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ABSTRACT

Goal of this thesis is to study four problems. In chapters 3-5, we consider scalar conser-
vation law in one space dimension with strictly convex flux. First problem is to know the
profile of the entropy solution. In spite of the fact that, this was studied extensively in
last several decades, the complete profile of the entropy solution is not well understood.
Second problem is the exact controllability. This was studied for Burgers equation and
some partial results are obtained for large time. It was a challenging problem to know
the controllability for all time and also for general convex flux. In a seminal paper [25],
Dafermos introduces the characteristic curves and obtain some qualitative properties of a
solution of a convex conservation law. In this thesis, we further study the finer properties
of these characteristic curves. Here we solve these two problems in complete generality.
In view of the explicit formulas of Lax - Oleinik [31], Joseph - Gowda [40], target func-
tions must satisfy some necessary conditions. In this thesis we prove that these are also
sufficient. Method of the proof depends highly on the characteristic methods and explicit
formula given by Lax - Oleinik and the proof is constructive. Third problem is to solve
the optimal controllability problem. In chapter 5 we derive a method to obtain a solution
of an optimal control problem for the scalar conservation laws with convex flux. By using
the method of descent, this type of problem was considered by Castro-Palacios-Zuazua in
[23] for the Burgers equation. Our approach is simple and based on the explicit formulas
of Hopf and Lax-Olenik. Last but not the least is about the problem of total variation
bound for solution of scalar conservation laws with discontinuous flux. For the scalar con-
servation laws with discontinuous flux, an infinite family (A, B)-interface entropies are
introduced and each one of them has been shown to form an L!-contraction semigroup
(see, [8]). One of the main unsettled questions concerning conservation law with discon-
tinuous flux is boundedness of total variation of the solution. Away from the interface,
boundedness of total variation of the solution has been proved in a recent paper [16]. In
the chapter 6, we discuss this particular issue in detail and produce a counter example to
show that the solution, in general, has unbounded total variation near the interface. In
fact this example illustrates that smallness of BV norm of the initial data is immaterial.
We hereby settled the question of determining for which of the aforementioned (A, B)

pairs, the solution will have bounded total variation in case of strictly convex fluxes.
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CHAPTER 1

BASICS OF CONSERVATION LAWS

1.1 Preliminaries

What is conservation laws 7
Let €2 be an open subset of R™, and let f;,1 < j < n, be n smooth functions from 2 into

R"™. The general form of a system of conservation laws in several space variable is given
by

.0
u; + Z 5 fi(w) =0, = (x,29, -+ ,x,) € R"t >0, (1.1.1)
€
i=1
where
Uy
u =
U,

is a vector valued function from R” x [0, 00) into 2. The set 2 is called the set of states

and the functions

flj

fmj

are called the flux-functions.
Let D be an arbitrary domain of R", and let v = (71, ....7,)7 be an outward unit
normal to the boundary 0D of D. Then by Gauss-divergence theorem, (1.1.1) becomes

i, |
— [ w(x,t)dx + fi(u)y;dS = 0.
i ), (1) ;w (u)



This equation has a very natural meaning : [ p u(x, t)dx represents the total amount of
the densities of various conserved quantities in some physical system within D at time ¢.
Now the above equation typically asserts that the rate of change of [ p u(x,t)dz within
D is governed by flux functions, which controls the rate of loss or increase of u through
0D. Hence the system (1.1.1) is called in conservative form.

For all j =1,...n, let
oty

Aj(u) = (auk (u)) 1<ik<m

be the Jacobian matrix of fj(u).
Definition: The system (1.1.1) is called hyperbolic if, for any u € Q and any w=
(wi,...wn) € R, w+# 0, all the eigenvalues of the matriz Alu,w) = Y ., wjAj(u) are
real, say, \(u,w) < -+ < A\, (u,w). If, in addition, the eigenvalues \x(u,w) are all
distinct, the corresponding m eigenvectors are linearly independent, then the system
(1.1.1) is called strictly hyperbolic.

If we put m = 11in (1.1.1) then it is called a scalar conservation laws. Now our aim
is to study initial value problem (IVP) : Find a function u such that u(x,t) €D which is

a solution of (1.1.1) satisfying the initial condition
u(x,0) =up(x), xe€R" (1.1.2)

Where ug : R* — D is a given function.

It is well known that even if the initial value uy is smooth, the solution to (1.1.1)-
(1.1.2) typically develops discontinuities in a finite time. Hence the above problem must
be understood in a weak sense.

Concept of weak solutions : Consider the problem (1.1.1)-(1.1.2) and assume ug €
Ly

say u € L2 (R™ x [0,00))™ solves (1.1.1)-(1.1.2) weakly if the following holds for all ¢

loc

e CLR™ x [0, 00))™

(R™)™, where LS (R™)™ is the space of locally bounded measurable functions. We

loc

> o | O /
u — + f:(u)—}dxdt + uy- p(x,0) = 0. 1.1.3
| [ > twse) o p(x.0) (113

n

We say that a function u is “piecewise C'” if there exists a finite number of smooth
orientable surfaces I" outside of which u is a C! fuction and across which u has jump
discontinuity. Given a surface of discontinuity I, we denote n = (ns, ng,, .., N, ) (# 0)

by a normal vector to I" and u+ and u— be the limits of u on each side of I".

lim  uy((x,%) +en) = u(x,t).
e—0
e>0



Let u: R" X [0,00) — D be a piecewise C'! function. Then, u is a solution of (1.1.1)-
(1.1.2), in the sense of weak solution on R" x [0, 00) if and only if the following conditions

are satisfied:
(i) uis a classical solution of (1.1.1)-(1.1.2) in the domains where u is C*.

(ii) u satisfies the jump condition
(w4 s () — fi(u)) = 0 (114
j=1

along the surfaces of discontinuity. The jump relation (1.1.4) is known as the

Rankine-Hugoniot condition.

In the one-dimensional case (n = 1), if we assume I" is a smooth curve with

parametrization (t,£(t)), and we have

_ %

=(-s, )7, s=—. 1.1.5
n= (517, 5= % (1.15)

So that the Rankine-Hugoniot condition (1.1.4) becomes
slu] = [f(u)]. (1.1.6)

Example 1.1.1.(Burgers equation) : The scalar parabolic equation

o ou_ o
ot u@x—68x2

was introduced by Burgers as the simplest differential model for a fluid flow. He studied

in particular the limit equation when € tends to zero which we write in conservation form

ou 0, ,

— + = 2)=0. 1.1.

o /2) =0 (117
This is a particular case of (1.1.1) if we put n = 1,m = 1 and f(u) = u*/2, trivially it is
strictly hyperbolic.

Example 1.1.2.(Euler equations for compressible gas flow in one dimension) :

pr + (pv)s = 0 (conservation of mass)
(pv): + (pv* + p)e = 0 (conservation of momentum) (1.1.8)
(pE)¢ + (pEv+ pv), = 0 (conservation of energy).

Here p is the mass density, v the velocity, and F the energy density per unit mass.
We assume E = e+v?/2, where e is the enternal energy per unit mass and the term v?/2

corresponds to the kinetic energy per unit mass. The p in (1.1.8) denotes the pressure.

6



Where p = p(p, e) is a known function of p and e. Writing u=(uy, us,u3) = (p, pv, pE),
Euler’s equation (1.1.8) comprise a stricly hyperbolic system provided we assume p > 0
and

— — 1.1.
8p>0’6e>0’ (1.1.9)

where p = p(p, e) is the constitutive relation between the mass density, the inter-
nal energy density and the pressure. Let us rather change variables and regard the
density p, velocity v and internal energy e as the unknowns. We can then rewrite
Euler’s equation (1.1.8) in terms of these quantities, and, so doing, obtain after some
calculations the system

pr+vpy +pu, = 0,

v + Vv, + %px = 0, (1.1.10)

e + ve, + %vx = 0,
provided p > 0. These equations are not in conservative form. Setting now w=(uy, us,

ug) = (p, v, e), we rewrite (1.1.10) as

u; + B(uw)u, = 0, in R x (0,00) (1.1.11)
B(z) = zl+ D(z). (1.1.12)

The characteristic polynomial of D is —A\(\? — ¢2), for 0% = Z%% + g—z.

Recalling (1.1.12) and reverting to physical notation,we see that the eigenvalues of B are
AM=v—0, g =0, \g3=v+o0. (1.1.13)

Where 02 = Z%g—i + g—i > 0 is the local sound speed. We therefore see that the system
1

(1.1.11) is stricly hyperbolic, provided the assumption (1.1.9) is valid. At present a

good mathematical understanding of the problem (1.1.1) is largely unavailable.

1.1.1 Scalar Conservation Laws

Consider the following scalar conservation laws

"~ 0
ug + Z Gx-fi(t’x’u) =0,z = (x1,22, -+ ,x,) € R" (1.1.14)
i=1 "
with initial condition
Uli—o = up(x). (1.1.15)

Existence of a solution by Vanishing Viscosity Method : The basic idea for
“Vanishing Viscosity Method” (see [46]), is to passing to the limit as ¢ — 0+ in the



parabolic equation

"0
u; + ; axifi(t,x,u) = ¢Au, ¢ > 0. (1.1.16)
Where A is the Laplace operator over the space variables x1, - - - , x,,. This method, which

has deep physical meaning, not only allows us to prove the existance of a weak solution
of the problem (1.1.14)-(1.1.15) in the sense of the corresponding intregal identity, but
also makes it possible to show those additional conditions called entropy condition on
the weak solutions which characterize the uquiueness.

Entropy condition: Kruzkov (see [46]) introduce the following entropy criteria to

prove the uniqueness :

[ttt - bio+ Z sign(u(t, 2) — F)i(t, 2, u(t,2)) — flt, 2, K)o,

- i sign(u(t, z) — k)| fix, (¢, 2, k)@ }dwdt > 0; (1.1.17)
for all 0 < ¢ € C(R™), k € R.

1.1.2 Scalar conservation laws with strict convex flux

Let us consider the following scalar conservation laws with strict convex flux

w + f(u), = 0 if (z,t) e RxRy

(1.1.18)
u(z,0) = wuo(z) € L*(R)

where the flux f € C%(R) be a strict convex function with superlinear growth i.e.,

lim AQ) =

u—oo |ul

The Legendre transform (convex dual) of f is defined by

f*(p) = sup{pq — f(q)} (1.1.19)

qgeR

We say f is uniformly convex if for some constant 6 > 0 the following holds
f">6>0.

We now try to obtain a formula for an appropriate weak solution of the initial-value

problem (1.1.18). With out loss of generality we may as well also take

£(0) = 0.



As motivation, suppose now uy € L>(R) and define

vo(z) == /uo(y)dy (x € R). (1.1.20)
0
Recalling the Hopf-Lax formula (see third chapter of [31]) :

w(z,1) = min {vo(y) Ftfr (g)} (z€R, t>0). (1.1.21)

Then w is unique, weak solution for the following Hamilton-Jacobi equation with Lip-

schitz continuous initial data vy :

w+ f(w,) =0 in R x(0,00)

(1.1.22)
w=1vy on Rx{t=0}

For the moment assume w is smooth. Now by differentiate the PDE and its initial

condition with respect to x, we deduce

Wet + f(wy): =0 in R x (0,00)

(1.1.23)
wy =uyg on R xt=0.

Hence if we set u = w,, we see u solves problem (1.1.18).
The foregoing computational is only formal, as we know that w defined by (1.1.21) is

not in general smooth. But the solution w of (1.1.22) is Lipschitz continuous, hence

u(z, ) = % {r;gﬂg {vo(y)—l—tf* (x;y) H (1.1.24)

is defined for a.e.. Lax-Oleinik has given an eligant formula for (1.1.24).

Theorem 1.1.1. (Laz-Oleinik formula). Assume f : R — R is smooth convex and
Uy € Lt (R)

(i) For each timet > 0, there exists for all but at most countably many values of x € R,

a unique point y(z,t) such that

min {vo(y) tf (?) } = vo(y(z,t)) + tf" (W) .

yeR t

(i) The mapping x — y(z,t) is nondecreasing.

(111) For each time t > 0, the function u defined by (1.1.24) is

u(a,t) = (f) (w) (1.1.25)

t

9



for a.e x. In particular, formula (1.1.25) holds for (z,t) € R x (0, 00).

Theorem 1.1.2. Under the assumption of Theorem 1.1.1, the function u defined by
(1.1.25) is a weak solution of the initial-value problem (1.1.18).

1.2 Long Time Behavior
a. Decay in sup-norm.

Theorem 1.2.1. (Asymtotics in L>®-norm). Assume f : R — R is smooth uniformly
convex and the initial data ug has compact support then there exists a constant C such
that

b. Decay to N-wave.

Theorem 1.2.2. (Asymtotics in L'-norm). Assume f : R — R is smooth uniformly
conver. Assume ug has compact support and p,q > 0. Then there exists a constant C
such that

r C
/ ulet) = N )lde < o

where the N-wave is given by

N(z,t) = { i(f—0) if | —(pdt)'/? < x — ot < (qdt)"/?
0 otherwise.
ond d 5= 17(0) > 0, ((f)"Y(0) = &
Y 00
p = —2min/u0da:, q IZQHIaX/uodx.
yER yeR
% .

1.8 Conservation law with discontinuous fluzx

Introduction. Let us introduce the following single scalar conservation law of the form:

%%—‘”F(m,u)) = 0, reR, t>0,

ox u(JZ,O) _ uo(l‘)7 s eR (131)

where the flux function F(z,w) is given by F(x,u) = H(x)f(u)+ (1 — H(x))g(u), which

is a discontinuous function of z, H is the Heaviside function, f and g are smooth

10



functions on R. We are going to consider the equation with the assumtion that both f
and g are smooth and are of convex type.

It is well known that after a finite time, the IVP (1.3.1), in general, does not admit a
continuous solution even if vy is sufficiently smooth. Henceforth, by a solution u of (1.3.1)

we mean a solution in the weak sense. That is u € LS, such that for all p € C(R x R,),

loc

/ / (“— +F(x U)g )dtdx+/z u(z,0)p(z, 0)dx = 0. (1.3.2)

It is easy to see that (1.3.2) is the weak formulation of the following problem. Denoting
ou

up =G, Uy = %7 then in the weak sense u satisfies
u + f(u), =0 for x>0, t>0,
u+gu),=0 for <0, t>0, (1.3.3)
u(z,0) = uo(x),

and at x = 0, u satisfies the Rankine-Hugoniot condition i.e., for allmost all ¢ > 0,

f(u(0+,1t)) = g(u(0—,1)) (1.3.4)

where u(0+,t) = lim, o4 u(x,t) and w(0—,t) = lim,_,o_ u(z,t).

Even in the case where the flux is smooth (f = g), it is well known that weak solutions
are not necessarily unique and have to be augmented by extra admissibility criteria, the
so called entropy conditions.

Kruzkov (see [46]) proved that if F' is continuous in u and dF is bounded, then (1.3.1)
admits a weak solution. Hence in general the problem (1.3.3) may not admit a solution,
even if it admits solution may not be unique.

Non existence of solution: If F' is discontinuous in z, Kruzkov’'s method does not
gaurantee a solution. For example in (1.3.3) if we take g(u) = u, f(u) = —u, uo(z) =2
if < 0 and up(x) = 3 if x > 0, then it is easy to see that u(z,t) = 2 if x < 0 and
u(x,t) = 3 if x > 0, is a solution for (1.3.3) but do not satisfy (1.3.4). Hence it is not a
weak solution of (1.3.1).

Non uniqueness of solution: Now in (1.3.3) if we consider g(u) = —u, f(u) =

ug = 0 Vx, then for any A > 0,

0 if z<t<0
(2,1) —A it t<x<0 (1.3.5)
u(x,t) = .3.
A if z<t<0

0 if O0<t<uz

satisfies (1.3.3)-(1.3.4) which shows that weak solutions of (1.3.1) may not be unique.

11



The discontinuity of the flux function at x = 0 causes a discontinuity of a solution which
in general not uniquely determined by the initial data.

Adimurthi and Gowda [6] have given an explicit formula for the solution of (1.3.3)
satisfying (1.3.4). This agrees with the Lax-Oleinik (see third chapter of [31]) formula
when f = g. Also they have given an interface entropy condition at x = 0 so that the
problem (1.3.3)-(1.3.4) admits a unique solution determined by the initial condition like in
Kruzkov [46]. This explicit formula satisfies some extra entropy condition called interface
entropy condition. Using this entropy condition and Lax-Oleinik entropy condition away
from x = O(Interior Entropy Condition) Adimurthi and Gowda [6] prove the uniqueness
like in Kruzkov by showing that the solution forms L' contractive semigroup.

Now we state the following results without proof, for details see Adimurthi and Gowda
[6].

Entropy conditions and Uniqueness results :
Interior Entropy Condition (Ej,rior): w is said to satisfy the entropy condition

(Ernterior) (Lax-Oleinik entropy conditions) if for all ¢ > 0

lim u(x+ 2,t) < lim w(z—zt) if x>0 (1.3.6)
0<z—0 0<z—0

lim u(z+2,t) < lim w(z—2,t) if x<0. (1.3.7)
0<2—0 0<2z—0

Interface Entropy Condition (Ejterface): At =0,
w(0+,t) = limg oy u(x,t),u(0—,t) = lim,_,o_ u(z,t) exist for allmost all ¢ > 0. Further-

more for almost all £ > 0 one of the following conditions must hold:

f(u(0+,1)) 0 and ¢'(u(0—,1)) >0, (1.3.8)
f'(w(0+,t)) < 0 and ¢'(u(0—,t)) <0, (1.3.9)
0

f'(u(0+,1)) < 0 and g/ (1.3.10)

v

4
S
N

)
\Y

Entropy pairs: Let gpl,gog be convex functions. Let ¥{(s) = f'(s)¢|(s), ¥i(s) =
g'(s)ph(s). Then (p;,1;), i = 1,2 are called entropy pairs associated to (1.3.1).

of (1.3.3) and
(1.3.3) is said to satisfy (Fxru.kov) if for every entropy pairs (¢;, ¢;) ¢ = 1,2 and for every
peCH(RxRy),p>0

// (cbl +77/11() )dtd > /wl (04, 1)) p(0,)dt (1.3.11)

/ / (¢2 —+wz( )25) dtdxz/Ooowg(u(O—,t))p(O,t)dt. (1.3.12)

Then we have the following

Kruzkov Entropy condition (Fx,yu.k00): A weak solution u € Lf2

Theorem 1.3.1. Let u,v € L™ be two weak solutions of (1.3.3) and (1.3.4). Assume that

12



u, v satisfy the entropy conditions (Erpter face) and (Exruzkon) and satisfy initial condition
in the following sense:

li L) — =1 L) — =0

t_lgi (., t) — uo|| L1 t_1>1(?+ [o(., ) — wol|

Then u = v.

Theorem 1.3.2. Let u,v € L™ N BVj,. be two solutions of (1.3.3) and (1.5.4) satisfying
(Ernterior) and (Erpter face). Further more assume that the set of points of discontinuity of

u and v are discrete set of Lipschitz curves. Then u = v.

Explicit formula for the solution
Before going to the explicit formula, let us recall some well known results on convex
functions without proof.
f R — Ris said to be a strictly convex and superlinear growth if for a # b,t € (0, 1)
flta+ (1 —=1t)b) <tf(a)+ (1 —1t)f(b) and lim f(a) =0

a—r0o0 ’CL|

Define convex dual f* of f by

f(x) = sup{zy — f(v)}-

yEeR

If f is strictly convex and super linear growth then f and f* satisfies the following:
(a) f*(0) = —min f, is finite
(b)  f* is strictly convex and super linear growth and satisfy

f(y) = sup{wy — f*(z)}.

zeR

Definition 1.3.3. (Admissible curves). Let 0 < s <t and & € ¢([s, t],R).

¢ is called an admissible curve if the following hold.

1. & consists of atmost three linear curves and each segment lies completely in either

z>0orx<0.

2. Let s =t3 <ty <ty <ty =1besuch that forv =1,2,3, & = ¢

linear parts of €. If £ consists of three linear curves then & = 0.

[tzﬁtifl] be the

Let

c(x,t,s) = {&€c(st],R);&(t) = x,& is an admissible curve}

c(x,t) = c(x,t,0). (1.3.13)

13



Divide ¢(z, s,t) into three categories defined as below.

co(z,t,s) = {&€c(x,t, s);€islinear and z£(0) >0V 0 € [s,t]}.

cr(x,t,s) = {€ € c(x,t,s); € consists of three pieces and z£(0) > 0
Vo e st} (1.3.14)
Cb(x7t7 S) = C(I7t7 S) - {C,«(Z‘,t,S) U CO(Ivtu S)} :

a(z,t) = ¢lz,t,0) forl=0,7b

Let f*, g* denote the convex duals of f and g respectively. Let w be a function on R
and £ € ¢(x,t,s). Define

* [ d x(d
Pew(T,t,8) = w(f(s))+f{9e[s,t];g(e)>o}f (I§>d9+f{ee[s,t};g(e)<o}9 (Ig)de
(1.3.15)

+meas{0 € [s,t];£(0) = 0} min{ f*(0), g*(0)}.

Theorem 1.3.4. Let vy be a uniformly Lipschitz continuous function on R and pe(x,t)
= peo(7,t,0). Define

v(x,t) =1inf{pe(x,t), &€ c(z,t)}. (1.3.16)

Then v is a uniformly Lipschitz continuous function satisfying the following:
()
v+ f(u))=0 in 2>0,t>0

_ (1.3.17)
v+ g(v) =0 in <0, t>0.

(ii) For allmost every t, v,(0+,t) = Ili_}& ve(x,t) and v, (0—,t) = xli)I(I)l_ Uy

(x,t) exist and satisfy f(v.(0+,1)) = g(v.(0—,t)). Furthermore there exist disjoint sets
V, Sy, Sy such that (0,00) = VU ST USs, V' an open set, meas (S9) = 0 with the property
that for allmost every t € V', one of the following pairs of inequalities holds:

f(0:(0+,8)) >0,  ¢'(vz(0—,2)) >0 (1.3.18)

f(vz(04,1)) <0, ¢'(v:(0—,%)) <0 (1.3.19)
and if t € Sy, then

f(0(04,1)) <0, ¢ (v,(0—,1)) > 0. (1.3.20)

(i1i)  There exist a constant M > 0 and Lipschitz continuous functions Ry(t) > 0, Li(t)
>0 on [0,00) with R1(0) = L1(0) =0 such that for all z > 0

fva(z + 2,1)) = fl(va(@, 1)) < { % f0<w<atz< ) (1.3.21)

= ifx >0 and not in the above range.
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Mz Gf Li(t) <2 —zand z < 0

9 (va(z,1)) — ¢ (va(2 — 2,1)) < { = (1.3.22)

if x <0 and not in the above range.

Theorem 1.3.5. Let ug € L*(R) and vy(x) = fuo(ﬁ)dﬁ. Then u = 2% is a weak solution
of (1.3.3)and (1.3.4). Also u satisfies the entropoy condition (E;) and (Ey) and the solution
can be given explicitly as follows:

There exist Lipschitz continuous functions Ri(t) > 0 and Ly(t) < 0 on (0,00) and
bounded variation functions y,(x,t) for x > 0 (non increasing in (0, Ry(t)) and non
decreasing in [Ry(t),00)) and y_(x,t) for x <0 (non decreasing in (—o0,0)) such that
(i) For x > 0,

(I () 1 o< Ril0)

t—y+(:c,t)
wot) 1.3.23
(=.1) (fH) %(“» if x> Ry(t). ( |
(ii) For x <0,
g/ -1 — xx if z S Li(t
u(z, t) = (9 (% 7,:)) 1) (1.3.24)

(¢! I_y*(m’t)> it x> Ly(t).

Furthermore u is unique in the class of all solutions for which the set of discontinuities

is a discrete set of Lipschitz curves.
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CHAPTER 2

INTRODUCTION

2.1  Introduction to the problem of exact,optimal controllability and struc-

ture of the solution of scalar conservation laws with strict convex flux

In this chapter we give a brief introduction to the problems which have been tackled in
this thesis. Consider the following scalar conservation law in one space dimension.
Let f : R — R be a strictly convex C? function satisfying the super linear growth,

m Jw) = o0. (2.1.1)
Let T >0, I =(A,B), Q=1x(0,T), up € L>(I), by,by € L>((0,T")) and consider the

problem

u+ f(u), = 0 (z,t) € Q, (2.1.2)
u(z,0) = wup(x) zel, (2.1.3)
u(A,t) = bo(t) te(0,7), (2.1.4)
w(B,t) = bi(t) te(0,7). (2.1.5)

This problem was well studied from last several decades starting from the pioneering works
of Lax-Oleinik [31], Kruzkov [46], Bardaux-Leraux-Nedeleck [13]. They have studied
the existence and uniqueness of weak solutions to (2.1.2)-(2.1.5) satisfying the entropy
condition. In spite of being well studied, still there are problems which are open. Notably

among them are

1. Profile of a solution, for example how many shocks can a solution exhibit and the

nature of the shocks.
2. Exact controllability of initial and initial-boundary value problem.

3. Optimal controllability for initial and initial-boundary value problem.
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In the forthcoming chapters we study these problems for the entropy solution of (2.1.2)
and we say a solution means a weak solution satisfying the entropy condition. The basic
ingredient in studying all these problems comes from the analysis of characteristic curves
R... Originally this was introduced by Hopf [33] and later by Dafermos [25], who studied
them quite extensively to obtain information on the nature of solutions. Independently
this was used in [6] to obtain the explicit formula for solution of discontinuous flux.

First we study the finer properties of the characteristics for the initial value problem,

namely
(i). Comparison properties with respect to the initial data.
(ii). Failure of the continuity with respect to the initial data.
(iii). Behavior of the characteristics when one side of the initial data is large.

Before stating the main results for structure of the solution of (2.1.2), we recall some
well known results without proof.
Let f:R — R be a C! convex function. Assume that

1. f has superlinear growth, that is

f(u)

2. f is strictly convex. That is for a,b € R, a = b if and only if
f(a) = f(b) = (a—b)f'(b) = 0.

3. Let f*(p) = sup{pq — f(q)} be the Legendre transform of f. Then f* € C' and f*
q

is of superlinear growth and satisfies

f =
[ (p) (f)~(p), (2.1.6)
() = p

Controlled Curves: Let v € R,0 < s < t and define the class of controlled curves
I'(z,s,t) by

[(x,s,t) ={r:[s,t] = R;ris a stright line with r(t) = =}, (2.1.7)

and denote I'(z,t) = I'(x,0,t).
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Value function: Let ug € L*(R),b € R, define
vo(x) = [ uo(8)do, (2.1.8)

be its primitive. Define the value function v(z,t) associated with f and ug by

v(z,t) = min {vg(r(o))+tf* (x__r((’))}

rel’(z,t) t

= i fu o (7)) )

t

Then v satisfies the
Dynamic Programming principle: Let 0 < s < ¢, then

, x —r(s)
t) = t—s)f"|l ——= | ¢- 2.1.10
ooty = in {otreho)+ 0o (S ) (2.1.10)
Characteristics: Define the characteristic set ch(z,t,s) and extreme characteristic

points y+(x,t, s) by

ch(z,t,s) = {re'(x,t s);r isa minimizer in (2.1.10)}, (2.1.11)

y_(x,t,s) = min{r(s):r € ch(z,t,s)}, (2.1.12)
y(x,t,s) = max{r(s);r € ch(z,t,s)}.

— t
ro(0, 7,1, 5) :x—i—w(@—t) (2.1.13)
—s
Denote ch(x,t) = ch(x,t,0),y+(z,t) = ysu(z,t,0), ro(-,x,t) = r4(,2,t,0). For r €
ch(z,t,s), we say, r(s) a characteristic point.

Then we have the following theorem due to Hopf, Lax-Oleinik (see [31]).

Theorem 2.1.1. Let 0 < s < t,uqg,v9,v be as above, then
(1). v is a uniformly Lipschitz continuous viscosity solution of the Hamilton-Jacobi equa-

tion
v+ flu,) = 0 (x,t) € R x (0, 00),

v(x,0) = () r cR. (2.1.14)

(2). There exist M > 0, depending only on ||up||l and Lipschitz constant of f, f* re-
stricted to [—||uo|cos ||tolloo] such that for all (x,t) € R x Ry, r € ch(z,t,s)

x —r(s)
t—s

< M. (2.1.15)
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(8). NIP (Non intersecting property of characteristics): Let v1 # 15, 0 < s <
min{ty, ta}, r; € ch(x;, ti,s) and for i =1,2. Then for all 0 € (s, min{ty,t2}),

From NIP, it follows that

(a). x — yi(x,t,s) are non decreasing functions.

(b). At the points of continuity of y.,

y+(l', tu S) = y_<5(7, ta S)
and hence ch(z,t,s) = {r} given by

r(o) = TZUr @ bs) g

—t .
t—s )—I—m

(c). Letr € ch(x,t), z=1(s). Let 11 = 7|j,5, T2 = T|js4), then 1 € ch(z,s),
Ty € ch(z,t, s).
(4). Let u(z,t) = 2(x,t). Then u is the unique solution of (2.1.2) with initial data ug

and satisfying
lu(z, )] < [|uo oo (2.1.17)

Fora.e z, y_(z,t) =y (x,t) and u is given by

! l’—y+(l’,t) _ x—y_(x,t)

fu(z,t) = . = - (2.1.18)

Furthermore if © be a point of differentiability of y+(x,t) and y+(x,t) is a point of dif-
ferentiability of vy, then

u(z,t) = up(y=(z,t)). (2.1.19)
(5). If ug < wg , then u(z,t) < v(z,t), for a.e. t >0 and for a.e. x € R.

In this sequel we will follow the notation of characteristic curves as in [6].

Definition 2.1.2. (Characteristic Curves Ry) : Let a € R, 0 < s < t. Define
R_(t,5,0) = inf{z; o <y (21,5},

R.(t,s,a) = sup{z; yi(x,t,s) < a}, (2.1.20)
R:I: (tu Oé) - R:I: (tu Oa Oé).

Definition 2.1.3. (Characteristic and regular characteristic line): Let a,p € R
and r(t,a,p) = a+ tf'(p) be a stright line passing through (a,0) with reciprocal slope
f'(p). Then
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(i). r is called a characteristic line if for all ¢ > 0, (-, a, p) € ch(r(t, o, p),t).

(ii). Let r be a characteristic line, then r is called regular characteristic line if for all
t>0

yi(r(t,a,p),t) =y_(r(t,a,p),t) = a. (2.1.21)
Definition 2.1.4. (Base point and value) : Let r(-, «, p) be a characteristic line. Then

« is called the base point and p is called value of the characteristic line r(-, v, p).

Definition 2.1.5. (ASSP-Asymtotically Single Shock Packet) : Let C; < Cy,p € R
and for i = 1,2, r(-,C;,p) as above. Then define

D(Cy,Co,p) = {(z,t) : r(t,C1,p) <z <r(t,Cyp),t > 0}. (2.1.22)

Then D(Cy, Cy, p) is called ASSP if
(i). r(-,C1,p),r(-,Cy, p) are regular characteristic lines.
(ii). For all C) < aw < Oy, Ri(t,cx) € D(Cy,Cy,p) for all t > 0.

(iii). For all C; < a < 8 < Cy there exists T' > 0 such that for ¢t > T,

Ri(t,a) = R_(t.a) = Ry (t,8) = R_(1, 3). (2.1.23)
In otherwords all the characteristic curves in D will merge at infinity and represents a
single shock at infinity.

With these preliminaries, we can state our main results. Let A; < Ay, uy € R, g €
L>(A;, Ay) and define ug by

u_ if < Ay,
up(x) =3 1wy if Ay <z < Ay, (2.1.24)
uy if x> As.

Let u be the solution of (2.1.2) with ug as the initial data.

Definition 2.1.6. (Single shock case) : Let u and g be as above, then w is said to be

a case of single shock if there exist T > 0, xg € R such that

if
u(a,T) = { u- nrs o (2.1.25)

uy if x> xp.
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As a consequence of this, for ¢ > T, u is given by

u_ if x<zo+(t—-T)

uw(z,T) = 1 (2.1.26)
up if x>zo+(t—1T) fluy) = f(u) :

Uy — U

Then we have the following structure Theorem.

Main results for structure of the entropy solution

Theorem 2.1.7. (Structure Theorem) Let u and uy be as above. Then

(I). u represents a case of single shock if and only if u_ > u,.

(II). Let u_ < uy. Then there exist Ay < By < By < Ay and a countable number of
disjoint ASSP {D(Ch;, Coi, p;) }ier Such that

(i). (-, By,u_),r(-, B2, uy), are reqular characteristic lines and fort > 0,

R_(t, A1) <r(t,Bi,u_) <r(t,Bs,uy) < Ry(t, As) (2.1.27)
) <R_(t,A
wa, Ty =4 = (8 Av), (2.1.28)
uy if x> Ri(, Ag)
(7). Let
E = {(z,t): r(t,B,u) <z <r(t,By,uy)}
S = UierD(Cyy, Coi, ps)
R = E\S.
Then R consists of all reqular characteristic lines and w is continuous on R.
(iii). For each i € I, uq satisfies
Ca;
Cri
and if ug is continuous in a neighbourhood of {C1;, Ca;}, then
uo(C1i) = uo(Cq;) = pi. (2.1.30)
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(iv) Let

Foo= {(nt) o< R(tA)
D_ = {(z,t) : R_(t,A)) <z <r(t,B,u_)}
Fe = {(0t) o> Ri(t A))
Dy = {(@) : 1t Byuy) <7 < Rolt, Az))

then R x (0,00) = F_ U Fy UD_UD,USUR. Define the N—wave by

.

u_ zf(x t)yeF.
U4 (ZL', t) € F_|_
- B
’ — f(z,t) € D_
N(z,t)={ = —tB2 if (z.1) € D, (2.1.31)

i if (z,t) € D(Ch, Coi,pi)

P if (x,t) € R, p is the value of the regular

{ characteristic line on which (x,t) lies.

Then x — N(z,t) is a continuous non decreasing function on Dy U D_ U S U R.
(v). Suppose [ satisfies the following growth assumptions : There exist v > 0,0 > 0,C >
0 such that for |h| <6,

flug) — f(us +h)+ hf'(ug +h) > C|h|? (2.1.32)
and for any compact interval J, there exists C(J) > 0,1 > 0 such that for all a,b € J

() = f/(0)] < C(J)|a—b|". (2.1.33)

Then for t large we have the following decay estimate

1
/ F(ulz,8) — F/(N(z,)|dz = (W) | (2.1.34)
Furthermore if some r > 0,a,b € J,C1(J) > 0,

|[f'(a) = f'(0)] = C1(J)|a — bl

/ u(z,t) — N(z,8)["de = O (ﬁ%) . (2.1.35)

then,
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As an tmmediate consequence we have

Corollary 2.1.1. Let u_ = u; = 0, ug be continuous in [A;, Ay]. Let
Z(ug) ={z € (A1, As) : up(x) =0},
Suppose for any «, 5 € Z(ug), ,
/ug(.ic)daz £ 0,

then ASSP does not exist.

Remark 2.1.1. In general, solution u can have infinitly many discontinuity in ASSP
(see example 3.3.10). If wu, satisfies some smooth assumptions near boundary points in

an ASSP, then for each t large, u admits only one discontinuity.

In contrast to Schaffer [56] results which says that for a quite large class of smooth

initial data, solution admits finitly many shocks. Then we have the following
Theorem 2.1.8. There exist a uy € C°(R) such that u admits infinitly many ASSP.

2. Exact Controllability: Normally for the non linear evolution equations, technique
of linearization is adopted to study controllability problems. Unfortunately this method
does not work (see Horsin [39]) and very few results are available on this subject. Here

we consider the following three problems of controllability. Let ug € L*(R),

(I) Controllability for pure initial value problem: Assume that [ = R,Q =
R x (0,7). Let J; = (C1,Cy), Jy = (B1, By), g € L*(Jy), a target be given. The
question is, does there exist a 1y € L>(J2) and v in L*>°(€2) such that u is a solution
of (2.1.2) satisfying

u(z, T) = g(x) x€Jy, (2.1.36)
- up(z) if x ¢ J,
u(z,0) = { wlr) i zed, (2.1.37)

(II) Controllability for one sided initial boundary value problem: Assume that
I =(0,00), =R x (0,7), J=(0,C) and a target function g € L>(.J) be given.
The question is, does there exist a u € L>®(Q2) and a b € L>((0,7")) such that u is
a solution of (2.1.2) satisfying

u(z, T) = g(x) ifzel (2.1.38)
u(z,0) = wup(z) ifz € (0,00), (2.1.39)
uw(0,t) = b(t) ifte(0,T). (2.1.40)
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(ITII) Controllability from two sided initial boundary value problem:
(a). Let Q=R x (0,7), I = (By,By) , B < C < Bs. Given the target functions
g1 € L®(B1,C), g2 € L>*(C, By), does there exist a g € L*(R\ ;) and u € L>*(Q)
such that u is a solution of (2.1.2) satisfying

if B
u(w,T) = @) 1 Bi<w<C (2.1.41)
go(x) if C <z < Bs.

and

{ up(z) if By <z < By, (2.1.42)

to(x) if x < Bjorx> By

(b). Here we consider controllability in a strip. Let I = (B, Bs), Q@ = I X
(0,7),By < C < By. Let g1 € L>((B1,C)),92 € L>®((C, By)) be given. The
question is, does there exist by, b; € L>((0,7)) and a u € L*>(2) such that u is a
solution of (2.1.2) and satisfying

u(z,0) = wup(x), (2.1.43)
(. T) = gi(z) if By<az<C, (2.1.44)
’ g2(x) if C<x < Ba. o
u(By,t) = bo(t), (2.1.45)
u(Ba,t) = byi(t) (2.1.46)

In view of the Lax-Oleinik (Chapter (3) of [31]) explicit formula for solutions of pure
initial value problem and by Joseph-Gowda [40] for initial boundary value problem,
the targets g or g1, go cannot be arbitrary. They must satisfy the compatibility
condition, for example in the case of problem (I), there exists a non-decreasing
function p in (By, Bs) such that for a.e z € (B, Bs)

xr— p(x
Flgta)) = “=20. (2.1.47)
In the case of problem (II), there exists a non-decreasing function p in (0, C') such

that
T

T —p(z)
If the target functions satisfies the compatibility conditions, then the question is
whether the problems (I),(II) and (III) admit a solution?. In fact, it is

true and we have the following results. First we describe the class of functions

f'(g(x)) (2.1.48)

satisfying compatibility conditions.
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Definition (Admissible functions): Let J = (M, N) and T' > 0,
S(J)={p:J — R:pis monotone and left or right continuous function}.

Then define admissible class of target functions by

(i) Target space for initial value problem (IA):

TA(J) = {g; [ (g(x)) = m—Tp(m)7 p € S(J), pis anon-decreasing funtion}.

(2.1.49)
(ii) Target space for left boundary problem (LA):
LA(J) ={g; [ (g(x)) = ;—_—%7 p € S(J), pis a non-increasing
right continuous function}. (2.1.50)
(iii) Target space for right boundary problem (RA):
RA(J) ={g; f(g(x)) = Tf"__—ff(\;), p € S(J), pis a non-decreasing
left continuous function}. (2.1.51)

Main Theorems for exact controllability :

Theorem 2.1.9. Let J, = (C1,C4),Jo = (B, Ba). Let g(z) = (f)™* <w) be in
IA(Jy) and By < Ay < Ay < By, satisfying

then there exists a ug € L>®(J3), u € Lyo(2) such that (u,ug) is a solution to problem (I)
(see Figure 2.1).

Theorem 2.1.10. Let A > 0,C > 0,6 > 0,J = (0,C). Let g € LA(J) given by
f(g(x)) = =%~ for x € J and satisfying

)
§<p(z) <T, (2.1.53)
X
— | <A 2.1.54
’T - p(x) ( )

Then there exist a b € L>(0,T),u € L>®(Q) such that (u,b) is a solution to Problem II
(see Figure 2.2).
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flg(x))= X PX)
-

(C,M (C,,T)
ux.n=? u(x,=2
u(x,t)=?
| ! ‘l U= i i
Upy(x) (B1,0) (A4,0) p (x) (A,,0) (B,,0) Up(X)
Fig. 2.1:
. X
on M= T-p o)
X
u(x,t)=?
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Theorem 2.1.11. Let L = (Bl,BQ),Bl <(C< BQ, J1 = (Bl,C), Joy = (C, Bg), then
(a). Let Ay < By < By < Ay and g1 € TA(J)),g2 € TA(J) given by f (g1(x)) =
0@ (go(x)) = =220 satisfying

pl(ZE) Al Zfl' S Jl, (2155)

IN

Then there exists ug € L¥((R\ I1)),u € L>®(Q) such that (u, o) is a solution to problem
(a) of III (see Figure 2.3).

xR (o= 2

a0 2 Ha0= —
B,T i B, T
(ByT) C,T) (B2T) o

X X
K u(x,t)=?
uxn=? -
’ u(x,t=2
pl ) (A,,0) (B,0) Uo(X) (B,0)  (A,0) p2(><)
Up(¥)=? Ug(¥)=?
Fig. 2.3:
p _x-B / :x—B
(B,T) f(gl(x))—ﬁl(x) . flo == _QZ(X) B,
X,/ X\
b, (t)=? Lo
’ ' N by(H)=?
ot o) H(t)
B (B,3)
(B1,0) Ug(X) (B,,0)
Fig. 2.4:

(b). Let A > 0,0 < 6 < T,g1 € LA(J)), 92 € RA(J), given by f (g1(z)) =
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Tty [ (92(2)) = 75025 satisfying fori=1,2, x € J;

T—p1(z T T—pa(x
5 < pil) < T, 2.157)
T — B,
<A 2.1.58
‘T — pi(z) ( )

Then there exists by, by € L>((0,T")) and u € L>(§2) such that (u,by,by) is a solution to
problem (b) of 111 (see Figure 2.4).

Before going for further results, let us recall some of the earlier works in this direction.
Problem (a) in IIT was considered by Horsin [39] for the Burger’s equation under
similar assumptions on g; and g¢» as in (a) of Theorem (4.1.3). He proves that there
exists T, > 2, such that (a) of problem III has an approximate controllability solution.

That is given € > 0, there exist (u, o) such that

/mmﬂw—m@wx=0@,

and u(z,Tc) = g(v) = x(B,,0)91(%) + X(C,B)92(7), outside an interval of length e.

For the viscous case Glass-Guerrero [32] proved that u(x,T) = M # 0 is controllable
by using the Cole-Hopf transformation. On the other hand, Guerrero-Imanuvilov [37]
proved that M = 0 cannot be controllable.

Theorem (4.1.3) is stronger and much more precise result in the non viscous case

because
(i). It removes the condition on time 7, and obtains exact controllability.
(ii). It deals with general convex flux instead of Burger’s equation.

(iii). Also we give a criterion when the constants are controllable.

In the case of problem (II), Fabio-Ancona and Andrea-Marson [11],[12] studied the
problem (II)from the point of view of Hamilton-Jacobi equations. They proved the com-
pactness properties of {u(-,T)} when u(z,0) = 0. But they do not address the exact
controllability question and Theorem (4.1.2) gives a precise solution for control problem
(IT).

In our results on controllability, superlinearity of f plays an important role in removing
the condition on T, and obtain a free region. Next using convexity, we explicitly construct
solutions in these free regions for particular data which allow us to obtain solutions for
control problems.

(3) Optimal controllability: Let g € L>*(R) with compact support be given. For
ug € L>®(R), let u be the solution of (2.1.2) in 2 = R x R, with initial data uy(z). Define

28



the cost functional

T(ug) = / u(z, T) — g(z) 2dz, (2.1.59)

R

and consider the minimization problem

C = uoeanOE(R) J (up).
This problem was considered by Castro-Palacious-Zuazua [23] and proved that there
exists a minimizer. Since the functional is neither convex nor differentiable, it is quite
hard to give a numerical scheme to capture a minimizer.

In chapter 5, we tackle this optimal controllability in a different way. We first reduce
the problem to a standard optimization in a Hilbert space by using Lax-Oleinik formula,
then we use backward construction to obtain a minimizer. This construction turns out
to be far simpler.

Let us state our main results of chapter 5 Let

f(0f) = min f(6). (2.1.60)
Define
1. Admissible sets A and B :
A ={up € L*(R) : uy(z) = 60 outside a compact set} (2.1.61)

B={pe L (R) : (i) pisanon decreasing function

loc

/ . (2.1.62)
(17) p(x) = x outside a compact set}.

For each N > 0, define

By ={p€e B : p(zx) =z for |x| > N}. (2.1.63)

2. Target function k : Let [ = (C,Cy) and k be a measurable function such that

k(z) = 60 if x¢ (Ci,C), (2.1.64)
f'(k(z)) e L*I). (2.1.65)

3. Cost function J : Let k be a target function and uy € A. Let u(z,t) be the
corresponding solution of (5.1.2) with initial data ug. Let 7' > 0 and define the
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modified cost function

J (o) = / (ula, T)) — (k) P (2.1.66)

R

Then we have the following proposition.
Proposition 2.1.1. J is well defined.

Optimal control problem : Given A, k as above, find a 4y € A such that

J(tp) = min J(up) (2.1.67)
ugEA
and if the minimizer exists, then device a algorithm to capture it.
Then we have the following main result.

Main Theorem :

Theorem 2.1.12. There exists a minimizer for (2.1.67) which can be captured by using

the standard convex optimization problem in a Hilbert space and backword construction.

2.2 Introduction to the problem of existence and non-existence of TV

bounds for scalar conservation laws with discontinuous flux

Let I C R be an open interval. Let ug: R — I, F': R x I — R be measurable functions.

We consider the following equation of conservation law

ug + F(z,u), =0 reR, t>0

u(z,0) =ug(x) =z eR. (2.2.1)

However smooth F' and ug, in general (2.2.1) may not admit classical solutions. Even if
weak solutions exist, it may not be unique.

This problem has been studied extensively over the last several decades, when the
flux F' is Lipschitz continuous and wug is of bounded variation. One has to impose an
extra criteria called “Entropy condition” to obtain the physically relevant solution. In
this direction, there are three following methods :

1. Hamilton-Jacobi method (due to Lax and Olenik [31]).

2. Vanishing viscosity method (due to Kruzkov [46], [38]).

3. Numerical schemes: Here F(z,u) = f(u) is Lipschitz. Any monotone, conservative

and consistent scheme converges to a unique entropy solution, (for details see [36]).
Next consider the case when the regularity on F' fails. Suppose F(z,u) = f(u) is

continuous but not Lipschitz continuous. Then the finite domain of dependence fails
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and this case was considered by Kruzkov [47]. They defined the concept of generalized
entropy condition and proved that the solution is unique.
Now suppose the regularity of F' in the space variable fails. Assume that F’ has a

single point of discontinuity at z = 0 and is given by
F(z,u) = H(x) f(u) + (1 = H(z))g(u) (2.2.2)

where f and g are Lipschitz continuous functions and H is the Heaviside function. This

equation (2.2.2) decomposes into two equations

u + f(u), =0 r>0,t>0
(2.2.3)
ur+ g(u), =0 r<0,t>0

and if uT(t) = w(0+,t), u=(t) = u(0—,t) exist, then u*(¢) satisfy Rankine-Hugoniot

condition at the interface z = 0 given by

f™(t)) = g(u™(t)). (2.2.4)

A solution to (2.2.1) by definition a weak solution to (2.2.1) satisfying entropy condition
of Lax-Olenik, Kruzkov away from the interface x = 0.

Under the assumption f and g coincides at least two points Gimse-Risebro [35, 34],
Diehl [30] obtained a solution for Riemann data. Main questions are existence of solutions
for arbitrary data and unicity.

Assume that f and g are strictly convex C?-function and vy € BV N L*. Now
regularize H to a smooth function H® and let F°(x,u) = H°(z)f(u) + (1 — H°(z))g(u).

Then F° is Lipschitz continuous function. Consider two problems

(i). Vanishing viscosity for Hamilton-Jacobi:

v+ Fo(z,v,) =€vye T ER, >0

(2.2.5)
v(z,0) =wvo(z) = [ uo(A)dd, z€R
and
(ii). Vanishing viscosity for conservation law:
u + FP(z,u), = €y, T ER, t>0 (2.2.6)

u(z,0) =ug(x) zeR.

Let ve 5 be the unique solution of (2.2.5). Then letting € — 0, 6 — 0 Ostrov [54] showed
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that v s converges to a unique viscosity solution v of

v+ F(z,v,)=0 xR, t>0

v(z,0) =ve(z) z€R. (2.2.7)

Independently, (2.2.7) has been studied by Adimurthi-Gowda [6] and obtained an explicit

formula for the viscosity solution. Furthermore it was shown that u = g—; is a solution of
(2.2.3) satisfying an interface entropy condition
meas{t : f'(u"(¢)) > 0,¢'(u (t)) <0} =0 (2.2.8)

and Lax-Olenik entropy condition for z # 0. That is undercompressive waves are not
allowed at the interface. The solution forms an L!-contractive semi-group. Moreover
under some mild regularity, the solution of (2.2.3) satisfying (2.2.8) is unique.

At the conservation law level, this problem was studied by Karlsen, Risebro, Towers
[42] and showed that for ¢ — 0, 6 — 0, solution of (2.2.6) converges to a solution of
(2.2.3) and it does not satisfy the condition (2.2.8)(see, Example in page 7). In general,
these solutions admit undercompressive waves at the interface x = 0 which is not allowed
in the classical theory of Lax-Olenik and Kruzkov (see, [46] ). From the model coming
from capillary diffusion, Kaasschieter [41] had studied this problem by using a different
diffusion term than the one in (2.2.6) which captured the better physics of that situation.
The solution obtained by Kaasschieter also satisfy interface entropy condition (2.2.8). For
example, in some cases like clarifier-thickner model, undercompressive waves are allowed
at the interface [18, 19, 20, 17, 21, 42, 27, 29, 28, 43]. In view of this discrepancy, a
general theory known as (A, B) interface entropy theory was proposed in [8], [9], [22].
It was first shown that (A, B)-entropy solution exists and forms an L'-contractive semi-
group and is unique. For the strictly convex case, in [9] explicit Lax-Olenik type formulas
are established satisfying “(A, B) interface entropy condition”.

Using this, a numerical scheme of Godunov type is derived in [7], [10]. This scheme is
conservative, monotone but not consistent. One cannot expect total variation diminishing
property as a constant data gives rise to a non-constant solution. Without total variation
bound studying the convergence of the scheme was difficult. This was overcome by
singular mapping technique used in [50], [61], [7], [45], [8]. Since the schemes are monotone
and conservative and hence by Crandall-Tartar’s Lemma, the solution mapping is L*-
contractive. From this, it was shown (see, [16]) that the scheme is of total variation
bounded away from the interface and this gives an alternative method to prove the
convergence of the scheme. These methods do not give any information at the interface
x = 0. Now the open question was
“does the (A, B) entropy solution admits a total variation bound?”

Here we assume that f and g are strictly convex and of super linear growth. We use

32



the explicit formula for the (A, B) entropy solution constructed in [9] and show that if
(A, B) are away from the critical points, then the solution is of total bounded variation.
One of the main ingredients to show this is the study of boundary values Ay (t). If AL(¢)
are of bounded variation, then it follows easily that the solution itself is of bounded
variation. But this is not the case in general. In general AL (¢) are highly oscillatory and
we illustrate this with an example where we show that A (¢) are not of bounded variation.
The total variation bound exists when A, B are away from the critical points of f and g
respectively.

When A is a critical point of g, then for certain data we construct the (A, B) entropy
solution which is not of bounded variation at the interface *+ = 0. Idea behind this
construction is as follows. At the interface, u satisfies RH condition, namely f(u™(t)) =
g(u=(t)). Hence u=(t) = g~ (f(u™(¢))). If f(uT(t)) is of bounded variation and the range
lies in a neighbourhood of critical point of g, then u~ need not be of bounded variation.

As a consequence of our example, it follows that however small the BV norm of initial
data is, BV norm of the solution can blow up at the interface. Hence the BV bounds of
the solution need not depend on the smallness of the initial data.

We assume the following assumptions on f, g and uy.
(i). f and g are strictly convex, C* and of superlinear growth.

(ii). ug € L™ and let vy be its primitive given by
vo(z) = / uo(6)do.
0

Let f(0y) = I@Iliﬂgl (), g(8,) = Ieniﬂg g(0) be the points of minima of f and g respectively.
€ €
Let f* and ¢g* be their respective convex duals. Let us recall some of the definitions and

notations from [9], [8].

Definition 2.2.1. (Connection). Let (A, B) € R% Then (A, B) is called a connection if

it satisfies
(i). f(B) = g(A).
(ii). f(B) >0, ¢'(A) <0.

Definition 2.2.2. (Interphase entropy functional). Let u € L° (R x R,) such that

loc

u®(t) = u(04£,t) exist a.e. t > 0. Then we define I45(¢), the interface entropy functional
by

Lyp(t) = (9(u™(t)) — g(A))sign(u™(t) — A) = (f(u™(t)) — f(B))sign(u”(t) — B). (2.2.9)
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Definition 2.2.3. (Interphase entropy condition). Let u € L (R x R ) such that u®(¢)
exist a.e. t > 0. Then wu is said to satisfy Interphase entropy condition relative to a
connection (A, B) if for a.e. ¢ >0

Iap(t) > 0. (2.2.10)

Definition 2.2.4. ((A,B) entropy solution). Let F(z,u) = H(x)f(u) + (1 — H(z))g(u)
and (A, B) be a connection. Let ug € L2 (R x Ry). Then u € L2 (R x R, ) is said to be

loc loc

a (A, B) entropy solution if

(i). u is a weak solution of

u + F(x,u), =0, reR, t>0

w(z,0) = up(z) = eR. (2.2.11)

(ii). wu satisfies Lax-Olenik-Kruzkov entropy condition away from the interface = 0.
(iii). At the interface x = 0, u satisfies (A, B) interface entropy condition (2.2.10).

The (A, B) interface entropy conditions generalies these two cases. For a particular choice
of the (A, B) connection the total variation of the solution of (2.2.11) may increase.
Next we illustrate how to get an explicit (A, B) entropy solution. For this we need to

construct boundary values Ay (¢) and the details are carried out in [9], [6].

Definition 2.2.5. (Control curves).Let t > 0. 7 :[0,t] — R be a continuous function. ~
is said to be a control curve if there exist 0 < ¢t; <t such that
(©)- Vg =0,
(ii). Yo, is linear and |4,y # 0.
Let
I'(t) = {y:[0,] = R; v is control curve},

I () = {7 € T(0) : 7(t) > 0},

I_(t)={y eT(t):y(t) <0}.
Define b (t) by
bo(t) = m@@wm»aéfwwm@,

vel'y

b= {0+ [ 0)as,

yel'—(t)

where vo(z) = [ uo(6)do.
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Definition 2.2.6. (Boundary data). Let (A, B) be a connection and define Ay(t) =
>\:|:(t7 A7 BJ Vo, f7 g) by

R CN()) if — b, (t) > max(=b_(t), f(B)),
Ay (t) = (2.2.12)

fr ! (max(=b.(2), f(B))) if =V, (t) < max(=b, (1), f(B)),

9= (=0 (1)) if — b’ () > max(=b,(t), g(4)),
A_(t) = (2.2.13)
g7 (max(=V, (), g(A))) if —b_(t) < max(=V,(t),9(4)).

Regarding the behavior of A\, (¢), we have the following Theorem.
Theorem 2.2.1. For a certain choice of f and g there exists uy such that TV(Ay) = co.
Now recall from [6], [9] the existence and uniqueness of (A, B) entropy solution.

Theorem 2.2.2. Let uy € L™ and (A, B) be a connection . Let A\y(t) be as defined
earlier. Then there exists an (A, B) entropy solution u with ||[ulleec < ||uollee and is
unique. Furthermore the solution can be described explicitly by Laz-Olenik type formula

as follows.
For each t > 0 there exists Ry(t), Ra(t) > 0, Li(t) < 0, Lo(t) < 0 and monotone
functions y+(x,t), to(z,t) z4(x, t)such that

(i). forx € [Ry(t),0), y+(z,t) > 0 is a non-decreasing function and for x € [0, Ry(t)),
0 < ty(x,t) <t is a non-increasing function such that for x > 0,(see page 16,

equation (44), [9])

D) ) ez RO,
u(z, t) = (2.2.14)
f*’(m) = A (to(z,t)) if0 <2< Ri(t).

(ii). For x € (—oo, Li(t)], y—(x,t) < 0, is a non-decreasing function and for x €
(Ly1(t),0], 0 <t_(z,t) <t, t_(x,t) is non-increasing function such that for x <0,
T —y_(z,t .
g /(%) = uO(y*(‘/Eat)) Zf$ < Ll(t)>
u(z,t) = (2.2.15)
*/ T .
— ) = A_(t_(x,t Ly(t 0.
g (t—t,(x,t)) (t_(z,1)) if Li(t) <x <

(i11). Without loss of generality we can assume g(6,) > f(6f). Let us assume A = 6,.

Then we have the following two cases
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Case 1. Ly(t) =0, Ry(t) >0 (see page 53, equation (4.21), (4.22), [6])

Fi(gluo(z4(2,1))))  if 0 < < Ry(t)
u(z,t) = (2.2.16)

174(9(6,)) if Ralt) < & < Ry(t).

Case 2. Ly(t) <0, Ry(t) >0 (see Lemma 4.8 and page 55, equation (4.50), [6])

9= (f((uo(2=(,1)))))  if 0> 2> L(t) = La(t)
u(z,t) = (2.2.17)

fit(g(0y,)) if 0 <z < Ry(t) = Rat).

See figure 2.5 for clear illustrations.

0) (@t R R®O@) (@) Ry(t) (1)
e t (ot
y—(%t)ZJr(fUat - er(fL’,t) y,(l‘,t) Z— .CC,t) Y+ LE,t)
Ly(t) = 0,Ra(t) 2 0 Ly(t) <0,Ry(t) 20
Fig. 2.5

Now we can state our main results as follows.

Main Theorem :

Theorem 2.2.3. Let ug € L*(R) and u be the solution as above. Let t >0, € > 0, M >
e, I(M,e) ={x:e<|z| < M}. Then

7

1). Suppose there exists an o > 0 for which " > «, > «, then there exist a
pp g

C = C(e, M, ) such that
TV(u(.,t),1(M,€)) < C(e, M,t).
(2). Let T >0 and ug € BV. Then there ezists a C(e,T) such that for all0 <t <T
TV(u(.,t), |z] > €) < C(e,t) TV(ug) + 4 |ug||o
(3). Letug € BV, T >0 and A # 0,, B # 0. Then there exists a C > 0 such that for

all0 <t < T,
TV(u(.,t)) < C TV(ug) + 6||uo||oo-
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(4). Let ug, fi'(g(uo)), 9= (f(uo)) € BV, T >0 and A=0,. Then for all0 <t < T,

TV(u(.,1))

< TW(up) + max (TV(f (9(u0))), TV(g="(f(u0)))) + 6lluo] |-

(5). Let A=0, or B = 0;, then for certain choice of flures f and g there exists a initial
data ug € BV N L such that TV (u(.,t))

= .
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CHAPTER 3

STRUCTURE OF AN ENTROPY SOLUTION
OF A SCALAR CONSERVATION LAW WITH
STRICT CONVEX FLUX

3.1 Introduction

Let f : R — R be a strictly convex C! function satisfying the super linear growth,

m Q) = 00. (3.1.1)

Let up € L>(I) and consider the following single scalar conservation law

u+ flu), = 0 reR, t>0, (3.1.2)
u(z,0) = wo(z) zel. (3.1.3)

This problem was well studied from last several decades starting from the pioneering
works of Lax-Oleinik [31], Kruzkov [36]. They have studied the existence and uniqueness
of weak solutions to (3.1.1)-(3.1.2) satisfying the entropy condition. In this chapter we
study, profile of a solution, for example how many shocks can a solution exhibit and the
nature of the shocks. Some partial results in this direction are obtained by Lax [48] and
Dafermos [26].

The basic ingredient in studying the above problem comes from the analysis of char-
acteristic curves R.. Originally this was introduced by Hopf [33] and later in a seminal
paper by Dafermos [25], who studied them quite extensively to obtain information on the
nature of solutions. Independently, this was used in [6] to obtain the explicit formula for
a solution of discontinuous flux.

The plan of the chapter is as follows: In this section with some examples, we illustrate
the behaviour of solutions. In section 3.2 we recall the basic theorems of Hopf, Lax-Oleinik

and state our main results. Section 3.3 deals with the finer analysis of characteristic and
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the proof of main Theorems.
1. Illustration of a profile of a solution : In order to understand the shock profile of
a solution, we consider the following two basic examples which form the general pattern.

Consider the Burgers equation,

U2
Ut—|— (3) 207 (I‘,t) GRXR+.

Let Ay < Ag, u_,uy € R, 6y € L*(A;, Ay) and define the initial data uy by

U— if z< Al>
Uo(l') = ﬂo(l’) if A1 <z < AQ, (314)
Uy if x> A,.

Example 3.1.1. (Single shock case): (See Figure 3.1) Let u_ > o > u, and ug(x) = a.
Define

flu) = fluy) flu) = f(@) fluy) — fla)

B B B Ay — Ay
0Oy = , 01 = , 02 = 7T0_ )
U — Uy U_ — Uy — 01— 09

o = A1 + 0'1T0, 81(t> = A1 + 0'125, Sg(t) = AQ + O-2t7 So(t) = X9+ (t - To)O'Q.

Then the solution u is given by,
(i). Let 0 <t < T, then

u_ if x < s(t),

w(x,t) =< a if s(t) <z < s9(t), (3.1.5)
uy if x> s9(t).
(ii). Let t > T, then
_if @ < st
w(w ) = 4 U @ <sold), (3.1.6)
uy if x> so(t).

Example 3.1.2. (Infinitely many Shocks): (See Figure 3.2 and Figure 3.3) Let I =
(A1, Ay) and define the ASSP (asymtotically single shock packet-see definition 3.2.5) D(I)

and single shock solution u(x,t, I) as follows:

D(I) = Ix(0,00). (3.1.7)
A2 — Al

T = = (3.1.8)

{ 1if Ay <o < Abde

—1 if A g < 4,
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u=u_

u- 4.0 a Xo (A0 U

Fig. 3.1:

Let u(x,t,I) be a solution of (3.1.2) in D(I) with initial condition ug(z, I) and satisfying

the boundary condition

D(D)
u(x,t,1)
‘ T()
*y
g | “¥
* 11
0 (AL0) 1 (A+AL0) 1 (A0 O
2
Fig. 3.2:
u(Ay+,t, 1) = u(Ag—,t,1) = 0, (3.1.10)

and it is given by (see Figure 3.2).
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(i). Let 0 <t <T(I), then

z—A1
. if
1 if
u(z,t, 1) = 1 ;
p=As jf

(ii). Let t > T'(1), then

t
z—Ag

u(z,t, 1)

CC—Al

A1<1’<A1+t,
A1+t<$<%,

3.1.11
%<$<A2—t, ( )
Ag—t<$<A2.
if A <z < didz (3.1.12)

{

t

if Autdz < g < A,

Next we glue such solutions to produce a single solution having infinitely many shocks

for each t > 0. Let n > 1 and define

1 1 1 1
I = (1 I = (—00,0), I, = (—, = =) n> 1
+ (700)7 ( OO, )7 <2n 2n_1) (2n+1 2n) n
1.1 1
Dn = In ) y dm = Z\5 .
< (0,00), @ =350+ 50—
1 if = € (1,00) U?Lozl (%wrn)u
up(z) = 0 if zeJ,Ul_, (3.1.13)
-1 if zeuU,(x,, 2n1—_1),
and define the solution by (see Figure 3.3)
1 if 14+t <z,
2=l if l<z<l+t
w(a, ) =4 : Bty (3.1.14)
w(z,t, I,) if (x,t) € Dy,
0 otherwise.

In view of (3.1.12), u satisfies Rankine-Hugoniot condition as well as entropy condition

across 0D,, and hence u is the entropy solution of (3.1.2) with v, as its initial condition.

Now the basic question is, under what conditions, solution u admit a single shock (as

in example 3.1.1) for ¢ sufficiently large and how it behaves if it does not admits a single

shock (as in example 3.1.2) for ¢ large?

Analysis of shocks: If the data satisfies like in example (3.1.1),

U_ > Uy,

(3.1.15)
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Fig. 3.3:

it was proved by Liu [51] that for g arbitrary and u is a piecewise continuous function,
then u admits a single shock for ¢ large. Recently Shearer-Dafermos [26] have relaxed
the condition of piecewise continuity and proved that for ¢ sufficiently large, u admits a
single shock under the condition (3.1.15).

In this chapter we consider the case

u_ < Uy

and would like to study the behavior of the solution. In fact we can show that (Theorem
3.2.7) solution behaves like as in example (3.1.2). That is there exists a continuous non-
decreasing N wave in R x R, and a countable number of disjoint regions {D;}, Fly, Dy
(see Figure 3.3) such that

i). Q=RxRy =F, UF_UD_UD,; Ue; D; UR.

(). Fy are closed and u(z,t) = uy in the interior of F.. In example (3.1.2),
F_o={(z,t) 2 <0}, Fy, ={(x,t) : 2 >1+1t}.

(iii). u behaves like rarefaction in D_ U D, , and in example (3.1.2), D_ = ¢, D, =
{(z,t): 1 <z <1+t}

(iv). R is a closed set consists of characteristic lines and u is continuous in R. In example
(3.1.2), R is given by

=y
Il

U {(z,t) -z € J,},
u(z,t) = 0  for (z,t) € R.
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(v). 0D;\ (R x {t = 0}) are parallel characteristic lines and any two characteristics curves
within D; intersects after finite time. Asyptotically it represents a single shock packet.
In example (3.1.2), D; = I; x (0, 00).

(vi). N wave (see Figure 3.4 ) satisfies

provided f” > f > 0. In example (3.1.2), rarefaction wave is given by

N=1

N=0 1 1+t

Fig. 3.4:

0 if <1,
N(z,t) =< =L if 1<x<1+t,
1 if z>1+¢

The main results of this chapter are : we prove (i) to (iv), for a general convex flux
f with L™ data. In case of (vi), we have relaxed the condition f” > 8 > 0. Earlier this
problem was studied by Liu-Pierre [52] (for the power law), Kim [44] (for the algebric
growth rate at zero) and obtained the decay estimates. Here we have generalized these
results and obtain the rate of decay of solutions with respect to the N-wave (see Remark
3.3.2).

It has been shown by Schaeffer [56] that for large class of smooth initial data wug, the
solution can develop atmost finitely many shocks for ¢ large. If we remove the smoothness
in the initial data, example (3.1.2) shows the existence of infinitely many asymptotically
shock packets D; and each one represents a single shock. In fact within D;, one can
construct infinitely many shocks by using backward construction [2] and all of them
merge at infinity (see example 3.3.10).

In Theorem 3.2.8, we construct a uy € C°(R) for which the solution admits infinitely

many shocks and hence Schaeffer’s result cannot be improved.

3.2 Preliminaries and Main results

Before stating the main results, we recall some well known results without proof.
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Let f:R — R be a C' convex function. Assume that

1. f has superlinear growth, that is

f(u)

2. f is strictly convex. That is for a,b € R, a = b if and only if

fla) = f(b) = (a = b)f'(b) = 0.

3. Let f*(p) = sup{pq — f(q)} be the Legendre transform of f. Then f* € C' and f*
q

is of superlinear growth and satisfies

Examples: f(u) = |ul?, 1 <p < oo.

(3.2.1)

Controlled Curves: Let x € R,0 < s < t and define the class of controlled curves

I'(z,s,t) by
I'(z,s,t) ={r:[s,t] = R;r is a stright line with r(t) = x},

and denote ['(z,t) = ['(z,0,t).
Value function: Let ug € L>*(R),b € R, define

be its primitive. Define the value function v(z,t) associated to f and wuy by

v(z,t) = min {vo(r(O))+tf* (95__“0))}

rel’(x,t) t

_ %gﬂg{vo(ﬁ)ﬂf* (x;ﬁ)}

Then v satisfies the
Dynamic Programming principle: Let 0 < s < ¢, then

v(z,t) = min {v(r(s),s) +(t—s)f* (x_—r(“”’)) } .

rel’(z,s,t) t—s
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Characteristics: Define the characteristic set ch(z,t,s) and extreme characteristic

points y+(x,t, s) by

ch(z,t,s) = {re'(x,t s);r isa minimizer in (3.2.5)}, (3.2.6)

y_(x,t,s) = min{r(s):r € ch(z,t,s)}, (3.2.7)
y(x,t,s) = max{r(s);r € ch(z,t,s)}.

— t
ro(0,2,t,8) = 7 + M(e _ (3.2.8)
—s
Denote ch(x,t) = ch(x,t,0),y+(z,t) = ysu(z,t,0), roe(-,x,t) = ro(-,2,t,0). For r €
ch(z,t,s), we say, r(s) a characteristic point.
Then we have the following theorem due to Hopf, Lax-Oleinik (see [31]).

Theorem 3.2.1. Let 0 < s < t,ug,vg,v be as above, then
(1). v is a uniformly Lipschitz continuous viscosity solution of the Hamilton-Jacobi equa-
tion

v+ f(u,) = 0 (x,t) € R x (0, 00),

v(z,0) = yo(z) xeR. (3.29)

(2). There exist M > 0, depending only on ||ug|ls and Lipschitz constant of f, f* re-
stricted to [—||uo||oo, [|Uol|oo] Such that for all (z,t) € R x Ry, r € ch(x,t,s)

x —r(s)
t—s

< M. (3.2.10)

(8). NIP (Non intersecting property of characteristics): Let x1 # x5, 0 < s <
min{ty, ta}, r; € ch(x;, t;,s) and for i =1,2. Then for all 0 € (s, min{ty,t2}),

r1(0) # 12(0). (3.2.11)

From NIP, it follows that

(a). ©+— yi(x,t,s) are non decreasing functions.

(b). At the points of continuity of y.,
y+(l’, t7 5) = y_(I, tv 5)
and hence ch(z,t,s) = {r} given by

r(g) = -80S ?_“’; L)yt
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(c). Letr € ch(x,t), z=1(s). Let ri =7r|jo, 72 = T|[s,, then r1 € ch(z,s),
Ty € ch(z,t, s).

(4). Let u(xz,t) = 2(x,t). Then u is the unique solution of (3.1.2) with initial data ug
and satisfying
luz, 1) < [[uolloo- (3.2.12)

Fora.e z, y_(z,t) =y (x,t) and u is given by

f/(u(x,t)) _ T — y.,.(l‘,t) _r- y—(wi‘

- 3.2.13
. . (3.2.13)

Furthermore if © be a point of differentiability of y+(x,t) and y+(x,t) is a point of dif-
ferentiability of vy, then
u(z,t) = up(ys(z,t)). (3.2.14)

(5). If ug < wgy , then u(z,t) < v(z,t), for a.e. t >0 and for a.e. x € R.
In this sequel we will follow the notation of characteristic curves as in [6].

Definition 3.2.2. (Characteristic Curves R1) : Let a € R, 0 < s < t. Define

R_(t,s,a) = inf{z; a <y_(z,t,9)},
R+<t7 S, Oé) = sup{x; er('xat? S) < Oé}, (3215)
R:I: (tv Oé) = R:I: (tv Oa O./).

Definition 3.2.3. (Characteristic and regular characteristic line): Let a,p € R
and r(t,a,p) = a+ tf'(p) be a stright line passing through (a,0) with reciprocal slope
f'(p). Then

(i). r is called a characteristic line if for all ¢t > 0, (-, «,p) € ch(r(t, a, p),t)

(ii). Let r be a characteristic line, then r is called regular characteristic line if for all
t>0

yr(r(t,a,p),t) =y_(r(t,a,p),t) = a. (3.2.16)

Definition 3.2.4. (Base point and value) : Let r(-, «, p) be a characteristic line. Then

a is called the base point and p is called value of the characteristic line 7 (-, v, p).

Definition 3.2.5. (ASSP-Asymtotically single shock packet) : Let C; < Cy,p € R
and for i = 1,2, r(-,C;,p) as above. Then define

D(Cy, Ca,p) = {(z,t) : r(t,C1,p) <z <r(t,Cyp),t > 0}. (3.2.17)
Then D(Cy, Cy,p) is called ASSP if
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(i). 7(-,Ch,p),r(-,Cq,p) are regular characteristic lines.
(ii). For all C; < a < Cy, Ri(t,a) € D(Cy,Cy,p) for all t > 0.

(iii). For all C) < a < 8 < Oy there exists T' > 0 such that for ¢t > T,

Ry (t,0) = R_(t,a) = Ry (t, 8) = R_(1, ). (3.2.18)
In otherwords all the characteristic curves in D will merge at infinity and represents a
single shock at infinity.

With these preliminaries, we can state our main results. Let A; < Ay, uy € R, g €

L*>(A;, As) and define ugy by

u_ if <Ay,
up(x) = ¢ o if Ay <z < A, (3.2.19)
uy if x> A

Let u be the solution of (3.1.2) with ug as the initial data.

Definition 3.2.6. (Single shock case) : Let u and wug be as above, then w is said to be

a case of single shock if there exist T' > 0, xg € R such that

w(z,T) = { o <o (3.2.20)
uy if x> xo.

As a consequence of this, for ¢ > T, wu is given by

u- if z<zo+(t—-1T) :
w(z,T) = Uy — U (3.2.21)
U if $>5L’0+(t—T)

Then we have the following shock profile decomposition.
Main Results :

Theorem 3.2.7. (Stucture Theorem) Let u and ug be as in (3.2.19). Then

(1). u represents a case of single shock if and only if u_ > u,.

(II). Let u_ < uy. Then there exist Ay < By < By < Ay and a countable number of
disjoint ASSP {D(Ch;, Coi, p;) Yier such that

(i). v(-, By,u_),r(-, Ba,uy), are reqular characteristic lines and for t > 0,

R_<t,A1> < T(t, Bl,u_) < T(t, BQ,U+) < R+(t,A2) (3222)
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w7y =4 U LTS Rt Av), (3.2.23)
’ uy if x> R.(t, Ay) o

(ii). Let

E = {(z,t): r(t,B,u_) <z <r(t,By,uy)}
S = UierD(Cy, Coi, pi)
R = E\S.

Then R consists of all reqular characteristic lines and u is continuous on R.
(iii). For eachi € I, g satisfies

Ca;
/uo(:r;)dx = (Cq — Ch)pi (3.2.24)

Cri

and if ug is continuous in a neighbourhood of {C4;, Co;}, then

uo(Chi) = uo(Cy;) = pi- (3.2.25)
(iv) Let

F. = {(z,t) : ®<R_(t,A1)}

D_ = {(z,t) : R_(t,A)) <z <r(t,By,u_)}

Foo= {(zt) © 2> R, A2)}

D, = {(z,t) : r(t,Bs,us) <z < Ri(t,Ar)}

(u_ if(x,t) € F_

Uy Zf (x, t) € F+
- B
’ ; ! if (z,t) € D_
N(z,t)={ = —th if (.1) € D, (3.2.26)
P if (x,t) € D(Chry, Coi, i)
P if (x,t) € R, p is the value of the reqular
characteristic line on which (x,t) lies.

\

Then x — N(z,t) is a continuous non decreasing function on Dy U D_USUR.
(v). Suppose f satisfies the following growth assumptions : There exist v > 0,0 > 0,C >

48



0 such that for |h| <6,
flug) — fus +h)+hf'(ux +h) > C|h|" (3.2.27)
and for any compact interval J, there exists C(J) > 0,m7 > 0 such that for all a,b € J
/(@) = f'(b)] < C(J)|a —b]". (3.2.28)

Then for t large we have the following decay estimate
i |
[ 17wt ) - rv e =0 (). (3:229)

Furthermore if some r > 0,a,b € J,C1(J) > 0,
|f'(a) = f'(0)] = Cr(J)]a —b]"
then,

7 lu(z,t) — N(z,t)|"dz = O (ﬂ%) : (3.2.30)

As an immediate consequence of (3.2.24),(3.2.25) is

Corollary 3.2.1. Let u_ = u; = 0, ug be continuous in [A;, As]. Let
Z(ug) = {z € (A1, A2) : wo(z) = 0}.
Suppose for any «, € Z(uyg), ,
/uo(m)dx # 0,

then ASSP does not exist.

Remark 3.2.1. In general, solution u can have infinitly many discontinuity in ASSP
(see example 3.3.10). If wg satisfies some smooth assumptions near boundary points in

an ASSP, then for each ¢ large, u admits only one discontinuity.

In contrast to Schaffer [56] results which says that for a quite large class of smooth

initial data, solution admits finitly many shocks. Then we have the following

Theorem 3.2.8. There exist a uy € C(R), such that u admits infinitly many ASSP.
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3.3  Proof of the Theorems:
In order to prove the theorems, we need the following lemmas.
Lemma 3.3.1. Let ug, u,vo,v be as in theorem (3.2.1) and 0 < s < t. Then

1. Let x1 < x9 and B be a minimizer in (3.2.4) for v(x1,t) and v(xa,t). Then B is a

mainimizer for all x1 < x < xy and satisfies

f (e, ) = 52

(3.3.1)

2. Let x), € R)ry € ch(xy,t,s) such that klim (g, 7:(0)) = (x,8). Then r(0) = 5 +
—00

2=2(0 —t) is in ch(x,t,s). Furthermore

t—s

lim Yyt 8) =y (2,1, 9), (3.3.2)

it
lim y_ (2,1, 5) = g+ (2,2, 5). (3.3.3)

zile

3. For allt > 0,

R_(t,s,a) < Ry(t,s,q), (3.3.4)
U (R_(1,5,0),1,5) < @ < yy (R_(1,5,0),1, ), (335)
y—(R-i-(t’ S, Oé), ta S) <a< y+(R+(ta S, Oé), ta S)' (336)

4. Letro(-,t,s,a) and 7+(-,t, s,«) denote the left and right extreme characteristics at

R_(t,s,a) and Ry (t,s,a) respectively and is given by

re(0) =re(0,t,s,0) = R_(t,s,«)
R_(t,s,a) — g;i_(lj(t, s,a),t,8) 0—1) (3.3.7)

71(0) = 74(0,t,5,0) = Ri(t,s,q)
Ry(t;s,0) —ye(Re(t5,0),t5) ) (3.3.8)

+ P (0 —1)
Then for all s < 0 <t
r—(0) < R_(0,s,a) <ry(0). (3.3.9)
7 (0) < Ry(0,s,a) <7,(0). (3.3.10)
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Furthermore, they satisfy the dynamic programing principle

R_(t,a) = R_(t,s,R_(s,)) (3.3.11)
R (t,a) = Ri(t,s,R_(s,a)) (3.3.12)

and t — Ri(t,a) are Lipschitz continuous functions with Lipschitz constant inde-

pendent of o with

11_{% Ri(t,a) = a. (3.3.13)
5. Let s >0, then
R_(t,s,a) = Ry(t,s, ). (3.3.14)

Let s =0 and if R_(t,a) < Ry(t, ), then for all R_(t,a) < x < Ry(t, @)

r —
/ .

yi(z,t) =, f(u(x,t)) = (3.3.15)

6. Collapsing property : Suppose for a, B € R, there exists a T’ > 0 such that
(i). If R_(T,a) = R_(T,3), then fort >T, R_(t,a) = R.(t, ).
(i1). If R_(T, o) = R(T, 3), then fort >T, R_(t,a) = Ry(t,5).
(Z’l’l) [f R+(T, Oé) = R+(T, ﬁ), then fOTt > T, R+(t’ Oé) = R+(t,/8)

7. Let uyp < usg and uy and uy be the respective solutions of (3.1.2) and (3.1.3). Let
a € R and Rg_f)(t,a),Rg)(t,a) be the extreme characteristic curves of uy and us

respectively. Then for allt > 0,

RY(t,a) < RP(t,0).

Proof :

1. Let z € (z1,x2) and r € ch(x,t,s). Suppose r(s) # [3, then r intersects one of the
characteristics Z=2 (0 —t) + x;, i = 1,2 which contradicts NIP. Hence 3 = r(s) and
y+(x,t,s) = . Furthermore

v(z,t) = v(B,s)+ (t —s)f* (I_5>

t—s

and hence u(x,t) = % = (276) = (! (:”75) . This proves (1).

t—s t—s

o1



2. From the continuity of v, f* and from dynamic programming principle

v(o,t) = lim {o(re(s),s) + (= 5)f" (%”)
— s+ a-ar (520,
Hence
r(6) =6+ j:f” — 1) € ch(z, 1, 5). (3.3.16)

Let x1 < x9, then from NIP,
y—(xlvta S) < y+($1,t,8) < y_(l’gﬂf, S) < y+(‘r27t7 S).

Let 1 = xp, 29 = x and = lirTn Y+ (xg,t,s). Then from (3.3.1), 8 = r(s) is a
e

characteristic point and hence y_(z,t,s) < /3. Therefore
y—(xv L, S) < B = 111%1 y+(xk7 t, S) < y_(l', t, 8)
Tt

This proves (3.3.2) and similarly (3.3.3) holds.

3. Letz < R_(t,s,«), theny_(z,t,s) < aand for any £ < x, y,(§,t,8) < y_(z,t,5) <
a. Hence {z < R_(t,s,a)} C{z: yi(x,t,s) < a}. This implies that R_(¢,s, ) <
sup,{z: yi(x,t,s) < a} = R, (t, s, «). This proves (3.3.4). Suppose y_(R_(t, s, «)
,t,8) > a, then from (3.3.2) there exist a z < R_(t, s, «) for which y_(z,t,s) > a.
Hence R_(t,s,a) < x which is a contradiction. Similarly from (3.3.3), it follows
that o <y, (R_(t,s,a),t,s). This proves (3.3.5) and (3.3.6) follows similarly.

4. Suppose for some s < Oy < t, R_(0y,s,a) < r_(6y). Hence for z € (R_(0o,t, s,
a),r—(6p)), r-(s) < a < y_(z,0p,s). If r_(s) < a or y_(z,0p,s) > «, then from
NIP gives a contradiction. Therefore r_(s) = y_(z, 6y, s) = «, for all z and therefore

r(f) =x + g— a(é’ —by) € ch(z,0y,s). From (3.3.2), choose £ < R_(t,s,a) such
0o— S

that yy (€, t,s) <aand 7(0) = £+ W(G—s) intersect r(6) at some s < < t.
This contradics NIP and hence r_(0) < R_(6,t, s).

Next suppose 74 (0y) < R_(6p,s,«) for some 6§y € (s,t). From (3.3.5), r.(s) > «
and hence for any = € (ry(6y), R_(0o,t,s,a)), y_(x,t,s) < « and therfore the

characteristic r(0) = x + %(9 — 5) intersect r, () at some 6 € (s,0,)

contradicting NIP. This proves (3.3.9) and (3.3.10) follows similarly.
For s =0 and 0 € (0,¢) we have from (3.3.9)

r_(6,t,0,a) < R_(0,) <ry(0,t,0,c0),
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hence from NIP, if x < R_(¢, ), then y_(z,t,s) < r_(s,t,0,«) and if
x> R_(t,a), yy(z,t,s) > ri(s,t,0,«). This implies (3.3.11). (3.3.12) follows

similarly.

From (3.3.7), (3.3.9) and (3.2.10) we have at s =0, 6 € (0, 1]

R_(t,a) —y_(R_(t,a),t)

R_(t,«) : (0 —1)
< R_(0,q)
< R(t,a)+R_(t’a)_y:(R_(ma%t)(G_w'
Hence
R - Rta)] < |EEAZEEEEOD
AU S ALRGOR]
t
< 2M(0-1)
and

|R_(t,a) —y+(R_(t, ), t)| < Mt.

Since y_(R_(t,a),t) < a < y;(Ry(t,a),t) and hence letting ¢ — 0 to obtain
R_(t,a) — « as t — 0. Similarly for R, and this proves (4).

5. Let R_(t,s,a) < Ry (t,s,a) and z € (R_(t, s,a), Ry (t,s,a)). Then
yi(x,t,8) > y_(x,t,s) > a > yi(z,t,s) and hence y,(x,t,s) = a. Therefore from

(3.3.1), u(z,t) = 22 is given by

r—

3.1
— (3.3.17)

f'(u(z, 1)) =

and r,(0) =z + :7;—_a<9 —t) € ch(z,t,s). Let s > 0, then from NIP, r, € ch(z,t)
— 5

and for xy < w9, 74, T2, intersect at ¢ = s which is a contradiction. This proves

(3.3.14) and when s = 0, (3.3.15) follows from (3.3.17).

6. It is enough to prove (ii) and the rest follows in the same manner. From (3.3.11)
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and (3.3.14) for t > T,

R (ta) = R (LT,R(T,))
R_(t,T,Ry(T,3))
= Ry (t,T,R(T,B))

(t, B).

Il
=

+

This proves (6).

7. From (5) of Theorem 3.2.1, uy(z,t) < us(z,t). Hence from Theorem 3.2.1, for a.e.
t > 0 and for a.e. z € R,

(1) (2)
T — T, t T — T, t
y:; ( ) = f/(u1<x>t)) < f/(UQ(ZL‘,t)) = y:; ( )
where yg)(x,t) are the extreme characteristic points of u;, ¢ = 1,2. Therefore

yf)(x,t) < yil)(x,t) and hance Ril)(t, a) < Rf)(t,a) for a.e. ¢t > 0. Now from
the continuity in ¢ > 0, (7) follows.

Lemma 3.3.2. (1). Let r(t,a,p) = a+ tf'(p) and for T >0, r(-,a,p) € ch(r(T, a,p),
T). Let 0 < Ty < T, then for Ty <t < T, following are equivalent

(). y-(r(t,o,p)st) = a
(Z.z.). u(r(t,,p)—t) = p (3.3.18)
(#). u(r(t,c,p)+,t) = p
(iv). y4 (r(t, o, p),t) = «

(2). Let r(t,a,p) be a regular characteristic line. In view of (1), u is well defined at
r(t,a, p) for allt >0 by

u(r(t, o, p),t) = p. (3.3.19)

Let (o, pr) — (o, p) and {r(-,ax,pr)} are reqular characteristic lines. Then r(-, a,p)
is a regular characteristic line. Furthermore if ty, — t > 0 and xx = r(ty, g, pr), T =

r(t, a, p), then
lim w(zg, ty) = u(z,t). (3.3.20)
k—oo

(8). Suppose for somet >0, y_(R_(T,«a)) = «, then for all0 <t < T,

R (T,a) —«

R_(T,«) = R (T,a)+ T

y_(R_(t,a),t) = «a.

(t=1) (3.3.21)
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(4). Suppose for some T >0, y.(Ry(T,),T) = a, then for 0 <t < T,

R (T,a) — «

R+(t7 CY) = R+(T7 Oé) + T

y+(R+(t7a)7t> = Q.

(t=T) (3.3.22)

Proof. (1). we have the following
claim : Denote r(t) = r(t,a,p), then for T} <t < T

flu(r(t)=.1) =

flu(r()+.1) =
U(T‘(t)—,t) A U(T<t>+7t)'

In order to prove this, observe that that y_(r(t),t) < o < yi(r(f),t) since r(-) is a
characteristic. Hence from (3.2.13) and (3.3.2) we have

! - . Tr— y—i—(xv t)
Fufr()=0) = lim ST

r(t) —y-(rt), 1)

\Y;
I
]
S

Similarly from (3.2.13) and (3.3.3) we have

flu(r®)+,1) =

INA
I
=
S

Hence

u(r(t)+,t) = p = ulr(t)=1)
and this proves the claim.
(i)=(ii). Let y_(r(t),t) = a, then from the claim we have f'(u(r(t)—,t)) = r(t)t— -
f'(p) and hence u(r(t)—,t) = p.
(ii)==-(iii). From the claim and Rankine-Hugoniot condition across r(-), we have for a.e.
Th<t<T

f'(p) = a u(r(t)+,t) —u(r(t)—,1)
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Since u(r(t)+,t) < p and hence by strict convexity of f , we have u(r(t)+,t) = p for a.e
T, <t < T. Therefore from the claim we have

() = fulr(t)+, 1) = -

Hence y.(r(t),t) = « for a.e. t > 0.

Suppose for some T} < to < T, y.(r(ty),to) > «a. Let T > t; > ty such that
y+(r(t1),t1) = . Then from (3.3.3), choose a & > r(t1) such that y,(&,t1) € (o,
y+(r(to),to)). Then the right extreme characteristics at (r(t1), ) and at (r(t),to) inter-
sect contradicting NIP. Hence y,(r(t),t) = a for all T} < t < T. Therefore from the
claim, for 77 <t < T,

and hence y, (r(t),t) = a.

Similar analysis proves (iv)==-(iii)==-(ii)==-(i). This proves (1).

(2). From (2) of Lemma 3.3.1, limit of characteristics is a characteristic and hence
r(t,a, p) is a characteristic line. If (ax,pr) = (o, p) for some k, then there is nothing
to prove. Hence assume that (ax,pr) # (a,p) for all k. Therefore from NIP, given k,
for all ¢ > 0, either (¢, ax, pr) < r(t,a,p) or r(t,a,p) < r(t,ag, pr). Suppose for some
subsequence still denoted by (ag,px) such that for all k, r(¢, o, pr) < r(t, o, p), then
ar =10, ag,pr) < 7(0,a,p) = a. Suppose for some ty > 0, y_(r(to,, p),to) < «, then

choose kg large such that

3/7(7”(7507 057p)7 tO) <o = y*(r<t7 akmpko)at) < a.

Hence the left extreme characteristic at (r(to, o, p), to) intersect r(-, ax,, pr, ) contradicting
NIP. Hence y_(r(t,a,p),t) = a for all t > 0. From the claim it follows that r(-, «, p) is
regular. Similarly if for a subsequence still denoted by (ag, px) if r(t, cu, pr)
> r(t,a,p), it follows that r(-, a, p) is regular.

Let xy = r(tg, ax, pr) — © = r(t,a, p) as k — oo, then

li = i —p= .
Jim w(zy, ty) = lm p = p = u(z, 1)
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This proves (2).

(3). It is enough to prove (3) and (4) follows in a similar way. For 0 < 6, let r(0) =
R (T,«) + W(G —T). Then from the hypothesis, r € ch(R_(T,«),T) and hence
for 0 <t < T, R_(t,a) < r(t). Suppose for some ty € (6,7), R_(to,) < r(to), then
from NIP, for all R_(to, ) < x < r(ty), o <y_(x,t9) < o and hence y_(z,ty) = . This
implies r,(0) = a4+ *-#(0 — o) is in ch(z, o). From (3.3.2) we can choose a { < R_(T, )
such that y, (£, T) € (R_(to, ), ) and hence the characteristic & + E—y%@ﬂ(@ - T)
intersect r,,(0) for some zy € (R_(ty,a),r(to)) contradicting NIP. Suppose for some
0<ty<T, y_(R_(to,), ) < «, then again choose £ < R_(T,«) such that y,(§,T) €
(y—(R_(to, ), ), ). Hence the right extreme characteristic at (£,7") intersect the left
extreme characteristic at (R_ (g, ), to) contradicting NIP. This proves (3).

Lemma 3.3.3. Let t > 0 and suppose x — u(x,t) is a non decreasing function for

x € (a,b). Then u(-,t) is a continuous function in (a,b).

Proof. Let a < 21 < x9 < b, then u(z1,t) < u(xg,t) and hence for x € (a,b),
u(z—,t) < u(x+,t). Since w is an entropy solution and hence u(z+,t) < u(x—,t). This

proves u(x+,t) = u(x—,t) and hence the Lemma.

Lemma 3.3.4. Let a € R, then
1. t = y_(R_(t,a),t) is a non increasing function and t — y(R_(t,a),t) is a non

decreasing function. Let
(Cl,cw 02,04) = tliglo(y* (R* (tv Oé), t)a er(R* (t7 Oé), t)) (3323)

Then
Cl,a S « S O2,a-

2. Let C1 4 < B < Oy, then there exists a T'(5) > 0 such that for t > T(f)
R.(t,0) = R_(t,«) (3.3.24)

3. There does not exist a reqular characteristic line r(t) such that Cy, < 1r(0) < Cyg.
4. Suppose C4 o, > —00, then

[ lim R_ (t7 O[) — y—(R— (ta Oé), t)

t—o00 t

(3.3.25)

ezxists and 11,4(t) = Cro +tf' (p-a) is a reqular characteristic line. Furthermore
(1). if C1o = a, then r14(t) = R_(t, ) for all t > 0.

(i1). If Ch o < a, then r14(t) < R_(t, ) for allt > 0.
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5. Suppose ugy is continuous in a neighbourhood of C1 ,, then
uo(Cra) = P-a- (3.3.26)

Furthermore if ug be a non decreasing function in (C1 o, C1 o+€) for some e > 0, then there
exists a T > 0 such that for allt > 0, u(-,t) is continuous in {x : r1,(t) <x < R_(t,a)}.
6. Suppose Cy, < 00, then

Do = lim R_(t,a) — yr(R_(t, ), t)

t—o00 t

(3.3.27)

exists and 124 = Coo + tf'(pr.a) i a reqular characteristic line. Furthermore if there
exists a T > 0 such that y_(R_(T,«),«) < «, then for all t > 0,

R_(t, o) < 1a4(t).
7. Suppose wg is continuous in neighbourhood of Cs 4, then
U0<027a) =P+, (3328)

Furthermore if uy is a non decreasing function in (Co o —€,Ca.,4), then there exists T > 0
such that for allt > T, u(-,t) is continuous in {x : R_(t,a) <z <1ra4(t)}.
8. If —oo < (4 < Cyq < 00, then for all t > 0,

def: pa = P—a = P+a (3.3.29)
Coa ra,a(t)
/uo(x)dx: / w(z,t)dr = pa(Cara —Cha). (3.3.30)
C1,a r1,0(t)
72,0 (t) ,
[ o) - rpalae < Ga Sl 3.331)

Tl,a(t)

9. t = y_(Ry(t,a),t) is a non increasing function and t — y.(Ry(t,a),t) is a non

decreasing function and let

(dl,aa d2,a) m (y— (R+ (t7 Oé), Oé), y—i—(R-i- (t, a>’ Oé)) (3332)

=1

t—o0
10.  All the above properties (2) to (8) hold for Ry(t,a),dyq,dsq, with appropriate
changes in (4) and (6).

Proof. It is enough to prove (1) to (8), (9) and (10) follow similarly.
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1. Let t; < ty and r;(f) be the left extreme characteristic at (R_(¢;,«),t;) for i = 1,2.
From (3.3.9) we have r5(t;) < R_(t1,«) = r1(t1). Hence from NIP, r5 and r; do not inter-
sect in the interval (0,¢;). Therefore for 6 € (0,t1), either ro(0) < r1(6) or ro(0) > r1(0).
Suppose r1(0) < ro(f), then y_(R_(t1,a),t1) = r1(0) < r2(0) = y_(R_(t2, ), t2).
From (3.3.2), we can choose a £ < R_(t2, ) such that y_(R_(t1,a),t1) < y—(&,t2) <
y_(R_(ta, ), t5) and hence the characteristic at (£, ty) intersects 1 in (0,¢;) which con-
tradicts NIP. Hence

Y- (R_(t2, ), t2) = 12(0) <71(0) = y_(R_(t1, ), t1)

Similarly for ¢ — y, (R_(t,a),t). Since y_(R_(t,a),t) < a < y,(R_(t,),t) and hence
Cla < a < (Cy,. This proves (1).

2. Let 1, < B < Cy4. Chooose T > 0 such that y_(R_(T, ), T) < 5 < y+(R_(T, ),
T). Let r1(0),72(0) be the left and right characteristic at (R_ (T, «),T'). We claim that for
6 € (0,7), r(0) < Ry(0,5) < ry(f). Suppose not, let for some 6y € (0,7), R_(0y, ) <
r1(00). Since y4(R-(6o,5),00)) > B > r1(0), hence the right extreme characteristic at
(R_(6o, B),6p) intersects 1 in (0, 0y) contradicting NIP. Hence 1 (0) < R_(6, 3). Similarly
all other cases follow. This proves the claim. Since r1(T) = ro(T) = R_(T, «) and hence
there exist t1,t2 € (0,7 such that Ry (t1,5) = R_(t1,a) and R_(t2,5) = R_(t2, ).
Then from collapsing property, R+ (t,5) = R_(t,«) for all ¢ > max{t;,ts}. This proves
(2).

3. First observe that y_(R_(t,«),t) # « for all t > 0. Suppose y_(R_(t,a),t) = « for all
t > 0, then from (3) and (1) of Lemma 3.3.2, y,.(R_(t,«),t) = « for all ¢ > 0, contra-
dicting C 4 < Cy,. Hence there exists T > 0 such that for all t > T, y_(R_(t,a),t) <
a < yy(R_(t,a),t). Let r be a regular characteristic line with C;, < 7(0) = f < Cy,.
Then we have for all ¢ > 0,

R—(tvﬁ) S T(t) S R-i-(taﬁ)

From (2), there exists 773 > 0 such that for all ¢ > T}, R_(t,5) = R.(t,8) = R_(t, ).
Hence r(t) = R_(t,«) for all t > T). Since r is a regular characteristic line, hence for
t > max{T, 11}, a = y_(r(t),t) = y_(R_(t,a),t) < «, which is a contradiction. This
proves (3).

4. Let

R_(t,a) —y_(R_(t,a),t)
t
7‘(9, t) = R—(t7 a) + f,(pt)(9 - t)'

= Y- (R— (tv O‘)? t) + ef,<pt>
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Then from (3.2.10), {p:} is bounded and r(-,t) is the left extreme characteristic at
(R_(t,a),t). Let 0 < tg < t be fixed and define x(to,t) = r(to,t). Then for § € (0,¢y),

x(to,t) and r satisfies

z(to,t) = y-(R_(t,@),t) +tof (pe) (3.3.33)
r(0,8) = a(to.t) + f'(p)(0 — to). (3.3.34)

Let tg < t; < to. Since y_(R_(ts,),t2) < y_(R_(t1,),t;) and hence fron NIP,

x(to, ta) < x(to,t1). From (3.3.33), {z(t9,t)} is bounded and non increasing function. Let

x(ty) = tlim x(to, t). Therefore from (3.3.33), p; converges as t — oo and let p_ , = tlim Dt
—00 —00

Then (3.3.33) and (3.3.34) imply

z(t)) = Cra+tof (P-a)
Jim r(0,t) = x(to) + f'(p-a)(0 —to)
= Cia+ 9f/(P7,o<)
= 11a(0)

and from (2) of Lemma 3.3.1, r1, is a characteristic at (z(to), o). Since ¢, is arbitrary
and hence 7 4 is a characteristic line with ry ,(0) = C 4. From (3.3.9), we have z(to,t) =
r(to,t) < R_(tg, ). Hence letting ¢ — oo to obtain

T17a(t0) S R_ (to, Oz).

Let C1 4 = «, then y_(R_(t,«),t) = a for all £ > 0. Hence from (3) and (1) of Lemma
3.3.2, R_(t, ) is a regular characteristic line and from the definition, r ,(t) = R_(¢, «).

Cia < a. Suppose for some 7" > 0, R_(T, ) = 11,(T). Since ry, is a character-
istic line and Cy, < y_(R_(t,),t), hence y_(R_(T,«),T) = Cy, and by monotonic-
ity, y_(R_(t,a),t) = Cy, for all ¢ > T. Next we claim that R_(t,a) = ry,(t) for
t > T. Suppose not, then there exists 77 > T such that r ,(71) < R_(T},«). Since
y+(R-(T ), T) > a > Cy and y_(R_(T,a),T) = C} 4, hence the right extreme char-
acteristic at (R_(T,«),T) and left extreme characteristic at (R_(7}, «),T}) intersect in
(0,T) contradicting NIP, this proves the claim.

Therefore for t > T, y_(r1a(t),t) = y—(R-(t,a),t) = Ci, and hence from (1) of
Lemma 3.3.2, C} o, = Y4+ (r1.a(t),t) = y+(R_(t,),t) > a > C} o, which is a contradiction.
This proves that for all ¢ > 0, r1,(t) < R_(t,a). Hence for ¢, > 0 and for any ¢ >
to, r1.a(to) < x(to,t) < R_(to, ). Since y_(z(to,t),to) = y—(R_(t,c),t) and therefore

lim y*(xatO) = Cl,a-

24r1,a(to)
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Hence from (3.2.13) and (3.3.3), we have

| . x—y_(x,t)
fu(rialto)+,t0) = w»lllﬁto) b
_ Talto) = Cia
to
= f/(p—,a)'

Therefore from (1) of Lemma 3.3.1we have for all £y > 0, y_(r1(t0),t0) = Y+ (r1.a(to)
,to) = C1 4. This proves that r , is a regular characteristic and this completes the proof
of (4).

5. Let g > 0 be such that ug is continuous in (C}, — €g, C1 4 + €). Choose T > 0 such
that for all t > T, y_(R_(t,),t) < Cio + €. Let T < t, then for all r1,(t) < z <
R_(t,a), y—(z,ty) € [Cra,Cra + €0). Since vy is differentiable in (C}, — €9, C1.4 + €0),
hence from (3.2.13) and (3.2.14) we have for a.e. x € (r14(t), R—(t,a)),

oy, 1)) = F'fuga, 1)) = ZEED. (3339

Let z(to,t) be as in (3.3.33). Since x(to,t) — 71.4(to) as ¢ — oo and hence

lim y (2,t) = Cra

x%’rl’a(to)

Hence from (3.3.35)

Fun(Cre)) = T (uoly- (2, 1))
. Tl,a(x(])_cl,a
= o
= f(p-a)-

This proves (3.3.26).

Let up be non decreasing in [C 4, C1 4 + €). Since y_(z,t) € [C1,4,C1 o + €), hence
x +— up(y_(z,t)) is a non decreasing function. Therefore from (3.2.14) and Lemma 3.3.3,
= u(z,t) = up(y—(x,t)) is a continuous function for z € (ry 4(t), R—(t,

«)). This proves (5).
(6). (3.3.27) follows exactly as in (4) and rq, is a characteristic line.
Cliam: Let for some 7' > 0, R_(T, ) = 1r94(T), then y_(R_(T,a), o) = a.

Suppose y_(R_(T, ), a) < «, then we show that R_(t,a) = ro,(t) for all ¢t > T If
not, then there exists a ty > T such that R_(ty, ) < ro(to). Since y_(R_(T,a),a) <
a <y (R_(to, ), o), the left extreme characteristic at (R_(T, ),

T) and the right extreme characteristic at (R_(to, «),t) intersect in (0,7") contradicting
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NIP. Hence R_(t, o) = 124(t) for all t > T. Since y.(R_(t,a),t) < Cs, and hence
y+(R-_(t,a),t) = Cy, for t > T. Therefore from (1) of Lemma 3.3.2, for ¢ > T, a <
Coa = y+(R_(t,),t) = y_(R_(t,a),t) < a which is a contradiction. This proves the
claim.

From the hypothesis, there exists 7' > 0 such that y_(R_(T,«),T) < « and hence

from the above claim, there exists 0 < Ty < oo such that
To=max{t >0 : R_(t,a) =1m4(t)}.

Since R_(t, o) < 1y4(t) for all £ > 0, hence we have for ¢t > Ty, R_(t,a) < ra4(t) and
from the claim y_(R_(Tp,«),Ty) = «. Therefore from (3),(1) of Lemma 3.3.2, for all
0<t< Ty,

a=y (R-(t,a),t) =y (R_(t,a),t) = Caa,

and for all £ > T
y*<R*(t7 &)7t> <a< er(R*(ta C“)ﬂf) < 02,04-

Hence if o < Cy,, then the left extreme characteristic at (R_(7y, «),Tp) and the right
extreme characteristic at (R_(t,«),t), for t > Tp intersect in (0,7") contradicting NIP.
Therefore o = Cs,, and y(R_(t,a),t) = Cy, for all t > T. Let ty > Ty and r,(-) be
the right extreme characteristic at (R_(to, «),to). Let Ty < t <ty be such that r,(t;) <
R_(t;, ) and t; exists because R_(Tp, ) = 194(1p). Since y_(R_(t,a),a) < a = Cy,
and r(0) = y4(R_(to,a),a) = Ca,, therefore ry and left extreme characteristic at
(R_(t1,),t;1) intersect in (0,t;) contradicting NIP. Hence Ty = 0 and therefore for all
t >0, R_(t,a) < ro4(t). Following the similar proof as in (4) to yield ro,(-) is a regular
characteristic line. This proves (6).

7. Proof of this assertion follows by similar arguments as in (5).

8. Let —o0 < (14 < Cyq < 00, then C, <y_(R_(t, ), t) < a <y, (R_(t,a),t) < Cyy

and hence

R_(t,a) —y_(R_(t,a),t)

f'(p-a) = lim ;
Z lim R_ (ta Oé) B er(R* (tv Oé), t)
t—00 t
= fl(er,oz)-

Hence p_ o > py . Suppose p_ o > p4 o, then the characteristic lines o, and 75 ,, intersect

% > 0 contradicting NIP. Hence p_ , = py . This proves (3.3.29).

Let Q(t) = {(x,0) : 0 <8 <t, ri4(0) <z <ryy(f)}. Then integrating by parts

at t():
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yields

0= / (o + f(u))dndd — — / () + / () dz

Q(t) Cia m1,a(t)

. drl « dTg @
Since dé = = = f(pa), 1,0 and rg o are regular characteristic lines and hence from

(1) of Lemma 3.3.2, we have u(ry o(0)+,6) = u(ra(6)—,0) = p,. Therefore by change
of variable £ =z — tf'(p,) to obtain

CQ,a TQ’Oé(t)
/ uo(z)dr = / u(z, t)dz
Cl,a rl,a(t)

72,0 (t)

- [ (5w

Tlﬁa(t)
72,0 ()

= [ (R ) )

t
r1,a(t)
Ca.a

= [ (S ) ae
C1,a

— Pa(Cra—Cay) ast — oo.
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This proves (3.3.30).

Tg’a(t) ’I‘an(t)

[ o) - redar = [ 2L "
r1,a(t) r1,a(t)
ey )
o — Y-\,
it
(bQ,a - Cl a)

This proves (3.3.31) and hence (8). (9) and (10) follow exactly as in the previous cases

and this proves the Lemma.

Let ug be as in (3.2.19) and I = (A;, As). Define

m= i%g{ﬂ0($)7u+}v M = Sup{TLO(l‘)?u—}‘

f(uz) if u_ <
flk) =9 flu) = fom) . (3.3.36)
, f/(u—i-) if Uy > M
f(ks) = f(uJ) - ﬁM) i u, <M (3.3.37)
1 (t) = Al + tf/(k’l), Tg(t) = AQ + tf/(k’g) (3338)

Let u,, ups be the solutions of (3.1.2) with respective initial datas uf* and uj! given by

m u_ if x< Al,
Uu =
0 m if x> A

M uy if x> Ag,
Uy = .
M if x< As.

Then u,, and u,; are given by

u_ it <),
U (z,1) = (f)71 (x _tAl) if ri(t) <x < Max{ri(t), Ay +tf'(m)},
m if x> Max{r(t), Ay +tf'(m)}.

64



Uy if x> mrt),
U (z, 1) = (f’)_1 (x — AQ) if Min{ry(t), As + tf' (M)} <z < ro(t),
M if & < Min{ry(t), Ay +tf'(M)}.

Then clearly the left extreme characteristic curve R_ at A; for u,, is r; and right extreme
characteristic R, at Ay for uy is ro. Since ul' < ug < ud!, then from (7) of Lemma 3.3.1

we have for ¢ > 0,
Tl(t) S R_(t, Al) S R+<t, AQ) S Tg(t). (3339)

Furthermore, for + < R_(t, A1) we have y_(x,t) < A; and for x > R, (t, As) we have
y4(z,t) > As. Since vy is differentiable in (—oo, A;) U (Az, 00), hence from (3.2.14)

a(w,ty = 4 U D @< Bt A, (3.3.40)
’ U4 lf T > R+(t,A2).

Py = o Sl
2tR_(t,A1) t (3.3.41)
_ R_(t, Al) - y—(R—(t> Al)v t)
- )
, . r—y_(z,t
Pl = gm0
o R (t,A2) t (3.3.42)
_ Byt Ay) — i (Ry(E, Ad), 1)
; )
Let vg be given by
vo(z) = / uo(6)do. (3.3.43)
A

Then from (3.2.4), for any x € R, t > 0,

o) = wly-eo)+of (T

o) = sl ) 4o (D)

therefore if y_(z,t) < Ay, then

r—uy_(x y+(,t)
e ) I O
& (3.3.44)

Lo <x—y+(x,t)) |

t
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and if y, (z,t) > Ao,
Az

A 13

Aq
4 tf* (ZE —y:(l‘,t)) )

Then we have the following

Lemma 3.3.5. Assume that for allt > 0,

R*(ta Al) < R+(t7 AQ)

and denote
y(t) = y+(R*(t> A1)>t)’ Y(t) = y*(RJr(ta A2)7 t)
(Bi, Bz) = lim (y(t), V(1))
then,

1. A1§31§32§A27

fu) = tlggo t
f/(U+) _ tliglo R+<t7A2t)_Y(t)

y—(z,t) T —uy_(z
I uo(0)d0 + tf° (M) =[O0+ let) ~ As)u

(3.3.45)

(3.3.46)

(3.3.47)
(3.3.48)

(3.3.49)

(3.3.50)

2. Let I'y(t) = R_(t,By), I's(t) = Ry(t, By), then I'y and 'y are reqular characteristic

lines given by

R_ (t, Al) S F1<t> = Bl —+ tf/(u_)
Ri(t, A2) = Ta(t) = Ba+tf'(uy).
Furthermore,
u- < ug

3. Assume that there exist v > 0,5 > 0,C' > 0 such that for all |h| <6,

fus) = flus +h) +hf'(us +h) > Clh]".
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Then

gy (A 0) (LY

uy4ﬂ1<&ﬁﬂﬁ_wﬂ)::OG%>.

Furthermore for some 1> 0, for all a,b € [—||uo||, ||uoll|], f satisfies

[f'(a) = (b)) < Clb—al.

Then
f'(u_) i R—(t’A;) — y(t) -0 (tn%)
f’(u+) i R-i-(t’A?t) — Y(t) -0 (ﬂ%) ‘

(3.3.55)

(3.3.56)

(3.3.57)

(3.3.58)

(3.3.59)

Proof : From (1) and (9) of Lemma 3.3.4, (By, By) exist and satisfies A1 < By, By < A.
Suppose By < By, then there exists ¢y > 0 such that By < Y(ty) < y(ty) < Bi.
Since by hypothesis R_(ty, A1) < Ri(to,As) and hence the left extreme characteris-
tic at (R (to, Az),to) and right extreme characteristic at (R_(to, A1),to) intersect which

contradics NIP. Hence A; < B; < By < A,.
R*(ta Al) B y<t)

Let f(pr) = ! . then from (3.3.39), we have
Ay +tf'(ky) < R_(t,Ay) < Ay + tf (ko)
and hence
IO 4 gy < Py < 2D iy

Since y(t) € [A1, B1] and hence {p;} is bounded as t — oco. From (3.3.41) and (3.3.44)

we have

R_(t, A)) — y_(R_(t, Ay), ¢)

(y—(R-(t, A1), t) — Av)u- + tf* ( t
(

y(t) —
— [ ug(6)d6 + t° (R(’f’A? y@) .

1
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That is

—u_f(u_) +u_ (R_(t,f?)—fh) + f(f(u))
y(t)
_ ! / up(0)d0 + f*(f'(pr))
A
. y(?) N_ A
—U_f/<u_)+f*(f,(u—>> — Z/uo(9>d€—u_ (%)
_— (RW;) - y(“) )

~ 0 (%) P B) - uf )

Since f*(f'(p)) = pf'(p) — f(p) we have

o) = Fw) = = w ) ) =0 (7). (3:3.60)

Let for a sequence t;, — 0o, p, — p, then from (3.3.60) we obtain

fp) = flu) —(p—u)f'(p) =0

and hence by strict convexity, p = u_. This proves (3.3.49) and similarly (3.3.50). This
proves (1).

2. From (6) and (9) of Lemma 3.3.3, Ty = R_(t,B1), I's = R, (t,B,) are regular
characteristic lines given by (3.3.51) and (3.3.52). Since

R_(t,A) —y(t) _ Be(t, A) = Y()  Y() —y(t)
t t t

and hence letting t — oo to obtain f'(u_) < f’(uy). This implies that u_ < u,. This
proves (3.3.53) and hence (2).
From (3.3.54) and (3.3.60) we have

1
[u- —pe| =0 (m) :

Ro(L A = y(t) + ' <u_ L0 (tl%)) |
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Therefore from (3.3.57) we have

f’(u_) _ R_ (thtl)*y(t)

= |/'(w) = /' (u-+ 0 (7))
= O0(mr)-
This proves (3.3.55) and (3.3.58). Similarly (3.3.56) and (3.3.59) follow. This proves (3)

and hence the Lemma.

(3.3.61)

Proof of Theorem 3.2.7 : We have to consider the following two cases:
(I). There exists 7" > 0 such that

R_(T, A)) = Ry (T, As). (3.3.62)

(II). For all ¢ > 0,
R_(t,A)) < Ro(t, As). (3.3.63)

(I). In this case, from (6) of Lemma 3.3.1 and (3.3.40) we have for all t > T,

S(t) - R,(t, Al) - R+(t’ AQ)

Uy — U
w(rt) — uy if x> S(1),
7 u_ if x < S(t).
Since u is an entropy solution and hence u_ > wu,. From (3.3.41) and (3.3.42), for t > T,
we have
B a1 S(t) t t
flu) = Jm = - t

and y_(S(t),t) < A; < Ay < y4(S(t),t). This implies that f'(u_) > f’(us) and hence

u_ > u,. This proves (I).

(IT). From Lemma 3.3.5, there exists A; < By < By < Ag such that I'y(t) = (¢, By, u_),

I's(t) = ra(t, B2, uy) are regular characteristic lines. Hence from (3.3.52), u— < u; and

(3.2.22) follows from (3.3.51), (3.3.52). (3.2.23) follows from (3.3.40). This proves (i).
Define the regular set R and singular set D by

R={a €[By,By]: ais the base point of a regular characteristic line}.  (3.3.64)

Since then sequence of regular characteristics converges to a regular characteristic (see
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(2) of Lemma 3.3.2) and hence R is a closed set. Let

D =By, Bs]\ R. (3.3.65)

Then D is open set. Let a € D. Then from (1) and (3) of Lemma 3.3.2 there exists a
T > 0 such that for ¢t > T,

y_(R_(t,a),a) < a <y, (R_(t,a), ).
Since 'y, 'y are characteristic lines, hence from NIP,
By <y (R_(t.a),a) < y: (R_(t,0),0) < By,
Then from Lemma 3.3.4 there exist C o, < C4,Dpq such that

(Ol,om OZ,a) = tli>nolc><y_ (R— (tv a)? CY), y+(R— (tv Oé), O./))
"a = Cl,a + tf/(pa)7 7’2@(25) = C2,a + tf/<pa)

are regular characteristic lines and {C} o, Ca0} N D = ¢. Let
Dy =A{(x,t): r1a(t) <x <ron(t)},

then from Lemma 3.3.4 D, is an ASSP and D, C E, where

E={(z,t): Ty(t) <z <Tyt)}.

Let o, 8 € D such that D, N Dy # ¢. Suppose D, # Dg, since 0D, \ [C1,a, C2.a),0Dg \
[C1.5,Cs 5] are regular characteristic lines and hence from NIP, for some i € {1,2}, for
all £ > 0, the regular characteristic line r;,(t) € Dpg, contradicting the fact that Dg
does not contain regular characteristic line. Hence D, = Dg. Therefore we can define an
equivalence relation in D by o*f if and only if D, = Dg. From ASSP, it follows that
the equivalence class of «, denoted by (o) = (C4,4,C24). Hence there exists a countable
set I, disjoint intervals {(C;,Cs,)}ier, real numbers {p;}, regular characteristic lines
ri(t) = Cri+tf'(pi), r2:(t) = Coy+1f (p;) and disjoint ASSP {D; = D(Ch 3, Ca,i, i) bier
given by

S
|

Uier(Ch, Cay)
D; = {(x,t): r,(t) <x <ry;(t)}.
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Claim 1 : Let R be the union of all regular characteristic lines in £. Then

Let (zo,t9) € E and r € ch(zg, ). Let a = r(0), then from the definition we have for
0 <t<t,
R*(ta CK) < T(t) < RJr(ta CK).

Suppose « € (Cy,Cy;) for some i, since D; is an ASSP and hence for all R_(t,a) < z <
R, (t,a), (x,t) € D;. This implies (xg,to) € D;.

Suppose o ¢ D, then o € R and hence there exist a regular characteristic line 7(t) =
a+tf'(p). Since R_(t,a) < n(t) < Ri(t,a) and hence either R_(to, ) < g < n(ty) or
n(to) < xg < Ry (to, ). Without loss of generality we can assume that R_(ty, o) < g <
n(to). Since 7 is a regular characteristic and hence y,(R_(t,a)) = « for all t > 0. We
have to consider two cases.

Case (i) : y_(R_(t,a),t) = a for all t > 0.

Then from (3) of Lemma 3.3.2, R_(t,a) <z < n(t), f'(u(x,t)) = =*. Hence (20, to) lies
on the line L(t) = a+ *=2¢ and R_(t,a) < L(t) < n(t) for all ¢ > 0. Hence from NIP,
y_(L(t),t)) = y+(L(t),t) = a and therefore L is a regular characteristic line.

Case (ii) : There exists 7' > 0 such that y_(R_(T,«),T) < a. Since R_(t,a) < n(t)
and hence y, (R_(t,«),t) = « for all ¢ > 0. Therefore from (2),(4),(6),(7) of Lemma 3.3.3

Dy ={(x,t) : ma(t) <z <ron(t)}

is an ASSP. Hence D, = D, for some i. From (6) of Lemma 3.3.3, we have for all
t >0, R_(t,a) < ron(t) <n(t). Hence if R_(ty, ) < xg < roqn(to), then (zo,to) € D;. If
T2.4(to) < 2o < (o), then by the same argument as earlier, xy = L(ty) for some regular
characteristic line. Hence (zo,ty) € R. This proves the claim.

From the above analysis and claim, (i) and (ii) follow. (3.2.24) follows from (3.3.30)
and (3.2.25) follows from (3.3.28),(3.3.29).
(iv). From (2) of Lemma 3.3.2, u is continuous on R and hence N = u on R is continuous.
Since I'; and I'y are characteristic lines with values u_ and u, and hence N is continuous
on RUD_UD,. By definition, N is continuous on U;c;D;. Therefore it is enough to show
that if (zg,tx) — (xo,t0), (zk,tx) € R, (zo,t0) € OD; \ D for some i, then N(zg, ty) —
N(zg,to). Let ri(t) = ay.+tf'(pr) be the regular characteristic line such that ry(ty) = xy.
Without loss of generality we can assume that ry ;(fg) = . Since ay, € [By, By and hence
f(px) = % are bounded. Then for a subsequence still denoted by {ag, px} such that
(o, p) — (o, po). Therefore for all t,7.(t) — 7(t) = ag+tf'(po) a regular characteristic
line. Since 7y ;(ty) = xo = khj& ri(ty) = r(to), r and ry; intersect at (zo, o) and by NIP

it follows that r = ry; and ag = Cy;,p9 = p;. Hence N(xy,tr) = pr — pi = N(zo, o).
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This proves that N is continuous.

Let (z1,t),(z2,t) € R and x; < z5. Let the corresponding regular characteristic
lines be 11,7 and for i = 1,2, x; = r(t) = y_(2;,t) + tf (p;), for some py, ps. Since
y_(x1,t) < y_(x9,t) and hence from NIP, f'(p;) < f'(p2). This implies that N(xy,t) =
p1 < po = N(x9,t). Since N is constant on D; and hence « — N(x,t) is a non decreasing
function for (z,t) ¢ F_ U F,.

For AC R x R, ,t > 0, define t section A; of A by

Ay ={z: (z,t) € A}

Let f satisfies (3.2.27) and (3.2.28). Then

I' (t)

J = / | (ule,8)) — F/(N(z,0))lde = / 1 (ulz, 1) — f/(us)|de
—o0 R_(t,A1)
n / () — (N, )ldz+ 3 / | (ule, 1)) — /(N (z,0))ldz
Ry iEIDit
Ry (t,A2)
[ ) - F )l
2 (t)
Ii(t) (2.1) B Ry (t,A2) (2.1) B
r—y_(z, xr — B r—y_(z, xr — Bs
:/]t—t|dx+/]t—t]d:c
R_(t,A1) Ta(t)
r9,i(t)
+Z / ,%M_f/(pi”dx
ZEITl,i(t)
since on Ry, N(x,t) =u(z,t). Let £ =x —tf'(p;), then
ey (ah e —y (w
[ e = [
r1,i(t) Ci
(CQ,Z' - Cl,i>2
- t

From (3.3.61) we have for £ = x —tf'(u_)

(1) Iy(t)

/ |:c—y_(:v,t) =B, / ‘Bl —y_<:v,t)’
t t
R_(t,A1) R_(t,A1)
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Similarly
R_(t,A2) 5
—y_(x,t — B Ay, — B 1
/ E y-(z,t) = 2]dx§(2 2)+ <_>
t t /v
Ta(t)
Hence

1 1
=0 (z*m)
1
- o(z).
since 1/~ < 1. This proves (3.2.29). Now (3.2.30) follows from (3.2.29). This proves the

theorem.

Before proving Theorem 3.2.8, we need some preliminary results.

Definition 3.3.6. u is said to be mildly oscillating at a if there exist #; < a < 05 such

that either a is a local maxima or a local minima of ug or g is monotone in (61, 6,).

Definition 3.3.7. Let a < 8 and wg is said to have same parity at «, 8 if there exist
a < 01 <y < 3 such that

up(a) = up(f)
and ug is a non decreasing function in («a, 6;) U (64, 3).
Lemma 3.3.8. Let C; < Cy, p € R and ri(t) = Cy +tf'(p), ra(t) = Co +tf'(p). Let

D ={(z,t): m(t) <z <ryt)}

be an ASSP. Assume that uy is continuous in a neighbourhood of {Cy,C2} and mildly
oscillating at Cy and Cy. Then ug have same parity at Cy and Cs.
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Proof : Let C; < a < (s, then « is not a regular point since D is an ASSP. Hence from
Lemma 3.3.4, D = D, is the ASSP with uy(C}) = uo(C2) = p. Suppose they are not of
same parity. For simplicity we assume that there exists C; < 6; < 6y < (5 such that
up is non decreasing continuous function in (Ci,6;) and wg is non increasing continuous
function in (0, Cy). Let T > 0 be such that for allt > T, ri(t) <z < R_(t,a) < & < ra(t),

R_(t,01) = Ry(t,65) = R_(t,«) (3.3.66)
Ci <y-(z,t) <yi(z,t) < 0 <by<y_(§t) <yi(§t) < Co (3.3.67)

By choosing 6, close to C'; and 6, close to Cs, we can assume that ug is continuous in

[C1, 01] U [0, Cs]. Hence from (3.2.14), for a.e. x and &

u(w,t) = uo(y+(, 1)), u(§,t) = uo(y+(&,t)). (3.3.68)

Therefore
= up(Ch) < up(ye(z,t)) = u(z,t) (3.3.69)
p = uo(Ca) <oy (&,t)) = u(é,t). (3.3.70)

Claim : For ae. z € (r1(t), R_(t,)), a.e. £ € (R_(t, ), m2(t))
u(z,t) =u(§t)=p

does not hold.

Suppose not, then choose a sequence xj T R_(t,«),& | R_(t,«) such that f'(p) =
Flu(ag,t) = 228080 and f(p) = f(u(é,t) = S8 Then from (3.3.2) and
(3.3.3)

Ty — y+(xk,t)

f, <p) - x;ﬁgfl%t,a) t
 R_(t,a) —y_(R_(t,a),t)
B t
/ _ . gk — Y- (&m t)
o) = e ¢
— R_ (t’ Oé) y-i—(R— (t7 a)? t)
t

Comparing both the expression and from (3.3.67) we have y_(R_(t,a),t) =
y+(R_(t,a),t) and y_(R_(t,a),t) < 01 < by < y(R_(t,a),t) which is a contradiction.

This proves the claim.
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From (3.3.30),(3.3.69),(3.3.70) and the claim we have

ra(t) R_(t,a) ra(t)

p(Cy—Cy) = / u(z, t)de = / u(z, t)dx + / u(z,t)dx
r1(t) r1(t) R_(t,a)
p(ra(t) — ()

= p(Cy—Ch)

which is a contradiction.

Similar proof follows if ug is non increasing continuous function in (C,6;) and non
decreasing continuous function in (6y, Cy). Next assume that ug is non increasing contin-
uous function in (C, ;) U (02, Cy). Choose T' > 0 such that (3.3.66), (3.3.67) and (3.3.68)
hold for all ¢ > T". Therefore for a.c r1(t) <z < R_(t,a) < & < 1a(t),

fluo(ys (1)) < f'(uo(Ch)) = f'(p)
fluo(y-(&:1)) > f(uo(C2)) = f'(p)
Therefore
R—(tva)_y—(R—(t Oé),t) _ lim JZ—y.._(ﬁ,t)
t tR_(t,a) t
= il T D)
= L hm f'(uo(y+(,t)))
< f'(p)

Hence R_(t,a) < y_(R_(t,a),a) +tf'(p). Similarly we get R_(t, ) >y (R_(t, ), )
+tf'(p) and hence 0y <y (R_(t,a),a) < y_(R_(t,a),a) < 6, which is a contradiction.
This proves the Lemma.
Existence of ug € C° for which the solution of (3.1.2) admits infinitely many
ASSP : Let up € C°(R) and u be the solution of (3.1.2) with initial data ug. First
observe that if an ASSP exists, then ug necessarily satisfies the compatibility conditions
(3.3.29), (3.3.30) and having the same parity at the end points. Hence we look for data
satisfying these conditions.

First we construct a solution having single ASSP. From this we construct a data
having infinitely many ASSP.

Let A} < oy < ag < A and uy € C2°(R) such that

1. Support of ug C [A1, As).

Az
2. [ up(z)dz =0.
Aq
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3. 0 <u(ag) =maxu, 0> u(a) = minu,
and wuyg is strictly increasing in (Ay, a1) U (e, Ay) and strictly decreasing in (aq, e, then

Lemma 3.3.9. Assume that f(0) = f'(0) = 0 and u be the solution of (3.1.2) with
initial data ug. Then u admits a single ASSP in D = (A1, As) x (0,00) and satisfies for
all x g (Al,Ag),t >0

u(z,t) = u(A1+,t) = u(As—,t) = 0. (3.3.71)

Proof. Let a; < 8 < ay be such that uy(5) = 0. Then uy > 0 in (A1, 5) and up < 0 in
(8, As). Let

Rl(t) = R_(t,al),RQ(t):R+(t,O{2),
y+(t) = yx(Ra(t),t), Yi(t) = y+(Ra(t),1).

Claim 1: Let to > 0 such that for 0 < ¢ < to, A; < Ry(t). Then for all z < A; <z <
Ry (1)

A <y (z,t) <yp(z,t) <o (3.3.72)
u(A1+,t) = u(z,t) = 0. (3.3.73)

Suppose for some x; € (Ay, Ri(t)),y—_(x1,t) < Ay, then for all z < z1,y_(z,t) < A;.
Since uy is differentiable and hence from (3.2.13) and (3.2.14) for a.e. x € (A4, z1)

0= £/(0) = Funly(2.1)) = Flutar 1) = =20

and hence y_(x,t) < Ay < x = y_(z,t) which is a contradiction. Since y (z,t) < y_(t) <
aq, hence (3.3.72).

Let zp < A; be such that y(29,t) > Ay, then for all z € (29, A1), y+(2,t) > A;. Then
from NIP, it follows that y,(z,t) < y_(t) < a; and hence f'(uo(y+(z,t))) > 0. Hence
from (3.2.13) and (3.2.14), for a.e. z € [2g, A4]

= y+<27t)

0 < f'(uo(ys(2,1)) = fu(z,1) = —=

Therefore Ay > z > y,(z,t) > A; which is a contradiction. Hence y,(z,t) < A; for all
z < Ay and u(z,t) = ug(y+(z,t)) = 0. Therefore u(A;—,t) = 1%1;{1 u(z,t) = 0. Hence from

Rankine-Hugoniot condition across o = A;,0 < t < to gives u(A;+,t) = 0. This proves
(3.3.73).
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Claim 2: Let t; > 0 be such that for 0 < ¢t < t1, Ro(t) < Ag, then for Ry(t) < x < Ay < z
as <y_(z,t) <yp(z,t) < A (3.3.74)

u(As—,t) = u(z,t) = 0. (3.3.75)

Proof follows exactly as in claim 1.
Claim 3: Let ¢y > 0 such that for all 0 < t < t,

then
Al < Rl(to) < Rz(to) < AQ. (3377)

Suppose Rl(to) = Al. Then A1 = Rl(to) S RQ(tO) S AQ. At R1<t0),y+(t0> Z a, hence
for Ryi(to) < x, y4(x,tg) > aq and from (3.2.13) and (3.2.14) for a.e. x € (Ry(tp), 1), we

have

T — Yy (w,to) P e
to to

f'(uo(ys(,t0)) = f'(ulz,t0)) = = 0.

Therefore ug(y,(x,t)) < 0 and hence y, (x,ty) > (. By monotonicity, for all z > Ry (to) =
Ay, yy(x,tg) > 5. This implies from (3.3.74), for all x € (A1, Ay).

B <yi(z to) < As.
Therefore from the hypothesis on v and from (3.2.14) we have for a.e. © € (A, Ay)
u(z, to) = uo(y4(z,to)) < 0. (3.3.78)

From (3.3.73) and (3.3.75) u(A1+,t) = u(As—,t) = 0. Therefore we have

Aa to As Ao
0= //(Ut + f(u),)dzdt = /U(.’E,to)dx— /uo(x)d:c
Ay O A Ay
Az
= /u(x,to)dx <0,
Ay

which is a cotnradiction. Similarly Rs(to) € (A1, A2) and this proves the claim.
Since for ¢ small, A; < Ry(t) < Ry(t) < Az and hence from claim (3), A; < Ry(t) <
Ry(t) < Ay for all t > 0. Therefore from claim 1 and claim 2 A; < y.(t) < As. Hence
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from Lemma 3.3.4 there exists an ASSP D = (A, Ay, p) such that

(A1, Ay) = tli}&(y_(t),er(t))

f'(p) = lim Bit-u-t) _
u(Ar) = uo(Az) =p=0.

From Lemma 3.3.8 A; and A, have the same parity. Since wuo has only three zeros
{Ay,8, Ay} and A; and A, are the only pair of points having same parity. Hence A; =
Ay, Ay = Ay and this proves the Lemma.

Proof of Theorem 3.2.8

Proof. Let ug be as in Lemma 3.3.9 with A; = —1, Ay = 1. For n > 2. define {¢¢ ,, u, }

as follows .
Yon(z) = e_"u0(2n2(x — ﬁ))

Then ty,, € C2°(R) and support of ¢g,is contained in (£ — 515, £ 4 -1;) and for each k,
there exists c(k) > 0 such that

< c(k)n**e™ — 0 as n — oo, (3.3.79)

dxk

H dkwﬂ,n

o0

o, satisfies all the hypothesis of Lemma 3.3.9 and let u,, be the corresponding solution.
Define uy and u by

W) e (o ieoL
to(z) = 4 Vor(@) T2 € G =g i+ gm), (3.3.80)
0 otherwise.
n at if € 1L La 1 o )
u(x,t) = un(@,t) e (=gt ge) (3.3.81)
0 otherwise,

then from (3.3.71) , w is a solution of (3.1.2) with initial condition @y. From (3.3.79),
iy € C(R) and w is an ASSP in (+ — 5k, £ 4 755) for all n > 2. This proves the
theorem.

Example 3.3.10. (See Figure 3.5) Next we construct an ASSP which contains infinitely
many shocks. Let f(u) = “;andO:xo < <aa<...<landO0 =ty <t; <ty...< o0
be such that

lim z, = 1, lim 2% — 0,

n—oo n—oo n
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Fig. 3.5:

Define for n > 1, a,, by, l,, m,, a,, by, l,,, m,, as follows:

fllan) = —f(dn) = _in_l
Flb) = =f(b) = ="

—l~n(t) =z, 1+ tf (an)
= —1m,(t) =z, + tf'(bn).
flan) — f(bn)

t) = (t—1t,
s ( ) p—
Sp(t) = —su(t)
—q, = a,=s5,(0)
Since x,_1 < z, and hence f'(a,) = —le > - = 1/ (by), therefore b, < a, and

flan) — f(bn)

a, — bn < f ((In),

flan) — f(bn)

—t, /bn = dn,
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Define uy(z,t) for x > 0,¢ > 0 by

ay, if 0<t<tyl,(t) <x<s,(t),

by, if 0<t<ty,s,(t) <x<m,(t),
u+(33,t) = N—1 (T—Tp41 .

(f)7H (=) 6 0 <t <ty mp(t) <z <lnga(t),

0 otherwise,

and u and ug by
uy(x,t) it >0,t>0,
u(x,t) = .
—uy(—z,t) if <0,t>0,

up(z) = u(z,0).
On the line z = 0, u(0+,t) = —u(0—t) and hence £ (u(0+,t)+u(0—,¢)) = 0. This implies
that u satisfies RH condition across = 0 and hence u is the solution of (1.2) with initial

data ug. Furthermore u = 0 for |z| > 1 and D = (—1,1) U (0,00) is an ASSP and each
line s,,(t) and 5,(t) for 0 < t < ¢, is a shock curve.

Remark 3.3.1. In Lemma 3.3.9, one can relax the conditions on ug as follows

Let up be a bounded measurable function with support of ug is in [A;, As]. Let
2(ug) = {z € [A1, As] : up(z) = 0}

be its zero set and satisfies the following conditions

(1). up is monotone in a neighbourhood of z(uy).

Ay B
(2). [ up(x)dz = 0 and whenever a < 8, 8 € z(up), [ug(x)dz = 0, then o = Ay, =
A1 o

As.

(3). ug is a non decreasing continuous function in a neighbourhood of A;, Ay, then

Lemma 3.3.11. Let ug satisfies the above conditions and u be the solution of (3.1.2)
with initial data ug. Then D = (Ay, Ag) x (0,00) is the only ASSP for u and u(xz,t) =0
for x ¢ (Ay, Ag).

Proof follows exactly as in Lemma 3.3.9.

Remark 3.3.2. In Theorem 3.2.7, the decay estimates (3.2.29) and (3.2.30) are obtained
under the assumption f(u) = |ul? for 1 < p < 2, by Liu-Pierre [52] and generalised by

Kim [44] when u_ = uy = 0.
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CHAPTER 4

EXACT CONTROLLABILITY OF SCALAR
CONSERVATION LAWS WITH STRICT
CONVEX FLUX

4.1 Introduction:

In this chapter we consider the following scalar conservation law in one space dimension.

Let f: R — R be a strictly convex C! function satisfying the super linear growth,

(4.1.1)

Let T>0,0<8<T, A<B, [ =(AB), Q=1x(5T), up € L), by, by €
L>((0,7)) and consider the problem

u+ f(u), = (x,t) € Q, (4.1.2)
u(z,d) = (x) rel, (4.1.3)
uw(At) = bo(t) te(s,T), (4.1.4)
w(B,t) = bi(t) te (7). (4.1.5)

This problem has been well studied over the last several decades starting from the pi-
oneering works of Lax-Oleinik [31], Kruzkov [46], Bardaux-Leraux-Nedeleck [13]. They
have studied the existence and uniqueness of weak solutions to (4.1.2)-(4.1.5) satisfying
the entropy condition. In spite of being well studied, still there are problems which are

open. Notably among them are

1. Profile of a solution, for example how many shocks can a solution exhibit and the

nature of the shocks.
2. Optimal controllability for initial and initial-boundary value problem.

3. Exact controllability of initial and initial-boundary value problem.
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Problems (1) and (2) have been dealt in [4] and [3] respectively. In this chapter we
investigate problem (3) for the entropy solution of (4.1.2). Through out the chapter solu-
tion of (4.1.2) always means a weak solution satisfying the entropy condition. The basic
ingredient in studying all these problems comes from the analysis of characteristic curves
R, . Originally this was introduced by Hopf [33] and later by Dafermos [25], who studied
them quite extensively to obtain information on the nature of solutions. Independently
this was used in [6] to obtain the explicit formula for solution of discontinuous flux.

The plan of the chapter is as follows:

In section (4.1) we state the main results. In section (4.2) we prove these results assuming
four Lemmas without proof. The First two Lemmas deals with the backward construction
which will be proved in section (4.3). The remaining two Lemmas deals with free regions.
In order to prove these Lemmas, one has to study the finer properties of the generalized

characterictics namely
(i). Comparison properties with respect to the initial data.
(ii). Failure of the continuity with respect to the initial data.
(iii). Behavior of the characteristics when one side of the initial data is large.

This has been carried out in section (4.4). Main tool to study all these properties are the
Hopf [33], Lax-Oleinik [31] explicit formulas and we recall them without proof.

Main results, Exact Controllability: Normally for the non linear evolution equations,
technique of linearization is adopted to study controllability problems. Unfortunately this
method does not work (see Horsin [39]) and very few results are available on this subject.

Here we consider the following three problems of controllability. Let ug € L>®°(R) and

(I) Controllability for pure initial value problem: Assume that [ = R,Q =
R x (0,7). Let J; = (C1,Cy),Jy = (By1, By), g € L*(J1), a target be given. The
question is, does there exist a 1y € L>(J2) and w in L*>°(€2) such that u is a solution
of (4.1.2) satisfying

u(z, T) = g(x) x€Jy, (4.1.6)
B up(z) if z= & Jy,
u@0) = { uo(z) if x € Js. (4.1.7)

(IT) Controllability for one sided initial boundary value problem: Assume that
I=(0,00), =R x (0,7), J =(0,C) and a target function g € L>(J) be given.
The question is, does there exist a u € L>°(2) and b € L>((0,7T)) such that u is a
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(I11)

solution of (4.1.2) satisfying

u(z, T) = g(x) ifzel (4.1.8)
uw(z,0) = wp(z) if x € (0,00), (4.1.9)
uw(0,t) = b(t) ifte(0,7). (4.1.10)

Controllability from two sided initial boundary value problem:

(a). Let Q =R x (0,7), I, = (B1,Bs) , Bi < C < By. Given the target functions
g1 € L®(B1,C), go € L>®(C, By), does there exist a ug € L®(R\ ;) and u € L*(Q)
such that u is a solution of (4.1.2) satisfying

if B
w(e,T) = § @) Br<e<C (4.1.11)
g2(z) if C<x< Bs.
and
if B B
u(w,0) = { @) I Bi<z < By, (4.1.12)
uo(z) if x < Byorx> Bs.

(b). Here we consider controllability in a strip. Let I = (B, Bs), Q@ = I X
(0,T7),B; < C < By. Let g1 € L®((By,C)), 92 € L*((C, By)) be given. Then the
question is, does there exist by, by € L>((0,T)) and a u € L>*(2) such that u is a
solution of (4.1.2) and satisfying

u(z,0) = wup(z), (4.1.13)
Wz, T) = gi(z) if By<az<C, (41.14)
’ g2(x) if C'<x < Bs. o

w(Bi,t) = bolt), (4.1.15)
) (4.1.16)

In view of the Lax-Oleinik (Chapter (3) of [31]) explicit formula for solutions of pure
initial value problem and by Joseph-Gowda [40] for initial boundary value problem,
the targets g or g1, go cannot be arbitrary. They must satisfy the compatibility
condition, for example in the case of problem (I), there exists a non-decreasing
function p in (C4, Cy) such that for a.e x € (Cy, Cy)

o)) = 22D, (4.1.17)

In the case of problem (II), there exists a non-decreasing function p in (0, C') such
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that
T

T

Assuming that the target functions satisfy the compatibility conditions, then the question

f'(g(x)) (4.1.18)

is

whether the problems (I),(II) and (III) admit a solution? In fact, it is
true and we have the following results. First we describe the class of functions satisfying
compatibility conditions.
Definition (Admissible functions): Let J = (M, N) and T' > 0,

S(J)={p:J — R:pis monotone and left or right condinuous function}.

Then define admissible class of target functions by

(i) Target space for initial value problem (IA):

IAW) = {g € 1¥0) + fga) = T2 e s),

p is a non-decreasing funtion }. (4.1.19)

(ii) Target space for left boundary problem (LA):

’ x—M

LA(J)={g9€ L>(J) : fglzx)= =——, pe S(J),
(/) ={ (/) = [ (g(x)) @)’ ()
p is a non-increasing right continuous function}. (4.1.20)
(iii) Target space for right boundary problem (RA):
RAUT) = {g € () + [ (9(e)) = sy p € S()
=9 : g\T)) = 5> )
T p) "

p is a non-decreasing left continuous function}.(4.1.21)

Theorem 4.1.1. Let J;, = (Cy,Cs), J» = (B, By). Let g(x) = (')~ (“”‘Tp(@> be in
IA(J1) and By < A; < Ay < Bs, satisfying

then there exists a g € L*>(J3), u € L>®(Q) such that (u, o) is a solution to problem (I)
(see Figure 4.1).

Theorem 4.1.2. Let A > 0,C > 0,8 > 0,J = (0,C). Let g € LA(J) given by f (g(x)) =
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flg(x))= *PX)
8

(C,T) X (C,,T)
u(x,n=? u(x,t)=?
u(x,t)=?
} !,f’ Uiy(X)=? ‘ i
Up(¥) (B,0)  (A4,0) p(x) (A,0) (B,,0) Ug(X)
Fig. 4.1:
Y forx € J and satisfyi

— JOT T ana satvtsjying

T — p(x)
d<px) <T, (4.1.23)

X

— | < AL 4.1.24
[ 41249

Then there exist a b € L>(0,T),u € L>*(Q) such that (u,b) is a solution to Problem II
(see Figure 4.2).

p X
on )= T-px c
'
u(x,f)=?
P u(x,t)=?
bt)=7
0,9)
00) )
Fig. 4.2:

Theorem 4.1.3. Let I} = (B1,By),B1 < C < By, J; = (B1,C), Jo = (C, By), then
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(a). Let Ay < By < By < Ay and g1 € TA(J1), g2 € TA(J) given by f (g1(x)) =

%l(x); f (g2(x)) = %2(3:), satisfying

pl(ﬂf) A Zf!lf e Jy, (4125)
pa(x) > Ay ifz € T (4.1.26)

IN

Then there exists ug € L¥((R\ 1)), u € L>®(Q) such that (u, ) is a solution to problem
(a) of III (see Figure 4.3).

(o001 v flg,00=

B D _en $ call =T
u(x,H)=2 uixh=?
a u(x,t)=?
P x) (AL0) (B.0) Ug(X) (B,0)  (A,0) PfX)
Up(X)=? Ug(¥)=?
Fig. 4.3:
(a(x)=>"B { XB,
8,7 FeM)= T_el(x) c.T f(g ) T —Qz(x) B,
X/ X\
b,()=" u=2 >
g N by(H)=?
P(X) R(x)
®s (B,5)
(B1,0) Ug(X) (B,,0)
Fig. 4.4:

(b). Let A > 0,0 < § < T,q € LA(J), 92 € RA(J,), given by f(g1(z)) =
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Tty [ (92(2)) = 75025 satisfying fori=1,2, x € J;

T—p1(z T T—pa(x
d < pi(x) <T, (4.1.27)
xr — B,
<A 4.1.28
‘T — pi(z) ( )

Then there exists by, by € L>((0,T")) and u € L>(§2) such that (u,by,by) is a solution to
problem (b) of Il (see Figure 4.4).

Before going for further results, let us recall some of the earlier works in this direction
and compare them with these results.

Problem (a) in III was considered by Horsin [39] for the Burger’s equation under
similar assumptions on g; and go as in (a) of Theorem 4.1.3. He proves that given
any T > 2 there exists a T, > T, such that (a) of problem III has an approximate

controllability solution. That is given € > 0, there exist (u,4g) such that

/ u(z, T,) — g(z)|dz = O(e),

and u(x,T.) = g(x) = X(B1,0)(%)91(x) + X(,B)(¥)g2(2), outside an interval of length e.

In the viscous case the same problem was considered by Glass-Guerrero [32] for the
control u(x,T) = M is constant. Using the Cole-Hopf transformation, they show that
there exist T > 0 such that for all time 7" > T and small viscosity, they prove the exact
controllability. Also Guerrero-Imanuvilov [37] proves a negative result by showing that
M = 0 cannot be controllable.

Theorem 4.1.3 is stronger and much more precise result in the non viscous case because
(i). It removes the condition on time 7, and obtains exact controllability.
(ii). It deals with general convex flux instead of Burger’s equation.
(iii). In section (4.5) we give a criterion when the constants are controllable.

In the case of problem (II), Fabio-Ancona and Andrea-Marson [11],[12] studied the
problem from the point of view of Hamilton-Jacobi equations and studies the compactness
properties of {u(-,7)} when u(z,0) = 0 and u(-,0) € U, here U is a set of controls
satisfying some properties.

In our results on controllability, superlinearity of f plays an important role in removing
the condition on 7. and by creating free regions (see Lemmas 4.2.3 and 4.2.4 ). Next
using convexity and backword construction, we explicitly construct solutions in these
free regions for particular data which allow to obtain solutions for control problems (see
Lemmas 4.2.1 and 4.2.2).
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Remark 4.1.1. The conditions in Theorems 4.1.1-4.1.3 are optimal. That is, in general,
we cannot take A; = B;, Ay = By in Theorem 4.1.1 and 4 = 0 in Theorems 4.1.2 and

4.1.3. This can be illustrated by a simple counter example (see counter example 4.4.14).

4.2 Ezact controllability and main results

In this section we give the proof of Theorems 4.1.1 to 4.1.3. Basically following two main

ideas are used to prove these results

(a) Free regions : By suitable variations of parameters in the initial data, one can
obtain a sub region in {2, where the solution is prescribed as a constant. These sub
regions are called free regions. This is achieved in Lemmas 4.4.8 and 4.4.9. For

example from (4.4.95), the region

{(@,t) 2 < Ly (1)} (4.2.1)

A

is a free region since u” is constant.

(b) Backword construction : By using this method, one can construct a solution which

achieves the given target at any time t =T

We use this backward construction to prove the main theorems in the free regions.
Then we glue the different solutions by using Rankine-Hugoniot condition.

We state the following Lemmas which deal with this construction.

Let ug € L*(R),0 <6 < T,A,C € R. Let I(.,6,A,C) be the line joining between
(C,T) and (A, d) with slope 1/f (a(6, A, C)), intersecting ¢ = 0 axis at D(4, A, C) and is
given by

, Cc—-A

f(a(6,4,C)) = T3 (4.2.2)

1(t,6,A,C) = A+ f(a(6,A,0))(t —6), (4.2.3)

D(6,A,C) = A—4f(a(d, A, C)), (4.2.4)

i(C A)‘ ( )

= A7

Lemma 4.2.1. 1. Let A>0, A< C and p € LA((A,C)) satisfying

0<d<p(x)<T, (4.2.6)
r—A
‘T | S A. (4.2.7)

Let Q = (A,00) x (6,T). Then there exists a by(t,6,A,C) € L>((5,T)) and a solution
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ay(z,t,0,A,C) of (4.1.2) satisfying

’ Xr — A
~ T,6,A = A 4.2.
f(ul(xa a(sa 70)) T_p(x)v VIS ( 70)7 ( 8)
with initial and boundary conditions
U1(A,t,0,0,C) = bi(t,6,A,C), te(5T), (4.2.9)
ty(x,t,0,a,C) = a(d,AC), x>I1t0,AC), (4.2.10)
a1 (l(t, 6, A, C)—,t,0,a,C) = a(d,A,C). (4.2.11)

2. Let C < A and p € RA((C, A)) satisfying (4.2.6) and (4.2.7) for x € (C, A). Let Q =
(—o00, A)x (8, T). Then there exist ba(t, 6, A, C) € L*((4,T)) and a solution ty(z,t,0,a,C')
of (4.1.2) satisfying

’ xr — A
7 T,6,A = A 4.2.12
f (Ug(l’, 757 70)) T_p(x)a YIS (Ca )a ( )
with initial and boundary conditions
Ux(A,t,0,A,C) = by(t,8,A,C), te(6,T), (4.2.13)
to(x,t,0,A,C) = a(d,a,C), x <lI(t,0,A,C), (4.2.14)
us(l(t, 6, A, C)+,t,0,A,C) = a(0,A,C), te (6,7T). (4.2.15)

Lemma 4.2.2. Let A; < Ay, C1 < Cy, p € TA((Ch,Cy)) such that for all x € (Cy,Cy),

Let Q = R xRy, fori= 1,2, [;(t) = 1(t,0,A4;,C;), a; = a;(0, A;, C;), then there exist
ty € L>®((Ay, Ag)) and a solution @ of (4.1.2) such that for 0 <t < T,

fa(z,1) = * _zf’(l"), for z € (Cy, Cy), (4.2.17)
u(lhi()+.1) = a, (4.2.18)
ﬂ(lg(t)—,t) = Qag, (4219)
with initial conditions
aq Zf T < Al,
u(z,0) = S () if Al <z < Ay, (4.2.20)
as if x> As.
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Let T' > O,/I,,/\ eER A< B,ll(t) = l(t,O,A,C), lg(t) = l(t,07B,0), a1 = al(O,A
,C), ag = ay(0, B, C). Define u) and u}y by

a, it <A,
up(z) =< A if A<uz<B, (4.2.21)
up(z) if > B

and

as if x> B,
up(z) =< if A<z<B, (4.2.22)
up(z) if = < A.

Let uy(z,t) and u,(x,t) be the solutions of (4.1.2) with initial data uy and uj respectively.

Then we have the following

Lemma 4.2.3. There exists pg < Ag such that for all p < pg, A > X, 0 <t <T, x €

R, uy and u, satisfy

ux(x,t) = a1, if x©<Ili(t), ux(l1(t)+,t) = ay (4.2.23)
uu(z,t) = ag, if x> (), uw,(lo(t)—,t) = as. (4.2.24)

Let 6 > 0,7 > 0,B; < By, ll(t) = l(t,(;, Bl,C>, lg(t) = l(t,é, BQ,C), A = 11(0) <
By, Ay =1,(0) > By, a1 = a(6, By, C), ay = a(8, By, C). For A\, ju € R, define ug™ by

( ay if < Ay,
A if Ay <x < By,
(@)= wle) if Bi<w< B, (4.2.25)
i if By <x < A,
[ a2 if x> As

and uy ,, be the solution of (4.1.2) with initial data u)™.
Then we have the following

Lemma 4.2.4. Given any Ao, jto, there exist Ao > Ao, p2 < po such that for 0 < t <

T, uy, ., satisfies

tny m(ant) = 4 @< b, (4.2.26)
R ay if x> ly(t), -
Ung o (L1 (B)+,8) = a1, Uny o (l2()—, 1) = as. (4.2.27)
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Proof of Theorem 4.1.1 Let 2 =R x (0,7, A;, B;, C;, g and p be as in Theorem 4.1.1
Let

Ci—A
T

Oy — Ay
T

f’(al) = s f/(az) s ll(t) = Al + tf’(al), lg(t) = A2 + tf/(a,g).

Then from Lemma 4.2.3 choose A, 1 and solutions uy and u,, of (4.1.2) such that

ux(z,t) =as i x <lo(t), ux(la(t)+,t) = as (4.2.28)
uy(z,t) =ar if x> 0(t), u(Li(t)—t) =a (4.2.29)
with
as if < AQ,
up(z) if x> By
and
a if > Al,
uu(z,0) = ¢ p if By <z <A, (4.2.31)

uo(x) if =< By

From (4.1.22) and Lemma 4.2.1 there exist a solution u; of (4.1.2) and @y € L™ (Aq,
Ay) satisfying

ur(z,T) = g(x), if z € (C1,C) (4.2.32)
a if < Al,
ui(z,0) = ¢ ap(r) if A <z < A, (4.2.33)
a9 if > Ag,
and
if I (t
oty = 4 @ T T<hl), (4.2.34)
as if x> ly(t).
Ul(ll(t>+, t) = al,ul(lg(t)—,t) = Q9. (4235)
Let

up(z) if x ¢ (By, Ba)

A if Ay <az< By

tp(z) if A <z < A
if By <z<A;.
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From (4.2.28), (4.2.29) , (4.2.34) and RH condition, glue uy,u,,u; to form a single
solution u of (1.2) for 0 < ¢ < T by

w,(z,t) it x <i(t),
w(z,t) =< up(x,t) if 11(t) <z < Ila(t), (4.2.36)
ux(z,t) if Io(t) <
Then from (4.2.30), (4.2.31) and (4.2.33), (u, @) is the required solution. This proves the

Theorem.

Proof of Theorem 4.1.2 Let f'(a) = 7% and [(t) be the line joining (C,T) and (0, )

given by I(t) = (t —0)f'(a). Let A=1(0) = —0f'(a) < 0. From Lemma 4.2.3 by choosing
A large, we can find a solution wuy of (4.1.2) in Q = R x (0,T") satisfying

a if z<A,
ux(z,0) =4 A if A<z<0, (4.2.37)
up(z) if = >0.
up(z,t) = aif z < (1), (4.2.38)
urn(I(t)+, 1) = a. (4.2.39)

From (4.1.23) , (4.1.24) and (1) of Lemma 4.2.1, choose a solution u; of (4.1.2) and
by € L*>(6,T) such that

w(z,T) = g(x) (4.2.40)
ur(0,t) = bi(t)ifd <t <T, (4.2.41)
u(z,t) = a ifx>I(t),t>4, (4.2.42)

w(l(t)—,t) = a ift>4. (4.2.43)

From (4.2.39), (4.2.43) and RH conditions we glue the solutions u, and u; to obtain a
solution u of (4.1.2) by

if T
(2.4) = ux(z,t) 1 x>1t),0<t<T, (4.2.44)
up(z,t) if 0<az<li(t),0 <t<T.
Define b € L>(0,7T) by
0+,t) if 0<t<d
oty = 4 00 I 0<t <, (4.2.45)
bi(t) if d<t<T.

Then from (4.2.37) , (4.2.40), (u, b) is the required solution. This proves the theorem.
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Proof of Theorem 4.1.3 Let f'(a;) = 21, f'(as) = S22, Li(t) = A1 + tf'(a1) =
Ay +tf'(az) be the respective lines joining (C,T'), (A1,0) and (C,T), (A2, 0).

From Lemma 4.2.4 choose (A, 1) and a solution wuy ,, of (4.1.2) in R x (0,7") satisfying

if x<I[i(t
wnla,ty=3 0" 1(8) (4.2.46)
as if x> lg(t),
with initial condition
( ay if x< A,
A if Al < x < By,
uru(2,0) = ¢ up(x) if By <z < By, (4.2.47)
) if By <x < AQ,
L Q2 if x> AQ.

(a). Since g; is a non decreasing function for ¢ = 1,2 satisfying (4.1.23) , (4.1.26) and
hence
Dy = p1(By) < Ay, Ay < pa(Ba) = Dsy.

Let 7; be the line joining (B;,T) and (D;,0) with f'(m;) = £22% for i = 1,2. Then
from Lemma 4.2.2; there exist solutions u; of (4.1.2) in R x (0,7") with initial condition
uly € L>=(D;, A;) for i = 1,2 such that

u(z,T) = gi(z,T) ifxe(B,0), (4.2.48)
ug(z,T) = go(x,T) if x € (C,By), (4.2.49)
u(z,t) = my if @ < my(t), (4.2.50)
U1l (ll (t)-, t) = Ul(ll(t)—l—, t) = daq, (4251)
ug(z,t) = my if x > no(t), (4.2.52)
ug(la(t)—,t) = us(la(t)+,t) = az, (4.2.53)
and
( mq if z< Dl,
ui(z,0) = ¢ wj(z) if Dy <z < Ay, (4.2.54)
[ a if > A
( Mo if > DQ,
us(x,0) = ¢ wd(x) if Ay <x < Do, (4.2.55)
a9 if < A2.
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From (4.2.46) , (4.2.47) ,(4.2.51), (4.2.53) and from RH conditions, we can glue uy, us, uy ,
to a solution w of (4.1.2) with initial data u(z,0) given by

uy(z,t) it oz <li(t),
u(z,t) = § uru(z,t) if L) <x <ly(t), (4.2.56)
ug(z,t) if x> (1),

(m, if x< Dy,
up(z) if Dy <z < A,
A if Ay <z< By,

u(z,0) = ¢ wup(x) if By <z < By,

1 if By <ux< A,

ud(z) if Ay <z < Dy,

Mo if x> Ds.

Define ug by

m if x< D,

up(z) if Dy <z < A,

B A if Ay <z< By,

() = ) By << A (4.2.57)

ud(z) if Ay <x < Dy,

\ng if x> Dy,

From (4.2.52) , (4.2.53) u satisfies

if B
w(w,T) = 4 @) 1 Bi<w<C (4.2.58)
g2(x) if C <z < By,

and (u, g) is the required solution. This proves (a).

(b). Given § > 0 choose A; < By < By < Ay such that max(l;(B),l2(B2)) = and
be the solution of (4.1.2) as in (4.2.46). From (4.1.27),(4.1.28) and from Lemma 4.2.1,
there exist solutions u; of (4.1.2) in (By, 00) x (6, T) and boundary data b, uy of (4.1.2)
in (—o0, By) x (6,T) and boundary data by such that

u(z,T) = gi(z) ifze(B,0),
u2<1‘,T) = 92(1') if:L‘G(C,BQ),
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and for 6 <t < T,

w(Bit) = bit), wli(t)—1t) =a,
us(Ba,t) = bo(t), us(la(t)+,t) = as.

Then from RH condition glue uy,us, uy, in Q = (By, By) x (0,T) by

U1<l‘,t) if O<t<5,Bl<ll($)<t,
u(x,t) =< ug(w,t) if 0<t<dt<li(r)< B,

uyu(x,t)  otherwise.

Then u is a solution of (4.1.2) satisfying the boundary conditions (by, bs) given by

by (t) if 6<t<T,
bi(t) = .
uru(Bi+,t) if 0<t <,
bt if §<t<T
N e N
uru(Bo—,t) if 0<t <.

Then (u, by, by) is the solution for problem (4.1.3). This proves the Theorem.

4.8  Proof of Lemmas :

Initial Value problem partitions: (See Figure 4.5) Let 0 < § < T, I = (A, As),
J = (C1,Cy). Let P ={yo,y1...Yn,To,21...2,} be a partition of (I, ) if

A1:y0<y1<...<yn:A2, ClzIog.I‘lS...S.l’nICg.

Let P(I,J) ={P: P isa partition of (I,.J)}. For a partition P denote a;(P), s;,(P),
bi(P>,CLi(t, P), Si(t,P>, bz(t, P) by

! T — Y

[lai(p)) = T_5'

f(ai(P)) — f(bi(P))
Si(P) = al(P)—bi(P) )
a;(t, P) = xi+ f(a:(P)(t=T),
bi(t, P) = @i+ f (b:(P)(t—T),
si(t,P) = z;+s(P)(t—T)

95



Clearly a;(d, P) = y;, b;(9, P) = yi11.

t=T

\ ’ t=5
Aoy, Yi \L a;(P) l Yira Yn= A,

a(P) bi(p)
Fig. 4.5:

Lemma 4.3.1. Let «;(P) = s;(0, P), then for § <t < T,

bi(P) < a;i(p), bi(P) < ajt1(P), (4.3.1)
Y < ozl(P) < Yit1, (432)
a;(t, P) < s;(t,P) < b(t,P) for d<t<T. (4.3.3)

Proof. Since y; < y;41, hence

J(@i(P) = Z—% > =2 = [ (b(P)),

therefore a;(P) > b;(P). By convexity of f

Flas) > TR IO (),

i — Yi xz‘_ai(P> Ti — Yit1
> >
T—-96 T—46 t—o

and hence y; < o;(P) < yi11. Since x; < x4, and hence f'(b;(P)) = Z7¥l < Ztlliel
t

T-5 = T-5
f'(a;s1(P)). This implies b;(P) < as11(P). This proves (4.3.1) to (4.3.3) and hence the

Lemma.
Let ;(P) = {(z,t) : 6 <t <T,a;(t,P) < x < a;+1(¢t, P)}. In view of Lemma 4.3.1,
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let u;(z,t, P) be a solution of (4.1.2) in €;(P) defined by

a;(P) if a;(t,P) <z < s(t, P),
u;(z,t, P) =< b(P) if s;(t, P) <z < bi(t, P), (4.3.4)
(fl)il (m;g—%ﬂ) if bl(t,P) S T < (li+1(t, P)

Hence u;(a;41(t, P)—,t, P) = ai41(P) = uir1(a;41(t, P)+,t, P). Therefore define the so-
lution u(x,t, P) of (4.1.2) in R x (4,7T") by

wi(z, t, P) if (z,t) € Q(P),
u(z,t,P) =< ao(P) if x<ap(t,P), (4.3.5)
a,(P) if = > a,(t, P),

satisfying the initial condition

uo(z, P) if x € (Aq, Ag),
u(x,0,P) = ¢ ag(P) if ©< A, (4.3.6)
a,(P) if x> Ay,

where v is given by

(2. P) = { a;(P) if y; <z < a(P), (4.3.7)

bl(P) if Oéz(P) <X < Yit1-

Furthermore at t = T, x € (C}, Cy), u satisfies

n—1
F(@, T, P) =3 Xpvon) (xT__ygl) . (4.3.8)
=0

Next we calculate the L and TV bounds of ug. First observe that f'(ag(P)) = S=4t

and f'(a,(P)) = ©=22 hence ao(P), a,(P), are independent of P and denote

Qg = GO(P),% = an(P)u

ao(t) = ap(t, P),a,(t) = an(t, P).

max(C2,A min(C7,A Ti—Y;
Let M = max(@, Z’T)é (C1,41) , then | f"(a;(P)| < |54

'"(b;(P))| < M and hence

| (uo(@,p))| < M (4.3.9)

97



TV(f (uo(-, P)) = z 1 (@i(P)) — [ (b:(P))
_ +z £ 0(P)) — f(ara(P))]

(4.3.10)
n n—1
— lgk - s+ T Jae - s
= Tl_(;(A2 — Ay + ﬁ(CQ —Ch).
Since | f'(#)| — oo as |#| — oo and hence we have
Lemma 4.3.2. There exists a constant My independent of P such that
[uo (-, P)lloo + TV (f'(uo(+, P)) < M. (4.3.11)
A=x,
T=t, T X o X=C =T
7 /
t; ,
a () %
a®) P
I tisa
iz |
5=t =5

Fig. 4.6:

Boundary value partition: (See Figure 4.6) Let 0 < < T, A< C, I = (A,C), J=
(0, T). Let P = {to,t1...tn, 0,21 ...2,} is called a boundary value partition if

T:t0>t1>t2...>tn:(57 A:$0§$1§$2<...§In20.

Let P(I,J) ={P: P is a boundary value partition of I , J}. (4.3.12)
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For a P € P(I,J) denote a;(P), s;(P),b;(P), a;(t, P), s;(t, P),bi(t, P) by

flae) = 2=
PPy = 7
) = HeD102)

_T)7
si(t,P) = x;+si(P)(t—1T),

Clearly a;(t;, P) = t;, bi(tiv1, P) = tiy1.
Lemma 4.3.3. Define «;(P)such that s;(c;(P), P) = A. Then fort <T
a;(P) > b;(P), ajx1(P) > bi(p), (4.3.13)
ti > a;i(P) > tit1,ai(t, P) < s;(t, P) < b;(t, P), (4.3.14)

Proof. Since t; > t;,1,x; < x;,1, hence

l’i—A> l’z—A xl—A <$i+1_A
T—t; T—tiyr T—tiyr = T—tipr

This implies (4.3.13). From strict convexity of f and (4.3.13), we have

f(ai(P)) _f(bi(P)) ’

f(a:(P)) > :(P) — by(P) > [ (bi(P)),

hence t; > a;(P) > t;41 and for all t < T, a;(t, P) < s;(t, P) < b;(t, P). This proves the
Lemma.

Let Q;(P) = {(x,t) : a;(t, P) < x < a;41(t, P),tiy1 <t <T}. In view of Lemma 4.3.3,
let u;(z,t, P) be a solution of (4.1.2) in €;(P) defined by

a;(P) if a;(t,P) <z <si(t, P),
() (#525) i bt P) < < asat, P).
Then
ui+1(ai+1(t,P)+,t, P) = ai+1(P) = UZ‘(CLH_l(t,P)—,t,P). (4316)

Also a,,(P) and a,(t, P) are independent of P and denote by a,,, a,,(t). Then from (4.3.16)
it follows that u, 1(a,(t)—,t, P) = a,. Therefore define the solution u(z,t, P) of (4.1.2)

99



in Q= (A,00) x (6, T) by

ui(x,t, P) if (z,t) € Qu(P), 0<i<n-—1,

u(z,t, P) = . (4.3.17)
ap if >a,(t), 6 <t<T,

and u(z,t, P) takes the boundary value b(¢, P) and initial value a,, given by

0 it 6 <t<T,
u(A,t,P)=b(t,P) =14 a;i(P) if o;(P)<t<t, (4.3.18)

—A
u(z, 0, P) = ug(z, P) = a, = (f) " (i——é> if =€ (A 0). (4.3.19)
Further more at t =T, and x € (A, (), u satisfies
rx—A
f (u(z, T, P)) Zx[x, i) (T (T_t‘) : (4.3.20)

Next we calculate the L> and TV bounds of the boundary value b(-, P).

[f (bt Pl = max (f (ai(p))] | (b:(P))])

1<i<n

z;—A z;—A
— %2%};( T—ti 9 T_ti+1 ) (4321)
o lréllag}; T—t; ) :
n—1
TV(f (-, P) = ; [(ai(P)) = f(b:i(P)) (b:(P)) — [ (aiy1(P))]
n_1 N n—1 N B
T;— Ti+1 r1—
- 1:21 T—t; T t,+1 1:21 g tl+1 - T+tl+1 Tlftl
n—1 n—1
_ (xi—A)(ti—tit1) (@ig1—x4) z1—A
= L Ta—ten t 2 o | Tn

z;—A
T—t;

< () e

(4.3.22)

Analysis of Discretization and Convergence: Let p : [A,C] — [0,T] be a non

increasing right continuous function. Then it follows that {z : p(z) < t} is a closed
interval for any . Let 0 < ¢ < C' — A, define

pe(x) = min{p(z), p(A + €)}.

Then p, is a non-increasing right continuous function. Let m,n be non negative integers
and let T'=1ty > t; = p(A+¢€) >ty > ... >1t, =0 be such that |t; — t;41] < % for all
i > 1. Let k < n —1such that {z : p(x) < tp1} = &, {z : p(x) <t} # ¢ and define
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{z;} byz; =Cifi>k+1and for 1 <i<k,
{z: p(z) > t;} = (2;,C).

Denote Py, e by Prne = {to, t1, ... tn, o, 21 ..., x,} the partition depending on n, m and

€. Associate to P, define

n—1
P, Prne) = Z tiX[miq,mi)(x) + tnX[xnfl,xn}(x)' (4.3.23)
=1

Then it follows from definition,

sup |pe(v) — p(z)| < sup |p(x) — p(A +¢)] (4.3.24)
n <zx<e
1
sup [pe(x) = p(2: P < —. (4.3.25)

Definition: Let ¢; < €1,M9 > Nq. For i = 1,2, let vanz'75i = {to,tlyi, ce tni,i7x07$1,i;
... @Tp,;} be the partitions. Then we say P, ., dominates P, ., . and is denoted by
Prnges 2 Py iffor 1 <j<my

2f'l = tn —n1+14,2
» 2T (4.3.26)
Tj1 = Tnog—ni+j,2-

For a partition P, ., define Q(F,,,.) by
Q(Prne) ={(x,t) s a1(t, Pone) <, 6 <t <T}. (4.3.27)

Properties of the domination: Let €5 < €;,n9 > n; and let for i = 1,2, u;(x,t) =
w(z,t, Prnie;)s bi(t) = 0(t, Prnse;) as in (4.3.17) and (4.3.18) respectively. Let P, ye, >

Py, 5y 61, then from the construction it follows

P, () = pey(x) it x> 1+ A, (4.3.28)
uy(z,t) = ug(z,t) it (z,t) € QU Prne,)s (4.3.29)
f(ui(z, T)) = v 4 L i=1,2. (4.3.31)

- T - p(Iapm,m,ei)
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T p(e2+A)

[1F @t = F el = [ 1S 6a(6) = F Gt
pler+A
< (A + ) = pl(A+ ex)] maxc { |22

} (4.3.32)

b

Construction of dominations: Let €3 < ¢; and P,y ¢, = {to, 11, - - - tny1s Tos T11,
o Zpy1t. Now choose p(ea + A) = t19 > tag > ...t,2 = t11 = p(er + A) such that
[tio — tit12] < % for 1 <i <ry—1. Let ny = ny + ny and define ¢, 5 for i > ry by

zj2—A

= Jp(A+e) = plA + &) max { | 222

tio = ti—pot11,

and {x;2} be associated to {t;2}. Let ng =1y +ny — 1 and Py, = {to,t12- - - tny 2,

Zo, ILQ, . I’n272}, then Pm,nz,eg Z Pm7n1751‘
Let 0 < 41 < <C—A, lime; = 0. Let m > 1 and {P, 1, }m be a partition
71— 00

corresponding to p,,. From the above construction, extend this partition to { P n,.e }m
to pe, such that Py ,e, > Prni e - By induction there exist partitions { Py, ., }m Of pe,
such that

Prnge; 2= Prng_aeir- (4.3.33)

Denote P n,.e; = {to, timys - - - tnjm.js T, TLmyj, - - - Tnymyg b Oince po; < p and hence

‘ r—A ‘ r—A
T —pg(@)| ~ [T —plx)]’
and A A A
Thmj 7 2N ‘ Thom.j < max — (4.3.34)
T=tems| T = pe(xhmg)| — = |T = p()
Assume that p satisfies (4.2.7). Then from (4.3.34)
max Temyg = A <A (4.3.35)
k<n; T — tj,m,j

For each m, j, let

Um,j (‘1'7 t) = U(l‘, t, Pm,nj,ej>7
bmd' (t) = b(t7 Pm,nj,éj)7

where u and b are given in (4.3.17) and (4.3.18) respectively. From (4.3.21), (4.3.22) and
(4.3.35) we have for all m, j

f (bmvj(t))‘ <A (4.3.36)
TV(f (b)) < (TT_—;&)) A +$€ﬁm. (4.3.37)
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Let j > k, then from (4.3.32)

T
5/
Under the above notations we have

Proof of Lemma 4.2.1 Let p satisfies (4.2.7), then for p(e; +A) < T and from (4.3.36),

(4.3.37), for each j, {f'(bmj)}men is bounded in total variation norm. Therefore from

F (O (8) = [ (br(8)| dt < Alp(e; + A) — pleg + A)| . (4.3.38)

super linearity of f, {bm j}men is uniformly bounded in L™ for all j,m. Hence from
Helly’s theorem and Cantors diagonalization, we can extract a subsequence still denoted
by {by;} such that for every j, f'(bm;) — f'(b;) as m — oo in L' and for a.e. ¢. Since
(f") ! exists and hence by, ; — b; a.e. t and by dominated convergence Theorem, by, ; — b;
in L. Let pp () = p(x, Prn,.,), then from (4.3.25) pp, ;(x) = pe, () uniformly. Since

f (U i(7,0)) = €=4 hence by L}, contraction, u,,; converges in L}, and for a.e. (z,t)

loc loc

to a solution w; of (4.1.2) with initial boundary condition

u;(A,t) = b;(t) (4.3.39)
£ (g, ) = 55 (4.3.40)

From (4.3.20) , (4.3.23) and (4.3.25), for a.e. z € (A,C)

/ r—A
f (w2, T)) = m (4.3.41)
Letting m — oo in (4.3.38) to obtain
17 @0 = 1 en| < alota+ ) = pta + ). (43.42)
5

Since p is right continuous and hence |p(A+¢;) — p(A+€)| — 0 as j, k — oo. Therefore

from L}

e contractivity, there exists a subsequence still denoted by j such that u; — 4,
a solution of (4.1.2), b; — by in L}

Le and a.e. Letting j — oo in (4.3.39) to (4.3.41), then
(iiy, by) satisfies (4.2.7) to (4.2.10). From Rankine-Hugoniot condition across a,(t,?), iy
satisfies (4.2.10). This proves (1). Similarly (2) follows and hence the Lemma.

Proof of Lemma 4.3.2 is much simpler than that of Lemma 4.3.1 because of (4.3.9)
and (4.3.10), TV bounds exist for discretization of p. Let p : [C1,Cy] — [A1, Ao] be in
TA([C1, Cy]). First assume that p is a strictly increasing continuous function. Let n > 1
and A = yo < 11 < ... < yp = A such that |y; — yi1| < % Let k be such that
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{z:p(x) <yp_1} = ¢ and {x: p(x) < yr} # ¢. Define z; = A; if i < k—1 and for i > k,

{z:p(r) <wi} = [A1,z:).

Let P, = {yo, Y1 - - - Yn, To, L1 - . . T} be the corresponding partition and define

n—2
p(:L’, PN) = Z in[Ii,Ii+1)(x> + yn—1X[In—1,CQ](I)'
i=0

Clearly
1

and hence p(z, P,) — p(x) uniformly as n — oc.

Proof of Lemma 4.2.2 First assume that p is a strictly increasing continuous function.
For n > 1, let P, and p,(z) = p(x, P,) be constructed as above. Let u,(x,t) = u(x,t, P,)
as in (4.3.5) a solution of (4.1.2) with initial data ug,(z) = uo(z,d, P,) as in (4.3.6).
From (4.3.9), {f'(uo,)} is bounded in BV,.(R) and hence by Helly’s theorem, there

exists a subsequence still denoted by {f’(ug.,)} converges to f’(ug) in L},

loc

and a.e. Since
Up,, is uniformly bounded and f” is strictly increasing function, therefore ug,, — uo in
L},.. Hence from L}, contractivity, u, converges to @ a solution of (4.1.2) a.e. (x,t) €
R x (§,7) with initial data ug. Since f'(ag(P)) = S=41, f'(an(P)) = =22, hence if
U = Tol[a,,4,), then from Rankine-Hugoniot condition across aq(t), an(t), (u, @) satisfies
(4.2.18) to (4.2.20). At ¢ =T,

f/(un(:c,T)) = %ﬁl?), if x € [Ch, Cyl,

and hence letting n — oo, for a.e. x € (C4, Cy),

f (e, 1)) = T2

Then (4, 1) is the required solution satisfying (4.2.17). Let p € TA((Cy,Cs)) and p,, be
a strictly increasing continuous function with values in (A;, As) and converging to p in

L' and a.e. Let (@, tn0) be the corresponding solutions satisfying (4.2.17) to (4.2.20).

Hence from Helly’s theorem, there exists a subsequence still denoted by @, converging

1

L. and a.e. Therefore from L}

to ug in L e contractivity, for a subsequence still denoted
by @, converging to @ a.e to a solution of (4.1.2) satisfying (4.2.18) to (4.2.20).

For a.e. x € (Cy, Cy) we have

’, T s T ﬂf—pn(ﬂf)_i’f—P(@")
£ (1)) = lim f (e, T)) = T TP 2P

This proves the Lemma.
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Remark 4.3.1. Given p, we have exhibited a method to construct an initial data %, and
the solution u such that at t =T

z —p(z)

flu(z,T)) = — (4.3.43)

This method is not unique. In fact we can construct infinitely many initial datas and all
the solutions to these initial data satisfy (4.3.43). Here we illustrate this method with an

example.

Example 4.3.4. Let T'> 0 and x1 < x5, y; < yo. Define

r—x1+ Ty if z<ua,
p(x) =19 1 if 71 <z <y,

x—x9+ Ty if x> s
Let f'(a1) = 252, f'(b) = 252, f'(az) = 272, By strict covexity, it follows that
by < min{aj,as}. Let y; =& < & < -+- < &, = y2 be a sequence and define a; = ¢; <
¢y < -+ <c, =0 and {d;} by

r1 —§& f(c — fla

fley = D28 pay = Hem) 2 0)

Civ1 — G

By strict convexity ¢; < d; < ¢;1q1. For 0 <t < T let

ai(t) = z1+ fl(e)(t=T)
si(t) = x4+ fi(d)(t—=T)
B(t) = o+ fllax)(t = T),

then a;(t) < si(t) < ai1(t) < Bt) for 1 < i < n—1, t € (0,7). Let s; = 5;(0) =
x; — T'f'(d;), then & < s; < &1. Now define u and @, by (see figure 4.7)

co=a; if x<sq,
G if E<x<s,
Cit1 if s <z <&y,

Cn=ay if x> s, 1,
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Fig. 4.7:

then the solution u with initial data @, in (0,7") is given by

(

c1 if =< sy,

Ci if ai(t) <x < si(t)
w( ) = Cit1 if s(t) < < s41(t)

Cn it s, 1(t) <z <ay,

() (252) i an(t) <2 < B(Y)

as if x> B(t).

Clearly u satisfies (4.3.43).

Since {¢;} are arbitrary and hence there exist infinitely many solutions satisfying
(4.3.43). In the above example, s;(t) are shock curves. In fact one can also introduce the

backword rarefaction in the region «;(t) < < a;41(t) by

r — T

t—T

utet) = (1)

) for «;(t) <z < a;1(t).

4.4 Finer Analysis of Characteristics

In a beautiful paper, Dafermos [25] had extensively studied the properties of characteristic
curves. Here we make a finer analysis of these characteristics curves and then use them to
obtain our results. In order to do this, first we recollect the results of Lax-Olenik explicit

formula and a good reference for this, is third chapter in [31].

Let f*(p) = sup{pq — f(q)} denote the Legendre transform of f.
q
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Then f* is in C!, strictly convex, super linear growth and satisfies

/ = [,
) = ()W),
() = pfp)—fp),
F( ) = pf*(p)— f*(p).

(4.4.1)

Controlled Curves: Let 2 € R,0 < s < ¢t and define the controlled curves I'(z, s,t) by
I(x,s,t) ={r:[s,t] = R; rislinear and r(t) = x}, (4.4.2)

and denote I'(z,t) = I'(x,0,t).
Value function: Let ug € L>*(R), 2o € R, define

vole) = [ uo(6)d6, (4.4.3)

be its primitive. Define the value function v(x,t) by

oi@,t) = min {ug(r(0) +tf* (=52) ]

rel'(z,t)

— min {un() + 11" (57} (444

Then v satisfies the

Dynamic Programming principle: For 0 < s < ¢,

v(z,t) = min {v(r(s),s)+(t—s)f* (x_—r(“”))} (4.4.5)

rel(z,s,t) t—s

Define the characteristic set ch(zx, s, t,uy) and extreme characteristics y+(x, s, t,

uo) by
ch(z,s,t,ug) = {r € I'(z,s,t); ris a minimizer in (4.4.5)}, (4.4.6)
y_(x,s,t,ug) = min{r(s):r € ch(z,s,t, ug)}, (4.4.7)
yi(x,s,t,ug) = max{r(s);r € ch(z,s,t,ug)}, (4.4.8)

Denote ch(x,t,ug) = ch(x,0,t,up), y+(z,t,u0) = y+(z,0,t, ug). Then we have the follow-
ing result due to Hopf, Lax -Oleinik:

Theorem 4.4.1. Let 0 < s < t,ug,vg,v be as above, then

1. v is a uniformly Lipschitz continuous function and is a unique viscosity solution of
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the Hamilton-Jacobi equation

) = 0 ,t) € R x (0, 00),
v(z,0) = yo(z) xeR.
. There exists M > 0, depending only on ||ug||s and Lipschitz constant of f restricted
to the interval [—||uo|co, ||o|oo] such that for (x,t) € R x Ry,
ch(zx,s,t,ug) # ¢ and for r € ch(z,s,t,up)

x —r(s)

< M. (4.4.10)
t—s

. NIP (Non intersecting property of characteristics): Let x1 # x9, t; > 0,19 > 0 and
fori=1,2,1; € ch(x;,s,t;,ug). Then r1(0) # ro(0) for all 6 € (s, min{ty,
to}).

From NIP, it follows that for 0 < s < t,

(a). x— y+(x,s,t,up) are non decreasing functions,

(b). At the points of continuity of y.,

er(f,lf, 87t7u0) = y7<x787t7u0>7

and hence ch(z, s, t,ug) = {r}, where r is given by

7,(9) _ T — y+(I, S7t7u0> (0 . t)

+ x.
t—s

(c). Let r € ch(z,t,ug), z =r(s). Let r1(0) = r(0) for 0 < 0 < s,19(0) = r(0) for
s <0 <t. Thenry € ch(z,s,ug), 2 € ch(x,s,t, up).

. Let u(z,t) = 8%(x,t). Then u is the unique solution of (4.1.2) in Q =R x Ry with

wnitial data ug and satisfying
u(z, )] < Jluollso- (4.4.11)

Fora.e z, y_(z,t) =y (x,t) and u is given by

f (ufa, ) = T 22y h) (4.4.12)

Let x be a point of differentiability of y(x,t,ug) and y(z,t,uy) is a point of dif-
ferentiability of vy, then
u(z,t) = uo(y=(z, t,up)). (4.4.13)
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5. Let ug, wy € L*¥(R) and u,w be the solutions given in (4) with initial data g, wo

respectively. Then

(a). Monotonicity: Let ug(z) < wo(z) for x € R, there exists a set N C R of

measure zero such that for each t ¢ N, for a.e x € R,
u(z,t) < w(z,t). (4.4.14)

(b). L}

Le contractivity: Let ¢ = max(||uo]|cos |Wolloo) and I = [—c,c|. Then there

exists a M > 0, depending on Lipschitz constant f restricted to I such that for
allt >0, a <b,

/|u(x,t) —w(x,t)|de < / [up(x) — wo(x)|da. (4.4.15)

For the proofs of (1) to (4) see chapter (3) of [31] and for (5), see chapter (3) of [36].

In this sequal we follow the notations of characterictic curves as in [6]. From now
onwards, we assume that 2 =R x (0, 00),uo € L>(R).
Left and right characteristic curves: Let 0 < s < ¢,u be a solution of (4.1.2) with
initial data ug and a € R. Define the left characteristic curve R_(t, s, «, ug) and right

characteristic curve R, (t, s, a,ug) and denote Ry (t, v, ug) = R+ (t,0, a,ug) by
R_(t,s,a,up) = inf{x;a < y_(z,s,t,up)}, (4.4.16)

Ry (t, s, a,up) =sup{z : yy(z,s,t,ug) < a}. (4.4.17)

In view of (4.4.10), y_(z,s,t,ug) — —o0 as ¢ — —oo, yi(x,s,t,uy) — 400 as r —
+00. Hence (4.4.16) and (4.4.17) are well defined. Our aim is to study the continuous
dependence of Ry on their arguments (¢, cv, ug).

For z,y,€ Rt > 0, let 7(0,t,x,y) € I'(x,t) be the line joining (z,t), (y,0) given by

r(0,t,2,y) = (g) (0 —t)+ . (4.4.18)

Observe that r(0,¢,x,y) = y and hence r € ch(x,t,ug) if and only if y is a minimizer in

(4.4.4). Hence define the extreme characteristic lines by
re(0,t,x) =r(0,t,yr(z,t,up)). (4.4.19)
Since r4(0,t,x) = yu(x, t.ug) and y_(x,t,up) < y4 (x,,up), hence for all § € [0, ],
r_(0,t,x) <r,(0,t,z). (4.4.20)
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Then we have the following

Lemma 4.4.2. Let ug, wo, {uf} are in L°(R) and o, {a} are in R. Let v, W, {v},} be the
value functions defined in (4.4.4) with respect to the data ug,wo, {uf} respectively. Let

u= %,w = %—‘fc/,uk = % be the solutions of (4.1.2). Then

1. Let vy < 29,0 < s <t and f € R be a minimizer for v(xy,t) and v(za,t) in (4.4.5).

Then for x1 < x < xy, [ is the unique minimizer for v(x,t) and satisfies

f (e, ) = 52

(4.4.21)

2. Let xy € R, 1y € ch(xg,t,up) such that klim (xk, 7:(0)) = (x, B). Then r(-,t,x,[)
—00

€ ch(x,t,up). Furthermore

hITn yi(zp, t,ug) = y_(x,t, up), (4.4.22)
T X
lilin y—(Tg, t,up) = yu(z, t, up). (4.4.23)
T4

In particular, y_ s left continuous and y, is right continuous.

3. (i). For allt >0,

R_(t,a,up) < Ry (t, v, up), (4.4.24)
Y- (R— (t7 «, uO)a t) UO) S « S y-‘r(R— (ta «, Uo), t7 Uo), (4 4 25)
Y- (R+(t7 a, uO)a t UO) Sa< y+(R+(t7 a, uo)v ¢, UO)'
Further more if R_(t, o, ug) < Ry (t, v, ug), then for all x € (R_(t, «, up),
R (t,a,up)) (see Figure 4.8)
y+(z,t, ) = «a, fl(u(x,t)) _ 7 ; e (4.4.26)
(ii). Let 0 < s <t, then
R_(t,s,a,up) = Ry(t,s,a,up). (4.4.27)

4. Let 0 < s <t. Thent — Ry(t,a,ug) are Lipschitz continuous function with Lips-

chitz norm depends only on o and ||upl|s and satisfying

lim Ry (t, a,up) = «, (4.4.28)
t—0
Ri(t,a,up) = Re(t, s, Re(s, a,up), up). (4.4.29)
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(RAt,a,up),t) (Ry(t,a,p),1)
X—d
t

x.0) .0 t

u(x,t)=

(V4 (X,1,Up),0) (a,0) (y(x.t,up),0)

Fig. 4.8:
5. Monotonicity: Let ug < wgy, < 3, then
R:I:(t7 «, Uo) S R:I:(ta «, U)(]),

Ri(ta «, uO) S Ri(ta 55 uO)'

(4.4.30)

(4.4.31)

6. Continuity with respect to data: Let {ug®} be bounded in L®(R). Let oy, — o, uf —

ug in L}, (R). Then fort > 0.

loc

(a). Suppose for all k, R_(t,ax,uf) < R_(t,a,ug), then

lim R_(t,ap, uf) = R_(t, a, up).

k—o0
(b). Suppose for all k, Ry(t, oy, ul) > Ry (t, a, up), then

klim Ry (t, o, ub) = Ry (t, a, up).
—00

(c). Suppose R_(t,a,up) < R = klﬁn R_(t,ag,uf), then for
_ — 00

all v € (R_(t,a,up), R), y+(x,t,ug) = a and

’ r —

£ (ulz, 1) = =

(d). Suppose lim R, (t,cp,ul) = R < R, (t,a,ug), then for all v € (R,

k—o0

Ry (t,a,up)), y+(z, t,u0) = @ and

’ r —

f (ulz, 1) = =

(4.4.32)

(4.4.33)

(4.4.34)

(4.4.35)

As an immediate consequence of this, if R_(t,ca,ug) = Ry (t, o, ug) fort > 0, then

Ry(t,cr,up) is continuous at (v, ug).
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Proof. (1). Let x € (z1,22) and r € ch(x,s,t,up). Suppose 7(s) # (. then r inter-sets
one of the characteristics (%) (0 —t)+x;, i = 1,2, which contradicts NIP of Theorem

4.2.1 Hence 8 = r(s) = y+(x, s,t, up). Furthermore

o(a,t) = (B, ) + (t — ) f* ( - 5) ,

t—s

and for a.e x,

This proves (1).

(2). From the continuity of v and f*, we have

U(]},t) = ’}grolov<xk7t)

_ klirn {vo(m( )+t <wk+(0))}
= w(8) +tf (52,

and hence r(-,t,x, B) € ch(x,t,up). Let x1 < xo, then from NIP, y, (z1,t,ug) < y_ (9,1,

up). From monotonicity of y., we have

y—('xlat7u0) S y+(x1,t,U0) S y_(l'g,t,U()) S y+($27t,U0).

Let x4 1T x, then from above inequality,

B = lim y, (z,t,up) <y (x,t, up).

k—o0
Since a subsequence of y, (z, t, ug) converges to 3, hence r(-,t,z, 8) € ch(x,t,ug). There-
fore B < y_(z,t,up) < r(0,t,2,5) = . This proves (4.4.22). Similarly (4.4.23) follows.
This proves (2).
(3). (i). Suppose y_(R_(t,a,ug),t,ug) > «. Then from (4.4.22) there exists zp <
R_(t, v, up). such that for all x € (zo, R_(t, v, up)), ys(z,t,up) > . Let z be a point of
continuity of y., then from (3) of theorem 4.2.1, y_(x,t,ug) = y4(z,t,up) > « and hence
R_(t,a,up) < x < R_(t, o, ug) which is a contradiction. Suppose y, (R_(t, a,ug),t,ug) <
a, again from (4.4.23) there exists 9 > R_(t, a, up) such that for all x € (R_(¢, v, ug), x),
y_(x,t,ug) < a. Therefore at points x of continuity, a < y,(x,t,ug) = y_(z,t,ug) < «a,
which is a contradiction. This proves (4.4.25) and (4.4.26) follows similarly.

Suppose R (t,a,ug) < R_(t,,up), then from (4.4.25), y_(R_(t, a, up), &

u) < a < yu(Ry(t,a,ug),t,up), therefore from NIP, y_(R_(t, o, up), t,ug) = o =
Yy (R (t,a,up), t,up). Hence from (4.4.21), for all z € (Ry(t,a,up), R_(t, v, up)), « is
a minimizer for v(x,t) which implies that R_(¢t,a,up) < x < R_(t,a,up) which is a
contradiction. This proves (4.4.24).
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Suppose R_(t,a, ug) < Ri(t, o, up). then from (4.4.24), (4.4.25), we have
a <y (R_(t,a,up),t,ug) < y_(Ry(t, a,up),tug) < a.

Therefore from (1), for all z € (R_(t, a, ug), Ry (t, o, up)), y+(z,t,up) =  and
f'(u(z,t)) = 22, This proves (4.4.26).

(3). (ii). Let 0 < s < t, then as in (4.4.24) we have R_(t,s,a,ug) < Ri(t,s,a,up).
Suppose R_(t,s,a,up) < Ry(t,s,a,up), then as in (4.4.26), we have for all x € (R_(t, s,
a,up), Ry(t,s,a,u9)), f'(u(z,t)) = =2 Let R_(t,s,a,up) < 11 < 2o < Ry(t,5,a,u)
and r4(.,t,x1),7+(.,t,x2) be the extreme characteristics at xy,zs. Since ry(s,t,x2;) =
r+(s,t,9) = «, which contradicts NIP. This proves (ii) and hence (3).

(4). Let 0 < s <t,R- = R_(t,,up),y+ = y+(R_,t,up) and ro(0) = r(0,t,R_,ys) €
ch(R_,t,up). Then from (3) of theorem 4.2.1, r4 |5 € ch(r+(s), s, ug).

Claim : r_(s) < R_(s,a,ug) < 1r4(s).

Suppose R_(s,a,ug) < r_(s). For z € (R_(s,a,ug),7—(8)), y—_(z,s,a) > a. Hence
if y- < a or y_(z,s,a) > «, then the characteristics r_(0),r_(6,s,x) intersect for
some 6 € (0,s) which contradicts NIP. Therefore « = y_ = y_(z,s,a) and from
(2) 7(0) = 7(0,s, R_(s,a,ug), ) € ch(R_(s,a,ug),s,up). From (4.4.22) choose a £ <
R_, y_(&t,up) < a such that the characteristic 7(f) and 7(60,t,&,y.(§,t,up)) intersect
for some 6 € (0, s) which contradicts NIP.

Suppose 7, (s) < R_(s,a,ug), then for x € (r.(s), R_(s,a,up)), y_(x,s,u) < a <
r4+(0) = y; and therefore the characteristic at (z, s) with end point (y_(z, s, uo),

0) intersects 74 (@) for some 0 € (0, s) contradicting NIP. This proves the claim.

From (4.4.10) and the claim, we have

R+ (¥> (s—t) < R_(s,c,up) < R_ + (u) (s—1)

Jis—

Also from (4.4.10), we have |R_ —y+| = |R_- — r+(0)| < Mt, hence

111101 R_(t,a,up) = . Similarly for R (¢, o, ug).
—>

that is

|R— - R—($> a, UO)‘

IN

t t
< 2M|s —t|.

(EENEE

From (c) of (3) in Theorem 4.2.1, we have 7|5 € ch(R_(t, o, ug), s,t, ug), hence from
NIP and from the above claim we have for any = < R_(t,a,up) < z, y.(z,s,t,up) <
r_(s) < R_(s,a,up) < ri(s) < y_(z,s,t,up). Therefore from the definitions it follows
that R_(t,a,ug)) = R_(t,s, R_(t,s,up), up). Similarly for R, and this proves (4).

(5). From (5) of Theorem 4.2.1, for ¢t € N, ae. z, u(z,t) < w(z,t). Let y1 +(z) =
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y+(x,t,up), you(x) = ys(x,t,wp). Choose a dense set D C R such that for i = 1,2,z €

D,u(x,t) <w(z,t),y;+(r) = y;—(z). Hence from (4.4.12) we have for x € D,
r—yx(x) , T —1p(7)
Pl (e ) < f (et = L0220,

This implies y2 4+ () < y1 +(z). Therefore from (4.4.22) and (4.4.23),

R_(t,a,up) = inf{x e D:y;_(z) > a}
< inf{reD:y,_(z) > a}
= R_(t,a,wy).

RJr(tJ Q, U’O) = Sup{x S ‘DJ y1,+<‘r> < Oé}
< sup{r € D:ysy(z) < o}

R+(t7 «, wO)‘

From (4), t — (R+(t, o, up), R+(t,,wp)) are continuous and hence (4.4.30) holds for all
t > 0.

R_(t,a,up) = inf{x:y_(x,t,up) > a}
< inf{x:y (z,t,up) > G}
R*(tvﬁvu())a

and similarly for R,. This proves (5).
(6). From Lj,. contractivity, uy — w in L, and hence for a.e. s, u(-,s) — u(-, s) in

Ll . Let t > 0 be such that for a subsequence still denoted by k such that for a.e. z

loc*

lim wg(x,t) = u(x,t). (4.4.36)
k—ro0

Let v%(z) = yo(z,t,ul), RX = Ri(t,ap,ul). Since {y%} are monotone functions and
{R%} are bounded. Hence from Helly’s theorem, there exists a subsequence still denoted

by k such that for a.e. x,

lim y%(z) = ya(z) (4.4.37)
k—o0
(lim R’;,h}nR’;) - (Ri,Ri), (4.4.38)
k—o0 k+o0

where v is the solution of (4.1.2) with u(z,0) = ug(x). Let D C R be a dense set such
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that for all x € D, (4.4.36) to (4.4.38) holds and further for all k,

vie) = i (x) (4.4.39)
yy(z,t,ug) = y_(,t, up) (4.4.40)
ey = T80 (4441
flutr,p) = Tovenb) (1.4.49)

Hence from (4.4.37) , (4.4.41) and (4.4.42), for x € D,

y+(x) = kll_{go yh(2) = ye (o, t, up). (4.4.43)
Case (i): Let for all k, R¥ < R_(t,a,up), then R_ < R_(t,a,ug). Suppose R_ <
R_(t,a,up). Let I = (R_, R_(t,a,up)), z € DN I and choose ky = ko(x) > 0 such that

for all k > ko, R* < x, then

a= lim q < hm y" (x) = y_ (o, t,u0) < «,

k—o0
which is a contradiction. Hence R_ = R_(t, v, ug).
Case (ii) : Let for all k&, R_(t,a,ug) < R*, then R_(t,a,uq) < R_. Suppose

R_(t,a,up) < R_, then for z € DN (R (t,a uo) R_) choose ky = ko(x) such that
for a subsequence k > ko, z < R*. Hence a < y_(z,t,up) = ]}grolo y* (r) < a and therefore
y_(z,t,up) = . Therefore from (4.4.12), f'(u(z,t)) = 22 .

Since {uf} are bounded in L> and hence from (4), ther exists a C' > 0 independent

of k such that for all s;, so we have

|Ri<817ak7u0> Ri(827akaug)‘ < ’51_82’

|Ri(s1,,up) — Ri(sg, a,up)] < |s1— o

Now suppose for ¢ > 0 and for a subsequence still denoted by k such that
R_= klim R_(t, o, uf) < R_(t,a,up).
—00

Therefore choose € > 0, kg > 0 such that for all k£ > kg

R_(t, o, uf) < R_(t,a,ug) — 2e.
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Let |s — t| < 55, then from the above uniform estimates we have for k > kg

2C>
R_(s,ap,uf) < % + R_(t, ag, ub)
< %—l—R,(t,a,uo) — 2¢
< g—i—R_(s,ak,u'g)—l—%—Qe
< R_(s,o,up) —e€ < R_(s,a,up).

Now choose an |sy — t| < § such that the previous analysis holds. Then at sy, we have

R_(s,a,up) — e > lim R_(s,ap,uf) = R_(s,a,up) < R_
k—o0
which is a contradiction. This proves (2.32) and similarly (2.33) holds.

Let R_(t,a,up) < R = k@ R_(t,ap,uf) and R_(t,a,up) < # < R. Then as earlier
choose an € > 0, a subsequence still denoted by k such that for [s —t| < 55 and k > kg (e),
following holds :

R_(s,a,up) +e <z < R—e<R_(s,ap,ul).

Now choose an s > t such that ug(§, s) — u(&, s) a.e. €. Hence from the previous analysis
we have for all £ € (R_(s, o, ug), R —€), f'(u(,s)) = £=2. Since s > ¢ and hence we have
f'(u(z,t)) = **. This proves (2.34) and similarly (2.35) follows. This proves (6) and
hence the Lemma.

Next we study the characterization of Ry and some comparison properties. For this
we need some well known results which will be proved in the following Lemma.

Let €2 C R" be an open set and B(1) denote the unit ball in R™. Let 0 < x € C°(B(1))
with [ x(x)dz = 1. Let € > 0 and denote y.(z) = & x(%) be the usual mollifiers. Let

REn

ug € L}, (R™) and define

loc
(o) = O+ )@) = [ xl)uole — ep)dy
B(1)
then
Lemma 4.4.3. Denote ess inf and ess sup by inf and sup. Then

1. With the above notation, for x € 2, there exists a g = eo(x) > 0 such that for all

0 < e < ey,
inf ug(y) < ug(x) < supug(y). (4.4.44)
yeq yeN

2. Let ty,e0,a € R and w € L*((0,ty)). Let R : (0,t5] — R be a locally Lipschitz
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continuous function such that for a.e t € (0,1),

Wty = () (M)%O (4.4.45)
dR flw(®) = FI) )
an : 4.4.46
g w(t) = (1)1 (=) o
then
Tiny R(t)t_o‘ = . (4.4.47)

Proof. (1). Let Q. = {z;d(z,Q°) > e}. Then for x € Q, there exists an ¢y > 0, such
that x € Q., for all £ < g¢. Hence x — ey € Q, for a.e y € B(1) a.e

inf ug (&) < up(z — ey) < supug(§).
§eQ £eN

Multiply this identity by x and integrate over B(1) gives (4.4.44).
(2). Suppose (4.4.47) is not true. That is

R(t) — «

| <o (4.4.48)

sup
t>0

Let m be defined by

1

mo= b (7 (M) 6 (w0 - )7 (799))

te(0,t0

R(t)—«
(20 g
Claim : m > 0.

From (4.4.45), w(t) — (f")~! (@) > (0 and hence by convexity we have

(7 (B=2) o (win - (1) (22=2))) = (0 (Bg=2))

R(t)—«

t

Hence m > 0. Suppose m = 0, then there exists a sequence t; — ¢ in [0, 1] such that

0 = i [ (07 (B2) 0 (win - () (22) )

k—o0 0

(M) do.

tr
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Then from (4.4.48), we can choose a subsequence such that

R(tk) —

n —a, w(ty) > b as k — oo.
k

Then from (4.4.45) we have b > (f")"'(a) + € and

1

- / () (@) +6(b = (/) (a)) —a] d¥

0

and hence by strict convexity

0 < f((f)Ha) +0(b—(f) () —a=0

which is a contradiction. This proves the claim. From Taylor series and the claim we

have
= Bz (g (R0 g (wi) - () (R9))
N (u)ode
> M+ meg
or

4 (M) > me.

dt t
For 0 < t; < ty, integrating ¢ to ¢; to obtain

R(t) — « < R(t;) — «
; <

t
— medog;1 — —o0 as t— 0.

Lemma 4.4.4. Let T > 0,c, 8 € R, ug,vg and v be as in (4.4.3) and (4.4.4). Then

(1). Let xy € R,t > 0 such that
y_(l’o,t, UQ) <a< y+(x0, t,UO), (4450)

then

(i). if o < R_(t,a,up), then zg = R_(t,a,up). If R_(t,,up) < xg, then for all x €
(R_(t, a, ug), zo), f(ulw, ) = 2.

(i1). if xg > Ry (t, o, ug), then xg = Ry(t, o, ug). If xog < Ry(t,a,up), then for all x €
(20, R (t, a,up)), f'(ulz, t)) = 252
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(2). (i). Let x > R_(t, v, ug), then

v(w,1) = inf {Uo(y) +if (x;y)} (4.4.51)

Yyzo

(ii). Let x < Ry (t,a,ug), then

v(z,t) = inf {Uo(y) tf <“’:y)} (4.4.52)
ys«o
(iii). Let a < B and for 0 <t < T assume that
RJr(t? Oé,'lj,o) < R*(uﬁ?uO)a

then for Ry (t,a,ug) < x < R_(t, 3, up),

: r—y
t) = inf tf* 4.4.
)= it Lo +er (52} (4.4.59
m = inf wy(y) <wu(z,t) < sup uo(y) = M. (4.4.54)
y€[a,f] y€[af]

f/(m) S T — er(QJ,t,Uo)

. < f/(M). (4.4.55)

(8). Let L(t,a,ug) € {Re(t, a,ug)}, R(t, B,up) € {R+(t, 5,up)}. Suppose att =T,
L(T, o, up) = R(T, B, up), (4.4.56)
then for allt > T, (see Figure 9).
L(t, o, ug) = R(t, 5, up). (4.4.57)

Furthermore, let {uf} and ug are in L>=(R) with sup ||uf||« < oo. Let (o, Br,
k

ub) = (o, B,up) as k — oo in R? x L (R) and T}, — T in R such that

loc

(T,Oz,Uo) = R.,.(T,ﬁ,uo)

ST (4.4.58)
( k,Oék7u0) +( kvﬁkau())'

R_
R_
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Then fort > T,

lim Ry (¢, ap,uf) = lim R_(t, Bk, uk)

k—o00 k—o0
= RJr (t’ Q, UO) (4459)
= R_(t,a,up).

R0, th)=R, (LB .tb)

R.(tB W)
R(ta,uy)

Uo (a,0) Uo B0 Y

Fig. 4.9:

Proof. (1). It is enough to prove (i) and (ii) follows similarly. Let C' = R_(t, o, ug), then
from (4.4.22) y_(C,t,up) < a. Suppose oy < C, then from (4.4.50), the characteristic line
joining (C,t), (y_(C,t,ug),0) and (xg,t), (y4 (o, t, ug),0) intersects if y, (xo,t, up) > « or
y_(C,t,up) < a, which contradicts NIP. Hence y, (zo, t,up) = y_(C,t,uo) = a. Therefore
from (4.4.21), for zy < x < C, f'(u(x,t)) = *=. This implies that C' = R_(t, o, ug) <
x < C, which is a contradiction. Hence xyg = R_(t, «, ug). Suppose C < zy, then from
the definition and (4.4.50), we have y_(zo,t, uo)

< a < y_(xo,t,up) and hence y_(x¢,t,up) = a and from (4.4.21), f'(u(z,t)) = == for
all C' < x < xp. This proves (1).

(2). It is enough to prove (i) and (ii) follows similarly. Let > R_(t, «, ug), then from
(4.4.25), y4(x,t,ug) > a. Therefore

t

nt { i Gt + o (252 )1 it et +2° (22 )1}

= v(x,t)
o (T —yi(z,t,u0)
= wvolys(x,t,ug)) +tf ( +t ) )
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Hence

ol = nt ) + 07" (72

(iii). (4.4.53) follows from (4.4.51) and (4.4.52). Let € > 0, uf = x. * up and v§, v be as
in (4.4.3) , (4.4.4) respectively. Let u¢ = 2= be the solution of (4.1.2) in @ = R x R,.
Since vf is differentiable and hence for a.e x and from (4.4.13), u®(z,t) = uf(y+(z,t, up)).
! Therefore from (4.4.32) to (4.4.35), we

L. and hence u¢ — w in L]

. . :
Since ug — up in L Toc

have for 0 <t < T,

MR+(t,()z,US) < R+(t,C¥,U0) < R—(taﬂauﬂ) < himR—(taﬁaug)

e—0 e—0

Let e — 0 and choose a dense set D C (R, (t, a, up), R_(t, B, up)) such that for all x € D,

lim u™(x,t) = wu(z,t)
k—o0

y(l‘) = y+(x,t,u0):y,(x,t,uo)
yk<x> = er(x?t’uék):y*(x?t:u(a]k)'

For € D, choose ko(z) such that for all & > ko(x),z € (Ry(t, o, ug*), R_(t, B, ug)).
Then from ((4.4.53)), yr € [o, B]. Since u*(x,t) = uy* (yr(x)), hence from (4.4.44),

m < ug* (yp(x)) = u(x,t) < M.
Letting k — oo to obtain (4.4.54). From (4.4.12),

Fl(u (2, 1)) = L — yk(x)’

t
letting k — oo to obtain
YO e, 1) = lim (b))
t k—o0
= lim S0
k—o0

Hence lim yi(z) = y(z),
k—ro0

) < 7)) = 22 < ),

Now letting k& — oo to obtain

i) < 2D < piay,

For = ¢ D, choose xy T x, yy(zk,t,up) = y_(xx, t, up). Then from (4.4.22), y, (v, t, up)
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— y_(z,t,up). Now apply the inequalities for z; and let & — oo to obtain (4.4.54),
(4.4.55). This proves (2).

(3). Without loss of generality we can take L(t, o, ug) = R_(t,,up) and R(t, 3, uy) =
R (t, B, up). Similar proof follows in all other cases. Let C' = R_(T, o, ug) = R (T, S,
up) and ¢ > T Then from (4.4.27) and (4.4.29) we have

R_(t,a,up) = R_(t,T,C, up)
R, (t,T,C, up) (4.4.60)
= R"r(t)ﬁ)u())'

This proves (4.4.57).
Let t > T, then choose kg = ko(t) such that t > Ty, for all k > k. Then from (4.4.57)

we have

Ri(t) = R_(t,cu, uf) = Ry (t, ap,ul),
R(t) =R (tv a, uO) = R+<t, a, UO)'

Hence from (6) of Lemma 4.2,

lim Ry(t) < Ry(t, o, up) = R_(t, o, up) < lim Ry (t). (4.4.61)

k—oo k—o0

This proves (4.4.59) and hence the Lemma.
Next we give a criteria under which R, = R_. Let 8 < and I; = [f3, 7], Define

m = inf Uo(y)> M = sup u0<y)7 L= [f/(m)vf/<M)]

yeh yel

Let
ap = max{f*(q) — Mq;q € I}, f'(q) = max{q; f*(¢) — Mq < ao}.

Then we have the following.

Lemma 4.4.5. Let a < f < v,60 > 0. Let ug € L®(R), ag and qo as above. Suppose

[inﬁf] uo(y) > qo + €0, (4.4.62)

then for all t > 0,
R+(t7 /67 Uo) - R—(t7 67 uO)‘

Proof. Suppose for some T" > 0, R, (T, [,uy) > R_(T,,up), then from (4.4.57), for
0<t<T,

R_ (ta ﬁ? Uo) < R+(t> 57 UO)
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and from (4.4.26) for R_(t, 5,uo) < < Ry (t, 3, up).

r—p

(a0 =2
From (4.4.28) we can choose T sufficiently small such that for all 0 <t < T,
Ry (t,a,up) < R_(t,B,up) < Ry(t,B,up) < R_(t,7,up). (4.4.64)
Claim: Let L(t) = R_(t,8,ug), then for 0 <t < T
Flu(ey o) < PHEPROZE ) (4.4.65)
Let x > R, (t, 5, uo) be such that y(zk,t, up) = y_(xy, t,
up) and ;}1_3.10 xr = Ry(t, B, up). Then from (4.4.55)
i) < TEYL0) gy
Letting k& — oo and from (4.4.23) we have
Fmy < Bl Biuo) Zye(Belt, fiuo). bo) iy gy (4.4.66)

/ =

Yy
Let vo(y) = [ uo(6)d0, hence vy(8) = 0. Denote R(t) = Ry (t, 8, uo), y+(t)
g
= y+ (R4 (t, B, up),t, up), then from (4.4.63), y_(¢) = 8 and from (4.4.4) we have

o <M) ol () + £ (R(t) - y_<t>)

t t

R(t) - y+(t))
t
(R(t) - y+(t)>

t

oy () + 1 (

< My (t) = B) + 1

IN

Ml 0) = () + MRG) = )+ of ((FOZ2)

and hence

. (M) Yy (w> _ (R(t) —y+<t>> Yy (R(t) —y+<t>) |

t t t t

From (4.4.66) it follows that

e (M) Y (R(t) —B) <a

t t
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Letting x tends to L(t) in (4.4.63) to obtain

L) =B _ Re(t,B,u0) — 8

P L+ 1) = =2 t

< f'(q0). (4.4.67)

This proves (4.4.65) and hence the claim.
From (4.4.54), for Ry (¢, o, up) < & < R_(t, B,up) = L(t), u(z,t) > i%lfm up(y), hence
yEla,
from (4.4.62) and (4.4.67), we have

u(L(t)—, 1)

v

inf wuo(y) > qo + <o
y€la,f]

> u(L(t)+,t) +eo (4.4.68)
= f¥ (—L(?*B) + €.
From RH condition across L(t) gives
L(t)—, 1) — f (f* (292
ap _ fee®-0) - (1 (%)) e

w - - (1)

Therefore L(t) satisfies the hypothesis (2) of Lemma 4.2.3 and hence from (4.4.47)

lim
t—0

L(#) —
t
which contradicts the uniform Lipschitz continuity of L from (4) of Lemma 4.2.2. Hence
R_(t,B,ug) = Ry (t, 3, up), for all ¢, and this proves the Lemma.
Remark 4.4.1. Observe that ¢q entirely depends on the bounds of ug in [3,7].

Lemma 4.4.6. Let u be the solution of (4.1.2) with

(@) = u(2,0) = { Zo@;) ch iiz

Then for x < R_(t, a, ),

u(z,t) = a, (4.4.70)

f/(a) _ R_(t,Oé,ao) — y_ng_@,CY,Uo),t,Uo). (4471)

Proof. Since 0y(z) = [1o(#)db is differentiable for < « and hence from (4.4.13), for
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a.e, v < a,u(x,t) = uo(ys(x,t,4p)) = a and

fa) = T — y+(tx,t, ﬂo)'

From (4.4.22) and letting = T R_(t, o, tp) to obtain (4.4.71). This proves the Lemma.

Analysis of initial value problem with data taking three values : Consider the

following initial value problem taking three values. Let a, \,m € R, < 8 and consider

a if x<a,
uy(z) =< N if a<z<p,
if z>p0.

and denote

xT

@) = [ ubiey.

B

(4.4.72)

(4.4.73)

and v* be as in (4.4.4). Let u* = %ng be the entropy solution of (4.1.2) in 2 = R x R,

with initial data u}. Assume that
A > max(a, m),

then « is a point of rarefaction and f is the shock point.

Let
Li(t) = a+ f(a)t,

)
Ly(t) = a+f'(Mt,
S)\(t) = B8+ (f(M—f(m))t

A—m

Let (zo()\), To(N)) be the point of intersection of Ly and S* given by

b —«
xﬂ()\) —a+ (ﬁ — a)f,()‘)

O — (At

Since f is the point of shock and hence from (4.4.26) we have

R+(t7ﬁvu(>)\) = R_(t,ﬂ,Ué> = Rk(t)(deﬂ
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Then the solution u* for ¢t < Ty()) is given by

RMt) = SM(t). (4.4.76)
m if x> SA¢),
\ B A if Ly(t) <z < SMt),
o=y (22) if Ly(t) < = < L(t), (4.477)
a if =< Ly(t).

Define T1(X\) > To(\) be the first point of intersection of Ly and R*. If they do not
meet, then define T7()\) = oco. Next Lemma describes the behavior of u* for ¢ > Ty(\).

Lemma 4.4.7. Let \ satisfy (4.4.74). Then u” is given by (see Figure 4.10).

(i). For To(\) <t < Ty(\),y+(L1(t),t,uy) = a and

m if x> RMt),
Mz, t) =4 7 (52) if Li(t) <z < RMt), (4.4.78)
a if x < Li(t).

(ii). t > T1(N\), then u” is the solution of (4.1.2) with initial data

a if < RMTi(\),

. (4.4.79)
m if x> RNTi(\).

ut(z, (V) = {

Furthermore for any compact sets Ky and Ky of R with K = K1 X Ko,n > 0,T <
T1(\) be bounded, then

lim inf Ti(\) = oo, (4.4.80)

A—00 (a,m)eK

"\ f 0 <t <Ty(A
PR O-0=1 boa e (4.481)
li inf  wNRMt)—, 1) = . 4.4.82
fim - b Cu (BA(t)—, 1) = o0 (4.4.82)
To(N)<t<T
lim inf RMt) = oo, (4.4.83)
A—o0 n<t<T
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u=a

A0

W
A\Z
o

Fig. 4.10:

Proof. Let Tp(A) < ¢t < Ti(N). Since v} (z) is differentiable for z > 3 and hence from
(4.4.13) and (4.4.51), u*(z,t) = uo(y.(z,t,ud)) = m if x > R, (¢, B,uy) = R*(t). Next
we show that for L1(t) < x < RMt), ya(z,t,u)) = a.

Li(t) < x < RMt). Then y(z,t,uy) < (. Suppose for some z¢ € (Ly(t), R*
(1), y_(z,t,u}) < a, then for all x € (Li(t),x0), y_(x, t,uy)) < a, u*(z,t) = up(y_(z,1,

u))) = a and

x—y_(z,t,uy) - Lyi(t) — «

A @) = ) = T —°,

which is a contradiction. Suppose y(zo,t,uy) > a, then for all 7y < x < RMt),a <
yi(z,t,uy) < B. Since up is differentiable in (a, 8) and hence from (4.4.13), for a.e
x € (w0, RN(1)),

z,t,up)

P0,8) = e (. 80)) = AN = (02, 1)) = T L)

Suppose g < Ly(t), then for zy < z < min(Lj(t), R*t)),

f/()\) _ T — y+(tx’t7u(/}) < Lg\(ti — o _ f/()\)7

which is a contradiction. Suppose Ly(t) < zo < R*(t), then for z € (xq, R(t)), charac-
teristic v at (z,t) given by ¥(0) =y, (z,t,uy) + f'()\)0 intersects S* at ¢y, where

ﬁ—y+(x,t,US) 6_04
to = s —— = To(N),
f/()\) _ f(A))ﬁi@( ) f’()\) _ ﬂA}L{n( )

which contradicts NIP, since S*(t) is a characteristic for 0 < t < Ty(\). Hence for
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Li(t) <z < RMt), yi(z, t,uy) = y_(z,t,u)) = a and from (4.4.21), we have

r—«

F (1) = — (4.4.84)

Now lettmg x ¢ L (t) and from (4.4.22) to obtain y, (L, (t),t,u)) = a and f'(u*(Ly(t)
+.,1)) = = f’(a). This implies u*(L;(t)+,t) = a. From RH condition across L (t)
implies that u (Ll( )—,t) = a. Therefore from (4.4.12),(4.4.22),(4.4.23) y+(Ly(t), ¢,

ud) = a. This implies for x < Ly(t),y.(z,t,u}) < a and hence from (4.4.13), u*(x,t) =
uo(ys (z,t,u})) = a. This proves (4.4.78) and hence (4.4.79).

Let
yr(t,A) = ye(RM\t).t,up),
y=(A) = ye(RMTI(N), Ti(N), wg),
R = RNTi(N).

Let To(A\) < t < T1(A) and letting z T RMt) in (4.4.84) to obtain

RA(t) —y-(t, )

02— N RN -, 0) = - (+:4:85)

Hence y_(t, ) = . Also at t = T1()),

, _R’\—a_RA—y_
f(a) = oy T (4.4.86)

T =y (ot ug)

= lim (4.4.87)
t TR (t) t

_ : PN el

= ul]l%rp(t)f (u*(z,t)) = f'(m). (4.4.88)

From (4.4.85) to (4.4.88) we can evaluate v*(R*(t),t) by

(B —a)\+tf <—RA(’2 - O‘)

RMt) — ya (¢, A))

(st ) = By 17 (O

n (BN RO

t
+ tf*(f'(m))
= —tmf'(m) +m(Rt) — a) + m(a — B)
+tf S (m).

t+ RMt) — ﬁ)

(B—a)t(k—m) _p (R (ti —a) _R (tz “O )+ mf (). (44.89)
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Let ¢t = T1(\) then %(_/\‘)1 = f’(a) and hence the right hand side of (4.4.89) is bounded
uniformly for (a,m) € K and hence as A — 00, T1(\) — oo. This proves (4.4.80).

Observe that R, (t, o, ud) = Ly(t) and Ly (t) < RM¢t) for 0 < t < Ty(\). Hence for a.e
x € (Ly(t), RM1)),ys(z, t,uy) = y_(x, t,uy) € (a, B) and from (4.4.13),

WMo, t) = ud(ys (.t 1)) = A

From this and (4.4.85) , (4.4.81) follows. Let Tp(A) < t < T, then from superlinearity

of f*, (4.4.82) follows from (4.4.85), (4.4.89). Suppose /\lim To(A) = 0, and then (4.4.83)
—00

follows from (4.4.81) , (4.4.82). Hence assume that lim 7p5(A) > 0, then if n < Ty(N),

A—00

then (4.4.83) follows from (4.4.89). This proves the Lemma.

Next we generalize the above Lemma by replacing m by ug. More precisely let

a if z<a,
ug(z) =4 A if a<az<}f, (4.4.90)
up(z) if = > p,

and u* be the solution of (4.1.2) with initial data uy. Let

my = inf ug(x), me = sup up(x). (4.4.91)

T2 T>a

For i = 1,2, define ué’)‘ by

a if r<a,
uMz) =<4 A if a<az<p, (4.4.92)
m; if [ <z,

and let u} be the solution of (4.1.2) with intial data ;. Let Ly(t), L3(t) be as defined

earlier, then

Lemma 4.4.8. Let T > 0 be fized, then there exist A\g = \o(mq,ma,a,t) such that for
A> N, 0<t<T,

R_(t,B,u}) = Ry(t, B,up). (4.4.93)

and denote R(\,t) = R_(t, B,uy), then
(i). t = R(A,t) is a strictly increasing function.

(i1). X = R(\t) is a strictly increasing function. Let T1(\) be the first point of inter-
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section of Li(t) and R(t,\). Then for any fixed T > 0

tlim Ti(A) =00, lim R(\,T) = occ. (4.4.94)
— 00

A—00

Let To(N) be the first point of intersection of Ly(t) and R(\,t). Then

uMax,t) = { o if w<hit) (4.4.95)
A if Ly(t) <x < R(At), 0<t<Ty(N).

Proof. Let ¢ be as in (4.4.62), then for A > ¢q, from Lemma 4.4.5 we have for i = 1,2,

R_(t, B,up) = Ry.(t, B, up), (4.4.96)

R_(t, B, ui™) = Ry(t, B,ui™) (4.4.97)

and denote R;(\,t) = R_(t, 8,ui), Ty (N), Ti(N), Tor(N) the first points of intersection
of Ly(t) with Ry(\ 1), R(\ t), Ry(\,t) respectively. Since up™ < u) < ul?, hence from
(4.4.30)

Then from (4.4.80), it follows that
A—00

Next we obtain a bound on u*(R(\,t)+,t). For this let @(x,t) be the solution of
(4.1.2) with initial data ug(z) defined by

min(a,my) if z < f,

(@) = { uo () it =>p,

then for A > m, Gg(z) < uy™(z) < ud(z) and hence a(z,t) < uM(z,t) and Ry (t, B, o)
< R(A,t). Since for y > 3, [ 19(0)d0 = [ ug(0)df and hence from (4.4.51) we have for
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x> R(\ ),

Vb)) = ;gg{/y ud (0)d6 +t £ (“” - y)}
B

— ggg{/yao(e)deﬂf* <x2y>}
5

= V(x,t),

A
where u* = % and u = %—‘;. Hence for x > R(\, 1),

uM(xz,t) = u(x, t). (4.4.99)
Therefore

[ (R(A, )+, )]

[l

<
< max(mg,a).

(4.4.100)

For i = 1,2, let T;o(\) be the first intersection point of Ly(t) and R;(A,t) and Tj1(\) >
T;0(A) be the points of intersections of L;(t) and R;(A,t). Then from Lemma 4.8, we can
choose Ao > qo + ||@||s such that for all A > Ao, f'(A) >0, f(A) > f(||t]l«) and

Tia(A) > T, Ry(N\,T) > Ly(t). (4.4.101)

. ’ Rl(}\, t) — . 1\
) = f ’ — : 4.4.102
Tl,O(l/\r)litSTf ( t ) To<t<T FEaX8)=8) > X (4.4.102)

From (4.4.83) and (4.4.98) we have

lim R\, T) > lim Ry(\,T) = 0.
A—00 A—00

This proves (4.4.94).
Next imitating the proof as in Lemma 4.4.7 and from (4.4.99) we have for 0 <t < T,

)it x> RO,

)it > To(N), Li(t) <z < R(A,t),
A if 0<t <Ty(N), Ly(t) <z < R(N),
a if @< Li(t).

(4.4.103)
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Let 0 < t < Tp(A) then from (4.4.100) and the choice of Ay, we have for a.e. t,

d _ fAM RO )= 1) = Fr (RO )+, 1))
@M = TSRO =) = (RO D)
- f() fr (RO )+, )
- PENORD
Let Th(A) < t < T, then from (4.4.98), T3 o(A\) < Tp(A). Hence from (4.4.103), (4.4.102)
MR-t = [ (w)

> g (Rl()\,t) — a)

t
- UL)\(Rl ()‘a t)_v t)

> )\0.
Since f'(\) > 0 for A > Ag, hence
FNRO =) = f(ho) > f(llallso)-

Therefore from (4.4.99), (4.4.100) we have for To(\) <t < T.

d o f(uA(R()‘a t)_7t) B f(u)\(R()‘7t)+7t))
aD = R RO =) = O (ROLDTD)
fMRO )=, t) = fu(R(\ 1) +,1)
uMR(A )=, t) — a(R(A 1)+, 1)
> 0.

This proves that t — R(\, t) is a strictly increasing function.
Claim: R(\,t) < Lj(t) for t > To(N).

Suppose for some tq > To(N), R(\, to) > La(to), then for a.e x € (L3 (ty), R(\, to)
), y+(z,t,uy) € (o, ) and hence from (4.4.13) and differentiability of u in («a, 3) gives
u(z,tg) = X and f'(\) = %()toué) Hence the characteristic line r(0) at (x,ty) is
parallel to Ly and r(0) > L3(#) for § € [0,ty]. Since t — R(\,t) is an increas-
ing function for ¢ € (0,71(\)) and TH(A) < to, hence R(A, To(A)) < z. Furthermore
Y. (RO, To(N)), To(N), ug) > B. Hence the characteristic line at (R(\, To())), To(A)) inter-
sect r which contradicts NIP. This proves the claim.

Hence for t > Ty(N),

R\ t) — « < Ly(t) —

< S, (4.4.104)

Let A\ < A\; < Ay, then u)! < u)? and hence R(\,t) < R()\o,t) and for a.e. z,
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ye(z,t,ut) > ya(z,t,uy?). Suppose for some () <ty <T,R = R(\,ty) = R(A\o,t0).
From (4.4.99) at z = R, we have o < y_(R, to, u9?) < y_(R, to,uy") < B, and u™ (R+, t,)
= u(R+,ty) = u’2(R+,ty). Hence from (4.4.23) y+(R, to, up') = y+(R tg,uo ).

Let for i = 1,2, y = y. (R, to,uy'), ¥ = y—_ (R, to,ug’) and V5 ( fuo )df, then

Vit (y) = V2 (y) for y > B. Hence from (4.4.4) we have

Aa(y2 — B) +tof” <Rt_y2) = V{2 (y2) +Lf* (R—yg)

0

= Vi (y) +tf*

Let f'(6;) = R;in, then R = f'(0;)to+y; and since yo < y; implies that f'(6) > f/(6,),
hence 6, > ;. Substituting this in the above expression and using f*(f'(p)) = pf'(p) —
f(p) to obtain

(R—tof'(62)) A2+ tof*(f(02)) = (R —tof (01)) M + tof*(f'(61)) + B(Aa — A1)

to f(02) — f(01)
(A2 — A1) Xo — A )to'

That is for i = 1, 2,

R—6+ KM—%ﬁWﬁ—Or%QN%H+(

f(02) = f(01)

=Pt o0 N — A

(0 = 62)7'68) = (= 607 @] + 10 | -1
(4.4.105)
Case (i) : Let yo = y;. Then 0, = 6; and hence from (4.4.105), f = y; < B which is a

contradiction.

()\2 )\1)

Case (ii): Let a < yo < y3.
Since V7' is differentiable for y € (a, 3) and hence from (4.4.13) , (4.4.23), we have
f'(\) = R;Oy". Therefore from (4.4.105) and from strict convexity of f we have

f(2) = f(M)

= t —f'(A .
y1=0+1 . )| >8
which is a contradiction.
Case(iii): Let a = ys < 4.
Since y; > «, hence f'(0;) = Rt_oyl = f'(A\1) and Rt—_oo‘ = f'(03). From (4.4.104),
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f'(02) < f'(A2) and hence Ay > 6. Since A; > Ag and hence f'(65) > f'(\1) > 0. From
(4.4.105), ; = A\; and convexity of f we have

(>\2 - )\1)@1 - 5)

0> 0 = (A= 02)(f'(02) — f'( M) + f(02) — f( M)
> (02— M) f' (M)
> 0,

which is a contradiction. This proves A — R(\,t) is a strictly increasing function for
A > Xgand 0 <t <T. This proves the Lemma.
Next we consider the variation from the right, Let u* be the solution of (4.1.2) with
initial data uy given by
up(z) if = <a,
=< u if a<xz<f,
a if z>p.

o
Ug

We state the following Lemma without proof since the proof follows exactly as that of
Lemma 4.4.8.
Define

Li(t) = B+ f'(a)t, Ly(t) = B+ f(m)t.
Lemma 4.4.9. There exist py = py(my, ma,a) such that for p < py,t > 0,

R_(t,a,uf) = Ry(t, o, up), (4.4.106)

and denote R(u,t) = R_(t,a,uly). Let To(n) > 0 be the first point of intersection of
R(u,t) and LY(t) and Ti(n) > To(w) be the first point of intersection of R(u,t) and
Ly(t). Then

uEIEloo T () = 0. (4.4.107)
For 0 <t < Ti(u),
(@ if x> Ly(t),
()7 (5FE) if To(w) <t <Ti(w),
ut(x,t) = R(u,t) <z < Ly(t), (4.4.108)
U if 0<t<To(p),
L R(u,t) < x < LL(t).

Furthermore let T > 0 be fized, then there exist pg = po(T, p1) < p1 such that
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(i). w— R(u,t) is a strictly increasing function for 0 <t <T and

lim R(u,t) = —o0. (4.4.109)

H—>—00
(i1). For 0 <t <Ti(u),t — R(u,t) is a strictly decreasing function of t.

Interaction of R, with initial data: We study the interaction of R, with varying
parameters in the data. For this first we need the following elementary results.

Let By, Bo,jig < Ao, L € C(Ry X [Ag,0)), R € C(Ry x (—o0, o)) be given and for
A > Ao, o < o, L and R satisfy the following hypothesis,

(Hy). A — L(t,\), p — R(t,p) are strictly increasing functions such that for all A >
Ao, 1< Ho,

L(0,\) = By, R(0,u) = B, (4.4.110)

and for any 0 < a < 3,
lim inf L(t,\) =00, lim sup R(f,u) = —o0. 4.4.111
jim inf L(t,A) | sup, (t, 1) ( )

(Hy). For A > Ao, 0 < o, t — L(t, \), is a strictly increasing function and ¢ — R(¢, i) is
a strictly decreasing function.
Let I = [Ny, 00) X (—00, o] and define x(t),yo(t), A(z,t), u(y,t), 5(A, ), c(A, 1) as

follows:

zo(t) = L(t, Xo), yo(t) = R(1, po) (4.4.112)
L(t,\x,t)) = =z, R(t,u(y,t) =y (4.4.113)
LA, ), A) = R(6(\, p), ) = (A, p), (4.4.114)

then we have the following

Lemma 4.4.10. 1. zy s a strictly increasing continuous and yo s a strictly decreasing
function satisfying
(20(0),50(0)) = (B1, Ba). (4.4.115)

2. Forx > xo(t),y < yo(t), Az, t), u(y,t)) € I,x — Nz, t),t = p(y,t) are strictly in-
creasing functions and t — N x,t),y — p(y,t) are strictly decreasing continuous functions

in (0,00). Also for x > By, y < B

Hm(A(z,t), u(y,t)) = (00, —00). (4.4.116)

t—0

3. Let By < By and (A, ) € I. Then 6(\, ) exists and is a continuous function. Fur-

thermore A — §(\, ) is a decreasing function and p— 0(\, p) is an increasing function
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and

lim 0\, p) = lim 8\ ) =0 (4.4.117)
A—00 pU—>—00
lim c¢(\, p) = By, lim ¢(\, p) = Bs. (4.4.118)
U—>—00 A—00

Proof.

1. Follows from (Hy).

2. From (4.4.111) for t > 0, L(t,-) : [Ag,00) — [z0(t),00) is a homeomorphism and
hence A(z,t) exists and x — A(z,t) is a strictly increasing function. Let t; < o
and suppose \(x,t1) < A(z,ts), then

x = L(t1, \(x,t1)) < L(t1, Mz, t2)) < L(ta, Mz, t2)) = x,

which is a contradiction. Hence t — A(x,t) is a strictly decreasing function. Let
(T, tn) — (z,1), My, t,) — A, then

x = lm L(ty, N(zn,t,)) = L(t, \),

n—oo

and hence A = A(x,t). This proves the continuity of A(z,t). Suppose as t, —
0,{A(z,t,)} is bounded. Then for a subsequence still denote by n such that
Az, ,t,) — X as n — oo. Therefore by continuity of L and (4.4.110)

By <z = lim L(ty, \(z,t,)) = L(0,\) = By,

n—o0

which is a contradiction. Hence A(z,t) — oo as t — 0. Similarly for u(y,t) and
this proves (2).

3. For (\,u) € I,t — L(t,\) > By and is a strictly increasing function and ¢ —
R(t, ) < By is a strictly decreasing function. Hence there exists a unique §(\, )
satisfying (4.4.114) and By < ¢(\, ) < By and continuity follows from the unique-
ness of (A, u).

Let Ay < Ay and 5()\1,#) < 5()\2,#) Then

R((S()\l,ﬂ),ﬂ) = L(d()‘laﬂ)7)‘1)SL((S()‘%M)vAl)

and hence §(Ag, 1) < 6(Aq, ) which is a contradiction. Suppose )\lim (A, 1) = do > 0,
—00
then from (4.4.111),

oo = lim L(6(A\,u),\) = lim R(0(A\ p), ) = R(d, 1) < 00,

A—00 I(A,u)—do
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which is a contradiction hence g = 0 and

lim e¢(\, p) = /\lim L(6(\, ), A)

A—00
p— 1‘
som, RACICDND

= B27
similarly for pr — 0(A, ). This proves (3) and hence the Lemma.

Corollary 4.4.1. Let dy > 0, then there exist A\; > Ao, u1 < o such that for all A >

>\17 M S M1,
SO\, 1) < . (4.4.119)

Proof. Since §(A, 19) — 0 as A — oo, hence choose A\; > X such that §(Ay, p9) < do. Let
1 = po, then for A > Ay, u < py, we have,

(A, ) < O0(A1, ) < 6(A1, ) < o

This proves the Corollary.
Let T> 0 and A; < By < C < By < Ay and for i = 1, 2, define a;,[;,0 < §g < T by

C — A
T

(50 = min{l1<B1>,lg(Bg)}.

Let uy and u} be solutions of (4.1.2) with respective initial data u}), uf given by

ay if x< Ay,
ey N A<e<By (4.4.120)
up(x) if By <z < By,

Qf if < By,

if Bi<x<B
gy = @) i Bi<a<bB, (4.4.121)
1 if By <z < A,
ay if x> AQ.

From Lemma 4.4.8 and 4.4.9 we can choose A\g = A\o(||uo|loo); 0 = to(||to]|s) such that
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for all A > Ao, p < g, t >0,

R Ry (t, By, uy?™) (4.4.122)
R(t,p) = R_(t,By,ug™) = R.(t, By, ut™), (4.4.123)

and for 0 < t < T, L and R satisfies the hypothesis (H;), (Hs) of Lemma 4.4.10. Let
(e(A, 1), 6(\, 1)) be the point of intersection of L(¢, ) and R(t, 1) as defined in (4.4.114).
From Corollary 4.4.1, choose A1 > Ao, p1 < o such that for all A > A\, u < g

(A, 11) < o (4.4.124)

Lemma 4.4.11. With the above notation and let u(x,t,\, ) be the solution of (4.1.2)

with initial condition uo given by

( ai Zf xr < Al,
A Zf A<z < Bl,
wh(@) =1 wy if By<x< DB, (4.4.125)
) Zf By <x < AQ,
as if x> As.

then for 0 <t < §(\, p),

uy(z,t) = ub(z,t) if L(t,\) <2 < R(t, ), (4.4.126)
up(z,t) if x < L(t,N),

u(z, t, A\ 1) = { wMa,t) if L(t,\) <z < R(t, ), (4.4.127)
ub(x,t) if x> R(t,p).

Proof. Let v = 2152 and define vy (z) = [ ug(0)d6, vo*(x) = [ ug*(6)dd,
0l

fu 0)df. Then for x € [By, B,

v (x) = vpt(x) = / uo(0)df. (4.4.128)

(4.4.129)

N vé ’\(x) if =< By,
ve*(z) if x> Bo.

Claim: Let v, v** be the corresponding value functions associated by vi™, v3* defined
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in (4.4.4). Then

VI (@, t) = inf,e(p, ) {vé’)‘(y) +tf <¥) } Jif L\ <z <B,  (4.4.130)

v (z,t) = infye(p, By {vg’“(y) +tf” (g) } ,if By <z < R(t,\).  (4.4.131)

Let L(t,\) < x < B,, then from (4.4.122) y.(z,t,uy™) > By. Suppose for some z, €
(L(t,\), By),y4 (20, t,ui™) > By. Since vi™ is differentiable in (B,, 00) and hence from
(4.4.13) for a.e. = € (g, Bo), ut*(z,t) = 815? (z,t) =07 and 0 = f'(0;) = M
Hence By > x = y(x,t, u(l]’)‘) > By, which is a contradiction. Therefore y.(z, ¢, u(l)’)‘) €
[By, By| and hence (4.4.130) follows. Similarly (4.4.131) holds .This proves the claim.

From (4.4.128), (4.4.130), (4.4.131), for L(t,\) < x < R(t, ), vz, t) = v?#(x,t)

1A

and hence for a.e. =z, u'*(x,t) = ag? (x,t) = 8};29;” (x,t) = u®*(x,t). This proves

(4.4.126). In view of (4.4.126), RHS of (4.4.127) is a solution of (4.1.2) with initial
data uy™. Hence from uniqueness of solutions (4.4.127) follows. This proves the Lemma.
As an immediate consequence of Lemma 4.4.11 and (4.4.27), (4.4.122), (4.4.123) we

have

Corollary 4.4.2. Let A > A\, u < pq, then

Ri(t,By,up™) = L(t,\) 0<t<d\p),
Ry(t, By, ug™) = R(t,p) 0<t<d(\p),
Ro(t,By,uy™) = Ry(t,By,up™), t>08(\ p).

Furthermore, denote S(t, A\, ) = R, (t, Bl,ué"“) for t > §(\, p),then (£, A\, u) — S(t, A\, )

is continuous and

wtz,t) if 1< S(t A\ p),

(4.4.132)
u?t(x,t) if x> S\ p),

u(z, t, A\, 1) = {
Proof. Let (tx, Ak, pr) — (¢, A\, ). From Lemma 4.4.10, (Mg, ) — 6(A, 1) and hence
for t > 0(A, p)

From (4) of Lemma 4.4.2 and from (3) of Lemma 4.4.4, the right hand side tends to
zero as k — oo. Let v™* be the cost function associated to vy* defined in (4.4.4). For
z < S(t,\ ), ys(z, t,ug™) < By and hence from (4.4.129), v™(z,t) = v'*(x,t). Hence

u(z, t, A\, p) = 615? (z,t) = ut(z,t). Similarly for z > S(t, \, p), u(x, t, \, 1) = u?*(x,t),
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this proves (4.4.127) and hence the Lemma.
Lemma 4.4.12. Let A > A\, pp < piq and §(A\, ) < to < T, then

(i). Suppose li(to) = S(to, A\, ). Then for all ty <t < T,

S(t, A, p) < 1i(t). (4.4.133)
' t<T lo(t
oty =4 2 L O<t<T x> 2(t) (4.4.134)
a; if o <min(ly(t), S(t, A, w)).
(i1). Suppose ls(to) = S(to, A\, ). Then for all ty <t < T,
St A p) > lo(t). (4.4.135)
‘ t<T [ (t
u(z, t, A\, 1) = “ Zf 0<t<T o <hlt), (4.4.136)
as if x> max(la(t), S(t, A, p1)).

Furthermore there exist Ay and ps such that S(T, Ag, pio) = C and for 0 <t < T, u

satisfies

aq Zf T < ll(t),

, (4.4.137)
as if x> s(t).

U(LU, t) A27 M?) = {

Proof. (See Figure 4.11) Let g(¢t) = min(ly(¢),S(¢, A\, p)). Then we claim that for all
z < g(t),

uw(z, t, A\, 1) = ay. (4.4.138)

Suppose = < l1(t) < S(t, A\, ), then from (4.4.132), (4.4.95) we have u(z,t, A\, u) =
u'?(z,t) = a;. Hence assume that S(¢,\, ) < [1(¢). Suppose there exists zqg < S(t, A, 1)
such that y+(x0,t,u3’“) > Ay, then for all x € (z9, S(t, A, 1)), A1 < yo(x,t,

uy™) < By. Since uy* is differentiable in (Ay, By) and hence from (4.4.13), for a.e. = €
(o, S(£, A, 1))

— Tt ut
') = flu(z, t,\,pw) = r y+(t7t’ ")
< ll(t)—_AAl — f/<a1),

t

which is a contradiction since A > a;. Hence y, (2,1, ug"”) < A for all z € (xg, S(t, \, p
). Suppose y (o, t, ug™) = Ay. Then from (4.4.21) f'(u(z,t)) = 2= for x € (20, S(t,
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A ). Let 7, (0) = Ay + 0 (=21) < [;() be the characteristic at (z,t), then from (c)
of (3) in Theorem 4.2.1, 7, is also a characteristic at (7,(s),s) for 0 < s < t and
I (u(yz(s), s, A, ) = VI(SL_AI < ll(s)s_Al = f'(a1). Let s < §(\, p), then l1(s) < L(s, \)
and hence f'(a1) > f'(u(y.(s),s, A\, 1)) = f'(a1) which is a contradiction. T his proves
the claim.

Let tg > 0(A, 1) such that [(tg) = S(to, A\, ). From (4.4.132) and Lemma 4.4.9 for

r > S(th >\7H)>

as = max(p, ag) > u(x,to, A, ). (4.4.139)
Let tg <t < T and w be the solution of (4.1.2) with initial data wq at ¢ is given by

w (m> o a; if =< S(t0,>\,,u) = ll(t(]),
0 - as if x> S(to,)\,,u) = ll(t0>

Then w admits a shock at [;(#) and for ¢ > ¢, is given by

n(t) = L(to) + %(t —to)
li(to) + f'(a1)(t —to)
A+ fl(ap)t

l1(t),

since f is strictly convex and f'(a;) > 0 > f'(az). From (4.4.138) and (4.4.139), wo(x) >

A\

(4.4.140)

(B, T) () (B,T)
.
|
L) Ry N2
u=g =R, (t W =2
R(tA)
u Ri(t W)
a (A0 A (B,0) Up(x) (B,0) M (A0 &
Fig. 4.11:

u(z, to, A, ;) and therefore from (4.4.29) and (4.4.30) we have for t > to, l;(t) > n(t) >
S(t, A, ). This proves (4.4.133).

From (3) of Lemma 4.2.4, (A, u) — S(T, A\, 1) is a continuous function for A > A; and
1 < py. From (4.4.94), choose a A\; > A such that S(T, Ay, 1) > T and from (4.4.109)
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choose fi; < pp such that S(T, Ay, ;) < T. From Corrollary 4.4.1, S is continuous
in [A, \] X [p1, fir] and therefore there exists a (Ag, p12) € [Ar, Mi] X [u1, /1] such that
S(T, Ay, u2) = C' . Hence (4.4.137) follows from (4.4.136). This proves the Lemma.
Proof of Lemma 4.2.3. In Lemma 4.4.8, take A = «, B =, I(t) = Ly(t). Then from
(4.4.94), choose a \g large such that for all 0 < ¢ < T and for all A > A, I(t) < R(\,t).
Then (4.2.23) follows from (4.4.95) and from Rankine-Hugoniot condition across [(t).
Similarly (4.2.24) follows from Lemma 4.4.9 and (4.4.107) and (4.4.108).

Proof of Lemma 4.2.4 This follows from Lemma 4.4.12 and (4.4.136) and Rankine-

Hugoniot conditions across [;(t) and lo(t).

Example 4.4.13. (Counter Example) : Let a = 0,25 < O,klim xp = 0,\ > 0 and
— 00

define g, uf by

0f if r <0,
A if x>0.

ulg(:p): O if x <uay,
A it x> xy.

Then the solution u and wu;, with respective initial datas ug and uf are given by

0 if ©<0,t>0,
u(r,t) =9 (f)7H%) if 0<a< f/(ML,
A it x> f'(\t,
then
R_(t,0,up) = 0.
0 if o<z, t>0,
up(w,t) = ¢ (f)7HEE) if o <z < A+,
A it x> f'(\t+ xy,
then
R_(1,0,ub) = OV,
0
/]uo(x) — uf(x)|dr = /()\ —0f) = (A —0f)|zx] = 0 as k — oo.
R o
But

lim R_(t,0,uf) = f'(\)t > 0= R_(,0,u).

k—o0

Example 4.4.14. (Counter Example) : Let Ay = By = C, Ay = By = Cy, p(z) = x
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for x € (Cy, Cy) and

as if x> By
up(z) =

a; if z < By,

where ay < 0 and 60 is the point of minima of f.
Suppose there exists a solution (u, %) to problem (I), then by Lax-Oleinik formula

we have

up(x) =0f if x € (By,Bs)
u(z,t) =60y if (z,t) € (B, By) x (0,7).

On the otherhand, since ay < 6 there is a shock wave entering the region (By, B2) % (0,7")

at (Bz,0) which is a contradiction because the solution u = 6 in this region.

4.5 FExtensions:
Proposition 4.5.1. (Controllability of constant states):

1. In theorem 4.1.1, g(x) = m a constant if and only if m satisfies

Cy — Ay
T

C, — A

< fim) < =2 (45.1)

2. In theorem 4.1.2, g(xo) = m a constant if and only m satisfies

C
! > —, 4.5.2
Fm) > (45
3. In theorem 4.1.3, g1(x) = my, go(x) = my are constants. then gy, ge is controllable

if and only if my, ms satisfies

(4.5.3)

Proof. (1). g(z) = m if and only if p(x) =z — T f'(m) for all z € (Cy,Cy). Hence from
(4.1.22) we have A; < p(z) < A, implies that =42 < f/(m) < 2241 and hence (4.5.1)
holds.

(2). From (4.1.23) , g(z) = m if and only if § < p(z) < T and hence § <z —Tf'(m) < T.
This implies (4.5.2). Similarly (4.5.3) follows from (4.1.25) and (4.1.26). This proves the

theorem.

(3). Follows similarly.
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4.5.1 Controllability on the boundary

As mentioned in the introduction problems (I) and (III) deal with the controllability at
time ¢t = T. What about the controllability at x = As. More precisely

Problem (IV): Let T > 0 and A; < A,. Given uy € L¥(R), g € L>(0,7) find
g € L((A1, As)) and u a solution of (4.1.2) in Q = (=00, As) x (0,T) such that

f(u(Ag,t)) =g(t) if 0<t<T, (4.5.4)
and ‘
u(z,0) = { 7:60(3:) ?f <t (4.5.5)
uo(x) if A <z < As.

Then we have the following

Theorem 4.5.1. : Let Ay < B < Ay, A >0 and p: [0,T] — [B, As] be a non increasing
left continuous function such that for allt € [0,T],

=

. <A, (4.5.6)

and f'(g(t)) = AQ_TP(':). Then there ezist (u,ug) satisfying (4.5.4) and (4.5.5).

Proof. Proof follows on the same lines as in theorem (4.1.2) and hence only sketch the
main idea of the proof.

Step 1. This step is analogous to Lemma 4.2.1. Frist assume that p is discrete. That is
there exist a partition 0 =t, <t, 1 <...<tg=Tand B=zxy <21 < ... <2, = A>.
Define a; and b; by

Pla) = 27 pay = 2ot

I

Py = B> Bt )
Then R

fb) =" —I )

Hence a; > b;,a;11 > b; and from convexity. f'(a;) > %:{;(bl) > f'(b;). Therefore

a;—b;
= 5i(0) <Ay —1f'(by)

= Tit1-
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Hence for 0 <t < T,
Li(t) < silt) < mq(t),

where [;(t) = x; + f'(a;)t,m;(t) = x;—1 + f'(b;)t. Define p,, and g, by
pn(t) = CCOX[T,?H] + ;xiX(ti,tiJrl](t)
f/(gn(t)) - Aszpn(t)

Define u,, in 2 = (—o0, A3) x (0,7") by

an if @ <Ila(t),
/ o if Li(t) <z < s(t),
flun(, 1)) = b, it si(t) <o <m(t),

()7 (A7) i my(t) < @ < i),

t

then u, is a solution of (4.1.2) in Q satisfying

flun(z,t)) = a, ifx <l,(t)=DB+t25)
fun(Ag, 1) = e,

Let @ 0(x) = up(x,0) for B < x < Ay, then as in the proof of Lemma 4.2.1 and from
(4.5.6), for a subsequence u,, — @ in L. (), u,(-,0) = 1o in L'((B, As)), pn — p a. e.

0cC

such that u satisfies (4.1.2) and for a.e. t,

F(a(As, 1)) Arrm it te(0,7), (4.5.7)
w(z,0) = ap(z) if xe€(B,Ay), (4.5.8)
f(a(z,t) = %;B itz <o) (4.5.9)

Step 2. From Lemma 4.4.9 there exists a x4 and a solution u; of (4.1.2) in § satisfying

fu(z,t) =ag if x>1(t), 0<t<T (4.5.10)
ag if x> B,
ur(z,0) =< p if A <z < B,

up(z) if = < Aj.

Now define (u, ug) in Q by

ur(x,t) if = <ly(t),

u@ﬂ:{amw if x> 1(t),
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up(z) if = < Ay,
ﬂo(x) = ol if Aj<z< B,
fLo(l’) if xe (B,AQ)

Then (u, @) is the required solution to problem (IV).

4.5.2 Controllability of initial and boundary values:

All three problems deals with finding either initial data or purely boundary data. In fact
one can combine both and is as follows.

Problem V: Let up € L>*,T > 0,0 < C; < (3,0 < A, Let p; : [0,C1] — [0,T], po :
[Cy, Cs] — [0, A] be such that

(i) p1 is a non increasing right continuous function.
(ii) po is a non decreasing function.

Define ¢g; and ¢, by

T

o (x)) = T= (@)

if v € [0, Cl]

Pty ==L e ejcn 0

Then the problem is to find b € L*(0,7") and ug € L>°(0, A) such that a solution u of
(4.1.2) in R x (0,7 satisfying the following initial boundary data

u(0,t) = b(t) if 0<t<T. (4.5.11)
) to(x) if x € (0,4),
u(z,0) = { wolx) if e (A.0) (4.5.12)

and
gi(z) if z€(0,C),

. (4.5.13)
g2(x) if z € (Cy,Cy).

f'(u(z, 1)) = {

Theorem 4.5.2. Let A > 0,0 < A; < A be given. Let p1 and ps, g1 and go be as above

and satisfying
x
T — pi(x)

os@u»SAh'

<A (4.5.14)

then problem (V) admits a solution.

Idea of the proof. First get a free region by choosing A large such that the solution
uy of (4.1.2) in R x (0, 00) satisfying for 0 < ¢ < T,

Cy— Ay
T 7

if x < Al + tf/(al) == ll(t),

up(z,t) =a; =
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ay if x< A,
ux(z,0) = ¢ A if A <xz<A,
up(z) if x> A.
Existence of uy is guaranteed from Lemma 4.4.8. Let f'(ag) = & and for 0 < ¢t < T

define the free regions F; and F, by
Fi={(z,t): 0 <z <lpt) =tf(ag)}, Fo = {(x,t) : lo(t) <z < l1(t) = Ay + tf'(a1)}.

Since 0 < py(z) < T for z € (0,C) and satisfying (4.5.14), therefore from Lemma
4.4.1, there exists a solution uy of (4.1.2) in F} and b € L*°(0,T") such that

uy(z,T) gi(x) if € (0,CY)
ul(lo(t)—,t) = Qyp.

From Lemma 4.4.2, there exists a solution us of (4.1.2) in Fy and @y € L*(0, A;) such

that
ug(z,T) = goz) if ze€(C,0)

us(z,0) = qp(x) if z€(0,4)
us(lo(t)+,t) = ao, ua(li(t)—,t) = ay.

From RH conditions, glue uy, us, uy to a single solution u of (4.1.2) in 0,00) x (0,7)
by
up(z,t) if (x,t) € Fi,
w(x,t) = wug(x,t) if (z,t) € Fy,
ux(z,t) if x> 4(t),
and
up(z) if € (0,A4),
u(z,0) =< A it xe (A, A),
up(z) if z € (A, o00).

Then (u,u(z,0),b) is the required solution to problem (V) The same method allows to

generalize problem III also.
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CHAPTER 5

OPTIMAL CONTROLLABILITY FOR
SCALAR CONSERVATION LAWS WITH
CONVEX FLUX

5.1 Introduction

Let f: R — R be C!, strictly convex function having super linear growth. That is

im LY~ o (5.1.1)

Let ug € L*>°(R) and consider the scalar conservation law

w+ fu), = 0, ifzeR t>0,

u(z,0) = wup(x). (5.1:2)

In general, (5.1.2) does not admit classical solutions and hence look for weak solutions.
This problem was well studied and showed that (5.1.2) admits a unique weak solution
satisfying Lax-Olenik-Kruzkov entropy conditions. In the sequel we mean u a solution of
(5.1.2) if it is a weak solution satisfying entropy condition.

In [23] following optimal control problem associated to (5.1.2) had been considered.
Let k € L2 (R) be a target function and A C L>(R), a set of admissible controls. Let

g, u be the assiciated solution of (5.1.2) and T > 0. Define the cost functional J on A
by

J(ug) = / lu(z, T) — k(z)|da. (5.1.3)

Then the optimal control problem is to find an ug € A such that

J(up) = min J(wyp). (5.1.4)

WeEA
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Under a suitable conditions on k and A, they prove that wug exists. In general ug is not
unique. The basic problem related to this is “to capture a minimizer”. It is a very hard
problem because the cost functional J is highly nonlinear, non differentiable and non
convex. For the Burger’s equation, in [23], they have proposed a numerical scheme called
“alternating descent direction” by using the linearization technique developed in [15],[13].
In that work, convergence analysis is completely open.

In this chapter, we tackle this problem in a completely diffferent way. In view of the
non linearity, we modify the cost function J to J so that the optimal control problem
reduces to the standard convex optimization problem via Lax-Oleinik explicit formula.
Then we use the backward construction introduced in [5] to obtain an optimal solution.
The novelty of this method is that it is constructive and easy to derive a numerical scheme

to capture an optimal solution.

5.2  Preliminaries

Before stating the main results, let us recall Hopf, Lax-Oleinik explicit formulas (see [31]).
Let uy € L*(R) and f be as in the introduction. let f* denote its convex dual defined
by

[ (p) = Sl;p{pq - (@)} (5.2.1)

then f*is O, superlinear growth and satisfies

f(p) = sup, {pq — f*(q)},
f(f'(p) = »f'p)— flp), (5.2.2)
f*/ — f/_l-

Let b € R and define vy by

T

vo(x) = /uo(y)dy, (5.2.3)

b

and the associated value function v is given by

oz, t) = igf{vo(y)—l—tf* (x_y)} (5.2.4)

t

Definition 5.2.1. (Characteristic): Define the characteristic set ch(x,t), extreme char-
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acteristics y+(x,t) by

ch(z,t) = {y: yis a minimizer in (5.2.4)} (5.2.5)
y_(z,t) = inf{y: yisin ch(z,t)} (5.2.6)
yi(x,t) = sup{y: yisin ch(x,t)}. (5.2.7)

Then we have the following theorem due to Hopf, Lax-Oleinik ( see [31]).

Theorem 5.2.2. (1). v is a uniformly Lipschitz continuous function with Lipschitz

constant depending only on ||uo||eo, f* and satisfies the Hamilton-Jacobi equation

u+flv,) = 0 zeR, t>0, (5.2.8)
v(z,0) = wo(x) (5.2.9)

in the sense of viscosity.

(2). ch(z,t) # ¢ and there exists M > 0 depending only on ||ug||e and f* such that for

all (x,t) e R xRy, y € ch(x,t)

r—y
t

' < M. (5.2.10)
(8). For each time t, x +— yy(x,t) are non decreasing functions and for a.e. .,
er(xv t) = y*(xv t)

(4). Let u = %, then w is the solution of (5.1.2) such that for a.e. x, t >0,

f’(u(x,t)) _ T — y+<£L‘,t) — T — y,(x,t)‘

5.2.11
; ; (5.2.11)

Furthermore
u(z,t) = uo(y+(z, 1)) (5.2.12)

if x is a point of differentiability of y+(x,t) and y+(x,t) is a point of differentiability for

Vo.-

As an immediate consequence of this theorem, we have the following Lemma on finite

speed of propogation.

Lemma 5.2.3. Let A) < Ay, u_,uy € Rjug € L*®(Ay, As). Define ug by

u_ if x < Ay,
uole) =4 dole) i Ay << Ay, (5.2.13)
Uy if x> As.
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Then fort > 0, the solution u satisfies

ulz,t) = { u- i @< A= M (5.2.14)

uy if x> Ay + Mt
Proof. Let ¢t > 0, then from (5.2.10), if x < A; — Mt, then

M < x —y:(:)s,t) _ A — Mtt—yi(x,t)‘

Hence yi(x,t) < Aj. Since vy is differentiable in (—oo, A1) and hence from (5.2.12), at

the differentiable point z of yi(z,t), we have
u(z,t) = uo(y+(z, 1)) = u_.

Similarly if © > Ay + Mt, then for a.e. z, u(z,t) = uy. This proves (5.2.14) and hence

the Lemma.

5.8 Main results

Let
7(67) = min (0). (5:3.1)
Define
1. Admissible sets A and B :
A ={uy € L*R) : wup(z) = 0 outside a compact set} (5.3.2)

B={pe L (R) : (i) pisanon decreasing function

g . (5.3.3)
(17) p(z) = x outside a compact set}.

For each N > 0, define

By ={pe B : p(x) =z for |z| > N}. (5.3.4)

2. Target function k : Let [ = (C,Cy) and k be a measurable function such that

f'(k(z)) € L*(I). (5.3.6)

3. Cost function J : Let k be a target function and uy € A. Let u(z,t) be the
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corresponding solution of (5.1.2) with initial data ug. Let 7' > 0 and define the

modified cost function

J(uw:=t/Wf%utm77)—-f%kCO)Fdx- (5.3.7)

Then we have the following proposition.
Proposition 5.3.1. J is well defined.

Proof. Choose A; < €7 < Uy < Ay such that ug(z) = 6 for x ¢ (A1, Az). Then from
Lemma 5.2.3, there exists an M > 0 depending only on ||ug||e and f* such that

uw(x,T)=0f for x¢[A —MT, Ay + MT] (5.3.8)
and hence f'(u(x,T')) = f'(6) = 0. Hypothesis on k implies for z ¢ [C}, Cy]

f'(k(z)) = f'(07) = 0.

Hence
As+MT

J(ug) = / | (ule,T)) — (k) Pde. (5.3.9)
A1—MT
This proves the proposition.

Optimal control problem : Given A, k as above, find a 15 € A such that

J(tg) = min J(up) (5.3.10)

ug€EA

and if the minimizer exists, then device a scheme to capture it.

Then we have the following main result.

Theorem 5.3.1. There exists a minimizer for (5.8.10) which can be captured by using

the standard convex optimization problem in a Hilbert space and backward construction.

In order to prove this Theorem, first we reduce the problem to a standard projection
Theorem in a Hilbert space and then use the backward construction.
Reduction to a projection on a convex set : Let y,(x,t) be the right extreme

characteristic corresponding to the solution u. Let
p(l‘) :y+<ﬂf,T), Z‘ER,
then p is a non decreasing function and from (5.2.11) for a.e. z,

f@@ﬁﬁzz%#ﬂ. (5.3.11)
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Since u(x,T) = 0 for x ¢ [A; — MT, Ay + MT], hence p(x) = x for x ¢ [A; — MT, Ay +

MT] and
I AR RPN &
Ty = [ |5 pvta)| o
71?102+MT 9
_ / ‘—9’ _7{)<x) ~ k()| de.
A1—MT

Now define J on B by

2

2= o)) de

T

J(p)=7

—0o0

Then from (5.3.11) to (5.3.13) we have

inf J(p) < inf J(u).

pEB up€A

Lemma 5.3.2. Let

B={peB: px) =2 if v ¢ [min(Cy, p(Ch)), maz(Cy, p(Cs))]}.

Then

inf J(p) = inf J(p).
inf J(p) Inf (p)
Proof. Since B C B, hence
inf J(p) > inf J(p).
pEB

peEB

Let p € B and define p by

T if ¢ [min(Cy, p(C)), max(Cy, p(Cs))],
p(Cy) if min(Cy, p(Ch)) <z < Cy

p(z) it ze[Cy,CY

p(Cy) it Cy <z < max(Csy, p(Cy)).
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Then

max(Cs,p(C2))

= [ [ )

2

dz

min(cy,p(Ch))

=‘7¥i%@2—f@@»2mw- 7

= min(c,p(C1))
max(Cz,p(Ca2))
z — p(Cs)

o 4

Ca

2

T

2

dz.

Since p(z) < p(C) for z € (min(Cy, p(Ch)), C1) and p(z) > p(Cs) for z € (Cy,
max(Cy, p(Cs))), hence

o < [lEmr@) el
10 < [|FE - r)| o

maX(CQ,p(CQ)) 9

Cq 9
I T P
min(cy,p(C)) C2
o2 2
<[22 )| as
= J(p).

Hence

inf J(5) < inf J(p).
peB

peEB

This proves the Lemma.

Lemma 5.3.3. Let

Gi = Ci— (BT (| k)2 +1))"

Gy = Cy+ (3T2(|F/(0)|2+1))"

By = {P €B : p(I) =z forx ¢ [6’17@2]}7

then there exists a unique py € Bo such that

J(po) = min J(f) = min J(p).

pEBo peB
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Proof. Let p, € B be such that

lim J(pg) = ;ng J(p).
S

k—o0

Let n(z) = « for all # € R, then n € B and

IF ()5 = J(n) > lim J(pr)

T k—oo

Ch ( ) 9 max(Cz,pr(C2)) ( ) 9
. L — Pr(x L — Pe\T
> 1 — 1 d — d
= e / T v T v
min(cy,p,(Ch)) C2

Since

() = { pe(Ch) if x € (min(CY, pr(Ch)), Ch),
pr(C) if 2 € (Cy, max(Cy, pp(Ca)))

and hence ther exists ky > 0 such that for all & > ko,

Ch

x — pe(C1)\?
3TE(|f(K)|?+1) > 3717 ) de
2 T
min(ci,px(Ch))

max(Ca,pr(C2)) (O) 9
T — pr(L2
372 —_—

i L )

Co

= (C1 — min(Cy, pr(C1)))’ + (max(Cy, pi(Cs)) — Ca)°.
Hence

min(C, pr(Ch))
max(Cy, pr(Cy)) < Cs.

Vv
Q

This implies that p(C4), pr(Cs) € [C1, Cs] and hence
inf J(7) = inf J(7).
pEB pEBy

Let

H = LQ(él,CN’Q), K= {,0 € B . él S mm(C’l,p(Cl)) S maX(02,p(Cg)) S ég}
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Then K is a closed convex set in H and hence from the projection Theorem in a Hilbert
space, there exists a unique pg € K such that
J(po) = min J(p).
() = min J(7)
This proves the Lemma.
In order to prove the main results, we need the following backword construction

Lemma which is proved in [5],[2]. For the sake of completeness we prove this Lemma

after completing the proof of the theorem.

Lemma 5.3.4. (Backward construction): Let D1 < Dy, Ay < Ay and p : [Dy, Ds] —

[A1, As] be a non decreasing function. Define a; and as by

Dy — Ay

_DQ—AQ
T = .

f(ar) = T

) f/(a2)

Then there exists a ug € L*(Ay, Aa) and th solution u of (5.1.2) with initial data uy given
by

aq Zf T < Al,
UIQ(SE) = I_L()(l') iof A < x < As, (5317)
as if x> As
satisfies
flam) = 222D i pep, by 5319

(5.3.19)

(2.1) a; if x<Ay+tf'(ar), t<T
u(x, =
a9 Zf T > AQ + tf/((lg), t<T.

Proof of Theorem 5.3.1 From Lemma 5.3.3, there exists a unique minimizer jy € By
for J. Take Dy = Ay = C1, Dy = Ay = Cy, p = po, then py satisfies the hypothesis of
Lemma 5.3.4. Hence there exists an initial data ug and the corresponding solution u such
that

f(u(z,T)) = x_TﬁO(x) if ze[Cy,CY,

w(z) = O if ¢ [Cy,Cyl.
Since f'(a1) = f'(az) = 0. Therefore ug € A and hence from (5.3.14)

inf J(wo) < J(up) = J(po) = inf J(p) < inf J(wp).

woEA peB wpEA

Hence ug is an optimal solution to the problem and this proves the Theorem.
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Initial Value problem partitions: (See Figure 5.1) Let I = (A1, As), J = (D1, D3).

Let P ={%0,v1---Yn,To,x1...2,} is called a partition of (I, J) if

A1:y0<y1<...<yn:A2, Dlzl‘oél'lg...gﬂfn:DQ.

Let P(I,J) ={P: P
bi(P), ai(t, P), si(t, P), bi(t,P) by

/ T, —Y;

flai(p) = —=—,

_ X
1=%o |

is a partition of (I, J)}. For a partition P denote a;(P), s;(P),

=T

\
AYo  y, Y, lai(P) l Yin

a(P) bi(p)

Fig. 5.1:

Clearly a;(0, P) = yi, (0, P) = yit1.
Lemma 5.3.5. Let o;(P) = s;(0, P), then for 0 <t < T,

bi(P) < ai(p), bi(P) < aip1(P),

Y < a;(P) < yit1,

a;(t, P) < s;(t,P) < bi(t,P) for 0<t<T.
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Proof. Since y; < y;41, hence

J(ai(P)) = T2 > S = ((P)),

therefore a;(P) > b;(P). By convexity of f

, J(P)) — f(b;(P ,
) > TR - )
Ty — Y Ti— @i(P> Ti — Yi+1
T - T &
and hence y; < a;(P) < yis1. Since z; < 2,41 and hence f'(b;(P)) = w <

# = f'(a41(P)). This implies b;(P) < aiy1(P). This proves (5.3.20) to (5.3.22)
and hence the Lemma.

Let Q;(P) = {(z,t) : 0 <t <T,a;(t,P) < x < a;41(t, P)}. In view of Lemma 5.3.5,
let w;(z,t, P) be a solution of (5.1.2) in Q;(P) defined by

a;(P) if a;(t,P) <z <s(t, P),
(f,)il (#) if bz(t, P) <z < (li+1(t, P)

Hence u;(a;1(t, P)—,t, P) = a;j41(P) = uit1(a;41(t, P)+,t, P). Therefore define the so-
lution u(x,t, P) of (5.1.2) in R x (0,7") by

wi(z,t, P) if (z,t) € Q(P),
u(z,t, P) = ¢ ag(P) if x<a(t,P), (5.3.24)
a,(P) if = > a,(t, P),

satisfying the initial condition

up(z, P) if x € (Ay, Ag),
u@.P) =4 alP) if v< A, (53.25)
a,(P) if o> A,

where ug is given by

Cll(P) if v <z < Oéi(P),

. (5.3.26)
b;(P) if a;(P) <z < yit1.

uo(z, P) = {
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Furthermore at ¢t = T, x € (D1, Dy), u satisfies

n—1
L —Yi
P T P) = 3 o (0) (T2 (5.8.27
i=0
. , Dy — Ay
Next we calculate the L> and TV bounds of wg. First observe that f/'(ag(P)) = —7
Dy — A
and f'(a,(P)) = %, hence ag(P), a,(P), are independent of P and denote
ap = ag(P), a, = an(P),
ao(t) = ap(t, P),a,(t) = an(t, P).
Dy, Ay) — min(Dy, A -~
Let oy = DX Do Aa) Z DA e iy (p)) < | DY) < L))
< M and hence
| (uo(z, p))| < M. (5.3.28)
TV(f (uo(-, P)) = ;J|f/(a,-(P))—f'(bi(P))]
_n—l
= + 2 |F0(P)) = f(ain(P))]
i=0 . (5.3.29)
_ o (E oY T Yin +"i Ti —Yir1  Tit1 — Yit1
= T T =0 T T
1 1
- T(AQ_A1)+?(D2_D1)
Since | f'(#)| — oo as |#| — oo and hence we have
Lemma 5.3.6. There exists a constant My independent of P such that
lluo (-, P)lloo + TV (f (uo(+, P)) < Mj. (5.3.30)
Furthermore, for ¢ € C(R x [0,T]) we have
f T 00
//(u(:v,t, P)oy + f(u(z,t, P))o,)dxdt + / uo(z, P)¢(x,0)dx
~1 0 —0 (5.3.31)

Let p be a strictly increasing continuous function. Let n > 1 and A; = yp < 11 <
... < yn = Ay such that |y; — yi11] < % Let k be such that {z : p(z) < yp_1} = ¢ and
{z : p(x) < yp} # ¢. Define z; = Ay if i <k —1 and for i > k,

{z:p(r) <wi} = [A1,z:).
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Let P, = {yo, Y1 - - - Yn, o, L1 - . . T} be the corresponding partition and define

n—2
p(:L‘, Pn) = Z in[xi7Ii+1)(x> + yn—1X[xn—1,D2](‘r)'
i=0

Clearly
1

and hence p(z, P,) — p(x) uniformly as n — oc.

Proof of Lemma 5.3.4 First assume that p is a strictly increasing continuous function.
For n > 1, let P, and p,(z) = p(x, P,) be constructed as above. Let u,(x,t) = u(x,t, P,)
as in (5.3.21) a solution of (5.1.2) with initial data ug,(r) = uo(x,d, P,) as in (5.3.22).
From (5.3.27), {f'(uon)} is bounded in BVj,.(R) and hence by Helly’s theorem, there

exists a subsequence still denoted by {f’(ug.,)} converges to f'(ug) in L},

e and a.e. Since

Up,, is uniformly bounded and f” is strictly increasing function, therefore ug,, — uo in
Ll

L. Hence from L]  contractivity, u, converges to @ a solution of (5.1.2) a.e. (z,t) €

/ D - A ’ D -
R x (0, T) with initial data uo. Since f'(ag(P)) = % F(an(P)) = =
Uy = To|[a,,4,), then from Rankine-Hugoniot condition across aq(t), a,(t), (u, @) satisfies

(5.3.17) to (5.3.19) . At t =T,

2 .
, hence if

f (un(x,T)) = %M, if # € [Dy, Dy,

and hence letting n — oo and from (5.3.31) for a.e. x € (D1, D5),

f (u(e, 1)) = LD,

Then (@, tg) is a required solution. For general p, let p,, be a strictly increasing continuous
function with values in (A, Ay) and converging to p in L' and a.e. Let (i, 4,0) be the

corresponding solutions satisfying (5.3.17) to (5.3.19) . Hence from Helly’s theorem, there

1

1o and a.e. Therefore from

exists a subsequence still denoted by ,, ¢ converging to @ in L
L}OC

of (5.1.2) satistying (5.3.17) to (5.3.19) .
For a.e. © € (Dy, Dy) we have

contractivity, for a subsequence still denoted by w,, converging to @ a.e to a solution

£ @z, 1) = lim f (@p(z,T)) = lim — —pal) _w—pl)

This proves the Lemma.
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5.4  Generalization

Remark 5.4.1. In the optimal Control Problem: condition on k can be relaxed and is

as follows. We can assume that for z & (C1, Cy)

k(x) =

ap if x < Oy,
oy if x> Ch.

Then the class B is defined as follows. Let p € L° (R) be such that
(i). p is non decreasing function

(ii). There exist A; < Ay such that

r—oT if x< A,
plx) = .
x—apT if x> As.

Let
B = {p; p satistying (i) and (ii) }.

Then by the similar arguments one can show that there exists a unique p € B such

that
J(p) = inf J(p). (5.4.1)

pEB

In view of the controllability of initial and boundary value problems, we can extend
the optimal controllability for the boundary value problem. To illustrate this, let us
consider one sided initial boundary value problem. Let 0 < 7,0 < C, and k € L2 (R)
such that k(z) = 0y for « large. Let up € L>,b € L>(0,T) and u be the solution of (1.2)
in Q = (0,00) x (0,7) with

u(t,0) =b(t) 0<t<T,
=up(z) x>0,
(a0, /|f (.7) = (k)
In order to make integral finite assume ug(x) = 6 for x large. Hence define
A = {(up,b) € L=(R) x L=(0,T);up(x) = 0, for large x}.
Then optimal control problem is to find (@, 1~)) such that

J(i,b) = inf  J(ug,b). (5.4.2)

(uo,b)€A
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From Joseph-Gowda [40] and Lax - Olienik [31] formulas for any (uo,b) € A, there exist
0<C; <Candp;:[0,C1] — [0,7] a non increasing function and ps : [C},C] — R a

non decreasing function such that

(1). pa(z) = x for x large and

f(u(z,T)) = m—Tpg(x) it ze (Cy,0).

(i). f(u(z,t)) = 77, 0<z<Ciand

‘L <A
T—plx)| =
where A is a constant depending on the Lipschitz constant of f on [—||b||sc, ||0]/co]-
Therefore
i 2 []e—pala) :
T x — po(x
b) = — — f(k d "(k d
Hud) = [ | = ke ot [ |2 )| o
0 C1
= Ji(p1, C1) + Ja(p2, C1)
= J(p1,p2,C1)

m = inf J(uo, b) = inf {J1<,01, Cl) + JQ(,OQ, Cl)}
ug,b p1,p2,C1
Let (p1k, p2.x, Crx) be a minimizing sequence. As in the previous case, it follows that
there exists A > 0, such that psx(z) = x for all k¥ and x > A. Hence {p;, } are uniformly

bounded monotone functions, therefore from Helly’s theorem there exists a subsequence

still denoted by {p1 4, p2xCk} converges (pi, p2, C) for all x € [0,C]. Hence by Fatau’s
Lemma (1, 2, C) is an optimal solution and from [2] we can construct the solution (i, b).

If C' is known, then g, and g, can be obtained from the L? - projection as follows:
Let ny(x) = (

#1(3:) then 7]% <T, me) is a non increasing right continuous function. Let
n : [0,C] — R be function such that

1. ™2 is non increasing right, continuous function in [0, C] and s <7Tin [0,C].

xT

2. 77|(@ ¢) 18 non decreasing function.

Let
Ky = {n;n satisfying (1) , (2) and 0<n < N}.
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Then Ky is a closed convex set in L?((0,C')) and let 7, € Ky such that

nekKn

c c
a) = iut ) = int{ [ (o) - k@) P+ [ IED )P,

Then for large 7, if we define

() = T——— for x€(0,C)
P2, (x) = 7q(x) for z € (Cy,C)

then (p1, p2, C) is the optimal solution.
Let 1 < p < oo and k be a measurable function satisfying (5.3.5) and f'(k) € LP(R).
Let ug € A and define the cost functional

Jy(t) = / F (u(e, T)) — F(k(x))Pd.

Then from Lax-Oleinik formula, there exists a p € B such that

) = o) = [\ = g o

R

and

inf J,(up) = inf J,(p).

up€A pEB

Then as in Lemma 5.3.3
inf J,(p) = inf J,(p).

peB pEBg

and By € LP([Cy, Cy)) is a closed convex set. Hence from uniform convexity. there exists

a unique py € BO such that
Jy(po) = nf J(p).

ug€Bo
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CHAPTER 6

EXISTENCE AND NON-EXISTENCE OF TV
BOUNDS FOR SCALAR CONSERVATION
LAWS WITH DISCONTINUOUS FLUX

6.1 Introduction

! Tet I C R be an open interval. Let ug : R — I, F': R x I — R be measurable functions.

We consider the following equation of conservation law

u + F(x,u), =0 reR, t>0

u(z,0) =up(x) =z eR. (6.1.1)

In general (6.1.1) may not admit classical solutions even for smooth F' and ug and it is
well known that even if weak solutions exist, it may not be unique.

This problem has been studied extensively over the last several decades, when the
flux F' is Lipschitz continuous and wug is of bounded variation. One has to impose an
extra criteria called “Entropy condition” to obtain the physically relevant solution. For
achieving this goal, the following three methods are used:

1. Hamilton-Jacobi method (due to Lax and Olenik [31]): Basic assumption is
that F(z,u) = f(u) which is strictly convex C?-functions. Let vg(x) be the primitive of

up and consider the following Hamilton-Jacobi equation

v+ f(ve) =0 reR, t>0

v(z,0) =wvo(z) =z €R. (6.1.2)

Then this problem admits a unique viscosity solution v which can be explicitly calculated

IThis chapter is taken from the work [1] and the contents are also added in the thesis of Rajib Dutta
as he is one of the coauthor of [1]
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from the Hopf formula or from the parabolic regularization

vt f(ug) =€vye T ER, >0

v(x,0) =vo(z) =z €R, (6.1:3)

and then letting e — 0. This v turns out to be Lipschitz continuous function and u = %
is the entropy solution of (6.1.1) with TV (u(.,t)) < TV(uo) for all ¢ > 0. In the case of
initial-boundary value problem in the quarter plane explicit formula obtained in [40].
2. Vanishing viscosity method (due to Kruzkov [46], [38]): Here F' is assumed to
be Lipschitz continuous function in z and u and use directly the parabolic regularizations
to (6.1.1), i.e.

u 4+ F(z,u), =€uy, TR >0

u(z,0) =up(x) z€R, (6.14)

and let ¢ — 0 to obtain a unique entropy solution with TV (u(.,t)) is bounded for all
t > 0 whenever TV (uy) is finite.

3. Numerical schemes: Here F(z,u) = f(u) is Lipschitz. Any monotone, conservative
and consistent scheme converges to a unique entropy solution, (for details see [36]), having
TV(u(.,t)) < TV(ug) < oo for all t > 0.

Next consider the case when the regularity on F' fails. Suppose F(z,u) = f(u) is
continuous but not Lipschitz continuous. Then the finite domain of dependence fails
and this case was considered by Kruzkov [47]. They defined the concept of generalized
entropy condition and proved that the solution is unique.

Now suppose the regularity of F' in the space variable fails. Assume that F' has a

single point of discontinuity at z = 0 and is given by
F(z,u) = H(x) f(u) + (1 = H(z))g(u) (6.1.5)

where f and ¢ are Lipschitz continuous functions and H is the Heaviside function. This

equation (6.1.1) decomposes into two equations

u+ f(u), =0 z>0,t>0
(6.1.6)
u + g(u), =0 r<0,t>0

and if ut(t) = u(0+,t), u=(t) = u(0—,t) exist, then u*(t) satisfies Rankine-Hugoniot

condition at the interface z = 0 given by

f™(t)) = g(u™(t)). (6.1.7)

A solution to (6.1.1) by definition a weak solution to (6.1.1) satisfying entropy condition

165



of Lax-Olenik, Kruzkov away from the interface x = 0.

Equations of the above type arise while dealing with fluid flows in heterogeneous
media like in two phase flow in a porous medium with changing rock types that arise
in the petroleum industry. In this case, the discontinuities can be on account of the
change in permeabilities due to changing rock types. Equations of the type (6.1.1) with
discontinuous flux also arise while modeling gravity settling in an ideal clarifier thickener
unit used in waste water treatment plants. See [17] for details. Here, discontinuities are
on account of the separation of the flow into bulk upward and downward flows at the
feed inlet and also due to the presence of singular source terms. Other examples are in
the modeling of traffic on highways with changing surface conditions (see [53]) and in ion
etching in the semiconductor industry (see [55]).

A simple example by taking f = 0, ¢ = 1, shows that (6.1.6)-(6.1.7), does not admit
any solutions. Hence for existence, one need to put an extra assumption, namely that f
and ¢ coincide at least two points. Under this assumption Gimse-Risebro [35, 34], Diehl
[30] obtained a solution for Riemann data. Main questions are existence of solutions for
arbitrary data and unicity.

In order to understand the problem clearly, assume that f and g are strictly convex
C%-function. Now regularize H to H°, a smooth function and let F°(x,u) = H°(z) f(u)+
(1 — H%(x))g(u). Then F° is Lipschitz continuous function. Let uy € BV N L>® and

consider two problems

(i). Vanishing viscosity for Hamilton-Jacobi:

v+ Fo(z,v,) =€vyy 1 ER, >0

(6.1.8)
v(z,0) = vo(x) = [ uo()df, xeR
and
(ii). Vanishing viscosity for conservation law:
u + FO(z,u), = €upy, T ER, t>0 (6.1.9)

u(z,0) =ug(x) zeR.

Let v be the unique solution of (6.1.8). Then letting € — 0, § — 0 Ostrov [54] showed

that v s converges to a unique viscosity solution v of

v+ F(z,v,) =0 xR, t>0 (6.1.10)
v(z,0) =vo(z) z€R. o

Independently, (6.1.10) has been studied by Adimurthi-Gowda [6] and obtained an explicit

formula for the viscosity solution. Furthermore it was shown that u = g—; is a solution of
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(6.1.1) satisfying an interface entropy condition
meas{t : f'(u"(¢)) > 0,¢'(u (t)) <0} =0 (6.1.11)

and Lax-Olenik entropy condition for x # 0. That is undercompressive waves at the
interface are not allowed. The solution so obtained form an L!-contractive semi-group.
Moreover under some mild regularity (see Remark 6.2.1), the solutions of (6.1.1) satisfying
(6.1.11) is unique.

At the conservation law level, this problem was studied by Karlsen, Risebro, Tow-
ers [42] and showed that for ¢ — 0, 6 — 0, solution of (6.1.9) converges to a solution
of (6.1.1) and it does not satisfy the condition (6.1.11). In general, these solutions ad-
mit undercompressive waves at the interface x = 0 which is not allowed in the classical
theory of Lax-Olenik and Kruzkov (see, [46] ). From the model coming from capillary
diffusion, Kaasschieter [41] had studied this problem by using a different diffusion term
than the one in (6.1.9) which captured the better physics of that situation. He used trav-
elling wave method and also arrived to the conclusion that the solution satisfy interface
entropy condition (6.1.11). For example, in some cases like clarifier-thickner model, un-
dercompressive waves are allowed at the interface [18, 19, 20, 17, 21, 42, 27, 29, 28, 43]. In
view of this discrepancy, a general theory known as (A, B) interface entropy theory was
proposed in [8], [9], [22]. It was first shown that (A, B)-entropy solution exists and forms
an L'-contractive semi-group and is unique. For the strictly convex case, in [9] explicit
Lax-Olenik type formulas are established satisfying “(A, B) interface entropy condition”.

Using this, a numerical scheme of Godunov type is derived in [7], [10]. This scheme is
conservative, monotone but not consistent. One cannot expect total variation diminishing
property as a constant data gives rise to a non-constant solution. Without total variation
bound studying the convergence of the scheme was difficult. This was overcome by
singular mapping technique used in [50], [61], [7], [45], [8]. Since the schemes are monotone
and conservative and hence by Crandall-Tartar’s Lemma, the solution mapping is L-
contractive. From this, it was shown (see, [16]) that the scheme is of total variation
bounded away from the interface and this gives an alternative method to prove the
convergence of the scheme. Both the methods does not give any information at the
interface x = 0. Now the open question was
“Does the (A, B) entropy solution admit a total variation bound?”

It is easy to see that if the fluxes f and ¢ are Lipschitz continuous and for almost
everywhere modulus of their derivatives are bounded below by a positive constant then
the associated singular mappings are invertible and Lipschitz continuous, this implies
that (A, B) entropy solutions are of bounded variation. In view of this observation, it is
expected that the total variation bounds fail if one of A or B is a critical point of f or g

respectively. Aim of this chapter is to show indeed this is the case.
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Basically we assume that f and g are strictly convex and of super linear growth. We
use the explicit formula for the (A, B) entropy solution constructed in [9] and show that
if (A, B) are away from the critical points, then the solution is of total bounded variation
(see (1), (2) and (3)of Main Theorem 6.2.5). One of the main ingredients to show this is
the study of boundary values Ay (t) ((6.2.5), (6.2.6)). If Ay(¢) are of bounded variation,
then it follows easily that the solution itself is of bounded variation. But this is not the
case in general. In general A.(t¢) are highly oscillatory and we illustrate this with an
example (see, Theorem 6.2.2) where we show that A\.(¢) are not of bounded variation. In
spite of this anomaly, total variation bound exists when A, B are away from the critical
points of f and g respectively.

In (5) of Main Theorem 6.2.5, when A is a critical point of g, then for certain data we
construct the (A, B) entropy solution which is not of bounded variation at the interface
x = 0. Idea behind this construction is as follows. At the interface, u satisfies RH
condition, namely f(u™(t)) = g(u(t)). Hence u=(t) = g~ (f(ut(¢))). If f(u™(t)) is of
bounded variation and the range lies in a neighbourhood of critical point of g, then u~
need not be of bounded variation.

Plan of this chapter is organized as follows. In Section 6.2, we recall from [6], [9], the
properties of (A, B) entropy solutions. Basically (A, B) entropy solution depends heavily
on construction of left A_(¢) and right A, (¢) boundary values at the interface x = 0. In
general they need not be of bounded variation. In Section 6.2, we give an example to
show that A, (¢) is not of bounded variation whose proof is carried out in Section 6.3. In

spite of this anomaly, next we prove that

(1). (A, B) entropy solutions are of bounded variation if A, B are not critical points of

g and f respectively.

(2). construct an explicit example to show that total variation is unbounded under the

assumption that one of A or B is a critical point.

As a consequence of our example, it follows that however small the BV norm of initial
data is, BV norm of the solution can blow up at the interface. Hence the BV bounds of
the solution need not depend on the smallness of the initial data (see Remark 6.2.2).

Conservation laws with discontinuous flux can also be written as 2 x 2 system of
hyperbolic equations. This system is non strictly hyperbolic near the critical points of f
and g. Hence the TV bound may blow up due to occurrance of the critical points of f

and g. This type of TV bounds failure usually is called resonance (see [60], [59]).

6.2 Preliminaries

We assume the following assumptions on f, g and uy.

(i). f and g are strictly convex, C? and of superlinear growth.
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(ii). wp € L* and let vy be its primitive given by
vo(z) = / uo(0)do.
0

Let f(0y) = reniﬂlg (), g(8,) = reni]lg g(0) be the points of minima of f and g respectively.
€ €
Let f* and g* be their respective convex duals. Let us recall some of the definitions and

notations from [9], [8].

Definition 6.2.1. (Connection). Let (A, B) € R% Then (A, B) is called a connection if

it satisfies

(i). f(B) = g(A).
(ii). f(B) 20, ¢'(A) <0.

Definition 6.2.2. (Interphase entropy functional). Let v € L2 (R x Ry) such that

u®(t) = u(0+,t) exist a.e. t > 0. Then we define I45(t), the interface entropy functional
by

Lap(t) = (9(u™ (1)) — g(A))sign(u™(t) — A) = (f(u™ (1)) — f(B))sign(u” (1) — B). (6.2.1)

Definition 6.2.3. (Interphase entropy condition). Let u € L{° (R x R ) such that u®(t)
exist a.e. t > 0. Then u is said to satisfy Interphase entropy condition relative to a
connection (A, B) if for a.e. t >0

Iap(t) > 0. (6.2.2)

Definition 6.2.4. ((4,B) entropy solution). Let F(z,u) = H(z)f(u) + (1 — H(z))g(u)
and (A, B) be a connection. Let uy € LS. (R x Ry). Then u € L2, (R x R,) is said to be

loc

a (A, B) entropy solution if

(i). u is a weak solution of

u + F(x,u), =0, reR, t>0

u(z,0) =ug(x) x€R. (6.23)

(ii). w satisfies Lax-Olenik-Kruzkov entropy condition away from the interface z = 0.
(iii). At the interface z = 0, u satisfies (A, B) interface entropy condition (6.2.2).

The following examples illustrate the different approaches give rise to different solu-
tions for the same initial data.
Example. Assume that f and g intersect at a point p where f'(p) > 0, ¢'(p) < 0. Let
g(8,) > f(8y) and ug(x) = p. Then
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1. Parabolic regularization of (6.2.3) gives u = p as a solution. For every t > 0,

Fr(t) =f(p)>0, g'(u"(t)) =4g'(p) <0

and hence this solution produces an undercompressive wave at the interface z = 0.

In this case, total variation of u(.,%) does not increase.

2. From the explicit formula [6], the solution u of (6.2.3) is given by

/

p if v <g'(pt,
g5 gt <z <0,
u(z,t) =< B if 0 <z < f'(B)t, (6.2.4)
f7HE) Bt <z < f'(p)t,
W if z > f'(p)t

where f(B) = ¢g(0,), f'(B) > 0. In this case u*(t) = B, u (t) = 0,, hence
fut(t) >0, ¢'(u(t)) = 0 for all t. Here total variation of u(.,t) increases.

(A, B) interface entropy conditions generalize these two cases and for particular choice of
(A, B) connection total variation of the solution of (6.2.3) may increase.
Next we illustrate how to get an explicit (A, B) entropy solution. For this we need to

construct boundary values Ay (¢) and the details are carried in [9], [6].

Definition 6.2.5. (Control curves).Let t > 0. v : [0,t] — R be a continuous function.

is said to be a control curve if there exists 0 < ¢; < ¢ such that
(i)‘ 7|[t1,t] =0,

(i1). Y|[0,t,] is linear and ~y|(g.,) # 0.

Let
I'(t) = {7:[0,] = R; v is control curve},

Do(t) ={y €T(t): v(t) > 0},

I_(t)={vyeT(t):v(t) <0}.
Define b4 (t) by

b= nt o)+ [ 68},

yel'y

b= i (o) + [ 0)as,

yel—(t)

where vo(z) = [ uo(6)do.

Lemma 6.2.1. Let ug € L™, then by(t) € L™ and satisfies
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(i). by(t) are Lipschitz continuous functions.

(ii). Let ug € BV, then b/ (t) are of bounded variation on any interval [0,T) for T > 0
with TV(bs,[0,T]) < CTV(uy), for some constant C > 0.

Proof of this Lemma follows from Lemma 6.2.1, (24) and (27) of [9].

In order to construct an (A, B) entropy solution, we split the problem into two bound-
ary value problems with appropriate boundary conditions AL(¢). For this, we denote f;l
the inverse of f restricted to the increasing part of f and f=! the inverse of f restricted

to the decreasing part of f. Similarly define for g;l, g-'.

Definition 6.2.6. (Boundary data). Let (A, B) be a connection and define A\ (t) =
Mo(t, A, B,vo, £, g) (see Figure 1, Figure 2) by

() if — b, (t) > max(=b_(¢), f(B)),
A(t) = (6.2.5)

f2 (max(=b.(8), f(B)) i — Y, (t) < max(=, (1), (B)),

goH (= (1) i — (1) > max(—¥, (1), g(4))

A(t) = (6.2.6)
g (max(—b, (), g(A)) i — (&) < max(—¥, (£), g(4))

Regarding the behavior of A\L(t), we have the following theorem whose proof will be

given in Section 6.3.

Theorem 6.2.2. For a certain choice of f and g there exists ug such that TV(Ay) = co.

U P T
Ap(t) = f= (=L (t LT
=g *%g )2 min(((_bﬂ%)g)f(Bgzg 61 —b', J%g )S ma;r((ﬁb’_ ts,)}(B))

(6.2.6), it follows immediately the following

Lemma 6.2.3. Let ug € BV N L, then \y satisfies
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(). fAL () > f(B). If f(\:(t)) >0, then \y(t) > B. Furthermore if B # 0; then
there exists an o > 0, such thatV 0 < t; < ty < .... < tg11 and satisfies Ay (t;) > B,

then
k

D A () = A (tin)| < aTV (ug)

=1

(ii). gA_(t)) > g(A). If g (\_(t)) <0, then A\_(t) < A. Furthermore if A # 0, then
there exists a B > 0, such thatV 0 < t; <ty < .... < txs1 and satisfies A_(t;) < A,

then i

f

F(B) = g(A) - R— P :

I

—b (t) [

/

b S N

B B A A

/ A (t) =B
¥, (1) < miax(—b_ (1), f(B)) < f(B)
Fig. 6.2:

Proof. If —b_ (t) > Max(—b_(t), f(B)). Then f(Ay(t)) = —b, (t) > f(B). If =b,(¢) <
Max(—b__(t), f(B)), then f(A,(t)) = Max(—b_(t), f(B)) > f(B). This immediately gives
that if f(A\y) > 0, then necessarily A, (t) > B. Let B > 6y, then f;' restricted to
[f(B), oc] is locally Lipschitz continuous function. From Lemma 6.2.1, b, are in L> and
hence A, € L. Let a; be the Lipschitz constant of 7' in [f(B), ||A¢||e). Hence from
Lemma 6.2.1, there exists C' > 0 such that

k

Z Ay (i) — A (tiv)|

= D Max(=bL(8), £(B)) = f3 (Max(=b_ (tin), £(B))]

IN

a Z |(Max(=b_(t;), f(B))) — (Max(=b_(t;11), f(B)))]

IA

k
ar Yy [bL(t) = b_(tin))]
=1

&1CTV(U0>
= TV (up).
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Similarly for A\_ and this proves the corollary.

Now recall from [6], [9] the existence and uniqueness of (A, B) entropy solution.

Theorem 6.2.4. Let uy € L™ and (A, B) be a connection . Let A\y(t) be as defined
earlier. Then there exists an (A, B) entropy solution u with ||[ullec < ||uollee and is
unique under mild regqularity assumption (see Remark 6.2.1). Furthermore the solution
can be described explicitly by Lax-Olenik type formula as follows.

For each t > 0 there exists Ry(t), Ra(t) > 0, Ly(t) < 0, Lo(t) < 0 and monotone
functions y+(x,t), to(z,t) z4(x, t)such that

(1). forx € [Ry(t),00), y+(z,t) > 0 is a non-decreasing function and for x € [0, Ry(t)),
0 < ty(x,t) <t is a non-increasing function such that for x > 0,(see page 16,

equation (44), [9])

pEED ) e RO,
u(z,t) = (6.2.7)
f*’(ﬁ) = At (te(z,1)) if0<a < Ri(t).

(ii). For x € (—oo, Li(t)], y—(x,t) < 0, is a non-decreasing function and for x €
(L1(t),0], 0 <t_(z,t) <t, t_(x,t) is non-increasing function such that for x <0,
T —y_(x,t _
g ,(%) = uo(y—(x,1)) if v < La(t),
u(x,t) = (6.2.8)

X

g*’(m) = \_(t_(z,1)) if Li(t) <z < 0.

(i11). Without loss of generality we can assume g(6,) > f(6f). Let us assume A = 6,.

Then we have the following two cases

Case 1. L1(t) =0, Ry(t) >0 (see page 53, equation (4.21), (4.22), [6])

Fit(g(uo(z4(2,1))))  if 0 <2 < Ry(t)
u(z,t) = (6.2.9)

Case 2. L1(t) <0, Ry(t) >0 (see Lemma 4.8 and page 55, equation (4.30), [6])

9= (f((uo(z—(,))))) i 0> x> Li(t) = La(t)
u(z,t) = (6.2.10)
fi'(g(8,)) if 0 <2< Ri(t) = Ry(t).

See figure (6.3) for clear illustrations.
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(x7t) (%’t) RQ(t) _ Rl (t) (I‘,t) (55.715) : — Rl (t) (‘l'at)

()
g (D7 R e TR ) R ) Y 0
Ll(t)—O,Rl(t) >0 L1<t) <O,R1 t) >0

Remark 6.2.1. In the above theorem by “mild regularity” we mean the set of points

of discontinuity of the solution of (6.1.6) is discrete set of Lipschitz curves. In [22],

uniqueness was proven without the “mild regularity assumption”.

Now we can state our main result of this chapter as follows.

Theorem 6.2.5. (Main Theorem) Let uy € L*(R) and u be the solution obtained in
Theorem 6.2.4 Let t >0, ¢ >0,M >¢, I(M,e)={x:e<|z| < M}. Then

(1).

(2).

(3)-

(4).

(5)-

Suppose there exists an o« > 0 such that [ > «, ¢’ > «, then there exist C =
C(e, M, a) such that

TV(u(.,t),1(M,e€)) < C(e, M, ).
Suppose ug € BV, and T > 0. Then there exists C(e,T') such that for all0 <t <T

TV(u(.,t),]z| > €) < Cle,t) TV(uo) + 4||uo||oo

Let ug € BV, T >0 and A # 0, and B # 0. Then there exists C > 0 such that
forall0 <t <T,
TV(u(.,t)) < C TV(ug) + 6|uo|so-

Let ug, fi'(g(uo)), 9='(f(ug)) € BV, T >0 and A=0,. Then for all0 <t <T,

TV(u(.,1))

< TW(uo) + max (TV(f (9(un))), TV(g="(f(n)))) + 6lluo] |-

For a certain choice of fluxes f and g there exists ug € BVNL*> such that TV(u(.,t))
=o0 if A=0, or B=0y. For general f and g see Remark 6.2.4.

174



Proof.(1) Let e <z < 21 < ........ <z < Ri(t) <apyq < e < xny < M be a partition.

Then by monotonicity of y,, t,, we have

1
I =y (i t) — i + v (i, )] < ;{\M — Ru(t)]

+ly+ (M, t) =y (Ri(2), 1)| },

X; _ Ti+1 Rl()
2l e T hean S Tenen
Ba(t)[t+(e.t) — to(Ba(D), )]

|t - t+(67 t)P

f* = f~!is Lipschitz continuous with Lipschitz constant bounded by é since f” > a.

Hence from (6.2.7) and above inequalities we obtain
N-1 1
Z u(zi, t) — (@i, )] < _{‘M — Ra(t)| + |y (M, t) — yy (Ra(2), 1)]}

=0 [ti(e,t) —to(Ry(t),1)] }

MR e ey py

1
e

+lu(zy, t) = ulzi4q, 1)
= C(M,e,t).

Hence TV (u(., ), [e, M]) < C(M,e,t). Similarly for z < —e. Now let ug € BV. Let
zi = yy(x;, 1), i > 141, then z; < z;11 and hence from (6.2.7)

N-1

Z |u(zi, t) — u(zig, t)] < Z luo(2;) — uo(zix1)| < TV(ug, [0,00)).

1=l

Let 0 <t < T, define

a(T) =sup{Ri(t): 0 <t < T}
p(Tye) =inf{t —ty (z,t):0<t<T, e<ax<R(t)}.

Then for € < z < Ry(t), we have

- t—t+(x,t) B IO(Ta )

€ o x < a(T)
€
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Now f* = f'~!
constant. Then from (6.2.6)

-1

is a Lipschitz continuous function in [% “(( ))] Let C1(T') be its Lipschitz

Z [u(wiy t) — u(@iy,t)|

=0
-1

-5

=0

X

f*/(

IN

)) _f*/(

t—t+(m t

Tip1
t =t (T, t)

Tit1

Rl()

IN

01<T>{

IN

C\(T) sup {

0<t<T

Ll(t) —

|t =t (e 1)]

= o).

Therefore we have

N-1

Z [u(wiy t) — w(@iy,t)|

=0

A Z|t—t%

+(; t)
e

Ri(t) -
|t =t (e )]

t—ty(wig1,t)
[ti(e,t) —to(Ry(t),1)] }

[t =ty (e 1)

+ Ry (t)

[t (6,1) — b4 (Ra(t), D)
|t =t (e D)

[t(e,1) = t-(La(1), 1)) }

|t =t (e 0)]?

Ry (t)

Ly (t)

-1
= Z u(@i, t) — u(@ir, 1)
=0
Hu(% t) — w(zit,t)]

+ Z lu(;, t

i=l+1
< C(T) + 2||ugl|oo + TV (ug, (0,00)).

ajz—i—h t)l

Similarly for z < —e. Hence we obtain

TV (u(.,t), |z] > €) < TV(ug) + C(T) + 4]|uo||oo-

This proves (1) and (2).
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(3). Let A #0¢, B # 6,. From (2.7) we have for g < 21 < ... <z < Ry(t), t; =t (2, 1),
£ (A4+(t;)) > 0. Hence from (i) of Lemma 6.2.3 we have

Z‘u xw aszrlvt)‘

= Z [As (t4 (@3, 0)) = A (b (@ien, )] + [Ap (@1, 1) — uo(ys (2141, 1))
N 1

+ ) fuo(ys (i, 1) — o (Y4 (ziga, 1))]
i=l
a TV (ug) + 2||uol oo + TV (ug)

= (a+ 1TV (ug) + 2||uo||oo-

This is true for all ¢ > 0,¢, M and hence
TV (u(.,1),10,00)) < (a+ )TV (uo) + 2[|uol|s
Similarly in (—o0, 0]. Hence we have

TV (u(.,t)) TV (u(.,t),[0,00)) + TV (u(.,t),0,00))

u(0+, 1) — u(0—, )]
(@ + B+ 2)TV (u(.,1)) + 6|uo||oo-

IN + IA

This proves (3).

(4). Since A = 6, and hence f*(0) > ¢*(0). It is enough if we consider the following two
cases.

Case 1. Ly(t) =0, Ry(t) > 0.

Let ....... <z 4 <z <0<y < ...... <y < Ro(t) < zyj41 < oo <xn, < Ri(t) <
Tny41 < ... be a partition. Then from (6.2.7), (6.2.8), (6.2.9) we obtain

Z |U l’“ xz+17t)|

_ Z o (y— (24, 1)) — wo(y—(2is1,1))| + Z Juo(y 4 (i,1)) — uo(y+ (ig1,1))]
+Ziv1 |+ (gluo(zs (23, 1)) = f1 (g (uO(Z+(sz+1, £)))]
(

+lu(xo, t) — u(wy, )| + |u(xn,, t) — w(@n, 41, 1)|
+|u(xN27t) - U(JZN2+1,1§)|
< TV(ug) + TV (f1'g(uo)) + 6/Juol|co-

Case 2. Li(t) <0, Ry(t) > 0.
Let ....... < T_pn < Lg(t) = L1<t) <ZT_nj41 < ... < X <0<z < onne. < I, < Rg(t) =
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Ri(t) < xnyp1 < oo be a partition. Then from (6.2.7), (6.2.8), (6.2.10) we obtain

oo
Z (i, t) — u(wit1, 1)
-0

—N;—1

= D luoly—(zi, 1)) = woly—(wirr, )] + D Juo(y (25, 1) — (Y (2101, 1))

—0o0

£ 107 (ol (1)) — 07 (F o= (2, )
Hu(x_n,, t) — u(x_ny 11, 0)] + |u(xo, t) — u(z,t)|
Flu(rn,, 1) = ul@nye1,t)]
< TV (uo) + TV (f7 " g(u0)) + 6]Juo .

This proves (4).
(5). Assume
[l =—u, g= u?. (6.2.11)

2

V4

Fig. 6.4:

Here we take A = 0, = 0 = B, where f(B) = f(B), f'(B) <0 (see Figure 6.4).
Step 1. In order to construct a counter example first we study a Riemann boundary
value problem

us + (u?)y =0 x <0, t>t,
w(z,ty) = aq x <0, (6.2.12)
u(0,t) = ay t >t
where a; <0, 1 =1,2.
Shock case: a; > as. Then the solution is given by (see Figure 6.5)

if z < t—t1), t>t
wgl, t) = { ay if £ < (a1 + ag)( 1), 1 (6.2.13)

a9 if (a1 +ag)(t—1t) <xz<0,t>1t
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and denote the shock curve by

S(Cll,(lg,t1> 1= (a1+a2)(t—t1), t>t. (6214)

a2

ay ty

Fig. 6.5: Shock and rarefaction wave

Rarefaction case: a; < as. Then the solution is given by (see Figure 6.5)

ai iflL’<2CL1(t—t1), t>t,
UR(ZE,t) = ﬁ if 2a1(t — t1> <z < 2a2(t — tl), t > iy,
as if2a2(t—t1)<x<0, t >t

and denote the boundary of the rarefaction by

R,(al,ag,tl) X = 2@1(t — tl),
R+(a1,a2,t1) X = 2a2(t — tl)

Step 2. Next consider the following data. Let 0 <t <ty <t3,a0 < a; <0, ay <ag <0,

ay < as,
UQ<£L'> = a1 lft:tl,
as ift; <t< to,
u(0,t) = ¢ as if to <t <ts,
Qg4 if t3 < t.

Since ay < ay, a4 < ag, at t; and t3 we get shocks and the shock curves are given by

S(al,aQ,tl) = (a1 + (IQ)(t - tl),
S(&g,a4,t3) X = (Clg + Cl4)(t — tg).

Since as < ag, hence at ty we get rarefaction and the boundaries of the rarefaction wave
is given by

R_(ag,az,t2) : x = 2as(t — ta),

R (ag,as, ta) : x = 2a3(t — ta).
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Let T" > t; such that these lines do not meet, then the solution u (see Figure 6.6) for
t < T is given by

ai if v < (a1+a2)(t—t1),

as if (a1+a2)(t—t1) <x < 2@2(t—t2>,
u(z,t) = gy U 2a9(t — t2) < x < 2a3(t — ta),

as if 2@3(t—t2) <z < (a3+a4)(t—t3),

[ a4 if x> (as+ aq)(t —t3).

Fig. 6.6:

Next we find the conditions for intersections. S(ai,as,t1) and R_(as, ag,ts) meet at T_
if and only if
((11 + CLQ)(T_ — tl) = QGQ(T_ — tg),

that is,

9
T =t — 2

(ta —t1) (6.2.15)

a1 — Qg

and R, (ag,as,ts) and S(ag, ay,t3) meet at T if and only if
2&3(T+ — tg) = (a3 + CL4)(T+ - t3)

that is,
as + aq

a3 — Q4

Ty =ts — (ts — t2). (6.2.16)
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Step 3. Let 0 =ty < t; <ty < ...... be a sequence to be determined. Let ay = 0 and

{ai}i>1 be defined by
1
A1 = —(—

i+1)

and consider the initial boundary condition

up(x) =0

1
(1+1)2

Qi = —

for x <0

if to; <t < tgi_;,_l,

u(O,t) _ { A2i4+1

a2 42 if toi01 <t < taito.

From Step 1 it follows that the shock line Sy; = S(ag;, asit1,ts;) emerge from to; and
boundary of rarefaction R_(2i + 1) = R_(agi11, a2it2,

toiy1), Ry (20 + 1) = Ry(agit1, agite,tair1) emerge from t9; 1. From (6.2.15) and (6.2.16)
So; and R_(2i + 1) meet at T_(7) and R4 (2i + 1) and Sy;+o meet at T, (7).

Claim 1. We can choose a sequence {¢;} such that

(). T (i) > 1 for all 4.

(11) t1 = %, t; < i1 for all 1, limt; =1

1—00

Proof. Proof is by induction. At t;, ag = 0, a; = —2 and hence from (6.2.15)

2
1
Hence we can choose t; = %
Now from (6.2.15) and (6.2.16) we have
ag; a9; 2a i
| < T (i) = it 0en, o Zain
A2 — A2i4+1 A2 — A2i4+1
. 2a2;+2 (2i42 + A2i43
1<T\ (i) = —+t2i+1 - ;tmm-
A2i+2 — A24+43 A2i4+2 — A24+3
Hence,
A9; — A9;
boig1 — bay > 21 — 1), (6.2.17)
2’(12¢+1|
A2;4+2 — A2i43
tojro — o1 =2 | ——— 1—t21 1)- 6.2.18
* - |a2i+2 + 913 ’( +1) ( )
Now choose for i > 1
P .+1‘M‘(1_t )
2i+1 21 9 2a2¢+1 2i )
A2i+2 — A2i43
tojto = loit1 + +—+’(1 — t9it1)-
Q2i42 + A2i43
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Now substituting values of a; to obtain

1/?+i—1
toiv1 =toi + 5| w75 ) (1 —t2),
2i+1 2+2<2(z+1)2)< %)

24+i41
tojro = to; ) (1 =ty
2 2+1+(22+3z+7>( 2it1)

Therefore if ty; < 1, toiy1 < 1, then

P?+i—1
1 — 1o, = (1—t:)1 - —— =
( 21+1) ( 21)( 4(Z+1)2) >07

1 24+4i+1
240+ > 0.

1 —toio) = (1 —toipr) (1 — = ————

Hence by induction ¢; < 1 Vi and to; < t9;41 < to;12. This implies that T = lim ¢; exists
1—00
and from the above definition, Ty = 1. This proves the claim.
As an immediate consequence of Claim 1 and Step 2, solution u (see Figure 6.7 ) of

the boundary value problem in R x [0, 1] is given by

(0 if x < aqt,
a2i41 if (ag + agit1)(t —to;) < & < 2a9i41(t — taiy1),
u(z,t) = (6.2.19)
weny 202111 (t — t241) < T < 20a2i42(t — t2i11),
[ Q2it2 if 2a9i10(t — toit1) < x < (agig1 + azito)(1 — taita).

Then we have the following.
Claim 2. TV(u(.,1)) = co.

From the construction, shocks and rarefaction of u do not intersect in R x [0, 1] and
hence from (6.2.19), we can find a sequence r1 < 3 < ..... < x,, < 0such that u(z;, 1) = a;

and lim x, = 0. Hence
n—o0

TV (u(., 1))

AV
=
IS
3
=
|
=
IS
3
3
=

v
S|
|
:l\D| —
l
3

This proves the claim.
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Fig. 6.7:

Step 4. Here we complete the proof of the theorem. Let {a;} and {t;} as in Step 3 and

define the initial condition

0 it z <0,

2 .
uO(Jj) _ _a2i+1 if tgi <r < tgi_;,_l,
2 .
—ay o ity < <tgiyo,

-1 if x> 1.

Now for x > 0, the solution is given by

(z.1) -1 if1 —t<ux,
u\zx, = .
—a? ift,1 —t<x<t,—t.

At the interface, * = 0, R-H condition f(u"(t)) = g(u™(t)) implies that —u™*(t) = u~(¢)*

and hence u~(t) is given by,

-1 ift >1
u‘(t):{ e

an  ifty <t <t,.

Step 3 gives the solution to the above data in R x [0, 1] and hence TV (u(.,1)) = co. This

proves the theorem.

Remark 6.2.2. Let ¢ > 0 and vg, = €*ug where ug is as in Step 4. Then TV(vg.) =
€>TV(ug). Let v be the corresponding solution. Observe that from (6.2.15) and (6.2.16),
T5 (i) is independent of €. Hence TV(vc(.,1)) = oo. This shows that smallness of the
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total variation of initial data does not guarantee the boundedness of the total variation

at the interface.

Remark 6.2.3. In general, if f and g are not strictly convex Theorem 6.2.5 (3) fails. Here
we have an example where total variation bound fails for any (A, B) connection provided
one of the points is a critical point though A # 6, and B # 0. Let f(u) = |[u—1| — 1
and ¢ is given by

—u? if u <0,
g9(u) = {

(u—1)2-1 ifu>0
and let A = 2, B = 0, for the initial data like in the main theorem, if u is an (A, B)
entropy solution, then TV(u(.,1)) = oco. The proof follows exactly as in the theorem.

Remark 6.2.4. For general f and g strictly convex C? functions and not multiple of each
other, the following construction gives the unbounded total variation for (,, B) entropy

solution.

bai—1 b2it109; B A2i—1 G241 Q24 B 9g
Fig. 6.8:

Assume that g(6,) > f(6;) and let B < B such that f(B) = f(B) = g(0,), f'(B) <
0, f(B)>0.
Step 1. We can choose a sequence b, < B and a sequence a, < 6, with the following

property:
(i). limb, = B,
(i). boi—1 < baj, boiv1 < bag, bai—1 < bojy, bay < bojiyo,

(iii). g(a,) = f(b,) with ¢'(a,) < 0 such that TV(b,) < oo, TV(a,) = co. This can be
done since ¢'(6,) = 0 and f'(B) > 0.

Step 2. Let 0 =&, <& < oo <&y <o < &, where &;, € is going to be choosen
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later. Then we define initial data (see Figure 6.8)

(0, ifr <0 = &,

UO(:E) bn if gn—l <r< gna

B

if x> €.

\

Step 3. Since by; 1 < by; and bg; 1 < by, it creates rarefaction and shocks alterna-

tively. Now we can choose &,, &, to such a way that rarefaction and shocks do not

meet in the region (0,%5) X R (see Figure 6.9).

Step 4. Now at time ¢y, we can find the points xz, < 0 such that limz, = 0

and u(z,,to)

solution.

6.3

= ap, which implies TV (u(.,ty))

Proof of Theorem 6.2.2

0o, where u is (6,, B) entropy

In this section we will construct an example showing A, () is not of bounded variation.

Basic idea is to choose the data appropriately so that A, (¢) has lot of oscillations. In

order to do this we define the following:

Let f(u) = %5 g(u) =

(u—1

2

2= f(u—1) then f*(u) =

185
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define

1 1"
b= —(1= =), ey = 1 — by + 1

on+1 24(n+2)’

o _(xn+xn+1) _ _(yn+yn+1)
" 2b,, P 2(c, — 1)’

__In _ Y
o, b Bn 1
2z, 2Yn,
Tn = — ’ On = — :
bnfl + bn Cn—1 + Cp — 2

Then the following proposition are needed to prove the theorem. Proposition 6.3.1 is a
direct verification. In Proposition 6.3.2, we calculate explicitly ¥/, (¢) and V’_(t) for some
range of . Then from these two propositions, we can choose a sequence {t¢,} such that

F (Ai(tans1)) <0, f/(Ay(t2n)) > Oand {A;(t,)} has unbounded oscillations.
Proposition 6.3.1. (1) 7,_1 < ap, < Y < Ta,
(2) -1 < 571, < 571 < Tin,

(3) Non—2 < azn—1 < Pan—1 < d2pn—1 < Yan-1 < Ton—1 < Non—1 < Pan < Aoy < Yan < 025 <

Mon < Ton,
(4) Cop — 1— bZn—l 2 %

Proof. It follows from direct calculations. Since x, < X1, Yni1 < yn < 0, b, < 0,
¢, — 1 >0, it follows that

Tn (-Tn_l'mn—i-l)
n= T < Y = Tp,
=T, (2bn )
Yn Yn + Yn+1
n — < = = Tn.
bo==0"3 20— 1) "
Now 7,1 < «, if and only if —M < _In and hence
2bn71 bn
1 1 1
1-— -— - <2(1 - =)?
( 2n+1)( omn 2n71) ( 2n) ’
. 4 3 4 2
l‘e"2_2_n+w<2_2_n+2%’
ie., 3 <4.
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n 2 n
Now —b,_1 < —b,, implies that «,, = L < L
_bn _bn - bn—l

if

= v,. Also 7, < 7, if and only

an < Tn + Tni1 7
_bn - bn—l _2bn

le., —4db,z, < (x, + 1) (=by — by1),

1 1 1 1

ie., 4(1 — 2n+1)(1 - 27> <(2- TR 2nH)?,
. 3 1 12 9
1.€., 4(1 B on+1 + 22n+1) < ( - on+1 + 22n+1)’
and hence 8 < 9. This proves (1).
Now 1,1 < B, if and only if — (yn + Y1) < — Yn and hence
2(cpg — 1) cp— 1
1 (=1 11 1 1 (=1)"?
( © on+l +24(n+1))( _2_n_2n—1)<2<1_2_n)<1_2_n+ 9dn );
. (_1)n+1 1
Le., o (4 — 2%1) < 4.

Since ¢, _1 < ¢, implies that 3, < é,. Also J,, <, if and only if for n > 1

_Qyn _yn + Yn+1
Cn + Cpo1 — 2 2(c, — 1)’

(-1 Cur | oty

ie, 4z, (— b, + —24(%2)) < (Tn 4 Tpg1) (= by — b1 + pint%) T 5amD

S8 Azl 9 (=1 3,

1€, 92n+2 + 24(n+2) < 92n+2 + 94(2n+2) (2- 2n+1)<2 - 1),
N G D 59

i Sonts (2°+2— 2n+1) <1

This proves(2).

. Ton—1 Ton—1
Since ¢o,—1 — 1+ ba,—1 < 0, hence ag,,_1 =

a ban—1 (C2n71 -1

) = 52n71 and 7o, =

- (a1 + T20) < (T2n1 + Zan) = Mop_1. Since cop, — 1 + by, > 0, hence aw, =
2b2,—1 2(027171 - 1)

Tan
an
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% = Yon 7= Ban. Now To,_1 > (o, if and only if for n > 1
2n 2n —

Ton—1 + Ton < Ton—1
—2bay—1 (C2n71 - 1)7
Le, (can—1— 1+ 2b2p1)Ton—1 + T2, > 0,
. 1 1 1 1
e, —(1- 922n + 24(2n+1))(1 o 22n—1) +(1- ﬁ> >0,
1 1 1 1
921 (1- QE) © 94(2n+1) (1- 22n—1> > 0.

ie., 1

Next ag, < 19, if and only if

_Ton (Yon + Y2n+1) _ (®2n + Topt1)
bgn Q(an — 1) 2(an — ].) ’
ie., x2n(2(02n — 1) + bgn) < —bypTopt1,
. 1 1 1
ie., (1— 2%) +(1—- m) <(1- W)(l - W)’
1 1 1 2 1
ie., (1 W)(l - 2(22n) -1+ 22n+1) + 94(2n+1) (1- QE) <0,
le, —1+ Santl T 33t D) (1- Qﬁ) <O.
Now 19,2 < i, if and only if for n > 1
Top—2 + Ton—1 < !
2(cop_1 — 1) bon—1
ie., — boyp_1Ton—2 < Tan_1(2(c2n-1 — 1) + ban_1),
. 1 1 1 1 2
ie, (1= 51— 5) < (U= ) (= o = 5y
. 1 1 1 1 1
1.6.,(1 - 2%)(1 - m -1+ o — 1) < _247172(1 o 22n71)’
1 1

i.e., -1 + ﬁ < _237171 (1 — 227171).

Now

1 1
Con + Con—1 —2 = —byy —bop_1+ @7  2A@nTD)

< —=byy, — by

and cop, + €91 — 2 > —boy, — boyy1. Hence

2$2n _2y2n
n — — < - 6 (o)
2 ban—1 4+ b2y Cop + Cop_1 — 2 ?
B 2Ton_1 _2y2n—1 i
Yon—-1 = = Ogp—1.

_b2nf2 +bop—1 Cop—1 +Cop2 — 2

This proves (3).
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Now we have

1
Con — 1 —ban1 = —bon+ gzmern — ban
_ 9_ 1 _ 1 _ _1
- 22n+1 22n 24(2n+1)
1
> 3.

This proves (4) and hence the proposition.

Define
1 ifa>1,
b, if x, <x<xpy,
up() = )
Cn if Y1 <2 < yp,
—1 ifz < —1.
For y > 0,
_ N y?
Ji(ty) =voly) +tf (—g) =vo(y) + o
For y <0,
J_(ty) = woly) +tg*(=%) = w(y) —y + 4.
bi(t) = leleg J+(t,y),
b-(t) = infJ (ty).

Then we have the following
Proposition 6.3.2. With the above definitions, we have
(1). 0 <t < if and only if Jy(t,x;) < Ji(t, xiq1).
(2). t € (1,1, m) if and only if J(t,z;) < Jp(t,x;) fori # j.

(8). t € (i, i) then y = —tb; € (x4, x;41) such that

by(t) = Jo(t, —th;) = vo(z;) — biz; — g (6.3.1)
, v?
5.0 =% = ). (632)
(4). 0 <t <wmn; if and only if J_(t,y;) < J_(t,yiy1)-
(5). t € (Bi,mi) if and only if J_(t,y;) < J_(t,y;) fori #j.
(6). t € (6;,m;) theny = —t(c; — 1) € (Yiz1,v:) such that
bo(t) = J_(t —t(e; — 1)) = vo(y:) — 1y — 75(0% (6.3.3)
—b_(t) = % = g(¢y). (6.3.4)



Proof. By symmetry, it is enough to prove for J,. Now J,(t,x;) < Ji(t, ;1) if and
only if vo(z;) + § < vo(@q) + by (Tip1 — ) +
(1).

From (1) it follows that if t € (1,_1,7), then J(t,2;) < Jo(t,xi41) < Jo(t, xig2).... <
Ji(tyxy) for all k > i+ 1 and Jo(t,2;) < Jo(t,xim1) < Jo(t,m-9).... < J(t,xx) for all
k <+ — 1. This proves (2). Converse follows immediately from (1).

Let t € (4, 7) and Jo(t,29) = min J,(¢,y). Then

Claim. zZ0 = —tbz S ([EZ‘,IH_I)

2
T’
;tl and hence ¢ < —

Tip1+x; .
55— = 7;. This proves

7

th?
J+(t, —tbl) = ’Uo(l’i) — bZ.ZCZ — 7
Proof of the claim: From (1), {z;};« are not the minimizers. Let 2z € [xj,, z;,+1] for
some jo. Then we have to consider two cases

Case 1. jp > i+ 1. Since zy ¢ {zj,, Tj,+1} and hence J, (¢, z0) < J4(¢,2,,). This gives

2 2
vo(xj,) + b (20 — x; )—i—y—J < wvo(x; )+%
Jo J Jo 21 Jo 2t

That is, t > ZB;F:JO > 7“ = «a;, which contradicts the fact that t < 7; < ay,.
Jo Jo

Case 2. Let jo +1 <. Let j <17, then —b; = 4. Since ¢ < 1 and hence —tb; < ;1.
Also a; < a; < t implies that ; < —tb;. This implies that z; = —tb; € (z;,2;41) is the
unique critical point of J4(¢,y) for y € (x;,z,41) and hence J4 (¢, z;) = min{J,(t,y);y €
(27, 251)} and T (t, 2) = volz;) — by — o

Now J4(t,2;) > J4(t, zj41) if and only if

tb3 thi,
vo(xg) = by — == > volxy) = bj(wjm — a5) = by — —5=.

This implies that for j <i—1,

2241

- < 1.
bj + bj+1

Vi+1 =
Since t > v; > vj41 Vj <i—1, hence Ji(t,25) > Ji(t, zj41) > ... > J4(t, 2;). Therefore

20 = z; = —tb; is the unique minimizer for J, (¢t,y) and b, (t) = J (¢, —tb;) = vo(z;) —
2

b;x; — —-. This proves the claim.
From this (6.3.1) and (6.3.2) follows and hence the proposition.
With this preliminary, we will construct the following example which concludes the The-

orem 6.2.2.

Proposition 6.3.3. Let (A, B) be a connection such that f(B) = g(A) < 7. Then with

the above notation, total variation of A\ is infinity.

1
1-
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Proof: From (3) of proposition (6.3.1) and proposition (6.3.2), we can choose a sequence
tn < tni1 (see Figure 6.9) such that

(1) ton € (02n,M2n), tan—1 € (Y2n—1, Ton—1)-
(2) _bl-',-(th) = f(ban), _bl—(th) = g(can).

(3) = (tan—1) = f(b2n-1), —b_(tan—1) = glc2n1).

t2n
62n N

ton—1

<\
,x(;@‘s

Al .
1 1 1

Yon—1 Yon—2 Top  Ton+1

Fig. 6.10:

Since ¢y, — 1 > by, and hence g(ca,) > f(ban) and this implies —b (ty,) > —b;(tzn).
Hence from the definition of A4,

Ap(tn) = [ (9(c2n)) = con — L.
Also ¢9, 1 — 1 < byy,,_; and hence —b_ (ton—1) < —b:r(tgn,l). Therefore
A (tan—1) = fZ (f(b2n-1)) = bon-1.
From (4) of proposition (6.3.1)
At (ton) = A (ton—1) = con — 1 — bop_q > 3

and hence
D met A (tn) = A (tn-1)| = o0
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This completes the proof of the example.
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