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ℓ ≤ max {∆, 6d+1} .

K d Q

∆ ℓK := max {∆, 6d+1}
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K (2) (5) (3)
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GL2(Fℓ)

n Γ1(n)
SL2(Z )

Γ1(n) =

{(
a b
c d

)
∈ SL2(Z ) : a ≡ d ≡ 1 , c ≡ 0 mod n

}
.

n k S(n, k)C
k Γ1(n) T(n, k)

Z EndC(S(n, k)C)
Tp p 〈d〉

d ∈ (Z /nZ )∗ T(n, k) Z

2

n k
F ℓ f : T(n, k) → F

n k F

ρf : GQ → GL2(F)
nℓ p nℓ

Trace(ρf (Frobp)) = f(Tp) det(ρf (Frobp)) = f(〈p〉)pk−1 F.

ρf



f

ℓ ℓ

ℓ

n n

6.3.6

n,m k n m ℓ

n 2 ≤ k ≤ ℓ + 1 f : T(n, k) → Fℓ

ρf : GQ → GL2(Fℓ)
g : T(m, k) → Fℓ

ρg : GQ → GL2(Fℓ)
N(ρg) = m ρg

ρf ℓ ρf ρg f
g n

ρf ℓ ρf ρg f
g n



g′ n g′ g′(Tp) = g(Tp)
p ℓ g′(Tℓ)

x2 − Trace(ρf (Frobℓ))x+ det(ρf (Frobℓ)) = (x− g(Tℓ))(x− g′(Tℓ)).

PGL2(Fℓ)

ℓ ≥ 3 H
PGL2(Fℓ) H

SL2(Fℓr)/{±1} PGL2(Fℓr) r ∈ Z>0

D2n n ∈ Z>1 (ℓ, n) = 1
S4 A4 A5

4 4 5



A4

S4 A5

2 3 5

2
Fℓ

ρf
n k F F ℓ

ℓ n
n k

41
2

n

k

12
· n log log n,

q2 q
n



GL2(Fℓ)
GL2(Fℓ)

2

ℓ ℓ



4 4 5



11 ≤ ℓ ≤ ℓK
ℓ = 5
ℓ = 7

ℓ = 7

θℓ



ℓ

ℓ











E K ℓ

E E
E

E
K ℓ E

ℓ E
ℓ K

E ℓ

K ℓ K

2
3

E
K ℓ E ℓ

E ℓ

K

j 0 1728
ℓ K j

j 0 1728

K E K
(ℓ, j(E)) K E/K ℓ

K
K

ℓ



(ℓ, j(E)) K
ED E

ℓ E ED

ρED,ℓ ≃ χD ⊗ ρE,ℓ χD

ℓ

2.1

E K

ℓ

√(
−1
ℓ

)
ℓ /∈ K E/K

ℓ E ℓ

K(
√
−ℓ) ℓ = 2, 3 ℓ ≡ 1 mod 4 E

ℓ K

ℓ ≡ 3 mod 4 ℓ ≥ 7

Q

(7, 2268945/128)
Q

ℓ ≡ 3 mod 4 ℓ > 7
Xsplit(ℓ)(Q )
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7
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ℓ ℓ > 7
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∆ ℓK := max {∆, 6d+1}

(1) (ℓ, j(E)) K ℓ ≤ ℓK

(2) K 7 < ℓ ≤ ℓK
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y2 = x3 − 1715x+ 33614
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(ℓ, j(E)) K
G ⊆ GL2(Fℓ) ℓ

E P(E[ℓ]) ≃ P1(Fℓ) g ∈ G
g ∈ G

PGL2(Fℓ) G

ℓ

G =
{(

a 0
0 b

)
,
(
0 a
b 0

)
|a, b ∈ Γ

}
Γ F∗

ℓ

2 3
Xsplit(ℓ)(K) Xsp.Car(ℓ)(K)

Γ

Γ ⊆ (F∗
ℓ )

2 K(
√(

−1
ℓ

)
ℓ) ⊆ L

ℓ

√(
−1
ℓ

)
ℓ -∈ K

ℓ G
ℓ > 6[K : Q ]+1
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g GL2(Fℓ) PGL2(Fℓ)

P1(Fℓ)/g g P1(Fℓ) P1(Fℓ)
g

g

G GL2(Fℓ)
H PGL2(Fℓ) SL2(Fℓ)/ {±1} |P1(Fℓ)

g| > 0
g ∈ G |P1(Fℓ)

G| = 0
ℓ ≡ 3 mod 4

(1) H 2n n > 1 (ℓ−1)/2

(2) G

(3) P1(Fℓ)/G G P1(Fℓ) 2

PGL2(Fℓ)

ℓ -= 3 n > 1 (1)

E K
ρE,ℓ ℓ E[ℓ]

E[ℓ] σ ∈ Gal(Q /K)

σ(ζℓ) = ζ
det(ρE,ℓ(σ))
ℓ ,

ζℓ ℓ ζℓ K G = ρE,ℓ(Gal(Q /K))

SL2(Fℓ)
∑ℓ−1

n=0 ζ
n2

ℓ =
√(

−1
ℓ

)
ℓ

H G PGL2(Fℓ) H

SL2(Fℓ)/ {±1}
√(

−1
ℓ

)
ℓ K

1.1.2 g ∈ G = ρE,ℓ(Gal(Q /K))
p ⊂ OK

g = ρE,ℓ(Frobp ) E ℓ p

E [ℓ] |P1(Fℓ)
g| > 0 g ∈ G
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ℓ
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j(E) /∈ {0, 1728}
√(

−1
ℓ

)
ℓ /∈ K G ρE,ℓ(Gal(Q /K))

H PGL2(Fℓ) C ⊂ G
H

det(C ) ⊆ (F∗
ℓ )

2,

(F∗
ℓ )

2 F∗
ℓ

(ℓ, j(E)) K√(
−1
ℓ

)
ℓ /∈ K H

SL2(Fℓ)/ {±1} ℓ ≡ 3 mod 4
H 2n n > 1 (ℓ−1)/2

G

(n, ℓ+1) = 1 (n, ℓ) = 1 n
ℓ−1

A ∈ G ⊂ GL2(Fℓ)
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A GL2(Fℓ)
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α 0
0 β
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α,β ∈ F∗
ℓ α/β n F∗

ℓ

Fℓ2 A
A ∼=

(
α 0
0 β

)
α,β ∈ Fℓ2 A ∼= ( α 1

0 α ) An = λ · Id
λ ∈ F∗

ℓ (n, ℓ) = 1

α,β ∈ F∗
ℓ α,β ∈ Fℓ2\Fℓ

β = α α Fℓ P1(Fℓ)
A

A Fℓ E
ℓ A = ρE,ℓ(Frobp )

p ⊂ OK α,β ∈ F∗
ℓ

α = µi β = µj µ F∗
ℓ µin=αn=βn=µjn

µn(i−j) = 1 n(j−i) ≡ 0 ℓ−1 n (j−i)
(i+j) det(A)=αβ=µi+j F∗

ℓ

A H
α/β n

(ℓ, j(E)) K

j(E) /∈ {0, 1728}
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−1
ℓ

)
ℓ K

E
2n n (ℓ−1)/2 G

|G| | ((ℓ−1) · 2n) |

(
(ℓ−1) ·

(ℓ−1)

2
· 2

)
= (ℓ−1)2.

(ℓ, j(E)) K

j(E) /∈ {0, 1728}
√(

−1
ℓ

)
ℓ K E

ℓ K(
√
−ℓ)

ℓ ≡ 3 mod 4 ℓ ≥ 7 (ℓ, j(E))√
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Q (ζℓ) Q (

√
−ℓ)

Gal(K(ζℓ)/K(
√
−ℓ)) ⊆ (F∗

ℓ )
2

F∗
ℓ ℓ

K

ρE,ℓ : Gal(Q /K) → GL2(Fℓ)
E

G

K(ζℓ)

Q (ζℓ)
K(

√
−ℓ)

Q (
√
−ℓ)

K

Q

E
L/K C

G
C

ℓ

σ ∈ Gal(Q /K) det(ρE,ℓ(σ)) = χℓ(σ) χℓ ℓ

C ϕ : G → F∗
ℓ/(F

∗
ℓ )

2 ∼= {±1}

Gal(Q /K)
ρE,ℓ !! !! G

ϕ !!

det ####
χℓ

$$

F∗
ℓ/ (F

∗
ℓ )

2 ∼= {±1}
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SL2(Fℓ)/ {±1} P1(Fℓ)

1 2√(
−1
ℓ

)
ℓ K

Sn An

n

G GL2(Fℓ) H PGL2(Fℓ)
SL2(Fℓ)/ {±1} |P1(Fℓ)

g| > 0 g ∈ G |P1(Fℓ)
G| = 0

ℓ ≡ 1 mod 4

(1) H 2n n ∈ Z>1 ℓ−1

(2) H A4 S4 A5

GL2(F2)
ℓ > 2

|P1(Fℓ)/H| =
1

|H|

∑

h∈H

|P1(Fℓ)
h| ≥ 1

|H|
(ℓ+|H|) > 1

|P1(Fℓ)
h| > 0 h ∈ H |P1(Fℓ)

h| = (ℓ+1) h

ℓ |H| H h ℓ P1(Fℓ)/h
1 ℓ (1 <)|P1(Fℓ)/H| ≤ 2

|P1(Fℓ)
H | = 0 ℓ |H|

PGL2(Fℓ) H
S4 A4 A5

H
H = 〈h〉 P1(Fℓ)

h = P1(Fℓ)
H |P1(Fℓ)

h| > 0
|P1(Fℓ)

H | = 0 H
S4 A4 A5

2 H SL2(Fℓ)/ {±1}
h P1(Fℓ) h ∈ H |P1(Fℓ)

h| > 1 h
Fℓ



|P1(Fℓ)/h| =
1

ord(h)

∑

h′∈〈h〉

|P1(Fℓ)
h′

| =

=
1

ord(h)
((ord(h)−1)2+ℓ+1) = 2 +

ℓ−1

ord(h)
∗

〈h〉 H h
2 ℓ ≡ 1 mod 4

H 2n h ∈ H
n ∗ n ℓ−1

G GL2(Fℓ) H PGL2(Fℓ)
SL2(Fℓ)/ {±1} |P1(Fℓ)

g| > 0 g ∈ G |P1(Fℓ)
G| = 0

H 2n n ∈ Z>1 ℓ−1 G
P1(Fℓ)/G

2

(2)

G GL2(Fℓ) H PGL2(Fℓ)
SL2(Fℓ)/ {±1} |P1(Fℓ)

g| > 0 g ∈ G |P1(Fℓ)
G| = 0

H A4 ℓ ≡ 1 mod 12
H S4 ℓ ≡ 1 mod 24
H A5 ℓ ≡ 1 mod 60

A4

2 3 ℓ > 3 GL2(F2) ≃ S3 ∗
3 ℓ−1 3 ℓ ≡ 1 mod 4

ℓ ≡ 1 mod 12

2
∗ PGL2(Fℓ) H

SL2(Fℓ)/ {±1} ∗ h
H



H S4 4
ℓ−1 8 3

ℓ ≡ 1 mod 24

H A5 ℓ > 5
SL2(F5)/ {±1} ≃ A5 3 5
ℓ−1 3 5 ℓ ≡ 1 mod 4 ℓ ≡ 1 mod 60

E K
d Q j(E) /∈ {0, 1728} ℓ√(

−1
ℓ

)
ℓ ∈ K E/K ℓ

(1) ℓ≡3 mod 4 E ℓ K

(2) ℓ≡1 mod 4 E ℓ

K E ℓ

ℓ≡−1 mod 3 ℓ ≥ 60d+1 E ℓ

K

√(
−1
ℓ

)
ℓ K H

ρE,ℓ SL2(Fℓ)/ {±1}
(ℓ, j(E))

ℓ≡1 mod 4 H 2n n
ℓ−1

E ℓ L/K
Gal(Q /L) E[ℓ]

L K
K

E ℓ

ℓ ≥ 60d+1 H A4 S4 A5

ℓ ≡ −1 mod 3
E

2
E K
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K
K ℓ = 2, 3

√
5 K (5, j(E))

K PρE,5(Gal(Q /K)) 8√
5 K K ℓ = 5

ℓ=2
ℓ=3

√
−3 K

2n n ∈ Z>1 3 − 1
√
−3 K

ℓ≡1 4 ℓ=5√
5 K√
5 K

8

(ℓ, j(E)) Q

ℓ > 7 2
ℓ = 7 3

K

K E/K K
j(E) /∈ {0, 1728} (ℓ, j(E)) K ℓ > 2d+1 E

E O
ρE,ℓ ℓ

O ℓ

O 5

ℓ E′

L K K
E′ E L



O′ E E′ ℓ 7.24
h(O′) h(O)

h(O′)

h(O)
=

1

[O∗ : O′∗]

(
ℓ−

(
disc(O)

ℓ

))
≥ (ℓ−1)

j(E) /∈ {0, 1728} h(O′) = h(O)
h(O′) > h(O)

E′ L E K Q (jE) ⊆ K
Q (jE′) ⊆ L h(O′) h(O)

h(O′)

h(O)
≤ [L : Q ] = 2d.

ℓ > 2d+1
E

(1)

ℓ ℓ E
K ρE,ℓ : Gal(Q /K) → GL2(Fℓ)

(1)

M v
v(M∗) = Z OM λ OM

k = OM/λ M 0
k ℓ>0 e = v(ℓ)<∞
E M E

OM M 0 E[ℓ](M)
Fℓ 2



E E λ E k
ℓ Fℓ 2

Fℓ

E[ℓ]

11 12 272
Iℓ ℓ

E
M v e = v(ℓ)≥1

E ℓ Iℓ
ρE,ℓ : Gal(M/M) → GL2(Fℓ) E

(ℓ2−1)/e ℓ(ℓ−1)/e

2
1

e
2 (ℓ2−1)/e

1
ℓ

ℓ

272 ℓ(ℓ−1)/e

E M
v e = v(ℓ)≥1

E ℓ Iℓ
ρE,ℓ : Gal(M/M) → GL2(Fℓ) E

(ℓ−1)/e ℓ(ℓ−1)/e

(
∗ 0
0 1

)
or

(
∗ ⋆

0 1

)
,

∗ ∈ F∗
ℓ ⋆ ∈ Fℓ



Eλ M λ

ℓ

d′ =





1 j(E) -≡ 0, 1728 mod λ,
2 j(E) ≡ 1728 mod λ, ℓ ≥ 5
3 j(E) ≡ 0 mod λ, ℓ ≥ 5,
6 j(E) ≡ 0 mod λ, ℓ = 3,
12 j(E) ≡ 0 mod λ, ℓ = 2.

⋆

Eλ

M d′

(ℓ, j(E)) K

d Q

√(
−1
ℓ

)
ℓ /∈ K j(E) /∈ {0, 1728}

ℓ ≡ 3 mod 4 and 7 ≤ ℓ ≤ 6d+1.

(ℓ, j(E)) E ℓ

ℓ ≡ 3 mod 4
ℓ L = K(

√
−ℓ)

Kλ K λ ℓ M
Kλ Eλ := E ⊗ Kλ

E
M/Kλ 3 ⋆ ℓ ≥ 7 E

Eλ′ := E ⊗M λ′ λ′ λ

ℓ E E

(ℓ2−1)/m ℓ(ℓ−1)/m m 3d

(ℓ−1)2



GL2(Fℓ)

(ℓ2−1)/m (ℓ−1)2 (ℓ+1)/m
(ℓ−1) (ℓ+1)/m 2 ℓ ≤ 2m−1 (ℓ, j(E))

ℓ ≡ 3 mod 4 ℓ ≥ 7
ℓ ≡ 3 mod 4 7 ≤ ℓ ≤ 2m− 1 ≤ 6d−1

ℓ > 2m− 1 E
Eλ M

E ℓ L = K(
√
−ℓ) L

G Gal(Q /K) E[ℓ](K)
N C

N/C ≃ Gal(L/K) Iλ
λ K G N/C

(ℓ− 1)/m > 2 Iλ
3

Iλ
{(

a 0
0 b

)
|a, b ∈ Γ

}

Γ Fℓ

Gal(M/M)
Iλ Gal(M/M)

(ℓ− 1)/m ≤ 2 ℓ ≡ 3 mod 4 7 ≤ ℓ ≤ 2m+1 ≤ 6d+1

K = Q

(1)

(ℓ, j(E)) K
d Q ∆ j(E) {0, 1728}

ℓ ≤ max {∆, 6d+1} .

(ℓ, j(E)) K
SL2(Fℓ)/±1√(

−1
ℓ

)
ℓ K

√(
−1
ℓ

)
ℓ

K 7 ≤ ℓ ≤ 6d+1√(
−1
ℓ

)
ℓ K ℓ ∆





K d Q ∆

ℓ ℓ = 2, 3 ℓ > max {∆, 6d+1}

ℓ

ℓ > 7
5 7

K C/K K
g

0 1 0 P1
K

K C(K) K
C 1 C(K)

K C/K K
C(K) C(K) ∼= T ⊕ Z r

T r
g ≥ 2 K

ℓ ≥ 5 Z [ζℓ] C

ℓ X(ℓ)
(E,α) E

S Spec(Z [1/ℓ, ζℓ]) α : (Z /ℓZ )2S
∼→ E[ℓ]

S ℓ

ℓ E S (P1, P2)
P1, P2 ∈ E[ℓ] eℓ(P1, P2) = ζℓ eℓ E[ℓ]

ℓ

(Z /ℓZ )2 〈(1, 0), (0, 1)〉 = ζℓ



G GL2(Z /ℓZ ) XG(ℓ) := G\X(ℓ)
X(ℓ) G ℓ

XG(ℓ) Q (ζℓ)
det(G)

115− 116 3.20.4

G XG(ℓ) X0(ℓ)
Q ℓ

(E,C) E C
ℓ

G
XG(ℓ) := Xsp.Car(ℓ)

Xsplit(ℓ) Xsp.Car(ℓ) Xsplit(ℓ)
ℓ

XA4(ℓ) XS4(ℓ) XA5(ℓ)
G ⊂ GL2(Z /ℓZ )

A4 ⊂ PGL2(Z /ℓZ ) S4 A5 ⊂ PGL2(Z /ℓZ )
A4,S4 A5

ℓ 2.5 2.6 XA4(ℓ)
XA5(ℓ) Q (ζℓ)

XS4(ℓ) ℓ -≡ ±3 8 Q

E/K
(ℓ, j(E)) K

ρE,ℓ (E, ρE,ℓ) K Xsplit(ℓ)
E[ℓ](K)

L1 L2 L/K L/K
α : E → E/L1 β : E → E/L2 L

L αβ∨ βα∨

X0(ℓ
2) wℓ2

2
Q X0(ℓ

2) Xsp.Car(ℓ)

(ℓ, j(E)) K√(
−1
ℓ

)
ℓ /∈ K ℓ 3 mod 4 7

11 mod 12
√(

−1
ℓ

)
ℓ ∈ K ℓ 1 mod 4

1 5 mod 12



11 ≤ ℓ ≤ ℓK

ℓ > 7 (ℓ, j(E))
K

(ℓ, j(E)) K
K Xsplit(ℓ) XA4(ℓ)

XS4(ℓ) XA5(ℓ)

Xsplit(ℓ)

g(Xsplit(ℓ)) =
1

24

(
ℓ2 − 8ℓ+ 11− 4

(−3

ℓ

))
.

ℓ ≡ 1 7 mod 12 g(Xsplit(ℓ)) = 1
24(ℓ

2 − 8ℓ + 7)
ℓ ≡ 5 11 mod 12 g(Xsplit(ℓ)) =

1
24(ℓ

2 − 8ℓ+ 15)
Xsplit(ℓ) 2 ℓ ≥ 11

K

XA4(ℓ) XS4(ℓ) XA5(ℓ)
2

g(XA4(ℓ)) =
1

288
(ℓ3 − 6ℓ2 − 51ℓ+ 294 + 18ǫ2 + 32ǫ3)

g(XS4(ℓ)) =
1

576
(ℓ3 − 6ℓ2 − 87ℓ+ 582 + 54ǫ2 + 32ǫ3)

g(XA5(ℓ)) =
1

1440
(ℓ3 − 6ℓ2 − 171ℓ+ 1446 + 90ǫ2 + 80ǫ3)

ǫ2 1 ℓ ≡ 1 mod 4 −1 ℓ ≡ 3 mod 4 ǫ3 1
ℓ ≡ 1 mod 3 −1 ℓ ≡ −1 mod 3

ℓ 2.5 2.6
ℓ

3072
A4 ℓ ≡ 1 mod 12 XA4(ℓ)

2 ℓ ≥ 13 S4

A5 2



ℓ = 5

ℓ = 5

5
X(5) X(5)(Q )

P 5

P[5] ∼= µ5×Z /5Z µ5 5
P

({±1}× µ5)× P[5] → P[5]((
ǫ α

0 ǫ

)
,

(
w
j

))
4→

(
wǫαj

ǫj

)

ǫ ∈ {±1} α, w ∈ µn X(5)(Q )
GL2(Z /5Z ) XG(5)

G

5 V4 4
2

τ V4 PGL2(F5)

{(
1 0
0 1

)
,

(
0 −1
1 0

)
,

(
1 0
0 −1

)
,

(
0 1
1 0

)}
.

ℓ ≥ 5 XV4(ℓ) XG(ℓ)
G ⊂ GL2(Z /ℓZ ) V4 ⊂ PGL2(Z /ℓZ )

Spec(Q (
√
5)) XV4(5)

P1

X(5) Q (ζ5) 0 XV4(5)
Q (ζ5)

det(G) G V4 GL2(F5)

V4 ⊂ SL2(F5)/{±1} F∗
5 ⊂ G det(G) = (F∗

5)
2

XV4(5) Q(
√
5) 0

X(5)(Q ) 1−1
F5 F2

5 µ5 × F5

{±1}× µ5



Spec(Q (
√
5)) XV4(5) P1

Q (
√
5) XV4(5)

φζ5 : F2
5

∼→ µ5 × F5 φζ5((1, 0)) = (ζ5, 0)
φζ5((0, 1)) = (1, 1) φζ5

{±1}× µ5

{((ζ5, 0), (1, 1)), ((ζ
−1
5 , 0), (1,−1)), ((ζ5, 0), (ζ5, 1)), ((ζ

−1
5 , 0), (ζ−1

5 ,−1)),

((ζ5, 0), (ζ
2
5 , 1)), ((ζ

−1
5 , 0), (ζ−2

5 ,−1)), ((ζ5, 0), (ζ
−2
5 , 1)),

((ζ−1
5 , 0), (ζ25 ,−1)), ((ζ5, 0), (ζ

−1
5 , 1)), ((ζ−1

5 , 0), (ζ5,−1))}.

Gal(Q (ζ5)/Q )
−1 ∈ Gal(Q (ζ5)/Q ) ((ζ5, 0), (1, 1))

((ζ−1
5 , 0), (1, 1)) X(5)(Q )

−1 ((ζ5, 0), (1, 1))
G G V4 GL2(F5)

{(
x 0
0 ±x

)
,

(
0 ±x
x 0

) ∣∣∣∣x ∈ F∗
5

}
,

(
−1 0
0 1

)
∈ G ((ζ−1

5 , 0), (1, 1))
X(5)(Q ) ((ζ5, 0), (1, 1))

((ζ5, 0), (1, 1)) XV4(5)(Q )
Gal(Q (ζ5)/Q (

√
5)) XV4(5)(Q (

√
5))

(5, j(E))
K

√
5 K

(5, j(E))
K

√
5 K

(5, j(E)) K
E K

8

4 V4 Spec(Q (
√
5))

XV4(5) P1 XV4(5)(K)
√
5

K
√
5 K

(5, j(E)) XV4(5) P1 Spec(K)



ℓ = 7

ℓ = 7

7

ℓ = 7 (7, j(E))
K

E′ : y2 = x3 − 1715x+ 33614

0

√
−7 ∈ K√

−7 K 3
X0(49)

Gal(K(
√
−7)/K) w49 X0(49)

3
K(

√
−7) E′

K
7 K(

√
−7) E′ (u, v)

t = (3u−v+42)/(u+2v) j
7

−(t− 3)3(t− 2)(t2 + t− 5)3(t2 + t+ 2)3(t4 − 3t3 + 2t2 + 3t+ 1)3

(t3 − 2t2 − t+ 1)7
.

E′ K
7 0

3 Q (i)
E

7



ℓ = 7

E K L
LE(s,K) E 449

LE(s,K) =
∏

υ

(1− aυq
−s
υ + q1−2s

υ )−1 ·
∏

υ

(1− aυq
−s
υ )−1

qυ kυ K υ E
υ aυ = 0, 1 −1 E

υ aυ |E(kυ)| = qυ + 1− aυ

L

E/K K
L LE(s,K)

C

L∗
E(s,K) = w(E/K)L∗

E(2− s,K),

w(E/K)

L LE(s,K)
ords=1 LE(s,K) = r r E(K)

(−1)r = w(E/K)

E y2 = x3 − 1715x + 33614 K√
−7

L LE(s,K)
7

Q (
√
−23)

LE(s,Q (
√
−23)) E

7 2 Q

7 11 23 11 23



ℓ = 7

y2 = x3 − 1715x+ 33614 Q (
√
−D)

D

Q (
√
−14) Q (

√
−119) Q (

√
−210)

Q (
√
−21) Q (

√
−133) Q (

√
−217)

Q (
√
−35) Q (

√
−154) Q (

√
−231)

Q (
√
−42) Q (

√
−161) Q (

√
−238)

Q (
√
−91) Q (

√
−182) Q (

√
−259)

Q (
√
−105) Q (

√
−203) Q (

√
−287)

y
2
= x

3
− 1715x+ 33614 0

L E√
d d

L E Q L d E Q

1 L







n k
M(n, k)C

k Γ1(n) S(n, k)C T

Z EndC(S(n, k)C)
Tp p 〈d〉

d ∈ (Z /nZ )∗ T Z

T(n, k) S(Γ1(n), k)C
S(n, k)C Q Q

GQ Gal(Q /Q )

n k F ℓ

f : T → F

ρf : GQ → GL2(F) nℓ
p nℓ

Trace(ρf (Frobp)) = f(Tp) det(ρf (Frobp)) = f(〈p〉)pk−1 F.

ρf

F

S(n, k)C

S(n, k)C : =
⊕

ǫ:(Z /nZ )∗→C∗

S(n, k, ǫ)C

S(n, k, ǫ)C := {f ∈ S(n, k)C| ∀d ∈ (Z /nZ )∗, 〈d〉 f = ǫ(d)f}



S(n, k, ǫ)C
Tǫ Oǫ

S(n, k, ǫ)C Tn n ≥ 1 Oǫ

C ǫ

Tǫ Z Tǫ

T

I !
" !! T !! !! Tǫ

I I := (〈d〉 − ǫ(d)|d ∈ (Z /nZ )∗)

n k ǫ : (Z /nZ )∗ → C∗

f : Tǫ → Fℓ

ρf : GQ → GL2(Fℓ) nℓ
p nℓ

Trace(ρf (Frobp)) = f(Tp) det(ρf (Frobp)) = f(〈p〉)pk−1 Fℓ.

ρf

ℓ

ǫ : (Z /nZ )∗ → Fℓ a 4→ ǫ(a) := f(〈a〉) a ∈ (Z /nZ )∗

T Tǫ n
k ≥ 2 ǫ : (Z /nZ )∗ → Oǫ

n k

T Tǫ

n k
ℓ n 2 ≤ k ≤ ℓ + 1

ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ

ρf
GL2(Fℓ)

f



n k ℓ n
2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ

ρf

ρ : GQ → GL2(Fℓ)

n ℓ n = ℓam a ≥ 0 m ℓ

Γ1(n)
ℓ Γ1(m)

k
ℓ ≥ 3 ℓ = 2

f ′ : Tǫ(m, k′) → Fℓ k′ ≥ k ρf ′
∼= ρf k

2 ℓ + 1 g
2 ≤ k′ ≤ ℓ + 1 ρg ρf ⊗ χa

ℓ

ρf modℓ χa
ℓ

a ∈ Z /(ℓ−1)Z

n, ℓ k

2
GL2(Fℓ)

ℓ



n
n

PGL2(Fℓ)

A4

S4 A5

2 3 5

2
Fℓ

ρf
n k F F ℓ



ℓ n
2

GL2(Fℓ)
GL2(Fℓ)

2

ℓ ℓ



4 4 5

n k ℓ n
Fℓ Fℓ M(Γ1(n), k)Fℓ

k

Γ1(n) Fℓ S(Γ1(n), k)Fℓ

M(Γ1(n), k)Fℓ
q

S(Γ1(n), k)Fℓ

M(Γ1(n), k)Fℓ

S(n, k)
Fℓ

M(n, k)
Fℓ

k
Γ1(n) Fℓ

2 3
Γ1(n)



S(Γ1(n), k)Z ℓ

S(Γ1(n), k)Fℓ
Z ℓ Z ℓ Q ℓ

S(Γ1(n), k)Z ℓ
ℓ

ℓ n ≥ 1
ℓ k ≥ 2 n -= 1 ℓ > 3

S(Γ1(n), k)Z ℓ
→ S(Γ1(n), k)Fℓ

ǫ : (Z /nZ )∗ → F
∗
ℓ M(Γ1(n), k, ǫ)Fℓ

Fℓ

M(Γ1(n), k)Fℓ
f d ∈ (Z /nZ )∗ 〈d〉 f = ǫ(d)f f

M(Γ1(n), k)Fℓ

ǫ : (Z /nZ )∗ → F
∗
ℓ f ∈ M(Γ1(n), k, ǫ)Fℓ

ǫ : (Z /nZ )∗ → F
∗
ℓ

S(Γ1(n), k, ǫ)Fℓ
:= {f ∈ S(Γ1(n), k)Fℓ

| ∀d ∈ (Z /nZ )∗, 〈d〉 f = ǫ(d)f}

k Γ1(n) ǫ

S(n, k, ǫ)
Fℓ

S(Γ1(n), k, ǫ)Fℓ
M(Γ1(n), k, ǫ)Fℓ

S(n, k, ǫ̃)Oǫ̃
→ S(n, k, ǫ)F,

Oǫ̃ ǫ̃ ǫ

F Oǫ̃ ℓ S(n, k, ǫ̃)Oǫ̃

S(n, k, ǫ̃)C q Oǫ

n k ≥ 2 ℓ

n ǫ : (Z /nZ )∗ → Z
∗
ℓ ǫ(−1) = (−1)k

ǫ : (Z /nZ )∗ → F
∗
ℓ

ℓ ≥ 5 M(n, k, ǫ)
Z ℓ

→ M(n, k, ǫ)
Fℓ

f ∈ M(n, k, ǫ)
F2

ρf f

ρf Q (
√
−1)



f ∈ M(n, k, ǫ)
F3

ρf f

ρf Q (
√
−3)

n > 4 ℓ n
ℓ S(Γ1(n), k)Fℓ

ω⊗k(−Cusps) X1(n)Fℓ

M(Γ1(n), k)Fℓ
H0(X1(n)Fℓ

,ω⊗k)

θℓ

Aℓ ∈ M(Γ1(1), ℓ − 1)
Fℓ

ℓ q 1 ℓ

n f Fℓ k ≥ 2
Γ1(n) Aℓf

k+ ℓ− 1 Γ1(n)
ℓ A2∆ 1 13

F2 A3∆ 1 14 F3

ℓ n k (ℓ, n) = 1 2 ≤ k ≤ ℓ+1
f ∈ S(Γ1(n), k)Fℓ

f Aℓf

θℓ Fℓ

ℓ+1 q q d/dq
f Fℓ q

θℓ(f) Tℓθℓ(f) = 0
f θℓ(f)

ℓ ρθℓ(f)
∼= χℓ ⊗ ρf

f Fℓ q
f ℓ − 1

f Aℓ q f
Tp p

nℓ f (p + 1)/p f

ρf 1⊕ χ−1
ℓ



ℓ n k
(ℓ, n) = 1 2 ≤ k ≤ ℓ + 1 f ∈ M(Γ1(n), k)Fℓ

θℓ(f) = 0 f

f = Ar
ℓg

ℓ,

r 0 ≤ r ≤ ℓ − 1 r + k ≡ 0 mod ℓ g
M(Γ1(n), j)Fℓ

j ℓj + r(ℓ− 1) = k

ℓ ≥ 5 n ℓ

f ∈ M(Γ1(n), ℓ+1)
Fℓ

θℓ(f) = 0 f = 0

θℓ(f) = 0
r c f = c ·Ar

ℓ ℓ− 1 ℓ+ 1
ℓ = 2, 3

ℓ

ρ : Gal(Q /Q ) → GL2(Fℓ)

cond(ρ) k(ρ)

k(ρ)

ρ

K ρ

N(ρ) ρ ℓ p
ℓ Ip p G

K p Ip = G0,p ⊃ G1,p ⊃ · · ·
Gi,p

Gp



(i+1) N(ρ) p
Np(ρ)

Np(ρ) =
∑

i≥0

1

[G0,p : Gi,p]
dim(V/V Gi,p), ∗

V Fℓ

V Gi,p Gi,p

V/V Gi,p V → VGi,p

VGi,p
:= V/ 〈{v − hv | ∀v ∈ V, h ∈ Gi,p}〉 ,

N(ρ) ℓ

k(ρ) ℓ

ψ,ψ′ 2
F
∗
ℓ Fℓ2 →֒ Fℓ

k(ρ) 2
ρ

ρ 2
ρℓ

ℓ k(ρ) ρ

φ,φ′ Gℓ 2

ρℓ ∼=
(
φ 0
0 φ′

)
.

φ φ′ φ = ψaψ′b φ′ = ψ′aψb

0 ≤ a < b ≤ ℓ− 1 k(ρ) = 1 + ℓa+ b

φ,φ′ Gℓ 1

ρℓ|Iℓ,w Iℓ,w

ρℓ ∼=
(
χa
ℓ 0
0 χa

ℓ

)
,

0 ≤ a ≤ b ≤ ℓ− 2 k(ρ) = 1 + ℓa+ b



ρℓ|Iℓ,w

ρℓ ∼=
(
χ
β
ℓ ∗
0 χα

ℓ

)
,

α,β 0 ≤ α ≤ ℓ− 2 1 ≤ β ≤ ℓ− 1
a = min {α,β} b = max {α,β} χ

β−α
ℓ = χℓ ρℓ ⊗ χ−α

ℓ

ℓ k(ρ) = 1+ℓa+b+ℓ−1 k(ρ) = 1+ℓa+b

3.2.4? ρ

f
N(ρ) k(ρ)

ρ ρ

Gal(Q /Q ) t2−1 ∈ Fℓ[t]

ℓ

ρ : Gal(Q /Q ) → GL2(Fℓ)
Gal(Q /Q ) f

N(ρ) k(ρ) ρ ρf

ℓ ℓ

ρ : GQ → GL2(Fℓ)
N(ρ) k

f ∈ S(Γ1(m), k)
Fℓ

ρf ∼= ρ N(ρ) m

k 2 f
g

f̃ f m f̃ N g
ρg ρ

N(ρ) N N m



2 ρ N(ρ)
ℓ

2 ρ

ρ

N(ρ) k(ρ)
ρ

ℓ

2 ℓ+1 2
ρ ℓ N(ρ)
2 ℓ+1 2

ρ

θℓ

ℓ ℓ N(ρ)
2 ℓ+1 2

ρ ℓ

k(ρ) 1 ℓ

ℓ 1



n k ǫ (Z /nZ )∗

C∗ f : Tǫ(n, k) → Fℓ ℓ

n 2 ≤ k ≤ ℓ + 1
ρf

GL2(Fℓ)

GL2(F)
F

GL2(Fℓ)
Pρf (GQ ) ⊂ PGL2(F

′) F′

PGL2(Fℓ)

ρf
GL2(Fℓ)

n k ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ n
k ǫ : (Z /nZ )∗ → C∗ Fℓ ℓ

n ρf f
F

ρf GL2(F)



PGL2(Fℓ) ℓ ≥ 3

ℓ ≥ 3 H PGL2(Fℓ)
H

SL2(Fℓr)/{±1} PGL2(Fℓr) r ∈ Z>0

D2n n ∈ Z>1 (ℓ, n) = 1
A4 S4 A5

H PGL2(Fℓ)
A4 S4 A5

ℓ ≥ 3 G GL2(Fℓ)
G PGL2(Fℓ)

A4 S4 A5 G

2

H PGL2(F2)
H

SL2(F2r)/{±1} PGL2(F2r) r ∈ Z>0

D2n n ∈ Z>1 (n, 2) = 1

ℓ > 5 G ℓ G
GL2(F) F

G SL2(F
′) F′

G

G
G

A4 S4

A5

C
GL2(F)
GL2(F)



GL2(F) ρf
G ρf

n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)
f 4.0.5 G := ρf (Gal(Q /Q ))

ℓ

Pρ

2 3 5

ℓ = 2
A4 S4 A5

S4 GL2(F2)
2 1 2

A4 4 A4

GL2(F2)
F F2 2 GL2(F)

4.13
A5 SL2(F4)

F4

ℓ = 3 H
PGL2(F3) H

SL2(F3r)/{±1} PGL2(F3r) r ∈ Z>0

D2n n ∈ Z>1 (n, 3) = 1
A5



A4 S4

S4 PGL2(F3)
F3

A4 SL2(F3)/{±1}
F3

A5

5
3 F9

F9

ℓ = 5 A5 SL2(F5)/{±1}
SL2(F5)/{±1}

F5

2

k ϕ : PGL2(k) → k
ϕ(γ) = Trace(γ)2/ det(γ) γ ∈ PGL2(k)

q ≥ 4
ϕ : PGL2(Fq) → Fq G SL2(Fq)/{±1}

G = SL2(Fq)/{±1} ϕ(G) = Fq

n k ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ℓ n
ρf

G = ρf (GQ ) ⊂ GL2(F)
F ρf



H = π(G) GL2(F)
π→ PGL2(F)

D := {det(g) ∈ F∗, ∀g ∈ G} ⊆ F∗

det : G → F∗

H
PGL2(F)
Q ρf GQ

d ℓ

µd(Fℓ)⋊Z /2Z
z 4→ z−1

µd(Fℓ)
G F′

d F′∗

ζd 4→
(

ζd 0
0 1

)
ζd d

G ∼=
{
A

(
ζ
i
d 0
0 1

)
, A

(
0 ζ

j
d

1 0

)
i, j ∈ Z /dZ A ∈ D

}

d F′∗ d
F′(

√
δ)∗ δ ∈ F′∗

ζd 4→ ( α 0
0 α ) α ∈ F′(

√
δ) d G



A,A′ B A× A′

p1 : B → A p2 : B → A′ N
p2 N ′ p1 B A/N ×A′/N ′

A/N ≈ A′/N ′

F2

PGL2(F2) ∼= GL2(F2) ∼= D6
∼= S3,

F F2 -⊂ F

1 → µ2(F) → GL2(F)
(π,det)−→ PGL2(F)× F∗ → F∗/(F∗)2 → 1 †

µ2(F) F∗/(F∗)2

(π, det) F2 PGL2(F2) ∼= GL2(F2)

F′ F F -= F2

1 !! µ2(F) !!

%%

GL2(F)
(π,det)!! PGL2(F)× F∗ !! F∗/(F∗)2 !! 1

GL2(F
′) · F∗

&&

(π,det)!! PGL2(F
′)× F∗

&& ''

GL2(F
′) · F∗ GL2(F)

GL2(F
′) F∗

GL2(F
′) F

q GL2(F) → GL2(F)/µ2(F) (π, det)
† GL2(F)/µ2(F)

F∗/µ2(F)((

((

F∗ !! !! {±1}

∼=

))

GL2(F)/µ2(F)

det

** **

π

(( ((

!!(π,det)!! PGL2(F)× F∗

p1
##

p2

&&

!! !! {±1}× {±1}

p1
##

p2

&&

SL2(F)/{±1}
**

**

PGL2(F) !! !! {±1}



GL2(F)/µ2(F)

F F′

G := q(G)

N ′ ✂D++

++

D !! !! D := D/N ′

∼=

,,

G
q !! !! G

det

'' ''

π

-- --

!! (π,det) !! H ×D

p1

##

p2

&&

!! !! H ×D

p1
##

p2

&&

N ✂H
..

..

H !! !! H := H/N

G ⊆ GL2(F)/µ2(F) q H × D
PGL2(F

′)×F∗ F F′

N,N ′

H D N
G G SL2(F)/{±1} N ′

G G D ⊆ F∗ D
H

G H×D H D
N ✂H

H
H ⊇ SL2(F

′)/{±1} F′ F2 F3 N = SL2(F
′)/{±1}

N = H H ⊆ {±1} SL2(F
′)/{±1}

F′ = F2

F′ = F3

SL2(F3)/{±1} ∼= A4

PGL2(F3) ∼= S4

H ∼= S4 N = A4 H = {±1} N = H H = {1}
H ∼= A4 N ∼= V4

H ∼= C3 3 N = H H = {1}
H ∼= A5 N = A5 H = {1} A5



H A4

G H ∼= C3

C3

G −1 G
G = q−1(G) G

GL2(Fℓ)

G GL2(Fℓ)
H

−1
G

H ⊇ SL2(F
′)/{±1} F′

ℓ F Fℓ G
GL2(F) H = SL2(F

′)/{±1} F′ ⊆ F

GL2(Fℓ)

G = (SL2(F
′) · F∗ det−→ (F∗)2)−1(detG).

H = SL2(F
′)/{±1} G

SL2(F
′) G ⊆ GL2(F) G ⊂ SL2(F

′) ·F∗

H SL2(F
′)/{±1} −1 G

SL2(F
′)

SL2(F) ∩G = SL2(F
′) !! !! G

##

det !! detG

##
SL2(F

′) !! ✁ !! SL2(F
′) · F∗ det !! (F∗)2

V !! !! F∗

✁

&&
s

//

V = (F∗ s→ (F∗)2)−1(detG) s x x2

SL2(F
′) ⊆ G ⊆ SL2(F

′) · F∗ G = V · SL2(F
′)



ℓ F Fℓ

G GL2(F) H = PGL2(F
′) F′ ⊆ F

GL2(Fℓ)

G = (GL2(F
′) · F∗ det−→ F∗)−1(detG).

SL2(F
′) ⊆ G ⊆ GL2(F

′) · F∗

SL2(F
′)/{±1}

G (F∗)2

PGL2(F
′) F∗

H ∼= A4

A4 2
r

H2(A4,Z /2rZ ) Z /2Z
A4 Z /2rZ

r = 1
SL2(F3) SL2(F3)/{±1} ∼= A4

2

2 SL2(F3)

SL2(F3) ( 1 0
0 1 ) ( 1 0

0 1 ) ( 1 1
0 1 ) ( 1 1

0 1 ) ( 1 1
0 1 ) ( 1 1

0 1 ) ( 0 1
1 0 )

Trace(τ1) 2 −2 −1 −1 1 1 0
Trace(τ2) 2 −2 1 + ζ −ζ ζ −1−ζ 0
Trace(τ3) 2 −2 −ζ 1 + ζ −1−ζ ζ 0

2
SL2(F3)

ζ 3

τ1, τ2 τ3 2
SL2(F3)



C3 A4

τ2(SL2(F3)) τ3(SL2(F3)) τ1(SL2(F3))
Z [ζ]∗

SL2(F3) ℓ

ℓ τ1
Z τ2 τ3 Z [ζ]

λ ℓ

ℓ τ1, τ2 τ3
ℓ

τ2(SL2(F3)) τ3(SL2(F3))
τ1(SL2(F3)) F∗

ℓ2

ℓ τ1, τ2 τ3 2
SL2(F3) ℓ ℓ = 2

2 C3

τ1, τ2 τ3
A4

2 2 C3 V4

A4

ℓ > 3 F Fℓ

G GL2(F) H ⊂ PGL2(F)
G P1(F) H A4 −1

G G GL2(Fℓ)

G = (τ1(SL2(F3)) · F
∗ det−→ (F∗)2)−1(detG),

τ1 ℓ 5.1

F
∗
ℓ

!! !! GL2(Fℓ)
π !! !! PGL2(Fℓ)

G ∩ F
∗
ℓ

!! !!

&&

G
π !! !!

&&

H ∼= A4.

&&



A4

PGL2(Fℓ) A4

2 H SL2(Fℓ)/{±1}
ℓ > 3

{±1} !! !! SL2(Fℓ)
π !! !! SL2(Fℓ)/{±1}

{±1} !! !! SL2(F3) !! !!

τ1

&&

A4
∼= SL2(F3)/{±1} ∼= H ∼= π(τ1(SL2(F3)))

&&

τ1 2 SL2(F3)
5.1 ℓ

τ1 Fℓ

−1 G −1
G G∩F

∗
ℓ

G ∩ F
∗
ℓ

G G ∩ F
∗
ℓ

G P1(F)
G A4

GL2(Fℓ) A4 2

−1 G 2
G ∩ F

∗
ℓ 2

σ ∈ A4 3 σ̃ σ π(σ̃3) = 1
σ̃3 ∈ G ∩ F

∗
ℓ 2

σ̃ 3 · 2t t ∈ Z>0 σ̃′ = σ̃2t σ̃′ 3 π(σ̃′) = σ±1

3

G3 G 3 G3

A4 π A4 3 G3

SL2(F) {±1}
A4 2 G3



SL2(F) A4 {±1}

G ∩ F
∗
ℓ

!! !! G
π !! !! H ∼= A4

{±1} !! !!

&&

G3

&& .. ..

!! SL2(F).

G3 SL2(F3) H2(A4,Z /2Z ) ∼= Z /2Z
2 G3

2 SL2(F3) SL2(F)
G3 = τ1(SL2(F3))

τ1 F3 G
G3 A4

g ∈ G g′ ∈ G3 λ ∈ det(G) g = g′λ
G3

G3
∼= τ1(SL2(F3)) ⊆ G ⊆ τ1(SL2(F3)) · F

∗.

G

##

det !! detG

##
τ1(SL2(F3)) · F

∗ det !! (F∗)2,

A4

SL2(F
′)/{±1} F′

F

H ∼= S4

S4 2
r H2(S4,Z /2rZ )

Z /2Z × Z /2Z
S4 Z /2rZ

Z /2rZ



r = 1
GL2(F3) PGL2(F3) ∼= S4

2 GL2(F3)

GL2(F3) ( 1 0
0 1 ) ( 1 0

0 1 ) ( 0 1
1 0 ) ( 0 1

1 1 ) ( 0 1
1 1 ) ( 1 1

0 1 ) ( 1 1
0 1 ) ( 1 0

0 1 )

Trace(ρ1) 2 2 2 0 0 −1 −1 0
Trace(ρ2) 2 −2 0 α −α −1 1 0
Trace(ρ3) 2 −2 0 −α α −1 1 0

2
GL2(F3)

α
√
−2

ρ1 S3

ρ2 ρ3 2
Z [α]

ρ3 ∼= ρ2 ⊗ det ρ2

ℓ > 3 F Fℓ

G GL2(F) H ⊂ PGL2(F)
G P1(F) H S4 −1

G G GL2(Fℓ)

G = (ρ2(GL2(F3)) · F
∗ det−→ F∗)−1(detG),

ρ2 ℓ 5.2

A4 ⊂ S4 −1 G

G

####

G3
∼= SL2(F3)0000 !! !!

####

GL2(F3) ∼= SL2(F3)⋊ F∗
3

####
S4 A4

0000 !! !! S4.



G′ G G′ := G3 ⋊ F∗
3
∼= G3 ⋊ {±1} G′

GL2(F3) H

G

11 11

G′0000 !! !!

####

GL2(F3)

2222
H ∼= S4.

g ∈ G g′ ∈ G′ λ ∈ detG g = g′λ

G′ ∼= ρ2(GL2(F3)) ⊆ G ⊆ ρ2(GL2(F3)) · F
∗,

ρ3 = ρ2 ⊗ det(ρ2) det(ρ2)
{±1} ρ2 ρ3

H ∼= A5

A5 2
r H2(A5,Z /2rZ )

Z /2Z
r = 1

SL2(F5) PGL2(F5) ∼= S4 2

2 SL2(F5)

SL2(F5) ( 1 0
0 1 ) ( 1 0

0 1 ) ( 0 1
1 1 ) ( 2 0

0 3 ) ( 1 1
0 1 ) ( 1 2

0 1 ) ( 0 1
1 1 ) ( 1 1

0 1 ) ( 1 2
0 1 )

Trace(ι1) 2 −2 −1 0 η η2 1 −η −η2

Trace(ι2) 2 −2 −1 0 η2 η 1 −η2 −η

2
SL2(F5)

η 5



ι1 ι2 2

( 2 0
0 1 ) ∈ GL2(F5) GL2(Fℓ)

ℓ 5 F

Fℓ G GL2(F) H ⊂ PGL2(F)
G P1(F) H

A5 −1 G G GL2(Fℓ)

G = (ι1(SL2(F5)) · F
∗ det−→ (F∗)2)−1(detG),

ι1 ℓ 5.3

A5 PGL2(Fℓ)
A5

2 H SL2(Fℓ)/{±1} A4 ⊆ A5

−1 G

[G,G] G A5

A5 = [A5,A5] G A5 [G,G]
[A5,A5] = A5 [G,G] ∈ SL2(Fℓ) ghg−1h−1

1

G

33 33

[G,G]0000

####

!! !! SL2(Fℓ)

A5 SL2(F5)

&&

0000

∀g ∈ G g′ ∈ [G,G] λ ∈ (detG) g = g′λ
[G,G] ∈ SL2(Fℓ) H2(A5,Z /2Z )

Z /2Z [G,G] ∼= SL2(F5)

[G,G] ∼= ι1(SL2(F5)) ⊆ G ⊆ ι1(SL2(F5)) · F
∗.

GL2(Fℓ) ι1 ι2



2 3
3 A4 S4

2

2 5
A5

2



f g
ℓ

q f g

q

n
n

n k ℓ n
2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → F

∗
ℓ f : Tǫ(n, k) → Fℓ



fn,k
f

fn,k : P → Fℓ × Fℓ

p 4→ (f(Tp), f(〈p〉))

P 〈p〉 p n

n

Γ ⊆ SL2(Z ) ∞ Γ h
Γ ∩

(
1 Z
0 1

)
=

(
1 hZ
0 1

)

n ≥ 1 Γ

SL2(Z ) Γ(n) h ∞ Γ f
Γ k R

C F R
∑

amqm/h

F[[q1/h]] q f am = 0 m ≤ k[SL2(Z ) : Γ]/12
am = 0 m f 0 R

n ≥ 5
k X(n)C

deg(ω⊗k) =
k

24
· [SL2(Z ) : Γ(n)],

x Aut(x)
x ∞ Γ

Γ SL2(Z ) h
∞ Γ f Γ k

R C F R∑
amqm/h F[[q1/h]] q f am = 0

m ≤ k[SL2(Z ) : Γ]/12−#(Cusps) am = 0 m f
0 R



k[SL2(Z ) : Γ]/12 M(Γ, k)C
n ≤ k[SL2(Z ) : Γ]/12 −#(Cusps) S(Γ, k)C

B(n, k)

n k
ǫ : (Z /nZ )∗ → C∗ f1 f2 S(n, k, ǫ)C

p

n ≥ 5 B(n, k) Γ0(n)
k S n n/ cond(ǫ)

aq(f1) ≡ aq(f2) mod p q ∈ S q ≤ B(n, k)/2|S|

f1 ≡ f2 mod p

S

B(n, k)
f : Tǫ(n, k) → Fℓ

mod ℓ

f f
f

f mod ℓ

n Γ0(n)

m

O f, g ∈ M(n, k, ǫ)O
ǫ : (Z /nZ )∗ → C∗ aq(f) ≡ aq(g) m

q ≤ kτ/12

τ = [SL2(Z ) : Γ0(n)] = #P1(Z /nZ ) = n ·
∏

p|n

(
1 +

1

p

)
.

f ≡ g m



k1 k2 n
k1, k2 ≥ 2 χ n f1 ∈ M(Γ1(n), k1,χ)C

f2 ∈ M(Γ1(n), k2,χ)C ℓ q
f1 f2

λ (ℓ) ⊂ λ am(f1) = am(f2) mod λ

m

m ≤ max {k1, k2}

12
·

{
[SL2(Z ) : Γ0(n) ∩ Γ1(ℓ)] ℓ > 2,

[SL2(Z ) : Γ0(n) ∩ Γ1(4)] ℓ = 2

am(f1) = am(f2) mod λ m

k1 -= k2
k1 = k2 ℓ > 2

[SL2(Z ) : Γ0(n)] ≤ [SL2(Z ) : Γ0(n) ∩ Γ1(ℓ)]
ℓ = 2

Γ1(n) Fℓ

n k ℓ n Fℓ

Fℓ n = mpr r ≥ 1 p
m Bp α

X1(n)Fℓ

X1(m, pr)
Fℓ

Bp

44

α

--
X1(m, pr−1)

Fℓ
X1(m, pr−1)

Fℓ



X1(n)Fℓ
E/S

Fℓ S P Q m
pr α

α : (E,P,Q) 4−→ (E,P, pQ) Bp p
Bp : (E,P,Q) 4→ (E/〈pr−1Q〉,β(P ),β(Q)) β

〈pr−1Q〉 ֌ E
β−→ E/〈pr−1Q〉.

m n d n/m
B∗

d : M(Γ1(m), k)
Fℓ

→ M(Γ1(n), k)Fℓ

m n Bd

q ∞ q 4→ qd

f =
∑

n≥0

an(f)q
n 4−→ B∗

d(f) =
∑

n≥0

an(f)q
dn

B∗
d,n,m B∗

d

p

ηp : M(Γ1(n), k)Fℓ
→

{
M(Γ1(np), k)Fℓ

p | n

M(Γ1(np
2), k)

Fℓ
p ∤ n

ηp =

{
B∗

1,n,np −B∗
p,n,npTp p | n;

B∗
1,n,np2 −B∗

p,n,np2Tp + pk−1B∗
p2,n,np2 〈p〉 p ∤ n.

p Tpηp = 0

n1 n2 k ℓ ℓ ∤ n1n2

N(n1, n2) := lcm(n1, n2)
∏

p|n1n2

p,

dk(n1, n2, ℓ) :=
k + ℓ+ 1

12
[SL2(Z ) : Γ0(N(n1, n2))].



n1 n2 ℓ n1n2

f1 ∈ S(Γ1(n1), k)Fℓ
f2 ∈ S(Γ1(n2), k)Fℓ

ǫf1 = ǫf2
q ∞ f1 f2

ap(f1) = ap(f2) p N(n1, n2) p ≤ dk(n1, n2, ℓ)
ρf1 ρf2

p n1n2 ηp f1 f2
f ′
1, f

′
2 ∈ S(Γ1(n1, n2), k)Fℓ

ap(f
′
1) = ap(f

′
2) = 0

p n1n2

ap(θℓ(f
′
1)) = ap(θℓ(f

′
2))

p ≤ dk(n1, n2, ℓ) λ ∈ F
∗
ℓ q θℓ(f

′
1)

λθℓ(f
′
2) dk(n1, n2, ℓ)

θℓ(f
′
1) = λθℓ(f

′
2)

ρf1 ρf2

n1 n2 ℓ

n1n2 f1 ∈ S(Γ1(n1), k1)Fℓ
f2 ∈ S(Γ1(n2), k2)Fℓ

k1, k2 ≥ 2 ǫf1 = ǫf2 q ∞
f1 f2 ap(f1) = ap(f2) p p ∤ n1n2ℓ

p ≤ max {k1, k2}

12
·

{
[SL2(Z ) : Γ0(N(n1, n2)) ∩ Γ1(ℓ)] ℓ > 2,

[SL2(Z ) : Γ0(N(n1, n2)) ∩ Γ1(4)] ℓ = 2
,

ρf1 ρf2

k1 k2 2

ℓ

2

ℓ n
ℓ ρ, ρ′ 2

n ρ



n′ =
∏

p|n
p2∤n

p,

κ(n, ℓ) =

{
ℓ/12 · (ℓ2 − 1)2nn′

∏
p|n (1 + 1/p) ℓ > 2,

4nn′
∏

p|n (1 + 1/p) ℓ = 2
.

det(1− ρ(Frobp)T ) = det(1− ρ′(Frobp)T ) Fℓ[T ] p ≤ κ(n, ℓ)
ℓn ρ ρ′

κ(n, ℓ)

ℓ2 − 1

mod ℓ

n n ℓ

ℓ2kn2/12 kn/12

ℓ

p n f(Tp) ρf
f(Tp) p n

ρf f(Tℓ)
n n



n k ℓ n
2 ≤ k ≤ ℓ + 1 f : T(n, k) → Fℓ

ρf : GQ → GL2(Fℓ)

ℓ n

ℓ

Gℓ = Gal(Q ℓ/Q ℓ) ⊂ GQ ℓ Iℓ
Iℓ,w ℓ It = Iℓ/Iℓ,w

n ℓ

n ǫ : (Z /nZ )∗ → C∗ k 2 ≤ k ≤ ℓ+1
f : Tǫ(n, k) → Fℓ f(Tℓ) -= 0 ρf |Gℓ

GL2(Fℓ)

ρf |Gℓ
∼=

(
χk−1
ℓ λ(ǫ(ℓ)/f(Tℓ)) ∗

0 λ(f(Tℓ))

)

λ(a) Gℓ Frobℓ ∈ Gℓ/Iℓ a
a ∈ F

∗
ℓ ǫ : (Z /nZ )∗ → F

∗
ℓ ǫ(b) = f(〈b〉)

b ∈ (Z /nZ )∗

V 2
Fℓ ρf GQ

Gℓ 0 → D → V → D′ → 0 D D′ 1
Gℓ D χk−1

ℓ λ(ǫ(ℓ)/f(Tℓ)) D′

λ(f(Tℓ) Gℓ f
k+1

ρf ℓ

f 2 ℓ



k ℓ ρf
ℓ ℓ

ρf ℓ

n ℓ

n ǫ : (Z /nZ )∗ → C∗ k
2 ≤ k ≤ ℓ+ 1 f : Tǫ(n, k) → Fℓ f(Tℓ) = 0

ρf |Gℓ
GL2(Fℓ)

ρf |Iℓ
∼=

(
ϕ′k−1 0
0 ϕk−1

)

ϕ′,ϕ : It → F
∗
ℓ 2

Iℓ Iℓ → Iℓ/Iℓ,w = It

p n Gp = Gal(Q p/Q p) ⊂ GQ

p Ip Ip,w
It

3.2.6?
2

ρ : GQ → GL(V )
Q 2

Fℓ V n = N(ρ) k = k(ρ) f ∈ S(n, k)
Fℓ

ρf ∼= ρ p ℓn

(1) f(Tp) -= 0 D ⊂ V Gp

p p
V/D f(Tp) Frobp V/D

(2) f(Tp) = 0 D ⊂ V (1)



p n
D ⊂ V (1)

p
vp(n) = 1 vp(n) = vp(cond(ǫ)) ≥ 2 vp(n) ≥ 2

vp(cond(ǫ)) = 0 f(Tp) = 0 1.8 vp(n) = 1 vp(cond(ǫ)) = 0
Frobp V/D f(Tp)

2 = ǫ̃(p)pk−2 ǫ̃

(Z /nZ )∗
ǫ !!

--

F
∗
ℓ

(Z /(n/p)Z )∗

ǫ̃
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ℓ

ℓ D (1)
ℓ ℓ

Frobℓ

M
O m

k K T
M f ∈ M ⊗ k t ∈ T at ∈ k

O′

O m′ O ∩m′ = m

K ′ K f̃ M ′ = O′ ⊗O M
t ∈ T ãt ãt ≡ at m′

H End(M) T
K ⊗H



n ℓ

n k 2 ≤ k ≤ ℓ + 1 f ∈ S(Γ1(n), k)Fℓ

OKλ
Z ℓ λ Z ℓ ∩ λ = (ℓ)

f̃ ∈ S(Γ1(n), k)OKλ

f
λ

T(n, k) Z

n k ℓ n
2 ≤ k ≤ ℓ + 1 f : T(n, k) → Fℓ

ρf : GQ → GL2(Fℓ)

T(n, k) Z

f̃ f n

T(n, k)
f̃ !!

f
--

OKλ

##
Fℓ

OK,λ OK K
λ ℓ λ

K (ℓ) ⊂ λ ℓ ρf̃ : GQ → GL2(Kλ)

f̃
Vλ Kλ

ρf̃ : GQ → GL(Vλ).

f̃new f̃ f̃new
k cond(ρf̃new) n



ρf̃new ρf̃
ℓ ρf

f̃
n f̃new

cond(ρf̃new)

f̃new L

L f̃new L ρf̃

L ρf̃ p
cond(ρf̃new) 1

det(1− p−s Frobp, (Vλ)Ip)
−1 = (1− f̃new(Tp)p

−s)−1,

Ip p (Vλ)Ip

(Vλ)Ip : = V/ 〈{v − hv | ∀v ∈ Vλ, h ∈ Ip}〉 .

q cond(ρf̃new) L

f̃new 2

det(1− q−s Frobq, (Vλ)Iq)
−1 = (1− f̃new(Tq)q

−s + f̃new(〈q〉)qk−1−2s)−1.

n k ℓ

n 2 ≤ k ≤ ℓ+ 1 f : T(n, k) → Fℓ

ρf : GQ → GL2(Fℓ)
4.0.5 p

n Np(n) p n

Np(ρf ) = 0 α β ρf (Frobp)

Np(n) = 1 f(Tp) ∈
{
α,β

}

Np(n) > 1 f(Tp) ∈
{
0,α,β

}

Np(ρf ) > 0 f(Tp) -= 0
f(Tp) Frobp



f(Tℓ) -= 0 f(Tℓ) = µ µ
Frobℓ

f(Tℓ) = 0

T(n, k) Z

f̃ f
f f̃ : T(n, k) → OKλ

OK,λ OK

K λ ℓ λ K
(ℓ) ⊂ λ ℓ f̃

ρf̃ : GQ → GL2(Kλ) Vλ Kλ

ρf̃

f̃new f̃ cond(ρf̃new) n

( )

p n cond(ρf̃new) ρf̃new
p f̃new(Tp) = Trace(ρf̃new(Frobp)) α,β

ρf̃new(Frobp) r = Np(n) r = 1

f̃(Tp) ∈ {α,β} λ f(Tp) ∈
{
α,β

}

α α β

r ≥ 2 f̃(Tp) ∈ {0,α,β} λ

f(Tp) ∈
{
0,α,β

}
ρf p

x2 − f̃new(Tp)x+ f̃new(〈p〉)pk−1 = (x− α)(x− β).

( )

p cond(ρf̃new) ρf̃ p

dimKλ
((Vλ)Ip) 0 1 f̃(Tp) = 0

λ f(Tp) = 0 (Vλ)Ip 1
Frobp

ℓ

f(Tℓ) = 0 ℓ

dimKλ
((Vλ)Iℓ) 0 f̃(Tℓ) = 0

f(Tℓ) = 0 f(Tℓ) -= 0
ℓ

2
dimKλ

((Vλ)Iℓ) 1 Frobℓ



f : T(n, k) → Fℓ g : T(m, k) → Fℓ

m = cond(ρg) n m ℓ 2 ≤ k ≤ ℓ+1
ρf ∼= ρg B(n, k)

Γ0(n) k
f

g n f M(Γ1(n), k)Fℓ
g

m n

n,m k n m ℓ

n 2 ≤ k ≤ ℓ+ 1 f : T(n, k) → Fℓ

ρf : GQ → GL2(Fℓ)
g : T(m, k) → Fℓ

ρg : GQ → GL2(Fℓ)
N(ρg) = m ρg

ρf ℓ ρf ρg f
g n

ρf ℓ ρf ρg f
g n

g′ n g′ g′(Tp) = g(Tp)
p ℓ g′(Tℓ)

x2 − Trace(ρf (Frobℓ))x+ det(ρf (Frobℓ)) = (x− g(Tℓ))(x− g′(Tℓ)).

ρf ℓ

f g n
ρf ρg

ρf ρg f
g n ρg m
ρf m

Trace(ρf (Frobp)) = Trace(ρg(Frobp)) f(Tp) = g(Tp)
p nℓ



f(Tp) p nℓ
f

g n

ρf ℓ

ℓ

ℓ

g′ g′(Tp) = g(Tp) p
ℓ g′(Tℓ) Tℓ

g′(Tℓ) x2−Trace(ρf (Frobℓ))x+det(ρf (Frobℓ)) = (x−g(Tℓ))(x−g′(Tℓ))

f g n
g′ ρf ρg

ρf m
6.3.5 f(Tp) p nℓ

f
g n

g′ n

ℓ 2
n m k n

m ℓ n 2 ≤ k ≤ ℓ+ 1

ψ : (Z /mZ )∗ → C∗ g : Tψ(m, k) → Fℓ

ρg : GQ → GL2(Fℓ) g
4.0.5 ρg

ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ

ρf : GQ → GL2(Fℓ) f

4.0.5 ǫ : (Z /nZ )∗ → F
∗
ℓ ǫ(a) = f(〈a〉))

a ∈ (Z /nZ )∗ ψ : (Z /mZ )∗ → F
∗
ℓ

ψ(b) = g(〈b〉) b ∈ (Z /mZ )∗

n m k ℓ ǫ ψ f(Tp) g(Tp) p p ≤ B(n, k) B(n, k)
Γ0(n) k

ρg ∼= ρf 1 0



ǫ(b) -= ψ(b) b ∈ (Z /mZ )∗

0

g(Tℓ) = 0 f(Tℓ) -= 0
0

g(Tℓ) -= 0
k -= ℓ

f(Tℓ) -= g(Tℓ)
0

f(Tℓ) -= g(Tℓ) g 1
g′

f(Tℓ) -= g′(Tℓ)
0

0
p nℓ p ≤ B(n, k)

f(Tp) -= g(Tp)
0

p n
p1 p2 p n m

p2 = 0 {
α,β

}
x2 − g(Tp)x+ g(〈p〉)pk−1

p1 = 1
f(Tp) /∈

{
α,β

}

0

f(Tp) /∈
{
0,α,β

}

0

g(Tp) = 0 f(Tp) -= 0
0

g(Tp) -= 0 f(Tp) -= 0
f(Tp) -= g(Tp)

0
1



6.3.7

ψ = Res
Z /mZ

Z /nZ (ǫ)

ρf ∼= ρg f g
n ρf ℓ ρf

ℓ g
g′ g′(Tp) = g(Tp) p ℓ g′(Tℓ)

x2 −Trace(ρf (Frobℓ))x+det(ρf (Frobℓ)) = (x− g(Tℓ))(x− g′(Tℓ))
g 1

4.3.4
4.6.1

f g n
m n g

ρg
p n f(Tp)

g n

ρg
n

n k ℓ n 2 ≤ k ≤ ℓ+1
ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ

ρf
GL2(Fℓ)



Tǫ(n, k)
Z f : Tǫ(n, k) → Fℓ

fn,k
f

fn,k : P → Fℓ × Fℓ

p 4→ (f(Tp), f(〈p〉))

mod ℓ

f
(∗)
n,k = fn,k|P≤(∗) : {P ≤ (∗)} → Fℓ × Fℓ

p 4→ (f(Tp), f(〈p〉))

(∗) (∗)

n
n

2 ℓ+ 1
2

ℓ+1
Tp p

p B(n, ℓ + 1) Γ0(n)



ℓ + 1
2 n ℓ+1

n ℓ+1

n ℓ

n k = ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, ℓ + 1) → Fℓ ρf : GQ → GL2(Fℓ)

f 4.0.5 ǫ : (Z /nZ )∗ → F
∗
ℓ

ǫ(a) = f(〈a〉) a ∈ Z /nZ ∗

n ℓ ǫ f(Tp) p p ≤ B(n, ℓ + 1)
Γ0(n) ℓ+ 1
0 g 2 n

ρf ∼= ρg g

g ∈ S(n, 2, ǫ)
Fℓ

g(Tp) = f(Tp) p p ≤ B(n, ℓ+ 1) p -= ℓ

g

fn,k m n ρf
n
Tp p B(n, k)

Γ0(n) k
n

ρf

n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)
f 4.0.5 ρf

ℓ



n ρf
ℓ k

ρf
N(ρf )

n
n

2
ℓ+1

ℓ n m k
n m ℓ n

2 ≤ k ≤ ℓ + 1 g : Tψ(m, k) → Fℓ

ρg : GQ → GL2(Fℓ) g 4.0.5

n m k ℓ g(Tp) p p ≤ B(n, k) B(n, k)
Γ0(n) k

g
n

v ← [ ]
f ∈ S(n, k)

Fℓ

f g
1

f v
v



GQ Q

Bk k
xk/k!

x

ex − 1
=

∞∑

k=0

Bk
xk

k!
.

B0 = 1 B1 = −1/2 x/(ex−1) − 1 + x/2
x 4→ −x Bk

k > 1

ℓ Bk

k 2 ≤ k ≤ p − 3
k 1 f =

∑
n>0 anq

n ∈ S(1, k)C λ

ℓ q
f p -= ℓ ap λ

ap ≡ 1 + pk−1 mod λ.

Q (ζℓ)
ℓ Q



GQ GL2(Fℓ)

ℓ k
2 ℓ−3

B2k/4k ℓ

K K = Q (ζℓ) L/K
ℓ

L/Q

n n
(Z /nZ )∗ C∗

(Z /nZ )∗

L

χ n k
Bχ

k χ xk/k!

n∑

j=1

χ(j)xejx

enx − 1
=

∞∑

k=0

Bχ
k

xk

k!
.

χ Bχ
k = Bk k > 1 Bχ

1 = −B1 = 1/2

Q χ

n n



k χ

d

d : =





1 cond(χ)

2 cond(χ) = 4,

1 cond(χ) = 2m, m > 2,

kp cond(χ) = p, p > 2,

(1− χ(1 + p)) cond(χ) = pm, p > 2 m > 1.

dk−1Bχ
k

k χ

d 7.1.1 d
χ k

d
cond(χ) = pm

p m > 1 χ(1+p) = 1 χ 1+pZ /pmZ

F∗
p χ(1 + p) -= 1

χ(1 + p) p p -= ℓ

ℓ 1− χ(1 + p)

q

χ1 χ2 k
χ1(−1)χ2(−1) = (−1)k ρ 2

ρ ∼= χ1χ
k−1
ℓ ⊕χ2 χℓ ℓ

L ρ L

L(ρ, s) = L(χ1, s− k + 1)L(χ2, s).



L(ρ, s) =
∏

p

(
1− χ1(p) · p

k−1 · p−s)
)−1

·
(
1− χ2(p) · p

−s
)−1

=

∞∑

m=1

cmm−s

cm : =
∑

0<d|m

χ1(d)χ2

(m
d

)
dk−1.

χ1 χ2

χ1 χ2

k χ1(−1)χ2(−1) = (−1)k t
Eχ1,χ2

k (q)

Eχ1,χ2

k (q) := c0 +
∑

m≥1




∑

0<d|m

χ1(d)χ2(
m

d
)dk−1


 qm ∈ Q (χ1,χ2)[[q]]

c0 =





0 cond(χ2) > 1,

−Bχ1

k /2k cond(χ2) = 1.

k = 2 χ1 = χ2 = 1 Eχ1,χ2

k (qt)
M(t cond(χ1) · cond(χ2), k,χ1/χ2)C

k = 2 χ1 = χ2 = 1 t ∈ Z>1 E1,1
2 (q)− tE1,1

2 (qt)
M(Γ0(t), 2)C

Eχ1,χ2

k k
χ1 χ2

t > 1 E1,1
2 (q)− tE1,1

2 (qt)

5.9 n k
Eχ1,χ2

k (qt) cond(χ1) · cond(χ2)t n

t χ1/χ2 = ǫ E1,1
2 (q) − tE1,1

2 (qt)
t n M(n, k, ǫ)C



Eχ1,χ2

k (q) ∈ M(cond(χ1) · cond(χ2), k)C
E1,1

2 (q)−tE1,1
2 (qt) t > 1

M(n, k, ǫ)C
ǫ (Z /nZ )∗ C∗ 5.11

n, k f : Tǫ(n, k) → Fℓ

n k ǫ : (Z /nZ )∗ → C∗

Fℓ ℓ n 2 ≤ k ≤ ℓ+ 1
ǫ : (Z /nZ )∗ → F

∗
ℓ a 4→ f(〈a〉) a ∈ (Z /nZ )∗

ρf

ρf ⊗ Fℓ
∼= χ1 ⊕ χ2

χ1 χ2 Gal(Q /Q ) F
∗
ℓ

χ1 ℓ ℓ

Gal(Q /Q )
χ1 !!

++

F
∗
ℓ

Gal(Q cycl/Q ) = Ẑ
∗

&&

(Ẑ
(ℓ)
)∗ × (Z ∗

ℓ )

χ
(ℓ)
1

66 χ
i1
ℓ

00

i1∈Z /(ℓ−1)Z χ1 = χ
(ℓ)
1 · χi1

ℓ χ2 = χ
(ℓ)
2 · χi2

ℓ

ρf ⊗ Fℓ ǫχk−1
ℓ χℓ ℓ

ρf ⊗ Fℓ χ1 ⊕ χ2

χ
(ℓ)
1 χ

(ℓ)
2 = ǫ,

i1 + i2 = k − 1 ∈ Z /(ℓ− 1)Z .



j ℓ

j := i1 + 1− k ∈ Z /(ℓ− 1)Z

χ
j
ℓ ⊗ (ρf ⊗ Fℓ) ∼=

(
χ
(ℓ)
1 χi1−i2

ℓ 0

0 χ
(ℓ)
2

)
.

ρf

χ
(ℓ)
1 χ

(ℓ)
2

(j) ℓ

θ
j
ℓ

θ
j
ℓ(f) ρ

θ
j
ℓ
(f)

∼= χ
(ℓ)
1 χi1−i2

ℓ ⊕ χ
(ℓ)
2

2

n, k ℓ n
2 ≤ k ≤ ℓ + 1 f : Tǫ(n, k) → Fℓ

n k ǫ : (Z /nZ )∗ → C∗

ρf : GQ → GL2(Fℓ) f 4.0.5
χ1 χ2 (Z /nZ )∗

F
∗
ℓ

ρf ∼= χ1χ
k−1
ℓ ⊕ χ2,

χℓ ℓ

ρf

χ′
1 χ′

2 (Z /nℓZ )∗ F
∗
ℓ

ρf ∼= χ′
1⊕χ′

2

ℓ n
(Z /nZ )∗ ℓ

χ1 χ2 (Z /nZ )∗ F
∗
ℓ

χ′
1 = χ1 · χ

i1
ℓ χ′

2 = χ2 · χ
i2
ℓ ρf ∼= χ1 · χ

i1
ℓ ⊕ χ2 · χ

i2
ℓ

ℓ f(Tℓ) = 0



ρf f(Tℓ) -= 0
ρf ℓ

(
χk−1
ℓ λ(ǫ(ℓ)/f(Tℓ)) ∗

0 λ(f(Tℓ))

)

λ(f(Tℓ)) ℓ

ρf χ1 ·χ
i1
ℓ ⊕χ2 ·χ

i2
ℓ ℓ

χ2 · χ
i2
ℓ ℓ i2 = 0 i1 = k − 1

2 ≤ k ≤ ℓ+1
ρf

ℓ ρθℓf
1 ρf ρθℓf θℓf(Tℓ) = 0

f(Tℓ) -= 0

n, k ℓ n
2 ≤ k ≤ ℓ + 1 f : Tǫ(n, k) → Fℓ

ρf : GQ → GL2(Fℓ) f 4.0.5
ℓ

k -= ℓ k = 2 ρf ∼= 1 ⊕ 1
k = ℓ−1 ρf ∼= χ−1

ℓ ⊕ 1 f ℓ

7.1.3

ρf
χ1 χ2 (Z /nZ )∗ ρf ∼= χ1χ

k−1
ℓ ⊕χ2

ǫ : (Z /nZ )∗ → F
∗
ℓ a 4→ f(〈a〉) a ∈ (Z /nZ )∗

ρf ∼= χ1χ
k−1
ℓ ⊕ χ2

χ1χ2 = ǫ

χ1χ
k−1
ℓ ⊕ χ2

χ1 χ2

F K
Q ℓ F λ

K (ℓ) ⊃ λ χ̃1, χ̃2 λ χ1 χ2

χℓ ℓ



ℓ

ρ̃ ∼= χ̃1χ
k−1
ℓ ⊕ χ̃2 ρf

ρf
ρ̃ n ρ̃ n

ℓ ρ̃ χ1χ
k−1
ℓ ⊕ χ2

L ρ̃ L

L(ρ̃, s) =
∏

p

Lp(ρ̃, s) =
∏

p

(
1− χ̃1(p) · p

k−1 · p−s
)−1

·
(
1− χ̃2(p) · p

−s
)−1

.

L(ρ̃, s) =
∏

p

∑

j≥0

χ̃1(p)
j pj(k−1) p−js ·

∏

p

∑

i≥0

χ̃2(p)
ip−is =

=
∞∑

m=1

χ̃1(m)mk−1−s ·
∞∑

m′=1

χ̃2(m
′)m′−s =

=

∞∑

m=1

∑

0<d|m

χ̃1(d) d
k−1−s χ̃2

(m
d

) (m
d

)−s
=

=

∞∑

m=1




∑

0<d|m

χ̃1(d) χ̃2

(m
d

)
dk−1


 m−s =

∞∑

m=1

cmm−s

cm : =
∑

0<d|m

χ̃1(d) χ̃2

(m
d

)
dk−1.

k = 2 L(ρ̃, s)

L Eχ̃1,χ̃2

k

L
χ̃1(−1)χ̃2(−1) = (−1)k

L
Eχ̃1,χ̃2

k ρ̃



ℓ ℓ Eχ̃1,χ̃2

k

ρf

f

cm q Eχ̃1,χ̃2

k m ≥ 1
cm ℓ χ̃1 χ̃2

χ1 χ2 c0

c0 = 0 χ1 χ2

E ℓ

Eχ̃1,χ̃2

k f E ρf ρf ∼= χ1χ
k−1
ℓ ⊕ χ2

c0 -= 0 χ1 χ2

χ1 χ2 = ǫ

ǫ Eχ̃1,χ̃2

k 2d d

2dEχ̃1,χ̃2

k ℓ

E

ǫ

Bk p p−1
k χ1 χ2 ρf χk−1

ℓ ⊕ 1

E1,1
k k

2 < k ≤ ℓ + 1 k -= ℓ − 1 1 ⊕ χk−1
ℓ

c1(E
1,1
k ) = 1 E1,1

k cp(E
1,1
k ) = 1 + pk−1

p k 2 ℓ− 1 ρf
f

n, k
ℓ (n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 f : Tǫ(n, k) → Fℓ



n k
ǫ : (Z /nZ )∗ → C∗ ǫ : (Z /nZ )∗ → F

∗
ℓ a 4→ f(〈a〉)

a ∈ (Z /nZ )∗ ρf : GQ → GL2(Fℓ)
f 4.0.5

6.3.7

n k ℓ f(Tp) p p ≤ B(n, k) B(n, k)
Γ0(n) k

ρf χ1 χ2 0

f(Tℓ) = 0
0

q n ℓ

χ1,χ2

(Z /nZ )∗ F
∗
ℓ χ1χ2 = ǫ cond(χ1) · cond(χ2) n

(χ1,χ2)

p p ≤ B(n, k) p -= ℓ, q
cp =

∑
0<d|p χ1(d)χ2

(p
d

)
dk−1

f(Tp) -= cp
0

cp =
∑

0<d|p χ1(d)χ2

(p
d

)
dk−1 p ∈ {ℓ, q}

χ1 χ2

f(Tp) = cp p p ≤ B(n, k)
χ1 χ2

0
χ1 χ2

k = ℓ ℓ = 2
k = 2

k = ℓ− 1 kq(q + 1) ≤ k + ℓ+ 1
f(Tp) p p -= q p ≤ B(nq2, k)

B(nq2, k)
Γ0(nq

2) k



cp p p -= q p ≤ B(nq2, k)
f(Tp) = cp p p -= q p ≤ B(nq2, k)

χ1 χ2

0

f(Tp) p p -= q p ≤ B(n, k+ℓ+1)
B(n, k + ℓ + 1)

Γ0(n) k + ℓ+ 1
cp p p -= q p ≤ B(n, k + ℓ+ 1)

f(Tp) = cp p p -= ℓ p ≤ B(n, k + ℓ+ 1)

χ1 χ2

0

7.2.4

ρf
χ1 χ2 (Z /nZ )∗ ρf ∼= χ1χ

k−1
ℓ ⊕χ2

ǫ : (Z /nZ )∗ → F
∗
ℓ a 4→ f(〈a〉) a ∈ (Z /nZ )∗

ρf χ1χ
k−1
ℓ ⊕χ2 χ1χ2 = ǫ

f(Tℓ) -= 0

f 4.0.5

f ℓ

7.1.3
ℓ

χ1 χ2 E
ℓ

f E ρf
ρf ∼= χ1χ

k−1
ℓ ⊕ χ2

f(Tm) = cm cm



m q E m ≤ B(n, k) B(n, k)
M(Γ0(n), k)Fℓ

χ1 χ2

χ1 χ2 = ǫ

q n ℓ

k = ℓ

ℓ = 2
k = 2
k = ℓ− 1

kq(q + 1) ≤ k + ℓ+ 1

kq(q + 1) ≤ k + ℓ + 1
B(nq2, k) Γ0(nq

2) k
B(n, k+ ℓ+ 1) Γ0(n) k+ ℓ+ 1

B(nq2, k) = B(n, k)q(q + 1),

B(n, k + ℓ+ 1) = B(n, k) +B(n, ℓ+ 1),

B(nq2, k) ≤ B(n, k + ℓ+ 1) kq(q + 1) ≤ k + ℓ+ 1

τ (Z /qZ )∗ F
∗
ℓ q

ρf ⊗ τ ρf τ ρf
χ1χ

k−1
ℓ ⊕ χ2 ρf ⊗ τ

(χ1χ
k−1
ℓ ⊕χ2)⊗ τ χ1 χ2 τ

E τ̃ χ̃1,τ̃ χ̃2

k

τ̃ τ

E ℓ ρf ⊗ τ

ℓ

h q ∞
∑

m τ(m)amqm q
f

∑
m amqm h E

ρf ρf ∼= χ1χ
k−1
ℓ ⊕ χ2 E

M(nq2, k, ǫτ)
Fℓ

E τ̃ χ̃1,τ̃ χ̃2

k

M(cond(ǫ) cond(τ)2, k, ǫτ)C
h M(nq2, k, ǫτ)

Fℓ



f(Tm) = cm cm m q E
m m -= q m ≤ B(nq2, k)

kq(q+1) > k+ ℓ+1

ǫ ℓ E
θℓ(f) θℓE

ρf ∼= χ1χ
k−1
ℓ ⊕χ2 f(Tm) = cm m

m -= ℓ m ≤ B(n, k + ℓ+ 1)

ǫ f
E1,1

k k 2 < k ≤ ℓ + 1 k -= ℓ − 1

1 ⊕ χk−1
ℓ c1(E

1,1
k ) = 1 E1,1

k

cp(E
1,1
k ) = 1 + pk−1 p

m ℓ

m ≤ B(n, k + ℓ + 1) ℓ

k + ℓ+ 1

ℓ E1,1
ℓ−1

Bℓ−1 ℓ

Bℓ−1 Bℓ−1

E1,1
ℓ−1 ℓ

E c1(E) = 0 cn(E) = 0 n ∈ Z>0 q
E c0(E)

k = ℓ− 1

ℓ − 1 f
E1,1

ℓ+1

B(n, ℓ2 + ℓ)

k = 2 E1,1
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2

ℓ

G N V 2
G V |N = V1 ⊕ V2 V

N N V1 V2

χ1 χ2 G χ1|N -= χ2|N V
V1 ⊕ V2 G



σ ∈ G

G× V !!

##

G× V

##

(g, v) ✤ !!
❴

##

(σgσ−1,σv)
❴

##
V

σ !! V gv ✤ !! σgv,

σ G× V G
V G V n N v1
V1

(n, v1)
✤ !!

❴

##

(σnσ−1,σv1)
❴

##
nv1

✤ !! σnv1.

N V1 χ1 nv1 = χ1(n)v1
(σv1)1 (σv1)2 σv1 V1 V2

σnv1 = σ(nv1) = σ(χ1(n)v1)

σ(χ1(n)v1) = χ1(n)σv1 = χ1(n)(σv1)1 + χ1(n)(σv1)2,

σnv1 = σnσ−1σv1 = σnσ−1((σv1)1 + (σv1)2) = χ1(n)(σv1)1 + χ2(n)(σv1)2.

(χ1(n) − χ2(n))(σv1)2 = 0 n ∈ N
χ1(n) -= χ2(n) (σv1)2 = 0 V1 V2

G

χ1 χ2

N
G

G S3 3
GL2(C)

ρ : S3 → GL2(C)

ρ(τ) =

(
ω 0
0 ω2

)
, ρ(ǫ) =

(
0 1
1 0

)
,



S3
∼= C3⋊C2

∼= 〈τ〉⋊〈ǫ〉 ω

C3 S3 ρ C3

ρ C3

S3

n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)
f 4.0.5 ρf

p n f(Tp) -= 0
ρf |Gp ρf |Ip

ρf |Gp ρf |Ip

ρf |Ip f(Tp) -= 0
p

Gp p
D ⊂ V Gp

p V/D
Gp

Ip Gp

ρf |Ip ρf |Gp

ρf

p
Gp

n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)

f 4.0.5 ǫ : (Z /nZ )∗ → F
∗
ℓ

ǫ(a) = f(〈a〉) a ∈ (Z /nZ )∗

ρf p
n f(Tp) -= 0

ρf |Ip Np(ρf ) = Np(ǫ)

ρf |Ip Np(ρf ) = 1 + Np(ǫ)



∗

Np(ρf ) =
∑

i≥0

1

[G0,p : Gi,p]
dim(V/V Gi,p) = dim(V/V Ip) + b(V ),

V 2 Fℓ

b(V ) =
∑

i≥1

1

[G0,p : Gi,p]
dim(V/V Gi,p)

f(Tp) -= 0
p ǫ1

ǫ2 Gp F
∗
ℓ Gp

D V Gp V/D
Ip ǫ2 Gp

ρf |Gp
∼=

(
ǫ1χ

k−1
ℓ ∗
0 ǫ2

)
, ρf |Ip

∼=
(
ǫ1|Ip ∗
0 1

)
,

χℓ ℓ ∗ Fℓ

ρf |Ip V Ip {0} ǫ1
Fℓ · ( 10 ) ǫ1

ǫ1

Np(ρf ) =

{
1 = 1 + Np(ǫ1) ǫ1

2 + b(ǫ1) = 1 + Np(ǫ1) ǫ1 .

det(ρf ) = ǫχk−1
ℓ p

ℓ det(ρf )|Ip = ǫ|Ip ǫ1|Ip = ǫ|Ip
Np(ǫ1) = Np(ǫ) ρf |Ip Np(ρf ) = 1 + Np(ǫ)

ρf |Ip V Ip Fℓ · ( 01 ) ǫ1
2 ǫ1

Np(ρf ) =

{
0 = Np(ǫ1) ǫ1

1 + b(ǫ1) = Np(ǫ1) ǫ1 .

ǫ1|Ip = ǫ|Ip Np(ρf ) = Np(ǫ)



n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)
f 4.0.5 ρf

p n f(Tp) -= 0
ρf |Ip

ρf |Ip p ℓ

n n
∏m

i=0 p
ei
i

p0<p1<. . .<pm ei ∈ Z>0 (Z /peii Z )∗

p0 = 2 e0 ≥ 3 (Z /2e0Z )∗ ∼= C0,0 × C0,1

C0,0 2 C0,0
∼= 〈−1〉 C0,1

2e0−2 C0,1
∼= 〈5〉

(Z /peii Z )∗

gi (Z /nZ )∗

p0 = 2 e0 ≥ 3 g0,0 g0,1
g0 χ (Z /nZ )∗ F

∗
ℓ

[χ(g0),χ(g1) . . . ,χ(gm)] gi
i = 0, . . . ,m g0 g0,0 g0,1 p0 = 2

e0 ≥ 3
n

p χ : (Z /piZ )∗ → F
∗
ℓ i > 0

χ p p
ρf ⊗χ 2 c

det(ρf ⊗ χ)(c) = det(ρf (c))χ
2(−1) = −1.



mod ℓ g N(ρf ⊗ χ) k
ρg ∼= ρf ⊗ χ ℓ

2
ℓ+1 1 ℓ

ρf ⊗χ

n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)
f 4.0.5 ρf

p nℓ χ : (Z /piZ )∗ → F
∗
ℓ

i > 0

Np(ρf ⊗ χ) = 2Np(χ).

ρf p p nℓ

(ρf ⊗ χ)|Ip
∼=

(
χ|Ip 0
0 χ|Ip

)
,

χ p Np(ρf⊗χ) = 2Np(χ)

ρf
g mod ℓ N(ρf ⊗ χ)

ρg ∼= ρf ⊗ χ χ ρf
g(Tq) = χ(q)f(Tq) q

ρf ⊗ χ

Gp



n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)

f 4.0.5 ǫ : (Z /nZ )∗ → F
∗
ℓ

ǫ(a) = f(〈a〉) a ∈ (Z /nZ )∗

ρf p
n f(Tp) -= 0

χ : (Z /piZ )∗ → F
∗
ℓ i > 0

Np(ρf ⊗ χ) = Np(χǫ) + Np(χ).

ρf ρf ⊗ χ

ρf |Ip
(ρf ⊗ χ)|Ip

ρf |Ip ρf |Gp

f(Tp) -= 0
p ǫ1χ

k−1
ℓ ⊕ ǫ2 ǫ1 ǫ2

Gp ǫ2
Ip ǫ1|Ip = ǫ|Ip ρf |Ip = ǫ⊕ 1

(ρf ⊗ χ)|Ip
∼= ρf |Ip ⊗ χ|Ip

∼=
(
(χǫ)|Ip 0

0 χ|Ip

)
.

Np(ρf ⊗ χ) = Np(χǫ) + Np(χ)

ρf |Ip

(ρf ⊗ χ)|Ip
∼=

(
(χǫ)|Ip χ|Ip · ∗

0 χ|Ip

)
,

∗ -= 0

Np(ρf ⊗ χ) =

{
1 + b(χ) χǫ

2 + b(χǫ) + b(χ) χǫ .

Np(χ) = 1+ b(χ) χ p
Np(ρf ⊗ χ) = Np(χǫ) + Np(χ)



n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)
f 4.0.5

ρf N(ρf ) = n p n

f(Tp) -= 0 χ (Z /piZ )∗ F
∗
ℓ i > 0

ρf |Ip ρf ⊗ χ Gp

p
Np(ρf ⊗ χ) = Np(ρf )

ρf |Ip ρf ⊗χ Gp

f(Tp) -= 0 Np(ρf ⊗ χ) = Np(χǫ) + Np(χ)
ρf |Ip

Np(ρf ) = Np(ǫ) f(Tp) -= 0
ρf p

ρf |Gp
∼=

(
χk−1
ℓ ǫ1 0
0 ǫ2

)
,

ǫ1 ǫ2 Gp F
∗
ℓ ǫ2

(ρf ⊗ χ)|Gp
∼=

(
χk−1
ℓ ǫ1χ 0
0 ǫ2χ

)
.

ǫ1χ ǫ2χ p ρf ⊗ χ Gp

ǫ2 p χ

ǫ2χ

ǫ1χ p
ǫ1|Ip = ǫ|Ip Np(χǫ1) = Np(χǫ) = 0

Np(ρf ⊗ χ) = Np(χ) χǫ Np(ǫ) = Np(χ)
Np(ρf ⊗ χ) = Np(ρf )



ρf ⊗ χ p
Frobp

χk−1
ℓ (ǫ1χ)(Frobp)

ρf |Ip
ρf |Gp

(
1 φ
0 1

)

p ≡ 1 mod ℓ φ Gp

( χℓ ∗
0 1 ) p -≡ 1 mod ℓ ∗ ρf

ρf ⊗ χ p

ρf |Gp P1(Fℓ) f(Tp) -= 0 ρf p
p

ρf ⊗χ Gp

n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)

f 4.0.5 ǫ : (Z /nZ )∗ → F
∗
ℓ

ǫ(a) = f(〈a〉) a ∈ (Z /nZ )∗

ρf N(ρf ) = n p n
f(Tp) = 0

ρf |Gp ℓ g k

np χ : (Z /piZ )∗ → F
∗
ℓ i > 0

g(Tp) -= 0 ρg ∼= ρf ⊗ χ

ρf |Gp χ : (Z /piZ )∗ → F
∗
ℓ

i > 0 ρf ⊗χ Gp

f(Tp) = 0 ρf
p

p

χ : (Z /piZ )∗ → F
∗
ℓ

i > 0 ρf ⊗χ ρf
ρf ⊗ χ



ρf Gp

ρf |Gp
∼=

(
ǫ1χ

k−1
ℓ ∗
0 ǫ2

)

ǫ2 Gp F
∗
ℓ ∗ ∈ F

∗
ℓ ǫ1

ρf |Ip
∼=

(
1 ∗
0 ǫ2|Ip

)
V Ip = Fℓ · ( 10 ) ǫ1

V Ip = {0} p ρf

Np(ρf ) =

{
1 + b(ǫ2) = Np(ǫ2) ǫ1

2 + b(ǫ1) + b(ǫ2) = Np(ǫ1) + Np(ǫ2) ǫ1 .

Np(ρf ) = Np(ǫ1) + Np(ǫ2)

ρf
ǫ2 p ρf ⊗ ǫ−1

2

Np(ρf ⊗ ǫ−1
2 ) = Np

(
ǫ1ǫ

−1
2 χk−1

ℓ ∗
0 1

)
=

{
1 ǫ1ǫ

−1
2

1 + Np(ǫ1ǫ
−1
2 ) ǫ1ǫ

−1
2

Np(ρf ⊗ ǫ−1
2 ) = 1 + Np(ǫ1ǫ

−1
2 )

ǫ1ǫ
−1
2

cond(ǫ1) cond(ǫ2) ǫ1 Np(ρf ⊗ ǫ−1
2 )

Np(ρf ) Np(ǫ1ǫ
−1
2 ) ≤ max{Np(ǫ1),Np(ǫ2)} Np(ǫ1)

Np(ǫ2) ǫ1
Np(ρf ⊗ ǫ−1

2 ) = Np(ρf )+1
ℓ g k np

ρg ∼= ρf ⊗ ǫ−1
2 g(Tp) -= 0 ρf ⊗ ǫ−1

2

ρf Gp

ρf p
N(ρ) Trace(ρf (Frobp)) = 0
ρf |Gp ρf |Gp



ℓ g k N(ρf ⊗χ) g(Tp) -= 0
ρg ∼= ρf ⊗ χ

Np(ρf ⊗ χ) ≥ Np(ρf ) ρf ⊗ χ

χ

p ǫ ǫ1
ǫ2|Ip = ǫ|Ip ǫ2 f(Tℓ) = 0

n k ℓ (n, ℓ) = 1
2 ≤ k ≤ ℓ+ 1 ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ

ρf : GQ → GL2(Fℓ)
f 4.0.5

ρf
χ mod ℓ g

N(ρf ⊗ χ) k ρg ∼= ρf ⊗ χ

g
2 ℓ+1

q ρf g(Tq) = χ(q)f(Tq)
r N(ρf ) r χ

g(Tr) = f(Tr) ρf |Gr ρf ⊗ χ|Gr

p N(ρf ) p χ

f(Tp) -= 0
ρf |Gp ρf |Ip

n g(Tp) -= 0
ρf ⊗ χ ρf |Ip g(Tp) = 0

f(Tp) = 0 ρf |Gp

ρf |Gp g(Tp) = 0 ρf |Gp

g N(ρf ⊗ χ) g(Tp) -= 0
g ρf |Gp

n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)



f 4.0.5 f
χ : (Z /nZ )∗ → F

∗
ℓ p

n

Np(ρf ) ≤ Np(ρf ⊗ χ).

ρf

p n
k ℓ n 2 ≤ k ≤ ℓ+1
ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ

ρf : GQ → GL2(Fℓ) f 4.0.5

6.3.7 7.2.4 ρf

N(ρf ) = n p n ǫ : (Z /nZ )∗ → F
∗
ℓ

ǫ(a) = f(〈a〉) a ∈ (Z /nZ )∗

n p k ℓ ǫ f(Tq) q q ≤ B(n, k) B(n, k)
Γ0(n) k
[ v]

ρf |Gp

ρf |Gp

v f(Tp) = 0 ρf |Gp

v = [g,χ] g χ

8.2.6

v ← []
f(Tp) -= 0

Np(n) -= Np(ǫ) + 1

f(Tp) = 0
χ (Z /piZ )∗ F

∗
ℓ i > 0

i ≤ Np(n)



j ← 0
j ≤ Np(n)

g ∈ S(np−j , k)
Fℓ

ρg N(ρg) = np−j

g(Tp) = 0
g

f(Tq) -= χ(q)g(Tq) q p
q ≤ B(n, k)

g

v ← [g,χ]

j ← j + 1
v = []

ǫ(p) p ǫ

g ∈ S(np, k, ǫ(ǫ(p))−2)
Fℓ

ρg N(ρg) = np

g(Tp) = 0
g

f(Tq) -= ǫ(p)(q)g(Tq) q p
q ≤ B(n, k)

g

v ← [g, ǫ(p)]
v -= []

Np(ρg) -= Np(ǫg) + 1 ǫg g

8.2.9

p f(Tp) -= 0 ρf |Gp

ρf |Gp



f(Tp) = 0 ρf |Gp

p
np

χ

np (ǫ(p))−1

p ǫ

ρg|Gp

n m k m n ℓ

m n 2 ≤ k ≤ ℓ+ 1

ψ : (Z /mZ )∗ → C∗ g : Tψ(m, k) → Fℓ

ρg : GQ → GL2(Fℓ) g
4.0.5 ρg N(ρg) = m 6.3.7

7.2.4

ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ

ρf : GQ → GL2(Fℓ) f
4.0.5 ρf N(ρf ) = n

ǫ : (Z /nZ )∗ → F
∗
ℓ ǫ(a)=f(〈a〉) a∈(Z /nZ )∗

ψ : (Z /mZ )∗ → F
∗
ℓ ψ(b)=g(〈b〉)

b∈(Z /mZ )∗ χ χ(p)

p χ

n m k ℓ χ ǫ ψ f(Tp) g(Tp) p p ≤ B(m, k)
B(m, k) Γ0(m) k

ρg ∼= ρf ⊗ χ

χ2ǫ = ψ

g(Tq) = χ(q)f(Tq) q q ≤ B(m, k) q ∤ n cond(χ)
v ← 0 ← [q q ≤ B(m, k) q | n cond(χ)]



p
p | cond(χ) p ∤ n

Np(m) = 2Np(cond(χ)) g(Tp) = 0
v = v + 1

f(Tp) -= 0
Gp 6.3.3

f ǫ1 ǫ2 ǫ1 = ǫ−1
2 ǫ ǫ2

p ǫ2(Frobp) = f(Tp)
Np(n) = Np(ǫ) + 1 g(Tp) = 0

v = v + 1
Np(m) = Np(n)
g(Tp) = pk−1(ǫ1χ

(p))(Frobp)
v = v + 1

g(Tp) = 0
v = v + 1

8.2.9 f p v = [h, τ ]

τ = χ(p) h(Tp) = g(Tp)
v = v + 1

v

8.2.11

ρg ρf ⊗ χ

m ρg N(ρg) = m
k B(m, k) B

Γ0(m) k ρf ρg
ρg ρf ⊗ χ

χ2ǫ = ψ

q n cond(χ) q ≤ B(m, k)

g(Tq) = χ(q)f(Tq),



ρg

r cond(χ) n Nr(m)
2Nr(cond(χ))

r
g(Tr) = 0

p n cond(χ)

f(Tp) -= 0 Gp f
ǫ1 ǫ2 ǫ1 = ǫ−1

2 ǫ ǫ2 p ǫ2(Frobp) = f(Tp)

ρf Gp Np(n) = Np(ǫ) + 1

g(Tp)

ρf Gp Np(n) = Np(ǫ)

g(Tp)
pk−1(ǫ1χ

(p))(Frobp) Np(m) = Np(n)

f(Tp) = 0

g(Tp) = 0
g(Tp) Tp

n m k
n m ℓ m n

2 ≤ k ≤ ℓ+ 1

ψ : (Z /mZ )∗ → C∗ g : Tψ(m, k) → Fℓ

ρg : GQ → GL2(Fℓ) g
4.0.5 ρg N(ρg) = m 6.3.7

7.2.4

ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ

ρf : GQ → GL2(Fℓ) f
4.0.5 ρf N(ρf ) = n



ǫ : (Z /nZ )∗ → F
∗
ℓ ǫ(a)=f(〈a〉) a∈(Z /nZ )∗

ψ : (Z /mZ )∗ → F
∗
ℓ ψ(b)=g(〈b〉)

b∈(Z /mZ )∗

n m k ℓ ǫ ψ f(Tp) g(Tp) p p ≤ B(m, k) B(m, k)
Γ0(m) k

ρg ∼= ρf ⊗χ χ χ 0

v ← [ ]
p n

f(Tp) -= 0
χ(p) (Z /piZ )∗ F

∗
ℓ i > 0

Np(χ
(p)ǫ) + Np(χ

(p)) = Np(m)
Gp 6.3.3 ǫ1

ǫ2 ǫ1 = ǫ−1
2 ǫ ǫ2 p

ǫ2(Frobp) = f(Tp)
Np(n) = Np(m)

g(Tp) = pk−1(ǫ1χ
(p))(Frobp)

χ(p) v

0

g(Tp) = 0
χ(p) v

0
f(Tp) = 0

8.2.9 f p v

g(Tp) = 0
χ(p) = 1 v

0

g(Tp) = 0
χ(p) = 1 v



m -= np
0

v = [h,ψ]
h(Tq) -= g(Tq) q q ≤ B(m, k)

0

χ(p) = ψ v
χ ←

∏
χ(p) χ(p)

χ2ǫ = ψ

g(Tq) = χ(q)f(Tq) q q ≤ B(m, k) q
cond(χ)

χ

0

0

8.2.13

p n χ(p)

χ f(Tp) -= 0
N(ρg) = m χ(p) Np(χ

(p)ǫ) + Np(χ
(p))

Np(m) Gp ρf
ǫ1 ǫ2 ǫ1 = ǫ−1

2 ǫ ǫ2
p ǫ2(Frobp) = f(Tp) ρf Gp

g(Tp) -= 0 g(Tp) = pk−1(ǫ1χ
(p))(Frobp)

Np(n) = Np(m) ρf Gp

g(Tp) = 0 f(Tp) = 0
g(Tp) = 0 m = np

ℓ

χ χ(p) χ2ǫ = ψ

q cond(χ) B(m, k)
g(Tq) = χ(q)f(Tq)



n k
ℓ n 2 ≤ k ≤ ℓ + 1

ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ

ρf : GQ → GL2(Fℓ) f 4.0.5
6.3.7 7.2.4 ρf

N(ρf ) = n ǫ : (Z /nZ )∗ → F
∗
ℓ ǫ(a) = f(〈a〉)

a ∈ (Z /nZ )∗

n k ℓ ǫ f(Tp) p p ≤ B(n, k) B(n, k)
Γ0(n) k

1 f g
ρg ⊗ χ ∼= ρf

p n
f(Tp) -= 0

1 ≤ i ≤ Np(n)
g ∈ S(np−i, k)

Fℓ

χ (Z /pjZ )∗ F
∗
ℓ j > 0

Np(χǫg) + Np(χ) = Np(n) ǫg
g

8.2.11
g χ

8.2.9 f p v

v[2] = [h,χ] h n
h χ

1

8.2.15

p n
ρf



ℓ

f(Tp) -= 0

f(Tp) = 0
n f

ℓ

n k ℓ n
2 ≤ k ≤ ℓ+ 1 ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ

ρf : GQ → GL2(Fℓ) f
4.0.5

ρf N(ρf ) = n ρf
ℓ

θℓ(f)

ρθℓ(f)
∼= ρf ⊗ χℓ.

ℓ

ℓ

θℓ

ρf k ρf ⊗χa
ℓ a ∈ Z k(ρf ⊗χa

ℓ )
θℓ

θaℓ f
ℓ



GL2(Fℓ)

F ⊂ Fℓ

ρf

ρf GL2(F)

Pρf : GQ → PGL2(F)

ρf GL2(F)
π
։ PGL2(F)

Pρf

n k ℓ n
2 ≤ k ≤ ℓ+ 1 ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ



ρf Fℓ

ρf (Frobp) p nℓ

n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ

ρf : GQ → GL2(Fℓ) 4.0.5
S

S := {f(Tp)| p p -= ℓ p ≤ B(n, k)} ∪ {f(〈d〉)| d ∈ (Z /nZ )∗} ,

B(n, k) Γ0(n)

ρf Fℓ(S) Fℓ

S

F ρf Fℓ

f(Tp) p nℓ f(〈d〉) d ∈ (Z /nZ )∗

F = Fℓ(S)

S′

S′ := {f(Tp)| p p ≤ B(n, k)} ∪ {f(〈d〉)| d ∈ (Z /nZ )∗} ⊇ S

F′ := Fℓ(S
′) Fℓ

S′ σ ∈ Gal(Fℓ/F
′) p

B(n, k) f(Tp) σ f(Tp)
σ

f(Tp) F′ f(Tp)
σ = f(Tp)

Γ0(n) fσ = f
fσ f

ρf ρfσ ρf
ρσf



F F ⊆ F′

Fℓ

σ ∈ Gal(Fℓ/F) ρσf ρf
f(Tp) F p n ρf
n = cond(ρf ) f(Tp) p
F f(Tp) ℓ

f(Tℓ) Fℓ(S)
ℓ ℓ

Frobℓ
F F′ = F(f(Tℓ)) F = Fℓ(S)

F

ρf F(f(Tℓ)) ∼= F F(f(Tℓ))
F k(ρf ) = ℓ

mod ℓ ℓ

ρf

ρf F

Pρf : GQ → PGL2(F)

GL2(F)
π
։ PGL2(F)

n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)
f 4.0.5 ρf

F Pρf
F

A : =
{
σ ∈ Aut(F)| ∃τ : Gal(Q /Q ) → F∗ : ρσf

∼= ρf ⊗ τ
}
.



F′ ⊂ Fℓ σ ∈ Aut(Fℓ)
(Pρf )

σ Pρf F′

(Pρf )
σ = P(ρσf ) F′ ⊆ F

F′ ⊆ F σ ∈ Aut(F)
P(ρσf )

∼= Pρf σ ∈ Aut(F)

τ : Gal(Q /Q ) → F∗ ρσf ρf

σ Gal(Fℓ/F
′) s PGL2(Fℓ)

g Pρf σ(g) = sgs−1 PGL2(F
′)

t PGL2(Fℓ) s = σ(t)−1t tgt−1 PGL2(F
′)

F′

Aut(Pρf ) ρf Gal(Q /Q ) F

F2 Pρf
Gal(Q /Q ) P1

F F Aut(Pρf )
Aut(P1

F)
∼= GL2(F)/F

∗

n k ℓ

(n, ℓ) = 1 2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗

f : Tǫ(n, k) → Fℓ ρf : GQ → GL2(Fℓ)
4.0.5 ρf

F

Pρf Fℓ (f(Tp))
2/f(〈p〉)pk−1

p nℓ

F′

F′ F

F

GL2(Fℓ)
π !! !!

Sym2 ⊗ det−1

77

PGL2(Fℓ)
∼ !! SO3(Fℓ)" #

##
GL3(Fℓ)



π GL2(Fℓ)
GL3(Fℓ)

Sym2⊗ det −1 : GL2(Fℓ) → GL3(Fℓ)

(
a b
c d

)
4→




a2 ab b2

2ac ad+bd 2bd
c2 cd d2


 ·

(
1

ad−bd

)

D =
(
a 0
0 b

)
∈ GL2(Fℓ)

(Sym2⊗ det −1)(D) =



a/b 0 0
0 1 0
0 0 b/a


 .

ker(Sym2⊗ det −1) ∼= F
∗
ℓ

Sym2⊗ det −1

1 q P2
Fℓ

q(x, y, z) = 4xz − y2 Sym2⊗ det −1(GL2(Fℓ)) SO3(Fℓ, q)

PGL2(Fℓ) SO3(Fℓ, q) q
P2
Fℓ

PGL2(Fℓ) GL3(Fℓ)

ℓ -= 2 q q Fℓ

2
x2

SO3(Fℓ) GL3(Fℓ)
PGL2(Fℓ) ϕ

P1
Fℓ

P2
Fℓ

(x : y) 4→ (x2 : 2xy : y2) PGL2(Fℓ)

ϕ

q GL3(Fℓ) ϕ

PGL2(Fℓ)

2
GL3(Fℓ) Pρf
Sym2⊗ det−1(ρf ) GL3(Fℓ) ρf



Sym2(ρf ) ρf 2
Sym2⊗ det−1(ρf )

σ ∈ Gal(Fℓ/F
′) Sym2⊗ det−1(ρf ) σ

Sym2⊗ det−1(ρf )
Gal(Q /Q )

Sym2⊗ det−1(ρf )
F′

F′

Sym2⊗ det−1(ρf ) F′

Fℓ (f(Tp))
2/f(〈p〉)pk−1 p

nℓ

Trace(Sym2⊗det−1(ρf (Frobp))) =
(f(Tp))

2

f(〈p〉)pk−1
− 1.

F′

n k ℓ (n, ℓ) = 1
2 ≤ k ≤ ℓ + 1 ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ

ρf : GQ → GL2(Fℓ)
ρf

F f

F′ = FA

A : =
{
σ ∈ Aut(F)| ∃τ : Gal(Q /Q ) → F∗ : ρσf

∼= ρf ⊗ τ
}
.

ρσf
∼= ρf ⊗τ fσ mod ℓ

ρf ⊗ τ f
ρf

fσ

F′



Fℓ

(f(Tp))
2/f(〈p〉)pk−1 p nℓ

Γ0(n) k F′′

fσ f σ ∈ Gal(F/F′′)
Γ0(n) k

n
k ℓ n 2 ≤ k ≤ ℓ + 1

ǫ : (Z /nZ )∗ → C∗ f : Tǫ(n, k) → Fℓ

ρf : GQ → GL2(Fℓ) f
4.0.5 ρf N(ρf ) = n F

9.1.1
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G ĩ(G)

O O
5

GQ

11

ρf !! !! G

φ
##

i !!

ĩ
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h)(E,P,Q) = β∗(h(wζp(E,P,Q))) = β∗(h(E/〈Q〉,β(P ), Q′)),

h S(n, k)
Fℓ

f ′ ∈ S(n, k)
Fℓ

w∗
ζp
f ′ = f

q ∞

(w∗
ζp
f ′)(∞) = (w∗

ζp
f ′)(Tate(q), ζm, ζp) = β∗(f ′(∞′)) =

= β∗(f ′(Tate(qp), ζpm, q)) = β∗



∑

j≥1

aj(f
′)qj

(
dt

t

)⊗k

 =

=



∑

j≥1

aj(f
′)qj


 pk

(
dt

t

)⊗k

∞′ := wζp(∞)

µp
!! !! Tate(q)

β !! !! Tate(qp)



β∗((dt)/t) = p((dt)/t) f(Tate(q), ζm, ζp) ∈ Fℓ [[q
p]] ((dt)/t)⊗k

j aj(f
′)pk = aj(f)

f ′(Tate(qp), ζpm, q) ∈ Fℓ [[q
p]]

(
dt

t

)⊗k

.

f X1(m)
Fℓ

B∗
p

f ′ α

X(Γ1(m),Γ(p)ζp−can)
Fℓ

γ

##

(E,P,Q1, Q2)
❴

##

(Tate(qp), ζpm, q, ζp)
❴

##
X(Γ1(m),Γ1(p))Fℓ

α

##

(E,P,Q1)
❴

##

(Tate(qp), ζpm, q)
❴

##
X(Γ1(m))

Fℓ
(E,P ) (Tate(qp), ζpm)

Q1, Q2 ep(Q1, Q2) = ζp α, γ

X(Γ1(m),Γ(p)ζp−can)
Fℓ

→ X(Γ1(m))
Fℓ

SL2(Fp)

SL2(Fp) Γ(p)ζp−can X(Γ1(m))
Fℓ

SL2(Fp)

X(Γ1(m),Γ(p)ζp−can)
Fℓ

( 1 ∗
0 1 )

##
SL2(Fp)

$$

X(Γ1(m),Γ1(p))Fℓ

##
X(Γ1(m))

Fℓ

g ∈ S(m, k)
Fℓ

B∗
pg = f

γ∗f ′ SL2(Fp)

γ : X(Γ1(m),Γ(p)ζp−can)
Fℓ

→ X(Γ1(m),Γ(p))
Fℓ

( 1 ∗
0 1 ) ∈ SL2(Fp) γ∗f ′



( 1 ∗
0 1 ) {( 1 0

∗ 1 ) , (
1 ∗
0 1 )} SL2(Fp) ( 1 0

1 1 )
( 1 0
∗ 1 ) SL2(Fp)

γ∗f ′ ( 1 0
1 1 )

( 1 0
1 1 ) ∞′ ∈ X(Γ1(m),Γ(p)ζp−can)

Fℓ

∞′ Fℓ [[q]]
{

Fℓ

q 4→ ζpq
.

( 1 0
1 1 ) Fℓ [[q]] (dt/t)

⊗k t 4→ t

(dt/t)⊗k 4→ (dt/t)⊗k aj(f
′) = 0 j p

( 1 0
1 1 )

∗
f ′ q f ′

X(Γ1(m),Γ(p)ζp−can)
Fℓ

( 1 0
1 1 )

∗
γ∗f ′ = γ∗f ′

g ∈ S(m, k)
Fℓ

B∗
pg = f
q

q

r ∈ Z>0 p
{(

1 0
pr 1

)
,

(
1 1
0 1

)}
⊂ SL2(Z /pr+1Z )

Γ1(pr) : =

{(
1 + pra b
prc 1 + prd

)
∈ SL2(Z /pr+1Z )

}
.

Γ1(pr)(
1 0
pr 1

)
( 1 1
0 1 )

(
1+pra b
prc 1+prd

)
SL2(Z /pr+1Z ) a, b, c, d ∈ Fp

SL2(Z /pr+1Z )

(
1 + pra b
prc 1 + prd

)
=

(
1 0
pr 1

)c−1(
1 1
0 1

)a(
1 0
pr 1

)−1(
1 1
0 1

)(pra−1)(a−b)

.

(
1+pra b
prc 1+prd

)

SL2(Z /pr+1Z )
(

1 0
pr 1

)
( 1 1
0 1 )



m ∈ Z

( 1 1
0 1 )

m

m
m(

1 0
pr 1

)m

pr m mpr

mpr

pr

m

E/S Fℓ S r ≥ 1
p ℓ

E
β1

!!

βr+1

((
E/〈prQ〉

βr

!! E/〈Q〉

pr+1 p
pr Q pr+1 Qr+1 Qr

eβr+1(Q,Qr+1) = ζpr+1

eβr
(β1(Q), Qr) = ζpr

Qr = pQr+1.

6.7.11
βr+1

〈β1(Q)〉 = ker(βr), 〈prQ〉 = ker(β1),

〈βt
r(Qr+1)〉 = ker(βt

1), 〈p(Qr+1)〉 = ker(βt
r).



〈Q〉
::

::

〈β1(Q)〉
44

44
〈prQ〉 !! !! E

β1
;;

βr+1

<<

E/〈prQ〉
βt
1

==

βr

22

〈βt
r(Qr+1)〉0000

E/〈Q〉

βt
r+1

>>

βt
r

//

〈pQr+1〉
**

**

〈Qr+1〉
??

??

〈Qr〉 = ker(βt
r) = 〈pQr+1〉

k ∈ (Z /prZ )∗ kQr = pQr+1

pr

eβr
(β1(Q), kQr) = ζkpr = eβr

(β1(Q), pQr+1).

8.1

eβr
(β1(Q), pQr+1) = eβr+1(Q, pQr+1) = ζ

p
pr+1 = ζpr .

eβr
(β1(Q), Qr) = ζpr k = 1 Qr = pQr+1

n k ℓ p
n = mpr+1 p m r ∈ Z≥1 mpr > 4 ℓ

n 1 ≤ k ≤ ℓ+1 f mod ℓ S(m, pr+1, k)
Fℓ

f(Tate(q), ζm, ζpr+1) =
∑

j≥1

aj(f)q
j

(
dt

t

)⊗k

∈ Fℓ [[q
p]]

(
dt

t

)⊗k

ζm ζpr+1 m pr+1

g ∈ S(m, pr, k)
Fℓ

B∗
pg = f

B∗
p Bp : X1(m, pr+1)

Fℓ
→ X1(m, pr)

Fℓ
p



mpr > 4

X1(m, pr+1)
Fℓ

Bp

##

wζ
pr+1

!! X1(m, pr+1)
Fℓ

α̃

##
X1(m, pr)

Fℓ

wζpr
!! X1(m, pr)

Fℓ

Bp wζpr wζ
pr+1

α̃ := wζpr ◦Bp ◦ w−1
ζ
pr+1

α̃ α

E S Fℓ P Q
m pr+1

(E,P,Q)
❴

Bp

##

✤

wζ
pr+1

!! (E/〈Q〉,βr+1(P ), Qr+1)
❴

α̃

##
(E/〈prQ〉,β1(P ),β1(Q)) ✤

wζpr
!! (E/〈Q〉,βr(β1(P )), Qr)

(E/〈Q〉,βr+1(P ), Qr+1)
✤

α !! (E/〈Q〉,βr+1(P ), pQr+1) ,

β1,βr,βr+1

E
β1

!!

βr+1

((
E/〈prQ〉

βr

!! E/〈Q〉

βr(β1(P )) = βr+1(P ) α̃ = α

Qr = pQr+1

wζ
pr+1 (∞) = wζ

pr+1 (Tate(q), ζm, ζpr+1) = (Tate(qp
r+1

), ζp
r+1

m , q) = ∞′.

f ′ ∈ S(m, pr+1, k)
Fℓ

wζ
pr+1 (f

′) = f



j

aj(f
′)p(r+1)k = aj(f),

f ′(Tate(q), ζm, ζpr+1) ∈ Fℓ [[q
p]] ((dt)/t)⊗k

X(Γ1(m),Γ(pr+1)ζpr+1−can)
Fℓ

γ ( 1 ∗
0 1 )

##
Γ1(pr)

((

(E,P,Q1, Q2)
❴

##
X(Γ1(m),Γ1(p

r+1))
Fℓ

α

##

(E,P,Q1)
❴

##
X(Γ1(m),Γ1(p

r))
Fℓ

(E,P, pQ1)

Γ1(pr) : =

{(
1 + pr · a b
pr · c 1 + pr · d

)
∈ SL2(Z /pr+1Z )

}
.

g ∈ S(m, pr, k)
Fℓ

B∗
pg = f

γ∗f ′
Γ1(pr)

{(
1 0
pr 1

)
, ( 1 1

0 1 )
}

Γ1(pr)

γ : X(Γ1(m),Γ(pr+1)ζpr+1−can)
Fℓ

→ X(Γ1(m),Γ(pr+1))
Fℓ

( 1 ∗
0 1 ) ∈ SL2(Z /pr+1Z ) γ∗f ′

(
1 0
pr 1

)

∞′ ∈ X(Γ1(m),Γ(pr+1)ζpr+1−can)
Fℓ

∞′

Fℓ [[q]] {
Fℓ

q 4→ ζ
pr

pr+1q = ζpq
,

(
1 0
pr 1

)
Fℓ [[q]] (dt/t)

⊗k t 4→ t

aj(f
′) = 0 j p

(
1 0
pr 1

)∗
f ′

q f ′ X(Γ1(m),Γ(pr+1)ζpr+1−can)
Fℓ(

1 0
pr 1

)∗
γ∗f ′ = γ∗f ′

g ∈ S(m, pr, k)
Fℓ

B∗
pg = f

q



n > 4
d ∈ (Z /nZ )∗

rd : X(n)
Fℓ

→ X(n)
Fℓ

(E,P ) 4→ rd(E,P ) = (E, dP )

E Γ1(n) P
〈d〉 M(Γ1(n), k)Fℓ

d ∈ (Z /nZ )∗

M(Γ1(n), k)Fℓ
rd

ǫ : (Z /nZ )∗ → F
∗
ℓ

d ∈ (Z /nZ )∗ 〈d〉 ǫ(d)

S(n, k, ǫ)
Fℓ

n k ℓ p
p n n/p > 4 ℓ n 1 ≤ k ≤ ℓ+1

ǫ : (Z /nZ )∗ → F
∗
ℓ χ : (Z /(n/p)Z )∗ → F

∗
ℓ

f g mod ℓ S(n, k, ǫ)
Fℓ

S(n/p, k,χ)
Fℓ

B∗
p(g) = f B∗

p

Bp : X1(n)Fℓ
→ X1(n/p)Fℓ

χ = Res
Z /(n/p)Z
Z /nZ (ǫ) F

∗
ℓ

Z /nZ

ǫ

55

!! Z /(n/p)Z

χ

&&

d ∈ Z /(n/p)Z χ(d) = ǫ(d)

E/S Fℓ S P
n Bp Bp : X1(n)Fℓ

→ X1(n/p)Fℓ

β

(B∗
pg)(E,P ) = β∗(g(E/ 〈(n/p)P 〉 ,β(P ))).



〈d〉 d ∈ Z /(n/p)Z

〈d〉 (B∗
pg)(E,P ) = (B∗

pg)(E, dP ) = β∗(g(E/ 〈(n/p)P 〉 ,β(dP ))) =

= β∗(g(E/ 〈(n/p)P 〉 , dβ(P ))) =

= β∗(χ(d)g(E/ 〈(n/p)P 〉 ,β(P ))) = χ(d)(B∗
pg)(E,P );

d ∈ Z /(n/p)Z 〈d〉 (B∗
pg) = χ(d)(B∗

pg) B∗
p(g) = f

d ∈ Z /(n/p)Z 〈d〉 f = χ(d)f = ǫ(d)f
d ∈ Z /(n/p)Z χ(d) = ǫ(d)

n k ℓ p
p n n/p > 4 ℓ n

1 ≤ k ≤ ℓ+1 ǫ : (Z /nZ )∗ → F
∗
ℓ f mod ℓ

S(n/p, p, k, ǫ)
Fℓ

f(Tate(q), ζn/p, ζp) =
∑

j≥1

aj(f)q
j

(
dt

t

)⊗k

∈ Fℓ [[q
p]]

(
dt

t

)⊗k

Tate(q) Fℓ((q)) ζn/p ζp n/p
p g ∈ S(n/p, k, ǫ′)

Fℓ

B∗
pg = f B∗

p

Bp : X1(n)Fℓ
→ X1(n/p)Fℓ

ǫ′ = Res
Z /(n/p)Z
Z /nZ (ǫ)

n k ℓ p
n = mpr+1 p m r ∈ Z≥1 mpr > 4

ℓ n 1 ≤ k ≤ ℓ+1 ǫ : (Z /nZ )∗ → F
∗
ℓ

f mod ℓ S(m, pr+1, k, ǫ)
Fℓ

f(Tate(q), ζm, ζpr+1) =
∑

j≥1

aj(f)q
j

(
dt

t

)⊗k

∈ Fℓ [[q
p]]

(
dt

t

)⊗k

Tate(q) Fℓ((q)) ζm ζpr+1 m
pr+1 g ∈ S(m, pr, k, ǫ′)

Fℓ

B∗
pg = f B∗

p

Bp : X1(m, pr+1)
Fℓ

→ X1(m, pr)
Fℓ

ǫ′ = Res
Z /(mpr)Z
Z /nZ (ǫ)



p n n/p > 4

n
4 X(Γ1(n))Fℓ

1.2.1

n k ℓ

n 2 ≤ k ≤ ℓ + 1 f : Tǫ → Fℓ

n k ǫ : (Z /nZ )∗ → C∗ Fℓ

Tp ∈ Tǫ p ǫ : (Z /nZ )∗ → F
∗
ℓ

a 4→ f(〈a〉) a ∈ (Z /nZ )∗ m
nℓ Fℓ

V : =
⋂

p .=m

ker
(
Tp − f(Tp), S(n, k, ǫ)Fℓ

)
,

1

m ℓ ℓ g S(n/m, k,Res(ǫ))
Fℓ

B∗
mg = f m = ℓ k ∈ {ℓ, ℓ+1}

ℓ g S(n, 1, ǫ)
Fℓ

F (g) = f F
ℓ g S(n, 2, ǫ)

Fℓ

Aℓg = f Aℓ

v V v > 1 Tm

Tp Tm V v > 1 V f
Tp p ≥ 1 a1(f) -= 0

V1 ⊂ V g V a1(g) = 0
v − 1 > 0 g ∈ V1 0 = a1(g) = a1(Tj(g))
j m

g q F [[qm]] ((dt)/t)⊗k



m -= ℓ n/m > 4
modℓ

g′ ∈ S(n/m, k, ǫ′)
Fℓ

B∗
pg

′ = g ǫ′ = Res(ǫ) B∗
p

Bp

V1 = B∗
pV2 V2 S(n, k, ǫ)

Fℓ

f
{m}
n,k : = fn,k|P\{m} : {P \ {m}} → Fℓ × Fℓ

p 4→ (f(Tp), f(〈p〉))

f
{m}
n,k n/m

m = ℓ

k = ℓ g
F g′ ∈ S(n, 1, ǫ)F g = (g′)ℓ = F (g′)

1
k = ℓ+ 1 g = Aℓg

′ Aℓ

ℓ− 1 g′ ∈ S(n, 2, ǫ)F 2

f ρf : Gal(Q /Q ) → GL2(Fℓ)

m -= ℓ

V a+ 1 a ma cond(ρf ) = n

V1 ⊂ V g V a1(g) = 0
1 V g ∈ V1 0 = a1(g) = a1(Tj(g))

j m g q
F [[qm]] ((dt)/t)⊗k

modℓ g′ ∈ S(n/m, k,Res(ǫ))
Fℓ

B∗
pg

′ = g V1 = B∗
pV2 V2

S(n, k, ǫ)
Fℓ

f
{m}
n,k

V1 a
a m cond(ρf )



χℓ modℓ

Fℓ ℓ

Γ0(n) SL2(Z ) ( ∗ ∗
0 ∗ ) n

Γ1(n) SL2(Z ) ( 1 ∗
0 1 ) n

P1(Fℓ)
g g

P1(Fℓ)/g g P1(Fℓ)

An n

Sn n

N(ρ) ρ

Np(ρ) N(ρ) p

T(n, k)

Tǫ(n, k) S(n, k, ǫ)C

θℓ q d/dq

Aℓ ℓ

B(n, k)

Bχ
k k

Bp p

eβ β

fn,k

f
(∗)
n,k (∗)

GQ Gal(Q /Q )

k(ρ) ρ

M(n, k)C k Γ1(n)



M(n, k)
Fℓ

k Γ1(n) Fℓ

S(n, k, ǫ)C k n

S(n, k)C k Γ1(n)

S(n, k)
Fℓ

k Γ1(n) Fℓ

V4 4

wζpr

X(ℓ)

X0(ℓ)

XA4(ℓ) XS4(ℓ) XA5(ℓ)

Xsp.Car(ℓ)

Xsplit(ℓ)

XV4(ℓ) V4



modℓ

ρ

ℓ



ℓ 2

ℓ

p

10.3.4

ρf
GL2(Fℓ)
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l

l



pm
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L



1

p PGL(2, k)

p

L

p



p

l



X+
0 (pr)(Q) r > 1

p2

p
Q(µp)

l
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p 〈d〉 d ∈ (Z /nZ )∗

2

F ℓ f : T(n, k) → F

n k F

ρf : Gal(Q /Q ) → GL2(F)
nℓ p nℓ

Trace(ρf (Frobp)) = f(Tp) det(ρf (Frobp)) = f(〈p〉)pk−1 F

ρf n k
F F ℓ
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ℓ f : T(n, k) → F

n k F
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nℓ p nℓ
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