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Ŝ(p, k,∆n)t

5 X

Z

p V̄ (Z, g, p)nt

SRJ(g, h, p)n =
V̄ (Z, g, p)nT
γ′V̄ (Z, h, p)nT

Σc
R,J,n

t

t =
SRJ(g, h, p)n − γ′′

(∆n)1/4
√

Σc
R,J,n

X



t

t

15

�4 �2 0 2 4

0
.0

0
.1

0
.2

0
.3

0
.4

0
.5

Normalized statistic value

D
e
n
si

ty

�5 �4 �3 �2 �1 0 1 2 3 4 5

t N =
10000 T = 1 T = 15

t

t



●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

10 12 14 16

 
0
.8
5

 
0
.8
0

 
0
.7
5

 
0
.7
0

 
0
.6
5

 
0
.6
0

 
0
.5
5

 
0
.5
0

Hour!(Paris!time)

M
e
d
ia
n
!s
ta
ti
s
ti
c
!v
a
lu
e

9 10 11 12 13 14 15 16 17

10 12 14 16

0
.2

0
.4

0
.6

0
.8

1
.0

Hour!of!the!day!(Paris!time)

H
is
to
g
ra
m

9 10 11 12 13 14 15 16 17

t N = 10000 T = 15



σt

σt

σt













20
C(τ) ∼ τ−γ γ = 0.6

γ 0.2 0.7

∑
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ǫn 1 −1
mn



10 15 20

0
5
0
0

1
0
0
0

1
5
0
0

2
0
0
0

Hour of the day (Paris Time Reference)

M
e
a
n
 n

u
m

b
e
r 

o
f 

tr
a
d
e
s 

d
u
ri

n
g
 a

 5
 m

in
u
te

s 
b
in

7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

10 15 20

0
1
0

2
0

3
0

4
0

5
0

6
0

Hour of the day (Paris Time Reference)

M
e
a
n
 n

u
m

b
e
r 

o
f 

tr
a
d
e
s 

d
u
ri

n
g
 a

 5
 m

in
u
te

s 
b
in

7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

10 15 20

0
1

2
3

Hour of the day (Paris Time Reference)

M
e
a
n
 n

u
m

b
e
r 

o
f 

tr
a
d
e
s 

d
u
ri

n
g
 a

 5
 m

in
u
te

s 
b
in

7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24



R(l, V ) = 〈(mn+l −mn).ǫn〉 |Vn=V

ǫn mn Vn

[0, MTV
2 ], [MTV

2 ,MTV ], [MTV, 2 × MTV ], [2 × MTV,+∞]
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l l = TSEU − TSUS

P− = (l < 0) ≡ ( ) P+ = (l > 0) ≡ ( )
P+ > P−

σ

σ2 = (P+ − P−) = (2P+ − 1) = 4 (P+) =
4P+P−
Ndata
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P+ ≈ 0.5126 P− ≈ 0.4874 Ndata = 118207 P+ − P− ≈ 0.025
σ ≈ 0.0029 P+ − P− ≈ 8σ
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βmn

)

m,n=1,...,M

1 G ρ(G) =

a∈S(G) |a| S(G) G

1

2




α11

β11
+
α22

β22
+

√
(
α11

β11
− α22

β22

)2

+ 4
α12

β12
α21

β21



 < 1.

{Tm
i }i∈N∗

m {Ti, Zi}i=1,...,N {{Tm
i ,m}m=1,...,M}

L({N(t)}t≤T ) =
M∑

m=1

Lm({Nm(t)}t≤T ),

Lm({Nm(t)}t≤T ) =
∫ T

0
(1− λm(s)) ds+

∫ T

0
λm(s)dNm(s).

Lm({Nm(t)}t≤T ) = T − Λm(0, T )

+
∑

i:Ti≤T
{Zi=m}



λm0 (Ti) +
M∑

n=1

P∑

j=1

∑

Tn
k
<Ti

αmn
j e−β

mn
j (Ti−Tn

k
)





Λm(0, T ) =

∫ T

0
λm(s)ds

Rmn
j (l) =

∑

Tn
k
<Tm

l

e−β
mn
j (Tm

l
−Tn

k
)

=







e−β
mn
j (Tm

l
−Tm

l−1)Rmn
j (l − 1) +

∑

Tm
l−1≤Tn

k
<Tm

l

e−β
mn
j (Tm

l
−Tn

k
) m 6= n,

e−β
mn
j (Tm

l
−Tm

l−1)
(

1 +Rmn
j (l − 1)

)

m = n.



Lm({Nm(t)}t≤T ) = T −
∫ T

0
λm0 (s)ds

−
∑

i:Ti≤T

M∑

n=1

P∑

j=1

αmn
j

βmn
j

(

1− e−βmn
j (T−Ti)

)

+
∑

l:Tm
l
≤T



λm0 (T
m
l ) +

M∑

n=1

P∑

j=1

αmn
j Rmn

j (l)



 ,

Rmn
j (l) Rmn

j (0) = 0

N M R
∗
+

{FN
t }t∈R+ M ≥ 1 {Ft}t∈R+ N

FN
t ⊆ Ft, ∀t ≥ 0 m Nm Ft λm λm

∫∞
0 λm(s)ds =∞ m t ≥ 0 Ft τm(t)

∫ τm(t)

0
λm(u)du = t.

M {Ñm}m=1,...,M Ñm(t) = Nm(τm(t)), ∀t ≥ 0
Ñm

Λm(Tm
i−1, T

m
i ) =

∫ Tm
i

Tm
i−1

λm(s)ds, ∀i ≥ 2.

m

Tm
i−1 Tm

i m

Λm(Tm
i−1, T

m
i ) =

∫ Tm
i

Tm
i−1

λm0 (s)ds

+

M∑

n=1

P∑

j=1

∑

Tn
k
<Tm

i−1

αmn
j

βmn
j

[

e−β
mn
j (Tm

i−1−Tn
k
) − e−βmn

j (Tm
i −Tn

k
)
]

+

M∑

n=1

P∑

j=1

∑

Tm
i−1≤Tn

k
<Tm

i

αmn
j

βmn
j

[

1− e−βmn
j (Tm

i −Tn
k
)
]

.



Amn
j (i− 1) =

∑

Tn
k
<Tm

i−1

e−β
mn
j (Tm

i−1−Tn
k
)

= e−β
mn
j (Tm

i−1−Tm
i−2)Amn

j (i− 2) +
∑

Tm
i−2≤Tn

k
<Tm

i−1

e−β
mn
j (Tm

i−1−Tn
k
),

i ≥ 2

Λm(Tm
i−1, T

m
i ) =

∫ Tm
i

Tm
i−1

λm0 (s)ds+

M∑

n=1

P∑

j=1

αmn
j

βmn
j

[

Amn
j (i− 1)

×
(

1− e−βmn
j (Tm

i −Tm
i−1)

)

+
∑

Tm
i−1≤Tn

k
<Tm

i

(

1− e−βmn
j (Tm

i −Tn
k
)
)
]

,

Amn
j j = 1, . . . , P, Amn

j (0) = 0

Λm(Tm
i−1, T

m
i )

m = 1, . . . ,M
(
Λm(Tm

i−1, T
m
i )

)

i≥2(
(Λm(Tm

i−1, T
m
i )

)

i≥2

(
TA
i

)

i≥1(
TB
i

)

i≥1 NA

NB

λA λB (αij , βij)(i,j)∈{A,B}2



λA0
αAA

αAB

βAA

βAB

λB0
αBA

αBB

βBA

βBB

λA(t) = λA0 (t) +

∫ t

0
αAAe

−βAA(t−s)dNA
s +

∫ t

0
αABe

−βAB(t−s)dNB
s ,

λB(t) = λB0 (t) +

∫ t

0
αBAe

−βBA(t−s)dNA
s +

∫ t

0
αBBe

−βBB(t−s)dNB
s .

P = 1

λA0 λB0

8



λA0
αAA

βAA

λB0
αBB

βBB

λA0 λB0

αAB 9.5 αAA

βAB 1.5 βAA

αBA 13 αBB

4
α
β

∫ +∞
0 αe−βudu αAB

βAB
=

0.017 αBA

βBA
= 0.038 αAA

βAA
= 0.111

αBB

βBB
= 0.120

λA(t) = λA0 (t) +

∫ t

0
αAAe

−βAA(t−s)dNA
s ,

λB(t) = λB0 (t) +

∫ t

0
αBBe

−βBB(t−s)dNB
s .

λA0 λB0

λA0 λB0
λA0 (t) λB0 (t)

(9 : 30 < 10 : 00 < 10 : 30 < 11 : 00 < 11 : 30)
[9 : 30 ; 11 : 30 ]



λA0 (9 : 30)
λA0 (10 : 00)
λA0 (10 : 30)
λA0 (11 : 00)
λA0 (11 : 30)

αAA

βAA

λA0 λB0

λB0 (9 : 30)
λB0 (10 : 00)
λB0 (10 : 30)
λB0 (11 : 00)
λB0 (11 : 30)

αBB

βBB

λA0 λB0



2.5 1

λ0

λ0

λ0

λ0

109 4 3 2

(
tAi

)

i≥1
(
tBi

)

i≥1
(
ΛA(tAi , t

A
i+1)

)

i≥1
(
ΛB(tBi , t

B
i+1)

)

i≥1

1 2.5

λ0
76 71

λ0

λ0

87

λA

λB



λ0
φ(δ)

t + δ FN
t

φ

φ(δ) = E(λ(t+ δ)|FN
t ) = λ0 + e−βδ

∫ t

0
αe−β(t−u)dNu +

∫ δ

0
αe−β(δ−u)φ(u)du

φ(δ) Lφ(p)

Lφ(p) = λ0

p
+

1

p+ β

∫ t

0
αe−β(t−u)dNu +

α

p+ β
Lφ(p)

φ(δ)

Lφ(p) = λ0

p
(

p+ β

p+ β − α) +
1

p+ β − α

∫ t

0
αe−β(t−u)dNu

φ(δ) = E(λ(t+ δ)|FN
t ) = λ0

β − αe−(β−α)δ
β − α + e−(β−α)δ

∫ t

0
αe−β(t−u)dNu
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λ0 α

β

λ0

α < 0

α ≥ 0

λA(t) =

(

λA0 +

∫ t

0
αAAe

−βAA(t−s)dNA
s +

∫ t

0
αABe

−βAB(t−s)dNB
s

)

,

λB(t) =

(

λB0 +

∫ t

0
αBAe

−βBA(t−s)dNA
s +

∫ t

0
αBBe

−βBB(t−s)dNB
s

)

,

: (βAA, βAB, βBA, βBB) ∈ R
∗
+
4 (λA0 , λ

B
0 , αAA, αAB, αBA, αBB) ∈ R

6.

λA(t) = λA0 +

( ∫ t

0
αAAe

−βAA(t−s)dNA
s +

∫ t

0
αABe

−βAB(t−s)dNB
s , ǫ

A − λA0
)

,

λB(t) = λB0 +

( ∫ t

0
αBAe

−βBA(t−s)dNA
s +

∫ t

0
αBBe

−βBB(t−s)dNB
s , ǫ

B − λB0
)

,

: (λA0 , λ
B
0 , βAA, βAB, βBA, βBB) ∈ R

∗
+
6 (αAA, αAB, αBA, αBB) ∈ R

4.

m

ǫm



α < 0
α

5
α

λ

λ(t) = µ(t) +
∑

ti<t

g(t− ti)

µ(t)

µ

λ(t) ti g(t)
g(t)

pij j i

i = j µ

i > j j = 1, ..., i − 1
g(t)

Am = {(i, j) ∈ [1, n]2|(ti − tj) ∈ [mδt,mδt+ δt]}
g gm = g(mδt) δt

k k

pij i > j

pii



pkij =
gk(ti − tj)

µk +
∑i−1

j=1 g
k(ti − tj)

=
gk(ti − tj)
λk(ti)

,

pkii =
µk

µk +
∑i−1

j=1 g
k(ti − tj)

=
µk

λk(ti)
.

g

µ

gk+1
m =

1

nδt

∑

(i,j)∈Am

pkij ,

µk+1 =
1

T

n∑

i=1

pkii T .

R2

90 R2
bid = 94 R2

ask = 87 −1.2 slopebid = −1.16 slopeask =
−1.31
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∆TS

λ1
λ2
λ3
λ4
λ5
λ6
λ7
λ8
λ9
λ10
λ11
λ12
λ13
λ14
λ15
λ16
λ17
λ18
λ19
λ20

∆TS

λ1
λ2
λ3
λ4
λ5
λ6
λ7
λ8
λ9
λ10
λ11
λ12
λ13
λ14
λ15
λ16
λ17
λ18
λ19
λ20





U[0,1] [0, 1] [0, T ]

IK(t) =
∑K

n=1 λ
n(t) K

i← 1 i1 ← 1, . . . , iM ← 1 I∗ ← IM (0) =

M∑

n=1

λn0

U  U[0,1] s← −
1

I∗
U s

I∗

s > T

D  U[0,1] tn0
1 ← s n0

In0−1(0)
I∗

< D ≤
In0(0)

I∗

t1 ← tn0
1

in0 ← in0 + 1 i← i+ 1

I∗ ← IM (ti−1) +
∑M

n=1

∑P
j=1 α

nn0
j

I∗
∑M

n=1

∑P
j=1 α

nn0
j n0

U  U[0,1] s← s−
1

I∗
U

s > T

D  U[0,1]

D ≤
IM (s)

I∗

tn0
in0 ← s n0

In0−1(s)
I∗

< D ≤
In0(s)

I∗
ti ← tn0

in0

I∗ ← IM (s)

{{tni }i}n=1,...,M

{ti, zi}i M {tni }i, n = 1, . . . ,M



µ(t) λ(t) = µ(t) +
∑

ti<t g(t− ti)

δt ∆t

∆t >> δt

δ−1(i, j) = m (ti − tj) ∈ [mδt,mδt+ δt]

∆−1(i) = m ti ∈ [m∆t,m∆t+∆t]

Am = {(i, j) ∈ [1, n]2|(ti − tj) ∈ [mδt,mδt+ δt]}

Bm = {i ∈ [1, n]|ti ∈ [mδt,mδt+ δt]}
µm = µ(m∆t)

gm = g(mδt) k

k

ti > tj

pkij =
gk
δ−1(i,j)(ti − tj)

µk
∆−1(i)

+
∑i−1

j=1 g
k
δ−1(i,j)

(ti − tj)
=
gk
δ−1(i,j)(ti − tj)

λk(ti)
,

pkii =
µk∆−1(i)

µk
∆−1(i)

+
∑i−1

j=1 g
k
δ−1(i,j)

(ti − tj)
=
µk∆−1(i)

λk(ti)
.

gk+1
m =

1

nδt

∑

(i,j)∈Am

pkij ,

µk+1
m =

1

∆t

∑

i∈Bm

pkii.









X

(Ω,F , (Ft)t≥0,P)
σt

X [0, T ]
i∆n ∆n =

T
n

X

∆n
i X = Xi∆n − X(i−1)∆n

B̂

p > 0 p ∆n B̂(p,∆n)t =

[ t
∆n

]
∑

i=1

|∆n
i X|p

p > 0 p

U mp = E(|U |p) = 2p/2√
π
Γ(
p+ 1

2
)

p > 2 k ≥ 2

Ŝ(p, k,∆n)t =
B̂(p, k∆n)t

B̂(p,∆n)t
∆n → 0 Ŝ(p, k,∆n)t → 1 X Ŝ(p, k,∆n)t → kp/2−1 X

Γ z

Γ(z) =
∫ +∞

0
tz−1e−tdt



∫ t

0 |σs|pds
α > 0 ω̄ ∈ (0, 12) Â(p,∆n)t =

∆
1−p/2
n

mp

[ t
∆n

]
∑

i=1

|∆n
i X|p1{|∆n

i X|≤α∆ω̄
n} X Ŝ(p, k,∆n)t → kp/2−1

√

V̂ c
n,t V̂ c

n,t =
∆nM(p, k)Â(2p,∆n)t

Â(p,∆n)2t

X p ≥ 2
Ŝ(p, k,∆n)t − kp/2−1

(V̂ c
n,t)

1/2

F

Cc
n,t = {Ŝ(p, k,∆n)t < ccn,t} α ∈ (0, 1) zα α

p > 3 ccn,t = kp/2−1 − zα

√

V̂ c
n,t V̂ c

n,t =

∆nM(p, k)Â(2p,∆n)t

Â(p,∆n)2t
α p = 4

k = 2 ccn,t = 2− zα

√

160∆nÂ(8,∆n)t

3Â(4,∆n)2t

Ŝ(p, k,∆n)t
1
k

1
k2

Ŝ(p, k,∆n)t
X

i∆n

X Z Z = X+ǫ
ǫ X

X ∆n
i X = Xi∆n − X(i−1)∆n

g

kn∆n kn = [ θ√
∆n
] θ > 0

ḡ(p) =
∫
|g(s)|pds ḡ′(p) =

∫
|g′(s)|pds

gni = g( i
kn
) g′ni = gni − gni−1

X Z Z̄(g)ni =

P (U > zα) = α



kn−1∑

j=1

gnj∆
n
i+jZ Ẑ(g)ni =

kn∑

j=1

(g′nj∆
n
i+jZ)

2

V (Z, g, q, r)nt =

[ t
∆n

]−kn
∑

i=0

|Z̄(g)ni |q|Ẑ(g)ni |r

p ≥ 4 p

V̄ (Z, g, p)nt =

p/2
∑

l=0

ρ(p)lV (Z, g, p − 2l, l)nt (ρ(p)j)j=0,...,p/2

ρ(p)0 = 1

j
∑

l=0

2lm2j−2l
(
p−2l
p−2j

)
ρ(p)l = 0

j = 1, 2, ..., p/2

g h γ = ḡ(2)

h̄(2)
γ′ = ḡ(p)

h̄(p)
γ′′ = γp/2

γ′

SRJ(g, h, p)n =
V̄ (Z, g, p)nT
γ′V̄ (Z, h, p)nT

SRJ(g, h, p)n →

1 X → γ′′ X

h(s) = g(sk) k > 1
SRJ(g, h, p)n → 1 X → kp/2−1 X

φ ψ w ≥ 1 w′ ∈ {0, ..., 2w}

a(φ, ψ)t =

∫ 1+1∧t

1∨t
φ(u− 1)ψ(u− t)du

a′(φ, ψ;w,w′)t =

[w′/2]
∑

r=0

(
w′

2r

)
m2rm2w−2ra(φ, φ)

w−w′
1 a(φ, ψ)w

′−2r
t (a(φ, φ)1a(ψ, ψ)1 − a(φ, ψ)2t )r

A(g, h;w)t =
∑

l,l′∈{0,...,p/2}
l+l′≤p−w

[

(2w)∧(p−2l′)
∑

w′=(2w−p+l)+

ρ(p)lρ(p)l′
(
2w−w′
p−2l

)(
w′

p−2l′
)

(2ḡ′(2))l(2h̄′(2))la′(g, h;w,w′)ta
′(g′, h′; p− l − l′ − w, p− 2l′ − w′)t]

A′(g, h;w) =

∫ 2

0
A(g, h;w)tdt− 2m2

pḡ(2)
p/2h̄(2)p/21{w=p}

Σc
R,J,n un = α∆ω̄

n

(mr)



α > 0 1
12 < ω̄ < 1

4

V ∗(Z, g, q, r)nt =

[ t
∆n

]−kn
∑

i=0

|Z̄(g)ni |q1{|Z̄(g)ni |≤un}|Ẑ(g)
n
i |r

M∗(g, h, φ)nt = ∆1−p/2
n

p
∑

w=0

θA′(g, h;w)

m2w2p−wφ̄(2)wφ̄′(2)p−w

w∑

l=0

ρ(2w)lV
∗(Z, φ, 2w − 2l, p+ l − w)nt

Σc
R,J,n =

M∗(g, g, φ; p)nT − 2γp/2M∗(g, h, φ, p)nT + γpM∗(h, h, φ; p)nT
(∆

1−p/4
n V̄ (Z, g, p)nT /γ

′′)2

X

F
t t =

SRJ(g, h, p)n − γ′′

(∆n)1/4
√

Σc
R,J,n

α ∈ (0, 1)

Cc
n = {SRJ(g, h, p)n < γ′′ − zα∆1/4

n

√

Σc
R,J,n}

t

t

p = 4 ω̄ = 0.249 g(x) = (0.5 − |x − 0.5|)+
k = 2 h(x) = g(2x) φ = g γ′′ = 2

kn = 100
un = C(V̄ (Z, g, 2)nT /T )

1/2∆0.249
n C = 5
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