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Résumé

L’estimation paramétrique de la fonction de covariance d’un processus Gaussien est étudiée, dans
le cadre du modéele de Krigeage. Les estimateurs par Maximum de Vraisemblance et Validation
Croisée sont considérés. Le cas correctement spécifié, dans lequel la fonction de covariance du
processus Gaussien appartient & I’ensemble paramétrique de fonctions de covariance, est d’abord
traité dans un cadre asymptotique par expansion. Le plan d’expériences considéré est une grille
réguliére multidimensionnelle perturbée aléatoirement. Un résultat de consistance et de normal-
ité asymptotique est montré pour les deux estimateurs. Il est ensuite mis en évidence que des
amplitudes de perturbation importantes sont toujours préférables pour l'estimation par Max-
imum de Vraisemblance. Le cas incorrectement spécifié, dans lequel ’ensemble paramétrique
utilisé pour estimation ne contient pas la fonction de covariance du processus Gaussien, est
ensuite étudié. Il est montré que la Validation Croisée est alors plus robuste que le Maximum
de Vraisemblance. Enfin, deux applications du modéle de Krigeage par processus Gaussiens
sont effectuées sur des données industrielles. Pour un probléme de validation du modéle de
frottement pariétal du code de thermohydraulique FLICA 4, en présence de résultats expéri-
mentaux, il est montré que la modélisation par processus Gaussiens de erreur de modéle du
code FLICA 4 permet d’améliorer considérablement ses prédictions. Enfin, pour un probléme de
métamodélisation du code de thermomécanique GERMINAL, I'intérét du modéle de Krigeage

par processus Gaussiens, par rapport a des méthodes par réseaux de neurones, est montré.

Abstract

The parametric estimation of the covariance function of a Gaussian process is studied, in the
framework of the Kriging model. Maximum Likelihood and Cross Validation estimators are
considered. The correctly specified case, in which the covariance function of the Gaussian process
does belong to the parametric set used for estimation, is first studied in an increasing-domain
asymptotic framework. The sampling considered is a randomly perturbed multidimensional
regular grid. Consistency and asymptotic normality are proved for the two estimators. It
is then put into evidence that strong perturbations of the regular grid are always beneficial
to Maximum Likelihood estimation. The incorrectly specified case, in which the covariance
function of the Gaussian process does not belong to the parametric set used for estimation, is
then studied. It is shown that Cross Validation is more robust than Maximum Likelihood in
this case. Finally, two applications of the Kriging model with Gaussian processes are carried out
on industrial data. For a validation problem of the friction model of the thermal-hydraulic code
FLICA 4, where experimental results are available, it is shown that Gaussian process modeling
of the FLICA 4 code model error enables to considerably improve its predictions. Finally, for a
metamodeling problem of the GERMINAL thermal-mechanical code, the interest of the Kriging

model with Gaussian processes, compared to neural network methods, is shown.
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Chapter 1

Introduction

The analysis of computer experiments

In the past decades, a new field of statistics, the design and analysis of computer experiments
([SWMW89], [SWNO03]), has gradually gained a lot of interest from the statistical community,
from both a theoretical and applied point of view. In this thesis, we define a computer experiment
by the collection of an input point @, a computer model function f,,.q, and the output of the
simulation y = fped(x). The term computer experiment means that the use of the computer
model f,,,4, for obtaining the simulated value of a given phenomenon of interest at «, shares
several characteristics with the classical notion of physical experiment.

The first point is that a computer simulation is potentially costly (in terms of time and
of hardware necessary for the simulation), so that it is already an issue in itself to select the
simulation input @ that would give the maximal amount of information, for the minimal cost.
Shall this input point be specified, recent computer simulators come with a large number of
optional parameters, that also have to be fixed. These parameters enable the computer model
to be a versatile and accurate representation of reality, but add more complexity for the simulator
user. Finally, since computer models address more and more complex physical phenomena (in
particular, multi-physics or multi-scale phenomena), it is not yet certain that their accuracies
are sufficient, for the considered applications.

We have hence, informally, listed three main problems related to computer experiments.
First, for computational cost reasons, the computer model function f,.q4(x) can not be calcu-
lated for arbitrarily many inputs &. This makes it computationally prohibitive to directly solve
the calibration and validation problems, that we present below, as well as to address other analy-
ses involving many calls to the f,,,q function (such as sensitivity analysis or global optimization).
The set of techniques for building a cheap and reasonably accurate approximation of this func-
tion constitutes the field of metamodeling. In this thesis, we study meta-modeling methods in
which the computer model function is treated as a black box, known only from its inputs and
outputs. Thus, a meta-model fmod(a:) of fmoa() is built from a set (M), ), ..., (2™ y,) of
input and output points.

Calibration corresponds, when an input point « is fixed for the computer model f,,,4, to fix

the optional parameters necessary to carry out the simulation. The computer model function



is thus denoted fp04(x, 3), where 3 is the calibration parameter and has to be fixed prior to
carrying out a computer experiment for the input x. It may also be expected that an uncertainty
quantification be associated to the selected value for 3.

Validation is the problem of quantifying the discrepancy between the computer model, ideally
calibrated, and the true underlying physical system. More precisely, denoting freq(x) the
variable of interest of the physical system at @, we are interested in quantifying the residual

error freai(x) — fmoa(x, B), when 3 is correctly calibrated.

Gaussian process models

The central probabilistic notion that we consider in this thesis, for addressing the calibration,
validation and meta-modeling problems presented above, is the notion of Gaussian process. In
this context, a Gaussian process is considered as a Bayesian a priori distribution on a determin-
istic function [RWO06]. More precisely, the deterministic function is either the computer model,
for the meta-modeling problem, or possibly the deterministic error function between the physical
system and the correctly calibrated code, for the validation problem.

Gaussian processes have become popular for representing random functions, because of their
tractability (all linear functionals of a Gaussian process remain Gaussian variables), their con-
ceptual simplicity (they are defined only by a mean and a covariance function) and the fact that
they constitute a reasonable representation for a large class of deterministic continuous functions.
Furthermore, Gaussian process models yield confidence intervals, for the value of a random func-
tion at particular input points, that are easily computable. Note here the parallelism between
the utilization of Gaussian processes for representing, say, a deterministic computer model, and,
since a longer time, the utilization of random processes to represent a deterministic geostatistical
function. This last paradigm is known as Kriging [Mat70].

The treatment of a Gaussian process model is most classically carried out in a two-step
approach. First, the mean and covariance functions of the Gaussian process are estimated from
a data set, that is a set of input and output points stemming from the same trajectory of the
Gaussian process. The estimation of the covariance function is generally carried out within a
fixed parametric family, so that it boils down to estimating a finite number of hyper-parameters,
characterizing it. The mean function is most of the times selected in a linearly-parameterized set.
Second, the covariance function is fixed to the obtained estimate, so that, using simple matrix-
vector formulas the conditional distribution of any linear functional of the Gaussian process,
given the observed values, remains Gaussian and can be computed. The uncertainty resulting
from the estimation of the linearly-parameterized mean function is also taken into account with
explicit formula.

Concerning the covariance function estimation, the most widely used estimation method is
the Maximum Likelihood method [MM84]. The popularity of this method is notably justified
by the attractive general properties of asymptotic consistency and normality for Maximum
Likelihood estimators. These general properties can indeed be verified in the Gaussian process
framework [MM84].

Another estimation method is the Cross Validation method [Dub83], [ZW10]. This method

10



CHAPTER 1. INTRODUCTION

consists in defining an empirical, cross-validation based, prediction criterion on the data set of
the Gaussian process. Hence, an attractive feature is that Cross Validation selects a covariance
hyper-parameter directly according to its empirical prediction results on the data set, and that
the prediction criterion can be chosen. This shall make it possible, for the Cross Validation
method, to yield particularly robust estimations, according to the selected criterion. Particularly,
in this thesis, we show in chapter 6, that, for approximating the conditional mean function and
the pointwise conditional variances of the Gaussian process, a Cross Validation procedure is more
robust than Maximum Likelihood, to misspecifications of the parametric family of covariance
functions.

Both the Maximum Likelihood and Cross Validation estimators are defined as minimizing
criteria of the observed values, that have explicit matrix-vector expressions.

Notice that, while the criterion to minimize is well-defined for Maximum Likelihood, Cross
Validation is, as we have said, a general method yielding several possible criteria [ZW10], [RW06].
These criteria could be more or less appropriate, according to the objective of the Gaussian
process model (e.g. simply approximating the conditional mean function of the Gaussian process,
according to the observations, or approximating its full conditional distribution). We consider
the choice of the Cross Validation procedure as an open problem. In this thesis, we have chosen to
address the natural Cross Validation criterion that consists in the Leave-One-Out mean square
prediction error, which is associated to the objective of approximating the conditional mean
function of the Gaussian process.

Despite the conceptual simplicity of Gaussian process models, the problem of the covariance
function estimation (for example of which covariance function estimator to use), and of the
quantification of the influence of estimation on prediction, is not fully understood yet. The main
obstacle for a complete mathematical treatment is the dependence between all the observations
that are made of a Gaussian process. Notice also that the estimators of covariance hyper-
parameters are only known as being statistical M-estimators, with an explicit criterion function.
Furthermore, for a fixed covariance function, even if the prediction formulas are explicit, it is
not easy to derive general conclusions from them, notably because they incorporate an inverse
matrix term.

As a consequence, most general theoretical results in the direction of covariance function
estimation and of its influence on prediction are asymptotic (in the sense that the number of
observation points goes to infinity). The reader may refer to [MM84] and e.g. [Yin91], [Zha04]
for an asymptotic analysis of the Maximum Likelihood estimator. Concerning asymptotic results

for the prediction problem, we refer to [Ste99].

Contributions of the thesis

The thesis makes several significant contributions to the field of Gaussian process modeling
for the analysis of computer experiments. First, the covariance function estimation problem is
investigated, from both a finite sample and an asymptotic point of view. In particular, the Cross
Validation estimator is analyzed, and compared with Maximum Likelihood, and the impact of

the design of experiments on the quality of the covariance function estimation is studied.
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Second, the utilization of Gaussian process models for calibration, validation and meta-
modeling of computer models is treated, from the methodological point of view, and in two

real-case studies on two industrial computer models.

Organization of the manuscript

The thesis is organized into three parts. Part I constitutes a review of the state of the art
regarding Gaussian process modeling.

In chapter 2, we review the finite-sample treatment of Gaussian process models, when the
covariance function is fixed. We describe the influence of the covariance function on the nature
of the trajectories of the Gaussian process, and we review the classical covariance function
families, that we use in the thesis. We also review a variety of explicit formulas and methods
for prediction, conditional simulation and Cross Validation. For Cross Validation, we propose
practical and simple matrix-vector formulas, obtained form the virtual Cross Validation formulas
of [Dub83].

In chapter 3, we address covariance function estimation for Gaussian processes. The chapter
starts with an introduction to statistical parametric estimation. The most classical asymptotic
consistency and efficiency results, for the Maximum Likelihood estimator with independent and
identically distributed observations, are presented. Then, the different Maximum Likelihood and
Cross Validation methods for covariance function estimation are introduced. A large variety of
explicit formulas, including the gradients of the criteria, are gathered, which can be useful from
a practical point of view.

Chapter 4 constitutes an introduction to the existing asymptotic results for Gaussian process
models. First, the two classical fixed-domain and increasing-domain asymptotic frameworks
are presented. Then, fixed-domain asymptotic results are discussed for prediction with fixed
covariance function. These results concern the asymptotic consistency of Kriging predictions
and a quantification of the asymptotic influence of the covariance function choice. Finally,
the existing asymptotic results on covariance function estimation by Maximum Likelihood are
presented.

Part II is dedicated to our contributions to the covariance function estimation problem for
Gaussian processes.

In chapter 5, we address an increasing-domain asymptotic framework, which yields three
main conclusions. First, we prove that, in this favorable context for estimation where Maximum
Likelihood is known to be consistent and asymptotically normal, Cross Validation is also consis-
tent and has the same convergence rate as Maximum Likelihood. This is a desirable theoretical
result, for Cross Validation to be considered in practice. Second, we confirm that Maximum
Likelihood yields a smaller asymptotic variance than Cross Validation. Indeed, chapter 5 ad-
dresses what we call the well-specified framework, where the true covariance function of the
Gaussian process does belong to the parametric family used for estimation. Maximum Like-
lihood estimators are classically preferable in this context. The third conclusion of chapter 5
concerns the impact of the spatial sampling on the covariance function estimation, for the Max-

imum Likelihood and Cross Validation estimators. An asymptotic confirmation is given to the
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CHAPTER 1. INTRODUCTION

commonly admitted fact that using groups of observation points with small spacing is beneficial
to covariance function estimation. Finally, the prediction error, using a consistent estimator of
the covariance parameters, is analyzed in details.

In chapter 6, we carry out a finite-sample comparison of Maximum Likelihood and Cross
Validation in what we call the misspecified framework. This means that the true covariance
function of the Gaussian process does not belong to the parametric family of covariance func-
tions used for estimation. In this context, we show that Cross Validation is more robust than
Maximum Likelihood. We follow a two-step approach. In a first step, we address theoretically
the case of the estimation of a single variance hyper-parameter, where the correlation function
is fixed and misspecified. Then, we numerically confirm the results of the first step, in the case
where variance and correlation hyper-parameters are estimated from data.

In part III, we address the application of Gaussian process models to the calibration, vali-
dation and metamodeling of computer models.

In chapter 7, we review the existing methodologies for addressing calibration and validation.
These two problems can equivalently be considered as the problem of modeling the discrepancies
between a set of experimental results, and the associated set of computer-model results.

We distinguish two classes of methods. First, we review the methods considering the under-
lying physical system as intrinsically random. This randomness is governed by a randomness in
the calibration parameters of the computer model, so that the goal is to estimate their distri-
bution. We hence review the existing methods, relying or not on a linear approximation of the
computer model with respect to its calibration parameters.

The second class of methods for calibration and validation treats the physical system as
deterministic, and introduce the notion of model error. The model error is the bias between the
physical system and the perfectly calibrated computer model. It is represented by a trajectory
of a Gaussian process. We introduce the different objectives associated to this statistical model,
and we review the methodology, in the case where no linear approximation of the computer model
is done. The most important feature of this methodology is that, eventually, the prediction of
the physical system for an input point x, where no experiments have been done, is composed of
the calibrated code, completed by an inference of the model error function at x.

We then present the simplifications of the method above when a linear approximation of the
computer model is done, with respect to its model parameters. This is the case we focus on in
this thesis.

In chapter 8, we apply the Gaussian process modeling of the model error, with the linear
approximation of the computer model with respect to its model parameters, to the thermal-
hydraulic code FLICA 4, for which a set of experimental results is available. We show that
taking the model error into account (that is to say, predicting an experimental result by the
calibrated FLICA 4 code completed by the model error inference) yields a significantly smaller
prediction error than when using only the calibrated FLICA 4 code.

In chapter 9, we address the meta-modeling of the GERMINAL thermal-mechanical code.
The meta-modeling method consists in a classical Gaussian process model, in which the GER-
MINAL computer model is represented as a trajectory of a Gaussian process. We show that

the Gaussian process model yields good prediction results, compared to an alternative meta-

13



modeling method based on an artificial neural network, that has also been applied to the GER-
MINAL thermal-mechanical code. Furthermore, the probabilistic model, underlying the Gaus-
sian process predictions, enables to select automatically outlier points in a base of results of
the GERMINAL thermal-mechanical code. This is an attractive practical feature of Gaussian
process models, since it is prohibitive to check manually the validity of all the GERMINAL
results. It is confirmed that the output points that are selected by the Gaussian process model
do correspond to computation failures of the GERMINAL code.
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Kriging models
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Chapter 2

Kriging models with known

covariance function

In this chapter we present classical results on Kriging models, in the case when the covariance
function of the Gaussian process is assumed to be known. The mean function is either known,
or assumed in a linear, finite-dimensional family of functions.

In section 2.1, we present the basic properties for Gaussian processes. These properties are
for instance stationarity and regularity. Then, we show how these properties are linked with
the covariance function of the Gaussian process. We conclude the section by presenting the
covariance function families we study in the thesis, and the associated properties of regularity.

In section 2.2, we address prediction and conditional simulation, when a set of observed
values is available for the Gaussian process. We present the simple, ordinary and universal
Kriging frameworks, and we review the most classical formulas of the literature for prediction
and conditional simulation. Then, we present the Cross Validation concepts, and we give the
associated virtual Cross Validation formulas. Finally, we give a few words on the parallelism

between Gaussian process prediction and ridge regression in Reproducing Kernel Hilbert Space.

2.1 (Gaussian processes

2.1.1 Definition and properties of Gaussian processes
Random processes

We give a short introduction to random processes. For further reference on random processes
(including the mathematical construction), we refer, e.g, to the chapter seven of the monograph
[Bil12].

In all the manuscript, we consider a domain of interest D C R?. The main probabilistic

notion we use for Kriging models is the notion of random process, presented in definition 2.1.

Definition 2.1. A real-valued random process (or random function) on D is an application Y,
that associates a random variable Y (x) to each x € D. All the random variables Y (x), for

x € D, are defined respectively to a common probability space (2, F, P).

16



CHAPTER 2. KRIGING MODELS WITH KNOWN COVARIANCE FUNCTION

Remark 2.2. In the manuscript, mention to the probability space (0, F, P) is generally omitted,
for concision. Nevertheless, the probability space is sometimes explicitly used, particularly in

chapter 5.

The fact that the probability space is common for the random variables Y (x), © € D, is very
important. Indeed, it enables to talk about the trajectories of a random process, as presented
in definition 2.3.

Definition 2.3. For each fized w € ), the real-valued function x — Y (w, x) is called a trajectory

(or a realization or a sample function) of the random process Y .

Let us consider an example for definitions 2.1 and 2.3. With (2, F, P) a probability space
and U a real random variable on (2, F, P), following the uniform distribution on [—m, 7|, we
consider the random process Y (w,z) = cos (U(w) + x). The random process Y is a sinusoid
with deterministic period and random phase. Its trajectories are sinusoid with period 27, and
the phase varies among the trajectories.

The notion of trajectory of a random function of definition 2.3 is at least as important as
the formal definition 2.1 from an interpretation point of view. Indeed, in the same way as a
random number is a number that can change according to a random phenomenon, a random
function is a function that can change according to a random phenomenon. In the manuscript,
we will essentially postulate that a deterministic function is actually a trajectory of a random
function. The interpretation is that a deterministic function can be seen as the result of a "past"
random phenomenon (which is unknown and now over). Hence it is conceivable that the random
phenomenon could have had different results, which would have yielded different deterministic
functions.

The fact that the probability space is common for the random variables Y (x), € D is also

important to define the finite-dimensional distributions of a random function, in definition 2.4.

Definition 2.4. For any n points V), ...,x™ € D, the multidimensional probability distribu-
tion of the random vector Y (x™M),....Y (™) is called a finite-dimensional distribution of the

random function Y.

The notion of finite-dimensional distribution is the basis of the predictions and conditional
simulations of section 2.2. Roughly speaking, the fact that there is a probability distribution
for the random vector (Y (), ..., Y (2(™),Y (z)) enables us to predict the value of Y (z), after
observing the values of YV (), ..., Y (x(™).

Introduction to the multidimensional Gaussian distribution

We give a short introduction to the Gaussian multidimensional distribution. For other introduc-
tions to the multidimensional Gaussian distribution, we refer e.g to appendix B.1 of [SWNO03]
or appendix A.2 of [RWO06].

Consider n > 1 and a real random vector y = (y1, ..., ¥ ). This random vector is said to be

a Gaussian vector if the two following equivalent conditions are verified.

e For any ay,...,a, € R, the random variable ZLI a;y; follows a Gaussian distribution.

17



2.1. GAUSSIAN PROCESSES

e There exists a vector m of size n and a n X n non-negative matrix K so that the random

vector y has characteristic function u — exp (iu'm — Ju'Ku)

If the two conditions are verified, we will write it y ~ N (m,K) and furthermore we have
m = E(y) and K = Cou(y).

When K is non-singular, the probability density function of y at € R™ is, with m = E(y)
and K = Cov(y)

(27T)21\/® exp (—;(m —m)'K ' (x — m)), (2.1)

where |K]| stands for the determinant of K.

When K is singular, there exists a hyperplane of R™ which is the support of y (meaning that
y almost surely belongs to this hyperplane) and so that, restricted on this hyperplane, y has a
probability density function of the form (2.1) (with respect to the Lebesgue measure over the
hyperplane).

We conclude the introduction to the multi-dimensional Gaussian distribution by stating the

Gaussian conditioning theorem.

Theorem 2.5. Consider a Gaussian vector of size n = nj + ny of the form

y N m() Kin Kipg
y? m® |’ Ko Kso
Then, when K, 1 is non-singular, conditionally to y® = oW 4@ follows a
N(m® + Ky K (v = mY), Ky p — Kz 1 KT 1K) o)

distribution.

Roughly speaking, theorem 2.5 gives, from two Gaussian vectors, the distribution of the
second one conditionally to the first one. The fact that this conditional distribution remains
Gaussian is remarkable, and is one of the reasons for the popularity of Gaussian-based proba-

bilistic models.

Remark 2.6. In theorem 2.5, at first sight, it seems necessary that the ny x ny matriz K, ;
be non-singular. We now give a short discussion on how to proceed when K i is singular. The
important point is that the mathematical definition of conditional distributions is still valid when
the conditioning random vector is redundant. For instance, for two random variables X, Z, the
conditional distribution of X according to the degenerate random vector (Z,Z) is well-defined
and is simply the conditional distribution of X according to Z.

In the case when K, 1 is singular, there ezists n} < ni, a n} x ny matriz Py and a (nq —
ny) x ny matriz Py so that Ply(l) has a non-singular covariance matriz and ng(l) =0 almost
surely. Then the support of y is a hyperplane of dimension n} (meaning that y almost surely
belongs to this hyperplane), so that L(y®|yM) = Ly |P1y™D).

Hence, with Cov(y®, P1yM) = Ky 1P} and Cov(P1yM) = P1K, 1 PL, we get from theorem
2.5

r (y(2>|y<1> — v(l)) _

N [m@) + K2,1P§(P1K1,1P§)71P1(’U(l) —mW), Koo — K2,1Pt1(P1K1,1P§)71P1K1,z} ;
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CHAPTER 2. KRIGING MODELS WITH KNOWN COVARIANCE FUNCTION

so that there is also a matriz-vector formula in the case where K 1 is singular.
Consider now a symmetric SVD (see e.g. [GLI6]) Ki 1 = UDU! with orthogonal ny X ny
matriz U and diagonal matriz D with diagonal values Ay > ... > Apy > Ar 1 = o = Ay, = 0.

Let, with ny x ny matriz Uy, and ny x (ny —n}) matriz Uy, v,

U= Un’7 Un —n’
1 1 1

Then Py and Py can be Ufl,l and Ufh_

ny x n} diagonal matriz with diagonal values Ay, ..., A/,

.. This yields, with Ky 1 = UniDn’lU;’y with D,,; the

n

EyPy® =oM) = m® +K,,U, (U}, Uy D,y Uy, U, )~ ', (v —m)

’
1

= m® 4 K,,U, D, Uy, (v —mW)
and

COU(y(Q) ‘y(l) = ’U(l)) = K2,2 — K2,1Un/l (Ufl/l Un’1 Dn/l Ufl/l Un/1 )—1U$7/1K1,2
= K2,2 - K2,1Un’1D;/11U2/1K1’2.

Hence, we see that we can compute E(y(2)|y(1) = V(l)) by using a SVD of the singular matriz
K,1. Therefore, the computational cost is of the same order as in the non-singular case. Note
also that the matriz K ; := U”,lD;/llU’;,1 is a pseudo inverse of Ki 1 that is to say, it verifies
K1,1K1_,1K1,1 =K, and K£1K171Kil = K1_,1- Hence, remark 2.6 can be summarized by the
easy to remember rule: if Ky 1 is singular, replace its inverse by the pseudo-inverse above in the
formulas for the Gaussian conditioning theorem.

Finally, when the matriz K, is theoretically non-singular but ill-conditioned, it may be

advised to approzimate its lowest eigenvalues by zero and to use the formulas of remark 2.6.

Gaussian processes

In the manuscript, we especially study a particular class of random processes: the Gaussian
processes. These processes are based on the multi-variable Gaussian distribution presented

above.

Definition 2.7. A random process is a Gaussian process if its finite-dimensional distributions

are multidimensional Gaussian distributions.

Assuming that a random process at hand is Gaussian is classical for several reasons. First,
the Gaussian distribution is generally an acceptable choice to model the statistical distribution
of a random variable which has a priori reasons to be symmetric, unimodal, and with probability
density function decreasing when one goes away from the mean value.

Second, as we see in section 2.2, using a Gaussian process considerably simplifies the treat-
ment of a given problem at hand, both conceptually and in practice. Conceptually, it ensures
that the overall random process is easy to define, and that is stays Gaussian after conditioning
to a set of observation points (theorem 2.5). In practice, linear finite-dimensional treatments

boils down to classical vector-matrix formulas that have a relatively low computational cost.
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2.1. GAUSSIAN PROCESSES

Finally, let us also mention that, among the different classes of random processes, the Gaus-
sian processes are the ones for which the most theory has been done. For example, there exists
several monographs giving detailed results for Gaussian processes, for instance on the properties
of the trajectory functions ([Adl90]) and on the prediction problem ([Ste99]).

In the rest of the manuscript, we always consider Gaussian processes. Nevertheless, many

notions or results that are presented hold for general random processes.

Mean and covariance functions

A multidimensional Gaussian distribution is characterized by its mean vector and its covariance
matrix. In the same way, a Gaussian process is characterized by its mean and covariance

functions, that are defined below.

Definition 2.8. The mean function of a Gaussian process Y is the application m: D — R,
defined by m(x) = E(Y (x)).

Definition 2.9. The covariance function of a Gaussian process Y is the application K: DxD —
R, defined by K(x,y) = Cov(Y (x),Y (y)).

In definition 2.8 and 2.9, the mean function can be any function m: D — R. However there
is an important constraint on the covariance function K. Indeed, for any "), ..., (™ € D, the
n x n covariance matrix K, defined by K; ; = K(z®,2()), must be non-negative. Hence, the

covariance function K must be positive-definite, as defined in definition 2.10.

Definition 2.10. A function K: D x D — R is positive definite if, for any V..., x(") € D,

the n x n covariance matriz K, defined by K, ; = K(w(i),m(j)), 18 mon-negative.

A positive-definite function is also called a kernel, and its application to the general field of
machine learning has yielded the denomination of kernel methods. There is a fair amount of
literature on studying the positive-definiteness of bivariate functions K: D x D — R (e.g [SS02],
ch.13).

In subsection 2.1.2, we give a review of the covariance functions we consider in the manuscript.

Stationarity

The notion of stationarity corresponds to a random process which has the same behavior, re-

gardless of the location on the domain D. The precise definition is given below.

Definition 2.11. A random process Y is stationary if, for all zV ..., x(") € D and h € R?, s0
that V) + h, ..., ") + h remain in D, the finite-dimensional distribution of Y at V), ... x(™

is the same as the finite-dimensional distribution at V) + h, ...,z + h.

When modeling a deterministic function as the trajectory of a Gaussian process, assuming
stationarity corresponds to considering that the deterministic function has the same nature (in
terms of regularity and variation scale) in all the domain. This is the most classical case, that we
consider in all the manuscript. Concerning non-stationary Gaussian processes, let us mention
that they start to be proposed in operational Kriging packages, like DiceKriging ([RGD12]).

For a Gaussian process, stationarity is characterized in terms of conditions on the mean and

covariance functions, presented in definition 2.12 and proposition 2.13.
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CHAPTER 2. KRIGING MODELS WITH KNOWN COVARIANCE FUNCTION

Definition 2.12. Let D, = {m(l) —x@ 2 2 ¢ D}. A covariance function K is stationary
if it can be written, for any £V, £®? € D, K(xW,£®?) = K(xW) —x®), where, for convenience
of motation, we use the same notation K for both a bivariable function K : D x D — R and a

monovariable function K : Dy — R.

Proposition 2.13. A Gaussian process is stationary if and only if its mean function is constant

and its covariance function is stationary.

Proof. If the mean function is constant and the covariance function is stationary, the Gaussian
vectors (Y (zM),...,Y(z™)) and (Y (z™ +h),...,Y (2™ + h)) have the same mean vector and
covariance matrix. Hence, they have the same distribution.

Let m be the mean function. If there exists h so that m(z) # m(x + h), then the random
variables Y (x) and Y (« + h) do not have the same mean. Let K be the covariance function. If
there exists h, (1) 2(?) so that K(x™), 2?)) # K(z™) + h, 2 +h), then the Gaussian vectors
(Y(2M),Y(2®?)) and (Y(z™ + h),Y(z® + h)) do not have the same covariance matrix. []

We conclude the discussion on stationarity by presenting the Bochner’s theorem, which states
that any continuous stationary covariance function is the Fourier transform of a non-negative

measure.

Theorem 2.14. A continuous function K : R* — R is positive definite if and only if it can be

written as K (x) = [q p(dw)e!®, where i is a finite non-negative measure.

A proof of theorem 2.14 is given in [GS74], p.208. Let us just mention that this result is

intuitive since, for any aq, ..., a, € R, when K is positive definite

n .

§ :a‘e(iw.m(l))
?

i=1

2

b

4,J=1

so that it makes sense that the measure p is non-negative.

Regularity

Since continuity and differentiability are important features of deterministic functions, and since
we aim at modeling deterministic functions as Gaussian process trajectories, the following no-
tions of regularity for a Gaussian process are important.

The two most used notions are mean square regularity, and almost sure regularity of the
trajectories. Roughly speaking, the former notion is the most convenient to handle mathemati-
cally, and the latter notion makes the most sense from an applied point of view. Indeed, as we
see in definition 2.18, almost sure regularity is an information related to the only trajectory of
a Gaussian process that the practitioner has at hand.

We now give the definitions of mean square continuity and mean square derivability.

Definition 2.15. A Gaussian process Y is mean square continuous on D if, for any (©) € D,

Y (x) goes to Y (x(?) in the mean square sense when x — x(©),

Definition 2.16. A Gaussian process Y is mean square differentiable on D if there exist d
Gaussian processes %Y. 2V so that, for any k € {1,....d},z®) € D, with e®) the k-th
1

g ey axd
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V(@ +the®)—y (2@
base vector, L& +Eh) @ )

goes to %Y(m(o)), in the mean square sense, when the scalar
k

h goes to zero.
By induction, we then define the notion of multiple differentiability.

Definition 2.17. A Gaussian process Y is k times mean square differentiable on D if it

is k — 1 times mean square differentiable, and for any ii,...,ix—1 € {1,...,d}, the Gaussian

process Ma ...33 Y is mean square differentiable, with mean square derivative processes
te—1 1

9 9 9 9 é) 9
Oz, 8Iik71 31371 ) Qg axik71 (9&311

In subsection 2.1.2, we will see that there is a simple relationship between the mean square
regularity of the Gaussian Process and the regularity of its covariance function.

We now define the notions of almost sure regularity.

Definition 2.18. A Gaussian process Y is almost surely continuous (k times differentiable)
if, almost surely on the probability space (Q, F, P), the function x — Y (w,x) is continuous (k
times differentiable).

Remark 2.19. In definition 2.18, unless stated otherwise, differentiability is defined in the

Frechet sense.

2.1.2 The relationship between the covariance function and the tra-

jectories of a Gaussian process

Relation between the regularity of the covariance function and the mean square

regularity

The two following propositions give simple relationships between the mean square regularity

and the regularity of the covariance function.

Proposition 2.20. Let D C R?. A centered Gaussian process Y is mean square continuous if
and only if its covariance function is continuous at each pair (x,x), x € D. Furthermore, if a

covariance function is continuous at each pair (x,x), x € D, then it is continuous on D x D.

Proof. The equivalence in proposition 2.20 is proved by writing E((Y (z +h) — Y (z))?) in terms
of the covariance function K. The second part is proved in [AdI81]. O

Proposition 2.21. Let D C R%. For a centered Gaussian process Y, for any k € N, i1,...,i; €

. . . . 92 92 . . . o F)
{1,...,d} if the derivative function T "'8327:,60%,9[( ezrists and is finite then W'”axiky

ezists in the mean square sense and is a Gaussian process.

Proof. The proof for k = 1 can be found in [CL67] for instance. The proof for k& > 1 is done by

induction on k by using

oY Yy PK(x™,x?)
(1) (2) =\ 7 7 2.2
Cov (G-t (e ) = LT (22)
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The relation (2.2) is shown by writing

(Y(m(l) + he®) =Y (x®) Y(x® + he) — Y(w(z)))
Cov . , h

1 . o1
K@D+ he® 2 1 he®) + oo K (2, 2)

L K@D, 2® 1 e,

1 .
— oK (@ o+ he®, 2®) -

B2
Now, if two random variables X; and X5 converge in the mean square sense, their covariance

converges to the covariance of their limits. Hence

0 0 o0 0
Cov( iY(EIZ ), 5 iY(:c )) = oz, 3yiK(ac ).

O
Concerning almost-sure regularity, we use the notion of a modification of a stochastic process.

Definition 2.22. Let Y7 and Y3 be two stochastic processes on D, with common probability
space (Q, F, P). Yy is a modification of Y1 if, for all x € D, Yi(x) = Ya(x) almost surely.

Concerning almost sure regularity, the two following propositions give sufficient conditions on
the covariance function for a Gaussian process to be almost-surely continuous and almost-surely
k times continuously differentiable.

Proposition 2.23, addressing almost sure continuity is proved in [AdI81].

Proposition 2.23. Let Y be a Gaussian process on D C R%, with covariance function K so

that there exists C < +oo and € > 0 so that, for | — x3)| small enough,

C
1) L@ (2) L)y _ 1 @
KW, W)+ K(x'9,2'9) - 2K (', 2'¥) < T [z — 2@

Then, there exists a Gaussian process Y , that is a modification of Y and that is almost surely

continuous.

Remark 2.24. In proposition 2.23, note that the Gaussian process at hand Y is not necessarily
almost surely continuous. Only a second Gaussian process 17, that is a modification of Y, is so.
This fact is illustrated in an elementary example in [Doo53]. The example is also presented in
[Vaz05], chapter 2.1.

Now in practice, for a Gaussian process verifying proposition 2.23, the almost surely contin-
wous modification Y always makes more sense than' Y when Y is not almost surely continuous.
Hence, we will always consider that we work with a modification of the Gaussian process Y

having the most almost sure reqularity. We will no longer mention this.

Because the condition in proposition 2.23 is expressed in terms of m, which
vanishes very slowly when |x(!) — 2(?)| goes to 0, it is argued in [Abr97] that all continuous
covariance functions can, in practice, be considered as yielding continuous trajectories almost
surely.

Proposition 2.25 addresses sufficient conditions for a Gaussian process to be almost-surely &
times differentiable. The interpretation is that it is sufficient that the covariance function be "a

bit more" than 2k times continuously differentiable.
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Proposition 2.25. Let k € N. Let Y be a Gaussian process on D, C R? with covariance
function K 2k times differentiable. Let, for any iy, ...,i; € {1,...,d},
02 0?

2 K@D, a®) = K(@,z®).
(TN (), 2™) Oz, 0yiy, 0, Oy, e

Assume that, for a > 3, and for |V — 2(?)| small enough,

C
1) (1) 2 (2) £(2)y _952 1) (2
WK (W 2 ) ron L K'Y, 2 ) —20; K(x', 2'Y) < e — 2@ (2.3)

2
ail .

yeenslls
Then the Gaussian process Y is almost-surely k times continuously differentiable.

Proof. The proposition, for d = 1 corresponds to [CL67], p185. We are not aware of a cor-
responding multi-dimensional formulation in the literature. Hence, we give a short proof for
consistency.

We show the proposition for £ = 1, the case k > 1 is proved by induction using the same
technique. Let &, h € D. The covariance function K of the one-dimensional Gaussian process
t — Y (x + th), defined on [—a, a] for positive a small enough, verifies

2 2 2

0zdy

K(t+dt,t+dt —K({,t) —2——K(t +dt,t) < ———.
(it dt) 4 Gy ™ 1)~ 2, U 400 <

Hence, from [CL67], p185, the one-dimensional Gaussian process ¢t — Y (x +th) is almost surely
C' on [—t,t].

Repeating the argument over h and @, we show that Y is almost surely Gateaux differen-
tiable. We have also shown that the Gateaux derivatives are almost-surely continuous. The
Gateaux derivatives in the almost-sure sense and in the mean square sense are equal (they both
correspond to the same limits in probability). The Gateaux derivatives in the mean square sense
are linear, because K is two times Frechet differentiable. Hence, almost surely, Y is Gateaux
differentiable, with linear and continuous Gateaux derivatives. Hence, Y is almost surely Frechet

differentiable with continuous gradient. O

For a stationary Gaussian process on R, the following proposition gives the simplest relation
for mean square regularity, that can also be characterized in terms of the Fourier transform of

the covariance function.

Proposition 2.26. For a stationary Gaussian process on R, the following assertions verify

i) The Fourier transform K of K (so that K () = fRK(w)eiwxdw) verifies

/w%f((w)dw < 400.
R

i1) The covariance function K of Y is 2k times differentiable.
i11) Y is k times mean square differentiable.
cLs . E PK(z1—x
Proof. From proposition 2.21 and the relation Cov(%(xl), %(xg)) = —#. O
Hence we have the rule of thumb "w?* K (w) is summable" implies "K (z) is 2k times differ-

entiable" implies "Y is k times mean square differentiable".
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Matérn model on R

Proposition 2.26 gives motivation for a covariance model where the regularity at zero is tunable,
or equivalently where the vanishing rate at +oo of the Fourier transform of the covariance
function is tunable. The Matérn model satisfies this, and its systematical use to model stationary
Gaussian processes is hence recommended ([Ste99]). The Matérn model is parameterized by the

hyper-parameters o2 > 0, £ > 0 and v > 0 and defined by

o LT (v+3) V) 1
K(UJ)—U Ezuﬁr(y) (4l%+w2)%+’/

(2.4)

We see that w?¥ K (w) is summable whenever v > k. Therefore, in view of propositions 2.25 and
2.26, v is called the smoothness hyper-parameter and Y is k times mean square differentiable
and k times almost-surely differentiable whenever v > k. The two other hyper-parameters o2

and ¢ have, we find, a clearer interpretation after giving the temporal equivalent of (2.4),

K(w) = - (V‘)’;_l <2V€’7$>VKV (Qfx> , (2.5)

where K, is a modified Bessel function ([AS65] p.374-379). In (2.5), the three hyper-parameters

are as follow.

e o2 is the variance parameter. The parameterization is so that K(0) = o2. The larger o>

is, the larger the scale of the trajectories is, as illustrated in figure 2.1.

e [ is the correlation length hyper-parameter. The larger ¢ is, the more Y is correlated
between two fixed points 1 and x2 and hence, the more the trajectories of Y vary slowly
with respect to z. In figure 2.2, we illustrate this by plotting trajectories of centered

Gaussian processes with varying ¢ for the covariance function.

e v is the smoothness hyper-parameter. Y is k times mean square and almost surely differ-
entiable whenever v > k. In figure 2.3, we plot trajectories of centered Gaussian processes
with varying v for the covariance function. It is clear that, the larger v is, the smoother

the trajectories are.

We conclude the presentation of the Matérn model in R by mentioning that the covariance
has a simpler expression than in (2.5) when v = k + 1, with integer k ([Ste99], p31). The

limit v — 400 also gives a simpler Gaussian form for the covariance. The Matérn covariance

1 — 3 — 5
V=95V =3

and ¢ and are called the exponential, Matérn %, Matérn g and Gaussian correlation function.

functions for v = and v = +oo are classical submodels, parameterized by o2

In table 2.1, we give the expressions of these submodels.

Remark 2.27. v = % actually corresponds to K(x) = o2e~VEE Nevertheless, we define the

exponential model by K (x) = o2e~ 7 for convenience.

Remark 2.28. The fact that, when v — +oo, the Matérn model with hyper-parameters (o2, £,v)
converges to the Gaussian model with hyper-parameters (o2, () is worth insisting on. Indeed, it
means that a given value of the hyper-parameter £ has the same impact (in terms of scale of

variation for the Gaussian process) regardless of the value of v. Thus, in the Matérn model of
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Figure 2.1: Influence of the variance hyper-parameter for the Matérn model of (2.5). Plot of
trajectories of Gaussian processes with the Matérn covariance function with correlation length

¢ =1, smoothness parameter v = % and variance 02 = %, 1,2 from left to right.

Figure 2.2: Influence of the correlation length for the Matérn model of (2.5). Plot of trajectories

of Gaussian processes with the Matérn covariance function with variance o2 = 1, smoothness

3

2 and correlation length ¢ = 1,1,2 from left to right.

parameter v =

Figure 2.3: Influence of the smoothness parameter for the Matérn model of (2.5). Plot of

trajectories of Gaussian processes with the Matérn covariance function with variance o2 = 1,

135

55 55 5 from left to right.

correlation length ¢ = 1 and smoothness parameter v =
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submodel name corresponding v expression
. _IzT
exponential % o°e” 1
. : _/glzl
Matérn 2 3 o?(1+ \/él%l)e U
i 5 5 2 lz| | 10\ —vTolzl
Matérn 3 5 o (1+ V105 + 3, 1 )e 7
Gaussian 400 gle” @

Table 2.1: Expressions of the exponential, Matérn %, Matérn % and Gaussian covariance func-
tions on R and corresponding smoothness parameter v of the Matérn model in (2.5). v = % ac-

tually corresponds to K (z) = o2e~V2E but we define the exponential model by K (z) = o217

for convenience.

1.0

0.8

cov
0.6

0.4

0.2

0.0

Figure 2.4: Plot of the Matérn covariance function with 02 =1,/ =1and v = %, v=
~val)

3
2

(\[e

y V=

and v = co. Remark: for v = %, we plot t — o2el

(2.5), the three hyper-parameters o2, { and v impact respectively on the variance, the scale of
variation and the reqularity of the Gaussian process and the three effects are rather independent.
We illustrate this in figure 2.4, where we plot the Matérn covariance function with o> =1, f =1
%, V= %, V= % and v = co. We see that only the regularity at zero of the covariance

function varies. Notably, the hyper-parameter { = 1 has the same impact on the global decreasing

and v =

rate of the covariance function for all the values of v.

Thus, although (2.5) seems rather complicated, the three hyper-parameters have simple in-
terpretations. Notice finally that if in (2.5) we tried to "simplify" the covariance function by
using, say, (%)V K, (%), a given value of the hyper-parameter ¢ would have a strongly different
impact when v is small and when v is large. Thus, the interpretation of the hyper-parameters ¢

and v would not be independent and would, therefore, be significantly less intuitive.
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Multi-dimensional Matérn model

We now generalize the Matérn model for dimension d > 1. There are two methods for doing so,
defining two different Matérn models in dimension d > 1. Both are parameterized by o2 > 0,
ly,...;€qg >0 and v > 0.

The first model is the isotropic Matérn model. It is defined by

(2.6)

where K, ., is the one-dimensional Matérn covariance function of (2.5) with variance o2 = 1,
correlation length ¢ = 1 and smoothness parameter v. This model is called isotropic because the
Gaussian process parameterized by (%11, cey “lf—z) is isotropic, as defined in definition 2.29 ([Ste99],
pl7).

Definition 2.29. A stationary Gaussian process Y is isotropic if, for any orthogonal matriz
M, the distribution of the Gaussian process x — Y (M) is the same as the distribution of the

Gaussian process Y .

To see that, for a centered Gaussian process Y, with isotropic Matérn covariance function

Z1 Zd
70 Iy

note that its covariance function is K (h) = K (|h|)?, which is a sufficient condition for isotropy

with hyper-parameters ¢4, ..., ¢4, v, the Gaussian process ( ) = Y (21, ..., z4) is isotropic,
because |h|? = [Mh|? for any orthogonal matrix M.
The second model is the tensorized Matérn model. It is defined by

K(z) =0 zljl Ko (j) : (2.7)

K3

where K, , is the one-dimensional Matérn covariance function of (2.5) with variance o2 = 1,
correlation length ¢ = 1 and smoothness parameter v.
For both versions of the multi-dimensional Matérn model, the hyper-parameters o2 > 0,

l1,....,43 > 0 and v > 0 have the same interpretation.

o o2 is the variance hyper-parameter. Its interpretation is the same as for the one-dimensional
case of (2.5).

e v is the smoothness hyper-parameter. For v > k, the covariance functions of (2.6) and
(2.7) are 2k times differentiable, so that because of propositions 2.21 and 2.25 the Gaussian

process Y is k times mean square and almost surely differentiable.

e /,.... 0, are the correlation length hyper-parameters corresponding to the d components.
£}, corresponds, similarly to the one-dimensional case of (2.5), to the scale of variation of
the Gaussian process Y relatively to the component zj. Consider that D = [0, 1]%, so that
the scale of the correlation lengths are comparable. If one of the correlation lengths /i
is significantly larger than at least one of the others, then it boils down to considering
that the trajectories of the Gaussian process Y almost do not depend on zj. If all the
correlation lengths are significantly larger than one, then this corresponds to a Gaussian
process that has the distribution of a constant function whose constant value follows a

Gaussian distribution.
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The two versions of the multi-dimensional Matérn model seem to appear rather equally in
the literature. In his monograph [Ste99] p55, Stein criticizes the use of the tensorized version
because of its strong dependence with respect to the system of axes. The choice of axes is indeed
rather arbitrary for natural data (whose case is the context of Stein’s remark). Nevertheless,
they may have more meaning for the analysis of computer experiments, where they correspond
to quantities of different nature. On the other hand, in the packages PErK ([SWNO3], appendix
C) or DICE Kriging ( [RGD12]), tensorized Matérn covariance functions are proposed (where
they are called separable). In our work, we have used both versions of the multi-dimensional

Matérn model.

Other covariance models

The other covariance model we have used is the power-exponential model, parameterized by
02 >0,01,...05 >0and 0 < p < 2. It is defined by

K(z) = o? H 6(7 3 p), (2.8)

The hyper-parameters o2 and ¢1, ..., {4 have the same interpretation as for the multidimensional
Matérn model. However, the power parameter p gives less flexibility concerning the smoothness
of the Gaussian process Y. Indeed Y is infinitely mean square and almost surely differentiable
for p = 2 and only mean square and almost surely continuous for 0 < p < 2.

Other classical covariance functions exist in the literature, that we have not used in this
work. We refer e.g. to [Abr97] or section 4.2 of [RW06].

2.2 Prediction and conditional simulation for Gaussian pro-

cesses

2.2.1 Ordinary, simple and universal Kriging models

A Kriging model [Mat70] consists in inferring the values of a random field Y at unobserved
points given observations of Y~ at other points. Hence, in the manuscript, we work in a Kriging
framework, with the additional assumption that the random field Y is Gaussian.

Until now, we have focused our attention on the covariance function of the Gaussian process
Y. The assumptions made on the mean function can be important as well, although they are
generally less important than for the covariance function ([Ste99], p138).

There are three subcases of Kriging model, depending on the assumption made on the mean
function of Y.

In Simple Kriging, the mean function is assumed to be known. Equivalently, when working
in the simple Kriging framework, we will consider a centered Gaussian process Y.

In Ordinary Kriging, the mean function is assumed to be constant and unknown.

In Universal Kriging, the mean function at * € D is assumed to be of the form

> Bigi(x), with known functions g; and unknown scalar coefficients ;.
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As we see in subsection 2.2.2, 3 = (81, ..., B! can be estimated by Maximum Likelihood in
the case of simple Kriging, and by Maximum Likelihood or a Bayesian method with Gaussian

prior distribution in the cases of ordinary and universal Kriging.

2.2.2 Point-wise prediction

In this subsection, the Gaussian process Y is observed at (.. x(™ with observed values
Y= (Y1, yn) = (Y(xW),..,Y(x™)). We want to predict the value of Y at a fixed point
x("®) We hence denote K as the n x n covariance matrix of Y at (x(V), ..., 2(™) and k(a("®))
as the n x 1 covariance vector of Y between ), ..., (") and x("*), All the formulas presented
in this subsection 2.2.2 can be found, for instance in [SWNO3].

Case of simple Kriging

In the case of simple Kriging, we call prediction, or predictive mean, the conditional mean of

Y (")) according to y, given by theorem 2.5,

§@) = E(Y (2")|y) = k(2" Ky, (2.9)

We call predictive variance the conditional variance (theorem 2.5),

62 (xme)) == Var(Y (2))|y) = Var(Y (2"?)) — k(ze)) K k(™). (2.10)

Remark 2.30. In the case where K is singular, we refer to remark 2.6 for the definition
and computation of (2.9) and (2.10). Roughly speaking it is sufficient to replace K= by a
pseudo-inverse of K, which is equivalent to obtaining, from the redundant Gaussian vector y, a
lower-dimensional non-degenerate Gaussian vector incorporating all the randomness of y. This
remark holds for (2.11)-(2.18). In the sequel, we do not make the remark anymore, and we

assume that K is non-singular.

We make the following remarks for (2.9) and (2.10).

e The prediction of (2.9) is a linear function of the Gaussian vector y. For Gaussian vectors,

the conditional mean indeed coincides with a linear prediction.

e The observations being fixed, the prediction of (2.9) can be written as
Z OéZK(CB(l), w(new))y
i=1

with K the covariance function of Y. As the classical covariance functions are decreas-
ing functions of the distance between () and x("¢*)  the prediction function z(™¢*) —
Dy a; K (2™, 2("®)) vanishes when 2("**) is far from the observation points (), ..., 2(").

Hence the prediction of (2.9) is essentially meant for interpolation.

e When z("%) = 2() for a particular i, we can show that in (2.9) and (2.10), §(z¥) = y;
and 62(x™) = 0. This is expected since, when predicting a value that we know, the
prediction is the value itself and the associated uncertainty (the predictive variance) is

Zero.
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— Gaussian process realization
1.0 prediction
""" 95 %confidence interval
A observations
0.54
> 0.0
-0.57
-1.04
T T T T T 1

-1.0 -05 0.0 0.5 1.0 1.5 2.0

T

Figure 2.5: Illustration of the simple Kriging prediction of (2.9) and (2.10). The function sin(%")
is assumed to be a trajectory of a Gaussian process with Gaussian covariance function with o2 =
0.32 and £ = 1. 95% confidence intervals are of the form [(z"**)) —1.966 (z (")), §(zmew)) +
1.966 (x(mew))].

In fact, we have the stronger result £ (Y (z(%))|y) = N(§(z("®)),5%(x("e?))), where
N(m,o?) is the Gaussian distribution with mean m and variance o?. Thus, we can build
confidence intervals for Y (("¢)), for instance 95% confidence intervals of the form [gj(z("*®)) —
1.966 (), (")) + 1.966 (z("e)].

In figure 2.5, we give a one-dimensional illustration of (2.9) and (2.10). We observe that,
as discussed, the prediction interpolates the known values exactly, the confidence intervals have
length zero at the known value points, their widths increase when going away from known value
points, and the prediction function goes to zero as we go in the extrapolation domain (away

from all the known value points).

Case of ordinary or universal Kriging

For the case of ordinary or universal Kriging, we denote by H the n x m matrix so that H; ; =
g;(z(¥), where the mean function is assumed to be of the form > 7" | 3;g;, with known functions
g; and unknown coefficients 3;. We also denote by h the m x 1 vector so that h; = g;(z("<)).

We distinguish two cases for the coefficient vector 3. We call the frequentist case, or no
prior information case, the case where B is an unknown constant. We call Bayesian case, or
prior information case, the case where 8 ~ N (Bpriors Qprior), with known a priori mean vector
Byrior and covariance matrix Qprior. We refer, e.g. to [Rob01] for an introduction to Bayesian
statistics.

In the frequentist case, the Maximum Likelihood estimator of 3 is, after writing a zero-
gradient condition,

B=MHK 'H 'HK 'y. (2.11)
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The estimator in (2.11) is unbiased and, after a direct calculation, has covariance matrix
Cov(B) = (H'K'H) L. (2.12)

Remark 2.31. In (2.11) and (2.12), the matriz (H!K~'H) is assumed to be well-defined and
non-singular.

We will discuss here the case where K is non-singular so that the matriz (H'K~1H) is well-
defined. Hence, (H'K~'H) is singular if and only if H does not have a full rank (we consider,
in the manuscript m < n, which corresponds to all our application cases).

If H is not of full-rank, let m’ be its rank. Then we can write R™ as F1 € F2 (meaning that
each element of R™ is the sum of two unique elements of E1 and Es), where Ey has dimension
m’, Ey has dimension m —m' and Ey, E> satisfy HE, has dimension m' and HE; = {0}.
Roughly speaking E1 corresponds to the part of B that has an impact for the regression function
on the points V), ..., and Ey corresponds to the part of B that has no impact on the
regression function on the points * 1), ..., 2™ . Hence the E1 part can be estimated while the Fs
part can not. From this fact, two frameworks are possible.

First, if, for a prediction point ("), the mx 1 vector R\ defined by hgnew) = gi(x(rew))
verifies (h("ew))tEg # {0}, then the E5 component of B has a non-zero and totally non-
quantifiable impact on the value of Y (x("®)). In this case, it is impossible to predict Y (z(™c®))
because the design of experiments totally ignores some aspects of the regression function that
impact the prediction points. The only way to solve this first issue is to add well-chosen points
to the design of experiments. We will assume that this has been done in all the sequel. A typical
example for this first issue is when the regression model is of the form g(xz,y) = B1x + Bay, when
all the observation points are of the form (x1,0), ..., (x,,0), and when we want to predict at the
(Thew, Ynew) With non-zero Ypneqy -

The second framework is when, for all prediction points ™) L") does verify h("ew)tEg =
{0}. In this case, the Es component of B3 is both inestimable and has no impact on prediction.
Hence, it shall simply be ignored. To do so, let E1, of dimension m’, be parameterized bijec-
tively by the linear application P : R™ — E,. Then we can set B € R™ and H as the linear
application from R™ to R" defined as H = HoP. For a new prediction point, we also use
(ﬁ(ﬂew)
parameterization for 3. A typical example for this second case is when the regression model is
of the form g(x) = Bz + Pax.

We now explain, in practice, how to compute E1 and Es for 3, and how to proceed with the

)t = (h") o P. This second case corresponds to an unidentifiability, or to an over-

reparameterization described above. Consider a SVD, H = USV! with n x m matriz U so that
U'U = 1,,,, m x m matriz V so that V'V = 1,,, and diagonal matriz S with diagonal values

AL > > A > Arar = ... = Ay = 0. Then, let, with m x m’ matriz V.,

V= ( Vo Voo )

With 0,1, the axb zero matriz, the spaces E1 := (Vi , 0y m—m/ )R™ and Eg := (07, Vi—m/ )R™
verify HE, = {0} and HE; has dimension m'. Now, if for a prediction point x("°"), h(mew)
verifies h("ew)t(Om,m/,Vm_m/) # 0, the design of experiments needs to be completed as ex-
plained above. If, for all prediction points (™), h{"") yerifies h("ew)t(Omm/,Vm_m/) =0,
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the solution is to use a m’-dimensional regression parameter 3 that is non-redundant. For this,
note that for w € Ey of the form w = (V,/, 0y m—m/)v, v € R™,

Hw = H(Vm’7 Om,m—m’)v = Um’sm"vm’v

with U, the matriz of the m’ first columns of U, S,/ the diagonal matriz of the m' non-zero

diagonal elements of S and v,,, the vector of the m’ first components of v. Said differently, with
H=U,,S

on the design of experiments, the regression function family (8 — HB)germ is the same as
the regression function family (B — I:IB)BGR,,,/. For a new prediction point, the corresponding
reparameterization is

~ (new)

(h )t = (R ) (Vs Ot ).

Hence, we have shown, from a SVD of H, how to solve the case when H is singular. In
the case where H is non-singular but ill-conditioned, we can adopt the same techniques. As-
sume that the m — m’ last eigenvalues of S are very small compared to the other ones. Then,
if (h("ew))t(Omm/,Vm_m/) is much larger than the lines of H(0yy, ', Vin—m/), the design of
experiments is numerically incomplete, and the prediction task is strongly compromised. If
(h(mw))t(Om’m/,Vm,m/) is not larger than the lines of H(Op m/, Vin—ms), then we can set
the m —m’ last eigenvalues of S to zero and proceed as described above.

In the sequel, we will not discuss the singularity issues again. We will assume that K is

non-singular and that H has a full rank.

We see in (2.11) that if there is a 3 so that H3 = y, then we have 3 = @. This means
that, if we are in the favorable case when the mean function model can perfectly reproduce the
known values, then the estimation of the mean function will achieve this perfect reproduction,
as should be expected. Finally, as the random vector ,@ has Gaussian distribution, its covariance
matrix (2.12) is sufficient to yield confidence ellipsoids for 3.

In the Bayesian case, the posterior distribution of 3 given the known values y is Gaussian

with mean vector

Bpost = ﬁpm’or + ( ;rlior + HtK?lH)ilHtKil(y - HIBp’r’iOT)ﬂ (213)
and covariance matrix
Qpost = (Qyr + HK'H) ™" (2.14)

We refer to [SWNO3], section 4 for the proof of (2.13) and (2.14). We can note that, when

-1
prior

fact, because Q

— 0, then the Bayesian estimation of 3 tends to the frequentist one. This is an intuitive

-1

prior SMall corresponds to a small a priori knowledge of 3 and hence should, in

the limit case, correspond to an absence of knowledge.

We now present the formulas for the prediction at a new point «("¢®). We denote h(m(”e“’))
the vector of the regression functions at (") defined by (h(w("e“’)))i = hi(x(™®)). We denote
E(x(™)) the n x 1 covariance vector of Y between (M), ... 2(") and z("ew).

In the frequentist case, the Best Linear Unbiased Predictor (BLUP) of Y (x("¢*)) with respect

to the vector of observations y (that we also call prediction) is
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§(@) = (") B + k(")) K (y — HB), (2.15)

with 3 given by (2.11).

We refer to [SWMW89] for a detailed definition of the BLUP and the proof of (2.15). The
prediction can be interpreted as the conditional mean of (2.9), in which the true and unknown
value 3 is replaced by its estimation 3. Otherwise, we can make the same remarks for (2.15) as
for (2.9).

The mean square error of the BLUP is (see section 4 of [SWNO03] for a proof)

&2 (xew)) .= E [(y(wh»ew)) - g(m(nem))?] (2.16)
= Var(Y(w(new))) _ k(w(new))tK_lk(.’I:(new))
—|—(h(a‘;(n€w)) — HtK—lk(w(new)))t(HthlH)fl(h(w(new)) _ HtK—lk(m(new))).

Since only linear combinations have been used, the BLUP has Gaussian distribution and the
mean square error allows to build confidence intervals. The predictive variance (2.16) can be
interpreted as the conditional variance in (2.10), plus a non-negative term due to the uncertainty
on the estimation of 3.

In the Bayesian case, the posterior distribution of Y (x(™*)) given the observations y is

Gaussian with mean

§) = (@) By + (k") K™ (y — HB o), (2.17)
and variance
&2 (@) = Var(y (")) — k(")) K~ k(z")) (2.18)
+ (b)) - H'K k(")) (H'K H+Q,},.) " (h — HK 'k(z("))).

Equations (2.17) and (2.18) are also proved in section 4 of [SWNO03]. We can make the same
remarks for these equations as for (2.15) and (2.16). Similarly to the estimation of 3, the limit
when Q;ior — 0 of the prediction in the Bayesian case is the prediction in the frequentist case.

In figures 2.6 and 2.7, we give a one-dimensional illustrative example of the estimation of
B and the prediction and predictive variance. The function x — 22 on [0,1] is assumed to be
the trajectory of a Gaussian process, with mean function of the form 5y 4+ 51z and Gaussian
covariance function with ¢ = 0.3 and ¢ = 0.5. In the Bayesian case, the a priori distribution of
3 is Gaussian with mean vector (0.2,0.1)! and diagonal covariance matrix, with diagonal vector
(0.09,0.09)¢. The values of Y are known at the points 0.2, 0.5 and 0.8.

In figure 2.6, we consider the frequentist case. We first see that there is a negative correlation
in the estimation of 3. This correlation can be interpreted. Indeed if By, the value at 0 of the line
x — Bo+ Pz is increased, then, for the line to remain close to the parabola z — 2, the slope of
the line (1) must be decreased. Furthermore, an important remark is that the estimated line
is above and does not go through the three known value points. This is surprising at first sight,
all the more so since a least square estimator of 3 would go through the three points. This is
because, as it is shown in (2.15), the estimated line is not intended to constitute a predictive

model of the parabola. Indeed it is completed by the inferred deviation from the mean function,
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Figure 2.6: Estimation of 3 and prediction in the frequentist case. The function z — 2 on

[0,1] is assumed to be the trajectory of a Gaussian process, with mean function of the form
Bo + B1x and Gaussian covariance function with ¢ = 0.3 and ¢ = 0.5. Left: Iso-density curves
of the probability density function for the estimation of 3, given by (2.11) and (2.12). Right:
Estimated line (2.11), real parabola, prediction (2.17) and 95% confidence intervals (2.18) of the
form [(x(™)) — 1.966 (™)), j(x(e)) 4 1.966 (x))].

from the three known value points. We see in figure 2.6 that the prediction curve approximates
almost perfectly the parabola. Let us also note that in the extrapolation region ( 0 < z < 0.2
and 0.8 < x < 1), the estimated line approximates better the parabola than a line which would
go between the three observation points.

In figure 2.7, we consider the Bayesian case. By looking at the right plot, we can see that,
from the prior B to the posterior 3, the line goes substantially closer to the three observation
points. Nevertheless, it is not as close as in the frequentist case. This is a classical case in the
Bayesian case (as well as in Bayesian statistics in general), when the known value points and
the a priori distribution are in disagreement, the posterior mean of 3 is a compromise between
the frequentist estimate and the prior mean. Looking on the left plot, we see that a negative
correlation between the two components of 3 appears in the posterior distribution of 3.

Finally, the conclusion concerning the prediction and the predictive variances are the same

as for figure 2.5.

Case of noisy observations

Assume that the observations of the Gaussian process are noisy. Formally, this corresponds
to considering that the observation at (¥ is y; = Y (2)) + ¢;, where € = (e1,...,€,)" is a
centered Gaussian vector with covariance matrix K,,.s. In this case, the covariance matrix of
the observation vector y becomes K, := Cov(y) = K 4+ K,;,c5, with K the covariance matrix
of Y at 2, ... (.

For estimation of 3, one has the same formulas as (2.11), (2.12), (2.13) and (2.14), by
replacing K by K,ps. Similarly, for prediction of Y (z("®)), we have the same formulas as
(2.9), (2.10), (2.15), (2.16), (2.17) and (2.18), by replacing K by K,ps. This is shown by
noting that the proofs of (2.9)-(2.18) only use linear algebra so that they remain the same when

Cov(y) = K 4 K,es and Cov(y, Y (z(®))) = r(x(™®)) (because the measurement errors are
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] [ Treal function

prior beta
A noiseless observations

— real function
posterior beta

prediction
~ 95 %confidence interval
0.61 L4 _noiseless observations

0.0 01 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
X

Figure 2.7: Estimation of 3 and prediction in the Bayesian case. Same settings as in figure
2.6, where the a priori distribution of 3 is Gaussian with mean vector (0.2,0.1)" and diagonal
covariance matrix, with diagonal vector (0.09,0.09)¢. Top left: iso-density curves of the prior
probability density function of 3. Bottom left: iso-density curves of the posterior probability
density function of @ given by (2.13) and (2.14). Right: Estimated line with the prior (top)
and posterior (bottom, (2.13)) mean values for 3, real parabola, prediction (2.17) and 95%
confidence intervals (2.18) of the form [j(z("¢®)) — 1.966 (z("¢®)), §(x(™®)) + 1.966 (™).
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uncorrelated with the Gaussian process V).

Note that, in the case of noisy observations, we can see that g(w(i)) is not, necessarily equal
to y;. Similarly, the predictive variance 5%(2(")) is not zero at an observation point «(*). Indeed,
the exact value of Y (")) remains unknown after the observations, because of the measurement
errors.

Even when there is no measurement error, it is common practice to use a matrix K,,cs of
the form AI,,, with small A, because the matrix K + AI,, is better-conditioned than the matrix
K. Although with this practice the Kriging prediction does not interpolate the observations
exactly, we call this practice a "numerical nugget effect" in this thesis. This denomination is
inspired by [AC12], where the term nugget parameter is used for the parameter A above. We
give more details about the numerical nugget effect in chapter 6 when discussing the practical

estimation of the covariance function.

2.2.3 Conditional simulation of Gaussian processes

The formulas of subsection 2.2.2 allow to simulate one-dimensional trajectories Y (z(™*)) con-
ditionally to the vector y of observed values of Y at (), ..., ("), This one-dimensional simula-
tion might not be sufficient for certain tasks. For example, when modeling monotonic functions
([VM12]), one can not use the point-wise prediction formulas of subsection 2.2.2, because the
conditional mean function of (2.9) is not necessarily monotonic, even if the observations are.
Hence, we have to simulate trajectories of the Gaussian process, conditionally to the observa-
tion vector y, and to average only the ones that are monotonic. This is an example of a use
of trajectories of a Gaussian process, conditionally to the observation vector y. Other classical
uses, either conceptual or practical, of these conditional simulations are the multipoint Effi-
cient Global Optimization algorithm (see e.g [CG13a]) and the Stepwise Uncertainty Reduction
methods ([BGL*12]).

The simulation of conditional trajectories of Gaussian processes can be obtained from the fol-
lowing proposition, giving the conditional mean and covariance functions of a Gaussian process,

according to a vector of observations.

Proposition 2.32. Let Y be a Gaussian process, observed at V), ..., 2™ with observation
vector y. Let K be the covariance matriz of y and k(x) the covariance vector of Y between
x® .. x™ andx. Then, according toy, the random process Y is Gaussian, with mean function
x — m(z|y) and covariance function (x) x?) — K (M, 2P |y).

In the simple Kriging case m and K are given by
m(zly) = k(z) Ky,

and
K(zW, 2@)y) = K(zW,2®) — k(W) Kk(z?).

In the ordinary or universal Kriging case, in the frequentist framework, m and K are given
by, with B and H as in (2.11),

m(z|y) = (h(2))'8 + (r(z))'K ' (y — HB),
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and

K(zM,z?y)
= KW, z®) - r@D) K 1r@x®?)
+(h(zW) - H'K r(W) (HKH) " (h(z?) - H'K 'r(z®?)).

In the ordinary or universal Kriging case, in the Bayesian framework, m and K are given
by, with B,,5 and H as in (2.13),

m(x|y) = (h(2)) Bpos; + (1(2)) K (y — HB,\),
and

K@M, 2®y)
— K(:c(l),ar;(2)) _ r(m(l))thlr(x(Z))
+(h(2W) - H'K 'r(@W) (H'K ' H+ Q) (h(=?) - H'K 'r(z®)).

Remark 2.33. In the universal Kriging case in the frequentist framework, m(z|y) and K(x™,
x@|y) actually do not constitute the conditional distribution of Y (x) given y (notice that this
would be the case if we allowed B to have an improper and non-informative prior distribution
[SWNO03], but we do not treat improper prior distributions in this thesis). This conditional dis-
tribution depends on the true and unknown regression parameter 3 and is hence uncomputable.
The "conditional mean function” we give in proposition 2.32 is actually the Best Linear Unbi-
ased Predictor (BLUP) function and the "conditional covariance function” is the unconditional
covariance function of the error process of this BLUP, x — m(x|y) — Y (x). Since these mean
and covariance functions are the most reasonable that we can compute, we make the classical

slight approzimation of naming the distribution they yield the conditional distribution of Y.

From the mean and covariance functions of proposition 2.32, we are able to simulate condi-
tional trajectories. In figure 2.8, we plot a one-dimensional example of conditional simulations
with five exact observation points. We see that all the conditional trajectories pass through
the five exact observation points. Furthermore, the conditional simulations have all the most
variability when we are away from the observation points.

There are different kinds of methods in the literature for simulating trajectories of Gaussian
processes, like the ones in figures 2.3 and 2.8. We refer to [CD99] for an introduction to the
subject, and we now present some classical methods. In the rest of subsection 2.2.3, we aim at
simulating trajectories of a Gaussian process Y on D. Y has an arbitrary covariance function

K (hence including the conditional covariance function of proposition 2.32).

Cholesky decomposition

In our work, we have always used the Cholesky decomposition method. This method aims at
simulating Y at n points (), ..., (™) € D. Consider a Cholesky decomposition K = CC* of
the covariance matrix K at (1), ..., ("), with a vector z following a A'(0,1,,) distribution (easy
to simulate). Let m be the mean vector of y. Then the vector y := m + Cz follows a N (m, K)

distribution. The advantage of the Cholesky decomposition is its simplicity, because there are no
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Figure 2.8: Illustration of the conditional simulations of proposition 2.32. A centered Gaussian

3
2

points (black circles). Conditional simulations are plotted. All the conditional trajectories pass

process, with Matérn 2 covariance function with 02 = 1 and ¢ = 1, is observed at five observation

through the five observation points.
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conditions on the covariance function K and on the sample points where the Gaussian process
is simulated. The drawback of the Cholesky decomposition method is its computational cost:
0(n3) in time for computing the Cholesky decomposition, and O(n?) for storing the Cholesky
decomposition. Note however that, once the Cholesky decomposition is computed and stored,

the marginal cost of a simulation is reduced to O(n?).

Karhunen Loéve expansion

Consider a Gaussian process Y on D = [0,1]? with stationary covariance function K. The

Karhunen Loéve expansion method is based on the following Mercer theorem.

Theorem 2.34. Consider a stationary covariance function K, continuous on D x D, with
D = [0,1]9. Then there exists a sequence (A2)ien= of mon-negative scalars, and a sequence
(ei)ien+ of continuous functions e; : D — R so that fD eie; = 0; 5, the (e;)ien- form a basis of

L?(D) (the Hilbert space of the square-summable functions on D), and
/ K@D, 2®)e;(@®)dz® = X2e,(@D).
D
Furthermore
21 £ Z Mes(@D)es(2?).
Proof. See for instance [Aub00]. O

Assume that K is continuous. From theorem 2.34 on K, consider the Gaussian process

defined (in the mean square limit sense) by

+oo
= Zihei(z), (2.19)
i=1
where the Z; are iid standard Gaussian variables. We calculate

+oo +oo
Cov(Y (M), y(x®)) = Cov(ZZi)\iei(w(l)),ZZi)\iei(w(Q)))

— Z,\Q 61 33(2))

— K(a:(l),w(2)),

so that the Gaussian process in (2.19) does have covariance function K. Hence, (2.19) is called
the Karhunen Loéve expansion of the Gaussian process Y. (2.19) can be used to simulate Y.

Note firstly that, if the eigenfunctions e; and the eigenvalues \; in (2.19) have explicit
expressions, then Y can be simulated efficiently. Indeed, on can truncate (2.19) and if the
number of remaining terms is small compared to the number of points n where the Gaussian
process is simulated, the computational cost is O(n) operations.

If the eigenfunctions are not explicit, (2.19) is first approximated for N large by

Y (@M Na)) = > Zrnseooma oo €noimg (@00 M), (2.20)
(n1,...,nqa)€{1,...,N}4
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where g(N1-Na) = (M Na) the 7 are iid standard Gaussian variables, the
NN D 1yeesTd )

(en17~~~1nd)(n1 ..... ng)€q{l,...,.N}d

and the
(/\le,...,nd)(nl,..4,nd)e{1,...,N}d

are the N¢ first eigenfunctions and eigenvalues of the operator K.
Then, let K be the N? x N covariance matrix of K at the x(N1-Na) for (Ny,...,Ny) €
{1,...,N}?. Then, the vector of the e,,

imated by the eigenvector of K corresponding to the index ni,...,ng. Similarly A, . ., is

_____ nd(:l:(Nl""’Nd)), for varying Ni,..., Ny, is approx-
approximated by the eigenvalue of K corresponding to the index n,...,ng. These approxima-
tions amount to first diagonalizing K as K = PDP?, with PP! = I,, and D diagonal with

diagonal values the ()\%1 ng)(n1,.ma)ef1,..,Ny4- Then we can compute vy, the vector of Y at

.....

the (m<N1,H.7Nd))(N1 ..... Nd)e{l ..... N}dﬂ as
vy =PD?v., (2.21)

where D is the diagonal matrix with diagonal elements the square roots of the diagonal elements
of D and v, is a vector of iid standard Gaussian variables. Because of (2.21), the computational
simulation of Y using the Karhunen Loéve representation is generally similar to the Cholesky
method, because both consist in computing a square-root matrix of the covariance matrix K.
Note finally that, when K can be written as a tensor product K(x) = Ki(x1)...K4(zq), the
N¢ x N? covariance matrix K can be diagonalized by successively diagonalizing the N x N
matrices K, ..., K4, where K; is the covariance matrix of K; at the points %, e % Indeed, let
A%, ..., iy be the eigenvalues of K;, with eigenvectors v N Then the eigenvalue of K
for the index nq,...,ng is )\}ll...)\‘fld. The component Ny, ..., Ny of the corresponding eigenvector
is v](\}l’"l), . vg\};nd). Thus, when K is a tensor product, the computational cost of the Karhunen

Loéve expansion method goes down from O((N9)3) to O(dN?3 + (N%)?).

Spectral method

The spectral method aims at simulating Y when the covariance function K is stationary and
when D is a hyper-rectangle of R%. For this specialized problem, the spectral method, as we
will see, is computationally efficient. Indeed, for computing a simulated process at n points, the
computational cost is O(nln (n)).

The method is based on the following spectral representation of the stationary Gaussian
process Y (similarly to [Ste99], p23)

Y(x)= /]Rd cos (w'x) M (dw) + /Rd sin (w'z) Ms(dw), (2.22)

where M; and M are random measures verifying, for £ = 1,2, for any disjoint Borel sets A,
and Ag, Mi(A1UA3) = Mp(Ar) + Mp(Az) and M (Ay) is Gaussian with mean 0 and variance
fAl K (w)dw. Furthermore, for any Borel sets Az and Ay, M;(As) and My(Ay) are independent.
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Informally, the computation of the covariance function of Y (x) in (2.22) is as follows (see
[Ste99], p23).

Cov(Y(x),Y(z')) = Cov (/Rd cos (wtm)Ml(dw),/Rd cos (wtm’)Ml(dw)>
+Cov ( /R sin (') My(de) /R sin (wt:c’)Mg(dw)>
= [ eos (') cos (e K ()
+ /]Rd sin (whe) sin (w'e') K (w)dw

= / cos (wh(z — a')) K (w)dw
Rd

= / ei“’t(”’_w/)f{(w)dw
Rd

= K(:I}—:I)/),

where the second to last line holds because [p, sin (w'(z — #'))K (w)dw is the imaginary part
of K(x —z’) and is 0.

The spectral representation (2.22) is the limit, in distribution, of the discrete representation

Yn(z) = (2.23)

G (e D
N G e B e

(n1,...,na)€{l,...,N}4

where w1 = (/N 4 2 ¥Y . —V/N + 20¥Y), and the Z,, _n,, Zh. ., are iid
standard Gaussian variables. (2.23) is just a random Riemann sum representation of the random
integral (2.22). More general forms are possible, but we will consider (2.23) for concision. Spec-
tral methods consist in computing (2.23) for N large. Because the points w(™t~") constitute
a tensorized grid, (2.23) can be computed for x in a tensorized grid of the same dimension in

O(N%1n (N%)) using Fast Fourier Transform (FFT) techniques.

Circulant embedding

The circulant embedding method aims at simulating a centered and stationary Gaussian process
Y at n points (), ..., x(™ forming a regular grid of D = [0,1]%. Compared to the spectral
method, which aims at simulating stationary processes on dense regular grids, the circulant
embedding method is not always feasible (depending on the covariance function K). However,
when this method is feasible, it yields simulated trajectories with the exact target distribution,
while the distribution of the trajectories obtained from the spectral method is an approximation
of the target distribution.

We now present the circulant embedding method in dimension d = 1, in a way inspired by

[Die97]. Let, for i =1,...,n, x; = % be the simulation points. The covariance matrix K of Y
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at these points has hence general term (K), ; = K(*=1) and is hence a Toeplitz matrix ((K)

0.
only depends on i — j, see e.g. [Gra01]).

Let k; = K(). Consider now the matrix K, of size 2n — 2 defined so that K is Toeplitz
and symmetric, with first row the vector k = (k1, ..., kn_1,kn, kn—1, ..., k2). For instance, with
n =4, K is as follows
kv ko ks ks ks ko
ko ki ko ks ki ks
ks ko ki ko ks ka
ki ks ko ki ko ks
ks kya ks ke k1 ko
ko ks ki ks ko K

e
I

Notice that the matrix obtained from the n first rows and columns of K is K.

Now, the applicability of the circulant embedding method depends on whether K is a non-
negative matrix. If it is the case, then, as we will see, it is computationally efficient to simulate
N(0,K) random vectors. By selecting their n first components, we obtain A (0, K) random
vectors.

We thus now show how to simulate A(0,K) random vectors. The matrix K is circulant
([Bar90]), so it can be written as ([Bar90]) K = PDP”, where P, ; = 612"%, 152’[ = 6712ﬂ%,

where i2 = —1, and D is diagonal with diagonal term % equal to
1 2n—2 o
i2mm=zh 2.24
2n — 2 ; € ( )

Then, K is non-negative if and only if all the terms (2.24) are non-negative. This means
that the applicability of the circulant embedding method can be checked at the cost of only one
FFT (to compute the terms (2.24)).

Once D is computed, the simulation method consists in generating pairs of independent

random vectors €V, €®), with N(0,Iy,_5) distribution, and in setting

The computation of g is carried out by FFT, with a O(nIn (n)) computation cost. Then, the real
and imaginary parts of ¢ have a A/(0, K) distribution, so by extracting their n first components,
we obtain vectors with a A(0, K) distribution.

As a summary, in dimension d = 1, the applicability of the circulant embedding method
is checked with a O(nln(n)) computation cost, and, in case of applicability, one simulation is
performed with a 0(nln(n)) computation cost. The obtained simulation has exactly the target
distribution, contrary to the case of spectral methods.

This principle generalizes in dimension d > 1, for which we refer to [Die97]. The computa-
tional cost remains O(n1n (n)) for checking the validity and O(nIn (n)) per simulation.

Finally, we also refer to [Die97] for theoretical results ensuring that the terms in (2.24) are

non-negative, for particular covariance functions.
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Conditioning methods

Consider Y at any n points "), ..., 2(™). One can always write the joint distribution of y1, ..., y»,
with pdf

P15 Yn) = p(y1)P(W2ly1) - P(Ynly1, s Yn—1) (2.25)

From (2.25), the random vector yi,...,y, can be sampled by sampling y;, then sampling ys
conditionally to y;, and so on until sampling y,, conditionally to y1,...,y,—1. These iterative
samplings are based on the Kriging equations. It is worth mentioning that the computation of

p(Yk+1|y1, -, Y) can be efficiently deduced from p(yx|yi, ..., yx—1) using

P(yk+1|y1, ---yyk) = plyl,...,yk71(yk+1|yk)7

where py, . (Yks1lyx) is the conditional pdf of yry1 given yi, when their joint pdf is
DYk, Yk+1]Y1, ---» Ye—1). This efficient computation is used for Kriging, e.g in [CG13b].

Despite these computationally efficient updates, the conditioning method above is not more
efficient than, e.g, a Cholesky decomposition. It can become more efficient if y; is conditioned
only by its nearest neighbors instead of all the previously simulated variables y1, ..., yx—1. Nev-
ertheless, this simplification yields an error in the distribution of the simulated ¥, ..., y,, which

needs to be quantified.

A decomposition between unconditional simulation and conditional prediction

We conclude subsection 2.2.3 about conditional simulation by presenting how conditional sim-
ulations of a Gaussian process can be obtained from unconditional simulations and conditional
predictions. Consider the Gaussian process Y, observed at 1), ..., (™ with observation vector

y". Let us define the Gaussian process Z by,
Z(x) =E(Y (2)]y°) + Y (z) - E(Y(2)y), (2.26)

where in (2.26), y = (Y (™), ..., Y (2(™))*) and Y follows its unconditional distribution. Then,
it can be verified ([CD99]) that Z follows the distribution of ¥ conditionally to y°.

The relation (2.26) is of particular interest when simulating a stationary Gaussian process
on a grid, conditionally to a set of observations. Indeed, the unconditional simulation can be
carried out efficiently using the spectral method, or the circulant embedding method when it is
valid, while the conditional prediction is computed in O(N), where N is the number of points
where the conditional prediction is computed.

This eventually gives a O(N In (N)) method for simulating a Gaussian process at N points,
when its distribution is the one of a stationary Gaussian process conditioned by n < N observed

values.

2.2.4 Cross Validation formulas

In this subsection we start by discussing the Cross Validation principles, and then we give the

virtual Cross Validation formulas of [Dub83].
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Cross Validation principles

In the general framework of statistical prediction, the quality of a predictor should not be
evaluated on the data that helped to build it ([HTFO08] chapter 7). This is particularly true for
the Gaussian process prediction of (2.9), (2.15) and (2.17), since in the noiseless case it yields
an interpolation of the observations. When a rather limited number of observations is available,
Cross Validation is a very natural method to assess the predictive capability of a prediction
model.

In Kriging models, we are particularly focused on the Leave-One-Out (LOO) technique. For
observed vales y = (y1,...,yn)! of Y at (), .. 2™ LOO is based on the LOO predictions and
predictive variances of y; according to y1, ..., ¥i—1, Yit+1s .-, Yn, for 1 < i < n. LOO predictions
9; are defined by (2.9), (2.15) and (2.17) for the simple Kriging, frequentist universal Kriging
and Bayesian universal Kriging cases. LOO predictive variances 67 are defined by (2.10), (2.16)
and (2.18) for the simple Kriging, frequentist universal Kriging and Bayesian universal Kriging
cases.

There are two main uses of the LOO prediction and predictive variance vectors (¢;);=1..., and
(Ef%)i:l___n. First, we can make a verification of a covariance function at hand, by checking that
it gives acceptable predictions and predictive variances. For prediction, the simplest criterion is
the LOO Mean Square Error (MSE)

n

1 .
MSEro0 = — > (yi — i) (2.27)
i=1

This criterion should be as small as possible. For predictive variance, a classical criterion is

1
n

n )2
ZL ;291) . (2.28)
i=1 i
It is noted in [Cre93| p.102, that, if the covariance function is correctly specified, then we should
expect (2.28) to be close to 1.

In the case when we have a new set of observation points ("1, ... x("*?) with observed
values Yn41, ..., Yn+p, Other criteria are proposed for the validation of the covariance function
([BOO08]). Roughly speaking, these criteria are based on decorrelating the prediction errors
Yn+i — Yn+i, for 1 < i < p. Let us note that we can also decorrelate the LOO errors y; — g, for
1 < i < n. Nevertheless, our opinion is that doing so (for instance by doing a Normality test
on the decorrelated LOO errors), is closer in spirit to classical statistical tests on a correlated
Gaussian vector than to LOO. Therefore, we rather use the criteria (2.27) and (2.28) when
validating a Gaussian process model explicitly by LOO.

The second use of the LOO predictions and predictive variances is for selecting a covariance

function, which is the subject of chapter 3.

Virtual Cross Validation formula

The following proposition gives explicit formulas that allow to calculate the 3;,1 < i < n and

the 62,1 < i < n, without solving n different linear systems of size n — 1.
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Proposition 2.35. Let Y be a Gaussian process on D, with mean function of the form x —
S Bigi(x), with known functions g; and unknown coefficients 3;, and with covariance function
K. Let ... 2™ be observation points with observation vector y = (Y1, -, yn). Let K be
defined by K; ; = K(x®,2)) and H be defined by H, ;= gj(z(i)). Then we have

1 _

Yi — Ui = &), (K™ 9);

and

with K~ being K1 in the simple Kriging case, K~! — K 'H(H'K~'H) " 'H'K ! in the fre-
quentist universal Kriging case and (HQpy 0, H' + K) ™! in the Bayesian universal Kriging case.
In the simple Kriging case or the universal Kriging case in the frequentist framework for (3,

denote y =y, while in the Bayesian framework for 3, denote y =y — H3

prior*

The formulas leading to proposition 2.35 are classical in the simple Kriging case (see e.g
[Rip81], ch.5.2), and were proved by [Dub83] in the universal Kriging case.

The formulas of proposition 2.35 show that we can compute the LOO errors and predictive
variances by inverting a unique n x n matrix. Therefore, computing these errors and predictive
variances has the same computational complexity, O(n?), than calculating the likelihood of the
observation vector y. This is the basis of the covariance function estimation by LOO, as an
alternative to Maximum Likelihood (ML), presented in chapter 3.

Finally, let us note that it is shown in [Dub83] how to generalize the LOO formulas to the case
of k-fold cross validation. k-fold Cross Validation is when a given observation is predicted after
having removed k observations instead of one. Since we did not study k-fold Cross Validation,
we do not give more detail about the corresponding virtual Cross Validation formulas. We refer
to [Dub83] on this subject.

2.2.5 Alternative RKHS formulation

There is a parallelism between the simple Kriging conditional mean of (2.9) and Kernel ridge
regression ([SS02]). We refer to the PhD thesis [Vaz05] for a detailed analysis of this parallelism.
We will just give a basic interpretation of the link between the conditional mean in case of
noisy observations and the expression of the prediction in the Kernel ridge regression framework.
Let us first recall the prediction for Kriging with noisy observations. Assume that the
covariance matrix of the measurement error is K,,,0s = 02,,,I. Then, the prediction of Y (2("¢*))

given the observation vector y is
§(@ ") = kMK + o5, 1)y, (2:29)

with K the covariance matrix of y and k the covariance vector between y and Y (z(™°v)).

Let us now introduce the Kernel ridge regression framework. This framework is based on
considering the Hilbert space F C RP defined as the closure of the linear span of the functions
) - K(xz,z()), for £ € D. The closure is defined w.r.t the norm associated to the dot
product defined by (K (z™,.)|K(2®,.))rxns = K(x™, 2?). This dot product is extended
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to F by continuity. This was just a sketch of the mathematical construction of F, and we refer
to [SS02] for the detailed mathematical construction.

The Hilbert space F is defined as a Reproducing Kernel Hilbert Space (RKHS) with repro-
ducing Kernel K because it verifies, for any f € F and © € D

(fIK(x,.))rxHs = f(x).

Given the RKHS F, we can define the mapping M : D — F, so that M(x) is the function

() - K(x,2)). This allows to map data from an arbitrary space D to a Hilbert space F.

Remark 2.36. Note that it is not necessary that K : D x D — R be continuous for the
Hilbert space F to be constructed. RKHS methods are indeed classically used with inputs x

without continuous structure, such as mathematical representations of character string or of
DNA sequences ([STV04]).

Given the RKHS mathematical framework, kernel ridge regression consists in, from a set of

observations 1, ...,y of Y at (), .. 2™ finding f € F minimizing

n

2
D@ D) = 30)? + T2 | fl s, (2:30)

i=1

1
n

where ||.||rk i s is the norm corresponding to the dot product {.|.) rirs, || f||rK s is interpreted

as a measure of the complexity of the function f and U’Q';L“ is the regularization parameter. It is
shown by the representer theorem ([SS02]) that the function f minimizing (2.30) is of the form
o With & € R™ and go (2(e®)) =37 | o, K (2w, 2¥).

As in (2.30) ||Jallhk s = a'Ke, one can show, from a straightforward zero-gradient con-
dition, that the solution of the minimization problem (2.30) is given by & = (K + 02,..,I) !y,
thus giving the same prediction as in (2.29). This equivalence makes sense, because when the

variance 02, of the measurement error is large, the observations are unreliable, so a twisted

s
form should not be imposed on the prediction function to reproduce them. Similarly, the weight
of the observation reproduction term in (2.30) should be small compared to the complexity
penalization term.

Note finally that the virtual Cross Validation formulas are also known in the context of Kernel
methods ([Wah90]), and that they are recommended for selecting the regularization parameter
02, in (2.30).

mes

47



Chapter 3

Covariance function estimation for

Kriging models

In section 3.1, we give an introduction to parametric estimation. We first present the classical
properties for an estimator. Then we present the classical asymptotic results for Maximum
Likelihood with independent and identically distributed observations. In section 3.2 we present
the parametric estimation problem for the covariance function of a Gaussian process. We present
and discuss the Maximum Likelihood and Cross Validation estimators. We give the explicit
gradients of all the criteria, derived from Maximum Likelihood and Cross Validation, that have
to be optimized numerically. We conclude by considering the relatively open problem of taking

into account the uncertainty on the covariance function in the Kriging predictions.

3.1 Introduction to parametric estimation

In the whole section 3.1, we consider a vector y of n scalar random observations. In the two
following subsections, we first give the basic definitions and properties for the estimation of the
parameter characterizing the unknown distribution of y. Then we give some classical asymptotic

results when the number of observations n goes to +oc.

3.1.1 Definition and properties for parametric estimation

The first notion is the notion of parametric family of distributions for y, presented in the

following definition.

Definition 3.1. A parametric family of distributions for y is a parametric family of distributions
on R™, defined by

'PZ{Pw,’l,bE‘lf},

where Py, is a distribution on R" and U is a subset of RP. Unless explicitly stated otherwise,
there ezists '¢(0) € VU so that the distribution of y is Pyw . We will sometimes emphasize this
by saying that the model P is well-specified.
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The basic idea of definition 3.1 is that considering directly all the possible distributions
as candidates for the generation of y makes no sense. Indeed, we can always consider that
y = (y1,...,Yn) is generated by a tensor product of Dirac distribution at the y;, 1 < i < n. This
distribution will always be the best fit for y, but it will make no sense in any applied context.
Therefore, we first identify a reasonable set of distributions P, generally using knowledge of the
nature of the observations yi, ..., y,. After that, the corresponding parameter ) is estimated,
generally by using methods that are more automatic, such as the Maximum Likelihood method
of definition 3.8.

In the theoretical analysis of parametric estimation, the assumption that the model P in
definition 3.1 is well-specified is very classical. Nevertheless, this assumption is not always
done. The term misspecified model has appeared in the literature, in the case where the true
distribution of y does not belong to P. In this case, we refer to [Whi82] for asymptotic results
for the Maximum Likelihood estimator.

We now give the definition of an estimator, which corresponds to selecting a distribution in
P.

Definition 3.2. An estimator z,?; is a deterministic function from R™ to U. {[J(y) is the estima-

tion of 1, according to the vector of observations y.
Remark 3.3. We shall write 1 for 1,Ab(y) for concision.

We see in definition 3.2, that Pﬂ,(y) is the distribution that is concluded to have generated
the observation vector y. Since the objective is that Pﬂ,(y) is as close as possible to Py, the
estimated parameter 12) should be as close as possible to 1/)(0) (in the well-specified case). Since {p
is a random vector, its distribution should be concentrated around w(o)‘ The following notions

of bias and Mean Square Error (MSE) quantify this concentration.

Definition 3.4. The bias of an estimator {p is the p x 1 vector with ith component ]E('[bz) —1#1(.0).
An estimator is said to be unbiased when E(IZ)Z) = @bz(»o) for 1 <i<p.

Definition 3.5. The Mean Square Error vector of an estimator 1} is the p x 1 vector with ith

component E { ({bl — 1/)§0))2}.

The Mean Square Error and the bias of the estimator {p are linked to its variance by the

classical identity, for 1 <i <p
. 2 . 2 .
E { (9 - ) } = (BE@) - ) +Var(sh,). (3.1)

In (3.1), the MSE on the left term is the objective function to minimize for the estimator 121
Naturally, for the MSE to be small, both the bias and the variance of the estimator have to be
small. Nevertheless, reducing the bias and the variance can be antagonistic, so that a trade-off
may have to be found between them, known as the bias-variance trade-off. An example of this
trade-off is the introduction of penalization in the Maximum Likelihood estimator for Kriging,
that reduces the variance, but at the cost of a small bias (JLS05]).

Finally, when the estimator is unbiased, there is a classical lower bound for its variance, the

Cramér Rao bound given in proposition 3.16.
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We conclude the subsection by presenting the most classical estimators. The first general
family of estimators are the M-estimators, which correspond to minimizing a criterion depending

on the observations (which is generally interpreted as a data reproduction criterion).

Definition 3.6. A M-estimator is an estimator 121 so that there exists a deterministic function
c: ¥ xR" — R so that

1 € argmin c¢(¥, y).
peET

The second family of estimators are the Z estimators, which correspond to verifying a set

of equations. An example of Z-estimator is a M-estimator for which it is shown that the

minimization of the criterion implies the nullity of its gradient.

Definition 3.7. A Z-estimator is an estimator 12) so that there exists a deterministic function
g: VU xR® = RP so that

9(,y) = 0.

Finally, we define the Maximum Likelihood (ML) estimator.

Definition 3.8. Assume all the distributions Py, have a probability density function ly on R™.
Then the Mazimum Likelihood (ML) estimator {bML of 1 is defined by

{pML € argmax ly (y).
Ppew

The ML estimator is both a M-estimator and a Z-estimator, under smoothness condition
on the family of probability density functions {l,,,1 € U}.

The ML estimator is perhaps the most studied theoretically, and the most used in practice.
The main reason is that, as presented in subsection 3.1.2; there is an intrinsic relation be-
tween the Cramer-Rao bound and the likelihood function, allowing the ML estimator to reach
asymptotically the Cramer-Rao bound.

Before considering, in subsection 3.1.2, the asymptotic framework n — 400, let us give a

simple example for the Maximum Likelihood estimator.

Example 3.9. Consider in definition 3.8, ¥ € R and ly is the joint pdf of n iid Gaussian

variables with mean v and known variance 1. In this case, we can write

(2m)= =

Maximizing (3.2) with respect to v yields the ML estimator

&ML = % <§yz> .

Hence, in the iid Gaussian case with known variance, the ML estimator estimates the mean
parameter 1 by the empirical mean of the observation sample y1, ..., yn.
One can also calculate E(Pprp) = E(yr) = ¢, so that ML estimator is unbiased here.

Finally, its variance is Var(ipr) = 1
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3.1.2 Classical asymptotic results for parametric estimation

To define an asymptotic framework, it is first necessary to let the size n of the observation vector
vary. However, we shall keep in mind that the parametric family of distributions of definition
3.1 depends on the number of observations n. It is hence necessary to parameterize all these
different distributions on R™, for n varying, by a parameter 1 independent of n.

In subsection 3.2.1, we will see that the distribution of a random vector y, of size n, coming
from a centered Gaussian process Y at (1), ..., 2(™ € D can be parameterized independently of
n, by a parameter 1 characterizing the covariance function of Y.

In this subsection 3.1.2, we will consider the case where y is composed of n iid random
variables, so that 1 is a parameter for their common distribution and is hence independent of
n.

In view of the discussion above, we will consider the framework of definition 3.10 in this

subsection 3.1.2.

Definition 3.10. Let y be a random vector of size n, with n € N* varying. Assume that the
components yi, ..., yn of y are iid. A parametric family of iid distributions for y, is a parametric
family of distributions on R, defined by

P:{Pw,’l,[)G\I/},

where Py, is a probability distribution on R and V¥ is a subset of RP.
Unless explicitly stated otherwise, there ezists 1/)(0) € U so that the common distribution of

Y1y -y Yn 18 P1p<0)'

An example of parametric family of iid distributions is the example 3.9 of the iid Gaussian
variables, with unknown mean and known variance.

Once the iid case is settled, so that the parameter 1 to be estimated is independent of n,
the asymptotic framework n — 400 has a double objective. The first objective is to answer
the question: If there is a very large number of iid observations, can we know for sure from
which common distribution they stem? The second objective of asymptotic theory is to give an
approximation of the distribution of an estimator 12:, in a given finite-sample situation where n

is large.

Consistency

Let us address the question: If there is a very large number of iid observations, can we know
for sure from which common distribution they stem? This question corresponds to whether the
random vector 1:[) goes to 1,[)(0) when n — 4o00. This corresponds to the notion of consistency of
definition 3.11.

Definition 3.11. Consider the iid framework of definition 3.10. An estimator {b s consistent
zf{b goes to 1,[)(0) in probability when n — +oo. An estimator {b is strongly consistent if '[b goes

almost surely to ¢(0) when n — +00.

For instance, we have seen, in the example 3.9 of the iid Gaussian variables with unknown

mean and known variance, that E(?/A}ML) = and Var(z/;ML) = % Hence, this ML estimator
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is consistent in the sense of definition 3.11, and even strongly consistent by the strong law of
large numbers.

The consistency in the simple example above can be generalized to the case of the ML
estimator, in the 7id framework addressed in this subsection 3.1.2. Indeed, roughly speaking,
the iid framework is favorable for the estimation of %, because the information brought by
the observations yi, ..., y, on Py will not be redundant. This is confirmed by the following
proposition, showing that, under mild conditions the ML estimator is consistent in the 7id

framework.

Proposition 3.12. Consider the iid framework of definition 3.10, where Py, is a distribution
on R having a probability density function ly, with respect to the Lebesgue measure. Assume
that all parameters v give distinct distributions Py. Assume that W is compact. Assume that
P — In(ly(y)) is continuously differentiable for any y € R and that supy,cg |In (ly(y))| and
SUDpe g |% In (ly (y))| are summable (with respect to the distribution of y on R given by Py ).

Then the ML estimator 12)ML is consistent.

Proof. For any n,

Parr € argmm— Zln Ly (yi))

ev =1

Denoting M, (¢) = £ 3" | In(ly(y;)) and using the strong law of large numbers, M, (1) goes
in probability, for each ¥ to

M (¥) ::/Rln(l,/,(z))lip(m(z)dz.

Furthermore, let ¢ > 0 and, for € > 0, let 1/)(”, ...,1/J(N) 80 that sup,,cy infi<i<y |9 — w(i)| <e.
Then, with a constant a < +o0, for all ¥» € ¥

(M () — M()|
< min (M) = Ma(6O) + (M (40) = M)+ (M) - M(3)])
1 1< 0
< 1I<gg>§VIM () = M(p! )|+a6g3}£ nzad,ln(lw(w))‘

1

“+ae sup
Pew

Hence

sup [ M () — M(v)]
pew

max [Ma (") = M(u )]

tack 2 sup [ 70 (1 31)] + ac / sup |

IN

P I (L (2)) Lo (2)dz

= 0,(1)+ae (2/}1&31;1\; |a¢ (lw(z))ld,(o)(z)dz—l—op(l))
= o0p(1) + €K,
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for a constant K < 4+o00. Hence, for any n larger than N large enough,

[SEY

P (SUP | M (¥) = M(9p)| = t) Setlegse.
Pew

Hence, supy,cy |Mn () — M(3p)| goes to zero in probability.
Now the function M(4p) is continuous by the dominated convergence theorem. It is proved
in theorem 5.35 of [Van98] that M(’(/)(O)) > M (1) for any 9 # 9©. Because ¥ is compact, we

have then, for any o > 0

sup  M(y) < M(p'0).
[p—p©|>a

Hence, because of theorem 5.7 of [Van98], 1,AbML is consistent. O

Let us consider again the example 3.9 of the ¢id Gaussian observations. By taking two times
the opposite of the logarithm of their likelihood, we can write the ML estimator of the mean 1

as

e € arfg@inL(zb) with L(v) := i;(yl — )% (3.3)

Although the framework here is so that L(¢)) can be minimized explicitly, it is worth noting
that it is composed of a sum of iid terms. Each term, in the mean sense, is minimized only
by the true 1. Hence, it is intuitive that, using the law of large numbers, when the number of
observations is large, the modified likelihood function ¢y — L(%)) is close to the mean likelihood
function 1 — E((Y —¢)?) = 1+ (¢o — )2, where Y follows the N (¢)g, 1?) distribution. Since
this mean likelihood function is minimized only by the true 1, the ML estimator zﬁM 1, is close
to the true ¢ when the number of observation is large. This discussion hence explains why
proposition 3.12 is intuitive.

We now illustrate the example in figure 3.1. We set )9 = 1 as the true mean. We plot
realizations of ¢ — L(¢) in (3.3) for n = 5 and n = 30 observation points, and the mean
likelihood function ¢ — 1+ (1)9—1)2. We see that for n = 30, the likelihood function realizations
are much closer to the mean likelihood function than for n = 5, and that the mean likelihood

function is minimized only by the true mean .

Asymptotic distribution

The second objective of asymptotic theory is to give approximation of the distribution of an
estimator 1:[1, in a given finite-sample situation. Indeed, for instance if 1:[) is a M-estimator, it
may not have an explicit expression, so that its finite-sample distribution may not be explicit.

Generally, but not always, the estimator will be proved consistent first, so that the question is
to quantify its small deviation from the true parameter 1,[1(0). In the case of M and Z-estimators,
since the deviations are small, the asymptotic distribution can be deduced from the derivatives
of the criterion, with respect to v, around the true parameter w(o). A result of this kind is
presented in more details in chapter 5 for the ML and CV M-estimators in the Kriging case.

Here, we will give details about this principle in the case of the Maximum Likelihood estima-
tor in the iid case. For this, let us first define the first and second derivatives of the logarithm
of the likelihood.
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moditied log likelihood
1
L

modified Iog likelihood
1
L

-2 -1 0 1 2 3 4 5 -2 -1 0 1 2 3 4 5
mean parameter mean parameter

Figure 3.1: Illustration of convergence of the likelihood function in the iid case. Solid lines:
plot of realizations of the modified log-likelihood function ¢ — L(%) in (3.3) for iid Gaussian
variables with known variance 1 and unknown mean. The true mean is ¢y = 1. Dashed lines:
plot of the mean likelihood function v — E((Y — ¢)?) = 1 + (¢ — ¥)?, where Y follows the
N (2o, 12) distribution. Left: n = 5 observation points. Right: n = 30 observation points.

In the two following definitions, and in the two following propositions, since n is fixed, we

do not consider necessarily the iid case of definition 3.10.

Definition 3.13. Assume all the distributions Py in definition 3.1 have a probability density

function ly on R™. Then, the score vector is the p x 1 random vector defined by

(3 1n(l¢)>w) .

Definition 3.14. Assume all the distributions Py in definition 3.1 have a probability density
function Iy, on R™. Then, the random Fisher information matriz is the p X p random matriz
defined by

82
- (aw ln“w)w '

The moments of the score and of the random Fisher information define the (deterministic)

Fisher information matrix, as presented in the following proposition.

Proposition 3.15. Assume that sup,,cy |%(l¢)| and Sup,,cy H%(ld,)”g are summable with
respect to the Lebesque measure on R™. Then the pXp covariance matriz of the score of definition
3.18 and the p X p mean value matrix of the random Fisher information of definition 3.14 are
equal. Their common value is denoted I,, and is called the (deterministic) Fisher information

matriz.
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Proof. Let 1 <14, j < p. Because of the dominated convergence theorem,

o _ 35 (lyo (2))
E (M In (lwm))) = / Wlww) (2)z
0

= %An l¢<o>(z)dz
0

= o

= 0.

We calculate )
2 s (ly0) o) (o)

—— (0
31/%31/)j n ( P )) l¢<0) (l¢<0))2

Integrating this relation, we obtain

02 i (L (2))
o m In (lw(o) (Z))l¢(o>(2)dz = /n %lw(o) (z)dz
59— (L (2)) 52 (L) (2))
O \'P 3y \“
,\/Rn (lw(g)(z))Q lw(o) (z)dz.

so that

E{aQIH(l 0)}: 672(1 o(z))dz—IE{aln(l o)iln(l 0)}
0Y; 0 v © R OY;01; v O L 0Y; v

Because of the dominated convergence theorem,

02 02
o D, v PNz = Fos

which concludes the proof. O

1=0,

From proposition 3.15, the Fisher information matrix Z, is a p X p covariance matrix. It is
therefore a symmetric non-negative matrix.

Furthermore it can be written with both the expressions

Aln (1,0 Oln (1,0
(In)i,j = /n (;,:/il)(y)) (61/12; (y))l¢(0) (y)

and & Tn Iy (1))
N by (Y
/n 0%, by ().

The deterministic Fisher information matrix defines a lower-bound for the mean square error

(Zn)iy = —

of all the unbiased estimators of 1». This inequality is called the Cramér Rao inequality, and is

presented in the following proposition.

Proposition 3.16. Let ¥ be an unbiased estimator of ¥. Assume that for any j, v —

SUD,e |1,Ab(v)8iw(l¢(v))| is summable with respect to the Lebesque measure on R™. Let T,
J

be the deterministic Fisher information matriz of proposition 3.15, and assume that the matriz

is positive. Then, for any o € RP, we have the following Cramer-Rao inequality

E(jo’ (¢ - »V)*) = &' (T, ")er
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Proof. For 1 <i,5 <p,

E(i=—In(lyo)) = %( )5~ (Lo (v))dv.

811)] azpj

Because zﬁl(v) does not depend on %, by using the dominated convergence theorem,

0

wz% n(lym)) = 90, Rnlﬁz( )Ly (v))dv
0
= T%wO,i
= ;.

Hence, the covariance matrix of the size p + 1 random vector

Zf=1 O‘ﬂ[’i
52 (lyo))

8%? I (L))

is the matrix

« T,

(Var(Zfl a;;) at>
Since this matrix is non-negative, for any ¢t € R, considering the vector

t
I la ’

p
0<tVar()_ anh) -2’ a+ 'L, ' 1,1, o
i=1

we have

Since this last term is non-negative for every ¢ we obtain

P
r <Z aiipi) o' a > (T a)?,
i=1

which proves the proposition. O

Let us consider the example 3.9 of the iid Gaussian variables with unknown mean and known

variance. The log-likelihood at 1) is

n 1 [ 9
—3 In (27) — 3 (Z(yz - ) )

i=1

Differentiating two times with respect to ¥, we obtain that the random Fisher information

matrix is in fact deterministic and is equal to the scalar n. Therefore, as we have seen that

E(arr) = @ and Var(dar) = L. we have shown that the ML estimator reaches the Cramér-
Rao bound.

This is in fact a general result, as the following proposition shows: in the iid framework, the

ML estimator is asymptotically normal, with mean vector zero and covariance matrix equal to

the Cramér-Rao bound.
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Proposition 3.17. Consider the iid framework of definition 3.10, where Py 1is a distribu-
tion on R having a probability density function ly, with respect to the Lebesque measure. As-
sume that all parameters 1 give distinct distributions Py. Assume that ¥ is compact. Assume
that, for any j, k.1, subyey | (ly ()], suDyey |55 1 (Lp(®))], suPyew |55 I (ly ()| and
SUDy ey |$jwlln (ly(y))| are summable with respect to the true probability density function
lwm) for y.

Then the (deterministic) Fisher information matriz I, is

82
nkE { <8'¢2 In (l¢)>¢<o>} = nZ;.

Assuming that the matrix I, is positive, the Maximum Likelihood estimator Uarr verifies as

n — +0o

Vi@ =) =2 NO,Z7Y).

Proof. As the observations are iid, the equality Z,, = nZ; is obtained by writing In ([T\; Ly (v:))
as a sum, deriving it twice with respect to 1; and v; and taking the mean value.
We verify the hypothesis of proposition 3.12 so the ML estimator is consistent.

Let us now address asymptotic normality. For all 1 < j < p,
0
? (lg,m(yi))
Q
Y,

"9 9 b
(l,(/,(o) yL (Z @7 l,lp(o) (yz))> (f(/;ML _,lp(o)) +7",

ii M: i M:

with random r, so that |r| < > —1SUPg, 1 ’8111 d)w;l (l{p(yz)ﬂ x |12,ML _ ¢(0)\2. Hence
r=0p (W’ML — \) We then have

- Z 31/1 1p<0> yz)) = (Z ai,gfpj In (l¢(°> (?h))) +0p (1) ('[pML - "/’(0)) )

and so

2

('QLML - 11’(0)) =- {Z aan In (l¢(0) (yi)) +op (1)} (Z 51/’ ¢<o> yz))) )

Now, thanks to the strong law of large numbers, the central limit theorem and proposition 3.15,

1 Zz . 6¢2 In (l¢(0> (yz)) converges in probability to Z; and \F Zz 1 8‘3!} In (Z¢(o> (yl)) converges
in distribution to a N'(0,Z;) distribution. We conclude using Slutsky lemma. O

Proposition 3.17 is a justification of the use of the ML estimator, by showing that it is
asymptotically unbiased, and that its asymptotic covariance matrix is equal to the Cramér-Rao
lower-bound (in the convergence in distribution sense).

Looking back at the example 3.9 of the iid Gaussian variables with unknown mean and known
variance, we see that ¥nr — (@ ~ A (0, %) Hence, in this simple example, the asymptotic

distribution of proposition 3.17 is in fact the exact distribution for any n.
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The results of propositions 3.12 and 3.17 can not be used directly, in the Kriging framework,
for the Maximum Likelihood estimator of section 3.2, because, as we will see, we are not in
the iid framework. The existence, or the impossibility, of these kinds of asymptotic results for
Kriging is the object of chapters 4 and 5. Before that, in the next section 3.2, we present the

finite sample framework for the estimation of the covariance function for Kriging.

3.2 Estimation of the covariance function for Gaussian pro-

cesses

In this section, we present the parametric estimation of the covariance function of a Gaussian
process Y, from an observation vector y. In subsection 3.2.1, we detail the framework for
the covariance function estimation. In subsections 3.2.2 and 3.2.3, we present the Maximum
Likelihood (ML) and Cross Validation (CV) estimators. In subsection 3.2.4, we provide the
explicit gradients of the criteria for the ML and CV estimators. Finally, in subsection 3.2.5, we
discuss the rather open problem of taking the covariance function estimation error into account

in the Kriging predictions.

3.2.1 Parametric estimation of the covariance function

As discussed in section 3.1, it is unreasonable to consider all possible covariance functions as
possible candidates for the Gaussian process at hand. Hence, similarly to definition 3.1, it
is classical to assume a parametric family for the covariance function of a Gaussian process
Y. Furthermore, in the present manuscript, we especially study the classical case of a family
of stationary covariance functions. These two remarks motivate the following definition of a

parametric family of stationary covariance functions.

Definition 3.18. A parametric family of stationary covariance functions is of the form

{Ky, € U},

where Ky, is a stationary covariance function, and V is a subset of RP.

In definition 3.18, since Ky, is a stationary covariance function for all ¢, we have Ky (z) <
K (0). We make the reasonable hypothesis that we have the strict inequality K (x) < Ky (0)
for  # 0. Without this hypothesis, for Y a centered Gaussian process with covariance function
Ky, we can have M £ () 50 that Y(:c(l)) = Y(:B(2)) almost-surely, which only holds in very
particular situations.

Since the variance Ky (0) of the stationary Gaussian process is constant, it usually makes
sense to consider it as an explicit parameter. Therefore, we shall consider the alternative pa-

rameterization of K, in definition 3.18,
{0®Rg,0* > 0,0 € O}, (3.4)

where Ry is a correlation function and © is a subset of RP~!. The explicit separation of the

2

variance hyper-parameter o® and the correlation hyper-parameter 6 in (3.4) turns out to be

useful when we address their estimation in subsections 3.2.2 and 3.2.3.
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Similarly to definition 3.18, we assume Rg(x) < Rg(0) for a # 0.

Remark 3.19. In the manuscript, when the separation of the variance and correlation hyper-
parameters is explicitly used, we will consider the parameterization (3.4). When this separation

is not used, we will rather consider the parameterization of definition 3.18.

3.2.2 Maximum Likelihood for estimation

In all the subsection, ¥ is the vector of observations of the Gaussian process Y at =V, ..., (™).
K is the covariance matrix of y under covariance function K, and Rg is the correlation matrix
of y under correlation function Rg.

K, and Rg are defined by (Ky)i; = Ky () — 2()) and (Re); ; = Re(z® — x9)). We
assume that, when the points (!, ..., (™ are distinct, the matrices K, and Rg are invert-
ible. This assumption is classical. For example, it is verified by all the covariance functions of

subsection 2.1.2.

Maximum Likelihood

In the case of simple Kriging, the likelihood criterion of the observation vector y depends only
on 1 in 3.18 and is,

L) = - [ Kyl + 4Ky (35)
Remark 3.20. The criterion in 3.5 is not the likelihood, but it is a monotone transformation
of it (it is —21nl(vy) — In(27), where I(1p) is the likelihood). Hence, the Mazimum Likelihood
estimator is of course preserved. The criterion in (3.5) gives the simplest expressions for the
theoretical and practical development regarding Maximum Likelihood. Notice that, in (3.5), we
have changed the sign of the logarithm of the likelihood, so that the criterion (3.5) is to be

minimized.

In the case of simple Kriging, the Maximum Likelihood estimator of the covariance hyper-

parameter ) in definition 3.18 is

g € argmin L(v)). (3.6)
Pew

Now, in the case of the separation of the variance and correlation hyper-parameters in (3.4),
the likelihood criterion becomes

1 11 _
L(0?,0) := - In |0°Reg| + E;thely, (3.7)

Hence, the optimization with respect to o2, for fixed 8 can be carried out explicitly. This
removes one dimension in the numerical optimization problem. This is summarized in the

following proposition.

Proposition 3.21. The Mazimum Likelihood estimator of (02,0) is (63;,,01), with

éML € argmin £(6),
6cO
with )
L(0) =1In (&]2\4L(9)) + - In|Rg|,
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. 1 _
UJQML(O) = ;tho 1’!!

and

Proof. We show, by a simple zero-derivative condition that the minimizer of L(c2,8), for fixed

0, is 63,,(0). We conclude from min,2 g L(0?, ) = ming (min,2 L(c?,8)). O

Consider now the case of ordinary or universal Kriging. In the case of ordinary or universal
Kriging, we always use explicitly the decomposition o2, 8. Hence, we will present the Maximum
Likelihood equations only in this case.

We denote by H the n x m regression matrix of subsection 2.2.2. The likelihood criterion

now depends on 3, ¢ and 0 and is
2 — l 2 1 _ TR-(y —
L(B,0%,0) := - In |c°Reg| + 3 (y—HB) Ry (y—HB), (3.8)

Similarly to the case of simple Kriging, the likelihood criterion of (3.8) can be minimized
explicitly with respect to B and o2, removing m + 1 = dim(3) + 1 dimensions in the numerical

optimization problem. This is summarized in the following proposition.

Proposition 3.22. The Mazimum Likelihood estimator of (8,02,0) is (Byp,0%1,0nm1), with

O € argmin £(0),

55
with
£(0) =10 (631.(0)) + - In[R).
500(6) = Ly~ HP,,(0) Ry (y ~ HB,,(6))
BuL(6) = (H'Ry'H)'H'Ry 'y
and

BML = BML(éML)a

Furthermore, we can also write

6(0) = ﬁytﬂe%
with
I, =R,' - R,'H(H'R,'H) 'H'R,"
Proof. Similar to the proof of proposition 3.21. O

Remark 3.23. In proposition 3.22, if the matriz H is ill-conditioned, numerical issues can
be avoided for the computation of O and 62,.. Indeed, let U,S,V be a Singular Value
Decomposition of H, with U of size n x m so that U'U = 1, ,,, S a diagonal matriz of size
m, with nonnegative numbers on the diagonal, and V an orthogonal matriz of size m, so that
H = USV'. Then, we can show that the value of L(0) and 63,,(0) are unchanged by replacing

the matriz H by the matriz U. The matriz U is of course perfectly conditioned.
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However, when the condition number of H is large, there is an irreducible numerical im-
precision when computing BML. We refer to the discussion of remark 2.31 on this subject.
Roughly speaking, if H is ill-conditioned, the design of experiments is either incomplete, or the
regression model is over-parameterized. If the design of experiments is incomplete, it has to be
extended before considering using the Kriging model for prediction. If the regression model is

over-parameterized, a minimal regression model can be obtained from it.

Restricted Maximum Likelihood

The principle of Restricted Maximum Likelihood (REML) is to make the estimations of the
regression coefficient vector B and of the covariance function hyper-parameters 2,0 totally
independent. This is of special interest when the Bayesian prior on 3 of subsection 2.2.2 is
considered. Indeed, the estimation of 02 and @ is independent of this prior. In the FLICA IV
application case of chapter 8, we use the Restricted Maximum Likelihood technique.

First consider the parameterization K, of the covariance function in definition 3.18.

Let W be a (n — m x n) matrix of full rank so that WH = 0. Note that if H is not of full
rank, then m must be replaced by the rank of H. Then

w =Wy ~ N(0, WK, W?).

The law of w is independent of the value of 3. Hence the Restricted Maximum Likelihood
Estimator ) reEMmn 18 the Maximum Likelihood estimator on the transformed observations w.

Hence, the restricted likelihood criterion is

1 1
Lr(®) = —In WK, W'| + Ewt(WKd,Wt)—lw. (3.9)

It is shown in [Har74] that changing W only adds a constant (with respect to 1) term to
(3.9). It is also shown in [Har74] how we can avoid a matrix product with W. Indeed let W
so that WW! =1, ,, and W'W =1I,, —- H(H'H)'H'. Such a matrix W can be obtained as
follows.

Consider a SVD decomposition of H: H = USV*, with U an n x n orthogonal matrix, V

~ D
S = ;
< On—m,m >

with D a m x m diagonal matrix. Then, with wu; the i-th column of fJ, with

an m X m orthogonal matrix and

t
um—i—l

e

we have
Wﬁ == ( On_m7m In—m ) 9

so that WH = 0. Furthermore we verify WW?! =1,,_,,.
With a matrix W verifying the conditions above, we have ([Har74])
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1 1 1 1
L = ——In[HH|+ —In|Ky| + — In[H'K,'H| + —y'II 3.10
r(Y) = ——In[HH[+ ~In[Ky|+ — In[H'K, H| + —y'Il,y, (3.10)
with
| -1 tre— 111~ 11yt Te 1
In, =K, - K, HH'K, H)” HK, .
The REML estimator 1:[)REML is hence

Ypevw

Remark 3.24. Similarly to remark 3.23, it is not an issue for Restricted Mazimum Likelihood
if H is ill-conditioned. Let U,S,V be a Singular Value Decomposition of H, with U of size
n x m so that U'U =1, ,,, S a diagonal matriz of size m, with nonnegative numbers on the
diagonal, and V an orthogonal matriz of size m, so that H = USV!. Then, we can show
that, when replacing H by U, Lr(1) in (3.10) is unchanged. One can indeed see that, when H
becomes ill-conditioned the two diverging terms - In |[H'H| and In |HtK;1H| in (3.10) actually
compensate one another. Also, if H is singular, so that the m —m’ last diagonal values of S are
zero, one can replace H in (3.10) by the n x m' matriz U,,, composed of the m’ first columns

of U, similarly to remark 2.31.

For the case of the decomposition o2, , once again, the optimization problem with respect

to o for fixed @ has an explicit solution, as shown in the following proposition.

Proposition 3.25. The REML estimator of (02,0) is (&%EMLvéREML)f with

éREML S argminﬁR(O),
6co

with
£r(0) = """ 10 (6har1(6)) + - In[Ro| + - In|HIR,H,
ke (0) = e mytHGZh
IIp =R, - R,'HH'R,'H) 'H'R,'
and
&?%EML = &JZ%EML(éREML)'
Proof. From (3.10) and similar to the proof of proposition 3.21. O

Remark 3.26. Similarly to remark 3.23, it is not an issue for Restricted Mazimum Likelihood
if H is ill-conditioned. Let U,S,V be a Singular Value Decomposition of H, with U of size
n x m so that U'U = 1,, ., S a diagonal matriz of size m, with nonnegative numbers on the
diagonal, and V an orthogonal matriz of size m, so that H = USV!. Then, we can show
that, when replacing H by U, 6%, (0) in proposition 5.25 is unchanged. Furthermore, the
marginal restricted likelihood function Lg in proposition 3.25 is changed only by an additive

constant (with respect to 0).

Let us discuss briefly the comparison between ML and REML. Both have the same compu-
tational cost and essentially require to compute |Rg| and solve the linear systems Ry 'H and
R, 'y. Tt is argued in [CL93] that ML has a larger small-sample bias than REML. Indeed, one
can see, in the explicit case where 6 is known and o2 is estimated, that 6% p,,, is unbiased while

A2 . .
0%y is biased.
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3.2.3 Cross Validation for estimation

For this subsection on the Cross Validation estimation, we will make an explicit use of the (o2, 6)
decomposition. Furthermore, we will not consider Cross Validation estimation for the Bayesian

case on the regression coefficient vector 3.

Leave-One-Out Mean Square error

The Cross Validation procedure we study in the manuscript is based on the Leave-One-Out
(LOO) Mean Square Error (MSE) criterion,

LOO(©) =~ 3" {41 ~ iro}’. (3.12)

where, for 1 < i <mn, §; ¢ is the prediction, in (2.9) and (2.15), of y; according to y1, ..., ¥i—1, Yi+1,
.y Yn, given the covariance function 02Rg. One sees that the predictions (2.9) and (2.15) do
not depend on the variance hyper-parameter 0. This is emphasized by the notation LOO(8),
where the LOO MSE criterion explicitly does not depend on o2.

0 is estimated by minimizing the LOO MSE criterion,

000 € argmin LOO(). (3.13)
6cO

Leave-One-Out Predictive variance criterion

The variance hyper-parameter o can not be estimated using the LOO MSE criterion. This
criterion reflects the quality of the point wise prediction of (2.9) and (2.15). The other intuitive
criterion for a Kriging model would be a criterion reflecting the quality of the predictive variances

for these pointwise predictions. We study the criterion based on

1o~ (i - gi’éLOO)Q
n e gmE (3.14)
i=1 i.0L00
where é?,e and 0262279 are the predictive variances of y; according to Y1, ..., Yi—1, Yit1, - Yn, given
the covariance functions Rg and 02 Rg. It is noted in [Cre93| p.102 that if o2 is a correct estimate
of the variance parameter, then we should expect (3.14) to be close to 1. The principle of the

CV estimation of o2 is to set this criterion equal to 1 exactly. Thus, the CV estimation of o2 is
1o Wi = Fi6,00)°
6100 = — Z — ubroo’ 22 “ro0’ (3.15)
i=1 i,0L00
with @100 as in (3.13).
To summarize, the general CV procedure we study is a two-step procedure. In a first step,
the correlation hyper-parameters are selected according to a mean square error criterion. In a

second step, the global variance hyper-parameter is selected, so that the predictive variances are

adapted to the Leave-One-Out prediction errors.

Matrix form criteria

Using the virtual Cross Validation formulas of proposition 2.35, we can write the estimators

600 and 6% 5o of (3.13) and (3.15) with explicit quadratic forms.
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First, the LOO MSE criterion for éLOO can be written as
1 .- N N
LOOg = EthgDmg(Rg)*zR;y, (3.16)

with R, being R,' in the simple Kriging case and Ry’ — Ry "H(H'R, "H) " 'H'R, " in the
(frequentist) ordinary or universal Kriging cases. The expression (3.16) allows to estimate 8 by
CV by minimizing a criterion that has the same computational complexity of O(n?®) as ML.

The explicit estimation of o2 by CV in (3.15) also has the explicit quadratic form expression

1 .-
~2 o t —
9Loo = Ey R(;L

_Diag(R; )R, . (3.17)

o 6ro0 0roo0

Remark 3.27. Consider the universal Kriging case. Similarly to the ML and REML estimators,
if the matriz H is ill-conditioned, numerical issues can be avoided for the computation of éLOO
and 63 5. Indeed, let U,S,V be a Singular Value Decomposition of H, with U of size n x m
so that U'U =1, ., S a diagonal matriz of size m, with nonnegative numbers on the diagonal,
and 'V an orthogonal matriz of size m, so that H = USV!. Then, we can show that the values

of (3.16) and (3.17) are unchanged by replacing the matriz H by the matriz U.

Discussion on the Leave-One-Out criteria studied

The CV procedure of (3.12) and (3.15) gives the priority first to the point wise prediction at a
new point, and second to the predictive variance for this new point. Furthermore, it addresses
this double objective by using criteria that are the direct empirical counterpart of this double
objective.

The double remark above may raise two interrogations on the CV estimation. First, on can
argue that the predictive means and variances may not always be the priority for a Kriging
model. For instance, we can be more interested in the estimation of the conditional correlation
between Y (z(™**>1)) and Y (x("*+?)) at two different new points. We will not discuss this point
any longer, since it is intrinsically dependent on the particular application of the Kriging model
at hand. We will just mention that, in many application cases, priority is given to pointwise
predictive means and variances.

Second, when established that the priority is given to having accurate point-wise predictive
means and variances, the procedure of (3.12) and (3.15) also constitutes a particular strategy for
this priority. More precisely, the LOO criterion (3.12) is interpreted as a direct approximation
of an underlying integrated prediction Mean Square Error. Another criterion that appears
frequently in the literature ([RWO06], chapter 5, [ZW10], [SKO01]) is the LOO log predictive
probability, which is

n

A \2
% ; {ln (0%¢9) + (yza_gé?:) } ) (3.18)
and is minimized jointly w.r.t 2 and 8. The LOO log predictive probability criterion consists in
maximizing the product of the conditional likelihoods of each of the LOO observations according
to the remaining ones. It could be argued that doing so can also improve the accuracy of the
predictions g; 5. Indeed, for instance, in (3.18), large prediction errors are divided by predictive
variances that are more likely to be large as well. This results in homogenizing the terms in

(3.18), thus potentially reducing the variance of the LOO log predictive probability estimator
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minimizing their sum. Furthermore, let us note that the criterion in (3.18) is minimized jointly

2 and 0 and hence does not need this separation, contrary to the procedure

with respect to o
based on (3.12) and (3.15).

We essentially believe that the choice of the LOO procedure to be used is still an open
problem. In chapter 6, we show that the LOO procedure of (3.12) and (3.15) is more robust
than ML, when the family of covariance functions in which the selection is carried out is far from
the true covariance function of the Gaussian process. It is unclear yet whether the procedure
based on (3.18) would be as robust. Finally, the questions related to the choice of the LOO

procedure are further discussed in the perspectives in chapter 10.

3.2.4 Gradients of the different criteria

In this subsection 3.2.4, we give the expressions of the gradients of the criteria that need to be
minimized numerically. Explicit expressions of the gradient are indeed useful for gradient-based
optimization algorithms.

In all subsection 3.2.4, let ; , ¢ € {1,...,p} be a component of t. Let also, depending on
the situation, 6;, i € {1,...,p — 1} be a component of 6.

Proposition 3.28 gives the gradient of the likelihood criterion in the simple Kriging case.

Proposition 3.28. Let L(v)) be the likelihood criterion of (3.5). Then

0 L(v) = Ly (KlaKf”> — ly K*laK”’K Ly.

Proof. The proof can be found in [MM84] It is a straightforward calculation based on z7- In [My|

—10M —10M _
=Tr (M 552 ) and ;5 My! = —M 5 Myt 0

For all the criteria in the universal Kriging case, expressions are simplified by making use of

the following lemma.

Lemma 3.29. Let
Iy =R,' - R,'H(H'R,'H) 'H'R,".

Then,
31'19 ORg
=—-II II
d0; ° 00, °
Proof. Straightforward calculation based on ao M, ! =-M, 181VI"M 1 O

Proposition 3.30 gives the gradient of the marginal likelihood criterion in the simple and

universal Kriging cases.

Proposition 3.30. Let £(0) be the marginal likelihood criterion of proposition 3.21 for the

simple Kriging case and proposition 3.22 in the universal Kriging case. Then

O ry="Lrr(ry1Re) YRy 552 Re'y
807, n 0 891 tRB Y

in the simple Kriging case, and

0
00;

16Re> y' Tl G5 oy

1
= 7T .
Lo n " (Re 00; tl'[gy
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with
Iy =R,' - R,'H(H'R,'H) 'H'R,,

in the universal Kriging case.

Proof. Straightforward calculation based on lemma 3.29, %Ma -My, 18M" Me and 69
In |Mg| = Tr (M;“’gg;). O

Proposition 3.31 gives the gradient of the restricted likelihood criterion.

Proposition 3.31. Let Lr(1p) be the restricted likelihood criterion of (3.10). Then

8?pi Lr(v) = 1T (881;:,, H¢> - %ytﬂip aaKj) Iy,
with
M, =K,'-K,'HH'K,'H)'HK,".
Proof. Straightforward calculation based on lemma 3.29, %M;l = M¢1 a;\g¢ M¢ and 61/;
In|My| = Tr (M@la(,ﬁ‘gf). O

Proposition 3.32 gives the gradient of the marginal restricted likelihood criterion.

Proposition 3.32. Let Lr(0) be the marginal restricted likelihood criterion of proposition 3.25.
Then

0 1 ORg n—my'Te2ReTlgy
2 Lr(8) = —Tr - i
697 n 697 n yt]._[gy

with
Iy =R,' - R,'H(H'R,'H) 'H'R,".

: . - —~19Mg pp—1
Proof. Straightforward calculation based on lemma 3.29, 55- I M, = -M, 20 Mg~ and z5-
In M| = Tr (Mg 242 ). -

Proposition 3.33 gives the gradient of the CV criterion for the simple and universal Kriging

cases.

Proposition 3.33. Let LOO(0) be the LOO criterion of (3.16). Then,

d
50 (0) = —2y'R, Diag(Ry) >Ry 2Ry

+%ytI~{;Diag(I~{;)’2Diag (Rg %%"R ) Diag(ﬁg)*lﬁgy,
with Ry, eing Ry in the simple Kriging case an s — R, o - o in the
ith R, being Ry' in th le K: d Ry' — Ry'H(H'R,'H) 'H'R, " in th

universal Kriging case.

Proof. The proof for the simple Kriging case can be found in [Bac13]. The proof for the universal

9 1 _
’89M

-M,! aM" M(9 and Dzag (Mg) = Diag <8M" ) O

Kriging case is a straightforward but rather long calculation based on lemma 3.29
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Let us discuss briefly the computational costs of the explicit gradients above. In the universal
Kriging case, we consider the case where m is small compared to n, which holds for all the appli-
cations treated in the manuscript. For all the likelihood-oriented criteria, if the inverse of the co-
variance, or correlation, matrix is calculated and stored, then computing the gradient can be done
with O(n?) operations. Indeed, a term like T'r (K*I 8K“’) =301 k1 (K;})j . (aK"’)k ;

P O 0
can be calculated in O(n?) if K;l is already calculated. Hence the computational cost for cal-
culating a likelihood criterion and its gradient is a O(n?), and is independent of the dimension

of 8 or 1. However, for CV, we have to compute e.g. Diag <R;1 a;;_" R;l) for each component,

of 8. Hence, the computational cost for calculating a CV criterion and its gradient is O(n?),

like ML, but is proportional to the dimension of 6 or .

3.2.5 The challenge of taking into account the uncertainty on the co-

variance function

The Kriging equations of subsection 2.2.2 assume that the covariance function of the Gaus-
sian process Y is known. In practice, this function is estimated beforehand, yielding plug-in
([Ste99], chapter 6.8) prediction equations. The plug-in approach does not take into account
the randomness of the covariance function estimator. Let {b be an estimator of the covariance
hyper-parameter 1 that verifies, for any two m x 1 vectors v and w, {b(v) = 12)(17 + Huw), with
H the regression matrix. In the simple Kriging case, this conventionally adds no condition on
the estimator 121 In [Ste99] p.201, the estimator {p is said to depend only on the contrasts of
y. Note that all the estimators studied in the manuscript do depend only on the contrasts of
y. Indeed, for example, the likelihood criterion in proposition 3.22 is written as a function of
Yy — HB(y), with ﬁ(y + Hv) = B(y) + v. Similarly, for CV in (3.16), the LOO criterion is
written y'My, with M a matrix so that MH = 0. It is shown in [ZC92], and discussed in
[Ste99] p.201 that, in this case, the estimator 4 is independent of the prediction error, with the
true covariance hyper-parameter, g, o — Yo at a new point 2. As a result, we have that

Uap(0 o — Yo 1s independent of Yop(© o — gjﬂ) o- Hence

E(@{M —y0)%) = ]E(@,pw),o —40)%) + E(@w(m,o - 2?12,70)2)7 (3.19)

so that the prediction MSE is always larger when using an estimated covariance hyper-parameter
than when using the true hyper-parameter. As a result, the predictive variances obtained from
the plug-in approach may be overoptimistic.

This issue is well known in Kriging models, and is difficult to address. Until now, the majority
of the research on Kriging models adopt the plug-in approach, unless being explicitly oriented
toward, for instance, computing predictive variances explicitly taking the uncertainty on the
covariance function into account. In this manuscript, we also adopt the plug-in approach.

We now mention some alternatives to the plug-in approach, to be found in the literature.

In [ZZ06], the distribution of the estimation error is approximated by a centered Gaussian
distribution with covariance matrix equal to the inverse of the Fisher information matrix. Then,
this approximated distribution is propagated in (3.19), by using a first order Taylor series ex-

pansion, yielding an estimated predictive variance that is larger than the plug-in one.
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Using a Bayesian prior on the covariance hyper-parameters will, in nature, yield predictive
means and variances taking the posterior distribution of the covariance hyper-parameter into
account (in fact the conditional distribution of ¥'(2(™*)) will not be Gaussian anymore). This
is done for instance in [BBV11] in a Kriging-based optimization context. Nevertheless, it is
worth mentioning that the Bayesian approach yields an increased computational cost.

A parametric bootstrap approach is also presented in [Ste99], p.202. In essence, it consists
in exploiting the independence between the two random variables on the right-hand side of
(3.19). The principle is to assume that the estimator 121 obtained is the true one, to sample
np New obseryation vectors with the distribution obtained from it, and to obtain from them

a sample (12;(1)

)i<i<n, of estimated covariance hyper-parameters. Then, the distribution of
(Y@ o — Yo), obtained from the Kriging equations with hyper-parameter a, is convolved with
the bootstrap empirical distribution of (Q¢(0)70 7y¢(i)’0)1§ignb. From the independence between
the two random variables on the right-hand side of (3.19), this procedure yields an approximate

distribution of (g4, — yo)-
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Chapter 4

Asymptotic results for Kriging

In this chapter 4, we review some existing asymptotic results for Kriging. We first present in
section 4.1 the two classical asymptotic frameworks: increasing-domain asymptotics and fixed-
domain asymptotics. Then, in subsection 4.2.1 we review the existing fixed-domain asymptotic
results for the consistency of the Kriging predictions, in both the cases where the Gaussian
process assumption is well-specified or misspecified. In subsection 4.2.2, we review the results of
[Ste99] for asymptotic optimality of Kriging predictions with misspecified mean and covariance
functions. In section 4.3, we present the asymptotic results for estimation, in both asymp-
totic frameworks. Subsection 4.3.1 is dedicated to ML in the increasing-domain asymptotics

framework. Subsection 4.3.2 addresses various estimators in fixed-domain asymptotics.

4.1 Two asymptotic frameworks

There is a fundamental difference between the asymptotic framework in the iid case of subsection
3.1.2 and the asymptotic framework for Kriging. In the iid case, letting n — 400 defines the
asymptotic framework without ambiguity. However, for Kriging, when letting the number of
observation points (), ..., 2™ grow to 400, the position of the points V), ..., (™) still remains
to be set.

Remark 4.1. In an asymptotic framework for Kriging, it is not necessary that the observation
points V..., &™) be part of a sequence (m(i))ieN*. For instance, we may consider, for eachn €
N*, observing Y on [0,1] at the regular grid {£,1 < i < n}. Hence, we can write the observation
points at step n {w(l’"), . :B("’")}. Nevertheless, for concision, we write the observation points

at step n {x™, ..., (™}, even when there is no sequence (x));cn-.

In an asymptotic framework for Kriging, even the observation domain D may depend on n.
We may emphasize it by writing it D,,. Informally, the domain D,,, for a fixed n, corresponds
to the region of R? where we are interested in predicting the Gaussian process Y. Hence, the
observation points ", ..., (™ should cover all the domain D,, and only the domain D,,.

Two main asymptotic frameworks exist, characterized by the variation of D,, with respect
to n. In the fixed-domain asymptotic framework ([Ste99], p62), D,, is independent of n and

corresponds to a compact set D. Because the goal is to predict Y in all D, it is assumed
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Figure 4.1: Tllustration of fixed and increasing-domain asymptotics. Top: plot of 3 x 3, 5 x 5
and 7 x 7 regular grids in the fixed-domain asymptotic framework. Bottom: plot of 3 x 3, 5 x 5

and 7 x 7 regular grids in the increasing-domain asymptotic framework.

that the observation points become dense in D. If the observation points are not taken from a
sequence, we mean by dense that, with d,, the maximum over & € D of the distance between
x and {x(1") . 2™} d, vanishes to zero when n — 4o00. One classical example of fixed-
domain asymptotic framework is a dense regular grid for the observation points on D = [0, 1],
e o) =i

In the increasing-domain asymptotic framework, D,, C D,,4,, for n,p € N*, and {J,,cy- D =
R® or U,en+ P = (RT)%. Furthermore, it is mentioned in [Ste99] p62 that, in increasing-
domain asymptotics, the ratio of n on the volume of D,, is bounded. This implies that the
observation points do not become dense in D,,. This is the case when it is assumed that there
exists a positive minimal distance between two different points (¥ and 2?). In the manuscript,
we make this assumption for increasing-domain asymptotics. An example of increasing-domain
asymptotic framework, that we treat in chapter 5, is when for all N € N*, Dya = [0, N]¢ and
the (z(™),en- constitute a sequence so that for all N € N* {x(® 1 <i < N9} = {1,..,N}%
Roughly speaking, this is a tensorized regular grid, with inter-point spacing 1.

In figure 4.1, we plot three regular grids with n = 32, n = 52 and n = 72 observation points,
in both the fixed-domain and increasing-domain asymptotic frameworks. We clearly see the two
different asymptotic behaviors: in fixed-domain asymptotics, the first 3 x 3 regular grid already
covers all the prediction domain, and the two other regular grids cover it more densely. In
increasing-domain asymptotics, the size of the prediction domain, covered by the regular grid,
increases, but the density of the prediction points is constant.

Finally, let us mention that we can also study an asymptotic framework when the domain

D,, grows to R%, but more slowly, so that the set of observation points {m(l), e :c(”)} becomes
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dense in D,,. For instance, consider D,, = [/, /n] and 2™ = —\/n + % This asymptotic
framework is called hybrid asymptotics in [Ste99] and mixed increasing-domain asymptotics in
[LMO04]. We will not treat it in the manuscript.

4.2 Asymptotic results for prediction with fixed covariance

function

4.2.1 Consistency

Consider the fixed-domain asymptotic framework and consider a fixed point & € D. The goal
of this subsection 4.2.1 is to answer the question: when n — +o0o does the prediction error of
Y (x) given yi, ..., yn at ), ..., 2™ go to zero?

Note that Kriging predictions are not expected to be consistent in the increasing-domain
asymptotic framework. Indeed, the interpoint distance is bounded away from zero when n —
400, so that most of the points in the prediction domain remain isolated.

Naturally, in the fixed-domain asymptotic framework, it is desirable that Kriging predictions
are consistent. Indeed, when predicting a continuous function on a fixed bounded domain D,
many simple approximation methods have their prediction error vanishing when the number of
observations goes to +oc0.

We will first answer the question when Y is a Gaussian process with known mean structure
and covariance function. This corresponds to the question of the consistency of Kriging, when
the Gaussian process assumption is correct and the mean structure and the covariance function
are well-specified.

Second, we will consider the question when the observations stem from a deterministic con-
tinuous function f, which is modeled as a trajectory of a Gaussian process Y with fixed mean
structure and covariance function. This second case can include the case of a misspecification
of the mean structure or covariance function of the Gaussian process Y, when this Gaussian
process does yield continuous trajectories. This second question corresponds to the robustness
of Kriging in the case where the Gaussian process assumption is wrong. This has an important
practical influence, since Kriging models are often applied, for instance, to approximate deter-
ministic computer models. We will review some results in the literature, but we will also see

that this question is not fully solved yet, to the best of our knowledge.

Counsistency when the Gaussian process assumption is correct

Consistency is proved in proposition 4.2, in the case where the Gaussian process is observed

without measurement error.

Proposition 4.2. Consider the universal Kriging framework with a Gaussian process Y on
D C R Assume that the mean function and the covariance function of Y are continuous.
Consider a fived point © € D. Assume that Y is observed exactly at ™, ..., x(™™) and that

the distance between {x(™) ... ("™} and x goes to zero. Then
E((g(x) = Y(2))*) = nostoc 0,
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where §(x) is the universal Kriging prediction of (2.15).

Proof. Consider a sequence p,, so that ™™ goes to = as n — +oco. Then, because the mean
and covariance functions of Y are continuous, the linear predictor g(x) = Y (x®»™) verifies

(proposition 2.20)
E((g(2) = Y(2))*) =ns 400 0.

Since ¢(x) minimizes the MSE among all linear predictors, it also verifies

E((§(z) = Y (2))*) = nsto0 0.

Remark 4.3. The condition that the distance between {x™™), ... &™)} and x goes to zero is
meant naturally to hold for all x € D. Hence, proposition 4.2 does hold only in the fized-domain

asymptotic framework, as discussed above.

Proposition 4.4 consider the case where noisy observations of the Gaussian process are made.
The proposition assesses that, in the fixed-domain asymptotic framework, the prediction will be

consistent despite the measurement errors.

Proposition 4.4. Consider the universal Kriging framework with a Gaussian process Y on
D C RY. Assume that the mean function and the covariance function of Y are continuous.
Assume that Y is observed at ™) ... (™™ with observed value Yin =Y (") + €, where
the €; , are iid and follow a N'(0,02,,,) distribution. Consider a fized point x € D. Assume that,
for any open ball with center x and positive radius, the number of points in {m(l’"), ...,:c(”’")}

belonging to the ball goes to +00 when n goes to +o0o. Then
E((§(z) — Y (2))*) = nstoc 0,
where §(x) is the Kriging prediction of (2.15), in the noisy case.

Proof. There exists a sequence of radius r, — 0 so that the number ny,, of points of {m(lvn), ey
2™} belonging to the ball with center & and radius 7, goes to +oco. Consider the linear

predictor

i@=— 5 oy

n
P etiom —|<r,
Basically this predictor is the empirical mean of a large enough number of observations whose
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observation points are close enough to the prediction point. Then

E((v(@) - §())°)

2

—E| [ v(@) - — > vim

i||em) —|<ry,

=E Y(m)—i > Y(m(i’”))—i > €in

il m) —a| <r, T tm) | <r,

-k Y (x) — 1 Z Y (™) + %
B Ny, . Ny,n
T il —al<r, :
_>n—)+oo 0.
We conclude by mentioning that the MSE of g(«) is smaller than the MSE of g(x). O

Note that in proposition 4.4 the condition that for any open ball with center  and positive
radius, the number of points in {&(1™) .., 2(™™}  belonging to the ball, goes to +oo holds in

the fixed-domain asymptotic framework.

Counsistency when the Gaussian process assumption is incorrect

The following proposition shows that the universal Kriging equation (2.15) gives a consistent
prediction, when the observations stem from a deterministic smooth function. This determin-
istic smooth function can be the trajectory of a random process with almost surely smooth
trajectories. In practice it can also be a deterministic computer model with a smooth relation
between its inputs and its output.

Thus, proposition 4.5 assesses the robustness of Kriging to the misspecifications of the Gaus-
sian process assumption. It is hence complementary to propositions 4.2 and 4.4, which assess

the efficiency of Kriging in the "favorable" case when the Gaussian process assumption holds.

Proposition 4.5. Consider the universal Kriging framework with a Gaussian process Y on
a compact D C R?, with a fived continuous mean structure and continuous stationary covari-
ance function K. Assume that there exists k < +oco so that the Fourier transform K of K is
positive-valued and verifies K(w)|w|* — 400 when |w| — +oo. Consider a fired point x € D.
Assume that an infinitely differentiable function f is observed exactly at (»™, .. (™™ € D.
Assume that, for any open ball with center ® and positive radius, the number of points in
{2t x(™)Y belonging to the ball goes to +0o when n goes to +oc. Let §j(x) be the Kriging
prediction (2.15), with possibly an inappropriately assumed iid measurement error with variance
02.. >0, of f(x) with observations y; = f(x™M),..., y, = f(x™). Then §(x) — f(x) when

n — +00.

Proof. In [YS85], it is claimed that the proposition holds with the significantly less restrictive
condition that f is continuous. However, the proof given is flawed, as explained in [VB10],

and as we discuss below. Nevertheless, the first step of the proof given in [YS85] proves the
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proposition for smooth functions f, as stated here. We find this part of the proof instructive
and hence we reproduce it. Note also, in our case, the slight modification of taking into account
an inappropriate measurement error assumption.
Let y denote the observations, y; = f(w(i’”)). The Kriging prediction with the mean struc-
ture and covariance K as described in the proposition is §(z) = Ay, with (see (2.15)),
A = (h(z)(H'K, H)'H'K, (4.1)

obs

+(r(x))" (Kop, — Ko HHK, H) T HK ) |

where Kps = (K +02,..1,)" L.

The proof is based on considering first the abstract case of a Gaussian process Y with the

mes

mean structure and covariance K as described in the proposition. This will enable us to derive
a property of the X\ vector sequence only, that can be used also in the case of the proposition,
where the observations stem from a smooth function.

Thus, consider a Gaussian process Y with the mean structure and covariance K as described

in the proposition. We have shown in proposition 4.4 that the Kriging prediction is consistent

and
= (- x)
n n 2

n 2 n
- (<Y<w>zxiy<m<m>>) Lo2. 3
= =1

Let Ao = 1 and z(®™) = . We have
2
_ ; (i n)
o~ = ( (00 - S arin)
— 3 S\ (ivn) (.77”)
ngrfoo E E AN K ('™ 2™

i=0 j=0

1w (™)

= lim K

n—-+oo

Let us now adopt a distribution framework. We consider Fy as the distribution Z?:o AiO (i)
with 0.~ the Dirac distribution at PAGLON Then, in the distribution sense, FA(w) = Z?:o i
¢ =™ Hence, we have

K (w)|Fx(w)]?dw =y 100 0.
Rd

Now, consider a rapidly decaying test function g, that is a C'*° function so that, for any k > 0,
|9(w)]|w|* w5400 0. Then, there exists C' > 0 so that K(w) > C|g(w)| for any w. Hence, we

have shown that for any rapidly decaying test function

[ Gl E—
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so that (using Cauchy Schwartz) for any rapidly decaying test function g,

/]R ) G(w)Fa(w)dw —p—yo0 0.

Hence, because of a continuity theorem for the inverse of the Fourier transform ([Zem65] p187),

we have, for any test function g,
/d g(x)Fx(x)de —n—to0 0. (4.2)
R

The relation (4.2) only depends on the A sequence, and not on the values of the abstract
Gaussian process Y. It can hence be used in the case in which the observations are y; = f(z("™).
We consider this case in the rest of the proof.

The true function f, being infinitely differentiable and defined on the compact D, is a rapidly

decaying test function. Hence,
, f(@)Fa(x)de —=pnio00 0,
R

which is exactly
n

Z )\zf(a:(z’n)) —n——+oo Oa

so that

O

As we have said in the proof above, proposition 4.5 is proved only for smooth functions f.
As noted in [VB10], the generalization of proposition 4.5 to continuous functions f, proposed
in [YS85], is not valid. The question of this generalization is of strong practical interest, since
many simple prediction methods (e.g., a nearest neighbor method) are consistent for predicting
continuous functions. To the best of our knowledge this question remains an open problem.
In [VB10], an equivalent formulation of it is given, in term of the Lebesgue constant, but the
equivalent formulation is unsolved either.

In proposition 4.5, note that the Kriging prediction is consistent even if a measurement error
is inappropriately assumed.

In proposition 4.5, note also the important condition K (w)|w|¥ — +oco. This means that
the assumed Gaussian process is not infinitely differentiable (proposition 2.21). Looking at the
Matérn model of subsection 2.1.2, the covariance functions of this model verify proposition 4.5
for finite smoothness parameter v. However the Gaussian covariance function (v = +00) does
not verify proposition 4.5. We are not aware of results in the literature on the consistency of
Kriging with a Gaussian covariance function, with a dense sequence of observation points on a
bounded domain and when a smooth function is predicted.

The Gaussian covariance function gives a.s analytic trajectories, so that, for instance, the
associated Gaussian process Y on [0, 1] can be predicted exactly from observing Y only on [0, €]
with € > 0 ([Ste99], p30). Similarly, it is shown in [VB10] that the Gaussian covariance function
can yield a conditional variance going to zero, when there exists a positive minimum distance

between the prediction points and all the observation points. These two facts may seem counter
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intuitive when applying Kriging models in practical situations. Hence, it is recommended in sev-
eral references (e.g. [Ste99]) not to use the Gaussian covariance function. An alternative to the
Gaussian covariance function is the Matérn covariance function, whose smoothness parameter
can be estimated from data.

In proposition 4.6, the case of a smooth function observed with measurement errors is ad-
dressed. Kriging is consistent in this case when the prediction incorporates an assumed measure-
ment error with positive variance. The condition that the covariance function is not infinitely

differentiable remains present.

Proposition 4.6. Consider the universal Kriging framework with a Gaussian process Y on a
compact D C R?, with fized continuous mean structure and continuous stationary covariance
function K. Assume that there exists k < +oo so that the Fourier transform K of K is positive-
valued and verifies K(w)|w|F — 400 when |w| — +o00. Consider a fized point & € D. Assume
that an infinitely differentiable function f is observed at ™™ ... x™") € D, with observed
values y;, = f(x™) + €, for 1 < i < n, where the ¢, are iid and follow a N(0,02051)
distribution. Assume that, for any open ball with center x and positive radius, the number of
points in {x™™) .. x(™)} belonging to the ball goes to +oo when n goes to +oo. Let §(x)
be the Kriging prediction (2.15) of f(x) with observations at ™™ ... &™) where an iid
Gaussian measurement error is assumed, with mean zero and variance o3,., o > 0. Then, as

n — 400, §(x) goes to f(x) in the mean square sense (w.r.t the measurement errors €; n, of the

true function).

Proof. The Kriging prediction is §(z) = A'y where A = (A1,...,\,)! and y; = f(x™) + ¢ .

In the proof of proposition 4.5, we have shown that, under assumed covariance function K and

2

assumed measurement error variance o,,.; o,

Jrznes,Z Z )‘12 —n—4oco 0. (43)

=1

Furthermore, under the distribution of the true measurement error, with variance o2

mes,1» we get

n 2 n
E((f(z) - i(2))*) = (f(fv) Zw(m“m)) + s AL

From (4.3), since opes2 > 0, >oi ) A? = 0. We have seen in the proof of proposition 4.5 that
S Aif(2™) — f(x). This concludes the proof. O

Looking at propositions 4.5 and 4.6, we see that the Kriging prediction with an assumed
measurement error is consistent, whether or not the observations of the smooth function ac-
tually come with measurement errors. On the contrary, Kriging prediction without assumed
measurement error would not be consistent in the case where the observations of the smooth
function would come with measurement errors.

To see this, consider the prediction of f(1), based on noisy observations at {f(%), 0<i<
n — 1}, using an exponential covariance function with 0> = 1 and £ = 1. A Gaussian process

Y on R, with the exponential covariance function, is a Markov process: for any 7 < ... <
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xn <z, LY (2)|Y(21),....Y(2,)) = LY (2)]Y (x,)) (see e.g. [Yin91]). Hence, f(1) would be

inconsistently predicted, using the single observation at ”T_l, by
. 1
y(l) =€ "Yn,

with y, = Y("T_l) + €,, with €, the measurement error at x,,.

The discussion above is an argument in favor of systematically incorporating a positive nugget
effect (we talk of numerical nugget effect) in the Kriging prediction (2.15).

Finally, in this subsection 4.2.1, we have addressed consistency qualitatively. Quantitative
results for a rate of convergence of the Kriging prediction do not exist, to the best of our
knowledge, in a general framework when Y is observed exactly, even when the prediction is
done with the true distribution of Y. In the case of measurement errors, [GG12| recently
provided results for the rate of convergence of Kriging prediction, with the true distribution of
Y.

4.2.2 Asymptotic influence of a misspecified covariance function

In the previous subsection 4.2.1, we have studied the consistency of the Kriging predictions,
with a well-specified or ill-specified Gaussian process model.

When the Gaussian process model is ill-specified, but the observations still stem from a
Gaussian process, with a different covariance function, we have seen than the question of Kriging-
prediction consistency is still open. Another relevant question in this case is also: if the Kriging
prediction is consistent, can we quantify the loss compared to the prediction with the correct
Gaussian process model. The present subsection 4.2.2 gives some elements on this question.

The asymptotic framework followed is the fixed-domain asymptotic framework.

Orthogonal and equivalent Gaussian measures

In this subsection 4.2.2, we consider a Gaussian process Y, on a compact set D C R? Y has
mean function m, and has covariance function K;. We assume that the Kriging predictions are
carried out with the Kriging formulas obtained when considering that Y is a Gaussian process
with mean function msy and covariance function K.

To compare (m1,K7) and (me, K3), we first define the two Gaussian measures yielded by
(mq, K1) and (mg, K2) in definition 4.7.

Definition 4.7. Consider a measurable space (Q, F), equipped with two probability measures
Py and P>. Assume that there exist two stochastic processes Y1 and Yo on D, where Y; has
probability space (0, F,P;). Assume also that Y; is a Gaussian process with mean function
m; and covariance function K;. Then P, and P, are called two Gaussian measures yielded by
(m1, K1) and (me, Ks).

Remark 4.8. In definition 4.7, consider two mean and covariance functions (my, K1) and
(mo, K3). In order to define two Gaussian measures they yield, it is necessary to define two
Gaussian processes Y1, Ya which have the same measurable space (Q, F) with two different
probability measures. This is in fact always possible, because the probability space of a stochastic

process on D can always be defined as (Q,]—N', P), where Qand F only depend on D and P only
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depends on the finite-dimensional distributions of the stochastic process. We refer to e.g. chapter

2.1.1 of [Vaz05] or chapter 1.2 of [IR78] for details on this point.

From definition 4.7, we see that we can compare pairs (mq, K1) and (ms, K2) of mean and
covariance functions, for a Gaussian process Y, by comparing the two probability measures Pj
and P, that they yield on the abstract probability space (.

The criterion for comparing Py and P, used in [Ste99], is the criterion of their equivalence

or their orthogonality, as presented in the following definition.

Definition 4.9. Consider the framework of definition 4.7. P, and P are equivalent if, for any
E C F, Pi(E) =0 if and only if Po(E) = 0. P, and Py are orthogonal if there exists E C F,
so that P(F) =0 and P2(E) = 1.

It is shown in [Ste99] p.117, following [IR78], p.74-77, that two Gaussian measures yielded
by two pairs (mq, K1) and (mg, K2) are either equivalent or orthogonal. This is stated in the

following proposition.

Proposition 4.10. Consider two pairs of mean and covariance functions (m;, K;), i = 1,2 for
a Gaussian process Y on a compact set D C R?. Assume that, for i = 1,2, the mean function
m; is continuous on D and that the covariance function K; is continuous and positive definite on
D x D. Then, in the context of definition 4.7, the two measures Py and P» are either equivalent

or orthogonal.

In subsection 4.3.2, we give some explicit relations between the covariance hyper-parameters
in the Matérn family of subsection 2.1.2 and the equivalence or orthogonality of the obtained
covariance functions.

Proposition 4.10 shows that we can compare Gaussian process measures in a binary way,
because they are either equivalent or orthogonal. We will see that this binary distinction has a
great impact, for Kriging prediction in the sequel of subsection 4.2.2; and for covariance function
estimation in subsection 4.3.2 .

We will hence start by considering Kriging prediction and showing that if (mq, K7) and
(ma, K3) are equivalent, then there is asymptotically no loss in using incorrectly (ms, Ks) for

prediction.

Case of a misspecified but equivalent Gaussian measure

We consider now the case when P; and P; of definition 4.7 are equivalent. We will describe the
results in [Ste88, Ste90a, Ste90c|, stating that, in the equivalence case, there is asymptotically
no loss using the incorrect pair (mg, K2) compared to using the correct pair (mq, K;). The
asymptotic optimality concerns predictions as well as correct assessments of prediction errors.
This result was first shown for a fixed predictand point in [Ste88], theorems 1 and 2. The

following theorem directly follows from the reference hereabove.

Theorem 4.11. Consider a dense sequence of observation points (x));en+, in the compact
set D C RY, where the Gaussian process Y is observed exactly. Let E;, §;(z) and 6%(x) be

the mean value, the prediction (2.9) and the predictive variance (2.10) under Gaussian process
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structure (m;, K;), i = 1,2, for Y. Assume that (m;, K;), i = 1,2, are continuous and that Py
and Py (of definition 4.7) are equivalent. Then, with x a fized predictand in D, different from
the (w(i))ieN*,
Er ((2(x) - Y (@))*)
- L oo 1 (4.4)
Er ((1(x) - Y (@))*)

and

Q>

3(@) Smieo 1 (4.5)

Er ((52(e) - Y (2))?)

In theorem 4.11, the ratio in (4.4) is the ratio of the MSE of the sub-optimal prediction given
by (ms, K3) on the MSE of the optimal prediction given by (mq, K7). It is larger than 1, and
the fact that it goes to 1 is the mathematical translation of the sentence "no asymptotic loss for
the prediction MSE in using the incorrect mean and covariance functions".

The ratio in (4.5) is the ratio, for the sub-optimal prediction given by (ms, K3), of the
incorrect estimation of its MSE given by (mg, K3) on its true MSE given by (mq, K;). The
fact that it goes to 1 is the mathematical translation of the sentence "asymptotically correct
assessment of prediction errors".

The following theorem, obtained by [Ste90c], gives a uniform version of theorem 4.11.

Theorem 4.12. Consider a dense sequence of observation points (iL'(i))iGN*, in the compact set
D C RY, where the Gaussian process Y is observed exactly. Let E;, §;(x) and 62(x) be the mean
value, the prediction and the predictive variance under Gaussian process structure (my;, K;),
1=1,2, for Y. Assume that (m;, K;), i = 1,2, are continuous and that P, and Py (of definition
4.7) are equivalent. Define, for i = 1,2, H; as the Hilbert space equal to the adherence of the
linear span of the Y (x), x € D, with the norm induced by the dot product z1,z2 — E;(21, 22).
Then the Hilbert spaces Hy and Hsy are the same and are denoted H. Furthermore, letting §;(h)
and 62 (h) be the predictions (2.9) and predictive variances (2.10), from (Y (xz™),...,Y (x(™)),

of each random variable h € H, under mean and covariance function m;, K;, we have

Er ((3a(h) = 1)°) = Ex ((31() — 1)?)

sup - 5 —n—to00 0 (4.6)
het By ((51(h) — 1))
and
53(h) — Ex ((32(h) — 1)°)
sup 5 —n—too 0, (4.7)
neit By ((5a(h) = h)?)
with the convention % =0.

Remark 4.13. In theorem 4.12, the Hilbert space H is basically composed of all the linear
functionals of Y. It hence includes all the random variables Y (x), but also integral terms like

fD Y (x)dx, or, in the case whereY is mean-square differentiable, derivative terms like agifc)'

In theorem 4.12, as in theorem 4.11, the ratios (4.4) and (4.6) correspond to the asymptotic
optimality (in terms of MSE) of the prediction using incorrectly (my, K;) and the ratios (4.5) and
(4.7) correspond to the asymptotically correct assessment of the predictive variance. Theorem

4.11 can be seen as a particular case of theorem 4.12. Theorem 4.12 shows that the asymptotic
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optimality at x is actually uniform over all @ € D. Furthermore, the uniformity also holds for
the prediction of all linear functionals of Y, such as [, Y (x)dx.

Let us also mention that the analysis of bounds for the asymptotic optimality in theorems
4.11 and 4.12 is performed in [Ste90a, Ste90c].

Finally, let us mention that, in theorems 4.11 and 4.12, it is assumed that there is a single
sequence (w(i))ieN* of observation points. This excludes some cases when the sets of n observa-
tion points, n € N* are not part of a single sequence (:c(i))ieN*. Consider for instance observing
Y, at step n, on {%,z € {1,...,n}}. [Ste99], p.132, theorem 10 gives the theorem corresponding
to theorem 4.12 in this case. [Ste99], p.132, theorem 10 also considers observing Y on non-
numerable subsets of D. For instance the theorem applies to the case, in dimension 1, of the
prediction of Y'(1) from {Y'(¢),0 <t <1 — €}, for € > 0 (|Ste99], p132).

In [Vaz05], numerical illustrations of theorems 4.11 and 4.12 are presented. It is confirmed
numerically that using misspecified but equivalent mean and covariance functions results in
almost optimal predictions when the number of observation points is large compared to the
dimension. However, in the complementary case where the number of points is not large com-
pared to the dimension, situations are presented where equivalent but misspecified mean and
covariance functions yield considerably sub-optimal predictions. Hence, for moderate sample
size, or for high-dimensional cases, the question of the choice of the mean and the covariance

function goes beyond the question of equivalence or orthogonality.

A proof of theorem 4.12

We give a proof of theorem 4.12; that is also given in [Ste99] p 135. The objective is to give a
pedagogical proof, highlighting that theorem 4.12 can be seen as a particular case of a general
theorem treating asymptotic equivalence of conditional distributions. This is also underlined in
[Ste99], p135.

The general theorem on asymptotic equivalence of conditional distributions is the main
theorem in [BD62]. In the following theorem, we present an adaptation of this main theorem in
the context of theorem 4.12.

Theorem 4.14. Consider a compact set D C R, Fori = 1,2, let (0, F, P;) be the probability
space associated to the Gaussian process Y on D, with mean function m; and covariance function
K;. Assume that F is the smallest sigma-algebra on ) for which the Y (x), x € D, are measurable
functions from (2, F) to (R, B(R)), with R, B(R) the Borel sigma-algebra on R.

Consider a dense sequence of observation points ('));cn-, in D, where Y is observed exactly.

Assume that (m;, K;), i = 1,2, are continuous and that Py and P are equivalent.

Let, for i = 1,2, P, be the distribution P; on (2, F), conditionally to Y(xM), ..., Y (z™).
Let us define the distance between two distributions P, and Py on (2, F) by |]51 — 152| =
supper |(PL(F) — Py(F)|. Then, Pi-almost surely,

|P1jn — Pajnl
goes to zero when n — +00.

In theorem 4.14, P;,, is interpreted as the conditional distribution of Y, when Y(w(l)), .

Y (x(™) are fixed (like in figure 2.8), under mean and covariance functions m;, K;.
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We recall that, for ¢ = 1,2, H; is the Hilbert space equal to the adherence of the linear span
of the Y (x), @ € D, with the norm induced by the dot product z1, 20 — E;(21, 22) and that the
Hilbert spaces H; and H> are the same and are denoted H. All the random variables in H are
measurable functions from (2, F) to (R, B(R)).

Hence, the consequence of theorem 4.14 is that all the elements of the Hilbert space H
have asymptotically the same conditional distribution under P; and P». Let El and ﬁg be two
distributions on (R, B(R)) and define their distance as [£; — L] = SUP AcB(R) |£1(A) — Ly(A)),
where B(R) is the Borel sigma-algebra on R.

Let, for h € H, L]} be the distribution of / conditionally to (Y(xzM),...,Y(z™)).

Then, we have, P;-almost surely,

h h
sup El‘n — Ez\n
heH

(4.8)

goes to zero when n — +oc.

If in (4.6) and (4.7), for some h € H, one of the two denominators is zero, then, by the
equivalence between P; and P», the two numerators are also zero. This is because, if 62(h) = 0,
then the event {g;(h) = h} has probability 1 under P;. Since P; and P, are equivalent, it
has probability 1 under Ps. Since ¢ (h) minimizes the prediction MSE under P, it also verifies
Py ({§)2(h) = h}) = 1 and hence P; ({§2(h) = h}) = 1, so that E1((g2(h) — h)?) = 0. This is the
same for addressing the case E1((g2(h) — h)?) = 0.

We hence consider the case where in (4.6) and (4.7), 63(h) > 0. In this case, we have shown
53(h) > 0 and the last step of the proof is to show that (4.8) implies (4.6) and (4.7). This is

done using the two following lemmas, which are proved below.

Lemma 4.15. Let ®,, ,» be the Gaussian cumulative distribution function on R with mean m

and variance 0. Then there exists 0 < K < 400 and 0 < € < 400 so that, for o > 0,

2 o _ 2
sup (q)ml,af (t) - (I)mz,o'g (t)> > min (67 K max <|m1 m2|’ o1 02|> ) :

teR 01 01

Lemma 4.16. Consider a family of sequences (Xp, n)nen+ herr of real-valued Gaussian variables.

If for all 0 < t < 400, suppe g P(|Xn.n| > 1) =nsio0 0 then supye E(X} ) =nsio0 0.

Now, with H := {h € H|6}(h) > 0} (4.8) implies
sup sup | Py, (ny.52(n) (1) — Loy n).62(n) (1) (4.9)
heH teR

goes to zero Pj-almost surely.

Using lemma 4.15, we obtain that

sup

sup 1) (4.10)

goes Pj-almost surely to zero. Since it is actually non random (because is is composed of two
Gaussian conditional standard deviations, see (2.10)), it goes to zero.

Now, using lemma 4.15 again, we obtain that
. . 2
qup (210) _ 52(1) (4.11)
nei \O1(h)  61(h)
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goes to zero Pj-almost-surely. From, (4.11), we obtain, for all ¢ > 0
o (h oo () 2
sup Py (%1( ) — ‘7{2( )) >t (4.12)
heF a1(h)  a1(h)
goes to zero.

Finally, the variables (gi% — Z?EZ;), for h € H so that 6(h) > 0, are Gaussian, so that

applying lemma 4.16 to them yields

g1(h)  ga(h) 2
slelg]El ((61(h) - 61(h)> ) ’ (4.13)

goes to 0.

together with (4.13) and (4.10), shows (4.7).

Proof of lemma 4.15

2 2
sup (‘Pml,af (t) = Py o (t)) = sup (%,Ug (t) = oy —my o2 (t))

Let m = "12%1’”1 and o2 = Z—% Then,
2 1 [t 2
sup (Roa(t) — P o2 (t)” > 3 (Po(t) — P o2 (t))” dt (4.14)
te -1

Now, from the dominated convergence theorem, the bivariate function (m,o) — f(m,o) :=
I (@01 (t) = Py o (t))2 dt is twice differentiable. Since it is non-negative, it has a zero gradient
at (m = 0,0 = 1). From the identifiability of the Gaussian model on R, parameterized by (m, o),
f(m, o) has a positive Hessian matrix at (m = 0,0 = 1). Hence, with K being % times the

smallest eigenvalue of this Hessian, we have, for a positive €
f(m,o) > K(m?® 4+ (0 —1)?) for m? + (0 — 1)? < .

From the identifiability of the Gaussian model, there exists o > 0 so that, for m? + (o —1)? > ¢,
flm,o) > a.
Hence, finally, we have, from (4.14),

(m? + (0 = 1)%)),

| =

sup (@0’1(15) — Dy 02 (t))2 > min(g,
teER 2

which completes the proof of the lemma.

Proof of lemma 4.16 Assume that there exist ¢ > 0 and h,, so that for all n, E(X,%n) > e
Then (Xn, n)nen~ is a sequence of Gaussian variables that goes to zero in probability but that

does not go to zero in the mean square sense. This is in contradiction with lemma 1 of [IR78].
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4.3 Asymptotic results for Maximum Likelihood

The goal of this section 4.3 is to give some existing results regarding the consistency and asymp-
totic distribution of the ML estimator of subsection 3.2.2. We consider the two asymptotic frame-
works of subsection 4.1: fixed-domain and increasing-domain asymptotics. Roughly speaking,
we will see that ML is generally consistent with asymptotic normality in the increasing-domain
asymptotic framework. In the fixed-domain asymptotic framework, we will see that some hyper-
parameters, defining the covariance function within a parametric family (subsection 3.2.1), can
be consistently estimated, while it is proved that others can not be consistently estimated. For
the hyper-parameters that can be consistently estimated we will consider the cases of ML and

also of other estimators.

4.3.1 Expansion-domain asymptotic results

Consistency and asymptotic normality for ML in Kriging have been proved by [MM84]. The
proof in [MM84] is based on [Swe80], which gives a general sufficient condition for the consistency
and asymptotic normality of ML, based on continuity, growth and convergence conditions on the
random Fisher information matrix. Notably, it is not assumed in [Swe80] that the observations
are independent, which explains why the results are applicable in the Kriging framework.
Theorem 2 of [MM84] gives general conditions that imply the conditions in [Swe80], and are
therefore sufficient conditions for consistency and asymptotic normality for ML in Kriging. In

theorem 4.17, we state these sufficient conditions.

Theorem 4.17. Consider ML in an universal Kriging case (subsection 3.2.2). Let 3 € R™
be the mean parameter and ¢ € ¥ C RP be the covariance hyper-parameter. Let '(,b(o) and
5(0) be the correct mean and covariance parameters. Consider a sequence of observation points
(m(i))ieN*. For each n, let Ky, be the covariance matriz under covariance function Ky and H
be the regression matriz. Assume that ¢ — Ky is twice differentiable.

The parameters to be estimated are B,v and the (m + p) X (m + p) Fisher information
matrixz (proposition 3.15), denoted by Z,,, is thus defined by, with [(3,1) the Gaussian likelihood

function at &), ... x(™,

- aﬁaﬁln ', ﬁ<0))) : E{Bwaﬁl l(¢(0)’f6(0)))} :—(Ia Iﬁf”),
—E W In Z("/)(Ovﬂ(o))) ) E{awaw In l(q/;(o)”@(O)))}

Then, the m x p matriz Lg ., is the zero matriz, the p x m matriz Ly g is the zero ma-

Iy Ly

triz, the m x m matriz g is HtK;1H and the p x p matriz Ly, has (i,7)-th term equal to
—1 8K¢ 1 6K¢
(Kw v, Ky oy, )
Assume the following, as n — +o0o and for all i € V.

i) For 1 <i,j <p, the largest (in absolute value) eigenvalues of the matrices Ky, % and

%Koy, .
avoy, Comverge to finite constants.

ii) There exist § >0 and A >0 so that Y_p,_, (a;fﬁ) > An3to,

i11) The p X p matriz with term i,j equal to ek converges to a positive matriz.
vV {I'lb}j i{Ilb}jyj
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i) (H'H)™! goes to the zero matriz.

Then, BML and 12;ML go in probability to ﬁ(o) and ¢(0). Furthermore

I% <BML - ﬁ(o)

n 12) 1/)(0)> —L N(Oa I’m+p)
ML —

Theorem 4.17 is not meant yet to be applied directly in the increasing-domain asymptotic
framework. Theorem 4.18, obtained from theorem 3 in [MM84], is. Nevertheless, we can already
comment the four conditions 7), ..., %) in theorem 4.17. Condition i) means that the observations
at the points (!, ..., (™ are not too correlated, so that the information they give is not redun-
dant. In the fixed-domain asymptotic framework, for instance, condition ) would fail. Indeed,
for sample for the Matérn model, for any «, «’ in a compact set, Ky, (x —x') is larger in absolute
value than a positive term depending only on the diameter of the compact set. As a result, all
the elements of the matrix K., would be larger in absolute value than a positive constant, so
that its largest eigenvalue would go to infinity. On the contrary, because classical covariance
models verify a%,in (x — 2')| =|z—a’|++o00 0, condition 4i) means that the observation points
are not too far away from one another, so that they can still give information on the correlation
structure. Condition 4i7) and iv) are identifiability assumptions for the covariance model, and
for the regression model. In particular, when a minimum distance exists between two different
observation points, as is classical in increasing-domain asymptotics, condition ¢v) requires that
the functions h;(x) of the regression model have unbounded supports.

We now present, in theorem 4.18, the theorem 3 in [MM84], which is dedicated to the most
classical increasing-domain asymptotic framework: the case where the observation points form

a regular lattice on R?.

Theorem 4.18. Consider the framework of theorem 4.17.

Assume that the covariance function family {Ky, ¥ € U} is stationary.

Assume that the observation point sequence (a:(i))ieN* is so that, for all N € N*, {:B(i), 1<
i < N = {ijoW 4 +igu @ 1 <y, ...,iqg < N}, for d linearly independent vectors vV, ..., v(@).

Let ¢(0) and ﬁ(o) be the correct hyper-parameters. Assume that, for all ¢ € U, 1 <1i,j <d,
the functions Ky, 88% and %g:ﬁj are summable on the infinite reqular lattice of the observation
point sequence.

Then, if conditions iii) and iv) of theorem 4.17 hold, the conclusion of theorem 4.17 holds.

Theorem 4.18 gives sufficient conditions, for consistency and asymptotic normality, for ob-
servation points forming an infinite regular lattice, that are verifiable in practice. Notably, the
summability of Ky, % and % holds for the Matérn model of subsection 2.1.2. The only
difficulty we find in practice is the identifiability condition #ii) of theorem 4.17 for the covari-
ance function family. Indeed, this condition is defined in terms of the limit of a rather complex
matrix.

In chapter 5, we give ourselves a consistency and asymptotic normality result for ML, in
an increasing-domain asymptotic framework, where we study a regular lattice, and randomly
perturbed regular lattices. We find that our main improvement, relatively to theorem 4.18, is to

give an identifiability condition in terms of only the covariance function family, without requiring
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to study the limit of matrix sequences. Note, also, that we show that the Fisher information
matrix behaves asymptotically like n times a constant matrix, thus we explicit that we have a
classical y/n rate of convergence for estimation.

Finally, note that the consistency and asymptotic normality for REML has been proved, in
a framework similar to [MM84], in [CL93].

4.3.2 Fixed-domain asymptotic results

In the whole subsection 4.3.2, consider the fixed-domain asymptotic framework where the Gaus-
sian process Y is considered on the compact set D C R<.

To clarify the content, we consider that Y is centered, as it is generally done in [Ste99]
chapter 6 on covariance function estimation, and in the references presented in this subsection

4.3.2.

Like in definition 3.18, we consider a covariance function model

{Ky, € ¥},

where K, is not necessarily stationary, unless specified otherwise.

Microergodic and non-microergodic covariance hyper-parameters

We have seen in subsection 4.2.2 that a fruitful way to compare two covariance functions, in
the fixed-domain asymptotic framework, is to study the equivalence or orthogonality of the two
Gaussian measures they yield.

The point, of view of this equivalence or orthogonality has also a strong impact on estima-
tion. Hence, it is useful to distinguish two kinds of hyper-parameters. Those that, when vary-
ing, yield orthogonal Gaussian measures are called microergodic hyper-parameters and those
that, when varying, yield equivalent Gaussian measures are called non-microergodic hyper-
parameters. These two notions (presented in [Ste99], p163) are detailed in the following defini-

tion.

Definition 4.19. Consider a hyper-parameter h(v) for h : U — R?'. This hyper-parameter
is microergodic if, for all '¢(1),1,b(2) e v, h(w(l)) #* h(¢(2)) implies that the two Gaussian
measures Py and Py (definition 4.7) are orthogonal. A hyper-parameter h(v) is called

non-microergodic if it is not microergodic.

Remark 4.20. We make a slight extension of the definition of a hyper-parameter in the context
of definition 3.18. Indeed, we name hyper-parameter not only the 11, ...,1, but also any function
of them, such as, say, (%,wg + 13).

Remark 4.21. Because of proposition 4.10, non-microergodic hyper-parameters yield Gaussian

measures that are equivalent to one another.

Non-microergodic hyper-parameters can not be consistently estimated, as shown by the

following proposition.
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Figure 4.2: Tllustration of non-microergodicity. Left: trajectories of a Gaussian process with
exponential covariance function with o2 = 1 and ¢ = 4. Right: trajectories of a Gaussian process
with exponential covariance function with o2 = % and ¢ = 14—0.

Proposition 4.22. Consider a non-microergodic hyper-parameter h(v). There does not exist
an estimator h(ﬂ;) : R = R s0 that, for all ¢(0) € U, when ¢(O) 1s the true covariance

hyper-parameter, h({b) goes in probability to h(1,b(0)).

Proof. Assume that such an estimator exists and write it (h(ﬂ:)n)neN*. Consider ) and ®
so that h(p™M) £ h(p®). Let Py and Py be the two Gaussian measures associated to pM
and 1/;(2). Then, for i = 1,2, in P, -probability, h(z]})n goes to h(’l/l(i)). Thus, we can extract
a subsequence (Np)nen in N, with Ny, =, o0 400, so that, for i = 1,2, P, -almost surely,
h(¥)n, goes to h(yD) when n — 4o0o. Thus, the event A := {h(P)N, —n_ioo AP}
verifies P,1)(A) =1 and Py (A) = 0. This is a contradiction. O

In figure 4.2, we illustrate non-microergodicity and proposition 4.22. We plot trajectories of
two Gaussian processes in dimension 1. Both have an exponential covariance function, with for
2 =1, ¢ = 4 and for the second one 02 = 1—10, (= %. We will see below that
the two associated Gaussian measures are equivalent, that is to say, the hyper-parameters o2

the first one, o

and /¢ are non-microergodic. We see in figure 4.2 that the trajectories are similar, notably in
the sense that their local variations are of the same amplitude. Hence, a trajectory of, say, the
first covariance function could have been obtained with the second covariance function. This
implies that, even when observing a continuous trajectory on a bounded set (which is an infinite,
non-countable, number of observations), it is still not possible to know, with probability one,
the values of 02 and /£ separately. Notice, in this context, that [ZZ05] shows that if a continuous
trajectory is observed on a bounded set, the ML estimator of ¢ can be defined as a functional
of this continuous trajectory. It is thus a random variable with non-degenerate distribution.
Thus, as shown in [ZZ05], the (finite-sample) ML estimator of ¢ converges, when the number n
of observations goes to infinity, to a non-degenerate random variable, and is hence inconsistent,
in agreement with proposition 4.22.

However, we will see below that, for the exponential model, the hyper-parameter UTE is
microergodic. For figure 4.2, this hyper-parameter was indeed the same for the two covariance
functions. In figure 4.3, we illustrate this microergodicity. We plot trajectories of two Gaussian

processes in dimension 1. Both have an exponential covariance function, with for the first one,
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Figure 4.3: Illustration of microergodicity. Left: trajectories of a Gaussian process with expo-

nential covariance function with ¢2 = 1 and ¢ = 4. Right: trajectories of a Gaussian process

4

with exponential covariance function with 2 =1 and ¢ = -

4
ﬁ.
are orthogonal. We see in figure 4.3 that the trajectories are of different nature, still in the

02 =1, ¢ = 4 and for the second one 02 =1, £ = The two associated Gaussian measures
sense of their local variations: we clearly see that the local variations of the right trajectories
are consistently larger than the local variations of the left trajectories. This illustrates that it
can be distinguished from the left covariance function to the right one, with probability one,
when observing a complete trajectory.

Contrarily to proposition 4.22, and as illustrated in figure 4.3, it is at least possible that
microergodic hyper-parameters can be estimated consistently ([Ste99], p163). It is nevertheless
difficult to exhibit consistent estimators for microergodic hyper-parameters. No results with the
same degree of generality of, say, theorem 4.18 for the increasing-domain asymptotic framework,
are yet available in the literature. Instead, consistency of estimators, like the ML estimators,
are proved for particular covariance function families.

In the sequel, we will review these results, for the Matérn model of subsection 2.1.2. This
review will simultaneously present the existing results on which hyper-parameters are microer-
godic and which hyper-parameters are non-microergodic. We would like to mention that this
kind of review has also been carried out in the PhD thesis [Bet09].

Microergodicity, non-microergodicity and estimation for the Matérn model

We consider the Matérn model of subsection 2.1.2, with either the tensor product version or the
isotropic version.

The most important point is that, as shown in proposition 4.23, the smoothness parameter
is microergodic. This is not a surprise, since this hyper-parameter governs the regularity of the
Gaussian process. Even on a fixed domain, it is conceivable that enough information can be
gathered on the regularity of a Gaussian process to make it possible to distinguish between two

different smoothness parameters.

Proposition 4.23. Consider, in any dimension d, the Matérn model, with either the tensorized

or isotropic version. Then the smoothness parameter v is microergodic.
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Proof. Consider first the case d = 1. Let K; be Matérn (0%, f1,11) and K3 be Matérn (03, £2, 1)
and assume v < V5.

If vy is infinite, the two covariance functions are orthogonal, because they yield Gaussian
process trajectories with different a.s. regularities. Hence, we now consider the case where 1
and vy are finite.

. . 2/V; agF(ui%»l)a?”i .
Then, with, for i = 1,2, a; = =}~ and ¢; = ——112,— the Fourier transform of Ky, Ko
23 a2 Wi

are, fori =1, 2,
- 1

Ki =@/ -
QPR
It is thoroughly discussed in [Ste99] that the behavior at w — 400 of K is the key concept for
equivalence and orthogonality of Gaussian measures. This is confirmed in [IR78], p107, where

it is shown that, in the present context,

o Ki(w) — Ks(w)
w—~+00 [A(l(w)

Vi = +oo (4.15)

is a sufficient condition for the orthogonality between the Gaussian measures yielded by K7 and
K. Since vy < v, limg,— 4 o0 M?%WK)QM =1, so that (4.15) holds.

Consider now the case d > 1. Let K;, i = 1,2, be Matérn (67, 4; 1, ..., bi.a, Vi)-

Consider the one-dimensional Gaussian process t — Y (t) := Y (z + te(!)), on the compact
set {t,x + te(!) € D}. Associate to this Gaussian process the measurable space (Q,]:'), where
F C F with (Q, F) the measurable space associated to Y. The Gaussian process Y has the
Matérn covariance function with hyper-parameters (02, ¢;1,v;), for i = 1,2. Thus, using the
proposition for d = 1, the two Gaussian measures Py, ]52, yielded by Y are orthogonal. These
two Gaussian measures are the projections of the two Gaussian measures Py, P, from F to F.
Thus, the two Gaussian measures P; and P, are also orthogonal (there exists A € F C Fso

that Pi(A) = P;(A) =0 and Py(A) = P,(A) = 1). O

In view of proposition 4.23, it is at least possible that the smoothness parameter v can be
estimated consistently. However, we have no knowledge of a general consistent estimator of v in
the literature. In the case of the isotropic version of the Matérn model, with v < g, [WLX13]
exhibits a consistent estimator of v, when o2 is unknown and the d correlation lengths are equal
to an unknown common correlation length. In [WLX13], asymptotic distribution is also shown,
when only v is unknown, and a bound for the estimation error is shown when v, o2 and the
correlation length are unknown.

Proposition 4.23 allows us to consider now the case of a fixed and known v. Indeed, in the case
when v is not fixed, two different v for two Matérn covariance functions yield orthogonal Gaussian
measures regardless of the values of the other hyper-parameters. Hence, if v is unknown, the
priority, with respect to the fixed-domain asymptotic theory, is to estimate it consistently.

We now, first, review the existing results for the isotropic version of the Matérn model.

For fixed and known v < +o0, and for d < 3, the d-dimensional hyper-parameter (Z‘z—i, .z )
1

o

is microergodic. A strongly consistent estimator of this hyper-parameter is given in [And10].

In the case where ¢; = ... = £; = £, [Zha04] proves the strong consistency of ML for estimat-

ing 2‘2—2;. Any hyper-parameter h so that (h, Z‘Ti’ e ;2—?,) is in one-to-one correspondence with
1 “d

(02,41, ...,44), such as o2, is non-microergodic. This non-microergodicity is proved in [Zha04].
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Concerning asymptotic distribution, for d = 1, asymptotic normality has been proved for
ML, for estimating Z%i ([DZMO09]). This result had been proved before, in the particular case
v = %, by [Yin91].

For v < +00, and for d > 5, all hyper-parameters of the isotropic Matérn covariance function
are microergodic, as shown by [And10]. [And10] also presents a strongly consistent estimator.

Finally, the case d = 4 remains, to our knowledge open. It is not known whether all hyper-
parameters are microergodic or only the d hyper-parameters (%%7...7 %) are. [Andl10] also
emphasizes that the case d = 4 is an open problem.

Consider now the tensor product Matérn model. The case d = 1 has actually been discussed

above, since the isotropic and tensor product Matérn models are the same in this case. Hence

consider now d > 1. For v € (0,3), it is proved in [Daql0] that all the hyper-parameters
0%, 0y, ...,04 are microergodic. A consistent estimator is also presented.

For v = %, [Yin93] proves that all hyper-parameters are also microergodic and that they
are consistently estimated by ML, with asymptotic normality. For v = % and d > 3, all the
hyper-parameters are microergodic and are consistently estimated by ML ([Loh05]).

For the Gaussian covariance function (v = +00), all the hyper-parameters o2, /1, ..., {4 are
microergodic. This follows for [Ste99] p120, where it is shown that, in dimension 1, two covari-
ance functions with Fourier transforms vanishing exponentially fast are orthogonal whenever
they are non identical on {t — s,t € D,s € D}. The argument for going from orthogonality in
dimension one to orthogonality in dimension larger than one is similar to the proof of propo-
sition 4.23. [LLOO] proves that ML is consistent for estimating (¢1,...,44). To our knowledge,
no consistency results are available for the ML estimation of o2 for the Gaussian covariance

function.

Conclusion on estimation in the fixed-domain asymptotic context

As we have seen, the issue of microergodicity of the hyper-parameters needs to be solved before
studying consistent estimators in the fixed-domain asymptotic framework. This first question
is already difficult in itself. Indeed, as we have seen, the problem is explicitly unsolved for
the isotropic Matérn covariance function for d = 4, and the proved results in other dimensions
yield two sharply different regimes. For d = 1,2, 3, not all hyper-parameters are microergodic,
while for d > 5, all hyper-parameters are microergodic. For the tensor product version, in
dimension d > 2, we are not aware of any non-microergodic hyper-parameters, but not all
hyper-parameters are proved microergodic. The presently available results, as we have seen,
depend on the smoothness parameter v and of the dimension d.

Generally, when a hyper-parameter is proved microergodic, consistent estimators are ex-
hibited for it. In fact, as in [And10], exhibiting consistent estimators can be a way to prove
microergodicity. Studying explicitly ML is more difficult than studying an estimator designed
for a particular situation. Therefore ML is not proved consistent for all hyper-parameters that
are proved to be microergodic. Studying asymptotic distribution, for ML or another estimator,
is even more difficult than studying consistency. The number of results available on asymptotic
distribution is therefore relatively limited.

Nevertheless, all the particular results discussed above, are in agreement with the following
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qualitative statement: the hyper-parameters that do have an asymptotic influence on predictions
can be consistently estimated. This qualitative statement leads to the hope for a theory assessing
that, in a certain sense, one can, despite using estimated covariance hyper-parameters, obtain
asymptotically optimal predictions. This is discussed in the beginning of chapter 6 in [Ste99],
and some results supporting this statement are shown in [PY01]. Similarly, the estimation
results discussed above do not seem to contradict this kind of theory. Nevertheless, there is still
room for a more unified theoretical work in this direction, which explains that hyper-parameter

estimation and prediction in fixed-domain asymptotics is an active research area.
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Chapter 5

Cross Validation and Maximum
Likelihood with well-specified family

of covariance functions

This chapter is inspired by the manuscript [Bac], submitted to the Journal of Multivariate
Analysis.

5.1 Introduction

This chapter 5 addresses an asymptotic investigation of hyper-parameter estimation in Kriging.
Indeed, since exact finite-sample results are generally not reachable and can be specific to the
situation, asymptotic theory is widely used to give approximations of the estimated hyper-
parameter distribution.

We follow a triple objective here. First, we aim at studying asymptotically the CV procedure
of (3.13). Indeed, while we have seen in chapter 4 that several results exist for ML, we are not
aware of similar results for CV. For CV to be relevant in practice, it is preferable that, in
the frameworks where ML is asymptotically consistent, it be asymptotically consistent as well.
Furthermore in the cases where a rate of convergence is proved for ML, such as in subsection
4.3.1, it is desirable that CV have the same rate of convergence. Thus, the first objective of
this chapter 5 is to study the consistency and asymptotic distribution of CV, in the frameworks
where it has been done for ML.

Following this idea, the asymptotic theory for ML in Kriging is essentially done in the well-
specified framework, meaning that the true covariance function does belong to the parametric
set of covariance functions used for estimation. In this setting, we have seen in subsections
3.1.2 and 4.3.1 that the ML estimator is asymptotically unbiased, with asymptotic variance the
Cramér-Rao bound. It is thus expected that ML performs asymptotically better than CV in this
well-specified framework. Our second objective in this chapter 5 is to confirm this statement.

Finally, we are interested in studying the impact of the spatial sampling on the covariance

function estimation. This question of how the set of experiments should be designed arises in
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many areas of science involving measurements or data acquisition [Mon05]. Generally speaking,
it is known that in many situations, an irregular, or even random, spatial sampling is preferable to
a regular one. Examples of these situations are found in many fields. For numerical integration,
Gaussian quadrature rules generally yield irregular grids [PTVF07, ch.4]. The best known low-
discrepancy sequences for quasi-Monte Carlo methods (van der Corput, Halton, Sobol, Faure,
Hammersley,...) are not regular either [Nie92]. In the compressed-sensing domain, it has been
shown that one can recover a signal very efficiently, and at a small cost, by using random

measurements [CT06].

The spatial sampling, and particularly its degree of regularity, plays an important role for
the covariance function estimation. In chapter 6.9 of [Ste99], it is shown that adding three obser-
vation points with small spacing to a one-dimensional regular grid of twenty points dramatically
improves the estimation in two ways. First, it enables to detect without ambiguities that a
Gaussian covariance model is poorly adapted, when the true covariance function is Matérn %
Second, when the Matérn model is used for estimation, it subsequently improves the estimation
of the smoothness parameter. It is shown in [ZZ06] that the optimal samplings, for maximizing
the log of the determinant of the Fisher information matrix, averaged over a Bayesian prior on
the true covariance hyper-parameters, contain closely spaced points. Similarly, in the geosta-
tistical community, it is acknowledged that adding sampling crosses, that are small crosses of
observation points making the different input quantities vary slightly, enables a better identifica-
tion of the small scale behavior of the random field, and therefore a better overall estimation of
its covariance function [JDLIO8]. The common conclusion of the three examples we have given
is that irregular samplings, in the sense that they contain at least pairs of observation points
with small spacing, compared to the average density of observation points in the domain, work
better for covariance function estimation than regular samplings, that is samplings with evenly
spaced points. This conclusion has become commonly admitted in the Kriging literature. Our

third objective is thus to address this conclusion, in an asymptotic framework.

Given these three objectives, the two main asymptotic frameworks that can be studied are
increasing and fixed-domain asymptotics, as discussed in chapter 4. Notice, for the comparison
between increasing and fixed-domain asymptotics, that in increasing-domain asymptotics, as
shown in subsection 5.5.1, all the hyper-parameters have strong asymptotic influences on pre-
dictions. Similarly all the hyper-parameters (satisfying a very general identifiability assumption)
can be consistently estimated, see chapter 4. This is the contrary, we recall, in fixed-domain
asymptotics where (see chapter 4) non-microergodic hyper-parameters can not be consistently

estimated and do not have asymptotic influences on predictions.

We have decided to address increasing-domain asymptotics in this chapter 5. The first reason,
related to our two first goals, is that increasing-domain asymptotic results exist for ML (4.3.1)
in a fairly general way. This is because increasing-domain asymptotics is a favorable setting
for estimation, so that ML can be consistent and with asymptotic normality in a very general
setting. On the contrary, ML is not always consistent in fixed-domain asymptotic (subsection
4.3.2) and the existing results are very specific (for instance [Yin93] addresses the case of the
tensorized exponential model). Thus, despite the significant insight fixed-domain asymptotics

brings on prediction and estimation (see chapter 4), studying increasing-domain asymptotics
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before fixed-domain asymptotics may yield more general results. Historically, this is how this
happened for ML estimation, increasing-domain asymptotics being treated in essentially the two
articles [MM84] and [CL93| in 84 and 93, while fixed-domain asymptotics has been studied in
many articles, from 91 ([Yin91]) onward.

The second reason for studying increasing-domain asymptotics is that we would like to com-
pare sampling techniques by inspection of the asymptotic distributions of the hyper-parameter
estimators. In fixed-domain asymptotics, when an asymptotic distribution is proved for ML
[Yin91, Yin93, DZMO09], it turns out that it is independent of the dense sequence of observation
points. This makes it impossible to compare the effect of spatial sampling on hyper-parameter
estimation using fixed-domain asymptotics techniques. On the contrary, we show in this chap-
ter that, in increasing-domain asymptotics, the asymptotic variances of the hyper-parameter
estimators strongly depend on the spatial sampling.

Thus, this chapter 5 aims at studying an increasing-domain asymptotic framework. We
propose a sequence of random spatial samplings of size n € N*. The regularity of the spatial
sampling sequence is characterized by a regularity parameter € € (—%7 %) € = 0 corresponds to
a regular grid, and the irregularity increases with e. We study the ML and CV estimators of
chapter 3. For CV, to the best of our knowledge, no asymptotic results are yet available in the
literature. For both estimators, we prove an asymptotic normality result for the estimation, with
a y/n convergence, and an asymptotic covariance matrix which is a deterministic function of e.
The asymptotic normality yields, classically, approximate confidence intervals for finite-sample
estimation. Then, carrying out an exhaustive analysis of the asymptotic covariance matrix,
for the one-dimensional Matérn model, we show that large values of the regularity parameter
€ always yield an improvement of the ML estimation. We also show that ML has a smaller
asymptotic variance than CV, which is expected since we address the well-specified case here, in
which the true covariance function does belong to the parametric set used for estimation. Thus,
our general conclusion is a confirmation of the aforementioned results in the literature: using
a large regularity parameter e yields groups of observation points with small spacing, which
improve the ML estimation, which is the preferable method to use.

The rest of chapter 5 is organized as follows. In section 5.2, we introduce the random sequence
of observation points, that is parameterized by the regularity parameter €. In subsection 5.3.1, we
give the asymptotic normality results. Some explicit expressions, for the asymptotic variances,
are given in subsection 5.3.2. In section 5.4, we carry out an exhaustive study of the asymptotic
variance. In section 5.5, we analyze the Kriging prediction for the asymptotic framework we

consider. In section 5.7, we give the proofs for chapter 5.

5.2 Expansion-domain asymptotic framework with randomly

perturbed regular grid

Stationary covariance function family

Let Y be a stationary Gaussian process on R%. We consider two cases for the parameterization

of the covariance function of Y.
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In the case of the ML estimation, the full stationary covariance function of Y is parameter-
ized. We denote U = [, ¢, ¥sup|?. The covariance function of Y is Kz/)“” with i < 1/11(0) <
Wsup, for 1 <4 < p. K0 belongs to a parametric model

{Ky, ¢ € ¥}, (5.1)

with Ky a stationary covariance function. We use this parametric model because, except for
practical numerical optimization reasons that are not treated in this chapter 5, ML does not
make use of the variance/correlation separation of (3.4). This separation corresponds to selecting

the covariance function in the set
{0°Rg,0% > 0,0 € O}, (5.2)

with Rg a stationary correlation function and © a compact subset of RP~1,

In contrast, we have seen in chapter 3 that the CV estimation follows a two-step approach
based on (5.2), estimating the correlation hyper-parameter 6 in a fist step and the variance hyper-
parameter o2 in a second step. Basically, in this chapter 5, when addressing CV, we will focus
on the estimation of the correlation hyper-parameter in (5.2). The estimation of the correlation
hyper-parameter provides a sufficient insight on the impact of the spatial sampling, and on
the comparison of the asymptotic distributions of ML and CV. Furthermore, the asymptotic

2 can be obtained more

distribution of the CV estimation of the variance hyper-parameter o
easily, since the estimator of o2 is explicit (see chapter 3).

For the correlation-only estimation case of CV, two frameworks are possible. First Y can be
assumed to have a known global variance hyper-parameter o3 equal to 1, which can be restrictive.
Second, Y can be considered to have a constant global variance hyper-parameter o3 (because it
is stationary). The value of this variance hyper-parameter does not interest us in this chapter
5, so that we can assume (incorrectly) that it is equal to 0% # o3. Now, since the distribution
of the CV estimator (3.13) does not depend on the assumed variance hyper-parameter o7, nor
on the true one o3, this second interpretation gives exactly the same development as the first
one. Since the first one simplifies the notations, we adopt it in this chapter 5.

Thus, in the correlation-only estimation case of CV, we assume that Y has a known variance
1. We choose to write the correlation function of Y K0 instead of Ry, as would have been
done in the general framework of chapter 3. This is because many of the theoretical developments
are common between ML and CV. Using the notation Ky for ML and Rg for CV would make
it necessary to use two different notations for quantities that have exactly the same meanings.
This would complicate the reading of the proofs.

Hence, in the rest of this chapter 5, Ky denotes a stationary covariance function, and, in
the case of CV, we will always mention the additional condition Ky (0) = 1 for all v, meaning
that Ky, is a correlation function.

We denote, for both ML and CV, U = [t 7, ¥sup|’. The covariance function of Y is Ko
with i < 1/)50) < Ysup, for 1 < i < p. K, belongs to a parametric model {Ky,9 € ¥},
with K, a stationary covariance function.

We shall assume the following condition for the parametric model {Ky,9 € ¥}. This

condition is satisfied in all classical cases, and especially for the Matérn model of chapter 2.
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Condition 5.1. i) For allv € ¥, the covariance function Ky, is stationary. The covariance
function Ky, is three times differentiable with respect to 9. For all ¢ € {0,...,3}, i1,...,iq €
{1,...,p}, there exists C;, .. ;, < +00 so that for allp € ¥, t € R?,

0 0 Ciy,...i
e Koy (1) < ——225, 5.3
s, v, y (t) < T [t (5.3)
where |t| is the Euclidian norm of t.
We define the Fourier transform of a function h : R? — R by
Wf) = —— [ h@)eFtae
(2m)? Jpa ’
where i> = —1. Then, for all ¢ € U, the covariance function Ky has a Fourier transform
Ky that is continuous and bounded.
i) For allp € U, Ky satisfies
Ky(t) = . Ky (f)eftdf.

i) (Y, f) — IAQ, (f) is continuous and positive on ¥ x R,

Let us make some comments on condition 5.1. Condition i), as we will see, implies the
summability of the stationary covariance function over all the observation points. The same
summability assumption was present in theorem 4.18. Basically, it ensures a non-redundancy
of the observations between distant observation points. Let us remark also that condition )
implies the summabil'{ity over R? of, say, Ky, because, by a multidimensional spherical change

x8

of variables, with QW the area of the the unit sphere in dimension d,
2

1 71'% +oo d—1
—dt =2 dr < 4-o0.
/Rd 1+ [t[a+t I (4) /0 1+ rd+l

Condition 47) is a separate assumption from condition ), because the latter does not give
information on the regularity of Ky (t) w.r.t. ¢, or similarly, on the summability of Kw(f) w.r.t.
f- Condition #i) is especially used in the proof of proposition 5.26.

Condition #it), the positivity of the Fourier transform, implies that all the covariance matrices
obtained from n different observation points are invertible. To see this, write for n different

observation points V), ..., (™ and n scalar coefficients o, ..., o,

n

0< > aaKy(@®, 2 :/ K(w) > ajele=)| dw,

ij=1 R j=1

. e) . . . .
and notice that the w — e(“®7”) are n linearly independent functions for different observa-
tion points (M), ...,z . We speak of non-degenerate covariance functions for the stationary

covariance functions verifying 7).
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Figure 5.1: Examples of three perturbed grids. The dimension is d = 2 and the number of
observation points is n = 82. From left to right, the values of the regularity parameter are 0,
% and %. e = 0 corresponds to a regular observation grid, while, when || is close to %, the

observation set is highly irregular.

Randomly perturbed regular grid

We denote by (v®), cn- @ sequence of deterministic points in N? so that for all N € N*,
{v®,1 <i< N?} = {1,..,N}%. Basically the v(¥) constitute a square regular grid on (N*)<.
See figure 5.1, left plot, for an example in dimension 2.

Y is observed at the points v® +eX;, 1 <i<n,neN* with —% <e< % and X; ~;;q Lx.
Lx is a symmetric probability distribution with support Sx C [~1,1]¢, and with a positive
probability density function on Sx. €X; is the random perturbation of the grid at the point
v®. We denote, for n € N*, X = (X1,...,X,) as the perturbation vector, where we do not
write explicitly the dependence in n for clarity. X is a random variable with distribution C?}”.

Two remarks can be made on this sequence of observation points:

e This is indeed an increasing-domain asymptotic context. The condition —%1 < ¢ <

1
2 2

ensures a minimal spacing between two distinct observation points.

e The observation sequence we study is random, and the parameter € is a regularity param-
eter. € = 0 corresponds to a regular observation grid, while, when |e| is close to %, the
observation set is highly irregular. Examples of observation sets are given in figure 5.1,

with d = 2, n = 82, and different values of .

Maximum Likelihood and Cross Validation

We recall L(v) := %{ln(\K,/,D + ytKJle} the modified opposite log-likelihood criterion of
chapter 3, where we do not write explicitly the dependence in X, Y, n and . We denote by
b1, the Maximum Likelihood estimator, defined by

{DML € argmin L(v), (5.4)
Ppew

where we do not write explicitly the dependence of ’lZJML with respect to X, Y, € and n.

Remark 5.2. The ML estimator in (5.4) is actually not entirely defined, since the likelihood

function of (5.4) can have more than one global minimizer. Nevertheless, the convergence results
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of {bML, as n — 400, hold when '[ﬂML is any random vector belonging to the set of the global
minimizers of the likelihood of (5.4), regardless of the value chosen in this set. Furthermore, it
can be shown that, with probability converging to one, as n — oo (see remark 5.39 in subsection
5.7.1), the likelihood function has a unique global minimum. To define a measurable function
'tAbML of Y and X, belonging to the set of the minimizers of the likelihood, one possibility is the
following. For a given realization of Y and X, let IC be the set of the minimizers of the likelihood.
Let Ko = K and, for 0 < k <p—1, Kiq1 is the subset of Ki whose elements have their k + 1th
coordinates equal to min {'J)k_ﬂ,ﬂ) € ICk}. Since, K is compact (because the likelihood function
is continuous with respect to 1 and defined on the compact set ¥), the set ICp, is composed of a
unique element, that we define as 121ML, which is a measurable function of X and Y. The same

remark can be made for the Cross Validation estimator of (5.5).

When the increasing-domain asymptotics sequence of observation points is deterministic,
we have seen in chapter 4 that M converges to a centered Gaussian random vector (under
suitable assumptions). The asymptotic covariance matrix is the inverse of the Fisher informa-
tion matrix. Since the literature has not addressed yet the asymptotic distribution of t,,, in
increasing-domain asymptotics with random observation points, we give complete proofs about
it in subsection 5.7.1. Our techniques are original and not specifically oriented towards ML
contrary to the ones in chapter 4, so that they allow us to address the asymptotic distribution
of the CV estimator in the same fashion.

We recall the CV estimation of the correlation hyper-parameter v,

Proo € argmin > {y; — fip}, (5.5)
ver i1

where, for 1 < i < n, §iy = Eyx (vily1, -, ¥i—1,Yit1, .-, Yn) is the Kriging Leave-One-Out
prediction of y; with covariance hyper-parameters 9. [E, x denotes the expectation with respect
to the distribution of ¥ with the covariance function Ky, given X.

Recall also that the criterion (5.5) can be computed with a single matrix inversion, by means

of the virtual LOO formulas, see chapter 3. These virtual LOO formulas yield

n
-2

Y Ay — 9w}’ = y'K, ' Diag (K;1> K,'y,

i=1
which will also be useful in the proofs on CV. We hence define

L et 1\ 21
LOO(v) = . K, Diag (Kw ) K,y

as the CV criterion, where we do not write explicitly the dependence in X, n, Y and e. Hence

we have, equivalently to (5.5), ;00 € argmin,,e g LOO(%).

Identifiability

A very important point is that, for a given € > 0, the difference between two different observation
points is
’U(l) — ’U(j) + 6()(z — XJ)

This difference is thus of the form

v + et,

98



CHAPTER 5. CROSS VALIDATION AND MAXIMUM LIKELIHOOD WITH
WELL-SPECIFIED FAMILY OF COVARIANCE FUNCTIONS

with v € (Z)?\0 and t € Cs,,, where
Csy = {t<1> @ 4 e 5y 1) e SX}
is the set of all possible differences between two points in Sx. So, the set
D := Uyezarg (v +€Csy ) (5.6)

is the set of all the possible difference vectors between two different observation points. We also
call this set the set of inter-point distances covered by the random sampling.

Two covariance functions that differ only for points outside D, in (5.6) can not be distin-
guished with the random sampling we study. Thus, the two following identifiability conditions

are necessary for the ML and CV estimators to be consistent.

Condition 5.3. For ¢ = 0, there does not exist ¢ # 1/1(0) so that Ky (v) = Ky (v) for all
v e 7%

For € # 0, with D, as in (5.6), there does not exist 1 # ¢(0) so that Ky = Ky a.s. on
D., according to the Lebesgue measure on D, and Ky (0) = Ky (0).

Condition 5.4. For e = 0, there does not exist ¥ # 1'% so that Ky (v) = Kyo (v) for all
v € Z4\0.
For € # 0, with D, as in (5.6), there does not exist 1 # w(o) so that Ky = Ky a.s. on

D¢, according to the Lebesque measure on D..

Notice the slight difference between condition 5.3 for ML and 5.4 for CV. Since ML also aims
at estimating a variance hyper-parameter impacting on K (0) only, its identifiability condition
is slightly relaxed compared to that of CV.

We also state the two local identifiability conditions 5.5 and 5.6. We call them local in
contrast with the identifiability conditions 5.3 and 5.4 that are global.

Condition 5.5. For e =0, there does not ezxist X = (A1, ..., A\p) € RP, X different from zero, so
that >%_, )"C%wa) (v) =0 for all v € Z2.

For € # 0, with D, as in (5.6), there does not exist A = (A1,...,A,) € RP, X different from
zero, so that t — > 1 _1 Mk a%}de,(o) (t) is almost surely zero on D, with respect to the Lebesgue
measure on D, and that > 7 _, Ay ﬁK’lﬁ(o) (0) is null.

Condition 5.6. For ¢ = 0, there does not exist A = (A1,..., Ap) € RP, X different from zero, so
that 3% _y Ak 55Ky (v) = 0 for all v € Z4\0.

For € # 0, with D, as in (5.6), there does not exist A = (A1,...,A\p) € RP, X different from
zero, so thatt — > 7 _, \g é%kKip(o) (t) is almost surely zero on D, with respect to the Lebesgue

measure on D..

We will see in propositions 5.10 and 5.14 that the conditions 5.5 and 5.6 are necessary for the
asymptotic distributions of ML and CV to exist with a "non-degenerate" /n rate of convergence.
For an immediate interpretation, for instance for condition 5.5 with € = 0, assume that there
exists A = (A1,...,\,) € RP?, X different from zero, so that y &_, )\k%me (v) = 0 for all
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v € Z%. Then, for t small, the two hyper-parameters 1*) and 9 = (wﬁo) A1, ey (SO) +tA\g)
verify, for all v € Z,

| Ky (v) = Ky (v)| = o(t).
Hence, two different hyper-parameters zp(‘” and w(t), with a difference of the order ¢, gives, up to

a o(t), the same covariance function. We interpret this as a non-identifiability of the covariance
model Ky, € ¥, locally around ¢(0>_

Notation

We recall that, for n € N*, X = (X1, ..., X,,) is the perturbation vector, where we do not write
explicitly the dependence in n for clarity. X is a random variable with distribution ,C?}". We
also denote x = (w(l), e :c(”)), an element of (Sx)", as a realization of X.

We define the n x n random covariance matrix Ky, by

(Ky), . = Ky (z;(i) — o) (X, — Xj)) .

2]
We do not write explicitly the dependence of K., with respect to X, e and n. We shall denote,
as a simplification, K := K-

We define the random vector y of size n by y; =Y (’U(i) + eXi). We do not write explicitly
the dependence of y with respect to X, ¢ and n.

We denote, for a real n x n matrix A, [|A|[3 = & >0 _; A7 ; and [|A[| the largest singular
value of A. ||.||2 and ||.|| are norms and ||.|| is a matrix norm. We denote by ¢; (M), 1 <i <mn,
the eigenvalues of a symmetric matrix M. We denote, for two sequences of square matrices A
and B, depending on n € N*, A ~ B if ||A — B||2 @n—+00 0 and ||A[| and ||B|| are bounded
with respect to n. Finally, for a square matrix A, we denote by Diag (A) the matrix obtained
by setting to 0 all non diagonal elements of A.

Finally, for a sequence of real random variables z,, we denote z, —, 0 and 2, = 0, (1) when

zpn, converges to zero in probability.

5.3 Consistency and asymptotic normality for Maximum
Likelihood and Cross Validation

5.3.1 Consistency and asymptotic normality
Maximum Likelihood

Proposition 5.7 addresses the consistency of the ML estimator. The only assumptions on the
parametric family of covariance functions are the regularity and summability assumption 5.1

and the identifiability assumption 5.3. This identifiability assumption is necessary.

Proposition 5.7. Assume that conditions 5.1 and 5.8 are satisfied. Then the ML estimator is

consistent.

In proposition 5.8, we address the asymptotic normality of ML. The convergence rate is
V/n, as in a classical iid framework, and we prove the existence of a deterministic asymptotic

covariance matrix of \/ﬁ{b a5, Which depends only on the regularity parameter e.
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Proposition 5.8. Assume that condition 5.1 is satisfied.
For all 1 <1i,j < p, the random trace %Tr (K 1 8KK 1 af) converges a.s. to the element
(EML)M of a p X p deterministic matriz X7, as n — +oo.

If 1ZJML is consistent and if X, is positive, then
Vn ("Z’ML - 1/J(0)) —e N(0,283/,).

Remark 5.9. In proposition 5.8, we call %Tr (K 1 8KK 13};) a random trace because, for
€ # 0, it is a function of the random perturbation vector X. When € = 0, we still call this
quantity a random trace, although it is deterministic. This is still mathematically correct, and
it facilitates the discussions by avoiding to distinguish the two cases € = 0 and € # 0. We will

follow this principle for CV in proposition 5.12.

In proposition 5.10, we prove that the asymptotic Fisher information matrix 3y, is positive,

as long as the local identifiability condition 5.5 holds.
Proposition 5.10. Assume that conditions 5.1 and 5.5 are satisfied. Then X1 is positive.

The condition 5.5 is necessary in proposition 5.10. To see this, assume, for instance with e =
0, that there exists A = (A1, ..., \,) € RP, X different from zero, so that >-7_; A 52— g Ky (v) =0
for all v € Z%. Then

1 0K 0K
t 1
A2y = nhIJIrl - E AN Tr ( ale awj)

1,7=1

.1 (=K )\ [ IK
i ST | K (Z;W)K 2 o0,

For all n, the matrix Z] 1 W is the zero matrix so that, by taking the limit as n — +o0,

A3 = 0, meaning that the matrix 3,7, is singular.

Cross Validation

Proposition 5.11 addresses the consistency of the CV estimator. The identifiability assumption
is required, like in the ML case. Notice also that, as discussed above, the CV estimator (5.5) is

designed for estimating the correlation hyper-parameter.

Proposition 5.11. Assume that conditions 5.1 and 5.4 are satisfied and that for all ¢ € U,
Ky (0) = 1. Then the CV estimator is consistent.

Proposition 5.12 gives the expression of the covariance matrix of the gradient of the CV
criterion LOO(%) and of the mean matrix of its Hessian. As we have seen in chapter 3, these
moments are classically used in statistics to prove asymptotic distributions of consistent esti-
mators. We also prove the convergence of these moments to p x p matrices Xcv,1 and v,
of which we prove the existence. These matrices are deterministic and depend only on the

regularity parameter e.

Proposition 5.12. Assume that condition 5.1 is satisfied and that for all ¢p € ¥, Ky, (0) = 1.
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With, for 1 <i < p,
- -2 OK -1
i _ 1e—11; -1 . -1 P ro—1 . -1 - -1
i, = K, Diag (K¢ ) {Dwg <K¢ D0 Ky > Diag (K¢ ) ~K, awi} K,

we have, for all 1 <i,j <p,
0

P

1 .
L = —2y'M!
00(y) = 2y Myy,
and

Cou <\/ﬁ

9 0) 9 0) >
- LOOU ™).V 7 L00( >\X _ (5.7)

1 . . t , , t
Furthermore, the random trace in (5.7) converges a.s. to the element (ECV,l)ij of a pXp

deterministic matriz Loy, as n — +oo.

We also have

82
(% 1 00w® X> _ 5.8
<a¢i3¢j @ o
8 ) B -3 . _ 0K (0) _ _ K (0) _
_ ETT {Dzag (K¢(1o>) Diag (K¢30)81ZK¢(10>> Kd,(lm 6ijK#,(lo)}
2 . _ -2 _ aK,lp(O) _ 8K¢(0) _
+ ETT {Dzag (K,l,(lt))) K¢<10) o, w‘l‘)) T/ijip(lo) }

6 . _ -4 0K 0 ) 0K 0. _
+-Tr {Dzag (K¢§O)> Diag (K¢}O>(9$K¢}O>> Diag <Kw(10) 8$K¢(1°)> K¢}o)} .
g J

Furthermore, the random trace in (5.8) converges a.s. to the element (Ecv,g)w of apXp
deterministic matriz Xcv,2 as n — +00.

In proposition 5.13, we address the asymptotic normality of CV. The convergence rate is also
v/n, and we have the expression of the deterministic asymptotic covariance matrix of \/ﬁﬂJ LOO»

depending only on the matrices ¥cv,; and Xy 2 of proposition 5.12.

Proposition 5.13. Assume that condition 5.1 is satisfied and that for all ¢ € ¥, Ky (0) = 1.

If ibLOO is consistent and if Xy o is positive, then

Vn ({ﬁLoo - ¢(0)) —c N (07 EE%/QECVAE(_J%/Q) as n — +oo.

In proposition 5.14, we prove that the asymptotic Hessian matrix 3¢y 2 is positive as long

as the local identifiability condition 5.6 holds.

Proposition 5.14. Assume that conditions 5.1 and 5.6 are satisfied and that for all 1 € U,
Ky (0) =1. Then Xy, is positive.

The condition 5.6 is necessary in proposition 5.14. This can be seen the same way as for
proposition 5.10 for ML: if the condition does not hold, for each fixed n, the Hessian matrix of
the CV criterion has a non-empty kernel that is independent of n. Thus, the limit matrix Xy o

is singular.
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The conclusion for ML and CV is that, for all the most classical parametric families of
covariance functions, consistency and asymptotic normality hold, with deterministic positive
asymptotic covariance matrices depending only on the regularity parameter e. The rate of
convergence is v/n in both cases. This result was the first objective of this chapter 5.

In section 5.4, we analyze the asymptotic covariance matrices of propositions 5.8 and 5.13.
We aim at comparing them to verify that, for p = 1, the asymptotic variance is smaller for
ML than for CV. We also aim at studying their dependence with respect to the regularity
parameter €, to address the influence of the irregularity of the spatial sampling on the ML and
CV estimation.

In order to do so, we are interested in the derivatives of the asymptotic covariance matrices

with respect to e. We hence now study this point.

Derivatives of the asymptotic covariance matrices

In proposition 5.16 we show that, under the mild conditions 5.15, the asymptotic covariance
matrices obtained from X1, Xcv,1 and Xcv 2, of propositions 5.8 and 5.12, are twice differ-

entiable with respect to e. This result is useful for the numerical study of the section 5.4.

Condition 5.15. o Condition 5.1 is satisfied.
o Ky(t) and a%;-Kd’ (t), for 1 <i <p, are three times differentiable in t for t # 0.

e ForallT >0,1<i<p, ke {1,2,3},i1,...ip € {1,...,d}*, there exists Cr < +00 s0
that for |t| > T, ¥ € U,

0 0 Cr
< — T .
o, ot Ke®) = 77 ¢[a+T (59)
0 g 0 Cr

— Kyt < —Wm—.
6ti1 Oty 8’(/& ¥ ( ) - 14+ |t|d+1

Proposition 5.16. Assume that condition 5.15 is satisfied.

Let us fir 1 < 4,5 < p. The elements (EML)M, (ECV,l)ij and (Ecv)g)ij (as defined in

propositions 5.8 and 5.12) are C? in € on [0, %) Furthermore, let us define the matrices MS&JL),

Mg&)l and M(Cf‘% by the relations %]E {T'r (M%/L))} — (EML)M, %IE {Tr (Mg\%)} —

(Beva), ; and i1 {Tr (M(Cl‘j/)z)} — (Bcvi2), ; in propositions 5.8 and 5.12. We then have,
for (X), ; being (Xnr); ;» (Beva), ; or (Bcvye), ; and M) being ME\ZJL), M(é‘J,)l or M(é‘j/)Q

0? 1 0? >
— [ ()
2 (Z)M nhm nE{ 62TT (M )}

Proposition 5.16 shows that we can compute numerically the derivatives of (Xp1.) i (Zev, k)i_j,
k = 1,2, with respect to € by computing the derivatives of MS&JL), Mg"i)k, k =1,2, for n large.
The fact that it is possible to exchange the limit in n and the derivative in ¢ was not a priori

obvious.
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5.3.2 Closed form expressions of the asymptotic variances in dimen-

sion one

The asymptotic covariance matrices of propositions 5.8 and 5.13 are expressed as functions of
a.s. limits of traces of sums, products and inverses of random matrices. In the case € = 0, for
d = 1, these matrices are deterministic Toeplitz matrices. A n x n Toeplitz matrix M is a matrix

for which there exist s_(,,_1), ..., 1 so that
Mi,j = Si—j- (510)

For d=1and e =0, (Ky)i; = Ky (i — j), so that Ky, is a Toeplitz matrix.

There exist results for the limits as n — 400 of traces of Toeplitz matrices. These limits
are based on Fourier transform techniques and we refer to [Gra01] for a further reading on this
subject. We will give a short overview about it in subsection 5.7.2.

Furthermore, for d = 1, the second derivatives with respect to ¢, at e = 0, of the asymptotic
variance for ML and CV are also expressed as almost sure limits of traces of random matrices
(proposition 5.16). In proposition 5.16, for d = 1, the random matrices M%jf, M(Cf‘j/)l and
Mg‘% conserve some sort of a Toeplitz structure. This makes it possible, in the ML case, for
p =1, to obtain an explicit expression of g—; (EML)M, at e = 0, that we present in proposition
5.18. We believe that a similar result for CV may be possible, but the calculations seem much
more cumbersome compared to those for ML in subsection 5.7.2.

Hence, in the rest of subsection 5.3.2, we only address the case where d = 1, p = 1 and where
the observation points v; + €X;, 1 < i < n, n € N*, are the i + €X;, where X; is uniform on
[—1,1]. Since p =1, we have ¥ = [t 1, Ysup]-

We define the Fourier transform function 3 (.) of a sequence s, of Z by 5(f) =3, . sne™/
as in [GraO1]. This function is 27 periodic on [—7, 7).

Then, with ¢ representing the space argument of a stationary covariance function in the

: 1%}
notation &,

e The sequence of the K, (4), i € Z, has Fourier transform f which is even and non-negative

on [—m, 7).
e The sequence of the %Kwo (i), ¢ € Z, has Fourier transform fy;, which is even on [—m, 7.

e The sequence of the %Kwo (4) Lizo, © € Z, has Fourier transform if; which is odd and

imaginary on [—7, 7.

e The sequence of the %%K% (¢) 1i0, @ € Z, has Fourier transform if; ,, which is odd and

imaginary on [—m, 7).

e The sequence of the g—;Kwo (¢) 10, © € Z, has Fourier transform f;; which is even on

[—m, 7).

e The sequence of the g—;%K% (7) Lizo, ¢ € Z, has Fourier transform f; ;. which is even

on [—m, 7).
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In this section we assume in condition 5.17 that all these sequences are dominated by a
decreasing exponential function, so that the Fourier transforms are C°°. This condition could

be weakened, but it simplifies the proofs, and it is satisfied in our framework.

Condition 5.17. There exists C < co and a > 0 so that the sequences of general terms

and

i € Z, are bounded by Ce~ I,

For a 2m-periodic function f on [—7, 7], we denote by M (f) the mean value of f on [—m,7].

Then, proposition 5.18 gives the closed form expressions of X1, Xcv,1, Xov,2 and g—;ZML

e=!

Proposition 5.18. Assume that conditions 5.1 and 5.17 are verified.
Fore=0,

Yevap = 8M
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and

() () o () (55
) (5] (F) ()

v ()

() (%)

f2

Proposition 5.18 is proved in subsection 5.7.2. Notice that there could be prospects for

4
3
—%M <ft,t,w fw) .

extending this proposition for the regular grid in dimension d > 1, based on results similar to
those of proposition 5.41, but for multi-level Toeplitz matrices (see e.g. [Tyr96]).

An interesting remark can be made on ¥¢y,2. Using Cauchy-Schwartz inequality, we obtain

s (G) PG () ) o

so that the limit of the second derivative with respect to v of the CV criterion at 1y is indeed

non-negative. Furthermore, for the limit to be zero, it is necessary that ;—é be proportional to
2

fi%, that is to say fy, be proportional to f. This is equivalent to 8(19($0 being proportional to

Ky, on Z, which happens only when around v, Ky (i) = %K% (1), for i € Z. Hence around
1, 1 would be a global variance hyper-parameter. Therefore, for the regular grid in dimension
one, we have shown that the asymptotic variance is positive as long as 1 is not only a global

variance hyper-parameter.

5.4 Study of the asymptotic variance

The limit distributions of the ML and CV estimators only depend on the regularity parameter e
through the asymptotic covariance matrices in propositions 5.8 and 5.13. The aim of this section
is to numerically study the influence of € on these asymptotic covariance matrices. Furthermore,
we aim at confirming numerically that the asymptotic variance is larger for CV than for ML.

In the rest of this section 5.4, we specifically address the cases where d = 1, p = 1 in
subsections 5.4.1 and 5.4.2, p = 2 in subsection 5.4.3, and the distribution of the X;, 1 <i < n,
is uniform on [—1, 1]. Furthermore, in order to compare ML and CV, we will only address the
estimation of a correlation hyper-parameter. The variance is thus assumed to be known and
equal to 1.

We focus on the case of the Matérn correlation function presented in chapter 2. In dimension

one, we recall that this correlation model is parameterized by the correlation length ¢ and the

106



CHAPTER 5. CROSS VALIDATION AND MAXIMUM LIKELIHOOD WITH
WELL-SPECIFIED FAMILY OF COVARIANCE FUNCTIONS

smoothness parameter v. The correlation function K, is Matérn (¢,v) where

o
I'(v)2v-1t

||

Koy (h) = <2ﬁ€>VK,, (2@"2) , (5.11)

with I' the Gamma function and K, the modified Bessel function of second order.

5.4.1 Small random perturbations

In our study, the two true hyper-parameters (¢g, 1) vary over 0.3 < £y < 3 and 0.5 < 1y < 5.
We will successively address the two cases where £ is estimated and v is known, and where
v is estimated and ¢ is known. It is shown in subsection 5.3.1 that for both ML and CV,
the asymptotic variances are regular functions of e. They are even functions of €, because the
distribution of €X; is the same as the distribution of —eX;. Hence the quantity of interest we
study is the ratio of the second derivative with respect to € at € = 0 of the asymptotic variance
over its value at € = 0. When this quantity is negative, this means that the asymptotic variance
of the hyper-parameter estimator decreases with €, and therefore that an irregular sampling is
more favorable for hyper-parameter estimation than a regular one. The second derivative is
calculated exactly for ML, using the results of subsection 5.3.2, and is approximated by finite
differences for n large for CV. Proposition 5.16 ensures that this approximation is numerically
consistent (because the limits in n and the derivatives in € are exchangeable).

In figure 5.2, we show the numerical results for the estimation of ¢. First we see that the
relative improvement of the estimation due to irregularity is maximum when the true correlation
length ¢; is small. Indeed, the inter-observation distance being 1, a correlation length of approx-
imately 0.3 means that the observations are almost independent, making the estimation of the
covariance very hard. For instance, for vy = %, o = 0.3 and ¢ = 0, the maximum correlation
between two different observation points is (1 + T@)exp (7%) =~ 0.0026. Thus, the vector
of n observations looks like an iid vector, as we illustrate in figure 5.3, making it difficult to
distinguish between ¢y = 0.3 and, say, £y = 0.2, which would a fortiori also make the observation
vector look like an #id vector.

Hence, for £y small the irregularity of the grid creates pairs of observations that are less
independent and makes the estimation possible. Indeed, for i < j, |i — j + €(X; — X;)| can be
smaller than |i— j| when X; > X;. For instance, for e = 0.25, vy = 3 and ¢, = 0.3, the maximum
correlation between two different observation points is (1 + %)exp (—%) ~ 0.08, to
compare to 0.0026 for e = 0. As a conclusion, for £y small, the benefit obtained from perturbing
the regular grid is large.

For large ¢y, it is easier to estimate ¢ when ¢ = 0, because the observation vector does not
look like an iid vector, as illustrated in figure 5.3. Thus the relative effect of the irregularity is
smaller.

Second, we observe in figure 5.2 that for ML the irregularity is always an advantage for
estimation. This is not the case for CV, where the asymptotic variance can increase with e.
Finally, we can see that the two particular points (¢p = 0.5,19 = 5) and ({y = 2.7,19 = 1) are
particularly interesting and representative. Indeed ¢y = 0.5 and vy = 5 correspond to hyper-
parameters for which the irregularity of the sampling has a strong and favorable impact on the

estimation for ML, and CV, while ¢, = 2.7 and vy = 1 correspond to hyper-parameters for which
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Figure 5.2: Local influence of € for the estimation of the correlation length ¢. Plot of the ratio
of the second derivative of the asymptotic variance over its value at e = 0, for ML (left) and
CV (right). The true covariance function is Matérn with varying ¢y and v9. The advantage
of perturbing the regular grid is maximum when the correlation length ¢y small, i.e. when the
observations are almost independent. The asymptotic variance always locally decreases with ¢
for ML (i.e. the second derivative at ¢ = 0 is always negative) but not for CV. We retain the two
particular points (¢g = 0.5,v9 = 5) and (¢g = 2.7, = 1) for further investigation in subsection
5.4.2 (these are the black dots).

N 0 ~
O
@)
— o) O © — @)
OAO
O e) O Cp o
o O 00 O OO le)
o1 g 0 o > O -
O O
@) @)
o) o} % o Qo
‘T" O T.’ Oo ((ﬁ)
o) o o
o o ©
(IV7\ T T T T T T (I‘7\ T O@ T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30
X X

Figure 5.3: Illustration that it is more difficult to estimate ¢ when £; is small than when £, is
large. Plot of two realizations of the Gaussian process Y on the regular grid {1,...,30} with
Matérn covariance function with vy = 3 and ¢y = 0.3 (left) and ¢y = 3 (right). For £y = 0.3 the
observation vector seems to follow an ¢id distribution. Thus it is hard to distinguish between
£y = 0.3, and, say, o = 0.2, which would a fortiori make the observation vector seem to follow
an iid distribution. On the contrary, for £y = 3, the observation vector does not seem to follow

an 7id distribution.
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the irregularity of the sampling has an unfavorable impact on the estimation for CV. We retain
these two points for further global investigation for 0 < e < 0.45 in subsection 5.4.2.

On figure 5.4, we show the numerical results for the estimation of v. We observe that for
{y relatively small, the asymptotic variance is an increasing function of e (for small €). This
happens approximately in the band 0.4 < ¢y < 0.6, and for both ML and CV. There is a plausible
explanation from this fact, which is not easy to interpret at first sight. It can be seen that for ¢ ~
0.73, the value of the one-dimensional Matérn covariance function at t = 1 is almost independent
of v for v € [1, 5] (see figure 2.4). As an illustration, for v = 2.5, the derivative of this value with
respect to v is —3.7 x 107° for a value of 0.15. When 0.4 < £y < 0.6, £y is small so that most
of the information for estimating v is obtained from the pairs of successive observation points.
Perturbing the regular grid creates pairs of successive observation points i + ex;, i + 1 4 ex; 41
‘1+€(I2:1—$7;)‘

s T1737 so that the correlation of the two observations becomes almost

independent of v. Thus, due to a specificity of the Matérn covariance function, decreasing the

verifying

distance between two successive observation points unintuitively removes information on v.

For 0.6 < ¢y < 0.8 and vy > 2, the relative improvement is maximum. This is explained the
same way as above, this time the case € = 0 yields successive observation points for which the
correlation is independent of v, and increasing e changes the distance between two successive
observation points, making the correlation of the observations dependent of v.

In the case £y > 0.8, there is no more impact of the specificity of the case ¢y ~ 0.73 and the
improvement of the estimation when € increases remains significant, though smaller. Finally, we
see the three particular points (¢ = 0.5,v9 = 2.5), (€ = 0.7,19 = 2.5) and (¢y = 2.7,19 = 2.5)
as representative of the discussion above, and we retain them for further global investigation for
0 < € < 0.45 in subsection 5.4.2.

5.4.2 Large random perturbations

On figures 5.5 and 5.6, we plot the ratio of the asymptotic variance for e = 0 over the asymptotic
variance for ¢ = 0.45, with varying ¢y and vy, for ML and CV and in the two cases where /£ is
estimated and v known and conversely. We observe that this ratio is always larger than one
for ML, that is strong perturbations of the regular grid are always beneficial to ML estimation.
This is the most important numerical conclusion of this section 5.4. As ML is the preferable
method to use in the well-specified case addressed here, we reformulate this conclusion by saying
that, in our experiments, using pairs of closely spaced observation points is always beneficial for
covariance hyper-parameter estimation compared to evenly spaced observation points. This is
an important practical conclusion, that is in agreement with the references [Ste99] and [ZZ06]
discussed in section 5.1.

For CV, on the contrary, we exhibit cases for which strong perturbations of the regular grid
decrease the accuracy of the estimation of . This can be due to the fact that the Leave-One-Out
errors in the CV functional (3.12) are unnormalized. Hence, when the regular grid is perturbed,
roughly speaking, error terms concerning observation points with close neighbors are small,
while error terms concerning observation points without close neighbors are large. Hence, the
CV functional mainly depends on the large error terms and hence has a larger variance. This

increases the variance of the CV estimator minimizing it.

109



5.4. STUDY OF THE ASYMPTOTIC VARIANCE

30 30
-0.68 -0.6¢
-52 -52

o (=]

> >
-190 -190
-400 -400
-700 -700

0.5 1.0 1.5 2.0 25 0.5 1.0 15 2.0 25
lo lo

Figure 5.4: Same setting as figure 5.2, but for the estimation of v. For approximately 0.4 <
¢y < 0.6, the estimation is damaged by locally perturbing the regular grid. This is because of a
particularity of the Matérn covariance function Ky, (¢) at t = 1, for £ = 0.73. For 0.6 < £, < 0.8,
the improvement of the estimation is maximum, and remains positive for larger /. We retain
the three particular points (¢g = 0.5,19 = 2.5), (fop = 0.7,19 = 2.5) and (¢g = 2.7, = 2.5) for

further investigation in subsection 5.4.2.
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Figure 5.5: Estimation of ¢. Plot of the ratio of the asymptotic variance for ¢ = 0 over the
asymptotic variance for € = 0.45 for ML (left) and CV (right). The true covariance function
is Matérn with varying ¢y and 5. The ML estimation is always improved by perturbing the
regular grid, while the CV estimation can be damaged by perturbing the regular grid. We retain
the two particular points (9 = 0.5, 9 = 5) and (£ = 2.7,v9 = 1) for further investigation below
in this subsection 5.4 (these are the black dots).
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Figure 5.6: Same setting as in figure 5.5, but for the estimation of ». The ML and CV estimations
benefit from an irregular sampling. We retain the three particular points (¢ = 0.5, = 2.5),
(bo = 0.7,v9 = 2.5) and (¢g = 2.7, vy = 2.5) for further investigation below in this subsection 5.4.

We now consider the five particular points that we have discussed in subsection 5.4.1:
(bp = 05,19 = 5) and (bp = 2.7,19 = 1) for the estimation of ¢ and (¢ = 0.5,19 = 2.5),
(by = 0.7,v9 = 2.5) and (¢y = 2.7,y = 2.5) for the estimation of v. For these particular points,
we plot the asymptotic variances of propositions 5.8 and 5.13 as functions of € for —0.45 < e <
0.45. The asymptotic variances are even functions of € since (€X;)1<;<, has the same distribu-
tion as (—eX;)1<i<n. Nevertheless, they are approximated by empirical means of iid realizations
of the random traces in propositions 5.8 and 5.12, for n large enough. Hence, the functions we
plot are not exactly even. The fact that they are almost even is a graphical verification that the
random fluctuations of the results of the calculations, for finite (but large) n, are very small. We
also plot the second-order Taylor-series expansion given by the value at ¢ = 0 and the second
derivative at € = 0.

In figure 5.7, we show the numerical results for the estimation of ¢ with ¢, = 0.5, vy = 5.
The first observation is that the asymptotic variance is slightly larger for CV than for ML. This
is a confirmation of what we expected: we address a well-specified case, so that the asymptotic
variance of ML is the almost sure limit of the Cramér-Rao bound. Therefore, this observation
turns out to be true in all the subsection, and we will not comment on it anymore. We see
that, for both ML and CV, the improvement of the estimation given by the irregularity of
the spatial sampling is true for all values of €. One can indeed gain up to a factor six for the
asymptotic variances. This is explained by the reason mentioned in subsection 5.4.1, for ¢y small,
increasing e yields pairs of observations that become dependent, and hence give information on
the covariance structure.

In figure 5.8, we show the numerical results for the estimation of ¢ with ¢y = 2.7, vy = 1. For
ML, there is a slight improvement of the estimation with the irregularity of the spatial sampling.
However, for CV, there is a significant degradation of the estimation. Hence the irregularity of

the spatial sampling has more relative influence on CV than on ML. Finally, the advantage of
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Figure 5.7: Global influence of € for the estimation of the correlation length ¢. Plot of the
asymptotic variance for ML (left) and CV (right), calculated with varying n, and of the second
order Taylor series expansion given by the value at ¢ = 0 and the second derivative at ¢ = 0. The
true covariance function is Matérn with ¢y = 0.5 and vy = 5. The asymptotic variance is larger
for CV than for ML. The irregularity of the spatial sampling globally improves the estimation
for both ML and CV.

ML over CV for the estimation is by a factor seven, contrary to the case ¢; = 0.5, where this
factor was close to one.

On figure 5.9, we show the numerical results for the estimation of v with (¢y = 0.5, = 2.5).
The numerical results are similar for ML and CV. For e small, the asymptotic variance is very
large, because, £y being small, the observations are almost independent, as the observation points
are further apart than the correlation length, making inference on the dependence structure
very difficult. We see that, for ¢ = 0, the asymptotic variance is several orders of magnitude
larger than for the estimation of ¢ in figure 5.7, where ¢y has the same value. Indeed, in the
Matérn model, v is a smoothness parameter, and its estimation is very sensitive to the absence of
observation points with small spacing. We observe, as discussed in figure 5.4, that for € € [0, 0.2],
the asymptotic variance increases with e because pairs of observation points can reach the state
where the covariance of the two observations is almost independent of v. For e € [0.2,0.5), a
threshold is reached where pairs of subsequently dependent observations start to appear, greatly
reducing the asymptotic variance for the estimation of v.

On figure 5.10, we show the numerical results for the estimation of v with (¢, = 0.7, 9 = 2.5).
The numerical results are similar for ML and CV. Similarly to figure 5.9, the asymptotic variance
is very large, because the observations are almost independent. For € = 0, it is even larger than
in figure 5.7 because we are in the state where the covariance between two successive observations
is almost independent of v. As an illustration, for £ = 0.7 and v = 2.5, the derivative of this
covariance with respect to v is —1.3 x 1073 for a value of 0.13 (1% relative variation), while for
¢ = 0.5 and v = 2.5, this derivative is —5 x 1072 for a value of 0.037 (13% relative variation).

Hence, the asymptotic variance is globally decreasing with ¢ and the decrease is very strong for
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Figure 5.8: Same setting as in figure 5.7 but with ¢y = 2.7 and vy = 1. The irregularity of the

spatial sampling slightly improves ML estimation but degrades CV estimation.
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Figure 5.9: Same setting as in figure 5.7 but for the estimation of v and with ¢y = 0.5 and
vo = 2.5. Results are similar for ML and CV. When € = 0, the estimation is difficult because
the observations are almost independent. For € € [0, 0.2], because of a specificity of the Matérn
covariance model Ky, (t) at t = 1, for £ =~ 0.73, the asymptotic variance increases with ¢, as we
have discussed in figure 5.4. The asymptotic variance decreases with e for € € [0.2,0.5], because

pairs of dependent observations start to appear.
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Figure 5.10: Same setting as in figure 5.7 but for the estimation of v and with ¢y = 0.7 and
vo = 2.5. Results are similar for ML and CV. When ¢ = 0, the estimation is difficult because
the observations are almost independent. It is even more difficult than for figure 5.9, although
¢y is smaller in figure 5.9, because of the specificity of the Matérn covariance model Ky, (t) at
t =1, for £ ~ 0.73, that we have discussed in figure 5.4. The estimation is easier for e large,

where pairs of dependent observations start to appear.

small e. The variance is several orders of magnitude smaller for large €, where pairs of dependent
observations start to appear.

In figure 5.11, we show the numerical results for the estimation of v with ¢y = 2.7, vy = 2.5.
For both ML and CV, there is a global improvement of the estimation with the irregularity of
the spatial sampling. Moreover, the advantage of ML over CV for the estimation is by a factor

seven, contrary to figures 5.9 and 5.10 where this factor was close to one.

5.4.3 Estimating both the correlation length and the smoothness pa-

rameter

In this subsection 5.4.3, the case of the joint estimation of ¢ and v is addressed. We denote, for
ML and CV, V4, V, and C,,, the asymptotic variances of \/ﬁf and /n? and the asymptotic
covariance of v/nf and \/ni (propositions 5.8 and 5.13).

Since we here address 2 x 2 covariance matrices, the impact of the irregularity parameter e
on the estimation is now more complex to assess. For instance, increasing e could increase V;
and at the same time decrease V,,. Thus, it is desirable to build scalar criteria, defined in terms
of Vy, V,, and Cy,,,, measuring the quality of the estimation. In [ZZ06], the criterion used is the
average, over a prior distribution on (g, vy), of log (V,V, — Cf,y), that is the averaged logarithm
of the determinant of the covariance matrix. This criterion corresponds to D-optimality in
standard linear regression with uncorrelated errors, as noted in [ZZ06]. In our case, we know
the true ({o, 1), so that the Bayesian average is not needed. The first scalar criterion we study

is thus Dy, :=V,V, — Ciy. This criterion is interpreted as a general objective-free estimation
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Figure 5.11: Same setting as in figure 5.7 but for the estimation of v and with ¢y = 2.7 and
vy = 2.5. For both ML and CV, there is a global improvement of the estimation with the

irregularity of the spatial sampling. ML has a substantial advantage over CV for the estimation.

criterion, in the sense that the impact of the estimation on Kriging predictions that would be
made afterward, on new input points, is not directly addressed in Dy ,.

One could build other scalar criteria, explicitly addressing the impact of the covariance
function estimation error, on the quality of the Kriging predictions that are made afterward. In
[ZZ06], the criterion studied for the prediction error is the integral over the prediction domain
of E [(gjeo (t) — 95 (t))Q}, where g (t) is the prediction (2.9) of Y (t), from the observation vector,
and under covariance function Ky. This criterion is the difference of integrated prediction mean
square error, between the estimated and true covariance functions, see (3.19). In [Abt99] and
in [ZZ06], two different asymptotic approximations of this criterion are studied. In [ZZ06],
another criterion, focusing on the accuracy of the Kriging predictive variances built from 0, is
also treated, together with a corresponding asymptotic approximation. In chapter 6, we will also
define a criterion for the accuracy of the Kriging predictive variances, obtained from an estimator
of the variance hyper-parameter, when the correlation function is fixed and misspecified. Since
we specifically address the case of Kriging prediction in the asymptotic framework addressed
here in section 5.5, we refer to [Abt99], [ZZ06] and chapter 6 for details on the aforementioned
criteria. In this subsection 5.4.3, we study the estimation criteria V,, V,,, C¢, and Dy ,.

In figure 5.12, we consider the ML estimation, with varying (¢y, o). We study the ratio of
Ve, Vi, and Dy, between € = 0 and € = 0.45. We first observe that V, is always smaller for
€ = 0.45 than for € = 0, that is to say there is an improvement of the estimation of v when using
a strongly irregular sampling. For V;, this is the same, except in a thin band around ¢y =~ 0.73.
Our explanation for this fact is the same as for a similar singularity in figure 5.4. For ¢, = 0.73
and € = 0, the correlation between two successive points is approximately only a function of
£. For instance, the derivative of this correlation with respect to v at £ = 0.73,v = 2.5 is
—3.7 x 107 for a correlation of 0.15. Thus, the very large uncertainty on v has no negative

impact on the information brought by the pairs of successive observation points on ¢ for e = 0.
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These pairs of successive points bring most of the information on the covariance function, since
£y is small. When e = 0.45, this favorable case is broken by the random perturbations, and the
large uncertainty on v has a negative impact on the estimation of ¢, even when considering the
pairs of successive observation points.

Nevertheless, in the band around ¢, ~ 0.73, when going from ¢ = 0 to ¢ = 0.45, the
improvement of the estimation of v is much stronger than the degradation of the estimation
of £. This is confirmed by the plot of D, ,, which always decreases when going from € = 0 to
€ = 0.45. Thus, we confirm our global conclusion of subsection 5.4.2: strong perturbations of
the regular grid create pairs of observation points with small spacing, which is always beneficial
for ML in the cases we address.

Finally, notice that we have discussed a case where the estimation of a covariance hyper-
parameter is degraded, while the estimation of the other one is improved. This justifies the use
of scalar criteria of the estimation, such as Dy ,, or the ones related with prediction discussed
above.

We retain the particular point (6o = 0.73, 9 = 2.5), that corresponds to the case where going
from € = 0 to € = 0.45 decreases V,, and increases V;, for further global investigation in figure
5.14.

In figure 5.13, we address the same setting as in figure 5.12, but for the CV estimation. We
observe that going from € = 0 to € = 0.45 can increase Dy ,. This is a confirmation of what
was observed in figure 5.5: strong irregularities of the spatial sampling can globally damage
the CV estimation. The justification is the same as before: the LOO error variances become
heterogeneous when the regular grid is perturbed.

We also observe an hybrid case, in which the estimation of ¢ and v is improved by the
irregularity, but the determinant of their asymptotic covariance matrix increases, because the
absolute value of their asymptotic covariance decreases. This case happens for instance around
the point (¢y = 1.7,19 = 5), that we retain for a further global investigation in figure 5.15.

In figure 5.14, for ¢y = 0.73, 19 = 2.5 and for ML, we plot V;, V,, and D, with respect to
¢, for € € [0,0.45]. We confirm that when € increases, the decrease of V,, is much stronger than
the increase of V. As a result, there is a strong decrease of D, ,. This is a confirmation of our
main conclusion on the impact of the spatial sampling on the estimation: using pairs of closely
spaced observation points improves the ML estimation.

In figure 5.15, for ¢y = 1.7,19 = 5 and for CV, we plot V;, V,,, C¢, and D,, with respect
to €, for € € [0,0.45]. We observe the particular case mentioned in figure 5.13, in which the
estimation of ¢ and v is improved by the irregularity, but the determinant of their asymptotic
covariance matrix increases, because the absolute value of their asymptotic covariance decreases.
This particular case is again a confirmation that the criteria V; and V,, can be insufficient for

evaluating the impact of the irregularity on the estimation, in a case of joint estimation.

5.4.4 Discussion

We have seen that local perturbations of the regular grid can damage both the ML and the
CV estimation (figure 5.4). The CV estimation can even be damaged for strong perturbations

of the regular grid (figure 5.5). This can be due to the fact that the Leave-One-Out errors
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Figure 5.12: For ML, plot of the ratio, between ¢ = 0 and € = 0.45, of V; (top-left), Vi, (top-

right) and Dy, (bottom). The true covariance function is Matérn with varying ¢y and vo. We

jointly estimate ¢ and v. The asymptotic variance V; increases with € for £y in a thin band,

because this thin bands correspond to the case when, for € = 0, the large uncertainty on v has

no negative impact for the estimation of £. The asymptotic variance V,, always decreases with e.

Furthermore, when V; increases with €, V,, decreases considerably more. As a consequence, Dy ,,

always decreases with €, meaning that the joint estimation of ¢ and v always benefits from an

irregular sampling. We retain the particular point (¢y = 0.73, 1y = 2.5) for further investigation

below in this subsection 5.4.3.
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Figure 5.13: Same setting as in figure 5.12 but for CV. The CV estimation can be damaged
by the irregularity of the sampling. We retain the particular point (¢p = 1.7, 9 = 5) for further

investigation below in this subsection 5.4.3.
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Figure 5.14: Joint estimation of £ and v by ML. ¢y = 0.73 and vy = 2.5. Plot of V; (top-left), V,,
(top-right) and Dy, (bottom) with respect to €. Increasing the irregularity parameter e globally

improves the joint ML estimation of ¢ and v.
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Figure 5.15: Joint estimation of ¢ and v by CV. ¢y = 1.7 and vy = 5. Plot of V; (top-left), V,,
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of ¢ and v is improved by the irregularity, but the determinant of their asymptotic covariance

matrix increases, because the absolute value of their asymptotic covariance decreases.
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in the CV functional (3.12) are unnormalized. Hence, with ¢ # 0, roughly speaking, error
terms concerning observation points with close neighbors are small, while error terms concerning
observation points without close neighbors are large. Hence, the CV functional mainly depends
on the large error terms and hence has a larger variance.

Our main conclusion is that strong perturbations of the regular grid (e = 0.45) are beneficial
to the ML estimation in all the cases we have addressed (figures 5.5, 5.6, 5.12). Furthermore,
ML is shown to be the preferable estimator in the well-specified case addressed here. This main
result is in agreement with the references [Ste99, ZZ06, JDLI0O8] discussed in section 5.1. The
global conclusion is that using groups of observation points with small spacing, compared to the

observation point density in the prediction domain, is beneficial for estimation.

5.5 Analysis of the Kriging prediction

The asymptotic analysis of the influence of the spatial sampling on the covariance hyper-
parameter estimation being complete, we now address the case of the Kriging prediction error,
and its interaction with the covariance function estimation. In short words, we study Kriging
prediction with estimated covariance hyper-parameters [Ste99].

In subsection 5.5.1, we show that any fixed, constant, covariance function error has a non-
zero asymptotic impact on the prediction error. This fact is interesting in that the conclusion
is different in a fixed-domain asymptotic context, for which we have discussed in chapter 4 that
there exist non-microergodic covariance hyper-parameters that have no asymptotic influence on
prediction.

In subsection 5.5.2, we show that, in the expansion-domain asymptotic context we address,
the covariance function estimation procedure has, however, no impact on the prediction error,
as long as it is consistent. Thus, the prediction error is a new criterion for the spatial sampling,
that is independent of the estimation criteria we address in section 5.4. In subsection 5.5.3,
we study numerically, still in the case of the Matérn covariance function, the impact of the

regularity parameter € on the mean square prediction error on the prediction domain.

5.5.1 Asymptotic influence of covariance hyper-parameter misspecifi-

cation on prediction

In proposition 5.19, we show that the misspecification of correlation hyper-parameters has an
asymptotic influence on the prediction errors. Indeed, the difference of the asymptotic Leave-
One-Out mean square errors, between incorrect and correct covariance hyper-parameters, is
lower and upper bounded by finite positive constants times the integrated square difference

between the two correlation functions.

Proposition 5.19. Assume that condition 5.1 is satisfied and that for all ¢ € ¥, K, (0) = 1.
Let, for 1 <i < n, §ip = Eyx (Wily1, - Yi-1,Yit1, -, Yn) e the Kriging Leave-One-Out
prediction of y; with covariance hyper-parameters 1. We then denote

n 1 n
Dy(3p,9V) :=E %Z{yi ~Jip}t’| —E l“z {yi - z;,-,m)}?] :
=1 =1
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Then there exist constants 0 < A < B < 400, independent of ¥, so that, for e =0

AN {Ey(0) — Kyo (0)}* < lim Dy(ep, )

vezd n——+00

and

lim Dy(9, %) < B Y {Ky() — Ky (v)}”.

n——+oo
veZL

For € # 0, with D, as in (5.6),

A/ {Kd, Kw(O)(t)}2 dt S him DP(Q/)aw(O))

n—-+oo

and

lim D,(y, ) <B/ {Ky(t) — Ky (1)} dt.

n—-+oo

Proof. The lower-bound is showed in the proof of proposition 5.11. The upper-bound is obtained

with similar techniques. O

In proposition 5.20, we study the case of N points with uniform distribution on [0, N]%, with
the constraint that there exists a minimum distance between two different observation points.
We show that the asymptotic difference of integrated prediction MSE, between the incorrect
and true hyper-parameters, is lower-bounded by a finite constant times the integrated square

difference between the two associated correlation functions.

Proposition 5.20. Consider the parameterization (5.1) of the Gaussian process Y. Assume
that for all ¢ € ¥, K,,(0) = 1.

Let § > 0. Assume that for n € N, the observation points are the X1, ..., Xna and follow
an iid uniform distribution on [0, N]%, conditionally to the constraint that, for each i # j,
| X — Xjloe > 0.

Let
1

~ 2
v [, ) —el@) de.

with §y () the Kriging prediction of Y (x) according to the covariance function Ky(x) and the
observation points Y (X1),...,Y (X a).
Then, there exists a constant A > 0 so that for any ¥ € U,

MSEy =

A (Ky(x) — Ky (2))’de < lim E(MSEy — MSEy0).
R4\ [—6,5]¢ N—+o00

Proposition 5.20 is proved in subsection 5.7.3.
5.5.2 Influence of covariance hyper-parameter estimation on predic-
tion

In proposition 5.21, proved in subsection 5.7.3, we address the influence of covariance hyper-

parameter estimation on prediction.
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Proposition 5.21. Assume that condition 5.1 is satisfied and that the Gaussian process Y, with
covariance function Ky (t), yields almost surely continuous trajectories. Assume also that for
everyyp € ¥, 1 << p, %Kw (t) is continuous with respect to t. Let, for n € N, the observation
points €V ..., ™ be obtained from the randomly perturbed reqular grid of section 5.2. Let G (t)
be the Kriging prediction of the Gaussian process Y at t, under correlation function K. and

giwen the observations yi, ...,y,. For any n, let Ny, so that Nldm <n < (Nip+ 1), Define

1 .
Bew = wa~ (G (t) = Y (2))" dt. (5.12)
1,n 7 [0,N1,,]?

Consider a consistent estimator {p of w(o)' Then
‘Ee’w(o) - E6712,| = Op(l). (5.13)
Furthermore, there exists a constant A > 0 so that for all n,
E(E, 40) > A (5.14)

In proposition 5.21, the condition that the Gaussian process Y yields continuous trajecto-
ries is not restrictive, as we have seen in proposition 2.23. In proposition 5.21, we show that
the mean square prediction error, over the observation domain, with a consistently estimated
covariance hyper-parameter, is asymptotically equivalent to the corresponding error when the
true covariance hyper-parameter is known. Furthermore, the mean value of this prediction error
with the true covariance hyper-parameter does not vanish when n — +oo. This is intuitive
because the density of observation points in the domain is constant.

Hence, expansion-domain asymptotics yields a situation in which the estimation error goes
to zero, but the prediction error does not, because the prediction domain increases with the
number of observation points. Thus, increasing-domain asymptotic context enables us to ad-
dress the prediction and estimation problems separately, and the conclusions on the estimation
problem are fruitful, as we have seen in sections 5.3 and 5.4. However, this context does not
enable us to study theoretically all the practical aspects of the joint problem of prediction with
estimated covariance hyper-parameters. For instance, the impact of the estimation method on
the prediction error is asymptotically zero under this theoretical framework, and using a con-
stant proportion of the observation points for estimation rather than prediction cannot decrease
the asymptotic prediction error with estimated covariance hyper-parameters.

The two aforementioned practical problems would benefit from an asymptotic framework
that would fully reproduce them, by giving a stronger impact to the estimation on the pre-
diction. Possible candidates for this framework are the mixed increasing-domain asymptotic
framework, presented in chapter 4, and addressed for instance in [Lah03] and [LM04], and fixed-
domain asymptotics. In both frameworks, the estimation error, with respect to the number
of observation points, is larger and the prediction error is smaller, thus giving hope for more
impact of the estimation on the prediction. Nevertheless, even in fixed-domain asymptotics,
notice that in [PYO01] and referring to [dV96], it is shown that, for the particular case of the
tensor product exponential covariance function in two dimensions, the prediction error, under
covariance hyper-parameters estimated by ML, is asymptotically equal to the prediction error
under the true covariance hyper-parameters. This is a particular case in which estimation has

no impact on prediction, even under fixed-domain asymptotics.
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Figure 5.16: Ratio of the mean square prediction error E (E. 4, .,) in proposition 5.21, between
€ = 0 and € = 0.45, as a function of ¢y and vy, for n = 100. The mean square prediction error

increases with the irregularity of the sampling.

5.5.3 Analysis of the impact of the spatial sampling on the Kriging

prediction

In this subsection 5.5.3, we study the prediction mean square error E (E, 4, ,,) of proposition
5.21, as a function of ¢, ¢y and vy, for the one-dimensional Matérn model, and for large n. The
distribution of the (X;), ., ,, is still uniform on [—1,1]. The function E (E 4, ,,) is independent
of the estimation, as weil;ve seen, so there is now no point in distinguishing between ML and
CV. In the following figures, this function is approximated by the average of iid realizations of

its conditional mean value given X = x,

1 /M B
n / (1 B (0K Bt (1))

n

where (ko (1)); = Kog,vo (0 + € — t) and (Kog,vy); ;= Koo (i — J + €z — 25]).

On figure 5.16, we plot the ratio of the mean square prediction error E (E 4,..,), between
e = 0 and € = 0.45, as a function of ¢y and vy, for n = 100 (we observed the same results for
n = 50). We see that this ratio is always smaller than one, meaning that strongly perturbing
the regular grid always increases the prediction error. This result is in agreement with the
common practices of using regular, also called space filling, samplings for optimizing the Kriging
predictions with known covariance hyper-parameters, as illustrated in figure 3 of [ZZ06].

In figure 5.17, we fix the true covariance hyper-parameters £o = 0.5, vy = 2.5, and we study
the variations with respect to € of the asymptotic variance of the ML estimation of v, when
{o is known (figure 5.9), and of the prediction mean square error E (E, 4, ., ), for n = 50 and
n = 100. The results are the same for n = 50 and n = 100. We first observe that E (E. 4, ., ) is
globally an increasing function of e. In fact, we observe the same global increase of E (Ec g, ., ),
for n = 50 and n = 100, with respect to ¢, for all the values (0.5,5), (2.7,1), (0.5,2.5), (0.7,2.5),
(2.7,2.5), (0.73,2.5) and (1.7,5), for (¢g, 1), that we have studied in section 5.4. This is again a
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Figure 5.17: ¢y = 0.5, vy = 2.5. Left: asymptotic variance for the ML estimation of v, when ¢
is known, as a function of € (same setting as in figure 5.9). Right: prediction mean square error
E (Ee¢,,.,) in proposition 5.21 as a function of e. There is no simple antagonistic relationship

between the impact of the irregularity of the spatial sampling on estimation and on prediction

confirmation that, in the increasing-domain asymptotic framework treated here, evenly spaced
observations perform best for prediction.

The second conclusion than can be drawn for figure 5.17 is that there is independence between
estimation (ML in this case) and prediction. Indeed, the estimation error first increases and
then decreases with respect to €, while the prediction error globally decreases. Hence, in figure
5.17, the regular grid still gives better prediction, although it leads to less asymptotic variance
than mildly irregular samplings. Therefore, there is no simple antagonistic relationship between

the impact of the irregularity of the spatial sampling on estimation and on prediction.

5.6 Conclusion

We have considered an increasing-domain asymptotic framework to study the consistency and
asymptotic normality of the CV estimator, to compare asymptotically CV and ML and to address
the influence of the irregularity of the spatial sampling on the estimation of the covariance hyper-
parameters. This asymptotic framework is based on a random sequence of observation points,
for which the deviation from the regular grid is controlled by a single scalar regularity parameter
€.

We have proved consistency and asymptotic normality for the ML and CV estimators, under
rather minimal conditions. These results are dedicated to the randomly perturbed regular grid.
We believe that, for the proof methods we have used for consistency and asymptotic normality,
the most important feature of the randomly perturbed grid is the minimum distance between
two different observation points. Hence, it may be possible to extend the proofs of this chapter,
for consistency and asymptotic normality, to other samplings verifying this minimum distance

assumption, with possibly more technicality.
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We have thus shown that CV is consistent and furthermore has the same rate of convergence
as ML. The asymptotic covariance matrices are deterministic functions of the regularity param-
eter only. By numerically investigating them, we point out that ML is more efficient that CV,
in the well-specified case of chapter 5. Furthermore the asymptotic covariance matrices are the
natural tool to assess the influence of the irregularity of the spatial sampling on the ML and CV

estimators.

This is carried out by means of an exhaustive study of the Matérn model. It is shown
that mildly perturbing the regular grid can damage both ML and CV estimation, and that
CV estimation can also be damaged when strongly perturbing the regular grid. However, we
put into evidence that strongly perturbing the regular grid always improves the ML estimation,
which is a more efficient estimator than CV, in the well-specified case addressed here. Hence,
we confirm the conclusion of [Ste99] and [ZZ06] that using groups of observation points with
small spacing, compared to the observation density in the observation domain, improves the
covariance function estimation. In geostatistics, such groups of points are also added to regular

samplings in practice [JDLIOS].

We have also studied the impact of the spatial sampling on the prediction error. Regular
samplings were shown to be the most efficient as regards to this criterion. This is in agreement
with, e.g. [2Z06] and with [PM12] where samplings for Kriging prediction with known covariance
hyper-parameters are selected by optimizing a space filling criterion. An example of space filling

criterion is the maximin criterion (6.21) presented in chapter 6.

The ultimate goal of a Kriging model is prediction with estimated covariance hyper-parameters.
Hence, efficient samplings for this criterion must address two criteria that have been shown to
be antagonistic. In the literature, there seems to be a commonly admitted practice for solving
this issue [ZZ06, PM12]. Roughly speaking, for selecting an efficient sampling for prediction
with estimated covariance hyper-parameters, one may select a regular sampling for prediction
with known covariance hyper-parameters and augment it with a sampling for estimation (with
closely spaced observation points). The proportion of points for the two samplings is optimized
in the two aforementioned references by optimizing a criterion for prediction with estimated
covariance hyper-parameters. This criterion is more expensive to compute, but is not optimized
in a large dimensional space. In [ZZ06, PM12], the majority of the observation points belong
to the regular sampling for prediction with known covariance function. This is similar in the
geostatistical community [JDLIO8], where regular samplings, augmented with few closely spaced
observation points, making the inputs vary mildly, are used. In view of our theoretical and prac-
tical results of sections 5.4 and 5.5, we are in agreement with this method for building samplings

for prediction with estimated covariance hyper-parameters.

An important limitation we see, though, in the expansion-domain asymptotic framework
we address in this chapter, is that prediction with estimated covariance hyper-parameters cor-
responds asymptotically to prediction with known covariance function. Said differently, the
proportion of observation points addressing estimation, in the aforementioned trade-off, would
go to zero. As we discuss after proposition 5.21, mixed increasing-domain or fixed-domain
asymptotics could give more importance to the estimation problem, compared to the problem

of predicting with known covariance function.
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Finally, in the well-specified-framework addressed in this chapter, ML is more precise than
CV to estimate a correlation hyper-parameter. The practical interest of CV arises in the comple-
mentary framework, that we call the misspecified framework, where the true correlation function
does not belong to the parametric set of correlation functions used for estimation. This is the

object of the next chapter 6.

5.7 Proofs

In the proofs, we distinguish three probability spaces.

(Qx, Fx, Px) is the probability space associated with the random perturbation of the regular
grid. (X;)ien+ is a sequence of iid Sx-valued random variables defined on (Qx, Fx, Px), with
distribution £x. We denote by wx an element of Qx.

(Qy, Fy, Py) is the probability space associated with the Gaussian process. Y is a centered
Gaussian process with covariance function K defined on (Qy, Fy, Py). We denote by wy an
element of Qy.

(Q, F,P) is the product space (Q2x x Qy, Fx ® Fy, Px X Py). We denote by w an element
of €.

All the random variables in the proofs can be defined relatively to the product space (2, F,P).
Hence, all the probabilistic statements in the proofs hold with respect to this product space,
unless it is stated otherwise.

In the proofs, when (f,)nen+ is a sequence of real functions of X = (X;),, f, is also a
sequence of real random variables on (x, Fx, Px). When we write that f,, is bounded uniformly
in n and @ , we mean that there exists a finite constant 7" so that sup,, supyegn |fn()| < T. We
then have that f, is bounded Px-a.s.,i.e sup,, fn, < T for a.e. wx € Qx. We may also write that
fn is lower-bounded uniformly in n and & when there exists a > 0 so that inf,, infzc s fu(z) > a.
When f, also depends on 1), we say that f,, is bounded uniformly in n,  and 1 when supy,cy fn
is bounded uniformly in n and x . We also say that f,, is lower-bounded uniformly in n,  and
1 when infycw fy is lower-bounded uniformly in n and @ .

When we write that f, converges to zero uniformly in x , we mean that

sup ‘fn(m)‘ —n—+oo 0.
xeSy

In this case, f, converges to zero Px-a.s. When f,, also depends on v, we say that f, converges
to zero uniformly in n,  and ¥ when sup,,cy fn converges to zero uniformly in n and x .

When f,, is a sequence of real functions of X and Y, f, is also a sequence of real ran-
dom variables on (Q, F,P). When we say that f, is bounded in probability conditionally
to X = x and uniformly in « , we mean that, for every ¢ > 0, there exist m, N so that
SUP,,> N SUPzesn P([fn| = m|X =) < e. In this case, f, is bounded in probability (defined on
the product space).

5.7.1 Proofs for subsection 5.3.1
Some matrix relations

In proposition 5.22, we give some matrix relations that are useful in the proofs below.
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Proposition 5.22. Let A, B be two n X n real symmetric positive matrices and let M, P, Q, R

be n x n real matrices. Let ¢1(A) > ... > ¢p(A) > 0 be the eigenvalues of A.
Then,

[IMN||z < [[M]].|[N][2,
Pn(A)[[M][2 < [|AM]l2 < ¢1(A)[[M][2,
IA™ =B~ < [[A7YLIB7[|A - BJ|2,

1
T (V)] < (M

and

1QM — PR|[> < ||Q[.[[M — R[> + |IR[[.[|Q — Pl
For y ~ N (0,A),
Cov(y'My, y'Py) = Tr(AMAP) + Tr(AMAP").

Proof. The equation (5.15) is proved by lemma 2.3 in [Gra01].
The equation (5.16) is proved by lemma 2.1 in [Gra01].
The equations (5.17) and (5.19) are proved in the proof of theorem 2.1 in [Gra01].
The equation (5.18) is proved in the proof of lemma 2.4 in [Gra01].

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

For (5.20), E(y'Py) = Tr(AP) and E(y'My) = Tr(AM). Let y = A2z, where z ~

N(0,1L,).

E(y'Myy'Py) = E(z'(AZMA?)zz'(A2PA?)z)

From appendix A in [Ste99], ]E(ZiZjZkZl) =0;,j0k,1 + 9i 1051 + 6;,16;5 5. Hence

E(y'Myy'Py) = > (A*MA®);(A*PA%),+ ) (ATMAZ); j(ATPAZ),;
k

ik=1 ij=1
+ ) (APMA?), j(APAY);;
Q=1
= Tr (A%MA%) Tr (A%PA%) +Tr ((A%MA%)(A%PA%)t)
T ((A%MA%)(A%PA%))
= Tr(AM)Tr(AP)+Tr ((AMAP!) + Tr (AMAP).

This ends the proof.
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Eigenvalues control for random matrices

One of the key points of the proofs in this chapter 5 is that the eigenvalues of the matrices
97Ky,

Ky, K:p and m 1<q<3,1<4,...,i9¢ < p, are bounded regardless of n and the
perturbations X1, ..., X,,.
This would not hold in a fixed-domain asymptotic context, and is therefore essential for the

proofs in this chapter 5.
In lemma 5.23, we begin by controlling the eigenvalues of K and M.aq%’
i1 00 0%ig

1Si17' Zqu

1<q¢<3,

ey

Lemma 5.23. Assume that condition 5.1 is satisfied.

For all |e| < % there exists C. so that the eigenvalues of Wa%
(S ERRRE) p

i1, ..., ig < p, are bounded by C., uniformly inn € N, z € (Sx)" and ¢ € V.

0<¢<3 1L

Proof of lemma 5.23. Bounding the eigenvalues of awi?qiq’ 0<¢<3,1<14,..,i,<pis
done by controlling the sums of the row elements of these matrices. Lemma 5.24 enables us
to do so, by showing how a summable function on R? becomes a summable sequence on the

(v® — v 4+ ¢(z® — m(J)))  for each fixed i.

Lemma 5.24. Let f : R? — Rt so that f (t) < W. Then, for all i € N*, e € (—

(m(Z))iEN* Sﬁ*’

%,%) and

d 1

3 f{vu)_v<j)+€(x<i>_$(j)>} Qddz deﬂ_

JEN*,j#i JjeN

Proof of lemma 5.24.

3 f{ NG)) +6< (i),w(j))}

JEN,j#i
< Y sup f(v+4y,)
vezd w0 OvE[- 117

=> > sup  f (v + )
JENwE(—j—1,.. 54134\ {—jj}¢ SvElL A
Forve {—j—1,..,5+1}N\{=4,5}%, |v+ 8,|oe > j. The cardinality of the set {—j —1,...,5 +
1N{~7,5}" is
2j+3

) d (o d_
(25 +3) (2j+1) /2

d—1
d.t?tdt < 2d (25 +3) ' = 2% (j + 3) :
j+1 2

Hence
d—1 1
(1) _ o) (1) _ () dq -
Zf{v v7—|—6( acj)} 22 ( ) Ty
JEN JjEN

O

Going from a boundedness of the sums of the row elements of a symmetric matrix to a

boundedness of its eigenvalues is done by using the following Gershgorin circle theorem (see e.g.
[GL96]).
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Theorem 5.25 (Gershgorin circle theorem). Let A be a n X n symmetric matriz, and X one of
its eigenvalues. Then, there exists v so that
Aii — Al < Z | Aijl-
J#i
Using Gershgorin theorem 5.25 together with lemma 5.24 and (5.3), we get to, with ¢4

the largest eigenvalue of Bwa%’
i1 iq

01Ky
T2 () - <C
‘au}il, ...,8wiq( ) = Imaa| < G,
for a constant C' < +o00. Hence |@maz| < C + |aw;9$aw(0)| < +o0. O

The next proposition 5.26 shows that the eigenvalues of K;l are upper-bounded, or equiva-

lently that the eigenvalues of K, are lower-bounded.

Proposition 5.26. Assume that condition 5.1 is satisfied.
For all 0 < § < 3, there exists C5 > 0 so that for all |e| < 8, for all ¢ € ¥, for all n € N*
and for all x € (Sx)", the eigenvalues of Ky, are larger than Cs.

Proof of proposition 5.26. We begin the proof of proposition 5.26 by stating lemma 5.27, which
is quite similar to lemma 5.24 and will allow to show that, roughly speaking, when a covariance
function has an arbitrarily small correlation length, the sum of the non-diagonal elements of the

rows of the matrix it yields is arbitrarily small, uniformly in n and x.

Lemma 5.27. Let f : R — R*, so that f (t) <

1e€N*, a>0,ce[-0,0] and (:c( ))ieN* € Sg\?,

S f[ofol - v 4 e (a0 xﬁ‘)H<2ddZ )_125)d+1.

JEN* j#i 1+ adH J +1

< W We consider 6 < % Then, for all

Proof of lemma 5.27. Similar to the proof of lemma 5.24. O

Let h: R? — R so that h(f) = H?Zl hi(f), with h(f;) = Ly2co,] exp( —f) For 1 <
i <d, h; : R — Ris C*, with compact support, so there exists C' > 0 so that |h;(t;)| < Hﬁ%
Now, since the inverse Fourier transform of H?Zl hi(f:) is Hle h;(t;), we have

ht) <C : ! < ¢
‘ (t)‘ - H 1+ |ti‘d+1 T 14 |t|d+1'
i=1 e

Hence, from lemma 5.27, for all i € N and a > 0,

3 ‘h[a{,)(i)_v(jue( m(j)>}”<c2ddz )_125)”’“' (5.21)

JEN,j#i 1+ ad+1 (G+1

The right-hand term in (5.21) goes to zero when a — +oo. Also, h(0) is positive, because h is
non-negative and is not almost surely zero on R¢ with respect to the Lebesgue measure. Thus,

there exists 0 < a < oo so that for all 7 € N,

Z ’h [a {v(i) —0W 4 (w(i) - m(j))}” < %h(O). (5.22)

JEN,j#1
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Using theorem 5.25, for any n € N*, (), .. 2(") e Sx, the eigenvalues of the symmetric
matrices (h [a {v(i) —vU) 4 ¢ ($(i) - w(j))}})lgwgn belong to the balls with center i(0) and
radius 0 o, iz fh [a{v® — v +e(x® — 2))}] ‘ Thus, because of (5.22), these eigen-
values belong to the segment [h(0) — $h(0), h(0) + $h(0)] and are larger than $h(0).

Hence, for all n, t1,....t, € R, W, .. 2™ e Sy,

1 " n . | | |
Sh(OD < Ztitjh[a{w_v<a>+6(m<z>_w<]>)}}
=1 irj=1
= i titji/ h <f> eif'{”m*”(j)JrE(rc“)f:c(j))}df
= CLd R4 a
4,j=1
1 f n 2
— [ h(= telf (0O +ea®)| e
ad R4 <a> zz:; i€ .f

Hence, as K¢ (f) : (¥ xRY) — R is continuous and positive, using a compacity argument, there
exists Cy > 0 so that for all ¥ € U, f € [—a,a]?, Ky (f) > Cah (%) Hence,

2
L Y ! 2% - if (v Lex®
§h(0)zt? < @ RdK,d,(f) E tief(v +ex) df,
=1 i=1
1 - % i i .
= mijgzltithQp {’U() —U(])—i—e(w() —CI:(]))},

O

Now, combining lemmas 5.23 and proposition 5.26, we obtain the following lemma 5.28,

summarizing the results on the boundedness of the eigenvalues of K, K;l and aw_aq%,
LSRR ’Lq
1<¢<3,1 <0, .01 < p.
Lemma 5.28. Assume that condition 5.1 is satisfied.
For all || < % there exists C¢ so that the eigenvalues of K;l and of Maq%, 0<qg<3,
LSRRI ’Lq

1 <i1y...,ig < p, are bounded by C., uniformly inn € N, x € (Sx)" and ¢ € U.

From lemma 5.28, the next proposition enables us to control the singular values of the
matrices that can be written using only matrix multiplications, the matrix K;l, the matrices

k

WiawK‘/” for i1, ...,ix € {1,...,p}, the Diag operator applied to the symmetric products
g i

1
of matrices Ky, K;l and WKW and the matrix Diag (K;,l) . Examples of sums of

these matrices are the matrices X7, Xcv,1 and Xy 2 of propositions 5.8 and 5.12.

Proposition 5.29. Assume that condition 5.1 is satisfied.
Let p € V. We denote the set of multi-indexes S, := Ujcqo,1,2,3} {1,...,p}k. For I =
(i1, ...y i) € Sp, we denote n (I) = k. Then, we denote for I € S, U{-1},

Y g, if I€S,

K, if T=-1
We then denote

e M/, = K{p for I € Spq:=(Sp,U{-1})
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-1
o M!, = Diag (K;})
° Mid = Diag (Ki}...Kij(I)) for I € Spq = UkeN*Sﬁd

For I = (Ih,...,1) € Spa, we also denote n(I) = k. We then define My, as the set of
sequences of random matrices (defined on (Qx,Fx,Px)), indexed by n € N*, dependent on

X, which can be written M(IfIMéf( with {dy, I}, ....{dk,Ix} € ({nd} x Snqa) U ({sd} x {1})U
. . (I3 n(r,
({bd} x Spq), and so that, for the matrices Mclé, so that d; = bd, the matriz ng)l...Kw (13)
be symmetric.
Then, for every matriz Mflllel’;( of My, the singular values of MéllMéf( are bounded

uniformly in 1, n and x € (Sx)".

Proof of proposition 5.29. Let M{lllef; € My, be fixed in the proof.
The eigenvalues of Kfp, I € Sp4, are bounded uniformly with respect to n, ¥ and x (lemma
5.28).

Next, lemma 5.30 enables us to treat the Diag operator.

Lemma 5.30. For M symmetric real non-negative matriz, inf; ¢;(Diag(M)) > inf; ¢;(M) and
sup; ¢;(Diag(M)) < sup; ¢;(M). Furthermore, if for two sequences of symmetric matrices M,
and N,,, M,, ~N,,, then Diag (M,,) ~ Diag (N,,).

Proof of lemma 5.30. We use M; ; = efMe;, where (e;);—1..,, is the standard basis of R". Hence
inf; ¢;(M) < M, ; < sup; ¢;(M) for a symmetric real non-negative matrix M. We also use
||Diag (M)][, < [[M][s. O

—1
Then, using lemma 5.30, we show that the eigenvalues of Diag (K¢1) are bounded uni-
formly in @ , n and 1. Then, for M{, = Diag (K{;...Kff”), the eigenvalues of Kfz}...Kf;(”

are bounded by the product of the eigenvalues of Kf!}, ...,K{;’“). Hence we use lemma 5.30
to show that the eigenvalues of Mgd are bounded uniformly in n, ¥ and x . Finally we use
[|[A1...Ak|| < ||A1]]---]|A k]| to show that ||M211M5’I‘(H is bounded uniformly in n, 1 and «

O

Almost sure convergence of traces of random matrices

To show that, say, the matrix 3,7, in proposition 5.8, whose element i, j is defined as the almost
sure limit of the trace of the random matrices

1/ 0K _ _ 0K
n(K 55, K 8%)’ (5.23)

exists, we use the following proposition 5.31 on the almost sure convergence of random traces

of matrices similar to (5.23).

Proposition 5.31. Assume that condition 5.1 is satisfied.

Consider the set of random matriz sequences My, of proposition 5.29.

Then, for every matriz MéllMé’; of My, denoting S,, = %Tr (M(IillM(If:{), there exists
a deterministic limit S, which only depends on €, ¥ and (d1,11),...,(dk,Ix), so that S, — S

Px -almost surely. Furthermore S,, — S in quadratic mean and Var (S,) — 0 as n — 400
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Proof of proposition 5.31. Let MLIillMéf{ € My, be fixed in the proof.

Because of proposition 5.29, ||Mfi11 Mflf( || is bounded uniformly in n, ¥ and « .

We decompose n into n = N{ing + r with Ni,ne,r € Nand r < N{i. We define C ('v(i)) as
the unique v € N so that v() € E, := HZ:r{NlUk +1,., N (v + 1)}

We then define the sequence of matrices K, by (Kl/,)Z = (K’/’)i,j 1C(v<i))zc(v(j)). Roughly
speaking, Kd, corresponds to the distribution of the Gaussian process Y, which has the same
distribution as Y, except that its sub-processes over two sets E,u) and E, ) are independent
for v(1) # v®), In lemma 5.32, we show that this approximation is asymptotically exact when
the volume and the number of the sets E, containing observation points goes to +o0o. This
can be interpreted because, when the volume of the sets E, is large, two observation points in
two different E, ) and E, ) do yield almost independent observations, except for the rare case
when both of the observation points are close to the borders of E,u) and E ).

We denote I\N/Iél1 Mif; the matrix built by replacing K by Kd’ in the expression of M{lll Mff;

(we also make the substitution for the inverse and the partial derivatives).
- - 2
Lemma 5.32. HM;M(I;}‘( — MéllMlIi’; ’ ’2 — 0, uniformly in © € (Sx)", when Ny,ns — 0.

Proof of lemma 5.32. Let 6 > 0 and N so that, with Cy as in (5.3),

. 2(d—1)
+3

Ty :=Cg2*d®> > lts) - 2?d 5 <

jengan—1 (1+79)

Then:

~ 2
e -5

> {ion - (0), )
i,j=1 ’
Z K12p {'U(i) —oW) 4 (:c(i) — sc(j)>}

1<i,j<n,C(v® )£C (v@)

% zn: ) K2, {vu) o) 4. (xm _ w(j)) } ,

=1 jeN+,C(v®)£C(v)

Sl 3=

IN

There exists a unique a so that (aN1)* < n < {(a+ 1) N1 }*. Among the n deterministic obser-
vation points v, ..., 0™, (aNl)d are in the E,, for v € {1,...,a}%. The number of remaining
points is less than {(a + 1) N1}* — {(a) N1 }* < dNy {(a+ 1) Ny }*~" which is a o((aN1)?) (be-

cause @ — +o0o when Ny,ny — 400), hence a o(n). Therefore,

~ 2

e K], <

1 ) . . .

= 3 3 3 K2 {v@) I C) N (mu) _ x(g)) }
ve{l,...,a}d 1<i<n,w(DeE, jeN*,C(v(j))¢C(u(i>)

1 _
+ —dNy {(a+ 1) N} T,

:% 3 > 3 K3 {00 o0 4 e (20— 20) )

ve{l,...,a}d 1<i<n, v EE, jeN*7C(v(.7))7éC(v(i))

+0(1). (5.24)
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Then, for fixed v, the cardinality of the set of the integers i € {1,...,n}, so that v() € E,,
and there exists j € N* so that C(v@) £ C(v®) and [v® — 0| < N is N¢ — (N; — 2N)*
and is less than 2NdN{ ™1,

Now, for the integers i so that for all j € N* so that C'(v")) # C(v®), |v® —vU)| > N,

we use the following lemma 5.33.

Lemma 5.33. Let f : R? — RT, so that f(t) <
(@) en- € 9K

. d—1
3 ¥ {,,(i) I C) B (mu) _ m(j))} <24 Y (Jligc)m '

JEN*,|v() —v() | >N JjeENj>N—-1

Then, for all i € N*, N € N* and

1
T ad

Proof of lemma 5.33. Similar to the proof of lemma 5.24. O

Hence, using (5.3) and lemmas 5.24 and 5.33, we get from (5.24),
1
— > (2NdN{'Ty + N{Tn) + 0 (1)

~ 2
K—KH
ol Y

IN

——a® {2NAN{™" Ty + N{Ty)} +0(1).
a® Ny
This last term is smaller than 26 for N; and ny large enough. Hence we showed ‘ ‘f{w -Ky ‘ ‘2 —

Ky Ky
iq Oy, Oty .05 °

Finally we use (5.17) to show that Hf{;f - K;lH2 — 0 uniformly in  , when Ny, ng — 0.
Using (5.19), together with lemma 5.30, we obtain that, for d € {nd, sd,bd} and I € S,q U
{1} U Spa, ||M} — MZ||y — 0 uniformly in & when Ny, ny — +oo. Thus, still using (5.19), we

- - 2
obtain HM;MC]& — MéllMCIlf( H — 0, uniformly in @ € (Sx)", when Ni,ny — oc. O
2

and

0 uniformly in @ , when N7, ny — co. We can show the same result for 5%

We denote, for every Ni,mo and r, with 0 < r < N, n = N{ing +r and Sy, p, =
%T’f‘ (l\N/.[fllllf/Iff;), which is a sequence of real random variables defined on (x,Fx, Px) and
indexed by N, ng and r. Using (5.18) and lemma 5.32, |S,, — Sn, n,| — 0 uniformly in & when
Ni,ny — oo (uniformly in r). As the matrices in the expression of Sy, n, are block diagonal,

we can write Sy, n, = n% POy Sévf +o (é), where the Sé\[{i are iid random variables defined

on (Qx,Fx,Px) with the distribution of Sys. We denote SNii = Ex (SNld). Then, using
the strong law of large numbers, for fixed Ny, Sy n, — SNld Px-almost surely when no — oo
(uniformly in r).

For every Ni,pn,,n2 € N* there exists a unique (nb,r), ny € N*, 0 < r < N{ so that
(N7 + pn, )" no = N/, + r. Then we have

|S(N1)d - S( |S(N1)d - SN1,7L’2| + |SN1,TL'2 - SNFTL%—!—T‘l (525)

N1+pN1)d‘
ISNiny4r — S(N1+le)dn2\ + |S(N1+pN1)dn2 — SNi4pn, ol

+|SN1+;DN1 n2 T S(Nl_;,_le)d'I

= A+B+C+D+E.

Because n/, and r depend on Ny, py, and na, A, B, C, D and E are sequences of random

variables defined on (Qx, Fx, Px) and indexed by Ny, py, and ng. We have seen that there
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exists (1x C Qy, with PX(QX) = 1 so that for wxy € Qx, when Ni,ns — +o0, we also have
Ny + pn,,nh — +0o0, and so B and D converge to zero.

Now, for every Ny € N*, let Qx n, be so that Px(Qx n,) = 1 and for all wx € Qx n,,
SNymy —nastoo Sy Let Qx = Nyyen-Qx,n - Then Py(Qx) = 1 and for all wy € Qy, for
all Ny € N*, Sy, ny —ns—too S'Nld.

We will now show that N; — SNld is a Cauchy sequence. Let § > 0. PX((:Z NQ) =1 so this
set in non-empty. Let us fix wx € §:2 NQ. In (5.25), C is null. There exist N; and 7y so that for
every N1 > Ny, ng > fia, py, > 0, B and D are smaller than . Let us now fix any N; > Nj.
Then, for every pyn, > 0, with ny > ny large enough, A and E are smaller than J.

Hence, we showed that, for the wx € (:2 N Q) we were considering, Ny — S(Nl)d is a Cauchy
sequence and we denote its limit by S. Since N; — S(Nl)d is deterministic, S is deterministic
and S(Nl)d —Ny—too O

Finally, let n = N{ny + 7 with Ny, ng — co. Then

Using the same arguments as before, we show that, Px-a.s., |S, — S| — 0 as n — +oo.

Now, because of proposition 5.29, the eigenvalues of M{lllef; are uniformly bounded in
n and © € S%. Thus, from the dominated convergence theorem, S, — S in the mean square
sense. Thus, Var(S,) — 0. O

Cousistency

We now have gathered enough preliminary results to start addressing the consistency of ML and

CV. We start by the proof of proposition 5.7 which addresses the consistency of ML.

Proof of proposition 5.7. We show that there exist sequences of random variables, defined on

(Qx,Fx, Px), Dy, o and Dy 4, 40 (functions of n and X), so that

Sip ’ (L("/)) - L("/’(O))) - D¢7¢(0> —p 0

in probability of the product space) and D, ,,0) > BD ) Px-a.s. for a constant B > 0.
P,y 2,9,¢
We then show that there exists D, ,, 4, a deterministic function of 3, w(o) only, so that

SUp | Dy 4 @ — Do gp 0 | = 0p (1)
b

and for any ¢ > 0,

|1/;71/?(£)|2t Dooﬂl’ﬂl’(o) > 0. (5.26)

This implies consistency. Indeed, assume that there exists a sequence N, — +oo, a,t > 0
so that P(|12JML’N” — 9 > 1) > a. Let us write the Likelihood at step n L, to em-
phasize the dependence on n. Then, since, with probability larger than «, Ly, (¢ ML.N,) =
inf |y, _y©>¢ LN, (¥) and since Ly, ({pML’Nn) < Ly, (9®), we get, with probability larger

than «,

inf Ly, (4) < Ly, ().
||t
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Hence, with probability larger than «,

0 > it Ly, )~ Ly, ()

[y ® | >t
> inf D, 4o —  sup ’LNW (¥) — Ly, (1/1(0)) — Dy, 5
RO G S PR TR | v
= i, Py Toll)
> B inf D o —B sup D o —D |+ o,(1
O[5 Y \¢—¢<0>|zt} R corapap @] + 0p(1)
= B, P Top(l).

Since inf|¢—¢(°>\2t Doo’¢,¢<o) > 0, this is a contradiction.

We have L(1p) = L In {|Ky|}+ %ythply. The eigenvalues of K, and Kq;l are bounded uni-
formly in n and @ (lemma 5.28) and from (5.20), Var (L(¢)| X =) = Tr (K¢(0)K;1K¢<0)K;1).
Thus Var (L(¢)|X = x) converges to 0 uniformly in « , and so L(¢p) — E (L(¢)| X ) converges
in probability P to zero.

Then, with z = K;(%O)y,

3% ‘

sup
ke{l,...p}, eV
0K ) 0K
—1 P tres 198y pr 1103
sup z’K? K K K z}
ke{l,...,p}, we\pn{ ( Y Oy PO 9y, ¥

9Ky
Oy

Szl (e siee).

and is hence bounded in probability conditionally to X = «, uniformly in x , because of lemma
5.28 and the fact that z ~ A (0,1,) given X = x (so 1|z|? is bounded in probability given
X =x).

Because of the simple convergence and the boundedness of the derivatives,

< sup {maa: (HKd’ H ’
ke{l,...p}, v

Sl;p |L(3) = E(L($)|X) [ =, 0

We then denote
Dy o i=E (L) X) ~ E (L)X ) .

We then have sup,, ‘ (L('(,ZJ) — L(w(o))) =Dy
We have E (L(1)| X) = L In{|Ky|} + LTr (K;}KW)) and hence, Px-a.s.

—p 0.

1 1 _ 1
D¢,¢(O) = -~ ln{|K¢\} + *T?" (KTI)IK’LI’(O)) - ln{|K¢(o> ’} -1

1< _ -
n;[_ln{@ <K¢<0>K 1K¢<°>)}+¢" (K¢<°>K IKW)) 1}'
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1 1
Using lemma 5.28, there exists 0 < a < b < +ocoso that forall &, n, ¥, a < ¢; (Ki(o)Kflefp(o)

< b. Wedenote f(t) = —In(t) +t— 1. As f is minimal in 1, f' (1) = 0 and f” (1) = 1, there
exists A > 0 so that, for ¢ € [a,b], f (t) is larger than A (t — 1)®. Then,

1 n i B 1 2
ALY {10 (KoK Ko )}
i=1

_ AlTr{(I—Ké K 'K? )2}

v

Dy

n PO TP (0
1 -1 _12
= A |k, (K - Ky0) KF|

1
Then, as the eigenvalues of Kw2 are larger than ¢ > 0, uniformly in n, & and %, and with

(5.16), we obtain, for some B > 0, and uniformly in n,  and 1,
Dy = BlKy — K03 := BDy 4 40

For e = 0, D27¢7¢(0) is deterministic and converges to
2
Doo,¢,¢<°> = Z {K¢ (’U) - K,p(o) ('U)} .

veZd

(5.27)

D 4 (0 is continuous in 3 because the series of term sup,, |Ky (v) |2, v € Z? is summable
using (5.3) and lemma 5.24. Hence, if there exists o > 0 so that inf|¢—¢(°>\2a Dy @ =0, we
can, using a compacity and continuity argument, have 1 # ¥ so that (5.27) is null. Hence
we showed (5.26) by contradiction, which shows the proposition for ¢ = 0.

For € # 0, Dy 4y = %TT{(K,I, — K¢<o))2}. With fixed b, using proposition 5.31,
D,y 0 converges in Px-probability to D, , y = lim, o Ex (Dz,w,ww))- The eigenvalues
of the 68%, 1 <4 < n, being bounded uniformly in n, ¥, « , the partial derivatives with respect
to ¢ of D2,¢7¢(0> are uniformly bounded in n, ¥ and x . Hence SUpy, |D2_’w,w<0) — Doo’¢’¢<0)| =

op (1). Then

00,1, (0 =
1 ) ) . ) 2

; sl (1) _ 4,(5) _ (1) _ o,

e Sl R R R CEE e
1<i,j<n,i#j LY ~Sx

+{EKy (0) — Ky (0)}7,
with fr (t) the probability density function of € (X; — X;), i # j. We then show,

Doo,lp,w“” = Z [/ECS {K¢ (’U + t) — K¢(o> (’U + t)}2 fr (t) dt‘|

vEZIN\0
+{Ky (0) — K0 (0)}

_ /D Ky (8) = Ky (8)} Fr (8) dt + { Ky (0) — K yor (0)}7,

? (5.28)

where fT(t) is a positive-valued function, almost surely with respect to the Lebesgue measure
on D.. As sup,, |[Ky (1) |2 is summable on D, using (5.3), D, @ is continuous. Hence, if
there exists a > 0 so that infw,_d,m) 1>a Poo,p,p@ = 0, we can, using a compacity and continuity
argument, show that there exists ¥, # 1/7(0) so that (5.28) is null. Hence we proved (5.26) by

contradiction which proves the proposition for ¢ # 0. O
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We now prove proposition 5.11, addressing the consistency of CV.

Proof of proposition 5.11. We will show that there exists a sequence of random variables D¢’¢(o>,
defined on (Qx, Fx, Px), so that

sup | (L00() = LOOW™)) = Dy o

—p 0
and C > 0 so that Px-a.s.
Dy, o) > C|| Ky — K¢<o)|\§. (5.29)

The proof of the proposition is then carried out similarly to the proof of proposition 5.7.
We firstly show, similarly to the proof of proposition 5.7 that sup,, [LOO(¢)—E (LOO(4)| X |
—p 0. We then denote D, ,,0) = E(LOO(9)|X) — E (LOO(’(/J(O))|X). We decompose, for all

i € {1,...,n}, with P; the matrix that exchanges lines 1 and ¢ of a matrix,

1k
P,K,P! = (k: Kz,w ) _
iy B—igp

The conditional distributions being independent on the numbering of the observations, we have,

from the Kriging equations (2.9) and (2.10), denoting

Yoi = Y1y Yi 15 Yit 15 o Yn)'
and using E((i,¢ — %i)*|X) = E((§i,9 — Ji @ )?|X) + E((§; 0 — 4:)*X),
Dy

1 & _ - 2
S (IS IR P es
i=1

1 - t —1 t -1 —1 —1
=3 (KL uK Ly~ koK 0 ) Ko (K2 gkiy — Kok go)
=1

Similarly to lemma 5.28, it can be shown that the eigenvalues of K_; ;o) are larger than a

constant A > 0, uniformly in n and « . Then

1 . t —1 t —1 2
Dyyor 2 A" | (kKL — koK 0 )|
=1

Using the virtual Cross Validation equations of proposition 2.35, the vector K:Z{wkmp is the

K-1!
vector of the EKi%” for 1 < j <mn, j#1i Hence Px-as.
[, (50
Dypor 2 As3 3 - .
| nEE (), ()
=17 Y )i P )
1\ * 1 1 1 ?
= A— HDzag (Kw ) K:l) Diag (K;(O)) K;(O)
2
1 2
> AB- HDmg <K¢(°>> Diag (K¢1) K;l K;(lm ,
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_ -1
with B = inf; ,, » ¢? {Diag (KJO)) }, B > 0. The eigenvalues of Diag (K¢<O)) Diag (K 1)
are bounded between a > 0 and b < oo uniformly in n and « . Hence we have, with Dy, the

diagonal matrix with values Ay, ..., Ap,

> . 1 _

Dyyo > AB__ inf An<bHDAK ~ Kl
> —1
> ABCQ<)\17 f <bHD Ky — K,p(o)HQ, using (5.17),
>

ABC  inf [[DyKy ~ Kyo|l3,
LyeeesAAn
with C = Linf

11
n,x, IEMIE HK.,J,(O) IEE C > 0. Then

n

1 . 2
Dy po > ABCE Allnf}\ E (/\isz,i,j *K¢(0>,i7j)
S

1 n ) n 2
ABC—3 inf Y (AKy.ij = Kyo ;)

i=1 j=1

1 n
= ABC— > inf ¢ (A= D+ (AKyi, — Kyo,;)"
i=1 JFi

We show how to treat the infimum over A in the following lemma.

Lemma 5.34. For any aq,...,a, and by,...,b, € R,

Proof.

(Af1)2+zn:( —\by) <1+Zb2>2A<1+Za”>+<1+ia§>.

=1

The minimum in ¢ of at? — 2bt + ¢, is —%—&—c, hence
(1+ 50 aibi)’
A—1)%+ i —Ab)T > 1+ e
Z < Z ) 1+Zz 1 z)

Doy (@i — b;)? — (> iy albz)Q + (i a?) (2, 07)
1 +Zz 1 2

using Cauchy-Schwartz inequality.

Z?l(al_bi)2
N 1+Zzlz ’

Using lemma 5.34, together with (5.3) and lemma 5.24 which ensure that

Y (Kyiy)’ <e<+o0
i
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uniformly in 4, 9 and x , we obtain

Dyyo 2 ABcl Ten Z > (Kyig = Kyo i)’
i=1 j#i
1
= ABCm\|K¢ - K¢(0>||§, because Ky ;i = 1 = Ky ,;
which proves (5.29) and ends the proof. O

Convergence of gradients and Hessians for ML and CV

Now, based notably on the preliminary results on the almost sure convergence of random traces,
we study the convergence in distribution of the gradients of ML and CV to normal distribution,
and the convergence in probability of the Hessian matrices to constant matrices.

We start by proving proposition 5.12 which gives the expressions and some convergence

results for the gradient and Hessian matrix for CV.

Proof of proposition 5.12. Tt is shown in proposition 3.33 that

0
i

2 i 1 i it
From (5.20) we show (5.7). A straightforward but relatively long calculation then shows

82

WL(JOW):
—47 tK;%Ii"’K ! Diag (K 1) * Diag ( " 8;;:"1( )ley
—4% thplaaIf;K ! Diag (K 1) * Dia ( " %I;;"K >K¢1y
+6711yK 1Dzag( 1 B Dzag <K¢ a;;j’K )Diag (Kd,laa}q{;’K >K¢1y
f4fytKw1Diag K ! 3Dzag( ;1881;1/)1(;1%1;1/)1{ )K Yy
i j

—2 0K 0K
K- 1 '(I’K 1 'd’K 1
Yooy Y oy

We then have, using E (y'Ay|X) = Tr (AK¢(0>) and for matrices D, M; and My, with D
diagonal, Tr {M1DDiag (M)} = Tr {MyDDiag (M;)} and Tr (DM;) = Tr (DM}),

140



CHAPTER 5. CROSS VALIDATION AND MAXIMUM LIKELIHOOD WITH
WELL-SPECIFIED FAMILY OF COVARIANCE FUNCTIONS

82
. <awaw-LOO(¢(0))|X> N (330
3 J
1 0Ky L\ . 0Ky _
— 8;1“7" {az;Kw(lo)Dzag (Kd’(lu)) Diag (K¢(10> 73;2 K¢}0)) K¢(1U>}

K, -2 oK, o

P K- Di K1 K1 P K1

Opy “‘9( W) v gy, ¢<°>}
J 7

1
+2TT{

n

+
6 ; 1\t o1 OKyo . _ Ky oy -1
nTr{Dzag (Kyb)  Diag <K¢<U)%K¢(O) Diag (Kl =5 2Ky ) Kl

1 ) 4 -3 . _1 6K¢<o> 1 6K¢(0) 1 —1
_ 4ETT {Dlag (KWO)) Diag (Kw(g) i Kﬂ/)“” o, K¢(0> Kw(m

-3 9’K
. — PO o —
DZCLg (K"p(lo) WK¢(1O>> K'l,b(lo)}

8K¢(o) 1 8K¢(o> 1
AC) ad)l 2 (0) 8#}] K¢(0)

—2_ | PKyo K1 }

~

P M ()

The fourth and sixth terms of (5.30) are opposite and hence cancel each other. Indeed,

-3 5K¢(o)

OK
jag K;}m) Diag (le‘” v

~
=
—N
S
N

-1
Do O By, w<°>>Kw<°>}

( Kl
n -3 0K 0K
-1 -1 PO o1 PO o1 -1
= Z <K¢(O))iyi (K¢(°> oy K1/1(0) o, Ki/)(o))“, (K#’(O))m‘

K71

)

-2 0K 0K
-1 —1 PO 1 PO 1
= K,/,(O) o <K¢<o> b K¢<o> o K¢<o>>
P 41 i g i
~2 0K 0K
. -1 -1 PO o1 PO o1
_ Tr{Dwg <K¢(0)> Koo Kyl 50 me)}.

Similarly the fifth and seventh terms of (5.30) cancel each other.
Hence, we show the expression of E (%LOO(qp(O)Nx) of the proposition.
We use proposition 5.31 to show the existence of X¢cv,1 and 3¢y 0. O

The next proposition 5.35 enables us to prove the convergence in probability of quadratic

forms with random matrices.

Proposition 5.35. Assume that condition 5.1 is satisfied.
Let M € My, (proposition 5.29). Then, ty'My converges to

>:= lim lTT (MKU’(O)) ,

n—+o0o N

in the mean square sense (on the product space).
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Proof of proposition 5.35.

1
E (nthy> —E{E (1y'My|X)}
=E{:Tr (MK o)}
— ¥ (proposition 5.31).

Furthermore

Var (ithy> =E {Var < tMyX) } + Var {E (ithy|X> } .

The quantity Var( y'My|X = :c) is a O( ), uniformly in x , using proposition 5.29 and
|A+B|| < ||A[|+[|B||. Therefore Var (2y'My|X) is bounded by O() Px-a.s. Furthermore,
Var {E (E tMy|X)} = Var{ETr (MK¢(0))} — 0, using proposition 5.31. Hence %thy

converges to X in the mean square sense. O

Proposition 5.36 enables us to quantify the small deviations of random quadratic forms from

their limits by giving a convergence in distribution result.

Proposition 5.36. Assume that condition 5.1 is satisfied.

We recall X ~ E?}" and y; =Y (v(i) + eXi), 1 < i < n. We consider symmetric matriz
sequences My, ...,M,, and Ny,...,N, (defined on (Qx,Fx,Px)), functions of X, so that the
eigenvalues of Ny,...,N, are bounded uniformly in n and z € (Sx)", Tr (M; + N;K) = 0
for 1 < i < p and there exists a p X p matrix 3 so that %TT (N:KN;K) — (), Px-
almost surely. Then the sequence of p-dimensional random vectors (defined on the product
space) (ﬁ {Tr (M;) + ytNiy})i:L“p converges in distribution to a Gaussian random vector

with mean zero and covariance matriz 2.

Proof of proposition 5.36. Let X = (A\1,...,\p) € RP.

<exp [ ﬁ F(My) Nky}D

:E{E(expl > f{Tr(Mk)—&—yNky}H )}

For fixed z = (2, ...,2(™) € (Sx)", denoting >7_ M K2N; K> = P'DP, with P'P =1,

and D diagonal, z, = PK*%y (which is a vector of iid standard Gaussian variables, condition-

|M~a %‘

ally to X = x), we have

Z)\k = {Tr (M) +y'Nry}
Tr (Z )\kMk> +;¢1 (Z MK 2Ny K? ) ]
LGg@ (Z/\szNkK2> {22, - 1}] .

S\

%\
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Hence

L 2 2w
Var ;)\k\/ﬁ{TT(M,ﬂ)—FytNkyHX] = EZQS‘Q Z)\szNkK2>

=1 k=1
2 P P
= EZZ)\;«\;TT(KNkKNl)

—  AT2Z)X forae. wy .

n—-4o0o

Hence, for almost every wx, we can apply Lindeberg-Feller criterion (theorem 5.37 below) to
the Qy-measurable variables ﬁ@' ( (. /\kK%NkK%) {z2,—1}, 1 <i < n, to show that
- )‘kﬁ {Tr (My,) + y'Nyy} converges in distribution to A (0, A" (22) X). Hence, for al-

most every wx,

. u 1 t 71 t
E (exp [1];/\;6\/5 {Tr My)+y Nky}l |X> —n—stoo xp( 2)\ (2%) )\).

Using the dominated convergence theorem on (Qx, Fx, Px),

. - 1 t ex fl t
E (exp [l%kkﬁ {T’/‘ (M) +y N;gy}]) —n—too p{ 2)\ (22))\}.

Theorem 5.37 (Lindeberg-Feller: see e.g. proposition 2.27 in [Van98|). Let, for all n € N*,
Yn,1s > Yn,n be centered independent random variables with zero mean and finite variances
o2 o2 Assume that for any € > 0, E?:lE(yﬁnlmnbe) goes to zero as n — —+00.

n,1>%n n-

Assume also that " | 07, goes to a constant 0* as n — +oo. Then

Zyi’" —2 N(0,0%).

i=1

Asymptotic normality

We now show the asymptotic normality for ML and CV, based on the preliminary convergence
results for their gradients and Hessians.
Proposition 5.38 enables us, from such convergence results for the gradient and Hessian of

an estimator, to prove its asymptotic normality.

Proposition 5.38. We recall X ~ ﬁ;@}” andy; =Y (v(i) + eXi), 1 <i<n. We consider a con-
sistent estimator 1Ab € R? so that P (c (fp) = O) — 1, for a function ¢ : ¥ — RP, dependent on

X andY, and twice differentiable in 1p. We assume that v/nc (1/)(0)> —e N(0,%), forapxp
Bc('(l)m))

matriz X1 and that the matriz oy converges in probability to a pxp positive matriz 3o (con-

vergences are defined on the product space). Finally we assume that SUPg, ; i k ’%ck ({b)‘ 18
RN 0y
bounded in probability.
Then

Vn (1/1 - ¢<0>) S N (0,212,355
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Proof of proposition 5.38. It is enough to consider the case ¢ (’[b) = 0, the case P {c ({p) = O} —
1 being deduced from it by modifying c on a set with vanishing probability measure, which does
not affect the convergence in distribution. Indeed, if a random vector v converges in distribution
to a distribution £, the random vector vla4, + f)lzn, where P(A,) — 1 and ® is an arbitrary
random vector, also converges in distribution to L.

Forall 1 <k <p,

o= (8) = (o) + {550 ()} (- w)

with random r, so that |r| < supg, ; ; ‘ﬁgwck ({b)‘ x |t — V2. Hence r = o, (\{b _ ¢(0)|).
3005 i 3
We then have

—cx (g) = [{afﬂ (z/:“”)}t +o, (1)] (¢-v),
and so

({p - 1/)(0)) — {a(r;c (v,b(o)) +o, (1)}_1 c (¢<0>) . (5.31)

1
We conclude using Slutsky lemma, with (%C(’lb(o)) + op(l)) converges in probability to X,

and /nc('?) converges in distribution to a A’(0, %) distribution.

Remark 5.39. One can show that, with probability going to one as n — —+oo, the likelihood
has a unique global minimizer. Indeed, we first notice that the set of the minimizers is a subset
of any open ball of center 1/)(0) with probability going to one. For a small enough open ball, the
probability that the likelihood function is strictly convex on this open ball converges to one. This
is because of the third-order regularity of the likelihood with respect to v, and because the limit

of the second derivative matrixz of the Likelihood at ¢(0) 18 positive.

We now prove proposition 5.8, on the asymptotic normality of ML.

Proof of proposition 5.8. For 1 <i,j < p, we use proposition 5.31 to show that

1 LK 0K
nT’“<K 0 K fwj)

has a Px-almost sure limit as n — +oo.
We calculate -2 L(v) = i {Tr (K‘laK—w) — ytK_laK—”’quly}. We use proposition 5.36

0P P O P Oy
with M; = K;laa% and N; = ng,l%KTfK:pl, together with proposition 5.31, to show that

\/E%L(q/;(‘”) — N(0,281).

We calculate

2 1 oK 0K 0’K
(0) - w1 1958 -1
oan, L) nTT( K00 K oy, TK awiaw)
1 t( 1 0K 1 0K 1 1 92K 1)
+ - 2QKT'— K " —K ' — K K .
nY o o, 000, Y
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Hence, using proposition 5.35, a?;L('z/J(O)) converges to 3z, in the mean square sense (on
the product space).

Finally, WSJBWL@/J) can be written as ;- {Tr (Mg)) + th{pz}, where Mﬂ, and Nﬁ, are
sums of matrices of M, (proposition 5.29) and where z depends on X and Y and £ (z]X) =
N (0,1,). Hence, the singular values of M, and N, are bounded uniformly in 4, n and  , and
SO SUp; ;1 & WML({ZJ) is bounded by a + b1 |z|?, with constant a,b < +oco and is hence
bounded in probability. Hence we apply proposition 5.38 to conclude. O

Asymptotic normality for CV is now addressed by proving proposition 5.13.
Proof of proposition 5.13. We use proposition 5.36, with
Ni - _ {Mz + (Mz)t} :

where M’ is the notation of proposition 5.12, together with propositions 5.29, 5.31 and 5.12 to

show that
0

\/ﬁ%LOO(’(/)(O)) —c N (0,3cv,1).
We have seen in the proof of proposition 5.12 that there exist matrices P; ; in M) (proposition
5.29), so that 31/) aw LOO(Q/)(O)) = 1y'P, ;y, with 177 (P, ;K) — (Zcv,2), ; Px-almost surely.

Hence, using proposition 5. 35, 2 592 L(’l/l(o)) converges to Xy 2 in the mean square sense (on the

product space).
: Fo y : 1 t\gd -k i,5,k
Finally, WLOO(¢) can be written as - (z N,], z), where the NQ, are sums of ma-

trices of M (proposition 5.29) and z depending on X and Y with £ (2| X) = N (0,1,). The sin-

gular values of N;”j ok

are bounded uniformly in ¢, n and & and so SUD; ;i 1. s (WMLOO(@Z))
is bounded by bgz z, b < 400, and is hence bounded in probability. We apply proposition 5.38

to conclude. 0O

Positivity of the Hessians for ML and CV

We conclude the proofs for subsection 5.7.1 by showing that the asymptotic Hessian matrices of
propositions 5.8 and 5.13 for ML and CV are positive matrices.
Proposition 5.10 addresses ML.

Proof of proposition 5.10. We firstly prove the proposition in the case p = 1, when X,y is a
scalar. We then show how to generalize the proposition to the case p > 1.

0K oK
For p = 1 we have seen that %Tr (K;(lo) @ K;(lo) 3‘1’2(0)) —py Y. Then

-1
—TIr <K¢.<0) (9’(/1 () 8’@/)

1
n
1 _1 3K¢(o) 8K¢(0)
= ETT <K¢<0) a¢ Kl,b(o)Klll(O) 8’(/J K¢(0>)

8K¢(o> 1 6K¢(o>)

Kfé aK"p(O) Kfé
(0 aw (0 )
OK 0
P
> it o (1550) |55
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_1\4
By lemma 5.28, there exists a > 0 so that infi,n z Oi ( ¢(2°>) > a. We then show, similarly to

the proof of proposition 5.7, that the limit of

We now address the case p > 1. Let A = (\q, ..., /\ ») € RP, X different from zero. We define
the model {K(;, o€ [5inf7 §Sup]}, with 5inf <0< 55up by K5 = K(w(o))l_,’_&)\l7__,(#,(0))?_,'_5)\?. Then
Ks—o = Ky. We have

©)
¢ H exists and is positive.

8[( pr aK
% 6=0 )*; k@T/Jk ¢(0>(t)a

so the model {Ks,0 € [dinf, sup}} verifies the hypotheses of proposition 5.10 for p = 1. Hence,
the P-mean square limit of 352L(6 = 0) is positive. We conclude with (%zL(é =0) =

2
A%%ﬂwmgx O
Proposition 5.14 now addresses the positivity of the Hessian for CV.

Proof of proposition 5.14. We show the proposition in the case p = 1, the generalization to the
case p > 1 being the same as in proposition 5.10.

Similarly to the proof of proposition 5.7, we show that

82 62
We will then show that there exists C' > 0 so that Px-a.s.,

>, 0 > o || 2K (5.32)
E(a 00(1) >>CHK1"2

o2

The proof of the proposition will hence be carried out similarly as in the proof of proposition
5.7.
301;2 LOO(1y) can be written as 2'Mz with z depending on X and Y and £ (z2|X) =
N (0,1,,), and M a sum of matrices of M,,, (proposition 5.29). Hence, using proposition 5.29,
uniformly in n, sup,, ‘%LOO(¢)‘ < atz'z with a < +oo. Hence, for fixed n, we can exchange
derivatives and means conditionally to X and so
0? 0?

B (s L00MIX ) = B (LOO()|X).

Then, with k; 4, K_; 4 and y_; the notation of the proof of proposition 5.11,

E(LOO(¢)|X)

2
1 t g1
[1 i K %k‘,wo +E { (k 9 ki,wai,qpy—i) |XH

[
S|
- S

o
Il
—

I
S|
(]

(]‘ 1 ’(j)o —1 wgki~,¢0>

o
Il
=

+
S
M:

( LSRN wo) K—izo (K—z wkip Kj,wo"?i,wo) :
1

-
Il
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By differentiating twice with respect to v and taking the value at ¢y we obtain

o2 I~ /. ! 0 (o
= <6¢2LOO(¢JO)|X> - E Z {&l) ( —},wok;wo)} K—iﬂﬁo {6’(/1 (K—z{wokfawo>}

2

Y
N
"3 | —
(]

with A =inf,, ; ; 7 (K_; y,), 4 > 0. Then, using the virtual CV formulas of proposition 2.35,

2
w2 ) a1 (%50)
907 5 LOO(¥o)| > ALY Yk | W (5.33)
. 2
_ o . -1 -1
=A 0 {Dzag (Kwo) K., }H2
Now,
0 K-! 1o
B {Dzag( dm) Kwo} (5.34)
= Di (Kfl)ilD' k1K LK) Di (Kfl)ilK L
= Lhag ) tag po o tag ) Yo
- 0K
. -1 1 %o
- Diag (K;}) (K% it > .
Hence, from (5.33) and (5.34), and with B = inf, . » ¢; (K;j), B>0,
0?
E aT/}QLOO(%NX
0K -1 0K
2 . -1 Yo gr—1 : -1 -1 %o
> A BHDzag (K% oK )Dzag (Kwo) Sl
0K
> A2 : 1 L)
> B inf {|Da - XK S50
Then, as K, (0) =1 for all ¢, and hence %K% (0) =0,
62
& (572 L00() X
9K ’
2p2 2 %o
ZAB)\l,l-I.lfk Z|:)\ +Z{ Kwo <a¢ )}]
1 J#i b
oK ’
_ 122 2 )
= A’B?- Zlnf[)\+2{ 3_(310)-}]'
J#i b
We then show, similarly to lemma 5.34, that
n o 9
Zz 1a7 (535)

A2+ > ==t
Z 1+ >0, b2
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Hence, with C € [1, +00), by using (5.3) and lemma 5.24,

2
0? A’B?1 & 0K,
E(awzwowx) > =5 nEZ{(w )}

>
i=1 j#i
A2B? || 0Ky, ||?
= 81/10 ) because %Kwo(O) =0.
We then showed (5.32), which concludes the proof in the case p = 1. O

Proof for the second derivatives of the asymptotic covariance matrices

Proof of proposition 5.16. It is enough to show the proposition for € € [0, a] for all a < % We

use the following lemma.

Lemma 5.40. Let f,, be a sequence of C* functions on a segment of R. We assume f, —unif [,
fo —vunig 95 I —vunig he Then, fis C*, f' =g, and f" = h.

We denote f, (€) = 1E{Tr (M)} where (M), cy- is a random matrix sequence de-
fined on (Qx, Fx, Px) which belongs to My (proposition 5.29). We showed in proposition 5.31
that f, converges simply to X; ; on [0,]. We firstly use the dominated convergence theorem

to show that f, is C? and that f/ and f/ are of the form

E {iTr (NW)) } : (5.36)

with N(»7) a sum of random matrix sequences of My,. My, is similar to Mg, (proposition
5.29), with the addition of the derivative matrices with respect to e. We can then, using (5.9),
adapt proposition 5.31 to show that f/ and f/ converge simply to some functions g and h on
[0, ).

Finally, adapting proposition 5.29, the singular values of N(*7) are bounded uniformly in z
and n. Hence, using Tr (A) < nl||A]|, for a symmetric matrix A, the derivatives of f,, f/, and
£l are bounded uniformly in n, so that the simple convergence implies the uniform convergence.
The conditions of lemma 5.40 are hence fulfilled.

O

5.7.2 Proofs for subsection 5.3.2

We denote 9K = 2K, 0.K = 2K, 0, yK = 2 2K, 9. K = 2K and 9, . K = 25 2 K.

These matrices have some sort of the Toeplitz structure of (5.10). For instance, 0,K is

Toeplitz because
0 .
(0pK)i; = g 1Lwo (i—7)
and O, K is the element-wise product of a Toeplitz matrix with a zero-mean matrix because

0 0 L.
(OepK)ij = (Xi — Xj)Q%Kwo(l — )

Thus, we will make use of the following classical results on the convergence of traces, products

and inverses of Toeplitz matrices.
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Proposition 5.41. Let k € N* and f1, ..., f be C*° 27w-periodic complex functions on [—7, 7]

so that f(—t) = f(t), where f(t) is the conjugate of f(t).
We define their associated Fourier transform sequences by the unique sequences sV, ..., s(¥)

on R% so that f;(t) =X ,cy selat for all t € [—m, 7.

Define the sequences of Toeplitz matrices T(fl), oy T(fr), by, at step n, T(f;) is defined by
(T(f)a = 52
i))k,l k—1

Let I, ..., I, € {—1,1}, and assume that for I; = —1, f; is positive-valued.
Then, ~Tr(T(f1)" .. T(fr)'*) converges to M(f, .. £%), with M(f) the mean value of f

on [—7,x].

Proof of proposition 5.41. The proposition naturally follows for the results given in [Gra0l],
where the proofs are pedagogic. O

As an example of the utilization of proposition 5.41, the trace
1 -1
—Tr((0,K)K™)
n

converges, with the notations of subsection 5.3.2, to M(fTV)

Proof of proposition 5.18

Proof of proposition 5.18. We only give the proof of the expression of ({?—;EML , since the

proofs of the expressions of ¥/, Xcv,1 and Xcy2 are simpler and essentially follow from
proposition 5.41.
Using proposition 5.42 below,
L s (K" o,K K" 9,K)
n | O v v
1
= 2-Tr(K'9KK'9KK'9oKK ' 9,K)
n
—4— Tr( 1., KK oKK ™! 9,K)
n
1
+4-Tr (K" 9, K K' 0. K K™ 0.K K™' 9,K)
n

1
—2-Tr(K' 0, KK " 9., KK 0,K)
n

1 —1 -1
+2nT’f‘ ( 8€’¢K K 86’,¢K)
—4:LT7«( 1o, KK ' OKK 9. 4K)
1 —1 —1
—|—2nT’F ( 8¢K K 8€,€7¢K) .
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Hence,

2
% {;;Tr (K o,KK™! 8¢K)} (5.37)

= olpy (OKK'9KK'dKK'9,KK™")
n

1
—4-Tr (0, KK ' 0 KK ' 9,KK™)
n

1
+4-Tr 0. KK '0KK ' 9, KK ' 9, KK™)
n

1

—2-Tr (0, KK ', KK ' 9,KK™)
n

(@
(
(
—|—2%Tr( oK K0, ,KK™)
—4%Tr(8KK "0, KK 9, KK™)
(@

1 _ _
+2-T7 (Oe.ep K K Yo, KK™).

Using proposition 5.41, we have K1 9, K K~! = T(f)flT(fw)T(f)*1 ~pooo T (%)

because f and ,f are C*° and f is positive. Hence, as the eigenvalues of J.K are uniformly

bounded, we obtain, using proposition 5.41 and (5.19),

OKK'9KK'OKK'9KK"'~, KT (j}g) oK T (?g) (5.38)
and hence
%Tr OKK'oKK'oKK!'9KK™) (5.39)

:iTr{OKT(j?é’) aKT<§§>}+o(1).

(5.38) is uniform in = (z1,...,2,) € [—1,1]" so that (5.39) is uniform in & = (z1,...,2,) €

[~1,1)". Applying the method above for all the terms of (5.37), we obtain

1 {82%« (K'o,KK™* 8wK)} +o0(1)

n | 9e?

2%Tr {a KT (fjﬁ) OK T (j}g)} —4%Tr {8€,wK T (}) 0K T <;’§>}
+4%Tr {aeK T <f) 0K T (j}g)} - 2%% {86,6K T (?Z)}
wtrfoacr (1) or (1)

—4%Tr {&K T (}) OeyK T (’;ﬁ)} + 2%% {ae,e,wK T (?g) } +o(1).

For a matrix A, we define A, by (A;),, = A;;(X;— X;) and A, , by (Ass), . =

i,j i,j
A (X — Xj)2, where the X; are the random perturbations.

150



CHAPTER 5. CROSS VALIDATION AND MAXIMUM LIKELIHOOD WITH
WELL-SPECIFIED FAMILY OF COVARIANCE FUNCTIONS

We then have, since € = 0,

0,K

0K
ey K
e, K

and

Oec K

With these notations:

= 2-Tr {Tw (f) T(

an(}) mn ()

fy

1[0 -1 -1
- —Tr (K 81/,K K 8¢,K)
F T

Too ( friow)-

) Ta (fi)

Hence, using propositions 5.43 and 5.45 below, we obtain the following, where the mean

value E[.] is with respect to the perturbation vector X, and where we also use the notation E[.]

when € = 0 to unify the cases ¢ = 0 and € # 0.
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B 1 fu v ft fu 1 Jo Tt fr fo
- o () (1) - g () (252}

{304 ) 5 )
+4{;M (4)u (ft ?Bfw> L (f%é) y (ftfft)}
_%M <ft»;3fi
sadgur () (e ) o o () e ()}
o () o () e () (29}
+2§M (f“;g f¢>,

()
N R Ie
S (8) ()
()

:

e
fu(og

Expression of the second derivative of the Fisher information with respect to ¢

In proposition 5.42 we give the expression of the second derivative w.r.t € of the (modified)
Fisher information T'r (K’1 OyK K71 (%K).
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Proposition 5.42.

g—;ﬂ (K 9, K K™ 9,K)

27r (K 0 KK ' o,K K 0. K K" 94K)

—4Tr (K™ 0. yK K" 0.K K™' 04K)

+4Tr (K

—27r (K' 9, K K™ 0. K K™ 0,K)

+27r (K™' 0.y K K 0. yK)

—ATr (K™ 9K K" 0. K K" 0, yK)
(K

+27r (K™ 9K K™ 0, yK).

Proof of proposition 5.42. We use 2Tr (MQ) =2Tr (M %M). Then:

We use 2Tr (ABCDEF) =Tr (2ABCDEF+..+ABCDE ZF). Then

and

0
—T
Oe "

Oe

—Tr (K" 9, K K" 9,K)
277 (K™ 0K (-K ' 0K K" 9K+ K" 9. yK))
—2Tr (K" 0, K K" 9. K K™ ' 9,K)
+27r (K™ 9, K K" 9, yK) .

%TT (K'oKK'9KK'9,K)
~Tr (K'oKK'9,KK' KK 9,K)
+7r (K" 0y KK ' 0. K K™ 04K)
~Tr(K' oy KK ' 9KK ' KK 9K)
+(K'oKK' 9. KK 0yK)

~Tr (K ' oyKK'9KK'oKK ' 9,K)
+(K'HKK'oKK ! o ,K)

~Tr (K" oKK'9,KK'oKK ' 9,K)
+7r (K" 0y KK ' 0.K K™ 04K)

—27r (K" 0, KK ' 0. KK ' 0.K K" 9,K)
+(K'oKK' 9. KK oK)
+(K'HKK'oKK!' oK)

(K" 9, KK 9. yK)
~Tr (K" o0KK'"9,KK "' 0. yK)+Tr (K" 0 ,KK" 0 ,K)
~Tr (K" oyKK'0KK "' 0 yK)+Tr (K ' o,KK™' 0 uK).

KK OKK ! 9.KK ' 9,K)

(5.40)

(5.41)

(5.42)
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Using (5.40), (5.41) and (5.42), and using Tr (AB) = Tr (BA) we obtain

%TT (K™' 0,K K™ 9,K)

= 2It(K'"oKK ' 9KK ' 0. KK ' §,K)
—2Tr (K" 0.y KK ' 0. K K™ 94K)
+4Tr (K" 9, K K" 0. K K" 0.K K" 9,K)
—2Tr (K" 0, KK 9. K K" 94K)
—2{K' KK '9KK ' ,K}
—27r (K" 0. K K™ 0,K K™ 0, yK)
+27r (K™! 0.y K K™' 0.y K)
—2Tr (K" 0, KK ' 0. KK 0 yK)
+2Tr (K™' 9K K™ 0. yK),

so that,

g—;TT (K™' 0,K K" 9,K)

= 2Ir(K'9KK'9KK ' KK ' 9,K)
—4Tr (K 0.y K K ! 0.K K™ 04K)
+4Tr (K" 9, K K" 0. K K" 0.K K" 9,K)
—2Tr (K o, KK ' 9. KK 94K)
+27r (K™ 0y K K™' 0,y K)
—4Tr (K" 0, KK ' 0. K K™ 0. yK)

(K

+27r (K™' 0, K K™ 0, . 4 K) .

Two convergence results

We state and prove two convergence results used in the proof of proposition 5.18.

Proposition 5.43. Let f1, fa, f3 and fy be 2m-periodic and C* functions on [—m,|]. Further-

more we suppose that f1 and f3 are odd and that fo and f4 are even. Then

E %Tr{Tx (ift) T(fo) Tx(ifs) T(fa)}

Snvee ZM ()M (ffsfa) + 5M (£ M (fifofy).
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Proof of proposition 5.43. We calculate

Tr(ABCD) = i (AB)M (CD)M
- Z (ZAszk z) (Z Cj,lDl,i>
i,j=1 =1

Z Ai 1B ;C1Dy ;.

Wik, l=1
Then we obtain the following, where, again, the mean value E[.] is with respect to the

perturbation vector X.

E[Tr{T, (if1) T(f2) T (ifs) T (fa)}] (5.43)
E { Z (Xz - Xk) T (i.fl)i,k T (f2)k7j (Xj - Xl) T (if3)j,l T (f4)l,i}

i,7,k,l=1

_ { > TR, <if3>j,lT<f4>m<Xin‘X’“Xj‘XiX”X’“X”}
T(if1); T (f2)s T ()i, T (fa),

_% D TG T () T () T (Fas

_é | En: T(if1); 6 T (f2); T (fa);; T (fa);

b DD TORT )y T6f)y T (0

Then

n

% T(ifl)i,kT(fQ)k,iT(if3)i,lT(f4)l,i

i,k,l=1

— % Z T(if1);n T (f2)y {ZT(ifs)iJT(f‘l)u}
=1

= % Y T(f) T ()i (T (f) T (f0)),

= 711 Z{T (ifs) T (fa)}i {ZT(ifl)i,kT(fQ)k,i}
' k=1

= 7Z{T ifs) T (fa)}i AT Q1) T (f2) i,

=
3 =
Il
—

We use lemma 5.44 for the convergence of this last term.
Lemma 5.44. For ||A], — A,|l2 = 0, ||B], — B,||l2 = 0, sup; ;.

[(B1),,] <00, |2 0y (A (BL),, = £ S0, (An),, (Bu),,

(An);

ij| < 00 and sup;jn

— 0.
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Proof of lemma 5.44.

2
I I
ﬁ (A;'L)v P (Biz)z i Z (An)1,1 (Bn)z,v
=1 n =1
1 / !/ 2
< > {(AL) (Bl — (An),; (Bu),,} . by Cauchy-Schwartz,
=1
1 - ! ! 2
< =Y {@, B, - (A, By, ]
1,7=1
1 o 2
< 23 (Al (B, — (A, (B)),,}
7,5=1
1 o , 2
w2 3 {(An),, Bl (A, B,
i,j=1
!/ 1 - / 2
< 2swp|(B)),,] - X {(an),, - @A, }
i,7,m ij—
1 n , 2
+2sup(An),,] - 30 {BL),, - B, )
him m =1
< 2sup (B;z)ij JAL = Agll2
i,7,m ’
+2sup |(An), ;| -|[B}, — B2
1,7,

We use lemma 5.44 with A/, = T (if1) T (f2), A, = T (if1f2), B, = T (if3) T (f4) and
B,, = T (if3f4). It is shown in proposition 5.41 that ||A], — A,||]2 — 0 and ||B], —B,||2 — 0. As
ififs is C*°, the coefficients of T (if1 f2) are uniformly bounded. Finally {T (if1) T (f2)}, ; <
T (1f1); ;| 2okez ‘T (f2)1w" which is uniformly bounded because if; and fo are C*°.

Hence

SUP; jn

% ‘ Z T (ifl)i,k T (fQ)k,i T (if?))i,l T (f4)l,7l (5-44)

1

ﬁ i—
= M(ifsfa) M (if1f2)

= 0, Dbecause f3f4 is odd.

S AT (fsf0)}i AT (f1f2) ), +0(1)
=1

We show similarly

% ‘ Z T (ifl)i,k T(f2)k,j T (ifS)j,k T (f4)k,i — 0. (5-45)
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Then

We show similarly

Ly

i,7,k=1

We conclude with (5.43), (5.44), (5.45), (5.46) and (5.47)

’ AZ (12)0y T (Fo),, T ifs), T (Fi), (5.46)
(f2) Z T(ifl)i,jT(ifS)j,zT(f4)z,i
iil=1
M) ST Jl{ZT%ﬂ }
i,j=1
M) - S0 TG AT GR)T (),
i,j:l
M (f2) ~ Ly {T(@f) T(fs) T (f1)}
M (fg) (if1ifsf1), using proposition 5.41,
=M (f2) M (f1f3fa)-
(1f1)i0 T (f2)i; T (1f3); ;T (fa)sy = =M (fa) M (frf2fs) - (5.47)
O

Proposition 5.45. Let fi and fy be 2w-periodic, C*°, functions on [—m,n|, with fi; odd. Then

Proof of proposition 5.45.

o
)

BT (Toa ()T} = M ().

T, () (b)}}
ZlT F1)is €

i_ o
Tr{T (f)T

Tr
')2 T (fZ)j,i}

(f2)}

1
n
21y
3n
2
3 M (f1f2),using proposition 5.41.
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5.7.3 Proofs for section 5.5

Proof of proposition 5.20. We show, rather similarly to the proof of proposition 5.11,

E(MSEy — MSE,«)

1 R 9 1 N 2
_E [Nd /[O,N]AY(w) ~ @) — /[O,N]d(”@ ~ Gy (@) d”’]

where Ey | x, X yq Means that the mean value is calculated conditionally to X7y, ..., Xq, and

.....

where the notation Y emphasizes that the only random variable remaining is Y.

Then, with d(a:,)(]_7 ...7XNd) = minlSiSNd ‘IE — X’L|OO7

E(MSEy — MSE,«)

1 N N
> EXl,...,XNd lNd /[0 Ny ]-d(ac,Xl,4..,XN4)26EY|X1,..A,XNUL [(y¢(m) = Ypp(0 (CC))Q} d:c] . (5~48)

Let Lyay, be the distribution on (R4)N“+1 obtained by the following procedure. First,
generate independently X7, ..., X y«, uniformly on [0, N|%, conditionally to the constraint that,
for i # j, | X; — Xj|oo > 6. Second, conditionally to X1, ..., Xya, generate Xa,; uniformly on
[0, N]¢, conditionally to the constraint that d(z, X1, ..., Xya) > 6.

It can be shown that the distribution £ya,; can be obtained equivalently by generating
independently X, ..., X ya 1, uniformly on [0, N]%, conditionally to the constraint that, for i # j,
| Xi — Xjloo > 6. Thus, in (5.48), the integrand variable « can be seen as following the same
distribution as the Xi,..., Xya¢. Indeed, let Px, . x , be the probability, given Xi,..., Xya,
that X, following an uniform distribution on [0, N]¢, verify d(X, X1, ..., Xya) > . Then, with
X1, ..., Xnay1 ~ Lyayq, the probability density function of X 4., conditionally to X, ..., Xy

. 1 1 .
is® — yaleeo,nela@,xi,..., Xya) 25 Py X Hence we obtain,

E(MSEy — MSE,«)

N7 — (26)4 N4

d
i > i —1-(20)%.

Hence
E(MSEy — MSEw)
> (1= (20)) Ex,, X yu s ~Lnass [wal ..... Xty O (Xnas1) = Gy (Xnaga))?

Now, in the distribution Lx, . x

Kydyrs the variables X7, ..., Xya 1 have symmetric roles. Hence
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E(MSEy — MSE,«)

1 Néy1
> (1-(20)7) NIl ; E [(Ji — Jip)?] -

where §; 4 is the LOO prediction of Y (X;) according to the covariance hyper-parameter ¢ and
the observations Y (X1),....,Y (X;-1), Y (Xit1), .., Y (Xyai1).

Let Ky be the (N9 + 1) x (N% + 1) covariance matrix of YV at Xi,..., Xyayi. With
X1, Xyayq ~ Lyayg, the condition min,;»; |X; — Xj| > ¢ ensures that the singular val-
ues of the matrices K, K;bl and #gwik can be upper-bounded uniformly in n,  and v
similarly to lemma 5.28. Thus, we can show, in the same way as in the proof of proposition

5.11, that there exists a constant B < 400 so that
E (MSE, — MSE¢<0>)

> B (1 - (26)%)

ZE[Kw(X X;) = Kyo (Xi = X,))°].
i#j

Nd

Now, with X, X’ being two random variables on [0, N]¢, following independent uniform

distributions, conditionally to the constraint that |X — X'|o > §, we obtain
E(MSEy — MSE,«)

2
> B (1 - (20)") N'Ex x- [(K,;,(X ~X') = Kyo (X = X)) } .

The probability density distribution of X — X’ at t € [-N, N]%\[-4, §]¢

ol (- 5) v > w1 (- 5):

Hence,

E(MSEy — MSE,«)
d

> B (1 - (26)7) /[N . (Kyp(t) — Kyo )] (1 - |’5N|> dt

=1
v B (1= (28)%) / (Kp(t) — Ko () dt,
R4\[-4,5]¢

using the dominated convergence theorem on R<. O

Proof of proposition 5.21. Let us first show (5.13). Consider a consistent estimator {b of ’l/J(O)
Since |9 — 0| = 0p(1), it is sufficient to show that sup;<;<, yew |6%ME€7¢| = 0,(1).

Consider a fixed n. Because the trajectory Y (¢) is almost surely continuous on [0, N ,]¢,
because for every ¢ € ¥, 1 < i < p, %Klp(t) is continuous with respect to t and because,
from (5.3), supyew,1<i<p ’%Kw(t)‘ is bounded, we can almost surely exchange integration and
derivation w.r.t. ?; in the expression of E, 4. Thus, we have almost surely

0 B 1 0 . 2
%Ee,w - N, /[O,Nl,n]d P ((Y(t) ) )dt

2 hy(t) . o, 1 0Ky
= Y()-9 - K K, K,
NP, [o,Nl,n]d( () = Gu(2)) < B Ku TRy (K, ydt,
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with (ky (1)), = Ky (v + ezl — ). Then

0
E | su E.
(weI?If Oy Y D

2 N 8’6:/)(1*,) . . ) .
N{i,n /[O,Nl,n]d E (S}ég {|Y(t) — Gy (t)] ‘ < a0, K, - kw(t)Kw T%Kd) y dt
2 . 2
3 8k:/’ (t) —1 t -1 8K¢ 1 ?
- /[O,Nl)n]d £ (3,213, { ((MKI# - kw(t)Kw T%K”b Y dt
’ N 2
—— |2 E({Y(t)2 9 E "
< NN [, Eeee [ <i‘é% {1t })
okt (t) 9K 2
¥ -1 _ 1t —198p o1
) /[O,Nlm]dE (i‘é& { << O K«/; kw(t)Kq/; E K¢ ) y) }) dt
2 . 2
} NJ HonONE 22 [ B (z‘;&; iw(®) })

oKL o 0Ky )

In (5.49), the two supremums can be written

E (;g {(ww(t>ty)2}> ,

with w., () a column vector of size n, not depending on y.

Fix ¢t € [0, N1 _,]¢. We now use Sobolev embedding theorem (see e.g [Tar07]) on the space ¥,
equipped with the Lebesgue measure. This theorem implies that for f : ¥ — R, sup,cy [ f(¥)| <

Cyp [y (|f(1/;)|17 + Z§=1 ’ai%f(ljz)’p) di, with C), a finite constant depending only on p and V.

t

By applying this inequality to the C* function of 1, (wy,(£)'y)”, we obtain

E (ilég {(wzp(t)ty)Q})
<E <c,,Aiz: pd«p) +E (cp/wp ‘((w¢(t)ty))2‘pd¢)
- 20;;2 [ 2 ([woors) (5 wster)v)

s2cpi¢ | & (twpttran™) cth / E({( . <w¢<t>t>y)}2p> o

oo (walt)'9))”

,,) dp + C, /P E ({w¢(t)ty}2p) dap
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There exists a constant C’I’), depending only on p so that, for Z a centered Gaussian variable,
E(Z%P) = C,Var(Z)P. Thus, we obtain

E (fpgg {(wzp(t)ty)Q})

< QOpC;i \/ A [ ({wyt)y)”) | aw A
+Cpq;A {E ({ww(t)ty}Q)rddz. (5.50)

Fix 1 <14 < pin (5.50). By using (5.3), a slight modification of lemma 5.24 and lemma 5.23,
SUPyew,tel0,Ny )¢ [wy (t)]> < Aand SUP4ew,te0,Nq )¢ \@%w(t)IQ
x and for a constant A < +oco. Thus, in (5.50), E ({'w,l,(t)ty}z) = Ex (wy(t) Ky wy(t)) <

< A, independently of n and

2
AB, with B = sup,, . [[Kyo|[. We show in the same way E ({aw (w w(t)t)y} ) < AB.
Hence, from (5.49) and (5.50), we have shown that, for 1 <1i < p,

E
(ilé% T D

is bounded independently of n. Hence supcy 1<i<) |8%)1E6_,¢\ = Op(1), which proves (5.13).
Let us now prove (5.14).

1 N 2
E(E p0) = E((Nln)d /[ON . (Y(#) = gy (1)) dt>
_ 1 ot -1
— (Ni)? /[O,Nl,n]d Ex (1 kg0 (BK o ko (t>) dt.

Now, let I~(¢<o> (t) be the covariance matrix of (Y (¢),y1, ..., yn)!, under covariance function K.

Then, because of the virtual Leave-One-Out formulas of proposition 2.35,

1 1
E(E -t Ex | =———|dt
(Fepo) (Nlm)d /[O,Nl,n]d : <(K1 <t)>171>

(0

Y

1ni T T [(09), +et 3 (30, (vD), +1—e= L (1 —€)] (K0 ()11

Now, for t € szl[( )) + €+ (f —€), ( (’)) +1—€— %(% — o)), infp1<j<nzesy |t —
v —ex(| > 1 (4 —¢). Thus, we can adapt proposition 5.26 to show that the eigenvalues of
me) (t) are larger than A > 0, independently of n,  and t € Ui<i<p szl[(v(i))k +e+i(3-
€), (v(i))k +1—€— 3(3 —¢)]. This yields

2

A (1 ¢
E (E€7¢(0)) Z le,n (2 — 6) 5

which concludes the proof.
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Chapter 6

Cross Validation and Maximum
Likelihood with misspecified family

of covariance functions

This chapter is inspired by the article [Bac13].

6.1 Introduction

In this chapter 6, we aim at further comparing the ML and CV estimations of the covariance
hyper-parameters. The conclusion of chapter 5, addressing the increasing-domain asymptotic
framework, is that ML is preferable, in the well-specified case, when the true covariance function
of the Gaussian process does belong to the parametric set used for estimation. Concerning fixed-
domain asymptotics, we have seen in chapter 4, that only microergodic hyper-parameters have
an asymptotic influence on the Kriging predictions, and that these hyper-parameters can be
consistently estimated by ML (although this is not proved yet for all the classical covariance
function families).

Further comparisons have been carried out between ML and CV in the well-specified case.
Concerning theoretical results, [Ste90b] showed that for the estimation of a signal-to-noise ratio
parameter of a Brownian motion, CV has twice the asymptotic variance of ML. For the case of
the estimation of a smoothness and a signal-to-noise ratio parameter, of a covariance function
of a Gaussian process, [Ste93] shows that Modified Maximum Likelihood (MML) yields smaller
asymptotic variances than Generalized Cross Validation (GCV). It is also shown that the two
corresponding prediction errors of the Gaussian process are asymptotically equal, but with a
smaller second-order term for MML than for GCV.

Several numerical results are also available, coming either from Monte Carlo studies as in
[SWNO03, ch.3] or deterministic studies as in [MS04]. These numerical comparisons show an
advantage of ML over CV. In both the above numerical studies, the interpolated functions are
smooth, and the covariance structures are adapted, being Gaussian in [MS04]| and having a free

smoothness parameter in [SWNO3].
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We believe that a framework complementary to the well-specified framework presented above
is also relevant in practice. This framework corresponds to the case when a parametric estimation
is carried out, within a covariance function set, and when the true underlying covariance function
does not belong to this set. We call this the model misspecification case, or the misspecified

framework.

In a context of spline approximation methods, situations similar to the misspecified-framework
we propose here are studied in [Ste93] and [Kou03]. In [Ste93], in a numerical finite-sample study,
GCYV is more robust than MML, for selecting the order and smoothness parameters in a spline
approximation method, to changes in the predictand function when the spline model remains
the same. In [Kou03], an asymptotic comparison between a CV-similar and a Generalized Max-
imum Likelihood (GML) method is carried-out. The results obtained show that there is much
more loss of efficiency in using inappropriately the GML method than the CV-similar method.

In fixed-domain asymptotics, the misspecified framework is all the more relevant when the
true covariance function is orthogonal (in the sense of Gaussian measures, see chapter 4) to the
covariance functions of the misspecified set. This orthogonality may arise in practice. Indeed, for
instance, for two covariance functions of the Matérn class to be equivalent, it is necessary that
their smoothness parameters are equal (see chapter 4). Yet, it is common practice, especially for
the analysis of computer experiment data, to enforce the smoothness parameter to an arbitrary
value (see e.g [MS04]). A misspecified smoothness parameter can have dramatic consequences,
as observed in numerical experiments in [Vaz05] chapter 5.3.3. [Ste99], chapter 3 also studies the
negative impact of a misspecified smoothness parameter, for a modified version of the Matérn

model.

In view of the discussion above, this chapter 6 aims at comparing ML and CV in the mis-
specified case. We use a two-step approach. In the first step, we consider a parametric family
of stationary covariance functions in which only the global variance hyper-parameter is free. In
this framework, we carry out a detailed and quantitative finite-sample comparison, using the
closed-form expressions for the estimated variances for both the ML and CV methods. For the
second step we study the general case in which the global variance hyper-parameter and the
correlation hyper-parameters are free and estimated from data. We perform extensive numerical
experiments on analytical functions, with various misspecifications, and we compare the Kriging

models obtained with the ML and CV estimated hyper-parameters.

Chapter 6 is organized as follows. In section 6.2, we address the case of the estimation
of a single variance parameter. In subsection 6.2.1 we detail the statistical framework, we
introduce an original quality criterion for a variance estimator, and we give a closed-form formula
of this criterion for a large family of estimators. In subsection 6.2.2 we numerically apply
the closed-form formulas of subsection 6.2.1 and we study their dependences with respect to
model misspecification and number of observation points. We highlight our main result that
when the correlation model is misspecified, CV does better compared to ML. Finally in section
6.3 we illustrate this result on the Ishigami analytical function and then generalize it, on the
Ishigami and Morris analytical functions, to the case where the correlation hyper-parameters

are estimated as well.
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6.2 Estimation of a single variance parameter

6.2.1 Theoretical framework
Correlation function error and the Risk criterion

We consider a Gaussian process Y, indexed by a set D. Y is zero-mean, stationary, with unit
variance, and its correlation function is denoted by R;. A Kriging model is built for Y, for which

it is assumed that Y is centered and that its covariance function belongs to the set C, with
C={0’Rs,0* €R"}, (6.1)

where Ro(x) is a given stationary correlation function. Throughout this chapter, E;, Var;, Cov;
and ~;, 7 € {1, 2}, denote means, variances, covariances and probability distributions taken with
respect to the distribution of Y with mean zero, variance one, and the correlation function R;.
We observe Y on the points V), ...,2(") € D. In this framework, the hyper-parameter o is
estimated from the data y = (y1,...,yn)" = (Y(x™), ..., Y (2(™))! using an estimator 6. This
estimation does not affect the Kriging prediction (2.9) of yo = Y (2(?)), for a new point x(%,
which we denote by §(z(9):

§(x©) = Eo(yoly) = r4R5 'y, (6.2)

where (r;); = Ri(z\) — () and (R;);; = Ri(z") —x®), i € {1,2}, 1 < j,k < n. The

conditional mean square error of this non-optimal prediction is

Ei|(@(@) —y0)*ly| = (@) —Ei(yly))* + Vari(yoly)
= (riR{'y - Ry 'y + 1 - riR (6.3)

However, using the covariance family C, we use the classical Kriging predictive variance expres-
sion 62¢%(x(?)) in (2.10), that is

62 (x0)) .= 62Vary (yoly) = 62 (1-riRy'rs). (6.4)

As we are interested in the accuracy of the predictive variances obtained from an estimator &2,

the following notion of Risk can be formulated.

Definition 6.1. For an estimator 62 of o2, we call Risk at (°) and denote by R2 4o the

quantity
2
Rosao =Er | (81 [(32) ~ w)ly] - *2(@®)) ]

If Rz »o is small, then this means that the predictive variance 62¢2(z(?)) is a correct
(c

prediction of the conditional mean square error (6.3) of the prediction g(x ))). Note that when
Ri1 = R, the minimizer of the Risk at every (?) is 62 = 1. When R; # R,, an estimate of
o? different from 1 can improve the predictive variance, partly compensating for the correlation
function error.

To complete this section, we give the closed-form expression of the Risk of an estimator that can
be written as a quadratic form of the observations, which is the case for all classical estimators,

including the ML and CV estimators of o2 in proposition 3.21 and (3.15).
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Proposition 6.2. Let 62 be an estimator of 02 of the form y'My with M an n x n matriz.
Denoting
f(A,B)=Tr(A)Tr(B)+2Tr(AB),

for A, B n x n real matrices,
My = (Ry'ro — R{'r) (bR — PR DRy,
M, = MR,
c1=1-7Ri'r

and

Cy = 1-— ’I’éR;lT‘Q,
we have:
Rsz2 p = f(Mo,Mp) + 2¢,Tr(Mo) — 2¢2 f (Mo, M)
+C§ — 26102T’I“(M1) + Cgf(Ml, Ml)
Proof. Using the definition of the Risk, the expression of 52, (6.3) and (6.4), we get:
Roz p0 = Eg (P Ry — iRy 'y)? + 1 — PR 'y
_ 2
—y'My(1 - riR; 'rs)]
= Ei[y'(Ry'r2 —Ry'r)(mRy ' — riRy Dy
+1—riRi e — y'My(1 - réR;lrg)]Q.

1
Then, writing y = R? z with z ~; NV(0,1,,), we get:
- N2
Rz o =By (thoz Yo — czthlz) , (6.5)

with

Mo = Ri (R;'r2 — Ry 'r)(rR; ! — r{R; R/
and
M, = R’MR;.
To compute this expression, we use the following lemma.
Lemma 6.3. Let z ~1 N(0,1,), and A and B be n X n real symmetric matrices. Then:
E,(2'Az2'Bz) = f(A,B).
Proof of lemma 6.3. This lemma corresponds to (5.20), since E(z'Az) = Tr(A). O

Using the lemma and expanding (6.5) yields

R&2,m(0> = f(M(), Mo) + 261T’I’(M()) — 2CQf(M0, Ml) (66)
+cf — 2c16Tr(My) + c3 f (M1, My).

Finally, based on Tr(AB) = Tr(BA), we can replace My and M; by My and M in (6.6),
which completes the proof. O
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It seems difficult at first sight to conclude from proposition 6.2 whether one estimator is
better than another one, given a correlation function error and a set of observation points.
Therefore, in subsection 6.2.2, we numerically analyze the Risk for the ML and CV estimators
of the variance for several designs of experiments. Before that, we recall the ML and CV
estimators of o2, and we confirm that ML is more efficient when there is no correlation function

€error.

The ML and CV estimators of the variance parameter

In the framework of section 6.2, the ML estimator 6%,; of 02 (see proposition 3.21) is

R 1 _
Ghre = —y'Ryy. (6.7)

Let us now recall the CV estimator of o2. The principle is that, given a value o? spec-

ifying the covariance function used among the set C, we can, for 1 < i < n, compute ¢; :=
Eo(Yily1y ooy Yi15Yit1s -y Yn) and 0262 := 02V ara(yi|y1, -, Yi—1, Yit1, - Yn)- The Cross Valida-

tion estimate of o2 is hence, from (3.15),

By means of the virtual LOO formulas of proposition 2.35, we obtain the following vector-

matrix closed-form expression of (6.8),
. 1 _ . 1yl
6100 = EthQ ' [DWQ(RQ 1)] R;'y.

In chapter 5, we have not addressed the expansion-asymptotic results for 67, in the well-
specified case. In proposition 6.4, we show that, when R; = R, this estimator is consistent.
This is expected, because we have seen in chapter 5 that, under mild conditions, all correlation

hyper-parameters are consistently estimated by CV.

Proposition 6.4. Assume D = R? and that the observation points constitute a sequence
(x);en- verifying, for a constant § > 0, | — xU)| > § for i # j. Assume Ry = Ry
has a positive continuous Fourier transform and satisfies, for a constant ¢ < +oo and for all

t € RY,
C

(1 [+t

Then 637 5o converges in the mean square sense to one as n — +00.

|[Ra(t)] <

Proof. Introducing z = R;%y ~9 N(0,1,,) yields:

1 1 — _1
6700 = EztRz * [Diag(Ry )] ' R, *z,

Then,
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Furthermore,
~2 2 -1 . —1\1"1p-1 . —1y11
Vars(6100) = ETT (R2 [Diag(R;")]  Ry' [Diag(R3")] ) . (6.9)
Then, with A\, (R) and A (R) the smallest and largest eigenvalues of a symmetric positive
matrix R,
A ([Diag(R_l)]il) = max 1
e : 255 R,
1
< T e
)\min(RQ )
= Amaz(Ra). (6.10)
Hence, from (6.9) and (6.10),
2 )\mzn(RQ) 2 ~2 2 )\maaj(R2) 2
— | —== <V < — | —=] . 6.11
n ()\ma"c(RQ)) o aTQ(ULOO) n )\min(RQ) ( )

Because there exists a positive minimum distance between two different observation points, it can
be shown, similarly to the proof of lemma 5.28, that 0 < inf,, A\j,in(Re) < sup,, Amaz(Re) < +oo.
This implies the proposition because of (6.11). O

ML is preferable when R; = R;

When Ry = R», we will show that ML is more efficient than CV. Indeed, first notice that

_ ~ _ 2
Rﬁz@.(o) = El ((1 — T‘iRl 17"1) — 0’2(1 — TﬁRl 11"1))

(1—riRy'r)’Ei((6% - 1)?),

(6.12)

so that the Risk of definition 6.1 is proportional to the quadratic error in estimating the true
0% = 1. We calculate E1(63,,) = E1(6%,5) = 1, hence both estimators are unbiased.
Concerning their variances, let us first recall the Cramér-Rao bound (see chapter 3) for the

estimation of o2. As we are in the case 02 = 1, for an unbiased estimator 2 of o2

VarA&Q)ZIEfll<a§2(hlﬂy’05)anﬂ)2]’

with, I(y, 0?) o ﬁ exp (— thl;ly), the likelihood of the observations. We then calculate the

20
0 n tR;! 2
0 (n. . YRy
dc? 2 202 021

_ n _
(ﬁRHyV—2¢R34

Cramér-Rao bound:

<£2(1nl(y,02))02=1>2] - Ell[
|

B!

where we used lemma 6.3 with A = B = I, to show E; ((thfly)Q) = n? 4 2n. Hence, the

Cramér-Rao bound of the statistical model C is % when o2 = 1.
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Now, on the one hand the variance of the ML estimator is

N 1 _
Varl(a%“) = Varl(gth1ly)

1 n
= ﬁVarl (Z 22)
i=1

2

b

n

with z = R;%y ~1 N(0,1,,). Thus, the ML estimator reaches the Cramér-Rao bound.
On the other hand:

2 ) = B ) =
Vari(6300) = ;Tr(Rfl [Dmg(Rﬁ)] "Ry [Diag(®R; )] )
1 2
- ZZ ”Rl Dis’

~ Ry )i , .
Hence Vary(6%250) > % Dy W = %, the Cramér-Rao bound. Let us also notice

that, roughly speaking, when R;l = Rfl becomes close to being diagonal, Var; (6%00) becomes
closer to the Cramér-Rao bound 2.

However Vary(62,,) is only upper-bounded by 2 (because Ry is a covariance matrix).
Furthermore Vary(67,,) can be arbitrarily close to 2. To see this, consider the following

statistical model where R; = Ry are stationary covariance matrices:

n—1+e€ €
Ri=Re = n—1 I_n—lJ’

where J is the n x n matrix with all coefficients being 1 and € € [0, 1).

Using the formula (al 4+ bJ)~! = 11— WJ (lemma B.3.3 in [SWNO3]), we obtain

1 €
R,'=(n-1 I J).
2 (n )(n—l—l—e +(n—1+e)(n—1+e—ne) )
Thus, we can calculate explicitly the variance of the CV estimator,
)2

Vari1(6100) = QZZ (R’j 0
1 % 2 Y

=1 j=1
&2
2 2(7’L — ].) (n—1+€)2(n—1+e—ne)?
= — 4+ 5
n n 1 €
(nflJre + (n71+6)(n71+67n6))
2 2n—1) €2
- 24
n n (n—1+e—ne+e)?
2 2(n-1) €2

+ .
n n  (e+(n—1)(1-¢))2
Hence, for e arbitrarily close to 1, Var; (&%OO) is arbitrarily close to 2.
As a conclusion, when R; = R,, ML is more efficient to estimate the variance parameter.

The object of subsection 6.2.2 is to study the case Ry # Ry numerically.

6.2.2 Numerical results

All the numerical experiments are carried out with the numerical software Scilab [GBC199]. We
use the Mersenne Twister pseudo random number generator of M. Matsumoto and T. Nishimura,

which is the default pseudo random number generator in Scilab for large-size random simulations.
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Criteria for comparison

Pointwise criteria We define two quantitative criteria that will be used to compare the ML
and CV assessments of the predictive variance at prediction point (%),
The first criterion is the Risk on Target Ratio (RTR),

VR
RTR(z©) = o2 (6.13)

E1 [(#(=©) —y0)?]”

with 62 being either 63,; or 6% .
From definition 6.1 we obtain
N o a 2
s (B [6®) - w2ly] - 22(w))’]
Eq1 [(§(z®) - y0)?] '
The numerator of (6.14) is the root mean square error in predicting the random quantity
Eq [(9(z©) — y0)?|y] (the target in the RTR acronym) with the predictor 62¢%(z(?)). Using

E(E(X1|X2)) = E(X;) for two random variables X; and Xs, the denominator of (6.14) is the
mean of the predictand Ey [(§(x(?)) — yo)?|y]. Hence, the RTR in (6.13) is a relative prediction

RTR(z?) =

(6.14)

error, which can be easily interpreted.

We have the following bias-variance decomposition of the Risk,

Rproo = |Ei|@@?) —w0)?| —E1 |62 (@) (6.15)
bias
+Vary (Ex [(3() - yo)?ly] - 26 @)).
variance

Hence the second criterion is the Bias on Target Ratio (BTR) and is the relative bias

_ IE, [@(w(o)) _ y0)2] —E, (&262(33(0))) |

BTR(z") - (6.16)
Eq [(#(z©) — y0)?]
The following equation summarizes the link between RTR and BTR:
2 2
\% Eq [(3(2®) — 40)2ly] — 6262 (2@
RTR | prg | 4 Ve ElGED) (O)yO) |y]2 FE@)  6ar)
relative error relative bias B [(y(m )~ %) }

relative variance

Case of no correlation function misspecification Let us now study more particularly the
RTR and BTR criteria in the case where Ry = Ry. When Ry = Ro, E1 [(§(z(?) — y0)?|y] does
not depend on y. Therefore, the RTR and BTR simplify into RTR(x(®) = \/E, [(62 — 1)?] and
BTR(z®) = |1 — E;(6?)|. Hence, the RTR and BTR are the mean square error and the bias
in the estimation of the true variance 0? = 1, and RTR? = BT R? + Var,(62).

Integrated criteria We now define the two integrated versions of RTR and BTR over the

prediction space D. Assume D is equipped with a probability measure p. Then we define

[RTR = \/ / RTR2(20))du((®) (6.18)
D
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and

IBTR = \/ / BTR2(z®)dpu(z®). (6.19)
D
Hence we have the equivalent of (6.17) for IRTR and IBTR:

Vary (Er [(5(z?) — v0)?|y] 72&262@:(0))) (2. (6.20)

IRTR? = IBTR® + / -
D Ey [((z) = yo)?]

Designs of experiments studied

We consider three different kinds of Designs Of Experiments (DOEs) of n observation points on
the prediction space D = [0, 1]%.

The first DOE is the Simple Random Sampling (SRS) design and consists of n independent
observation points with uniform distributions on [0, 1]¢. This design may not be optimal from a
Kriging prediction point of view, as it is likely to contain relatively large areas without observa-
tion points. However, it is a convenient design for the estimation of covariance hyper-parameters
because it may contain some points with small spacing. It is noted in [Ste99], chapter 6.9 that
such points can dramatically improve the estimation of the covariance hyper-parameters. The
conclusion of chapter 5, on the impact of the spatial sampling on estimation, is also an argument
in favor of using some observation points with small spacing.

The second DOE is the Latin Hypercube Sampling Maximin (LHS-Maximin) design (see e.g
[SWNO03]). This design is one of the most widespread non-iterative designs in Kriging. A LHS
design is a set of n points (1), ..., (™ so that, for 1 < k < d and 1 < i < n, there is exactly one
j so that x,(f ) e [“=1, ]. Intuitively, the one-dimensional projections of a LHS design are rather
uniformly spread on [0, 1]. Then, a LHS-Maximin design is a LHS-design that maximizes

min |z — 22, (6.21)
i#]
which has the advantage of avoiding almost equal observation points, which would give a redun-
dant information on the values of the Gaussian process Y.

(6.21) is difficult to optimize numerically, because the input space is the set of the LHS
designs, which is a subset of [0, 1]"¢. (6.21) is thus a very high dimensional optimization problem.
To address the optimization problem (6.21), we generate randomly 1000 LHS designs, and keep
the one that maximizes (6.21). To generate randomly a LHS design, we generate d random
permutations of {1,...,n}: i¥ ....i¥ 1 <k < d. The LHS design we generate is then defined by,
for1<j<mnand 1<k <d, z,(cj) = Zf% + X 1 where the nd X are iid random variables
following the uniform distribution on [0, 1].

Let us notice that this method for generating LHS-Maximin DOEs is the method used by the
Matlab function lhsdesign(..., 'maximin’,k) which generates k LHS designs with default & = 5.
Notice also that other optimization methods can be used to address (6.21). We refer to table 1
of [VVBI(] for a review.

The third DOE is a deterministic sparse regular grid. It is built according to the Smolyak’s
construction ([Smo63] and see e.g. [GGI8], [NRI6]) of the family of one-dimensional regular
grids Gy = {2%, e %}, for k € N* varying. For a given level [, the DOE obtained from the
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Figure 6.1: For d = 5 and n = 70, example of a SRS DOE (top-left), a LHS-Maximin DOE (top-
right) and the deterministic sparse grid (bottom, n = 71). Projection on the first 2 base vectors.
The SRS and LHS-Maximin DOEs are much less regular than the regular grid. Although the
projections of the SRS and LHS-Maximin DOEs are similar, the criterion (6.21) is 0.162 for the
SRS DOE and 0.262 for the LHS-Maximin DOE.

Smolyak’s construction is as follows:

U

ki,..., kq€EN™
ki4...+kg<l+d—1

le X ..o X de. (6.22)

(6.22) is a sparse subset of the fully tensorized regular grid G x ... x G;. (6.22) uses much fewer
observation points than the fully tensorized regular grid, and remains thus tractable for larger
dimension d. The Smolyak’s construction is classically used for numerical interpolation and
integration. For integration of smooth functions, the decay rate of the error, as a function of the
number of observation points, is faster for the Smolyak’s construction (6.22) than for the fully
tensorized regular grid (see e.g. [Nou09] for details). For dimension d = 5 and level [ = 3, the
Smolyak’s construction yields n = 71 observation points. We show in figure 6.1 the projection
of this sparse grid on the first two base vectors.

The three DOEs are representative of the classical DOEs that can be used for interpolation
of functions, going from the most irregular ones (SRS) to the most regular ones (sparse grid).
In figure 6.1, we plot, for n = 70 and d = 5, the projections on the two first base vectors of two
realizations of the SRS and LHS-Maximin DOEs and of the regular grid. The SRS and LHS-

Maximin DOEs are much less regular than the regular grid. The projections on the two first
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base vectors of the SRS and LHS-Maximin DOEs are similar. However, this can be misleading,
since this kind of projection is not representative of the distance between different 5-dimensional
observation points. Inspecting the criterion (6.21), we see that its value is 0.162 for the SRS
DOE and 0.262 for the LHS-Maximin DOE.

Families of correlation functions studied

We first study the isotropic Matérn correlation function family of chapter 3, parameterized by
the vector of correlation lengths £ = ({1, ..., £4) and the smoothness parameter v. We recall that
R is Matérn (£,v) when

1

R(h) = T2 1 (2vv|hle)” K, (2v/V|hle) , (6.23)

2
with |kl = Zle % I' the Gamma function and K, the modified Bessel function of second
order.

We also study the power-exponential correlation function family of chapter 3, parameterized

by the vector of correlation lengths £ = ({1, ...,£4) and the power p. We recall that R is power-

R(h) = exp ( i <Z|)p> . (6.24)

exponential (£, p) when

i=1

Remark 6.5. In this chapter 6, we study an isotropic (up to a scaling of the azis) covariance
function (the isotropic Matérn model) and a tensor-product covariance function (the power-
exponential covariance model). While the main goal of chapter 6 is to compare ML and CV,
it could also be interesting, in future work, to compare tensority and isotropy more specifically.
Especially, the two tensor-product and isotropic versions of the Matérn model could be compared.
This distinction between the two versions could have a significant impact for DOEs that rely

strongly on the choice of axis, such as the sparse regular grid.

Influence of the model error

We study the influence of the model error, i.e. the difference between R; and Rs. For different
pairs R, R, we generate n, = 50 SRS and LHS learning samples, and the deterministic sparse
grid presented above. We compare the empirical means of the two integrated criteria IRTR and
IBTR for the different DOEs and for ML and CV. IRTR and IBTR are calculated on a large
test sample of size 5000. We take n = 70 for the learning sample size (actually n = 71 for the
regular grid) and d = 5 for the dimension.

For the pairs Ry, Ro, we consider the three following cases. First, R; is power-exponential
((1.2,...,1.2),1.5) and Ry is power-exponential ((1.2,...,1.2),p2) with varying ps. Second, R,
is Matérn ((1.2,...,1.2),1.5) and Ry is Matérn ((1.2,...,1.2), ) with varying v». Finally, R; is
Matérn ((1.2,...,1.2),1.5) and Rs is Matérn ((fs, ..., #3),1.5) with varying ¢5.

In figure 6.2, we plot the results for the SRS DOE. We clearly see that when the model
error becomes large, CV becomes more efficient than ML in the sense of IRTR. Looking at
(6.20), one can see that the IRTR is composed of IBTR and of an integrated relative variance

term. When Ry becomes different from R;, the IBTR contribution increases faster than the
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integrated relative variance contribution, especially for ML. Hence, the main reason why CV is
more robust than ML to model misspecification is that its bias increases more slowly with the
model misspecification.

In figure 6.3 we plot the results for the LHS-Maximin DOE. The results are similar to those
of the SRS DOE. They also appear to be slightly more pronounced, the IRTR of CV being
smaller than the IRTR of ML for a smaller model error.

In figure 6.4, we plot the results for the regular grid DOE. The results are radically different
from the ones obtained with the SRS and LHS-Maximin designs. The first comment is that
the assessment of predictive variances is much more difficult in case of model misspecification
(the minimum, between ML and CV, of IRTR for the SRS and LHS-Maximin designs is smaller
than that of the regular grid and the difference is even stronger when considering the maximum).
This is especially true for misspecifications on the exponent for the power-exponential correlation
function and on the smoothness parameter for the Matérn function. The second comment is that
this time CV appears to be less robust than ML to model misspecification. In particular, its bias
increases faster than ML bias with model misspecification and can be very large. Indeed, having
observation points that are on a regular grid, CV estimates a 0 hyper-parameter adapted only
to predictions on the regular grid. Because of the correlation function misspecification, this
does not generalize at all to predictions outside the regular grid. Hence, CV is efficient to assess
predictive variances at the points of the regular grid but not to assess predictive variances outside
the regular grid. This is less accentuated for ML because ML estimates a general-purpose o and
not a o? for the purpose of assessing predictive variances at particular points. Furthermore, it
is noted in [IBFM10] that removing a point from a highly structured DOE breaks its structure,
which may yield overpessimistic CV results.

We conclude from these numerical results that, for the SRS and LHS-Maximin designs of
experiments, CV is more robust to model misspecification. It is the contrary for the regular
grid, for the structural reasons presented above. This being said, we do not consider the regular
grid anymore in the following numerical results and only consider the SRS and LHS-Maximin
designs. Let us finally notice that the regular grid is not particularly a Kriging-oriented DOE.
Indeed, for instance, for n = 71, it remains only 17 distinct points when projecting on the first

two base vectors (figure 6.1).

Influence of the number of points

Using the same procedure as for the influence of the model error presented above, we still set
d = 5 and we vary the learning sample size n. The pair R;, R is fixed in the three following
different cases. First, R; is power-exponential ((1.2,...,1.2),1.5) and Ry is power-exponential
((1.2,...,1.2),1.7). Second, R; is Matérn ((1.2,...,1.2),1.5) and Rs is Matérn ((1.2,...,1.2),1.8).
Finally, Ry is Matérn ((1.2,...,1.2),1.5) and Ry is Matérn ((1.8,...,1.8),1.5). This time, we
do not consider integrated quantities of interest and focus on the prediction on the point a(®)
having all its components set to 1 (center of domain).

In figure 6.5 we plot the results for the SRS DOE. The first comment is that, as n increases,
the BTR does not vanish, but seems to reach a limit value. This limit value is smaller for CV
for the three pairs Ry, Re. Recalling from (6.17) that RTR is the sum of BTR and of a relative
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Figure 6.2: Influence of the model error for the SRS DOE. Plot of the IRTR and IBTR integrated
criteria for ML and CV. Top-left: power-exponential correlation function with error on the
exponent, the true exponent is p; = 1.5 and the model exponent p, varies in [1.2,1.9]. Top-
right: Matérn correlation function with error on the smoothness parameter, the true smoothness
parameter is v; = 1.5 and the model smoothness parameter v, varies in [0.5,2.5]. Bottom:
Matérn correlation function with error on the correlation length, the true correlation length is
¢y, = 1.2 and the model correlation length ¢5 varies in [0.6,1.8]. ML is optimal when there is no

model error while CV is more robust to model misspecifications.
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Figure 6.3: Same setting as in figure 6.2, but with the LHS-Maximin DOE. ML is optimal when

there is no model error while CV is more robust to model misspecifications.
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Figure 6.4: Same setting as in figure 6.2 but with the regular sparse grid DOE. The results are
radically different from the ones obtained with the SRS and LHS-Maximin DOEs. This time

CV is less robust to misspecifications of the correlation function.
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variance term, we observe that this relative variance term decreases and seems to vanish when
n increases (because BTR becomes closer to RTR). The decrease is much slower for the error on
the correlation length than for the two other errors on the correlation function. Furthermore,
the relative variance term decreases more slowly for CV than for ML. Finally, because CV is
better than ML for the BTR and worse than ML for the relative variance, and because the
contribution of BTR to RTR increases with n, the ratio of the RTR of ML over the RTR of
CV increases with n. This ratio can be smaller than 1 for very small n and eventually becomes
larger than 1 as n increases (meaning that CV does better than ML).

In figure 6.6 we plot the results for the LHS-Maximin DOE. The results are similar to those
of the SRS DOE. The RTR of CV is smaller than the RTR of ML for a slightly smaller n. This
confirms the results above on the influence of the model error, where the model error for which
the IRTR of ML reaches the IRTR of CV is smaller for LHS-Maximin than for SRS.

6.3 Estimation of variance and correlation hyper-parameters

The first goal of this section 6.3 is to illustrate the results of section 6.2 on the estimation of the
variance hyper-parameter on analytical functions, instead of realizations of Gaussian processes,
as was the case in section 6.2. Indeed, the study of section 6.2 is more related to the theory of
Kriging (we work on Gaussian processes) while this section is more related to the application of
Kriging (modeling of deterministic functions as realizations of Gaussian processes). The second
goal of this section 6.3 is to generalize section 6.2 to the case where correlation hyper-parameters

are estimated from data.

6.3.1 Procedure
ML and CV estimations of covariance hyper-parameters

We consider a set of observations (x(),y1),..., (2™ y,) as in section 6.2, and the family
{02Rg,0% > 0,6 € O} of stationary covariance functions, with Rg a stationary correlation func-
tion, and © a finite-dimensional set. We denote by [Eg and Varg the means and variances with
respect to the distribution of a stationary Gaussian process with mean zero, variance one and
correlation function Rg. We denote by Rg the correlation matrix of the training sample with
correlation function Ry, that is (Re);; = Re(z® — z()).

The ML estimate of (02,0) is, as we have seen in chapter 3,

011 € argmin |Re|"/"63,, (Re), (6.25)
6co

with 6%, (Re) as in (6.7), and
512v1L = &ZZVIL(RéML)'
For CV we recall the estimation for the hyper-parameter 6:

. 1 &
0100 € argmin — vi — Uie)?, 6.26
gmin = ;( ) (6.26)

with 9i.0 = Eg(¥i|y1, - Y1, Yit1, -or Yn)-
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Figure 6.5: Influence of the number n of observation points for the SRS DOE. Plot of the
RTR and BTR criteria for prediction at the center of the domain and for ML and CV. Top-
left: power-exponential correlation function with error on the exponent, the true exponent is
p1 = 1.5 and the model exponent is po = 1.7. Top-right: Matérn correlation function with
error on the smoothness parameter, the true smoothness parameter is 14, = 1.5 and the model
smoothness parameter is v, = 1.8. Bottom: Matérn correlation function (v = %) with error on
the correlation length, the true correlation length is ¢ = 1.2 and the model correlation length

is 62 = 1.8.
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Figure 6.6: Same setting as in figure 6.5, but with the LHS-Maximin DOE.

179



6.3. ESTIMATION OF VARIANCE AND CORRELATION HYPER-PARAMETERS

We remember from chapter 3 that, notably after using proposition 2.35 for the estimator

6100, the functions to minimize in (6.25) and (6.26) are respectively:
1
£(6) = —log|Re| +log (¥'Rg'y) (6.27)

and
1
LOO(0) = Ethglpmg(Rgl)*QRgly. (6.28)

We have seen in chapter 3 that we dispose of the closed-form expressions of the gradients of
£(0) and LOO(0), as functions of the first-order derivatives of the correlation function. The
evaluations of the two functions and their gradients have similar computational complexities of
the order of O(n?).

Once we have the closed-form expressions of the gradients at hand, our optimization pro-
cedure is based on the Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton optimization
method (see e.g. chapter 6 of [NWO06]), implemented in the Scilab function optim. Since the
functions £(6) and LOO(@) may have multiple local minima, the BEFGS method is run several
times, by taking the initial points in a LHS-Maximin design. The presence of multiple local
minima is discussed e.g in [MS04]. An important point is that, when 6 is a correlation length,
we recommend to use its logarithm to run the optimization. Indeed a correlation length acts as
a multiplier in the correlation, so that using its log ensures that a given perturbation has the
same importance, whether applied to a large or a small correlation length. Furthermore, when
one wants to explore the space of correlation lengths uniformly, as is the case with a LHS design,
directly using the correlation lengths may give too much emphasis on large correlation lengths,
which is avoided by using their log.

Another important issue is the numerical inversion of the correlation matrix. This issue is
even more significant when the correlation matrix is ill-conditioned, which happens when the
correlation function is smooth (Gaussian or Matérn with a large smoothness parameter). To
tackle this issue we recommend to use the numerical nugget effect. More specifically, for a given
correlation matrix Ry, we actually compute Rg + 72I,,, with 72 = 10~2 in our simulations. A
detailed analysis of the influence of the nugget effect on the hyper-parameter estimation and
on the Kriging prediction is carried out in [AC12|. Notice also that we have seen in chapter 4
that the numerical nugget effect ensures a fixed-domain asymptotic consistency of the Kriging
predictions, for both the cases where the observations come with measurement errors or not.
However, for the CV estimation of @, when the correlation function belongs to the Gaussian
family, or the Matérn family with large smoothness parameter, another structural problem
appears. For 62, very large, as the overall predictive variance term 6%, (1 — rgRy ')
has the same order of magnitude as the squared observations, the term 1 — rgRy lpg is very
small. Hence, a fixed numerical error on the inversion of Rg, however small it is, may cause the
term 1 — rgRglrg to be negative. This is what we observe for the CV case when fitting e.g
the correlation lengths of a Gaussian correlation function. The heuristic scheme is that large
correlation lengths are estimated, which yields large 67, which yields small (1 — rgRy 7o),
so possibly negative ones. Notice however that the relative errors of the Kriging prediction
terms rteRgly are correct. It is noted in [MS04] p.7 that CV may overestimate correlation

lengths. Hence, to have appropriate predictive variances, one has to ensure that the estimated
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correlation lengths are not too large. Two possible solutions are to penalize either too large
correlation lengths or too large 67, in the minimization of LOO(6). We choose here the
second solution because our experience is that the ideal penalty on the correlation lengths,
both ensuring reliable predictive variance computation and having a minimal effect on the 6
estimation, depends on the DOE substantially. In practice, we use a penalty for 6% ,, starting at
1000 times the empirical variance %yty. This penalty is needed only for CV when the correlation

function is Gaussian or Matérn with free smoothness parameter.

Prediction criteria

We consider a deterministic function f on [0,1]?. We generate n, = 100 LHS-Maximin training
samples of the form (1) f(a(®D) . alem) f(x(@m). We denote yfa) = f(xl@Y),i=1,..,n,.
From each training sample, we estimate o and @ with the ML and CV methods presented above.

We consider simple Kriging in this section 6.3, except in the end of subsection 6.3.2 where
we consider universal Kriging. We are interested in two criteria, based on the Kriging prediction
with estimated covariance parameters, on a large Monte Carlo test sample a(t1) f(:n(t’l)), e
ztmo) | f(z®m)) on [0,1]¢ (ny = 10000). We denote y;; = f(z®?), () = E4(ye,:|y'@) and
622 (xt)) = 52Vary(ye.i|ly®), where 62 and @ come from either the ML or CV method.

The first criterion is the Mean Square Error (MSE). It evaluates the prediction capability of

the estimated correlation function Ry:
= (s — )2, (6.29)

The second criterion is the Predictive Variance Adequation (PVA):
L3 (s — i)

1 — , . .

og (nt z=Z1 6262(53(“))

This criterion evaluates the quality of the predictive variances given by the estimated covariance

(6.30)

hyper-parameters 62, 6. The smaller the PVA is, the better it is because the predictive variances
are globally of the same order than the prediction errors, so that the confidence intervals are
reliable. We use the logarithm in order to give the same weight to relative overestimation and

to relative underestimation of the prediction errors.

We finally average the two criteria over the n, training samples.

Analytical functions studied

We study the two following analytical functions. The first one, for d = 3, is the Ishigami

function:

f(x1,$2; x3) = (631)
sin(—m 4 27x1) + Tsin((—m + 2729))? + 0.1(—7 + 27a3)* sin(—7 + 27x1).
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The second one, for d = 10, is a simplified version of the Morris function [Mor91],

f(w)=zwi(-’v)+ Yo wi@uwi@) + Y wil@)w(@)w()

1<i<j<6 1<i<j<k<5

w1 (z)wz(z)ws (z)ws(z),

2(&e7-05), ifi=357

with wi(x) =
2(z; — 0.5) otherwise.

Both the Ishigami and Morris functions are smooth functions. For the Morris function, the
low-index components have the largest influence since they appear in most of the sums in the
expression of the Morris function. Furthermore, notice the two different expressions for the

w;(x), depending on the index 7. The Morris function is hence anisotropic.

6.3.2 Results and discussion
Results with enforced correlation lengths

We work with the Ishigami function, with n = 100 observation points. For the correlation
function family, we study the tensorized exponential and Gaussian families (power-exponential
family of (6.24) with enforced p = 1 for exponential and p = 2 for Gaussian).

For each of these two correlation models, we enforce three vectors £ of correlation lengths for
R: an arbitrary isotropic correlation length, a well-chosen isotropic correlation length and three
well-chosen correlation lengths along the three dimensions. To obtain a well-chosen isotropic
correlation length, we generate n, = 100 LHS-Maximin DOEs, for which we estimate the cor-
relation length by ML and CV as described above. We calculate each time the MSE on a
test sample of size 10000 and the well-chosen correlation length is the one with the smallest
MSE among the 2n, estimated correlation lengths. The three well-chosen correlation lengths
are obtained similarly. The three vectors of correlation lengths yield an increasing prediction
quality.

The results are presented in table 6.1. Comparing line 3 against line 6, we see that the
Gaussian family is more appropriate than the exponential one for the Ishigami function. Indeed,
it yields the smallest MSE among the cases when one uses three different correlation lengths, and
the PVA is quite small as well. This could be anticipated since the Ishigami function is smooth,
so a Gaussian correlation model (smooth trajectories) is more adapted than an exponential one
(rough trajectories).

Notice, nevertheless, from lines 1,2 and 4,5, that the prediction results for the Gaussian
model appear significantly more sensitive to non-optimal choices of the correlation lengths.
Indeed, the prediction error becomes larger than that of the exponential model for the cases of
the arbitrary and well-chosen isotropic correlation length.

Finally, we see that CV yields much smaller PVAs than ML in line 1, 2, 3 and 4, in the
cases when the correlation function is not appropriate. For line 6, which is the most appropriate
correlation function, ML yields a PVA comparable to CV and for line 5, ML, PVA is smaller

than CV PVA. All these comments are in agreement with the main result of subsection 6.2.2:
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Correlation model Enforced hyper-parameters MSE PVA
exponential [1,1,1] 2.01 ML:0.50CV :0.20
exponential [1.3,1.3,1.3] 1.94 ML :0.46 CV :0.23
exponential [1.20,5.03,2.60] 1.70 ML :0.54 CV :0.19

Gaussian [0.5,0.5,0.5] 419 ML:098 CV :0.35
Gaussian [0.31,0.31,0.31] 203 ML:0.16 CV :0.23
Gaussian [0.38,0.32,0.42) 1.32 ML :0.28 CV :0.29

Table 6.1: Mean of the MSE and PVA criteria for the Ishigami function for different fixed
correlation models. The MSE is the same between ML and CV as the same correlation function
is used. When the correlation model is misspecified, the MSE is large and CV does better than
ML for the PVA criterion.

The ML estimation of 02 is more appropriate when the correlation function is well-specified

while the CV estimation is more appropriate when the correlation function is misspecified.

Results with estimated correlation lengths

We use the exponential and Gaussian models, as when the correlation lengths were enforced, as
well as the Matérn model of (6.23). We distinguish two subcases for the vector £ of correlation
lengths. In Case i we estimate a single isotropic correlation length, while in Case a we estimate

d correlation lengths for the d dimensions.

The numerical optimization problem We first discuss the optimization of £(6) and LOO(0)
in (6.27) and (6.28), in the case of the Ishigami function with n = 70 observation points and with
the Gaussian model for Case a. One of the n, LHS-Maximin DOEs is thus randomly selected
and fixed. The dimension of the optimization problem is 3 and the variables are In ¢1,1In ¢5, In ¢3.
We restrict the optimization in the subset [In0.1,1n100]3.

In figure 6.7, we plot the level sets of (In¥¢y,1n¥¢s) — ming, f(¢1, 02, ¢3), where f is either £ or
LOO. We first observe that the two criteria functions have several local minima (we distinguish
at least two for both functions). This observation is true in our general experience in optimizing
ML and CV criteria throughout the PhD thesis. As a consequence, it can not be overstated that
we recommend not to use an optimization method that is only local. Specifically, using a single
BFGS algorithm with arbitrary starting point can result in only reaching a local minimum of
the criterion to minimize. As we have discussed, we run n,, BFGS methods, where the n,. initial
points constitute a space-filling design of experiment of [In0.1,1n100]3. We use n,. = 150 in the
present illustration.

The second comment for figure 6.7 is that the ML criterion appears convex in a large area
around its global minimizer. This is not the case for CV, where we distinguish two other local
minimizers close to the global minimizer. The CV criterion is hence, somehow, more difficult to
optimize than ML, using a local search-based optimization method. This fact is also general in
our experience.

In figure 6.7, for the optimization of £ and LOO, we also plot the localization of the 50
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Figure 6.7: Estimation of the correlation length vector € for the Gaussian model for Case a.
Case of the Ishigami function where a LHS-Maximin DOE of n = 70 observation points is
considered. Plot of the level sets of the criteria (Infy,Infs) — ming, £(¢1, lo, ¢3) (left) and
(Infy,Infy) — ming, In (LOO(¢y, €2, ¢3)) (right). The black stars are the 50 terminal points of
the 50 BFGS runs that yield the smallest criteria among 150 runs. The optimization is more
difficult for CV than ML, with the BFGS method with multiple starting points that we use. For
ML, the 50 best runs all reach the global minimizer, while for CV they are distributed between

the global minimizer and 2 local minimizers.

terminal points of the 50 BFGS runs that yield the smallest criterion values, among the n,. = 150
BFGS runs. For the ML case, the 50 terminal points are equal to the global minimizer. For the
CV case, they are distributed between 3 local minimizers (including the global one) that are
relatively close to one another. This is a confirmation that the optimization for the CV criterion
is more difficult than for ML.

When we observe all the 150 terminal points, they converge to local minimizers, converge to
boundary points of the optimization domain, or do not converge, in the case, for instance, when
the BFGS method reaches a determined maximum number of iteration and stops. Finally, for
the ML case, 57 of the 150 BFGS runs converge to the global minimizer, against 16 for the CV
case.

In figure 6.8, we plot the equivalent of figure 6.7, but for the exponential covariance model.
We see that, contrary to figure 6.7, both the ML and CV criterion functions are strongly uni-
modal. As a consequence, we have also observed that all the BFGS runs converge to the global
minimizer. Generally speaking, we have noticed, throughout the PhD thesis, that the optimiza-
tion problem is more difficult with the Gaussian model, than with the Matérn model with fixed

and relatively small smoothness parameter. See also [Ste99], p.173.

Prediction results of the estimated hyper-parameters The discussion on the numerical
optimization problem being concluded, in table 6.2 we now present the prediction results of the
estimated hyper-parameters for the Ishigami and Morris functions, with n = 100 observation
points. We address the exponential, Gaussian, and Matérn with free smoothness parameter
models. For both the Ishigami and Morris functions, the Gaussian model yields smaller MSEs
than the exponential model. Indeed, both functions are smooth. Over the different DOEs, we

observe that the estimated Matérn smoothness hyper-parameters are large, so that the MSEs and
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Figure 6.8: Same setting as in figure 6.7, but for the estimation of the correlation length vector £
for the exponential model for Case a. For both ML (left) and CV (right), the criterion functions

are strongly unimodal.

the PVAs for the Matérn model are similar to those of the Gaussian model. Let us notice that for
the Ishigami function, the relatively large number n = 100 of observation points is required for
the Gaussian correlation model to be more adapted than the exponential one. Indeed, in table
6.3, we show the same results with n = 70 where the Gaussian model yields relatively larger
MSEs and substantially larger PVAs. Our interpretation is that the linear interpolation yielded
by the exponential correlation function can be sufficient, even for a smooth function, if there are
not enough observation points. We also notice that, generally, estimating different correlation
lengths (Case a) yields a smaller MSE than estimating one isotropic correlation length (Case
i). In our simulations this is always true except for the Ishigami function with the exponential
model. Indeed, we see in table 6.1 that we get a relatively small benefit for the Ishigami function
from using different correlation lengths. Here, this benefit is compensated by an error in the
estimation of the 3 correlation lengths with n = 100 observation points. The overall conclusion
is that the Gaussian and Matérn correlation models are more adapted than the exponential
one, and that using different correlation lengths is more adapted than using an isotropic one,
provided that there are enough data to estimate these correlation lengths.

In the exponential case, for both Cases i and a, CV always yields a smaller PVA than ML
and yields a MSE that is smaller or similar. In Case a, for the Gaussian and Matérn correlation
functions, the most adapted ones, ML always yields MSEs and PVAs smaller than CV or similar.
Furthermore, for the Morris function with Matérn and Gaussian correlation functions, going from
Case i to Case a enhances the advantage of ML over CV.

From the discussion above, we conclude that the numerical experiments yield results, for the
deterministic functions considered here, that are in agreement with the conclusion of section
6.2: ML is optimal for the best adapted correlation models, while CV is more robust in cases of

model misspecification.

Case of universal Kriging

So far, the case of simple Kriging has been considered, for which the underlying Gaussian process
is considered centered. The case of universal Kriging, presented in chapter 2, can equally be

studied. We recall that, in the universal Kriging case, the Gaussian process is considered to
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Function Correlation model MSE PVA
Ishigami exponential Casei ML: 1.99 CV:1.97 ML: 0.35 CV: 0.23
Ishigami exponential Case a ML: 2.01 CV: 1.77 ML: 0.36 CV: 0.24
Ishigami Gaussian Case i ML: 2.06 CV:2.11 ML: 0.18 CV: 0.22
Ishigami Gaussian Case a ~ ML: 1.50 CV: 1.53 ML: 0.53 CV: 0.50
Ishigami Matérn Case i ML: 2.19 CV: 2.29 ML: 0.18 CV: 0.23
Ishigami Matérn Case a ML: 1.69 CV: 1.67 ML: 0.38 CV: 0.41
Morris exponential Casei ML: 3.07 CV:2.99 ML: 0.31 CV: 0.24
Morris exponential Case a ML: 2.03 CV: 1.99 ML: 0.29 CV: 0.21
Morris Gaussian Case i ML: 1.33 CV: 1.36 ML: 0.26 CV: 0.26
Morris Gaussian Case a  ML: 0.86 CV: 1.21 ML: 0.79 CV: 1.56
Morris Matérn Case i ML: 1.26 CV: 1.28 ML: 0.24 CV: 0.25
Morris Matérn Case a ML: 0.75 CV: 1.06 ML: 0.65 CV: 1.43

Table 6.2: n = 100 observation points. Mean of the MSE and PVA criteria over n, = 100
LHS-Maximin DOEs for the Ishigami (d = 3) and Morris (d = 10) functions for different fixed
correlation models. When the model is misspecified, the MSE is large and the CV does better
compared to ML for the MSE and PVA criterion.

Function

Correlation model

MSE

PVA

Ishigami

Ishigami

exponential Case a

Gaussian Case a

ML: 3.23 CV: 2.91
ML: 3.15 CV: 4.13 ML: 0.72 CV: 0.76

ML:

0.27 CV: 0.26

Table 6.3: n = 70 observation points. Mean of the MSE and PVA criteria over n, = 100
LHS-Maximin DOEs for the Ishigami (d = 3) and Morris (d = 10) functions for the exponential

correlation model. Contrary to the case n = 100 of table 6.2, the Gaussian correlation model

does not yield smaller MSEs than the exponential one.
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Function Mean function Correlation MSE PVA

model model
Ishigami constant exponential Case a ML: 1.96 CV: 1.74 ML: 0.39 CV: 0.24
Ishigami affine exponential Case a ML: 1.98 CV: 1.75 ML: 0.40 CV: 0.24
Ishigami constant Gaussian Case a  ML: 1.54 CV: 1.63 ML: 0.54 CV: 0.54
Ishigami affine Gaussian Case a  ML: 1.58 CV: 1.78 ML: 0.57 CV: 0.57

Table 6.4: n = 100 observation points. Mean of the MSE and PVA criteria over n, = 100 LHS-
Maximin DOEs for the Ishigami (d = 3) function and the exponential and Gaussian correlation

models. The incorporation of the mean function does not change the conclusions of table 6.2.

have a mean at location @ of the form Y ?_, 8,g;(x), with known functions g; and unknown
coefficients 3;. For instance a closed-form formula similar to that of proposition 6.2 can be
obtained in the same fashion, and virtual LOO formulas are also available (proposition 2.35).
We have chosen to focus on the simple Kriging case because we are able to address as precisely as
possible the issue of the covariance function class misspecification, the Kriging model depending
only on the covariance function choice. Furthermore it is shown in [Ste99] p.138 that the issue of
the mean function choice for the Kriging model is much less crucial than that of the covariance
function choice.

Nevertheless, for completeness, in table 6.4 we study, for the Ishigami function, the influence
of using a universal Kriging model with either a constant (x — ;) or affine (x — (1 +
Z?:l Bix;) mean function. The process is the same as for table 6.2. We first see that using a
non-zero mean does not improve significantly the Kriging model. It is possible to observe a slight
improvement only with the exponential covariance structure, which we can interpret because a
smooth mean function makes the Kriging model more adapted to the smooth Ishigami function.
On the contrary, for the Gaussian covariance structure, the mean function over-parameterizes
the Kriging model and slightly damages its performances. Let us also notice that CV appears
to be more sensitive to this over-parameterization, its MSE increasing with the complexity of
the mean function. This can be observed similarly in the numerical experiments in [MS04]. The
second overall conclusion is that the main finding of section 6.2 and of table 6.2 is confirmed:
CV has smaller MSE and PVA for the misspecified exponential structure, while ML is optimal

for the Gaussian covariance structure which is the more adapted and yields the smallest MSE.

6.4 Discussion

In this chapter 6, we have carried out a detailed analysis of ML and CV for the estimation of
the covariance hyper-parameters of a Gaussian process, with a misspecified parametric family
of covariance functions. This analysis has been carried out by using a two-step approach. We
have first studied the estimation of a global variance hyper-parameter, for which the correla-
tion function is misspecified. In this framework, we can control precisely the degree of model
misspecification and we obtain closed-form expressions for the mismatch indices that we have

introduced. We conclude from the numerical study of these formulas that where the model is
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misspecified, CV performs better than ML. Second, we have studied the general case where the
correlation hyper-parameters are estimated from data, via numerical experiments on analytical
functions. We confirm the results of the first step, and generalize them.

We have also noticed that the conclusion above does not hold for the case where the Design Of
Experiments is a regular grid. In this case, CV is less robust than ML to model misspecification,
for structural reasons that we have pointed out.

Because of its practical interest shown in this chapter 6, the CV estimation method has been

implemented in the DiceKriging R package [RGD12].
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Chapter 7

Probabilistic modeling of
discrepancy between computer

model and experiments

In this chapter 7, we consider the case where observations of a physical system can be made, and
where a computer model can be used to predict these observations. This framework is part of
the field of statistics dedicated to the design and analysis of computer experiments ([SWMW89],
[SWNO3]). In the analysis of computer experiments, three classical objectives can be formulated,
in the case where experimental data are available.

Validation corresponds to answering the question: how well does the computer model ap-
proximate the physical system underlying the experimental results? A reference book on model
validation is e.g. [Cac03]. In this chapter 7, the validation problem is related to the two following
problems: calibration and prediction.

Calibration corresponds to setting the optional parameters of the computer model, so that
it reproduces the physical system as well as possible. This can be done in two ways here. First,
we can be interested in associating a variability to these optional parameters, in order to model
the variability of the experimental results. Second, we can be interested in estimating a single
value for these optional parameters that is best adapted to the representation of the physical
system.

Prediction corresponds to improving the computer model predictions of the physical system,
and quantifying the uncertainty obtained, by assimilating experimental results. This point of
view is slightly different from the point of view of validation, because the objective is less to
study the validity of the computer model than to complete it by incorporating the information
brought by the experimental results. A recent reference on demonstrating, or refuting, the
validity of the actual computer model would be [WCT09].

In this chapter 7, we address the calibration and validation problems. These two problems
can be summarized in a single objective: modeling the differences between the observations of
the physical system and the computer model results. Gaussian process models, that we have

thoroughly studied in parts I and II, play a central role in this context, because of their natural
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ability to provide a Bayesian a priori distribution on deterministic functions. We will have a
confirmation of their importance in this chapter 7, and in the rest of part III.

Chapter 7 is organized as follows. In section 7.1, we detail the framework for computer
models and experiments. In section 7.2, we review some methods in the literature, in which the
discrepancy between the computer model and the experiments are modeled by a variability of
the physical system. In section 7.3, we consider the case where these discrepancies are explained
by a model error of the computer model. Subsection 7.3.2 presents the associated methods, in
the literature, that make no linear approximation for the computer model. In subsection 7.3.3,
we present the methods that rely on a linear approximation of the computer model with respect
to its model parameters. These are the methods we have retained, both from a methodology
point of view in this chapter 7, and for the application case on the FLICA 4 thermal-hydraulic

code in chapter 8.

7.1 Framework for computer models and experiments
In this manuscript, a computer model corresponds to a deterministic function f,,,q of the form
fmoda(x, B) : RT x R™ — R.
This computer model is a representation of a physical system, that is a map of the form
frea(z) : R = R.

The scalar output of the physical system is the physical variable of interest. It depends, via

the map fr.q, On a vector x of input quantities, that we call experimental conditions.

Remark 7.1. The map © — freai(x) of the physical system can be considered deterministic,
in which case it will be simply called a function. It can also be considered random, meaning
that exactly knowing the experimental conditions x is not sufficient to exactly know the physical
output freqi(x). This randomness can notably occur when the physical output represented by
T = frea(x) is actually (x, ') — f (@, '), where &' is a vector constituted of other physical
variables that are not taken into account in the representation € — freqi(x). In this case, among
different observations of freai(x), for the same experimental condition x, the physical variables
x' that are not taken into account vary, thus yielding different observed values. This variability
can be modeled by a randomness when considering only the experimental conditions x in the
representation of the physical system.

In section 7.2, the physical system map © — freai(x) is modeled as random, while in section

7.8 and chapter 8, it is modeled as deterministic.

The components of the vector @ of the experimental conditions can be divided into two
categories. The first category contains the control variables. These variables define the
physical system, independently of the environment in which the system is put. In engineering
for instance, geometric parameters of the system can often be placed in this category, since
they remain fixed regardless of what happens to the system. The second category contains the

environment variables. These variables are the inputs of the physical system whose values are
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not planned in the conception of the system. These variables are likely to be imposed beforehand
by other systems. The distinction of the experimental conditions into these two categories is
presented for instance in [SWNO3| section 2.1. To give an illustration, in the system design
phase, the environment variables are set by the future use of the system, while the control
variables are the free parameters that may be set through an optimization phase.

The map frcq of the physical system can not be known for all the experimental conditions.
Hence, this map is approximated by the computer model f,,,q- The function f,,,q shares the
same input vector x as the physical system and provides the same scalar output. Furthermore,
the function f,,,q4 can have a second kind of inputs, denoted by the vector 3. The components of
this vector are called the model parameters. They are the fitting parameters of the computer
model f,,4. These parameters are unnecessary to carry out an experiment of the physical
system, but they are needed to run the computer model. Hence, these quantities are seen as
degrees of freedom for the computer model, and allow it to give a good approximation of the
physical system. We will see that the term "good approximation" has two possible meanings.
If the physical system is random, affecting a probability distribution to the model parameters
enables to reproduce this randomness. If the physical system is a deterministic function, varying
the model parameter gives different functions € — fp0d(x,3), thus giving more flexibility for

the approximation of the physical system function.

Example 7.2. Let us consider a toy example of a physical system and of an associated computer
model (this toy example served as a pedagogic illustration for a training session on the CIRCE
method [dC96]). The physical system is a tank, which can move forward and shoot a cannon ball.
An experiment consists in making the tank move and shoot, and measuring the distance between
the tank position, and the point at which the cannon ball hits the ground. Thus, the variable of
interest is the distance P traveled by the cannon ball, and the two experimental conditions are
the speed V' of the tank, and the angle t between the cannon of the tank and the horizontal line.
A schematic is provided in figure 7.1. The two experimental conditions V and t would rather be
considered as environment variables, since they are likely to vary over the different utilizations
of the tank.

Now, consider a physical modeling of the shoot, in which a supplementary variable is intro-
duced: the initial speed U of the cannon ball, relatively to the cannon, after the shoot (see figure
7.1). Notice that this speed does not need to be specified to carry out a real shoot. Thus, U is
the model parameter. The computer model, in this toy model, neglects air friction, and consider

gravitation as the only impacting force, with constant g = 9.8m.s~2.

Thus, the computer model
18
1
(z,B) = (V,t,U) » P == (U?sin (2t) + 2UV sin (1)) . (7.1)
g
The idea is that, if the speed of the cannon ball U is appropriately specified, (7.1) can provide a

good prediction of the measured distance P for real shoots of the tank.

We have n observations of the physical system of the form x(!), Yobs, 11 -+ ("), Yobs,n, Where
x® is an experimental condition and s, is the observation of the physical system frcq

obtained from it. The central question of this chapter 7 is to explain the discrepancies yops,; —

fmod(w(i)7 /6)
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Figure 7.1: Toy example of the cannon ball. A tank can move forward and shoot a cannon ball.
The variable of interest is the distance P between the point of shoot, and the point at which
the cannon ball hits the ground. The experimental conditions are the speed V of the tank, and
the angle ¢ between the cannon of the tank and the horizontal line. The computer model is
parameterized by the initial speed U of the cannon ball relatively to the cannon, and is defined
by P = é (U?sin (2t) 4+ 2UV sin (t)), with g the earth gravitation constant.

The most classical and simple explanation is to consider that these discrepancies only come
from a misspecification of 8 and measurement errors. More precisely, this corresponds to the
case where two hypotheses are made. The first hypothesis is that the physical system f,cq; is
a deterministic function and that the computer model is capable of perfectly reproducing it.
That is to say, there is a model parameter ﬁ(o) so that V&, frea () = fmod(, ﬁ(o)). The second
hypothesis is that the deviations yops,; — Fmoa(x®, ﬁ(o)) come from uncertainties related to the
experiments. These uncertainties have generally two sources. First, the observations are affected
by measurement errors. Second, although we do not treat this problem in this thesis, there can
be a replicate uncertainty, meaning that the experimental conditions can not be known exactly
for a given experiment.

The main limitation of this explanation is the assumption that there exists ﬁ(o) so that
the deviations f,oq(z?, ,8(0)) — Yobs,i come only from uncertainties related to the experiments.
Indeed the order of magnitude of these uncertainties is usually known. Hence, when mean error
indicators, such as ming % S (yobsyi — fmod(w(i),,@))z, are too large compared to this order
of magnitude, it indicates that there is a problem with the two joint hypotheses discussed above
(this can be quantified by Monte Carlo methods).

In this chapter 7, we will discuss two main frameworks to address deviations yops i — Fmoa(x™, B3)
that are too large to be explained only by uncertainties related to the experiments.

In section 7.2, it is assumed that, for 1 <4 < n, yops,; = fmod(:c(i),,@(i)) + ¢; where the B(i)
and the ¢; are 7id and follow two given distributions. Therefore, the error terms fmod(m(i), B) —

Yobs,i are jointly explained by a variability of the physical system (which is random) and by
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measurement errors.

In section 7.3, it is assumed that, for 1 < i < n, Yops; = fmod(w(i),,@(o)) + Z(xW) + ¢,
where ,6(0) is a fixed model parameter, * — Z(x) is a deterministic function and the ¢; are
iid and follow a given distribution. Z is called the model error function. Hence, in section
7.3, it is assumed that the physical system is a deterministic function and that the error terms
Fmoa(x®, B) — Yobs,i are jointly explained by a model error of the computer model f,,q4 and by

measurement errors.

7.2 Errors modeled by a variability of the physical system

7.2.1 The general probabilistic model

Based on the general framework of section 7.1, the probabilistic model that we follow in this

section 7.2 is the following one.

freal(w) = fmod(wvﬁ)a (72)

where x is the vector of the experimental conditions and 3 is the random vector of the model

parameters. The distribution £g of 3, on R™, is unknown.

Remark 7.3. Let us consider again the toy example 7.2. The model (7.2) corresponds to the
case where doing two shoots with the same angle t and tank speed V results in two different
distances P for the cannon ball. This difference is explained by an intrinsic variability of the
shoot process in the cannon. (7.2) thus boils down to considering that this intrinsic variability
yields a random initial speed U of the cannon ball after the shoot, and that the trajectory of the

cannon ball is deterministic once t, V and U are fized.

In (7.2), the physical system is random, and the objective is to estimate its distributions
x — L4, where L, is the distribution of freqi(). Once this distribution is estimated, it can
be used in any applied statistical analysis, such as, in a risk analysis, evaluating the probabil-
ity that, for a given experimental condition x, the physical system yield an undesirably large
value. Furthermore, in a design study, knowing the distributions £, enables to carry out an
optimization under uncertainty of the system parameter part of x.

Since the computer model can be run for arbitrary inputs @, 3, the distribution mapping
x — Lz, can be estimated if the distribution £g of the model parameters is known. This is
called uncertainty propagation ([dARDT08]), because the uncertainty on 3 is propagated in f,04
to yield the uncertainty on fp,.q(x,3). Thus, the objective associated to the framework (7.2) is
to estimate the distribution £g.

This is done by using the computer model f,,,q for chosen experimental conditions and model
parameters, and by using a set of experimental results. A set of experimental results is of the form
TV Yops 1y e 2™ Yops.n, where (V) is an experimental condition and Yops i = frear(z?) +¢; is
an observation of the physical system for this experimental condition. It is assumed that the ¢;

are independent measure errors, following a centered Gaussian distribution with known variance
2

Jmes‘

Thus, we have
Yobs,i = fmod(w(z)vﬂ(l)) +¢€; (73)
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where the yqp,,; are iid, the () are deterministic and observed, the ¢; are iid with known
N(0,02,,,) distribution and the B are iid, unobserved and follow an unknown distribution La
which is to be estimated.

As in many distribution estimation problem, the question of whether using a parametric or
non-parametric estimation method arises. Classically, roughly speaking, using a non-parametric
method enables potentially to approximate the true distribution Lz as accurately as possible.
However, due to the limited number of observations, a non-parametric estimation method is
much more subject to their variability than a parametric one, so that it can eventually yield a
more imprecise estimation. The two errors that we have described, the approximation error and
the prediction error, are hence antagonistic, so that a trade-off has to be found between them.

In this section 7.2, we will discuss the parametric estimation of £g. The distribution Lg is
assumed to be multidimensional Gaussian, with unknown mean vector m and unknown covari-
ance matrix 3. Hence, the goal becomes to build estimators m(y,s) = M (Yobs,1, - Yobs,n) and

Y (Yobs) = X(Yobs, 15 - Yobs,n) for the mean vector and the covariance matrix.

7.2.2 Non-linear methods

By non-linear methods, we mean that we do not make any approximation for the computer
model function (x,8) = fmoa(z, 3).

Maximum Likelihood methods

For given m and X, yeps,; in (7.3) always follows a non-degenerate distribution on R when

2

Jmes

> 0. Thus, Maximum Likelihood is feasible. The probability function of yps,; is written

as, with p,, »(.) being a probability density function given m and X,

pm,E(yobs,i)
- /R Pm.,= (yobs,i7 /B)dﬂ

= / pm,E(yobs,i
1

(V2m) ™G es /3]
/m exp <_(yobs,i - fmod(mivﬁ))2) exp <—;(ﬂ _m)ts (8 — m))d,@.

ﬁ)pm,2(3>d5

2
2Umes

Thus, by writing the log-Likelihood of each of the independent yops,;, the Maximum Likelihood

estimation of m and X is

(tharz, Earr) € argmin L(m, X),
m,3

with

195



7.2. ERRORS MODELED BY A VARIABILITY OF THE PHYSICAL SYSTEM

with

Li(m,X) = (7.6)

1 obs,i — Jmo i7ﬁ 2 1 te—
In <ﬁ [ o (—(‘“ Jnod 20 B) )exp (—2(ﬂ—m) > 1(B—m)>dﬂ>

mes

Because of the very general form of f,0q4, the integral terms in (7.5) and (7.6) are not
explicit. If the computer model f,,,4 is cheap to run, they can be evaluated numerically, making
the ML estimation computationally feasible. Let us also mention the existence of the Stochastic
Expectation Maximization algorithm, that, roughly speaking, aims at optimizing (7.5) without
calculating it exactly. We refer to chapter 1 of the PhD thesis [Ful2] and to [Barl0] on this
subject.

If the computer model f,,,q iS expensive, one non-prohibitive solution, as mentioned in

[Ful2], is to replace it by a cheaper metamodel fimoa before optimizing (7.5) and (7.6).

Bayesian methods

In the thesis [Ful2], Bayesian methods are preferred to the ML method (7.5), because of their
ability to take into account expert knowledge, especially when the number n of observations is
small.

A Bayesian model considers m and 3 as random vector and matrix, where the randomness
corresponds to a lack of knowledge, and not to a variability. This randomness is hence different
in nature from the randomness of 3, which really varies among the different observations yops,i-
The a priori distribution of m and X is chosen by the practitioner, according to available expert
knowledge, and is thus assumed fixed and known in all the mathematical developments. We
refer to [Rob01] for an introduction to Bayesian statistics.

Treating m and 3 as random variables with known distribution makes it natural to consider

the conditional distribution

p(m72|yobs) (77)

as gathering all the information relative to their estimation. For instance the mean of (7.7) can
be considered as their estimation, and the variance of (7.7) can be considered as an indicator of
the uncertainty of this estimation.

Considering the probability density function of a random symmetric matrix 3 is done by

bijectively mapping S, the set of the m X m symmetric matrices, with R™5™ . The bijec-

w upper-diagonal coefficients of a symmetric

tive mapping corresponds to extracting the
matrix.
Once the probability density functions for symmetric matrices in S are defined, the condi-

tional distribution (7.7) becomes,

1

p(m7 2‘yobs) p(yobs|m’ E)p(m’ 2)

Zyobs
- Zl {Hpm,z(yobs,i)}p(m,z), (7.8)

Yobs i=1

196



CHAPTER 7. PROBABILISTIC MODELING OF DISCREPANCY BETWEEN
COMPUTER MODEL AND EXPERIMENTS

with
Zy,, = Jam x5 P(Yops [, T)p(m, B)dmdS
= meXS {H?:l pm,Z(yobs,i)}p(ma E)dmdz
and with py, s (Yobs,i) as in (7.4).

Remark 7.4. In (7.8), we have a classical Bayes’ rule, that is summarized in equation (2.5) of
[RW06] by the formulation
likelihood x prior

osterior = ,
P marginal likelihood

where the likelihood term is the pdf of y s given m and X, the prior term is the unconditional
pdf of m and X, the posterior term is the conditional pdf of m and ¥ given y,,, and the
marginal likelihood term is the intergral over m and 3 of the likelihood times the prior. Note

that the marginal likelihood term is also the unconditional pdf of Y -

Similarly to ML, the conditional pdf (7.8) of m and ¥ depends on the non-explicit integrals
(7.4) involving the computer model f,,,q4. If the function f,,.q is cheap, Monte Carlo Markov
Chains (MCMC) algorithms can compute a sample m(D), 21 m(me) 53(m¢) whose empirical
distribution is approximately the conditional distribution (7.8). We refer to [RC99] for a general
introduction to MCMC algorithms and to the chapter 1 of [Ful2] for their utilization in the
present context.

Now, if the computer model f,,,q4 is time-costly, the approach followed in [Ful2] is to combine
MCMC algorithms with a Kriging approximation of f,,,q4. We refer to [Ful2] for further details

on this approach.

7.2.3 Methods based on a linearization of the computer model

The advantage of linearization-based methods is to make explicit the terms Py, s (Yobs,i) of
(7.4), which are interpreted as likelihood functions or as conditional distributions, depending on
whether we are in the frequentist of Bayesian framework.

The computer model is thus approximated linearly with respect to its model parameters
(within the range of values that is under consideration). Hence the computer model is considered
of the form froa(®, B) = finod(T, Brom) + 2oieq hi(®)(B; — Brom i) Where B, is the nominal
vector around which the linear approximation is made. We choose, for simplicity reasons, to
remove the perfectly known quantities 3,,,,, and fimed(, B,om)- Indeed, up to a shift with

respect to 3 and fpq4, we can consider that 3,,,,, = 0 and fmed(€, B,om) = 0. We then have

m

YV frnoa(, B) =Y _ hi(x)B;. (7.9)

i=1
The linear approximation is justified by a Taylor series expansion when the true covariance
matrix X of the model parameter 8 is small. If it is not the case, as stated in chapter 1 of
[Ful2], the estimation of m and X can be misleading.
Nevertheless, the linear approximation simplifies the treatment, because, denoting h(m(i)) =
(hi (™), ..., by (D)), we have

Yobs.i = R B + ¢,
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so that
L(yops.ilm, T) = N (B(@D)'m, V() | (7.10)

with
Vi(2) = h(zD)! Sh(z®) + o2, .. (7.11)

Thus, the ML estimator of subsection 7.2.2 becomes

3 1 - obs,i —
(Marr, Sarz) € argmin — Y " In (Vi(3)) + (Yobs,

n
m,3 i—1

(7.12)

with V;(X) as in (7.11). The Likelihood function requires to compute the gradients of fi,od
w.r.t 3 for all the 2(?). This is done prior to the optimization in (7.12), so that, naturally, the
linearization-based ML involves fewer evaluations of f,,,q than the non-linear ML of subsec-
tion 7.2.2. When the gradients are calculated, (7.12) could be numerically optimized directly,
since the likelihood criterion is evaluated with O(n) operations. In [dC96], an Expectation-
Maximization algorithm is proposed for optimizing (7.12). The obtained method for estimating
m and ¥ is named the "CIRCE" method. It has been widely used in the system thermal-
hydraulic domain, and especially with the CATHARE computer model.

Finally, notice that, though we have presented the case where the measure error variance
2

Jmes

is known, this parameter can be estimated as well by ML, thus yielding an optimization

problem similar to (7.12). In the CIRCE method, the parameter 02, can similarly be estimated.

mes

In the Bayesian framework, the conditional distribution (7.8) of the non-linear case becomes

p(m, Blyq,) = (7.13)
) 2
1 . 1 — [Yobs,i — h(z)im)]
exp : p(m, %),
Zy,, {Hl 21Vi(3) ( 2Vi(%)
where
Zyobs =

T L — [yobs.i — h(2®)'m]’
/]R”LXS {}:[1 \/T(E) exp < WD) > }p(m7 Y)dmdx,

and with V;(X) as in (7.11).
Similarly to (7.12), (7.13) requires to compute the gradients of f,.q once and for all, before

the conditional distribution is computed. Thus, the conditional distribution is rather cheap
to compute, since the terms in the integrals in (7.13) can be computed with O(n) operations.
Hence, classical integral evaluation methods, or classical MCMC algorithms are likely to work

well.

7.3 Errors modeled by a model error process

7.3.1 The general probabilistic model

The statistical model of this section 7.3 is based on two main ideas:
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e The physical system & — freqi(x) does not necessarily belong to the set of computer
model functions {& — fiea(x, B)}. We model the difference between the physical system
and the correctly parameterized computer model by an error function that is called the

model error. The notion of correctly parameterized computer model is explained below.

e The model error function is not observable everywhere, and hence is unknown for the
majority of the experimental conditions. This lack of knowledge is modeled by the intro-
duction of a stochastic framework for this function, that is to say, it is represented by a
realization of a Gaussian process Z(x). Thus, as we have discussed in subsection 2.1.1, we
model an unknown deterministic function as a realization of a Gaussian process. Being
the sum of the correctly parameterized computer model and of the model error function,
the physical system itself is a realization of a Gaussian process. Hence, we do not use the
notation fr.q () anymore for the physical system. Instead, we denote it by the Gaussian

process Yyeqr ().

Motivated by these two ideas, the Gaussian process statistical model of section 7.3 is defined

by the two following equations

Yieal(®) = fimod(x, B) + Z(x) (7.14)

and
Yops(€) = Yiear () + €(x). (7.15)

Where:
o Y,..qi(x) is the Gaussian process of the physical system.

e Z(x) is the model error process. It is assumed to be Gaussian and centered. Its covariance
function is generally not considered known, and will be estimated from data, similarly to

chapter 3.

e 3 is the correct parameter of the computer model. We call it the correct parameter
because, Z being centered, the computer model parameterized by 3 is the mean function

of the physical system.

e Y,ps(x) is the observed output of the physical system for the experimental conditions x.
This observation is the sum of the variable of interest and of a measurement error e(x).

e(x) follows a Gaussian centered distribution, and is independent from one experiment to

2

mes? and

another. The variance of € is in general constant, in which case we denote it by o

can be assumed known.

Remark 7.5. Let us consider the toy example 7.2. Assume that the computer model remains

the analytical function
1
(z,B) = (V,t,U) = P =~ (U?sin(2t) + 2UV sin (1)),
g

which assumes that the only acting force is the gravitation. Assume that the air friction force is

actually non-negligible, and is of the form —'77 for a speed vector Y. Assume also that a cannon

199



7.3. ERRORS MODELED BY A MODEL ERROR PROCESS

shoot always yields the same initial speed Uy of the cannon ball. Then, the physical system is
still a deterministic function of V and t, which can correspond to the realization of a Gaussian
process. Uy can be interpreted as the correct model parameter, but the model obtained from it
is not a perfect representation of the physical system. The air friction coefficient vy, that is not
taken into account by the computer model, causes a model error function, that, by difference,
is a deterministic function. This deterministic function can be modeled as the realization of a

Gaussian process.

For the model error Z in (7.14), we recommend to use a continuous covariance function,
such as the ones presented in chapter 2. These covariance functions make Z(x) and Z(x + d)

dependent for small §,. There are two reasons for doing so.

e The physical system is generally continuous with respect to the experimental conditions,
and so is the computer model. Hence, as a difference, the model error process Z must
be a process with continuous trajectories. This is generally the case when the covariance

function is continuous (see chapter 2).

e Similarly, it is expected that if the computer model makes a certain error for a given
experimental point, then it will do a similar error for a nearby experimental point. This

principle is taken into account by a continuous covariance function.

Concerning the correct model parameter 3, we consider both a frequentist or Bayesian
framework. The Bayesian framework allows to take into account expert judgments for the model
parameter 3. This is done by modeling the constant but unknown correct model parameter 3
as a random vector. The distribution of this random vector is known, and chosen according to
the degree of knowledge one has about the model parameter 3. We use a Gaussian distribution

for the Bayesian modeling of 3. Hence, we distinguish two cases:
No prior information case: 3 is a vector of unknown constants.

Prior information case: (3 is a Gaussian vector, with known mean vector 8,,,;,, and

covariance matrix Qprior-

From the Gaussian process modeling (7.14) and (7.15), we are interested in solving the two

following problems:

1. Calibration. It is the problem of estimating the correct model parameter 3, or equiv-
alently finding the most accurate computer model function @ — f04(x, 3) to represent

the physical system.

2. Prediction. For a new experimental condition ("), we want to predict the physical
system, and associate a measure of uncertainty to this prediction. The main idea is that
the physical system is not predicted solely by the calibrated computer model, because we

are also able to infer the value of the model error at x(mew).

The calibration and prediction methods depend on the approximations made on the computer
model function. In subsection 7.3.2, no approximations are made. In subsection 7.3.3, a linear

approximation of the computer model, with respect to the model parameters, is made.
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7.3.2 Non-linear methods
Estimation of the covariance function of the model error

For the calibration and prediction tasks to be carried out, it is first necessary to estimate the
covariance function of the model error Z and the variance o2,,, of the measurement error e.

The variance o2, of the measurement errors can generally be specified from physical exper-
tise. This is the case we will consider here. If it is not the case, this function can, for example,
be estimated in the same way as the model error covariance function.

We denote by K,,,q the covariance function of the model error. Generally there is no expert
judgment available concerning K,,,q- Indeed, physical knowledge is used in the conception of
the computer model, and hence may not help to know the shape of the error of the computer

model. Therefore, K,,,q has to be selected in the parametric set similar to definition 3.18,

Icmod = {Kmodﬂ/)v'l;b € \I/}a

with Kinoap a stationary covariance function and ¥ C RP. K,,0q4 can be one of the classical
covariance function families that are presented in chapter 3.

We have n observations of the physical system of the form x(", Yobs,1s -+ (), Yobs,n, Where
x() is an experimental condition and Yops ; = fobs (V). In the frequentist framework for 3, the

likelihood function of y,, is a function of both 8 and 1 and is as follows.

l(ﬁ,’l,b) = ! L ! exp <1(yobs - m(ﬁ))tK;bl(yobs - m(,@)))7 (716)

(2m)2 /Ky 2

where m® is the n x 1 vector defined by mgﬁ) = fmod(m(i),,@) and Ky = Kioa,y + 021,

N3

with K,noa.4 the n x n matrix defined by (Kmod,p)ij = Kmod,p (' —29).

Because of the general form of the computer model function f,,q in (7.16), the likelihood
function (3, 1)) must generally be maximized jointly with respect to 3 and . This yields the
ML estimator 1ZJML.

Similarly to section 7.2, two cases are considered, depending if the computer model is ex-
pensive to run or not. If the computer model is not expensive to run, (7.16) can be directly
maximized numerically. If the computer model is expensive to run, one possible solution is
to build a Kriging model of it, jointly with respect to & and 3, from a limited number n,,
of computer model results. Also, new computer model results could be added iteratively, with
well-chosen inputs «, 3, in a spirit similar to Kriging-based optimization [JSW98]. To our knowl-
edge, this problem has not been much addressed in the literature. Indeed, classical references on
computer model calibration ([KOO01], [HKC*04], [BBPT07]), when a model error is taken into
account, rather consider the Bayesian framework for 3.

In the Bayesian framework for 3, let p(3) be the probability density function of 3, following a
N (Bprior» Qprior) distribution. We consider the fully-Bayesian case where an a priori probability
distribution p()) is also specified for 1. Indeed, this is the case in the references [KOO01],
[HKC*04], [IBBPT07]. Then, the conditional distribution of 3, given y,,, has the pdf

1B, ¥)p(B)p(v)
Jgmin (B, 0)p(B)p(th)dBdap’

(7.17)
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with [(8,%) as in (7.16). Similarly to the frequentist case, if the computer model f,,0q is
cheap, then the numerator in (7.17) is rather cheap to compute, so that MCMC methods can be
carried out directly. These MCMC methods yield a sample (ﬁ(1)7 AN (UCR 1,b(mc)) following
approximately the conditional distribution (7.17). The empirical mean of the 1" is thus the
fully-Bayesian estimation of 1.

Now, if the computer model is expensive to run, the aforementioned references [KOO01],
[HKC*04], [BBPT07] propose to build a Kriging model for it. A Bayesian probability distribu-
tion is also associated to the covariance hyper-parameters of this second Kriging model. This
results in a rather complex fully Bayesian framework, for which, by using MCMC methods,
it is nevertheless tractable to compute an approximation of the conditional distribution of
conditionally to the vector of experimental results y,,,, and to a vector of results of the com-
puter model f,,,4- Again, the mean of this approximate conditional distribution constitutes the
Bayesian estimation of 1. We refer to the aforementioned references for details of this treatment.

In the Bayesian framework for 8 and 1), whether the computer model is expensive to run
or not, the MCMC method yields a sample ’I/J(l)7 ...71/;(’"6) from the distribution (7.17) for .
This sample naturally enables us to quantify the uncertainty related to the estimation of .
This uncertainty can also naturally be taken into account in the prediction and calibration (see
[KOO01], [HKC*04], [BBP*07]).

Nevertheless, in section 5.2.1 of [BBP*07] and in section 4.5 of [KOO01], it is recommended to
consider v as known and equal to its Bayesian estimate. We will follow this recommendation in
this subsection 7.3.2. Hence, in the sequel of subsection 7.3.2, 9 is considered known and equal
to its estimate. Notice that this is similar to chapter 3 where, most classically, the covariance
hyper-parameters of a Kriging model are first estimated, and then assumed known and equal to
their estimate when addressing Kriging predictions and predictive variances. Notice that this

may result in a slight underestimation of the uncertainty associated to the Kriging predictions.

Calibration when the covariance function of the model error is fixed

As we have previously discussed, we consider that the covariance function K,,,q of the model
error process Z is known.
In the frequentist framework for 3, the ML estimation of 8 corresponds to maximizing the

likelihood function

18)= 1 oy (—1<yobs—m<ﬁ>>fK—1<yobs—m<ﬁ>>), (7.18)

(2m)% m 2

where m® is the n x 1 vector defined by mz(-ﬁ) = fmod(w(i), B) and K = K, 04 + 02,..I,,, with

K04 the n x n matrix defined by (Kiod)i,; = mod(a:(i) — a:(j)). Maximizing (7.18) yields the

ML estimator 3,;; .

Remark 7.6. We see in (7.18) that the ML estimator BML can be written
BML € aJrgrnin(yobs - m(ﬁ))tKil(yobs - m(ﬁ))
B

Therefore, the ML estimator of 3 selects a model parameter yielding the best possible reproduction

of the experimental results by the computer model, which is intuitive.
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Remark 7.7. Quantifying the uncertainty of the ML estimator BML in (7.18) is not simple
because of the general nature of the computer model function fp.q. On the contrary, in the
Bayesian framework treated below for calibration, the conditional distribution of B naturally
yields this uncertainty. In this subsection 7.8.2, we will not discuss the uncertainty related to
the frequentist ML estimation of 3, because we do not use this ML estimation elsewhere in the
manuscript (when the computer model is not assumed linear with respect to 3). We are not
aware either of references on the frequentist estimation of 3 in the non linear case. On the
contrary, the references [KO01], [HKC" 04] and [BBP* 07] treat the Bayesian estimation of (3.

We refer to the discussion following (7.16) for the optimization of (7.18): if the computer
model is cheap, the optimization can be carried out directly, if not, building a Kriging model of
the computer model is a possibility.

We now consider the Bayesian estimation of 3, for which details can be found in the references
[KOO01], [HKC*04] and [BBPT07]. Let p(3) be the probability density function of 3 following
a N(Bprior> Qprior) distribution. Then the distribution of 3, conditionally to the vector of

observation y ;. is

1(B)p(B)

Jom UB)D(B)dB’
with I(3) as in (7.18). We refer to the discussion following (7.17) for the computation of
(7.19). If the computer model is cheap, MCMC methods can be carried out directly. Else, it
is proposed in [KOO1], [HKC'04] and [BBP07] to combine MCMC methods with a Kriging
model for the computer model. In both cases, MCMC methods yield a sample (ﬁ(l), ey ,B(mc))

following approximately the conditional distribution (7.19). All the conditional distribution can

(7.19)

be considered for carrying out further uncertainty analysis on 8. If more simple indicators
are preferable, the empirical mean of the w(i) is the fully-Bayesian estimation of %, and an

associated indicator of the estimation error is the empirical variance of the 'w(i).

Prediction when the covariance function of the model error is fixed

The goal of the prediction is to give the most probable value of the physical system, for a
new experimental condition, without doing a real experiment. This most probable value is not
necessarily given by the output of the calibrated computer model, because the model error is
inferred as well.

Consider a new point z("*®), for which we aim at predicting the value of the physical
system Ycq(z("¢*)), from the observed values at "), ... 2(™. We denote by k(x(™*")) the
n x 1 covariance vector of the model error process Z between (z), ..., (™) and ("), that is
(k(w(new)))i = Kppoa(x) — x(new),

Consider first the frequentist case, with the ML estimator 3,,; of (7.18). The most natural
prediction method is to consider 3 fixed and equal to the estimate B ar- This being done, the ob-
servation vector Yops,1, ---, Yobs,n has distribution N(m([’ML), K). Furthermore, since the measure
error is independent of the model error, the covariance vector between y,,, and Yy.q(2(¢"))
is k(z("®)). Thus, we can directly use the simple Kriging equation (2.9), which yields the

prediction

@) = Frnoa(@ ™), Bry) + (@) K (g — mPur)), (7.20)
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The main idea in (7.20) is that Yy.q(z("¢*)) is not predicted by the calibrated computer
model only, because we are able to infer the value of the model error at =("¢®). Thus, the
predictor (7.20) is composed of the calibrated computer model f,,oq(x*), B,,.) and of the
inferred model error k(™)' K~1(y,,,—m®Bu1)). By inspection of (7.20), the inferred model

error has the following properties:

e x("°®) heing fixed, this term is large when the errors y,,, — mBur) between the experi-

mental results and the calibrated computer model are large.

e The observations being fixed, this term is a linear combination of the components of
E(x(™)). These elements are usually a decreasing function of the distance between
(%) and the experimental conditions «(*. Hence, if 2("®) is far from an experimental
condition (¥, then the weight of this experimental result is small in the combination.
Hence, the prediction of Ymal(w(”ew)) is almost only composed of the calibrated computer
model when (") is far from any available experimental condition, while the model
error inference term is significant when a("¢*) is in the neighborhood of an available
experimental condition (the neighborhood is defined in terms of the correlation function
Kinod)-

Neglecting the uncertainty related to BML, the prediction mean square error of g)(:c(”ew)) is
obtained from (2.10) and is

6_2($(new)) — Kmod($(new),$(new)) _ k(m(new))thlk(w(new))‘

Similarly to remark 7.7, we do not discuss methods for taking the uncertainty related to
B ML into account in the prediction mean square error. Indeed, the prediction in the frequentist
case (in the non-linear case of this subsection 7.3.2) is not treated in this manuscript, neither is
it (to our knowledge) in the literature.

We now consider the Bayesian case for 3. The Bayesian framework computes, by nature, the
conditional distribution of Ve (2("¢*)) given y,,,, which also takes the uncertainty related to 3
into account in the prediction error. Letting p(.) and p(.|.) denote probability density functions

and conditional probability density functions, we have
p(meal(w(new)”yom) = / p(meal(w(new)”yobs?6)p(6|yobs)dﬁ' (721)

Yyear (™)) can be sampled easily conditionally to (y,,,,3), because it follows a Gaussian

distribution with mean
Froa(@™), B) + k(z")) K™ (g, — mP)) (7.22)

and variance
Ko™ 1) — k(") K (). (7.23)

Also, a sample gV, ..., B(me), following approximately the distribution of 3 conditionally to
Yopss Can be obtained by using MCMC techniques, as we have discussed in (7.19). Thus,
sampling (Vyea (2™))); conditionally to y,,,, 3" for 1 < i < me, we obtain the sam-

ple (Vyea (™)1, ooy (Vrear (2(%))),,. following approximately the full-Bayesian distribution
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(7.21). Notice that (7.21) is similar to the first equation of appendix C in [BBPT07], and that
the sampling method we discuss is similar to the sampling method discussed there.

Notice also that the sampling method for (7.21) is intuitive because (Yycqi(z("¢"))); is the
sum of froq(x®), 39 and of a conditional realization of the model error (see (7.22) and
(7.23)). A conditional realization of Y;.q(2("¢*))) is thus composed of a conditional realization
of the calibrated code and of a conditional realization of the model error.

The sampling method following (7.21) has the advantage of separating the calibration part
and the prediction part. Indeed, when the sample ,8(1), ...,ﬂ(mc) is obtained, it can be stored
and used, afterwards, for sampling Y. (")) for a large number of experimental conditions
x("¢®)  This second sample is done exactly and does not require MCMC methods. Furthermore,
the full process ("¢®) — Y, q(2("*)) can also be sampled, from the same MCMC sample
BWY ..., 8™ based on subsection 2.2.3.

The question on whether the computer model is cheap to run or not impacts the generation of
BW ..., 8™ as we have discussed after (7.19). Predicting Y;eq (z("®)) for a large number of
experimental conditions &("¢*) is also impracticable directly if fi,oq is expensive to run, because
fmoa has to be called mc times for each experimental condition (%), We refer to [KOO1],
[HKC'04] and [BBP07] for methods based on a Kriging modeling of f,,,q to overcome this

issue.

7.3.3 Methods based on a linearization of the computer model
Linearization of the computer model

The methods described in subsection 7.3.2 are valid for any computer model function f,.q-
However, they can be rather computationally expensive to use in practice. Indeed, we have seen
that these methods require, in the Bayesian case, to run a MCMC algorithm, and possibly to
approximate the computer model by a surrogate model in both the x and 3 domains. In the
frequentist case, the methods of subsection 7.3.2 require to numerically solve an optimization
problem, involving f,,.q4, With respect to 3, and we have seen that they do not provide natural
way to take the uncertainty related to 3 into account in further predictions.

In this subsection 7.3.3, we show that the treatment of the Gaussian process modeling of
the model error is much simpler when the computer model is assumed linear with respect to its
model parameter 3 (within the range of values that is under consideration).

Hence, in this subsection 7.3.3, and similarly to subsection 7.2.3, we consider computer

models of the form f,0a(2,8) = finod(Z, Bpom) + Yoy hi(2)(B; — ,Bnom’i) where 3,,,,, is the

nominal vector around which the linear approximation is made. (3 is generally chosen by

nom
expert judgment or by previous calibration studies. Similarly to (7.9), we can equivalently have

the simpler equation
m

VY frnoa(, B) =Y _ hi(x)B;. (7.24)

i=1
The linear approximation is justified by a Taylor series expansion when the uncertainty

concerning the correct parameter 3 is small. This linear approximation is frequently made, for
example in thermal-hydraulics [dC01, PCDO08], or in neutron transport [KHFT06]. A thorough
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discussion on the validity of using the linear approximation in the non-linear case is given at the
end of this subsection 7.3.3.

We now formulate the problem in vector-matrix form. Assume that n experiments are carried
out at ), ..., (™. We denote the n x m matrix H of partial derivatives of the computer model
with respect to 8 = (81, ..., Bm). H is defined by

H;j = h(z).
For the n experiments the equations (7.14) and (7.15) become
Yobs = Hﬂ + 2z + €, (725)

with z; = Z(x@) and ¢; = ¢(x®). Hence we have a universal Kriging model (see chapter 2).

We denote by K the covariance matrix of the model and measurement error vector z + €.
K :=cov(z +€) = Kyoa + 02,1, (7.26)

Remark 7.8. In (7.26), the covariance matriz of the measure error vector € is o>

= esln, because

the measure errors are independent. The case of dependent Gaussian measure errors can be

2

esln by the covariance matriz K,,.s of the measure

treated similarly, by replacing, in (7.26), o

error vector €. In this subsection 7.3.2, for concision, we address the case of iid measure errors
2

mes*

with variance o

When the matrix K is fixed, we can compute the a priori distribution of the vector of

observations. In the no prior information case we have, with 3 an unknown constant,
Yobs ~ N (HB, K). (7.27)
In the prior information case, we have, with 8 ~ N(8,,.i0r> Qprior)
Yobs ~ N (HByi0r, HQprio H' + K). (7.28)

Thus, the linear approximation (7.24) yields the simple Gaussian distributions (7.27) and
(7.28) for y,,,, contrary to subsection 7.3.2, where the distributions in the frequentist and

Bayesian case are general, because of the general nature of f,0q4.

Estimation of the covariance function of the model error

Similarly to subsection 7.3.2, we consider that the variance o2, of the measure error is known
and that the covariance function of the model error Z is estimated from y,;, in the parametric
family

’Cmod = {Kmod,’lpvw € \Il}’

with K044 a stationary covariance function and ¥ C RP.

Since we deal with a classical universal Kriging model for y,,,, the estimation methods
presented in chapter 3 can be adapted to estimate 1p. We use preferably the REML method of
chapter 3. The advantage of REML is that the estimation of % is independent of the estimation

of 3. Furthermore, this method enables us to have the same estimation of v in both the prior and
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no prior information case. Finally, let us notice that n > m is required for the REML method,
that is to say there are more experiments than model parameters. In thermal-hydraulics, the
field of the application case of chapter 8, this condition holds. Nevertheless, in other fields of
Nuclear Engineering, typically in neutron transport [KHFT06], one may have m > n. In this
case, if one wants to address the present model error modeling anyway, it is recommended to
work in a fully Bayesian framework, both for the model parameters and the covariance hyper-
parameters as described in [SWNO3] section 4.1.4, and in subsection 7.3.2 for the non-linear case
for fi.0q4- Indeed, the very large number of model parameters makes the uncertainty related to
the hyper-parameters of the model error covariance function too large to be neglected, as it is
done when these hyper-parameters are fixed to their estimated values.

Let us denote Ky = Kinod,4 —i—crfmsln and let U, S,V be a Singular Value Decomposition of
H, with U of size n x m so that U'U =1,,, ,,,, S a diagonal matrix of size m, with nonnegative
numbers on the diagonal, and V an orthogonal matrix of size m, so that H = USV®. Then,
the REML estimation of v is defined by (see chapter 3)

@ € argmin q(y), (7.29)
%p
with
—y4. K, U(U'K,'U)T'U'K - (7.30)

We recall (see chapter 3) that it does not matter if H is ill-conditioned, or even singular, since

its singular values are actually not used in the computation of the Restricted Likelihood.

Calibration and prediction

Throughout this subsection, we assume that the covariance function K,,,q of Z is estimated

and fixed and we use the classical Kriging formulas of chapter 2 to solve the calibration and

2
mes

prediction problems. Thus, let K = K,,0q + 0
K, ;= Cov(z + €, zj +¢€j).

I, be the fixed n x n matrix defined by

In the no prior information case, the calibration problem is the frequentist problem of esti-
mating the unknown parameter 3. From chapter 2, the maximum likelihood estimation of 3
is

B=MHK'H 'HK 'y,.. (7.31)

This estimator is unbiased and has covariance matrix
cov(B) = (H'K'H) . (7.32)

We see that if there is a 3 so that H3 =y, then we have B = 3. This means that, if we are
in the favorable case when the computer model can perfectly reproduce the experiments, then
the Gaussian process calibration of the computer model will achieve this perfect reproduction,
as should be expected. Finally, as the random vector ﬁ has Gaussian distribution, its covariance

matrix is sufficient to yield confidence ellipsoids for 3.
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In the prior information case, from chapter 2, the posterior distribution of 3 given the

observations y,,, is Gaussian with mean vector

Bpost = Byrior + (Q, 0, + HKTH) " "H'K ™ (y 5, — HB,,.1,,), (7.33)

and covariance matrix
Qpost = (Qp 0 + HK'H) ™" (7.34)

We can notice that, similarly to chapter 2, when Q;TIZ-OT — 0, then the prior information case
calibration tends to the no prior information case calibration. This is an intuitive fact, because
Q;,,lior small corresponds to a small a priori knowledge of 3 and hence should, in the limit case,

correspond to an absence of knowledge.

Remark 7.9. The prior information case calibration of (7.33) is classically used in neutron
transport [KHFT 06], when the linear approzimation (7.24) of the computer model is also made.
In the reference hereabove, no model error is assumed, so that the physical system is predicted
by the calibrated computer model only. In thermal-hydraulics, which is the field of the case of
application in chapter 8, this hypothesis is not justified. Indeed, computer models can rely on
aggregation of correlation models that have no physical justification. We will see in the prediction
formulas of (7.35) and (7.37), and in the FLICA J application case of chapter 8, that modeling
the model error allows to significantly improve the predictions of a computer model that is only

partially representative of the physical system.

We now present the prediction formulas. For a new experimental condition z("¢"), we
denote by h(z(™®)) the n x 1 vector of derivatives of the computer model with respect to
Bi, .oy Bm at &™), Hence we have (h(z("*"))). = h;y(z("**)). We also denote k(x("*")) the
covariance vector of the model error between (1), ..., 2() and x(™*%), that is (k(m("ew)))i =
Kmod(a:(i) _ w(new))‘

Following (2.15), in the no prior information case, the Best Linear Unbiased Predictor

(BLUP) of Yyeq(z(™*®)) with respect to the vector of observations y,,, is

Glae)) = (h(z"))'3 + (k@)K (yu. —HB),  (7.35)
—_————
calibrated computer model inferred model error

with 3 as in (7.31). As in (7.20), this predictor is composed of the calibrated computer model
and of the inferred model error. The inferred model error has the two following properties, as
we have discussed for (7.20). For fixed prediction point it is large when the differences between
the observations and the calibrated code are large, and for fixed observations, it decays when
one moves away from observation points, the distance being defined in terms of the covariance
function of the model error.

The mean square error of the BLUP of Vycqi(2(™°%)) is, see (2.16),

&2($(new)) _ Kmod(w(new)’ x(n(’u})) _ k(w(new))tK—lk(w(new)) (736)
+(h(w(new)) _ HtK—lk(w(new)))t(HtK—1H>—1(h(w(new)) _ HtK—lk(w(new))).

Since only linear combinations have been used, the BLUP has Gaussian distribution and the

mean square error allows to build confidence intervals.
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In the prior information case, from chapter 2, the posterior distribution of Y (a(™¢®))

given the observations y,,, is Gaussian with mean

g(w(HEW)) = (h(w(new)))t/@post + (k(w(nEW)))tK_l(yobs - H/Bpost)ﬂ (737)
calibrated computer model inferred model error
with 3, from (7.33), and variance
&2 (z(mew)) = (7.38)
Kmod(w(new), w(new)) _ k(w(new))tK—lk(w(new))
+
(h(m(new)) . Hthlk(x(new)))t(HthlH + Q;rlior)fl(h(m(new)) _ Hthlk(w(new))).

-1
prior

of the prediction in the prior information case is the prediction in the no prior information case.

We can make the same remarks as for (7.35). Similarly to calibration, the limit when Q —0

Let us conclude about the advantage of the linear approximation (7.24) from a simplicity
point of view. Once the model error function K,,,q is fixed, the calibration and prediction,
and the quantification of the resulting uncertainty, are carried out explicitly by (7.31)-(7.38).
In subsection 7.3.2, there is no explicit equivalent of (7.31)-(7.38). On the contrary, numerical

optimization or MCMC methods are necessary.

The analytical test case of figures 2.6 and 2.7 revisited

The calibration and prediction equations (7.31)-(7.38) are those of a classical universal Kriging
model, in which the calibrated code plays the role of the estimated mean function, and the
inferred model error plays the role of the predicted deviation from the mean function. Hence,
the qualitative conclusions we had drawn from figures 2.6 and 2.7 apply to them.

Let us summarize these conclusions from a computer model calibration and model error
modeling point of view. First, in figures 2.6 and 2.7, the calibrated parameter 3 does not make
the code function reproduce the experiments as best as possible. Indeed, the calibrated code
alone does not constitute a predictive model of the physical system. When this calibrated code
is completed by the inference of the model error, this results in a very accurate prediction of
the physical system. Furthermore, in the framework of figures 2.6 and 2.7, the calibrated code
predicts the physical system better in extrapolation (far from the experimental data) that a
code function that would reproduce the experiments as best as possible.

Second, in extrapolation, the model error cannot be precisely inferred from the available
observations and the inferred model error in (7.35) and (7.37) is hence very close to zero. Hence,
in extrapolation, the prediction is made using the calibrated computer model only. This is
expected, because when one cannot statistically improve the prediction of the computer model,

a conservative choice is to rely only on physical knowledge.

General recommendations for the Gaussian process modeling with the linearization

The Gaussian process modeling of the model error, with the linear approximation (7.24) of the

computer model with respect to the model parameters, is rather simple to carry out. We will
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see, in the case of the thermal-hydraulic code FLICA 4 in chapter 8, that it has the potential to
both improve the prediction capability of the computer model and correctly assess the resulting
uncertainty. Before that, we conclude chapter 7 by giving general practical recommendations
concerning the use of the Gaussian process modeling, with the linearization of the computer

model with respect to the model parameters.

The first important point is that, in chapters 7 and 8, we do not address the complex field of
code verification. As a consequence, discretization or numerical parameters, such as the length
or volume of a cell in a numerical scheme, should not be considered as model parameters or

treated by the present method without further study.

Let us now discuss the linear approximation (7.24). If the main objective is to achieve a
precise enough prediction of the physical system, and not to calibrate the computer model, then
it does not matter if the computer model is not linear with respect to its model parameters.
Indeed, the linear approximation boils down to modeling the Gaussian process Z in (7.14) as the
model error of the linearized computer model in (7.24). In the prediction formulas (7.35) and
(7.37), we can see that the statistical correction can compensate for the linear approximation
error of the code. This fact is confirmed in chapter 8 for the thermal-hydraulic code FLICA
4. Now, if calibration in itself is one of the main objectives, one should act with caution as
regards to the linear approximation. In this case, we advise to run a sensitivity analysis first
to check the linearity assumption (e.g the Morris method [Mor91]). If the linearity assumption
is infirmed, then we recommend to proceed in two steps. First, a non-linear calibration should
be carried out, like the non-linear Bayesian calibration of (7.19). Then, the model parameters
should be fixed to their calibrated values, or a very narrow prior, centered around these values,

should be used, before using the linearization of the computer model.

Concerning the computation of the derivatives with respect to the model parameters 3, two
cases are possible. First the code can already provide them, by means of the Adjoint Sensitivity
Method for instance [Cac03]. Similarly, automatic differentiation methods can be used on the
source file of the code and yield a differentiated code [HP04]. If these kinds of methods are not
available, finite differences are necessary to approximate the derivatives. Our main advice here is
not to use a too small variation step. Indeed, on the one hand, if the code is approximately linear
with respect to the model parameters, a too large variation step will provide a good estimate of
the derivatives anyway, whereas a too small variation step can yield numerical errors. On the
other hand, if the code is not approximately linear, the linear approximation should not be used
for calibration. For prediction, the model error compensates for the linear approximation error

as well as for the error in calculating the derivatives.

The fourth important point is that extrapolation is not recommended. This is a general
advice for all Kriging models. The experimental results should be obtained in the prediction
domain of interest. Hence, for example, Kriging methods are not advisable to address scaling
issues, that intrinsically ask to extrapolate experimental results from one scale to another.

When dealing with more complex systems than that of the application case of chapter 8,
such as system-thermal hydraulics, one may deal with high-dimensional problems, either with
respect to the number of experimental conditions (dimension of @) or to the number of model

parameters (dimension of 3). The dimension of x is a potential problem. A common rule of
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thumb for Kriging models is that one should have n > 10dim(x). Note that screening methods
exist and allow to select only the most impacting experimental conditions [MIDVO08]. If the
number of experiments is really too small compared to the dimension of &, our opinion is that
it is not possible to take into account the model error correctly, so that only the calibration
should be carried out. If 8 is high-dimensional, we advise to use a Bayesian prior distribution
both on 3 and on the covariance hyper-parameters for the model error, as we have discussed
when presenting REML in (7.29). An alternative is to select only the most important model
parameters (from physical expertise), and to fix the other model parameters at their nominal
values. In this case the Gaussian process modeling of the model error also compensates for the

error made by freezing these parameters.

Implementation in the gpLib library

The Gaussian process modeling of the model error, with the linear approximation (7.24) of the
computer model with respect to the model parameters, has been implemented in the gpLib
library [MMGB12]. The gpLib library, written in C language, provides the elementary functions
for a universal Kriging model: prediction, conditional simulation, and criteria for estimation by
Maximum Likelihood and Cross Validation. It has been integrated in the URANIE uncertainty
platform, developed at CEA, in the objective of providing an autonomous and user-friendly

Kriging framework, that can be used for a large variety of computer experiment problems.
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Chapter 8

Calibration and improved

prediction of the thermal-hydraulic
code FLICA 4

This chapter is inspired by the article [BBGM]. We present an application case on the thermal-
hydraulic code FLICA 4, for the Gaussian process modeling of the model error of subsection
7.3.3. The thermal-hydraulic code FLICA 4 is mainly dedicated to core thermal-hydraulic
transient and steady state analysis [TBGT00]. In the present context, FLICA 4 is used as a
physical modeling of an experiment consisting in measuring the pressure drop in an ascending
pressurized flow of liquid water through a tube that can be electrically heated. We focus on
the frictional pressure drop (APjri.) in a single phase flow. Several experimental results are
available, giving the observed values of the variable of interest APy, for different experimental

conditions.

In section 8.1, we introduce the thermal-hydraulic code FLICA 4, and the associated experi-
mental results. In section 8.2, we discuss the practical aspects of the Gaussian process modeling
of the model error of subsection 7.3.3. We also introduce the Cross Validation procedure for
the evaluation of the predictions obtained from the Gaussian process model. In section 8.3, we
present and discuss the results of the Cross Validation procedure on the experimental results of

section 8.1.

8.1 Presentation of FLICA 4 and of the experimental re-

sults

8.1.1 The thermal-hydraulic code FLICA 4

In this chapter 8, we focus on the single phase regime, meaning that all the water is in the liquid

state during the experiment. The mathematical model for APy, ;., in the single phase regime,
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is given by the local equation

H
AP ric — 5 1 2 isoJh- 1
pric = 5,5 O fiso i (8.1

In (8.1), each quantity implicitly depends on space and time. (8.1) is hence numerically inte-
grated in space and time by the thermal-hydraulic code FLICA 4. In (8.1), H is the friction
height, p is the density, Dy, is the hydraulic diameter, and G is the flowrate. f;s, and fj are
the friction coefficients respectively in the isothermal and heated flow regimes. The isothermal
regime is defined by the temperature of the liquid being uniformly equal to the wall temperature.
On the other hand, the heated flow regime is characterized by a heat flux imposed on the test
section and thus a varying liquid temperature.

The friction coefficient in the isothermal regime is

% if Re < Re
fiso = Rebr if Re; < Re (8.2)

a; Rei—Re a;  Re—Re .
Re Rei—Re; + Rebt Re;—Re; if R@l < Re < Ret

where R, = the Reynolds number and p is the viscosity. The limiting values Re; and

GDy g
Re; for the Rel;nolds number are defined according to the literature and represent the limits
of the transition regime between laminar and turbulent flows. a;, a; and b; are parts of the
model parameters of the thermal-hydraulic code FLICA 4. They are the three components of
the vector B of model parameters in the isothermal regime.

The friction coefficient in the heated flow regime is a correction factor expressed as
& C(f (Tw - Tb)

Putya(Tgd)

fh=1- (8.3)

where P, and P, are the heated and wetted perimeters, T, is the wall temperature, T} is the
bulk temperature, and Ty = 100°C is a normalization temperature. C'y, n and d are the three
components of the vector 3 of model parameters in the heated flow case. Finally, note that
tests with no heat flux (isothermal tests) result in T,, = T}, therefore the correction factor fj, is
equal to 1, as expected.

To summarize, in (8.1), the isothermal regime is defined by f;, = 1, the heated flow regime
is defined by fj, # 1, and both regimes are subcases of the single phase regime.

Finally, the simulation time of the thermal-hydraulic code FLICA 4 is approximately one
minute, to reproduce one experiment with one calibration parameter value. Hence, the matrix
H of the derivatives of the code with respect to the model parameters, for all the experiments,

in (7.25) can be computed by finite difference in a reasonable time.

8.1.2 The experimental results

Several experimental tests have been conducted in order to calibrate the FLICA 4 friction
model. These tests have been used in previous calibration studies. The database is composed
of n; measurements in the isothermal regime, and nj; measurements in the heated flow regime.
An experimental condition « consists in geometrical data (the channel width e, the hydraulic

diameter Dy, and the friction height Hy) and in thermal-hydraulic conditions (the outlet pressure
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P,, the flowrate G, the wall heat flux ¢,,, the inlet liquid enthalpy A, the thermodynamic title
th, and the inlet temperature T;). With respect to the nomenclature of section 7.1, the
geometric data e, Dy, and Hy are control variables and the thermal-hydraulic conditions P,,
Gi, w, B, X and T; are environment variables. For each test the pressure drop due to friction

APy is measured.

8.2 Description of the procedure for the Gaussian process

modeling

8.2.1 Objectives for the universal Kriging procedure

We carry out the Gaussian process modeling method, with the linear approximation, of subsec-
tion 7.3.3, on the thermal-hydraulic code FLICA 4 in the isothermal and heated flow regimes.
We limit the calibration part of the study to the parameters a; and b;. That is to say, we enforce
the parameter a; of the isothermal model, and the parameters C¢, n and d of the heat correction
model to their nominal values, computed in previous calibration studies. Indeed, the parameters
a; and by are the most influent parameters for the thermal-hydraulic code FLICA 4.

We work in the prior information case (calibration given by (7.33)). From previous calibration

studies, we have 3 = (0.22,0.21)". Qprior corresponds to a 50% uncertainty and is chosen

prior
diagonal with diagonal vector (0.11%2,0.105%)!. Hence, this prior is rather large, so that the
calibration essentially depends on the experimental results.

An important point is that the two categories of experimental conditions (control and envi-
ronment variables) are not equally represented in the experimental results. Indeed, the n; +ny,
experiments are divided into eight campaigns. Within a campaign, the control variables remain
constant, while the environment variables are varying. Hence, we only dispose of eight different
control variables triplet. This means that, from the point of view of the prediction (7.37) given
by the Gaussian process model, it is a very unlikely that the prediction of the calibrated code
is significantly improved when considering new control variables. We experienced that, when
predicting for new control variables, the Gaussian process method does not damage the predic-
tions given by the nominal calibration of the thermal-hydraulic code FLICA 4 but it does not
significantly improve it. However, as we see next, we can give significantly improved predictions
for observed control variables and new environmental variables.

To summarize, this study follows the double objective of calibration and prediction, in the
prior information case for the parameters a; and b;. Concerning the prediction, the objective is

to predict for experienced control variables and new environment variables.

8.2.2 Exponential, Matérn and Gaussian covariance functions consid-
ered

The environment and control variables listed above are not independent. Hence, it would be

redundant to incorporate all of them in the covariance function. One possible minimal set of

environment and control variables is the set (G, ¢y, hﬁ, P,,H¢,Dy). For this set, we will use

the covariance function K,,,q for the model error, with K,,,q being built from one of the four

214



CHAPTER 8. CALIBRATION AND IMPROVED PREDICTION OF THE
THERMAL-HYDRAULIC CODE FLICA 4

one-dimensional exponential, Matérn %, Matérn g or Gaussian covariance functions of table

2.1. From the one-dimensional exponential covariance function, we use the tensorized version

(2.7) to build the 6-dimensional covariance function K,,,q. From the one-dimensional Matérn

3, Matérn 5 and Gaussian covariance functions, we use the isotropic version (2.6).

To summarize, we represent the experimental conditions of an experiment by

z = (Gi, b, hl, Py, Hy, Dp).

The covariance function is Kmod(w(l),:c(2)) = 0?Rod (w(l),a:@)), with R,,.q being either,
the tensorized exponential, the isotropic Matérn %, the isotropic Matérn g or the Gaussian

correlation function of table 2.1, (2.6) and (2.7). The hyper-parameters to be estimated are the
variance o2 and the six correlation lengths /1, ..., 5. They are estimated by REML, as described
in subsection 7.3.3.

Finally, we consider that the covariance matrix of the measure error vector (€1, ..., €,;4n, ) iS

— 2
KWES - Umes

L., 4+n,, With omes = 150Pa provided by the experimentalists.

8.2.3 K-folds Cross Validation for Kriging model validation

We have seen in subsection 2.2.4 that the quality of a Kriging model should not be evaluated on
the data that helped to build it. Instead, Cross Validation is a very natural method to assess
the predictive capability of a Kriging model.

We use a K-fold Cross Validation procedure, with K = 10, to evaluate the quality of the
Gaussian process predictions (7.37) and (7.38). This Cross Validation procedure calculates the

two following quality criteria.

1 & X
RMSE? = - Z Z (Ia,, (®) = Yobs(2))? (8.4)
ic=1xeC;,
and
1 &
IC=—=3" > g, (@)Y (@)|<16450, (@)- (85)
ic=1xeC;,

In (8.4) and (8.5), we partition the set of n experiments into n. = 10 subsets C1, ..., Cy,,, each
subset being well distributed in the experimental domain. To build these subsets, we start from
a numbering of the experiments for which two successive experiments are similar (for instance
the experiments for the same control variables have successive indices). Then the subset 1 gather
the experiments with indices 1, 11, ..., the subset 2 those with indices 2,12, ... and so on. For =
x() € C;, , we denote Y,ps(T) = Yobs,i, With the notation (7.25). C;,_ is the set of experimental
conditions and observations that is the union of the subsets Cy,...,C;_ 1, Ci_ 41, ..., Cp.. gja_c (x)
and 6z, (x) are the posterior mean and standard deviation of the predicted output Yops(x)
given th; experimental data in C;, . [%10 (z) —1.646¢, (x), ¥, (x)+1.640¢, (x)] corresponds
to a 90% confidence interval. It is emphasized that at step i. of the Cross Validation, the
Gaussian process model is built without using the experimental results of the class C;,. Hence
the important point is that, in the computation of the posterior mean and variance of the
observed value Yps(x) at @, this observed value is unused, for the estimation of the hyper-

parameters as well as for the prediction formula.
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Remark 8.1. In subsection 2.2.4, we have presented the virtual Cross Validation formulas in
the case where the covariance function is not reeestimated at each step of the cross validation.
In this chapter 8, we choose instead to reestimate the covariance hyper-parameters at each step
of the Cross Validation. This is indeed more precise, since we observe in table 8.2 that the
estimated values of these hyper-parameters vary among the different CV steps. Furthermore,
the additional computational cost of the reestimation is not prohibitive, because of the moderate

number of observation points.

8.3 Results

8.3.1 Results in the isothermal regime

In a first step, we consider the results in the isothermal and turbulent flow regime only. That
is to say, the regime when f;, = 1 in (8.1), and when Re > Re; in (8.2). We have n; < n;
experimental results.

The isothermal regime is characterized by no wall heat flux, ¢,, = 0. Hence, it is useless
to include it in the covariance function, because it is uniformly zero for all the experimental
conditions. So, we only have five correlation lengths out of six to estimate, which are ¢y, 3, £y,
{5 and /s corresponding to G, hi, P,, Hy and Dy,

On figure 8.1, we plot, for the 10-fold Cross Validation, the n, = 10 posterior mean values
of a; and b; for the four covariance functions of subsection 8.2.2. The conclusions are that
the Gaussian process calibration does not significantly change the nominal values a; = 0.22
and b; = 0.21. Furthermore we do not notice significant differences concerning the choice of
the covariance function for the calibration. Finally, we can observe a high correlation in the
posterior means of a; and b;. This is confirmed in the n. posterior covariance matrix, where the
correlation coefficient is larger than 0.95.

Concerning the prediction, we first compute the RMSE and IC criteria for the four covari-
ance functions. Results are presented in table 8.1. The first comment is that the predictive
variances of (7.38) are reliable, because they yield rather precise 90% confidence intervals. This
is observed in a general way for Kriging, e.g in [LA12]. The second comment is that there is
no significant difference between the different covariance functions. This may be due to the
amplitude of the measurement error, which makes insignificant the problem of the regularity
of the covariance function. It is shown in [Ste99] section 3.7 that, in a particular asymptotic
context, even a small measurement error can have a significant effect on prediction errors.

We now present more detailed results for the Matérn % covariance function. We first com-
pare the Gaussian process predictions with the predictions given by the calibrated code alone.
With the same Cross Validation procedure, the RMSE criterion for the calibrated code alone is
RMSE = 741Pa. This is to be compared with a RM S E around 300Pa for the Gaussian process
method. Hence the inference of the model error process significantly improves the predictions
of the code. We illustrate this in figure 8.2, where we plot, for each of the n;; observations, the
predicted values and confidence intervals with the 10-fold Cross Validation method. The plots
are done with respect to the experiment index. This index has physical meaning, because two

experiments with successive indices are similar, as we discuss after (8.5). We first see that the
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Figure 8.1: Calibration in the isothermal regime. 10-fold Cross Validation. Plot of the n. = 10
posterior means (7.33) of a; and b; for the exponential, Matérn 3/2, Matérn 5/2 and Gaussian

covariance functions of subsection 8.2.2.

Covariance function | RMSE (Pa) | IC
exponential 289.5 0.93
Matérn 3 296.2 0.92
Matérn % 302.7 0.89
Gaussian 310.8 0.88

Table 8.1: Prediction results in the isothermal regime. RMSE and IC criteria of (8.4) and (8.5)
obtained with a 10-fold Cross Validation procedure, for the covariance functions presented in

subsection 8.2.2.
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Figure 8.2: Prediction errors (observed values minus predicted values (7.37)) and 90% confidence
intervals for these prediction errors, derived by the calibrated thermal-hydraulic code FLICA
4 (left), and the Gaussian process method (right). 90% confidence intervals are of the form
[—1.656(x),1.656(x)] with &(x) given by (7.38). Plot with respect to the index of experiment.

Gaussian process modeling significantly reduces the prediction errors, and that the confidence
intervals are reliable. Then, we observe a regularity in the plot of the prediction error for the
calibrated code, especially for the largest indices. This regularity is not present anymore in the
error of the Gaussian process method. The conclusion is that the Gaussian process method
detects a regularity in the error of the calibrated code, and uses it to significantly improve its
predictions.

Finally, in table 8.2, we show the n. = 10 different estimations of 02,41, {3, 44, {5, (s, for the
different steps of the Cross Validation. The first conclusion is the singularity at steps 5 and 6 of
the Cross Validation. The explanation is that, among the n;; experimental results, there are two
singular points that have very similar experimental conditions but substantially different values
for the quantity of interest. These two points are in CV classes 5 and 6. Hence the estimation
of the hyper-parameters in the CV steps 1, 2, 3, 4, 7, 8, 9, 10, where this singularity is present
in the data used for the estimation, is different from the steps 5 and 6, where the singularity is
absent. On figure 8.2, these two singular points yield the two largest prediction errors for the
Gaussian process method. Indeed, when one of them is in the test group, the other one is in
the learning group. As the Gaussian process modeling principle is to assume a correlated model
error, the quantity of interest of the singular point of the test group is (up to the measurement
error) predicted by the quantity of interest of the singular point of the learning group.

The correlation lengths in table 8.2 correspond to normalized experimental conditions varying
between 0 and 1. Hence, the second conclusion is that the estimated correlation lengths are
rather large, corresponding to rather large scales of variations of the model error, as discussed
for figure 8.2. When an estimated correlation length is very large (larger than 10), it is equivalent
to assuming that the model error is independent of the corresponding experimental condition.
For instance, for all the CV steps, except step 6, the estimated correlation length g, associated
to the hydraulic diameter Dy, is very large. Thus, the hydraulic diameter is estimated as a

non-influent input in nine CV steps out of ten. Similarly, the outlet pressure P,, associated to
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Cross Validation step o /1 {3 N s lg
1 2220 | 2.3 | 4.0 | 100 | 0.40 | 53
2 2100 | 2.2 | 3.5 | 100 | 0.40 | 100
3 2088 | 2.1 | 3.8 | 100 | 0.39 | 100
4 2266 | 2.3 | 2.0 | 100 | 0.50 | 100
5 4491 | 3.4 | 100 | 24 | 1.36 | 100
6 1953 | 1.6 | 15 | 3.4 | 7.7 | 0.6
7 2385 | 2.4 | 4.6 | 100 | 0.44 | 100
8 2436 | 2.4 | 4.8 | 100 | 0.45 | 99
9 2331 | 2.4 | 4.2 | 100 | 0.43 | 100
10 2294 | 2.4 | 3.8 | 100 | 0.42 | 100

Table 8.2: Estimated hyper-parameters in the isothermal regime. Estimated correlation lengths
for the Matérn % covariance function of subsection 8.2.2, for the 10-fold Cross Validation pro-
cedure. For all the CV steps, except step 6, the estimated correlation length /g, associated
to the hydraulic diameter Dy, is very large. Thus, the hydraulic diameter is estimated as a
non-influent input in nine CV steps out of ten. Similarly, the outlet pressure P,, associated to

L4, is estimated as a non-influent input in eight CV steps out of ten.

L4, is estimated as a non-influent input in eight CV steps out of ten. The third conclusion is
that the estimations of the hyper-parameters can vary moderately among the Cross Validation
steps. This is an argument in favor of reestimating the hyper-parameters at each step of the
Cross Validation, because this takes these variations into account. Finally let us notice that, for
the Gaussian process model to be used for new experimental conditions, the hyper-parameters

are to be reestimated with all the observations.

8.3.2 Results in the single-phase regime

We now use all the experiments of the single phase regime (isothermal and heated flow regimes),
that is to say n = n; + n;, experiments. Hence, we estimate six correlation lengths for the six
environment and control variables G;, ¢.,, hi, P,, H ¢ and Dy,

Concerning the prediction, we first compute the RMSE and IC criteria for the four co-
variance functions. Results are presented in table 8.3. As in the isothermal case, we see that
the predictive variances are reliable and that there is no significant difference between the four
covariance functions. As for the isothermal regime, we present the results for the the Matérn %
covariance function in more details.

With the same Cross Validation procedure, the RMSE criterion for the calibrated code alone
is RMSE = 567Pa. This is to be compared with a RMSE around 200Pa of the Gaussian
process method. Hence, the inference of the model error process significantly improves the
predictions of the code, in the same way as in the isothermal regime. We illustrate this in figure
8.3, where we plot the same quantities as in figure 8.2. We obtain the same conclusion: the

Gaussian process model detects a regularity in the error of the calibrated code, and uses it to
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Covariance function | RMSE (Pa) | IC
exponential 202.2 0.95
Matérn % 196.2 0.95
Matérn g 196.9 0.95
Gaussian 199.5 0.94

Table 8.3: Prediction results in the single phase regime. Same setting as in table 8.1.

improve its predictions.

1[* prediction error *
30007 ¢ 90%confidence intervals * 80007 [ prediction error

© _90%confidence intervals
2000 2000+

pressure drop
pressure drop

Index Index

Figure 8.3: Same settings as in figure 8.2 but in the single phase regime.

8.3.3 Influence of the linear approximation

All the results above are obtained by using the linear approximation of the thermal-hydraulic
code FLICA 4 with respect to a; and b; (subsection 7.3.3). We have implemented the calibration
and prediction methods of subsection 7.3.2, when the thermal-hydraulic code FLICA 4 is not
considered linear with respect to a; and b;. Integrals in the a;,b; domain were calculated on a
5 x 5 grid, which, to avoid bias, was also used when the linear approximation of the thermal-
hydraulic code FLICA 4 was used.

More precisely, let a¢ 1, ...,at5 and by 1, ..., by 5 define the 5 x 5 regular integration grid. The

posterior mean of 3 is approximated in the non-linear case, from (7.19), by

5 5
D izt 2o j=1 (0t 0 ) P(Yopslat,is be)p(aq, be. ;)

5 5 ) (86)
> im1 21 P(Yopslar,is bt j)p(ac,i, bt ;)
with
plag, by ;) =
;exp (‘1(ﬁi’j — Borior) Qorior (B = By ))
(27{_) % \/m 2 prwor pT'LOT‘ prwor
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where 87 = (ay,b: ;)*, and with

1 b _ b
_7(yobs - mat’“btd )tK 1(yobs - mat’“btd ))7

Z(y()bshlt 'L’lt ) 2 /I: < 2
] 2J n e::p
’ ! ( ) | |

at,ibtj

where m;, (k

= fmod(T ),at,i,bm) is the result of the FLICA 4 calculation, parameter-
ized by a4, by, for the experimental condition 2(®). The matrix K is the covariance ma-
trix of the measure and error process at the experimental conditions (), ....,2(™) that is

Ki,j = Cov(Z(ac(”) + €5, Z((I)(])) + €j).

Remark 8.2. In (8.6), the 25 summation terms p(Yyps|at,ir be,;)p(ar,i,bej), in the numerator
and the denominator, can be very small. For numerical reasons, we recommend to calculate their
logarithms separately, and to subtract the largest of the logarithms to each of the logarithms. The
equation (8.6) can then be computed with the 25 new summation terms, of which at least one is

equal to 1. We make the same remark for (8.7) below.

In the non-linear case, the conditional mean of the physical system, at a new point a("¢%),

is obtained from

E (Yreat@ ") Y50) = E (E (Yreat @) Yo1s: 8) o )
and is approximated by

St 0 B (Yeear (@) [y g ar.i, brj) D(Yops|ais bej)p(ai, be.j)
5 5
>im1 22 j=1 PYobslatis bej)plasi, by, ;)

with

E (Yreal (@) Y s Qi bt,j) =

med(w(new)v Qt 5y bt,j) + k(w(new))tK_l(yobs - matmbt’j)v

where k(z("¢®)) is the correlation vector of the model error process, between z("**) and
x| 2™ that is k(™)) = Cov(Z(x™®)), Z(2))). When we say that we use the same
5 x 5 regular grid, when FLICA 4 is linearized, we mean that we calculate the posterior mean
of (as,b;)! and the prediction of Yy.eq(z(*)) by using (8.6) and (8.7), where the FLICA 4 code
is replaced by its linear approximation (7.24).

We consider the single phase regime, and we use the same 10-fold CV procedure as before for
the formulas (8.6) and (8.7), in the linear and non-linear cases. We obtain RMSE = 197.8 with
the linear approximation and RMSE = 196.9 without the linear approximation (less than 1%
relative difference). The posterior means of a; and b;, along the different CV steps, have a Root
Mean Square Difference of 0.025 (more than 10% relative difference), between the cases where
the linear approximation was made or not. Hence, this is an illustration of the general remark
in the recommendations of subsection 7.3.3: if the computer model is non-linear with respect to
its calibration parameters, it is the model error with respect to the linearized computer model
that is inferred. Thus, the predictions of the physical system are similar, whether or not the

linear approximation is made.
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Chapter 9

Kriging meta-modeling of the
GERMINAL computer model

This chapter corresponds to an application case on the GERMINAL computer code, carried out
in collaboration with Karim Ammar, PhD student at the Service d’ Etudes des Réacteurs et de

Mathématiques Appliquées, at CEA Saclay.

9.1 Introduction

This chapter aims at using Kriging as a metamodel (or response surface) of a complex computer
code. A metamodel of a computer code is a function which has the same inputs and outputs as
the code, which is much cheaper to use, and which is aimed to be a precise enough approximation
of the code. We refer e.g. to [BD87] for an introduction to metamodels.

In this chapter 9, we consider metamodels that do not use any knowledge of the computer
code (it is considered as a black box function). The construction of the metamodel only uses a
sample of input points and of corresponding code values. Two classical examples of black-box
metamodels are Kriging, as we have said, and artificial neural networks (see e.g. chapter 4 of
[Mit97] for an introduction to artificial neural networks).

The goal of this chapter is to illustrate the good properties of Kriging metamodels. We
will see that they give a precise approximation of the computer code, and that they also give
a reliable prediction of the approximation error. The illustration is done with the GERMINAL
thermal-mechanical code [MRPT92]. The GERMINAL code studies fuel pin thermal-mechanical
behavior during steady-state and incidental conditions. Its utilization is part of a multi-physic
and multi-objective optimal design problem of a reactor core. We work in this general framework,
and focus on the metamodelization of the GERMINAL code. In this context, artificial neural
networks have been used first, which enables us to compare the Kriging metamodelization results
with the artificial neural network metamodelization results. We conclude that the Kriging
prediction results are good compared to those of the artificial neural networks.

Furthermore, thanks to the Kriging predictive variance, Kriging models enable to give an

expected order of magnitude for the prediction errors. By using this predictive variance, we
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are able to automatically select the values, computed by the GERMINAL code, for which the
Kriging prediction squared error is significantly larger than the predictive variance. By manu-
ally investigating these GERMINAL computations, the physicists are able to confirm that they
do correspond to computation failures. We thus illustrate the strong interest of the probabilis-
tic modeling underlying the Kriging metamodel, from the point of view of automatic outlier
detection.

Chapter 9 is organized as follows. In section 9.2 we present the Kriging metamodeling of
the GERMINAL computer model. In subsection 9.2.1 we introduce the nuclear core optimal
design context underlying the utilization of the GERMINAL code. In subsection 9.2.2 we detail
the inputs and outputs that we consider for the metamodeling of the GERMINAL code. In
subsection 9.2.3, we present the settings we use for the Kriging model.

The results are presented in section 9.3. In subsection 9.3.1, we discuss the results of the
Maximum Likelihood estimation of the covariance hyper-parameters of the Kriging model. In
subsection 9.3.2, we consider the prediction results of the Kriging and artificial neural network
metamodels. In subsection 9.3.3, we present the Kriging Leave-One-Out detection of GERMI-

NAL output values that correspond to computation failures.

9.2 Presentation and context for the GERMINAL com-

puter model

9.2.1 A nuclear reactor core design problem

The GERMINAL computer model [MRPT92] is a thermal-mechanical code, which studies fuel
pin thermal-mechanical behavior during steady-state and incidental conditions. In a few words,
a fuel pin consists of a hollow fuel cylinder, surrounded by a protective clad. A gas-filled gap
exists between the clad and the fuel cylinder. In the primary circuit of a nuclear reactor core,
a large number of fuel pins are embedded in fuel assemblies. Fuel assemblies are themselves
aggregated in the reactor core. On figure 9.1, we give a schematic representation of a fuel pin
and of a fuel assembly. In a reactor core, the coolant (sodium in figure 9.1) circulates in a fuel
assembly, in between the fuel pins.

The GERMINAL CODE aims at studying the thermal-mechanical impact of the nuclear flux
and power on a fuel pin. The aim is to answer the question: will the fuel pin resist the irradiation?
The typical result of a GERMINAL calculation is a series of spatio-temporal functions giving
the values of variables of interests in the fuel pin, during the simulated time period.

In the context that motivated this chapter 9, the GERMINAL code is used in a more general
context of a nuclear core (multi-objective) optimal design. Thus, the GERMINAL elementary
calculations for fuel pins are aggregated and coupled with other computer models addressing
different physical problems.

The optimization problem requires a large number of computer model evaluations. That is
why, in this general context, it has been decided to build metamodels for the computer mod-
els involved. Specifically, artificial neural networks (see e.g. chapter 4 of [Mit97]) have been

used extensively and we have investigated Kriging models later. The principle for address-
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Figure 9.1: A schematic representation (from above) of a nuclear fuel pin and of a fuel assembly.
A fuel assembly is composed of an aggregation of fuel pins, which consist in hollow fuel cylinders,
surrounded by protective clads. A gas-filled gap exists between a clad and a fuel cylinder. Notice

that the fuel pins are separated by spacing wires in a fuel assembly.

ing the multi-objective optimization problem is thus to carry out multi-objective optimization
algorithms (notably genetic algorithms) on the metamodel functions, since it would be compu-
tationally prohibitive to do so on the computer models. The metamodels are then improved
iteratively, in the potentially interesting input areas obtained from the genetic algorithms, by
carrying out more code evaluations. The reader may refer to [HGA 10| for more details on this
general core design optimization context.

In this chapter 9, we focus on the practical problem of building a Kriging model of the
computer model GERMINAL. We are not specifically oriented toward optimization; instead the
Kriging model follows the general objective of a small mean prediction error, over the domain
of interest for the inputs of the GERMINAL code.

9.2.2 Inputs and outputs considered

The GERMINAL code has here 12 inputs, that we denote x1, ..., 212, and that are as follows.

e 11 and x5 concern the time aspect of the exploitation of the fuel pin. zi, also denoted
"l _cycle" is the cycle length. It is the time period between two maintenances of the fuel

pin. x4, also denoted "nb_c¢" is the number of cycle for the GERMINAL simulation.

® 23,...,xg concern the nature of the fuel pin. z3 ("Pu") is the plutonium concentration. x4
("DiamHoll mm") is the diameter of the shadow of the fuel pin. z5("DiamExtClad mm")
is the diameter of the protective clad of the fuel pin. x5 ("T gap mm") is the thickness
of the gap between the fuel and the protective clad. z7 ("T _Clad _mm") is the thickness
of the protective clad. We refer to figure 9.1 for a visualization of x4, ...,x7. Finally, xg
("h_fiss_cm") is the height of the fuel pin.

e 29 ("Plmean W _cm"), 219 ("Fz") and x1; ("ampl var") characterize the power map in
the fuel pin. Notice that, in the multi-physics coupling presented in subsection 9.2.1, zg,
210 and x17 are not fixed by the user. Instead, they are the output of calculations obtained

from other computer models.
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® 115, also denoted "VD _cm3" is the disposal volume for the fission gas produced in the

fuel pin (this disposal volume is located at the two extremities of the fuel pin).

The first output, denoted Y; or "T _Core_0.5D", and called the initial temperature, is the
maximum temperature in the fuel pin at the initial time of the calculation. Because the temporal
aspect of the simulation is absent in the computation of Y7, the dependence of Y7 with respect
to x1, ..., T12 is rather simple, which will result, as we will see, in particularly good metamodel

prediction results.

The second output, denoted Y5 or "Fusion Margin", and called the fusion margin, is the
difference between the fusion temperature of the fuel and the maximum temperature, in space
and time, of the fuel during the simulation. We make the following comments on this second

output.

e Fusion is a highly undesirable phenomenon for the fuel pin. Therefore, a positive Y3
indicates that, at least from the point of view of fusion, the fuel pin had a normal behavior
during the simulation. On the contrary, a negative Y5 is considered as an accident. We
can hence notice that, in the general multi-objective optimization problem mentioned in

subsection 9.2.1, Y5 is a criterion that should be maximized.

e Y5 is an output that uses all the temporal aspects of a GERMINAL simulation. Further-
more, since it is defined as a maximum in time, it is not expected to be very regular with
respect to the inputs x1,...,212. Thus, the metamodeling task is more difficult for the

output Y5 than for the output Y.

e The GERMINAL computer model is not designed to simulate phenomena where a signif-
icant proportion of the fuel melts down. Furthermore, the protective clad is not meant
to be impacted. Hence, little credit should be given to the values of strongly negative Y5
obtained from GERMINAL. Indeed, a strongly negative fusion margin implies that the
fuel temperature exceeds the fusion temperature for a significant proportion of the fuel.
Furthermore, the clad may be impacted. Hence, the pin has reached a state that the
GERMINAL code is not meant to simulate. This is a strong additional difficulty for the
metamodelization problem. Hence, it was decided, in the general multi-objective optimiza-
tion context of subsection 9.2.1, to filter out the input points yielding strongly negative
Y5 in the data bases. Similarly, the obtained metamodel is expected to be precise only for
new input points that do not yield strongly negative Y5. In this chapter 9, we follow this

approach, and we work with learning and validation samples that have been filtered.

9.2.3 Setting for the Kriging model

We consider a simple Kriging framework (see chapter 2). Indeed, we also investigated a universal
Kriging framework, with an affine mean function, and essentially obtained the same results as

in the simple Kriging framework.
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Parameterization of the covariance function

We have noticed that there are some numerical instabilities in the GERMINAL code. These
instabilities create pairs of inputs that are very close to one another, but that yield non-negligibly
distant outputs. We address this instability by introducing a nugget effect in the Kriging model.
More precisely, we model the GERMINAL output function Y (Y7 or Y2) by a Gaussian process

of the form

Y =Y, +Y,. (9.1)

In (9.1), Y. is the continuous component of Y. It is a centered Gaussian process with isotropic
Matérn 2 covariance function of the form o2R,, with 0 R, defined by table 2.1 and (2.6). o>
and £ are the variance and correlation length hyper-parameters that are estimated from data.

In (9.1), Y, is the nugget component. It is a centered Gaussian process with covariance function
Ko(z,y) = 0215—y.

The incorporation of the nugget component does not contradict the fact that the GERMINAL

2

= is also a

code is deterministic, and explains its very small scale numerical discontinuities. o
hyper-parameter that is estimated from data.

We carry out the estimation by Maximum Likelihood (3.6). From a practical point of view,
it is interesting to use an alternative parameterization of the covariance function of Y in (9.1).

2
Denoting oo = %, the covariance function of Y is
Koz p0(2,y) = 0% (Re(@,y) + alay). (9-2)

(9.2) enables to use proposition 3.21 and thus to gain one dimension in the numerical optimiza-

tion problem.

Learning and test bases

Let Y denote one of the two outputs Y;, Y. We possess a learning base 21y, 1, ..., 26y, )
and a test base "V y; 1, ..., 2"y, where y; = V(2()) and y;; = YV(x®?). We carry
out the Maximum Likelihood estimation on the learning base, and the points of the learning
base are also the observation points from which the Kriging model is built in (2.9) and (2.10)
(the support points).

We consider two criteria on the test base. The first one is the Root Mean Square Error, with

J(x) the Kriging prediction at x,
1N/ s A2
RMSE® = — " (y(m(t’ ) — Y (2 >)) . (9.3)

n
ti=1

The second one is the 90% Confidence Intervals Ratio and is, with 6%(x) the Kriging predictive

variance at x,

1
CIR = 7775 Z ]_l,g(w(t,i))_Y(w(t,i))|§1_646.(w(t,i)). (9.4)

i=1

The CIR criterion should be close to 0.9.
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The third criterion is the Mean Square Normalized Error and is

n ~ ; N 2
13 () — V()
MSNE = 72 62 (xt:0)

n
bi=1

(9.5)

The MSNE criterion should be close to 1.

Remark 9.1. A GERMINAL calculation takes approximately one minute. Thus, an important
point is that, in the GERMINAL application, the sizes of the learning and test bases are large.
More precisely, for the output Y7, the learning and test bases have 15722 and 6521 elements.
For the output Ya, they have 3807 and 1613 elements (because of the filtering). These kinds of
base sizes start to be computationally problematic for ML. In our case, we have used a random
subsample of the learning base, of size 1000, to compute the ML estimator. This method is not
optimal, and in fact there exists several methods in the literature to address ML for Kriging
with large data sets. We refer, e.g., to the references [ACW12], [SCA12] and [SCA13] that
both provide competitive methods for addressing very large data sets, and a short review of
other ezisting methods. In a private communication with us, Michael Stein also recommends the
utilization of a simple Likelihood approzimation ([Vec88]), consisting for example in partitioning
the observations into contiguous blocks of size, say, 1000, and in minimizing the sum of the
different likelihood criteria of proposition 3.21, corresponding to the different blocks. Indeed, this
solution is almost as simple to implement as the solution we used, and the computation time is
only 16 times larger, when it uses e.g. all the 15722 available observations for estimation.

Concerning the Kriging prediction, which still requires to carry out a matriz inversion, we
have used 7000 support points for Y1 (including the 1000 points that are used for the ML esti-
mation) and 3807 support points for Ys.

Remark 9.2. We normalize linearly each of the 12 inputs between 0 and 1. Therefore, in
subsection 9.3.1, the orders of magnitude of the estimated correlation lengths should be compared
with 1.

Normalized Leave-One-Out errors

For the case of the fusion margin output Y3, we have seen in subsection 9.2.2 that the learning
and test bases are filtered, because a GERMINAL calculation can result in a computation failure
when addressing negative fusion margin phenomena. Despite this filtering, the learning base
may still contain some observation points that actually correspond to computation failures.
These possible computation failures can not be studied manually for all the observation points
of the learning base. We show here that the computation of the Leave-One-Out errors and
predictive variances can be an automatic method to exhibit observation points that are likely
to be computation failures. Hence, a small number of observation points with high LOO errors,
compared to the LOO predictive variances, can have their GERMINAL calculations verified
manually.

We study the normalized LOO criterion, for all the observation points (1)
that is

l
> YL, 7x( 7nl)vyl,’m:
O1,i

s

€n,L00,i = , (9.6)
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o) | b | by | by | by | U5 | b | by | ls | by | lio | L1 | li2 a
890 | 100 | 100 | 100 | 6.1 | 9.9 | 17 | 100 | 35 | 5.0 | 13 | 13 | 100 | 7.6 x 107

Table 9.1: Estimated hyper-parameters (o, £, «) for the output Y7 ("T _Core 0.5D") of the
GERMINAL code.

where §; ; and ‘}12,1‘ are the Kriging LOO prediction and predictive variances of y; ; given y; 1, ...,
Ylie1s Ylit1, - Yin (see subsection 2.2.4). The hyper-parameters 02,0, « are kept to their ML
estimate of table 9.2. Notice that the computation of all the LOO errors and predictive variances
in (9.6) is fast, thanks to proposition 2.35.

The €, 100, follow standard Gaussian distributions under the Kriging model (notice, though,
that they are not independent). We sort the |e,. ro0.i|, 1 <1 <, by decreasing order, and the

principle is to manually investigate the observation points corresponding to the largest values.

9.3 Results of the Kriging model

9.3.1 Interpretation of the estimated covariance hyper-parameters

For the initial temperature output Y7 ("T _Core 0.5D"), the estimated hyper-parameters are
given in table 9.1. Let us first consider the nugget effect. The standard deviation of the nugget
process in (9.1) is /8942 x 7.61 x 10~ = 7.8°. This value is coherent with the numerical
behavior of the computer model GERMINAL. Furthermore, we will see below that the RMSE

criterion is around 9° for Y7. Thus, this RMSE is essentially composed of the standard deviation

of the nugget process. This is intuitive, because the output Y; has a rather simple relationship
with respect to the inputs, so that when the number of learning points is large, as it is the case
here, the continuous component Y, ; of Y7 in (9.1) is almost perfectly predicted, but the nugget
component Y, o cannot be predicted.

Let us now discuss the correlation lengths. They are found by the experts to make physical
sense. For example, it is known that, for our learning base, the input x5 ("nb_c") is actually
truncated by the GERMINAL code to the same integer value for all the learning and test points,
so that it has a zero impact on the outputs Y; and Y;. We confirm this fact with the Kriging
model, because the estimated correlation length is ¢ = 100 (for normalized inputs in [0, 1]).
The smallest estimated correlation length, which intuitively corresponds to a very influent input,
is 4y, for "Plmean W _cm". This is also a fact that is anticipated by the physicists. Indeed,
"Plmean W _cm" has a strong direct influence on the power map in the fuel pin, which is
basically related to the temperature in the fuel pin and so to Y;. Similarly, the inputs z19 and
x11 impact the power map, so that their estimated correlation lengths are not large. The inputs
x4 ("DiamHoll_mm") and x5 ("DiamExtClad_mm"), characterizing the geometry of the fuel
pin are also known to have a strong impact on Y.

On table 9.2, we show the equivalent of table 9.1, but for the fusion margin output Y5. The

standard deviation of the nugget process is v/14692 x 3.73 x 10—% = 28°. This value also makes
sense from a numerical point of view, since the computation of Y5 involves the temporal aspect,

and is thus less stable than for Y;. Concerning the estimated correlation lengths, we still have
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o) | br| ba |l | La | b5 | Ls | b7 | Ls | Ly | Lio | L1 | lr2 o
1470 | 25| 100 | 68 | 18 | 5.1 | 17 | 100 | 55 | 2.4 | 7.4 | 6.2 | 100 | 3.7 x 104

Table 9.2: Estimated hyper-parameters (o, £, «) for the output Y2 ("Fusion Margin") of the
GERMINAL code.

{5 = 100, for the input 25 ("nb_c¢") that has a zero influence. The input zg ("Plmean W _cm")
remains the most influent. Overall, the hierarchy of the influences of the different inputs re-
mains the same between Y; and Ys. Finally, we observe that the estimated correlation lengths
are globally smaller for Y5 than for Y;. This is intuitive, because smaller correlation lengths
correspond to Gaussian processes that are predicted with more difficulty, which is the case for
Y5 compared to Y7 as we have discussed in subsection 9.2.2.

We now illustrate the estimated hyper-parameters, and especially the nugget effect of value
28°. We choose two 12-dimensional input points (1), 2(?), for which the output Y3 is positive
and negative. We then evaluate the GERMINAL code on 97 points in the segment joining
the two points ), 2. This enables us to consider a one-dimensional subfunction of the
12-dimensional GERMINAL code, which is useful for plotting and interpreting the Kriging
predictions.

On figure 9.2, we plot the 97 observation points of the segment, and the Kriging prediction
and 90% confidence intervals (for a Kriging model using only the 97 observation points as
support point). The estimated hyper-parameters of the Kriging model are those of table 9.2.
We observe that there is indeed a numerical instability, which can be represented by a nugget
effect with standard deviation 28°. We also observe that the Kriging model appears to be
appropriate. More specifically, it interpolates the observations in the areas where there is no
numerical instability, and it does not interpolate the observations in the areas where there is
a numerical instability. The confidence intervals appear to be of the right order of magnitude,
and their size is almost constant, because of the considerable value of the standard deviation of
the nugget process in (9.1). Finally, the numerical instability is stronger when Y3 is negative,
especially there is an outlier observation for which Yo = —500. Because of the nugget effect,
and because of the relatively large correlation lengths, the Kriging prediction is not too much
impacted by this outlier point.

This is as previously discussed in subsection 9.2.2.

9.3.2 Prediction results

The prediction results for the output Y7 ("T _Core_0.5D") are given in table 9.3. The standard
deviation of the output on the test base is 344°, and the RMSE (9.3) criterion for the Kriging
prediction is 9.03°. Thus, the Kriging prediction has a 3% relative error, which confirms, as
mentioned in subsection 9.2.2 that the output Y7 is a rather simple function of the inputs. We
recall, from table 9.1, that the estimated nugget standard deviation o, is (9.1) is 7.8°. Hence,
we see that the most part of the prediction error comes from the numerical instability of the
GERMINAL calculations.

In table 9.3, we also see that the Kriging predictive variances have appropriate orders of
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2 - -
200+ observation points

1 — prediction
90%confidence intervals

00 01 02 03 04 05 06 07 08 09 1.0
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Figure 9.2: One-dimensional plot of the Kriging prediction for the output Y5 of the GERMINAL
code. 97 observation points are taken on a segment joining two 12-dimensional observation
points on the input space of the z1,...,z10. We index the points on the segment by their
x1 component (x-axis in the plot). The Kriging model is built with the estimated hyper-
parameters of table 9.2 and its support points are the 97 observation points. We observe a
general numerical instability which justifies the presence of the nugget effect. We also observe
an outlier GERMINAL calculation point. Because of the nugget effect, and because of the
relatively large correlation lengths, the Kriging prediction is not too much impacted by this

outlier point.
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RMSE | CIR | MSNE
Kriging 9.03° 0.92 0.84

Neural networks 12.2°

Table 9.3: Prediction results for the output Y; ("T_Core_0.5D") of the GERMINAL code.
The standard deviation of the output on the test base is 344°.

magnitude. Indeed, the criterion CIR is relatively close to 0.9 and the criterion MSNE is
relatively close to 1.

We have compared the Kriging RMSE with the RMSE obtained from an artificial neural
network. The artificial neural network method is the one used as a metamodel method in
the general optimization problem of subsection 9.2.1 and of [HGA'10]. The artificial neural
network method is implemented in the URANIE uncertainty platform, developed at CEA. In
a few words, the artificial neural networks have one hidden layer and the activation function is
a hyperbolic tangent. For a given number of hidden layer neurons, the weights of the artificial
neural network are selected by using an early stopping algorithm. More precisely, this early
stopping algorithm splits the learning base into two subbases. It carries out a gradient descent
method for optimizing the weights of the artificial neural network, based on the data for the
first subbase, but stops the gradient descent method earlier than at its convergence, when the
obtained prediction error on the second subbase starts to increase. Note that this method has
a random component, due to a random split of the learning base and a random initialization of
the weights in the gradient descent method.

When the RMSE value obtained from the artificial neural network method is presented in
table 9.3, a loop is actually carried out over the number of hidden layer neurons (from 15 to 30,
by a step of 3). For each number of hidden layer neurons, the weights are optimized twice on
the learning base, with the (random) early stopping method presented above. The RMSE value
presented is then that of the artificial neural network, characterized by the number of hidden
neurons and the weights, maximizing a score, on the test base, involving several prediction error
criteria, including RMSE, the mean absolute error and the maximum absolute error. Hence,
notice that the artificial neural network for which the RMSE value is presented in table 9.3 has
actually been computed using knowledge on the test base. This is an advantage given to the
artificial neural network method, in this comparison, because the Kriging model is only built
from the learning base.

On table 9.3, we observe that, despite this advantage given to the artificial neural network
method, the Kriging RMSE is smaller than that of the artificial neural network method (9.03°
compared to 12.2°).

The prediction results for the output Y ("Fusion Margin") are given in table 9.4. The
standard deviation of the output on the test base is 342°, and the RMSE (9.3) criterion for
the Kriging prediction is 35.9°. The Kriging relative error is around 10%. For Y] this relative
error is 3%. Hence, we have a confirmation that the output Y3 is a more complex function of
the inputs than the output Y;. The reasons are given in subsection 9.2.2: the output Y7 only

involves the initial state of a GERMINAL simulation, while Y5 involves the simulation during
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RMSE | CIR | MSNE
Kriging 35.9° 0.89 1.03

Neural networks 39.7°

Table 9.4: Prediction results for the output Y5 ("Fusion_Margin") of the GERMINAL code.
The standard deviation of the output on the test base is 342°.

the whole time period. We recall, from table 9.2, that the estimated nugget standard deviation
op in (9.1) is 28°. Hence, similarly to Y7, we see that an important part of the prediction error
comes from this nugget effect.

Concerning the Kriging predictive variances, from CIR and MSNE in table 9.4 we see that
their order of magnitudes are appropriate, similarly to table 9.3 for Y7.

Finally, similarly to table 9.3, the RMSE of the artificial neural network method is larger
than that of Kriging (39.7° compared to 35.9°). The artificial neural network is built by using
the same method as in 9.3.

As a conclusion, we have seen that a standard Kriging model (stationary Matérn % covariance
function) gives good prediction results, compared to artificial neural network methods.

Notice that we have also confirmed other general facts, in the comparison between Kriging
and artificial neural network methods, that result from the intrinsic difference between the two
methods. This difference is that a Kriging metamodel function explicitly uses the data points
each time it is called for a new point, while the artificial neural network function, after being
built from the data base, does not use it when being called for new points. As a result, the
inline computation time may be larger for Kriging. By inline computation time, we mean the
computation time required for using the metamodel for a large number of new points, after it
has been built from the learning base. For Kriging, the standard prediction (2.9) at a new point
x("¢®) requires to loop over all the learning points V), ..., 2. Thus, this standard Kriging
prediction method has a O(n) computational cost. Notice that there exists alternative to this
O(n) prediction method, such as screening methods. On the contrary, once the neural network
metamodel is built from the learning base, its complexity only scales with the number of hidden
layer neurons, which is generally much smaller than the number of data points. In the case of
the GERMINAL computer model, we have a confirmation that the inline computation time is
significantly larger for the Kriging metamodel than for the artificial neural network metamodel.
On the other hand, because the Kriging metamodel function explicitly uses the data points, it
is ensured that its prediction error on the data base is small and only caused by the nugget
effect. This has been a comforting fact, from the code user point of view, in the GERMINAL
application case.

For the Kriging model, the estimation of the nugget effect is important in the case of the
GERMINAL model, because we see that the value of this effect explains a large part of the
prediction error. In figure 9.2, we also see that it would make no sense to interpolate the
observed values exactly. Furthermore, the Kriging provides a prediction of its prediction error,
that has been shown to be accurate. As an example of an utilization of this anticipation of

the prediction error, we now see an example of automatic detection of computation failures in
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subsection 9.3.3.

9.3.3 Detection of computation failures for the "Fusion Margin" out-

put

We consider the detection of computation failures for the output Y>3, since we have seen that its
computation is the most subject to numerical instability. The 10 largest normalized LOO errors
of (9.6) are

14.2
7.8
—4.4
4.4
4.4
3.9
3.8
3.7
-3.6
3.6

In (9.7), we see the two largest normalized LOO errors 14.2 and 7.8 as particularly large,
compared to a standard Gaussian distribution and compared to the eight remaining ones. We
then investigate them particularly. The next errors are large as well, but their investigation is
less of a priority.

Let us also notice that abnormally large LOO errors are not necessarily caused by a compu-
tation failure. They can be the consequence of a Kriging model that is not perfectly adapted.
For example, we have classically used a stationary covariance function. This is a rather strong
assumption, and can result in overoptimistic predictive variances, in areas of the input space
where the variations of the output are much more important than in the rest of the input space.

As a potential confirmation of the limits of the Kriging model treated here, we have also
investigated the third largest LOO error in (9.7). Contrary to what we will see below for the
two largest ones, the physicists have not found indicators of computational problem in the
associated GERMINAL simulation. It can only be noted that the input point for this output is
rather marginal in the input domain, so that it can correspond to an area of the input domain
that has not been sufficiently explored. Nevertheless, the third largest LOO error in (9.7) is,
unless shown otherwise, an observation point that is badly predicted by the Kriging model.

When investigating the two largest normalized LOO errors in (9.7), we see that their GER-
MINAL fusion margin values are 217° and 211°. This means that the two GERMINAL simula-
tions predict that there is no fusion phenomenon for these two points. Instead, the two Kriging
predictions are —304° and —182°, so that the Kriging model predicts a fusion phenomenon.

As a standard component of physical research process, the GERMINAL code has been up-
dated since we carried out the study of this chapter 9. Note that some aspects of these updates
were directly motivated by the numerical instabilities that we exhibited in figure 9.2, and by the
points with high normalized LOO errors that we pointed out. As a consequence, a later version

of the GERMINAL code predicts the fusion margin output Y3, for the two largest normalized
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LOO errors in (9.7), at —251 and —171. Hence the differences between the Kriging predictions
and the new GERMINAL values are now explained by the predictive variances. Furthermore,
the new GERMINAL calculations do confirm that fusion phenomena took place.

To summarize, a Kriging model has been carried out on a data base corresponding to a
given version of the GERMINAL code. The normalized LOO errors have been sorted by de-
creasing order, and two of them are significantly larger than the other ones. The interest of this
automatic outlier selection is that it is prohibitive to investigate each GERMINAL calculation
manually. It has been shown that the two LOO outliers do correspond to computational failures.
Furthermore, a later version of the GERMINAL code yield two new values for them, that are

close to the Kriging predictions.
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Chapter 10

Conclusion and perspectives

On the interest of Gaussian process models for the analysis

of computer experiments

In this thesis, we have confirmed the strong interest of Gaussian process models for the analysis
of computer experiments. Indeed, from their intrinsic ability to approximate a deterministic
function and to associate a probability distribution to the resulting error, they can be used to
address a large variety of problems. In chapter 7, we have considered two rather different frame-
works for the analysis of the discrepancies between a computer model and a set of experimental
results. In the first framework, the discrepancies are explained by an intrinsic variability of the
computer model, while in the second one, they are explained by a model error function. This
function is represented by a realization of a Gaussian process. In these two frameworks, the
treatment is possible when the computer model function is not expensive to run, or when a
linear approximation of it is carried out. In the remaining case, the treatment can notably be

made possible by building a Gaussian process model of the computer code.

We have focused on the Gaussian process modeling of the model error, in the case where a
linear approximation of the code with respect to its model parameters is done. This method
has the advantage of being simple, and we have seen in chapter 8 that the resulting prediction
of the physical system is similar to that of the non-linear method, even if the computer model
is actually non-linear. Indeed, in this case, the model error function is defined with respect to
the linearized model. We have also seen in chapter 8 that the prediction is composed of the
calibrated computer model, completed by a Gaussian process inference of the model error. This
complementarity between the physical model and the statistical model yields a prediction that

is significantly more precise than the one of the calibrated code only.

We have also highlighted, in chapter 9 on the GERMINAL thermo-mechanical code, the
accuracy of the Gaussian process meta-modeling of a computer model, even in a relatively
high-dimensional case (12 input variables). The predictive variance is an additional benefit of
Gaussian process models, that has been illustrated in the case of automatic computation failure

detection.
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An analysis of Maximum Likelihood and Cross Validation

for covariance hyper-parameter estimation

Another central point of the thesis is the comparison of Maximum Likelihood and Cross Vali-
dation, for the estimation of the covariance function of a Gaussian process.

We have confirmed in chapter 5 that Maximum Likelihood is preferable over Cross Validation,
in the well-specified case where the true covariance function of the Gaussian process does belong
to the parametric family used for estimation. This conclusion holds in an expansion-domain
asymptotic context, and is independent of the design of experiments. We have also shown that
Cross Validation has the same rate of convergence as Maximum Likelihood, so that, in the well-
specified case, using it instead of Maximum Likelihood is sub-optimal but not too prejudicial.

In chapter 6, we have addressed the misspecified case, that is the case where the true co-
variance function of the Gaussian process does not belong to the parametric family of functions
used for estimation. We have shown that, when the Design Of Experiments is not too regu-
lar, Cross Validation is preferable to Maximum Likelihood. Indeed, it is more robust to the
misspecification of the covariance function family, in the sense that it has a smaller bias than
Maximum Likelihood. We interpret this by the fact that, in the misspecified case, it is not pos-
sible to estimate an hyper-parameter yielding Kriging conditional distributions that are good
in all aspects (mean, variance, quantiles). The Maximum Likelihood estimator tries, in nature,
to do so. On the contrary, the Cross Validation estimator is goal-oriented, and only addresses
the punctual conditional means and the predictions of the associated prediction errors. This
enables it to obtain better results, in terms of mean square prediction error and of predictive
variance reliability, than Maximum Likelihood.

A joint conclusion of chapters 5 and 6 is that we have found that covariance function esti-
mation generally benefits from an irregular sampling. In the well-specified case, where Maxi-
mum Likelihood is preferable, the asymptotic variance of the Maximum Likelihood estimator is
smaller when using an irregular sampling. In the misspecified case, for Maximum Likelihood,
we have not found a significant difference between an irregular or regular sampling. However,
for Cross Validation, there is a significant degradation when using a regular sampling. Indeed,
when having observation points that are on a regular grid, Cross Validation estimates covariance
hyper-parameters adapted only to predictions on this regular grid. Because of the covariance
function family misspecification, this does not generalize at all to predictions outside the regular
grid. This results in a large bias for Cross Validation, in the misspecified case and when using
a regular grid of observation points, as we have shown in chapter 6.

The fact that an irregular sampling is profitable to covariance function estimation has been
noted in the literature ([Ste99], chapter 6.9, [ZZ06], [JDLI08]). This is opposed to the case of
prediction with known covariance function, where regularly-spaced samplings appear as more
efficient, as we confirm in chapter 5. The references [ZZ06] and [PM12] notice that using space-
filling samplings, augmented with closely spaced observation points, yield efficient samplings for
Kriging prediction with estimated hyper-parameters. The results of chapter 5 are in agreement

with this conclusion.

Finally, we have observed in both the misspecified and well-specified cases that Cross Vali-
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dation has a larger variance than Maximum Likelihood. This conclusion holds for all the kinds

of samplings that we have investigated.

Other Cross Validation criteria in the literature

A natural perspective arises from our last conclusion: Cross Validation has a larger variance
than Maximum Likelihood. Furthermore, the variance of Cross Validation can increase when the
sampling becomes irregular. To interpret this fact, let us rewrite the Cross Validation criterion

for clarity,
I )
o Z{yz — Do} (10.1)
i=1

where, for 1 < ¢ < n, g, ¢ is the prediction of y; according to yi,...,%i—1,¥it1, .-, Yn, and
according to the covariance function 02Rg. In (10.1), the LOO errors have heterogeneous
variances when the sampling is irregular. More specifically, the LOO errors for observation
points that are isolated have larger variances. This increases the variance of the Cross Validation
estimator minimizing (10.1).

Another criterion, that could avoid this heterogeneity problem is ([RW06], chapter 5, [ZW10],
[SKO01]) the LOO log predictive probability,

1 . (yi — 9i0)?
5 Z {hl (Uzcig) + T 5 (102)
=1 2

0°Ci g

that is minimized jointly w.r.t o2 and 8. In (10.2), 02629 is the Kriging predictive variance

of y; according to y1,...,;Yi—1,Yit1, - Yn and given the covariance function 0?Rg. In (10.2),
the n terms should have homogeneous variances, because the prediction error is divided by the
predictive variance. Hence, the Cross Validation estimator corresponding to the criterion (10.2)
could benefit from an asymptotic study, like the one of chapter 5. It is possible that, in the
well-specified case, it yields a smaller asymptotic variance than the criterion (10.1). However,
it is also possible that, in the framework of chapter 6, the criterion (10.2) be more sensitive to
the covariance function misspecification. Indeed, similarly to Maximum Likelihood, it considers

the full conditional distribution, and not only the conditional mean.

Designing new Cross Validation criteria

It may be interesting to design new Cross Validation criteria, in light of the trade-off we pointed
out, between robustness to misspecification and small variance in the well-specified case. One
possibility that arises, for numerical reasons, in chapter 6, is the penalization of large estimated
variance 6% . Indeed, we have observed that this penalization indirectly prevents Cross Val-
idation from estimating too large correlation lengths, which has been noticed as problematic
for the Cross Validation method [MS04]. It can hence be an interesting direction of research to

study a Cross Validation criterion of the form
1 n
S3 {wi = a0 + £y (GR00(9)) (103)
i=1
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with

n

a2
Z (yz A2yz,0) ’

i=1 o

S|

5100(0) =

and where f, is an increasing penalty function. This function could also depend on data.
Another possibility for improving the Cross Validation criterion is to normalize the Cross

Validation errors of (10.1), but with normalization parameters that are fixed in the optimization

problem, contrary to (10.2). The correlation hyper-parameter 6 can hence be estimated by

minimizing . A ,
Z (yi — yi,e(yfi))

; v? ’
i=1 z

(10.4)

2

where the v; are normalization terms, independent of 8. One possibility is to use a first-step

estimation 1, for example by Maximum Likelihood, to set the v? as functions of the Kriging
LOO conditional variances, with hyper-parameter 91, and then estimate @ by minimizing (10.4).
Notice that this normalization can make the variance of the Cross Validation estimator less
sensitive to an irregular sampling, but it may not improve it in the framework of the regular
grid in chapter 5. Indeed, the LOO errors are already asymptotically homogeneous in this
framework. Thus, the principle of (10.4) can be extended, for instance by decorrelating the

LOO errors, before minimizing their square mean.

Fixed-domain asymptotic analysis of Cross Validation

In this thesis, we have addressed the expansion-domain asymptotic framework when addressing
the Cross Validation estimator in chapter 5. Indeed, as we have discussed, expansion-domain
asymptotics enables us to state a general asymptotic normality result for Cross Validation,
similarly to Maximum Likelihood [MM84]. Notably, these expansion-domain asymptotic results
for Maximum Likelihood and Cross Validation hold for a large class of covariance function
families. In the literature, the fixed-domain asymptotic results for Maximum Likelihood address
particular families of covariance functions (for instance the exponential family in [Yin91] and
[Yin93], or the isotropic Matérn family with fixed regularity parameter in [Zha04]). Furthermore,
the fixed-domain asymptotic analysis yields a large variety of results, notably according to
microergodicity (chapter 4, [Ste99], chapter 6.2) or non-microergodicity of the covariance hyper-
parameters.

Hence, the similar process for the Cross Validation estimator minimizing (10.1), would be to
address its fixed-domain asymptotic properties on particular covariance function families, now
that a general expansion-asymptotic result is available in chapter 5. Historically, the first covari-
ance structure for which fixed-domain asymptotic results were obtained for Maximum Likelihood
is the exponential covariance structure ([Yin91], [Yin93]), due to its Markovian properties. It is
hence a good candidate to start investigating the fixed-domain asymptotic properties of Cross
Validation.
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Appendix A

Notation

In general, scalars are written in italic, vectors are written in bold italic, and matrices are

written in simple bold. In general, there is no font distinction between deterministic quantities,

realizations of random quantities and random quantities.

Mathematical symbols

3,_'&&)

—
3

Tr(M)
M|
[IM]]2

| M|
Diag(M)

V[0
N(m,K)
GP(m,K)
X?(n)
(k)

D, o2

The Fourier transform of a multidimensional function f

The identity matrix of size n

The matrix of size n whose coefficients are all 1

The trace of a matrix M

The determinant of a matrix M

For a n x n matrix M: ,/%szzl M,

The largest singular value of a matrix M

For a matrix M: (Diag(M)), ; = M; j1,=;

The Euclidean norm of a vector v

For a vector v, |v|s = max; |v;]

Gaussian distribution with mean vector m and covariance matrix K
Gaussian process with mean function m and covariance function K
The X2 distribution with n degrees of freedom

The k-th base vector

The cumulative distribution function of the Gaussian distribution

with mean m and variance o2
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Ordinal variables

n  Number of observation points

d  Dimension of the input space of a Gaussian process

Number of experimental conditions for a physical system

p  Number of covariance hyper-parameters of a parametric covariance function family

m  Number of regression functions for an universal Kriging model

Number of computer model parameters

Kriging

T =(1,...,24)

—

A

B R XTI EIN

[SPREN
o~
—~ 8
B =

=
8

= 3
—~

8
- —

8
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d-dimensional input of a Gaussian process, or of a physical system
A real-valued Gaussian process

The definition domain of a Gaussian process (D C R¢)

n observation points in D

The observation set {w(1)7 ...713(")}

The n x m matrix of the regression functions at (), ..., (™

The correlation function of Y

The n x n correlation matrix of ¥ at ), ..., (™

The covariance function of Y

The n X n covariance matrix of Y at (), ..., (™

The random vector of Y at (1), ..., 2(™

A prediction point in D

The prediction (BLUP or conditional expectation) of Y at «

The predictive variance of Y at «

The m-dimensional vector of the regression functions at x

The n-dimensional correlation vector of Y between (), ..., (™ and x

The n-dimensional covariance vector of Y between V), ...,z and x



APPENDIX A. NOTATION

Misspecification of covariance function

Ry The true correlation function of Y
K; The true covariance function of Y
Ry The assumed correlation function of Y
Ko The assumed covariance function of Y

For model 4, i = 1,2:

R; The n X n correlation matrix at w(1)7 ey 2™ with R;

K, The n x n covariance matrix at V), ..., (™ with K;

r;(x) The n x 1 correlation vector between (1), ..., (™ and x with R;
ki(x) The n x 1 covariance vector between (1), ..., (™ and x with K;
Ji(x) The prediction of Y at  with R;

5% (x) The predictive variance of Y at x with K

E;, Var;, Cov;, ~; Mean value, variance, covariance and distribution

of a function of Y, when the covariance function of Y is K;

Cross Validation

S A subset of X

gs(x) The prediction of Y at x according to the observation data in S

6%(x) The predictive variance of Y at & according to the observation data in S

Ui The prediction of Y at «(*) according to the observation data in
x|l gD p(n)

o; The predictive variance of Y at () according to the observation data in
AR BN A Ut B A b B A K

Parametric families of covariance functions

o? A variance hyper-parameter

(7] A correlation hyper-parameter

Reo A correlation function

o%Rg A covariance function

R ={Re,0 € O} A parametric set of correlation functions

K= {(szg7 0?>0,0c¢ @} A parametric set of covariance functions

Ry The n x n correlation matrix of ™), ..., 2™
with correlation function Rg

o?Rg The n x n covariance matrix of =V, ..., z(")

with covariance function o2Rg

" = (0%,0)
Ky Ky = 0°Rg
K={Ky,y €T} A parametric set of covariance functions
Ky Ky = 2Ry
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Criteria for estimation by Maximum Likelihood

L(B,0%,0) The modified opposite log-likelihood of the observations at (o2, 6)

L(0) The marginal modified opposite log-likelihood ming ,2 L(3, 2,0)

Lr(c%,8)  The modified opposite restricted log-likelihood of the observations at (o2, 8)
Lr(0) The marginal modified opposite restricted log-likelihood min,: L(c?, 6)
L) The modified opposite log-likelihood of the observations at

Lr(v) The modified opposite restricted log-likelihood of the observations at 1

Maximum Likelihood estimators

O The Maximum Likelihood estimator of @
2L The Maximum Likelihood estimator of o
. The Maximum Likelihood estimator of 1

] remL The REstricted Maximum Likelihood estimator of
6% ey The REstricted Maximum Likelihood estimator of o
$ppa  The REstricted Maximum Likelihood estimator of

Estimation by Cross Validation

Ui.0 The prediction of Y at «(*) according to the observation data in
M2l 20+ () with correlation hyper-parameters 0

o%et, The predictive variance of Y at () according to the observation data in
x®, 20D 20+ () with covariance hyper-parameters (o2, 6)

LOO(#) The Leave-One-Out Mean Square Error of the observations at 6

62 50(0)  The Leave-One-Out estimation of o2 given 0

000 The Leave-One-Out estimation of

52 60 The LOO estimation of 0%: 20 = 6240(0L00)
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APPENDIX A. NOTATION

Computer model and experiments

x

B

d-dimensional vector of experimental conditions / inputs of the physical system

m-~dimensional vector of computer model parameters

fmod(z, B3) Computer model at  and B

fobs (:B)
freal ((Iﬁ)
SIS
€

Yobs

H

Yobs

Z
Rmod
Kmod
Rmod
Kmod
Kmes

2R
8

Physical system observed at «

Physical system at x

,z(™  n observation points for the physical system

n-dimensional vector of measure errors at %), ..., x("

n-dimensional vector of observations of the physical system at (1), ..., (™
n X m matrix of the derivatives of f,q with respect to 8 at V), ...,z
Gaussian process representation of the physical system

Gaussian process of the model error

The correlation function of Z

The covariance function of Z

The n x n correlation matrix of Z at =), ..., (")

The n x n covariance matrix of Z at (), ..., (™

The n x n covariance matrix of €

K = Kiod + Kines

The n-dimensional correlation vector of Z between ™, ...,z and x

k(x) The n-dimensional covariance vector of Z between (", ..., (") and =

h(x) The m-dimensional vector of the derivatives of the computer model at «
Abbreviations

BLUP  Best Linear Unbiased Predictor

GP Gaussian Process

ML Maximum Likelihood

REML REstricted Maximum Likelihood

Ccv Cross Validation

LOO Leave-One-Out

MSE Mean Square Error

RMSE Root Mean Square Error

pdf probability density function
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