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Images of Galois representations
ABSTRACT (short version)

In this thesis we investigate 2-dimensional, continuous, odd, residual Galois rep-
resentations and their images. This manuscript consists of two parts.

In the first part of this thesis we analyse a local-global problem for elliptic curves
over number fields. Let E be an elliptic curve over a number field K, and let ¢ be
a prime number. If E admits an f-isogeny locally at a set of primes with density
one then does E admit an (-isogeny over K7

The study of the Galois representation associated to the ¢-torsion subgroup of E
is the crucial ingredient used to solve the problem. We characterize completely
the cases where the local-global principle fails, obtaining an upper bound for the
possible values of ¢ for which this can happen.

In the second part of this thesis, we outline an algorithm for computing the image
of a residual modular 2-dimensional semi-simple Galois representation. This algo-
rithm determines the image as a finite subgroup of GL2(F,), up to conjugation, as
well as certain local properties of the representation and tabulate the result in a
database.

In this part of the thesis we show that, in almost all cases, in order to compute
the image of such a representation it is sufficient to know the images of the Hecke
operators up to the Sturm bound at the given level n. In addition, almost all the
computations are performed in positive characteristic.

In order to obtain such an algorithm, we study the local description of the rep-
resentation at primes dividing the level and the characteristic: this leads to a
complete description of the eigenforms in the old-space. Moreover, we investigate
the conductor of the twist of a representation by characters and the coefficients
of the form of minimal level and weight associated to it in order to optimize the
computation of the projective image.

The algorithm is designed using results of Dickson, Khare-Wintenberger and Faber
on the classification, up to conjugation, of the finite subgroups of PGLo(F,). We
characterize each possible case giving a precise description and algorithms to deal
with it. In particular, we give a new approach and a construction to deal with irre-
ducible representations with projective image isomorphic to either the symmetric
group on 4 elements or the alternating group on 4 or 5 elements.



Beelden van Galoisrepresentaties
Samenvatting (beknopte versie)

In dit proefschrift doen wij onderzoek naar 2-dimensionale, continue, oneven, resid-
uele Galoisrepresentaties en hun beelden. Dit proefschrift bestaat uit twee delen.

In het eerste deel analyseren wij een lokaal-globaal probleem voor elliptische krom-
men over getallenlichamen. Zij E een elliptische kromme over een getallenlichaam
K, en 7ij £ een priemgetal. Heeft I/ een f-isogenie over K als deze een lokale
l-isogenie heeft voor een verzameling priemen met dichtheid één?

De studie van de Galoisrepresentatie die wordt toegekend aan de ¢-torsie onder-
groep van F vormt een cruciaal ingrediént om dit probleem op te lossen. We
karakteriseren alle gevallen waarin het lokaal-globaal principe niet op gaat, en we
verkrijgen een bovengrens voor de waardes van ¢ waarvoor dit kan gebeuren.

In het tweede deel van dit proefschrift beschrijven we een algoritme dat de beelden
van residuele 2-dimensionale Galoisrepresentaties komend van modulaire vormen
uitrekent. Dit algoritme bepaalt het beeld als een eindige ondergroep van GLa (),
op conjugatie na, alsmede bepaalde lokale eigenschappen van de representaties en
tabuleert de resultaten in een database.

In dit deel van het proefschrift tonen we aan dat het, in bijna alle gevallen, voor
het uitrekenen van het beeld van zo’n representatie voldoende is om de beelden
van de Hecke-operatoren tot aan de Sturmgrens te weten op een gegeven niveau
n. Bovendien worden bijna alle berekeningen in positieve karakteristiek gedaan.

Om zo’n algoritme te verkrijgen, bestuderen we de lokale beschrijving van de rep-
resentatie bij priemen die het niveau en de karakteristiek delen: dit geeft een
volledige beschrijving van de eigenvormen in de oude ruimte. Daarnaast bestud-
eren we de conductor van de twists van de representatie met karakters en de
coéfficiénten van de vorm van minimaal niveau en gewicht daarmee geassocieerd
om de berekeningen van het projectieve beeld te optimaliseren.

Het algoritme is gebaseerd op resultaten van Dickson, Khare-Wintenberger en
Faber over de classificatie van eindige ondergroepen van PGLy(F;), op conjugatie
na. We karakterisen alle mogelijke gevallen door een precieze beschrijving en
algoritmes te geven die ze athandelen. In het bijzonder geven we een nieuwe
benadering en een constructie die irreducibele representaties afhandelt waarvan het
projectieve beeld isomorf met de symmetrische groep op 4 letters of de alternerende
groep op 4 of 5 letters.



Images des représentations galoisiennes
Résumé (version bréve)

Dans cette thése, on étudie les représentations 2-dimensionnelles continues du
groupe de Galois absolu d’une cloture algébrique fixée de Q sur les corps finis qui
sont modulaires et leurs images. Ce manuscrit se compose de deux parties.

Dans la premiére partie, on étudie un probléme local-global pour les courbes el-
liptiques sur les corps de nombres. Soit E une courbe elliptique sur un corps de
nombres K, et soit £ un nombre premier. Si E admet une ¢-isogénie localement
sur un ensemble de nombres premiers de densité 1 alors est-ce que E admet une
(-isogénie sur K 7

L’étude de la représentation galoisienne associée a la £-torsion de E est I'ingrédient
essentiel utilisé pour résoudre ce probléme. On caractérise complétement les cas ou
le principe local-global n’est pas vérifié, et on obtient une borne supérieure pour
les valeurs possibles de £ pour lesquelles ce cas peut se produire.

La deuxiéme partie a un but algorithmique : donner un algorithme pour calculer
les images des représentations galoisiennes 2-dimensionnelles sur les corps finis
attachées aux formes modulaires.

L'un des résultats principaux est que ’algorithme n’utilise que des opérateurs de
Hecke jusqu’a la borne de Sturm au niveau donné n dans presque tous les cas. En
outre, presque tous les calculs sont effectués en caractéristique positive.

On étudie la description locale de la représentation aux nombres premiers divisant
le niveau et la caractéristique. En particulier, on obtient une caractérisation précise
des formes propres dans ’espace des formes anciennes en caractéristique positive.

On étudie aussi le conducteur de la tordue d’une représentation par un caractére
et les coefficients de la forme de niveau et poids minimaux associée.

L’algorithme est congu a partir des résultats de Dickson, Khare-Wintenberger et
Faber sur la classification, & conjugaison prés, des sous-groupes finis de PGLy(Fy).
On caractérise chaque cas en donnant une description et des algorithmes pour le
vérifier. En particulier, on donne une nouvelle approche pour les représentations
irréductibles avec image projective isomorphe soit au groupe symétrique sur 4
éléments ou au groupe alterné sur 4 ou 5 éléments.






Preface

Let @ be an algebraic closure of the field of rational numbers Q, and let Gq be
the absolute Galois group Gal(Q /Q), the automorphism group of the field Q.

The main objects of study in this thesis are the images of 2-dimensional continuous
odd representations of the Galois group Gal(Q /Q) over finite fields, i.e. residual
representations. These mathematical objects appear naturally in number theory,
arithmetic geometry and representation theory.

(Class field theory provides us a precise understanding of representations of degree
one, or characters. By the Kronecker-Weber Theorem, a continuous character x
from G to C* is a Dirichlet character:

Go — Gal(Q(¢n)/Q) = (Z /nZ)* —= C7,

\_/

X

for some integer n > 1, where (,, is an n-root of unity.

In this thesis we investigate 2-dimensional, continuous, odd, residual Galois rep-
resentations and their images. This manuscript consists of two parts in which two
different topics are studied. In each part is provided a short introduction to the
problem treated. Therefore, here we underline the main new results obtained and
the links between the two parts.

In the first part, we analyse a question where the study of the image of a certain
2-dimensional Galois representation is the key element to solve the problem. The
second part of this thesis has a computational purpose: to give an algorithm for
computing the images of 2-dimensional, continuous, odd, residual Galois represen-
tations.

The first part of this thesis is committed to analyse a local-global problem for
elliptic curves over number fields. Let F be an elliptic curve over a number field
K, and let ¢ be a prime number. If F admits an ¢-isogeny locally at a set of primes
with density one then does E admit an ¢-isogeny over K7

The definition of local isogeny, for primes of good reduction and not dividing ¢, is
the natural one, and it is recalled in Definition 1.1.1. This research is motivated
by a recent article of Sutherland, see [Sut12].



Preface

The study of the Galois representation associated to the ¢-torsion subgroup of F
is the crucial ingredient used to solve the problem.

Let K be a number field and E an elliptic curve over K. Assume that the j-
invariant of F is different from 0 and 1728. A pair (¢, j(F)) is said to be exceptional
for K if E/K admits an (-isogeny locally for a set of density one of primes of K
but not globally over K. In this part of the thesis we give a complete description
of the set of exceptional pairs for a number field K. Part I of the thesis appears
as preprint on arXiv, see [Annl13|.

We also obtain an upper bound for the possible values of £ occurring in such pairs
in terms of d, the degree of K over Q, and A, the discriminant of K:

¢ < max{A,6d+1}.

The main theorem of the first part of this thesis is the following:

Main Theorem. Let K be a number field of degree d over Q and discriminant
A, and let lx := max {A,6d+1}. The following holds:

(1) if (¢,5(E)) is an exceptional pair for the number field K then £ < lf;

(2) there are only finitely many exceptional pairs for K with 7 < <l ;

(3) the number of exceptional pairs for K with £ =7 is finite or infinite, according
to the rank of Elkies-Sutherland’s elliptic curve:

y? = a3 — 17152 + 33614

being zero or positive over K;
(4) there exists no exceptional pair for K with { = 2 and with { = 3;

(5) there exist exceptional pairs for K with { =5 if and only if \/5 belongs to K.
Moreover, if \/5 belongs to K then there are infinitely many exceptional pairs
for K with £ = 5.

Part I of this thesis is organized as follows.

For the convenience of the reader, in Chapter 1 we introduce the topic and recall
the results obtained by Sutherland in [Sut12, Section 2].

In Chapter 2, we study exceptional pairs over arbitrary number fields. First we
deduce the effective version of Sutherland’s result, then we describe how to tackle

i



Preface

the case not treated by Sutherland and we prove the statement (4) of the Main
Theorem, see Proposition 2.1.9. Chapter 2 ends with the proof of the bound given
in (1) of the Main Theorem (Corollary 2.3.5).

In Chapter 3 we prove finiteness results for the set of exceptional pairs for a
number field K and we prove statements (2), (5) and (3) of the Main Theorem, see
respectively Theorem 3.1.1, Corollary 3.2.2 and Proposition 3.3.1. These results
are obtained studying particular modular curves and their genus, for more details
see Theorem 3.1.1, Proposition 3.2.1 and Proposition 3.3.1.

In Part IT of this thesis we outline an algorithm for computing the image of a
residual modular 2-dimensional semi-simple (Galois representation. This means
that the algorithm will determine the image as a finite subgroup of GL(Fy), up to
conjugation, as well as certain local properties of the representation and tabulate
the result in a database.

Let n be a positive integer, the congruence subgroup I'1(n) is the subgroup of
SLo(Z) given by

rl(n)z{@ Z) GSLQ(Z):aEdzl,CEOmodn}.

Let n and k be positive integers, we will denote by S(n, k)c the complex vector
space of weight k cusp forms on I'1(n), see [DS05] or [DS74], and by T(n, k) the
associated Hecke algebra, i.e. the Z-subalgebra of Endc(S(n,k)c) generated by
the Hecke operators T}, for every prime p and the diamond operators (d) for every
d € (Z /nZ)*. The Hecke algebra T(n, k) is finitely generated as a Z-module, for
further details see [EC11, Theorem 2.5.11] or [DS05, p.234].

The aforementioned algorithm is developed for residual modular 2-dimensional
semi-simple Galois representations:

Theorem (Shimura, Deligne [DS74, Théoréme 6.7]). Let n and k be positive in-
tegers. Let F be a finite field, £ its characteristic, and f : T(n,k) — F a morphism
of rings from the cuspidal Hecke algebra of level n and weight k to F. Then there
is a continuous semi-simple representation py : Gog — GLo(FF) that is unramified
outside nt such that for all primes p not diwviding nf we have:

Trace(ps(Frob,)) = f(T}) and det(pf(Frob,)) = f((p))p"~" inF.

Such a py is unique up to isomorphism.

iii
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One of the purposes of this research is to minimize the number of Hecke operators
of which the image through the ring morphism f, as in the previous theorem, has
to be computed in order to describe the image. Indeed, we focus on using as few
coefficients of the underlying modular form as possible.

Let £ be a prime, to check equality between mod ¢ modular eigenforms of the same
level and weight it is enough to compute the prime-indexed coefficients up to a
certain bound which is the Sturm bound.

Two different mod £ modular forms can give rise to the same Galois representation:
the coefficients indexed by the primes dividing the level and the characteristic may
differ. Hence, either we solve this problem mapping the form to a higher level (or
twisting it) and use the Sturm bound at that level, which is greater than the bound
at the given level, or we study how to describe the coefficients at primes dividing
the level and the characteristic so that we can list all possibilities.

In order to describe these coefficients, it is needed to know local properties of the
Galois representation, i.e. the restriction of the representation to the decomposition
group at the corresponding primes.

Associated to the algorithm there is a database which stores all the data obtained.
The algorithm is cumulative and built with a bottom-up approach: for any new
level n, we will store in the database the system of eigenvalues at levels dividing n
and weights smaller than the weight considered, so that there will be no need to
re-do the computations if the representation arises from lower level or weight. In
particular, the following theorem holds, for a proof and more detailed explanations
see Chapter 6 herein, Theorem 6.3.6:

Theorem. Let n,m and k be positive integers with n a multiple of m. Let £ be
a prime not dividing n, and such that 2 < k < {+ 1. Let f : T(n,k) — F; be a
morphism of rings and let py : Gg — GLy(Fy) be the unique, up to isomorphism,
continuous semi-simple representation corresponding to it. Let g : T(m, k) — Fy
be a morphism of rings and let p, : Gg — GLo(FFy) be the corresponding Galois
representation. Let us assume that N(py) = m and that the weight of py is minimal.
The following holds:
if py is ramified at £ then py is isomorphic to py if and only if f is in the subspace
of the old-space given by g at level n.
—if py is unramified at £ then py is isomorphic to py if and only if f is either
in the subspace of the old-space given by g at level n or in the subspace of the

v
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old-space given by ¢ at level n, where ¢ is the form such that ¢'(T,) = g(T})
for all primes p different from ¢ and ¢'(Ty) satisfies:

% — Trace(ps (Froby))z + det(py(Froby)) = (z — g(T0))(x — ¢'(Ty))-

Similarly, if a Galois representation arises as a twist of a representation of lower
conductor, the algorithm will detect such data and it will not re-do any compu-
tation to determine the projective image of the representation since it is already
stored in the database. On the other hand, once the data at a certain level is
computed, the database will fill in all the contribution at higher level coming from
degeneracy morphism and twisting, so that the computation at a certain level will
be performed only when we are dealing with a new object.

Let us introduce shortly the design of the algorithm, this is done in details in
Chapter 11.

The algorithm follows results of Dickson, Khare-Wintenberger and Faber on the
classification, up to conjugation, of the finite subgroups of PGLa(Fy):

Dickson’s Theorem ([Dic58|). Let ¢ > 3 be a prime and H a finite subgroup of
PGLy(F,). Then a conjugate of H is one of the following groups:
a finite subgroup of the upper triangular matrices;
- SLQ(Fgr)/{:i:l} or PGLQ(]FZT) forr e Z<p;
a dihedral group Da, withn € Z <1 and ({,n) = 1;
— a subgroup isomorphic to either Gy, or Ay or As, i.e. to the symmetric group
on 4 elements or the alternating group on 4 or 5 elements.

In the aforementioned algorithm for every data not coming from lower level or
weight, we determine if the associate representation is reducible or not. If the
representation is irreducible, then we compute the field of definition of the repre-
sentation, see Proposition 9.1.1.

In order to determine the image up to conjugation, as shown in Chapter 5, it is
enough to know the projective image of the representation, up to conjugation, and
the set of determinants. Hence, we compute the field of definition of the projective
representation, see Proposition 9.2.1, Proposition 9.2.2 and Algorithm 9.2.3.

To decide about the projective image of the representation we perform a list of
checks according to Dickson’s classification, unless the representation arises from
twisting of a representation of lower conductor, in which case the projective image
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is already stored in the database. In Chapter 10 we show how to verify that a
representation has projective image of dihedral type or isomorphic to either 2y, or
G, or As. In the latter case, we relate such projectively exceptional image to data
coming from characteristic 2, 3 and 5, for more details see Proposition 10.2.1 and
the related section in Chapter 10. Once we have excluded all exceptional cases i.e.
all cases in which the image is exceptional, see Definition 5.1.3, the image is “big”,
meaning that it contains the special linear group of degree 2 of the extension of
Fy corresponding to the field of definition of the projective image.

The representation py can be computed, as explained in [EC11], in time polynomial
in n, k and the cardinality of IF, where [ is a finite field of characteristic £ where the
representation is defined, ¢ not dividing n. Due to the current state of technology,
we cannot compute such representations for large values of n, k over finite fields
of arbitrary order (greater than 41). Anyway, the computation of the image of a
residual 2-dimensional odd semi-simple Galois representation is a totally different
matter than the computation of the representation itself. In particular, there is
no need to know explicitly the representation in order to compute its image.

Moreover, the algorithm, outlined in the second part of this thesis, will record
the conductor of the representation and local data on the representation without
computing the representation itself.

One of the main results in this part of the thesis is that the algorithm takes as
input only Hecke operators up to the Sturm bound at level n in almost all cases,
i.e. the bound on the number of operators needed is of the order:

% -nloglogn,

and, in the cases where a greater number of operators is needed, the bound in-
creases, in the worst case, of a factor ¢2, where ¢ is the smallest odd prime not
dividing n. In addition, almost all the computations are performed in positive
characteristic: only in Chapter 10 in the construction related to projectively ex-
ceptional images some computations in characteristic zero are needed. Moreover,
no pre-computed list of number fields with specific Galois groups is needed in order
to compute the projective image.

Part II of this thesis is organized as follows.

In Chapter 4 we introduce the idea of the aforementioned algorithm. In particular,
we present the necessary preliminaries on Katz modular forms and on Khare-Win-
tenberger Theorem.

vi
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In Chapter 5 we explain how the image will be described and we prove that any
finite subgroup of GLo(IFy) occurring as image of an irreducible odd representation
is determined, up to conjugation in GLo(IF;), by its projective image and its set
of determinants. This is done through a case-by-case analysis using Dickson’s
classification.

In Chapter 6 we prove that working with coefficients up to the Sturm bound is
enough to check isomorphism between residual modular semi-simple 2-dimensional
Galois representations coming from forms of the same level and weight. In partic-
ular, see Theorem 6.3.5 and Theorem 6.3.6 in which we deal with the coefficients
indexed by the primes dividing the level and the characteristic.

In Chapter 7 we deal with reducible representations. The main idea of this chapter
is to check equalities between mod ¢ modular forms and the reduction modulo ¢
of certain Eisenstein series, see Theorem 7.2.3.

Twisting a representation by a character is a basic operation in representation
theory. In order to describe the projective image of the representation we are
studying, we investigate the conductor of the twist and the local description of the
representation at primes dividing the conductor. We show that it is possible to
determine whether the representation restricted to the decomposition group at a
ramified prime is irreducible or reducible, and in the latter case we study its split-
ting. Since the twist of a modular residual Galois representation is modular, we
also investigate the coefficients of the form of minimal level and weight associated
to the given twist. The problem of twisting a representation by a character is stud-
ied in Chapter 8, where several useful results are collected about the conductor of
the twist, see Proposition 8.2.1, Proposition 8.2.4 and Proposition 8.2.6. Moreover,
we outline an algorithm which returns the local description of the representation
at the primes dividing the level and the characteristic, see Algorithm 8.2.9.

In Chapter 9, results about the field of definition of the representation and of the
projective representation are presented, see Proposition 9.1.1, Proposition 9.2.1
and Proposition 9.2.2. In particular, we prove that, if the representation is irre-
ducible and does not arise from lower level or weight, then the coefficients up to
the Sturm bound are enough to determine the field of definition of the linear rep-
resentation. In the case of the field of definition of the projective representation,
we give a characterization and an algorithm to compute it, see Algorithm 9.2.3.

In Chapter 10 we deal with irreducible representations with projective image of
dihedral type or projectively exceptional type, i.e. projectively isomorphic to the

vii
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symmetric group on 4 elements or the alternating group on 4 or 5 elements. In the
projective dihedral case we show the existence of a twist for the representation and
we describe the character for which such a twist occurs, see Proposition 10.1.1 and
Corollary 10.1.2. When the image is projectively exceptional, we give a new ap-
proach and a construction for these kinds of representations, using representation
theory and the Khare-Wintenberger Theorem.

The outlined algorithm is summarized in Chapter 11, where also an explanation
of the associate database is given.

In the appendix, we analyse degeneracy maps between modular curves and we
deduce results about residual modular Galois representations and their level of
realization, see Theorem A.3.1. These results are not used in the algorithm.

viil
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Part 1

A local-global principle for
1sogenies of prime degree over
number fields






Chapter 1

Introduction

Let E be an elliptic curve over a number field K, and let ¢ be a prime number. If
we know residual information on F, i.e. information over the reduction of E for a
set of primes with density one, can we deduce global information about E?

One of the first to ask this kind of questions was Serge Lang: let E be an elliptic
curve over a number field K, and let £ be a prime number, if £ has non-trivial
{-torsion locally at a set of primes with density one, then does E have non-trivial
{-torsion over K7

Katz in 1981 studied this local-global principle, see [Kat81]. He was able to prove
that if £ has non-trivial /-torsion locally at a set of primes with density one then
there exists a K-isogenous elliptic curve which has non-trivial ¢-torsion over K.
He proved this by reducing the problem to a purely group-theoretic statement.
Moreover, he was able to extend the result to 2-dimensional abelian varieties and
to give a family of counterexamples in dimension 3.

Here we consider the following variation on this question: let E be an elliptic
curve over a number field K, and let £ be a prime number, if E admits an /-
isogeny locally at a set of primes with density one then does £ admit an ¢-isogeny
over K7

Recently, Sutherland has studied this problem, see [Sut12]. Let us recall that,
except in the case when the j-invariant is 0 or 1728, whether an elliptic curve
admits an f-isogeny over K or not depends only on its j-invariant. As in [Sut12],
we will only consider elliptic curves with j-invariant different from 0 and 1728.

Definition 1.0.1. Let K be a number field and F an elliptic curve over K. A
pair (¢,j(FE)) is said to be exceptional for K if F/K admits an ¢-isogeny locally
almost everywhere, i.e. for a set of density one of primes of K, but not globally
over K.

For primes of good reduction and not dividing ¢, the definition of local isogeny is
the natural one, and it is recalled in Definition 1.1.1 below.



Let us remark that if (¢, j(E)) is an exceptional pair for the number field K, then
any Ep, quadratic twist of E, gives rise to the same exceptional pair. Indeed, the
Galois representation associated to the £-torsion of E and the one of Ep are twist
of each other: pg, ¢ >~ xp ® ppy, where xp is a quadratic character. Hence their
projective images are isomorphic.

A curve occurring in an exceptional pair will admit an f-isogeny globally over
a small extension of the base field: more precisely, we can state the following
proposition, which is a sharpened version of a result of Sutherland (for a detailed
discussion see Section 2.1, Proposition 2.1.4):

Proposition 1.0.2. Let E be an elliptic curve defined over a number field K, let

¢ be a prime number and assume 4/ (_71)6 ¢ K. Suppose that E/K admits an
L-isogeny locally at a set of primes with density one. Then E admits an {-isogeny
over K(v/—f). Moreover, if { = 2,3 or { = 1 mod 4 then E admits a global
L-isogeny over K.

There are examples, for £ = 3 mod 4 and ¢ > 7, in which it is necessary to extend
the base field to have a global isogeny. In particular, Sutherland proved that over
Q the following optimal result holds:

Theorem 1.0.3 (|Sutl2, Theorem 2|). The pair (7,2268945/128) is the only ez-
ceptional pair for Q.

This theorem is proved applying [Par05, Theorem 1.1]|, which asserts that for
all primes ¢ = 3mod 4 with £ > 7, the only rational non-cuspidal points on
Xplit (£)(Q) correspond to elliptic curves with complex multiplication (for a defi-
nition of this modular curve see Chapter 3). Hence, over Q there exists only one
counterexample to the local-global principle for 7-isogenies and there is none for
l-isogenies for £ > 7.

We will prove that a similar dichotomy is true for any number field: the number of
counterexamples to the local-global principle about f-isogenies for ¢ > 7 is always
finite and the number of counterexamples to the local-global principle about 7-
isogenies and 5-isogenies may or may not be finite, depending in one case on the
rank of a given elliptic curve, in the other on a condition on the number field.

Namely, the main result of Part I of this thesis is the following:
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Chapter 1. Introduction

Main Theorem. Let K be a number field of degree d over Q and discriminant
A, and let {x = max {A,6d+1}. The following holds:

(1) if (¢,j(E)) is an exceptional pair for the number field K then ¢ < l;

(2) there are only finitely many exceptional pairs for K with 7 < { < lg;

(3) the number of exceptional pairs for K with £ =7 is finite or infinite, according
to the rank of Elkies-Sutherland’s elliptic curve:

y? =23 — 1715z + 33614

being zero or positive over K ;
(4) there exists no exceptional pair for K with ¢ =2 and with { = 3;
(5) there exist exceptional pairs for K with £ =5 if and only if \/5 belongs to K.

Moreover, if \/5 belongs to K then there are infinitely many exceptional pairs
for K with £ =5.

Actually, we prove more precise results, that will be discussed in the following
chapters. Before entering the details of the proofs, let us give a rough idea of our
strategy for the point (1) above.

The pair (¢,j(E)) is exceptional for a number field K if and only if the action of
G C GLy(Fy), the image of the Galois representation associated to the ¢-torsion of
E, on P(E[(]) ~ P'(F,) has no fixed point, whereas every g € G leaves a line stable,
that is, all ¢ € G have a reducible characteristic polynomial. Using Dickson’s
classification of subgroups of PGLa(FF/), one sees that, up to conjugation, G has
to be either the inverse image of an exceptional group (but this case is known to
happen only for small £) or contained in the normalizer of a split Cartan subgroup,
that is G = {(8 2) , (2 8) la,b € F} for ' a subgroup of F}.

In the last case, using notations as in [Par05, Section 2| or in Chapter 3 herein, ex-
ceptional pairs therefore induce points in Xgpi¢ (¢) (K) not lifting to Xy car(€) (K)
(forgetting cases corresponding to exceptional groups). The existence of such
points is in general a wide open question; however, in our case, the reducibility
of the characteristic polynomials implies that I is actually a subgroup of squares:

I' C (F;)2. By the property of Weil pairing, one deduces that K (/ (_71) ¢) C L,

field of definition of the ¢-isogeny. From this, in the case 1/(_71) { ¢ K, we can
conclude that the well-known shape of inertia at ¢ inside G gives a contradiction
for ¢ > 6[K : Q]+1.



1.1 Sutherland’s results

Part T of this thesis is organized as follows.

For the convenience of the reader, we recall in the next section the results obtained
by Sutherland in [Sut12, Section 2].

In Chapter 2, we study exceptional pairs over arbitrary number fields. First we
deduce the effective version of Sutherland’s result, then we describe how to tackle
the case not treated by Sutherland and we prove the statement (4) of the Main
Theorem (see Proposition 2.1.9). Moreover, we give conditions under which an
exceptional pair does not have complex multiplication. Chapter 2 closes with the
proof of the bound given in (1) of the Main Theorem (Corollary 2.3.5).

In Chapter 3 we discuss finiteness results for the set of exceptional pairs and
we prove statements (2) (Theorem 3.1.1), (5) (Corollary 3.2.2) and (3) (Proposi-
tion 3.3.1) of the Main Theorem.

1.1 Sutherland’s results

Let us recall the definition of local ¢-isogeny for an elliptic curve:

Definition 1.1.1. Let E be an elliptic curve over a number field K, let £ be a
prime number. If p is a prime of K where E has good reduction, p not dividing
{, we say that E admits an ¢-isogeny locally at p if the reduction of £ modulo p
admits an f-isogeny defined over the residue field at p.

Let us remark that for a prime p of K where E has good reduction, p not dividing
¢, the definition given is equivalent to say that the Néron model of E over the ring
of integer of K, admits an /-isogeny. This follows because the f-isogeny in this
case is étale.

Sutherland has proved, under certain conditions, that for an elliptic curve defined
over a number field, the existence of local f-isogenies for a set of primes with
density one implies the existence of a global f-isogeny:

Theorem 1.1.2 (|Sutl2, Theorem 1|). Let E be an elliptic curve over a num-
ber field K with j(E) ¢ {0,1728}, and let £ be a prime number. Assume that

\/(_71) ¢ ¢ K, and suppose E/K admits an (-isogeny locally at a set of primes

with density one. Then E admits an £-isogeny over a quadratic extension of K.

Moreover, if £ =1 mod 4 or £ <7, then E& admits an £-isogeny defined over K.
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Chapter 1. Introduction

Let us recall briefly how this theorem is proved. The main tool used is the theory
of Galois representations attached to elliptic curves, see [Ser72|, to reduce the
problem to a question regarding subgroups of GLa(Fy).

There is a natural action of GLy(F;) on P1(IFy), and the induced action of PGLa(IFy)
is faithful. For an element g of GLy(Fy) or of PGLy(Fy), we will denote, respec-
tively, by P1(F;)/g the set of g-orbits of P!(F,) and by P!(IF;)9 the set of elements
fixed by g.

Lemma 1.1.3 ([Sutl2, Lemma 1]). Let G be a subgroup of GLa(F;) whose image
H in PGLy(F;) is not contained in SLo(Fy)/ {£1}. Suppose [P1(Fy)9| > 0 for all
g € G but [P1(F,)% = 0.

Then ¢ = 3 mod 4 and the following holds:

(1) H is dihedral of order 2n, where n > 1 is an odd divisor of ({—1)/2;

(2) G is properly contained in the normalizer of a split Cartan subgroup;

(3) PY(Fy)/G, the set of G-orbits of P*(F;), contains an orbit of size 2.

This result is an application of the orbit-counting lemma combined with Dickson’s
classification of subgroups of PGL2(Fy), see |Dich8| or [Lan76|, and it is one of the
key steps in the proof of Theorem 1.1.2. Let us notice that if the hypotheses of
Lemma 1.1.3 are satisfied, then it follows that ¢ # 3 because n > 1 in (1).

Remark 1.1.4. Given an elliptic curve E over a number field K, the compatibility
between pg ¢, the Galois representation associated to the ¢-torsion group E[/], and
the Weil pairing on E[¢] implies that for every o € Gal(Q /K) we have

U(CZ) _ ?et(ﬂE,IZ(U)) 7

where (g is an {-root of unity. Hence, (y is in K if and only if G = pg ¢(Gal(Q /K))

is contained in SLg(Fy). Moreover, using the Gauss sum: Zfl_:lo (?2 =/ (F)¢
and denoting by H the image of G in PGLg(Fy), it follows that H is contained in

SLo(F,)/ {1} if and only if /(=) ¢ is in K.

Sketch of the proof of Theorem 1.1.2. For every g € G = pp(Gal(Q/K)), it
follows from Chebotarev density theorem that there exists a prime p C Ok such
that g = pp¢(Froby) and E admits an /(-isogeny locally at p. The Frobenius
endomorphism fixes a line in E [¢], hence [P!(F;)9| > 0 for all g € G.



1.1 Sutherland’s results

If |PY(F;)¥| > 0, then Gal(Q /K) fixes a linear subspace of E [¢] which is the kernel
of an f-isogeny defined over K.

Hence, let us assume |P1 (Fg)G| =0.

No subgroup of GLa(F3) satisfies |P*(F2)%| = 0 and |P}(F2)?| > 0 for all g € G,
so ¢ is odd.

The hypotheses on K, combined with the Weil pairing on the ¢-torsion, implies
that some element of G has a non-square determinant, hence the image of G in
PGL2(F,) does not lie in SLy(F,)/{£1}. The hypotheses of Lemma 1.1.3 are
satisfied, thus £ = 3 mod 4, the prime / is different from 3, and P!(F,)/G contains
an orbit of size 2. Let z € P1(FF;) be an element of this orbit, its stabilizer is a
subgroup of index 2. By Galois theory, it corresponds to a quadratic extension of
K over which E admits an isogeny of degree ¢ (actually, two such isogenies). [



Chapter 2

Exceptional pairs

2.1 Galois representations

The study of the local-global principle about ¢-isogenies over an arbitrary number
field K depends on 4/ (%) ¢ belonging to K or not, see Remark 1.1.4.

First, let us assume that 4/ (_71) ¢ does not belong to K.

Theorem 1.1.2 implies that an exceptional pair for K, a number field not containing

v/ (_71) £, is no longer exceptional for a quadratic extension of K: in this section

we will describe this extension.

Proposition 2.1.1. Let (¢,j(FE)) be an exceptional pair for the number field K
with j(E) ¢ {0,1728}, and assume that \/ (1) ( ¢ K. Let G be pp(Gal(Q/K))
and let H be its image in PGLo(Fy). Let € C G be the preimage of the mazimal

cyclic subgroup of H. Then
det () C (F7)°,

where (F})? denotes the group of squares in F}.

Proof. Let (¢,j(F)) be an exceptional pair for the number field K, and assume
that ,/(*71)5 ¢ K. By Remark 1.1.4, this implies that H is not contained in

SLa(Fy)/ {#1} hence, applying Lemma 1.1.3, we have that £ = 3 mod 4, and, up
to conjugation, H is dihedral of order 2n, where n > 1 is an odd divisor of (/—1)/2
and G is properly contained in the normalizer of a split Cartan subgroup.

In particular, we have that (n,/41) =1 and (n,#) = 1, because n is odd and it is
a divisor of /—1.

Let A € G C GLy(F/) be a preimage of some generator of the maximal cyclic
subgroup inside H. Let us underline that the maximal cyclic subgroup inside H is

9



2.1 Galois representations

determined uniquely, up to conjugation, since Cartan subgroups are all conjugated
and H has order different from 4.

Let us show that A is conjugate in GLy(Fy) to a matrix of the type (8‘ g), with
a, B € F; and o/f of order n in F.

Extending the scalars to Fy2 if necessary, we can put A in its Jordan normal form.
Then either A & (8 g) with a, 3 € Fp2, or A= (& 1). Since we have A" = X\ -1d,
for X € F}, and (n, /) =1 then the second case cannot occur.

We claim that «, 3 € Fj. In fact, let us proceed by contradiction: if o, 8 € Fp2\IFy
then 8 = @, the conjugate of o over F,. This means that P'(F,)4 is empty
because A has no eigenvalues in [, and this is not possible because F admits an
(-isogeny locally everywhere and by Chebotarev density theorem A = pg ¢(Froby )
with p C Ok prime. Hence a, 8 € IF}.

Let us write = p* and 3 = i/ for some generator y of ;. Then p'"=a"="=p/",
so ™77 =1 and n(j—i) = 0 mod /—1. As n is odd, (j—i) has to be even, hence
also (i4j) is even. Therefore det(A)=aB=p"" is a square in Fj. Moreover, since
A is a preimage of some generator of the maximal cyclic subgroup inside H, then
a/f must have order n. O

Remark 2.1.2. Let (¢,j(E)) be an exceptional pair for the number field K. Let

us suppose that j(E) ¢ {0,1728} and /()¢ does not belong to K. Since
the projective image of the Galois representation associated to F is dihedral of

order 2n, with n odd divisor of (¢—1)/2, the order of G, image of the Galois
representation, satisfies:

(=1

61 1 (=02 | (-G e2) = -1y

Proposition 2.1.3. Let (¢,j(E)) be an exceptional pair for the number field K
with j(E) ¢ {0,1728}, and assume that /(=}) ¢ does not belong to K. Then E
admits an (-isogeny over K(v/—{) (and actually, two such isogenies).

Proof. Theorem 1.1.2 implies that £ = 3 mod 4 and ¢ > 7 since (¢,j(F)) is an
exceptional pair. Since v/—¢ ¢ K, then also (y, the ¢-th root of unity, is not in K
by ramification theory.

10



Chapter 2. Exceptional pairs

Moreover, since /=3 mod 4, the quadratic
sub field of Q(¢) is Q (v/—F). In partic- K(¢)
ular: Gal(K (¢)/K(vV—F)) C (F;)?, the / AN
subgroup of squares inside ;. If £ does K(V=0) Q
not divide the discriminant of K then the N
Q

(o)

N

previous inclusion is an equality, since the
ramifications are disjoint. Let, as before,
pre: Gal(Q/K) — GLy(Fy) be the Ga- \ /
lois representation associated to F and

let G be its image.

/
(v=0)

It follows, using notation of Proposition 2.1.1, that E admits one isogeny (actually
two) on the quadratic extension L/K corresponding to the Cartan subgroup %
which is the subgroup of diagonal matrices inside G. By Proposition 2.1.1, the
elements of 4" have square determinants.

On the other hand, from the properties of the Weil pairing on the ¢-torsion, for all
o € Gal(Q/K) we have that det(pg¢(0)) = xe(0), where x, is the mod ¢ cyclo-
tomic character. Hence, € is the kernel of the character ¢: G — F5/(F)® = {+1}
which makes the following diagram commute:

Gal[@/K) —2t s 4 Fi/ (F5)? = {&1}

det N _—

Gal(K (¢o) /K ) F = Aut(ue)

The character of Gal(Q /K) induced by ¢ is not trivial because there is an element
in G with non square determinant since y/—/ is not in K. By Galois theory, the
kernel of ¢ corresponds to a quadratic extension of K, which contains v/—¢ by
construction. This implies that the extension over which E admits a global ¢-
isogeny is K (v/—7). O

Combining Proposition 2.1.3 and Theorem 1.1.2, we have proved the following
result, which is Proposition 1.0.2 of the introduction:

Proposition 2.1.4. Let E be an elliptic curve defined over a number field K with
J(E) ¢ {0,1728}. Let £ be a prime number and let \/(=}) ¢ ¢ K. Suppose that

E/K admits an (-isogeny locally at a set of primes with density one, then E admits
an C-isogeny over K(v/—F{). Moreover, if { = 2,3 or { =1 mod 4 then E admits a
global L-isogeny over K.

11



2.1 Galois representations

Now let us assume that (_71) ¢ belongs to K.

Asin the previous case, in order to analyse the local-global principle, we study sub-
groups of SLa(Fy)/ {£1} which do not fix any point of P!(IF;) but whose elements
do fix points.

The following lemma is a variation on the result, due to Sutherland, that we
already stated as Lemma 1.1.3, see [Sut12, Lemma 1 and Proposition 2|. This
lemma will be the key in understanding the case in which 4/ (_71) ¢ belongs to K.

We will denote by &,, (respectively 2,,) the symmetric (respectively alternating)
group on n-elements.

Lemma 2.1.5. Let G be a subgroup of GLa(F;) whose image H in PGLa(Fy) s
contained in SLa(Fy)/ {£1}. Suppose [P (Fy)9| > 0 for allg € G but |P*(F,)¢| = 0.
Then £ =1 mod 4 and one of the followings holds:

(1) H is dihedral of order 2n, where n € Z <1 1is a divisor of {—1;

(2) H is isomorphic to one of the following exceptional groups: Ay, Sy4 or As.

Proof. No subgroup of GLa(F2) satisfies the hypotheses of the lemma, so we as-
sume ¢ > 2. The orbit-counting lemma yields:

PY(F,)/H]| = |;I| S P FD > (4 H]) > 1

heH ‘H’
since [P1(Fy)"| > 0 for all h € H and |P*(F,)"| = (£+1) when h is the identity.

If ¢ divides |H| then H contains an element h of order ¢ and P!(IF;)/h consists
of two orbits, of sizes 1 and ¢, therefore a fortiori (1 <)|P'(F,)/H| < 2. But this
contradicts the assumption |[P!(Fy)¥| = 0. Hence ¢ does not divide |H]|.

By Dickson’s classification of subgroups of PGLa(Fy) it follows that H can be
either cyclic, or dihedral or isomorphic to one the following groups: &y, 2y, 2As.
We can exclude that H is cyclic. Let us indeed assume otherwise, and write
H = (h). This implies that P'(F,)" = P'(F,) and since |P*(F,)"| > 0 by hy-
pothesis, we have a contradiction with [P!(Fy)¥| = 0. Hence H is either dihedral,
or isomorphic to Gy, or to Ry, or to As.

By [Sut12, Proposition 2|, since H is contained in SLy(F,)/{£1}, the size of the
set of h-orbits of P!(F) is even for each h € H. Moreover, as |P'(F,)"| > 1, all h
are diagonalizable on Fy.

12



Chapter 2. Exceptional pairs

Then, applying the orbit-counting lemma, we have

1 _ 1 1|
[P (F¢)/h| = ord() h%:m [P (Fg)" | =
- = ;(h) (ord(h)—1)24+04+1) = 2 + Of;(z) (%)

where (h) denotes the cyclic subgroup of H generated by h. In particular, for
elements of order 2 this implies that £ = 1 mod 4.

Let us suppose that H is a dihedral group of order 2n. Then there exists h € H
of order n, so equation (%) implies that n divides /—1. O

Note that, in the course of the above proof, we have shown the following:

Corollary 2.1.6. Let G be a subgroup of GLa(F,) whose image H in PGLo(IFy) is
contained in SLo(Fy)/ {£1}. Suppose [P (Fy)9| > 0 for allg € G but [P*(F,)¢| = 0.
If H is dihedral of order 2n, where n € Z <1 is a divisor of {—1, then G is properly
contained in the normalizer of a split Cartan subgroup and P*(F,)/G contains an
orbit of size 2.

Let us now focus on case (2) of Lemma 2.1.5:

Corollary 2.1.7. Let G be a subgroup of GLa(Fy) whose image H in PGLo(Fy) is
contained in SLa(Fy)/ {£1}. Suppose [P (Fy)9| > 0 for allg € G but |P*(F,)%| = 0.
Then the following holds:
— if H 1s 1somorphic to 2y then £ =1 mod 12;

if H is isomorphic to &4 then £ = 1 mod 24;
— of H is isomorphic to U5 then £ = 1 mod 60.

Proof. This is an application of the orbit-counting lemma. In 2{4 there are elements
of order 2 and 3, and we have ¢ > 3 since GLa(F2) ~ S3. The equation (x) for
elements of order 3 implies that /—1 is divisible by 3, so, since £ = 1 mod 4, then
¢ =1mod 12.

Applying [Sut12, Proposition 2|, we see that the parity of the values of equation
(%) determines the sign as permutation of any element of PGLa(F,). Since H is
contained in SLa(Fy)/ {£1}, the value of equation (*) has to be even for every h
in H.

13



2.1 Galois representations

If H is isomorphic to &4, then it contains elements of order 4 and this implies that
{—1 is divisible by 8. Repeating the argument for elements of order 3 we conclude
that £ = 1 mod 24.

Analogously, if H is isomorphic to 2s then ¢ > 5 since not all matrices in
SLy(F5)/ {£1} ~ s leave a line stable. There are elements of order 3 and 5, then
£—1 is divisible by 3 and 5. So, since £ = 1 mod 4, we have £ = 1 mod 60. O

Proposition 2.1.8. Let E be an elliptic curve over a number field K of degree
d over Q with j(E) ¢ {0,1728}, and let ¢ be a prime number. Let us suppose

\/ (_71) ¢ € K and that E/K admits an {-isogeny locally at a set of primes with
density one. Then:

(1) if £=3 mod 4 the elliptic curve E admits a global {-isogeny over K ;

(2) if /=1 mod 4 the elliptic curve E admits an (-isogeny over a finite extension
of K, which can ramify only at primes dividing the conductor of E and L.
Moreover, if {=—1 mod 3 or if £ > 60d+1, then E admits an ¢-isogeny over a
quadratic extension of K.

Proof. Since \/(%W is contained in K, the projective image H of the Galois

representation pg ¢ is contained in SLo(IFy)/ {£1}, as discussed in Remark 1.1.4, so
we can apply Lemma 2.1.5. This means that if the pair (¢, j(E)) is an exceptional
pair then /=1 mod 4 and H has to be either a dihedral group of order 2n, with n
dividing /—1, or an exceptional subgroup.

If the elliptic curve E admits an f-isogeny over a number field L/K then there
exists a one dimensional Gal(Q /L)-stable subspace of E[f]. This subspace cor-
responds to a subgroup of the image of the Galois representation. In particular,
the extension L of K over which the isogeny is defined can only ramify at primes
where the representation is ramified, that is, only at primes of K dividing the
conductor of E or /.

If £ > 60d+1 then H cannot be isomorphic to 2y, or to &4 or s, for a proof of
this fact see [Maz77a, p.36]. Analogously, by Corollary 2.1.7, exceptional images
cannot occur if £ = —1 mod 3. Hence, by Corollary 2.1.6, in these cases the image
of the Galois representation associated to E is conjugated to the normalizer of
a Cartan subgroup which contains the Cartan subgroup itself with index 2. By
Galois theory, then E admits a global isogeny over a quadratic extension of K. [

14



Chapter 2. Exceptional pairs

Let us now describe all the possibilities that can occur at 2, 3 and 5:

Proposition 2.1.9. Let K be a number field. There exists no exceptional pair for
K with £ = 2,3. If \/5 belongs to K then there exist exceptional pairs (5,j(E))
for K and, moreover, Ppg 5(Gal(Q /K)) is a dihedral group of order dividing 8. If
V5 does not belong to K then there exists no exceptional pairs for K with { = 5.

Proof. Asremarked in the proof of Theorem 1.1.2, for /=2 there exists no exception
to the local-global principle. Take ¢=3. If v/—3 is not in K then there exists no
exceptional pair since, by Lemma 1.1.3, the projective image is a dihedral group
of order 2n with n € Z 1 odd (dividing 3 — 1). Similarly if v/—3 belongs to K
there exists no exceptional pair since, by Lemma 2.1.5, /=1 mod 4. For /=5 we
have that if /5 is not in K then there exists no exceptional pair by Lemma 1.1.3.
Moreover, if /5 is in K then by Lemma 2.1.5 combined with Corollary 2.1.7, the
projective image can only be a dihedral group of order dividing 8. O

2.2 Complex multiplication

Sutherland in [Sut12] proved that an exceptional pair (¢, j(E)) over Q cannot have
complex multiplication: for £ > 7 we refer to the proof of [Sut12, Theorem 2| and
for £ = 7 we refer to the direct computations in [Sut12, Section 3|.

Here we study the same problem for K a number field.

Lemma 2.2.1. Let K be a number field and E/K an elliptic curve over K with
J(E) ¢ {0,1728}. Let (¢,5(E)) be an exceptional pair for K. If £ > 2d+1 then E
cannot have complex multiplication.

Proof. Assume that E has complex multiplication by a quadratic order O. This
means that the Galois representation pp ¢ has image included in a Borel, when ¢
ramifies in O, or projectively dihedral (split or nonsplit, according to ¢ being split
or nonsplit in O), see [Ser66, Théoreme 5].

The Borel case is clearly not possible.

By Proposition 2.1.4, there is an f-isogenous elliptic curve E’ that is defined over
a quadratic extension L of K, but not over K, since we are in an exceptional case.
Since E’ is isogenous to E over L, it also must have complex multiplication by
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an order O'. Since F and E’ are (-isogenous, by [Cox89, Theorem 7.24], the ratio
between the class numbers h(O’) and h(O) satisfies

)

since j(E) ¢ {0,1728}. In particular if h(O’) = h(O) we have a contradiction.
Hence assume h(O') > h(O).

Since E’ is defined over L and E is defined over K then we know that Q (jg) C K
and Q (jg/) C L. Then the ratio of the class numbers A(Q') and h(O) satisfies:

h(O)
<|L: = 2d.
Therefore, if £ > 2d + 1, we have a contradiction between the lower and the upper
bound, so F cannot have complex multiplication. O
2.3 Bounds

In this section we prove statement (1) of the Main Theorem. First of all, we
recall some statements concerning the image of the inertia subgroup at a prime
¢ through the Galois representation associated to ¢-torsion of an elliptic curve F
over a number field K, i.e. pps: Gal(Q/K) — GLo(Fy).

This description leads to prove the bound which is contained in statement (1) of
the Main Theorem.

Image of the inertia

Let M be a complete field with respect to a discrete valuation v, which is normal-
ized, i.e. v(M*) =Z. Let Op be its ring of integers, A the maximal ideal of O
and k = Ojps/\ the residue field. We suppose M of characteristic 0, the residue
field k finite of characteristic £>0 and e = v(¢)<oo.

Let E be an elliptic curve having semi-stable reduction over M and let £ be its
Néron model over Oys. Since M is of characteristic 0, we know that E[¢](M) is
an [Fy-vector space of dimension 2.

16



Chapter 2. Exceptional pairs

Let £ be the reduction of £ modulo A, then £ is a group scheme defined over k
whose /-torsion is an [Fy-vector space with dimension strictly lower than 2. Hence,
the kernel of the reduction map, can be either isomorphic to F, (ordinary case) or
to the whole E[{] (supersingular case).

Serre, in [Ser72, Proposition 11, Proposition 12 and p.272|, described all possible
shapes of the image of I, the inertia subgroup at ¢, for the supersingular case and
for the ordinary case:

Proposition 2.3.1 (Serre, supersingular case). Let E be an elliptic curve over
M, complete normalized field with respect to the valuation v, and let e = v(£)>1.
Suppose that E has good supersingular reduction at £. Then the image of I, through
the Galois representation pg o : Gal(M /M) — GLo(Fy) associated to E is cyclic
of order either ((2—1)/e or £({—1)/e.

The two cases depend on the action of the tame inertia.

If the tame inertia acts via powers of the fundamental character of level 2, and
not 1, it follows that the Newton polygon, with respect to the elliptic curve, is
not broken, and that the tame inertia is given by the e-power of the fundamental
character of level 2. Hence it has a cyclic image of order (2—1)/e.

If the elliptic curve considered is supersingular, but the tame inertia acts via
powers of the fundamental character of level 1, it follows that the Newton polygon
is broken, and there are points in the ¢-torsion of the corresponding formal group
which have valuation with denominator divisible by ¢ (this follows from [Ser72,
p.272]). So the image of inertia has order ¢({—1)/e.

In the ordinary case, the following proposition holds:

Proposition 2.3.2 (Serre, ordinary case). Let E be an elliptic curve over M,
complete normalized field with respect to the valuation v, and let e = v(£)>1.
Suppose that E has semistable ordinary reduction at €. Then the image of Iy
through the Galois representation ppy : Gal(M /M) — GLa(F,) associated to E
is cyclic of order either ({—1)/e or £({—1)/e, and it can be represented, after the
choice of an appropriate basis, respectively as

]

with x € Fy and x € Fy.
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2.3 Bounds

Computation of the bound

Let E) be an elliptic curve defined over a complete field M with maximal ideal ),
residual characteristic ¢, and let

1 if j(F) #0,1728 mod A,
2 ifj(E)El728mod)\€>5
d=1{ 3 if j(F)=0mod\,{>5, (%)
6 if j(E)=0mod A\, ¢ =3,
12 if j(E)=0mod A, ¢ = 2.

Then E\, or a quadratic twist, has semistable reduction over a finite extension of
M with degree d’, see for instance [BK75, pp.33-52| or [Kra90, Proposition 1 and
Théoréme 1.

We can now give the main result of Part I of this thesis:

Theorem 2.3.3. Let (¢,j(E)) be an exceptional pair for the number field K of
degree d over Q, such that \/(=2) ¢ & K and j(E) ¢ {0,1728}. Then

{=3mod4 and 7 </ < 6d+1.

Proof. Since the pair (¢, j(E)) is exceptional, E admits an (-isogeny locally at a
set of primes with density one, £ = 3 mod 4 and by Proposition 2.1.4 it admits an
¢-isogeny over L = K (v/—/).

Let K be the completion of K at A, a prime above £, and let M be the smallest
extension of K over which F\, := E ® K) gets semi-stable reduction. After
replacing E by a quadratic twist if necessary, we can assume that the extension
M/ K has degree less or equal to 3, according to (%), since £ > 7. Let E be the
reduction of Ey := E® M modulo X, for \’ the prime above \.

We now look at the image of the inertia subgroup in the image of the Galois
representation associated to the /-torsion of E. Assume that the reduction F
is supersingular. The inertia has image isomorphic to a cyclic group of order
(2—1)/m or £({—1)/m, where m is less or equal to 3d, according to the degree of
the extension needed to have semi-stable reduction.

The Galois representation has image of order dividing (/—1)? by Remark 2.1.2.
The second case leads directly to a contradiction. In the first case, the image

18



Chapter 2. Exceptional pairs

of the inertia is isomorphic to a non-split torus in GLa(F;). On the other hand,
it is a subgroup of the image of the Galois representation, which is contained
in the normalizer of a split Cartan, as stated in Lemma 1.1.3. Hence, this is
impossible unless (/2—1)/m divides (/—1)2. This means that ((+1)/m divides
(¢—1), so ({+1)/m divides 2, hence, we have that ¢ < 2m—1. The pair (¢, j(E))
is exceptional, so £ = 3 mod 4 and ¢ > 7, hence we have the following bound:
f=3mod4and 7</<2m—1<6d-1.

We have proved that if ¢ > 2m — 1, the reduction E is not supersingular, so it is
ordinary since FE) is semistable over M. By Proposition 2.1.3, the elliptic curve
E admits two f-isogenies over L = K(y/—f), which are conjugate over L. By
Lemma 1.1.3, the image G of Gal(Q /K) acting on E[¢](K) is a subgroup of the
normalizer N of a split Cartan subgroup C. From Proposition 2.1.3, we know that
N/C ~ Gal(L/K) is non trivial, so the image of an inertia subgroup I at the place
A of K is a subgroup of G whose image in N/C' is non trivial. On the other hand,
Proposition 2.3.2 shows that, if (¢ —1)/m > 2, then I contains a cyclic subgroup
of order larger or equal to 3 (for another argument see [Maz77b, p.118|). It follows
that I, contains a non-trivial Cartan subgroup (of shape {(8 2) la,b € F} for
a certain non trivial subgroup I' of Fy), even after restriction of the scalars to
Gal(M /M). This is a contradiction with Proposition 2.3.2, as the latter says that
the restriction of I to Gal(M /M) is a semi-Cartan subgroup (or a Borel). Hence,
(£ —1)/m <2 so we have { =3 mod 4 and 7 < ¢ < 2m+1 < 6d+1. O

Remark 2.3.4. 1t is clear that Theorem 2.3.3 implies the result of Sutherland for
the case K = Q.

The previous theorem leads to prove point (1) of the Main Theorem:

Corollary 2.3.5. Let (¢,5(E)) be an exceptional pair for the number field K of
degree d over Q and discriminant A, assume j(E) different from {0,1728}. Then

¢ <max{A,6d+1}.

Proof. 1f (¢, j(E)) is an exceptional pair for the number field K then we distinguish
two cases according to the projective image being contained or not in SLo(Fy)/+1.

This corresponds to a condition about 4/ (_71) ¢ belonging to K or not. If 4/ (_71) l
does not belong to K we apply Theorem 2.3.3 and conclude that 7 < ¢ < 6d+1.

If \/(7}) ¢is in K, then ¢ divides A. O
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Chapter 3

Finiteness of exceptional pairs

Given a number field K of degree d over Q and discriminant A, the local-global
principles for ¢-isogenies holds whenever £ = 2,3 or £ > max {A,6d+1} by Corol-
lary 2.3.5 and Proposition 2.1.9. In this chapter we analyse what happens for
primes smaller than the bound obtained. In particular we will prove that the
local-global principle about f-isogenies for elliptic curves over number fields ad-
mits only a finite number of exceptions if ¢ > 7. We will also study the behaviour
of the local-global principle at 5 and 7.

Let K be a number field and let C'/K be a projective smooth curve defined over K
and genus g. Our arguments will rely on the classical trichotomy between curves
of genus 0, 1 and higher. When the genus is 0, the curve is isomorphic to IP’%
over an algebraic closure of K and therefore C'(K), the set of K-rational points,
is either empty or infinite. If the genus of C'is 1 and C'(K) contains at least one
point over K then C'/K is an elliptic curve over K and the Mordell-Weil Theorem
shows that C'(K) is a finitely generated abelian group: C(K) = T & Z", where
T is the torsion subgroup and r is a non-negative integer called the rank of the
elliptic curve. If g > 2, Faltings Theorem states that the set of K-rational points
is finite.

Let us recall some theory of modular curves, since it will be useful in what follows.

Let ¢ > 5 be a prime number and let Z[(;] be the subring of C generated by a
root of unity of order ¢. The modular curve X (¢) is the compactified fine moduli
space which classify pairs (E,«), where E is a generalized elliptic curve over a
scheme S over Spec(Z[1/¢,¢]) and « : (Z /¢Z)% = E[{] is an isomorphism of
group schemes over S which is a full level /-structure, up to isomorphism of pairs
i.e. isomorphisms of elliptic curves which preserve the level structure. A full level
(-structure on a generalized elliptic curve E over S is a pair of points (P, P»),
satisfying Py, Py € E[l] and e;(P1, P,) = (; where ey is the Weil pairing on E[(].
Let us recall that a full level ¢-structure corresponds to give a symplectic pairing
on (Z J¢Z)? via ((1,0), (0,1)) = ¢,. For more details, see [KM85] or [Gro90)].
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Let G be a subgroup of GLy(Z /¢Z ). We will denote as Xi(¢) := G\X () the
quotient of the modular curve X (¢) by the action of G on the full level ¢-structure.
The modular curve Xg(¢) has a geometrically irreducible model over Q (¢,)4eH&),
see [Maz77b, pp.115 — 116] or [DR73, TV, 3.20.4].

In particular, if G is the Borel subgroup then X (¢) is the modular curve Xg(¢)
over Q. This modular curve parametrizes elliptic curves with a cyclic ¢-isogeny,
that is, pairs (E,C), where E is a generalized elliptic curve and C' is the kernel of
a cyclic £-isogeny, up to isomorphism.

If G is a split Cartan subgroup (respectively, the normalizer of a split Cartan
subgroup) we will denote the modular curve Xg(¢) := Xgp.car(€) (respectively,
Xoplit(£)). The curve Xgp, car(£) (respectively, Xqpiit(¢€)) parametrizes elliptic curves
endowed with an ordered (respectively, unordered) pair of independent cyclic ¢-
isogenies.

Following [Maz77b|, we will denote as Xy, (¢) (respectively Xg,(¢) and Xy, (¢))
the modular curves obtained taking as G C GLy(Z /¢Z) the inverse image of
Ay C PGLo(Z /UZ) (respectively &4 and A5 C PGLo(Z /¢Z)). Let us remark
that exceptional projective images 204, &4 and 25 can occur only for particular
values of ¢, see [Ser72, Sections 2.5 and 2.6]. The modular curves Xy, (¢) and
X, (¢) have geometrically irreducible models over the quadratic subfield of Q (¢;).
The same holds for X, (¢) if £ # +3 mod 8, otherwise the model is over Q.

Remark 3.0.6. Let E//K be an elliptic curve which is occurring in an exceptional
pair (¢, j(E)) for the number field K. Let us suppose that the projective image of
pE,e is dihedral. Hence, (E, pg ) corresponds to a K-rational point in Xy (¢) by

Lemma 1.1.3 and Corollary 2.1.6. Moreover, E[¢](K) contains two conjugate lines
Ly and Lg over L/K, where L/ K is quadratic (Propositions 2.1.4 and 2.1.8). These
lines correspond to the isogenies o« : E — E/Lj and § : E — E/Lg defined over L.
Hence, they give a pair of L-rational points (taking respectively a3" and fa" as
isogeny structure) on Xo(¢?) which are conjugate by the Fricke involution wy2, for
a definition see [Par05, Section 2]. Let us recall that there exists a isomorphism
defined over Q between Xo(¢2) and Xgp car(f).

Remark 3.0.7. If (¢,5(E)) is an exceptional pair for the number field K and
\/(771)6 ¢ K then the prime ¢ is congruent to 3 mod 4 and hence to 7 or

11 mod 12, while if \/(_71) ¢ € K then the prime £ is congruent to 1 mod 4 and
hence to 1 or 5 mod 12.
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Chapter 3. Finiteness of exceptional pairs

3.1 The case 11 </ < /g

Theorem 3.1.1. If ¢ > 7, then the number of exceptional pairs (¢,j(E)), for a
gien number field K, 1s finite.

Proof. Given an exceptional pair (¢, j(F)) for the number field K it corresponds
to a K-rational point on one of the following modular curves: Xg5i¢ (), Xy, (€),
Xe, () or Xy, (¢), by Lemma 1.1.3 and Lemma 2.1.5. Let us analyse each possible
case.

Let us recall that the genus of Xqpic(€) is given by the following formula, for a
reference [Maz77b, p.117]:

9(Xepiie(0)) = i <£2 — 80411 —4 (j’)) .

Hence, if £ = 1 or 7 mod 12, then g(Xgut(£)) = 5 (€% — 8¢ + 7). Otherwise, if
¢ =5 or 11 mod 12, then g(Xgpit(£)) = 57(¢2 — 8¢ + 15). Therefore, the modular
curve Xgpiit(¢) has genus larger than 2 for £ > 11, and it has only finitely many

K-rational points by Faltings Theorem.

Let us now study the modular curves Xy, (¢), Xe,(¢) and Xg( (¢). The genus of
these modular curves is given by the following formulae, see [CHO05, Section 2|:

1
9(Xa, (0) = @(63 — 602 — 510 + 294 + 18¢3 + 32¢3)
1
9(Xe,(0) = %(63 — 60% — 87¢ + 582 + Hdeg + 32¢3)
1
9(Xo;(0)) = @(63 — 602 — 1714 + 1446 + 90e2 + 80e3)

where €2 is equal to 1 if £ =1 mod 4 and to —1 if £ = 3 mod 4, and €3 is equal to 1
if =1mod 3 and to —1if £ = —1 mod 3. We stress again that these exceptional
cases occur only for certain values of ¢, see [Ser72, Sections 2.5 and 2.6|, and the
formulae given will not be integral for general values of ¢, as already noticed in
[CHO5, p.3072|. By Corollary 2.1.7 if an exceptional pair has projective image
isomorphic to A4 then ¢ = 1 mod 12 and we have that the genus of Xy, (¢) is
greater than 2 for all ¢ > 13. Similarly for projective image isomorphic to &4
or to 2 the genus of the respective modular curves is greater than 2 for primes
satisfying the appropriate congruence. ]
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3.2 Thecase /=5

Now we study the local-global principle for 5-isogenies. In order to do so, we
recall the structure of X (5) at the cusps. The modular interpretation of X (5)(Q)
associates with each cusp a Néron polygon P with 5 sides. The Néron polygon is
endowed with the structure of generalized elliptic curve and enhanced with a basis
of P[5] & us X Z /57 , where us is the set of 5-th root of unity, up to automorphisms
of P:

({£1} x pz) x P[5] — 73[52 |
(G-~ (F)

where € € {1} and «,w € p,. The set of cusps of X (5)(Q) is a Galois set with
an action of GLo(Z /5Z). The modular interpretation of X (5) associates to each
cusp an orbit of the enhanced Néron polygon under the action of the group G.

The local-global principle for 5-isogenies is related with Vj, the Klein 4-group.
Let us recall that there is a unique non-trivial 2-dimensional irreducible projective
representation 7 of V3 in PGLy(F5) and, up to conjugation, this representation is

10 0 -1 1 0 01
0 1)°’\1 0)’\0 —1)"\1 O '
For a prime ¢ > 5, we will denote as Xy, (¢) the modular curves X¢(¢) obtained

taking as G C GLy(Z /{Z) the inverse image of Vy C PGLy(Z /(7).

Proposition 3.2.1. Over Spec(Q (v/5)), the modular curve Xv,(5) is isomorphic
to PL.

given by:

Proof. The genus of X (5) over Q((5) is 0. The field of constants of Xy, (5) is
Q (¢5)%44) where G is the inverse image of Vj in GLy(F3).

Since V4 C SLa(F5)/{#1} and Ff C G, then det(G) = (F%)2. This means that
Xy, (5) is geometrically irreducible over Q(+/5) and its genus is 0.

The set of cusps of X (5)(Q) is in 1—1 correspondence with the quotient of the
group of isomorphisms as F5-vector spaces between F% and pus x F5 by the action
of {£1} x ps.
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Chapter 3. Finiteness of exceptional pairs

To show that over Spec(Q (v/5)) the modular curve Xy, (5) is isomorphic to P! it
is enough to show that the set of Q (v/5)-rational points of Xy, (5) is not empty.
Let ¢¢, : F2 5 pus x Fs be the isomorphism given by ¢ ((1,0)) = (¢s,0),
¢¢5((0,1)) = (1,1). The orbit of the cusp corresponding to ¢¢, under the ac-
tion of {£1} x s is the following set:

{((C5,0), (17 1))7 (( 5_170)7 (17 _1))7 ((C570)7 (C5a 1))7 (( 5_170)7 (<5_17 _1))7
((C57 0)7 (C527 1))7 ((C5_17 0), (CS_27 _1)), (<57O)7 (<_27 1))7
((651,0). (63, =1)): (65,0, (651 1), (65710, (G5, = 1)}

On the set of cusps we have a Galois action by Gal(Q(¢5)/Q). In particular,
acting with —1 € Gal(Q(¢5)/Q) on the cusp ((¢5,0),(1,1)) we obtain the cusp
((¢51,0),(1,1)) which does not define the same cusps on X (5)(Q). However, the
action of —1 on the class of the cusp ((5,0), (1,1)) preserve the orbit of the cusp
under G: in fact G, inverse image of Vj in GLg(F5), is the group given by

{6 2) @ T)pem)

and under the action of (3'Y) € G we have that the cusp ((¢51,0),(1,1)) of
X (5)(Q) is mapped to ((¢5,0), (1,1)).
It follows that the cusp ((¢5,0), (1,1)) in Xy, (5)(Q) is stable under the action of

Gal(Q(¢5)/Q (v/5)). This implies that Xy, (5)(Q (v/5)) is non-empty. O

Corollary 3.2.2. There exist infinitely many exceptional pairs (5,j(E)) for the
number field K if and only if /5 belongs to K.

o~ o~

Proof. By Proposition 2.1.9, there is an exceptional pair (5, j(E)) for the number
field K only if v/5 belongs to K.

If (5,j(F)) is an exceptional pair for the number field K then the projective
image of the Galois representation associated to the elliptic curve E over K is a
dihedral group of order dividing 8 (Lemma 2.1.5 combined with Corollary 2.1.7).
In particular, the image projective image of the Galois representation can be the
Klein 4-group V4. By Proposition 3.2.1, over Spec(Q (v/5)) the modular curve
Xy, (5) is isomorphic to P!, then Xy, (5)(K) is non-empty if and only if v/5 belongs
to K. In particular, if v/5 belongs to K then there exist infinitely many exceptional
pairs (5, j(E)) since Xy, (5) is isomorphic to P! over Spec(K). O
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3.3 Thecase /=7

The local-global principle for 7-isogenies leads us to a dichotomy between a finite
and an infinite number of counterexamples according to the rank of a specific
elliptic curve that we call the Elkies-Sutherland curve:

Proposition 3.3.1. If { =7 then the number of exceptional pairs (7,j(E)) for a
number field K, is finite or infinite, depending on the rank of the elliptic curve

E':y? =23 — 1715z + 33614

being 0 or positive respectively.

Proof. If /=7 € K then by Lemma 2.1.5 there is no exceptional pair. Let us
suppose that /=7 is not in K. As shown by Sutherland in [Sut12, Section 3] and
explained in Remark 3.0.6, the modular curve to deal with is the twist of X((49)
by Gal(K (v/—7)/K) with respect to w9, the Fricke involution on X (49).

Using the computations done by Elkies, as stated in [Sut12, Section 3|, we have
that each K (y/—T)-rational point of E’ corresponds to a class of isomorphism of
elliptic curves over K, such that every elliptic curve in the class gives an exceptional
pair at 7. Explicitly, if the K (1/—T7)-rational point of E’ has coordinates (u,v), let
t = (3u—v+42)/(u+2v), then the j-invariant of the isomorphism class of elliptic
curves which are exceptional for the local-global principle for 7-isogenies is equal
to
—(t =33t —2)(tP+t =53t +t+2)3(t* — 33+ 22 + 3t +1)3
(13— 22 —t +1)7 '

Hence, if the rank of E’ over K is positive there are infinitely many counterexam-
ples to the local-global principle about 7-isogenies, while if the rank is 0 there are
only finitely many. O

Remark 3.3.2. As shown by Sutherland in [Sut12, Section 3|, over Q (i) the curve
FE has positive rank, so there are infinitely many counterexamples on this field to
the local-global principle about 7-isogenies.

The proof of our Main Theorem is now complete.
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Examples for the case ( =7

Let E be an elliptic curve defined over a number field K. The global L-series
Lg(s,K) of E, see [Sil09, p.449], is formally defined by the Euler product:

_ —s 1—2s\—1 —s\—1
LE(S7K) - H (1 — Ay, T+ Gy ) ’ H (1 — Guqy, )
v v
good reduction bad reduction

where ¢, is the cardinality of the residue field k, of K at v and if £ has bad
reduction at v then a, = 0,1 or —1 according to the reduction type, while if £
has good reduction at v then a,, satisfies |E(k,)| = ¢» + 1 — ay.

The following conjectures are related to the L-function attached to an elliptic
curve over a number field:
Conjectures. Let E/K be an elliptic curve over a number field K.
— Hasse-Weil Conjecture. The L-function Lg(s, K) has an analytic continua-
tion to C and satisfies a functional equation

Lip(s, K) = w(B/K)L(2 — s, K),

where w(E/K) is called root number and determines the sign of the functional
equation.

- Birch-Swinnerton-Dyer Conjecture. The L-function Lg(s,K) satisfies:
ords—1 L (s, K) = r, where r is the rank of E(K).
Parity Conjecture:(—1)" = w(E/K).

Let E be the elliptic curve 3% = 2% — 1715z + 33614 over a number field K, not
containing v/—7. If we assume that the parity conjecture holds true, then if the
rank of the L-function Lg(s, K) is odd, there are infinitely many counterexamples
to the local-global principle about 7-isogenies.

For Q(v/—23), by an easy computation in SAGE, it is possible to show that
Lg(s,Q(v/—23)) has odd analytic rank, hence the curve E has positive rank, so
there are infinitely many counterexamples on this field to the local-global principle
about 7-isogenies. Note that, since this is a degree 2 extension of @, according to
Theorem 2.3.3, the only primes for which the local-global principle could fail are
7, 11 and 23. For 11 and 23 there are only finitely many counterexamples by our
Main Theorem.
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On the other hand, using SAGE, we have been able to show that the rank of the
elliptic curve y? = 23 — 1715z + 33614 is zero on the number fields Q (v/—D) for
D in the following table:

Q(V—Td) Q(v-119) Q(y~210)
Q(V=2) Q(V-I33) Q(v—217)
Q(V=35) Q(V-I54) Q(v=231)
Q(V—42) Q(V-I6I) Q(V-23¥)
Q(V9I) Q(V-I82) Q(v-259)
Q(vV=105) Q(v—203) Q(v~287)

Table 3.1: Number fields over which y? = 2® — 17152 + 33614 has rank 0.

We have obtained this list using the fact that the L-function of F over a quadratic
extension of the rational by v/d, for an integer d, is equal to the product of the
L-function of E over Q times the L-function of the d-quadratic twist of E over Q.

Remark 3.3.3. The list given in Table 3.1 can be explained using half integer weight
modular forms and Waldspurger’s formula, see |Wal81|. We will not treat this
topic in this dissertation, since it is far beyond our purposes. Let us just underline
that Waldspurger’s formula leads to link coefficients of half integer weight modular
forms to values at 1 of the global L-function of elliptic curves. The table [PT07,
Table 6.3] is particularly relevant for the Elkies-Sutherland elliptic curve.
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Chapter 4

Introduction and Preliminaries

For any pair of positive integers n and k, called respectively level and weight,
we define the following objects: M (n, k)¢, the complex vector space of modular
forms of weight k on I'i(n) and S(n, k)c, the subspace of cusp forms. Let T be
the associated Hecke algebra, i.e. the Z-subalgebra of Endc(S(n,k)c) generated
by the Hecke operators T}, for every prime p and the diamond operators (d) for
every d € (Z /nZ)*. The Hecke algebra T is finitely generated as a Z-module, for
further details see |[EC11, Theorem 2.5.11| or [DS05, p.234|. Whenever needed,
we will stress the weight and the level for the Hecke algebra changing the notation
to T(n, k). We will also write S(I'1(n), k)¢ if we want to stress the level structure,
otherwise we will use the notation S(n, k)c. Let us fix an algebraic closure Q of Q,
we will denote as G the absolute Galois group Gal(Q /Q ). We have the following
result, see [DS74, Théoréme 6.7] or [EC11, Theorem 2.5.2], due to Shimura and
Deligne:

Theorem 4.0.4. Let n and k be positive integers. Let F be a finite field, { its
characteristic, and f : T — F a morphism of rings. Then there is a continuous
semi-simple representation py : Gg — GLa(F) that is unramified outside nl such
that for all primes p not dividing n¢ we have:

Trace(py(Frob,)) = f(T;) and det(p;(Frob,)) = f({p))p"~" in F.

Such a py is unique up to isomorphism.

A ring morphism as in Theorem 4.0.4 corresponds to an eigenform with coefficients
in F, for more details see [EC11, p.58|.

The space S(n, k)¢ is decomposed by characters:

Sk)e: = P Sk ec

€(Z /nZ)*—C*

where S(n, k, €)c := {f € S(n, k)c|¥d € (Z /nZ)*, (d) f = e(d)f}.
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We associate a Hecke algebra to each S(n,k,€)c, as before. This Hecke algebra,
that we will denote as T, is the O.-subalgebra in the complex endomorphism ring
of S(n,k,e)c generated by the Hecke operators T,, for n > 1, where O, is the
sub-ring of C generated by the image of the character e. Note that the algebra
T, is free of finite rank as a Z-module. The Hecke algebra T, is a quotient of the
Hecke algebra T:

I¢——T —T,

where the ideal I is given by I := ((d) — €(d)|d € (Z /nZ)*), and the quotient
map is defined by restriction of Hecke operators, and the obvious identification for
diamond operators, for an idea of the proof see [Wie05, Proposition 3.3.5]. Then
we deduce the following corollary from Theorem 4.0.4:

Corollary 4.0.5. Let n and k be positive integers, let € : (Z /nZ)* — C* be a
character and let f : T — Fy be a morphism of rings. Then there is a continuous
semi-simple representation py : Gg — GLa(Fy) that is unramified outside nt, such
that for all primes p not dividing nt we have:

Trace(ps(Frob,)) = f(T;) and det(pf(Frob,)) = f({p))p*~ in Fy.

Such a py is unique up to isomorphism.

A ring morphism of this type corresponds to a mod ¢ eigenform with character

€:(Z /nZ)* — Ty given by a + €(a) := f({(a)) for a € (Z /nZ)*.

Let us recall that the Hecke algebra T and the Hecke algebra T, for level n and
weight & > 2 and character € : (Z /nZ)* — O can be computed in polynomial
time in n and k, using deterministic algorithms based on modular symbols; for
an explicit computation of Hecke operators see [Ste(07, Chapter 8] and for the
computation of T and T, see [Ste07, Chapter 9, Theorem 9.23 and Theorem 9.22].

Our goal is to outline of an algorithm, which receives as input: n and k positive
integers, a prime ¢ not dividing n and such that 2 < k < ¢4 1, a character
€:(Z /nZ)* — C* and a morphism of rings f : Tc(n, k) — Fy, and which gives as
output the image of the Galois representation py, given by Corollary 4.0.5, up to
conjugation, as a subgroup of GLa(F,), in a reasonable time.

Moreover, we want to have an “efficient” algorithm, i.e. an algorithm which gives
the aforementioned output computing the lowest possible number of Hecke opera-
tors and their image through the ring morphism f. In Chapter 6, we will explain
more about this efficiency problem and describe the strategy we followed.
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Remark 4.0.6. The algorithm outlined in the second part of thesis takes as in-
put: a pair of positive integers n and k, a prime ¢ not dividing n and such
that 2 < k < ¢+ 1, a character € : (Z/nZ)* — C* and a morphism of ring
f: Te(n,k) — Fy. Tt gives as output the image of the associated Galois repre-
sentation py up to conjugation. Is this enough to obtain all possible images of
residual modular Galois representations i.e. of all continuous odd representations

p: Gg — GLa(Fy)?

If n and ¢ are not coprime, say n = £*m with a > 0 and m not divisible by ¢,
then the representation attached to an eigenform for I'1(n) over a finite field of
characteristic ¢ also arises from an eigenform for I'; (m) of possibly different weight
than k: see [Ser87, p.195 Remarque|. In fact, thanks to Ribet level lowering,
see |Rib94| for ¢ > 3 and [Buz00| for ¢ = 2, there exists a morphism of ring
[ Te(m, k') — Fy, for k' > k, such that pp = pp. If the weight k is not
between 2 and ¢ 4 1, then there exists an eigenform ¢ in the same level but of
weight 2 < &' < £+ 1 such that p, is isomorphic to py ® x§, that is the twist
of the representation p; by a powers of the modf cyclotomic character x7, for
a€Z/(l—1)Z,see |Edi92, Theorem 3.4]. In Chapter 8 we will study the problem
of twisting.

Therefore, the restrictions upon the choice of n,¢ and k£ do not give any loss of
generality.

In Part IT of this thesis we outline an algorithm for computing the image of a
residual modular 2-dimensional semi-simple Galois representation. This means
that the algorithm will determine the image as a finite subgroup of GLa(F;), up to
conjugation, as well as certain local properties of the representation and tabulate
the result in a database.

Two different mod ¢ modular forms can give rise to the same Galois representation:
the coefficients indexed by the primes dividing the level and the characteristic may
differ. Hence, either we solve this problem mapping the form to a higher level,
or we study how to describe the coefficients at primes dividing the level and the
characteristic, so that we can list all possibilities. In order to describe these coef-
ficients, it is needed to know local properties of the Galois representation, i.e. the
restriction of the representation to the decomposition group at the corresponding
primes.

Associated to the algorithm there is a database which stores all the data obtained.
The algorithm is cumulative and built with a bottom-up approach: for any new
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level n, we will store in the database the system of eigenvalues at levels dividing
n and weights smaller than the weight considered, so that there will be no need
to re-do the computations if the representation arises from lower level or weight.

Similarly, if a Galois representation arises as a twist of a representation of lower
conductor, the algorithm will detect such data and it will not re-do any computa-
tion to determine the projective image of the representation: it is already stored
in the database. On the other hand, once the data at a certain level is computed,
the database will fill in all the contribution at higher level coming from degen-
eracy morphism and twisting, so that the computation at a certain level will be
performed only when we are dealing with a new object.

Let us introduce shortly the design of the algorithm, this is done in details in
Chapter 11.

The algorithm follows results of Dickson, Khare-Wintenberger and Faber on the
classification, up to conjugation, of the finite subgroups of PGLq(Fy).

For every data not coming from lower level or weight, we determine if the associate
representation is reducible or not. If the representation is irreducible, then we
compute the field of definition of the representation, see Proposition 9.1.1.

In order to determine the image up to conjugation, as shown in Chapter 5, it is
enough to know the projective image of the representation, up to conjugation, and
the set of determinants. Hence, we compute the field of definition of the projective
representation, see Proposition 9.2.1, Proposition 9.2.2 and Algorithm 9.2.3.

To decide about the projective image of the representation we perform a list of
checks according to Dickson’s classification, unless the representation arises from
twisting of a representation of lower conductor, in which case the projective image
is already stored in the database. In Chapter 10 we show how to verify that a
representation has projective image of dihedral type or isomorphic to either 2y, or
G, or As. In the latter case, we relate such projectively exceptional image to data
coming from characteristic 2, 3 and 5, for more details see Proposition 10.2.1 and
the related section in Chapter 10. Once we have excluded all exceptional cases i.e.
all cases in which the image is exceptional, see Definition 5.1.3, the image is “big”,
meaning that it contains the special linear group of degree 2 of the extension of
Fy corresponding to the field of definition of the projective image.

The representation py can be computed, as explained in [EC11], in time polynomial
in n, k and the cardinality of F, where F is a finite field of characteristic £ where
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the representation is defined, £ not dividing n.The computation of the image of a
residual 2-dimensional odd semi-simple Galois representation is a totally different
matter than the computation of the representation itself: in particular, there is no
need to know explicitly the representation in order to compute its image.

Part II of this thesis is organized as follows.

In the next sections of this chapter, we introduce the necessary preliminaries on
Katz modular forms and Serre’s conjecture, which nowadays is Khare-Wintenber-
ger Theorem. The set-up of these sections is towards a quick introduction of the
material and notation we need. The reader is therefore encouraged to consult
the references given in each section, in which this material, and much more, is
explained.

In Chapter 5 we explain how the image will be described and we prove that any
finite subgroup of GL2(F;) occurring as image of an irreducible odd representation
is determined, up to conjugation in GLo(Fy), by its projective image and its set
of determinants. This is done through a case-by-case analysis using Dickson’s
classification.

In Chapter 6 we prove that working with coefficients up to the Sturm bound is
enough to check isomorphism between residual modular semi-simple 2-dimensional
Galois representations coming from forms of the same level and weight. In partic-
ular, see Theorem 6.3.5 and Theorem 6.3.6 in which we deal with the coefficients
indexed by the primes dividing the level and the characteristic.

In Chapter 7 we deal with reducible representations. The main idea of this chapter
is to check equalities between mod ¢ modular forms and the reduction modulo £
of certain Eisenstein series, see Theorem 7.2.3.

Twisting a representation by a character is a basic operation in representation
theory. In order to describe the projective image of the representation we are
studying, we investigate the conductor of the twist and the local description of
the representation at primes dividing the conductor. The problem of twisting a
representation by a character is studied in Chapter 8, where several useful results
are collected about the conductor of the twist, see Proposition 8.2.1, Proposi-
tion 8.2.4 and Proposition 8.2.6. Moreover, we outline an algorithm which returns
the local description of the representation at the primes dividing the level and the
characteristic, see Algorithm 8.2.9.

In Chapter 9, results about the field of definition of the representation and of the
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projective representation are presented, see Proposition 9.1.1, Proposition 9.2.1
and Proposition 9.2.2. In particular, we prove that, if the representation is irre-
ducible and does not arise from lower level or weight, then the coefficients up to
the Sturm bound are enough to determine the field of definition of the linear rep-
resentation. In the case of the field of definition of the projective representation,
we give a characterization and an algorithm to compute it, see Algorithm 9.2.3.

In Chapter 10 we deal with irreducible representations with projective image of
dihedral type or projectively exceptional type, i.e. projectively isomorphic to the
symmetric group on 4 elements or the alternating group on 4 or 5 elements. In the
projective dihedral case we show the existence of a twist for the representation and
we describe the character for which such a twist occurs, see Proposition 10.1.1 and
Corollary 10.1.2. When the image is projectively exceptional, we give a new ap-
proach and a construction for these kinds of representations, using representation
theory and the Khare-Wintenberger Theorem.

The outlined algorithm is summarized in Chapter 11, where also an explanation
of the associate database is given.

In the appendix, we analyse degeneracy maps between modular curves and we
deduce results about residual modular Galois representations and their level of
realization, see Theorem A.3.1. These results are not used in the algorithm.

4.1 Katz modular forms

For n and k positive integers, a prime ¢ not dividing n, an algebraic closure
Fy of Fy, let M(T'1(n), k), be the space of Katz modular forms of weight k for
['1(n) on Fy, see [Kat73], [Kat77] and [Edi92]. Let S(I'1(n), k)5, be the sub-
space of M(Fl(n),k)m whose elements have g-expansions that are power series
with constant term zero at all cusps. We will write S(I'1(n), k)g, (respectively
M(T'1(n), k)g,) if we want to stress the level structure, otherwise we will use the
notation S(n, k)Fe (respectively M (n, kz)m). It is possible to define Hecke opera-
tors and diamond operators on the space of Katz modular forms of weight k for
I'1(n) on Fy, hence a Hecke algebra, see [Gro90, Section 3] or [Kat73, 1.11].

Let us recall that, in weight at least 2 and characteristic larger than 3, every Katz
cusp form on I';(n) is classical, see [Ser87|, i.e. reduction of a characteristic zero
form of the same level and weight, see [Kat73, Theorem 1.8.1 and Theorem 1.8.2]
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and [DI95, Theorem 12.3.2]. The reduction map is the map from S(Fl(n),k)ze

to S(I'1(n),k)z,, where Z, is the integral closure of Z, in Q, and the space
S(I'1(n), k)z, is the module of f-adic cusp forms in the sense of Katz, see [Kat73,
Section 2.2.0]. In particular, the following lemma holds:

Lemma 4.1.1 (|[Edi97, Lemma 1.9, 1|). Let ¢ be a prime, n > 1 an integer
not divisible by ¢ and k > 2 an integer. If n # 1 or if £ > 3 then the map
S(T1(n), k)7, = S(I'1(n), k)g, is surjective.

For any character € : (Z /nZ)* — F,, let M(I'y(n), k, €)g, denote the Fy-submodule
of M(T'1(n), k)g, of elements f such that for all d € (Z /nZ)*, (d) f = e(d)f. If fis
a non-zero element of M(I'y(n), k)g, which is an eigenform, then there is a unique

character € : (Z /nZ)* — F, such that f € M(T'1(n), k,€)z,. For any character
€:(Z/nZ)* = TF,, let

S(Ti(n), k, €)g, :={f € S(T1(n), k), |Vd € (Z /nZ)*, (d) f = e(d)f}

be the space of Katz cusp forms of weight k for I'; (n) and character e. To shorten
the notation, when there is no need to stress the level structure, we will use

S(n, k, €)p, instead of S(T'1(n), k, €)g, (similarly for M(T'1(n), k, €)g,)-

Let us remark that, also in this case, not all Katz modular forms are reduction of
forms in characteristic zero. Indeed, the following map is not always surjective:

S(n,k,€)o. = S(n, k,€)F,

where O is the ring of integers of the number field where the lift € of € is defined,
F is the residue field of O at a prime above ¢, and S(n, k, €)o, is the subspace of
S(n, k, €)c which contains cusp forms whose g-expansion has coefficients in O,. In
fact, the following lemma, which is analogous to Lemma 4.1.1, holds:

Carayol’s Lemma. Let n, k > 2 be positive integers and £ be a prime not di-
viding n. Let € : (Z /nZ)* — Z, be a character with e(—1) = (=1)*, and let
€:(Z /nZ)* — T, be its reduction.
1. If £ > 5 then the map M (n,k, e)m — M(n, k’E)Fe is surjective.
2. If f € M(n,k,E)?2 is an eigenform with py irreducible and f is not the
reduction of a form in characteristic zero, then py is induced from Q (/—1).
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3. If f € M(n, k,E)FS is an eigenform with py irreducible and f is not reduction
of a form in characteristic zero, then py is induced from Q (v/—3).

For a proof of this statement see [Car89] and [Edi97].

Let us also recall that if n > 4 is an integer and /¢ is a prime not dividing n, then the
space of mod ¢ cusp forms S(I';(n), k)m is isomorphic to the space of global sections
of the line bundle w®*(— Cusps) on the modular curve X; (n)g,- Analogously,
M(T'1(n), k)g, is isomorphic to HO (X, (n)g,, w®), see [Gro90, Proposition 2.2] and
for details on modular curves see [KM85] and [Gro90].

The Hasse invariant and the derivation 6,

There exists a unique modular form 4, € M(I'1(1),£ — 1)5,, the Hasse invariant
in characteristic ¢, that has g-expansion 1 at all cusps; see [KM85, 12.4|. Let ¢
be a prime not dividing n, if f is a Katz modular form on F, of weight k > 2,
for I'1(n), which is an eigenform, then the product A,f is an eigenform of weight
k+4¢—1 for T'y(n). Using this property, we can find examples of non-liftable mod
£ modular forms, for instance: AsA, which is a cusp form of level 1 and weight 13
over Fy, and AsA, which is a cusp form of level 1 and weight 14 over Fs.

Let ¢ be a prime, n and k be positive integers such that (/,n) = 1land 2 < k < /+1.
Let f € S(I'1(n), k)g, be an eigenform, then the systems of eigenvalues attached to
fand to Ay f are the same. This follows from [Gor02, Theorem 5.4 and Section 5.3].

Let 6, be the derivation on modular forms over F, defined by Katz in [Kat77]. It in-
creases weights by £+ 1 and acts on g-expansions at all cusps as ¢d/dq. In particu-
lar, if f is a Katz modular form on F, which is an eigenform and whose ¢g-expansion
at some cusp is non-constant, then 6y(f) is an eigenform with 7,0,(f) = 0. More-
over, the Galois representations of f and 0y(f) are twists of each other by the mod
¢ cyclotomic character: pg,(s) = x¢ ® py, see [Edi92, Section 3.1].

Let f be a Katz modular form on F, whose g-expansion at some cusp is constant,
then the weight of f is a multiple of ¢ — 1; see [Kat77, Section 1]. This implies
that f is a scalar multiple of a power of Ay, so the g-expansion of f at every
cusp is constant. Furthermore, each Hecke operator T, with p a prime number
not dividing nf acts on f as multiplication by (p + 1)/p. So, it follows that f is
an eigenform for those Hecke operators. Moreover, this implies that the Galois
representation py is isomorphic to 1 @ Xg_l.
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Proposition 4.1.2 ([Kat77, Corollary (5) and (6)]). Let £ be a prime, n and k
be positive integers such that ({,n) =1 and 2 < k <L+ 1. If f € M(I'1(n), k)g,
is such that 6,(f) = 0, then f has a unique expression of the form

f= A",

where the integer r satisfies 0 < r < € —1 and r +k = 0 mod ¢, and the form g
belongs to M(Fl(n),j)m where j satisfies £j +r(l —1) = k.

Corollary 4.1.3. Let £ > 5 be a prime and n a positive integer not divisible by £.
If f € M(T'1(n),l4+1)g, is such that 0,(f) =0, then f = 0.

Proof. 1f 0,(f) = 0 then by Proposition 4.1.2 we have that there exist an integer
r and a constant c such that f = c- Aj. This implies that £ — 1 divides ¢+ 1 and
this can occur if and only if £ = 2, 3. O

4.2 Khare-Wintenberger Theorem

A crucial ingredient that we use to compare Katz eigenforms is modularity i.e.
Serre’s conjecture. This conjecture in its strong form has been proved by Khare
and Wintenberger, in [KW09a] and [KW09b]|, using results of Kisin.

Let £ be a prime, a continuous Galois representation

p:Gal(Q/Q) — GLa(Fy)

has a conductor, cond(p), and a weight, k(p), for the definitions of these integers
and a more complete explanation we refer to [Ser87, Section 1.2 and Section 2]
and to [Edi92, Section 4|: k(p) for us is the minimal weight in the sense of [Edi92].

Let us briefly recall the definition of the conductor. The representation p is contin-
uous, therefore its image is a finite group and it is isomorphic to the Galois group
of a number field K. Hence, p is unramified at all but finitely many primes. The
number N(p) is the Artin conductor of p away from ¢. Let p be a prime number
different from ¢. Let I, denote the inertia subgroup at p of G corresponding to
a place of K above p, and let I, = Gp, D G1p D --- be the higher ramification
subgroups: G, is the subgroup of the decomposition group, that we will denote
as Gp, at the chosen place whose elements act trivially on the ring of integers
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modulo the (i+1)th power of the maximal ideal. The valuation of N(p) at p, that
we will denote as Ny (p) is given by the formula, see [Ser78, pp.171-174]:

N0) = X gy VIV (+

where V is the two-dimensional Fy-vector space underlying the representation and
VGir is its subspace of invariants under Gip. As observed in |Edi97, p.213],
replacing V/V@i» by the kernel of the map to the co-invariants V — Ve, ,» where

Ve, =V/{{v—hv|Vv eV, heGp}),

gives the same result.

Let us underline that the conductor N(p) reflects the ramification away from ¢.
On the other hand, the weight k(p) is defined in terms of the ramification at .

Let 1,7’ denote the fundamental characters of level 2, i.e. the characters of the
tame inertia with values in FZ induced by the embeddings of fields Fp2 — Fy,
see [Ser87, Section 2 and Proposition 1|. The weight k(p) of a continuous 2-
dimensional Galois representation p is defined according to the following definition:

Definition 4.2.1 ([Edi92, Definition 4.3]). Let p be a continuous 2-dimensional
Galois representation and let p; be its restriction to the decomposition group at
¢. We associate an integer k(p) to p as follows:

1. suppose that ¢, ¢’ are characters of Gy of level 2 and we have

pe = ((g 2/) .

After interchanging ¢ and ¢’ if necessary, we have ¢ = 1)%)"* and ¢’ = /%"
with 0 < a < b </¢—1. Then, we set k(p) =1+ la+ 0.
2. Suppose that ¢, ¢’ are characters of Gy of level 1.

(a) If pel1,,, is trivial, where Iy, is the wild inertia subgroup, then we have

~ (xi 0
with 0 < a <b</¢—2. Then, we set k(p) =1+ Lla+0.
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(b) If pel1,,, is not trivial, we have

pe = Xf*
0 x%/)’

for unique a, 8 such that 0 < a <f¢—2and 1 < 5 < /¢—1. Then, we set
a = min{a, f} and b = max{a, f}. If x, “ = x¢; and p; ® x,* is not
finite at ¢ then we set k(p) = 1+/la+b+/{—1; otherwise k(p) = 1+La+b.

Serre conjectured, [Ser87, Conjecture 3.2.4-] and [Edi97, Conjecture 1.8|, that if p
is irreducible and odd, then it is modular i.e. there exists a modular form f of level
N(p) and weight k(p) such that the associated representation, as in Theorem 4.0.4,
is isomorphic to p. Let us remark that for p being odd means that characteristic
polynomial of a complex conjugation in Gal(Q /Q) is equal to t?—1 € Fy[t]. Serre’s
conjecture has been proved by Khare-Wintenberger in [KW09a| and [KW09b]:

Khare-Wintenberger Theorem ([KW09a, Theorem 1.2|). Let ¢ be a prime
number and let p : Gal(Q /Q) — GLa(Fy) be an absolutely irreducible, continuous,
odd representation of Gal(Q/Q). Then there exists a modular form f of level
N(p) and weight k(p) which is a normalized eigenform and such that p and py, are
1somorphic.

For an odd prime ¢, an odd residual Galois representation in characteristic £ is
irreducible if and only of it is absolutely irreducible: this follows because the image
of a complex conjugation has distinct eigenvalues.

Let us now state, and recall the proof, of a result essentially due to Livné:

Lemma 4.2.2 ([Wie04, Lemma 11]). Let p : Gg — GL2(F,) be an odd, con-
tinuous representation of conductor N(p), and let k be a positive integer. If
f€STi(m),k)z, is an eigenform such that py = p, then N(p) divides m.

Proof. By multiplying with the Hasse invariant, if necessary, we can assume that
the weight k is at least 2. Hence, the form f can be lifted to characteristic zero in
the same level, see [DI195, Theorem 12.3.2]. Let g be the newform that corresponds
to a lift f of f of level m, with f and eigenform. Let N be the level of g. By
construction, the Galois representation p, reduces to p. By [Liv89, Proposition 0.1]
we have that N(p) divides N. As N divides m, the lemma follows. O
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Remark 4.2.3. The previous lemma states that, given a modular, odd, continuous
2-dimensional Galois representation p of conductor N(p), there are infinitely many
mod ¢ modular forms of level multiple of the conductor such that the associated
2-dimensional Galois representation are equivalent to p.

If the representation p is irreducible, then, by Khare-Wintenberger Theorem there
exists a modular form of level N(p) and weight k(p) such that the associated
representation is equivalent to p.

If we restrict ourself to work only with mod ¢ modular forms with weight be-
tween 2 and /41 then, given a modular, odd, continuous 2-dimensional Galois
representation p, there exist at most two mod ¢ modular forms of level N(p) and
weight between 2 and /+1 with associated 2-dimensional Galois representation,
as in Corollary 4.0.5, which are equivalent to p. This follows from the theory of
Oe-cycles, see [Edi92, Section 3.2].

Moreover, if we require the weight to be minimal, it follows that if the weight
is different from ¢ then there exists one mod ¢ modular forms of level N(p) and
weight between 2 and /41 with associated 2-dimensional Galois representation
equivalent to p. In weight £ there exist at most two such forms. In this case,
indeed, it can happen that the weight k(p) is 1 and so the two forms in weight ¢
are images of a mod ¢ modular forms of weight 1 through the embeddings given
respectively by the Frobenius and the multiplication by the Hasse invariant, see
[Edi06, Section 4.1] and [Wie05, Section 4.5].
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Chapter 5

Image

Let n and k be positive integers, let € be a character of (Z /nZ)* with values in
C* and let f : Te(n,k) — F, be a morphism of rings, where £ is a prime not
dividing n and 2 < k < £+ 1. The aim of this part of the thesis is to give an
algorithm which determines the image of the associated Gualois representation py,
as in Corollary 4.0.5, up to conjugacy as subgroup of GLy(Fy).

In this chapter we prove that the image of the representation in GLo(F), where
F is the field of definition of the representation, is determined, up to conjugation
in GLy(F;), once we have computed the set of determinants of the representation
and the projective image Pps(Gg) C PGLa(IF') of the representation, where F is
the field of definition of the projective representation. In Chapter 9 we will show
that it is possible to compute such fields.

In the first section of this chapter we recall the classification of the subgroups of
PGLy(FFy) given in Dickson’s Theorem, this is a key element for the algorithm we
want to outline. In the second section, we describe the output of the algorithm. We
explain how to express the image of the Galois representation py, up to conjugacy
as subgroup of GLa(IFy), using the projective image and the set of determinants,
under the hypothesis of having already determined the definition field for the
representation and the projective representation.

5.1 Projective image

Let n and k be positive integers, let e: (Z /nZ)* — C* be a character and let
f: Te(n, k) — F; be a morphism of rings from the Hecke algebra of level n, weight
k and character € : (Z /nZ)* — C* to an algebraic closure of Fy, where £ is a
prime not dividing n. Let p; be the Galois representation associated to f in
Corollary 4.0.5, and let F be the field of definition for the representation.

The image of the representation py is a conjugate of a subgroup of GLo(F).
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In the following Theorem, due to Dickson, see [Dic58| and [Lan76], are listed all
finite subgroups of PGLy(IFy), for £ > 3, up to conjugation:

Dickson’s Theorem. Let £ > 3 be a prime and H a finite subgroup of PGLa(IFy).
Then a conjugate of H 1is one of the following groups:

— a finite subgroup of the upper triangular matrices;

— SLo(Fyr)/{£1} or PGLa(Fyr) for r € Zo;

— a dihedral group Doy, withn € Z <1 and ({,n) = 1;

— a subgroup isomorphic to either A4, or S4 or As.

In the last case, i.e. when H is conjugate to a subgroup of PGLy(F,) isomorphic
to either 24, or &4 or s, we give the following definition:

Definition 5.1.1. Let £ > 3 be a prime and let G be a subgroup of GLy(F,). If
the projective image of G is conjugate to a subgroup of PGLy(F,) isomorphic to
either 20y, or &4 or A5, we call G projectively exceptional.

In characteristic 2, there is a similar classification to the one presented in Dickson’s
Theorem:

Theorem 5.1.2 ([KW09a, Lemma 6.1]). Let H be a finite subgroup of PGLa(F2).
Then a conjugate of H 1is one of the following groups:

— a finite subgroup of the upper triangular matrices;

- SLQ(FQT)/{il} or PGLQ(FQT) fOT‘ r € Z<o;

— a dihedral group Doy, with n € Z <1 and (n,2) = 1.

In particular, if £ > 5 and the order of G is divisible by ¢, then either G is
contained in a Borel subgroup of GLy(F), where F is the field of definition of the
representation, or G contains SLy(F’), where F’ is the field of definition of the
projective representation. If the order of G is prime to the characteristic of the
field, then its projective image is:
either cyclic and G is contained in a Cartan subgroup;
— or dihedral, and G is contained in the normalizer of a Cartan subgroup but not
in the Cartan subgroup itself;
— or conjugate to a subgroup isomorphic to one of the following groups: 24, &4,
or 2Us.
Let us recall that a Cartan subgroup C' is a semi-simple maximal abelian subgroup
of GLy(F) and a Borel subgroup is a maximal closed connected solvable subgroup
of GLy(F). Hence, the subgroup of upper-triangular matrices is a Borel subgroup
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in GLy(IF). Since the representation ps is semi-simple, if the projective image is
cyclic and the order of G is prime to the characteristic, then the representation py
is reducible: its image is an abelian group, while in the other cases it is irreducible.

What we have just discussed motivates the following definition:

Definition 5.1.3. Let n and k be two positive integers, let £ be a prime such
that (n,) = 1 and 2 < k < £+ 1, and let e: (Z/nZ)* — C* be a character.
Let f: Te(n,k) — F; be a morphism of rings and let py : Gg — GLa(Fy) be the
representation attached to f in Corollary 4.0.5. If G := p¢(Gal(Q /Q)) has order
prime to £ we call the image exceptional. Moreover, we refer to the field of definition
of the projective representation Pp as the Dickson’s field for the representation.

We will discuss about reducible representations in Chapter 7 and we will study
irreducible representation with exceptional images in Chapter 10. In order to
determine the projective image we need to determine the Dickson field of the
representation, which is the field of definition of the projective representation and
this is done in Chapter 9.

Remark 5.1.4. In characteristic 2, 3 and 5 we give a more explicit statement of
Dickson’s Theorem, since it will be useful in the following discussion.

For ¢ = 2, let us underline that in Theorem 5.1.2 groups with projective image

isomorphic to 20y, &4 and A5 are not explicitly listed, this follows because:

~ &, cannot occur as irreducible representation: any element in GLg(F2) of order
a power of 2 is forced to be of order 1 or 2.

— 24 has a normal subgroup of order 4, hence, any group with projective image 2(,4
is conjugate to a subgroup of the upper triangular matrices of GLy(FF2): for any
finite extension F of Fy, a Sylow 2-subgroup of GLy(F) is given by the unipotent
matrices. For more details and a proof see [Fabl1, Proposition 4.13].

— s is isomorphic to SLy(Fy). Since all icosahedral groups are conjugated, see
[Fabl1, Proposition 4.23], the Dickson’s field of the representation is Fy.

For ¢ = 3, Dickson’s Theorem can be stated in the following way: let H a finite

subgroup of PGLy(F3), then a conjugate of H is one of the following groups:

a finite subgroup of the upper triangular matrices;
SLQ(Fgr)/{:l:l} or PGLQ(]F?)'I‘) for r € 7 -0;

— a dihedral group Ds, with n € Z <1 and (n,3) = 1,
— a subgroup isomorphic to As.
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In any odd characteristic all octahedral (respectively tetrahedral) groups, i.e.
groups isomorphic to 24 (respectively &), are conjugate, see [Fabll]. In par-
ticular, we have that &4 is isomorphic to PGLy(F3) and applying [Fabl1, Propo-
sition 4.17] we have that the Dickson’s field of the representation is Fs3. Similarly,
204 is isomorphic to SLa(F3)/{£1} and by [Fabll, Proposition 4.14] the Dickson’s
field of the representation is Fs.

Let us remark that icosahedral groups, i.e. groups isomorphic to 25, are all con-
jugate in characteristic different from 5 and that they can occur in characteristic
3 only over extensions of Fg by [Fabll, Theorem A (4)]. Hence, in this last case
Fy is a subfield of the field of definition of the projective representation since it is
the Dickson’s field of the representation.

For ¢ = 5, we have that s is isomorphic to SLa(F5)/{£1} and that all icosahedral
groups are conjugate to SLo(F5)/{%1} by [Fabll, Proposition 4.23]. Applying
[Fabll, Proposition 4.13| and [Fabll, Proposition 4.17|, we conclude that the
Dickson’s field for projectively exceptional groups is F5.

In the following remark we give a criterion to decide if the image of a modular
semi-simple 2-dimensional irreducible Galois representation is exceptional.

Remark 5.1.5. For any field k, let ¢ : PGLa(k) — k be the function defined by
©(7y) = Trace()?/ det(v) with v € PGLa(k). The following statement holds:

Proposition 5.1.6 ([Bosll, Proposition 1]). Let ¢ > 4 be a prime power and
let ¢ : PGLy(F,) — F,. Let G be a subgroup of SLa(F,)/{£1}. Then we have
G = SLa(F,)/{£1} if and only if o(G) =TF,.

This gives a test to control beforehand if the representation is not exceptional,
and we will see that this will be relevant for projectively exceptional images.

5.2 Image

Let n and k be positive integers, let e: (Z /nZ)* — C* be a character and let
f: Te(n,k) — F,; be a morphism of rings, where ¢ is a prime not dividing n.
Let py be the associated semi-simple Galois representation, as in Corollary 4.0.5.
In this section we will use the following notation: G = pf(Gg) C GL2(F) is the
image of the representation, where [ is the field of definition of p; the image of the
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projective representation is denoted by H = 7(G), where GLo(F) 5 PGLy(F) is
the quotient map, and D := {det(g) € F*,Vg € G} C F* is the set of determinants,
i.e. the image of the map det : G — F*.

The representation is semi-simple, therefore if it is reducible, then it is decom-
posable. Hence, if we determine the characters in which it splits, then we have a
complete description of the image. This problem is addressed in Chapter 7

If the representation is irreducible and projectively dihedral, i.e. H is a dihedral
subgroup of PGLy(F), then there exist a character, corresponding to a quadratic
extension of Q, such that the representation py is the induced representation of Gg
by this character, in Chapter 10 we will prove this statement. We will also show
that there exists a quadratic character such that the representation and its twist
by this character are equivalent. By Dickson’s Theorem, in this case the projective
image contains a maximal cyclic subgroups of order d not divisible by ¢. Therefore,
the projective image is isomorphic, up to conjugation, to ug(F) x Z /27 , with the
action given by z — z~!'. Conjugation corresponds to the choice of an embedding
for uq(Fy). As stated in [Ser72, Section 2.6, ii)] and [Ser72, Proposition 17], the
image G is then contained in the normalizer of a Cartan subgroup. Let F' be
the field of definition of the projective representation, the following two cases can
oceur:

1. d divides the cardinality of F™*. 1In this case there exists an embedding
Cqg— <<0d ?) where (, is an element of order d. Since all normalizers of split

Cartan subgroups are Galois conjugated, see [Lan76, Chapter XI|, we have
that the image is given by

G%{A(%d (1]>A<(1] %d) for i, j € Z /dZ andAeD}

2. d does not divide the cardinality of F™*, but d divides the cardinality of
F'(v/8)*, where § € F™* is not a square. In this case there is an embedding
Ca— (§2) where a € F/(VJ) is an element of order d. Hence, G is a
Normalizer of a non-split Cartan, see [Ser72, Section 2.1, b)].

In the remaining cases, i.e. when the representation is not reducible and the pro-
jective image is not dihedral, we derive the description of the image from Goursat’s
Lemma, see [Rib76a, Section V|:
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Goursat’s lemma. Let A, A’ be groups, and let B be a subgroup of A x A’ such
that the two projections p1 : B — A and py : B — A’ are surjective. Let N be the
kernel of py and N' the kernel of py. Then the image of B in A/N x A’/N' is the
graph of an isomorphism A/N ~ A’ /N'.

If the field of definition of the projective image is Fo, then the representation is
reducible or dihedral by Theorem 5.1.2: let us recall that

PGLy(Fy) = GLy(F2) = D¢ = G3,
and in both cases we are not interested in using this approach.

Let F be a finite field, such that Fy ¢ F, then the following sequence is exact:

1 ua(F) = GLo(F) % PGLy(F) x F* — F*/(F*)? > 1 (1)

where p12(F) and F*/(IF*)? are respectively the kernel and the co-kernel of the map
(m,det). For Fy we have that PGLa(Fy) = GLa(F2).

Let F/ be a subfield of T, let us recall that if F # Fy, then we have the following
sequence:

(m,det)

GLy(F) PGLy(F) x F* —= F*/(F*)2 —— 1

I R

GLy(F) - F* ——“'PGLy(F') x F*

1 —— pa(F)

where the group GLo(F') - F* is the subgroup of GL2(FF) given by matrices of
GL2(F") multiplied by scalar matrices in F*. We will call such a group a scalar
extension of GLa(F') by F.

Let us denote by ¢ the quotient map GLy(F) — GLo(F)/u2(F). The map (m, det)
in sequence (f) is injective on GLo(F)/u2(F). Hence, we have the following dia-
gram:

{+1}

GLa(F)/po(F >—> PGLQ ) X F* —— {£1} x {1} |~

T ")

SLy(F)/{£1} PGLy(F) {1}

F* /o (F
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and by Goursat’s Lemma, we conclude that the image of GLa(F)/u2(F) in the
quotient is uniquely determined since the isomorphism is unique.

Let F and ' be respectively the field of definition of the representation and of the
projective representation and let G := ¢(G). Let us assume that the representation
is irreducible and not dihedral, since these cases are treated in a different way. We
have the following diagram:

]
D

N |
/ \“i .

where: G C GLo(FF)/ua(FF), by definition of the map ¢; the group H x D is a
subgroup of PGLy(F’) x F* since F and F” are the fields of definitions of the image
and the projective image respectively; and N, N’ are respectively normal subgroups
in H and D. Let us remark that N contains all matrices with determinant one of
G, since it is the intersection of G with SLy(F)/{41}, and, similarly, N’ contains
the scalar matrices of G: it is the centre of G. Since D C F* then D is a cyclic
subgroup. Applying Goursat’s lemma, it follows that H is a cyclic group too since
the image of G in H x D is the graph of an isomorphism between H and D. Then
N < H is a normal subgroups with cyclic quotient.

The representation is irreducible and its projective image is not dihedral, therefore

we have the following list of possible projective images H by Dickson’s Theorem:
H D SLy(F')/{£1}. If F’ is neither Fy nor F3, then N = SLy(F')/{£1} or
N = H, hence, H C {#1}. This follows because SLy(F')/{#1} is a simple
group under these hypotheses. The case ' = Fy is excluded by our assump-
tions, and the possibility F/ = F3 is treated in the cases of octahedral and
tetrahedral projective image since we have respectively SLa(F3)/{£1} = 204
and PGLQ(IF?,) = 64.

— H = &y, then either N =24 and so H = {£1}, or N = H, therefore H = {1}.

- H = 24, then either N = Vj is the subgroup given by double transpositions,
then H = (O3 the cyclic group of 3 elements, or N = H, then H = {1}.

— H = %A;, then N = A5 so H = {1}, since 25 is simple.
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From this list we deduce that if H is not isomorphic to 24, Goursat’s lemma implies
that the group G is uniquely determined. In the remaining case, if H = (3 there
are be two possible isomorphism which are twist of each other. We will see that
they correspond to the choice of a character of C5 and, in particular, we will show
that also in this case we can determine G uniquely. Moreover, if —1 belongs to G
then G = ¢~ !(G), hence it is possible determine i, the image of the representation,
up to conjugacy as subgroup of GLa(Fy).

Now we will proceed to describe G, up to conjugacy as subgroup of GLo(Fy), for
all possible H, listed according to Dickson Theorem. We will not consider the
reducible and the dihedral case. We will also show, case by case, that —1 belongs

to G.

~ H D SLy(F")/{+£1} where F' is the field of definition of the projective represen-
tation.

Proposition 5.2.1. Let £ be a prime and let F be a finite extension of Fy. Let G
be a subgroup of GLa(F) with projective image H = SLy(F')/{£1} where F' C .
Then, up to conjugation as subgroup of GLa(Fy),

G = (SLy(F') - F* 2% (F*)2) " (det G).

Proof. Since H = SLy(F")/{+£1}, then by [EC11, Lemma 2.5.1] we have that G
contains SLy(F’). Moreover, since G C GLy(FF) we have also that G C SLo(F') - F*
because H is SLo(F')/{£1}. In this case —1 belongs to the image G since it
belongs to SLy(F'). The following diagram resume the hypotheses:

SLy(F) N G = SLy(F) G —% . detG
SLy(F/)—— > SLy(F') - F* —3°'> ()2
<T /
1% F*

where V. = (F* 3 (F*)?)"!(detG) and s is the map sending x to x2. Since
SLy(F') C G C SLa(F’) - F* and G =V - SLy(F’) then the statement follows. I
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Proposition 5.2.2. Let ¢ be a prime and let F be a finite extension of Fy. Let
G be a subgroup of GLa(F) with projective image H = PGLa(F') where F' C F.
Then, up to conjugation as subgroup of GLo(Fy),

G = (GLy(F) - F* 2% F*)~1(det G).

Proof. The proof is analogous to the proof of Proposition 5.2.1, but in this case
we have the following inclusions SLo(F') C G C GLo(F') - F*. O

Remark 5.2.3. If the projective image is isomorphic to SLo(F')/{%1}, then the
determinants of the matrices in G belong to the set of squares (F*)2, while if the
projective image is isomorphic to PGLa(F’), then they belong to F*.

- H=2y

Let us recall that the group 24 has no non-trivial 2-dimensional irreducible linear
representation. Moreover, let r be a positive integer, the second cohomology group
H2(2y,7 /2"7) is isomorphic to Z /27 by [Que95, Proposition 2.1 (i)]. Therefore,
since this group classifies the central extensions of 24 with kernel Z /2”7 , we have
that there exists only one non-trivial extension up to isomorphism. For r = 1, this
extension is isomorphic to the group SLa(F3) since SLo(F3)/{%1} = 24, and this
group does admit 2-dimensional irreducible representations.

The complex linear 2-dimensional irreducible representations of SLa(F3) are listed
in Table 5.1 below.

SLa(Fs) [(§9) (¢9) (61) (64) (4% (g1) (4)
Trace(r) | 2 -2 -1 -1 1 1 0
Trace(m2) | 2 -2 1+C¢ —C ¢ —1-¢ 0
Trace(r3) | 2 -2 —¢ 1+¢ —-1-¢ ¢ 0

Table 5.1: List of the traces of 2-dimensional irreducible representations of
SLo(F3) in characteristic zero, computed in PARI/GP. In the first
row are listed representatives for the conjugacy classes. In the
table ¢ denotes a fixed 3-rd root of unity.

The representations 71,7 and 73 are three 2-dimensional faithful irreducible rep-
resentations of SLy(F3) in characteristic zero and they are twist of each other by a
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character acting on C3, the maximal cyclic group inside 2(4. Hence, we have that
T2(SLa(F3)) and 73(SLa(F3)) are contained in the scalar extension of 71 (SLa(F3))
by Z[¢]*.

Let us remark that the representations of SLg(IF3) in characteristic £ are reduction
modulo ¢ of the representations in characteristic zero. The representation 7 is
realized over Z, while the representations 7o and 73 are realized over Z [(].

Let A be a maximal ideal over £ in the field of definition of the representation,
composing with the projection to the quotient we have a representation in char-
acteristic £. Let us still denote by 71,7 and 73 the three representation obtained
fixing a maximal ideal over ¢ and reducing the characteristic zero representation
modulo that ideal. We have that 75(SL2(F3)) and 73(SLa(F3)) are contained in
the scalar extension of 71(SL2(F3)) by F},. Moreover, let us remark that for an
odd prime /¢, the representations 71,7 and 73 are three 2-dimensional faithful ir-
reducible representations of SLa(F3) in characteristic £. Meanwhile, for £ = 2 they
are 2-dimensional representation of C'3, hence they are reducible.

The images of the projective representations given composing 71,7 and 73 with
the natural quotient map are isomorphic to 2[4 in any characteristic different from
2. In characteristic 2 they are isomorphic to Cg and their kernel is Vj, the Klein
four group, given by double transpositions in 2A,.

Proposition 5.2.4. Let £ > 3 be a prime and let F be a finite extension of Fy.
Let G be a subgroup of GLa(F) with projective image H C PGLo(F), and such that
G acts irreducibly on PY(F). Let us assume that H is isomorphic to 4. Then —1
belongs to G and the group G, up to conjugation as subgroup of GLa(F,), is given
by

G = (11 (SLa(F3)) - F* 2% (7))~} (det @),

where 1 s the reduction modulo ¢ of the representation in Table 5.1.

Proof. Under the hypotheses of the proposition we have the following diagram:

F, CLy(F;) —5 PGLy(Fy)

] |

GNF, G "> H 9.
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Let us recall that there is only a subgroup, up to conjugation, isomorphic to 24 in
PGLy(Fy) by [Beal0, Proposition 4.1] or [Fabl1, Proposition 4.14]. Since 2d4 has
no normal subgroup of order 2 then H is contained in SLo(F;)/{41}. Therefore,
for £ > 3 the following diagram is exact:

SLy(Fy) i SLo(Fy)/{£1}

| |

{£1}>— SLy(F3) — 24 = SLy(F3)/{£1} = H = (11 (SLa(F3)))

{+1}

where the map 7 is a 2-dimensional representation of SLy(F3), given reducing the
representation in Table 5.1 modulo ¢. Let us remark that the field of definition of
the representation 7 is [Fy.

Let us show that —1 belongs to GG. Proceeding by contradiction, let us assume —1
is not in GG. This means that GOFZ is cyclic of odd order, by simple computation.
Therefore, the determinant is a character of odd order once restricted to G'NTF,.
So, extending G by scalars, the intersection G N FZ is trivial: this corresponds to
twist the action of G on P!(F) with a power of the determinant. Hence, there
exists a non-trivial scalar extension of G which is isomorphic to 24 and is a sub-
group of GLa(F). Since 24 does not admit 2-dimensional non-trivial irreducible
representations, we get a contradiction.

Since —1 belongs to G we have that the image of the determinant has 2-power
order and also G'N ]FZ has 2-power order.

Let o € 04 be an element of order 3, and let & be a preimage of 0. Then 7(5%) = 1
so 63 e ﬂﬁz. This group is a cyclic group of 2-power order, hence, the order of
Gis 32! for t € Zwo. Let 6 = 6%, hence 6 has order 3 and 7(6") = o*! has
order 3.

Let (G5 be the subgroup of G generated by elements of order 3. The subgroup G3
maps surjectively to 204 via 7, since 214 is generated by 3-cycles. Moreover, G3 is
contained in SLa(FF) and its intersection with the scalar matrices in given by {£1},
otherwise 24 would have a 2-dimensional representation. This means that Gg3 is a
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subgroup of SLy(F) and by construction it is a central extension of 24 by {£1}:

GNF, Cf L H>=
{+1} Gs SLy(F).

Therefore, G5 is isomorphic to SLy(F3) because H*(4,7Z /27) = 7 /27 and the
trivial extension has no 2-dimensional irreducible representations. So (3 is the
image of a 2-dimensional irreducible representations of SLy(F3) in SLa(F). From
Table 5.1, it follows that G = 71(SL2(F3)) since the other representations are
twist of 71 by a non-trivial character, hence are not defined over F3. The group G
and the subgroup G3 both surject to a group isomorphic to 204. This implies that
for all g € G there exists ¢’ € G5 and A € det(G) such that g = ¢’\, uniquely up
to sign, by construction of G3. Hence, we have that

G3 = T]_(SLQ(]F?))) g G g Tl(SLQ(]Fg)) 'F*.

Therefore, we have:

G et det G

| |

71(SLa(F3)) - F* 2 (F*)2,

so the statement holds. OJ

Remark 5.2.5. If the projective image is isomorphic to 2l4, then it is contained in
SLo(F")/{£1}, where F’ is the field of definition of the projective representation.
So, the set of determinant of the representation is a subset of the set of squares of
F, field of definition of the representation.

H=6,

The group G4 has no non-trivial 2-dimensional irreducible linear representations.
Let 7 be a positive integer, the second cohomology group H?(&4,Z /2"7Z) is iso-
morphic to Z /27 x Z /27 by [Que95, Proposition 2.4 (i)]. Therefore, since this
group classifies the central extensions of &4 with kernel Z /2"7Z | we have that there
exist three non-trivial extension by Z /2"7Z up to isomorphism. Among them only
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one is odd: this follows from [Que95, Lemma 3.2]. For r = 1, this extension is
isomorphic to the group GLg(F3) since PGLy(F3) = &4.

The complex linear 2-dimensional irreducible representations of GLy(F3) are listed
in the following table:

GLa(Fs) | (59) (49) (56 (3% (3D i) GG4) G63)

Trace(p1) | 2 2 2 0 0 -1 -1 0
Trace(p2) | 2 —2 0 ! —-a -1 1 0
Trace(ps) | 2 -2 0 —a a -1 1 0

Table 5.2: List of the traces of 2-dimensional irreducible representations of
GL2(F3) in characteristic zero, computed in PARI/GP. In the first
row are listed representatives for the conjugacy classes. In the
table a denotes v/—2.

The representations p; is not faithful and it corresponds to a representation of Gs.
The representations py and p3 are 2-dimensional faithful irreducible representa-
tions. They are twists of each other and they are defined over Z [«]. In particular,
p3 = pa @ det po.

Proposition 5.2.6. Let £ > 3 be a prime and let F be a finite extension of Fy.
Let G be a subgroup of GLa(F) with projective image H C PGLo(F), and such that
G acts irreducibly on P*(F). Let us assume that H is isomorphic to S,. Then —1
belongs to G and the group G, up to conjugation as subgroup of GLa(Fy), is given
by

G = (ps(GLy(F3)) - F* 2% F*)~L(det G),

where py is the reduction modulo £ of the representation in Table 5.2.

Proof. We will use the same notation of the proof of Proposition 5.2.4. Since
A, C 64 we have that —1 belongs to G. Moreover, we have that:

GHG:} = SLQ(F3)>—> GLQ(F3) = SLQ(Fg) X F§

| |

64 214 64'
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Let G’ be the subgroup of G given by G’ := G3 x F§ = G3 x {£1}. Then G’ is
isomorphic to GLa(F3) and it surjects to H:

G e GLo(Fs)
SN

This implies that for all g € G there exists ¢’ € G’ and X\ € det G such that g = g’
uniquely up to sign. Hence, we have that

G' = pa(GL(F3)) € G C p2(GLo(F3)) - F,
and so the statement holds. O

Remark 5.2.7. Let us remark that, since p3 = pa ® det(p2) and det(pz) belongs to
{£1}, the choice of ps instead of p3 does not change the image of the representation
up to conjugation.

- H=s

The group 25 has no non-trivial 2-dimensional irreducible linear representations.
Let r be a positive integer, the second cohomology group H2(2l5,Z/2’”Z) is iso-
morphic to Z /27 by [Que95, Proposition 2.1 (i)]. Therefore, there exists only one
non-trivial extension up to isomorphism. For r = 1, this extension is isomorphic to
the group SLy(IF5) since PGLy(F5) = &4, and this group does admit 2-dimensional
irreducible representations.

The complex linear 2-dimensional irreducible representations of SLy(F5) are listed
in the following table:

SLo(Fs) [ (69) (¢5) (¥4) (B (61) (6% (1) (¢4) (¢3)

Trace(t1) | 2 -2 -1 0 n n? 1 -7 —n?
Trace(t2) | 2 -2 -1 0 n? n 1 —n? -

Table 5.3: List of the traces of 2-dimensional irreducible representations of
SLo(F5) in characteristic zero, computed in PARI/GP. In the first
row are listed representatives for the conjugacy classes. In the
table 7 denotes a fixed 5-th root of unity.
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The representations ¢1 and ¢y are 2-dimensional faithful irreducible representa-
tions and they are twist of each other. Moreover, there is an outer automor-
phism for which this two representations are conjugate (for example conjugation
by (29) € GL2(F5)), hence up to conjugation in GLy(Fy), these representation
have the same image.

Proposition 5.2.8. Let £ be an odd prime different from 5 and let F be a finite ex-
tension of Fy. Let G be a subgroup of GLa(IF) with projective image H C PGLa(F),
and such that G acts irreducibly on PY(F). Let us assume that H is isomorphic to
As. Then —1 belongs to G and G, up to conjugation as subgroup of GLo(Fy), is
given by

G = (u(SLa(F5)) - F* =% (F)) 7 (det ),

where 11 1s the reduction modulo ¢ of the representation in Table 5.3.

Proof. There is only a subgroup, up to conjugation, isomorphic to 25 in PGLo(Fy)
by [Beal0, Proposition 4.1] or [Fabl1l, Proposition 4.22|. Since 25 has no normal
subgroup of order 2 then H is contained in SLa(F,)/{#1}. Since 24 C As, we can
proceed as in Proposition 5.2.4 and conclude that —1 belongs to G.

Let [G,G] be the commutator of G, let us recall that A5 is a perfect group
ie. As = [As,As5]. By hypotheses G surjects to s so also [G,G] surject to
[A5,A5] = 2As. Moreover, [G,G] € SLy(FFy) since elements of the form ghg=th~!
have determinant 1. Hence, we have the following diagram:

G <——[G, G]>—— SLy(Fy)

NS

s SLa(Fs5)

which implies that Vg € G there exist ¢’ € [G,G] and A € (det G) such that g = ¢'A
uniquely up to sign. Since [G, G] € SLy(F,) and H?(5,7Z /27) is isomorphic to
Z /27, then [G,G] = SLy(F5). Hence, we conclude that

[G, G] = L1(SL2(F5)) - G - L1(SL2(F5)) -,

And, since up to conjugation in GLy(FFy) the representations ¢1 and to are equiva-
lent, the statement follows. Ol
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5.2 Image

Remark 5.2.9. In Proposition 5.2.4 and 5.2.6 we assume the characteristic dif-
ferent from 2 and 3. Indeed, in the first case the representation is reducible by
Theorem 5.1.2. In characteristic 3, projective image isomorphic to 2, or to Sy
corresponds to have big image. In this last case we apply Proposition 5.2.1 and
Proposition 5.2.2 to determine the image of the linear 2-dimensional representa-
tion: the set of determinant is known, hence we distinguish the two cases. Anal-
ogously, in Proposition 5.2.8 we assume the characteristic different from 2 and 5.
Indeed, in both cases, projective image isomorphic to s corresponds to have big
image, therefore we apply Proposition 5.2.1 to determine the image of the linear
2-dimensional representation.
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Chapter 6

Comparing eigenforms

In this chapter we address the problem of comparing eigenforms. Let f and g
be two mod £ eigenforms of the same level and weight. If the prime indexed
coefficients of the g-expansion of f and g are equal up to a constant, depending
on the level and the weight, the Sturm bound, then the two eigenforms are equal.
Hence, the associated Galois representations are isomorphic.

It can happen that two different modular forms at the same level and weight give
rise to isomorphic Galois representations. These forms, seen as old-forms at some
higher level, are equal up to the Sturm bound at that level, which is greater than
the one at the starting level. This follows because the prime indexed coefficients
of the g-expansion at which such forms differ are made into zeros, see Section 6.2.

If a representation comes from a form of level n, we do not want make computation
at level higher then n. Moreover, if a representation already appears at lower level,
then we do not want re-do the computations. Therefore, in this chapter we study
how to compare two eigenforms at a given level, studying the local description
of the representation at primes dividing the conductor and the characteristic. In
particular, we give a complete description of the eigenforms in the old-space.

In the first section of this chapter, we describe the known bounds for comparing
eigenforms at a given level. In the second section, we explain how to compare
eigenforms in different levels using degeneracy maps, we show that this approach
implies the computation of an high number of Hecke operators. In the third
section, we solve this problem using the local description for the representation and
in the last section we give a first introduction to the algorithm and its preliminary
steps.

6.1 Bounds

Let n and k be positive integers, let ¢ be prime not dividing n and such that
2<k</{+1 Lete:(Z/nZ)* — F, be a character and let f : T.(n,k) — Fy
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6.1 Bounds

be a morphism of rings. Let f,; be the system of eigenvalues associated to the
morphism f:

fn,kz,P — FKXFZ
p o= (f(Tp) F((p))

where P is the set of primes and (p) is zero if p divides n.

A system of eigenvalues at level n is uniquely determined once it is known for a
finite set of primes by Sturm Theorem. This result is a very useful computational
criterion in determining when two modular forms are congruent, for a reference see
[Stu87, Theorem 1] and [Ste07, Section 9.4]. Let us recall that for a congruence
subgroup I' C SLg(Z ), the width of the cusp oo for T' is the positive integer h
defined by I'n (§ %) = (§ ).

Sturm Theorem (|Stu87, Theorem 1|). Let n > 1 be an integer and let I' be a
subgroup of SLa(Z ) containing I'(n). Let h be the width of the cusp oo for T'. Let f
be a modular form on I' of weight k, with coefficients in a discrete valuation ring R
contained in C. Let F be the residue field of R. Suppose that the image amq™"
in F[[g"/")] of the q-expansion of f has an = 0 for all m < k[SLy(Z) : T]/12.

Then an, = 0 for all m, i.e. f is congruent to 0 modulo the mazimal ideal of R.

Suppose n > 5. Sturm Theorem then follows from the fact that the line bundle of
modular forms of weight k& on X (n)c has degree:

k
deg(w™) = 7+ [SLa(Z) : T(n)],
see [KM85, Corollary 10.13.12]. Indeed, since we are working on a stack, we have
to divide the order of a zero at a point = by the order of Aut(z), so the result
follows using as z the cusp at oo for I', see [Edi06, Proposition 4.2 and Remark 4.3].

Moreover, we can state the following Corollary, derived from an observation at the
end of [Stu87, Theorem 1] and stated in this form in [Ras09, Theorem 2.1]:

Corollary 6.1.1. Let T" be a subgroup of SLo(Z). Let h be the width of the cusp
oo for I'. Let f be a cusp form on I' of weight k, with coefficients in a discrete
valuation ring R contained i C. Let I be the residue field of R, and suppose
that the image " amg™" in F[[¢*/"]] of the q-expansion of f has any, = 0 for all
m < k[SL2(Z) : T']/12 — #(Cusps). Then a,, =0 for all m, i.e. f is congruent to
0 modulo the maximal ideal of R.
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Chapter 6. Comparing eigenforms

The integer k[SLa(Z ) : I']/12 is known as the Sturm bound for M (T", k)¢, and we
will refer to n < k[SLa(Z) : T']/12 — #(Cusps) as the Sturm bound for S(I', k)c.
We will use the notation B(n, k) to refer to such bounds.

There is a similar result about congruences between eigenforms with character, in
which the study of diamond operators and Atkin-Lehner operators allows to lower
the bound:

Corollary 6.1.2 ([BS02, Corollary 1.7]). Let n and k be positive integers, let
€:(Z/nZ)* — C* a character and let fi and fa be eigenforms in S(n, k,€)c with
coefficients in the ring of integers of a number field, and let p be a mazimal ideal
herein. Assume thatn > 5, let B(n, k) be the Sturm bound for cusp forms for I'o(n)
and weight k, and let S be the set of prime divisors of n not dividing n/ cond(e).
If ag(f1) = ag(f2) mod p for all primes ¢ € S and all primes ¢ < B(n,k)/2!%],
then f1 = fo mod p .

The set S in the previous corollary can be taken larger, we refer to [BS02| for more
details and to [Edi06, Remark 4.3].

It is an immediate consequence of the previous statements that if we determine
the system of eigenvalues up to B(n, k) then the system of eigenvalues is uniquely
associated (up to isomorphism) to a morphism of rings f: Tc(n,k) — Fy. Any
mod ¢ modular form which has the same system of eigenvalues of the one associ-
ated to f up to the Sturm bound is equal to f (from here on we will not make
any distinction between f seen as ring homomorphism from the Hecke algebra to
a finite field and f seen as the associated mod ¢ eigenform).

Let us recall a result of Buzzard which states that the Sturm bound for modular
forms of level n with character is the same as the one for I'g(n).

Corollary 6.1.3 (|Ste07, Corollary 9.20]). Let m be a prime ideal in the ring of
integers O of a number field. Suppose f,g € M(n,k,€)o are modular forms with
Dirichlet character € : (Z /nZ)* — C* and assume that aq(f) = a4(g) mod m for
all ¢ < kt/12, where

= [SLa(Z) : To(n)] = #P* @ /nz) =n- [ (1 i ;) |

p|ln prime

Then f = g mod m.
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Let us conclude this section with the following result which gives bounds to com-
pare forms in different weights:

Kohnen Theorem (|[Koh04, Theorem 1]). Let ki, ko and n be positive integers,
ki,ky > 2, and let x be a mod n Dirichlet character. Let f1 € M(T'1(n), k1, x)c
and fo € M(I'1(n), k2, X)c, and let € be a prime number. Assume that the q-
expansions of f1 and fo have coefficients in the ring of integers of a number field,
and let X be a mazimal ideal herein such that (¢) C . If apm(f1) = am(f2) mod A
for every m such that

< max {kl, kg} . [SLQ(Z) : Fo(n) N Fl(f)] if 0> 2,

then am(f1) = am(f2) mod X for every m.

In |[Koh04], this result is stated under the assumption k; # ks, but, as remarked
in [Tak11, Section 2.1.2|, the result is still true for k3 = ko. Indeed, for ¢ > 2
we have that [SLa(Z) : To(n)] < [SL2(Z) : To(n) NT'1(¢)], so the result holds by

Sturm’s Theorem. In the case £ = 2 we have the analogous conclusion.

6.2 Using degeneracy maps

In this section we give a criterion to decide if two eigenforms for I'; (n) over F, give
rise to isomorphic Galois representations. We will use some theory on modular
curves, see [KM85| and [Gro90] for a complete explanation. Analogous statements
can be found in [CKR10].

Let n and k be positive integers, let ¢ be a prime not dividing n and let us fix Fy,
an algebraic closure of Fy,. Suppose n = mp” with r > 1 and where p is a prime
not dividing m. We have two degeneracy maps B, and « on the modular curve

Xi(n)g,:
X1 (m7 pr)Fé

% \
Xl(mapr_l)Fe Xl(mvp
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Chapter 6. Comparing eigenforms

Using the moduli interpretation for Xl(n)m, i.e. considering E/S, an elliptic
curve over an [Fy-scheme S, with P and @ respectively points of order m and
p", we have the following description of the degeneracy maps: « is the forgetful
map a: (E,P,Q) — (E,P,pQ) and B, is the p-th degeneracy map defined by
B,: (E,P,Q) — (E/{p"1Q), B(P), B(Q)), where 3 is an isogeny such that

W 'Q) — E-L E/pQ).

For any positive integers m dividing n and d dividing n/m, we define a degeneracy
map By: M(T'1(m),k)z, = M(I'1(n), k)5, which maps a Katz modular form at
level m to one of level n, as the map induced in cohomology by the map By. In
terms of the g-expansion at the cusp oo, this map is the substitution ¢ — g%

f=> an(f)g" — Bi(f) =D _ an(f)a™

n>0 n>0

for further details see [EC11, p.40]. If needed, we will also stress the levels of the
spaces of modular forms in the notation of the degeneracy map: we will write
B to denote the map B} that we have just defined.

d,n,m

For every prime number p, using the degeneracy maps, we define the following
morphism :

(Ci(np), k)g, ifpln

77193 M(Fl(n)’k)ﬁz - { ( ( 2) )Fe lfp'fn

by
Np = {Bf"np By o if p|n;
p k—1 n=* :
BT n,np? prnanpzT +p Bp n,np2 <p> if p )[ n.

From the compatibility relation between Hecke operators and degeneracy maps, it
follows that for a given prime p we have T,n, = 0.

Let n1, ne, k be positive integers and let ¢ be a prime number £ { ning, we will
use the following notation:

N(ni,n2) = lem(ng,ng) H D,
p|ning prime
k+/0+1
dk(nl, no, E) = T[SLQ(Z) : Fo(N(TLl, 712))]
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6.2 Using degeneracy maps

Lemma 6.2.1. Let ny and no be integers, and let £ be a prime not dividing nins.
Let fi € S(T'i(ni1),k)g, and fo € S(I'i(n2), k)5, be eigenforms. If ef = ey,
and the coefficients of the the q-expansions at the cusp oo of f1 and fo satisfy
ap(f1) = ap(f2) for all primes p not dividing N(n1,n2) and p < di(n1,n2,£), then
pr and py, are isomorphic.

Proof. For all primes p dividing n1no we apply the operators 7, to f; and to fa. In
this way, we have two forms f1, f; € S(I't(n1,n2), k)g, with a,(f) = ap(f3) =0
for all primes p dividing nino and with the same character by hypothesis. To-
gether with our assumptions, this gives ap(0e(f])) = ap(0e(f3)) for all primes
p < dg(ni,n2,£). This implies that for some \ € Fg, the g-expansions of 6,(f])
and A,(f5) agree up to order dj(ni,ng,?). Hence, by Sturm Theorem, or more
precisely by Corollary 6.1.3, yields 0y(f]) = M(f5). In particular, this implies

that py, and py, are isomorphic. 0

Combining Kohnen’s result with Lemma 6.2.1 we have the following corollary:

Corollary 6.2.2. Let n1 and no be integers, and let £ be a prime not dividing
ning. Let f1 € S(Fl(nl),kl)m and fo € S(T'1(ng), k‘g)m be eigenforms and assume
ki,ko > 2. If €y, = €y, and the coefficients of the the q-expansions at the cusp oo
of fi and fa satisfy ap(f1) = ap(f2) for all primes p with p{ nintl and

9

p< max{kl, kg} ‘ [SLQ(Z) : FO(N(TLl,TLQ)) N Fl(ﬁ)} Zfﬁ > 2,
- 12 [SLQ(Z) : FQ(N(?’Ll,TLQ)) N F1(4)] if =2

then py, and py, are isomorphic.

Let us remark that if the weights k; and ko are not both greater than 2 then
multiplying by the Hasse invariant we are in the hypotheses of Corollary 6.2.2.
In Lemma 6.2.1 and Corollary 6.2.2 we are dealing with mod ¢ cusp forms. The
general case can be deduced from the following theorem, in which is given a bound
to compare two semi-simple 2-dimensional continuous odd Galois representations:

Theorem 6.2.3 ([Takll, Theorem 1|). Let ¢ be a prime number and let n be an
integer not divisible by £. Let p, p’ be two semi-simple, 2-dimensional, continuous,
Galois representations with Artin conductor dividing n. Assume p is odd.
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Chapter 6. Comparing eigenforms

Let
= 1] »
p|n prime
p*n
012 (2 =10/ T, (L +1/p)  if £>2,
k(n,l) = ) P _ .
dnn' [, (1+1/p) if £ =2

If det(1 — p(Frob,)T) = det(1 — p/(Frob,)T) in Fy[T)] for every prime p < r(n, )
and not dividing fn, then p is isomorphic to p'.

The bound k(n,#), given in the previous Theorem, is obtained combining the
Sturm Theorem and the result by Kohnen, presented at the beginning of this
chapter. In particular it uses Khare-Wintenberger Theorem, in the case of irre-
ducible representation, and the observation that the weight is bounded by ¢? — 1
for reducible representations.

Remark 6.2.4. The method described in this section is not efficient. In fact, using
degeneracy maps, we move the problem of comparing forms of different level and
weight to the problem of comparing forms of the same level. In order to do so, we
map the forms into the space of modular forms with greater level and weight and
then do the comparison. This procedure avoids the study of the primes dividing
the level, that are the primes where the associated representation can ramify.

In terms of the Sturm bound and, hence, of the number of Hecke operators needed,
following this approach we have to compute many more operators than the ones up
to the Sturm bound at the given level. A rough comparison tell us that for mod ¢
modular forms at level n, with n not divisible by £, we have to compute operators
up to approximatively ¢2kn?/12 instead of approximatively kn/12. In particular,
the number of the operators required to perform an equality check depends on the
characteristic £, and, for computational purposes, this is extremely relevant.

In order to avoid the level raising, we need to study what happens at the primes
dividing the level.

For all primes p dividing the level n, what is the relation between f(7},) and ps?
What values can f(7),) assume for all primes p dividing the level n in terms of
p¢? What values can f(Ty) assume? Answering these questions is the first step in
order to compare eigenforms at level n using the Sturm bound at level n.
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6.3 Using modularity and local description

Let n and k be positive integers, let £ be a prime number not dividing n, such
that 2 < k < £+ 1. Let f : T(n,k) — F;, be a morphism of rings and let
pr: Gg — GL2(F;) be the unique, up to isomorphism, continuous semi-simple
representation attached to it, as stated in Theorem 4.0.4. In this section we recall
statements about the local representation at ¢ and at primes dividing the level n.

Local representation at /

Let Gy = Gal(Q,/Q/) C Gg be the decomposition subgroup at £. Let I, be the
inertia subgroup, Iy,, the wild inertia subgroup at ¢ and I; = I;/I;,, the tame
inertia subgroup.

Theorem 6.3.1 (Deligne). Let n be a positive integer, let £ be a prime not dividing
n, lete: (Z /nZ)* — C* be a character and let k be a positive integer 2 < k < (+1.
Let f : Tc(n, k) — Fy be a morphism of rings such that f(T;) # 0. Then p¢lc, is
reducible, and up to conjugation in GLy(F;), we have

~ (X0 TAED)/f(Ty)) *
oo (I i)

where \(a) is the unramified character of Gy taking Froby € G/, to a, for any
a € F, and € : (Z /nZ)* — F, is the character defined by €(b) = f((b)) for all
be (Z/nZ)*.

Proof. See |Gro90, Section 12 and Proposition 12.1]. O

In |Gro90, Proposition 12.1] Gross proved that, denoted by V the 2-dimensional
Fy-vector space underlying the representation pr of Gg, there is an exact sequence
of Gy-modules: 0 — D — V — D’ — 0, with D and D’ of dimension 1, such
that Gy acts on D by Xffl)\(e(ﬁ)/f(Tg)) and on D’ by the unramified character
A(f(Ty). Moreover, this sequence of Gy-modules is always non-split if the form f
has filtration k+1, in the sense of [Gro90, p.459|. As remarked in [Gro90, p.488|, in
this case the representation py is “trés ramifiée” at ¢, in the sense of [Ser87, p.186].
If the weight of f is between 2 and /¢, the splitting of the sequence is connected
to the existence of companion forms: see [Gro90, Theorem 13.10]. Moreover, if
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k is not ¢ the existence of a companion form means that the representation p; is
tamely ramified at ¢, in the sense of [Ser87, p.186]. For weight ¢, the existence of a
companion form means that the representation py is unramified at ¢, see [Gro90,
Corollary 13.11].

Theorem 6.3.2 (Fontaine). Let n be a positive integer, let ¢ be a prime not
dividing n, let €: (Z /nZ)* — C* be a character and let k be a positive integer
2<k<{+1. Let f: Tc(n,k) — Fy be a morphism of rings such that f(Ty) = 0.
Then p¢lc, is irreducible, and up to conjugation in GLa(F,), we have

k—1
~ [P 0
pf|Iz = ( 0 S&k—l)

where @', o: I} — FZ are the two fundamental characters of level 2 (viewed as
characters of I, via the natural surjection Iy — Iy/1g,, = Iy).

Proof. See |[Edi92, Section 6]. O

Local representation at primes dividing the level

Let p be a prime dividing n. Let G, = Gal(@p/(@p) C Gg be the decomposition
subgroup at p. Let I, be the inertia subgroup, I, ,, the wild inertia subgroup and
I; the tame inertia subgroup.

Serre in [Ser87, Conjecture 3.2.6-] states a Conjecture about the local structure of a
continuous irreducible 2-dimensional odd Galois representation at primes dividing
the conductor and the characteristic. This conjecture has been proved by Vignéras
in [Vig89], for primes dividing the conductor but not the characteristic, and by
Gross in [Gro90] in the remaining case.

Theorem 6.3.3 (Gross-Vignéras). Let p : Gg — GL(V') be a continuous, odd,

wrreducible representation of the absolute Galois group over Q to a 2-dimensional

Fy-vector space V. Let n = N(p) and k = k(p), let f € S(n, k), be an eigenform

such that py = p. Let p be a prime divisor of {n.

(1) If f(Tp) # 0, then there exists a stable line D C V' for the action of G, the
decomposition subgroup at p, such that the inertia group at p acts trivially on
V/D. Moreover, f(T},) is equal to the eigenvalue of Frob, which acts on V/D.

(2) If f(Tp) = 0, then there exists no stable line D C V as in (1).
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Let us make some remarks and observations. If p divides n, then there exists at
most one line D C V with the properties stated in (1): otherwise there would be
a contradiction with the representation being ramified at p. Moreover, such a line
exists if and only if vy(n) = 1 or vy(n) = vy(cond(e)) > 2 since if vy(n) > 2 and
vp(cond(€)) = 0 then f(T},) = 0 by [DS74, 1.8]. If v,(n) = 1 and v,(cond(e)) =0
then the eigenvalue of Frob,, acting on V/D satisfies f(T,)? = &(p)p*—2
is the character satisfying:

, where €

(Z /nZ)"

~, 7

(Z/(n/p)Z)*

We have already described the local representation at £, let us remark that if the
representation is ramified at ¢ then the line D as in (1) exists unique, while if
the representation is not ramified at ¢ (hence, its weight is £), then there are two
possible eigenvalues of Froby.

Before giving the statement of the main results of this section, let us recall the
Deligne-Serre lifting lemma, since it will be a crucial element in the proof.

Deligne-Serre lifting lemma

Deligne-Serre lifting lemma ([DS74, Lemma 6.11]). Let M be a finitely gen-
erated free module on a discrete valuation ring O, with mazimal ideal m, residue
field k, and field of fractions K. Let T be a commuting family of endomorphisms
of M. Let f € M ® k be a nonzero common eigenvector of t € T and let ay € k
be the corresponding eigenvalue. Then there exists a discrete valuation ring O’
containing O, with mazimal ideal m' such that O Nwm' = m, with field of fractions
K’ a finite extension of K, and a nonzero element f of M’ = O @0 M which is
an eigenvector of all t € T of eigenvalue az, such that a; = a; modulo w'.

Proof. In |DS74] are given two different proofs of this statement. The key point
is that, denoted by H be the subalgebra of End(M) generated by T, one may
suppose that K ® H is a product of artinian rings, after making a finite extension
of scalars if needed. O
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Corollary 6.3.4. Let n be a positive integer, let £ be a prime number not dividing
n, and let k be a positive integer 2 < k < {+ 1. Let f € S(I'i(n),k)g, be an
eigenform for all Hecke operators. Then there exists a discrete valuation ring
Ok, that contains Z, and has mazimal ideal X satisfying Zy N A = () so that
there exists a nonzero f € S(T'1(n), k:)@KA which is a simultaneous eigenform for
all Hecke operators, with eigenvalues equal to the eigenvalues of f once reduced
modulo \.

Proof. This statement follows from the Deligne-Serre lifting lemma, observing that
T(n, k) is free of finite rank as Z-module. O

The “old-space”

Let n and k be positive integers, let £ be a prime number not dividing n, such
that 2 < k < £+ 1. Let f : T(n,k) — F; be a morphism of rings and let
pr: Gg — GL2(F,) be the unique, up to isomorphism, continuous semi-simple
representation attached to it, as stated in Theorem 4.0.4.

The Hecke algebra T(n, k) is free of finite rank as Z -module, then, by the Deligne-
Serre lifting lemma and Corollary 6.3.4, we can choose a lift f of f of level n:

T(n, k)

Ok,

|

Fy

where Of y is the completion of Ok, the ring of integer of the number field K,
given in Corollary 6.3.4, at a chosen prime A containing ¢. For each choice of X in
K such that (£) C A, we have an ¢-adic Galois representation Py Gg — GLy(K))

associated to f, hence we have a compatible system of Galois representations. Let
us denote by V) the vector space over K underlying the representation, then

pf: G@ — GL(V,\).

Let fnew be the newform giving rise to f, i.e. fnew is a modular form new of weight
k and level cond(p;, ), which is a divisor of n, as already recalled in Lemma 4.2.2.
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Moreover, P is isomorphic to I by definition, and the semi-simplification of
its reduction modulo £ is equivalent to py by construction.

By the Deligne-Serre lifting lemma and Corollary 6.3.4 the form f is an eigenform
for all Hecke operators at level n. The newform fney is an eigenform for all
Hecke operators at level cond(pfnew). Let us recall that there is a Dirichlet series

associated to fnew, its L-function, see for example [DS05, Section 5.9], which has
an Euler product expansion by [DS05, Theorem 5.9.2].

The L-function associated to fnew is the L-function of the compatible system of Py
This is due to the work of Shimura, Langlands, Deligne [Del73, Section 9], Carayol
[Car86], and it has the following consequence, stated in [DI95, Theorem 12.5.14],
the Euler factor of the L-function of (the compatible system of) pj at p, prime
dividing cond(p fnew)’ has degree at most 1 and it is given by:

det(l - pis FrObp7 (V)\)Ip)il = (1 - fnew(Tp)pis)ilv
where I, is the inertia group at p, and (V))y, is the space of inertia co-invariants:
(Vs =V/{v—hv|Vv € Vy,h€ L}).

For any prime ¢ not dividing cond(p fnew)’ the Euler factor of the L-function of

fnew has degree at most 2 and it is equal to:

det(l - q—s FrObqa (V)\)Iq)_l = (1 - fnew(Tq)q_S + fnew(<q>)qk_1_28)_1-
The following theorem hold:

Theorem 6.3.5. Let n and k be positive integers, let £ be a prime not dividing
n, and such that 2 < k </{+1. Let f : T(n,k) — F; be a morphism of rings and
let py: Gg — GLo (F¢) be the unique, up to isomorphism, continuous semi-simple
representation corresponding to it, as in Corollary 4.0.5. Let p be a prime dividing
n and let Np(n) denote the valuation at p of n. The following holds:

(a) if Np(ps) =0, let @ and B3 be the eigenvalues of py(Froby), then
— if Np(n) =1 then f(T,) € {a@, B};
— if Npy(n) > 1 then f(Tp) € {0,@,B}.

(b) if Ny(pg) > 0 and f(T,) # 0, then there exists a unique unramified quotient
line for the representation and f(T)) is the eigenvalue of Frob, on it.
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Moreover, if f(Ty) # 0 then then f(T;) = u, where p is the scalar representing the
action of Froby on an unramified quotient line for the representation, meanwhile
if f(Ty) =0 there exist no such line.

Proof. As the Hecke algebra T(n, k) is free of finite rank as Z-module, we apply
the Deligne-Serre lifting lemma so we choose a lift f of f with the same level of
f: f: T(n,k) = Ok, , where O ) is the completion of Ok, the ring of integer of
the number field K, at a chosen prime A containing £. For each choice of A in K,
(¢) C A, we have an f-adic Galois representation associated to f that we denote
as pj: Gg — GL2(K)). Let us denote by V) the vector space over K where the
representation Pi is realized.

Let foew be the newform giving rise to f. Hence, cond(pf ) divides n.

new

Let us prove statement (a).

Let p be a prime dividing n but not cond(pfnew). Then the representation P
is unramified at p, S0 fuew(Tp) = Trace(p oo (FTODp)). Let a, 3 be the eigenvalues
of P ey (Frob,). Let r = Np(n). Following [Par99, Sections 3.3 and 3.4]|, if r il
then f(T,) € {a,p} hence, reducing modulo X, we have that f(T,) € {@, 3}
where @ is the image of « through the reduction map (similarly 5). On the other

hand, if # > 2 then f(T}) € {0,a, 3} hence reducing modulo A we have that
f(Tp) € {O,E,B}. In both cases py is unramified at p and we have

.’E2 - fneW(Tp)x + fnew((p»pkil = (33 - a)(x - 6)

Let us now prove statement (b).
Let p be a prime dividing cond(p fncw)' Then pj is ramified at p. This implies
that dimg, ((Vi)r,) is 0 or 1. In the first case we have that f(T;,) = 0 by [Par99],

hence, reducing modulo A\ we have that f(7,) = 0. In the second case, (V))y, is 1
dimensional, hence Frob, acts as a scalar on it.

To study the local behaviour at ¢, we will use Theorems 6.3.1 and 6.3.2. If
f(Ty) = 0 then the representation restricted to the decomposition group at ¢
is irreducible, hence, dimg, ((Vy)z,) is 0. Therefore, f(Ty) = 0 by [Par99] and so
f(Ty) = 0. On the other hand, if f(7y) # 0 then the representation restricted
to the decomposition group at ¢ can be either tamely ramified, or wildly ramified
since the weight is larger than 2. In both cases, by Theorem 6.3.2 we have that
dimg, ((V)1,) is 1. Hence Froby acts as a scalar on it. O
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What we have just discussed is essential for the comparison of two Katz modular
forms in particular in order to determine the contribution at higher level coming
from forms of lower level.

Let f: T(n,k) — Fy and g : T(m, k) — F; be two Katz modular forms such that
m = cond(py), the integer n is a multiple of m not divisible by £ and 2 < k < /+1.
We want to decide if py = pg only using the Sturm Bound B(n, k), i.e. the Sturm
bound for modular forms of I'g(n) and weight k. For the level part, this is equiv-
alent to say that we want to know if “ f is in the subspace of the old-space given
by g at level n” i.e. f is in the subspace of M(I'1(n), k)g, given by g through the
degeneracy maps from level m to level n.

Theorem 6.3.6. Let n,m and k be positive integers with n a multiple of m. Let £
be a prime not dividing n, and such that 2 <k < £+ 1. Let f : T(n,k) — Fy be a
morphism of rings and let py : Gg — GL2(Fy) be the unique, up to isomorphism,
continuous semi-simple representation corresponding to it. Let g : T(m, k) — F,
be a morphism of rings and let p, : Gg — GLo(FFy) be the corresponding Galois
representation. Let us assume that N(py) = m and that the weight of py is minimal.
The following holds:
— if py is ramified at £ then py is isomorphic to py if and only if f is in the subspace
of the old-space given by g at level n.
if py is unramified at € then py is isomorphic to py if and only if f is either
in the subspace of the old-space given by g at level n or in the subspace of the
old-space given by ¢’ at level n, where ¢’ is the form such that ¢'(T,) = g(T})
for all primes p different from £ and ¢'(Ty) satisfies:

z® — Trace(ps(Froby))z + det(p(Froby)) = (z — g(T1))(z — ¢'(T7)).

Proof. Let us assume that p; is ramified at £.

If f is in the subspace of the old-space given by g at level n then by the description
of the old-space, i.e. Theorem 6.3.5, we have that p; is isomorphic to pg.

Let us show that if p; is isomorphic to p, then f is in the subspace of the old-
space given by g at level n. By hypotheses the conductor of p, is m, hence
the conductor of py is m since the two representations are isomorphic. For all
unramified primes the characteristic polynomials of the two representations are
the same, hence Trace(ps(Frob,)) = Trace(py(Froby)) so f(T,) = ¢(T)) for all
primes p not dividing nf.
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All the possible values of f(T,) for p prime dividing n¢ are listed in Theorem 6.3.5,
hence, from the isomorphism of the representations, it follows that f is in the
subspace of the old-space given by g at level n.

Let us assume that py is unramified at £.

This implies that the weight is ¢ and the representation arises from a form in
weight one, which gives rise to two different forms in weight ¢, as images of the
Frobenius or through multiplication by the Hasse invariant, as already underlined
in Remark 4.2.3. Let ¢’ be the form such that ¢/(T},) = g(T},) for all primes p differ-
ent from ¢ and ¢'(7}) is equal to the other eigenvalue of the Hecke operator Ty i.e.
g'(Ty) satisfies: 2 —Trace(ps(Froby))z +det(ps(Froby)) = (z —g(12))(z — ¢'(T7)).

If f is either in the subspace of the old-space given by g at level n or in the subspace
of the old-space given by ¢’ then the representations py and p, are isomorphic.
Vice-versa, if the representations are isomorphic then the conductor of py is m
and in Theorem 6.3.5 all the possible values of f(7},) for p prime dividing n¢ are
listed, hence since the isomorphism of the representations holds then f is in the
subspace of the old-space given by g at level n or in the subspace of the old-space
given by ¢’ at level n. O

Algorithm 6.3.7 (Check if two mod ¢ forms give rise to the same 2-dimensional
residual Galois representation). Let n, m, k be positive integers with n a multiple
of m. Let £ be a prime not dividing n such that 2 < k < /4 1.

Let ¢ : (Z /mZ)* — C* be a character. Let g : Ty(m, k) — Fy be a morphism
of rings and let p, : Gg — GL2(Fy) be the representation attached to g in Corol-
lary 4.0.5. Assume that the representation p, does not arise from lower level i.e.
there exists no form of lower level with equivalent Galois representation.

Let € : (Z /nZ)* — C* be a character. Let f : Te(n, k) — Fy be a morphism of
rings and let py : Gg — GLo(FF,) be the representation attached to f in Corol-
lary 4.0.5. Let € : (Z /nZ)* — T, be the character defined by €(a) = f((a))) for
all a € (Z /nZ)*. Analogously, let ¥ : (Z /mZ)* — F, be the character defined
by ¥(b) = g((b)) for all b € (Z /mZ)*.

Input: n, m, k, £, €, ¢, f(T,) and g(T,) for p prime p < B(n, k) where B(n, k) is

the Sturm bound for modular forms for I'g(n) and weight ;
Output: if p; = py return 1; otherwise return 0.
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if €(b) # (b) for b € (Z /mZ)* then
return 0 and stop
else
if g(Ty) = 0 and f(1y) # 0 then
return 0 and stop
else if g(7y) # 0 then
if k #£ ¢ then
if f(Ty) # g(T;) then
return 0 and stop
else
if f(Ty) # g(Ty) and g comes from weight 1 then
Compute ¢’ as in Theorem 6.3.6
if f(Tt) # ¢'(1;) then
return 0 and stop
else
return 0 and stop
for p prime not dividing n¢ and p < B(n, k) do
if /(T,) # ¢(T,) then
return 0 and stop
for p prime dividing n do
Let p; and py be respectively the valuation at p of n and m
if po = 0 then
Let {@, 3} be the set of roots of 22 — g(T,)z + g({p))p"!
if p; =1 then
if f(T,) ¢ {@, B} then
return 0 and stop
else
if f(T,) ¢ {0,@,3} then
return 0 and stop
else
if g(T),) =0 and f(T},) # 0 then
return 0 and stop
else if ¢g(7},) # 0 and f(7},) # 0 then
if f(T}) # g(T,) then
return 0 and stop
return 1
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Chapter 6. Comparing eigenforms

Theorem 6.3.8. Algorithm 6.3.7 is correct.

Proof. Tf the two representations are isomorphic then their determinants are equal,

therefore 1) = Res% ;?ZZ (€).

If py = py then by Theorem 6.3.6 f is in the subspace of the old-space given by g
at level n if the representation p; is ramified at £. Otherwise, if p; is unramified
at ¢ it could be in the old-space given by the form ¢ or in the one given by
¢, form such that ¢'(T,) = ¢(T}) for all primes p different from ¢ and ¢'(Ty)
satisfies: 2 — Trace(py(Froby))x + det(py(Froby)) = (z — g(Ty))(x — ¢'(Ty)). This
means that the form g comes from weight 1, see [Edi06, Section 4| and [Wie05,
Section 4.5, Section 4.6], and we check it using, for example, Algorithm 4.3.4 and
Algorithm 4.6.1 in [Wie05] since we are only looking at eigenforms.

The form f is in the subspace of the old-space given by g at level n through the
degeneracy maps from level m to level n. Moreover, g is such that the represen-
tation py does not arise from lower level. Therefore, we apply Theorem 6.3.5: for
all p prime dividing the level n, the value of f(7},) is among the eigenvalues in the
old-space given by g at level n. O

Remark 6.3.9. In the previous theorem and algorithm we are assuming that the
representation p, does not arise from lower level. This condition can be verified
through a bottom-up approach: given a level n it is needed to compute all data
coming from lower level (or compare with data stored in a database). In particular,
this means that the information about the level of first appearance of a system of
eigenvalues is stored in the database.

Remark 6.3.10. I would like to thank Professor Kevin Buzzard for the correspon-
dence we had on this topic, which has been a motivating starting point for the
theorems and the algorithm that we presented in this section.

6.4 Algorithm: bottom-up approach

The goal of the Part IT of this thesis is to outline an algorithm, which receives as in-
put: n and k positive integers, a prime £ not dividing n and such that 2 < k < /+1,
a character € : (Z /nZ)* — C* and a morphism of rings f : Te(n, k) — Fy, and
which gives as output the image of the Galois representation ps, given by Corol-
lary 4.0.5, up to conjugation, as a subgroup of GLy(TFy).
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In this section we give a first description of the algorithm, explaining one of the
main ideas in it.

As explained in the introduction, the Hecke algebra T, (n, k) is free of finite rank as
Z-module, hence, a morphism of rings f : Te¢(n, k) — F, can be expressed, using
the module structure and the relative multiplication table, giving the image of a
basis.

Given this data we compute the system of eigenvalues f,, j, associated to the mor-
phism f:

fn,k:,P — ﬁgXFg
p o= (f(Tp): F((p))

Since we use the system of eigenvalues to check equalities between mod ¢ modular
forms, it is not needed to know the full system, it is enough to know it for primes
up to a certain bound: we will denote as

1) = furlpeg: (P < (¥} — FoxFy
p e (FT), F(0)

the system of eigenvalues truncated at (x). Usually, (x) will be the Sturm bound
of a certain level and weight as explained in the previous section.

The algorithm that we are constructing is associated to a database which stores
the data obtained.

For any new level n, we store in the database the system of eigenvalues at levels
dividing n and weights smaller than the weight considered, so that there is no need
to re-do the computations if the representation arises from lower level or weight.
Indeed, if the representation arises from lower level or weight we will have directly
the image right after the preliminary steps that we are going to describe.

The first reduction step is a weight reduction. Given a system of eigenvalues, it
could happen that it also occurs also at lower weight, see [Edi92, Proposition 3.3
and Theorem 3.4]. Since we are assuming that the weight is between 2 and ¢ + 1,
then it is possible that the same system of eigenvalues appears in weight 2 and
£+ 1. In particular, if this is the case the two system will be equal for all operators
T, for p prime, according to [Edi92, Theorem 3.4]. The equality can be checked
for p up to B(n,¢ + 1), i.e. the Sturm bound for modular forms for I'g(n) and
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weight £+ 1. Indeed, since the systems (i.e. the corresponding modular form) in
weight 2 and level n can be mapped to weight £+ 1 using the Hasse invariant, the
equality is checked between forms of level n and weight £+ 1 with given character,
therefore we apply Corollary 6.1.3.

Algorithm 6.4.1 (Reduction on the weight). Let n be a positive integer, let ¢ be
a prime not dividing n and let k = ¢+ 1. Let €: (Z /nZ)* — C* be a character.
Let f: Te(n,¢+ 1) — Fy be a morphism of rings and let ps : Gg — GLo(FFy) be
the representation attached to f in Corollary 4.0.5. Let € : (Z /nZ)* — F, be the
character defined by €(a) = f({a)) for all a € Z /nZ™.

Input: n, ¢, ¢, f(T,) for p prime p < B(n,{ + 1), i.e. the Sturm bound for
modular forms for I'g(n) and weight ¢ 4 1;

Output: return 0 if there exist no form g of weight 2 and level n such that
pf = pg; otherwise return g.

for g € S(n,2,€)5, do
if ¢(T},) = f(T}) for all primes p with p < B(n,¢+ 1) and p # ¢ then
return ¢ and stop
return 0

The second reduction step regards the level: the representation can arise from
lower level than the one given. Applying Lemma 4.2.2, the system of eigenvalues
fn,k can occur only in level m dividing n, this because the representation p; has
conductor dividing n. This check is done in Algorithm 6.3.7, computing the image
of Hecke operators T}, for p prime less than B(n, k), the Sturm Bound for modular
forms for I'g(n) and weight k, since the character is fixed and so we can apply
Corollary 6.1.3. In fact, for the primes dividing n we have prescribed values.

After these preliminary steps we have computed the minimal level and weight for
which the representation py occurs:

Definition 6.4.2. Let n and k be two positive integers, let £ be a prime such
that (n,¢) = 1and 2 < k < ¢+ 1, and let € : (Z/nZ)* — C* be a character.
Let f : Te(n, k) — F; be a morphism of rings and let py : Gg — GLa(F) be the
representation attached to f in Corollary 4.0.5. We say that p; is minimal with
respect to level if it does not arise from any mod ¢ modular form of level lower
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than n. We say that p; is minimal with respect to weight if it does not arise from
any mod ¢ modular form of weight lower than k.

Remark 6.4.3. It is clear that if the representation py is minimal with respect
to level and irreducible then the level is equal to N(ps) by Khare-Wintenberger
Theorem, see Remark 4.2.3.

With the data obtained by the algorithm we will construct a database. For any
new level n for which the algorithm compute the image, we store in the database
the data coming from systems of eigenvalues of levels dividing n.

Let us suppose that we run the algorithm for a given input. The output of the
algorithm can be used to fill in the database at higher levels and weights. If the
weight is 2 then we do know that the same system of eigenvalues occur in weight
{+1 by multiplication with the Hasse invariant. Analogously, we can list all the
systems of eigenvalue at a higher level coming from the given one and so we have
the following algorithm which is correct, since Algorithm 6.3.7 is correct.

Algorithm 6.4.4 (Old-space from a given mod ¢ form). Let n, m, k be pos-
itive integers with n a multiple of m. Let ¢ be a prime not dividing n such
that 2 < k < ¢+ 1. Let g : Ty(m,k) — Fy be a morphism of rings and let
pg : Gg — GL2(Fy) be the representation attached to g in Corollary 4.0.5.

Input: n, m, k, ¢, g(T},) for p prime p < B(n,k) where B(n, k) is the Sturm
bound for modular forms for I'y(n) and weight k;

Output: list of systems of eigenvalue in the subspace of the old-space given by ¢
at level n.

Set v« []
for f € S(n, k)5, do
Run Algorithm 6.3.7 for f and ¢
if the output of Algorithm 6.3.7 is 1 then
store f in v

return v
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Chapter 7

Reducible representations

In this chapter we study reducible 2-dimensional representations of the absolute
Galois group Gg of an algebraic closure of Q which are modular. We recall
some results about Eisenstein series and generalized Bernoulli numbers in order to
state an algorithm to check reducibility of a 2-dimensional semi-simple modular
representation.

The interplay between reducible representations, Bernoulli numbers and Eisenstein
series can be underlined through the Herbrand-Ribet Theorem, see [Rib76b| and
[Maz11].

Let By be the k-th Bernoulli number, defined in Ars Conjectandi by Bernoulli,
see [Ber06]. It is the coefficient of 2*/k! in the power series expansion

Therefore, By = 1 and By = —1/2. As the function z/(e*—1) — 1 4+ /2 is even,
i.e. invariant under the map x — —xz, we have that By vanishes for odd integers
k > 1. Ken Ribet managed to pass from properties of Bernoulli numbers to
note a consequence about Eisenstein series. This allowed him to construct certain
cuspidal modular forms related to these Eisenstein series:

Proposition 7.0.5 (|Rib76b, Proposition 3.5|). Suppose that ¢ divides By for
some even integer k such that 2 < k < p — 3. Then there exists a normalized,
weight k, level 1, cuspidal eigenform f =" _,an,q" € S(1,k)c and a prime X,
dividing £, of the number field generated by the coefficients of the g-expansion of
[, such that for every prime p # { the coefficient a, is A-integral and

ap, =1 + pF~! mod .

This leads to the construction of an abelian extension of the cyclotomic field Q ({y)
which is unramified and cyclic of degree £ but non-abelian over Q. In fact, a way
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to construct these extensions is through non-abelian reducible indecomposable
representation of Gg into GLa(Fy).

Herbrand-Ribet Theorem (|Rib76b|). Let ¢ be a prime number and k an integer
greater than 2 and smaller than ¢—3. The following are equivalent:
1. The numerator of the Bernoulli number Bay /4k is divisible by (.
2. Let K be the cyclotomic field K = Q (). There is a field extension L/K
that is cyclic of degree £, that is everywhere unramified, and that has the
further property that L/Q is Galois.

7.1 Generalized Bernoulli numbers and Eisenstein se-
ries

Let n be a positive integer. A Dirichlet character modulo n is a multiplicative
homomorphism from (Z /nZ)* to C*. In particular, using Fourier theory for finite
abelian groups, any function on (Z /nZ)* can be written as a linear combination
of Dirichlet characters, see [Ser78, Section 6]. Since Dirichlet characters are mul-
tiplicative, the L-series of a Dirichlet character admits an Euler product. Let us
remark that it is possible to compute the order and the conductor of a Dirichlet
character, for example using [Ste07, Algorithm 4.14] and [Ste07, Algorithm 4.19].

Let x be a Dirichlet character modulo n, we define the k-th generalized Bernoulli
number By attached to x as the coefficient of 2% /k! in the following identity of

formal series:
j)zel®
en:c _ 1 - Z Bk k1’
j=1

If x is the trivial character then B = By, for k > 1 and Bf = —B; = 1/2. The
generalized Bernoulli numbers are algebraic numbers in the number field obtained
adjoining to Q all values of x, for further details see [Car59a| and [Car59b|. Al-
gorithm [Ste07, Algorithm 5.2 computes generalized Bernoulli numbers attached
to a given character with high precision.

Let us recall that a Dirichlet character modulo n is called primitive if n is equal
to the conductor of the character, see [Ste07, Definition 4.18].

We have the following result which identifies the denominator of a generalized
Bernoulli number:
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Proposition 7.1.1 ([Ste07, Theorem 5.7|). Let k be an integer and x be a non-
trivial primitive Dirichlet character. Let us define the integer d as follows:

( if cond(x) is divisible by two distinct primes,
2 if cond(y) =4,
d: =<1 if cond(x) = 2™, m > 2,
kp if cond(x) = p, prime, p > 2,
(1 =x(14+p)) if cond(x) = p™, primep>2 and m > 1.

Then dk—'BY is integral.

From this Proposition we immediately deduce the following Corollary:

Corollary 7.1.2. Let k be an integer and x be a non-trivial primitive Dirichlet
character. Let d be as in Proposition 7.1.1. Then d is not divisible by any odd
prime number not dividing the conductor of x and k.

Proof. The possible values of d are given in Proposition 7.1.1. From our assump-
tions it follows that we need to prove the statement only when cond(x) = p™,
where p is an odd prime and m > 1. If x(1+p) = 1 then x is trivial on 1+pZ /p™Z
and, hence, it factors through F;. Meanwhile, if X(1 4+ p) # 1 then the order of
X(1 + p) is a positive power of p. Given that by hypothesis p # ¢, the valuation
at £ of 1 — x(1 + p) is zero. O

Generalized Bernoulli numbers are linked to Eisenstein series. Indeed, in the next
theorem we will see that they occur in the constant term of the g-expansion of
certain Eisenstein series which are elements of a basis for the Eisenstein subspace
of the space of modular forms, for a proof see [Miy06, Section 7).

Let x1 and x2 be Dirichlet characters and let k£ be a positive integer such that
x1(=1)x2(=1) = (=1)*. Let p be the 2-dimensional, semi-simple, odd, Galois rep-
resentation given by p = Xlxlg_l @ x2, where yy is the f-adic cyclotomic character.
The L-function associated to the representation p is the product of the L-functions
associated at the two characters in which the representation split:

L(p, 8) = L(le s—k+ 1)L(X27 3)'
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Hence, we have that:

Lip.s) =[] <1 —x1(p) ™! -p‘s))f1 (A=) ) =Y e

p m=1

where

Cm: = Z x1(d) x2 (%) dt,

0<dlm

Under suitable conditions on y; and xo, the Dirichlet series that we have just
computed is associated with a modular form:

Theorem 7.1.3 ([Ste07, Theorem 5.8|). Let x1 and x2 be primitive Dirichlet
characters and let k be a positive integer such that x1(—1)x2(—1) = (=1)*. Let t
be a positive integer. Let EX'"**(q) be the power series:

E?I’XQ (q) == co+ Z Z Xl(d))@(%)dk_l q" € Q(x1,x2)[lq]]

m2>1 \0<dlm

where
0 if cond(x2) > 1,

co =
— By )2k if cond(xz2) = 1.

Then, except when k=2 and x1 = x2 = 1, the power series EX'"*(q") belongs to
M (t cond(x1) - cond(x2), k, x1/x2)c-

Ifk=2and x1 =x2 =1, lett € Z~1, then E;’l(q) — tEQI’l(qt) is a modular form
in M(To(t),2)c.

Let us remark that the modular forms Elza,m’ for a given integer k and characters
x1 and Yo, are Eisenstein series and are normalized. Analogously, for all positive
integer ¢ > 1 the series E;’l(q) - tE;’l(qt) is a normalized Eisenstein series.

Theorem 7.1.4 ([Ste07, Theorem 5.9]). Let n and k be positive integers. The
Eisenstein series of the form E}"**(¢'), with cond(x1) - cond(x2)t dividing n,
where t is a positive integer, and x1/x2 = €, and of the form E;’l(q) — thl’l(qt)
for all t dividing n, give a basis for the Fisenstein subspace of M(n,k,€)c.
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Moreover, the Eisenstein series EX'"**(q) € M (cond(x1) - cond(x2),k)c and the
ones of the form Ezl’l(q) —tE;’l(qt) for ¢t > 1 are eigenforms for all Hecke operators.

It is possible to enumerate Eisenstein series in M (n, k, €)c, for a given Dirichlet
character € form (Z /nZ)* to C*, for example using [Ste07, Algorithm 5.11].

7.2 Checking reducibility

Let n, k be positive integers, let f: Tc(n, k) — F; be a morphism of rings from the
Hecke algebra of level n, weight k and character e: (Z /nZ)* — C* to an algebraic
closure of [y, where /¢ is a prime not dividing n and such that 2 < k < £+ 1. Let
€ (Z/nZ)* — F, be the character defined by a — f((a)) for all a € (Z /nZ)*.
Let us suppose that py is absolutely reducible:

pr@F = x1 8 x2

where x; and xo are characters from Gal(Q /Q) to F,. We decompose the char-
acter yi into its part at ¢ and its part away from /¢, according to the following
diagram:

%

Gal(Q/Q) —X F,

%
Gal(@cyd/(@) _ Z* i (Z (ﬁ))* % (Zz)

where i1€Z /({—1)Z . So we have x; = Xge) . le and analogously yo = xéﬁ) : X?-
The determinant of py @ F, is Exlzfl, where Yy is the mod £ cyclotomic character.
Since py ® Iy is isomorphic to x1 @ x2 it follows that the determinants are equal
and so
0) (¢ _
A =
i1+i2:k—1€Z/(€—1)Z.
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7.2 Checking reducibility

In particular, twisting by the j-th power of the mod ¢ cyclotomic character, where
ji=i1+1—ke€Z/({—1)Z, the representation is isomorphic to:

(€) i1—iz
. — 0
0 X2

Hence, if the representation py is absolutely reducible then its image can be de-
scribed in terms of the characters Xge), Xéﬂ)) up to twisting. We will see in Chapter 8
that twisting by the (j)-th power of the mod £ cyclotomic character corresponds to

apply 0@ to the corresponding form. Indeed, the Galois representation associated
j . ~ (O i1—i L

to 0)(f) satisfies Poi () = X& )X’; 2 @ xg) )

The following proposition describes the structure of a 2-dimensional semi-simple

reducible Galois representation under the restriction we are imposing on the level

and the weight.

Proposition 7.2.1. Let n,k be positive integers. Let £ be a prime not dividing n
and such that 2 < k <+ 1. Let f: Te(n,k) — F; be a morphism of rings from
the Hecke algebra of level n, weight k and character e: (Z /nZ)* — C*. Assume
that py : Gg — GLo(Fy), the representation attached to f in Corollary 4.0.5, is
reducible. Then there exists a pair of Dirichlet characters x1 and x2 of (Z /nZ)*
with values in FZ, such that

pr =X @ xe,

where x¢ is the mod £ cyclotomic character.

Proof. The representation p; is semi-simple and reducible by hypothesis, hence it
is decomposable. Let x; and x4 be two Dirichlet characters from (Z /nlZ)* to F,
such that py = x]@®x5. Then, as in the beginning of this section, using the Chinese
remainder Theorem and the hypothesis that ¢ does not divide n, we decompose
each character into a character of (Z /nZ)* and a power of the mod ¢ cyclotomic
character. Let y; and ya be two Dirichlet characters from (Z /nZ)* to F, such
that x} = x1 - X? and x5 = x2 - X?- Therefore, we have py = xq - X@l D xe - ng.

The two representations are isomorphic, so they are isomorphic also restricted
to the decomposition group at ¢. If f(T;) = 0 then Theorem 6.3.2 states that
the representation restricted to the decomposition group is irreducible. Since we
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Chapter 7. Reducible representations

are supposing ps to be reducible, then we have f(7;) # 0. Therefore, we can
apply Theorem 6.3.1: the representation py restricted to the decomposition at £
is reducible and of the form

(X?l/\(G(f)/f(Tz)) * >
0 AMf(Ty))

where \(f(Ty)) is an unramified character of the decomposition group at ¢. This
means that there exists an unramified quotient line for the representation, hence
restricting the representations py and x - X? P xe2- X? to the inertia at ¢, we have
that yo - X? has to be unramified at ¢, so we have io =0 and i1 = k — 1. O

Remark 7.2.2. The restriction on the weight, 2 < k < £+1, is a crucial hypothesis.
In fact, the twist of the representation py, as in the previous proposition, by the
mod £ cyclotomic character is isomorphic to the representation py,, as already re-
marked in Chapter 1. If py is reducible then also pg, ¢ is reducible, but 8, f(T;) = 0
while f(Ty) # 0 as observed in the proof of the previous proposition.

Theorem 7.2.3. Let n, k be positive integers, let £ be a prime not dividing n and
such that 2 < k <+ 1. Let f: Te(n, k) — F; be a morphism of rings. Assume
that py : Gg — GLa(Fy), the representation attached to f in Corollary 4.0.5, is
reducible and does not arise from lower level or weight. Assume that ¢ is odd,
k # € and that we are neither in the case k = 2 and py = 1@ 1 nor in the case
k=1/0-1 and py = le @® 1. Then f is the mod £ reduction of an Eisenstein series
coming from Theorem 7.1.3.

Proof. Tf the representation p; is reducible then there exists a pair of Dirichlet
characters x1 and 2 of (Z /nZ)*, such that p; = Xle_l@xg by Proposition 7.2.1.
Let € : (Z /nZ)* — F, be the character defined by a — f((a)) for all a € (Z /nZ)*.

Since py = X1X§_1 @ x2, the determinants of the two representations have to be
equal, then y1x2 = €.

The field of definition of the representation Xlefl @ x2 is the compositum of
the fields of definition of x; and s, since it is the smallest field containing all
the traces of the representation. Let us denote this field by F. Let K be a finite
extension of Q , with residue field F and let us fix an ideal A in the ring of integers
of K such that (£) D A. Let X1, x2 be A-adic lifts of x; and y2, obtained via
a Teichmiiller lift, and let x, denote the f-adic cyclotomic character which lifts
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7.2 Checking reducibility

the mod ¢ cyclotomic character by its definition. Therefore, the representation
p )?1)(?71 @ X2 is a lift of the representation p; to characteristic zero. Since the
representation py does not arise from lower level and weight then the conductor
of pis n. In fact, if this is not the case, the conductor of p is a divisor of n, so
the reduction modulo £ of p is isomorphic to Xlxlg_l @ x2 and comes from lower
level by construction, hence we get a contradiction. Moreover, we can suppose the
characters primitive.

The L-function associated to the representation pis the product of the L-functions
associated to the two characters in which the representation splits:

L) = I L) =TT (1-50) - p7)

p

- (1—Xz2(p) 'p‘s)_1 .

prime

Hence, we have that:

Lps) = [ D %y "V p 7T D xep)p ™ =

p j20 p >0

_ Z il(m) mF—1-s %2(’)’)1/) m—S =
m=1 m/=1

= > Y n@dw(y) () =
m=1 0<d|lm

= > DR () ) mm =Y e
m=1 \0<d|m m=1

where m
Cm: — Z )A(Jl(d) )?2 <E) dk_l.
0<d|m

Except when both characters are trivial and k = 2, the expansion of L(p, s) and
the expansion of the L-series attached to the Eisenstein series E,’El”?" coincide.
See [Hid93, Section 5.5] or [DS05, Section 5.9] for a definition of L-series attached
to an Eisenstein series. Let us remark that yi(—1)Xa(—1) = (=1)¥ from the
construction of the lift.

The equality of the L-series implies that the Galois representation associated to
E,’;“X? in characteristic zero is equivalent to the representation p. Hence, if there
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Chapter 7. Reducible representations

exists a mod £ modular form which is the reduction mod ¢ of E,’Sl”b, then this
form has representation isomorphic to py. Moreover, since we are supposing that
the representation is reducible and does not arise from lower level or weight, then
this form has to be equal to f.

Theorem 7.1.3 gives the coefficient ¢, of the g-expansion of Eizl’h. For m > 1
the coefficient ¢, is reducible mod ¢ since it is expressed in terms of Y1 and Y2
and by construction the characters reduce to y; and xs. The possible values of ¢
are listed in Theorem 7.1.3.

Let us suppose that ¢y = 0, i.e. that y; and yo are both non-trivial, then let us
denote by E the eigenform obtained by reduction modulo £ of the Eisenstein series
EX If f and E are equal then py is reducible and py = Xlxlg_l @ xa2.

Let suppose ¢y # 0, then at least one between y; and s is trivial. Suppose that
X1 is trivial, and so xys = €.

If € is non-trivial, then multiplying the Eisenstein series Egl’ﬁ by 2d, where d is
given in Proposition 7.1.1, we obtain a form whose constant term is an algebraic
integer. Therefore, we reduce the series 2dE)"** modulo ¢ and we obtain an
eigenform F.

If € is trivial, then the constant term of the Eisenstein series can be expressed
using ordinary Bernoulli numbers, as remarked at the beginning of this chapter.
The von Staudt Theorem, see [Lan76, Chapter X, Theorem 2.1|, states that the
denominator of By, is given by the product over the primes p such that p—1 divides
k. Since x1 and x2 are trivial, we are checking if py is equivalent to X]g_l @ 1. Let
us recall that the representation attached to the reduction of E,i’l for k odd integer
2<k<{+1andk #£—1is equivalent to 1 & Xif_l, see |EC11, Chapter 14].
Indeed, cl(E,i’l) =1 and E,i’l is an eigenform such that cp(E,i’l) =1+ pr! for
all prime p. If £ is different from 2 and ¢ — 1, in order to check if py is equivalent
to one of these representations or not we check if f is equal to the correspondent
form. O

In the rest of this chapter we describe an algorithm which checks reducibility for
a residual modular Galois representation and we prove that it is correct.

Algorithm 7.2.4 (Reducible representations). Let n,k be positive integers, let
¢ be a prime such that (n,f) =1 and 2 < k < ¢+ 1. Let f: Tc(n, k) — F; be
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7.2 Checking reducibility

a morphism of rings from the Hecke algebra of level n, weight k and character
€:(Z /nZ)* — C*. Let €: (Z /nZ)* — F, be the character defined by a — f((a))
for all @ € (Z/nZ)*. Suppose that p; : Gg — GL2(Fy), the representation at-

tached to f in Corollary 4.0.5, does not arise from lower level or weight. We this
using Algorithm 6.3.7.

Input: n, k, ¢, f(T},) for p prime p < B(n, k), where B(n, k) is the Sturm bound
for modular forms for I'g(n) and weight k;
Output: if ps is reducible then return x; and x2; otherwise return 0.

if f(T;) =0 then
return 0
else
Set ¢ = the smallest odd prime not dividing n and different from ¢
List all the possible pairs of primitive Dirichlet characters xi,x2 from
(Z /nZ)* to F, such that: y1x2 = € and cond(x1) - cond(xz2) divides n
for (x1,x2) in the list do
Preliminary check:
for p prime, p < B(n, k), and p # ¢, q do
Compute ¢, = 3o q), X1(d)X2 (B) a+1
if f(T},) # ¢, then
Change the pair and if no pair is left return 0
For every pair which pass the preliminary check
Compute ¢, = 3o g, x1(d)x2 (B) "1 for p € {€,q}
if x1 and y2 are not trivial then
if f(T,) = ¢, for all p prime, p < B(n, k) then
return x; and yxo;
else
Change pair and if no pair is left return 0
else if at least one among x; and xs is trivial then
if one of the following conditions holds: k = ¢ or £ = 2 or both
characters are trivial and k£ = 2 or both characters are trivial
and k=0—1orkq(¢g+1) <k+/{¢+1 then
Compute f(T},) for all p prime, p # q, p < B(ng? k),
where B(ng?, k) is the Sturm bound for modular forms
for Tg(ng?) and weight k;
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Chapter 7. Reducible representations

Compute ¢, for all p prime, p # ¢, p < B(ng*, k);
if f(T,) = ¢, for all p prime, p # ¢, p < B(ng? k); then
return yx; and yxo;
else
Change pair and if no pair is left return 0
else
Compute f(7},) for all p prime, p # ¢, p < B(n, k+{+1),
where B(n,k + ¢ 4+ 1) is the Sturm bound for modular
forms for I'g(n) and weight k + ¢ + 1;
Compute ¢, for all p prime, p # ¢, p < B(n,k+ £+ 1);
if f(T,) = ¢, for all p prime, p # ¢, p < B(n,k +{(+ 1),
then
return y; and xo;
else
Change pair and if no pair is left return 0

Theorem 7.2.5. Algorithm 7.2.4 is correct.

Proof. If the representation py is reducible then by Proposition 7.2.1 there exists
a pair of Dirichlet characters x; and x2 of (Z /nZ)*, such that py = Xlxlz_l D x2.
Let € : (Z /nZ)* — F, be the character defined by a — f((a)) for all a € (Z /nZ)*.
Given that p; is isomoprhic to Xlxlz_l @2, then x1x2 = €. Moreover, as remarked
in Proposition 7.2.1 we have that f(7y) # 0, otherwise the representation is not
reducible.

As stated in Thoerem 7.2.3, if the representation attached to f in Corollary 4.0.5
is reducible and does not arise from lower level or weight, and we are not in one of
the cases excluded by the theorem, then f is the mod /¢ reduction of an Eisenstein
series coming from Theorem 7.1.3. In those cases, we check equalities between
mod ¢ eigenforms.

If the characters y; and Yo are both non-trivial, then let us denote by E the
eigenform obtained by reduction modulo ¢ of the Eisenstein series in characteristic
zero described in the proof of Thoerem 7.2.3. If f and E are equal then Py
is reducible and py = Xlefl @ x2. Using the Sturm bound, more precisely
Corollary 6.1.3, it is enough to check the equality f(T},) = ¢, where ¢, denotes
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7.2 Checking reducibility

the m-th coefficient of the g-expansion of E, for all m < B(n, k), where B(n, k) is
the Sturm bound relative to M (T'o(n), k)g,-

Assume that at least one between x1 and s is trivial. For simplicity let us suppose
that xp is trivial, and so y2 = €.

Let ¢ be the smallest odd prime not dividing n and different from ¢.

In the following cases:

- k=

- =2

— both characters are trivial and k = 2;

— both characters are trivial and k =/ — 1;

— kqlqg+1) <k+0+1;

we use the following procedure: twisting by a character.

The inequality kq(q + 1) < k + ¢ + 1 is obtained comparing the Sturm bound
B(ng* k) for modular forms for T'g(ng?) and weight k with the Sturm bound
B(n,k + ¢+ 1) for modular forms for I'g(n) and weight k + ¢+ 1. In fact we have

B(ng*,k) = B(n,k)q(g+1),
B(n,k+£¢+1) = B(n,k)+ B(n,l+1),

then B(ng?, k) < B(n,k+(+1)if kqlg+1) < k+ ¢+ 1.

Let 7 be a non-trivial Dirichlet character from (Z /¢Z)* to F, of conductor ¢. Let
pr @ 7 be the twist of the representation py by the character 7. To prove that py
is equivalent to Xlxlg_l @ X2 is equivalent to prove that py ® 7 is equivalent to
(XlXif_l @ x2) @ 7. If at least one between y; and X3 is trivial, then twisting by 7,
we get a couple of non-trivial characters. Therefore, the Eisenstein series £, X",
where 7 is a Teichmiiller lift of 7, has constant coefficient zero. Let us denote by
E the eigenform obtained by its reduction modulo ¢. The representation prRTIis
modular and it is equivalent to the representation associated to the mod ¢ modular
form h whose g-expansion at the cusp oo is given by > 7(m)a,,¢™ while the g-
expansion of f is given by > a,,g™, see [Shi71, Proposition 3.64]. If h and E are
equal then py is reducible and py = Xlxlg_l ® X,. Let us remark that E belongs
EZ?L?%

to M(ng?, k, 6T)Fe since by Theorem 7.1.3 we have is an Eisenstein series

in M (cond(€) cond(7)?, k, eT)c, analogously by [Shi71, Proposition 3.64] the form
h belongs to M (ng?, k, ET)E. By Corollary 6.1.3, it is enough check the equality
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Chapter 7. Reducible representations

f(T) = em, where ¢, denotes the m-th coefficient of the g-expansion of E, for
all m prime, m # g and m < B(ng? k).

If kg(¢+1) > k4 ¢+ 1 and we are not in the cases listed before, then we follow a
different procedure to optimize the computations.

If € is non-trivial, by Thoerem 7.2.3, we obtain a mod / eigenform E which has
constant coefficient a priori different from zero. Hence, if §,(f) and §,F are equal
then py = Xlefl @Xo. This is equivalent to check if f(7,) = ¢, for all m prime,
m# ¢ and m < B(n,k+{+1).

If € is trivial, then by Thoerem 7.2.3, we need to check equality between f the
reduction of E;’l for k odd integer 2 < k < ¢4 1 and k # ¢ — 1 is equivalent to
1@ Xf_l, see [EC11, Chapter 14]: indeed cl(E,i’l) =1 and E,i’l is an eigenform
such that cp(E,i’l) = 1+ pF~! for all prime p. By Sturm’s Theorem, this is
equivalent to check equality of the coefficients for all primes m different from ¢
and m < B(n,k + ¢+ 1): the constant term of the mod ¢ forms obtained can be
different from zero, hence we need to apply the theta operator, and so the weight

increases to k + ¢+ 1. O

Remark 7.2.6. Let ¢ be a prime, the Eisenstein series Ezl’_l1 has constant term equal
to the ordinary Bernoulli number By_;. The von Staudt Theorem implies that ¢
divides the denominator of By_1. Hence, multiplying by the denominator of B,_q
the series El}’_ll, we obtain an Eisenstein series whose reduction modulo ¢, denoted
by E, has ¢1(E) = 0. Then ¢,(E) = 0 for all n € Z (. Hence, the g-expansion of
E is the constant power series co(E), a constant multiple of the Hasse invariant,
and it is not normalized. For this reason when k& = ¢ — 1 and both characters are
trivial we use the first procedure. If we use the second procedure, then we would
check equality between the £ — 1 power of the theta operator applied to f and
to the reduction of the Eisenstein series E;_fl and so it would require to use the
Sturm bound B(n, % + ).

When k£ = 2 and both characters are trivial the Eisenstein series E21’1 is not a
modular form, so we use the first procedure.
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Chapter 8

Twist

Twisting a representation by a character is a basic operation in representation
theory. In the context of Part II this thesis, twisting, keeping low bounds on the
required number of operators, is a fundamental feature of the algorithm we want
to outline.

On the one hand, this allows to speed up the computation of the image of a residual
modular 2-dimensional Galois representation by using the data coming from lower
levels. On the other hand, we can easily fill in the database at higher level using
the information obtained at the given level by twisting.

In this chapter we collect several useful result in order to describe the twist of a
modular representation with a Dirichlet character: see Proposition 8.2.1, Proposi-
tion 8.2.4 and Proposition 8.2.6. We show that it is possible to determine whether
the representation restricted to the decomposition group at a ramified prime is
irreducible or reducible, and in the latter case we study its splitting. Moreover,
we outline an algorithm which returns the local description of the representation
at the primes dividing the level and the characteristic, see Algorithm 8.2.9.

In particular, we investigate the conductor of the twist and we obtain results
which allows us to use better bounds than the classical given by Shimura in [Shi71,
Proposition 3.64|: the bound given by Shimura is an upper bound for the conductor
of the twist. In this chapter we also address the problem of twisting by powers of
the mod ¢ cyclotomic character.

8.1 Local representation and conductor

Lemma 8.1.1. Let G be a group and N a normal subgroup. Let V be a 2-
dimensional representation of G. Suppose that V| = Vi @ Vs, i.e. V is decom-
posable for the action of N, and that the action of N on Vi and Vs is given by the
restriction of characters x1, x2 of G such that x1|n # x2|n. Then V decomposes
as V1 @ Vi for the action of G.
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Proof. For every o € G we have the following commutative diagram:

GXV—=GxV (g,v) —= (cgo~ 1, ov)
Vv z \% gu ——— 0 g,

where in the first row the action of ¢ on G x V is given by conjugation on G and
on V by the action of G on V. Let n be an element of N, and let vy be an element
of V1. From the previous diagram we have:

(n,v1) — (ono =1

I

nv| —— onuy.

,0”[)1)

The action of N on Vj is given by the character xi, hence nv; = x1(n)v;. Let
us denote by (owv1)1, (owv1)2 the projections of ov; on Vi and Vo. We have
onvy = o(nvy) = o(x1(n)v1). Therefore, on the one hand we have:

a(x1(n)v1) = x1(n)ovr = x1(n)(ov1)1 + x1(n)(ov1)2,

and on the other hand

onvy = ono tovy = ono L ((ov1)1 + (ov1)2) = x1(n)(ov1)1 + x2(n)(0V1)s.
Hence, (x1(n) — x2(n))(ovi)2 = 0. By hypothesis, for some n € N we have
x1(n) # x2(n), then (ov1)a = 0. This means that V; and V5 are stable under the
action of G. O

Remark 8.1.2. Let us underline that the hypotheses about the characters x; and y»
in the previous lemma are crucial. If these characters are characters of N and not
of G, then it is not possible to have the same conclusion of the lemma. For example,
take G to be G&3, the symmetric group on 3 elements, and its representation to
GL2(C) given by:

p:G3— GLQ(C)

o= (5 ) ma=(] o)

94



Chapter 8. Twist

where &3 = C3xCy = (1) % (€), and w is a fixed third root of unity. The subgroup
Cs is normal in &3 and the representation p restricted to C3 is decomposable
meanwhile p is not reducible. In fact, the characters which give the action of Cs
on the representation are not characters of Gs.

Proposition 8.1.3. Let n and k be two positive integers, let £ be a prime such
that (n,€) =1 and 2 < k <L+ 1, and let € : (Z /nZ)* — C* be a character.
Let f : Te(n,k) — F; be a morphism of rings. Let ps : Gg — GLo(FF,) be the
representation attached to f in Corollary 4.0.5. Assume that py is irreducible and
it does not arise from lower level. Let p be a prime dividing n such that f(T,) # 0.
Then pslag, is decomposable if and only if py|r, is decomposable.

Proof. 1f py|q, is decomposable then p¢|r, is decomposable.

Let us assume that pf|7, is decomposable. By hypothesis f(7},) # 0, hence the
representation is ramified at p, since it does not arise from lower level, and by
Theorem 6.3.3 the representation restricted to G, the decomposition at p, is
reducible. Moreover, there exists a stable line D C V for the action of GG, such that
the inertia group at p acts trivially on V/D. This means that the two characters
which describe the action of G}, on the line and its quotient are distinct once
restricted to the inertia. The inertia [, is normal in G, so we apply Lemma 8.1.1.
Therefore, if py|7, is decomposable then py|q, is decomposable. O

Remark 8.1.4. If the Galois representation py as in the previous proposition is
reducible then it is decomposable since it is semi-simple. The representation re-
stricted to the decomposition group at p is reducible but the two characters which
describe the action of G}, on the line and its quotient are not a priori distinct once
restricted to the inertia.

Proposition 8.1.5. Let n and k be two positive integers, let £ be a prime such
that (n,€) = 1 and 2 < k < L+ 1, and let € : (Z/nZ)* — C* be a character.
Let f : Te(n, k) — Fy be a morphism of rings and let ps : Gg — GLa(Fy) be
the representation attached to f in Corollary 4.0.5. Let € : (Z /nZ)* — F, be the
character defined by €(a) = f({(a)) for all a € (Z /nZ)*.

Assume that py is irreducible and it does not arise from lower level. Let p be a
prime dividing n, such that f(T,) # 0. Then:

(a) pgl1, is decomposable if and only if N,(ps) = Np(€);
(b) pyl, is indecomposable if and only if Ny(py) = 1 + Np(€).
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Proof. The formula (x) for the Artin conductor of a representation given in Chap-
ter 4 can be re-written in the following way:

1
No(pf) =Y o dim(V/VZir) = dim(V/V) + b(V),
! ; [Gop : Gipl
where V is a 2-dimensional Fy-vector space underlying the representation and
1

b(V) = ; Goo Crl dim(V/VEir)

is called the wild part of the conductor. By hypothesis f(7),) # 0, then the
representation restricted to the decomposition group at p is reducible. Let ¢;
and ez be the characters of G, with values in F, which describe the action of Gp
respectively on D, stable line in V' for the action of G}, and on V/D, unramified
quotient for the action of I,,. The character e is an unramified character of G, by
Theorem 6.3.3. Hence,after conjugation, we have

k—1
~ [€1x * ~ (€l *
pf|G":< Oz 62)’ pfhp:(op 1>’

where y, is the mod /£ cyclotomic character and * belongs to Fy.

Let us first suppose that pg|y, is indecomposable. Then Vv is either {0} if € is
ramified, or [Fy - ((1)) if €1 is unramified. The wild part of the conductor is equal to
the wild part of the conductor of €;. Hence,

1=1+N,(e1) if €; is unramified,

Ny(pf) = e :

2+b(e1) =1+ Ny(e1) if € is ramified.
The determinant of the representation is given by det(py) = €X§_1. Since p
and £ are co-prime, then det(py)|r, = €|r,- This implies that |7, = €|,, so
Ny(e1) = Np(€). Therefore, if py|7, is indecomposable then N, (py) = 1 4 Ny (€).

Let us suppose that pg|z, is decomposable. Then V7’ is either Fy - (9) if € is
ramified, or 2-dimensional if €; is unramified. Therefore,

(py) = 0= Ny(er) if € is unramified,
PP +b(e1) = Np(er) if € is ramified.

Given that 61’[p = E!I,,, we have Np(Pf) = Np(g)_
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Remark 8.1.6. Let n and k be two positive integers, let £ be a prime such that
(n,) =1land 2 < k < ¢+ 1, and let € : (Z/nZ)* — C* be a character. Let
f : Te(n,k) — Fy be a morphism of rings and let ps : Gg — GL2(F,) be the
representation attached to f in Corollary 4.0.5. Assume that p; is irreducible.
Let p be a prime dividing n, such that f(7},) # 0. Proposition 8.1.5 gives a
criterion to decide if pf|7, is decomposable or not. By [Dia97, Proposition 2.2],
if ps|s, is indecomposable then the image of inertia at p is of order divisible by ¢
and so the image cannot be exceptional.

8.2 Twisting by Dirichlet characters

Let n be a positive integer. Suppose that it is given a factorization of n as [\, i’
where po<p1<...<pm are primes and e; € Z~o. Each (Z /p{'Z)* is a cyclic
group, unless pp = 2 and ey > 3 in which case (Z /2°Z)* = Cyy x Cp1 where
Co,0 is a cyclic group of order 2, for example Cpg = (—1), and Cp; is a cyclic
group of order 2072 for example Cp; = (5). Using [Ste07, Algorithm 4.4], we
determine the minimal generators for each (Z /p;'Z)* and thorough the Chinese
reminder Theorem we lift each generator to an element g; in (Z /nZ)*, for the
case po = 2 and ey > 3 we have two elements ggo and go; instead of a single
go. Any Dirichlet character y from (Z /nZ)* to F, is then represented giving
a list [x(g0),x(g1)---,x(gm)] of the images of the minimal generators g;, with
t = 0,...,m, where gg is replaced by the couple goo, go,1 in the case pg = 2
and ey > 3. In particular any Dirichlet character can be decomposed into local
characters, one for each prime divisor of n, using [Ste07, Algorithm 4.16].

This means that, with no loss of generality, we can reduce ourselves to study twists
of modular Galois representations with Dirichlet characters with prime power con-
ductor. In fact, the general case is deduced from this combining the local characters
in which the character decomposes.

Let p be a prime and let x : (Z /p'Z)* — FZ, for i > 0, be a non-trivial character.
By definition x is ramified only at p and its conductor at p is positive. The Galois
representation p;y ® x is a 2-dimensional odd continuous representation: let ¢ be a
complex conjugation then

det(ps @ x)(c) = det(ps(c))x*(~1) = 1.
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Moreover, it is modular and if it is irreducible then by Khare-Wintenberger The-
orem there exists a mod ¢ modular form g of level N(py ® x) and weight &k such
that py = pr ® x. If the weight is £ then there could exist two such forms, this
follows from the fact that we are restricting ourselves to weight between 2 and
£+1 and that there exist two different embeddings from weight 1 to weight ¢, see
|Edi06, Section 4.1| and [Wie05, Section 4.5].

It is natural to wonder about the conductor of py ® x. The next propositions settle
the problem.

Proposition 8.2.1. Let n and k be two positive integers, let £ be a prime such
that (n,¢) = 1 and 2 < k < L+ 1, and let € : (Z/nZ)* — C* be a character.
Let f : Te(n, k) — Fy be a morphism of rings and let py : Gg — GLa(F,) be the
representation attached to f in Corollary 4.0.5. Suppose that py does not arise
from lower level and let p be a prime not dividing nl. Let x : (Z /p'Z)* — F,, for
© > 0, be a non-trivial character. Then

Np(py @ x) = 2Ny (x)-

Proof. The representation py is unramified at p since p does not divide nf. There-

fore we have that
~ (X1 0)
® >~ (Ally :
ol = ()

since x is non-trivial and ramified at p. This means that N,,(pr®@x) = 2N,(x). O

Remark 8.2.2. In the hypotheses of Proposition 8.2.1 if in addition py is irreducible
then let g be a mod ¢ modular form of level N(pf ® x) and minimal weight such
that py = py ® x. Since x is not ramified at prime where py is ramified, then it
follows that g(T,) = x(q)f(Ty) for all primes ¢. If the representation is reducible,
the analogous result holds true, see |Shi71, Proposition 3.64|. Moreover, pf ® x
restricted to G, does not admit any stable line with unramified quotient.

Remark 8.2.3. If we twist by characters which ramifies at the primes where the
representation is unramified, then the conductor increases. On the other hand,
twisting by characters ramified at primes where the representation is ramified al-
lows us to detect representations which arises as twist of others of lower conductor.
In order to fill in the database at levels multiple of the given one we will, instead,
twist by characters ramified also at primes where the representation is unramified.
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Proposition 8.2.4. Let n and k be two positive integers, let £ be a prime such
that (n,¢) = 1 and 2 < k <L+ 1, and let € : (Z/nZ)* — C* be a character.
Let f : Te(n,k) — F; be a morphism of rings and let ps : Gg — GLa(Fy) be
the representation attached to f in Corollary 4.0.5. Let € : (Z /nZ)* — F, be the
character defined by €(a) = f({a)) for all a € (Z /nZ)*.

Assume that py is irreducible and it does not arise from lower level. Let p be a
prime dividing n and suppose that f(T},) # 0.

Let x : (Z [p'Z)* — F;, for i >0, be a non-trivial character. Then
Np(ps @ x) = Np(x€) + Np(x)-

Proof. Let us remark that, being twist of each other, p; and py ® x have the
same projective image. Hence, also restricted to the inertia they have the same
projective representation. From this, it is clear that py|;, is decomposable if and
only if (py ® x)|1, is decomposable.

Suppose that pr|;, is decomposable. Proposition 8.1.3 implies that pf|g, is de-
composable. By Theorem 6.3.3, since f(7},) # 0, the representation restricted to
the decomposition group at p is equivalent to elxlg_l @ €2, where €; and €y are
characters of GG, with e unramified. The equality of the determinants restricted
to I, leads to e1]7, = €[1,. Therefore, py|;, = €® 1 and so

o, 0y

(pr ® )1, = pflr, ® xl1, = < 0

This implies that Nj(pr ® x) = Np(x€) + Np(x).

If py|z, is indecomposable, then

~ (O@ln Xl *)
® o P P ,
(sl = (Y

with * # 0. Hence, we have that

1+ b(x) if y€ is unramified,

N K x) =

Given that Nj(x) = 1+ b(x), because x is non-trivial and ramified at p, it follows
that Np(py @ x) = Np(x€) + Np(x)- 0
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Proposition 8.2.5. Let n and k be two positive integers, let £ be a prime such
that (n,¢) = 1 and 2 < k < L+ 1, and let € : (Z/nZ)* — C* be a character.
Let f: Te(n, k) — Fy be a morphism of rings and let py : Gg — GLa(F,) be the
representation attached to f in Corollary 4.0.5.

Suppose that py is irreducible and that N(py) = n. Let p be a prime dividing n and
suppose that f(Ty,) # 0. Let x from (Z /p'Z)* to F,, with i > 0, be a non-trivial
character. Then

(a) if psl1, is decomposable then the representation py @ x restricted to Gy, the
decomposition group at p, admits a stable line with unramified quotient if and
only if Ny(pr ® x) = Np(py);

(b) if pslr, is indecomposable then the representation py @ x restricted to Gy, does
not admit any stable line with unramified quotient.

Proof. Since f(T,) # 0, we have that N,(p; ® x) = Np(x€) + N,(x) by Proposi-
tion 8.2.4. Let us first suppose that pf|;, is decomposable. By Proposition 8.1.5
this is equivalent to Ny(pf) = N,(€). Theorem 6.3.3 states that, since f(7},) # 0,
the representation p; restricted to the decomposition group at p is, after conjuga-

tion, of the form:
k—1
~ (Xx; €& 0
prla, = < 0 62) ;

where €; and ey are the characters of G, with values in F,, with ez unramified.
Hence, after conjugation, we have:

k—1
~ X[ 61X O
(o @la, = (M (X 0 ).

If €1x and exx are both ramified at p then py ® x restricted to G, does not admit
any stable line with unramified quotient. If at least one of the two characters is
unramified then such a line exists. Since €y is unramified at p and y is ramified,
then eoy is ramified, hence, there exists a stable line with unramified quotient
if and only if €y is unramified at p. We have already shown, in the proof of
Proposition 8.2.4, that e1|;, = €|;,. This implies that Ny(xe1) = Ny(x€) = 0,
hence that Nj(ps ® x) = N,(x). Since x€ is unramified then Nj(€) = Np(x).
Therefore N, (pr ® x) = Ny(py)-
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Moreover, the trace of the representation py @ x at p is equal to the scalar which
gives the action of Frob, on the unramified line, hence, by Theorem 6.3.3, it is
equal to X]Z_l(elx)(Frobp) :

Let us suppose that pg|;, is indecomposable. In [Dia97, Proposition 2.2| it is
stated that the representation pf|g, after twisting is either of the form ((1) qf) if
p = 1 mod ¢, where ¢ is an additive ramified character of G, or is equivalent to
(X1) if p # 1 mod ¢, where * is non-trivial. Being twist of each other, py and
pf ® x restricted to the inertia at p have the same projective image. There exists
a stable line with unramified quotient for the action of the projective image of
prla, on PL(Fy) since f(T,) # 0 and the representation py is ramified at p. If we
twist such line by a character ramified at p, since the extension is non-trivial in
the indecomposable case, then the representation py ® x restricted to G, does not
admit any stable line with unramified quotient. O

Proposition 8.2.6. Let n and k be two positive integers, let £ be a prime such
that (n,€) = 1 and 2 < k < L+ 1, and let € : (Z/nZ)* — C* be a character.
Let f : Te(n,k) — Fy be a morphism of rings and let ps : Gg — GLa(Fy) be
the representation attached to f in Corollary 4.0.5. Let € : (Z /nZ)* — F, be the
character defined by €(a) = f({(a)) for all a € (Z /nZ)*.

Suppose that py is irreducible and that N(ps) = n. Let p be a prime dividing n
and suppose that f(T,) = 0. Then:

(a) if pyla, is reducible then there exists a mod £ modular form g of weight k and
level at most np and a non-trivial character x : (Z /p'Z)* — F, with i > 0
such that g(T,) # 0 and pg = pr @ x;

(b) if psla, is irreducible then for any non-trivial character x : (Z [p'Z)* — F,
with © > 0 the representation py @ x restricted to G, does not admit any stable
line with unramified quotient.

Proof. By hypothesis f(7),) = 0, hence the representation p; restricted to the
decomposition group at p does not admit any stable line with unramified quotient.
The representation, restricted to the decomposition group at p, can be either
reducible or irreducible.

In the irreducible case, since for any non-trivial character x : (Z /p'Z )* — F, with
i > 0 the representations py®x and py have the same projective image, then there
exists no stable line with unramified quotient for py ® x.
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Let us assume that py restricted to Gy, is reducible and indecomposable. Then, by
Theorem 6.3.3, the representation is of the form:

k—1
~ [ €1X *
prla, = ( o 62)

where e, is a ramified character of G, with values in F, and * € F,. If ¢ is

unramified, then py|7, = (éGQTIp). Hence, V» = Fy - (}). Meanwhile, if ¢ is

ramified, V> = {0}. Therefore, the conductor at p of py is given by

1+ b(e2) = Np(e2) if €; is unramified,
2+ b(e1) + b(e2) = Ny(e1) + Np(e2) if €1 is ramified.

Np(pr) = {

Hence, we have that Nj,(ps) = Np(e1) + Np(e2).

A stable line with unramified quotient for a twist of p; exists if and only if the
twist is given by the inverse of 3. The conductor at p of py ® 62_1 is given by:

N,(p; ® 6_1) N (6162_le_1 *) _ 1 if 6162_1 is unramified,
P P 0 1 1+ Npy(erey ') if erey ! is ramified,

so Np(pr @ ey ') = 14+ Np(erey ).

Let us remark that the conductor of 6162_1 is less or equal to the maximum between
cond(e;) and cond(ez). Therefore, if €1 is ramified, then Nj(p; ® ;') is less or
equal to Nj(ps): this follows since Nj(ere; ') < max{N,(e1),N,(e2)} and Ny(er),
N,(e2) are both positive since both characters are ramified. If ¢; is unramified,
then N, (py @€, ') = Ny(py) +1 from the previous computations. This means that
there exists a mod ¢ modular form g of weight k and level at most np such that
pg = pr® eyt and g(T),) # 0 since pf® ¢, ' admits a stable line with unramified
quotient.

If py restricted to G is reducible and decomposable we obtain the same result. [

Remark 8.2.7. Proposition 8.2.6 gives us a criterion to decide whether an irre-
ducible representation p; restricted to the decomposition at p, prime dividing
N(p), with Trace(ps(Frob,)) = 0, is irreducible or not. Let us remark that if
pfla, is reducible then the splitting of pf|g, is also determined once computed
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the mod ¢ modular form g of weight k and level N(py® x) such that g(7},) # 0 and
pg = pr @ x. Indeed, by Proposition 8.1.5 the projective image does not change.

The proof of Proposition 8.2.6 implies that if Nj,(pr ® x) > N,(py) and pr @ x
admits a stable line with unramified quotient, then y is the inverse of the compo-
nent at p of the character €: this case can occur only if €] is unramified, hence, by
the equality of the determinants e|7, = €7, and € is ramified since f(7y) = 0.

Let n and k be two positive integers, let ¢ be a prime such that (n,f) = 1 and
2<k</{+1,andlet €: (Z /nZ)* — C* be a character. Let f: T.(n, k) — Fy be
a morphism of rings and let ps : Gg — GLo(FFy) be the representation attached
to f in Corollary 4.0.5.

Suppose that py is irreducible and that it does not come from lower level or weight.
Then for any Dirichlet character x there exists a mod ¢ modular form g of level
N(ps ® x) and weight k such that p, = p; ® x. As we have already remarked,
the form g does not need to be unique since we are restricting ourselves to weight
between 2 and (41.

For any unramified prime ¢ for py we have that g(7,) = x(¢)f(1,). Analogously,
if 7 is a prime dividing N(py) and the component at r of x is trivial we have that
g(T) = f(T}), since the p¢|q, and pr @ x|g, are equivalent in this case.

Let p be a prime dividing N(py), and suppose that the component at p of x is non
trivial.

If f(T}) # 0 then Proposition 8.1.5 give us a criterion to decide about the splitting
of pla,. Proposition 8.2.5 states that if py|;, is decomposable and the twist occur
at level n then ¢g(7},) # 0, since there exists a stable line with unramified quotient
for py ® x. It also follows that if py|;, is indecomposable then g(7T},) = 0.

If f(T,) = 0 then Proposition 8.2.6 give us a criterion to decide if py|q, is ir-
reducible or not. If py|q, is irreducible then g(7,) = 0. Meanwhile, if p¢|q, is
reducible then the form g of level N(py ® x) is such that g(7},) # 0. Proposi-
tion 8.1.5 applied to g give us the splitting of pf|g,-

The previous propositions and the discussion carried on in this chapter motivate
the following definition:

Definition 8.2.8. Let n and k be two positive integers, let £ be a prime such
that (n,f) = 1 and 2 < k < £+ 1, and let € : (Z/nZ)* — C* be a character.
Let f : Te(n, k) — ¢ be a morphism of rings and let py : Gg — GL2(F,) be the
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representation attached to f in Corollary 4.0.5. We say that f is minimal up to
twisting if for any Dirichlet character x : (Z /nZ)* — IFZ, and for any prime p
dividing n

Np(pr) < Np(py @ x)-
The definition of minimality up to twisting is equivalent to require that py is not

isomorphic to a twist of a representation of lower conductor. Can we determine
when a representation is twist of a representation of lower conductor?

The following algorithms answer to this question.

Algorithm 8.2.9 (Local description at the prime p dividing the level). Let n and
k be positive integers. Let £ be a prime not dividing n such that 2 < k < /+41. Let
€:(Z /nZ)* — C* be a character. Let f : Tc(n, k) — Fy be a morphism of rings
and let ps : Gg — GL2(Fy) be the representation attached to f in Corollary 4.0.5.

Assume that Algorithm 6.3.7 and Algorithm 7.2.4 certify that py is irreducible and

N(ps) = n. Let p be a prime dividing n. Let €: (Z /nZ)" — F, be the character
defined by €(a) = f((a)) for all a € (Z /nZ)*.

Input: n, p, k, ¢, €, f(T,) for ¢ prime ¢ < B(n,k) where B(n, k) is the Sturm

bound for cusp forms for I'g(n) and weight k;

Output: return the list [ is_reducible, is_decomposable, v] where

— is_reducible=true if pf|g, is reducible, otherwise it is set to false;
is_decomposable—true if ps|qg, is decomposable, otherwise it is set to false;

— v is a list and it is non-empty if and only if f(7},) = 0 and py|g, is reducible
in which case v = [g, x] where g and x are the form and the character as in
Proposition 8.2.6.

Set v < []; is_reducible—false; is decomposablefalse;
if f(7,) # 0 then
Set is_reducible=true
if N,(n) # N,(€) + 1 then
Set is_ decomposable=true
else if f(7},) =0 then
for y non-trivial Dirichlet character from (Z /p'Z)* to F, with i > 0 and
i < Np(n) do
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Set j + 0
while j < N,(n) do
for g € S(np~, k)g, such that pg is irreducible and N(pg) = np~J

do
if g(T,) = 0 then
Change ¢ and continue
else
if f(T,) # x(q)g(T}) for g prime different from p
and ¢ < B(n, k) then
Pass to the next g
else
Set v < [g,x] and stop the cycle and the
while iteration
Set j ¢+ j + 1
if v =[] then

Let €®) be the component at p of €
for g € S(np, k, E(E(p))_Q)E such that p, is irreducible and N(pg) = np

do
if g(T,) = 0 then
Change ¢ and continue
else
if f(T,) # €P)(q)g(T,) for ¢ prime different from p and
q < B(n, k) then
Pass to the next ¢
else
Set v + [g,€®] and stop the cycle
if v # [] then

if N,(pg) # Np(eg) + 1 where ¢, is the character of g then
Set is decomposable=true

Theorem 8.2.10. Algorithm 8.2.9 is correct.

Proof. The first part of the algorithm follows from Theorem 6.3.3: the represen-
tation is ramified at p and if f(7},) # 0 then py|q, is reducible. Proposition 8.1.5
give us a criterion to decide about the splitting of pf|q,.
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If f(Tp) = 0 then by Proposition 8.2.6 we can distinguish whether p¢|g, is re-
ducible or not. In the algorithm we determine if the representation is reducible,
checking if it is twist by a character ramified only at p of a modular forms of lower
level or of level np. The hypotheses on the forms we are twisting, i.e. irreducibility
and the fact that the associate representation does not arise from lower level, are
checked using Algorithm 7.2.4 and Algorithm 6.3.7 respectively. For the forms of
lower level the bounds for the conductor of x comes from the proof of Proposi-
tion 8.2.6. Analogously, we know that the level of the twist admitting a stable
line with unramified quotient can be np only if the twist is done using (e®)~1,
the component at p of €, see Remark 8.2.7. The splitting in the reducible case is
given by the splitting of py|q,, see Remark 8.2.7. O

Algorithm 8.2.11 (Check if two representations are twist by a given character).
Let n, m, k be positive integers, such that m is a multiple of n. Let ¢ be a prime
not dividing m and n such that 2 < k < ¢+ 1.

Let ¢ : (Z /mZ)* — C* be a character. Let g : Ty(m,k) — Fy be a morphism
of rings and let p, : Gg — GLa(FF;) be the representation attached to g in Corol-
lary 4.0.5. Suppose that p, is irreducible and N(p,) = m: Algorithm 6.3.7 and
Algorithm 7.2.4 perform the respective checks.

Let € : (Z/nZ)* — C* be a character. Let f : Tc(n,k) — F; be a morphism
of rings and let p; : Gg — GLo(Fy) be the representation attached to f in
Corollary 4.0.5. Suppose that py is irreducible and N(py) = n.

Let € : (Z /nZ)* — F, be the character defined by €(a)=f((a)) for all ac(Z /nZ)*
and let ¢ : (Z/mZ)* — F, be the character defined by ¥ (b)=g((b)) for all
be(Z /mZ)*. Let x be a Dirichlet character, represented giving a list x® for
all p prime dividing the conductor of x.

Input: n, m, k, £, x, & v, f(Tp) and g(T,) for p prime p < B(m,k) where
B(m, k) is the Sturm bound for cusp forms for I'g(m) and weight k;
Output: if p; = py @ x return true; otherwise return false.

Set twist=false;
if y?€ =1 then
if g(7,) = x(q) f(Ty) for all ¢ prime, ¢ < B(m, k) and ¢ { ncond(x) then
Set v «— 0; list«— [¢ prime, ¢ < B(m, k) and ¢ | ncond(x)]
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while p in list do
if p | cond(x) and p {n then
if Nj(m) = 2N,(cond(x)) and g(7,) = 0 then

else

v =v + 1 and pass to the next prime

if f(7,) # 0 then

else

Compute the characters of G, in Theorem 6.3.3 for
f i.e. compute €; and €3 where € = 62_1E and €9 is
unramified at p and ez (Frob,) = f(7},).
if N,(n) = Np(€) + 1 and ¢(7),) = 0 then

v =v + 1 and pass to the next prime
else if N,(m) = Np(n) then

if g(T,) = p"~'(e1x®)(Frob,) then

v = v + 1 and pass to the next prime

else if ¢g(7},) = 0 then

v = v + 1 and pass to the next prime

Run Algorithm 8.2.9 for f and p, let v = [h, 7] be
the list in the output
if 7= x) and h(T,) = g(T,) then

v = v + 1 and pass to the next prime

if v is equal to the length of list then
Set twist=true

twist

Theorem 8.2.12. Algorithm 8.2.11 is correct.

Proof. To decide if pg is equivalent to py ® x or not, we check a relation in the
space of modular forms at level m, given that p, is irreducible with N(py) = m
and weight k. Hence, it is enough to check equalities up to B(m, k) where B is the
Sturm bound for cusp forms for I'g(m) and weight k since py and p, are irreducible
by hypothesis. The equality between the determinant of p, and py ® x leads to
the equality y%€ = 1.

For all primes ¢ not dividing n cond(x) and ¢ < B(m, k) we have:

9<Tq) = X<Q)f(T¢I)7
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since these primes are unramified primes for p,.

Similarly, for all primes r dividing cond(x) but not n we have that N,(m) is
equal to 2N, (cond(x)) by Proposition 8.2.1. Moreover, since in this case the
twist restricted to the decomposition group at r does not admit a stable line with
unramified quotient, then g(7,) = 0.

Let p be a prime dividing n and cond(y).

If f(T,) # 0 then we can compute the characters of G, in Theorem 6.3.3 for f i.e.
compute ¢; and 3 where €; = ¢, '€ and ey is unramified at p and e(Frob,) = f(T}).

If pg restricted to G, is indecomposable then N, (n) = Ny(€) + 1 and in Proposi-
tion 8.2.5 we have shown that there exist no stable line with unramified quotient
for the twist, hence g(7}) is zero.

If py restricted to G is decomposable then Nj(n) = N, (€) and in Proposition 8.2.5
we have proved that there exist a stable line with unramified quotient for the twist
if and only if the twist as the same conductor of the representation. Hence, g(7})
is non zero and equal to p~!(e;x?))(Frob,) if and only if Nj(m) = Ny (n).

If f(T},) = 0 then by Proposition 8.2.6 we have that there exist a stable line with
unramified quotient for the twist if and only if the representation is reducible.
Hence, (1)) = 0 unless Algorithm 8.2.9 returns in the output a non-empty list as
third argument. In this case g(7},) has to be equal to the value at 7T}, of the form
stored. O

In the next Algorithm we suppose that the character of the twist is not given and
we check if there exist one.

Algorithm 8.2.13 (Check if two representations are twists). Let n, m, k be
positive integers, with n dividing m. Let £ be a prime not dividing m and n such
that 2 <k </ +1.

Let ¢ : (Z /mZ)* — C* be a character. Let g : Ty(m, k) — Fy be a morphism
of rings and let p, : Gg — GL2(Fy) be the representation attached to g in Corol-
lary 4.0.5. Suppose that p, is irreducible and N(p,) = m: Algorithm 6.3.7 and
Algorithm 7.2.4 perform the respective checks.

Let € : (Z/nZ)* — C* be a character. Let f : Tc(n,k) — F; be a morphism
of rings and let ps : Gg — GLa(Fy) be the representation attached to f in
Corollary 4.0.5. Suppose that py is irreducible and N(ps) = n.
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Let €: (Z /nZ)" — F, be the character defined by €(a)=f((a)) for all a€(Z /nZ)*
and let ¢ : (Z/mZ)* — T, be the character defined by ¥(b)=g((b)) for all
be(Z /mZ )*.

Input: n, m, k, £, €, ¢, f(T,) and g(T,) for p prime p < B(m,k) where B(m, k)
is the Sturm bound for cusp forms for I'g(m) and weight k;
Output: if p, = pr ® x for a Dirichlet character x return x; otherwise return 0.

ve [ ]
for p prime dividing n do
if f(7,) # 0 then
Let x®) be the Dirichlet character from (Z /p'Z)* to F,, for i > 0,
such that N,(xP€) + N, (xP)) = N,(m).
Compute the characters of G}, in Theorem 6.3.3 i.e. compute €; and
€9 where we have that ¢; = eglé, the character ey is unramified at p
and ey (Frob,) = f(T}).
if N,(n) = Np(m) then
if g(T,) = p*~(e1x?)(Frob,) then
Store x® in v
else
return 0 and exit
else
if g(T,) = 0 then
Store x® in v
else
return 0 and exit
else if f(7},) =0 then
Run Algorithm 8.2.9 for f at p, let v be the output obtained
if is_reducible=false then
if g(7),) = 0 then
Store ) =1 in v
else
return 0 and exit
else
if g(7,) = 0 then
Store x») =1 in v
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8.2 Twisting by Dirichlet characters

else
if m # np then
return 0 and exit
else
Let v = [h, 9]
if h(T}) # g(Ty) for all ¢ prime ¢ < B(m, k) then
return 0 and stop
else
Store xP) =4 in v
Set x « []x® for x) in v
if y?€ =1 then
if g(T,) = x(q)f(Ty) for all ¢ prime, ¢ < B(m,k), and ¢ not dividing
cond(x) then
return y
else
return 0
else
return 0

Theorem 8.2.14. Algorithm 8.2.13 is correct.

Proof. For all primes p dividing n we compute the local component ) of the
character x. If f(7,) # O then, from Proposition 8.2.4 and from the hypothesis
N(pgy) = m, it follows that x®) is the character such that N,(x®e) + N,(x®)
is equal to N,(m). We compute the characters of G}, in Theorem 6.3.3 for py:
let us denote them by ¢; and €3 where ¢; = 62_15, the character €9 is unramified
at p and ep(Frob,) = f(T},). If py restricted to G is decomposable, then by
Theorem 8.2.5 we have g(T},) # 0 and g(T}) = p"~(e1x®)(Frob,) if and only
if Np(n) = Np(m). If py restricted to G) is indecomposable, then by Proposi-
tion 8.2.5 we have ¢g(7},) = 0. If f(7,,) = 0 then then by Proposition 8.2.6 we have
g(T) = 0 unless m = np. In this last case, we run Algorithm 8.2.9 and we use the
output to check equality between mod ¢ modular forms.

The character x given by the product of the xP) has to satisfy %€ = 1. More-
over, for all primes ¢ not dividing cond(x) and smaller than B(m, k) the equality
9(Ty) = x(q)f(T;) must hold. O

110



Chapter 8. Twist

Algorithm 8.2.15 (Check minimality up to twisting). Let n and k be posi-
tive integers. Let ¢ be a prime not dividing n such that 2 < k < £+ 1. Let
€:(Z/nZ)* — C* be a character. Let f : T.(n,k) — F; be a morphism of rings
and let ps : Gg — GLo(FF,) be the representation attached to f in Corollary 4.0.5.
Assume that Algorithm 6.3.7 and Algorithm 7.2.4 certify that p; is irreducible
and N(pf) = n. Let €: (Z /nZ)* — T, be the character defined by €(a) = f({(a))
for all a € (Z /nZ)*.

Input: n, k, ¢, € f(1,) for p prime p < B(n,k) where B(n,k) is the Sturm
bound for cusp forms for I'g(n) and weight k;

Output: return 1 if f is minimal up to twisting; otherwise return the form g and
the character such that p; @ x = py.

for p prime dividing n do
if f(7,) # 0 then
for 1 <i <Np(n) do
for g € S(np~, k)z, do
for y Dirichlet character from (Z /p/Z)* to F, with j > 0
and such that Np(xey) + Np(x) = Np(n), where ¢ is the
character of g do
if Algorithm 8.2.11 returns true then
return ¢ and x and stop
else
Run Algorithm 8.2.9 for f and p, let v be the list in the output
obtained
if v[2] = [h, x] with h of level dividing n then
return h and y and stop
return 1

Theorem 8.2.16. Algorithm 8.2.15 is correct.

Proof. Minimality up to twisting is a local condition: we need to verify it for every
prime dividing the conductor of the representation. Let p be a prime dividing n,
the conductor of py.
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8.3 Twisting by the mod ¢ cyclotomic character

If f(T,) # 0 then by Proposition 8.2.4 we compute the conductor of the twist and,
hence, the set of characters for which we need to perform a check is known.

If f(T,) = 0 then Algorithm 8.2.9 returns the form given in Proposition 8.2.6 and
if such form exists and it is of level smaller than n, then f is not minimal up to
twisting. O

8.3 Twisting by the mod /¢ cyclotomic character

Let n and k£ be positive integers. Let ¢ be a prime not dividing n such that
2<k</l+1. Lete:(Z/nZ)* — C* be a character. Let f : Tc(n,k) — Fy be a
morphism of rings and let py : Gg — GL2(Fy) be the representation attached to f
in Corollary 4.0.5. Assume that Algorithm 6.3.7 and Algorithm 7.2.4 certify that
py is irreducible and N(ps) = n. The twist of the Galois representation p; by the
mod ¢ cyclotomic character is isomorphic to the Galois representation associated
to 0¢(f) by [Edi92, Section 3.1]:

Po,(f) = P @ Xe-

Hence, the representation obtained by twisting with powers of the mod ¢ cyclo-
tomic character is isomorphic to the representation attached to the mod ¢ modular
form obtained applying the same power of 6, to the form. Anyway this form could
not be the minimal one giving rise to the twist. Suppose that the representation
ps has weight k, then the representation py ® x§ for a € Z has weight k(py ® x7):
the weight is given by the theory of §-cycles, see [Edi92, Proposition 3.3].

Let us remark that the coefficients of the twist are given by the coefficients of 07 f,
and that twisting by powers of the mod ¢ cyclotomic character does not change
the field of definition of the representation.
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Fields of definition

The goal of this thesis is to give the outline of an algorithm which gives as output
the image of a semi-simple residual modular Galois representation, up to con-
jugation, as a subgroup of GLy(FFy). After checking whether the representation
is reducible or not, the next step towards our aim is to determine the field of
definition of the representation.

The field of definition of the representation is the smallest field F C F, over which
py is equivalent to all its conjugate. In this case, since the Brauer group of a finite
field is trivial, the field of definition and the field of realization are the same field:
see [DS74, Lemme 6.13] and [EC11, p.56]. Hence, the representation is equivalent
to a representation whose image is made of matrices with entries in the field of
definition. The image of the representation ps is then a subgroup of GLo(F).

Let Ppy : Gg — PGLy(F) be the projective representation associated to the rep-

resentation py through the quotient map GLy(IF) 5 PGLy(F). The representation
Pps can be defined on a different field than the field of definition of the repre-
sentation. This field is the Dickson’s field for the representation, as explained in
Chapter 5.

The aim of this chapter is to describe the fields of definition of the representation
and of the projective representation. These are fundamental ingredients in the
description of the image of the representation. Related results has been proved by
Ribet, see [Rib85], our main contribution is the use of the Sturm bound, which we
have not seen in the literature before.

9.1 Linear representation

Let n and k be positive integers, and let ¢ be a prime not dividing n such that
2<k</l+1. Let e: (Z/nZ)* — C* be a character and let f: Tc(n, k) — F; be
a morphism of rings.
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9.1 Linear representation

As explained in [EC11, Chapter 2, Section 2.5], the field of definition for the
representation py is the smallest extension of I, which contains the traces and the
determinants of p¢(Frob,) for all p not dividing n¢ and it is the minimal field over
which all conjugates are isomorphic. We want to make the result effective, using
the local description of the representation given in Chapter 6.

Proposition 9.1.1. Let n and k be positive integers and let £ be a prime such
that (n,f) =1 and 2 < k < {4+ 1. Let e: (Z /nZ)* — C* be a character and let
f: Te(n, k) — Fy be a morphism of rings. Let us suppose that the representation
pr: Ggo — GLa(Fy), given in Corollary 4.0.5, is irreducible and does not arise
from lower level or weight. Let S be the set:

S = {f(Tp)|p prime, p# L and p < B(n,k)} U{f((d))|d € (Z /nZ)"},

where B(n, k) is the Sturm bound for cusp forms for To(n).

Then the field of definition of py is F¢(S): the smallest extension of Fy containing
the elements of the set S.

Proof. Let F be the field of definition of py. It is the smallest extension of Iy
containing f(7},) for p prime, not dividing nf, and f((d)) for d € (Z /nZ)*, as
proved in [EC11, Chapter 2, Section 2.5]. The statement is equivalent to prove
that F = Fy(S).

Let S’ be the set
S":={f(T,)|p prime, p < B(n, k)} U{f((d))|d € (Z/nZ)"} > S

and let us denote by F' := Fy(S’) the smallest extension of Fy containing all
elements of S’. For all ¢ € Gal(F,;/F’') we have that, for all primes p less than
B(n, k), the conjugate of f(T},) by o, which we will denote by f(7})?, is equal to
f(Tp) by definition of F’. Corollary 6.1.3 implies that, since f(7},)? = f(T,) for all
primes up to the Sturm bound for cusp forms for T'g(n), then f7 = f. Therefore,
the Galois representations attached to f° and f are isomorphic: they are both
semi-simple and they have the same characteristic polynomials, hence the result
follows by a theorem of Brauer-Nesbitt, see [CR06, Theorem 30.16]. For the same
reason we have that the representations py and pyo are isomorphic, so that py is
isomorphic to p?.
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Chapter 9. Fields of definition

Since T is the field of definition for the representation, we have that F C .
Indeed, the field of definition is the smallest extension of F, for which, for all
o € Gal(F,/F), the representation p? is isomorphic to py. Theorem 6.3.3 implies
that f(7)) belongs to IF for all primes p dividing n: by hypotheses py is irreducible
and n = cond(py), so if f(T}) is non-zero then the Frobenius at p acts on a line
over F with eigenvalue equal to f(7},). If the representation at ¢ is ramified then
f(Ty) belongs to Fy(S) by Theorem 6.3.1 and 6.3.2. If, instead, the representation
is unramified at ¢, which means that the weight is ¢, then there are two possible
eigenvalue of Frob, and this values are conjugated over a quadratic extension of
F. From this it follows that F' = F(f(7})). Hence, F = Fy(S). O

Remark 9.1.2. In Proposition 9.1.1, we have shown that F the field of definition
for the representation py is such that either F(f (7)) = IF or F(f(1)) is quadratic
over IF. The second case can occurs only if k(ps) = ¢ and it corresponds to an
embedding of mod ¢ modular form from weight one to weight ¢. Hence, this is
not the minimal weight in which the representation does occur.

Remark 9.1.3. In Proposition 9.1.1, the representation py is assumed to be ir-
reducible. Let us recall that in the reducible case, the field of definition of the
representation is the compositum of the fields of definition of the characters in
which the representation decomposes.

9.2 Projective representation

Let py be the residual Galois representation as in Corollary 4.0.5, and let F
be the field of definition for the representation. Let Pp; : Gg — PGLy(F)
be the projective representation obtained by composition with the quotient map

GLy(F) 5 PGLy(F).

Proposition 9.2.1. Let n and k be two positive integers, let £ be a prime such
that (n,€) = 1 and 2 < k < {+ 1, and let e: (Z/nZ)* — C* be a character.
Let f: Te(n, k) — F; be a morphism of rings and let pg : Gg — GLo(F,) be the
representation attached to f in Corollary 4.0.5. Assume that py is irreducible, it

does not arise from lower level or weight and it is realized over F. Then Ppy is
realized over the subfield of F fized by

A: = {o € Aut(F)| 37 : Gal(Q/Q) = F*: pf = p@7}.
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9.2 Projective representation

Proof. Let F' C Fy be the subfield fixed (point-wise) by all o € Aut(F,) such that
(Ppg)? is isomorphic to Ppy, therefore F is the field of definition of the projective
representation. Note that (Ppy)” = P(p$), so we have F' C F, field of definition
of the representation. Hence, F/ C ¥ is the subfield fixed by the o € Aut(FF) such
that P(p) = Ppy. This implies that for each choice of o € Aut(F) there exists a

character 7 : Gal(Q /Q) — F* such that p§ and py are twist.

Let o be the Frobenius element of Gal(F;/F’), and let s be an element of PGLs(IFy)
such that for all g in the image of Pps we have o(g) = sgs—t. Since PGLo(IF')
is a connected group, then by Lang’s Theorem, see [Sri79, Theorem 2.4], there
exists ¢ in PGLy(FF;) such that s = o(t)~!t. Then all tgt~! are in PGLy(F’), so
the realization over F’ is unique. O

What is Aut(Ppy)? The representation py is an action of Gal(Q/Q) on the F-
vector space F2, in the same way the projective representation Ppy is an action
of Gal(Q/Q) on the projective line P, regarded as F-scheme. Then Aut(Ppy) is
the group of elements of Aut(Pt) = GLo(F)/F* that commute with all elements
in the image.

Proposition 9.2.2. Let n and k be two positive integers, let £ be a prime such
that (n,f) = 1 and 2 < k < 0+ 1, and let e: (Z /nZ)* — C* be a character.
Let f: Te(n, k) — Fy be a morphism of rings and let ps : Gg — GLo(F,) be the
representation attached to it in Corollary 4.0.5. Assume that py is irreducible,
does not arise from lower level or weight and is realized over F. Then the field of
definition of Ppys is the smallest extension of Fy containing (f(T,))?/f((p))p"~1
for all primes p not dividing nt.

Proof. Let F’ denote the field of definition of the projective representation. As
shown in Proposition 9.2.1, the field [’ is the fixed field of [, the field of defini-
tion of the representation, under the group of automorphism of F for which the
representation and its conjugate are twist.

We have the following diagram of algebraic groups:
GLa(F) — PGLy(F,) —— SO3(Fr)

Sym2 ®det™ !
GL3(Fy)
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Chapter 9. Fields of definition

where 7 is the natural quotient map, the group homeomorphism from GLz(F,) to
GL3(Fy) is defined as follows:

Sym?®@det ~': GLo(F,) — GL3(Fy)

a? ab b2
a b 1
d — 2ac ad+bd 2bd | - T bd
¢ c? cd d? ad=

In particular, given a diagonal matrix D = (3 2) € GLa(Fy), then we have that

a/b 0
(Sym?@det 1) (D)= 0 0
0 b/a
Hence, by simple computations it follows that ker(Sym2 ®@det ~1) = FZ is given
by the scalar matrices. Moreover, each matrix in the image of Sym?® det !

has determinant 1 and it preserves ¢, the quadratic form on ]P’% defined by
4

q(z,y,2) = 4xz — 3. Then Sym? ® det ~1(GLy(F)) is isomorphic to SO3(Fy, q).
The groups PGL2(F,) and SO3(F,,q) are isomorphic, where g is the standard
quadratic form on IP’%Z, see |Die71, Section 9, Chapter II| or [FH91, p.273]. This

isomorphism gives an injection of PGLy(F,) in GL3(F,).

If ¢ # 2, the quadratic forms ¢ and g are equivalent over Fy, see [Ser77a, pp.34-35],
and in characteristic 2 they are equivalent because they are both degenerate and
both equivalent to the form z2. Hence, from now on we will drop the reference to
the quadratic form in the notation of the special orthogonal group.

Let us claim that conjugation in SO3(FF;) by element of GL3(FF,) is the same as
conjugation in PGLa(F,). The automorphism group of the image of the map ¢
from IP%@ to IP’%/ given by (x : y) — (22 : 22y : y?) is a subgroup of PGLy(FFy): the
map ¢ is a closed embedding, and its image is the zero locus of the quadratic form
q- Any matrix in GL3 (Fg) acting as conjugation on the image of ¢ corresponds to
an automorphism of the image, so to conjugation in PGLy(F,). Hence, the claim
holds true.

In conclusion, any 2-dimensional projective representation is a linear representation
to GL3(IF¢). In particular, the representation Ppy corresponds to the representa-
tion Sym?®@det™*(ps) in GL3(F). The representation p; is semi-simple, then
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9.2 Projective representation

Sme(pf) is semi-simple: since py is 2-dimensional, this follows from [Ser94,
Théoréme 2|. Therefore, the representation Sym? @ det™!(p;) is semi-simple.

For any o € Gal(F,/F’) the conjugate of Sym? @ det™'(ps) by o and the repre-
sentation Sym? ® detfl(p ) are semi-simple and they give the same characteristic
polynomials as functions on Gal(Q /Q).

Therefore, the representation Sym? ® det_l(pf) is isomorphic to all its conjugates
over F’ by [CR06, Theorem 30.16]. By the Brauer-Nesbitt Theorem combined
with the Chebotarev density Theorem, the field F’ contains all the traces of the
representation Sym? ®det71(pf) at the unramified prime. This means that F’ is
the smallest extension of F, containing (f(7},))2/f({p))p*~* for all primes p, not
dividing n#, since for the unramified primes we have:

(f(Tp))?

Trace(Sym? @det ' (ps(Froby))) = T 1.

O

The previous proposition is not effective: there is no bound for the number of traces
needed. Anyway we can compute [F’, the Dickson’s field of the representation, using
the following observation.

Let n and k be two positive integers, let £ be a prime such that (n,¢) = 1 and
2 <k</{+1,andlet e: (Z/nZ)* — C* be a character. Let f : Tc(n, k) — F,
be a morphism of rings and ps : Gg — GLa(FF,) the representation attached to
it in Corollary 4.0.5. Assume that py is irreducible, it does not arise from lower
level or weight and it is realized over F. Moreover, assume that f is minimal up
to twisting: we can check this using Algorithm 8.2.15.

In Proposition 9.2.1 we have proved that F' = F4 where
A: ={o € Aut(F)| 37 : Gal(Q/Q) — F*: PF = pf ®T}.

The condition ,0? = pr®T is equivalent to the equality between ¢ and the mod £
modular form of minimal level and weight associated to py ® 7, since f is minimal
up to twisting and the representation p; does not arise from lower level or weight.
Algorithm 8.2.13 checks if two representation are twist of each other and, if it is the
case, it returns the character which gives the twist. Hence, once f? is computed
we can run such algorithm and find F'.
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To speed up computations, instead of trying all subfields of the field of defini-
tion of the representation, we compute the smallest extension of F, containing
(f(T))?/f({p))pt~! for all primes p, not dividing n¢, up to the Sturm bound for
cusp forms for I'y(n) and weight k. Let us denote this extension by F”.

This field is a subfield of the field of definition of the projective representation, so
we run Algorithm 8.2.13 for f7 and f with o € Gal(F/F"”). We used coefficients
only up to the Sturm bound for cusp forms for I'g(n) and weight k& because these
are needed to run Algorithm 8.2.13. What we have just described is the following
algorithm:

Algorithm 9.2.3 (Field of definition of the projective representation). Let n and
k be positive integers. Let £ be a prime not dividing n such that 2 < k < ¢+ 1.
Let € : (Z /nZ)* — C* be a character. Let f : T¢(n,k) — Fy be a morphism of
rings and let py : Gg — GLa(FF,) be the representation attached to f in Corol-
lary 4.0.5. Suppose that py is irreducible and N(ps) = n. Let I be the field of
definition of the representation, it can be computed using Proposition 9.1.1. Let

€: (Z /nZ)* — F, be the character defined by €(a) = f((a)) for all a € Z /nZ*.

Input: n, k, £, €, I field of definition of the representation, f(7}) for p prime
p < B(n,k) where B(n,k) is the Sturm bound for cusp forms for I'g(n) and
weight k;

Output:F’ field of definition of the projective representation.

Set I’ equal to the smallest extension of F, containing (f(7}))2/f((p))p*~1 for
all p prime, pfnl, p < B(n, k).
if F/ #F then
for o € Gal(F/F’) such that (o) = Gal(F/F’) do

Compute the system of eigenvalues f7 .

Run Algorithm 8.2.13 for and f,, 1, with 2

if The output of Algorithm 8.2.13 is not 0 then

Set F/ = F? and restart the cycle with this new choice of F’

Theorem 9.2.4. Algorithm 9.2.3 is correct.
Proof. This follows from Proposition 9.2.1 and 9.2.2. O
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9.2 Projective representation

Remark 9.2.5. Twisting py does not change the image of Ppy. This means that
if f is not minimal up to twisting then the projective image of f and the one
of the form of smaller level of which f is twist are isomorphic. Hence, we run
Algorithm 8.2.15 and if the form is not minimal we get that its projective image
is already in the database at a smaller level.
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Irreducible representations

In this chapter we study irreducible 2-dimensional residual modular Galois rep-
resentations with exceptional image. This means that projective image is either
isomorphic to a dihedral group or projectively exceptional. Indeed, if the rep-
resentation does not have projective image isomorphic to a dihedral group or
projectively exceptional then by Dickson’s Theorem it has “big” image, i.e. the
image contains SLy(F), where I, finite extension of Fy, is the Dickson’s field of the
representation.

In the first section we study the case of projective image isomorphic to a dihedral
group. Analogously, in the second section we describe the case of image projec-
tively exceptional. Let ¢ be a prime larger than 3 (respectively different from
5), we link modular forms mod ¢ with projectively exceptional image to modular
forms in characteristic 3 (respectively 2 and 5) with octahedral and tetrahedral
(respectively icosahedral) projective image.

In addition, in the tetrahedral and octahedral case, let f be a form with pro-
jectively exceptional image in characteristic 3 (respectively 5 in the icosahedral
case). We describe a construction that gives a form in characteristic zero whose
reduction mod 3 (respectively mod 5) is the form f and such that its reduction
modulo any other odd prime is projectively exceptional. We also study the image
of the reduction mod 2 of this characteristic zero form.

The results of the first section are essentially known in the literature, and are due
to Serre, Wiese and Dieulefait-Billerey. We give a different argument from the one
presented in [BD12] about the ramification of the quadratic character. On the
other hand, the results of the second section give a new contribution towards a
better comprehension of projectively exceptional modular Galois representations.
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10.1 Dihedral case

10.1 Dihedral case

Let us suppose that the representation py, defined as in Corollary 4.0.5, is an
irreducible representation. If the projective image of py is isomorphic to a dihedral
group Doy, with £ not dividing n, then by Dickson’s Theorem there exists a Cartan
subgroup C' C GLo(IFy), that is the group of points of a split or non-split maximal
torus, such that G := py(Gq) is contained in the normalizer N of C, but not in
C. Let a: Gg — Z /2Z be the composition:

Gop—GCN—N/C=Z]2L.

«

The kernel of « is an open subgroup of Gg of index 2, so its fixed field K is
quadratic and unramified outside nf, where n = cond(ps) by construction.

Let Gx=Gal(Q/K) C Gg, then Pps(Gk)=C and py restricted to Gk is re-
ducible:

prlee =x @ X,

where x, x’ are characters such that, denoted by o the non trivial element of
Gal(K/Q), the character X' = x? where for all ¥ € G we have x? () = x(oyo~1).
Hence, py is the representation of Gg induced by x.

Moreover, the order of a maximal cyclic subgroup contained in the projective image
is given by the order of the character y ~1x7, according to [Ser77b, (7.2.1)(d)], and
the character y can be computed using the statements in [Ser77b, (7.2.1)| if the

quadratic character « is known.

Proposition 10.1.1. Letn and k be positive integers, let £ be a prime not dividing
n and such that 2 < k < £+ 1. Let e: (Z/nZ)* — C* be a character and
f: Te(n, k) — Fy be a morphism of rings. Let us suppose that the representation
pr: Gg — GLy(Fy), given in Corollary 4.0.5, does not arise from lower level or
weight, it is realized over F and it is irreducible. Then Pps(Gal(Q /Q)) is dihedral
if and only if there exists a quadratic character a: (Z /nZ)* — {1} such that

pr=Ea®py.

Proof. 1If Pps(Gg) is dihedral then the existence of the character follows from the
description above. Vice versa let suppose there exists a character a: (Z /nZ)* — F*

~

such that py = a ® py. Then for all unramified prime p the traces of the
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Chapter 10. Irreducible representations

two representations are equal: f(7,) = a(p)f(T,), and also the determinant
fle)p® = alp)?f(e(p))p*~'. Hence by the Chebotarev density Theorem the
character « has to be a quadratic character. Moreover, by [Ser77h, (7.2.1), p.337],
we have that the projective image is dihedral. O

Corollary 10.1.2. In the same hypotheses of Proposition 10.1.1, if the character
« is ramified at a prime p dividing n, then p? divides n. If the character o ramifies

at 0 then either f(Ty) # 0 and k = ((+1)/2 or f(Ty) =0 and k = ({+3)/2.

Proof. The character « in unramified outside nf because the representation py is
in unramified outside nf. Let p be a prime dividing n. Since p; = o ® py then
Ny(pf) = Np(a ® py). Suppose that o is ramified at p. The result follows from
[BD12, Proposition 3.1, 1].

Let us suppose that « is ramified at £.

If f(T;) # 0 then by Theorem 6.3.1 we have that ps restricted to the inertia
subgroup at ¢ is reducible. By [Dia97, Proposition 2.2|, it is decomposable. Since
« is a quadratic character ramified at ¢, then, once restricted to the inertia at £,

(t—1)/2

it is equivalent to x, . Given that py = a ® py, we have that:
k—1 (=1)/2 k-1
~ (X 0 ~ ~ [ Xe X 0
pslr, = ( ) = (@ pf)l, = t-1)/2 |
¢ 0 1 ¢ 0 Xé )/

and this is possible only if k = (/+1)/2.

If f(Ty) = 0 then by Theorem 6.3.2 we have that p¢|;, is reducible and equivalent
to 1 @ o1 where ¢, ¢ are the two fundamental characters of level 2. Since
pf = a® py, then using that oy’ = x¢|;, and that x,|;, = o't we have that

((k—1) = (k—1) + £

in Z/((*-1)Z
this is impossible for £ = 2 and if £ is odd then it is equivalent to
k—1= HTl mod /+1.

Therefore, this is possible if and only if & = (¢+3)/2. O
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Algorithm 10.1.3 (Check dihedral projective image). Let n, k be positive inte-
gers. Let £ be a prime not dividing n such that 2 < k < ¢+1. Lete: (Z /nZ)* — C*
be a character. Let f: Tc(n,k) — Fy be a morphism of rings and let ps be the
representation attached to f in Corollary 4.0.5. Suppose that py is irreducible and
N(ps) = n: Algorithm 6.3.7 and Algorithm 7.2.4 perform the respective checks.

Input: n, k, ¢, f(T},) for p prime p < B(n, k) where B(n, k) is the Sturm bound
for cusp forms for T'g(n) and weight k;

Output: if Ppy(Gg) is dihedral return a such that py = pr ® a; otherwise return
0.

D[]

if k¢ {((+1)/2,(¢+3)/2} then
Set D to be the list of all the possible quadratic characters a of (Z /qZ)*,
where ¢ is the product of all primes dividing n such that their square
divides n;

else
Set D to be the list of all the possible quadratic characters a of (Z /¢'Z )*,
where ¢’ = {q where q is the product of all primes dividing n such that
their square divides n;

for « € D do
if f(T,) = a(p)f(T}) for all primes p with p < B(n, k) then

return « and stop
return 0 and stop

Theorem 10.1.4. Algorithm 10.1.3 is correct.

Proof. Proposition 10.1.1 states that the projective image is dihedral if and only if
there exists a quadratic character o such that py = a ® py. The set of characters
is described in Corollary 10.1.2. Since py = a ® py then their conductor are the
same, so the representation o ® py has conductor n by hypothesis on pys. The
representation «a ® py arises from a form at level n and weight k: this follows
from the hypotheses and the equivalence of the representations. Such form has
g-expansion given by > «(n)f(T},)q". Hence, it is enough to check equalities up
to B(n, k), the Sturm bound for cusp forms for I'g(n) and weight k since py is
irreducible. O
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Chapter 10. Irreducible representations

10.2 Exceptional groups case

Let the representation py, defined as in Corollary 4.0.5, be irreducible and projec-
tively exceptional.

Let us recall that the following isomorphisms hold: 204y = SLy(F3)/{£1} and
64 = PGLQ(IF3), while ng, = SLQ(F4) and also Ql5 = SLQ(F5)/{:|:1}

This implies that in characteristic 3 if a representation has projective image iso-
morphic to 204 or &4 then its image contains SLg(F3) so it is not exceptional.
Analogously, in characteristic 5 and 2 if the projective image is isomorphic to 25
then the image is not exceptional.

Let ¢ be a prime greater than 3 (respectively different from 5), in the following
proposition we link modular forms mod ¢ with projectively exceptional image
to modular forms in characteristic 3 (respectively 2 and 5) with octahedral and

tetrahedral (respectively icosahedral) projective image.

Proposition 10.2.1. Let n and k be two positive integers. Let £ be a prime not
dividing n such that 2 <k < {4+ 1. Let €: (Z /nZ)* — C* be a character and let
f: Te(n, k) — Fy be a morphism of rings. Let us suppose that the representation
pr: Gg — GLo(Fy), attached to f in Corollary 4.0.5, does not arise from lower
level or weight, it is irreducible, minimal up to twisting and projectively excep-
tional. Let us assume that ¢ > 3 if the projective image is octahedral or tetrahedral
otherwise let us assume £ # 5.

Then there exists a characteristic zero, weight one cuspidal eigenform such that
the reduction mod £ of the associated Artin representation is equivalent to py.

Moreover, if the projective tmage is octahedral or tetrahedral then the reduction
modulo 3 of the Artin representation is not exceptional. Analogously, if the pro-
jective image is icosahedral then the reductions modulo 2 and 5 of the Artin rep-
resentation are not exceptional.

Proof. Let G = ps(Gg) and H be its projective image. Let us suppose that H
is an icosahedral group. The case of octahedral and tetrahedral projective image
are completely analogous and, hence, we will not discuss them.

Since the representation p; is irreducible and minimal up to twisting then its
determinant is a character of 2-power order, otherwise the twist of py with a
power of the determinant would have lower conductor.

125



10.2 Exceptional groups case

The group G is a finite group and it surjects to a group isomorphic to 2s, hence to
SLa(F5)/{%1}. The kernel of the projection is given by a cyclic group of 2-power
order since the determinant is a character of 2-power order. Hence, G does admit
a faithful representation ¢: G — F' - GLy(F5), where F is a finite extension of Fj.
Indeed the map ¢ is injective because 25 is a simple group and only elements of
5-power order can be in the kernel, while the kernel is cyclic of 2-power order.

The group G is by construction contained in GLo(F), where F is the field of
definition of the representation p;. Let W be the ring of Witt vectors over F, see
[Ser95, Section 1.6], and let us denote by ¢ : W — [ the quotient map. Let i
denote the inclusion, then there exist, up to conjugation, a unique map i which
lifts the representation i of G to GLa(W) by the Schur-Zassenhaus Theorem, see
[Rob96, (9.1.2)]. The following diagram summarizes the setting:

Gy —2—=aG d GL;(F)
J{(ﬁ\ Tq
F' - GLy(Fs) GLy(W).

Since Gg is compact and py is continuous, E(G) is a compact subgroup of GLa(W).
Moreover, G is a finite group, hence i(G) is finite. Therefore by representation
theory, see [Ser78, Section 12], there exist a number field such that the represen-
tation is realized over the ring of integer O herein. The ring O admits a residue
field at 5, hence we have the following:

Gg G GLoy(F)
GLa(F5) GL2(0)

where the representation ¢ is lifted from GLa(FF’) to GLa(F5) according to [EC11,
Lemma 7.2.3 and Theorem 7.2.2].

Then by [KW09a, Corollary 10.2| there exists a cuspidal eigenform with coeffi-
cients in O and of weight one whose associated representation is equivalent to
io pf. So its reduction mod £ is equivalent to py. Moreover, this form can be
reduced modulo 5. Since the group G has a faithful representation in GLqy(F5)
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Chapter 10. Irreducible representations

and projective image isomorphic to 25 then the representation given by compo-
sition with the reduction map has not exceptional image. This means that, by
Khare-Wintenberger Theorem, there exists a mod 5 modular form A with minimal
level and weight such that the associated representation pj, is equivalent to the
given one and and it has big image.

Since A5 = SLo(F5)/{£1} and A5 = SLa(F4), then we repeat the same argument
to prove the existence of a mod 2 modular form with non-exceptional image using

that SLQ(]F4) = As. L]

Remark 10.2.2. Icosahedral representations in characteristic 2 have a specific char-
acterization. Indeed, up to F4/Fg-automorphisms, the trace of an element in
SLa(F4) depends only on its order. The possible orders of elements in SLa(FFy4)
are 2, 3 and 5. If an element has order 2, it must have characteristic polynomial
22 —1 = (z—1)? and so has trace 0. Similarly, every nontrivial element of order 3
has characteristic polynomial 2 + 2 + 1 and so has trace 1. Finally, the nontrivial
elements of order 5 have as characteristic polynomial a degree 2, monic polynomial
over Fy dividing 2* + 23 + 22 + 2 + 1, and the unique two such polynomials are
Gal(FF4/F3y)-conjugate as claimed. Therefore, if f is a mod 2 modular form of odd
level such that the representation p; given in Corollary 4.0.5 is irreducible and
with icosahedral projective image, then

0 if ord(Frob,) =1 or 2
fIp) =<1 if ord(Frob,) =3
wor w? if ord(Frob,) =5

where w,w? are the distinct roots of 2 + 2 + 1 in F4. Moreover, the form f7,
where (o) = Gal(F4/F9), is a mod 2 modular form with the same level and weight
of f and the associated representation has icosahedral projective image.

Proposition 10.2.1 is a statement about existence of a characteristic zero modular
form with certain properties and it is not constructive. In the tetrahedral and
octahedral case, let f be a form with projectively exceptional image in character-
istic 3 (respectively 5 in the icosahedral case). In the next section we describe a
construction that gives a form in characteristic zero whose reduction mod 3 (re-
spectively mod 5) is the form f and such that the residual representation modulo
any other odd prime is projectively exceptional. We also study the image of the
reduction mod 2 of this characteristic zero form.
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10.3 Construction for the exceptional cases

— Projective image isomorphic to G, in characteristic 3

Let f be a mod 3 cuspidal eigenform of level n, not divisible by 3, weight k,
with 2 < k < 4, and let € : (Z/nZ)* — F, be the unique character such that
f €S ke,

Let us suppose that the representation ps, attached to f as in Corollary 4.0.5, is
irreducible with projective image isomorphic to PGLy(F3) = &4, and it is minimal
with respect to level, weight and twisting.

Let F be the field of definition of the representation. The field of definition of
the projective representation is 3 since all octahedral groups are conjugated by
[Fabll, Proposition 4.17]. By Proposition 5.2.2 the image of the representation:
pf(Gg) CF* - GLy(IF3).

Let p2 be the 2-dimensional faithful representation of GLa(F3) in Table 5.2. The
intersection F*NGL2(F3) is given by {41}, hence, a representation of F*-GLa(F3),
with F* acting by scalars, is given by a character of F* and a representation of
GLy(F3) such that the two representations are compatible, i.e. they have the same
image for —1.

Let 8 : F* - GLy(F3) — GL2(Ofk) be the irreducible 2-dimensional representation
given by the choice of pg as representation of GLg(FF3) and a compatible character
7 : F* — Z[(]*, where ¢ € C is a root of unity of order equal to the cardinality
of F*. The representation ( is realized over O, which is the ring of integers of a
number field which contains the field of definition of pa, which is Q (v/2), as shown
in Table 5.2, and the cyclotomic extension of Q given by the image of 7. Let us
remark that the field K is completely determined from the choice of 5.

Let p be the composition:

_ /p\
Gal(Q/Q) —;~ F* GLa(F3) 5 GL2(Ok).

By Langlands-Tunnell theorem, or equivalently by [KW09a, Corollary 10.2], there
exist a weight one cuspidal eigenform of minimal level and weight, that we will
denote as fg, such that ps, is equivalent to p. Moreover, this form has octahedral
projective image by construction.
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Chapter 10. Irreducible representations

Can we determine the level of fg?

The representation ps is unramified outside 3n by Corollary 4.0.5, hence also
the representation py, is unramified outside 3n. The level of the form fz is the
conductor of the representation py, by Khare-Wintenberger Theorem.

Let p be a prime dividing n (let us recall that n is not divisible by 3 by hypothesis),
and assume that f(7},) # 0. Proposition 8.1.5 gives us a criterion to decide whether
the representation restricted to the decomposition group at p is decomposable or
not. The representation restricted to the decomposition group at p is such that:

k-1
~ [€1X3 £\ ~ 0
ptla, = ( 0 €2> =5 (0 1> :

where €; and ey are characters of G}, with values in F; with ey unramified as in
Theorem 6.3.3, and 6 is a characters of GG, such that ¢; X’g_l = €2 0. Let us recall
that in this case ea(Frob,) = f(1},). Since €|g, = €1 €2, then

- 1-k 2
€|Gp X3 = € 97

hence the character 6 is explicitly determined in terms of € and eo.

The image of the decomposition group at p, for p odd prime, can be either dihedral
or cyclic since the group G, is solvable. For p = 2 the image of the decomposition
group is either cyclic, either dihedral, either octahedral or tetrahedral (icosahedral
images are not possible since 25 is not solvable).

The representation py,, which is equivalent to B o py, restricted to the decompo-
sition group at p is such that:

pssla, =B (62 (g D) =7(e2) - p2 <g D

If the image of py restricted to the decomposition group at p is not abelian, then
the representation py, restricted to the decomposition group at p does not admit
any stable line with unramified quotient since the representation ps is faithful and
irreducible. Therefore, in this case fg(7,) = 0.

If py restricted to the decomposition group at p is reducible and decomposable, it
is abelian and f3(7},) is equal to the eigenvalue of Frob, which acts on the quotient
given by a stable line, so it is equal to 7(ez(Froby)). Therefore, f3(1},) = 7(f(1}))).
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10.3 Construction for the exceptional cases

Since f(T,) # 0 and p divides n, if p; restricted to the decomposition group
at p is decomposable then the character 6 is ramified and the conductor of the
representation pys, at p is the same as the conductor of the representation py at p.

Meanwhile, if py restricted to the decomposition group at p is indecomposable
then two different cases can occur. If the character 6 is trivial then

~ 1 %\ a 0

where * is a ramified character and « is a character of the decomposition group
at p of order 3: this follows applying the representation py. Hence, we have that
Np(ps,) = 2 while Ny (py) = 1. If the character 6 is not trivial then the conductor
of the representation py, at p is the same as the conductor of the representation
py at p.

Let p be a prime dividing n and assume that f(7},) = 0. Then py restricted to the
decomposition group at p is irreducible, so also py, restricted to the decomposition
group at p is irreducible. The image of the representation is not abelian, hence
fs(Tp) = 0. The conductor of the representation py, at p is the same as the
conductor of the representation py at p: the stable subspaces for the ramification
groups can be either O-dimensional or 2-dimensional and the representation po is
faithful.

The only case left is p = 3.

If py restricted to the decomposition group at 3 is unramified then py, restricted
to the decomposition group at 3 is unramified. In this case f(73) # 0 by Theo-
rem 6.3.1 and pg(Frobg) has eigenvalues f(73) and €(3) f(T3) ! so

fs(Ts) = 7(f(T3)) + 7(€(3) f(T3) 1),

since py, is unramified at 3. Let us remark that if f(73) does not belong to F, the
field of definition of the representation, then p; is unramified at 3.

If py restricted to the decomposition group at 3 is reducible and tamely ramified,
that is equivalent to say that p; restricted to G3 is ramified and decomposable,
then f(73) # 0 by Theorem 6.3.1 and

-~ [eb 0
lOf|GS: 0 62
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Chapter 10. Irreducible representations

with eo and 6 defined as before. The “peu ramifié” case, see [Ser87, p.186], cannot
occur since py is suppose to be minimal with respect to weight. The character
0 is ramified and the weight can only be 2: in this case, in fact, there exists a
companion form for f, see [Gro90, Proposition 13.2, 3)|. As in the previous case,
we conclude that fg(73) = 7(f(73)). The valuation of the conductor of py, at 3 is
then equal to 1 because there exists a stable line for the action of the inertia with
unramified quotient.

If py restricted to the decomposition group at 3 is reducible and wildly ramified,
then f(T3) # 0 by Theorem 6.3.1 and

P 0 *
PrliGs = €2 0 1

with ez and 6 defined as before. Define b € {1,2} be the integer such that |7, = x4,
then by [Edi92, Defiition 4.3, 2(b)] we have that b=1if k =4 and b =2 if k = 3.
The image of the representation p; restricted to the decomposition group at 3 is
not abelian, then fg(73) = 0. Moreover, the conductor of the representation Pfs
at 3 is such that Ny(ps,) = 2.

If py restricted to the decomposition group at 3 is irreducible then f(73) = 0 by
Theorem 6.3.2. The image of the representation ps restricted to the decomposition
group at 3 is not abelian, then fg(73) = 0. The valuation of conductor of the
representation pg, at 3 is equal to 2.

From what we have described so far we deduce the following proposition:

Proposition 10.3.1. Let n and k be two positive integers such that n is not
divisible by 3 and 2 < k < 4. Let e: (Z/nZ)* — C* be a character and let
f: Te(n, k) — F3 be a morphism of rings. Let us suppose that the representa-
tion py : Gg — GL»(F3), attached to f in Corollary 4.0.5, does not arise from
lower level or weight, it 1s 1rreducible, minimal up to twisting and with octahedral
projective image.

Then there exists a characteristic zero, weight one cuspidal eigenform of level n’
such that the reduction mod 3 of the associated Artin representation is equivalent

to py, where n' divides
3.n. Hp
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where the product is taken over the primes p dividing n, such that f(T,) # 0 and
Ny(n) =1, and if f(T3) # 0 then i = 0,1 or 2 according to p¢|a, being unramified,
tamely ramified or wildly ramified otherwise, if f(T3) =0 then i = 2.

Until now we have studied the traces of the representation py, at the ramified
primes. For the unramified primes, we cannot a priori determine uniquely the
coefficient, we cannot distinguish elements in GLy(F3) using only traces and de-
terminants: for example, we cannot distinguish the identity from an element of
order 3.

To solve this problem we will list all modular forms with weight one and level given
in Proposition 10.3.1 over O, the ring of integers of the number fields where the
representation [ is defined, and check which one has reduction equal to f. This
is possible using [Sch12, Algorithm 7.2.6] which allow us to list a basis for the
space of weight one modular forms over Ok of a given level. To check whether
the reduction is the correct one it is enough to check equalities between f(7},) and
the reduced coefficients up to the Sturm bound for cusp forms on I'g(n’) where n’
is the level of the characteristic zero form: in this case the reduction is a mod 3
modular form by [Edi97, Lemma 1.9].

The characteristic zero form we obtain in this way can be reduced modulo any
odd prime and the image of the Galois representation associated is projectively
octahedral.

Let us study the reduction in characteristic 2: we will give a method that can be
used instead of [Sch12, Algorithm 7.2.6].

Let m be the reduction map from O to the residue field at 2. By [KW09a,
Corollary 10.2], we have that the representation obtained composing pfs with the
reduction map 7 is modular since it is an irreducible continuous representation.
Hence, there exist a mod 2 Katz cuspidal eigenform f5 with associated Galois
representation equivalent to mopy,. The following diagram summarizes the setting:

/ T

*> ™ GL2 Fg) T> GLQ(OK)
\ |-
\ —

pfﬂ.ﬁ
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The representation is irreducible, the projective image of py, is isomorphic to G4
and so the kernel of its reduction modulo 2 can only be a 2-power order normal sub-
group of &4. Therefore, the projective image of py,_, is such that Ppy,_, (Gg) = 63.
Since &3 = GLy(F2) = PGLy(FF), we have that the representation py_, has not
exceptional image, so by Proposition 5.2.2 the image of this representation is a
subgroup of F™* x GLy(IF3) where ' is the field of definition of the representation.
By construction it is the field containing the image of the reduction of the char-
acter 7 through 7. Let us remark that, since O is completely explicit once fixed
B, also F’ is explicitly computable.

The level of the form f3 divides the level of the form fg, see [Car89|. Hence, we
can list all forms with the given image and check if the characteristic zero form
we have found in the previous step has the desired reduction modulo 2.

In particular, the representation in characteristic 2 distinguishes the conjugacy
classes for which it is not possible to decide in characteristic 3: the identity and
the Jordan block are sent respectively to a matrix with trace zero and a matrix
with non-zero trace. Since we do not know what is the right choice, we list all
possibilities. For each one we get a g-power series expansion in characteristic zero:
only one of those is a modular form. We list all systems of eigenvalues in the
smallest characteristic co-prime with the level of the form and we exclude all ¢-
power series expansion which do not give by reduction a system of eigenvalues. If
the process do not give a unique g-power series expansion then we proceed to the
next prime and repeat. We claim that this process concludes. If we are not able
to decide then we apply [Sch12, Algorithm 7.2.6] and proceed as explained before.

The following algorithms summarize the construction we have described in this
section.

Algorithm 10.3.2 (Companion form for Algorithm 10.3.4). Let n, k be positive
integers with 3 not dividing n and 2 < k < 4. Let e: (Z /nZ)* — C* be a charac-
ter. Let f: Te(n, k) — F3 be a morphism of rings and let ps : Gg — GLa(F3) be
the representation attached to f in Corollary 4.0.5. Suppose that py is irreducible,
N(p¢) = n, minimal with respect to weight and twisting and with octahedral pro-
jective image. Let € : (Z /nZ)* — F, be the character defined by €(a) = f((a))
forall a € Z /nZ*.

Input: n, k, f(T},) for p prime p < B(n,6) where B is the Sturm bound for
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cusp forms for I'p(n) and weight 6;
Output: 1 if f has a companion form, 0 otherwise.

v+ 0;
if k # 2 then
return v;
else
for g € S(n,2,é)5, do
if g(T,) = pf(T}) for all primes p, different from 3 up to B(n,6)
then
Set v < 1 and stop
return v.

Theorem 10.3.3. Algorithm 10.3.2 is correct.

Proof. The proof of correctness follows from [Gro90, Theorem 13.10]: we are in
fact interested only into tamely ramified representations at 3, hence the case k = 3
is excluded. Also the case k = 4 is excluded because the representation is assumed
to be minimal with respect to weight and so it cannot be peu ramifiée. The
bound used is the Sturm bound for cusp forms for I'g(n) and weight 6 since we
are checking the equality between 6,9 and 62 f for g € S(n, 2,6)F,- O

Algorithm 10.3.4 (Octahedral projective image). Let n, k be positive integers
with 3 not dividing n and 2 < k < 4. Let €: (Z/nZ)* — C* be a character.
Let f: Te(n, k) — Fs be a morphism of rings and let py : Gg — GLa(Fs3) be the
representation attached to f in Corollary 4.0.5. Suppose that py is irreducible,
N(pf) = n, minimal with respect to weight and twisting and with octahedral
projective image. Let € : (Z /nZ)* — F, be the character defined by €(a) = f((a))
forall a € Z /nZ*.

Let g : F* - GLa(F3) — GL2(Ok) be a representation given by a character
7 : F* — Z[(]*, where ¢ € C is a root of unity of order equal to the cardinal-
ity of F*, and a faithful representation representation of GLo(IF3), see Table 5.2,
which are compatible. The ring O is the ring of integers of the number field over
which § is realized.
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Input: n, k, 8, f(T,) for p prime p < B(n,k) where B is the Sturm bound
for cusp forms for I'g(n) and weight k, [ field of definition of py:
Output: f3

v [N < n;
if f(713) # 0 then
if f(T3) ¢ F then
N < N;
else if Algorithm 10.3.2 return 1 then
N + 3N;
else
N «+ 32N;
else
N « 32N;
STEP 0:
List all mod 2 modular forms of level N and image contained in F"* x GLy(F3)
where F’ is field containing the image of the reduction of the character 7, i.e.
the residue field of Ok at 2.
List all g-power series expansion in characteristic zero corresponding to the
different choices of conjugacy classes corresponding to the different mod 2 forms
in the previous list.
List all systems of eigenvalues in the smallest characteristic co-prime with the
level of the form and we delete all g-power series expansion which do not give
by reduction a system of eigenvalues.
Repeat twice.
if the process give a unique g-power series expansion g then
Add g to v
else
Run [Sch12; Algorithm 7.2.6] with input Og and level N
Add g to v
for g in v do
if N =n then
if g(14) # 7(f(T3)) + 7(#(3)£(T3)~}) then
Remove ¢ from v
else if N = 3n then

if g(T3) # 7(f(T3)) then
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Remove ¢ from v
else
if g(T3) # 0 then
Remove g from v
for p prime such that p{n do
if f(7,) # 0 then
if N,(¢€) = N,(n) then
if §(T}) # 7(f(T,)) then
Remove g from v
else
if g(7,) # 0 then
Remove ¢ from v
else
if ¢(7,) # 0 then
Remove g from v
for g in v do
for A maximal ideal in O dividing 3 do
Let g be the reduction of g mod A
for p prime such that p{3n do
if /(1)) # §(T,) then
Go to the next A in the cycle and repeat the check, if for
all A we are in this case then remove g from v
if v =[] ; then
for p prime dividing n do
if f(T,) # 0 and Ny(n) =1 then
N < Np
Repeat from STEP 0
return fg v

Theorem 10.3.5. Algorithm 10.3.4 is correct.

Proof. The Algorithm follows the construction given in the previous section where
all the equalities for the coefficients are proved. The form fz is unique once o py
is determined. O
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Remark 10.3.6. The construction described depends on the choice of the rep-
resentation B. In particular, if instead of the representation po we choose the
representation ps we get a form which is Galois conjugate to the form we obtain
through the construction.

— Projective image isomorphic to 24 in characteristic 3

There is a completely analogous construction to the previous for the tetrahedral
case, starting with a mod 3 cuspidal eigenform with tetrahedral projective image.
Hence, we will not repeat the construction and the algorithm. Let us remark that
in this case, the field of definition of the image contains Fg since the image has to
contain a matrix corresponding to the image of a complex conjugation.

Let v : F* - SLy(F3) — GL2(Ok) be the irreducible 2-dimensional representation
given by the choice of 75 as representation of SLa(F3), where 71 is given in Table 5.1,
and a compatible character 7 : F* — Z[(]*, defined as in the previous case. The
representation « is realized over O, which is the ring of integers of a number field
which contains the field of definition of 79, which is Q ({) by Table 5.1, and the
cyclotomic extension of Q given by the image of 7. Let us remark that the field
K is completely determined from the choice of a.

Proposition 10.3.7. Let n and k be two positive integers such that n is not
divisible by 3 and 2 < k < 4. Let e: (Z/nZ)* — C* be a character and let
f: Te(n, k) — F3 be a morphism of rings. Let us suppose that the representa-
tion py : Gg — GL2(F3), attached to f in Corollary 4.0.5, does not arise from
lower level or weight, it 1s wrreducible, minimal up to twisting and with tetrahedral
projective image.

Then there exists a characteristic zero, weight one cuspidal eigenform of level n’

such that the reduction mod 3 of the associated Artin representation is equivalent
to pg, where n' divides
3n- | |p

where the product is taken over the primes p dividing n, such that f(T,) # 0 and
Ny(n) =1, and if f(T3) # 0, theni = 0,1 or 2 according to ps|a, being unramified,
tamely ramified or wildly ramified; otherwise, if f(T3) =0, then i = 2.

Using [Sch12, Algorithm 7.2.6], we list all the modular forms with weight one and
level given in the previous proposition over O, the ring of integers of the number
fields where the representation « is defined. Then we check if the reduction is equal

137



10.3 Construction for the exceptional cases

to f. It is enough to check equalities between f(7},) and the reduced coefficients
up to the Sturm bound for cusp forms on T'g(n') where n' is the level of the
characteristic zero form: in this case the reduction is a mod 3 modular form by
[Edi97, Lemma 1.9].

The characteristic zero form we obtain in this way can be reduced modulo any
odd prime and the image of the Galois representation associated is projectively
tetrahedral.

Let us study the reduction in characteristic 2. The representation obtained com-
posing ps, with the reduction map is a reducible representation. This follows from
the fact that the projective image is isomorphic to a cyclic group of order 3. Hence,
the reduction mod 2 of the form obtained has to be reducible. Again we can use
the data in characteristic 2 instead of using [Sch12, Algorithm 7.2.6], and use that
algorithm only if we cannot conclude.

The construction described depends on the choice of the representation a. If
instead of the representation 75 we choose the faithful representation 73 of SLo(F3)
then we get a form which is Galois conjugate to the form we obtain through the
construction since these two representation are Galois conjugate.

— Projective image isomorphic to s in characteristic 5

There is a completely analogous construction and algorithm also for the icosahedral
case, starting with a mod 5 cuspidal eigenform with icosahedral projective image.
Hence, we will not repeat it.

Let v : F* - SLo(F5) — GL2(Ofk) be the irreducible 2-dimensional representation
given by the choice of ¢ as representation of SLy(F5), where ¢; is given in Table 5.3,
and a compatible character 7. The representation -y is realized over O, which
is the ring of integers of a number field which contains the field of definition of
t1 (which is @ (n) by Table 5.1) and the cyclotomic extension of Q given by the
image of 7.

Proposition 10.3.8. Let n and k be two positive integers such that n is not
divisible by 5 and 2 < k < 6. Let e: (Z/nZ)* — C* be a character and let
f: Te(n, k) — Fs5 be a morphism of rings. Let us suppose that the representa-
tion py : Gg — GL2(F5), attached to f in Corollary 4.0.5, does not arise from
lower level or weight, it is irreducible, minimal up to twisting and with icosahedral
projective image.
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Chapter 10. Irreducible representations

Then there exists a characteristic zero, weight one cuspidal eigenform of level n’
such that the reduction mod 5 of the associated Artin representation is equivalent
to pg, where n/ where n’ divides

5i.n.Hp

where the product is taken over the primes p dividing n, such that f(T,) # 0 and
Ny(n) = 1, and and if f(T5) # 0, then i = 0,1 or 2 according to p¢|a; being
unramified, tamely ramified or wildly ramified; otherwise, f(T,) =0 then i = 2.

In this case, since A5 = SLy(F4), we have that:

Corollary 10.3.9. In the same hypotheses of Proposition 10.3.8, the reduction
mod 2 of the Artin representation associated to the the characteristic zero, weight
one cuspidal eigenform is equivalent to the Galois representation of a mod 2 mod-
ular form with projective image isomorphic to SLa(Fy).

Moreover, if h is the mod 2 modular form in the Corollary, the Gal(F4/F2)-
conjugate form has icosahedral projective image.

Let us remark that, also in this case, the construction depends on the choice of the
representation . More precisely, choosing the representation to we get a Galois
conjugate of the form we obtain through the construction which uses ¢1.
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Chapter 11

Algorithm

In this chapter we describe an algorithm to compute the image of the Galois
representation py, given by Corollary 4.0.5, up to conjugation, as a subgroup of
GLa(Fy). We also describe the associate database and the procedure to fill it in,
starting from data coming from a given level.

Our goal is to outline an algorithm, which receives as input: n and k positive inte-
gers, a prime £ such that (n, ) = 1 and 2 < k < (+1, a character e: (Z /nZ)* — C*
and a morphism of rings f: T.(n, k) — Fy, and which gives as output the image of
the Galois representation pg, up to conjugation. Moreover, we want that this al-
gorithm computes the output using the lowest possible number of Hecke operators
and their image through the ring morphism f.

Dickson’s classification of finite subgroups of PGLo(F;) leads us to distinguish
cases. Through the previous chapters, we have drawn a parallel between projective
images of a given type and equalities between modular forms, and we have seen,
case-by-case, that the bound on the number of Hecke operators needed is the
Sturm bound of a certain level and weight.

In order to reach our aim in characteristic 3, we need data from characteristic 5
and vice-versa. More in general, in order to compute data in characteristic greater
than 5, we need data coming from characteristic 2, 3 and 5. This is due to the
projectively exceptional images.

11.1 Database

The aforementioned algorithm is associated to a database which stores the data
obtained. Let us briefly explain which information are stored in the database.

Let e: (Z /nZ)* — C* be a character. As explained in the introduction, the Hecke
algebra T.(n, k) is free of finite rank as Z-module, hence, a morphism of rings
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f : Te(n, k) — Fy can be expressed, using the module structure and the relative
multiplication table, giving the image of a basis.

For all triple (n, k,¢), where n and k are positive integers, and ¢ is a prime such
that (n,£) =1 and 2 < k < £+1, for which we run the algorithm, in the database
are stored data for every morphism of rings f: T¢(n, k) — Fy.

In particular for each f is stored the image of the semi-simple, 2-dimensional
Galois representation pg, given by Corollary 4.0.5, up to conjugation. If the rep-
resentation comes from lower level or weight then we associate to it the form g of
minimal level and weight such that py = p,.

If the representation does not come from lower level or weight then we store addi-
tional data. If it is reducible we store the pair of characters in which it decomposes
and also the information of the conductor of the representation. On the other
hand, if the representation is irreducible then we store its level as conductor of the
representation. Moreover, we run Algorithm 8.2.9 and we store the local data of
the representation at the ramified primes. Then we associate to f also all forms of
lower level such that a twist of the associated representation is equivalent to py,
using Algorithm 8.2.13.

Any time we run the algorithm for a new level m, we first use the information
stored in the database to have data at the level m. In order to do so, we extend
the computations done in smaller level i.e. we compute the Hecke operators up to
the Sturm bound at the new level expressing them in terms of a Z-basis of the
Hecke algebra at the new level.

The following algorithm fills in the database at level m from data coming from
level n, with n dividing m.

Algorithm 11.1.1 (Fill in the database: old space and twisting). Let n, m and
k be positive integers with n a divisor of m. Let ¢ be a prime not dividing n such
that 2 < k < ¢+ 1. Let e: (Z/nZ)* — C* be a character. Let f: Tc(n, k) — Fy
be a morphism of rings and let pf : Gg — GLa(F/) be the representation at-
tached to f in Corollary 4.0.5. Let € : (Z /nZ)* — F, be the character defined by
€(a) = f({a)) for all a € Z /nZ*.

Input: n, k, ¢, €, f(T,) for p prime p < B(m,k) where B(m,k) is the is the
Sturm bound for cusp forms for I'g(m) and weight k;
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Output: L list of systems of eigenvalues coming from f from level n to level m
also by twisting.

Ly <[5 L2 < [J;

STEP 1: fill in the “old-space” coming from f

Run Algorithm 6.4.4

Store the output in L

STEP 2: twists of f

for p prime dividing m do

if p divides n then

Using the output of Algorithm 8.2.9, which is stored in the database,
find the set of non-trivial Dirichlet characters x such that N(p; ® x)
is equal to m: the formulas to compute the conductor of py ® x are
given in Chapter 8
Compute the systems of eigenvalues corresponding to py ® x at level
m using Proposition 8.2.5 and 8.2.6
Check for companion forms using the explanation in Chapter 8, Sec-
tion 8.3
Store each systems of eigenvalues in Lo

return L < [Lj, Lo]

Theorem 11.1.2. Algorithm 11.1.1 is correct.

Proof. The proof of correctness follows from the fact that Algorithm 6.4.4 and
Algorithm 8.2.9 are correct. O

Using the previous algorithm we set the following preliminary checks in order to
verify that a 2-dimensional Galois representation py, attached to a modular form
g € S(m, k)E with m and k positive integers and ¢ prime, not dividing n, and
such that 2 < k < ¢+ 1, does not arise from lower level or weight:

Preliminary check 1

if g(T},) for p prime p < B(m, k), where B(m, k) is the is the Sturm bound for
cusp forms for I'g(m) and weight &, is in the database i.e. it is an element of the
list L[0] from the list L given as output from Algorithm 11.1.1 then
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Check in the database the image of the form ¢ and return it as output;
store the data and end the Algorithm.

Preliminary check 2
if g(7},) for p prime p < B(m, k), where B(m, k) is the is the Sturm bound for
cusp forms for T'o(m) and weight k, is in the database i.e. in L[1] from the list
L given as output from Algorithm 11.1.1 then
Check in the database the projective image of the representation and set
itas H

Similarly we want to fill in the database using the construction given for projec-
tively exceptional images:

Algorithm 11.1.3 (Fill in the database: projectively exceptional images). Let n,
k be positive integers. Let £ be a prime not dividing n such that 2 < k </ + 1.

Input: n, k, ¢, ¢, B(n,k), the Sturm bound for cusp forms for I'g(n), weight
k;
Output: L3 list of systems of eigenvalues with projectively exceptional images.

Ls < [];
if ¢ # 3,5 then
Check in the database if there exist mod 3 modular forms with projective
image isomorphic to &y, level n/, where n’ is the level n away from 3,
weight k and character equal to the restriction of € to n/. Let L be the list
of such forms.
for g € L do
for 3 admissible representation as in Chapter 10 do
Run Algorithm 10.3.4
Reduce fg, the characteristic zero weight one cuspidal eigen-
form obtained as output modulo ¢
Store the data in the database: store the system of eigenvalues
up to B(n, k) in L3 and for each of these set H < &4
Proceed in analogous way for tetrahedral and icosahedral projective image
and if it is the case set H + Q4 or H + s
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else if / = 3 then
Check in the database if there exist mod 5 modular forms with projective
image isomorphic to s, level n’, where n’ is the level n away from 5,
weight k and character equal to the restriction of € to n’.
Proceed in analogous way as for octahedral projective image and if it is
the case set H + s

else if / =5 then
Check in the database if there exist mod 3 modular forms with projective
image isomorphic to 24 or &y, level n/, where n’ is the level n away from
3, weight k and character equal to the restriction of € to n'.
Proceed in analogous way as the octahedral projective image case for
¢ #£ 3,5 and if it is the case set H < &4 or H + 2y

Theorem 11.1.4. Algorithm 11.1.3 is correct.

Proof. Algorithm 11.1.3 is divided into three cases according to the characteristic.

In characteristic 3, as we have already remarked, octahedral and tetrahedral pro-
jective images are not exceptional images. In Remark 5.1.4, we underlined that in
characteristic 3 if the projective image is isomorphic to 2l4 or &4 then the field of
definition of the projective representation if F3, while if it is icosahedral then the
field of definition of the projective representation is Fg. Hence, in characteristic
3 we can distinguish between octahedral or tetrahedral projective image on the
one hand and icosahedral type on the other hand. Therefore, we use this data in
characteristic 5 to distinguish between octahedral or tetrahedral projective image
and not exceptional.

In characteristic 5 the field of definition of the projective image for projectively
exceptional representations is F5, see Remark 5.1.4. Using the construction given
in Chapter 10, we can check if a representation with F5 as field of definition for
the projective image has projectively exceptional image or not. Hence, we decide
if a representation has projective image SLa(F5)/{%1} = 25 or not, and using this
datum we can apply the construction given in Chapter 10 to the icosahedral pro-
jective representations and distinguish icosahedral representations in characteristic
3. For characteristic larger than 5 we proceed using the data in characteristic 3 and
5, with additional information from characteristic 2, as shown in the construction
of Chapter 10, Section 10.3. O
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11.2 Algorithm

11.2 Algorithm

In this section we give the outline of the algorithm which is the aim of this part
of the thesis:

Algorithm 11.2.1 (Image of the Galois representation p; up to conjugation as
a subgroup of GLg([Fy)). Let n, k be positive integers. Let ¢ be a prime not di-
viding n such that 2 < k < ¢+ 1. Let e: (Z/nZ)* — C* be a character. Let
f: Te(n,k) — Fy be a morphism of rings and let pf : Gg — GLo(Fy) be the
representation attached to f in Corollary 4.0.5. Let € : (Z /nZ)* — F, be the
character defined by €(a) = f({a)) for all a € Z /nZ*.

Input: n, k, ¢, €, f(T,) for p prime p < B(n,k) where B(n, k) is the is the
Sturm bound for cusp forms for I'g(n) and weight k;

Output: image of the Galois representation p; up to conjugation as a subgroup
of GLa(FF;) and store data in the database

STEP 1: reduction of the weight
if k=/¢+1 then
Run Algorithm 6.4.1
if the output of Algorithm 6.4.1 is 0 then
Proceed to STEP 2
else
Check in the database the image of the form in weight 2 given by
Algorithm 6.4.1, return it as output and store the data
end the algorithm
else
Proceed to STEP 2

STEP 2: reduction of the level
Run Preliminary check 1
if the algorithm does not terminate go to STEP 3

STEP 3: check if the representation is reducible
Run Algorithm 7.2.4
if the output of Algorithm 7.2.4 is 0 then
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Proceed to STEP 4

else
return the output of Algorithm 7.2.4, store the data
end the algorithm

STEP 4: determine the minimal field of definition F of the representation using
Proposition 9.1.1;

STEP 5: minimality up to twisting:

Run Algorithm 8.2.15

if the output of Algorithm 8.2.15 is 1 then
Proceed to STEP 6

else
Run Preliminary check 2
Proceed to STEP 11

STEP 6: determine the minimal field of definition F’ of the projective repre-
sentation
Run Algortihm 9.2.3

STEP 7: preliminary check big image
for p prime dividing n do
if f(T,) # 0 and N,(n) =1+ N,(€) then
Set H + large
Go to STEP 11

STEP 8: check if the projective representation is dihedral
Run Algorithm 10.1.3
if the output of Algorithm 10.1.3 is 0 then
Proceed to STEP 9
else
Let « be the output of Algorithm 10.1.3
Set H < [dih, ]
Go to STEP 11

STEP 9: preliminary check projectively exceptional image
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if / > k then
if f(Ty) # 0 and ¢ > 4k — 3 then
Set H + large
Go to STEP 11
if f(Ty) =0 and ¢ > 4k — 5 then
Set H < large
Go to STEP 11
if /> 5 then
for p prime, p < B(n, k) do
Set u — f(T})2/ f(e(p))p"~!
if u ¢ {0,1,2,4} and u? — 3u+ 1 # 0 then
Set H + large
Go to STEP 11
else
Change p and continue the cycle

STEP 10: check if the representation is projectively exceptional
Check if the system of eigenvalues occurs in the list Lg given as output by
Algorithm 11.1.1 up to B(n, k)
if the system of eigenvalues occurs in the list Ls then
Set H + &4 or 24, or s, according to the data
Go to STEP 11
else
Set H + large
Go to STEP 11

STEP 11: determination of the image up to conjugation as a subgroup of
GLy(Fy)
Compute D the set of determinants of the representation
if H = large then
if D is a subset of (F*)? then
The image is computed using Proposition 5.2.1 and the fields IF, F’/
else
The image is computed using Proposition 5.2.2 and the fields FF, F’/
else if H =24 then
The image is computed using Proposition 5.2.4 and the fields FF, F/
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else if H = &, then
The image is computed using Proposition 5.2.6 and the fields F, F’/
else if H = 25 then
The image is computed using Proposition 5.2.8 and the fields F, F’/
else
Compute the order of the cyclic subgroup using [Ser77b, (7.2.1)] and com-
pute the image according to Chapter 5
store data in the database

Theorem 11.2.2. Algorithm 11.2.1 is correct.

Proof. Almost all the steps are described in the previous chapters of this part of
the thesis. STEP 7 is stated in Remark 8.1.6.

The first part of STEP 9 follows from [BD12, Lemma 1.1]: if the image is projec-
tively exceptional then there cannot exist elements of the projective image with
order larger than 5 (icosahedral case), so, in particular, the image of the inertia
subgroup at ¢, given in Theorem 6.3.1 and Theorem 6.3.2, cannot have order larger
than 5.

If f(Ty) # 0 the image of the representation restricted to the inertia at ¢ is cyclic
and isomorphic to the image of Xéf*l which has order larger than 5 for ¢ > 4k — 3.
On the other hand, if f(7y) = 0 the image of the representation restricted to the
inertia at ¢ has order (£ + 1)/ ged(f + 1,k — 1), so larger than 5 for ¢ > 4k — 5.
The second part follows from [Ser72, Proposition 19] and Remark 5.1.5: it states
again that elements cannot have order larger than 5 for projectively exceptional

representations. O

Remark 11.2.3. In all aforedescribed algorithms the Sturm bound plays a deep
and central role: it is used to guarantee equalities of mod ¢ modular forms after
checking a finite amount of equalities. Let n and k be positive integers such that £
does not divide n and 2 < k < £+ 1 then the Sturm bound for I'g(n) is such that:

B(n,k) = 2 =15 H 14—;9 <<E-nloglogn.

p|ln prime
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Remark 11.2.4. Only in STEP 3 it could be needed to compute more operators
than the Sturm bound for I'g(n) and weight k. In this step, in fact, it could be
needed to compute operators up to the Sturm bound for I'g(ng?) and weight k,
where ¢ is the smallest odd prime not dividing n, or I'g(n) and weight k + ¢ + 1.
Let us remark that in both cases we still need to compute less operators than in
the approach presented in Chapter 6 using degeneracy maps.
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Minimal level of realization

The aim of this appendix is to analyse degeneracy maps between modular curves.
In the next sections are presented results similar to the ones obtained in [Edi06],
where the action of Frobenius and multiplication by the Hasse invariant on Katz
modular forms are studied. In particular, from this we deduce statements on resid-
ual modular Galois representations and their level of realization. This appendix
is based on the theory of Katz modular forms, see [Kat73|, [Kat77] and [Edi92],
and modular curves, see [KM85] and [Gro90].

Let us recall that also in [DS05, Section 5.7] there is a detailed explanation about
degeneracy maps between modular curves over Q and are obtained similar results
to the ones that we prove in this appendix, see |[DS05, Theorem 5.7.1 (Main
Lemma)|. The statement of [DS05, Theorem 5.7.1 (Main Lemma)| is proved
through a reduction to linear algebra and representation theory: in particular,
the first step is to change the congruence subgroups in order to pass from degen-
eracy maps to inclusions, see [DS05, p.191]. In this appendix, instead, we focus
on the study of modular curves over finite fields and on a geometric interpretation
of degeneracy maps.

A.1 Notations and preliminaries

For n, k positive integers, ¢ prime not dividing n and F, an algebraic closure of
F¢, let M(I'1(n), k)5, be the space of Katz modular forms of weight k for I'1(n)

on Fy. Let S(T'1(n), k), be the subspace of M(I'1(n), k, €)5, whose elements have
g-expansions that are power series with constant term zero at all cusps.

For any character e: (Z /nZ)* — F,, let S(I'1(n), k, €)g, be the space of Katz cusp
forms of weight k for I';(n) and character e:

S(Ti(n), k, €)g,: ={f € ST1(n), k)g,|Vd € (Z /nZ)", (d) | = e(d)[}.
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If n = mp" with » > 1 and p not dividing m, we will “split” the level structure
accordingly, and denote the space as S(I'y(m), 1 (p"), k, €m, GP)E’ but, in order to
shorten the notation, we will write S(m,p", k, 6)@ instead. We will use analogous
notation for modular curves.

If n>4, then S(I'1(n), k), is isomorphic to HO(X, (n)g, w®(— Cusps)), the space
of global sections of the line bundle w®*(— Cusps), while the space of Katz mod-
ular forms M (I'1(n), k)5, is isomorphic to HO(X, (n)Fe,w@)k), see |Gro90, Proposi-
tion 2.2].

Let us recall some useful concepts and notations. Given a modular curve X; (n)m
with (n,¢) = 1, if n = mp” with » > 1 and p not dividing m, we have two
degeneracy maps B, and a:

Xl(m7 pr)?

Xl(m,pr_l)m X (m’pr_l)ﬁe'

(A1)

Using the moduli interpretation for Xl(n)m, i.e. considering E/S, an elliptic

curve over an Fy-scheme S, with P and @ respectively points of order m and
p", we give the following description of the degeneracy maps: « is the forgetful
map a: (E,P,Q) — (E, P,pQ) and B, is the p-th degeneracy map defined by
By: (B, P,Q) v (E/(r"~'Q), 8(P), (Q)), where

_ B _
PQ) — E = E/(p'Q)
is the degree p isogeny whose kernel is generated by p"~1@Q.

Let us fix (pr a root of unity of order p” in F,. The Atkin-Lehner map we,, on
X1(n)g, is defined as follows:

Xl(n)m qﬁ; Xl(n)m (AQ)
(B, P,Q) +— (E/(Q),5:(P),Q")

where 3, is the degree p" isogeny whose kernel is generated by @, and where @’
belongs to ker(SL)(S):

(Q——E— " E/Q) ~——(Q)
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and it is the unique element such that eg(Q, Q') = (pr, where eg is the Weil
pairing related to 3 i.e. the perfect u,~ valued pairing between ker(3) and ker(3"),
see [KM85, Section 2.8|.

Let us recall basic facts about Tate curves. Precise results can be found in [DR73,
Chapter VII|, see also [Sil94, Chapter V]| for a more elementary and explicit ap-
proach.

For every positive integer d, the d-th Tate curve is a certain generalized elliptic
curve Tate(q?) — SpecZ [[q]] that becomes a Néron d-gon after base change to
the zero locus of ¢ and that is a smooth elliptic curve over SpecZ [[q]][¢"!], the
complement of this zero locus.

Let d, e and n be positive integers such that n is the least common multiple of d
and e. Then the curve Tate(q?) over SpecZ [[q, (]|, where (. is a e-th root of unity,
admits a I'y(n)-structure. Each choice of d, e and of the a I';(n)-structure gives
rise to an injective map from M (T'y(n), k)E to Fy®z Z|[q, ¢]], which is called the
g-expansion map relative to Tate(¢?) with the given I';(n)-structure. The I'y(n)-
structure on Tate(q") over SpecZ [[q]] given by (i) = ¢’ for i € Z /nZ, gives rise
to a particular g-expansion called the g-expansion at oo, see [KM85, Sections 8.8
and 8.11] for explanation. For any f € M(I'i(n), k)z, we define an,(f) to be the
m-th coefficient in this g-expansion.

A.2 Level lowering for Katz cusp forms

Main Lemma 1. Let n and k be positive integers. Let ¢ and p be primes such
that p strictly divides n and n/p > 4, while ¢ does not divide n and 1 < k < (+1.
Let f be a mod ¢ cusp form in S(n/p,p, k)Fe such that

dt — o (A
f(Tate( Cn/[n Cp Z a] e E Fy [[q H 7 ) (A3)
7>1
where G, ), and ¢, are respectively n/p-th and p-th roots of unity. Then there exists

a unique modular form g € S(n/p, k)E, such that Byg = f, where B} is the
morphism induced by By: X1(n)g, — X1(n/p)g,, the p-th degeneracy map.
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Proof. Since p strictly divides n, let us write n = mp. Hypothesis (A.3) means
that the g-expansion of f at the cusp at oo is such that a;(f) = 0 for all positive
integers j not divisible by p.

As m > 4 by hypothesis, f is an element of H°(X; (n)m,w‘@k(— Cusps)), hence,
using known relations and correspondences between modular curves, we have the
following commutative diagram:

where B, and « are the degeneracy maps defined in (A.1) and w, is the Atkin-
Lehner map associated to the isogeny 3, defined in (A.2). The isogeny 8 induces
a morphism B* from the line bundle w®*(— Cusps) on X (m)g, to the line bun-

dle w®*(— Cusps) on X; (n)g,, because for each (E/S, P,Q) we have an isomor-
phism of invertible Og-modules 3* between wg/ gy and wg. Similarly, we define
we, S(n,k)z, = S(n, k)z, by

(wl h)(E, P,Q) = B*(h(w,(E, P,Q))) = B*(ME/(Q), B(P),Q")),

where h belongs to S(n, k), , see [Gro90, Section 6]. In particular, it follows from
the construction that there exists a unique f' € S(n, k)g, such that wzpf’ =f. In
fact, let us consider the g-expansion at the cusp at oc:

(wg f)(o0) = (wg f)(Tate(q), (s Gp) = B7(f'(o0")) =
®k
= B*(f'(Tate(q"), (k. q) = B* | Y a;(f)e’ <dt> _

. t
jz1

= | D a(fHd | vt <Cit>®k

Jj=1

where oo’ := w¢, (00) and the last equality follows from:

1= Tate(q) — = Tate(q?)
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hence §*((dt)/t) = p((dt)/t). Since f(Tate(q),Gn.Gp) € Felg?]] ((dt) /)%
deduce that for all positive integer j we have a;(f')p* = a;(f) and

t

Rk
£/ (Tate(¢?). . ) € Fy [[¢”] (dt)

In order to prove that f comes from Xi(m)g, via By, it is enough to show that
f! does via a. To prove this claim, we study to the following diagram of modular

X(Fl 7 P Cp Can)]Fg (Ev P, Ql? QQ) (Tate(qp)v Cg"w q, Cp)
X (T1(m), T1(p))g, (E,P,Q1) (Tate(qff m: q)
X (T1(m))g (E,P) (Tate(qP), Gin)

where ()1, Q2 are such that e,(Q1,Q2) = (p, and «,y are both forgetful maps.

On X (I'1(m), F(p)CP_Can)E — X(I'1(m))g, there is the natural SLy(IF,) action,
given by the action of SLy(FF,) on T'(p)» =¥, This action is trivial on X(I'v(m))g,-

In the following diagram we describe the action of SLy(IF,):

Taking into account this action, there exists g € S(m, k)m such that Bjg = f if
and only if v* f" is SLy(F)-invariant.

The map v : X(I'y(m),T(p )CP_Can)]F — X(T'1(m),I'(p))g, corresponds to the ac-
tion of elements of the form (} %) € SLo(F,) and ~*f’ is invariant under the action
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of (1) by construction. Since {(19),({%)} generate SLy(F,), and (1) gener-
ates the subgroup (1 9) in SLy(F,), in order to conclude it is enough to prove that
v* f' is invariant under the action of (19).

Let us remark that (19) fixes oo’ € X(I‘l(m),f‘(p)gp_can)m and it acts on the

complete local ring at oo’, F, [[¢]], as:
{ identity on [,
q = Cpq
It follows that (19) acts on Fy[[q]] (dt/t)®k by t — t, by definition, and, hence,

(dt/t)®F — (dt/t)®*. As a;(f") = 0 for all positive integers j not divisible by p,
then (19)" f/ has the same g-expansion as f’.

Since X (I'1(m), F(p)CP_Ca“)E is an irreducible and reduced curve, this means that
A0 s ="

The modular form g € S(m, k)Fe such that Byg = f is unique: this follows because,

from the one hand, pullback does not change g-expansions and, on the other hand,
the g-expansion principle holds, see [Kat73, Section 1.12]. O

Lemma A.2.1. Given r € Z~q and a prime p, the set

{(pl (1)><é i>}CSL2(Z/pT+lZ)

generates the subgroup

ne: ={(VEE L) este ).

p'c 1+p"d

Proof. We will show that every matrix in I';(p”) can be written as a finite product
14pTa b . .

of (,-9) and (§1). Let ( e 1+p’“d) in SLo(Z /p"T'Z), with a,b,c,d € F,, by

direct computation in SLy(Z /p"17Z) we get:

L+pia b\ _ (1 0\“'/1 1\*/1 0\ '/1 1\ he?
pre  1+pd) \ph 1 0 1 o1 0 1 ’
1+p"a b )

Let us remark that the computation is done by multiplying the matrix ( e 1+ptd
in SLy(Z /p"*'Z) on the left and on the right by powers of (,-{) and (}1) in
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Appendix A. Minimal level of realization

order to obtain the identity matrix. In particular, for m € Z, multiplying by

(61)"

— on the left means add m-times the first column to the second;
on the right means add m-times the second row to the first;

and multiplying by (- 9)™

— on the left is equal to change the elements of the second row respectively multi-
plying by p" the sum of the first element of the second row and m, adding mp"
times the second element of the first row to the second element of the second
row;
on the right is equal to change the elements of the first column respectively
adding mp” times the first element of the second column to the first element of
the column; and multiplying by p” the sum of the second element of the column
and m.

O]

Lemma A.2.2. Let E/S be an elliptic curve over an Fy-scheme S, v > 1 an
integer, p be a prime different from £ and

Br-}—l

E

E/{(p"Q)

E/(Q)

Bl 5r

the standard factorization of a cyclic p"t'-isogeny into a cyclic p-isogeny followed
by a cyclic p"-isogeny, where Q is a point of order p"t'. Let Q.41 and Q, be
the unique points that normalize the Weil pairings: eg . (Q,Qrq1) = Cpr+1 and
es, (B1(Q), Qr) = Gpr. Then

Qr = pQT"ﬁ‘l*

Proof. First of all, we apply the “Backing-up Theorem”, see [KM85, 6.7.11], to the
isogeny (41 and to its dual isogeny, we have that:

(61(Q)) = ker(Br), (p"Q) = ker(b1),

and, respectively,

(Br(Qrs1)) =ker(B1),  (p(@rs1)) = ker(B;).
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A.2 Level lowering for Katz cusp forms

In the following diagram, for clarity, we resume all the isogenies we have taken
into account:

(@) £1(Q))
B1
(r"Q) Es—— T E/(pQ)=——=(BQr+1))
Bria § gt
r+1 Br
/ \
(PQr+1) (Qr41)

By definition of the Weil pairing, we have that (Q,) = ker(8L) = (pQ;+1), so there
exists k € (Z /p"Z)* such that kQ, = pQ,+1, since they generate the same cyclic
group of order p". Hence, by bilinearity of the pairing we have

es, (B1(Q), kQr) = (= €5,(81(Q), pQr11)-
The compatibility of the pairing, see [KM85, 2.8| and [Sil09, III 8.1|, implies that

€8, (51(Q), pQri1) = €Br11 (Q,pQry1) = C;,)rﬂ = (Cpr-

As eg (1(Q), Qr) = G, then k =1, hence Q, = pQr11. ]

Main Lemma 2. Let n and k be positive integers. Let £ and p be primes such
that n = mp™™ with p and m co-prime, r € Z>1 and mp" > 4, while ¢ does not
divide n and 1 < k < f+1. Let f be a mod ¢ cusp form in S(m,p’"“,k)m such

" F(Tate(@), G i) = 3 a5(7) (“) AT (ff)m

j>1

where Cm, and (1 are respectively fived m-th and p"Tr-th roots of unity. Then
there exists a unique modular form g € S(m,p’",k)m, such that Byg = f, where

B} is induced by By, : Xy (m,p”‘*‘l)m — Xl(m,pr)m the p-th degeneracy map.
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Proof. Since mp”™ > 4 we have the following diagram:

41 prH_l 741
X1<m7p )Fe Xl(map )ﬁg
g [
W,

X1(m, p")g, Xi(m, p")g,

where By, is the degeneracy map defined in (A.1), w¢ , and we ., are the Atkin-
-1

Lehner maps defined as in (A.2) and where & := we,. o By o We iy

Our first goal is to prove that the map & is the forgetful map « defined in (A.1).
On a elliptic curve E over S, Fy-scheme, with P and @ respectively points of order
m and p" !, we have:

wcpr+1

(B, P, Q) ———— (E/(Q), Br41(P), Qry1)

| |
wcpr

(E/(p"Q), 51(P), 61(Q)) ——— (E/(Q), B (B1(P)), Qr)

and
(E/<Q>7BT+1(P)7 QT-H) — (E/<Q>7BT+1(P)7PQT+1) >

where the maps (1, f;, Br4+1 are isogenies defined by:

:8r+l

T~

EZ———E/('Q) —

E/Q)

so Br(B1(P)) = Br+1(P). In order to show that & = «, it is sufficient to apply
Lemma A.2.2: Q, = pQ+1.

We have that:

r+1 r4+1

)G 5q) =00,

Proceeding as in the Main Lemma 1, we deduce that there exists a unique Katz
cusp form f’ € S(m,pr"'l,k)m such that prrﬂ(f/) = f: by direct computation

We i1 (c0) = We i (Tate(q), Cm, CpTH) = (Tate(q”
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A.2 Level lowering for Katz cusp forms

at the standard cusp, we have that for all positive integers j
a; (fpTI* = a;(f),

hence f'(Tate(q), Cm, Cpr+1) € Fe[[gP]] ((dt)/t)®*. As in the Main Lemma 1, on the
modular curves there is a natural action on the level structure:

(E7P7Q1aQ2)

vl(éi) I
(

m) | X(Ti(m), Ti(p™))g, (E,P,Q1)
X(T1(m), T1(p"))g, (E, P,pQ1)

where

1+p"- b .
L1 (p7): :{( T’p.ca 1+pr.d>€SL2(Z/p+1Z)}-

In analogy with Main Lemma 1, there exists g € S(m, p", k)m such that Byg = fif
and only if v* f" is 'y (p")-invariant. Since the set {(plr 9),(51)} generates Ty (p")
by Lemma A.2.1, it is enough to show the invariance for the generators.

The map  : X (T3 (m), D(p )%+ )5~ X(Ty(m),T(p’"))g, corresponds
to the action of elements of the form (1) € SLo(Z /p"Z) and +* f is invariant
under the action of such elements by construction. The action of (plr (1)) fixes
EO/ € X(Fl(m),I‘(p”l)cp”l_can)m and it acts on the complete local ring at oo/,

Fe[lql], as:

I

identity on [F,
4 Crind = g

then, by definition, (plr ?) acts on Fy [[q]] (dt/t)®" by t s t.

Since a;j(f") = 0 for all positive integers j not divisible by p, then (pl'r ?)*f’
has the same g-expansion as f’. Now, since X(Pl(m),I‘(p“rl)gﬂ“_Can)ﬁZ is an
irreducible reduced curve, this means that (plr (1])* ~*f' = ~*f’. The uniqueness of
the modular form g € S(m,p", k)m such that Byg = f follows, as in the previous

lemma, by the g-expansion principle. O
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In the previous main lemmas, we have not used the action of diamond operators.
First of all, let us recall briefly how this operators are defined. For n > 4, and for
all d € (Z /nZ)*, we define an automorphism

m:X(n)EZ — X(n)m
(E,P) — rq(E,P)=(E,dP)

for all generalized elliptic curves E together with a I'y(n)-structure P. The di-
amond operator (d) on M(I'1(n),k)s, for every d € (Z /nZ)* is defined as the
automorphism of M(I'y(n), k)z, induced by pullback via the automorphism rq. If

we are dealing with Katz cusp forms with a character € : (Z /nZ)* — F,, we are
imposing that for all d € (Z /nZ)*, the diamond operator (d) acts as €(d).

If we take this into account, we have an analogous to Main Lemma 1 and Main
Lemma 2 for forms in S(n, k, €)g,.

Lemma A.2.3. Let n and k be positive integers. Let £ and p be primes such
that p divides n and n/p > 4, while { does not divide n and 1 < k < ¢+1. Let
€: (Z/nZ)* —=TF, and x : (Z /(n/p)Z)* — F, be characters.

Let f and g be mod ¢ cusp forms in S(n, k,e)m and in S(n/p, k’X)E respectively,
such that B;(g) = [, where By is the morphism induced by the degeneracy map
By, : Xi(n)g, — Xa(n/p)g,. Then

Z /(n/p)Z
X:Resszlz/p) (€) F,

i.e. for alld € Z /(n/p)Z we have x(d) = €(d).

Proof. Let E/S be an elliptic curve over an Fy-scheme S, let P be a point of order
n, and let B, be the degeneracy map By, : X1(n)g, — X1(n/p)5, defined in (A.1)
through the isogeny [ then

(By9)(E, P) = 5" (9(E/ {(n/p)P), B(P)))-
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A.2 Level lowering for Katz cusp forms

The action of the diamond operator (d) for d € Z /(n/p)Z is given by

(d) (Bpg)(E, P) = (B,g)(E,dP) = 8*(g9(E/ ((n/p)P) , B(dP))) =
= B*(9(E/((n/p)P),dB(P))) =

)P
= B*(x(d)g(E/ ((n/p)P) , B(P))) = x(d)(B,g)(E, P);

hence, for all d € Z /(n/p)Z we have (d) (B, ) x(d)(B *g). Since By (g) = f,
then for all d € Z /(n/p)Z it follows that (d ) x(d)f = e(d)f. Hence, for all
d €7 /(n/p)Z the equality x(d) = €(d) holds. O

Applying this lemma, we have the following:

Corollary of Main Lemma 1. Let n and k be positive integers. Let £ and p be
primes such that p strictly divides n and n/p > 4, while £ does not divide n and
1 <k</(+1. Lete:(Z/nZ)* —TF, be a character. Let f be a mod £ cusp form
in S(n/p,p,k, €)g, such that

F(Tate(q), Guyp Gp) = D a;(f) (dt) € Fella”] (Cit>®k

j>1

where Tate(q) is the Tate curve over Fo((q)), G,y and (p are respectively fized n/p-
th and p-th roots of unity. Then there exists a unique form g € S(n/p,k:,e’)m,
such that Byg = f, where By is the morphism induced by the degeneracy map

By Xi(n)g, — X1(n/p)s, and € = Res%(nz/p) (€).

Corollary of Main Lemma 2. Let n and k be positive integers. Let £ and p be
primes such that n = mp™™ with p and m coprime, r € Z >1 and mp" > 4, while
( does not divide n and 1 < k < {+1. Let e : (Z /nZ)* — F, be a character. Let
f be a mod £ cusp form in S(m,pr"’l,k,e)m such that

F(Tate(q), G Gr) = 3 a5(F) (dt) SATa (cit>®k

j>1

where Tate(q) is the Tate curve over Fy((q)), ¢m and (yr+1 are respectively fized m-
th and p"1-th roots of unity. Then there exists a unique form g € S(m,p", k, el)m,
such that Byg = f, where By is the morphism induced by the degeneracy map

Bp . ¢ (m,p”rl)m — X1 (mvpr)ﬁg and and € = Res% ;ggpr)z (6)
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Appendix A. Minimal level of realization

Remark A.2.4. In Main Lemma 1 and 2, and also in the corollaries above, we
assume that the prime p, dividing the level n, is such that the quotient n/p > 4.
This hypothesis implies that all the objects used in the proofs are modular curves.
Without such hypothesis, we should use the theory of algebraic stacks: for level n
smaller than 4, the algebraic object X (I'1(n))g, is an algebraic stack, see [Con07,
Theorem 1.2.1], and dealing with such objects is beyond our purposes. It is highly
likely that this condition can be removed.

A.3 Optimization

Theorem A.3.1. Let n and k be positive integers. Let £ be a prime not dividing
n, such that 2 < k < {4+ 1. Let f : T, — F; be a ring homomorphism from the
Hecke algebra of level n, weight k and nebentypus € : (Z /nZ)* — C*, to Fy. Let
T, € T be the p-th Hecke operator and € : (Z /nZ)* — F, be the character defined
by a — f({a)) for all a € (Z /nZ)*. Let us suppose that there exists a prime m
dividing nl such that the Fo-vector space

V. = ﬂ ker (Tp—f(Tp):S(mk’E)E)’

pFm
has dimension bigger than 1.

If m is different from € then there exists a mod { cusp form g in S(n/m, k, Res(€))g,
such that Bl g = f. If m = { then k € {{,0+1}; in the first case there exists a
mod ¢ cusp form g in S(n, 1,6)FZ such that F(g) = f, where F is the Frobenius,
while in the second case there exists a mod £ cusp form g in S(n,2, E)Fe such that
Ayg = f, where Ay is the Hasse invariant.

Proof. Let v be the dimension of V', by hypothesis v > 1. As T},, commutes with
all T,,, T}, acts on V, and since v > 1 hence V' contains a non-zero eigenvector f
for all T}, p > 1, in particular a;(f) # 0.

The subspace Vi C V consisting of the g in V' with a;(g) = 0 is of dimension
v—1> 0. Every element g € V; is such that 0 = a1(g) = a1(T}(g)) for all integer
J not divisible by m.

This means that g is an eigenform with g-expansion in F [[¢"]] ((dt)/t)®" at the
standard cusp.
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A.3 Optimization

Let us first suppose m # . By assumptions n/m > 4, then we are in the hy-
potheses of the Main Lemmas, so there exists a non zero modf/ modular form
g' € S(n/m,k,€)g, such that Bjg" = g, where ¢ = Res(e) and By is the mor-
phism induced by the degeneracy map B, defined in (A.1). This means that
Vi = BV, where V3 is the eigenspace of S(n, k,?)m associated to the system of
eigenvalues

£ = fulpypmy: P\ {m}} = Fox By
p = (F(T), F(p))

Hence the system of eigenvalues firz} occurs in level n/m.

Let us suppose m = £. As proved in |[Edi06, Proposition 6.2|, the only two following
cases occur. First case: k = £. The form g, constructed as before, is in the image
of the Frobenius F, i.e. there exists ¢’ € S(n,1,¢)r such that g = (¢')* = F(g).
This means that the system of eigenvalues occurs already in weight 1. Second
case: k = ¢+ 1. We have that g = A;¢’ where A, is the Hasse invariant of weight
¢—1and ¢’ € S(n,2,€)r, hence the system of eigenvalues occurs in weight 2. [J

From the previous theorem we deduce the following result:

Corollary A.3.2. In the same hypotheses of Theorem A.3.1, the Galois represen-
tation attached to f in Corollary 4.0.5, ps : Gal(Q /Q) — GLa(F,) arises from a
lower level or weight.

Moreover, we have that:

Corollary A.3.3. In the same hypotheses of Theorem A.3.1, if m # { then the
dimension of V' is at most a + 1 where a is such that m® cond(py) = n.

Proof. The subspace Vi C V consisting of the ¢ in V with ai(g) = 0 is of co-
dimension 1 in V. Every element g € V; is such that 0 = a;(g) = a1(7}(g)) for all
integer j not divisible by m. This means that ¢ is an eigenform with g-expansion in
F[[¢™]] ((dt)/t)®* at the standard cusp. The hypotheses of the Main Lemmas are
satisfied, so there exists a non zero mod/ modular form ¢' € S(n/m, k, Res(e))g,
such that B;g’ = g. This means that Vi = BjV> where V5 is the eigenspace of

S(n,k,E)Fe associated to the system of eigenvalues fgz} We recursively apply
the previous argument to the subspace V;. This can be iterated at most a-times
where a is the biggest power of m dividing cond(py). O
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Abstract

In this thesis we investigate 2-dimensional, continuous, odd, residual Galois rep-
resentations and their images. This manuscript consists of two parts in which two
different topics are studied.

In the first part we solve a problem related to elliptic curves for which the knowl-
edge of the image of a certain Galois representation is the crucial element for the
solution. The second part of this thesis has a computational purpose: to outline
an algorithm for computing the images of 2-dimensional, continuous, odd, residual
Galois representations.

The first part of this thesis is committed to analyse a local-global problem for
elliptic curves over number fields.

Let E be an elliptic curve over a number field K, and let £ be a prime number.
If F admits an f-isogeny locally at a set of primes with density one then does E
admit an f-isogeny over K7

The study of the Galois representation associated to the ¢-torsion subgroup of
is the crucial ingredient used to solve the problem.

Let K be a number field and F an elliptic curve over K. Assume that the j-
invariant of F is different from 0 and 1728. A pair (¢, j(F)) is said to be exceptional
for K if E/K admits an {-isogeny locally for a set of density one of primes of K
but not globally over K.

In this part of the thesis we give a complete description of the set of exceptional
pairs for a number field K.

In particular, we obtain an upper bound for the possible values of ¢ occurring in
such pairs in terms of d, the degree of K over Q, and A, the discriminant of K:

¢ <max{A,6d+1}.

Moreover, we show finiteness results for the set of exceptional pairs studying par-
ticular modular curves and their genus.

The main result of the first part of this thesis is the following theorem:
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Main Theorem. Let K be a number field of degree d over Q and discriminant
A, and let lx := max {A,6d+1}. The following holds:

(1) if (¢,j(E)) is an exceptional pair for the number field K then ¢ < lf;
(2) there are only finitely many exceptional pairs for K with 7 < <l ;

(3) the number of exceptional pairs for K with £ =7 is finite or infinite, according
to the rank of Elkies-Sutherland’s elliptic curve:

y? =23 — 17152 + 33614

being zero or positive over K ;

(4) there exists no exceptional pair for K with ¢ =2 and with { = 3;

(5) there exist exceptional pairs for K with £ =5 if and only if \/5 belongs to K.
Moreover, if \/5 belongs to K then there are infinitely many exceptional pairs

for K with ¢ = 5.

In the second part of this thesis, we outline an algorithm for computing the image
of a residual modular 2-dimensional semi-simple Galois representation. This means
determining the image as as a finite subgroup of GLo(FF), up to conjugation, as
well as certain local properties of the representation and tabulating the result in
a database.

Let n and k be positive integers. Let S(n,k)c be the complex vector space of
weight k cusp forms on I'1(n), and let T(n, k) denote the associated Hecke algebra
that is the Z-subalgebra of Endc(S(n, k)c) generated by the Hecke operators T),
for every prime p and the diamond operators (d) for every d € (Z /nZ)*.

The aforementioned algorithm is developed for residual modular 2-dimensional
semi-simple Galois representations: by a theorem of Shimura and Deligne, given
a finite field F of characteristic £ and f : T(n,k) — F a morphism of rings from
the cuspidal Hecke algebra of level n and weight k to I, there is a unique, up to
isomorphism, continuous semi-simple representation ps : Gal(Q /Q) — GLy(F)
that is unramified outside nf such that for all primes p not dividing nf we have
Trace(py(Froby,)) = f(T,) and det(ps(Frob,)) = f((p))p*~* in F.

The representation p; can be computed in time polynomial in n, k and the car-
dinality of FF, where F is a finite field of characteristic ¢ where the representation
is defined, ¢ not dividing n. Due to the current state of technology, we cannot
compute such representations for large values of n, k over finite fields of arbitrary
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order (greater than 41). Anyway, the computation of the image of a residual
2-dimensional odd semi-simple Galois representation is a totally different matter
than the computation of the representation itself.

One of the main results of this part of the thesis is that the algorithm does use
only Hecke operators up to the Sturm bound at the given level n in almost all
cases, i.e. the bound on the number of operators needed is of the order:

k

ITh nloglogn,

and in the cases where this is not sufficient, the bound increases, in the worst
case, of a factor ¢, where ¢ is the smallest odd prime not dividing n. In addi-
tion, almost all the computations are performed in positive characteristic: only in
the construction related to projectively exceptional images some computations in
characteristic zero are needed. Moreover, no pre-computed list of number fields
with specific Galois groups is needed in order to compute the projective image.

To obtain such an algorithm we solved different problems. For example, two
different mod ¢ modular forms can give rise to the same Galois representation
or two Galois representations can have the same projective image. In order to
give a solution to the first instance, without increasing the bound needed for
the computations, we study the local description of the representation at primes
dividing the level and the characteristic. Similarly, we investigate the conductor
of the twist of a representation by characters and the coefficients of the form of
minimal level and weight associated to the given twist to answer to the second.

The algorithm is designed using Dickson’s classification of the finite subgroups
of PGLy(FFy). We characterize each possible case giving a precise description and
algorithms to deal with it. In particular, we give a new approach and a construction
to deal with irreducible representations with projective image isomorphic to either
the symmetric group on 4 elements or the alternating group on 4 or 5 elements.
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Samenvatting

In dit proefschrift bestuderen we 2-dimensionale, continue, oneven, residuale Ga-
loisrepresentaties en hun beelden. Dit proefschrift bestaat uit twee onderdelen
waarin verschillende onderwerpen worden bestudeerd.

In het eerste deel lossen we een probleem op gerelateerd aan elliptische krommen
waarvoor kennis van het beeld van zekere Galoisrepresentaties een cruciale rol
speelt. Het tweede deel van dit proefschrift heeft een computationeel doel: het
beschrijven van een algoritme om beelden van residuele 2-dimensionale Galoisre-
presentaties komend van modulaire vormen uit te rekenen.

Het eerste deel van dit proefschrift houdt zich bezig met een locaal-globaal pro-
bleem voor elliptische krommen over getallenlichamen.

Zij E een elliptische kromme over een getallenlichaam K, en zij £ een priemge-
tal. Heeft E een f-isogenie over K als deze een lokale f-isogenie heeft voor een
verzameling priemen met dichtheid één?

De studie van de Galoisrepresentatie verbonden aan de ¢-torsie ondergroep van F
speelt een cruciale rol voor het oplossen van dit probleem.

Zij K een getallenlichaam en E een elliptische kromme over K. Neem aan dat de j-
invariant van E verschillend is van 0 en 1728. Een paar (¢, j(E)) heet exceptioneel
voor K als F/K een (-isogenie heeft voor een verzameling priemen van dichtheid
één, maar niet globaal over K.

In dit deel van het proefschrift geven we een volledige beschrijving van de verza-
meling exceptionele paren voor een getallenlichaam K.

In het bijzonder geven we een bovengrens voor de mogelijke waardes van ¢ die
kunnen voorkomen in termen van d, de graad van K over Q, en A, de discriminant
van K:

¢ < max{A,6d+1}.

Bovendien geven we eindigheidsresultaten voor de verzameling van exceptionele
paren door te kijken naar bepaalde modulaire krommen en hun geslacht.

Het hoofdresultaat van de eerste helft van dit proefschrift is de volgende stelling:
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Hoofdstelling. Zij K een getallenlichaam van graad d over Q en discriminant
A, en zij U = max {A,6d+1}. Dan geldt het volgende:

(1) als (¢,7(E)) een exceptioneel paar is voor het getallenlichaam K, dan ¢ < (g ;
(2) er zign slechts eindig veel exceptionele paren voor K met 7 < £ < lf;

(3) het aantal exceptionele paren voor K met £ =T is eindig als de rang over K
van de Elkies-Sutherland’s elliptische kromme:

y? = 23 — 1715z + 33614

nul 1s, en anders oneindig;

(4) er zijn geen exceptionele paren voor K met £ =2 en { = 3;

(5) er zijn exceptionele paren voor K met { = 5 dan en slechts dan als \/5 een
element van K is. Bovendien, als \/5 een element van K is, dan zijn er
oneindig veel exceptionele paren voor K met £ = 5.

In het tweede deel van dit proefschrift beschrijven we een algoritme dat de beelden
van residuele 2-dimensionale Galoisrepresentaties komend van modulaire vormen
uitrekent.

Zij n en k positieve gehele getallen. Zij S(n,k)c de complexe vectorruimte van
spitsvormen van gewicht k op I'1(n), en zij T(n, k) de geassocieerde Hecke-algebra,
de Z-deelalgebra van Endc(S(n, k)c) voortgebracht door de Hecke-operatoren T},
voor alle priemen p en de diamantoperatoren (d) voor elke d € (Z /nZ)*.

Een stelling van Shimura en Deligne zegt dat, gegeven een eindig lichaam F van
karakteristiek ¢ en f : T(n,k) — FF een morfisme van ringen van de spits Hecke-
algebra van niveau n en gewicht k£ naar F, er een uniek, op isomorfisme na, con-
tinue semi-simpele representatie p; : Gal(Q/Q) — GLa(F) is die overtakt is
buiten nf zodanig dat voor alle priemen p die nf niet delen we de identiteiten
Trace(py(Froby,)) = f(T,) en det(ps(Frob,)) = f({p))p*~! in F hebben.

Dit algoritme bepaalt het beeld als een eindige ondergroep van GLo(IFy), op conju-
gatie na, alsmede bepaalde lokale eigenschappen van de representaties en tabuleert
de resultaten in een database.

De representatie py kan worden uitgerekend in polynomiale tijd in n, k en de
kardinaliteit van I, waarbij IF een eindig lichaam is van karakteristiek £ waarover de
presentatie gedefinieerd is, waarbij £ het getal n niet deelt. Met de huidige techniek
kunnen we deze representaties niet uitrekenen voor grote waardes van n, k over
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lichamen van willekeurige kardinaliteiten (groter dan 41). De berekening van het
beeld van een residuele 2-dimensionale oneven semi-simpele Galoisrepresentatie is
een totaal ander probleem dan het berekenen van de representatie zelf.

Eén van de hoofdresultaten van dit deel van het proefschrift is dat het algoritme
in bijna alle gevallen slechts Hecke-operatoren gebruikt tot aan de Sturmgrens bij
een gegeven niveau n , dat wil zeggen, de grens op het aantal operatoren dat nodig
is, is van de orde:

k
ITh nloglogn,

en in de gevallen waarin dit niet voldoende is, wordt de grens in het ergste geval
met een factor ¢? verhoogd, waarbij ¢ het kleinste oneven priemgetal is dat n
niet deelt. Daarnaast worden bijna alle berekeningen in positieve karakteristiek
gedaan: alleen bij de constructie gerelateerd aan projectieve exceptionele beelden
zijn misschien berekeningen in karakteristiek 0 nodig. Bovendien zijn er geen
voorberekende lijsten van getallenlichamen met specifieke Galoisgroep nodig om
de orde van het projectieve beeld uit te rekenen.

Om een dergelijk algoritme te verkrijgen, hebben we verschillende problemen op-
gelost. Bijvoorbeeld, twee verschillende mod ¢ modulaire vormen kunnen dezelfde
Galoisrepresentatie geven of twee Galoisrepresentaties kunnen hetzelfde projec-
tieve beeld hebben. Om het eerste probleem op te lossen, zonder de grens die
nodig is voor de berekening te verhogen, bestuderen we de lokale beschrijving van
de representatie bij priemen die het niveau en de karakteristiek delen. Voor het
tweede probleem bestuderen we de conductor van de verdraaiing van de repre-
sentatie met karakters en de coéfficiénten van de vorm van minimaal niveau en
gewicht daarmee geassocieerd.

Het algoritme is gebaseerd op resultaten van Dickson, Khare-Wintenberger en Fa-
ber over de classificatie, op conjugatie na, van eindige ondergroepen van PGLy(Fy).
We karakterisen alle mogelijke gevallen door een precieze beschrijving en algorit-
mes te geven die ze afhandelen. In het bijzonder geven we een nieuwe benadering
en een constructie die irreducibele representaties afhandelt waarvan het projectieve
beeld isomorf met de symmetrische groep op 4 letters of de alternerende groep op
4 of 5 letters.
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Résumé

Dans cette thése, on étudie les représentations 2-dimensionnelles continues du
groupe de Galois absolu d’une cloture algébrique fixée de QQ sur les corps finis qui
sont modulaires et leurs images.

Ce manuscrit se compose de deux parties dans lesquelles deux thémes différents
sont étudiés.

La premiére partie est consacrée & ’analyse d’un probléme local-global pour les
courbes elliptiques sur les corps de nombres. Soit £ une courbe elliptique sur un
corps de nombres K, et soit £ un nombre premier. Si E admet une f-isogénie
localement sur un ensemble de nombres premiers de densité 1, alors est-ce que E
admet une f-isogénie sur K 7

L’étude de la représentation galoisienne associée & la f-torsion de E est 'ingrédient
essentiel utilisé pour résoudre ce probléme.

On donne une description de I’ensemble des paires exceptionnelles pour un corps
de nombres K : l’ensemble des couples (¢, j(E)), ou £ est un nombre premier et
J(E) est le j-invariant d’une courbe elliptique E sur K, en supposant que j(E)
soit différent de 0 et 1728, qui admet une ¢-isogénie localement presque partout,
mais pas globalement.

En particulier, on obtient une borne supérieure pour £ survenant dans ces paires
en fonction de d, le degré de K sur Q, et de A, le discriminant de K :

¢ <max{A,6d+1}.

Par ailleurs, on montre des résultats de finitude pour ’ensemble des couples ex-
ceptionnels en étudiant des courbes modulaires particuliéres et leur genre.

Le résultat principal de la premiére partie de cette thése est le théoréme suivant :

Théoréme principal. Soit K un corps de nombres de degré d sur Q et discri-
minant A, et soit {x := max {A,6d+1}. Les énoncés suivants sont vérifiés :

(1) si (¢,j(E)) est une paire exceptionnelle pour le corps de nombres K, alors
0 <[lk;
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(2) il y a seulement un nombre fini de paires exceptionnelles pour le corps de
nombre K avec 7 < 0 </l ;

(3) le nombre de paires exceptionnelles pour K avec £ =7 est fini ou infini, selon
que le rang de la courbe elliptique de Elkies-Sutherland :

y? = 2% — 1715z + 33614

est nul ou positif sur K ;

(4) il n’existe aucune paire exceptionnelle pour K avec ¢ =2 et { =3 ;

(5) il existe des paires exceptionnelles pour K avec £ = 5 si et seulement si /5
appartient & K. De plus, si /5 appartient & K, alors il existe une infinité de
paires exceptionnelles pour K avec £ = 5.

Dans la deuxiéme partie, on présente un algorithme pour calculer 'image d’'une
représentation 2-dimensionnelle continue du groupe de Galois absolu d’une cloture
algébrique fixée de Q sur un corps fini qui est modulaire. Ceci est équivalent &
la détermination de I'image comme sous-groupes fini de GLo(IFy), & conjugaison
prés, ainsi que certaines propriétés locales de la représentation et le stockage du
résultat dans une base de données.

Soient n et k des entiers positifs. Soit S(n,k)c I'espace vectoriel complexe des
formes paraboliques sur I'1 (n) de poids k, et soit T(n, k) I’algebre de Hecke associée
qui est la Z-algébre de Endc(S(n, k)c) engendrée par les opérateurs de Hecke T},
pour chaque premier p et les opérateurs diamant (d) pour chaque d € (Z /nZ)*.

Soit F un corps fini de caractéristique ¢ et soit f : T(n,k) — F un morphisme
d’anneaux de 'algébre de Hecke cuspidale de niveau n et poids k sur F. Alors,
il existe une unique, a isomorphisme preés, représentation continue semi-simple
ps: Gal(Q/Q) — GLy(F) qui est non ramifiée dehors de nt telle que pour tout
premier p ne divisant pas nf on a

Trace(py(Frob,)) = f(T,) et det(ps(Frob,)) = f((p))p* ' en T,

L’algorithme ci-dessus est développé pour ce type de représentations.

La représentation py peut étre calculée en temps polynomial en n, k et la cardina-
lité de IF, ot IF est un corps fini de caractéristique £ oul la représentation est définie,
¢ ne divisant pas n. L’état actuel de la technologie ne permet pas de calculer de
telles représentations pour les grandes valeurs de n, k sur un corps fini d’ordre
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arbitraire (ordre supérieur a 41). Quoi qu’il en soit, le calcul de I'image est une
question totalement différente de celle du calcul de la représentation elle-méme.

L’un des résultats principaux de cette partie de la thése est que ’algorithme n’uti-
lise que des opérateurs de Hecke jusqu’a la borne de Sturm au niveau donné n
dans presque tous les cas. Cela signifie que la borne sur le nombre d’opérateurs
nécessaires est de 'ordre de :

i log 1

— -nloglogn,

19 g log

et dans les cas ol cela n’est pas suffisant, 'augmentation de la borne est, au pire,
d’un facteur ¢2, oul ¢ est le plus petit nombre premier impair qui ne divise pas n.

En outre, presque tous les calculs sont effectués en caractéristique positive. Il n’y a
que dans la construction liée & des images exceptionnelles projectives que quelques
calculs en caractéristique zéro sont nécessaires.

Dans cet algorithme, aucune liste pré-calculée des corps de nombres avec un groupe
de Galois spécifique n’est nécessaire pour calculer I'image projective.

Différents problémes sont résolus afin d’avoir un tel algorithme. Par exemple, deux
formes modulaires mod ¢ différentes peuvent donner lieu & la méme représentation
de Galois ou deux représentations de Galois peuvent avoir la méme image projec-
tive. Afin de donner une solution dans la premiére situation, sans augmenter la
borne nécessaire aux calculs, on étudie la description locale de la représentation
aux nombres premiers divisant le niveau et la caractéristique.

En particulier, on obtient une caractérisation précise des formes propres dans
I'espace des formes anciennes en caractéristique positive : ce sont des formes d’un
niveau donné provenant de formes de niveau inférieur ou poids inférieur et elles
sont vues au niveau donné a travers des morphismes de dégénérescence, ou la
multiplication par I'invariant de Hasse ou 'application de Frobenius.

De la méme maniére, pour répondre a la seconde question on étudie le conducteur
de la tordue d’une représentation par un caractére et les coefficients de la forme de
niveau et poids minimaux associée. Ceci est fait dans le but de ne pas répéter les
calculs pour déterminer la représentation projective et de les effectuer seulement
si la représentation projective est de niveau et poids minimaux.

Voici comment l'algorithme est congu.

185



Résumé

Dans l'algorithme ci-dessus pour toutes les données ne provenant pas de niveau ou
poids inférieurs, on détermine si la représentation associée est réductible ou non.
L’idée principale pour effectuer ce test est de controler les égalités entre la forme
modulaire donnée et la réduction modulo ¢ de certaines séries d’Eisenstein.

Si la représentation est irréductible; alors on calcule le corps de définition de la
représentation.

Afin de déterminer I'image, a conjugaison prés, il suffit de connaitre I'image pro-
jective de la représentation et I’ensemble des déterminants. Par conséquent, on
calcule le corps de définition de la représentation projective.

Pour calculer I'image projective de la représentation, on effectue une liste de
controéles en fonction de la classification de Dickson, sauf si la représentation sur-
vient de tordues d'une représentation de conducteur inférieur, auquel cas I'image
projective est déja enregistrée dans la base de données. En particulier, on donne
une nouvelle approche pour déterminer les représentations irréductibles avec image
projective isomorphe soit au groupe symétrique sur 4 éléments ou au groupe al-
terné sur 4 ou 5 éléments.

Une fois que l'on a exclu tous les cas exceptionnels i.e. tous les cas ol 'ordre de
I'image n’est pas divisible par £, 'image est “grande”, ce qui signifie qu’elle contient
le groupe spécial linéaire de degré 2 de l'extension de F; correspondant au corps
de définition de I'image projective.
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