( t , λ1+y )

)2
e−xu(t,λ1+y).

= x2
∫ ∞

0
dλ1

∫ λ1+v(s)

λ1+u(s,θ)
dλ

(
∂λu( t , λ)

)2
e−xu(t,λ).
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Recall from (III.9) that ∂λu(t, λ) = Ψ(u(t, λ))/Ψ(λ) and note that Ψ(λ) = Ψ(u(−t, u(t, λ))). Then,
by the change of variable w = u(t, λ), we get

C(θ) = x2
∫ ∞

0
dλ1

∫ u(t,λ1+v(s))

u(t,λ1+u(s,θ))
dw

Ψ(w)

Ψ(u(−t, w))
e−xw .

Thus,

A = C(0)− C(θ) = x2
∫ ∞

0
dλ1

∫ u(t,λ1+u(s,θ))

u(t,λ1)
dw

Ψ(w)

Ψ(u(−t, w))
e−xw

= x2
∫ v(t)

0
dw

∫ ∞

0
dλ1 1{u(t,λ1)≤w≤u(t,λ1+u(s,θ))}

Ψ(w)

Ψ(u(−t, w))
e−xw

= x2
∫ v(t)

0
dwΨ(w) e−xw

u(−t, w)−
(
u(−t, w)−u(s, θ)

)

+

Ψ(u(−t, w))
,

which is the desired result in the infinite variation cases.
The proof in the finite variation cases is similar except that Z and M are derived from the Poisson

point measure Q defined by (III.40). Note that Ψ is persistent. We moreover assume it to be conservative:
thus, Zt ∈ (0,∞), for any t ∈ [0,∞). Let A stand for the left member in (III.60). Then, A = A1 + A2

where

A1 :=E
[

1

ZtZt+s

∑

j∈J

1{tj≤t}Z
j
t−tj

(Zt+s−1{tj≤t+s}Z
j
t+s−tj

)(1−e−θZt+s)
]

, A2 :=E
[
xe−Dt

Zt
(1−e−θZt+s)

]

.

A1 corresponds to the event where U falls on a jump of Rt, while A2 deals with the event where it falls
on the dust. The latter gives

A2 = xe−Dt

∫ ∞

0
dλE

[
e−λZt−e−λZt−θZs+t

]
= xe−Dt

∫ ∞

0
dλ

(
e−xu(t,λ) − e−xu(t, λ+u(s,θ))

)
.

We next observe that A1=
∫∞
0

∫∞
0 dλ1dλ2

(
B̃(λ1, λ2)− B̃(λ1, λ2 + θ)

)
, where for any λ1, λ2∈ (0,∞)

we have set

B̃(λ1, λ2) = E
[

e−λ1Zt−λ2Zt+s
∑

j∈J

1{tj≤t}Z
j
t−tj

(

xe−D(t+s) +
∑

k∈J\{j}

1{tk≤t+s}Z
k
t+s−tk

)]

= E
[
Zt+se

−λ1Zte−λ2Zt+s
]
x

∫ t

0
e−Dbdb

∫

(0,∞)
π(dr)Er

[
Zt−be

−λ1Zt−be−λ2Zt+s−b
]
.(III.62)

Here we apply Palm formula to derive the second line from the first one. The first expectation in (III.62)
yields

E
[
Zt+se

−λ1Zte−λ2Zt+s
]
= ∂λu(s, λ2)∂λu(t, λ1 + u(s, λ2))x e

−xu(t,λ1+u(s,λ2)).

The second term of the product in (III.62) gives

x

∫ t

0
e−Dbdb

∫

(0,∞)
π(dr) ∂λu (t−b, λ1+u(s, λ2)) re

−ru(t−b,λ1+u(s,λ2))

= x

∫ t

0
e−Dbdb ∂λu (t−b, λ1+u(s, λ2))

(
D−Ψ′

(
u(t−b, λ1+u(s, λ2))

))

= x
(

∂λu (t, λ1+u(s, λ2))− e−Dt
)
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Here, to derive the second line from the first one, we use
∫∞
0 π(dr) re−rλ = D − Ψ′(λ). To derive

the third one from the second one, we use the identity ∂λu (t, λ) = −Ψ(λ)−1∂tu(t, λ) and we do an
integration by part. Recall B(λ1, λ2) from (III.61). By the previous computations we get

B̃(λ1, λ2) = x2B(λ1, λ2)− x2∂λu(s, λ2)∂λu(t, λ1 + u(s, λ2))e
−Dte−xu(t,λ1+u(s,λ2))

Recall that we already proved that x2
∫∞
0

∫∞
0 dλ1dλ2

(
B(λ1, λ2)−B(λ1, λ2+θ)

)
equals the right member

of (III.60). So, to complete the proof, we set

F (θ) :=

∫ ∞

0

∫ ∞

0
dλ1 dλ2 ∂λu(s, λ2 + θ) ∂λu(t, λ1 + u(s, λ2 + θ)) e−Dte−xu(t,λ1+u(s,λ2+θ))

and calculations similar as in the infinite variation case yield x2(F (0) − F (θ)) = −A2, which entails
the desired result in the finite variation cases. �

To complete the proof of Theorem III.2, we need the following technical lemma whose proof is post-
poned.

LEMMA III.20. We assume that Ψ is not linear. Then, P-a.s. for all y ∈ [0, x], limt→∞Mt({y})
exists.

Proof of Theorem III.2 (ii-a).

We temporarily admit Lemma III.20. We assume that q > 0 and that Ψ is conservative. To simplify
notation, we denote by {Z → ∞} the event {limt→∞ Zt = ∞}. By Lemma III.19 and the Markov
property, we first get

P(R−1
t (U) 6= R−1

t+s(V ) ;Z→∞) = E
[
1{R−1

t (U) 6=R−1
t+s(V )}

(
1−e−qZt+s

)]

= x2
∫ v(t)

0
dwΨ(w)e−xw

u(−t, w)−
(
u(−t, w)−q

)

+

Ψ(u(−t, w))
=: A(t)

We set e=R−1
∞ (V ). Using the Portmanteau theorem as s→∞ on the law of the pair (R−1

t (U), R−1
t+s(V ))

with the complement of the closed set {(y, y) : y ∈ [0, x]}, we get P(R−1
t (U) 6=e;Z→∞)≤A(t). But

now observe that E[1{R−1
t (U) 6=e;Z→∞} |P, V ] = (1−Mt({e}))1{Z→∞}. Thus ,

E
[
(1−Mt({e}))1{Z→∞}

]
≤ A(t) (III.63)

We next prove that limt→∞A(t) = 0. First note that for all w ∈ (0, q), w < v(t) and u(−t, w) < q,
moreover u(−t, w)↓0 as t↑∞. Since Ψ′(0+)=−∞, λ/Ψ(λ)↑0 as λ↓0. This implies that

x2
∫ q

0
dwΨ(w) e−xw

u(−t, w)−
(
u(−t, w)−q

)

+

Ψ(u(−t, w))
= x2

∫ q

0
dwΨ(w) e−xw u(−t, w)

Ψ(u(−t, w))
−−−→
t→∞

0.

If q = ∞, then, this proves limt→∞A(t) = 0. Let us assume that q < ∞: for all w ∈ (q, v(t)),
u(−t, w)>q and we get

x2
∫ v(t)

q
dwΨ(w) e−xw

u(−t, w)−
(
u(−t, w)−q

)

+

Ψ(u(−t, w))
= x2

∫ v(t)

q
dwΨ(w) e−xw q

Ψ(u(−t, w))
. (III.64)

147



III - The Eve property for CSBPs

There are two cases to consider: if Ψ is persistent, then v(t)=∞. Moreover, for all w∈(q,∞), u(−t, w)
is well-defined and u(−t, w)↑∞ as t↑∞, which implies that (III.64) tends to 0 as t→∞. If Ψ is non-
persistent, then v(t)<∞. Observe that limt→∞ v(t)=q and use (III.19) with λ=u(−t, w) to prove that
w < u(−t, w) for any w∈(q, v(t)). Since Ψ increases, we get

x2
∫ v(t)

q
dwΨ(w) e−xw q

Ψ(u(−t, w))
≤ qx2

∫ v(t)

q
dw e−xw −−−→

t→∞
0.

This completes the proof of limt→∞A(t) = 0.
By (III.63) and Lemma III.20, we get P-a.s. on {Z →∞}, Mt({e})→ 1. Thus, it entails ‖Mt−

δe‖var→0 by Lemma III.16, as t→∞, which implies Theorem III.2 (ii-a). �

Proof of Theorem III.2 (iii-a).

We assume that Ψ is persistent, of infinite variation type and such that q < ∞. Observe that P under
P( · | limt→∞ Zt = 0) is a Poisson point measure associated with the branching mechanism Ψ(· + q)
that is sub-critical (and therefore conservative). So the proof of Theorem III.2 (iii-a) reduces to the cases
of sub-critical persistent branching mechanisms and without loss of generality, we now assume that Ψ is
so. Thus, limθ→∞ u(t, θ)=v(t)=∞. By letting θ go to ∞ in Lemma III.19, we get

P(R−1
t (U) 6= R−1

t+s(V )) = x2
∫ ∞

0

u(−t, w)

Ψ(u(−t, w))
Ψ(w) e−xw dw =: B(t) ,

which does not depend on s. Then, set e= R−1
∞ (V ). By the Portmanteau theorem as s→∞, we get

P(R−1
t (U) 6=e)≤B(t). Next observe that E[1{R−1

t (U) 6=e} |P, V ] = 1−Mt({e}). Therefore,

0 ≤ 1−E
[
Mt({e})

]
≤ B(t) (III.65)

Since Ψ is sub-critical and persistent for all w ∈ (0,∞), u(−t, w) increases to ∞ as t ↑∞. Moreover,
since Ψ is of infinite variation type, λ/Ψ(λ) decreases to 0 as λ ↑ ∞, which implies that limt→∞B(t) =
0. By (III.65) and Lemma III.20, we get P-a.s. Mt({e})→ 1, and thus ‖Mt−δe‖var → 0 by Lemma
III.16, as t→∞, which completes the proof of Theorem III.2 (iii-a). �

Proof of Lemma III.20.

To complete the proof of Theorem III.2, it only remains to prove Lemma III.20. We shall proceed
by approximation, in several steps. Recall from (III.38) and (III.40) the definition of the Poisson point
measures P and Q. For any t∈(0,∞), we define the following:

Pt =
∑

i∈I

δ(xi,Zi
·∧t)

and Qt =
∑

j∈J

1{tj≤t}δ(xj ,tj ,Z
j
·∧(t−tj)

)
. (III.66)

We then define Gt as the sigma-field generated either by Pt if Ψ is of infinite variation type, or by Qt if
Ψ is of finite variation type.

LEMMA III.21. Assume that Ψ is conservative and not linear. Then, for all s, t, λ ∈ [0,∞)

P-a.s. E
[
e−λZt+s

∣
∣Gt

]
= e−u(s,λ)Zt .

Proof We first consider the infinite variation cases. We fix s0, ε ∈ (0,∞). For any t ∈ (s0,∞), we set

P
>ε
t =

∑

i∈I

1{Zi
s0
>ε}δ(xi ,Zi

· ∧t)
and Zε

t =
∑

i∈I

1{Zi
s0
>ε}Z

i
tδxi . (III.67)
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Since t > s0, and by monotone convergence for sums, limε→0Zε
t+s([0, x]) =Zt+s. Then, observe that

Zε
t+s is independent from Pt−P

>ε
t . Thus, P-a.s. E[e−λZt+s |Gt] = limε→0E[e−λZε

t+s([0,x])|P>ε
t ].

Next, note that P
>ε
t is a Poisson point measure whose law is specified as follows. By Theorem III.3

(b) and Lemma III.5, first note that NΨ(Zs0 >ε)= νs0((ε,∞])∈ (0,∞). Then, Qs0,ε=NΨ( · |Zs0 >ε)
is a well-defined probability on D([0,∞), [0,∞]). Theorem III.3 (c) easily entails that

Qs0,ε-a.s. Qs0,ε

[
e−λZt+s

∣
∣Z · ∧t

]
= e−u(s,λ)Zt . (III.68)

Next, note that P
>ε
t can be written as

∑

1≤k≤S δ(Xk,Y
k
· ∧t)

, where (Xk, Y
k), k≥1, is an i.i.d. sequence of

[0, x]×D([0,∞), [0,∞])-valued r.v. whose law is x−11[0,x](y)ℓ(dy)Qs0,ε(dZ) and where S is a Poisson
r.v. with mean xνs0((ε,∞]) that is independent from the (Xk, Y

k)k≥1. By an easy argument, we derive
from (III.68) that P-a.s. E[e−λZε

t+s([0,x])|P>ε
t ] = e−u(s,λ)Zε

t ([0,x]), which entails the desired result as
ε → 0.

In the finite variation cases, we also proceed by approximation: for any ε ∈ (0,∞), we set

Q
>ε
t =

∑

j∈J

1
{tj≤t ; Zj

0>ε}
δ
(xj , tj ,Z

j
· ∧(t−tj)

)
, Zε

t =
∑

j∈J

1
{tj≤t ; Zj

0>ε}
Zj
t−tj

δxj and Z∗
t = Zt − xe−Dt.

Then, note that limε→0Zε
t+s([0, x])=Z∗

t+s and observe that Zε
t+s is independent from Qt−Q

>ε
t . Thus,

P-a.s. E[e−λZ∗
t+s |Gt] = limε→0E[e−λZε

t+s([0,x])|Q>ε
t ]. Next, note that Q

>ε
t is a Poisson point measure

that can be written as
∑

1≤k≤S δ(Xk,Tk,Y
k
· ∧(t−Tk)

) where (Xk, Tk, Y
k)k≥1, is an i.i.d. sequence of [0, x]×

[0, t]×D([0,∞), [0,∞])-valued r.v. whose law is x−11[0,x](y)ℓ(dy) (1 − e−Dt)−1De−Dsℓ(ds)Qε(dZ)
where

Qε(dZ) :=
1

π((ε,∞))

∫

(ε,∞)
π(dr)Pr(dZ)

and S is an independent Poisson r.v. with mean x(1−e−Dt)D−1π((ε,∞)). When D = 0, one should
replace (1−e−Dt)D−1 by t in the last two expressions. Note that the Markov property applies under Qε.
Namely, Qε-a.s. Qε[e

−λZt+s |Z · ∧t] = e−u(s,λ)Zt . This implies P-a.s. the following

E
[

e
−λ

∑
j∈J 1

{tj≤t ,Z
j
0>ε}

Zj
t+s−tj

∣
∣Q

>ε
t

]

= e
−u(s,λ)

∑
j∈J 1

{tj≤t ,Z
j
0>ε}

Zj
t−tj = e−u(s,λ)Zε

t ([0,x]). (III.69)

Then, note that
∑

j∈J 1{t<tj≤t+s ,Zj
0>ε}

Zj
t+s−tj

is independent from Q
>ε
t . By the exponential formula

for Poisson point measures, we thus P-a.s. get

−logE
[

e
−λ

∑
j∈J 1

{t<tj≤t+s ,Z
j
0>ε}

Zj
t+s−tj

∣
∣Q

>ε
t

]

= xe−Dt

∫ s

0
da e−Da

∫

(ε,∞)
π(dr)

(
1−e−ru(s−a,λ)

)
.

(III.70)
As ε→0, the right member of (III.70) tends to xe−Dt

∫ s
0 da e−Da

(
Du(s−a, λ)−Ψ(u(s−a, λ))

)
that is

equal to xe−Dtu(s, λ)− xλe−D(s+t) by a simple integration by parts. This computation combined with
(III.69) and (III.70), implies

lim
ε→0

− logE
[
e−λZε

t+s([0,x])
∣
∣Q

>ε
t

]
= u(s, λ) lim

ε→0
Zε
t ([0, x]) + xe−Dtu(s, λ)− xλe−D(s+t)

Namely, − logE[e−λZ∗
t+s |Gt] = u(s, λ)(Z∗

t + xe−Dt)− λxe−D(s+t) = u(s, λ)Zt − λxe−D(s+t), which
implies the desired result. �
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LEMMA III.22. We assume that Ψ is conservative and non-linear. We fix s0, ε∈ (0,∞). For any

t∈(s0,∞), we define Zε
t as follows:

– If Ψ is of infinite variation type, then Zε
t =

∑

i∈I 1{Zi
s0

>ε}Z
i
tδxi .

– If Ψ is of finite variation type, then Zε
t =

∑

j∈J 1{tj≤s0 ; Z
j
0>ε}

Zj
t−tj

δxj .

Recall the definition of the sigma-field Gt. Then, for all t∈(s0,∞), all s, θ∈ [0,∞) and all y∈ [0, x],

P-a.s E
[
1{Zt+s>0}

Zε
t+s([0,y])

Zt+s

(
1− e−θZt+s

) ∣
∣Gt

]
= 1{Zt>0}

Zε
t ([0,y])

Zt

(
1− e−u(s,θ)Zt

)
. (III.71)

Proof We first consider the infinite variation cases. Note that in these cases, Zε
t is defined as in (III.67).

Let λ ∈ (0,∞). Recall the notation Qs0,ε = NΨ( · |Zs0 > ε) from the proof of Lemma III.21: by
differentiating (III.68), we get

Qs0,ε-a.s Qs0,ε

[
Zt+se

−λZt+s
∣
∣Z · ∧t

]
= Zt e

−u(s,λ)Zt ∂λu (s, λ). (III.72)

Recall from (III.66), the definition of Pt. Let F be a bounded nonnegative measurable function on the
space of point measures on [0, x]×D([0,∞), [0,∞]). We then set A(λ) = E[Zε

t+s([0, y]) e
−λZt+sF (Pt)].

By Palm formula (III.37), Lemma III.21 and (III.72), we get

A(λ) = E
[∑

i∈I

1{xi∈[0,y] ; Zi
s0

>ε}Z
i
t+s e

−λZi
t+s e−λ

∑
k∈I\{i} Z

k
t+s F

(
δ(xi ,Zi

· ∧t)
+ Pt−δ(xi ,Zi

· ∧t)

) ]

= νs0((ε,∞])

∫ y

0
dr

∫

Qs0,ε(dZ)E
[

Zt+se
−λZt+s e−λZt+sF

(
δ(r ,Z · ∧t)+Pt

) ]

=
(
∂λu(s, λ)

)
νs0((ε,∞])

∫ y

0
dr

∫

Qs0,ε(dZ)E
[

Zte
−u(s,λ)Zt e−u(s,λ)ZtF

(
δ(y ,Z · ∧t)+Pt

) ]

=
(
∂λu(s, λ)

)
E
[
Zε
t ([0, y])e

−u(s,λ)ZtF (Pt)
]
.

By an easy argument, it implies that P-a.s. for all λ∈(0,∞),

E
[
Zε
t+s([0, y]) e

−λZt+s
∣
∣Gt

]
= Zε

t ([0, y]) e
−u(s,λ)Zt ∂λu(s, λ).

Thus, P-a.s. for all λ, θ∈(0,∞),

E
[
1{Zt+s>0}Zε

t+s([0, y])e
−λZt+s

(
1− e−θZt+s

) ∣
∣Pt

]
=

1{Zt>0}Zε
t ([0, y])

(
e−u(s,λ)Zt∂λu(s, λ)− e−u(s,λ+θ)Zt∂λu(s, λ+θ)

)
. (III.73)

When we integrate the first member of (III.73) in λ on (0,∞), we get the first member of (III.71). Then,
by an easy change of variable, we get

∀λ0 ∈ [0,∞), ∀z ∈ (0,∞),

∫ ∞

λ0

dλ e−u(s,λ)z ∂λu(s, λ) =
1

z

(
e−u(s,λ0)z−ev(s)z

)
, (III.74)

where we recall that v(s) = limλ→∞ u(s, λ), which is infinite if Ψ is persistent and finite otherwise.
Since Ψ is conservative, recall that κ(s) = limλ→0+ u(s, λ) = 0. Thus, when we integrate the second
member of (III.73) in λ on (0,∞), we obtain the second member of (III.71), which completes the proof
of the lemma in the infinite variation cases.

We next consider the finite variation cases. Note that the definition of Zε is slightly different from
the proof of Lemma III.21. Recall from (III.66), the definition of Qt. Let F be a bounded nonnegative
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3. Proof of Theorem III.2.

measurable function on the space of point measures on [0, x]×[0,∞)×D([0,∞), [0,∞]). We set A(λ) =
E[Zε

t+s([0, y]) e
−λZt+sF (Qt)]. By Palm formula (III.37) and Lemma III.21 we get

A(λ)=E
[∑

j∈J

1
{xj∈[0,y] ; tj≤s0 ; Z

j
0>ε}

Zj
t+s−tj

e
−λZj

t+s−tj e
−λ

∑
k∈J\{j} 1{tk≤t+s}Z

k
t+s−tk e−λxe−D(t+s)

×F
(
δ
(xj , tj ,Z

j
· ∧(t−tj)

)
+ Qt−δ

(xj , tj ,Z
j
· ∧(t−tj)

)

) ]

=

∫ y

0
da

∫ s0

0
db e−Db

∫

(ε,∞)
π(dr)Er

[

E
[

Zt+s−be
−λZt+s−be−λZt+sF

(
δ(a , b ,Z · ∧(t−b))+Qt

) ]
]

=∂λu(s, λ)

∫ y

0
da

∫ s0

0
db e−Db

∫

(ε,∞)
π(dr)Er

[

E
[

Zt−be
−u(s,λ)Zt−be−u(s,λ)ZtF

(
δ(a , b ,Z · ∧(t−b))+Qt

) ]
]

=∂λu(s, λ)E[Zε
t ([0, y]) e

−u(s,λ)ZtF (Qt)].

Then, we argue exactly as in the infinite variation cases. �

We now complete the proof of Lemma III.20. If Ψ is not conservative, then we have already proved
that on {ζ∞ <∞}, M has an Eve in finite time. Moreover, conditionally on {limt→∞ Zt = 0}, M is
distributed as the frequency process of a CSBP(Ψ(·+ q)) that is sub-critical, and therefore conservative.
Thus, without loss of generality, we assume that Ψ is conservative. In this case, Lemma III.22 applies:
we fix s0, ε∈ (0,∞) and we let θ go to ∞ in (III.71); this implies that t 7→ 1{Zt>0}

Zε
t ([0,y])

Zt
is a super-

martingale. Then,

P-a.s. ∀q ∈ Q ∩ [0, x] , lim
t→∞

1{Zt>0}
Zε

t ([0,q])

Zt
=: Rε

q exists.

Then observe there exists a finite subset Ss0,ε := {X1 < . . . < XN} ⊂ [0, x] such that a.s. for all
t ∈ (s0,∞), Zε

t ([0, x]\Ss0,ε) = 0. Then, for any 1 ≤ k ≤ N , there exists q, q′ ∈ Q∩ [0, x] such that
q<Xk<q′ and 1{Zt>0}Mt({Xk})=1{Zt>0}Zε

t ((q, q
′])/Zt−→Rε

q′−Rε
q, as t→∞.

Now observe that if Ψ is of infinite variation type, {xi ; i ∈ I} =
⋃

n,m∈N S2−m,2−n . Thus, on the
event {ζ0 = ∞} (no extinction in finite time), this entails that P-a.s. for all i ∈ I , limt→∞Mt({xi})
exists. Moreover, for all y /∈{xi ; i∈I} and all t∈(0,∞), Mt({y}) = 0. Finally, on {ζ0<∞}, we have
already proved that M has an Eve in finite time. This completes the proof of Lemma III.20 when Ψ is of
infinite variation type.

If Ψ is finite variation type, note that {xj ; j ∈ J} =
⋃

n,m∈N Sm,2−n . Since there is no extinction
in finite time, we get that P-a.s. for all j∈J , limt→∞Mt({xj}) exists, which completes the proof since
for all y /∈{xj ; j∈J} and all t∈(0,∞), we have Mt({y}) = 0. �
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CHAPTER IV

Quasi-stationary distributions associated with explosive CSBP

This article [54] has been published in Electronic Communications in Probability.

1 Introduction

Continuous-state branching processes (CSBP) are [0,∞]-valued Markov processes that describe the
evolution of the size of a continuous population. They have been introduced by Jirina [46] and Lam-
perti [57]. We recall some basic facts on CSBP and refer to Bingham [17], Grey [40], Kyprianou [51]
and Le Gall [60] for details and proofs.
Consider the space D([0,∞), [0,∞]) of càdlàg [0,∞]-valued functions endowed with the Skorohod’s
topology. We denote by Z := (Zt, t ≥ 0) the canonical process on this space. For all x ∈ [0,∞], we
denote by Px the distribution of the CSBP starting from x whose semigroup is characterised by

∀t ≥ 0, λ > 0, Ex[e
−λZt ] = e−xu(t,λ) (IV.1)

where for all λ > 0, (u(t, λ), t ≥ 0) is the unique solution of

∂tu(t, λ) = −Ψ(u(t, λ)) , u(0, λ) = λ (IV.2)

and Ψ, the so-called branching mechanism of the CSBP, is a convex function of the form

∀u ≥ 0, Ψ(u) = γu+
σ2

2
u2 +

∫

(0,∞)
(e−uh − 1 + uh1{h<1}) ν(dh) (IV.3)

where γ ∈ R, σ ≥ 0 and ν is a Borel measure on (0,∞) such that
∫

(0,∞)(1 ∧ h2)ν(dh) < ∞. The
function Ψ entirely characterises the law of the process. The CSBP fulfils the following branching
property: for all x, y ∈ [0,∞] the process starting from x + y has the same law as the sum of two
independent copies starting from x and y respectively. Observe that Ψ is also the Laplace exponent of a
spectrally positive Lévy process, we refer to Theorem 1 in [57] for a pathwise correspondence between
Lévy processes and CSBP.

The convexity of Ψ entails that the ratio Ψ(u)/u is increasing. A direct calculation or Proposition
I.2 p.16 [8] shows that it converges to a finite limit as u → ∞ iff

(Finite variation) σ = 0 and
∫

(0,1)
hν(dh) < ∞ (IV.4)
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IV - QSDs of explosive CSBPs

When this condition is verified, the limit of the ratio is necessarily equal to D := γ +
∫

(0,1) hν(dh) and
Ψ can be rewritten

∀u ≥ 0, Ψ(u) = Du+

∫

(0,∞)
(e−uh − 1) ν(dh) (IV.5)

As t → ∞ the CSBP converges either to 0 or to ∞, which are absorbing states for the process.
Consequently we define the lifetime of the CSBP as the stopping time T := T0 ∧ T∞ where

(Extinction) T0 := inf{t ≥ 0 : Zt = 0} , (Explosion) T∞ := inf{t ≥ 0 : Zt = ∞}

We denote by q := sup{u ≥ 0 : Ψ(u) ≤ 0} ∈ [0,∞] the second root of the convex function Ψ: it is
elementary to check from (IV.2) that u(t, q) = q for all t ≥ 0 and that for all λ > 0, u(t, λ) → q as
t → ∞. Hence from (IV.1) we get

∀x ∈ [0,∞], Px

(
lim
t→∞

Zt = 0) = 1− Px

(
lim
t→∞

Zt = ∞) = e−xq

When Ψ′(0+) > 0 (resp. Ψ′(0+) = 0) the CSBP is said subcritical (resp. critical), the convexity of Ψ
then implies q = 0 and the process is almost surely absorbed at 0. Moreover the extinction time T0 is
almost surely finite iff

∫ +∞ du

Ψ(u)
< ∞ (IV.6)

Otherwise T0 is almost surely infinite. When Ψ′(0+) ∈ [−∞, 0) the CSBP is said supercritical and then
q ∈ (0,∞]. The CSBP has a positive probability to be absorbed at 0 iff q ∈ (0,∞). In that case, on
the extinction event {T = T0} the finiteness of T0 is governed by the same criterion as above. On the
explosion event {T = T∞}, the explosion time T∞ is almost surely finite iff

∫

0+

du

−Ψ(u)
< ∞ (IV.7)

Observe that Ψ′(0+) = −∞ is required (but not sufficient) for this inequality to be fulfilled. When
(IV.7) does not hold, T∞ is almost surely infinite on the explosion event.

By quasi-stationary distribution (QSD for short), we mean a probability measure µ on (0,∞) such
that

Pµ(Zt ∈ · |T > t) = µ(·)

When µ is a QSD, it is a simple matter to check that under Pµ the random variable T has an exponential
distribution, the parameter of which is called the rate of decay of µ. The goal of the present paper is to
investigate the QSD associated with a CSBP that explodes in finite time almost surely.

1.1 A brief review of the literature: the extinction case

Li [63] and Lambert [55] considered the extinction case T = T0 < ∞ almost surely, so that
Ψ′(0+) ≥ 0 and (IV.6) holds, and they studied the CSBP conditioned on non-extinction. We recall some
of their results. When Ψ is subcritical, that is Ψ′(0+) > 0, there exists a family (µβ; 0 < β ≤ Ψ′(0+)) of
QSD where β is the rate of decay of µβ. These distributions are characterised by their Laplace transforms
as follows

∀λ ≥ 0,

∫

(0,∞)
µβ(dr)e

−rλ = 1− e−βΦ(λ) where Φ(λ) :=

∫ +∞

λ

du

Ψ(u)
(IV.8)
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Notice that Φ is well-defined thanks to (IV.6). For any β > Ψ′(0+) they proved that there is no QSD
with rate of decay β, and that Equation (IV.8) does not define the Laplace transform of a probability
measure on (0,∞). Additionally, the value β = Ψ′(0+) yields the so-called Yaglom limit:

∀x > 0, Px(Zt ∈ · |T > t) −→
t→∞

µΨ′(0+)(·)

When Ψ is critical, that is Ψ′(0+) = 0, the preceding quantity converges to a trivial limit for all x > 0
and Equation (IV.8) does not define the Laplace transform of a probability measure on (0,∞). How-
ever, under the condition Ψ′′(0+) < ∞, they proved the following convergence (that extends a result
originally due to Yaglom [78] for Galton-Watson processes)

∀x > 0, z ≥ 0, Px

(Zt

t
≥ z

∣
∣T > t

)

−→
t→∞

exp
(

− 2z

Ψ′′(0+)

)

(IV.9)

Finally in both critical and subcritical cases, for any given value t > 0 the process (Zr, r ∈ [0, t])
conditioned on s < T admits a limiting distribution as s → ∞, called the Q-process. The law of the
Q-process is obtained as a h-transform of P as follows

∀x > 0, dQx|Ft
:=

Zt e
Ψ′(0)t

x
dPx|Ft

1.2 Main results: the explosive case

We now assume that almost surely the CSBP explodes in finite time. From the results recalled above,
this is equivalent with (IV.7) and q = ∞ so that Ψ is convex, decreasing and non-positive. Hence the
ratio Ψ(u)/u cannot converge to +∞ so that necessarily (IV.4) holds, and Ψ can be written as in (IV.5).
Observe also that in that case the Lévy process with Laplace exponent Ψ is a subordinator. We set:

Ψ(+∞) := lim
u→∞

Ψ(u) ∈ [−∞, 0)

From (IV.5) we deduce that Ψ(+∞) ∈ (−∞, 0) iff ν(0,∞) < ∞ and D = 0. When this condition
holds, we have Ψ(+∞) = −ν(0,∞). Otherwise Ψ(+∞) = −∞.

We start with an elementary remark: conditioning a CSBP on non-explosion does not affect the
branching property. Consequently the law of Zt conditioned on T > t is infinitely divisible: if it admits a
limit as t goes to ∞, the limit has to be infinitely divisible as well. Our result below shows that Ψ(+∞)
plays a rôle analogue to Ψ′(0+) in the extinction case.

THEOREM IV.1. Suppose T = T∞ < ∞ almost surely and set

∀λ ≥ 0, Φ(λ) :=

∫ 0

λ

du

Ψ(u)

For any β > 0 there exists a unique quasi-stationary distribution µβ associated to the rate of decay β.

This probability measure is infinitely divisible and is characterised by

∀λ ≥ 0,

∫

(0,∞)
µβ(dr)e

−rλ = e−βΦ(λ) (IV.10)

Additionally, the following dichotomy holds true:

(i) Ψ(+∞) ∈ (−∞, 0). The limiting conditional distribution is given by

∀x ∈ (0,∞), lim
t→∞

Px(Zt ∈ · |T > t) = µxν(0,∞)(·)
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(ii) Ψ(+∞) = −∞. The limiting conditional distribution is trivial:

∀a, x ∈ (0,∞), lim
t→∞

Px(Zt ≤ a |T > t) = 0

Let us make some comments. Firstly this theorem implies that λ 7→ Φ(λ) is the Laplace exponent of
a subordinator, and so, µβ is the distribution of a Φ-Lévy process taken at time β. Secondly there is
a similarity with the extinction case: the limiting conditional distribution is trivial iff Ψ(+∞) = −∞
so that the dichotomy on the value Ψ(+∞) is the explosive counterpart of the dichotomy on the value
Ψ′(0+) in the extinction case. Also, note the similarity in the definition of the Laplace transforms
(IV.8) and (IV.10). However, there are two major differences with the extinction case: firstly there is no
restriction on the rates of decay. Secondly, even if the limiting conditional distribution is trivial when
Ψ(+∞) = −∞, there exists a family of QSD.

The following theorem characterises the Q-process associated with an explosive CSBP. Let Ft be the
sigma-field generated by (Zr, r ∈ [0, t]), for any t ∈ [0,∞).

THEOREM IV.2. We assume that T = T∞ < ∞ almost surely. For each x > 0, there exists a

distribution Qx on D([0,∞), [0,∞)) such that for any t ≥ 0

lim
s→∞

Px(· |T > s)|Ft
= Qx(·)|Ft

Furthermore, Qx is the law of the ΨQ-CSBP where

ΨQ(u) = Du

The Q-process appears as the Ψ-CSBP from which one has removed all the jumps: only the deterministic
part remains, see also the forthcoming Proposition IV.3. Notice that the Q-process cannot be defined
through a h-transform of the CSBP: actually the distribution of the Q-process on D([0, t], [0,∞)) is not
even absolutely continuous with respect to that of the Ψ-CSBP, except when the Lévy measure ν is finite.

When Ψ(+∞) = −∞, Theorem IV.1 shows that the process conditioned on non-explosion con-
verges to a trivial limit. In the next theorem, under the assumption that the branching mechanism is
regularly varying at 0 we propose a rescaling of the CSBP conditioned on non-explosion such that it
converges to a non-trivial limit. Recall that we call slowly varying function at 0 any continuous map
L : (0,∞) → (0,∞) such that for any a ∈ (0,∞), L(au)/L(u) → 1 as u ↓ 0.

THEOREM IV.3. Suppose that Ψ(u) = −u1−αL(u) with L a slowly varying function at 0 and

α ∈ (0, 1), and assume that Ψ(+∞) = −∞. Consider any function f : [0,∞) → (0,∞) satisfying

Ψ
(
f(t)−1

)
f(t) ∼ Ψ(u(t, 0+)) as t → ∞. Then the following convergence holds true:

∀x, λ ∈ (0,∞), Ex

[

e−λZt/f(t)
∣
∣ t < T

]

−→
t→∞

e−xλα/α

Observe that the limit displayed by this theorem is the Laplace transform of the QSD associated with
Ψ(u) = −u1−α.

EXAMPLE IV.1. When Ψ(u) = −k u1−α with k > 0 and α ∈ (0, 1), we have f(t) ∼ (αkt)(1−α)/α2

as t → ∞. When Ψ(u) = −c u−k u1−α with k, c > 0 and α ∈ (0, 1), we have f(t) ∼ (k/c)(1−α)/α2
ect/α

as t → ∞.

The proof of Theorem IV.3 is inspired by calculations of Slack in [73] where it is shown that any
critical Galton-Watson process with a regularly varying generating function can be properly rescaled so
that, conditioned on non-extinction, it converges towards a non-trivial limit. For completeness we also
adapt the result of Slack to critical CSBP conditioned on non-extinction.
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PROPOSITION IV.2. Suppose that Ψ(u) = u1+αL(u) with L a slowly varying function at 0 and

α ∈ (0, 1]. Assume that T = T0 < ∞ almost surely. Fix any function f : [0,∞) → (0,∞) verifying

f(t) ∼ u(t,∞) as t → ∞. Then we have the following convergence

∀x, λ ∈ (0,∞), Ex

[
e−λZtf(t) | t < T

]
−→
t→∞

1−
(
1 + λ−α

)−1/α

We recover in particular the finite variance case (IV.9) of Lambert and Li. Our result also covers the
so-called stable branching mechanisms Ψ(u) = u1+α with α ∈ (0, 1].

Organisation of the paper. We start with a study of continuous-time Galton-Watson processes (which
are the discrete-state counterparts of CSBP): we provide a complete description of the QSD when this
process explodes in finite time almost surely and compare the results with the continuous-state case.
In the third section we prove Theorems IV.1, IV.2 and IV.3. Finally in the fourth section we prove
Proposition IV.2.

2 The discrete case

A discrete-state branching process (Zt, t ≥ 0) is a continuous-time Markov process taking values
in Z+ ∪ {+∞} that verifies the branching property (we refer to Chapter V of Harris [42] for the proofs
of the following facts). It can be seen as a Galton-Watson process with offspring distribution ξ where
each individual has an independent exponential lifetime with parameter c > 0. Let us denote by φ(λ) =
∑∞

k=0 λ
kξ(k), ∀λ ∈ [0, 1] the generating function of the Galton-Watson process. We denote by Pn

the law on the space D([0,∞),Z+ ∪ {+∞}) of Z starting from n ∈ Z+ ∪ {+∞}, and En the related
expectation operator. The semigroup of the DSBP is characterised via the Laplace transform (see Chapter
V.4 of [42])

∀r ∈ (0, 1), ∀t ∈ [0,∞), En

[
rZt

]
= F (t, r)n where

∫ F (t,r)

r

dx

c (φ(x)− x)
= t (IV.11)

Let τ be the lifetime of Z , that is, the infimum of the extinction time τ0 and the explosion time τ∞.
Taking the limits r ↓ 0 and r ↑ 1 in (IV.11) one gets

Pn(τ0 ≤ t) = F (t, 0+)n , Pn(τ∞ < t) = 1− F (t, 1−)n

In this section, we assume that there is explosion in finite time almost surely. Results of Chapters V.9 and
V.10 of [42] then entail that the smallest solution of the equation φ(x) = x equals 0 (and so ξ(0) = 0)
and that

∫

1−
dx

c (φ(x)−x) is finite. This allows to define

Φ(r) :=

∫ r

1

dx

c (φ(x)− x)
, r ∈ (0, 1] (IV.12)

Clearly r 7→ Φ(r) is the inverse map of t 7→ F (t, 1−), that is for all t ≥ 0,Φ
(
F (t, 1−)

)
= t. We say

that a measure µ on N = {1, 2, . . .} is a quasi-stationary distribution (QSD) for Z if

Pµ(Zt ∈ · | τ > t) = µ(·)

From the Markov property, we deduce that τ has an exponential distribution under Pµ, the parameter of
which is called the rate of decay of µ.
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THEOREM IV.4. Suppose there is explosion in finite time almost surely. Let β0 := c (1 − ξ(1)).
There is a unique quasi-stationary distribution µβ associated with the rate of decay β if and only if β is

of the form nβ0, with n ∈ N. It is characterised by its Laplace transform
∑

k

µβ({k})rk = e−βΦ(r), ∀r ∈ (0, 1] (IV.13)

For any initial condition n ∈ N we have

lim
t→∞

Pn(Zt ∈ · | τ > t ) = µnβ0
(·)

Let us make some comments. First there exists only a countable family of QSD. This is due to
the restrictive condition that our process takes values in Z+ ∪ {∞}. Also, observe the similarity with
Theorem IV.1: indeed a DSBP can be seen as a particular CSBP starting from an integer and whose
branching mechanism is the Laplace exponent of a compound Poisson process with integer-valued jumps.
In particular ν({k}) = c ξ(k + 1) for all integer k ≥ 1. Hence the quantity c(1 − ξ(1)) in the DSBP
case corresponds to ν(0,∞) in the CSBP case. Finally we mention that the Q-process associated with an
explosive DSBP is the constant process, that is, the DSBP with the trivial generating function F (t, r) =
r. This fact can be proved using calculations similar to those in the proof below or it can be deduced
from Theorem IV.2 and the remarks above.

Proof We start with the proof of the uniqueness of the QSD for a given rate of decay β > 0. Let µ be a
QSD and let β > 0 be its rate of decay. Then we have for all t ≥ 0

e−βt = Pµ(τ > t) =
∑

k

µ({k})Pk(τ > t) =
∑

k

µ({k})F (t, 1−)k

Since F (Φ(r), 1−) = r we get

∀r ∈ (0, 1], e−βΦ(r) =
∑

k

µ({k})rk

which ensures the uniqueness of the QSD for a given rate of decay. We now prove that whenever β=nβ0
with n ∈ N, the last expression is indeed the Laplace transform of a probability measure on N.

∀n ∈ N, En[r
Zt |τ > t] =

En[r
Zt ; τ > t]

Pn(τ > t)
=

(
F (t, r)

F (t, 1−)

)n

(IV.14)

By 0 ≤ F (t, r) ≤ F (t, 1−) → 0 as t → ∞, φ(x) = ξ(1)x+O(x2) as x ↓ 0 and (IV.12) we get

Φ(r) =

∫ F (t,r)

F (t,1−)

dx

c(φ(x)− x)
∼

t→∞

∫ F (t,r)

F (t,1−)

dx

cx(ξ(1)− 1)
= − 1

β0
log

F (t, r)

F (t, 1−)

We deduce that the r.h.s. of (IV.14) converges to exp(−Φ(r)nβ0) as t → ∞. From this convergence and
the fact that Φ(1−) = 0, we deduce that r 7→ exp(−Φ(r)nβ0) is the Laplace transform of a probability
measure say µnβ0

on Z+. As Φ(0+) = +∞, we deduce that this probability measure does not charge 0.
Also, observe that µβ0

({1}) > 0. Indeed for all r ∈ (0, 1) we have Φ′(r) = −(β0r)
−1 −G(r) where G

is bounded near 0. Since µβ0
({1}) = − limr↓0 β0Φ

′(r)e−β0Φ(r), the strict positivity follows.

Fix β > 0. We now assume that r 7→ e−βΦ(r) is the Laplace transform of a probability measure on N

say µβ. Denote by m ∈ N the smallest integer such that µβ({m}) > 0. Then we have for all r ∈ (0, 1]

e−βΦ(r) = µβ({m})rm +
∑

k>m

µβ({k})rk = (e−β0Φ(r))
β
β0

=
(

µβ0
({1})r +

∑

k>1

µβ0
({k})rk

) β
β0
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This implies that µβ({m})rm ∼ (µβ0
({1})r)

β
β0 as r ↓ 0 and so, m = β

β0
∈ N. Consequently (IV.13) is

the Laplace transform of a probability measure on N iff β is of the form nβ0. �

3 Quasi-stationary distributions and Q-process in the explosive case

Consider a branching mechanism Ψ of the form (IV.3). It is well-known and can be easily checked
from (IV.1) that for any t ≥ 0 the law of Zt under Px is infinitely divisible. Consequently u(t, ·) is
the Laplace exponent of a (possibly killed) subordinator (see Chapter 5.1 [51]). Thanks to the Lévy-
Khintchine formula, there exist at, dt ≥ 0 and a Borel measure wt on (0,∞) with

∫

(0,∞)(1∧h)wt(dh) <
∞ such that

∀λ ≥ 0, u(t, λ) = at + dtλ+

∫

(0,∞)
(1− e−λh)wt(dh) (IV.15)

Note that at=u(t, 0+) is positive iff the CSBP has a positive probability to explode in finite time. In the
genealogical interpretation, the measure wt gives the distribution of the clusters of individuals alive at
time t who share a same ancestor at time 0, while the coefficient dt corresponds to the individuals at time
t who do not share their ancestor at time 0 with other individuals. For further use, we write the integral
version of (IV.2):

∀t ≥ 0, ∀λ ∈ [0,∞)\{q},
∫ λ

u(t,λ)

du

Ψ(u)
= t (IV.16)

The following result shows that the drift dt is left unchanged when replacing Ψ by ΨQ of Theorem IV.2:
this means that the Q-process is obtained by removing all the clusters in the population.

PROPOSITION IV.3. When Ψ fulfils (IV.4) then dt = e−Dt for all t ≥ 0. Otherwise dt = 0 for all

t > 0.

Proof Corollary p.1049 in [72] entails that dt = 0 for all t > 0 whenever σ > 0 or
∫

(0,1) hν(dh) = ∞.
We now assume the converse, namely that Ψ fulfils (IV.4) so that Ψ(u)/u → D as u → ∞. A direct
computation shows that dt = limλ→∞ u(t, λ)/λ. Then for any t ≥ 0, λ > 0

log
(u(t, λ)

λ

)

=

∫ t

0

∂su(s, λ)

u(s, λ)
ds = −

∫ t

0

Ψ(u(s, λ))

u(s, λ)
ds (IV.17)

If q ∈ (0,∞), then for all λ > q and all 0≤ s≤ t we have q < u(t, λ) ≤ u(s, λ) ≤ λ thanks to (IV.2)
and by (IV.16) we deduce that u(t, λ) ↑ ∞ as λ → ∞. If q = ∞, then for all λ > 0 and all 0≤s≤ t we
have λ ≤ u(s, λ) ≤ u(t, λ) thanks to (IV.2) and obviously u(t, λ) ↑ ∞ as λ → ∞. Since Ψ(u)/u ↑ D
as u → ∞ the dominated convergence theorem applied to (IV.17) yields that log(u(t, λ)/λ) → −Dt as
λ → ∞. �

Until the end of the section, we assume that Ψ verifies (IV.7) and that q = ∞. Consequently under
Px, Z explodes in finite time almost surely and at = u(t, 0+) > 0 for all t > 0. An elementary
calculation entails

∀t ≥ 0, x > 0, Px(T > t) = e−x at

We introduce for all λ ≥ 0, Φ(λ) :=
∫ 0
λ du/Ψ(u). This non-negative, increasing function admits

a continuous inverse, namely the function t 7→ at. Also, thanks to Equation (IV.16) we deduce the
identities

∀t, λ ≥ 0, Φ(u(t, λ)) = t+Φ(λ) , u(t, λ) = u(t+Φ(λ), 0+) (IV.18)
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3.1 Proof of Theorem IV.1

First we compute the necessary form of the QSD. Fix β > 0 and suppose that µβ is a QSD with rate
of decay β. We get for all t ≥ 0

e−βt = Pµβ
(T > t) =

∫

(0,∞)
µβ(dr)e

−r at

Letting t = Φ(λ) for any λ ≥ 0 we obtain

e−βΦ(λ) =

∫

(0,∞)
µβ(dr)e

−rλ

Consequently there is at most one QSD corresponding to the rate of decay β. Now suppose that the
preceding formula defines a probability distribution on (0,∞) then the following calculation ensures
that it is quasi-stationary:

∀λ > 0, Eµβ

[
e−λZt |T > t

]
=

Eµβ

[
e−λZt ; T > t

]

Pµβ
(T > t)

=
Eµβ

[
e−λZt

]

Pµβ
(T > t)

=

∫

(0,∞) µβ(dr)e
−r u(t,λ)

e−βt

= e−β
(
Φ(u(t,λ))−t

)

= e−βΦ(λ) = Eµβ
[e−λZ0 ]

We now assume Ψ(+∞) ∈ (−∞, 0) and we prove that λ 7→ e−βΦ(λ) is indeed the Laplace transform of
a probability measure µβ on (0,∞). Let x := β/ν(0,∞), for all λ > 0 we have

Ex

[
e−λZt |T > t

]
=

Ex

[
e−λZt ; T > t

]

Px(T > t)
= exp

(

− x
(
u(t, λ)− at

))

From (IV.16) and the definition of Φ we get that
∫ at

u(t,λ)

du

Ψ(u)
= Φ(λ)

Using again (IV.16) and the fact that Ψ is non-positive, we get that at → ∞ and u(t, λ) → ∞ as t → ∞.
Since Ψ(u) → −ν(0,∞) as u → ∞, one deduces that

∫ at

u(t,λ)

du

Ψ(u)
∼

t→∞

u(t, λ)− at
ν(0,∞)

and therefore
Ex

[
e−λZt |T > t

]
−→
t→∞

e−Φ(λ)x ν(0,∞)

Since Φ(λ) → 0 as λ ↓ 0, we deduce that λ 7→ e−Φ(λ)x ν(0,∞) = e−βΦ(λ) is the Laplace transform of a
probability measure on [0,∞). Moreover, it does not charge 0 since Φ(λ) → ∞ as λ → ∞.
We now suppose Ψ(+∞) = −∞. An easy adaptation of the preceding arguments ensures that for any
x, λ > 0

Ex[e
−λZt |T > t] −→

t→∞
0

Hence the limiting distribution is trivial: it is a Dirac mass at infinity. However, let us prove that λ 7→
e−βΦ(λ) is indeed the Laplace transform of a probability measure µβ on (0,∞). For every ǫ > 0, define
the branching mechanism

Ψǫ(u) :=

∫

(0,∞)
(e−hu − 1)(1{h>ǫ}ν(dh) +

1

ǫ
δ−Dǫ(dh)) =

1

ǫ
(eDǫu − 1) +

∫

(ǫ,∞)
(e−hu − 1) ν(dh)
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3. Quasi-stationary distributions and Q-process in the explosive case

Observe that for any u ≥ 0, Ψǫ(u) ↓ Ψ(u) as ǫ ↓ 0. Thus by monotone convergence we deduce that

∀λ ≥ 0,

∫ 0

λ

du

Ψǫ(u)
−→
ǫ↓0

∫ 0

λ

du

Ψ(u)

The first part of the proof applies to Ψǫ, and therefore the l.h.s. of the preceding equation is the Laplace
exponent taken at λ of an infinitely divisible distribution on (0,∞). Since the r.h.s. vanishes at 0 and
goes to ∞ at ∞, it is the Laplace exponent of an infinitely divisible distribution on (0,∞). �

3.2 Proof of Theorem IV.2

Fix t ≥ 0. Since we are dealing with non-decreasing processes and since the asserted limiting process
is continuous, the convergence of the finite-dimensional marginals suffices to prove the theorem (see for
instance Th VI.3.37 in [45]). By Proposition IV.3, we know that uQ(t, λ) = λe−Dt is the function related
to ΨQ via (IV.2). Hence we only need to prove that for all n ≥ 1, all n-uplets 0 ≤ t1 ≤ . . . ≤ tn ≤ t
and all coefficients λ1, . . . , λn > 0 we have

lim
s→∞

−1

x
logEx[e

−λ1Zt1−...−λnZtn |T > t+ s] = λ1dt1 + . . .+ λndtn (IV.19)

Thanks to an easy recursion, we get

−1

x
logEx[e

−λ1Zt1−...−λnZtn |T > t+ s]

= u

(

t1, λ1 + u
(

t2−t1, λ2 + . . .+ u
(
tn−tn−1, λn + u(t+ s− tn, 0+)

)
. . .

))

− u(t+ s, 0+)

To prove (IV.19), we proceed via a recurrence on n. We check the case n = 1. Recall that u(t, λ)/λ → dt
as λ → ∞. Then the concavity of λ → u(t, λ) (that can be directly checked from (IV.15)) implies that
∂λu(t, λ) → dt as λ → ∞. Writing u(t + s, 0+) = u

(
t1, u(t + s − t1, 0+)

)
, the preceding arguments

and the fact that u(t+ s− t1, 0+) = at+s−t1 → ∞ as s → ∞ entail

u
(
t1, λ1 + u(t+ s− t1, 0+)

)
− u(t+ s, 0+) → λ1dt1 as s → ∞

Suppose now that the result holds at rank n−1 ≥ 1, that is, (IV.19) holds true for all (n−1)-uplets of
times and coefficients. In particular

u
(

t2 − t1, λ2 + . . .+ u
(
tn − tn−1, λn + u(t+ s− tn, 0+)

)
. . .
)

− u(t+ s− t1, 0+)

∼
s→∞

λ2dt2−t1 + . . .+ λndtn−t1

Therefore the argument of the case n=1 applies and shows that

u

(

t1, λ1 + u
(

t2 − t1, λ2 + . . .+ u
(
tn − tn−1, λn + u(t+ s− tn, 0+)

)
. . .

))

− u(t+ s, 0+)

∼
s→∞

λ1dt1 + λ2dt1dt2−t1 + . . .+ λndt1dtn−t1

which is the desired result since dr+r′ = drdr′ for all r, r′ ≥ 0 by Proposition IV.3. �
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3.3 Proof of Theorem IV.3

Recall the notation at = u(t, 0+) and that at → ∞ as t → ∞. Since u 7→ Ψ(u)/u is strictly
increasing from −∞ to D, there exists a positive function f such that

Ψ
(
f(t)−1

)
f(t) ∼ Ψ(at)

as t → ∞. Since Ψ(at) → −∞ as t → ∞, necessarily f(t) → ∞. Fix λ, x ∈ (0,∞). For any
t ∈ (0,∞), we have

−1

x
logEx[e

−λZt/f(t) | t < T ] = u(t, λ f(t)−1)− at

We rely on two lemmas, whose proofs are postponed to the end of the subsection.

LEMMA IV.4. As u ↓ 0, we have Φ(u) ∼ u/(−αΨ(u)).

Since f(t) → +∞ as t → ∞ the lemma implies

Ψ(at)Φ(λ f(t)−1) ∼
t→∞

− Ψ(at)λ

αf(t)Ψ(λ f(t)−1)

Since L is slowly varying at 0+, we deduce that Ψ(λ f(t)−1) ∼ λ1−αΨ(f(t)−1) as t → ∞. Thus the
very definition of f entails

Ψ(at)Φ(λ f(t)−1) ∼
t→∞

−λαα−1 (IV.20)

LEMMA IV.5. The following holds true as t → ∞
∫ at

u(t,λ f(t)−1)

dv

Ψ(v)
∼

∫ at

u(t,λ f(t)−1)

dv

Ψ(at)

From the latter lemma, we deduce

u(t, λ f(t)−1)− at ∼
t→∞

−Ψ(at)

∫ at

u(t,λ f(t)−1)

dv

Ψ(v)
= −Ψ(at)Φ(λ f(t)−1)

∼
t→∞

λαα−1

where we use (IV.20) at the second line. The theorem is proved. �

Proof of Lemma IV.4. Recall the definition of Φ. An integration by parts yields that for all u ∈ [0,∞)

Φ(u) = − u

Ψ(u)
+

∫ 0

u

1

Ψ(v)

vΨ′(v)

Ψ(v)
dv

Recall from Theorem 2 in [56] that vΨ′(v)/Ψ(v) → 1−α as v ↓ 0. Therefore an elementary calculation
ends the proof. �

Proof of Lemma IV.5. For all t ∈ [0,∞), at ≤ u(t, λ f(t)−1). We write

∫ u(t, λ f(t)−1)

at

dv

Ψ(v)
−
∫ u(t, λ f(t)−1)

at

dv

Ψ(at)
=

∫ u(t, λ f(t)−1)

at

Ψ(at)−Ψ(v)

Ψ(v)Ψ(at)
dv

The convexity of Ψ implies that for all v ∈ [at, u(t, λ f(t)−1)] we have

0 ≤ Ψ(at)−Ψ(v) ≤ −Ψ′(at)
(
v − at

)
(IV.21)
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4. Proof of Proposition IV.2

Suppose that t 7→ u(t, λ f(t)−1)− at is bounded for large times. The fact that Ψ′(v)/Ψ(v) goes to 0 as
v → ∞ together with (IV.21) then entail

0 ≤
∫ u(t, λ

f(t)
)

at

Ψ(at)−Ψ(v)

Ψ(v)Ψ(at)
dv ≤ −

(

u
(

t,
λ

f(t)

)

− at

)Ψ′(at)

Ψ(at)

∫ u(t, λ
f(t)

)

at

dv

Ψ(v)

≤
t→∞

o
(∫ u(t, λ

f(t)
)

at

dv

Ψ(v)

)

which in turn proves the lemma. We are left with the proof of the boundedness of t 7→ u(t, λ f(t)−1)−at
for large times. Fix k ∈ (−D,∞). Since Ψ′(v) ↑ D as v → ∞, for t large enough we get from (IV.21)
that Ψ(v) ≥ Ψ(at)− k(v − at) for all v ∈ [ at, u(t, λ f(t)−1)]. A simple calculation then yields

0 ≤ 1

k
log

(

1− k
u(t, λ f(t)−1)− at

Ψ(at)

)

≤
∫ at

u(t,λ f(t)−1)

dv

Ψ(v)
= Φ(λf(t)−1)

Using log(1 + v) ≥ v/2 for v small and since Φ
(
λf(t)−1

)
→ 0, we get for t large enough

0 ≤ −u(t, λ f(t)−1)− at
2Ψ(at)

≤ Φ(λf(t)−1)

From (IV.20), we deduce that t 7→ u(t, λ f(t)−1)− at is bounded for large times. �

4 Proof of Proposition IV.2

The proof is inspired by that of Theorem 1 in [73] but for completeness we give all the details.
Recall that Ψ(u) = u1+αL(u) with L slowly varying at 0 and α ∈ (0, 1) and that T0 < ∞ almost
surely: consequently q = 0 and (IV.6) holds true. Recall (IV.16). We set for all t ≥ 0, v(t) := u(t,+∞)
which is finite by (IV.6). Observe that v is decreasing from +∞ to 0. Grey p. 672 [40] proved that

∀t ≥ 0, x > 0, Px

(
t ≥ T

)
= e−xv(t) (IV.22)

Since Ψ(u)/u → ∞ as u → ∞ we get for all r > 0

v(r)

rΨ(v(r))
=

1

r

∫ r

0
∂s

( v(s)

Ψ(v(s))

)

ds =
1

r

∫ r

0
∂sv(s)

Ψ
(
v(s)

)
− v(s)Ψ′

(
v(s)

)

Ψ
(
v(s)

)2 ds

=
1

r

∫ r

0

(v(s)Ψ′
(
v(s)

)

Ψ
(
v(s)

) − 1
)

ds

where we use the identity ∂sv(s) = −Ψ
(
v(s)

)
at the second line. Since Ψ is regularly varying at 0,

Theorem 2 in [56] entails that uΨ′(u)/Ψ(u) → 1 + α as u ↓ 0. Taking the limit r → ∞ in the above
identity, one gets

v(r)αL(v(r)) ∼ 1

α r
as r → ∞ (IV.23)

Since v is a bijection from (0,∞) onto itself, for any t ∈ (0,∞) there exists a unique s(t) = s ∈ (0,∞)
such that v(s) = λf(t). From the assumption f(t) ∼ v(t) as t → ∞, we deduce that s → ∞ as t → ∞.
We use (IV.23) and the slowness of the variation of L to get as t → ∞

t

s
∼ v(s)αL(v(s))

v(t)αL(v(t))
∼ λαf(t)αL(λf(t))

f(t)αL(f(t))
∼ λα
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IV - QSDs of explosive CSBPs

Hence λαs ∼ t as t → ∞. Using ∂rv(r) = −Ψ
(
v(r)

)
and (IV.23), we obtain for all t > 0

log
(v(t+ s)

v(t)

)

=

∫ t+s

t

∂rv(r)

v(r)
dr = −

∫ t+s

t
v(r)αL

(
v(r)

)
dr ∼

t→∞
− 1

α
log(1 + λ−α)

Using the above results, (IV.22) and the identity u(t, λf(t))=u(t, v(s))=v(t+ s) we get for all t > 0

Ex

[

e−λZtf(t)
∣
∣ t < T

]

=
Ex

[

e−λZtf(t)
]

− Px(t ≥ T)

Px(t < T)
=

e−xu(t,λf(t)) − e−x v(t)

1− e−x v(t)

∼
t→∞

1− v(t+ s)

v(t)
∼

t→∞
1− (1 + λ−α)−1/α

This ends the proof. �
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CHAPTER V

Alternative construction of the tree length of an evolving Kingman

coalescent

In [65], Pfaffelhuber, Wakolbinger and Weisshaupt considered the evolving Kingman coalescent obtained
from the lookdown representation of the standard Fleming-Viot process. At any time t, when tracing
backward in time the lineages of all the individuals one gets a Kingman coalescent tree Tt. The goal of
their work was to study the process of lengths of this coalescent, that is, the sum of the branch lengths
of Tt when t varies in R. Given that the length of such a tree is infinite almost surely, they defined a
compensated tree length process (L n

t , t ∈ R) by restricting the lookdown process to its n first levels,
for all n ≥ 1 and substracting to the restricted tree length (an equivalent of) its mean. They proved the
convergence in probability of (L n

t , t ∈ R)n≥1 to a càdlàg process (Lt, t ∈ R), called the compensated
tree length of the evolving Kingman coalescent (see Theorem V.1). In this chapter, we propose an
alternative construction based on the erasure of a branch length ǫ > 0 from each terminal branch of
the trees Tt, then obtaining a collection (T ǫ

t , t ∈ R)ǫ>0 of càdlàg tree-valued processes. By defining a
collection of (suitably) compensated tree length processes based on those trees, we are able to obtain a
strong limiting process (Lt, t ∈ R)(see Theorem V.2). Furthermore, this process is almost surely equal
to (Lt, t ∈ R)(see Theorem V.3).
In a first section, we recall precisely the results obtained in [65] and expose our results. The proofs are
provided in the second section.

1 Statement of the result

Let Π̂ be a flow of partitions associated to Λ(du) = δ0(du). At any time t ∈ R, we consider the
tree Tt defined from the coalescent s 7→ Π̂t−s,t, along with its restriction T n

t to [n] obtained from the

n-coalescent s 7→ Π̂
[n]
t−s,t. We denote by l̃ the operator that associates to a finite real tree its length, that

is, the sum of its branch lengths.
Let us now recall the compensated tree length process as defined in [65]. For all n ≥ 2, t ∈ R

L
n
t := l̃(T n

t )− 2 log(n) (V.1)

The main result of [65] (see Proposition 2.1, Theorem 1 and Proposition 3.2) can be restated as

THEOREM V.1. (Pfaffelhuber, Wakolbinger, Weisshaupt [65]) There exists a càdlàg process L
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V - Tree length of an evolving Kingman coalescent

such that

L
n (P)−→

n→∞
L (V.2)

in the Skorohod’s topology. Moreover, for all t ∈ R the r.v. 1
2Lt follows the Gumbel distribution.

where
(P)−→ denotes convergence in probability. Let us now present our alternative procedure. Fix ǫ > 0

and define for all t ∈ R

Sǫ
t := #Π̂t−ǫ,t

This is the number of blocks in the coalescent r 7→ Π̂t−r,t at time ǫ. We denote by T ǫ
t the tree obtained

from the coalescent s 7→ Π̂
[Sǫ

t ]
t−ǫ−s,t−ǫ, that is, from the coalescent s 7→ Π̂t−ǫ−s,t−ǫ restricted to the Sǫ

t first
integers. Also let

Tt := Tt (V.3)

The tree T ǫ
t can be obtained by erasing a branch length ǫ from each leaves of Tt. This procedure yields

for each ǫ > 0 a tree-valued process (T ǫ
t , t ∈ R). We then define for all t ∈ R

Lǫ
t := l̃(T ǫ

t ) + 2 log(
ǫ

2
) (V.4)

We now state our main result

THEOREM V.2. There exists a càdlàg process L such that

Lǫ (P)−→
ǫ↓0

L (V.5)

in the Skorohod’s topology. Moreover, for all t ∈ R the r.v. 1
2Lt follows the Gumbel distribution.

A natural question is to compare the two limiting processes L and L . Since they are related to the
same tree-valued process (Tt, t ∈ R), we expect them to be equal.

THEOREM V.3. Almost surely L = L

2 Proofs

2.1 Preliminary results

We start with two results of the literature we are going to rely on.

LEMMA V.1. (Pfaffelhuber, Wakolbinger, Weisshaupt - Lemma 4.6 in [65]) Almost surely and in

L2,

ǫSǫ
t −→

ǫ↓0
2

For u, v → 0, u ≤ v and u/v → Γ ≤ 1

(Su
t − 2/u

√

2/(3u)
,
Sv
t − 2/v

√

2/(3v)

)
(d)−→ N (0, C)

where C =

(
1 Γ3/2

Γ3/2 1

)

LEMMA V.2. (Depperschmidt, Greven, Pfaffelhuber - Theorem 1 in [23]) Almost surely

sup
t∈R

|ǫSǫ
t − 2| −→

ǫ↓0
0
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2. Proofs

We now state a lemma needed later on.

LEMMA V.3. Fix t ∈ R. For u, v → 0, u ≤ v and u/v → Γ ≤ 1, we have the following

convergence

E

[
Su
t − 2/u

√

2/(3u)
· S

v
t − 2/v

√

2/(3v)

]

−→ Γ3/2

Proof Since this r.v. converges in distribution towards Γ3/2, uniform integrability would imply L1 con-
vergence and therefore the asserted convergence. A classical result ensures that if

E

[(Su
t − 2/u

√

2/(3u)
· S

v
t − 2/v

√

2/(3v)

)3/2
]

is uniformly bounded as u, v → 0, u/v → Γ then uniform integrability holds. Using Cauchy-Schwartz
inequality, it suffices to show a uniform bound on

E

[(Su
t − 2/u

√

2/(3u)

)3
]

We proceed as follows. We use the notation x+ := x ∨ 0 for any given real number x and we bound

separately the positive and negative parts of ( Su
t −2/u√
2/(3u)

)3.

E

[(Su
t − 2/u

√

2/(3u)

)3

+

]

≤ P

(Su
t − 2/u

√

2/(3u)
∈ [0, 1]

)

+

∫ +∞

1
P

(Su
t − 2/u

√

2/(3u)
> x

)

3x2dx

≤ 1 +

∫ +∞

1
P

(Su
t − 2/u

√

2/(3u)
> x

)

3x2dx

Following [65], we define T k as the time needed by the Kingman coalescent to come down to k blocks:
it is an independent sum of an infinite collection of exponential r.v. with parameters

(
k+1
2

)
,
(
k+2
2

)
, . . ..

We also introduce the mapping

fu(x) :=

⌊

2

u
+ x

√

2

3u

⌋

, ∀u > 0

and write

P

(Su
t − 2/u

√

2/(3u)
> x

)

= P(Su
t > fu(x)) = P(T fu(x) > u)

= P

(T fu(x) − 2/fu(x)
√

4/(3fu(x)3)
>

u− 2/fu(x)
√

4/(3fu(x)3)

)

≤ E

[(T fu(x) − 2/fu(x)
√

4/(3fu(x)3)

)4
]

×
(
√

4/(3fu(x)3)

u− 2/fu(x)

)4

≤ C

fu(x)6(u− 2/fu(x))4

where the last inequality comes from the bound E[(Tn − 2/n)4] ≤ C/n6 where C > 0. We need to find
a uniform (in u) upper bound for

∫ +∞

1

3x2Cdx

fu(x)2(fu(x)u− 2)4
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Remark that for all u ∈ (0, 1/4) and all x ≥ 1, we have

fu(x)
2(fu(x)u− 2)4 ≥

(2

u
+ x

√

2

3u
− 1

)2(

u(
2

u
+ x

√

2

3u
− 1)− 2

)4

≥
(

2 + x

√

2u

3
− u

)2(

x

√

2

3
−√

u
)4

≥
(

x

√

2

3
− 1

2

)4

and the uniform bound follows. The bound for the negative part of ( Su
t −2/u√
2/(3u)

)3 is similar. �

2.2 Convergence of the sequence of processes

We decompose this proof into three parts. First we prove the strong convergence of the one-dimensional
marginals. Then, we prove the tightness in D(R,R) of the collection of càdlàg processes. Finally, we
conclude with the convergence in probability.

One-dimensional marginals

LEMMA V.4. For all t ∈ R, 1
2Lǫ

t converges in probability as ǫ ↓ 0 to a random variable with the

Gumbel distribution.

Proof Fix t ∈ R. We start with the convergence in distribution towards a Gumbel r.v. We have

1

2
Lǫ
t =

1

2
l̃(T ǫ

t )− log(Sǫ
t ) + log(Sǫ

t ) + log(
ǫ

2
) (V.6)

Since log(Sǫ
t ) + log(ǫ/2) tends to 0 almost surely as ǫ ↓ 0, it suffices to prove the convergence in

distribution of 1
2 l̃(T ǫ

t )− log(Sǫ
t ).

Since the Kingman coalescent is a Markov process, we deduce that for each n ≥ 2, the conditional
distribution of T ǫ

t given {Sǫ
t = n} is the same as T n

t . Then, we have for all x ≥ 0

P

(1

2
l̃(T ǫ

t )− log(Sǫ
t ) < x

)

=

∞∑

n=2

P

(1

2
l̃(T ǫ

t )− log(Sǫ
t ) < x|Sǫ

t = n
)

P(Sǫ
t = n)

=
∞∑

n=2

P

(1

2
l̃(T n

t )− log(n) < x
)

P(Sǫ
t = n)

=
∞∑

n=2

(1− exp(−x)/n)n−1P(Sǫ
t = n)

where the last equality comes from an easy calculation based on exponential distributions of branch
lengths of a Kingman coalescent tree (see for instance the proof of Proposition 2.1 in [65]). Since
(1− exp(−x)/n)n−1 −→

n→∞
exp(− exp(−x)) and Sǫ

t −→
ǫ↓0

∞ a.s., we get

P

(1

2
l̃(T ǫ)− log(Sǫ

t ) < x
)

−→
ǫ↓0

exp(− exp(−x))

Thus, the limiting distribution is Gumbel. Now let us prove the convergence in probability. Fix 0 < ǫ <
ǫ′, and remark that

l̃(T ǫ
t ) + 2 log(

ǫ

2
)− l̃(T ǫ′

t )− 2 log(
ǫ′

2
) =

∫ ǫ′

ǫ
(Su

t − 2

u
)du (V.7)
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We have

E

[(
Lǫ
t − Lǫ′

t

)2
]

= E

[(∫ ǫ′

ǫ
(Su

t − 2

u
)du

)2
]

= 2E

[ ∫

v∈[ǫ,ǫ′]

∫

u∈[ǫ,v]
(Su

t − 2

u
)(Sv

t − 2

v
)du dv

]

= 2

∫

v∈[ǫ,ǫ′]

∫

u∈[ǫ,v]
E

[(

Su
t − 2

u

)(

Sv
t − 2

v

)]

du dv

∼
ǫ′↓0

2

∫

v∈[ǫ,ǫ′]

∫

u∈[ǫ,v]

√

2

3u

2

3v

(u

v

)3/2
du dv

∼
ǫ′↓0

2

3
(ǫ′ − 2ǫ+ ǫ2/ǫ′)

where we use Fubini’s theorem at third line and Lemma V.3 at fourth line. Therefore (Lǫ
t)ǫ>0 is a Cauchy

sequence in L2 so it converges in L2 as ǫ ↓ 0, and a fortiori it converges in probability. �

Tightness

We write

Lǫ
t =

(

l̃(T ǫ
t )−

Sǫ
t∑

i=2

2

i− 1

)

︸ ︷︷ ︸

Xǫ
t

+
( Sǫ

t∑

i=2

2

i− 1
+ 2 log(

ǫ

2
)
)

It is elementary to check, thanks to Lemma V.2, that t 7→ Lǫ
t − Xǫ

t converges uniformly towards twice
the Euler constant almost surely. Therefore, to obtain tightness of the collection (Lǫ)ǫ>0 it is sufficient
(see Theorems 3.8.6 and 3.8.8 in [31]) to prove that

(i) (Xǫ
0)ǫ>0 is tight in R

(ii) ∃β > 0, ∃θ > 1, ∀ǫ > 0, ∀t ∈ R, ∀h ∈ (0, 1], E
[
1 ∧ |Xǫ

t+h −Xǫ
t |β ∧ |Xǫ

t −Xǫ
t−h|β

]
> hθ

where a(h) > b(h) iff ∃C > 0, independent of h, such that a(h) ≤ C b(h) for all h > 0, a and b being
two real-valued functions.
From Lemma V.4, we deduce (i). Let us focus on (ii). We fix ǫ > 0 and follow the proof of [65].
Step 1
We prove an inequality useful for the second step. For all i ≥ 2 and all t ∈ R, we define Ti(t) as the
time spent by the tree Tt with exactly i branches: it is an exponential r.v. with parameter

(
i
2

)
. When h is

small, the trees Tt and Tt+h tend to be similar. To quantify this similarity we set

∀h > 0, D(t,t+h] = min{i ≥ 2 : Ti(t) 6= Ti(t+ h)}

If we start from the root of the trees, then Tt and Tt+h do not differ until they have D(t,t+h] branches. We
stress that for all integer n ≥ 2, we have

P(D(t−h,t] ∨D(t,t+h] < n) > (n4h2) ∧ 1 (V.8)

Indeed consider the lookdown graph restricted to the n first levels. If no elementary reproduction event
involving two levels in [n] occurs on the time interval [t, t + h] then D(t,t+h] ≥ n. Conversely if
D(t,t+h] ≥ n then no coalescence event has involved two branches among the n first and therefore no
elementary reproduction event involving two levels in [n] occurs on the time interval [t, t + h]. The
probability of this event is exp(−h

(
n
2

)
). Finally the independence of the increments of the lookdown
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graph ensures the asserted formula.
Step 2
Set β := 10 and θ := 10/9.

E[1 ∧ (Xǫ
t+h −Xǫ

t )
10 ∧ (Xǫ

t −Xǫ
t−h)

10] (V.9)

≤ E[1 ∧ (Xǫ
t+h −Xǫ

t )
10;D(t−h,t] ≤ D(t,t+h]] + E[1 ∧ (Xǫ

t −Xǫ
t−h)

10;D(t−h,t] ≥ D(t,t+h]]

We restrict ourselves to bounding the first term on the right hand side, since we would proceed in the
same manner for the second term.

E[1 ∧ (Xǫ
t+h −Xǫ

t )
10;D(t−h,t] ≤ D(t,t+h]]

≤ P[D(t−h,t] ≤ D(t,t+h] < h−2/9] + E[(Xǫ
t+h −Xǫ

t )
10;D(t,t+h] ≥ h−2/9]

> h10/9 + E

[(
Sǫ
t+h∑

i=⌊h−2/9⌋∨2

i(Ti(t+ h)− 1
(
i
2

))−
Sǫ
t∑

i=⌊h−2/9⌋∨2

i(Ti(t)−
1
(
i
2

))
)10

]

(V.10)

where we use Equation (V.8) for the last inequality. It remains to bound the second term on the right
hand side. Let us introduce for all n ≥ 1

an(h) :=
∞∑

i=⌊h−2/9⌋∨2

E

[(

i(Ti(t)−
1
(
i
2

))
)n

]

(V.11)

A simple calculation shows that a1(h) = 0 for all h > 0 and that for all n ≥ 2 there exists Cn > 0 such
that for all h > 0, an(h) ≤ Cnh

2(n−1)/9. Now remark that (x − y)n ≤ (2x)n + (2y)n for any even
integer n and all x, y ∈ R. Thus

E










Sǫ
t+h∑

i=⌊h−1/9⌋∨2

i(Ti(t+ h)− 1
(
i
2

))−
Sǫ
t∑

i=⌊h−1/9⌋∨2

i(Ti(t)−
1
(
i
2

))





10





≤ 210E










Sǫ
t+h∑

i=⌊h−1/9⌋∨2

i(Ti(t+ h)− 1
(
i
2

))





10



+ 210E









Sǫ
t∑

i=⌊h−1/9⌋∨2

i(Ti(t)−
1
(
i
2

))





10



>

10∑

k=2

∑

n1,...,nk
n1+...+nk=10

an1(h) . . . ank
(h) > h10/9

(V.12)
By coalescing Equations (V.9), (V.10) and (V.12), we get

E[1 ∧ (Xǫ
t+h −Xǫ

t )
10 ∧ (Xǫ

t −Xǫ
t−h)

10] > h10/9 (V.13)

This completes the proof of the tightness.

Convergence in probability

From the strong convergence of the one-dimensional marginals, we deduce the convergence in dis-
tribution of the finite dimensional marginals. Together with the tightness, we conclude that Lǫ converge
in distribution as ǫ ↓ 0. Using Proposition 6.1 of [65], we conclude to the existence of a càdlàg process
L such that

Lǫ (P)−→
ǫ↓0

L (V.14)
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2. Proofs

2.3 Proof of Theorem V.3

Since both processes are càdlàg, it suffices to prove that the one-dimensional marginals are almost
surely equal to prove the theorem. Fix t ∈ R and let ǫn := n−3, n ∈ N. We will prove that

Lǫn
t − L

n
t

(P)−→
n→∞

0 (V.15)

As our processes are stationary, time plays no rôle in this proof. Therefore we omit the subscript t. Also
to alleviate notation, we write ǫ rather than ǫn. We have

Lǫ − L
n = l̃(T ǫ) + 2 log(

ǫ

2
)− l̃(T n) + 2 log(n)

= l̃(T ǫ\T n)− l̃(T n\T ǫ) + 2 log(
nǫ

2
)

Since T n\T ǫ has at most n branches on a period of time ǫ, we have almost surely

l̃(T n\T ǫ) ≤ nǫ →
n→∞

0

Therefore we focus on Yn := l̃(T ǫ\T n) + 2 log(nǫ/2), and will prove that it tends in probability to 0
as n → ∞. We introduce some notation. Let Kn

i be the number of branches in T n at the time where T

has i branches (see Section 4.1 of [65]). Since this quantity only depends on the discrete structure of the
tree, it is independent of Sǫ. We refer to Lemma 4.1 of [65] for the expression of its distribution.
Conditionally given Sǫ, the tree T ǫ is distributed as a Kingman coalescent started with Sǫ branches. We
denote by Ti the time spent by this tree with i branches: conditionally given Sǫ, it is an exponential r.v.
with parameter

(
i
2

)
independent of Kn

i , for every i ∈ {2, . . . , Sǫ}. We write

Yn =

Sǫ
∑

i=2

(i−Kn
i )Ti + 2 log(

nǫ

2
)

and compute

E
[
(Yn)

2|Sǫ
]
= E

[( S∑

i=2

(i−Kn
i )Ti

)2
|Sǫ

]

+ 4 log2(
nǫ

2
) + 4 log(

nǫ

2
)E

[ S∑

i=2

(i−Kn
i )Ti|Sǫ

]

The second conditional expectation gives

E

[ S∑

i=2

(i−Kn
i )Ti|Sǫ

]

=

S∑

i=2

2

n+ i− 1
= 2 log

(n+ Sǫ − 1

n

)

+O(1/n)
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Concerning the first conditional expectation, we have

E

[( S∑

i=2

(i−Kn
i )Ti

)2
|Sǫ

]

=
S∑

i=2

S∑

j=2

4(1 + δi,j)

(n+ i− 1)(n+ j − 1)
+

n(n− 1)4(1 + δi,j)

(n+ j − 1)(n+ i− 1)(n+ i− 2)j(j − 1)

= 4
(
n+S−1∑

i=n+1

1

i

)2
+ 4

n+S−1∑

i=n+1

1

i2
+ 4n(n− 1)

n+S−1∑

i=n+1

1

i(i− 1)

S∑

j=2

1

j(j − 1)(n+ j − 1)

+ 4n(n− 1)
S∑

i=2

1

i(i− 1)(n+ i− 1)2(n+ i− 2)

= 4 log2
(n+ Sǫ − 1

n

)

+ log
(n+ Sǫ − 1

n

)

O(1/n)

= 4 log2
(n+ Sǫ − 1

n

)

+O(log(n)/n)

where we use Lemma 4.1 of [65] for the second equality. Finally, we get

E
[
(Yn)

2|Sǫ
]
= 4

[

log2
(n+ Sǫ − 1

n

)

+ log2
(nǫ

2

)

+ 2 log
(nǫ

2

)

log
(n+ Sǫ − 1

n

)]

+O(log(n)/n)

= 4
[

log
(n+ Sǫ − 1

n

)

+ log
(nǫ

2

)]2
+O(log(n)/n)

= 4 log2
(

ǫ
n+ Sǫ − 1

2

)

+O(log(n)/n)

Now we fix η > 0 and define the interval An := [2ǫ − ηn
√

2
3ǫ ;

2
ǫ + ηn

√
2
3ǫ ]. It easily follows from

Lemma V.1 that P(Sǫ ∈ An) → 1 as n ↑ ∞. Hence,

P(|Yn| > η) ≤ P(Sǫ /∈ An) +
∑

k∈An

P(|Yn| > η;Sǫ = k)

≤ P(Sǫ /∈ An) + η−2
∑

k∈An

E

[

(Yn)
2|Sǫ = k

]

P(Sǫ = k)

≤ P(Sǫ /∈ An) + η−24 log2
(

1 + ηn

√
ǫ

6
+

(n− 1)ǫ

2

)

+O(log(n)/n)

Since ǫ = n−3 the r.h.s. converges to 0 as n ↑ ∞. This proves that Yn tends to 0 in probability as n ↑ ∞,
which in turn implies that Lt = Lt a.s. �
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APPENDIX A

Duality Kingman coalescent / standard Fleming-Viot

THEOREM A.1. Suppose that ρ is the standard Fleming-Viot process, that is, Λ(dx) = δ0(dx) and

that (Πt, t ≥ 0) is a Kingman coalescent. The processes (#ρt, t ≥ 0) and (#Πt, t ≥ 0) have the same

distribution.

REMARK A.1. Simon Tavaré in [74] described the process of the number of lines of descent of

a i-sample from the Moran model with an initial population size N . By a compatibility argument this

could be extended to an infinite population. Here we give a direct proof in the lookdown representation.

Recall from Chapter 0 Section 3 that #ρt has the same distribution as #Πt for any measure Λ. Our
theorem shows that it also holds for the whole processes in the Kingman case. One could wonder what
happens in other cases. First, the question makes sense only when the Λ Fleming-Viot / Λ coalescent
comes down from infinity. We know that the process t 7→ #ρt decreases by jumps of size 1 when
P(E) = 0, see Subsection 1.4. While this is clearly not the case for the process t 7→ #Πt as soon as we
are not in the Kingman case. Hence, under P(E) = 0 the identity holds iff we are in the Kingman case.
We now present the proof of the theorem.

We introduce some useful notation. For every i ∈ N, we set

Yt(i) := min(Π̂0,t(i))

In other terms, Yt(i) is the smallest level at time t that descends from individual (i, 0). Note that for
all t ≥ 0, (Yt(i))i≥1 is an increasing sequence of R ∪ {∞} and that Yt(1) = 1. We then denote by
di := inf{t ≥ 0 : Yt(i) = ∞}, that is, the hitting time of ∞ by the process (Yt(i), t ≥ 0). This time is
finite a.s. for all i ≥ 2 and equals ∞ for i = 1. The interest of the Yt(i)’s is that they are related to #ρ

(resp. #mt) as follows. For every i ≥ 2

#ρt = i ⇔ di+1 ≤ t < di

To prove the theorem, it suffices to show that (di − di+1)i≥2 is a sequence of independent r.v. such that

for each i ≥ 2, di − di+1 (d)
= E(

(
i
2

)
), where E(x) designates the exponential distribution with parameter

x. We introduce a discrete filtration (Gi)i≥1 as follows. For each i ≥ 1

Gi :=
∨

j≥i

σ{(Yt(j), t ≥ 0)} (A.1)
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From now on, we fix an integer i ≥ 2 and we consider the continuous time Markov chain (Yt(i),Yt(i+
1))t≥0. The dynamics of the lookdown graph implies that whenever the first coordinate of this chain
jumps so does the second coordinate, but the converse does not hold true. It is then natural to consider
the embedded Markov chain (Ỹn(i), Ỹn(i+1))n≥0 indexed by the jump times of the second coordinate.
This chain satisfies Ỹ0(i) = i and Ỹn(i+ 1) = i+ 1 + n for all n ∈ N ∪ {0}.

LEMMA A.2. The transitions of the Markov chain (Ỹn(i), Ỹn(i+ 1))n≥0 are given by

P(Ỹn+1(i) = p+ 1|Ỹn(i) = p) =

(
p
2

)

(
i+1+n

2

)

P(Ỹn+1(i) = p|Ỹn(i) = p) = 1−
(
p
2

)

(
i+1+n

2

)

Furthermore, the r.v. Ỹ∞(i) = Ydi+1
(i) is independent from Gi+1.

Proof Fix an integer p. If p /∈ {i, i + 1, . . . , i + n}, then the event {Ỹn(i) = p} has a null probability.
Otherwise, condition on {Ỹn(i) = p}, and notice that the transition n → n + 1 corresponds to a birth
event that affects two of the i + n + 1 first levels in the lookdown representation. Among the possible

configurations of such birth events, only a proportion

(
p
2

)

(
i+1+n

2

) of them affect the p first levels. Thus, the

asserted transition rates follow.
Finally, remark that Ỹ∞(i) only depends on the collection of transitions of the chain (Ỹn(i), Ỹn(i +
1))n≥0 which are independent of the sigma-field Gi+1. Indeed, the latter only takes into account the
jump times of the lines Yj for j ≥ i + 1. Therefore, if level k reproduces on level l at time t with
1 ≤ k < l ≤ Yt−(i+ 1), then Gi+1 contains no information about k, while k is needed to determine the
transition of the chain (Ỹn(i), Ỹn(i+ 1))n≥0 at this jump time. �

The following proposition will be needed in the proof of the theorem and will be proven later on.

PROPOSITION A.3. The distribution of Ỹ∞(i) is given by

P(Ỹ∞(i) = i+ l) =
(i+ l − 1)! (i+ l − 2)! i (i− 1)

l! (2i+ l − 1)!
(A.2)

for every integer l ≥ 0.

We are now ready to derive the proof of the theorem.
Proof of Theorem A.1. Let S∞

j be a r.v. distributed as the sum of a sequence (indexed by p) of independent
E(

(
p
2

)
) for p ≥ j. Since di − di+1 is the time necessary for the process (Yt(i), t ≥ di+1) to reach ∞

from Ỹ∞(i), it is clear that, conditional on {Ỹ∞(i) = i + l}, this time is distributed as S∞
i+l. Then we

get

P(di − di+1 ∈ ds) =
∞∑

l=0

P(Ỹ∞(i) = i+ l)P(S∞
i+l ∈ ds) (A.3)

=

∞∑

l=0

(i+ l − 1)!(i+ l − 2)!i(i− 1)

l!(2i+ l − 1)!
P(S∞

i+l ∈ ds) (A.4)

We have to prove that the latter distribution is E(
(
i
2

)
). Consider a i-sample embedded in a Kingman coa-

lescent. The first coalescence time T of this sample is distributed as E(
(
i
2

)
). Denote by N(i) the random
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number of blocks in the full coalescent at time T . Lemma 3 of [68] ensures that N(i) is distributed as
Ỹ∞(i)− 1 (take l = i+ l− 1, j = i, k = i− 1 and i → ∞ in their notation). Moreover, conditional on
{N(i) = i+ l− 1}, T is distributed as S∞

i+l. Thanks to the preceding formula, one can easily verify that

T has the same distribution as di − di+1. Therefore we have proven that di − di+1 (d)
= E(

(
i
2

)
).

Now it remains to prove that di − di+1 is independent of (di+k − di+k+1)k≥1. Let Ft be the sigma-
field generated by the lookdown representation up to time t ≥ 0. Since Ỹ∞(i) is Fdi+1-measurable we
deduce that conditionally on Fdi+1 , the r.v. di − di+1 is distributed as S∞

i+l where i+ l = Ỹ∞(i). Using
Lemma A.2 and the fact that Gi+1 ⊂ Fdi+1 , for any event A ∈ Gi+1 and any Borel function f we have
the following identities

E
[
1Af(d

i − di+1)
]

= E
[
E[1Af(d

i − di+1)|Fdi+1 ]
]
= E

[
1AE[f(d

i − di+1)|Fdi+1 ]
]

= E
[
1AΦ(Ỹ∞(i))

]
= P(A)E[Φ(Ỹ∞(i))]

where Φ(n) := E[S∞
n ] for all integer n ≥ 2. We deduce that di − di+1 is independent of Gi+1 and thus

is independent of (di+k − di+k+1)k≥1. The proof of the theorem is thus complete. �

Proof of Proposition A.3 Let us prove the formula in the case l = 0.

P(Ỹ∞(i) = i) =

∞∏

n=0

P(Ỹn+1(i) = i|Ỹn(i) = i)

=

∞∏

n=0

(1−
(
i
2

)

(
i+1+n

2

))

=

∞∏

n=0

(n+ 1)(n+ 2i)

(n+ i)(n+ i+ 1)
=

(i− 1)!i!

(2i− 1)!

We turn our attention to the case l ≥ 1. We will enumerate all the configurations of jump times of the
process Ỹ(i) and calculate their probabilities. Therefore we introduce n0 := 0 < n1 < . . . < nl <
nl+1 := ∞. Define

A(n1, . . . , nl) := {Ỹ0(i) = . . . = Ỹn1−1(i) = i} ∩ {Ỹ0(n1) = . . . = Ỹi2−1(i) = i+ 1} . . .
∩{Ỹil−1

(i) = . . . = Ỹnl−1(i) = i+ l − 1} ∩ {Ỹnl
(i) = . . . = Ỹ∞(i) = i+ l}

In words, A(n1, . . . , nl) is the event that the process Ỹ(i) jumps at times n1, . . . , nl and stays constant
otherwise.
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We have

P(A(n1, . . . , nl)) =





l∏

m=0

im+1−2
∏

j=im

(1−
(
i+m
2

)

(
i+j+1

2

))





[
l∏

m=1

(
i+m−1

2

)

(
i+im
2

)

]

=
(i+ l − 1)!(i+ l − 2)!

(i− 1)!(i− 2)!





l∏

m=0

im+1−2
∏

j=im

(j −m+ 1)(j +m+ 2i)

(i+ 1 + j)(i+ j)





[
l∏

m=1

1

(i+ im)(i+ im − 1)

]

=
(i+ l − 1)!(i+ l − 2)!

(i− 1)!(i− 2)!

∞∏

j=nl

(j − l + 1)(j + l + 2i)

(j + i+ 1)(j + i)

×
[

l−1∏

m=0

(im −m+ 1) . . . (im + i− 1)

(im+1 −m) . . . (im+1 + i)

(im+1 + i) . . . (im+1 +m+ 2i− 2)

(im + 1 + i) . . . (im +m+ 2i− 1)

]

=
(i+ l − 1)!(i+ l − 2)!

(i− 1)!(i− 2)!

i!(i− 1)!

(2i− 1)!

[
l−1∏

m=1

1

(im +m+ 2i− 2)(im +m+ 2i− 1)

]

× 1

(nl + l + 2i− 2)(nl + l + 2i− 1)

=
(i+ l − 1)!(i+ l − 2)!i(i− 1)

(2i− 1)!

[
l∏

m=1

1

(im +m+ 2i− 2)(im +m+ 2i− 1)

]

We deduce from the preceding calculations that for each l ≥ 1

P(Ỹ∞(i) = i+ l) =
∑

0<n1<...<nl

P(A(n1, . . . , nl))

=
(i+ l − 1)!(i+ l − 2)!i(i− 1)

(2i− 1)!

∑

0<n1<...<nl

l∏

m=1

1

(im +m+ 2i− 2)(im +m+ 2i− 1)

The proof of the proposition is now achieved thanks to this formula and using the following lemma. �

LEMMA A.4. For all l ≥ 1, we have

∑

0<n1<...<nl

l∏

m=1

1

(im +m+ 2i− 2)(im +m+ 2i− 1)
=

(2i− 1)!

l!(2i+ l − 1)!
(A.5)

Proof Using a partial fraction expansion and a simple induction, one can show that for all q ≥ 1, and
N ≥ 1

∞∑

p=q

1

p(p+ 1) . . . (p+N)
=

(q − 1)!

N(N + q − 1)!
(A.6)

Now let us prove by induction on N that for all l ≥ 1 and 0 ≤ N ≤ l

∑

0<n1<...<nl

l∏

m=1

1

(im +m+ 2i− 2)(im +m+ 2i− 1)

=
∑

0<n1<...<il−N

[
l−N∏

m=1

1

(im +m+ 2i− 2)(im +m+ 2i− 1)
]
(il−N + l −N + 2i− 1)!

N !(il−N + l + 2i− 1)!
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Case N = 0 is immediate. Suppose that the formula is true at rank N − 1, for a given 1 ≤ N ≤ l. From
Equation (A.6), we deduce that

∞∑

il−N+1=il−N+1

(il−N+1 + l −N + 2i− 2)!

(N − 1)!(il−N+1 + l + 2i− 1)!
=

∞∑

p=il−N+l−N+2i

1

(N − 1)!p . . . (p+N)

=
(il−N + l −N + 2i− 1)!

N !(il−N + l + 2i− 1)!

Hence, we obtain

∑

0<n1<...<nl

l∏

m=1

1

(im +m+ 2i− 2)(im +m+ 2i− 1)

=
∑

0<n1<...<il−N+1

[

l−N+1∏

m=1

1

(im +m+ 2i− 2)(im +m+ 2i− 1)
]

(il−N+1 + l −N + 2i)!

(N − 1)!(il−N+1 + l + 2i− 1)!

=
∑

0<n1<...<il−N

[
l−N∏

m=1

1

(im +m+ 2i− 2)(im +m+ 2i− 1)
]

×
∞∑

il−N+1=il−N+1

(il−N+1 + l −N + 2i− 2)!

(N − 1)!(il−N+1 + l + 2i− 1)!

=
∑

0<n1<...<il−N

[
l−N∏

m=1

1

(im +m+ 2i− 2)(im +m+ 2i− 1)
]
(il−N + l −N + 2i− 1)!

N !(il−N + l + 2i− 1)!

We recover the formula at rank N . This ends the induction. Finally, at rank N = l, we get

∑

0<n1<...<nl

l∏

m=1

1

(im +m+ 2i− 2)(im +m+ 2i− 1)
=

(2i− 1)!

l!(2i+ l − 1)!

Thus we have proven the lemma. �
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APPENDIX B

Number of atoms in REGIMES 1 & 2

Let us recall the following result due to Freeman.

THEOREM B.1. (Freeman [35]) Suppose that ρ is a Λ Fleming-Viot in REGIME 1 or REGIME 2.

Almost surely for every t > 0, the number of atoms #ρt is finite if and only if
∫

(0,1) u
−2Λ(du) < ∞.

Note that Λ(0) = 0 whenever the Λ Fleming-Viot comes down from infinity. Freeman’s proof is
based on the flow of bridges representation. Here we propose another proof based on the lookdown
representation together with a proof of a similar result in the MVBP setting.

THEOREM B.2. Suppose that m is a Ψ-MVBP in REGIME 1 or REGIME 2. Almost surely for every

t ∈ (0,T), the number of atoms #mt is finite if and only if ν(0, 1) < ∞.

Proof We use the lookdown representation of these measure-valued processes, that is, we consider a
flow of partitions Π̂ associated to Λ or Ψ, we keep the notation of Chapter 0. Recall that an atom of ρt
(resp. mt) corresponds to a block of Π̂0,t with a strictly positive asymptotic frequency at a given time
t > 0, see Chapter 0 Section 2. Since we are not in REGIME 4, no ancestral type becomes extinct. In
other terms, a block with a positive frequency at a given time will keep it positive forever.
We begin with the simplest implication: we suppose that

∫

(0,1) u
−2Λ(du) (resp. ν(0, 1)) is finite. To

prove that the number of atoms at any time t > 0 is finite, it suffices to prove that the total number of
elementary reproduction events on (0, t] is finite.
In the Λ Fleming-Viot case the intensity measure of the Poisson point process generating these reproduc-
tion events is finite on any compact of time, and so the total number of elementary reproduction events
on (0, t] is finite. In the Ψ-MVBP case, the situation is more complicated. We need to prove that Z
makes finitely many jumps on (0, t]. To that end, we make use of the Lamperti representation. Recall
that Z is equal in distribution to a time-changed Lévy process with Laplace exponent Ψ starting from 1
and killed upon reaching 0. From the assumption on ν, we easily deduce that this Lévy process makes
finitely many jumps on any compact interval of time. Since the time-change sends the hitting time of 0
by the Lévy process onto T = ∞, we deduce that Z makes finitely many jumps on any compact interval
of time as well.

We now turn our attention to the converse implication. We suppose that
∫

(0,1) u
−2Λ(du) (resp.

ν(0, 1)) is infinite. We want to prove that the number of atoms at any time t > 0 (resp. at any time t ∈
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(0,T)) is infinite. Using the preceding arguments, we easily deduce that the total number of elementary
reproduction events is infinite on any compact interval of time. Indeed, the intensity measure in the Λ
Fleming-Viot case is infinite while the number of jumps of a Lévy process with Laplace exponent Ψ is
infinite on any compact interval of time.
Suppose that Π̂0,t has a finite number of non-singleton blocks and let us exhibit a contradiction. There
exists i ≥ 2 such that with positive probability, all the blocks with indices greater than i are singleton
blocks. Therefore with positive probability, on [0, t] no elementary reproduction event has chosen a level
j > i as a parent, and so, on the i first levels infinitely many elementary reproduction events have fallen.
As we are in the finite variation case (REGIME 1 or 2), the number of elementary reproduction events
whose parent is a given level j ∈ N is necessarily finite on any compact interval of time since in the Λ
Fleming-Viot case it is a Poisson r.v. with parameter

t

∫

(0,1)
u(1− u)j−1u−2Λ(du) < ∞

and in the Ψ-MVBP case it is a Poisson r.v. with random parameter

∑

s∈(0,t]:∆Zs>0

(

1− ∆Zs

Zs

)j−1 ∆Zs

Zs
< ∞ almost surely

Consequently the i first levels cannot be the parent of infinitely many reproduction events on [0, t]. The
contradiction is now clear and the theorems are proved. �
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APPENDIX C

Proof of Theorem 0.1

Since Π̂0,t and (ξ0(i))i≥1 are exchangeable, the exchangeability of (ξt(i))i≥1 follows from standard
arguments, see the proof of Theorem 2.1 in [9] for instance. By definition, Ξt is its limiting empirical
measure. The hard part is now to prove that it remains exchangeable conditionally given all the infor-
mation on the asymptotic frequencies and the total-mass up to time t. Our strategy is the following. Fix
n ∈ N and consider a permutation σ of [n], that we extend to the whole N by setting σ(i) = i whenever
i > n. We are going to construct another lookdown process (ξ′s(i), s ∈ [0, t])i≥1 such that its limiting
empirical measure (Ξ′

s, s ∈ [0, t]) is almost surely equal to (Ξs, s ∈ [0, t]) and such that the particles at
time t verify (ξ′t(i))i≥1 = (ξt(σ(i)))i≥1. This will ensure that (ξt(σ(i)))i≥1 has the same distribution as
(ξt(i))i≥1, conditionally on (Ξs, s ∈ [0, t]) and (Zs, s ∈ [0, t]). Therefore the conditional exchangeabil-
ity will follow. Finally, from the very definition of Ξt, we will immediately deduce that the conditional
limiting empirical measure is Ξt and the asserted equality will be proved.
Let us now formalize this idea. We want to construct a flow of partition Π̂′ on the interval [0, t] and a
random permutation σ′ of N such that:

• Π̂′ and Π̂, restricted to [0, t], have the same distribution.

• the sequence ξ′0(i) := ξ0(σ
′(i)), i ∈ N is i.i.d. uniform[0, 1].

• we have ξ′t(i) = ξt(σ(i)), ∀i ∈ N, where (ξ′s(i), s ∈ [0, t])i≥1 is the particle system defined from
Π̂′ and the sequence ξ′0(i), i ∈ N.

• Ξ′
s = Ξs for all s ∈ [0, t], where Ξ′

s is the limiting empirical measure of ξ′s(i), i ∈ N.

If these assertions hold, then we deduce that (ξt(σ(1)), . . . , ξt(σ(n))) has the same distribution as
(ξt(1), . . . , ξt(n)) conditionally given Z and Ξ until time t. Therefore (ξt(1), . . . , ξt(n)) is condition-
ally exchangeable with limiting empirical measure Ξt. It remains to prove the existence of Π̂′ and σ′

fulfilling the requirements. To that end, we introduce the following:

DEFINITION C.1. (Permutation p) Let π be a partition of [n] and σ a permutation of [n]. For each

i ∈ [#π] define p(i) as the unique integer l ∈ [#π] such that

σ(π)(i) = {j ∈ [n] : σ(j) ∈ π(l)} = σ−1(π(l))

Then p is a permutation of [#π].
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Let us enumerate the elementary reproduction events of Π̂[n]: they are finitely many on the interval
[0, t], say (t1, ̺1), . . . , (tq, ̺q) in the increasing order of their time coordinates. Using Definition C.1,
we define p1, . . . , pq+1 as follows. First set pq+1 := σ. Then pq is defined as the permutation of [#̺q]

obtained from pq+1 and ̺q via Definition C.1. Set πq−1 := ̺
[#̺q ]
q−1 . Define pq−1 as the permutation of

[#πq−1] obtained from pq and πq−1 via the same definition. Define πq−2 := ̺
[#πq−1]
q−2 . Then pq−2 is the

permutation of [#πq−2] obtained from pq−1 and πq−2. We repeat the procedure recursively. We use the
collection of permutations p1, . . . , pq+1 to define the flow Π̂′. For any s ∈ (0, t] such that Π̂s−,s 6= O[∞],
there exists a unique integer k ∈ [q+1] such that s ∈ [tk−1, tk) with the convention t0 = 0 and tq+1 = t.
We set

Π̂′
s−,s := pk(Π̂s−,s)

Here again we have implicitly extended pk to N. It is a simple matter to check that Π̂′ has the same
distribution as Π̂. Let σ′ := p1, we define the sequence ξ′0(i) := ξ0(σ

′(i)), i ∈ N which is i.i.d.
uniform[0, 1] since σ′ is independent of (ξ0(i))i≥1. By construction, we have ξ′t(i) = ξt(σ(i)), ∀i ∈ N

and Ξ′
s = Ξs, ∀s ∈ [0, t]. �
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APPENDIX D

Martingale problem for the MVBP

The main difficulty lies in the randomly varying population size that induces unbounded jump rates of
our process. To bound the jump rates, we consider the following collection of stopping times

Tǫ := inf
{

t ≥ 0 : Zt /∈
(

ǫ,
1

ǫ

)}

, ǫ ∈ (0, 1)

We rely on the following result to identify the distribution of the MVBP.

THEOREM D.1. (El Karoui-Roelly [28]) For any function f ∈ B++([0, 1]), introduce

Gf (µ) := e−〈µ,f〉

LGf (µ) := e−〈µ,f〉
(

γ
〈
µ, f〉+ σ2

2
〈µ, f2〉+

∫

(0,∞)
ν(dh)

〈
µ, e−hf(·) − 1 + 1(0,1)(h)hf(·)

〉)

If for any such f and any ǫ ∈ (0, 1), the process

t 7→ Gf (Zt∧Tǫ · Ξt∧Tǫ)−
∫ t∧Tǫ

0
LGf (Zs∧Tǫ · Ξs∧Tǫ) ds (D.1)

is a martingale, then (Zt · Ξt, t ≥ 0) is a Ψ-MVBP.

REMARK D.1. This is derived from Theorem 7 in [28]. Our statement differs slightly from theirs,

but is easily justified thanks to the proof in their paper.

We fix ǫ ∈ (0, 1). To simplify notation, for any integer n ≥ 1 and any x1, . . . , xn ∈ [0, 1], we write
ξ̄ = (ξ(1), . . . , ξ(n)) and x̄ = (x1, . . . , xn).
Step 1. Fix n ∈ N. We want to identify the generator of the Markov process

t 7→ (Zt∧Tǫ , ξ̄t∧Tǫ)

Let f be any element of B++([0, 1]) and φ be any element of C∞
c

(
(ǫ, 1/ǫ)

)
. We define the map Hφ,f :

[0,∞)× [0, 1]n → R by setting

Hφ,f (z, x̄) := φ(z)f(x1) . . . f(xn)
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D - Martingale problem for the MVBP

and introduce the operator An acting on Hφ,f as follows. If z /∈ (ǫ, 1/ǫ), then AnHφ,f (z, x̄) = 0.
Otherwise

AnHφ,f (z, x̄) :=
[

− γzφ′(z) +
σ2

2
z φ′′(z) + z

∫

(0,∞)

(
φ(z + h)− φ(z)− 1(0,1)(h)hφ

′(z)
)
ν(dh)

]
∏

l∈[n]

f(xl)

+
∑

1≤i<j≤n

σ2

z
φ(z)

[

f(xi)
2

∏

l∈[n]\{i,j}

f(xl)−
∏

l∈[n]

f(xl)

]

+
∑

K⊂[n]

∫

(0,∞)
ν(dh)

hkzn+1−k

(z + h)n
φ(z + h)

[

f(xminK)k
∏

l∈[n]\K

f(xl)−
∏

l∈[n]

f(xl)

]

where implicitly k stands for #K in the last sum. In Subsection 1 below, we provide the arguments
showing that

Hφ,f (Zt∧Tǫ , ξ̄t∧Tǫ)−Hφ,f (Z0, ξ̄0)−
∫ t

0
AnHφ,f (Zs∧Tǫ , ξ̄s∧Tǫ)ds

is a martingale in the natural filtration FZ,ξ of the particle system stopped at Tǫ. Since FZ,Ξ
s ⊂ FZ,ξ

s for
all s ≥ 0, we deduce that for every 0 ≤ s ≤ t

E

[

Hφ,f (Zt∧Tǫ , ξ̄t∧Tǫ)−Hφ,f (Z0, ξ̄0)−
∫ t

s
AnHφ,f (Zu∧Tǫ , ξ̄u∧Tǫ)du

∣
∣FZ,Ξ

s∧Tǫ

]

= 0 (D.2)

Step 2. The only information we have so far on the process (Zt∧Tǫ · Ξt∧Tǫ , t ≥ 0) comes through
the martingale (D.2). What follows aims at showing that "simple" calculations allow to recover the
martingale problem of El Karoui and Roelly. We consider the map

If : Mf −→ R

µ 7−→ φ
(
〈µ, 1〉

)
(〈µ, f〉
〈µ, 1〉

)n

and introduce the operator A acting on If as follows. Let µ ∈ Mf . If 〈µ, 1〉 /∈ (ǫ, 1/ǫ), then AIf (µ) = 0.
Otherwise

AIf (µ) :=

[

− γ φ′
(
〈µ, 1〉

)
+

σ2

2
φ′′

(
〈µ, 1〉

)

+

∫

(0,∞)
ν(dh)

(

φ
(
〈µ, 1〉+ h

)
− φ

(
〈µ, 1〉

)
− 1(0,1)(h)hφ

′
(
〈µ, 1〉

))
] 〈µ, f〉n
〈µ, 1〉n−1

+
n(n− 1)

2

σ2

〈µ, 1〉φ
(
〈µ, 1〉

)
[ 〈µ, f2〉

〈µ, 1〉

(〈µ, f〉
〈µ, 1〉

)n−2

−
(〈µ, f〉
〈µ, 1〉

)n ]

+

n∑

k=2

(
n

k

)∫

(0,∞)
ν(dh)

hk 〈µ, 1〉n+1−k

( 〈µ, 1〉+ h )n
φ
(
〈µ, 1〉+ h

)
[ 〈µ, fk〉〈µ, f〉n−k

〈µ, 1〉n+1−k
−
(〈µ, f〉
〈µ, 1〉

)n ]

One should notice the similarity between the expression of this operator and An. We use Theorem 0.1 to
formalise this similarity. First we have

E

[

Hφ,f (Zt∧Tǫ , ξ̄t∧Tǫ)
∣
∣FZ,Ξ

t∧Tǫ

]

= If (Zt∧Tǫ · Ξt∧Tǫ)
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1. Identification of the generator

Also, Theorem 0.1 and a simple calculation ensure that

E

[

AnHφ,f (Zt∧Tǫ , ξ̄t∧Tǫ)
∣
∣FZ,Ξ

t∧Tǫ

]

= AIf (Zt∧Tǫ · Ξt∧Tǫ)

Therefore we get for every 0 ≤ s ≤ t

E

[

If (Zt∧Tǫ · Ξt∧Tǫ)− If (Zs∧Tǫ · Ξs∧Tǫ)−
∫ t

s
AIf (Zu · Ξu∧Tǫ)du

∣
∣FZ,Ξ

s∧Tǫ

]

= E

[

E

[

Hφ,f (Zt∧Tǫ , ξ̄t∧Tǫ) | FZ,Ξ
t∧Tǫ

]

−Hφ,f (Zs∧Tǫ , ξ̄s∧Tǫ)

−
∫ t

s
E

[

AnHφ,f (Zu∧Tǫ , ξ̄u∧Tǫ)
∣
∣FZ,Ξ

u∧Tǫ

]

du
∣
∣FZ,Ξ

s∧Tǫ

]

= E

[

Hφ,f (Zt∧Tǫ , ξ̄t∧Tǫ)−Hφ,f (Zs∧Tǫ , ξ̄s∧Tǫ)

−
∫ t

s
AnHφ,f (Zu∧Tǫ , ξ̄u∧Tǫ)du

∣
∣FZ,Ξ

s∧Tǫ

]

= 0

Finally, we use the following fact stated in a different way in [18]: a sketch of proof is provided in
Subsection 2.

Fact. (Birkner et al. [18]) By taking linear combinations of maps of the form If , one derives that the
martingale problem (D.1) is satisfied by (Zt∧Tǫ · Ξt∧Tǫ , t ≥ 0). �

1 Identification of the generator

The goal of this subsection is to prove that

Hφ,f (Zt∧Tǫ , ξ̄t∧Tǫ)−Hφ,f (Z0, ξ̄0)−
∫ t

0
AnHφ,f (Zs∧Tǫ , ξ̄s∧Tǫ)ds (D.3)

is a FZ,ξ-martingale. Let us introduce an appropriate formalism. Let E be the space [0,∞] × [0, 1]n

endowed with the usual topology. We consider the set F of bounded Borel maps F : E → R such that
∀x1, . . . , xn ∈ [0, 1], F (·, x1, . . . , xn) is a continuous map that vanishes outside of (ǫ, 1/ǫ). Notice that
Hφ,f belongs to F . It is elementary to check that F , equipped with the supremum norm, is a Banach
space. The process

t 7→ (Zt∧Tǫ , ξ̄t∧Tǫ)

is Markov on E . One can easily prove that its semigroup (P ǫ
t , t ≥ 0) is strongly continuous on F , that

is, P ǫ
t (F ) ⊂ F and, for all F ∈ F , ‖P ǫ

t F − F‖∞ → 0 as t ↓ 0. Suppose that Z0 = z ∈ (ǫ, 1/ǫ) and
ξ0(i) = xi ∈ [0, 1], ∀i ∈ [n] are all deterministic. If we prove that

sup
(z,x̄)∈E

∣
∣
∣
1

t
E
[
Hφ,f (Zt∧Tǫ , ξ̄t∧Tǫ)−Hφ,f (z, x̄)

]
−AnHφ,f (z, x̄)

∣
∣
∣ −→
t→0

0 (D.4)

then Proposition 1.1.5 in [31] ensures that (D.3) is a martingale. We are left with the proof of (D.4). To
that end, we split the operator An into three parts as follows:

An := A(1)
n +A(2)

n +A(3)
n
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where A(1)
n controls the infinitesimal evolution of the total mass:

A(1)
n Hφ,f (z, x̄) :=

[

− γzφ′(z) +
σ2

2
zφ′′(z) + z

∫

(0,∞)

(
φ(z + h)− φ(z)− 1(0,1)(h)hφ

′(z)
)
ν(dh)

]

×
∏

l∈[n]

f(xl)

while A(2)
n and A(3)

n deal with the transitions of the n first particles of the lookdown process:

A(2)
n Hφ,f (z, x̄) :=

∑

1≤i<j≤n

σ2

z
φ(z)

[

f(xi)
2

∏

l∈[n]\{i,j}

f(xl)−
∏

l∈[n]

f(xl)

]

A(3)
n Hφ,f (z, x̄) :=

∑

K⊂[n]

∫

(0,∞)

hkzn−k

(z + h)n
φ(z + h)

[

f(xminK)k
∏

l∈[n]\K

f(xl)−
∏

l∈[n]

f(xl)

]

zν(dh)

Let us present how this technical proof is organised. The expectation of Equation (D.4) is divided into:

E
[
Hφ,f (Zt∧Tǫ , x̄)−Hφ,f (z, x̄)

]

from which A(1)
n will arise and

E
[
Hφ,f (Zt∧Tǫ , ξ̄t∧Tǫ)−Hφ,f (Zt∧Tǫ , x̄)

]
(D.5)

that will yield A(2)
n and A(3)

n .

Step 1: A(1)
n

The function φ being an element of C∞
c (ǫ, 1/ǫ), we know that

lim
t↓0

sup
(z,x̄)∈E

∣
∣
∣
1

t
E
[
φ(Zt)− φ(z)

]
− Gφ(z)

∣
∣
∣ = 0

where G is the generator of the Ψ-CSBP defined as follows

Gφ(z) = −γzφ′(z) +
σ2

2
zφ′′(z) + z

∫

(0,∞)

(
φ(z + h)− φ(z)− 1(0,1)(h)hφ

′(z)
)
ν(dh)

As noticed by Foucart in [33], this result can be obtained by applying Volkonskii’s theorem [76] to the
generator of the Ψ-Lévy process, that can be found in Chapter 3 of [3]. Estimates on the supremum and
the infimum of the CSBP ensure that

lim
t↓0

sup
(z,x̄)∈E

∣
∣
∣
1

t
E
[
φ(Zt∧Tǫ)− φ(Zt)]

∣
∣
∣ = 0

Therefore we have the following convergence

lim
t↓0

sup
(z,x̄)∈E

∣
∣
∣
1

t
E
[
Hφ,f (Zt∧Tǫ , x̄)−Hφ,f (z, x̄)

]
−A(1)

n Hφ,f (z, x̄)
∣
∣
∣ = 0
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Step 2: A(2)
n and A(3)

n

Let us denote by (τ jump

i )i≥1 (resp. (τ bin
i )i≥1) the increasing sequence of times of the elementary

reproduction events involving at least two levels among the n first and due to the jump part (resp. to the
binary part) in Π̂. We start with a simple fact, whose proof is provided at the end of this subsection.

LEMMA D.2. The quantities P(τ jump
2 ≤ t),P(τ bin

2 ≤ t),P(τ jump
1 ∨ τ bin

1 ≤ t) are of order t2 as t ↓ 0
uniformly for z ∈ (ǫ, 1/ǫ).

As we are only considering quantities of order t (we divide the expectation by t and let it go to 0),
we omit these three events in the sequel so that either there is no event on [0, t], and the r.v. in Equation
(D.5) vanishes, or there is a single event. Now, we analyse separately the cases τ jump

1 ≤ t and τ bin
1 ≤ t.

We start with the latter:

E

[(
Hφ,f (Zt∧Tǫ , ξ̄t∧Tǫ)−Hφ,f (Zt∧Tǫ , x̄)

)
; τ bin

1 ≤ t
]

=
∑

1≤i<j≤n

(

f(xi)
2

∏

l∈[n]\{i,j}

f(xl)−
∏

l∈[n]

f(xl)
)

E

[

φ(Zt∧Tǫ); τ
bin
1 ≤ t; Π̂

[n]
τ1−,τ1 = I [n]

{i,j}

]

+O(t2)

Notice that

E

[

φ(Zt∧Tǫ); τ
bin
1 ≤ t; Π̂

[n]
τ1−,τ1 = I [n]

{i,j}

]

= E

[

φ(Zt∧Tǫ)

∫ t∧Tǫ

0

σ2

Zs
ds e−

∫ t∧Tǫ
0

σ2

Zs
ds

]

+O(t2)

∼
t↓0

t
σ2

z
φ(z)

uniformly for z ∈ (ǫ, 1/ǫ). Therefore we deduce that

lim
t↓0

sup
(z,x̄)∈E

1

t

∣
∣
∣E

[(
Hφ,f (Zt∧Tǫ , ξ̄t∧Tǫ)−Hφ,f (Zt∧Tǫ , x̄)

)
; τ bin

1 ≤ t
]

−A(2)
n Hφ,f (z, x̄)

∣
∣
∣ = 0

The case τ jump
1 ≤ t is similar but more involved: it requires to assume that the jump is larger than a certain

threshold δ > 0 and then to let δ go to 0. We do not give the details.

Proof (Lemma D.2) For all t ≥ 0, we have

P[τ jump
1 ≤ t] ≤ 2n E

[
∑

s≤t∧Tǫ

(∆Zs

Zs

)2
]

≤ 2n t
( 1

ǫ3

∫

(0,1)
h2ν(dh) +

1

ǫ
ν([1,∞))

)

thanks to Lemma II.3. So that

P[τ jump
2 ≤ t] ≤ 22n E

[
∑

s1<s2≤t∧Tǫ

(∆Zs1

Zs1

)2(∆Zs2

Zs2

)2
]

≤ 22n t2
( 1

ǫ3

∫

(0,1)
h2ν(dh) +

1

ǫ
ν([1,∞))

)2

Now observe that

P
[
τ bin
2 ≤ t

]
= E

[

1−
1 +

(
n
2

) ∫ t∧Tǫ

0
σ2

Zs
ds

exp(
(
n
2

) ∫ t∧Tǫ

0
σ2

Zs
ds)

]

≤ O(t2)

uniformly for z ∈ (ǫ, 1/ǫ). Finally τ bin
1 ∨ τ jump

1 ≤ t can be dealt with by combining previous cases. �
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2 Outline of the proof for the linear span

Fix f ∈ B++([0, 1]). We want to show that for ǫ small enough, we have

E

[

Gf (Zt∧Tǫ · Ξt∧Tǫ)−Gf (Z0 · Ξ0)−
∫ t∧Tǫ

0
LGf (Zs∧Tǫ · Ξs∧Tǫ)ds

]

= 0 (D.6)

Fix (a, b) ⊂ (ǫ, 1/ǫ) and consider a C∞
c ([0, 1]) function ϕ such that

1. ϕ(0) = 1 and ϕ(k)(0) = 0 for all k ≥ 1.

2. ϕ(x) = 0 and ϕ(k)(x) = 0 for all k ≥ 1 and all x ∈ [1/2, 1].

Notice that 1/2 is arbitrary in the definition. Set for any p ∈ N and any µ ∈ Mf

Jp(µ) :=

p
∑

k=0

(−〈µ, f〉)k
k!

ϕ
((〈µ, 1〉 − b)+

(1/ǫ− b)

)

ϕ
((〈µ, 1〉 − a)−

(a− ǫ)

)

It is elementary to check that Jp is a linear combination of maps of the form If . We choose p such
that |∑k≤p(−x)k/k! − exp(−x)| is small on a certain compact interval so that |Jp(µ) − Gf (µ)| and
|AJp(µ) − LGf (µ)| are both small whenever 〈µ, 1〉 ∈ (ǫ, 1/ǫ). Then using the martingale relation
obtained for maps of the form If , we deduce that

Jp(Zt∧Tǫ · Ξt∧Tǫ)− Jp(Z0 · Ξ0)−
∫ t

0
AJp(Zs∧Tǫ · Ξs∧Tǫ)ds

is a martingale. Then we approximate the martingale relation (D.6) with the map Jp and let p go to
infinity. �
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