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✷ ◆♦t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✸ ❖♣ér❛t❡✉rs ❞❡ ◆❡♠②ts❦✐✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✹ ❘és✉❧t❛t ♣r✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✺ Pr❡✉✈❡ ❞✉ rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✻ ❆♣♣❧✐❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼



■♥tr♦❞✉❝t✐♦♥ ❣é♥ér❛❧❡

▲❛ ♥♦t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭♣✳♣✳✮ ❡st ✐♥tr♦❞✉✐t❡ ♣♦✉r ❧❛ ♣r❡✲
♠✐èr❡ ❢♦✐s ♣❛r ❍✳ ❇♦❤r ❡♥ ✶✾✷✺✲✶✾✷✻✳ ❏♦✉❛♥t ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧✬ét✉❞❡
❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s✱ ❡❧❧❡ ❛ été ❞é✈❡❧♦♣♣é❡ ❛♣rès ♣❛r ❞✬❛✉tr❡s ❛✉t❡✉rs✱
♥♦t❛♠♠❡♥t ♣❛r ❇♦❝❤♥❡r q✉✐ ❛ ❞♦♥♥é✱ ❡♥ ✶✾✸✸✱ ✉♥❡ ♣r♦♣r✐été éq✉✐✈❛❧❡♥t❡ à
❧❛ ❞é✜♥✐t✐♦♥ ❞♦♥♥é❡ ♣❛r ❇♦❤r✳
❈♦♠♠❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ♣✳♣✳✱ ❇♦❝❤♥❡r ❛ ✐♥tr♦❞✉✐t ❧❛ ♥♦t✐♦♥ ❞❡
❢♦♥❝t✐♦♥s ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s ✭♣✳❛✳✮ ♣♦✉r ❧❡sq✉❡❧❧❡s ❝❡rt❛✐♥❡s ♣r♦♣r✐étés ❢♦♥✲
❞❛♠❡♥t❛❧❡s ❞❡s ❢♦♥❝t✐♦♥s ♣✳♣✳ ♥❡ s♦♥t ♣❛s ✈ér✐✜é❡s✳ ❈❡tt❡ ♥♦t✐♦♥ ❛ été ❞é✈❡✲
❧♦♣♣é❡ ❛✉ss✐ ♣❛r ●✳▼✳ ◆✬●✉éré❦❛t❛ ❞❛♥s ❬✸✾❪✳

❊♥ ✶✾✹✶ ❋ré❝❤❡t ❛ ✐♥tr♦❞✉✐t ❧❛ ♥♦t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥ ❛s②♠♣t♦t✐q✉❡♠❡♥t
♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡✱ ❡t ❡♥ ✶✾✾✷✱ ❈✳ ❩❤❛♥❣ ❛ ❣é♥ér❛❧✐sé ❝❡tt❡ ♥♦t✐♦♥ ❡♥ ✐♥tr♦✲
❞✉✐s❛♥t ❧❡s ❢♦♥❝t✐♦♥s ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s✳
❉❛♥s ❧❡ ❜✉t ❞✬ét✉❞✐❡r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡s s♦❧✉t✐♦♥s ✧♠✐❧❞✧ ❞❡ q✉❡❧q✉❡s
éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❛❜str❛✐t❡s✱ ❧❡s ❛✉t❡✉rs ❞❡ ❬✷✹❪✱ ❬✷✸❪✱ ❬✷✺❪ ❡t ❬✶✵❪ ♦♥t
✐♥tr♦❞✉✐t ❛✉ss✐ ❧❛ ♥♦✉✈❡❧❧❡ ♥♦t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥ ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ❛✈❡❝
♣♦✐❞s✳ ❈♦♠♠❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡ ❝❡s ❢♦♥❝t✐♦♥s✱ ♦♥ tr♦✉✈❡ ❧❡s ❢♦♥❝t✐♦♥s ♣s❡✉❞♦
♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s ❛✈❡❝ ♣♦✐❞s✱ ✐♥tr♦❞✉✐t❡s ♣❛r ❇❧♦t✱ ▼♦♣❤♦✉✱ ◆✬●✉éré❦❛t❛
❡t P❡♥♥❡q✉✐♥ ❞❛♥s ❬✶✹❪✳

▲✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡s s♦❧✉t✐♦♥s ♣✳♣✳✱ ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣✳♣✳✱ ♣s❡✉❞♦
♣✳♣✳ ❡t ♣s❡✉❞♦ ♣✳♣✳ ❛✈❡❝ ♣♦✐❞s ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣✳♣✳✱ ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣✳❛✳✱
♣s❡✉❞♦ ♣✳❛✳ ❡t ♣s❡✉❞♦ ♣✳❛✳ ❛✈❡❝ ♣♦✐❞s✱ ✮ s♦♥t ❞✬✉♥❡ ❣r❛♥❞❡ ✐♠♣♦rt❛♥❝❡ ❞❛♥s
❧✬ét✉❞❡ q✉❛❧✐t❛t✐✈❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s à ❝❛✉s❡ à ❧❡✉rs
❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s ♣❧✉s✐❡✉rs ❞♦♠❛✐♥❡s ❝♦♠♠❡ ❧❛ ❜✐♦❧♦❣✐❡ ♠❛t❤é♠❛t✐q✉❡✱ ❧❛
♣❤②s✐q✉❡✱ ❧❛ t❤é♦r✐❡ ❞✉ ❝♦♥trô❧❡ ❡t ❞✬❛✉tr❡s ❞♦♠❛✐♥❡s✳ P❛r♠✐ ❝❡s ❛♣♣❧✐❝❛✲
t✐♦♥s✱ ♦♥ tr♦✉✈❡ ❝♦♠♠❡ ♠♦❞è❧❡ ♦s❝✐❧❧❛t♦✐r❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛
♣❤②s✐q✉❡✱ ❧✬éq✉❛t✐♦♥ ❞❡ ▲✐é♥❛r❞ ❢♦r❝é❡✳ ❊♥ ✶✾✻✵✱ ❆✳ P❡r♦✈ ❛ ét✉❞✐é ❧✬❡①✐st❡♥❝❡
❡t ❧✬✉♥✐❝✐té ❞✬✉♥❡ s♦❧✉t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ❞✬✉♥❡ éq✉❛t✐♦♥ ♣❧✉s ❣é♥ér❛❧❡
q✉❡ ❝❡❧❧❡ ❞❡ ▲✐é♥❛r❞✱ ❞❡ ❧❛ ❢♦r♠❡

X ′(t) =M(t,X(t)). ✭✵✳✶✮

❉❛♥s ❧❡ ♠ê♠❡ tr❛✈❛✐❧✱ ❧✬❛✉t❡✉r ❛ ♣r♦✉✈é ❞✬❛❜♦r❞ ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✬✉♥❡
s♦❧✉t✐♦♥ ❜♦r♥é❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✵✳✶✮ ❀ ✐❧ ❛ ❛✉ss✐ ❝♦♥st❛té q✉❡ ❝❡tt❡ s♦❧✉t✐♦♥ ♣❡✉t

✺



✻

êtr❡ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ♦✉ ♠ê♠❡ ♣ér✐♦❞✐q✉❡ ❡♥ ❛❥♦✉t❛♥t ❞❡s ❝♦♥❞✐t✐♦♥s s✉r
❧❛ ❢♦♥❝t✐♦♥M ❞❡ ❝❡tt❡ éq✉❛t✐♦♥✳ ❚♦✉❥♦✉rs ❞❛♥s ❧❡ ❜✉t ❞✬ét✉❞✐❡r ❧✬❡①✐st❡♥❝❡ ❡t
❧✬✉♥✐❝✐té ❞❡s s♦❧✉t✐♦♥s ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲✐é♥❛r❞✱ ♦♥ ♣❡✉t
❝✐t❡r ❧❡ tr❛✈❛✐❧ ❞❡ ❈✐❡✉t❛t ❞❛♥s ❬✶✾❪ s✉r ❧❡ s②stè♠❡

x′′(t) +
d

dt
(∇F (x(t))) + Cx(t) = e(t),

❡t ❛✉ss✐ ❝❡❧✉✐ ❞❡ ❇❧♦t✱ ❈✐❡✉t❛t ❡t ▼❛✇❤✐♥ ❞❛♥s ❬✽❪ s✉r ❧❛ r❡❝❤❡r❝❤❡ ❞✬✉♥❡
s♦❧✉t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❢♦r❝é❡

x′′(t) + [b(t)I +B(t)]x′(t)− F (t, x(t)) = e(t). ✭✵✳✷✮

❉❡ ♠ê♠❡ ❡①✐st❡ ❧✬❛rt✐❝❧❡ ❞❡ ❈✐❡✉t❛t ❬✷✵❪ s✉r ✉♥ ❝❛s ♣❧✉s ❣é♥ér❛❧ q✉❡ ✭✵✳✷✮✱
q✉✐ ❡st

x′′(t) = f(t, x(t), x′(t)),

♦ù ✐❧ ❛ ❛♣♣❧✐q✉é ❞❡s rés✉❧t❛ts ✉t✐❧✐sés ❞❛♥s ❬✽❪ ♣♦✉r ❧✬éq✉❛t✐♦♥ ✭✵✳✷✮✳

P❧❛♥ ❞❡ ❧❛ t❤ès❡

▲❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❝❡ tr❛✈❛✐❧ ❝♦♥❝❡r♥❡♥t ❧✬❡①✐st❡♥❝❡
❡t ❧✬✉♥✐❝✐té ❞❡s s♦❧✉t✐♦♥s ❞❡ ❞✐✛ér❡♥ts t②♣❡s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲✐é♥❛r❞ ❢♦r❝é❡
❡t ❞❡s rés✉❧t❛ts ❞❡ ❞é♣❡♥❞❛♥❝❡ ♣♦✉r ❧❡s s♦❧✉t✐♦♥s ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲
♣ér✐♦❞✐q✉❡s ❞✬éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥✳
P♦✉r ré❛❧✐s❡r ♥♦tr❡ ♦❜❥❡❝t✐❢✱ ♥♦✉s ✉t✐❧✐s♦♥s ❞❡s ♦✉t✐❧s ❞✬❛♥❛❧②s❡ ❢♦♥❝t✐♦♥♥❡❧❧❡
♥♦♥ ❧✐♥é❛✐r❡ ❡t ❞❡s rés✉❧t❛ts s✉r ❧❡s éq✉❛t✐♦♥s ❧✐♥é❛✐r❡s q✉✬♦♥ tr♦✉✈❡ ❞❛♥s ❧❡s
tr❛✈❛✉① s✉✐✈❛♥ts ✿ ❬✾❪✱ ❬✶✵❪✱ ❬✶✶❪✱ ❬✶✷❪✱ ❬✷✹❪✱ ❬✸✽❪✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ■✱ ♦♥ r❛♣♣❡❧❧❡ ❧❡s ❞é✜♥✐t✐♦♥s ❡t ♣r♦♣r✐étés ❞❡ ❞✐✲
✈❡rs t②♣❡s ❞❡ ❢♦♥❝t✐♦♥s ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ❡♥ ❛❜♦r❞❛♥t q✉❡❧q✉❡s rés✉❧t❛ts
❞✬❡①✐st❡♥❝❡ ❞❡ s♦❧✉t✐♦♥s ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ♣♦✉r q✉❡❧q✉❡s t②♣❡s ❞✬éq✉❛t✐♦♥s
❞✐✛ér❡♥t✐❡❧❧❡s ❡t ❞❡s s♦❧✉t✐♦♥s ✧♠✐❧❞✧ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s ♣♦✉r ✉♥❡ éq✉❛t✐♦♥
❞✐✛ér❡♥t✐❡❧❧❡ ♥♦♥ ❤♦♠♦❣è♥❡✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ■■✱ ♦♥ ét❛❜❧✐t ✉♥ rés✉❧t❛t ❞✬❡①✐st❡♥❝❡ ❡t ❞✬✉♥✐❝✐té
❞✬✉♥❡ s♦❧✉t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ xp
❞❡ ❧❛ ❢❛♠✐❧❧❡ ❞✬éq✉❛t✐♦♥s s✉✐✈❛♥t❡s ✿

x′′(t) + f(x(t), p).x′(t) + g(x(t), p) = ep(t), ✭✵✳✸✮

♣♦✉r ✉♥ p✱ ❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ 0 ✱ ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✱ ❡t ♣♦✉r
ep ♣✳♣✳ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣✳❛✳✮✳ P♦✉r ❛❜♦✉t✐r à ♥♦tr❡ rés✉❧t❛t✱ ♦♥ tr❛❞✉✐t ❧❡
♣r♦❜❧è♠❡ ❞❛♥s ✉♥ ❝❛❞r❡ ❞✬❛♥❛❧②s❡ ❋♦♥❝t✐♦♥♥❡❧❧❡ ◆♦♥ ▲✐♥é❛✐r❡ ❡t ♦♥ ❛♣♣❧✐q✉❡
❧❡ t❤é♦rè♠❡ ❞❡s ❢♦♥❝t✐♦♥s ✐♠♣❧✐❝✐t❡s✳
❖♥ ❝♦♥s✐❞èr❡ ❛✉ss✐ ❞❡✉① ❝❛s ♣❛rt✐❝✉❧✐❡rs ❞❡ ❧❛ ❢❛♠✐❧❧❡ ✭✵✳✸✮✱ q✉✐ s♦♥t

x′′(t) + f1(x(t)).x
′(t) + g1(x(t)) = e(t),



✼

❡t
x′′(t) + f2(x(t), q).x

′(t) + g2(x(t), q) = e(t).

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ■■■✱ ♥♦✉s ét❡♥❞♦♥s ❧❡s rés✉❧t❛ts ❞✉ ❝❤❛♣✐tr❡ ✷ ❛✉①
❢♦♥❝t✐♦♥s ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣✳♣✳✱ ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣✳❛✳✱ ♣s❡✉❞♦ ♣✳♣✳✱ ♣s❡✉❞♦
♣✳❛✳✱ ♣s❡✉❞♦ ♣✳♣✳ ❛✈❡❝ ♣♦✐❞s ❡t ♣s❡✉❞♦ ♣✳❛✳ ❛✈❡❝ ♣♦✐❞s✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ■❱✱ ♥♦✉s ét✉❞✐♦♥s ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❡s
s♦❧✉t✐♦♥s ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲♣ér✐♦❞✐q✉❡s ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤②

x′(t) = A(t)x(t) + f(t, x(t).u(t)) x(0) = ξ

♣❛r r❛♣♣♦rt à u ❡t à ❧❛ ✈❛❧❡✉r ✐♥✐t✐❛❧❡ ξ. P♦✉r ❛tt❡✐♥❞r❡ ❧✬♦❜❥❡❝t✐❢ ❞❡ ❝❡
❝❤❛♣✐tr❡✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡s ♣r♦♣r✐étés ❞❡s ❢♦♥❝t✐♦♥s ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t w✲
♣ér✐♦❞✐q✉❡s ❞✉ ♣r♦❜❧è♠❡ ❧✐♥é❛✐r❡ ❢♦r❝é ❞❡ ❈❛✉❝❤② s✉✐✈❛♥t ✿

x′(t) = A(t)x(t) + e(t) x(0) = ζ.

◆♦✉s ét❛❜❧✐ss♦♥s ❛✉ss✐ ❞❡ ♥♦✉✈❡❧❧❡s ♣r♦♣r✐étés s✉r ❧❡s ♦♣ér❛t❡✉rs ❞❡ s✉♣❡r♣♦✲
s✐t✐♦♥✳



❈❤❛♣✐tr❡ ✶

❘❆PP❊▲❙ ❙❯❘ ❉■❱❊❘❙
❚❨P❊❙ ❉❊ ❋❖◆❈❚■❖◆❙
P❘❊❙◗❯❊✲P➱❘■❖❉■◗❯❊❙

❘és✉♠é✳ ❈❡ ❝❤❛♣✐tr❡ ❡st ✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞❡ rés✉❧t❛ts q✉✐ s❡r♦♥t ✉t✐❧❡s
♣♦✉r ❧❛ s✉✐t❡ ❞❡ ❧❛ t❤ès❡✳ ❖♥ r❛♣♣❡❧❧❡r❛ q✉❡❧q✉❡s ❞é✜♥✐t✐♦♥s ❡t ♣r♦♣r✐étés
❞❡s ❢♦♥❝t✐♦♥s ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s✱ ❡t ❞❡ ♠ê♠❡ ♦♥ ❞♦♥♥❡r❛ ❧❛ ❞é✜♥✐t✐♦♥ ❡t
q✉❡❧q✉❡s ♣r♦♣r✐étés ❞❡s ❢♦♥❝t✐♦♥s ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s✱ ❢♦♥❝t✐♦♥s ❛s②♠♣t♦t✐✲
q✉❡♠❡♥t ♣✳♣✳✱ ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣✳❛✳✱ ♣s❡✉❞♦ ♣✳♣✳✱ ♣s❡✉❞♦ ♣✳❛✳✱ ♣s❡✉❞♦ ♣✳♣✳
❛✈❡❝ ♣♦✐❞s ❡t ♣s❡✉❞♦ ♣✳❛✳ ❛✈❡❝ ♣♦✐❞s✳
P♦✉r t♦✉t❡ ❧❛ s✉✐t❡✱ ✭E, ‖ · ‖E ✮ ❡t ✭F, ‖ · ‖F✮ s♦♥t ❞❡✉① ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤✳

✶ ❋♦♥❝t✐♦♥s ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s

❉é✜♥✐t✐♦♥ ✶✳✶ ❯♥ ❡♥s❡♠❜❧❡ T ❞❡ R ❡st ❞✐t r❡❧❛t✐✈❡♠❡♥t ❞❡♥s❡ ❞❛♥s R s✬✐❧
❡①✐st❡ ✉♥ ♥♦♠❜r❡ ré❡❧ ℓ > 0✱ t❡❧ q✉❡✱ T ∩ [a, a+ ℓ] 6= ∅ ♣♦✉r t♦✉t a ∈ R.

❉é✜♥✐t✐♦♥ ✶✳✷ ✭❍❛r❛❧❞ ❇♦❤r✮ ❙♦✐t f ∈ C0(R,E)✳ ❖♥ ❞✐t q✉❡ f ❡st ♣r❡sq✉❡✲
♣ér✐♦❞✐q✉❡ ✭♣✳♣✳✮ ❛✉ s❡♥s ❞❡ ❇♦❤r s✐ ♣♦✉r ∀ε > 0 ❧✬❡♥s❡♠❜❧❡

T := {τ ∈ R; sup
t∈R

‖f(t+ τ)− f(t)‖E ≤ ε}

❡st r❡❧❛t✐✈❡♠❡♥t ❞❡♥s❡ ❞❛♥s R✳ ❬✷✽❪✱ ❬✸✵❪✳
❆❧♦rs ♦♥ ❞✐t q✉❡ f ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ❛✉ s❡♥s ❞❡ ❇♦❤r s✐

∀ε > 0, ∃ℓ > 0, ∀α ∈ R, ∃τ ∈ [α, α+ ℓ], sup
t∈R

‖f(t+ τ)− f(t)‖E ≤ ε.

❖♥ ♥♦t❡r❛ ♣❛r AP 0(R,E) ♦✉ AP 0(E) ❧✬❡s♣❛❝❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r❡sq✉❡✲
♣ér✐♦❞✐q✉❡s ❛✉ s❡♥s ❞❡ ❇♦❤r à ✈❛❧❡✉rs ❞❛♥s E.

✽



✾

Pr♦♣♦s✐t✐♦♥ ✶✳✶ AP 0(E) ♠✉♥✐ ❞❡ ❧❛ ♥♦r♠❡ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✉♥✐❢♦r♠❡

‖f‖∞ := sup{‖f(t)‖E; t ∈ R}

❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳ ❬✷❪✱ ❬✶✻❪✱ ❬✸✵❪

❡①❡♠♣❧❡ ✶✳✶ ❬✺❪
t 7−→ f(t) = sin 2πt+sin 2πt

√
2 ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡✳ ❊♥ ❡✛❡t

♣♦✉r ✉♥ ε > 0✱ s✐ ♦♥ ❝❤♦✐s✐ τ ✉♥ ❡♥t✐❡r ❡t q✉❡ ♣♦✉r ✉♥ ❛✉tr❡ ❡♥t✐❡r q ♦♥ ❛
|τ
√

(2)− q| ≤ ε
2π ✱ ♦♥ ♦❜t✐❡♥t

f(t+ τ) = sin(2πt+ 2πτ) + sin(2πt
√
2 + 2πτ

√
2),

❛❧♦rs
f(t+ τ) = sin(2πt) + sin(2πt

√
2 + (2λ− 1)ε+ 2πq),

♦ù λ ∈ [0, 1]✱ ❞♦♥❝ ♣✉✐sq✉❡ q ❡st ✉♥ ❡♥t✐❡r ❡t s✐ ♦♥ ♣♦s❡ (2λ − 1) = θ ♦♥
♦❜t✐❡♥t

f(t+ τ) = sin(2πt) + sin(2πt
√
2 + θε); ❛✈❡❝ θ ∈ [−1, 1].

❊♥ ❛♣♣❧✐q✉❛♥t ❧❡ t❤é♦rè♠❡ ❞❡s ❛❝❝r♦✐ss❡♠❡♥ts ❋✐♥✐s s✉r ❧❛ ❢♦♥❝t✐♦♥ t 7−→ sin t
❡♥tr❡ A := 2πt

√
2 ❡t B := 2πt

√

(2) + θε ♦♥ ♦❜t✐❡♥t

f(t+ τ) = f(t) + θε cos(ζ); ❛✈❡❝ ζ ∈ [A,B].

P✉✐sq✉❡ ζ ∈ [A,B]✱ ❞♦♥❝ ζ = 2πt
√
2+αθε ❛✈❡❝ α ∈ [0, 1]✳ P♦s❛♥t θ cos(ζ) =

θ′✱ ❛❧♦rs
f(t+ τ) = f(t) + εθ′; ❛✈❡❝ θ′ ∈ [−1, 1].

Pr♦♣r✐étés ✶✳✶ ❬✷❪
❙✐ f ∈ AP 0(E)✱ ❛❧♦rs

✕ f ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡✳
✕ ▲✬✐♠❛❣❡ ❞❡ f ❡st r❡❧❛t✐✈❡♠❡♥t ❝♦♠♣❛❝t❡ ❞❛♥s E✱ ❞♦♥❝ f ❡st ❜♦r♥é❡ s✉r

R✳
✕ ❙✐ F ❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✱ g : E → F ❡st ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❝♦♥t✐♥✉❡

s✉r ❧✬❛❞❤ér❡♥❝❡ ❞❡ ❧✬✐♠❛❣❡ ❞❡ f ✱ ❛❧♦rs g ◦ f ∈ AP 0(E)✳
✕ ❙✐ f ∈ AP 0(E)∩C1(R,E) ❡t f ′ ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ s✉r R, ❛❧♦rs
f

′ ∈ AP 0(E).
✕ ❖♥ ♥♦t❡ H(t) =

∫ t

0 f(s)ds. ❙✐ ❧✬✐♠❛❣❡ ❞❡ H ❡st r❡❧❛t✐✈❡♠❡♥t ❝♦♠♣❛❝t
❞❛♥s E, ❛❧♦rs H ∈ AP 0(E).

Pr♦♣♦s✐t✐♦♥ ✶✳✷ ❙♦✐t f : R → E✱ ❡t a ∈ R✳ ❖♥ ❞é✜♥✐t ❧✬♦♣ér❛t❡✉r ❞❡
tr❛♥s❧❛t✐♦♥

τa(f)(t) := f(t+ a).

❙✐ f ∈ AP 0(E)✱ ❛❧♦rs ♣♦✉r t♦✉t a ∈ R✱ ♦♥ ❛ τa(f) ∈ AP 0(E).



✶✵

❙♦✐t BC0(R,E) ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ❜♦r♥é❡s ❞❡ R ❞❛♥s E.

❚❤é♦rè♠❡ ✶✳✶ ✭❇♦❝❤♥❡r✮ ❙♦✐t f ∈ BC0(R,E)✱ ❆❧♦rs f ∈ AP 0(E) s✐ ❡t
s❡✉❧❡♠❡♥t s✐ {τa(f); a ∈ R} ❡st r❡❧❛t✐✈❡♠❡♥t ❝♦♠♣❛❝t ❞❛♥s BC0(R,E) ♠✉♥✐
❞❡ ❧❛ ♥♦r♠❡ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✉♥✐❢♦r♠❡✳ ❬✷❪

P♦✉r k ∈ N
∗, ♦♥ ♥♦t❡

AP k(E) := {f ∈ AP 0(E) ∩ Ck(R,E); ∀i = 1, . . . , k
dif

dti
∈ AP 0(E)}.

Pr♦♣♦s✐t✐♦♥ ✶✳✸ ▼✉♥✐ ❞❡ ❧❛ ♥♦r♠❡

‖f‖APk(E) := sup
t∈R

‖f(t)‖E +

k
∑

i=1

sup
t∈R

‖d
if

dti
(t)‖E

AP k(E) ❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳

✷ ❋♦♥❝t✐♦♥s ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ❛✈❡❝ ✉♥ ♣❛r❛♠ètr❡

❉é✜♥✐t✐♦♥ ✷✳✶ ❙♦✐t f ∈ C0(R × E,F). ♦♥ ❞✐t q✉❡ f ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡
❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t K ❞❡ E ❧♦rsq✉❡ ✿

∀ε > 0, ∃ℓ > 0, ∀α ∈ R, ∃τ ∈ [α, α+ℓ], sup
t∈R

sup
x∈K

‖f(t+τ, x)−f(t, x)‖F ≤ ε.

▲✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt
à x ❞❡ R× E s✉r F ❡st ♥♦té APU(R× E,F).

▲❡♠♠❡ ✷✳✶ ✭❬✶✸❪✱ ❧❡♠♠❡ ✸✳✹✮✳ ❙♦✐t f ∈ APU(R×E,F) ❡t s♦✐t u ∈ AP 0(E)
❛❧♦rs ♦♥ ❛ [t 7−→ f(t, u(t))] ∈ AP 0(F).

❚❤é♦rè♠❡ ✷✳✶ ✭❬✶✸❪✱ t❤é♦rè♠❡ ✸✳✺✮✳ ❙✐ f ∈ C0(R×E,F) ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐✲
q✉❡ ✉♥✐❢♦r♠é♠❡♥t ❡♥ t ♣❛r r❛♣♣♦rt à x ❛❧♦rs ❧✬♦♣ér❛t❡✉r ❞❡ ◆❡♠②ts❦✐ ❝♦♥str✉✐t
s✉r f ✱ Nf : AP 0(E) −→ AP 0(F) ❞é✜♥✐ ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ Nf (u) := [t 7−→
f(t, u(t))], ❡st ❝♦♥t✐♥✉✳

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ♦♥ ✉t✐❧✐s❡ ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t ✿

▲❡♠♠❡ ✷✳✷ ✭❬✶✸❪✱ ❧❡♠♠❡ ✸✳✼✮✳ ❙♦✐t f ∈ APU(R × E,F). ❆❧♦rs ♦♥ ❛✱ ♣♦✉r
t♦✉t ❝♦♠♣❛❝t K ❞❛♥s E ❡t ♣♦✉r t♦✉t ε > 0, ✐❧ ❡①✐st❡ δ = δ(K, ε) t❡❧ q✉❡✱ ♣♦✉r
t♦✉t x ∈ K ❡t ♣♦✉r t♦✉t z ∈ E, s✐ ‖x − z‖ ≤ δ ❛❧♦rs ‖f(t, x) − f(t, z‖ ≤ ε,

♣♦✉r t♦✉t t ∈ R✳



✶✶

❉é♠♦♥str❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✷✳✶✳
❖♥ ✜①❡ u ∈ AP 0(E), ❡t ε > 0. P✉✐sq✉❡ K = u(R) ❡st ✉♥ ❝♦♠♣❛❝t✱ ♦♥
❝♦♥s✐❞èr❡ δ = δ(K, ε) ❞♦♥♥é❡ ♣❛r ❧❡ ❧❡♠♠❡ ✷✳✷✳ ❆❧♦rs ♣♦✉r v ∈ AP 0(E) q✉✐
s❛t✐s❢❛✐t ‖v − u‖∞ ≤ δ, ♦♥ ❛ ‖v(t) − u(t)‖ ≤ δ, ♣♦✉r t♦✉t t ∈ R, ❡t ❛✈❡❝
u(t) ∈ K. ❉♦♥❝ ❧❡ ❧❡♠♠❡ ✷✳✷ ✐♠♣❧✐q✉❡ q✉✬ ♦♥ ❛

‖f(t, v(t))− f(t, u(t))‖ ≤ ε,

♣♦✉r t♦✉t t ∈ R; ♦♥ ♣❛ss❡ ❛✉ s✉♣ s✉r t ❡t ♦♥ ♦❜t✐❡♥t

‖Nf (v)−Nf (u)‖∞ ≤ ε.

�

❚❤é♦rè♠❡ ✷✳✷ ✭❬✶✸❪✱ t❤é♦rè♠❡ ✺✳✶✮✳ ❙♦✐t f ∈ APU(R×E,F) t❡❧ q✉❡ Dxf(t, x)
❡①✐st❡ ♣♦✉r t♦✉t (t, x) ∈ E×R ✭❛✉ s❡♥s ❞❡ ❋ré❝❤❡t✮ ❡t t❡❧ q✉❡ Dxf ∈ APU(R×
E,L(E,F)). ❆❧♦rs ❧✬♦♣ér❛t❡✉r ❞❡ s✉♣❡r♣♦s✐t✐♦♥ Nf (u) := [t 7−→ f(t, u(t))] ❞❡
AP 0(E) s✉r AP 0(F) ❡st ❞❡ ❝❧❛ss❡ C1✱ ❡t ♦♥ ❛

DNf (u).v = [t 7−→ Dxf(t, u(t)).v(t)], ♣♦✉r ❝❤❛q✉❡ u, v ∈ AP 0(E).

❉é♠♦♥str❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✷✳✷
P✉✐sq✉❡ Dxf ∈ APU(R×E,L(E,F)), ❡t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✷✳✶ ♦♥
❛ ✿

NDxf ❡st ❝♦♥t✐♥✉ ❞❡ AP 0(E) ❞❛♥s AP 0(L(E,F)). ✭✷✳✶✮

❖♥ ✜①❡ u ∈ AP 0(E) ❡t ♦♥ ♣♦s❡ ✿

∀t ∈ R L(t) := Dxf(t, u(t)). ✭✷✳✷✮

L ∈ AP 0(L(E,F)) ❞✬❛♣rès ✭✷✳✶✮✳ ▲❛ ❢♦♥❝t✐♦♥ F ❞❡ R×E ❞❛♥s F, ❞♦♥♥é❡ ♣❛r

F (t, z) := L(t)z, ✭✷✳✸✮

❡st ❞❛♥s APU(R × E,F). ❊♥ ❡✛❡t✱ ♣✉✐sq✉❡ F = B ◦ (L ◦ pr1, pr2) ♦ù B ❡st
❧✬♦♣ér❛t❡✉r ❞é✜♥✐ ❞❡ L(E,F) × E ❞❛♥s F ♣❛r B(T, x) = T.x ❡t pr1, pr2 ❧❡s
❞❡✉① ♣r♦❥❡❝t✐♦♥s s✉r R × E✱ ❛❧♦rs F ❡st ❝♦♥t✐♥✉ ❝♦♠♠❡ ✉♥❡ ❝♦♠♣♦s✐t✐♦♥
❞✬♦♣ér❛t❡✉rs ❝♦♥t✐♥✉s✳ ❖♥ ✜①❡ K ❝♦♠♣❛❝t ❞❛♥s E ❡t ε > 0. ❙♦✐t ρ > 0 t❡❧ q✉❡
‖x‖ ≤ ρ ♣♦✉r t♦✉t x ∈ K. ❡t ♣✉✐sq✉❡ L ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡✱ ♣♦✉r t♦✉t
t ∈ R, ♦♥ ❛

∃ℓ = ℓ(
ε

ρ
), ∀r ∈ R, ∃τ ∈ [r, r + ℓ] t❡❧s q✉❡ ‖L(t+ τ)− L(t)‖ ≤ ε

ρ
.

P❛r ❝♦♥séq✉❡♥t ♦♥ ❛

‖F (t+ τ, x)− F (t, x)‖ ≤ ‖L(t+ τ)− L(t)‖‖x‖ ≤ ε

ρ
.ρ = ε,



✶✷

❞✬♦ù F ∈ APU(R× E,F). ❉✬❛♣rès ❧❡ ❧❡♠♠❡ ✷✳✶ ♦♥ ❛

∀v ∈ AP 0(E) Λ.v := [t 7−→ Dxf(t, u(t))v(t)] ∈ AP 0(F). ✭✷✳✹✮

❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ ❧❛ ♠♦②❡♥♥❡ ✭❬✷✻❪✱ ♣✳✶✻✹✮✱ ♦♥ ❛✱ ♣♦✉r t♦✉t v ∈ AP 0(E),
❡t ♣♦✉r t♦✉t t ∈ R,

‖f(t, u(t) + v(t))− f(t, u(t))−Dxf(t, u(t))v(t)‖ ✭✷✳✺✮

≤ s✉♣ς∈]u(t),u(t)+v(t)[‖Dxf(t, ς)−Dxf(t, u(t))‖ · ‖v(t)‖.

❖♥ ♣♦s❡ K = u(R), ♦♥ ❛♣♣❧✐q✉❡ ❧❡ ❧❡♠♠❡ ✷✳✷✱ ❡t ♦♥ ♦❜t✐❡♥t ✿ ♣♦✉t t♦✉t
ε > 0, ✐❧ ❡①✐st❡ δ = δ(K, ε) t❡❧s q✉❡ ♣♦✉r t♦✉t x ∈ K ❡t ♣♦✉r t♦✉t z ∈ E, s✐
‖x− z‖ ≤ δ ❛❧♦rs ‖Dxf(t, x)−Dxf(t, z‖ ≤ ε, ♣♦✉r t♦✉t t ∈ R. ❖♥ ✜①❡ ε ❡t
♦♥ ❝♦♥s✐❞èr❡ v ∈ AP 0(E) t❡❧ q✉❡ ‖v‖∞ ≤ δ, ❛❧♦rs ♣♦✉r t♦✉t t ∈ R ❡t ♣♦✉r
t♦✉t ς ∈]u(t), u(t) + v(t)[ ♦♥ ❛ ‖ς − u(t)‖ ≤ δ ❡t ❛❧♦rs

‖Dxf(t, ς)−Dxf(t, u(t))‖ ≤ ε,

❞♦♥❝ ❧✬✐♥é❣❛❧✐té ✭✷✳✺✮ ✐♠♣❧✐q✉❡ ✿

‖f(t, u(t) + v(t))− f(t, u(t))−Dxf(t, u(t))v(t)‖ ≤ ε‖v(t)‖.
❖♥ ♣❛ss❡ ❛✉ s✉♣ s✉r t ∈ R ❡t ♦♥ ♦❜t✐❡♥t

‖Nf (u+ v)−Nf (u)− Λv‖∞ ≤ ‖v‖∞

♣♦✉r ‖v‖∞ ≤ δ ❞♦♥❝ Nf ❡st ❋ré❝❤❡t✲❞✐✛ér❡♥t✐❛❜❧❡✱ ❡t

DNf (u) · v = [t 7−→ Dxf(t, u(t))v(t)]. ✭✷✳✻✮

■❧ s✉✣t ❞❡ ♠♦♥tr❡r ❧❛ ❝♦♥t✐♥✉✐té ❞❡ DNf . P❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ✭✷✳✶✮ ❡t ❞✉
t❤é♦rè♠❡ ✷✳✶✱ ♦♥ ❛ ✿ ♣♦✉r t♦✉t u ∈ AP 0(E) ❡t ♣♦✉r t♦✉t ε > 0, ✐❧ ❡①✐st❡ η =
η(u, ε) t❡❧ q✉❡✱ ♣♦✉r t♦✉t u1 ∈ AP 0(E), s✐ ‖u− u1‖∞ ≤ η ❛❧♦rs ‖NDxf (u)−
NDxf (u1)‖ ≤ ε. ❉♦♥❝ s✐ ♦♥ ✜①❡ u ∈ AP 0(E) ❡t ε > 0✱ ❛❧♦rs ♣♦✉r v ∈ AP 0(E)
t❡❧ q✉❡ ‖v‖∞ ≤ 1 ♦♥ ❛

‖Dxf(t, u(t))v(t)−Dxf(t, u1(t))v(t)‖ ≤ ‖Dxf(t, u(t))−Dxf(t, u1(t))‖·‖v(t)‖

≤ ‖NDxf (u)−NDxf (u1)‖ · ‖v‖∞ ≤ ε.

❊♥ ♣❛ss❛♥t ❛✉ s✉♣ s✉r R ♦♥ ♦❜t✐❡♥t

‖DNf (u) · v −DNf (u1) · v‖∞ ≤ ε,

❡t s✐ ♦♥ ♣❛ss❡ ❛✉ s✉♣ s✉r v ∈ AP 0(E) t❡❧ q✉❡ ‖v‖∞ ≤ 1, ♦♥ ♦❜t✐❡♥t

‖DNf (t, u(t))−DNf (t, u1(t))‖∞ ≤ ε;

❞✬♦ù ❧❛ ❝♦♥t✐♥✉✐té ❞❡DNf . �



✶✸

❘❡♠❛rq✉❡ ✷✳✶ ❙✐ φ ∈ C0(E,F)✱ ❡t s✐ ♦♥ ♣♦s❡ f(t, x) = φ(x)✱ ♣♦✉r t♦✉t
(t, x) ∈ R× E, ❛❧♦rs ♦♥ ❛ f ∈ APU(R× E,F)✳

❈♦r♦❧❧❛✐r❡ ✷✳✶ ✭❬✶✸❪✱ ♣✳✺✻✮✳
❙♦✐t n ∈ N∗ ❡t φ ∈ Cn(E,F). ❆❧♦rs ❧✬♦♣ér❛t❡✉r ❞❡ s✉♣❡r♣♦s✐t✐♦♥ Nφ : u 7→ φ◦u
❡st ❞❡ ❝❧❛ss❡ Cn ❞❡ AP 0(E) s✉r AP 0(F) ❡t ♣♦✉r t♦✉t u, v1, . . . vn ∈ AP 0(E),
♦♥ ❛

DnNφ(u).(v1, . . . , vn) = [t 7−→ Dnφ(u(t)).(v1(t), . . . vn(t))].

▲♦rsq✉❡ f ∈ C0(R× R
n,Rm) ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r

r❛♣♣♦rt à x, ♦♥ ♥♦t❡

Λ(f) := {λ ∈ R; M{f(t, x)e−iλt}t 6= 0},

:= {λ ∈ R; lim
T→+∞

1

2T

∫ +T

−T

f(t, x)e−iλtdt 6= 0}.

▲❡ ♠♦❞✉❧❡ ❞❡ f ✱ ♥♦té Mod(f) ❡st ❧❡ s♦✉s✲❣r♦✉♣❡ ❞❡ R ❡♥❣❡♥❞ré ♣❛r Λ(f).

✸ ❊①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ♣♦✉r
❝❡rt❛✐♥s t②♣❡s ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s✳

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♦♥ ❞♦♥♥❡ ❞❡s t❤é♦rè♠❡s s✉r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té
❞✬✉♥❡ s♦❧✉t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ❞❡ ❞✐✈❡rs t②♣❡s ❞✬éq✉❛t✐♦♥s✱ ❝♦♠♠❡ ❧❡s
éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ♥♦♥ ❧✐♥é❛✐r❡s dx

dt
= Ax + f(t), y′ = Ay + q(t, y, ε)

❡t ❧✬éq✉❛t✐♦♥ X ′(t) = M(t,X(t)), ❡t ❛✉ss✐ ❧❡s éq✉❛t✐♦♥s ❢♦r❝é❡s x′′(t) +
d
dt
(∇F (x(t))) + Cx(t) = e(t), x′′(t) + [b(t) +B(t)]x′(t)− F (t, x(t)) = e(t)✳

❚❤é♦rè♠❡ ✸✳✶ ✭ ❇♦❤r✲◆❡✉❣❡❜❛✉❡r✮ ✭❬✹✹❪✱ ♣✳✷✵✼✮ ✳
❙✐ A ✉♥❡ ♠❛tr✐❝❡ ❝♦♥st❛♥t❡ ❞♦♥t ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s s♦♥t t♦✉t❡s à ♣❛rt✐❡ ré❡❧❧❡
♥♦♥ ♥✉❧❧❡✱ f ✉♥❡ ❢♦♥❝t✐♦♥ ✈❡❝t♦r✐❡❧❧❡ ❝♦♥t✐♥✉❡ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡✱ ❧✬éq✉❛t✐♦♥

dx

dt
= Ax+ f(t)

♣♦ssè❞❡ ✉♥❡ s♦❧✉t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✉♥✐q✉❡ x, ❡t ✐❧ ❡①✐st❡ ✉♥ ♥♦♠❜r❡ α
q✉✐ ♥❡ ❞é♣❡♥❞ q✉❡ ❞❡ A t❡❧ q✉❡ ✿

sup
t∈R

‖x(t)‖ ≤ α sup
t∈R

‖f(t)‖.

❚❤é♦rè♠❡ ✸✳✷ ✭❆✳■✳ P❡r♦✈✮ ❬✹✶❪✳
❙♦✐t ❧❛ ❢♦♥❝t✐♦♥ M : R × H −→ H à ✈❛❧❡✉rs ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt H,
❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à t (−∞ < t < +∞) ❡t s❛t✐s❢❛✐s❛♥t ✿



✶✹

✭✶✮ ▲❛ ❝♦♥❞✐t✐♦♥ ❞❡ ▲✐♣s❝❤✐t③ ♣❛r r❛♣♣♦rt à X :

‖M(t,X1)−M(t,X2)‖ ≤ k‖X1 −X2‖.

✭✷✮ ∀t ∈ R; ∀X1, X2 ∈ H,

〈M(t,X1)−M(t,X2)|A(X1 −X2)〉 ≥ θ‖X1 −X2‖2,

♦ù A ❡st ✉♥ ♦♣ér❛t❡✉r ❜♦r♥é ❛✉t♦✲❛❞❥♦✐♥t ❡t θ ❡st ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡✳

❆❧♦rs✱ s✐ t 7−→ ‖M(t, 0)‖ ❡st ❜♦r♥é❡✱ ❧✬éq✉❛t✐♦♥

X ′(t) =M(t,X(t)),

♣♦ssè❞❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❜♦r♥é❡✳ ❙✐ ❞❡ ♣❧✉s M ❡st ♣ér✐♦❞✐q✉❡ ♣❛r r❛♣♣♦rt
à t (M(t+ T,X) =M(t,X)) ♦✉ ✉♥✐❢♦r♠é♠❡♥t ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ♣♦✉r t♦✉t
❝♦♠♣❛❝t K ⊆ H✱ ❛❧♦rs ❝❡tt❡ s♦❧✉t✐♦♥ ❜♦r♥é❡ ❡st ❚✲♣ér✐♦❞✐q✉❡ ♦✉ ♣r❡sq✉❡✲
♣ér✐♦❞✐q✉❡✱ r❡s♣❡❝t✐✈❡♠❡♥t✳

❚❤é♦rè♠❡ ✸✳✸ ✭P✳ ❈✐❡✉t❛t✮ ❬✶✾❪✳
❙✉r ❧❡ s②stè♠❡ ❞❡ ▲✐é♥❛r❞

x′′(t) +
d

dt
(∇F (x(t))) + Cx(t) = e(t), ✭✸✳✶✮

♦♥ s✉♣♣♦s❡ ✈ér✐✜é❡s ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿

✭❆✮ C ❡st ✉♥ ♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ s②♠étr✐q✉❡ ❡t ✐♥✈❡rs✐❜❧❡ ❞❡ R
n ✈❡rs R

n.

✭❇✮ ∇F ❡st ❧❡ ❣r❛❞✐❡♥t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡ ❞❡ ❝❧❛ss❡ C2 ❞❡ R
n ✈❡rs R.

✭❈✮ ∃c∗ > 0 t❡❧ q✉❡ ∀x1, x2 ∈ R
n

〈∇F (x1)−∇F (x2)|x1 − x2〉 ≥ c∗‖x1 − x2‖2.

✭❉✮ ∃k∗ > 0 t❡❧ q✉❡ ∀x1, x2 ∈ R
n

‖∇F (x1)−∇F (x2)‖ ≤ k∗‖x1 − x2‖.

❙✐ e(·) ∈ AP 0(Rn) ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ x0 ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡
❞❡ ❧✬éq✉❛t✐♦♥ ✭✸✳✶✮✳ ❉❡ ♣❧✉s✱ x0 ∈ AP 2(Rn) ❡t Mod(x0) ⊂Mod(e).

❚❤é♦rè♠❡ ✸✳✹ ✭❏✳❑✳ ❍❛❧❡✮ ✭❬✸✶❪✱ ♣✳✶✷✸✮
❙♦✐t ❧✬éq✉❛t✐♦♥

y′ = Ay + q(t, y, ε), ✭✸✳✷✮

♦ù ε ❡st ✉♥ ♣❛r❛♠ètr❡✱ y, q ❞❡s ❢♦♥❝t✐♦♥s ✈❡❝t♦r✐❡❧❧❡s ❡t A ✉♥❡ ♠❛tr✐❝❡
❝♦♥st❛♥t❡ (n× n)✳ ❖♥ s✉♣♣♦s❡ ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✈ér✐✜é❡s ✿

✶✳ ▲❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ❧❛ ♠❛tr✐❝❡ A s♦♥t t♦✉t❡s à ♣❛rt✐❡ ré❡❧❧❡ ♥♦♥ ♥✉❧❧❡✳



✶✺

✷✳ q ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à
(y, ε) ♣♦✉r ‖y‖ ≤ R, (R > 0) ❡t 0 ≤ ε ≤ ε0, (ε0 > 0)✳

✸✳ ■❧ ❡①✐st❡ ❞❡✉① ❢♦♥❝t✐♦♥s η(ε, ρ) ❡t M(ε) ❝♦♥t✐♥✉❡s ❡t ❝r♦✐ss❛♥t❡s ❞❡ ε, ρ
♣♦✉r 0 ≤ ε ≤ ε0 ❡t 0 ≤ ρ ≤ R ❡t t❡❧ q✉❡ ✿ η(0, 0) = 0, M(0) = 0 ❡t

‖q(t, y1, ε)− q(t, y2, ε)‖ ≤ η(ε, ρ)‖y1 − y2‖

q(t, 0, ε) ≤M(ε),

♣♦✉r −∞ < t < +∞, ‖y1‖ ≤ ρ, ‖y2‖ ≤ ρ, 0 ≤ ε ≤ ε0.

❆❧♦rs ■❧ ❡①✐st❡ δ > 0, ε1 > 0 t❡❧s q✉❡ ✿

✶✳ ■❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ y∗(t, ε) ❞❡ ❧✬éq✉❛t✐♦♥ ✭✸✳✷✮ ♣♦✉r 0 < ε ≤ ε1✱ t❡❧
q✉❡ y∗ ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ❡♥ t ♣♦✉r t♦✉t ε ❞❛♥s ]0, ε1]✳

✷✳ y∗(t, ε) ❡st ❝♦♥t✐♥✉❡ ❡♥ ε ❞❛♥s ]0, ε1]✳

✸✳ y∗(t, ε) → 0 ♣♦✉r ε→ 0 ✉♥✐❢♦r♠é♠❡♥t ❡♥ t ∈]−∞,+∞[.

✹✳ y∗ ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡ ✭✸✳✷✮ ♣♦✉r 0 ≤ ‖y‖ ≤ δ✱ ∀t ∈]−∞,+∞[.

❚❤é♦rè♠❡ ✸✳✺ ❬✽❪ ✭❏✳ ❇❧♦t✱ P✳ ❈✐❡✉t❛t✱ ❏✳ ▼❛✇❤✐♥✮
❙♦✐t ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❢♦r❝é❡ s✉✐✈❛♥t❡

x′′(t) + [b(t)I +B(t)]x′(t)− F (t, x(t)) = e(t), ✭✸✳✸✮

♦ù F : R× R
n → R

n✱ b : R → R✱ B : R → L(Rn) ❡t e : R → R
n.

s♦✉s ❧❡s ❝♦♥❞✐t✐♦♥s ✿

✶✳ ∃c∗ ∈ (0,+∞), ∀t ∈ R, ∀x, y ∈ R
n, t❡❧ q✉❡

(F (t, y)− F (t, x)− 1

4
B(t)B∗(t)(y − x)) ≥ c∗|y − x|2

♦ù B∗(t) ❡st ❧❡ tr❛♥s♣♦sé ❞❡ B(t)

✷✳ e ∈ AP 0(Rn)

✸✳ F ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt
à x ∈ R

n

✹✳ b ∈ AP 0(R)

✺✳ B ∈ AP 0(L(Rn))✱

✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ C2(R,Rn) ∩ AP 0(Rn), ❞❡ ❧✬éq✉❛t✐♦♥ ✭✸✳✸✮
❞❛♥s R✳ ❊♥ ♣❧✉s ♦♥ ❛ u ∈ AP 2(Rn), ❡t s✐ b ❡t B s♦♥t ❞❡s ❝♦♥st❛♥t❡s ♦♥ ❛
Mod(u) ⊂Mod(F + e).



✶✻

✹ ❋♦♥❝t✐♦♥s ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s

❉é✜♥✐t✐♦♥ ✹✳✶ ❬✶✺❪ ❯♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ f : R −→ E ❡st ❞✐t❡ ♣r❡sq✉✬❛✉✲
t♦♠♦r♣❤❡ ✭♣✳❛✳✮ s✐ ♣♦✉r t♦✉t❡ s✉✐t❡ ❞❡ ♥♦♠❜r❡s ré❡❧s (sn)n ♦♥ ♣❡✉t ❡①tr❛✐t❡
✉♥❡ s♦✉s✲s✉✐t❡ (s′n)n t❡❧❧❡s q✉❡ ✿

lim
n→+∞

f(t+ s′n) = g(t) ❡st ❜✐❡♥ ❞é✜♥✐❡ ♣♦✉r t♦✉t t ∈ R,

❡t
lim

n→+∞
g(t− s′n) = f(t) ♣♦✉r ❝❤❛q✉❡ t ∈ R.

❖♥ ♥♦t❡ ♣❛r AA0(E) ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s ❞❡ R ❞❛♥s
E✳ ❖♥ ❛ AA0(E) ⊂ BC0(R,E)✱ ❡t AA0(E)✱ ♠✉♥✐ ❞❡ ❧❛ ♥♦r♠❡ ‖ · ‖∞✱ ❡st ✉♥
❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳ P♦✉r k ∈ N

∗, ♦♥ ♥♦t❡

AAk(E) := {f ∈ AA0(E) ∩ Ck(R,E); ∀i = 1, . . . , k
dif

dti
∈ AA0(E)}.

Pr♦♣♦s✐t✐♦♥ ✹✳✶ AAk(E)✱ ♠✉♥✐ ❞❡ ❧❛ ♥♦r♠❡

‖f‖∞ := sup
t∈R

‖f(t)‖E +
k

∑

i=1

sup
t∈R

‖d
if

dti
(t)‖E,

❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳

Pr♦♣r✐étés ✹✳✶ ✭❬✸✾❪✱ ♣✳ ✶✸✮✳ ❙✐ f, f1, f2 : R −→ E ❞❡s ❢♦♥❝t✐♦♥s ♣r❡s✲
q✉✬❛✉t♦♠♦r♣❤❡s✱ ❛❧♦rs ♦♥ ❛ ✿

✕ f1 + f2 ❡st ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✳
✕ cf ❡st ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡ q✉❛♥❞ c ∈ R✳
✕ τa(f)(t) ≡ f(t+ a) ❡st ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡ ♣♦✉r t♦✉t a ✜①é ❞❛♥s R✳
✕ supt∈R ‖f(t)‖ <∞ ❀ f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❜♦r♥é❡✳
✕ ▲✬✐♠❛❣❡ Rf = {f(t) : t ∈ R} ❡st r❡❧❛t✐✈❡♠❡♥t ❝♦♠♣❛❝t❡ ❞❛♥s E✳

✺ ❋♦♥❝t✐♦♥s ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s ❛✈❡❝ ✉♥ ♣❛r❛♠ètr❡

❉é✜♥✐t✐♦♥ ✺✳✶ ✭❬✶✸❪✱ ♣✳ ✹✺✮✳ ❯♥❡ ❢♦♥❝t✐♦♥ f : R × E −→ F ❡st ❞✐t❡ ♣r❡s✲
q✉✬❛✉t♦♠♦r♣❤❡ ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣♦✉r x s✐

✭✶✮ f(·, x) ∈ AA0(F) ♣♦✉r t♦✉t x ∈ E✳

✭✷✮ ♣♦✉r t♦✉t ❝♦♠♣❛❝t K ⊂ E ❡t ♣♦✉r t♦✉t ε > 0✱ ✐❧ ❡①✐st❡ δ = δ(K, ε) > 0
s❛t✐s❢❛✐s❛♥t ‖f(t, y) − f(t, z)‖ ≤ ε ♣♦✉r ❝❤❛q✉❡ t ∈ R ❡t ♣♦✉r t♦✉t
y, z ∈ K t❡❧s q✉❡ ‖y − z‖ < δ.

❖♥ ♥♦t❡ ♣❛r AAU(R × E,F) ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s
❞❛♥s t ✉♥✐❢♦r♠é♠❡♥t ♣♦✉r x✳



✶✼

▲❡♠♠❡ ✺✳✶ ✭❬✶✸❪✱ ❧❡♠♠❡ ✾✳✹✮ ❙♦✐t f ∈ AAU(R × E,F) ❡t u ∈ AA0(E).
❆❧♦rs ♦♥ ❛ [t 7−→ f(t, u(t))] ∈ AA0(F).

P♦✉r f ∈ AAU(R × E,F) ❡t ♣❛r ❧❡ ❧❡♠♠❡ ✺✳✶ ♦♥ ♣❡✉t ❞♦♥♥❡r ❧❛ ❞é✜♥✐t✐♦♥
❞✬♦♣ér❛t❡✉r ❞❡ s✉♣❡r♣♦s✐t✐♦♥ s✉✐✈❛♥t ✿

Nf : AA0(E) −→ AA0(F), Nf (u) := [t 7−→ f(t, u(t))].

❚❤é♦rè♠❡ ✺✳✶ ❙♦✐t f : R× E −→ F ✉♥❡ ❢♦♥❝t✐♦♥✳ ❆❧♦rs ♦♥ ❛ ❧✬éq✉✐✈❛❧❡♥❝❡
❡♥tr❡ ❧❡s ❛ss❡rt✐♦♥s s✉✐✈❛♥t❡s ✿

✭✐✮ f ∈ AAU(R× E,F).

✭✐✐✮ ▲✬♦♣ér❛t❡✉r ❞❡ s✉♣❡r♣♦s✐t✐♦♥ Nf ❡st ❝♦♥t✐♥✉ ❞❡ AA0(E) ❞❛♥s AA0(F).

❆✈❛♥t ❞❡ ♣❛ss❡r à ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡ t❤é♦rè♠❡ ♦♥ ❞♦♥♥❡ ❞✬❛❜♦r❞ ❧❡
❧❡♠♠❡ s✉✐✈❛♥t✳

▲❡♠♠❡ ✺✳✷ ✭❬✶✸❪✱ ❧❡♠♠❡ ✾✳✻✮✳ ❙♦✐t f ∈ AAU(R× E,F). ❆❧♦rs ♦♥ ❛ ✿ ♣♦✉r
t♦✉t ❝♦♠♣❛❝t K ❞❛♥s E ❡t ♣♦✉r t♦✉t ε > 0, ✐❧ ❡①✐st❡ δ = δ(K, ε) t❡❧s q✉❡ ♣♦✉r
t♦✉t x ∈ K ❡t ♣♦✉r t♦✉t z ∈ E, s✐ ‖x − z‖ ≤ δ ❛❧♦rs ‖f(t, x) − f(t, z)‖ ≤ ε,

♣♦✉r t♦✉t t ∈ R.

❉é♠♦♥str❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✺✳✶
(i⇒ ii)✳
▲❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡tt❡ ✐♠♣❧✐❝❛t✐♦♥ ❡st ❧❛ ♠ê♠❡ q✉❡ ❝❡❧❧❡ ❞✉ t❤é♦rè♠❡
✷✳✶✱ s✐ ♦♥ r❡♠♣❧❛❝❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✷ ♣❛r ❧❡ ❧❡♠♠❡ ✺✳✷✳
(ii⇒ i)✳

✭✶✮ P♦✉r t♦✉t x ∈ E✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❛ ❢♦♥❝t✐♦♥ ❝♦♥st❛♥t❡ ux : R → E ❞♦♥♥é❡
♣❛r ux(t) = x. ❆❧♦rs ♦♥ ❛ ux ∈ AA0(E), ❡t ♣✉✐sq✉❡ Nf (AA

0(E)) ⊂
AA0(F), ♦♥ ♦❜t✐❡♥t ❞♦♥❝ f(·, x) = Nf (ux) ∈ AA0(F).

✭✷✮ P✉✐sq✉❡ ❧❛ ❢♦♥❝t✐♦♥

U : E → AA0(E), U(x) = ux,

❡st ❝♦♥t✐♥✉❡✱ ❡t ♣✉✐sq✉❡ Nf ❡st ❝♦♥t✐♥✉✱ ❛❧♦rs ❧❛ ❝♦♠♣♦s✐t✐♦♥ Nf ◦U ❡st
❛✉ss✐ ❝♦♥t✐♥✉❡ s✉r E. ❆❧♦rs ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ❞❡ ❍❡✐♥❡✱ ♣♦✉r
t♦✉t ❝♦♠♣❛❝t K, ❧❛ ❢♦♥❝t✐♦♥ [x 7→ f(·, x) = Nf ◦U(x)] ❡st ✉♥✐❢♦r♠é♠❡♥t
❝♦♥t✐♥✉❡ s✉r K.

❉♦♥❝ ❞❡ ✭✶✮ ❡t ✭✷✮ ♦♥ ❛ f ∈ AAU(R× E,F).

❚❤é♦rè♠❡ ✺✳✷ ✭❬✶✸❪✱ ♣✳✻✼✮✳ ❙♦✐t f ∈ AAU(R×E,F) t❡❧ q✉❡ Dxf(t, x) ❡①✐st❡
♣♦✉r t♦✉t (t, x) ∈ R × E ✭❛✉ s❡♥s ❞❡ ❋ré❝❤❡t✮ ❡t t❡❧ q✉❡ Dxf ∈ AAU(R ×
E,L(E,F)). ❆❧♦rs ❧✬♦♣ér❛t❡✉r ❞❡ s✉♣❡r♣♦s✐t✐♦♥ Nf (u) := [t 7−→ f(t, u(t))] ❞❡
AA0(E) ❞❛♥s AA0(F) ❡st ❋ré❝❤❡t ❝♦♥t✐♥û♠❡♥t ❞✐✛ér❡♥t✐❛❜❧❡✱ ❡t ♦♥ ❛

DNf (u).v = [t 7−→ Dxf(t, u(t)).v(t)], ♣♦✉r ❝❤❛q✉❡ u, v ∈ AA0(E).



✶✽

▲❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡ t❤é♦rè♠❡ ❡st s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ❞✉ t❤é♦rè♠❡ ✷✳✷ ❡♥
r❡♠♣❧❛ç❛♥t ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✷✳✶ ♣❛r ❧❡ t❤é♦rè♠❡ ✺✳✶✱ ❡t ♣❛r ❧❡ r❡♠✲
♣❧❛❝❡♠❡♥t ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ▲❡♠♠❡ ✷✳✶ ♣❛r ❧❡ ▲❡♠♠❡ ✺✳✶✳

❘❡♠❛rq✉❡ ✺✳✶ ❙✐ φ ∈ C0(E,F) ❡t s✐ ♦♥ ♣♦s❡ f(x, t) = φ(x) ♣♦✉r t♦✉t
(x, t) ∈ E× R✱ ❛❧♦rs f ∈ AAU(E× R,F).

✻ ❊①✐st❡♥❝❡ ❡t ✉♥✐❝✐té ❞✬✉♥❡ s♦❧✉t✐♦♥ ✧♠✐❧❞✧ ♣r❡s✲
q✉✬❛✉t♦♠♦r♣❤❡ ♣♦✉r ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♥♦♥
❤♦♠♦❣è♥❡✳

❖♥ ❛ ❜❡s♦✐♥ ❞✬❛❜♦r❞ ❞❡ q✉❡❧q✉❡ ❞é✜♥✐t✐♦♥s ✐♠♣♦rt❛♥t❡s ❛✈❛♥t ❞❡ ❞♦♥♥❡r
❧❡ t❤é♦rè♠❡ ❞✬❡①✐st❡♥❝❡ ❡t ❞✬✉♥✐❝✐té ❞✬✉♥❡ s♦❧✉t✐♦♥ ♠✐❧❞ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡
❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♥♦♥ ❤♦♠♦❣è♥❡

x′(t) = Ax(t) + f(t), t ∈ R, ✭✻✳✶✮

❉é✜♥✐t✐♦♥ ✻✳✶ ❯♥❡ ❢❛♠✐❧❧❡ à ✉♥ ♣❛r❛♠ètr❡ (T (t))t≥0 ❞✬♦♣ér❛t❡✉rs ❧✐♥é❛✐r❡s
❜♦r♥és s✉r ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ E ❡st ✉♥ s❡♠✐✲❣r♦✉♣❡ ❢♦rt❡♠❡♥t ❝♦♥t✐♥✉
✭ ♦✉ C0✲s❡♠✐✲❣r♦✉♣❡✮ s✐

✭✐✮ T (0) = IL(E)

✭✐✐✮ ∀(s, t) ≥ 0, T (s+ t) = T (s) ◦ T (t)
✭✐✐✐✮ ∀x ∈ E, limt→0+ T (t)x = x✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡✱ ∀x ∈ E ❧❛ ❢♦♥❝t✐♦♥

t 7−→ T (t)x ❡st ❝♦♥t✐♥✉❡ ❞❡ [0,+∞) s✉r E.

❉é✜♥✐t✐♦♥ ✻✳✷ ▲❡ C0✲s❡♠✐✲❣r♦✉♣❡ (T (t))t≥0 ❡st ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡
s✬✐❧ ❡①✐st❡ K > 0, w < 0 t❡❧ q✉❡

‖T (t)‖ ≤ Kewt, ♣♦✉r ❝❤❛q✉❡ t ≥ 0 .

❉é✜♥✐t✐♦♥ ✻✳✸ ❬✸✾❪✳ ❖♥ ❞é✜♥✐t ❧❡ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ A ❞✬✉♥ s❡♠✐✲
❣r♦✉♣❡ ❢♦rt❡♠❡♥t ❝♦♥t✐♥✉ (T (t))t≥0 ❝♦♠♠❡ ❧✬♦♣ér❛t❡✉r A : D(A) ⊂ E −→ E

♦ù ✿

D(A) = {x ∈ E, lim
t→0

T (t)x− x

t
❡①✐st❡}

❡t

∀x ∈ D(A), Ax = lim
t→0

T (t)x− x

t
.

❉❛♥s ❧❡ ❝❛s ♦ù A ❡st ❜♦r♥é ❛❧♦rs

T (t) = etA =

∞
∑

0

tnAn

n!
.
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❉é✜♥✐t✐♦♥ ✻✳✹ ❬✸✾❪✳
▲❛ ❢♦♥❝t✐♦♥ x ❝♦♥t✐♥û♠❡♥t ❞ér✐✈❛❜❧❡ ❡t t❡❧❧❡ q✉❡ x(t) ∈ D(A) ♣♦✉r ❝❤❛q✉❡ t ∈
R ❡st ❞✐t❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✻✳✶✮ s✐ ❡❧❧❡ ✈ér✐✜❡ ❝❡tt❡ ❞❡r♥✐èr❡✳

❉é✜♥✐t✐♦♥ ✻✳✺ ❬✸✾❪✳
▲❛ ❢♦♥❝t✐♦♥ x ∈ C0(R,E) ❞♦♥♥é❡ ♣❛r

x(t) = T (t− a)x(a) +

∫ t

a

T (t− s)f(s)ds,

♣♦✉r t♦✉t a ∈ R ❡t ♣♦✉r t♦✉t t ≥ a✱ ❡st ❞✐t❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❞❡ ✭✻✳✶✮✳

■❧ ❡st ❝❧❛✐r q✉❡ t♦✉t❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❡st ✉♥❡ s♦❧✉t✐♦♥ ♠✐❧❞✳ ▲✬✐♥✈❡rs❡ ♥✬❡st
♣❛s t♦✉❥♦✉rs ✈r❛✐✳

❚❤é♦rè♠❡ ✻✳✶ ✭❬✸✾❪✱ ♣✳✺✻✮✳
❙♦✐t f ∈ AA0(E) ❡t A ✉♥ ❣é♥ér❛t❡✉r ✐♥✜♥✐tés✐♠❛❧ ❞✬✉♥ C0✲s❡♠✐✲❣r♦✉♣❡ ❡①♣♦✲
♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡✱ ❛❧♦rs ❧✬éq✉❛t✐♦♥ ✭✻✳✶✮ ♣♦ssè❞❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♠✐❧❞
♣r❡sq✉✬❛✉t♦♠♦r♣❤❡ s✉r R✳

✼ ❋♦♥❝t✐♦♥s ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s
✭r❡s♣❡❝t✐✈❡♠❡♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣r❡sq✉✬❛✉t♦✲
♠♦r♣❤❡s✮

❖♥ ♥♦t❡ ♣❛r BC(R×E,F) ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ❡t ❜♦r♥é❡s
❞❡ R× E ✈❡rs F. ❖♥ ❝♦♥s✐❞èr❡ ❧❡s ❞❡✉① ❡s♣❛❝❡s s✉✐✈❛♥ts ✿

C0(E) := {u ∈ BC(R,E) : lim
|t|→∞

‖u(t)‖ = 0},

C0(R × E,F) := {u ∈ BC(R × E,F) : lim|t|→∞ ‖u(t, x)‖ = 0 ✉♥✐❢♦r♠é♠❡♥t
♣♦✉r t♦✉t ❝♦♠♣❛❝t ❞❛♥s E}.

❉é✜♥✐t✐♦♥ ✼✳✶ ✳ ❬✸✽❪ ❯♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❡t ❜♦r♥é❡ u : R −→ E ❡st
❞✐t❡ ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t
♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ s✐ u s❡ ❞é❝♦♠♣♦s❡ ❝♦♠♠❡ s✉✐t ✿

u = u1 + u2

♦ù u1 ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ ❡t u2 ∈
C0(E).

❖♥ ♥♦t❡ ♣❛r AAP 0(E) ✭r❡s♣❡❝t✐✈❡♠❡♥t AAA0(E)✮ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s
❛s②♠♣t♦t✐q✉❡♠❡♥t ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ✭r❡s♣❡❝t✐✈❡♠❡♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t
♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s✮✳AAP 0(E) ✭r❡s♣❡❝t✐✈❡♠❡♥tAAA0(E)✮ ♠✉♥✐ ❞❡ ❧❛ ♥♦r♠❡
‖ · ‖∞ ❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳
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❉é✜♥✐t✐♦♥ ✼✳✷ ✳ ❬✸✽❪ ❯♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❡t ❜♦r♥é❡ u : R × E −→ F ❡st
❞✐t❡ ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t
♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t ❞❡
E s✐ u s❡ ❞é❝♦♠♣♦s❡ ❝♦♠♠❡ s✉✐t ✿

u = u1 + u2

♦ù u1 ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ ❡♥ t ✉♥✐✲
❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t ❞❡ E ❡t u2 ∈ C0(R× E,F).

❖♥ ♥♦t❡ ♣❛r AAPU(R×E,F) ✭r❡s♣❡❝t✐✈❡♠❡♥t AAAU(R×E,F)✮ ❧✬❡♥s❡♠❜❧❡
❞❡s ❢♦♥❝t✐♦♥s ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ✭r❡s♣❡❝t✐✈❡♠❡♥t ❛s②♠♣✲
t♦t✐q✉❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s✮ ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r
t♦✉t ❝♦♠♣❛❝t ❞❡ E✳

❘❡♠❛rq✉❡ ✼✳✶ ▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ u ❞❛♥s ❧❡s ❞❡✉① ❞é✜♥✐t✐♦♥s ✼✳✶ ❡t ✼✳✷
❡st ✉♥✐q✉❡✳

❚❤é♦rè♠❡ ✼✳✶ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ R × E ✈❡rs F t❡❧❧❡ q✉❡ f(t, x) =
f1(t, x) + f2(t, x) ❡t t❡❧❧❡ q✉❡ f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣r❡sq✉❡✲
♣ér✐♦❞✐q✉❡ ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t ❞❡ E ❛❧♦rs
♣♦✉r x ∈ AAP 0(E) ♦♥ ❛ f(·, x(·)) ∈ AAP 0(F).

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ✈♦✐r ✭❬✶✸❪✱ ▲❡♠♠❡ ✽✳✸✮

❚❤é♦rè♠❡ ✼✳✷ ❬✸✼❪ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ R×E ✈❡rs F t❡❧❧❡ q✉❡ f(t, x) =
f1(t, x) + f2(t, x) ❡t t❡❧❧❡ q✉❡ f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣r❡sq✉✲
❛✉t♦♠♦r♣❤❡ ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t ❞❡ E ❡t ♦♥
❛ f2(t, x) ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ s✉r t♦✉t s♦✉s ❡♥s❡♠❜❧❡ ❜♦r♥é K ❞❡ E✱
❛❧♦rs ♣♦✉r x ∈ AAA0(E) ♦♥ ❛ f(·, x(·)) ∈∈ AAA0(F).

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ✈♦✐r ✭❬✸✼❪✱ ❚❤é♦rè♠❡ ✷✳✸✮✳ P♦✉r k ∈ N
∗, ♦♥ ♥♦t❡

AAP k(E) := {f ∈ AAP 0(E)∩Ck(R,E); ∀i = 1, . . . , k
dif

dti
∈ AAP 0(E)}

AAAk(E) := {f ∈ AAA0(E)∩Ck(R,E); ∀i = 1, . . . , k
dif

dti
∈ AAA0(E)}.

✽ ❋♦♥❝t✐♦♥s ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ✭r❡s♣❡❝t✐✲
✈❡♠❡♥t ♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s✮

❙♦✐t ❧✬❡s♣❛❝❡

P0(E) := {u ∈ BC(R,E) : lim
T→∞

1

2T

∫ +T

−T

‖u(s)‖ds = 0}.



✷✶

P0(R×E,F) := {u ∈ BC(R×E,F) : u(·, x) ∈ BC(R,E) ♣♦✉r t♦✉t x ∈ E ❡t

lim
T→∞

1

2T

∫ +T

−T

‖u(s, x)‖ds = 0 ✉♥✐❢♦r♠é♠❡♥t ♣♦✉r x ∈ E}

❉é✜♥✐t✐♦♥ ✽✳✶ ✳❬✷✸❪✱ ❬✸✽❪ ❯♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❡t ❜♦r♥é❡ u : R −→ E ❡st
❞✐t❡ ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ s✐
u s❡ ❞é❝♦♠♣♦s❡ ❝♦♠♠❡ s✉✐t ✿

u = u1 + u2

♦ù u1 ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ ❡t u2 ∈
P0(E). ▲❛ ❢♦♥❝t✐♦♥ u1 ❡st ❛♣♣❡❧é❡ ❧❛ ♣❛rt✐❡ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡✲
♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ ❞❡ u ❡t u2 ❡st ❛♣♣❡❧é❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❡r❣♦❞✐q✉❡ ❞❡
❧❛ ❢♦♥❝t✐♦♥ u✳

❖♥ ♥♦t❡ ♣❛r PAP 0(E) ✭r❡s♣❡❝t✐✈❡♠❡♥t PAA0(E)✮ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s
♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s✮✳
PAP 0(E) ✭r❡s♣❡❝t✐✈❡♠❡♥t PAA0(E)✮✱ ♠✉♥✐ ❞❡ ❧❛ ♥♦r♠❡ ‖·‖∞, ❡st ✉♥ ❡s♣❛❝❡
❞❡ ❇❛♥❛❝❤✳

❉é✜♥✐t✐♦♥ ✽✳✷ ✳ ❬✷✸❪✱ ❬✸✽❪ ❯♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❡t ❜♦r♥é❡ u : R×E −→ F

❡st ❞✐t❡ ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮
❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t ❞❡ E s✐ u s❡ ❞é❝♦♠♣♦s❡
❝♦♠♠❡ s✉✐t ✿

u = u1 + u2

♦ù u1 ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s✮ ❡♥ t ✉♥✐✲
❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t ❞❡ E ❡t u2 ∈ P0(R× E,F).

❖♥ ♥♦t❡ ♣❛r PAPU(R×E,F) ✭r❡s♣❡❝t✐✈❡♠❡♥t PAAU(R×E,F)✮ ❧✬❡♥s❡♠❜❧❡
❞❡s ❢♦♥❝t✐♦♥s ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣s❡✉❞♦ ♣r❡sq✉✬❛✉✲
t♦♠♦r♣❤❡s✮ ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t ❞❡ E✳

❘❡♠❛rq✉❡ ✽✳✶ ▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ u ❞❛♥s ❧❡s ❞❡✉① ❞é✜♥✐t✐♦♥s ✽✳✶ ❡t ✽✳✷
❡st ✉♥✐q✉❡✳

❉❛♥s ❬✹✽❪ ❧❡ t❤é♦rè♠❡ ❞♦♥♥é ♣❛r ❩❤❛♥❣ ♣♦✉r ❧❛ ❝♦♠♣♦s✐t✐♦♥ ♣♦✉r ❧❡s ❢♦♥❝✲
t✐♦♥s ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ❞❛♥s ✉♥ ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤ ❞❡ ❞✐♠❡♥s✐♦♥
✜♥✐❡✱ ❡st ❣é♥ér❛❧✐sé ♣❛r ❆♠✐r ❡t ▼❛♥✐❛r ❞❛♥s ❬✸❪ ♣♦✉r ❧❡ ❝❛s ❞✬✉♥ ❡s♣❛❝❡ ❞❡
❇❛♥❛❝❤ ❞❡ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡✳

❚❤é♦rè♠❡ ✽✳✶ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ R×E ✈❡rs F ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡
❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t ❞❡ E t❡❧ q✉❡ f ✈ér✐✜❡ ❧❛
❝♦♥❞✐t✐♦♥ ❞❡ ▲✐♣s❝❤✐t③ ✿

‖f(t, x)− f(t, y)‖F ≤ k‖x− y‖E, ❢♦r ❛❧❧ x, y ∈ E, t ∈ R.

❛❧♦rs ♣♦✉r x ∈ PAP 0(E) ♦♥ ❛ f(·, x(·)) ∈ PAP 0(F).



✷✷

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ✈♦✐r ✭❬✸❪✱ ❚❤é♦rè♠❡ ✺✮✳

❚❤é♦rè♠❡ ✽✳✷ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ R × E ✈❡rs F t❡❧ q✉❡ f(t, x) =
f1(t, x) + f2(t, x) ❡t t❡❧ q✉❡ f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡
❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t ❞❡ E ❡t ♦♥ ❛

✕ f(t, x) ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ s✉r t♦✉t s♦✉s✲❡♥s❡♠❜❧❡ ❜♦r♥é K ❞❡
E

✕ f2(t, x) ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ s✉r t♦✉t s♦✉s✲❡♥s❡♠❜❧❡ ❜♦r♥é K ❞❡
E

❛❧♦rs ♣♦✉r x ∈ PAA0(E) ♦♥ ❛ f(·, x(·)) ∈ PAA0(F).

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ✈♦✐r ✭❬✸✼❪✱ ❚❤é♦rè♠❡ ✷✳✹✮
P♦✉r k ∈ N

∗, ♦♥ ♥♦t❡

PAP k(E) := {f ∈ PAP 0(E)∩Ck(R,E); ∀i = 1, . . . , k
dif

dti
∈ PAP 0(E)}

PAAk(E) := {f ∈ PAA0(E)∩Ck(R,E); ∀i = 1, . . . , k
dif

dti
∈ PAA0(E)}.

✾ ❋♦♥❝t✐♦♥s ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ❛✈❡❝ ♣♦✐❞s
✭r❡s♣❡❝t✐✈❡♠❡♥t ♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s ❛✈❡❝
♣♦✐❞s✮

❙♦✐t L1
loc(R, (0,∞)) ❧✬❡♥s❡♠❜❧❡ ❞❡s t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ρ : R → (0,∞)

q✉✐ s♦♥t ♣♦s✐t✐✈❡s ❡t ❧♦❝❛❧❡♠❡♥t ▲❡❜❡s❣✉❡✲✐♥té❣r❛❜❧❡s s✉r R.
P♦✉r r > 0, s♦✐t

m(r, ρ) :=

∫ +r

−r

ρ(x)dx, ♣♦✉r t♦✉t ρ ∈ L1
loc(R, (0,∞)),

❡t ♦♥ ❞é✜♥✐t

U∞ := {ρ ∈ L1
loc(R, (0,∞)) : lim

r→∞
m(r, ρ) = ∞}

❋♦r ρ ∈ U∞ ♦♥ ❝♦♥s✐❞èr❡

P0(E, ρ) := {u ∈ BC(R,E) : lim
r→∞

1

m(r, ρ)

∫ +r

−r

‖u(s)‖ρ(s)ds = 0}.

P0(R× E,F, ρ) := {u ∈ BC(R× E,F) : u(·, x) ∈ BC(R,F) ♣♦✉r t♦✉t x ∈ E

❡t lim
r→∞

1

m(r, ρ)

∫ +r

−r

‖u(t, s)‖ρ(s)ds = 0; ✉♥✐❢♦r♠é♠❡♥t ♣♦✉r x ∈ E}



✷✸

❉é✜♥✐t✐♦♥ ✾✳✶ ✳ ❬✷✹❪✱ ❬✶✹❪ ❯♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❡t ❜♦r♥é❡ u : R −→ E ❡st
❞✐t❡ ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ❛✈❡❝ ♣♦✐❞s ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣s❡✉❞♦ ♣r❡sq✉✬❛✉✲
t♦♠♦r♣❤❡ ❛✈❡❝ ♣♦✐❞s✮ s✐ u s❡ ❞é❝♦♠♣♦s❡ ❝♦♠♠❡ s✉✐t ✿

u = u1 + u2

♦ù u1 ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ ❡t u2 ∈
P0(E, ρ).

❖♥ ♥♦t❡ ♣❛r WPAP 0(E, ρ) ✭r❡s♣❡❝t✐✈❡♠❡♥t WPAA0(E, ρ)✮ ❧✬❡♥s❡♠❜❧❡ ❞❡s
❢♦♥❝t✐♦♥s ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ❛✈❡❝ ♣♦✐❞s ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣s❡✉❞♦ ♣r❡s✲
q✉✬❛✉t♦♠♦r♣❤❡s ❛✈❡❝ ♣♦✐❞s✮✳

❉é✜♥✐t✐♦♥ ✾✳✷ ✳ ❬✷✹❪✱ ❬✶✹❪ ❯♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❡t ❜♦r♥é❡ u : R×E −→ F

❡st ❞✐t❡ ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ❛✈❡❝ ♣♦✐❞s ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣s❡✉❞♦ ♣r❡s✲
q✉✬❛✉t♦♠♦r♣❤❡ ❛✈❡❝ ♣♦✐❞s✮ ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠✲
♣❛❝t ❞❡ E s✐ u s❡ ❞é❝♦♠♣♦s❡ ❝♦♠♠❡ s✉✐t ✿

u = u1 + u2

♦ù u1 ❡st ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ ❡♥ t ✉♥✐✲
❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t ❞❡ E ❡t u2 ∈ P0(R× E,F, ρ).

❖♥ ♥♦t❡ ♣❛r WPAPU(R × E,F, ρ) ✭r❡s♣❡❝t✐✈❡♠❡♥t WPAAU(R × E,F, ρ)✮
❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ❛✈❡❝ ♣♦✐❞s ✭r❡s♣❡❝t✐✈❡✲
♠❡♥t ♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s ❛✈❡❝ ♣♦✐❞s✮✳

❘❡♠❛rq✉❡ ✾✳✶ ▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ u ❞❛♥s ❧❡s ❞❡✉① ❞é✜♥✐t✐♦♥s ✾✳✶ ❡t ✾✳✷
♥✬❡st ♣❛s ✉♥✐q✉❡✳

❙♦✐t
UT := {ρ ∈ U∞ : ρ s❛t✐s❢❛✐t (H)},

♦ù ✭❍✮ ❡st ❧❛ ❝♦♥❞✐t✐♦♥ s✉✐✈❛♥t❡ ❞✉❡ à ✿ ❬✾❪

✭❍✮ P♦✉r t♦✉t τ ∈ R, ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ β ∈ (0,∞) ❡t ✉♥ ✐♥t❡r✈❛❧❧❡
❜♦r♥é I t❡❧ q✉❡

ρ(t+ τ) ≤ βρ(t) ♣r❡sq✉❡ ♣♦✉r t♦✉t t ∈ R \ I.

❙♦✐t µ ✉♥❡ ♠❡s✉r❡ ♣♦s✐t✐✈❡ s✉r R. ▲❛ ❢♦♥❝t✐♦♥ u ❡st ❞✐t❡ µ✲♣s❡✉❞♦ ♣r❡sq✉❡
♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t µ ♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ s✐ u = g+ φ, ❛✈❡❝
g ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮
❡t φ s❛t✐s❢❛✐t ✿

lim
r→∞

1

µ[−r, r]

∫

[−r,r]
‖φ(s)‖dµ(s) = 0,
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♦ù µ[−r, r] ❡st ❧❛ ♠❡s✉r❡ ❞❡ [−r, r]. ❖♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ✉♥❡ ❢♦♥❝t✐♦♥
♣s❡✉❞♦ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❛✈❡❝ ♣♦✐❞s ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦✲
♠♦r♣❤❡ ❛✈❡❝ ♣♦✐❞s✮ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ µ− ♣s❡✉❞♦ ♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✲
✈❡♠❡♥t µ− ♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮✱ ♦ù ❧❛ ♠❡s✉r❡ µ ❡st ❛❜s♦❧✉♠❡♥t ❝♦♥t✐✲
♥✉❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ❡t s❛ ❞ér✐✈é❡ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠
♣❛r r❛♣♣♦rt à ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡ ❡st ρ = dµ

dt
. ρ s❛t✐s❢❛✐t ✭❍✮ s✐ ❡t s❡✉❧❡✲

♠❡♥t s✐ ❧❛ ♠❡s✉r❡ µ s❛t✐s❢❛✐t ✿
P♦✉r t♦✉t τ ∈ R, ✐❧ ❡①✐st❡ β > 0 ❡st ✉♥ ✐♥t❡r✈❛❧❧❡ ❜♦r♥é I t❡❧ q✉❡

µ({a+ τ : a ∈ K}) ≤ βµ(K),

♣♦✉r t♦✉t K ∈ B ✭B ❡st ❧❛ tr✐❜✉ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ R✮✱ s❛t✐s❢❛✐t K ∩ I = ∅,
❘❡♠❛rq✉❡ ✸✳✶ ❬✾❪✳

▲❡♠♠❡ ✾✳✶ ❙♦✐t ρ ∈ UT . ❆❧♦rs ♦♥ ❛

WPAP 0(E, ρ) := AP 0(E)⊕ P0(E, ρ),

✭r❡s♣❡❝t✐✈❡♠❡♥t WPAA0(E, ρ) := AA0(E)⊕ P0(E, ρ)✮✳ ❉❡ ♣❧✉s ♦♥ ❛

WPAPU(R× E,F, ρ) := APU(R× E,F)⊕ P0(R× E,F, ρ),

✭r❡s♣❡❝t✐✈❡♠❡♥t WPAAU(R×E,F, ρ) := AAU(R×E,F)⊕P0(R×E,F, ρ)✮✳

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ✈♦✐r ✭❈♦r♦❧❧❛✐r❡ ✷✳✷✾ ❬✶✵❪✮ ♣♦✉r ❧❡ ❝❛s WPAP 0(E, ρ)
❡t ✭❚❤é♦rè♠❡ ✹✳✼ ❬✾❪✮ ♣♦✉r ❧❡ ❝❛s WPAA0(E, ρ)✳

▲❡♠♠❡ ✾✳✷ ❙♦✐t ρ ∈ UT . ❆❧♦rs (WPAP 0(E, ρ), ‖ · ‖∞) ✭r❡s♣❡❝t✐✈❡♠❡♥t
(WPAA0(E, ρ), ‖ · ‖∞)✮ ❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ✈♦✐r ✭❈♦r♦❧❧❛✐r❡ ✷✳✸✶ ❬✶✵❪✮ ♣♦✉r ❧❡ ❝❛s WPAP 0(E, ρ)
❡t ✭❚❤é♦rè♠❡ ✹✳✾ ❬✾❪✮ ♣♦✉r ❧❡ ❝❛s WPAA0(E, ρ).

❚❤é♦rè♠❡ ✾✳✶ ❙♦✐t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ R×E ✈❡rs F ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡
❛✈❡❝ ♣♦✐❞s ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t ❞❡ E t❡❧ q✉❡
f ✈ér✐✜❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ▲✐♣s❝❤✐t③ ✿

‖f(t, x)− f(t, y)‖F ≤ k‖x− y‖E, ❢♦r ❛❧❧ x, y ∈ E, t ∈ R.

❛❧♦rs ♣♦✉r x ∈WPAP 0(E, ρ) ♦♥ ❛ f(·, x(·)) ∈WPAP 0(F, ρ).

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ✈♦✐r ✭❬✷✹❪✱ ❚❤é♦rè♠❡ ✸✳✹✮

❚❤é♦rè♠❡ ✾✳✷ ❙♦✐t ρ ∈ U∞ ❡t f ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ R × E ✈❡rs F t❡❧ q✉❡
f(t, x) = f1(t, x) + f2(t, x) ❡t t❡❧ q✉❡ f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣s❡✉❞♦ ♣r❡sq✉✲
❛✉t♦♠♦r♣❤❡ ❛✈❡❝ ♣♦✐❞s ❡♥ t ✉♥✐❢♦r♠é♠❡♥t ♣❛r r❛♣♣♦rt à x s✉r t♦✉t ❝♦♠♣❛❝t
❞❡ E ❡t ♦♥ ❛
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✕ f(t, x) ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ s✉r t♦✉t s♦✉s ❡♥s❡♠❜❧❡ ❜♦r♥é K ❞❡
E

✕ f2(t, x) ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ s✉r t♦✉t s♦✉s ❡♥s❡♠❜❧❡ ❜♦r♥é K ❞❡
E

❛❧♦rs ♣♦✉r x ∈WPAA0(E, ρ) ♦♥ ❛ f(·, x(·)) ∈WPAA0(F, ρ).

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ✈♦✐r ✭❬✶✹❪✱ ❚❤é♦rè♠❡ ✷✳✶✵✮
P♦✉r k ∈ N

∗, ♦♥ ♥♦t❡

WPAP k(E, ρ) := {f ∈WPAP 0(E, ρ)∩Ck(R,E); ∀i = 1, . . . , k
dif

dti
∈WPAP 0(E, ρ)}

WPAAk(E, ρ) := {f ∈WPAA0(E, ρ)∩Ck(R,E); ∀i = 1, . . . , k
dif

dti
∈WPAA0(E, ρ)}.
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✶ ■♥tr♦❞✉❝t✐♦♥

❙♦✐t P ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✱ f : R × P −→ R ❡t g : R × P −→ R

❞❡✉① ❢♦♥❝t✐♦♥s✳ ❖♥ ✜①❡ (ep)p∈P q✉✐ ❡st ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ❢♦♥❝t✐♦♥s ♣r❡sq✉❡✲
♣ér✐♦❞✐q✉❡s ♦✉ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❛ ❢❛♠✐❧❧❡ ❞✬éq✉❛t✐♦♥s ❞❡
▲✐é♥❛r❞ ❢♦r❝é❡s s✉✐✈❛♥t❡s ✿

(E , p) x′′(t) + f(x(t), p).x′(t) + g(x(t), p) = ep(t).

➚ ♣❛rt✐r ❞❡ 0 ∈ P ♣♦✉r ❧❡q✉❡❧ e0 = 0 ❡t ♣♦✉r ❧❡q✉❡❧ ❧❛ ❢♦♥❝t✐♦♥ ♥✉❧❧❡
❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ (E , p)✱ ♦♥ ❞♦♥♥❡ ❞❡s ❝♦♥❞✐t✐♦♥s ♣♦✉r ét❛❜❧✐r ❧❡ rés✉❧t❛t
s✉✐✈❛♥t ✿ ♣♦✉r t♦✉t p ❛♣♣❛rt❡♥❛♥t à ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ 0✱ ✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ xp
♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ ❞❡ (E , p) ♦ù ep ❡st
♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮ ❡t ❧❛ ❞é♣❡♥❞❛♥❝❡
p 7−→ ep ❡st ❝♦♥t✐♥û♠❡♥t ❞✐✛ér❡♥t✐❛❜❧❡✳ ❆❧♦rs ❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉❡ xp ❡st
✉♥✐❢♦r♠é♠❡♥t ❝♦♥✈❡r❣❡♥t❡ ✈❡rs 0 q✉❛♥❞ p ❝♦♥✈❡r❣❡ ✈❡rs 0.
❖♥ ❝♦♥s✐❞èr❡ ❛✉ss✐ ❧❛ ❢❛♠✐❧❧❡ ❞✬éq✉❛t✐♦♥s s✉✐✈❛♥t❡s✳

(F , e) x′′(t) + f1(x(t)).x
′(t) + g1(x(t)) = e(t).

❡st ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ (E , p) ❡♥ ♣r❡♥❛♥t P ❧✬❡s♣❛❝❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r❡sq✉❡✲
♣ér✐♦❞✐q✉❡s ✭♦✉ ❢♦♥❝t✐♦♥s ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s✮ ❡t ❡♥ ♣♦s❛♥t f(x, p) = f1(x)✱

✷✻
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g(x, p) = g1(x) ❡t p 7−→ ep ❡st ❧✬❛♣♣❧✐❝❛t✐♦♥ ✐❞❡♥t✐té✳
❊♥✜♥ ♦♥ ❝♦♥s✐❞èr❡ ❧❛ ❢❛♠✐❧❧❡ ❞✬éq✉❛t✐♦♥s ✿

(G, e, q) x′′(t) + f2(x(t), q).x
′(t) + g2(x(t), q) = e(t)

♦ù q ❛♣♣❛rt✐❡♥t à ❧✬❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ Q, ❡st ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ (E , p) ❡♥
♣r❡♥❛♥t p = (e, q)✱ f(x, e, q) = f2(x, q)✱ g(x, e, q) = g2(x, q) ❡t e(e,q) = e.

❙✉r (F , e) ❡t (G, e, q) ♦♥ ♦❜t✐❡♥t ❧❡s ♠ê♠❡s rés✉❧t❛ts ♦❜t❡♥✉❡s s✉r (E , p).
◆♦t♦♥s q✉❡ (E , p) ♥❡ s♦♥t ♣❛s ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s
x′′(t) + [b(t)I +B(t)]x′(t) +F (t, x(t)) = e(t), ♣✉✐sq✉❡ ❧❡ t❡r♠❡ [b(t)I +B(t)]
♥❡ ❝♦♥t✐❡♥t ♣❛s x(t)✱ ❡t ♥♦t♦♥s q✉❡ (E , p) ♥❡ s♦♥t ♣❛s ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs
❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s x′′(t) + d

dt
∇F (x(t)) + Cx(t) = e(t), ♣✉✐sq✉❡ ❧❡

C ❡st ❧✐♥é❛✐r❡ ❡t g ♥✬❡st ♣❛s ❧✐♥é❛✐r❡✳ ◆♦t♦♥s ❛✉ss✐ q✉❡ (E , p) ♥❡ s♦♥t ♣❛s ❞❡s
❝❛s ♣❛rt✐❝✉❧✐❡rs ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s x′(t) = Ax(t) + q(t, x, ε) ♦ù A

❡st ✉♥❡ ♠❛tr✐❝❡ ❝♦♥st❛♥t❡ ♥♦♥ ♥✉❧❧❡✳ ▼❛✐♥t❡♥❛♥t ♥♦✉s ❞é❝r✐✈♦♥s ❧❡ ❝♦♥t❡♥✉
❞❡ ❝❡ ❝❤❛♣✐tr❡✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✷ ♥♦✉s ♣ré❝✐s♦♥s ❧❡s ♥♦t❛t✐♦♥s ❞❡s ❡s♣❛❝❡s ❞❡
❢♦♥❝t✐♦♥s q✉✐ s♦♥t ✉t✐❧✐sés ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ❡t ♥♦✉s r❛♣♣❡❧♦♥s ❝❡rt❛✐♥❡s ❞❡ ❧❡✉rs
♣r♦♣r✐étés✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✸ ♦♥ ❢♦r♠✉❧❡ ❧❡s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉① ❞✉ ❝❤❛♣✐tr❡✳
❉❛♥s ❧❛ s❡❝t✐♦♥ ✹ ♦♥ ❞♦♥♥❡ ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡s t❤é♦rè♠❡s ♣r✐♥❝✐♣❛✉①✳

✷ Pré❧✐♠✐♥❛✐r❡s

P♦✉r X ❡t Y ❞❡✉① ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤✱ L(X,Y ) ❡st ❧✬❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤
❞❡s ♦♣ér❛t❡✉rs ❧✐♥é❛✐r❡s ❝♦♥t✐♥✉s ❞❡ X ❞❛♥s Y, ❡t ‖ · ‖L ❡st ❧❛ ♥♦r♠❡ ❞❡s
♦♣ér❛t❡✉rs ✿

‖T‖L = sup
‖x‖X≤1

‖Tx‖Y .

P♦✉r F ∈ C0(R × R × R,R)✱ ✉♥❡ s♦❧✉t✐♦♥ ♣✳♣✳ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣✳❛✳✮ ❞✬✉♥❡
éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞✉ s❡❝♦♥❞❡ ♦r❞r❡ x′′(t) = F (t, x(t), x′(t)) ❡st ✉♥❡ ❢♦♥❝✲
t✐♦♥ x ∈ AP 2(X) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA2(X)✮ q✉✐ ❡st ✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡
❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✳

▲❡ ❧❡♠♠❡ s✉✐✈❛♥t ❣é♥ér❛❧✐s❡ ❧❡ t❤é♦rè♠❡ ❞❡ ❇♦❤r✲◆❡✉❣❡❜❛✉❡r ✭❚❤é♦rè♠❡
✸✳✶ ❞✉ ❝❤❛♣✐tr❡ ✶✮ s✉r ❧❡s s♦❧✉t✐♦♥s ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s✱ ❡t q✉✬♦♥ ❧✬✉t✐❧✐s❡ ❞❛♥s
♥♦tr❡ ♣r❡✉✈❡✳

▲❡♠♠❡ ✷✳✶ ❙♦✐t A ∈ L(Rn,Rn) t❡❧ q✉❡ t♦✉t❡s s❡s ✈❛❧❡✉rs ♣r♦♣r❡s ♦♥t ✉♥❡
♣❛rt✐❡ ré❡❧❧❡ ❞✐✛ér❡♥t❡ ❞❡ ③ér♦✳ ❆❧♦rs✱ ♣♦✉r t♦✉t h ∈ AA0(Rn)✱ ✐❧ ❡①✐st❡ ✉♥❡
✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡

u′(t) = Au(t) + h(t). ✭✷✳✶✮

❉é♠♦♥str❛t✐♦♥
❖♥ ♥♦t❡ ♣❛r λ1, ..., λν ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡ ❞❡ A✱ ν ≤ n✳ ♦♥ ✜①❡ h ∈ AA0(R)✳



✷✽

➱t❛♣❡ ✶ ✿
▲❡ ❝❛s ♦ù ℜλk < 0 ♣♦✉r t♦✉t k = 1, ..., ν✳
❉❛♥s ❝❡tt❡ s✐t✉❛t✐♦♥ ❧✬♦r✐❣✐♥❡ ❡st ✉♥ ♣♦✐♥t ❢♦②❡r ✭❬✸✹❪ ♣✳ ✶✹✺✮ ♣♦✉r ❧❡ s②stè♠❡
❞②♥❛♠✐q✉❡

u′ = Au

❡t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✶ ❞❡ ❬✸✹❪ ✭♣✳ ✶✹✺✮✱ ✐❧ ❡①✐st❡ K ∈ (0,∞) ❡t
ω ∈ (0,∞) t❡❧s q✉❡

∀t ∈ [0,∞), ‖etA‖L ≤ K.e−tω.

❉✬❛♣rès ❧❛ t❡r♠✐♥♦❧♦❣✐❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s s❡♠✐✲❣r♦✉♣❡s✱ ❝❡tt❡ ❞❡r♥✐èr❡ ❝♦♥❞✐✲
t✐♦♥ s✐❣♥✐✜❡ q✉❡ (etA)t≥0 ❡st ✉♥ C0✲s❡♠✐✲❣r♦✉♣❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡✳ ❖♥
r❡♠❛rq✉❡ q✉❡ ✿ ❞✐r❡ q✉❡ u ❡st ✉♥❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞❡ ✭✷✳✶✮ ❡st éq✉✐✈❛❧❡♥t à
❞✐r❡ q✉❡ u ❡st ✉♥❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❞❡ ✭✷✳✶✮ ✭❛✉ s❡♥s ❞♦♥♥é ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✶✮
♣✉✐sq✉❡ ❧❡ ❞♦♠❛✐♥❡ ❞❡ A ❡st Rn✳ ❆❧♦rs✱ ❧❡ ❚❤é♦rè♠❡ ✻✳✶ ❞✉ ❝❤❛♣✐tr❡ ✶ ❛ss✉r❡
❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡ ✷✳✶✳

➱t❛♣❡ ✷ ✿
❉❛♥s ❧❡ ❝❛s ♦ù ℜλk > 0 ♣♦✉r t♦✉t k = 1, ..., ν✳
u ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭✷✳✶✮ s✉r R s✐ ❡t s❡✉❧❡♠❡♥t s✐ v ❡st ✉♥❡ s♦❧✉t✐♦♥ s✉r R
❞❡ ❧✬éq✉❛t✐♦♥

v′(t) = −Av(t)− h(−t.) ✭✷✳✷✮

♦ù v ❡st ❞é✜♥✐❡ ♣❛r
v(t) := u(−t).

P✉✐sq✉❡ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡ ❞❡ −A s♦♥t −λ1, ...,−λν ✳ ❊t ♣✉✐sq✉❡ t 7→ −h(−t)
❛♣♣❛rt✐❡♥t àAA0(Rn)✱ ❡t ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ♣r❡♠✐èr❡ ét❛♣❡ s✉r ❧❡ s②stè♠❡
❞②♥❛♠✐q✉❡ ✭✷✳✷✮✱ ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡ ✭✷✳✷✮✱ ♥♦té❡ v✳ ❉♦♥❝ ❧❛
❢♦♥❝t✐♦♥ u ❞é✜♥✐❡ ♣❛r

u(t) := v(−t),
❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡ ✭✷✳✶✮✳

➱t❛♣❡ ✸ ✿ ❉❛♥s ❧❡ ❝❛s ❝♦♠♣❧❡①❡✳
❖♥ ♣❡✉t ❝♦♥s✐❞ér❡r ❧❡ s②stè♠❡ ❝♦♠♣❧❡①❡ ❛ss♦❝✐é à ✭✷✳✶✮✳

z′(t) = Az(t) + ζ(t), z(t) ∈ C
n, ζ(t) ∈ C

n. ✭✷✳✸✮

❙♦✐t
z(t) = x(t) + i.y(t),

❛✈❡❝ x(t) ∈ R
n ❡t y(t) ∈ R

n s♦♥t ❞❡s s♦❧✉t✐♦♥s ❞❡ ✭✷✳✸✮✳ P✉✐sq✉❡ A ❡st ré❡❧✱ x
❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✷✳✶ ❛✈❡❝ h = ℜζ✱ ❡t y ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✷✳✶ ❛✈❡❝ h = ℑζ✳

❉❛♥s ✉♥ ♣r❡♠✐ér t❡♠♣s ♦♥ s✉♣♣♦s❡ q✉❡ ℜλk < 0 ♣♦✉r t♦✉t k = 1, ..., ν✳
◗✉❛♥❞ ζ ∈ AA0(Cn)✱ ❛❧♦rs ℜζ ❡t ℑζ ❛♣♣❛rt✐❡♥♥❡♥t à AA0(Rn)✱ ❡t ♣❛r ❧✬✉t✐✲
❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣r❡♠✐èr❡ ét❛♣❡✱ ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳❛✳ x ❞❡ ✭✷✳✶✮



✷✾

♣♦✉r h = ℜζ ❡t ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳❛✳ y ❞❡ ✭✷✳✶✮ ♣♦✉r h = ℑζ✱ ❡t
❞♦♥❝ z := x+ i.y ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡ ✭✷✳✸✮✳

❆✈❡❝ ❧❡ ♠ê♠❡ r❛✐s♦♥♥❡♠❡♥t✱ ♦♥ ✉t✐❧✐s❡ ❧❛ ❞❡✉①✐è♠❡ ét❛♣❡ ♣♦✉r ❧❡ ❝❛s ♦ù
ℜλk > 0 ♣♦✉r t♦✉t k = 1, ..., ν✳ ❖♥ ♦❜t✐❡♥t ♣♦✉r t♦✉t ζ ∈ AA0(Cn) q✉✬✐❧
❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❛✳♣✳ ❞❡ ✭✷✳✸✮✳

➱t❛♣❡ ✹ ✿
❉❛♥s ❧❡ ❝❛s ♦ù ✐❧ ❡①✐st❡ ✉♥ ♥♦♠❜r❡ ❡♥t✐❡r m t❡❧ q✉❡ 1 ≤ m < ν s❛t✐s❢❛✐s❛♥t

ℜλk < 0 ♣♦✉r 1 ≤ k ≤ m

❡t
ℜλk > 0 ♣♦✉r m < k ≤ ν.

❖♥ ♥♦t❡ ♣❛r E(A, λj) ❧❡ s♦✉s✲❡s♣❛❝❡ s♣❡❝tr❛❧ ❛ss♦❝✐é à λj ✳ ❖♥ ♣♦s❡ ❝♦♠♠❡
❞❛♥s ✭ ❬✸✹❪ ♣✳ ✶✶✵✮

E− := E(A, λ1)⊕ ...⊕ E(A, λm)

❡t
E+ := E(A, λm+1)⊕ ...⊕ E(A, λν).

❖♥ ❛
C
n = E− ⊕ E+

❛✈❡❝
A(E−) ⊂ E− ❡t A(E+) ⊂ E+.

❖♥ ♥♦t❡
A− ∈ L(E−, E−)

❧❛ r❡str✐❝t✐♦♥ ❞❡ A s✉r E−✱ ❡t ♦♥ ♥♦t❡

A+ ∈ L(E+, E+)

❧❛ r❡str✐❝t✐♦♥ ❞❡ A s✉r E+✳ ▲❡s ✈❛❧❡✉rs ♣r♦♣r❡ ❞❡ A− ♦♥t ❞❡s ♣❛rt✐❡s ré❡❧❧❡s
♥é❣❛t✐✈❡s ❡t ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ A+ ♦♥t ❞❡s ♣❛rt✐❡s ré❡❧❧❡s ♣♦s✐t✐✈❡s✳

P♦✉r h ∈ AA0(Rn) ♦♥ ♣❡✉t ❝♦♥s✐❞ér❡r h = h + i.0, ✉♥ é❧é♠❡♥t ❞❡
AA0(Cn)✳ ❖♥ ♣♦s❡

h = h− ⊕ h+

♦ù h− ∈ AA0(E−) ❡t h+ ∈ AA0(E+)✳ P❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ tr♦✐s✐è♠❡ ét❛♣❡✱
✐❧ ❡①✐st❡ z− ∈ AA1(E−) ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡

z′−(t) = A−.z−(t) + h−(t),

❡t ✐❧ ❡①✐st❡ z+ ∈ AA1(E+) ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡

z′+(t) = A+.z+(t) + h+(t).

❆❧♦rs z := z−⊕z+ ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡ ✭✷✳✸✮ ❛✈❡❝ ζ = h✱ ❡t ❞♦♥❝ x :=
ℜz ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡ ✭✷✳✶✮✳ �



✸✵

✸ ❘és✉❧t❛ts

❉✬❛❜♦r❞ ♦♥ ❞♦♥♥❡ ✉♥❡ ❧✐st❡ ❞✬❤②♣♦t❤ès❡s ❝♦♥❝❡r♥❛♥t ❧✬éq✉❛t✐♦♥ (E , p)✳
✭❆✶✮ f ∈ C1(R× P,R) ❡t g ∈ C1(R× P,R)✳

✭❆✷✮ g(0, 0) = 0✳

✭❆✸✮ p 7→ ep ∈ C1(P,AP 0(R)) ❡t e0 = 0✳

✭❆✹✮ f(0, 0) 6= 0 ❧♦rsq✉❡ f(0, 0)2 < 4∂g(0,0)
∂x

✱ ❡t
∂g(0,0)

∂x
6= 0 ❧♦rsq✉❡ f(0, 0)2 ≥ 4∂g(0,0)

∂x
✳

✭❆✺✮ p 7→ ep ∈ C1(P,AA0(X)) ❡t e0 = 0✳

❙✉r ❧❡s s♦❧✉t✐♦♥s ♣✳♣✳ ❞❡ (E , p)✱ ♦♥ ❞♦♥♥❡ ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✸✳✶ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭❆✶✲❆✹✮✱ ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ U ❞❡ 0
❞❛♥s AP 2(R), ✉♥ ✈♦✐s✐♥❛❣❡ V ❞❡ 0 ❞❛♥s P ❡t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ p 7→ x[p] ❞❡
❝❧❛ss❡ C1 ❞❡ V ❞❛♥s U q✉✐ s❛t✐s❢❛✐t❡ ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✿

✭✐✮ x[0] = 0✳

✭✐✐✮ P♦✉r t♦✉t p ∈ V✱ x[p] ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳♣✳ ❞❡ (E , p)✳
✭✐✐✐✮ ❙✐ x ∈ U ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳♣✳ ❞❡ (E , p) ❛✈❡❝ p ∈ V✱ ❛❧♦rs x = x[p]✳

❙✉r ❧❡s s♦❧✉t✐♦♥s ♣✳❛✳ ❞❡ (E , p)✱ ♦♥ ❞♦♥♥❡ ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✸✳✷ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭❆✶✲❆✷✮ ❡t ✭❆✹✲❆✺✮✱ ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐✲
♥❛❣❡ U1 ❞❡ 0 ❞❛♥s AA2(R), ✉♥ ✈♦✐s✐♥❛❣❡ V1 ❞❡ 0 ❞❛♥s P ❡t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥
p 7→ x1[p] ❞❡ ❝❧❛ss❡ C1 ❞❡ V1 ❞❛♥s U1 q✉✐ s❛t✐s❢♦♥t ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✿

✭✐✮ x1[0] = 0✳

✭✐✐✮ P♦✉r t♦✉t p ∈ V1✱ x1[p] ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡ (E , p)✳
✭✐✐✐✮ ❙✐ x ∈ U1 ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡ (E , p) ❛✈❡❝ p ∈ V1✱ ❛❧♦rs x = x1[p]✳

P♦✉r ❧✬éq✉❛t✐♦♥ (F , e)✱ ❧❛ ❧✐st❡ ❞❡s ❤②♣♦t❤ès❡s ❡st ✿

✭❆✻✮ f1 ∈ C1(R,R) ❡t g1 ∈ C1(R,R)✳

✭❆✼✮ g1(0) = 0✳

✭❆✽✮ f1(0) 6= 0 ❧♦rsq✉❡ f1(0)2 < 4g′1(0)✱ ❡t g
′
1(0) 6= 0 ❧♦rsq✉❡ f1(0)2 ≥ 4g′1(0)✳

❙✉r ❧❡s s♦❧✉t✐♦♥s ♣✳♣✳ ❡t ♣✳❛✳ ❞❡ (F , e) ♦♥ ❞♦♥♥❡ ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿

❈♦r♦❧❧❛✐r❡ ✸✳✶ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭❆✻✲❆✽✮✱ ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ W ❞❡ 0
❞❛♥s AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)✮✱ ✉♥ ✈♦✐s✐♥❛❣❡ U ❞❡ 0 ❞❛♥s AP 2(R)
✭r❡s♣❡❝t✐✈❡♠❡♥t AA2(R)✮ ❡t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ e 7→ x[e] ❞❡ ❝❧❛ss❡ C1✱ ❞❡ W
❞❛♥s U q✉✐ s❛t✐s❢♦♥t ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✿

✭✐✮ x[0] = 0✳

✭✐✐✮ P♦✉r t♦✉t e ∈ W✱ x[e] ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳♣✳ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣✳❛✳✮ ❞❡
(F , e)✳
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✭✐✐✐✮ ❙✐ x ∈ U s♦❧✉t✐♦♥ ♣✳♣✳ ✭r❡s♣❡❝t✐✈❡♠❡♥t ❛✳❛✳✮ ❞❡ (F , e) ❛✈❡❝ e ∈ W ❞❛♥s
AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)✮✱ ❛❧♦rs ♦♥ ❛ x = x[e]✳

❉é♠♦♥str❛t✐♦♥
❉✬❛❜♦r❞✱ ♥♦✉s tr❛✐t♦♥s ❧❡ ❝❛s ❞❡ ♣✳♣✳✳ ❖♥ ♣♦s❡ P := AP 0(R)✳ ❖♥ ❞é✜✲
♥✐t f : R × AP 0(R) → R ❡♥ ♣♦s❛♥t f(x, e) := f1(x)✱ ❡t ♦♥ ❞é✜♥✐t g :
R × AP 0(R) → R ❡♥ ♣♦s❛♥t g(x, e) := g1(x)✳ ❖♥ ❞é✜♥✐t p 7→ ep ❝♦♠♠❡ ✉♥
♦♣ér❛t❡✉r ✐❞❡♥t✐té ❞❡ AP 0(R) ❞❛♥s AP 0(R)✳ ❆❧♦rs (F , e) ❞❡✈✐❡♥♥❡ (E , p)✳
▲✬❤②♣♦t❤ès❡ ✭❆✻✮ ✐♠♣❧✐q✉❡ ✭❆✶✮✱ ❧✬❤②♣♦t❤ès❡ ✭❆✼✮ ✐♠♣❧✐q✉❡ ✭❆✷✮✳ P✉✐sq✉❡
❧✬♦♣ér❛t❡✉r ✐❞❡♥t✐té ❡st ✉♥ C1✲❞✐✛❡♦♠♦r♣❤✐s♠❡✱ ❛❧♦rs ❧✬❤②♣♦t❤ès❡ ✭❆✸✮ ❡st
✈ér✐✜é❡✱ ❡t ❧✬❤②♣♦t❤ès❡ ✭❆✽✮ ✐♠♣❧✐q✉❡ ✭❆✹✮✳
❆❧♦rs ♦♥ ♦❜t✐❡♥t ❧❛ ❝♦♥❝❧✉s✐♦♥ ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ t❤é♦rè♠❡ ✸✳✶✳ ▲❡ r❛✐s♦♥♥❡✲
♠❡♥t ❡st ❧❡ ♠ê♠❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ♣✳❛✳ ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✸✳✷ ❛✉ ❧✐❡✉
❞✉ t❤é♦rè♠❡ ✸✳✶✳ �

▲❡s ❤②♣♦t❤ès❡s ♣♦✉r ❧✬éq✉❛t✐♦♥ (G, e, q) s♦♥t ❧❡s s✉✐✈❛♥t❡s ✿
✭❆✾✮ f2 ∈ C1(R×Q,R) ❡t g2 ∈ C1(R×Q,R)✳

✭❆✶✵✮ g2(0, 0) = 0✳

✭❆✶✶✮ f2(0, 0) 6= 0 ❧♦rsq✉❡ f2(0, 0)2 < 4∂g2(0,0)
∂x

✱ ❡t
∂g2(0,0)

∂x
6= 0 ❧♦rsq✉❡ f2(0, 0)2 ≥ 4∂g2(0,0)

∂x
✳

❙✉r ❧❡s s♦❧✉t✐♦♥s ♣✳♣✳ ❡t ♣✳❛✳ ❞❡ ❧✬éq✉❛t✐♦♥ (G, e, q)✱ ♦♥ ❞♦♥♥❡ ❧❡ rés✉❧t❛t
s✉✐✈❛♥t ✿

❈♦r♦❧❧❛✐r❡ ✸✳✷ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭❆✾✲❆✶✶✮✱ ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ W2 ❞❡
0 ❞❛♥s AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)✮✱ ✉♥ ✈♦✐s✐♥❛❣❡ U2 ❞❡ 0 ❞❛♥s AP 2(R)
✭r❡s♣❡❝t✐✈❡♠❡♥t AA2(R)✮✱ ✉♥ ✈♦✐s✐♥❛❣❡ V2 ❞❡ 0 ❞❛♥s Q ❡t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥
e 7→ x[e, q] ❞❡ ❝❧❛ss❡ C1✱ ❞❡ W2 × V2 ❞❛♥s U2 q✉✐ s❛t✐s❢♦♥t ✿

✭✐✮ x[0, 0] = 0✳

✭✐✐✮ P♦✉r t♦✉t e ∈ W2 ❞❛♥s AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)✮ ❡t ♣♦✉r t♦✉t
q ∈ V2✱ x[e, q] ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳♣✳ ✭r❡s♣❡❝t✐✈❡♠❡♥t ❛✳❛✳✮ ❞❡ (G, e, q)✳

✭✐✐✐✮ ❙✐ x ∈ U2 ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳♣✳ ✭r❡s♣❡❝t✐✈❡♠❡♥t ❛✳❛✳✮ ❞❡ (G, e, q) ❛✈❡❝
e ∈ W2 ❞❛♥s AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)✮ ❡t q ∈ V2✱ ❛❧♦rs ♦♥ ❛
x = x[e, q]✳

❉é♠♦♥str❛t✐♦♥
❉✬❛❜♦r❞✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛r ❧❡ ❝❛s ❞❡ ♣✳♣✳✳ ❖♥ ♣♦s❡ P := AP 0(R) × Q✳ ❖♥
❞é✜♥✐t f : R×AP 0(R)×Q→ R ❡♥ ♣♦s❛♥t f(x, e, q) := f2(x, q)✱ ❡t ♦♥ ❞é✜♥✐t
g : R×AP 0(R)×Q→ R ❡♥ ♣♦s❛♥t g(x, e, q) := g2(x, q)✳ ❖♥ ❞é✜♥✐t (e, q) 7→ e

❞❡ AP 0(R) × Q ❞❛♥s AP 0(R) ❝♦♠♠❡ ❧❛ ♣r♦❥❡❝t✐♦♥ ❞❡ AP 0(R) × Q s✉r ❧❡
♣r❡♠✐❡r ❡♥s❡♠❜❧❡ ✳ ❆❧♦rs (G, e, q) ❞❡✈✐❡♥t (E , p)✳
▲✬❤②♣♦t❤ès❡ ✭❆✾✮ ✐♠♣❧✐q✉❡ ✭❆✶✮✱ ❧✬❤②♣♦t❤ès❡ ✭❆✶✵✮ ✐♠♣❧✐q✉❡ ✭❆✷✮✱ ♣✉✐sq✉❡
❧✬♦♣ér❛t❡✉r ❞❡ ♣r♦❥❡❝t✐♦♥ ❡st ❧✐♥é❛✐r❡ ❡t ❝♦♥t✐♥✉✱ ❛❧♦rs ✐❧ ❡st ❞❡ ❝❧❛ss❡ C1 ❞♦♥❝
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✭❆✸✮ ❡st ✈ér✐✜é❡✳ ❧✬❤②♣♦t❤ès❡ ✭❆✶✶✮ ✐♠♣❧✐q✉❡ ✭❆✹✮✳
❆❧♦rs ♦♥ ♦❜t✐❡♥t ❧❛ ❝♦♥❝❧✉s✐♦♥ ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✸✳✶✳ ▲❡ r❛✐s♦♥♥❡✲
♠❡♥t ❡st ❧❡ ♠ê♠❡ ❞❛♥s ❧❡ ❝❛s ♣✳❛✳ ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✸✳✷ ❛✉ ❧✐❡✉ ❞✉
t❤é♦rè♠❡ ✸✳✶✳ �

✹ ❉é♠♦♥str❛t✐♦♥ ❞❡s t❤é♦rè♠❡s

❖♥ ❞é✜♥✐t ❧✬♦♣ér❛t❡✉r ♥♦♥ ❧✐♥é❛✐r❡ Φ : AP 2(R) × P → AP 0(R) ✭r❡s♣❡❝✲
t✐✈❡♠❡♥t AA2(R)× P → AA0(R)✮

Φ(x, p) := [t 7→ x′′(t) + f(x(t), p).x′(t) + g(x(t), p)− ep(t)] ✭✹✳✶✮

♦ù x ∈ AP 2(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA2(R)✮ ❡t p ∈ P ✳
■❧ ❡st ❢❛❝✐❧❡ ❞❡ r❡♠❛rq✉❡r q✉❡✱ x ∈ AP 2(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA2(R)✮ s❛t✐s❢❛✐t
Φ(x, p) = 0 s✐ ❡t s❡✉❧❡♠❡♥t s✐ x ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳♣✳ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣✳❛✳✮
❞❡ (E , p)✳
P♦✉r ❜✐❡♥ ♦r❣❛♥✐s❡r ♥♦tr❡ ❞é♠♦♥str❛t✐♦♥ ❞❡s ❞❡✉① t❤é♦rè♠❡s ✭✸✳✶ ❡t ✸✳✷✮✱
♦♥ ✈❛ ❧❛ ❞é❝♦✉♣❡r ❡♥ ❞❡s ❧❡♠♠❡s ❛✈❡❝ ❧❡✉rs ❞é♠♦♥str❛t✐♦♥s ♣♦✉r ❛ss✉r❡r ❧❡s
❤②♣♦t❤ès❡s ❞✉ t❤é♦rè♠❡ ❞❡s ❢♦♥❝t✐♦♥s ✐♠♣❧✐❝✐t❡s ✭❬✶✼❪✱ ♣✳ ✻✶✮ s✉r Φ(x, p) = 0
❡t ❞♦♥❝ ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✬✉♥❡ s♦❧✉t✐♦♥ ♣✳♣ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣✳❛✮ ❞❡
(E , p)✳

❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭❆✷✮ ❡t ✭❆✸✮ ✭r❡s♣❡❝t✐✈❡♠❡♥t ✭❆✷✮ ❡t ✭❆✺✮✮✱ 0 ❡st ✉♥❡
s♦❧✉t✐♦♥ ♣✳♣✳ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣✳❛✳✮ ❞❡ (E , 0)✱ ❡t ❛❧♦rs ♦♥ ❛ ❧✬é❣❛❧✐té s✉✐✈❛♥t❡ ✿

Φ(0, 0) = 0. ✭✹✳✷✮

▲❡♠♠❡ ✹✳✶ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭❆✶✲❆✸✮ ✭r❡s♣❡❝t✐✈❡♠❡♥t ✭❆✶✲❆✷✮ ❡t ✭❆✺✮✮✱
❧✬♦♣ér❛t❡✉r Φ ❡st ❜✐❡♥ ❞é✜♥✐✱ ❡t ✐❧ ❡st ❞❡ ❝❧❛ss❡ C1 ❞❡ AP 2(R) × P ✭r❡s♣❡❝✲
t✐✈❡♠❡♥t AA2(R) × P ✮✳ ❉❡ ♣❧✉s ❧❛ ❞ér✐✈é❡ ♣❛rt✐❡❧❧❡ ❞❡ Φ ♣❛r r❛♣♣♦rt à ❧❛
♣r❡♠✐èr❡ ✈❛r✐❛❜❧❡✱ ❛✉ ♣♦✐♥t (x, p) = (0, 0)✱ ❡st ❞♦♥♥é❡ ♣❛r

DxΦ(0, 0).y = [t 7→ y′′(t) + f(0, 0).y′(t) +
∂g(0, 0)

∂x
.y(t)]

♦ù y ∈ AP 2(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA2(R)✮✳

❉é♠♦♥str❛t✐♦♥
❙♦✐t ❧❡s ♦♣ér❛t❡✉rs ❧✐♥é❛✐r❡s s✉✐✈❛♥ts ✿

✕ d2

dt2
: AP 2(R) → AP 0(R) (respectivement AA2(R) → AA0(R)) ❡st

❞é✜♥✐ ♣❛r
d2

dt2
x := x′′. ✭✹✳✸✮

P✉✐sq✉❡

‖ d
2

dt2
x‖∞ ≤ ‖x′′‖∞ + ‖x′‖∞ ++‖x‖∞,
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♦♥ ❛

‖ d
2

dt2
x‖∞ ≤ ‖x‖BC2 .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ d2

dt2
❡st ❝♦♥t✐♥✉✱ ❞♦♥❝ ❞❡ ❝❧❛ss❡ C1✱ ❡t ♦♥ ❛

♣♦✉r t♦✉t x✱ y ❞❛♥s AP 2(R) (respectivement AA2(R))

D
d2

dt2
(x(·))(y(·)) = d2

dt2
(y(·))

✕ d
dt

: AP 1(R) → AP 0(R) (respectivement AA1(R) → AA0(R)) ❡st
❞é✜♥✐ ♣❛r

d

dt
x := x′. ✭✹✳✹✮

P✉✐sq✉❡

‖ d
dt
x‖∞ ≤ ‖x′‖∞ + ‖x‖∞,

♦♥ ❛

‖ d
dt
x‖∞ ≤ ‖x‖BC1 .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ d
dt

❡st ❝♦♥t✐♥✉✱ ❞♦♥❝ ❞❡ ❝❧❛ss❡ C1, ❡t ♦♥ ❛
♣♦✉r t♦✉t x✱ y ❞❛♥s AP 1(R) (respectivement AA1(R))

D
d

dt
(x(·))(y(·)) = d

dt
(y(·))

✕ in1 : AP 2(R) → AP 1(R) (respectivement AA2(R) → AA1(R)) ❡st
❞é✜♥✐ ♣❛r

in1(x) := x. ✭✹✳✺✮

P✉✐sq✉❡
‖x‖∞ + ‖x′‖∞ ≤ ‖x‖∞ + ‖x′‖∞ + ‖x′′‖∞,

♦♥ ❛
‖x‖BC1 ≤ ‖x‖BC2 ,

❞✬♦ù
‖in1(x)‖BC1 ≤ ‖x‖BC2 .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ in1 ❡st ❞❡ ❝❧❛ss❡ C1, ❡t ♦♥ ❛✱ ♣♦✉r t♦✉t x✱ y
❞❛♥s AP 2(R) (respectivement AA2(R))

Din1(x(·))(y(·)) = in1(y(·)).

✕ in2 : AP 2(R) → AP 0(R) (respectivement AA2(R) → AA0(R)) ❡st
❞é✜♥✐ ♣❛r

in2(x) := x. ✭✹✳✻✮

P✉✐sq✉❡
‖x‖∞ ≤ ‖x‖∞ + ‖x′‖∞ + ‖x′′‖∞,
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♦♥ ❛
‖x‖∞ ≤ ‖x‖BC2 ,

❞✬♦ù
‖in2(x)‖∞ ≤ ‖x‖BC2 .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ in2 ❡st ❞❡ ❝❧❛ss❡ C1✱ ❡t ♦♥ ❛✱ ♣♦✉r t♦✉t x✱ y
❞❛♥s AP 2(R) (respectivement AA2(R))

Din2(x(·))(y(·)) = in2(y(·))

❉♦♥❝ ♦♥ ❛✱
d2

dt2
,
d

dt
, in1, in2 sont de classe C1. ✭✹✳✼✮

▼❛✐♥t❡♥❛♥t ♥♦✉s ❞é✜♥✐ss♦♥s ❧❡s ♦♣ér❛t❡✉rs ❞❡ ◆❡♠②ts❦✐ ✭❞✐t❡ ❛✉ss✐ ♦♣ér❛t❡✉r
❞❡ s✉♣❡r♣♦s✐t✐♦♥✮ ❝♦♥str✉✐ts s✉r ❧❡s ❢♦♥❝t✐♦♥s f ❡t g ✿

✕ Nf : AP 0(R)×AP 0(P ) → AP 0(R)
✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)×AA0(P ) → AA0(R)✮ ❞é✜♥✐ ♣❛r

Nf (x, p) := [t 7→ f(x(t), p(t))], ✭✹✳✽✮

✕ Ng : AP 0(R)×AP 0(P ) → AP 0(R)
✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)×AA0(P ) → AA0(R)✮ ❞é✜♥✐ ♣❛r

Ng(x, p) := [t 7→ g(x(t), p(t))]. ✭✹✳✾✮

❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ♣r❡sq✉❡✲♣ér✐♦❞✐❝✐té✱ ❞✬❛♣rès ✭A1✮ ❡t ❧❡ ❝♦r♦❧❧❛✐r❡ ✷✳✶ ❞✉
❝❤❛♣✐tr❡ ✶✱ Nf ❡t Ng s♦♥t ❞❡ ❝❧❛ss❡ C1 s✉r AP 0(R)×AP 0(P ) ≡ AP 0(R×P )✳
❉❛♥s ❧❡ ❝❛s ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✱ s✐ ♦♥ ♣♦s❡

f̂(x, p, t) := f(x, p) ❡t ĝ(x, p, t) := g(x, p) ♣♦✉r t♦✉t (x, p, t) ∈ R×P ×R

❡t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ r❡♠❛rq✉❡ ✺✳✶ ❞✉ ❝❤❛♣✐tr❡ ✶✱ ♦♥ ♦❜t✐❡♥t

f̂ , ĝ ∈ AAU(R× P × R,R),

❡t
D(x,p)f̂ , D(x,p)ĝ ∈ AAU(R× P × R,L(R× P,R)),

❞♦♥❝ ❧❡s ❢♦♥❝t✐♦♥s f̂ ✱ ĝ ❡t D(x,p)f̂ ✱ D(x,p)ĝ s❛t✐s❢♦♥t ❧❡s ❤②♣♦t❤ès❡s ❞✉ ❚❤é♦✲
rè♠❡ ✺✳✷ ❞✉ ❝❤❛♣✐tr❡ ✶ ♣♦✉r ❧❡sq✉❡❧❧❡s N

f̂
❡t Nĝ s♦♥t ❞❡ ❝❧❛ss C1✱ ❞♦♥❝ Nf

❡t Ng s♦♥t ❞❡ ❝❧❛ss❡ C1✳ ❆❧♦rs ♦♥ ❛ ❧❛ ♣r♦♣r✐été ✿

Nf et Ng sont de classe C1. ✭✹✳✶✵✮

❉❛♥s ❧❡ ❝❛s ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮✱ ❧❡
❝♦r♦❧❧❛✐r❡ ✷✳✶ ❞✉ ❝❤❛♣✐tr❡ ✶ ✭r❡s♣❡❝t✐✈❡♠❡♥t t❤é♦rè♠❡ ✺✳✷ ❞✉ ❝❤❛♣✐tr❡ ✶✮
❞♦♥♥❡ ❧❛ ❢♦r♠✉❧❡ ❞❡ ❧❛ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❡ ❧✬♦♣ér❛t❡✉r ❞❡ ◆❡♠②ts❦✐✳

DxNf (x, p).y = [t 7→ ∂f(x(t), p(t))

∂x
.y(t)] ✭✹✳✶✶✮
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DxNg(x, p).y = [t 7→ ∂g(x(t), p(t))

∂x
.y(t)] ✭✹✳✶✷✮

♣♦✉r t♦✉s x, y ∈ AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)✮ ❡t ♣♦✉r t♦✉t p ∈ AP 0(P )
✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(P )✮✳

❖♥ ♣❡✉t ❛ss✐♠✐❧❡r ❧❡ ♣♦✐♥t p ∈ P à ❧❛ ❢♦♥❝t✐♦♥ ❝♦♥st❛♥t❡ t 7→ p q✉✐ ❛♣♣❛r✲
t✐❡♥♥❡ à AP 0(P ) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(P )✮✱ ç❛ ♥♦✉s ♣❡r♠❡t ❞❡ ❝♦♥s✐❞ér❡r P
❝♦♠♠❡ ✉♥ s♦✉s✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❢❡r♠é ❞❡ AP 0(P ) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(P )✮✳
❉♦♥❝ ♦♥ ♣❡✉t ❝♦♥s✐❞ér❡r ❧❡s r❡str✐❝t✐♦♥s s✉✐✈❛♥t❡s ❞❡s ♦♣ér❛t❡✉rs Nf ❡t Ng ✿

✕ Sf : AP 0(R)×P → AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)×P → AA0(R)✮
❞é✜♥✐❡ ♣❛r

Sf (x, p) := [t 7→ f(x(t), p)], ✭✹✳✶✸✮

✕ Sg : AP 0(R)×P → AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)×P → AA0(R)✮
❞é✜♥✐❡ ♣❛r

Sg(x, p) := [t 7→ g(x(t), p)], ✭✹✳✶✹✮

♦ù x ∈ AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)✮ ❡t p ∈ P ✳

P✉✐sq✉❡ ❧❛ r❡str✐❝t✐♦♥ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝❧❛ss❡ C1 à ✉♥ s♦✉s✲❡s♣❛❝❡ ❞❡
❇❛♥❛❝❤ ❡st ❞❡ ❝❧❛ss❡ C1, ♦♥ ❛

Sf et Sg sont de classe C1, ✭✹✳✶✺✮

❡t ❧❡s ❝♦♥séq✉❡♥❝❡s ❞❡ ✭✹✳✶✶✮ ❡t ✭✹✳✶✷✮ s♦♥t ❧❡s ❢♦r♠✉❧❡s s✉✐✈❛♥t❡s ✿

DxSf (x, p).y = [t 7→ ∂f(x(t), p)

∂x
.y(t)] ✭✹✳✶✻✮

DxSg(x, p).y = [t 7→ ∂g(x(t), p)

∂x
.y(t)] ✭✹✳✶✼✮

♣♦✉r t♦✉t x, y ∈ AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA0(R)✮ ❡t ♣♦✉r t♦✉t p ∈ P ✳

▼❛✐♥t❡♥❛♥t ♦♥ ❝♦♥s✐❞èr❡ ❧❡s ♦♣ér❛t❡✉rs s✉✐✈❛♥ts ✿
✕ π1 : AP

2(R)×P → AP 2(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA2(R)×P → AA2(R)✮
❞é✜♥✐ ♣❛r

π1(x, p) := x ✭✹✳✶✽✮

❖♥ ❛
‖x‖BC2 ≤ sup(‖x‖BC2 , ‖p‖P ),

❞♦♥❝
‖π1(x, p)‖BC2 ≤ ‖(x, p)‖BC2×P .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ π1 ❡st ❝♦♥t✐♥✉✱ ❞♦♥❝ ✐❧ ❡st ❞❡ ❝❧❛ss❡ C1✳
✕ π2 : AP

2(R)× P → P ✭r❡s♣❡❝t✐✈❡♠❡♥t AA2(R)× P → P ✮ ❞é✜♥✐ ♣❛r

π2(x, p) := p. ✭✹✳✶✾✮

❖♥ ❛
‖p‖P ≤ sup(‖x‖BC2 , ‖p‖P ),
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❞♦♥❝
‖π2(x, p)‖P ≤ ‖(x, p)‖BC2×P .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ π2 ❡st ❝♦♥t✐♥✉✱ ❞♦♥❝ ✐❧ ❡st ❞❡ ❝❧❛ss❡ C1.

✕ B : R× R → R ❞é✜♥✐ ♣❛r

B(r, s) := r.s,

❡st ✉♥ ♦♣ér❛t❡✉r ❜✐❧✐♥é❛✐r❡ ❝♦♥t✐♥✉ ❞♦♥❝ B ❡st ❞❡ ❝❧❛ss❡ C1

❖♥ ❝♦♥s✐❞èr❡ ❧✬♦♣ér❛t❡✉r ❞❡ ◆❡♠②st❦✐ ❝♦♥str✉✐t s✉r B✱ NB : AP 0(R)×
AP 0(R) → AP 0(R) ❞é✜♥✐ ♣❛r

NB(u, v) := [t 7→ u(t).v(t) = B(u(t), v(t))]. ✭✹✳✷✵✮

P❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❈♦r♦❧❧❛✐r❡ ✷✳✶ ❞✉ ❝❤❛♣✐tr❡ ✶ ✭r❡s♣❡❝t✐✈❡♠❡♥t ❚❤é♦✲
rè♠❡ ✺✳✷ ❞✉ ❝❤❛♣✐tr❡ ✶✮ ❞♦♥❝ NB ❡st ❞❡ ❝❧❛ss❡ C1✱ ❡t ♦♥ ❛

DNB(a, b)(u, v) := [t 7→ DB(a(t), b(t))(u(t), v(t))],

❞♦♥❝

DNB(a, b)(u, v) := [t 7→ B(a(t), v(t)) +B(u(t), b(t))],

❛❧♦rs
DNB(a, b)(u, v) = NB(a, v) +NB(u, b).

✕ C : AP 2(R)× P → AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA2(R)× P → AA0(R)✮
❞é✜♥✐ ♣❛r

C(x, p) := −ep. ✭✹✳✷✶✮

❖♥ ♥♦t❡ ♣❛r ε : P → AP 0(R) (r❡s♣❡❝t✐✈❡♠❡♥t P → AA0(R)) ❧❛
❢♦♥❝t✐♦♥ p 7→ ep✱ ε ❡st ❞❡ ❝❧❛ss❡ C1 ❞✬❛♣rès ✭❆✸✮ ✭r❡s♣❡❝t✐✈❡♠❡♥t ✭❆✺✮✮✱
❡t C = −ε ◦ π2 ❡st ❞❡ ❝❧❛ss❡ C1 ❝♦♠♠❡ ✉♥❡ ❝♦♠♣♦s✐t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s
❞❡ ❝❧❛ss❡ C1✳

❉♦♥❝
π1, π2, NB et C sont de classe C1. ✭✹✳✷✷✮

▼❛✐♥t❡♥❛♥t ♦♥ ♥♦t❡ q✉❡ ❧✬é❣❛❧✐té s✉✐✈❛♥t❡ ❡st ✈ér✐✜é❡ ✿

Φ =
d2

dt2
◦π1+NB ◦ (Sf ◦ (in2 ◦π1, π2),

d

dt
◦ (in1 ◦π1))+Sg ◦ (in2 ◦π1, π2)+C.

✭✹✳✷✸✮

P❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ✭✹✳✼✮✱ ✭✹✳✶✺✮✱ ✭✹✳✷✷✮✱ ✭✹✳✷✸✮ ❡t ❧❡s rè❣❧❡s ❤❛❜✐t✉❡❧❧❡s ❞✉
❝❛❧❝✉❧ ❞✐✛ér❡♥t✐❡❧ ❞❛♥s ❧❡s ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤✱ ♦♥ ♦❜t✐❡♥t q✉❡ Φ ❡st ❞❡ ❝❧❛ss❡
C1✳

❉❡ ✭✹✳✷✸✮ ♦♥ ❞é❞✉✐t q✉❡

Φ(., 0) =
d2

dt2
+NB ◦ (Sf ◦ (in2, 0),

d

dt
◦ in1) + Sg ◦ (in2, 0) + C(., 0),
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❡t ❛❧♦rs✱ ♣♦✉r t♦✉t y ∈ AP 2(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA2(R)✮✱ ❡t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥
❞❡s ❢♦r♠✉❧❡s ❝❧❛ss✐q✉❡s ❞✉ ❝❛❧❝✉❧ ❞✐✛ér❡♥t✐❡❧ ❞❛♥s ❧❡s ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤ ❡t
✭✹✳✶✻✮✱ ✭✹✳✶✼✮✱ ♦♥ ♦❜t✐❡♥t

DxΦ(0, 0).y =
d2

dt2
y+NB(DxSf (0, 0).y, 0)+NB(Sf (0, 0),

d

dt
.y+DxSg(0, 0).y+0,

❞♦♥❝✱ ♣♦✉r t♦✉t t ∈ R✱ ♦♥ ❛

(DxΦ(0, 0).y)(t) = y′′(t) + f(0, 0).y′(t) +
∂g(0, 0)

∂x
.y(t).

�

▲❡♠♠❡ ✹✳✷ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭❆✶✲❆✹✮ ✭r❡s♣❡❝t✐✈❡♠❡♥t ✭❆✶✲❆✷✮ ❡t ✭❆✹✲
❆✺✮✮✱ DxΦ(0, 0) ❡st ❜✐❥❡❝t✐❢ ❞❡ AP 2(R) s✉r AP 0(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t ❞❡ AP 2(R)
s✉r AP 0(R)✮✳

❉é♠♦♥str❛t✐♦♥
❙♦✐t b ∈ AP 0(R)✳ ◆♦✉s ✈♦✉❧♦♥s ♠♦♥tr❡r q✉✬✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ y ∈ AP 2(R)
t❡❧ q✉❡ DxΦ(0, 0).y = b✳ ❊♥ ✉t✐❧✐s❛♥t ❧❛ ❢♦r♠✉❧❡ ♣r♦✉✈é❡ ♣❛r ❧❡ ❧❡♠♠❡ ✹✳✶✱
❝❡tt❡ éq✉❛t✐♦♥ ❡st éq✉✐✈❛❧❡♥t❡ à ❞✐r❡ q✉❡ y ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳♣✳ ❞❡ ❧✬éq✉❛t✐♦♥
❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥é❛✐r❡ ❞✉ s❡❝♦♥❞❡ ♦r❞r❡ ✭q✉✐ ❡st ❧✬éq✉❛t✐♦♥ ❞❡ ❉✉✣♥❣✮ ✿

y′′(t) + f(0, 0).y′(t) +
∂g(0, 0)

∂x
.y(t) = b(t). ✭✹✳✷✹✮

▲❡ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ s✉✐✈❛♥t ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❡st éq✉✐✈❛❧❡♥t à ❧✬éq✉❛✲
t✐♦♥ ✭✹✳✷✹✮ ✿

X ′(t) =M.X(t) +B(t) ✭✹✳✷✺✮

♦ù X(t) :=

[

y(t)
y′(t)

]

✱ B(t) :=

[

0
b(t)

]

✱ ❡t M :=

[

0 1

−∂g(0,0)
∂x

−f(0, 0)

]

✳

▲❡ ♣♦❧②♥ô♠❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ M ❡st

λ2 + f(0, 0).λ+
∂g(0, 0)

∂x
.

❖♥ ♥♦t❡ ♣❛r λ1 ❡t λ2 ❧❡s ❞❡✉① ✈❛❧❡✉rs ♣r♦♣r❡s ✭é❣❛❧❡s ♦✉ ❞✐✛ér❡♥t❡s✮ ❞❡ M ✳
❉❛♥s ❧❡ ❝❛s ♦ù λ1, λ2 ∈ R✱ ❝✳✲à✲❞✳

f(0, 0)2 ≥ 4
∂g(0, 0)

∂x
,

❧❛ ❝♦♥❞✐t✐♦♥ ✭❆✹✮ ✐♠♣❧✐q✉❡ q✉❡ λ1 6= 0 ❛♥❞ λ2 6= 0 ❝❛r ♦♥ ❛

∂g(0, 0)

∂x
= λ1.λ2.



✸✽

❉❛♥s ❧❡ ❝❛s ♦ù λ1, λ2 ∈ C \ R✱ ❝✳✲à✲❞✳

f(0, 0)2 < 4
∂g(0, 0)

∂x
,

❧❛ ❝♦♥❞✐t✐♦♥ ✭❆✹✮ ✐♠♣❧✐q✉❡ q✉❡ ℜλ1 6= 0 ❡t ℜλ2 6= 0 ♣✉✐sq✉❡

f(0, 0) = −2ℜλ1 = −2ℜλ2.
❆❧♦rs ❧❡s ❤②♣♦t❤ès❡s ❞✉ t❤é♦rè♠❡ ✸✳✶ ❞❡ ❇♦❤r✲◆❡✉❣❡❜❛✉❡r ✭❞✉ ❝❤❛♣✐tr❡ ✶✮
s♦♥t ✈ér✐✜é❡s✱ ❡t ❞♦♥❝ ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳♣✳ X ∈ AP 1(R2) ❞❡
✭✹✳✷✺✮✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❛ ♣r❡♠✐èr❡ ❝♦♦r❞♦♥♥é❡ ❞❡X✱ ♥♦té❡ ♣❛r y✱ ❡st ❧✬✉♥✐q✉❡
s♦❧✉t✐♦♥ ♣✳♣ ❞❡ ✭✹✳✷✹✮✳ ❉♦♥❝ y ❡st ❧✬✉♥✐q✉❡ é❧é♠❡♥t ❞❛♥s AP 2(R) q✉✐ ✈ér✐✜❡

DxΦ(0, 0).y = b.

▲❡ ♠ê♠❡ r❛✐s♦♥♥❡♠❡♥t t✐❡♥t ❞❛♥s ❧❡ ❝❛s ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡
❧❡♠♠❡ ✷✳✶ ❛✉ ❧✐❡✉ ❞✉ t❤é♦rè♠❡ ✸✳✶ ❞❡ ❇♦❤r✲◆❡✉❣❡❜❛✉❡r ✭❞✉ ❝❤❛♣✐tr❡ ✶✮✳
❊♥ ❡✛❡t✱ s♦✐t b ∈ AA0(R) ❡t y ∈ AA2(R)✳ ❉✐r❡ Dxφ(0, 0).y = b ❡st éq✉✐✈❛❧❡♥t
à ❞✐r❡ q✉❡ y ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡ ✭✹✳✷✹✮ q✉✐ ❡st ❛✉ss✐ éq✉✐✈❛❧❡♥t à ❞✐r❡ q✉❡

X(t) :=

[

y(t)
y′(t)

]

❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳❛✳ ❞❡ ✭✹✳✷✺✮✳

▲❛ ❝♦♥❞✐t✐♦♥ ✭❆✹✮ ❡st éq✉✐✈❛❧❡♥t❡ à ❞✐r❡ q✉❡ ❧❡s ♣❛rt✐❡s ré❡❧❧❡s ❞❡s ✈❛❧❡✉rs
♣r♦♣r❡ ❞❡ M s♦♥t ♥♦♥ ♥✉❧❧❡s✳ ❆❧♦rs ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✶ ♦♥ ♦❜t✐❡♥t
❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♣✳❛✳ X ❞❡ ✭✹✳✷✺✮✱ ❡t ❛❧♦rs ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡
s♦❧✉t✐♦♥ ♣✳❛✳ y ❞❡ ✭✹✳✷✹✮✱ ❡t ❝✬❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ y ∈ AA2(R) q✉✐ s❛t✐s❢❛✐t

DxΦ(0, 0).y = b.

�

P❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ✭✹✳✷✮✱ ❞✉ ❧❡♠♠❡ ✹✳✶✱ ❞✉ ❧❡♠♠❡ ✹✳✷ ❡t ❞✉ t❤é♦rè♠❡
❞❡s ❢♦♥❝t✐♦♥s ✐♠♣❧✐❝✐t❡s ✭❬✶✼❪✱ ♣✳ ✻✶✮ ♦♥ ♦❜t✐❡♥t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ✈♦✐s✐♥❛❣❡ U
✭r❡s♣❡❝t✐✈❡♠❡♥t U1✮ ❞❡ 0 ✐♥ AP 2(R) ✭r❡s♣❡❝t✐✈❡♠❡♥t AA2(R)✮✱ ✉♥ ✈♦✐s✐♥❛❣❡
V ✭r❡s♣❡❝t✐✈❡♠❡♥t V1✮ ❞❡ 0 ✐♥ P ❡t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ p 7→ x[p] ❞❡ ❝❧❛ss❡ C1

✭r❡s♣❡❝t✐✈❡♠❡♥t p 7→ x1[p]✮✱ ❞❡ V ❞❛♥s U ✭r❡s♣❡❝t✐✈❡♠❡♥t ❞❡ V1 ❞❛♥s U1✮ q✉✐
s❛t✐s❢♦♥t ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✿

❛✴ x[0] = 0✱ q✉✐ ❡st ❧❛ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❞✉ t❤é♦rè♠❡ ✸✳✶ ✭r❡s♣❡❝t✐✈❡♠❡♥t
t❤é♦rè♠❡ ✸✳✷✮✳

❜✴ Φ(x[p], p) = 0 ♣♦✉r t♦✉t p ∈ V ✭r❡s♣❡❝t✐✈❡♠❡♥t V1✮✱ ♦♥ ❛ss✉r❡ ❛❧♦rs
q✉❡ x[p] ❡st ✉♥❡ s♦❧✉t✐♦♥ ♣✳♣✳ ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣✳❛✳✮ ❞❡ (E , p) ♣♦✉r t♦✉t
p ∈ V ✭r❡s♣❡❝t✐✈❡♠❡♥t V1✮✱ ❡t ❝✬❡st ❧❛ ❝♦♥❝❧✉s✐♦♥ ✭✐✐✮ ❞✉ ❚❤é♦rè♠❡ ✸✳✶
✭r❡s♣❡❝t✐✈❡♠❡♥t t❤é♦rè♠❡ ✸✳✷✮✳

❝✴ {(x, p) ∈ U × V : Φ(x, p) = 0} = {(x[p], p) : p ∈ V} ✭r❡s♣❡❝t✐✈❡♠❡♥t
{(x, p) ∈ U1 × V1 : Φ(x, p) = 0} = {(x[p], p) : p ∈ V1}✮ ❡t ❞♦♥❝ ❧❛
❝♦♥❝❧✉s✐♦♥ ✭✐✐✐✮ ❞✉ t❤é♦rè♠❡ ✸✳✶ ✭r❡s♣❡❝t✐✈❡♠❡♥t t❤é♦rè♠❡ ✸✳✷✮✳

❆✐♥s✐ ❧❡ t❤é♦rè♠❡ ✸✳✶ ❡t ❧❡ t❤é♦rè♠❡ ✸✳✷ s♦♥t ♣r♦✉✈és✳
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✶ ■♥tr♦❞✉❝t✐♦♥

❙♦✐t ❧❛ ❢❛♠✐❧❧❡ ❞❡s éq✉❛t✐♦♥s s✉✐✈❛♥t❡s

(E , p) x′′(t) + f(x(t), p) · x′(t) + g(x(t), p) = ep(t)

♦ù P ❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✱ f : R × P → R ❡t g : R × P → R ❞❡✉①
❢♦♥❝t✐♦♥s✱ ♣♦✉r t♦✉t p ∈ P, ep ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ R ❞❛♥s R✳

P♦✉r ep ✉♥❡ ❢♦♥❝t✐♦♥ ♣✳♣✳ ✭♣r❡sq✉❡ ♣ér✐♦❞✐q✉❡ ❛✉ s❡♥s ❞❡ ❇♦❤r✮ ✭r❡s✲
♣❡❝t✐✈❡♠❡♥t ♣✳❛✳ ✭♣r❡sq✉✬❛✉t♦♠♦r♣❤❡✮✮✱ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷ ✭❚❤é♦rè♠❡ ✸✳✶✱
❚❤é♦rè♠❡ ✸✳✷✮ ♥♦✉s ❛✈♦♥s ♣r♦✉✈é ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ xp ♣✳♣✳ ✭r❡s♣❡❝✲
t✐✈❡♠❡♥t ♣✳❛✳✮ ❞❡ (E , p)✱ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ♠ét❤♦❞❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥ ❞❛♥s ✉♥
❝❛❞r❡ ❞✬❛♥❛❧②s❡ ❢♦♥❝t✐♦♥♥❡❧❧❡ ♥♦♥ ❧✐♥é❛✐r❡✱ ✈♦✐r ❬✻❪✳

❉❛♥s ❧❡ ♣rés❡♥t ❝❤❛♣✐tr❡ ♥♦✉s ét❡♥❞♦♥s ❝❡ rés✉❧t❛t ❛✉① ❢♦♥❝t✐♦♥s ❛s②♠♣✲
t♦t✐q✉❡♠❡♥t ♣✳♣✳✱ ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣✳❛✳✱ ♣s❡✉❞♦ ♣✳♣✳✱ ♣s❡✉❞♦ ♣✳❛✳✱ ❢♦♥❝t✐♦♥s
♣s❡✉❞♦ ♣✳♣✳ ❛✈❡❝ ♣♦✐❞s ❡t ❧❡s ❢♦♥❝t✐♦♥s ♣s❡✉❞♦ ♣✳❛✳ ❛✈❡❝ ♣♦✐❞s✳

P♦✉r ré❛❧✐s❡r ❝❡t ♦❜❥❡❝t✐❢✱ ♥♦✉s ✉t✐❧✐s♦♥s ❞❡s ♦✉t✐❧s ❞✬❛♥❛❧②s❡ ❢♦♥❝t✐♦♥♥❡❧❧❡
♥♦♥ ❧✐♥é❛✐r❡✱ ❡t ❞❡s rés✉❧t❛ts s✉r ❧❡s s♦❧✉t✐♦♥s ❞✬éq✉❛t✐♦♥s ❧✐♥é❛✐r❡s ❞✉s à ✿
❩❛✐❞♠❛♥✱ ▲✐③❛♠❛✱ ◆✬●✉ér❛❦❛t❛✱ ❉✐❛❣❛♥❛✱ ❈✐❡✉t❛t✱ ❊③③✐♥❜✐✱ ▼♦r♣❤♦✉✱ P❡♥✲
♥❡q✉✐♥ ❡t ❇❧♦t✳

◆♦✉s ❝♦♥s✐❞ér♦♥s ❛✉ss✐ ❞❡✉① ❝❛s ♣❛rt✐❝✉❧✐❡rs ❞❡ (E , p) q✉✐ s♦♥t

x′′(t) + f(x(t)) · x′(t) + g(x(t)) = e(t)

✸✾



✹✵

❡t
x′′(t) + f(x(t), q) · x′(t) + g(x(t), q) = e(t).

P♦✉r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❛s②♠♣t♦t✐q✉❡♠❡♥t ♣✳♣✳✱ ❛s②♠♣t♦t✐q✉❡♠❡♥t
♣✳❛✳✱ ♣s❡✉❞♦ ♣✳♣✳✱ ♣s❡✉❞♦ ♣✳❛✳✱ ♣s❡✉❞♦ ♣✳♣✳ ❛✈❡❝ ♣♦✐❞s ❡t ♣s❡✉❞♦ ♣✳❛✳ ❛✈❡❝
♣♦✐❞s✱ ♣♦✉r ❧❡s ❞❡✉① ❝❛s ♣ré❝é❞❡♥ts✱ ♥♦✉s ♦❜t❡♥♦♥s ❞❡s rés✉❧t❛ts s✐♠✐❧❛✐r❡s à
❝❡✉① ♦❜t❡♥✉s s✉r ❧❛ ❢❛♠✐❧❧❡ (E , p)✳

▼❛✐♥t❡♥❛♥t ♥♦✉s ❞é❝r✐✈♦♥s ❧❡ ❝♦♥t❡♥✉ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳ ❉❛♥s ❧❛ s❡❝t✐♦♥
✷✱ ♥♦✉s ✜①♦♥s ♥♦s ♥♦t❛t✐♦♥s✱ ♥♦✉s r❛♣♣❡❧♦♥s q✉❡❧q✉❡s rés✉❧t❛ts s✉r ❧❡s ♦♣é✲
r❛t❡✉rs ❞❡ ◆❡♠②ts❦✐ ❡t s✉r ❧❡s éq✉❛t✐♦♥s ❧✐♥é❛✐r❡s✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✸✱ ♥♦✉s
❞♦♥♥♦♥s ❧❡ t❤é♦rè♠❡ ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❛✈❡❝ s❛ ♣r❡✉✈❡✳ ❉❛♥s ❧❛ s❡❝t✐♦♥
✹✱ ♦♥ ❞♦♥♥❡ ❞❡✉① ❝♦r♦❧❧❛✐r❡s ♣♦✉r ❧❡s ❞❡✉① ❝❛s ♣❛rt✐❝✉❧✐❡rs ❞❡ (E , p)✳

✷ Pré❧✐♠✐♥❛✐r❡s

❙♦✐t X ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳ P♦✉r ρ ∈ UT ✱ E0(X) ❞és✐❣♥❡ ❧✬✉♥ ❞❡s ❡s✲
♣❛❝❡s s✉✐✈❛♥ts AAP 0(X)✱ AAA0(X)✱ PAP 0(X)✱ PAA0(X), WPAP 0(X, ρ),
WPAA0(X, ρ)✳
BK(R, X) ❞és✐❣♥❡ ❧✬❡s♣❛❝❡ ❞❡s ❢♦♥❝t✐♦♥s u ∈ BC0(R, X) t❡❧ q✉❡ u(R) ❡st
r❡❧❛t✐✈❡♠❡♥t ❝♦♠♣❛❝t✱ ♦♥ ♥♦t❡ ♣❛r F (X) := E0(X) ∩BK(R, X)✳
(E0(X), ‖.‖∞), (F (X), ‖.‖∞) s♦♥t ❞❡s ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤✳ E1(X) ❞és✐❣♥❡
❧✬❡s♣❛❝❡ ❞❡s ❢♦♥❝t✐♦♥s u ∈ BC1(R, X) t❡❧ q✉❡ u, u′ ∈ E0(X)✳ ▼✉♥✐ ❞❡ ❧❛
♥♦r♠❡ ‖ · ‖BC1 ✱ E1(X) ❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳ E2(X) ❞és✐❣♥❡ ❧✬❡s♣❛❝❡
❞❡s ❢♦♥❝t✐♦♥s u ∈ BC2(R, X) t❡❧ q✉❡ u, u′, u′′ ∈ E0(X)✳ ▼✉♥✐ ❞❡ ❧❛ ♥♦r♠❡
‖ · ‖BC2 ✱ E2(X) ❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳

▲❡♠♠❡ ✷✳✶ ❙♦✐t X ❡t Y ❞❡✉① ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤✱ ❡t s♦✐t φ : X → Y ✉♥❡
❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡✳
❆❧♦rs ❧✬♦♣ér❛t❡✉r ❞❡ ◆❡♠②ts❦✐ Nφ : F (X) → F (Y )✱ ❞é✜♥✐ ♣❛r

Nφ(u) := [t 7−→ φ(u(t))],

❡st ❝♦♥t✐♥✉✳

❉é♠♦♥str❛t✐♦♥
P♦✉r E0(X) = AP 0(X) ❡t E0(Y ) = AP 0(Y ) ❝❡ rés✉❧t❛t ❡st ♣r♦✉✈é ❞❛♥s
❬✶✸❪✱ ❝♦r♦❧❧❛✐r❡ ✸✳✶✸✳
P♦✉r E0(X) = AA0(X) ❡t E0(Y ) = AA0(Y ) ❝❡ rés✉❧t❛t ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡
❞✉ t❤é♦rè♠❡ ✾✳✻ ❞❛♥s ❬✶✸❪✳
P♦✉r E0(X) = AAP 0(X) ❡t E0(Y ) = AAP 0(Y )✱ ❡♥ r❡♠♣❧❛ç❛♥t R+ ♣❛r R✱
❝❡ rés✉❧t❛t ❡st ✉♥❡ ✈❛r✐❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✽✳✹ ❞❛♥s ❬✶✸❪✳
◆♦t♦♥s q✉❡ ❧❡ ❝❛s ❞❡s ❢♦♥❝t✐♦♥s ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ✭r❡s♣❡❝t✐✈❡♠❡♥t
♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s✮ ❡st ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡s ❢♦♥❝t✐♦♥s ♣s❡✉❞♦ ♣r❡s✲
q✉❡✲♣ér✐♦❞✐q✉❡s ❛✈❡❝ ♣♦✐❞s ✭r❡s♣❡❝t✐✈❡♠❡♥t ♣s❡✉❞♦ ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s ❛✈❡❝
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♣♦✐❞s✮ ❡♥ ♣r❡♥❛♥t ρ(t) := 1 ♣♦✉r t♦✉t t ∈ R; ❡♥ ♥♦t❛♥t q✉❡ ❧❛ ♠❡s✉r❡ ❛s✲
s♦❝✐é❡ ❡st ❡①❛❝t❡♠❡♥t ❧❛ ♠❡s✉r❡ ❞❡ ▲❡❜❡s❣✉❡✱ ✐❧ s✉✣t ❞♦♥❝ ❞❡ ♣r♦✉✈❡r ❧❡
❝❛s ❞❡s ❢♦♥❝t✐♦♥s ♣s❡✉❞♦ ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ❛✈❡❝ ♣♦✐❞s ❡t ♣s❡✉❞♦ ♣r❡s✲
q✉✬❛✉t♦♠♦r♣❤❡s ❛✈❡❝ ♣♦✐❞s✳ ❖♥ ✉t✐❧✐s❡ ❧❡ ❝♦r♦❧❧❛✐r❡ ✹✳✶✷ ❞❛♥s ❬✶✵❪ ✭r❡s♣❡❝✲
t✐✈❡♠❡♥t ❝♦r♦❧❧❛✐r❡ ✺✳✶✵ ❞❛♥s ❬✾❪✮✱ ♥♦✉s s❛✈♦♥s q✉❡ Nφ(WPAP 0(X, ρ)) ⊂
WPAP 0(Y, ρ) ✭r❡s♣❡❝t✐✈❡♠❡♥t Nφ(WPAA0(X, ρ)) ⊂ WPAA0(Y, ρ)✮✳ ❖♥ ❛
❛✉ss✐ Nφ(BK(R, X)) ⊂ BK(R, Y )✳ ❊♥ ❡✛❡t✱ ∀u ∈ BK(R, X)✱ ♣✉✐sq✉❡ φ ❡st
❝♦♥t✐♥✉❡ ♦♥ ❛ φ(u(R)) ❡st ✉♥ ❝♦♠♣❛❝t✱ ❛❧♦rs φ(u(R)) ❡st ✉♥ ❢❡r♠é✱ ❡t ❞♦♥❝

φ(u(R)) = φ(u(R)), ❝❡ q✉✐ ❞♦♥♥❡

φ(u(R)) = φ(u(R)). ✭✷✳✶✮

❉✬✉♥❡ ❛✉tr❡ ♣❛rt
φ(u(R)) ⊂ φ(u(R)),

❛❧♦rs ♦♥ ❛
φ(u(R)) ⊂ φ(u(R)).

❖♥ ♦❜t✐❡♥t ❞♦♥❝ ❞✬❛♣rès ✭✷✳✶✮

φ(u(R)) ⊂ φ(u(R)). ✭✷✳✷✮

❛❧♦rs φ(u(R)) ❡st r❡❧❛t✐✈❡♠❡♥t ❝♦♠♣❛❝t✱ ❡t ❞♦♥❝ ∀u ∈ BK(R, X) ♦♥ ❛

Nφ = φ ◦ u ∈ BK(R, Y ).

❖♥ ♦❜t✐❡♥t ❞♦♥❝ ♣♦✉r F (X) = WPAP 0(X, ρ) ∩ BK(R, X) ❡t F (Y ) =
WPAP 0(Y, ρ) ∩BK(R, Y ) ✭r❡s♣❡❝t✐✈❡♠❡♥t F (X) =WPAA0(X, ρ)
∩BK(R, X) ❡t F (Y ) =WPAA0(Y, ρ) ∩BK(R, Y )✮✱

Nφ(F (X)) ⊂ F (Y ).

P♦✉r ❧❛ ❝♦♥t✐♥✉✐té ❞❡ Nφ s✉r F (X)✱ ♦♥ ♣❡✉t s✉✐✈❡r ❧❛ ♠ê♠❡ ❞é♠♦♥str❛t✐♦♥
❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ✭❬✶✸❪✱ ❝♦r♦❧❧❛✐r❡
✸✳✶✸✮✱ s❡✉❧❡♠❡♥t ♦♥ r❡♠♣❧❛❝❡ ❧✬❡s♣❛❝❡ AP 0(X) ♣❛r F (X) ❡t AP 0(Y ) ♣❛r
F (Y ) ✳ �

❘❡♠❛rq✉❡ ✷✳✶ ❙✐ X ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✱ ❛❧♦rs F (X) :=
E0(X)✳

▲❡♠♠❡ ✷✳✷ ❙♦✐t X ❡t Y ❞❡✉① ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤✱ ❡t s♦✐t φ : X → Y ✉♥❡
❢♦♥❝t✐♦♥ ❋ré❝❤❡t ❝♦♥t✐♥û♠❡♥t ❞✐✛ér❡♥t✐❛❜❧❡✳ ❆❧♦rs ❧✬♦♣ér❛t❡✉r ❞❡ ◆❡♠②ts❦✐
Nφ : F (X) → F (Y ) ❡st ❋ré❝❤❡t ❝♦♥t✐♥û♠❡♥t ❞✐✛ér❡♥t✐❛❜❧❡ ❞❡ F (X) ❞❛♥s
F (Y )✱ ❡t ♦♥ ❛

DNφ(u).v = [t 7→ Dφ(u(t)).v(t)] ♣♦✉r t♦✉t u, v ∈ F (X).
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❉é♠♦♥str❛t✐♦♥
P♦✉r E0(X) = AP 0(X) ❡t E0(Y ) = AP 0(Y ) ❝❡ rés✉❧t❛t ❡st ♣r♦✉✈é ❞❛♥s
❬✶✸❪✱ ❝♦r♦❧❧❛✐r❡ ✺✳✸✳
P♦✉r E0(X) = AA0(X) ❡t E0(Y ) = AA0(Y ) ❝❡ rés✉❧t❛t ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡
❞✉ t❤é♦rè♠❡ ✾✳✼ ❞❛♥s ❬✶✸❪✳
P♦✉r E0(X) = AAP 0(X) ❡t E0(Y ) = AAP 0(Y )✱ r❡♠♣❧❛ç❛♥t R+ ♣❛r R✱ ❝❡
rés✉❧t❛t ❡st ✉♥❡ ✈❛r✐❛♥t❡ ❞✉ t❤é♦rè♠❡ ✽✳✺ ❞❛♥s ❬✶✸❪✳
P♦✉r ❧❡ ❝❛s E0(X) = WPAP 0(X, ρ) ❡t E0(Y ) = WPAP 0(Y, ρ) ✭r❡s♣❡❝t✐✲
✈❡♠❡♥t E0(X) = WPAA0(X, ρ) ❡t E0(Y ) = WPAA0(Y, ρ)✮✱ ♥♦✉s s❛✈♦♥s
q✉❡ ♣♦✉r F (X) = WPAP 0(X, ρ) ∩ BK(R, X) ❡t F (Y ) = WPAP 0(Y, ρ) ∩
BK(R, Y ) ✭r❡s♣❡❝t✐✈❡♠❡♥t F (X) =WPAA0(X, ρ)
∩BK(R, X) ❡t F (Y ) =WPAA0(Y, ρ) ∩BK(R, Y )✮✱

Nφ(F (X) ⊂ F (Y ),

❡t ♦♥ ❛
(Dφ) ◦ u ∈ F (L(X,Y )), ∀u ∈ F (X).

P♦✉r ❞é♠♦♥tr❡r q✉❡ Nφ ❡st ❋ré❝❤❡t ❝♦♥t✐♥û♠❡♥t ❞✐✛ér❡♥t✐❛❜❧❡ ❞❡ F (X) ❞❛♥s
F (Y )✱ ❡t q✉❡

DNφ(u).v = [t 7→ Dφ(u(t)).v(t)] ♣♦✉r t♦✉t u, v ∈ F (X),

♦♥ ♣❡✉t s✉✐✈❡r ❧❛ ♠ê♠❡ ❞é♠♦♥str❛t✐♦♥ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ❢♦♥❝t✐♦♥s
♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ✭❬✶✸❪✱ ❝♦r♦❧❧❛✐r❡ ✺✳✸✮✱ s❡✉❧❡♠❡♥t ♦♥ r❡♠♣❧❛❝❡ ❧✬❡s♣❛❝❡
AP 0(X) ♣❛r F (X) ❡t AP 0(Y ) ♣❛r F (Y )✳ �

▲❡♠♠❡ ✷✳✸ ❙♦✐t A ∈ L(Rn,Rn) t❡❧ q✉❡ t♦✉t❡s ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ A ♦♥t
✉♥❡ ♣❛rt✐❡ ré❡❧❧❡ ❞✐✛ér❡♥t❡ ❞❡ ③ér♦✳ ❙♦✐t ρ ∈ UT ✱ ❛❧♦rs ♣♦✉r t♦✉t h ∈ E0(Rn)✱
✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ ❞❛♥s E0(Rn) ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡

u′(t) = Au(t) + h(t). ✭✷✳✸✮

❉é♠♦♥str❛t✐♦♥

P♦✉r ❧❡ s②stè♠❡ ❞②♥❛♠✐q✉❡ u′ = Au, ❞❛♥s ❧❡ ❝❛s ♦ù t♦✉t❡s ❧❡s ✈❛❧❡✉rs
♣r♦♣r❡s ❞❡ A ♦♥t ✉♥❡ ♣❛rt✐❡ ré❡❧❧❡ ♥é❣❛t✐✈❡✱ ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✶
❞❛♥s ✭❬✸✹❪✱ ♣✳✶✹✺✮✱ ✐❧ ❡①✐st❡ M ∈ (0,∞), ❡t w ∈ (0,∞) t❡❧ q✉❡

‖etA‖ ≤Me−tw, ♣♦✉r t♦✉t t ≥ 0,

❛❧♦rs (etA)t≥0 ❡st ✉♥ C0✲s❡♠✐✲❣r♦✉♣ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡ ✭❬✸✾❪✱ ♣✳✺✻✮✳
P♦✉r h ∈ E0(Rn) ❡t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❝♦r♦❧❧❛✐r❡ ✸✳✻ ❞❛♥s ❬✸✽❪ ❞❛♥s ❧❡ ❝❛s
❞❡ AAP 0(Rn)✱ AAA0(Rn)✱ PAP 0(Rn)✱ PAA0(Rn)✱ ❡t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉
t❤é♦rè♠❡ ✻✳✶ ❞❛♥s ❬✾❪ ❞❛♥s ❧❡ ❝❛s ❞❡ WPAA0(Rn, ρ)✱ ❡t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉
t❤é♦rè♠❡ ✺✳✹ ❞❛♥s ❬✶✵❪ ❞❛♥s ❧❡ ❝❛s ❞❡ WPAP 0((Rn, ρ), ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡
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♠✐❧❞ s♦❧✉t✐♦♥ ❞❛♥s E0(Rn) ❞❡ ✭✷✳✸✮✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❛♥s
E0(Rn) ❞❡ ✭✷✳✸✮✱ ♣✉✐sq✉❡ ❧❡ ❞♦♠❛✐♥❡ ❞❡ A ❡st Rn✳

❉❛♥s ❧❡ ❝❛s ♦ù t♦✉t❡s ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ A ♦♥t ✉♥❡ ♣❛rt✐❡ ré❡❧❧❡ ♣♦s✐✲
t✐✈❡✱ ♦♥ ♣♦s❡ v(t) =: u(−t)✱ ❛❧♦rs ❧✬éq✉❛t✐♦♥ ✭✷✳✸✮ ❡st éq✉✐✈❛❧❡♥t❡ à

v′(t) = −Av(t)− h(−t). ✭✷✳✹✮

❉❛♥s ❧❡ ❝❛s ❞❡ AAP 0(Rn)✱ AAA0(Rn)✱ PAP 0(Rn)✱ PAA0(Rn)✱ ♣♦✉r h ∈
E0(Rn)✱ ❧❛ ❢♦♥❝t✐♦♥ t 7→ −h(−t) ❛♣♣❛rt✐❡♥t à E0(Rn)✱ ♠❛✐s ❞❛♥s ❧❡ ❝❛s
♦ù E0(Rn) = WPAP 0(Rn, ρ) ♦✉ WPAA0(Rn, ρ)✱ t 7→ −h(−t) ❛♣♣❛rt✐❡♥t
à WPAP 0(Rn, ρ1) ♦✉ à WPAA0(Rn, ρ1)✱ ♦ù ρ1(t) =: ρ(−t)✳ P✉✐sq✉❡ ❧❡s
✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ −A ♦♥t ✉♥❡ ♣❛rt✐❡ ré❡❧❧❡ ♥é❣❛t✐✈❡✱ ❛❧♦rs ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥
❞✉ ♣r❡♠✐❡r ❝❛s✱ ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ v ❞❛♥sWPAP 0(Rn, ρ1) ♦✉ ❞❛♥s
WPAA0(Rn, ρ1) ❞❡ ✭✷✳✹✮✱ ❡t ♣❛r ❝♦♥séq✉❡♥t ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u
❞❡ ✭✷✳✸✮ ❞❛♥s E0(Rn)✱ ❞é✜♥✐❡ ♣❛r u(t) := v(−t)✳

▼❛✐♥t❡♥❛♥t ♦♥ ❝♦♥s✐❞èr❡ ❧❡ s②stè♠❡ ❝♦♠♣❧❡①❡ ❛ss♦❝✐é à ✷✳✸ ✿

z′(t) = Az(t) + L(t), z(t) ∈ C
n, L(t) ∈ C

n. ✭✷✳✺✮

P✉✐sq✉❡ C
n ❡st ✐s♦♠♦r♣❤❡ à R

n × R
n✱ ❛❧♦rs s✐ ♦♥ ✉t✐❧✐s❡ ❧❛ ♥♦r♠❡

‖(x, y)‖Rn×Rn = max(‖x‖Rn , ‖y‖Rn)

❡t ♣♦✉r L ∈ E0(Cn) ♦♥ ❛ RL ❧❛ ♣❛rt✐❡ ré❡❧❧❡ ❞❡ L ❡t IL ❧❛ ♣❛rt✐❡ ✐♠❛❣✐♥❛✐r❡
❞❡ L ❛♣♣❛rt✐❡♥t à E0(Rn)✳ ❙♦✐t z(t) = x(t)+ iy(t) ❛✈❡❝ x(t) ∈ R

n, y(t) ∈ R
n,

✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭✷✳✺✮✳ P✉✐sq✉❡ A ❡st ré❡❧❧❡✱ ❡t s✐ ♦♥ s✉♣♣♦s❡ q✉❡ s❡s ✈❛❧❡✉rs
♣r♦♣r❡s ♦♥t ✉♥❡ ♣❛rt✐❡ ré❡❧❧❡ ♥é❣❛t✐✈❡✱ ❛❧♦rs ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ♣r❡♠✐❡r ❝❛s
❡t ♣♦✉r L ∈ E0(Cn)✱ ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ x ∈ E0(Rn) ❞❡ ❧✬éq✉❛t✐♦♥

x′(t) = Ax(t) +RL(t),

❡t ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ y ∈ E0(Rn) ❞❡ ❧✬éq✉❛t✐♦♥

y′(t) = Ay(t) + IL(t).

❉♦♥❝ z := x+ iy ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡ ✭✷✳✸✮ ❞❛♥s E0(Cn).
❖♥ ✉t✐❧✐s❡ ❧❡ ♠ê♠❡ r❛✐s♦♥♥❡♠❡♥t ❞❛♥s ❧❡ ❝❛s ♦ù t♦✉t❡s ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡
A ♦♥t ✉♥❡ ♣❛rt✐❡ ré❡❧❧❡ ♣♦s✐t✐✈❡✳

❉❛♥s ❧❡ ❝❛s ♦ù ✉♥❡ ♣❛rt✐❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ A s♦♥t ❞❡ ♣❛rt✐❡ ré❡❧❧❡
♥é❣❛t✐✈❡ ❡t ✉♥❡ ❛✉tr❡ ❛✈❡❝ ✉♥❡ ♣❛rt✐❡ ré❡❧❧❡ ♣♦s✐t✐✈❡✱ ♦♥ ❛

C
n = S− ⊕ S+

♦ù S− ✭r❡s♣❡❝t✐✈❡♠❡♥t S+✮ ❡st ❧❛ s♦♠♠❡ ❞✐r❡❝t❡ ❞❡s s♦✉s✲❡s♣❛❝❡s ♣r♦♣r❡s
s♣é❝tr❛❧s ❛ss♦❝✐és ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ A q✉✐ ♦♥t ✉♥❡ ♣❛rt✐❡ ré❡❧❧❡ ♥é❣❛t✐✈❡
✭r❡s♣❡❝t✐✈❡♠❡♥t ♣❛rt✐❡ ré❡❧❧❡ ♣♦s✐t✐✈❡✮ ✭❬✸✹❪✱ ♣✳✶✶✵✮✳
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❙♦✐t A− ∈ L(S−, S−) ✭r❡s♣❡❝t✐✈❡♠❡♥t A+ ∈ L(S+, S+)✮ ❧❛ r❡str✐❝t✐♦♥
❞❡ A s✉r S− ✭r❡s♣❡❝t✐✈❡♠❡♥t s✉r S+✮✱ ❛❧♦rs ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ A− ♦♥t
✉♥❡ ♣❛rt✐❡ ré❡❧❧❡ ♥é❣❛t✐✈❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ A+ ♦♥t ✉♥❡
♣❛rt✐❡ ré❡❧❧❡ ♣♦s✐t✐✈❡✮✳ P♦✉r h ∈ E0(Rn)✱ ♦♥ ♣❡✉t ❝♦♥s✐❞ér❡r h ❝♦♠♠❡ ✉♥
é❧é♠❡♥t ❞❡ E0(Cn) ❞♦♥❝ ♦♥ ❛ h = h−⊕h+ ♦ù h− ∈ E0(S−) ✭r❡s♣❡❝t✐✈❡♠❡♥t
h+ ∈ E0(S+)✮✳ P❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❝❛s ❝♦♠♣❧❡①❡✱ ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥
z− ✭r❡s♣❡❝t✐✈❡♠❡♥t z+✮ ❞❡ z′−(t) = A−z−(t)+h−(t) ✭r❡s♣❡❝t✐✈❡♠❡♥t z′+(t) =
A+z+(t) + h+(t)✮ ❞❛♥s E0(S−) ✭r❡s♣❡❝t✐✈❡♠❡♥t ❞❛♥s E0(S+)✮✳ ❛❧♦rs ❛✈❡❝
L = h ♦♥ ❛ z := z− ⊕ z+ ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡ ✭✷✳✺✮✱ ❡t ♣❛r ❝♦♥séq✉❡♥t
x := Rz ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡ ✭✷✳✸✮✳ �

✸ ❘és✉❧t❛ts

❖♥ é♥♦♥❝❡ ❧❡ t❤é♦rè♠❡ ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳

❚❤é♦rè♠❡ ✸✳✶ ❙♦✐t ρ ∈ UT ✳ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s

✭❆✶✮ f ∈ C1(R× P,R) ❡t g ∈ C1(R× P,R)✱

✭❆✷✮ g(0, 0) = 0✱

✭❆✸✮ p 7→ ep ∈ C1(P,E0(R)) ❡t e0 = 0✱

✭❆✹✮ f(0, 0) 6= 0 ❧♦rsq✉❡ f(0, 0)2 < 4∂g(0,0)
∂x

✱ ❡t
∂g(0,0)

∂x
6= 0 ❧♦rsq✉❡ f(0, 0)2 ≥ 4∂g(0,0)

∂x
✱

✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ U ❞❡ 0 ❞❛♥s E2(R), ✉♥ ✈♦✐s✐♥❛❣❡ V ❞❡ 0 ❞❛♥s P ❡t ✉♥❡
❛♣♣❧✐❝❛t✐♦♥ p 7→ x[p] ❞❡ ❝❧❛ss❡ C1 ❞❡ V ❞❛♥s U q✉✐ s❛t✐s❢♦♥t ❧❡s ❝♦♥❞✐t✐♦♥s
s✉✐✈❛♥t❡s ✿

✭✐✮ x[0] = 0✳

✭✐✐✮ P♦✉r t♦✉t p ∈ V✱ x[p] ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ (E , p) ❞❛♥s E0(R)✳

✭✐✐✐✮ ❙✐ x ∈ U ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ (E , p) ❞❛♥s E0(R) ❛✈❡❝ p ∈ V✱ ❛❧♦rs
x = x[p]✳

❖♥ ❞é✜♥✐t ❧✬♦♣ér❛t❡✉r ♥♦♥ ❧✐♥é❛✐r❡ Φ : E2(R)× P → E0(R) ❡♥ ♣♦s❛♥t

Φ(x, p) := [t 7→ x′′(t) + f(x(t), p).x′(t) + g(x(t), p)− ep(t)] ✭✸✳✶✮

♦ù x ∈ E2(R)✳
■❧ ❡st ❢❛❝✐❧❡ ❞❡ r❡♠❛rq✉❡r q✉❡ x ∈ E2(R) s❛t✐s❢❛✐t Φ(x, p) = 0 s✐ ❡t s❡✉❧❡♠❡♥t
s✐ x ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ (E , p) ❞❛♥s E0(R).
❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭❆✷✮ ❡t ✭❆✸✮✱ 0 ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ (E , 0) ❞❛♥s E0(R)✱
❡t ❛❧♦rs ♦♥ ❛ ❧✬é❣❛❧✐té s✉✐✈❛♥t❡ ✿

Φ(0, 0) = 0. ✭✸✳✷✮
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▲❡♠♠❡ ✸✳✶ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭❆✶✲❆✸✮✱ ❧✬♦♣ér❛t❡✉r Φ ❡st ❜✐❡♥ ❞é✜♥✐✱ ❡t
✐❧ ❡st ❞❡ ❝❧❛ss❡ C1 s✉r E2(R)×P ✳ ❉❡ ♣❧✉s ❧❛ ❞✐✛ér❡♥t✐❡❧❧❡ ♣❛rt✐❡❧❧❡ ❞❡ Φ ♣❛r
r❛♣♣♦rt à ❧❛ ♣r❡♠✐èr❡ ✈❛r✐❛❜❧❡✱ ❛✉ ♣♦✐♥t (x, p) = (0, 0)✱ ❡st ❞♦♥♥é❡ ♣❛r

DxΦ(0, 0).y = [t 7→ y′′(t) + f(0, 0).y′(t) +
∂g(0, 0)

∂x
.y(t)]

♦ù y ∈ E2(R)✳

❉é♠♦♥str❛t✐♦♥
❖♥ ❝♦♥s✐❞èr❡ ❧❡s ♦♣ér❛t❡✉rs ❧✐♥é❛✐r❡ s✉✐✈❛♥ts ✿

✕ d2

dt2
: E2(R) → AP 0(R) ❞é✜♥✐ ♣❛r d2

dt2
x := x′′✳

P✉✐sq✉❡

‖ d
2

dt2
x‖∞ ≤ ‖x′′‖∞ + ‖x′‖∞ ++‖x‖∞,

❞♦♥❝

‖ d
2

dt2
x‖∞ ≤ ‖x‖BC2 .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é✐r❡ d2

dt2
❡st ❝♦♥t✐♥✉✱ ❞♦♥❝ ❞❡ ❝❧❛ss❡ C1✱ ❡t ♦♥ ❛✱

♣♦✉r t♦✉t x✱ y ❞❛♥s E2(R)✱

D
d2

dt2
(x(·))(y(·)) = d2

dt2
(y(·)).

✕ d
dt

: E1(R) → E0(R) ❞é✜♥✐ ♣❛r d
dt
x := x′✳

P✉✐sq✉❡

‖ d
dt
x‖∞ ≤ ‖x′‖∞ + ‖x‖∞,

❞♦♥❝

‖ d
dt
x‖∞ ≤ ‖x‖BC1 .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ d
dt

❡st ❝♦♥t✐♥✉✱ ❞♦♥❝ ❞❡ ❝❧❛ss C1✱ ❡t ♦♥ ❛✱ ♣♦✉r
t♦✉t x✱ y ❞❛♥s E1(R)✱

D
d

dt
(x(·))(y(·)) = d

dt
(y(·))

✕ in1 : E
2(R) → E1(R) ❞é✜♥✐ ♣❛r in1(x) := x✳

P✉✐sq✉❡
‖x‖∞ + ‖x′‖∞ ≤ ‖x‖∞ + ‖x′‖∞ + ‖x′′‖∞,

❞♦♥❝
‖x‖BC1 ≤ ‖x‖BC2 ,

❞✬♦ù
‖in1(x)‖BC1 ≤ ‖x‖BC2 .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ in1 ❡st ❞❡ ❝❧❛ss❡ C1✱ ❡t ♦♥ ❛✱ ♣♦✉r t♦✉t x✱ y
❞❛♥s E2(R)✱

Din1(x(·))(y(·)) = in1(y(·)).
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✕ in2 : AP
2(R) → AP 0(R) ❡st ❞é✜♥✐ ♣❛r in2(x) := x✳

P✉✐sq✉❡
‖x‖∞ ≤ ‖x‖∞ + ‖x′‖∞ + ‖x′′‖∞,

❞♦♥❝
‖x‖∞ ≤ ‖x‖BC2 ,

❞✬♦ù
‖in2(x)‖∞ ≤ ‖x‖BC2 .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ in2 ❡st ❞❡ ❝❧❛ss C1✱ ❡t ♦♥ ❛✱ ♣♦✉r t♦✉t x✱ y
❞❛♥s E2(R)✱

Din2(x(·))(y(·)) = in2(y(·))
❉♦♥❝ ♦♥ ❛ ♣♦✉r t♦✉t x ∈ E2(R)✳

d2

dt2
,
d

dt
, in1, in2 sont de classe C1. ✭✸✳✸✮

▼❛✐♥t❡♥❛♥t ♥♦✉s ❞é✜♥✐ss♦♥s ❧❡s ♦♣ér❛t❡✉rs ❞❡ ◆❡♠②ts❦✐ ✭❞✐t ❛✉ss✐ ♦♣ér❛t❡✉rs
❞❡ s✉♣❡r♣♦s✐t✐♦♥✮ ❝♦♥str✉✐ts s✉r ❧❡s ❢♦♥❝t✐♦♥s f ❡t g ✿ Nf : F (R×P ) → F (R)
❡t Ng : F (R × P ) → F (R) ❞é✜♥✐s ♣❛r Nf (x, p) := [t 7→ f(x(t), p(t))] ❡t
Ng(x, p) := [t 7→ g(x(t), p(t))]✳ P❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✷ Nf ❡t Ng s♦♥t
❞❡ ❝❧❛ss❡ C1 s✉r F (R)× F (P ) ❛ss✐♠✐❧és à F (R× P ), ❡t ♣❛r ❧❡ ♠ê♠❡ ❧❡♠♠❡
♦♥ ♦❜t✐❡♥t ❧❡s ❢♦r♠✉❧❡s ❞✐✛ér❡♥t✐❡❧❧❡s ❞❡s ❞❡✉① ♦♣ér❛t❡✉rs Nf ❡t Ng ✿

DxNf (x, p).y = [t 7→ ∂f(x(t),p(t))
∂x

.y(t)]

DxNg(x, p).y = [t 7→ ∂g(x(t),p(t))
∂x

.y(t)]











✭✸✳✹✮

♣♦✉r t♦✉t x, y ∈ F (R). ❊✈✐❞❡♠♠❡♥t F (R) × F (P ) = E0(R) × F (P ) ❡t
F (R) = E0(R)

❖♥ ♣❡✉t ❛ss✐♠✐❧❡r ❧❡ ♣♦✐♥t p ∈ P à ❧❛ ❢♦♥❝t✐♦♥ ❝♦♥st❛♥t❡ t 7→ p q✉✐
❛♣♣❛rt✐❡♥t à F (P )✱ ❝❡ q✉✐ ♥♦✉s ♣❡r♠❡t ❞❡ ❝♦♥s✐❞ér❡r P ❝♦♠♠❡ ✉♥ s♦✉s
❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❢❡r♠é ❞❡ F (P )✳ ❉♦♥❝ ♦♥ ♣❡✉t ❝♦♥s✐❞ér❡r ❧❡s r❡str✐❝t✐♦♥s ❞❡s
♦♣ér❛t❡✉rs Nf ❡t Ng s✉✐✈❛♥t❡s ✿
Sf : E0(R)× P → E0(R) ❞é✜♥✐❡ ♣❛r

Sf (x, p) := [t 7→ f(x(t), p)],

❡t Sg : E0(R)× P → E0(R) ❞é✜♥✐❡ ♣❛r

g(x, p) := [t 7→ g(x(t), p)],

♦ù x ∈ E0(R) ❡t p ∈ P ✳

P✉✐sq✉❡ ❧❛ r❡str✐❝t✐♦♥ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝❧❛ss❡ C1 s✉r ✉♥ s♦✉s✲❡s♣❛❝❡ ❞❡
❇❛♥❛❝❤ ❡st ❞❡ ❝❧❛ss❡ C1 ❞♦♥❝ ♦♥ ❛

Sf et Sg sont de classe C1, ✭✸✳✺✮



✹✼

❡t ❞❡s ❝♦♥séq✉❡♥❝❡s ❞❡ ✭✸✳✹✮ s♦♥t ❧❡s ❢♦r♠✉❧❡s s✉✐✈❛♥t❡s ✿

DxSf (x, p).y = [t 7→ ∂f(x(t),p)
∂x

.y(t)]

DxSg(x, p).y = [t 7→ ∂g(x(t),p)
∂x

.y(t)]











✭✸✳✻✮

♣♦✉r t♦✉t x, y ∈ E0(R) ❡t ♣♦✉r t♦✉t p ∈ P ✳

▼❛✐♥t❡♥❛♥t ♦♥ ❝♦♥s✐❞èr❡ ❧❡s ♦♣ér❛t❡✉rs s✉✐✈❛♥ts ✿
✕ π1 : E

2(R)× P → E2(R) ❞é✜♥✐ ♣❛r π1(x, p) := x. ❖♥ ❛

‖x‖BC2 ≤ sup(‖x‖BC2 , ‖p‖P ),

❞♦♥❝
‖π1(x, p)‖BC2 ≤ ‖(x, p)‖BC2×P .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ π1 ❡st ❝♦♥t✐♥✉✱ ❞♦♥❝ ✐❧ ❡st ❞❡ ❝❧❛ss❡ C1.

✕ π2 : E
2(R)× P → P ❞é✜♥✐ ♣❛r π2(x, p) := p. ❖♥ ❛

‖p‖P ≤ sup(‖x‖BC2 , ‖p‖P ),

❞♦♥❝
‖π2(x, p)‖P ≤ ‖(x, p)‖BC2×P .

❆❧♦rs ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ π2 ❝♦♥t✐♥✉✱ ❞♦♥❝ ✐❧ ❡st ❞❡ ❝❧❛ss❡ C1.

✕ B : R × R → R ❞é✜♥✐ ♣❛r B(r, s) := r.s ❡st ✉♥ ♦♣ér❛t❡✉r ❜✐❧✐♥é❛✐r❡
❝♦♥t✐♥✉ ❞♦♥❝ B ❡st ❞❡ ❝❧❛ss❡ C1.

❖♥ ❝♦♥s✐❞èr❡ ❧✬♦♣ér❛t❡✉r ❞❡ ◆❡♠②st❦✐ ❝♦♥str✉✐t s✉r B✱ NB : E0(R) ×
E0(R) → E0(R) ❞é✜♥✐ ♣❛r NB(u, v) := [t 7→ u(t).v(t) = B(u(t), v(t))].
P❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❧❡♠♠❡ ✷✳✷ ❡t ❧❛ r❡♠❛rq✉❡ ✷✳✶ ❧✬♦♣ér❛t❡✉r NB ❡st
❞❡ ❝❧❛ss❡ C1✱ ❡t ♦♥ ❛

DNB(a, b)(u, v) := [t 7→ DB(a(t), b(t))(u(t), v(t))],

❞♦♥❝

DNB(a, b)(u, v) := [t 7→ B(a(t), v(t)) +B(u(t), b(t))],

❛❧♦rs
DNB(a, b)(u, v) = NB(a, v) +NB(u, b).

✕ C : E2(R) × P → E0(R) ❞é✜♥✐ ♣❛r C(x, p) := −ep. ❖♥ ♥♦t❡ ♣❛r
ε : P → E0(R) ❧❛ ❢♦♥❝t✐♦♥ p 7→ ep✱ ε ❡st ❞❡ ❝❧❛ss❡ C1 ❞✬❛♣rès ✭❆✸✮✱ ❡t
❞♦♥❝ C = −ε◦π2 ❡st ❞❡ ❝❧❛ss❡ C1 ❝♦♠♠❡ ✉♥❡ ❝♦♠♣♦s✐t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s
❞❡ ❝❧❛ss❡ C1✳



✹✽

▼❛✐♥t❡♥❛♥t ♦♥ ♥♦t❡ q✉❡ ❧✬é❣❛❧✐té s✉✐✈❛♥t❡ ❡st ✈ér✐✜é❡ ✿

Φ =
d2

dt2
◦π1+NB ◦ (Sf ◦ (in2 ◦π1, π2),

d

dt
◦ (in1 ◦π1))+Sg ◦ (in2 ◦π1, π2)+C.

✭✸✳✼✮

P♦✉r y ∈ E2(R) ❡t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s rè❣❧❡s ❤❛❜✐t✉❡❧❧❡s ❞✉ ❝❛❧❝✉❧ ❞✐✛ér❡♥t✐❡❧
❞❛♥s ❧❡s ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤ ❡t ✭✸✳✻✮✱ ♦♥ ♦❜t✐❡♥t

Φ(., 0) =
d2

dt2
+NB ◦ (Sf ◦ (in2, 0),

d

dt
◦ in1) + Sg ◦ (in2, 0) + C(., 0),

❞♦♥❝✱ ♣♦✉r t♦✉t t ∈ R✱

(DxΦ(0, 0).y)(t) = y′′(t) + f(0, 0).y′(t) +
∂g(0, 0)

∂x
.y(t),

q✉✐ ❡st ❧❛ ❢♦r♠✉❧❡ ❛♥♥♦♥❝é❡✳ �

▲❡♠♠❡ ✸✳✷ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭❆✶✲❆✹✮✱ DxΦ(0, 0) ❡st ❜✐❥❡❝t✐❢ ❞❡ E2(R)
s✉r E0(R)✳

❉é♠♦♥str❛t✐♦♥
❙♦✐t b ∈ E0(R)✳ ◆♦✉s ✈♦✉❧♦♥s ♠♦♥tr❡r q✉✬✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ y ∈ E2(R)
t❡❧ q✉❡ DxΦ(0, 0).y = b✳ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❢♦r♠✉❧❡ ♣r♦✉✈é❡ ♣❛r ❧❡ ❧❡♠♠❡ ✸✳✶✱
❝❡tt❡ éq✉❛t✐♦♥ ❡st éq✉✐✈❛❧❡♥t❡ à ❞✐r❡ q✉❡ y ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❛♥s E0(R)
❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥é❛✐r❡ ❞✉ s❡❝♦♥❞❡ ♦r❞r❡ ✭q✉✐ ❡st ❧✬éq✉❛t✐♦♥ ❞❡
❉✉✣♥❣✮ ✿

y′′(t) + f(0, 0).y′(t) +
∂g(0, 0)

∂x
.y(t) = b(t). ✭✸✳✽✮

❙♦✐t ❧❡ s②stè♠❡ ❞✐✛ér❡♥t✐❡❧ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ éq✉✐✈❛❧❡♥t à ❧✬éq✉❛t✐♦♥ ✭✸✳✽✮ ✿

X ′(t) =M.X(t) +B(t) ✭✸✳✾✮

♦ù X(t) :=

[

y(t)
y′(t)

]

✱ B(t) :=

[

0
b(t)

]

✱ ❡t M :=

[

0 1

−∂g(0,0)
∂x

−f(0, 0)

]

✳

P♦✉r ρ ∈ UT ❡t ♣✉✐sq✉❡ ❧❛ ❝♦♥❞✐t✐♦♥s ✭❆✹✮ ❡t ❧❡s ❤②♣♦t❤ès❡s ❞✉ ❧❡♠♠❡ ✷✳✸
s♦♥t ✈ér✐✜é❡s✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ X ∈ E1(R2) ❞❡ ✭✸✳✾✮✳ ❉♦♥❝
❧❛ ♣r❡♠✐èr❡ ❝♦♦r❞♦♥♥é❡ ❞❡ X✱ ♥♦té❡ ♣❛r y✱ ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡ ✭✸✳✽✮ ❞❛♥s
E1(R) ❡t ♣❛r ❝♦♥séq✉❡♥t y ❡st ❧✬✉♥✐q✉❡ é❧é♠❡♥t ❞❛♥s E2(R) q✉✐ s❛t✐s❢❛✐t

DxΦ(0, 0)y = b.

�

P❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ✭✸✳✷✮✱ ❧❡♠♠❡ ✸✳✶✱ ❧❡♠♠❡ ✸✳✷ ♦♥ ♣❡✉t ❛♣♣❧✐q✉❡r ❧❡
t❤é♦rè♠❡ ❞❡s ❢♦♥❝t✐♦♥s ✐♠♣❧✐❝✐t❡s ✭❬✶✼❪✱ ♣✳ ✻✶✮ ❞♦♥❝ ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ U
❞❡ 0 ❞❛♥s E2(R)✱ ❡t ✉♥ ✈♦✐s✐♥❛❣❡ V ❞❡ 0 ❞❛♥s P ❡t ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝❧❛ss❡ C1

p 7→ x[p]✱ ❞❡ V s✉r U t❡❧ q✉❡ ♦♥ ❛ ✿



✹✾

❛✴ x[0] = 0✱ ❡t ❝✬❡st ❧❛ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❞❡ ♥♦tr❡ t❤é♦rè♠❡✳

❜✴ Φ(x[p], p) = 0 ♣♦✉r t♦✉t p ∈ V ✱ q✉✐ ❛ss✉r❡ x[p] ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡
(E , p) ❞❛♥s E1(R) ♣♦✉r t♦✉t p ∈ V✳

❝✴ {(x, p) ∈ U × V : Φ(x, p) = 0} = {(x[p], p) : p ∈ V} ❡t ❞♦♥❝ ♦♥ ❛ ❧❛
❝♦♥❝❧✉s✐♦♥ ✭✐✐✐✮ ❞✉ t❤é♦rè♠❡ ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳

✹ ❈❛s ♣❛rt✐❝✉❧✐❡rs

❖♥ ❝♦♥s✐❞èr❡ ❧✬éq✉❛t✐♦♥

(F , e) x′′(t) + f1(x(t)) · x′(t) + g1(x(t)) = e(t),

q✉✐ ❡st ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ (E , p)✱ s✐ ♦♥ ♣♦s❡ P ❡st ❧✬❡s♣❛❝❡ E0(X)✱ ❡t
f(x, p) = f1(x)✱ g(x, p) = g1(x) ❡t p 7→ ep ❡t ❧❛ ❢♦♥❝t✐♦♥ ■❞❡♥t✐té✳

P♦✉r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❞❡ (F , e) ❞❛♥s E0(R) ♦♥ ❞♦♥♥❡ ❧❡ ❝♦r♦❧❧❛✐r❡
s✉✐✈❛♥t✳

❈♦r♦❧❧❛✐r❡ ✹✳✶ ❙♦✐t ρ ∈ UT ✳ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿

✭❆✻✮ f1, g1 ∈ C1✱

✭❆✼✮ g1(0) = 0✱

✭❆✽✮ f1(0) 6= 0 q✉❛♥❞ f1(0)2 < 4g′1(0)✱ ❡t g
′
1(0) 6= 0 q✉❛♥❞ f1(0)2 ≥ 4g′1(0)✱

✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ W ❞❡ 0 ❞❛♥s E0(R)✱ ❡t ✉♥ ✈♦✐s✐♥❛❣❡ U ❞❡ 0 ❞❛♥s E2(R)
❡t ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝❧❛ss❡ C1 e 7→ x[e]✱ ❞❡ W ❞❛♥s U t❡❧s q✉❡ ✿

✭✐✮ x[0] = 0✱

✭✐✐✮ ♣♦✉r t♦✉t e ∈ W✱ x[e] ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ (F , e) ❞❛♥s E
0(R)✱

✭✐✐✐✮ ❙✐ x ∈ U ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ (F , e) ❛✈❡❝ e ∈ W ❞❛♥s E0(R)✱ ❛❧♦rs ♦♥
❛ x = x[e]✳

▲❡ ❞❡✉①✐è♠❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ (E , p) ❡st

(G, e, q) x′′(t) + f2(x(t), q) · x′(t) + g2(x(t), q) = e(t)

♦ù q ❡st ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ Q✱ ♦♥ ♣♦s❡ p = (e, q)✱ f(x, e, q) = f2(x, q)✱
g(x, e, q) = g2(x, q) ❡t e(e,q) = e✳ P♦✉r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❞❡ (G, e, q)
❞❛♥s E0(R) ♦♥ ❛ ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿

❈♦r♦❧❧❛✐r❡ ✹✳✷ ❙♦✐t ρ ∈ UT ✳ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s ✿

✭❆✶✵✮ f2, g2 ∈ C1✱

✭❆✶✶✮ g2(0, 0) = 0✱

✭❆✶✷✮ f2(0, 0) 6= 0 q✉❛♥❞ f2(0, 0)2 < 4∂g2(0,0)
∂x

✱ ❡t ∂g2(0,0)
∂x

6= 0 q✉❛♥❞ f2(0, 0)2 ≥
4∂g2(0,0)

∂x
✱
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❛❧♦rs ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ W2 ❞❡ 0 ❞❛♥s E0(R)✱ ❡t ✉♥ ✈♦✐s✐♥❛❣❡ U2 ❞❡ 0
❞❛♥s E2(R)✱ ✉♥ ✈♦✐s✐♥❛❣❡ V2 ❞❡ 0 ❞❛♥s Q ❡t ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝❧❛ss❡ C1✱
e 7→ x[e, q]✱ ❞❡ W2 × V2 ❞❛♥s U2 t❡❧ q✉❡ ♦♥ ❛

✭✐✮ x[0, 0] = 0✱

✭✐✐✮ ♣♦✉r t♦✉t e ∈ W2 ❞❛♥s E0(R) ❡t ♣♦✉r t♦✉t q ∈ V2✱ x[e, q] ❡st ✉♥❡
s♦❧✉t✐♦♥ ❞❡ (G, e, q) ❞❛♥s E0(R)✱

✭✐✐✐✮ ❙✐ x ∈ U2 ❡st ✉♥❡ s♦❧✉t✐♦♥ (G, e, q) ❛✈❡❝ e ∈ W2 ❞❛♥s E0(R) ❡t q ∈ V2✱
❛❧♦rs ♦♥ ❛ x = x[e, q]✳



❈❤❛♣✐tr❡ ✹

❘➱❙❯▲❚❆❚❙ ❉❊
❉➱P❊◆❉❆◆❈❊ P❖❯❘ ▲❊❙
❙❖▲❯❚■❖◆❙
❙✲❆❙❨▼P❚❖❚■◗❯❊▼❊◆❚
ω✲P➱❘■❖❉■◗❯❊❙ ❉✬
➱◗❯❆❚■❖◆❙ ❉✬➱❱❖▲❯❚■❖◆

✶ ■♥tr♦❞✉❝t✐♦♥

◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡s éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ ❝♦♥trô❧é❡s s♦✉s ❧❛ ❢♦r♠❡ ❞✉
♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② s✉✐✈❛♥t

x′(t) = A(t)x(t) + f(t, x(t), u(t)), x(0) = ξ ✭✶✳✶✮

♦ù ❧❛ ❢❛♠✐❧❧❡ ❞❡s ♦♣ér❛t❡✉rs ❧✐♥é❛✐r❡s ♥♦♥ ❜♦r♥és (A(t))t∈R+
❣é♥èr❡ ✉♥ ω✲

♣ér✐♦❞✐q✉❡ ♣r♦❝❡ss✉s é✈♦❧✉t✐❢ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡✱ ❛✈❡❝ ω ∈ (0,∞)✱ ♦ù
f : R ×X × Y → X ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❧✐♥é❛✐r❡ ❡t X ❡t Y s♦♥t ❞❡✉① ❡s♣❛❝❡s
❞❡ ❇❛♥❛❝❤✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡ ♥♦✉s ét✉❞✐♦♥s ❧❡s s♦❧✉t✐♦♥s ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲
♣ér✐♦❞✐q✉❡s ❡♥ ✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❀ ♣❧✉s ♣ré❝✐sé♠❡♥t ❧♦rsq✉❡ u
❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲♣ér✐♦❞✐q✉❡ ♥♦✉s ét✉❞✐♦♥s ❧❛ ❞é♣❡♥✲
❞❛♥❝❡ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲♣ér✐♦❞✐q✉❡ ❞❡ ✭✶✳✶✮
♣❛r r❛♣♣♦rt à u ❡t ❧❛ ✈❛❧❡✉r ✐♥✐t✐❛❧❡ ξ.

◆♦✉s ❞♦♥♥♦♥s ❞❡s ❝♦♥❞✐t✐♦♥s ♣♦✉r ❛ss✉r❡r ✉♥❡ t❡❧❧❡ ❞é♣❡♥❞❛♥❝❡✳ P♦✉r ré❛✲
❧✐s❡r ♥♦tr❡ ♦❜❥❡❝t✐❢✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡s ♣r♦♣r✐étés ❞❡s s♦❧✉t✐♦♥s ❙✲❛s②♠♣t♦t✐q✉❡✲

✺✶
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♠❡♥t ω✲♣ér✐♦❞✐q✉❡s ❞✉ ♣r♦❜❧è♠❡ ❧✐♥é❛✐r❡ ❢♦r❝é ❞❡ ❈❛✉❝❤② s✉✐✈❛♥t

x′(t) = A(t)x(t) + e(t), x(0) = ζ, ✭✶✳✷✮

♥♦t❛♠♠❡♥t ❞❡s rés✉❧t❛ts q✉✐ s♦♥t ét❛❜❧✐s ❞❛♥s ❬✶✷❪ ❡t ❞❛♥s ❬✸✸❪✳

❉❡s rés✉❧t❛ts ❞❡ ❞é♣❡♥❞❛♥❝❡ ♦♥t été ét❛❜❧✐s ❡♥ ❬✻❪✱ ✭❝❤❛♣✐tr❡ ✷✮ ❡t ❬✶✶❪
♣♦✉r ❧❡s s♦❧✉t✐♦♥s ♣r❡sq✉❡✲♣ér✐♦❞✐q✉❡s ❡t ♣r❡sq✉✬❛✉t♦♠♦r♣❤❡s ❞❡s éq✉❛t✐♦♥s
❞✬é✈♦❧✉t✐♦♥✳ ❉❛♥s ❧❡s tr❛✈❛✉① ♣ré❝é❞❡♥ts✱ ❧✬éq✉❛t✐♦♥ ❧✐♥é❛✐r❡ ✭✶✳✷✮ ♣♦ssè❞❡ ✉♥❡
s♦❧✉t✐♦♥ ✉♥✐q✉❡ ♣♦✉r ✉♥ t②♣❡ ❞❡ ❢♦♥❝t✐♦♥s s❛♥s ✉t✐❧✐s❡r ❧❛ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ ❀
✐❧ s✬❛❣✐t ❞✬✉♥❡ ❞✐✛ér❡♥❝❡ ✐♠♣♦rt❛♥t❡ ❛✈❡❝ ❧❡ ♣rés❡♥t ❝❤❛♣✐tr❡✳

▼❛✐♥t❡♥❛♥t ♥♦✉s ❞é❝r✐✈♦♥s ❧❡ ❝♦♥t❡♥✉ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✱ ♦♥
♣ré❝✐s❡ ♥♦s ❞é✜♥✐t✐♦♥s ❡t ♥♦t❛t✐♦♥s s✉r ❧❡s ❡s♣❛❝❡s ❞❡ ❢♦♥❝t✐♦♥s ❡t ❧❡s ♣r♦❝❡s✲
s✉s é✈♦❧✉t✐❢s✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✸ ♥♦✉s ét❛❜❧✐ss♦♥s ❞❡s ♥♦✉✈❡❧❧❡s ♣r♦♣r✐étés s✉r
❧❡s ♦♣ér❛t❡✉rs ❞❡ ◆❡♠②ts❦✐✐ s✉r ❧❡s ❡s♣❛❝❡s ❞❡s ❢♦♥❝t✐♦♥s ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t
ω✲♣ér✐♦❞✐q✉❡s✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✹ ♥♦✉s ét❛❜❧✐ss♦♥s ✉♥ rés✉❧t❛t ❞❡ ❞é♣❡♥❞❛♥❝❡
❞❡s s♦❧✉t✐♦♥s ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲♣ér✐♦❞✐q✉❡s ❞❡ ✭✶✳✶✮ ♣❛r r❛♣♣♦rt à ❧❛
❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ ξ ❡t à ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦♥trô❧❡ u✳

✷ ◆♦t❛t✐♦♥s

❙♦✐t X ❡t Y ❞❡✉① ❡s♣❛❝❡s ❞❡ ❇❛♥❛❝❤✳ BC0(R+, X) ❞és✐❣♥❡ ❧✬❡s♣❛❝❡ ❞❡s
❢♦♥❝t✐♦♥s ❜♦r♥é❡s ❡t ❝♦♥t✐♥✉❡s ❞❡ R+ ❞❛♥s X.

‖x‖∞ = sup
t∈R+

|x(t)|,

❡st ❧❛ ♥♦r♠❡ ✉s✉❡❧❧❡ ❞❛♥s BC0(R+, X).

❉é✜♥✐t✐♦♥ ✷✳✶ ❬✸✸❪✱ ❬✶✷❪ ❙♦✐t ω ∈ (0,∞).
❯♥❡ ❢♦♥❝t✐♦♥ x ∈ BC0(R+, X) ❡st ❞✐t❡ ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲♣ér✐♦❞✐q✉❡ s✐
❡❧❧❡ ✈ér✐✜❡

lim
t→∞

(x(t+ ω)− x(t)) = 0.

❖♥ ♥♦t❡ ♣❛r SAPω(X) ❧✬❡s♣❛❝❡ ❞❡s ❢♦♥❝t✐♦♥s ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲♣ér✐♦❞✐q✉❡s✳

❚❤é♦rè♠❡ ✷✳✶ (SAPω(X), ‖ · ‖) ❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤✳

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ✈♦✐r ❬✶✷❪✳

Pb(X) ❞és✐❣♥❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣❛rt✐❡s ❜♦r♥é❡s ❞❡ X. ❖♥ ♥♦t❡ ♣❛r

BX(0, R) := {ξ ∈ X : |ξ| ≤ R}

❧❛ ❜♦✉❧❡ ❢❡r♠é❡ ❞✉ ❝❡♥tr❡ ③ér♦ ❡t ❞❡ r❛②♦♥ R✳

❉é✜♥✐t✐♦♥ ✷✳✷ ❙♦✐t f : R+ ×X → Y ✉♥❡ ❢♦♥❝t✐♦♥✳ ♦♥ ❞✐t q✉❡ f ❡st ❜♦r♥é❡
✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ s✐ ♦♥ ❛ ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✿
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✭✐✮ f ∈ C0(R+ ×X,Y ).

✭✐✐✮ P♦✉r t♦✉t B ∈ Pb(X),

f(R+ ×B) ∈ Pb(Y ).

✭✐✐✐✮ ∀B ∈ Pb(X), ∀ε ∈ (0,∞), ∃δ(B, ε) ∈ (0,∞), ∀x, x1 ∈ B ♦♥ ❛

|x− x1| ≤ δ(B, ε) =⇒ (∀t ∈ R+, |f(t, x)− f(t, x1)| ≤ ε).

❖♥ ♥♦t❡ ♣❛r UCb(R+ ×X,Y ) ❧✬❡s♣❛❝❡ ❞❡ ❝❡s ❢♦♥❝t✐♦♥s✳

▲♦rsq✉❡ f ❡st ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ t✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❛ ❞é✜♥✐t✐♦♥ s✉✐✈❛♥t❡✳

❉é✜♥✐t✐♦♥ ✷✳✸ ❙♦✐t φ : X → Y ✉♥❡ ❢♦♥❝t✐♦♥✳ ♦♥ ❞✐t q✉❡ φ ❡st ❜♦r♥é❡
✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ s✐ ♦♥ ❛ ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✿

✭❛✮ P♦✉r t♦✉t B ∈ Pb(X),
φ(B) ∈ Pb(Y ).

✭❜✮ ∀B ∈ Pb(X)✱ ❧❛ r❡str✐❝t✐♦♥ φ|B ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡✳

❖♥ ♥♦t❡ ♣❛r UCb(X,Y ) ❧✬❡s♣❛❝❡ ❞❡ ❝❡s ❢♦♥❝t✐♦♥s✳

P♦✉r φ ∈ UCb(X,Y ) ♦♥ ❝♦♥s✐❞èr❡ ❧❛ ❢♦♥❝t✐♦♥ f : R+ ×X → Y ❞é✜♥✐❡ ♣❛r
f(t, x) = φ(x) ♣♦✉r t♦✉t (t, x) ∈ R+ ×X. P✉✐sq✉❡ Pb(X) ❝♦♥t✐❡♥t t♦✉t❡s ❧❡s
❜♦✉❧❡s ❞❡ X✱ ❡t ♣✉✐sq✉❡ ❧❛ ❝♦♥t✐♥✉✐té ✉♥✐❢♦r♠❡ ✐♠♣❧✐q✉❡ ❧❛ ❝♦♥t✐♥✉✐té ❞♦♥❝
❧❛ ❝♦♥❞✐t✐♦♥ ✭❜✮ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✸ ✐♠♣❧✐q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ✭✐✮ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥
✷✳✷✳ P✉✐sq✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ✭❛✮ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✸ ✐♠♣❧✐q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ❞❡
❧❛ ❞é✜♥✐t✐♦♥ ✷✳✷ ❡t ❧❛ ❝♦♥❞✐t✐♦♥ ✭❜✮ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✸ ✐♠♣❧✐q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥
✭✐✐✐✮ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✷✱ ❛❧♦rs f ∈ UCb(R+ ×X,Y ).

❉é✜♥✐t✐♦♥ ✷✳✹ ❙♦✐t f ∈ UCb(R+×X,Y ). ❖♥ ❞✐t q✉❡ f ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t
ω✲♣ér✐♦❞✐q✉❡ ✉♥✐❢♦r♠é♠❡♥t s✉r ❧❡s ❡♥s❡♠❜❧❡s ❜♦r♥és ❞❡ X s✐ ♦♥ ❛ ❧❛ ❝♦♥❞✐t✐♦♥
s✉✐✈❛♥t❡ ✿

lim
t→∞

(sup
x∈B

| (f(t+ ω, x)− f(t, x) |) = 0 ♣♦✉r t♦✉t B ∈ Pb(X).

❖♥ ♥♦t❡ ♣❛r USAPω(R+ ×X,Y ) ❧✬❡s♣❛❝❡ ❞❡ ❝❡s ❢♦♥❝t✐♦♥s✳

❘❡♠❛rq✉❡ ✷✳✶ ❙♦✐t φ ∈ UCb(X,Y ) ❡t e ∈ SAPω(Y ). ❖♥ ♣♦s❡ f(t, x) =
φ(x)+e(t) ♣♦✉r t♦✉t (t, x) ∈ R+×X✳ ◆♦t♦♥s q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥
♣ré❝é❞❡♥t❡ t✐❡♥t t♦✉❥♦✉rs✱ ❝❛r ❡❧❧❡ ❡st

lim
t→∞

(sup
x∈B

| (f(t+ ω, x)− (f(t, x) |) = lim
t→∞

(|e(t+ ω)− e(t)|) = 0.

❉♦♥❝ f ∈ USAPω(R+ ×X,Y )✳



✺✹

◆♦tr❡ ❞é✜♥✐t✐♦♥ ✷✳✹ ❡st ❞✐✛ér❡♥t❡ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✹✳✸ ❞❡ ❬✸✸❪✱ ♣✉✐sq✉❡
❞❛♥s ❬✸✸❪ f ❡st ❝♦♥t✐♥✉❡ s✉r R+ ×X ❡t ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✹✱ f ❡st ❞❡ ♣❧✉s
✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡ s✉r ❧❡s ❜♦r♥és✳ ❊t ❞♦♥❝ ❧❛ ❞é✜♥✐t✐♦♥ ✹✳✸ ❞❡ ❬✸✸❪ ❡st
♣❧✉s ❢❛✐❜❧❡ q✉❡ ❧❛ ♥ôtr❡✳ ▲❛ ♠♦t✐✈❛t✐♦♥ ❞❡ ❝❤♦✐s✐r ✉♥❡ ♥♦t✐♦♥ ♣❧✉s ❢♦rt❡ ❡st
❞✬♦❜t❡♥✐r ❧❛ ❝♦♥t✐♥✉✐té ❞❡s ♦♣ér❛t❡✉rs ❞❡ ◆❡♠②ts❦✐✐ s❛♥s ❛✉❝✉♥❡ ❝♦♥❞✐t✐♦♥
❞❡ ▲✐♣s❝❤✐t③✳ ◆♦t♦♥s q✉❡✱ ♣♦✉r f ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ t✱ ♥♦tr❡ ❉é✜♥✐t✐♦♥ ✷✳✹
❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧❛ ❞é✜♥✐t✐♦♥ ✹✳✸ ❞❡ ❬✸✸❪✳

❆♣rès ❝❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❝♦♥t✐♥✉✐té✱ ♦♥ ❝♦♥s✐❞èr❡ ❞❡s ♥♦t✐♦♥s q✉✐ ❝♦♥❝❡r♥❡♥t
❧❛ ❞✐✛ér❡♥t✐❛❜✐❧✐té ❛✉ s❡♥s ❞❡ ❋ré❝❤❡t✳

❉é✜♥✐t✐♦♥ ✷✳✺ s♦✐t f ∈ UCb(R+×X,Y ). ❖♥ ❞✐t q✉❡ f ❡st C1 ✉♥✐❢♦r♠é♠❡♥t
s✉r ❧❡s s♦✉s✲❡♥s❡♠❜❧❡s ❜♦r♥és ❞❡ X s✐ ❧❛ ❞✐✛ér❡♥t✐❡❧❧❡ ♣❛rt✐❡❧❧❡ D2f(t, x)
❡①✐st❡ ♣♦✉r t♦✉t (t, x) ∈ R+ ×X✱ ❡t D2f ∈ UCb(R+ ×X,L(X,Y )). ❖♥ ♥♦t❡
♣❛r UC1

b (R+ ×X,Y ) ❧✬❡s♣❛❝❡ ❞❡ ❝❡s ❢♦♥❝t✐♦♥s✳

▲❡s ❝♦♥❞✐t✐♦♥s ♣♦✉r q✉✬✉♥❡ ❢♦♥❝t✐♦♥ f : R+×X → Y s♦✐t ❞❛♥s UC1
b (R+×

X,Y )✱ s♦♥t ❧❡s s✉✐✈❛♥t❡s

✭✐✮ f ∈ C0(R+ ×X,Y ).

✭✐✐✮ P♦✉r t♦✉t B ∈ Pb(X),

f(R+ ×B) ∈ Pb(Y ).

✭✐✐✐✮ ∀B ∈ Pb(X), ∀ε ∈ (0,∞), ∃δ(B, ε) ∈ (0,∞), ∀x x1 ∈ B ♦♥ ❛

|x− x1| ≤ δ(B, ε) =⇒ (∀t ∈ R+, |f(t, x)− f(t, x1)| ≤ ε).

✭✐✈✮ P♦✉r t♦✉t (t, x) ∈ R+ ×X✱ D2f(t, x) ❡①✐st❡✱ ❡t

D2f ∈ C0(R+ ×X,L(X,Y )).

✭✈✮ P♦✉r t♦✉t B ∈ Pb(X),

D2f(R+ ×B) ∈ Pb(L(X,Y )).

✭✈✐✮ ∀B ∈ Pb(X), ∀ε ∈ (0,∞), ∃δ1(B, ε) ∈ (0,∞), ∀x x1 ∈ B ♦♥ ❛

|x− x1| ≤ δ1(B, ε) =⇒ (∀t ∈ R+, |D2f(t, x)−D2f(t, x1)| ≤ ε).

❙✐ ✭✐✈✮ ❡t ✭✈✮ s♦♥t ✈ér✐✜é❡s✱ ❛❧♦rs✱ ♣♦✉r t♦✉t B ∈ Pb(X), ❡♥ ♣r❡♥❛♥t R ∈
(0,∞) ❡t ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ❞❡ ❧❛ ♠♦②❡♥♥❡✱ ♦♥ ♦❜t✐❡♥t✱ ♣♦✉r t♦✉t (t, x) ∈
R+ ×B,

|f(t, x)| ≤ |f(t, x)− f(t, 0)|+ |f(t, 0)|,
❡t ❞♦♥❝

|f(t, x)| ≤ sup
z∈B(0,R)

|D2f(t, z)|.|x|+ |f(t, 0)|,



✺✺

❡t ❛✈❡❝ ❧❡s ❝♦♥❞✐t✐♦♥s ✭✐✈✮ ❡t ✭✈✮ ❡t f(R+ × {0}) ∈ Pb(Y ), ♦♥ ♦❜t✐❡♥t ✭✐✐✮✳
❊♥ ♣❧✉s ♣♦✉r B ∈ Pb(X)✱ ❡t s✐ ♦♥ ✉t✐❧✐s❡ ✭✐✈✮ ❡t ✭✈✮ ❡t ❧❡ t❤é♦rè♠❡ ❞❡ ❧❛
♠♦②❡♥♥❡✱ ♦♥ ♦❜t✐❡♥t✱ ♣♦✉r t♦✉t x, x1 ∈ B

|f(t, x)− f(t, x1)| ≤ sup
z∈B(0,R)

|D2f(t, z)|.|x− x1|,

♦ù B ⊂ B(0, R), ❡t ❞♦♥❝ ♦♥ ♦❜t✐❡♥t ✭✐✐✐✮✳ ❊t ❛✐♥s✐ ♥♦✉s ♣♦✉✈♦♥s ❛❜ré❣❡r ❧❛
❧✐st❡ ❞❡s ❝♦♥❞✐t✐♦♥s q✉✐ ❛ss✉r❡♥t ❧✬❛♣♣❛rt❡♥❛♥❝❡ à UC1

b (R+ ×X,Y )✳

❘❡♠❛rq✉❡ ✷✳✷ ❙♦✐t f ∈ UCb(R+ × X,Y ), f ∈ UC1
b (R+ × X,Y ) s✐ ❡t

s❡✉❧❡♠❡♥t s✐ f s❛t✐s❢❛✐t

✭❛✮ f ∈ C0(R+ ×X,Y ).

✭❜✮ P♦✉r t♦✉t (t, x) ∈ R+ ×X✱ D2f(t, x) ❡①✐st❡✱ ❡t

D2f ∈ C0(R+ ×X,L(X,Y )).

✭❝✮ f(R+ × {0}) ∈ Pb(Y ).

✭❞✮ P♦✉r t♦✉t B ∈ Pb(X),

D2f(R+ ×B) ∈ Pb(L(X,Y )).

✭❡✮ ∀B ∈ Pb(X), ∀ε ∈ (0,∞), ∃δ1(B, ε) ∈ (0,∞), ∀x x1 ∈ B ♦♥ ❛

|x− x1| ≤ δ1(B, ε) =⇒ (∀t ∈ R+, |D2f(t, x)−D2f(t, x1)| ≤ ε).

❉é✜♥✐t✐♦♥ ✷✳✻ s♦✐t φ : X → Y ✉♥❡ ❢♦♥❝t✐♦♥✳ ❖♥ ❞✐t q✉❡ φ ❡st C1 ✉♥✐❢♦r✲
♠é♠❡♥t s✉r ❧❡s s♦✉s✲❡♥s❡♠❜❧❡s ❜♦r♥és ❞❡ X s✐

✭❛✮ φ ∈ UCb(X,Y ).

✭❜✮ φ ∈ C1(X,Y ).

✭❝✮ Dφ ∈ UCb(X,L(X,Y )).

❖♥ ♥♦t❡ ♣❛r UC1
b (X,Y ) ❧✬❡s♣❛❝❡ ❞❡ ❝❡s ❢♦♥❝t✐♦♥s✳

❯t✐❧✐s❛♥t ❧❛ r❡♠❛rq✉❡ ✷✳✷✱ ♥♦✉s ♣♦✉✈♦♥s ❛❜ré❣❡r ❧❛ ❧✐st❡ ❞❡s ❝♦♥❞✐t✐♦♥s
q✉✐ ❛ss✉r❡ ❧✬❛♣♣❛rt❡♥❛♥❝❡ à UC1

b (X,Y ).

❘❡♠❛rq✉❡ ✷✳✸ ❙♦✐t φ : X → Y ✉♥❡ ❢♦♥❝t✐♦♥✳ ❖♥ ❞✐t q✉❡ φ ∈ UC1
b (X,Y )

s✐ ♦♥ ❛ ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✿

✭α✮ φ ∈ C1(X,Y ).

✭β✮ P♦✉r t♦✉t B ∈ Pb(X), Dφ(B) ∈ Pb(L(X,Y )).

✭γ✮ ∀B ∈ Pb(X)✱ ❧❛ r❡str✐❝t✐♦♥ Dφ|B ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉❡✳

❉é✜♥✐t✐♦♥ ✷✳✼ ❙♦✐t f ∈ UC1
b (R+ ×X,Y ). ❖♥ ❞✐t q✉❡ f ❡st C1 ✉♥✐❢♦r♠é✲

♠❡♥t ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲♣ér✐♦❞✐q✉❡ s✉r ❧❡s s♦✉s✲❡♥s❡♠❜❧❡s ❜♦r♥és ❞❡ X
s✐ ♦♥ ❛ ✿



✺✻

✕ D2f(t, x) ❡①✐st❡ ♣♦✉r t♦✉t (t, x) ∈ R+ ×X✳
✕ f ∈ USAPω(R+ ×X,Y ).
✕ D2f ∈ USAPω(R+ ×X,L(X,Y )).

❖♥ ♥♦t❡ ♣❛r USAP 1
ω(R+ ×X,Y ) ❧✬❡s♣❛❝❡ ❞❡ ❝❡s ❢♦♥❝t✐♦♥s✳

❘❡♠❛rq✉❡ ✷✳✹ ❙♦✐t φ ∈ UC1
b (X,Y ) ❡t e ∈ SAPω(Y ). P♦s❛♥t f(t, x) :=

φ(x) + e(t) ♣♦✉r t♦✉t (t, x) ∈ R+ × X, ✉t✐❧✐s❛♥t ❧❛ r❡♠❛rq✉❡ ✷✳✶✱ ♣✉✐sq✉❡
φ ∈ UCb(X,Y ) ❡t Dφ ∈ UCb(X,L(X,Y )) ❞♦♥❝ f ∈ USAPω(R+ ×X,Y ) ❡t
D2f = Dφ ∈ USAPω(R+ ×X,L(X,Y )), ❛❧♦rs ♦♥ ❛

f ∈ USAP 1
ω(R+ ×X,Y )

❘❡♠❛rq✉❡ ✷✳✺ P♦✉r e ∈ BC0(R+, Y ) ❡t M ∈ BC0(R+,L(X,Y )), ♦♥
❝♦♥s✐❞èr❡ ❧❛ ❢♦♥❝t✐♦♥ f : R+ ×X → Y ❞é✜♥✐❡ ❝♦♠♠❡ s✉✐t

f(t, x) =M(t)x+ e(t), ♣♦✉r t♦✉t (t, x) ∈ R+ ×X.

❆❧♦rs ❛✈❡❝
D2f(t, x) =M(t),

♦♥ ❞é❞✉✐t q✉❡ f ∈ UC1
b (R

+ × X,Y ) ❡t s✐ ❡♥ ♣❧✉s e ∈ SAPω(Y ) ❡t M ∈
SAPω(L(X,Y )), ❛❧♦rs f ∈ USAP 1

ω(R+ ×X Y ).

❆♣rès ❝❡s ❞é✜♥✐t✐♦♥s r❡❧❛t✐✈❡s à ❞❡s ❡s♣❛❝❡s ❞❡ ❢♦♥❝t✐♦♥s✱ ♦♥ ❞♦♥♥❡ ❞❡s
❞é✜♥✐t✐♦♥s r❡❧❛t✐✈❡s ❛✉① éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥✳

❉é✜♥✐t✐♦♥ ✷✳✽ ✭❬✹✵❪ ❉é✜♥✐t✐♦♥ ✺✳✸✱ ♣✳ ✶✷✾✮ ▲❛ ❢❛♠✐❧❧❡ à ❞❡✉① ♣❛r❛♠ètr❡s
❞❡s ♦♣ér❛t❡✉rs ❧✐♥é❛✐r❡s ❜♦r♥és (U(t, s))t≥s s✉r X ❡st ❛♣♣❡❧é❡ ✉♥ s②stè♠❡
❞✬é✈♦❧✉t✐♦♥ s✐ ♦♥ ❛ ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✿

✭✶✮ ♣♦✉r t♦✉t t ∈ R✱ U(t, t) = I ✭I ❡st ❧✬♦♣ér❛t❡✉r ✐❞❡♥t✐té s✉r X✮✱

✭✷✮ ♣♦✉r t♦✉t t ≥ s ≥ r, U(t, s) ◦ U(s, r) = U(t, r),

✭✸✮ ♣♦✉r t♦✉t x ∈ X✱ ❧❛ ❢♦♥❝t✐♦♥ (t, s) 7→ U(t, s) ❡st ❢♦rt❡♠❡♥t ❝♦♥t✐♥✉❡ s✉r

F := {(t, s) ∈ R
2 : t ≥ s},

❝✳✲à✲❞✳ ❧❛ ❢♦♥❝t✐♦♥
(t, s) 7→ U(t, s).x

❡st ❝♦♥t✐♥✉❡ ❞❡ F ❞❛♥s X ♣♦✉r t♦✉t x ∈ X.

❉é✜♥✐t✐♦♥ ✷✳✾ ✉♥ s②stè♠❡ ❞✬é✈♦❧✉t✐♦♥ s✉r X (U(t, s))t≥s

✭✶✮ ❡st ❛♣♣❡❧é ω ♣ér✐♦❞✐q✉❡ ✭w > 0✮ s✐

U(t+ ω, s+ ω) = U(t, s), ♣♦✉r t♦✉t t ≥ s.



✺✼

✭✷✮ ❡st ❛♣♣❡❧é ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡ s✐ ✐❧ ❡①✐st❡ K ≥ 1 ❡t a > 0 t❡❧ q✉❡

‖U(t, s)‖L ≤ K.e−a(t−s), ♣♦✉r t♦✉t t ≥ s.

❉é✜♥✐t✐♦♥ ✷✳✶✵ ❙♦✐t (A(t))t∈R+
✉♥❡ ❢❛♠✐❧❧❡ ❞❡s ♦♣ér❛t❡✉rs ♥♦♥ ❜♦r♥és s✉r

✉♥ ❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ X✳ ❖♥ ❞✐t q✉❡ (A(t))t∈R+
❣é♥èr❡ ✉♥ s②stè♠❡ ❞✬é✈♦❧✉t✐♦♥

(U(t, s))t≥s s✉r X s✐ ♦♥ ❛ ✿

✭✶✮ P♦✉r t♦✉t t ≥ s✱ ♣♦✉r t♦✉t x ∈ D(A(s))✱

U(t, s)x ∈ D(A(t))

✭✷✮ P♦✉r t♦✉t s ∈ R, ♣♦✉r t♦✉t x ∈ D(A(s))✱ ❧❛ ❢♦♥❝t✐♦♥

t 7→ U(t, s)x

❡st ❞✐✛ér❡♥t✐❛❜❧❡ s✉r {t ∈ R : t ≥ s} ❡t

∂U(t, s)x

∂t
= A(t)U(t, s)x.

✭✸✮ P♦✉r t♦✉t t ≥ s0✱ ♣♦✉r t♦✉t x ∈ D(A(s0)) ❧❛ ❢♦♥❝t✐♦♥

s 7→ U(t, s)x

❡st ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ s = s0 ❡t

∂U(t, s)x

∂s
|s=s0= −U(t, s0)A(s0)x.

❘❡♠❛rq✉❡ ✷✳✻ ❖♥ ♣ré❝✐s❡ q✉❡❧q✉❡s é❧é♠❡♥ts ❞❛♥s ❬✹✵❪✱ ♣✳ ✶✷✾✲✶✸✵✳ P♦✉r
e ∈ C0(R+, X), ❧❛ ❢♦♥❝t✐♦♥ x ∈ C0(R+, X) ❡st ❞✐t❡ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ ❞✉
♣r♦❜❧è♠❡ ✭✶✳✷✮ ♦ù x ∈ C0([0,∞), X) ∩ C1((0,∞), X)✱ x(t) ∈ D(A(t)) ♣♦✉r
t♦✉t t ∈ R+ ❡t ❡❧❧❡ ✈ér✐✜❡ ✭✶✳✷✮ ✭❝❢✳ ❬✹✵❪✱ ♣✳ ✶✷✻✮✳ ❙♦✉s ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❧❛
❞é✜♥✐t✐♦♥ ✷✳✶✵✱ ♦♥ ♣❡✉t ♠ètr❡ ❧❛ s♦❧✉t✐♦♥ ❝❧❛ss✐q✉❡ x ❞❡ ✭✶✳✷✮ s♦✉s ❧❛ ❢♦r♠❡

x(t) = U(t, 0)ζ +

∫ t

0
U(t, s)e(s)ds ♣♦✉r t♦✉t t ∈ R+. ✭✷✳✶✮

❊♥ ❡✛❡t✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✶✵✱ ❧❛ ❢♦♥❝t✐♦♥

r 7→ U(t, r)u(r)

❡st ❞ér✐✈❛❜❧❡ s✉r [0, t]✱ ❡t ♣✉✐sq✉❡ u ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭✶✳✷✮ ❞♦♥❝ ∂u(r)
∂r

=

A(r)u(r)✱ ❡t ❞✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✽ ♦♥ ❛✱ ∂U(t,r)
∂r

= −U(t, r)A(r)✱ ❛❧♦rs ♦♥
♦❜t✐❡♥t

∂U(t, r)u(r)

∂r
= U(t, r)e(r). ✭✷✳✷✮



✺✽

❙♦✐t (rn)n ✉♥❡ s✉✐t❡ à ✈❛❧❡✉rs ❞❛♥s [0, t] t❡❧ q✉❡

lim
n→∞

rn = r∗.

❉✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✽✱ ♦♥ ❛ ♣♦✉r t♦✉t x ∈ X✱

lim
n→∞

U(t, rn)x = U(t, r∗)x,

♣✉✐sq✉❡ U(t, rn) ✉♥❡ s✉✐t❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s ❧✐♥é❛✐r❡s ❝♦♥t✐♥✉❡s ❞❡ X ❞❛♥s X✱
❝♦♥✈❡r❣❡❛♥t s✐♠♣❧❡♠❡♥t✱ ♣♦✉r n ✐♥✜♥✐✱ ✈❡rs ✉♥❡ ❧✐♠✐t❡ U(t, r∗)✱ ❛❧♦rs ❡♥ ✉t✐✲
❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ❞❡ ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s ✭❬✹✺❪✱ ♣✳ ✸✷✼✮✱ U(t, rn) ❝♦♥✈❡r❣❡ ✉♥✐✲
❢♦ré♠❡♥t s✉r t♦✉t ❝♦♠♣❛❝t K ❞❡ X✱ ❝✲à✲❞

lim
n→∞

sup
x∈K

|U(t, rn)x− U(t, r∗)x| = 0.

❆❧♦rs ♣♦✉r {e(rn), n ∈ N} ⊂ K ❡t ♣✉✐sq✉❡

|U(t, rn)e(rn)−U(t, r∗)e(r∗)| ≤ |U(t, rn)e(rn)−U(t, r∗)e(rn)|+|U(t, r∗)||e(rn)−e(r∗)|,

♦♥ ❞é❞✉✐t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ r 7→ U(t, r)e(r) ❡st ❝♦♥t✐♥✉❡ s✉r [0, t] ❡t ❧✬✐♥té❣r❛t✐♦♥
❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✷✮ ❞❡ 0 à t ♥♦✉s ❞♦♥♥❡ ✭✷✳✶✮✳

❉é✜♥✐t✐♦♥ ✷✳✶✶ ❬✶✷❪ ▲❛ ❢♦♥❝t✐♦♥ x ∈ C0(R+, X) ❡st ❞✐t❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❞✉
♣r♦❜❧è♠❡ ✭✶✳✷✮ s✐ ♦♥ ❛ ❧❛ r❡❧❛t✐♦♥

x(t) = U(t, 0)ζ +

∫ t

0
U(t, s)e(s)ds, ♣♦✉r t♦✉t t ∈ R+.

❉é✜♥✐t✐♦♥ ✷✳✶✷ ❬✶✷❪ ▲❛ ❢♦♥❝t✐♦♥ u ∈ C0(R+, X) ❡st ❞✐t❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❞✉
♣r♦❜❧è♠❡ ✭✶✳✶✮ s✐ ♦♥ ❛ ❧❛ r❡❧❛t✐♦♥

u(t) = U(t, 0)ξ +

∫ t

0
U(t, s)f(s, u(s), e(s))ds, ♣♦✉r t♦✉t t ∈ R+.

✸ ❖♣ér❛t❡✉rs ❞❡ ◆❡♠②ts❦✐✐

❊♥ ♣r❡♠✐❡r t❡♠♣s ♥♦✉s ét✉❞✐♦♥s ❧❛ ❝♦♥t✐♥✉✐té ❞❡s ♦♣ér❛t❡✉rs ❞❡ ◆❡♠②ts✲
❦✐✐✳

P♦✉r f : R+×X → Y ✉♥❡ ❢♦♥❝t✐♦♥✱ ❧✬♦♣ér❛t❡✉r ❞❡ ◆❡♠②ts❦✐✐ ♣❛r r❛♣♣♦rt
à f ❡st ❧✬♦♣ér❛t❡✉r

Nf : [t 7→ u(t)] 7→ [t 7→ f(t, u(t))].

❚❤é♦rè♠❡ ✸✳✶ ❙♦✐t f ∈ UCb(R+ ×X,Y ). ❆❧♦rs ♦♥ ❛

Nf ∈ C0(BC0(R+, X), BC0(R+, Y )).



✺✾

❉é♠♦♥str❛t✐♦♥
❖♥ ✜①❡ u ∈ BC0(R+, X). ❖♥ ♣♦s❡

y(t) := f(t, u(t)), ♣♦✉r t♦✉t t ∈ R+;

❡t ❞♦♥❝ ♥♦✉s ❞é✜♥✐ss♦♥s ❧❛ ❢♦♥❝t✐♦♥ y : R+ → Y. P✉✐sq✉❡ u ❡st ❜♦r♥é❡✱ ❛❧♦rs
♦♥ ❛

u(R+) ∈ Pb(Y ),

❡t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ✭✐✐✮ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✷✱ ♦♥ ♦❜t✐❡♥t

y(R+) ⊂ f(R+ × u(R+)) ∈ Pb(Y ).

❊t ❞♦♥❝ y ❡st ❜♦r♥é❡✳ ◆♦t♦♥s q✉❡

y = f ◦ (idR+
, u).

P✉✐sq✉❡ u, idR+
❡t f ✭❞✬❛♣rès ✭✐✮ ❞❡ ❉é✜♥✐t✐♦♥ ✷✳✷✮ s♦♥t ❝♦♥t✐♥✉❡s✱ ❛❧♦rs ✐❧

❡♥ ❡st ❞❡ ♠ê♠❡ ♣♦✉r y. ❊t ❞♦♥❝ Nf : BC0(R+, X) → BC0(R+, Y ) ❡st ❜✐❡♥
❞é✜♥✐✳
▼❛✐♥t❡♥❛♥t ♥♦✉s ét✉❞✐♦♥s ❧❛ ❝♦♥t✐♥✉✐té ❞❡ Nf ✳ ❖♥ ✜①❡ u ∈ BC0(R+, X).
❆❧♦rs ✐❧ ❡①✐st❡ R ∈ (0,∞) t❡❧ q✉❡

u(R+) ⊂ BX(0, R).

❖♥ ♣♦s❡
B1 := B(0, R+ 1) ∈ Pb(X).

❖♥ ✜①❡ ε ∈ (0,∞). ❙♦✐t u1 ∈ BC0(R+, X) t❡❧ q✉❡

‖u− u1‖∞ ≤ δ(B1, ε),

t❡❧ q✉❡ δ(B1, ε) ❞♦♥♥❡r ♣❛r ✭✐✐✐✮ ❞❛♥s ❉é✜♥✐t✐♦♥ ✷✳✷ q✉❡ ❧✬♦♥ ♣❡✉t ❝❤♦✐s✐r ♣❧✉s
♣❡t✐t q✉❡ ✶✳ ❆❧♦rs ♣♦✉r t♦✉t t ∈ R+, ♦♥ ❛

|u1(t)| ≤ |u1(t)− u(t)|+ |u(t)|,
❡t ❞♦♥❝ ♦♥ ❛

|u1(t)| ≤ R+ 1.

❆❧♦rs u1(R+) ⊂ B1. P❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ✭✐✐✐✮ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✷ ❡t ♣✉✐sq✉❡
♦♥ ❛

‖u− u1‖∞ ≤ δ(B1, ε), ♣♦✉r t♦✉t t ∈ R+,

♦♥ ♦❜t✐❡♥t

|f(t, u(t))− f(t, u1(t))| ≤ ε, ♣♦✉r t♦✉t t ∈ R+,

❝✲à✲❞
‖Nf (u)−Nf (u1)‖∞ ≤ ε.

❉✬♦ù ❧❛ ❝♦♥t✐♥✉✐té ❞❡Nf . �

❊♥ ✉t✐❧✐s❛♥t ❧❡s ❝♦♠♠❡♥t❛✐r❡s ❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✸✱ ♦♥ ♦❜t✐❡♥t ❧❡ ❝♦r♦❧✲
❧❛✐r❡ ❞✉ t❤é♦rè♠❡ ✸✳✶ s✉✐✈❛♥t✳



✻✵

❈♦r♦❧❧❛✐r❡ ✸✳✶ ❙♦✐t φ ∈ UCb(X,Y ). ❆❧♦rs ♦♥ ❛

Nφ ∈ C0(BC0(R+, X), BC0(R+, Y )).

❚❤é♦rè♠❡ ✸✳✷ ❙♦✐t f ∈ USAPw(R+ ×X,Y ). ❆❧♦rs ♦♥ ❛

Nf ∈ C0(SAPω(X), SAPω(Y )).

❉é♠♦♥str❛t✐♦♥
◆♦✉s s❛✈♦♥s q✉❡ Nf (SAPω(X)) ⊂ SAPω(Y ) ❞✬❛♣rès ❬✸✸❪ ♦✉ ❚❤é♦rè♠❡ ✸✳✶✹
❞❡ ❬✶✷❪✳ P✉✐sq✉❡ ❧❛ r❡str✐❝t✐♦♥ ❞✬✉♥ ♦♣ér❛t❡✉r ❝♦♥t✐♥✉ ❡st ❝♦♥t✐♥✉❡✱ ♦♥ ♦❜t✐❡♥t
❧❛ ❝♦♥t✐♥✉✐té ❞❡ Nf ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ✸✳✶✳ �

❊♥ ✉t✐❧✐s❛♥t ❧❛ r❡♠❛rq✉❡ ✷✳✶ ♦♥ ♦❜t✐❡♥t ❧❡ ❝♦r♦❧❧❛✐r❡ ❞✉ t❤é♦rè♠❡ ✸✳✷✳

❈♦r♦❧❧❛✐r❡ ✸✳✷ ❙♦✐t φ ∈ UCb(X,Y ). ❆❧♦rs ♦♥ ❛

Nφ ∈ C0(SAPω(X), SAPω(Y )).

❈❡ rés✉❧t❛t ❡st ✉♥❡ ❛♠é❧✐♦r❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✸✳✼ ❞❡ ❬✶✷❪✳

▼❛✐♥t❡♥❛♥t ♥♦✉s tr❛✐t♦♥s ❧❛ ❞✐✛ér❡♥t✐❛❜✐❧✐té ❞❡s ♦♣ér❛t❡✉rs ❞❡ ◆❡♠②ts❦✐✐✳

❚❤é♦rè♠❡ ✸✳✸ ❙♦✐t F ∈ UC1
b (R+ ×X,Y ). ❆❧♦rs ♦♥ ❛

NF ∈ C1(BC0(R+, X), BC0(R+, Y )),

❡t ♦♥ ❛ ♣♦✉r t♦✉t u, h ∈ BC0(R+, X)

DNF (u).h = [t 7→ D2F (t, u(t)).h(t)].

❉é♠♦♥str❛t✐♦♥
◆♦✉s ✜①♦♥s u ∈ BC0(R+, X) ❡t ♥♦✉s ét✉❞✐♦♥s ❧❛ ❞✐✛ér❡♥t✐❛❜✐❧✐té ❞❡ NF ❡♥
u. ■❧ ❡①✐st❡ R ∈ (0,∞) t❡❧ q✉❡

u(R+) ⊂ BX(0, R).

❖♥ ♣♦s❡
c := sup

t∈R+

|D2F (t, u(t))| <∞.

◆♦✉s ✐♥tr♦❞✉✐s♦♥s ❧❛ ❢♦♥❝t✐♦♥ Λ : R+ ×X → Y ❝♦♠♠❡ s✉✐t

Λ(t, x) := D2F (t, u(t)).x.

P♦✉r h ∈ BC0(R+, X), ❧❛ ❢♦♥❝t✐♦♥

[t 7→ Λ(t, h(t))] = [t 7→ D2F (t, u(t)).h(t)]



✻✶

❡st ❝♦♥t✐♥✉❡ ❡t ♦♥ ❛
sup
t∈R+

|Λ(t, h(t))| ≤ c‖h‖∞.

❊t ❞♦♥❝ ♦♥ ❛
NΛ(BC

0(R+, X)) ⊂ BC0(R+, Y ).

◆♦✉s ✈♦②♦♥s q✉❡ ❧❛ ❧✐♥é❛r✐té ❞❡ Λ ❡t ❧✬✐♥é❣❛❧✐té ♣ré❝é❞❡♥t❡ ❛ss✉r❡♥t s❛ ❝♦♥t✐✲
♥✉✐té✳
P❛r ❝♦♥séq✉❡♥t ♦♥ ♦❜t✐❡♥t

NΛ ∈ L(BC0(R+, X), BC0(R+, Y )).

◆♦✉s ✜①♦♥s ❛r❜✐tr❛✐r❡♠❡♥t ǫ ∈ (0,∞), ❡t ♦♥ ♣♦s❡

B1 := BX(0, R+ 1),

❡t ♦♥ ❝♦♥s✐❞èr❡ h ∈ BC0(R+, X) t❡❧ q✉❡

‖h‖∞ ≤ min{δ(B1, ǫ), 1},

♦ù δ(B1, ǫ) ♣r♦✈✐❡♥t ❞❡ ❧❛ ❉é✜♥✐t✐♦♥ ✷✳✷ s✉r D2F. ❆❧♦rs ♥♦✉s ✉t✐❧✐s♦♥s ❧❡
t❤é♦rè♠❡ ✭❬✶❪ ♣✳ ✾✷✮✱ ❡t ♦♥ ♦❜t✐❡♥t✱ ❞✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ δ(B1, ǫ)✱ ♣♦✉r
t♦✉t t ∈ R+✱

|F (t, u(t) + h(t))− F (t, u(t))−D2F (t, u(t)).h(t)| ≤

sup
ξ∈]u(t),u(t)+h(t)[

|D2F (t, ξ)−D2F (t, u(t))|.|h(t)| ≤ ǫ|h(t)|.

❆❧♦rs s✐ ❡♥ ♣r❡♥❛♥t ❧❡ s✉♣ ♣❛r r❛♣♣♦rt à t ∈ R+ ♦♥ ♦❜t✐❡♥t

‖NF (u+ h)− F (u)−NΛ(h)‖∞ ≤ ǫ‖h‖∞,

❞✬♦ù ❧❛ ❞✐✛ér❡♥t✐❛❜✐❧✐té ❛✉ s❡♥s ❞❡ ❋ré❝❤❡t ❞❡ NF ❡♥ u, ❡t ❡♥ ♣❧✉s ♦♥ ❛

DNF (u).h = NΛ(h) = [t 7→ D2F (t, u(t)).h(t)].

▼❛✐♥t❡♥❛♥t ♦♥ ❞é♠♦♥tr❡ ❧❛ ❝♦♥t✐♥✉✐té ❞❡ DNF . P✉✐sq✉❡

D2F ∈ UCb(R+ ×X,L(X,Y )),

❡♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ✸✳✶ ♦♥ ♦❜t✐❡♥t

ND2F ∈ C0(BC0(R+, X), BC0(R+,L(X,Y ))).

P♦✉r t♦✉t u, u1 ∈ BC0(R+, X), ♦♥ ❛

‖DNF (u)−DNF (u1)‖L = sup
‖h‖∞≤1

‖DNF (u).h−DNF (u1).h‖∞
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≤ sup
‖h‖∞≤1

sup
t∈R+

|D2F (t, u(t))−D2F (t, u1(t))|.|h(t)|,

❡t ❞♦♥❝ ♦♥ ❛

‖DNF (u)−DNF (u1)‖L ≤ sup
t∈R+

|D2F (t, u(t))−D2F (t, u1(t))|,

❞♦♥❝
‖DNF (u)−DNF (u1)‖L ≤ ‖ND2F (u)−ND2F (u1)‖∞,

❡t ❛❧♦rs ❧❛ ❝♦♥t✐♥✉✐té ❞❡ND2F ✐♠♣❧✐q✉❡ ❧❛ ❝♦♥t✐♥✉✐té ❞❡DNF . �

❊♥ ✉t✐❧✐s❛♥t ❧❡s ❝♦♠♠❡♥t❛✐r❡s ❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✷✱ ♦♥ ♦❜t✐❡♥t ❧❡ ❝♦r♦❧✲
❧❛✐r❡ ❞✉ t❤é♦rè♠❡ ✸✳✸ s✉✐✈❛♥t✳

❈♦r♦❧❧❛✐r❡ ✸✳✸ ❙♦✐t φ ∈ UC1
b (X,Y ). ❆❧♦rs ♦♥ ❛

Nφ ∈ C1(BC0(R+, X), BC0(R+, Y )),

❡t ♦♥ ❛ ♣♦✉r t♦✉t u, h ∈ BC0(R+, X)

DNφ(u).h = [t 7→ Dφ(u(t)).h(t)].

❚❤é♦rè♠❡ ✸✳✹ ❙♦✐t f ∈ USAP 1
ω(R+ ×X,Y ). ❆❧♦rs ♦♥ ❛

Nf ∈ C1(SAPω(X), SAPω(Y )),

❡t ♦♥ ❛ ♣♦✉r t♦✉t u, h ∈ SAPω(X)

DNf (u).h = [t 7→ D2f(t, u(t)).h(t)].

❉é♠♦♥str❛t✐♦♥
P✉✐sq✉❡ f ∈ USAP 1

ω(R+ × X,Y ) ♦♥ ❛ ❞♦♥❝ f ∈ UC1
b (R+ × X,Y ). ❊♥

✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ✸✳✸ ♦♥ ♦❜t✐❡♥t

Nf ∈ C1(BC0(R+, X), BC0(R+, Y )).

❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ✸✳✷ ♦♥ ❛

Nf (SAPω(X)) ⊂ SAPω(Y ).

P✉✐sq✉❡ ❧❛ r❡str✐❝t✐♦♥ ❞✬✉♥ ♦♣ér❛t❡✉r ❞❡ ❝❧❛ss❡ C1 ❡st ❞❡ ❝❧❛ss❡ C1, Nf ❡st ❞❡
❝❧❛ss❡ C1 s✉r SAPω(X), ❡t ❧❛ ❢♦r♠✉❧❡ ❞❡ ❧❛ ❞✐✛ér❡♥t✐❡❧❧❡ ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡
❞❡ ❝❡❧❧❡ ❞✉ t❤é♦rè♠❡ ✸✳✸✳ �

❊♥ ✉t✐❧✐s❛♥t ❧❛ r❡♠❛rq✉❡ ✷✳✹ ♦♥ ♦❜t✐❡♥t ❧❡ ❝♦r♦❧❧❛✐r❡ ❞✉ t❤é♦rè♠❡ ✸✳✹✳

❈♦r♦❧❧❛✐r❡ ✸✳✹ ❙♦✐t φ ∈ UC1
b (X,Y ). ❆❧♦rs ♦♥ ❛

Nφ ∈ C1(SAPω(X), SAPω(Y )),

❡t ♦♥ ❛ ♣♦✉r t♦✉t u, h ∈ SAPω(X)

DNφ(u).h = [t 7→ Dφ(u(t)).h(t)].
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✹ ❘és✉❧t❛t ♣r✐♥❝✐♣❛❧

❖♥ ❝♦♥s✐❞èr❡ ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✿

✭❆✶✮ ✿ (A(t))t∈R+
❣é♥èr❡ ✉♥ ♣r♦❝❡ss✉s é✈♦❧✉t✐❢ ω✲♣ér✐♦❞✐q✉❡ ❡①♣♦♥❡♥t✐❡❧❧❡✲

♠❡♥t st❛❜❧❡ (U(t, s))t≥s s✉r X✳

✭❆✷✮ ✿ f ∈ USAP 1
ω(R+ × (X × Y ), X).

❚❤é♦rè♠❡ ✹✳✶ ❖♥ s✉♣♣♦s❡ q✉❡ ✭❆✶✮ ❡t ✭❆✷✮ s♦♥t s❛t✐s❢❛✐t❡s✳ ❙♦✐t u0 ∈
SAPω(Y ) ❡t s♦✐t ξ0 ∈ X. ❖♥ s✉♣♣♦s❡ q✉✬✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ ♠✐❧❞ x0 ∈
SAPω(X) ❞❡ ✭✶✳✶✮ ♣♦✉r u = u0 ❡t ξ = ξ0. ❖♥ s✉♣♣♦s❡ ❡♥ ♣❧✉s q✉✬♦♥ ❛ ❧❛
❝♦♥❞✐t✐♦♥ s✉✐✈❛♥t❡ ✿

sup
t∈R+

|D2f(t, x0(t), u0(t)| <
a

k
, ✭✹✳✶✮

♦ù k ❡t a ✈✐❡♥♥❡♥t ❞❡ ❧❛ ❝♦♥❞✐t✐♦♥ ✭✷✮ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✾✳
❆❧♦rs ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt N ❞❡ ξ0 ❞❛♥s X✱ ❡t ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt
X ❞❡ x0 ❞❛♥s SAPω(X)✱ ❡t ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt U ❞❡ u0 ❞❛♥s SAPω(Y )✱ ❡t
✉♥❡ ❢♦♥❝t✐♦♥ x : N × U → X ❞❡ ❝❧❛ss❡ C1 t❡❧s q✉❡ ♦♥ ❛

✭✐✮ x(ξ0, u0) = x0.

✭✐✐✮ P♦✉r t♦✉t (ξ, u) ∈ N × U , x(ξ, u) ❡st ✉♥❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❞❡ ✭✶✳✶✮ ❞❛♥s
SAPω(X)✳

✭✐✐✐✮ P♦✉r (ξ, x, u) ∈ N × X × U , s✐ x ❡st ✉♥❡ ♠✐❧❞ s♦❧✉t✐♦♥ ❞❡ ✭✶✳✶✮ ❞❛♥s
SAPω(X)✱ ❛❧♦rs ♦♥ ❛ x = x(ξ, u).

❈❡ t❤é♦rè♠❡ ❞♦♥♥❡ ❞❡s ❝♦♥❞✐t✐♦♥s ♣♦✉r s✬❛ss✉r❡r q✉❡✱ ❛✉ ✈♦✐s✐♥❛❣❡ ❞✬✉♥❡
♠✐❧❞ s♦❧✉t✐♦♥ ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲♣ér✐♦❞✐q✉❡ x0 ❞❡ ✭✶✳✶✮ ❡t ♣♦✉r ❧❛ ✈❛❧❡✉r
✐♥✐t✐❛❧❡ ξ0 ❡t ❧❡ ♣❛r❛♠ètr❡ u0✱ ❡t q✉❛♥❞ ξ ❡st ♣r♦❝❤❡ ❞❡ ξ0 ❡t u ♣r♦❝❤❡ ❞❡ u0✱
✐❧ ❡①✐st❡ x ♠✐❧❞ s♦❧✉t✐♦♥ ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲♣ér✐♦❞✐q✉❡ ♣♦✉r ξ ❡t u, ❡t x
❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝❧❛ss❡ C1 ❞❡ ξ ❡t u✳

✺ Pr❡✉✈❡ ❞✉ rés✉❧t❛t ♣r✐♥❝✐♣❛❧

❉✬❛❜♦r❞✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❧✬♦♣ér❛t❡✉r

Ψ : X × SAPω(X)× SAPω(Y ) → SAPω(X)

❞é✜♥✐ ♣❛r

Ψ(ξ, x, u) := [t 7→ U(t, 0)ξ +

∫ t

0
U(t, s).f(s, x(s), u(s))ds]. ✭✺✳✶✮

◆♦t♦♥s q✉❡Ψ(ξ, x, u) = x s✐❣♥✐✜❡ q✉❡ x ❡st ✉♥❡ ♠✐❧❞ s♦❧✉t✐♦♥ ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t
ω✲♣ér✐♦❞✐q✉❡ ❞❡ ✭✶✳✶✮✳
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▲❡♠♠❡ ✺✳✶ ❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭❆✶✮ ❡t ✭❆✷✮✱ ❧✬♦♣ér❛t❡✉r Ψ ❡st ❜✐❡♥ ❞é✜♥✐
❡t ✐❧ ❡st ❞❡ ❝❧❛ss❡ C1 s✉r X ×SAPω(X)×SAPω(Y ), ❞❡ ♣❧✉s ❧❛ ❞✐✛ér❡♥t✐❡❧❧❡
♣❛rt✐❡❧❧❡ ♣❛r r❛♣♣♦rt ❛✉ ❞❡✉①✐è♠❡ ✈❛r✐❛❜❧❡ ❡st

D2Ψ(ξ, x, u).h := [t 7→
∫ t

0
U(t, s).D2f(s, x(s), u(s)).h(s)ds]. ✭✺✳✷✮

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡ ❧❡♠♠❡ ♦♥ ❛ ❜❡s♦✐♥ ❞❡s ❧❡♠♠❡s s✉✐✈❛♥ts✳

▲❡♠♠❡ ✺✳✷ ❬✶✷❪ ❙♦✐t f ∈ SAPω(X) ❡t (U(t, s))t≥s ✉♥ ♣r♦❝❡ss✉s é✈♦❧✉t✐❢
ω✲♣ér✐♦❞✐q✉❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡✳ ❆❧♦rs ❧❛ ❢♦♥❝t✐♦♥

u(t) :=

∫ t

0
U(t, s).f(s)ds

❡st ❛✉ss✐ ❞❛♥s SAPω(X)✳

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡ ❧❡♠♠❡ ✈♦✐r ✭❧❡ ❧❡♠♠❡ ✹✳✷✱ ❬✶✷❪✮✳

▲❡♠♠❡ ✺✳✸ ❙♦✐t f ∈ SAPω(X) ❡t (U(t, s))t≥s ✉♥ ♣r♦❝❡ss✉s é✈♦❧✉t✐❢ ω✲
♣ér✐♦❞✐q✉❡ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡✱ ❛❧♦rs t♦✉t❡ ♠✐❧❞ s♦❧✉t✐♦♥ ❞❡

{

x′(t) = A(t)x(t) + f(t) P♦✉r t ≥ 0,
x(0) = x0,

❛♣♣❛rt✐❡♥t à SAPω(X), ♦ù (A(t))t≥0 ❣é♥èr❡ (U(t, s))t≥s✳

P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡ ❧❡♠♠❡ ✈♦✐r ❧❡ t❤é♦rè♠❡ ✹✳✸ ❞❛♥s ❬✶✷❪✳

❉é♠♦♥str❛t✐♦♥ ❞✉ ❧❡♠♠❡ ✺✳✶
❙✐ x ∈ SAPω(X) ❡t u ∈ SAPω(Y )✱ ❛❧♦rs (x, u) ∈ SAPω(X × Y ), ❡♥ ✉t✐❧✐✲
s❛♥t ❧❡ ❧❤é♦rè♠❡ ✸✳✷ ♦♥ ♦❜t✐❡♥t Nf (x, u) ∈ SAPω(X), ❡t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉
❧❡♠♠❡ ✺✳✷✱ ♦♥ ❛

[t 7→
∫ t

0
U(t, s).f(s, x(s), u(s))ds] ∈ SAPω(X).

❊♥ ✉t✐❧✐s❛♥t ✭✺✳✸✮ ❛✈❡❝ ✉♥ t❡r♠❡ ❞❡ ❢♦r❝✐♥❣ é❣❛❧ à ③ér♦✱ ♦♥ ♦❜t✐❡♥t

[t 7→ U(t, 0)ξ] ∈ SAPω(X).

❆❧♦rs ❧✬♦♣ér❛t❡✉rΨ ❡st ❜✐❡♥ ❞é✜♥✐ ❞❡X×SAPω(X)×SAPω(Y ) ✈❡rs SAPω(X)✳

▼❛✐♥t❡♥❛♥t ♥♦✉s ét✉❞✐♦♥s ❧❛ ❞✐✛ér❡♥t✐❛❜✐❧✐té ❝♦♥t✐♥✉❡ ❞❡ Ψ. ◆♦✉s ✐♥tr♦✲
❞✉✐s♦♥s ❧❡s ❞❡✉① ♦♣ér❛t❡✉rs s✉✐✈❛♥ts

E : X × SAPω(X)× SAPω(Y ) → SAPω(X)
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❞é✜♥✐ ❝♦♠♠❡ s✉✐t
E(ξ, x, u) := [t 7→ U(t, 0)ξ]

❡t
F : X × SAPω(X)× SAPω(Y ) → SAPω(X)

❞é✜♥✐ ❝♦♠♠❡ s✉✐t

F (ξ, x, u) := [t 7→
∫ t

0
U(t, s).f(s, x(s), u(s))ds].

❘❡♠❛rq✉♦♥s q✉❡ Ψ = E + F ✳ ◆♦✉s ✈♦②♦♥s q✉❡ E ❡st ❧✐♥é❛✐r❡ ❡t ♦♥ ❛✱
♣♦✉r t♦✉t (ξ, x, u) ∈ X × SAPω(X)× SAPω(Y ),

‖E(ξ, x, u)‖∞ = sup
t∈R+

|U(t, 0)ξ| ≤ K|ξ| ≤ K sup
t∈R+

|(ξ, x, u)|,

❡t ❞✬♦ù ❧❛ ❝♦♥t✐♥✉✐té ❞❡ E✱ ❞♦♥❝ E ❡st ❞❡ ❝❧❛ss❡ C1.

P♦✉r ét✉❞✐❡r F ✱ ♦♥ ❝♦♥s✐❞èr❡ ❧✬♦♣ér❛t❡✉r

π2,3 : X × SAPω(X)× SAPω(Y ) → ×SAPω(X)× SAPω(Y )

❞é✜♥✐ ❝♦♠♠❡ s✉✐t
π2,3(ξ, x, u) := (x, u).

■❧ ❡st ❝❧❛✐r q✉❡ π2,3 ❡st ❧✐♥é❛✐r❡ ❡t ❝♦♥t✐♥✉✱ ❞♦♥❝ ✐❧ ❡st ❞❡ ❝❧❛ss❡ C1. ❖♥
❝♦♥s✐❞èr❡ ❛✉ss✐ ❧✬♦♣ér❛t❡✉r

Γ : SAPω(X) → SAPω(X)

❞é✜♥✐ ❝♦♠♠❡ s✉✐t

Γ(v) := [t 7→
∫ t

0
U(t, s).v(s)ds].

❉✬❛♣rès ❧❡ ❧❡♠♠❡ ✺✳✷✱ Γ ❡st ❜✐❡♥ ❞é✜♥✐✳ Γ ❡st ❧✐♥é❛✐r❡ ❡t ♦♥ ❛ ❞❡ ♣❧✉s✱

‖Γ(v)‖∞ ≤ K

a
‖v‖∞,

q✉✐ ❡st ✈❛❧❛❜❧❡ ♣♦✉r t♦✉t v ∈ SAPw(X), ❞✬♦ù ❧❛ ❝♦♥t✐♥✉✐té ❞❡ Γ. ❆❧♦rs Γ ❡st
❞❡ ❝❧❛ss❡ C1. ❊♥ ✉t✐❧✐s❛♥t ❧❡ t❤é♦rè♠❡ ✸✳✹✱ ♦♥ ♦❜t✐❡♥t✱

Nf ∈ C1(SAPω(X × Y ), SAPω(X)).

P✉✐sq✉❡
F = Γ ◦Nf ◦ π2,3,

❞♦♥❝ F ❡st ❞❡ ❝❧❛ss❡ C1 ❝♦♠♠❡ ❝♦♠♣♦s✐t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❞❡ ❝❧❛ss❡ C1.

❊♥ ✉t✐❧✐s❛♥t ❧❛ rè❣❧❡ ❞❡ ❧❛ ❞✐✛ér❡♥t✐❛❜✐❧✐té ❞❡s ❢♦♥❝t✐♦♥s ❝♦♠♣♦sé❡s✱ ♦♥ ♦❜t✐❡♥t✱
♣♦✉r t♦✉t (ξ, x, u), (l, h, k) ∈ X × SAPω(X)× SAPω(Y ),



✻✻

DF (ξ, x, u).(l, h, k) = DΓ(Nf ◦ π2,3(ξ, x, u)) ◦DNf (π2,3(ξ, x, u))

◦Dπ2,3(ξ, x, u).(l, h, k), ✭✺✳✸✮

♣✉✐sq✉❡ π2,3 ❡t Γ s♦♥t ❧✐♥é❛✐r❡s✱ ♦♥ ❛

Dπ2,3(ξ, x, u).(l, h, k) = (h, k),

❡t ❞♦♥❝ ✭✺✳✸✮✱ ♣♦✉r t♦✉t (ξ, x, u), (l, h, k) ∈ X × SAPω(X)× SAPω(Y ), ❡st
éq✉✐✈❛❧❡♥t❡ à

DF (ξ, x, u).(l, h, k) = DΓ(Nf (x, u)) ◦DNf (x, u)).(h, k),

❝❛r Γ ❡st ❧✐♥é❛✐r❡ ♦♥ ❛✱ ♣♦✉r t♦✉t (ξ, x, u), (l, h, k) ∈ X × SAPω(X) ×
SAPω(Y ),

DF (ξ, x, u).(l, h, k) = Γ(DNf (x, u)).(h, k)),

❡t ❞♦♥❝ ❧❛ ❞✐✛ér❡♥t✐❡❧❧❡ ♣❛rt✐❡❧❧❡ ♣❛r r❛♣♣♦rt ❛✉ ❞❡✉①✐è♠❡ ✈❛r✐❛❜❧❡ ❡st ❧❛
s✉✐✈❛♥t❡ ✿

D2F (ξ, x, u).h = Γ(D2Nf (x, u)).h) =

[t 7→
∫ t

0
U(t, s).D2f(s, x(s), u(s)).h(s)ds].

❉✬♦ù ❧❛ ❢♦r♠✉❧❡ ✭✺✳✷✮✳ �

▼❛✐♥t❡♥❛♥t ♦♥ ❝♦♥s✐❞èr❡ ❧✬♦♣ér❛t❡✉r

W : X × SAPω(X)× SAPω(Y ) → SAPω(X)

❞é✜♥✐ ❝♦♠♠❡ s✉✐t ✿
W (ξ, x, u) = x−Ψ(ξ, x, u).

❉✬❛♣rès ❧❡ ❧❡♠♠❡ ✺✳✶
W ❡st ❞❡ ❝❧❛ss❡ C1. ✭✺✳✹✮

P✉✐sq✉❡ x0 ❡st ✉♥❡ s♦❧✉t✐♦♥ ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t ω✲♣ér✐♦❞✐q✉❡ ❞❡ ✭✶✳✶✮ ❛✈❡❝
ξ = ξ0 ❡t u = u0✱ ♦♥ ❛ ❞♦♥❝

W (ξ0, x0, u0) = 0. ✭✺✳✺✮

❉❡ ♣❧✉s ♦♥ ❛
D2W (ξ0, x0, u0) = I −D2Ψ(ξ0, x0, u0),

♦ù I ❡st ❧✬♦♣ér❛t❡✉r ✐❞❡♥t✐té s✉r SAPω(X). ❊♥ ✉t✐❧✐s❛♥t ❧❡ ❧❡♠♠❡ ✺✳✶✱ ♣♦✉r
t♦✉t h ∈ SAPω(X) ❡t ♣♦✉r t♦✉t t ∈ R+ ♦♥ ❛

|[D2Ψ(ξ0, x0, u0)h](t)| = |
∫ t

0
U(t, s).D2f(s, x0(s), u0(s)).h(s)ds|



✻✼

≤
∫ t

0
K.e−a(t−s)ds( sup

t∈R+

|D2f(s, x0(s), u0(s))|)‖h‖∞

❞♦♥❝

‖[D2Ψ(ξ0, x0, u0)‖L ≤ ( sup
t∈R+

|D2f(s, x0(s), u0(s))|).
K

a
,

❡t ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬❤②♣♦t❤ès❡ ✭✹✳✶✮ ♦♥ ♦❜t✐❡♥t ❛❧♦rs

‖[D2Ψ(ξ0, x0, u0)‖L < 1

q✉✐ ♥♦✉s ❞♦♥♥❡
D2W (ξ0, x0, u0) ❡st ✐♥✈❡rs✐❜❧❡✳ ✭✺✳✻✮

❊t ❞♦♥❝ ❞✬❛♣rès ✭✺✳✹✮✱ ✭✺✳✻✮ ❡t ✭✺✳✺✮ ❡t ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ❞❡s ❢♦♥❝t✐♦♥s
✐♠♣❧✐❝✐t❡s ✭t❤é♦rè♠❡ ✹✳✼✳✶ ❞❛♥s ❬✶✼❪✮ s✉r ❧❛ ❢♦♥❝t✐♦♥ W ♦♥ ♦❜t✐❡♥t ♥♦tr❡
rés✉❧t❛t✳

✻ ❆♣♣❧✐❝❛t✐♦♥

❖♥ ❝♦♥s✐❞èr❡ ❧✬éq✉❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥ ♣❛r❛❜♦❧✐q✉❡ ❛✈❡❝ ❝♦❡✣❝✐❡♥ts ♣ér✐♦✲
❞✐q✉❡s ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s

(P)















∂x(t,z)
∂t

− a1(t)△x(t, z) + a2(t)x(t, z) = g(x(t, z), u(t, z)) + h(t, z) sur
R+ × Ω
x(t, z) = 0 sur R+ × ∂Ω
x(0, z) = ξ(z) sur Ω

♦ù Ω ❡st ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ♦✉✈❡rt ♥♦♥ ✈✐❞❡ ❞❡ R
N ❞❡ ❢r♦♥t✐èr❡ ❧✐♣❝❤✐t③✐❡♥♥❡✱

a1 ❛♥❞ a2 s♦♥t ❞❡✉① ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ω✲♣ér✐♦❞✐q✉❡ ❞❡ R s✉r R ❛✈❡❝ ω > 0
❡t inft∈R a1(t) > 0✱ ❡t ξ ∈ C0(Ω,R) ✿❂ {ϕ ∈ C0(Ω,R) : ϕ|∂Ω = 0}✳ P♦✉r
❛♣♣❧✐q✉❡r ♥♦tr❡ rés✉❧t❛t ♣r✐♥❝✐♣❛❧✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧✬❡s♣❛❝❡ X := C0(Ω,R)
♠✉♥✐ ❞❡ ❧❛ ♥♦r♠❡ ✉♥✐❢♦r♠❡✱ ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ B : X → X ❞é✜♥✐ ♣❛r
D(B) := {ϕ ∈ X ∩H1

0 (Ω) : △ϕ ∈ X} ❡t Bϕ := △ϕ ♣♦✉r t♦✉t ϕ ∈ D(B) ♦ù
△ ❡st ❧✬♦♣ér❛t❡✉r ❧❛♣❧❛❝✐❡♥✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❛ ❢❛♠✐❧❧❡ ❞❡s ♦♣ér❛t❡✉rs ❧✐♥é❛✐r❡s
❞é✜♥✐❡ ♣❛r

A(t)ϕ = a1(t)Bϕ− a2(t)ϕ avec ϕ ∈ D(A(t)) = D(B) ♦ù t ∈ R. ✭✻✳✶✮

❈❧❛✐r❡♠❡♥t ❧❛ ❢❛♠✐❧❧❡ (A(t))t∈R ❣é♥èr❡ ❧❡ s②stè♠❡ ❞✬é✈♦❧✉t✐♦♥ ❞é✜♥✐ ♣❛r

U(t, s) = exp(−
∫ t

s

a2(r)dr)T (

∫ t

s

a1(r)dr) ♦ù t ≥ s ✭✻✳✷✮

❞❛♥s ❧❡ s❡♥s ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✽ ❡t ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✶✵✱ ♦ù (T (t))t∈R+
❡st ✉♥

C0 s❡♠✐✲❣r♦✉♣❡ ❣é♥éré ♣❛r ❧✬♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ B✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❛ s♦❧✉t✐♦♥



✻✽

♠✐❧❞ t 7→ x(t) = [z 7→ x(t, z)] ❞❛♥s X = C0(Ω,R) ❞❡ ✭P✮ q✉✐ ❛♣♣❛rt✐❡♥t à
SAPω(C0(Ω,R)) ♦ù u ∈ SAPω(C0(Ω,R)) ❞❛♥s ❧❡ s❡♥s ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ✷✳✶✷✳
❉✬❛♣rès ❧❡ ❝♦r♦❧❧❛✐r❡ ✸✳✺✳✶ ❞❛♥s ❬✶✽❪ ✐❧ ❡①✐st❡ K > 1 ❡t λ1 > 0 t❡❧ q✉❡

|T (t)| ≤ Ke
−λ1t ♣♦✉r t♦✉t t ∈ R+. ✭✻✳✸✮

❖♥ ❝♦♥s✐❞èr❡ ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s s✉r ❧❡ ♣r♦❜❧è♠❡ ♣❛r❛❜♦❧✐q✉❡ ✭P✮✳

✭❍✶✮ a1, a2 ∈ C0(R,R) s♦♥t ω✲♣ér✐♦❞✐q✉❡s ✭ω > 0✮✱ m := inft∈R a1(t) > 0 ❡t
inft∈R a2(t) ≥ 0✳

✭❍✷✮ h : R+×R
N → R ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❜♦r♥é❡ t❡❧ q✉❡ h|R+×∂Ω

= 0
❡t

lim
t→∞

sup
z∈Ω

|h(t+ ω, z)− h(t, z)| = 0.

✭❍✸✮ g ∈ C1(R× R,R)✱ g(0, 0) = 0✳

✭❍✹✮ ■❧ ❡①✐st❡ R ∈ (0,∞) t❡❧ q✉❡

sup
|r|,|s|≤R

|∂g(r, s)
∂r

| < mλ1

K

♦ù λ1 ❡t K s♦♥t ❞♦♥♥és ♣❛r ✭✻✳✸✮✳

P❛r ✭✻✳✸✮ ❡t ✭❍✶✮ ✐❧ ❡st é✈✐❞❡♥t q✉❡ ❧❡ s②stè♠❡ ❞✬é✈♦❧✉t✐♦♥ (U(t, s))t≥s ❡st
ω✲♣ér✐♦❞✐q✉❡ ❡t ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t st❛❜❧❡ ✿

|U(t, s)| ≤ Ke
−mλ1(t−s) ♣♦✉r t♦✉t t ≥ s. ✭✻✳✹✮

❚❤é♦rè♠❡ ✻✳✶ ❙♦✉s ✭❍✶✮✲✭❍✹✮✱ ♦♥ s✉♣♣♦s❡ q✉✬✐❧ ❡①✐st❡ ξ0 ∈ C0(Ω,R)✱ u0 ∈
SAPω(C0(Ω,R)) ❡t x0 ∈ SAPω(C0(Ω,R)) t❡❧ q✉❡ x0 ❡st ✉♥❡ s♦❧✉t✐♦♥ ♠✐❧❞ ❞❡
✭P✮ ❛✈❡❝ ξ = ξ0 ❡t u = u0✳ ❖♥ s✉♣♣♦s❡ ❛✉ss✐ q✉✬♦♥ ❛ ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s✳

|x0(t, z)| ≤ R et |u0(t, z)| ≤ R ♣ourtout (t, z) ∈ R+ × Ω. ✭✻✳✺✮

❆❧♦rs ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt N ❞❡ ξ0 ❞❛♥s C0(Ω,R)✱ ✉♥ ✈♦✐s✐♥❛❣❡
♦✉✈❡rt X ❞❡ x0 ❞❛♥s SAPω(C0(Ω,R)) ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt U ❞❡ u0 ❞❛♥s
SAPω(C0(Ω,R))✱ ❡t ✉♥❡ ❢♦♥❝t✐♦♥ x : N × U → X ❞❡ ❝❧❛ss❡ C1 t❡❧ q✉❡ ♦♥ ❛

✭✐✮ x(ξ0, u0) = x0✳

✭✐✐✮ P♦✉r t♦✉t (ξ, u) ∈ N×U ✱ x(ξ, u) ❡st ✉♥❡ ♠✐❧❞ s♦❧✉t✐♦♥ ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t
ω✲♣ér✐♦❞✐q✉❡ ❞❡ ✭P✮✳

✭✐✐✐✮ P♦✉r (ξ, u, x) ∈ N×U×X ✱ s✐ x ❡st ✉♥❡ ♠✐❧❞ s♦❧✉t✐♦♥ ❙✲❛s②♠♣t♦t✐q✉❡♠❡♥t
ω✲♣ér✐♦❞✐q✉❡ ❞❡ ✭P✮ ❛❧♦rs x = x(ξ, u)✳



✻✾

❉é♠♦♥str❛t✐♦♥
❖♥ ♣♦s❡ X = Y := C0(Ω,R) ♠✉♥✐ ❞❡ ❧❛ ♥♦r♠❡ ❧❛ t♦♣♦❧♦❣✐❡ ✉♥✐❢♦r♠❡✳ P♦s❛♥t
F : R× Ω → R✱ ❞é✜♥✐ ❝♦♠♠❡ s✉✐t

F := g ◦ (x, u),

t❡❧ q✉❡ g : R × R → R ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❡t x : R × Ω → R✱ ❡t
u : R × Ω → R ❞❡✉① ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s✳ ❯t✐❧✐s♦♥s ❧❡ ❧❡♠♠❡ ✸✳✶✵ ❞❛♥s
❬✶✸❪✱ ♣✉✐sq✉❡ Ω ❡st ❝♦♠♣❛❝t ❡t F ❡st ❝♦♥t✐♥✉❡ ❝♦♠♠❡ ✐❧ ❡st ✉♥❡ ❝♦♠♣♦s✐t✐♦♥
❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s✱ ❞♦♥❝ ❧✬♦♣ér❛t❡✉r NF : C0(Ω,R) → C0(Ω,R) ❞é✜♥✐
❝♦♠♠❡ s✉✐t

NF (̺) := [z 7→ F (̺(z), z)],

❡st ❝♦♥t✐♥✉ ♣♦✉r t♦✉t ̺ ∈ C0(Ω,R)✳ ❖♥ r❡♠❛rq✉❡ q✉❡✱ ♣♦✉r t♦✉t ̺ ∈
C0(Ω,R) ♦♥ ❛

NF (̺) = Ng◦(x,u)(̺) := [z 7→ g ◦ (x(̺(z), z), u(̺(z), z))].

❙♦✐t ϕ : Ω → R ❡t ψ : Ω → R q✉✐ s♦♥t ❞❛♥s C0(Ω,R) ❞é✜♥✐❡s ❝♦♠♠❡ s✉✐t

ϕ(z) := x(̺(z), z) ❡t ψ(z) := u(̺(z), z),

❡t ❞♦♥❝
Ng◦(x,u)(̺) = [z 7→ g(ϕ(z), ψ(z)] = Ng(ϕ, ψ).

❉♦♥❝ ❧✬♦♣ér❛t❡✉r ❞❡ ◆❡♠②ts❦✐✐

Ng(ϕ, ψ) := [z 7→ g(ϕ(z), ψ(z))]

❡st ❝♦♥t✐♥✉ ❞❡ C0(Ω,R)×C0(Ω,R) ✈❡rs C0(Ω,R). P✉✐sq✉❡ R
N ❡t R s♦♥t ❞❡

❞✐♠❡♥s✐♦♥ ✜♥✐❡✱ ❡♥ ✉t✐❧✐s❛♥t ✉♥ r❛✐s♦♥♥❡♠❡♥t s✐♠✐❧❛✐r❡ q✉❡ ❝❡❧✉✐ ❞❡ ❧❛ ♣r❡✉✈❡
❞✉ t❤é♦rè♠❡ ✸✳✸✱ ♦♥ ♦❜t✐❡♥t q✉❡ Ng ❡st ❞❡ ❝❧❛ss❡ C1 ❞❡ C0(Ω,R)×C0(Ω,R)
s✉r C0(Ω,R) ❡t ♦♥ ❛

DNg(ϕ, ψ)(δϕ, δψ) = [z 7→ Dg(ϕ(z), ψ(z))(δψ(z), δϕ(z))] ✭✻✳✻✮

❡t ❡♥ ♣❛rt✐❝✉❧✐❡r

D1Ng(ϕ, ψ)δϕ = [z 7→ ∂g(ϕ(z), ψ(z))

∂r
.δϕ(z)]. ✭✻✳✼✮

P✉✐sq✉❡ g(0, 0) = 0 ♦♥ ♦❜t✐❡♥t

Ng(C0(Ω,R)× C0(Ω,R)) ⊂ C0(Ω,R),

❡t ♣✉✐sq✉❡ X = Y = C0(Ω,R) ❡st ✉♥ s♦✉s✲❡s♣❛❝❡ ❞❡ ❇❛♥❛❝❤ ❞❡ C0(Ω,R)✱
♦♥ ♦❜t✐❡♥t ❧✬❛ss❡rt✐♦♥ s✉✐✈❛♥t❡ ✿

Ng ∈ C1(X × Y,X). ✭✻✳✽✮
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❊t ♦♥ ❛ ❞♦♥❝ ❧❛ ❝♦♥❞✐t✐♦♥ ✭α✮ ❞❡ ❧❛ r❡♠❛rq✉❡ ✷✳✸✳
❙✐ B ∈ Pb(X × Y ) ❛❧♦rs ✐❧ ❡①✐st❡ ρ ∈ (0,∞) t❡❧ q✉❡ B ⊂ BX×Y (0, ρ) ❧❛
❜♦✉❧❡ ❢❡r♠é❡ ❞❛♥s X×Y ✳ P✉✐sq✉❡ R2 ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✱ ❧❛ ❜♦✉❧❡ ❢❡r♠é❡
BR2(0, ρ) ❡st ❝♦♠♣❛❝t✳ P✉✐sq✉❡ Dg ❡st ❝♦♥t✐♥✉❡✱ g(BR2(0, ρ)) ❡st ❝♦♠♣❛❝t ❡t
♣❛r ❝♦♥séq✉❡♥t ✐❧ ❡st ❜♦r♥é✱ ❝✳✲à✲❞✳ ✐❧ ❡①✐st❡ M ∈ (0,∞) t❡❧ q✉❡ |Dg(r, s)| ≤
M ♣♦✉r t♦✉t (r, s) ∈ BR2(0, ρ)✳ ❆❧♦rs ♣♦✉r t♦✉t (ϕ, ψ) ∈ B✱ ♦♥ ❛

(ϕ(z), ψ(z)) ∈ BR2(0, ρ) ♣♦✉r t♦✉t z ∈ Ω,

❝❡ q✉✐ ✐♠♣❧✐q✉❡

|Dg(ϕ(z), ψ(z))| ≤M ♣♦✉r t♦✉t z ∈ Ω,

❡t ♣❛r ❝♦♥séq✉❡♥t ❛✈❡❝ ✭✻✳✻✮ ♦♥ ♦❜t✐❡♥t ‖DNg(ϕ, ψ)‖∞ ≤ M ♣♦✉r t♦✉t
(ϕ, ψ) ∈ B✳ ❊t ❞♦♥❝ ❧❛ ❝♦♥❞✐t✐♦♥ ✭β✮ ❞❡ ❧❛ r❡♠❛rq✉❡ ✷✳✸ ❡st s❛t✐s❢❛✐t❡✳
❊♥ ♣❧✉s ♣✉✐sq✉❡ Dg ❡st ❝♦♥t✐♥✉❡ s✉r ✉♥ ❡♥s❡♠❜❧❡ ❝♦♠♣❛❝t BR2(0, ρ)✱ ✉t✐❧✐✲
s❛♥t ❧❡ t❤é♦rè♠❡ ❞❡ ❍❡✐♥❡✱ Dg ❡st ✉♥✐❢♦r♠é♠❡♥t ❝♦♥t✐♥✉ s✉r BR2(0, ρ)✱ ❡t ♦♥
❛

{

∀ǫ > 0, ∃δǫ > 0, ∀(r, s), (r1, s1) ∈ BR2(0, ρ),
(|r − r1| ≤ δǫ, |s− s1| ≤ δǫ) =⇒ |Dg(r, s)−Dg(r1, s1)| ≤ ǫ.

❆❧♦rs ♣♦✉r ϕ✱ ψ✱ ϕ1✱ ψ1 ∈ BX×Y (0, ρ)✱ ❡t ♣♦✉r ‖ϕ − ϕ1‖∞ ≤ δǫ ❡t ‖ψ −
ψ1‖∞ ≤ δǫ✱ ♦♥ ♦❜t✐❡♥t |Dg(ϕ(z), ψ(z))−Dg(ϕ1(z), ψ1(z))| ≤ ǫ ❢♦r ❛❧❧ z ∈ Ω✱
❛❧♦rs ‖DNg(ϕ, ψ) − DNg(ϕ1, ψ1)‖∞ ≤ ǫ✳ ❊t ❞♦♥❝ ❧❛ ❝♦♥❞✐t✐♦♥ ✭γ✮ ❞❡ ❧❛
r❡♠❛rq✉❡ ✷✳✸ ❡st s❛t✐s❢❛✐t❡✳
❊t ♣❛r ❝♦♥séq✉❡♥t

Ng ∈ UC1
b (X × Y,X). ✭✻✳✾✮

▼❛✐♥t❡♥❛♥t ♦♥ ❝♦♥s✐❞èr❡

h1(t) := [z 7→ h(t, z)] ∈ X.

❉✬❛♣rès ✭❍✷✮ ♦♥ ❛
h1 ∈ SAPω(X). ✭✻✳✶✵✮

❖♥ ❞é✜♥✐t ❧❛ ❢♦♥❝t✐♦♥ f : R+ ×X × Y → X ❡♥ ♣♦s❛♥t

f(t, ϕ, ψ) := Ng(ϕ, ψ) + h1(t) ✭✻✳✶✶✮

♣♦✉r t♦✉t (t, ϕ, ψ) ∈ R+ ×X × Y ✳
❉✬❛♣rès ✭✻✳✾✮✱ ✭✻✳✶✵✮ ❡t ✭✻✳✶✶✮ ❡t ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ❘❡♠❛rq✉❡ ✷✳✹ ♦♥ ♦❜t✐❡♥t

f ∈ USAP 1
ω(R+ × (X × Y ), X). ✭✻✳✶✷✮

❊♥ ✉t✐❧✐s❛♥t ✭❍✹✮ ❡t ✭✻✳✺✮ ♦♥ ♦❜t✐❡♥t

sup
t∈R+

sup
z∈Ω

∣

∣

∣

∣

∂g(x0(t, z), u0(t, z))

∂r

∣

∣

∣

∣

<
mλ1

K



✼✶

❡t ❞✬❛♣rès ✭✻✳✼✮ ❡t ✭✻✳✶✶✮ ♦♥ ❞é❞✉✐t q✉❡

sup
t∈R+

‖D2f(t, x0(t), u0(t))‖ = sup
t∈R+

‖D1Ng(x0(t), u0(t))‖ <
mλ1

K
.

❊t ❞♦♥❝ t♦✉t❡s ❧❡s ❤②♣♦t❤ès❡s ❞✉ t❤é♦rè♠❡ ✹✳✶ s♦♥t ✈ér✐✜é❡s✱ ❞✬♦ù ♥♦tr❡
rés✉❧t❛t✳

�
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❢✉♥❝t✐♦♥s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s✱ ❆❢r✳ ❚❤❡ ❆❢r✐❝❛♥
❉✐❛s♣♦r❛ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✳ ✶✷✭✷✮ ✭✷✵✶✶✮✱ ✶✶✸✲✶✷✶✳
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