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Introdu
tion
Atom opti
sThe wave-parti
le duality is one of the keystones of quantum me
hani
s. While thewave nature of light was re
ognized already in the 17th 
entury by Huygens,the ideaof the wave nature of massive parti
les was �rst formulated mu
h later in 1923 byLouis de Broglie [1℄. In his thesis, de Broglie proposed that all massive parti
les alsopossess wave properties 
hara
terized by a wavelength

λDB =
h

mv
(1)where h is the Plan
k 
onstant and m and v are the parti
le mass and velo
ity.The wave nature of parti
les was �rst 
on�rmed in 1927 by Davisson and Germer[2℄ with the observation of di�ra
tion of ele
trons on a Ni
kel 
rystal.Three Years later, the di�ra
tion of Helium atoms from freshly 
leaved NaCl andLiF 
rystals was demonstrated by Immanuel Estermann and Otto Stern [3℄. In thisexperiment, the Helium atoms did not penetrate into the 
rystal and were di�ra
tedby the periodi
 stru
ture of the surfa
e. Di�ra
tion was also observed with neutronsin 1947 by Enri
o Fermi and Leona Marshall [4℄.These experiments set the beginning of atom opti
s i.e the possibility to treatatoms as waves and to perform on atoms experiments that were previously restri
tedto light, su
h as di�ra
tion or and interferen
es.. Numerous experiments dire
tly in-spired by opti
s have then been performed with thermal atomi
 beams; for example,the di�ra
tion of a thermal beam by a transmission grating in the group of D.RPrit
hards in 1988 [5℄ and the Young double-slit experiment realize with Helium in1991 by O. Carnal and J. Mlynek [6℄. These experiments were te
hni
ally very di�-
ult due to the la
k of appropriate atom-opti
al elements to manipulate the atomi
beams and to the small de Broglie wavelength asso
iated with the atoms. Indeed, ata temperature T , the mean parti
le momentum is su
h that the thermal de Brogliewavelength de
reases as mass in
reases: λT = h/

√
2πmkBT so λT is approximately

0.5 Å for Helium atoms at room temperature.The �eld of atom opti
s experien
ed a renewal with the development of thelaser 
ooling te
hniques and the manipulation of atoms through their intera
tionwith laser �elds. These developments led to the attribution of the Nobel prize in



6 CONTENTS
Figure 1: First eviden
e ofdi�ra
tion of He atoms ona NaCl 
rystal. Figure re-produ
ed from [3℄.

1997 awarded to Steven Chu, Claude Cohen-Tannoudji and William D. Phillips "fordevelopment of methods to 
ool and trap atoms with laser light"[7, 8, 9℄. By bringingthe temperature to the sub mi
rokelvin regime, the de Broglie wavelength raises inthe range of 100 nm− 1 µm whi
h makes it relatively easy to observe interferen
eswith atoms. Furthermore, many atom-opti
al elements have been realized leveragingthe use of the intera
tion between light and matter. Sin
e light is often the most
onvenient tool to manipulate atoms, the roles of matter and light 
an be strikinglyreversed, and therefore, many atom opti
s experiments are inspired dire
tly by theanalogy with opti
s. This, in parti
ular will be the 
ase for the work presented inthis thesis.New atomi
 sour
es: BEC and atom lasersCombining laser 
ooling te
hniques and evaporative 
ooling, a new page of atomopti
s opens up in 1995 with the a
hievement of the Bose 
ondensation in diluteatomi
 gases in the groups of E. A. Cornell and C. E. Wiemann with Rubidiumand W. Ketterle with Sodium [10, 11℄. Based on works of Satyendra Nath Bose,Albert Einstein predi
ted in 1925 that below a 
riti
al temperature, a ma
ros
opi
proportion of atoms in a trap 
ondense in the ground state. Within the Bose-Einstein
ondensate, the individual de Broglie wavelengths of the atoms overlap, thus forminga single 
oherent matter wave that extends a
ross the system. Soon after the �rstexperimental realization of a Bose-Einstein 
ondensate, these 
oheren
e propertieswere demonstrated by allowing two separated 
ondensates to overlap and interfere[12℄.There is an interesting similarity between a Bose-Einstein 
ondensate and a laserin the sense that all parti
les lie in the same quantum state. The origin of this
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Figure 2: Interferen
e pat-tern between two initiallyseparated Bose-Einstein
ondensate. Figure repro-du
ed from [12℄

phenomenon, however, is quite di�erent: in a laser, the key ingredients are thestimulated emission phenomena and the feedba
k of light in a 
avity, resulting inthe ampli�
ation of one opti
al mode of the 
avity. The photons, however, do notintera
t dire
tly with ea
h other and do not rea
h thermal equilibrium. In a Bose-Einstein 
ondensate the a

umulation of parti
les in the ground state results fromthe Bose statisti
s for parti
le of integer spin at thermal equilibrium. Re
ently, theanalogy was pushed further with the realization of a Bose-Einstein 
ondensate oflight [13℄. In this experiment, photons thermalized through the intera
tion with adye and the photon number was 
onserved using a mi
ro opti
al 
avity.Following this analogy, atom lasers were developed. The aim was to produ
e aquasi-
ontinuous 
oherent matter wave that possesses similar 
oheren
e propertiesas that of a 
ontinous opti
al laser. This is done by extra
ting atoms 
oherentlyfrom a 
ondensate. Several out
oupling me
hanisms have been 
onsidered: usinga Radio frequen
y spin �ip [14℄, Raman beams [15℄, or by lowering progressivelythe depth of the trapping potential in one dire
tion [16, 17℄. Up to now, all atomlasers operate in a pulsed mode limited by the depletion of the 
ondensate. If theextra
tion from the 
ondensate is 
oherent, it is possible to produ
e an atom laserwhose temporal 
oheren
e is Fourier limited [18℄. Stri
tly speaking, a Bose-Einstein
ondensate that is simply released by swit
hing o� the trap 
onstitutes the simplestatom laser and is analogous to a Q-swit
h laser.
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Figure 3: Sket
h of an atomi
 interferometer with separable arms using Braggdi�ra
tion on an opti
al latti
e. Figure reprodu
ed from [30℄.
Atom opti
s toolboxTo manipulate 
oherent matter waves, a wide variety of atom-opti
al elements havebeen developed. For example, atomi
 mirrors 
an be realized using a repulsivepotentials produ
ed by an evanes
ent opti
al wave [19, 20℄, a fo
used laser beam[20℄ or a magneti
 �eld [19℄ using the Stern-Gerla
h for
e. An appropriate magneti
�eld 
on�guration 
reates an atomi
 lens [21℄. One 
an also use the di�ra
tion onan opti
al latti
e to realize an atomi
 lens [22, 23℄.In this thesis, we fo
used on the study of the intera
tion of matter wave with aperiodi
 potential, whi
h is in 
lose analogy with diele
tri
 opti
s.In 1933, Kapitza and Dira
 [24℄ predi
ted that an ele
tron beam 
ould be di�ra
tedby a standing wave light �eld. The �rst experiments were 
arried out with ele
tronsin 1965 onwards [25, 26℄ and later in 1983 with neutral atoms in the group of D.E. Prit
hard [27℄. The use of opti
al latti
es potentials yields many developmentsin parti
ular in atomi
 interferometry. In this 
ase, the di�ra
tion is asso
iatedwith the absorption of a photon in one mode of the �eld followed by the stimulatedemission in an other mode yielding a momentum 
hange: ∆p = 2n~kL, where λL isthe light wavelength and n the di�ra
tion order. By di�ra
ting atoms in the Braggregime 
orresponding to a small latti
e depth and a long intera
tion time [28℄, itis possible to realize a superposition of only two spatially separated atomi
 beams.In this regime, the di�ra
tion probability is important if the in
oming atomi
 beamful�lls the Bragg 
ondition [29℄

2d sinΘ = nλDB, (2)where Θ is the angle between the in
oming atomi
 beam and the latti
e (d beingthe latti
e spa
ing). The weights of the two di�ra
tion orders 
an be 
ontrolled byadjusting the latti
e depth. The di�ra
tion on an opti
al latti
e is widely used forexample to realize atomi
 beam-splitters for atomi
 interferometers with separable
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oming atomi
 beam impinges on a �rstopti
al latti
e at the Bragg angle. Two additional latti
es �rst re�e
t ea
h beamand re
ombine them to form an Ma
h-Zehnder interferometer (see Fig. 3). Be
ausethe two arms of the interferometers are spatially separated, it is possible to apply aperturbation on only one path of the interferometer.In su
h interferometers, it is advantageous to in
rease the en
losed area and thepropagation time in the arms. In this prospe
t, slow atoms are favorable sin
e theBragg angle in
reases as the in
ident velo
ity de
reases, and be
ause for a givenpropagation length, atoms 
an a

umulate a phase for a longer time. In order tomaximize the intera
tion time and to prevent the atoms from falling under gravity,is is then ne
essary to use an atomi
 waveguide realized by a potential that 
on�nesatoms to one dire
tion. This potential 
an be realized either magneti
ally [33℄ or bya red detuned laser, or alternatively using a hollow-
ore opti
al �ber guide [34℄. Awaveguide possesses two advantages: �rst by 
on�ning the atoms to one dimension, itredu
es the spreading of the wavepa
ket with time, whi
h 
an be useful to propagatea wavepa
ket for a long time. Se
ond, if the waveguide is horizontal, it 
ompensatesfor the gravity and prevents the atoms from falling. In this way, as the atoms arenot a

elerated, λDB 
an remain large in the 
ourse of the propagation.Atomi
 beamsplitters in the guided 
on�guration have been built in a Y and a X
on�guration with thermal atomi
 beams [35, 36, 37, 38℄. During the past years, ourgroup has also realized a beam splitter for guided atom lasers on a X 
on�guration[39℄. During this thesis, we have designed new atom opti
s tools adapted to the
on�ned geometry. First, we have demonstrated the realization of a Bragg re�e
torthat is the exa
t analogous of a �ber Bragg grating [40℄ in opti
s. In this experiment,the s
attering of a matter wave on a �nite size latti
e realizes in parti
ular di�erenttypes of velo
ity �lter. Using the same �nite size latti
e, we studied the transpositionof Landau-Zener tunneling to position spa
e. We have shown that this systemprodu
es tunnel barrier that are to some extent equivalent to submi
roni
 repulsivebarrier. Finally, we have studied the problem of s
attering of a matter wave onto alatti
e whose depth is modulated with time. Be
ause of this additionnal degree offreedom, this system is very ri
h and allows to extend the notion of Bragg re�e
tionand to make the Bragg 
ondition tunable. This s
attering 
an be used to realizeperformant tunable velo
ity �lters in guided environment. Interestingly, this velo
ity�lter does not rely on any spe
i�
 internal stru
ture and 
an thus be used with anyatom.Outline
• In the �rst 
hapter, I report in detail an experimental development on a sepa-rate setup. It 
onsists in the design and realization of a Zeeman Slower whosemagneti
 �eld is produ
ed using permanent magnets. I des
ribe two su

es-sive magnet 
on�gurations and their performan
es. This work was published
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ienti�
 Instrument in 2011 [41℄. This Zeeman slower is the�rst step to the realization of a se
ond 
old atom experiment in Toulouse. Af-ter the realization of this independent proje
t, I moved onto the older setupexperiment.
• In the se
ond 
hapter, I detail the experimental setup that allows us to produ
eRubidium Bose-Einstein 
ondensates.
• In the third, I present the setup of the attra
tive �nite size opti
al latti
e that isat the heart of the performed experiments. I also present the 
hara
terizationof the latti
e using Kapitza-Dira
 di�ra
tion.
• In the fourth 
hapter, I present theoreti
al tools useful to des
ribe the motionof a parti
le in a periodi
 potential. I present the well known Blo
h bandstru
ture, the Blo
h states and their extension through the Mathieu equationto the 
ase where the energy lies in a gap of the band stru
ture.
• In the �fth 
hapter, I present the experimental realization of a Bragg mirrorfor guided matter wave. A propagating matter-wave impinges on the �nite sizelatti
e that a
ts in 
ertain regions of parameter as a Bragg mirror in 
on�nedenvironment. These results have been published in Physi
al Review Letters in2011 [42℄
• In the sixth 
hapter, I present the realization of a Bragg 
avity for atomstrapped in the 
enter of the latti
e between two Bragg-mirrors. Interestingly,this system allows to realize a tunnel barrier in real spa
e whi
h is to someextent equivalent to a sub mi
rometri
 repulsive tunnel barrier. This work hasbeen re
ently submitted to Physi
al Review Letters and is available on arXiv[43℄.
• In the last 
hapter, I des
ribe a s
attering experiment on a time-modulatedlatti
e. In this experiment, we use the modulation with time as a new degreeof freedom whi
h allows to perform 
omplex momentum engineering on theimpinging wavepa
ket. One important feature of the method is that it doesnot imply internal degrees of freedom. As a 
onsequen
e, it is of very generaluse and is appli
able to any atom. This work was published in Physi
al ReviewA in 2013 [44℄.
• Finally, I present a summary of the thesis in Fren
h.
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12 Design and realization of a permanent magnet Zeeman slower1.8 Con
lusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 351.1 Introdu
tionMany atomi
 physi
s experiments on quantum degenerate gases require a large initialsample of 
old atoms, usually 
aptured in a Magneto-Opti
al Trap (MOT). TheMOT 
an be loaded dire
tly from a hot atomi
 vapor, however, this te
hnique limitsthe quality of the va
uum that 
an be a
hieved sin
e only the slowest atoms are
aptured by the MOT. In order to load e�
iently a MOT, it is useful to send aslow atomi
 beam (typi
ally less than a few tenth of m/s) onto the MOT. A widevariety of experimental te
hniques have been developed for slowing atomi
 beamsu
h as 
hirped slowers [45℄ or 2D-MOTs [46, 47℄. In parti
ular, sin
e their �rstrealisation [48℄, the Zeeman slowers (ZSs) have be
ome very popular for loadingMOTs. ZSs require a spe
i�
 inhomogeneous magneti
 �eld, whi
h is generated inmost 
ases using 
urrents running in wires wound around the atomi
 beam. Re
ently,several Zeeman slowers using permanent magnets have been built for Sr atoms byY. Ov
hinnikov [49℄ and more re
ently by G. Reinaudi and 
olleagues [50℄. Theadvantage of this method is to simplify the 
onstru
tion and the fun
tioning ofthe ZS. In this 
hapter, we will present two su

essive realisations of permanentmagnets ZSs for 87Rb, the dipole and the Halba
h 
on�guration. Both demonstratedfully satisfa
tory operation and have important advantages 
ompared to wire-woundsetups. We will �rst present the basi
s of the theoreti
al framework and explainthe 
hoi
e of the di�erent parameters. Then, we will present the two designs, theexperimental realizations and their performan
es.1.2 Theoreti
al framework1.2.1 Prin
ipleA Zeeman slower uses the radiation pressure from a resonant laser propagating ba
k-ward from the atomi
 beam. Ea
h time a photon is absorbed, the atom velo
ity alongthe beam axis de
reases by vR = ~k/m = 5.9 mm/s for 87Rb (k denotes the laserwaveve
tor and m the atomi
 mass). The photon is then re-emitted spontaneouslyin a random dire
tion. The spontaneous emission generates a random walk in thevelo
ity spa
e with a vanishing average and with a �nite dispersion. To slow atomsby ∆v = 300 m/s, about N = m∆v/~k ≃ 50000 absorption-emission 
y
les arene
essary. However, as the atoms are slowed down, the Doppler e�e
t shifts thelaser frequen
y away from the atomi
 transition, the Doppler shift reads:
δω = −k · v, (1.1)



1.2 Theoreti
al framework 13where v is the atom velo
ity. An atom 
an then be slowed e�
iently by only
∆v > Γ/k ∼ 5 m/s, (Γ being the transition linewidth), whi
h is largely insu�
ient.To keep atoms on resonan
e, the 
hange in the Doppler shift is 
ompensated for byan opposite 
hange of the Zeeman shift indu
ed by a magneti
 �eld B inhomogeneousalong the dire
tion of propagation z.1.2.2 Simple model, magneti
 �eld shapeIn a two-level atom, the mean radiation pressure for
e resulting from the absorption-emission 
y
les reads:

F =
~kΓ

2

I/I0
1 + 4δ2/Γ2 + I/I0

, (1.2)where the detuning δ takes into a

ounts the Doppler and Zeeman shifts
δ = ωL − ωA = δ0 − k · v − µB

~
, (1.3)where δ0 is the shift-free laser detuning from the transition. I0 and µ are respe
-tively the saturation intensity and the magneti
 moment asso
iated with the 
oolingtransition. In pra
ti
e, one shapes the magneti
 �eld su
h that the Zeeman shift
ompensates for the Doppler shift at all times (then δ is 
onstant). To 
ompute the
orresponding �eld, one usually 
hoose �rst the 
apture velo
ity vc. This velo
ity
orresponds to the maximum speed above whi
h an an atom 
annot be brought torest. We now suppose that an atom initially at vc experien
es a 
onstant de
eler-ation. We 
al
ulate the 
orresponding traje
tory and dedu
e in a self 
onsistentmanner the magneti
 �eld that keeps the transition on resonan
e.An atom 
an experien
e a maximum a

eleration a0 = Γ~k/(2m) = 1.1 ×

105 m/s2 rea
hed for a detuning δ = 0 and a saturated transition s0 = I/I0 ≫ 1.To keep a safety margin, the magneti
 �eld is 
al
ulated for only a fra
tion η of a0in the ZS design. The atom traje
tory thus reads: v(z) = √v2c + 2az. Ideally, theatom velo
ity must be 
lose to zero when the atom leaves the ZS. The apparatuslength ℓ is then di
tated by the 
apture velo
ity and the de
eleration: ℓ = v2c/(2ηa0).The 
ondition δ = cte implies that the magneti
 �eld takes the following form:1
B(z) = Bb +∆B

(

1−
√

1− z/ℓ
)

. (1.4)The inhomogeneous part 
ompensates for the Doppler shift. In pra
ti
e, for multi-level atoms, a uniform bias �eld Bb may be superimposed to avoid level 
rossings aswe shall see in Se
. 1.2.4 with the 
ase of 87Rb.The atomi
 motion 
an be elegantly des
ribed representing the a

eleration in1This shape allows for the most 
ompa
t ZS, however any �eld that ful�lls the 
ondition 1.8 isvalid.
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Figure 1.1: (a) A

eleration divided by the maximum a

eleration in phase spa
e.(b) Simulation of a few traje
tories. Atoms with an initial velo
ity vi < vc are sloweddown following the resonan
e 
ondition.the phase spa
e (z, v) (see Fig. 1.1 (a)). We see that in phase spa
e there is a thinline where an atom is slowed that 
orresponds to the resonan
e 
ondition. Changingthe slowing laser detuning δ0 shifts this line up and down. Figure 1.1 (b) depi
ts afew traje
tories for various initial velo
ities. An atom initially out of resonan
e isnot slowed down, therefore, its traje
tory is an horizontal straight line. If the atominitial velo
ity vi < vc, its traje
tory rea
hes the resonan
e line at a position z insidethe slower. The atom then starts to be de
elerated. If the magneti
 �eld variation issmall enough (see Se
. 1.2.3 for an a

urate de�nition), the traje
tory then followsthe resonan
e 
ondition
δ0 + kv − µB(z)

~
= cte. (1.5)Atoms with initial velo
ities vi > vc are never slowed. At the ZS output, the atomsgo abruptly out of resonan
e and propagate with a 
onstant velo
ity.Role of the parametersFigure 1.2 shows how the slowing pro
ess depends on the magneti
 �eld and the laserparameters. The 
apture velo
ity is related to the total magneti
 �eld variationthrough ∆B = ~kvc/µ. The bias �eld together with the laser detuning to thetransition at rest δ0 are related to the �nal output velo
ity through

vf = −1

k

(

δ0 −
µBb

~

)

. (1.6)1.2.3 The adiabati
 following 
onditionWhen an atom rea
hes the resonan
e line, the atom traje
tory 
lings to it and theatom is slowed under a spe
i�
 
ondition. For a given laser intensity, the maximuma

eleration experien
ed by an atom, rea
hed for δ = 0 reads: amax = a0/(1 +
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Figure 1.2: The magneti
 �eld variation ∆B di
tates the 
apture velo
ity. Thedetuning at rest δ0 must almost 
ompensate for the Zeeman shift at the ZS output
µBf = µ(Bb + ∆B). The di�eren
e between the two provides a non-zero outputvelo
ity.
I0/I). It is ne
essary that the a

eleration 
hosen to determine the magneti
 �eldparameters is smaller than amax: a < amax, whi
h implies the following 
ondition onthe laser intensity:2

I/I0 > η/(1− η). (1.7)Besides, by taking the derivative of the resonan
e 
ondition (1.5), we see that thevelo
ity of an atom that follows the resonan
e 
ondition must respe
ts dv/dz =

(µ/~k)dB/dz. For a given laser intensity, the a

eleration 
annot ex
eed the on-resonan
e a

eleration a = vdv/dz < amax. This leads to the adiabati
 following
ondition on the magneti
 �eld gradient:
∣

∣

∣

∣

µ
dBdz ∣∣∣∣ < a0

~k

v

s0
1 + s0

, (1.8)that sets a limit on the level of admissible imperfe
tions (that 
ause sudden variationsof B).1.2.4 Atomi
 stru
tureLet us now determine quantitatively the �eld parameters. First, we need to remindthe main lines of interest in the 87Rb atomi
 stru
ture. The ground state 5S1/2 is
omposed of two hyper�ne states F = 1 and F = 2 separated by 6.8 GHz. There2We see here the importan
e of taking η < 1.
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Figure 1.3: Hyper�ne stru
ture of 87Rb. We use the transition F = 2 → F ′ = 3 as
ooling transition. Figure reprodu
ed from referen
e [51℄.is a �ne stru
ture in the �rst ex
ited levels 5P1/2 and 5P3/2 at 795 and 780 nmrespe
tively. In the following, we are only interested by the 5P3/2 manifold that
omprises four hyper�ne states (see Fig. 1.3).In the presen
e of an external magneti
 �eld, the di�erent magneti
 levels aresplit and the transitions are shifted by the Zeeman e�e
t (see Fig. 1.4). The 
oolingtransition must be a 
losed transition so atoms perform a great number of 
y
leswithout being pumped into an un
oupled state. In the 
ase of 87Rb, two 
hoi
esara available: mF = 2 → mF ′ = 3 and mF = −2 → mF ′ = −3 that are asso
iatedrespe
tively with a de
reasing or in
reasing magneti
 �eld.3 Even though the �rst ZSused a de
reasing �eld [48℄, this 
hoi
e is in general less favorable and makes it hard3These are also the only transitions that have a linear Zeeman shift at all �elds.



1.2 Theoreti
al framework 17

Figure 1.4: Hyper�ne stru
tures in an external magneti
 �eld: ground levels 52S1/2(left pannel) and ex
ited levels 52P3/2 (right pannel). We use the transition mF =
−2 → mF ′ = −3 as 
ooling transition. Figure reprodu
ed from referen
e [51℄.to obtain low output velo
ity [52℄.4 We thus set the slowing laser on the transition
mF = −2 → mF ′ = −3 that has a magneti
 moment µ = −µB. This transition
orresponds to an angular momentum variation ∆m = −1. As a 
onsequen
e, weneed to use σ− polarized light.In addition, we observe in Fig. 1.4 that 
rossings between di�erent hyper�nestates o

ur at about 100 G. These 
rossings must be avoided to prevent depumpingto the F = 1 ground state; this is a
hieved by adding a bias magneti
 �eld Bb.The following table remind some relevant physi
al 
onstant for 87Rb.

m 1.44× 10−25 kg

µ −h · 1.4 MHz/G

Γ 2π · 6.1 MHz

I0 1.6 mW/cm21.2.5 Choi
e of the magneti
 �eld parametersThe magneti
 �eld shape has two free parameters, ∆B and Bb. The �eld variationis related to the 
apture velo
ity through ∆B = ~kvc/µ. In order to 
apture animportant fra
tion of the thermal beam, the 
apture velo
ity must be on the sameorder of magnitude as the typi
al thermal velo
ity (vth ∼ 300 m/s for an e�usivebeam of Rb at 130◦ C) of the unslowed atomi
 beam. We thus 
hoose vc = 330 m/s,this implies that ∆B = 300 G. Furthermore, the bias �eld Bb must be high enoughto avoid the level 
rossings around 100 G. We 
hose Bb = 200 G (the �eld atthe output of the ZS is thus Bf = 500 G). The length of the ZS is set at 1 m,4In a de
reasing �eld ZS, the output velo
ity varies sharply as a fun
tion of the detuning forlow output velo
ity. It then be
omes di�
ult to out
ouple atoms a velo
ity small enough to loada MOT.
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Figure 1.5: (a) Conventional 
on�guration of a wired wound ZS. The �eld is longi-tudinal, and the light polarization is 
ir
ular. (b) ZS using permanent magnets anda transverse �eld. In this 
on�guration, the �eld is transverse. We 
hoose a polar-ization orthogonal to the quantization axis that 
an be de
omposed into two 
ir
ularpolarization. A repumper beam is then ne
essary.whi
h 
orresponds to an a

eleration about half of the maximum a

eleration. Thefollowing table presents the di�erent �eld parameters.

∆B 300 G

Bb 200 G

ℓ 1 m

vc 330 m/s

η 0.481.2.6 Longitudinal or transverse magneti
 �eldIn the 
onventional realisation of ZSs, the magneti
 �eld is generated by 
urrentsrunning in a solenoid wrapped around the atomi
 beam. The magneti
 �eld isthen 
ollinear with the light wave ve
tor k. In this longitudinal 
on�guration, itis possible to produ
e light in any polarization state (we de�ne the polarization inregard to the quantization axis �xed by the magneti
 �eld dire
tion). However, aswe shall see, in our 
ase, the magneti
 �eld is orthogonal to k. Thus, any in
omingpolarization possesses a priori π and σ± 
omponents: it is not possible to 
reatea pure σ− polarization state (see Fig. 1.5 and Ref. [53℄). As a 
onsequen
e, evenif the light with the wrong polarization is out of resonan
e, the σ+ and espe
ially
π 
omponents ex
ite atoms to the mF ′ = −2 and −1 states respe
tively. Fromthese states, they 
an fall into the F = 1 ground state. Repumping light is thusne
essary between the F = 1 and F = 2 manifolds.5 The detrimental e�e
t of theunwanted polarization 
omponents is minimized when the in
oming polarization isperpendi
ular to the magneti
 �eld, be
ause there is no π 
ontribution in that 
ase.However, we should emphasize that if the magneti
 �eld is transverse, half of thelight ne
essarily has the wrong polarization and is lost.5In a 
onventional longitudinal ZS, a repumper is often added to in
rease the atomi
 �ux butis not mandatory.



1.3 The dipole 
on�guration 191.3 The dipole 
on�gurationWe will now present 
on�gurations of magnets that produ
e the desired magneti
�eld. The �rst 
on�guration, that we 
all the dipole 
on�guration, is inspired byreferen
e [49℄.1.3.1 Choi
e and modelization of the permanent magnetsLet us �rst des
ribe the magneti
 materials. Sin
e the years 1980, rare earth magnetsNdFeB have be
ome progressively 
ompa
t and 
heap and are now of 
ommon usein industry for their ex
ellent magneti
 properties: a residual magneti
 �eld Br onthe order of 10 kG and a 
oer
ive �eld Hci ≃ 1, 1 kA/mm. Spe
i�
ally, we used thegrade NE35 from HKCM that has a higher maximum operation temperature thanother grades. Su
h rare earth material is very hard from a magneti
 point of viewso that, despite demagnetizing �elds that 
an be as high as Hdem = −0.75 kA/mm(see Apendix), the magnetization is hardly a�e
ted. Therefore, �eld 
al
ulationsare parti
ularly simple and reliable be
ause the 
ontributions of ea
h magnet 
an beadded independently.Modelization of the magnetsIt is possible to model the magnets by simple 
urrent distributions. Indeed, theve
tor potential A(x) produ
ed by the distribution of magnetization M(x′) reads
A(r) =

µ0

4π

∫

V

M(r′)× (r − r′)

|r− r′|3 d3r′. (1.9)This 
an be rewritten as
A(r) =

µ0

4π

∫

V

∇×
(

M(r′)

|r − r′|

)

+
∇×M(r′)

|r − r′| d3r′. (1.10)The se
ond term 
an
els out be
ause the magnetization is homogeneous and the�rst term 
an be repla
ed by the surfa
e integral
A(r) =

µ0

4π

∫

S

n× M(r′)

|r − r′|dS, (1.11)where we re
ognize the ve
tor potential produ
ed by a surfa
e 
urrent Js runningaround the magnet (see Fig. 1.6).To generate with a single 
oil the same magneti
 �eld as the one produ
ed bya 5 mm thi
k magnet, one would need a 
urrent as high as 5000 A.From now on, we will 
onsider the �eld produ
ed by the equivalent solenoid inthe 
al
ulations. We use 
uboid magnets with the magnetization along the y axis,
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Figure 1.6: A re
tangular magnet is equivalent to a sheet of 
urrent orthogonal tothe magnetization.and note their size 2a × 2b × 2c. Integrating the Biot and Savart's law on one 
oiland then along the axis y, we �nd for the �eld produ
ed by a re
tangular solenoid:
Bsol(x, y, z) = µ0Js

1
∑

n,p,q=0

(−1)n+p+q
B (x− (−1)na, y − (−1)pb, z − (−1)qc) , (1.12)where B is a ve
torial �eld whose 
omponents reads:

Bx(X, Y, Z) =
1

2
ln

(√
X2 + Y 2 + Z2 − Z√
X2 + Y 2 + Z2 + Z

)

By(X, Y, Z) = − arctan

(

Y
√
X2 + Y 2 + Z2

X Z

)

Bz(X, Y, Z) = Bx(Z, Y,X).We used this formula in all the 
al
ulations on the dipole 
on�guration.1.3.2 Position of the magnetsIn the proposal from Y. B. Ov
hinnikov [49℄, the magnets are disposed in two rows onea
h side of the 
entral pipe. The magnetization is dire
ted toward the axis and thesize and position of ea
h magnet is adjustable (see Fig. 1.5 (b)). We used a similargeometry in our �rst prototype with a major improvement. In the Ov
hinnikovproposal, the magnets have a 
ylindri
al shape (they 
an be roughly 
onsidered aspoint-like dipoles) and are 
lose to the atomi
 beam. As a 
onsequen
e, the magneti
�eld varies on a 
ross se
tion by up to 100 G on a se
tion of CF-16 pipe.In our 
on�guration, we used elongated magnets (100×20×5 mm) and we pla
edthem further away from the pipe to guarantee a better transverse homogeneity.However, we then need to use a larger of amount of magnets to 
ompensate for the�eld de
ay with the distan
e from the axis. We �xed a toleran
e threshold of 12 Gon the transverse homogeneity.6 In pra
ti
e, the magnets then have to be pla
ed at6This 
orresponds to the order of magnitude of the width of the atomi
 transition.
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Figure 1.7: Thi
kness and position of the magnets in the �nal 
on�guration. Thepipe is depi
ted as the 
entral bla
k line.
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Figure 1.8: (a) Target and 
al
ulated magneti
 �eld (dashed and plain line respe
-tively). The di�eren
e between the two is less than 5 G in the region of interest
200 mm < z < 1200 mm. (b) Deviation on a transverse se
tion as a fun
tion of thelongitudinal 
oordinate.about 10 
m from the axis.In order to keep the ma
hining as simple as possible, we 
hose a support in onepie
e, and the magnets were all positioned at about 10 
m from the axes. To obtainthe desired longitudinal variation, we varied essentially the magnets thi
kness (bysta
king them) and only 
hanged the distan
e to axis to obtain a �ne adjustment. Weused a 3D numeri
al 
al
ulation relying on the Eq. (1.12) to optimize the magnetsthi
knesses and positions. In the end, we used 240 of our elongated magnets whosepositions are given in Fig. 1.7.Figure 1.8 (a) depi
ts the ideal and 
al
ulated �elds on the axis. The transverseinhomogeneity in
reases near the Slower output. At the end of the ZS, the transverseinhomogeneity is below 12 G (see Fig. 1.8 (b)). To hold the magnets, we built twostru
tures in aluminum in whi
h we drilled gaps every three 
m at di�erent depths
orresponding to the magnets distan
es to the axis. The magnets were inserted inthe gaps and held by plexiglass prote
tions. The distan
e to axes 
an be adjusted
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Figure 1.9: Photo of the dipole 
on�guration ZS: [A℄ Aluminum stru
ture, [s℄ gapswith variable depth, [p℄ plexiglass prote
tions, [R℄ reinfor
ing plates. Dimensions arein mm.by adding plexiglass sli
es under the magnets (see Fig. 1.9).1.3.3 Measured magneti
 �eldWe measured the magneti
 �eld on the axes with a Hall probe and 
ompared itwith the 
al
ulated �eld. We found that the a
tual �eld is 12 % larger than thesimulated one, probably be
ause we underestimated the value of the magnetizationin the 
al
ulations. The 
apture velo
ity is then slightly in
reased, and it does not
ause further problems. Apart from this global fa
tor, the standard deviation to thesimulation is 8.4 G, whi
h represents 2.4% of the mean magneti
 �eld (see Fig. 1.10).Similarly, we measured the �eld on a transverse se
tion lo
ated at 5 cm from theoutput (see Fig. 1.11). The deviation from the simulation is below 4 G. We thusexpe
t that the slowing pro
ess o

urs e�
iently on the whole se
tion of the Slower.Magneti
 shieldingSin
e we use an important volume of magnets at a relatively large distan
e fromthe axis, the magneti
 �eld de
ays on ∼ 10 cm after the output of the Slower (seeFig. 1.10). This stray magneti
 �eld 
an perturb the MOT downstream the ZS;to 
ir
umvent this limitation, we use a magneti
 shielding. As a matter of fa
t, amagneti
 shielding is parti
ularly e�
ient when it forms a small angle with the �eldlines. We thus built a soft iron shielding whose shape has been optimized to form anangle of approximately 15◦ with the �eld lines (see Fig. 1.12 (a)). To further redu
e
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the stray �eld on the MOT 
hamber side, we installed two additional plates with 1 
mbetween them at the output of the ZS. The residual stray �eld is the 
onsequen
e ofthe unavoidable hole needed for the pipe in the shielding. Thanks to the shielding,we measured an important de
rease of the magneti
 �eld at the 
hamber positionthat falls at a few G level (see Fig. 1.12 (b)). The shielding also in
reases the�eld inside the Slower. This 
an be simply understood using the method of image
harges. For a magneti
 shield with an in�nite magneti
 permeability, the �eld linesare parallel to the shielding. Su
h �eld lines 
an also be produ
ed by sour
es ofmagneti
 �eld symmetri
 with respe
t to the shielding. The magneti
 �eld is thenthe same as the one that would be produ
ed by the ZS itself and its images in everydire
tion. The �elds produ
ed by all images add up in the 
entral region.
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Figure 1.12: (a) Magneti
 shielding 
on
eived to make a small angle with the �eldlines. (b) Without shielding, the magneti
 �eld is on the 10 G range in the MOT
hamber. It falls at the G level with the shielding. Inside of the Slower, the �eld isreinfor
ed by ∼ 100 G by the shielding.
1.4 Slowed atomi
 beamIn this se
tion, we present the experimental performan
es obtained with the dipole
on�guration.1.4.1 Experimental setupVa
uum systemFigure 1.13 presents a sket
h of the setup. At one end, the MOT 
hamber is aspheri
al o
tagon from Kimball physi
s (MCF600-SO200800). It has two horizontalCF-100 windows and eight CF-40 ports. It is pumped by a 20 L/s ion pump.One CF-40 port is 
onne
ted to the 1200 mm-long CF-16 pipe around whi
h theZeeman slower is set. At the other end, one �nds a �rst six-way 
ross, used to
onne
t a 40 L/s ion pump, a thermoele
tri
ally 
ooled 
old �nger and six-way 
rossthat holds another 
old �nger, an angle valve for initial eva
uation of the 
hamberand a stepper-motor-a
tuated beam shutter. Finally, the in-line port holds there
ir
ulating oven (see Appendix E).Slowing lasersAs outlined in the se
tion 1.2.4, the Zeeman slower operates on the 
losed transition
σ−, F = 2, mF = −2 → F ′ = 3, mF ′ = −3. However, as the magneti
 �eld is hereperpendi
ular to the propagation axes, the in
oming polarization state possesses
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Figure 1.13: Sket
h of the overall experimental setup. [RO℄ re
ir
ulating oven, [BS℄beam shutter, [CF℄ 
old �nger, [ZS℄ Zeeman slower, [MOT℄ MOT 
hamber, [ZB℄Zeeman 
y
ling and repumping beams, [PB℄ θ = 56◦ probe beam. 45◦ and 90◦ probebeams are sent through the horizontal windows depi
ted on the MOT 
hamber. Di-mensions in mm, not rigorously to s
ale.also a π 
omponent that populates the mF ′ = −2 state from whi
h spontaneousemission populates F = 1 ground state. Repumping light is thus ne
essary betweenthe F = 1 and F ′ = 2 manifolds. The detuning of the 
y
ling light below thetransition 
orresponding to our �eld parameters is δ0 ≃ −800 MHz. Su
h ratherlarge detunings are realized by sending a master laser through two 200 MHz AOM'sin a double pass 
on�guration before lo
king on a resonan
e line using saturationspe
tros
opy. The repumper is simply lo
ked on the red-detuned side of the broadDoppler absorption pro�le. The two master lasers are free-running diodes with alow ∼ 5 MHz linewidth (Sanyo DL7140-201S). Beams are re
ombined on a 
ube andpass through a polarizer. Then they are sent with the same polarization into a 1WTapered Ampli�er. A total power of more than 250 mW is available on the atomsafter �ber 
oupling. The beam is expanded to about 23 mm (full width at 1/e2) andfo
used in the vi
inity of the oven output aperture for better transverse 
ollimationof the atomi
 beam.Probe beamProbe beams on the F = 2 → F ′ = 3 transition 
an be sent in the 
hamberthrough the di�erent windows and absorption is measured in this way at 45◦ or 90◦from the atomi
 beam (see Fig. 1.13). Probing the beam with an angle makes theabsorption or �uores
en
e velo
ity-dependent. Thus, by s
anning the detuning tothe transition ∆ of the probe, we measure the velo
ity distribution of the atomi
beam. The 
orresponden
e being

v =
∆
√
2

k
. (1.13)The �uores
en
e is 
olle
ted through a CF-40 port by a large aperture 
ondenserlens and fo
used on a 1 cm2 PIN photodiode. Photo
urrent is measured with ahomemade transimpedan
e ampli�er (typi
ally 10 MΩ) and a low noise ampli�er
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Figure 1.14: (a) Typi
al �uores
en
e signal. The peak 
orresponding to the slowedatoms is split by Zeeman e�e
t be
ause of the stray �eld in the 
hamber. (b) Flux asa fun
tion of the output velo
ity. At 30 m/s, the output �ux is Φ ∼ 4× 1010 at/s.(Stanford Resear
h Systems SR560) used with a moderate gain (G = 5) and a 3 kHzlow-pass �lter. Absorption is 
olle
ted on a standard photodiode. A frequen
y s
anwithout atoms is re
orded and subtra
ted to the absorption signal. The frequen
ys
ans are averaged for 8-16 runs. During the measurements, the repumper beam onthe F = 1 → F ′ = 2 transition may be turned on.1.4.2 Slowed beam velo
ity distributionFigure 1.14 shows a typi
al �uores
en
e signal. A narrow peak appears at vm =

30 m/s that has a velo
ity spread δv = ±10 m/s hardly distinguishable from thenatural width of the transition. The smaller peak 
orresponds to the transition
F = 2 → F ′ = 2. Note that the main peak is split into two peaks separated by afew MHz. This splitting is due to the stray residual magneti
 �eld from the Slowerin the MOT 
hamber. Adding a 
ompensation 
oil parallel to the large window ofthe va
uum 
hamber, we 
an merge the two peaks and estimate that the stray �eldis about 3 G.In order to extra
t a quantitative estimate of the atomi
 �ux, we use the ab-sorption signal rather than the �uores
en
e. In this way we eliminate all geometri
errors. From the absorption signal A(v), we extra
t the maximum absorption Amax,the mean velo
ity v̄ and velo
ity spread δv. The atom �ux then reads (see AppendixD)

Φ = C sin θ cos θD
Amaxv̄δv

λΓσ0
, (1.14)where C is a geometri
al dimensionless parameter 
lose to one and D is the atomi
beam diameter.
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Figure 1.15: Con
atenated �uores
en
e signals as we vary the detuning of the slowinglight δ0. The output velo
ity varies linearly with δ0. Beyond 100 m/s, a wider peakappears due to a premature out
oupling.
1.4.3 Flux as a fun
tion of the detuningWe measured the output velo
ity for di�erent detuning of the 
y
ling light. The out-put velo
ity varies roughly linearly with the detuning with a slope α = 0, 95 m.s−1/MHz(see Fig. 1.15). This slope does not �t with the naive model presented in the �rstse
tion that predi
ts a slope α = 0, 75 m.s−1/MHz. In Appendix B, we presentfurther theoreti
al work to explain this di�eren
e.For large output velo
ities, a wider peak appears, this is probably the 
onse-quen
e of the magneti
 �eld imperfe
tions. Indeed equation (1.8) shows that out-
oupling 
an o

ur be
ause of a bump of the magneti
 �eld and that this e�e
t isampli�ed at high velo
ity.Finally, we 
al
ulate the total atomi
 �ux using Eq. (1.14). The �ux is roughly
onstant for output velo
ity vout > 40 m/s and de
reases at low velo
ity be
ause thebeam be
omes divergent and atoms make 
ollisions with the walls (see Fig. 1.14(b)). Φ ∼ 4× 1010 at/s at 30 m/s whi
h is su�
ient to load a MOT very e�
iently.The dipole 
on�guration ZS produ
es very satisfa
tory atom �ux. In this magnet
on�guration, a good transverse homogeneity is obtained at the expense of a largedistan
e of the magnets to the axis. Therefore, a large amount of magnets (Vmag =

2.4 L) is ne
essary whi
h in
reases the size of the ZS and makes it hard to 
an
elout the stray magneti
 �eld. In the next se
tion, we thus present a more elegant
on�guration where the magneti
 material is distributed all around the atomi
 beam.
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h 
on�guration1.5.1 The prin
ipleThe way to get a homogeneous magneti
 �eld in a transverse 
ross se
tion is todistribute the magneti
 material all around the atomi
 beam to make a so-
alledHalba
h 
ylinder. In the 
ontext of atom physi
s, �elds with a linear or quadrati
dependen
e have been used to realize refra
tive atom-opti
al 
omponents [54℄. Fora ZS, a highly uniform �eld is required. Following [55℄, we 
onsider a magnetizedrim su
h that the magnetization M at an angle θ from the y-axis makes an angle
2θ with respe
t to the same axis (Fig. 1.16 (a)). Using su
h ideal 
on�guration, themagneti
 �eld is homogeneous inside the rim and 
an
els out outside. It reads (seeAppendix F):

BHal(r) =







0 for r > Rext,

BR ln

(

Rext

Rint

)

ŷ for r < Rint,Numeri
al investigations (see next se
tion) indi
ate that a 8-pole Halba
h-like
on�guration as depi
ted in Fig. 1.16 (b) is able to produ
e �elds on the order of
600 G with a homogeneity better than 1 G over a 16 mm 
ross se
tion. Higher �eldstrength and/or beam diameters are easy to a
hieve if ne
essary.More detailed studies demonstrate that deviations on a typi
al 600 G magneti
�eld stay below the ±1 G limit for ±0.2 mm mispositioning of the magnets whi
his a 
ommon requirement on ma
hining. Likewise, the same variations are observedfor ±2.5% dispersion in the strength of the magnets. A rough statisti
al analysis ona sample of 20− 30 magnets 
onvin
ed us that it is the right order of magnitude.1.5.2 Field 
al
ulationsMagnets modelingThe whole setup is based on elongated 6 × 6 × 148 mm3 NdFeB magnets (HKCM,part number: Q148x06x06Zn-30SH) with the magnetization orthogonal to the longaxes. Be
ause these magnets have a square 
ross se
tion (2a × 2a), it is possibleto use a dipole approximation. The long magnets 
an be de
omposed in a set of
ubi
 magnets. Then, one easily 
he
ks numeri
ally that when the distan
e to themagnet is larger that twi
e the side, the �eld of the asso
iated dipole is an a

urateapproximation of that of the a
tual magnet to better than 2%.7 This approximationmakes the 
al
ulations very fast on a 
onventional personal 
omputer.7Convergen
e 
an be mu
h slower for 
uboids with di�erent aspe
t ratios. In parti
ular thisapproximation is not veri�ed for the magnets used in the dipole 
on�guration.
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Figure 1.16: (a) Notations for Halba
h 
ylinder. (b) Transverse 
ross se
tion show-ing a 8-pole approximation of the Halba
h 
on�guration.
1.5.3 Magnets layoutIn prin
iple, the �eld magnitude 
an be adjusted varying the amount, the densityand/or the position of the magneti
 material. The availability of very elongatedmagnets (c/a ≈ 25) dire
ted us toward a simple layout. We vary only the distan
eto the axis d(z). At �rst approximation the elongated magnets 
an be 
onsidered asin�nite. This is equivalent to an in�nite array of magneti
 dipoles. The magneti
�eld strength then de
reases as the inverse of the distan
e to the magnet squared.Thus, to produ
e the �eld B(z) a good ansatz for d(z) is:

d(z) = d(ℓ)

√

B(ℓ)

B(z)
. (1.15)As a matter of fa
t, this guess turns out to be both very e�
ient and 
lose to alinear fun
tion. Numeri
al 
al
ulations show (see Fig. 1.17) that a linear approxi-mation of Eq. ( 1.15) 
an be optimized to give a �eld within ±3 G from the idealone over the most part of the slower. Su
h deviations are 
ompletely irrelevant 
on-
erning the longitudinal motion. Magnets are then positioned on the generatri
es ofa 
one and the me
hani
s is then straightforward (Se
. 1.6.1).Naturally, the agreement is not so good at both ends where the ideal pro�le hassharp edges while the a
tual �eld spreads out and vanishes on distan
es 
omparableto the diameter on whi
h magnets are distributed. The a
tual ∆B is redu
ed whi
hlowers the 
apture velo
ity and thus the beam �ux. We made additional se
tionsof eight extra 
ubi
 magnets in Halba
h 
on�guration designed to provide lo
alized
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z (mm)Figure 1.17: Ideal (red) and 
al
ulated pro�les, without (bla
k) and with (blue) end
aps.improvement on the �eld pro�le at both ends (`end 
aps'). As seen on Fig. 1.17,mat
hing to the ideal pro�le is enhan
ed, espe
ially at the high �eld side where theideal pro�le exhibits a marked in
rease.1.6 Me
hani
s and �eld measurements1.6.1 Me
hani
al designThe Zeeman slower 
onsists in 9 mounts supporting 8 U-shaped aluminum pro�les(see Fig. 1.18). The U-shaped pro�les go through the mounts by means of squareholes evenly spa
ed on a 
ir
le whose diameter de
reases from mount to mounta

ording to Eq. (1.4) and Eq. (1.15). Magnets are then inserted one after the otherin the U-shaped pro�les and 
lamped by a small plasti
 wedge. End 
aps are �lledwith the suitable blo
k magnets and s
rewed together with their spa
er in the �rstand last mount. The whole setup is then very rigid and all parts tightly positioned.Indeed, as said before, 
al
ulations are very reliable and Zeeman slower operationis known to be robust so there is no need for adjustment. This setup 
an evenbe simpli�ed by removing some mounts: the Zeeman slower we use now has onlythree mounts. Mounts are made of two parts s
rewed together. The Zeeman slower
an then be assembled around the CF-16 pipe without va
uum breaking e.g. afterbaking out the UHV setup.1.6.2 ShieldingThe 8-pole 
on�guration produ
es very little �eld outside (see Fig. 1.20 (a)), ex
eptof 
ourse, at both ends. However, to lower stray �elds even further, we have madea re
tangular single-layer shield from a 1 mm-thi
k soft iron sheet wrapped around
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Figure 1.18: (a) Pi
ture of the Zeeman slower: [M℄ mounts, [EC℄ output end 
aps
rewed in last mount, [U℄ U-shaped pro�les, [S℄ half part of the shield, [sp℄ 5 mmspa
er between end 
ap and shield side. (b) Individual mount; [T℄ threading to s
rewthe two parts of the mount together, [P℄ 
entral square milling in whi
h CF-16 pipegoes through. (
) detail of a square hole to show U-shaped pro�les insertion, magnets[m℄ and plasti
 wedge [W℄. Dimensions in mm.
the mounts. In this way, me
hani
al properties and prote
tion are improved. Asseen on Fig. 1.19 (a), the inner �eld is almost una�e
ted. On the 
ontrary, theouter magneti
 �eld falls down mu
h qui
ker all the more sin
e the plateau around
0.5 G in Fig. 1.19 (b) is probably an artifa
t asso
iated with the probe. In pra
ti
e,no disturban
e is dete
ted neither on the MOT nor on opti
al molasses 125 mmdownstream.
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ulated (red) and measured (bla
k) magneti
 �eld pro�les. (a) S
analong the beam axis. (b) Close up of the output region. In the 
al
ulation the shieldis not taken into a

ount. Dotted and dashed lines indi
ate the Zeeman slower andthe shield physi
al ends. Log s
ale below break.1.6.3 Field parameters and measurementThe length of the Zeeman slower is ℓ = 1184 mm 
orresponding to eight se
tions of
148 mm-long magnets. The 
apture velo
ity is then vc ≈ 450 m/s and ∆B = 388 G.A bias �eld Bbias = 200 G is added to avoid low-�eld level 
rossings around 120 G.These �eld parameters together with the magnet size and properties determine thedistan
e and angle to the axis of the magnets. In our 
ase, the best 
hoi
e wasa slope of −15.9 mm/m 
orresponding to d(0) = 49.5 mm and d(ℓ) = 30.7 mm.Entran
e and output end 
aps are both made of 10 mm-side 
ubi
 magnets of N35grade (BR = 11.7 kG). They are lo
ated on 
ir
les whose diameters are 94.0 mmand 66.0 mm respe
tively.Figure 1.19 displays a longitudinal s
an of the magneti
 �eld on the axis of theZeeman slower with end 
aps and shield. It 
an be �rst noti
ed that the longitudi-nal pro�le is intrinsi
ally very smooth as the magnets make a uniform magnetizedmedium throughout the Zeeman slower. After 
alibration of the magneti
 mate-rial a
tual remanent �eld, deviations from the 
al
ulated pro�le are less than a fewGauss. Besides, one usually observes only lo
alized mismat
hes at the jun
tion be-tween two magnets attributed to the dispersion in the magnetization of the magnets.The shield input and output sides �atten the inner �eld at both ends. Of 
oursethe e�e
t de
reases when they get further apart but the Zeeman slower should notbe lengthened too mu
h. A 5 mm spa
er (tag [sp℄ in Fig. 1.18) is a good tradeo�. Then, the a
tual magneti
 �eld measured parameters are Bbias = 200 G and
∆B = 350 G only slightly smaller than the 
al
ulated value.Figure 1.20 depi
ts a transverse 
ut of the magneti
 �eld. It is realized along the
u-dire
tion of Fig. 1.16 near the middle of the Zeeman slower (z ∼ 460 mm). Theshield was removed to allow the probe to go through. It exhibits the two expe
ted
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Figure 1.20: (a) Measured magneti
 �eld without shield a
ross the beam axis at
z ∼ 460 mm along the u-dire
tion of Fig. 1.16. (b) Close up of the 
entral region.Dashed lines indi
ate the atom beam extension and a 1 G magneti
 �eld span. Logs
ale below break. The shield was removed to allow the probe to go through. Withthe shield, the inner �eld is almost una�e
ted and the outer �eld is below the probesensitivity.

features: (i) little outer �eld (ii) highly homogeneous inner �eld. In the vi
inity ofthe axis, the measured pro�le is however less �at than expe
ted. This is mainlydue to the �nite size of the probe. Anyway, magneti
 �eld deviations stay within aGauss or so in the region of interest. With the shield, the outer �eld is below probesensitivity.
1.7 Performan
esThe laser system for the slowing and dete
tion is the same as for the dipole 
on-�guration. The velo
ity distribution presents here a simple peak (no splitting) (seeFig. 1.21), whi
h is 
onsistent with the sub-Gauss stray �eld. We also measure thevelo
ity distribution in the absen
e of slowing light to observe the thermal distri-bution. By integrating the thermal and slowed distribution, we determine that the
apture rate is 75%. When we vary the detuning, the output velo
ity vary linearlywith δ0 (see Fig. 1.22 (a)). We �nd in the same way as in the dipole 
on�gurationthat the �ux is 
onstant for output velo
ities over 40 m/s (see Fig. 1.22 (b)). Wedo not observe a broader peak at large output velo
ity (see Fig. 1.23). This is
onsistent with the fa
t that the �eld homogeneity is better in the Halba
h than inthe dipole 
on�guration.
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 �ux as a fun
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1.7.1 Needed laser powersBe
ause we use a tapered ampli�er we have a lot of power available in the 
y
lingand repumper beams. Figure 1.24 depi
ts the output �ux as a fun
tion of 
y
lingand repumping power. Unexpe
tedly, it turned out that several tenth of milliwattsof repumping light are ne
essary to obtain the maximum �ux. A total power of
100 mW of 
y
ling and repumper light is ne
essary to get a non-
riti
al operation ofthe Zeeman slower at its best �ux and a �nal velo
ity of 30 m/s. The 
orrespondingintensity, 24 mW/cm2 is mu
h larger than the saturation intensity of the repumpingtransition. However, as we shall see now, a lot of power 
an be saved with more
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ontrast with the dipole 
on�guration 
ase, there is no large peak at highvelo
ity (
ompare with Fig. 1.15).
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Figure 1.24: Color online. (a) Atom �ux as fun
tion of 
y
ling and repumper beamspowers. (b) Cross se
tion along the white dotted line 
orresponding to a total avail-able power of 100 mW. Power ratio is measured with a s
anning Fabry-Perot inter-ferometer.elaborated strategies.1.7.2 RepumperTo understand why we need so mu
h repumping light, we study the e�
ien
y of theZS as a fun
tion of the repumper frequen
y and polarization. The polarization 
anbe 
hosen either parallel (π polarized) or orthogonal to the magneti
 �eld (
ombi-nation of σ+ and σ−). When the repumper frequen
y is varied as in Fig. 1.25 (a)
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y. ∆fis the beat note frequen
y of the repumper with an auxiliary laser lo
ked on the
F = 2 → F ′ = 3 resonan
e line; red 
ir
les/bla
k squares: repumper polarizationperpendi
ular/parallel to the magneti
 �eld. (b) Atom �ux as a fun
tion of repumperpower (log s
ale) when its frequen
y is �xed (bla
k) or swept (red) a
ross the fullspe
trum of left panel.very di�erent spe
tra for the two 
on�gurations are observed. E�
ient repump-ing o

urs with well de�ned peaks spread over about 2 GHz and roughly 
enteredaround the F = 1 → F ′ = 2 transition. This non trivial stru
ture means that sev-eral depumping/repumping pathways are involved, probably o

urring at lo
alizedpositions along the Zeeman slower.It is not easy to get a simple pi
ture of what is happening: a 
omplete ab-initio simulation of the internal dynami
s is not simple due to the large number ofZeeman sublevels (24 in total), the multiple level 
rossings o

urring in the 50�200 Grange, and high light intensities. However, one 
an over
ome this intri
ate internaldynami
s by sweeping qui
kly (typi
ally around 8 kHz) the repumper frequen
yover all the observed peaks. With a low-pass �lter, the 
entral frequen
y remainslo
ked on the side of the Doppler pro�le. Doing so, we get a slightly higher �ux forsigni�
antly less repumper power, typi
ally 10 mW (see Fig. 1.25 (b)).1.7.3 MOT loadingA �nal demonstration of the Zeeman slower e�
ien
y is given by monitoring theloading of a MOT. It is made from 3 retrore�e
ted beams 28 mm in diameter (FWat 1/e2). We use 10 − 20 mW and 1 − 3 mW of 
y
ling and repumper light perbeam and MOT magneti
 �eld gradients on the order 15-20 G/
m. When theZeeman slower is swit
hed on with a �nal velo
ity of 30 m/s, a quasi exponentialloading is observed with 
hara
teristi
 time τ ∼ 320 ms. After one se
ond or so,the 
loud growth is 
omplete. From absorption spe
tros
opy at a variable detuning
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Figure 1.26: Typi
al absorption image of the MOT. The frequen
y of the probe beamis set out of resonan
e by 2Γ.[56℄, we dedu
e a density n = 1.4 × 1010 atoms/cm3. We also perform absorptionimaging8 with a probe set out of resonan
e by 2Γ so that the opti
al density is nottoo important (see Fig. 1.26). The number of atoms is typi
ally NMOT ∼ 3 × 1010and the temperature measured after a time-of-�ight phase TMOT = 150 µK. Thetemperature is redu
ed to 15 µK if we perform an opti
al mollasse by swit
hing the
oils o� while keeping the 
ooling lasers for a few millise
onds. These �gures are
onsistent with the above measurements of an atom �ux of several 1010 atoms/s andnearly unity 
apture e�
ien
y. As expe
ted, thanks to the high magneti
 �eld inthe slower, the Zeeman beams do not disturb the MOT.1.8 Con
lusionIn this 
hapter, we have presented the realization of two Zeeman Slowers with per-manent magnets. Both ZSs o�er state of the art performan
es. We obtain an atomi
�ux at ∼ 30 m/s of up to 5× 1010 at/s that allows to load a large MOT in less thanone se
ond. In 
ontrast to the previous designs by Ov
hinnikov, we have paid spe
ialattention to the transverse homogeneity of the magneti
 �eld, a problem elegantlysolved using the Halba
h 
on�guration. In this latter 
on�guration, using a simplemagneti
 shielding, the stray �eld is smaller than the earth magneti
 �eld.Compared to a wired-wound Zeeman Slower, our system provides several inter-esting advantages:
• no ele
tri
 power 
onsumption nor water 
ooling,8The reader not familiar with absorption imaging 
an �nd more details in 
hapter 2.
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• easy to assemble and disassemble without va
uum breaking, e.g., for high-temperature baking out,
• simple ma
hining and 
onstru
tion, 
ompa
t, and light,
• very smooth longitudinal pro�le and low stray magneti
 �elds,
• no perturbation asso
iated with the heating of the ZS 
oils.
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40 All opti
al produ
tion of a Rubidium Bose-Einstein 
ondensate2.1 Introdu
tionBose-Einstein 
ondensation was �rst observed with dilute gases in 1995 for magnet-i
ally trapped 87Rb and 23Na [10, 11℄ and has now been a
hieved for a wide varietyof atomi
 spe
ies. The 
ondensation o

urs when the phase spa
e density ρ = nλ3T,where n is the atomi
 density and λT = ~(2π/mkBT )
1/2 the thermal de Brogliewavelength, is on the order of 1. To rea
h the 
ondensation, it is thus ne
essaryto in
rease the density (while keeping the atoms in a gaseous phase) and de
reasethe temperature as mu
h as possible. The usual passway to a
hieve Bose-Einstein
ondensation is the following:1. Preparation of a pre-
ooled atomi
 sample in a Magneto-Opti
al Trap (MOT).A MOT relies on the radiation pressure, i.e on a su

ession of absorption andspontaneous emission 
y
les. The radiation pressure depends on the atomi
velo
ity via the Doppler shift, whi
h is used to produ
e a net 
ooling of theatoms. When adding a gradient of magneti
 �eld, the radiation pressure alsodepends on the position (Zeeman e�e
t), whi
h is used to trap the atoms.The minimum temperature a
hievable using Doppler 
ooling is limited as aresult of the random nature of the absorption-emission 
y
les. For a two-levelatom, the minimum temperature is TDC ∼ ~Γ/2kB, where Γ is the 
ooling tran-sition linewidth. For Rubidium, TDC ∼ 150 µK [57℄. In pra
ti
e, sub-Doppler
ooling me
hanisms due to the multilevel stru
ture of the atomi
 ground stateare at work and lower temperature 
an be obtained. The temperature in smallMOTs is then typi
ally on the order of 50−100 µK and 
an be further redu
edby an opti
al molasses phase. The density n in a MOT is typi
ally on the order

1010atoms/cm3 and thus, the phase spa
e density ρ ∼ 10−7.2. Atoms are then transferred in a 
onservative trap in order to implement theevaporative 
ooling te
hnique. This trap 
an be a magneti
 trap [58℄ or 
anrely on the dipole for
e exerted by high intensity out of resonan
e light as inour setup. One 
an also 
ombine the two te
hniques. In our setup, we use adire
t loading to a 
rossed dipole trap: the dipole beams are already presentduring the MOT stage. The density in the trap is in
reased by two orders ofmagnitude 
ompared to the density in the MOT. This is important be
auseit in
reases the phase spa
e density by the same amount but also be
ause animportant density is essential to obtain an large 
ollision rate in the evaporative
ooling stage.3. For
ed evaporation of the atomi
 sample. Let us remind the main features:after an elasti
 
ollision between two atoms, one of the intera
ting atoms 
anget an energy larger than the trap depth. This atom then leaves the trapwith an energy larger than the mean energy (related to the temperature),hen
e redu
ing the mean energy of the remaining sample. As a result of the



2.2 Condensation in an harmoni
 trap 41subsequent thermalization, the 
loud rea
hes a new equilibrium state at a lowertemperature. As the temperature de
reases, fewer atoms get enough energyto leave the trap and the pro
ess slows down. In pra
ti
e, the temperaturegenerally stabilizes at a fra
tion η of the trap depth U , η = U/T ∼ 6− 8. It isthus ne
essary to de
rease the trap depth with time to pursue the evaporation.In our setup (see Fig. 2.1), we use a 2D magneto opti
al trap (2D-MOT) loadedby a slow atomi
 beam obtained at the output of a Zeeman Slower (ZS). A dipoletrap resulting from the fo
alisation of a laser beam (the horizontal beam) at 1064 nmin the horizontal plane is present during the MOT loading stage. We 
all this �rsttrap the horizontal guide in the following. After a dark MOT stage (see se
t 2.5.5),the atoms are pumped into the F = 1 ground state and the MOT is swit
hed o�. Afra
tion of the atoms from the MOT are then 
aptured in the guide. The evaporationis then performed by de
reasing the intensity of the horizontal guide beam. If weonly use one beam, the trap is very elongated in the dire
tion of propagation of thelaser and the trapping frequen
y in this dire
tion 
an be as small as a few Herz. Thedensity is then small whi
h results in a slow thermalization. In order to in
reasethe trap frequen
y in the longitudinal dire
tion, we use a se
ond beam at 1064 nm(
alled the verti
al beam) that 
rosses the horizontal beam at its waist [59℄. Thepower of this se
ond beam is kept 
onstant in our experiment.The setup has been relo
ated from Paris to Toulouse in 2009 and has been re-
onstru
ted almost identi
ally. The presentation of the experiment 
an therefore befound in detail in the thesis of Antoine Couvert and Charlotte Fabre [60, 61℄. WhenI began to work on this setup, most of the setup was installed and we observed the�rst BECs. One of the dipole beam (the horizontal one) was 
hanged in 2011 andwe will present here the last version of the existing setup.In this 
hapter, we will �rst remind some key features on Bose-Einstein 
ondensa-tion. Then, we will detail the MOT, the Zeeman slower and the imaging system. Wewill then present the loading of the dipole trap, the evaporation and the 
hara
teri-zation of the 
ondensates. Finally we will introdu
e the spin distillation te
hnique,implemented in the 
ourse of the evaporation 
ooling stage, that allows to sele
t themagneti
 state of the 
ondensate.2.2 Condensation in an harmoni
 trapWe remind here some theoreti
al results on Bose 
ondensation in an harmoni
 trap.The Bose-Einstein 
ondensation is a remarkable phase transition be
ause the 
on-densation of a ma
ros
opi
 number of atoms in the ground state results only fromquantum statisti
al e�e
ts. The e�e
t of intera
tions on the thermodynami
al prop-erties yields small 
orre
tions be
ause of the diluteness of the sample. We des
ribethe ideal Bose gas in the grand 
anoni
al ensemble where the formalism is simple
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al produ
tion of a Rubidium Bose-Einstein 
ondensate
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Figure 2.1: Sket
h of the pre-
ooled atomi
 sour
e: Zeeman, MOT and the probebeam.(see for example the referen
e [62℄). In the grand 
anoni
al ensemble, the numberof parti
le N and the energy E are �u
tuants and the 
hemi
al potential µ and thetemperature T are parameters. The average o

upation numbers in a one-parti
lestate i of energy ǫi follows the Bose statisti
s
n̄i(T, µ) =

1

exp (β(ǫi − µ))− 1
, (2.1)where β = 1/kBT . Only the values of µ < ǫ0, where ǫ0 is the ground state energyhave a physi
al meaning. Let us write the total number of atoms N =

∑

n̄i as
N = N0 +NT , (2.2)where N0 is the number of atoms in the ground state and

NT (T, µ) =
∑

i 6=0

n̄i(T, µ) (2.3)is the number of parti
les out of the 
ondensate 
ommonly 
alled thermal 
omponent.In 3D,1 for a �xed temperature, NT is an in
reasing fun
tion of µ whi
h has amaximum for µ = ǫ0 Nc(T ) = NT(T, ǫ0), and N0 is always very small ex
ept when
µ → ǫ0 where it diverges. If Nc(T ) is smaller than the total number of atoms N ,there is ne
essarily a ma
ros
opi
 number of atoms in the 
ondensate in order tosatisfy the normalization 
ondition (2.2). The temperature at whi
h Nc(T ) = N is1The situation turns out to be very di�erent in lower dimensions.



2.2 Condensation in an harmoni
 trap 43the 
riti
al temperature Tc. If T < Tc, N0 
annot be negle
ted. In the same time,the thermal 
omponent saturates at NT = Nc(T ).
The 
hara
teristi
s of the trap are taken into a

ount in the distribution of energylevels ǫi. For an harmoni
 trapping with angular frequen
ies ωx, ωy, ωz,

ǫi = ǫnx,ny,nz
=

(

nx +
1

2

)

~ωx +

(

ny +
1

2

)

~ωy +

(

nz +
1

2

)

~ωz, (2.4)where nx, ny, nz are positive integers. It is then possible to 
al
ulate expli
itly thefun
tion Nc(T ) by repla
ing the sum in the equation (2.3) by an integral over thedi�erent states. This is justi�ed if the o

upation numbers vary slowly as a fun
tionof the energies ǫi, i.e if the temperature is mu
h larger than the energy spa
ingbetween energy levels. We then �nd:
Nc(T ) =

∫

dnxdnydnz
1

exp (β~(ωxnx + ωyny + ωznz))− 1
. (2.5)Using Eq.(2.5) and the normalisation 
ondition (2.2), one �nds the 
riti
al temper-ature:

kBTc = ~ω̄

(

N

ζ(3)

)1/3

= 0.94~ω̄N1/3, (2.6)where ω̄ =
√
ωxωyωz is the geometri
 average of the trapping frequen
ies, and ζ(n)is the Riemann fun
tion. We verify that for a ma
ros
opi
 number of atoms, kBTc ≫

~ω̄ whi
h is ne
essary to establish the relation (2.5). The 
ondensation phenomenais thus very di�erent from the trivial e�e
t of freezing of the degrees of motion. Wealso dedu
e the 
ondensed fra
tion when T < Tc

N0

N
= 1−

(

T

Tc

)3

. (2.7)To gain some insight in Eq. (2.6), it is interesting to evaluate the phase spa
e densityat Tc. The density of a 
lassi
al gas at a temperature T in an isotropi
 trap withtrapping frequen
ies ω̄ is
n(x) =

N

(2π)3/2∆x3
e−x2/2∆x2

, (2.8)where x is the distan
e to the trap 
enter and the size of the 
loud is determinedby the temperature ∆x = (kBT/ω̄
2m)1/2. Using the de�nition of the phase spa
edensity and the relation (2.6), we �nd that, at the 
riti
al temperature, the phasespa
e density at the 
enter of the trap is equal to one. This means that the size ofa wave pa
ket in phase spa
e is on the order of ~ and be
omes Heisenberg-limited.
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al produ
tion of a Rubidium Bose-Einstein 
ondensate2.3 Pre-
ooled atomi
 sour
e2.3.1 Oven and Zeeman SlowerIn order to e�
iently load the MOT, a slow atomi
 beam with a typi
al velo
ity
v ∼ 20−30 m/s is needed. We produ
e a hot beam using a re
ir
ulating oven heatedat 130 ◦C (see Thierry Lahaye thesis [63℄ or our more re
ent publi
ation [41℄). Atthe output of the oven the atoms have a typi
al thermal velo
ity of 300 m/s. Theyare subsequently slowed down to 20 m/s by an in
reasing �eld Zeeman Slower (ZS)[48℄.2 On our BEC setup, the ZS is a standard wire wound Zeeman Slower with thefollowing parameters (see 
hapter 1):

∆B 300 G

Bb 200 G

ℓ 1 m

vc 330 m/sWe re
all that ∆B is the amplitude of variation of the magneti
 �eld, Bb, the bias�eld, ℓ the length of the Slower and vc the 
apture velo
ity. It delivers an atomi
�ux of ∼ 2×1011 at/s at 20 m/s. The laser system for the 
y
ling and the repumperlight is similar to the one des
ribed in 
hapter 1.2.3.2 The 2D-MOTIn order to 
apture as mu
h atoms as possible in the horizontal trap, it is advan-tageous to optimize the mode mat
hing between the MOT and the dipole guidepotential. This is the reason why we have 
hosen a 2D magneti
 
on�guration to
reate a six beams 2D-MOT [64℄. The magneti
 �eld is generated by four elongated
oils (instead of two in a 
onventional MOT) that produ
e a 2D quadrupole �eldwith a 
ontinuous line of zero �eld in the vi
inity of the z axis (see Fig. 2.1). The�eld 
lose to the axis reads
B2D(x, y) = b′





−x
y

0



 (2.9)The six beams are issued from a 2 W tapered ampli�er3 inje
ted by a narrowbandwidth laser diode.4 The laser diode frequen
y is a
tively stabilized using satu-rated absorptions in a rubidium 
ell. After the tapered ampli�er, the beam is splitinto four independent beams. Ea
h of them passes through an AOM that 
ontrols its2The ZS fun
tioning is des
ribed in a slightly di�erent 
ontext in 
hapter 1.3SACHER- S353.4Sanyo DL7140-201S.



2.4 Imaging system 45power, they are then sent on the main table by mean of four polarization maintainingopti
al �bers (2 beams are subsequently split on the main table). The power of ea
hbeam is lo
ked: after ea
h �ber, a small part of the beam is sent on a photodiodewith a beamsplitter. A feedba
k loop made of a simple ele
troni
 integrator a
ts ona radio frequen
y attenuator,5 that 
ontrol the radio frequen
y power inje
ted intothe AOM until the photodiode signal rea
hes the 
onsign. The repumper beam, seton the F = 1 → F ′ = 2 transition is superimposed with the Zeeman slower beams.The repumper power is not lo
ked. After a loading of 2 s, we obtain a MOT ofabout 5 × 109 atoms at T ≃ 120 µK with a lifetime of ∼ 25 s. The typi
al phasespa
e density in the MOT, ρ ∼ 10−7 is still far from the Bose-Einstein 
ondensationthreshold.2.4 Imaging system2.4.1 Absorption imagingFor all measurements on the atomi
 
loud, we use the absorption imaging te
hnique.The prin
iple is to shine a resonant 
ollimated beam at 780 nm on the atoms. Theatoms absorb the probe light very e�
iently; the shadow of the atomi
 
loud isthen imaged on a CCD 
amera. More pre
isely, 
onsider the 
ase of a 
ollimatedbeam whose dire
tion of propagation is z and that is absorbed by a 
loud of atomsof density n(x, y, z). It is 
onvenient to de�ne the 
olumn density nc(x, y) as thedensity integrated along the z axis,
nc(x, y) =

∫

n(x, y, z)dz. (2.10)The Beer-Lamber law, valid for a low intensity probe, gives the relation between thebeam intensities before and after the 
loud:
Iout(x, y) = Iin(x, y)e

−σ0nc(x,y), (2.11)where σ0 is the absorption 
ross se
tion. The opti
al density is de�ned by
OD(x, y) ≡ ln

(

Iin(x, y)

Iout(x, y)

)

. (2.12)Be
ause the beam intensity is generally not homogeneous (there is some spe
kle),we take two images: one with the atoms and one on
e the atoms have fallen andare not in the probe beam anymore (respe
tive intensity noted Iwat and Iwoat) andwe dedu
e the 
olumn density from Eq. (2.11). We a
tually take a third pi
ture inthe absen
e of probe light to substra
t the ba
kground light (intensity Ibkg). The5mini
ir
uit PAS-3.



46 All opti
al produ
tion of a Rubidium Bose-Einstein 
ondensateexposure time tsnap = 80 µs is 
hosen so that atoms move of less than one pixelduring the snapshot. Finally, we dedu
e the 
olumn density from:
σ0nc = ln

(

Iwat(x, y)− Ibkg(x, y)

Iwoat(x, y)− Ibkg(x, y)

)

, (2.13)2.4.2 SetupIn the experiment, it is ne
essary to measure two kinds of obje
ts that have a fairlydi�erent size: the MOT, whi
h is a few 
entimeters long and, later, 
old atoms andBECs of a few hundred mi
rometers. To have in both 
ase a good resolution anda good �eld of view, we alternate between two imaging systems (see Fig. 2.2): the"MOT mode" and the "BEC mode" that have di�erent magni�
ations. To swit
hbetween the two modes, we use magneti
 mounts that allow to remove and repla
e amirror with a reprodu
ibility on the order of a mi
roradian. In both 
ases, the probebeam is sent at 45◦ from the horizontal guide (see Fig. 2.1). This angle makes theimaging a little more 
ompli
ated to analyze, sin
e the displa
ements along the guideaxis appear with a fa
tor √
2 on the CCD 
amera. The CCD 
amera is a BaslerA100f Series that has 1392× 1040 square pixels with an edge size c = 6.45 µm.2.4.3 MOT modeThe size of the in
oming beam should mat
h the desired �eld of view. In the MOTmode, it is 3 
m wide. After the 
hamber, we use a three lenses a
hromat L1 that
orre
t for spheri
al and 
oma aberrations, and a spheri
al lens L2 of respe
tive fo
allengths f1 = 150 mm and f2 = 50 mm with a 40 mm spa
ing between them. Thea
hromat L1 is also used in BEC mode. This opti
al system has been 
hosen to formthe image of atoms lo
ated 190 mm before L1 at 46 mm after L2 with a magni�
ation

γMOT = 0.26. One pixel on the 
amera then 
orresponds to 25 µm on the atoms.The magni�
ation in this mode is 
alibrated more pre
isely by monitoring the freefall of a 
old 
loud and �t the traje
tory by a parabola with known a

eleration g.The 
amera is installed on a translation stage to �nely tune the fo
using.2.4.4 BEC modeIn the BEC mode, we take the lens L2 out, the image of the atoms is then formedat 710 mm from L1 with a magni�
ation γBEC = 3.75. The 
al
ulated pixel size
pixBEC = 1.7 µm is measured as before by monitoring the free fall of a 
old 
loudand later on by analyzing the di�ra
tion pattern produ
ed by a �ashed latti
e as weshall see in the next 
hapter. Be
ause the magni�
ation is mu
h larger than in theMOT 
ase (and 
orrelatively, the �eld of view is mu
h smaller), a lot of the lightis a
tually 
asted outside of the CCD 
amera (see Fig. 2.2). This is not an issuefor the image formation, however, it redu
es the intensity on the 
amera. In order
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x

y z

BEC mode

MOT mode
L1

L2

L1 Figure 2.2: Sket
h of the two imagingsystems, the magni�
ations are respe
-tively γMOT = 0.26 and γBEC = 3.75.We use a 3 
m wide beam in the MOTmode and redu
e the size to 3 mm inthe BEC mode in order to get more in-tensity on the 
amera and remain 
loseto the saturation of the CCD 
amera.
to get nonetheless an intensity just below the saturation of the CCD 
amer (whi
hin
reases the signal to noise ratio), we use a 3 mm wide beam. We swit
h betweenthe two beams using a mirror installed on a magneti
 mount. As in the MOT mode,the 
amera is set on a translation stage for the �ne tuning of the fo
using.The opti
al resolution is limited by the opti
s. In our setup, it is not possibleto pla
e lenses very 
lose to the atoms, the lens L1 is lo
ated at 190 mm from theatoms and has a 15 mm radius.The numeri
al aperture, limited by the size of L1 is N.A = 0.07. The Rayleigh
riterion for the opti
al resolution given by

R = 0.61
λ

N.A
, (2.14)yields an opti
al resolution of about R = 7 µm. This was veri�ed by takingan image of a very small obje
t (a BEC before time-of-�ight for example).2.4.5 Quantitative measurementsFrom the absorption images, it is possible to dedu
e the number of atoms and thetemperature of a 
loud of atoms. To measure the total number of atoms, we usethe relation (2.13) and integrate it over the plane. In order to be a

urate, theopti
al density must remain moderate (typi
ally O.D < 2). Most of the time, it isne
essary to perform a time-of-�ight stage of up to 20 ms before taking the imaging toredu
e the density. During this stage, all trapping potentials are swit
hed o�, atomsfall under gravity and ea
h atom qui
kly evolves a

ording to a ballisti
 traje
tory
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ity vi: x(t) = x0 + vitTOF. The size of a 
loud aftera su�
iently long time-of-�ight is dire
tly related to the velo
ity distribution andhen
e, to the temperature of the 
loud. Thanks to the equipartition theorem (notvalid for 
ondensates), if the initial size of the 
loud is negligible after a given time-of-�ight tTOF, the temperature reads
T =

m

kB

〈∆x2〉
tTOF

. (2.15)
2.5 The horizontal dipole guideIt is ne
essary, to in
rease the phase spa
e density, to transfer the atoms from theMOT to a 
onservative potential and to perform the evaporative 
ooling.
2.5.1 Dipole potentialIn the 
ase of an opti
al trap, the potential originates from the intera
tion betweenthe ele
tri
 �eld of a far detuned laser beam and the indu
ed ele
tri
 dipole of theatom. It is also known as the dynami
 Stark e�e
t [65℄. The dipole potential isproportional to the light intensity I(r):

Udip(r) = ζI(r), (2.16)where ζ depends on the polarization and wavelength of the laser and on the atomi
stru
ture. In the 
ase of 87Rb:
ζ =

ΓD2
λ3D2

16π2c

[(

1

∆1
+

1

∆1 + 2ωL

)

(1− qgFmF ) +

(

1

∆2
+

1

∆2 + 2ωL

)

(2 + qgFmF )

]

,(2.17)where ∆1 (∆2) is the detuning from the D1 (D2) line, q 
orresponds to the polar-ization of the light: q = 0 for π polarized light and q = ±1 for σ+(−) polarized light.
ΓD2

is the lifetime of the P3/2 ex
ited state and λ2 the 
orresponding transitionwavelength. ωL is the pulsation of the in
oming light, gF is the Lande fa
tor and
mF the magneti
 moment.
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an see that far from any resonan
e, ζ de
reases as 1/∆. Beside, when thedetuning is negative (red-detuned laser) the potential is attra
tive whereas itis repulsive for a positive detuning (blue-detuned).For an atom in the ground state and a linearly polarized light (q = 0), we givehere the ζ fa
tor for a few 
ommon wavelengths:
λ (nm) ζ (J/(W/m2))

1064 −2.10 · 10−36

840 −7.71 · 10−36

785 −3.98 · 10−35

532 8.12 · 10−37To perform the evaporation e�
iently, the probability to di�use a photon reso-nantly must remain low during all the evaporation. When the detuning is important
ompared to the hyper�ne stru
ture, the di�usion rate reads:
Γdiff ≃ I

Γ2
D2
λ3D2

16π2c~

1

∆2
12

with
1

∆12

≡
(

2

∆2
2

+
1

∆2
1

)

. (2.18)After ea
h di�usive event, the energy is modi�ed by up to mv2rec/2 where vrec =
~kres/m ≃ 5.9 mm/s is the re
oil velo
ity. We 
an then evaluate the 
orrespondingheating rate

dT

dt
= Γdiff

mv2rec
2kB

≃ I
Γ2
D2
~λD2

8ckBm

1

∆2
12

. (2.19)The heating rate varies as 1/∆2
12 while the depth of the potential varies as 1/∆12. Itis thus possible to get both a deep potential and a negligible heating rate providedthat the light is su�
iently out of resonan
e.During the evaporation, the potential depth U0 is generally related to thetemperature by : U0/kB ∼ ηT where η ∼ 6 − 8. For a laser at 1064 nm theheating rate then reads
dT

dt
∼ T × 2 · 10−2 s−1. (2.20)In our setup the evaporation ramps lasts less than 5 s, the heating by photondi�usion is thus negligible.2.5.2 The spatial modeIdeally the horizontal guide beam has a Gaussian mode TEM00:

I(x, y, z) =
2P

πw2(z)
exp

(

−2(x2 + y2)

w(z)2

)

, (2.21)
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Figure 2.3: Intensity pro�le of a TEM00 Gaussian beam. The Rayleigh lengthis de�ned by w(zR) = √
2w0.where P is the power of the laser. The radius at 1/e2 depends on the longitudinal
oordinate z :

w(z) = w0

√

1 +

(

z

zR

)2

, (2.22)where w0 is the waist of the beam. The Rayleigh length depends on the waist andthe wavelength via
zR = π

w2
0

λ
. (2.23)Figure 2.3 shows a typi
al intensity pro�le and introdu
es the di�erent notations.At 1064 nm and for a waist w0 = 50 µm, the Rayleigh length is zR = 7.4 mm.As a result, the trapping potential is very elongated.2.5.3 Setting up of the horizontal beamWhen I began working on the BEC experiment, the horizontal and verti
al beamswhere issued from the same laser. We used a 300 W �bered laser at 1064 nmfrom IPG photoni
s with a large bandwith of a few nm.6 However, with timethe spatial mode at the output of the �ber degraded (see Fig. 2.4). We sent itba
k to IPG for reparation in O
tober 2010, the origin of the degradation stayedunknown but the spatial mode was �ne when the laser 
ame ba
k. Six monthlater, the spatial mode was degraded again. At some point, this prevented us fromrea
hing the 
ondensation. We thus bought a new 100 W laser with similar spe
tral
hara
teristi
s that is used only for the horizontal beam (the waist of the verti
albeam being larger, the degradation of the mode is less visible). The setting up ofthe beams is presented in Fig. 2.5. A teles
ope adjusts the size of the beam so as6The 
orresponding 
oheren
e length 500 µm smaller than the path di�eren
e between thebeams so that in prin
iple there is no interferen
e between the two dipole beams. However thespe
trum is a
tually made up of a frequen
y 
omb so that ea
h 
omponent 
ould interfere. Wethus set a detuning of 80 MHz between the two beams.
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(a) Laser spatial mode for various powers03/01/2011 (b) 29/06/201120 % 40 % 20 % 40 %

60 % 80 % 100 % 60 % 80 %
Figure 2.4: Spatial mode of the 300 W laser for di�erent output power. (As aper
entage of the maximum power) after it 
ame ba
k from IPG for reparationand six months later. The degradation is more important for high power butprogressively, rings appeared also at low setpoint.to pass through an AOM that 
ontrols the power.7 The beam is then sent on anupper table, the beam size is adjusted using an other teles
ope in order to obtainthe desired waist on the atoms. Finally a lens with a fo
al length f ′ = 811 mmfo
uses the beam into the va
uum 
hamber. The relation between the waist of thebeams before and after a lens of fo
al length f ′ is:

w′
0 =

λf ′

πw0
. (2.24)For a target waist w0 = 50 µm and a fo
al length f ′ = 800 mm, the beamwaist on the lens must be w′

0 = 5.5 mm. The 
orresponding Rayleigh length
zR = 90 m 
an then be 
onsidered as in�nite.The last lens is set on a servo-
ontrolled translation stage that permits to adjust thewaist position. Two mirrors pla
ed after the fo
using lens 
ontrol the beam positionand angle.2.5.4 Power issuesThe Ytterbium laser was typi
ally used at an output power P = 40 W, this highpower implies that we take some pre
autions when manipulating the beam. We7Di�ra
tion e�
ien
y of 85 %
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Figure 2.5: Opti
al setup to 
ontrol the power and the size of the two dipolebeams. The numbers asso
iated with the lenses are their fo
al length in mm.The green lines represent λ/2 waveplates and the numbers their referen
e angle.The horizontal beam is fo
used down with a waist wh = 50 µm and the verti
albeam with a waist wv = 100 µm.
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PhotodiodeLight trap Dust spots

Figure 2.6: Left: pi
ture of the light trap lo
ated after the va
uum 
hamber onthe horizontal beam. The photodiode measures a small fra
tion of the power ofthe horizontal beam by gathering the light di�used out of the light trap. Right:Lens before 
leaning, spots of dust have appeared at the lo
ation of the beam.The spots 
an degrade the spatial mode, redu
e the beam power and eventuallyabsorb enough light to trigger the burning the 
oating.wear prote
tion glasses every time the laser is swit
hed on and se
urity swit
heshave been installed in the room. All opti
s must be high intensity opti
s that aregenerally more expensive. In parti
ular, we have to use sili
a 
rystals AOMs that aremore resistant to high intensities than TeO2 
rystal. However their 
ompressibilityis lower and we need to use 15 W of RF power (instead of typi
ally 2 W). It is thenne
essary to water-
ool the AOM. After ea
h AOM, a water 
ooled beam blo
k wasinstalled to absorb the zero-th order.The dipole for
e whi
h is used for manipulating atoms is a
tually 
apable oftrapping dust as well. This is visible on ea
h lens, the dust is guided by the dipolebeam and deposits on the opti
s. After some time, spots of dust appear at the exa
tlo
ation of the beam (see Fig. 2.6) and we have to 
lean them every month. Anotherproblem 
on
erns the power measurement: to measure the total power of a beam,we 
an use a high intensity power-meter. However, sin
e it relies on thermal e�e
tsthe response time is on the order of a se
ond. One solution is to use the light thatleaks ba
k from a mirror. If the re�e
tivity is R ∼ 99, 9% there are still dozens ofmilliwatts to be measured. The problem of this te
hnique is that the transmissionon Bragg mirrors is highly sensitive to the polarization so that it does not providea reliable information on the total intensity and is very sensitive to polarization�u
tuations. Finally our solution was to use the di�used light from water-
ooledlight traps8 (see Fig. 2.6). The power is then a
tively stabilized using a retroa
tive8The light traps are water 
ooled hollow 
ones. When the light enters in the trap, it is di�used
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onsists only of an integrator with tunable gain.2.5.5 Experimental sequen
eFigure 2.7 presents the experimental loading sequen
e:1. Loading of the 2D-MOT: during this stage, the Zeeman Slower, MOT andrepumper lights are on. The magneti
 �eld of the MOT is also swit
hed on.This stage lasts typi
ally 2-3 s.2. Temporal dark MOT: The MOT dynami
s is in a regime where the reabsorp-tion of s
attered photon is important. This means that the density is su
hthat when an atom emits a photon, there is an important probability that itget reabsorbed by a neighbor atom, resulting in an e�e
tive repulsive for
ebetween atoms. This limits the atomi
 density in the MOT and, following,the number of atoms 
aptured in the guide. In order to in
rease the densitywe de
rease the repumper intensity produ
ing a 
ommonly-
alled dark MOT.The atoms then spend more time in the F = 1 hyper�ne state where they donot s
atter any photons, therefore redu
ing the repulsion between atoms. Ifwe swit
h o� the repumper 
ompletely, atoms are no longer trapped and getlost. There is a trade-o� for whi
h we 
an approximatively double the numberof 
aptured atoms 
ompared to the sequen
e without dark MOT stage.3. Pumping stage: The repumper is 
ompletely swit
hed o�. The atoms thenprogressively a

umulate the F = 1 state. This is ne
essary to avoid inelasti

ollisions between atoms in di�erent internal states during the evaporation.4. Holding time or evaporation: The MOT 
oils and beams are swit
hed o� andonly the dipole beams remain. Atoms that are not 
aptured in the dipole trapfall under gravity.We �x a referen
e point at a holding time thold = 100 ms that we use to 
omparethe number of atoms in the guide from day to day. With a total power in thehorizontal beam P = 30 W, we 
apture typi
ally 3 × 107 atoms at T = 120 µK.This 
orrespond to a parameter η = U0/kBT = 8.3 and a phase spa
e density
ρ = 8 × 10−6. If we use a higher power, the 
loud is heated up but the number ofatoms stays the same. If we use a smaller power, the temperature and the numberof atoms de
rease.2.5.6 LifetimeOn
e the atom are trapped in the horizontal guide, we study the lifetime for di�erentguide powers by holding the atoms in the guide for a variable time thold beforea great number of times before leaving the trap in a random dire
tion. The quantity of di�usedlight is dire
tly proportional to the in
oming light and independent of the polarization.
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Dipolar beams
MOTZeemanRepumper

tMOT loading : 2 sTemporal dark MOT : 25 msHolding/EvaporationPumping in F = 1 : 10 msFigure 2.7: Typi
al experimental sequen
e realized to load the atoms in theMOT and transfer them into the F = 1 state in the guide, followed by eithera holding time or an evaporation.
measuring the number of remaining atoms. To measure the number of trappedatoms, we need to wait that all the atoms that were not 
aptured in the dipole trapfall by gravity. In pra
ti
e, it is not possible to measure anything at times prior to
50 ms. We observe (see Fig. 2.8) two distin
t 
hara
teristi
 times, the �rst time isvery short and thus hard to measure pre
isely be
ause atoms of the MOT are stillin the image. We think that it 
orresponds to the initial natural evaporation. These
ond 
hara
teristi
 time strongly depends on the light intensity. To measure it,we take only the points after 500 ms and we �t the atom number by a de
reasingexponential. For Ph = 14, 24 and 48 W, the lifetimes are respe
tively τlong = 2.7, 1.5and 1 s. This dependen
y indi
ates that the lifetime is not limited by 
ollisions withthe ba
kground gas but rather by inelasti
 
ollisions.Inelasti
 
ollisions between atoms in di�erent ground states 
an o

ur if someatoms are still in the F = 2 state despite the pumping stage. In the referen
e [66℄,where the same kind of spe
trally large laser is used, the authors are able to identifya light indu
ed pumping in the F = 2 state and explain it by a 2-photons Ramanpro
ess. This is possible if one remembers that the dipole laser spe
trum is made ofa frequen
y 
omb with frequen
y 
omponents separated by about 200 MHz. Thus,two spe
tral 
omponents 
an be separated by the hyper�ne sru
ture 
onstant ans
an indu
e a Raman pro
ess. This pro
ess 
ould explain the losses observed in ourtrap. Anomalous heating and losses 
an also be explained by �u
tuations of theposition or intensity of the trap at the trap frequen
y or twi
e the trap frequen
yrespe
tively. In our setup however, light-indu
ed losses are dominants.
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thold (ms)Figure 2.8: Left: Atom number in the horizontal guide as a fun
tion of theholding time. Two typi
al times are visible, they both depend on the guideintensity. Right: logarithm of the atom number for thold ≥ 500 ms. Thelifetimes for Ph = 14 W, 24 W and 48 W are τlong = 2.7 s, 1.5 s and 1 s.2.6 Crossed dipole trap and evaporation2.6.1 Evaporation 
onstraintsTo perform the evaporation, we de
rease the trap depth by lowering the horizon-tal beam power Ph(t). The typi
al de
reasing time τevap must ideally satisfy two
onditions at all times:
• It must be smaller than the typi
al time of losses due to inelasti
 
ollisions or
ollisions with the ba
kground gas.
• It must remain large 
ompared to the thermalization time. Indeed, in orderto 
ool e�
iently while loosing few atoms, only the atoms in the high energytail of the thermal distribution should leave the trap. In order to replenishthe tail of the distribution, the thermalization time must be smaller than theevaporation ramp time. The thermalization time depends on the density, thetemperature and the trap frequen
ies.If one is able to get few losses and high trap frequen
ies, it is possible to �nd anevaporation traje
tory Ph(t) that satis�es

τlosses ≫ τevap ≫ τtherm. (2.25)If we perform the evaporation with the horizontal beam only, the frequen
y in thelongitudinal dire
tion is mu
h smaller than in the other dire
tions. This limits theatomi
 density and hen
e, the 
ollision rate. At some point, the thermalization timebe
omes so important that the temperature does not de
rease anymore. To in
reasethe trapping frequen
y in the longitudinal dire
tion, we add a se
ond beam (theverti
al beam) that 
rosses the horizontal beam at its waist [59℄.
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x

y

z

45◦

Top

Horizontal

Hbeam

VbeamFigure 2.9: Sket
h of the 
rossed dipole beams and the MOT 
oils. One ofthe MOT 
oil (either the Top or the Horizontal) is also used to perform spindistillation during the evaporation stageThe verti
al beam originates from the "old" 300 W Ytterbium laser. It a
tuallyforms an angle 45◦ with the horizontal beam (see Fig. 2.9). Its waist is wv = 100 µm.The power and beam size are 
ontrolled in the same way as for the horizontal guide(see Fig. 2.5). When the two beams originated from the same laser their frequen
ieswhere detuned by 80 MHz to avoid interferen
e e�e
ts. We kept this in the lattersetup. A mirror is set on a three axes piezo-
ontrolled mount to adjust the 
rossingbetween the two dipole beams. In pra
ti
e, 
rossing the beams 
an be a deli
ateoperation. We �rst load the atoms in the guide and begin the evaporation until werea
h a temperature of a few µK. If we are far from the 
rossing, there is no signof the verti
al beam and we have to slowly move it until a dimple appears at the
rossing. To optimize the 
rossing, we then move the verti
al beam to get as mu
hatoms as possible in the dimple.The question of the optimisation of the evaporation ramp has been widely studied(see [67℄ for example). However, it strongly depends on the parameters of ea
h setupand, in pra
ti
e, one has to try di�erent traje
tories to optimize Ph(t). We use
Ph(t) = P0 (1 + t/τevap)

−4 , (2.26)with τevap = 1300 ms whi
h turns out to be a good 
hoi
e for us. At the beginningof the evaporation ramp, the intensity is de
reased qui
kly be
ause the losses areimportant. As the horizontal power de
reases, so do the trap frequen
ies.9 This isnot 
ompensated by an in
rease of the density (i.e we are not in the runaway regime).As a 
onsequen
e, the thermalization time in
reases during the evaporation and we9This is to be 
ontrasted with the 
ase of a magneti
 trap.
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Figure 2.10: Trapping potential in tem-perature units U(x, z)/kB µK at dif-ferent stages of the evaporation. (a):
Ph = 30 W, (b): Ph = 3 W, (
):
Ph = 300 mW. At high power, the trapis very elongated and the eigenaxes arealong x, y and z. When Ph de
reases,the trap be
omes more isotropi
 and theeigenaxes tend to be in the dire
tion ofthe verti
al beam (and orthogonal to it).

need to de
rease the power more slowly as the evaporation progresses. Small 
hangesof τevap around τevap = 1300 ms do not alter signi�
antly the result as long as the
ondition (2.25) is met.2.6.2 Chara
teristi
s of the 
rossed potentialThe power of the verti
al beam is 
onstant during the evaporation. If we negle
tthe variation of the waists in the region of interest, the total potential experien
edby the atoms is:
Ucross(x, y, z) = Uh(x, y, z) + Uv(x, y, z) +mgx (2.27)

= −Uh exp

(

−2
x2 + y2

w2
h

)

− Uv exp

(

−2
y2 + (x− z)2/2

w2
v

)

+mgx. (2.28)A theoreti
al study of the eigenfrequen
ies and eigenaxes of the 
rossed trap
an be found in Antoine Couvert thesis [60℄. We will only re
all here the mainfeatures with our parameters (see Fig. 2.10). It is always possible to 
al
ulate theeigenfrequen
ies and eigenaxes of the trap during the evaporation (see Fig. 2.11).We typi
ally begin the evaporation at Ph = 30 W and Pv = 3 W. At the beginningof the evaporation, the potential indu
ed by the verti
al beam is negligible and
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Figure 2.11: Upper panel: Eigenfrequen
ies of the trap. Even in the presen
eof the verti
al beam, the frequen
ies along x and y axes are generally mu
hlarger than the frequen
y in the z dire
tion. Lower panel: angle θ between theeigenaxes and the x, z dire
tions. At the beginning of the evaporation, the trapaxes are aligned with the horizontal beam. They tend to align with the verti
albeam at the end of the evaporation ramp.the trap is very elongated. In this 
on�guration, the trap depth and frequen
iesalong the axes x and y are approximatively the same and are mu
h larger than thefrequen
y along the z-axis, νx ≃ νy ≫ νz. When the temperature rea
hes a few µK,the atoms get lo
alized mainly in the dimple. At this point, the eigenaxes also beginto 
hange and tend to be at 45◦ from the original dire
tions. The trap depth is thenmu
h smaller in the dire
tion of the verti
al beam, and the atoms evaporate in theverti
al beam under the e�e
t of gravity (see Fig. 2.10).2.6.3 Evaporation traje
toryWe 
an see in Fig. 2.12 a typi
al evaporation traje
tory measured at the beginningof my Ph.D representing the number of atoms as a fun
tion of the temperatureduring the evaporation. We take 4 points every 100 ms until 2700 ms. During theevaporation, the number of atoms de
reases by 2 orders of magnitude, the temper-ature by 3 orders of magnitude and the mean trapping frequen
y by less than oneorder of magnitude. Sin
e the phase spa
e density s
ales as Nω̄/T 3, it is in
reasedby 6 orders of magnitudes during the evaporation. The last points thus 
orrespondto 
ondensed 
louds.There are two signatures of the Bose-Einstein transition:
• Be
ause a ma
ros
opi
 number of atoms are in the ground state of the trapwhi
h has the lowest momentum dispersion, after a time-of-�ight, the 
loud
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Figure 2.12: Evaporation traje
tory N(T ), the evaporation 
an be roughly di-vided into two phases. At the beginning of the evaporation, atoms are mainlylo
alized in the horizontal guide. Between 1 and 10 µK, the atoms progressivelylo
alize in the dimple. The last points 
orrespond to 
ondensed 
louds.pro�le exhibits two 
omponents (see Fig. 7.15): the 
ondensed part, whi
his very sharp, and a larger thermal 
loud. We 
an determine the 
ondensedfra
tion and the temperature by �tting the 
loud by a bimodal Gaussian.10The temperature is inferred from the width of the large thermal 
loud whilethe 
ondensed fra
tion is 
al
ulated by 
omparing the integrals of the twoGaussians.
• Another 
lear signature of the transition is the anisotropy of the 
ondensed
loud observed after a long time-of-�ight. In a thermal 
loud, the momentumspread depends only on the temperature while in the ground state of a trap,it re�e
ts the trap 
hara
teristi
s. If the trap is tighter in one dire
tion, thewave fun
tion momentum spread will be larger (Heisenberg prin
iple). As a
onsequen
e, if the trap is anisotropi
, this will be re�e
ted in the 
loud shapeafter a time-of-�ight.We �t the density by the following bimodal fun
tion:

B(u) = Ac exp

(

−(u− u0)
2

2∆uc
2

)

+ Ath exp

(

−(u− u0)
2

2∆u2th

)

, (2.29)10The 
ondensate momentum distribution is a priori not Gaussian but rather, in the Thomas-Fermi regime, the Fourier transform of an inverse parabola [62℄. However this �t is su�
ient if oneonly wants qualitative measurement.
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Figure 2.13: Upper panel: atomi
 density after 15 ms of time-of-�ight fordi�erent evaporation time through the Bose-Einstein transition, we see thata sharp peak arises above the thermal 
loud. Lower panel: integration of thedensity along one dire
tion, we �t the 
olumn density by a bimodal Gaussian.The spread of the larger Gaussian is related to the temperature of the 
loud.the 
ondensed fra
tion is then:
Ac∆u

2
c

Ac∆u2c + Ath∆u
2
th

. (2.30)With this method, we 
an 
he
k the relation (2.7) between the 
ondensate fra
-tion and the temperature. It is 
halleging to measure the thermal fra
tion and thetemperature when the 
ondensed fra
tion is too important be
ause the thermal partis by de�nition more dilute than the 
ondensate. In the same way, by �tting by abimodal Gaussian, the result of the �t always displays a non-zero 
ondensed parteven at high temperature. We 
an nevertheless estimate the 
riti
al temperatureby �tting with the relation (2.7) (see Fig. 2.14). We �nd Tc,exp = 165 nK. Usingrelation (2.6) and the 
al
ulated trap parameters, we estimate Tc,th = 230 nK2.6.4 Spin distillationAs outlined before, one advantage of far detuned opti
al traps is that the dipolepotential is the same for all magneti
 sublevels.11 As a 
onsequen
e, one 
reates aspinor 
ondensate with equipartition in all Zeeman states. However, in the followingexperiments, it is ne
essary to 
ondense in a single state. To measure the number11For a linear polarization.
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tion as a fun
tion of the temperature measured by�tting the 
loud by a bimodal Gaussian distribution. We �t by the relation(2.6) and estimate Tc = 165 nK.of atoms in ea
h Zeeman state, we perform a Stern and Gerla
h experiment12 byswit
hing on a MOT 
oil during the time-of-�ight. We use the spin distillationdes
ribed in [16, 60℄ to get rid of the non-desired states. The prin
iple is to super-impose a magneti
 �eld gradient during the evaporation so that atoms in di�erentmagneti
 states do not experien
e the same trapping potential. For atoms in F = 1,the potential is shifted by mF |B|µB/2 for mF = ±1 and remains roughly the samefor the state mF = 0 sin
e the Zeeman e�e
t is then only quadrati
. The trap depththen depends on the magneti
 state, some atoms experien
e a shallower trap andare evaporated preferentially, the magneti
 state that experien
e the deepest trapremain. This te
hnique is not simply a �ltering but a 
ombination of evaporationand sympatheti
 
ooling by the spe
ies that experien
e a shallower trap. We obtain
omparable total number of atoms using spin distillation or not.We use two kinds of distillation: the horizontal distillation, to 
ondense atoms in
mF = 0 and the verti
al distillation to 
ondense in mF = +1. In both 
ases, we adda 
urrent in one of the MOT 
oils. For the horizontal distillation, we inje
t typi
ally160 A in one of the "Horizontal" 
oil (see Fig. 2.9) that produ
es near the 
enterof the trap a magneti
 �eld of the form

Bhd =





−b′x/2
b0 + b′y

−b′z/2



 (2.31)Close to the trap 
enter (x, y, z ≪ B0/b
′), the amplitude of the �eld simply reads at12We split the time of �ight into two phases. A magneti
 �eld gradient of ∆B = is appliedduring a �rst stage of 5 ms to separate the spe
ies, and is swit
hed o� a few millise
onds beforethe image is taken so that there is no remanent �eld when we take the pi
ture.
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(a) (b)
U U

xyFigure 2.15: Trapping potential for di�erent Zeeman sublevels. Left: potentialalong the y axis, the trapping depth in this dire
tion is lowered for the states
mF = ±1. Right: potential along the verti
al axis, the magneti
 �eld gradientpartially 
ompensates for the gravity for the high �eld seekers.the �rst order

|Bhd| ≃ b0 + b′y. (2.32)The e�e
t is to bend the potential in the y dire
tion. In Fig. 2.15, we see themodi�ed potentials in the y dire
tion. Be
ause of the magneti
 shift, the trapdepth is smaller for the mF = +1 state. They get evaporated preferentially and it ispossible to end up with only atoms inmF = 0. We also use the horizontal distillationto easily optimize the 
rossing. As a matter a fa
t, it is possible to 
ompensate forthe magneti
 shift by desaligning the verti
al beam on one side of the 
rossing, inthis 
on�guration, it is possible to obtain a 
ondensate of atoms in mF = +1 only.This method is not very stable, if one wants to 
ondense into mF = +1, it is betterto use the verti
al distillation. However, we use this e�e
t as a proto
ol to optimizethe 
rossing, when the distillation is not 
omplete, the three spe
ies 
an 
oexist withdi�erent weights, by moving the verti
al beam it is possible to favor one or another.The 
rossing is optimized when the populations in mF = −1 and mF = 1 are equal.For the verti
al distillation, we use the Top 
oil (see Fig. 2.9), the �eld produ
ednear the 
enter reads
Bhd =





−b′x/2
−b′y/2
b0 + b′z/2



 (2.33)and at the �rst order in x, y, z
|Bhd| ≃ b0 + b′z. (2.34)This introdu
es a distortion along z that partially 
ompensates for the gravity forhigh �eld seekers (see Fig. 2.15). The other spe
ies experien
e a mu
h lower trapdepth and evaporate before the mF = +1 spe
ie. It is important to outline herethat the distillation in a magneti
 state is here only possible be
ause of gravity.
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al produ
tion of a Rubidium Bose-Einstein 
ondensate2.7 Con
lusionIn this 
hapter, we have presented our setup to produ
e rubidium Bose-Einstein
ondensates using evaporative 
ooling in a dipole trap. The produ
tion of BECs bymean of only opti
al traps o�er some advantages 
ompared to magneti
 traps [68℄:
• the possibility to de
rease the depth of the trap very easily,
• a generally shorter 
y
le time,
• the possibility to 
ondense in any magneti
 state (or a superposition),
• the possibility to 
ondense atoms without magneti
 stru
ture, whi
h is parti
-ularly interesting for metrology,and also some drawba
ks:
• generally smaller BEC,
• more day to day work to align the beams, 
lean the opti
s and so on.In our 
ase it also o�er the important advantage of providing the waveguide used inthe s
attering experiments.
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tionBy 
rossing two 
oherent beams in a region of spa
e, one 
reates a standing wavepattern. If the laser light is detuned from the atomi
 transition, the standing waveresults in a periodi
 dipole potential varying on a fra
tion of the opti
al wavelength.These 
ommonly-
alled opti
al latti
es have a wide range of appli
ations in the �eldof 
old atoms due to their great �exibility:

• In terms of dimensionality: by adding standing waves along orthogonal dire
-tions, one 
an produ
e a periodi
 potential in 1, 2 or 3 dimensions. If the trapis deep enough in one dire
tion, it is then possible to redu
e the dimensionalityof the atomi
 motion.
• The geometry 
an be tuned by engineering for example the dire
tions, inten-sities or phases of the lasers or by superimposing two latti
es with di�erentspa
ings [69, 70℄
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• The potential properties 
an be easily tuned in time.These ni
e properties have been extensively used to study many-body physi
sand quantum phase transitions. Indeed, there is a strong analogy with 
ondensedmatter problems where atoms play the role of the ele
trons in a solid while the latti
epotential plays the role of the potential produ
ed by the stati
 ions. The tunabilityof the latti
e parameters and atomi
 intera
tions have allowed for example to studythe Mott insulator-super�uid transition [71℄ and problems of quantum magnetism[72, 73℄.Opti
al latti
e 
an also be used to study one-body physi
s. Moving molassesrealized by introdu
ing a frequen
y di�eren
e between the two beams are used forinstan
e in atomi
 
lo
ks [74℄. Di�ra
tion in the regime of shallow latti
e i.e Braggdi�ra
tion is 
ommonly used as a beam splitter in atomi
 interferometers. Moreover,fundamental quantum transport questions su
h as the Anderson lo
alisation [75, 76℄,the study of atomi
 rat
hets [77℄ or dynami
al tunneling [78℄ 
an also be addressed.In this 
hapter, we present the setup of our 1D latti
e and the 
alibration of itsdepth. To 
alibrate the latti
e depth, we perform Kapitza-Dira
 di�ra
tion on a
ondensate. The basi
 idea is that atoms 
an redistribute photons between the twointerfering laser beams. In this pro
ess, the momentum of the atom is modi�ed bya quanti�ed quantity. After a time-of-�ight, the di�erent momentum 
omponentsseparate and produ
e a di�ra
tion pattern from whi
h one 
an infer the latti
e depth.We will �rst des
ribe the experimental setup, then we will detail the 
alibration ofthe latti
e depth.3.2 Setup of the opti
al latti
e3.2.1 Potential and notationsTo perform the s
attering experiments, we need to produ
e a periodi
 potentialwith a �nite size envelope. This is realized by interse
ting two laser beams of �niteextent at a non-zero angle. We use two identi
al Gaussian laser beams at 850 nm(red-detuned from the transitions) fo
used to the same waist w = 110 µm. Thetwo beams 
ross at their waist positions with an angle θ = 81◦. The beams areboth polarized in the verti
al dire
tion y. Be
ause the Rayleigh length is very large(zR = 4.5 cm), we 
an negle
t the variation of the radius of 
urvature and of theGouy phase in the 
al
ulation of the ele
tri
 �eld. The �eld produ
ed by one laserthen reads:

E1,2 = E0 exp

(

ik1,2r −
d21,2
2w2

)

y, (3.1)where k1,2 are the wave ve
tors of the two beams, d1,2 the radial distan
es to thebeams axis and E0 the maximum amplitude. The ele
tri
 �eld 
an be expanded on
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θ

z

x w̃
d

k1 k2Figure 3.1: Sket
h of the latti
e potential and notations.
the axes related to the horizontal guide (z being the dire
tion of the guide):
E1,2 = E0 exp

(

−2(sin(θ/2)x± cos(θ/2)z)2

w2

)

exp (ik(± sin(θ/2)z + cos(θ/2)x))y.(3.2)Close to the guide axis, (x, y ≪ w), the potential produ
ed by the two interferingbeams thus reads
U = ζ |E1 + E2|2 = ζ2I0 exp

(

z2

2w̃2

)

(1 + cos(kLz)) , (3.3)where ζ = −7.7 · 10−36 J.W−1.m−2 is the light shift 
oe�
ient at 850 nm, w̃ =

w/ cos2(θ/2), the waist of the latti
e envelope in the guide dire
tion, I0, the maxi-mum intensity of one beam and kL = 2k sin(θ/2), the wave ve
tor asso
iated withthe latti
e periodi
ity. The latti
e spa
ing is then d = 2π/kL = 650 nm. We alsode�ne a velo
ity s
ale vL = h/md = ~kL/m asso
iated with the periodi
ity, an en-ergy s
ale1 EL = ~
2k2L/2m = mv2L/2 and a frequen
y s
ale νL = EL/h. Figure. 3.1shows a sket
h of the potential experien
ed by the atoms along with the notations.The trapping frequen
y at the bottom of one latti
e site s
ales as the square root ofthe latti
e depth U0: νs = νL

√

U0/EL

d 650 nm

vL 7.1 mm/s

3.6 · 10−30 J

EL kB · 262 nK

h · 5.4 kHz1Note that we use here a notation di�erent from the one more 
ommonly used ER = ~
2k2/2mthat represents the re
oil energy transferred when an atom absorbs a photon of waveve
tor k



68 Latti
e setup and 
hara
terization3.2.2 Experimental setupThe 850 nm laser along with an AOM that permits to 
ontrol the intensity of thelatti
e beams are set on an independent table, the laser is then transferred to themain table by means of a polarization maintaining �ber. The separation and theshaping of the beams are managed on the main table (see Fig. 3.2).We use a 850 nm single mode laser from Topti
a Photoni
s. A master laser in a
avity inje
ts a tapered ampli�er followed by an integrated opti
al isolator. At theoutput, we get a typi
al power of 550 mW. We 
he
k the mono
hromati
ity andthe frequen
y of the laser by sending a small portion of the master os
illator into aFabry-Pérot 
avity and a 
ommer
ial lambdameter. The frequen
y is quite stableand we do not need to lo
k it. The laser is then sent through a 100 MHz AOM witha 72% e�
ien
y in the �rst order that allows us to 
ontrol the intensity. The powerof one of the latti
e beam is monitored on a 100 MHz bandwidth photodiode pla
edafter the va
uum 
hamber. The power is a
tively stabilized using an integratorfeedba
k loop. On the main table, a teles
ope adjusts the beam size in order to getthe desired waist on the atoms w = 110 µm, the beam is then split into two armswith equal intensities using a λ/2 waveplate and a polarizing beamsplitter. We fo
usthe two beams at the 
enter of the va
uum 
hamber using two additional 1000 mmfo
al length lenses. Typi
ally, we obtain a maximum power of 50 mW per arm on theatoms. The 
orresponding potential (non interfering) has a depth Uarm/kB = 1.5 µKper arm. The beams are polarized verti
ally using λ/2 waveplates and a polarizersin order to obtain a 100% 
ontrast interferen
e pattern.The 
rossing of the two beams is 
riti
al in the experiments. However, our limitedopti
al a

ess for
ed us to set the last mirror quite far from the va
uum 
hamber atabout 1 m. When 
hanging the angle of the mirror, the spot position 
hanges witha sensitivity of ∼ 2 cm per degree. To move a latti
e beam from less than its waist,we thus need a pre
ision better than 100 µrad. In pra
ti
e, we are limited by theme
hani
al hysteresis of the opti
al mount s
rews. In order to bene�t from a morea

urate 
ontrol over the beam positions, we add on ea
h arm thi
k glass plates thatde�e
t the beams after the fo
using lenses.A plane wave in
oming on a plate of thi
kness e and index n with a relative angle
i (see Fig. 3.3 (a)) is displa
ed by a distan
e

l(i) = e
cos(i− r)

cos r
= e

sin(i− arcsin[sin(i)/n])

cos(arcsin[sin(i)/n])
. (3.4)Figure 3.3 (b) shows the resulting displa
ement sensitivity when 
hanging the angle

i. Compared to 
hanging the mirror angle, the sensitivity is redu
ed by two ordersof magnitudes. In pra
ti
e, we �rst use the mirror to 
ross approximately the latti
ebeams then we use the thi
k plates to a

urately tune the spot positions. Our thi
kwaveplates are 
heaper and less 
umbersome than piezomounted mirrors. However,with this 
hoi
e, we do not have the possibility to a
tively stabilize the latti
e beam
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Figure 3.2: Sket
h of the setup of the latti
e beams. Table 1 
ontains the laser andthe power 
ontrol. The splitting of the beam and the shaping are performed on themain table.
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e. (b) Sensitivity of the lightdeviation l.positions.3.2.3 Method to 
ross the latti
e beamsObviously, the power of the latti
e beams is limited, in parti
ular, we do not disposeof enough power to 
apture dire
tly atoms from the MOT into one of the latti
ebeam. Consequently, it is not possible to image in situ the positions of the latti
ebeams. In order to 
ross them, we �rst temporarily repla
e the �ber of the 850 nmlaser by one issued from a laser at 780 nm set on the depumping transition F =

2 → F ′ = 2. We then start a typi
al experimental sequen
e with a di�erent imagingsequen
e. First, the repumping beam is turned on during 1 ms to repump all atomsin F = 2. We then shine the depumping beam whi
h is superimposed to the latti
ebeams for another ms. Atoms lo
ated at the latti
e beam positions are lo
allypumped into the F = 1 state. We do not use the repumper during the snapshotto image only atoms in F = 2. In this way, the latti
e beams appear as holes inthe dipole trap. Figure 3.4 shows the holes produ
ed by the two latti
e beams (not
rossed here) on the horizontal guide. On
e the latti
e beams are roughly 
rossed,we go ba
k to the 850 nm laser. As outlined before, the maximum depth we 
ana
hieve with all the power in one arm is about Ulat ∼ 3 µK. In order to a

umulateatoms in the dimple produ
ed by the interse
tion of the horizontal guide and oneof the latti
e beams, the temperature has to be de
reased �rst using evaporative
ooling in the guide only. We optimize the 
rossing by maximizing the number ofatoms in the dimple produ
ed by the 
rossing of the guide and one arm of the latti
e.3.3 CalibrationThe a
tual depth of the opti
al latti
e is very sensitive to di�erent defe
ts of theexperimental setup, among them are: a defe
t in polarization, a di�erent size of thebeam waists or an imperfe
t 
rossing. Therefore, it is essential to 
alibrate the depth
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Figure 3.4: Absorption image of atoms in the horizontal traps. Before taking theimage, we shine during 1 ms a resonant depumping laser superimposed with thelatti
e beams. We do not use a repumper during the imaging so that atoms that havebeen lo
ally pumped into the F = 1 ground state are not visible. Here the two latti
ebeams are not yet 
rossed in the �nal position.of the latti
e in situ with a measurement on the atoms. There are di�erent methodsof 
alibration, the most 
ommonly used rely either on Landau-Zener transitionsor on Kapitza-Dira
 di�ra
tion; we use the latter method. It 
onsists in shiningthe opti
al latti
e for a brief amount of time τ on the 
ondensate and observe theresulting di�ra
tion pattern after a time-of-�ight.3.3.1 Kapitza-Dira
 di�ra
tionTo begin with, let us 
onsider the Raman-Nath limit of small intera
tion times [79℄.If the intera
tion time is mu
h smaller than the inverse of the trapping frequen
y
νs = νL

√

U0/EL, we 
an 
onsider that atoms do not have enough time to move duringthe intera
tion with the latti
e, whi
h amounts to negle
ting the kineti
 energy termin the Hamiltonian. The resolution of the dynami
s is then straightforward usingthe evolution operator. The BEC wavefun
tion at a time τ reads:
ψ(z, τ) = e−iHτ/~ψ(z, 0) ≃ e−iU(z)τ/~ψ(z, 0). (3.5)In this limit, the appli
ation of the opti
al latti
e potential amounts to a phaseimprinting. The phase of the wavefun
tion is modulated at the period d. Quantita-tively, the evolution operator 
an be expanded as a sum of Bessel fun
tions:

e−iU0[1+cos(kLz)]τ/2~ = e−iU0τ/2~
n=+∞
∑

n=−∞

(−1)nJn

(

U0τ

2~

)

einkLz, (3.6)where Jn is the n-th order Bessel fun
tion. The global phase term in front of thesum is irrelevant and we will forget about it. The wave fun
tion at the time τ now
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Figure 3.5: Di�ra
tion patterns with 48 mW per latti
e arm. (a) Con
atenatedpatterns for a variable intera
tion time τ . (b) and (
) Di�ra
tion patterns at τ = 9and 15 µs respe
tively.
reads:

ψ(z, τ) =
n=+∞
∑

n=−∞

(−1)nJn

(

U0τ

2~

)

einkLzψ(z, 0). (3.7)Let us take the fourier transform of ψ to 
al
ulate the wavefun
tion in momentumspa
e ϕ:
ϕ(κ, τ) =

n=+∞
∑

n=−∞

(−1)nJn

(

U0τ

2~

)

δ(κ− nkL) ∗ ϕ(κ, 0). (3.8)The wavefun
tion after intera
tion is noting but the initial wavefun
tion 
onvolutedwith a 
omb at the latti
e frequen
y. The weights of the di�ra
tion orders areset by the values of the su

essive Bessel fun
tions at the time τ . If the initialmomentum dispersion is smaller than kL, the di�ra
tion orders 
an be well separatedand measured after a time-of-�ight.
3.3.2 Experimental realizationWe �rst produ
e a 
ondensate using the method des
ribed in the previous 
hapter.At the end of the evaporation, we swit
h o� the trap beams and turn on the latti
ebeam in less than 150 ns with 48 mW per arm for a variable intera
tion time τ . Wethen perform a 10 ms time-of-�ight before taking an image. Figure 3.5 shows typi
aldi�ra
tion patterns 
on
atenated for intera
tion times varying from 0 to 100 µs. Wesee that the initial 
ondensate is di�ra
ted in several orders separated in impulsion
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Population(%)Figure 3.6: Per
entage of the total population in the di�erent orders as a fun
tionof τ . Red squares are the experimental data, the green dashed line are the Besselfun
tions with U0 = 17EL. The agreement is only good in the Raman-Nath regimei.e at times mu
h shorter than the os
illation period ∼ 44µs. The blue line is theresult of the numeri
al integration of the S
hrödinger equation with the same latti
edepth. The �rst 
an
elation of the zero-th order o

urs at τ = 9 µs and the �rstrevival at τ = 27 µs

spa
e by ~kL.2 From the images, we extra
t the populations in ea
h order and
ompare them to the result of the 
al
ulations. The 
al
ulated maximum depth is
U0 = 18.4EL. Figure 3.6 (red squares) shows the populations in the orders from 0 to2 as a fun
tion of τ . The dashed lines are the result of the Raman-Nath 
al
ulation(i.e the square of the Bessel fun
tions) with U0 = 17EL. The agreement is good atsmall times but is very bad for times τ > 15 µs. This is be
ause we are no longerin the Raman-Nath regime [80℄. Indeed, for this latti
e depth, 1/νs = 44 µs. Wewill see in the next se
tion how we 
an understand the long intera
tion time regime.It is interesting to 
onsider the time at whi
h the zero-th order vanishes (with ourparameters, we are still in the RN regime). This 
orrespond to the annulation ofthe �rst Bessel fun
tion, whi
h implies that

U0τ/2~ = 2.405 (3.9)We 
an then dedu
e the depth of the latti
e potential using only the time of �rstannulation of the zero-th order τfa:3
U0

EL
=

2.405

πνLτfa
. (3.10)We �nd experimentally τfa = 9 µs, whi
h implies that U0/EL = 15.72We also use the distan
e between the di�ra
tion peaks to 
alibrate the magni�
ation of theimaging system.3The rule of the thumb is, for τfa in µs: U0/EL = 141/τfa
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ed by two beams misaligned by
δz = 75 µm normalized by the max-imum intensity for a perfe
t 
rossing.(red) lo
al mean intensity Ī(z).

3.3.3 Beyond the Raman-Nath regimeFor intera
ting times that are not small 
ompared to the trapping frequen
y, thereis no simple analyti
al relation to 
al
ulate the di�ra
tion orders weights and itis ne
essary to solve numeri
ally the S
hrödinger equation with the kineti
 energyterm. However, it is possible to understand some features qualitatively [80, 28℄. Inparti
ular, we observe revivals of the population in the zero-th order at long timewhile the �rst Bessel fun
tion qui
kly vanishes. This phenomena 
an be understoodby proje
ting the initial wavefun
tion on the eigenstates of the system. With a deepenough latti
e (U0/EL ≫ 1) and in the harmoni
 limit, ea
h latti
e site yields eigen-states separated in energy by hνs, and su

essively symmetri
 and antisymmetri
.Let us 
onsider an initial state with a zero mean momentum, be
ause the initialwavefun
tion is symmetri
, it has a proje
tion on even parity states only. As a 
on-sequen
e, the populated eigenstates are separated in energy by 2hνs. This leads torevivals: all states rephase at times τrev = 1/(2νs). At those parti
ular times, thewavefun
tion goes ba
k to its original form i.e without any di�ra
tion. We observeindeed partial revivals of the zero-th order at 25 and 43 µs, however, the revivalsare not 
omplete be
ause of the anharmoni
ity of the potential. In order to makethe most of our measurements, we also use the datas outside of the Raman-Nathregime. We solve numeri
ally the S
hrödinger equation with di�erent U0 and deter-mine the depth for whi
h the simulation provides the best �t of the data. We �nd
U0 = 17± 1EL whi
h is 7% below the 
al
ulated value.3.4 Robustness against misalignmentsBe
ause we 
ross the latti
e beams with a non-zero angle, the 
rossing pro
edureis 
ompli
ated and we expe
t that, despite our e�orts, the two beams 
an be sig-ni�
antly misaligned. In this 
ase, the interfering patterns 
an have a 
ompli
atedshape. As an example, Fig. 3.7 shows the interferen
e pattern if the 
enters of thetwo beams are separated by δz = 75 µm. In this pi
ture, the 
alibration of the latti
e
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depth by Kapitza-Dira
 di�ra
tion is a measurement of the lo
al visibility. Be
ausewe optimized the position of the 
ondensate in the latti
e, we 
an 
onsider that wemeasure the maximum visibility V̄max of the interferen
e pattern. The question is:how di�erent is the real potential from an ideal latti
e with a Gaussian envelopeand the measured maximum visibility? To get a quantitative answer, we 
al
ulate,for a misaligned potential, the lo
al visibility V̄ (z) and lo
al mean intensity Ī(z).For perfe
tly 
rossed beams, the potential is su
h that the visibility is equal to twi
ethe mean intensity everywhere: V̄ (z) = 2Ī(z). We thus de�ne the error due to amisalignment by
εm(δz) = max(V̄ (z)/2− Ī(z))/max(Ī(z)). (3.11)

Figure 3.8 (a) shows the redu
tion of the maximum visibility as the two beamsare miss
rossed. Interestingly, the redu
tion of visibility remains moderate: thevisibility is only redu
ed by 10% as the 
enters of the beams are separated by halftheir waist. Using the ratio between the measured visibility and the 
al
ulated one,we thus estimate that in the experiment, the misalignment δz < 50 µm. Figure3.8 (b) shows the error de�ned by Eq. (3.11) as a fun
tion of δz, we see that for
δz < 50 µm, the error is small εm < 5%. This ensures that despite a 
ompli
ated
rossing pro
edure, the potential experien
ed by the atoms is very 
lose to a latti
ewith a Gaussian envelope and a maximum visibility taken equal to the visibilitymeasured by Kapitza-Dira
 di�ra
tion
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hara
terization3.5 Con
lusionIn this 
hapter, we have presented our experimental setup to engineer a 1D opti
allatti
e with a �nite size envelope. We have des
ribed how we 
alibrate the depthof the latti
e in situ using Kapitza-Dira
 di�ra
tion in the Raman-Nath regime andbeyond, and give an argument about the robustness of this method. In the next
hapter, we will re
all some theoreti
al tools useful to des
ribe the dynami
s of aparti
le in a periodi
 potential.
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4.1 Introdu
tionIn this 
hapter, we re
all some theoreti
al tools of general use when dealing withquantum problems in the presen
e of a periodi
 potential. We present the 
on-stru
tion of the band energy diagram using Blo
h theorem and the 
losely relatedsolutions of the Mathieu equation. As we will see, these solutions are an extensionof Blo
h states to the 
ase where the energy lies in a gap of the band stru
ture.They turn out to be very useful when 
onsidering s
attering problems. We use thesesolutions to analyze the problem of the s
attering of a parti
le on a semi-in�nitelatti
e.
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le in a periodi
 potential4.2 Blo
h band stru
ture4.2.1 Blo
h theoremLet us 
onsider a parti
le in a 1D periodi
 potential of period d:
U(z + d) = U(z). (4.1)The stationary S
hrödinger equation that des
ribes the dynami
s reads:

Hψ(z) =

(

p2

2m
+ U(z)

)

ψ(z) = Eψ(z). (4.2)The Blo
h theorem then states [81℄ that the eigenstates of a periodi
 hamiltonianmay be written as the produ
t of a plane wave envelope fun
tion with a waveve
tor
k and a fun
tion un,k(z) that has the same periodi
ity as the potential U :

ψn,k(z) = eikzun,k(z) with un,k(z + d) = un,k(z). (4.3)
n is an integer that denotes the band index. Ex
ept for k = 0, these Blo
h states arepropagating states. By inje
ting this form into Eq. (4.2), we see that the fun
tions
un,k are the eigenstates of a modi�ed Hamiltonian that depends on k:

Hk =
(p+ ~k)2

2m
+ U(z) (4.4)Using this eigenvalue equation and the boundary 
ondition un,k(z) = un,k(z + d),the signi�
ation of the band index be
omes 
lear. En(k) are the eigenvalues of amodi�ed hamiltonian in a box with periodi
 boundary 
onditions. As su
h, weexpe
t a quanti�
ation of the energies that 
orrespond to the dis
rete band index n.Be
ause of the periodi
ity of the Blo
h fun
tions un,k, we 
an limit ourselves to the�rst Brillouin zone, that is to say to k ∈ [−kL/2, kL/2] (kL = 2π/d). We 
an thenexpand the periodi
 Blo
h fun
tions un,k as Fourier series.

ψn,k(z) = eikzun,k(z) =
∑

l

ale
i(k+lkL)z. (4.5)For a given k, working out the Blo
h state ψn,k(z) thus amounts to �nding the
oe�
ients al.4.2.2 Computation of the band stru
tureBe
ause the potential U is periodi
, we shall expand it as a Fourier serie too:

U(z) =
∑

p

Upe
ipkLz. (4.6)
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Figure 4.1: (a) Band stru
ture for U0 = −2EL. (b) �rst eigenstates with k = 0.n=1: blue, n=2: green, n=3: red. Similarly as for a parti
le in a symmetri
 trap,the eigenstates are su

essively symmetri
 and antisymmetri
.By inje
ting Eq. (4.5) and (4.6) into the S
hrödinger equation and identifying ea
hterm in ei(k+lkL)z, we obtain a matrix equation that reads:
~
2

2m
(k + lkL)

2 al +
∑

p

Upap−l = Eal. (4.7)For example, let us take the potential produ
ed by an in�nite attra
tive latti
e:
U(z) = −U0/2(cos(kLz) + 1), Eq. (4.7) 
an be represented by:















b−N u

u b−N+1 u. . . . . . . . .
u bN−1 u

u bN















×















a−N

a−N+1...
aN−1

aN















= E















a−N

a−N+1...
aN−1

aN















, (4.8)
where

u =
U0

4
et bl = EL (k/kL + l)2 − U0

2
. (4.9)For a more 
ompli
ated potential, as the potential gets more Fourier 
ompo-nents, the matrix gets more o�-diagonal elements. This system is easily solved usinga standard diagonalization algorithm.1 To des
ribe 
orre
tly a Blo
h state, it is ne
-essary to 
onsider a large enough number of Fourier 
omponents N . The number ofrelevant Fourier 
omponents generally s
ales as the band index. In the 
al
ulations,we 
hoose N equal to three time the maximum 
onsidered band index. The di�erenteigenvalues are the energies for a given pseudo-impulsion k but di�erent band index.Figure 4.1 (a) shows the energies En(k) for U0 = 2EL. The energies are grouped in1It is also possible to solve the S
hrödinger equation in the position spa
e, however the eigenvalueproblem does not display a diagonal matrix so that the 
omputation is mu
h less e�
ient.
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le in a periodi
 potentialbands separated by gaps. The size of the gap generally de
reases as the band indexin
reases. Figure 4.1 (b) shows the 
orresponding Blo
h states with k = 0 and aband index n = 1, 2 and 3. Just like a parti
le in a symmetri
 trap, the eigenstatesare su

essively symmetri
 and antisymmetri
. This is to be related with the tightbinding method to 
onstru
t the band stru
ture. In this method, one starts fromstates lo
alized in a single well. If the latti
e site is symmetri
, the eigenstates arealways su

essively symmetri
 and antisymmetri
. One then 
ouple the di�erentlatti
e sites with a tunneling rate that lifts the degenera
y between the energiesasso
iated with ea
h site. The band stru
ture is then re
onstru
ted progressivelyby 
oupling an in�nite number of latti
e sites. Ea
h band is then asso
iated withone state of a single latti
e site and this is re�e
ted in the symmetries of the Blo
hstates.4.3 Mathieu equationIn the 
ase of s
attering experiments on a �nite size latti
e, the eigenstates arenot the only interesting solutions of the time-dependent S
hrödinger equation. Letus suppose nonetheless that we 
an always write the solution of the S
hrödingerequation as a fun
tion of the position only plus a time-dependent phase of the form:
ψ(x, t) = e−iEt/~φ(x). (4.10)If we inje
t this form into the S
hrödinger equation, one �nd exa
tly the time-independent equation. However, E 
orresponds here to a boundary 
ondition (theenergy of the in
ident parti
le in a s
attering experiment) and is not the solution ofan eigenvalue problem. The fun
tion φ 
an be diverging so that ψ does not alwaysrepresent an eigenstate of the Hamiltonian.The stationary S
hrödinger equation 
an then be set into the form of a Mathieuequation:2

d2φ

dz̃2
+ (a− 2q cos(2z̃))φ = 0, (4.11)where we introdu
e z̃ = πz/d and make the following 
orresponden
e:

{

a = 4E/EL + 2U0/EL,

q = U0/EL.
(4.12)This equation was originally studied to study the vibrational modes of an ellipti
membrane [82℄ and has been widely studied sin
e. It also appears in trapped ionphysi
s where a Mathieu equation des
ribes the motion of a single ion in a Paul2The Mathieu equation is a restri
tion of the Hill's equation d2φ

dz2 + (a−O(z))φ = 0 where O isa periodi
 fun
tion.
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Figure 4.2: Stability diagram of the Mathieu equation. The stables (unstables) re-gions are depi
ted in red (blue). (a) diagram with the parameters of the 
anoni
alform of the Mathieu equation. (b) Diagram with the relevant parameters for a par-ti
le in a latti
e.trap.4.3.1 Stability regionsFloquet theorem states that the solution of the Mathieu equation (4.11) is a linearsuperposition of two independent fun
tions
f1(z) = eikzp1(z) and f2(z) = e−ikzp2(z), (4.13)where p1 and p2 are periodi
 fun
tions. In this 
ontext, k is also 
alled the Mathieu
hara
teristi
 exponent. Note that in 
ontrast with the Blo
h theorem approa
h,

k is not ne
essarily real. Depending on the 
ouple of parameters (a, q) or (E,U0),there are two 
lasses of solutions:
• Solutions with k real: these solutions are bounded and are stri
tly equivalentto the Blo
h states.
• Solutions where k has an imaginary part: in this 
ase, the solution are notbounded and 
orrespond to evanes
ent waves. The value of the imaginarypart of k sets a length s
ale over whi
h the solution tends to zero.In the parameter spa
es (a, q) or (U0, E), regions of bounded solution are 
alledstable regions. They 
orrespond to the existen
e of a Blo
h state at the energy E.Regions of unbounded solutions are unstable regions. In this 
ase, the energy lies
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in a gap of the 
orresponding band diagram.3 The frontiers between stable andunstable regions yield two trans
endental fun
tion, the Mathieu angular fun
tions
an(q) and bn(q). They 
orrespond in the set of parameters (U0, E) respe
tively tothe bottom and top of the Blo
h bands. Figure 4.2 shows the di�erent regions as afun
tion of the parameters (a, q) and (U0, E).4.3.2 Computation of the 
hara
teristi
 exponentWe will now des
ribe the method to 
ompute the 
hara
teristi
 exponent k. Whit-taker was able to found an elegant analyti
al method to 
al
ulate k [83℄. We re
allhere the demonstration, following the referen
es [84, 85℄ and adapting it to our no-tations. We start from the Eq. (4.8), we pass the energy term on the left and divideea
h line by the diagonal term, thus obtaining the system:

A(k;E,U0)ψ =















1 ξ−N

ξ−N+1 1 ξ−N+1. . . . . . . . .
ξN−1 1 ξN−1

ξN 1















ψ = 0, (4.14)
where

ξl =
U0/4EL

(k/kL + l)2 − κ
and κ =

U0/2 + E

EL
. (4.15)This system has non trivial solutions if ∆(k) = det(A) = 0. In the limit where

N → ∞, it is obvious that ∆(k) is periodi
 with period kL. We 
an thus restri
tourselves to 0 ≤ k ≤ kL i.e to the �rst Brillouin zone. Besides, be
ause ∆ is adeterminant and ea
h one of the ξl(k) appear only in one line, ∆ is a sum of produ
tof the ξl(k). Disregarding their poles, ξl are analyti
al fun
tion; ∆ is thus analyti
alex
ept at k/kL =
√
κ − l. Ea
h fun
tion ξl appears only on
e in ∆ so that all the3In a quadrupole mass spe
trometer, the dynami
s of a 
harged parti
le is governed by a Mathieuequation where a and q 
orrespond respe
tively to the stati
 and radio-frequen
y �elds. Unstablesolutions then 
orrespond to unbounded traje
tories. The parti
le is then reje
ted.
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attering experiment 83poles of ∆(k) at k/kL =
√
κ− l are simple.The key ingredient in Whittaker solution is to 
onsider the analyti
al fun
tion

D(k) =
1

cos(2πk/kL)− cos(2π
√
κ)

(4.16)that has exa
tly the same poles as ∆. It it thus possible to 
hoose a fun
tion C(k)su
h that the fun
tion
Θ(k) = ∆(k)− C(k) ·D(k) (4.17)has no singularities. ∆ has only one pole in the interval [0, kL], as a 
onsequen
e,the fun
tion C 
an be 
hosen 
onstant and equal to the ratio between the residualsof the fun
tions ∆ and D at the unique pole.Using this proper 
hoosing of C, the fun
tion Θ is analyti
al on the whole 
om-plex plane and has no pole. It must then be a 
onstant. Let us now take the limit

k → +i∞. All the o� diagonal 
oe�
ients of the matrix A(k;E,U0) vanish so that
lim

k→+i∞
∆(k) = 1. (4.18)Besides, lim

k→+i∞
D(k) = 0, hen
e Θ(k) = 1. It follows that

C =
∆(k)− 1

D(k)
. (4.19)In the 
ase k = 0, D(0) = 1/(1− cos(π

√
κ)), we 
an then 
al
ulate the value of C

C = (∆(0)− 1) · (1− cos(π
√
κ)). (4.20)Inje
ting C in Eq (4.19), and setting ∆(k) = 0 (non-trivial solution), one �nds ananalyti
al solution of k:

cos(2πk/kL) = 1−∆(0)(1− cos(2π
√
κ)). (4.21)Figure 4.3 shows the real and imaginary part of k for U0 = −2EL. In the unstableregions (Im(k) 6= 0), the real part of k/kL is �xed at 0 or 0.5 i.e at the 
enter orthe edge of the Brillouin zone. Between these regions, Re(k) varies smoothly while

Im(k) = 0.4.4 Interpretation of a s
attering experimentLet us 
onsider the 
ase of an in
oming planewave with energy E that impinges ona semi-in�nite opti
al latti
e (see Fig. 4.4). On the left part, the wavefun
tion isdes
ribed by an in
oming planewave with wave ve
tor k1 plus a re�e
ted one witha re�e
tion 
oe�
ient r. Inside the latti
e, the wavefun
tion is des
ribed by the
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Figure 4.4: Sket
h of the s
attering of a planewave on a semi-in�nite latti
e.solution of the Mathieu equation with a 
hara
teristi
 exponent k and a transmission
oe�
ient t. We must now 
onne
t the wavefun
tion at the interfa
e (set at z = 0).Be
ause the boundary 
ondition must be valid at all time, the energies in free spa
eand in the latti
e are equal. It follows that k is univo
ally determined by the energyof the in
oming planewave. Two 
ases arise: if the in
oming energy falls into a gapof the latti
e band stru
ture, k is imaginary. The wavefun
tion inside the latti
e isthen an evanes
ent wave that vanishes over a distan
e 1/Im(k). In this 
ase, thetransmission through the semi-in�nite latti
e is null and the re�e
tion R = |r|2 = 1.If the in
ident energy lies in an allowed band, k is real and the solutions of theMathieu equation 
orrespond to Blo
h states. In this 
ase it is possible to 
omputethe fun
tion p(z) that appears in Eq. (4.13). The 
onditions for 
ontinuity of thewavefun
tion and of the atomi
 �ux yield a 
losed set of equations:
{

1 + r = tp(0)

1− r = t (p(0)k/ki + p′(0)/iki) .
(4.22)We then dedu
e the transmission probability:

T = |t|2 = 4

|p(0)|2
1

|1 + k/ki − ip′(0)/(p(0)ki)|2
. (4.23)Figure 4.5 shows the transmission T as a fun
tion of the in
ident velo
ity and thelatti
e depth. We observe large bands of total re�e
tion that 
orrespond to theunstable regions of the Mathieu equation (
ompare with Fig. 4.2 (b)). The lowerpart of this diagram, 
orresponding to shallow latti
es, yields re�e
tion at verypre
ise velo
ity v/vL = n/2 with the integer n. This 
orresponds to the 
lassi
alBragg's 
ondition 2d = nλ sinΘ, where λ = h/mv is the de Broglie wavelength, and

Θ = π/2, sin
e we 
onsider the 
ase of a normal in
iden
e.We also observe re�e
tion inside the stable regions at low in
oming velo
ity.These re�e
tion are due to quantum re�e
tion on the �rsts wells of the latti
e.The shape of the quantum re�e
tion regions is strongly dependent on the phaseof the latti
e potential at the interfa
e with free spa
e. The quantum re�e
tion isminimized if the interfa
e is set on the edge of a latti
e site (the potential has no
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Figure 4.5: Transmission 
oe�
ient T through a semi-in�nite latti
e as a fun
tionof the in
ident velo
ity and the latti
e depth a

ording to Eq. (4.23). (a) Theinterfa
e is set on the edge of a latti
e site, the potential has no dis
ontinuity. (b)The interfa
e is set at the 
enter of a site so that the dis
ontinuity is maximum. Inthe latter 
ase, quantum re�e
tion is more importantdis
ontinuity) and the largest when the interfa
e lies in the middle of a site wherethe dis
ontinuity is maximal.4.5 Con
lusionWe have presented the energy band stru
ture of the eigenstates in a periodi
 po-tential using Blo
h theorem and the solutions of the Mathieu equation. Using thesesolutions, we extend the 
on
ept of Blo
h waves to 
ases where the energy lies ina gap of the band stru
ture. We have presented a powerful mathemati
al methodto infer the exponent Mathieu exponent k. In this 
ase, k sets a length s
ale overwhi
h the wave vanishes inside the latti
e. By 
al
ulating the Blo
h state, it is alsopossible to des
ribe analyti
ally quantum re�e
tion on the �rst wells.



86 A quantum parti
le in a periodi
 potential



Chapter 5Bragg re�e
tion on a �nite sizelatti
e
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oupling of the 
ondensate . . . . . . . . . . . . . . . 885.3.2 A

eleration of the wavepa
ket . . . . . . . . . . . . . . . 905.4 S
attering on the latti
e . . . . . . . . . . . . . . . . . . . . . . . 915.5 Experimental sequen
e . . . . . . . . . . . . . . . . . . . . . . . 915.5.1 Time-resolved s
attering . . . . . . . . . . . . . . . . . . 925.5.2 Probing of the transmission diagram . . . . . . . . . . . 925.6 Cavity e�e
ts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 945.7 Con
lusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 955.1 Introdu
tionThe s
attering of light on stru
tures having a periodi
 refra
tive index pro�le isubiquitous in photoni
s. Appli
ations range from simple antire�e
tion 
oatings tothe fabri
ation of diele
tri
 mirrors with ultra-high re�e
tivities, used for instan
ein high-�nesse 
avities, and to semi-
ondu
tor laser te
hnology with the example ofVCSELs, and DFB or DBR lasers. In the �eld of guided opti
s, �ber Bragg gratings[40℄ are essential 
omponents for the tele
ommuni
ation industry, as well as for therealization of out
oupling mirrors in highpower �ber lasers. In this 
hapter, wedemonstrate, following the proposals of Refs. [86, 87, 88, 89℄, a Bragg re�e
tor forguided Bose-Einstein 
ondensate propagating in an opti
al waveguide, i.e. the exa
tatom-opti
s 
ounterpart of a photoni
 �ber Bragg grating. One major di�eren
e with



88 Bragg re�e
tion on a �nite size latti
ethe re�e
tion on a semi-in�nite latti
e presented in the previous 
hapter originatesfrom the �nite size envelope of the latti
e whi
h is more relevant experimentally. Inparti
ular, the transmission properties are radi
ally 
hanged by the smooth variationof the latti
e depth.5.2 E�e
t of the envelope5.2.1 Naive pi
tureUsing the 
onsiderations on the transmission through a semi-in�nite latti
e presentedin the previous 
hapter, it is possible to understand simply the transmission througha smooth envelope latti
e. The basi
 idea being that for a given in
ident velo
ity, thein
oming parti
le 
an experien
e all latti
e depths from 0 to the depth at the 
enterof the latti
e U0. As the parti
le penetrates inside the latti
e, it will experien
e anin
reasing latti
e depth. Thus, if at some position inside the latti
e, the parti
leenters into an unstable region of the Mathieu equation, that 
orresponds to a depth
U

(1)
0 , it 
an get re�e
ted at this parti
ular position. When U0 = U

(1)
0 the re�e
tion
ondition is ful�lled at the 
enter of the latti
e i.e, at z = 0. Then, when U0in
reases, there are some lo
ations ±xlr, on both sides of the latti
e 
enter, forwhi
h U(±xlr) = U

(1)
0 and where re�e
tion o

urs. In this very simple pi
ture, themain e�e
t of the envelope is to extend upwards the regions of re�e
tion of Fig. 5.1(a). This produ
es a sawtooth shape transmission diagram (see Fig. 5.1 (b)) where,for a given in
ident velo
ity, transmission is only possible below a 
riti
al latti
edepth. In 
ontrast with the square envelope 
ase, there are no resurgen
es at highlatti
e depth.However, this pi
ture is valid only in the 
ase of a very large envelope where thelo
al depth of the latti
e does not 
hange appre
iably over a great number of sites.5.2.2 Contributions of the Landau-Zener transitionsFigure 5.2 (a) shows the transmission 
oe�
ient of a plane wave through a squareenvelope latti
e with N = 800 sites solved by integrating dire
tly the stationaryS
hrödinger equation. Expe
tedly, the transmission looks very mu
h like the onethrough a semi-in�nite latti
e presented in the previous 
hapter (white arrows depi
tthe Bragg 
ondition and quantum re�e
tion is observed at low in
oming velo
ity).Due to the �nite size of the latti
e, however, the energy bands are not stri
tly
ontinuous and resolve into N separate states. This gives rise to thin resonan
esobservable at low in
oming velo
ity. Ea
h resonan
e 
orresponds to the appearan
eof a bound state in the latti
e (the undersampling gives rise in the �gure to the foamyaspe
t). Figure 5.2 (b) shows the result of the same 
al
ulation for a Gaussianenvelope latti
e with a waist w = 150 µm. We re
ognize the sawtooth stru
turepredi
ted by our naive approa
h. Note that in this 
ase, the quantum re�e
tion
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vi/vL vi/vLFigure 5.1: (a) Stable (red) and unstable (blue) regions of the Mathieu equation.Naive extension of the stability regions in the 
ase of a large, smooth envelope latti
e.regions are no longer distinguishable from the lo
al Bragg-type re�e
tions so thatthe se
ond e�e
t dominates. However, large regions of transmission that are washedout in the naive model subsist.To understand the in
rease of the transmission regions, we use the slowly varyingenvelope approximation d≪ w and the solutions of the Mathieu equation. Be
ausewe 
an de�ne a lo
al depth in the latti
e, it is possible to work out lo
ally theMathieu exponent (k being imaginary when the in
ident energy lies in a gap). Here,be
ause of the smooth envelope, the band gaps be
ome position-dependent and havea �nite extent. In this 
ase, the gaps of the system are 
alled spatial gaps. If thesolution of the Mathieu equation does not de
rease signi�
antly over the extent ofthe spatial gap, a parti
le 
an then tunnel through it and get transmitted. This
orresponds to a Landau-Zener tunneling to a di�erent band [90℄. In the 
ontextof Fig. 5.2, this means that, for a given in
oming velo
ity, the thinnest re�e
tionlines should not be expanded upwards be
ause a parti
le 
an tunnel through thegap. Quantitatively, in the slowly varying envelope approximation regime (d ≪ w),the probability of transmission through a spatial gap reads [91℄:
T (E) = exp

(
∫

−2Im[k(z, E)]dz

)

. (5.1)Using this formula, we 
ompute the transmission through the Gaussian envelopelatti
e (see Fig. 5.3). We see that it reprodu
es very well the �gure 5.2 (b) ex
eptfor large latti
e depths where the slowly varying envelope approximation is poorlyveri�ed. Indeed, we see in Fig. 5.2 (a) that for a maximum latti
e depth U0 ∼ 10EL aparti
le with a velo
ity v ∼ 1.5−2vL must 
ross several very small spatial gaps whosespatial extent is on the order of the latti
e spa
ing. Besides, the small resonan
es
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Figure 5.2: Transmission 
oe�
ient of a plane matter wave impinging on an opti
allatti
e as a fun
tion of the in
ident velo
ity and the latti
e depth 
omputed by solvingthe stationary S
hrödinger equation. (a) Square envelope latti
e 
ase. (b) Gaussianenvelope 
ase, U0 denotes here the maximum depth of the latti
e. LP, HP and Ndenote the regions of parameters for whi
h the latti
e a
ts respe
tively as a low-pass,high-pass or not
h �lter.of the Fabry-Perot type resulting from the �nite size e�e
ts 
annot be reprodu
edwith this model.15.3 Preparation of the wavepa
ketWe will now des
ribe the s
attering experiment itself. In order to probe the trans-mission a
ross the latti
e, it is advantageous to start with a sour
e that 
ontains asmu
h atoms as possible per velo
ity 
lass.5.3.1 Out
oupling of the 
ondensateTo optimize the brillian
e, we start from a 
ondensate trapped at the 
rossing ofthe two dipole beams, we then turn o� the verti
al beam in two steps. In the �rststep, we redu
e its power adiabati
ally in order to redu
e as mu
h as possible the
hemi
al potential. We then swit
h o� suddenly the verti
al beam to release the
ondensate in the horizontal guide.At the end of the evaporation ramp, our 
ondensate is well in the Thomas-Fermiregime, that is to say that the kineti
 energy is negligible 
ompared to the intera
tionenergy. If we swit
h o� suddenly the 
on�nement along the guide dire
tion, the1The phase of the in
oming wavepa
ket is not taken into a

ount in Eq. (5.1).
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oe�
ient of aplane matter wave 
omputed by using the lo-
al solutions of Mathieu equation and Eq.(5.1). This model is in good agreement withFig. 5.2 (b) ex
ept at large depths for whi
hthe slowly varying envelope approximation ispoorly veri�ed.
intera
tion energy is transferred into kineti
 energy, so that the intera
tions set thevelo
ity dispersion of the wavepa
ket after the out
oupling [92℄. In the Thomas-Fermi limit, the 
hemi
al potential of the trapped 
ondensate reads: [62℄

µTF =
~

2
ω̄6/5

(

15Na

√

m

~

)2/5

, (5.2)where a is the s
attering length, N the total number of atoms and ω̄ = (ωxωyωz)
1/3,the geometri
 average of the trapping angular frequen
ies. Be
ause µTF ∼ ω̄6/5, itis possible to redu
e the 
hemi
al potential without loosing atoms by de
reasing thetrap frequen
ies. In our experiment, we redu
e the trapping frequen
ies by de
reas-ing the power of the verti
al beam only, whi
h redu
es essentially the 
on�nementin the longitudinal dire
tion z. The 
hemi
al potential then s
ales as µTF ∼ ω

2/5
z .In order to de
rease the trap frequen
y while keeping the o

upan
ies of thequantum states, the pro
ess must be slow enough to be adiabati
. The adiabati
ity
ondition reads here:

dωz

dt

1

ω2
z

= −Cad ≪ 1. (5.3)We 
hose to de
rease the power of the verti
al beam so as to keep the adiabati
ity
riterium 
onstant and equal to Cad = 0.1. This leads to a power that de
reases as
P (t) =

Pi
(

1 + C ′
√
Pit
)2 , (5.4)where Pi is the power at the end of the evaporation ramp and C ′ depends on C andthe initial longitudinal trapping frequen
y. Following Eq. (5.4), we de
rease thepower of the verti
al beam by a fa
tor 20 in 78 ms. This leads to a moderate redu
-tion of the 
hemi
al potential by a fa
tor 1.8. At the end, the longitudinal angularfrequen
y ωz ∼ 8 Hz is very small. As a 
onsequen
e, if we try to further de
ompressthe trap, some atoms are out
ouled in the guide. This sets an experimental limit toour de
ompression.
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x
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Figure 5.4: Sket
h of the experimental setup.At this point, we swit
h o� suddenly the verti
al beam and let the resultingwavepa
ket propagate freely in the guide. To measure the velo
ity distribution ofthe wavepa
ket, we let it propagate for a variable time in the guide. From linear�ts of the mean position and position width as a fun
tion of the propagation time,we dedu
e the mean velo
ity v̄ and the velo
ity spread ∆v. At the end, we obtaintypi
ally velo
ity spreads ∆v ∼ 1.3 − 1.7 mm/s. We also measure, with a se
ondorder polynomial �t, the residual a

eleration (that 
ould be 
aused by a tiltingof the horizontal beam, or a residual magneti
 �eld). The residual a

eleration is
ompatible with zero with an upper bound of g/1000. It 
an thus be forgotten inthe analysis.5.3.2 A

eleration of the wavepa
ketUp to now, the mean velo
ity v̄ is 
lose to zero.2 In order to study the s
atteringon the opti
al latti
e, we a

elerate the wavepa
ket to velo
ities on the order of thevelo
ity s
ale vL = h/md = 7.1 mm/s asso
iated with the latti
e periodi
ity. Thisis done by using a magneti
 �eld gradient pulse. To realize this gradient we use anadditional a

eleration 
oil set in the guide axis (see Fig. 5.4). The 
oil produ
es a�eld at the 
enter of the 
hamber:
B(0) = 0.35 G/A and

∣

∣

∣

∣

dB
dz ∣∣∣∣ = 0.1 G.A−1/cm. (5.5)2A small residual mean velo
ity on the order of 0.1 mm/s 
an result from the out
ouplingpro
ess.



5.4 S
attering on the latti
e 93In this experiment, we used the horizontal spin distillation te
hnique (see 
hapter2) that produ
es a 
ondensate in the state mF = 0. Atoms in mF = 0 are high �eldseeker at the se
ond order in B, the Zeeman shit in this state reads:
∆E = −µ2

BB
2

∆Ehfs
, (5.6)where ∆Ehfs is the separation between the hyper�ne states. The atoms are thus setinto motion towards the a

eleration 
oil with an a

eleration

amF=0 =
2µ2

BB

m∆Ehfs

dB

dz
(5.7)Be
ause atoms inmF = 0 are only sensitive to the magneti
 �eld at the se
ond order,it is ne
essary to realize strong magneti
 �elds. We use two 
urrent generators inparallel to inje
t 
urrents up to 400 A. In the experiment, we 
hose to swit
h onthe a

eleration 
oil with 320 A during 15 ms to rea
h the desired velo
ity. Thetheoreti
al �nal velo
ity is then vth = 14 mm/s. Experimentally, we measure asmaller velo
ity v̄ ≃ 11 mm/s. This dis
repan
y is explained by the �nite rampingtime of the 
urrent in the 
oils as was 
he
ked by measuring the a
tual 
urrent witha 
lamp meter. Finally, we obtain a wavepa
ket whose 
hara
teristi
s are:

v̄ = 1.5vL = 11 mm/s and ∆v = 1.3 mm/s. (5.8)The 
hara
teristi
s of the wavepa
ket are depi
ted by the shaded area in Fig. 5.2 (b)5.4 S
attering on the latti
e5.5 Experimental sequen
eFigure 5.4 shows a sket
h of the experiment. First, we have to 
alibrate the latti
edepth by Kapitza-Dira
 di�ra
tion. To do so, we move the BEC (by moving theverti
al beam) to superimpose it with the latti
e. Be
ause, the latti
e beams 
anslightly move from day to day, it is important to 
arry out the 
alibration the sameday as the experiment. On
e the 
alibration has been done, we move the 
onden-sate 350 µm away from the latti
e. During the next sequen
es, we out
ouple the
ondensate, a

elerate it towards the latti
e, and then let the wavepa
ket propagateand intera
t with the latti
e for a time tprop before taking an image.5.5.1 Time-resolved s
atteringIn the �rst set of experiments, we set the latti
e depth at U0 = 11EL and let thewavepa
ket propagate for a variable time. The atomi
 density is then measuredafter a 10 ms time-of-�ight. As the wavepa
ket spreads during the propagation,
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tprop (ms)

z
(m

m
)

Figure 5.5: Atomi
 density as a fun
tion of the position and the propagation timefor a latti
e depth U0 = 11EL. The white dashed line depi
ts the latti
e 
enter.it be
omes qui
kly very diluted. As a 
onsequen
e, the interatomi
 intera
tions nolonger play a role in the dynami
s. Figure 5.5 shows the atomi
 density as a fun
tionof the propagation time. During the �rst 20 ms, the wavepa
ket propagates towardsthe latti
e. The intera
tion with the latti
e o

urs mainly for propagation times
20 < tprop < 40 ms. After the intera
tion, the wavepa
ket is split into a transmittedand a re�e
ted part. This is in agreement with the numeri
al simulations of Fig. 5.2where we see that for U0 = 11EL and the in
ident velo
ity distribution, the fastestatoms are transmitted and the slowest are re�e
ted. The re�e
tion of the low velo
ity
omponent is exa
tly the analogue of Bragg re�e
tion on diele
tri
 mirrors in opti
s.We observe some additional e�e
ts:

• After the intera
tion with the latti
e, at tprop > 40 ms, the wavepa
ket presentsslight os
illations. This is due to the ex
itation of transverse modes of theguide. The ex
itation of the transverse modes 
ould be due to an imperfe
t
rossing of one of the latti
e beams that breaks the symmetry of the potentialand 
ouple the longitudinal and transverse degrees of freedom [93℄.
• For 65 < tprop < 75 ms, a se
ond pa
ket appears in the transmitted part behindthe main part. For U0 = 11EL, this was not predi
ted by the theory. However,this kind of stru
ture is expe
ted for slightly smaller latti
e depth as we willsee in detail in the next se
tion. We thus believe that thermal �u
tuationsin the room indu
ed a variation of the 
rossing of the latti
e beams. Thedepth of the latti
e would thus be redu
ed 
ompared to the depth 
alibratedby Kapitza-Dira
 di�ra
tion in the preliminary experiment.5.5.2 Probing of the transmission diagramIn this se
tion, we des
ribe how we probe the transmission diagram. We now let theatoms propagate for a long propagation time tprop = 100 ms, all atoms have then left
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z (mm) z (mm)Figure 5.6: (a) Experiment and (b) Numeri
al simulation of the atomi
 density asa fun
tion of position and latti
e depth for a propagation time of 100 ms. Ea
hhorizontal line is the average of eight shots integrated in the transverse dire
tion.The white dashed line depi
ts the latti
e 
enter.the region of intera
tion with the latti
e. The depth of the latti
e is varied from 0to 13EL. For ea
h latti
e depth, we integrate the images in the transverse dire
tion,repeat the experiment 8 times and take the average of the experimental runs toredu
e the noise by a fa
tor of approximately 3. Figure 5.6 (a) shows the result ofthese measures, ea
h of the 55 horizontal line 
orresponds to a given latti
e depth.The wavepa
ket initially propagates towards the right side of this plot. The whitedashed line depi
ts the position of the latti
e 
enter, the right part of the plot thus
orresponds to transmitted atoms, while the left part 
orresponds to re�e
ted ones.For sake of 
omparison, Fig. 5.6 (b) shows the result of a simulation that solves theS
hrödinger equation using the split Fourier method [94℄ with the experimentallymeasured latti
e and wavepa
ket 
hara
teristi
s. It is in very good agreement withthe experiment.Let us 
on
entrate on the transmitted part of the wavepa
ket. If there were nolatti
e, the propagation time is long enough so that the initial size of the wavepa
ketis negligible with respe
t to its size after propagation. The spatial distribution ofthe wavepa
ket would then be a dire
t mapping of its initial velo
ity distribution
f(v): n(z, tprop) = f [(z − z0)/tprop]. If we suppose that the delays indu
ed by theintera
tion with the latti
e are negligible, then, the density in the transmitted partis nothing but the transmission diagram of the Fig. 5.2 integrated over the initialvelo
ity distribution (shaded area). This explains why we observe the same sawtoothappearan
e whi
h is a �ngerprint of the band stru
ture. Noti
eably, for U0/EL ≃ 9.5,the density distribution presents a hole in the transmitted part that 
orresponds tothe re�e
tion of a narrow 
lass of velo
ity between two transmitted 
lasses of velo
ityand was observed in
identally in the time-resolved experiment. The re�e
ted partpropagates ba
kwards and is thus lo
ated at a symmetri
 position, it is then the
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omplementary part of the transmitted pa
ket.The e�e
t of the latti
e potential is not limited to its sinusoidal 
omponent.The averaged part of the potential also a

elerates transiently the atoms during thepropagation. This is observable by looking 
losely at the front of the wavepa
ket.We 
an see that it is in advan
e for the larger latti
e depths be
ause the transienta

eleration is then more important. The white dotted line in Fig. 5.6 (b) showsthe �nal position of a 
lassi
al parti
le starting with the velo
ity v̄ and intera
tingwith the spatially averaged latti
e. It reprodu
es well the 
urvature of the front ofthe wavepa
ket.Beside being used as a mirror, this experiment shows that this system 
an beused for more 
omplex momentum engineering. Indeed, depending on the latti
edepth and on the in
oming velo
ity distribution, this system realizes a high pass�lter, a not
h �lter and even at low velo
ity and small latti
e depth a low pass �lter(see Fig. 5.2). In this prospe
t, this system o�ers more �exibility than a repulsivebarrier that 
an only a
t as a high-pass �lter. In the 
hapter 7, we will show howwe 
an further add some tunability to this momentum engineering.5.6 Cavity e�e
tsIn the lo
al re�e
tion pi
ture presented, here, the re�e
tion 
ondition is alwaysmet at two symmetri
 positions around the latti
e 
enter. The main features ofthe transmission diagram 
an be interpreted 
onsidering the re�e
tion on the �rstBragg mirror only. Yet, the presen
e of two mirrors yields 
avity e�e
ts. Thenarrow resonan
es observed in the simulation 
an be interpreted as Fabry-Perotresonan
es in the 
avity produ
ed by the two Bragg mirrors. These resonan
es arefar too narrow to be observed in our experiment,3 it should be possible nonethelessto observe some os
illations inside this Bragg 
avity. Figure 5.7 shows a simulation
orresponding to our time-resolved experiment with in
reased 
ontrast. We observethat a small number of atoms perform os
illations between two symmetri
 positionsaround the latti
e 
enter. Ea
h time the atoms rea
h one of these positions, a smallproportion of the atoms leaks out of the 
avity. These e�e
ts 
ould not be observedin the s
attering experiment des
ribed in this 
hapter be
ause of the low number ofinvolved atoms. We will see in the next 
hapter how it is possible to observe these
avity e�e
ts with a similar setup.5.7 Con
lusionIn this 
hapter, we have presented the s
attering of a Bose-Einstein 
ondensate ona Gaussian envelope latti
e. The s
attering 
an be 
onsidered as a way to probe a3The free spe
tral range between two resonan
es is on the order of ∆vFSR ∼ vLd/L where
L ∼ 100 µm is the length of the 
avity. Thus ∆vFSR ∼ vL/800.
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Figure 5.7: Numeri
al integration of the atomi
 density as a fun
tion of positionand propagation time for a latti
e depth U0 = 11EL. The saturation as been greatlyin
reased to observe os
illations between two symmetri
 positions.system. In our 
ase, we probe dire
tly the band stru
ture of the latti
e. There arefew experiments where a matter wave is used as a probe. An example is provided byreferen
e [95℄ where 
old atoms are s
attered by target atoms 
on�ned in an opti
allatti
e in a Mott insulator phase.This system 
an be used to engineer the momentum distribution of the in
omingwavepa
ket. The intera
tion with the latti
e 
an be used as a low-pass, high-passor not
h �lter depending on the explored region of parameters. In 
hapter 7, wewill show how we 
an improve the 
hara
teristi
s of this �lter using an amplitude-modulated latti
e.One open question that is 
urrently under investigation is the e�e
t of interatomi
intera
tion. With repulsive intera
tion, in this kind of s
attering experiment, thesample gets qui
kly too diluted. However, with attra
tive intera
tion (or with anegative e�e
tive mass [96℄), one 
an produ
e a solitary matter wave that does notspreads over time. The s
attering properties of these obje
t are highly non trivial(there is a possibility to produ
e mesos
opi
s S
hrödinger 
ats [97℄) and attra
tre
ently mu
h interest both theoreti
ally and experimentally [98, 99℄.
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Chapter 6Realization of tunnel barriers formatter waves using spatial gaps
6.1 Introdu
tionThe tunneling e�e
t is a 
ornerstone of quantum me
hani
s a

ording to whi
ha parti
le 
an penetrate and even pass through a 
lassi
ally impenetrable barrier.This behavior results from the wave nature of parti
les and is at work in manydomains of physi
s in
luding nu
lear desintegration [100, 101℄, quantum ele
troni
s[102, 103℄, s
anning tunneling mi
ros
ope [104℄, tunnel ionization [105, 106℄ and invarious super
ondu
ting devi
es [107, 108℄.In the 
old atom �eld, realizing a thin enough single barrier enabling one toinvestigate the dynami
s indu
ed by the atomi
 tunneling through it remains very
hallenging. This has been realized so far in at least three di�erent ways to study,for instan
e, the a
 and d
 atomi
 Josephson e�e
t using (i) the 
ombination ofan opti
al latti
e and a harmoni
 potential [109℄, (ii) a strongly fo
ussed far-o�resonan
e blue-detuned laser [110℄ and (iii) RF-dressed potentials [111℄.The 
on
ept of the tunnel e�e
t has also been generalized to other kinds of spa
e.The Landau-Zener transition between the energy bands of a latti
e 
an be seen asa tunnel e�e
t in quasi-momentum spa
e [112℄, and dynami
al tunneling has beenintrodu
ed to des
ribe the tunneling between 
lassi
ally trapped region in a regularphase spa
e [113℄.In this 
hapter, we study the Bragg 
avity brie�y presented in the previous
hapter and resulting from the smooth envelope of the opti
al latti
e [114, 115, 88,91℄. By loading atoms at the 
enter of the latti
e, we are able to dire
tly observeos
illations of a wavepa
ket along with single tunneling events whenever the pa
ketboun
es o� one of these e�e
tive mirrors. The out
oupling of matter wave through atunnel event is espe
ially interesting sin
e it provides a novel type of tunnel barrierin real spa
e.
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Figure 6.1: Real and imaginary part of the Mathieu exponent k with U0/EL = 2.5.Regions where Im(k) 6= 0 are spatial gaps 
orresponding to evanes
ent waves. Theroman numbers indi
ate the band index. The white dashed line depi
ts the initialenergy distribution (95 % of the atoms).
6.2 Lo
al band stru
ture modelIn this se
tion, we present a simple lo
al band stru
ture model that allows to un-derstand very simply the dynami
s of the atoms in the Bragg 
avity as well as thetunneling out.6.2.1 Position-dependent band stru
tureWe pla
e ourselves in the slowly varying envelope approximation d ≪ w. In this
ase, we 
an asso
iate with ea
h position an equivalent in�nite potential with adepth:

U0(z) = U0 exp(−2z2/w2). (6.1)We then work out the 
orresponding Mathieu exponent as a fun
tion of position andenergy. Figure 6.1 shows su
h lo
al band stru
ture with a maximum latti
e depth
U0 = 2.5EL. It 
orresponds to an extended position-dependent band stru
ture of thelatti
e. We 
hoose to represent this plot as a fun
tion of the square root of the energyso that far from the latti
e, we simply represent k as a fun
tion of the velo
ity. Theregions where Im(k) 6= 0 are the spatial gaps that separate di�erent allowed bands.If the width of the spatial gap is small enough, a parti
le 
an tunnel through it andget out
oupled from the 
avity. A

ording to this pi
ture, the re�e
tion on a gap
orresponds to a Bragg re�e
tion, while tunneling through the barrier is analogousto a Landau-Zener transition to a di�erent band transposed into the position spa
e.



6.2 Lo
al band stru
ture model 101The symmetry of the band stru
ture originates from the symmetry of the Gaussianenvelope. Note that we have represented the band stru
ture for positive energies only(relatively to the 
ontinuum) so that any re�e
tion in this 
ontext has no 
lassi
al
ounterpart. In the spatial gaps, the real part of k is set at one of the band edges.Note that far from the latti
e 
enter, the spatial gaps are lo
ated at energies ful�llingthe Bragg 
ondition √2E/m = nvL/2,1 where n is an integer.We see that for these latti
e parameters, there is a region in the 
enter of thelatti
e that is surrounded by two spatial gaps that de�ne a Bragg 
avity. In order toobserve the 
avity e�e
ts with a maximum number of atoms, we should start withan atomi
 wavepa
ket in this parti
ular region, that 
orresponds to the third andfourth band.6.2.2 Transmission probabilitiesAs des
ribed in the previous 
hapter, the transmission of a mono
hromati
 wavewith energy E through a single spatial gap 
an be readily 
al
ulated by integratingthe imaginary part of k over the forbidden region:
T (E) = exp

(
∫

−2Im[k(z, E)]dz

)

. (6.2)In Fig. 6.2 (b), the blue solid line represents this transmission probability throughhalf of the latti
e for the same latti
e depth as in Fig. 6.1 U0 = 2.5EL. At lowvelo
ity, where the spatial gaps are wide, the transmission vanishes. As the energyin
reases, the barrier be
omes thinner and the transmission in
reases. It saturatesto T = 1 at energies √2E/m ∼ 7 mm/s where there is no gap at all. The presen
eof the spatial gap between the third and the fourth band yields an other drop oftransmission for 7.2 <√2E/m < 8.5 mm/s. At higher velo
ities, there are no moresigni�
ant band gaps. In the experiment, we initially load the atoms at the 
enter ofthe latti
e with an energy distribution that spreads over the third and fourth bands.By energy 
onservation, the "traje
tory" of an atom with a given energy remainsan horizontal line in the diagram of Fig. 6.1 and may be split on the spatial gapsas a 
onsequen
e of a partial tunneling.Atoms at the bottom of the third band experien
e wide gaps and are re�e
tedwith a probability 
lose to one. We expe
t them to boun
e ba
k and forth quasi-inde�nitely. Atoms loaded at the top of the band see essentially no gap and leaveimmediately the latti
e. Between these two extreme 
ases, atoms have an intermedi-ate tunneling rate and 
an leave the trap after one or several os
illations. The greendashed line of Fig. 6.2 (b) thus represents the probability T2 = T (E)(1− T (E)) toboun
e ba
k on the �rst spatial gap then tunnel out of the 
avity at the symmet-ri
 position (see Fig. 6.2 (a)). Expe
tedly, it presents peaks denoted α and β atenergies 
orresponding to simple tunneling probabilities T ∼ 0.5 and saturates at1vL = h/md
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Figure 6.2: (a) S
hemati
 of the evolution ofthe wavepa
ket inside the latti
e and de�ni-tion of T and T2. (b) Transmission probabil-ities. Solid blue line: Transmission throughhalf of the latti
e, the regions of re�e
tion
orrespond to wide band gaps. Red dottedline: Transmission probability through a re-pulsive Gaussian barrier of varian
e σ =
387 nm. Green dashed line: probability totunnel out of the latti
e after one os
illation.

T2 = 0.25. Be
ause the 
on
erned 
lasses of energy have been re�e
ted on
e, we 
anattribute unambiguously the out
oupling at the symmetri
 position as a tunnelingevent. Moreover, be
ause the atoms that do not see any gap leave the latti
e regionon the other side, those that have performed one os
illation are spatially separated.
6.2.3 Comparison with a repulsive barrierThe proje
tion of the band gaps into position spa
e realizes a novel type of tunnelbarrier in real spa
e. It is instru
tive to 
ompare it with a repulsive tunnel bar-rier. One way to 
hara
terize a tunnel barrier is to 
onsider the transmission as afun
tion of the in
ident energy. In the 
lassi
 regime 
orresponding to a very widerepulsive barrier, it presents a sharp step at an energy equal to the barrier height.As the barrier gets thinner, the step widens; the region where it passes from 0 to 1
orresponds to tunneling and quantum re�e
tion. The width of the steps-like trans-mission is thus a 
hara
teristi
 of the tunnel barrier, the larger the step the easier itis to observe tunneling. The transmission 
urve in out 
ase is more 
ompli
ated butalso presents a step-like stru
ture. In Fig. 6.2 (red dotted line), we �t the �rst step(
orresponding to the spatial gap β) by the transmission probability obtained froma repulsive Gaussian barrier with adjustable width. We �nd the best agreement fora standard deviation of the repulsive barrier σ = 387 nm. It would be quite 
hal-lenging to realize su
h a barrier by opti
al means sin
e it requires a blue-detunedlaser of waist w = 2σ = 775 nm 
lose to its di�ra
tion limit.2 The tunnel barrierrealized by a spatial gap 
an thus provide a good alternative to repulsive barriers.2For example with a laser at 532 nm, this would require a numeri
al aperture N.A ∼ 0.5



6.3 Experiment 1036.3 ExperimentWe now present the experiment itself. The setup is essentially the same as in theprevious 
hapter.6.3.1 Preparation of the initial wavepa
ketIn 
ontrast with the s
attering experiment presented in the previous 
hapter, in this
ase we need to prepare the Bose-Einstein 
ondensate at the same position as thelatti
e. We then out
ouple the 
ondensate into the guide using the de
ompressionte
hnique. The next step is to load adiabati
ally the wavepa
ket into the third andfourth band. The adiabati
 loading of atoms in an opti
al latti
e is ubiquitous inthe 
old atoms 
ommunity but is usually realized with atoms at rest that are thusloaded into the �rst band of the latti
e. The prin
iple of any adiabati
 loading isthat during the pro
ess, the quantum state o

upan
ies are 
onserved. In the 
aseof the loading into a latti
e, it 
orresponds to the 
onservation of the band indexand the pseudo-momentum. To load the atoms in the third and fourth band of thelatti
e with U0/EL = 2.5, we thus need to start with a wavepa
ket that spreads overthe third and fourth bands in the energy diagram of a latti
e with vanishing depth.In this 
ase, the band diagram is nothing but a wrapped parabola, the n-th bandspreads over velo
ities:
(n− 1)/2 < v/vL < n/2. (6.3)In 
ontrast with the s
attering experiments (see 
hapter 5 and 7), it is veryimportant that the wavepa
ket do not spread signi�
antly 
ompared to the size ofthe latti
e envelope during the a

eleration stage. This is why we use this timeatoms in the mF = +1 state that are sensitive to a magneti
 �eld gradient to the�rst order so that we 
an a

elerate them in a smaller amount of time. To produ
ea 
ondensate in this state, we used the verti
al spin distillation presented in 
hapter2. In the mF = +1 state, the Zeeman shift reads:

∆E = −µB

2
B. (6.4)For our a

eleration 
oil, this Zeeman shift yields an a

eleration:

amF=+1 = − µB

2m

dB

dz
= 3.2 · 10−2 m.s−2/A. (6.5)Experimentally, we 
hoose to a

elerate the wavepa
ket during 4 ms to the �nal meanvelo
ity v̄ = 9.4 mm/s using the magneti
 gradient produ
ed by the a

eleration 
oil.This 
hoi
e 
orresponds to a mean3 magneti
 gradient of 7.5 G/cm. The relativelysmall a

eleration time ensures that the wavepa
ket spreads by less than 10 µm3Be
ause of the �nal ramping time of the 
urrent in the a

eleration 
oil, the a

eleration is not
onstant.
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) Figure 6.3: Initial energy distribution afterthe adiabati
 loading. The distribution is
al
ulated by assuming the 
onservation ofthe band index and pseudo-momentum dur-ing the loading into the latti
e. The energydistribution spreads over the third and fourthband essentially. This 
orresponds to thewhite dashed line in Fig. 6.1during this stage whi
h is mu
h smaller than the width of the latti
e envelope. We
an then 
onsider that the atoms still start at the 
enter of the latti
e. After thea

eleration stage, we immediately ramp up the latti
e intensity adiabati
ally, i.esu
h that [116, 117℄.

dU0

dt
≪ EL

~
∆E2

k/E
2
L, (6.6)where ∆Ek is the energy di�eren
e between the initial state |n, k〉 and the �rstex
itable state |n′, k〉 on the adja
ent band. Be
ause EL/~ = 2π · 5.4 kHz, theadiabati
ity 
ondition is easily ful�lled on submillise
ond times
ales ex
ept at theband edges where ∆Ek vanishes.We 
hose to ramp up the latti
e linearly in 1 ms to the �nal latti
e depth U0/EL =

2.5. We 
he
ked experimentally that the pro
ess is indeed adiabati
 by ramping upand down the latti
e. The wavepa
ket after this pro
edure is un
hanged whi
h is agood indi
ation of the adiabati
ity.Finally, the whole pro
edure produ
es a wavepa
ket whose energy distributionand initial position 
orrespond to the dashed white line in Fig. 6.1 (95 % of theatoms). The theoreti
al energy distribution (see Fig. 6.3) is not trivial and resultfrom the adiabati
 loading into the latti
e. To work it out, we start from the exper-imentally measured initial distribution in free spa
e and assume the 
onservation ofthe band index and pseudo-momentum.6.3.2 Propagation inside the latti
eWe now let the wavepa
ket propagate for a variable time tprop before imaging theatoms in situ. Figure 6.4 (a) shows the measured atomi
 density along the guideduring the propagation. Ea
h horizontal line is the average of four images integratedalong the transverse dire
tion. For sake of 
omparison, Fig. 6.4 (b) is the resultof the numeri
al integration of the S
hrödinger equation with a wavepa
ket whose
hara
teristi
s mat
h the experimental ones without any adjustable parameters. Inthis experiment, all atoms are initially laun
hed toward the right side of the latti
e.
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ket for di�erent prop-agation time. Ea
h horizontal line is the average of 4 images integrated along thetransverse dire
tion. (b) Dire
t numeri
al integration of the S
hrödinger equationfor a wavepa
ket whose velo
ity distribution mat
hes the experimental one.Three e�e
ts 
an be noti
ed:
• A part of the wavepa
ket immediately leaves the latti
e, it 
orresponds tovelo
ity 
lasses (6.7 . v . 7.2 and v & 9.5 mm/s) that do not en
ounter asigni�
ant band gap.
• A periodi
 os
illations inside the latti
e 
an be 
learly observed. The os
il-lations have a spine shape that 
orresponds to 
austi
s resulting from theaddition in these regions of the traje
tories asso
iated with di�erent velo
i-ties. They have a period of approximatively 50 ms and are washed out after afew os
illations, on
e again as a result of the dephasing between the di�erentenergy 
omponents. We will des
ribe these e�e
ts in detail in the se
tion 6.4.
• In the dire
tion opposite to the initial velo
ity we observe the emission fromthe left side of the latti
e of two atomi
 pa
kets α and β. They leave the latti
eby tunneling through a spatial gap, and then propagate freely. These pa
ketsare nothing but the atoms that have boun
ed ba
k on the �rst spatial gapand tunneled out of the 
avity at the symmetri
 position. Their transmissionprobabilities have been represented in Fig. 6.2(b). In Fig. 6.5, we also plotthe measured and theoreti
al proportion of atoms on the left side of the latti
e(at more than 150 µm from the 
enter) as a fun
tion of time. It displays twosteps well reprodu
ed by the simulation that represent ea
h about 3 % of thetotal number of atoms and 
orrespond to the two tunneling events.
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Figure 6.5: Proportion of atoms on the leftside of the latti
e. Experimental results (bluesolid line) and numeri
al integration withoutany adjustable parameters (red dashed line).
6.3.3 Properties of the tunneled pa
ketsLet us now fo
us on the properties of the two pa
kets that tunnel out on the leftside of the latti
e.Mean velo
ities and interpretationUsing the data presented in Fig. 6.4 (a), we measure the mean position of thetwo tunneled pa
kets as a fun
tion of the propagation time to determine the meanvelo
ity (see Fig. 6.6 (b)). We �nd:

v̄α = 7.9± 0.1 mm/s and v̄β = 5.9± 0.1 mm/s. (6.7)Figure 6.6 (a) presents the theoreti
al velo
ity distribution of the emitted pa
ketsdetermined in two ways:
• By integrating the probability T2(E) over the initial energy distribution de-pi
ted in Fig. 6.3.
• By using the full resolution of the S
hrödinger equation 
orresponding toFig. 6.4 (b).The two methods yield similar results and predi
t two peaks 
entered at 5.9 and

8.3 mm/s using the band model 
al
ulation and 6.1 and 8.1 mm/s using the numeri-
al integration, in good agreement with the measured values. We 
an thus attributethe �rst pa
ket (α) to a short os
illation of atoms initially on the fourth band, andthe se
ond pa
ket (β) to a longer os
illation of atoms initially on the third band.Velo
ity dispersionFrom the lo
al-band model 6.3.3, we expe
t these pa
kets to have a velo
ity disper-sion on the order of ∆v ∼ 250 µm/s. This sele
tivity is as high as the one providedby velo
ity-sele
tive Raman transitions [118, 119℄ and does not requires any spe
i�
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Figure 6.6: (a) Cal
ulated velo
ity distribution of atoms that leave the latti
e afterone os
illation using the lo
al band model (green dashed line) and the full numeri
alintegration (blue solid line). (b) Experimental measure of the positions od the tun-neled pa
kets as a fun
tion of tprop. Linear �ts result in measured mean velo
ities
v̄α = 7.9± 0.1 and v̄β = 5.9± 0.1 mm/s.internal state 
on�guration. The maximum transmission probability of T2 being,however, smaller than 1.Surprisingly, the two pa
kets do not seem to expand over several tenth of mswhile after 50 ms of propagation, while a

ording to their velo
ity dispersion, we
ould naively expe
t an in
rease of the width by more than 10 µm whi
h shouldbe visible. A
tually, the simulation indi
ates that the wavepa
kets are fo
used at a�nite time (at tprop ≃ 70 ms for the pa
ket α). This is a 
onsequen
e of the fa
tthat di�erent velo
ity 
lasses are out
oupled at di�erent times. The most energeti
atoms travel faster in the 
avity, however, they see a larger e�e
tive 
avity (seeFig. 6.1). As we will see, it turns out that the se
ond e�e
t is more importantso that the os
illation period in
reases with the energy. Con
erning the tunneledpa
ket, this results in an 
hirped pulse with the high frequen
ies at the ba
k. Highvelo
ities then 
at
h up with the slow ones at a �nite time. This e�e
t hinders adire
t measurement of the velo
ity dispersion.6.4 Dephasing between energy 
omponentsIn this se
tion, we des
ribe more pre
isely the dephasing between the di�erent energy
omponents and propose a way to 
an
el it.6.4.1 Semi-
lassi
al traje
toriesTo understand quantitatively the e�e
t of dispersion between the di�erent energy
omponents, we developed a semi-
lassi
al simulation that enables one to isolatethe dynami
s of the di�erent energy 
omponents. It 
ontains two ingredients. The
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ription of the parti
le motion on a given Blo
h band n throughthe 
ombined evolution of the wavepa
ket position and mean pseudo-momentum k(in this sense it is a semi-
lassi
al simulation). The 
orresponding set of 
oupledequation reads
ż =

1

~

∂En

∂k
and k̇ = −1

~

∂En

∂z
. (6.8)The �rst equation de�nes the group velo
ity of the wavepa
ket asso
iated with theslope of the Blo
h band, while the se
ond results from the energy 
onservation
ondition dEn(k, z)/dt = 0 [81℄.The se
ond ingredient 
onsists in taking into a

ount the possibility for a parti
leto undergo a Landau-Zener transition to an other band when it rea
hes the edge orthe 
enter of the Brillouin zone where it rea
hes a gap. In our 
ase, the approximationof a lo
al two-level situation is valid and therefore, the probability to 
hange the bandindex is P = e−2πγ with

γ =
∆E2

4~

∣

∣

∣

∣

d

dt
(En −En±1)

∣

∣

∣

∣

−1 (6.9)where ∆E is the size of the gap [90℄.In pra
ti
e, we evolve the parti
le a

ording to Eqs. (6.8) and we evaluate theenergy di�eren
e to lower or upper bands at ea
h time step. When this quantityrea
hes a minimum (at the 
enter of the edge of the Brillouin zone), we 
omputethe 
orresponding Landau-Zener probability and transfer or not the parti
le to thenext band a

ording to this probability.In order to validate this semi-
lassi
al traje
tory method, we 
ompare it with thefull resolution of the 
orresponding 1D S
hrödinger equation. To perform this 
om-parison, we have simulated the semi-
lassi
al traje
tories of 1200 in
oming velo
itiesabout the mean velo
ity of the pa
ket in the following range 5.6 < v < 13.2 mm/s.In this way, we sample 95 % of the initial distribution (see Fig. 6.3). Furthermore,we perform 8 shots for ea
h in
oming velo
ity to improve the statisti
s of our MonteCarlo simulation. For ea
h velo
ity 
lass, we get the density from the positionsof the di�erent shots weighted by the initial wavepa
ket velo
ity distribution den-sity. Figure 6.7 (a) shows the result of su
h simulation with the same parametersas in the experiment. We �nd a good agreement with Fig. 6.4 whi
h validates thesemi-
lassi
al simulation.The interest of this simulation lies in the possibility to isolate di�erent traje
-tories. In Fig. 6.7 (b), we have sele
ted some traje
tories for parti
les initially onthe third band. We see that the spine stru
ture observed in the experiments 
orre-sponds to the 
austi
s indi
ated by the arrows. We also observe the in
rease of theos
illation period with the energy, indeed, the traje
tories that travel the furthestaway from the 
enter (that 
orrespond to more energeti
 atoms) boun
e ba
k at alarger time. This results here in the 
hirp of the tunneled wavepa
ket β whi
h isvisible in the fa
t that the two traje
tories asso
iated with the tunneled pa
ket move
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Figure 6.7: (a) Density distribution for di�erent propagation time re
onstru
ted bysimulating the semi-
lassi
al traje
tories for the whole initial velo
ity distribution.(b) Examples of traje
tories of parti
les initially on the third band. We observe thebuilding up of the 
austi
s and the dependen
y of the os
illation period with energy.towards ea
h other.6.4.2 Optimization of the envelope shapeThe dephasing of the di�erent energy 
omponents may appear as a limitation ofthe Bragg 
avity devi
e, it enlarges the initial width of the tunnel pa
ket whi
hin
reases the width of the steps observed in Fig. 6.5 and redu
es the number ofvisible os
illations. Nevertheless, it is possible to 
ir
umvent this limitation bykeeping the di�erent energy 
omponents in phase with a proper shaping of theenvelope.This shaping 
onsists in adjusting the e�e
tive size of the 
avity for ea
h velo
ity
lass to 
ompensate exa
tly for the 
hange in group velo
ity. As outlined before, inthe 
ase of a Gaussian envelope, as the energy in
reases, the 
orresponding in
reaseof 
avity length over
ompensate the in
rease of the group velo
ity. In order to keepthe di�erent energy 
omponents in phase, we should thus redu
e the dependen
y ofthe 
avity length as a fun
tion of the energy. This means that the "walls" of the
avity as presented in Fig. 6.1 should be steeper. In the following, we demonstratethe optimization of the envelope shape using the simple ansatz :
U(z) = −U0 exp(−2z2/w2)

(

1 +
z2

D2

)

, (6.10)where D is a free parameter. Su
h an envelope 
ould be realized for example byusing holographi
 plates. This ansatz keeps the symmetry of the Gaussian envelope
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al integration(lower panel) of the wavepa
ket dynami
s in (left) the Gaussian envelope latti
e andin (right) the optimized envelope latti
e with D = 0.75w = 112 µm.



6.5 Con
lusion 111but has steeper spatial gaps if D > 0. The simpli
ity of the ansatz also ensures thatthe result of the optimization possesses a relatively simple shape.Be
ause of the 
austi
 e�e
t, it is di�
ult to de�ne an os
illation period using thefull numeri
al integration. Thereby, we have performed this optimization using thesemi-
lassi
al model. We simulate the traje
tories of parti
les with nearby energies,measure the variation of the os
illation period and 
hange D in order to 
an
el outthe �rst order variation of the os
illation period with energy.4 For our parameters, we�nd D = 0.75w = 112 µm, the new envelope is very smooth and has a �at top. Wethen 
he
k with the full numeri
al integration that the optimized envelope redu
ese�e
tively the dephasing. In Fig. 6.8, we 
ompare the results for a pa
ket of velo
itydispersion ∆v = 1.2 mm/s for the semi-
lassi
al approa
h and the full numeri
alintegration with and without the optimization. The blurring of the os
illationsis greatly redu
ed and therefore all velo
ity 
omponents tunnel at the same timegenerating a train of matter wave pulses with an identi
al and well-de�ned velo
itydispersion and no 
hirp.6.5 Con
lusionWe have demonstrated that spatial gaps resulting from an inhomogeneous envelopeof a latti
e produ
e barriers with a probability transmission equivalent to thin realbarriers of a few hundreds of nm. They open new perspe
tives for single tunnelbarrier physi
s in
luding time-modulated tunnel barrier, many-body wavefun
tions(su
h as solitons) tunneling [120, 121, 122℄, Josephson-like experiments [111, 110℄.This system is also of interest for multiple barriers 
on�gurations in
luding 
avityor Anderson lo
alization investigation in real spa
e [123, 75℄. It 
an be readilygeneralized to higher dimensions and may be used as a test bed for semi-
lassi
alapproa
hes of tunneling in 2D [124℄.

4It is possible to extend the ansatz to higher order to 
an
el out the se
ond derivative of theos
illation period, however the resulting potentials have a mu
h more 
ompli
ated shape that wouldnot be relevant experimentally.
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h band diagram . . . . 1197.4.3 Re�e
tion on a square envelope latti
e . . . . . . . . . . 1207.5 Traje
tories in the semi-
lassi
al model . . . . . . . . . . . . . . 1217.5.1 Validation of the semi
lassi
al model . . . . . . . . . . . 1217.5.2 Analysis of the re�e
tion me
hanism . . . . . . . . . . . 1237.6 Appli
ation:velo
ity �lter . . . . . . . . . . . . . . . . . . . . . . 1257.7 Con
lusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1267.1 Introdu
tionCold atoms intera
ting with time-modulated opti
al latti
es display a wide variety ofquantum and 
lassi
al dynami
s. These in
lude the observations of dynami
al lo
al-ization [125, 126℄, 
haos-assisted tunneling [78, 119℄, the Anderson metal-insulatortransition in momentum spa
e [127℄, dynami
ally 
ontrolled tunneling [128, 129, 130℄and matter wave engineering [131, 132, 133, 134℄. In this 
hapter, we study the prob-lem of matter wave s
attering on a time-modulated latti
e.In 
hapter 5, we have demonstrated the possibility to perform momentum engi-neering using the s
attering of a matter-wave on a stati
 latti
e. However, in this
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ase, the Bragg re�e
tion 
ondition is dire
tly related to the latti
e spa
ing andtherefore, 
annot be easily tuned over a large range. In 
ontrast with a s
atteringexperiment in opti
s, we are able to 
ontrol easily the potential strength in timewhi
h o�ers a new degree of freedom. As we shall see, the intera
tion of the matterwave with an amplitude-modulated latti
e yields new re�e
tion 
onditions that o�ermu
h more �exibility and render possible the realization of a tunable Bragg re�e
torin 
on�ned geometry.In this 
hapter, we �rst present the experimental proto
ol and the results ofthe s
attering experiment. We then analyze these results using a very simple ap-proa
h based on interband transitions. Next, we propose an analysis relying on thesemi-
lassi
al model presented in 
hapter 6 in 
ombination with the Floquet-Blo
hframework. This allows to get a deep insight into the physi
s at play in this system.7.2 The experiment7.2.1 Proto
olThe proto
ol of this experiment is very similar to the one presented in 
hapter 5. Westart with a 
ooled atomi
 pa
ket at 500 µm from the latti
e 
enter. Here we do notuse a Bose-Einstein 
ondensate but rather a thermal 
loud of typi
ally 105 atoms at
500 nK in order to probe the modulated latti
e for a wide range of in
oming velo
ityin a single shot. The atoms are prepared in the state mF = 0 using the horizontalspin distillation. We then swit
h o� the dimple beam (without de
ompression) andrelease a pa
ket of resulting longitudinal velo
ity dispersion ∆v ≃ 6 mm/s. Atomsare subsequently a

elerated in tacc = 15 ms to a mean velo
ity v̄ = 10 mm/s byan inhomogeneous magneti
 �eld pulse. The atoms then propagate towards themodulated latti
e and intera
t with it for a time tprop before imaging.The latti
e amplitude is modulated at a frequen
y ν in the kHz range, the time-dependent potential experien
ed by the atoms reads:

U(z, t) = −U0(t)e
−2z2/w2

(1 + cos(kLz)), (7.1)with
U0(t) = U0(1 + η cos(2πνt)), (7.2)where η is the modulation amplitude. η 
an be quite large in the experiment and isoften taken equal to 30%. In the following experiments, the mean latti
e depth andmodulation amplitude are kept 
onstant and we vary the modulation frequen
y.7.2.2 Control of the intensityIn order to a

urately 
ontrol the mean depth U0 and the modulation amplitude η,we use a "double" feedba
k s
heme whose prin
iple is diagrammati
ally represented
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cos(2πνt)
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∫ AOM+− +
+
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Cd modAC

DCFigure 7.1: Sket
h of the feedba
k system to lo
k both the DC and AC 
omponent ofthe latti
e beams intensity. The amplitude of the AC 
omponent is measured usinga lo
k-in ampli�er. Symbols: X: multiplier (AD633), ∫ ideal integrator with ad-justable gain, Cd: ele
troni
 
ommand of the latti
e depth or modulation amplitude,Low-Pass: 100 Hz low-pass �lter.in Fig. 7.1. The power in the latti
e beams is 
ontrolled via a single AOM priorto the beam separation. A photodiode with a 100 MHz bandwidth measures theintensity of the latti
e beams and is set on one arm after the va
uum 
hamber.The lower part of the diagram 7.1 
on
erns the DC 
omponent and is simply madeof a pure integrator. The times
ale of this integrator is su
h that it averages theAC 
omponent. The AC modulation is inje
ted after the integrator, its amplitudeis lo
ked using the upper part of the diagram. In the upper part, the photodiodesignal is multiplied by a signal at the modulation frequen
y and subsequently �lteredto realize a lo
k-in ampli�er. The error signal resulting from the substra
tion ofthe 
ommand is then multiplied with the referen
e modulation and inje
ted to the
ommand of the AOM.7.2.3 Experimental resultsFigure 7.2 (b) shows the atomi
 density after a propagation time tprop = 78 ms asa fun
tion of the modulation frequen
y ν with a mean latti
e depth U0 = 2EL anda modulation amplitude η = 30 %. Ea
h horizontal line is obtained by averaging 8images integrated along the transverse dire
tion to improve the signal to noise ratio.Atoms are laun
hed at z = 0 towards the latti
e, lo
ated 500 µm downwards anddepi
ted by the dashed line. Atoms on the right side of the plot (z > 500 µm) aretransmitted. In this 
ompli
ated transmitted part, we observe two kinds of densitydips:
• dips whose positions do not depend on the modulation frequen
y (verti
aldepletion lines) and that 
orrespond to velo
ity 
lasses ful�lling the Braggre�e
tion 
ondition on the stati
 latti
e as presented in 
hapter 5.
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Figure 7.2: (a) Sket
h of apropagating atomi
 pa
ket im-pinging onto an opti
al latti
ewhose amplitude is modulated.(b) Measured longitudinal density
n(z, tacc + tprop) after a propa-gation time tprop = 78 ms fora variable latti
e modulation fre-quen
y ν (latti
e depth U0 =
2EL. The modulation depth is
η = 30%, and the latti
e posi-tion is depi
ted by the dotted line.(
) Numeri
al simulations 
onvo-luted with a 10 µm wide Gaussianto mat
h the experimental reso-lution. Frequen
y-dependent dipsare observed in the transmitteddistribution. Dotted, dot-dashedand dashed lines in (
) show thelinear dependen
e of the dip posi-tion with ν.
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• Dips whose positions depend on the frequen
y. As we shall dis
uss below,some dips of the latter 
ategory have their 
ounterpart in the re�e
ted pa
ketand 
orrespond to re�e
ted 
lass of velo
ity while others are due to slowingdown or a

eleration e�e
ts.For sake of 
omparison, Fig. 7.2 (
) is the result of a numeri
al simulation ofthe atomi
 pa
ket dynami
s using the one-dimensional S
hrödinger equation witha wave pa
ket whose initial momentum and position distributions mat
h the mea-sured experimental values. We �nd a very ni
e agreement between simulations andexperiment. However, the elementary me
hanisms at work 
annot be inferred fromsu
h an approa
h.Ex
ept for the zones very 
lose to the depletion lines in the transmitted part inFig. 7.2, ea
h position downward the latti
e 
an be mapped onto a well de�ned 
lassof in
ident velo
ity z ≃ v0(tacc + tprop) +K where K is a 
onstant.1Let us 
hara
terize the di�erent depletion lines. Using the 
orresponden
e be-tween x and v0: the main depletion line (white dashed line) in Fig. 7.2 (
) has aslope dν/dv0 = (660 nm)−1 ≃ 1/d. We also observe dire
tly the 
orresponding re-�e
ted atoms in the region x < 0. The red upper dashed line of depleted atoms isparallel to the main line but has no 
ounterpart in the re�e
ted region. The whitedot-dashed and dotted lines, have slopes respe
tively twi
e and three times as largeas the one of the dashed white and red depletion lines. In this experiment, the lat-ti
e spa
ing d is one of the two relevant distan
es (the other one being the envelopewaist). It is thus not surprising to �nd that the slopes of the depletion lines havesimple relations with d. However, the absen
e of numeri
al fa
tor in the relation ofthe type dν/dv0 = n/d with n integer may seem astonishing.7.3 Interband transitions in the vanishing depth limitIn this se
tion, we present a very simple model based on interband transitions thatallows to reprodu
e the slopes and relative positions of the depletion lines.Let us 
onsider the 
ase of a vanishing depth latti
e and 
onsider an in
identquasi-mono
hromati
 wave pa
ket of velo
ity v0. In the vanishing depth limit, theband stru
ture is 
onstru
ted by the superposition of paraboli
 energy spe
tra 
en-tered around all re
ipro
al points En(k) = ~

2(k − nkL)
2/2m, where n is an integer.For instan
e, bands 2 and 3 are 
onstru
ted from the parabolas 
entered at ±~kL(see Fig. 7.3). The in
oming velo
ity v0 di
tates the band in whi
h the in
om-ing atom enters. For instan
e, if 3vL/2 < v0 < 2vL the atom will be on band 4.A

ording to this �gure, there are two possibilities symmetri
 around k = 0. Wealways 
hoose the side where the group velo
ity of the wavepa
ket is positive, that
orresponds to a positive slope of the band diagram.1If a denotes the a

eleration experien
ed by the atoms during the magneti
 pulse, one �nds

K = atacc(tacc/2− tprop).
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−3 Figure 7.3: The band diagram at vanishingdepth is 
onstru
ted by the superposition ofparaboli
 energy spe
tra 
entered around allre
ipro
al points En(k) = ~
2(k − nkL)

2/2m.For ea
h band we have indi
ated the index nof the parabola from whi
h the 
orrespondingbran
hes have been 
onstru
ted.
Let us now assume that the modulation of the latti
e 
an drive interband transi-tion between two distin
t parabolas n and n′. The time-dependent 
oupling poten-tial possesses the simple form V ∼ cos(kLz). The probability of transmission froma Blo
h state ψp,k to a state on a di�erent band ψp′,k′ is then be proportional to

|〈ψp′,k′|V |ψp,k〉|2 =
∫

e2i(k−k′)z cos(kLz)u
∗
p′,k′(z)up,k(z)dz. (7.3)This matrix element vanishes as soon as k 6= k′, be
ause of the symmetry of themodulation potential and the periodi
ity of the Blo
h fun
tions up,k(z). The mod-ulation 
an thus only drive verti
al transitions that leave the pseudo-momentumun
hanged.The interband transition frequen
y that promote an atom from a band p 
orre-sponding to the n-th parabola to a band p′ (n'-th parabola) are given by:

±νn→n′ = (En −En′)/h. (7.4)The sign + (−) 
orresponds to a transition to a lower (upper) band. By energy
onservation, we have
1

2
mv20 = En(κ). (7.5)Combining Eqs. (7.4) and (7.5), we get

±νn→n′ =
En − En′

h
= −(n− n′)2νL +

n′ − n

d
v0, (7.6)
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1 Figure 7.4: Interband transition resonan
efrequen
y for various 
ouples of initial and�nal parabolas. The lines asso
iated withthe interband transitions mat
h the deple-tion lines observed in the experiment (seeFig. 7.2). Depending on the in
ident ve-lo
ity, a transition between di�erent parabo-las 
orrespond to di�erents interband transi-tions.
where we remind that νL = EL/h. A

ording to Eq. (7.6), the interband transitionresonan
e frequen
y varies linearly with the in
ident velo
ity with a slope (n′−n)/d,where n′ − n is an integer. It is thus very tempting to asso
iate ea
h depletion linewith an interband transition. Let us pre
ise this 
orresponden
e.In Fig. 7.4, we have represented di�erent resonan
e frequen
y asso
iated with thetransitions from the initial parabola n to the parabola n′ using Eq. 7.6 as a fun
tionof the in
ident velo
ity. For ea
h line, we have also indi
ated two numbers: the�rst 
orresponds to the band on whi
h atoms initially lie a

ording to their in
identenergy E = mv20/2 while the se
ond 
orresponds to the band on whi
h atoms areresonantly transferred by the modulation. As an example, let us 
onsider the greendotted depletion line in Fig. 7.4. In the in
ident velo
ity domain 3vL/2 < v0 < 2vL,it 
orresponds to a resonant transition between bands 4 and 3. In the domain 2vL <

v0 < 5vL/2, it 
orresponds to a transition between the band 5 and 2 (see Fig. 7.5).Figure 7.5 shows the 
orrespondan
e between interband transitions and transitionsbetween di�erent parabolas in the 
ase of the (green) transition n = −2 → n′ = 1and (bla
k) n = −1 → n′ = 0. We see that the su

ession on the same line ofdi�erent interband transitions is merely due to the folding of the parabolas in the�rst Brillouin zone.The following table shows the equations asso
iated with the represented transi-tions: red n = 0, n′ = −1 ν = νL + v0/dbla
k n = −1, n′ = 0 ν = −νL + v0/dblue n = −1, n′ = 1 ν = −4νL + 2v0/ddarkgreen n = −2, n′ = 1 ν = −9νL + 3v0/dThe four transitions represented here 
orrespond very a

urately to ea
h one ofthe depletion line in terms of the slopes of the depletion lines but also of their relativepositions (The o�set between the two parallel dashed lines in the experimental �gure
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Figure 7.5: Illustration of the 
orrespondan
e between a transition from two parabolasand two bands. (a) Transition (green) n = −2 → n′ = 1. (b) Transition (bla
k)
n = −1 → n′ = 0.

7.2 is in parti
ular equal to 2νL ≃ 10.8 kHz.). The transition n = 0 → n′ = −1mat
hes the red dashed depletion line, n = −1 → n′ = 0, the main depletion (whitedashed line), n = −1 → n′ = 1 and n = −2 → n′ = 1 the dot-dashed and dottedlines respe
tively. This 
onstitute a very strong eviden
e that interband transitionsare at the heart of the re�e
tion pro
ess.To get a better understanding of the width of the depletion lines, their inter-pretation in terms of elementary pro
esses, the times
ale on whi
h the re�e
tionso

ur and the role played by the Gaussian envelope of the latti
e potential, we intro-du
e now a more elaborated analysis based on the lo
al Floquet-Blo
h framework[81, 135℄.
7.4 The Floquet-Blo
h framework7.4.1 Prin
ipleThis approa
h is not restri
ted to small modulation depths and is thus well-adaptedto analyze the experimental situation. For a potential periodi
 in both spa
e andtime, the Blo
h theorem 
an be extended to the time domain. The solutions ofthe time-dependent S
hrödinger equation then possess the form of a Floquet-Blo
hstate:

ψn,k(z, t) = ei(kz−εn(k)t/~)un,k(z, t), (7.7)
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h framework 121where εn(k) are the quasi-energies. The fun
tions un,k(z, t) are biperiodi
 in spa
eand time and therefore 
an be Fourier expanded:
un,k(z, t) = un,k(z + d, t) = un,k(z, t + T )

=
∑

l

∑

nF

φnF ,lei(lkLz−nFωt), (7.8)where ω = ν/2π. In the following, we restri
t ourselves to nF ∈ {−1, 0, 1} i.e tosituations in whi
h only one Floquet photon 
an be absorbed or emitted.2 As in thestati
 latti
e 
ase, we 
an build a band diagram des
ribed by a band index and apseudo-momentum. At zero modulation depth, the Floquet-Blo
h band diagram isnothing but the superposition of stati
 latti
e Blo
h diagrams shifted by nF~ω.
7.4.2 Computation of the Floquet-Blo
h band diagramTo 
ompute the Floquet-Blo
h states and quasi-energies, we insert the developments(7.7) and (7.8) into the S
hrödinger equation and expand the potential on the Fourierbasis. The details of the development 
an be found in appendix G. The 
oe�
ients
φnF,l obey the following eigenvalue equation:
[

nFζ + q/2 + (k/kL + l)2
]

φnF,l + ηq/4(φnF+1,l + φnF−1,l)− q/4(φnF,l+1 + φnF,l−1)

−q/8(φnF+1,l+1 + φnF+1,l−1 + φnF−1,l+1 + φnF−1,l−1) = εφnF,l,(7.9)where q = U0/EL and ζ = ~ω/EL are the normalized latti
e depth and modulationfrequen
y. This system 
an be de
omposed into a blo
k matrix eigenvalue problem:




A− ζ C 0

C A C

0 C A+ ζ



×





φ−1

φ0

φ1



 =
ε

EL





φ−1

φ0

φ1



 (7.10)where
φnF =







φnF,−N...
φnF,N






(7.11)

2This assumption su�
es to 
apture all observed phenomena on the experiment. The extensionto larger Floquet ex
itations is straightforward.
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Figure 7.6: (a) Floquet-Blo
h band diagram with a depth U0 = 2EL and modulationfrequen
y ν = 11 kHz. Band 
olor 
ode: green −0.5 < 〈nF 〉 < 0.5, red 〈nF 〉 >
0.5 and blue 〈nF 〉 < −0.5. (b) Probability of re�e
tion obtained from a numeri
alsimulation of a 1D wavepa
ket with an in
ident velo
ity dispersion ∆v = 0.2 mm/swith a �nite square-envelope latti
e as a fun
tion of the in
ident energy and ν. Thehorizontal white dashed line shows the 
ase ν = 11 kHz that 
orresponds to thediagram (a). The horizontal dashed (dotted) lines denotes open gap (degenerate)anti
rossings. Only open gap anti
rossings yield re�e
tion.

is the part of the eigenstate with nF Floquet ex
itations.
A =















b−N u

u b−N+1 u. . . . . . . . .
u bN−1 u

u bN















(7.12)
with u = q/4 and bl = (k/kL + l)2 − q/2. The matrix A is the same as in the stati

ase. The matrix C that 
ouple the di�erent domains reads:

C = ηq/4













1 −1/2

−1/2
. . . . . .. . . . . . −1/2

−1/2 1













(7.13)In the absen
e of modulation, C = 0, the problem is separable and the band dia-gram is simply the superposition of stati
 Blo
h diagrams shifted by nFζ . As themodulation in
reases, the matrix C 
ouples the di�erent diagrams, at ea
h 
rossingbetween the initially independent band diagrams, an anti
rossing appears.



7.5 Traje
tories in the semi-
lassi
al model 123Figure 7.6 (a) shows su
h Floquet-Blo
h diagram with U0 = 2EL, ν = 11 kHz and
η = 30%. The di�erent 
olors 
orrespond to the mean number of Floquet ex
itation
〈nF〉 = −|φ−1|2 + |φ1|2 of the 
orresponding eingenstate.The band 
olor 
ode is the following: green −0.5 < 〈nF〉 < 0.5, red 〈nF〉 > 0.5and blue 〈nF〉 < −0.5.7.4.3 Re�e
tion on a square envelope latti
eIn the Floquet-Blo
h band diagram, two kinds of anti
rossings 
an be identi�ed:those yielding open gaps (horizontal dashed line in Fig. 7.6) and those without gapsfor whi
h two states with the same quasi-energy are available (horizontal dottedline in Fig. 7.6).3 To identify the role of the di�erent types of anti
rossings onthe in
ident matter wave pa
ket, we have performed a 1D simulation that solves the
orresponding time-dependent S
hrödinger equation in the 
ase of a square envelopelatti
e with 80 latti
e sites, a depth U0 = 2EL and a modulation η = 30%. Figure7.6(b) depi
ts the re�e
tion 
oe�
ient as a fun
tion of the in
ident energy E0 andthe modulation frequen
y ν 
al
ulated by simulating the dynami
s of wavepa
ketswith a narrow velo
ity dispersion ∆v = 0.2 mm/s. Two types of re�e
tion 
anbe 
learly identi�ed: (i) those due to Bragg re�e
tion onto the stati
 latti
e (nodependen
e on ν) and (ii) those that 
orrespond to open gap anti
rossings andwhose positions depend on ν. The interpretation is 
lear: when the in
ident energyfalls in an open gap anti
rossing, no propagating state is available and the parti
leis re�e
ted. The degenerate anti
rossings do not indu
e re�e
tion in the square-envelope 
ase. However, as we dis
uss below, they turn out to play an importantrole in the dynami
s of the experimentally relevant 
ase in whi
h the latti
e has aslowly varying envelope.7.5 Traje
tories in the semi-
lassi
al modelIn this latter 
ase, the situation turns out to be radi
ally di�erent sin
e the system
an follow adiabati
ally a quasi-energy band during its time evolution. To des
ribethis propagation, we use the semi-
lassi
al model presented in the previous 
hapterand apply it to des
ribe the motion of a �
titious parti
le in the Floquet-Blo
h banddiagram. We remind that the semi-
lassi
al simulation 
ontains two ingredients. Thedes
ription of the parti
le on a given lo
al Floquet-Blo
h band through the evolutionof the wavepa
ket position and pseudo-momentum via the semi-
lassi
al equation:

ẋ =
1

~

∂εn
∂k

and k̇ = −1

~

∂εn
∂x

. (7.14)3A third state far from the anti
rossing and 
orresponding to a well-de�ned number of Floquetex
itation 
an be present but do not alter the physi
s.
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Figure 7.7: Dashed line: Result of the resolution of the 1D S
hrödinger equation withlatti
e and wavepa
ket parameters 
orresponding to the ones of Fig. 7.2 (b) and amodulation frequen
y ν = 20 kHz. Solid line, result of the semi
lassi
al simulationwith random Landau-Zener transition. The arrows indi
ate the main pro
esses forthree depletion lines. The wave pa
ket has a mean velo
ity v̄ = 10 mm/s and avelo
ity dispersion ∆v = 6 mm/s.The se
ond ingredient 
onsists in taking into a

ount the possibility to undergo aLandau-Zener transition to a di�erent band with the probability P = e−2πγ with:
γ =

∆E2

4~

∣

∣

∣

∣

d

dt
(εn − εn±1)

∣

∣

∣

∣

−1 (7.15)7.5.1 Validation of the semi
lassi
al modelTo validate the semi
lassi
al traje
tory method in the Floquet-Blo
h frame, we
ompare it with the full resolution of the S
hrödinger equation. In this 
ase, wehave simulated the semi
lassi
al traje
tories of 1700 in
oming velo
ities about themean velo
ity of the pa
ket in the following range −4.5 mm/s < v0 < 24.5 mm/s.In this way, we sample 98 % of the initial distribution. Furthermore, we perform35 shots for ea
h in
oming velo
ity to improve the statisti
s of our Monte Carlosimulation.For ea
h velo
ity 
lass v0, we get the density from the �nal positions of thedi�erent shots weighted by the initial wavepa
ket velo
ity distibution at v0. Figure7.7 provides an example of su
h a 
omparison for ν = 20 kHz. The key featuresare very well 
aptured by the semi
lassi
al simulation and the three depletion linesin the transmission are 
learly visible. The arrows indi
ate the interband transition
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Figure 7.8: (a) Velo
ity and mean Floquet ex
itation number 〈nF 〉 as a fun
tion ofthe propagating time for parameters 
orresponding to three di�erent depletion zonesshown in Fig. 7.2. (b) Lo
al Floquet-Blo
h diagram. Arrows denote the traje
toriesfollowed by the �
titious parti
les. (1) Re�e
tion on an open gap v = 10.3 mm/s, ν =
8 kHz.(2) Re�e
tion on an anti
rossing without gap v = 15.8 mm/s, ν = 20 kHz.(3) Transient a

eleration v = 15.8 mm/s, ν = 30.5 kHz. α (β) denotes absorptionor emission of one Floquet photon (re�e
tion).asso
iated with ea
h of these depletion. This 
omparison thus validates the semi-
lassi
al approa
h in this 
ase.7.5.2 Analysis of the re�e
tion me
hanismWe 
an now use the semi
lassi
al model to analyze the di�erent me
hanisms yieldingto depletion bands as observed in Fig. 7.2. For this purpose, we follow determinis-ti
ally the bran
h for whi
h the Landau-Zener transition probability is above 1/2 atan avoided 
rossing. This sele
t the most probable traje
tory. To illustrate the widevariety of possibilities, we shall 
hoose three generi
 and di�erent set of parameters

(vi, ν) yielding to dips in the output density distribution (see labels 1, 2 and 3 inFig. 7.2(
)).In Fig. 7.8(a), we plot the velo
ity along with the mean Floquet ex
itation num-ber for ea
h 
ase and for the main traje
tory given by the Monte-Carlo simulation.In Fig. 7.8(b) we show the 
orresponding Floquet-Blo
h diagrams in the region ofinterest. When a parti
le is moving toward the 
enter, all quasi energies de
reasesin
e the amplitude of the attra
tive latti
e in
reases. As a result, the parti
le statemoves up relatively to the band diagram. In the same way, if the parti
le is movingba
kward, it will go down the hills of the diagram. With these simple pi
tures in
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Figure 7.9: (a) position of the �
titious parti
le as a fun
tion of the propagationtime for the traje
tory (1) of Fig. 7.8. (b) Illustration of the parti
le motion, thisparti
ular traje
tory is highly non trivial.mind traje
tories 
an be readily interpreted.In ea
h 
ase, the key phenomenon is the absorption or stimulated emission of aFloquet photon by adiabati
 following of the Floquet-Blo
h band denoted by α inFig. 7.8.
• In 
ase (1), the parti
le emits a Floquet photon at tprop ≃ 40 ms, whi
h
hanges the sign of the group velo
ity. The parti
le is thus moving away fromthe latti
e 
enter. It then performs a re�e
tion (denoted β) when rea
hing thebottom of the band (the sign of the group velo
ity is swit
hed ba
k again).When rea
hing the same position as for the �rst emission α, the parti
le thenabsorbs a Floquet photon (α′) before leaving the latti
e. In position spa
e, thetraje
tory is thus also highly non-trivial (see Fig. 7.9).
• The 
ase (2) is very similar ex
ept that the �rst emission only slows down theparti
le whi
h is then Bragg re�e
ted and subsequently a

elerated by Floquetphoton absorption. Note that in this 
ase the anti
rossing is 
losed (there arealways two degenerate states) so that su
h anti
rossing does not indu
e anyre�e
tion in the square envelope 
ase.
• In 
ase (3), the parti
le is not re�e
ted. It is only transiently a

elerated inthe latti
e by a Floquet photon absorption-emission 
y
le. For a mu
h longertime, the dip observed in Fig. 7.2 would thus be re�led.Other features of the experimental and numeri
al diagrams of Fig. 7.2 
an bereadily explained thanks to our semi
lassi
al model. For instan
e, the density bumpabove the white dashed line 
orresponds to atoms that have been slowed down.For a given in
ident kineti
 energy E0, a large size of the envelope and/or a largemodulation depth in
reases the e�
ien
y of the pro
ess sin
e it favors an adiabati
following of the anti
rossings. A less intuitive feature 
on
erns the latti
e depth.Indeed, a small latti
e depth (U0 < E0) in
reases the sele
tivity of the 
lass of
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x(µm) ν2(kHz)Figure 7.10: (a) Density distribution for the s
attering on a two-frequen
y modulatedopti
al latti
e (same 
onditions as in Fig. 7.2) for a �xed frequen
y ν1 = 16 kHzand a s
anned frequen
y ν2. A narrow sli
e of transmitted atoms is produ
ed (seearrow). (b) Number of atoms and velo
ity dispersion asso
iated with these narrowsli
es of transmitted atoms as a fun
tion of ν2. Inset: mean velo
ity of the sli
e ofatoms as a fun
tion of ν2.in
ident velo
ities that are a�e
ted by the modulation. Indeed, the sele
tivity isdetermined by the variation of the position of the anti
rossing along the latti
e. Asthe depth of the latti
e in
reases, all quasi-energies de
rease by a quantity that isroughly equal in a �rst approximation to the mean potential U(z)/2.4 A parti
lewith an energy larger than the anti
rossing energy thus 
annot absorb a Floquetphoton. A parti
le with an energy smaller than the anti
rossing energy 
an absorba Floquet photon if in the 
ourse of the propagation, its traje
tory rea
hes theanti
rossing whi
h is possible only if the di�eren
e of energy is smaller than U0/2.The width of the depletion line thus de
reases with a small latti
e depth.7.6 Appli
ation:velo
ity �lterThe narrowest velo
ity �lters used in the 
old atom 
ommunity rely on velo
itysele
tive Raman transitions on atoms in free spa
e. This te
hnique involves a 
om-bined 
hange of internal and external states. The a
hievable velo
ity width are inthe range of 200-300 µm/s [118, 119, 136℄. Using the s
attering on amplitude mod-ulated opti
al latti
e we demonstrate hereafter a new te
hnique to realize a velo
ity�lter with a width slightly larger than the state of the art with velo
ity sele
tive Ra-man transitions. Our te
hnique uses only the external degrees of freedom and thusdoes not require any spe
i�
 internal 
on�guration. In addition it is well adaptedfor guided matter waves.We turn our devi
e into a tunable momentum �lter by 
ombining di�erent mod-4This is parti
ulary true if the typi
al kineti
 energy is large 
ompared to the latti
e depth.
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eulation frequen
ies. We use here the main re�e
tion line (white dashed line inFig. 7.2) that a
ts as a not
h �lter in momentum spa
e. For this purpose, we mod-ulate the latti
e with two di�erent frequen
ies to 
reate a transmitted band betweentwo reje
ted ones: U0(t) = U0(1 + η cos(2πν1t) + η cos(2πν2t)). Stri
tly speaking,the detailed dynami
s of a wave pa
ket submitted to this two frequen
y and nonperturbative modulation 
annot be inferred dire
tly from the single frequen
y dy-nami
s. However, the simple pi
ture a

ording to whi
h nearly independent dips
an be drilled into the velo
ity distribution with two frequen
ies is quite robust.We observe that the re�e
tion spe
trum is roughly the produ
t of the two indepen-dent spe
tra (see Fig. 7.10). The mean velo
ity of the sli
e of atoms is thereforegoverned by d(ν1 + ν2)/2 while its width is 
ontrolled by the frequen
y di�eren
e
|ν2 − ν1|. In our set of experiments, ν1 is �xed at 16 kHz and ν2 is varied from 16to 20 kHz. Between the two re�e
tion lines, atoms in a narrow 
lass of velo
ity aretransmitted (arrow in Fig. 7.10). The sli
e 
ontains about 1000 atoms and has amean velo
ity on the order of 15 mm/s (inset of Fig. 7.10). The minimum velo
itydispersion of the velo
ity �lter that we have designed is on the order of 450 µm/sfor our parameters7.7 Con
lusionThe matter wave engineering presented here does not have any fundamental limit. Itis easily tunable by 
hanging the modulation frequen
ies and 
omplex transmissionspe
tra 
an be designed by using a multifrequen
y modulation. A further improve-ment of velo
ity sele
tion 
ould be a
hieved using a smaller depth latti
e whi
hwould realize a narrower �lter 
ombined with a larger waist size to 
onserve a max-imum re�e
tion probability on the order of 1. One fundamental advantage of thiste
hnique over �ltering using Raman velo
ity sele
tion lies int the fa
t that it doesnot rely on a spe
i�
 internat level 
on�guration. This te
hnique 
an thus be trans-posed easily to other spe
ies. By 
onstru
tion, it is well adapted to 1D geometryand therefore enhan
es the toolbox of guided atom opti
s.



Con
lusionIn this thesis, we have des
ribed two separate studies: the realization of ZeemanSlowers using permanent magnets and the s
attering of matter waves on 
omplexpotentials provided by an opti
al latti
e with a �nite size envelope.
• In the �rst proje
t we have studied two di�erent 
on�gurations: the dipole
on�guration were two arrays of dipole-like magnets are distributed on ea
hside of the atomi
 beam, and the Halba
h 
on�guration were the magnetsare distributed all around the atomi
 beam. The magnets 
on�guration thenrealizes an approximation of the ideal Halba
h 
ylinder whi
h produ
es highlyhomogeneous magneti
 �eld. Both slowers o�er state of the art performan
esi.e an atomi
 �ux at ∼ 30 m/s of 1 − 5 × 1010 at/s that allows to load alarge MOT in less than 1 s. An important di�eren
e 
ompared to wire-woundZeeman slowers is that in this 
ase the magneti
 �eld is transverse. The maine�e
t being that the addition of a repumping beam is mandatory (while it isoptional in a 
onventional ZS). Permanent magnets based slowers o�er severalinteresting advantages 
ompared to 
onventional Zeeman slowers: it does notrequire high 
urrents nor water 
ooling, is easy to assemble without va
uumbreaking, whi
h is useful for high-temperature baking and is very easy to build.We believe that wherever the ne
essity of an additional repumping beam is notan important issue, this 
on�guration is superior to the 
ommon wire-woundZeeman Slower.
• The se
ond proje
t is about the s
attering of a 
old atom matter wave ona 
omplex potential realized by a �nite size latti
e. We have �rst presentedthe experimental setup that allows us to produ
e Bose-Einstein 
ondensatein a 
rossed dipole trap. We typi
ally obtain rather small 
ondensates ofabout 5×104 atoms in a well de�ned magneti
 state using the spin distillationte
hnique. We then des
ribed the setup of the �nite size opti
al latti
e andthe 
alibration of its depth using Kapitza-Dira
 di�ra
tion. The next 
hap-ter presents some theoreti
al tools useful to des
ribe parti
les in a periodi
potentials and to study the s
attering on su
h potentials. In parti
ular, we in-trodu
ed the solutions of the Mathieu equation that allow to extend the notionof Blo
h state to the 
ase where the energy lies in a gap of the band stru
ture.In the next 
hapter, we presented the experimental study of the s
attering of



130 a guided matterwave on a �nite length opti
al latti
e. We have presented theout
oupling of the 
ondensate in the guide in order to minimize the velo
itydispersion. Then we des
ribed a time-resolved s
attering experiment and themeasurement of the transmission spe
trum by varying the latti
e depth. Thewhole latti
e 
an be seen as a Bragg re�e
tor. The properties of the Braggmirror are des
ribed within the slowly varying envelope limit. Be
ause ofthe ri
h stru
ture of the transmission spe
tra, depending on the latti
e andwavepa
kets parameters, the Bragg re�e
tor 
an be used as a low-pass, band-pass or high-pass �lter.Next, we have studied in detail the 
avity e�e
ts asso
iated with the presen
eat two symmetri
 positions of two Bragg mirrors. In this experiment, weload initially the atoms at the 
enter of the latti
e on a high band of thelatti
e energy stru
ture (the third band essentially). The atoms then see twosemitransparent mirrors with an energy-dependent transmissivity. We let theatoms propagate in the latti
e, and observe os
illations of the wavepa
ketinside the 
avity as well as lo
alized tunneling events when the wave pa
ketrea
hes one of the two Bragg mirrors. We analyze quantitatively the tunnelingout of a fra
tion of the atoms using the notion of �nite extent spatial gaps:be
ause of the smooth envelope of the latti
e, the band gaps are transposedinto position spa
e. This allows us to 
hara
terize the transmissivity of theBragg mirrors. We show that the transmissivity of the mirrors is to someextent equivalent to the one from a repulsive tunnel barrier of submi
roni
size. Be
ause it is experimentally 
hallenging to realize su
h a small barrierfor example by opti
al means, our method 
an provide a good alternative tointrodu
e a tunnel barrier in an experiment.In the Bragg 
avity, all velo
ity 
omponents do not generally keep up withea
h other, so that the os
illations inside the 
avity are washed out after a fewos
illations. This 
onstitutes a limitation, both to observe the os
illations andto analyze the tunneled pa
kets. We showed theoreti
ally, however, that it ispossible to maintain the di�erent 
omponents in phase with an appropriateshaping of the envelope.It is possible to pursue these studies in several dire
tions. First if one dis-poses of a of high numeri
al aperture opti
s, it would be possible to drasti
allyredu
e the length of the envelope and to generate a latti
e with only a fewsites. One 
ould then tailor almost arbitrarily the matterwave �lter responseby using for example holographi
 plates. In a di�erent dire
tion, it would beappealing to study the e�e
t of interatomi
 intera
tions on the propagation ofthe wavepa
ket and parti
ularly on the dynami
s inside the Bragg 
avity. Thisregime 
ould be rea
hed by using mu
h larger transverse frequen
y or, by usinga Feshba
h resonan
e (this would require to work with an other atom). The useof a Fes
hba
h resonan
e would also render possible the study of the s
atter-



131ing of a matter wave bright soliton on this periodi
 stru
ture. The question ofthe s
attering of these obje
ts that possess both quantum and 
lassi
al prop-erties attra
ted mu
h attention re
ently to produ
e for example mesos
opi
S
hrödinger 
ats [99, 137℄. This question will be investigated theoreti
ally inFran
ois Damon thesis.Finally, we have studied the problem of s
attering on a latti
e whose depthis modulated. We have studied the transmission spe
tra when varying thefrequen
y of the modulation. The modulation gives rise to several drops in thetransmission whose positions in term of the in
ident velo
ity depend dire
tlyof the modulation frequen
y. In this sense, this 
onstitutes a tunable Braggre�e
tor. We have analyzed the s
attering using �rst a simple model basedon interband transitions in the 
ase of a vanishing depth latti
e. This modelpredi
ts 
orre
tly the positions and slopes of the observed depletion lines.We have then analysed the dynami
s using a semi-
lassi
al model based onthe Floquet-Blo
h formalism that des
ribes the parti
les dynami
s on a givenBlo
h band as well as the Landau-Zener tunneling to a di�erent band. Thisallows to analyze the dynami
s in the experimentally relevant 
ase of a �nitedepth latti
e and to get mu
h more insight into the 
ompli
ated atomi
 motion.We found that the re�e
tions 
an be explained by the 
ombination of adiabati
absorption/emissions of Floquet photons and of Bragg re�e
tions on the edgeof the Brillouin zone. Finally, we demonstrate the use of this te
hnique witha bi
hromati
 modulation to design a tunable sub-re
oil velo
ity �lter. Thesele
tivity of this �lter, on the order of 450µm/s is 
omparable to the oneobtained with Raman velo
ity sele
tion. Interestingly, su
h a �lter 
an betransposed to all spe
ies sin
e it does not rely on a spe
i�
 internal level
on�guration. A possible extension of this work would be to 
ombine theBragg 
avity with the modulation of the latti
e depth whi
h 
ould a
t as a
ontrolled out
oupling me
hanism.
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Résumé de la thèse
Con
eption et réalisation d'un ralentisseur Zeeman àaimants permanentsLe piège magnéto-optique (PMO) 
onstitue une sour
e d'atomes pre-refroidis util-isée 
omme point de départ dans la plupart des expérien
es sur les gaz quantiquesdégénérés. Pour 
harger e�
a
ement un PMO, il est né
essaire de l'alimenter ave
un jet d'atomes ralentis à des vitesses de l'ordre de la dizaine de m/s. Le ralentis-seur à e�et Zeeman 
onstitue l'un des dispositifs les plus utilisés pour fournir unetelle sour
e en ralentissant des jets thermiques. Ce type de ralentisseur né
essitela génération d'un 
hamp magnétique inhomogène le long de l'axe de propagationdu jet atomique. Le 
hamp magnétique est habituellement produit par un 
ourant
ir
ulant dans une bobine d'épaisseur variable qui enserre le jet atomique. Grâ
eà l'apparition des aimants NdFeB, il est aujourd'hui possible de générer le 
hampmagnétique ave
 des aimants permanents de fa��on à simpli�er le dispositif. Ce
hapitre dé
rit la 
on
eption et la réalisation de deux ralentisseurs à e�et Zeemanutilisant di�érentes 
on�gurations d'aimants.Prin
ipe et 
ara
téristiques du ralentisseurUn ralentisseur à e�et Zeeman utilise la pression de radiation exer
ée par un fais
eaulaser 
ontrapropageant dont la fréquen
e est pro
he d'une résonan
e atomique. Arésonan
e, l'a

élération subie par un atome peut être très importante amax = 1.1×
105 m/s pour le 87Rb. Elle permet d'amener au repos sur des distan
es inférieuresau mètre des atomes initialement à des vitesses thermiques. Cependant, à 
ausede l'e�et Doppler, la fréquen
e apparente de la transition atomique varie à mesureque l'atome est ralenti de sorte que le laser sort rapidement de résonan
e. Dans unralentisseur à e�et Zeeman, un 
hamp magnétique inhomogène est ajouté de manièreà 
e que le dé
alage Zeeman 
ompense partout le dé
alage Doppler.Le 
hamp magnétique inhomogène idéal a la forme suivante:

B(z) = Bb +∆B
(

1−
√

1− z/ℓ
)

. (7.16)Les atomes dont la vitesse initiale est inférieure à la vitesse de 
apture vc = µ∆B/(~k)



134sont ralentis jusqu'à une vitesse pro
he de zero. Un 
hamp uniforme Bb peut êtrerajouté a�n d'éviter des 
roisements de niveaux qui se situent autour de 100 G pourle 87Rb. Nous utilisons pour générer la pression de radiation la transition 
y
lante
F = 2, mF = −2 → F ′ = 3, mF ′ = −3, qui 
orrespond au 
hoix d'un 
hamp magné-tique 
roissant et d'une lumière polarisée σ−. Les paramètres du ralentisseur sontré
apitulés dans le tableau suivant:

∆B 300 G

Bb 200 G

ℓ 1 m

vc 330 m/sCon�guration dipoleLa première 
on�guration d'aimants dite dipole est dire
tement inspirée de la référen
e[49℄. Deux rangées d'aimants dont la magnétisation est orthogonale au jet atomiquesont pla
ées symétriquement de part et d'autre du tube du ralentisseur. Contraire-ment à la proposition d'Ov
hninnikov, nous avons pris soin de minimiser la déviationdu 
hamp magnétique sur une se
tion transverse du ralentisseur. Pour 
ela, il estfavorable à la fois de ne pas pla
er les aimants trop près de l'axe du ralentisseur etd'utiliser des aimants allongés dans la dire
tion transverse. En 
onséquen
e, nousutilisons des aimants de taille 100 × 20 × 5 mm3, pla
és à environs 10 
m de l'axedu ralentisseur. Plusieurs aimants peuvent être empilés a�n d'augmenter le vol-ume d'un élément de la rangée. Pour obtenir le pro�l de 
hamp désiré, le nombred'aimants empilés augmente progressivement le long du ralentisseur. Les élémentsde la rangée sont séparés de 3 
m, le nombre d'aimants empilés étant dis
ret, nousajustons �nement le 
hamp en faisant varier faiblement la distan
e à l'axe de 
haqueélément. Une optimisation basée sur des 
al
uls de 
hamp 3D permet de �xer lespositions et volumes de 
haque élément de fa��on à appro
her au mieux du 
hampideal (7.16). Dans 
ette 
on�guration, le 
hamp magnétique varie de moins de 12 Gsur une se
tion de tube CF16.D'un point de vue mé
anique, nous avons 
onstruit une stru
ture en aluminiumde 1100×100×50 mm3 dans laquelle des sillons de 20 mm de largeur ont été fraisés àdes profondeurs 
orrespondant aux distan
es à l'axe de 
haque élément. Les aimantssont insérés un à un dans 
es sillons, puis bloqués sur les 
otés et le dessus par desplaques de plexiglass vissées dans l'aluminium (voir Fig. 7.11). A�n que le 
hampmagnétique du ralentisseur ne perturbe pas le PMO situé à sa sortie, un blindagemagnétique est installé autour du ralentisseur Zeeman. Ce blindage réduit le 
hamprésiduel au niveau du G dans la 
hambre PMO et augmente également le 
hampmagnétique dans le ralentisseur Zeeman d'environ 100 G.
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Figure 7.11: Photo de la 
on�guration dipole: [A℄ stru
ture en aluminium, [s℄ sil-lons de profondeur variable, [p℄ prote
tions en plexiglass, [R℄ plaques de renfort.Dimensions en mm.Cara
térisation du jet atomique ralentiLe jet atomique de rubidium est issu d'un four à re
ir
ulation 
hau�é à 130◦ C quiproduit un jet e�usif. Le jet est ensuite ralenti dans le ralentisseur Zeeman et déte
tédans la 
hambre du PMO. La distribution des vitesses du jet ralenti est mesurée par�uores
en
e et par absorption à l'aide d'une sonde à 45◦ C du jet atomique. Grâ
e à
et angle, l'absorption et la �uores
en
e dépendent de la vitesse du jet. En balayantla fréquen
e de la sonde, on obtient ainsi la distribution des vitesses du jet. Dans
ette 
on�guration d'aimants, nous obtenons un simple pi
 dont la vitesse peut êtreajustée en variant la fréquen
e du fais
eau ralentisseur. Nous obtenons des �uxatomiques Φ = 4 × 1010 atomes/s à 30 m/s, 
e qui est largement su�sant pour
harger e�
a
ement un PMO.Cette 
on�guration d'aimants, satisfaisante en terme de �ux atomique présentenéanmoins le défaut d'être relativement en
ombrante. De plus, à 
ause de la naturetransverse du 
hamp magnétique, il est di�
ile d'annuler totalement le 
hamp defuite au niveau du PMO. Nous avons don
 développé une deuxième 
on�gurationplus élégante qui permet d'utiliser un volume d'aimant plus faible.Con�guration Halba
hA�n d'obtenir une bonne homogénéité transverse à moindre 
o��t (sans utiliser desaimants très éloignés de l'axe), nous utilisons une 
on�guration dite de Halba
h dans
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Figure 7.12: (a) Notations du 
ylindre de Halba
h. (b) Se
tion transverse montrantl'approximation o
tupolaire de la 
on�guration de Halba
h.laquelle les aimants sont positionnés tout autour de l'axe. Le 
as idéal du 
ylindrede Halba
h 
orrespond à un anneau in�ni dans la dire
tion z et où, en un point del'anneau qui fait un angle θ ave
 l'axe y, la magnétisation M forme un angle 2θ(voir Fig. 7.12 (a)). Le 
hamp produit est alors transverse et homogène à l'intérieurde l'anneau et nul en dehors ave
:
BHal(r) =







0 for r > Rext,

BR ln

(

Rext

Rint

)

ŷ for r < Rint,où BR est le 
hamp rémanent du matériau magnétique, et Rint et Rext sont lesdimensions du 
ylindre de Halba
h.Notre 
on�guration 
orrespond à une approximation o
tupolaire du 
ylindre deHalba
h 
onstitué de 8 aimants positionnés sur un 
er
le de rayon variable d autourdu jet atomique et dont l'axe tourne 
onformément à la pres
ription de Halba
h(voirFig. 7.12 (b)). Nous utilisons des aimants allongés 6×6×148 mm3 dont la magnéti-sation est orthogonale au grand axe. A�n de varier longitudinalement l'amplitude du
hamp magnétique, la distan
e à l'axe d diminue progressivement. Pour garder une
onstru
tion très simple, nous avons 
hoisi de faire varier la distan
e à l'axe linéaire-ment. Il est alors possible de trouver un pente qui produit un 
hamp magnétiquetrès pro
he du pro�l idéal.Le montage mé
anique est le suivant: (voir Fig. 7.13) les aimants sont insérésdans 8 longs pro�ls en aluminium en forme de U, 
haque pro�l glisse dans un destrous disposés en 
er
le de neuf montures ayant un rayon du 
er
le dé
roissant.Chaque monture peut être séparée en deux pour être montée autour du tube du
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��� ���

Figure 7.13: (a) Photo de la 
on�guration Halba
h: [M℄ montures, [EC℄"end 
ap" vissés dans la dernière monture, [U℄ pro�ls en U, [S℄ blindagemagnétique. (b) monture individuelle; [T℄ trou taraudé pour monter lesdeux parties ensembles, [P℄ trou 
entral pour le tube du ralentisseur. (
)details dans lesquels les pro�ls en U sont insérés., aimants [m℄ et 
ale enplastique [W℄. Dimensions en mm.
ralentisseur. Le résultat est à la fois robuste et léger.Un blindage magnétique est ajouté autour de la stru
ture pour réduire le 
hampde fuite, 
omme le 
hamp à l'extérieur d'un 
ylindre de Halba
h est nul, le blindagemagnétique a 
ette fois très peu d'e�et sur le pro�l de 
hamp à l'intérieur du ralen-tisseur.La mesure du 
hamp magnétique produit montre que 
elui-
i varie de moins de1 G sur une se
tion transverse et est très lisse longitudinalement. Le 
hamp résiduelau niveau de la 
hambre du PMO est trop faible pout être mesurable ave
 notresonde à e�et Hall.
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es et puissan
es laserCe ralentisseur o�re des performan
es très similaires au premier,i.e, un �ux atomique
Φ = 3× 1010 atomes/s à 30 m/s.Une di�éren
e importante des ralentisseurs présentés i
i par rapport aux ralen-tisseurs Zeeman 
onventionnels est que le 
hamp magnétique est orthogonal au jetatomique. La polarisation de la lumière de refroidissement possède alors né
essaire-ment une 
omposante σ+ dont l'e�et est de dépomper les atomes vers l'état fonda-mental F = 1. Il est don
 indispensable d'utiliser un deuxième laser repompeur surla transition F = 1 → F ′ = 2.On peut néanmoins s'attendre à avoir besoin d'une puissan
e très limitée, orplusieurs dizaines de mW de puissan
e repompeur, 
orrespondant à une intensitéde 24 mW/cm2 bien supérieure à l'intensité de saturation de la transition repom-peur, sont né
essaires pour obtenir un �ux maximal. Pour en 
omprendre l'origine,nous avons étudié l'e�
a
ité du ralentisseur en fon
tion de la fréquen
e et de lapolarisation du laser repompeur. Nous observons en fon
tion de la polarisation durepompeur di�érents spe
tres faisant apparaître plusieurs résonan
es. Ce
i signi�eque plusieurs 
hemin de dépompage sont impliqués, probablement à di�érentes po-sitions dans le ralentisseur. A 
ause du grand nombre d'états internes impliqués (24au total), il n'est pas aisé d'avoir une des
ription simple des mé
anismes de dépom-page. Néanmoins, en balayant rapidement la fréquen
e du repompeur autour de latransition F = 1 → F ′ = 2, il est possible d'obtenir un �ux atomique légèrementplus important qu'ave
 une fréquen
e �xe en utilisant moins de 10 mW de puissan
erepompeur.Finalement, nous démontrons l'e�
a
ité du ralentisseur en 
hargeant un PMOd'environ 3× 1010 atomes en moins d'une se
onde.Ce ralentisseur à e�et Zeeman possède un 
ertain nombre d'avantages 
omparéà un ralentisseur 
onventionnel:

• il ne né
essite pas de 
ourant éle
trique ni de refroidissement à eau,
• il est fa
ile à assembler sans ouvrir l'en
einte à vide,
• il est léger et fa
ile à 
onstruire,
• il produit un 
hamp très lisse sans 
hamp de fuite.Produ
tion de 
ondensats de RubidiumLa 
ondensation de Bose-Einstein se produit lorsque les longueurs d'onde de deBroglie des di�érents atomes d'un gaz se re
ouvrent. Ce
i 
orrespond à une densitédans l'espa
e des phases ρ = nλ3T de l'ordre de 1. Pour atteindre la 
ondensation, ilest don
 né
essaire d'augmenter la densité et de réduire la température du gaz atom-ique. Un nuage de Rubidium est d'abord 
apturé dans un piège magnéto-optique; la
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Hbeam

VbeamFigure 7.14: S
héma du piège dipolaire 
roisé et des fais
eaux PMO. Une des bobinesdu PMO (la bobine "Top" ou la bobine "Horizontal") est aussi utilisée pour e�e
tuerla distillation de spin.température dans le PMO est typiquement de l'ordre de la 
entaine de µK, et la den-sité, limitée par la di�usion multiple des photons est de l'ordre de 1010 atomes/cm3.La densité dans l'espa
e des phases est alors de l'ordre de ρ ∼ 10−7, loin de la lim-ite de 
ondensation. Le nuage est ensuite transféré dans un piège dipolaire 
roiséproduit par deux fais
eaux lasers désa
ordés vers le rouge à 1064 nm, un fais
eauguide horizontal et un fais
eau dit verti
al à 45◦ (voir Fig. 7.14). L'augmentationde la densité dans le piège 
onservatif amène la densité dans l'espa
e des phase dansle domaine ρ ∼ 10−3. Pour gagner les trois ordres de grandeur qui séparent de la
ondensation, le nuage atomique est refroidi par évaporation for
ée: la profondeurdu piège est réduite progressivement en diminuant l'intensité du fais
eau dipolaireguide.Piege dipolaire et évaporationL'allure du piège 
roisé varie au 
ours de l'évaporation. Initialement, le fais
eauhorizontal domine, le piège, et don
 le nuage atomique sont très allongé dans ladire
tion du guide. En l'absen
e de fais
eau verti
al, la fréquen
e du piège selonl'axe du guide est très faible et ne permet pas de mener l'évaporation à terme.A mesure que l'évaporation progresse, la 
ontribution du fais
eau verti
al devientde plus en plus importante et, la température diminuant, les atomes sont piégés àl'interse
tion des deux fais
eaux. Le nuage est alors beau
oup plus isotrope. A la �nde l'évaporation, les fréquen
es du piège sont de l'ordre de 100 Hz dans la dire
tiondu fais
eau verti
al et 200 Hz dans les deux autres dire
tions.A�n de réaliser l'évaporation for
ée de manière e�
a
e, il 
onvient de réduire la
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Figure 7.15: Haut: densité atomique après un temps de vol de 15 ms pourdi�érents temps d'évaporation autour de la 
ondensation; un pi
 étroit apparaîtà la limite de 
ondensation. Bas: densité intégrée selon une dire
tion, le pro�lde densité est ajusté par une double Gaussienne. La largeur de la Gaussiennela plus large est une mesure de la température du gaz tandis que le poids relatifdes Gaussiennes indique la fra
tion 
ondensée.profondeur du puits de potentiel su�samment lentement par rapport au temps dethermalisation du gaz mais su�samment rapidement par rapport au temps 
ara
-téristique des pertes atomiques. Dans notre piège, les pertes sont dominées par despertes assistées par la lumière qui sont don
 plus importantes en début d'évaporationlorsque l'intensité des fais
eaux dipolaires est la plus importante. Le temps de viedans le piège varie selon l'intensité de une se
onde au début de l'évaporation à unedizaine de se
ondes à la �n de la rampe d'évaporation. Nous diminuons don
 initiale-ment rapidement la profondeur du piège pour éviter des pertes trop importantes,puis moins rapidement à la �n de l'évaporation a�n de béné�
ier d'une meilleurethermalisation. La puissan
e du fais
eau guide est ainsi diminuée de la manièresuivante:
Ph(t) = P0 (1 + t/τevap)

−4 , (7.17)ave
 un temps 
ara
téristique τevap = 1300 ms. Après environ 3.5 s d'évaporation,un 
ondensat apparaît pour des températures de l'ordre de 150 nK.CondensationLa 
ondensation de Bose-Einstein est fa
ilement identi�able par deux signaux 
ara
-téristiques. (i) La dispersion des vitesses du nuage possède une double stru
ture; la



141fra
tion d'atomes 
ondensée forme un pi
 étroit entouré d'un nuage thermique pluslarge. (ii) La partie 
ondensée subit une inversion d'ellipti
ité lors d'un temps devol. En e�et, la distribution des vitesses de la partie 
ondensée dépend dire
tementdes 
ara
téristiques du piège et re�ète i
i son anisotropie.Le piège dipolaire n'étant pas sensible à l'état magnétique, les 
ondensats obtenussont a priori des 
ondensats de spineurs. Pour pouvoir 
hoisir l'état magnétique danslequel les atomes 
ondensent, nous utilisons la te
hnique de distillation de spin qui
onsiste à ajouter un gradient de 
hamp magnétique à l'aide d'une bobine du PMO.La forme du piège dépend alors du sous-état Zeeman, les atomes qui ressentent unpuits de potentiel moins profond sont évaporés préférentiellement. En thermalisantave
 les autres atomes, le gaz est refroidi par refroidissement sympathique. Il estalors possible d'obtenir des 
ondensats presque purs de typiquement 50000 atomesdans un état de spin arbitraire.Mise en pla
e et 
ara
térisation du réseau optiqueUn réseau optique est formé par le 
roisement dans une région de l'espa
e de deuxfais
eaux optique 
ohérents. Si les lasers utilisés sont désa

ordés par rapport à unetransition atomique, l'onde stationnaire qui en résulte produit un potentiel dipolairequi varie sur des distan
es de l'ordre de la longueur d'onde optique. Les réseaux op-tiques sont largement utilisés dans la 
ommunauté des atomes froids. Ils permettentde 
réer des potentiels très �exibles:
• En terme de dimensionnalité : en superposant des ondes stationnaires selondi�érentes dire
tions de l'espa
e, il est possible de 
réer des réseaux à 1, 2 ou3 dimensions. La dimensionnalité d'un problème peut alors être réduite si lemouvement atomique est gelé selon une dire
tion.
• La géométrie est également modi�able en faisant varier la dire
tion, l'intensitéou la phase des fais
eaux qui interfèrent.
• Les potentiels dipolaire sont modulables dans le temps rapidement et fa
ile-ment.Les réseaux optiques sont utilisés d'une part dans des expérien
es visant à simulerdes problèmes de matière 
ondensée, la périodi
ité du potentiel reproduit alors lepotentiel périodique produit par les ions d'un 
ristal, et d'autre part pour étudierdes questions de transport quantique 
omme dans notre 
as.Mise en pla
eLe réseau optique est issue d'un laser à 850 nm installé sur une table indépendantesur laquelle la puissan
e du fais
eau est 
ontrollé. Le fais
eau est ensuite diviséen deux et mis en forme sur la table prin
ipale. Les deux fais
eaux sont 
roisés
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Figure 7.16: Image par absorption des atomes dans le piège dipolaire. Avant deprendre une image, un fais
eau dépompeur, superposé aux bras du réseau, est allumépendant 1 ms pour dépomper lo
alement les atomes. Les bras du réseau apparaissentalors 
omme des trous dans la distribution atomique.au niveau du nuage atomique ave
 un angle de 80◦. Le pro�l d'intensité obtenue
orrespond à un potentiel périodique de période d = 650 nm dans la dire
tion duguide et qui possède une envelope Gaussienne ayant un waist de 150 µm. A�n debéné�
ier d'un 
ontr�le �n sur le 
roisement des deux fais
eaux, nous avons installéaprès les lentilles de 
ollimation, des lames de verre épaisses qui dévient légèrement
haque fais
eau d'une distan
e qui dépend de l'angle entre le fais
eau in
ident et lalame. La pré
ision obtenue par 
ette méthode est plus importante d'un fa
teur 
entpar rapport à la pré
ision obtenue en faisant varier l'angle du dernier miroir.Lors de la pro
édure de 
roisement, nous utilisons une séquen
e d'imagerie par-ti
ulière a�n de visualiser la position des fais
eaux. Un fais
eau résonant à 780 nmest superposé aux fais
eaux du réseau, sa fréquen
e est stabilisée sur une transitiondépompeur F = 2 → F ′ = 2. Nous lan��ons une séquen
e d'évaporation typique enl'arrêtant très t�t à 100 ms d'évaporation. Le nuage atomique est alors très allongéet marque la position du guide. Le laser dépompeur superposé au bras du réseau estallumé pendant 1 ms pour dépomper lo
alement les atomes juste avant de prendreune image par absorption. La position des bras du réseau apparaît alors sur l'imagepar absorption 
omme un trou dans le nuage atomique (voir Fig. 7.16). Ce
i permetde 
roiser pré
isément les deux bras du réseau ave
 le guide.CalibrationIl est important de 
alibrer la profondeur du réseau obtenue grâ
e à une mesure di-re
te sur les atomes. Nous utilisons pour 
ela la te
hnique de di�ra
tion de Kapitza-Dira
. Cette te
hnique 
onsiste à allumer pendant un temps très 
ourt le réseauoptique sur le nuage atomique. Les atomes redistribuent alors les photons entreles deux modes laser par des pro
essus d'absoprtion/emission stimulé. Ce faisant,l'impulsion est modi�ée d'une quantité liée à la périodi
ité du réseau. La �gure de
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Figure 7.17: Motifs de di�ra
tion ave
 48 mW par bras du réseau. (a) Motifs dedi�ra
tion 
on
aténés pour di�érents temps d'intera
tion τ . (b) et (
) Motifs dedi�ra
tion à τ = 9 et 15 µs respe
tivement.di�ra
tion qui en résulte renseigne dire
tement sur la profondeur du réseau optique(voir Fig. 7.17).Dans le régime de temps d'intera
tion 
ourt dit de Raman-Nath, il est possiblede 
al
uler exa
tement le poids des di�érents ordres de di�ra
tion en fon
tion dela profondeur du réseau et du temps d'intera
tion. Les poids relatifs 
orrespondentaux 
arrés des fon
tions de Bessel su

essives. En mesurant en fon
tion du tempsd'intera
tion, le poids relatif des ordres de di�ra
tion, il est alors possible de déduirepré
isément la profondeur du réseau optique.Nous parvenons ainsi à réaliser et à 
alibrer des réseaux optique d'une profondeurmaximale U0 = 17EL, limitée par la puissan
e disponible du laser à 850 nm.Outils théoriques pour les réseauxCe 
hapitre rappelle quelques outils utiles pour dé
rire le 
omportement d'une par-ti
ule quantique dans un potentiel périodique: le théorème de Blo
h et les résultatssur l'équation de Mathieu. Les solutions de l'équation de Mathieu sont ensuiteutilisées pour analyser la di�usion d'une parti
ule sur un réseau semi-in�ni.Théorème de Blo
hLe théorème de Blo
h donne la forme des solutions de l'équation de S
hrödingerstationnaire pour un potentiel périodique. Les solutions peuvent être é
rites 
omme



144le produit d'une onde plane et d'une fon
tion périodique
ψn,k(x) = eikzun,k(z) ave
 un,k(z + d) = un,k(z), (7.18)où n est l'indi
e de bande et k la pseudo-impulsion. Les énergies sont regroupéesen bandes indexées par n. Entre 
haque bande, un gap est ouvert. La périodi
itédu potentiel et des fon
tions de Blo
h un,k(z) rend la re
her
he des états et éner-gies propres fa
ile. En développant, pour 
haque pseudo-impulsion, l'équation deS
hrödinger sur la base de Fourier, l'équation de S
hrödinger se réé
rit 
omme unproblème d'inversion d'une matri
e diagonale fa
ile à résoudre numériquement. Ladétermination des états propres asso
iés à 
haque bande montre que 
eux-
i sontreliés aux états liés dans un site isolé du réseau.Equation de MathieuLe théorème de Blo
h ne s'intéresse qu'aux états propres de l'Hamiltonien péri-odique. Cependant, 
es états ne sont pas les seuls états utiles pour dé
rire parexemple les problèmes de di�usion sur un réseau. Considérons des solutions del'équation de S
hrödinger dépendante du temps du type

ψ(x, t) = e−iEt/~φ(x), (7.19)où E est une énergie 
hoisie (qui 
orrespond à l'énergie d'une parti
ule in
identedans le 
as d'une di�usion). La fon
tion φ n'est i
i pas né
essairement normée desorte que ψ ne représente pas toujours un état propre de l'Hamiltonien. En inje
tant
es solutions dans l'équation de S
hrödinger, on retrouve l'équation stationnaire,
ependant 
elle-
i a un sens di�érent. Ce n'est plus une équation aux valeurs propresmais une simple équation di�érentielle où E 
orrespond à une 
ondition aux limites.Cette équation peut être mise sous la forme d'une équation de Mathieu
d2φ

dz̃2
+ (a− 2q cos(2z̃))φ = 0, (7.20)dont les solutions sont bien 
onnues et s'é
rivent 
omme une superposition linéairede deux états du type
f(z) = eikzp(z), (7.21)où p(z) est une fon
tion périodique et où l'exposant 
ara
téristique k est éventuelle-ment imaginaire (alors que k est toujours réel dans le 
adre du théorème de Blo
h).Les solutions de l'équation de Mathieu sont de deux types, les solutions sta-bles pour lesquelles k est réel et qui 
orrespondent exa
tement aux états de Blo
h,et les solutions instables pour lesquelles k a une partie imaginaire. Les solutionssont stables (instables) si l'énergie 
hoisie se situe dans une bande autorisée (un
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Figure 7.18: Diagramme de stabilité de l'équation de Mathieu. Les régions stables(instables) sont indiquées en rouge (bleu). (a) diagramme en fon
tion des paramètres
anoniques de l'équation de Mathieu. (b) Diagramme en fon
tion des paramètrespertinents dans l'équation de S
hrödinger dans un réseau.gap) du diagramme de bande. Les solutions instables sont des ondes évanes
entesqui s'atténuent sur une distan
e �xée par la partie imaginaire de k. La �gure7.18 présente les régions de stabilité en fon
tion des paramètres (a, q) et (E,U0)qui interviennent respe
tivement dans l'équation de Mathieu et dans l'équation deS
hrödinger.Il est possible de trouver une solution analytique de l'exposant 
ara
téristique enutilisant une méthode développé par Whittaker et s'appuyant sur l'analyse 
omplexe.On trouve pour un réseau sinusoidal de profondeur U0:
cos(2πk/kL) = 1−∆(0)(1− cos(2π

√
κ)), (7.22)où κ = (U0/2 + E)/EL.Interprétation pour une expérien
e de di�usionConsidérons le 
as d'une parti
ule qui di�use sur un réseau semi-in�ni de profondeurhomogène. Dans l'espa
e libre, les états propres sont des ondes planes, dans le réseaules solutions de l'équation de S
hrödinger sont les solutions de Mathieu. Pour 
on-ne
ter les fon
tions d'onde à l'interfa
e, les énergie dans le réseau et l'espa
e libredoivent être égales. L'exposant 
ara
téristique de Mathieu est alors déterminé demanière univoque par l'énergie in
idente. Si l'exposant de Mathieu possède une par-tie imaginaire non nulle, les solutions sont des ondes évanes
entes et la transmissionest nulle. Une onde plane ne peut se propager que si l'énergie in
idente est dans unebande autorisée. Lorsque k est réel, les solutions de Mathieu sont les états propresde l'Hamiltonien périodique. Les 
onditions de 
ontinuité de la fon
tion d'onde et
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Figure 7.19: Coe�
ient de transmission T à travers un réseau semi-in�ni. (a)L'interfa
e est situé sur le bord d'un site du réseau, le potentiel n'a pas de dis
onti-nuité. (b) L'interfa
e est situé au 
entre d'un site du réseau, le potentiel a alors unedi
ontinuité maximale. La ré�e
tion quantique est plus importante dans 
e 
as.de sa dérivé permettent alors de 
al
uler un taux de transmission. I
i une ré�e
tionpeut se produire essentiellement à 
ause de la ré�e
tion quantique sur les premierspuits. Le diagramme de transmission dépend don
 fortement de la phase du réseaupériodique à l'interfa
e (voir Fig. 7.19).Ré�e
tion de Bragg sur un réseau de taille �niLa ré�e
tion sur des stru
tures diéle
triques périodiques est un ingrédient om-niprésent en optique. Elle permet par exemple la fabri
ation de miroirs de trèshaute ré�e
tivité ou la fabri
ation de lasers en 
avité étendue. En optique guidée,les réseaux de Bragg intégrés dans des �bres optiques servent à réaliser par exempledes multiplexeurs dans l'industrie des télé
ommuni
ations ainsi que des 
oupleurs desortie pour lasers à �bre de haute puissan
e. En analogie ave
 l'optique, 
e 
hapitredé
rit la réalisation d'un ré�e
teur de Bragg pour atomes en environnement guidéréalisé en envoyant des ondes de matière sur un réseau optique ayant une enveloppeGaussienne.E�et de l'enveloppeA 
ause de l'enveloppe �nie du réseau, lors de sa propagation, un atome d'énergiein
idente E ressent des potentiels périodiques dont la profondeur varie de 0 loin duréseau à la profondeur maximale U0 au 
entre. Il est possible d'analyser simplementla ré�e
tion; si à une 
ertaine position dans le réseau, un atome pénètre dans une
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Figure 7.20: Coe�
ient de transmission d'une onde plane à travers le réseau optiqueobtenue en intégrant l'équation de S
hrödinger stationnaire. (a) Cas d'une enveloppe
arrée. (b) Cas d'une enveloppe Gaussienne, U0 est la profondeur maximale duréseau.LP, HP et N indiquent les régions de paramètres pour lesquelles le réseauagit 
omme un �ltre respe
tivement passe-bas (LP), passe-haut (HP) et passe-bande(N).
région instable de l'équation de Mathieu, il sera ré�é
hi à 
ette position parti
ulièrequi 
onstitue un miroir de Bragg. En utilisant 
et argument, le diagramme detransmission en fon
tion de la vitesse in
idente et de la profondeur du réseau sedéduit fa
ilement du diagramme de stabilité de l'équation de Mathieu. Un atomeest ré�é
hie si, pour une énergie donnée, il existe une profondeur inférieure à U0 qui
orrespond à une région instable. Les domaines de ré�e
tion s'obtiennent alors enétendant vers le haut les régions instables du diagramme de stabilité. Dans 
etteimage simple, le diagramme de transmission a alors une allure en dents de s
ie.Le 
al
ul du diagramme de transmission en intégrant l'équation de S
hrödingerstationnaire 
on�rme partiellement 
ette image. La transmission présente bien unestru
ture en dents de s
ie, 
ependant, les zones de transmissions sont plus étenduesque prévu (voir Fig. 7.20). Ce
i est la 
onséquen
e de la taille �nie de l'enveloppe duréseau, les régions instables de l'équation de Mathieu ont une extension spatiale �nie;si la taille de 
e gap est plus petite que la distan
e sur laquelle l'onde évanes
ente deMathieu s'atténue, un atome peut traverser la zone interdite. La taille des zones detransmission augmente alors dans les régions de vitesse in
idente élevé pour lesquellesun parti
ule ren
ontre des zones interdites petites.
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Figure 7.21: S
héma du dispositif expérimental.Preparation du paquet d'ondeLa première étape de l'expérien
e 
onsiste à dé
oupler un 
ondensat de Bose-Einsteindans le guide et à l'a

élérer jusqu'à la vitesse désirée. A�n de minimiser la disper-sion des vitesses, de l'onde de matière produite, nous e�e
tuons une dé
ompressionadiabatique du piège en diminuant progressivement l'intensité du fais
eau verti
al.Ce
i permet de réduire le potentiel 
himique du 
ondensat qui est à l'origine del'essentiel de la dispersion des vitesses de l'onde de matière. Cette te
hnique a deslimites, en e�et en dessous d'une 
ertaine intensité, des atomes quittent le piège etse propagent dans le guide. Le dé
ouplage est don
 divisé en deux étapes, pendant80 ms, l'intensité du fais
eau verti
ale est diminuée de manière adiabatique puis, lefais
eau est 
oupé instantanément pour libérer les atomes dans le guide. Ave
 
ettete
hnique, des dispersions de vitesses ∆v ∼ 1.3− 1.7 mm/s sont obtenues.Les atomes sont ensuite a

élérés en utilisant un gradient de 
hamp magnétique.Dans 
ette expérien
e, nous utilisons des 
ondensats dans l'état F = 1, mF = 0 quine sont sensibles au 
hamp magnétique qu'au deuxième ordre. Nous avons don
besoin d'utiliser des 
ourants assez élevés de 320 A pendant 15 ms dans une bobinedont l'axe 
oin
ide ave
 l'axe du guide (voir Fig. 7.21). De 
ette manière, le paquetd'onde a une vitesse moyenne v̄ = 11 mm/sRésultats expérimentauxL'onde de matière est préparée à 500 µm du réseau et se propage vers 
elui-
i. Enprenant des images à des temps variables et pour une profondeur de réseau �xé U0 =

11EL, on observe une séparation du paquet en deux parties, une partie transmise
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U
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U
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z (mm) z (mm)Figure 7.22: (a) Expérien
e et (b) simulation numérique de la densité atomique enfon
tion de la position et de la profondeur du réseau après un temps de propagationde 100 ms. La ligne blan
he indique la position du 
entre du réseau.qui 
orrespond aux 
lasses de vitesse les plus élevées, et une partie ré�é
hie. A�nde sonder le diagramme de transmission, nous laissons maintenant les atomes sepropager pendant un temps long tprop = 100 ms pour lequel tous les atomes ont �nid'interagir ave
 le réseau, et nous faisons varier la profondeur du réseau. Pour 
haqueprofondeur, l'image est moyennée dans la dire
tion transverse et les pro�ls pour
haque profondeur sont ensuite regroupés. Le diagramme ainsi obtenu est séparé enune partie transmise (à droite) et une partie ré�é
hie (à gau
he) (voir Fig. 7.22). Lapartie transmise présente un stru
ture en dents de s
ie, et la partie ré�é
hie est son
omplémentaire. Ce
i peut se 
omprendre fa
ilement, en e�et, pour un temps depropagation long, et en supposant que l'on peut négliger les e�ets de retard asso
iésà la di�usion, il est possible d'asso
ier 
haque position dans la partie transmise dudiagramme à une 
lasse de vitesse de l'onde de matière initiale. La densité observéeest alors la 
onvolution de la transmission à travers le réseau par la distribution desvitesses initiale représentée en gris sur la �gure 7.20. Selon les paramètres du réseauet du paquet d'onde initial, 
e système peut don
 réaliser di�érents types de �ltresen vitesse, passe-haut, passe-bas ou passe-bande (voir Fig. 7.20).E�ets 
avitéPour expliquer l'essentiel des e�ets présentés i
i, il n'est né
essaire de 
onsidérerqu'un miroir de Bragg. Cependant 
omme l'enveloppe du réseau est symétrique, ilexiste toujours deux miroirs de Bragg à des positions symétriques autour du 
entredu réseau. Ces miroirs peuvent alors former alors une 
avité de Bragg. Les e�etsasso
iés à 
ette 
avité ne sont pas visibles dans l'expérien
e de di�usion. Cependantil est possible d'observer grâ
e aux simulations que lors d'une di�usion, un faiblenombre d'atomes e�e
tue des os
illations entre deux positions symétriques 
orre-
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Figure 7.23: Parties réelle et imaginaire de k ave
 U0/EL = 2.5. Les régions où
Im(k) 6= 0 sont les gaps spatiaux qui 
orrespondent à des solutions évanes
entes.Les 
hi�res romains indiquent l'indi
e de bande. La ligne blan
he représente ladistribution initiale d'énergie (95 % des atomes).spondants aux miroirs de Bragg. A 
haque ré�e
tion sur un des miroirs, une portiondes atomes traverse le miroir et est dé
ouplée.Réalisation d'une barrière tunnel à l'aide de gaps spa-tiauxStru
ture de bande lo
aleA�n de 
omprendre la dynamique dans la 
avité de Bragg, il est utile de présenter lastru
ture de bande lo
ale du réseau. A 
haque position est asso
iée une profondeurlo
ale du réseau. L'exposant 
ara
téristique des solutions de Mathieu dépend alorsde l'énergie et de la position dans le réseau (voir Fig. 7.23). Cette stru
ture faitapparaître des régions symétriques autour du 
entre du réseau où la partie imaginairede l'exposant 
ara
téristique est non nulle. Ces gaps spatiaux de taille �nie séparentles di�érentes bandes autorisées. Certaines régions autorisées de 
e diagramme sontentourées de deux gaps spatiaux et 
onstituent alors des 
avités de Bragg. Pourle diagramme présenté i
i (U0 = 2.5EL), 
es régions 
orrespondent aux bas de latroisième et de la quatrième bande.A l'aide du modèle de gaps spatiaux, il est possible de 
al
uler la probabilité detransmission à travers un gap d'une parti
ule d'énergie E en intégrant l'exposant
ara
téristique:

T (E) = exp

(
∫

−2Im[k(z, E)]dz

)

. (7.23)
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Figure 7.24: (a) S
héma de l'évolution d'unpaquet d'onde à l'intérieur du réseau et dé�-nition de T et T2. (b) Probabilités de trans-mission. Ligne bleue 
ontinue: transmissionà travers la moitié du réseau, les régions deré�e
tion 
orrespondent à des gaps spatiauxlarges. Ligne rouge pointillé: Transmission àtravers une barrière Gaussienne de varian
e
σ = 387 nm. Tirets verts: probabilité de tra-verser par e�et tunnel après une os
illation.

La probabilité de transmission à travers la moitié du réseau présente en fon
tionde l'énergie une allure en forme de dents (voir Fig. 7.24). La transmission diminuelorsqu'un nouveau gap apparaît au 
entre du réseau. Il est aussi possible de 
al
ulerla probabilité pour une parti
ule d'être ré�é
hie par un miroir de Bragg puis detraverser le miroir symétrique, T2 = T (E)(1−T (E)). Cette probabilité présente despi
s à 
ha
une des mar
hes de la transmission simple.Il est intéressant de 
omparer les barrières tunnel obtenues grâ
e aux gaps spa-tiaux ave
 des barrières tunnel répulsives. Pour 
ela, on peut 
omparer la largeurdes mar
hes de transmission qui 
ara
térise l'e�et tunnel. I
i, la largeur de la pre-mière mar
he est équivalente à 
elle produites par une barrière répulsive de déviationstandard σ = 387 nm. Une barrière si petite est 
omplexe à mettre en pla
e ex-périmentalement par exemple par des moyens optiques. Une barrière tunnel dansl'espa
e des position qui résulte d'une variation de l'enveloppe du réseau peut don
fournir une bonne alternative aux barrières répulsives.Expérien
eA�n d'obtenir un paquet d'onde initial dans un 
avité de Bragg, il est né
essaire de
harger les atomes sur une bande élevée du réseau. Pour la profondeur de réseau
hoisie U0 = 2.5EL, les atomes doivent être 
hargés dans la troisième et la quatrièmebande. Le 
ondensat est préparé à la position du 
entre du réseau dans l'état mag-nétique mF = +1. Les atomes sont ensuite dé
ouplés puis a

élérés en 4 ms dansle guide jusqu'à v̄ = 9.4 mm/s en l'absen
e de réseau. Puis, le réseau est alluméadiabatiquement de fa��on à 
onserver l'indi
e de bande et la pseudo-impulsion.Les atomes se propagent ensuite pendant un temps variable.La �gure 7.25 montre la densité atomique le long du guide en fon
tion du tempsde propagation. Les atomes sont dirigés initialement vers la droite du réseau. Une
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-500 0 500Figure 7.25: (a) Pro�l de densité mesuré en fon
tion du temps de propagation.Chaque ligne est la moyenne de 4 images intégrées selon la dire
tion transverse. (b)Intégration numérique de l'équation de S
hrödinger pour les paramètres expérimen-taux.
partie des atomes, 
eux qui ne ren
ontrent jamais de gap, quittent immédiatementle réseau. A l'intérieur du réseau, on observe ensuite des os
illations en forme"d'épines". Après quelques 
y
les, 
es os
illations sont brouillées. Des paquetsd'un petit nombre d'atomes 
orrespondant à des 
lasses de vitesse bien déterminéessont émis à 
haque fois que les atomes sont ré�é
his sur un miroir de Bragg. Deuxpaquets α et β qui 
orrespondent à des atomes initialement sur la quatrième et latroisième bande respe
tivement sont su

essivement dé
ouplés.Les paquets d'atomes dé
ouplés 
orrespondent aux atomes qui ont été ré�é
hispar le premier miroir de Bragg puis sont passés par e�et tunnel à travers le se
ond.Les vitesses mesurées de 
es paquets 
orrespondent aux pi
s de la probabilité T2prédits par le modèle de bandes lo
ales (voir Fig. 7.24).
Déphasage des di�érentes 
omposantes de vitesseLes di�érentes 
omposantes de vitesse ne se dépla
ent pas à la même vitesse àl'intérieur du réseau, les 
omposantes d'énergie plus élevés se propageant plus vite.De plus, la taille de la 
avité de Bragg augmente ave
 l'énergie. Pour une envelopeGaussienne, le se
ond e�et est plus important, de sorte que la période d'os
illationaugmente ave
 l'énergie. Cet e�et dispersif limite le nombre d'os
illations visibles.Comme les deux e�ets sont opposés, il est néanmoins théoriquement possible demodi�er l'envelope du réseau de fa��on à 
e que la variation ave
 l'énergie de lataille de la 
avité 
ompense exa
tement la variation de vitesse de groupe. Une



153envelope modi�ée du type:
U(z) = −U0 exp(−2z2/w2)

(

1 +
z2

D2

)

, (7.24)ave
 D = 112 µm, permet ainsi d'annuler les e�ets de dispersion au premier ordre.Une telle envelope peut être obtenue par exemple grâ
e à des plaques holographiques.Ce
i permettraient d'observer plus d'os
illations à l'intérieur de la 
avité et de mieuxlo
aliser les paquets d'onde émis.Di�usion sur un réseau modulé en amplitudeLa di�usion d'ondes de matière sur un réseau optique permet de réaliser di�érentstypes de �ltres en vitesse. Cependant, les 
ara
téristiques de 
es �ltres sont dire
te-ment liées à la taille d'un site du réseau, et sont don
 peu modi�ables. Nous allonsvoir qu'il est possible d'apporter beau
oup de �exibilité en modulant l'amplitude duréseau.L'expérien
eDe fa��on similaire à l'expérien
e de la se
tion 7.7, les atomes sont a

élérés versun réseau d'envelope Gaussienne. L'amplitude du réseau est 
ette fois modulée àdes fréquen
es de l'ordre de la dizaine de kHz. Nous étudions i
i la transmission àtravers le réseau en fon
tion de la fréquen
e de modulation, pour une profondeurmoyenne �xée U0 = 2EL. De nouveau, le temps de propagation, tprop = 78 ms est telque tous les atomes ont �ni d'interagir ave
 le réseau et qu'il est possible d'asso
ierposition �nale et vitesse initiale. La �gure 7.26 présente les pro�ls de densité obtenusen fon
tion de la fréquen
e de modulation.On observe dans la partie transmise di�érentes déplétions dont la position varieen fon
tion de la fréquen
e de modulation. Certaines de 
es lignes de déplétion ontun symétrique dans la partie ré�é
hie et 
orrespondent à la ré�e
tion de 
ertaines
lasses de vitesse. La ligne rouge (voir Fig. 7.26) n'as pas de symétrique, elle
orrespond à des 
lasses de vitesse a

élérées par la modulation.Modèle de transitions interbandesA�n de 
omprendre l'origine des lignes de déplétion, nous présentons d'abord unmodèle simple basé sur des transitions interbandes dans la limite d'un réseau d'amplitudenulle. Une parti
ule in
idente entre sur une bande donnée ave
 une pseudo-impulsion�xée par son énergie. Supposons maintenant que la modulation d'amplitude provoquedes transitions interbandes. A 
ause des symétries du potentiel périodique, 
es tran-sitions 
onservent la pseudo-impulsion et sont don
 verti
ales dans le diagramme debande. Dans la limite de profondeur nulle, la stru
ture de bande n'est rien d'autre
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Figure 7.26: (a) S
héma del'expérien
e. (b) Pro�ls de den-sité mesurés n(z, tacc+tprop) aprèsun temps de propagation tprop =
78 ms en fon
tion de la fréquen
ede modulation. L'amplitude demodulation est η = 30%, et laposition du réseau est représentéepar la ligne pointillé. (
) Simu-lation numérique pour les mêmeparamètres que l'expérien
e. Onobserve des déplétions dont la po-sition dépend de la fréquen
e.



155qu'une parabole repliée, il est alors aisé de 
al
uler la di�éren
e d'énergie entre labande initiale et les di�érentes bandes sur lesquelles la parti
ule peut être transférée.Les fréquen
es asso
iées aux di�érentes transitions dépendent de la vitesse in
idente
v0:

±νn→n′ =
En − En′

h
= −(n− n′)2νL +

n′ − n

d
v0, (7.25)où n et n′ sont des entiers. Les fréquen
es des di�érentes transitions interbandesvarient linéairement ave
 la vitesse in
idente, leurs pentes et positions 
orrespondentpré
isément aux lignes de déplétion observées dans l'expérien
e. Chaque ré�e
tioninduite par la modulation 
orrespond don
 à une transition interbande. Pour avoirune 
ompréhension plus 
omplète des phénomènes en terme de pro
essus élémen-taires, nous utilisons 
i-après le formalisme de Floquet-Blo
h.

Analyse à l'aide des états de Floquet-Blo
hDans le 
as d'un Hamiltonien périodique à la fois en espa
e et en temps, il estpossible d'étendre le théorème de Blo
h. Les solutions de l'équation de S
hrödingeront alors la forme d'un état de Floquet-Blo
h:
ψn,k(z, t) = ei(kz−εn(k)t/~)un,k(z, t), (7.26)où εn(k) sont les quasi-énergies et les fon
tions un,k sont bi-périodiques. A l'aidede 
es états, nous 
onstruisons un nouveau diagramme de bande. Ce diagrammeest la superposition de diagrammes de Blo
h dé
alés de multiples de la fréquen
ede modulation. A 
haque 
roisement entre deux diagrammes de Blo
h, le 
ouplageintroduit par la modulation produit un anti
roisement.La traje
toire d'une parti
ule dans le diagramme de Floquet-Blo
h peut alorsêtre simulée par un modèle semi-
lassique. Ce modèle dé
rit la traje
toire d'uneparti
ule sur une bande donnée via l'évolution 
ouplée de sa position et de sa pseudo-impulsion, et prend en 
ompte la possibilité de 
hanger de bande via une transitionLandau-Zener. Le modèle semi-
lassique reproduit bien les résultats expérimentauxet permet d'analyser la dynamique d'une parti
le isolée. La �gure 7.27 présente lestraje
toires de parti
ules 
orrespondants à 
ertaines lignes de déplétion observéesdans l'expérien
e notées 1, 2 et 3 (voir Fig. 7.26).Dans 
haque 
as, le phénomène 
lef est l'absorption adiabatique d'une ex
itationdu réseau. La parti
ule subit ensuite une ré�e
tion de Bragg en bord de la zone deBrillouin. Les traje
toires dans l'espa
e réel peuvent alors être très 
omplexe 
ommepar exemple dans le 
as de la traje
toire (1) où la vitesse de la parti
ule 
hange troisfois de signe.
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Figure 7.27: (a) Vitesse et nombre moyen d'ex
itations de Floquet 〈nF 〉 en fon
-tion du temps de propagation pour des paramètres 
orrespondant à trois lignes dedéplétion di�érentes (voir Fig. 7.26). (b) Diagramme de Floquet-Blo
h à la po-sition pertinente. Les �é
hes indiquent les traje
toires des parti
ules dans le di-agramme de bande. (1) Ré�e
tion sur un gap ouvert par la modulation, v =
10.3 mm/s, ν = 8 kHz. (2) Ré�e
tion sur un anti
roisement suivi d'une ré�e
tionde Bragg. (3) a

élération transitoire par absorption d'une ex
itation de Floquet. αindique l'absorption ou émission d'une ex
itation de Floquet et β une ré�e
tion detype Bragg.



157Appli
ation: �ltre en vitesseIl est possible d'utiliser simultanément di�érentes fréquen
es de modulation a�nde 
réer un �ltre en vitesse a

ordable. Par exemple, en 
ombinant les déplétionsinduites par deux fréquen
es de modulation pro
hes l'une de l'autre, nous pouvons
réer entre des 
lasses de vitesse rejetées un �ltre passe-bande. Nous parvenonsainsi à �ltrer une 
lasse de vitesse de dispersion ∆v ≃ 450 µm/s. Cette te
hniqueà l'avantage de ne pas reposer sur une stru
ture interne parti
ulière et est don
transposable à tous les types d'atomes.
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Appendix APublished papersThis appendix presents the papers written during this thesis along with the abstra
ts.A.1 Zeeman slowers made simple with permanentmagnets in a Halba
h 
on�gurationP. Cheiney, O. Carraz, D. Bartoszek-Bober, S. Faure, F. Vermers
h,C. M. Fabre, G. L. Gattobigio, T. Lahaye, D. Guéry-Odelin, & R. Math-evetReview of S
ienti�
 Instruments, 82, 063115 (2011)We des
ribe a simple Zeeman slower design using permanent magnets. Contraryto 
ommon wire-wound setups no ele
tri
 power and water 
ooling are required.In addition, the whole system 
an be assembled and disassembled at will. Themagneti
 �eld is however transverse to the atomi
 motion and an extra repumperlaser is ne
essary. A Halba
h 
on�guration of the magnets produ
es a high qualitymagneti
 �eld and no further adjustment is needed. After optimization of the laserparameters, the apparatus produ
es an intense beam of slow and 
old 87Rb atoms.With typi
al �uxes of 1 to 5× 1010 atoms at 30 m/s, our apparatus e�
iently loadsa large magneto-opti
al trap with more than 1010 atoms in one se
ond, whi
h is anideal starting point for degenerate quantum gases experiments.A.2 Realization of a distributed Bragg re�e
tor forpropagating guided matter wavesC. M. Fabre, P. Cheiney, G. L. Gattobigio, F. Vermers
h, S. Faure, R.Mathevet, T. Lahaye & D. Guéry-OdelinPhys. Rev. Lett., 107, 230401 (2011)



162 Published papersWe report on the experimental realization of a Bragg re�e
tor for guided matterwaves. A Bose-Einstein 
ondensate with 
ontrolled velo
ity distribution impingesonto an attra
tive opti
al latti
e of �nite length and dire
tly probes its band stru
-ture. We study the dynami
s of the s
attering by this potential and 
ompare theresults with simple one-dimensional models. We emphasize the importan
e of takinginto a

ount the gaussian envelope of the opti
al latti
e whi
h gives rise to Bragg
avity e�e
ts. Our results are a further step towards integrated atom opti
s setupsfor quasi-
w matter waves.A.3 Guided atom laser: transverse mode qualityand longitudinal momentum distributionF. Vermers
h, C. M. Fabre, P. Cheiney, G. L. Gattobigio, R. Mathevet& D. Guéry-Odelin.Phys. Rev. A, 84, 043618 (2011)We analyze the out
oupling of a matter wave into a guide by a time-dependentspilling of the atoms from an initially trapped Bose-Einstein 
ondensate. This pro-
ess yields intrinsi
ally a breakdown of the adiabati
 
ondition that triggers theout
oupling of the wave fun
tion. Our analysis of the time-dependent engineeringand manipulation of 
ondensates in momentum spa
e in this 
ontext enables towork out the limits due to intera
tions in the mode quality of a guided atom laser.This study is 
onsistent with re
ent experimental observations of low transverse ex-
itations of guided atom lasers and suggests (i) an optimal strategy to realize su
hquasi-monomode guided atom lasers with, in addition, the lowest possible longitu-dinal velo
ity dispersion, or alternatively (ii) a strategy for engineering the atomi
�ux of the atom laser.A.4 Matter wave s
attering on an amplitude-modulatedopti
al latti
eP. Cheiney, C. M. Fabre, F. Vermers
h, G. L. Gattobigio, R. Mathevet,T. Lahaye & D. Guéry-Odelin.Phys. Rev. A, 87, 013623 (2013)We experimentally study the s
attering of guided matter waves on an amplitude-modulated opti
al latti
e. We observe di�erent types of frequen
y-dependent dipsin the asymptoti
 output density distribution. Their positions are 
ompared quan-titatively with numeri
al simulations. A semi
lassi
al model that 
ombines lo
alFloquet-Blo
h bands analysis and Landau-Zener transitions provides a simple pi
-



A.5 Realization of tunnel barriers for matter waves using spatial gaps163ture of the observed phenomena in terms of elementary Floquet photon absorp-tion/emission pro
esses and envelope-indu
ed re�e
tions. Finally, we propose anddemonstrate the use of this te
hnique with a bi
hromati
 modulation to design atunable sub-re
oil velo
ity �lter. Su
h a �lter 
an be transposed to all spe
ies sin
eit does not rely on a spe
i�
 internal level 
on�guration of the atoms.A.5 Realization of tunnel barriers for matter wavesusing spatial gapsP. Cheiney, F. Damon, G. Condon, B. Georgeot & D. Guéry-OdelinarXiv:1302.1811 (2013)We experimentally demonstrate the trapping of a propagating Bose-EinsteinCondensate in a Bragg 
avity produ
ed by an attra
tive opti
al latti
e with asmooth envelope. As a 
onsequen
e of the envelope, the band gaps be
ome position-dependent and a
t as mirrors of �nite and velo
ity-dependent re�e
tivity. We di-re
tly observe both the os
illations of the wave pa
ket boun
ing in the 
avity pro-vided by these spatial gaps and the tunneling out for narrow 
lasses of velo
ity.Syn
hronization of di�erent 
lasses of velo
ity 
an be a
hieved by proper shaping ofthe envelope. This te
hnique 
an generate single or multiple tunnel barriers for mat-ter waves with a tunable transmission probability, equivalent to a standard barrierof submi
ron size.
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Appendix BMore on the out
oupling dynami
sIn this appendix, we wish to adress a few questions motivated by the experimentalobservations. In parti
ular, the output velo
ity does not vary as a fun
tion of thelaser detuning as expe
ted by the naive model presented at the beginning of 
hapter1. A linear relation with dvf/dδ0 = −0.78 m.s−1/MHz is expe
ted, while, a slope
lose to 1 m.s−1/MHz is observed experimentally. This dis
repan
y is related to somequestions: under whi
h 
onditions does the atom follow the resonan
e 
onditionduring the slowing? What happens during the extra
tion of the atoms at the outputof the ZS?Approximations to the equation of motionThe a

eleration resulting from the radiation pressure (1.2) reads:
a = −a0

s0

1 + 4 (δ0 + kv(z)− µB(z)/~)2 /Γ2 + s0
. (B.1)This equation 
annot be solved analyti
ally be
ause of the non-linear terms in vand z. It is instru
tive, however, to develope the equation of motion around theresonan
e 
ondition ideally followed by the atoms. Let us therefore de�ne v′ = v−vRwhere vR = vc

√

1− z/ℓ, is the velo
ity of an atom that is 
onstantly de
elerated at
a = −ηa0 (η < 1), and is at rest at the output of the ZS. For a given traje
tory, thea

eleration is a = vdv/dz. The 
hange of variables permits to 
an
el out the termsthat depend on z in the detuning. The equation of motion be
omes:

(v′ + vR)
d(v′ + vR)

dz
= −a0

s0
1 + s0 + 4(δ′0 + kv′)2/Γ2

, (B.2)where δ′0 = δ0 − µBb/~. If v′ ≪ vR, (i.e we are 
lose from the expe
ted traje
tory),it is possible to solve equation (B.2) at di�erent orders in v′/vR. At the zero-thorder, we obtain:
a0

(

s0
1 + s0 + 4(δ′0 + kv′)2/Γ2

− η

)

= 0. (B.3)
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Figure B.1: (a) An atom rea
hes an equilibrium velo
ity v′eq for whi
h the a

elerationis a = ηa0. Blue: dire
t numeri
al integration of the non-linear equation of motion.Green (violet): solution at the zero-th (�rst) order in v′/vR. (b) At the output of theZS, the a

eleration in
reases until it rea
hes a0, the atoms are then out
oupled.The atom rea
hes in the de
elerated frame a stationary velo
ity su
h that the de-tuning stay 
onstant but non zero:1

kvstat = −δ′0 −
Γ

2

√

(

1− η

η

)

s0 − 1. (B.4)The atom traje
tory is then set on one edge of the resonan
e pro�le. The traje
torygets 
loser to the 
enter of the resonan
e pro�le as η gets 
loser to 1. Figure B.1 (a)shows the velo
ity in the de
elerated frame 
al
ulated by integrating numeri
allythe Eq. B.2 along with the 
al
ulated stationary velo
ity, we see that inside the ZS,the atom, 
lings to the expe
ted stationary velo
ity.Besides being slowed down, the atomi
 beam is also 
ooled. Indeed, at the �rstorder in v′/vR, the equation (B.2) be
omes:
dv′

dz
=

−a0
vR

(

s0
1 + s0 + 4(δ′0 + kv′)2/Γ2

− η

)

+
v2c
lv′
. (B.5)It is then possible to expand the terms on the right around the stationary velo
ity

vstat. We see then that the di�eren
e to the stationary velo
ity v′ − vstat is damped(d(v′ − v′eq)/dz = −γ(v′ − v′eq)), with a damping
γ =

8γDη
2

s0

√

(

1− η

η
− 1

)

, (B.6)where we introdu
ed the parameter γD = ~k2/4m that 
orresponds to the maximumdamping for a two-level atom. The 
ooling of the atomi
 beam in a ZS and in anopti
al molasse have the same origin (without 
onsidering the internal stru
ture),however, in pra
ti
e, the velo
ity dispersion in a ZS is generally mu
h higher than1The solution with the + sign is unstable.



167in a molasse be
ause it is ultimately di
tated by the out
oupling me
hanism at theoutput of the ZS.2Out
ouplingThe 
ondition v′ ≪ vR is not ful�lled when:
• v′ is too high, this o

urs at the entran
e of the ZS, when the atom has notyet rea
hed the resonan
e 
ondition.
• vR tends to zero at the output.In these two 
ases, it is ne
essary to integrate numeri
ally the Eq. (B.2). In the �rst
ase, we see that v′ rea
hes its equilibrium value in an overdamped regime withoutos
illation (see Fig. B.1 (a)). The se
ond 
ase is more interesting and explainthe fa
t that the output velo
ity does not vary with the detuning δ0 as simply assuggested by the naive model. The magneti
 �eld has been 
al
ulated to indu
e a
onstant a

eleration. However, this is not ne
essarily ful�lled everywhere inside theZS even in the 
ase of the ideal magneti
 �eld. Indeed, if we take the derivative ofthe resonan
e 
ondition

kv − µB/~ = cst, (B.7)we �nd that the a

eleration is not 
onstant and equal to
a = −ηa0

(

1− δ′0

µ∆B/~
√

1− z/ℓ

)

. (B.8)The a

eleration is stri
tly 
onstant only if δ′0 = 0, i.e if the atoms are extra
tedexa
tly at rest. This is not possible experimentally sin
e the atomi
 beam wouldthen be
ome very divergent. In all other 
ases, be
ause of the term 1/
√

1− z/ℓ,the a

eleration required to follow the resonan
e 
ondition will eventually be
omelarger than the maximum a

eleration before the output of the ZS. At this lo
ation,the atom is out
oupled and will not fully bene�t from the slowing in the last partof the ZS.The atoms are out
oupled when a be
omes larger than a0s0/(1 + s0), it o

ursat a lo
ation:
zout = ℓ

(

1−
(

~δ
′

0

µ∆B
(1 + s0)

)2
) (B.9)In normal 
onditions of operation, ~δ′

0 ≪ µ∆B), therefore, the out
oupling positionis lo
ated only a few millimeters before the end of the ZS. This does not 
ompromisethe working out of the ZS, however, it has an important e�e
t on the output velo
ity.Using Eqs. (B.4) and (B.9), and assuming that the atoms are not de
eleratedanymore after the out
oupling, it is now possible to 
ompute the variation of the2An important transverse inhomogeneity 
an also result in an in
rease of the velo
ity dispersion.
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Figure B.2: Output velo
ity as a fun
tion of the detuning: experimental (
ir
le), withthe naive model (Dash-dotted line), the model with premature out
oupling (dashedline) and using a full numeri
al resolution (plain line).�nal velo
ity. The �nal velo
ity does not vary as a fun
tion of the detuning as simplyas expe
ted using a simple approa
h.
kvf = −δ′0



1 +
1 + s0

s0

(

1−η
η

)

− 1



− Γ

2

√

(

1− η

η

)

s0 − 1. (B.10)Figure B.2 presents the measured �nal velo
ity as a fun
tion of the detuning alongwith the result from the three 
al
ulations: the naive model presented in the begin-ning of the 
hapter, the 
al
ulation in whi
h we take into a

ount the out
ouplingposition, and the result of the numeri
al integration of the dynami
s. The outputvelo
ity roughly varies linearly with the detuning. As outlined before, the slope pre-di
ted by the naive model (dash-dotted line) is too small. On the 
ontrary, the slopeobtained with our se
ond model (dashed line) is too large and does not reprodu
ethe experimental results. This means that atoms are still signi�
antly slowed evenafter the out
oupling. The 
omplete numeri
al integration (plain line) that takesthis e�e
t into a

ount provides the best agreement.



Appendix CMagneti
 material 
hara
terizationBe
ause in our magnet 
on�gurations, magnets are going to be 
lose to one another,it is important to know to whi
h extent their 
ontributions to the total magneti
�eld 
an be added independently. Besides, the geometry of a magneti
 material hasa priori an in�uen
e on its magnetization. The values of magnetization found inthe datasheet are measured on materials in a torus geometry. It is important toknow if the magnetization 
hanges signi�
antly for our 
uboid magnets. To answerthese questions, we use the material 
hara
teristi
M(H) (see Fig. C.1). For "hard"magneti
 materials, the 
hara
teristi
s has the shape of a large re
tangle. S
hemat-i
ally, we 
an 
onsider that the magnetization swit
hes between to values ±Msat.The half-width of the re
tangle is the intrinsi
 
oer
ive �eld Hci ≃ 1, 1 kA/mm forour magnets. It represents the external magneti
 �eld one has to apply to reversethe polarity of the magnet. The total magneti
 �eld experien
ed by a magnet is thesum of the �eld produ
ed by the other magnets and of its own magneti
 �eld also
alled demagnetizing �eld Hdem. Computing the demagnetizing �eld is in general avery 
omplex task and strongly depends on the geometry of the magnet. However,there is a simple solution if we suppose that the magnetization is homogeneous. Inthis 
ase, thanks to the linearity of Maxwell's equations, the demagnetizing �eld isproportional to the magnetization Hdem = −NdM , where Nd is the demagnetizingfa
tor that depends only on the geometry. In the two realizations, the magnet ge-ometries are su
h that Nd ∼ 0.75 and 0.5 respe
tively. This leads to quite strongdemagnetizing �elds Hdem = −0.75 kA/mm and −0.5 kA/mm (see Fig. C.1). How-ever, thanks to the high �atness of the 
hara
teristi
, these e�e
t remain very smallin our 
ase. The magnetization is redu
ed in the two setups of 2% and 0.5% re-spe
tively. This e�e
t was not taken into a

ount in the following where we supposethat the magnetization is 
onstant and equals to M = Msat = 0.95 kA/mm. The�eld produ
ed by the other magnets, on the order of Hext ∼ 25 A/mm is very small
ompared to the demagnetization �eld. As a 
onsequen
e, it is 
ompletely negligible.



170 Magneti
 material 
hara
terization

Hd

Msat

Mcorr

Figure C.1: The 
ara
teristi
 M(H) has a re
tangular shape, 
orrelatively B(H) isalmost a straight line. The 
oer
ive �eld for the N35 grade is Hci ≃ 1, 1 kA/mm andthe residual indu
tion Br = 12 kG (Msat = Br/µ0 = 0.95 kA/mm). The demagne-tizing �eld though important only leads to 0.5 and 2 % 
hanges in the magnetization.



Appendix DAtomi
 �ux from absorptionmeasurementsIn this appendix, we develop the 
al
ulations to extra
t the atomi
 �ux from theabsorption measurements.Let us assume that the atomi
 beam has a 
ylindri
al symmetry and that theprobe is small 
ompared to the size of the atomi
 beam. Let n(ρ) denote the beamdensity at a distan
e ρ from the 
enter and f(v) the atomi
 velo
ity distribution.The atom �ux is:
Φ =

∫ +∞

0

2πρdρ n(ρ)

∫ +∞

0

dv vf(v). (D.1)For a probe beam at an angle θ from the atomi
 beam, the absorption signal A(∆)is:
A(∆) =

∫ +∞

−∞

dρ

sin θ
n(r)

∫ +∞

0

dv f(v)σ(v,∆), (D.2)where σ(v,∆) = σ0/(1 + 4∆′2/Γ2) with ∆′ = ∆ + kv cos θ is the absorption 
rossse
tion. In the limit where the Doppler broadening is mu
h larger than the natural
θ

ρAtomi
 beam ProbeFigure D.1: Sket
h of the atomi
 beam dete
tion s
heme by an absorption probe.



172 Atomi
 �ux from absorption measurementslinewidth, k δv cos θ ≪ Γ, we 
an approximate the absorption 
ross se
tion by a
δ-fun
tion:

σ(v,∆) ≈ 2

π
σ0δ

(

∆

Γ
− v cos θ

λΓ

)

.In that 
ase Eq. (D.2) simpli�es:
A(∆) =

2

π
σ0

λΓ

cos θ
f

(

λ∆

cos θ

)
∫ +∞

−∞

dρ

sin θ
n(ρ)and Eq. (D.1) is

Φ = C D
λ tan θ

σ0Γ

∫ +∞

−∞

d∆ ∆A(∆), (D.3)where D is the typi
al atom beam diameter and C a 
onstant near unity de�neda

ording to:
C =

π

2

1

D

∫ +∞

0
2πρdρ n(ρ)

∫ +∞

−∞
dρ n(ρ)

.For a homogeneous 
ylindri
al beam C = π2/8. The atom �ux is thus measuredfrom the absorption signal by numeri
al integration following Eq. (D.3).



Appendix ERe
ir
ulating ovenThe atomi
 beam is 
reated by an e�usive oven loaded with 15 g of rubidium. Inorder to maximise the oven lifetime, we use a re
ir
ulating design. As 
omparedto the so-
alled `
andlesti
k' designs,[138, 139℄ our oven, inspired in part by [140℄ isvery simple and easy to operate. We have built several versions of the oven over thelast �ve years, with minor variations between them, and observed 
omparable per-forman
es. The same design has been used also for a sodium BEC setup produ
ingextremely large 
ondensates [141℄ but no detailed des
ription is given there.A general view of the oven, made of standard CF-16 and CF-40 ultra-high va
-uum �ttings, is shown on Fig. E.1. A �rst 
hamber 
ontains, at the bottom, moltenrubidium kept at temperature T1, in equilibrium with rubidium vapor, whi
h ef-fuses through a 
ir
ular aperture of diameter d1 = 8 mm drilled in the 
enterof a blank CF-16 
opper gasket. The other parts of the 
hamber are kept at
T2 = T3 = T4 ∼ T1 + 30 K in order to avoid the a

umulation of rubidium ona 
old spot and possible 
logging of the oven aperture. The temperatures T1 to T4are a
tively stabilized by means of four PID 
ontrollers, thermo
ouples as temper-ature sensors, and heating bands as a
tuators. The re
ir
ulation tube may also beheated just above the melting temperature of Rubidium to prevent it to be from

Liquid rubidium

Recirculation tube

Rubidium
vapor

Glass ampule
initially containing
solid rubidium

Collimated beam

High-current feedthrough

To thermo-electric cooler

Copper cold finger
T1

T2

T3

T5

T4

d1 d2

UHV rotating
feedthrough

Beam shutter

Figure E.1: Sket
h of the re
ir
ulating oven. Hat
hed re
tangles represent heaters.



174 Re
ir
ulating ovenbeing blo
ked by solid Rubidium. To a
hieve a good thermal insulation, the oven is
overed with two layers of alkaline earth sili
ate wool and an external foil of metal
oated Mylar. In steady state, the average power 
onsumption is a few tens of watts.A se
ond 
hamber (made of a 
oni
al CF-16 to CF-40 adapter) is used to 
ollimatethe beam by means of a se
ond aperture (diameter d2 = 4 mm) lo
ated 80 mmdownstream.The rubidium not used in the 
ollimated beam a

umulates into this 
hamber.Liquid rubidium at temperature T5 < T1 �ows ba
k by gravity to the �rst 
hamberthrough a 6 mm inner diameter stainless steel tube. A pie
e of gold-plated stainlesssteel mesh (Alfa-Aeser ref. 42011) 
overs the inside of the re
ir
ulating 
hamber toease the a

umulation of rubidium in its lower part.1The loading of the oven is made in a very simple way: we 
ool down the rubidiumampule(s) in liquid nitrogen, break the glass with pliers, and insert the ampulesupside down into the �rst oven 
hamber. We then 
lose this 
hamber with a blankCF-16 �ange, and pump down the oven to ∼ 10−6 mbar with a turbomole
ularpump. When heating the oven, the rubidium melts and drips to the bottom of the�rst 
hamber.

1In some versions of the oven we rolled a small quantity of this mesh into a `wi
k' that wasinserted into the re
ir
ulation tube, in order to help re
ir
ulation by 
apillary a
tion. However theovens without this wi
k showed similar performan
e and the presen
e of the mesh is probably notne
essary at all.



Appendix FIdeal Halba
h 
ylinderIn this appendix, we develop the magneti
 �eld 
al
ulations produ
ed by magnetsin the ideal Halba
h 
ylinder 
on�guration depi
ted in Fig. F.1. Using polar 
oor-dinate, the magnetization reads:
M =M0(cos θur + sin θuθ) (F.1)Let us show that the resulting magneti
 �eld B:

• vanishes for r > Rext,
• is uniform for r < Rint,with inside the rim:

B = µ0M0 ln
Rext

Rint
uy. (F.2)The magnetization distribution is equivalent to the following distribution of (i)surfa
e 
urrent js = M × n, (ii) volume 
urrent j = ∇×M .

• internal surfa
e r = Rint: js =M0 sin θuz.
• external surfa
e r = Rext: js = −M0 sin θuz.
• volume 
urrent: j = M0

r
(∂r(r sin θ)− ∂θ cos θ)uz = 2M0 sin θ/ruz.Let us �rst work out the 
ontribution of the surfa
e 
urrents. To do that, letus remark that the 
urrent distribution js = js0 sin θuz is equivalent to the volume
urrent distribution of two plain 
ylindri
al 
ondu
tors with radius r and 
urrentin opposite dire
tion shifted in the x dire
tion by a small distan
e ε (see Fig. F.2).The magneti
 �eld produ
ed at the point M by one 
ylindri
al 
ondu
tor is wellknown and reads B(Mint) =
µ0j
2
uz ×OiM . It follows by linerarity of the Maxwellequation that the magneti
 �eld produ
ed by the surfa
e 
urrent distribution reads:

B(M) =
µ0j

2
uz × (O2M −O2M) =

µ0jε

2
uz × ux (F.3)
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h 
ylinder
Figure F.1: Ideal Halba
h 
ylindermagneti
 
on�guration, the magnetiza-tion at an angle θ from the y axis forman angle 2θ with the same axis.

y

x

θ

ϕ

js = js0 sin θ

y

x
O1 O2

j−j

εε
= lim
ε→0

jε = js0

Figure F.2: Equivalen
e between a surfa
e 
urrent of the type js = js0 sin θ and twoplain 
ondu
tor shifted by a small distan
e ε and 
arrying 
urrents j = ±js0/ε.
B(M) =

µ0

2
js0uy (F.4)interestingly, this does not depend on the radius of the 
ylinder that support thesurfa
e 
urrent. The 
ontributions of the internal and external surfa
es thus 
om-pensate ea
h other.Let us now work out the 
ontribution of the volume 
urrents. Be
ause theproblem is in two dimensions, it is useful here to use the following 
omplex notations:

z = x+ iy = reiϕ, (F.5)and
B = Bx + iBy. (F.6)



177With these notation, the magneti
 �eld produ
ed at lo
ation z0 generated by a
urrent �lament I in�nite in the z dire
tion, at lo
ation z reads:
B =

µ0I

2iπ

1

z0 − z
. (F.7)We 
an now integrate the 
ontributions of the elementary volume 
urrent j. Thetotal magneti
 �eld reads:

B =
µ0

2iπ

∫∫

j

z0 − z
rdrdϕ. (F.8)let us use the Taylor expansion of the term 1/(z0 − z), inside the rim (|z0| < |z|):

1

z0 − z
= −

∞
∑

n=1

z0
n−1

zn
(F.9)In this way, we easily express the magneti
 �eld as a Taylor expansion too:

B =
∞
∑

n=0

bn, (F.10)with
bn = − µ0

2iπ

∫∫

je−i(n+1)ϕ

rn
drdϕ. (F.11)In our 
ase, the volume 
urrent is j = 2 cosϕ

r
M0 = eiϕ+e−iϕ

r
M0. Be
ause of theangular integral, the multipolar development (F.11) is exa
tly zero for n 6= 0. Themagneti
 �eld inside the rim is thus homogeneous and

B = b0 = − µ0

2iπ

∫∫

M0

r
drdϕ, (F.12)

B = iµ0M0 ln
Rext

Rint
. (F.13)The magneti
 �eld is homogeneous and along the dire
tion y. Let us remark that ifone 
hooses a magnetization that makes an angle 2Nθ with the y axis, a di�erentterm of the multipolar development (F.11) is priviledged so that this re
ipe 
an beused to obtain ideal multipolar �elds.Outside the magneti
 rim (|z0| > |z|), the Taylor expansion of 1/(z0−z) be
omes:

1

z0 − z
=

−∞
∑

n=0

z0
n−1

zn
(F.14)In this 
ase, all terms of the sum are identi
ally zero and the �eld outside of the rimvanishes.
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Appendix GDevelopment of the Floquet-Blo
hband eigenvalue problem
We start with the hamiltonian:

H = − ~
2

2m

d2

dz2
+
U0

2
(1 + η cos(ωt))(1 + cos(kLx)) (G.1)The Floquet-Blo
h states 
an be written:

ψn,k(z, t) = ei(kz−εn(k)t/~)un,k(z, t), (G.2)where εn(k) are the quasi-energies and the fun
tions un,k(z, t) are biperiodi
 in spa
eand time and therefore 
an be Fourier expanded:
un,k(z, t) = un,k(z + d, t) = un,k(z, t + T )

=
∑

l

∑

nF

φnF ,lei(lkLz−nFωt). (G.3)Let us expand ea
h term of the S
hrödinger equation on the Fourier basis:
i~
∂ψ

∂t
= i~

∑

nF

(inFω − iεn(k)t/~) exp (i(nFωt− εn(k)t/~))
∑

l

φnF,l (G.4)The kineti
 energy term shall be expanded:
− ~

2

2m

d2ψ

dz2
=
∑

l

∑

nF

~
2

2m
(k + lkL)

2φnF,l exp [i((k + lkL)z − (nFω + εn(k)/~)t)] .(G.5)The time-dependent potential is expanded
U(z, t) =

U0

2

(

1 + η
eiωt + e−iωt

2

)(

1 +
eikLz + e−ikLz

2

)

. (G.6)
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h band eigenvalue problem
U(z, t)ψ =

U0

2

∑

l

∑

nF

((φnF,l +
1

2
(φnF,l+1 + φnF,l−1) +

η

2
(φnF+1,l + φnF−1,l)

+
η

4
(φnF+1,l+1 + φnF+1,l−1 + φnF−1,l+1 + φnF−1,l−1))

(G.7)
ombining Eqs. (G.4) to (G.7) into the S
hrödinger equation and identifyingea
h term of the Fourier expansion, one gets the following development:
[

nFζ + q/2 + (k/kL + l)2
]

φnF,l + ηq/4(φnF+1,l + φnF−1,l)− q/4(φnF,l+1 + φnF,l−1)

−q/8(φnF+1,l+1 + φnF+1,l−1 + φnF−1,l+1 + φnF−1,l−1) = εφnF,l.(G.8)where q = U0/EL and ζ = ~ω/EL are the normalized latti
e depth and modulationfrequen
y.
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