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This talk : Logarithmic Conformal Field Theory
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Introduction

Indecomposability, non-unitarity and logarithms in critical
disordered /geometrical systems
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Introduction LCFT vs ordinary CFT
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Introduction LCFT vs ordinary CFT
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« gapless spin chains e(k) ~ vk } — Conformal Field Theory
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@ Irreducible representations = Exact results : critical
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Introduction LCFT vs ordinary CFT

T=0 T T =00
e 2D critical statistical systems .
. . Y — Conformal Field Theory
e gapless spin chains e(k) ~ vek
\V 7/
\\ e(k) //
N Y @ Conformal symmetry = Virasoro algebra [Bpz 's4]
@ Irreducible representations = Exact results : critical
- / exponents, correlation functions, etc for stat phys/cond
o i mat systems.
\ / @ Algebraic decay of two-point correlation functions
NF (B(n)p(r2)) ~ [n —r2| 2
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Introduction LCFT vs ordinary CFT

2D lIsing Model )

Quantum spin chain in 141D : H = — ", (07071 + pof)
H hermitian, Field Theory (Majorana Fermion) unitary
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Introduction LCFT vs ordinary CFT

2D Ising Model

Quantum spin chain in 1+1D : H = =3, (67071 + puof)
H hermitian, Field Theory (Majorana Fermion) unitary

Percolation

Quantum version in 141D : H # Hf
Field theory non-unitary : (¢(r)$(0)) may be negative
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Introduction LCFT vs ordinary CFT

2D Ising Model

Quantum spin chain in 141D : H = — ", (o707} + po7)
H hermitian, Field Theory (Majorana Fermion) unitary

Percolation J

Quantum version in 141D : H # Hf
Field theory non-unitary : (¢(r)¢(0)) may be negative

]
e

= 'in general’ we expect logarithms in correlation functions

Cst — 2blog r
W) = =2
= Logarithmic Conformal Field Theories [Rozansky & Saleur '92, Gurarie '93] J
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Introduction

Percolation

LCFT vs ordinary CFT

']
i

— 1

= 'in general’ we expect logarithms in correlation functions

((r)(0)) =

Cst — 2blog r
24

Quantum version in 141D : H # Hf
Field theory non-unitary : (¢(r)¢(0)) may be negative

= Logarithmic Conformal Field Theories [Rozansky & Saleur '92, Gurarie '93]

Non-diagonalizability of the scale transformations generator =

¢(Ar)

Ordinary CFT Log CFT
A 1
$(Ar) = A24(r) (WM) A (o A) <w(r>>

¢(r)
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Introduction What is indecomposability ?

@ Symmetry is crucial in modern theoretical /quantum physics
— representation theory [wigner, weyl, .. ]

@ Usually, physicists need to worry about irreducible representations only
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Introduction What is indecomposability ?

@ Symmetry is crucial in modern theoretical /quantum physics
— representation theory [wigner, Weyl, .. ]

@ Usually, physicists need to worry about irreducible representations only

What is indecomposability ?

Mathematical concept of representation theory :
Indecomposable, yet reducible representation V < 3 subrepresentation V; C V,
but V cannot be decomposed onto smaller representations (V # Vi & V2)
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Introduction Disordered systems

DiSOI’del’ed ﬁXed pOintS are deSCI’ibed by C = O (L)CFTS [Gurarie 93', Caux, Kogan & Tsvelik
96', Cardy 99, Gurarie & Ludwig 02', ...]
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Introduction Disordered systems

Disordered fixed points are described by ¢ = 0 (L)CFTs [Gurarie 93, Caux, Kogan & Tsvelik
96', Cardy 99’, Gurarie & Ludwig 02', ...]

1 Para / Random-bond Ising model J

BH = =% KijSi5

/
Nishimori K — { fK E:EE: ,];—p

SUSY formulation [Gruzberg, Read & Ludwig 01']

At the fixed point [cardy 017 :
D)
A0 oy 8T

>
0 Pc 2 p
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Introduction Disordered systems

DiSOI’del’ed ﬁXed pOintS are deSCI’ibed by C = O (L)CFTS [Gurarie 93', Caux, Kogan & Tsvelik
96', Cardy 99, Gurarie & Ludwig 02', ...]

Integer Quantum Hall Effect Ko i=2

[von Klitzing et al 85’]

@ Sigma model formulation [pruisken,
Weidenmuller, Zirnbauer] ON COSEt
U(2n)/U(n) x U(n), n— 0 (or
SUSY equivalent).

@ Plateaux transition = ¢ = 0 LCFT
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Introduction Other motivations

Logarithmic CFTs J

@ Condensed Matter applications :

o Geometrical properties of statistical models, geometrical models
(percolation, SAW, loop gas .. .)

o Statistical systems with quenched disorder (e.g. Random-bond Ising
model)

@ Integer Quantum Hall Effect transition, Spin Quantum Hall Effect
(~ percolation [Gruzberg, Ludwig & Read 997])
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Introduction Other motivations

Logarithmic CFTs J

@ Condensed Matter applications :

o Geometrical properties of statistical models, geometrical models
(percolation, SAW, loop gas .. .)

o Statistical systems with quenched disorder (e.g. Random-bond Ising
model)

@ Integer Quantum Hall Effect transition, Spin Quantum Hall Effect
(~ percolation [Gruzberg, Ludwig & Read 997])

o ...

@ High energy/String Theory applications :

@ AdS/CFT correspondence
@ o-model and WZW models on supergroups
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Introduction Questions

Questions J

@ Main features of LCFTs? Where are the logs in stat phys/cond mat systems ?
What kind of physical observables are they related to?
= geometrical systems (Section 2)

@ How to tackle these complicated Quantum Field Theories ? Classification ?
= algebraic lattice approach (Section 3)

[ Lattice spin chain H ~ J )", §,§1+1 ]

low-energy (

[ non-linear o-model ]

flows to)

[ strong coupling fixed point (L)CFT ]
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Logs in geometrical systems

Logarithmic correlations in critical geometrical models and
‘replica’ approach
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Logs in geometrical systems c = 0 Catastrophe

¢ — 0 catastrophe and b number [cardy ‘01, Gurarie & Ludwig ‘02, .. ] )

@ Let ®a(r) be a spinless field. Conformal invariance enforces
do A 2

Limit c - 07
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Logs in geometrical systems c = 0 Catastrophe

¢ — 0 catastrophe and b number [cardy ‘01, Gurarie & Ludwig ‘02, .. ] )

@ Let ®a(r) be a spinless field. Conformal invariance enforces

Sa(r)Pa(0) ~ (1 + = A Z2T(0) + )
Limit c — 07

@ New field t(z) to cancel the divergence

Oa(r)da(0) = 22 <1+§)z( (O)Iogz+t(0))+...),

= logarithmic partner t
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Logs in geometrical systems c = 0 Catastrophe

¢ — 0 catastrophe and b number [cardy ‘01, Gurarie & Ludwig ‘02, .. ] )

@ Let ®a(r) be a spinless field. Conformal invariance enforces
A
®a(r)Pa(0) ~ (1 +=22T(0) + )
Limit c - 07

@ New field t(z) to cancel the divergence

Oa(r)da(0) = 22 <1+§)z( (O)Iogz—l—t(O))—i—...),

= logarithmic partner t
@ Correlation functions

(TTO) = 0
(TEO) = =
o)y = C-2ieE

4
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Logs in geometrical systems c = 0 Catastrophe

Pattern completely general for other values of ¢ [vis '11, v '12] )

@ Reach several values of ¢ through a limit process n — 0 : ¢(n) — ¢
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Logs in geometrical systems c = 0 Catastrophe

Pattern completely general for other values of ¢ [vis '11, v '12] )

@ Reach several values of ¢ through a limit process n — 0 : ¢(n) — ¢

o % poles in correlation functions and in operator product expansions,
= limit n —» 07
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Logs in geometrical systems c = 0 Catastrophe

Pattern completely general for other values of ¢ [vis '11, v '12] )

@ Reach several values of ¢ through a limit process n — 0 : ¢(n) — ¢
o % poles in correlation functions and in operator product expansions,
= limit n —» 07

@ Where do the logs come from ?
= Coincidence of exponents as n — 0

1 (r72A1(n)7r72A2(n)) 9 d(Az — Ay) r=28100) |

n dn o0

Minus sign <+ non-unitarity
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Logs in geometrical systems c = 0 Catastrophe

Pattern completely general for other values of ¢ [vis '11, v '12] )

@ Reach several values of ¢ through a limit process n — 0 : ¢(n) — ¢

o % poles in correlation functions and in operator product expansions,
= limit n —» 07

@ Where do the logs come from ?
= Coincidence of exponents as n — 0

1 (r72A1(n)7r72A2(n)) 9 d(Az — Ay) r=28100) |

n dn o0

Minus sign <+ non-unitarity

d
@ General formula b = —lim ddn<7¢|¢>

(ho—he) [VJs ‘1]
dn (= he
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Logs in geometrical systems c = 0 Catastrophe

Pattern completely general for other values of ¢ [vis '11, v '12] )

@ Reach several values of ¢ through a limit process n — 0 : ¢(n) — ¢

o % poles in correlation functions and in operator product expansions,
= limit n - 07

@ Where do the logs come from ?
= Coincidence of exponents as n — 0
1 (r72A1(n)7r72A2(n)) 9 d(Az — Ay) r=28100) |0

n dn o0

Minus sign <+ non-unitarity

d
@ General formula b = —lim ddn<7¢|¢>

(ho—he) [VJs ‘1]
dn (P —he

Appealing idea [Cardy '01, Gurarie & Ludwig '02, ..., VJS '11, GV '12, .. ] :

log CFTs as limits of ordinary CFTs : ‘replica’ approach
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Logs in geometrical systems Geometrical problems

Let's apply this to geometrical systems J

@ Geometrical problems such as percolation or Self Avoiding Walks (Polymers,
O(n — 0) model) are described by logarithmic CFTs

@ ...yet many aspects are of course well understood

@ What makes the continuum theory logarithmic ? What kind of physical observables
are logarithms related to?

[Cardy '99 (disordered systems, polymers), VJS '12 (Potts model, percolation), VJS in preparation]
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Logs in geometrical systems Q — 1 Potts model

Logarithms in the Potts model

@ Q-state Potts model (Sq symmetry)
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Logs in geometrical systems Q — 1 Potts model

Logarithms in the Potts model

@ Q-state Potts model (Sq symmetry)

Z = Z eKZU.i) S0j.0;
[eg

@ High Temp. expansion also makes sense for
Q € R, @ — 1 describes percolation
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Logs in geometrical systems Q — 1 Potts model

Logarithms in the Potts model

@ Q-state Potts model (Sq symmetry)

Z = Z eKZU.i) S0j.0;
[eg

@ High Temp. expansion also makes sense for
Q € R, @ — 1 describes percolation

@ Similar to O(n = 0) model for polymers
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Logs in geometrical systems Q — 1 Potts model

Logarithms in the Potts model J

@ (Q-state Potts model (Sq symmetry)

7 = Z K Xy Ioi0)
o

@ High Temp. expansion also makes sense for
Q € R, @ — 1 describes percolation

@ Similar to O(n = 0) model for polymers

@ Classification of the operators with respect to
Sq symmetry

Use Sg symmetry to infer the form of two-point correlators

<¢'ab(r)¢'cd(0)> = A(Q) <6ac(5bd + 6ad5bc - ﬁ (6ac + 6ad
2 —2A(Q)
+5bc+5bd)+(Q71)(Q_2))Xr )
CFT part
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Logs in geometrical systems Q — 1 Potts model

Logarithms in the Potts model

)
@ Q-state Potts model (Sq symmetry) d 9\5?) @(‘7_\9 C:)_&(E

@) (
2= 30K b =D (5 == b U=
)
o 20 )U @
. . NUCS OIOO)
@ High Temp. expansion also makes sense for ( I( )(

Q € R, @ — 1 describes percolation O sz
@ Similar to O(n = 0) model for polymers
@ Classification of the operators with respect to ._
Sq symmetry @
r,\ AN

Linear combinations of correlators to cancel the divergences

1 —281(Q)_,—202(Q) , 5 UB2— A1)
Q-1 (' r ) dQ

r_ZAI(Qzl)Iog r

Q=1

Similar ideas in [Cardy 99', Gurarie & Ludwig '02, ...]
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Logs in geometrical systems Q — 1 Potts model

Logs in percolation [vis '12] J

. O 300x300
O 200%200

@ Logarithmic correlation functions
have a clear geometrical
interpretation

F(r) ~ 27‘/§ log r

@ — Logarithmic behavior of
geometrical probabilities

25 3

2
logr

Ay

(a)
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Logs in geometrical systems General results

. O]
e e e (0]O)
il
° (\F\%lr\m?_c?_

@ Family of 2-point and 3-point functions with logarithms in many models [vis

in preparation] : Percolation, spanning trees, resistor networks, Ising, dilute and
dense phases of polymers, ...
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Logs in geometrical systems General results

IR el

*—o—0

ok
, Htey
¢ =29

@ Family of 2-point and 3-point functions with logarithms in many models [vis
in preparation] : Percolation, spanning trees, resistor networks, Ising, dilute and
dense phases of polymers, ...

@ Clear physical meaning, can be checked numerically.
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Logs in geometrical systems General results

IR el

*—o—0

ok
, Htey
¢ =29

@ Family of 2-point and 3-point functions with logarithms in many models [vis
in preparation] : Percolation, spanning trees, resistor networks, Ising, dilute and
dense phases of polymers, ...

@ Clear physical meaning, can be checked numerically.

@ Universal amplitudes in front of the logs, exact expressions for d = 2.
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Logs in geometrical systems General results

T Ad Wi

oo

o o =

@ Family of 2-point and 3-point functions with logarithms in many models [vis
in preparation] : Percolation, spanning trees, resistor networks, Ising, dilute and
dense phases of polymers, ...

@ Clear physical meaning, can be checked numerically.
@ Universal amplitudes in front of the logs, exact expressions for d = 2.
@ Results also valid in higher dimensions (d = 3). Universal coefficients can be

computed thanks to e = 6 — d and € = 4 — d expansions.
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Lattice algebraic approach

Lattice algebraic approach to strongly interacting QFTs
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Lattice algebraic approach Spin chains and o-models

How to understand more the intricate structure of LCFTs? )

@ Idea : thorough study of lattice ‘regularizations’

@ Think of SU(2) Heinsenberg spin chain [Haldane, Affleck, Read, Sachdev, ...]

AV N U S 0

ot 8 4 G P

71'
\ 4
[ Lattice spin chain H ~ J Y, §i4§i+1 ] <
L
2
low-energy ( 9=
[ non-linear o-model ] (CPner_l'm Sigma model with 0 =«
[Read & Saleur '01]
flows to)
[ strong coupling fixed point (L)CFT ] [Read & Saleur '07]
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Lattice algebraic approach Spin chains and o-models

Main idea :

Much information about the continuum limit is already encoded in a finite-size
lattice model : emergent symmetries, universal numbers, fusion rules,
representation theory, ...

Rl hl
N N
R> Rs3 L::o h2 h3
N N
Rl hl
Lattice algebra Virasoro algebra

with the lattice Virasoro generators [koo & Saleur '94]

~I=

L
(Lp+L_p)®) ~ ZQ2WUH/L (hi — hoo)
j=1
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Lattice algebraic approach Spin chains and o-models

Main idea :
Much information about the continuum limit is already encoded in a finite-size
lattice model : emergent symmetries, universal numbers, fusion rules,
representation theory, . ..

Universal amplitudes J Fusion rules J Representation Theory J
(T@TE) = o " 1
(T@HO) = f; ]
‘ ’ Ao hia=0
(o) = TTEE {.’ .} e / \
S 4 Limit . . X xp s =2 By =1
L : prole > |

Xy hz=5 hs=17

12 0.606403 2, © Tl b
14 -0.607775 l><l
16 -0.609226

_ v
18 -0.610561 ba X 98 = 5 Can®y a x ot e
20 -0.611738
22 -0.612764 . .
— 05245 00005 [Read & Saleur '07, GV 137] From the lattice to Virasoro
Exact _5/8 = 0.625 Similar approach [Pearce, ‘Classification’ of indec. reps. ?

Rasmussen & Zuber '06]

[GJSV 13]
[Dubail JS 10’, VJS 11']
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Lattice algebraic approach

Some results : b-numbers

@ At ¢ =0, the stress energy tensor has a log partner t [Gurarie & Ludwig '02]

(T(2)T(0))

(T(2)t(0))

(t(2)£(0))

0
b
z4
6 — 2blog z
z4

@ Same structure for many other fields. How to compute the b numbers?

@ Direct measure from lattice models ! [Dubail Jacobsen Saleur '10, VIS '11]

@ b= —5in the bulk # usual boundary values bperco =

L b

8 -0.609088
10 -0.605858
12 -0.606403
14 -0.607775
16 -0.609226
18 -0.610561
20 -0.611738
22 -0.612764
o0 -0.6249 + 0.0005

Exact -5/8 = 0.625

Romain Vasseur (IPhT & ENS)
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Lattice algebraic approach Some results : Fusion

@ Another crucial CFT information : fusion rules

b X ¢p =Y Clydy
ol

[+ Direct Computation from the Iattice I [Pearce, Rasmussen & Zuber '06, RS '07, GV '12]
Fusion = joining two ‘spin chains'’

@ Some fields are mixed together (indecomposability)

TLaji+52)

@, X5 @,
N
Scaling
Limit
(}Jl q’jz

TLaj, ® TLay,
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Lattice algebraic approach Some results : Representation theory

Xo h11=0
Xzb A his=2 hi—1=1
X xy hir=5 J——
Xxb Ay hi11 =15 hy,—7 =12

@ Lattice algebras representation theory mimics what is known from Virasoro
[Pasquier & Saleur '87, Read & Saleur '07] + Lattice Virasoro generators [Koo & Saleur '94]

@ Lattice models easier to handle (finite size) = deduce results for Virasoro
representations [GJSV '13]

@ Active branch of mathematics [J. Germoni, K. lohara, P. Martin, O. Mathieu, G. Lehrer, ...]
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Lattice algebraic approach Bulk LCFTs
@ Boundary vs Bulk very important for CFT [cardy "89], way more complicated for
LCFT [Gaberdiel & Runkel '08]
@ Bulk LCFT : indecomposable representations over Virasoro x Virasoro

@ Richer structure : different b-numbers, Jordan cells of arbitrary rank (ex. rank 3 for
TT at ¢ = 0), no simple relation to the boundary case

[Gainutdinov, Read & Saleur '12, GRSV in preparation]

“The beauty of this is that it is only of )
theoretical importance, and there is no way
it can be of any practical use whatsoever."
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Conclusion
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Conclusion )

@ Low energy excitations of critical disordered systems (quantum or classical) and of
geometrical models are described by logarithmic CFTs

@ Unusual features : non-unitarity, non-diagonalizability of Renormalization Group
transformations, no Mermin-Wagner theorem ...

. = very hard to solve but lattice models can help

@ Geometrical meaning of logarithms slowly getting under control (what about
disordered systems ?7)

@ Logarithmic features occur in higher dimensions too d = 3,4, ... !
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Thank you | |
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Questions Koo-Saleur formula
@ Virasoro algebra
C
[Ln,Lm] = (n— m)Lpim + En(n2 — 1)dn+m,0

@ How does this algebra emerge from the lattice spin chain H =", h; ?

Eo(L) = heol— "’;ZC ..
2
Es(L)— Eo(L) = XA, +...

L
[Blste, Cardy & Nightingale '86]

\ /7
\\ e(k) /’
\\ //
Koo-Saleur Formula '94, Kadanoff & Ceva '71
T L L _injor/L
Lo+ Lon=zE 3 ™ /L (h; — heo)
— - - ’ T g
ke kp Ly=NL_p= 245‘2: i1 ™2 /L [k hjiq]
R 7 = Lattice regularization of Virasoro
\ /
\ /

@ Algebra of hamiltonian densities ‘tends to’ Virasoro !
Deep correspondence even at the level of representation theory
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