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10 CHAPITRE 1. INTRODUCTION

1.1 Motivation physique et modele mathématique

1.1.1 Motivation physique

Le but de cette these est d’étudier les phénomenes d’effondrement pour différent modeles
d’homopolymeres en solution. La structure géométrique d’un homopolymere en solution
dépend de la température et/ou des propriétés du solvant. Dans un bon solvant (ou a haute
température) les monomeres se repoussent entre eux, préférant étre environnés de solvant
(on parle de répulsion entropique). En revanche, quand la qualité du solvant se détériore, ou
quand la température diminue, alors les monomeres essaient d’exclure le solvant, et donc
s’attirent, et le polymere se replie sur lui-méme pour former une masse dense qui ressemble
a une boule compacte, et minimiser ainsi le nombre de contacts entre les monomeres et le
solvant (Fig. 1.1). Pour un couple donné polymere-solvant, I’effondrement se produit a une
température appelée point 6. La dynamique de la transition d’effondrement est bien connue
pour les polymeres flexibles, y compris la partie théorique étudiée depuis de nombreuses an-
nées. Comprendre la transition pour des polymeres rigides est un prérequis pour la compré-
hension et I’étude de I’effondrement de macromolécules biologiques telles que les protéines
ou I’ADN.

Random coil Compact ball

FIGURE 1.1 — Hydrogel behavior (Macromolecules, 2007, 40, 5827).

1.1.2 Le modele mathématique

En mathématiques, les polymeres vivent sur un réseau d dimensionnel Z¢, d > 1. IIs sont en
réalité des trajectoires de marches aléatoires sur ce réseau : les monomeres sont les sites de
la trajectoire, et les liens chimiques entre les monomeres sont les arrétes de la marche.

Etant donné L € N, on considére W;, ’ensmble des chemins autorisés de longueur L,
sous la loi de probabilit¢ P. A chaque trajectoire w = (w,)neo,) ON associe une énergie
donnée par le Hamiltonien Hy (w). Pour tout L € N, la loi du polymere de longueur L est la
mesure de probabilité P, (w) sur YW, donnée par

_ oxp(Hy(w)

PL(U)) ZL

P(w), we W, (1.1.1)
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X auto-intersection

o~ gelf-touching

FIGURE 1.2 — Une SRW avec auto-intersections et self-touchings.

ou Zp, est la constante de normalisation appelée fonction de partition du systeme :
Z1, = Elexp(H(w))]. (1.1.2)

On dit que Py, est la mesure de Gibbs associée au couple (Wp,, Hy) : elle décrit le polymere
de longueur fixe L en équilibre avec lui méme et avec son environnement. Sous cette me-
sure de Gibbs, les trajectoire de faible énergie ont une probabilité plus grande, alors que les
trajectoires de haute énergie ont une probabilité plus faible.

Examinons brievement deux modeles de base pour une chaine de polymere : la marche
aléatoire simple et la marche aléatoire auto-évitante.

(1) La marche aléatoire simple (SRW) L’ensemble des chemins autorisés est
Wi = {w = (w)E, € (ZH* : wy =0, ||lwigr —wi|| =1, V0 <i< L}, (1.1.3)

et P est la loi uniforme sur W;. Etant donnés f3, v € (0,00), on considére un polymere
qui recoit une pénalité v pour chaque auto-intersection et une récompense de 5 chaque fois
qu’un monomere est voisin d’un autre monomere (un self-fouching) (Fig. 1.2). En d’autres
termes, nous associons a tout chemin de marche aléatoire le Hamiltonien :

L L
B () e D
HY ()= o5 > Lwmwgleny =7 D, Ly i-0p (1.1.4)
izg jiol izg]iol

Le facteur % est introduit pour tenir compte du fait que chaque site a 2d voisins possibles
pour lesquels le polymere peut réaliser un self-touching.

Sous la mesure polymere, les auto-intersections sont pénalisées alors que les self-touchings
sont récompensés.

(2) La marche aléatoire auto-évitante (SAW) On ne consideére que les trajectoires de
marche aléatoire qui ne visitent pas deux fois le méme site :

W =A{w = (wy)ly € (Z)" " 1wo = 0, [Jwip —wil| =1, V0 < i < L,

C’est un modele tres populaire car il satisfait la condition d’exclusion de volume, et est donc
adapté pour décrire un phénomene d’effondrement. Les interactions entre les monomeres
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~~~ gelf-touching

FIGURE 1.3 — Une SAW avec self-touchings.

sont prises en compte en assignant un gain énergétique a chaque self-touching (Fig. 1.3).
Ainsi, nous associons a chaque chemin de marche aléatoire le Hamiltonien

L
Hyp(w) =B ) Ljuu-1)- (1.1.5)
i,7=0
i<j—1
Ce modele possede les importantes propriétés conjecturées du modele physique. Cepen-
dant, il n’est pas totalement résolu, au sens ou les fonctions génératrices des fonctions de
partition ne sont pas explicitement calculées, en dimension deux et trois.

1.2 Le modele

Afin de traiter mathématiquement la transition de phase d’effondrement, il a été nécessaire
de considérer une version dirigée du modele. La marche aléatoire auto-évitante en auto-
interaction (IPDSAW) a été introduite en [26] comme un modele partiellement dirigé d’ho-
mopolymere dans un solvant de mauvaise qualité. Ce modele vivant sur Z?, et une variante
semi-continue, ont été étudiés en profondeur dans les années 1990 [3, 6, 18, 20].

1.2.1 Les configurations de polymeres

Les configurations spatiales du polymere de longueur L sont modélisé€es par les trajectoires
d’une marche aléatoire partiellement dirigée sur Z>. Cette marche aléatoire est auto-évitante
et fait des pas de longueur unité dans les trois directions nord, sud et est (Fig. 1.4). Plus pré-
cisément, si on considere (¢; = (1,0), 5 = (0, 1)) la base canonique de Z?, alors I’ensemble
des trajectoires autorisées de longueur L est :

Wi = {w = (w2, € (Ng x Z)*™ 1wy = 0,
Wit —w; € {61,€3, -3} V0O <i<L—1,

wy, — W1 = e_i} (121)

Observons que le choix de terminer w par un pas horizontal est uniquement une commo-
dité technique. Considérons maintenant deux lois de probabilité différentes sur VV;, uniforme
et non-uniforme, notées respectivement P} et PJ".
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FIGURE 1.4 — Une marche aléatoire partiellement dirigée avec 12 self-touchings représentés
par des arrétes grisées.

(1) Le modele uniforme : tous les chemins de longueur L ont le méme poids, i.e.,

1

w € Wy. (1.2.2)

(2) Le modele non uniforme (cinétique) : le prochain pas est choisi uniformément parmi les
pas autorisés :

* A l'origine, ou apres un pas horizontal : le marcheur peut aller au nord, au sud ou a
I’est avec la probabilité 5.

e Apres un pas vers le nord (resp. sud) , le marcheur se déplace vers le nord (resp. le
sud) ou I’est avec la probabilité %

Plus précisément, sous P7", la suite de variables aléatoires (z; := w; — wi_l)ie[L 1] est une
chaine de Markov de probabilités de transition

)
)

Pl (xii=y |z =6 1/3, ye{e, e, —er},
Pz =y |z =¢é3) =1/2, ye{e, el

qu(xi—l-l =Y \ T; = —732) = 1/27 Yy e {51, —52'}

La loi de probabilité choisie sur Wy, est notée P7', avec m € {u, nu}.

1.2.2 Le Hamiltonien

Grace au caractere dirigé des trajectoires, nous pouvons décrire les chemins de W par
une suite de segments verticaux séparées par un pas horizontal. Ainsi, nous posons {2, :=
U]L\,:1 Ly 1, 0u Ly 1 est]’ensemble des configurations constituées de N segments verticaux,
et d’une longueur totale L, c’est a dire

Lxa={1em" Sl + N =1}, 123)
Il y a donc une bijection entre Wy, et €2, (Fig. 1.5). Rappelons la définition de PT dans

(1.2.2) et notons que pour un N donné, N € {1,..., L}, 1afonction ! — P7(l) est constante
sur Ly p et vaut 1/|[Wr|sim = uet (1/3)V(1/2)5" sim = nu.
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Le Hamiltonien associé a une trajectoire de VV; peut étre réécrit en utilisant la suite
l € Ly, C §2 de segments verticaux :

Hyp(lh, .o ln) = B30 (I A lnya) (1.2.4)
avec
~ x| A stixy < 0,
J:/\y:{| [Nyl sty (1.2.5)
0 sinon.
En conséquence, la fonction de partition peut étre réécrite sous la forme
L N-1 x
ED DD Dt 10 (1.2.6)
N=1IleLn,1
14 =0
A
0 I
~ ~
I \ — o

/
3
l3=

FIGURE 1.5 — Une trajectoire avec N = 5 segments verticaux et de longueur L = 16.

1.2.3 L’énergie Libre

Une technique classique pour différencier les phases effondrée et étendue de notre modele
consiste a ¢tudier le taux de croissance exponentiel de la fonction de partition Z7 5 quand
L — +o00. Plus précisément, on définit /’énergie libre du modele par

1

fr(B8) = lim fP(8), avee fJ(B) = logZ];. (1.2.7)
Pour comprendre la nécessité de 1’étude de f nous introduisons la variable aléatoire
L
SL(w) = Z 1{”1111‘—11]]'”:1} (128)
i,j=0
i<j—1

et nous observons apres un rapide calcul, que les dérivées successives de f["(5) donnent

. b N b L
la moyenne et la variance, sous la mesure du polymere, du parametre d’ordre T de notre

systeme :
0 S
%ﬁn(ﬂ) = EEB (f) ’ (1.2.9)
0? S
a—ﬁzfg"(ﬂ) = L Varpp <TL) : (1.2.10)
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Par I’inégalité de Holder, 5 — f"(3) est convexe pour tout L € N et donc il en est de méme
pour f™(/3). La convexité entraine que dés que f™(/3) est dérivable en 3, alors

]
B

S
"(5) = lim EY, (TL) . (1.2.11)

Ainsi, la dérivée de f™ () donne la proportion limite de self-touching par monomere, ce qui
justifie ’étude de f™(/3). En fait, un probléme important est de déterminer 1’ensemble des
valeurs de /3 pour lesquelles I’énergie libre n’est pas analytique. Ces valeurs correspondent
physiquement a une transition de phase du systeme.

Observons que la suite {log Z" 5 } 1, est sur-additive, et comme le nombre de self-touching
est plus petit que le nombre de monomere, on a Hy, 3(w) < SL, d’ou I’on déduit immédia-
tement la borne supérieure Z7; < e~ pour 3 € (0,00) et m € {u, nu}. Par conséquent, la
limite dans 1’équation (1.2.7) existe et est finie

1 1
fr(B) = lim —logZy, = sup Tlog 25, < 5. (1.2.12)
€

L—oo

Si nous annulons 1’auto-interaction du polymere, ¢’est a dire si nous prenons 3 = 0, alors
la proportion de self-touching d’une trajectoire typique de marche aléatoire de longueur L est
dans (0, 1), ’extension horizontale de cette trajectoire est d’ordre L et le déplacement vertical
d’ordre /L. Quand /3 devient strictement positif, la configuration géométrique adoptée par
la marche aléatoire est le résultat d’une compétition énergie-entropie qui peut €tre comprise
ainsi. Pour accroitre sa densité de self-touching, ce polymere doit a la fois réduire le nombre
de pas horizontaux et contraindre les suites consécutives de segments verticaux a étre de
directions opposées. Cependant ces deux contraintes géométriques ont un cofit entropique
tel que I’énergie libre est le résultat d’une optimisation entre le gain énergétique et le cofit
entropique d’une croissance de la proportion de self-touching. Quand [ devient grand, le
systeme entre dans une phase repliée qui correspond a une saturation du nombre de self-
touching. En d’autres termes, les configurations repliées ont une densité de self-touching
égale a 1, ce qui impose que le nombre de pas horizontaux d’ordre o(L), et que la plupart des
segments verticaux consécutifs soient de directions opposées. Ces contraintes géométriques
sont associées a une entropie d’effondrement x,,, pour m € {u, nu}, telle que 1’énergie libre
prend la forme 5 + k. Dans le Lemme 1.2.1 ci-dessous, nous explicitons la valeur de cette
entropie d’effondrement.

Lemme 1.2.1. Pour 8 > 0, m € {u,nu}
f"(B) = ¢f, (1.2.13)
avec o = 3 —log (1 + V2) et o' = 3 —log 2.

Démonstration. Soit L tel que v/L € N. Nous ne gardons dans la somme qui définit Z7s

que la contribution d’une unique trajectoire w, de longueur L, qui commence par v/L — 1
pas vers le nord puis fait un pas vers I’est, puis v/L — 1 pas vers le sud puis un pas a 1’est ...
(Fig. 1.6). Cette trajectoire fait /L pas horizontaux qui séparent v/L segments verticaux de
longueur v/L — 1. Comme les segments verticaux consécutifs sont de directions opposées,
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le Hamiltonien de @ est donné par 3(v/L — 1)?> > BL — 23+/L. En outre, P4 (w) = 1/|W;|
et Pn(@) = (2/3)VE(1/2)E, et donc

PN il 7z N2\ 12.14
u oSO T g e s () () 2.
b2 T o 2 (5) (5) 1214

Comme lim;_,. L™ " log [Wy| = log (1 + v/2) (voir [4, p. 5]), il suffit de composer les in-
égalités de (1.2.14) par % log puis de laisser L. — oo pour terminer la preuve du Lemme. [

T

VL-1

- T

FIGURE 1.6 — Restriction de la fonction de partition a une trajectoire de longueur L dont le
nombre de self-touching est maximum.

En d’autres termes, Le Lemme 1.2.1 dit que les entropies effondrées vérifient x, >
—log(1 + \/5) et ko > — log 2. Toutefois, nous allons voir que ces inégalités sont en fait
des égalités. B

On définit I’énergie libre en exces par f™(3) := f™(3) — ¢§, une quantité positive en
vertu du Lemme 1.2.1. Cette borne inférieure nous permet de partitionner [0, 00) en une
phase effondrée notée C et une phase dépliée notée &, i.e,

C:={p:f™(B) =0} (1.2.15)

et

E:={B:f™(B)>0}. (1.2.16)

Comme fm (B) est convexe positive et majorée, dés que nous aurons établi I’existence de
B € 10,00) tel que f™(B7") = 0, nous aurons automatiquement f™(5) = 0 pour 5 > .
Ainsi, le point critique est défini par

AT = inf{8>0: f"(8) = 0}, (1.2.17)
et les ensembles C et £ s’écriventC = {5 : 5 > "}, E={F: B < B}.

1.3 Un bilan rapide des articles de physique

La marche aléatoire autoévitante en auto-interaction (IPDSAW) et ses analogues continus ont
été I’objet de nombreuses études par les physiciens, dont certaines sont tres récentes (voir par
exemple [5] or [22]). Les méthodes employées sont principalement basées sur des techniques
combinatoires (voir [6], [18] ou plus récemment [17]). Plus précisément, cette méthode
consiste a établir une expression analytique de la fonction génératrice G(z) = > 7., Zr BZL
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dont le rayon de convergence R vérifie f™ = —log R. Ce calcul est obtenu en écrivant
G(z) sous la forme d’une série ) -, g,(z) avec g,(z) la contribution des trajectoires qui
ont exactement 7 pas verticaux consécutifs a 1’origine, et sns tenir compte de la longueur de
la trajectoire. Grace a une astucieuse technique de concaténation des trajectoires, est établie
une relation de récurrence entre g,_1, g, et g,4+1. Enfin, en utilisant un ansatz qui suppose
que g, peut étre exprimée elle méme comme une série particuliere, la relation de récurrence
précédente permet le calcul exact de tous les termes de I’expression en série de G(2).

En particulier le lieu exact de la transition de phase d’effondrement a été déterminé par
Binder et al [3], et la forme exacte de la fonction génératrice de la fonction de partition,
en termes de fonctions q-Bessel, déterminée par Brak et al [6]. Le fait que cette transition
corresponde a I’existence de deux phases a été mis en évidence par Owczarek et al [18], et
I’asymptotique précise de la fonction génératrice peut étre déduite du travail de Prellberg et
al. [19]. La méme méthode a ensuite été appliquée par la suite a des généralisations de la
IPDSAW, par exemple en [5], ou une force est appliquée a I’extrité droite du polymere, ou
encore en [ 18] ou une version continue du polymere est étudiée.

Le calcul de la fonction génératrice G' permet de déterminer la valeur exacte de 3. et
de prédire le comportement de 1’énergie libre au voisinage de ce point critique. Cependant,
I’expression analytique utilisée pour G est trés complexe et ne donne qu’un acces détourné a
I’énergie libre. En outre, cette méthode combinatoire ne permet pas 1’étude d’une observable
non ballistique. Par exemple, en phase effondrée, I’expansion horizontale est de 1’ordre de
\/Z et ce résultat semble hors de portée des méthodes combinatoires.

1.4 Les principaux résultats

Une nouvelle approche a été développée dans [16] permettant de travailler directement sur
la fonction de partition. Notre méthode est basée sur une représentation probabiliste de la
fonction de partition a 1’aide d’une marche aléatoire auxiliaire et plus particuliecrement de
I’aire géométrique sous cette marche. Il existe une abondante littérature concernant 1’inté-
grale de la marche aléatoire (1’aire algébrique sous la marche). Une des questions les plus
importantes est de calculer la probabilité que [’aire algébrique sous la courbe de la marche
de longueur NNV reste positive (voir [8] et les références qu’il contient) ou encore d’estimer le
comportement asymptotique de la fonction de survie pour une classe de processus stochas-
tiques intimement reliés aux marches aléatoires et aux processus de Lévy (voir [2]). Dans le
travail que nous présentons, la quantité intégrée que nous étudions est 1égerement différente,
c’est ['aire géométrique comprise entre la trajectoire de la marche et 1’axe des abscisses, ce
qui signifie que cette aire est également comptée positivement quand la marche aléatoire est
négative.

Prenons le temps de fixer les notations pour les objets apparaissant dans cette section.
Soit V' := (V},)nen une marche aléatoire symétrique sur Z, dont les accroissements sont
indépendants de méme loi géométrique , i.e., Vo = 0, V,, = Z?:l vipourn € Netov :=
(v;)ien est une suite i.i.d. sous la probabilité P g, de loi

efg‘k‘ 1te—B/2
Ps(vy = k) = o VkeZ avec czi= g (1.4.1)

Pour n, k € N, soit V,, ,, I’ensemble des trajectoires de longueur n de la marche aléatoire 1/
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satisfaisant V,, = 0 et dont Iaire géométrique A, := > |V;| vaut k, i.e.,
Var = {(Vi)io: Ay =k, V,, =0}. (1.4.2)

Grace a une manipulation algébrique du Hamiltonien, manipulation qui sera décrite en détail
dans section 1.6, il est possible de réécrire la fonction de partition de (1.2.6) sous la forme

L
Zrg=csPL g Z (BN Ps(Vni1o-n)s (1.4.3)
N=1

ol 3+ I'™(/3) est une bijection continue décroissante de (0, 0o) sur (0, 00), et olt ®F ; croit

exponentiellement a la vitesse ', de sorte que I’énergie libre en exces f’“ (B) soit le taux de
croissance exponentiel de la somme apparaissant dans (1.4.3).

La formule (1.4.3) sera établie rigoureusement dans section 1.6, mais nous pouvons déja
lire le diagramme de phase sur cette formule. Suivant la valeur prise par I'™(/3), on peut dé-
terminer les trois phases du modele :

« I'™(B) > 1: la phase étendue. Pour ¢ € (0,1), les probabilités Pg(Ver, r(1—¢)) dé-
croissent exponentiellement vite quand L — oo, avec une vitesse qui croit avec c. En
conséquence, les termes dont la contribution est la plus importante dans (1.4.3) sont
ceux indexés par N ~ ¢L, avec ¢ € (0, 1) le résultat d’une optimisation. Cette phase
est dite étendue car les trajectoires qui contribuent a la fonction de partition ont une
extension horizontale N et une longueur totale L du méme ordre (Fig. 1.7).

* I'™(B) = 1: la phase critique. Ici les termes de (1.4.3) dont la contribution est la plus
forte sont ceux indexés par N d’ordre L?/3 carla probabilité¢ Pg (VN+1, L— N) atteint
son maximum pour ces valeurs de V.

« I'™(8) < 1: la phase effondrée. Pour ¢ € (0,00), les probabilités Ps(V, 1 ) dé-

croissent comme e~V ol t. > 0 décroit avec c. Par conséquent, les contributions
principales de (1.4.3) sont indexées par N ~ ¢+/L, avec ¢ € (0, 00) a nouveau le ré-
sultat d’une optimisation. Cette phase est dite effondrée car les trajectoires qui contri-
buent a la fonction de partition sont celles dont I’expansion horizontale N est beaucoup
plus petite que la longueur totale L (Fig. 1.7).

1.4.1 La formule variationnelle

Nous établissons dans le Théoreme 1.4.1 ci-dessous une formule variationnelle pour I’éner-
gie libre en exces. Pour tout o € [0, 0c), on pose

N
gs(e) := ]&EO%IOngj(Z Vo] < aN, Vy = 0). (1.4.4)

n=1
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Effondrée Etendue

FIGURE 1.7 — Une trajectoire typique de chacune des deux phases.

On définit également la fonction I'™ : (0, 00) — (0, 00), pour m € {u, nu}, par

r(g) = %,
( ) ey (1.4.5)
"(B) =35
Théoréme 1.4.1 ([16], Theorem 1.2). Pour m € {u, nu}, I’énergie libre en excés f™(3) est
donnée par

fm(B) = sup [alog (I™(B)) + ags (:=2)]. (1.4.6)

a€l0,1]

Une conséquence du Théoreme 1.4.1 est que la connaissance de propriétés analytiques
de o — gs(«) suffit pour obtenir non seulement une expression exacte du point critique
/3, mais aussi pour établir 1’ordre de la transition de phase. On montre dans section 1.6 que
a — gs(a) est croissante sur (0, 00) et que lim,_,, g3(a) = 0, ce qui, combiné avec (1.4.6),
entraine que T existe et est I’unique solution de I'™(3) = 1 (Fig. 1.8).

Théoreme 1.4.2 ([16], Theorem 1.3). Pour m € {u,nu}, il existe 5™ € (0, 00) tel que

_ {:0, si f> B 147

/78) >0, sif<pl,
et B est I'unique solution positive de I’équation I'™(f) = 1.

Rappelons (1.4.1) et (1.4.5), et observons que I’équation '™ () = 1 est équivalente a
I’équation 327 — 322 — 22 — 2 = 0 ot # = ¢%/2. En outre, le polyndme 32° — 322 — 2o — 2 a
une unique racine positive z., ce qui entraine 5" = 2log z.. De méme, le point critique /3
du mode¢le uniforme est I’'unique racine de 1’équation I'"(5) = 1. Cette valeur 3" correspond
a la valeur trouvée dans [6].

En outre, une étude asymptotique de o — ¢3() a I'infini permet d’établir que ’ordre de
la transition de phase est %

Théoréme 1.4.3 ( [16], Theorem 1.4). La transition de phase est d’ordre 3/2. Cela signifie
qu’il existe deux constantes c1,co > 0 telles que pour € suffisamment petit

c %% < fm(ﬁ? —¢e) < e3/2, (1.4.8)
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(B

0 log2 B B

FIGURE 1.8 — Diagramme de phase du modele non uniforme (8" ~ 1).

1.4.2 Asymptotique fine de I’énergie libre au voisinage du point critique

Le premier Théoreme que nous énoncons ci-dessous donne une nouvelle expression de
I’énergie libre en exces. Rappelons nous les définitions de (1.4.1) et de 1’aire géométrique
Apn (1.4.2). Pour 6 > 0, on pose

1
hp(8) := lim —log By (e70). (1.4.9)

On montre dans section 1.6 que la limite de (1.4.9) existe et que 6 — hg(d) est négative,
décroissante et continue sur [0, o).

Théoréme 1.4.4 ( [7], Theorem 1.3). Pour m € {u, nu}, I’énergie libre en excés fm(ﬁ) est
I'unique solution de I"équation log(I'™(53)) — 6 + hy(d) = 0, lorsqu’il y a une solution, et
f™(B) = 0 le cas échéant.

Observons tout d’abord que le Théoréme 1.4.4 combiné avec I’identité hg(0) = 0 est
suffisant pour montrer que 3T est ’'unique solution de I'™(3) = 1.

Le principal intérét du Théoreme 1.4.4 est qu’il permet d’utiliser les propri€tés analy-
tiques de 6 +— hg(d) en 07 pour étudier la régularité de 8 +— f™(3) en S. Cela permet,
entre autres, d’aller une étape plus loin que le Théoreme 1.4.3 dans 1’étude de la transition
de phase.

Théoréme 1.4.5 ( [7], Theorem 1.4). Pour m € {u, nu}, la transition de phase est d’ordre
3/2 et le développement de Taylor d’ordre 1 de I’énergie libre en excés au voisinage de
(B~ est donné par

15&% _ <¢cz_:>3/2’ (1.4.10)
avec
em=1+ 20 (1.4.11)
et 1 .
d, = _Thjﬂ‘ofl‘)g E(e 7% Jo IB(t)\dt) — 2_1/3|a/1|0‘§g13’ (1.4.12)

o 0 = Eg(v}) et ay est le premier zéro de Ai'(x) = 0Ai(x)/0x la dérivée de la fonction
d’Airy Ai(z).
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1.4.3 Propriétés trajectorielles du polymere dans sa phase effondrée

Nous abordons maintenant un autre type de résultats établis dans cette these en étudiant la
structure géométrique adoptée par le polymere dans sa phase effondrée.

Des physiciens ont entrepris cette étude dans plusieurs articles, comme par exemple [20].
Il y est argumenté que les monomeres se disposent en une série de longs segments verticaux
de directions opposées qui constituent de grandes perles (Fig. 1.7). Des simulations numé-
riques permettent de penser que 1’expansion horizontale N, du polymere de longueur L croit
comme /L et que le déplacement de I’extrémité libre croit comme L'/* (voir [20], table T
page 2394) .

Nous montrons dans le Théoreme 1.4.4 que le polymere ne forme qu’une seule perle
macroscopique et que le nombre de monomeres, qui ne font pas partie de cette perle (situés
en début et en fin de chaine), croit au plus comme (log L)*. We also make rigorous the
conjecture concerning the horizontal expansion of the polymer, since we identify the limit in
probability of N/ V'L, which turns out to be the constant extracted from an optimization.

On décompose chaque trajectoire en une succession de perles. Chaque perle est formée
de segments verticaux de longueur non nulle, tels que deux segments consécutifs ont des
directions opposées (nord et sud) et sont séparés par un seul pas horizontal (voir Fig. 1.9).
Une perle se termine quand le polymere a deux segments verticaux consécutifs dans la méme
direction, ou que un segment de longueur zéro apparatit, i.e. quand il y a deux pas horizontaux
consécutifs. Nous allons démontrer que le polymere se replie pour ne former qu’ une seule
perle macroscopique, et nous identifierons 1’asymptotique de son expansion horizontale.

FIGURE 1.9 — Exemple d’une trajectoire avec 3 perles.

Expansion horizontale et nombre de perles

Etant donné [ € Qy, on note Ny (I) son expansion horizontale, i.e., Nz (I) est entier N tel
quel € Ly . Soitl € Ly 1, etsoit (u;) j»vzl la suite des longueurs cumulées du polymere apres
chaque segment vertical, i.e., u; = |ly]| +...|l;| + j pour j € {1,..., N}. Pour simplifier
les écritures on pose [y, = 0. Posons également o = 0 et pour j € N tel que z;_1 < NN,
posons z; = inf{i > x; 1 +1: [; Al = 0}.

Enfin, soit ny(l) I'index du dernier x; bien défini, ie., r,, ) = N. Toute trajectoire
[ € €y, se décompose en une suite de ny(l) perles (Fig. 1.10), chacune d’elle étant associée
a un sous intervalle de {1, ..., L} que I’on note

I =A{us, , +1,...,u,,}, pour je{l,....,nc(l)}. (1.4.13)

Ainsi U" (l)]j est une partition de {1,...,L}. Nous pouvons maintenant définir la plus

j=1
grande perle de la trajectoire [ € () comme la trajectoire décrite sur I’intervalle /; avec

Jmax

Jmax = argmax {|;|,j € {1,...,ny(1)}}. (1.4.14)
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Le Théoreme suivant établit qu’en phase repliée il y a une et une seule perle macroscopique.

Théoréme 1.4.6 ( [7], Theorem 1.6). Pour tous m € {u,nu} et § > BT, il existe ¢ > 0 tel
que
> L—c(logL)*) = 1. (1.4.15)

o 1y
Jim PRy (|75,

La proposition suivant montre elle que I’expansion horizontale est alors d’ordre /L.

Proposition 1.4.7 ( [7], Proposition 1.7). Pour tous m € {u,nu} et 5§ > B, il existe a, > 0
tel que, pour tout € > (0

. om (DL _
ngx;opw((ﬁ—am‘ >5) 0. (1.4.16)

0 x,=4 %,=10 x;=11 x,=17 x,=18 x,=20

FIGURE 1.10 — Une trajectoire avec 20 barres verticales décomposée en ny(l) = 6 perles.

1.5 Dépliement d’un polymere sous I’effet d’une force ex-
térieure

On peut induire une transition de phase en appliquant une force a I’extrémité du polymere,
tout en gardant constante la force d’auto-interaction. Cette force peut étre appliquée par une
pince optique.

Un phénomene intéressant que 1’on peut observer est la transition de ré-entrance. Cela
signifie que pour une force fixée f, le polymere est étendu a basse température et a haute
température, mais il est effondré pour les températures intermédiaires, comme si la force
n’était pas présente.

Pour modéliser I’effet de la force on remplace I’Hamiltonien de (1.2.4) par

N N
HE (1) = B (la Alt) + BN + By Y lne 1€ L. (1.5.1)
n=1 n=1

ou fg, fy > 0 sont les forces dans les directions horizontale et verticale qui agissent sur
I’extrémité du polymere (Fig. 1.11). Observons que /N est la distance horizontale et 25:1 ln
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est la distance verticale entre les deux extrémités du polymere. On note 2 fﬂf ¥ la fonction de
partition et

1 oty
f(B, fo, fy) Zgggozlong,gf (1.5.2)
I’énergie libre.
f_y
/.

FIGURE 1.11 — Une force horizontale f, et une force verticale f, sont appliquées a I’extré-
mité du polymere.

Nous allons montrer que le phénomene de ré-entrance dépend fortement du modele
choisi. Voila pourquoi nous définissons tout d’abord une marche aléatoire partiellement di-
rigée de probabilités de transition plus générales. On considere la marche aléatoire partielle-
ment dirigée sur Z? de loi P définie par :

* A l’origine ou apres un pas horizontal, le marcheur fait un pas vers le nord (resp le sud
et ’est) avec la probabilité p (resp. p/, 1 — p — p').

* Apres un pas vertical vers le nord, le marcheur fait un pas vers le nord avec la proba-
bilité q et vers I’est avec la probabilité 1 — q.

» Apres un pas vertical vers le sud, le marcheur fait un pas vers le sud avec la probabilité
¢ et vers I’est avec la probabilité 1 — ¢'.

Pour simplifier les calculs, nous nous retreignons au cas p = q} —07 ) and p = (1 Q) avec
q,q" € (0,1). Ainsi, les variables aléatoires (I,,)_, sont i.i.d. de loi géométrique
P(l, = 0) = 52020, (1.5.3)
P(l, = k) = U200k, (1.5.4)
P(ly = —k) = U200 g% pour k € N. (1.5.5)
SOith = P(ll :O),ql = % < Oetq2 = %.Ona
P(l, = k) = ge™*F 2k pourtout k € Z. (1.5.6)

Pour simplifier I’exposé ci-dessous, nous nous restreignons au cas ou les segments ver-
ticaux (,)Y_, de la marche aléatoire partiellement dirigée suivent une loi symétrique, i.e.
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qg=¢ € (0,1). Il est évident que gy = (tgf , q1 = log q et go = 0. Traitons d’abord le cas
fy = 0, c’est a dire que seule une force horizontale est exercée. On définit I’énergie libre en

exces par f(ﬂ, fz,0) = f(B, fz,0) — (6 + log q). Observons que pour tout § > 0, il existe
une force critique f.(f3) telle que

ry :Oa Slfxéfc(ﬂ),
f(8, f2,0) {> 0. sif.> £.09) (1.5.7)

Le cas le plus intéressant a étudier est § > [, car sinon le systeme est déja étendu quand
f+ = 0. La force critique peut étre calculée explicitement

B2
f(8) = Llog (%) 1 log< “*‘1)) . (1.5.8)
Proposition 1.5.1. 1/ existe 5. > 0 tel que f.(5) = 0 pour < B.. En outre, pour [3 grand
f.(8)=1+4% 5 log (q(Hq)) - 0( ) quand 3 — oo. (1.5.9)

Enfin, Il y a ré-entrance pour ¢ > /2 — 1.

1.6 Les principaux outils

Dans cette section nous introduisons les principaux outils de cette these. Dans la section
1.6.1 nous montrons comment la fonction de partition peut étre réécrite en termes d’une
marche aléatorie géométrique V' de loi Py (cf (1.4.1)), et nous verrons comment 1’étude de
cette marche aléatoire, sous un conditionnement judicieux, permet de déduire des propriétés
trajectorielles de la mesure polymere. La construction de la fonction entropique g3 et 1’étude
de son comprtement asymptotique sont détaillées en section 1.6.2. Dans la section 1.6.3,
nous définissons la fonction 0 — hg(d) qui apparait dans 1’équation satisfaite par 1’énergie
libre donnée dans le Théoréme 1.4.4, puis nous étudions sa régularité et son asymptotique.
Enfin, la section 1.6.4 est dédiée a I’étude des probabilités de certains évenements de grandes
déviations sous Pg, et nous introduisons un changement de probabilit€ pour laquelle ces
évenements deviennent typiques.

1.6.1 Une représentation probabiliste de la fonction de partition

Dans la premicre partie de cette section, nous établissons la formule (1.4.3) et nous montrons
comment la mesure polymere peut étre vue comme la mesure image, par une transformation
géométrique, de la loi de la marche aléatoire V' introduite en (1.4.1). Dans lea seconde par-
tie de cette section, nous concentrerons notre attention sur les trajectoires qui ne forment
qu’une perle, et montrerons q’en termes de la marche aléatoire auxiliare V', ces trajectoires
deviennent des excursions hors de I’origine.

La marche aléatoire auxiliaire

Nos donnons ici les détails de la preuve de la formule (1.4.3) en ne traitant que le cas non-
uniforme. Le cas uniforme est encore plus facile a traiter. Rappelons (1.2.3—1.2.6) et obser-
vons que I’opérateur A peut s’exprimer

v Ay =(z| + |yl — |z +y]) /2, Vz,y€Z. (1.6.1)
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Ainsi, pour 3 > 0 et L € N, la fonction de partition de (1.2.6) devient

l\')l»—A

L N N
Ze =3 YW Y e (B Il = 53 I+ lunl)
N=1 l€Ln,L n=1 n=0
lo=IN+1=0

N exXp (_§|ln + ln+1|)

('Y (®) T I S a6

c
N=1 leLyy n=0 s
lo=lx11=0

ou cg a été définie en (1.4.1).

L’idée cruciale est de définir, pour N € {1,..., L} fixé, la bijection Ty : VN1 -nN —
Ly.p par Ty(V); = (—1)"'V; pour touti € {1,... N}.

Etant donné [ € Ly 1, on considere V = (T)~*(I) (voir Fig. 1.12) et on observe que les
accroissements (v )2 | 1 de V vérifient nécessairement la relation v; = (=1)""Yli_y + 1).
Ainsi, la fonction de partition de (1.6.2) s’écrit

w (Ve 2¢5 \
7z, = cﬁ( ) Z<3eﬁ) S Py, (1.6.3)

N=1 VeVNt1,L-N

ce qui entraine immédiatement (1.4.3).

Une conséquence pratique de la formule (1.6.3) est que, conditionnée a faire exactement
N pas horizontaux, la mesure polymere est exactement 1’image par la transformation 7y de
la marche aléatoire géométrique V' conditionnée a retourner a I’origine en N + 1 pas, et a
balayer I’aire géométrique L — N, c’est a dire

Pry(le | NL(l)=N) =Pg(Tn(V) €| Vv =0,Ay = L — N). (1.6.4)

FIGURE 1.12 — Un exemple de transformation de w € W,, en (Vn)izo € Vs 17. La trajectoire
w de longueur 24 sur la gauche a7 segments : [y = 3,1 = —4,l3 =314, = 2,15 =0,lg = —2
et [; = 3. Les accroissements correspondants de (Vn)ﬁzo sont : v; = 3,09 = 1l,v3 =
—1,v4y = —5,v5 = 2,v6 = 2and v; = 1.
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Perles et excursions

On définit Q29 comme le sous ensemble de €2;, constitué des trajectoires [ € €27, qui n’ont
qu’une perle, c’est adire ny, (1) = 1. En conséquence, nous pouvons écrire 29 := UZ:1 Lo
ou LY ;, est la partie de Ly ;, définie par

Yr={l€Lnr: LAl #0Vje{l,....N—1}}, (1.6.5)
et nous notons ZZ”E la contribution a la fonction de partition des trajectoire de €29, i.e.,

Zyg =Y s OPT(1), me {unu}. (1.6.6)

1eQg

Nous noterons également V', les trajectoires de la marche auxiliaire qui retournent 2 1 ori-
gine apres n étapes, satisfont A,, = k et sont strictement positives sur {1,...,n},i.e.,

Vi ={V: Va=0,4, =k V;>0Vie{l,....,n—1}}. (1.6.7)

En reprenant mutatis mutandis (1.6.2), et en notant que I’image de E‘jw 1 par Ty est Vj{, 1IN
nous obtenons la représentation

L
708 =297 5> (T(B) Ps(Vi1s n)- (1.6.8)
N=1

1.6.2 Construction et étude asymptotique de g5

Nous allons donner une définition légerement différente de la définition (1.4.4), mais nous
verrons en fin de la section 1.6.2 que les deux définitions coincident. Rappelons nous la
définition de V), . dans (1.4.2) et considérons, pour o € Q" := QN [0, c0),

Ny :={neNN[2,0): an € N}. (1.6.9)

Observons que P3(Vy k) > 0 pour tout N € NN [2,00) et K € N,. Soitgs : QF — R
définie par

. 1
gpla) == A}gjnv gnpg(a), where gyg(a):= Nlog Ps(Vnan). (1.6.10)
N—oo

Pour étudier les propriétés de g, nous utiliserons
Pﬁ(VNl—i-NQ,KH-Kg) > P,B(VN1,K1)PB(VN2,K2)a for Nl,NQ,Kl,KQ € N. (1.6.11)

Pour établir (1.6.11), il suffit de se restreindre aux trajectoires que retournent a 1’origine
a 'instant N; et vérifient Ay, = K;. Puis, on utilise la propriété de Markov du couple
{Vn, Ay} nen pour conclure.

Lemma 1.6.1. (i) gs(«) existe, est finie, négative pour tout o € Q. En particulier, gs(0) =
—log cg.
(ii) o — gp(ev) est continue, concave, croissante sur Q" et converge vers 0 quand o — oc.
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Remark 1.6.2. La continuité et la concavité de gz garantissent [’existence d’un prolonge-
ment continu a R*.

Démonstration. (i) En vertu de (1.6.11), pour Ni, N, € N,,ona

Ps(VN, 4 Noa(Ni+82) = Pa(Vniany) Ps(Vag,ans)- (1.6.12)

Ainsi, {log Pg(Vn on)}ven, est une suite sur-additive et comme 0 < P3(Vy on) < 1 pour
N € N,, la limite (1.6.10) existe, est finie et satisfait

1
gs(a) = sup —logPs(Vyan) <0. (1.6.13)
Nen, NV

Rappelons que V,, o = {V : V,, =0, A,, = 0}, et donc que
Ps(Vno) =Ps(V; =0fori=0,...,N) = (1/cs)". (1.6.14)
En conséquence, gg(0) = — log cs.

(i1) Appliquons de nouveau (1.6.11), pour obtenir que pour tous p,q € N, g > 0,0 < p < ¢
et Q1,0 € Q+7N € Noq N Na2

PB(VqN,palNJr(qu)agN) > PB(VNqu)p PB(VNAQN)q_p‘ (1615)
Ainsi
1
— > L L
qN 1OgPB(VqN7(§%+(1g)az)qN) = N log Ps(Vn.ain) + qN log Ps(VNaon)
(1.6.16)

ce qui entraine que

ga(for+ (L-Fas) 2 Egsla) + (1= Haler) (617

qui est la propriété de concavité.

Nous allons maintenant montrer que gg(«) — 0 quand o — co. Comme gz est concave
sur Q7, cela suffira pour en conclure que gz est croissante.

Raisonnons par 1’absurde et supposons que gz(«) ne converge pas vers 0 quand o — o0.
Alors, par concavité de gg,

* soit gg est croissante sur QT et il existe M > 0 tel que gz(a) < —M pour tout
aeQf;

* soit g est décroissante pour « suffisamment grand et converge vers —oo quand o —
00.

Dans les deux cas, il existe M > 0 et apy > 0 tels que gz(a) < —M pour tout o > .
Ainsi, on peut utiliser (1.6.13) pour obtenir

Ps(Vnan) < e ™ forall N € Nya > ay. (1.6.18)
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Pour «v € [apr, 00) N 2N, on considere I’ensemble
No={V:Vi=3a/2+1, a+1<V,<2a+1fori=2,....N, Vys1 =0}. (1.6.19)

Pour N > «, observons que

N+1

N, C {v: Vigr =0, a(N+1) < D[V < 20+ 1)(N + 1)}, (1.6.20)
=0

et donc, au vu de (1.6.18), nous pouvons écrire

(20+1)(N+1)
Ps(N.) < Y Pe(Wiiaa) < (a+ 1)(N + 1)em (VDM (1.6.21)
k=a(N+1)

Notre but est d’exhiber une borne inférieure pour P (N, ). Par la propriété de Markov, nous
avons, en notant V3 := maxj<,<n |V,

a/2—1
Py(Na) =Ps(oi =% +1) > Pu(Vi, < $:Viw—k)
k=—a/2—1
Py(vy=-3-1-k). (1.6.22)
Comme Ps(v; = =22 —1—Fk) > Py(v; = —2a—1) fork € {—a/2,...,a/2}, I'équation
(1.6.22) implique
*%(%’ﬂ%) a/2—1
PsNy) > — Y P (v;_l < af2Vy = k) (1.6.23)
? k=—a/2—1
On choisit a > 4 pour obtenir
Py(Na) > “5oP, (m < a/z), (1.6.24)
B

et on peut appliquer 1’inégalité de Kolmogorov (voir [11, p. 61]), pour obtenir
Py(Vi < §) 21— &Vary(Vy). (1.6.25)

En combinant (1.6.21), (1.6.24) et (1.6.25), nous avons

“5= (1 - S Varg(Vy)) < (a+ 1)(N + e VDM, (1.6.26)
B

Comme I'inégalité ci dessus est vraie pour « > ajr et N > «, on peut choisir o« =
2y/ANVarg(v;) avec A > 1 tel que pour NV assez grand, (1.6.26) devient

L (1= 1) e WANVarst) < (2, /AN Varg(vy) + 1)(N + 1)e”VTIM - (1,6.27)

2
]

Pour N grand, (1.6.27) est clairement impossible a satisfaire, et donc gg(c) converge vers 0

quand o — o0 et gg est croissante.
O]
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Il nous reste a montrer que les deux définitions de gg de (1.4.4) et (1.6.10) coincident.
Pour cela, nous notons tout d’abord que par sur-additivité, la limite de (1.4.4) existe pour
tout o € [0, 00). Rappelons de nouveau (1.4.2) et notons que pour o € Q* et N € N,, nous
avons Vy on C {Ay < aN, Vy = 0}. Ainsi,

. 1 . 1
Nhe%a N logPs(Vnan) < J\Pgloo N logPg (AN <aN,Vy = O). (1.6.28)

N—oo

Observons également que {Ay < aN, Vy = 0} = U Yy, et utilisons (1.6.13) et la
croissance de g pour établir que

%logP/g (Anv =14,V =0) < gg (ﬁ) <gs(a), fori<aN, (1.6.29)

ou g dans (1.6.29) doit étre vue comme sa définition dans (1.6.10). Ainsi,
P, <AN < aN,Vy = o) < (aN + 1)eNos(@ (1.6.30)

et il suffit de prendre % log des deux cdtés de I’équation (1.6.30), puis de faire tendre /V vers
+00 pour conclure que les deux définitions coincident.

Etude asymptotique de g3

Proposition 1.6.3. Pour tout 3 > 0, il existe c; > 0 (dépendant de () telle que
gp(ar) > —0—12, pour « suffisamment grand. (1.6.31)
a

Pour tout compact K C (0,400), il existe co, oy > 0 (dépendants de K ) such that

c
gp(ar) < ——22, for B e K, a> as. (1.6.32)

!
Démonstration. Nous établirons d’abord la Proposition 1.6.3 a partir des lemmes 1.6.4 et
1.6.5 ci-dessous. Les preuves de ces lemmes sont reportées aux chapitre 3, sections 3.4.4 et

3.4.5. Rappelons (1.4.2) et la notation V3 = maxj<,<n |Va|.

Lemma 1.6.4. Pour 5 > 0, il existe c; > 0 (dépendant de [3) telle que pour o suffisamment
grand

c1 N

Py (V;, < a) > e*ﬁ, pour N assez grand. (1.6.33)
Lemma 1.6.5. Soit K un compact de (0, +00). Il existe ca, s > 0 (dépendant de K) tels
que pour B € K, a > s

co N

Py (AN < aN) <e 2, pour N assez grand. (1.6.34)

Rappelons (1.4.2), (1.6.10) et notons que I’ensemble Vy oy est inclus dans {V: Ay <
aN} quand o € QT et N € N,. En conséquence, la borne supérieure de (1.6.32) est une
cnséquence directe du Lemme 1.6.5 et de la continuité de gg.

Pour la borne inférieure de (1.6.31), observons que la propriété de Markov entraine que
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PB(V]:; <a,Vy=0)= Z P/B(V];kf—l <a,Vy_1=1) Pg(vl = —1)
z€[—a,a]

> Ps(Vi_y <a)Ps(v = a). (1.6.35)
Comme V;: < aventraine Ay = 3>~ |V,,| < aN, on peut déduire de (1.6.35)
Py(Ay < aN, Vi = 0) > Pa(Vi_, < a) Py(v, = a). (1.6.36)

Rappelons la définition de gz dans (1.4.4) et appliquons le Lemme 1.6.4, pour obtenir
gs(a) > —% pour a suffisamment grand, et la preuve de la Proposition 1.6.3 est terminée.
]

1.6.3 Construction et étude asymptotique de /13

Nous donnerons tout d’abord une définition de la fonction hg légerement différente de
(1.4.9), mais nous verrons en fin de section que les deux définitions coincident.
Etant donnés N € N, > 0, on pose

1
hy 5(8) = + log Eg(e ™1y —o)) andlet hg(d) = dimhy (0). (1.6.37)

Lemma 1.6.6. (i) hs(0) existe, est finie et négative pour tous 3 > 0,5 > 0.
(ii) & — hg(d) est continue convexe et décroissante sur [0, 00).

Démonstration. (1) Pour N, M € N, nous restreignons les marches aléatoires de taille M + N
a celles qui retournent en z€ro aux instants /N et N + M pour obtenir

Egs (676AN+M 1{VN+M=0}) > Eg (eiéAN 1{VN=0}) Egs (eiéAM 1{VM=0}) ‘ (1.6.38)

Ainsi, {log Eg (e 1y, —0y) } ven est une suite sur-additive qui est majorée par 0 donc la
limite de (1.6.37) existe, est finie et satisfait

hg(d) = sup 1 log Eg (e_éANl{VNZO}) <0. (1.6.39)
nen N

(ii) Le fait que Ay > 0 pour tout N € N entraine immédiatement que 0 — hg(d) décroit
sur [0, co0). Par I’inégalité de Holder, la fonction 0 — hy 5(d) est convexe pour tout N € N
et donc il en est de mém e de la limite 6 — hg(J). La fonction hg est convexe et finie :
elle est donc continue sur (0,00). Pour établir la continuié en 0, observons d’abord que
lims_,0 hp(d) = sups~q hp(d). En conséquence, grace a la formule 1.6.39 et a un échange de
supremum nous obtenons

1
lim hg(8) = sup sup — log Eg(e %48 11y — 1.6.40
lim f15(9) D SUp gEj( (Va=0}) ( )
1
= sup — log Ps(Vy =0) = 0.
Nen N
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I reste a montrer que les deux définitions de hg de (1.4.9) et (1.6.37) coincident. Pour
cela, il suffit de montrer que

. 1 _5A .1 —5A
hmsuleogEg(e N) < ]&E)I})ONlogEg(e Nl{vN:o}). (1.6.41)

N—o0

On pose Zy2 := [—N?, N*|NZ et on décompose Eg (e*‘sAN ) en la somme de deux fonctions
de partition C'y g et By 3 définies par

Cnp=Eg(e " 1yyer,,y) and By =Eg(e 1y, ¢7.,1)- (1.6.42)

Comme Ay > 0 et Eg(exp(8|v1]/4)) < oo, I’inégalité de Markov implique

N N
Ej (e#/0n]

By < By (Lpn) < Po(Soh 2 87) <« U0 6y

=1
ce qui entraine immédiatement que lim sup_, ., % log By g = —o0. En conséquence,
1 1
lim sup — log Eg(e™4") = lim sup — log Cy g, 1.6.44
m sup — log By (™) = limsup - log . (1.6.44)

et comme le cardinal de Zy2 croit polynomialement, pour terminer la preuve de (1.6.41) il
nous suffit de montrer que

1 1
limsup — log sup Eg (e_‘SANl{VN:x}) < ]&glgo N log Eg (e_éANl{VNZO}). (1.6.45)

N—oo IEINQ

On considere la fonction de partition sur les chemins de longueur 2/V et on utilise la propriété
de Markov a I’instant /N pour obtenir

Eﬁ (6_5A2N1{V2N:0}> > Eﬁ (6_6AN1{VN:35})E5@ (6_6AN1{VN:0}), r €. (1.6.46)

Grace a la stabilité de la loi de la marche aléatoire V' par retournement du temps, nous avons
I’identité en loi (Vy — Vy_,, 0 < n < N) < (V, = Vb, 0 < n < N) et en conséquence,
pour tout x € Z,
B (e 702 Vil o)) = By (e Znma Melnyy, )
e Eﬁ (67625:1 IVvaN—'n‘HEl 1{VN:—CE})
N—-1
=Eg(e 0 2n=r M1y, ). (1.6.47)
-1

Il reste & combiner la symétrie de la loi de V/, la majoration ZnN:1 V.| < Ay, etles inégalités
(1.6.46) et (1.6.47) pour obtenir

0A 0A 2
Es(e " Lyymny) 2 | sup By(e V1) | (1.6.48)

LEEINQ

On applique maintenant ﬁ log aux deux cotés de 1’inégalité, puis on fait N — 400 pour
conclure a (1.6.45), ce qui termine la preuve.



32 CHAPITRE 1. INTRODUCTION

Etude asymptotique de /13

Lemma 1.6.7. Pour m € {u, nu},

im M = —dp. (1.6.49)
i ()20
avec d,, définie en (1.4.12).

Heuristique Essayons de donner une explication heuristique a 1’asymptotique hg(d) ~
—c 6?3, pour une constante ¢ > 0. L’idée principale est de décomposer la trajectoire de
V en blocs indépendants de longueur 762/ avec T € N et § suffisamment petit : il y a
approximativement N/(T'62/%) blocs. En conséquence, quand J \, 0, on peut estimer

1; 1 loc E ( *5AN) 1i 2/3 oo E ( —0A,_s 2/3) (1 6 50)
P ~ _— Té

Nooo N BB T T 8B ' o

11 est notoire que pour une marche aléatoire dans L? (supposons pour simplifier les notations

que Eg(v?) = 1) (voir par exemple [11, p. 405]), on a la convergence en loi

Tk T
k‘3/22|\/;]£>/ B(t)|dt sk — oo, (1.651)
i=1 0

avec B un mouvement Brownien standard. On pose k& = §=2/3. Comme |e **rs-2/3| < 1, on
conclut que

Eg(e"*rs-2/3) = E(e~Jo 1BOI)  quand § — 0. (1.6.52)

Cette convergence combinée avec I’estimation (1.6.50) impliquent immédiatement que hg(d) ~
—c6%/3 ol ¢ peut étre calculée a partir de la loi de I’aire Brownienne

1
¢ = — lim ?logE(e_fOT Bty (1.6.53)

T—o00

Preuve du Lemme 1.6.7.

Borne supérieure Soit 7' € N, § > 0 tels que 623 € N et soit A := §~2/3. On se limite
a N qui satisfait N/(T'A) € N et partitionnons {1,..., N} en k = N/(TA) intervalles de
longueur T'A.

Nous allons décomposer Eg (e_MN ) par rapport aux positions occupées par la marche
aléatoire V' aux instants TA,2TA, ... (k — 1)TA. Par la propriété de Markov, nous obte-
nons

k—1 k
EB (eféAN) — Z H Eﬁ,xi (eféATA 1{VTA:I2'+1}> S |: sup Eﬁ,x (eféATA):| .

20=0,0;€Z =0 z€L
=1,k

(1.6.54)
Le Lemme 1.6.8 ci-dessous nous autorise a remplacer le supremum du membre de droite par

le terme obtenu pour z = 0. Nous prouverons le Lemme 1.6.8 en section 1.6.3.
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Lemma 1.6.8. Pour tous 6 > 0,n € Netx,x' € Z tels que |x

, on a l’'inégalité
Eg . (e7) < Eg,(e7*). (1.6.55)

Par conséquence (1.6.54) devient

A)
E,B (€—5AN) < |:E,3 (6—5ATA)] NAT . (1656)

Rappelons que A := §~2/3, appliquons % log aux deux membres de (1.6.56) et passons a la
limite N — oo pour obtenir, pour § > Oetd > 0,

h6(5 ) 1 —§A
5273 < Tlog Eg (e TA). (1.6.57)

Dans ce qui suit nous aurons besoin d’une version uniforme (en ) de la convergence de
Ej (6*5AT A) vers E(e” Iy 1B (®)ldt) as § — 0. Pour cela, nous introduisons un théoréme d’ap-
proximation forte (Sakhanenko [21]) pour approcher les sommes partielles de variables aléa-
toires indépendantes v; de (1.6.57) par des sommes partielles de variables aléatoires gaus-
siennes.

Theorem 1.6.9 (Q. M. Shao [24], Theorem B). Soit a% la variance de la variable aléatoire

vy sous Pg. Il existe un espace probabilisé sur lequel nous pouvons définir une suite (vzﬂ )i>1
de variables aléatoires indépendantes qui a méme loi que (v;);>1 sous P g, et une suite (y;);>1
de variables indépendantes normales centrées réduites, telles que pour tout p > 2, v > 0,

ZU — ngy ’ > x) (Ap)Px™ pZEh}ﬁ\p (1.6.58)

=1

i<n

P (max

ou A > 0 désigne une constante universelle.

On pose, pour n € N, Y, = S0 i, A (V) = S0 Vil et V= S0 0l A, (VP) =
S |V Soit T > 0, p > 2,0 > 0 et K un compact de (0, 00). En combinant le thoréme
1.6.9 et le fait que (d’apres (1.4.1)) E[|vl’3|p} est majorée uniformément en 5 € K, pour

affirmer I’existence d’une constante ¢, i > 0 telle que pour tous A > Oet 8 € K

P<1I£1%X ‘V —O‘gY‘ > A ) < cvaTAl_ep. (1.6.59)

Observons que sur I’évenement {max;<ra ‘V;B —05Y;| < A%}, onaévidemment |Ara (VF)—
osAra(Y)| < TA%"'. En conséquence , comme z — exp(—x) est 1-Lipschitzienne sur
[0, 00) et qu’en outre A = 6~%/3, onapour 3 € Keté > 0

‘E(e‘““‘(vﬂ) _ e—EJﬁATA(Y)H < P(max |Vf _ 06Yi| > A9> + ST A
i<TA
< ¢, 763071 4 7g30-20) (1.6.60)

On choisit p = 3 et § € (1/3,1/2). Les inégalités (1.6.57) et (1.6.60) entrainent que pour
geKetd>D0,
hg(d) _ 1

—do AT Y
52/3 STlog[E(e gATA( ))

O Lt (1.6.61)
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Lemma 1.6.10. Soit K un compact de (0, +00). Pour tout T' > 0 et ¢ > 0 il existe dy > 0 tel
que § < &g (avec A = 6%/3),

sup |[E(e 075478 0) _ (o0 Jo 1BONY | < ¢ (1.6.62)
BEK
on B est un mouvement Brownien standard.
Preuve du lemme 1.6.10. On considere {B(t),

t
espace de probabilité en posant y; = B(i) — B(i
la fonction exponentielle 1-Lipschitzienne sur (—oo

> 0} et {y;,7 > 1} définis sur un méme
— 1) etdonc Y; = B(1) for i € N. Puisque
,0],ona

sup }E(e—(sO'BATA(Y))_E(e_Uﬁ fo |B(t)‘dt)| S maX{O'B,B c K} E[‘éATA(Y)—fOT |B(t)|dt}:| .

BEK

(1.6.63)
Puisque max{os, 8 € K} < oo, la preuve sera terminée dés qu’on aura prouvé que 1’espé-
rance dans le terme de droite tend vers 0 quand A — -+o0c. On rappelle que § = A™3/2 et
que Apa(Y) = ZiT:Al | B(7)|. En utilisant les propriétés de scaling du mouvement Brownien
et les sommes de Riemann, on peut montrer que

T

A2 AN (V) LA™ Z|B (i/A)] == | |B)ldt, (1.6.64)
0

et comme on a I'uniforme intégrabilité (car supp.o E(|JA™*247A(Y)]?) < o0) on peut
affirmer que

lim B(|A™2474(V) = [ |B(1)]dt] ) = 0. (1.6.65)
0

Nous reprenons la preuve de la borne supérieure. Puisque 6 € (1/3,1/2), le terme de
droite dans (1.6.60) tend vers 0 quand 6 — 0 uniformément en 3 € K. Ainsi, on peut rem-
placer ¢ par f™(S™) dans (1.6.61) et utiliser le Lemme 1.6.10 et le fait que lim, o+ f™ (8" —
e) = 0 pour conclure que, pour tout 7' > 0,

lim sup ~(f (82 <)) < llogE(e_"B'c“ f0T|B(t)|dt). (1.6.66)
0+ fm(ﬁm_ )2/3 T

Il suffit a présent de laisser 7" tendre vers I’infini et de rappeler (1.4.12) pour obtenir

lim sup ~(fm(5m —<)) < —dp. (1.6.67)

0+ fm(ﬁm _ )2/3

Lower bound On rappelle que T € N,§ > 0 et que A = §~2/3 € N. On choisit aussi
N € Ntel que N/(TA) € N. Soit n > 0, on utilise la décomposition introduite dans
(1.6.54) pour obtenir

k—1
Bjy(c04r) > 3 [1Es.. <e-5ATA 1{VTa=wi+1}> (1.6.68)

"EO:O"’E e[ anf] =0
N/(TA)
)] (1.6.69)

1 —J0A
- [ xe[—nlfzf N Bz (6 v sel-nAava)
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Pour tout entier = € [—WZ , n\/Z], on considere les deux sous-ensembles de trajectories
117 = {(Vi)I%: Vo = @, Vpa € [-VA VAT, (1.6.70)

et
Iy = {(Vi){5: Vo =0, Via € [-nVA, 0]} (1.6.71)

Il est clair que, si V = (V;)Z4 € Ils, alors la trajectoire V + x est un élément de I1¢. De la
méme facon, pour 2 € [-nv/A, 0], IT, + 2 C TI? ot

I, = {(V)T4: Vo = 0, Vs € [0,VA]}. (1.6.72)
Puisque Pg(V € II,) = P3(V € I1;), on en conclut que

Ps.(V €I?) > Py(V e1I,) pourtout z € [—nvVA, nvVA]. (1.6.73)

de plus pour chaque V* € II7,
TA TA TA TA
SI V=0 |e+ Vil <6 Vi +0TAl[ <6 Vil + 0T, (1.6.74)
i=1 i=1 i=1 i=1

ou la trajectoire V' vérifie V[ = 0. En combinant (1.6.73) et (1.6.74), nous obtenons alors

que, pour x € [—n\/z, 77\/2}

—JA —nT —0A
s R ) ] Gl Ny (1.6.75)

En utilisant la borne inférieure ci-dessus dans (1.6.68) et en utilisant les propriétés de symé-
trie de V', on obtient immédiatement que

_ _ B N/TA
Bo(e ) > [ By (e a1y, o)) (1.6.76)

ce qui, en appliquant % log dans les termes de gauche et de droite de (1.6.76) et en laissant
N — oo, donne, pour tout 5 > 0,

hs(0) _ 1 A
S > T logE; (e TAl{VTAE[Mm}) —n, 6 >0. (1.6.77)

A ce stade, on utilise la méme méthode que pour la borne supérieure (de (1.6.57)) pour
obtenir, pour tout 7' € N, > 0,

log B(eoer Jo 1BOW g ) — 1. (1.6.78)

Donc, la preuve de la borne inférieure sera terminée des que nous aurons prouvé que, pour
toutn > 0

1 1
lim — log E(e™" Jo IBOWE o ctomy) = Jim —log B(e™7" Jo 1B@ldey - (1.6.79)

T—o0
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A I’aide de (1.4.12), on obtient, pour tout 7 < 0, la borne inférieure

O .

B—B fm(5)2/3 - (1.6.80)

On fait tendre 7 vers O et ceci termine la preuve.

La preuve de (1.6.79) est tres similaire a la preuve présentée en section 1.6.3 qui montre
que les deux définitions de hg coincident. Soit 7' > 0, nous partitionons I'intervalle [T, T?]
en 272 /n sous-intervalles de taille 7, i.e.,

=T, 7% = UL iy iy 0l i = [(i = 1), in). (1.6.81)

Puisque limy_, 7 log P(|B(T')| > T?) = —o0, on peut affirmer que
1 o [T | o [T
Jim_ — log E(e o Jo 1BOIE) — lim inf — log E(e #Jo 1BOMY by el p2r2py). (1.6.82)
L’espérance dans le membre de droite de (1.6.82) peut étre borné supérieurement par
T T
E(e o Jo POM L g o oy) < 2 sup B (e b PO gy ), 0 (1.6.83)

1€Ty

avec T, := {—T?/n+1,...,T%/n}. En appliquant £ log a chaqu’un des deux membres de
(1.6.83) et en prenant 7" — oo, on obtient que

. 1 —oa [T1B(t)|dt .. 1 —og [T|B(t)|dt
Tlgr;oflogE(e 8Jo 1B ) < l%rggfiloglsellgE(e 8Jo 1BO) 1{B(T)6JZ.}). (1.6.84)
L’étape suivante consiste a borner par en dessous la fonction de partition de taille 27", de
facon a ce que pour tout ¢ € 7, on ait
2T
E (e b PO 1 pomer )
T 2T
> B|e W B0 gy B PO L oy | B(T))

> E<e—06 Jo 1B(®)ldt 1{B(T)eJi}) ;gg E, (e—ﬂﬁ Jo 1B(®)ldt 1{B(T)e[—n,n}}>‘ (1.6.85)

On utilise maintenant un renversement du temps et la symétrie de {B(¢),t > 0} pour
conclure que, pour tout z € J;, i € T,

. T B d —0 r B z|d
E, (e 5 ST B Upmrernm) = E(e s Jo |B(t)+al "By aclna))

—c T — - x
=E(eo0 o IBI=BI=0twldt g o octnm)

—oanT —0 T B d
> e M E(e ¢ Jo IBO) "LBr)ele—natn)))

Z 6—0',377TE (6_0'[3 fOT ‘B(t)ldt 1{B(T)€J7,}) . (1.6.86)

A ce stade, on remarque que les deux inégalités (1.6.86) et (1.6.85) sont valides pour tout
i € T,, et donc

—og [2T —0o —os [T 2
B(e 7 b PO L paneinap) 2 e " supB(e 0 PO L pesy)”.  (1687)
i€y
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On apphque = log a chaqu’un des deux membres de (1.6.87) et on laisse 7' — oo pour
obtenir

o 1 Con 2T
lim inf - log (e~ 'B(t)‘dtl{B@T)e[—nnn)

> 70 hm 1nfT sup log E( 98 f0T|B(t)|dt1{B(T)€Ji}), (1.6.88)

0 i€Ty

ce qui, une fois combiné avec (1.6.84) et puisque { B(t),t > 0} est symétrique, donne

1 1 i o
lim —log B(e 70 1PO) < timinf —log B(e 7 PO L0y 0,) + %57,

(1.6.89)
Pour tout 7 > 0, on pose

1 T T
d(n) == 711_{20 = log E (e~ Jo IB(t)Idt) hTHi)lcgf ? log E (e~ o IB(t)Idtl{B(T)e[_W]})'
(1.6.90)
La fonction ) — d(n) est décroissante et positive sur (0, c0), et une conséquence directe de
(1.6.89) est que 0 < d(n) < =7, ce qui implique que d(n) = 0 pour tout € (0, o). Ceci
termine la preuve. 0

Preuve du Lemme 1.6.8

Démonstration. Puisque V et A, sont symétriques, on peut supposer que x,x’ € Ny :=
NU{0} et donc, il suffit de montrer que le résultat est vrai en 2’ = x + 1. On va raisonner par
récurrence. Puisque Ay = 1, le cas m = 0 est trivial. A présent, on suppose que 1’inégalité
est vérifiée en m € N. on considere la fonction de partition de taille m + 1, et on peut la
reécrire en fonction de la position de V7, i.e.,

—5 m —5 | Vim
ng A +1 ZEﬁ (lyl+Val+.. 41V, +1|)1{V1:y})

YEL

=Y Pylvr =y —a)e WEy, ()
YyEL

= Ry(y)e Egy(e**") + Py(vy = 2)Eg(e**),  (1.6.91)
yeN

o R,(y) = Pg(vy = y— z) + Ps(v; = —y — z). Ainsi, on pose R,(y) = D ysy B (y')
pour y € N. Puisque R,(1) + Ps(vy = 2) = 1, on peut réecrire le membre de droite de
(1.6.91) sous la forme

Baa(e 70) = 3 Ray) [e By (e ) —e 00 DBy (e74) [+ (e707),
yeN

(1.6.92)

On va montrer que, pour tout y € N, la fonction = — R, (y) est croissante sur Ny. D’abord,
siy > x + 1, on a évidemment

=Y Ru(y) €D Roa(t)) = Reia (). (1.6.93)

/>y />y
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Ensuite, si 1 <y < z, puisque

y—1
Ro(y) + > Ru(y) + Ps(vr = 2) = Rupa(y) + Z Rya(y) + Po(vy =2+ 1) =1,
y'=1
(1.6.94)
et
y—1
+ZR ) > Pslvi =2+ 1)+ > Ron(y), (1.6.95)
y'=1

on obtient immédiatement I’égalité R,(y) < R,.1(y). En revenant a (1.6.92), on utilise
I’hypothese de recurrence pour affirmer que

e VEg, (e7?m) — e W VEg 1) (e7?) <0, yeN, (1.6.96)

ce qui, grice a la monotonie de = — R, (y), implique que

E,B x Mm“ Z Roia(y [ _ayE&y (Q_Mm) - 6_5(y_1)Eﬁ7(y71) (e_Mm)] + Eg (e_Mm)

yeN
= Eﬁ7x+1 (676Am+1) .

1.6.4 Estimations de grande déviation

Dans cette section, on introduit les techniques nécessaires pour estimer la probabilité de cer-
tains événements de grandes déviations associés a des trajectoires qui décrivent de grandes
aires géométriques. Ces estimées seront utiles dans la section 1.4.3 pour approximer la pro-
babilité que, sous la mesure du polymere, les trajectoires décrivent une seule perle macro-
scopique.

On conserve les notations introduites par Dobrushin et Hryniv dans [10], pour n € N, on
définit

Voi=2(Vo4+Vi+-+ V1), (1.6.97)

et pour ¢ € (0,00) N ¥ fixé, on se concentre sur les deux quantités Ps(Y,, = ng, V,, = 0) et
Ps(Y, =nq, V,, =0,V > 0Vi € {1,...,n — 1}). Notre objectif est d’identifier les taux
de décroissance exponentiel et les corrections polyndmiales respectifs de ces deux types de
probabilité. Dans ce but, on utilise un filting exponentiel de la mesure de probabilité Py
(grace a la transformation de Cramer) combinée avec un théoreme centrale limite. Sous la
mesure de probabilité tiltée, I’événement de grande déviation {Y,, = ng, V,, = 0} devient
typique, comme nous le verrons dans le chapitre 4 de la section 4.6.

D’abord, on note L(h), h € R le logarithme de la fonction génératrice des moments de

la marche aléatoire V/, i.e,
L(h) := log Egle""]. (1.6.98)

Par définition de la loi de P dans (1.4.1), on a clairement que L(h) < oo pour tout i €
(—B/2,8/2). Pour simplifier les notations, on pose A,, := (Y,,,V},) et on appelle L, (H)
pour H := (hgy, hy) € R2, le logarithme de sa fonction génératrice des moments, i.e.,

L, (H) = log By [eho¥ethve] = 350 L (1= £)ho + 1 ). (16.99)
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Clairement, L, (H) est fini pour tout H € D,, avec
D= {(ho, 1) €RZ € (<4,8), (1= Dho+ e (-,9)}. (16.100)
On introduit aussi L 1’homologue continu de L, , i.e.,
La(H) := [, L(zho + h1)dz, (1.6.101)
qui est défini sur
D= {(ho,hn) €R%: by € (=£,2), ho+hi € (-5,9)}. (1.6.102)

A T’aide de (1.6.99) et pour H = (hg, h1) € D,,, on définit la distribution H-tiltée par

2 (V) = ehoYnthVa—Lan(H), 1.6.103
)= (1.6.103)
Pour n € Netg € % fixés, le tilt exponentiel est donné par H? := (hi ,,h, ), qui est
I’unique solution de
B (%) = VILa ) (H) = (¢,0), (1.6.104)
et donc, on a I’égalité
q l q
PB (ATL = (nqv O)) = Pn,HZ (An = (nq7 0))en(_hn‘0 q+nLAn(Hn)) ] (1.6.105)

I1 est facile de déduire de (1.6.105) que le taux de décroissance exponentiel de Ppg (An =
(ng,0)) est donné par la quantité —h ;g + + Ly, (HZ) tandis que la correction polyndmiale
est associ€e a la quantité P,, yq (An = (ngq, O)) Pour étre plus précis, on énonce d’abord une
proposition qui donne un théoréme centrale limite local pour la loi tiltée P,, z.

Proposition 1.6.11. Pour tout [q;,q2] C (0,00), il existe C' > 0,ny > 0 tels que pour tout
q€[q,qletn>ngona

oz <P, pa(Y,=nq, V,=0) < &. (1.6.106)

Ensuite, on définit ’homologue continu de H? par f[(q, 0) := (?Lo(q, 0),711(q, 0)), qui est
I’unique solution de I’équation
VLA(H) = (q,0), (1.6.107)

et on énonce une proposition qui nous permet de supprimer la dépendance en n du taux de
décroissance exponentielle.

Proposition 1.6.12 (Decay rate of large area probability). Pour [q1,q2] C (0,400), il existe
c1,c0 > 0etng € N tels que

H%LAH(Hg) — h q} — [LA(H(q, 0)) — ho(q,0) q” < &, pourn > ng, q € [q1,q).
(1.6.108)
et N
HHZ — H(q, O)H < 2. pourn >ng, q € [q1,q). (1.6.109)
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Les Propositions 1.6.11 et 1.6.12 seront prouvées dans les sections 4.5.1 du chapitre 4 et
4.6. Al’aide de (1.6.105) et en appliquant les propositions 1.6.11 et 1.6.12 on peut finalement
donner des bornes supérieure et inférieure précises pour la quantité Ps(Y,, = ng, V,, = 0).

Proposition 1.6.13. Pour [q1,qs] C (0, 00), il existe C; > Cy > 0 et ng € N tels que pour
tout q € [q1,q2] etn > ngona

% e”[—ﬁg q+LA(f1(q:0))] < Py(Y, =ngq, V, =0) < % e [—ES (H‘LA(}VI((I?O))}‘ (1.6.110)

Nous aurons également besoin dans cet article, d’une borne inférieure précise sur la pro-
babilité que, sous la mesure P, la marche aléatoire V' fasse une seule excursion en dehors
de I’origine, conditionellement a ce qu’elle décrive une grande aire géometrique fixée au
préalable. A notre connaissance, une telle estimation n’était pas disponible dans la littérature
existante. On rappelle la définition de Y,, dans (1.6.97).

Proposition 1.6.14 (Unicité de I’excursion pour de grandes aires). Pour [q1, q2] C (0, 00), il
existe C' > 0, > 0 et ng € N tels que pour tout q € [q1, go] et tout n > ny

Ps;(Vi>0,0<i<n|Y,=ng V,=0)> <. (1.6.111)
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2.1 Physical motivations and the model setting

2.1.1 Physical motivations

This thesis is devoted to the study of the phenomena expansion and collapse for difference
polymer models. The conformation of individual polymer chains depends on the temperature
or the solvent properties. In good solvent (or at high temperature) the monomers effectively
repel each other, preferring to be surrounded by solvent. This effect leads to a extended
comformation for polymers in good solvent. When the solvent quality deteriorates (or the
temperature is lowered), conversely, the monomers try to exclude the solvent and effecti-
vely attract one another, and the polymer condenses into a dense, globule, that looks like a
compact ball, to minimize the contacts between monomers and solvent (see Fig. 2.1). For
a given polymer-solvent pair, the collapsed state is satisfied at a certain temperature, called
the 6-point. The dynamics of the extended/collapsed transition in flexible polymers are well
known and has been studied theoretically for many years. Understanding the collapse tran-
sition is foremost a precursor to understanding biological macromolecules folding such as
proteins and DNA.

Random coil Compact ball

FIGURE 2.1 — Hydrogel behavior (Macromolecules, 2007, 40, 5827).

2.1.2 The model setting

In mathematics, polymer models often live on the d-dimensional Euclidean lattice Z%, d > 1.
They consist of random walk trajectories on this lattice, the monomers being the vertices of
the walk, and the chemical bonds connecting the monomers being the edges of the walk.

For L € N, let W, be the set of allowed L-step paths with law denoted by P. Each
trajectory w = (Wn)nepo,] W associate a energy given by the Hamiltonian H(w). The
choice of H, captures the interaction of the polymer with itself or its environment. Typically,
H; depends on one or two parameters, including the temperature. For each L € N, the law
of the polymer of length L is given by the probability measure P (w) on Wi,

_ exp(Hy(w)

PL(U)) ZL

P(w), we W, 2.1.1)
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)b X  self-intersection

~~~ - self-touching

FIGURE 2.2 — A SRW with self-intersections and self-touchings.

where Z is the normalizing constant known as the partition function of the system
71, = Elexp(H(w))]. (2.1.2)

This is called the Gibbs measure associated with the pair (W, Hy), and it describes the
polymer in equilibrium with itself or its environment, at a fixed length L. Under this Gibbs
measure, paths with a low energy have a high probability, while paths with a high energy
have a low probability.

Let us have a brief look at two basic models for a polymer chain : the simple random
walk and the self-avoiding walk.

(1) The simple random walk (SRW) Our choice for the set of allowed paths is
Wi = {w = (w2, € (ZY : wy =0, ||wiy1 —wi|| =1,V0<i< L}, (2.1.3)

with law P is a uniform distribution on W;. For 3,7 € (0,00), we consider a polymer
that receives a reward [ for each self-touching and a penalty v for each self-intersection
(Fig. 2.2). Thus, we associate with every random walk w the Halmiltonian

L L
B () e D
HE(w) = o5 > Ljuwgli=ny =7 D Lwi-uy =0} (2.1.4)
ilg jiol izg]iol

The factor 2—1d is added to account for the fact that each site has 2d neighboring sites where
the polymer can achieve a self-touching.

Under the polymer measure, self-intersections are penalized while self-touchings are re-
warded. van der Hofstad and Klenke [13] showed that for 3 > ~ the polymer localizes, i.e.,
with high probability the polymer is contained in a finite box whose size is independent of
the length of the polymer. For § < ~ the behaviour is different : the polymer extends in
space, i.e., the probability for the polymer consisting of » monomers to be contained in a
cube of side length en'/? tends to 0 as n tends to infinity.

(2) The self-avoiding random walk (SAW) We consider only the subset of random walks
which never visit the same site again :
Wi = {w = (wi)zL:O < (Zd)L+1 two =0, ||wi+1 - wz” =1, Vi<i< L,
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~~~ gelf-touching

FIGURE 2.3 — A SAW with self-touchings.

This is a popular model to describe the collapsed effect since the self-avoiding walks satisfy
the so-called excluded volume condition, i.e., no site can be occupied by more than one mo-
nomer. The interactions between monomers are taken into account by assigning an energetic
reward 3 > 0 to the polymer for each self-touching (Fig. 2.3). Thus, we associate with every
random walk trajectory w = (w;)E, € Wy, the Hamiltonian

L
HL”g(w) = 5 Z ]‘{H'wi*’wj‘l:l}‘ (215)
i,j=0
i<j—1
This model has exhibited many important conjectured properties of the physical problem
even though it is not exactly solved in the sense that the generating function of partition
functions has not been explicitly calculated, in two or three dimensions.

2.2 The model

In order to deal with the collapse transition mathematically, it is necessary to turn to a di-
rected version the model. The interacting partially directed self avoiding walk (IPDSAW)
was introduced in [26] as a partially directed model of an homopolymer in a poor solvent.
This model, and a closely related semi-continuous variant, on the square lattice were studied
extensively in the early 1990’s [3, 6, 18, 20].

2.2.1 Polymer configurations

The spatial configurations of the polymer of length L (L monomers) are modelled by the
trajectories of a partially directed random walk on Z2. This random walk is self-avoiding
and only takes unitary steps upwards, downwards and to the right (Fig. 2.4). More precisely,
we let ¢ = (1,0),é3 = (0,1) denote the canonical basis of Z? and we choose the set of
allowed L-step paths as :

Wy = {w = (w;)y € (Ng x Z)*™ 1wy =0,
Wi41 — Wy € {637637_63} V0 S i< L— 17

wp — W1 = €1}. (2.2.1)

Note that the choice of w ending with an horizontal step is made for convenience only. Let
us introduce two different laws on Wy, uniform and non-uniform, denoted by P! and P}",
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FIGURE 2.4 — A partially directed walk with 12 self-touchings represented by red bonds.

respectively.

(1) The uniform model : all L-step paths have the same probability, i.e.,

P! (w) we W (2.2.2)

B 1
Wr|’

(2) The non-uniform (kinetic) model : the walker is chosen uniformly among the allowed
directions, i.e.,

* At the origin or after an horizontal step : the walker must step north, south or east with
equal probability 1/3.

» After a vertical step north (respectively south) : the walker must step north (respecti-
vely south) or east with probability 1/2.

More formally, under P7" the sequence of random variables (z; := w; — wi—l)ie[l, 1) satisfies
the Markov property with transition probabilities

P?Lu(xi-i-l =Y | Ty = G_i) = 1/3a Yy e {e_i,e_é, —G_é},
PlM(ripn =y |z =e)=1/2, ye{e,él,
qu(xz’Jrl =Yy ‘ T; = —_éz) = 1/2> Yy e {e_i; —52}

For later convenience, the law on Wy, is denoted by PT', where m € {u, nu}.

2.2.2 The Hamiltonian

Due to the directed nature of this problem, we can describe these configurations in Wy,
through a collection of vertical stretches separated by one horizontal step. Thus, we set {2, :=
U]val L1, where Ly 1, is the set of all possible configurations consisting of /N vertical
stretches that have a total length L, that is

Lyi={1ezV: SN L+ N = L}. (2.2.3)
At this state, we have a one-to-one correspondance between Wy, and €2 (Fig. 2.5). By re-

calling the definition of P7 in (2.2.2), we note that for a given N € {1,..., L} the function
[ — PT(1) is constant on Ly 7, and equals 1/|W|if m = uand (1/3)™(1/2)*N if m = nu.



46 CHAPITRE 2. ENGLISH INTRODUCTION

The Hamiltonian associated with a given path of VV;, can be rewriten in terms of its associa-
ted collection of vertical stretches [ € €2, as

Hrg(ly -y ln) = BNl A lpy) (2.2.4)
where
~ x| A if xy < 0,
ey = LA iy < 2.2.5)
0 otherwise.
Therefore, the partition function can be rewriten under the form
L N-1 X
Z7 5= Z Z Bz (b /\li“)Pf(l). (2.2.6)
N=1 ZGEN,L
I,=0
I I
Il (1 3 - —o
il

FIGURE 2.5 — An example trajectory with N = 5 vertical stretches and length L = 16.

2.2.3 The free energy

The standard way of determing the collapsed state for our model is by looking at the aysmp-
totic behavior of the partition function Z7' 5 for large L. More precisely, we define the free
energy of the model

m(3) = lim fP(8), where fT(8) = —

A 7 log Z1 5. 2.2.7)

To understand why one should look at f, we introduce the random variable

L
SL(UJ) = Z 1{||wi_wj”:1} (228)
izgjiol

and observe that an easy computation yields
9
9p
82
2

fL(B)=ELg (%) : (2.2.9)

fT(B) = L Varpy | <%> : (2.2.10)
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By the Holder inequality, 5 — f]"(() is convex for all L € N and hence so f™(/3). Convexity
implies that provide f™ () is differentiable at [, then

BX; L

Thus, the first derivative of f™(/3) gives the limiting number of self-touchings per monomer,
which explains the reason for looking at f™(3). In fact, a basic problem is the determination
of the set of values of 3 where the free energy fails to be analytic. They correspond physically
to the occurrence of a phase transition of the system.

Note that {log Zr 5} 1, 1s a super-additive sequence and since the number of self-touchings
is smaller than the number of monomers, i.e. H 3(w) < SL, we immediately obtain the
upper bound Z7'; < e’ for 3 € (0,00) and m € {u,nu}. Thus the limit in (2.2.7) exists
and is finite

B
A" (B) = lim E7, (—) : (2.2.11)

1 1
m — T - m - m <3 2.
™(p) ngrolo Llog A zlég Llog Zrs < (2.2.12)

If we shut down the self-interaction of the polymer, that is if we take 5 = 0, then the
density of self-touching performed by a typical L-step random walk trajectory belongs to
(0, 1), the horizontal extension of this trajectory is of order L and its vertical displacement of
order v/L. When 3 becomes strictly positive, in turn, the geometric conformation adopted by
the random walk is the result of an "energy-entropy" competition which can be understood
as follows. To increase its self-touching density, the polymer must both, reduce its number
of horizontal steps and constrain its consecutive sequences of vertical steps to take opposite
directions. However, these two geometric constraints have an entropic cost such that the
free energy is the result of an optimization between the energetic gain and the entropic cost
induced by a raise of the self-touching density. When ( becomes large, the system enters its
collapsed phase which corresponds to a saturation of the self-touchings made by the polymer.
In other words, the collapsed configurations have a self-touching density equal to 1, which
necessarily entails that the number of horizontal steps made by such configurations is of
order o(L) and that most pairs of consecutive vertical stretches are of opposite directions.
These geometric restrictions are associated with a collapsed entropy kn, for m € {u,nu}
such that the free energy takes the form (5 + k,,. In Lemma 2.2.1 below, we display the value
of this collapsed entropy.

Lemma 2.2.1. For > 0, m € {u,nu}
fm(B) > vg, (2.2.13)
where i = 3 —log (1 + V2) and py =B —log2.

Démonstration. We pick L such that v/L € N and restrict the sum giving ZJ g toasingle L-
step trajectory @ which starts with v/L — 1 steps north then makes one step east, then v/ L — 1
steps south, then one step east, then v/L — 1 steps north and so on... (Fig. 2.6). This trajectory
makes /L horizontal steps, separating v/L vertical stretches of length /L — 1 each. Since
any two consecutive vertical stretches of w have opposite direction, its Hamiltonian is given
by 5(v/L—1)2 > SL—28v/L. Moreover, P4 (@) = 1/|Wy| and P2 (@) = (2/3)VE(1/2)E,

therefore
B(L—2VI) BN /9 \VE
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Since limy, o, L' log |W;| = log (1 + \/5) (see [4, p. 5]), it remains to take %log in each
term of the two inequalities in (2.2.14) and to let L — oo to complete the proof of the
Lemma. [

T

VL-1

|

FIGURE 2.6 — Restrict the partition function to a single L-step trajectory whose the number
of self-touchings is maximum.

- VI .

Clearly, all what Lemma 2.2.1 is saying is that the collapsed entropies satisfy x, >
—log(1 + \/5) and x,, > —log2. However, we will see below that these two inequalities
are in fact equalities. B

Let us define the excess free energy f™(8) := f™(83) — ¢}, which by Lemma 2.2.1 above
is always non negative. The lower bound in Lemma 2.2.1 allows us to partition [0, c0) into a
collapsed phase denoted by C and an extended phase denoted by &, i.e,

C:={B8: f™(B) =0} (2.2.15)

and

E:={B:f™pB) >0} (2.2.16)

Since f’“(ﬂ) is convex, non negative and bounded above, proving that there exists 7' €
[0, 00) such that f™(5{") = 0 will be sufficient to claim that f™(8) = 0 for 5 > /. Then,
the critical point will be defined as

A= inf{8>0: f"(8) =0}, 2.2.17)
and the sets C and € will become C = {5 : > "} and & = {B: < ST}.

2.3 Physical background

The IPDSAW and its continuous versions have attracted a lot of attention from physicists
until very recently (see for instance [5] or [22]). The main method that has been employed
to investigate the IPDSAW involves combinatoric techniques (see [6], [18] or more recently
[17]). To be more specific, this method consists in providing an analytic expression of the
generating function G(z) = > 7, Zg‘ﬂzL whose radius of convergence R satisfies f™ =
— log R. This computation is achieved by rewriting G(z) under the form >~ ' g,.(z) where
g-(2) is the contribution to G(z) of those trajectories making exactly r consecutive vertical
steps at the beginning, regardless of the total length of the trajectory. With the help of some
smart path concatenation, a recurrence relation is obtained between g, 1, g, and g, and,
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after making the ansatz that g, can be expressed as an infinite sum, the recurrence relation
allows for an exact computation of the terms in the infinite sum that provides g,.

In particular, the location of the collapse transition was found by Binder et al [3], while
the exact generating function was found by Brak et al [6] in terms of g-Bessel functions. The
tricritical nature of the collapse transition was elucidated by Owczarek et al [18], and the
full asymptotics of the generating function can be deduced from the work of Prellberg [19].
The same method has subsequently been applied to some variations of the IPDSAW, for
instance in [5] where a force is applied at the right extremity of the polymer or in [18] where
a continuous version of the model is studied.

The computation of the generating function G allows to determine the exact value of
B. and to predict the behavior of the free energy close to criticality. However, the analytic
expression of G is very complicated and only gives an undirect access to the free energy.
Furthermore, this combinatoric method does not allow to study a non ballistic observable,
for instance, inside the collapsed phase, the horizontal expansion is of order v/L and this can
not be proven by such method.

2.4 The main results

A new approach has been developed in [16] to work with the partition function directly.
Our method is based on a probabilistic representation of the partition function in terms of
an auxiliary random walk. It involves analyzing the integral of a suitable walk. There is an
important literature about integrated random walk. One of the main issues is to compute
the probability that the algebraic area below a random walk remain positive after N steps
(see [23], [8] and references therein) or to estimate the asymptotic behavior of a survival
function for a class of stochastic processes related to random walks and Lévy processes
(see [2]). In our work, the integrated quantity that we are considering is slightly different
because we consider the geometric area below the random walk, meaning that this area is
counted positively also when the random walk is negative.

We need to settle some of the ingredients appearing in this section. We let V' := (V},)en
be a symmetric random walk on Z, whose increments are independent and follow a geometric
distribution, i.e. Vo =0, V,, = >, v; forn € Nand v := (v;)ey is an i.i.d sequence under
the law P 3, with distribution

_B8 —B/2
Po(vy =k) = 2= VKEZ with cp= 2 2.4.1)

For n,k € N, let V, ;, be the set of those n-step trajectories of the V' random walk whose
geometric area A,, := > |Vi| equals k, i.e.,

Vi = {(Vi)ico : An =k, Vi, =0}, (2.4.2)

Via an algebraic manipulation of the Hamiltonian, that will be described in [16, Proposition
2.1], it is indeed possible to rewrite the partition function in (2.2.6) under the form

L
Z7 5 =cs®T 5> (T™(B)Y Ps(Vyi1L-n). (2.43)
N=1
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where (§ — I'™() is a continuous and decreasing bijection from (0, co) to (0, co) and where
PT 5 has an exponential growth rate that equals ¢, such that the excess free energy fv’“ (B)
is the exponential growth rate of the summation in (2.4.3).

The formula in (2.4.3) will be made rigorous in section 2.6, but the phase diagram of the
model can already be read on this formula. According to the value taken by I'™(3), we can
indeed distinguish between the 3 regimes displayed by the model :

o I'™() > 1 : the extended regime. For ¢ € (0,1), the quantities Py (VCL,L(l,C)) are
decaying exponentially fast when L. — oo, at a rate which grows with c. Thus, the
leading terms in (2.4.3) are those indexed by N ~ ¢L, where ¢ € (0, 1) is the result
of an optimization. This phase is extended because those trajectories that are mainly
contributing to the partition function have an horizontal length /V and a total length L
of the same order (Fig. 2.7).

» I'™(B) = 1: the critical regime. The leading terms in (2.4.3) are those indexed by N of
order L?/3, because the quantity Pg (VN+1, I— N) reaches its maximum for such values
of N.

« I'™(8) < 1: the collapsed regime. For ¢ € (0, c0), the quantities Pg(V, 7 ) are de-

caying like e~VL where t. > 0 is decreasing in c. Thus, the leading terms in (2.4.3)
are those indexed by N ~ ¢+/L, where ¢ € (0, 00) is again the result of an optimi-
zation. This phase is collapsed because the trajectories that are mainly contributing to
the partition function have an horizontal length /N much smaller than their total length

L (Fig. 2.7).
- ~VL - - ~L -
Collapsed Extended

FIGURE 2.7 — A typical path of both phases.

2.4.1 Variational formula

In Theorem 2.4.1 below we provide a variational formula for the excess free energy of the
model. For each « € [0, 00), we set

N
gs(a) := ]\}1_{1(1)0 < log P/g(Z Vo] < aN, Vy = 0). (2.4.4)

n=1
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We also define the function I'™ : (0, 00) — (0, 00), for m € {u, nu}, as

r(8) = %,
( ) ey (2.4.5)
"(B) =35
Theorem 2.4.1 ([16], Theorem 1.2). For m € {u, nu}, the excess free energy fm (B) is given
by
f7(8) = sup [orlog (I"(5) +ags (15%)]. (24.6)
a€cl0,1

A consequence of Theorem 2.4.1 is that the knowledge of some analytic properties of
a > gg(a) are sufficent to extract both an exact expression of the critical point 3, and the
precise order of the phase transition. It is shown in section 2.6 that o — gs(«) is nondecrea-
sing on (0, 00) and that lim,—,~ gs(a) = 0, which, combined with (2.4.6), entails that 57"

exists and is the unique solution of '™ () = 1 (Fig. 2.8).

Theorem 2.4.2 ( [16], Theorem 1.3). For m € {u, nu}, there exists a S € (0, 00) such that

m = 07 lfﬁ Z 5?’
™ (B) {> 0. iff<pm (2.4.7)

and BT is the unique positive solution of the equation '™ () = 1.

By recalling (2.4.1) and (2.4.5), we observe that the equation I'™"() = 1 is equivalent
to the equation 3z2° — 322 — 22 — 2 = 0 where » = ¢%/2. Moreover, the cubic polynomial
323 — 32% — 22 — 2 has a unique positive zero z., so that ™ = 21og z... Similarly, the critical
point 5 of the uniform model is the unique root of the equation I'V(/5) = 1. This value of /!
corresponds to the value provided in [6].

(B

0 log 2 B B

FIGURE 2.8 — Phase diagram in the non-uniform case (8" ~ 1).

Moreover, a fine asymptotic of & — gg(«) at infinity allows us to prove that the collapsed
transition if second order with critical exponent 3 /2.

Theorem 2.4.3 ([16], Theorem 1.4). The phase transition is of order 3/2. That is, there exist
two constants ¢y, co > 0 such that for € small enough

c %% < fm(ﬁ? —¢e) < e3/2, (2.4.8)
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2.4.2 A sharper asymptotic of the free energy close to criticality

The first Theorem that we state below gives a new expression of the excess free energy. To
that aim, we recall (2.4.1) and the definition of Ay above (2.4.2). For § > 0, we set

.1 "y
hg(6) == ]\llinm N log Eg(e™). (2.4.9)
We prove in section 2.6 that the limit in (2.4.9) exists and that § — hg(d) is non-positive,
non-increasing and continuous on [0, o).

Theorem 2.4.4 ( [7], Theorem 1.3). For m € {u,nu}, the excess free energy f™(3) is the
unique solution of the equation log(I'™(/5)) — d + hg(0) = 0 if such a solution exists and

f™(B) = 0 otherwise.

Note first that Theorem 2.4.4 and the obvious equality h3(0) = 0 are sufficient to check
that 57 is the unique solution of I'™(/3) = 1. One of the main interest of Theorem 2.4.4 is
that it allows us to use the analytic properties of  — hg(0) at 0T to investigate the regularity
of 5 +— fm (B) at B™. This is useful, in particular, to go further than Theorem 2.4.3 in the
analysis of the collapse transition.

Theorem 2.4.5 ( [7], Theorem 1.4). For m € {u,nu}, the phase transition is second order
with critical exponent 3 /2 and the first order of the Taylor expansion of the excess free energy
at (™) is given by

tim % _ <CCT:>3/ ! (2.4.10)
where
e =1+ I_—ﬂ_f;m (2.4.11)
and where ) .
= = Jim_ — log B (e~ i P01 2713 al |03, (2.4.12)

with 0% = Eg(v}) and df is the first zero of Ai'(x) = 0Ai(x)/0x where Ai(x) is the Airy
function.

2.4.3 Path properties inside the collapsed phase

The second class of results that we prove in this thesis is concerned with the path behavior
of the polymer in its collapsed phase (3 > [3.). The question of the geometric conforma-
tion adopted by the polymer inside the collapsed phase has been raised and discussed by
physicists in several papers, as for instance [20]. It was believed that the monomers arrange
themselves in a succession of long vertical stretches of oppposite directions that constitute
large beads (Fig. 2.7). There are numerical evidences that the horizontal expansion (Np) of
the polymer in size L grows as v/L and that the vertical displacement of the endpoint grows
as LY/* (see [20], table II page 2394) . In this paper, we prove with Theorem 2.4.4, that the
polymer makes only one macroscopic bead and that the number of monomers (located at the
begining and at the end of the polymer) which do not belong to this bead grow slower than
a power of the logarithm. We also make rigorous the conjecture concerning the horizontal
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expansion of the polymer, since we identify the limit in probability of N,/ V'L, which turns
out to be the constant extracted from an optimization.

We divide each trajectory into a succession of beads. Each bead is made of vertical
stretches of strictly positive length and arranged in such a way that two consecutive stretches
have opposite directions (north and south) and are separated by one horizontal step (see
Fig. 2.9). A bead ends when the polymer gives the same direction to two consecutive vertical
stretches or when a zero length stretch appears, which corresponds to two consecutive hori-
zontal steps. We will prove that the polymer folds itself up into a unique macroscopic bead
and we will identify its horizontal expansion. To quantify these results we need the following
notations.

FIGURE 2.9 — Example of a trajectory with 3 beads.

Horizontal extension and number of beads

Let [ € Q, and denote by Ny (I) its horizontal extension, i.e., N1 ({) is the integer N such
that | € Ly . Pickl € Ly, and let (uj)j»vzl be the sequence of cumulated lengths of the
polymer after each vertical stretch, i.e., u; = |l1| + ...|l;| + j for j € {1,...,N}. For
convenience only, set [y; = 0. Set also o = 0 and for j € N such that z;_; < N, set
z; = inf{i > 2,1+ 1: l; A l;;; = 0}. Finally, let nz(l) be the index of the last z; that
is well defined, i.e., x,, ;) = N. Thus we can decompose any trajectory [ € 1, into a
succession of ny (1) beads (Fig. 2.10), each of them being associated with a subinterval of

{1,..., L} written as

I ={us, , +1,...,u,,}, for je{l,...,nc(l)}, (2.4.13)
and therefore, we can partition {1, ..., L} into Ugﬂl)l ;. At this stage can define the largest
bead of a trajectory [ € 2, as [, with

Jmax = argmax {|[;],5 € {1,...,n.()}}. (2.4.14)

With Theorem 2.4.6 below, we claim that, in the collapsed phase, there is only one macro-
scopic bead.

Theorem 2.4.6 ( [7], Theorem 1.6). For m € {u,nu} and 3 > (T, there exists ¢ > 0 such

that
im PP (|1;,..| > L— H =1 4.
Jim PPs(| L] = L—c(logL)*) =1 (2.4.15)
In Theorem 2.4.7 below, we identify the limit in probability of y—% as L — oo.

Proposition 2.4.7 ( [7], Proposition 1.7). For m € {u,nu} and 3 > BT, there exists a,, > 0
such that, for all € > 0

Ny
lim Pg"ﬂ(‘— ~ | > ) =0, (2.4.16)
) \/Z

L—oo
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0 x,=4 4,=10x,=11 x,=17 x,=18 x,=20

FIGURE 2.10 — An example of a 20-stretches trajectory is decomposed into ny, (/) = 6 beads.

2.5 Collapsed polymer unfolded by a force

It is possible to induce a collapse transition by applying a force to the endpoint of a polymer
rather than changing its interaction strength. The force can be applied, for instance, with the
help of optical tweezers. One of the interesting phenomena that has been pointed out is the
presence of a re-entrant transition. This mean for a fixed force f, the polymer is extended at
low temperature and at high temperature, but for intermediate temperatures it is collapsed,
very much like if the force was not present. To model the effect of the force on a collapsed
directed polymer we replace the Hamiltonian (recall (2.2.4)) by

N N
HE (1) = B Iy Aluey) + BN+ B, ey 1€ Ly (2.5.1)
n=1 n=1

where f,, f, > 0 are two forces in the x-direction and y-direction respectively acting on the
right endpoint of the polymer (Fig. 2.11). Note that N is the horizontal distance and 27]:;1 Ly
is the vertical distance between two endpoints of the polymer. We write Z g“”ﬁf Y to denote the
partition function and

1 oty
J(B. fer fy) = Jim —log Zp7 (25.2)

to denote the free energy.

We will show that the re-entrance phenomenon is strongly model dependent. For this
reason, we first introduce the partially directed random walk with general distributed steps.
We consider the partially directed random walk on Z? with law P is defined as follows :

* At the origin or after an horizontal step : the walker must step north, south or east with
probabilities correspond p,p’ and 1 — p — p'.

» After a vertical step north : the walker must step north with probability ¢ or east with
probability 1 — q.

* After a vertical step south : the walker must step south with probability ¢’ or east with
probability 1 — ¢.

¢ (1-q)

. . . 1—q’ .
For convenience of exposition, we restrict to the case where p = qifqg/) and p/ = T with

q,q" € (0,1). Recall that with each L-steps trajectory w € Wy, we associate the sequence
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FIGURE 2.11 — A horizontal force f, and a vertical force f, are applied to one end of the
polymer. The self-touchings shown as light red areas.

l:=(ly,...,ly) € Z" such that N is the number of vertical stretches and [,, corresponds to
the vertical length of the n' strech. At this stage, the random variables (1,,)"_, are i.i.d with
geometric distribution

P(l, = 0) = L2070, (2.5.3)
Pl = k) = U500 gk, (2.5.4)
P(l; = —k) = B20 0% for k € N. (2.5.5)

_log q’ .
089—089 we can write

Let gy = P(l; = 0), ¢ = 5¢18% < ( and ¢, = 1545

P(l; = k) = qoe*+ek  forall k € Z. (2.5.6)

For convenience of exposition, we restrict to the case where the stretch of the partially
directed random walk has a symmetric distribution, i.e., ¢ = ¢’ € (0,1). Obviously in this

case, gy = (lfq% , ¢1 = logq and ¢o = 0. We first consider the case f, = 0, namely, there

is only one horizontal force is applied. Let us define the excess free energy fv(ﬁ , Je,0) =
f(B, fz,0) — (B + log q). We observe that, for all 5§ > 0, there exists a critical force f.(53)
such that

= =0, if fo < fe(B),

» Jas 0 . 2.5.7

i ){> 0, if fo > fe(B). 237
The most interesting case is when 8 > [, otherwise the system is already extended at
fz = 0. This critical force can be computed explicitly

fe(B) = 5log (%) L log ( “*q)) . (2.5.8)

Proposition 2.5.1. There exists 5. > 0 such that f.(3) = 0 for 5 < B.. Moreover, for large
8

fe(B) =1+ 5log (’I(Hq)) +0 < ) as  — oo. (2.5.9)

Re-entrance takes place for ¢ > /2 — 1.
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2.6 The main tools

In this section, we introduce the main tools that are used in this thesis. In section 2.6.1 we
show how the partition function can be rewriten in terms of the random walk V' of law P
(recall (2.4.1)) and how studying this random walk under an appropriate conditioning can be
used to derive some path properties under the polymer measure. The construction of entropic
function gz and its asymptotic behavior are given in section 2.6.2. In section 2.6.3, we define
function 0 — hz(0) that appears in the expression of the excess free energy in Theorem 2.4.4
and we study its regularity and asymptotics. In section 2.6.4, we consider the probability of
some large deviations events under P, and we introduce an appropriate tilting under which
these events become typical.

2.6.1 Probabilistic representation of the partition function

In the first part of this section we prove formula (2.4.3) and we show how the polymer
measure can be expressed as the image measure by an appropriate transformation of the
geometric random walk V' introduced in (2.4.1). In the second part of the section, we focus
on those trajectories that make only one bead and we show that, in terms of the auxiliary
random walk V', these beads become excursions away from the origin.

Auxiliary random walk

We display here the details of the proof of formula (2.4.3) in the non-uniform case only. The
uniform case is indeed easier to handle. Recall (2.2.3-2.2.6) and note that the A operator can
be written as

zAy=(lz|+yl —lz+y|) /2, Va,ye€Z (2.6.1)

Hence, for § > 0 and L € N, the partition function in (2.2.6) becomes

L N N
=3O e (Bl = 5+ L)
N=1 leLn,r n=1 n=0

lo=IN+1=0

NJI»—A

eXp( 2|l +ln+1‘)

—cs (% ) i(iiﬁ) > 11 , (2.6.2)

N=1 ZELNL n=0
lo=ly41=0

where ¢z was defined in (2.4.1). At this stage, we pick N € {1,..., L} and we introduce
the one-to-one correspondence Ty : Vi1 -y — Ly 1 defined as TN(V) = (—1)”1‘/; for
alli € {1,...N}. We pick [ € Ly, we consider V = (T) *(l) (see Fig. 2.12) and we
note that the increments (v;) Y1 of V necessarily satisfy v; := (—1)""'(l;_; + [;). Thus, the
partition function in (2.6.2) becomes

L

nu B L 2c N

Z=c(5) Y (33) X P (2.6.3)
N=1 VeVNi1,L-N

which immediately implies (2.4.3). A useful consequence of formula (2.6.3) is that, once
conditioned on taking a given number of horizontal steps /V, the polymer measure is exactly
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the image measure by the 7T'y-transformation of the geometric random walk V' conditioned
to return to the origin after N+1 steps and to make a geometric area L. — N, i.e.,

Prs(le | No(l) = N) =Pg(Tn(V) €- | Vy =0,Ay = L — N). (2.6.4)

FIGURE 2.12 — An example of transformation of w € Way into (V;,)®_ € Vs 17. The 24-step
trajectory w on the left has 7 stretches : [y = 3,0, = —4,l3 = 3,14 = 2,15 = 0,l = —2
and [; = 3. The correspondent increments of (Vn)izo are v, = 3,09 = l,u3 = —1, 04 =
—5,v5 = 2,v =2 and v; = 1.

From beads to excursions

We define 29 as the subset of 2;, containing those trajectories [ € {2, that have only one
bead, i.e. ny(I) = 1. Thus, we can rewrite Q% = J%_, L3 1» where LS, | is the subset of
L1, defined as

LGy ={l€Lnr: i Al #0Vje{l,...,N —1}}, (2.6.5)

and we denote by Z}J"g the contribution to the partition function of those trajectories in {29,
i.e.,
zp5 =Y M OPR(D), me {unu}. (2.6.6)

1,

We let also V;f . be the subset containing those trajectories that return to the origin after n
steps, satisfy A,, = k and are stricltly positive on {1, ..., n}, i.e.,

Vi ={V: Va=0,4, =k V;>0Vie{l,....,n—1}}. (2.6.7)

By mimicking (2.6.2) and by noticing that by the T)y-transformation, the subset L3 ; be-
comes Vy ., ;_n We obtain

L
Z78 =2c5®7 5 Y (T™(8)  Pa(Vii1p n)- (2.6.8)
N=1
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2.6.2 Construction and asymptotics of g3

We now define the function gs in a sligthly different way from (2.4.4), but we will see at
the end of section 2.6.2 that the two definitions are equivalent. Recall (2.4.2) and for each
aeQt:=QnNJ0,00), let

Ny :={neNN[2,00): an € N}. (2.6.9)

Note that Ps(Vy ox) > 0forall N € NN [2,00) and K € N,. Let g5 : Q7 — R be defined
as

. 1
gs(a) := lim gng(a), where gyg(a):= NlogPB(VN,aN). (2.6.10)

To study the properties of gz, we will use that
PB(VN1+N2,K1+K2) > P,B(VNl,K1)Pﬂ(VN2,K2)7 for N1, No, K1, K5 € N. (2.6.11)

To prove (2.6.11), we simply restrict the set Vi, 4 n, i, + K, t0 those trajectories that return
to origin at time N; and satisfy Ay, = K;. Then, by using the Markov property of the pair
process {V,,, A, }nen, we obtain the result.

Lemma 2.6.1. (i) gs(«) exists and is finite, non-positive for all o« € Q7. In particular,

g3(0) = —log cg.
(ii) o — gp(e) is continuous, concave, nondecreasing on Q™ and tends to 0 as o — oo.

Remark 2.6.2. The continuity and the concavity of gz guarantee that it can be extended to
a continuous function on R,

Démonstration. (i) Because of (2.6.11), for N1, Ny € N,, we have

Ps(VNy Moo 482)) = Ps(Vapany) Pa(Vigans)- (2.6.12)

Thus, {log Ps(Vn.an)}nen, is a super-additive sequence and since 0 < Pg(Vy on) < 1 for
N € N,, the limit in (2.6.10) exists, is finite and satisfies

1
gs(a) = sup —logPs(Vyan) <0. (2.6.13)
NeN, IV

We recall that V,, o = {V : V,, =0, 4,, = 0}, so that
Ps(Vno) =Ps(V; =0fori=0,...,N) = (1/cp)". (2.6.14)
Hence g3(0) = — log cs.
(i) Applying again (2.6.11), we observe that for all p,q € N;g > 0,0 < p < ¢ and
ap,an € QTN € Ny, N N,
Ps(Venpar N+(g-p)asN) = Ps(VnaN)? Ps(Vnaon)® P (2.6.15)

Therefore

1
> P oo P
gN log Py (qu,(§a1+(1§)a2)qzv) = 4N log P3(Vnaiv) + N log 8(VNaxn ),

(2.6.16)
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which proves that

95 <§ a1 + (1 - §> a2> > ggﬁ(al) + (1 - %) 95(042), (2.6.17)

which is the desired concavity.

Now we will show that gs(«r) — 0 as & — oo and since g is concave on Q, it will be
sufficient to conclude that gg is nondecreasing.

Assume that gg(a) does not converge to 0 as &« — oo, then the concavity of gs insures
that either g4 is nondecreasing on Q" and there exists A/ > 0 such that gg(a)) < —M for all
a € Q7 or g is decreasing for o large enough and converges to —oo as a — oo. In both
cases we can claim that there exists M/ > 0 and a;, > 0 such that gg(a) < —M for all
« > «yy. Thus, we can use (2.6.13) to obtain

Ps(Vnan) <e " forall N € N,a > ayy. (2.6.18)
For a € [apy, 00) N 2N, we consider the set
Ny ={V:Vi=3a/241,a+1<V,<2a+1fori=2,...,N, Vy;1 =0} (2.6.19)

For N > «, we observe that

N+1
No € {V: Vi =0, a(N +1) < 37 V| < 2a+ (N + 1}, (2.6.20)
=0
and hence, (2.6.18) allows us to write
(2a+1)(N+1)
PyNo) < > Pa(Vngan) < (a+ 1)(N + 1)e VUM, (2.6.21)
k=a(N+1)

Now, we want to exhibit a lower bound on P 5(N,,). By using the Markov property, we have,
with V];k[ = INaxXj<p<N |Vn|,

a/2—1
Py(N) =Pa(t =% +1) > Py(Vio, < 3V =)
k=—a/2—1

Ps(vy=-2—1-k). (2.622)

2

Since Pg(v; = =32 —1 — k) > Pg(vy = —2a — 1) for k € {—a/2,...,«/2}, equation
(2.6.22) implies

_B(Tay a/2—1
Ps(N,) > A Y Py (V,@_l < af2Vy = k) (2.6.23)
g k=—a/2—-1
We choose o > 4 to get
Py(N:) = Py (m < a/2>, (2.6.24)

and we can apply the Kolmogorov’s inequality (see [11, p. 61]), which gives

P, (v; < g) > 1 — 4 Vary(Vy). (2.6.25)
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Therefore, (2.6.21), (2.6.24) and (2.6.25) allow us to write

efgﬁ (1 — %Varﬁ(VN)) < (a+1)(N+1)e WOV, (2.6.26)

Since the above inequality is true for all « > «p; and N > «, we can choose a@ =
2y/ANVarg(v;) with A > 1 such that for NV large enough (2.6.26) becomes

L (11— 1) e PVANVarson) < (2, /AN Varg(vi) + 1)(N + 1)e” VDM (2,6.27)

2
s

For N large, (2.6.27) is clearly impossible and therefore gz(«) converges to 0 as @ — oo
and g3 is nondecreasing. [

It remains to show that the two definitions of gg in (2.4.4) and (2.6.10) are equivalent. To
this end, we first remark that by super-additivity, the limit in (2.4.4) exists for all « € [0, 00).
We recall (2.4.2) and we note that, for « € Qt and N € N,, we have Vy v C {Ax <
aN, Viy = 0}. Therefore

.1 1
Jim < logPy(Vvan) < lim —log Py (Ay <aN,Vy =0). (2.6.28)

N—oo

We note also that { Ay < aN, Vy = 0} = U Vy; and we use (2.6.13) and the fact that
gp 1s nondecreasing to state

+logPs (Ay =i, Vy =0) < g5 (%) < gs (o), fori <aN, (2.6.29)

where gg in (2.6.29) must be taken in the sense of its definition in (2.6.10). Thus,
P, <AN < aN,Vy = o) < (aN + 1)eNos(@ (2.6.30)

and it suffices to take % log of both sides in (2.6.30) and to let N — oo to conclude that the
two definitions are indeed equivalent.

Asymptotics of gz

Proposition 2.6.3. For all 3 > 0, there exists ¢c; > 0 (depending on [3) such that
gp(ar) > —0—12, for a large enough. (2.6.31)
!

For all compact K C (0, +00), there exist ca, s > 0 (depending on K) such that

gs(a) < —%, forBe K, a> a. (2.6.32)

Démonstration. We will first prove Proposition 2.6.3 subject to Lemmas 2.6.4 and 2.6.5
below. The proofs of these two Lemmas will be postponed to chapter 3, sections 3.4.4 and
3.4.5. We recall (2.4.2) and the notation V3 = max;<,<n |Vy|-

Lemma 2.6.4. For 3 > 0, there exists c; > 0 (depending on [3) such that for o large enough

Py (V]§ < a) > e*%v, for N large enough. (2.6.33)
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Lemma 2.6.5. Let K be a compact subset of (0, +00). There exist ¢y, cta > 0 (depending on
K) such that for p € K, a > «g

Py (AN < aN) < e*%v, for N large enough. (2.6.34)

Recall (2.4.2), (2.6.10) and note that the set Vy v is included in {V': Ay < aN} when
a € Q" and N € N,. Therefore, the upper bound in (2.6.32) is a direct consequence of
Lemma 2.6.5 and of the continuity of o — gz(«).

For the lower bound in (2.6.31), by Markov property, we obtain

Py(Vi<a,Vy=0)= Y Pu(Vi <o, Vi =2z)Pslv; =—2)
z€[—a,q]
>Ps(Vy_1 < a)Ps(vy = ). (2.6.35)
Since V3 < avimplies Ay = 22[21 |V, < alN, we can use (2.6.35) to write
Ps(Ay < aN,Vy =0) > Pg(Vi_, < o) Ps(v; = ). (2.6.36)

Recall the definition of gg in (2.4.4) and apply Lemma 2.6.4, we obtain gg(a) > —< for o
large enough, and the proof of Proposition 2.6.3 is complete. [

2.6.3 Construction and asymptotics of /5

We define the function 7 in a slightly different way from (2.4.9), but we will see at the end
of this section that the two definitions are equivalent. For N € N, § > 0, define

1
hy s(8) = v log Eg(e ™1, —o)) andlet hg(d) = dimhy (9). (2.6.37)

Lemma 2.6.6. (i) h(0) exists and is finite, non-positive for all 5 > 0,5 > 0.
(ii)  — hg(d) is continuous, convex and non-increasing on [0, 00).

Démonstration. (i) For N, M € N, we restrict the partition of size N + M to those trajecto-
ries that return to the origin at time N and use the Markov property to obtain

Eg(e 1 —oy) > Eg(e V1 o)) Eg(e 1y, 20y). (2.6.38)

Thus, {log Eg (e*‘mN 1{VN:O}) }ven is a super-additive sequence that is bounded above by 0
and therefore the limit in (2.6.37) exists, is finite and satisfies

hg(d) = sup 1 log Es (6—5AN1{VN:0}) <0. (2.6.39)
Nen N
(ii) The fact that Ay > 0 for all N € N immediately entails that 6 — hg(0) is non-increasing
on [0, 00). By Holder’s inequality, the function 0 — hy () is convex for all N € N and
hence so is 0 +— hg(J). Convexity and finiteness imply continuity on (0, c0). In order to
prove the continuity at 0, we first note that lims_,o hg(d) = sups~, hz(d). Then, with the
help of formula 2.6.39 and via an exchange of suprema we obtain

1
lim h(8) = sup sup — log Eg(e %A% 1 1y, _ 2.6.40
lim fu5(9) up sup v log 5( (Vi=0}) ( )
1
= sup — logPg(Vy =0) = 0.
Nen N



62 CHAPITRE 2. ENGLISH INTRODUCTION

It remains to show that the two definitions of /s in (2.4.9) and (2.6.37) coincide. To that
aim it suffices to show that

: 1 —5A .1 —5A
hgljolip N log Egs (e N) < A}gréo N log Eg (e Nl{vN:o}). (2.6.41)
We set Zy2 := [—N?, N?|NZ and we decompose Eg (eiMN ) into the two partition functions

Cn g and By g defined as
Cnp=Es(e """ Liyer,)) and Byg=Eg(e" Livyer,.)). (2.642)

Since Ay > 0 and since Ez(exp(8|v1]/4)) < oo, the Markov inequality gives

N N
Ej (e#/9m]
Brs < EBs(livygr,ny) < Pa(Y ul > N?) < (ew e L, (2.6.43)
i=1
which immediately implies that lim supy_, ., % log By g = —o0. Consequently
1 1
limsup — log Eg(e V) = limsup — log Cy 3, (2.6.44)
N—00 N N—o00 N

and since the cardinality of Zy2 grows polynomialy, the proof of (2.6.41) will be complete
once we show that

1 1
limsup — log sup Eg (e“sANl{VN:x}) < A}l_t}réo N log Eg (e_‘sANl{VNZO}). (2.6.45)

N—oo wEINQ

We consider the partition function of size 2N and use Markov property at time N to obtain
Eg(e™ ™21y, o)) > Es(e "1y Epu(e ™ 1pyegy), T €Z.  (2.6.46)

By using the time reversal property of the random walk V', we can assert that (Vy—Vy_,, 0 <
n < N) 4 (V.. — Vb, 0 < n < N) and consequently, for all z € Z, it comes that

_ N _ N "
N
2 CRE A PPN
N—-1
= Eg(e 0 2n=t M1y, ). (2.6.47)

Thanks to the symmetry of V' and since 27]:’:‘11 V.| < Ap, the inequalities (2.6.46) and
(2.6.47) allow us to write

Eﬁ(€_6A2N1{V2N:0}) > [ sup Eﬁ(e_(SAN]-{VN:x})]z' (2.6.48)

€L 2

It remains to apply ﬁ log in both sides of (2.6.48) and to let N — oo to obtain (2.6.45),
which completes the proof.
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Asymptotics of /15

Lemma 2.6.7. For m € {u,nu},

lim ha(F7(5)) _ —d.. (2.6.49)

& WO
where we recall that d,, was defined in (2.4.12).

Heuristics Let us give the heuristic explanation of why hs(8) ~ —c §%/3 for some constant
¢ > 0. The main idea is to decompose the trajectory of the random walk V" into independent
blocks of length 76~%/3 for T' € N and § small enough : we have approximately N/(T§2/3)
such blocks. Hence, as ¢ \, 0, we can estimate

2/3
lim NlogEﬁ( —OAN) ~ lim TlogEg( Arg=2/3), (2.6.50)

N—o0 T—oo

It is well known that for such random walks (assume that Eg(vi) = 1) (see [11, p. 405])
3/22\1/] —>/ (t)|dt as k — oo, (2.6.51)

where B is a standard Brownian motion. Now, let ¥ = ¢~2/3 and since ]e*MTé*?/ﬂ <1, we
conclude that .
Eg(eArs-23) — E(e”Jo POl 455 5 0. (2.6.52)

This convergence and (2.6.50) would immediately imply hz(d) ~ —c 82/3 where ¢ can be
estimated via the distribution of the Brownian area, that is

= — lim %ng( o 1BOy 5 (2.6.53)

T—o00

Proof of Lemma 2.6.7.

Upper bound Pick 7 € N, § > 0 such that %% € N and let A := §2/3. We take N
that satisfies N/(T'A) € N and partition {1,..., N} into & = N/(T'A) intervals of length
TA. By the Markov property of V, we desintegrate E(e™°4~) with respect to the position
occupied by the random walk V" at times TA, 2TA, ... (k— 1)TA,

k—1 L
B ) = 30 [T B ann) < [sp B (e72)]

zo= 0,z,€Z 1=0 z€L

(2.6.54)
With the help of Lemma 2.6.8 below, we can replace the supremum in the right hand side
of (2.6.54) by the term indexed by z = 0 only. The proof of Lemma 2.6.8 is postponed to
section 2.6.3.

Lemma 2.6.8. For all § > 0,n € N and x,x' € 7Z such that |z
inequality holds true

Eg . (e7"") < Eg,(e7M). (2.6.55)
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Therefore (2.6.54) becomes

A
Eﬂ (6_6AN) < [EB (e—(sATA)} AT ) (2.6.56)

Recall that A := §~%/3, apply + log to both sides of (2.6.56) and let N — oo to obtain, for
£ > 0andéd > 0, that

hﬁ(5 ) —§A

5 = T log Eg( TA). (2.6.57)
In what follows we need a uniform version (in /3) of the convergence of Eg (6*5‘4”) towards

E(e” Iy IB®)ldt) a5 § — 0. For this reason, we introduce the strong approximation theorem
(Sakhanenko [21]) to approximate the partial sums of independent random variables v in the
right hand side in (2.6.57) by independent normal random variables.

Theorem 2.6.9 (Q. M. Shao [24], Theorem B). Denote by O'% the variance of the random
variable vy under Pg. We can redefine {v;,i > 1} (denoted by v°) on a richer probability
space together with a sequence of independent standard normal random variables {y;,i >
1} such that for every p > 2, x > 0,

P(max vﬁ - ngy ‘ > x) (Ap)Pz~ pZE|vﬁ|p (2.6.58)

i<n

where A is an absolute positive constant.

We let also, forn € N, Y, = S0 y;, A, (Y) = 327, |Y;| and redefine V/ = 37 ),
A (VB =27 V| We pick T > 0,p > 2,60 > 0 and K a compact subset of (0, c0).
We use Theorem 2.6.9 and the fact that (recall (2.4.1)) E[|v/[?] is bounded from above
uniformly in 8 € K, to assert that there exists a constant ¢, x > 0 such that for all A > 0

and f € K

P<zrr<1%§ ‘Vﬁ — 0'/3Y‘ > A ) < cvaTAl_ep. (2.6.59)

Note that on the event {max;<ra ‘Vf — 03Y;| < A%}, we obviously have [Ara(VF?) —
o5ArA(Y)| < TA%*L. Therefore, since x + exp(—x) is 1-Lipshitz on [0, 00) and since
A = §2/3 we can write that for € K and 6 > 0

‘E(e‘mm(vﬁ) — g dosAralY )| < P(IE%X |V - 05Y| > A9> + 6T A

< ¢, 763071 4 7g30-20), (2.6.60)

We chose p = 3 and 0 € (1/3,1/2) and plug it in the right hand side of (2.6.57) to obtain
that for 5 € K and 6 > 0,

hg(d) _ 1

623 — T
Lemma 2.6.10. Let K be a compact subset of (0,400). For T' > 0 and £ > 0 there exists a
8o > 0 such that for § < &, (with A = §2/3),

log | B (e 7472M) 4 0 T6™ 5 4T85 (2.6.61)

sup ‘E( 5"5ATA(Y)) — E(e"’ﬁ foTlB(t”dt)‘ <, (2.6.62)
BEK

where B is a standard Brownian motion.
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Proof of Lemma 2.6.10. We can consider {B(t),t > 0} and {y;,7 > 1} on the same pro-
bability space by letting y; = B(i) — B(i — 1) and thus Y; = B(i) for ¢ € N. Since the
exponential function is 1-Lipschitz on (—oo, 0], we have

sup }E(e_éo—ﬂATA(Y))—E(G_O—ﬁ f0T|B(t)‘dt)| S maX{Uﬁ76 c K} E|:‘5ATA(Y)—IOT |B(t)|dt|:| .

BeK

(2.6.63)
Since max{og, f € K} < oo, the proof is complete once we show that the expectation in the
right hand side vanishes as A — +oc. Recall that § = A~%2 and Apa(Y) = S22 | B(i)].
By Brownian scaling and Riemann sum approximation, we know that

TA T
AT ArA(Y) £ ATV [B(i/A)) A—> / |B(t)|dt, (2.6.64)
i1 —00 0

and since we have uniform integrability (because sup., E(JA™/2A74(Y)[?) < 00) we can
conclude that
lim E <|A‘3/2ATA(Y) — T \B(t)\dtD —0. (2.6.65)

A—00

]

We resume the proof of the upper bound. Since 6 € (1/3,1/2), the right hand side of
(2.6.60) vanishes as & — 0 uniformly in 3 € K. Thus, we can replace § by f™ (BM) in
(2.6.61) and use Lemma 2.6.10 and the fact that lim._,o+ f™(8™ — &) = 0 to conclude that,
forall T > 0, _

tim sup 12U —9) llogE(e*"ﬁ?? Jo 1Bty (2.6.66)
ot Jm(gm e T

It remains to let 7" tend to infinity and to recall (2.4.12) to obtain

limsup 2B =) (2.6.67)

o (A — )28

Lower bound Recall that 7 € N,§ > 0 and A = §%? € N. We also take N € N such
that N/(T'A) € N. Pick n > 0 and use the decomposition in (2.6.54) to obtain

k—1
Ejg(e ) > 3 [1Es.. (f‘mm 1{VMZW}> (2.6.68)
xO:O,xi'e_[l—n\/kZm\/Z] =0
| Csa N/(TA)
= [ ze[—nljlﬁf N Biga (e 1{VTAG[_"‘/Z”7\/Z]}>] ’ (2.6.69)

For any integer x € [—n\/z , n\/Z] we consider the two sets of paths
2 = {(V)T%: Vo = =, Ve € [-VA, nVA]}, (2.6.70)

and
I = {(Vi){%: Vo =0, Vra € [-0VA, 0]} 2.6.71)



66 CHAPITRE 2. ENGLISH INTRODUCTION

Clearly, if V = (V;)I'4 € Il,, then the trajectory V + x starts at 2 € [0,7v/A] and is an
element of I1%. Similarly, for x € [-1v/A, 0], IT, + = C T1# where

I, = {(Vi)I'%: Vo =0, Vpa € [0,nVA]}. (2.6.72)
Since Ps(V € II,) = Py(V € I1,), we conclude that

Ps.(V €I?) > Py(V e1l) forall z € [-nvVA, nVA]. (2.6.73)
Moreover, for any V* € 117,
TA TA TA TA
OI VA =0 |e+ Vil <6 Vil +0TAl[ <6 Vil + 0T, (2.6.74)
=1 =1 =1 =1

where the trajectory V' satisfies V5 = 0. Combining (2.6.73) and (2.6.74), we then have, for

z € [-nvV A, VA

—SA —nT —0A
Bo s (07 Ly avmava) = ¢ T Bs (€M L ). (2.6.75)

By plugging the lower bound above into (2.6.68) and by using the symmetry of IV we imme-
diately get

- - - N/TA
Eg(e 6AN) > [6 WTEﬁ (6 6ATA1{VTAG[O777\/Z}})i| , (2.6.76)
which, by applying % log to both sides in (2.6.76) and by letting N — oo, gives, for all
£ >0,
hg(6) _ 1 _
o = - log By (747 Ly sctomvay) =1 00> 0. (2.6.77)

At this stage, we proceed as in the upper bound (from (2.6.57)) to obtain, for all 7' € N, n >

o hg(fm 1 o
hﬂ%gf% > = log B(e7r o B0 o ) — (2.6.78)

Therefore the proof of the lower bound will be complete once we show that for all n > 0

1 1
lim —log B(e™7 Jo 1B o ctomy) = Jim —log B(e™7" Jo 1B@ldny - (2.6.79)

T—o0

Then, by recalling (2.4.12), we achieve the bound
h
lim inf M > —dym — 1 (2.6.80)

for all » > 0. It remains to let » — 0 to complete the proof.

The proof of (2.6.79) is very similar to the one displayed in section 2.6.3 that shows that
the two definitions of hg coincide. Pick 7' > 0, and partition the interval [—72,7%] into
272 /n sub-intervals of length 7, i.e.,

=127 = Uy Jis where Ji = [(i = 1), in). (2.6.81)
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Since limy_, 7 log P(|B(T)| > T?) = —oo, we can claim that

.1 —oq [T | —on [T
lim TlogE(e 5Jo |B(t)|dt) = hTHi}lOrgfflogE(e 5Jo ‘B(t”dt1{B(T)e[_T27T2}}). (2.6.82)

T—00

The expectation in right hand side of (2.6.82) can be bounded from above as

T T
B b PO e ) < s B(e PO L pmer), 2683
1€y

where 7, := {-T?%/n+1,...,T%/n}. By applying 7 log to both sides of (2.6.83) and by
letting T — o0, it comes that

1 1
lim Tlog E(e‘”"foT'B(t)‘dt) < lim inf — log sup E(e‘”" fOTlB(t)‘dtl{B(T)eJi}). (2.6.84)

T—o0 T—o0 €Ty

The next step consists in bounding from below the partition function of size 27", so that for
all i € 7, we have
2T
E (e b PO L omyer )
T 2T
> Be 0 1POM L ey B 7 PO L e | BIT))

>E (e_‘fﬁ Iy 1B(®)ldt 1{B(T)eJi}) ;32; E, (6—"6 J3 1B(®)ldt 1{B(T)e[—n,n]}> ] (2.6.85)

We now use the time reversal and the symmetry of { B(¢),t > 0} to conclude, for all x €
Ji, 1 €Ty,

E, ( 005 EIO) o8 [ 1B(t)+xldt

d
1 seryer—nay) = B( L(B(T) 4acl—nm})

~ag [ |B(T)~B(T—t)+x|d
= E(e7o0 o IBIO=BT=0teldt g g oclnm)

o —0 T
> e B”TE(e 8 Jo 1B@)dt 1{B(T)6[J:—777l’+77]})
2 e*UﬂnTE (6*0',8 fOT ‘B(t)ldt ]-{B(T)Ejz}) . (2.6.86)

At this stage, we plug (2.6.86) into (2.6.85) and we note that both inequalities hold for all
i € Ty, so that

—og [2T —c —og [T 2
E(e s Jo lB(t)‘dtl{B@T)E[—n,n]}) > el su7p E(e s Jo |B(t)|dt1{B(T)eJi}) . (2.6.87)
1€ n

We apply % log to both sides of (2.6.87) and we let 7" — oo to obtain

| —op 2T
hTrri)l(gfﬁlogE(e 5o |B(t)‘dt1{3(2T)e[—n,n]})

—0 . . 1
> =221 4 lim inf — sup log E(e~* fOT|B(t)|dt1{B(T)EJi})7 (2.6.88)

T—oo ieTy

which, once combined with (2.6.84) and since { B(t),t > 0} is symmetric, gives

T—o0 T—o00 2

(2.6.89)

1 1 -
lim T logE(e‘”ﬁ Iy ‘B(t)ldt) < lim inf T log E(e‘”ﬁ fOT|B(t)‘dt1{B(T)e[07,ﬂ}) + 221,
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For all n > 0, we let

d(n) == lim flog B (e~ o P01 hmmf?log B (e~ I PO e ).

T—o0 T—o0
(2.6.90)
The function 7 — d(7) is non-increasing and non-negative on (0, c0), and it follows from
(2.6.89) that 0 < d(n) < %7, which implies that d(n) = 0 for all ) € (0, 00). The proof is
therefore complete. [

Proof of Lemma 2.6.8

Démonstration. Since V and A,, are symmetric, we can assume that x, 2’ € Ny := NU {0}
and thus it is sufficient to show that the result holds for ' = x + 1. We will argue by
induction. Since Ay = 1, the m = 0 case is trivial. Now, we assume that the inequality holds
true for m € N. We consider the partition function of size m + 1, and we can disintegrate it
in dependence of the position of V4, i.e.,

Eﬁx 5Am+1 ZEﬁ 5(\y|+|V2|+---+|Vm+1|)1{V1:y})

YEZL

= Z Ps(vy =y — x)e“”y'EB,y (6_5‘4’”)
YEL

= Ry(y)e WEgy(e ") + Py(vy = 2)Eg(e ), (2.6.91)
yeN

where R, (y) = Ps(vy = y — x) + Pg(v; = —y — ). Then, we set R,(y) = > ysy B (y')
for y € N. Since R,(1) + Ps(v; = z) = 1, we can rewrite the right hand side in (2.6.91) as

Eso(e74m1) =) Ruly [*@Eﬁ,y(eﬂmm)—e( R O )FE( ").

yeN

(2.6.92)

We will show that, for all y € N, the function z +— Rm(y) is non-decreasing on Nj. First, if
y > x + 1, we obviously have

=Y Ro(y) <Y Ror1(t)) = Raa(y). (2.6.93)
y'>y y'>y
Then, if 1 <y < x, since
y—1
Ro(y)+ Y Roy) + Pa(vy = 2) = Roa(y) + Z Ro(y) +Pgloy =2 +1) = 1,
y'=1
(2.6.94)
and
y—1
+ZR )>Ps(r=2+1)+ > Rea(y), (2.6.95)
y'=1

we immediately obtain Rx(y) < R,+1(y). Coming back to (2.6.92), we use the induction
hypothesis to claim that

e VEg, (e ) — e W VEg(, 1)(e7?4m) <0, yeN, (2.6.96)
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which, together with the monotonicity of z +— R, (y) yields that

Eﬁ z Mm“ Z Roi(y [ By (eiMm) - e76(%1)]36,(1/—1) (eimm)] + Eg (67514,71)
yeN
=Ep. 11 (@_5Am+1)_
[

2.6.4 Large deviation estimates

In this section, we introduce the techniques that will be required to estimate the probability
of some large deviation events associated with trajectories making a large arithmetic area.
Such estimates will be needed in section 2.4.3 to approximate the probability that, under the
polymer measure, the trajectories make only one bead.

Following Dobrushin and Hryniv in [10], for n € N, we define

Vo= t(Vo+ Vit -+ Vi), (2.6.97)

and for a given ¢ € (0,00) N ¥, we focus on both probabilities Ps(Y; = ng, V,, = 0) and
Ps(Y, =ng, V, =0,V, >0Vi € {1,...,n — 1}). Our aim is to identify the exponential
rate at which such probabilities are decreasing and their asymptotic polynomial correction.
To that aim, we will use an exponential tilting of the probability measure P (through the
Cramer transform) in combination with a local limit theorem. Under the tilted probability
measure the large deviation event {Y,, = ng, V,, = 0} becomes typical, as will be seen in
chapter 4, section 4.6.
First, we denote by L(h),h € R the logarithmic moment generating function of the
random walk V, i.e,
L(h) := log Egle""]. (2.6.98)

From the definition of the law Pg in (2.4.1), we obviously have L(h) < oo for all h €
(—B/2,3/2). For the ease of notations, we set A,, := (Y,,,V,,) and we denote its logarithmic
moment generating function by Ly, (H) for H := (hg, h;) € R?,i.e.,

Ly, (H) i= log By [eho¥tm¥] = 520 L((1= £ o+ hy ). (2.6.99)
Clearly, L, (H) is finite for all H € D,, with
D= {(ho, 1) € B2y € (<4.5), (1= Dho+ b€ (-£,5)}. 26.100)
We also introduce L, the continuous counterpart of L, as
La(H) = [, L(zho + h1)dz, (2.6.101)
which is defined on
D= {(ho,hn) € R2: by € (=4,2), ho+hi € (-5,9)}. (2.6.102)

With the help of (2.6.99) and for H = (hg, h1) € D,,, we define the H-tilted distribution by

dP,

. (V)= eloYnthiVa—La, (H) (2.6.103)
B




70 CHAPITRE 2. ENGLISH INTRODUCTION

For a given n € Nand ¢ € ¥, the exponential tilt is given by H? := (hl o, h? | ) which is the
unique solution of
E,n(52) = V[ Ls,] (H) = (¢,0), (2.6.104)

and therefore, we have the equality

Py (A, = (n4,0)) = P g (A = (ng.0)e"(Fhoratan®D) - 26105

From (2.6.105) it is easy to deduce that the exponential decay rate of Py (An = (ng, 0)) 1s
given by the quantity —h; ;¢ + %L A, () and that the polynomial correction is associated
with P, g (An = (ng, O)) To be more specific, we first state a Proposition which gives a
local central limit theorem for the tilted law P, ya.

Proposition 2.6.11. For [q,q] C (0,00), there exist C' > 0,nq > 0 such that for all
q € [¢1,qe) and n > ng we have

o <P (Ya=ng, V,=0)< & (2.6.106)

Then, we define the continuous counterpart of H? by H(q,0) := (ho(g, 0), h1(g,0)) which
is the unique solution of the equation

VLy(H) = (¢,0), (2.6.107)

and we state a Proposition that allows us to remove the n dependence of the exponential
decay rate.

Proposition 2.6.12 (Decay rate of large area probability). For [q1, q2] C (0, +00), there exist
c1,co > 0 and ng € N such that

[[ELa, (HY) — 1o q] — [La(H(q,0)) = ho(g,0)q]| < <, forn > no, q € a1, g2
(2.6.108)
and B
||HE = H(q,0)|| <2, forn>no, q € a1, 4] (2.6.109)

Proposition 2.6.12 and 2.6.11 will be proven in chapter 4, sections 4.5.1 and 4.6, respec-
tively. With the help of (2.6.105) and by applying Proposition 2.6.11 and Proposition 2.6.12
we can finally give some sharp upper and lower bounds of Ps(Y,, = ng, V,, = 0).

Proposition 2.6.13. For [q1,qs] C (0,00), there exist C; > Cy > 0 and ny € N such that
forall q € [q1,qs) and n > ng we have
% e [—Eg Q+LA(fI(q70))} < P3(Y, =ngq, V, =0) < % e [—53 q+LA(}~I(Q»O))} ) (2.6.110)

In addition, we shall need in this paper a precise lower bound on the probability that,
under P 3, the random walk V' makes only one excursion away from the origin, conditionally
on having a large prescribed area. To our knowledge, such an estimate is not available in the
existing literature. Recall the definition of Y,, in (2.6.97).

Proposition 2.6.14 (Unique excursion for large area). For [q1,q2] C (0,00), there exist
C' > 0, > 0and ng € N such that for all q € [q1, q2] and every n > ny

Ps;(Vi>0,0<i<n|Y,=ng V,=0)> <. (2.6.111)
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7 CHAPITRE 3. VARIATIONAL FORMULA FOR THE FREE ENERGY
3.1 Introduction

3.1.1 The model

The spatial configurations of the polymer of length L (L monomers) are modelled by the
trajectories of a partially directed random walk on Z?. This random walk is self-avoiding and
does not take any step in the negative x-direction. More precisely, we let €3 = (1,0),¢é5 =
(0, 1) denote the canonical basis of Z? and we choose the set of allowed L-step paths as :

WL = {’LU = (wi)iL:O < (NO X Z)L+l LWy = O,
Wiy —w; € {€1,€3, -} V0 <i < L—1,

Wp —Wr_1 = €1}. (3.1.1)

Note that the choice of w ending with an horizontal step is made for convenience only.
Let us introduce two different laws on WV, uniform and non-uniform, denoted by P} and
P17, respectively.

(1) The uniform model : all L-step paths have the same probability, i.e.,

P} (w) w e Wr. (3.1.2)

1
WLl
(2) The non-uniform model : the L-step paths have the following law

* At the origin or after an horizontal step : the walker must step north, south or east with
equal probability 1/3.

» After a vertical step north (respectively south) : the walker must step north (respecti-
vely south) or east with probability 1/2.

For later convenience, the law on W, is denoted by PT, where m € {u, nu}.

Any non-consecutive vertices of the walk though adjacent on the lattice are called self-
touching (Fig. 3.1). To take into account the interactions between monomers, we assign an
energetic reward 3 > 0 to the polymer for each of its self-touchings. Thus, we associate with
every random walk trajectory w = (w;)~, € Wy, the Hamiltonian

L
Hpp(w) = f3 Z Lijwi—w; =1} (3.1.3)
1,7=0
i<j—1
such that the partition function of the model can be written as

Zrs =Y e PP(w), me{unu}. (3.1.4)

weWr,
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FIGURE 3.1 — A partially directed walk with 12 self-touchings represented by red bonds.

3.1.2 Background

The model presented in section 3.1.1 is often refered to in the physics literature as the Inter-
acting partially directed self-avoiding walk (IPDSAW). The IPDSAW was first introduced
in [26], and later in [3], as a directed version of the Interacting self-avoiding walk (ISAW)
for which the set Wy, is similar to what we defined in (3.1.1) except that steps to the west
(—é7) are allowed as well.

The ISAW allows for a better understanding of the geometric configuration adopted by
an homopolymer dipped in a poor solvent. The monomers constituting the polymer try to
exclude the solvent and therefore attract one another. Consequently, at low temperature, the
polymer will fold on itself to form a compact ball. The transition from an extended configu-
ration to a compact ball is called collapse transition. Both ISAW and IPDSAW are known
to undergo a collapse transition at some critical temperature 7, = 1/f,. Detecting the phase
transition requires to spot the temperature at which the free energy f of the model loses its
analyticity. In [6], [18] or more recently in [17], the method employed consists in providing
an analytic expression of the generating function G(z) = ».77 | ZJ' ;2" whose radius of
convergence R satisfies f = —log R. The idea behind the computation of the generating
function is to rewrite G(z) under the form )7 g,(z) where g,(z) is the contribution to
G(z) of those trajectories making exactly r consecutive vertical steps at the beginning, re-
gardless of the total length of the trajectory. By applying some smart paths concatenation,
a recurrence relation is obtained between ¢g,_1, g, and g, and then, after making the an-
satz that g, can be expressed as an infinite sum, the recurrence relation allows for an exact
computation of the terms in the infinite sum that provides g,.. For a detailed version of the
computation, we can refer to [9, p. 371-375].

The same method has subsequently been applied to some variations of the IPDSAW, for
instance in [5] where a force is applied at the right extremity of the polymer or in [18] where
a continuous version of the model is studied.

One of the main difficulty arising from the computation of the generating function G is
that its analytic expression is very complicated and only gives an undirect access to the free
energy. Our aim in this paper is to present a new method, that allows to work directly with
the partition function of finite size. We will provide a variational formula for the free energy,
from which the critical temperature can be computed easily. With the help of this variational
formula, we will also give a rigorous proof of the fact that the collapse transition is of second
order with exponent 3/2.

Our method is based on a probabilistic representation of the partition function in terms
of an auxiliary random walk. It involves analyzing the integral of a suitable walk. There
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is an important literature about integrated random walk. Some of the main issue consist
in computing the probability that the algebraic area below a random walk remain positive
after N steps (see [23], [8] and references therein) or estimating the asymptotic behavior
of a survival function for a class of stochastic processes related to random walks and Lévy
processes (see [2]). In this paper, the integrated quantity that we are considering is slightly
different because we consider the geometric area below the random walk, meaning that this
area is counted positively also when the random walk is negative. We need in particular to
compute the probability that the geometric area below the random walk is of order N after
N steps.

3.1.3 A new approach

We partition the set YV, into L subsets, each of them containing those trajectories that have
the same number of horizontal steps. Via an algebraic manipulation of the Hamiltonian, it
turns out that the contribution to the partition function Z7' 5 in (3.1.4) of those trajectories
making exactly N horizontal steps can be expressed in a convenient manner. To be more
specific, this contribution is proportional to a constant term (depending on (5 only) at power
N times the probability that a symmetric random walk, whose law Py will be defined in
(3.1.13), satisfies some geometric constraints. Thus, we have

L
s "™ Z (Fm(ﬁ))N Ps(Vni1L-n), (3.1.5)
N=1

where
Vs =V XL Vil =k, V, =0},

where 5 — I'™(() is a continuous and decreasing bijection from (0, co) to (0, 00) and where
V' = (V;)ien is a random walk with geometric increments. The formula in (3.1.5) will be
made rigorous in section 3.2, but the phase diagram of the model can already be read on this
formula. In dependence of the value taken by I'™(/3), we can indeed distinguish between the
3 regimes displayed by the model :

« I'™(8) > 1: the extended regime. For ¢ € (0,1), the quantities P5(V.r,1(1—)) are
decaying exponentially fast when . — oo, at a rate which grows with c. Thus, the
leading terms in (3.1.5) are those indexed by N ~ ¢L, where ¢ € (0, 1) is the result
of an optimization. This phase is extended because those trajectories that are mainly
contributing to the partition function have an horizontal length /V and a total length L
of the same order (Fig. 3.2).

» I'™(B) = 1: the critical regime. The leading terms in (3.1.5) are those indexed by N of
order L*/?, because the quantity P3(Vy1,,— ) reaches its maximum for such values
of N.

« I'™(8) < 1: the collapsed regime. For ¢ € (0, c0), the quantities Pg(V, 7 ;) are de-

caying like e~V where t, > 0 is decreasing in c. Thus, the leading terms in (3.1.5)
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are those indexed by N ~ ¢+/L, where ¢ € (0,00) is again the result of an optimi-
zation. This phase is collapsed because the trajectories that are mainly contributing to
the partition function have an horizontal length /N much smaller than their total length

L (Fig. 3.2).
| ! | w
Collapsed Extended

FIGURE 3.2 — A typical path of both phases.

3.1.4 Main results

For both models, i.e., m € {u, nu}, the free energy per step f™ : (0,00) — R is defined as

the limit .
f™(B) = lim f7'(8), where [fI'(B):=—logZ]s. (3.1.6)

L—oo L

Note that {log Zr 6} 1 1s a super-additive sequence and since the number of self-touchings is
smaller than the number of monomers, i.e. H;, 3(w) < L, we immediately obtain the upper
bound 775 < ePL for B € (0,00) and m € {u,nu}. Then the limit in (3.1.6) exists and is
finite | |
f™(p) = Lh_rélo zlog Zr s = ilég Zlog Zrs < 8. (3.1.7)
If we shut down the self-interaction of the polymer, that is if we take 5 = 0, then the
density of self-touching performed by a typical L-step random walk trajectory belongs to
(0, 1), the horizontal extension of this trajectory is of order L and its vertical displacement of
order v/L. When 3 becomes strictly positive, in turn, the geometric conformation adopted by
the random walk is the result of an "energy-entropy" competition which can be understood
as follows. To increase its self-touching density, the polymer must both, reduce its number
of horizontal steps and constrain its consecutive sequences of vertical steps to take opposite
directions. However, these two geometric constraints have an entropic cost such that the
free energy is the result of an optimization between the energetic gain and the entropic cost
induced by a raise of the self-touching density. When  becomes large, the system enters its
collapsed phase which corresponds to a saturation of the self-touchings made by the polymer.
In other words, the collapsed configurations have a self-touching density equal to 1, which
necessarily entails that the number of horizontal steps made by such configurations is of
order o(L) and that most pairs of consecutive vertical stretches are of opposite directions.
These geometric restrictions are associated with a collapsed entropy k,, for m € {u,nu}
such that the free energy takes the form (5 + k,,. In Lemma 3.1.1 below, we display the value
of this collapsed entropy.
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Lemma 3.1.1. For 5 > 0, m € {u,nu}
f"(B) = ¢F, (3.1.8)
where o = 3 —log (1 + V2) and ©f' =B —log2.

Démonstration. We pick L such that /L € N and restrict the sum giving ZI' 5 to a single

L-step trajectory @ which starts with v/L — 1 steps north then makes one step east, then
V'L — 1 steps south, then one step east, then v/L — 1 steps north and so on... This trajectory
makes /L horizontal steps, separating v/L vertical stretches of length /L — 1 each. Since
any two consecutive vertical stretches of w have opposite direction, its Hamiltonian is given
by 8(v/L—1)2 > BL—25v/L. Moreover, P4 (@) = 1/|Wy| and P (@) = (2/3)VE(1/2)~,
therefore

eB(L—2VL)

N2 \VE

Since limy_,oo L™" log [Wy| = log (1 + v/2) (see [4, p. 5]), it remains to take %log in each
term of the two inequalities in (3.1.9) and to let L — oo to complete the proof of the Lemma.
O

212

Clearly, all what Lemma 3.1.1 is saying is that the collapsed entropies satisfy x, >
—log(1 + \/§) and x,, > —log2. However, we will see below that these two inequalities
are in fact equalities. B

Let us define the excess free energy f™(8) := f™(8) — ¢}, which by Lemma 3.1.1 above
is always non-negative. The lower bound in Lemma 3.1.1 allows us to partition [0, c0) into a
collapsed phase denoted by C and an extended phase denoted by &, i.e,

C:={B:f™(B) =0} (3.1.10)

and B
E={p:f™(p) >0} (3.1.11)

Since fm(ﬁ) is convex, non-negative and bounded above, proving that there exists BT €
[0, 00) such that f™(5") = 0 will be sufficient to claim that f™(8) = 0 for 5 > /5. Then,
the critical point will be defined as

Bl :=int{B > 0: f7(8) = 0}, (3.1.12)
and the sets C and € willbecome C = {f: > M} and & = {f: B < BI}.

Variational formula

In Theorem 3.1.2 below we provide a variational formula for the excess free energy of the
model. We need to settle some of the ingredients appearing in the formula. We let V' :=
(V)nen be a symmetric random walk on Z, whose increments are independent and follow
a geometric distribution, i.e. Vo = 0, V,, = > v; forn € Nand v := (v;);en is an i.i.d
sequence under the law P 3, with distribution

_B —8/2
Py(vy=k)= 2" VkeZ with c5:= 7 (3.1.13)

s
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For each v € [0, 00), we set

N
gs(a) == ]&Lnéoﬁlogpﬁ(2|vn| < aN, VN:0>. (3.1.14)
n=1

We will prove in section 3.3 below that the limit in (3.1.14) exists and that o — gg(a) is
negative, concave, increasing on [0, co) and converges to 0 as « — oc. Finally, we define the
function I'™ : (0, 00) — (0, 00), for m € {u, nu}, as

{F“(ﬁ> = G11s)
Fnu(ﬁ) — g%' o

Theorem 3.1.2 (Variational formula). For m € {u,nu}, the excess free energy f™(f) is
given by N
f™(B) = sup [alog (T™(B)) +ags (52)]. (3.1.16)

a€l0,1]

A consequence of Theorem 3.1.2 is that there exists a critical point 5" > 0 at which the
polymer undergoes the collapse transition (Fig. 3.3) and that 3" can be computed explicitly.

Theorem 3.1.3 (Critical point). For m € {u, nu}, there exists a " € (0, 00) such that

m :07 U“Bzﬂ?’
f (5){>0’ 6 < om, (3.1.17)

and BT is the unique positive solution of the equation I'™ () = 1.

By recalling (3.1.13) and (3.1.15), we observe that the equation I'™(/3) = 1 is equivalent
to the equation 3% — 322 — 22 — 2 = 0 where x = ¢”/2. Moreover, the cubic polynomial
323 — 32% — 2z — 2 has a unique positive zero z., so that ™ = 2log z... Similarly, the critical
point 5 of the uniform model is the unique root of the equation I'V(/5) = 1. This value of /!
corresponds to the value provided in [6].

(B

0 log B B

FIGURE 3.3 — Phase diagram in the non-uniform case (3" ~ 1).
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Theorem 3.1.4 (Order of the phase transition). The phase transition is of order 3/2. That is,
for m € {u, nu}, there exist two constants ¢y, ca > 0 such that for ¢ small enough

e % < (BN —g) < ¥ (3.1.18)

Let us give a heuristic explanation for these asymptotics. Notice first that '™ () tends
to 1 from above as [ tends to 5" from below. As a consequence, for 5 < ST the func-
tion inside square brackets in (3.1.16) reaches its maximum at some a*(3) > 0 satisfying
limg_,gm () = 0. Therefore, analysing the excess free energy near criticality requires the
asymptotic behavior of gg(a) when a — oo. In other words we need, for « large, a good
estimate of the rate of exponential decay of Py (Zgil Vo] < aN, Vy =0) as N — oo.
The latter probability can be approximated by the probability that a random walk (V},),en
remains in the interval [—a, ] up to time N, which decays exponentially fast in NV with a
rate that decreases as 1/a? when o — oo. Thus gg(a) ~ —1/a? as a — oo and since

log FL“(ﬁ) ~ M — asf — (BT)” we can use (3.1.16) to conlude that o*(5) ~ /™ — 3
and f™(8) ~ (B0 — B)*/* when 8 — (B7")".

3.2 A new representation of the partition function

With Proposition 3.2.1 below, we give a rigorous statement of the formula (3.1.5) which is
the corner stone of our paper.

We need to settle a few notations before stating Proposition 3.2.1. For that, we recall
(3.1.13) and we let V' = (V;);cn be a random walk of law P 5. We let

Ay =30 Vi (3.2.1)

represent the area enclosed between the random walk V' and the horizontal line y = 0. We
let also V), ;, be the subset containing those trajectories that return to the origin after n steps
and satisfy A, = k, that is

Vg ={V : V, =0, A, = k}. (3.2.2)

Finally, we recall the definition of I'™(/3) in (3.1.15) and we set

nu L (323)
o, = (¢/2)"
Proposition 3.2.1. For f > 0, L € N, m € {u, nu}, we have
L
77 =ca®T 5 (T"(B)N Po(Vi1 L n)- (3.2.4)

N=1

Démonstration. We will display the details of the proof in the non-uniform case only. The
uniform case is indeed easier to handle because the probability associated with each trajec-
tory in Wy, is constant. The walk can be decomposed into /V stretches 71, ..., vn, €ach of
them consisting of a vertical part of length [, € Z for n € {1,..., N} and of one horizontal
step. Thus, with each configuration w € W, we associate the sequence | := (Iy,...,lx) €
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ZN such that N is the number of vertical stretches made by w and [, corresponds to the
vertical length of the n'* stretch for n € {1,..., N} (Fig. 3.4). At this stage, we have a
one-to-one correspondence between Wy, and €2, := Uizl L1, where Ly j, is the set of all
possible configurations consisting of /V vertical stretches that have a total length L, that is

Ly = {l ez : N |l |+ N = L}. (3.2.5)

l3=4

FIGURE 3.4 — An example of decomposition of w € W into 5 stretches.

By recalling the definition of P}" in section 3.1.1, we note that the function [ — P7%(]) is
constant equal to (2/3)™(1/2) on each subset Ly ;.. Moreover, the Hamiltonian associated

with a stretch configuration [ = (I4,...,[y) is given by
Hyp(lt, .. lv) = B0 (I A L) (3.2.6)
where .
m={lf‘“”'

The one-to-one correspondance between () and VW, allows us to rewrite the partition func-
tion in terms of the stretches, i.e.,

73 = Z I A (328)
=1 ZGL‘,N’L
At this stage, it is useful to remark that the A operator can be written as
Ay =(zl+yl—|z+y) /2 Voyel (3.2.9)
Hence, for § > 0 and L € N, the partition function in (3.2.8) becomes
L N N
=3 " ET Y ew (ﬁZ!ln\ —%ZIlanHI)
= n=1 n=0

N=1 leLn, L
lo lN+1:0

N)I»—A

exp( 2|z +zn+1|)

L
L
= (%) X <§Zg> > 11 , (3.2.10)
N=1 lE[:NL n=0
lo=In+1=0
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where cs was defined in (3.1.13). By rewriting the last sum in (3.2.10) in terms of v,, :=
(=) Yl,_1 +1,),n=1,...,N + 1, we see that this sum is equal to the probability that
the random walk (V},),en belongs to Vi 41 - (Fig. 3.5). Therefore

Lt N
Z3 = ey (;) 3 (g—g) Ps(Vnsrrn)- (3.2.11)

N=1

T .
¥ 0 \/ »

FIGURE 3.5 — An example of transformation of w € Wy into (V,,)5_, € Vs 17. The 24-step
trajectory w on the left has 7 stretches : [y = 3,0, = —4,l3 = 3,14, = 2,15 = 0,1l = —2
and [; = 3. The correspondent increments of (Vn)izo are : v, = 3,09 = 1,3 = —1, 04 =
—5,v5 = 2,v6 = 2 and v; = 1.

]

3.3 Construction and asymptotics of g;

In section 3.3.1, we construct rigorously the entropic function gg and we study its regularity
and monotonicity. In section 3.3.2, we focus on the asymptotic behavior of gz(a) when
o — 00.

3.3.1 Construction and regularity of g5

We now define the function gz in a sligthly different way from (3.1.14), but we will see at
the end of section 3.3.1 that the two definitions are equivalent. Recall (3.2.2) and for each
aeQt:=QnNI0,00),let

N, :={neNN[2,00): an € N}. (3.3.1)

Note that Ps(Vy ox) > 0forall N € NN [2,00) and K € N,. Let g5 : Q7 — R be defined
as

. 1
gs() :== lim gnp(e), where gng(a):=—logPs(Vnan). (3.3.2)

NEN, N
N—oo

To study the properties of gz, we will use that

PB(VNH-NQ,KH-KQ) > P,B(VNl,Kl)PB(VNQ,Kg)7 for Nl, NQ, Kl, Ky € N. (333)
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To prove (3.3.3), we simply restrict the set Vi, 4 n, K, + Kk, to those trajectories that return to
origin at time N; and satisfy Ay, = K;. Then, by using the Markov property of the pair
process {V,,, A, }nen, we obtain the result.

Lemma 3.3.1. (i) gs(«) exists and is finite, non-positive for all « € QY. In particular,

95(0) = —log cg.
(ii) o — gs(«) is continuous, concave, nondecreasing on Q and tends to 0 as « — .

Remark 3.3.2. The continuity and the concavity of gz guarantee that it can be extended to
a continuous function on R*.

Démonstration. (i) Because of (3.3.3), for N, Ny € N,, we have
P,B(VN1+N2,a(N1+N2)) > Pﬁ(VNl,OéNl) PB(VN%CVN2>‘ (334)

Thus, {log Ps(Vn.an)}nen, is a super-additive sequence and since 0 < Pg(Vy on) < 1 for
N € N, the limit in (3.3.2) exists, is finite and satisfies

1
gs(a) = sup NlogP,B(VN,aN) <0. (3.3.5)
NeN,

We recall that V,, o = {V : V,, =0, 4,, = 0}, so that
Ps(Vno) =Ps(V; =0fori=0,...,N) = (1/cp)". (3.3.6)

Hence g3(0) = — log cs.

(i) Applying again (3.3.3), we observe that for all p,g € N,g > 0,0 < p < ¢q and
ap,ap € QTN € Ny, N N,

Ps(ViNpor N+(g-p)azN) = Ps(VN.aiN)’ Ps(Vna,n) T 7. (3.3.7)
Therefore
1
— > 2 L
gN ey <VqN7(§al+(1—§)a2)qN) > ov 108 Ps(Vnauw) + G 108 Ps(Vivaun),
(3.3.8)

which proves that

g (fen-+ (1= B aa) 2 Bgnlan) + (1= ) alea) 339)

which is the desired concavity.

Now we will show that gz(«r) — 0 as & — oo and since gg is concave on Q, it will be
sufficient to conclude that gg is nondecreasing.

Assume that gg(cr) does not converge to 0 as @ — oo, then the concavity of g3 insures
that either ¢4 is nondecreasing on Q™ and there exists M/ > 0 such that gg(a)) < —M for all
a € Q7 or g is decreasing for « large enough and converges to —oo as & — oo. In both
cases we can claim that there exists M > 0 and ay; > 0 such that gg(a) < —M for all
« > ay. Thus, we can use (3.3.5) to obtain

Ps(Vnan) < e ™ forall N € N,a > ay. (3.3.10)
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For a € [a s, 00) N 2N, we consider the set
No={V:Vi=3a/2+1,a+1<V,<2a+1fori=2,...,N, Vi =0} (3.3.11)

For N > «, we observe that

N+1

N, C {V: Vs =0, a(N +1) < Y |V < Qo+ 1)(N + 1)}, (33.12)
=0
and hence, (3.3.10) allows us to write
(2a41)(N+1)
PyNo) < > Pa(Vygan) < (a+ (N + 1)e” (VUM (3.3.13)
k=a(N+1)

Now, we want to exhibit a lower bound on P5(N,,). By using the Markov property, we have,
with V3 := maxi <<y |Val,

a/2—1
Py(No) =Pg(vr =3 +1) ) PB(V]@_l <% Vy= k)Pg(vl — 301 _}).
k=—a/2—1
(3.3.14)
Since Py(v; = =3¢ — 1 — k) > Pg(v; = —2a — 1) for k € {—a/2,...,a/2}, equation
(3.3.14) implies
*%(%’”r?) a/2—1
PyNo) > Y Py (v;,l < a2 Vy = k) (3.3.15)
? k=—a/2—1
We choose o > 4 to get
Py(Na) > <52 P, <vj§ < a/2>, (3.3.16)
B
and we can apply the Kolmogorov’s inequality (see [11, p. 61]), which gives
P, (m < g) > 1 — 4 Varg(Vy). (3.3.17)
Therefore, (3.3.13), (3.3.16) and (3.3.17) allow us to write
e (1 — L Varg(Vy)) < (a+1)(N + 1)e”NV+DM, (3.3.18)

B

Since the above inequality is true for all « > «p; and N > «, we can choose o =
2y/ANVarg(v;) with A > 1 such that for )V large enough (3.3.18) becomes

& (1= 5) e VANV < (9 /AN Vary () + 1)(NV + Le” @Y (33.19)

For N large, (3.3.19) is clearly impossible and therefore gz(a) converges to 0 as @ — oo
and g¢g is nondecreasing. [
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It remains to show that the two definitions of gg in (3.1.14) and (3.3.2) are equivalent. To
this end, we first remark that by super-additivity, the limit in (3.1.14) exists for all & € [0, 00).
We recall (3.2.1) and we note that, for « € Qt and N € N,, we have Vy v C {Ax <
aN, Viy = 0}. Therefore

1 .1
Nhe%a + o8 Ps(Vyan) < lim + 10g Py (Ay < aN,Vy =0). (3.3.20)
N—oo

We note also that { Ay < aN, Vy = 0} = U Vy,; and we use (3.3.5) and the fact that g4
is nondecreasing to state

+logPs (Ay =i, Vy =0) < g5 (%) < gs (), fori <aN, (3.3.21)

where ¢g in (3.3.21) must be taken in the sense of its definition in (3.3.2). Thus,
P, <AN < aN,Vy = 0) < (aN + 1)o@ (3.3.22)

and it suffices to take % log of both sides in (3.3.22) and to let N — oo to conclude that the
two definitions are indeed equivalent.

3.3.2 Asymptotics of gg

Proposition 3.3.3. For all 3 > 0, there exists ¢c; > 0 (depending on [3) such that

gp(ar) > —6—12, for a large enough. (3.3.23)
a

For all compact K C (0, +00), there exist ca, s > 0 (depending on K) such that

gs(a) < —2—2 for Be K, a> as. (3.3.24)

2 Y

Démonstration. We will first prove Proposition 3.3.3 subject to Lemmas 3.3.4 and 3.3.5
below. The proofs of these two Lemmas will be postponed to sections 3.4.4 and 3.4.5. We
recall (3.2.1) and the notation V3 = max;<,<n |V4|-

Lemma 3.3.4. For 3 > 0, there exists c; > 0 (depending on [3) such that for « large enough
Pj (VK, < a) > e_%v, for N large enough. (3.3.25)

Lemma 3.3.5. Let K be a compact subset of (0, +00). There exist ¢y, aig > 0 (depending on
K) such that for f € K, a > ay

Py (AN < aN) < e*%v, for N large enough. (3.3.26)
Recall (3.2.1), (3.2.2) and (3.3.2) and note that the set Vy o is included in {V: Ay <

aN} when a € Q' and N € N,. Therefore, the upper bound in (3.3.24) is a direct conse-
quence of Lemma 3.3.5 and of the continuity of & — gs(a).
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For the lower bound in (3.3.23), by Markov property, we obtain

z€[—a,a]

>Py(Vi_, < a)Pslv; = a). (3.3.27)
Since V3 < avimplies Ay = Zivzl V.| < aN, we can use (3.3.27) to write
Ps(Ay < aN,Vy =0) > Py(Vi_, < a) Py = ). (3.3.28)

Recall the definition of gg in (3.1.14) and apply Lemma 3.3.4, we obtain gg(a) > — 5 for a
large enough, and the proof of Proposition 3.3.3 is complete. [

3.4 Proof of the main results

In section 3.4.1, we prove the variational formula stated in Theorem 3.1.2. In section 3.4.2,
we deduce from the variational formula that the collapse transition exists and we compute
the critical point (Theorem 3.1.3). In section 3.4.3, we prove that the collapse transition is
of order 3/2 (Theorem 3.1.4), although this proof is subject to Lemmas 3.3.4 and 3.3.5, that
provide the asymptotic of gz(«) as v — oo. These two lemmas are established in sections
3.4.4 and 3.4.5, respectively.

3.4.1 Proof of Theorem 3.1.2

Démonstration. Recall Proposition 3.2.1 and note that f™(3) = lim;_, 7 log Z]'_, 5. For
convenience, let N’ = N + 1 and consider the partition function of size L — 1

L
20 15 =cs®T 15> (™) T Ps(Vnrpn)

N’'=2
L
= mC/B q)?—l,ﬁz(Fm(/B))N,PBO}N’,L—N’)- (3.4.1)
i e 2

(a) The lower bound :
Pick a € (0,1] N Q, L € N, and restrict the summation in (3.4.1) to N’ = aL

20152 o gy @B (O (8D PoVarsman) (3.42)

Take % log of both sides in (3.4.2) and let L — oo to get

F™(8) = alog (T™(B)) + a gs (2) . (3.4.3)

By continuity of & — gs(«) on [0, 00), we can conclude that

fm(ﬁ) > sup [a log (I™(B)) + a g3 (%)] ) (3.4.4)
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(b) The upper bound :

For L € N, let
M(L) = sup [(Fm(ﬁ))aL Pﬁ(VOcLL—aL)]a (3.4.5)

and use (3.4.1) to observe that

Tlog ZP | 5 — $1og @ 5 < log (anfﬁ)) + +log L + +log M (L). (3.4.6)

With the help of (3.3.5), we can claim that

Llog M(L) < s [alog (T™(8)) +ags (52)]

which, together with (3.4.6), is sufficient to obtain the upper bound. O]

3.4.2 Proof of Theorem 3.1.3

Démonstration. To begin with, we will show that f™(3) > 0 if and only if '™(3) > 1. From
Theorem 3.1.2 and since g is negative (see Lemma 3.3.1), it follows that if I'™(/5) <1
fT(B) = sup [alog (I™(8)) +ags (132)] < 0. (34.7)

a€l0,1]
Recall that, by Lemma 3.1.1, fm(ﬁ) > 0 for all 8 > 0. Thus fm(ﬁ) =0whenI'™(5) < 1.

When I'™(3) > 1 in turn, Lemma 3.3.1 gives that g5 (*=%) is nondecreasing and tends
to 0 when oo — 0. Consequently,

f™(B) = sup [Oz log (I™(5)) + @ gs (ITTQ)] > 0. (3.4.8)

a€l0,1]

By recalling the definition of I'™ () and ¢ in (3.1.15) and (3.1.13), we note that 3 — ['™(3)
is decreasing on [0, 0o) and therefore, the collapse transition occurs at 57, the unique positive
solution of the equation '™ () = 1. O

3.4.3 Proof of Theorem 3.1.4

Démonstration. In this proof, we will focus on the non-uniform case. Again, adapting the
proof to the uniform case is straightforward. For 5 < 7T, let ¢ = 1 — 3. A first order
Taylor expansion of I'"(3) near SV gives

T™(8) =1+ cpue + 0(¢) as 4 0 and where ¢q, = 1+ <270 (3.4.9)
Thus, we can choose g € (0, 52") such that for all 5 € I, := (8 — o, 52"), we have
log (I"™'(8)) < 2cnue. By Proposition 3.3.3, there exist two constants ¢o 1= co(82", g9) > 0

and ag := a(BM, g0) € (0,1), such that for all 5 € I

c )

g5 (152) < 295 < —ca®, @ €0, aa). (3.4.10)

o
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For 3 € I, we can write f““(ﬂ) max{Ap, 5, Bph 5} with

2,8
A¥ 5= sup [alog(T™(8)) + ags (52)]
a€l0,a2)
Bas = s [alog (T™(8)) + ags (52)] - B.4.11)
ac|a2

By (3.4.10), we can claim that for « € [0, @), we have
alog (T™(B)) + args (£2) < 2cnu0e — 20, (3.4.12)

and we recall that (by Proposition 3.3.3) log (™ (8)) 4+ gs (%) > 0 when « is chosen
small enough. Therefore

0 <Al ;< sup [2cnae —ca’]. (3.4.13)

a€l0,a2)

Since g is increasing, it suffices to apply (3.4.10) at o, to obtain

95 (552) < 95 (552) < —eke, fora€fon, 1 (34.14
and therefore ,
B, < sup [a (20nu5 - —(10_235)2”. (3.4.15)
a€laz,l]

At this stage, we can choose €1 < &g such that for all ¢ € (0, e;), the right hand side in
(3.4.15) is negative. Hence, for € € (0, ), we have

f“”(ﬁg” —¢e)= AL pu_c < sup [2chuae — c20’] (3.4.16)

a€[0,a2)

In order to obtain the lower bound, we let ¢ € (0,3"") and we can rewrite the partition
function Z7%.._, as

'L+1|

L
Zgp—e = (6ﬁc 76) > com (iﬁf”!) > H . (3.4.17)

CA3nu
N=1 lEACNL =0 5
l():lN+1:0
= 1, we have
L N
nu eBet —< § eN § e Il Hlit1l

ZL»BEU*E Z Cﬂgu ( ) € H Cﬂnu

N=1 leﬁN,L =0

lo=IN+1=0
BQ”—e
= Cpp Z Pﬁ"u VN41,L-N)- (3.4.18)
N=

Proceeding as in (3.4.1)-(3.4.4), we get, for all € € (0, 5™),

fr(Br =) > sup [as +a g (152)]. (3.4.19)
a€l0,1]
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By applying again Proposition 3.3.3, we conclude that there exist two constants ¢; :=
c1(BM) > 0and aq := aq(B1") € (0, 1) such that for all & € [0, 4]

-« c1a? c1a?
9pau ( o ) > _(11_a)2 > _(1—1a1)2' (3.4.20)
Therefore,
sup [ae + a gpn (i“)] > sup [as — (lc_lzf)Q] , (3.4.21)
aE[O,l] a€[0>a1)

and for € € (0, 5"), we have

B —e) > sup [as —da?], (3.4.22)

a€0,a1)
where ¢| = (1_0#)2 Since any function of type o — czear — c4a® (with c3, ¢4 > 0) reaches
its maximum at o = :%i’ we can combine (3.4.16) and (3.4.22) and conclude that there

exist £, > 0 and c5, cg > 0 such that
5% < BN — ) < e fore € (0,e5). (3.4.23)

The last estimate yields that f"”(.) is C'! but is not C? at the critical point . This means
that the non-uniform system undergoes a second order phase transition. 0

3.4.4 Proof of Lemma 3.3.4

We recall the notation V3 = max;<,<n |V,| and let Py, be the law of the random walk V'
starting from x € Z. We also let @ = |« | where | ] denotes the integer part of a real number
a. Since V' takes integer values only, we have

P/@(VR} < Oé) = Pg(V]:} < CL). (3.4.24)

For « large, pick an integer N such that N/a? € N and let k = N/a?. With the help of the
Markov property of V', we desintegrate Ps(Vy < a) with respect to the position occupied

by the random walk V at times a?, 2a?, ..., (k — 1)a?,
k-1
Py(Vi<a)= Y [Pou (Vi SaiVee =2in1)
z0=0,z;€[—a,a] 1=0
=1,k
k1
> Y IPse (Ve <aiVee =), (3.4.25)

20=0,z;€[—a/4,a/4] i=0
i k

i=1,...,

For any integer « € [0, a/4], we consider the two sets of paths
2 = {(V)%,: Vo =a; Vs < a; V2 € [—a/4,a/4]}, (3.4.26)

and
My = {(Vi)i : Vo = 0; V2 < 3a/4; Vi € [—a/4,0]}. (3.4.27)
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Clearly, if V = (V;)%, € II,, then the trajectory V + z starts at 2 and is an element of IT%.
Similarly, for x € [—a/4,0], IT;, + « C II] where

Iy = {(Vi)g : Vo = 0; Vi < 3a/4; V2 € [0,a/4]}. (3.4.28)

Since V' is symmetric, the quantities Pgo(1ly) and Ps(Il}) are equal and therefore, for
x € [—a/4,a/4],

Ps. (Vi <a; Ve € [—a/4,a/4]) > Pg(Vh < 3a/4; Ve € [—a/4,0]). (3.4.29)
Recall (3.4.25), we conclude that
Ps(Vy < a) > [Ps(Vs < 3a/4; Vi € [—a/4,0])]". (3.4.30)

It remains to bound from below the right hand side of (3.4.30). Let 6,2(t), t € [0, 1] be the
continuously interpolated process associated with the random walk trajectory (w)gio, ie.,

Ou2(t) = Viuze) + {a@*t}vja2e 11, t € [0, 1]. (3.4.31)

Let 03 = E(v7). By Donsker’s theorem, 6,2(.)/(03a) = B(.) as a — oo on C([0, 1], where
B is a standard Brownian motion (see [11, p. 399]). Therefore

lim Pg(Vy5 < 3a/4;V,2 € [—a/4,0])

a— 00

:P<max B(t) < 2 B(1) € [~ 0]) € (0,1). (3.432)

0<t<1 dog dog?
Consequently, there exist u; € (0, 1) and ap > 0 such that for all o > «,
Ps(Vys < 3a/4; Ve € [—a/4,0]) > uy, (3.4.33)

and (3.4.30) becomes Ps(Vy < a) > ujlv/ “* To overcome the limitation N /a* € N, we
write .
Pu(Viy < a) > Py(Viinyee) < @) > up™ ), (3.4.34)

a

. . . 2
It remains to choose ¢; > 0 satisfying u; > e~“, so that for /V large enough u%N/ @ >
ci N

e~ =2, which completes the proof.

3.4.5 Proof of Lemma 3.3.5

The proof is a coarse graining argument divided into 3 steps. In step 1, we pick M € N, we
seta = |a| and we partition {1, ..., N} into N/Ma? intervals of length Ma?. We show that
a random walk trajectory satisfying Ay < N must, in a positive fraction of these N/Ma?
intervals, spend more than a third of the time at distance less than 2« from 0. This gives the
upper bound

N

P,(Ay < aN) < [46 sup s (20, Ma2, Ma2/3)| ™' (3.4.35)

TEZL
with

vpz(t,n,m) :=Pg, (Z?:l i<ty = m), t,m e [0,00), v € Z,neN. (3.4.36)
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In step 2, we prove that we can remove the supremum over the starting position of V' in
(3.4.35) by simply enlarging « to 2a.. To be more specific we will show that

sup ¢g..(a, N, N/3) < pg0(2a, N,N/4), fora>0and N € N. (3.4.37)

T€Z

Finally, we will see in step 3 that, by choosing M large enough, there exists arp; > 0 such
that for all o > oy

sup g o(da, Ma®, Ma®/4) < 1/4e. (3.4.38)
BeK

By putting together (3.4.36), (3.4.37) and (3.4.38), we complete the proof of Lemma 3.3.5.
Step 1.

For a > 0, recall that a = [ozj M € N and pick N € Ma®N := {Ma?n,n € N}. Then,
partition the time interval {1,..., N} into the N/Ma? subintervals {I; r}jeq1,. /a2y Of
length Ma? each, i.e.,

L ={(—-1)Ma*+1,...,jMa’} for j=1,..., 7. (3.4.39)

Pick V = (V;)X, € {0} x Z" and consider, for each j < N/Ma?, the number of steps made
by V on the time interval I; ; that satisfy |V;| < 2c. Then, set

N
ANa = {(Vi)iNzo > il < aN}, (3.4.40)
=0

Ma? N
— . N .
By Mo = {(Vz)z’:o : #{1 <Jj< Ma2 : Z Lyvi<2a) 2 3 } = 4Ma2}'

ZG] M

Lemma 3.4.1. Forall o« > 0 and M, N € N such that N € Ma®N, the following relation
holds true
Ano € By ma- (3.4.41)

Démonstration. Note that V' € Ay, necessarily satisfies ZiN:o 1iv<2ay = N /2 and this
latter conditions is clearly not verified if V' ¢ B N, M,a- OJ

We recall (3.4.40), we pick N € 4Ma*N and we set k := % € N. By taking into
account the indices of those intervals /; 5, on which Zie Lot 1ivij<2a) = MT“Z), we obtain the
upper bound ’

Ps(Byaa) < ) Eﬁ(H1{21%MI{MKM}W;Q}) (3.4.42)

J1<..<Jk

where the sum is taken all over possible k-uples in {1,.. ., MGQ} We recall (3.4.36) and we
apply the Markov property & times at (j; — 1)Ma?, ..., (jr — 1)Ma? to obtain

k
k
E 1 <|: x2,M2’M23]. 3.4.43
(Mt rgarey) < rpessCantat ). as

TEZ
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At this stage, Lemma 3.4.1, (3.4.42), (3.4.43) and the inequalities (") < n™/m! and m! >
(m/e)™ allow us to write

N \F k
Ps(Ay <aN) < (]\;a%) [sup @575,3(204,]\/[@2,]\4&2/3)}

€L
N
_ [46 sup p.0 (20, Ma?, Ma? /3)} et (3.4.44)
TEL
Step 2.
We want to prove (3.4.37). First, we prove that
sup  ¢pu(a, N,N/3) < sup g, (a, N,N/4). (3.4.45)

z¢(—a,a) ye(—a,a)
Let 1y = inf{n € N:V, € (—a,a)}. Pick z ¢ (—«, «) and apply the Markov property at
time 7 to obtain
0pa(0, NN/3) =P (SN 1gvicay = &) (3.4.46)
N a N—-n
= Zn:l Zy:—a Pﬁ,x (7—1 =n, Vn = y) Pﬁ,y (Zi:l 1{|Vz|<a} Z % - 1) :

We have, for N > 12,

N—n N
Psy (Zi:l 1{M|<“} > % - 1) < Py, (Zi:l 1{|V¢|<a} > %)
< sup pgy(a, N,N/4), (3.4.47)

ye(fc“va)

and by plugging (3.4.47) into (3.4.46), we can write that ¢z (o, N, N/3) is smaller than
SUDye(—aa) Py (a, N, N/4). The latter is valid for all z ¢ (—a;, a), therefore

sup g, N, N/3) < sup gy (e, N, N/4). (3.4.48)

¢ (—a,a) ye(—a,a)

Because of (3.4.48), the step will be complete once we show that

vpz(a, NyN/4) < ppo(2a, N,N/4) for © € (—a,«). We recall that Ps, is the law of
the random walk (V;);>o defined in (3.1.13) with Vj = z. Thus, if (V});>¢ follows the law
Ps = Ppyp then (V; + x);>0 follows the law P ,. Moreover, for |z| < « the inequality
|Vi + x| < a immediately entails |V;| < 2. Thus,

Psa (vazl L{jvi|<a} = %) <Py (vazl 1{v;|<20} > %), (3.4.49)
which is exactly ¢s . (v, N, N/4) < pg0(2c, N, N/4) and completes the step.
Step 3.

In this step, we show (3.4.38). First observe that

Ma?

Ma?
Pﬁ(z L(vi|<da} = MT2) < Pﬁ( > 1vicaay > M2_02) (3.4.50)

i=1 i=Ma2/5
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Let 05 = Eg(vi) and pg = Eg(|v;|?). Forall 2 € R and n € N, by Berry-Esseen Theorem
(see [11, p. 124]), we obtain

v1 Un 6
Pyt <o) — P(IN(O, 1) < 2)| < 25 (3451)

From (3.4.50), we can apply the Markov’s inequality, which gives

Ma? Ma?
PB( Z v <4 > M2—82) < 2, Z Ps(|Vi| < 4a). (3.4.52)
i=Ma?/5 i=Ma?/5

For all i > Ma?/5, we have

Py(|Vil < da) = Py( L < o) <Py (1) < 05, (34.53)

By using the upper bound in (3.4.51), we can rewrite (3.4.53) as

6
Py(|Vil < 4a) < P(INV(0,1)] < 25 ) + 22 (3:4.54)

Thus, we can use (3.4.54) in (3.4.52) to obtain

Ma?
6
( § Livij<aa) = 75 )<20P<IN(0 1] < f;%)ﬂ?ﬂz Y e (3455
i=Ma?/5 i:Ma2/5

At this stage, we replace o and pg by 0 = infgcx 05 and p = supge ps in (3.4.55) so
that the inequality in (3.4.55) becomes uniform in § € K. We can choose M such that
20P(IN(0,1)] < 22 < 1/4e. Since

ovVM
Ma?
s Y, L 0asa— o, (3.4.56)
i=Ma?/5

there exists ay; > 0 such that for all a > oy

Ma?
0P(INO1)] < 28) + 58 Y & <1/de. (3.4.57)
i=Ma?2/5

It remains to recall (3.4.36), and then (3.4.50), (3.4.55) and (3.4.57) are sufficient to complete
the step.






Interacting partially directed self
avoiding walk : from phase transition to
the geometry of the collapsed phase
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4.1 Introduction

4.1.1 Model and physical insight

A solvent is said to be "poor" for a given homopolymer if the chemical affinity between
the solvent and the monomers constituting the homopolymer is low. When dipped in such
a solvent, the homopolymer folds itself up to exclude the solvent and therefore adopts a
collapsed conformation, that looks like a compact ball. If the quality of the solvent improves,
the chemical affinity raises until it reaches a threshold above which the polymer extends itself
in such a way that a positive fraction of its monomers are in contact with the solvent.

The interacting partially directed self avoiding walk (IPDSAW) was introduced in [26] as
a partially directed model of an homopolymer in a poor solvent. The spatial configurations
of the polymer of length L (L monomers) are modelled by the trajectories of a self-avoiding
random walk on Z? that only takes unitary steps upwards, downwards and to the right. Thus,
the set of allowed L-step paths is

W = {w = (w2, € (Ng x Z)*™ 1wy =0, wy, — wp_1 =,
Wit — W; € {T,i,-)} VO<i< L -1,
Note that the choice of w ending with an horizontal step is made for convenience only. Hen-

ceforth, we will consider two different laws on WV, uniform and non-uniform, denoted by
PT with m € {u, nu}.

(1) The uniform model : all L-step paths have the same probability, i.e.,

PY (w) w e Wr. (4.1.1)

1
WLl
(2) The non-uniform model : the L-step paths have the following law

* At the origin or after an horizontal step : the walker must step north, south or east with
equal probability 1/3.
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FIGURE 4.1 — Example of a trajectory with 12 self-touchings in light red.

» After a vertical step north (respectively south) : the walker must step north (respecti-
vely south) or east with probability 1/2.

The monomer-solvent interactions are not taken into account directly in the IPDSAW. We
rather consider that, when dipped in a poor solvent, the monomers try to exclude the solvent
and therefore attract one another. For this reason, any non-consecutive vertices of the walk
though adjacent on the lattice are called self-touchings (see Fig. 4.1) and the interactions
between monomers are taken into account by assigning an energetic reward J > 0 to the
polymer for each self-touching (consequently, a lower chemical affinity corresponds to a
larger 3). Thus, we associate with every random walk trajectory w = (w;)2, € Wy, the
Hamiltonian

L
Hyp g(w) == f Z L gjjw; —wj|1=1}» 4.1.2)
ilg]iol

which allows to define the law P/"; of the polymer in size L as,

eHr,p(w)

Prp(w) = —m—Pr(w), me {unu}. (4.1.3)
LB

where Z"; is the normalizing constant known as the partition function of the system. Hen-
ceforth, in the uniform model m = u, we remove the term 1/|W, | from the definition of P
(recall (4.1.1)) and from the computation of the partition function Z7 ;. Although P is not
a probability law anymore, the latter simplification is harmless, because it does not change
the polymer law P} ; and because it only induces a constant shift of the free energy f “(B)
introduced in section 4.1.2 below.

From random walk paths to vertical stretches

It is easy to see that any path in VW, can be decomposed into a collection of vertical stretches
separated by one horizontal step. Thus, we set {2, := U@:l Ly, where Ly . is the set of
all possible configurations consisting of /V vertical stretches that have a total length L, that
is

Ly = {lezszff:l\anN:L}. (4.1.4)

We build the natural one to one correspondence between €27 and YV, by associating to a
given [ € () the path of W, that starts at 0, takes |/;| vertical steps north if /; > 0 and south
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if [; < 0, then take one horizontal step, then take |l5| vertical steps north if [, > 0 and south
if [ < 0 then take one horizontal step and so on... (see Fig. 4.2). Recall (4.1.1) and note
that for a given N € {1,..., L} the function [ — P7(l) is constant on Ly s and equals 1
if m = uand (1/3)(1/2)*~" if m = nu. The Hamiltonian associated with a given path of
W; can be rewriten in terms of its associated collection of vertical stretches [ € 17, as

Hip(l, .. 0n) = BNl Aloia) (4.1.5)
where
- x| A if zy < 0,
e Ry = JEIA L ey < 4.1.6)
0 otherwise.
Therefore, the partition function can be rewriten under the form
L N-—1 ~
ZPg=Y > PR(1) i (i), 4.1.7)
N=1 ZGLNﬂL
,=0
( I
~ < ~
Il (1 3 —o
I

FIGURE 4.2 — Example of a trajectory with N = 5 vertical stretches and length L = 16.

4.1.2 Free energy and collapse transition

For both models, i.e., m € {u,nu}, the sequence {log Z[" 5}, is super-additive and the Ha-
miltonian in (4.1.2) is obviously bounded from above by SL. As a consequence, we can
define the free energy per step f™ : (0,00) — R as

A B I
f(8) = Jim 7log Z = sup 7 log Z5 < 5. (4.1.8)
S

L—oo

The collapse transition corresponds to a loss of analyticity of 5 — f™(/3) at some cri-
tical parameter ST € (0, 00) above which the density of self-touchings performed by the
polymer equals 1. In this collapsed phase, the expression of the free energy per step is ra-
ther simple, i.e., 5 + K, Where k, is the entropic constant associated to those trajectories
in Wy, whose self-touching density is equal to 1 + o(1). To achieve such a saturation of its
self-touching, the polymer must choose its configuration among those satisfying two major
geometric restrictions, i.e.,

* the number of horizontal steps is o(L)
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* most pairs of consecutive vertical stretches are of opposite directions.

It turns out that an appropriate choice of a trajectory satisfying both restrictions above is
sufficient to exhibit the collapsed free energy. To that aim, we pick L € N: /L € N and
consider the trajectory I* € Lz, defined as I; = (—=1)""'(v/L — 1) fori € {1,...,vL}.
By computing the contribution of [* to Z7'; one immediately obtain that, for 5 > 0 and
m € {u,nu},

fm(B) = ¢f, (4.1.9)
where o = [ and ' = [ — log 2. At this stage, we can define the excess free energy

fm (B) == f™(B) — ¢§, which is always non negative by (4.1.9). We define the critical
parameter

BT = mf{f>0: f"(8) =0}, (4.1.10)

and the convexity of 5 — fm( ) allows us to partition [0, co) into a collapsed phase denoted
by C and an extended phase denoted by &, i.e,

C:={B:fm(B)=0}={B:8>p5"} (4.1.11)

and

E:={B:f"(B)>0}={8:8<pr} (4.1.12)

4.1.3 Relationship to earlier work

The IPDSAW and its continuous versions have attracted a lot of attention from physicists
until very recently (see for instance [5] or [22]). The main method that has been employed
to investigate the IPDSAW involves combinatoric techniques (see [6], [18] or more recently
[17]). To be more specific, this method consists in providing an analytic expression of the
generating function G(2) = Y77, Z}" ;2" whose radius of convergence R satisfies f™ =
— log R. This computation is achieved by rewriting G(z) under the form )" g,(z) where
g-(2) is the contribution to G(z) of those trajectories making exactly r consecutive vertical
steps at the beginning, regardless of the total length of the trajectory. With the help of some
smart path concatenation, a recurrence relation is obtained between g¢,_1, g, and g,; and,
after making the ansatz that g, can be expressed as an infinite sum, the recurrence relation
allows for an exact computation of the terms in the infinite sum that provides g,. For a
detailed version of the computations, we refer to [9, p. 371-375].

The computation of the generating function GG allows to determine the exact value of
B. and to predict the behavior of the free energy close to criticality. However, the analytic
expression of (G is very complicated and only gives an undirect access to the free energy.
Furthermore, this combinatoric method does not allow to study a non ballistic observable,
for instance, inside the collapsed phase, the horizontal expansion is of order v/L and this can
not be proven by such method.

A new approach has been developed in [16] to work with the partition function directly.
With the help of an algebraic manipulation of the Hamiltonian, that will be described in
section 4.2.1, it is indeed possible to rewrite the partition function in (4.1.7) under the form

L
ZPs=cs®7 > (™(B)N Ps(Vnsrr-n), 4.1.13)

N=1
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where P is the law of an auxiliary symmetric random walk V' := (V},),en With geometric
increments, i.e., Vo =0,V, = > ", v; forn € Nand v := (v;);en is an i.i.d sequence under
the law P 3, with distribution

e 1 4 o8/
e 2 . +e
A5 < 7, with Cﬁ = m,

(4.1.14)

where I'™(3) is an energetic term, which penalizes the horizontal steps when it is smaller
than 1 and favors them when it is larger than 1,

{F”(ﬂ) =5
Fnu(ﬁ) _ %,

where V), 1, 1s the set of those n-step trajectories of the V random walk whose geometric area
A, =" |Vi| equals £, i.e.,

(4.1.15)

Vi = {(Vi)iy : Ay =k, V, =0}, (4.1.16)

and where the term 7 5 is given by

Y o = el
Lo 5 (4.1.17)
s = (€7/2)

and has an exponential growth rate that equals ¢}, such that the excess free energy fm (B) is
the exponential growth rate of the summation in (4.1.13).

In this new expression of the partition function, the term indexed by N € {1,..., L} in
the summation corresponds to the contribution to the partition function of those trajectories
| € Ly making N horizontal steps. By writing the number of horizontal steps under the
form N = oL with a € [0, 1], formula (4.1.13) can be used to derive a variational expression
of the excess free energy.

Theorem 4.1.1 ([16], Theorem 1.2). For m € {u, nu}, the excess free energy fm (B) is given

by N
B = e lalog (T™(8)) +ags (52)] (4.1.18)
agl0,1
where
gs(@) := lim +logPs(Ay < aN, Vy =0), a € [0,00). (4.1.19)

A consequence of Theorem 4.1.1 is that the knowledge of some analytic properties of
o+ gg(a) are sufficient to extract both an exact expression of the critical point 3, and the
precise order of the phase transition. It is shown in [16] that & — gs(«) is nondecreasing
on [0, 00) and that lim, . gs(a) = 0, which, combined with (4.1.18), entails that 3, is the
unique solution of I'™() = 1. Moreover, a fine asymptotic of a — gg(«) at infinity allows
us to prove that the collapsed transition is second order with critical exponent 3/2.

Theorem 4.1.2 ([16], Theorem 1.4). The phase transition is of order 3/2. That is, there exist
two constants cy, ca > 0 such that for € small enough

c %% < fm(ﬁf —&) < e3/2, (4.1.20)
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In this paper, we take the analysis of the phase transition two steps further (see Theorem
4.1.4). In the first step, we establish the precise asymptotics : f(. — &) ~ &3/ as ¢ \, 0
with v an explicit constant. In the second step, we give an expression of v in terms of the free
energy of a auxiliary continuous model, that is F. = limy_, 7 log E[exp(— fo | B(t)|dt)].

Moreover, the Laplace transform of fo | B(t)|dt was computed by Kac in [15] and this allows
us to express F. with the smallest zero (in modulus) of the derivative of the Airy function.

The question of the geometric conformation adopted by the polymer inside the collapsed
phase has been raised and discussed by physicists in several papers, as for instance [20]. It
was believed that the monomers arrange themselves in a succession of long vertical stretches
of opposite directions that constitute large beads. There are numerical evidences that the
horizontal expansion N, of the polymer in size L grows as v/L and that the vertical displa-
cement of the endpoint grows as L'/# (see [20], table I page 2394) . In this paper, we prove
with Theorem 4.1.6, that the polymer makes only one macroscopic bead and that the number
of monomers (located at the beginning and at the end of the polymer) which do not belong to
this bead grows at most like (log L)*. We also make rigorous the conjecture concerning the
horizontal expansion of the polymer, since we identify the limit in probability of N/ VI,
which turns out to be the constant extracted from an optimization procedure.

4.1.4 Main results
A sharper asymptotic of the free energy close to criticality

The first Theorem that we state below gives a new expression of the excess free energy. To
that aim, we recall (4.1.14) and the definition of Ay above (4.1.16). For § > 0, we set

- —5A
hs(9) := lim N log Eg(e™4%). (4.1.21)
We will prove in section 4.2.2 below that the limit in (4.1.21) exists and that § — hg(0) is
non-positive, non-increasing and continuous on [0, o).

Theorem 4.1.3 (Free energy equation). For m € {u,nu}, the excess free energy fm(ﬁ) is
the unique solution of the equation log(I'"™(53)) — d + hs(6) = 0 if such a solution exists and

F™(8) = 0 otherwise.

It is tedious, but straightforward, to prove that gg is the Legendre-Fenchel transform of
hg, that is
gpla) = }ng (0 + hg(0)). (4.1.22)
>

Note first that Theorem 4.1.3 and the obvious equality h3(0) = 0 are sufficient to check
that 5 is the unique solution of I'™(/5) = 1. One of the main interest of Theorem 4.1.3 is
that it allows us to use the analytic properties of  — hg(d) at 0" to investigate the regularity

of B — f™(B) at A

Theorem 4.1.4 (Phase transition asymptotics). For m € {u,nu}, the phase transition is
second order with critical exponent 3/2 and the first order of the Taylor expansion of the
excess free energy at (™)~ is given by

i 170 =€) _ (C—"">3/2, (4.1.23)

e—0t g3/2 dm
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where
em =1+ =i, (4.1.24)
and where
= = Jim log B~ £ 150 — 9715110307 (4.1.25)

with Ug = Ep(v}) and d is the smallest zero (in absolute value) of the first derivative of the
Airy function.

Remark 4.1.5. The Laplace transform E(e—sfo1 |Bslds) for s > 0 was first computed analyti-
cally by Kac in [15]. The proof of the limit (4.1.25) is given in Appendix 4.7.1.

Path properties inside the collapsed phase

The main result of this paper is concerned with the path behavior of the polymer inside its
collapsed phase (5 > [(.). We divide each trajectory into a succession of beads. Each bead
is made of vertical stretches of strictly positive length and arranged in such a way that two
consecutive stretches have opposite directions (north and south) and are separated by one
horizontal step (see Fig. 4.3). A bead ends when the polymer gives the same direction to two
consecutive vertical stretches or when a zero length stretch appears, which corresponds to
two consecutive horizontal steps. We will prove that the polymer folds itself up into a unique
macroscopic bead and we will identify its horizontal expansion. To quantify these results we
need the following notations.

FIGURE 4.3 — Example of a trajectory with 3 beads.

Horizontal extension and number of beads

Let I € €y and denote by Ny (!) its horizontal extension, i.e., Ny (l) is the integer N such
that | € Ly. Pick | € Ly and let (u;)}_, be the sequence of cumulated lengths of the
polymer after each vertical stretch, i.e., u; = [l1| + ...|l;| + j for j € {1,...,N}. For
convenience only, set [y, = 0. Set also o = 0 and for j € N such that z;_; < N, set
r; = inf{i >z, +1: A liy1 = 0} (see Fig. 4.4). Finally, let n(I) be the index of
the last x; that is well defined, i.e., z,,; = N. Thus we can decompose any trajectory
[ € Qg into a succession of ny () beads, each of them being associated with a subinterval of
{1,..., L} written as

I ={us, , +1,.. . ,u,, ), for je{l,...,nc(l)}, (4.1.26)
and therefore, we can partition {1, ..., L} into U?igl)l ;. At this stage can define the largest
bead of a trajectory [ € 2y as [, with

Jmax

jmax = argmax {|1;|,j € {1,...,n.(1)}}. (4.1.27)
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With Theorem 4.1.6 below, we claim that, in the collapsed phase, there is only one macro-
scopic bead.

Theorem 4.1.6 (One bead Theorem). For m € {u,nu} and > T, there exists ¢ > 0 such
that
. m 4
nggOPL,B(uj | > L—c(logL)*) =1. (4.1.28)

In Theorem 4.1.7 below, we identify the limit in probability of % as L — oo.

Theorem 4.1.7 (Horizontal expansion). For m € {u,nu} and § > [T, there exists a
am(B) > 0 such that, for all e > 0

N
Llijgopgﬁ< i am(B)] > 5) — 0. (4.1.29)

Remark 4.1.8. The quantity a,(5) can be expressed as the unique maximizer of a — G (a)
on (0, 00) with

Gm(a) :== alogT™(8) — L ho(Z5,0) + aLs(H(Z5,0)), (4.1.30)

where we recall (4.1.15) and where L, and H are defined in (4.2.25) and (4.2.31), and will
be further investigated in section 4.6. Note that, for > T, the function a — Gy(a) is C™,
strictly concave, strictly negative and an(B) is the unique zero of its derivative on (0, 00).
These latter properties will be proven at the beginning of section 4.4.3.

4.2 Preparation

In this section, we introduce the three main tools that are used in this paper. In section 4.2.1
we show how the partition function can be rewriten in terms of the random walk V' of law
P (recall (4.1.14)) and how studying this random walk under an appropriate conditioning
can be used to derive some path properties under the polymer measure. In section 4.2.2, we
define the function § — hg(J) that appears in the expression of the excess free energy in
Theorem 4.1.3 and we study its regularity. In section 4.2.3, we consider the probability of
some large deviations events under P 3, and we introduce an appropriate tilting under which
these events become typical.

4.2.1 Probabilistic representation of the partition function

In the first part of this section we prove formula (4.1.13) and we show how the polymer
measure can be expressed as the image measure by an appropriate transformation of the
geometric random walk V' introduced in (4.1.14). In the second part of the section, we focus
on those trajectories that make only one bead and we show that, in terms of the auxiliary
random walk V', these beads become excursions away from the origin.
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0 x,=4 x,=10 x,=11 x,=17 x,=18 x,=20

i\
| v

FIGURE 4.4 — An example of a trajectory [ = ([;)?; with 6 beads is drawn on the upper
picture. The auxiliary random walk V' associated with [, i.e., (V;)?X, = (T2)*(l) is drawn
on the lower picture.

Auxiliary random walk

We display here the details of the proof of formula (4.1.13) in the non-uniform case only.
The uniform case is indeed easier to handle. Recall (4.1.4—4.1.7) and note that the A operator
can be written as

Ay =(z|+yl—lz+yl) /2, Vz,yel (4.2.1)

Hence, for 5 > 0 and L € N, the partition function in (4.1.7) becomes

L N N
O SDAOEND SR SUNNED e
N=1 le[’N,L n=1 n=0
lo lN+l:0

wl»—\

exp( 2|l +ln+1|>

—cs (% ) i(iiﬁ) > 11 , (42.2)

N=1 lEﬁNL n=0
lo=ln11=0

where ¢z was defined in (4.1.14). At this stage, we pick N € {1,..., L} and we introduce
the one-to-one correspondence Ty : Vy 11—y — Ly, defined as TN(V) = (=1)"1V for
alli € {1,...N}. We pick | € Ly, we consider V = (Tx)"!(l) (see Fig. 4.4) and we
note that the increments (v;) ' of V necessarily satisfy v; := (—1)""*(l;_1 + ;). Thus, the
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partition function in (4.2.2) becomes

ANL G g \ N
Z=c(5) Y (33) X P, 4.2.3)

N=1 VeVNi1,L-N

which immediately implies (4.1.13). A useful consequence of formula (4.2.3) is that, once
conditioned on taking a given number of horizontal steps /V, the polymer measure is exactly
the image measure by the 7y —transformation of the geometric random walk V' conditioned
to return to the origin after N+1 steps and to make a geometric area L — N, i.e.,

Pls(l €| No(l) = N) =Ps(Tn(V) € - | Vy =0,Axy = L= N). 4.2.4)

From beads to excursions

We define (29 as the subset of {2, containing those trajectories | € €2, that have only one
bead, i.e. ny(I) = 1. Thus, we can rewrite Q% := (J%_, LYy 1» where LS, | is the subset of
L1, defined as

L4y, ={l€Lynr: LA #0Vje{l,...,N—1}}, (4.2.5)

and we denote by Z} L3 2 the contribution to the partition function of those trajectories in Q9,
ie.,

Zre =Y e PY(1), me {unu}. (4.2.6)

1eQg

We let also V1, be the subset containing those trajectories that return to the origin after n
steps, satisfy A,, = k and are stricltly positive on {1, ..., n}, i.e.,

Vi ={V: V=0, 4, =k V;>0Vie{l,....,n—1}}. 4.2.7)

By mimicking (4.2.2) and by noticing that by the Ty —transformation, the subset L, | be-
comes V5 +1,,—N We obtain

L
278 =2c5®85 Y (T™(8)" PsViaron): (4.2.8)

N=1

4.2.2 Construction and regularity of /3

We define the function /g in a slightly different way from (4.1.21), but we will see at the end
of this section that the two definitions are equivalent. For N € N, § > 0, define

1 _ .
hiv5(0) =+ log Es(e*™V1gy—0;) andlet hg(s) = Aim s (0). (4.2.9)
Lemma 4.2.1. (i) hg(0) exists and is finite, non-positive for all 5 > 0,6 > 0.
(ii)  — hg(d) is continuous, convex and non-increasing on [0, 0o).
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Démonstration. (i) For N, M € N, we restrict the partition of size N + M to those trajecto-
ries that return to the origin at time N and use the Markov property to obtain

Eg (eféAA”M 1{VN+]V[:0}) > Eg (675AN 1{VN:0})EB (eisAM 1{VM:0}) . (4.2.10)

Thus, {log Eg (e_MN 1{VN:O}) } ven is a super-additive sequence that is bounded above by 0
and therefore the limit in (4.2.9) exists, is finite and satisfies

1
hs(0) = sup log Eg(e ™% 14y, —gy) < 0. 4.2.11)

(ii) The fact that Ay > 0 for all N € N immediately entails that 6 — hg(0) is non-increasing
on [0, 00). By Holder’s inequality, the function 6 — hy g(d) is convex for all N € N and
hence so is 0 — hg(J). Convexity and finiteness imply continuity on (0, co). In order to
prove the continuity at 0, we first note that lims_,o hg(d) = sups~, hs(d). Then, with the
help of formula 4.2.11 and via an exchange of suprema we obtain

1
lim hg(0) = sup sup — log E3 (6_6AN1{VN:0}) (4.2.12)
6—0 §>0 NeN
1
= sup — logPs(Vy =0) = 0.
Nen NV

]

It remains to show that the two definitions of hg in (4.1.21) and (4.2.9) coincide. To that
aim it suffices to show that

: 1 —6A .1 —6A
hzr\?jolip ¥ log Eg (e N) < z\}lg(l)o ¥ log Eg (e N]-{VN:[)})- (4.2.13)
We set Zyz := [—N?, N*]NZ and we decompose Eg (e~°4") into the two partition functions

Cn g and By s defined as

Cnp=Eg(e " 1yyer,,y) and By =Eg(e 1y, ¢7.,1)- (4.2.14)

Since Ay > 0 and since E(exp(8|v1]/4)) < oo, the Markov inequality gives

N N
Ej (e
Brs < Ba(Ligryey) < Pa(Y ul = M) < iwwm L (4.2.15)
i=1
which immediately implies that lim sup,_, ., % log By 3 = —o0. Consequently
1 1
lim sup — log Eg (6_5AN) = limsup — log Cn g, (4.2.16)
N—00 N N—o00 N

and since the cardinality of Zy2 grows polynomialy, the proof of (4.2.13) will be complete
once we show that

1 1
limsup — log sup Eg (e_‘sANl{VN:x}) < Nhféo N log Eg (e“sANl{VN:O}). 4.2.17)

N—oo IEINQ
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We consider the partition function of size 2/V and use Markov property at time /V to obtain
EB (675A2N1{V2N:0}) > Eﬁ (eféAN]_{VN:I})EB,x (eféANl{VNZO}), x € 7L. (4.2.18)

By using the time reversal property of the V' random walk, we can assert that (Vy—Vy_,,, 0 <
n < N) 4 (V,, = Vb, 0 < n < N) and consequently, for all = € Z, it comes that

By (e Ly gp) = By (e s Vool )
= By (70 T et )

N-1
=Eg(e 2=t i1y ). (4.2.19)

Thanks to the symmetry of V and since 3. "|V,,| < Ay, the inequalities (4.2.18) and
(4.2.19) allow us to write

Eﬁ(e_éAQNl{VéN:O}) > [ sup Eﬁ(e_MNl{VN=I})]2' (4.2.20)

€L N2

It remains to apply ﬁ log in both sides of (4.2.20) and to let N — oo to obtain (4.2.17),
which completes the proof.

4.2.3 Large deviation estimates

In this section, we introduce the techniques that will be required to estimate the probability
of some large deviation events associated with trajectories making a large arithmetic area.
Such estimates will be needed in section 4.4 to approximate the probability that, under the
polymer measure, the trajectories make only one bead.
Following Dobrushin and Hryniv in [10], for n € N, we define
Vot Vit f Voo

Y, : (4.2.21)
n

and for a given ¢ € (0,00) N &, we focus on both probabilities Ps(Y,, = ng, V;, = 0) and
Ps(Y, =nqg, V, =0,V, >0Vi € {1,...,n — 1}). Our aim is to identify the exponential
rate at which such probabilities are decreasing and their asymptotic polynomial correction.
To that aim, we will use an exponential tilting of the probability measure Pz (through the
Cramer transform) in combination with a local limit theorem. Under the tilted probability
measure the large deviation event {Y,, = ng, V,, = 0} becomes typical, as will be seen in
section 4.6.
First, we denote by L(h),h € R the logarithmic moment generating function of the
random walk V/, i.e,
L(h) := log Eg[e""]. (4.2.22)

From the definition of the law P4 in (4.1.14), we obviously have L(h) < oo for all h €
(—B/2, 3/2). For the ease of notations, we set A,, := (Y,,,V,,) and we denote its logarithmic
moment generating function by Ly, (H) for H := (hg, h;) € R?,i.e.,

n

Ly, (H) i= log B [e"" V] = 5™ L (1= L o+ hy ). (4.2.23)

=1
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Clearly, L, (H) is finite for all H € D,, with

D, = {(ho, h) € RZ: hy € (=2, 8), (1= L)ho+ hy € (£, g)}. 4.2.24)

We also introduce L, the continuous counterpart of Ly, as

1
La(H) ::/ L(zhy + hy)dz, (4.2.25)
0
which is defined on
D= {(ho, ) € R by € (=5,5), ho+ M € (-5,9) }. (4.2.26)
With the help of (4.2.23) and for H = (hg, hy1) € D,,, we define the H-tilted distribution by
dPn,H (V) _ ehOYn‘Fhan*LAn(H)' (4227)
dPjs

Foragivenn € Nand g € %, the exponential tilt is given by H? := (hi, o, h;. ;) which, by
Lemma 4.5.5 in section 4.5.1, is the unique solution of

E,n(2) = V[1L\,](H) = (¢,0), (4.2.28)

and therefore, we have the equality

Ps(An = (14, 0)) = Py ya (A = (ng, 0))e" (ot ubanih) (4.2.29)

From (4.2.29) it is easy to deduce that the exponential decay rate of Ppg (An = (ng, 0)) is
given by the quantity —hfw q+ %L A, (H7) and that the polynomial correction is associated
with P, ya (An = (ng, O)) To be more specific, we first state a Proposition which gives a
local central limit theorem for the tilted law P, y4.

Proposition 4.2.2. For [q1,q] C (0,00), there exist C > 0,nq9 > 0 such that for all q €

[Qh QQ] and n > ng we have

1
W < Pn,HZ (Yn = ng, Vn = O) <

Then, we define the continuous counterpart of H? by H(q,0) := (ho(g, 0), h1(g,0)) which,
by Lemma 4.5.3 in section 4.5.1, is the unique solution of the equation

%. (4.2.30)

and we state a Proposition that allows us to remove the n dependence of the exponential
decay rate.

Proposition 4.2.3 (Decay rate of large area probability). For [q1,qs] C (0, 400), there exist
c1,¢co > 0and ng € N such that

[[LLa, (HE) — b q] — [La(H(g,0)) — ho(q,0) q]| < (;L—l forn > ng, q € [q1, ).
(4.2.32)
and B c
|H: = H(q.0)[[ < =, forn >no, q € g1, ¢2] (42.33)
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Proposition 4.2.3 and 4.2.2 will be proven in sections 4.5.1 and 4.6, respectively. With
the help of (4.2.29) and by applying Proposition 4.2.2 and Proposition 4.2.3 we can finally
give some sharp upper and lower bounds of Ps(Y,, = ng, V,, = 0).

Proposition 4.2.4. For [q1, g2 C (0, 00), there exist Cy > Cy > 0 and ny € N such that for
all q € [q1, q2] and n > ny we have

222 e [_7‘3 ‘H‘LA(ﬁ(‘LO))} <Ps(Y,=ngq, V, =0) < 221 e”[ h q+La(H(q, 0))] (4.2.34)
n n

In addition, we shall need in this paper a precise lower bound on the probability that,
under P, the V random walk makes only one excursion away from the origin, conditionally

on having a large prescribed area. To our knowledge, such an estimate is not available in the
existing literature. Recall the definition of Y, in (4.2.21).

Proposition 4.2.5 (Unique excursion for large area). For [q1,q2] C (0, 00), there exist C' >
0, > 0 and ny € N such that for all q € [q1, ¢2| and every n > ny

Ps(V;>0,0<i<n|Y,=ng V,=0) >

g. (4.2.35)
n

4.3 'The order of the phase transition

In section 4.3.1 below, we prove Theorem 4.1.3 that expresses the excess free energy as
the solution of an equation involving the function /4 introduced in section 4.2.2. In section

4.3.2, we first state Lemma 4.3.1 which provides the behavior of hg(ﬁm (B)) close to S and
then we combine this Lemma with Theorem 4.1.3 to complete the proof of Theorem 4.1.4.
Finally, in section 4.3.3 we give a proof of Lemma 4.3.1.

4.3.1 Proof of Theorem 4.1.3 (Free energy equation)

By the representation formula (4.1.13) and the definition of fm, we have

fm(B) = nggozlog Z7s, (4.3.1)
where
" L
ZEB Z N ) Ps(Vni1,0-n)- 4.3.2)
N=1
As a consequence, the excess free energy satisfies fm (8) = —log R where R is the radius of

convergence of the generating function G(z) = > 7, 22“ g 2", that is

fm(B) =sup {6 >0: 370, e % = too}, 4.33)
L=1
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if the set is non-empty and fm(ﬁ) = 0 otherwise. We recall (4.1.16) and we use (4.3.2) to
rewrite the sum in (4.3.3) as

00 co L
Z 221”8 676[/ _ Z Z (Fm (6)675)[\[ Z Pﬁ(V) 6*5([/71\7)
L=1 L=1 N=1 Vo=VN4+1=0
AN=L—N
oo L N
- Z Z (Fm (B>6_6) Eg (e_éANl{AN=L*N7 VN+1=U}>
L=1 N=1
= > (@) ) Es (e Ly, 1m0y ). (4.3.4)

Since Ay = Apn41 on the set {Vy11 = 0} and by using the definition of Ay 5(d) in (4.2.9),
the equality (4.3.4) becomes

> Zps e =Y exp (N [logI™(8) = 8+ 2 v 5(6)] ), (43.5)
L=1 N=1

which together with (4.3.3) gives f™ () = sup {§ > 0: log ™ () — & + h(8) > 0}. Since
hs(8) < 0, it follows that f™(3) = 0if I™(8) < 1. When I'™(8) > 1, Lemma 4.2.1 gives
that § — —0 + hg(0) is continuous, strictly decreasing, non-positive on [0, c0), equals 0 at
§ = 0 and tends to —co when § — oco. Therefore, f™(/3) > 0 and is the unique solution
of the equation logI'™(3) — § + hg(d) = 0. In addition, by recalling the definition of the
collapsed phase (4.1.11) and the extended phase (4.1.12), we can observe that

C={B:T™(B) <1} and & ={3:I™(B) > 1}. (4.3.6)

We note that § — I'™(3) is decreasing on [0, 00) (recall (4.1.15) and (4.1.14)) and therefore,
the collapse transition occurs at 5T, the unique positive solution of the equation I'™(5) = 1.

4.3.2 Proof of Theorem 4.1.4 (Phase transition asymptotics)

We display here the proof of Theorem 4.1.4 subject to Lemma 4.3.1 below, that will be
proven in section 4.3.3 afterwards.

Lemma 4.3.1. For m € {u,nu},

. hs(F™(5))

i 2 = —dp. (4.3.7)
550 fm(g)2/s

where we recall that d,, was defined in (4.1.25).

Our aim is to study the asymptotic behavior of the equation in Theorem 4.1.3 near the
critical point. We recall (4.1.15) and we perform a first order Taylor expansion of I'™ () near
B which gives log I'™ (B — €) = cme(1 4 0(1)) as € N\ 0. Next, we consider the function
hg near 57" and it follows from Lemma 4.3.1 that when ¢ \, 0

hom o (f™(B™ = €)) = —dum [™(B™ — &)¥3(1 4 0(1)). (4.3.8)
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Therefore, by plugging (4.3.8) and the expansion of log I'™ (S — ¢) in the equation in Theo-
rem 4.1.3 that is verified by the excess free energy, we obtain that

eme(1+0(1)) = f(B] =€) — du f™ (B — £)**(1 + 0(1)) = 0, (4.3.9)

which allows to conclude that
- 3/2
fmBl —e) ~ (C—m) % as e\, 0, (4.3.10)

and the proof is complete.

4.3.3 Asymptotics of /13
Heuristics

Let us give the heuristic explanation of why hs(d) ~ —cd%/3 for some constant ¢ > 0. The
main idea is to decompose the trajectory of the random walk V' into independent blocks of
length T62/3 for T € N and § small enough : we have approximately N/(7'6~%/%) such
blocks. Hence, as 0 ™\, 0, we can estimate

2/3

- —0AN R 2/3
]\}gnooNlogE s(e ) ~ Tlgrolo T log Eg(e**rs-2/3). (4.3.11)

It is well known that for such random walks (assume that E4 (vf) =1) (see [11, p. 405])
3/22|V| —>/ (t)|dt as k — oo, (4.3.12)

where B is a standard Brownian motion. Now, let k¥ = §~2/3 and since |e_6AT6—2/ 31 < 1, we
conclude that .
Eg(e Ars-23) — E(e™Jo BOMY 55 5 0. (4.3.13)

This convergence and (4.3.11) would immediately imply hg(5) ~ —c %3 where ¢ can be
estimated via the distribution of the Brownian area, that is

= — lim TlogE( —Jo 1Bty 5 (4.3.14)

T—o00

Proof of Lemma 4.3.1.

Upper bound

Pick 7 € N, § > 0 such that 62?3 € N and let A := §2/3. We take N that satisfies
N/(TA) € N and partition {1,..., N} into k = N/(T'A) intervals of length T'A. By the
Markov property of 1/, we desintegrate Eg (e“SAN ) with respect to the position occupied by
the random walk V' at times TA, 2TA, ..., (k — 1)TA,

k—1 N
Eg(e™Y) = Z HE'B’”” (6_6ATA1{VTA:M+1}> = [SUP Eﬂ@(e_MTA)} '

aco OxZEZ =0 z€Z

(4.3.15)
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With the help of Lemma 4.3.2 below, we can replace the supremum in the right hand side
of (4.3.15) by the term indexed by z = 0 only. The proof of Lemma 4.3.2 is postponed to
Appendix 4.7.2.

Lemma 4.3.2. For all § > 0,n € N and x,x' € 7Z such that |z
inequality holds true

Eg . (e7%%") < Eg,(e ). (4.3.16)
Therefore (4.3.15) becomes

A
Es(c) < [By (6—6ATA)}N/ " (4.3.17)

Recall that A := §~%/3, apply + log to both sides of (4.3.17) and let N — oo to obtain, for
£ > 0andéd > 0, that

hs(0) _ i
T TlogEB( “oATa), (4.3.18)

In what follows we need a uniform version (in /3) of the convergence of Eg (6*5‘4”) towards
E(e” Jy 1B (®)ld) a5 § — 0. For this reason, we introduce the strong approximation theorem
(Sakhanenko [21]) to approximate the partial sums of independent random variables v in the
right hand side in (4.3.18) by independent normal random variables.

Theorem 4.3.3 (Q. M. Shao [24], Theorem B). Denote by 0/23 the variance of the random
variable v, under P 5. We can redefine {v;,i > 1} (denoted by v’) on a richer probability
space together with a sequence of independent standard normal random variables {y;,i >
1} such that for every p > 2, x > 0,

UB—O'BZy]

where A is an absolute positive constant.

We let also, forn € N, Y, = S0 y;, A, (Y) = 327, |Y;] and redefine V% = 3% ),
A, (VB =27 V| We pick T > 0,p > 2,60 > 0 and K a compact subset of (0,00).
We use Theorem 4.3.3 and the fact that (recall (4.1.14)) E va |f”] is bounded from above
uniformly in 8 € K, to assert that there exists a constant ¢, g > 0 such that for all A > 0

and g € K

P (max

i<n

> x) (Ap)Pz~ PZEWV’ (4.3.19)

P(%@X VP — opYi| > N) < e, T A, (4.3.20)

Note that on the event {max;<7a |V;” — 05Yi| < A%}, we obviously have |Apa(V?) —
o3Ara(Y)| < TA%!. Therefore, since # +— exp(—=z) is 1-Lipshitz on [0, c0) and since
A = §2/3 we can write that for 5 € K and § > 0

‘E(e—JATA(VB) _ 6—50',(3ATA | < P(@%X |V . 05Y| > A0> + (5TA9+1
< ¢, T§30~1) 4 730-20), (4.3.21)

We chose p = 3 and 0 € (1/3,1/2) and plug it in the right hand side of (4.3.18) to obtain
that for 3 € K and 6 > 0,

hs(6) 1
525 ST

2(39 1)

log | B(e 7 472M) 4 0 T6™ 5 4T85 (4.3.22)
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Lemma 4.3.4. Let K be a compact subset of (0,+00). For T > 0 and € > 0 there exists a
8o > 0 such that for § < &y (with A = §%/3),

sup |[E(e 0754780y _ B(emos Jo 1BONY | < ¢ (4.3.23)
BeEK

where B is a standard Brownian motion.

Proof of Lemma 4.3.4. We can consider { B(t),t > 0} and {y;,7 > 1} on the same probabi-
lity space by letting y; = B(i)— B(i—1) and thus Y; = B(:) fori € N. Since the exponential
function is 1-Lipschitz on (—o0, 0], we have

Sup }E(e—éaﬂATA(Y))_E(e—Uﬂ f0T|B(t)\dt)| < max{os, 8 € K} E“(SATA(Y)—fOT \B(t)\dt”.

BEK

(4.3.24)
Since max{ogs, f € K} < oo, the proof is complete once we show that the expectation in the
right hand side vanishes as A — 4-oc. Recall that § = A™%2 and Apa(Y) = 3275 | B(3)].
By Brownian scaling and Riemann sum approximation, we know that

TA T
AT App(Y) £ A7 > IB(i/A))| A—> / |B(t)|dt, (4.3.25)
i—1 — 00 0

and since we have uniform integrability (because sup-, E(JA™/2474(Y)[?) < 00) we can
conclude that

Ali_r};oE<|A*3/2ATA(Y) — T \B(t)\dt|> ~0. (4.3.26)
O

We resume the proof of the upper bound. Since 6 € (1/3,1/2), the right hand side of
(4.3.21) vanishes as 6 — 0 uniformly in 5 € K. Thus, we can replace by fm (BT) in
(4.3.22) and use Lemma 4.3.4 and the fact that lim._,+ fm (B —€) = 0 to conclude that,
forall T'> 0,

Fm(am _ 1
lim sup hﬁ(f Cil) < —logE(e_"BE“ foTlB(t”dt). (4.3.27)
e—0t fm (B(r:n — 8)2/3 T

It remains to let 7" tend to infinity and to recall (4.1.25) to obtain

limsup 2B =) (4.3.28)

em0t fM(Bm —e)2/3

Lower bound

Recall that T € N,§ > 0 and A = 62/ € N. We also take N € N such that N/(T'A) € N.
Pick > 0 and use the decomposition in (4.3.15) to obtain

k—1
Ej(e04v) > 3 [1Es.. <e-5ATA1{VM:m1}) (4.3.29)
ZOZO»Ii'G[*W\/kZ:n\/Z] =0

i=1,...,

> inf E e 0ATAq N/(TA) (4.330)
— Lael-aVAnVAl P {(Vragl-nvVAnvAl} 3.
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For any integer = € [—nv/A, nv/A], we consider the two sets of paths
2 = {(V)E4: Vo = =, Vra € [-0VA, pVA]}, 4.3.31)

and
Iy = {(Vi)I4: Vo =0, Vra € [-nVA,0]}. (4.3.32)

Clearly, if V = (V;)I4 € I, then the trajectory V + z starts at 2 € [0,7v/A] and is an
element of IT%. Similarly, for = € [-1v/A, 0], IT, + = C II? where

I, = {(Vi){%h: Vo =0, Va € [0,nVA]}. (4.3.33)
Since Ps(V € II,) = Py(V € I1,), we conclude that
Py (V €1I?) > Py(V €11}) forall z € [—nvVA, pvVA]. (4.3.34)
Moreover, for any V* € 117,
TA TA TA TA
SI VA =08 |e+ Vil <6 Vi +0TAl[ <8 [Vi| + 0T, (4.3.35)

=1 i=1 =1 i=1

where the trajectory V' satisfies V5 = 0. Combining (4.3.34) and (4.3.35), we then have, for

€ [-nVA, nVA],

—0A —nT —0A
B (¢ Ly sermvmava) = € a0 oava) (4.3.36)

By plugging the lower bound above into (4.3.29) and by using the symmetry of V' we imme-
diately get

_ _ _ N/TA
Es(c ™) 2 | By (21, pavay) | 4.3.37)

which, by applying ~ + log to both sides in (4.3.37) and by letting N — oo, gives, for all

8 >0,
hs(6
52(/3) =T log Eg < MTAl{VTAe[o,n\/Z]}) —-n, 6,n>0. (4.3.38)

At this stage, we proceed as in the upper bound (from (4.3.18)) to obtain, forall 7" € N, >
0,

()

T
=0z fm(B)23 Tl og (e Jo PO 1y cio y) — 1. (4.3.39)

Therefore the proof of the lower bound will be complete once we show that for all n > 0

1 1
lim — log E(e™" Jo' 1BOIY b ryetomy) = Jim — log E(e™" Jo 1B (4.3 40)

T—o0

Then, by recalling (4.1.25), we achieve the bound
h
lim inf M > —dym — 1 (4.3.41)

for all n > 0. It remains to let » — 0 to complete the proof.
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The proof of (4.3.40) is very similar to the one displayed in section 4.2.2 that shows that
the two definitions of hg coincide. Pick T > 0, and partition the interval [—72,7%] into
272 /7 sub-intervals of length 7, i.e.,

T2 T = U iy where Ji = [(i — L), in). (4.3.42)
Since limy_, 7 log P(|B(T)| > T?) = —oo, we can claim that

T—o0

1 1
lim —log B(e 7o PO = liminf —log B(e 0 PO Ly o gapy). (43.43)

The expectation in right hand side of (4.3.43) can be bounded from above as
—op Jy |B(®)ldt e —op [y |B(®)|dt
E(e 8 Jo 1{B(T)6[—T2,T2]}) < TSU})E(G 8 Jo 1{B(T)6Ji}), (4.3.44)
1€y

where 7, := {=T?%/n +1,...,T%/n}. By applying = log to both sides of (4.3.44) and by
letting 7" — oo, it comes that

: 1 —og [T|B(t)|d o] —og [T|B(#)|d

i, log BT ) < lipipf plomup B & EO ey 4349

The next step consists in bounding from below the partition function of size 27, so that for
all i € T, we have

—o5 [P |B@t)|d
E(e o0 Jo PO pomiet )
T oT
> E[efoﬁ Jo |B(t)|dt 1{B(T)€J¢} E(eﬂfﬂ J7 |B(t)|dt 1{3(2T)€[717,7]]} ‘ B(T)):|

> E<€*06 3 1B(®)ldt 1{B(T)6Ji}> ;2; E, <€*05 3 1B(®)ldt 1{B(T)e[—n,n]})- (4.3.46)

We now use the time reversal and the symmetry of {B(¢),t > 0} to conclude, for all x €
Ji, 1 €Ty,
T T
B, (e I BN piryr g o) = B(em 0 PO 50y ey

—o5 [T |B(T)-B(T—t)+=|d
= E(e ¢ Jo [BM=BI=Oaldt g b et )

> e TR (6_05 Jo 1Bt 1{B(T)e[:c—n,x+n]})

2 e—o’g?’]TE (e—a'ﬁ fOT ‘B(t”dt 1{B(T)EJ1}) . (4.347)
At this stage, we plug (4.3.47) into (4.3.46) and we note that both inequalities hold for all
i € 7T,, so that

—og [2T —0o —og5 [T 2
E(e o0 do PO poryelnay) = € B"TSUQE(e o do 1BOWL piryesy)”.  (43.48)
S

We apply % log to both sides of (4.3.48) and we let T" — oo to obtain
o 1 Coa 2T
lim inf - log B (e~ o PO 557)c )

_ |
> 2 liminf —suplog B(e~7 I POM L 51 ), (4.3.49)

T—o0 ,L'e']jq



114 CHAPITRE 4. GEOMETRY OF THE COLLAPSED PHASE

which, once combined with (4.3.45) and since { B(t),t > 0} is symmetric, gives

. 1 P R | P o
lim Tlog E(e 8o IB(t”dt) < hmmfflogE(e oo ‘B(t)ldtl{B(T)e[om]}) + %ﬂ

T—o00 T—o0
(4.3.50)
For all n > 0, we let

d(n) == Jim % log B (e~7e Jo 1Bty _ lip inf % log E (e~ Jo 1Bty p o Y.
(4.3.51)
The function 7 — d(n) is non-increasing and non-negative on (0, c0), and it follows from
(4.3.50) that 0 < d(n) < %%, which implies that d(n) = 0 for all ) € (0, 00). The proof is
therefore complete. 0

4.4 Geometry of the collapsed phase

In section 4.4.1 below, a proof of Theorem 4.1.6 is displayed subject to Lemma 4.4.1, which
ensures that the horizontal extension of the polymer inside the collapsed phase is of order
V'L, and to Proposition 4.4.2, which provides a sharp estimate of the partition function res-
tricted to those trajectories making only one bead. Proposition 4.4.2 is proven in section 4.4.2
subject to Lemma 4.4.4, which is the counterpart of Lemma 4.4.1 for the one bead trajectory
and to Proposition 4.2.5, which gives a lower bound on the probability that the V' random
walk makes an n—step excursion away from the origin conditioned on the large deviation
event {Y,, = gn,V,, = 0}. Lemmas 4.4.1 and 4.4.4 are proven in section 4.4.4 whereas the
proof of Proposition 4.2.5 is postponed to section 4.6.2 because it requires more preparation.

4.4.1 Proof of Theorem 4.1.6 (One bead Theorem)
The proof of Theorem 4.1.6 will be displayed subject to

Lemma 4.4.1. For m € {u,nu} and 3 > B, there exist a, ay,az > 0 such that
PPy(Np > ayVL) <ape ™, LeN 4.4.1)
Recall (4.2.6-4.2.8)

Proposition 4.4.2. For m € {u,nu} and 3 > B7, there exist ¢, c1,cs > 0 and k > 1/2 such
that
2oV <zre < Lo e VE LeN. (4.4.2)

Proof of Theorem 4.1.6

We will first show that, for 5 > . and under the polymer measure, the probability that there
is exactly one macroscopic bead in the polymer tends to 1 as L — oco. Then, we will show
that, with a probability converging to 1 as L. — oo, the first step and the last step of this
macroscopic bead are at distance less than (log L)* from 0 and L, respectively.
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We will use the following notation to compute the partition function restricted to a given

subset A of 27, i.e.,

Z7g(A) =) s OPR(1),  m e {u,nu}. (4.4.3)
leA

In particular, for r € N, we set Z g[r] = Z['5(|1;,,| < r) that is the partition function
restricted to those trajectories that do not have any bead larger than r. For simplicity, we will
omit the m dependence of most quantities along this proof. At this stage, we pick s > 0 and
we let Ay, ; be the subset consisting of those trajectories having at most one bead larger than
s(log L)%, i.e.,

AL, = {l e [{je{l,....n(D}: |I;] > s(log L)*}] < 1}. (4.4.4)

Partition A{ _ in dependence of the locations of the two subintervals {i;+1, . .., 4o} and {iz+
1,...,i4} associated with the first two beads that are larger than s(log L)2. For notational
convenience we let Ly := is — 77 and Lo := 74 — i3 be the length of these two first large
beads. We do not have Markov property but, with the help of Lemma 4.4.3 below, we can
estimate the partition function restricted to those trajectory that make a bead between two
given steps.

Lemma 4.4.3. Let x; be the first bead, so that u,, is the size of the first bead. For m &€

{u, nu},
LI TR 1y < ey = U) < TS 70 s for L€ {1, L},  (44.5)

Proof of Lemma 4.4.3. In the case u,, = 1, the first bead contains only one horizontal step,
hence the sign of the stretch after z; is arbitrary, we obviously have ZJ's(u,, = 1) =
Z{‘j ’;Z'L"_L 5 In case u,, = L’ > 1, note that the stretch [, is non-zero, therefore the next
stretch has the same sign as [,,. By concatenating the trajectories

ZEﬁ(uml = L/) — ZE:%(ZNL, > O)ZE]—L’,ﬂ(ll Z O) + Zrn/:%(lNL, < O)Z?—L’,B(ll S O)

(4.4.6)
= Zz“,% Z7 15l > 0). (4.4.7)
In both cases, thanks to the symmetry of the stretches, we have
%Zz‘,% Z0 s < 27 g(ug, = L) < Zz",% Z7 s for e {l,... L}. (4.4.8)
O]

We resume the proof of Theorem 4.1.6 and, we use Lemma 4.4.3 to obtain

Zi, B [s(log L)Q] 22, 5 Zis—in B [s(log L)Z] 22,521 —isp
ZLp ’

Pro(Aj) < )

1<iy <ig<ig<ig<L
L1,L2>s(log L)?

4.4.9)
and we write the lower bound

Zip > (3)Zip[s(og L] Z3 \ 1, 5 Ziy—inp]s(l0g L) Zp—i, (4.4.10)
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such that g0 o
Prg(Ay ) <8 > aftld 4.4.11)

70
1<iy <ig<ig<ig<s  Litla,f
L1,Ly>s(log L)?

By using Proposition 4.4.2 and the convex inequality

\ Ll —+ 1/ LQ — 1\ L1 + L2 Z %\/ min{Ll, LQ}, (4412)

we can bound from above the quantity in the sum in (4.4.11) by

Zh5%s il t+ La)" _qyreyn-viem) (4.4.13)

Z21+L2,6 N Cav L1L2
2

2 K c
<Al Do) g most (44.14)

Cay/ LlL
(Li+L2)"

and since v ry ol < L* we can state that, for L large enough, (4.4.11) becomes

Prs(A5,) <% [reaVelost, (4.4.15)

Therefore, it suffices to choose /s = 2% to conclude that lim; _, Prp(A7,) =0.

C

At this stage we set By, ; = ALﬁﬂ{NL(Z) < a \/f} and we can use Lemma 4.4.1 and the
fact that P, s(Af, ) vanishes as L. — oo to conclude that limy, o, Pr 5(BL s) = 1. Moreover,
it comes easily that under the event By , there is exactly one bead larger than s(log L)?
because if there were no bead larger than s(log L)?, then the total number of beads nz (1)
would be larger than —L__ which contradicts the fact that N () < alx/f because each

s(log L)?
bead contains at least one horizontal step and consequently N (1) > ny(). Under the event
B s we denote by ¢; and 7, the end-steps of the maximal bead, i.e., [, = {ir+1,...,i2}.

Then, the proof of Theorem 4.1.6 will be complete once we show that there exists a v > 0
such that

Jim P (B0 {in > v(log L'H) =0 (4.4.16)
—00
Jim Pps(Brsn {iy < L —v(log L)*}) = 0. (4.4.17)
—00
We can bound from above
L
PL,B(BL,S N {Zl Z ’U(lOg L)4}) = Z PL,B(BL,S N {’Ll = t})
t=v(log L)*
L
< Z PLﬂ(EIj ce{l,....n.()}: up, = t,
t=v(log L)*
L4 < s(log L)? Vd € {1,...,j})
L
Z, log L)?| Z;._
< % Z 15[s(log L)*] Z1 1 (4.4.18)

Zt:ﬁ ZL7t7ﬁ ’

t=v(log L)*
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which finally gives
L
Pra(Brsn{ir > vlogL)'}) <1 Y Ps(ll.] < s(logL)?). (4.4.19)
t=v(log L)%

We note that, under P, 5 and on the event {|[; .| < s(log L)?}, the number of beads is
larger than m, therefore Ny(I) > m and since v/t > /v(log L)? we obtain that

N,(1) > V/t(\/v/s). By chosing v = (a;5)?, we can apply Lemma 4.4.1 to get
L
Prg(Brsn{i > v(logL)*}) <3 > Pig(N(l) > arvt)

t=v(log L)*

<la, > e (4.4.20)
t=v(log L)%

Since the sum in (4.4.20) vanishes as L. — oo, the proof is complete.

4.4.2 Proof of Proposition 4.4.2

We recall the definition of the one bead partition function introduced in section 4.2.1, equa-
tions (4.2.5-4.2.8). Henceforth, we will use the notation 7§ = Z7"5/(cs®7 5), so that
Proposition 4.4.2 will be proven once we show that there exist ¢, c¢q,co > 0 and kK > 1/2

such that
C1

Ln

We will prove (4.4.21) subject to Lemma 4.4.4 below and Proposition 4.2.5. The proof

of Lemma 4.4.4 is given in section 4.4.4 whereas the proof of Proposition 4.2.5 is postponed
to section 4.6.2.

eV < Zme < % eVl forLeN. 4.4.21)

Lemma 4.4.4. For m € {u,nu} and 5 > B, there exists as > a; > 0 such that for L € N,

7™ (VL < N < asv/L
lim oVl s N <a ):1. (4.4.22)

L—oo Zan’BO

We resume the proof of Proposition 4.4.2. With (4.2.8) and by definitition of ZZ’E we can
easily deduce that, for 5 > 0, L € N, m € {u,nu},

L
erlnﬁo =2 Z (Fm(ﬁ))N PB(V]TUFLL—N)' (4.4.23)

N=1

For K C {1,..., L}, we set

Zps(N e K) =2 (I™(8)" Ps (Vi on)- (44.24)

NeK

By using Lemma 4.4.4, we note that it suffices to prove (4.4.21) with Zz"g (N € VL[a1,as))
instead of Zg‘g To that aim, we write

Z78(N € VI|ar,as)) =252V (0 (8)V T Ps(Vi 1 ni). (4.4.25)
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For n € N, we recall (4.1.16) and (4.2.21) and we note that nY,, = A, on the set {V,, =
0, V; > 0Vi € [I, N — 1] N N}. Therefore, we set qy,;, := L=t for N € v/Liag, as) NN
and we can write

Vo ={V:Yy=Nayr, Vv =0,V;>0¥i € [ILN —1]NN}.  (44.26)

At this stage, our aim is to bound from above and below the quantities P 5(VK,’ L_n41) for
N € \/f[al, as] N N. The upper bound is obvious, i.e.,

Ps(Vi 1 -ni) <Ps(Yy = Naww, Vv = 0), (4.4.27)

while the lower bound is obtained as follows. Since qn,z € [5z, ] When N € V'Llay, a),
az’ ay

we can apply Proposition 4.2.5 to claim that, there exists C, u > 0 such that for L large

enough,

Ps(Vii ni1) = 2Ps(Yy = Navr, Ve =0), NeVLa,a]NN.  (4.4.28)
By using again the fact that gy ;, € [ﬁ, a—%] when N € /L la1, as], we can apply Proposi-
tion 4.2.4, which provides a lower and an upper bound on P3(Yy = Ngy 1, Vu = 0). By
combining these last two bounds with (4.4.27-4.4.28) and by setting xk = 1 4+ p/2 we can
assert that there exists R, > R, > 0 such that for L large enough and all N € v/L [a1, as)
we have that

Ry

By eN [*Tlo (gnv,0,0) an,.+La (ﬁ(fIN,L 70))] (4.4.29)

N|—h 0 La(H 0
<P,6’(VNL Ni1) < RT [ o(an.z,0) an,L+La(H(an, o ))].

At this stage, we recall the definition of ém in (4.1.30) and we set

asV'L
Qry= > eVECuy (4.4.30)
N=a1VL
with s ~
Gy = % (QN,L) Gm (W) (4.4.31)

and we use (4.4.24) and (4.4.29) to claim that there exists R3 > R4 > 0 (depending on
only) such that for L large enough,

B Qr, < Z73(N € VL, as)) < 2 QT 5 (4.4.32)

We recall that @ — Gp(a) is a strictly negative and strictly concave function on (0, o0)
and reaches its unique maximum at a,, (), which obviously belongs to [a;, as]. Since, by
Lemma 4.5.3, a — Gp(a) is C* on (0, 00), we can assert that it is Lipshitz on each compact
subset of (0, 00). Moreover, there exists a C' > 0 such that [gn11, — gnz| < C/\/L for
N € V'L ay, as] and we have that

( _ ﬁ> P X (gua)t < (1 — ﬁ> > NeVifa,a), (4.4.33)



4.4. GEOMETRY OF THE COLLAPSED PHASE 119

therefore, we can take the supremum of G,y on N € [a1v/L, av/L | NN and it comes that

sup {Gpn; N € VL [a1,a0] NN} = Gn(am(B)) + O(F7). (4.4.34)

By putting together (4.4.30) and (4.4.34) we obtain that there exists R5 > g > 0 such that
for L large enough,

Rg CmlamBIVE < Qs < Rs\/LeCm(am@VL (4.4.35)

At this stage it suffices to combine (4.4.32) with (4.4.35) to complete the proof of (4.4.21)
with k = p/2 + 1 and ¢ = —Gpn(am(B)).

4.4.3 Proof of Theorem 4.1.7 (Horizontal expansion)

To begin this section, we prove that ém is strictly concave and reaches its maximum at a
unique point a,(5) € (0,00). Recall (4.1.30) and compute its first two derivative (by using

that VLA (H(q,0)) = (¢,0)), i.e.,

,0) + Ly(H(%,0)), (4.4.36)
02CGm(a) = —Zho(%,0) — £d1he(5,0). (4.4.37)

It suffices to show that 392G, (a) < 0 on (0, 00) and that 9,G () has a zero on (0, c0). Since
ho(z,0) = —2hy(z,0) (recall Remark 4.5.4), we consider R : u fol el ((x — $)u)dz so
that 9y(La)(H (2,0)) = R(ho(z,0)). Clearly R(0) = 0 and R'(u) = 2 [, 2>L" (zu)dz
because L is even (recall (4.2.22)). Therefore R'(u) > 0 when u # 0 and R < 0 on (—00, 0)
and R > 0 on (0,00). Since R(ho(z,0)) = z for = € R, we can claim that ho(z,0) >
0 for # € (0,00) and by differentiating this latter equality we obtain that d/¢(z,0) =
/R (Eo(x, 0)) which is strictly positive on (0, c0). This completes the proof.

Let us start the proof of Theorem 4.1.7. Recall that 7; and i, are the end-steps of the
largest bead I, ,i.e., [; = {i1+1,...,i2}. Forv > 0, we let

max ° max

AL, = {l € Qp:ip <wv(logL)?*, iy > L —v(log L)*, Lio={i1+1,... ,iz}}. (4.4.38)

By Theorem 4.1.6, there exists a v > 0 such that limy_,, PL”“’B(AL,U) = 1. Therefore, the
proof will be complete once we show that

. " Ng _
lim PP, ({ 5| > e} ALJ,) 0. (4.4.39)

Let Ny, denote the number of horizontal steps made by the random walk in its largest bead.
Pick ¢’ < ¢ and since the first step and the last step of the largest bead are at distance less
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than v(log L)* from 0 and L, respectively, we can write that for L large enough

PE6<{ % —a 6} N AL’U)

N . .
< Z P}jﬁ(\/;]mia;—am‘>€ [ijx {Zl+1;---722}>
N

1<y <v(log L)*
L—v(log L)*<is<L
/
Vin Om| Z € )
Zm,o ?

1<i1 <v(log L)* i2=11,8
L—v(log L)*<ia<L

e
<4 >

(4.4.40)

where the coefficient 4 in front of the r.h.s. in (4.4.40) comes from a direct application of
Lemma 4.4.3. Now, we focus on the numerator of the r.h.s. in (4.4.40) and since G, is
strictly concave and reaches its maximum at a, (/5) we can claim that the maximum of G, on
(0, am(B8)—"|U[am(B) 4", 00) is given by Tin(e') = max{Gm(am(B)—c'), Gm(am(8)+&")}.
We proceed as in (4.4.25)-(4.4.34) and we get that there exits a C'; > 0 such that

m, N C m Tm(e")Viz—1i
Zm_"w( N —am’ > 5’) < A= p, pelmEVETn, (4.4.41)

We apply Proposition 4.4.2 and the denominator can be bounded from below as

gmo 5 Gy _gm G (am(B)) Vi~ (4.4.42)

in—i1,8 = (iz—i1)~ *i2—i1,B e¢ ;

for some constants x > 1/2 and Cy > 0. Since L — 2v(log L)* < iy —i; < L, we can state
that, for L large enough, (4.4.40) becomes

PEE({ \/_ am‘ > 6} NA;L U) < ColF2 (log L) (ém(am(ﬁ))_Tm(é’))\/L—QU(IOgL)AL'

B (4.4.43)
Since Gm(am(B)) > Tim(g’), the right hand side vanishes as L — oo and this completes the
proof.

4.4.4 Proof of Lemmas 4.4.1 and 4.4.4

We will only display the proof of Lemma 4.4.4 because the proof of Lemma 4.4.1 is obtained
in a very similar manner. We recall (4.4.23) and (4.4.24) and we will first show that there
exists ¥ > 0 and ¢ > 0 such that

Zpe>ceVE LeN. (4.4.44)
Then, we will show that there exist as > a; > 0 and ¢, ¢co > 0 such that

Zm’o(N > (12\/_) < ¢y 6_2’“/Z L e N
ZTS(N <aVL) <cre®E LeN. (4.4.45)
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Putting together (4.4.44) and (4.4.45), we will immediately obtain (4.4.22). To begin with,
setr = LHLMJ,U .= L—r—(r—1)|v/I| and note that u € {|VL|,...,2|VI]}. Then,

consider the trajectory V* € V:;LL_T definedas Vo =V, =0, Vi = --- =V, = [VL]
and V. = u. One can therefore compute

PB(V*) _ (i)TJrle—z(Qu) > ( B)TJrl —QﬂL\FJ (4.4.46)

and consequently by restricting the sum in (4.4.24) to N = r, by using (4.4.46) and the
inequality |v/L| < L, we obtain

m rm o
Zps = 2 (H2) e (4.4.47)

It remains to note that » < /L and to recall that ¢z > 1 and that '™ (/) < 1 because 3 > (.
This is sufficient to obtain (4.4.44).

Proving the first inequality in (4.4.45) is easy because I'™ () < 1 and thus, we can use
(4.4.24) to claim that there exists a C' > 0 such that

ZPS(N > aVL) <2 > (I™(B))" < Qe oa@mENVE, (4.4.48)
N=asV'L
Since log(I'™(B)) < 0, it suffices to choose as large enough to obtain the first inequality in

(4.4.45).
To prove the last inequality in (4.4.45), we note that, for N < a;+/L and for all (V)N e

Vii1o-y wehave max{V;, j € {1,... , N}} > &5 > ‘g 1 and therefore, for L large
enough we have

Ps(Vni1r-n) < Pﬁ(maX{Vj,J <aVL}> %) (4.4.49)
< Pﬁ(Z?ilf |vi| > 2a1> (4.4.50)

and since v has some finite exponential moments, we can apply a standard Cramer’s Theo-
rem to obtain that for L large enough, there exists g(a;) > 0 such that lim,, o+ g(a;) = o0
and that PB(V;GJFLL_N) < e=9@)VL for N < q;+/L. Therefore, by taking a; small enough
we obtain the second inequality in (4.4.45), which completes the proof of Lemma 4.4.4.

4.5 Decay rate of large area probability

4.5.1 Proof of Proposition 4.2.3

We will display here the proof of Proposition 4.2.3 subject to Lemma 4.5.1, Corollary 4.5.2
and Lemmas 4.5.3, 4.5.5, 4.5.6 that are stated below. The proofs of Lemmas 4.5.3, 4.5.5 and
4.5.6 are postponed to section 4.5.2.

In what follows we use the notation ||(z, y)|| = max{|z|, |y|}.

Lemma 4.5.1. For all (j,,j») € (NU {0})? and all compact and convex subsets K in D,

there exist ¢ > 0 such that
sup [|091) [LLy J(H) — 099 Ly (H)| < =,
HeK n’

n € N. 4.5.1)
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Démonstration. For all (jy, j») € N?, we first differentiate inside the integral

U Ly (H / O L(who + hy)da. (4.5.2)
Then, by using the error estimate for the Riemann sum of x — 8,(1]0 {;ff)L(xho +hy), we obtain

the result. ]

By applying Lemma 4.5.1 for (ji,j2) = (0,1) and (j1,j2) = (1,0), we immediately
obtain

Corollary 4.5.2. For all compact and convex subsets K in D, there exist a c > 0 such that

sup |V[2Ly,](H) = VLA(H)|| < =, neN. (4.5.3)

HeK

S0

For n > 0, we let K, be the compact and convex subset of D defined as
Ky o= {(ho,1n) € R € [~ +m,8 =), ho+ € [~ +n.5 -]} @54
Lemma 4.5.3. The function VL, : D — R? defined as
VLAN(H) = (OnoLa,On, La)(H) (4.5.5)

1 1
= </ xL'(xhy + hy)dz, / L'(zho + hl)dm>. (4.5.6)
0 0
is a C! diffeomorphism. Moreover, for all M > 0 there exists an > 0 such that |V Ly (H)|| >
M for H € D\ K,,.

Remark 4.5.4. In what follows we will denote by H = (ho, hl) the inverse function of
VLx(H). Since L is an even function, we easily obtain that ho(q,0) = —2hy(q,0) > 0 for
all ¢ > 0.

Lemma 4.5.5. For [q1, q2] C (0,00), there exists a ng € N such that for all n > ny and all
q € [q1, o), there exists a unique H! = (hy, o, h}. ) € Dy, such that

V[ELA,J(HE) = (Ono[ELa,], On [EL,]) (HY) = (q,0). (4.5.7)

Lemma 4.5.6. For [q1, g2 C (0, +00), there exist ang € N and an > 0 such that H! € K,
forall q € [q1,qs) and all n > ny,.

At this stage, we have enough tools to prove Proposition 4.2.3.
Proof of Proposition 4.2.3. Pick q € [q1, ¢2], » € N and note that
[[LLa, (HE) =1%o q] — [La(H(g,0)) — ho(q,0)q]| SU+V + W (4.5.8)
with

) W:q hi,o_%()(q70)|
4.5.9)

U=|LLy, (HY) — La(HY)|, V =|La(HZ) — La(H(q,0))
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From Lemma 4.5.6, we know that there exists an ) > 0 and a ny € N such that H! € K, for
all ¢ € [q1,¢2] and n > ny. By using Lemma 4.5.1 with (53, jo) = (0,0) and K = K, we
can claim that there exists a C'; > 0 satisfying U < % for n > ng and q € [q1, q2|. The V
quantity is dealt with by applying Corollary 4.5.2 with K = K,, that is there exists a Cy > 0
such that

sup ||V[ELy, ] (z) = VLA(2)|| £ £, n > ne. (4.5.10)

zeK, n’
Therefore, for ¢ € [q1, ¢2] and n > ny we can write
V[2L,|(HY) = VLA(HY) + €, 4.5.11)
(¢,0) = VLA(H]) + eng

with |[e,.4]| < ©2. Therefore, by Lemma 4.5.3, we can claim that H¢ = H((g,0) — &)
We set

K, = {(:c,y) e R?: d((:c,y), lq1, g2] % {0}) < %}7

so that there exists a n; > ng such that k&, is a convex subset of D and since ¢ — H (c) is
C! on D we can claim that H is Lipschitz on K,,,. Thus, there exists a C3 > 0 such that

’ng_ﬁ((%o))H §C3H€n,qH §%, q¢c [CH’QQannlv (4.5.12)
and this proves (4.2.33). Moreover
W <o ||HE = H((q,0)|| < 225, g€ g1, q),m > ma. (4.5.13)

Finally, since L, is C! on D, there exists a Cy > 0 such that L is Lipshitz with constant C,
on K,,. Thus,

V < Cyl|HE - H((q,0))]] < ©%C g€ g, q2),m > ma. (4.5.14)

This completes the proof of Proposition 4.2.3. [

4.5.2 Proof of Lemmas 4.5.3, 4.5.5 and 4.5.6
Proof of Lemma 4.5.3

The fact that h — L'(h) is C* and that L”(h) is strictly positive on (—g, g) ensures that VL
is C! and that its Jacobian determinant that takes value

ThonyVLa = [} 2L (who + hy)dx [, L"(xho + hn)dz — [ [} aL" (xhg + hy)da]?
(4.5.15)
is, by Cauchy Schwartz inequality, strictly positive. Thus, the proof that VL, is a C! diffeo-
morphism from D to R? will be complete once whe show that V L, is a bijection from D to

R2,

For the ease of notations, we will use, during this proof only, the notation (F}, Fy) :=
V L. Thus, for (¢,b) € R? the equation VL, = (q,b) € R?, can be rewritten as
Fi(ho, 1) = [y oL/ (xh + hn)dz = ¢, (i) 45.16)
Fy(ho, ) = [} L'(who + hy)dx = b, (i) o
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Pick b € R. By using that h ~ L'(h) is a strictly increasing bijection from (—g, g)
to R, we can show that for all h; € (—g, g) there exists a unique ho(hy,b) € R such

that (ho(h1,b), k) € D and satisfies equation (ii). Moreover, the fact that L”(h) > 0 on
(—g, g) immediately tells us that 0y, F, and O, I5 are strictly positive on D and therefore,
we can apply the implicit function theorem and claim that hy — ho(hy,b) is C* on (—g, g)
and strictly decreasing because 9y, ho(hy,b) = —[Oh, Fa/On Fa](ho(h1,b),hy) < 0 for all
hi € (—2,9).

At this stage, proving that, for all b € R, ¢, : hy — F) (ﬁo(hl,b), hy) is a strictly
decreasing bijection from (—g, g) — R will be sufficient to complete the proof of the C*
diffeomorphism. To that aim, we compute the derivative of 1/, and we use the expression of

On, ho(hy,b) above to show that
B fol L”(I’T‘Lo + hl) dx
fol zL"(z ho + hy) dz:

A straightforward application of Cauchy Schwartz inequality, together with the fact that
L” > 0 implies that 1), is strictly decreasing. Thus it suffices to prove that v, diverges in
both (_§)+ and (g)‘ to complete the proof. The latter divergences are direct consequences
of the last property stated in Lemma 4.5.3 and that we are going to prove now, i.e., for all
M > 0 there exists an > 0 such that | VL, (H)|| > M for H € D\ K,,.

Proving that |V L, (H)|| is arbitrarily large provided we choose H outside K, (for a
small enough 7)) can be achieved without facing any major technical difficulty. It requires
mainly to use that h — L(h) is strictly convex and that L(h) and L’(h) both diverge when
|h| — (5/2)~. However, the proof is long and tedious and for this reason we will only
give a heuristic of the proof based on Fig. 4.5. First, we note that the two coordinates of
V La(hg, h1) can be reexpressed as

Fi(ho, ) = [y oL (zho + hn)dx = §Fo(ho, bn) + 5 Alho, ha), (i)
Fy(ho, h1) = [, L'(who + hy)dw = £ (L(hy + ho) — L(ha)),  (id)

1 B 1 B
Py(hy) = / 2L (xho + hy) dx + / xL"(xho + hy) dz.
0 0

(4.5.17)

where A(hg, hy) = o (Lt o)1) foho L(z + hy)dx. Then, we denote by A and B the

points of coordinates (A1, L(th)) and (hy + ho, L(hy + ho)), respectively. Thus, | A(hg, hy)|
can be seen as the area of the domain in between AB and the arc of the graph of L(.) (See
Fig. 4.5), while equation (ii) tells us that F,(hg, h1) is the slope coefficient of the segment
AB. As we can easily check on the picture, for a given M > 0, there exists an 775 > 0 such
thatif by ¢ [—Z +no, & — o), and if sign(hy) = sign(hy + h) then the absolute value of the
AB—slope (| F»(hg, h1)|) is larger than M (see the left picture of Fig. 4.5). By symmetry the
same happens if we switch h; and hg + h;. Thus it remains to check what happens if h; ¢
[—g + 10, 5 — mo] and sign(h;) # sign(hs + ho). In this latter case, for the AB—slope to be
small, we must have that |h{| ~ |ho + h;|. But then, obviously, |A(hg, h1)|/hZ becomes very
large (see the right picture of Fig. 4.5), which ensure that |F} (ho, hy)| > M and completes
the proof.

Proof of Lemma 4.5.5

For the ease of notations, we settle the discrete version of those notations introduced in
the proof of Lemma 4.5.3, that is (Fy,, Fo,) = V(%LAH). Thus, for ¢ € R the equation
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—-B12 Bl2  —pl2 Bl2

h, h+h, O h, 0 h+h,

FIGURE 4.5 — The hatched domain corresponds to |A(hq, hy)|.

V(LL,,) = (g,0), can be rewritten as

{Fl,n(ho, ) =LYt (Sho+ ) =q, () (4.5.18)

Fyp(ho,hi) = 230 VL (Lho + hy) = 0. (i)

By simply mimicking the first part of the proof of Lemma 4.5.3, we obtain with no fur-
ther difficulty that for all h; € (—g, g) there exists a unique ho,(h1) € R such that
(hon(h1),h1) € D, and satisfies equation (ii). Moreover, hy — hg,(h1) is C* and strictly
decreasing and v, := hy + F} ,,(ho(hy1), hy) is also C! and strictly decreasing.

Given 0 < ¢ < @9, it remains to show that there exists a ng € N such that for all n > ny,
[q1, 2] C ¥ ((—5,5)). The fact that L is even implies that, for all n € N, h,,(0) = 0 and
therefore 1,,(0) = 0. Thus it suffices to find no € Nand = € (—g, 0) such that |, ()| > o
for all n > ny. By Lemma 4.5.3, we can take n > 0 such that |VLA(H)|| > 2¢ for
H e D\ K,,. We pickf’ <n,welet K = K, \ K, and we apply Corollary 4.5.2 to get that

there exists a ¢ > 0 such that

sup || V[LLa,|(H) = VLA(H)|[| < £, neN. (4.5.19)

HeK

Thus, (4.5.19) implies that HV[%LM] (H)H > ¢o for all H € K and n large enough. We
choose z = —f3/2 + 1/ and we obtain that for n large enough ||[V[2 Ly ]((ho(z),z))| =
|F1n(hon(2), )| = |¢n(x)] > g2, which completes the proof.

Proof of Lemma 4.5.6

We keep using the notations introduced in the proof of Lemma 4.5.5 so that HZ = (hl ,, hl ) =

n,07 '“n,1
(hon(Rf 1), bt 1) and satisfies Fy,,(Hf) = q and Fy,(H{) = 0. The proof will be complete
once we show that there exist 7 > 0 and ny € N such that |F} ,(hon(h1), h1)| > ¢ for all
n>mngandall hy € (=5,5): (ho,u(h1), 1) € Dy \ K.

In the proof of Lemma 4.5.3, we showed that there exist ng € N and n > 1’ > 0 such
that | Fy ,,(hon(h1), h1)| > @ for all n > ng and all (hg,(h1), k1) € K := K,y \ K,,. Now,
assume that there existan > ng and a hy € (—g, 0): (hon(h1),h1) € D, \ K, such that
Fyn(hon(h1),h1) < go (the case hy > 0 is treated similarly). The latter inequality implies
that (ho,,(h1), k1) € D, \ K,y. Since  — (ho(x), x) is continous, and since (kg ,(0),0) =

(0,0) € K,), there exists necessarily a b € (hq,0) such that (h,o(h}), h}) € K,y \ K,, which
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leads to a contradiction because in this case
F27n<h07n<h1), hl) > FQ,n(hO,n(hll)a hll) > (o. (4520)

This completes the proof.

4.6 Limit theorems for the joint distribution

In section 4.6.1 below, we give a proof of Proposition 4.2.2 which estimates, uniformly in
q € [q1, 2] C (0,00), the probability of the event {A,, = (Y,,,V},) = (ng,0)} under the tilted
law P,, yq (recall (4.2.29)). To that aim, we state and prove Proposition 4.6.1, which gives a
local central limit Theorem for (Y,,, V,,) under P,, ;4. In section 4.6.2, we prove Proposition
4.2.5 which allows us to bound from below the probability that, under Pz and conditioned
on both V,, = 0 and Y,, = nq the random walk V' remains strictly positive.

4.6.1 Proof of Proposition 4.2.2

We display the proof of Proposition 4.2.2 which turns out to be a straightforward conse-
quence of Proposition 4.6.1 below. The latter Proposition will be proven at the end of the
section.

Démonstration. Recall (4.2.21-4.2.29) and for any H € D, define the matrix
B(H) := Hess Ly(H) (4.6.1)

and let © be the Gaussian random vector with zero mean and covariance matrix B(H ). We
denote the density of © by

1
X) = exp(—3(B(H)'X, X)), X eR? 4.6.2
fu(X) = s exp (1 (BUH) X, X)) 462)

and its characteristic function by
Oy(T) = exp(—3(B(H)T,T)), TR (4.6.3)

Consider now the case (Yy, Vy) = (Ngn,,0) as in section 4.4.2 and recall that ¢y ;, €
[#, a%] . We will show that the local central limit theorem below is valid uniformly in ¢ in
2 1
some compact subsets.

Proposition 4.6.1. For [q1, ¢2] C R we have

Ty i= SuUp sup
q€lq1,92] T,YEZ

2 _ 2 _ _ x
N PN,HI‘{](NYN—N quiC,VN—Z/) _fH(q,0)<N3/2a\/Lﬁ>) — 0,

(4.6.4)
as N — oo.
By applying Proposition 4.6.1 with = y = 0, we obtain that
sup |N?Py o (NYy = N2, Vi = 0) — f710,0) (0, 0)‘ <y =0, (4.6.5)

q€[q1,92]
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and since the Hessian matrix B(H (g, 0)) is uniformly bounded in ¢ € [q1, g2], we observe
that there exists C' > 0 such that

=12 < Py ui (NYy = N?q, Vy =0) < & for N large enough (4.6.6)
which completes the proof of Proposition 4.2.2. 0

Proof of Proposition 4.6.1

We follow closely the proof of Dobrushin and Hryniv in [10], making sure that the result
holds uniformly in ¢ € [qi, ¢2]. From Lemma 4.5.3 and Lemma 4.5.6, there exists > 0
such that both H (¢,0) and HY, are in K, for all ¢ € [¢1, ¢2] and for N large enough. For any
h €K :=[-3/2+mn,[/2—n] we denote by ¢, (t) the characteristic function of the random
variable v; under the tilted probability distribution

pn(t) = Eple™1] = M-t (4.6.7)

Let us recall some properties of the function () in [10] which will used in what follows.
First of all, forany h € L andt € R

lon(t)] < @n(0) = 1. (4.6.8)

Secondly, for any § € (0, ), there exists a constant C' = C'(K,d) > 0 such that for every
h € K and any t € [0, 27 — 0], we have

lon(t)] < e €. (4.6.9)

And finally, there exists a constant & = «(XC) > 0 such that for all &~ € K and any ¢, |¢t| < T,
the following inequality holds

|on(t)] < exp(—a’t*L"(h)). (4.6.10)

For any T' = (to,t1) € R? let @y yq (T') be the characteristic function of the random vector
Ay = (Yn, Viy). Let us rewrite it with the functions ¢y, (%),

N
Oy 1y (T) = By g [T = T nyn (i), (4.6.11)
j=1
where ' '
hiv=(1— &), +hs, and t;x = (1— L)t + 1. (4.6.12)
Note that )
By e (T) = By o (N"/T) exp (—ﬁ@, Ex e (AN)>) (4.6.13)

is the characteristic function of the centered random vector Ay := Ay — Ey ga (An).
Let Xn = (w572 \/—yﬁ) and qsing the well .know inversion formula for the Fourier trans-
form, we rewrite the left hand side of (4.6.4), i.e.,

Ry = N°Pyys (NYy = N?q+2, VN =¥) = (50 (XN) (4.6.14)
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in the form
Ry = G /A%HN (T)e 0T — /R B 100D XNAT, (4.6.15)

where
A={T = (to,t1) € R?: |to| < =N*72, |t;| < nV/N}. (4.6.16)

Following the proof in [10] we bound the left hand side of (4.6.15) by the sum of four terms,
|Ry| < 2m) 210 + S0 + IS0 + 112 (4.6.17)

where, for some positive constants A and A,

JO = /A Ot (T) — g, 0)(D)|dT, Ay = [—A, AP, (4.6.18)
JO = /A O 0 (D)AT, Ay =R\ A, (4.6.19)
J9 = /A |Pnre (T)|dT, Az ={T € R*: [t;| SAVN, 1=0,1}\ A,  (4.6.20)
JO = /A | @y pe (T)]dT, Ay = A\ (A U As). (4.6.21)

For an arbitrary € > 0, Dobrushin and Hryniv proved that for a convenient choice of the
constants A = A(e) and A, we have the bounds J,L-(Q) < e/4fori = 1,2,3,4 for sufficiently
large N. Therefore, the proof will be complete once we show that this assertion is also valid
uniformly in ¢ € [q1, ¢2]. It remains to evaluate all J'

First, we bound Jl(q). For H € D,,, define the matrix

B, (H) := 1 Hess Ly, (H), neN. (4.6.22)

n

By Lemma 4.5.1 and Proposition 4.2.3, we obtain the relation
By(HY) = B(H(q,0)) + O(N ™), (4.6.23)
where the term O(N ") is uniform in ¢ € [g1, ¢2]. Fix T' € R?, using the Taylor expansion
for the logarithm of the characteristic function @ g (T') of the vector Ay, we get
log (i)N,H;{, (T) = Lay (HY + iN_l/zT) — Ly (HY) - \/Lﬁ<T7 EN7H§{,(AN)> (4.6.24)
= —L(BN(H)T,T) + Ry, (4.6.25)
where the remainder term Ry equals

. 2

i o3
Ry = ——+% titmt, —————L
N 6N Zol P OhyOhm0h, N

lym,p=

(HY + iwN~2T) (4.6.26)

with some w = w(H%,T), 0 < w < 1. Since Ry = O(N~'/2) as N — oo uniformly in
q € [q1,q2] and in T from any fixed compact set in R?, it follows from (4.6.23) that

sup
q€[q1,92]

119, (T) = D,0)(T)| 0 as N — oo. (4.6.27)
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Therefore, for every finite A > 0, we obtain the convergence Jl(Q) — 0as N — oo uniformly
inq € [q1, qa). B

Let B be such that 0 < B < B(H(q,0)) for all ¢ € [q1, ¢]. Hence, we can bound Ji”) as
follows

1
sup J39 < / e 2 BTG 50 as A — . (4.6.28)
Az

q€[q1,92]

To estimate Ji* we fix any T € As and put A = 7/2. Then all the numbers tjn in
(4.6.12) satisfy the condition |¢; x| < 7N, evaluating each factor in (4.6.11) with the help
of (4.6.10) and (4.6.23) we obtain the bound

[y 1 (T)| < exp(—a(By(HYT,T)) < Cexp(~a(B(H(q,0)T.T)),  (4.629)

for some constant C' > (. As a result,

sup J?Eq) = sup }(fDN,HJqV(T)’dT < C’/ exp(—a(BT,T))dT — 0 as A — oo.

q€lq1,92] q€lq1,92] J A3 As
(4.6.30)
To evaluate Jiq) put o = ﬁ and for any 7' € A, denote by Ny (7") the number of
indexes j = 1,2,..., N suchthat 7, y ¢ Oy := Upez|m — 6, m + §], where
TjN = _Zﬂ.f/ﬁtj,N' (4.6.31)
Use (4.6.8) and (4.6.9) to estimate those factors in (4.6.11) and we have
N
By 10 (T)| = H‘%N (j—Nw)’ < exp(—CNx(T)). 4.6.32)
j=1

A lower bound of N y(7') is given in [10, p. 443] : forall T € A, and N large enough, there
exists a constant § > 0 such that Ny (7") > SN. Then, uniformly in ¢ € [q1, ¢2],

J9 = / | @y e (T)]dT < (27)2N?exp(—~CBN) =0 as N — oo. (4.6.33)

Ay

4.6.2 Proof of Proposition 4.2.5 (Unique excursion for large area)

From now on, the letters C', C’, C, . . . shall denote constants that do not depend on N and
ongq € [q1, 2] C (0,00). In other words, all the bounds we are going to establish are uniform
in N > Ny and q € [q1, ¢2).

To begin with, we prove Lemma 4.6.4 subject to Lemmas 4.6.2 and 4.6.3 below. Lemma
4.6.4 is crucial in the proof of Proposition 4.2.5. It allows us indeed to bound from below,
for any 7 € N, the probability that the V' random walk, conditioned on making a large area,
is below 0 at time j. Such a lower bound was available in [10] but only for 7 of order V.
Here, we deal with any 5 < N. The first step of the proof is an upper bound on the moment
generating function of the tilted V' random walk.

Lemma 4.6.2. There exist three positive constants C', C1, X such that for every integer j <
N/2, the following bound holds

Ey g [e] < e, NeN. (4.6.34)
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Démonstration. For any positive A we have

logEy s [e 9] = Y (L(=A+ hiy) — L(ky)) (4.6.35)

1<i<j

with Afy := (1 — % )h o + hi ;. Recall that (see Lemma 4.5.6) we picked 7 > 0 such that
forall N > Ny and every q € [q1, ¢2], Hy € K,. We shall impose A € [0,7/2] so that with

I, .= (—p/2+n/2,5/2 —n/2) we have
Ry € I, and hy, — X € I, foralli < N,N > Ny, q € [q1, ¢)- (4.6.36)

Observe that by convexity of L(.),

> (L(=A+hiy) = L(hly)) < =X ) L'(=A+ hiy). (4.6.37)

1<i<j 1<i<j

We established in Proposition 4.2.3 the existence of a constant C' > 0 such that for all
N > Ny, and every q € [q1, q2], we have

|HE — H(q,0)|| < <. (4.6.38)
Hence we have, thanks to Remark 4.5.4,
Ry > (1= £)ho(q,0) + hi(q,0) — 2§ > (3 — £)ho(q,0) — 25 = h%,.  (4.639)
We now introduce the set of indices
I =T0,\N)={i: 1<i<j,—A+h%, <0} (4.6.40)

With these notations, we have, since L’ increases, and L(s) > 0 for s > 0,

SOL(=A+hy) = > L(=A+h%,)

1<i<j 1<i<j
> N U(=A+RG)+ YD L(=A+hY,)
i<jiele i<jiel
> Y L(=A+hy,) - GlT),
i<jiere
with Oy, := sup,¢,, |L'(z)]. O

Case 1 : Assume that j < N/4. Thanks to Lemma 4.5.3 there exists a constant R > 0
such that

ho(q,0) > R>0 Vg€ |q,q) (4.6.41)

We shall impose the constraint A < %. By letting N, be a little larger, we can assume that
2¢ < & and therefore, for any i € [1, j],

— A+ h%, > Yho(g,0) — A - 2¢ >

al=

> 0, (4.6.42)
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and thus the index set I" is empty. Hence, since s — L(s) is increasing positive on [0, 5/2),

> L(=A+hiy) = jL'(R/16). (4.6.43)

1<i<y

Case 2 : Assume now that N/4 < j < N/2. With the same constant R as before,

DDA +RY) = Y L(=A+h)+ > L(=A+hy) =G, (4.6.44)

1<i<j

195% %Sigj: iele
> JL'(R/16) — C,|T], (4.6.45)
(4.6.46)
Since Eo(q,()) > Randi < j < I, we have
ri<|{iisd-A+(G-HR-% <0} < +% (4.6.47)
We shall now impose the bound
L'(R/16)R
A< ————— 4.6.48
=%, ( )
We obtain
> L(=A+hiy) = FL(R/16) — 222 > 1L/(R/16) — 2. (4.6.49)
1<i<j
The next lemma ensures that we can restrict ourselves to j < N/2.
Lemma 4.6.3. Fora € Rand j € {1,...,N}
PB(‘/J S a, YN = Nq, VN = O) = Pﬁ(VN_j S a, YN = Nq, VN = 0) (4650)
Démonstration. We just need to use time reversal, i.e.,
(Vw=Viss 0S G S N) 2 (V;, 05 < ), (4651)

to obtain that
Ps(V; <a,Yn =Ngq, Vv =0) =Ps(—Vn_; < —a, =Yy = Ng, Vy =0). (4.6.52)
By using the symmetry of ', we complete the proof :
(—V;, 0<j<N)Z(V;,0<j < N). (4.6.53)
]

At this stage, we need to use precise results for the local central limit theorem. We recall
(4.2.29) and for convenience we use the notations af; := Py HJEIV(N Yy = N2q, Vy = 0)
and 8, = exp (L, (Hy) — Nhy;, q) such that

Ps(Yy = Ng, Vy = 0) = 8%a4,. (4.6.54)
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We can handle o}, with the help of Proposition 4.2.2 : there exists a C; > 0 such that

lh<al <G (4.6.55)

Proposition 4.2.3 allows us to write that there exists a positive constant C'5 so that

o~ C3 pN(La(H(4,0)~ho(4,0) q) < Bl < 003 N (La(H(q,0))~ho(9,0) ) (4.6.56)

We can state that

Lemma 4.6.4. There exists a constant A\ > 0 such that for all a > 0,q € [q1,¢q], N > Ny
and )0 < j <N

Ps(V; < —a, Yy = Nq, Vy = 0) < 8§ C'e” U2, (4.6.57)

Démonstration. By the symmetry in Lemma 4.6.3, we can without loss of generality assume
j < N/2. By using Lemma 4.6.2, we can write

Ps(V; < —a, Yy = Nq, Vy = 0) < Egle ™7, Yy = Ng, Viy = 0]e ™
= Be MEn g [e 7, Yy = Ng, Viy = 0]
S ﬁ?\]ei)\aEN,H?\, [ef)\VJ} S 5;1\7 ClefCﬁjf/\a.
O

Proof of Proposition 4.2.5. Letuy = |vlog N | where v > 0 will be chosen afterwards. The
first step is to write

Ps(V; > 0,0 <i< N; NYy = Ngq, Vy =0)
>Ps(Vi=Vyi=un, V;>0,2<i<N—2; NYy = N?q, Vy =0). (4.6.58)

By using the Markov property at time 1 and N — 1, we obtain

Ps(Vi=Vy_1=un, V;>0,2<i<N—2; NYy = Ngq, Vy =0)
= Ps(vy = uy)*Ps(V; > —uy, 1 <i < N=3; (N=2)Yy_9 = N?*g—(N—1)uy, Vy_o = 0).
(4.6.59)

Then we can easily get the lower bound

Ps(V; > —un,1 <i< N —3; (N —2)Yy o= Nq— (N —1uy, Vy_o=0) (4.6.60)
> Ps((N —2)Yy 3 = N?¢— (N = Duy, V2 = 0)
N-3
~ Y Ps(Vi € —un, (N =2)Yy_p = N2 — (N = Duy, Vy_z = 0).
=1

We take care of the second term with the help of Lemma 4.6.4, i.e.,

N-3
> Pu(Vi < —uy, (N =2)Yy_o = N2 — (N = Duy, Viy_r =0)
i=1
N-3
< B;JV_Q Z Cl@—C&(i/\(N—Q—i))—x\U]v < 045?\[_2 G_AUN. (4661)

i=1
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Observe that we can write the first term in the r.h.s. of (4.6.60) as

Ps((N —2)Yn_2 = N%q — (N — Duy, Vy_o = 0) = B4 _,a% o, (4.6.62)

where
ay_o=Pn om (N =2)Yy_o = N?q— (N — L)uy, Vy_2 =0), (4.6.63)
By = exp (LAN_Q(H?H) - W—_glmh%%). (4.6.64)

We can write N?2q¢ — (N — 1)uy = (N — 2)%q + x where x = 4gN — 4q — (N — 1)uy.
Recall that uy = |vlog N |, therefore the Gaussian density f F(0.0) (m, O) is bounded

uniformly in ¢ € [g1, 2], N > Ny. Thanks to Proposition 4.6.1, there exists a constant Cj
such that

as_, > ﬁ (4.6.65)

By Proposition 4.2.3, we get a lower bound for Bf’V_Q as
B?\fﬂ > Cp exp ((N —2) (LA(ﬁ<q, 0)) — %o(q7 O)q) + h?\/—zo [(N —2)q — %])
> Crexp ((N —2) (LA(ﬁ(Qa 0)) — ho(g, 0)q) + ho(q, O)UN>- (4.6.66)
We put (4.6.58—4.6.62) and (4.6.65—4.6.66) together and we get
Ps(V; > 0,0 <i< N; NYy = N*g, Vy =0)

N-—-2 H(q, h ’ q
( )(La(H(q,0))—ho(g,0)q) ho(g,0)un _ C’]ﬁ € Aty
(N - 2>2 o

2 Pg(’Ul = UN)2 |:C5C7
> Py(vy = uy)?|CsBLal, efo@dun — gt e’\“N], (4.6.67)

where the last inequality is obtained by using the bounds of % and (%, (see (4.6.55),
(4.6.56)). Now compute

Ps(vy = uy)® = éN‘B” (4.6.68)

and recall that Ps(NYy = N?q, Vy = 0) = oy, and af, > &, then we obtain

[08 B%O(Q70)“N _ OIONQe—AUN]

B (4.6.69)
Since ho(q,0) > R > 0 for all ¢ € [g1, ¢2], the term inside brackets in the r.h.s. of (4.6.69)
becomes strictly positive if we take uy > 2log N/R, thatis v > 2/R and N large enough.
Consequently, by chosing ;o > 0 large enough, we get,

Ps(V; > 0,0 <i<N|NYy=N2, Vy=0)>23"

B

Ps(Vi>0,0<i<N|NYy=N?q Vy=0)>CyNF>C,N#  (4.6.70)

]



134 CHAPITRE 4. GEOMETRY OF THE COLLAPSED PHASE

4.7 Appendix

4.7.1 The distribution of Brownian area

We are going to recall some basic facts about the distribution of Brownian area, especially
in connection with the Airy function. A good reference on the subject is [14].

The Airy function

For real values of z, the Airy function Ai(z) is defined by the conditionally convergent
integral

1 [ 1 Y
Ai(z) = —/ cos(t?/3 + xt)dt == — lim cos(t?/3 + xt)dt. 4.7.1)
™ Jo T Y= Jo
The entire function Ai'(z) = JAi(z)/Ox has all its zeros on the negative real axis and we
denote them by a; = —|a}|,i =1,2,..., with 0 < |a}| < |a}] < ..., thus
Ai'(d) = Ai'(—|d))) =0, i=1,2,... (4.7.2)

See also Abramowitz and Stegun [1, p. 450] for the asymptotic series of the zeros

4 — )\ 2/3
| ~ <w> as i — co. (4.7.3)

Brownian area

We let { B(t),t > 0} be a standard Brownian motion with B(0) = 0 and B(7T’) := fOT |B(t)|dt
be the geometric area under the Brownian motion over the interval [0, 7] (usually we consider
only the unit interval [0,1]). The Laplace transform v (s) := E(e~>®()) was first computed
analytically by Kac [15] (see for instance [25])

U(s) =Y ke P g5 (4.7.4)
=1

where o
143 [, Ai(x)de

. o (_1yi—1 Y172 :
Ki = [l Ai(a) (—1)"7(2/(317)) as i — 00. 4.7.5)

By Brownian scaling B(t) < T B(t/T),t € [0,T]. Hence, the area B(T) < T%/2%8(1)
scales as 7%/2. Thanks to formula (4.7.4)

E(e*3M) = E(e T30 = Z rie 2 PISET g s, (4.7.6)
=1

Since 0 < |a)| < |ab| < ... and (4.7.3), we immediately obtain

1
lim —log E(e *®*®)) = —2713|¢/|s*/3, s> 0. (4.7.7)
T—oo 1’
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4.7.2 Proof of Lemma 4.3.2

Démonstration. Since V and A,, are symmetric, we can assume that z, 2’ € Ny := NU {0}
and thus it is sufficient to show that the result holds for ' = = + 1. We will argue by
induction. Since Ay = 1, the m = 0 case is trivial. Now, we assume that the inequality holds
true for m € N. We consider the partition function of size m + 1, and we can disintegrate it
in dependence of the position of V1, i.e.,

Eb’r —5Am+1 ZEB e 0(yl+IVal+.. HVmHDl{Vl:y})

YEL

=Y _Pa(vi =y —a)e "By, ()
YEL

= Z R.(y)e VEg, (e ") + Py(vy = 2)Eg(e ), (4.7.8)
yeN

where R, (y) = Ps(v; =y — x) + Pg(vy = —y — z). Then, we set R,(y) = D ysy (Y
for y € N. Since R, (1) + Ps(v; = ) = 1, we can rewrite the right hand side in (4.7.8) as

Eﬁx Mm“ ZR [ 76yE5,y(€7Mm)_e o )EB (y— 1)( )}"’E ( )

yeN

4.7.9)

We will show that, for all y € N, the function # — R, (y) is non-decreasing on Ny. First, if
y > x + 1, we obviously have

=D Ru(y) <) Ren(y) = Roni(y). (4.7.10)
/>y />y
Then, if 1 < y < z, since
y—1 y—1
Rx<y) + Z Rz<y/) + Pﬁ(”l = .’L‘) = Rerl(y) + Z Rerl(y/) + P,B(Ul =+ 1) = 17
y'=1 y'=1
4.7.11)
and
y—1
slvr =z —I—ZR ) =Pyl =2+1)+ > Ren(y), (4.7.12)
y'=1

we immediately obtain Rl,(y) < R,41(y). Coming back to (4.7.9), we use the induction
hypothesis to claim that

e VEg, (e7m) — e W VEg 1) (e7?m) <0, yeN, (4.7.13)
which, together with the monotonicity of z +— R, (y) yields that

B (¢7040) 2 3 Revay) [ By (e 47) = "0 By gy (¢70%) | 4 By ()

yeN

— E,B,x+1 (675Am+1) )
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5.1 Introduction

5.1.1 The model

In this chapter, as in the former one, we consider an interacting partially directed self-
avoiding walk (IPDSAW). This time, we apply a horizontal force F), € [0, c0) and a vertical
force F, € [0, 00) at the right extremity of the random walk. It is a way to unfold the poly-
mer in the collapsed state (in a poor solvent). Recall that the allowed configurations of the
polymer of length L (L monomers) are given by the L-step trajectories of a partially directed
random walk on Z?2. As in the previous chapter, we let Wy, be the set of allowed L-step paths
and P be the law on this set. For each configuration w = (w,)t_, € Wy, we denote by
Np(w) the vertical distance and Sy (w) the horizontal distance between two end-points of

137
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the random walk (see Fig. 5.1). Now we define the following Hamiltonian

L
Hy5™ (w) =8 Ljuwy=1y + FoNi(w) + F,Sp(w). (5.1.1)
i,j=0
i<i—1

With this Hamiltonian we perturb the law of the polymer as follow

Fu,F,

pFeFy eXp(HL,B (U)))

L5 (w) = P P(w), weWr. (5.1.2)
L,

This new measure P’ "ol s called polymer measure of size L and Z *ﬁ ™ is called the par-
tition function. In this model the two parts of the Hamiltonian have opposite effects on the
polymer. The force extends the horizontal and vertical extensions, whereas, similarly to what
happens in the former model, the interactions between the monomers constrain the chain to
the collapsed form. Thus, a competition between these possible behaviors aries. In this chap-
ter, we consider the non-uniform law on Wy, that is, P := P" (see the first chapter).

N,

FIGURE 5.1 — Example of an IPDSAW with one end point is fixed at the origin, while forces
are applied to the other end. The self-touchings shown as light red areas.

As we did in the first chapter we can describe these configurations in a natural way
through the collection of vertical stretches separated by one horizotal step. Thus we associate
to each configuration the sequence | := (Iy,...,ly) € Z" such that N is the number of
vertical stretches and [,, corresponds to the vertical length of the n'* stretch. We have a one-
to-one correspondence between Wy, and ) := U@:l Ly, 1, where Ly 1 is the set of all
possible configurations consisting of IV vertical stretches that have a total length L, that is,

Ly = {l eZN N |+ N = L}. (5.1.3)

At this stage, since Ny (w) = N and Sp(w) = S22 1, the Hamiltonian can be rewritten in
terms of vertical stretches [ € 17, as

=

-1 N
Hys () = B (I Mugr) + FoN +F) > Ly, (5.1.4)

n=1 n=1
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where, we recall,

(5.1.5)

X g
Y 0 otherwise.

We note that the function [ — P(I) is constant equal to (2/3)™(1/2)* on each subset Ly r.
Therefore, we can write the partition function as follows

L
255 30 S ()Y ()Y S A BN (51

N=1 le[«N,L

5.1.2 Background

The development of atomic force microscopy and optical tweezers has allowed the micro-
manipulation of polymer molecules. In particular, by exerting a small range of forces at a
certain point of the polymer (proteins, RNA, ...), it is possible to unfold/refold its mole-
cules one at a time. The IPDSAW provided here shows collapsed-extended transition in the
presence of physical force f. This model has been studied in the physical literature (see [5]
and references therein) and, more precently, in the chemical literature [22]. In particular, it
is known that a second order phase transition between a collapsed state and an extended one
also occurs at a critical force f€ at a fixed temperture 7". One of the interesting phenomena
that has been pointed out is the presence of a re-entrant transition. That measn for a range of
f values, the extended state is stable at both low and high temperatures.

Our purpose is to point out that the same approach as in the previous chapters can be
applied to deal with the partition function in presence of a force. We still derive a variational
formula of the free energy, which allow us to identify the critical force-temperature curve
and the order of the phase transition. In addition, the condition for the re-entrant transition is
easily related to the asymptotic behavior of a function appearing in this formula.

5.1.3 The free energy

For this model, the free energy is defined as in the previous chapter, that is,
" Fy.F,
f(B, Fy, Fy) :nggoflogzhﬂ (5.1.7)

where the existence of the limit can be established by concatenation arguments. We pick
L € N: V'L € Nand consider a single trajectory I* € L /7 ; such that I} = (—1)""'(v/L—1)
fori € {1,...,+/L}.Its horizontal and vertical expensions satisfy Ny (I) = v/L and S; (1) €
{0, VL — 1}. By computing the contribution of [* to fo‘ﬁ}Fy one immediately obtains that,

f(B,Fy, Fy) > B —log2. (5.1.8)

At this stage, we can define the excess free energy f (3, Fy, Fy)) == f(B, Fy, F,) — (8—1og 2),
which is always non negative by (5.1.8). This excess free energy will still be a good tool to
decide, for fixed parameters (3, F;, F}, ), if the polymer is collapsed or not. More precisely,
the region of parameters

C:={(B, .. F,): J(B.F.. F,) = 0)} (5.1.9)
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and

£ :={(8,F,, F,): f(8,F,,F,) > 0)}, (5.1.10)
as referred to as collapsed and extended phase, respectively.
In what follows we look at the effect of two forces on the polymer separately, namely
(F, >0,F,=0)and (F, =0, F, > 0).

5.2 Pulling in the horizontal direction (7, = 0)

In this section, we will discuss the case of horizotal pulling force where F;, = 0. For fixed

B, since F, — f(B,F,) := f(B,F,0) is convex, non-decreasing and non-negative, pro-

ving that there exists Fy € [0,00) such that f(/3, Fy) = 0 will be sufficient to claim that

f(B, F,) = 0for F, < Fj. Then, the critical force will be defined as

Fe(B) == sup{ F, > 0: J(8,F,) = 0}, (5.2.1)

and the set C and € will become C = {(5, F,): F, < FS(8)} and € = {(B, F,): F, >
FE(8)).

In section 5.2.1, we establish the existence of the critical force £ for fixed 3. The precise
asymptotic of the free energy near the transtion is studied in section 5.2.2. For simplicity, we
will omit the F, dependence of most quantities along this section.

5.2.1 The critical value

First, we recall that the partition function in the no-force case, i.e., Z 5 = 2% can be
rewritten in term of an auxiliary symmetric random walk V' with geometric increments
L
N
Zig=csPrp > (T(B) Ps(Vyi1L-n), (5.2.2)
N=1

where we recall the energetic term I'(3) = g% and the function ®;, 5 = (7 /2)L.

Since the force F is only having an effect on the horizontal steps of each path, we can easily
conclude that the partition function Z ffﬁ can be rewritten exactly as in (5.2.2) except the
energetic term I'(f3) :

L
Z8s = cs®rs Y (DB, Fo)Y Ps(Vyino-n), (5.2.3)
N=1

where the function I': (0, 00) x [0, 00) + (0, 00) is defined as follows

2cg el
L8, Fa) = =55

In analogy with the non-force case, the energetic term I'(5, F,) penalizes the horizontal steps
when it is smaller than 1 and favors them when it is larger than 1. Consequencetly, the force
either leaves most of the polymer collapsed or pulls most of the polymer. By writing the
number of horizontal steps under the form N = oL with a € [0, 1], formula (5.2.3) can be
used to derive a variational expression of the excess free energy.

(5.2.4)
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Theorem 5.2.1. For 3 > 0, F, > 0, the excess free energy f(3, F,) := f(5, Fy,0) is given

by
J8,F) = s [alog (T(B, Fu)) + o gs (457)] (5.2.5)
agcl|0,
where
gs(@) := lim ~logPs(Ay < aN, Vy =0), a€0,00). (5.2.6)

Theorem 5.2.1 tells us that a phase transition occurs at those values of 5 and F, where
['(B, F,) = 1, that is, the critical value of the force is given by

Fe(8) = log (M> Vo, (5.2.7)

which is the result of [5]. Note that F(3) = 0 for 5 < . and F<(8) > 0 for 5 > /3. where
B, 1s the critical value of the system in the no-force case.

5.2.2 The order of the phase transition

By replacing the function I'(/3) by I'(53, F},) in the Theorem 4.1.3 in chapter 4, we can easily
obtain the following results

Theorem 5.2.2. For 5 > 0 and F, > 0, the excess free energy f(5,F,) is the unique
positive solution of the equation log(I' (B, F.,)) — 0 + hg(0) = 0 if such a solution exists and

(B8, Fy) = 0 otherwise.

As we know, with the help of the Theorem 5.2.2 and the analytic properties of § — hg(d)

at 0", we can investigate the regularity of F, — f (3, F,) at FS(3) (for fixed 8 > f3,).

Theorem 5.2.3. For 3 > [, the phase transition is second order in F), with critical exponent
3/2. That is, there exists an explicit constant ¢ > 0 (depends on () such that

FBFE(B) +¢€) ~ce®? ase— 07, (5.2.8)

5.3 Pulling in the vertical direction (£}, = 0)

Note that when F,, > 0, we have one more sum in the exponential function of (5.1.6).
However, with Proposition 5.3.1 below, we also give a repesentation of the partition function
in terms of an auxiliary asymmetric random walk. We need to settle some of the ingredients
appearing in the formula. We let V' := (V},),,en be a asymmetric random walk on Z whose
increments are independent and follow a geometric distribution, thatis Vo = 0, V,, = > | v,
for n € N and v := (v;);en is an independent sequence (not identically distributed) under
the law Pg , , with distribution

By Fuy
Psp, (vaio1 = k) = e 22 h and (5.3.1)

CB,Fy

o= SIkI- Tk .
P57Fy(v2i = k)) =t - Vke Z,Z eN (5.3.2)

CB,Fy
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with
— B+ Ltk S 1
cory = e Mt h =14 2y 1 (5.3.3)
e2—e 2 e 2 -1

keZ
We define the function I'(5, F},): (0, 00) X [0, 00) — (0, 00) as

QCB,Fy
F(ﬂ, Fy) - 37

Finally, we recall that V), , is the set of those n-step trajectories of the random walk V' whose
geometric area A, := " |Vi| equals £, i.e.,

Vi = {(V)ig: Ay =k, V,, =0}, (5.3.5)
and the term ®;, 5 = (e”/2)%.

Proposition 5.3.1. For 5 > 0, F, € [0, 3) and L € N, we have

(5.34)

L
Z1% = cor, ®rs > (DB, F) Par,(Vnini-n). (5.3.6)
N=1

Démonstration. Recall that the A operator can be written as
v Ay =(z|+ |yl — |z +y]) /2, Vz,y€Z (5.3.7)

Hence, for 8 > 0, F, € [0,5) and L € N, the partition function in (5.1.6) becomes

L N N N
F, N /{\L-N F
Zils = (3) (3) > exp (62\%\ — 85l + Lo +§Z(1n+zn+1)>
N=1 leLn,L n=1 n=0 n=0
lo=IN4+1=0
F,
B NI 2\ N N oxp (=5l + s + Bl + lus))
— o (7 Z 3P Z H - ;
N=1 leLn,, n=0 BBy

lo=ln41=0

(5.3.8)

where cg r, was defined in (5.3.3). By rewriting the last sum in (5.3.8) in terms of v, :=
(=) Yl,_1 +1,),n=1,...,N + 1, we see that this sum is equal to the probability that
the random walk (V},),en belongs to Vi1 1 n. Therefore

L
L % N
Zi=con (%) 2 (55) X Pan(), (5.3.9)
N

=1 VeVNi1,L-N

which immediately implies the result. 0

As in chapter 4, we state below an expression for the excess free energy.

Theorem 5.3.2. For 3 > 0 and F, € [0, 3), the excess free energy f(3, F,) is the unique
positive solution of the equation log(I'(3, F,)) — d + hg r,(6) = 0 (if such a solution exists,

otherwise [ (3, F,) = 0), where hg p, is the free energy of an auxiliary discrete model

1
har,(0) = lim —log By p, (e7*4Y), 4 € [0,00). (5.3.10)



5.4. THE RE-ENTRANT PHASE TRANSITION 143

Although the random walk V' is asymmetric, we still have the same properties of the
function hg g, as in chapter 4. More precisely, the limit in (5.3.10) exists and § +— hg p, (0)
is non-positive, non-increasing and continuous on [0, co) for all § > 0, F, e [0, 3), which,
combined with Theorem 5.3.2 and the obviously equality hg r, (0) = 0 are sufficient to check
that a phase transition occurs at those values of $ and F, where I'(3, F},) = 1, that is, the
critical value of the force is given by

28 849
364’_64_) (5.3.11)

c _ —1
F;(B) = 2cosh < o8/

Moreover, a fine symptotic of § +— hgp,(d) at 0" allows us to prove that the phase
transition is second order with critical exponent 3 /2.

Theorem 5.3.3. For 3 > [3., the phase transition is second order in F,, with critical exponent
3/2. That is, there exists a constant ¢ > 0 (depends on [3) such that

o TG E(B) +e)

e—07t g3/2

(5.3.12)

5.4 The re-entrant phase transition

One of the interesting phenomena that has been pointed out is the presence of a re-entrant
transition. This means, for a fixed physical force f, the polymer is unfolded at low tempe-
rature and at high temperature, but for intermediate temperatures it is collapsed, very much
like if the force was not present. We will show that the re-entrance phenomenon is strongly
model dependent. For this reason, we first introduce the partially directed random walk with
general distributed steps.

We consider the partially directed random walk on Z? with law P is defined as follows :

* At the origin or after an horizontal step : the walker must step north, south or east with
probabilities correspond p,p’ and 1 — p — p'.

» After a vertical step north : the walker must step north with probability ¢ or east with
probability 1 — q.

* After a vertical step south : the walker must step south with probability ¢’ or east with
probability 1 — ¢'.

For convenience of exposition, we restrict to the case where p = qfl_—_qgi) and p’ = q;(_l—q_q‘f) with

q,q" € (0,1). Recall that with each L-steps trajectory w € Wy, we associate the sequence

l:=(ly,...,lx) € Z" such that N is the number of vertical stretches and ,, corresponds to

the vertical length of the n'" strech. At this stage, the random variables (1,,)_; are i.i.d with

geometric distribution

P(l; = 0) = 150020 (5.4.1)
P(l; = k) = (52020 gk (5.4.2)
P(l, = —k) = 129029 ok for k€ N. (5.4.3)

1—qq’
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Letgo=P(lL =0),¢1 = % <0and ¢, = %, we can write
P(ly=k)= qoeq”k‘“”k forall k € Z. (5.4.4)

Recall that Ly 1, is the set of all possible configurations consisting of N vertical stretches
that have a total length L. We can write the partition function in terms of the stretches, that
is,
N
Zi = Z 3 exp(ﬂZl Aluy) + F,N + F, Zz )
N=1leLy,
L N N N
=Y (@™ Y e (B (n Au) 0 Yl + (@2 + B D)
N=1 leLn,r n=1 n=1 n=1
N

= Nl Z (qoeeql ) Z exp <5 ﬁ:(ln A1) + (g2 + F) Zln> (5.4.5)

ZEZ:N’L n=1 n=1

For convenience of exposition, we restrict to the case where F,, = 0 and the stretches of
the partially directed random walk have a symmetric distribution, namely, ¢ = ¢’ € (0,1).

( q% , ¢1 = log g and g5 = 0. Therefore

_ XL: ( P F) Y exp (5 i(zn A zn_l)). (5.4.6)

N=1 ZEEN’L n=1

At this stage qp =

Fz

N2
As usual, we use the notations &1, 5 = e’L¢l and T'(8, F,) = %

leiz =csPprp Z W Ps(VnirLn). (5.4.7)

The most interesting case is when 5 > [3., otherwise the system is already extended at
F,, = 0. This critical force can be computed explicitly

Fe(B) = log (s ) + log (42 (5.4.8)
We put
B=1/T, F,=f/T, fdT)=F:1/T)T (5.4.9)
with 7" > 0 is the physical temperature and f, the physical force.

Proposition 5.4.1. There exists T, > 0 such that f$(T') = 0 for T' > T,. Moreover, for small
T
FIT) =14 Tlog ( ”q)) Y o(T) asT — 0. (5.4.10)

Re-entrance takes place for ¢ > \/2 — 1 (see Fig. 5.2).
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ST

1.4r

FIGURE 5.2 — Critical force f¢ as function of 1/8. The curves correspond ¢ =
2/3, 1/2, v/2 — 1 and 1/3, from top to bottom.
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Marche aléatoire auto-évitante en auto-interaction

Interacting partially directed self avoiding walk

Résumé

Dans cette these nous étudions le phénomene
d’effondrement de différents modéles d’
homopolymeres. Nous étudions une marche
aléatoire partiellement dirigée en dimension 1+1,
auto-évitante et en auto-interaction, connue sous
'acronyme anglais IPDSAW. Il est établi que le
modele IPDSAW a une transition de phase
d’effondrement en un parametre critique S.. Pour
étudier la fonction de partition de ce modéle,
nous développons une nouvelle méthode qui
nous permet d’en déduire une formule
variationnelle pour son énergie libre. Cette
formule variationnelle peut étre utilisée pour
prouver I'existence de la transition
d’effondrement et pour identifier simplement le
point critique. Nous donnons une asymptotique
précise de I'énergie libre au voisinage du point
critique. Ensuite, nous établissons plusieurs
propriétés trajectorielles de notre marche
aléatoire a l'intérieur de la phase effondrée

(8 > B.). Finalement, nous étudions le modéle
IPDSAW soumis a une force extérieure. Nous
montrons comment détecter la présence d’'un
phénomeéne de ré-entrance sans toutefois
résoudre intégralement le modele.

Mots clés

Polymere effondré, marche aléatoire
auto-évitante, transition de phase, formulation
variationnelle, grandes déviations, aire de
marche aléatoire, aire de mouvement brownien,
déroulement du polymere par force.

Abstract

This work is devoted to the study of the
phenomena expansion and collapse for
difference polymer models. We investigate the

1 + 1 dimensional self-interacting and partially
directed self-avoiding walk, usually referred to by
the acronym IPDSAW. The IPDSAW is known to
undergo a extended-collapsed transition at a
critical point 8.. We develop a new method to
study the partition function of this model, from
which we derive a variational formula for the free
energy. This variational formula allows us to
prove the existence of the collapse transition and
to identify the critical point in a simple way. We
provide the precise asymptotic of the free energy
close to criticality. We then establish some path
properties of the random walk inside the
collapsed phase (5 > f.). Finally, we study the
IPDSAW subject to a force. We show how to
detect the presence of a re-entrant phenomenon
without fully solving the model.

Key Words

Polymer collapse, partially self-avoiding walk,
phase transition, variational formula, large
deviations, area of random walk, area under
Brownian motion, force-induced unfolding.
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