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✷✳✷✳✶ ❉♦❝❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✷✳✷✳✷ ▲♦❝❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✷✳✷✳✸ ❍♦♦❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✷✳✷✳✹ ❋♦r❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✷✳✸ ❍✐❣❤✲❧❡✈❡❧ ●❛❞❣❡ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✷✳✸✳✶ ▲✐t❡r❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✷✳✸✳✷ ❱❛r✐❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✷✳✸✳✸ ❈❧❛✉s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✷✳✹ ❘❡❞✉❝t✐♦♥ ❢r♦♠ ✸✲❙❆❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
✷✳✹✳✶ ❱❛r✐❛❜❧❡ ❆ss✐❣♥♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
✷✳✹✳✷ ●♦✐♥❣ t❤r♦✉❣❤ ❈❧❛✉s❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
✷✳✹✳✸ ❇❡②♦♥❞ ❈❧❛✉s❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
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■■ ❉✐st❛♥❝❡s ❇❡t✇❡❡♥ ❙tr✐♥❣s ✼✸

✸ ❊①❡♠♣❧❛r ❉✐st❛♥❝❡s ✼✺
■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
✸✳✶ ❙✐❣♥❡❞ ❘❡✈❡rs❛❧ ❛♥❞ ❉❈❏ ❉✐st❛♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽
✸✳✷ ❊❞✐t ❉✐st❛♥❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✹ ▼✐♥✐♠✉♠ ❈♦♠♠♦♥ ❙tr✐♥❣ P❛rt✐t✐♦♥ ✽✺
■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻
✹✳✶ ❋✉♥❞❛♠❡♥t❛❧ ❉❡✜♥✐t✐♦♥s ❛♥❞ ❆❧❣♦r✐t❤♠ ❖✉t❧✐♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✹✳✶✳✶ ❉❡✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼
✹✳✶✳✷ ❆♥ ❖✉t❧✐♥❡ ♦❢ t❤❡ ❆❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✹✳✷ ❙♣❧✐tt✐♥❣ ♦❢ ❋r❛❣✐❧❡ P✐❡❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶
✹✳✸ P✉tt✐♥❣ ❋r❛♠❡s ◆❡①t t♦ ❋✐①❡❞ P✐❡❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
✹✳✹ ❋r❛♠❡ ❘✉❧❡s ❢♦r ❘❡♣❡t✐t✐✈❡ P✐❡❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

■■■ ❉❡❛❧✐♥❣ ✇✐t❤ ■♠♣r❡❝✐s❡ ●❡♥♦♠✐❝ ❉❛t❛ ✶✶✺

✺ ▼❛①✐♠❛❧ ❙tr✐♣ ❘❡❝♦✈❡r② ✶✶✼
■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
✺✳✶ Pr❡❧✐♠✐♥❛r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷

✺✳✶✳✶ ◆♦t❛t✐♦♥s ❛♥❞ ❉❡✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷
✺✳✶✳✷ ●r❛♣❤ ❚❤❡♦r② ❇❛❝❦❣r♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸

✺✳✷ ❍❛r❞♥❡ss ❘❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺
✺✳✷✳✶ ❍❛r❞♥❡ss ■♥❝r❡❛s❡s ✇✐t❤ t❤❡ ●❛♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻
✺✳✷✳✷ ✶✲❣❛♣✲▼❙❘ ■s ◆P✲❤❛r❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻
✺✳✷✳✸ δ✲❣❛♣✲▼❙❘ ■s ❆P❳✲❤❛r❞ ❢♦r δ ≥ 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✵
✺✳✷✳✹ δ✲❣❛♣✲▼❙❘✲❉❯ ■s ❆P❳✲❤❛r❞✱ ❢♦r ❆❧❧ δ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸

✺✳✸ P♦❧②♥♦♠✐❛❧✲❚✐♠❡ ❆❧❣♦r✐t❤♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾
✺✳✸✳✶ ❘❡❞✉❝t✐♦♥ t♦ ▼❛①✐♠✉♠ ❲❡✐❣❤t ■♥❞❡♣❡♥❞❡♥t ❙❡t ✳ ✳ ✳ ✳ ✶✸✾
✺✳✸✳✷ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶
✺✳✸✳✸ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ❢♦r ✶✲❣❛♣✲▼❙❘✲✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✷
✺✳✸✳✹ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ❢♦r ✶✲❣❛♣✲❈▼❙❘✲✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽
✺✳✸✳✺ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ❢♦r ✵✲❣❛♣✲▼❙❘✲❉❯ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾
✺✳✸✳✻ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ❢♦r ❈▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d ✳ ✳ ✶✺✶

✺✳✹ ❋✐①❡❞✲P❛r❛♠❡t❡r ❚r❛❝t❛❜❧❡ ❆❧❣♦r✐t❤♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹
✺✳✹✳✶ ❋P❚ ❆❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✹
✺✳✹✳✷ ❋P❚ ❆❧❣♦r✐t❤♠ ❢♦r ❈▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻
✺✳✹✳✸ ❋P❚ ❆❧❣♦r✐t❤♠ ❢♦r ✶✲❣❛♣✲❈▼❙❘✲d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺

❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✼

✻ ▼✐♥✐♠✉♠ ❇r❡❛❦♣♦✐♥t ▲✐♥❡❛r✐③❛t✐♦♥ ✶✻✾
■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✵
✻✳✶ ❉❡✜♥✐♥❣ ❛ ◆❡✇ ❆❞❥❛❝❡♥❝②✲❖r❞❡r ●r❛♣❤ GΠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷
✻✳✷ ❈✉tt✐♥❣ ❆❧❧ ❈♦♥✢✐❝t✲❈②❝❧❡s ✐♥ GΠ ■s ❊♥♦✉❣❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✹
✻✳✸ ❆❧❣♦r✐t❤♠s ❇❛s❡❞ ♦♥ ❙✉❜s❡t✲❋❱❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✻
✻✳✹ ❆♥ (m2 + 4m− 4)✲❛♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✽
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✻✳✹✳✶ ❉❡✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✾
✻✳✹✳✷ ❆❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✵
✻✳✹✳✸ ❆♣♣r♦①✐♠❛t✐♦♥ ❘❛t✐♦ ❆♥❛❧②s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶

❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✻

❈♦♥❝❧✉s✐♦♥ ❛♥❞ P❡rs♣❡❝t✐✈❡s ✶✽✼

❇✐❜❧✐♦❣r❛♣❤② ✶✾✶



▲✐st ♦❢ ❋✐❣✉r❡s

✶ ●r❛♣❤❡s ❞❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s ❜❧♦❝s copy✱ and✱ or✱ ❡t var ✳ ✳ ✳ ✳ ✳ ✳ ✳ ❋✳✶✺
✷ ❉✐❛❣r❛♠♠❡ ✐❧❧✉str❛♥t ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ Iφ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ❋✳✶✻
✸ ■❧❧✉str❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ tr✐ ♣❛r ✐♥✈❡rs✐♦♥s ♣ré❢✐①❡s ✳ ✳ ✳ ✳ ✳ ❋✳✷✶
✹ ❙❝é♥❛r✐♦ ❞✬é✈♦❧✉t✐♦♥ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞✬✉♥❡ ❞✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ❋✳✷✺
✺ ❖♣ér❛t✐♦♥s ♣♦ss✐❜❧❡s ❛✉t♦r✐sé❡s ♣♦✉r ❧❡ tr✐ ♣❛r ❉❈❏ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ❋✳✷✻
✻ ❘é❞✉❝t✐♦♥ ❞❡ (1, 2)✲❉✐st❛♥❝❡ ❞✬é❞✐t✐♦♥ ❡①❡♠♣❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ❋✳✷✼
✼ ❊①❡♠♣❧❡ ❞❡ ♣❧✉s ♣❡t✐t❡ ♣❛rt✐t✐♦♥ ❝♦♠♠✉♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ❋✳✸✵
✽ ❊①❡♠♣❧❡ ❞✬✐♥st❛♥❝❡ ❞❡ ▼❇▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ❋✳✸✽
✾ ❈♦♥str✉❝t✐♦♥ ❡t ✉t✐❧✐s❛t✐♦♥ ❞✉ ❣r❛♣❤❡ ❞✬♦r❞r❡✲❛❞❥❛❝❡♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ❋✳✸✾

✶✳✶ ❉❡✜♥✐t✐♦♥ ♦❢ tr❛♥s♣♦s✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✶✳✷ ❚r❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡ ❢r♦♠ π =

〈

0, 2, 4, 3, 1, 5
〉

t♦ I5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✶✳✸ ❊①❛♠♣❧❡ ♦❢ ✸❉❚✲st❡♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✶✳✹ ❊①❛♠♣❧❡ ♦❢ ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡ ✐♥st❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✶✳✺ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ I ∼ π ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✶✳✻ ■❧❧✉str❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✶✳✼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✶✳✼ ✸❉❚✲✐♥st❛♥❝❡ ❛♥❞ ❝②❝❧❡ ❣r❛♣❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✶✳✽ ❊✛❡❝ts ♦❢ ❛ ✸❉❚✲st❡♣ ♦♥ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✶✳✾ ❆❝t✐✈❛t✐♦♥ ♦❢ ❛ ✈❛r✐❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✶✳✶✵ ❇❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ t❤❡ ❜❧♦❝❦ copy ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✶✳✶✶ ❇❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ t❤❡ ❜❧♦❝❦ and ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✶✳✶✷ ❇❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ t❤❡ ❜❧♦❝❦ or ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
✶✳✶✸ ❇❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ t❤❡ ❜❧♦❝❦ var ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✶✳✶✹ ❆❜str❛❝t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❜❧♦❝❦s copy✱ and✱ or✱ ❛♥❞ var ✳ ✳ ✳ ✳ ✳ ✸✹
✶✳✶✺ ❊①❛♠♣❧❡ ♦❢ ❛ ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡ ❛ss❡♠❜❧✐♥❣ ♦❢ ❜❛s✐❝ ❜❧♦❝❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✶✳✶✻ ❙❝❤❡♠❛t✐❝ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Iφ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
✶✳✶✼ ❆♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✶✳✷✵ ♦♥ ❊①❛♠♣❧❡ ✶✳✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✶ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❙♦rt✐♥❣ ❜② Pr❡❢✐① ■♥✈❡rs✐♦♥s ♣r♦❜❧❡♠ ✳ ✳ ✳ ✳ ✹✾
✷✳✷ ❊①❛♠♣❧❡s ♦❢ ❡✣❝✐❡♥t ✢✐♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
✷✳✸ ❈♦♠♣✐❧❛t✐♦♥ ♦❢ ❛❧❧ ❣❛❞❣❡t ♣r♦♣❡rt✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✷✳✹ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❱❛r✐❛❜❧❡ ❣❛❞❣❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
✷✳✺ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❈❧❛✉s❡ ❣❛❞❣❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶
✷✳✻ ❙❡q✉❡♥❝❡ ♦❢ ❤❡❛❞ ❡❧❡♠❡♥ts ❞✉r✐♥❣ t❤❡ s♦rt✐♥❣ ♦❢ Sφ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✸✳✶ ❊✈♦❧✉t✐♦♥ s❝❡♥❛r✐♦ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❡①❡♠♣❧❛r ❞✐st❛♥❝❡s ✳ ✳ ✳ ✳ ✳ ✼✼
✸✳✷ P♦ss✐❜❧❡ ♦♣❡r❛t✐♦♥s ❛❧❧♦✇❡❞ ❢♦r s✐❣♥❡❞ ❉❈❏ ❞✐st❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽
✸✳✸ ❘❡❞✉❝t✐♦♥ ♦❢ (1, 2)✲❊①❡♠♣❧❛r ❊❞✐t ❉✐st❛♥❝❡ ❢r♦♠ ❱❡rt❡① ❈♦✈❡r ✽✶

✈



✈✐ ▲■❙❚ ❖❋ ❋■●❯❘❊❙

✹✳✶ ❆♥ ✐♥st❛♥❝❡ ♦❢ ▼❈❙P ✇✐t❤ ❛ ❝♦♠♠♦♥ str✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ s✐③❡ ❢♦✉r ✳ ✳ ✽✼
✹✳✷ ❊①❛♠♣❧❡ ♦❢ ❛❧✐❣♥♠❡♥t ❛♥❞ ❝♦♥str❛✐♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
✹✳✸ ▼❛①✐♠❛❧ ❡①t❡♥s✐♦♥s ♦❢ s♦❧✐❞ ♣✐❡❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾
✹✳✹ ■❧❧✉str❛t✐♦♥ ♦❢ ❋r❛♠❡ ❘✉❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵
✹✳✺ ❈♦rr❡❝t♥❡ss ♣r♦♦❢ ♦❢ ❋r❛♠❡ ❘✉❧❡ ✸ ✭■✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷
✹✳✻ ❈♦rr❡❝t♥❡ss ♣r♦♦❢ ♦❢ ❋r❛♠❡ ❘✉❧❡ ✸ ✭■■✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹
✹✳✼ ❆ r❡♣−r❡♣ ♣❛t❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
✹✳✽ ❆♥ ✐❧❧✉str❛t✐♦♥ ♦❢ ❋✐tt✐♥❣ ❘✉❧❡ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✺✳✶ ❖✈❡r❧❛♣♣✐♥❣ ♣r❡str✐♣s ♦❢ γuv ❢♦r ❛♥ ❛r❝ (u, v) ∈ E❈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽
✺✳✷ ❚r❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛ ❜❧❛❝❦ ❝♦♠♣♦♥❡♥t Bi ✐♥t♦ t❤❡ s❡q✉❡♥❝❡ Ii ✳ ✳ ✳ ✳ ✳ ✶✸✷
✺✳✸ ❈♦♥str✉❝t✐♦♥ ♦❢ ❛ ❣♦♦❞ ♣❛rt✐t✐♦♥ ❛♥❞ ♦❢ ❛ ❣♦♦❞ ❧❛❜❡❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺
✺✳✹ ❘❡❞✉❝t✐♦♥ ❢r♦♠ ▼■❙ t♦ ✵✲❣❛♣✲▼❙❘✲❉❯ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼
✺✳✺ ❊♥✉♠❡r❛t✐♦♥ ♦❢ t❤❡ ♣r❡str✐♣s ♦❢ V λ ♠❛t❝❤✐♥❣ ❛ ♣r❡str✐♣ ✐♥ O ❢♦r ❛❧❧ λ ✶✹✼

✻✳✶ ❊①❛♠♣❧❡ ♦❢ ✐♥st❛♥❝❡ ♦❢ ▼❇▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶
✻✳✷ ❈♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷
✻✳✸ P♦ss✐❜❧❡ t②♣❡s ♦❢ ♣❛t❤s ✐♥ (W ′ ∪ Σ, F ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺
✻✳✹ ❑❡② st❡♣s ♦❢ ❆❧❣♦r✐t❤♠ ✻✳✶ ♦♥ t❤❡ ✐♥st❛♥❝❡ ♦❢ ▼❇▲ ♦❢ ❊①❛♠♣❧❡ ✻✳✶ ✳ ✶✼✽
✻✳✺ ❈♦♠♣❛r✐♥❣ ♣❛r❛♠❡t❡rs |X| ❛♥❞ k ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✽
✻✳✻ ❊①❛♠♣❧❡ ♦❢ ❝♦♥✢✐❝t✲❝②❝❧❡✱ s❤♦rt❝✉t✱ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✾
✻✳✼ ❆ ❝②❝❧❡ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✻✳✾ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶
✻✳✽ ■❧❧✉str❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✻✳✶✵ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✷
✻✳✾ P❛t❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ C1 ❛♥❞ C2 ❛♥❞ ❝❛s❡ st✉❞② ❢♦r ▲❡♠♠❛ ✻✳✶✷ ✳ ✳ ✳ ✶✽✹
✻✳✶✵ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✶✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✺



▲✐st ♦❢ ❆❧❣♦r✐t❤♠s

✹✳✶ ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r ▼❈❙P(x, y, k) ✭♠❛✐♥ ❧♦♦♣✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵
✹✳✷ Pr♦❝❡❞✉r❡ s♣❧✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
✹✳✸ Pr♦❝❡❞✉r❡ ❢r❛♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✺✳✶ ❘❡❞✉❝t✐♦♥ ❢r♦♠ δ✲❣❛♣✲▼❙❘✲❉❯✲d t♦ d✲■♥t❡r✈❛❧✲▼❲■❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵
✺✳✷ R(d, δ)✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶
✺✳✸ ✶✳✽✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ✶✲❣❛♣✲▼❙❘✲✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸
✺✳✹ ✷✳✷✺✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ✵✲❣❛♣✲▼❙❘✲❉❯ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵
✺✳✺ (d+ 1.5)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❈▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶
✺✳✻ 2O(ℓdδ)n ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺
✺✳✼ O(2.36k poly(nd)) ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲❈▼❙❘✲d ❛♥❞ ❈▼❙❘✲d ✳ ✳ ✶✺✽
✺✳✽ O(2k poly(nd)) ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r 1✲❣❛♣✲❈▼❙❘✲d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻

✻✳✶ ❘❡❞✉❝t✐♦♥ ❢r♦♠ ▼❇▲ t♦ ❆❖●✲❙✉❜s❡t✲❋❱❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✼
✻✳✷ (m2 + 4m− 4)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❆❖●✲❙✉❜s❡t✲❋❱❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶

✈✐✐





❙②♥t❤ès❡
❆❜str❛❝t ✭❋r❡♥❝❤ ❙❡❝t✐♦♥✮

❋✳✶





❘❡♠❡r❝✐❡♠❡♥ts





■♥tr♦❞✉❝t✐♦♥

▲❛ ❜✐♦✐♥❢♦r♠❛t✐q✉❡✱ ❞♦♠❛✐♥❡ à ❧✬✐♥t❡rs❡❝t✐♦♥ ❞❡ ❧❛ ❜✐♦❧♦❣✐❡ ❡t ❞❡ ❧✬✐♥❢♦r♠❛t✐q✉❡✱
s✬✐♥tér❡ss❡ à ❧✬❡①tr❛❝t✐♦♥ ❡t ❛✉ tr❛✐t❡♠❡♥t ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❞❛♥s ❧❡s ❞♦♥♥é❡s ❜✐✲
♦❧♦❣✐q✉❡s ❛✜♥ ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡ ✈✐✈❛♥t✳ ❉✬✉♥❡ ♣❛rt✱ ❧❛ ❜✐♦❧♦❣✐❡ ❛♣♣♦rt❡ ❞❡s
❞♦♥♥é❡s ♦❜t❡♥✉❡s ✈✐❛ ❞❡s ❡①♣ér✐❡♥❝❡s ❡t ♣♦s❡ ❧❡s q✉❡st✐♦♥s ♣❡rt✐♥❡♥t❡s ♣❡r♠❡tt❛♥t ❞❡
♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡ s✉❥❡t tr❛✐té✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧✬✐♥❢♦r♠❛t✐q✉❡ ❢♦✉r♥✐t ❞❡s ♠ét❤♦❞❡s
❢♦r♠❡❧❧❡s ♣♦✉r ❛♥❛❧②s❡r ❧❡s ♣r♦❜❧è♠❡s ❡t ♣♦✉r ♣r♦❞✉✐r❡ ❞❡s s♦❧✉t✐♦♥s ❛✉ss✐ ♣ré❝✐sé✲
♠❡♥t ❡t ❡✣❝❛❝❡♠❡♥t q✉❡ ♣♦ss✐❜❧❡✳ ▲❡s ❜é♥é✜❝❡s s♦♥t ❞✐r❡❝ts ♣♦✉r ❧❡s ❜✐♦❧♦❣✐st❡s q✉✐
♣❡✉✈❡♥t ❛✐♥s✐ ✈ér✐✜❡r ❧❡✉rs ❤②♣♦t❤ès❡s ❡t ❢❛✐r❡ ❞❡s ♣ré❞✐❝t✐♦♥s ❞❡ ❢❛ç♦♥ ♣❧✉s ✜❛❜❧❡
❡t r❛♣✐❞❡✳ ▲❡s ❜é♥é✜❝❡s s♦♥t é❣❛❧❡♠❡♥t ✐♠♣♦rt❛♥ts ♣♦✉r ❧❡s ✐♥❢♦r♠❛t✐❝✐❡♥s✱ à q✉✐
❧✬♦♥ ♣rés❡♥t❡ ❞❡s ❞é✜s ✐♥é❞✐ts✳ ▲❛ ✈❛r✐été ❞❡s ♣r♦❜❧è♠❡s ❝♦♥tr✐❜✉❡ à ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡
str✉❝t✉r❡s ❞❡ ❞♦♥♥é❡s ♦r✐❣✐♥❛❧❡s ❡t à ❧❛ ❞é❝♦✉✈❡rt❡ ❞❡ ♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s ❛❧❣♦r✐t❤✲
♠✐q✉❡s✱ ❡♥r✐❝❤✐ss❛♥t ❛✐♥s✐ ❧❡ ❞♦♠❛✐♥❡ ❞❡s s❝✐❡♥❝❡s ✐♥❢♦r♠❛t✐q✉❡s ❛✈❡❝ ✉♥❡ ♣❛❧❡tt❡
❛❣r❛♥❞✐❡ ❞✬❛♣♣r♦❝❤❡s ♣♦ss✐❜❧❡s ♣♦✉r ❞✬❛✉tr❡s ♣r♦❜❧è♠❡s✳

▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ❜✐♦✐♥❢♦r♠❛t✐q✉❡ ❞❡✈✐❡♥t ❡♥❝♦r❡ ♣❧✉s ✐♥❝♦♥t♦✉r♥❛❜❧❡ ❧♦rsq✉❡ ❧❡s
❞♦♥♥é❡s à ❛♥❛❧②s❡r ❞❡✈✐❡♥♥❡♥t ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❣r❛♥❞❡s✳ ▲✬❡①❡♠♣❧❡ ❧❡ ♣❧✉s ré✈é❧❛t❡✉r
❡st ❧❡ séq✉❡♥ç❛❣❡ ❆❉◆ ✿ ✐❧ ❡st ♠❛✐♥t❡♥❛♥t ♣♦ss✐❜❧❡ ❞❡ ❧✐r❡ ❞❡s séq✉❡♥❝❡s ❞✬❆❉◆
❞❡ ❝❤r♦♠♦s♦♠❡s à très ❤❛✉t ❞é❜✐t ✭♣❛r ❡①❡♠♣❧❡✱ ❧❡ ❇❡✐❥✐♥❣ ●❡♥♦♠❡ ■♥st✐t✉t❡ ♣r♦✲
❞✉✐t ✶✵ tér❛♦❝t❡ts ❞❡ séq✉❡♥❝❡s ❞❡ ♥✉❝❧é♦t✐❞❡s ❜r✉t❡s q✉♦t✐❞✐❡♥♥❡♠❡♥t ❬✶✵✼❪✮✳ ▲❡s
séq✉❡♥❝❡s ❆❉◆ s♦♥t ❛✉ ❝÷✉r ❞❡ ❧❛ ♠❛❥♦r✐té ❞❡s ♣r♦❝❡ss✉s ❜✐♦❝❤✐♠✐q✉❡s✳ ❊♥ r❡✲
✈❛♥❝❤❡✱ r❡❝♦♥str✉✐r❡ ♣❛r❢❛✐t❡♠❡♥t ✉♥❡ séq✉❡♥❝❡ ❣é♥♦♠✐q✉❡ r❡❧è✈❡ ❡♥❝♦r❡ ❞❡ ❧✬✉t♦♣✐❡✱
t♦✉t ❝♦♠♠❡✱ ❛ ❢♦rt✐♦r✐✱ ❝♦♠♣r❡♥❞r❡ t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ❜✐♦❧♦❣✐q✉❡s ✐♥tr✐q✉é❡s q✉✐
❞é❝♦✉❧❡♥t ❞❡ ❝❡s séq✉❡♥❝❡s✳ ❯♥ ❛✉tr❡ ❞♦♠❛✐♥❡ ✐♠♣♦rt❛♥t ❡st ❧✬❛♥❛❧②s❡ ❞❡ rés❡❛✉①
♦ù ❧✬♦♥ ❝❤❡r❝❤❡ à ✐❞❡♥t✐✜❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ♣❛r❢♦✐s ❝♦♠♣❧❡①❡s ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s
♠♦❧é❝✉❧❡s ❞❡ ❧❛ ❝❡❧❧✉❧❡ ✭♣r♦té✐♥❡s✱ ❆❘◆✱ ♠ét❛❜♦❧✐t❡s✱ ❡t❝✮✳ ▲❡s ❞♦♥♥é❡s ❞✬❡♥tré❡
♣r❡♥♥❡♥t ❧❛ ❢♦r♠❡ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ré❛❝t✐♦♥s ❛t♦♠✐q✉❡s✱ t❡❧❧❡s q✉❡ ✏❧❛ ♣r♦té✐♥❡ ❆
♣❡✉t tr❛♥s❢♦r♠❡r ✉♥ ♠ét❛❜♦❧✐t❡ ❇ ❡♥ ✉♥ ♠ét❛❜♦❧✐t❡ ❈✑ ♦✉ ✏❧❡s ♣r♦té✐♥❡s ❆ ❡t ❇ ♣❡✉✲
✈❡♥t s❡ ❝♦♠❜✐♥❡r ♣♦✉r ❢♦r♠❡r ✉♥❡ ♣r♦té✐♥❡ ❈✑✳ ▲❡ ❜✉t ❡st ❛❧♦rs ❞❡ ❝♦♠♣r❡♥❞r❡ ❧❡s
♣r♦❝❡ss✉s à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ t❡❧s q✉❡ ❧❡s ❝②❝❧❡s ❝❡❧❧✉❧❛✐r❡s ♦✉ ❧❛ s②♥t❤ès❡ ❞❡ ♣r♦té✐♥❡s✱
❛✈❡❝ ❧✬♦❜❥❡❝t✐❢ ✐♥ ✜♥❡ ❞❡ ♣r♦❞✉✐r❡ ❞❡s ♠é❞✐❝❛♠❡♥ts ❛❣✐ss❛♥t ❛✈❡❝ ♣ré❝✐s✐♦♥ ❞❛♥s ❝❡s
♣r♦❝❡ss✉s✳

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❝❤❡r❝❤♦♥s à ❛♣♣♦rt❡r ❞❡s ré♣♦♥s❡s ❝♦♠❜✐♥❛t♦✐r❡s à ❞❡s
♣r♦❜❧è♠❡s ♣r♦✈❡♥❛♥t ❞❡ ❧❛ ❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡✳ ▲❡ ♣♦✐♥t ❝♦♠♠✉♥ ❛✉① ♣r♦❜❧è♠❡s
ét✉❞✐és ❡st ❧❛ ♣rés❡♥❝❡ ❡♥ ❡♥tré❡ ❞✬✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡✱ ❣é♥ér❛❧❡♠❡♥t s♦✉s ❧❛ ❢♦r♠❡
❞❡ séq✉❡♥❝❡s ❞❡ ❣è♥❡s ♦✉ ♣❧✉s ❣é♥ér❛❧❡♠❡♥t ❞❡ ♠❛rq✉❡✉rs✱ ♣r♦✈❡♥❛♥t ❞❡ ❞❡✉① ❡s♣è❝❡s
❞✐✛ér❡♥t❡s✳ ▲❡s ❞❡✉① ❡s♣è❝❡s ♦♥t é✈♦❧✉é ♥❛t✉r❡❧❧❡♠❡♥t ❞❡♣✉✐s ✉♥ ❛♥❝êtr❡ ❝♦♠♠✉♥✱ ❡t
♣rés❡♥t❡♥t ♠❛✐♥t❡♥❛♥t ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ s✐♠✐❧❛r✐tés ✿ ❧❡s ♦❜❥❡❝t✐❢s ❞❡s ♣r♦❜❧è♠❡s
❞❡ ❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡ s♦♥t ❞❡ r❡♣ér❡r ❝❡s s✐♠✐❧❛r✐tés✱ ❞❡ ❧❡s ♠❡s✉r❡r✱ ❡t ❞❡ ❧❡s
✉t✐❧✐s❡r ❛✜♥ ❞❡ r❡❝✉❡✐❧❧✐r ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❜✐♦❧♦❣✐q✉❡ ♣❡rt✐♥❡♥t❡✳



❋✳✻ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

❊♥ ❢♦♥❝t✐♦♥ ❞✉ ♠♦❞è❧❡ ✉t✐❧✐sé ♣♦✉r ❞é❝r✐r❡ ❧❡s ❣é♥♦♠❡s ❡t ❞❡s q✉❡st✐♦♥s ❜✐✲
♦❧♦❣✐q✉❡s ♣♦sé❡s✱ ♥♦✉s ♦❜t❡♥♦♥s ❞❡s ♣r♦❜❧è♠❡s ❝♦♠♣❧❡①❡s ❡t ❞✐✈❡rs q✉✐ ♣❡✉✈❡♥t
êtr❡ ét✉❞✐és à ❧❛ ❧✉♠✐èr❡ ❞❡s ♠ét❤♦❞❡s ❤❛❜✐t✉❡❧❧❡s ❞❡ ❝♦♠♣❧❡①✐té ❛❧❣♦r✐t❤♠✐q✉❡✳
P♦✉r ❝❤❛q✉❡ ♣r♦❜❧è♠❡✱ ♥♦✉s ❝❤❡r❝❤♦♥s à ❧❡ rés♦✉❞r❡ ♣❛r ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ❝♦♠✲
♣❧❡①✐té ♣♦❧②♥♦♠✐❛❧❡ ♦✉✱ à ❞é❢❛✉t✱ à ♣r♦✉✈❡r q✉✬✐❧ ❡st ◆P✲❞✐✣❝✐❧❡✳ ❉❛♥s ❝❡ ❞❡r♥✐❡r
❝❛s✱ ❞❡s ❛❧❣♦r✐t❤♠❡s ❡✣❝❛❝❡s ♣❡✉✈❡♥t êtr❡ r❡❝❤❡r❝❤és ❞❛♥s ❞❡✉① ❞✐r❡❝t✐♦♥s ✿ s♦✐t
♣❛r♠✐ ❧❡s ❛❧❣♦r✐t❤♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ✭✐✳❡✳ ❞❡s ❛❧❣♦r✐t❤♠❡s ♣♦❧②♥♦♠✐❛✉① ❞♦♥♥❛♥t
✉♥❡ s♦❧✉t✐♦♥ s♦✉s✲♦♣t✐♠❛❧❡✱ ♠❛✐s ❛✈❡❝ ✉♥ r❛t✐♦ ❞✬❡rr❡✉r ❜♦r♥é✮✱ s♦✐t ♣❛r♠✐ ❧❡s ❛❧❣♦✲
r✐t❤♠❡s ♣❛r❛♠étrés ✭✐✳❡✳ ❞❡s ❛❧❣♦r✐t❤♠❡s ❡①❛❝ts ❞♦♥t ❧❛ ❝♦♠♣❧❡①✐té✱ ❡①♣♦♥❡♥t✐❡❧❧❡✱
r❡st❡ ♥é❛♥♠♦✐♥s s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡ ♣♦✉r ❞❡ ♣❡t✐t❡s ✈❛❧❡✉rs ❞✬✉♥ ♣❛r❛♠ètr❡ ❝♦r✲
r❡❝t❡♠❡♥t ❝❤♦✐s✐✮✳

❈❤❛q✉❡ ❝❤❛♣✐tr❡ ❞✉ ♠❛♥✉s❝r✐t ❡st ❝♦♥s❛❝ré à ✉♥ ♣r♦❜❧è♠❡ s♣é❝✐✜q✉❡ ❞❡ ❣é♥♦♠✐q✉❡
❝♦♠♣❛r❛t✐✈❡✱ ❝❡s ❝❤❛♣✐tr❡s s♦♥t ♦r❣❛♥✐sés ❡♥ tr♦✐s ♣❛rt✐❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♠♦❞è❧❡s
✉t✐❧✐sés ♣♦✉r ❞é❝r✐r❡ ❧❡s ❣é♥♦♠❡s ❞✬❡♥tré❡✳ ▲❛ ♣❛rt✐❡ ■ s❡ ❢♦❝❛❧✐s❡ s✉r ❞❡s ❞✐st❛♥❝❡s ❞❡
ré❛rr❛♥❣❡♠❡♥t ✉t✐❧✐s❛♥t ❧❡ ♠♦❞è❧❡ ❧❡ ♣❧✉s ❢❛✈♦r❛❜❧❡✱ ♦ù ❝❤❛q✉❡ ❣è♥❡ ❡st ✉♥✐q✉❡ ❞❛♥s
❧❡ ❣é♥♦♠❡✳ ❉❛♥s ❧❛ ♣❛rt✐❡ ■■ ♥♦✉s ❡①♣❧♦r♦♥s ❞❡✉① ♣r♦❜❧è♠❡s ♦ù ❧❡s séq✉❡♥❝❡s ❞✬❡♥tré❡
♣❡✉✈❡♥t ❛✈♦✐r ❞❡s ❞✉♣❧✐❝❛t✐♦♥s✳ ❊♥✜♥✱ ❞❛♥s ❧❛ ♣❛rt✐❡ ■■■ ♥♦✉s ♦✉✈r♦♥s ♥♦tr❡ ét✉❞❡
à ❞❡s ♣r♦❜❧è♠❡s ♦ù ❧❡s ❞♦♥♥é❡s s♦♥t s♦✐t ✐♥❝♦♠♣❧èt❡s✱ s♦✐t ❡rr♦♥é❡s✳ ▲❛ ♠♦t✐✈❛t✐♦♥
❜✐♦❧♦❣✐q✉❡ ❡t ❧❡s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉① ❞❡ ❧❛ ❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡ s♦♥t ♣rés❡♥tés
❞❛♥s ❝❡tt❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❡t ✉♥ ét❛t ❞❡ ❧✬❛rt ❝❡♥tré s✉r ❝❤❛q✉❡ ♣r♦❜❧è♠❡ ❡st ♣rés❡♥té
❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ❝♦rr❡s♣♦♥❞❛♥t✳

❈♦♥♥❛✐ss❛♥❝❡s ✉t✐❧❡s ❡♥ ❜✐♦❧♦❣✐❡✳

❆❧♦rs q✉❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡ ♣♦rté❡ ♣❛r ❧✬❆❉◆ ❡st ❝♦♣✐é❡ ❞❡ ❝❡❧❧✉❧❡ ❡♥ ❝❡❧✲
❧✉❧❡ ❡t ❞✬❛♥❝êtr❡ ❡♥ ❞❡s❝❡♥❞❛♥t ♣❛r ❞❡s ♣r♦❝❡ss✉s ❜✐♦❝❤✐♠✐q✉❡s ré♣ét✐t✐❢s✱ ✉♥ ❣r❛♥❞
♥♦♠❜r❡ ❞✬❡rr❡✉rs ♣❡✉✈❡♥t s❡ ♣r♦❞✉✐r❡ ✿ ❝❡ s♦♥t ❧❡s ét❛♣❡s ❞❡ ❧✬é✈♦❧✉t✐♦♥✳ ❈❡s ét❛♣❡s
♣❡✉✈❡♥t êtr❡ ❛❜s♦❧✉♠❡♥t s❛♥s ❝♦♥séq✉❡♥❝❡✱ ♠❛✐s ♣❡✉✈❡♥t é❣❛❧❡♠❡♥t ♠❡♥❡r à ❧❛ ✏❞é✲
❝♦✉✈❡rt❡✑ ❞❡ ♥♦✉✈❡❧❧❡s ♣♦ss✐❜✐❧✐tés ❜✐♦❧♦❣✐q✉❡s✳ ✳ ✳ ♦✉ à ❧❛ ♠♦rt ❞❡ ❧❛ ❝❡❧❧✉❧❡✳ ❉❡ ♣❧✉s✱
❡❧❧❡s ♣❡✉✈❡♥t s❡ ♣r♦❞✉✐r❡ ❛✉ss✐ ❜✐❡♥ à ♣❡t✐t❡ é❝❤❡❧❧❡✱ ❛✛❡❝t❛♥t s❡✉❧❡♠❡♥t q✉❡❧q✉❡s
♥✉❝❧é♦t✐❞❡s ❞❛♥s ❧✬❆❉◆✱ ♦✉ à ♣❧✉s ❣r❛♥❞❡ é❝❤❡❧❧❡ ❡t ♣r♦✈♦q✉❛♥t ❧❛ ❝♦✉♣✉r❡✱ ❧❛ ré✐♥✲
s❡rt✐♦♥ ♦✉ ❧❛ ❞✉♣❧✐❝❛t✐♦♥ ❞❡ ❣r❛♥❞s s❡❣♠❡♥ts ❞✬❆❉◆✳

❯♥❡ ♥♦t✐♦♥ ❝❧é ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❣é♥ét✐q✉❡ ❡st ❝❡❧❧❡ ❞❡ ❜❧♦❝s ❞❡ s②♥✲
té♥✐❡✱ ❝✬❡st✲à✲❞✐r❡✱ ❞❡ ❜❛♥❞❡s ❞✬❆❉◆ ❛②❛♥t ❞❡s ❝♦♥t❡♥✉s s✐♠✐❧❛✐r❡s ❝❤❡③ ❞❡s ❡s♣è❝❡s
❞✐✛ér❡♥t❡s ✿ ♥♦✉s ❝♦♥s✐❞ér♦♥s q✉❡ ❞❡ t❡❧s ❜❧♦❝s ét❛✐❡♥t ♣rés❡♥ts ❝❤❡③ ❧✬❛♥❝êtr❡ ❝♦♠✲
♠✉♥ à ❝❡s ❡s♣è❝❡s✱ ❡t ♦♥t été ❝♦♥s❡r✈és t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❧✬é✈♦❧✉t✐♦♥✳ ❉❡✉① ❡s♣è❝❡s
❛②❛♥t ❞❡s ❜❧♦❝s ❞❡ s②♥té♥✐❡ ♣❡t✐ts ❡t ❞✐s♣❡rsés ♦♥t ♣r♦❜❛❜❧❡♠❡♥t é✈♦❧✉é ❡♥ t❛♥t q✉✬❡✲
s♣è❝❡s ❞✐✛ér❡♥t❡s ♣❡♥❞❛♥t ♣❧✉s ❧♦♥❣t❡♠♣s✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉✬❡❧❧❡s ♦♥t ✉♥ ❛♥❝êtr❡
❝♦♠♠✉♥ r❡❧❛t✐✈❡♠❡♥t ✈✐❡✉①✳ ❉❡ ♣❧✉s✱ s✐ ✉♥ ❜❧♦❝ ❞❡ s②♥té♥✐❡ ✐♥❤❛❜✐t✉❡❧❧❡♠❡♥t ❧♦♥❣
❡st ♣rés❡♥t ❝❤❡③ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❡s♣è❝❡s✱ ♦♥ ♣❡✉t s✉♣♣♦s❡r q✉❡ ❧❡s ❣è♥❡s q✉✬✐❧
❝♦♥t✐❡♥t ♦♥t✱ ❞✬✉♥❡ ❢❛ç♦♥ ♦✉ ❞✬✉♥❡ ❛✉tr❡✱ ❞❡s ❢♦♥❝t✐♦♥s ❧✐é❡s ✭❧❡s ♣r♦té✐♥❡s ❝♦❞é❡s ✐♥✲
t❡r❛❣✐ss❡♥t✱ ✉♥ ❣è♥❡ ❡♥ ré❣✉❧❡ ✉♥ ❛✉tr❡✱ ❡t❝✳✮✳ ▲❛ ♥♦t✐♦♥ ❝♦♠♣❧é♠❡♥t❛✐r❡ ❛✉ ❜❧♦❝ ❞❡
s②♥té♥✐❡ ❡st ❝❡❧❧❡ ❞❡ ♣♦✐♥t ❞❡ ❝❛ss✉r❡✳ ❋♦r♠❡❧❧❡♠❡♥t✱ ❡♥ ❝♦♠♣❛r❛♥t ❞❡✉① ❣é♥♦♠❡s✱ ✐❧
② ❛ ✉♥ ♣♦✐♥t ❞❡ ❝❛ss✉r❡ ❡♥tr❡ ❞❡✉① ❣è♥❡s ❝♦♥sé❝✉t✐❢s ❞✬✉♥ ❣é♥♦♠❡ s✐ ❧❡s ♠ê♠❡ ❣è♥❡s
s♦♥t sé♣❛rés ❞❛♥s ❧✬❛✉tr❡ ❣é♥♦♠❡✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉❡ ❞❡ t❡❧s ❣è♥❡s ♥✬❛♣♣❛rt✐❡♥♥❡♥t
♣❛s à ✉♥ ♠ê♠❡ ❜❧♦❝ ❞❡ s②♥té♥✐❡✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts ❞❡ ❝❛ss✉r❡ ❡st ❢❛❝✐❧❡♠❡♥t ❝❛❧✲
❝✉❧❛❜❧❡ ✕ à ❝♦♥❞✐t✐♦♥ q✉❡ ❝❤❛q✉❡ ❣è♥❡ s♦✐t ♣rés❡♥t ❡①❛❝t❡♠❡♥t ✉♥❡ ❢♦✐s ❞❛♥s ❝❤❛q✉❡
❣é♥♦♠❡ ❡t q✉❡ ❧❡s ❞♦♥♥é❡s s♦✐❡♥t s❛♥s ❡rr❡✉r ✕ ❡t ❡st ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥❡ ♣r❡♠✐èr❡
♠❡s✉r❡ ❞❡ ❞✐ss✐♠✐❧❛r✐té ❡♥tr❡ ❞❡✉① ❣é♥♦♠❡s ✭❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡✮✳



■◆❚❘❖❉❯❈❚■❖◆ ❋✳✼

❈♦♥♥❛✐ss❛♥❝❡s ✉t✐❧❡s ❡♥ ❝♦♠♣❧❡①✐té ❛❧❣♦r✐t❤♠✐q✉❡✳

◆♦✉s ❝♦♥s✐❞ér♦♥s q✉❡ ❧❡ ❧❡❝t❡✉r ❡st ❞é❥à ❢❛♠✐❧✐❛r✐sé ❛✈❡❝ ❧❡s ♥♦t✐♦♥s ❞❡ ❝♦♠♣❧❡①✐té
❛❧❣♦r✐t❤♠✐q✉❡ t❡❧❧❡s q✉❡ ❧❡s ❛❧❣♦r✐t❤♠❡s ♣♦❧②♥♦♠✐❛✉① ❡①❛❝ts ❡t ❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ ❧❛
◆P✲❞✐✣❝✉❧té ❡t ❧✬❆P❳✲❞✐✣❝✉❧té✳ ❊♥ q✉❡❧q✉❡s ♠♦ts✱ ♦♥ ❝♦♥s✐❞èr❡ q✉✬✉♥ ❛❧❣♦r✐t❤♠❡
❡st ❡✣❝❛❝❡ s✐✱ ♣♦✉r rés♦✉❞r❡ ✉♥ ♣r♦❜❧è♠❡ ❞♦♥t ❧❡s ❞♦♥♥é❡s ♦♥t ✉♥❡ t❛✐❧❧❡ n✱ ✐❧ ❛
❜❡s♦✐♥ ❞✬✉♥ t❡♠♣s ❜♦r♥é ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡ ❡♥ n✳ P ❡st ❧❛ ❝❧❛ss❡ ❞❡s
♣r♦❜❧è♠❡s ♣♦✉✈❛♥t êtr❡ rés♦❧✉s ❞❡ ❢❛ç♦♥ ❡①❛❝t❡ ♣❛r ✉♥ t❡❧ ❛❧❣♦r✐t❤♠❡ ❡✣❝❛❝❡✳ P❛r
♦♣♣♦s✐t✐♦♥✱ ✐❧ ❡st ❝♦♥❥❡❝t✉ré q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ ♠ét❤♦❞❡ ❞❡ rés♦❧✉t✐♦♥ ❡✣❝❛❝❡ ♣♦✉r
❧❡s ♣r♦❜❧è♠❡s ◆P✲❞✐✣❝✐❧❡s✳

❯♥❡ str❛té❣✐❡ ❤❛❜✐t✉❡❧❧❡ ♣♦✉r ❧❡s ♣r♦❜❧è♠❡s ❞✬♦♣t✐♠✐s❛t✐♦♥ ◆P✲❞✐✣❝✐❧❡s ❡st ❞❡
❝ré❡r ❞❡s ❛❧❣♦r✐t❤♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ ✐✳❡✳ ❞❡s ❛❧❣♦r✐t❤♠❡s ❞♦♥♥❛♥t ✉♥❡ s♦❧✉t✐♦♥
❢❛✐s❛❜❧❡ ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧✱ ♠❛✐s ❞♦♥t ❧❡ s❝♦r❡ ♣❡✉t êtr❡ à ✉♥ ❢❛❝t❡✉r r ❞✬é❝❛rt ❞✉
s❝♦r❡ ♦♣t✐♠❛❧ ✭r ❞❡✈❛♥t êtr❡ ❛✉ss✐ ♣r♦❝❤❡ ❞❡ ✶ q✉❡ ♣♦ss✐❜❧❡✮✳ ▲✬❆P❳✲❞✐✣❝✉❧té ❡st ❧❛
♣r❡✉✈❡ ❞✬✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ s✉r ❧❛ ✈❛❧❡✉r ❞❡ r ❀ s❛♥s ✉♥❡ t❡❧❧❡ ❜♦r♥❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡
❞✬❡♥✈✐s❛❣❡r ✉♥ s❝❤é♠❛ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧✱ ✐✳❡✳ ✉♥ ❛❧❣♦r✐t❤♠❡
❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣♦✉✈❛♥t ❛tt❡✐♥❞r❡ ♥✬✐♠♣♦rt❡ q✉❡❧ r❛t✐♦ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ 1+ ǫ ♣♦✉r
ǫ > 0✳

❯♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ♣♦ss✐❜❧❡ ❡st ❞❡ ❝ré❡r ❞❡s ❛❧❣♦r✐t❤♠❡s ♣❛r❛♠étrés ✭❋P❚✱ ♣♦✉r
✜①❡❞ ♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡✮✱ ❞♦♥t ❧✬♦❜❥❡❝t✐❢ ❡st ❞❡ rés♦✉❞r❡ ❞❡ ❢❛ç♦♥ ❡①❛❝t❡ ♠❛✐s ♥é❛♥✲
♠♦✐♥s ❡✣❝❛❝❡ ❝❡rt❛✐♥s ♣r♦❜❧è♠❡s ◆P✲❞✐✣❝✐❧❡s✳ ▲❛ ♣r❡♠✐èr❡ ét❛♣❡ ❝♦♥s✐st❡ à ✐❞❡♥t✐✜❡r
✉♥ ♣❛r❛♠ètr❡ ✭❣é♥ér❛❧❡♠❡♥t ♥♦té k✮ q✉✐ rés✉♠❡ ❧❡ ♥✐✈❡❛✉ ❞❡ ❝♦♠♣❧❡①✐té ❞✉ ♣r♦❜❧è♠❡
♣♦✉r ❝❤❛q✉❡ ✐♥st❛♥❝❡ s♣é❝✐✜q✉❡✳ ❊♥s✉✐t❡✱ ✉♥ ❛❧❣♦r✐t❤♠❡ ❋P❚ ❡st ✉♥ ❛❧❣♦r✐t❤♠❡ q✉✐
♥é❝❡ss✐t❡ ✉♥ t❡♠♣s ♠❛❥♦ré ♣❛r O(f(k)nd)✱ ♦ù d ❡st ✉♥ ❡♥t✐❡r ✜①é ❡t f ♣❡✉t êtr❡
♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❢♦♥❝t✐♦♥ ✭❡♥ ❣é♥ér❛❧ ✉♥❡ ❢♦♥❝t✐♦♥ ❡①♣♦♥❡♥t✐❡❧❧❡✮ ♥✬❛②❛♥t ♣❛s ❞❡
❞é♣❡♥❞❛♥❝❡ ❡♥ n✳ ❉❡ t❡❧s ❛❧❣♦r✐t❤♠❡s r❡q✉✐èr❡♥t ✉♥ t❡♠♣s ❡①♣♦♥❡♥t✐❡❧ ❞❛♥s ❧❡s ❝❛s
✏❛✉ ♣✐r❡✑ ♦ù k ♣❡✉t êtr❡ ❛r❜✐tr❛✐r❡♠❡♥t ❣r❛♥❞✱ ♠❛✐s ✐❧s s♦♥t ❡✣❝❛❝❡s ❧♦rsq✉❡ k ❡st
❜♦r♥é à ❞❡ ❢❛✐❜❧❡s ✈❛❧❡✉rs✱ ❝❡ q✉✐ ❞❡✈r❛✐t êtr❡ ❧❡ ❝❛s ♣♦✉r ❧❛ ♠❛❥♦r✐té ❞❡s ❞♦♥♥é❡s
ré❡❧❧❡s✳

P♦✉r ❞❡s ✐♥❢♦r♠❛t✐♦♥s ♣❧✉s ❞ét❛✐❧❧é❡s s✉r ❧❡s ❜❛s❡s t❤é♦r✐q✉❡s✱ ❧❡s t❡❝❤♥✐q✉❡s ❡t ❧❡s
rés✉❧t❛ts ❝❧❛ss✐q✉❡s✱ ♥♦✉s r❡♥✈♦②♦♥s ❧❡ ❧❡❝t❡✉r à ●❛r❡② ✫ ❏♦❤♥s♦♥ ❬✼✸❪ ♣♦✉r ❧❛ t❤é♦r✐❡
❞❡ ❧❛ ◆P✲❞✐✣❝✉❧té✱ à P❛♣❛❞✐♠✐tr✐♦✉ ✫ ❨❛♥♥❛❦❛❦✐s ❬✶✵✻❪ ♣♦✉r ❧✬❛♣♣r♦①✐♠❛❜✐❧✐té✱ ❡t
à ◆✐❡❞❡r♠❡✐❡r ❬✶✵✺❪ ♣♦✉r ❧❛ ❝♦♠♣❧❡①✐té ♣❛r❛♠étré❡✳

P❛rt✐❡ ■ ✕ ❉✐st❛♥❝❡s ❡♥tr❡ ♣❡r♠✉t❛t✐♦♥s

❉❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s q✉❡ ❧❡s ❣é♥♦♠❡s ♣❡✉✈❡♥t êtr❡ ♠♦❞é❧✐sés
♣❛r ❞❡s ♣❡r♠✉t❛t✐♦♥s✱ ❝✬❡st✲à✲❞✐r❡ q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ♣❛r❢❛✐t❡ ❡♥tr❡ ❧❡s
❣è♥❡s ❞❡ ❧✬✉♥ ❡t ❞❡ ❧✬❛✉tr❡ ❣é♥♦♠❡✱ ❡t s❡✉❧ ❧✬♦r❞r❡ ❞❡s ❣è♥❡s ❞✐✛èr❡✳ P❧✉s ♣ré❝✐sé✲
♠❡♥t✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡s ♣❡r♠✉t❛t✐♦♥s s✐❣♥é❡s ❡t ♥♦♥ s✐❣♥é❡s ✿ ❧❡s ♣❡r♠✉t❛t✐♦♥s
♥♦♥ s✐❣♥é❡s s♦♥t ❧❡s ♣❡r♠✉t❛t✐♦♥s ❤❛❜✐t✉❡❧❧❡s s✉r ❧✬✐♥t❡r✈❛❧❧❡ J1 ; nK✱ ❡t✱ ♣♦✉r ❧❡s ♣❡r✲
♠✉t❛t✐♦♥s s✐❣♥é❡s✱ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡ r❡♣rés❡♥t❛♥t ❧✬♦r✐❡♥t❛t✐♦♥ s✉r ❧❡
❝❤r♦♠♦s♦♠❡ ❡st ❛ss♦❝✐é❡ à ❝❤❛q✉❡ ❣è♥❡✱ ❡t ❡st ♠❛rq✉é❡ ❛✈❡❝ ✉♥ s②♠❜♦❧❡ + ♦✉ −✳ ❈❡
♠♦❞è❧❡ ♣❡✉t ♠❛♥q✉❡r ❞❡ ❣é♥ér❛❧✐té✱ ♠❛✐s ✐❧ ♣❡r♠❡t ❧❡ ❝❛❧❝✉❧ ❞❡ ♥♦♠❜r❡✉s❡s ♠❡s✉r❡s
❞❡ ❞✐st❛♥❝❡✱ à ❝♦♠♠❡♥❝❡r ♣❛r ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡✳ ❉✬❛✉tr❡s ❡①❡♠♣❧❡s ❤❛❜✐t✉❡❧s
s♦♥t ❧❡s ✐♥t❡r✈❛❧❧❡s ❝♦♠♠✉♥s ❡t ❝♦♥s❡r✈és ❬✶✶✾✱ ✽✹✱ ✶✽❪✱ ♦✉ ❧❡s ❞✐st❛♥❝❡s ❞❡ ❍❛♠♠✐♥❣
❡t ❞❡ ▲❡✈❡♥s❤t❡✐♥ ❬✽✵✱ ✾✾❪✳ ❉❛♥s ❧❡s ❛♥♥é❡s ✶✾✾✵✱ ❛✈❡❝ ♥♦t❛♠♠❡♥t ❬✾✺✱ ✶✸❪✱ ❢✉r❡♥t
♣r♦♣♦sé❡s ❧❡s ❞✐st❛♥❝❡s ❞❡ ré❛rr❛♥❣❡♠❡♥t ✿ ♦♥ ❝♦♥s✐❞èr❡ ✉♥❡ ♦♣ér❛t✐♦♥ ❞✬é✈♦❧✉t✐♦♥
♥❛t✉r❡❧❧❡ ❡t ♦♥ r❡❝❤❡r❝❤❡ ❧❛ ♣❧✉s ♣❡t✐t❡ séq✉❡♥❝❡ ❞❡ t❡❧❧❡s ♦♣ér❛t✐♦♥s ♣❡r♠❡tt❛♥t
❞❡ tr❛♥s❢♦r♠❡r ✉♥ ❣é♥♦♠❡ ❡♥ ❧✬❛✉tr❡✳ ▲❡ s❝é♥❛r✐♦ ♦❜t❡♥✉ ❢♦✉r♥✐t ❞❡s ✐♥❢♦r♠❛t✐♦♥s



❋✳✽ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

♣ré❝✐❡✉s❡s s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❞❡✉① ❡s♣è❝❡s ❞❡♣✉✐s ❧❡✉r ❛♥❝êtr❡ ❝♦♠♠✉♥✳
P❧✉s✐❡✉rs ♦♣ér❛t✐♦♥s ♣❡rt✐♥❡♥t❡s ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❜✐♦❧♦❣✐q✉❡ ♣❡✉✈❡♥t êtr❡ ❝♦♥✲

s✐❞éré❡s ♣♦✉r ❧❡s ❞✐st❛♥❝❡s ❞❡ ré❛rr❛♥❣❡♠❡♥t✳ ▲❡s ♣❧✉s ét✉❞✐é❡s s♦♥t ♣r♦❜❛❜❧❡♠❡♥t ❧❡s
✐♥✈❡rs✐♦♥s ✭✉♥❡ s♦✉s✲séq✉❡♥❝❡ ❞✉ ❝❤r♦♠♦s♦♠❡ ❡st ❝♦✉♣é❡ ❡t ré✐♥séré❡ ❛✉ ♠ê♠❡ ❡♥✲
❞r♦✐t ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ♦♣♣♦sé❡✮✱ ❡t ❧❡s tr❛♥s♣♦s✐t✐♦♥s ✭✉♥❡ s♦✉s✲séq✉❡♥❝❡ ❡st ❝♦✉♣é❡
❡t ré✐♥séré❡ à ✉♥ ❛✉tr❡ ❡♥❞r♦✐t✱ ❛✈❡❝ ❧❛ ♠ê♠❡ ❞✐r❡❝t✐♦♥✮✳ P❧✉s ré❝❡♠♠❡♥t✱ ❧❡s ♦♣ér❛✲
t✐♦♥s ❞❡ ❉❈❏ ✭♣♦✉r ❉♦✉❜❧❡✲❈✉t✲❛♥❞✲❏♦✐♥✮ ♦♥t été ✐♥tr♦❞✉✐t❡s ❬✶✷✷✱ ✶✼❪ ✿ ❧❡s ❝❤r♦✲
♠♦s♦♠❡s s♦♥t ❝♦✉♣és à ❞❡✉① ❡♥❞r♦✐ts✱ ❡t ❧❡s ✏❜♦✉ts✑ ❣é♥érés ♣❡✉✈❡♥t êtr❡ r❡❝♦❧❧és
❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ♠❛♥✐èr❡ ✭❝❡tt❡ ♦♣ér❛t✐♦♥ r❡q✉✐❡rt ✉♥ ♠♦❞è❧❡ ❞❡ ❣é♥♦♠❡ ♣❧✉s
❣é♥ér❛❧✱ ♦ù ❧❡s ♣❡r♠✉t❛t✐♦♥s ❝✐r❝✉❧❛✐r❡s s♦♥t ❝♦♥s✐❞éré❡s✮✳ ❊♥✜♥✱ ❞✬❛✉tr❡s ♦♣ér❛t✐♦♥s
♣♦ss✐❜❧❡s ✐♥❝❧✉❡♥t ❧❡s tr❛♥s✐♥✈❡rs✐♦♥s ✭tr❛♥s♣♦s✐t✐♦♥s ❛✈❡❝ ❡♥ ♣❧✉s ✉♥❡ ✐♥✈❡rs✐♦♥ ❞❡
❧❛ séq✉❡♥❝❡ ❝♦✉♣é❡✮✱ ❧❡s é❝❤❛♥❣❡s ❞❡ ❜❧♦❝s ✭❞❡✉① s♦✉s✲séq✉❡♥❝❡s é❝❤❛♥❣❡♥t ❧❡✉rs ♣♦✲
s✐t✐♦♥s✮✱ ❡t ❧❡s ✈❛r✐❛♥t❡s ♣ré✜①❡s ❞❡ ❝❤❛❝✉♥❡ ❞❡ ❝❡s ♦♣ér❛t✐♦♥s ✭❧❛ séq✉❡♥❝❡ ❝♦✉♣é❡
❞♦✐t ❝♦♥t❡♥✐r ✉♥❡ ❡①tré♠✐té ❞✉ ❝❤r♦♠♦s♦♠❡✮✳

P♦✉r ❧❛ ❞✐st❛♥❝❡ ❞✬✐♥✈❡rs✐♦♥s s✐❣♥é❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❛ ❞✐st❛♥❝❡ ❞❡ ré❛rr❛♥❣❡♠❡♥t ♦ù
❧❡s ♦♣ér❛t✐♦♥s ❝♦♥s✐❞éré❡s s♦♥t ❧❡s ✐♥✈❡rs✐♦♥s ❡t ♦ù ❧❡s ❣é♥♦♠❡s s♦♥t ♠♦❞é❧✐sés ♣❛r
❞❡s ♣❡r♠✉t❛t✐♦♥s s✐❣♥é❡s✱ ❇❛❢♥❛ ✫ P❡✈③♥❡r ❬✶✹❪ ♦♥t ♣r♦❞✉✐t ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦❧②♥♦✲
♠✐❛❧ q✉✐ ❛ ❞❡♣✉✐s été ❛♠é❧✐♦ré ❡♥ ✉♥ ❛❧❣♦r✐t❤♠❡ ❧✐♥é❛✐r❡ ❬✶✵❪✳ ▲❛ ❞✐st❛♥❝❡ ❞❡ ❉❈❏
s✐❣♥é❡ ❡t ❧❛ ❞✐st❛♥❝❡ ❞✬é❝❤❛♥❣❡ ❞❡ ❜❧♦❝s ❜é♥é✜❝✐❡♥t é❣❛❧❡♠❡♥t ❞✬❛❧❣♦r✐t❤♠❡s ❡①❛❝ts
❡✣❝❛❝❡s ❬✶✷✷✱ ✶✵✶❪✳ P❛r ❝♦♥tr❡✱ ❧❡ ❝❛❧❝✉❧ ❞❡s ❞✐st❛♥❝❡s ❞✬✐♥✈❡rs✐♦♥s ❡t ❞❡ ❉❈❏ ♥♦♥
s✐❣♥é❡s ❡st ◆P✲❞✐✣❝✐❧❡ ❬✹✷✱ ✹✸❪✳ ▲❛ ❝♦♠♣❧❡①✐té ❡st ❞♦♥❝ ♦✉✈❡rt❡ ♣♦✉r ❞❡✉① ♦♣ér❛t✐♦♥s
✐♠♣♦rt❛♥t❡s ✿ ❧❡s tr❛♥s♣♦s✐t✐♦♥s✱ ❞♦♥t ❧✬❛♣♣❛r❡♥t❡ s✐♠♣❧✐❝✐té ♣❡✉t êtr❡ tr♦♠♣❡✉s❡✱ ❡t
❧❡s ✐♥✈❡rs✐♦♥s ♣ré✜①❡s✱ ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❡ ♣r♦❜❧è♠❡ ❝♦♠❜✐♥❛t♦✐r❡ ❛✈❛✐t été ✐♥tr♦❞✉✐t
❞ès ✶✾✼✺ s♦✉s ❧❡ ♥♦♠ ❞❡ r❡t♦✉r♥❡♠❡♥t ❞❡ ❝rê♣❡s ❬✻✸❪✳ ◆♦✉s ❞ét❡r♠✐♥♦♥s ❞❛♥s ❧❡s
❈❤❛♣✐tr❡s ✶ ❡t ✷ ❧❛ ❝♦♠♣❧❡①✐té ❞❡ ❝❡s ❞❡✉① ♣r♦❜❧è♠❡s ✭❚r✐ ♣❛r tr❛♥s♣♦s✐t✐♦♥s
❡t ❚r✐ ♣❛r ✐♥✈❡rs✐♦♥s ♣ré❢✐①❡s✮ ❡♥ ♣r♦✉✈❛♥t q✉✬✐❧s s♦♥t ❝❤❛❝✉♥ ◆P✲❞✐✣❝✐❧❡s✳

P❛rt✐❡ ■■ ✕ ❉✐st❛♥❝❡s ❡♥tr❡ ❝❤❛î♥❡s

❉❛♥s ❧❛ s❡❝♦♥❞❡ ♣❛rt✐❡✱ ♥♦✉s ❧❡✈♦♥s ❧❛ ❝♦♥tr❛✐♥t❡ ❞✬✉♥✐❝✐té ❡t ❝♦♥s✐❞ér♦♥s ❞❡s
♠♦❞è❧❡s ♦ù ❧❡s ❣è♥❡s ♣❡✉✈❡♥t ❛✈♦✐r ♣❧✉s✐❡✉rs ❝♦♣✐❡s ❞❛♥s ❝❤❛q✉❡ ❣é♥♦♠❡ ✭✉♥ ❣é♥♦♠❡
♥✬❡st ♣❧✉s r❡♣rés❡♥té ♣❛r ✉♥❡ ♣❡r♠✉t❛t✐♦♥✱ ♠❛✐s ♣❛r ✉♥❡ séq✉❡♥❝❡ ❛r❜✐tr❛✐r❡✱ ♦✉
❝❤❛î♥❡✮✳ ❊♥ ❡✛❡t✱ ❞❡s é✈é♥❡♠❡♥ts ❞❡ ❞✉♣❧✐❝❛t✐♦♥ ♣❡✉✈❡♥t s❡ ♣r♦❞✉✐r❡ ❡t ❡♥❣❡♥❞r❡r
❞❡s ❣è♥❡s ✐♥❞✐st✐♥❣✉❛❜❧❡s✳ ❙✐ ✉♥ ❣è♥❡ ❛ ♣❧✉s✐❡✉rs ❝♦♣✐❡s ❝❤❡③ ❞❡✉① ❡s♣è❝❡s✱ ❞❡✉①
s❝é♥❛r✐♦s ♣r✐♥❝✐♣❛✉① s♦♥t ♣♦ss✐❜❧❡s✳ ❉❛♥s ❧❡ ♣r❡♠✐❡r✱ ❧❡s ❞✉♣❧✐❝❛t✐♦♥s ♦♥t ❡✉ ❧✐❡✉
❛✈❛♥t ❧❛ s♣é❝✐❛t✐♦♥✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧✬❛♥❝êtr❡ ❝♦♠♠✉♥ ♣♦ssé❞❛✐t ❞é❥à t♦✉t❡s ❧❡s ❝♦♣✐❡s
❞✉ ❣è♥❡✳ ❉❛♥s ❝❡ ❝❛s✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ r❡tr♦✉✈❡r ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❞❡s ❞✐✛ér❡♥t❡s
❝♦♣✐❡s ❞❛♥s ❧❡s ❞❡✉① ❡s♣è❝❡s✳ P❛r ❡①❡♠♣❧❡✱ s✐ ❧❡s ❞❡✉① ❣é♥♦♠❡s ❝♦♥s✐❞érés s♦♥t
G1 = axbcxd ❡t G2 = cxdaxb✱ ✐❧ ❡st ♣r♦❜❛❜❧❡ q✉❡ ❧✬❛♥❝êtr❡ ❝♦♠♠✉♥ ❝♦♥t❡♥❛✐t à ❧❛
❢♦✐s ❧❡s s♦✉s✲séq✉❡♥❝❡s axb ❡t cxd✱ ❛✐♥s✐ ❧❛ ♣r❡♠✐èr❡ ❝♦♣✐❡ ❞❡ x ❞❛♥s G1 ❞❡✈r❛✐t êtr❡
♠✐s❡ ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❛✈❡❝ ❧❛ s❡❝♦♥❞❡ ❞❛♥s G2✱ ❡t ❧❛ s❡❝♦♥❞❡ ❝♦♣✐❡ ❞❛♥s G1 ❛✈❡❝ ❧❛
♣r❡♠✐èr❡ ❞❛♥s G2✳ ❈❡ s❝é♥❛r✐♦ ❡st ❛♣♣❡❧é ❧❡ ♠♦❞è❧❡ ❝♦♠♣❧❡t ❬✷✺❪✳ ▲❡ s❝é♥❛r✐♦ ♦♣♣♦sé✱
❧❡ ♠♦❞è❧❡ ❡①❡♠♣❧❛✐r❡ ❬✶✶✸❪✱ ❝♦rr❡s♣♦♥❞ ❛✉ ❝❛s ♦ù t♦✉t❡s ❧❡s ❞✉♣❧✐❝❛t✐♦♥s ♦♥t ❡✉ ❧✐❡✉
❛♣rès ❧❛ s♣é❝✐❛t✐♦♥✱ ❛✈❡❝ ❧❛ ❝♦♥séq✉❡♥❝❡ q✉❡ ❧✬❛♥❝êtr❡ ❝♦♠♠✉♥ ♥✬❛ ❝♦♥t❡♥✉ q✉✬✉♥ s❡✉❧
❡①❡♠♣❧❛✐r❡ ❞❡ ❝❤❛q✉❡ ❣è♥❡✳ ❉❛♥s ❝❡ ❝❛s✱ ♦♥ ❝❤❡r❝❤❡ à ✐❞❡♥t✐✜❡r ♣❛r♠✐ ❧❡s ♠✉❧t✐♣❧❡s
❝♦♣✐❡s ❞✬✉♥ ❣è♥❡ ❞❛♥s ✉♥ ❣é♥♦♠❡ ❞♦♥♥é✱ ❧❛q✉❡❧❧❡ ♣r♦✈✐❡♥t ❞✐r❡❝t❡♠❡♥t ❞❡ ❧✬❛♥❝êtr❡
❝♦♠♠✉♥ ❡t ❧❡sq✉❡❧❧❡s ♦♥t été ♦❜t❡♥✉❡s✱ ♣❛r ❧❛ s✉✐t❡✱ ♣❛r ❞✉♣❧✐❝❛t✐♦♥s✳ ➱✈✐❞❡♠♠❡♥t✱
t♦✉s ❧❡s s❝é♥❛r✐♦s ✐♥t❡r♠é❞✐❛✐r❡s s♦♥t ♣♦ss✐❜❧❡s ❡♥tr❡ ❝❡s ❞❡✉① s❝é♥❛r✐♦s ❡①trê♠❡s✱ ♦ù
❝❡rt❛✐♥s ❣è♥❡s ❛♣♣❛r❛✐ss❛✐❡♥t ❡♥ ♣❧✉s✐❡✉rs ❝♦♣✐❡s ❝❤❡③ ❧✬❛♥❝êtr❡ ❝♦♠♠✉♥ ❡t ❞✬❛✉tr❡s
♥♦♥✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❝♦rr❡s♣♦♥❞ ❛✉ ♠♦❞è❧❡ ✐♥t❡r♠é❞✐❛✐r❡ ❬✽❪✳



■◆❚❘❖❉❯❈❚■❖◆ ❋✳✾

P♦✉r ❝❤❛❝✉♥ ❞❡ ❝❡s ♠♦❞è❧❡s✱ ❧❡s ♣r♦❜❧è♠❡s ré❝✉rr❡♥ts ❝♦♥s✐st❡♥t à ❞ét❡r♠✐♥❡r ✉♥❡
♠✐s❡ ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❞❡s ❝♦♣✐❡s ♦♣t✐♠✐s❛♥t ✉♥❡ ❞✐st❛♥❝❡ ❞♦♥♥é❡✳ ▼❛❧❤❡✉r❡✉s❡✲
♠❡♥t✱ q✉❡❧q✉❡ s♦✐t ❧❡ ♠♦❞è❧❡✱ ❧❡s rés✉❧t❛ts ❞❡ ❞✐✣❝✉❧té ❛❧❣♦r✐t❤♠✐q✉❡ s♦♥t ♦♠✲
♥✐♣rés❡♥ts ❡t très ♣❡✉ ❞✬❛♣♣r♦①✐♠❛t✐♦♥s à r❛t✐♦ ❝♦♥st❛♥t ❡①✐st❡♥t ✭✈♦✐r ♣❛r ❡①❡♠✲
♣❧❡ ❬✷✹✱ ✼❪✮✳ ◆♦✉s ♣rés❡♥t♦♥s✱ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✸✱ ♣❧✉s✐❡✉rs rés✉❧t❛ts ❞✬✐♥❛♣♣r♦①✐♠❛✲
❜✐❧✐té ♣♦✉r ❞❡s ♣r♦❜❧è♠❡s s♦✉s ❧❡ ♠♦❞è❧❡ ❡①❡♠♣❧❛✐r❡✱ ❛✜♥ ❞❡ ❝♦♥str✉✐r❡ ✉♥ ♣❛♥♦r❛♠❛
❡①❤❛✉st✐❢ ❞❡s rés✉❧t❛ts ❞❡ ❞✐✣❝✉❧té ♣♦✉r ❝❡ ♠♦❞è❧❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ♣r♦✉✈♦♥s
q✉❡ ♠ê♠❡ ❧♦rsq✉❡ ❧✬❡♥tré❡ ❡st ❝♦♥tr❛✐♥t❡ à ✶✮ ✉♥ ♣r❡♠✐❡r ❣é♥♦♠❡ s❛♥s ❞✉♣❧✐❝❛t✐♦♥s
❡t ✷✮ ✉♥ s❡❝♦♥❞ ❣é♥♦♠❡ ♦ù ❧❡s ❣è♥❡s ♦♥t ❛✉ ♣❧✉s ❞❡✉① ♦❝❝✉rr❡♥❝❡s✱ ✐❧ ❡st ◆P✲❞✐✣❝✐❧❡
❞✬❛♣♣r♦❝❤❡r ❧❡s ❞✐st❛♥❝❡s ❞❡ ❍❛♠♠✐♥❣✱ ❞❡ ▲❡✈❡♥s❤t❡✐♥✱ ❞✬✐♥✈❡rs✐♦♥s ❡t ❞❡ ❉❈❏ ❡♥✲
❞❡ss♦✉s ❞❡ r❛t✐♦s ❞♦♥♥és✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✹✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ♣r♦❜❧è♠❡ P❧✉s ♣❡t✐t❡ ♣❛rt✐t✐♦♥ ❝♦♠✲
♠✉♥❡ ✭▼❈❙P✱ ♣♦✉r▼✐♥✐♠✉♠ ❈♦♠♠♦♥ ❙tr✐♥❣ P❛rt✐t✐♦♥✮✳ ❱✉ ❝♦♠♠❡ ✉♥ ♣r♦❜✲
❧è♠❡ s✉r ❧❡s ❝❤❛î♥❡s ❞❡ ❝❛r❛❝tèr❡s✱ ❧✬♦❜❥❡❝t✐❢ ❡st ❞❡ ❞é❝♦✉♣❡r ❞❡✉① ❝❤❛î♥❡s ❡♥ ✉♥ ❡♥✲
s❡♠❜❧❡ ♠✐♥✐♠❛❧ ❞❡ ❢❛❝t❡✉rs ❝♦♠♠✉♥s✳ ■❧ r❡✈✐❡♥t à ❝❛❧❝✉❧❡r ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ s♦✉s
❧❡ ♠♦❞è❧❡ ❝♦♠♣❧❡t✱ ❛✈❡❝ ❧❛ ❝♦♥tr❛✐♥t❡ q✉❡ ❝❤❛q✉❡ ❣è♥❡ ❞♦✐t ❛✈♦✐r ❧❡ ♠ê♠❡ ♥♦♠❜r❡
❞❡ ❝♦♣✐❡s ❞❛♥s ❧❡s ❞❡✉① ❣é♥♦♠❡s✳ ▼❛❧❣ré s♦♥ ❛♣♣❛r❡♥t❡ s✐♠♣❧✐❝✐té ✭✐❧ s✬❛❣✐t ✏s❡✉❧❡✲
♠❡♥t✑ ❞❡ r❡tr♦✉✈❡r ❞❡ ❧♦♥❣s ❢❛❝t❡✉rs ❝♦♠♠✉♥s ❡♥tr❡ ❞❡✉① séq✉❡♥❝❡s✮✱ ❝❡ ♣r♦❜❧è♠❡
❡st ❆P❳✲❞✐✣❝✐❧❡ ❡t ❛✉❝✉♥ ❛❧❣♦r✐t❤♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ à r❛t✐♦ ❝♦♥st❛♥t ♥✬❡st ❝♦♥♥✉✳
◆♦✉s ❝♦♥s✐❞ér♦♥s ❝❡ ♣r♦❜❧è♠❡ à ❧❛ ❧✉♠✐èr❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❧❛ ❝♦♠♣❧❡①✐té ♣❛r❛♠étré❡✱
♦ù ❧❡ ♣❛r❛♠ètr❡ ❡st ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ❡♥tr❡ ❧❡s ❞❡✉① ❝❤❛î♥❡s ❛♣rès ❧❛ ♠✐s❡ ❡♥ ❝♦r✲
r❡s♣♦♥❞❛♥❝❡✳ P❛r r❛♣♣♦rt ❛✉① ❛❧❣♦r✐t❤♠❡s ❋P❚ ♣ré❝é❞❡♥ts ❬✻✶✱ ✽✾❪✱ q✉✐ ♥é❝❡ss✐t❛✐❡♥t
à ❧❛ ❢♦✐s ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ❞✉♣❧✐❝❛t✐♦♥s ❝♦♠♠❡ ♣❛r❛♠ètr❡s✱ ♥♦✉s
♣r♦✉✈♦♥s q✉❡ ❧❛ ❝♦♠♣❧❡①✐té ❛❧❣♦r✐t❤♠✐q✉❡ ♣❡✉t êtr❡ ❝♦♥✜♥é❡ ❛✉ ♥♦♠❜r❡ ❞❡ ❢❛❝t❡✉rs
❞❛♥s ❧❡ ❞é❝♦✉♣❛❣❡✱ ♠ê♠❡ ♣♦✉r ❞❡s ❝❤❛î♥❡s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ré♣ét✐t✐✈❡s✳

P❛rt✐❡ ■■■ ✕ ❚r❛✐t❡r ❞❡s ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ✐♠♣ré❝✐s❡s

❉❛♥s ❧❛ tr♦✐s✐è♠❡ ♣❛rt✐❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❞❡s ♠♦❞è❧❡s t❡♥❛♥t ❝♦♠♣t❡ ❞✬✉♥❡ ✐♥✲
❢♦r♠❛t✐♦♥ ✐♠♣❛r❢❛✐t❡ s✉r ❧❡s séq✉❡♥❝❡s✳ ❊♥ ❡✛❡t✱ ❝❤❛q✉❡ ét❛♣❡ ❞❡ ❝♦♥str✉❝t✐♦♥ ❞❡s
séq✉❡♥❝❡s ❞✬❡♥tré❡✱ t❡❧❧❡ q✉❡ ❧❡ séq✉❡♥❝❡♠❡♥t ❆❉◆✱ ❧✬❛♥♥♦t❛t✐♦♥ ♦✉ ❧❛ r❡❝♦♥str✉❝✲
t✐♦♥✱ ♣❡✉t ♣r♦❞✉✐r❡ ❞❡s ✐♥❝❡rt✐t✉❞❡s ♦✉ ♠ê♠❡ ❣é♥ér❡r ❞❡s ❡rr❡✉rs ❞❛♥s ❧❡s séq✉❡♥❝❡s✳
❉❡ ❢❛ç♦♥ ❣é♥ér❛❧❡✱ t♦✉t❡ ✐♥❢♦r♠❛t✐♦♥ ❣é♥♦♠✐q✉❡ ❞❡✈r❛✐t ❛✐♥s✐ êtr❡ ❝♦♥s✐❞éré❡ ❛✈❡❝
❧❛ ♣♦ss✐❜✐❧✐té ❞✬❡rr❡✉rs ❡t ❞✬✐♥❝♦♠♣❧ét✉❞❡✳ ❈❡♣❡♥❞❛♥t✱ ❜✐❡♥ q✉❡ ❧✬♦♥ s♦✉❤❛✐t❡r❛✐t
êtr❡ ❝❛♣❛❜❧❡ ❞❡ tr❛✐t❡r ❞❡ t❡❧❧❡s ❞♦♥♥é❡s ❡♥ rés♦❧✈❛♥t ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ q✉❡st✐♦♥ ❞❡
❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡✱ très ♣❡✉ ❞❡ ♣r♦❜❧è♠❡s ❛✉t♦r✐s❡♥t ❞❡s ♠♦❞è❧❡s s✉✣s❛♠♠❡♥t
❣é♥ér❛✉①✳ ❍❡✉r❡✉s❡♠❡♥t✱ ✐❧ ❡st ♣❛r❢♦✐s ♣♦ss✐❜❧❡ ❞✬✐♥❝❧✉r❡ ❞❡s ♣❤❛s❡s ❞❡ ✏♥❡tt♦②❛❣❡✑
❡♥ t❛♥t q✉❡ ♣rétr❛✐t❡♠❡♥t✱ ♣❛r ❡①❡♠♣❧❡ ❡♥ s✉♣♣r✐♠❛♥t ❞❡s ♠❛rq✉❡✉rs ♣r♦❜❛❜❧❡♠❡♥t
❡rr♦♥és✱ ❛✈❛♥t ❞✬❡①é❝✉t❡r ❞✬❛✉tr❡s ❛❧❣♦r✐t❤♠❡s r❡q✉ér❛♥t ❞❡s ❞♦♥♥é❡s ❝♦rr❡❝t❡s ❡t
❝♦♠♣❧èt❡s✳

❘❡t✐r❡r ❞❡s ❡rr❡✉rs ♣r♦❜❛❜❧❡s ❝♦rr❡s♣♦♥❞ ❡①❛❝t❡♠❡♥t à ❧✬♦❜❥❡❝t✐❢ ❞✉ ♣r♦❜❧è♠❡
❞✬❊①tr❛❝t✐♦♥ ❞❡ ❜❛♥❞❡s ♠❛①✐♠❛❧❡s ✭▼❙❘✱ ♣♦✉r ▼❛①✐♠❛❧ ❙tr✐♣ ❘❡❝♦✈✲
❡r②✮✳ ▲à✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡s ❣é♥♦♠❡s ❞❡ ❞❡✉① ❡s♣è❝❡s ❛✉ss✐ s❡♠❜❧❛❜❧❡s q✉❡ ♣♦ss✐✲
❜❧❡s✳ ❆✐♥s✐✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ s✉♣♣♦s❡r q✉❡ ❧❛ q✉❛s✐✲t♦t❛❧✐té ❞❡s ❣è♥❡s ❛♣♣❛rt✐❡♥♥❡♥t
à ❞❡s ❜❧♦❝s ❞❡ s②♥té♥✐❡ ♣❧✉s ❣r❛♥❞s ❡t ❞♦♥❝✱ ✐❧ ❞❡✈r❛✐t êtr❡ ♣♦ss✐❜❧❡✱ ❞❛♥s ✉♥ ❣é♥♦♠❡
✏♥❡tt♦②é✑✱ ❞✬✐❞❡♥t✐✜❡r ❞❡s ❜❧♦❝s ❞❡ s②♥té♥✐❡ ❝♦✉✈r❛♥t t♦✉t ❧❡ ❣é♥♦♠❡ ✭♦ù ❝❤❛q✉❡
❜❧♦❝ ❝♦♥t✐❡♥t ❛✉ ♠♦✐♥s ❞❡✉① ❣è♥❡s✮✳ ▲✬♦❜❥❡❝t✐❢ ❞✉ ♣r♦❜❧è♠❡ ▼❙❘ ❡st ❞❡ ♠❛rq✉❡r
✉♥ ♥♦♠❜r❡ ♠✐♥✐♠✉♠ ❞❡ ❣è♥❡s ❝♦♠♠❡ ét❛♥t ❞❡s ❡rr❡✉rs ❥✉sq✉✬à ❝❡ q✉❡ ❧❡s ❣é♥♦♠❡s
r❡st❛♥ts ❛✐❡♥t ❝❡tt❡ ♣r♦♣r✐été ❞✬êtr❡ ✏♥❡tt♦②és✑✳ ■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ✈❛r✐❛♥t❡s ❞❡ ❝❡
♣r♦❜❧è♠❡ ✿ ♦♥ ♣❡✉t t♦✉t ❞✬❛❜♦r❞ ❝♦♥s✐❞ér❡r ♣❧✉s ❞❡ ❞❡✉① ❣é♥♦♠❡s ❡♥ ❡♥tré❡ ❛✜♥
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❞❡ ❝r♦✐s❡r ♣❧✉s ❞✬✐♥❢♦r♠❛t✐♦♥s ✭▼❙❘✲d✱ ❛✈❡❝ d ≥ 3✮ ❀ ♦♥ ♣❡✉t é❣❛❧❡♠❡♥t ❛✉t♦r✐s❡r
❧❡s ❣é♥♦♠❡s ❛✈❡❝ ❞❡s ❞✉♣❧✐❝❛t✐♦♥s ✭▼❙❘✲❉❯✮✳ ◆♦✉s ♣r♦♣♦s♦♥s ❛✉ss✐ ❧❛ ✈❛r✐❛♥t❡ ❞❡
❣❛♣ δ ✭δ✲❣❛♣✲▼❙❘✱ ❛✈❡❝ δ ≥ 3✮ ✿ ❞❡✉① é❧é♠❡♥ts ❝♦♥sé❝✉t✐❢s ❞✬✉♥ ❜❧♦❝ s②♥té♥✐q✉❡ ❞❡
s♦rt✐❡ ♥❡ ❞❡✈r❛✐❡♥t ♣❛s êtr❡ sé♣❛rés ✭❞❛♥s ❧❡s ❣é♥♦♠❡s ❞✬❡♥tré❡✮ ♣❛r ♣❧✉s ❞❡ δ ❣è♥❡s
♠❛rq✉és ❝♦♠♠❡ ét❛♥t ❞❡s ❡rr❡✉rs✳ ❊♥✜♥✱ ❞❛♥s ❧❡ ❜✉t ❞❡ ❝ré❡r ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s
♦✉ ❞❡s ❛❧❣♦r✐t❤♠❡s ♣❛r❛♠étrés✱ ❧❡ ♣r♦❜❧è♠❡ ♣❡✉t êtr❡ ✈✉ ❝♦♠♠❡ ❝❡❧✉✐ ❝♦♥s✐st❛♥t à
❣❛r❞❡r ✉♥ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ℓ ❞❡ ❣è♥❡s ✭▼❙❘✮✱ ♦✉ ❜✐❡♥ ❝♦♠♠❡ ❝❡❧✉✐ ❝♦♥s✐st❛♥t à
r❡t✐r❡r ✉♥ ♥♦♠❜r❡ ♠✐♥✐♠✉♠ k ❞❡ ❣è♥❡s ✭❈▼❙❘✮✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✺✱ ♥♦✉s ét✉❞✐♦♥s
❡♥ ♣r♦❢♦♥❞❡✉r ❧❡s ✈❛r✐❛♥t❡s ❞❡ ▼❙❘ ❡t ❞❡ ❈▼❙❘✱ ❡♥ ♣r♦♣♦s❛♥t ❞❡s rés✉❧t❛ts ❞❡ ◆P
❡t ❞✬❆P❳✲❞✐✣❝✉❧té✱ ❞❡s ❛❧❣♦r✐t❤♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡t ❞❡s ❛❧❣♦r✐t❤♠❡s ♣❛r❛♠étrés✳
▲❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts ❞❡ ❝❡ ❝❤❛♣✐tr❡ s♦♥t ❧❛ ◆P✲❞✐✣❝✉❧té ❞❡ ✶✲❣❛♣✲▼❙❘ ❡t✱ ♣♦✉r
❈▼❙❘✲d ❡t δ✲❣❛♣✲❈▼❙❘✲d✱ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ (d + 1.5)✲❛♣♣r♦①✐♠❛t✐♦♥ ❡t ✉♥ ❛❧❣♦✲
r✐t❤♠❡s ❋P❚ ❞❡ ❝♦♠♣❧❡①✐té O∗(2.36k)✳

❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✻✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▲✐♥é❛r✐s❛t✐♦♥ ❛✈❡❝ ❞✐s✲
t❛♥❝❡ ❞❡ ❝❛ss✉r❡ ♠✐♥✐♠❛❧❡ ✭▼❇▲✱ ♣♦✉r ▼✐♥✐♠✉♠ ❇r❡❛❦♣♦✐♥t ▲✐♥❡❛r✐③❛✲
t✐♦♥✮ q✉✐ ❛ ♣♦✉r ❜✉t ❞❡ ❞ét❡r♠✐♥❡r ✉♥❡ séq✉❡♥❝❡ ❞❡ ❣è♥❡s ❞❛♥s ✉♥ ❝❤r♦♠♦s♦♠❡
❞♦♥t ❧✬♦r❞r❡ ❞❡s ❣è♥❡s ♥✬❡st q✉❡ ♣❛rt✐❡❧❧❡♠❡♥t ❝♦♥♥✉✱ ❡♥ ✉t✐❧✐s❛♥t ❡♥ ré❢ér❡♥❝❡ ❧❡
❣é♥♦♠❡ ❞✬✉♥❡ ❡s♣è❝❡ ♣r♦❝❤❡✳ ❋♦r♠❡❧❧❡♠❡♥t✱ ét❛♥t ❞♦♥♥és ✉♥ ♦r❞r❡ ♣❛rt✐❡❧ ❡t ✉♥ ♦r✲
❞r❡ t♦t❛❧ s✉r ❧❡ ♠ê♠❡ ❡♥s❡♠❜❧❡ ❞✬é❧é♠❡♥ts ✭✐✳❡✳✱ ❞❡ ❣è♥❡s✮✱ ✐❧ s✬❛❣✐t ❞❡ tr♦✉✈❡r ✉♥❡
❧✐♥é❛r✐s❛t✐♦♥ ❞❡ ❧✬♦r❞r❡ ♣❛rt✐❡❧ ♠✐♥✐♠✐s❛♥t ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ❛✈❡❝ ❧✬♦r❞r❡ t♦t❛❧✱
♦ù ✉♥❡ ❧✐♥é❛r✐s❛t✐♦♥ ❡st ✉♥ ♦r❞r❡ t♦t❛❧ ✭♦✉ ♣❡r♠✉t❛t✐♦♥✮ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧✬♦r❞r❡ ♣❛r✲
t✐❡❧✳ ❉❛♥s ♥♦tr❡ ❛♣♣r♦❝❤❡✱ ♥♦✉s ♣r♦♣♦s♦♥s ❧❛ ❝ré❛t✐♦♥ ❞✬✉♥❡ str✉❝t✉r❡ ❞❡ ❣r❛♣❤❡ ✭❧❡
❣r❛♣❤❡ ♦r❞r❡✲❛❞❥❛❝❡♥❝❡s✮ q✉✐ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ▼❇▲ à ✉♥ ♣r♦❜❧è♠❡ ♣❧✉s ❣é♥ér❛❧ ❞❡
❝♦✉✈❡rt✉r❡ ❞❡ ❝②❝❧❡s ❞é❥à ét✉❞✐é ❡♥ t❤é♦r✐❡ ❞❡s ❣r❛♣❤❡s ✭❙✉❜s❡t ❋❡❡❞❜❛❝❦ ❱❡r✲
t❡① ❙❡t✮✳ ▲❡s rés✉❧t❛ts ❝♦♥♥✉s ❞❡ ❧❛ ❧✐ttér❛t✉r❡ ♣♦✉r ❝❡ ❞❡r♥✐❡r ♥♦✉s ♣❡r♠❡tt❡♥t
❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❞✬♦❜t❡♥✐r ❞❡✉① ❛❧❣♦r✐t❤♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡t ✉♥ ❛❧❣♦r✐t❤♠❡
♣❛r❛♠étré ♣♦✉r ▼❇▲ ✭❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❛②❛♥t ❞❡s r❛t✐♦s ♥♦♥ ❝♦♥st❛♥ts ❡t ✐♥❝♦♠✲
♣❛r❛❜❧❡s✮✳ ❊♥✜♥✱ ❡♥ ❝♦♥♥❛✐ss❛♥t ❧❡s ♠ét❤♦❞❡s ❞❡ ❝♦♥str✉❝t✐♦♥ ❞❡s ♦r❞r❡s ♣❛rt✐❡❧s
❞♦♥♥és ❡♥ ❡♥tré❡✱ ♥♦✉s ❝ré♦♥s ✉♥ tr♦✐s✐è♠❡ ❛❧❣♦r✐t❤♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ s♣é❝✐✜q✉❡ à
♥♦tr❡ ♣r♦❜❧è♠❡✳

❉é✜♥✐t✐♦♥s ♣ré❧✐♠✐♥❛✐r❡s

◆♦✉s ♣rés❡♥t♦♥s ✐❝✐ q✉❡❧q✉❡s ❞é✜♥✐t✐♦♥s ❣é♥ér❛❧❡s r❡❧❛t✐✈❡s ❛✉① séq✉❡♥❝❡s✳ ❊❧❧❡s
s❡r♦♥t ✉t✐❧✐sé❡s t♦✉t ❛✉ ❧♦♥❣ ❞✉ ♠❛♥✉s❝r✐t✳

P♦✉r ❧❛ ♠❛❥❡✉r❡ ♣❛rt✐❡ ❞❡s ♣r♦❜❧è♠❡s✱ ✉♥ ❣é♥♦♠❡ ❞✬❡♥tré❡ ❡st r❡♣rés❡♥té ♣❛r ✉♥❡
séq✉❡♥❝❡ ❞✬❡♥t✐❡rs✱ ♦✉ ❞❡ ♠❛rq✉❡✉rs✱ ♥♦té❡ S =

〈

s1, s2, . . . , sn
〉

✳ ▲❡ iè♠❡ ♠❛rq✉❡✉r
❞❡ S ❡st ♥♦té S[i] ✭✐❝✐✱ S[i] = si✮✳ ➱t❛♥t ❞♦♥♥és ❞❡✉① ❡♥t✐❡rs a ❡t b✱ ❧✬✐♥t❡r✈❛❧❧❡ Ja ; bK
❡st ❧✬❡♥s❡♠❜❧❡ {a, a+1, . . . , b} s✐ a ≤ b ❡t ❧✬❡♥s❡♠❜❧❡ ✈✐❞❡ s✐ b < a✳ ❯♥❡ ♣❡r♠✉t❛t✐♦♥
❞❡ t❛✐❧❧❡ n ❡st ✉♥❡ séq✉❡♥❝❡ ❞❡ n é❧é♠❡♥ts ❞✐st✐♥❝ts s✉r J1 ; nK✱ ❡t ❧✬■❞❡♥t✐té ❞❡ t❛✐❧❧❡
n✱ ♥♦té❡ In✱ ❡st ❧❛ ♣❡r♠✉t❛t✐♦♥

〈

1, 2, . . . , n
〉

✳ P❛r ♦♣♣♦s✐t✐♦♥ ❛✉① ♣❡r♠✉t❛t✐♦♥s✱ ✉♥❡
❝❤❛î♥❡ ❡st ✉♥❡ séq✉❡♥❝❡ q✉✐ ♣❡✉t ❝♦♥t❡♥✐r ❞❡s é❧é♠❡♥ts ❞✉♣❧✐q✉és✳

❯♥❡ s♦✉s✲séq✉❡♥❝❡ S ′ ❞❡ S ❡st ✉♥❡ séq✉❡♥❝❡
〈

S[i1], . . . , S[ih]
〉

❞❡ ♠❛rq✉❡✉rs ❞❡ S
♣r♦✈❡♥❛♥t ❞❡s ♣♦s✐t✐♦♥s i1 < i2 < . . . < ih✳ ❯♥ ❢❛❝t❡✉r ❞❡ S ❡st ✉♥❡ s♦✉s✲séq✉❡♥❝❡
❞✬é❧é♠❡♥ts ❝♦♥sé❝✉t✐❢s ✭ik+1 = ik + 1 ♣♦✉r 1 ≤ k < h✮✳ ❯♥ ❢❛❝t❡✉r ❞❡ ❧♦♥❣✉❡✉r
✷ ❡st ❛♣♣❡❧é ❛❞❥❛❝❡♥❝❡✳ ❉❛♥s ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞❡✉① séq✉❡♥❝❡s ❣é♥♦♠✐q✉❡s✱ ✉♥❡
❛❞❥❛❝❡♥❝❡ ❞✬✉♥❡ séq✉❡♥❝❡ q✉✐ ♥✬❡st ♣❛s ✉♥❡ ❛❞❥❛❝❡♥❝❡ ❞❡ ❧✬❛✉tr❡ ❡st ❛♣♣❡❧é❡ ♣♦✐♥t ❞❡
❝❛ss✉r❡✱ ❡t ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ❡st ❧❡ ♥♦♠❜r❡ ❞❡ t❡❧s ♣♦✐♥ts ❞❡ ❝❛ss✉r❡✳



P❛rt✐❡ ■ ✕ ❈❤❛♣✐tr❡ ✶

❚r✐ ♣❛r tr❛♥s♣♦s✐t✐♦♥s

▲✬♦❜❥❡❝t✐❢ ❞✉ ♣r♦❜❧è♠❡ ❞❡ tr✐ ♣❛r tr❛♥s✲
♣♦s✐t✐♦♥s ❡st ❞❡ ❝❛❧❝✉❧❡r ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠✉♠
❞❡ tr❛♥s♣♦s✐t✐♦♥s r❡q✉✐s❡s ♣♦✉r tr❛♥s❢♦r♠❡r ✉♥
❣é♥♦♠❡ ✭r❡♣rés❡♥té ♣❛r ✉♥❡ ♣❡r♠✉t❛t✐♦♥✮ ❡♥ ✉♥
❛✉tr❡✱ ♦ù ✉♥❡ tr❛♥s♣♦s✐t✐♦♥ ❡st ✉♥❡ ♦♣ér❛t✐♦♥
q✉✐ é❝❤❛♥❣❡ ❞❡✉① séq✉❡♥❝❡s ❝♦♥sé❝✉t✐✈❡s ❞❛♥s
❧❛ ♣❡r♠✉t❛t✐♦♥✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣r♦✉✈♦♥s q✉❡ ❝❡ ♣r♦❜✲
❧è♠❡✱ ❛✐♥s✐ q✉✬✉♥ ♣r♦❜❧è♠❡ ❞❡ ✈ér✐✜❝❛t✐♦♥ ❞❡
❜♦r♥❡ ✐♥❢ér✐❡✉r❡✱ ❡st ◆P✲❞✐✣❝✐❧❡✳

✶✳✶ Prés❡♥t❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡

❆✈❡❝ ❧❡s ✐♥✈❡rs✐♦♥s✱ ❧❡s tr❛♥s♣♦s✐t✐♦♥s s♦♥t ✉♥❡ ❞❡s ♦♣ér❛t✐♦♥s é❧é♠❡♥t❛✐r❡s ❧❡s
♣❧✉s ❝♦✉r❛♥t❡s q✉✐ ♣❡✉✈❡♥t ❛✛❡❝t❡r ✉♥ ❣é♥♦♠❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡✳ ❯♥❡ tr❛♥s♣♦s✐t✐♦♥
❝♦♥s✐st❡ à é❝❤❛♥❣❡r ❞❡✉① séq✉❡♥❝❡s ❝♦♥sé❝✉t✐✈❡s ❞❡ ❣è♥❡s ♦✉✱ ❞❡ ❢❛ç♦♥ éq✉✐✈❛❧❡♥t❡✱
à ❞é♣❧❛❝❡r ✉♥❡ séq✉❡♥❝❡ ❞❡ ❣è♥❡s ❞✬✉♥ ♣♦✐♥t à ✉♥ ❛✉tr❡ ❞❛♥s ❧❡ ❣é♥♦♠❡✳ ❆✐♥s✐✱ ❧❛
❞✐st❛♥❝❡ ❞❡ tr❛♥s♣♦s✐t✐♦♥ ❡♥tr❡ ❞❡✉① ❣é♥♦♠❡s ❡st ❞é✜♥✐❡ ❝♦♠♠❡ ét❛♥t ❧❡ ♥♦♠❜r❡ ❞❡
tr❛♥s♣♦s✐t✐♦♥s ♥é❝❡ss❛✐r❡s ♣♦✉r tr❛♥s❢♦r♠❡r ❧✬✉♥ ❡♥ ❧✬❛✉tr❡✳ ❈❛❧❝✉❧❡r ❝❡tt❡ ❞✐st❛♥❝❡
❡st ✉♥ ❞é✜ ✐♠♣♦rt❛♥t ❞❡ ❧❛ ❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡✱ ✈♦✐r ❬✶✵✽❪✱ ♣✉✐sq✉✬❡❧❧❡ ❢♦✉r♥✐t
✉♥ s❝é♥❛r✐♦ ❞✬é✈♦❧✉t✐♦♥ ❞❡ ♣❛r❝✐♠♦♥✐❡ ♠❛①✐♠❛❧❡ ❡♥tr❡ ❧❡s ❞❡✉① ❣é♥♦♠❡s ét✉❞✐és✳

▲❡ ♣r♦❜❧è♠❡ ❞❡ ❚r✐ ♣❛r ❚r❛♥s♣♦s✐t✐♦♥s ❡st ❧❡ ♣r♦❜❧è♠❡ q✉✐ ❝♦♥s✐st❡ à ❝❛❧❝✉❧❡r
❝❡tt❡ ❞✐st❛♥❝❡ ❡♥tr❡ ❞❡✉① ❣é♥♦♠❡s r❡♣rés❡♥tés ♣❛r ❞❡s ♣❡r♠✉t❛t✐♦♥s✳

▲❡s rés✉❧t❛ts ❞❡ ❝❡ ❝❤❛♣✐tr❡ ♦♥t été ♣rés❡♥tés ❛✉ ❝♦❧❧♦q✉❡ ❙❡q❜✐♦ ✷✵✶✶ ✭❆❧❣♦r✐t❤♠✐q✉❡✱
❝♦♠❜✐♥❛t♦✐r❡ ❞✉ t❡①t❡ ❡t ❛♣♣❧✐❝❛t✐♦♥s ❡♥ ❜✐♦✲✐♥❢♦r♠❛t✐q✉❡✱ ❘❡♥♥❡s✮✱ à ■❈❆▲P ✷✵✶✶ ✭✸✽t❤
■♥t❡r♥❛t✐♦♥❛❧ ❈♦❧❧♦q✉✐✉♠ ♦♥ ❆✉t♦♠❛t❛✱ ▲❛♥❣✉❛❣❡s ❛♥❞ Pr♦❣r❛♠♠✐♥❣✱ ❩ür✐❝❤ ❬✸✸❪✮✱ ❡t ♦♥t
été ♣✉❜❧✐és ❞❛♥s ❙■❉▼❆ ❡♥ ✷✵✶✷ ✭❙■❆▼ ❏♦✉r♥❛❧ ♦❢ ❉✐s❝r❡t❡ ▼❛t❤❡♠❛t✐❝s ❬✸✺❪✮✳



❋✳✶✷ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

✶✳✷ ➱t❛t ❞❡ ❧✬❛rt

❉❡♣✉✐s s❛ ♣rés❡♥t❛t✐♦♥ ♣❛r ❇❛❢♥❛ ❡t P❡✈③♥❡r ❬✶✷✱ ✶✹❪✱ ❧❛ ❝♦♠♣❧❡①✐té ❛❧❣♦r✐t❤✲
♠✐q✉❡ ❞❡ ❝❡ ♣r♦❜❧è♠❡ ♥✬❛ ❥❛♠❛✐s été ❞ét❡r♠✐♥é❡✳ ❆✐♥s✐ ♣❧✉s✐❡✉rs ét✉❞❡s ❬✶✹✱ ✺✺✱
✼✼✱ ✽✸✱ ✻✹✱ ✶✻✱ ✻✼❪ ✈✐s❡♥t à ❝ré❡r ❞❡s ❛❧❣♦r✐t❤♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♦✉ ❞❡s ❤❡✉r✐s✲
t✐q✉❡s✱ ❧✬❛❧❣♦r✐t❤♠❡ ❧❡ ♣❧✉s ♣ré❝✐s ét❛♥t✱ à ❝❡ ❥♦✉r✱ ✉♥❡ ✶✳✸✼✺✲❛♣♣r♦①✐♠❛t✐♦♥ ❬✻✹❪✳
❉✬❛✉tr❡s tr❛✈❛✉① ❬✼✽✱ ✺✺✱ ✻✺✱ ✾✻✱ ✻✹✱ ✶✻❪ ✈✐s❡♥t à ❝❛❧❝✉❧❡r ❞❡s ❜♦r♥❡s s✉r ❧❛ ❞✐st❛♥❝❡
❞❡ tr❛♥s♣♦s✐t✐♦♥ ❞✬✉♥❡ ♣❡r♠✉t❛t✐♦♥✳ ❉❡s ét✉❞❡s ♦♥t é❣❛❧❡♠❡♥t été ♠❡♥é❡s s✉r ❞❡s
✈❛r✐❛♥t❡s ❞❡ ❝❡ ♣r♦❜❧è♠❡ ❡♥ ❝♦♥s✐❞ér❛♥t✱ ♣❛r ❡①❡♠♣❧❡✱ ❧❡ tr✐ ♣❛r tr❛♥s♣♦s✐t✐♦♥s ♣ré✲
✜①❡s ❬✻✷✱ ✾✼✱ ✺✶❪ ✭❞❛♥s ❧❡q✉❡❧ ❝❤❛q✉❡ tr❛♥s♣♦s✐t✐♦♥ ❞♦✐t ❢❛✐r❡ ✐♥t❡r✈❡♥✐r ✉♥ ♣ré✜①❡
❞❡ ❧❛ séq✉❡♥❝❡✮ ♦✉ ❧❡ tr✐ ♣❛r tr❛♥s♣♦s✐t✐♦♥s ❞❛♥s ❞❡s ❝❤❛î♥❡s ❬✺✻✱ ✻✵✱ ✶✶✻✱ ✶✶✶❪✳ ■❧
❡st é❣❛❧❡♠❡♥t ♣♦ss✐❜❧❡ ❞❡ ❝♦♥s✐❞ér❡r ❞❡s tr❛♥s♣♦s✐t✐♦♥s ♣♦♥❞éré❡s ♦✉ ♣ré✜①❡ ❞❛♥s ❧❡s
❝❤❛î♥❡s ❬✶✵✾✱ ✷✼✱ ✻✱ ✺✶✱ ✺❪✳ ❊♥✜♥✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ r❡♠❛rq✉❡r q✉❡ ❧❡ tr✐ ♣❛r é❝❤❛♥❣❡
❞❡ ❜❧♦❝s ✭✐✳❡✳✱ ♣❛r é❝❤❛♥❣❡s ❞❡ ❢❛❝t❡✉rs q✉✐ ♥❡ s♦♥t ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❝♦♥sé❝✉t✐❢s✮
♣❡✉t êtr❡ rés♦❧✉ ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ ❬✺✹❪✳ ◆♦✉s ré❢ér♦♥s ❧❡ ❧❡❝t❡✉r à ❬✻✽✱ ✸✳✶ ✲ ✸✳✷❪
♣♦✉r ✉♥ ét❛t ❞❡ ❧✬❛rt ❞ét❛✐❧❧é s✉r ❝❡ ♣r♦❜❧è♠❡ ❡t s❡s ✈❛r✐❛♥t❡s✳

✶✳✸ ◆♦tr❡ ❝♦♥tr✐❜✉t✐♦♥

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛♣♣♦rt♦♥s ✉♥❡ ré♣♦♥s❡ à ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ❝♦♠♣❧❡①✐té
❛❧❣♦r✐t❤♠✐q✉❡ ❞✉❚r✐ ♣❛r tr❛♥s♣♦s✐t✐♦♥s ❡♥ ❞é❝r✐✈❛♥t ✉♥❡ ré❞✉❝t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡
❞❡♣✉✐s ❧❡ ♣r♦❜❧è♠❡ ❙❆❚✱ ❡t ❛✐♥s✐ ♥♦✉s ♣r♦✉✈♦♥s q✉❡ ❝❡ ♣r♦❜❧è♠❡ ❡st ◆P✲❞✐✣❝✐❧❡✳
◆♦tr❡ ré❞✉❝t✐♦♥ ❡st ❢♦♥❞é❡ s✉r ❧✬ét✉❞❡ ❞❡s tr❛♥s♣♦s✐t✐♦♥s q✉✐ r❡t✐r❡♥t tr♦✐s ♣♦✐♥ts ❞❡
❝❛ss✉r❡✳ ❯♥ ❝♦r♦❧❧❛✐r❡ ❞❡ ♥♦tr❡ ré❞✉❝t✐♦♥ ❡st ❧❛ ◆P✲❞✐✣❝✉❧té ❞✉ ♣r♦❜❧è♠❡ s✉✐✈❛♥t✱
♣r♦♣♦sé ❞❛♥s ❬✺✺❪ ✿ ét❛♥t ❞♦♥♥é ✉♥❡ ♣❡r♠✉t❛t✐♦♥ π✱ ❡st✲✐❧ ♣♦ss✐❜❧❡ ❞❡ tr✐❡r π ❡♥
✉t✐❧✐s❛♥t ❡①❛❝t❡♠❡♥t db(π)/3 tr❛♥s♣♦s✐t✐♦♥s✱ ♦ù db(π) ❡st ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ❡♥tr❡
π ❡t ❧✬✐❞❡♥t✐té ❄

✶✳✹ ▼ét❤♦❞❡

◆♦✉s ♣rés❡♥t♦♥s ✐❝✐ ❧❡s ❣r❛♥❞❡s ❧✐❣♥❡s ❞❡ ❧❛ ré❞✉❝t✐♦♥ ❞♦♥t ❞é❝♦✉❧❡ ❧❛ ◆P✲❞✐✣❝✉❧té
❞✉ ♣r♦❜❧è♠❡ ❞❡ ❚r✐ ♣❛r ❚r❛♥s♣♦s✐t✐♦♥s✳ ❉❛♥s ❧❡ ❜✉t ❞❡ r❡st❡r s②♥tét✐q✉❡✱ ❡❧❧❡
❡st ❡①♣♦sé❡ très ✐♥❢♦r♠❡❧❧❡♠❡♥t✳

▲❛ ré❞✉❝t✐♦♥ s❡ ❢❛✐t ❞❡♣✉✐s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❙❛t✐s✜❛❜✐❧✐té ✭❙❆❚✮ ❡♥ ♣❧✉s✐❡✉rs ét❛♣❡s✱
❡♥ ✉t✐❧✐s❛♥t ❞❡✉① str✉❝t✉r❡s ✐♥t❡r♠é❞✐❛✐r❡s ✿ ❧❡s ✸❉❚✲✐♥st❛♥❝❡s ❡t ❧❡s ❛ss❡♠❜❧❛❣❡s ❞❡
❜❧♦❝s ❞❡ ❜❛s❡✳

✸❉❚✲✐♥st❛♥❝❡s

❈♦♠♠❡ ✐❧ ❛ été s✉❣❣éré ♣ré❝é❞❡♠♠❡♥t✱ ♥♦✉s ♥♦✉s ❢♦❝❛❧✐s♦♥s s✉r ❧❡ ♣r♦❜❧è♠❡
❝♦♥s✐st❛♥t à ❞é❝✐❞❡r s✐ ♦✉✐ ♦✉ ♥♦♥ ✉♥❡ ♣❡r♠✉t❛t✐♦♥ ♣❡✉t êtr❡ tr✐é❡ ❡♥ db(π)/3 tr❛♥s✲
♣♦s✐t✐♦♥s✱ ♦ù db(π) ❡st ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ❡♥tr❡ π ❡t ❧✬✐❞❡♥t✐té✳ ■❧ ❡①✐st❡ ✉♥❡
❝♦♥❞✐t✐♦♥ ♥é❝❡ss❛✐r❡ ♣♦✉r q✉✬✉♥❡ tr❛♥s♣♦s✐t✐♦♥ ❛✐t ✉♥❡ ❞✐st❛♥❝❡ ❞❡ tr❛♥s♣♦s✐t✐♦♥
é❣❛❧❡ à db(π)/3 ✿ s❡s ♣♦✐♥ts ❞❡ ❝❛ss✉r❡ ❞♦✐✈❡♥t ♣♦✉✈♦✐r êtr❡ r❡❣r♦✉♣és ❡♥ tr✐♣❧❡ts
(
〈

a, a′
〉

,
〈

b, b′
〉

,
〈

c, c′
〉

) ❛✈❡❝ b′ = a + 1✱ c′ = b + 1 ❡t a′ = c + 1✳ ❖♥ ❞✐t ❛❧♦rs q✉❡
❧❛ ♣❡r♠✉t❛t✐♦♥ ❡st ✉♥❡ 2✲♣❡r♠✉t❛t✐♦♥✳ ❆✐♥s✐✱ s✐ ❝❡s tr♦✐s ❝❛ss✉r❡s s♦♥t ♣❧❛❝é❡s ❞❛♥s
❝❡t ♦r❞r❡ ✭♦✉ t♦✉t❡ ♣❡r♠✉t❛t✐♦♥ ❝✐r❝✉❧❛✐r❡ ❞❡ ❝❡t ♦r❞r❡✮✱ ✐❧ ❡①✐st❡ ✉♥❡ tr❛♥s♣♦s✐t✐♦♥
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r❡t✐r❛♥t ❧❡s tr♦✐s ❝❛ss✉r❡s ❡♥ ✉♥❡ s❡✉❧❡ ét❛♣❡ ✭❡♥ ❝♦✉♣❛♥t ❧❛ séq✉❡♥❝❡ ♣ré❝✐sé♠❡♥t à
❝❡s tr♦✐s ♣♦✐♥ts✮✳ ❉❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡✱ ♣❛r ❡①❡♠♣❧❡ s✐ ❡❧❧❡s ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ❧✬♦r❞r❡
〈

a, a′
〉

,
〈

c, c′
〉

,
〈

b, b′
〉

✱ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ t❡❧❧❡ tr❛♥s♣♦s✐t✐♦♥✳
❈❡tt❡ ♥♦t✐♦♥ ❞❡ tr✐♣❧❡ts ❡st ❢♦r♠❛❧✐sé❡ ♣❛r ❧❛ ♥♦t✐♦♥ ❞❡ ✸❉❚✲✐♥st❛♥❝❡ ✿ ✉♥❡ ✸❉❚✲

✐♥st❛♥❝❡ ❡st ✉♥ ❡♥s❡♠❜❧❡ ❞❡ tr✐♣❧❡ts ❞✬é❧é♠❡♥ts ♦ù à ❝❤❛q✉❡ é❧é♠❡♥t ❡st ❛ss♦❝✐é❡
✉♥❡ ♣♦s✐t✐♦♥ ✉♥✐q✉❡✳ ❯♥ tr✐♣❧❡t (a, b, c) ❡st ❜✐❡♥ ♦r❞♦♥♥é s✐ ❧❡s ♣♦s✐t✐♦♥s ❞❡ a✱ b
❡t c ❝♦rr❡s♣♦♥❞❡♥t à ✉♥ tr✐♣❧❡t ❞❡ ♣♦✐♥ts ❞❡ ❝❛ss✉r❡s ♣♦✉✈❛♥t êtr❡ r❡t✐rés ❡♥ ✉♥❡
tr❛♥s♣♦s✐t✐♦♥ ✭✐✳❡✳✱ a ❡st ❛✈❛♥t b q✉✐ ❡st ❛✈❛♥t c✱ ♦✉ b ❡st ❛✈❛♥t c q✉✐ ❡st ❛✈❛♥t a✱ ♦✉
❡♥❝♦r❡ c ❡st ❛✈❛♥t a q✉✐ ❡st ❛✈❛♥t b✮✳ P❛r❛❧❧è❧❡♠❡♥t à ✉♥❡ tr❛♥s♣♦s✐t✐♦♥ r❡t✐r❛♥t tr♦✐s
❝❛ss✉r❡s✱ ✉♥❡ ✸❉❚✲ét❛♣❡ ❡st ❧✬♦♣ér❛t✐♦♥ ❝♦♥s✐st❛♥t à r❡t✐r❡r ✉♥ tr✐♣❧❡t (a, b, c) ❜✐❡♥
♦r❞♦♥♥é ❡t✱ ♣♦✉r ❝❤❛q✉❡ ♣♦s✐t✐♦♥ ❞✬✉♥ é❧é♠❡♥t r❡st❛♥t✱ ❧✉✐ ❢❛✐r❡ s✉❜✐r ❧❛ tr❛♥s♣♦s✐t✐♦♥
❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♣♦s✐t✐♦♥s ❞❡ a✱ b ❡t c✳ ❯♥❡ ✸❉❚✲✐♥st❛♥❝❡ ❡st ✸❉❚✲ré❞✉❝t✐❜❧❡ s✬✐❧
❡①✐st❡ ✉♥❡ sér✐❡ ❞❡ ✸❉❚✲ét❛♣❡s ❧❛ ré❞✉✐s❛♥t à ❧❛ ✸❉❚✲✐♥st❛♥❝❡ tr✐✈✐❛❧❡ ✭✐✳❡✳ ❧✬❡♥s❡♠❜❧❡
✈✐❞❡✮✳

▲❡ ♣❛r❛❧❧è❧❡ ❡♥tr❡ tr❛♥s♣♦s✐t✐♦♥s ❡t ✸❉❚✲ét❛♣❡s ♣❡r♠❡t ❞❡ ❝ré❡r ✉♥❡ r❡❧❛t✐♦♥
❞✬éq✉✐✈❛❧❡♥❝❡ ❡♥tr❡ ❧❡s ✷✲♣❡r♠✉t❛t✐♦♥s ❡t ✭❝❡rt❛✐♥❡s✮ ✸❉❚✲✐♥st❛♥❝❡s✳ ◆♦✉s ♣r♦✉✲
✈♦♥s ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✭❝❢✳ ❚❤é♦rè♠❡ ✶✳✾ ♣❛❣❡ ✷✵✮ ✿ ✉♥❡ ♣❡r♠✉t❛t✐♦♥ π ♣❡✉t êtr❡
tr✐é❡ ❡♥ db(π)/3 tr❛♥s♣♦s✐t✐♦♥s s✐ ❡t s❡✉❧❡♠❡♥t ❧❛ ✸❉❚✲✐♥st❛♥❝❡ éq✉✐✈❛❧❡♥t❡ ❡st ✸❉❚✲
ré❞✉❝t✐❜❧❡✳

❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❧❛ ré❞✉❝t✐♦♥✱ ♥♦✉s ❝♦♥str✉✐s♦♥s ✉♥❡ str✉❝t✉r❡ ♣❡r♠❡tt❛♥t ❞❡
♣r♦✉✈❡r q✉✬✐❧ ❡st ◆P✲❞✐✣❝✐❧❡ ❞❡ ❞ét❡r♠✐♥❡r s✐ ✉♥❡ ✸❉❚✲✐♥st❛♥❝❡ ❡st ✸❉❚✲ré❞✉❝t✐❜❧❡✳
◆♦✉s ♣r♦✉✈❡r♦♥s ❞❛♥s ✉♥ s❡❝♦♥❞ t❡♠♣s q✉❡ ❧❡s str✉❝t✉r❡s ❛✐♥s✐ ❝♦♥str✉✐t❡s s♦♥t
t♦✉t❡s éq✉✐✈❛❧❡♥t❡s à ❞❡s ♣❡r♠✉t❛t✐♦♥s✳

❇❧♦❝s ❞❡ ❜❛s❡

❆✜♥ ❞❡ s✐♠✉❧❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✬✉♥❡ ❢♦r♠✉❧❡ ❜♦♦❧é❡♥♥❡ ✭♣✉✐sq✉❡ ❧❛ ré❞✉❝✲
t✐♦♥ s❡ ❢❛✐t ❞❡♣✉✐s ❙❆❚✮✱ ♥♦✉s ❝♦♥str✉✐s♦♥s ✉♥❡ ✸❉❚✲✐♥st❛♥❝❡ ❝♦♠♠❡ ét❛♥t ✉♥❡
❝♦♥❝❛té♥❛t✐♦♥ ✭✉♥ ❛ss❡♠❜❧❛❣❡✮ ❞❡ ❜❧♦❝s ❞❡ ❜❛s❡✱ ❝❤❛q✉❡ ❜❧♦❝ ❛②❛♥t ♣♦✉r ❢♦♥❝t✐♦♥
❧❛ s✐♠✉❧❛t✐♦♥ ❞✬✉♥ é❧é♠❡♥t ❧♦❣✐q✉❡ ✭✈❛r✐❛❜❧❡ ❜♦♦❧é❡♥♥❡✱ ❝♦♥❥♦♥❝t✐♦♥✱ ❡t❝✳✮✳ ❆✜♥ ❞❡
tr❛♥s❢ér❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❡♥tr❡ ❧❡s ❞✐✛ér❡♥ts ❜❧♦❝s✱ ♥♦✉s ❞é✜♥✐ss♦♥s ❞❡s ✈❛r✐❛❜❧❡s✳

❱❛r✐❛❜❧❡s✳ ❯♥❡ ✈❛r✐❛❜❧❡ ❡st ✉♥❡ ♣❛✐r❡ ❞❡ tr✐♣❧❡ts ❞❡ ❧❛ ✸❉❚✲✐♥st❛♥❝❡ ♥♦tés (a, b, c)
❡t (x, y, z)✳ ■❧s s♦♥t ré♣❛rt✐s ❡♥tr❡ ❞❡✉① ❜❧♦❝s ✿ x✱ y ❡t b ❞❛♥s ❧❡ ♣r❡♠✐❡r ✭❧❡ ❜❧♦❝
s♦✉r❝❡✮✱ a✱ z ❡t c ❞❛♥s ❝❡t ♦r❞r❡ ❞❛♥s ❧❡ s❡❝♦♥❞ ✭❧❡ ❜❧♦❝ ❝✐❜❧❡✮✳ ❉❡ ♣❧✉s✱ ✐❧s ♥❡ s♦♥t ❛
♣r✐♦r✐ ♣❛s ❜✐❡♥ ♦r❞♦♥♥és✳ ▲❛ ✈❛r✐❛❜❧❡ ❡st ❛❝t✐✈é❡ s✐

〈

x, b, y
〉

❞❡✈✐❡♥t ✉♥ ❢❛❝t❡✉r ❞✉ ❜❧♦❝
s♦✉r❝❡ ✿ ❞❛♥s ❝❡ ❝❛s (x, y, z) ❞❡✈✐❡♥t ❜✐❡♥ ♦r❞♦♥♥é✱ ❧❛ tr❛♥s♣♦s✐t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡
❞é♣❧❛❝❡ b ❞✉ ❜❧♦❝ s♦✉r❝❡ ✈❡rs ❧❡ ❜❧♦❝ ❝✐❜❧❡ ✭à ❧❛ ♣❧❛❝❡ ❞❡ z✮✳ ▲❡ tr✐♣❧❡t (a, b, c) ❞❡✈✐❡♥t
❛❧♦rs ❜✐❡♥ ♦r❞♦♥♥é✱ ✐❧ ♣❡✉t ❛❧♦rs ❣é♥ér❡r ✉♥❡ ✸❉❚✲ét❛♣❡ q✉✐ ❛✉r❛ ❞❡s ❝♦♥séq✉❡♥❝❡s
s✉r ❧❡ ❜❧♦❝ ❝✐❜❧❡✳ ▲❡ ❜✉t ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❡st ❞❡ s✐♠✉❧❡r ✉♥❡ ❡①♣r❡ss✐♦♥ ❜♦♦❧é❡♥♥❡ ✿ ❡❧❧❡
♥❡ ❞♦✐t ♣♦✉✈♦✐r êtr❡ ❛❝t✐✈é❡ q✉❡ s✐ ❝❡tt❡ ❡①♣r❡ss✐♦♥ ❡st ✈r❛✐❡✳

❇❧♦❝s ❞❡ ❜❛s❡✳ ◆♦✉s ❞é✜♥✐ss♦♥s q✉❛tr❡ t②♣❡s ❞❡ ❜❧♦❝s ❞❡ ❜❛s❡✳ ❉❛♥s ❝❡tt❡ s②♥✲
t❤ès❡✱ ♥♦✉s ♥❡ ❞♦♥♥♦♥s ♣❛s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❝❤❛q✉❡ ❜❧♦❝ s♦✉s ❢♦r♠❡ ❞❡ tr✐♣❧❡ts✱ ♠❛✐s
s❛ ❝❛r❛❝tér✐s❛t✐♦♥ ♣❛r ❧❡ ❣r❛♣❤❡ ❞❡ ❝♦♠♣♦rt❡♠❡♥t✱ q✉✐ ❞é❝r✐t s♦✉s q✉❡❧❧❡s ❝♦♥❞✐t✐♦♥s
❧❡s ✈❛r✐❛❜❧❡s ❞♦♥t ❝❡ ❜❧♦❝ ❡st ❧❛ ❝✐❜❧❡ ✭❧❡s ✈❛r✐❛❜❧❡s ❞✬❡♥tré❡✮ ♦✉ ❧❛ s♦✉r❝❡ ✭❧❡s ✈❛r✐❛❜❧❡s
❞❡ s♦rt✐❡✮ ♣❡✉✈❡♥t êtr❡ ❛❝t✐✈é❡s✳

▲❡ ❜❧♦❝ copy ❛ ♣♦✉r s✐♠♣❧❡ ❜✉t ❞❡ ❞é❞♦✉❜❧❡r ✉♥❡ ✈❛r✐❛❜❧❡ ✭✐❧ ❡st ♥é❝❡ss❛✐r❡ ♣✉✐sq✉❡
❝❤❛q✉❡ ✈❛r✐❛❜❧❡ ♥❡ ♣❡✉t ❛✈♦✐r q✉✬✉♥❡ s❡✉❧❡ ❝✐❜❧❡✮✳ ■❧ ❞✐s♣♦s❡ ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❞✬❡♥tré❡



❋✳✶✹ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

q✉✐ s❡rt ❞❡ ❞é❝❧❡♥❝❤❡✉r ♣♦✉r ❞❡✉① ✈❛r✐❛❜❧❡s ❞❡ s♦rt✐❡ ✿ s✐ ❧❛ ✈❛r✐❛❜❧❡ ❞✬❡♥tré❡ ❡st
❛❝t✐✈é❡✱ ❛❧♦rs ❝❤❛❝✉♥❡ ❞❡s ❞❡✉① ✈❛r✐❛❜❧❡s ❞❡ s♦rt✐❡ ♣❡✉t êtr❡ ❛❝t✐✈é❡ ❡t ❝❡✱ ❞❛♥s
♥✬✐♠♣♦rt❡ q✉❡❧ ♦r❞r❡✳ ❱♦✐r ❋✐❣✉r❡ ✶❛✳

▲❡ ❜❧♦❝ and ♣❡r♠❡t ❞❡ s✐♠✉❧❡r ✉♥❡ ❝♦♥❥♦♥❝t✐♦♥✳ ■❧ ❛ ❞❡✉① ✈❛r✐❛❜❧❡s ❞✬❡♥tré❡ ❡t
✉♥❡ ❞❡ s♦rt✐❡ ✿ ✐❧ ❡st ♥é❝❡ss❛✐r❡ q✉❡ ❧❡s ❞❡✉① ✈❛r✐❛❜❧❡s ❞✬❡♥tré❡ ❛✐❡♥t été ❛❝t✐✈é❡s ♣♦✉r
♣♦✉✈♦✐r ❛❝t✐✈❡r ❧❛ ✈❛r✐❛❜❧❡ ❞❡ s♦rt✐❡✳ ❱♦✐r ❋✐❣✉r❡ ✶❜✳

❉❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥✱ ❧❡ ❜❧♦❝ or ♣❡r♠❡t ❞❡ s✐♠✉❧❡r ✉♥❡ ❞✐s❥♦♥❝t✐♦♥✳ ■❧ ❛ ❞❡✉① ✈❛r✐❛❜❧❡s
❞✬❡♥tré❡ ❡t ✉♥❡ ❞❡ s♦rt✐❡✳ ■❧ ❢❛✉t ❡t ✐❧ s✉✣t q✉✬❛✉ ♠♦✐♥s ✉♥❡ ❞❡s ❞❡✉① ✈❛r✐❛❜❧❡s
❞✬❡♥tré❡ s♦✐t ❛❝t✐✈é❡ ♣♦✉r ♣♦✉✈♦✐r ❛❝t✐✈❡r ❧❛ ✈❛r✐❛❜❧❡ ❞❡ s♦rt✐❡✳ ❱♦✐r ❋✐❣✉r❡ ✶❝✳

❊♥✜♥✱ ❧❡ ❜❧♦❝ var ♣❡r♠❡t ❞❡ s✐♠✉❧❡r ✉♥❡ ✈❛r✐❛❜❧❡ ❜♦♦❧é❡♥♥❡ x ✿ ✐❧ ❞✐s♣♦s❡ ❞❡
❞❡✉① ✈❛r✐❛❜❧❡s ❞❡ s♦rt✐❡ r❡♣rés❡♥t❛♥t +x ❡t −x✳ ❙❛♥s ❝♦♥❞✐t✐♦♥ s✉r ❧✬❡♥tré❡ ❛❝t✐✈é❡✱
✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛❝t✐✈❡r ❛✉ ♣❧✉s ✉♥❡ ❞❡s ❞❡✉① ✈❛r✐❛❜❧❡s✱ ❝❡ q✉✐ ❝♦rr❡s♣♦♥❞ ❛✉ ❢❛✐t q✉❡
x ❡st ❝♦♥s✐❞éré❡ s♦✐t ❝♦♠♠❡ ét❛♥t ✈r❛✐❡✱ s♦✐t ❝♦♠♠❡ ét❛♥t ❢❛✉ss❡✳ ❈❡ ❜❧♦❝ ❞✐s♣♦s❡
é❣❛❧❡♠❡♥t ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❞✬❡♥tré❡ ❞♦♥t ❧❡ rô❧❡ ❡st ❞é❝r✐t ❝✐✲❞❡ss♦✉s✳

❉♦✉❜❧❡ ♣❛ss❛❣❡✳ ▲❛ ❝♦♥str✉❝t✐♦♥ t❡❧❧❡ q✉✬❡❧❧❡ ❛ été ❞é❝r✐t❡ ❥✉sq✉✬à ♣rés❡♥t ♣❡r♠❡t
❞❡ ré❛❧✐s❡r ✉♥ ❛ss❡♠❜❧❛❣❡ ❞❡ ❜❧♦❝s ❞❡ ❢❛ç♦♥ à ❝❡ q✉✬✉♥❡ ✈❛r✐❛❜❧❡ ✏♦❜❥❡❝t✐❢✑ ✭♥♦té❡
Aφ✮ ❝♦rr❡s♣♦♥❞❡ à ❧✬❡①♣r❡ss✐♦♥ ❜♦♦❧é❡♥♥❡ φ ❝♦♥s✐❞éré❡ ✿ Aφ ♣❡✉t êtr❡ ❛❝t✐✈é❡ s✐ ❡t
s❡✉❧❡♠❡♥t s✐ φ ❡st s❛t✐s✜❛❜❧❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ✐❧ ❢❛✉t q✉❡ ❧✬❛ss❡♠❜❧❛❣❡ s♦✐t t♦t❛❧❡♠❡♥t
✸❉❚✲ré❞✉❝t✐❜❧❡ ❞❛♥s ❧❡ ❝❛s ♦ù φ ❡st s❛t✐s✜❛❜❧❡✳ ■❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ q✉❡ ❧✬❛❝t✐✈❛t✐♦♥
❞❡ Aφ ♣❡r♠❡tt❡ ❞❡ ❞é❝❧❡♥❝❤❡r ❞❡s ✸❉❚✲ét❛♣❡s ♣♦✉r t♦✉s ❧❡s tr✐♣❧❡ts r❡st❛♥ts✳ ❈❡❧❛
r❡✈✐❡♥t à ❛❝t✐✈❡r✱ ❞❛♥s ✉♥ s❡❝♦♥❞ ♣❛ss❛❣❡✱ t♦✉t❡s ❧❡s ✈❛r✐❛❜❧❡s q✉✐ ♥✬❛✈❛✐❡♥t ♣❛s été
❛❝t✐✈é❡s ❧♦rs ❞✉ ♣r❡♠✐❡r ♣❛ss❛❣❡✳ P♦✉r ❝❡ ❢❛✐r❡✱ ✐❧ s✉✣t ❞✬❛❝t✐✈❡r t♦✉t❡s ❧❡s ✈❛r✐❛❜❧❡s
❝♦rr❡s♣♦♥❞❛♥t ❛✉① ❧✐ttér❛✉① +x ♦✉ −x q✉✐ ❛✈❛✐❡♥t été ❝♦♥s✐❞érés ❝♦♠♠❡ ❢❛✉① ❞❛♥s
✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❧❡s ❛✉tr❡s ✈❛r✐❛❜❧❡s ♣♦✉rr♦♥t êtr❡ ❛❝t✐✈é❡s ❡♥ ❝❛s❝❛❞❡✳

▲❛ ✈❛r✐❛❜❧❡ Aφ✱ ♦✉ ♣❧✉tôt✱ ❞❡s ❝♦♣✐❡s ❞❡ ❧❛ ✈❛r✐❛❜❧❡ Aφ✱ s♦♥t ❞♦♥❝ ❞♦♥♥é❡s ❡♥
❡♥tré❡ ❛✉ ❜❧♦❝ var ✿ ✉♥❡ ❢♦✐s ❝❡tt❡ ❡♥tré❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛❝t✐✈❡r ❧❛ ❞❡✉①✐è♠❡ ✈❛r✐✲
❛❜❧❡ ❞❡ s♦rt✐❡ ✭q✉✐ ♥✬❛✈❛✐t ♣❛s été ❛❝t✐✈é❡ ❧♦rs ❞✉ ♣r❡♠✐❡r ♣❛ss❛❣❡✮✳ ▲❡ ❣r❛♣❤❡ ❞❡
❝♦♠♣♦rt❡♠❡♥t ❞✉ ❜❧♦❝ var ✜♥❛❧ ❡st ❞é❝r✐t ❋✐❣✉r❡ ✶❞✳

❆ss❡♠❜❧❛❣❡ ❞❡s ❜❧♦❝s ❞❡ ❜❛s❡ ❡t ré❞✉❝t✐♦♥✳

➱t❛♥t ❞♦♥♥é❡ ✉♥❡ ❢♦r♠✉❧❡ φ✱ ♦♥ ❝ré❡ ✉♥❡ ✸❉❚✲✐♥st❛♥❝❡ Iφ ❝♦♠♠❡ ✉♥ ❛ss❡♠❜❧❛❣❡
✉t✐❧✐s❛♥t ✉♥ ❜❧♦❝ var ♣♦✉r ❝❤❛q✉❡ ✈❛r✐❛❜❧❡ ❜♦♦❧é❡♥♥❡✱ ✉♥ ❜❧♦❝ and ♦✉ or ♣♦✉r ❝❤❛q✉❡
❝♦♥❥♦♥❝t✐♦♥ ♦✉ ❞✐s❥♦♥❝t✐♦♥✱ ❞❡s ❜❧♦❝s copy ♣♦✉r ❧❡s ❧✐ttér❛✉① ❛②❛♥t ♣❧✉s✐❡✉rs ♦❝❝✉r✲
r❡♥❝❡s ❡t ♣♦✉r ❧❛ ✈❛r✐❛❜❧❡ ♦❜❥❡❝t✐❢ Aφ✳ ▲❛ ❞é✜♥✐t✐♦♥ ❞ét❛✐❧❧é❡ ❞❡ Iφ ♥✬❡st ♣❛s ❞♦♥♥é❡
✐❝✐✱ ♠❛✐s ✉♥ ❡①❡♠♣❧❡ ✐❧❧✉str❛t✐❢ ❡st ❞♦♥♥é ❝✐✲❞❡ss♦✉s✳

❊①❡♠♣❧❡ ✶✳ ❙♦✐t ❧❛ ❢♦r♠✉❧❡ ❜♦♦❧é❡♥♥❡ φ s✉✐✈❛♥t❡✳

φ =(x1 ∨ x2 ∨ ¬x3) ∧ (x1 ∨ ¬x2) ∧ (¬x1 ∨ x2 ∨ ¬x4)∧

(¬x1 ∨ x3 ∨ x4) ∧ (x3 ∨ ¬x4) ∧ (¬x2 ∨ ¬x3 ∨ x4)

◆♦t❡ ✿ ❧❛ ❢♦r♠✉❧❡ φ ❡st s❛t✐s✜❛❜❧❡ ❛✈❡❝ x1 = x3 = ✈r❛✐ ❡t x2 = x3 = ❢❛✉①✳
▲❛ ❋✐❣✉r❡ ✷ ❞é❝r✐t ❧❡s ❜❧♦❝s ✉t✐❧✐sés ❞❛♥s ❧✬❛ss❡♠❜❧❛❣❡ ❞❡ Iφ ❡t ❧❡s ✐♥t❡r❛❝t✐♦♥s

❡♥tr❡ ❡✉① ✭q✉❡❧❧❡s ✈❛r✐❛❜❧❡s ❞❡ s♦rt✐❡ ❝♦rr❡s♣♦♥❞❡♥t à q✉❡❧❧❡s ✈❛r✐❛❜❧❡s ❞✬❡♥tré❡✮✳
▲✬♦r❞r❡ ❞❡s ❜❧♦❝s ❞❛♥s Iφ ♥✬❛ ♣❛s ❞✬✐♠♣♦rt❛♥❝❡✳

●râ❝❡ à ❧❛ ❝♦♥str✉❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ♦♥ ♣❡✉t ❝ré❡r✱ à ♣❛rt✐r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡
❢♦r♠✉❧❡ φ✱ ✉♥❡ ✸❉❚✲✐♥st❛♥❝❡ q✉✐ ❡st ✸❉❚✲ré❞✉❝t✐❜❧❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ φ ❡st s❛t✐s✜✲
❛❜❧❡ ✭❚❤é♦rè♠❡ ✶✳✶✾ ♣❛❣❡ ✸✽✮✳ ❈❡❧❛ ♥♦✉s ♣❡r♠❡t ❞❡ ❝♦♥❝❧✉r❡ q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❝♦♥✲
s✐st❛♥t à ❞ét❡r♠✐♥❡r s✐ ✉♥❡ ✸❉❚✲✐♥st❛♥❝❡ ❡st ✸❉❚✲ré❞✉❝t✐❜❧❡ ❡st ❞♦♥❝ ◆P✲❞✐✣❝✐❧❡✳
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. .. [A1, A2] = copy(A)

.

. ε

.(a)
A

A1 A2

A2 A1

. .. A = and(A1, A2)

.

. ε

.(b)

A1 A2

A2 A1

A

. .. A = or(A1, A2)

.

. ε

.()

A1 A2

A2 A1

A A

A

A2 A1

. .. [A1, A2] = var(A)

.

. ε

.(d)

A1 A2

A

A A

A1 A2

A2 A1

❋✐❣✉r❡ ✶ ✕ ❘❡♣rés❡♥t❛t✐♦♥ s✐♠♣❧✐✜é❡ ❞❡s ❣r❛♣❤❡s ❞❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s ❜❧♦❝s copy✱
and✱ or✱ ❡t var✳ ❯♥ ❛r❝ é♣❛✐s ❝♦rr❡s♣♦♥❞ à ❧✬❛❝t✐✈❛t✐♦♥ ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❞✬❡♥tré❡✱ ✉♥
❛r❝ ❞♦✉❜❧❡ à ✉♥❡ ✈❛r✐❛❜❧❡ ❞❡ s♦rt✐❡✳ ▲❡ ❜❧♦❝ é✈♦❧✉❡ à ❝❤❛q✉❡ ❛❝t✐✈❛t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡✱
❡♥ ❝♦♠♠❡♥ç❛♥t ♣❛r s❛ ❞é✜♥✐t✐♦♥ ♦r✐❣✐♥❛❧❡ ❡t t❡r♠✐♥❛♥t ❛✉ ❜❧♦❝ ✈✐❞❡ ✭♥♦té ǫ✮ ❞❛♥s
❧❡q✉❡❧ ✐❧ ♥❡ r❡st❡ ❛✉❝✉♥ tr✐♣❧❡t✳
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var

copy

X1

X1

1
X2

1

copy

X̄1

X̄1
1 X̄2

1

var

copy

X2

X1
2 X2

2

copy

X̄2

X̄1

2
X̄2

2

var

copy

X3

X1

3
X2

3

copy

X̄3

X̄1
3 X̄2

3

var

copy

X4

X1
4 X2

4

copy

X̄4

X̄1

4
X̄2

4

or

or

V 2

1

or

or

or

V 2
3

or

or

V 2

4

or

or

or

V 2

6

and

Γ1 Γ2

andW2

Γ3

andW3

Γ4

andW4

Γ5

andW5

Γ6

copy

Aφ

copyY2 copyY3

A1
φ

A2
φ

A3
φ

A4
φ

❋✐❣✉r❡ ✷ ✕ ❉✐❛❣r❛♠♠❡ ✐❧❧✉str❛♥t ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ Iφ ♣♦✉r ❧❛ ❢♦r♠✉❧❡ φ ❞é✜♥✐❡ ❞❛♥s
❧✬❊①❡♠♣❧❡ ✶✳ ❯♥ ❛r❝ ❡♥tr❡ ❞❡✉① ❜❧♦❝s r❡♣rés❡♥t❡ ✉♥❡ ✈❛r✐❛❜❧❡ ❛②❛♥t ♣♦✉r s♦✉r❝❡ ❡t
❝✐❜❧❡ ❧❡s ❜❧♦❝s r❡s♣❡❝t✐❢s✳ ▲❡s ✈❛r✐❛❜❧❡s ♣♦✉✈❛♥t êtr❡ ❛❝t✐✈é❡s ❧♦rs ❞✉ ♣r❡♠✐❡r ♣❛ss❛❣❡
✭❝❡❧❧❡s ❝♦rr❡s♣♦♥❞❛♥t à ❞❡s t❡r♠❡s ✈r❛✐s ❞❛♥s ❧✬❛✛❡❝t❛t✐♦♥✮ s♦♥t r❡♣rés❡♥té❡s ❡♥ ❣r❛s✳
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▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ ❣❛r❛♥t✐❡ ❛ ♣r✐♦r✐ q✉❡ ❧❡s ✸❉❚✲✐♥st❛♥❝❡s ❛✐♥s✐
❝♦♥str✉✐t❡s ♣♦ssè❞❡♥t t♦✉t❡s ✉♥❡ ♣❡r♠✉t❛t✐♦♥ éq✉✐✈❛❧❡♥t❡✳

❘❡t♦✉r ❛✉① ♣❡r♠✉t❛t✐♦♥s ❆✜♥ ❞❡ ❝♦♠♣❧ét❡r ❧❛ ❞é♠♦♥str❛t✐♦♥✱ ♥♦✉s ♣r♦✉✈♦♥s
❞❛♥s ❧❛ ❞❡r♥✐èr❡ ♣❛rt✐❡ ✭❚❤é♦rè♠❡ ✶✳✷✵ ♣❛❣❡ ✹✶✮ q✉❡ t♦✉t❡ ✸❉❚✲✐♥st❛♥❝❡ q✉✐ ❡st
❝♦♥str✉✐t❡ ❝♦♠♠❡ ✉♥ ❛ss❡♠❜❧❛❣❡ ❞❡ ❜❧♦❝s ❞❡ ❜❛s❡ ❛ ❡✛❡❝t✐✈❡♠❡♥t ✉♥❡ ♣❡r♠✉t❛t✐♦♥
éq✉✐✈❛❧❡♥t❡✳

❈❡ rés✉❧t❛t ♣❡r♠❡t ❞♦♥❝ ❞❡ ❝♦♥❝❧✉r❡ ❧❛ ré❞✉❝t✐♦♥✱ ♣✉✐sq✉❡ ♣♦✉r t♦✉t❡ ❢♦r♠✉❧❡
❜♦♦❧é❡♥♥❡ φ ♥♦✉s ♣♦✉✈♦♥s ❝♦♥str✉✐r❡ ✉♥❡ ♣❡r♠✉t❛t✐♦♥ πφ ❞♦♥t ❧❛ ❞✐st❛♥❝❡ ❞❡ tr❛♥s✲
♣♦s✐t✐♦♥ ❡st db(πφ)/3 s✐ ❡t s❡✉❧❡♠❡♥t s✐ φ ❡st s❛t✐s✜❛❜❧❡ ✿ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❚r✐ ♣❛r
tr❛♥s♣♦s✐t✐♦♥s ❡st ◆P✲❞✐✣❝✐❧❡ ✭❚❤é♦rè♠❡ ✶✳✷✶ ♣❛❣❡ ✹✺✮✳

✶✳✺ ❈♦♥❝❧✉s✐♦♥

▼ê♠❡ ❡♥ ❝♦♥♥❛✐ss❛♥t ❧❛ ❝❧❛ss❡ ❞❡ ❝♦♠♣❧❡①✐té ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❚r✐ ♣❛r tr❛♥s✲
♣♦s✐t✐♦♥s✱ ♣❧✉s✐❡✉rs q✉❡st✐♦♥s r❡st❡♥t ♦✉✈❡rt❡s✳ P❛r ❡①❡♠♣❧❡✱ ❝❡ ♣r♦❜❧è♠❡ ❛❞♠❡t✲✐❧
✉♥ s❝❤é♠❛ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ ❄ ◆♦tr❡ ré❞✉❝t✐♦♥ ♥❡ ♣❡r♠❡t ♣❛s
❞❡ ré♣♦♥❞r❡ à ❝❡tt❡ q✉❡st✐♦♥ ♣✉✐sq✉✬❡❧❧❡ ♥✬❡st ♣❛s ❧✐♥é❛✐r❡ ✿ s✐ ❧❛ ❢♦r♠✉❧❡ φ ♥✬❡st ♣❛s
s❛t✐s✜❛❜❧❡✱ ✐❧ ♣❡✉t êtr❡ r❡♠❛rq✉é q✉❡ dt(πIφ) = db(πIφ)/3 + 1✳

❉✬❛✉tr❡ ♣❛rt✱ ❡①✐st❡✲t✲✐❧ ❞❡s ♣❛r❛♠ètr❡s ♣❡rt✐♥❡♥ts ♣♦✉r ❧❡sq✉❡❧s ❧❡ ♣r♦❜❧è♠❡ ❡st
❋P❚❄ ❯♥ ♣❛r❛♠ètr❡ é✈❡♥t✉❡❧ s❡r❛✐t ❧❛ t❛✐❧❧❡ ❞❡s ❢❛❝t❡✉rs é❝❤❛♥❣és ❞❛♥s ❝❤❛q✉❡
tr❛♥s♣♦s✐t✐♦♥✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡✈✐❡♥t✲✐❧ ♣♦❧②♥♦♠✐❛❧ s✐ ❝❡ ♣❛r❛♠ètr❡ ❡st ❜♦r♥é ❄ ❊♥ ❢❛✐t
❧❛ ré♣♦♥s❡ ❡st ♥♦♥ s✐ ❧❡ ♣❛r❛♠ètr❡ ❡st ❧❛ t❛✐❧❧❡ ❞✉ ❢❛❝t❡✉r ❧❡ ♣❧✉s ♣❡t✐t ❞❡ ❝❤❛q✉❡
tr❛♥s♣♦s✐t✐♦♥✱ ♣✉✐sq✉❡ ❞❛♥s ♥♦tr❡ ré❞✉❝t✐♦♥✱ ❝❡tt❡ q✉❛♥t✐té ❡st ♠❛❥♦ré❡ ♣❛r ✻ ♣♦✉r
t♦✉t❡s ❧❡s tr❛♥s♣♦s✐t✐♦♥s ♥é❝❡ss❛✐r❡s ❛✉ tr✐ ❞❡ πIφ ✱ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ ❧❛ ❢♦r♠✉❧❡ φ✳
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❚r✐ ♣❛r ✐♥✈❡rs✐♦♥s ♣ré✜①❡s

▲❡ ❚r✐ ♣❛r ✐♥✈❡rs✐♦♥s ♣ré❢✐①❡s ✭❙❇P❘✱
♣♦✉r ❙♦rt✐♥❣ ❜② Pr❡❢✐① ❘❡✈❡rs❛❧s✮ ❡st ✉♥
♣r♦❜❧è♠❡ ♣❧✉s ❝♦♥♥✉ s♦✉s ❧❡ ♥♦♠ ❞❡ r❡t♦✉r♥❡✲
♠❡♥t ❞❡ ❝rê♣❡s ✿ ✐❧ s✬❛❣✐t ❞❡ ré❛rr❛♥❣❡r ✉♥❡ ♣✐❧❡
❞❡ ❝rê♣❡s ❞❡ t❛✐❧❧❡s ❞✐✛ér❡♥t❡s ✭✐✳❡✳✱ ✉♥❡ ♣❡r♠✉✲
t❛t✐♦♥✮ ♣♦✉r ❡♥ ❢❛✐r❡ ✉♥❡ ♣✐❧❡ ♣②r❛♠✐❞❛❧❡✱ ♦ù ❧❛
s❡✉❧❡ ❛❝t✐♦♥ ♣♦ss✐❜❧❡ ❡st ❞✬✐♥sér❡r ✉♥❡ s♣❛t✉❧❡
❞❛♥s ❧❛ ♣✐❧❡ ❡t ❞❡ r❡t♦✉r♥❡r ❧❡s ❝rê♣❡s s❡ tr♦✉✲
✈❛♥t ❛✉✲❞❡ss✉s ✭✐✳❡✳✱ ❞✬❡✛❡❝t✉❡r ✉♥❡ ✐♥✈❡rs✐♦♥
♣ré✜①❡✮✳ ❈❛❧❝✉❧❡r ✉♥ s❝é♥❛r✐♦ ♦♣t✐♠❛❧ ❡st ✉♥
♣r♦❜❧è♠❡ ❝♦♠❜✐♥❛t♦✐r❡ ✈✐❡✉① ❞❡ ♣❧✉s ❞❡ tr❡♥t❡
❛♥s✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣r♦✉✈♦♥s q✉❡ ❧❡ ♣r♦❜✲
❧è♠❡ ❞❡ r❡t♦✉r♥❡♠❡♥t ❞❡ ❝rê♣❡s ❡st ◆P✲❞✐✣❝✐❧❡✳

✷✳✶ Prés❡♥t❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡

▲❡ ♣r♦❜❧è♠❡ ❞❡ r❡t♦✉r♥❡♠❡♥t ❞❡ ❝rê♣❡s ❛ été t♦✉t ❞✬❛❜♦r❞ ♣rés❡♥té ❞❛♥s ❬✻✸❪
s♦✉s ❧❛ ❢♦r♠❡ ❞❡ ❧✬é♥✐❣♠❡ s✉✐✈❛♥t❡✳

■♠❛❣✐♥❡③ ✉♥ s❡r✈❡✉r ❞❡✈❛♥t ❛♣♣♦rt❡r ✉♥❡ ♣✐❧❡ ❞❡ ❝rê♣❡s à ❞❡s ❝❧✐❡♥ts✳
▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❧❡ ❝❤❡❢ ♥✬❡st ♣❛s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ♠✐♥✉t✐❡✉①✱ ❡t
❧❡s ❝rê♣❡s ♦♥t t♦✉t❡s ❞❡s t❛✐❧❧❡s ❞✐✛ér❡♥t❡s✳ ❊♥ ❝❤❡♠✐♥ ✈❡rs ❧❛ t❛❜❧❡✱
❧❡ s❡r✈❡✉r ré❛rr❛♥❣❡ ❧❛ ♣✐❧❡ ✭❞❡ ❢❛ç♦♥ à ♠❡ttr❡ ❧❛ ♣❧✉s ♣❡t✐t❡ ❡♥ ❤❛✉t✱
❡t❝✳✱ ❥✉sq✉✬à ❧❛ ♣❧✉s ❣r❛♥❞❡ t♦✉t ❡♥ ❜❛s✮ ❡♥ s❛✐s✐ss❛♥t✱ ❛✉t❛♥t ❞❡ ❢♦✐s
q✉❡ ♥é❝❡ss❛✐r❡✱ ♣❧✉s✐❡✉rs ❝rê♣❡s ❞✉ ❤❛✉t ❞❡ ❧❛ ♣✐❧❡ ❡t ❡♥ ❧❡s r❡t♦✉r✲
♥❛♥t✳ ❙✬✐❧ ② ❛ n ❝rê♣❡s✱ ❝♦♠❜✐❡♥✱ ❛✉ ♠❛①✐♠✉♠✱ ❧❡ s❡r✈❡✉r ❞❡✈r❛✲t✲✐❧
❡✛❡❝t✉❡r ❞❡ r❡t♦✉r♥❡♠❡♥ts ✭❡♥ ❢♦♥❝t✐♦♥ ❞❡ n✮ ♣♦✉r ré❛rr❛♥❣❡r ❧❛
♣✐❧❡ ❄

▲❡s rés✉❧t❛ts ❞❡ ❝❡ ❝❤❛♣✐tr❡ ♦♥t ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ♣rés❡♥t❛t✐♦♥ ✐♥✈✐té❡ ❛✉ ❝♦❧❧♦q✉❡ ❆✫P ✷✵✶✷
✭❆❧❣♦r✐t❤♠s ❛♥❞ P❡r♠✉t❛t✐♦♥s✱ P❛r✐s✮✱ ❡t ♦♥t é❣❛❧❡♠❡♥t été ♣rés❡♥tés à ▼❋❈❙ ✷✵✶✷
✭✸✼t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❋♦✉♥❞❛t✐♦♥s ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱
❇r❛t✐s❧❛✈❛ ❬✸✹❪✮✳ ■❧s s♦♥t ❛❝t✉❡❧❧❡♠❡♥t s♦✉♠✐s ♣♦✉r ♣✉❜❧✐❝❛t✐♦♥ à ❏❈❙❙ ✭❏♦✉r♥❛❧ ♦❢ ❈♦♠✲
♣✉t❡r ❛♥❞ ❙②st❡♠ ❙❝✐❡♥❝❡s✱ ❬✸✼❪✮✳
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P✉✐sq✉❡ t♦✉t❡s ❧❡s ❝rê♣❡s ♦♥t ❞❡s t❛✐❧❧❡s ❞✐✛ér❡♥t❡s✱ ✉♥❡ ♣✐❧❡ ♣❡✉t êtr❡ r❡♣rés❡♥té❡
♣❛r ✉♥❡ ♣❡r♠✉t❛t✐♦♥ ✭✶ ❡st ❧❛ ♣❧✉s ♣❡t✐t❡✱ ✷ ❧❛ s✉✐✈❛♥t❡✱ ❡t❝✳✱ ❥✉sq✉✬à n ❧❛ ♣❧✉s ❣r❛♥❞❡✮✱
❡t ✉♥ r❡t♦✉r♥❡♠❡♥t ❝♦♥s✐st❡ à ❡✛❡❝t✉❡r ✉♥❡ ✐♥✈❡rs✐♦♥ ❞✬✉♥ ♣ré✜①❡ ❞❡ t❛✐❧❧❡ ❛r❜✐tr❛✐r❡✳
▲✬é♥✐❣♠❡ ♣rés❡♥té❡ ❝✐✲❞❡ss✉s ❡♥❣❡♥❞r❡ ❞❡✉① ♣r♦❜❧è♠❡s ❧✐és ✿

✕ ❘é❛❧✐s❡r ✉♥ ❛❧❣♦r✐t❤♠❡ q✉✐ tr✐❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ♣❡r♠✉t❛t✐♦♥ ❛✈❡❝ ✉♥ ♥♦♠❜r❡
❞❡ r❡t♦✉r♥❡♠❡♥ts ♠✐♥✐♠❛❧ ✭❝❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ❡st ❛❜ré✈✐é ❡♥ ❙❇P❘✱
♣♦✉r ❙♦rt✐♥❣ ❇② Pr❡❢✐① ❘❡✈❡rs❛❧s✮✳ ❱♦✐r ❋✐❣✉r❡ ✸✳

✕ ❈❛❧❝✉❧❡r f(n)✱ ❧❡ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ❞❡ r❡t♦✉r♥❡♠❡♥ts r❡q✉✐s ♣♦✉r tr✐❡r ✉♥❡
♣❡r♠✉t❛t✐♦♥ ❞❡ t❛✐❧❧❡ n ✭❝❡ ♥♦♠❜r❡ ❝♦rr❡s♣♦♥❞ ❛✉ ❞✐❛♠ètr❡ ❞✬✉♥ ❣r❛♣❤❡ ♥♦♠♠é
♣❛♥❝❛❦❡ ♥❡t✇♦r❦✮✳

●❛t❡s ❡t P❛♣❛❞✐♠✐tr✐♦✉ ❬✼✹❪ ♦♥t ♣r♦♣♦sé ❧❛ ✈❛r✐❛♥t❡ ❞✉ ♣r♦❜❧è♠❡ ♦ù ❧❡s ❝rê♣❡s s♦♥t
❜rû❧é❡s ✿ ❝❤❛q✉❡ ❝rê♣❡ ❛ ❞❡✉① ❢❛❝❡s ✭❧✬✉♥❡ ❜rû❧é❡✱ ❧✬❛✉tr❡ ♥♦♠✮✱ ❡t ✉♥❡ ❝♦♥tr❛✐♥t❡ ❡st
❛❥♦✉té❡✱ ✐♠♣♦s❛♥t q✉❡ t♦✉t❡s ❧❡s ❝rê♣❡s ❛✐❡♥t ❧❛ ❢❛❝❡ ♥♦♥ ❜rû❧é❡ ❛✉✲❞❡ss✉s à ❧❛ ✜♥
❞✉ tr✐✳ ▲❛ ❜♦r♥❡ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ r❡t♦✉r♥❡♠❡♥ts ♥é❝❡ss❛✐r❡s ❞❛♥s ❧❡ ❝❛s ❜rû❧é ❡st
♥♦té❡ g(n)✳

✷✳✷ ➱t❛t ❞❡ ❧✬❛rt

❉❡ ♥♦♠❜r❡✉s❡s ét✉❞❡s ❬✺✵✱ ✺✼✱ ✺✾✱ ✼✹✱ ✽✻✱ ✽✺✱ ✾✽❪ ♦♥t ♣♦✉r ❜✉t ❞✬❡♥❝❛❞r❡r ❧❡ ♣❧✉s
♣ré❝✐sé♠❡♥t ♣♦ss✐❜❧❡ ❧❡s ✈❛❧❡✉rs ❞❡ f(n) ❡t g(n)✱ ❛✈❡❝ ❧❡s rés✉❧t❛ts s✉✐✈❛♥ts ✿

✕ f(n) ❡t g(n) s♦♥t ❝♦♥♥✉s ❡①❛❝t❡♠❡♥t ♣♦✉r n ≤ 19 ❡t n ≤ 17✱ r❡s♣❡❝t✐✈❡✲
♠❡♥t ❬✺✼❪✳

✕ 15n/14 ≤ f(n) ≤ 18n/11 +O(1) ❬✽✺✱ ✺✵❪✳
✕ ⌊(3n+3)/2⌋ ≤ g(n) ≤ 2n−6 ❬✺✼❪ ✭❧❛ ❜♦r♥❡ s✉♣ér✐❡✉r❡ ❡st ✈❛❧✐❞❡ ♣♦✉r n ≥ 16✮✳
❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡ ♣r♦❜❧è♠❡ ❙❇P❘✱ ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ✷✲❛♣♣r♦①✐♠❛t✐♦♥ ♦♥t

été ❝réés à ❧❛ ❢♦✐s ♣♦✉r ❧❡s ✈❛r✐❛♥t❡s ❜rû❧é❡s ❡t ♥♦♥ ❜rû❧é❡s ❬✺✾✱ ✻✾❪✳ ❉❡ ♣❧✉s✱ ▲❛❜❛rr❡
❡t ❈✐❜✉❧❦❛ ❬✾✽❪ ♦♥t ❝❛r❛❝tér✐sé ✉♥❡ s♦✉s✲❝❧❛ss❡ ❞❡ ♣❡r♠✉t❛t✐♦♥s ✭❧❡s ♣❡r♠✉t❛t✐♦♥s
s✐♠♣❧❡s✮ ♣♦✉r ❧❡sq✉❡❧❧❡s ✉♥ tr✐ ♦♣t✐♠❛❧ ♣❡✉t êtr❡ ❝❛❧❝✉❧é ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧✳

▲❡ ♣r♦❜❧è♠❡ ❞❡ r❡t♦✉r♥❡♠❡♥t ❞❡ ❝rê♣❡s ❛ ♣❧✉s✐❡✉rs ❛♣♣❧✐❝❛t✐♦♥s✳ P❛r ❡①❡♠♣❧❡✱
❧❡ ❣r❛♣❤❡ ♣❛♥❝❛❦❡ ♥❡t✇♦r❦ ❛ à ❧❛ ❢♦✐s ✉♥ ❢❛✐❜❧❡ ❞❡❣ré ❡t ✉♥ ❢❛✐❜❧❡ ❞✐❛♠ètr❡ ♣❛r r❛♣✲
♣♦rt ❛✉ ♥♦♠❜r❡ ❞❡ s❡s s♦♠♠❡ts✳ ■❧ ❡st ❛✐♥s✐ ✐♥tér❡ss❛♥t ♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❡♥
❝❛❧❝✉❧ ♣❛r❛❧❧è❧❡ ❬✶✱ ✶✶✵❪✳ ▲✬❛s♣❡❝t ❛❧❣♦r✐t❤♠✐q✉❡✱ ✐✳❡✳ ❧❡ ♣r♦❜❧è♠❡ ❞❡ tr✐✱ ❝♦rr❡s♣♦♥❞
❡①❛❝t❡♠❡♥t à ❧❛ ❞✐st❛♥❝❡ ❞❡ ré❛rr❛♥❣❡♠❡♥t ❞❡ ❣é♥♦♠❡s ♦ù ❧❡s ♦♣ér❛t✐♦♥s ❛✉t♦r✐sé❡s
s♦♥t ❧❡s ✐♥✈❡rs✐♦♥s ♣ré✜①❡s ✭❧❡s ✈❛r✐❛♥t❡s ❜rû❧é❡s✴♥♦♥ ❜rû❧é❡s ❝♦rr❡s♣♦♥❞❡♥t r❡s♣❡❝✲
t✐✈❡♠❡♥t ❛✉① ♠♦❞é❧✐s❛t✐♦♥s ❞❡s ❣é♥♦♠❡s ❡♥ ♣❡r♠✉t❛t✐♦♥s s✐❣♥é❡s✴♥♦♥ s✐❣♥é❡s✮✳ P❛r
❝♦♥séq✉❡♥t✱ ❝❡ ♣r♦❜❧è♠❡ ❛ ♣❛rt✐❝✉❧✐èr❡♠❡♥t é✈❡✐❧❧é ❧✬✐♥térêt ❞❡ ❧❛ ❝♦♠♠✉♥❛✉té ❞❡
❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡✱ ♥♦t❛♠♠❡♥t à ❝❛✉s❡ ❞❡ s❡s s✐♠✐❧❛r✐tés ❛✈❡❝ ❧❡ ♣r♦❜❧è♠❡ ❞❡
tr✐ ♣❛r r❡t♦✉r♥❡♠❡♥ts ✭♦✉ ❙♦rt✐♥❣ ❇② ❘❡✈❡rs❛❧s✮ ❬✶✶❪✱ q✉✐ ❛❞♠❡t ✉♥ ❛❧❣♦✲
r✐t❤♠❡ ❡①❛❝t ♣♦❧②♥♦♠✐❛❧ ❬✽✶❪ ♣♦✉r ❧❛ ✈❛r✐❛♥t❡ s✐❣♥é❡✱ ❡t ✉♥❡ ✶✳✸✼✺✲❛♣♣r♦①✐♠❛t✐♦♥ ❬✶✾❪
♣♦✉r ❧❛ ✈❛r✐❛♥t❡ ♥♦♥ s✐❣♥é❡ ✭q✉✐ ❡st ❆P❳✲❞✐✣❝✐❧❡ ❬✷✵❪✮✳

✷✳✸ ◆♦tr❡ ❝♦♥tr✐❜✉t✐♦♥

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣r♦✉✈♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❙❇P❘ ❡st ◆P✲❞✐✣❝✐❧❡ ✭❞❛♥s
s❛ ✈❛r✐❛♥t❡ ♥♦♥ ❜rû❧é❡✱ ♦✉ ♥♦♥ s✐❣♥é❡✮✱ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ ❝❧♦r❡ ✉♥❡ q✉❡st✐♦♥ r❡sté❡
♦✉✈❡rt❡ ♣❡♥❞❛♥t ♣❧✉s✐❡✉rs ❞é❝❡♥♥✐❡s✳ ◆♦✉s ♣r♦✉✈♦♥s ❡♥ ❢❛✐t ✉♥ rés✉❧t❛t ♣❧✉s ❢♦rt ✿
❧❡ ♥♦♠❜r❡ ❞❡ ❝❛ss✉r❡s ❡st ❝♦♥♥✉ ♣♦✉r êtr❡ ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ s✉r ❧❛ ❞✐st❛♥❝❡ ♣❛r
✐♥✈❡rs✐♦♥s ♣ré✜①❡s✳ ◆♦✉s ♣r♦✉✈♦♥s✱ ❝♦♠♠❡ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ tr✐ ♣❛r tr❛♥s♣♦✲
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✭❛✮ ❖❜❥❡❝t✐❢ ✿ tr❛♥s❢♦r♠❡r ✉♥❡ ♣❡r♠✉t❛t✐♦♥ ✭❡✳❣✳✱
〈

6, 5, 1, 3, 2, 7, 4
〉

✮ ❡♥ ❧✬✐❞❡♥t✐té I17 ✳
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✭❜✮ ❯♥ r❡t♦✉r♥❡♠❡♥t ❞❡ ✺ é❧é♠❡♥ts ✿
〈

6, 5, 1, 3, 2, 7, 4
〉

❞❡✈✐❡♥t
〈

2, 3, 1, 5, 6, 7, 4
〉

✳ ▲❛
❧✐♠✐t❡ ❞✉ r❡t♦✉r♥❡♠❡♥t ❡st ♠❛rq✉é❡ ❛✈❡❝ ✉♥ s②♠❜♦❧❡ ❞❡ s♣❛t✉❧❡✳
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✭❝✮ ▲❛ séq✉❡♥❝❡ ❞❡ ✺ r❡t♦✉r♥❡♠❡♥ts ♥é❝❡ss❛✐r❡s ♣♦✉r tr✐❡r
〈

6, 5, 1, 3, 2, 7, 4
〉

✳ ❊❧❧❡ ❡st
♦♣t✐♠❛❧❡ ❝❛r ❧❡ ♥♦♠❜r❡ ❞❡ ❝❛ss✉r❡s ❞❡ ❧❛ ♣❡r♠✉t❛t✐♦♥ ❡st ✺✳ ❊❧❧❡ ❡st ❛✉ss✐✱ ❞❡ ❢❛✐t✱
❧❛ s❡✉❧❡ séq✉❡♥❝❡ ❞❡ r❡t♦✉r♥❡♠❡♥ts ♦♣t✐♠❛❧❡✳

❋✐❣✉r❡ ✸ ✕ ■❧❧✉str❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ tr✐ ♣❛r ✐♥✈❡rs✐♦♥s ♣ré❢✐①❡s✳



❋✳✷✷ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

s✐t✐♦♥s✱ q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❝♦♥s✐st❛♥t à ❞ét❡r♠✐♥❡r s✐ ❝❡tt❡ ❜♦r♥❡ ❡st ❛tt❡✐♥t❡ ♣♦✉r
✉♥❡ ♣❡r♠✉t❛t✐♦♥ ❞♦♥♥é❡ ❡st ❧✉✐✲♠ê♠❡ ◆P✲❞✐✣❝✐❧❡✳

▲❡s ♠ét❤♦❞❡s ❡♠♣❧♦②é❡s ♣♦✉r ❧❡s ❞❡✉① ♣r❡✉✈❡s ♦♥t ❞❡ ♥♦♠❜r❡✉① ♣♦✐♥ts ❝♦♠♠✉♥s✱
❛✈❡❝ ✉♥❡ ré❞✉❝t✐♦♥ à ✉♥ ♣r♦❜❧è♠❡ ❞❡ s❛t✐s✜❛❜✐❧✐té✳ ◆♦✉s ❝♦♥str✉✐s♦♥s ❞❡s séq✉❡♥❝❡s
♣❛r ❝♦♥❝❛té♥❛t✐♦♥ ❞❡ ❣❛❞❣❡ts✱ t❡❧❧❡s q✉✬✐❧ ❡①✐st❡ ✉♥ ❝❤❡♠✐♥ ✏❡✣❝❛❝❡✑ ✭✐✳❡✳ q✉✐ r❡t✐r❡ ✉♥
♠❛①✐♠✉♠ ❞❡ ♣♦✐♥ts ❞❡ ❝❛ss✉r❡ à ❝❤❛q✉❡ ♦♣ér❛t✐♦♥✮ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ✉♥❡ ❢♦r♠✉❧❡ ❡st
s❛t✐s✜❛❜❧❡✳ ▲❛ ❝♦♥tr❛✐♥t❡ ❞❡ ✏❞♦✉❜❧❡ ♣❛ss❛❣❡✑ ❡st é❣❛❧❡♠❡♥t ♣rés❡♥t❡✳ ❊♥ r❡✈❛♥❝❤❡✱
❧❛ s♣é❝✐✜❝✐té ❞❡s ✐♥✈❡rs✐♦♥s ♣ré✜①❡s✱ ♥♦t❛♠♠❡♥t ❧❡ ❢❛✐t q✉✬✐❧ ♥✬❡①✐st❡ à t♦✉t ♠♦♠❡♥t
q✉❡ ❞❡✉① ♣♦✐♥ts ❞❡ ❝❛ss✉r❡ ❛✉ ♠❛①✐♠✉♠ q✉✐ ♣❡✉✈❡♥t êtr❡ r❡t✐rés ♣❛r ✉♥❡ ♦♣ér❛t✐♦♥
❡✣❝❛❝❡✱ ❢♦♥t q✉❡ ❧❡s ❣❛❞❣❡ts ❞é✜♥✐s s♦♥t très ❞✐✛ér❡♥ts✱ ❡t q✉❡ ❧✬♦r❞r❡ ❞❡ ♣❛ss❛❣❡
❞❛♥s ❧❡s ❣❛❞❣❡ts ❡st ❝♦♠♣❧èt❡♠❡♥t ❝♦♥tr❛✐♥t✳

✷✳✹ ❈♦♥❝❧✉s✐♦♥

❈♦♠♠❡ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❚r✐ ♣❛r tr❛♥s♣♦s✐t✐♦♥s✱ ❧❛ ◆P✲❞✐✣❝✉❧té ❞✉
♣r♦❜❧è♠❡ ❞❡ ❚r✐ ♣❛r r❡t♦✉r♥❡♠❡♥ts ♣ré❢✐①❡s r❡♣rés❡♥t❡ ✉♥ rés✉❧t❛t ✐♠♣♦rt❛♥t
❞❛♥s ❧❡s ♣r♦❜❧è♠❡s ❞❡ ré❛rr❛♥❣❡♠❡♥t ❞❡ ❣é♥♦♠❡s✳ ▲❛ q✉❡st✐♦♥ ❞❡ ❧✬❆P❳✲❞✐✣❝✉❧té
r❡st❡ ❝❡♣❡♥❞❛♥t ♦✉✈❡rt❡✱ t♦✉t ❝♦♠♠❡ ❧❛ ❝♦♠♣❧❡①✐té ❞❡ ❧❛ ✈❛r✐❛♥t❡ s✐❣♥é❡ ✭♦✉ ❜rû❧é❡✮✱
♦✉ ❧❛ q✉❡st✐♦♥ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞✬❛❧❣♦r✐t❤♠❡s ♣❛r❛♠étrés ♣♦✉r ❝❡ ♣r♦❜❧è♠❡✳



P❛rt✐❡ ■■ ✕ ❈❤❛♣✐tr❡ ✸

❉✐st❛♥❝❡s ❡①❡♠♣❧❛✐r❡s

≃⇒

▲❡ ♣r♦❜❧è♠❡ ❞❡ ❉✐st❛♥❝❡ ❊①❡♠♣❧❛✐r❡ ❞❡✲
♠❛♥❞❡✱ ét❛♥t ❞♦♥♥és ❞❡✉① ❣é♥♦♠❡s ♣rés❡♥t❛♥t
❞❡s ❞✉♣❧✐❝❛t✐♦♥s✱ ❞✬❡①tr❛✐r❡ ❞❡s ❡①❡♠♣❧❛r✐s❛✲
t✐♦♥s ❞❡ ❝❡s ❣é♥♦♠❡s ✭✐✳❡✳ ❞❡s s♦✉s✲séq✉❡♥❝❡s
❝♦♥t❡♥❛♥t ❡①❛❝t❡♠❡♥t ✉♥❡ ❝♦♣✐❡ ❞❡ ❝❤❛q✉❡
❣è♥❡✮ ♠✐♥✐♠✐s❛♥t ✉♥❡ ♠❡s✉r❡ ❞❡ ❞✐ss✐♠✐❧❛r✐té
❝❤♦✐s✐❡✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣r♦✉✈♦♥s q✉✬✐❧ ❡st
◆P✲❞✐✣❝✐❧❡ ❞✬❛♣♣r♦①✐♠❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❉✐s✲

t❛♥❝❡ ❊①❡♠♣❧❛✐r❡ ♣♦✉r ❞❡✉① ❞✐st❛♥❝❡s ❞❡
ré❛rr❛♥❣❡♠❡♥t ✭tr✐ ♣❛r ✐♥✈❡rs✐♦♥s ❡t ❉❈❏✮ ❡t
♣♦✉r ❧❡s ❞✐st❛♥❝❡s ❞✬é❞✐t✐♦♥ ❞❡ ❍❛♠♠✐♥❣ ❡t ❞❡
▲❡✈❡♥s❤t❡✐♥✳

✸✳✶ Prés❡♥t❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ✉♥ ❣é♥♦♠❡ ❡st r❡♣rés❡♥té ♣❛r ✉♥❡ séq✉❡♥❝❡ s✐❣♥é❡ ❞✬❡♥t✐❡rs ✿
❝❤❛q✉❡ ❡♥t✐❡r r❡♣rés❡♥t❡ ✉♥ ❣è♥❡ ✭♦✉ ♣❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ✉♥♠❛rq✉❡✉r✮ ❞✬✉♥❡ ❝❡rt❛✐♥❡
❢❛♠✐❧❧❡ ❛✈❡❝ ✉♥❡ ❝❡rt❛✐♥❡ ♦r✐❡♥t❛t✐♦♥✳ ➱t❛♥t ❞♦♥♥és ❞❡✉① ❣é♥♦♠❡s✱ ♣♦t❡♥t✐❡❧❧❡♠❡♥t
❛✈❡❝ ❞❡s ❞♦✉❜❧♦♥s✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡ ❬✶✶✸❪ ❝♦♥s✐st❡ à r❡t✐r❡r
t♦✉t❡s ❧❡s ❝♦♣✐❡s s❛✉❢ ✉♥❡ ❞❡ ❝❤❛q✉❡ ♠❛rq✉❡✉r ❞❛♥s ❝❤❛q✉❡ ❣é♥♦♠❡✱ t♦✉t ❡♥ ♠✐♥✲
✐♠✐s❛♥t ✉♥❡ ❞✐st❛♥❝❡ ♦❜❥❡❝t✐❢ ❡♥tr❡ ❧❡s ❞❡✉① ❣é♥♦♠❡s✳ ❖♥ ❛♣♣❡❧❧❡ ❧❡s ❣é♥♦♠❡s ré❞✉✐ts
❞❡s s♦✉s✲séq✉❡♥❝❡s ❡①❡♠♣❧❛✐r❡s ❞❡s ❣é♥♦♠❡s ❞✬♦r✐❣✐♥❡✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ r❡✈✐❡♥t à ❝♦♥✲
s✐❞ér❡r q✉❡ ❧❡s ❞✉♣❧✐❝❛t✐♦♥s s♦♥t ré❝❡♥t❡s ❞❛♥s ❧✬❤✐st♦✐r❡ é✈♦❧✉t✐✈❡ ❞❡s ❞❡✉① ❡s♣è❝❡s
❝♦♥s✐❞éré❡s ✭❡❧❧❡s ♦♥t ❡✉ ❧✐❡✉ ❛♣rès ❧❛ s♣é❝✐❛t✐♦♥✮✱ ♦✉ ❛❧♦rs q✉❡ ❧❡s ❞♦♥♥é❡s ♣❡r♠❡✲
tt❡♥t ❞❡ ❞✐st✐♥❣✉❡r ❧❡s ❝♦♣✐❡s ♣r♦✈❡♥❛♥t ❞✬✉♥❡ ❞✉♣❧✐❝❛t✐♦♥ ♣❧✉s ❛♥❝✐❡♥♥❡✳ ❆✐♥s✐✱ ✉♥
s❡✉❧ ❡①❡♠♣❧❛✐r❡ ❞❡ ❝❤❛q✉❡ ❢❛♠✐❧❧❡ ❞❡ ❣è♥❡s ♣r♦✈✐❡♥t ❞❡ ❧✬❛♥❝êtr❡ ❝♦♠♠✉♥ ❡t ❞♦✐t êtr❡
♠✐s ❡♥ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❛✈❡❝ ✉♥ ❡①❡♠♣❧❛✐r❡ ❞❡ ❧✬❛✉tr❡ ❡s♣è❝❡ ✭✉♥ ❣è♥❡ ♦rt❤♦❧♦❣✉❡✮✳

▲❡s rés✉❧t❛ts ❞❡ ❝❡ ❝❤❛♣✐tr❡ ♦♥t été ♦❜t❡♥✉s ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ▼✐❣❤✉✐ ❏✐❛♥❣✳ ■❧s ♦♥t été
♣rés❡♥tés à ■❙❇❘❆ ✷✵✶✷ ✭✽t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❇✐♦✐♥❢♦r♠❛t✐❝s ❘❡s❡❛r❝❤ ❛♥❞
❆♣♣❧✐❝❛t✐♦♥s✱ ❉❛❧❧❛s ❬✸✾❪✮✱ ❡t s♦♥t à ♣❛r❛îtr❡ ❞❛♥s ❚❈❇❇ ✭■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♠♣✉✲
t❛t✐♦♥❛❧ ❇✐♦❧♦❣② ❛♥❞ ❇✐♦✐♥❢♦r♠❛t✐❝s ❬✹✵❪✮✳



❋✳✷✹ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

P❛r ❡①❡♠♣❧❡✱ ❧❡s ❞❡✉① ❣é♥♦♠❡s ❝✐✲❞❡ss♦✉s

G1 :
〈

−4, +1, +2, +3, −5, +1, +2, +3, −6
〉

G2 :
〈

−1, −4, +1, +2, −5, +3, −2, −6, +3
〉

♣❡✉✈❡♥t t♦✉s ❞❡✉① êtr❡ ré❞✉✐ts à ❧❛ ♠ê♠❡ séq✉❡♥❝❡

G′ :
〈

−4, +1, +2, −5, +3, −6
〉

❡♥ r❡t✐r❛♥t ❞❡s ❞♦✉❜❧♦♥s✱ ✐❧s ♦♥t ❞♦♥❝ ✉♥❡ ❞✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡ ❞❡ ③ér♦ ♣♦✉r ♥✬✐♠♣♦rt❡
q✉❡❧❧❡ ♠❡s✉r❡ ❞❡ ❞✐st❛♥❝❡ r❛✐s♦♥♥❛❜❧❡✳ ❉❡ ❢❛ç♦♥ ❣é♥ér❛❧❡✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞✐st❛♥❝❡
❡①❡♠♣❧❛✐r❡ ❡st ❡♥ ❢❛✐t ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ♣r♦❜❧è♠❡s ❞é♣❡♥❞❛♥ts ❞✉ ❝❤♦✐① ❞❡ ❧❛ ♠❡s✉r❡
❞❡ ❞✐st❛♥❝❡ ✭q✉✐ ♥✬❡st ♣❛s ✉♥✐q✉❡✮✳ ◆♦✉s r❡♥✈♦②♦♥s à ❧❛ ❋✐❣✉r❡ ✹ ♣♦✉r ✉♥ ❡①❡♠♣❧❡
❞❡ s❝é♥❛r✐♦ ♦ù ❧❛ ❞✐st❛♥❝❡ s♦✉s✲❥❛❝❡♥t❡ ❡st ❧❛ ❞✐st❛♥❝❡ ❞✬✐♥✈❡rs✐♦♥s s✐❣♥é❡✳

◆♦✉s ♥♦t♦♥s (s, t)✲❉✐st❛♥❝❡ ❊①❡♠♣❧❛✐r❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❞✐st❛♥❝❡
❡①❡♠♣❧❛✐r❡ s✉r ❞❡✉① ❣é♥♦♠❡s G1 ❡t G2 ♦ù ❝❤❛q✉❡ ❣è♥❡ ❛♣♣❛r❛ît ❛✉ ♣❧✉s s ❢♦✐s ❞❛♥s
G1 ❡t ❛✉ ♣❧✉s t ❢♦✐s ❞❛♥s G2✳ ❉✬❛♣rès ❬✷✻✱ ✾✹❪✱ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ❞✐st❛♥❝❡ ✉t✐❧✐sé❡
✭à ❝♦♥❞✐t✐♦♥ q✉❡ ❝❡ s♦✐t ✉♥❡ ❞✐st❛♥❝❡✱ ✐✳❡✳ ❡❧❧❡ ❞♦✐t ✈❛❧♦✐r ③ér♦ ♣♦✉r ❞❡✉① séq✉❡♥❝❡s
✐❞❡♥t✐q✉❡s✮✱ ❧❡ ♣r♦❜❧è♠❡ (2, 2)✲❊①❡♠♣❧❛r ❉✐st❛♥❝❡ ♥✬❛❞♠❡t ♣❛s ❞✬❛♣♣r♦①✐♠❛t✐♦♥✳
❊♥ ❡✛❡t✱ ❧❡ s✐♠♣❧❡ ❢❛✐t ❞❡ ❞é❝✐❞❡r s✐ ♦✉✐ ♦✉ ♥♦♥ ❧❡s ❞❡✉① séq✉❡♥❝❡s ♣❡✉✈❡♥t êtr❡ ré✲
❞✉✐t❡s à ❧❛ ♠ê♠❡ s♦✉s✲séq✉❡♥❝❡ ❡①❡♠♣❧❛✐r❡ ❡st ❡♥ s♦✐ ✉♥ ♣r♦❜❧è♠❡ ◆P✲❞✐✣❝✐❧❡✳ ❉❛♥s
❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣♦rt♦♥s ♥♦s r❡❝❤❡r❝❤❡s s✉r ❧❛ ✈❛r✐❛♥t❡ ♥♦♥ tr✐✈✐❛❧❡ ❧❛ ♣❧✉s s✐♠♣❧❡
❞✉ ♣r♦❜❧è♠❡ ❞❡ ❞✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡ ✿ (1, 2)✲❉✐st❛♥❝❡ ❊①❡♠♣❧❛✐r❡✳ ❘❡♠❛rq✉❡ ✿
♥♦✉s ✉t✐❧✐s♦♥s ❧❡ ♠♦❞è❧❡ ♠♦♥♦❝❤r♦♠♦s♦♠❛❧ ✭✉♥ ❣é♥♦♠❡ ❡st r❡♣rés❡♥té ♣❛r ✉♥❡ s❡✉❧❡
séq✉❡♥❝❡✮ ❛✜♥ ❞✬❛✈♦✐r✱ ❡♥❝♦r❡ ✉♥❡ ❢♦✐s✱ ❧❛ ❞é✜♥✐t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❧❛ ♣❧✉s s✐♠♣❧❡ ❀
❛✐♥s✐✱ ❧❡s rés✉❧t❛ts ❞❡ ❞✐✣❝✉❧té ♣❡✉✈❡♥t s✬ét❡♥❞r❡ ❛✉ ♠♦❞è❧❡ ♠✉❧t✐❝❤r♦♠♦s♦♠❛❧✳

✸✳✷ ➱t❛t ❞❡ ❧✬❛rt

▲❡ ♣r♦❜❧è♠❡ (1, t)✲❉✐st❛♥❝❡ ❊①❡♠♣❧❛✐r❡ ❛ été ét✉❞✐é ♣♦✉r ♣❧✉s✐❡✉rs ❞✐st❛♥❝❡s
❤❛❜✐t✉❡❧❧❡s ✉t✐❧✐sé❡s ❡♥ ❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡✳ ❆♥❣✐❜❛✉❞ ❡t ❛❧✳ ❬✼❪ ♦♥t ♣r♦✉✈é q✉❡
♣♦✉r ❧❡s ❞✐st❛♥❝❡s ❞❡ ❝❛ss✉r❡✱ ❞✬✐♥t❡r✈❛❧❧❡s ❝♦♠♠✉♥s ❡t ❞✬✐♥t❡r✈❛❧❧❡s ❝♦♥s❡r✈és✱ ❧❡
♣r♦❜❧è♠❡ (1, 2)✲❉✐st❛♥❝❡ ❊①❡♠♣❧❛✐r❡ ❡st ❆P❳✲❞✐✣❝✐❧❡✳ ❇♦♥✐③③♦♥✐ ❡t ❛❧✳ ❬✷✽❪ ♦♥t
❞é♠♦♥tré q✉❡ ❞❡s ✈❛r✐❛♥t❡s ❞✉ ♣r♦❜❧è♠❡ ❞❡ ♣❧✉s ❧♦♥❣✉❡ s♦✉s✲séq✉❡♥❝❡ ❝♦♠✲
♠✉♥❡ s♦✉s ❧❡ ♠♦❞è❧❡ ❡①❡♠♣❧❛✐r❡ ❡st é❣❛❧❡♠❡♥t ❆P❳✲❞✐✣❝✐❧❡✳ P♦✉r ❧❡s ♠❡s✉r❡s ❞❡
♣❡rt✉r❜❛t✐♦♥ ❞✬❛❞❥❛❝❡♥❝❡ ♠❛①✐♠❛❧❡ ✭▼❆❉✱ ♣♦✉r ▼❛①✐♠✉♠ ❆❞❥❛❝❡♥❝② ❉✐sr✉♣t✐♦♥✮
❡t ♣❡rt✉r❜❛t✐♦♥ ❞✬❛❞❥❛❝❡♥❝❡ t♦t❛❧❡ ✭❙❆❉✱ ♣♦✉r ❙✉♠♠❡❞ ❆❞❥❛❝❡♥❝② ❉✐sr✉♣t✐♦♥✮✱ ✐♥✲
tr♦❞✉✐t❡s ♣❛r ❙❛♥❦♦✛ ❡t ❍❛q✉❡ ❬✶✶✹❪✱ ❝❛❧❝✉❧❡r ❧❛ ❞✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡ ❡st ❆P❳✲
❞✐✣❝✐❧❡ ❬✷✹❪✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ (1, 2)✲❉✐st❛♥❝❡ ▼❆❉ ❊①❡♠♣❧❛✐r❡ ❡st ◆P✲❞✐✣❝✐❧❡
à ❛♣♣r♦①✐♠❡r s♦✉s ✉♥ ❢❛❝t❡✉r 2−ǫ ♣♦✉r t♦✉t ǫ > 0✱ ❡t (1, 2)✲❉✐st❛♥❝❡ ❙❆❉ ❊①❡♠✲
♣❧❛✐r❡ ❡st ◆P✲❞✐✣❝✐❧❡ à ❛♣♣r♦①✐♠❡r s♦✉s ✉♥ ❢❛❝t❡✉r 1.3606 ❬✹✵❪✳ ❱♦✐r ❛✉ss✐ ❬✹✽✱ ✹✻❪
♣♦✉r ❞❡s rés✉❧t❛ts ❧✐és✳

✸✳✸ ❉✐st❛♥❝❡ ❞✬✐♥✈❡rs✐♦♥s

➱t❛♥t ❞♦♥♥é❡ ✉♥❡ ♣❡r♠✉t❛t✐♦♥ s✐❣♥é❡ π =
〈

π1, . . . , πn
〉

✱ ✉♥❡ ✐♥✈❡rs✐♦♥ ♥♦♥ s✐❣♥é❡
(i, j) ❛✈❡❝ 1 ≤ i ≤ j ≤ n tr❛♥s❢♦r♠❡ π ❡♥

〈

π1, . . . , πi−1, πj, . . . , πi, πj+1, . . . , πn
〉

✱ ♦ù
❧❡ ❢❛❝t❡✉r πi . . . πj ❡st ✐♥✈❡rsé✳ P♦✉r ✉♥❡ ♣❡r♠✉t❛t✐♦♥ s✐❣♥é❡ σ =

〈

σ1, . . . , σn
〉

✱ ✉♥❡
✐♥✈❡rs✐♦♥ s✐❣♥é❡ (i, j) ❛✈❡❝ 1 ≤ i ≤ j ≤ n tr❛♥s❢♦r♠❡ σ ❡♥ ❧❛ ♣❡r♠✉t❛t✐♦♥ s✐❣♥é❡
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〈

+1, +2, +3, +4, +5
〉

〈

+1, −4, −3, −2, +5
〉

G1 =
〈

+4, −1, −3, −2, +5
〉

〈

+1, +2, +3, −2, +4, +1, +5, −4
〉

G2 =
〈

+1, +2, −4, +2, −3, +1, +5, −4
〉

inversion duplications

inversion inversion

Distance d’inversions exemplaire = 3

❋✐❣✉r❡ ✹ ✕ ❆✉ ❝♦✉rs ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❞❡✉① ❡s♣è❝❡s ❞❡♣✉✐s ❧❛ s♣é❝✐❛t✐♦♥ ❛✉ ♥✐✈❡❛✉ ❞❡
❧✬❛♥❝êtr❡ ❝♦♠♠✉♥✱ ❞❡s ❞✉♣❧✐❝❛t✐♦♥s ♦♥t ❧✐❡✉ ❞❛♥s G2 ❡t ❞❡s ✐♥✈❡rs✐♦♥s s❡ ♣r♦❞✉✐s❡♥t
à ❧❛ ❢♦✐s ❞❛♥s G1 ❡t G2✳ ❙❡❧♦♥ ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ♣❛r❝✐♠♦♥✐❡✱ ❧❛ ❞✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡ ❞❡ 3
❡♥tr❡ G1 ❡t G2 ❝♦rr❡s♣♦♥❞ ❛✉ ♥♦♠❜r❡ ❞✬✐♥✈❡rs✐♦♥s ❞❛♥s ❧❡ s❝é♥❛r✐♦ ❧❡ ♣❧✉s ♣r♦❜❛❜❧❡
❞❡ ❧✬❤✐st♦✐r❡ é✈♦❧✉t✐✈❡ ❞❡ ❝❡s ❞❡✉① ❡s♣è❝❡s✳

〈

σ1, . . . , σi−1, −σj, . . . ,−σi, σj+1, . . . , σn
〉

✱ ♦ù ❧❡ ❢❛❝t❡✉r
〈

σi, . . . , σj
〉

❡st r❡t♦✉r♥é
✭✈♦✐r ❋✐❣✉r❡ ✺❛✮✳ ▲❛ ❞✐st❛♥❝❡ ❞✬✐♥✈❡rs✐♦♥s ♥♦♥ s✐❣♥é❡ ✭r❡s♣✳ ❞✐st❛♥❝❡ ❞✬✐♥✈❡rs✐♦♥s
s✐❣♥é❡✮ ❡♥tr❡ ❞❡✉① ♣❡r♠✉t❛t✐♦♥s ♥♦♥ s✐❣♥é❡s ✭r❡s♣✳ s✐❣♥é❡s✮ ❡st ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠❛❧
❞✬✐♥✈❡rs✐♦♥s ♥♦♥ s✐❣♥é❡s ✭r❡s♣✳ s✐❣♥é❡s✮ r❡q✉✐s❡s ♣♦✉r tr❛♥s❢♦r♠❡r ✉♥❡ ♣❡r♠✉t❛t✐♦♥
❡♥ ❧✬❛✉tr❡✳ ❈❛❧❝✉❧❡r ❧❛ ❞✐st❛♥❝❡ ❞✬✐♥✈❡rs✐♦♥s ♥♦♥ s✐❣♥é❡ ❡st ❆P❳✲❞✐✣❝✐❧❡ ❬✷✵❪✱ ❡t ❧❛
❞✐st❛♥❝❡ ❞✬✐♥✈❡rs✐♦♥s s✐❣♥é❡ ❡st q✉❛♥t à ❡❧❧❡ ❝❛❧❝✉❧❛❜❧❡ ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧ ❬✽✷❪✳

▲❡ t❤é♦rè♠❡ ❝✐✲❞❡ss♦✉s ré♣♦♥❞ à ❧❛ q✉❡st✐♦♥ ♣♦sé❡ ♣❛r ❇❧✐♥ ❡t ❛❧✳ ❬✷✹❪ s✉r ❧✬❛♣✲
♣r♦①✐♠❛❜✐❧✐té ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❞✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡ ♣♦✉r ❧❡s ✐♥✈❡rs✐♦♥s s✐❣♥é❡s ✿

❚❤❡♦rè♠❡ ✶✳ ❱♦✐r ❚❤é♦rè♠❡ ✸✳✶ ♣❛❣❡ ✼✼✳ ■❧ ❡st ◆P✲❞✐✣❝✐❧❡ ❞✬❛♣♣r♦①✐♠❡r ❧❛ (1, 2)✲
❉✐st❛♥❝❡ ❞✬✐♥✈❡rs✐♦♥s s✐❣♥é❡ ❡①❡♠♣❧❛✐r❡ s♦✉s ✉♥ ❢❛❝t❡✉r 1237/1236− ǫ ♣♦✉r
t♦✉t ǫ > 0✳

▼ét❤♦❞❡

▲❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✶ s❡ ❢❛✐t ❞❡♣✉✐s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❚r✐ ♣❛r ✐♥✈❡rs✐♦♥s
♥♦♥ s✐❣♥é✳

▲❛ ré❞✉❝t✐♦♥ ❡st ❜❛sé❡ s✉r ✉♥❡ ✐❞é❡ s✐♠♣❧❡ ✿ ❧❛ ❞✐✣❝✉❧té ❞✉ tr✐ ♣❛r ✐♥✈❡rs✐♦♥s ♥♦♥
s✐❣♥é t✐❡♥t ❛✉ ❢❛✐t q✉✬✐❧ ❡st ❞✐✣❝✐❧❡ ❞❡ ❝❤♦✐s✐r ✏❞❛♥s q✉❡❧❧❡ s❡♥s✑ ✐❧ ❢❛✉t ❧✐r❡ ❝❤❛q✉❡
❣è♥❡✱ ❝✬❡st✲à✲❞✐r❡ s✐ ✉♥ é❧é♠❡♥t ♥♦♥ s✐❣♥é πi ❞❡✈r❛✐t êtr❡ ❧✉ ✏+πi✑ ♦✉ ✏−πi✑✳ P✉✐sq✉❡
❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡ ❝♦♥s✐st❡ ❥✉st❡♠❡♥t à ❞❡✈♦✐r ❝❤♦✐s✐r ✉♥ é❧é♠❡♥t
♣❛r♠✐ ❞❡✉①✱ ✐❧ s✉✣t ❞❡ r❡♠♣❧❛❝❡r πi ❞❛♥s ❧✬✐♥st❛♥❝❡ ❞❡ ❚r✐ ♣❛r ✐♥✈❡rs✐♦♥s ♥♦♥
s✐❣♥é ♣❛r

〈

+πi,−πi
〉

❞❛♥s ❧✬✐♥st❛♥❝❡ ❞❡ (1, 2)✲❉✐st❛♥❝❡ ❞✬✐♥✈❡rs✐♦♥s s✐❣♥é❡
❡①❡♠♣❧❛✐r❡✳ ▲❡ t❤é♦rè♠❡ ❞é❝♦✉❧❡ ❞✉ ❢❛✐t q✉❡ ❝❡s ❞❡✉① ✐♥st❛♥❝❡s ♦♥t ❞❡s s♦❧✉t✐♦♥s
♦♣t✐♠❛❧❡s ✐❞❡♥t✐q✉❡s ♣♦✉r ❧❡✉rs ♣r♦❜❧è♠❡s r❡s♣❡❝t✐❢s✱ ❡t ❞❡ ❧✬❆P❳✲❞✐✣❝✉❧té ❞✉ ❚r✐
♣❛r ✐♥✈❡rs✐♦♥s ♥♦♥ s✐❣♥é✳

✸✳✹ ❉✐st❛♥❝❡ ❞❡ ❉❈❏

▲✬♦♣ér❛t✐♦♥ ❞❡ ❉❈❏ ✭♣♦✉r ❉♦✉❜❧❡✲❈✉t✲❆♥❞✲❏♦✐♥✮ ♣r♦♣♦sé❡ ♣❛r ❨❛♥❝♦♣♦✉❧♦s ❡t
❛❧✳ ❬✶✷✷❪ ❝♦♥s✐st❡ à ❝♦✉♣❡r ✉♥❡ ♣❡r♠✉t❛t✐♦♥ à ❞❡✉① ♣♦s✐t✐♦♥s✱ ❡t à r❡❝♦❧❧❡r ❧❡s q✉❛tr❡
❡①tré♠✐tés ❛✐♥s✐ ❝réé❡s ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ♠❛♥✐èr❡✳ ❆✐♥s✐✱ ✉♥❡ ♦♣ér❛t✐♦♥ ❞❡ ❉❈❏
♣❡✉t ❝♦rr❡s♣♦♥❞r❡ s♦✐t à ✉♥❡ ✐♥✈❡rs✐♦♥✱ s♦✐t à ❧✬❡①❝✐s✐♦♥ ❞✬✉♥ ❢❛❝t❡✉r ♣♦✉r ❢♦r♠❡r



❋✳✷✻ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

(a) 〈+1, +2,+3, +4, +5, +6〉 −→ 〈+1, +2, −5, −4, −3, +6〉

(b) 〈+1, +2, +3, +4, +5, +6〉 −→ 〈+1, +2, +6〉 (+3, +4, +5)

(c) 〈+1, +2, +3〉 (+4, +5, +6) −→ 〈+1, +2, −5, −4, −6, +3〉

❋✐❣✉r❡ ✺ ✕ ▲❡s ♦♣ér❛t✐♦♥s ❛✉t♦r✐sé❡s ♣♦✉r ❧❡ tr✐ ♣❛r ❉❈❏ s✐❣♥é s♦♥t ✭❛✮ ❧❡s ✐♥✈❡rs✐♦♥s✱
✭❜✮ ❧❡s ❡①❝✐s✐♦♥s✱ ❡t ✭❝✮ ❧❡s ✐♥s❡rt✐♦♥s✳ ❯♥❡ ♣❡r♠✉t❛t✐♦♥ ❝✐r❝✉❧❛✐r❡ ❡st ♥♦té❡ ❛✈❡❝ ❞❡s
♣❛r❡♥t❤ès❡s✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ (+1 +2 +3) ❡st é❣❛❧❡ à (+2 +3 +1) ❡t à (−3 −2 −1)✳

✉♥❡ ♣❡r♠✉t❛t✐♦♥ ❝✐r❝✉❧❛✐r❡✱ s♦✐t à ❧✬✐♥s❡rt✐♦♥ ❞✬✉♥❡ ♣❡r♠✉t❛t✐♦♥ ❝✐r❝✉❧❛✐r❡ ❞❛♥s ❧❛
séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✱ à ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ♣♦s✐t✐♦♥ ✭✈♦✐r ❋✐❣✉r❡ ✺✮✳ ▲❡ ♣r♦❜❧è♠❡ ❝♦♥✲
s✐st❛♥t à ❝❛❧❝✉❧❡r ❧❛ ❞✐st❛♥❝❡ ❞❡ ❉❈❏ ❡♥tr❡ ❞❡✉① ♣❡r♠✉t❛t✐♦♥s ❡st ♣♦❧②♥♦♠✐❛❧ ❞❛♥s
❧❡ ❝❛s s✐❣♥é ❬✶✷✷❪✱ ❡t ◆P✲❞✐✣❝✐❧❡ ❞❛♥s ❧❡ ❝❛s ♥♦♥ s✐❣♥é ❬✹✸❪✳ ▲❡ t❤é♦rè♠❡ ❝✐✲❞❡ss♦✉s
♣r♦✉✈❡ ❧✬✐♥❛♣♣r♦①✐♠❛❜✐❧✐té ❞❡ ❧❛ ❞✐st❛♥❝❡ ❉❈❏ ❡①❡♠♣❧❛✐r❡ ✿

❚❤❡♦rè♠❡ ✷✳ ❱♦✐r ❚❤é♦rè♠❡ ✸✳✷ ♣❛❣❡ ✼✽✳ ■❧ ❡st ◆P✲❞✐✣❝✐❧❡ ❞✬❛♣♣r♦①✐♠❡r ❧❛ (1, 2)✲
❉✐st❛♥❝❡ ❉❈❏ ❡①❡♠♣❧❛✐r❡ s♦✉s ✉♥ ❢❛❝t❡✉r 1237/1236− ǫ ♣♦✉r t♦✉t ǫ > 0✳

▼ét❤♦❞❡

▲❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✷ s❡ ❢❛✐t ❞❡♣✉✐s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❚r✐ ♣❛r ❉❈❏ ♥♦♥
s✐❣♥é✱ ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ ♣♦✉r ❧❡ ❚❤é♦rè♠❡ ✶✳

❊♥ r❡✈❛♥❝❤❡✱ ♣♦✉r ♣♦✉✈♦✐r ❝♦♥❝❧✉r❡ ❧❛ ❞é♠♦♥str❛t✐♦♥ ♥♦✉s ét❡♥❞♦♥s ❧❛ ♣r❡✉✈❡ ❞❡
◆P✲❞✐✣❝✉❧té ❬✹✸❪ ❡♥ ♣r❡✉✈❡ ❞✬❆P❳✲❞✐✣❝✉❧té ❡♥ ♣r♦✉✈❛♥t ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿ ✐❧ ❡st
◆P✲❞✐✣❝✐❧❡ ❞✬❛♣♣r♦①✐♠❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❚r✐ ♣❛r ❉❈❏ ♥♦♥ s✐❣♥é s♦✉s ✉♥ ❢❛❝t❡✉r
1237/1236− ǫ ♣♦✉r t♦✉t ǫ > 0✳

✸✳✺ ❉✐st❛♥❝❡s ❞✬é❞✐t✐♦♥

❉❛♥s ❧❡ ❞❡r♥✐❡r t❤é♦rè♠❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❡ ♣r❡♠✐❡r rés✉❧t❛t ❞✬✐✲
♥❛♣♣r♦①✐♠❛❜✐❧✐té ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❞✐st❛♥❝❡
❞✬é❞✐t✐♦♥ ❝❧❛ss✐q✉❡ ✿

❚❤❡♦rè♠❡ ✸✳ ❱♦✐r ❚❤é♦rè♠❡ ✸✳✸ ♣❛❣❡ ✼✽✳ ▲❡ ♣r♦❜❧è♠❡ (1, 2)✲❉✐st❛♥❝❡ ❞✬é❞✐t✐♦♥
❡①❡♠♣❧❛✐r❡ ❡st ❆P❳✲❞✐✣❝✐❧❡ ❧♦rsq✉❡ ❧❡ ❝♦ût ❞✬✉♥❡ s✉❜st✐t✉t✐♦♥ ❡st 1 ❡t q✉❡ ❧❡ ❝♦ût
❞✬✉♥❡ ✐♥s❡rt✐♦♥ ♦✉ ❞✬✉♥❡ s✉♣♣r❡ss✐♦♥ ❡st ❛✉ ♠♦✐♥s 1✳

▲❡s ❞✐st❛♥❝❡s ❞❡ ❍❛♠♠✐♥❣ ❡t ❞❡ ▲❡✈❡♥s❤t❡✐♥ s♦♥t ❝❤❛❝✉♥❡ ✉♥❡ ❞✐st❛♥❝❡ ❞✬é❞✐t✐♦♥
♣❛rt✐❝✉❧✐èr❡ ✿ ♣♦✉r ❧❛ ❞✐st❛♥❝❡ ❞❡ ▲❡✈❡♥s❤t❡✐♥✱ ❧❡ ❝♦ût ❞❡ ❝❤❛q✉❡ ♦♣ér❛t✐♦♥ ✭s✉❜st✐✲
t✉t✐♦♥✱ ✐♥s❡rt✐♦♥✱ s✉♣♣r❡ss✐♦♥✮ ❡st 1 ❀ ♣♦✉r ❧❛ ❞✐st❛♥❝❡ ❞❡ ❍❛♠♠✐♥❣✱ ❧❡ ❝♦ût ❞✬✉♥❡
s✉❜st✐t✉t✐♦♥ ❡st 1 ❡t ❧❡ ❝♦ût ❞✬✉♥❡ ✐♥s❡rt✐♦♥ ♦✉ ❞✬✉♥❡ s✉♣♣r❡ss✐♦♥ ❡st +∞✳ ◆♦✉s
❛✈♦♥s ❞♦♥❝ ❧❡s ❞❡✉① ❝♦r♦❧❧❛✐r❡s s✉✐✈❛♥ts✳

❈♦r♦❧❧❛✐r❡ ✹✳ ▲❡ ♣r♦❜❧è♠❡ (1, 2)✲❉✐st❛♥❝❡ ❞❡ ▲❡✈❡♥s❤t❡✐♥ ❡①❡♠♣❧❛✐r❡ ❡st
❆P❳✲❞✐✣❝✐❧❡✳

❈♦r♦❧❧❛✐r❡ ✺✳ ▲❡ ♣r♦❜❧è♠❡ (1, 2)✲❉✐st❛♥❝❡ ❞❡ ❍❛♠♠✐♥❣ ❡①❡♠♣❧❛✐r❡ ❡st ❆P❳✲
❞✐✣❝✐❧❡✳
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s t

u

v

e

f

g

h

i
j

G1

G2

=
=
〈
〈

e,
es, et,

S,
S,

f,
fs, fu,

S,
S,

g,
gs, gv,

S,
S,

h,
ht, hu,

S,
S,

i,
it, iv,

S,
S,

j,
ju, jv,

−
−

−
−

S,
S,

s, s′1, s
′
2, s

′
3,

es, fs, gs, s, e, f, g,
S,
S,

t, t′1, t
′
2, t

′
3,

et, ht, it, t, e, h, i,
S,
S,

u, u′1, u
′
2, u

′
3,

fu, hu, ju,u, f, h, j,
S,
S,

v, v′1, v
′
2, v

′
3,

gv, iv, jv, v, g, i, j,
−
−

−
−

S,
S,

es, et, fs, fu, gs, gv, ht, hu, it, iv, ju, jv
s′1, s

′
2, s

′
3, t

′
1, t

′
2, t

′
3, u

′
1, u

′
2, u

′
3, v

′
1, v

′
2, v

′
3

〉
〉

❋✐❣✉r❡ ✻ ✕ ❊①❡♠♣❧❡ ♣♦✉r ❧❛ ré❞✉❝t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦✉✈❡rt✉r❡ à (1, 2)✲
❉✐st❛♥❝❡ ❞✬é❞✐t✐♦♥ ❡①❡♠♣❧❛✐r❡✳ ❍❛✉t ✿ ✉♥ ❣r❛♣❤❡ ❝✉❜✐q✉❡ G ❛✈❡❝ ✉♥❡ ❝♦✉✲
✈❡rt✉r❡ ♦♣t✐♠❛❧❡ {s, t, v} ❡t ❧✬❡♥s❡♠❜❧❡ ✐♥❞é♣❡♥❞❛♥t ❝♦♠♣❧é♠❡♥t❛✐r❡ {u}✳ ❇❛s ✿ ▲❡s
séq✉❡♥❝❡s G1 ❡t G2 ❝réé❡s à ♣❛rt✐r ❞❡ G✱ ♦ù ♥♦✉s ✉t✐❧✐s♦♥s ✉♥ s②♠❜♦❧❡ ✉♥✐q✉❡ S ♣♦✉r
t♦✉s ❧❡s sé♣❛r❛t❡✉rs✳ ❯♥❡ s♦✉s✲séq✉❡♥❝❡ ❡①❡♠♣❧❛✐r❡ ♦♣t✐♠❛❧❡ ❞❡ G2 ❡st s♦✉❧✐❣♥é❡✱ ❡t
❧❡s é❧é♠❡♥ts ❛❧✐❣♥és ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❞✐st❛♥❝❡ ❞✬é❞✐t✐♦♥ s♦♥t ❡♥ ❣r❛s✳

▼ét❤♦❞❡

▲❛ ré❞✉❝t✐♦♥ s❡ ❢❛✐t ❞❡♣✉✐s ❧❡ ♣r♦❜❧è♠❡ ❈♦✉✈❡rt✉r❡ ❞❡ s♦♠♠❡ts ♠✐♥✐♠❛❧❡
❞❛♥s ✉♥ ❣r❛♣❤❡ ❝✉❜✐q✉❡✱ s❡s ❣r❛♥❞❡s ét❛♣❡s s♦♥t ♣rés❡♥té❡s ❝✐✲❞❡ss♦✉s✳

❈♦♥str✉❝t✐♦♥✳ ❙♦✐t G = (V,E) ✉♥ ❣r❛♣❤❡ ❝✉❜✐q✉❡ ❞❡ n s♦♠♠❡ts ❡t m ❛rêt❡s
✭❛✐♥s✐ 3n = 2m✮✳ ◆♦✉s ❝♦♥str✉✐s♦♥s ❞❡✉① séq✉❡♥❝❡s G1 ❡t G2✳ P♦✉r ❝❤❛q✉❡ ❛rêt❡
e = {u, v} ∈ E✱ ♥♦✉s ❞é✜♥✐ss♦♥s tr♦✐s ♠❛rq✉❡✉rs ❞✬❛rêt❡ e✱ eu✱ ❡t ev✳ P♦✉r ❝❤❛q✉❡
s♦♠♠❡t v ∈ V ✱ ♥♦✉s ❞é✜♥✐ss♦♥s ✉♥ ♠❛rq✉❡✉r ❞❡ s♦♠♠❡t v ❡t tr♦✐s ♠❛rq✉❡✉rs
t❛♠♣♦♥s v′1✱ v

′
2✱ v

′
3✳ ❋✐♥❛❧❡♠❡♥t✱ ♥♦✉s ✉t✐❧✐s♦♥s 2(m+7n)+2(m−1)+(n−1)♠❛rq✉❡✉rs

s✉♣♣❧é♠❡♥t❛✐r❡s s❡r✈❛♥t ❞❡ sé♣❛r❛t❡✉rs✳ ▲❛ ❝♦♥str✉❝t✐♦♥ ❡st ✐❧❧✉stré❡ ❋✐❣✉r❡ ✻ ♣♦✉r
❧❡ ❣r❛♣❤❡ ❝♦♠♣❧❡t K4✳

◆♦✉s ❞é✜♥✐ss♦♥s ❞❡✉① t②♣❡s ❞❡ ❣❛❞❣❡ts✳ ▲❡ ♣r❡♠✐❡r✱ ♣♦✉r ✉♥❡ ❛rêt❡ e = {u, v} ✿

G1[e] =
〈

e
〉

,

G2[e] =
〈

eu, ev
〉

.

❊t ❧❡ s❡❝♦♥❞✱ ♣♦✉r ✉♥ s♦♠♠❡t v ✐♥❝✐❞❡♥t à tr♦✐s ❛rêt❡s e, f, g ✿

G1[v] =
〈

v, v′1, v
′
2, v

′
3

〉

G2[v] =
〈

ev, fv, gv, v, e, f, g
〉

▲❛ séq✉❡♥❝❡ G1 ❡st ♦❜t❡♥✉❡ ❝♦♠♠❡ ét❛♥t ❧❛ ❝♦♥❝❛té♥❛t✐♦♥ ❞❡s G1[e]✱ e ∈ E✱
sé♣❛rés ♣❛r ❞❡s sé♣❛r❛t❡✉rs ❝♦✉rts ✭✷ ♠❛rq✉❡✉rs✮✱ s✉✐✈✐s ❞✬✉♥ sé♣❛r❛t❡✉r ❧♦♥❣ ✭m+7n
♠❛rq✉❡✉rs✮✱ s✉✐✈✐ ❞❡s G1[v]✱ v ∈ V ✱ sé♣❛rés ♣❛r ❞❡s sé♣❛r❛t❡✉rs ❝♦✉rts ✭✶ ♠❛rq✉❡✉r✮✱
s✉✐✈✐s ❞✬✉♥ sé♣❛r❛t❡✉r ❧♦♥❣ ❡t ❞❡ t♦✉s ❧❡s ♠❛rq✉❡✉rs eu, ev ♣♦✉r e ∈ E✳ ▲❛ séq✉❡♥❝❡
G2 ❡st ❝♦♥str✉✐t❡ ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥✱ ❛✈❡❝ ✉♥❡ ❞✐✛ér❡♥❝❡ ✿ ❧❡s ♠❛rq✉❡✉rs ✜♥❛✉① s♦♥t
❧❡s v′1✱ v

′
2✱ v

′
3 ♣♦✉r v ∈ V ✳



❋✳✷✽ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

➱q✉✐✈❛❧❡♥❝❡ ▲❛ ♣r❡✉✈❡ ❞✉ ❚❤é♦rè♠❡ ✸ ❞é❝♦✉❧❡ ❞❡ ❧✬éq✉✐✈❛❧❡♥❝❡ s✉✐✈❛♥t❡ ✭✈♦✐r
▲❡♠♠❡ ✸✳✽ ♣❛❣❡ ✽✶✮ ✿ ❧❡ ❣r❛♣❤❡ G ❛ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ s♦♠♠❡ts ❝♦✉✈r❛♥t ❞❡ t❛✐❧❧❡ k s✐
❡t s❡✉❧❡♠❡♥t s✐ G2 ❛ ✉♥❡ s♦✉s✲séq✉❡♥❝❡ ❡①❡♠♣❧❛✐r❡ G′

2 ❛②❛♥t ✉♥❡ ❞✐st❛♥❝❡ ❞✬é❞✐t✐♦♥
❛✉ ♣❧✉s m+ 6n+ k ❞❡ G1✳

◆♦✉s ❞ét❛✐❧❧♦♥s ✐❝✐ ❧✬✐♠♣❧✐❝❛t✐♦♥ ❞✐r❡❝t❡ ✿ ❧❛ s♦✉s✲séq✉❡♥❝❡ ❡①❡♠♣❧❛✐r❡ G′
2 ❡st

❝♦♥str✉✐t❡ ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ à ♣❛rt✐r ❞✬✉♥ ❡♥s❡♠❜❧❡ ❝♦✉✈r❛♥t X ❞❡ t❛✐❧❧❡ k✳ P♦✉r
t♦✉t❡ ❛rêt❡ e = {u, v} ❛✈❡❝ u ∈ X✱ eu ❡st ❝♦♥s❡r✈é ❞❛♥s G2[u] ❡t s✉♣♣r✐♠é ❞❛♥s
G2[e]✱ ❡t ev ❡st s✉♣♣r✐♠é ❞❛♥s G2[v] ❡t ❝♦♥s❡r✈é ❞❛♥s G2[e]✳ P✉✐s✱ ♣♦✉r ❝❤❛q✉❡
s♦♠♠❡t v✱ ❡♥tr❡ ✵ ❡t ✹ ♠❛rq✉❡✉rs t❛♠♣♦♥s s♦♥t s✉♣♣r✐♠és ❞❛♥s G2[v] ❛✜♥ q✉✬✐❧
r❡st❡ ❡①❛❝t❡♠❡♥t ✹ ♠❛rq✉❡✉rs ❞❛♥s ❝❡tt❡ s♦✉s✲séq✉❡♥❝❡✳ ❖♥ ❝♦♥st❛t❡ ❛❧♦rs q✉❡ t♦✉s
❧❡s sé♣❛r❛t❡✉rs s♦♥t ❛❧✐❣♥és ❡♥tr❡ G1 ❡t G′

2 ❡t ✐❧s ♦♥t ✉♥ ❝♦ût ❞❡ ③ér♦ ♣♦✉r ❧❛ ❞✐st❛♥❝❡
❞✬é❞✐t✐♦♥✳ ❚♦✉s ❧❡s ❛✉tr❡s ♠❛rq✉❡✉rs✱ à ❧✬❡①❝❡♣t✐♦♥ ❞❡s ♠❛rq✉❡✉rs ❞❡ s♦♠♠❡t v ♣♦✉r
v /∈ X✱ ♥❡ s♦♥t ♣❛s ❛❧✐❣♥és ❡♥tr❡ G1 ❡t G′

2✱ ❡t ♦♥t ✉♥ ❝♦ût ❞❡ ✉♥❡ s✉❜st✐t✉t✐♦♥ ♣♦✉r
❧❛ ❞✐st❛♥❝❡ ❞✬é❞✐t✐♦♥✳ ▲❡s ♠❛rq✉❡✉rs v ♣♦✉r v /∈ X s♦♥t ❡✉① ❛❧✐❣♥és ❡t ♦♥t ✉♥ ❝♦ût
❞❡ ③ér♦✳ ▲❛ ❞✐st❛♥❝❡ t♦t❛❧❡ ❡st ❞♦♥❝ m+ 6n+ k ✭❧❡s ♠❛rq✉❡✉rs ♥♦♥ ❛❧✐❣♥és s♦♥t ❧❡s
m ♠❛rq✉❡✉rs e ♣♦✉r e ∈ E✱ ❧❡s 6n ♠❛rq✉❡✉rs eu, fu, gu, u′1, u

′
2, u

′
3 ♣♦✉r u ∈ V ✱ ❡t k

♠❛rq✉❡✉rs u ♣♦✉r u ∈ X✮✳

✸✳✻ ❈♦♥❝❧✉s✐♦♥

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧❛ ❝♦♠♣❧❡①✐té ❞✉ ❝❛❧❝✉❧ ❞❡ s♦✉s✲séq✉❡♥❝❡s
❡①❡♠♣❧❛✐r❡s ♦♣t✐♠✐s❛♥t ♣❧✉s✐❡✉rs ❞✐st❛♥❝❡s ❞❡ s✐♠✐❧❛r✐tés✳

◆♦tr❡ ❝❤♦✐① ❞❡ ♠❡s✉r❡s ❞❡ ❞✐st❛♥❝❡s ❡st ❜❛sé s✉r ❞❡✉① ❝♦♥s✐❞ér❛t✐♦♥s✳ ❉✬✉♥❡ ♣❛rt✱
♣♦✉r ❛✈♦✐r ❧❡s rés✉❧t❛ts ❧❡s ♣❧✉s ❣é♥ér❛✉① ♣♦ss✐❜❧❡s✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞✬❡①♣❧♦r❡r ✉♥❡
✈❛r✐été ♠❛①✐♠❛❧❡ ❞❡ ♠❡s✉r❡s ❞❡ ❞✐st❛♥❝❡s q✉✐ s♦♥t ♣❡rt✐♥❡♥t❡s ♣♦✉r ❞❡s ❛♣♣❧✐❝❛✲
t✐♦♥s ❜✐♦❧♦❣✐q✉❡s ✈❛r✐é❡s✳ ▲❡s ❞✐st❛♥❝❡s ❞✬é❞✐t✐♦♥s ♠❡s✉r❡♥t ❧❡s ❞✐✛ér❡♥❝❡s ❧♦❝❛❧❡s✱
❛❧♦rs q✉❡ ❧❡s ❞✐st❛♥❝❡s ❞✬✐♥✈❡rs✐♦♥s ❡t ❞❡ ❉❈❏ ❝❛❧❝✉❧❡♥t ❞❡s s❝é♥❛r✐♦s ❞❡ ré❛rr❛♥❣❡✲
♠❡♥ts ❣❧♦❜❛✉①✳ ❉✬❛✉tr❡ ♣❛rt✱ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡ ❧❛ ❝♦♠♣❧❡①✐té ❛❧❣♦r✐t❤♠✐q✉❡✱ ❧❛
❣é♥ér❛❧✐s❛t✐♦♥ ✏❡①❡♠♣❧❛✐r❡✑ ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ♠❡s✉r❡ ♣♦✉r ❞❡s séq✉❡♥❝❡s ❛✈❡❝ ❞✉✲
♣❧✐❝❛t✐♦♥s ♥❡ ♣❡✉t q✉✬êtr❡ ♣❧✉s ❞✐✣❝✐❧❡ q✉❡ ♣♦✉r ❞❡s séq✉❡♥❝❡s s❛♥s ❞✉♣❧✐❝❛t✐♦♥s✳ ❆✜♥
❞❡ s❛✈♦✐r ♣ré❝✐sé♠❡♥t ♦ù ❛♣♣❛r❛ît ❧❛ ❞✐✣❝✉❧té ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❞✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡✱
♥♦✉s ♥♦✉s s♦♠♠❡s r❡str❡✐♥ts ❛✉① ♠❡s✉r❡s ❞♦♥t ❧❛ ✈❡rs✐♦♥ ❝❧❛ss✐q✉❡ ét❛✐t s✐♠♣❧❡♠❡♥t
❝❛❧❝✉❧❛❜❧❡✳ ❆✐♥s✐✱ ♣♦✉r ❞❡✉① séq✉❡♥❝❡s✱ ❧❡s ❞✐st❛♥❝❡s ❞❡ ❍❛♠♠✐♥❣ ❡t ❞❡ ▲❡✈❡♥s❤t❡✐♥
s♦♥t ❝❛❧❝✉❧❛❜❧❡s r❡s♣❡❝t✐✈❡♠❡♥t ❡♥ t❡♠♣s ❧✐♥é❛✐r❡ ❡t q✉❛❞r❛t✐q✉❡✳ ❉❡s ❛❧❣♦r✐t❤♠❡s
♣❧✉s r❡❝❤❡r❝❤és ♠❛✐s ♥é❛♥♠♦✐♥s ♣♦❧②♥♦♠✐❛✉① ♣❡r♠❡tt❡♥t é❣❛❧❡♠❡♥t ❞❡ ❝❛❧❝✉❧❡r ❧❡s
❞✐st❛♥❝❡s ❞✬✐♥✈❡rs✐♦♥ s✐❣♥é❡s ❬✽✷❪ ❡t ❞❡ ❉❈❏ ❬✶✷✷❪✳

❋✐♥❛❧❡♠❡♥t✱ ♣♦✉r t♦✉t❡s ❧❡s ♠❡s✉r❡s ❞❡ ❞✐st❛♥❝❡ ❣é♥♦♠✐q✉❡ ❡♥✈✐s❛❣é❡s✱ ❧❡ ♣r♦❜✲
❧è♠❡ ❞❡ ✭✶✱✷✮✲❉✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡ ❡st ❆P❳✲❞✐✣❝✐❧❡✳ ❖❜t❡♥✐r ✉♥ ❛❧❣♦r✐t❤♠❡
❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♦✉ ♣❛r❛♠étré ♣♦✉r ❧✬✉♥❡ ❞❡ ❝❡s ❞✐st❛♥❝❡s r❡st❡ ✉♥ ❞é✜ ♦✉✈❡rt✳



P❛rt✐❡ ■■ ✕ ❈❤❛♣✐tr❡ ✹

P❧✉s ♣❡t✐t❡ ♣❛rt✐t✐♦♥ ❝♦♠♠✉♥❡

▲❡ ♣r♦❜❧è♠❡ ❞❡ P❧✉s ♣❡t✐t❡ ♣❛rt✐t✐♦♥

❝♦♠♠✉♥❡ ✭▼❈❙P✱ ♣♦✉r ▼✐♥✐♠✉♠ ❈♦♠♠♦♥

❙tr✐♥❣ P❛rt✐t✐♦♥✮ ❛ ❡♥ ❡♥tré❡ ❞❡✉① séq✉❡♥❝❡s
x ❡t y ❡t ✉♥ ❡♥t✐❡r k✱ ❡t ❞❡♠❛♥❞❡ à ♣❛rt✐t✐♦♥✲
♥❡r ❝❡s ❞❡✉① séq✉❡♥❝❡s ❡♥ ✉t✐❧✐s❛♥t ✉♥ ❡♥s❡♠✲
❜❧❡ ❝♦♠♠✉♥ ❞✬❛✉ ♣❧✉s k ❢❛❝t❡✉rs✱ ❛♣♣❡❧és ❜❧♦❝s
✭s❡✉❧ ❧✬♦r❞r❡ ❞❡s ❜❧♦❝s ♣♦✉✈❛♥t êtr❡ ❞✐✛ér❡♥t
♣♦✉r ❝♦✉✈r✐r ❧❡s ❞❡✉① séq✉❡♥❝❡s✮✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥ ❛❧✲
❣♦r✐t❤♠❡ ♣❛r❛♠étré ♣❛r k ♣♦✉r ❧❡ ♣r♦❜❧è♠❡
▼❈❙P✳

✹✳✶ Prés❡♥t❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡

▲❡ ♣r♦❜❧è♠❡ ét✉❞✐é ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ s✬✐♥s❝r✐t ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ❣é♥♦♠✐q✉❡
❝♦♠♣❛r❛t✐✈❡ s✉r ❧❡s ❝❤❛î♥❡s✱ ♦ù ❧✬♦❜❥❡❝t✐❢ ❡st ❞❡ ❞ét❡r♠✐♥❡r ❧❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s
❞✬✉♥ t②♣❡ ❞♦♥♥é ♣❡r♠❡tt❛♥t ❞❡ tr❛♥s❢♦r♠❡r ✉♥ ❣é♥♦♠❡ ❡♥ ✉♥ ❛✉tr❡✳ ▲✬❡♥tré❡ ❝♦♥✲
s✐st❡ ❡♥ ✉♥❡ ♣❛✐r❡ ❞❡ ❝❤❛î♥❡s x ❡t y✳ ▲✬♦♣ér❛t✐♦♥ ♣❡r♠❡tt❛♥t ❞❡ tr❛♥s❢♦r♠❡r x ❡♥ y
❝♦♥s✐st❡✱ ❞❡ ❢❛ç♦♥ ✐♥❢♦r♠❡❧❧❡✱ à ❞é❝♦✉♣❡r x ❡♥ ✉♥ ♥♦♠❜r❡ ♠✐♥✐♠❛❧ ❞❡ ♠♦r❝❡❛✉①✱
❞❡ ❧❡s ré♦r❞♦♥♥❡r ❡t ❞❡ ❧❡s ❝♦♥❝❛té♥❡r ❞❡ ❢❛ç♦♥ à ♦❜t❡♥✐r ❡①❛❝t❡♠❡♥t ❧❛ ❝❤❛î♥❡ y✳
❈❡tt❡ tr❛♥s❢♦r♠❛t✐♦♥ s❡ ❢♦r♠❛❧✐s❡ ❣râ❝❡ à ❧❛ ♥♦t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ ❝♦♠♠✉♥❡ ✭❈❙P✱
♣♦✉r ❝♦♠♠♦♥ str✐♥❣ ♣❛rt✐t✐♦♥✮ ✿ ✉♥❡ ♣❛rt✐t✐♦♥ P ❞❡ ❞❡✉① ❝❤❛î♥❡s x ❡t y ❡♥ k ❜❧♦❝s
x1x2 · · · xk ❡t y1y2 · · · yk ❡st ✉♥❡ ♣❛rt✐t✐♦♥ ❝♦♠♠✉♥❡ s✬✐❧ ❡①✐st❡ ✉♥❡ ❜✐❥❡❝t✐♦♥ M ❡♥✲
tr❡ {xi | 1 ≤ i ≤ k} ❡t {yi | 1 ≤ i ≤ k} t❡❧❧❡ q✉❡ xi r❡♣rés❡♥t❡ ❧❛ ♠ê♠❡ ❝❤❛î♥❡ ❞❡
❝❛r❛❝tèr❡s q✉❡ M(xi) ♣♦✉r t♦✉t 1 ≤ i ≤ k ✭✈♦✐r ❧✬❡①❡♠♣❧❡ ❋✐❣✉r❡ ✼✮✳ ▲❡ ♥♦♠❜r❡ ❞❡
❜❧♦❝s k ❡st ❛♣♣❡❧é ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ ♣❛rt✐t✐♦♥ ❝♦♠♠✉♥❡ P ✳ ◆♦✉s ét✉❞✐♦♥s ❧❡ ♣r♦❜❧è♠❡
❝♦♥s✐st❛♥t à ❞é❝♦✉✈r✐r ✉♥❡ ❈❙P ❞❡ t❛✐❧❧❡ ♠✐♥✐♠✉♠✳

▲❡s rés✉❧t❛ts ❞❡ ❝❡ ❝❤❛♣✐tr❡ ♦♥t été ♦❜t❡♥✉s ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❈❤r✐st✐❛♥ ❑♦♠✉s✐❡✇✐❝③✳
■❧s ♦♥t été ♣rés❡♥tés ❛✉① ❏♦✉r♥é❡s ●❚●❈ ✭✷✵✶✷✱ ▲✐❧❧❡✮✱ ❡t ♦♥t été s♦✉♠✐s à ❊❙❆ ✷✵✶✸ ✭✷✶st
❊✉r♦♣❡❛♥ ❙②♠♣♦s✐✉♠ ♦♥ ❆❧❣♦r✐t❤♠s✱ ❙♦♣❤✐❛ ❆♥t✐♣♦❧✐s ❬✹✶❪✮✳



❋✳✸✵ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

❛❜❛❜❝❞ ❛❜❛❞❝❜❜❛❛ ❜❛❜❛❜ ❛❜❛❜❛

❛❜❛❜❝❞❛❜❛❞❝❜❜❛❛❜❛❜❛❜❛❜❛❜❛

❋✐❣✉r❡ ✼ ✕ ❯♥❡ ✐♥st❛♥❝❡ ❞❡ ▼❈❙P ❛✈❡❝ ✉♥❡ ♣❧✉s ♣❡t✐t❡ ♣❛rt✐t✐♦♥ ❝♦♠♠✉♥❡ ❞❡ t❛✐❧❧❡
q✉❛tr❡✳

Pr♦❜❧è♠❡ P❧✉s P❡t✐t❡ P❛rt✐t✐♦♥ ❈♦♠♠✉♥❡ ✭▼❈❙P✮
❊♥tré❡ ❉❡✉① ❝❤❛î♥❡s x ❡t y ❞❡ ❧♦♥❣✉❡✉r n ❡t ✉♥ ❡♥t✐❡r k
◗✉❡st✐♦♥ ❊①✐st❡✲t✲✐❧ ✉♥❡ ♣❛rt✐t✐♦♥ ❝♦♠♠✉♥❡ P ❞❡ t❛✐❧❧❡ ❛✉ ♣❧✉s k ❞❡ x

❡t y ❄

❱✉ s♦✉s ✉♥ ❛✉tr❡ ❛♥❣❧❡✱ ▼❈❙P ❡st ✉♥ ♣r♦❜❧è♠❡ ❞✬❛ss♦❝✐❛t✐♦♥✳ ➱t❛♥t ❞♦♥♥é❡s ❧❡s
❞❡✉① séq✉❡♥❝❡s x ❡t y✱ ♥♦✉s ❝❤❡r❝❤♦♥s à ❝❛❧❝✉❧❡r ✉♥❡ ❜✐❥❡❝t✐♦♥ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs
❞❡ x ❡t ❝❡✉① ❞❡ y✱ ❞❡ s♦rt❡ q✉❡ ✭✶✮ ❞❡✉① ♠❛rq✉❡✉rs ❛ss♦❝✐és r❡♣rés❡♥t❡♥t ❧❡ ♠ê♠❡
❝❛r❛❝tèr❡ ❡t ✭✷✮ ✐❧ ❡①✐st❡ ✉♥ ♠❛①✐♠✉♠ ❞❡ ♣❛✐r❡s ❞❡ ♠❛rq✉❡✉rs ❝♦♥sé❝✉t✐❢s q✉✐ s♦✐❡♥t
❛ss♦❝✐és à ❞❡✉① ♠❛rq✉❡✉rs ❡✉①✲♠ê♠❡ ❝♦♥sé❝✉t✐❢s✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ▼❈❙P ❝♦♠♠❡ ✉♥
♣rétr❛✐t❡♠❡♥t ❛✈❛♥t ❞✬❛♣♣❧✐q✉❡r ❞✬❛✉tr❡s ❛❧❣♦r✐t❤♠❡s ❞♦♥♥❡ ✉♥❡ ♠ét❤♦❞❡ ♦♣t✐♠❛❧❡
✭♣♦✉r ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡✮ ♣❡r♠❡tt❛♥t ❞❡ tr❛♥s❢♦r♠❡r ❞❡s ❝❤❛î♥❡s ❡♥ ♣❡r♠✉t❛t✐♦♥s✳

✹✳✷ ➱t❛t ❞❡ ❧✬❛rt

▼❈❙P ❛ été ♦r✐❣✐♥❛❧❡♠❡♥t ♣rés❡♥té ✐♥❞é♣❡♥❞❛♠♠❡♥t ♣❛r ❈❤❡♥ ❡t ❛❧✳ ❬✹✺❪ ❡t
❙✇❡♥s♦♥ ❡t ❛❧✳ ❬✶✶✽❪✳ ▼❈❙P ❡st ❆P❳✲❞✐✣❝✐❧❡✱ ♠ê♠❡ ❞❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐♥t ♦ù ❝❤❛q✉❡
❝❛r❛❝tèr❡ ❛ ❛✉ ♣❧✉s ❞❡✉① ♦❝❝✉rr❡♥❝❡s ❬✼✺❪✳ ❉❛♠❛s❝❤❦❡ ❬✻✶❪ ❛ ✐♥✐t✐é ❧✬ét✉❞❡ ❞❡ ▼❈❙P
❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ❛❧❣♦r✐t❤♠❡s ♣❛r❛♠étrés ❡♥ ♣r♦✉✈❛♥t q✉❡ ❝❡ ♣r♦❜❧è♠❡ ❡st ❋P❚
s✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧❡ ♣❛r❛♠ètr❡ ❝♦♠❜✐♥é ✏t❛✐❧❧❡ ❞❡ ❧❛ ♣❛rt✐t✐♦♥ k ❡t ♥♦♠❜r❡ ❞❡ ré♣ét✐✲
t✐♦♥s r ❞❛♥s ❧❡s ❝❤❛î♥❡s ❞✬❡♥tré❡✑✳ P❛r ❧❛ s✉✐t❡✱ ❏✐❛♥❣ ❡t ❛❧✳ ❬✽✾❪ ♦♥t ♣r♦✉✈é q✉❡ ▼❈❙P
♣❡✉t êtr❡ rés♦❧✉ ❡♥ t❡♠♣s (d!)k ·poly(n)✱ ♦ù d ❡st ❧❡ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ❞✬♦❝❝✉rr❡♥❝❡s
❞✬✉♥ ♠ê♠❡ ❝❛r❛❝tèr❡ ❞❛♥s ❧❡s ❝❤❛î♥❡s ❞✬❡♥tré❡✳ ▼❈❙P ♣❡✉t é❣❛❧❡♠❡♥t êtr❡ rés♦❧✉ ❡♥
t❡♠♣s 2n · poly(n) ❬✼✵❪✳ ❊♥✜♥✱ ❙❤❛♣✐r❛ ❛♥❞ ❙t♦r❡r ❬✶✶✼❪ ♦♥t ♣rés❡♥té ✉♥❡ ❤❡✉r✐st✐q✉❡
❣❧♦✉t♦♥♥❡ ♣♦✉r ▼❈❙P✳

✹✳✸ ◆♦tr❡ ❝♦♥tr✐❜✉t✐♦♥

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ré♣♦♥❞♦♥s à ✉♥❡ q✉❡st✐♦♥ ♦✉✈❡rt❡ ❬✻✶✱ ✼✵✱ ✽✾❪ ❡♥ ♠♦♥tr❛♥t
q✉❡ ▼❈❙P ❡st ❋P❚ ♣♦✉r ❧❡ s❡✉❧ ♣❛r❛♠ètr❡ k✱ ✐✳❡✳ ♥♦✉s ♣rés❡♥t♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡
s✬❡①é❝✉t❛♥t ✉♥ t❡♠♣s f(k) · poly(n)✳

▲❛ ♠ét❤♦❞❡ ✉t✐❧✐sé❡ ♣❛r ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ❡st ✭❡♥ q✉❡❧q✉❡s ❧✐❣♥❡s✮ ❧❛ s✉✐✈❛♥t❡✳
◆♦✉s ❝❤❡r❝❤♦♥s à ♠❛✐♥t❡♥✐r ✕ ❡t ❢❛✐r❡ ❝r♦îtr❡ ✕ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❢❛❝t❡✉rs ❞❡s ❝❤❛î♥❡s
x ❡t y q✉✐ ♥❡ ❝♦♥t✐❡♥♥❡♥t ❛✉❝✉♥ ♣♦✐♥t ❞❡ ❝❛ss✉r❡✳ ❉❡ t❡❧s ❢❛❝t❡✉rs s♦♥t ❛♣♣❡❧és
♠♦r❝❡❛✉① s♦❧✐❞❡s✱ ♣❛r ♦♣♣♦s✐t✐♦♥ ❛✉① ♠♦r❝❡❛✉① ❢r❛❣✐❧❡s q✉✬✐❧s ❡♥❝❛❞r❡♥t✳ ◆♦✉s ✉t✐❧✲
✐s♦♥s é❣❛❧❡♠❡♥t ✉♥❡ ✈❛r✐❛❜❧❡ β r❡♣rés❡♥t❛♥t ✭à ✉♥ r❛t✐♦ ✷ ♣rès✮ ❧❛ t❛✐❧❧❡ ❞✉ ♣❧✉s ❣r❛♥❞
❜❧♦❝ ♥❡ ❝♦♥t❡♥❛♥t ♣❛s ❡♥❝♦r❡ ❞❡ ♠♦r❝❡❛✉ s♦❧✐❞❡✳ ■♥✐t✐❛❧❡♠❡♥t✱ ❧❡s ❞❡✉① ❝❤❛î♥❡s x ❡t
y s♦♥t ❝♦♥s✐❞éré❡s ❝♦♠♠❡ ❞❡s ♠♦r❝❡❛✉① ❢r❛❣✐❧❡s✱ ❡t β ✈❛✉t ❛✉ ♠♦✐♥s n/2k✳

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♥♦✉s ❞é❝♦✉♣♦♥s t♦✉s ❧❡s ♠♦r❝❡❛✉① ❢r❛❣✐❧❡s ❡♥ ♣❧✉s ♣❡t✐ts
♠♦r❝❡❛✉① ❞♦♥t ❧❛ t❛✐❧❧❡ ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ β/3 ✿ ❛✉ ♠♦✐♥s ✉♥ ♥♦✉✈❡❛✉ ❜❧♦❝ ❝♦♥t✐❡♥t
✐♥té❣r❛❧❡♠❡♥t ✉♥ ♦✉ ♣❧✉s✐❡✉rs ❞❡ ❝❡s ♠♦r❝❡❛✉①✳ ◆♦✉s ❡①♣❧♦r♦♥s ❧❡s ❝❛s ♦ù ❝❤❛❝✉♥
❞❡ ❝❡s ♠♦r❝❡❛✉① ❡st s♦❧✐❞❡ ♦✉ ❢r❛❣✐❧❡✳



✹✳ P▲❯❙ P❊❚■❚❊ P❆❘❚■❚■❖◆ ❈❖▼▼❯◆❊ ❋✳✸✶

❉❛♥s ✉♥ s❡❝♦♥❞ t❡♠♣s✱ ♥♦✉s ♠❡tt♦♥s à ❥♦✉r β✱ ❡t ❝❤❡r❝❤♦♥s à ré❞✉✐r❡ ❧❡s ♠♦r❝❡❛✉①
❢r❛❣✐❧❡s ❞❡ ❢❛ç♦♥ à ❝❡ q✉❡ ❧❡✉r t❛✐❧❧❡ s♦✐t ❜♦r♥é❡ ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ β ❡t ❞❡ k✳
▲✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs rè❣❧❡s ❞❡ ré❞✉❝t✐♦♥ ♣❡r♠❡t ❞✬❛rr✐✈❡r à ❝❡ rés✉❧t❛t✳

❊♥✜♥✱ ♥♦✉s ✐tér♦♥s ❝❡ ♣r♦❝❡ss✉s ✭♣r❡♠✐❡r ❡t s❡❝♦♥❞ t❡♠♣s✮ ❥✉sq✉✬à ❝❡ q✉❡ ❧❡s
♠♦r❝❡❛✉① ❢r❛❣✐❧❡s s♦✐❡♥t s✉✣s❛♠♠❡♥t ♣❡t✐ts✱ ❛✈❡❝ β < 4✳ ❆❧♦rs✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦s✐✲
t✐♦♥s ♣♦ss✐❜❧❡s ♣♦✉r ❧❡s ♣♦✐♥ts ❞❡ ❝❛ss✉r❡ ❡st s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡ ♣♦✉r ♣♦✉✈♦✐r t❡st❡r
t♦✉s ❧❡s ❝❛s ♣♦ss✐❜❧❡s✱ ❡t ❛✐♥s✐ ♦❜t❡♥✐r ✉♥❡ ♣❛rt✐t✐♦♥ ❝♦♠♠✉♥❡ ♦♣t✐♠❛❧❡✳

✹✳✹ P❡rs♣❡❝t✐✈❡s

❖✉tr❡ ❧✬❛♠é❧✐♦r❛t✐♦♥ ❞✉ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ✭q✉✐ ❡st ♣♦✉r ❧❡ ♠♦♠❡♥t ❞❡ ❧✬♦r❞r❡
❞❡ O∗(k21k

2
)✮ q✉✐ ♣♦✉rr❛✐t s❡ ❢❛✐r❡ ✈✐❛ ❧❡ ❝❛❧❝✉❧ ❞✬✉♥ ♥♦②❛✉ ♣♦❧②♥♦♠✐❛❧✱ ♥♦✉s ❛✈♦♥s

✐❞❡♥t✐✜é ♣❧✉s✐❡✉rs ♣✐st❡s q✉✐ ♣❡r♠❡ttr❛✐❡♥t ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡ ❞♦♥♥é❡s ♣❧✉s ❣é♥ér❛❧❡s✳
◆♦✉s ❝❤❡r❝❤♦♥s ❞♦♥❝ à s❛✈♦✐r s✐ ❧✬❛❧❣♦r✐t❤♠❡ ♣❡✉t êtr❡ ét❡♥❞✉ ❞❡ ❢❛ç♦♥ à t❡♥✐r
❝♦♠♣t❡ ✿

❆✳ ❞❡ s✐❣♥❡s ♣♦✉r ❝❤❛q✉❡ ♠❛rq✉❡✉r ❄ P❧✉s ♣ré❝✐sé♠❡♥t✱ ✉♥❡ ❞✐r❡❝t✐♦♥ ❡st ❛ss♦❝✐é❡
à ❝❤❛q✉❡ ♠❛rq✉❡✉r✱ ❡t ❧❡s ❜❧♦❝s ♣❡✉✈❡♥t êtr❡ r❡t♦✉r♥és ❛✈❛♥t ❞✬êtr❡ ♠✐s ❡♥
❝♦rr❡s♣♦♥❞❛♥❝❡✳ ❉❡s ✈❛r✐❛♥t❡s s✐❣♥é❡s ❞❡ ▼❈❙P ♦♥t été ❞é✜♥✐❡s ❞❛♥s ❬✹✺✱ ✻✽✱
✶✶✽❪✳

❇✳ ❞❡ tr♦✐s séq✉❡♥❝❡s ❞✬❡♥tré❡ ♦✉ ♣❧✉s ❄

❈✳ ❞❡ ❧❛ ♣♦ss✐❜✐❧✐té q✉✬✉♥ ♥♦♠❜r❡ ❜♦r♥é ❞❡ ♠❛rq✉❡✉rs s♦✐❡♥t ❢❛✉① ❡t ❛✐❡♥t ❜❡s♦✐♥
❞✬êtr❡ r❡t✐rés ❄ ❈❡s ♠❛rq✉❡✉rs ♣♦✉rr❛✐❡♥t s❡ ♣❧❛❝❡r ❡♥tr❡ ❞❡✉① ❜❧♦❝s ❝♦♥sé❝✉t✐❢s
✭✐❧s ❝♦rr❡s♣♦♥❞❡♥t ❛❧♦rs à ❞❡s ❣è♥❡s ♥✬❛♣♣❛r❛✐ss❛♥t ❞❛♥s ❛✉❝✉♥ ❜❧♦❝ ❞❡ s②♥✲
té♥✐❡✮ ♦✉ ❜✐❡♥ à ❧✬✐♥tér✐❡✉r ❞✬✉♥ ♠ê♠❡ ❜❧♦❝ ✭✐❧s s♦♥t ❛❧♦rs ❞✉s à ❞❡s ❡rr❡✉rs
❧♦rs ❞❡ ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞✉ ❣é♥♦♠❡✮✳

❉✳ ❞❡ ❧❛ ♣rés❡♥❝❡ ❞✬✐♥❝❡rt✐t✉❞❡s ❞❛♥s ❧❡ ♥♦♠❜r❡ ❞❡ ré♣ét✐t✐♦♥s ❝♦♥sé❝✉t✐✈❡s ❞✬✉♥
♠ê♠❡ ❢❛❝t❡✉r ❄ ❊♥ ❡✛❡t✱ ✉♥❡ ❞✐✣❝✉❧té ♠❛❥❡✉r❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ r❡❝♦♥str✉❝t✐♦♥
❡st ❞❡ ❞ét❡r♠✐♥❡r ❛✈❡❝ ❡①❛❝t✐t✉❞❡ ❧❡ ♥♦♠❜r❡ ❞❡ ré♣ét✐t✐♦♥s ❞❡s ❝❤❛î♥❡s ♣ér✐✲
♦❞✐q✉❡s✳ ▲❡s ❞♦♥♥é❡s ❞✬❡♥tré❡✱ ❛✉ ❧✐❡✉ ❞✬êtr❡ ❞❡ ❧❛ ❢♦r♠❡ ✏❝ ❛ ❜ ❛ ❜ ❛ ❜ ❛

❝✑✱ ♣♦✉rr❛✐❡♥t ♣❛r ❡①❡♠♣❧❡ êtr❡ ✏❝ ✭❛ ❜✮④❞❡ ✷ à ✹ ❝♦♣✐❡s⑥ ❛ ❝✑✳

P♦✉r ❆✳ ❡t ❇✳✱ ♥♦✉s ❝♦♥❥❡❝t✉r♦♥s q✉❡ ❧✬❛❧❣♦r✐t❤♠❡ ♣♦✉rr❛✐t êtr❡ ❛ss❡③ s✐♠♣❧❡♠❡♥t
❛❞❛♣t❛❜❧❡✱ ♣✉✐sq✉❡ ♥♦t❛♠♠❡♥t ✭♣♦✉r ❆✳✮ ✐❧ ❡st ♣♦ss✐❜❧❡✱ ét❛♥t ❞♦♥♥é ✉♥ ♠♦r❝❡❛✉
s♦❧✐❞❡✱ ❞❡ t❡st❡r ❧❡s ❝❛s ♦ù ❧❡ ❜❧♦❝ ❝♦♥t❡♥❛♥t ❝❡ ♠♦r❝❡❛✉ ❞♦✐t êtr❡ r❡t♦✉r♥é ♦✉ ♥♦♥✳
P♦✉r ❈✳ ❡t ❉✳✱ ❧❡s ♠♦❞✐✜❝❛t✐♦♥s s♦♥t ♥é❝❡ss❛✐r❡♠❡♥t ♣❧✉s ♣r♦❢♦♥❞❡s ❡t ✐♠♣❧✐q✉❡♥t
❞❡ r❡❞é✜♥✐r ❞❡s ♦✉t✐❧s ❝❧é✳ ◆♦✉s ❝♦♥❥❡❝t✉r♦♥s ❝❡♣❡♥❞❛♥t q✉❡ ❧❛ ♠ét❤♦❞❡ ❣é♥ér❛❧❡
❞❡✈r❛✐t ♣❡r♠❡ttr❡ ❞❡ rés♦✉❞r❡ ❝❡s ♣r♦❜❧è♠❡s ♣❧✉s ❞✐✣❝✐❧❡s✳





P❛rt✐❡ ■■■ ✕ ❈❤❛♣✐tr❡ ✺

❊①tr❛❝t✐♦♥ ❞❡ ❜❛♥❞❡s ♠❛①✐♠❛❧❡s

⇐⇒

▲❡ ♣r♦❜❧è♠❡ ❞✬❊①tr❛❝t✐♦♥ ❞❡ ❜❛♥❞❡s

♠❛①✐♠❛❧❡s ✭▼❙❘✱ ♣♦✉r ▼❛①✐♠❛❧ ❙tr✐♣ ❘❡✲

❝♦✈❡r②✮ ❝❤❡r❝❤❡ à ✐❞❡♥t✐✜❡r ❞❡s ❜❧♦❝s ❞❡ s②♥✲
té♥✐❡ ❞❛♥s ❞❡s séq✉❡♥❝❡s ❣é♥♦♠✐q✉❡s ♣♦✉✈❛♥t
❝♦♥t❡♥✐r ❞❡s ❡rr❡✉rs✳ ❆✐♥s✐✱ ✉♥ ♥♦♠❜r❡ ♠✐♥✐♠❛❧
❞✬é❧é♠❡♥ts ❞♦✐✈❡♥t êtr❡ s✉♣♣r✐♠és ❛✜♥ ❞❡ ♣♦✉✲
✈♦✐r ♣❛rt✐t✐♦♥♥❡r ❧❡s séq✉❡♥❝❡s ❡♥ ❜❛♥❞❡s ✐❞❡♥✲
t✐q✉❡s ❞❡ ❧♦♥❣✉❡✉r ❛✉ ♠♦✐♥s ✷✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ét✉❞✐♦♥s ♣❧✉s✐❡✉rs
✈❛r✐❛♥t❡s ❞❡ ▼❙❘✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❛ ✈❛r✐❛♥t❡ δ✲
❣❛♣ ♦ù ❛✉ ♣❧✉s δ é❧é♠❡♥ts ❝♦♥sé❝✉t✐❢s ♣❡✉✈❡♥t
êtr❡ s✉♣♣r✐♠és✱ ❡t ♥♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❝❤❛q✉❡
❝❛s ❞❡s rés✉❧t❛ts ❞❡ ❝♦♠♣❧❡①✐té ❛❧❣♦r✐t❤♠✐q✉❡✱
❛✐♥s✐ q✉❡ ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♦✉ ❞❡s ❛❧❣♦r✐t❤♠❡s
♣❛r❛♠étrés✳

✺✳✶ Prés❡♥t❛t✐♦♥ ❞❡s ♣r♦❜❧è♠❡ ▼❙❘ ❡t ❈▼❙❘

❯♥❡ tâ❝❤❡ ❡ss❡♥t✐❡❧❧❡ ❡♥ ❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡ ❝♦♥s✐st❡ à ❞é❝♦♠♣♦s❡r ❞❡✉① ♦✉
♣❧✉s✐❡✉rs ❣é♥♦♠❡s ❡♥ ❜❧♦❝s ❞❡ s②♥té♥✐❡✱ ❝✬❡st✲à✲❞✐r❡ à ✐❞❡♥t✐✜❡r ❞❡s ❢r❛❣♠❡♥ts ❞❡
❝❤r♦♠♦s♦♠❡s ❛✈❡❝ ❞❡s ❝♦♥t❡♥✉s s✐♠✐❧❛✐r❡s✳ ▲❡s ❜❧♦❝s ❞❡ s②♥té♥✐❡ r❡♣rés❡♥t❡♥t ❞❡s
③♦♥❡s ❞✉ ❣é♥♦♠❡ ♥✬❛②❛♥t ♣❛s été ❛✛❡❝té❡s ♣❛r ❧❡s ré❛rr❛♥❣❡♠❡♥ts ❞❡ ❣r❛♥❞❡ é❝❤❡❧❧❡✱
t❡❧s q✉❡ ❧❡s tr❛♥s♣♦s✐t✐♦♥s ♦✉ ❧❡s ✐♥✈❡rs✐♦♥s✱ ❡t ❛✐♥s✐ ♣❡✉✈❡♥t s❡r✈✐r ❞❡ ❞♦♥♥é❡s ❞✬❡♥✲
tré❡ ♣♦✉r ❧❡s ♣r♦❜❧è♠❡s ❞❡ ré❛rr❛♥❣❡♠❡♥ts ❛✈❛♥❝és✳ ■❧s ❞♦♥♥❡♥t ❛✉ss✐ ❞❡s ✐♥❞✐❝❡s
✐♠♣♦rt❛♥ts s✉r ❧❡ rô❧❡ ❞❡ ❝❤❛q✉❡ ❣è♥❡✱ ét❛♥t ❞♦♥♥é q✉❡ ❞❡s ❣è♥❡s ❛♣♣❛rt❡♥❛♥t à ✉♥
♠ê♠❡ ❜❧♦❝ ❞❡ s②♥té♥✐❡ ♣r♦❞✉✐s❡♥t ❢réq✉❡♠♠❡♥t ❞❡s ♣r♦té✐♥❡s ❛②❛♥t ❞❡s ❢♦♥❝t✐♦♥♥❛❧✲
✐tés ❧✐é❡s✳ ❊①tr❛✐r❡ ❧❡s ❜❧♦❝s ❞❡ s②♥té♥✐❡ ❞❡s ❝❛rt❡s ❣é♥♦♠✐q✉❡s ❡st✱ ❝❡♣❡♥❞❛♥t✱ ✉♥❡

❈❡ ❝❤❛♣✐tr❡ r❡❣r♦✉♣❡ ❞❡s rés✉❧t❛ts ♣r♦✈❡♥❛♥t ❞❡ ❞❡✉① ❛rt✐❝❧❡s✳ ▲❡ ♣r❡♠✐❡r ❛ été ♣rés❡♥té
à ■❙❆❆❈ ✷✵✵✾ ✭✷✵t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❆❧❣♦r✐t❤♠s ❛♥❞ ❈♦♠♣✉t❛t✐♦♥✱ ❍♦♥✲
♦❧✉❧✉ ❬✸✶❪✮✱ ❡t ❛ été ♣✉❜❧✐é ❞❛♥s ❏❉❆ ✷✵✶✸ ✭❏♦✉r♥❛❧ ♦❢ ❉✐s❝r❡t❡ ❆❧❣♦r✐t❤♠s ❬✸✻❪✮✳ ▲❡ s❡❝♦♥❞✱
❝réé ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ▼✐♥❣❤✉✐ ❏✐❛♥❣✱ ❛ été ♣rés❡♥té à ❈P▼ ✷✵✶✶ ✭✷✷♥❞ ❆♥♥✉❛❧ ❙②♠✲
♣♦s✐✉♠ ♦♥ ❈♦♠❜✐♥❛t♦r✐❛❧ P❛tt❡r♥ ▼❛t❝❤✐♥❣✱ P❛❧❡r♠♦ ❬✷✾❪✮ ❡t ❛ été ♣✉❜❧✐é ❞❛♥s ❚❈❙ ✷✵✶✷
✭❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❬✸✵❪✮✳



❋✳✸✹ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

tâ❝❤❡ ♥♦♥ tr✐✈✐❛❧❡ ❧♦rsq✉❡ ❧❡s ❞♦♥♥é❡s s♦♥t ❜r✉✐té❡s ♦✉ ❛♠❜✐❣✉ës✳ ■❧ ❢❛✉t ❛❧♦rs r❡✲
t✐r❡r ❧❡s ♠❛rq✉❡✉rs ❡rr♦♥és ❞❡ ❢❛ç♦♥ à ♣♦✉✈♦✐r ♣r♦♣♦s❡r ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❝❧❛✐r❡ ❡♥
❜❧♦❝s ❞❡ s②♥té♥✐❡✳ ❈❡❝✐ ♠♦t✐✈❡ ❧❡ ♣r♦❜❧è♠❡ ❞✬❊①tr❛❝t✐♦♥ ❞❡ ❜❛♥❞❡s ♠❛①✐♠❛❧❡s
✭▼❙❘✱ ♣♦✉r ♠❛①✐♠❛❧ ❙tr✐♣ ❘❡❝♦✈❡r②✮ ❬✶✷✻❪ ✿ r❡t✐r❡r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❛rq✉❡✉rs
✭❣è♥❡s✮ ❞❡s ❝❛rt❡s ❣é♥♦♠✐q✉❡s ❞❡ ❢❛ç♦♥ à ❝❡ q✉❡ ❧❡s ♠❛rq✉❡✉rs r❡st❛♥ts ♣✉✐ss❡♥t êtr❡
♣❛rt✐t✐♦♥♥és ❡♥ ❜❛♥❞❡s ✭❜❧♦❝s ❞❡ s②♥té♥✐❡✮ ❛②❛♥t ✉♥❡ t❛✐❧❧❡ t♦t❛❧❡ ♠❛①✐♠❛❧❡✳

▲❡s ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ♣r❡♥♥❡♥t ✐❝✐ ❧❛ ❢♦r♠❡ ❞❡ ❝❛rt❡ ❣é♥♦♠✐q✉❡✱ ✐✳❡✳ ✉♥❡
séq✉❡♥❝❡ s✐❣♥é❡✳ ❯♥❡ ❜❛♥❞❡ ♣♦✉r d ≥ 2 ❝❛rt❡s ❣é♥♦♠✐q✉❡s ❡st ✉♥ ❢❛❝t❡✉r ❝♦♠♠✉♥ à
❝❤❛❝✉♥❡ ❞❡ ❝❡s ❝❛rt❡s ✭♣♦t❡♥t✐❡❧❧❡♠❡♥t ❡♥ ♦r❞r❡ ✐♥✈❡rs❡ ❛✈❡❝ ❧❡s s✐❣♥❡s ♦♣♣♦sés✮✳ ▲❡
♣r♦❜❧è♠❡ ▼❙❘ s✉r d ❝❛rt❡s✱ ♥♦té ▼❙❘✲d ✭♦✉ ❞✐r❡❝t❡♠❡♥t ▼❙❘ ♣♦✉r d = 2✮ ❡st ❧❡
♣r♦❜❧è♠❡ ❞❡ ♠❛①✐♠✐s❛t✐♦♥ s✉✐✈❛♥t✳

Pr♦❜❧è♠❡ ▼❙❘✲d
❊♥tré❡ d ❝❛rt❡s ❣é♥♦♠✐q✉❡sM1...d

✶ ❝♦♥t❡♥❛♥t ❝❤❛❝✉♥❡ n ♠❛rq✉❡✉rs
s❛♥s ❞♦✉❜❧♦♥s

❙♦rt✐❡ d s♦✉s✲séq✉❡♥❝❡s M′
1...d ❞❡ M1...d r❡s♣❡❝t✐✈❡♠❡♥t✱ ❝❤❛❝✉♥❡

❝♦♥t❡♥❛♥t ❧❡s ♠ê♠❡s ℓ ♠❛rq✉❡✉rs✱ t❡❧❧❡s q✉❡ ❧❡s ♠❛rq✉❡✉rs
❞❡M′

1...d ♣❡✉✈❡♥t êtr❡ ♣❛rt✐t✐♦♥♥és ❡♥ ❜❛♥❞❡s
▼❛①✐♠✐s❡r ❧❡ ♥♦♠❜r❡ ℓ ❞❡ ♠❛rq✉❡✉rs sé❧❡❝t✐♦♥♥és

❊①❡♠♣❧❡ ✷✳ ❙♦✐❡♥t ❧❡s tr♦✐s ❝❛rt❡s ❣é♥♦♠✐q✉❡s ❝✐✲❞❡ss♦✉s✳

M1 = 〈

M2 = 〈

M3 = 〈

〉

〉

〉

1 2 3 12 4 5 8 9 10 6 7 11

1 -7 -6 2 12 3 4 10 5 11 8 9

12 4 1 5 2 3 10 11 6 -9 7 -8

▲❡s tr♦✐s s♦✉s✲séq✉❡♥❝❡s ❞❡ ❧♦♥❣✉❡✉r ℓ = 8 ❝✐✲❞❡ss♦✉s ❢♦r♠❡♥t ✉♥❡ s♦❧✉t✐♦♥ ♦♣t✐✲
♠❛❧❡ ❞❡ ▼❙❘✲✸ s✉r ✭M1✱M2✱M3✮✳ ❈❡s s♦✉s✲séq✉❡♥❝❡s ♣❡✉✈❡♥t êtr❡ ♣❛rt✐t✐♦♥♥é❡s
♣❛r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❜❛♥❞❡s {

〈

1, 2
〉

,
〈

12, 4
〉

,
〈

10, 11
〉

,
〈

8, 9
〉

}✳ ▲❡s s♦✉s✲séq✉❡♥❝❡s ❝♦rr❡✲
s♣♦♥❞❛♥t à ❝❤❛q✉❡ ❜❛♥❞❡ s♦♥t ♠✐s❡s ❡♥ ✈❛❧❡✉r à ❧❛ ❢♦✐s ❞❛♥s ❧❡s ❝❛rt❡s ♦r✐❣✐♥❛❧❡s ❡t
❞❛♥s ❧❛ s♦❧✉t✐♦♥✳

M′
1 = 〈

M′
2 = 〈

M′
3 = 〈

〉

〉

〉

1 2 12 4 8 9 10 11

12 4 1 2 10 11 -9 -8

1 2 12 4 10 11 8 9

▲❡ ♣r♦❜❧è♠❡ ❞❡ ♠❛①✐♠✐s❛t✐♦♥ ▼❙❘✲d ❛ ✉♥ ♣r♦❜❧è♠❡ ❞❡ ♠✐♥✐♠✐s❛t✐♦♥ ❝♦♠♣❧é✲
♠❡♥t❛✐r❡✱ ❞é♥♦té ❈▼❙❘✲d ❬✶✷✵✱ ✾✸❪✱ q✉✐ ♠✐♥✐♠✐s❡ ❧❡ ♣❛r❛♠ètr❡ k = n−ℓ r❡♣rés❡♥t❛♥t
❧❡ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs s✉♣♣r✐♠és✳ P♦✉r ❞❡s ❝❛rt❡s ❣é♥♦♠✐q✉❡s ♣r♦✈❡♥❛♥t ❞✬❡s♣è❝❡s
s✉✣s❛♠♠❡♥t ♣r♦❝❤❡s ❛✈❡❝ ♣❡✉ ❞✬❡rr❡✉rs✱ ❧❡ ♣❛r❛♠ètr❡ k ❡st ♣❧✉s ♣❡t✐t q✉❡ ℓ✱ r❡♥❞❛♥t
❛✐♥s✐ ❧❡s ❛❧❣♦r✐t❤♠❡s ❋P❚ ♦✉ ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣❧✉s ♣❡rt✐♥❡♥ts ♣♦✉r ❈▼❙❘✲d q✉❡
♣♦✉r ▼❙❘✲d✳

▲❛ ✈❛r✐❛♥t❡ ❝✐✲❞❡ss♦✉s ❬✹✼❪ ❛ été ♣r♦♣♦sé❡ ♣♦✉r ❧❡ ❝❛s ♣❧✉s ❣é♥ér❛❧ ♦ù ❧❡s ❞♦✉❜❧♦♥s
s♦♥t ❛✉t♦r✐sés ❞❛♥s ❧❡s ❝❛rt❡s ❣é♥♦♠✐q✉❡s ✿

✶✳ P❛r s✐♠♣❧✐❝✐té✱ ✉♥❡ ❧✐st❡ ❞❡ d ❝❛rt❡s ❣é♥♦♠✐q✉❡s (M1, . . . ,Md) ❡st ❛❜ré✈✐é❡ ❡♥ M1...d ❡t
(M′

1, . . . ,M
′

d) ❡♥M′

1...d



✺✳ ❊❳❚❘❆❈❚■❖◆ ❉❊ ❇❆◆❉❊❙ ▼❆❳■▼❆▲❊❙ ❋✳✸✺

Pr♦❜❧è♠❡ ▼❙❘✲❉❯✲d
❊♥tré❡ d ❝❛rt❡s ❣é♥♦♠✐q✉❡sM1...d ❝♦♥t❡♥❛♥t ❝❤❛❝✉♥❡ n ♠❛rq✉❡✉rs
❙♦rt✐❡ d s♦✉s✲séq✉❡♥❝❡s M′

1...d ❞❡ M1...d r❡s♣❡❝t✐✈❡♠❡♥t✱ ❝❤❛❝✉♥❡
❝♦♥t❡♥❛♥t ❧❡s ♠ê♠❡s ℓ ♠❛rq✉❡✉rs✱ t❡❧❧❡s q✉❡ ❧❡s ♠❛rq✉❡✉rs
❞❡M′

1...d ♣❡✉✈❡♥t êtr❡ ♣❛rt✐t✐♦♥♥és ❡♥ ❜❛♥❞❡s
▼❛①✐♠✐s❡r ❧❡ ♥♦♠❜r❡ ℓ ❞❡ ♠❛rq✉❡✉rs sé❧❡❝t✐♦♥♥és

✺✳✷ ❈♦♥tr❛✐♥t❡ ❞❡ ❣❛♣

➱t❛♥t ❞♦♥♥é❡s d s♦✉s✲séq✉❡♥❝❡s M′
1...d ❞❡ d ❝❛rt❡s ❣é♥♦♠✐q✉❡s M1...d✱ r❡s♣❡❝✲

t✐✈❡♠❡♥t✱ ❧❡ ❣❛♣ ❡♥tr❡ ❞❡✉① ♠❛rq✉❡✉rs ❝♦♥sé❝✉t✐❢s a ❡t b ❞❡ M′
i ❡st ❧❡ ♥♦♠❜r❡ ❞❡

♠❛rq✉❡✉rs ❛♣♣❛r❛✐ss❛♥t ❡♥tr❡ a ❡t b ❞❛♥s Mi✱ a ❡t b ❡①❝❧✉s✳ ▲❡ ❣❛♣ ❞✬✉♥❡ ❜❛♥❞❡
s ❡st ❧❡ ❣❛♣ ♠❛①✐♠✉♠ ❡♥tr❡ ❞❡✉① ♠❛rq✉❡✉rs ❝♦♥sé❝✉t✐❢s ❞❡ s s✉r t♦✉t❡s ❧❡s ❝❛rt❡s
M′

i✳ ❉❛♥s ❧✬❊①❡♠♣❧❡ ✷✱ ❧❛ ❜❛♥❞❡
〈

1, 2
〉

❞❛♥s ❧❛ s♦❧✉t✐♦♥ ♣r♦♣♦sé❡ ❛ ✉♥ ❣❛♣ ❞❡ ✷✱
❧❡s ♠❛rq✉❡✉rs ✶ ❡t ✷ ét❛♥t sé♣❛rés ♣❛r ❧❡s ♠❛rq✉❡✉rs ✻ ❡t ✼ ❞❛♥s ❧❛ ❝❛rt❡M2✳ ▲❡s
♠❛rq✉❡✉rs r❡t✐rés ❡♥tr❡ ❞❡✉① ♠❛rq✉❡✉rs ❝♦♥sé❝✉t✐❢s ❞✬✉♥❡ ❜❛♥❞❡ ❝♦rr❡s♣♦♥❞❡♥t ❛✉
❜r✉✐t ❡t ❛✉① ❛♠❜✐❣✉ïtés ✿ ✐❧ ❡st ❞♦♥❝ ✐♠♣r♦❜❛❜❧❡ ❞✬❛✈♦✐r ✉♥ ❜❧♦❝ ❞❡ s②♥té♥✐❡ ❛②❛♥t
✉♥ ❣❛♣ très ❣r❛♥❞✳ ❈❡❧❛ ♥♦✉s ❛♠è♥❡ ❞♦♥❝ à ❞é✜♥✐r ❧❛ ✈❡rs✐♦♥ ❝♦♥tr❛✐♥t❡ ❝✐✲❞❡ss♦✉s ✿

Pr♦❜❧è♠❡ δ✲❣❛♣✲▼❙❘✲d
❊♥tré❡ d ❝❛rt❡s ❣é♥♦♠✐q✉❡s M1...d ❝♦♥t❡♥❛♥t ❝❤❛❝✉♥❡ n ♠❛rq✉❡✉rs

s❛♥s ❞♦✉❜❧♦♥s
❙♦rt✐❡ d s♦✉s✲séq✉❡♥❝❡s M′

1...d ❞❡ M1...d r❡s♣❡❝t✐✈❡♠❡♥t✱ ❝❤❛❝✉♥❡
❝♦♥t❡♥❛♥t ❧❡s ♠ê♠❡s ℓ ♠❛rq✉❡✉rs✱ t❡❧❧❡s q✉❡ ❧❡s ♠❛rq✉❡✉rs
❞❡ M′

1...d ♣❡✉✈❡♥t êtr❡ ♣❛rt✐t✐♦♥♥és ❡♥ ❜❛♥❞❡s✱ ❡t t❡❧❧❡s q✉❡
❝❤❛q✉❡ ❜❛♥❞❡ ❛ ✉♥ ❣❛♣ ❞✬❛✉ ♣❧✉s δ

▼❛①✐♠✐s❡r ❧❡ ♥♦♠❜r❡ ℓ ❞❡ ♠❛rq✉❡✉rs sé❧❡❝t✐♦♥♥és

❉❛♥s ❧✬❊①❡♠♣❧❡ ✷✱ ❧❡s ❜❛♥❞❡s ❞❡s s♦✉s✲séq✉❡♥❝❡s (M′
1,M

′
2,M

′
3) ♦♥t ✉♥ ❣❛♣ ❞✬❛✉

♣❧✉s ✷✱ ❡❧❧❡s ❢♦r♠❡♥t ❞♦♥❝ ✉♥❡ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡ ❞❡ δ✲❣❛♣✲▼❙❘✲✸ ♣♦✉r δ = 2✳ P♦✉r
δ = 1✱ ❧❛ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡ ❝♦♥t✐❡♥t s❡✉❧❡♠❡♥t ✻ ♠❛rq✉❡✉rs ré♣❛rt✐s ❡♥ ✸ ❜❛♥❞❡s ✿
{
〈

2, 3
〉

,
〈

4, 5
〉

,
〈

6, 7
〉

}✱ ✈♦✐r ❝✐✲❞❡ss♦✉s✳

M1 = 〈

M2 = 〈

M3 = 〈

〉

〉

〉

1 2 3 12 4 5 8 9 10 6 7 11

1 -7 -6 2 12 3 4 10 5 11 8 9

12 4 1 5 2 3 10 11 6 -9 7 -8

▲❡s ✈❛r✐❛♥t❡s ❝♦♥tr❛✐♥t❡s ❞❡ ▼❙❘✲❉❯✲d ❡t ❈▼❙❘✲d✱ ❞é♥♦té❡s r❡s♣❡❝t✐✈❡♠❡♥t δ✲
❣❛♣✲▼❙❘✲❉❯✲d ❡t δ✲❣❛♣✲❈▼❙❘✲d✱ ♣❡✉✈❡♥t êtr❡ ❞é✜♥✐❡s ❞❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡✳ ❉❡ ♠ê♠❡
q✉❡ ♣♦✉r ▼❙❘✲d ❡t ❈▼❙❘✲d✱ ❧❡ ♣❛r❛♠ètr❡ ♣♦✉r δ✲❣❛♣✲▼❙❘✲d ❡st ℓ✱ ❡t ❧❡ ♣❛r❛♠ètr❡
♣♦✉r δ✲❣❛♣✲❈▼❙❘✲d ❡st k✳ ■❧ ♥✬② ❛ ♣❛s ❞❡ ré❞✉❝t✐♦♥ ❞✐r❡❝t❡ ❞❡ δ✲❣❛♣✲▼❙❘✲d à ▼❙❘✲
d ♦✉ ✈✐❝❡ ✈❡rs❛ ✿ ❧❡ ❣❛♣ ❡st ✉♥❡ ❝♦♥tr❛✐♥t❡ s✉♣♣❧é♠❡♥t❛✐r❡ à ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡✱ ♠❛✐s
q✉✐ ♣❡r♠❡t ♥é❛♥♠♦✐♥s ❞❡ ré❞✉✐r❡ ❧❡ ❝❤❛♠♣ ❞❡ r❡❝❤❡r❝❤❡ ♣✉✐sq✉❡ ♠♦✐♥s ❞❡ ❜❛♥❞❡s
s♦♥t ❛✉t♦r✐sé❡s✳

✺✳✸ ❘és✉❧t❛ts

▲❡s rés✉❧t❛ts ❞❡ ❝♦♠♣❧❡①✐té ❡t ❧❡s ❛❧❣♦r✐t❤♠❡s ❡①✐st❛♥t ♣♦✉r ❧❡s ♥♦♠❜r❡✉s❡s ✈❛r✐✲
❛♥t❡s ❞❡ ▼❙❘ s♦♥t ♣rés❡♥tés ❞❛♥s ❧❛ ❚❛❜❧❡ ✶✳ ▲❡s rés✉❧t❛ts ❧❡s ♣❧✉s ✐♠♣♦rt❛♥ts s♦♥t



❋✳✸✻ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

❚❛❜❧❡ ✶ ✕ ❘és✉❧t❛ts ❛❧❣♦r✐t❤♠✐q✉❡s ♣♦✉r ❧❡s ✈❛r✐❛♥t❡s ❞❡ ▼❙❘✳ ▲❛ ✈❛r✐❛❜❧❡ d
r❡♣rés❡♥t❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❝❛rt❡s ❣é♥♦♠✐q✉❡s ❞✬❡♥tré❡ ✭d = 2 ♣♦✉r ▼❙❘✱ ▼❙❘✲❉❯ ❡t
❈▼❙❘✮✳ P♦✉r ❝❤❛q✉❡ rés✉❧t❛t✱ ✉♥❡ ré❢ér❡♥❝❡ ❡st ❞♦♥♥é❡ à ❧❛ s❡❝t✐♦♥ ❞❡ ❝❡ ♠❛♥✉s❝r✐t
❡t✴♦✉ à ❧✬❛rt✐❝❧❡ ❧❡ ♣rés❡♥t❛♥t✳ ■❧ ♥✬② ❛ ♣❛s ❞❡ ❝♦❧♦♥♥❡ ♣♦✉r ▼❙❘✲❉❯✲d ❛✈❡❝ d ≥ 3
♣❛r ♠❛♥q✉❡ ❞❡ rés✉❧t❛ts s♣é❝✐✜q✉❡s à ❝❡ ♣r♦❜❧è♠❡✳

❝♦♥tr❛✐♥t❡ ❱❛r✐❛♥t❡ ❞✉ ♣r♦❜❧è♠❡

❞❡ ❣❛♣ ▼❙❘ ▼❙❘✲d d≥3 ▼❙❘✲❉❯ ❈▼❙❘ ❈▼❙❘✲d d≥3

❈❧❛ss❡ ❞❡ ❝♦♠♣❧❡①✐té

δ = 0 P ✺✳✸✳✶ P ✺✳✸✳✶

δ = 1 ◆P✲❝♦♠♣❧❡t ✺✳✷✳✷ ❆P❳✲❝♦♠♣❧❡t ◆P✲❝♦♠♣❧❡t ✺✳✷✳✷

δ = 2 ❆P❳✲❝♦♠♣❧❡t

δ ≥ 3 ✺✳✷✳✸ ❡t ❬✾✸❪ ✺✳✷✳✹ ❆P❳✲❝♦♠♣❧❡t

♥♦♥ ❲❬✶❪✲❞✐✣❝✐❧❡ ✭d ≥ 4✮ ❡t ❆P❳✲❝♦♠♣❧❡t ❬✾✷✱ ✾✸✱ ✶✷✶❪ ❬✾✸✱ ✶✷✶❪

▼❡✐❧❧❡✉r r❛t✐♦ ❞✬❛♣♣r♦①✐♠❛t✐♦♥

δ = 0 P ✺✳✸✳✶ ✷✳✷✺ ✺✳✸✳✺ P ✺✳✸✳✶

δ = 1 1.8 ✺✳✸✳✸ 0.75d+0.75+ǫ 2.778 ✺✳✸✳✹

δ = 2 1.5d+ ǫ

δ = 3 1.5d+ 0.75 + ǫ ✺✳✸✳✷ d+ 1.5

δ ≥ 4 2d

♥♦♥ ✺✳✸✳✶ ❡t ❬✹✼✱ ✾✸❪ ✷✳✻✻✼ ❬✶✵✵❪ ✺✳✸✳✻

▼❡✐❧❧❡✉r t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ♣❛r❛♠étré

δ = 0 P P

δ = 1 O(2ttdδ2 + ndδ) O(2k poly(nd)) ✺✳✹✳✸

δ = 2 ❛✈❡❝ t = ℓ(1 + 3
2dδ) ❄

δ ≥ 3 ✺✳✹✳✶ O(2.36k poly(nd))

♥♦♥ ❄ ✭❲❬✶❪✲❞✐✣❝✐❧❡ ♣♦✉r d ≥ 4 ❬✾✷❪✮ ◆♦②❛✉ ❧✐♥é❛✐r❡ ❬✽✽❪ ✺✳✹✳✷

❧❡s s✉✐✈❛♥ts✳
❚♦✉t❡s ❧❡s ✈❛r✐❛♥t❡s s♦♥t ❛✉ ♠♦✐♥s ◆P✲❞✐✣❝✐❧❡s ✭❡①❝❡♣té❡s ❧❡s ✈❛r✐❛♥t❡s ✏tr✐✈✐❛❧❡s✑

✵✲❣❛♣✲▼❙❘ ❡t ✵✲❣❛♣✲❈▼❙❘✮✳ ▼❙❘✲d ❡st✱ ❞❡ ♣❧✉s✱ ❲❬✶❪✲❞✐✣❝✐❧❡ ♣♦✉r d ≥ 4 ❬✾✸❪✳ ❯♥❡
2d✲❛♣♣r♦①✐♠❛t✐♦♥ ❡st ❞✐s♣♦♥✐❜❧❡ ♣♦✉r ▼❙❘ ✭❛✈❡❝ ♦✉ s❛♥s ❝♦♥tr❛✐♥t❡ ❞❡ ❣❛♣✱ ❛✈❡❝ ♦✉
s❛♥s ❞♦✉❜❧♦♥s✮✳ ◆♦✉s ♣r♦♣♦s♦♥s ❞❡s ❛❧❣♦r✐t❤♠❡s ♣❧✉s ♣ré❝✐s ♣♦✉r δ✲❣❛♣✲▼❙❘ ❛✈❡❝
❞❡s ♣❡t✐t❡s ✈❛❧❡✉rs ❞❡ δ✱ ♥♦t❛♠♠❡♥t ✉♥❡ ✶✳✽✲❛♣♣r♦①✐♠❛t✐♦♥ ♣♦✉r ✶✲❣❛♣✲▼❙❘✳ ❈▼❙❘
✭❡t δ✲❣❛♣✲❈▼❙❘✲d✮ ❡st é❣❛❧❡♠❡♥t ❛♣♣r♦①✐♠❛❜❧❡✱ ❛✈❡❝ ✉♥ r❛t✐♦ ♣❧✉s ✐♥tér❡ss❛♥t ✿
d + 1.5✳ ❊♥✜♥✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ♣❛r❛♠étré ♣♦✉r ❈▼❙❘✲d ❡t δ✲❣❛♣✲
❈▼❙❘✲d ❞❡ ❝♦♠♣❧❡①✐té O(2.36k poly(nd))✳
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▲✐♥é❛r✐s❛t✐♦♥ ❛✈❡❝ ❞✐st❛♥❝❡ ❞❡

❝❛ss✉r❡ ♠✐♥✐♠❛❧❡

⇒

▲❡ ♣r♦❜❧è♠❡ ◆P✲❞✐✣❝✐❧❡ ❞❡ ▲✐♥é❛r✐s❛t✐♦♥
❛✈❡❝ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ♠✐♥✐♠❛❧❡ ✭▼❇▲✱
♣♦✉r ▼✐♥✐♠✉♠ ❇r❡❛❦♣♦✐♥t ▲✐♥❡❛r✐③❛t✐♦♥✮
❛ ♣♦✉r ♦❜❥❡❝t✐❢ ❞❡ r❡❝♦♥str✉✐r❡ ✉♥ ❣é♥♦♠❡
❧✐♥é❛✐r❡ à ♣❛rt✐r ❞❡ ❞♦♥♥é❡s ♣❛rt✐❡❧❧❡♠❡♥t ♦r✲
❞♦♥♥é❡s✱ ❡♥ ✉t✐❧✐s❛♥t ❡♥ ré❢ér❡♥❝❡ ❧❡ ❣é♥♦♠❡
❞✬✉♥❡ ❡s♣è❝❡ ♣r♦❝❤❡✳ ❋♦r♠❡❧❧❡♠❡♥t✱ ❧✬♦❜❥❡❝t✐❢
❡st✱ ét❛♥t ❞♦♥♥é ✉♥ ♦r❞r❡ ♣❛rt✐❡❧ Π✱ ❞❡ ❝ré❡r
✉♥❡ ♣❡r♠✉t❛t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧✬♦r❞r❡ ♣❛rt✐❡❧
❡t ♠✐♥✐♠✐s❛♥t ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ à ❧❛ ♣❡r✲
♠✉t❛t✐♦♥ ✐❞❡♥t✐té ❞❡ ré❢ér❡♥❝❡✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣rés❡♥t♦♥s tr♦✐s ❛❧✲
❣♦r✐t❤♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣♦✉r ❝❡ ♣r♦❜❧è♠❡✱
❛✐♥s✐ q✉✬✉♥ ❛❧❣♦r✐t❤♠❡ ♣❛r❛♠étré✳

✻✳✶ Prés❡♥t❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡

❉❛♥s ❧❛ ♠❛❥♦r✐té ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡✱ ✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡
❝♦♠♣❧èt❡ ❞❡ ❧✬♦r❞r❡ ❞❡s ❣è♥❡s s✉r ❝❤❛q✉❡ ❝❤r♦♠♦s♦♠❡ ❞❡s ❡s♣è❝❡s ét✉❞✐é❡s ❡st r❡q✉✐s❡
✭❝✬❡st ❧❡ ❝❛s ❞❛♥s t♦✉s ❧❡s ♣r♦❜❧è♠❡s ét✉❞✐és ❥✉sq✉✬à ♣rés❡♥t✮✳ ❈❡♣❡♥❞❛♥t✱ ♠❛❧❣ré ❞❡s
❛✈❛♥❝é❡s r❛♣✐❞❡s ❡♥ séq✉❡♥ç❛❣❡ ❆❉◆✱ ✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ❝♦♠♣❧èt❡ ❞❡ ❧✬♦r❞r❡ ❞❡s ❣è♥❡s
♥✬❡st ❛❝q✉✐s❡ q✉❡ ♣♦✉r ✉♥ ♥♦♠❜r❡ ❧✐♠✐té ❞✬❡s♣è❝❡s✱ ❛❧♦rs q✉❡ ♣♦✉r ❧❡s ❛✉tr❡s ❡s♣è❝❡s
❧✬✐♥❢♦r♠❛t✐♦♥ s❡ ♣rés❡♥t❡ ♣❧✉s s♦✉✈❡♥t ❝♦♠♠❡ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❝❛rt❡s ❣é♥♦♠✐q✉❡s
♦ù ❞❡s ✐♥❝❡rt✐t✉❞❡s s✉r ❧✬♦r❞r❡ ♣ré❝✐s ❞❡s ❣è♥❡s ♣❡rs✐st❡♥t✳ ❆✐♥s✐✱ ❧❡ ♣r♦❜❧è♠❡ q✉✐
❝♦♥s✐st❡ à ✐♥❢ér❡r ✉♥ ♦r❞r❡ t♦t❛❧ à ❧❛ ❢♦✐s ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧✬✐♥❢♦r♠❛t✐♦♥ ♣❛rt✐❡❧❧❡ ❞❡s
❝❛rt❡s ❣é♥♦♠✐q✉❡s ❡t q✉✐ ♦♣t✐♠✐s❡ ✉♥❡ ❢♦♥❝t✐♦♥ ♦❜❥❡❝t✐❢ ♣❡rt✐♥❡♥t❡ ❡st ✉♥❡ ♣r❡♠✐èr❡
ét❛♣❡ ♥é❝❡ss❛✐r❡ ♣♦✉r ♣♦✉✈♦✐r ét✉❞✐❡r ❧❡s ❣é♥♦♠❡s ❞✬✉♥ ♠❛①✐♠✉♠ ❞✬❡s♣è❝❡s✳ ❉✉r❛♥t
❧❡s ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ✉♥❡ ❛tt❡♥t✐♦♥ ❝r♦✐ss❛♥t❡ ❛ été ♣♦rté❡ s✉r ❝❡ ♣r♦❜❧è♠❡✱ ❞❛♥s

▲❡s rés✉❧t❛ts ❞❡ ❝❡ ❝❤❛♣✐tr❡ ♦♥t été ♣rés❡♥tés à ❚❆▼❈ ✷✵✶✵ ✭✼t❤ ❆♥♥✉❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥
❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ▼♦❞❡❧s ♦❢ ❈♦♠♣✉t❛t✐♦♥✱ Pr❛❣✉❡ ❬✸✷❪✮✱ ❡t s♦♥t à ♣❛r❛îtr❡ ❞❛♥s
❚❈❙ ✭❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❬✸✽❪✮✳
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❋✐❣✉r❡ ✽ ✕ ●r❛♣❤❡ ♦r✐❡♥té ❛❝②❝❧✐q✉❡ r❡♣rés❡♥t❛♥t ❧✬♦r❞r❡ ♣❛rt✐❡❧ Π ❞❡ ❧✬❊①❡♠♣❧❡ ✸✳

❧❡q✉❡❧ ❧❛ ❢♦♥❝t✐♦♥ ♦❜❥❡❝t✐❢ ❡st ✉♥❡ ❞✐st❛♥❝❡ ❞✬é✈♦❧✉t✐♦♥ ♠❡s✉ré❡ ♣❛r r❛♣♣♦rt à ✉♥
❣é♥♦♠❡ ❞❡ ré❢ér❡♥❝❡ ✭❡✳❣✳ ❧❡ ♥♦♠❜r❡ ❞❡ ré❛rr❛♥❣❡♠❡♥ts ❬✶✷✺❪✱ ❞✬✐♥✈❡rs✐♦♥s ❬✶✷✹✱ ✼✶❪✱
❞❡ ❝❛ss✉r❡s ❬✼✶✱ ✷✸✱ ✹✹❪✱ ♦✉ ❞✬✐♥t❡r✈❛❧❧❡s ❝♦♠♠✉♥s ❬✷✸❪✮✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♥♦✉s ❢♦❝❛❧✐s♦♥s s✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ▲✐♥é❛r✐s❛t✐♦♥ ❛✈❡❝
❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ♠✐♥✐♠❛❧❡ ✭▼❇▲✱ ♣♦✉r▼✐♥✐♠✉♠ ❇r❡❛❦♣♦✐♥t ▲✐♥❡❛r✐③❛✲
t✐♦♥✮✱ ❞♦♥t ❧❡ ❜✉t ❡st ❞❡ ❝❛❧❝✉❧❡r ✉♥❡ ❧✐♥é❛r✐s❛t✐♦♥ ❞✬✉♥ ♦r❞r❡ ♣❛rt✐❡❧ ♠✐♥✐♠✐s❛♥t ❧❛
❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ♣❛r r❛♣♣♦rt à ✉♥ ❣é♥♦♠❡ ❞❡ ré❢ér❡♥❝❡✳

P♦✉r ❞é❝r✐r❡ ❧❡ ♣r♦❜❧è♠❡ ▼❇▲✱ ♥♦✉s r❡♣rés❡♥t♦♥s ❧❡s ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ✐♥❝♦♠✲
♣❧èt❡s ♣❛r ✉♥ ♦r❞r❡ ♣❛rt✐❡❧ Π s✉r ✉♥ ❡♥s❡♠❜❧❡ ❞♦♥♥é ❞❡ ♠❛rq✉❡✉rs Σ = J1 ; nK✳ ❯♥❡
❧✐♥é❛r✐s❛t✐♦♥ ❞❡ Π ❡st ✉♥❡ ♣❡r♠✉t❛t✐♦♥ ✭✐✳❡✳ ✉♥ ♦r❞r❡ t♦t❛❧✮ π =

〈

π[1], π[2], . . . , π[n]
〉

s✉r Σ✱ t❡❧❧❡ q✉❡✱ ♣♦✉r t♦✉t❡ ♣❛✐r❡ ❞❡ ♠❛rq✉❡✉rs i, j✱ s✐ i <Π j ❛❧♦rs i <π j ✭❞❡ ❢❛ç♦♥
éq✉✐✈❛❧❡♥t❡✱ s✐ i ♣ré❝è❞❡ j ❞❛♥s Π✱ ❛❧♦rs i ♣ré❝è❞❡ j ❞❛♥s π✮✳ ❉❛♥s ❝❡ ❝❛s✱ π ❡st
❞✐t❡ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ Π✳ ❯♥❡ ❛❞❥❛❝❡♥❝❡ ❞❛♥s ✉♥❡ ♣❡r♠✉t❛t✐♦♥ π ❡st ✉♥ ❢❛❝t❡✉r ❞❡
❧♦♥❣✉❡✉r 2✳ ▲❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ dB(π1, π2) ❡♥tr❡ ❞❡✉① ♣❡r♠✉t❛t✐♦♥s π1 ❡t π2 ✭❞✉
♠ê♠❡ ❡♥s❡♠❜❧❡ Σ✮ ❡st ❞é✜♥✐❡ ❝♦♠♠❡ ét❛♥t ❧❡ ♥♦♠❜r❡ ❞✬❛❞❥❛❝❡♥❝❡s ❞❡ π1 q✉✐ ♥❡ s♦♥t
♣❛s ❞❡s ❛❞❥❛❝❡♥❝❡s ❞❡ π2✳

▲❡ ♣r♦❜❧è♠❡ ❞❡ ▲✐♥é❛r✐s❛t✐♦♥ ❛✈❡❝ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ♠✐♥✐♠❛❧❡ ❡st
❞é✜♥✐ ❝♦♠♠❡ s✉✐t ✿

Pr♦❜❧è♠❡ ▼❇▲
❊♥tré❡ ❯♥ ♦r❞r❡ ♣❛rt✐❡❧ Π
❙♦rt✐❡ ❯♥❡ ❧✐♥é❛r✐s❛t✐♦♥ π ❞❡ Π
▼✐♥✐♠✐s❡r k = dB(π, In)

❊①❡♠♣❧❡ ✸✳ ❙♦✐t Π ❧✬♦r❞r❡ ♣❛rt✐❡❧ ❞é✜♥✐ ♣❛r 1 <Π 2 <Π 3 ❀ 4 <Π 1 <Π 5 ❡t 6 <Π 3
✭✈♦✐r ❋✐❣✉r❡ ✽✮✳ ❈❡t ♦r❞r❡ ♣❛rt✐❡❧ ❡♥❣❡♥❞r❡ q✉❛tr❡ ❧✐♥é❛r✐s❛t✐♦♥s ♦♣t✐♠❛❧❡s ♣♦✉r ❧❡
♣r♦❜❧è♠❡ ▼❇▲✱ ❛✈❡❝ ✉♥❡ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ❞❡ ✸✳ ❊❧❧❡s s♦♥t é♥✉♠éré❡s ❝✐✲❞❡ss♦✉s✳
▲❡s ❛❞❥❛❝❡♥❝❡s ❝♦♠♠✉♥❡s ❛✈❡❝ In s♦♥t s♦✉❧✐❣♥é❡s✳

〈

4, 1, 5, 6, 2, 3
〉

〈

4, 1, 2, 5, 6, 3
〉

〈

6, 4, 1, 2, 3, 5
〉

〈

4, 6, 1, 2, 3, 5
〉

■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ s♦✉❧✐❣♥❡r q✉✬❡♥ ♣r❛t✐q✉❡✱ ❧✬♦r❞r❡ ♣❛rt✐❡❧ ❡st ♦❜t❡♥✉ ❡♥ ❝♦♠✲
❜✐♥❛♥t ✉♥ ♥♦♠❜r❡ ❧✐♠✐té m ❞❡ ❝❛rt❡s ❣é♥♦♠✐q✉❡s ❬✶✷✸✱ ✶✷✺❪✱ ♦ù ✉♥❡ ❝❛rt❡ ❣é♥♦♠✐q✉❡
❡st ✉♥❡ s✉✐t❡ ♦r❞♦♥♥é❡ ❞❡ ❜❧♦❝s B1, B2, . . . , Bq✱ q✉✐ s♦♥t ❝❤❛❝✉♥ ✉♥ ❡♥s❡♠❜❧❡ ♥♦♥
♦r❞♦♥♥é ❞❡ ♠❛rq✉❡✉rs✳ ❈❡s ❜❧♦❝s ✐♥❞✉✐s❡♥t ✉♥ ♦r❞r❡ ♣❛rt✐❡❧ Π ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿
♣♦✉r t♦✉t a ∈ Bi ❡t b ∈ Bj✱ a <Π b ss✐ i < j✳ ❆✐♥s✐✱ ✐❧ ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡ q✉❡ ❝❤❛q✉❡
❝❛rt❡ ❣é♥♦♠✐q✉❡ ❝♦♥t✐❡♥♥❡ t♦✉s ❧❡s ♠❛rq✉❡✉rs✱ ❡t ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧✬❛ss❡♠❜❧❛❣❡
❞❡s ❝❛rt❡s ❣é♥♦♠✐q✉❡s ♥❡ ❝ré❡ ♣❛s ❞❡ ❝♦♥✢✐ts✳ ▲✬♦r❞r❡ Π ❞❡ ❧✬❊①❡♠♣❧❡ ✸ ❡st ✐♥❞✉✐t✱
♣❛r ❡①❡♠♣❧❡✱ ♣❛r ❧❡s ❞❡✉① ❝❛rt❡s ❝✐✲❞❡ss♦✉s✳

{4} −→ {1} −→ {2, 5},
{2, 6} −→ {3}.
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1

2

3

4

5

6

〈1, 2〉

〈2, 3〉

〈3, 4〉

〈4, 5〉

〈5, 6〉

✭❛✮ ●r❛♣❤❡ GΠ✳ ▲❡s ❛r❝s ❞❡ Π s♦♥t ❡♥ ✈❡rt✱
❧❡s ❛r❝s ❞❡ ❝♦♥✢✐t s♦♥t ♠❛rq✉és ❞✬✉♥ ♣♦✐♥t✳

1

2

3

4

5

6

〈2, 3〉

〈5, 6〉

〈1, 2〉

〈3, 4〉

〈4, 5〉

✭❜✮ ❘és✉❧t❛t ❞❡ ❙✉❜s❡t✲❋❱❙ s✉r GΠ ✿
{
〈

1, 2
〉

,
〈

3, 4
〉

,
〈

4, 5
〉

}✳ ▲❡s ❝②❝❧❡s ❞✉ ❣r❛♣❤❡
ré❞✉✐t ♥❡ ❝♦♥t✐❡♥♥❡♥t ♣❛s ❞✬❛r❝ ❞❡ ❝♦♥✢✐t✳
▲❡s ❛❞❥❛❝❡♥❝❡s ❝♦♥s❡r✈é❡s✱

〈

2, 3
〉

❡t
〈

5, 6
〉

✱
❝♦rr❡s♣♦♥❞❡♥t à ❧❛ ❧✐♥é❛r✐s❛t✐♦♥ ♦♣t✐♠❛❧❡
〈

4, 1, 5, 6, 2, 3
〉

✳

❋✐❣✉r❡ ✾ ✕ ❈♦♥str✉❝t✐♦♥ ❡t ✉t✐❧✐s❛t✐♦♥ ❞✉ ❣r❛♣❤❡ ❞✬♦r❞r❡✲❛❞❥❛❝❡♥❝❡ GΠ ♣♦✉r ❧✬♦r❞r❡
♣❛rt✐❡❧ Π ❞é✜♥✐ ❞❛♥s ❧✬❊①❡♠♣❧❡ ✸✳

✻✳✷ ➱t❛t ❞❡ ❧✬❛rt

▲❡ ♣r♦❜❧è♠❡ ▼❇▲✱ ❢♦♥❞é s✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ré❛rr❛♥❣❡♠❡♥t ❞❡ ❣é♥♦♠❡ ❞é✜♥✐
♣❛r ❩❤❡♥❣ ❡t ❙❛♥❦♦✛ ❬✶✷✺❪✱ ❛ été ét✉❞✐é ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❛♥s ❬✷✸❪ ❡t ❬✼✶❪ ✭❞❛♥s ❝❡
❞❡r♥✐❡r✱ ❧❡ ♣r♦❜❧è♠❡ ❡st ♥♦♠♠é P❇❉✱ ❡t tr❛✐t❡ ❞❡ ❞❡✉① ♦r❞r❡s ♣❛rt✐❡❧s ♣❧✉tôt q✉✬✉♥
♦r❞r❡ ♣❛rt✐❡❧ ❡t ✉♥ ♦r❞r❡ t♦t❛❧✮✳ ❉❛♥s ❬✷✸❪✱ ❇❧✐♥ ❡t ❛❧✳ ♣r♦✉✈❡♥t q✉❡ ▼❇▲ ❡st ◆P✲
❞✐✣❝✐❧❡ ❡t ❞♦♥♥❡♥t ❞❡✉① ❛❧❣♦r✐t❤♠❡s ♣♦✉r ❧❡ rés♦✉❞r❡ ✿ ✭✐✮ ✉♥❡ ❤❡✉r✐st✐q✉❡ ❡t ✭✐✐✮ ✉♥
❛❧❣♦r✐t❤♠❡ ❡①❛❝t✱ ❡t ❞♦♥❝ ❞❡ ❝♦♠♣❧❡①✐té ❡①♣♦♥❡♥t✐❡❧❧❡✱ ❜❛sé s✉r ❧❛ ♣r♦❣r❛♠♠❛t✐♦♥
❞②♥❛♠✐q✉❡✳ ❉❡ ♣❧✉s✱ ❝❡ ❞❡r♥✐❡r ❡st ❡✣❝❛❝❡ ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧♦rsq✉❡ ❧✬♦r❞r❡
♣❛rt✐❡❧ ❞✬❡♥tré❡ ❡st ❝♦♥str✉✐t à ♣❛rt✐r ❞✬✉♥ ♥♦♠❜r❡ m ❜♦r♥é ❞❡ ❝❛rt❡s ❣é♥♦♠✐q✉❡s✱
❝❤❛❝✉♥❡ ❛②❛♥t ❞❡s ❜❧♦❝s ❞❡ t❛✐❧❧❡ ❜♦r♥é❡✳ ■❧ ❡st s♦✉❧✐❣♥é ❞❛♥s ❬✸✽❪ q✉❡ ❧❛ ♣r❡✉✈❡ ❞❡
◆P✲❞✐✣❝✉❧té ❞❡ ❬✷✸❪ ❡st✱ ❡♥ ❢❛✐t✱ ✉♥❡ ♣r❡✉✈❡ q✉❡ ▼❇▲ ❡st ❆P❳✲❞✐✣❝✐❧❡✳

❉❛♥s ❬✼✶❪✱ ❋✉ ❡t ❏✐❛♥❣ ♣r♦♣♦s❡♥t ✉♥❡ ♣r❡✉✈❡ ❞❡ ◆P✲❞✐✣❝✉❧té ✐♥❞é♣❡♥❞❛♥t❡✱ ❡t
♣rés❡♥t❡♥t ❧❛ ❞é✜♥✐t✐♦♥ ❞✬✉♥ ❣r❛♣❤❡ ❞✬♦r❞r❡✲❛❞❥❛❝❡♥❝❡ ❞✬✉♥ ♦r❞r❡ ♣❛rt✐❡❧ ♣❡r♠❡tt❛♥t
❞❡ ♣r♦❞✉✐r❡ ❞❡s ❛❧❣♦r✐t❤♠❡s ❤❡✉r✐st✐q✉❡s ♦✉ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❬✹✹❪✳ ❈❡♣❡♥❞❛♥t ❧❡
t❤é♦rè♠❡ ❝❡♥tr❛❧ ❞❛♥s ❬✼✶❪ ❡st ❢❛✉① ✭❧✬❊①❡♠♣❧❡ ✸ ❡st ❡♥ ❢❛✐t ✉♥ ❝♦♥tr❡✲❡①❡♠♣❧❡ ♣♦✉r
❝❡ t❤é♦rè♠❡ ❬✸✽❪✮✱ ❝❡ q✉✐ ♥♦✉s ♣♦✉ss❡ à ❞é✜♥✐r ✉♥❡ ♥♦✉✈❡❧❧❡ str✉❝t✉r❡ ♣❡r♠❡tt❛♥t ❞❡
rés♦✉❞r❡ ▼❇▲✳

✻✳✸ ◆♦tr❡ ❝♦♥tr✐❜✉t✐♦♥

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥❡ ♥♦✉✈❡❧❧❡ ❞é✜♥✐t✐♦♥ ❞❡ ❣r❛♣❤❡ ❞✬♦r❞r❡✲
❛❞❥❛❝❡♥❝❡ ✿ ❝❡tt❡ ❝♦♥str✉❝t✐♦♥ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ▼❇▲ à ✉♥❡ ✈❛r✐❛♥t❡ ❞✉ ♣r♦❜❧è♠❡
❞❡ ❝♦✉✈❡rt✉r❡ ❞❡ ❝②❝❧❡s✱ ❙✉❜s❡t✲❋❱❙✳ ❊♥ ✉t✐❧✐s❛♥t ❞❡s rés✉❧t❛ts ❝♦♥♥✉s ♣♦✉r ❝❡



❋✳✹✵ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

♣r♦❜❧è♠❡ ❬✻✻✱ ✹✾❪✱ ♥♦✉s ❞é❞✉✐s♦♥s ❞❡✉① ❛❧❣♦r✐t❤♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡t ✉♥ ❛❧❣♦✲
r✐t❤♠❡ ♣❛r❛♠étré ♣♦✉r ▼❇▲✳ ❊♥✜♥✱ ♥♦✉s ❝ré♦♥s ❛✉ss✐ ✉♥❡ O(m2)✲❛♣♣r♦①✐♠❛t✐♦♥
♣♦✉r ❧❡s ❞♦♥♥é❡s ♦❜t❡♥✉❡s ❡♥ ❝♦♠❜✐♥❛♥t m ❝❛rt❡s ❣é♥♦♠✐q✉❡s✳

◆♦✉s ❞ét❛✐❧❧♦♥s ❝✐✲❞❡ss♦✉s ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❝❡ ❣r❛♣❤❡ GΠ ♣♦✉r ❧✬♦r❞r❡ ♣❛rt✐❡❧ Π
❞❡ ❧✬❊①❡♠♣❧❡ ✸✳ ▲❡ ❣r❛♣❤❡ GΠ ✭✈♦✐r ❋✐❣✉r❡ ✾❛✮ ❛ ✉♥ s♦♠♠❡t ♣♦✉r ❝❤❛q✉❡ ♠❛rq✉❡✉r✱
❡t ✉♥ s♦♠♠❡t ♣♦✉r ❝❤❛q✉❡ ❛❞❥❛❝❡♥❝❡ ❞❡ ❧✬✐❞❡♥t✐té✳ ❯♥ ❛r❝ ❞♦✉❜❧❡ r❡❧✐❡ ❝❤❛q✉❡ ❛❞❥❛✲
❝❡♥❝❡ ❛✉① ❞❡✉① ♠❛rq✉❡✉rs q✉✬❡❧❧❡ ❝♦♥t✐❡♥t✳ ❊♥✜♥✱ ❧❡s ❛r❝s ❞❡ Π s♦♥t r❡♣♦rtés ❡♥tr❡
❧❡s ♠❛rq✉❡✉rs ❝♦rr❡s♣♦♥❞❛♥ts✳ ▲❡s ❛r❝s ❞❡ Π ❛❧❧❛♥t ❞✬✉♥ ♠❛rq✉❡✉r i à ✉♥ ♠❛rq✉❡✉r
j ❛✈❡❝ i < j s♦♥t ❛♣♣❡❧és ❛r❝s ❞❡ ❝♦♥✢✐ts✳ ◆♦✉s ♣r♦✉✈♦♥s q✉❡ s✐ ✉♥ ❝②❝❧❡ ❝♦♥t✐❡♥t
✉♥ ❛r❝ ❞❡ ❝♦♥✢✐t✱ ❛❧♦rs ❧❡s ❛❞❥❛❝❡♥❝❡s ✉t✐❧✐sé❡s ♣❛r ❝❡ ❝②❝❧❡ ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ré❛❧✲
✐sé❡s s✐♠✉❧t❛♥é♠❡♥t ❞❛♥s ✉♥❡ ❧✐♥é❛r✐s❛t✐♦♥ ❞❡ Π✳ ❆✐♥s✐✱ ▼❇▲ ♣❡✉t êtr❡ ré❞✉✐t ❛✉
♣r♦❜❧è♠❡ ❝♦♥s✐st❛♥t à r❡t✐r❡r ✉♥ ♠✐♥✐♠✉♠ ❞✬❛❞❥❛❝❡♥❝❡s ❞✉ ❣r❛♣❤❡ GΠ ♣♦✉r q✉❡ ❝❡
❣r❛♣❤❡ ♥❡ ❝♦♥t✐❡♥♥❡ ♣❧✉s ❛✉❝✉♥ ❝②❝❧❡ ✉t✐❧✐s❛♥t ✉♥ ❛r❝ ❞❡ ❝♦♥✢✐t✳ ❈❡ ♣r♦❜❧è♠❡ ❝♦r✲
r❡s♣♦♥❞ à tr♦✉✈❡r ✉♥ ❡♥s❡♠❜❧❡ ♠✐♥✐♠❛❧ ❞❡ s♦♠♠❡ts ❝♦✉✈r❛♥t ❧❡s ❝②❝❧❡s ✏✐♥t❡r❞✐ts✑
❞✬✉♥ ❣r❛♣❤❡ ✭✈♦✐r ❋✐❣✉r❡ ✾❜✮ ✿ ✐❧ ❛ ❞é❥à été ét✉❞✐é s♦✉s ❧❡ ♥♦♠ ❞❡ ❙✉❜s❡t✲❋❱❙✳
▲❡s rés✉❧t❛ts ♣♦✉r ❝❡ ♣r♦❜❧è♠❡ ❬✻✻✱ ✹✾❪ ♥♦✉s ♣❡r♠❡tt❡♥t ❞✬♦❜t❡♥✐r ✭❡♥ ♥♦t❛♥t k ❧❛
❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ ♦♣t✐♠❛❧❡ ❡t X ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛r❝s ❞❡ ❝♦♥✢✐ts✮ ✿

✕ ✉♥ ❛❧❣♦r✐t❤♠❡ ❋P❚ ❞❡ t❡♠♣s 22
O(k)

nO(1)✱
✕ ✉♥❡ O

(

log2 |X|
)

✲❛♣♣r♦①✐♠❛t✐♦♥✱
✕ ✉♥❡ O (log(k) log log(k))✲❛♣♣r♦①✐♠❛t✐♦♥✱
❊♥✜♥✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❛❞ ❤♦❝✱ ❞♦♥t ❧❡ r❛t✐♦ ❡st ❞❡

m2+4m−4✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❛ q✉❡st✐♦♥ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥
à r❛t✐♦ ❝♦♥st❛♥t r❡st❡ ♦✉✈❡rt❡✳



❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s

❊♥ s✉✐✈❛♥t ❧❡ ♣❧❛♥ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ ♥♦✉s r❛♣♣❡❧♦♥s ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s
❝❤❛q✉❡ ❝❤❛♣✐tr❡ ❡t ♣rés❡♥t♦♥s ❞❡s ❛①❡s ♣♦ss✐❜❧❡s ❞❡ r❡❝❤❡r❝❤❡✳

▲❡s ♣r♦❜❧è♠❡s ❞❡ tr✐ s✉r ❞❡s ♣❡r♠✉t❛t✐♦♥s ♥❡ s♦♥t ♣❛s t♦✉❥♦✉rs s✐♠♣❧❡s

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❡s ❈❤❛♣✐tr❡s ✶ ❡t ✷✱ ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ séq✉❡♥❝❡s
❣é♥♦♠✐q✉❡s s♦✉s ❧❡ ♠♦❞è❧❡ ❧❡ ♣❧✉s s✐♠♣❧❡ ✭♦ù ❝❤❛q✉❡ ❣è♥❡ ❡st ✉♥✐q✉❡✮ ♥✬❡st ♣❛s t♦✉✲
❥♦✉rs tr✐✈✐❛❧❡✳ ❊t ❜✐❡♥ q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬② ❝❛❧❝✉❧❡r ♣❧✉s✐❡✉rs ♠❡s✉r❡s ❞❡ ❞✐ss✐♠✐❧❛r✐té
t❡❧❧❡s q✉❡ ❧❛ ❞✐st❛♥❝❡s ❞❡ ❝❛ss✉r❡✱ ❞❡s ❞✐st❛♥❝❡s ❞✬é❞✐t✐♦♥✱ ❡t❝✳✱ ❡t ♠ê♠❡ ❞❡s ❞✐st❛♥❝❡s
❞❡ ré❛rr❛♥❣❡♠❡♥t ❛✈❡❝ ❧❡s ✐♥✈❡rs✐♦♥s ❡t ❧❡ ❉❈❏ s✐❣♥és✱ ♥♦✉s ❛✈♦♥s ♣r♦✉✈é q✉❡ ❧❡s
♣r♦❜❧è♠❡s ❞❡ ❚r✐ ♣❛r tr❛♥s♣♦s✐t✐♦♥s ❡t ❚r✐ ♣❛r r❡t♦✉r♥❡♠❡♥ts ♣ré❢✐①❡s
s♦♥t ◆P✲❞✐✣❝✐❧❡s✳ ❈❡♣❡♥❞❛♥t✱ ♥♦✉s ❝♦♥❥❡❝t✉r♦♥s q✉❡ ❝❡s ♣r♦❜❧è♠❡s ❞❡✈r❛✐❡♥t ❛❞♠❡t✲
tr❡ ❞❡s ❛❧❣♦r✐t❤♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣❧✉s ♣ré❝✐s q✉❡ ❝❡✉① ❡①✐st❛♥t ✭❛✈❡❝ ❞❡s r❛t✐♦s
✶✳✸✼✺ ♣♦✉r ❧❡ ♣r❡♠✐❡r ❡t ✷ ♣♦✉r ❧❡ s❡❝♦♥❞✮✳

❯♥ ❛✉tr❡ ♣r♦❜❧è♠❡ ❞❡ ré❛rr❛♥❣❡♠❡♥t✱ ♣♦✉r ❧❡q✉❡❧ ❧❛ ❝♦♠♣❧❡①✐té ❡st t♦✉❥♦✉rs
♦✉✈❡rt❡✱ ❡st ❧❡ ♣r♦❜❧è♠❡ ❞❡ tr✐ ♣❛r r❡t♦✉r♥❡♠❡♥ts ♣ré✜①❡s s♦✉s ❧❡ ♠♦❞è❧❡ s✐❣♥é✳
▲❛ ❝♦♥tr❛✐♥t❡ ❞❡ s✐❣♥❡ ré❞✉✐t ❧❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s ❡✣❝❛❝❡s ❡t ❞❡✈r❛✐t ❢❛❝✐❧✐t❡r ❧❛
r❡❝❤❡r❝❤❡ ❞❡ t❡❧❧❡s ♦♣ér❛t✐♦♥s✱ ❞❡ ♠ê♠❡ q✉❡ ♣♦✉r ❧❡ tr✐ ♣❛r ✐♥✈❡rs✐♦♥s ♦✉ ♣❛r ❉❈❏✳

❊♥✜♥✱ ❡①✐st❡✲t✲✐❧ ❞❡s ❛❧❣♦r✐t❤♠❡s ♣❛r❛♠étrés✱ ❛✈❡❝ ✉♥ ♣❛r❛♠ètr❡ ♣❡rt✐♥❡♥t ❞✬✉♥
♣♦✐♥t ❞❡ ✈✉❡ ❜✐♦❧♦❣✐q✉❡✱ ♣♦✉r ❝❡s ♣r♦❜❧è♠❡s ◆P✲❞✐✣❝✐❧❡s ❄

❈♦♠♣❛r❡r ❞❡s séq✉❡♥❝❡s ❛✈❡❝ ❞❡s ❞✉♣❧✐❝❛t✐♦♥s ❡st ❡♥❝♦r❡ ♣❧✉s ❝♦♠♣❧❡①❡

▲❡s ♣r♦❜❧è♠❡s ❞❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡✈✐❡♥♥❡♥t ✐♠♠é❞✐❛t❡♠❡♥t ♣❧✉s ❞✐✣❝✐❧❡s ❧♦rsq✉❡
❧❡s ❞♦♥♥é❡s ❝♦♥t✐❡♥♥❡♥t ❞❡s ❣è♥❡s ❞✉♣❧✐q✉és✳ ❯♥❡ ❛♣♣r♦❝❤❡ ❝❧❛ss✐q✉❡ ♣♦✉r tr❛✐t❡r
❝❡s ❞♦♥♥é❡s ❝♦♥s✐st❡ à r❡❝❤❡r❝❤❡r ✉♥ s❝é♥❛r✐♦ ❞❡ ❞✉♣❧✐❝❛t✐♦♥s ♣❡r♠❡tt❛♥t ❞❡ ❢❛✐r❡ ❧❛
❞✐st✐♥❝t✐♦♥ ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ❝♦♣✐❡s ❡t ❛✐♥s✐ r❡tr♦✉✈❡r ✉♥ ♠♦❞è❧❡ ❞❡ ♣❡r♠✉t❛t✐♦♥
♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ✉❧tér✐❡✉r❡s✳

❉❛♥s ❧❡ s❝é♥❛r✐♦ ❡①❡♠♣❧❛✐r❡ ✭✈♦✐r ❈❤❛♣✐tr❡ ✸✮✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s q✉✬✉♥❡ s❡✉❧❡
❝♦♣✐❡ ❞❡ ❝❤❛q✉❡ ❣è♥❡ ♣r♦✈✐❡♥t ❞❡ ❧✬❛♥❝êtr❡ ❝♦♠♠✉♥✱ ❡t q✉❡ ❧❡s ❛✉tr❡s ❝♦♣✐❡s s♦♥t ❞✉❡s
à ❞❡s ré❝❡♥t❡s ❞✉♣❧✐❝❛t✐♦♥s✳ ◆♦✉s ❝❤❡r❝❤♦♥s ❞♦♥❝ à ✐❞❡♥t✐✜❡r ❝❡tt❡ ❝♦♣✐❡ ✏♦r✐❣✐♥❛❧❡✑✳
❈❡♣❡♥❞❛♥t✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ❞✬♦♣t✐♠✐s❛t✐♦♥ ❝♦♥s✐❞éré❡✱ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❉✐st❛♥❝❡
❊①❡♠♣❧❛✐r❡ ❡st ❆P❳✲❞✐✣❝✐❧❡✳ ▲❡ ♠♦❞è❧❡ ❡①❡♠♣❧❛✐r❡ ❡st ❞♦♠✐♥é ♣❛r ❧❡s ♣r♦❜❧è♠❡s
♦✉✈❡rts✱ ♣✉✐sq✉✬❛✉❝✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ à r❛t✐♦ ❝♦♥st❛♥t ♦✉ ❛❧❣♦r✐t❤♠❡ ❋P❚ ♥✬❡st
❝♦♥♥✉✱ q✉❡❧q✉❡ s♦✐t ❧❛ ❞✐st❛♥❝❡ ❞❡ ré❢ér❡♥❝❡ ❝♦♥s✐❞éré❡✳

❉❛♥s ❧❡ ♠♦❞è❧❡ ❝♦♠♣❧❡t✱ ♦ù ❧❡s ❝♦♣✐❡s ❞❡ ❝❤❛q✉❡ ❣è♥❡ ♣r♦✈✐❡♥♥❡♥t ❞❡ ❧✬❛♥❝êtr❡
❝♦♠♠✉♥ ❡t ♣❡✉✈❡♥t ❞♦♥❝ êtr❡ ♠✐s ❡♥ ❜✐❥❡❝t✐♦♥ ❛✈❡❝ ❧❡s ❝♦♣✐❡s ❞❡ ❧✬❛✉tr❡ séq✉❡♥❝❡✱
❧❡s ♣r♦❜❧è♠❡s s♦♥t é❣❛❧❡♠❡♥t ❞✐✣❝✐❧❡s✳ ❊♥ r❡✈❛♥❝❤❡✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡ ♣r♦❜❧è♠❡
▼❈❙P ✭q✉✐ ♣❡✉t êtr❡ ✈✉ ❝♦♠♠❡ ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ s♦✉s ❧❡ ♠♦❞è❧❡ ❝♦♠♣❧❡t✮ ❡st



❋✳✹✷ ❙❨◆❚❍➮❙❊ ✕ ❋❘❊◆❈❍ ❆❇❙❚❘❆❈❚

❋P❚✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ♥♦t❛♠♠❡♥t à ❝❛✉s❡ ❞❡ s❛ ❝♦♠♣❧❡①✐té ❡♥ O(k21k
2
poly(n))✱ ✐❧

♥✬❡st ♣❛s ♣❡rt✐♥❡♥t ♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ♣r❛t✐q✉❡s✳ ❊①✐st❡✲t✲✐❧ ✉♥ ❛❧❣♦r✐t❤♠❡ ❡✣❝❛❝❡
à ❧❛ ❢♦✐s ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ t❤é♦r✐q✉❡ ❡t ♣r❛t✐q✉❡ ❄ ❊♥ ❡✛❡t✱ ♠ê♠❡ s✐ ❝❡ ♣r♦❜❧è♠❡ ♥❡
t✐❡♥t ♣❛s ❝♦♠♣t❡ ❞❡s s✉♣♣r❡ss✐♦♥s ❞❡ ❣è♥❡s✱ ❡t ✐♠♣♦s❡ q✉❡ ❧❡s ❝❤❛î♥❡s ❛✐❡♥t ❧❡ ♠ê♠❡
♥♦♠❜r❡ ❞✬♦❝❝✉rr❡♥❝❡s ❞❡ ❝❤❛q✉❡ ❧❡ttr❡✱ ✐❧ s✬❛❣✐t ❞✬✉♥ ♣r♦❜❧è♠❡ ❝❡♥tr❛❧ ❧♦rsq✉✬✐❧ s✬❛❣✐t
❞❡ tr❛✐t❡r ❞❡s ❣é♥♦♠❡s ❛✈❡❝ ❞✉♣❧✐❝❛t✐♦♥s✳

❈♦rr✐❣❡r ❡t ❝♦♠♣❧ét❡r ❧❡s ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ❡st ❡ss❡♥t✐❡❧

❯♥ ❞é✜ ✐♠♣♦rt❛♥t ❞❡ ❧❛ ❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡ ❡st ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡s ❡rr❡✉rs
✐♥❞✉✐t❡s ♣❛r ❧❡s ♣r♦❝❡ss✉s ❣é♥ér❛♥t ❧❡s ❞♦♥♥é❡s ❞✬❡♥tré❡✳ ❯♥ ❡①❡♠♣❧❡ r❡♣rés❡♥t❛t✐❢
❡st ❧✬❛ss❡♠❜❧❛❣❡ ❞❡ ❣é♥♦♠❡ ♣❛r séq✉❡♥ç❛❣❡ à ❤❛✉t ❞é❜✐t ✭◆●❙✮ ✿ ❧❡s ❞♦♥♥é❡s ❛✐♥s✐
❣é♥éré❡s ❝♦♥t✐❡♥♥❡♥t ❤❛❜✐t✉❡❧❧❡♠❡♥t ❞❡s ❢♦rts ♣♦✉r❝❡♥t❛❣❡s ❞✬❡rr❡✉r✱ ❝♦♠♣❡♥sés ♣❛r
✉♥❡ ❢♦rt❡ r❡❞♦♥❞❛♥❝❡ ❞❡s ❧❡❝t✉r❡s ❞✉ ❣é♥♦♠❡✳ ▼❛✐s ❧❡s ❡rr❡✉rs✱ ❧❡s ❛♠❜✐❣✉ïtés ❡t ❧❡s
♠❛♥q✉❡s ❡①✐st❡♥t ❞❛♥s q✉❛s✐♠❡♥t t♦✉t❡s ❧❡s ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s✳ ■❞é❛❧❡♠❡♥t✱ t♦✉s
❧❡s ♣r♦❜❧è♠❡s ❞❡ ❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡ ❞❡✈r❛✐❡♥t t❡♥✐r ❝♦♠♣t❡ ❞❡ ❝❡ ❢❛✐t✳ ❈❡♣❡♥✲
❞❛♥t✱ à ❝❛✉s❡ ❞❡ ❧❛ ❞✐✣❝✉❧té ❛❧❣♦r✐t❤♠✐q✉❡ q✉❡ ❝❡❧❛ r❡♣rés❡♥t❡✱ ❧❡ ♥❡tt♦②❛❣❡ ❞❡s
❞♦♥♥é❡s ❡st ❣é♥ér❛❧❡♠❡♥t ❝♦♥✜é à ❞❡s ❤❡✉r✐st✐q✉❡s✱ ✉t✐❧✐sé❡s ❡♥ tâ❝❤❡ ❞❡ ♣rétr❛✐t❡✲
♠❡♥t✳

❉❡✉① ❞❡ ❝❡s tâ❝❤❡s s♦♥t ♣rés❡♥té❡s ❞❛♥s ❧❡s ❈❤❛♣✐tr❡s ✺ ❡t ✻✳ ❉❛♥s ❧❡ ❈❤❛♣✐tr❡ ✺✱
❧❡ ♣r♦❜❧è♠❡ ❞✬❊①tr❛❝t✐♦♥ ❞❡ ❜❛♥❞❡s ♠❛①✐♠❛❧❡s ❡t s❡s ✈❛r✐❛♥t❡s✱ ❝❤❡r❝❤❡ à
r❡t✐r❡r ❧❡s ♠❛rq✉❡✉rs ❞❡ séq✉❡♥❝❡s ❣é♥♦♠✐q✉❡s ❞✬❡s♣è❝❡s ♣r♦❝❤❡s q✉✐ ♥❡ s❡♠❜❧❡♥t
❛♣♣❛rt❡♥✐r à ❛✉❝✉♥ ❜❧♦❝ ❞❡ s②♥té♥✐❡✳ ◆♦✉s ♣rés❡♥t♦♥s ✉♥❡ ♣❛❧❡tt❡ ❞✬❛❧❣♦r✐t❤♠❡s ❡t
❞❡ rés✉❧t❛ts ❞❡ ❞✐✣❝✉❧té✱ ❛✈❡❝ ❡♥ ♣❛rt✐❝✉❧✐❡r ✉♥ ❛❧❣♦r✐t❤♠❡ ♣❛r❛♠étré ❡✣❝❛❝❡ ♣♦✉r
❝❡ ♣r♦❜❧è♠❡✳

❊♥✜♥ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✻✱ ♥♦✉s ♥♦✉s ❢♦❝❛❧✐s♦♥s s✉r ❧❡ ♣r♦❜❧è♠❡ ❝♦♥s✐st❛♥t à ✐♥✲
❢ér❡r ✉♥ ♦r❞r❡ t♦t❛❧ s✉r ❧❡s ❣è♥❡s ✭✉♥❡ ❧✐♥é❛r✐s❛t✐♦♥✮ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❞❡s ❞♦♥♥é❡s
✐♥❝♦♠♣❧èt❡s ✭r❡♣rés❡♥té❡s ♣❛r ✉♥ ♦r❞r❡ ♣❛rt✐❡❧✮✳ ▲❡s ♣r♦❜❧è♠❡s tr❛✐t❛♥t ❞❡ ❣é♥♦♠❡s
♣❛rt✐❡❧❧❡♠❡♥t ♦r❞♦♥♥és ♦♥t s♦✉✈❡♥t ♣♦✉r ❜✉t ❞❡ r❡t✐r❡r ❧❡s ❝♦♥✢✐ts ❞❡ ❢❛ç♦♥ à ♦❜t❡♥✐r
✉♥❡ ❧✐♥é❛r✐s❛t✐♦♥✳ ❉❛♥s ❧❡ ♣r♦❜❧è♠❡ ▼❇▲✱ ♥♦✉s ❝❤❡r❝❤♦♥s à ❝❛❧❝✉❧❡r ✉♥❡ ❧✐♥é❛r✐s❛t✐♦♥
♦♣t✐♠❛❧❡ à ♣❛rt✐r ❞✬✉♥ ♦r❞r❡ ♣❛rt✐❡❧ s❛♥s ❝♦♥✢✐ts✳ ▲✬♦♣t✐♠❛❧✐té ❡st ♠❡s✉ré❡ ❝♦♠♠❡
ét❛♥t ❧❛ ❞✐st❛♥❝❡ ❞❡ ❝❛ss✉r❡ à ✉♥ ❣é♥♦♠❡ ❞❡ ré❢ér❡♥❝❡✳ ◆♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ♠ét❤✲
♦❞❡ ❞❡ rés♦❧✉t✐♦♥ ❜❛sé❡ s✉r ❧❛ t❤é♦r✐❡ ❞❡s ❣r❛♣❤❡s✱ ❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t s✉r ❧❡
♣r♦❜❧è♠❡ ❙✉❜s❡t✲❋❱❙✱ ❛✜♥ ❞✬♦❜t❡♥✐r ♣❧✉s✐❡✉rs ❛❧❣♦r✐t❤♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡t ✉♥
❛❧❣♦r✐t❤♠❡ ♣❛r❛♠étré✳

P❧✉s ❞❡ ♣❡rs♣❡❝t✐✈❡s

▲❛ q✉❡st✐♦♥ ❝❡♥tr❛❧❡ r❡st❡ ♦✉✈❡rt❡ ✿ ❡st✲❝❡ q✉❡ ❧❡s ♠ét❤♦❞❡s tr❛❞✐t✐♦♥♥❡❧❧❡s ❞❡
❝♦♠♣❛r❛t✐✈❡ ❣é♥♦♠✐q✉❡ ♣❡✉✈❡♥t s✬ét❡♥❞r❡ ♣♦✉r tr❛✐t❡r ❞❡s ❞♦♥♥é❡s ❜r✉✐té❡s ♦✉ ✐♥✲
❝♦♠♣❧èt❡s ❄ P❛r ❡①❡♠♣❧❡✱ ♣❡✉t✲♦♥ ❝❛❧❝✉❧❡r ✉♥❡ ❞✐st❛♥❝❡ ❞❡ ❉❈❏ s✉r ❞❡s ❣é♥♦♠❡s
♣❛rt✐❡❧❧❡♠❡♥t ♦r❞♦♥♥és ❄ ❯♥❡ ✈♦✐❡ ❞❡ ré♣♦♥s❡ ♣♦t❡♥t✐❡❧❧❡ s❡r❛✐t ♣❛r ❧❡ ♣r♦❜❧è♠❡ ❞❡
P❧✉s ♣❡t✐t❡ ♣❛rt✐t✐♦♥ ❝♦♠♠✉♥❡✳ ❊♥ ❡✛❡t✱ ❧✬❛❧❣♦r✐t❤♠❡ q✉❡ ♥♦✉s ❛✈♦♥s ♣rés❡♥té
s❡♠❜❧❡ ♣♦✉✈♦✐r êtr❡ ❛❞❛♣té à ❞❡s ❞♦♥♥é❡s ❛②❛♥t ✉♥ ♥♦♠❜r❡ ❜♦r♥é ❞✬❡rr❡✉rs ❧♦❝❛❧❡s✱
♦✉ ❜✐❡♥ ❛✈❡❝ ❞❡s ✐♥❝❡rt✐t✉❞❡s s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ré♣ét✐t✐♦♥s ❞❛♥s ❧❡s s♦✉s✲❝❤❛î♥❡s ♣ér✐✲
♦❞✐q✉❡s✳ ❉❡ ♥♦♠❜r❡✉s❡s ♠ét❤♦❞❡s s♦♥t t♦✉❥♦✉rs à ❡①♣❧♦r❡r ✕ ♦✉ à ✐♥✈❡♥t❡r ✕ ❛✜♥ ❞❡
♣r♦❞✉✐r❡ ❞❡s ❛❧❣♦r✐t❤♠❡s à ❧❛ ❢♦✐s ♣ré❝✐s ❡t ❡✣❝❛❝❡s ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ t❤é♦r✐q✉❡✱ ❡t
q✉✐ ❝♦♥s✐❞èr❡♥t ❧❡s ♥♦♠❜r❡✉s❡s ❢❛❝❡tt❡s ❞❡s ♣r♦❜❧è♠❡s ❜✐♦❧♦❣✐q✉❡s✳

❊♥ s✬ét❡♥❞❛♥t ❤♦rs ❞❡ ❧❛ ❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡ s❡✉❧❡✱ ✉♥❡ ❧❛r❣❡ ❣❛♠♠❡ ❞✬❛s♣❡❝ts
❞❡ ❧❛ ❜✐♦✐♥❢♦r♠❛t✐q✉❡ ♣❡✉✈❡♥t ❢❛✐r❡ ❧✬♦❜❥❡t ❞❡ r❡❝❤❡r❝❤❡s✳ ❉❡ ♥♦♠❜r❡✉① ♣r♦❜❧è♠❡s



❈❖◆❈▲❯❙■❖◆ ❊❚ P❊❘❙P❊❈❚■❱❊❙ ❋✳✹✸

♣❡✉✈❡♥t✱ ♣❛r ❡①❡♠♣❧❡✱ êtr❡ ♠♦❞é❧✐sés ♣❛r ❞❡s ❣r❛♣❤❡s✳ ❆✈❡❝ ❞❡s ❞♦♥♥é❡s t❡❧❧❡s q✉❡
❧❡s rés❡❛✉① ♠ét❛❜♦❧✐q✉❡s ♦✉ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❣è♥❡s✱ ♦♥ ✈✐s❡ à ❡①tr❛✐r❡ ❞❡s s♦✉s✲
❣r❛♣❤❡s r❡♠❛rq✉❛❜❧❡s✱ à ❞✐s❝❡r♥❡r ❞❡s ♠♦t✐❢s✱ ❡t❝✳ ▲❛ t❤é♦r✐❡ ❞❡ ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥✱
♣r♦❢♦♥❞é♠❡♥t ❛♥❝ré❡ ❡♥ t❤é♦r✐❡ ❞❡s ❣r❛♣❤❡s ✈✐❛ ♣❛r ❡①❡♠♣❧❡ ❧❡s ♠ét❤♦❞❡s ❞❡ ❝❛❧❝✉❧
❞❡ ♥♦②❛✉✱ ❛♣♣♦rt❡ ❝❡rt❛✐♥❡♠❡♥t ✉♥❡ ❛♣♣r♦❝❤❡ ✐❞é❛❧❡ à ❞❡ t❡❧s ♣r♦❜❧è♠❡s✳





▼❛♥✉s❝r✐♣t
▼❛♥✉s❝r✐t ✭♣❛rt✐❡ ❛♥❣❧❛✐s❡✮

✶





■♥tr♦❞✉❝t✐♦♥

❇✐♦✐♥❢♦r♠❛t✐❝s ✐s t❤❡ ✜❡❧❞ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❜✐♦❧♦❣② ❛♥❞ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✱
✇❤❡r❡ ♦♥❡ ❛✐♠s ❛t ❡①tr❛❝t✐♥❣ ❛♥❞ ♣r♦❝❡ss✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❜✐♦❧♦❣✐❝❛❧ ❞❛t❛✱ ✐♥ ♦r✲
❞❡r t♦ ♦❜t❛✐♥ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❧✐✈✐♥❣✳ ❋r♦♠ ♦♥❡ s✐❞❡✱ ❜✐♦❧♦❣② ❝♦♥tr✐❜✉t❡s
✇✐t❤ ❞❛t❛ ❣❛t❤❡r❡❞ t❤r♦✉❣❤ ❡①♣❡r✐♠❡♥ts ❛♥❞ ♣♦s❡s t❤❡ q✉❡st✐♦♥s t❤❛t s❤♦✉❧❞ ❡♥❛❜❧❡
t♦ ✉♥❞❡rst❛♥❞ ♠♦r❡ ❛❜♦✉t t❤❡ s✉❜❥❡❝t ❛t ❤❛♥❞✳ ❋r♦♠ t❤❡ ♦t❤❡r s✐❞❡✱ ❝♦♠♣✉t❡r s❝✐✲
❡♥❝❡ ❜r✐♥❣s ❢♦r♠❛❧ ♠❡t❤♦❞s t♦ ❛♥❛❧②③❡ t❤❡ ♣r♦❜❧❡♠s ❛♥❞ t♦ ♣r♦❞✉❝❡ s♦❧✉t✐♦♥s ❛s
♣r❡❝✐s❡❧② ❛♥❞ ❡✣❝✐❡♥t❧② ❛s ♣♦ss✐❜❧❡✳ ❚❤❡ ❜❡♥❡✜ts ❛r❡ ♦❜✈✐♦✉s ❢♦r ❜✐♦❧♦❣✐sts✱ ✇❤♦
❝❛♥ t❤✉s ✈❡r✐❢② ❤②♣♦t❤❡s❡s ❛♥❞ ♠❛❦❡ ♣r❡❞✐❝t✐♦♥s ✐♥ ♠♦r❡ r❡❧✐❛❜❧❡ ❛♥❞ ❡✣❝✐❡♥t ✇❛②s✳
❚❤❡② ❛r❡ ❛❧s♦ ✐♠♣♦rt❛♥t ❢♦r ❝♦♠♣✉t❡r s❝✐❡♥t✐sts✱ ✇❤♦ ❛r❡ ♣r❡s❡♥t❡❞ ✇✐t❤ ✉♥♣r❡❝❡✲
❞❡♥t❡❞ ❝❤❛❧❧❡♥❣❡s✳ ❚❤❡ ✈❛r✐❡t② ♦❢ ♣r♦❜❧❡♠s ❧❡❛❞ t♦ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ ♦r✐❣✐♥❛❧ ❞❛t❛
str✉❝t✉r❡s ❛♥❞ t❤❡ ❞❡s✐❣♥ ♦❢ ♥❡✇ ❛❧❣♦r✐t❤♠✐❝ ♠❡t❤♦❞s✱ ❡♥r✐❝❤✐♥❣ t❤❡ ✇❤♦❧❡ ✜❡❧❞ ♦❢
❝♦♠♣✉t❡r s❝✐❡♥❝❡ ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡❞ ♣❛♥❡❧ ♦❢ ♣♦ss✐❜❧❡ ❛♣♣r♦❛❝❤❡s ❢♦r ♦t❤❡r ♣r♦❜❧❡♠s✳

❚❤❡ ✉s❡ ♦❢ ❜✐♦✐♥❢♦r♠❛t✐❝s ❜❡❝♦♠❡s ❡✈❡♥ ♠♦r❡ ♥❡❝❡ss❛r② ✇❤❡♥ t❤❡ ❞❛t❛ t❤❛t ♥❡❡❞s
❛♥❛❧②③✐♥❣ ❜❡❝♦♠❡s ❧❛r❣❡r ❛♥❞ ❧❛r❣❡r✳ ❚❤❡ ❜❡st✲❦♥♦✇♥ ❡①❛♠♣❧❡ ✐s ❉◆❆ s❡q✉❡♥❝✐♥❣✿
✐t ✐s ♥♦✇ ♣♦ss✐❜❧❡ t♦ r❡❛❞ ❉◆❆ s❡q✉❡♥❝❡s ♦✛ ❝❤r♦♠♦s♦♠❡s ❛t ❛ ✈❡r② ❤✐❣❤ r❛t❡
✭❡✳❣✳✱ t❤❡ ❇❡✐❥✐♥❣ ●❡♥♦♠❡ ■♥st✐t✉t❡ ♦✉t♣✉ts ✶✵ t❡r❛❜②t❡s ♦❢ r❛✇ ♥✉❝❧❡♦t✐❞❡ s❡q✉❡♥❝❡s
❡✈❡r② ❞❛② ❬✶✵✼❪✮✳ ❉◆❆ s❡q✉❡♥❝❡s ❛r❡ ❛t t❤❡ ❝♦r❡ ♦❢ t❤❡ ♠❛❥♦r✐t② ♦❢ ❜✐♦❝❤❡♠✐❝❛❧
♣r♦❝❡ss❡s✳ ❍♦✇❡✈❡r✱ ✐t ✐s st✐❧❧ ❛ ✉t♦♣✐❛♥ t❛s❦ t♦ ♣❡r❢❡❝t❧② r❡❝♦♥str✉❝t ❛ ❣❡♥♦♠❡
s❡q✉❡♥❝❡✱ ❧❡t ❛❧♦♥❡ t♦ ✉♥❞❡rst❛♥❞ ❛❧❧ t❤❡ ✐♥tr✐❝❛t❡ ❢✉♥❝t✐♦♥s t❤❛t ♦r✐❣✐♥❛t❡ ❢r♦♠ ✐t✳
❆♥♦t❤❡r ✐♠♣♦rt❛♥t ✜❡❧❞ ✐s ♥❡t✇♦r❦ ❛♥❛❧②s✐s ✇❤❡r❡ ♦♥❡ ❛✐♠s ❛t ✉♥❞❡rst❛♥❞✐♥❣ t❤❡
❝♦♠♣❧❡① ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠♦❧❡❝✉❧❡s ✭♣r♦t❡✐♥s✱ ❘◆❆✱ ♠❡t❛❜♦❧✐t❡s✱ ❡t❝✳✮
✐♥ t❤❡ ❝❡❧❧✳ ❚❤❡ ✐♥♣✉t ❞❛t❛ ❝♦♥s✐sts ♦❢ ❛ s❡t ♦❢ ♣♦ss✐❜❧❡ r❡❛❝t✐♦♥s✱ s✉❝❤ ❛s ✏♣r♦t❡✐♥ ❆
❝❛♥ tr❛♥s❢♦r♠ ♠❡t❛❜♦❧✐t❡ ❇ ✐♥t♦ ♠❡t❛❜♦❧✐t❡ ❈✑ ♦r ✏♣r♦t❡✐♥s ❆ ❛♥❞ ❇ ❝❛♥ ❝♦♠❜✐♥❡ t♦
❢♦r♠ ♣r♦t❡✐♥ ❈✑✳ ❖♥❡ ❛✐♠s ❛t ✉♥❞❡rst❛♥❞✐♥❣ ❧❛r❣❡✲s❝❛❧❡ ♣r♦❝❡ss❡s✱ s✉❝❤ ❛s ❝❡❧❧ ❝②❝❧❡s
♦r ♣r♦t❡✐♥ s②♥t❤❡s✐s✱ ✇✐t❤ t❤❡ ♣♦ss✐❜❧❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❞❡s✐❣♥✐♥❣ ❛ ❞r✉❣ ❛❝t✐♥❣ ♦♥ ♦♥❡
s♣❡❝✐✜❝ ♣r♦❝❡ss✳

■♥ t❤✐s t❤❡s✐s✱ ✇❡ st✉❞② ❝♦♠❜✐♥❛t♦r✐❛❧ r❡s♣♦♥s❡s t♦ ♣r♦❜❧❡♠s st❡♠♠✐♥❣ ❢r♦♠
❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s✳ ❚❤❡ ❝♦♠♠♦♥ ❞❡♥♦♠✐♥❛t♦r ♦❢ ♦✉r ♣r♦❜❧❡♠s ✐s t❤❡ ♣r❡s❡♥❝❡
✐♥ ✐♥♣✉t ♦❢ ❣❡♥♦♠✐❝ ✐♥❢♦r♠❛t✐♦♥✱ ✉s✉❛❧❧② ✐♥ t❤❡ ❢♦r♠ ♦❢ ❣❡♥❡ ♦r ♠❛r❦❡r s❡q✉❡♥❝❡s✱
❢r♦♠ t✇♦ ❞✐✛❡r❡♥t s♣❡❝✐❡s✳ ❆s ◆❛t✉r❡ ✇♦✉❧❞ ❤❛✈❡ ✐t✱ ❜♦t❤ ❣❡♥♦♠❡s ❤❛✈❡ ❡✈♦❧✈❡❞
❢r♦♠ ❛ ❝♦♠♠♦♥ ❛♥❝❡st♦r ❛♥❞ ♥♦✇ ❞✐s♣❧❛② ❛ ♥✉♠❜❡r ♦❢ s✐♠✐❧❛r✐t✐❡s✿ t❤❡ ♦❜❥❡❝t✐✈❡s
♦❢ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s ♣r♦❜❧❡♠s ❛r❡ t♦ ♣✐♥♣♦✐♥t t❤❡s❡ s✐♠✐❧❛r✐t✐❡s✱ ♠❡❛s✉r❡ t❤❡♠✱
❛♥❞ ✉s❡ t❤❡♠ ✐♥ ♦r❞❡r t♦ ❣❛t❤❡r r❡❧❡✈❛♥t ❜✐♦❧♦❣✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥✳

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❣❡♥♦♠❡s ❛♥❞ t❤❡ ❜✐♦❧♦❣✐❝❛❧ q✉❡st✐♦♥ ❛t ❤❛♥❞✱
✇❡ ♦❜t❛✐♥ ♠❛♥② ❝❤❛❧❧❡♥❣✐♥❣ ❝♦♠❜✐♥❛t♦r✐❛❧ ♣r♦❜❧❡♠s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ st✉❞✐❡❞ ✐♥ t❤❡
✉s✉❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❢r❛♠❡✇♦r❦✳ ❋♦r ❡❛❝❤ ♣r♦❜❧❡♠✱ ✇❡ tr② t♦ ♣r♦✈✐❞❡ ❛
♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ ♦r✱ ❢❛✐❧✐♥❣ t❤❛t✱ t♦ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞✳ ■♥

✸
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t❤❡ ❧❛tt❡r ❝❛s❡✱ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ s♦✉❣❤t ✐♥ t✇♦ ❞✐r❡❝t✐♦♥s✱ ❡✐t❤❡r ❛s ❛♣♣r♦①✲
✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✭t❤❛t ✐s✱ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s ❣✐✈✐♥❣ ❛ s✉❜✲♦♣t✐♠❛❧ s♦❧✉✲
t✐♦♥✱ ❜✉t ✇✐t❤ ❛ ❜♦✉♥❞❡❞ ❡rr♦r ❢❛❝t♦r✮ ♦r ❛s ♣❛r❛♠❡t❡r✐③❡❞ ❛❧❣♦r✐t❤♠s ✭❡①♣♦♥❡♥t✐❛❧✲
t✐♠❡ ❡①❛❝t ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ❛r❡ ♥❡✈❡rt❤❡❧❡ss ❡✣❝✐❡♥t ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ ❛ r❡❧❡✈❛♥t
♣❛r❛♠❡t❡r✮✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✻✽❪ ❢♦r ❛ ❞❡t❛✐❧❡❞ r❡✈✐❡✇ ❞❡❞✐❝❛t❡❞ t♦ ❝♦♠❜✐♥❛✲
t♦r✐❛❧ ♣r♦❜❧❡♠s ✐♥ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s✳

❚❤❡ ❝❤❛♣t❡rs ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t ❛r❡ ❡❛❝❤ ❞❡✈♦t❡❞ t♦ s♣❡❝✐✜❝ ❝♦♠♣❛r❛t✐✈❡ ❣❡✲
♥♦♠✐❝s ♣r♦❜❧❡♠s❀ t❤❡② ❛r❡ ♦r❣❛♥✐③❡❞ ✐♥ t❤r❡❡ ♣❛rts ❜❛s❡❞ ♦♥ t❤❡ ♠♦❞❡❧s ✉s❡❞ ❢♦r
✐♥♣✉t ❣❡♥♦♠❡s✳ P❛rt ■ ✐s ❢♦❝✉s❡❞ ♦♥ r❡❛rr❛♥❣❡♠❡♥t ❞✐st❛♥❝❡s ❢♦r t❤❡ ♠♦st ❢❛✈♦r✲
❛❜❧❡ ♠♦❞❡❧✱ ✇❤❡r❡ ❡❛❝❤ ❣❡♥❡ ✐s ✉♥✐q✉❡ ✇✐t❤✐♥ ❛ ❣❡♥♦♠❡✳ ■♥ P❛rt ■■ ✇❡ ❡①♣❧♦r❡ t✇♦
♣r♦❜❧❡♠s ✇❤❡r❡ ✐♥♣✉t s❡q✉❡♥❝❡s ♠❛② ♣r❡s❡♥t ❞✉♣❧✐❝❛t✐♦♥s✳ ❋✐♥❛❧❧② ✐♥ P❛rt ■■■ ✇❡
❡①t❡♥❞ ♦✉r st✉❞② t♦ ♣r♦❜❧❡♠s ✇❤❡r❡ ✐♥♣✉t ❞❛t❛ ✐s ✐♥❝♦♠♣❧❡t❡ ♦r ❝♦rr✉♣t❡❞✳ ■♥ t❤✐s
■♥tr♦❞✉❝t✐♦♥ ✇❡ ❣✐✈❡ ❣❡♥❡r❛❧ ♠♦t✐✈❛t✐♦♥ ❛♥❞ s♦♠❡ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s ❧✐t❡r❛t✉r❡
r❡s✉❧ts✱ ✇❤❡r❡❛s ✐♥ ❡❛❝❤ ❝❤❛♣t❡r ✇❡ ♣r❡s❡♥t ❛ ♠♦r❡ s♣❡❝✐✜❝ st❛t❡ ♦❢ t❤❡ ❛rt ❢♦❝✉s❡❞
♦♥ t❤❡ r❡s♣❡❝t✐✈❡ ♣r♦❜❧❡♠s✳

❙♦♠❡ ❜✐♦❧♦❣✐❝❛❧ ❜❛❝❦❣r♦✉♥❞✳

❆s t❤❡ ❣❡♥❡t✐❝ ✐♥❢♦r♠❛t✐♦♥ s✉♣♣♦rt❡❞ ❜② ❉◆❆ ✐s ❝♦♣✐❡❞ ❛❣❛✐♥ ❛♥❞ ❛❣❛✐♥✱ ❢r♦♠
❝❡❧❧ t♦ ❝❡❧❧ ❛♥❞ ❢r♦♠ ❛♥❝❡st♦r t♦ ❞❡s❝❡♥❞❛♥t ✐♥ r❡♣❡t✐t✐✈❡ ❜✐♦❝❤❡♠✐❝❛❧ ♣r♦❝❡ss❡s✱ ❛
❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❡rr♦rs ♠❛② ♦❝❝✉r✿ t❤❡② ❛r❡ t❤❡ st❡♣s ♦❢ ❡✈♦❧✉t✐♦♥✳ ❚❤❡s❡ st❡♣s
s♦♠❡t✐♠❡s ❤❛✈❡ ♥♦ ❡✛❡❝t ❛t ❛❧❧✱ ❜✉t t❤❡② ❝❛♥ ❛❧s♦ ❧❡❛❞ t♦ t❤❡ ✏❞✐s❝♦✈❡r②✑ ♦❢ ♥❡✇
❜✐♦❧♦❣✐❝❛❧ ❝❛♣❛❜✐❧✐t✐❡s✳ ✳ ✳ ♦r t♦ t❤❡ ❞❡❛t❤ ♦❢ t❤❡ ❝❡❧❧✳ ▼♦r❡♦✈❡r✱ t❤❡② ♠❛② ♦❝❝✉r
❡✐t❤❡r ❛t ❛ s♠❛❧❧ s❝❛❧❡✱ ❛✛❡❝t✐♥❣ ♦♥❧② ❛ ❢❡✇ ♥✉❝❧❡♦t✐❞❡s ✐♥ t❤❡ ✇❤♦❧❡ ❉◆❆✱ ♦r ❛t ❛
❧❛r❣❡r s❝❛❧❡ ✇❤❡♥ ✇❤♦❧❡ str✐♣s ♦❢ ❉◆❆ ❛r❡ ❝✉t✱ r❡✐♥s❡rt❡❞ ♦r ❞✉♣❧✐❝❛t❡❞✳

❆ ❦❡② t♦♦❧ ✐♥ t❤❡ st✉❞② ♦❢ ❣❡♥❡t✐❝ ❡✈♦❧✉t✐♦♥ ✐s t❤❡ ♥♦t✐♦♥ ♦❢ s②♥t❡♥② ❜❧♦❝❦s✱ ✐✳❡✳✱
str✐♣s ♦❢ ❉◆❆ ✇✐t❤ s✐♠✐❧❛r ❝♦♥t❡♥t ❛❝r♦ss ❞✐✛❡r❡♥t s♣❡❝✐❡s✿ ✇❡ ❛ss✉♠❡ t❤❛t s✉❝❤
❜❧♦❝❦s ❜❡❧♦♥❣❡❞ t♦ t❤❡ ❝♦♠♠♦♥ ❛♥❝❡st♦r ♦❢ t❤❡ s♣❡❝✐❡s✱ ❛♥❞ ❤❛✈❡ r❡♠❛✐♥❡❞ ✉♥❛❢✲
❢❡❝t❡❞ ❜② ❡✈♦❧✉t✐♦♥✳ ❚✇♦ s♣❡❝✐❡s ✇✐t❤ s❝❛tt❡r❡❞ ❛♥❞ s♠❛❧❧ s②♥t❡♥② ❜❧♦❝❦s ❛r❡ ♠♦r❡
❧✐❦❡❧② t♦ ❤❛✈❡ ❡✈♦❧✈❡❞ ❛s ❞✐✛❡r❡♥t s♣❡❝✐❡s ❢♦r ❛ ❧♦♥❣ t✐♠❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❡② ❤❛✈❡
❛ ❝♦♠♣❛r❛t✐✈❡❧② ♦❧❞ ❝♦♠♠♦♥ ❛♥❝❡st♦r✳ ▼♦r❡♦✈❡r✱ ❛♥ ✉♥✉s✉❛❧❧② ❧❛r❣❡ s②♥t❡♥② ❜❧♦❝❦
❜❡❧♦♥❣✐♥❣ t♦ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s♣❡❝✐❡s ✐s ❧✐❦❡❧② t♦ ❝♦♥t❛✐♥ ❣❡♥❡s s♦♠❡❤♦✇ ✇♦r❦✐♥❣
t♦❣❡t❤❡r✱ ❡✳❣✳ t❤❡ ♣r♦t❡✐♥s t❤❡② ❝♦❞❡ ❢♦r ❤❛✈❡ ✐♥t❡r❛❝t✐♥❣ r♦❧❡s✱ ♦♥❡ ❣❡♥❡ r❡❣✉❧❛t❡s ❛♥✲
♦t❤❡r✱ ❡t❝✳ ❚❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ s②♥t❡♥② ❜❧♦❝❦s ✐s t❤❡ ♥♦t✐♦♥ ♦❢ ❜r❡❛❦♣♦✐♥ts✳ ❋♦r♠❛❧❧②✱
✐♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t✇♦ ❣❡♥♦♠❡s✱ t❤❡r❡ ✐s ❛ ❜r❡❛❦♣♦✐♥t ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡
❣❡♥❡s ♦❢ ♦♥❡ ❣❡♥♦♠❡ ✐❢ t❤❡s❡ ❣❡♥❡s ❛r❡ s❡♣❛r❛t❡❞ ✐♥ t❤❡ ♦t❤❡r ❣❡♥♦♠❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❡② ❞♦ ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ s②♥t❡♥② ❜❧♦❝❦✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❜r❡❛❦♣♦✐♥ts ✐s ❡❛s②
t♦ ❝♦♠♣✉t❡ ✕ ♣r♦✈✐❞❡❞ ❡❛❝❤ ❣❡♥❡ ❛♣♣❡❛rs ❡①❛❝t❧② ♦♥❝❡ ✐♥ ❡❛❝❤ ❣❡♥♦♠❡ ❛♥❞ t❤❡ ❞❛t❛
✐s ❡rr♦r✲❢r❡❡ ✕ ❛♥❞ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✜rst ♠❡❛s✉r❡ ♦❢ ❞✐ss✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ t✇♦
❣❡♥♦♠❡s✳

❙♦♠❡ ❞✐✣❝✉❧t✐❡s ❛r✐s❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣❛r❛❧♦❣s✳ ●❡♥❡s ❛r❡ ♣❛r❛❧♦❣s ✐❢ t❤❡② ❛r❡
✇✐t❤✐♥ t❤❡ s❛♠❡ ❣❡♥♦♠❡ ❛♥❞ ❤❛✈❡ s✐♠✐❧❛r s❡q✉❡♥❝❡s✳ ✭t❤❡② ❛r❡ ♦♣♣♦s❡❞ t♦ ♦rt❤♦❧♦❣s✱
✇❤✐❝❤ ❛r❡ s✐♠✐❧❛r ❣❡♥❡s ✐♥ t❤❡ ❣❡♥♦♠❡s ♦❢ ❞✐✛❡r❡♥t s♣❡❝✐❡s✮✳ P❛r❛❧♦❣s ❝r❡❛t❡ ❛♥
❛♠❜✐❣✉✐t② t♦ ❞✐s❝♦✈❡r s②♥t❡♥② ❜❧♦❝❦s✱ s✐♥❝❡ t✇♦ r❡❣✐♦♥s ✇✐t❤ s✐♠✐❧❛r ❝♦♥t❡♥ts ♠❛②
♥♦t ❤❛✈❡ ❡✈♦❧✈❡❞ ❢r♦♠ t❤❡ s❛♠❡ r❡❣✐♦♥ ♦❢ t❤❡ ❝♦♠♠♦♥ ❛♥❝❡st♦r✳ ■t ✐s t❤✉s ❛ t❛s❦
♦❢ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s t♦ ❞✐st✐♥❣✉✐s❤✱ ❛♠♦♥❣ ❛❧❧ ♣❛r❛❧♦❣s ✐♥ t✇♦ s♣❡❝✐❡s✱ ✇❤✐❝❤
♦♥❡s ❤❛✈❡ ❡✈♦❧✈❡❞ ❢r♦♠ ❛ s✐♥❣❧❡ ❣❡♥❡ ♦❢ t❤❡ ❝♦♠♠♦♥ ❛♥❝❡st♦r✱ ❛♥❞ ✇❤✐❝❤ ♦♥❡s ❤❛✈❡
✉♥❞❡r❣♦♥❡ ❞✐✛❡r❡♥t ❡✈♦❧✉t✐♦♥ ♣r♦❝❡ss❡s✳



■◆❚❘❖❉❯❈❚■❖◆ ✺

❙♦♠❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❜❛❝❦❣r♦✉♥❞✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡❛❞❡r ✐s ❛❧r❡❛❞② ❢❛♠✐❧✐❛r ✇✐t❤ ✉s✉❛❧ ♥♦t✐♦♥s ♦❢ ❝♦♠♣✉✲
t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② s✉❝❤ ❛s ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❡①❛❝t ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱
◆P✲❤❛r❞♥❡ss✱ ❛♥❞ ❆P❳✲❤❛r❞♥❡ss✳ ■♥ ❛ ♥✉ts❤❡❧❧✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t ❛♥ ❛❧❣♦r✐t❤♠ ✐s ❡❢✲
✜❝✐❡♥t ✐❢ ✐ts r❡q✉✐r❡❞ r✉♥♥✐♥❣ t✐♠❡ ❢♦r ❛♥ ✐♥♣✉t ♦❢ s✐③❡ n ✐s ❜♦✉♥❞❡❞ ❜② ❛ ♣♦❧②♥♦♠✐❛❧
♦♥ n✳ ❆ ♣r♦❜❧❡♠ ✐♥ P ❝❛♥ ❜❡ s♦❧✈❡❞ ❡①❛❝t❧② ❜② s✉❝❤ ❛♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠✱ ✇❤✐❧❡
◆P✲❤❛r❞ ♣r♦❜❧❡♠s ❛r❡ ✉♥❧✐❦❡❧② t♦ ❜❡ s♦❧✈❛❜❧❡ ❜② ❡①❛❝t ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s✳
❆ ✉s✉❛❧ str❛t❡❣② ❢♦r ◆P✲❤❛r❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✐s t♦ tr② t♦ ❝r❡❛t❡ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱ t❤❛t ✐s✱ ❛❧❣♦r✐t❤♠s r✉♥♥✐♥❣ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✱ ✇❤♦s❡ ♦✉t♣✉t
s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❛t s♦♠❡ r❛t✐♦ r ❛✇❛② ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✭✇❤❡r❡ r s❤♦✉❧❞ ❜❡
❛s ❝❧♦s❡ t♦ ✶ ❛s ♣♦ss✐❜❧❡✮✳ ❆P❳✲❤❛r❞♥❡ss ❣✐✈❡s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥
r❛t✐♦❀ ✇✐t❤♦✉t s✉❝❤ ❜♦✉♥❞✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝r❡❛t❡ ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥
s❝❤❡♠❡ ✭P❚❆❙✮✱ ✐✳❡✳ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ t❤❛t ❝❛♥ r❡❛❝❤ ❛♥② ❛♣♣r♦①✐♠❛t✐♦♥
r❛t✐♦ 1 + ǫ ❢♦r ǫ > 0 ❜✉t ✇❤♦s❡ ❝♦♠♣❧❡①✐t② ✐♥❝r❡❛s❡s ❛s ǫ ❞❡❝r❡❛s❡s✳

❆♥♦t❤❡r ♣♦ss✐❜❧❡ ❛♣♣r♦❛❝❤ ✐s t❤❡ ❝r❡❛t✐♦♥ ♦❢ ✜①❡❞ ♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ ✭❋P❚✮
❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ❛✐♠ ❛t s♦❧✈✐♥❣ ❡①❛❝t❧② ②❡t ❡✣❝✐❡♥t❧② ◆P✲❤❛r❞ ♣r♦❜❧❡♠s✳ ❚❤❡ ✜rst
st❡♣ ❝♦♥s✐sts ✐♥ ✐❞❡♥t✐❢②✐♥❣ ❛ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ✐♥st❛♥❝❡s✱ t②♣✐❝❛❧❧② ✇r✐tt❡♥ k✱ ✇❤✐❝❤
s✉♠♠❛r✐③❡s t❤❡ ❧❡✈❡❧ ♦❢ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠ ❢♦r ❡❛❝❤ ♣❛rt✐❝✉❧❛r ✐♥st❛♥❝❡✳
❚❤❡♥✱ ❛♥ ❋P❚ ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ r✉♥ ✐♥ t✐♠❡ O(f(k)nd)✱ ✇❤❡r❡ d ✐s ❛ ✜①❡❞ ✐♥t❡❣❡r
❛♥❞ f ✐s ❛♥② ❢✉♥❝t✐♦♥ ✭✉s✉❛❧❧② ❛♥ ❡①♣♦♥❡♥t✐❛❧✮ t❤❛t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ n✳ ❙✉❝❤
❛❧❣♦r✐t❤♠s ❛r❡ st✐❧❧ ❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❜✉t t❤❡② ❛r❡ ❡✣❝✐❡♥t ✇❤❡♥ k
✐s ❜♦✉♥❞❡❞ t♦ s♠❛❧❧ ✈❛❧✉❡s✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ t❤❡ ❝❛s❡ ❢♦r t❤❡ ♠❛❥♦r✐t② ♦❢ ✏r❡❛❧✲❧✐❢❡✑
✐♥st❛♥❝❡s✳

❋♦r ♠♦r❡ ❞❡t❛✐❧❡❞ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞✱ ❝❧❛ss✐❝ t❡❝❤♥✐q✉❡s ❛♥❞ r❡s✉❧ts✱ ✇❡ r❡❢❡r
t❤❡ r❡❛❞❡r t♦ ●❛r❡② ✫ ❏♦❤♥s♦♥✬s ❢♦✉♥❞✐♥❣ t❡①t❜♦♦❦ ❬✼✸❪ ❢♦r ◆P✲❝♦♠♣❧❡t❡♥❡ss t❤❡♦r②✱
t♦ P❛♣❛❞✐♠✐tr✐♦✉ ✫ ❨❛♥♥❛❦❛❦✐s ❬✶✵✻❪ ❢♦r ❛♣♣r♦①✐♠❛❜✐❧✐t②✱ ❛♥❞ t♦ ◆✐❡❞❡r♠❡✐❡r ❬✶✵✺❪
❢♦r ♣❛r❛♠❡t❡r✐③❡❞ ❝♦♠♣❧❡①✐t②✳

Pr♦❜❧❡♠s ❙t✉❞✐❡❞ ✐♥ t❤✐s ❚❤❡s✐s

P❛rt ■ ✕ ❉✐st❛♥❝❡s ❇❡t✇❡❡♥ P❡r♠✉t❛t✐♦♥s

■♥ t❤❡ ✜rst ♣❛rt✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t ❣❡♥♦♠❡s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ♣❡r♠✉t❛t✐♦♥s✱
t❤❛t ✐s✱ t❤❡ ❣❡♥❡s ♦❢ ❜♦t❤ ✐♥♣✉t s❡q✉❡♥❝❡s ❛r❡ ♠❛t❝❤❡❞ ♦♥❡✲t♦✲♦♥❡✱ ❛♥❞ ♦♥❧② t❤❡ ♦r✲
❞❡r ❞✐✛❡rs✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡ ❡✐t❤❡r ✉♥s✐❣♥❡❞ ♦r s✐❣♥❡❞ ♣❡r♠✉t❛t✐♦♥s✿ ✉♥s✐❣♥❡❞ ♦♥❡s
❛r❡ ❤❛❜✐t✉❛❧ ♣❡r♠✉t❛t✐♦♥s ♦✈❡r {1, 2, . . . , n}✱ ❛♥❞ ❢♦r s✐❣♥❡❞ ♣❡r♠✉t❛t✐♦♥ ❡❛❝❤ ❣❡♥❡
❝♦♠❡s ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ r❡♣r❡s❡♥t✐♥❣ ✐ts ♦r✐❡♥t❛t✐♦♥ ♦♥ t❤❡ ❝❤r♦♠♦s♦♠❡✱
✇r✐tt❡♥ ✇✐t❤ ❛ s✐❣♥ + ♦r −✳ ❚❤✐s ♠♦❞❡❧ ♠❛② ❧❛❝❦ s♦♠❡ ❣❡♥❡r❛❧✐t②✱ ❜✉t ✐t ❛❧❧♦✇s ❢♦r
t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♠❛♥② s✐♠♣❧❡ ❞✐st❛♥❝❡ ♠❡❛s✉r❡s✱ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❜r❡❛❦♣♦✐♥t
❞✐st❛♥❝❡✳ ❖t❤❡r ❝❧❛ss✐❝ ❡①❛♠♣❧❡s ✐♥❝❧✉❞❡ t❤❡ ❝♦♠♠♦♥ ❛♥❞ ❝♦♥s❡r✈❡❞ ✐♥t❡r✈❛❧s ❞✐s✲
t❛♥❝❡s ❬✶✶✾✱ ✽✹✱ ✶✽❪✱ ♦r ❍❛♠♠✐♥❣ ❛♥❞ ▲❡✈❡♥s❤t❡✐♥ ❞✐st❛♥❝❡s ❬✽✵✱ ✾✾❪✳ ■♥ t❤❡ ✶✾✾✵s✱
✇✐t❤ ❡✳❣✳ ❬✾✺✱ ✶✸❪✱ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ r❡❛rr❛♥❣❡♠❡♥t ❞✐st❛♥❝❡s✿ ♦♥❡ ❝♦♥s✐❞❡rs ❛ ♥❛t✉r❛❧
❡✈♦❧✉t✐♦♥ ♦♣❡r❛t✐♦♥ ❛♥❞ s❡❛r❝❤❡s t❤❡ s❤♦rt❡st s❡q✉❡♥❝❡ ♦❢ s✉❝❤ ♦♣❡r❛t✐♦♥s ♥❡❡❞❡❞ t♦
tr❛♥s❢♦r♠ ♦♥❡ ❣❡♥♦♠❡ ✐♥t♦ t❤❡ ♦t❤❡r✳ ❚❤❡ r❡s✉❧t✐♥❣ s❝❡♥❛r✐♦ ❣✐✈❡s ❛ ♣r❡❝✐♦✉s ✐♥s✐❣❤t
✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ❤✐st♦r② ♦❢ t❤❡ t✇♦ s♣❡❝✐❡s s✐♥❝❡ t❤❡✐r ❝♦♠♠♦♥ ❛♥❝❡st♦r✳

❙❡✈❡r❛❧ ❜✐♦❧♦❣✐❝❛❧❧② r❡❧❡✈❛♥t ♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ♠♦st st✉❞✐❡❞ ♦♥❡s
❛r❡ ♣r♦❜❛❜❧② r❡✈❡rs❛❧s ✭❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝❤r♦♠♦s♦♠❡ ✐s ❝✉t ♦✉t ❛♥❞ r❡✐♥s❡rt❡❞ ✐♥
t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✮✱ ❛♥❞ tr❛♥s♣♦s✐t✐♦♥s ✭❛ s✉❜s❡q✉❡♥❝❡ ✐s ❝✉t ♦✉t ❛♥❞ r❡✐♥s❡rt❡❞
❛t ❛ ❞✐✛❡r❡♥t ♣❧❛❝❡✱ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✮✳ ▼♦r❡ r❡❝❡♥t❧②✱ t❤❡ ❉♦✉❜❧❡✲❈✉t✲❛♥❞✲❏♦✐♥
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✭❉❈❏✮ ♦♣❡r❛t✐♦♥ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❬✶✷✷✱ ✶✼❪✿ t❤❡ ❝❤r♦♠♦s♦♠❡ ✐s ❝✉t ❛t t✇♦ ♣♦s✐✲
t✐♦♥s✱ ❛♥❞ t❤❡ ❢♦✉r ❝r❡❛t❡❞ ❡♥❞♣♦✐♥ts ❝❛♥ ❜❡ r❡❛tt❛❝❤❡❞ ✐♥ ❛♥② ✇❛② ✭t❤✐s ♦♣❡r❛t✐♦♥
r❡q✉✐r❡s ❛ s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ❢♦r ❣❡♥♦♠❡s✱ ✇❤❡r❡ ❝✐r❝✉❧❛r ♣❡r♠✉t❛t✐♦♥s
❛r❡ ❝♦♥s✐❞❡r❡❞✮✳ ❋✐♥❛❧❧②✱ ♦t❤❡r ♣♦ss✐❜❧❡ ♦♣❡r❛t✐♦♥s ✐♥❝❧✉❞❡ tr❛♥sr❡✈❡rs❛❧s ✭s✐♠✐❧❛r t♦
tr❛♥s♣♦s✐t✐♦♥s✱ ❜✉t t❤❡ s✉❜s❡q✉❡♥❝❡ ✐s r❡✐♥s❡rt❡❞ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✮✱ ❜❧♦❝❦
✐♥t❡r❝❤❛♥❣❡s ✭t✇♦ s✉❜s❡q✉❡♥❝❡s ❡①❝❤❛♥❣❡ t❤❡✐r ♣♦s✐t✐♦♥s✮✱ ❛♥❞ ♣r❡✜①✲❝♦♥str❛✐♥❡❞
✈❛r✐❛♥ts ♦❢ ❛♥② ♦❢ t❤❡s❡ ♦♣❡r❛t✐♦♥s ✭✐♥ ❡❛❝❤ ❝❛s❡✱ t❤❡ s✉❜s❡q✉❡♥❝❡ ♠✉st ❝♦♥t❛✐♥ ♦♥❡
❡♥❞ ♦❢ t❤❡ ❝❤r♦♠♦s♦♠❡✮✳

❋♦r t❤❡ s✐❣♥❡❞ r❡✈❡rs❛❧ ❞✐st❛♥❝❡✱ ✐✳❡✳✱ t❤❡ r❡❛rr❛♥❣❡♠❡♥t ❞✐st❛♥❝❡ s✉❝❤ t❤❛t t❤❡
♦♥❧② ♦♣❡r❛t✐♦♥s ❝♦♥s✐❞❡r❡❞ ❛r❡ r❡✈❡rs❛❧s ❛♥❞ t❤❡ ❣❡♥♦♠❡s ❛r❡ ♠♦❞❡❧❡❞ ❛s s✐❣♥❡❞
♣❡r♠✉t❛t✐♦♥s✱ ❇❛❢♥❛ ✫ P❡✈③♥❡r ❬✶✹❪ ♣r♦✈✐❞❡❞ ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤
❤❛s ♥♦✇ ❜❡❡♥ ✐♠♣r♦✈❡❞ ✐♥t♦ ❛ ❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❬✶✵❪✳ ❚❤❡ s✐❣♥❡❞ ❉❈❏ ❛♥❞ t❤❡
❜❧♦❝❦ ✐♥t❡r❝❤❛♥❣❡ ❞✐st❛♥❝❡s ❛❧s♦ ❜❡♥❡✜t ❢r♦♠ ❡✣❝✐❡♥t ❡①❛❝t ❛❧❣♦r✐t❤♠s ❬✶✷✷✱ ✶✵✶❪✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✉♥s✐❣♥❡❞ r❡✈❡rs❛❧ ❛♥❞ ✉♥s✐❣♥❡❞ ❉❈❏ ❞✐st❛♥❝❡s ❛r❡ ◆P✲❤❛r❞
t♦ ❝♦♠♣✉t❡ ❬✹✷✱ ✹✸❪✳ ❚✇♦ ✐♠♣♦rt❛♥t ♦♣❡r❛t✐♦♥s r❡♠❛✐♥❡❞✿ tr❛♥s♣♦s✐t✐♦♥s✱ ♦❢ ✇❤✐❝❤
t❤❡ ❛♣♣❛r❡♥t s✐♠♣❧✐❝✐t② ✐s ♠✐s❧❡❛❞✐♥❣✱ ❛♥❞ ♣r❡✜① r❡✈❡rs❛❧s✱ ❢♦r ✇❤✐❝❤ s❛♠❡ ❝♦♠❜✐✲
♥❛t♦r✐❛❧ ♣r♦❜❧❡♠ ❤❛❞ ❜❡❡♥ r❛✐s❡❞ ✐♥ ✶✾✼✺ ✉♥❞❡r t❤❡ ♥❛♠❡ ♦❢ ♣❛♥❝❛❦❡ ✢✐♣♣✐♥❣ ❬✻✸❪✳
■♥ ❈❤❛♣t❡rs ✶ ❛♥❞ ✷✱ ✇❡ s❡tt❧❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝♦♠♣✉t✐♥❣ ❡✐t❤❡r t❤❡ tr❛♥s♣♦s✐✲
t✐♦♥ ♦r t❤❡ ✉♥s✐❣♥❡❞ ♣r❡✜① r❡✈❡rs❛❧ ❞✐st❛♥❝❡s ✭❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s ❛♥❞
❙♦rt✐♥❣ ❜② Pr❡❢✐① ❘❡✈❡rs❛❧s ♣r♦❜❧❡♠s✮ ❜② ♣r♦✈✐♥❣ t❤❛t ❜♦t❤ ❛r❡ ◆P✲❤❛r❞✳

P❛rt ■■ ✕ ❉✐st❛♥❝❡s ❇❡t✇❡❡♥ ❙tr✐♥❣s

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❧✐❢t t❤❡ ✉♥✐❝✐t② ❝♦♥str❛✐♥t ❛♥❞ ❝♦♥s✐❞❡r ♠♦❞❡❧s ✇❤❡r❡ ❣❡♥❡s
❝❛♥ ❤❛✈❡ s❡✈❡r❛❧ ❝♦♣✐❡s ✐♥ ❡❛❝❤ ❣❡♥♦♠❡ ✭t❤❡② ❤❛✈❡ s❡✈❡r❛❧ ♣❛r❛❧♦❣s✮✳ ❚❤❡♥✱ ❛ ❣❡♥♦♠❡
✐s ♥♦ ❧♦♥❣❡r r❡♣r❡s❡♥t❡❞ ❛s ❛ ♣❡r♠✉t❛t✐♦♥✱ ❜✉t r❛t❤❡r ❛s ❛ ❣❡♥❡r❛❧ s❡q✉❡♥❝❡ ♦r str✐♥❣✮✳
■♥❞❡❡❞✱ ❞✉♣❧✐❝❛t✐♦♥ ❡✈❡♥ts ❝❛♥ ♦❝❝✉r ✇✐t❤✐♥ t❤❡ ❣❡♥♦♠❡s ②✐❡❧❞✐♥❣ ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡
❣❡♥❡s✳ ■❢ ❛ ❣❡♥❡ ❛♣♣❡❛rs ✐♥ s❡✈❡r❛❧ ❝♦♣✐❡s ✇✐t❤✐♥ t✇♦ s♣❡❝✐❡s✱ t✇♦ ♠❛✐♥ s❝❡♥❛r✐♦s
❛r❡ ♣♦ss✐❜❧❡✳ ■♥ t❤❡ ✜rst✱ t❤❡ ❞✉♣❧✐❝❛t✐♦♥s ♦❝❝✉rr❡❞ ❜❡❢♦r❡ t❤❡ s♣❡❝✐❛t✐♦♥✱ ✐✳❡✳ t❤❡
❝♦♠♠♦♥ ❛♥❝❡st♦r ❝♦♥t❛✐♥❡❞ ❛❧❧ t❤❡ ❝♦♣✐❡s ♦❢ t❤❡ ❣❡♥❡✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ♦❢ ✐♥t❡r❡st t♦
♠❛t❝❤ t❤❡ ❞✐✛❡r❡♥t ❝♦♣✐❡s ❛❝r♦ss t❤❡ t✇♦ s♣❡❝✐❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ t✇♦ ❣❡♥♦♠❡s
❝♦♥s✐❞❡r❡❞ ❛r❡ G1 = axbcxd ❛♥❞ G2 = cxdaxb✱ ✐t ✐s ❧✐❦❡❧② t❤❛t t❤❡ ❝♦♠♠♦♥ ❛♥❝❡st♦r
❝♦♥t❛✐♥❡❞ ❜♦t❤ axb ❛♥❞ cxd ❛s s✉❜str✐♥❣s✱ ❛♥❞ t❤✉s t❤❡ ✜rst ❝♦♣② ♦❢ x ✐♥ G1 s❤♦✉❧❞
❜❡ ♠❛t❝❤❡❞ t♦ t❤❡ s❡❝♦♥❞ ❝♦♣② ✐♥ G2✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ❝♦♣② ✐♥ G1 s❤♦✉❧❞ ❜❡ ♠❛t❝❤❡❞
t♦ t❤❡ ✜rst ❝♦♣② ✐♥ G2✳ ❚❤✐s s❝❡♥❛r✐♦ ✐s ❝❛❧❧❡❞ t❤❡▼❛t❝❤✐♥❣ ♠♦❞❡❧ ❬✷✺❪✳ ❚❤❡ ♦♣♣♦s✐t❡
s❝❡♥❛r✐♦✱ t❤❡ ❊①❡♠♣❧❛r ♠♦❞❡❧ ❬✶✶✸❪✱ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧ ❞✉♣❧✐❝❛t✐♦♥s
❤❛✈❡ t❛❦❡♥ ♣❧❛❝❡ ❛❢t❡r t❤❡ s♣❡❝✐❛t✐♦♥ ❡✈❡♥t✱ ❡♥t❛✐❧✐♥❣ t❤❛t t❤❡ ❝♦♠♠♦♥ ❛♥❝❡st♦r ♦♥❧②
❝♦♥t❛✐♥s ♦♥❡ ❡①❡♠♣❧❛r ♦❢ ❡❛❝❤ ❣❡♥❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛✐♠ ❛t ✐❞❡♥t✐❢②✐♥❣✱ ❢♦r ❡❛❝❤
❣❡♥❡ ✐♥ t❤❡ ❣✐✈❡♥ ❣❡♥♦♠❡s✱ ✇❤✐❝❤ ❝♦♣② ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ ❝♦♠♠♦♥ ❛♥❝❡st♦r ❛♥❞
✇❤✐❝❤ ❝♦♣✐❡s ❤❛✈❡ ❜❡❡♥ ❝r❡❛t❡❞ ❜② ❞✉♣❧✐❝❛t✐♦♥s✳ ❖❜✈✐♦✉s❧②✱ ❛❧❧ ✐♥t❡r♠❡❞✐❛t❡ ❝❛s❡s
❝❛♥ ❛❧s♦ ❛♣♣❡❛r ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❡①tr❡♠❡ s❝❡♥❛r✐♦s✱ ✇❤❡r❡ s♦♠❡ ❣❡♥❡s ❤❛✈❡ s❡✈❡r❛❧
❝♦♣✐❡s ✐♥ t❤❡ ❝♦♠♠♦♥ ❛♥❝❡st♦r ❛♥❞ ♦t❤❡rs ❤❛✈❡ ♥♦t✱ ♦r ♦♥❡ ❣❡♥❡ ✐s ❞✉♣❧✐❝❛t❡❞ ✐♥ t❤❡
❝♦♠♠♦♥ ❛♥❝❡st♦r ❛♥❞ ✉♥❞❡r❣♦❡s ❛❞❞✐t✐♦♥❛❧ ❞✉♣❧✐❝❛t✐♦♥s ❛❢t❡r t❤❡ s♣❡❝✐❛t✐♦♥✳ ❚❤✐s
❛♣♣r♦❛❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ■♥t❡r♠❡❞✐❛t❡ ♠♦❞❡❧ ❬✽❪✳

❋♦r ❛♥② ♦❢ t❤❡s❡ ♠♦❞❡❧s✱ t❤❡ t②♣✐❝❛❧ ♣r♦❜❧❡♠s ❛✐♠ ❛t ❝♦♠♣✉t✐♥❣ ❛ ♠❛t❝❤✐♥❣
♦♣t✐♠✐③✐♥❣ ❛ ❣✐✈❡♥ ❞✐st❛♥❝❡✳ ❍♦✇❡✈❡r✱ ✇❤❛t❡✈❡r t❤❡ ♠♦❞❡❧ ♦r t❤❡ ❞✐st❛♥❝❡ ❝❤♦s❡♥✱
❤❛r❞♥❡ss r❡s✉❧ts ❛r❡ ❡✈❡r✲♣r❡s❡♥t ❛♥❞ ✈❡r② ❢❡✇ ❝♦♥st❛♥t✲r❛t✐♦ ❛❧❣♦r✐t❤♠s ❡①✐st ✭s❡❡
❡✳❣✳ ❬✷✹✱ ✼❪✮✳ ❲❡ ♣r❡s❡♥t✱ ✐♥ ❈❤❛♣t❡r ✸✱ s❡✈❡r❛❧ ✐♥❛♣♣r♦①✐♠❛❜✐❧✐t② r❡s✉❧ts ❢♦r ♣r♦❜❧❡♠s
✉♥❞❡r t❤❡ ❡①❡♠♣❧❛r ♠♦❞❡❧✱ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛♥ ❡①❤❛✉st✐✈❡ ♣❛♥♦r❛♠❛ ♦❢ ❤❛r❞♥❡ss
r❡s✉❧ts ❢♦r t❤✐s ♠♦❞❡❧✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ♣r♦✈❡ t❤❛t ❡✈❡♥ ✇❤❡♥ t❤❡ ✐♥♣✉t ✐s r❡✲
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str✐❝t❡❞ t♦ ✶✮ ❛ ✜rst ❣❡♥♦♠❡ ✇✐t❤♦✉t ❞✉♣❧✐❝❛t✐♦♥s✱ ❛♥❞ ✷✮ ❛ s❡❝♦♥❞ ❣❡♥♦♠❡ ✇❤❡r❡
t❤❡ ❣❡♥❡s ❤❛✈❡ ❛t ♠♦st t✇♦ ♦❝❝✉rr❡♥❝❡s✱ t❤❡ ❍❛♠♠✐♥❣✱ ▲❡✈❡♥s❤t❡✐♥✱ r❡✈❡rs❛❧ ❛♥❞
❉❈❏ ❞✐st❛♥❝❡s ❛r❡ ♥♦t ❛♣♣r♦①✐♠❛❜❧❡ ✇✐t❤✐♥ ❣✐✈❡♥ r❛t✐♦s✳

■♥ ❈❤❛♣t❡r ✹✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ▼✐♥✐♠✉♠ ❈♦♠♠♦♥ ❙tr✐♥❣ P❛rt✐t✐♦♥ ♣r♦❜✲
❧❡♠ ✭▼❈❙P✮✳ Pr❡s❡♥t❡❞ ❛s ❛ str✐♥❣ ♣r♦❝❡ss✐♥❣ ♣r♦❜❧❡♠✱ ✐t ❛✐♠s ❛t ♣❛rt✐t✐♦♥✐♥❣ t✇♦
str✐♥❣s ✐♥t♦ ❛ ♠✐♥✐♠✉♠✲s✐③❡ ❝♦♠♠♦♥ s❡t ♦❢ ❜❧♦❝❦s✳ ■t ❝♦rr❡s♣♦♥❞s t♦ ❝♦♠♣✉t✐♥❣
t❤❡ ❜r❡❛❦♣♦✐♥t ❞✐st❛♥❝❡ ✉♥❞❡r t❤❡ ♠❛t❝❤✐♥❣ ♠♦❞❡❧✱ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t t❤❛t ❡❛❝❤
❣❡♥❡ ♠✉st ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s ✐♥ ❜♦t❤ ❣❡♥♦♠❡s✳ ❉❡s♣✐t❡ ✐ts ❛♣♣❛r❡♥t
s✐♠♣❧✐❝✐t② ✭♦♥❡ ✏s✐♠♣❧②✑ ❤❛s t♦ r❡❝♦✈❡r ❛ ❢❡✇ ❝♦♠♠♦♥ ❢❛❝t♦rs ❜❡t✇❡❡♥ t✇♦ str✐♥❣s✮✱
t❤✐s ♣r♦❜❧❡♠ ✐s ❆P❳✲❤❛r❞ ❛♥❞ ♥♦ ❝♦♥st❛♥t✲r❛t✐♦ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❦♥♦✇♥
❢♦r ✐t✳ ❲❡ ❛♣♣r♦❛❝❤ t❤✐s ♣r♦❜❧❡♠ ✉♥❞❡r t❤❡ ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜✐❧✐t② t❤❡♦r②✱ ❛♥❞
♣r♦✈✐❞❡ ❛ ❜♦✉♥❞❡❞ s❡❛r❝❤✲tr❡❡ ❋P❚ ❛❧❣♦r✐t❤♠ s♦❧✈✐♥❣ ▼❈❙P✱ ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r
✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦s ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❈♦♠♣❛r✐♥❣ ✇✐t❤ ♣r❡✈✐♦✉s ❋P❚ ❛❧❣♦✲
r✐t❤♠s ❬✻✶✱ ✽✾❪✱ ✇❤✐❝❤ ♥❡❡❞ ❜♦t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ r❡♣❡t✐t✐♦♥s
❛s ❛ ♣❛r❛♠❡t❡r✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ✐♥tr❛❝t❛❜✐❧✐t② ❝❛♥ ❜❡ ❝♦♥✜♥❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢
❜❧♦❝❦s✱ ❡✈❡♥ ❢♦r ❤✐❣❤❧② r❡♣❡t✐t✐✈❡ str✐♥❣s✳

P❛rt ■■■ ✕ ❉❡❛❧✐♥❣ ✇✐t❤ ■♠♣r❡❝✐s❡ ●❡♥♦♠✐❝ ❉❛t❛

■♥ t❤❡ t❤✐r❞ ♣❛rt✱ ✇❡ ❝♦♥s✐❞❡r ♠♦❞❡❧s ✇❤❡r❡ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❣❡♥❡ s❡q✉❡♥❝❡
✐s ♥♦t ♣❡r❢❡❝t✳ ■♥❞❡❡❞✱ ❡❛❝❤ st❡♣ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✐♥♣✉t s❡q✉❡♥❝❡s✱ ❢r♦♠ ❉◆❆
s❡q✉❡♥❝✐♥❣ t♦ ❣❡♥❡ ❛♥♥♦t❛t✐♦♥ ❛♥❞ ❣❡♥♦♠❡ r❡❝♦♥str✉❝t✐♦♥✱ ♠❛② r✐s❡ ✉♥❝❡rt❛✐♥t✐❡s ♦r
❡✈❡♥ ✐♥tr♦❞✉❝❡ ❡rr♦rs ✐♥ t❤❡ s❡q✉❡♥❝❡✳ ●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ ❛❧❧ ❣❡♥♦♠✐❝ ❞❛t❛ s❤♦✉❧❞
t❤✉s ❜❡ ❝♦♥s✐❞❡r❡❞ ✇✐t❤ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❡rr♦r ❛♥❞ ✐♥❝♦♠♣❧❡t❡♥❡ss✳ ❍♦✇❡✈❡r✱
❛❧t❤♦✉❣❤ ♦♥❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❜❡ ❛❜❧❡ t♦ ❞❡❛❧ ✇✐t❤ s✉❝❤ ❞❛t❛ ✇❤❡♥ s♦❧✈✐♥❣ ❛♥② ❝♦♠♣❛r✲
❛t✐✈❡ ❣❡♥♦♠✐❝s ♣r♦❜❧❡♠✱ ✈❡r② ❢❡✇ ♣r♦❜❧❡♠s ❛❧❧♦✇ ❢♦r ❣❡♥❡r❛❧ ❡♥♦✉❣❤ ♠♦❞❡❧s✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ✐t ✐s s♦♠❡t✐♠❡s ♣♦ss✐❜❧❡ t♦ s❛♥✐t✐③❡ t❤❡ ❞❛t❛ ❛s ❛ ♣r❡♣r♦❝❡ss✐♥❣ st❛❣❡✱
❜② ❡✳❣✳ r❡♠♦✈✐♥❣ ✇❤❛t ❛r❡ ♠♦st ❧✐❦❡❧② ❡rr♦rs✱ ❜❡❢♦r❡ r✉♥♥✐♥❣ ♦t❤❡r ❛❧❣♦r✐t❤♠s ✇❤✐❝❤
r❡q✉✐r❡ ❡rr♦r✲❢r❡❡ ❛♥❞ ❝♦♠♣❧❡t❡ ❞❛t❛✳ ❙❡❡ ❡✳❣✳ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❙❛♥❦♦✛ ❡t ❛❧✳ ❬✶✶✺✱
❙❡❝t✐♦♥ ✺❪✳

❘❡♠♦✈✐♥❣ ❧✐❦❡❧② ❡rr♦rs ✐s ♣r❡❝✐s❡❧② t❤❡ ❣♦❛❧ ♦❢ ▼❛①✐♠❛❧ ❙tr✐♣ ❘❡❝♦✈❡r②
✭▼❙❘✱ ❬✶✷✻❪✮✳ ❋♦r t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❣❡♥♦♠❡s ♦❢ t✇♦ s♣❡❝✐❡s ❛s ❝❧♦s❡❧②
r❡❧❛t❡❞ ❛s ♣♦ss✐❜❧❡✳ ❚❤❡r❡✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ✈✐rt✉❛❧❧② ❛❧❧ ❣❡♥❡s s❤♦✉❧❞ ❜❡❧♦♥❣ t♦
❧❛r❣❡r s②♥t❡♥② ❜❧♦❝❦s✱ ❛♥❞✱ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ✏❝❧❡❛♥✑ ❞❛t❛✱ ✐t s❤♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ t♦
✐❞❡♥t✐❢② s②♥t❡♥② ❜❧♦❝❦s ❝♦✈❡r✐♥❣ t❤❡ ✇❤♦❧❡ ❣❡♥♦♠❡s ✭❡❛❝❤ s②♥t❡♥② ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣
❛t ❧❡❛st t✇♦ ❣❡♥❡s✮✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ▼❙❘ ✐s t♦ ♠❛r❦ ❛ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❣❡♥❡s
❛s ❡rr♦rs ✉♥t✐❧ t❤❡ r❡♠❛✐♥✐♥❣ ❣❡♥♦♠❡s ❤❛✈❡ t❤✐s ✏❝❧❡❛♥✑ ♣r♦♣❡rt②✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧
✈❛r✐❛♥ts ♦❢ t❤✐s ♣r♦❜❧❡♠✿ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r ✐♥ ✐♥♣✉t ♠♦r❡ t❤❛♥ t✇♦ ❣❡♥♦♠❡s ✭▼❙❘✲d✱
✇❤❡r❡ d ≥ 3✮ ♦r ❣❡♥♦♠❡s ✇✐t❤ ❞✉♣❧✐❝❛t❡❞ ❡❧❡♠❡♥ts ✭▼❙❘✲❉❯✮✳ ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡
t❤❡ δ✲❣❛♣ ✈❛r✐❛♥t ✭δ ≥ 0✮✿ ✐❢ ❞❡s♣✐t❡ t❤❡ ❝❧♦s❡♥❡ss ❝♦♥str❛✐♥t✱ ❛ ❣❡♥❡ ❞♦❡s ♥♦t ❜❡✲
❧♦♥❣ t♦ ❛♥② s②♥t❡♥② ❜❧♦❝❦✱ t❤❡♥ ✐t ❝❛♥ ♦♥❧② ❛♣♣❡❛r ❜❡t✇❡❡♥ t✇♦ ❞✐✛❡r❡♥t ❜❧♦❝❦s✱
♥♦t ✇✐t❤✐♥ ♦♥❡✳ ❚❤✉s✱ t❤❡ ♠❛r❦❡rs s❡♣❛r❛t✐♥❣ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❡❧❡♠❡♥ts ♦❢ ❛♥ ♦✉t✲
♣✉t s②♥t❡♥② ❜❧♦❝❦ s❤♦✉❧❞ ♦♥❧② ❝♦rr❡s♣♦♥❞ t♦ ❛❝t✉❛❧ ❡rr♦rs✱ ❤❡♥❝❡ t❤❡r❡ s❤♦✉❧❞ ❜❡
❢❡✇ ♦❢ t❤❡♠✳ ❍❡♥❝❡✱ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♦✉t♣✉t ❝❛♥ ♦♥❧② ❜❡ s❡♣❛r❛t❡❞
❜② ❛t ♠♦st δ ❡rr♦r✲♠❛r❦❡❞ ❣❡♥❡s ✐♥ t❤❡ ✐♥♣✉t ❣❡♥♦♠❡s✳ ❋✐♥❛❧❧②✱ ❢♦r ❛♣♣r♦①✐♠❛t✐♦♥
❛♥❞ ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜✐❧✐t② ♣♦✐♥t ♦❢ ✈✐❡✇s✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r ❡✐t❤❡r t❤❡ ♣r♦❜✲
❧❡♠ ♦❢ ❦❡❡♣✐♥❣ ❛ ♠❛①✐♠✉♠ ♥✉♠❜❡r ℓ ♦❢ ❣❡♥❡s ✭▼❙❘✮ ♦r t❤❡ ❝♦♠♣❧❡♠❡♥t ♣r♦❜❧❡♠
♦❢ r❡♠♦✈✐♥❣ ❛ ♠✐♥✐♠✉♠ ♥✉♠❜❡r k ♦❢ ❣❡♥❡s ✭❈▼❙❘✮✳ ■♥ ❈❤❛♣t❡r ✺✱ ✇❡ st✉❞② ❡①✲
t❡♥s✐✈❡❧② t❤❡ ✈❛r✐❛♥ts ♦❢ ▼❙❘ ❛♥❞ ❈▼❙❘✱ ❜② ♣r♦✈✐❞✐♥❣ ◆P✲ ❛♥❞ ❆P❳✲❤❛r❞♥❡ss
r❡s✉❧ts✱ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❛♥❞ ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ ❛❧❣♦r✐t❤♠s✳ ❚❤❡



✽ ■◆❚❘❖❉❯❈❚■❖◆

♠❛✐♥ r❡s✉❧ts ✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ t❤❡ ◆P✲❤❛r❞♥❡ss ♦❢ ✶✲❣❛♣✲▼❙❘✱ ❛♥❞ ❢♦r ❈▼❙❘✲d
❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d✱ ❛ (d + 1.5)✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❛♥❞ ❛♥ O∗(2.36k) ❋P❚
❛❧❣♦r✐t❤♠✳

■♥ ❈❤❛♣t❡r ✻✱ ✇❡ st✉❞② t❤❡ ▼✐♥✐♠✉♠ ❇r❡❛❦♣♦✐♥t ▲✐♥❡❛r✐③❛t✐♦♥ ✭▼❇▲✱
❬✶✷✺✱ ✷✸✱ ✼✶❪✮ ♣r♦❜❧❡♠ ✇❤✐❝❤ ❛✐♠s ❛t r❡❝♦✈❡r✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❣❡♥❡s ✐♥ ❛ ❝❤r♦✲
♠♦s♦♠❡ ✇❤♦s❡ ❣❡♥❡ ♦r❞❡r ✐s ♦♥❧② ♣❛rt✐❛❧❧② ❦♥♦✇♥✱ ✉s✐♥❣ ❛s ❛ r❡❢❡r❡♥❝❡ t❤❡ ❣❡♥♦♠❡
♦❢ ❛ ❝❧♦s❡ s♣❡❝✐❡s✳ ❋♦r♠❛❧❧②✱ ❣✐✈❡♥ ❛ ♣❛rt✐❛❧ ♦r❞❡r ❛♥❞ ❛ t♦t❛❧ ♦r❞❡r ♦✈❡r ❛ ❝♦♠✲
♠♦♥ s❡t ♦❢ ❡❧❡♠❡♥ts✱ ✜♥❞ ❛ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❛❧ ♦r❞❡r ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡
❜r❡❛❦♣♦✐♥t ❞✐st❛♥❝❡ t♦ t❤❡ t♦t❛❧ ♦r❞❡r✱ ✇❤❡r❡ ❛ ❧✐♥❡❛r✐③❛t✐♦♥ ✐s ❛ t♦t❛❧ ♦r❞❡r ✭♦r ♣❡r✲
♠✉t❛t✐♦♥✮ t❤❛t ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♣❛rt✐❛❧ ♦r❞❡r✳ ❲❡ ♣r♦♣♦s❡ t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ ❛ ❣r❛♣❤ str✉❝t✉r❡ ✭t❤❡ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤✮ ✇❤✐❝❤ ❛❧❧♦✇s t♦ r❡❞✉❝❡ t❤❡ ▼❇▲
♣r♦❜❧❡♠ t♦ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ♦❢ ❣r❛♣❤ t❤❡♦r②✿ ❙✉❜s❡t ❋❡❡❞❜❛❝❦ ❱❡rt❡①
❙❡t ❬✻✻❪✳ ▲✐t❡r❛t✉r❡ r❡s✉❧ts ❢♦r t❤✐s ♣r♦❜❧❡♠ ❛❧❧♦✇ ✉s t♦ ❞✐r❡❝t❧② ♦❜t❛✐♥ ❛♥ ❋P❚ ❛♥❞
t✇♦ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r▼❇▲ ✭t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❤❛✈✐♥❣ ♥♦♥✲
❝♦♥st❛♥t✱ ✐♥❝♦♠♣❛r❛❜❧❡ r❛t✐♦s✮✳ ❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❤♦✇ ✐♥♣✉t ♦r❞❡rs
❛r❡ ❣❡♥❡r❛t❡❞✱ ✇❡ ❞❡s✐❣♥ ❛ t❤✐r❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ s♣❡❝✐✜❝ t♦ ♦✉r ♣r♦❜❧❡♠✳

●❡♥❡r❛❧ Pr❡❧✐♠✐♥❛r✐❡s

◆♦t❛t✐♦♥s

■♥ t❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠s✱ ❛♥ ✐♥♣✉t ❣❡♥♦♠❡ ✐s r❡♣r❡s❡♥t❡❞ ❛s ❛ s❡q✉❡♥❝❡ ♦❢
✐♥t❡❣❡rs✱ ♦r ♠❛r❦❡rs✱ ✇r✐tt❡♥ S =

〈

s1, s2, . . . , sn
〉

✳ ❚❤❡ it❤ ♠❛r❦❡r ♦❢ S ✐s ✇r✐tt❡♥ S[i]
✭❤❡r❡✱ S[i] = si✮✳ ●✐✈❡♥ ✐♥t❡❣❡rs a, b✱ t❤❡ ✐♥t❡r✈❛❧ Ja ; bK ✐s t❤❡ s❡t {a, a+1, . . . , b} ✐❢
a ≤ b ❛♥❞ t❤❡ ❡♠♣t② s❡t ✐❢ b < a✳ ❆ ♣❡r♠✉t❛t✐♦♥ ♦❢ s✐③❡ n ✐s ❛ s❡q✉❡♥❝❡ ♦❢ n ❞✐st✐♥❝t
❡❧❡♠❡♥ts ♦✈❡r J1 ; nK✱ ❛♥❞ t❤❡ ■❞❡♥t✐t② ♦❢ s✐③❡ n✱ ✇r✐tt❡♥ In✱ ✐s t❤❡ ♣❡r♠✉t❛t✐♦♥
〈

1, 2, . . . , n
〉

✳ ❇② ♦♣♣♦s✐t✐♦♥ t♦ ♣❡r♠✉t❛t✐♦♥s✱ str✐♥❣s ❛r❡ s❡q✉❡♥❝❡ t❤❛t ❝❛♥ ✭❛♥❞ ❛r❡
❡①♣❡❝t❡❞ t♦✮ ❝♦♥t❛✐♥ ❞✉♣❧✐❝❛t❡❞ ❡❧❡♠❡♥ts ✭❞✉♣❧✐❝❛t❡s✮✳

❆ s✉❜s❡q✉❡♥❝❡ S ′ ♦❢ S ✐s ❛ s❡q✉❡♥❝❡
〈

S[i1], . . . , S[ih]
〉

♦❢ ♠❛r❦❡rs ♦❢ S ✇✐t❤ ✐♥✲
❝r❡❛s✐♥❣ ✐♥❞✐❝❡s i1 < i2 < . . . < ih✳ ❆ ❢❛❝t♦r ♦❢ S ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ ❝♦♥s❡❝✉t✐✈❡
❡❧❡♠❡♥ts ✭ik+1 = ik + 1 ❢♦r 1 ≤ k < h✮✳

▲✲r❡❞✉❝t✐♦♥

❚❤❡ ❆P❳✲❤❛r❞♥❡ss r❡s✉❧ts ✭♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡rs ✸ ❛♥❞ ✺✮ r❡❧② ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢
▲✲r❡❞✉❝t✐♦♥ ❬✶✵✻❪✱ ❞❡✜♥❡❞ ❜❡❧♦✇✳

●✐✈❡♥ P ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ x ❛♥ ✐♥st❛♥❝❡ ♦❢ P ❛♥❞ y ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ♦❢
x✱ ✇❡ ✇r✐t❡ cP(x, y) ❢♦r t❤❡ ❝♦st ♦❢ y ❛♥❞ ❖P❚P(x) ❢♦r t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ cP(x, y)
♦✈❡r ❛❧❧ s♦❧✉t✐♦♥s y ♦❢ x✳ ▲❡t P ❛♥❞Q ❜❡ t✇♦ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❆♥ ▲✲r❡❞✉❝t✐♦♥
❢r♦♠ P t♦ Q ✐s ❛ ♣❛✐r ♦❢ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s f ❛♥❞ g s✉❝❤ t❤❛t✿

✕ ✐❢ x ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ P ✱ t❤❡♥ f(x) ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ ❖P❚Q✱
✕ ✐❢ y ✐s ❛ s♦❧✉t✐♦♥ ♦❢ f(x) ❢♦r s♦♠❡ x✱ t❤❡♥ g(y) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ x✱
✕ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t α s✉❝❤ t❤❛t

❖P❚Q(f(x)) ≤ α · ❖P❚P (x),

✕ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t β s✉❝❤ t❤❛t

|❖P❚P(x)− cP(x, g(y))| ≤ β · |❖P❚Q(f(x))− cP(f(x), y)|.

●✐✈❡♥ s✉❝❤ ❛♥ ▲✲r❡❞✉❝t✐♦♥ ❢r♦♠ P t♦ Q✱ ✐❢ P ✐s ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤✐♥
1 + δ✱ t❤❡♥ Q ✐s ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤✐♥ 1 + δ/(αβ)✳



■

❉✐st❛♥❝❡s ❇❡t✇❡❡♥ P❡r♠✉t❛t✐♦♥s

✾





✶
❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦✲

s✐t✐♦♥s ♣r♦❜❧❡♠ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✉♠
♥✉♠❜❡r ♦❢ tr❛♥s♣♦s✐t✐♦♥s ♥❡❡❞❡❞ t♦ tr❛♥s❢♦r♠
♦♥❡ ❣❡♥♦♠❡ ✭r❡♣r❡s❡♥t❡❞ ❛s ❛ ♣❡r♠✉t❛t✐♦♥✮ ✐♥t♦
❛♥♦t❤❡r✱ ✇❤❡r❡ ❛ tr❛♥s♣♦s✐t✐♦♥ ✐s t❤❡ ♦♣❡r❛t✐♦♥
t❤❛t ❡①❝❤❛♥❣❡s t✇♦ ❝♦♥s❡❝✉t✐✈❡ s❡q✉❡♥❝❡s ✐♥ t❤❡
♣❡r♠✉t❛t✐♦♥✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈❡ t❤❛t t❤✐s ♣r♦❜❧❡♠✱
❛♥❞ ❛ r❡❧❛t❡❞ ❜♦✉♥❞✲❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠✱ ❛r❡ ◆P✲
❤❛r❞✳

❚❤❡ r❡s✉❧ts ✐♥ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛t t❤❡ ❆❧❣♦r✐t❤♠✐q✉❡✱ ❝♦♠❜✐♥❛t♦✐r❡ ❞✉ t❡①t❡
❡t ❛♣♣❧✐❝❛t✐♦♥s ❡♥ ❜✐♦✲✐♥❢♦r♠❛t✐q✉❡ ✇♦r❦s❤♦♣ ✭❙❡q❜✐♦ ✷✵✶✶✱ ❘❡♥♥❡s✮✱ ❛t t❤❡ ✸✽t❤ ■♥t❡r♥❛✲
t✐♦♥❛❧ ❈♦❧❧♦q✉✐✉♠ ♦♥ ❆✉t♦♠❛t❛✱ ▲❛♥❣✉❛❣❡s ❛♥❞ Pr♦❣r❛♠♠✐♥❣ ✭■❈❆▲P ✷✵✶✶✱ ❩ür✐❝❤ ❬✸✸❪✮✱
❛♥❞ ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❙■❆▼ ❏♦✉r♥❛❧ ♦❢ ❉✐s❝r❡t❡ ▼❛t❤❡♠❛t✐❝s ✭❙■❉▼❆ ✷✵✶✷ ❬✸✺❪✮✳

✶✶
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■♥tr♦❞✉❝t✐♦♥

❆❧♦♥❣ ✇✐t❤ r❡✈❡rs❛❧s✱ tr❛♥s♣♦s✐t✐♦♥s ❛r❡ ♦♥❡ ♦❢ t❤❡ ❡❧❡♠❡♥t❛r② ❧❛r❣❡✲s❝❛❧❡ ♦♣❡r❛✲
t✐♦♥s t❤❛t ❝❛♥ ❛✛❡❝t ❛ ❣❡♥♦♠❡✳ ❆ tr❛♥s♣♦s✐t✐♦♥ ❝♦♥s✐sts ✐♥ s✇❛♣♣✐♥❣ t✇♦ ❝♦♥s❡❝✉t✐✈❡
❢❛❝t♦rs ♦❢ ❣❡♥❡s ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐♥ ♠♦✈✐♥❣ ❛ ❢❛❝t♦r ❢r♦♠ ♦♥❡ ♣❧❛❝❡ t♦ ❛♥♦t❤❡r ✐♥ t❤❡
❣❡♥♦♠❡✳ ❚❤❡ tr❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❣❡♥♦♠❡s ✐s t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r
♦❢ s✉❝❤ ♦♣❡r❛t✐♦♥s t❤❛t ❛r❡ ♥❡❡❞❡❞ t♦ tr❛♥s❢♦r♠ ♦♥❡ ❣❡♥♦♠❡ ✐♥t♦ t❤❡ ♦t❤❡r✳ ❈♦♠✲
♣✉t✐♥❣ t❤✐s ❞✐st❛♥❝❡ ✐s ❛ ❝❤❛❧❧❡♥❣❡ ✐♥ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✵✽❪✱
s✐♥❝❡ ✐t ❣✐✈❡s ❛ ♠❛①✐♠✉♠ ♣❛rs✐♠♦♥② ❡✈♦❧✉t✐♦♥ s❝❡♥❛r✐♦ ❜❡t✇❡❡♥ t❤❡ t✇♦ st✉❞✐❡❞
❣❡♥♦♠❡s✳

❚❤❡ ❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s ♣r♦❜❧❡♠ ✐s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡
tr❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❣❡♥♦♠❡s r❡♣r❡s❡♥t❡❞ ❜② ♣❡r♠✉t❛t✐♦♥s✿ s❡❡ ❬✻✽❪ ❢♦r
❛ ❞❡t❛✐❧❡❞ r❡✈✐❡✇ ♦♥ t❤✐s ♣r♦❜❧❡♠ ❛♥❞ ✐ts ✈❛r✐❛♥ts✳ ❙✐♥❝❡ ✐ts ✐♥tr♦❞✉❝t✐♦♥ ❜② ❇❛❢♥❛
❛♥❞ P❡✈③♥❡r ❬✶✷✱ ✶✹❪✱ ❛ ♥✉♠❜❡r ♦❢ st✉❞✐❡s ❬✶✹✱ ✺✺✱ ✼✼✱ ✽✸✱ ✻✹✱ ✶✻✱ ✻✼❪ ❤❛✈❡ ❛✐♠❡❞ ❛t
❞❡s✐❣♥✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ♦r ❤❡✉r✐st✐❝s❀ t❤❡ ❜❡st ❦♥♦✇♥ ✜①❡❞✲r❛t✐♦ ❛❧❣♦✲
r✐t❤♠ ❜❡✐♥❣ ❛ ✶✳✸✼✺✲❛♣♣r♦①✐♠❛t✐♦♥ ❬✻✹❪✳ ❖t❤❡r ✇♦r❦s ❬✼✽✱ ✺✺✱ ✻✺✱ ✾✻✱ ✻✹✱ ✶✻❪ ❛✐♠
❛t ❝♦♠♣✉t✐♥❣ ❜♦✉♥❞s ♦♥ t❤❡ tr❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡ ♦❢ ❛ ♣❡r♠✉t❛t✐♦♥✳ ❙t✉❞✐❡s ❤❛✈❡
❛❧s♦ ❜❡❡♥ ❞❡✈♦t❡❞ t♦ ✈❛r✐❛♥ts ♦❢ t❤✐s ♣r♦❜❧❡♠✱ ❜② ❝♦♥s✐❞❡r✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱ s♦rt✐♥❣
❜② ♣r❡✜① tr❛♥s♣♦s✐t✐♦♥s ❬✻✷✱ ✾✼✱ ✺✶❪ ✭✐♥ ✇❤✐❝❤ ♦♥❡ ♦❢ t❤❡ tr❛♥s♣♦s❡❞ ❢❛❝t♦rs ❤❛s t♦
❜❡ ❛ ♣r❡✜① ♦❢ t❤❡ s❡q✉❡♥❝❡✮✱ ♦r s♦rt✐♥❣ ❜② tr❛♥s♣♦s✐t✐♦♥s ✐♥ str✐♥❣s ❬✺✻✱ ✻✵✱ ✶✶✻✱ ✶✶✶❪
✭✇❤❡r❡ ♠✉❧t✐♣❧❡ ♦❝❝✉rr❡♥❝❡s ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ❛r❡ ❛❧❧♦✇❡❞ ✐♥ t❤❡ s❡q✉❡♥❝❡s✮✱ ♣♦ss✐❜❧②
✉s✐♥❣ ✇❡✐❣❤t❡❞ ♦r ♣r❡✜① tr❛♥s♣♦s✐t✐♦♥s ❬✶✵✾✱ ✷✼✱ ✻✱ ✺✶✱ ✺❪✳ ◆♦t❡ ❛❧s♦ t❤❛t s♦rt✐♥❣
❛ ♣❡r♠✉t❛t✐♦♥ ❜② ❜❧♦❝❦✲✐♥t❡r❝❤❛♥❣❡s ✭✐✳❡✳✱ ❡①❝❤❛♥❣❡s ♦❢ ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♥s❡❝✉t✐✈❡
❢❛❝t♦rs✮ ✐s s♦❧✈❛❜❧❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❬✺✹❪✳ ❋✐♥❛❧❧②✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♣♦ss✐❜✐❧✐t②
t♦ ❜♦✉♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ❢❛❝t♦rs tr❛♥s♣♦s❡❞✳ ❚❤❡ ♠♦st ❞r❛st✐❝ ✈❛r✐❛♥t✱ ❛✉t❤♦r✐③✐♥❣
♦♥❧② ✸✲❜♦✉♥❞❡❞ tr❛♥s♣♦s✐t✐♦♥s ✭✇❤❡r❡ ❛t ♠♦st t❤r❡❡ ♠❛r❦❡rs ❝❛♥ ❜❡ ❛✛❡❝t❡❞ ❜② ❡❛❝❤
tr❛♥s♣♦s✐t✐♦♥✮ ❤❛s ❛❧r❡❛❞② r❡❝❡✐✈❡❞ ❛ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ❬✶✵✷✱ ✾✵❪✳ ❍♦✇❡✈❡r✱ ✐ts
❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✐s st✐❧❧ ♦♣❡♥✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛❞❞r❡ss t❤❡ ❧♦♥❣✲st❛♥❞✐♥❣ ✐ss✉❡ ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❝♦♠♣❧❡①✐t②
❝❧❛ss ♦❢ t❤❡ ❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s ♣r♦❜❧❡♠✱ ❜② ❣✐✈✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡
r❡❞✉❝t✐♦♥ ❢r♦♠ ❙❆❚✱ t❤✉s ♣r♦✈✐♥❣ t❤❡ ◆P✲❤❛r❞♥❡ss ♦❢ t❤✐s ♣r♦❜❧❡♠✳ ❖✉r r❡❞✉❝t✐♦♥
✐s ❜❛s❡❞ ♦♥ t❤❡ st✉❞② ♦❢ tr❛♥s♣♦s✐t✐♦♥s t❤❛t r❡♠♦✈❡ t❤r❡❡ ❜r❡❛❦♣♦✐♥ts✳ ❆ ❝♦r♦❧❧❛r②
♦❢ ♦✉r r❡s✉❧t ✐s t❤❡ ◆P✲❤❛r❞♥❡ss ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✺✺❪✿ ❣✐✈❡♥
❛ ♣❡r♠✉t❛t✐♦♥ π✱ ✐s ✐t ♣♦ss✐❜❧❡ t♦ s♦rt π ✉s✐♥❣ ❡①❛❝t❧② db(π)/3 tr❛♥s♣♦s✐t✐♦♥s✱ ✇❤❡r❡
db(π) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜r❡❛❦♣♦✐♥ts ♦❢ π❄ ❚❤❡ ✜rst s❡❝t✐♦♥ ♣r♦✈✐❞❡s s♦♠❡ ♣r❡❧✐♠✲
✐♥❛r② ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts ❛❜♦✉t t❤❡ tr❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡ ❛♥❞ ✐ts r❡❧❛t✐♦♥s❤✐♣
✇✐t❤ ❜r❡❛❦♣♦✐♥ts✳ ■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ str✉❝t✉r❡
✉s❡❞ ✐♥ ♦✉r r❡❞✉❝t✐♦♥✱ t❤❡ ✸❉❚✲✐♥st❛♥❝❡✱ ❛♥❞ ♣r♦✈✐❞❡ r❡s✉❧ts ❣✐✈✐♥❣ s♦♠❡ ❡q✉✐✈❛✲
❧❡♥❝❡s ❜❡t✇❡❡♥ ✸❉❚✲✐♥st❛♥❝❡s ❛♥❞ ♣❡r♠✉t❛t✐♦♥s✳ ❚❤❡ t❤✐r❞ s❡❝t✐♦♥ ✐s t❤❡ ❝♦r❡ ♦❢
t❤❡ r❡❞✉❝t✐♦♥❀ ✐t ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✏◆P✲❤❛r❞✑ ✸❉❚✲✐♥st❛♥❝❡s✱ ✉s✐♥❣
❛♥ ✐♥tr✐❝❛t❡ ❛ss❡♠❜❧✐♥❣ ♦❢ ❜❛s✐❝ ❜❧♦❝❦s✳ ❋✐♥❛❧❧②✱ t❤❡ ❢♦✉rt❤ s❡❝t✐♦♥ ❝♦♥❝❧✉❞❡s t❤❡
r❡❞✉❝t✐♦♥ ❜② ♣♦rt✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❝♦♥str✉❝t✐♦♥ t♦ ♣❡r♠✉t❛t✐♦♥s✱ t❤✉s ♣r♦✈✐♥❣ t❤❡
◆P✲❤❛r❞♥❡ss ♦❢ t❤❡ ❙♦rt✐♥❣ ❇② ❚r❛♥s♣♦s✐t✐♦♥s ♣r♦❜❧❡♠✳



✶✳✶✳ P❘❊▲■▼■◆❆❘■❊❙ ✶✸

π =
〈

π0π1 . . . πi−1πi . . . πj−1 πj . . . πk−1πk . . . πn
〉

π ◦ τi,j,k =
〈

π0π1 . . . πi−1πj . . . πk−1 πi . . . πj−1πk . . . πn
〉

❋✐❣✉r❡ ✶✳✶✿ ❚r❛♥s♣♦s✐t✐♦♥ τi,j,k✱ ✇✐t❤ 0 < i < j < k ≤ n✳

✶✳✶ Pr❡❧✐♠✐♥❛r✐❡s

✶✳✶✳✶ ❚r❛♥s♣♦s✐t✐♦♥s ❛♥❞ ❇r❡❛❦♣♦✐♥ts

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r n✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② ♣❡r♠✉✲
t❛t✐♦♥s ♦❢ J0 ; nK s✉❝❤ t❤❛t 0 ❛♥❞ n ❛r❡ ✜①❡❞✲♣♦✐♥ts✳ ❍❡♥❝❡✱ In ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t②
♣❡r♠✉t❛t✐♦♥ ♦✈❡r J0 ; nK✳

❆ tr❛♥s♣♦s✐t✐♦♥ ✐s ❛♥ ♦♣❡r❛t✐♦♥ t❤❛t ❡①❝❤❛♥❣❡s t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❢❛❝t♦rs ♦❢ ❛ s❡✲
q✉❡♥❝❡✳ ❆s ✇❡ ♦♥❧② ✇♦r❦ ✇✐t❤ ♣❡r♠✉t❛t✐♦♥s✱ ✐t ✐s ❞❡✜♥❡❞ ❛s ❛ ♣❡r♠✉t❛t✐♦♥ τi,j,k✱
✇❤✐❝❤✱ ♦♥❝❡ ❝♦♠♣♦s❡❞ ✇✐t❤ ❛ ♣❡r♠✉t❛t✐♦♥ π✱ r❡❛❧✐③❡s t❤✐s ♦♣❡r❛t✐♦♥ ✭s❡❡ ❋✐❣✉r❡ ✶✳✶✮✳
❚❤❡ tr❛♥s♣♦s✐t✐♦♥ τi,j,k ✐s ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✶✳✶ ✭❚r❛♥s♣♦s✐t✐♦♥✮✳ ●✐✈❡♥ t❤r❡❡ ✐♥t❡❣❡rs i, j, k s✉❝❤ t❤❛t 0 < i < j <
k ≤ n✱ t❤❡ tr❛♥s♣♦s✐t✐♦♥ τi,j,k ♦✈❡r J0 ; nK ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r♠✉t❛t✐♦♥ ✭✇❡ ✇r✐t❡
q(j) = k + i− j✮✿

❋♦r ❛♥② 0 ≤ x < i, τi,j,k(x) = x

❋♦r ❛♥② i ≤ x < q(j), τi,j,k(x) = x+ j − i

❋♦r ❛♥② q(j) ≤ x < k, τi,j,k(x) = x+ j − k

❋♦r ❛♥② k ≤ x ≤ n, τi,j,k(x) = x

◆♦t❡ t❤❛t t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ ♦❢ τi,j,k ✐s ❛❧s♦ ❛ tr❛♥s♣♦s✐t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡
❤❛✈❡ τ−1

i,j,k = τi,q(j),k✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣❡rt✐❡s ❞✐r❡❝t❧② ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ ❛ tr❛♥s♣♦s✐t✐♦♥✿

Pr♦♣❡rt② ✶✳✶✳ ▲❡t τ = τi,j,k ❜❡ ❛ tr❛♥s♣♦s✐t✐♦♥✱ q(j) = k + i− j✱ ❛♥❞ u, v ∈ J0 ; nK
❜❡ t✇♦ ✐♥t❡❣❡rs s✉❝❤ t❤❛t u < v✳ ❚❤❡♥✿

τ(u) > τ(v) ⇔ i ≤ u < q(j) ≤ v < k

τ−1(u) > τ−1(v) ⇔ i ≤ u < j ≤ v < k

Pr♦♣❡rt② ✶✳✷✳ ▲❡t τ ❜❡ t❤❡ tr❛♥s♣♦s✐t✐♦♥ τ = τi,j,k✱ ❛♥❞ ✇r✐t❡ q(j) = k+ i− j✳ ❋♦r
❛❧❧ x ∈ J1 ; nK✱ t❤❡ ✈❛❧✉❡s ♦❢ τ(x− 1) ❛♥❞ τ−1(x− 1) ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

∀x /∈ {i, q(j), k}, τ(x− 1) = τ(x)− 1
∀x /∈ {i, j, k}, τ−1(x− 1) = τ−1(x)− 1

τ(i− 1) = τ(q(j))− 1 τ−1(i− 1) = τ−1(j)− 1
τ(q(j)− 1) = τ(k)− 1 τ−1(j − 1) = τ−1(k)− 1
τ(k − 1) = τ(i)− 1 τ−1(k − 1) = τ−1(i)− 1
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π =
〈

0, 2, 4, 3, 1, 5
〉

π ◦ τ1,3,5 =
〈

0, 3, 1, 2, 4, 5
〉

π ◦ τ1,3,5 ◦ τ1,2,4 =
〈

0, 1, 2, 3, 4, 5
〉

❋✐❣✉r❡ ✶✳✷✿ ❚❤❡ tr❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡ ❢r♦♠ π =
〈

0, 2, 4, 3, 1, 5
〉

t♦ I5 ✐s 2✿ ✐t ✐s ❛t
♠♦st 2 s✐♥❝❡ π ◦ τ1,3,5 ◦ τ1,2,4 = I5✱ ❛♥❞ ✐t ❝❛♥♥♦t ❜❡ ❧❡ss t❤❛♥ 2 s✐♥❝❡ Pr♦♣❡rt② ✶✳✹
❛♣♣❧✐❡s ✇✐t❤ db(π)/3 = 5/3 > 1✳

❉❡✜♥✐t✐♦♥ ✶✳✷ ✭❇r❡❛❦♣♦✐♥ts✮✳ ▲❡t π ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ J0 ; nK✳ ■❢ x ∈ J1 ; nK ✐s
❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t π(x − 1) = π(x) − 1✱ t❤❡♥

〈

x− 1, x
〉

✐s ❛♥ ❛❞❥❛❝❡♥❝② ♦❢ π✱
♦t❤❡r✇✐s❡ ✐t ✐s ❛ ❜r❡❛❦♣♦✐♥t✳ ❲❡ ✇r✐t❡ db(π) ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❜r❡❛❦♣♦✐♥ts ♦❢ π✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ②✐❡❧❞s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❜r❡❛❦♣♦✐♥ts ♦❢ ❛ ♣❡r♠✉t❛t✐♦♥
❝❛♥ ❜❡ r❡❞✉❝❡❞ ❜② ❛t ♠♦st ✸ ✇❤❡♥ ❛ tr❛♥s♣♦s✐t✐♦♥ ✐s ❛♣♣❧✐❡❞✿

Pr♦♣❡rt② ✶✳✸✳ ▲❡t π ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ❛♥❞ τ = τi,j,k ❜❡ ❛ tr❛♥s♣♦s✐t✐♦♥ ✭✇✐t❤ 0 <
i < j < k ≤ n✮✳ ❚❤❡♥✱ ❢♦r ❛❧❧ x ∈ J1 ; nK− {i, j, k}✱
〈

x− 1, x
〉

✐s ❛♥ ❛❞❥❛❝❡♥❝② ♦❢ π ⇔
〈

τ−1(x)− 1, τ−1(x)
〉

✐s ❛♥ ❛❞❥❛❝❡♥❝② ♦❢ π ◦ τ.

❖✈❡r❛❧❧✱ ✇❡ ❤❛✈❡ db(π ◦ τ) ≥ db(π)− 3✳

Pr♦♦❢✳ ❋♦r ❛❧❧ x ∈ J1 ; nK− {i, j, k}✱ ✇❡ ❤❛✈❡✿
〈

x− 1, x
〉

✐s ❛♥ ❛❞❥❛❝❡♥❝② ♦❢ π ⇔ π(x− 1) = π(x)− 1

⇔ π(τ(τ−1(x− 1))) = π(τ(τ−1(x)))− 1

⇔ π ◦ τ(τ−1(x)− 1) = π ◦ τ(τ−1(x))− 1 ❜② Pr♦♣✳ ✶✳✷

⇔
〈

τ−1(x)− 1, τ−1(x)
〉

✐s ❛♥ ❛❞❥❛❝❡♥❝② ♦❢ π ◦ τ.

✶✳✶✳✷ ❚r❛♥s♣♦s✐t✐♦♥ ❉✐st❛♥❝❡

❚❤❡ tr❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡ ♦❢ ❛ ♣❡r♠✉t❛t✐♦♥ ✐s t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ tr❛♥s♣♦✲
s✐t✐♦♥s ♥❡❡❞❡❞ t♦ tr❛♥s❢♦r♠ ✐t ✐♥t♦ t❤❡ ✐❞❡♥t✐t②✳ ❆ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❉❡✜♥✐t✐♦♥ ✶✳✸ ✭❚r❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡✮✳ ▲❡t π ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ J0 ; nK✳ ❚❤❡
tr❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡ dt(π) ❢r♦♠ π t♦ In ✐s t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ k ❢♦r ✇❤✐❝❤ t❤❡r❡
❡①✐st k tr❛♥s♣♦s✐t✐♦♥s τ1, τ2, . . . , τk✱ s❛t✐s❢②✐♥❣✿

π ◦ τk ◦ . . . ◦ τ2 ◦ τ1 = In

❚❤❡ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ tr❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

Pr♦❜❧❡♠ ❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s ❬✶✷❪
■♥♣✉t ❆ ♣❡r♠✉t❛t✐♦♥ π✱ ❛♥ ✐♥t❡❣❡r k
◗✉❡st✐♦♥ ■s dt(π) ≤ k❄

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣❡rt② ✶✳✸✱ s✐♥❝❡ ❢♦r ❛♥② n t❤❡
♥✉♠❜❡r ♦❢ ❜r❡❛❦♣♦✐♥ts ♦❢ In ✐s 0✳

Pr♦♣❡rt② ✶✳✹✳ ▲❡t π ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥✱ t❤❡♥ dt(π) ≥ db(π)/3✳

❋✐❣✉r❡ ✶✳✷ ❣✐✈❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ tr❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡✳
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✶✳✷ ✸✲❉❡❧❡t✐♦♥ ❛♥❞ ❚r❛♥s♣♦s✐t✐♦♥ ❖♣❡r❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ✸❉❚✲✐♥st❛♥❝❡s✱ ✇❤✐❝❤ ❛r❡ t❤❡ ❝♦r♥❡rst♦♥❡ ♦❢ ♦✉r
r❡❞✉❝t✐♦♥ ❢r♦♠ ❙❆❚ t♦ t❤❡ ❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s ♣r♦❜❧❡♠✱ s✐♥❝❡ t❤❡② ❛r❡
✉s❡❞ ❛s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❜❡t✇❡❡♥ ✐♥st❛♥❝❡s ♦❢ t❤❡ t✇♦ ♣r♦❜❧❡♠s✳ ❲❡ ✜rst ❞❡✜♥❡
✸❉❚✲✐♥st❛♥❝❡s ❛♥❞ t❤❡ ♣♦ss✐❜❧❡ ♦♣❡r❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡♠✱ t❤❡♥ ✇❡
❢♦❝✉s ♦♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ ✐♥st❛♥❝❡s ❛♥❞ ♣❡r♠✉t❛t✐♦♥s✳ ❙❡❝t✐♦♥ ✶✳✷✳✹
st❛♥❞s ♦✉t ♦❢ t❤❡ ✢♦✇ ♦❢ t❤❡ r❡❞✉❝t✐♦♥✱ ❛♥❞ ❣✐✈❡s ❛ ✇❛② t♦ ♠❛t❝❤ ✸❉❚✲✐♥st❛♥❝❡s
✇✐t❤ t❤❡ ❝②❝❧❡ ❣r❛♣❤s ♦❢ ✸✲♣❡r♠✉t❛t✐♦♥s✳ ■t s❤♦✉❧❞ ❤❡❧♣ t❤❡ r❡❛❞❡rs ✇❤♦ ❛r❡ ❛❧r❡❛❞②
❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ ❝②❝❧❡ ❣r❛♣❤s ❢♦❧❧♦✇✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ✐♥tr♦❞✉❝❡❞ ❤❡r❡✳

✶✳✷✳✶ ✸❉❚✲✐♥st❛♥❝❡s

❲❡ ✐♥tr♦❞✉❝❡ ✸❉❚✲✐♥st❛♥❝❡s ❛s st❛♥❞✲❛❧♦♥❡ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝ts✱ ❛♥❞ ❣✐✈❡ ❛
s❡t ♦❢ t♦♦❧s t♦ ❤❛♥❞❧❡ t❤❡♠✳ ❚❤❡ t✇♦ ♠❛✐♥ ♦❜❥❡❝t✐✈❡s ❛r❡ ✭✶✮ t♦ ❛❝❝✉r❛t❡❧② r❡✢❡❝t
t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❜r❡❛❦♣♦✐♥ts ✐♥ ❛ ♣❡r♠✉t❛t✐♦♥ π s✉❝❤ t❤❛t dt(π) = db(π)/3 ✭t❤✐s
❛s♣❡❝t ✇✐❧❧ ❜❡ ❢♦r♠❛❧✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✮ ❛♥❞ ✭✷✮ t♦ ♠❛❦❡ ✸❉❚✲✐♥st❛♥❝❡s
❡❛s② t♦ ❝♦♥str✉❝t ✭t❤❡② ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛ ✇♦r❞ ✇❤♦s❡ ❧❡tt❡rs ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞
✐♥t♦ tr✐♣❧❡s✮✳

❉❡✜♥✐t✐♦♥ ✶✳✹ ✭✸❉❚✲✐♥st❛♥❝❡✮✳ ❆ ✸❉❚✲✐♥st❛♥❝❡ I = 〈Σ, T, ψ〉 ♦❢ s♣❛♥ n ✐s ❝♦♠✲
♣♦s❡❞ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥ts✿

✕ Σ✿ ❛♥ ❛❧♣❤❛❜❡t❀
✕ T = {(ai, bi, ci) | 1 ≤ i ≤ |T |}✿ ❛ s❡t ♦❢ ✭♦r❞❡r❡❞✮ tr✐♣❧❡s ♦❢ ❡❧❡♠❡♥ts ♦❢ Σ✱

♣❛rt✐t✐♦♥✐♥❣ Σ ✭✐✳❡✳✱ ❛❧❧ ❡❧❡♠❡♥ts ❛r❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t✱ ❛♥❞
⋃|T |

i=1{ai, bi, ci} =
Σ✮❀

✕ ψ : Σ→ J1 ; nK✱ ❛♥ ✐♥❥❡❝t✐♦♥✳
❚❤❡ ❞♦♠❛✐♥ ♦❢ I ✐s t❤❡ ✐♠❛❣❡ ♦❢ ψ✱ t❤❛t ✐s t❤❡ s❡t L = {ψ(σ) | σ ∈ Σ}✳
❚❤❡ ✇♦r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ I ✐s t❤❡ n✲❧❡tt❡r ✇♦r❞ u1 u2 . . . un ♦✈❡r Σ∪{�} ✭✇❤❡r❡

� /∈ Σ✮✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ i ∈ L✱ ψ(ui) = i✱ ❛♥❞ ❢♦r i ∈ J1 ; nK− L✱ ui = �✳

❚✇♦ ❡①❛♠♣❧❡s ♦❢ ✸❉❚✲✐♥st❛♥❝❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❊①❛♠♣❧❡ ✶✳✶✳ ◆♦t❡ t❤❛t s✉❝❤ ✐♥✲
st❛♥❝❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② t❤❡✐r ✇♦r❞ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❜② t❤❡✐r s❡t ♦❢ tr✐♣❧❡s T ✳
❚❤❡ ✇♦r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡♠♣t② ✸❉❚✲✐♥st❛♥❝❡ ✭✐♥ ✇❤✐❝❤ Σ = ∅✮ ✐s ❛ s❡q✉❡♥❝❡
♦❢ n ❞♦t✳ ❲❡ ♠❛② ❛❧s♦ ❞❡♥♦t❡ t❤✐s ✐♥st❛♥❝❡ ❜② ε✳

❊①❛♠♣❧❡ ✶✳✶✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❞❡✜♥❡ t✇♦ ✸❉❚✲✐♥st❛♥❝❡s ♦❢ s♣❛♥ ✻✱ I = 〈Σ, T, ψ〉
❛♥❞ I ′ = 〈Σ′, T ′, ψ′〉✿

I = a1 c2 b1 b2 c1 a2 ✇✐t❤ T = {(a1, b1, c1), (a2, b2, c2)}
I ′ = � b2 � c2 � a2 ✇✐t❤ T ′ = {(a2, b2, c2)}

❍❡r❡✱ I ❤❛s ❛♥ ❛❧♣❤❛❜❡t ♦❢ s✐③❡ ✻✱ Σ = {a1, b1, c1, a2, b2, c2}✱ ❤❡♥❝❡ ψ ✐s ❛ ❜✐❥❡❝t✐♦♥
✭ψ(a1) = 1✱ ψ(c2) = 2✱ ψ(b1) = 3✱ ❡t❝✮✳ ❚❤❡ s❡❝♦♥❞ ✐♥st❛♥❝❡✱ I ′✱ ❤❛s ❛♥ ❛❧♣❤❛❜❡t ♦❢
s✐③❡ ✸✱ Σ′ = {a2, b2, c2}✱ ✇✐t❤ ψ

′(b2) = 2✱ ψ′(c2) = 4✱ ψ′(a2) = 6✳

Pr♦♣❡rt② ✶✳✺✳ ▲❡t I = 〈Σ, T, ψ〉 ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ♦❢ s♣❛♥ n ✇✐t❤ ❞♦♠❛✐♥ L✳ ❚❤❡♥

|Σ| = |L| = 3 |T | ≤ n.
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Pr♦♦❢✳ ❲❡ ❤❛✈❡ |Σ| = |L| s✐♥❝❡ ψ ✐s ❛♥ ✐♥❥❡❝t✐♦♥ ✇✐t❤ ✐♠❛❣❡ L✳ ❚❤❡ tr✐♣❧❡s ♦❢ T
♣❛rt✐t✐♦♥ Σ s♦ |Σ| = 3|T |✱ ❛♥❞ ✜♥❛❧❧② L ⊆ J1 ; nK s♦ |L| ≤ n✳

❉❡✜♥✐t✐♦♥ ✶✳✺✳ ▲❡t I = 〈Σ, T, ψ〉 ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡✳ ❚❤❡ ✐♥❥❡❝t✐♦♥ ψ ❣✐✈❡s ❛ t♦t❛❧
♦r❞❡r ♦✈❡r Σ✱ ✇r✐tt❡♥ ≺I ✭♦r ≺✱ ✐❢ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✮✱ ❞❡✜♥❡❞ ❜②

∀σ1, σ2 ∈ Σ, σ1 ≺I σ2 ⇔ ψ(σ1) < ψ(σ2) ✭✶✳✶✮

❚✇♦ ❡❧❡♠❡♥ts σ1 ❛♥❞ σ2 ♦❢ Σ ❛r❡ ❝❛❧❧❡❞ ❝♦♥s❡❝✉t✐✈❡ ✐❢ t❤❡r❡ ❡①✐sts ♥♦ ❡❧❡♠❡♥t
x ∈ Σ s✉❝❤ t❤❛t σ1 ≺I x ≺I σ2✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✇r✐t❡ σ1 ⊳I σ2 ✭♦r s✐♠♣❧② σ1 ⊳ σ2✮✳

❆♥ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥ ✐s t❤❛t σ1 ≺ σ2 ✐❢ σ1 σ2 ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t❤❡ ✇♦r❞
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ I✳ ❆❧s♦✱ σ1 ⊳ σ2 ✐❢ t❤❡ ✇♦r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ I ❝♦♥t❛✐♥s ❛ ❢❛❝t♦r ♦❢
t❤❡ ❦✐♥❞ σ1 �

∗ σ2 ✭✇❤❡r❡ �

∗ r❡♣r❡s❡♥ts ❛♥② s❡q✉❡♥❝❡ ♦❢ l ≥ 0 ❞♦ts✮✳
❯s✐♥❣ t❤❡ tr✐♣❧❡s ✐♥ T ✱ ✇❡ ❞❡✜♥❡ ❛ s✉❝❝❡ss♦r ❢✉♥❝t✐♦♥ ♦✈❡r t❤❡ ❞♦♠❛✐♥ L✿

❉❡✜♥✐t✐♦♥ ✶✳✻✳ ▲❡t I = 〈Σ, T, ψ〉 ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ✇✐t❤ ❞♦♠❛✐♥ L✳ ❚❤❡ ❢✉♥❝t✐♦♥
succI : L→ L ✐s ❞❡✜♥❡❞ ❜②✿

∀(a, b, c) ∈ T, ψ(a) 7→ ψ(b)

ψ(b) 7→ ψ(c)

ψ(c) 7→ ψ(a)

❋✉♥❝t✐♦♥ succI ✐s ❛ ❜✐❥❡❝t✐♦♥✱ ✇✐t❤ ♥♦ ✜①❡❞✲♣♦✐♥ts✱ ❛♥❞ s✉❝❤ t❤❛t succI ◦ succI ◦
succI ✐s t❤❡ ✐❞❡♥t✐t② ♦✈❡r L✳ ■♥ ❊①❛♠♣❧❡ ✶✳✶✱ ✇❡ ❤❛✈❡✿

succI =

(

1 2 3 4 5 6
3 6 5 2 1 4

)

❛♥❞ succI′ =

(

2 4 6
4 6 2

)

.

✶✳✷✳✷ ✸❉❚✲st❡♣s

❲❡ ❞❡✜♥❡ ✸❉❚✲st❡♣s ♦♥ ✸❉❚✲✐♥st❛♥❝❡s ✐♥ ♦r❞❡r t♦ r❡✢❡❝t tr❛♥s♣♦s✐t✐♦♥s r❡♠♦✈✐♥❣
t❤r❡❡ ❜r❡❛❦♣♦✐♥ts ♦♥ ♣❡r♠✉t❛t✐♦♥s✳ ■♥ ❜♦t❤ ♣♦✐♥ts ♦❢ ✈✐❡✇✱ ✇❡ ❛♣♣❧② ❛ tr❛♥s♣♦s✐t✐♦♥
❢♦r ✇❤✐❝❤ t❤❡ ❜♦✉♥❞s ♥❡❡❞ t♦ ✈❡r✐❢② ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s ✭❜❡✐♥❣ ❛ ✇❡❧❧✲♦r❞❡r❡❞ tr✐♣❧❡
❢♦r ✸❉❚✲✐♥st❛♥❝❡s✱ ♦r s❛t✐s❢②✐♥❣ ❛ ❝♦rr❡❝t ♣❛tt❡r♥ ♦❢ ✈❛❧✉❡s ❢♦r ♣❡r♠✉t❛t✐♦♥s✮✳

❉❡✜♥✐t✐♦♥ ✶✳✼✳ ▲❡t I = 〈Σ, T, ψ〉 ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡✱ ❛♥❞ (a, b, c) ❜❡ ❛ tr✐♣❧❡ ♦❢ T ✳
❲r✐t❡ i = min{ψ(a), ψ(b), ψ(c)}✱ j = succI(i)✱ ❛♥❞ k = succI(j)✳ ❚❤❡ tr✐♣❧❡
(a, b, c) ∈ T ✐s ✇❡❧❧✲♦r❞❡r❡❞ ✐❢ ✇❡ ❤❛✈❡ i < j < k✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ✇❡ ✇r✐t❡ τ [a, b, c, ψ]
❢♦r t❤❡ tr❛♥s♣♦s✐t✐♦♥ τi,j,k✳

❆♥ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥ ✐s t❤❛t (a, b, c) ✐s ✇❡❧❧✲♦r❞❡r❡❞ ✐✛ ♦♥❡ ♦❢ abc✱ bca✱ cab ✐s
❛ s✉❜s❡q✉❡♥❝❡ ♦❢ t❤❡ ✇♦r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ I✳ ■♥ ❊①❛♠♣❧❡ ✶✳✶✱ (a1, b1, c1) ✐s ✇❡❧❧✲
♦r❞❡r❡❞ ✐♥ I✿ ✐♥❞❡❡❞✱ ✇❡ ❤❛✈❡ i = ψ(a1)✱ j = ψ(b1)✱ k = ψ(c1)✱ ❛♥❞ i < j < k✳ ❚❤❡
tr✐♣❧❡ (a2, b2, c2) ✐s ❛❧s♦ ✇❡❧❧✲♦r❞❡r❡❞ ✐♥ I ′ ✭i = ψ′(b2) < j = ψ′(c2) < k = ψ′(a2)✮✱
❜✉t ♥♦t ✐♥ I✿ i = ψ(c2) < k = ψ(b2) < j = ψ(a2)✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❤❛✈❡
τ [a1, b1, c1, ψ] = τ1,3,5 ❛♥❞ τ [a2, b2, c2, ψ′] = τ2,4,6✳

❉❡✜♥✐t✐♦♥ ✶✳✽ ✭✸❉❚✲st❡♣✮✳ ▲❡t I = 〈Σ, T, ψ〉 ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ✇✐t❤ (a, b, c) ∈ T
❛ ✇❡❧❧✲♦r❞❡r❡❞ tr✐♣❧❡✳ ❚❤❡ ✸❉❚✲st❡♣ ♦❢ ♣❛r❛♠❡t❡r (a, b, c) ✐s t❤❡ ♦♣❡r❛t✐♦♥ ✇r✐tt❡♥
(a, b, c)
−−−−−→✱ tr❛♥s❢♦r♠✐♥❣ I ✐♥t♦ t❤❡ ✸❉❚✲✐♥st❛♥❝❡ I ′ = 〈Σ′, T ′, ψ′〉 s✉❝❤ t❤❛t✿
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W a X b Y c Z

W � Y � X � Z

(a, b, c)

❋✐❣✉r❡ ✶✳✸✿ ❚❤❡ ✸❉❚✲st❡♣ (a, b, c)
−−−−−→ ❤❛s t✇♦ ❡✛❡❝ts✱ ❤❡r❡ r❡♣r❡s❡♥t❡❞ ♦♥ t❤❡ ✇♦r❞

r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ✸❉❚✲✐♥st❛♥❝❡✿ t❤❡ tr✐♣❧❡ (a, b, c) ✐s ❞❡❧❡t❡❞ ✭❛♥❞ r❡♣❧❛❝❡❞ ❜② ❞♦ts
✐♥ t❤✐s ✇♦r❞ r❡♣r❡s❡♥t❛t✐♦♥✮✱ ❛♥❞ t❤❡ ❢❛❝t♦rs X ❛♥❞ Y ❛r❡ s✇❛♣♣❡❞✳

✕ Σ′ = Σ− {a, b, c}
✕ T ′ = T − {(a, b, c)}

✕ ψ′ :
Σ′ → J1 ; nK
σ 7→ τ−1(ψ(σ))

(✇✐t❤ τ = τ [a, b, c, ψ])✳

❆ ✸❉❚✲st❡♣ ❤❛s t✇♦ ❡✛❡❝ts ♦♥ ❛ ✸❉❚✲✐♥st❛♥❝❡✱ ❛s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳✸✳
❚❤❡ ✜rst ✐s t♦ r❡♠♦✈❡ ❛ ♥❡❝❡ss❛r✐❧② ✇❡❧❧✲♦r❞❡r❡❞ tr✐♣❧❡ ❢r♦♠ T ✭❤❡♥❝❡ ❢r♦♠ Σ✮✳ ❚❤❡
s❡❝♦♥❞ ✐s✱ ❜② ❛♣♣❧②✐♥❣ ❛ tr❛♥s♣♦s✐t✐♦♥ t♦ ψ✱ t♦ s❤✐❢t t❤❡ ♣♦s✐t✐♦♥ ♦❢ s♦♠❡ ♦❢ t❤❡
r❡♠❛✐♥✐♥❣ ❡❧❡♠❡♥ts✳ ◆♦t❡ t❤❛t ❛ tr✐♣❧❡ t❤❛t ✐s ♥♦t ✇❡❧❧✲♦r❞❡r❡❞ ✐♥ I ❝❛♥ ❜❡❝♦♠❡
✇❡❧❧✲♦r❞❡r❡❞ ✐♥ I ′✱ ♦r ✈✐❝❡✲✈❡rs❛✳ ■♥ ❊①❛♠♣❧❡ ✶✳✶✱ I ′ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ I ✈✐❛ ❛
✸❉❚✲st❡♣✿ I (a1, b1, c1)

−−−−−−−−→I ′✳ ▼♦r❡♦✈❡r✱ I ′ (a2, b2, c2)−−−−−−−−→ε✳ ❆ ♠♦r❡ ❝♦♠♣❧❡① ❡①❛♠♣❧❡ ✐s ❣✐✈❡♥
✐♥ ❋✐❣✉r❡ ✶✳✹✳

◆♦t❡ t❤❛t ❛ ✸❉❚✲st❡♣ tr❛♥s❢♦r♠s t❤❡ ❢✉♥❝t✐♦♥ succI ✐♥t♦ succI′ = τ−1 ◦succI ◦ τ ✱
r❡str✐❝t❡❞ t♦ L′✱ t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ♥❡✇ ✐♥st❛♥❝❡ I ′✳ ■♥❞❡❡❞✱ ❢♦r ❛❧❧ (a, b, c) ∈ T ′✱ ✇❡
❤❛✈❡

succI′(ψ
′(a)) = ψ′(b)

= τ−1(ψ(b))

= τ−1(succI(ψ(a)))

= τ−1(succI(τ(ψ
′(a))))

= (τ−1 ◦ succI ◦ τ)(ψ
′(a))

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s s✐♠✐❧❛r ❢♦r ψ′(b) ❛♥❞ ψ′(c)✳

❉❡✜♥✐t✐♦♥ ✶✳✾ ✭✸❉❚✲❝♦❧❧❛♣s✐❜✐❧✐t②✮✳ ❆ ✸❉❚✲✐♥st❛♥❝❡ I = 〈Σ, T, ψ〉 ✐s s❛✐❞ t♦ ❜❡
✸❉❚✲❝♦❧❧❛♣s✐❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ✸❉❚✲✐♥st❛♥❝❡s Ik, Ik−1, . . . , I0 s✉❝❤ t❤❛t

Ik = I

∀i ∈ J1 ; kK , ∃(a, b, c) ∈ T, Ii
(a, b, c)
−−−−−→Ii−1

I0 = ε

■♥ ❊①❛♠♣❧❡ ✶✳✶✱ I ❛♥❞ I ′ ❛r❡ ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✱ s✐♥❝❡ I (a1, b1, c1)
−−−−−−−−→I ′

(a2, b2, c2)
−−−−−−−−→ε✳ ❆♥✲

♦t❤❡r ❡①❛♠♣❧❡ ✐s t❤❡ ✸❉❚✲✐♥st❛♥❝❡ ❞❡✜♥❡❞ ✐♥ ❋✐❣✉r❡ ✶✳✹✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❡①❛♠♣❧❡
♦❢ ❋✐❣✉r❡ ✶✳✹✱ t❤❡r❡ ❛r❡ ✐♥ ❢❛❝t t✇♦ ❞✐st✐♥❝t ♣❛t❤s ❧❡❛❞✐♥❣ t♦ t❤❡ ❡♠♣t② ✐♥st❛♥❝❡✳

✶✳✷✳✸ ❊q✉✐✈❛❧❡♥❝❡ ✇✐t❤ t❤❡ ❚r❛♥s♣♦s✐t✐♦♥ ❉✐st❛♥❝❡

❉❡✜♥✐t✐♦♥ ✶✳✶✵✳ ▲❡t I = 〈Σ, T, ψ〉 ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ♦❢ s♣❛♥ n ✇✐t❤ ❞♦♠❛✐♥ L✱
❛♥❞ π ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ J0 ; nK✳ ❲❡ s❛② t❤❛t I ❛♥❞ π ❛r❡ ❡q✉✐✈❛❧❡♥t✱ ❛♥❞ ✇❡ ✇r✐t❡
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a1 e a2 b1 d b2 c1 f c2

� d b2 � e a2 � f c2 a1 e � c1 f � b1 d �

� � a2 � � b2 � � c2 a1 � � b1 � � c1 � �

��� ��� ���

(a1, b1, c1) (a2, b2, c2)

(d, e, f) (d, e, f)

(a2, b2, c2) (a1, b1, c1)

❋✐❣✉r❡ ✶✳✹✿ P♦ss✐❜❧❡ ✸❉❚✲st❡♣s ❢r♦♠ t❤❡ ✐♥st❛♥❝❡ I ❞❡✜♥❡❞ ❜② t❤❡ ✇♦r❞
a1 e a2 b1 d b2 c1 f c2 ❛♥❞ t❤❡ s❡t ♦❢ tr✐♣❧❡s T = {(a1, b1, c1), (a2, b2, c2), (d, e, f)}✳
❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡r❡ ✐s ❛ ♣❛t❤ ❢r♦♠ I t♦ ε✱ ❤❡♥❝❡ I ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✳ ◆♦t❡ t❤❛t
❜♦t❤ (a1, b1, c1) ❛♥❞ (a2, b2, c2) ❛r❡ ✇❡❧❧✲♦r❞❡r❡❞ ✐♥ t❤❡ ✐♥✐t✐❛❧ ✐♥st❛♥❝❡✱ ❡❛❝❤ ♦♥❡ ❧♦s❡s
t❤✐s ♣r♦♣❡rt② ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ✸❉❚✲st❡♣ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♦t❤❡r✱ ❛♥❞ ❜❡❝♦♠❡s
✇❡❧❧✲♦r❞❡r❡❞ ❛❣❛✐♥ ❛❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ✸❉❚✲st❡♣ ❛ss♦❝✐❛t❡❞ t♦ (d, e, f)✳

I ∼ π✱ ✐❢✿
π(0)= 0,

∀v ∈ J1 ; nK− L, π(v)= π(v − 1) + 1,
∀v ∈ L, π(v)= π(succ−1

I (v)− 1) + 1.

❲✐t❤ s✉❝❤ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ I ∼ π✱ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞✿
✕ ❚❤❡ ❜r❡❛❦♣♦✐♥ts ♦❢ π ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❡❧❡♠❡♥ts ♦❢ L ✭s❡❡ Pr♦♣❡rt② ✶✳✻✮✳
✕ ❚❤❡ tr✐♣❧❡s ♦❢ ❜r❡❛❦♣♦✐♥ts t❤❛t ♠❛② ❜❡ r❡s♦❧✈❡❞ ✐♠♠❡❞✐❛t❡❧② ❜② ❛ s✐♥❣❧❡
tr❛♥s♣♦s✐t✐♦♥ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✇❡❧❧✲♦r❞❡r❡❞ tr✐♣❧❡s ♦❢ T ✭s❡❡ ❋✐❣✉r❡ ✶✳✺ ❛♥❞
▲❡♠♠❛ ✶✳✽✮✳

Pr♦♣❡rt② ✶✳✻✳ ▲❡t I = 〈Σ, T, ψ〉 ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ♦❢ s♣❛♥ n ✇✐t❤ ❞♦♠❛✐♥ L✱ ❛♥❞
π ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ J0 ; nK✱ s✉❝❤ t❤❛t I ∼ π✳ ❚❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❜r❡❛❦♣♦✐♥ts ♦❢
π ✐s db(π) = |L| = 3|T |✳

Pr♦♦❢✳ ▲❡t v ∈ J1 ; nK✳ ❇② ❉❡✜♥✐t✐♦♥ ✶✳✶✵✱ ✇❡ ❤❛✈❡✿

succI :

u : · · · i−1 i · · · j−1 j · · · k−1 k · · ·

π(u) : · · · π(j)−1 π(i) · · · π(k)−1 π(j) · · · π(i)−1 π(k) · · ·

❋✐❣✉r❡ ✶✳✺✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ I ∼ π ♦♥ t❤r❡❡ ✐♥t❡❣❡rs (i, j, k) s✉❝❤ t❤❛t
j = succI(i) ❛♥❞ k = succI(j)✳ ■t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ t❤❛t π(v) = π(u − 1) + 1 ❢♦r ❛♥②
(u, v) ∈ {(i, j), (j, k), (k, i)}✳



✶✳✷✳ ✸✲❉❊▲❊❚■❖◆ ❆◆❉ ❚❘❆◆❙P❖❙■❚■❖◆ ❖P❊❘❆❚■❖◆❙ ✶✾

I : a1 a2 a3 b2 c3 b1 b3 c1 c2 T = {(ai, bi, ci) | 1 ≤ i ≤ 3}

(a1, b1, c1) π : 0 6 4 8 7 2 1 5 3 9

τ I ′ : � b3 � a2 a3 b2 c3 � c2 T ′ = {(ai, bi, ci) | 2 ≤ i ≤ 3}

π′
: 0 1 5 6 4 8 7 2 3 9

❋✐❣✉r❡ ✶✳✻✿ ■❧❧✉str❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✶✳✼✿ s✐♥❝❡ I ∼ π ❛♥❞ I (a1, b1, c1)
−−−−−−−−→I ′✱ t❤❡♥ I ′ ∼ π′ =

π ◦ τ ✱ ✇❤❡r❡ τ = τ [a1, b1, c1, ψ]✳

■❢ v /∈ L✱ t❤❡♥ π(v) = π(v − 1) + 1✱ s♦
〈

v − 1, v
〉

✐s ❛♥ ❛❞❥❛❝❡♥❝② ♦❢ π✳
■❢ v ∈ L✱ ✇❡ ✇r✐t❡ u = succ−1

I (v)✱ s♦ π(v) = π(u−1)+1✳ ❙✐♥❝❡ succI ❤❛s ♥♦ ✜①❡❞✲
♣♦✐♥t✱ ✇❡ ❤❛✈❡ u 6= v✱ ✇❤✐❝❤ ✐♠♣❧✐❡s π(u−1) 6= π(v−1)✳ ❍❡♥❝❡✱ π(v) 6= π(v−1)+1✱
❛♥❞

〈

v − 1, v
〉

✐s ❛ ❜r❡❛❦♣♦✐♥t ♦❢ π✳
❈♦♥s❡q✉❡♥t❧② t❤❡ ♥✉♠❜❡r ♦❢ ❜r❡❛❦♣♦✐♥ts ♦❢ π ✐s ❡①❛❝t❧② |L|✱ ❛♥❞ |L| = 3|T | ❜②

Pr♦♣❡rt② ✶✳✺✳

❲✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❛ ✸❉❚✲✐♥st❛♥❝❡
❛♥❞ ❛ ♣❡r♠✉t❛t✐♦♥ ✐s ♣r❡s❡r✈❡❞ ❛❢t❡r ❛ ✸❉❚✲st❡♣✱ s❡❡ ❋✐❣✉r❡ ✶✳✻✳

▲❡♠♠❛ ✶✳✼✳ ▲❡t I = 〈Σ, T, ψ〉 ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ♦❢ s♣❛♥ n✱ ❛♥❞ π ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥

♦❢ J0 ; nK✱ s✉❝❤ t❤❛t I ∼ π✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ✸❉❚✲st❡♣ I (a, b, c)
−−−−−→I ′ ❢♦r s♦♠❡ ✇❡❧❧✲♦r❞❡r❡❞

tr✐♣❧❡ (a, b, c) ∈ T ✱ t❤❡♥ I ′ ❛♥❞ π′ = π ◦ τ ✱ ✇❤❡r❡ τ = τ [a, b, c, ψ]✱ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

Pr♦♦❢✳ ❲❡ ✇r✐t❡ (i, j, k) ❢♦r t❤❡ ✐♥❞✐❝❡s s✉❝❤ t❤❛t τ = τi,j,k ✭❜② ❞❡✜♥✐t✐♦♥✱ i =
min{ψ(a), ψ(b), ψ(c)}✱ j = succI(i)✱ k = succI(j)✮✳ ❙✐♥❝❡ (a, b, c) ✐s ✇❡❧❧✲♦r❞❡r❡❞✱ ✇❡
❤❛✈❡ i < j < k✳

❲❡ ❤❛✈❡ I ′ = 〈Σ′, T ′, ψ′〉✱ ✇✐t❤ Σ′ = Σ − {a, b, c}✱ T ′ = T − {(a, b, c)}✱ ❛♥❞
ψ′ : σ 7→ τ−1(ψ(σ))✳ ❲❡ ✇r✐t❡ r❡s♣❡❝t✐✈❡❧② L ❛♥❞ L′ ❢♦r t❤❡ ❞♦♠❛✐♥s ♦❢ I ❛♥❞ I ′✳
❋♦r ❛❧❧ v′ ∈ J1 ; nK✱ ✇❡ ❤❛✈❡

v′ ∈ L′ ⇔ ∃σ ∈ Σ− {a, b, c}, v′ = τ−1(ψ(σ))

⇔ τ(v′) ∈ L− {i, j, k}

❲❡ ♣r♦✈❡ t❤❡ ✸ r❡q✉✐r❡❞ ♣r♦♣❡rt✐❡s ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✵✮ s❡q✉❡♥t✐❛❧❧②✿
✕ π′(0) = π(τ(0)) = π(0) = 0✱
✕ ∀v′ ∈ J1 ; nK − L′✱ ❧❡t v = τ(v′)✳ ❙✐♥❝❡ v′ /∈ L′✱ ✇❡ ❤❛✈❡ ❡✐t❤❡r v ∈ {i, j, k}✱
♦r v /∈ L✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ✇r✐t❡ u = succ−1

I (v) ✭t❤❡♥ u ∈ {i, j, k}✮✳ ❇②
Pr♦♣❡rt② ✶✳✷✱ τ−1(u−1) ✐s ❡q✉❛❧ t♦ τ−1(succI(u))−1✱ s♦ τ−1(u−1) = τ−1(v)−1✳
❍❡♥❝❡✱

π′(v′ − 1) + 1 = π(τ(τ−1(v)− 1)) + 1

= π(u− 1) + 1

= π(v) ❜② ❉❡❢✳ ✶✳✶✵✱ s✐♥❝❡ v ∈ L ❛♥❞ v = succI(u)

= π′(v′)

■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ v /∈ L✱ ✇❡ ❤❛✈❡

π′(v′ − 1) + 1 = π(τ(τ−1(v)− 1)) + 1

= π(τ(τ−1(v − 1))) + 1 ❜② Pr♦♣✳ ✶✳✷✱ s✐♥❝❡ v /∈ {i, j, k}
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= π(v − 1) + 1

= π(v) ❜② ❉❡❢✳ ✶✳✶✵✱ s✐♥❝❡ v /∈ L

= π′(v′)

■♥ ❜♦t❤ ❝❛s❡s✱ ✇❡ ✐♥❞❡❡❞ ❤❛✈❡ π′(v′ − 1) + 1 = π′(v′)✳
✕ ▲❡t v′ ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ L′✳ ❲❡ ✇r✐t❡ v = τ(v′)✱ u = succ−1

I (v)✱ ❛♥❞ u′ = τ−1(u)✳
❚❤❡♥ v′ = τ−1(succI(τ(u

′))) = succI′(u
′)✳ ▼♦r❡♦✈❡r✱ v /∈ {i, j, k}✱ ❤❡♥❝❡

u /∈ {i, j, k}✳

π′(u′ − 1) + 1 = π(τ(τ−1(u)− 1)) + 1

= π(τ(τ−1(u− 1))) + 1 ❜② Pr♦♣✳ ✶✳✷✱ s✐♥❝❡ u /∈ {i, j, k}

= π(u− 1) + 1

= π(v) ❜② ❉❡❢✳ ✶✳✶✵✱ s✐♥❝❡ v ∈ L ❛♥❞ u = succ−1
I (v)

= π(τ(τ−1(v)))

= π′(v′)

▲❡♠♠❛ ✶✳✽✳ ▲❡t I = 〈Σ, T, ψ〉 ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ♦❢ s♣❛♥ n✱ ❛♥❞ π ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢
J0 ; nK✱ s✉❝❤ t❤❛t I ∼ π✳ ■❢ t❤❡r❡ ❡①✐sts ❛ tr❛♥s♣♦s✐t✐♦♥ τ = τi,j,k s✉❝❤ t❤❛t db(π◦τ) =
db(π)− 3✱ t❤❡♥ T ❝♦♥t❛✐♥s ❛ ✇❡❧❧✲♦r❞❡r❡❞ tr✐♣❧❡ (a, b, c) s✉❝❤ t❤❛t τ = τ [a, b, c, ψ]✳

Pr♦♦❢✳ ❲❡ ✇r✐t❡ i′ = τ−1(i)✱ j′ = τ−1(j)✱ ❛♥❞ k′ = τ−1(k)✳ ◆♦t❡ ❛❧s♦ t❤❛t i < j < k✳
▲❡t π′ = π ◦ τ ✳ ❋♦r ❛❧❧ x ∈ J1 ; nK − {i, j, k}✱ ✇❡ ❤❛✈❡✱ ❜② Pr♦♣❡rt② ✶✳✸✱ t❤❛t

〈

x− 1, x
〉

✐s ❛♥ ❛❞❥❛❝❡♥❝② ♦❢ π ✐✛
〈

τ−1(x)− 1, τ−1(x)
〉

✐s ❛♥ ❛❞❥❛❝❡♥❝② ♦❢ π′✳ ❍❡♥❝❡✱
s✐♥❝❡ db(π′) = db(π)−3✱ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ t❤❛t

〈

i− 1, i
〉

✱
〈

j − 1, j
〉

❛♥❞
〈

k − 1, k
〉

❛r❡ ❜r❡❛❦♣♦✐♥ts ♦❢ π✱ ❛♥❞
〈

i′ − 1, i′
〉

✱
〈

j′ − 1, j′
〉

❛♥❞
〈

k′ − 1, k′
〉

❛r❡ ❛❞❥❛❝❡♥❝✐❡s ♦❢ π′✳
❲❡ ❤❛✈❡

π(i) = π(τ(i′))

= π′(i′)

= π′(i′ − 1) + 1 s✐♥❝❡
〈

i′ − 1, i′
〉

✐s ❛♥ ❛❞❥❛❝❡♥❝② ♦❢ π′

= π′(τ−1(i)− 1) + 1

= π′(τ−1(k − 1)) + 1 ❜② Pr♦♣✳ ✶✳✷

= π(k − 1) + 1

❙✐♥❝❡ I ∼ π ❛♥❞ i 6= k✱ ❜② ❉❡✜♥✐t✐♦♥ ✶✳✶✵✱ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ i ∈ L ✭✇❤❡r❡ L ✐s t❤❡
❞♦♠❛✐♥ ♦❢ I✮✱ ❛♥❞ i = succI(k)✳

❯s✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞ ✇✐t❤ (j′ − 1, j′) ❛♥❞ (k′ − 1, k′)✱ ✇❡ ♦❜t❛✐♥ j, k ∈ L✱
j = succI(i) ❛♥❞ k = succI(j)✳ ❍❡♥❝❡✱ T ❝♦♥t❛✐♥s ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ tr✐♣❧❡s✿
(ψ−1(i), ψ−1(j), ψ−1(k))✱ (ψ−1(j), ψ−1(k), ψ−1(i))✱ ♦r (ψ−1(k), ψ−1(i), ψ−1(j))✳ ❲r✐t✲
✐♥❣ (a, b, c) t❤✐s tr✐♣❧❡✱ ✇❡ ✐♥❞❡❡❞ ❤❛✈❡ τi,j,k = τ [a, b, c, ψ] s✐♥❝❡ i < j < k✳

❚❤❡♦r❡♠ ✶✳✾✳ ▲❡t I = 〈Σ, T, ψ〉 ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ♦❢ s♣❛♥ n ✇✐t❤ ❞♦♠❛✐♥ L✱
❛♥❞ π ❜❡ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ J0 ; nK✱ s✉❝❤ t❤❛t I ∼ π✳ ❚❤❡♥ I ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡ ✐✛
dt(π) = |T | = db(π)/3✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k = |T |✳ ❋♦r k = 0✱ ♥❡❝❡ss❛r✐❧②
I = ε ❛♥❞ L = T = ∅✱ ❛♥❞ ❜② ❉❡✜♥✐t✐♦♥ ✶✳✶✵✱ π = In ✭π(0) = 0✱ ❛♥❞ ❢♦r ❛❧❧
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v > 0✱ π(v) = π(v − 1) + 1✮✳ ■♥ t❤✐s ❝❛s❡✱ I ✐s tr✐✈✐❛❧❧② ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✱ ❛♥❞
dt(π) = 0 = |T | = db(π)/3✳

❙✉♣♣♦s❡ ♥♦✇ k = k′ + 1✱ ✇✐t❤ k′ ≥ 0✱ ❛♥❞ t❤❡ t❤❡♦r❡♠ ✐s tr✉❡ ❢♦r k′✳ ❇②
Pr♦♣❡rt② ✶✳✻✱ ✇❡ ❤❛✈❡ db(π) = 3k✱ ❛♥❞ ❜② Pr♦♣❡rt② ✶✳✹✱ dt(π) ≥ 3k/3 = k✳

❆ss✉♠❡ ✜rst t❤❛t I ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❜♦t❤ ❛ tr✐♣❧❡ (a, b, c) ∈ T
❛♥❞ ❛ ✸❉❚✲✐♥st❛♥❝❡ I ′ = 〈Σ′, T ′, ψ′〉 s✉❝❤ t❤❛t I (a, b, c)

−−−−−→I ′ ❛♥❞ I ′ ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✳
❙✐♥❝❡ T ′ = T − {(a, b, c)}✱ t❤❡ s✐③❡ ♦❢ T ′ ✐s k − 1 = k′✳ ❇② ▲❡♠♠❛ ✶✳✼✱ ✇❡ ❤❛✈❡
I ′ ∼ π′ = π ◦ τ ✱ ✇✐t❤ τ = τ [a, b, c, ψ]✳ ❯s✐♥❣ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❦♥♦✇ t❤❛t
dt(π

′) = k′✳ ❙♦ t❤❡ tr❛♥s♣♦s✐t✐♦♥ ❞✐st❛♥❝❡ ❢r♦♠ π = π′ ◦ τ−1 t♦ t❤❡ ✐❞❡♥t✐t② ✐s ❛t
♠♦st✱ ❤❡♥❝❡ ❡①❛❝t❧②✱ k′ + 1 = k✳

❆ss✉♠❡ ♥♦✇ t❤❛t dt(π) = k✳ ❲❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ π ✐♥t♦ π = π′ ◦ τ−1✱ ✇❤❡r❡
τ ✐s ❛ tr❛♥s♣♦s✐t✐♦♥ ❛♥❞ π′ ❛ ♣❡r♠✉t❛t✐♦♥ s✉❝❤ t❤❛t dt(π′) = k − 1 = k′✳ ❙✐♥❝❡ π
❤❛s 3k ❜r❡❛❦♣♦✐♥ts ✭Pr♦♣❡rt② ✶✳✻✮✱ ❛♥❞ π′ = π ◦ τ ❤❛s ❛t ♠♦st 3k − 3 ❜r❡❛❦♣♦✐♥ts
✭Pr♦♣❡rt② ✶✳✹✮✱ τ ♥❡❝❡ss❛r✐❧② r❡♠♦✈❡s 3 ❜r❡❛❦♣♦✐♥ts✱ ❛♥❞ ✇❡ ❝❛♥ ✉s❡ ▲❡♠♠❛ ✶✳✽✿
t❤❡r❡ ❡①✐sts ❛ ✸❉❚✲st❡♣ I (a, b, c)

−−−−−→I ′✱ ✇❤❡r❡ (a, b, c) ∈ T ✐s ❛ ✇❡❧❧✲♦r❞❡r❡❞ tr✐♣❧❡ ❛♥❞
τ = τ [a, b, c, ψ]✳ ❲❡ ❝❛♥ ♥♦✇ ✉s❡ ▲❡♠♠❛ ✶✳✼✱ ✇❤✐❝❤ ②✐❡❧❞s I ′ ∼ π′ = π ◦ τ ✳ ❯s✐♥❣
t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ♦❜t❛✐♥ t❤❛t I ′ ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✱ ❤❡♥❝❡ I ✐s ❛❧s♦ ✸❉❚✲
❝♦❧❧❛♣s✐❜❧❡✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳

❚❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ❣✐✈❡s ❛ ✇❛② t♦ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡❝✐❞✐♥❣ ✐❢ ❛ ✸❉❚✲
✐♥st❛♥❝❡ ✐s ❝♦❧❧❛♣s✐❜❧❡ t♦ t❤❡ ❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s ♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱ ✐t
♠✉st ❜❡ ✉s❡❞ ❝❛r❡❢✉❧❧②✱ s✐♥❝❡ t❤❡r❡ ❡①✐st ✸❉❚✲✐♥st❛♥❝❡s t♦ ✇❤✐❝❤ ♥♦ ♣❡r♠✉t❛t✐♦♥ ✐s
❡q✉✐✈❛❧❡♥t ✭❢♦r ❡①❛♠♣❧❡✱ I = a1 a2 b1 b2 c1 c2 ❛❞♠✐ts ♥♦ ♣❡r♠✉t❛t✐♦♥ π ♦❢ J0 ; 6K
s✉❝❤ t❤❛t I ∼ π✮✳

✶✳✷✳✹ P❛r❛❧❧❡❧ ✇✐t❤ t❤❡ ❈②❝❧❡ ●r❛♣❤

❚❤✐s s❡❝t✐♦♥ ❣✐✈❡s ❛♥♦t❤❡r ♣♦✐♥t ♦❢ ✈✐❡✇ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✸❉❚✲✐♥st❛♥❝❡s✱ ✐♥
s✉❝❤ ❛ ✇❛② t❤❛t t❤❡② ✭❛❧♠♦st✮ ♠❛t❝❤ ❝②❝❧❡ ❣r❛♣❤s✱ ❛s ❞❡✜♥❡❞ ✐♥ ❬✶✹❪✳ ■t ✐s ❣✐✈❡♥
❛s ❛ s✐❞❡ r❡♠❛r❦ ❛♥❞ ✇✐❧❧ ♥♦t ❜❡ ✉s❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤❡ r❡❞✉❝t✐♦♥✱ ❤❡♥❝❡ ✐t ✐s ♥♦t
❞❡s❝r✐❜❡❞ ✇✐t❤ ❛♥ ♦✈❡r✲❢♦r♠❛❧ ✈♦❝❛❜✉❧❛r②✱ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ r❡❛❞❡r ✐s ❛❧r❡❛❞②
❢❛♠✐❧✐❛r ✇✐t❤ ❝②❝❧❡ ❣r❛♣❤s✳ ❚❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✉r❡ ✶✳✼✳

❆ ✸❉❚✲✐♥st❛♥❝❡ ❜❡❤❛✈❡s s✐♠✐❧❛r❧② t♦ ❛ ❝②❝❧❡ ❣r❛♣❤ ❝♦♥t❛✐♥✐♥❣ ♦♥❧② ✶✲ ❛♥❞ ✸✲
❝②❝❧❡s✱ t❤❛t ✐s✱ t❤❡ ❝②❝❧❡✲❣r❛♣❤ ♦❢ ❛ s♦✲❝❛❧❧❡❞ ✸✲♣❡r♠✉t❛t✐♦♥✳ ❊❛❝❤ σ ∈ Σ ❝♦rr❡s♣♦♥❞s
t♦ ❛ r❡❛❧✐t② ❛r❝ ✐♥ ❛ ✸✲❝②❝❧❡ ✭❛ tr✐♣❧❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✸✲❝②❝❧❡✮✱ ❛♥❞ ❡❛❝❤ ♦t❤❡r ♣♦s✐t✐♦♥
i ∈ J1 ; nK s✉❝❤ t❤❛t ui = � ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡❛❧✐t② ❛r❝ ♦❢ ❛ ✶✲❝②❝❧❡✳ ❚❤❡ succI
❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❛❦✐♥❣ t❤❡ ♥❡①t r❡❛❧✐t② ❛r❝ ✐♥ ❛ ❝②❝❧❡✳ ❆ tr✐♣❧❡ ✐s ✇❡❧❧✲♦r❞❡r❡❞
✐❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝②❝❧❡ ✐s ♦r✐❡♥t❡❞ ✐♥ t❤❡ ❣r❛♣❤✱ ❛♥❞✱ ❢♦r s✉❝❤ tr✐♣❧❡s✱ ❢♦❧❧♦✇✐♥❣
❛ ✸❉❚✲st❡♣ ❝♦rr❡s♣♦♥❞s t♦ ❜r❡❛❦✐♥❣ t❤❡ ✸✲❝②❝❧❡ ✐♥t♦ t❤r❡❡ ✶✲❝②❝❧❡s ✭✇❤✐❝❤ ♠❛② ❛❧s♦
❝❤❛♥❣❡ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ s♦♠❡ ♦t❤❡r ❝②❝❧❡s✮✳

●✐✈❡♥ s✉❝❤ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛ ✸❉❚✲✐♥st❛♥❝❡ I ❛♥❞ t❤❡ ❝②❝❧❡ ❣r❛♣❤ G ♦❢
❛ ♣❡r♠✉t❛t✐♦♥ π✱ ✇❡ ♦❜t❛✐♥ t❤❛t I ✐s ❡q✉✐✈❛❧❡♥t t♦ π✱ ❛♥❞ t❤❛t I ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡
✐✛ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ tr❛♥s♣♦s✐t✐♦♥s ❡❛❝❤ ❜r❡❛❦✐♥❣ ❛ ✸✲❝②❝❧❡ ♦❢ G ✭✐✳❡✳✱ ✐✛
dt(π) = db(π)/3✮✳

❍♦✇❡✈❡r✱ ✸❉❚✲✐♥st❛♥❝❡s ❛r❡ ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ ❝②❝❧❡ ❣r❛♣❤s✿ ❝②❝❧❡ ❣r❛♣❤s ❛r❡
❞❡✜♥❡❞ ❢r♦♠ t❤❡ ♣❡r♠✉t❛t✐♦♥s t❤❡② r❡♣r❡s❡♥t ✇❤✐❧❡ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✸❉❚✲✐♥st❛♥❝❡s
❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✇✐t❤♦✉t r❡❢❡rr✐♥❣ t♦ ❛ ♣❡r♠✉t❛t✐♦♥✱ ❤❡♥❝❡ t❤❡r❡ ✐s ♥♦ ❝②❝❧❡ ❣r❛♣❤
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝❡rt❛✐♥ ✸❉❚✲✐♥st❛♥❝❡s ✭❡✳❣✳✱ I = a1 a2 b1 b2 c1 c2✮✳ ❈♦♥s❡q✉❡♥t❧②✱
✇❡ ❝❛♥ ❢♦❝✉s ❡①❝❧✉s✐✈❡❧② ♦♥ t❤❡ ✇❛② tr✐♣❧❡s ❛r❡ ♦r❞❡r❡❞ ❛♥❞ ❤♦✇ t❤❡② ♦✈❡r❧❛♣ ✕ t❤✐s
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0 2 4 65 1 3 c2a2b2 b1 c1a1

(a1, b1, c1) τ0,2,4

0 1 4 5 2 3 6c2a2 b2� ��

❋✐❣✉r❡ ✶✳✼✿ ❚❤❡ ✸❉❚✲✐♥st❛♥❝❡ a1 b2 b1 a2 c1 c2 s❡❡♥ ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝②❝❧❡ ❣r❛♣❤✱
✐✳❡✳✱ t❤❡ ❝②❝❧❡ ❣r❛♣❤ ♦❢ ♣❡r♠✉t❛t✐♦♥

〈

0, 5, 2, 1, 4, 3, 6
〉

✳ ❚❤❡ ♦r❞❡r❡❞ tr✐♣❧❡ (a1, b1, c1)
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♦✈❡r✲❧✐♥❡❞ ♦r✐❡♥t❡❞ ✸✲❝②❝❧❡✱ ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ✸❉❚✲st❡♣ r❡♠♦✈✐♥❣
t❤✐s tr✐♣❧❡ ❝♦rr❡s♣♦♥❞s t♦ ❜r❡❛❦✐♥❣ t❤❡ ❝②❝❧❡ ✐♥t♦ ✶✲❝②❝❧❡s✳

t❛s❦ ❛❧♦♥❡ ✐s t❤❡ ♠♦st ❝♦♠♣❧❡① ♦♥❡✱ s❡❡ ❙❡❝t✐♦♥ ✶✳✸✳ ❚❤❡ ♠❛✐♥ ❞r❛✇❜❛❝❦ ✐s t❤❛t ✇❡
♥❡❡❞ t♦ ✈❡r✐❢②✱ ❛❢t❡r✇❛r❞s✱ t❤❛t t❤❡r❡ ✐♥❞❡❡❞ ❡①✐st ♣❡r♠✉t❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ ✸❉❚✲✐♥st❛♥❝❡s ✇❡ ❜✉✐❧❞ ✭❙❡❝t✐♦♥ ✶✳✹✮✳

✶✳✸ ✸❉❚✲❝♦❧❧❛♣s✐❜✐❧✐t② ■s ◆P✲❍❛r❞ t♦ ❉❡❝✐❞❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡✱ ❢♦r ❛♥② ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛ φ✱ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ✸❉❚✲
✐♥st❛♥❝❡ Iφ✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❛t Iφ ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡ ✐✛ φ ✐s s❛t✐s✜❛❜❧❡✳

✶✳✸✳✶ ❇❧♦❝❦ ❙tr✉❝t✉r❡

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✸❉❚✲✐♥st❛♥❝❡ Iφ ✉s❡s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ❜❧♦❝❦s✱ ❞❡✲
✜♥❡❞ ❜❡❧♦✇✳ ❙♦♠❡ tr✐♣❧❡s ✇✐❧❧ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛ ❜❧♦❝❦✱ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ✐ts ❜❡❤❛✈✐♦r✱
✇❤✐❧❡ ♦t❤❡rs ✇✐❧❧ ❜❡ s❤❛r❡❞ ❜❡t✇❡❡♥ t✇♦ ❜❧♦❝❦s✱ ✐♥ ♦r❞❡r t♦ ♣❛ss ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡
❢♦r♠❡r ❛r❡ ✉♥❝♦♥str❛✐♥❡❞✱ s♦ t❤❛t ✇❡ ❝❛♥ ❞❡s✐❣♥ ❜❧♦❝❦s ✇✐t❤ t❤❡ ❜❡❤❛✈✐♦r ✇❡ ♥❡❡❞
✭❢♦r ❡①❛♠♣❧❡✱ ❜❧♦❝❦s ♠✐♠✐❝❦✐♥❣ ✉s✉❛❧ ❜♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✮✱ ✇❤✐❧❡ t❤❡ ❧❛tt❡r ♥❡❡❞ t♦
❢♦❧❧♦✇ s❡✈❡r❛❧ r✉❧❡s✱ s♦ t❤❛t t❤❡ ❜❧♦❝❦s ❝❛♥ ❝♦♥✈❡♥✐❡♥t❧② ❜❡ ❛rr❛♥❣❡❞ t♦❣❡t❤❡r✳

❉❡✜♥✐t✐♦♥ ✶✳✶✶ ✭l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥✮✳ ❆♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ B ♦❢ ❛ ✸❉❚✲
✐♥st❛♥❝❡ I ♦❢ s♣❛♥ n ✐s ❛♥ l✲t✉♣❧❡ ♦❢ ✐♥t❡❣❡rs (s1, . . . , sl) s✉❝❤ t❤❛t s1 = 0✱ sh < sh+1

❢♦r ❛❧❧ h ∈ J1 ; l − 1K✱ ❛♥❞ sl < n✳ ❲❡ ✇r✐t❡ th = sh+1 ❢♦r h ∈ J1 ; l − 1K✱ ❛♥❞ tl = n✳
▲❡t I = 〈Σ, T, ψ〉✳ ❋♦r h ∈ J1 ; lK✱ t❤❡ ❢❛❝t♦r ush+1 ush+2 . . . uth ♦❢ t❤❡ ✇♦r❞

r❡♣r❡s❡♥t❛t✐♦♥ u1 u2 . . . un ♦❢ I ✐s ❝❛❧❧❡❞ t❤❡ ❢✉❧❧ ❜❧♦❝❦ B�h ✭✐t ✐s ❛ ✇♦r❞ ♦✈❡r Σ∪{�}✮✳

❚❤❡ s✉❜s❡q✉❡♥❝❡ ♦❢ B�h ✇❤❡r❡ ❡✈❡r② ♦❝❝✉rr❡♥❝❡ ♦❢ � ✐s ❞❡❧❡t❡❞ ✐s ❝❛❧❧❡❞ t❤❡ ❜❧♦❝❦ Bh✳
❋♦r σ ∈ Σ✱ ✇❡ ✇r✐t❡ blockI,B(σ) = h ✐❢ ψ(σ) ∈ Jsh + 1 ; thK ✭❡q✉✐✈❛❧❡♥t❧②✱ ✐❢ σ

❛♣♣❡❛rs ✐♥ t❤❡ ✇♦r❞ Bh✮✳ ❆ tr✐♣❧❡ (a, b, c) ∈ T ✐s s❛✐❞ t♦ ❜❡ ✐♥t❡r♥❛❧ ✐❢ blockI,B(a) =
blockI,B(b) = blockI,B(c)✱ ❛♥❞ ❡①t❡r♥❛❧ ♦t❤❡r✇✐s❡✳

■❢ τ ✐s ❛ tr❛♥s♣♦s✐t✐♦♥ s✉❝❤ t❤❛t ❢♦r ❛❧❧ h ∈ J1 ; lK✱ τ(sh) < τ(th)✱ ✇❡ ✇r✐t❡ τ [B]
❢♦r t❤❡ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ (τ(s1), . . . , τ(sl))✳
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■♥ t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♠♦st❧② ✇♦r❦ ✇✐t❤ ❜❧♦❝❦s ✐♥st❡❛❞ ♦❢ ❢✉❧❧ ❜❧♦❝❦s✱ s✐♥❝❡
✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ r❡❧❛t✐✈❡ ♦r❞❡r ♦❢ t❤❡ ❡❧❡♠❡♥ts✱ r❛t❤❡r t❤❛♥ t❤❡✐r ❛❝t✉❛❧
♣♦s✐t✐♦♥✳ ❋✉❧❧ ❜❧♦❝❦s ❛r❡ ♦♥❧② ✉s❡❞ ✐♥ ❞❡✜♥✐t✐♦♥s✱ ✇❤❡r❡ ✇❡ ✇❛♥t t♦ ❝♦♥tr♦❧ t❤❡ ❞♦ts
✐♥ t❤❡ ✇♦r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✸❉❚✲✐♥st❛♥❝❡s ✇❡ ❞❡✜♥❡✳ ◆♦t❡ t❤❛t✱ ❢♦r σ1, σ2 ∈ Σ
s✉❝❤ t❤❛t blockI,B(σ1) = blockI,B(σ2) = h✱ t❤❡ r❡❧❛t✐♦♥ σ1 ⊳ σ2 ✐s ❡q✉✐✈❛❧❡♥t t♦ σ1 σ2
✐s ❛ ❢❛❝t♦r ♦❢ Bh✳

Pr♦♣❡rt② ✶✳✶✵✳ ▲❡t B = (s1, . . . , sl) ❜❡ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ✸❉❚✲✐♥st❛♥❝❡
♦❢ s♣❛♥ n✱ ❛♥❞ i, j, k ∈ J1 ; nK ❜❡ t❤r❡❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t ✭❛✮ i < j < k ❛♥❞ ✭❜✮ ∃h0
s✉❝❤ t❤❛t sh0 < i < j ≤ th0 ♦r sh0 < j < k ≤ th0 ✭♦r ❜♦t❤✮✳ ❚❤❡♥ ❢♦r ❛❧❧ h ∈ J1 ; lK✱
τ−1
i,j,k(sh) < τ−1

i,j,k(th)✱ ❛♥❞ t❤❡ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ τ−1
i,j,k[B] ✐s ❞❡✜♥❡❞✳

Pr♦♦❢✳ ❋♦r ❛♥② h ∈ J1 ; lK✱ ✇❡ s❤♦✇ t❤❛t ✇❡ ❝❛♥♥♦t ❤❛✈❡ i ≤ sh < j ≤ th < k✳
■♥❞❡❡❞✱ sh < j ✐♠♣❧✐❡s h ≤ h0 ✭s✐♥❝❡ sh < j ≤ th0 = sh0+1✮✱ ❛♥❞ j ≤ th ✐♠♣❧✐❡s
h ≥ h0 ✭s✐♥❝❡ th0−1 = sh0 < j ≤ th✮✳ ❍❡♥❝❡ sh < j ≤ th ✐♠♣❧✐❡s h = h0✱ ❜✉t
i ≤ sh, th < k ❝♦♥tr❛❞✐❝ts ❜♦t❤ ❝♦♥❞✐t✐♦♥s sh0 < i ❛♥❞ k ≤ th0 ✿ ❤❡♥❝❡ t❤❡ r❡❧❛t✐♦♥
i ≤ sh < j ≤ th < k ✐s ✐♠♣♦ss✐❜❧❡✳

❇② Pr♦♣❡rt② ✶✳✶✱ s✐♥❝❡ sh < th ❢♦r ❛❧❧ h ∈ J1 ; lK✱ ❛♥❞ i ≤ sh < j ≤ th < k ❞♦❡s
♥♦t ❤♦❧❞✱ ✇❡ ❤❛✈❡ τ−1

i,j,k(sh) < τ−1
i,j,k(th)✱ ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t t♦ ❞❡✜♥❡ τ−1

i,j,k[B]✳

❚❤❡ ❛❜♦✈❡ ♣r♦♣❡rt② ②✐❡❧❞s t❤❛t✱ ✐❢ (a, b, c) ✐s ❛ ✇❡❧❧✲♦r❞❡r❡❞ tr✐♣❧❡ ♦❢ ❛ ✸❉❚✲
✐♥st❛♥❝❡ I = 〈Σ, T, ψ〉 ✭τ = τ [a, b, c, ψ]✮✱ ❛♥❞ B ✐s ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ I✱
t❤❡♥ τ−1[B] ✐s ❞❡✜♥❡❞ ✐❢ (a, b, c) ✐s ❛♥ ✐♥t❡r♥❛❧ tr✐♣❧❡✱ ♦r ❛♥ ❡①t❡r♥❛❧ tr✐♣❧❡ s✉❝❤ t❤❛t
♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t✐❡s ✐s s❛t✐s✜❡❞✿ blockI,B(a) = blockI,B(b)✱ blockI,B(b) =

blockI,B(c) ♦r blockI,B(c) = blockI,B(a)✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✸❉❚✲st❡♣ I
(a, b, c)
−−−−−→I ′ ✐s ✇r✐tt❡♥

(I,B) (a, b, c)
−−−−−→(I ′,B′)✱ ✇❤❡r❡ B′ = τ−1[B] ✐s ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ I ′✳

❉❡✜♥✐t✐♦♥ ✶✳✶✷ ✭❱❛r✐❛❜❧❡✮✳ ❆ ✈❛r✐❛❜❧❡ A ♦❢ ❛ ✸❉❚✲✐♥st❛♥❝❡ I = 〈Σ, T, ψ〉 ✐s ❛ ♣❛✐r
♦❢ tr✐♣❧❡s A = [(a, b, c), (x, y, z)] ♦❢ T ✳ ■t ✐s ✈❛❧✐❞ ✐♥ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ B ✐❢

✭✐✮ ∃h0 ∈ J1 ; lK s✉❝❤ t❤❛t blockI,B(b) = blockI,B(x) = blockI,B(y) = h0

✭✐✐✮ ∃h1 ∈ J1 ; lK✱ h1 6= h0✱ s✉❝❤ t❤❛t blockI,B(a) = blockI,B(c) = blockI,B(z) = h1

✭✐✐✐✮ ✐❢ x ≺ y✱ t❤❡♥ ✇❡ ❤❛✈❡ x ⊳ b ⊳ y

✭✐✈✮ a ≺ z ≺ c

❋♦r s✉❝❤ ❛ ✈❛❧✐❞ ✈❛r✐❛❜❧❡ A✱ t❤❡ ❜❧♦❝❦ Bh0 ❝♦♥t❛✐♥✐♥❣ {b, x, y} ✐s ❝❛❧❧❡❞ t❤❡ s♦✉r❝❡
♦❢ A ✭✇❡ ✇r✐t❡ source(A) = h0✮✱ ❛♥❞ t❤❡ ❜❧♦❝❦ Bh1 ❝♦♥t❛✐♥✐♥❣ {a, c, z} ✐s ❝❛❧❧❡❞
t❤❡ t❛r❣❡t ♦❢ A ✭✇❡ ✇r✐t❡ target(A) = h1✮✳ ❋♦r h ∈ J1 ; lK✱ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ ✇❤✐❝❤
Bh ✐s t❤❡ s♦✉r❝❡ ✭r❡s♣✳ t❤❡ t❛r❣❡t✮ ❛r❡ ❝❛❧❧❡❞ t❤❡ ♦✉t♣✉t ✭r❡s♣✳ t❤❡ ✐♥♣✉t✮ ♦❢ Bh✳

❚❤❡ ✸❉❚✲st❡♣ I (x, y, z)
−−−−−−→I ′ ✐s ❝❛❧❧❡❞ t❤❡ ❛❝t✐✈❛t✐♦♥ ♦❢ A ✭✐t r❡q✉✐r❡s t❤❛t (x, y, z) ✐s

✇❡❧❧✲♦r❞❡r❡❞✮✳

◆♦t❡ t❤❛t s✐♥❝❡ ❛ ✈❛❧✐❞ ✈❛r✐❛❜❧❡ A = [(a, b, c), (x, y, z)] s❛t✐s✜❡s blockI,B(x) =

blockI,B(y)✱ ✐ts ❛❝t✐✈❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ (I,B) (x, y, z)
−−−−−−→(I ′,B′)✳

❊①❛♠♣❧❡ ✶✳✷✳ ❈♦♥s✐❞❡r t❤❡ ✸❉❚✲✐♥st❛♥❝❡ I ✇✐t❤ t❤❡ ✷✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ B s✉❝❤
t❤❛t✿

I = d y e x b f d′ a f ′ z e′ c

✇✐t❤ tr✐♣❧❡s (a, b, c), (d, e, f), (d′, e′, f ′), (x, y, z)

B = (0, 6)



✷✹ ❈❍❆P❚❊❘ ✶✳ ❙❖❘❚■◆● ❇❨ ❚❘❆◆❙P❖❙■❚■❖◆❙

❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ②✐❡❧❞s t✇♦ ❜❧♦❝❦s B1 = d y e x b f ❛♥❞ B2 = d′ a f ′ z e′ c✱ ✇❤✐❝❤
❝♦♥t❛✐♥ t✇♦ ✐♥t❡r♥❛❧ tr✐♣❧❡s (d, e, f) ❛♥❞ (d′, e′, f ′) ❛♥❞ t✇♦ ❡①t❡r♥❛❧ tr✐♣❧❡s ❢♦r♠✐♥❣
❛ ✈❛r✐❛❜❧❡ A = [(a, b, c), (x, y, z)]✳ ❲❡ ❣✐✈❡ ❜❡❧♦✇ ❛ s❡q✉❡♥❝❡ ♦❢ ✸❉❚✲st❡♣s ❧❡❛❞✐♥❣ t♦
t❤❡ ❡♠♣t② ✐♥st❛♥❝❡ ✭❢♦r ❡❛❝❤ st❡♣✱ t❤❡ t❤r❡❡ ❞❡❧❡t❡❞ ❡❧❡♠❡♥ts ❛r❡ ✐♥ ❜♦❧❞ ❢♦♥t✱ t❤❡
❡❧❡♠❡♥ts t❤❛t ❛r❡ s✇❛♣♣❡❞ ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s♣♦s✐t✐♦♥ ❛r❡ ✉♥❞❡r❧✐♥❡❞✱ ✈❡rt✐❝❛❧
❜❛rs ❣✐✈❡ t❤❡ ❧✐♠✐ts ♦❢ t❤❡ ❜❧♦❝❦s ✐♥ t❤❡ ✷✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❛♥❞ ❞♦t s②♠❜♦❧s ❛r❡
♦♠✐tt❡❞✮✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ❡①❛♠♣❧❡✱ ✈❛r✐❛❜❧❡ A ✐s ✈❛❧✐❞✱ ❛♥❞ r❡♠❛✐♥s ✈❛❧✐❞ ✉♥t✐❧ ✐ts
❛❝t✐✈❛t✐♦♥✳

I = |d y e x bf | d′ a f ′ z e′ c |

↓ (d, e, f) ■♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B1

I3 = |x by | d
′ a f ′ z e′ c |

↓ (x, y, z) ❆❝t✐✈❛t✐♦♥ ♦❢ A

I2 = | ε | d
′ a f ′ b e′ c |

↓ (a, b, c) ■♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B2

I1 = | ε |d
′ e′ f ′ |

↓ (d′, e′, f ′) ■♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B2

I0 = | ε | ε | = ε

Pr♦♣❡rt② ✶✳✶✶✳ ▲❡t (I,B) ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ✇✐t❤ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❛♥❞ A
❜❡ ❛ ✈❛r✐❛❜❧❡ ♦❢ I t❤❛t ✐s ✈❛❧✐❞ ✐♥ B✳ ❲r✐t❡ A = [(a, b, c), (x, y, z)]✳ ❚❤❡♥ (x, y, z) ✐s
✇❡❧❧✲♦r❞❡r❡❞ ✐✛ x ≺ y❀ ❛♥❞ (a, b, c) ✐s ♥♦t ✇❡❧❧✲♦r❞❡r❡❞✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t ❢♦r ❛❧❧ σ, σ′ ∈ Σ✱ blockI,B(σ) < blockI,B(σ
′) ⇒ σ ≺ σ′✳ ❲r✐t❡

I = 〈Σ, T, ψ〉✱ h0 = source(A) ❛♥❞ h1 = target(A)✿ ✇❡ ❤❛✈❡ h0 6= h1 ❜② ❝♦♥❞✐t✐♦♥
✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶✷✳

■❢ h0 < h1✱ t❤❡♥✱ ✇✐t❤ ❝♦♥❞✐t✐♦♥ ✭✐✈✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶✷✱ b ≺ a ≺ c✱ ❛♥❞ ❡✐t❤❡r
x ≺ y ≺ z ♦r y ≺ x ≺ z✳ ❍❡♥❝❡✱ (a, b, c) ✐s ♥♦t ✇❡❧❧✲♦r❞❡r❡❞✱ ❛♥❞ (x, y, z) ✐s
✇❡❧❧✲♦r❞❡r❡❞ ✐✛ x ≺ y✳

▲✐❦❡✇✐s❡✱ ✐❢ h1 < h0✱ ✇❡ ❤❛✈❡ a ≺ c ≺ b✱ ❛♥❞ z ≺ x ≺ y ♦r z ≺ y ≺ x✳ ❆❣❛✐♥✱
(a, b, c) ✐s ♥♦t ✇❡❧❧✲♦r❞❡r❡❞✱ ❛♥❞ (x, y, z) ✐s ✇❡❧❧✲♦r❞❡r❡❞ ✐✛ x ≺ y✳

Pr♦♣❡rt② ✶✳✶✷✳ ▲❡t (I,B) ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ✇✐t❤ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥✱ s✉❝❤
t❤❛t t❤❡ ❡①t❡r♥❛❧ tr✐♣❧❡s ♦❢ I = 〈Σ, T, ψ〉 ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ ❛ s❡t ♦❢ ✈❛❧✐❞ ✈❛r✐✲
❛❜❧❡s A✳ ▲❡t (d, e, f) ❜❡ ❛ ✇❡❧❧✲♦r❞❡r❡❞ tr✐♣❧❡ ♦❢ I✱ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✸❉❚✲st❡♣

(I,B) (d, e, f)
−−−−−−→(I ′,B′)✱ ✇✐t❤ I ′ = 〈Σ′, T ′, ψ′〉✳ ❚❤❡♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❛s❡s ✐s

tr✉❡✿

✕ (d, e, f) ✐s ❛♥ ✐♥t❡r♥❛❧ tr✐♣❧❡✳ ❲❡ ✇r✐t❡ h0 = blockI,B(d) = blockI,B(e) =
blockI,B(f)✳ ❚❤❡♥ ❢♦r ❛❧❧ σ ∈ Σ′✱ blockI′,B′(σ) = blockI,B(σ)✳ ▼♦r❡♦✈❡r ✐❢
σ1, σ2 ∈ Σ′ ✇✐t❤ blockI′,B′(σ1) = blockI′,B′(σ2) 6= h0 ❛♥❞ σ1 ≺I σ2✱ t❤❡♥ σ1 ≺I′

σ2✳
✕ ❚❤❡r❡ ❡①✐sts ❛ ✈❛r✐❛❜❧❡ A = [(a, b, c), (x, y, z)] ∈ A✱ s✉❝❤ t❤❛t (d, e, f) =
(x, y, z)✳ ❚❤❡♥ blockI′,B′(b) = target(A) ❛♥❞ ❢♦r ❛❧❧ ♦t❤❡r σ ∈ Σ′ − {b}✱
blockI′,B′(σ) = blockI,B(σ)✳ ▼♦r❡♦✈❡r ✐❢ σ1, σ2 ∈ Σ′ − {b}✱ s✉❝❤ t❤❛t σ1 ≺I σ2✱
t❤❡♥ σ1 ≺I′ σ2✳
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Pr♦♦❢✳ ❲❡ ✇r✐t❡ τ ❢♦r t❤❡ tr❛♥s♣♦s✐t✐♦♥ ❛♥❞ i, j, k ❢♦r t❤❡ t❤r❡❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t
τ = τi,j,k = τ [d, e, f, ψ] ✭♥❡❝❡ss❛r✐❧②✱ 0 < i < j < k ≤ n✮✳ ❲❡ ❛❧s♦ ✇r✐t❡ B =
(s0, s1, . . . , sl)✳ ❚❤❡ tr✐♣❧❡ (d, e, f) ✐s ❡✐t❤❡r ✐♥t❡r♥❛❧ ♦r ❡①t❡r♥❛❧ ✐♥ B✳

■❢ (d, e, f) ✐s ✐♥t❡r♥❛❧✱ ✇✐t❤ h0 = blockI,B(d) = blockI,B(e) = blockI,B(f)✱ ✇❡ ❤❛✈❡
✭s❡❡ ❋✐❣✉r❡ ✶✳✽❛✮✿

sh0 < i < j < k ≤ th0 .

❍❡♥❝❡ ❢♦r ❛❧❧ h ∈ J1 ; lK✱ ❡✐t❤❡r sh < i ♦r k ≤ sh✱ ❛♥❞ τ−1(sh) = sh ❜② ❉❡✜♥✐✲
t✐♦♥ ✶✳✶✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ σ ∈ Σ✱ ✇❡ ❤❛✈❡

i ≤ ψ(σ) < k ⇒ ψ(σ) ∈ Jsh0 + 1 ; th0K
❛♥❞ τ−1(sh0) < i ≤ τ−1(ψ(σ)) < k ≤ τ−1(th0)

⇒ blockI,B(σ) = h0 = blockI′,B′(σ)

ψ(σ) < i ♦r k ≤ ψ(σ) ⇒ τ−1(ψ(σ)) = ψ(σ)

⇒ blockI′,B′(σ) = blockI,B(σ)

❋✐♥❛❧❧②✱ ✐❢ σ1, σ2 ∈ Σ′ ✇✐t❤ blockI′,B′(σ1) = blockI′,B′(σ2) 6= h0✱ t❤❡♥ ✇❡ ❤❛✈❡ ❜♦t❤
τ−1(ψ(σ1)) = ψ(σ1) ❛♥❞ τ−1(ψ(σ2)) = ψ(σ2)✳ ❍❡♥❝❡ σ1 ≺I σ2 ⇔ σ1 ≺I′ σ2✳

■❢ (d, e, f) ✐s ❡①t❡r♥❛❧✱ t❤❡♥✱ s✐♥❝❡ t❤❡ s❡t ♦❢ ❡①t❡r♥❛❧ tr✐♣❧❡s ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦
✈❛r✐❛❜❧❡s✱ t❤❡r❡ ❡①✐sts ❛ ✈❛r✐❛❜❧❡ A = [(a, b, c), (x, y, z)] ∈ A✱ s✉❝❤ t❤❛t (d, e, f) =
(a, b, c) ♦r (d, e, f) = (x, y, z)✳ ❙✐♥❝❡ (d, e, f) ✐s ✇❡❧❧✲♦r❞❡r❡❞ ✐♥ I✱ ✇❡ ❤❛✈❡✱ ❜② Pr♦♣✲
❡rt② ✶✳✶✶✱ (d, e, f) = (x, y, z) ❛♥❞ x ≺I y✱ s❡❡ ❋✐❣✉r❡ ✶✳✽❜✳ ❆♥❞ s✐♥❝❡ A ✐s ✈❛❧✐❞✱
❜② ❝♦♥❞✐t✐♦♥ ✭✐✈✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶✷✱ x ⊳I b ⊳I y✳ ❲❡ ✇r✐t❡ h0 = source(A) ❛♥❞
h1 = target(A)✱ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t h0 < h1✱ ✇❤✐❝❤ ✐♠♣❧✐❡s x ≺I y ≺I z ✭t❤❡ ❝❛s❡
h1 < h0 ✇✐t❤ z ≺I x ≺I y ✐s s✐♠✐❧❛r✮✿ t❤✉s✱ ✇❡ ❤❛✈❡

i = ψ(x), j = ψ(y), k = ψ(z), ❛♥❞ sh0 < i < j ≤ th0 ≤ sh1 < k ≤ th1 .

❲❡ ❞❡✜♥❡ ❛ s❡t ♦❢ ✐♥❞✐❝❡s U ❜②

U = {sh | h ∈ J1 ; lK} ∪ {n} ∪ {ψ(σ) | σ ∈ Σ′ − {b}}.

❲❡ ♥♦✇ s❤♦✇ t❤❛t ❢♦r ❛❧❧ u ∈ U ✱ ✇❡ ❤❛✈❡ u < i ♦r j ≤ u✳ ■♥❞❡❡❞✱ ✐❢ u = sh ❢♦r
s♦♠❡ h ∈ J1 ; lK✱ t❤❡♥ ❡✐t❤❡r h ≤ h0 ❛♥❞ u ≤ sh0 < i✱ ♦r h0 < h ❛♥❞ j ≤ th0 ≤ u✳
❆❧s♦✱ ✐❢ u = n✱ t❤❡♥ j ≤ u✳ ❋✐♥❛❧❧②✱ ❛ss✉♠❡ u = ψ(σ)✱ ✇✐t❤ σ ∈ Σ′ − {b}✳ ❲❡ t❤❡♥
❤❛✈❡ x ≺I σ ≺I y ⇔ σ = b✱ s✐♥❝❡ x ⊳I b ⊳I y✳ ❍❡♥❝❡ ❡✐t❤❡r σ ≺I x ❛♥❞ u < ψ(x) = i✱
♦r y ≺I σ ❛♥❞ ψ(y) = j < u✳

❇② Pr♦♣❡rt② ✶✳✶✱ ✐❢ u, v ∈ U ❛r❡ s✉❝❤ t❤❛t u < v✱ t❤❡♥ τ−1(u) < τ−1(v)✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t ❡❧❡♠❡♥ts ♦❢ Σ′−{b} = Σ−{b, x, y, z} ❞♦ ♥♦t ❝❤❛♥❣❡ ❜❧♦❝❦s ❛❢t❡r ❛♣♣❧②✐♥❣
τ−1 ♦♥ ψ✱ ❛♥❞ t❤❛t t❤❡ r❡❧❛t✐✈❡ ♦r❞❡r ♦❢ ❛♥② t✇♦ ❡❧❡♠❡♥ts ✐s ♣r❡s❡r✈❡❞✳ ❋✐♥❛❧❧②✱ ❢♦r
b✱ ✇❡ ❤❛✈❡ x ≺I b ≺I y✱ ❤❡♥❝❡

i ≤ ψ(b) < j ≤ sh1 < k ≤ th1 .

❚❤✉s✱ ❜② Pr♦♣❡rt② ✶✳✶✱ τ−1(sh1) < τ−1(ψ(b)) < τ−1(th1)✱ ❛♥❞ blockI′,B′(b) = h1 =
target(A)✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❉❡✜♥✐t✐♦♥ ✶✳✶✸ ✭❱❛❧✐❞ ❝♦♥t❡①t✮✳ ❆ ✸❉❚✲✐♥st❛♥❝❡ ✇✐t❤ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥
(I,B) ✐s ❛ ✈❛❧✐❞ ❝♦♥t❡①t ✐❢ t❤❡ s❡t ♦❢ ❡①t❡r♥❛❧ tr✐♣❧❡s ♦❢ I ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦
✈❛❧✐❞ ✈❛r✐❛❜❧❡s✳
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❲✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✱ ✇❡ ❡♥s✉r❡ t❤❛t ❛ ✈❛❧✐❞ ❝♦♥t❡①t r❡♠❛✐♥s ❛❧♠♦st ✈❛❧✐❞
❛❢t❡r ❛♣♣❧②✐♥❣ ❛ ✸❉❚✲st❡♣✿ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❡①t❡r♥❛❧ tr✐♣❧❡s ✐♥t♦ ✈❛r✐❛❜❧❡s ✐s
❦❡♣t t❤r♦✉❣❤ t❤✐s ✸❉❚✲st❡♣✱ ❜✉t ❝♦♥❞✐t✐♦♥s ✭✐✐✐✮ ❛♥❞ ✭✐✈✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶✷ ❛r❡ ♥♦t
♥❡❝❡ss❛r✐❧② s❛t✐s✜❡❞ ❢♦r ❛❧❧ ✈❛r✐❛❜❧❡s✳

Pr♦♣❡rt② ✶✳✶✸✳ ▲❡t (I,B) ❜❡ ❛ ✈❛❧✐❞ ❝♦♥t❡①t ❛♥❞ (I,B) (d, e, f)
−−−−−−→(I ′,B′) ❜❡ ❛ ✸❉❚✲st❡♣✳

❚❤❡♥ t❤❡ ❡①t❡r♥❛❧ tr✐♣❧❡s ♦❢ (I ′,B′) ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s✱ ❡❛❝❤
s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶✷✳

Pr♦♦❢✳ ▲❡t I = 〈Σ, T, ψ〉✱ I ′ = 〈Σ′, T ′, ψ′〉✱ A ❜❡ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ♦❢ I✱ ❛♥❞ E
✭r❡s♣✳ E ′✮ ❜❡ t❤❡ s❡t ♦❢ ❡①t❡r♥❛❧ tr✐♣❧❡s ♦❢ I ✭r❡s♣✳ I ′✮✳ ❋r♦♠ Pr♦♣❡rt② ✶✳✶✷✱ t✇♦
❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

❋✐rst ❝❛s❡✿ (d, e, f) /∈ E✳ ❚❤❡♥ ❢♦r ❛❧❧ σ ∈ Σ′✱ blockI′,B′(σ) = blockI,B(σ)✳ ❍❡♥❝❡
E ′ = E✱ ❛♥❞ (I ′,B′) ❤❛s t❤❡ s❛♠❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ❛s (I,B)✱ t❤❛t ✐s A✳ ❚❤❡ s♦✉r❝❡
❛♥❞ t❛r❣❡t ❜❧♦❝❦s ♦❢ ❡✈❡r② ✈❛r✐❛❜❧❡ r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞✱ ❤❡♥❝❡ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮
♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶✷ ❛r❡ st✐❧❧ s❛t✐s✜❡❞ ❢♦r ❡❛❝❤ A ∈ A ✐♥ B′✳

❙❡❝♦♥❞ ❝❛s❡✿ (d, e, f) ∈ E✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ✈❛r✐❛❜❧❡ A = [(a, b, c), (x, y, z)] ✐♥ A
s✉❝❤ t❤❛t (d, e, f) = (x, y, z)✱ ❜② Pr♦♣❡rt② ✶✳✶✷✳ ❚❤❡♥ blockI′,B′(b) = target(A) ❛♥❞
❢♦r ❛❧❧ σ ∈ Σ′ − {b}✱ blockI′,B′(σ) = blockI,B(σ)✳ ❍❡♥❝❡ blockI′,B′(b) = blockI′,B′(a) =
blockI′,B′(c)✱ ❛♥❞ E ′ = E − {(x, y, z), (a, b, c)}✿ ✐♥❞❡❡❞✱ (x, y, z) ✐s ❞❡❧❡t❡❞ ✐♥ T ′ s♦
(x, y, z) /∈ E ′✱ (a, b, c) ✐s ✐♥t❡r♥❛❧ ✐♥ I ′✱ ❛♥❞ ❡✈❡r② ♦t❤❡r tr✐♣❧❡ ✐s ✉♥t♦✉❝❤❡❞✳ ❋✐♥❛❧❧②✱
❢♦r ❡✈❡r② A′ = [(a′, b′, c′), (x′, y′, z′)] ∈ A − {A}✱ ✇❡ ❤❛✈❡ blockI′,B′(σ) = blockI,B(σ)
❢♦r σ ∈ {a′, b′, c′, x′, y′, z′}✱ ❤❡♥❝❡ A′ s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶✷
✐♥ B′✳

❈♦♥s✐❞❡r ❛ ❜❧♦❝❦ B ✐♥ ❛ ✈❛❧✐❞ ❝♦♥t❡①t (I,B) ✭t❤❡r❡ ❡①✐sts h ∈ J1 ; lK s✉❝❤ t❤❛t
B = Bh✮✱ ❛♥❞ (d, e, f) ❛ tr✐♣❧❡ ♦❢ I s✉❝❤ t❤❛t (I,B) (d, e, f)

−−−−−−→(I ′,B′) ✭✇❡ ✇r✐t❡ B′ = B′
h✮✳

❚❤❡♥✱ ❢♦❧❧♦✇✐♥❣ Pr♦♣❡rt② ✶✳✶✷✱ ❢♦✉r ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✿
✕ h /∈ {blockI,B(d), blockI,B(e), blockI,B(f)}✱ ❤❡♥❝❡ B′ = B✱ s✐♥❝❡✱ ❜② Pr♦♣✲
❡rt② ✶✳✶✷✱ t❤❡ r❡❧❛t✐✈❡ ♦r❞❡r ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ B r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞ ❛❢t❡r
t❤❡ ✸❉❚✲st❡♣ (d, e, f)

−−−−−−→✳
✕ (d, e, f) ✐s ❛♥ ✐♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B✳ ❲❡ ✇r✐t❡. B

. . B′

.
(d, e, f)

✕ ∃A = [(a, b, c), (x, y, z)] s✉❝❤ t❤❛t h = source(A) ❛♥❞ (d, e, f) = (x, y, z) ✭A ✐s
❛♥ ♦✉t♣✉t ♦❢ B✮✱ s❡❡ ❋✐❣✉r❡ ✶✳✾ ✭❧❡❢t✮✳ ❲❡ ✇r✐t❡. B

. . B′

.
A

✕ ∃A = [(a, b, c), (x, y, z)] s✉❝❤ t❤❛t h = target(A) ❛♥❞ (d, e, f) = (x, y, z) ✭A ✐s
❛♥ ✐♥♣✉t ♦❢ B✮✱ s❡❡ ❋✐❣✉r❡ ✶✳✾ ✭r✐❣❤t✮✳ ❲❡ ✇r✐t❡. B

. . B′

.
A

❚❤❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❜❧♦❝❦ B ❜② ❢♦❧❧♦✇✐♥❣ ❡①❤❛✉st✐✈❡❧② t❤❡ ♣♦ss✐❜❧❡ ❛r❝s
❛s ❞❡✜♥❡❞ ❛❜♦✈❡ ✭❛❧✇❛②s ❛ss✉♠✐♥❣ t❤✐s ❜❧♦❝❦ ✐s ✐♥ ❛ ✈❛❧✐❞ ❝♦♥t❡①t✮ ✐s ❝❛❧❧❡❞ t❤❡
❜❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ B✳
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↓
sh0

↓
th0

↓
i

d

↓
j

e

↓
k

f

B�h0

� � �

B′�

h0

(d, e, f)

✭❛✮

↓
sh0

↓
th0

↓
sh1

↓
th1

↓
i

x b

↓
j

y a

↓
k

z c

B�h0
B�h1

� a � b � c

B′�

h0
B′�

h1

(x, y, z)

✭❜✮

❋✐❣✉r❡ ✶✳✽✿ ❊✛❡❝ts ♦❢ ❛ ✸❉❚✲st❡♣ (d, e, f)
−−−−−−→ ♦♥ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐❢ ✭❛✮ (d, e, f)

✐s ❛♥ ✐♥t❡r♥❛❧ tr✐♣❧❡✱ ♦r ✭❜✮ t❤❡r❡ ❡①✐sts ❛ ✈❛r✐❛❜❧❡ A = [(a, b, c), (x, y, z)] s✉❝❤ t❤❛t
(d, e, f) = (x, y, z)✳ ❇♦t❤ ✜❣✉r❡s ❛r❡ ✐♥ ❢❛❝t ❞❡r✐✈❡❞ ❢r♦♠ ❋✐❣✉r❡ ✶✳✸ ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥✳
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· · ·

· · ·

· · ·

source(A). R x b y S

.
. R S

.
. R S

.
· · ·

· · ·

· · ·

target(A). T a U z V c W

.
. T a U b V c W

.
. T V U W

.
· · ·

· · ·

· · ·

AA

(a, b, c)

(x, y, z)

(a, b, c)

❋✐❣✉r❡ ✶✳✾✿ ❚❤❡ ❛❝t✐✈❛t✐♦♥ ♦❢ ❛ ✈❛r✐❛❜❧❡ A = [(a, b, c), (x, y, z)] ✐s ✇r✐tt❡♥ ✇✐t❤ ❛
❞♦✉❜❧❡ ❛r❝ ✐♥ t❤❡ ❜❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ t❤❡ s♦✉r❝❡ ❜❧♦❝❦ ♦❢ A ❛♥❞ ✇✐t❤ ❛ t❤✐❝❦ ❛r❝ ✐♥
t❤❡ ❜❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ ✐ts t❛r❣❡t ❜❧♦❝❦✳ ■t ❝❛♥ ❜❡ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ✸❉❚✲st❡♣ (a, b, c)

−−−−−→✱
✐♠♣❛❝t✐♥❣ ♦♥❧② t❤❡ t❛r❣❡t ❜❧♦❝❦ ♦❢ A✳ ❉♦t s②♠❜♦❧s ✭�✮ ❛r❡ ♦♠✐tt❡❞✳ ❲❡ ❞❡♥♦t❡ ❜②
R, S, T, U, V,W s♦♠❡ ❢❛❝t♦rs ♦❢ t❤❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ❜❧♦❝❦s ♦❢ A✿ t❤❡ ❝♦♥s❡q✉❡♥❝❡
♦❢ ❛❝t✐✈❛t✐♥❣ A ✐s t♦ ❛❧❧♦✇ U ❛♥❞ V t♦ ❜❡ s✇❛♣♣❡❞ ✐♥ target(A)✳

✶✳✸✳✷ ❇❛s✐❝ ❇❧♦❝❦s

❲❡ ♥♦✇ ❞❡✜♥❡ ❢♦✉r ❜❛s✐❝ ❜❧♦❝❦s✿ copy✱ and✱ or✱ ❛♥❞ var✳ ❚❤❡② ❛r❡ st✉❞✐❡❞
✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ t❤✐s s❡❝t✐♦♥✱ ❜❡❢♦r❡ ❜❡✐♥❣ ❛ss❡♠❜❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✸✳✸✳ ❊❛❝❤ ♦❢ t❤❡s❡
❜❧♦❝❦s ✐s ❞❡✜♥❡❞ ❜② ❛ ✇♦r❞ ❛♥❞ ❛ s❡t ♦❢ tr✐♣❧❡s✳ ❲❡ ❞✐st✐♥❣✉✐s❤ ✐♥t❡r♥❛❧ tr✐♣❧❡s✱ ❢♦r
✇❤✐❝❤ ❛❧❧ t❤r❡❡ ❡❧❡♠❡♥ts ❛♣♣❡❛r ✐♥ ❛ s✐♥❣❧❡ ❜❧♦❝❦✱ ❢r♦♠ ❡①t❡r♥❛❧ tr✐♣❧❡s✱ ✇❤✐❝❤ ❛r❡
♣❛rt ♦❢ ❛♥ ✐♥♣✉t✴♦✉t♣✉t ✈❛r✐❛❜❧❡✱ ❛♥❞ ❢♦r ✇❤✐❝❤ ♦♥❧② ♦♥❡ ♦r t✇♦ ❡❧❡♠❡♥ts ❛♣♣❡❛r
✐♥ t❤❡ ❜❧♦❝❦✳ ◆♦t❡ t❤❛t ❡❛❝❤ ❡①t❡r♥❛❧ tr✐♣❧❡ ✐s ♣❛rt ♦❢ ❛♥ ✐♥♣✉t ✭r❡s♣✳ ♦✉t♣✉t✮
✈❛r✐❛❜❧❡✱ ✇❤✐❝❤ ✐ts❡❧❢ ♠✉st ❜❡ ❛♥ ♦✉t♣✉t ✭r❡s♣✳ ✐♥♣✉t✮ ♦❢ ❛♥♦t❤❡r ❜❧♦❝❦✱ t❤❡ ♦t❤❡r
❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣ t❤❡ r❡♠❛✐♥✐♥❣ ❡❧❡♠❡♥ts ♦❢ t❤❡ tr✐♣❧❡✳

❲❡ t❤❡♥ ❞r❛✇ t❤❡ ❜❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ ❡❛❝❤ ♦❢ t❤❡s❡ ❜❧♦❝❦s ✭❋✐❣✉r❡s ✶✳✶✵ t♦ ✶✳✶✸✮✿
✐♥ ❡❛❝❤ ❝❛s❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❜❧♦❝❦ ✐s ✐♥ ❛ ✈❛❧✐❞ ❝♦♥t❡①t✱ ❛♥❞ ❢♦❧❧♦✇ ❡①❤❛✉st✐✈❡❧②
t❤❡ ✸❉❚✲st❡♣s t❤❛t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ✐t✳ ❲❡ t❤❡♥ ❣✐✈❡ ❛♥♦t❤❡r ❣r❛♣❤ ✭❋✐❣✉r❡s ✶✳✶✹❛
t♦ ✶✳✶✹❞✮✱ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❜❡❤❛✈✐♦r ❣r❛♣❤ ❜② ❝♦♥tr❛❝t✐♥❣ ❛❧❧ ❛r❝s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ✸❉❚✲st❡♣s ✉s✐♥❣ ✐♥t❡r♥❛❧ tr✐♣❧❡s✱ ✐✳❡✳✱ ✇❡ ❛ss✐♠✐❧❛t❡ ❡✈❡r② ♣❛✐r ♦❢ ♥♦❞❡s ❧✐♥❦❡❞ ❜②
s✉❝❤ ❛♥ ❛r❝✳ ❍❡♥❝❡✱ ♦♥❧② t❤❡ ❛r❝s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛❝t✐✈❛t✐♦♥ ♦❢ ❛♥ ✐♥♣✉t✴♦✉t♣✉t
✈❛r✐❛❜❧❡ r❡♠❛✐♥✳ ❋r♦♠ t❤✐s s❡❝♦♥❞ ✜❣✉r❡✱ ✇❡ ❞❡r✐✈❡ ❛ ♣r♦♣❡rt② ❞❡s❝r✐❜✐♥❣ t❤❡ ❜❡❤❛✈✲
✐♦r ♦❢ t❤❡ ❜❧♦❝❦✱ ✐♥ t❡r♠s ♦❢ ❛❝t✐✈❛t✐♥❣ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ✈❛r✐❛❜❧❡s ✭❛❧✇❛②s ♣r♦✈✐❞❡❞
t❤✐s ❜❧♦❝❦ ✐s ✐♥ ❛ ✈❛❧✐❞ ❝♦♥t❡①t✮✳ ■t ♠✉st ❜❡ ❦❡♣t ✐♥ ♠✐♥❞ t❤❛t ❢♦r ❛♥② ✈❛r✐❛❜❧❡✱
t❤❡ st❛t❡ ♦❢ t❤❡ s♦✉r❝❡ ❜❧♦❝❦ ❞❡t❡r♠✐♥❡s ✇❤❡t❤❡r ✐t ❝❛♥ ❜❡ ❛❝t✐✈❛t❡❞✱ ✇❤❡r❡❛s t❤❡
❛❝t✐✈❛t✐♦♥ ✐ts❡❧❢ ❛✛❡❝ts ♠♦st❧② t❤❡ t❛r❣❡t ❜❧♦❝❦✳

❚❤❡ ❇❧♦❝❦ copy

❚❤✐s ❜❧♦❝❦ ❛✐♠s ❛t ❞✉♣❧✐❝❛t✐♥❣ ❛ ✈❛r✐❛❜❧❡✿ ❛♥② ♦❢ t❤❡ t✇♦ ♦✉t♣✉t ✈❛r✐❛❜❧❡s ❝❛♥
♦♥❧② ❜❡ ❛❝t✐✈❛t❡❞ ❛❢t❡r t❤❡ ✐♥♣✉t ✈❛r✐❛❜❧❡ ❤❛s ❜❡❡♥ ❛❝t✐✈❛t❡❞✳
■♥♣✉t ✈❛r✐❛❜❧❡✿ A = [(a, b, c), (x, y, z)]✳
❖✉t♣✉t ✈❛r✐❛❜❧❡s✿ A1 = [(a1, b1, c1), (x1, y1, z1)] ❛♥❞ A2 = [(a2, b2, c2), (x2, y2, z2)]✳



✶✳✸✳ ✸❉❚✲❈❖▲▲❆P❙■❇■▲■❚❨ ■❙ ◆P✲❍❆❘❉ ❚❖ ❉❊❈■❉❊ ✷✾. a y1 e z d y2 x1 b1 c x2 b2 f

.
. a y1 e b d y2 x1 b1 c x2 b2 f

.
. d y2 x1 b1 y1 e x2 b2 f

.
. x2 b2 y2 x1 b1 y1

.. d y2 e x2 b2 f

.
. x1 b1 y1

.. x2 b2 y2

.
. ε

.

A

(a, b, c)

(d, e, f)

A1

A2A1

(d, e, f)

A1A2

❋✐❣✉r❡ ✶✳✶✵✿ ❇❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ t❤❡ ❜❧♦❝❦ [A1, A2] = copy(A)✳ ❆ t❤✐❝❦ ✭r❡s♣✳ ❞♦✉✲
❜❧❡✮ ❛r❝ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✸❉❚✲st❡♣ (x, y, z)

−−−−−−→ ❢♦r ❛♥ ✐♥♣✉t ✭r❡s♣✳ ♦✉t♣✉t✮ ✈❛r✐❛❜❧❡
[(a, b, c), (x, y, z)]✳

■♥t❡r♥❛❧ tr✐♣❧❡✿ (d, e, f)✳
❉❡✜♥✐t✐♦♥✿

[A1, A2] = copy(A) = a y1 e z d y2 x1 b1 c x2 b2 f

Pr♦♣❡rt② ✶✳✶✹✳ ■♥ ❛ ❜❧♦❝❦ [A1, A2] = copy(A) ✐♥ ❛ ✈❛❧✐❞ ❝♦♥t❡①t✱ t❤❡ ♣♦ss✐❜❧❡ ♦r❞❡rs
✐♥ ✇❤✐❝❤ A✱ A1 ❛♥❞ A2 ❝❛♥ ❜❡ ❛❝t✐✈❛t❡❞ ❛r❡ (A,A1, A2) ❛♥❞ (A,A2, A1)✳

Pr♦♦❢✳ ❙❡❡ ❋✐❣✉r❡s ✶✳✶✵ ❛♥❞ ✶✳✶✹❛✳

❚❤❡ ❇❧♦❝❦ and

❚❤✐s ❜❧♦❝❦ ❛✐♠s ❛t s✐♠✉❧❛t✐♥❣ ❛ ❝♦♥❥✉♥❝t✐♦♥✿ t❤❡ ♦✉t♣✉t ✈❛r✐❛❜❧❡ ❝❛♥ ♦♥❧② ❜❡
❛❝t✐✈❛t❡❞ ❛❢t❡r ❜♦t❤ ✐♥♣✉t ✈❛r✐❛❜❧❡s ❤❛✈❡ ❜❡❡♥ ❛❝t✐✈❛t❡❞✳
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.

a1 e z1 a2 c1 z2 d y c2 x b f
.

.

a1 e b1 a2 c1 z2 d y c2 x b f
.

.

a1 e z1 a2 c1 b2 d y c2 x b f
.

.

a2 e z2 d y c2 x b f
.

.

a1 e z1 d y c1 x b f
.

.

a1 e b1 a2 c1 b2 d y c2 x b f
.

.

a2 e b2 d y c2 x b f
.

.

a1 e b1 d y c1 x b f
.

.

d y e x b f
.

.

x b y
.

.

ε
.

A1

A1

A1

A2

A2

A2

(a1, b1, c1)

(a1, b1, c1)

(a1, b1, c1)

(a2, b2, c2)

(a2, b2, c2)

(a2, b2, c2)

(d, e, f)

A

❋✐❣✉r❡ ✶✳✶✶✿ ❇❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ t❤❡ ❜❧♦❝❦ A = and(A1, A2)✳

■♥♣✉t ✈❛r✐❛❜❧❡s✿ A1 = [(a1, b1, c1), (x1, y1, z1)] ❛♥❞ A2 = [(a2, b2, c2), (x2, y2, z2)]✳
❖✉t♣✉t ✈❛r✐❛❜❧❡✿ A = [(a, b, c), (x, y, z)]✳
■♥t❡r♥❛❧ tr✐♣❧❡✿ (d, e, f)✳
❉❡✜♥✐t✐♦♥✿

A = and(A1, A2) = a1 e z1 a2 c1 z2 d y c2 x b f

Pr♦♣❡rt② ✶✳✶✺✳ ■♥ ❛ ❜❧♦❝❦ A = and(A1, A2) ✐♥ ❛ ✈❛❧✐❞ ❝♦♥t❡①t✱ t❤❡ ♣♦ss✐❜❧❡ ♦r❞❡rs
✐♥ ✇❤✐❝❤ A✱ A1 ❛♥❞ A2 ❝❛♥ ❜❡ ❛❝t✐✈❛t❡❞ ❛r❡ (A1, A2, A) ❛♥❞ (A2, A1, A)✳

Pr♦♦❢✳ ❙❡❡ ❋✐❣✉r❡s ✶✳✶✶ ❛♥❞ ✶✳✶✹❜✳

❚❤❡ ❇❧♦❝❦ or

❚❤✐s ❜❧♦❝❦ ❛✐♠s ❛t s✐♠✉❧❛t✐♥❣ ❛ ❞✐s❥✉♥❝t✐♦♥✿ t❤❡ ♦✉t♣✉t ✈❛r✐❛❜❧❡ ❝❛♥ ❜❡ ❛❝t✐✈❛t❡❞
❛s s♦♦♥ ❛s ❛♥② ♦❢ t❤❡ t✇♦ ✐♥♣✉t ✈❛r✐❛❜❧❡s ✐s ❛❝t✐✈❛t❡❞✳
■♥♣✉t ✈❛r✐❛❜❧❡s✿ A1 = [(a1, b1, c1), (x1, y1, z1)] ❛♥❞ A2 = [(a2, b2, c2), (x2, y2, z2)]✳
❖✉t♣✉t ✈❛r✐❛❜❧❡✿ A = [(a, b, c), (x, y, z)]✳
■♥t❡r♥❛❧ tr✐♣❧❡s✿ (a′, b′, c′) ❛♥❞ (d, e, f)✳
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❉❡✜♥✐t✐♦♥✿

A = or(A1, A2) = a1 b
′ z1 a2 d y a

′ x b f z2 c1 e c
′ c2

Pr♦♣❡rt② ✶✳✶✻✳ ■♥ ❛ ❜❧♦❝❦ A = or(A1, A2) ✐♥ ❛ ✈❛❧✐❞ ❝♦♥t❡①t✱ t❤❡ ♣♦ss✐❜❧❡ ♦r❞❡rs ✐♥
✇❤✐❝❤ A✱ A1 ❛♥❞ A2 ❝❛♥ ❜❡ ❛❝t✐✈❛t❡❞ ❛r❡ (A1, A,A2)✱ (A2, A,A1)✱ (A1, A2, A) ❛♥❞
(A2, A1, A)✳

Pr♦♦❢✳ ❙❡❡ ❋✐❣✉r❡s ✶✳✶✷ ❛♥❞ ✶✳✶✹❝✳

❚❤❡ ❇❧♦❝❦ var

❚❤✐s ❜❧♦❝❦ ❛✐♠s ❛t s✐♠✉❧❛t✐♥❣ ❛ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡✿ ✐♥ ❛ ✜rst st❛❣❡✱ ♦♥❧② ♦♥❡ ♦❢ t❤❡
t✇♦ ♦✉t♣✉t ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ❛❝t✐✈❛t❡❞✳ ❚❤❡ ♦t❤❡r ♥❡❡❞s t❤❡ ❛❝t✐✈❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t
✈❛r✐❛❜❧❡ t♦ ❜❡ ❛❝t✐✈❛t❡❞✳
■♥♣✉t ✈❛r✐❛❜❧❡✿ A = [(a, b, c), (x, y, z)]✳
❖✉t♣✉t ✈❛r✐❛❜❧❡s✿ A1 = [(a1, b1, c1), (x1, y1, z1)]✱ A2 = [(a2, b2, c2), (x2, y2, z2)]✳
■♥t❡r♥❛❧ tr✐♣❧❡s✿ (d1, e1, f1)✱ (d2, e2, f2)✱ ❛♥❞ (a′, b′, c′)✳
❉❡✜♥✐t✐♦♥✿

[A1, A2] = var(A) = d1 y1 a d2 y2 e1 a
′ e2 x1 b1 f1 c

′ z b′ c x2 b2 f2

Pr♦♣❡rt② ✶✳✶✼✳ ■♥ ❛ ❜❧♦❝❦ [A1, A2] = var(A) ✐♥ ❛ ✈❛❧✐❞ ❝♦♥t❡①t✱ t❤❡ ♣♦ss✐❜❧❡ ♦r❞❡rs
✐♥ ✇❤✐❝❤ A✱ A1 ❛♥❞ A2 ❝❛♥ ❜❡ ❛❝t✐✈❛t❡❞ ❛r❡ (A1, A,A2)✱ (A2, A,A1)✱ (A,A1, A2) ❛♥❞
(A,A2, A1)✳

Pr♦♦❢✳ ❙❡❡ ❋✐❣✉r❡s ✶✳✶✸ ❛♥❞ ✶✳✶✹❞✳

❲✐t❤ s✉❝❤ ❛ ❜❧♦❝❦✱ ✐❢ A ✐s ♥♦t ❛❝t✐✈❛t❡❞ ✜rst✱ ♦♥❡ ♥❡❡❞s t♦ ♠❛❦❡ ❛ ❝❤♦✐❝❡ ❜❡t✇❡❡♥
❛❝t✐✈❛t✐♥❣ A1 ♦r A2✳ ❖♥❝❡ A ✐s ❛❝t✐✈❛t❡❞✱ ❤♦✇❡✈❡r✱ ❛❧❧ t❤❡ r❡♠❛✐♥✐♥❣ ♦✉t♣✉t ✈❛r✐❛❜❧❡s
❛r❡ ❛❝t✐✈❛❜❧❡✳

❆ss❡♠❜❧✐♥❣ t❤❡ ❇❧♦❝❦s copy✱ and✱ or✱ var✳

❉❡✜♥✐t✐♦♥ ✶✳✶✹ ✭❆ss❡♠❜❧✐♥❣ ♦❢ ❜❛s✐❝ ❜❧♦❝❦s✮✳ ❆♥ ❛ss❡♠❜❧✐♥❣ ♦❢ ❜❛s✐❝ ❜❧♦❝❦s (I,B)
✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ✸❉❚✲✐♥st❛♥❝❡ I ❛♥❞ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ B ♦❜t❛✐♥❡❞ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦❝❡ss✿

✕ ❈r❡❛t❡ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s A✳
✕ ❉❡✜♥❡ I = 〈Σ, T, ψ〉 ❜② ✐ts ✇♦r❞ r❡♣r❡s❡♥t❛t✐♦♥✱ ❛s ❛ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ l ❢❛❝✲

t♦rs B�1 B
�

2 . . . B�l ❛♥❞ ❛ s❡t ♦❢ tr✐♣❧❡s T ✱ ✇❤❡r❡ ❡❛❝❤ B�h ✐s ♦♥❡ ♦❢ t❤❡ ❜❧♦❝❦s
[A1, A2] = copy(A)✱ A = and(A1, A2)✱ A = or(A1, A2) ♦r [A1, A2] = var(A)✱
✇✐t❤ A1, A2, A ∈ A ✭s✉❝❤ t❤❛t ❡❛❝❤ X ∈ A ❛♣♣❡❛rs ✐♥ t❤❡ ✐♥♣✉t ♦❢ ❡①❛❝t❧② ♦♥❡
❜❧♦❝❦✱ ❛♥❞ ✐♥ t❤❡ ♦✉t♣✉t ♦❢ ❡①❛❝t❧② ♦♥❡ ♦t❤❡r ❜❧♦❝❦✮❀ ❛♥❞ ✇❤❡r❡ T ✐s t❤❡ ✉♥✐♦♥
♦❢ t❤❡ s❡t ♦❢ ✐♥t❡r♥❛❧ tr✐♣❧❡s ♥❡❡❞❡❞ ✐♥ ❡❛❝❤ ❜❧♦❝❦✱ ❛♥❞ t❤❡ s❡t ♦❢ ❡①t❡r♥❛❧ tr✐♣❧❡s
❞❡✜♥❡❞ ❜② t❤❡ ✈❛r✐❛❜❧❡s ♦❢ A✳

❊①❛♠♣❧❡ ✶✳✸✳ ❲❡ ❝r❡❛t❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ I ✇✐t❤ ❛ ✷✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ B s✉❝❤
t❤❛t (I,B) ✐s ❛♥ ❛ss❡♠❜❧✐♥❣ ♦❢ ❜❛s✐❝ ❜❧♦❝❦s✱ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

✕ I ✉s❡s t❤r❡❡ ✈❛r✐❛❜❧❡s✱ A = {X1, X2, Y }
✕ t❤❡ ✇♦r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ I ✐s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ [X1, X2] = var(Y ) ❛♥❞
Y = or(X1, X2)
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.

a1 b
′ z1 a2 d y a

′ x b f z2 c1 e c
′ c2

.

.

a1 b
′ b1 a2 d y a

′ x b f z2 c1 e c
′ c2

.

.

a1 b
′ z1 a2 d y a

′ x b f b2 c1 e c
′ c2

.

.

a1 b
′ b1 a2 d y a

′ x b f b2 c1 e c
′ c2

.

.

a2 d y a
′ x b f z2 b

′ e c′ c2

.

.

a1 b
′ z1 c1 e c

′ d y a′ x b f

.

.

a2 d y a
′ x b f b2 b

′ e c′ c2

.

.

a1 b
′ b1 c1 e c

′ d y a′ x b f

.

.

b′ e c′ d y a′ x b f

.

.

a2 d y e x b f z2 c2

.

.

a1 d y z1 c1 e x b f

.

.

a2 d y e x b f b2 c2

.

.

a1 d y b1 c1 e x b f

.

.

d y e x b f

.

.

a2 x b y z2 c2

.

.

a1 x b y z1 c1

.

.

a2 x b y b2 c2

.

.

a1 x b y b1 c1

.

.

x b y

.

.

a2 z2 c2

.

.

a1 z1 c1

.

.

a2 b2 c2

.

.

a1 b1 c1

.

.

ε

.

A1 A2

A1A2
(a1, b1, c1) (a2, b2, c2)

(a1, b1, c1) (a2, b2, c2)
A1

(a1, b1, c1)

A2

(a2, b2, c2)

A1

(a1, b1, c1)

A2

(a2, b2, c2)

A1

(a1, b1, c1)

A2

(a2, b2, c2)

A1

(a1, b1, c1)

A2

(a2, b2, c2)

(a′, b′, c′) (a′, b′, c′)

(a′, b′, c′)

(a′, b′, c′) (a′, b′, c′)

(d, e, f) (d, e, f)

(d, e, f)

(d, e, f) (d, e, f)

A A

A

A A

❋✐❣✉r❡ ✶✳✶✷✿ ❇❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ t❤❡ ❜❧♦❝❦ A = or(A1, A2)✳
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.

d1 y1 a d2 y2 e1 a
′ e2 x1 b1 f1 c

′ z b′ c x2 b2 f2

.

.

a′ e2 x1 b1 y1 a d2 y2 c
′ z b′ c x2 b2 f2

.

.

d1 y1 a x1 b1 f1 c
′ z b′ c x2 b2 y2 e1 a

′

.

.

a′ e2 a d2 y2 c
′ z b′ c x2 b2 f2

.

.

d1 y1 a x1 b1 f1 c
′ z b′ c e1 a

′

.

.

d1 y1 a d2 y2 e1 a
′ e2 x1 b1 f1 c

′ b b′ c x2 b2 f2

.

.

a′ e2 x1 b1 y1 a d2 y2 c
′ b b′ c x2 b2 f2

.

.

d1 y1 a x1 b1 f1 c
′ b b′ c x2 b2 y2 e1 a

′

.

.

a′ e2 a d2 y2 c
′ b b′ c x2 b2 f2

.

.

d1 y1 a x1 b1 f1 c
′ b b′ c e1 a

′

.

.

d1 y1 b
′ d2 y2 e1 a

′ e2 x1 b1 f1 c
′ x2 b2 f2

.

.

a′ e2 x1 b1 y1 b
′ d2 y2 c

′ x2 b2 f2

.

.

d1 y1 b
′ x1 b1 f1 c

′ x2 b2 y2 e1 a
′

.

.

a′ e2 b
′ d2 y2 c

′ x2 b2 f2

.

.

d1 y1 b
′ x1 b1 f1 c

′ e1 a
′

.

.

d2 y2 e2 x1 b1 y1 x2 b2 f2

.

.

d1 y1 x2 b2 y2 e1 x1 b1 f1

.

.

d2 y2 e2 x2 b2 f2

.

.

d1 y1 e1 x1 b1 f1

.

.

x1 b1 y1 x2 b2 y2

.

.

x2 b2 y2

.

.

x1 b1 y1

.

.

ε

.

(d1, e1, f1) (d2, e2, f2)

A1 A2

A

A A

A A
(d1, e1, f1) (d2, e2, f2)

A1 A2

(a, b, c)

(a, b, c) (a, b, c)

(a, b, c) (a, b, c)(d1, e1, f1) (d2, e2, f2)

A1 A2

(a′, b′, c′) (a′, b′, c′)

(a′, b′, c′) (a′, b′, c′)

A1 A2(d1, e1, f1)(d2, e2, f2)

(d1, e1, f1)(d2, e2, f2) A1 A2

A1A2

❋✐❣✉r❡ ✶✳✶✸✿ ❇❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ t❤❡ ❜❧♦❝❦ [A1, A2] = var(A)✳
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. .. [A1, A2] = copy(A)

.

. ε

.(a)
A

A1 A2

A2 A1

. .. A = and(A1, A2)

.

. ε

.(b)

A1 A2

A2 A1

A

. .. A = or(A1, A2)

.

. ε

.()

A1 A2

A2 A1

A A

A

A2 A1

. .. [A1, A2] = var(A)

.

. ε

.(d)

A1 A2

A

A A

A1 A2

A2 A1

❋✐❣✉r❡ ✶✳✶✹✿ ❆❜str❛❝t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❜❧♦❝❦s copy✱ and✱ or✱ ❛♥❞ var✱ ♦❜t❛✐♥❡❞
❢r♦♠ ❡❛❝❤ ❜❡❤❛✈✐♦r ❣r❛♣❤ ✭❋✐❣✉r❡s ✶✳✶✵✱ ✶✳✶✶✱ ✶✳✶✷✱ ❛♥❞ ✶✳✶✸✮ ❜② ❝♦♥tr❛❝t✐♥❣ ❛r❝s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥t❡r♥❛❧ tr✐♣❧❡s✱ ❛♥❞ ❦❡❡♣✐♥❣ ♦♥❧② t❤❡ ❛r❝s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✈❛r✐✲
❛❜❧❡s✳ ❲❡ s❡❡✱ ❢♦r ❡❛❝❤ ❜❧♦❝❦✱ ✇❤✐❝❤ ♦✉t♣✉t ✈❛r✐❛❜❧❡s ❛r❡ ❛❝t✐✈❛❜❧❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥
✇❤✐❝❤ ✈❛r✐❛❜❧❡s ❤❛✈❡ ❜❡❡♥ ❛❝t✐✈❛t❡❞✳
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❲✐t❤ ✈❛r✐❛❜❧❡s X1 = [(a1, b1, c1), (x1, y1, z1)]✱ X2 = [(a2, b2, c2), (x2, y2, z2)]✱ Y =
[(a, b, c), (x, y, z)]✱ ❛♥❞ t❤❡ ✐♥t❡r♥❛❧ tr✐♣❧❡s (d1, e1, f1), (d2, e2, f2), (a

′, b′, c′) ❢♦r t❤❡
❜❧♦❝❦ var✱ ❛♥❞ (a′′, b′′, c′′), (d, e, f) ❢♦r t❤❡ ❜❧♦❝❦ or✱ t❤❡ ✇♦r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ I ✐s
t❤❡ ❢♦❧❧♦✇✐♥❣ ✭♥♦t❡ t❤❛t ✐ts ✷✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❡♠♣❤❛s✐③❡❞ ✇✐t❤ t❤❡ ✈❡rt✐❝❛❧ ❜❛rs✱
✐s (0, 18)✮✿

I=|d1 y1 a d2 y2 e1 a
′ e2 x1 b1 f1 c

′ z b′ c x2 b2 f2|a1 b
′′ z1 a2 d y a

′′ x b f z2 c1 e c
′′ c2|

❆ ♣♦ss✐❜❧❡ s❡q✉❡♥❝❡ ♦❢ ✸❉❚✲st❡♣s ❧❡❛❞✐♥❣ ❢r♦♠ I t♦ ε ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✳✶✺✱ ❤❡♥❝❡
I ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✳

▲❡♠♠❛ ✶✳✶✽✳ ▲❡t I ′ ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ✇✐t❤ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ B′✱ s✉❝❤
t❤❛t (I ′,B′) ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛♥ ❛ss❡♠❜❧✐♥❣ ♦❢ ❜❛s✐❝ ❜❧♦❝❦s (I,B) ❛❢t❡r ❛♥② ♥✉♠✲
❜❡r ♦❢ ✸❉❚✲st❡♣s✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐st k ≥ 0 tr✐♣❧❡s (di, ei, fi)✱ i ∈ J1 ; kK✱ s✉❝❤ t❤❛t

(I,B) (d1, e1, f1)
−−−−−−−−→ · · ·

(dk, ek, fk)
−−−−−−−−→(I ′,B′)✳

❚❤❡♥ (I ′,B′) ✐s ❛ ✈❛❧✐❞ ❝♦♥t❡①t✳ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ♦❢ (I ′,B′) ✐s
❡♠♣t②✱ t❤❡♥ I ′ ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✳

Pr♦♦❢✳ ❲r✐t❡ A t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ✉s❡❞ t♦ ❞❡✜♥❡ (I,B)✳ ❲❡ ✇r✐t❡ I = 〈Σ, T, ψ〉
❛♥❞ I ′ = 〈Σ′, T ′, ψ′〉✳ ❲❡ ♣r♦✈❡ t❤❛t (I ′,B′) ✐s ❛ ✈❛❧✐❞ ❝♦♥t❡①t ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k
✭t❤❡ ♥✉♠❜❡r ♦❢ ✸❉❚✲st❡♣s ❜❡t✇❡❡♥ (I,B) ❛♥❞ (I ′,B′)✮✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❛t ❢♦r ❡❛❝❤
h ∈ J1 ; lK✱ B′

h ❛♣♣❡❛rs ❛s ❛ ♥♦❞❡ ✐♥ t❤❡ ❜❡❤❛✈✐♦r ❣r❛♣❤ ♦❢ Bh✳
❙✉♣♣♦s❡ ✜rst t❤❛t k = 0✳ ❲❡ s❤♦✇ t❤❛t t❤❡ s❡t ♦❢ ❡①t❡r♥❛❧ tr✐♣❧❡s ♦❢ (I,B) =

(I ′,B′) ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ ✈❛❧✐❞ ✈❛r✐❛❜❧❡s✱ ♥❛♠❡❧② ✐♥t♦ A✳ ■♥❞❡❡❞✱ ❢r♦♠ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ❡❛❝❤ ❜❧♦❝❦✱ ❢♦r ❡❛❝❤ σ ∈ Σ✱ σ ✐s ❡✐t❤❡r ♣❛rt ♦❢ ❛♥ ✐♥t❡r♥❛❧ tr✐♣❧❡✱ ♦r
❛♣♣❡❛rs ✐♥ ❛ ✈❛r✐❛❜❧❡ A ∈ A✳ ❈♦♥✈❡rs❡❧②✱ ❢♦r ❡❛❝❤ A = [(a, b, c), (x, y, z)] ∈ A✱ b✱
x ❛♥❞ y ❛♣♣❡❛r ✐♥ t❤❡ ❜❧♦❝❦ ❤❛✈✐♥❣ A ❢♦r ♦✉t♣✉t✱ ❛♥❞ a✱ c ❛♥❞ z ❛♣♣❡❛r ✐♥ t❤❡
❜❧♦❝❦ ❤❛✈✐♥❣ A ❢♦r ✐♥♣✉t✳ ❍❡♥❝❡ (a, b, c) ❛♥❞ (x, y, z) ❛r❡ ✐♥❞❡❡❞ t✇♦ ❡①t❡r♥❛❧ tr✐♣❧❡s
♦❢ (I,B)✳ ❍❡♥❝❡ ❡❛❝❤ ✈❛r✐❛❜❧❡ s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶✷✳
❈♦♥❞✐t✐♦♥s ✭✐✐✐✮ ❛♥❞ ✭✐✈✮ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❡❛❝❤ ❜❧♦❝❦✿ ✇❡ ❤❛✈❡✱ ❢♦r
❡❛❝❤ ♦✉t♣✉t ✈❛r✐❛❜❧❡✱ y ≺ x✱ ❛♥❞ ❢♦r ❡❛❝❤ ✐♥♣✉t ✈❛r✐❛❜❧❡✱ a ≺ z ≺ c✳ ❋✐♥❛❧❧②✱ ❡❛❝❤
Bh ❛♣♣❡❛rs ✐♥ ✐ts ♦✇♥ ❜❡❤❛✈✐♦r ❣r❛♣❤✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t (I ′,B′) ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ (I,B) ❛❢t❡r k ✸❉❚✲st❡♣s✱ k > 0✳ ❚❤❡♥
t❤❡r❡ ❡①✐sts ❛ ✸❉❚✲✐♥st❛♥❝❡ ✇✐t❤ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ (I ′′,B′′) s✉❝❤ t❤❛t✿

(I,B) (d1, e1, f1)
−−−−−−−−→ · · ·

(dk−1, ek−1, fk−1)
−−−−−−−−−−−−−−→(I ′′,B′′) (dk, ek, fk)

−−−−−−−−→(I ′,B′).

❈♦♥s✐❞❡r h ∈ J1 ; lK✳ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ s✐♥❝❡ B′′
h ✐s ✐♥ ❛ ✈❛❧✐❞ ❝♦♥t❡①t (I ′′,B′′)✱

t❤❡♥✱ ❞❡♣❡♥❞✐♥❣ ♦♥ (dk, ek, fk)✱ ❡✐t❤❡r B′
h = B′′

h✱ ♦r t❤❡r❡ ✐s ❛♥ ❛r❝ ❢r♦♠ B′′
h t♦ B′

h ✐♥
t❤❡ ❜❡❤❛✈✐♦r ❣r❛♣❤✳ ❍❡♥❝❡ B′

h ✐s ✐♥❞❡❡❞ ❛ ♥♦❞❡ ✐♥ t❤✐s ❣r❛♣❤✳ ❇② Pr♦♣❡rt② ✶✳✶✸✱
✇❡ ❦♥♦✇ t❤❛t t❤❡ s❡t ♦❢ ❡①t❡r♥❛❧ tr✐♣❧❡s ♦❢ (I ′,B′) ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ ✈❛r✐❛❜❧❡s
s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✶✷✳ ❍❡♥❝❡ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t ❡❛❝❤
✈❛r✐❛❜❧❡ s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥s ✭✐✐✐✮ ❛♥❞ ✭✐✈✮✿ ❜② ✐♥s♣❡❝t✐♥❣ ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ ❜❡❤❛✈✐♦r
❣r❛♣❤✱ ✇❡ ✈❡r✐❢② t❤❛t x ≺ y ⇒ x ⊳ b ⊳ y ✭r❡s♣✳ a ≺ z ≺ c✮ ❢♦r ❡❛❝❤ ♦✉t♣✉t ✭r❡s♣✳
✐♥♣✉t✮ ✈❛r✐❛❜❧❡ A = [(a, b, c), (x, y, z)] ♦❢ t❤❡ ❜❧♦❝❦✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ✐♥❞✉❝t✐♦♥
♣r♦♦❢✳

❲❡ ✜♥❛❧❧② ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ♦❢ (I ′,B′) ✐s ❡♠♣t②✳
❚❤❡♥ ❢♦r ❡❛❝❤ h ∈ J1 ; lK ✇❡ ❡✐t❤❡r ❤❛✈❡ B′

h = ε✱ ♦r B′
h = ah bh ch ❢♦r s♦♠❡ ✐♥t❡r♥❛❧

tr✐♣❧❡ (ah, bh, ch) ✭✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Bh ✐s ❛ ❜❧♦❝❦ or✮✳ ❚❤❡♥ (I ′,B′) ✐s ✐♥❞❡❡❞ ✸❉❚✲
❝♦❧❧❛♣s✐❜❧❡✿ s✐♠♣❧② ❢♦❧❧♦✇ ✐♥ ❛♥② ♦r❞❡r t❤❡ ✸❉❚✲st❡♣ (ah, bh, ch)

−−−−−−−−→ ❢♦r ❡❛❝❤ r❡♠❛✐♥✐♥❣
tr✐♣❧❡ (ah, bh, ch)✳
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I = |d1 y1 a d2 y2 e1 a
′ e2 x1 b1 f1 c

′ z b′ c x2 b2 f2 | a1 b
′′ z1 a2 d y a

′′ x b f z2 c1 e c
′′ c2 |

↓ (d1, e1, f1) ■♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B1

I10 = | a
′ e2 x1 b1 y1 a d2 y2 c

′ z b′ c x2 b2 f2 | a1 b
′′ z1 a2 d y a

′′ x b f z2 c1 e c
′′ c2 |

↓ (x1, y1, z1) ❆❝t✐✈❛t✐♦♥ ♦❢ X1

I9 = | a
′ e2 a d2 y2 c

′ z b′ c x2 b2 f2 |a1 b
′′ b1 a2 d y a

′′ x b f z2 c1 e c
′′ c2 |

↓ (a1, b1, c1) ■♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B2

I8 = | a
′ e2 a d2 y2 c

′ z b′ c x2 b2 f2 | a2 d y a
′′ x b f z2 b

′′ e c′′ c2 |

↓ (a′′, b′′, c′′) ■♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B2

I7 = | a
′ e2 a d2 y2 c

′ z b′ c x2 b2 f2 | a2 d y e x bf z2 c2 |

↓ (d, e, f) ■♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B2

I6 = | a
′ e2 a d2 y2 c

′ z b′ c x2 b2 f2 | a2 x by z2 c2 |

↓ (x, y, z) ❆❝t✐✈❛t✐♦♥ ♦❢ Y

I5 = | a
′ e2 a d2 y2 c

′ b b′ c x2 b2 f2 | a2 z2 c2 |

↓ (a, b, c) ■♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B1

I4 = |a
′ e2 b

′ d2 y2 c′ x2 b2 f2 | a2 z2 c2 |

↓ (a′, b′, c′) ■♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B1

I3 = |d2 y2 e2 x2 b2 f2 | a2 z2 c2 |

↓ (d2, e2, f2) ■♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B1

I2 = |x2 b2 y2 | a2 z2 c2 |

↓ (x2, y2, z2) ❆❝t✐✈❛t✐♦♥ ♦❢ X2

I1 = | ε |a2 b2 c2 |

↓ (a2, b2, c2) ■♥t❡r♥❛❧ tr✐♣❧❡ ♦❢ B2

I0 = | ε | ε | = ε

❋✐❣✉r❡ ✶✳✶✺✿ ✸❉❚✲❝♦❧❧❛♣s✐❜✐❧✐t② ♦❢ t❤❡ ❛ss❡♠❜❧✐♥❣ ♦❢ ❜❛s✐❝ ❜❧♦❝❦s [X1, X2] = var(Y )
❛♥❞ Y = or(X1, X2) ❢r♦♠ ❊①❛♠♣❧❡ ✶✳✸✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ ❊①❛♠♣❧❡ ✶✳✷✳
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✶✳✸✳✸ ❈♦♥str✉❝t✐♦♥

▲❡t φ ❜❡ ❛ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛ ♦✈❡r t❤❡ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡s x1, . . . , xm✱ ❣✐✈❡♥ ✐♥ ❝♦♥✲
❥✉♥❝t✐✈❡ ♥♦r♠❛❧ ❢♦r♠✿ φ = C1 ∧ C2 ∧ . . . ∧ Cγ✳ ❊❛❝❤ ❝❧❛✉s❡ Cc ✭c ∈ J1 ; γK✮ ✐s t❤❡
❞✐s❥✉♥❝t✐♦♥ ♦❢ ❛ ♥✉♠❜❡r ♦❢ ❧✐t❡r❛❧s✱ xi ♦r ¬xi✱ i ∈ J1 ; mK✳ ❲❡ ✇r✐t❡ qi ✭r❡s♣✳ q̄i✮
❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ t❤❡ ❧✐t❡r❛❧ xi ✭r❡s♣✳ ¬xi✮ ✐♥ φ✱ i ∈ J1 ; mK✳ ❲❡
❛❧s♦ ✇r✐t❡ k(Cc) t❤❡ ♥✉♠❜❡r ♦❢ ❧✐t❡r❛❧s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❝❧❛✉s❡ Cc✱ c ∈ J1 ; γK✳ ❲❡
❝❛♥ ❛ss✉♠❡ t❤❛t γ ≥ 2✱ t❤❛t ❢♦r ❡❛❝❤ c ∈ J1 ; γK✱ ✇❡ ❤❛✈❡ k(Cc) ≥ 2✱ ❛♥❞ t❤❛t
❢♦r ❡❛❝❤ i ∈ J1 ; mK✱ qi ≥ 2 ❛♥❞ q̄i ≥ 2✳ ✭❖t❤❡r✇✐s❡✱ ✇❡ ❝❛♥ ❛❧✇❛②s ❛❞❞ ❝❧❛✉s❡s ♦❢
t❤❡ ❢♦r♠ (xi ∨ ¬xi) t♦ φ✱ ♦r ❞✉♣❧✐❝❛t❡ t❤❡ ❧✐t❡r❛❧s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❝❧❛✉s❡s Cc s✉❝❤
t❤❛t k(Cc) = 1✳✮ ■♥ ♦r❞❡r t♦ ❞✐st✐♥❣✉✐s❤ ✈❛r✐❛❜❧❡s ♦❢ ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢r♦♠
x1, . . . , xm✱ ✇❡ ❛❧✇❛②s ✉s❡ t❤❡ t❡r♠ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ ❢♦r t❤❡ ❧❛tt❡r✳

❚❤❡ ✸❉❚✲✐♥st❛♥❝❡ Iφ ✐s ❞❡✜♥❡❞ ❛s ❛♥ ❛ss❡♠❜❧✐♥❣ ♦❢ ❜❛s✐❝ ❜❧♦❝❦s✿ ✇❡ ✜rst ❞❡✜♥❡
❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s✱ t❤❡♥ ✇❡ ❧✐st t❤❡ ❜❧♦❝❦s ♦❢ ✇❤✐❝❤ t❤❡ ✇♦r❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Iφ
✐s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥✳ ■t ✐s ♥❡❝❡ss❛r② t❤❛t ❡❛❝❤ ✈❛r✐❛❜❧❡ ✐s ♣❛rt ♦❢ t❤❡ ✐♥♣✉t ✭r❡s♣✳
t❤❡ ♦✉t♣✉t✮ ♦❢ ❡①❛❝t❧② ♦♥❡ ❜❧♦❝❦✳ ◆♦t❡ t❤❛t t❤❡ r❡❧❛t✐✈❡ ♦r❞❡r ♦❢ t❤❡ ❜❧♦❝❦s ✐s ♦❢
♥♦ ✐♠♣♦rt❛♥❝❡✳ ❲❡ s✐♠♣❧② tr②✱ ❢♦r r❡❛❞❛❜✐❧✐t② r❡❛s♦♥s✱ t♦ ❡♥s✉r❡ t❤❛t t❤❡ s♦✉r❝❡
♦❢ ❛ ✈❛r✐❛❜❧❡ ❛♣♣❡❛rs ❜❡❢♦r❡ ✐ts t❛r❣❡t✱ ✇❤❡♥❡✈❡r ♣♦ss✐❜❧❡✳ ❲❡ s❛② t❤❛t ❛ ✈❛r✐❛❜❧❡
r❡♣r❡s❡♥ts ❛ t❡r♠✱ ✐✳❡✳✱ ❛ ❧✐t❡r❛❧✱ ❝❧❛✉s❡ ♦r ❢♦r♠✉❧❛✱ ✐❢ ✐t ❝❛♥ ❜❡ ❛❝t✐✈❛t❡❞ ✐✛ t❤✐s t❡r♠
✐s tr✉❡ ✭❢♦r s♦♠❡ ✜①❡❞ ❛ss✐❣♥♠❡♥t ♦❢ t❤❡ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡s✮✱ ♦r ✐❢ φ ✐s s❛t✐s✜❡❞ ❜②
t❤✐s ❛ss✐❣♥♠❡♥t✳ ❲❡ ❛❧s♦ s❛② t❤❛t ❛ ❜❧♦❝❦ ❞❡✜♥❡s ❛ ✈❛r✐❛❜❧❡ ✐❢ ✐t ✐s t❤❡ s♦✉r❝❡ ❜❧♦❝❦
♦❢ t❤✐s ✈❛r✐❛❜❧❡✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Iφ ✐s ❞♦♥❡ ❛s ❢♦❧❧♦✇s ✭s❡❡ ❋✐❣✉r❡ ✶✳✶✻ ❢♦r ❛♥ ❡①❛♠♣❧❡✮✿
❈r❡❛t❡ ❛ s❡t ♦❢ ✈❛r✐❛❜❧❡s✿

✕ ❋♦r ❡❛❝❤ i ∈ J1 ; mK✱ ❝r❡❛t❡ qi + 1 ✈❛r✐❛❜❧❡s r❡♣r❡s❡♥t✐♥❣ xi✿ Xi ❛♥❞ Xj
i ✱

j ∈ J1 ; qiK✱ ❛♥❞ q̄i + 1 ✈❛r✐❛❜❧❡s r❡♣r❡s❡♥t✐♥❣ ¬xi✿ X̄i ❛♥❞ X̄
j
i ✱ j ∈ J1 ; q̄iK✳

✕ ❋♦r ❡❛❝❤ c ∈ J1 ; γK✱ ❝r❡❛t❡ ❛ ✈❛r✐❛❜❧❡ Γc r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝❧❛✉s❡ Cc✳
✕ ❈r❡❛t❡ m + 1 ✈❛r✐❛❜❧❡s✱ Aφ ❛♥❞ Ai

φ✱ i ∈ J1 ; mK✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❢♦r♠✉❧❛ φ✳
❲❡ ✇✐❧❧ s❤♦✇ t❤❛t Aφ ❤❛s ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥✿ ✐t ❝❛♥ ❜❡ ❛❝t✐✈❛t❡❞
♦♥❧② ✐❢ φ ✐s s❛t✐s✜❛❜❧❡✱ ❛♥❞✱ ♦♥❝❡ ❛❝t✐✈❛t❡❞✱ ✐t ❛❧❧♦✇s ❡✈❡r② r❡♠❛✐♥✐♥❣ ✈❛r✐❛❜❧❡
t♦ ❜❡ ❛❝t✐✈❛t❡❞✳

✕ ❲❡ ❛❧s♦ ✉s❡ ❛ ♥✉♠❜❡r ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡s✱ ✇✐t❤ ♥❛♠❡s U j
i ✱ Ū

j
i ✱ V

i
c ✱ Wc✱

❛♥❞ Yi✳
❆❞❞ ❜❧♦❝❦s s✉❝❝❡ss✐✈❡❧②✱ st❛rt✐♥❣ ✇✐t❤ ❛♥ ❡♠♣t② ✸❉❚✲✐♥st❛♥❝❡ ε✿

✕ ❋♦r ❡❛❝❤ i ∈ J1 ; mK✱ ❛❞❞ t❤❡ ❢♦❧❧♦✇✐♥❣ qi + q̄i− 1 ❜❧♦❝❦s ❞❡✜♥✐♥❣ t❤❡ ✈❛r✐❛❜❧❡s
Xi✱ X

j
i ✭j ∈ J1 ; qiK✮✱ ❛♥❞ X̄i✱ X̄

j
i ✭j ∈ J1 ; q̄iK✮✿

[Xi, X̄i] = var(Ai
φ)

[X1
i , U

2
i ] = copy(Xi) [X̄1

i , Ū
2
i ] = copy(X̄i)

[X2
i , U

3
i ] = copy(U2

i ) [X̄2
i , Ū

3
i ] = copy(Ū2

i )

✳✳✳
✳✳✳ ✭∗✮

[Xqi−2
i , U qi−1

i ] = copy(U qi−2
i ) [X̄ q̄i−2

i , Ū q̄i−1
i ] = copy(Ū q̄i−2

i )

[Xqi−1
i , Xqi

i ] = copy(U qi−1
i ) [X̄ q̄i−1

i , X̄ q̄i
i ] = copy(Ū q̄i−1

i )

✕ ❋♦r ❡❛❝❤ c ∈ J1 ; γK✱ ❧❡t Cc = λ1 ∨ λ2 ∨ . . . ∨ λk✱ ✇✐t❤ k = k(Cc)✳ ❈♦♥s✐❞❡r
p ∈ J1 ; kK✳ ❚❤❡r❡ ❡①✐st ✐♥t❡❣❡rs i✱ j s✉❝❤ t❤❛t λp ✐s t❤❡ j✲t❤ ♦❝❝✉rr❡♥❝❡ ♦❢
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❛ ❧✐t❡r❛❧ xi ♦r ¬xi✱ ✇❡ r❡s♣❡❝t✐✈❡❧② ✇r✐t❡ Lp = Xj
i ♦r Lp = X̄j

i ✳ ❲❡ ❛❞❞ t❤❡
❢♦❧❧♦✇✐♥❣ k − 1 ❜❧♦❝❦s ❞❡✜♥✐♥❣ Γc✿

V 2
c = or(L1, L2)

V 3
c = or(V 2

c , L3)

✳✳✳ ✭∗∗✮

V k−1
c = or(V k−2

c , Lk−1)

Γc = or(V k−1
c , Lk)

✕ ❙✐♥❝❡ φ = C1∧C2∧ . . .∧Cγ✱ t❤❡ ❢♦r♠✉❧❛ ✈❛r✐❛❜❧❡ Aφ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
γ − 1 ❜❧♦❝❦s✿

W2 = and(Γ1,Γ2)

W3 = and(W2,Γ3)

✳✳✳ ✭∗∗∗✮

Wγ−1 = and(Wγ−2,Γγ−1)

Aφ = and(Wγ−1,Γγ)

✕ ❚❤❡ m ❝♦♣✐❡s A1
φ, . . . , A

m
φ ♦❢ Aφ ❛r❡ ❞❡✜♥❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ m− 1 ❜❧♦❝❦s✿

[A1
φ, Y2] = copy(Aφ)

[A2
φ, Y3] = copy(Y2)

✳✳✳ ✭∗∗∗∗✮

[Am−2
φ , Ym−1] = copy(Ym−2)

[Am−1
φ , Am

φ ] = copy(Ym−1)

✶✳✸✳✹ ❚❤❡ ▼❛✐♥ ❘❡s✉❧t

❚❤❡♦r❡♠ ✶✳✶✾✳ ▲❡t φ ❜❡ ❛ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛✱ ❛♥❞ Iφ t❤❡ ✸❉❚✲✐♥st❛♥❝❡ ❞❡✜♥❡❞ ✐♥ ❙❡❝✲
t✐♦♥ ✶✳✸✳✸✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Iφ ✐s ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐③❡ ♦❢ φ✱ ❛♥❞ φ ✐s s❛t✐s✜❛❜❧❡
✐✛ Iφ ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✳

Pr♦♦❢✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Iφ ✐s tr✐✈✐❛❧✳ ❲❡ ✉s❡
t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥✱ ✇✐t❤ B t❤❡ ❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Iφ✳ ❖♥❡
❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ❡❛❝❤ ✈❛r✐❛❜❧❡ ✐♥ ✭∗✮✱ ✭∗∗✮✱ ✭∗∗∗✮✱ ❛♥❞ ✭∗∗∗∗✮ ❤❛s ❡①❛❝t❧② ♦♥❡
s♦✉r❝❡ ❜❧♦❝❦ ❛♥❞ ♦♥❡ t❛r❣❡t ❜❧♦❝❦✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛ ✶✳✶✽✱ ✇❡ ❦♥♦✇ t❤❛t (Iφ,B) ✐s ❛
✈❛❧✐❞ ❝♦♥t❡①t✱ ❛♥❞ r❡♠❛✐♥s s♦ ❛❢t❡r ❛♥② ♥✉♠❜❡r ♦❢ ✸❉❚✲st❡♣s✱ ❤❡♥❝❡ Pr♦♣❡rt✐❡s ✶✳✶✹✱
✶✳✶✺✱ ✶✳✶✻✱ ❛♥❞ ✶✳✶✼ ❛r❡ s❛t✐s✜❡❞ ❜② r❡s♣❡❝t✐✈❡❧② ❡❛❝❤ ❜❧♦❝❦ copy✱ and✱ or ❛♥❞ var✱ ♦❢
Iφ✳
⇒ ❆ss✉♠❡ ✜rst t❤❛t φ ✐s s❛t✐s✜❛❜❧❡✳ ❈♦♥s✐❞❡r ❛ tr✉t❤ ❛ss✐❣♥♠❡♥t s❛t✐s❢②✐♥❣ φ✿

❧❡t P ❜❡ t❤❡ s❡t ♦❢ ✐♥❞✐❝❡s i ∈ J1 ; mK s✉❝❤ t❤❛t xi ✐s ❛ss✐❣♥❡❞ t♦ tr✉❡✳ ❙t❛rt✐♥❣ ❢r♦♠
Iφ✱ ✇❡ ❝❛♥ ❢♦❧❧♦✇ ❛ ♣❛t❤ ♦❢ ✸❉❚✲st❡♣s t❤❛t ❛❝t✐✈❛t❡s ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ Iφ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ♦r❞❡r✿
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var

copy

X1

X1

1
X2

1

copy

X̄1

X̄1
1 X̄2

1

var

copy

X2

X1
2 X2

2

copy

X̄2

X̄1

2
X̄2

2

var

copy

X3

X1

3
X2

3

copy

X̄3

X̄1
3 X̄2

3

var

copy

X4

X1
4 X2

4

copy

X̄4

X̄1

4
X̄2

4

or

or

V 2

1

or

or

or

V 2
3

or

or

V 2

4

or

or

or

V 2

6

and

Γ1 Γ2

andW2

Γ3

andW3

Γ4

andW4

Γ5

andW5

Γ6

copy

Aφ

copyY2 copyY3

A1
φ

A2
φ

A3
φ

A4
φ

❋✐❣✉r❡ ✶✳✶✻✿ ❙❝❤❡♠❛t✐❝ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❜❧♦❝❦s ❞❡✜♥✐♥❣ Iφ ❢♦r φ = (x1 ∨ x2 ∨ ¬x3)∧
(x1 ∨ ¬x2)∧ (¬x1 ∨ x2 ∨ ¬x4)∧ (¬x1 ∨ x3 ∨ x4)∧ (x3 ∨ ¬x4)∧ (¬x2 ∨ ¬x3 ∨ x4)✳ ❋♦r
❡❛❝❤ ✈❛r✐❛❜❧❡✱ ✇❡ ❞r❛✇ ❛♥ ❛r❝ ❜❡t✇❡❡♥ ✐ts s♦✉r❝❡ ❛♥❞ t❛r❣❡t ❜❧♦❝❦✳ ◆♦t❡ t❤❛t φ ✐s
s❛t✐s✜❛❜❧❡ ✭❡✳❣✳✱ ✇✐t❤ t❤❡ ❛ss✐❣♥♠❡♥t x1 = x3 = true ❛♥❞ x2 = x4 = false✮✳ ❆ s❡t ♦❢
✈❛r✐❛❜❧❡s t❤❛t ❝❛♥ ❜❡ ❛❝t✐✈❛t❡❞ ❜❡❢♦r❡ Aφ ✐s ✐♥ ❜♦❧❞✱ t❤❡② ❝♦rr❡s♣♦♥❞ t♦ t❤❡ t❡r♠s
❜❡✐♥❣ tr✉❡ ✐♥ φ ❢♦r t❤❡ ❛ss✐❣♥♠❡♥t x1 = x3 = true ❛♥❞ x2 = x4 = false✳
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✕ ❋♦r i ∈ J1 ; mK✱ ✐❢ i ∈ P ✱ ❛❝t✐✈❛t❡ Xi ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❧♦❝❦ var ✐♥ ✭∗✮✳
❚❤❡♥✱ ✇✐t❤ t❤❡ ❜❧♦❝❦s copy✱ ❛❝t✐✈❛t❡ s✉❝❝❡ss✐✈❡❧② ❛❧❧ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡s U j

i

❢♦r j = 2 t♦ qi − 1✱ ❛♥❞ ✈❛r✐❛❜❧❡s Xj
i ❢♦r j ∈ J1 ; qiK✳

❖t❤❡r✇✐s❡✱ ✐❢ i /∈ P ✱ ❛❝t✐✈❛t❡ X̄i✱ ❛❧❧ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡s Ū j
i ❢♦r j = 2 t♦

q̄i − 1✱ ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡s X̄j
i ❢♦r j ∈ J1 ; q̄iK

✕ ❋♦r ❡❛❝❤ c ∈ J1 ; γK✱ ❧❡t Cc = λ1 ∨ λ2 ∨ . . . ∨ λk✱ ✇✐t❤ k = k(Cc)✳ ❙✐♥❝❡ Cc ✐s
tr✉❡ ✇✐t❤ t❤❡ s❡❧❡❝t❡❞ tr✉t❤ ❛ss✐❣♥♠❡♥t✱ ❛t ❧❡❛st ♦♥❡ ❧✐t❡r❛❧ λp0 ✱ p0 ∈ J1 ; kK✱ ✐s
tr✉❡✳ ■❢ λp0 ✐s t❤❡ j✲t❤ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ❧✐t❡r❛❧ xi ♦r ¬xi✱ t❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✈❛r✐❛❜❧❡ Lp0 ✭Lp0 = Xj

i ♦r Lp0 = X̄j
i ✮ ❤❛s ❜❡❡♥ ❛❝t✐✈❛t❡❞ ♣r❡✈✐♦✉s❧②✳ ❯s✐♥❣ t❤❡

❜❧♦❝❦s or ✐♥ ✭∗∗✮✱ ✇❡ ❛❝t✐✈❛t❡ s✉❝❝❡ss✐✈❡❧② ❡❛❝❤ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡ V p
c ❢♦r

p = p0, . . . , k − 1✱ ❛♥❞ ✜♥❛❧❧② ✇❡ ❛❝t✐✈❛t❡ t❤❡ ✈❛r✐❛❜❧❡ Γc✳
✕ ❙✐♥❝❡ ❛❧❧ ✈❛r✐❛❜❧❡s Γc✱ c ∈ J1 ; γK✱ ❤❛✈❡ ❜❡❡♥ ❛❝t✐✈❛t❡❞✱ ✉s✐♥❣ t❤❡ ❜❧♦❝❦s and

✐♥ ✭∗∗∗✮✱ ✇❡ ❛❝t✐✈❛t❡ ❡❛❝❤ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡ Wc ❢♦r c = 2 t♦ c = γ−1✱ ❛♥❞
t❤❡ ❢♦r♠✉❧❛ ✈❛r✐❛❜❧❡ Aφ✳

✕ ❲✐t❤ t❤❡ ❜❧♦❝❦s copy ✐♥ ✭∗∗∗∗✮✱ ✇❡ ❛❝t✐✈❛t❡ s✉❝❝❡ss✐✈❡❧② ❛❧❧ t❤❡ ✐♥t❡r♠❡❞✐❛t❡
✈❛r✐❛❜❧❡s Yi✱ i ∈ J2 ; m− 1K ❛♥❞ t❤❡ m ❝♦♣✐❡s A1

φ, . . . , A
m
φ ♦❢ Aφ✳

✕ ❋♦r i ∈ J1 ; mK✱ s✐♥❝❡ t❤❡ ✈❛r✐❛❜❧❡ Ai
φ ❤❛s ❜❡❡♥ ❛❝t✐✈❛t❡❞✱ ✇❡ ❛❝t✐✈❛t❡ ✐♥ t❤❡

❜❧♦❝❦ var ♦❢ ✭∗✮ t❤❡ r❡♠❛✐♥✐♥❣ ✈❛r✐❛❜❧❡ Xi ♦r X̄i✳ ❲❡ ❛❧s♦ ❛❝t✐✈❛t❡ ❛❧❧ ✐ts ❝♦♣✐❡s
❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡s U j

i ♦r Ū j
i ✳

✕ ❋♦r c ∈ J1 ; γK✱ ✐♥ ✭∗∗✮✱ s✐♥❝❡ ❛❧❧ ✈❛r✐❛❜❧❡s Lp ❤❛✈❡ ❜❡❡♥ ❛❝t✐✈❛t❡❞✱ ✇❡ ❛❝t✐✈❛t❡
t❤❡ r❡♠❛✐♥✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ ✈❛r✐❛❜❧❡s V p

c ✳
✕ ❆t t❤✐s ♣♦✐♥t✱ ❡✈❡r② ✈❛r✐❛❜❧❡ ❤❛s ❜❡❡♥ ❛❝t✐✈❛t❡❞✳ ❯s✐♥❣ ❛❣❛✐♥ ▲❡♠♠❛ ✶✳✶✽✱ ✇❡
❦♥♦✇ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ✐♥st❛♥❝❡ ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✱ ❛♥❞ ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❞♦✇♥
t♦ t❤❡ ❡♠♣t② ✸❉❚✲✐♥st❛♥❝❡ ε✳

❍❡♥❝❡ Iφ ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✳
⇐ ❆ss✉♠❡ ♥♦✇ t❤❛t Iφ ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✿ ✇❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ✸❉❚✲st❡♣s

r❡❞✉❝✐♥❣ Iφ t♦ ε✳ ❚❤✐s s❡q✉❡♥❝❡ ❣✐✈❡s ❛ t♦t❛❧ ♦r❞❡r ♦♥ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s✿ t❤❡ ♦r❞❡r
✐♥ ✇❤✐❝❤ t❤❡② ❛r❡ ❛❝t✐✈❛t❡❞✳ ❲❡ ✇r✐t❡ Q ❢♦r t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ❛❝t✐✈❛t❡❞ ❜❡❢♦r❡ Aφ✱
❛♥❞ P ⊆ J1 ; mK ❢♦r t❤❡ s❡t ♦❢ ✐♥❞✐❝❡s i s✉❝❤ t❤❛t Xi ∈ Q ✭s❡❡ t❤❡ ✈❛r✐❛❜❧❡s ✐♥ ❜♦❧❞
✐♥ ❋✐❣✉r❡ ✶✳✶✻✮✳ ❲❡ s❤♦✇ t❤❛t t❤❡ tr✉t❤ ❛ss✐❣♥♠❡♥t ❞❡✜♥❡❞ ❜② (xi = true⇔ i ∈ P )
s❛t✐s✜❡s t❤❡ ❢♦r♠✉❧❛ φ✳

✕ ❋♦r ❡❛❝❤ i ∈ J1 ; mK✱ Ai
φ ❝❛♥♥♦t ❜❡❧♦♥❣ t♦ Q✱ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt② ♦❢ t❤❡ ❜❧♦❝❦

copy ✐♥ ✭∗∗∗∗✮ ✭❡❛❝❤ Ai
φ ❝❛♥ ♦♥❧② ❜❡ ❛❝t✐✈❛t❡❞ ❛❢t❡r Aφ✮✳ ❍❡♥❝❡✱ ✇✐t❤ t❤❡ ❜❧♦❝❦

var ✐♥ ✭∗✮✱ ✇❡ ❤❛✈❡ Xi /∈ Q ♦r X̄i /∈ Q✳ ▼♦r❡♦✈❡r✱ ✇✐t❤ t❤❡ ❜❧♦❝❦ copy✱ ✇❡ ❤❛✈❡

∀1 ≤ j ≤ qi, Xj
i ∈ Q⇒ Xi ∈ Q ✭❛✮

∀1 ≤ j ≤ q̄i, X̄j
i ∈ Q⇒ X̄i ∈ Q⇒ Xi /∈ Q ✭❜✮

✕ ❙✐♥❝❡ Aφ ✐s ❞❡✜♥❡❞ ✐♥ ❛ ❜❧♦❝❦ Aφ = and(Wγ−1,Γγ) ✐♥ ✭∗∗∗✮✱ ✇❡ ♥❡❝❡ss❛r✐❧②
❤❛✈❡ Wγ−1 ∈ Q ❛♥❞ Γγ ∈ Q✳ ▲✐❦❡✇✐s❡✱ s✐♥❝❡ Wγ−1 ✐s ❞❡✜♥❡❞ ❜② Wγ−1 =
and(Wγ−2,Γγ−1)✱ ✇❡ ❛❧s♦ ❤❛✈❡ Wγ−2 ∈ Q ❛♥❞ Γγ−1 ∈ Q✳ ❆♣♣❧②✐♥❣ t❤✐s r❡❛✲
s♦♥✐♥❣ r❡❝✉rs✐✈❡❧②✱ ✇❡ ❤❛✈❡ Γc ∈ Q ❢♦r ❡❛❝❤ c ∈ J1 ; γK✳

✕ ❋♦r ❡❛❝❤ c ∈ J1 ; γK✱ ❝♦♥s✐❞❡r t❤❡ ❝❧❛✉s❡ Cc = λ1∨λ2∨ . . .∨λk✱ ✇✐t❤ k = k(Cc)✳
❯s✐♥❣ t❤❡ ♣r♦♣❡rt② ♦❢ t❤❡ ❜❧♦❝❦ or ✐♥ ✭∗∗✮✱ t❤❡r❡ ❡①✐sts s♦♠❡ p0 ∈ J1 ; kK
s✉❝❤ t❤❛t t❤❡ ✈❛r✐❛❜❧❡ Lp0 ✐s ❛❝t✐✈❛t❡❞ ❜❡❢♦r❡ Γc✿ ❤❡♥❝❡ Lp0 ∈ Q✳ ■❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❧✐t❡r❛❧ λp0 ✐s t❤❡ j✲t❤ ♦❝❝✉rr❡♥❝❡ ♦❢ xi ✭r❡s♣❡❝t✐✈❡❧②✱ ¬xi✮✱ t❤❡♥
Lp0 = Xj

i ✭r❡s♣✳✱ Lp0 = X̄j
i ✮✱ t❤✉s ❜② ✭❛✮ ✭r❡s♣✳ ✭❜✮✮✱ Xi ∈ Q ✭r❡s♣✳✱ Xi /∈ Q✮✱

❛♥❞ ❝♦♥s❡q✉❡♥t❧② i ∈ P ✭r❡s♣✳✱ i /∈ P ✮✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❧✐t❡r❛❧ λp0 ✐s tr✉❡ ✐♥
t❤❡ tr✉t❤ ❛ss✐❣♥♠❡♥t ❞❡✜♥❡❞ ❜② (xi = true⇔ i ∈ P )✳
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■❢ Iφ ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡✱ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❛ tr✉t❤ ❛ss✐❣♥♠❡♥t s✉❝❤ t❤❛t ❛t ❧❡❛st ♦♥❡
❧✐t❡r❛❧ ✐s tr✉❡ ✐♥ ❡❛❝❤ ❝❧❛✉s❡ ♦❢ t❤❡ ❢♦r♠✉❧❛ φ✱ ❛♥❞ t❤✉s φ ✐s s❛t✐s✜❛❜❧❡✳

✶✳✹ ❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s ■s ◆P✲❍❛r❞

❆s ♥♦t❡❞ ♣r❡✈✐♦✉s❧②✱ t❤❡r❡ ✐s ♥♦ ❣✉❛r❛♥t❡❡ t❤❛t ❛♥② ✸❉❚✲✐♥st❛♥❝❡ I ❤❛s ❛♥ ❡q✉✐✈✲
❛❧❡♥t ♣❡r♠✉t❛t✐♦♥ π✳ ❍♦✇❡✈❡r✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ✇❡ s❤♦✇ t❤❛t s✉❝❤ ❛
♣❡r♠✉t❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ss❡♠❜❧✐♥❣s ♦❢ ❜❛s✐❝ ❜❧♦❝❦s✱ ✇❤✐❝❤
✐s t❤❡ ❝❛s❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❧❡t❡ ♦✉r r❡❞✉❝t✐♦♥✳

❚❤❡♦r❡♠ ✶✳✷✵✳ ▲❡t I ❜❡ ❛ ✸❉❚✲✐♥st❛♥❝❡ ♦❢ s♣❛♥ n ✇✐t❤ B ❛♥ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥
s✉❝❤ t❤❛t (I,B) ✐s ❛♥ ❛ss❡♠❜❧✐♥❣ ♦❢ ❜❛s✐❝ ❜❧♦❝❦s✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣❡r♠✉t❛t✐♦♥
πI ✱ ❝♦♠♣✉t❛❜❧❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✐♥ n✱ s✉❝❤ t❤❛t I ∼ πI ✳

❆♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ πI ❢♦r t❤❡ ✸❉❚✲✐♥st❛♥❝❡ ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✶✳✸
✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✳✶✼✳

❚❤❡ r♦✉❣❤ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❛s ❢♦❧❧♦✇s✳ ❊❛❝❤ ❜❧♦❝❦ Bh ♦❢ B ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦
♣♦s✐t✐♦♥s Jsh + 1 ; thK✮ ✐s ❛ss✐❣♥❡❞ ❛ ✉♥✐q✉❡ ✐♥t❡r✈❛❧ ♦❢ ✐♥t❡❣❡rs Jph + 1 ; qhK✳ ❚❤❡♥
✇❡ ❝r❡❛t❡ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ Jph + 1 ; qhK✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❦✐♥❞ ♦❢ t❤❡ ❜❧♦❝❦✱ ❛♥❞ πI
✐s ♦❜t❛✐♥❡❞ ❛s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡s❡ ♣❡r♠✉t❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❡①t❡r♥❛❧ tr✐♣❧❡s
✭✐♥ ✈❛r✐❛❜❧❡s✮ ♥❡❡❞ ❛ s♣❡❝✐❛❧ tr❡❛t♠❡♥t✿ ✇❤❡♥ ❛ ✈❛r✐❛❜❧❡ ✐s ❛❝t✐✈❛t❡❞✱ ❡①❛❝t❧② t❤r❡❡
✐♥t❡❣❡rs ❛r❡ ♠♦✈❡❞ ❢r♦♠ ♦♥❡ ❜❧♦❝❦ t♦ ❛♥♦t❤❡r✳ ❍❡♥❝❡✱ ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡✱ s♦♠❡ ✐♥t❡❣❡rs
✇❤✐❝❤ s❤♦✉❧❞ ❛♣♣❡❛r ✐♥ t❤❡ t❛r❣❡t ❜❧♦❝❦ ❛r❡ ♦r✐❣✐♥❛❧❧② ♣r❡s❡♥t ✐♥ t❤❡ s♦✉r❝❡ ❜❧♦❝❦✳
■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣❛rt ♦❢ πI ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❛❝❤ ❜❧♦❝❦ ❤❛s t❤r❡❡ ❡①tr❛ ✐♥t❡❣❡rs
❢♦r ❡❛❝❤ ♦✉t♣✉t ✈❛r✐❛❜❧❡✱ ❛♥❞ t❤r❡❡ ♠✐ss✐♥❣ ✐♥t❡❣❡rs ❢♦r ❡❛❝❤ ✐♥♣✉t ✈❛r✐❛❜❧❡✳ ❲❡ ❦❡❡♣
tr❛❝❦ ♦❢ ❡❧❡♠❡♥ts ✇❤✐❝❤ ❛r❡ ❞✐s♣❧❛❝❡❞ ✇✐t❤ t✇♦ ❢✉♥❝t✐♦♥s✱ α ❛♥❞ β✿ ❢♦r ❛ ✈❛r✐❛❜❧❡ A✱
t❤❡ t❤r❡❡ ❛✛❡❝t❡❞ ✐♥t❡❣❡rs ❛r❡ α(A) + 1✱ α(A) + 2 ❛♥❞ β(A) + 1✳

Pr♦♦❢✳ ▲❡t A ❜❡ t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ l✲❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥ B ♦❢ I = 〈Σ, T, ψ〉✳
▲❡t n ❜❡ t❤❡ s♣❛♥ ♦❢ I✱ ❛♥❞ L ✐ts ❞♦♠❛✐♥✳ ◆♦t❡ t❤❛t L = J1 ; nK✳ ❋♦r ❛♥② h ∈ J1 ; lK✱
✇❡ ✇r✐t❡ ni(Bh) ✭r❡s♣✳ no(Bh)✮ ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉t ✭r❡s♣✳ ♦✉t♣✉t✮ ✈❛r✐❛❜❧❡s ♦❢
Bh✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ t✇♦ ✐♥t❡❣❡rs ph, qh ❜②✿

p1 = 0

∀h ∈ J1 ; lK , qh = ph + th − sh + 3(ni(Bh)− no(Bh))

∀h ∈ J2 ; lK , ph = qh−1

❚❤❡ ♣❡r♠✉t❛t✐♦♥ πI ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ s✉❝❤ t❤❛t ph ❛♥❞ qh ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②
❢♦r ❛♥② h ∈ J1 ; lK✿ πI(sh) = ph✱ ❛♥❞ πI(th) = qh✳

❲❡ ❛❧s♦ ❞❡✜♥❡ t✇♦ ❛♣♣❧✐❝❛t✐♦♥s α, β ♦✈❡r t❤❡ s❡t A ♦❢ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ♣❡r♠✉t❛t✐♦♥
πI ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ s♦ t❤❛t✱ ❢♦r ❛♥② ✈❛r✐❛❜❧❡ A = [(a, b, c), (x, y, z)]✱ ✇❡ ❤❛✈❡ πI(ψ(a)−
1) = α(A) ❛♥❞ πI(ψ(z) − 1) = β(A)✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤✐s ♣r♦♣❡rt②✱ α ❛♥❞ β ❛r❡
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

❋♦r ❡❛❝❤ h ∈ J1 ; lK✿
✕ ■❢ Bh ✐s ❛ ❜❧♦❝❦ ♦❢ t❤❡ ❦✐♥❞ [A1, A2] = copy(A)✱ ❞❡✜♥❡

α(A) = ph, β(A) = ph + 4.

✕ ■❢ Bh ✐s ❛ ❜❧♦❝❦ ♦❢ t❤❡ ❦✐♥❞ A = and(A1, A2)✱ ❞❡✜♥❡

α(A1) = ph, β(A1) = ph + 7, α(A2) = ph + 3, β(A2) = ph + 9.
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❆ss❡♠❜❧✐♥❣ ♦❢ t✇♦ ❜❛s✐❝ ❜❧♦❝s✿
[X1, X2] = var(Y ) Y = or(X1, X2)

■♥♣✉t ✈❛r✐❛❜❧❡ ✭t❛r❣❡t ♦❢✮✿ Y ■♥♣✉t ✈❛r✐❛❜❧❡s ✭t❛r❣❡t ♦❢✮✿ X1, X2

❖✉t♣✉t ✈❛r✐❛❜❧❡s ✭s♦✉r❝❡ ♦❢✮✿ X1, X2 ❖✉t♣✉t ✈❛r✐❛❜❧❡ ✭s♦✉r❝❡ ♦❢✮✿ Y

s1 = 0 t1 = 18
p1 = 0 q1 = p1 + 18− 3 = 15

s2 = 18 t2 = 33
p2 = 15 q2 = p2 + 15 + 3 = 33

α(Y ) = p1 + 5 = 5 α(X1) = p2 = 15 α(X2) = p2 + 3 = 18
β(Y ) = p1 + 9 = 9 β(X1) = p2 + 13 = 28 β(X2) = p2 + 16 = 31

❉❡✜♥✐t✐♦♥ ♦❢ πI ♦✈❡r Js1 + 1 ; t1K✿
u = 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 . . .

πI(u) = 0 17 5 3 20 12 1 14 4 29 16 13 9 8 2 11 32 19 15 . . .
ψ−1(u) = d1 y1 a d2 y2 e1 a

′ e2 x1 b1 f1 c
′ z b′ c x2 b2 f2 . . .

♦✈❡r Js2 + 1 ; t2K✿
u = . . . 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33

πI(u) = . . . 22 28 18 24 7 27 26 10 6 31 21 30 25 23 33
ψ−1(u) = . . . a1 b

′′ z1 a2 d y a′′ x b f z2 c1 e c′′ c2

❋✐❣✉r❡ ✶✳✶✼✿ ❈r❡❛t✐♦♥ ♦❢ ❛ ♣❡r♠✉t❛t✐♦♥ πI ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❛ss❡♠❜❧✐♥❣ ♦❢ ❜❛s✐❝
❜❧♦❝❦s I = 〈Σ, T, ψ〉 ♦❢ s♣❛♥ ✸✸ ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡ ✶✳✸✱ ✉s✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦✲
r❡♠ ✶✳✷✵✳

✕ ■❢ Bh ✐s ❛ ❜❧♦❝❦ ♦❢ t❤❡ ❦✐♥❞ A = or(A1, A2)✱ ❞❡✜♥❡

α(A1) = ph, β(A1) = ph + 13, α(A2) = ph + 3, β(A2) = ph + 16.

✕ ■❢ Bh ✐s ❛ ❜❧♦❝❦ ♦❢ t❤❡ ❦✐♥❞ [A1, A2] = var(A)✱ ❞❡✜♥❡

α(A) = ph + 5, β(A) = ph + 9.

◆♦t❡ t❤❛t ❢♦r ❡✈❡r② A ∈ A✱ α(A) ❛♥❞ β(A) ❛r❡ ❞❡✜♥❡❞ ♦♥❝❡ ❛♥❞ ♦♥❧② ♦♥❝❡✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❦✐♥❞ ♦❢ t❤❡ ❜❧♦❝❦ Btarget(A)✳ ❆s ❛❧r❡❛❞② ♥♦t❡❞✱ t❤❡ ♣❡r♠✉t❛t✐♦♥
πI ✐s ❞❡s✐❣♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ✐♠❛❣❡ ❜② πI ♦❢ ❛♥ ✐♥t❡r✈❛❧ Jsh + 1 ; thK ✐s
❡ss❡♥t✐❛❧❧② t❤❡ ✐♥t❡r✈❛❧ Jph + 1 ; qhK✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ ❡①❝❡♣t✐♦♥s✿ ♥❛♠❡❧②✱ ❢♦r
❡❛❝❤ ✈❛r✐❛❜❧❡ A✱ t❤❡ ✐♥t❡❣❡rs α(A) + 1, α(A) + 2, β(A) + 1✱ ✇❤✐❝❤ ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥q
ptarget(A) + 1 ; qtarget(A)

y
✱ ❛r❡ ✐♥ t❤❡ ✐♠❛❣❡ ♦❢

q
ssource(A) + 1 ; tsource(A)

y
✳ ❚❤✐s ✐s ❢♦r✲

♠❛❧❧② ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✳ ❋♦r ❡❛❝❤ h ∈ J1 ; kK ✇❡ ❞❡✜♥❡ ❛ s❡t Ph ❜②✿

Ph = Jph + 1 ; qhK ∪
⋃

A ♦✉t♣✉t ♦❢ Bh

{α(A) + 1, α(A) + 2, β(A) + 1}

−
⋃

A ✐♥♣✉t ♦❢ Bh

{α(A) + 1, α(A) + 2, β(A) + 1}

❲❡ ♥♦t❡ t❤❛t t❤❡ s❡ts {α(A)+1, α(A)+2, β(A)+1} ❛r❡ ❞✐s❥♦✐♥t ❢♦r ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡s
A✱ ❛♥❞ ❛r❡ ❡❛❝❤ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ✐♥t❡r✈❛❧

q
ptarget(A) + 1 ; qtarget(A)

y
✳ ❍❡♥❝❡

❢♦r ❛♥② h ∈ J1 ; lK✱ ✇❡ ❤❛✈❡ |Ph| = qh− ph +3no(Bh)− 3ni(Bh) = th− sh✳ ▼♦r❡♦✈❡r✱
t❤❡ s❡ts Ph✱ h ∈ J1 ; lK✱ ❢♦r♠ ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ s❡t J1 ; nK✳

❲❡ ❝❛♥ ♥♦✇ ❝r❡❛t❡ t❤❡ ♣❡r♠✉t❛t✐♦♥ πI ✳ ❚❤❡ ✐♠❛❣❡ ♦❢ 0 ✐s 0✱ ❛♥❞ ❢♦r ❡❛❝❤ h0
❢r♦♠ 1 t♦ l✱ ✇❡ ❞❡✜♥❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ πI ♦✈❡r Jsh0 + 1 ; th0K ❛s ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢
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Ph0 ✱ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t t❤❛t πI(th0) = qh0 ✳ ◆♦t❡ t❤❛t✱ ✐❢ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❢✉❧✜❧❧❡❞✱
t❤❡♥ ✇❡ ❝❛♥ ❛ss✉♠❡ πI(sh0) = ph0 ✱ s✐♥❝❡✱ ✐❢ h0 = 1✱ πI(s1) = πI(0) = 0 = p1✱ ❛♥❞ ✐❢
h0 > 1✱ πI(sh0) = πI(th0−1) = qh0−1 = ph0 ✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ πI ♦✈❡r ❡❛❝❤ ✐♥t❡r✈❛❧ Jsh0 + 1 ; th0K✱ ✇❤❡r❡ Bh0 ✐s ♦♥❡ ♦❢ t❤❡
❜❧♦❝❦s copy✱ and✱ or✱ var✱ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡s✳ ❲❡ ✇r✐t❡ s = sh0 ❛♥❞
p = ph0 ✳ ❲❡ ❣✐✈❡ t❤❡ ❧✐♥❡ ψ−1(u) ❛s ❛ r❡♠✐♥❞❡r ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❡❛❝❤ ❜❧♦❝❦✳ ❲❡
❛❧s♦ ❛❞❞ ❛ ❝♦❧✉♠♥ ❢♦r u = s ❛s ❛ r❡♠✐♥❞❡r ♦❢ t❤❡ ❢❛❝t t❤❛t πI(s) = p✳

✕ ■❢ Bh0 ✐s ❛ ❜❧♦❝❦ ♦❢ t❤❡ ❦✐♥❞ [A1, A2] = copy(A)✱ ✇❡ ✇r✐t❡ α1, β1, α2, β2 ❢♦r t❤❡
r❡s♣❡❝t✐✈❡ ✈❛❧✉❡s ♦❢ α(A1), β(A1), α(A2), β(A2)✳

u = s s+1 s+2 s+3 s+4 s+5 s+6 s+7 s+8 s+9
πI(u) = p α1+2 p+8 p+4 p+3 α2+2 p+7 β1+1 α1+1 p+6
ψ−1(u)= a y1 e z d y2 x1 b1 c

u =s+10 s+11 s+12
πI(u) =β2+1 α2+1 p+9
ψ−1(u)= x2 b2 f

✕ ■❢ Bh0 ✐s ❛ ❜❧♦❝❦ ♦❢ t❤❡ ❦✐♥❞ A = and(A1, A2)✱ ✇❡ ✇r✐t❡ α, β ❢♦r t❤❡ r❡s♣❡❝t✐✈❡
✈❛❧✉❡s ♦❢ α(A), β(A)✳

u = s s+1 s+2 s+3 s+4 s+5 s+6 s+7 s+8 s+9
πI(u) = p p+14 p+7 p+3 p+13 p+9 p+6 α+2 p+12 p+11
ψ−1(u)= a1 e z1 a2 c1 z2 d y c2

u =s+10 s+11 s+12
πI(u) = β+1 α+1 p+15
ψ−1(u)= x b f

✕ ■❢ Bh0 ✐s ❛ ❜❧♦❝❦ ♦❢ t❤❡ ❦✐♥❞ A = or(A1, A2)✱ ✇❡ ✇r✐t❡ α, β ❢♦r t❤❡ r❡s♣❡❝t✐✈❡
✈❛❧✉❡s ♦❢ α(A), β(A)✳

u = s s+1 s+2 s+3 s+4 s+5 s+6 s+7 s+8 s+9
πI(u) = p p+7 p+13 p+3 p+9 α+2 p+12 p+11 β+1 α+1
ψ−1(u)= a1 b′ z1 a2 d y a′ x b

u =s+10 s+11 s+12 s+13 s+14 s+15
πI(u) =p+16 p+6 p+15 p+10 p+8 p+18
ψ−1(u)= f z2 c1 e c′ c2

✕ ■❢ Bh0 ✐s ❛ ❜❧♦❝❦ ♦❢ t❤❡ ❦✐♥❞ [A1, A2] = var(A)✱ ✇❡ ✇r✐t❡ α1, β1, α2, β2 ❢♦r t❤❡
r❡s♣❡❝t✐✈❡ ✈❛❧✉❡s ♦❢ α(A1), β(A1), α(A2), β(A2)✳

u = s s+1 s+2 s+3 s+4 s+5 s+6 s+7 s+8 s+9
πI(u) = p α1+2 p+5 p+3 α2+2 p+12 p+1 p+14 p+4 β1+1
ψ−1(u)= d1 y1 a d2 y2 e1 a′ e2 x1

u =s+10 s+11 s+12 s+13 s+14 s+15 s+16 s+17 s+18
πI(u) =α1+1 p+13 p+9 p+8 p+2 p+11 β2+1 α2+1 p+15
ψ−1(u)= b1 f1 c′ z b′ c x2 b2 f2
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❚❤❡s❡ ❞❡✜♥✐t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s✱ ✉♥t✐❧ πI(u) ✐s
❞❡✜♥❡❞ ❢♦r ❛❧❧ u ∈ Jsh0 + 1 ; th0K✳

❋♦r ❛❧❧ ✐♥♣✉t ✈❛r✐❛❜❧❡s ♦❢ Bh0 A = [(a, b, c), (x, y, z)],

πI(ψ(z)) = α(A) + 3 ✭R1✮

πI(ψ(c)) = β(A) + 2 ✭R2✮

❋♦r ❛❧❧ ♦✉t♣✉t ✈❛r✐❛❜❧❡s ♦❢ Bh0 A = [(a, b, c), (x, y, z)],

πI(ψ(x)) = β(A) + 1 ✭R3✮

πI(ψ(b)) = α(A) + 1 ✭R4✮

∀u ∈ Jsh0 + 1 ; th0K s✉❝❤ t❤❛t succ−1
Iφ
(u) ∈ Jsh0 + 1 ; th0K

πI(u) = πI(succ
−1
I (u)− 1) + 1 ✭R5✮

❆ s✐♠♣❧❡ ❝❛s❡ ❜② ❝❛s❡ ❛♥❛❧②s✐s s❤♦✇s t❤❛t r✉❧❡s ✭R1✮ ❛♥❞ ✭R2✮ ✐♥❞❡❡❞ ❛♣♣❧②
t♦ ❡✈❡r② ✐♥♣✉t ✈❛r✐❛❜❧❡✱ ❛♥❞ r✉❧❡s ✭R3✮ ❛♥❞ ✭R4✮ ❛♣♣❧② t♦ ❡✈❡r② ♦✉t♣✉t ✈❛r✐❛❜❧❡✳
▼♦r❡♦✈❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡ ❛❧s♦ s❛t✐s✜❡❞✿

❘✉❧❡ ✭R5✮ ❛♣♣❧✐❡s t♦ ❡✈❡r② u ∈ Jsh0+1 ; th0K s✉❝❤ t❤❛t
u /∈ {ψ(b), ψ(c), ψ(x), ψ(z) | A = [(a, b, c), (x, y, z)] ✐s ✐♥♣✉t✴♦✉t♣✉t ♦❢ Bh0}.

✭P1✮

πI ❞❡✜♥❡s ❛ ❜✐❥❡❝t✐♦♥ ❢r♦♠ Jsh0 + 1 ; th0K t♦ Ph0 s✉❝❤ t❤❛t πI(th0) = qh0 ✭P2✮

❋♦r ❛❧❧ ✐♥♣✉t ✈❛r✐❛❜❧❡s ♦❢ Bh0 A = [(a, b, c), (x, y, z)],

πI(ψ(a)− 1) = α(A) ✭P3✮

πI(ψ(z)− 1) = β(A) ✭P4✮

❋♦r ❛❧❧ ♦✉t♣✉t ✈❛r✐❛❜❧❡s ♦❢ Bh0 A = [(a, b, c), (x, y, z)],

πI(ψ(y)− 1) = α(A) + 2 ✭P5✮

πI(ψ(b)− 1) = β(A) + 1 ✭P6✮

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡ ♣❡r♠✉t❛t✐♦♥ πI ✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t πI ✐s ❡q✉✐✈✲
❛❧❡♥t t♦ I✳ ❋♦❧❧♦✇✐♥❣ ❉❡✜♥✐t✐♦♥ ✶✳✶✵✱ ✇❡ ❤❛✈❡ πI(0) = 0✳ ❚❤❡♥✱ L = J1 ; nK✱ s♦ ❧❡t
✉s ✜① ❛♥② u ∈ J1 ; nK✱ ❛♥❞ ✈❡r✐❢② t❤❛t πI(u) = πI(succ

−1
I (u) − 1) + 1✳ ▲❡t h ❜❡ t❤❡

✐♥t❡❣❡r s✉❝❤ t❤❛t u ∈ Jsh + 1 ; thK✳
❋✐rst✱ ❝♦♥s✐❞❡r t❤❡ ♠♦st ❣❡♥❡r❛❧ ❝❛s❡✱ ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ♥♦ ✈❛r✐❛❜❧❡ A =

[(a, b, c), (x, y, z)] s✉❝❤ t❤❛t u ∈ {ψ(b), ψ(c), ψ(x), ψ(z)}✳ ◆♦t❡ t❤❛t t❤✐s ❝❛s❡ ✐♥❝❧✉❞❡s
u = ψ(d)✱ ✇❤❡r❡ d ✐s ♣❛rt ♦❢ s♦♠❡ ✐♥t❡r♥❛❧ tr✐♣❧❡✳ ❚❤❡♥✱ ❜② Pr♦♣❡rt② ✭P1✮✱ ✇❡ ❦♥♦✇
t❤❛t ❘✉❧❡ ✭R5✮ ❛♣♣❧✐❡s t♦ u✱ ❤❡♥❝❡ ✇❡ ❞✐r❡❝t❧② ❤❛✈❡ πI(u) = πI(succ

−1
I (u)− 1) + 1✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ ✈❛r✐❛❜❧❡ A = [(a, b, c), (x, y, z)] s✉❝❤ t❤❛t u ∈
{ψ(b), ψ(c), ψ(x), ψ(z)}✳ ❚❤❡♥ ❘✉❧❡s ✭R1✮ ❛♥❞ ✭R2✮✱ ❛♥❞ Pr♦♣❡rt✐❡s ✭P3✮ ❛♥❞ ✭P4✮
❛♣♣❧② ✐♥ t❤❡ t❛r❣❡t ❜❧♦❝❦ ♦❢ A✳ ❆❧s♦✱ ❘✉❧❡s ✭R3✮ ❛♥❞ ✭R4✮✱ ❛♥❞ Pr♦♣❡rt✐❡s ✭P5✮
❛♥❞ ✭P6✮ ❛♣♣❧② ✐♥ t❤❡ s♦✉r❝❡ ❜❧♦❝❦ ♦❢ A✳ ❈♦♠❜✐♥✐♥❣ ❛❧❧ t❤❡s❡ ❡q✉❛t✐♦♥s✱ ✇❡ ❤❛✈❡✿

πI(ψ(b)) = α(A) + 1 = πI(ψ(a)− 1) + 1 ❜② ✭R3✮ ❛♥❞ ✭P3✮

πI(ψ(c)) = β(A) + 2 = πI(ψ(b)− 1) + 1 ❜② ✭R2✮ ❛♥❞ ✭P5✮

πI(ψ(x)) = β(A) + 1 = πI(ψ(z)− 1) + 1 ❜② ✭R4✮ ❛♥❞ ✭P4✮

πI(ψ(z)) = α(A) + 3 = πI(ψ(y)− 1) + 1 ❜② ✭R1✮ ❛♥❞ ✭P6✮
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❋♦r u = ψ(b) ✭r❡s♣❡❝t✐✈❡❧②✱ ψ(c), ψ(x), ψ(z)✮✱ ✇❡ ❤❛✈❡ succ−1
I (u) = ψ(a) ✭r❡s♣✳

ψ(b), ψ(z), ψ(y)✮✳ ❍❡♥❝❡✱ ✐♥ ❛❧❧ ❢♦✉r ❝❛s❡s✱ ✇❡ ❤❛✈❡ πI(u) = πI(succ
−1
I (u) − 1) + 1✱

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ t❤❛t πI ✐s ❡q✉✐✈❛❧❡♥t t♦ I✳

❲✐t❤ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✱ ✇❡ ♥♦✇ ❤❛✈❡ ❛❧❧ t❤❡ ♥❡❝❡ss❛r② ✐♥❣r❡❞✐❡♥ts t♦ ♣r♦✈❡
t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ❝❤❛♣t❡r✳

❚❤❡♦r❡♠ ✶✳✷✶✳ ❚❤❡ ❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞✳

Pr♦♦❢✳ ❚❤❡ r❡❞✉❝t✐♦♥ ❢r♦♠ ❙❆❚ ✐s ❛s ❢♦❧❧♦✇s✿ ❣✐✈❡♥ ❛♥② ✐♥st❛♥❝❡ φ ♦❢ ❙❆❚✱ ❝r❡❛t❡
❛ ✸❉❚✲✐♥st❛♥❝❡ Iφ✱ ❜❡✐♥❣ ❛♥ ❛ss❡♠❜❧✐♥❣ ♦❢ ❜❛s✐❝ ❜❧♦❝❦s✱ ✇❤✐❝❤ ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡ ✐✛
φ ✐s s❛t✐s✜❛❜❧❡ ✭❚❤❡♦r❡♠ ✶✳✶✾✮✳ ❚❤❡♥ ❝r❡❛t❡ ❛ ✸✲♣❡r♠✉t❛t✐♦♥ πIφ ❡q✉✐✈❛❧❡♥t t♦ Iφ
✭❚❤❡♦r❡♠ ✶✳✷✵✮✳ ❚❤❡ ❛❜♦✈❡ t✇♦ st❡♣s ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❋✐♥❛❧❧②✱ s❡t
k = db(πIφ)/3 = n/3✳ ❲❡ t❤❡♥ ❤❛✈❡✿

φ ✐s s❛t✐s✜❛❜❧❡ ⇔ Iφ ✐s ✸❉❚✲❝♦❧❧❛♣s✐❜❧❡

⇔ dt(πIφ) = k ✭❜② ❚❤❡♦r❡♠ ✶✳✾✱ s✐♥❝❡ πIφ ∼ Iφ✮

⇔ dt(πIφ) ≤ k ✭❜② Pr♦♣❡rt② ✶✳✹✮.

❈♦r♦❧❧❛r② ✶✳✷✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ❢r♦♠ ❬✺✺❪ ✐s ◆P✲❤❛r❞✿ ❣✐✈❡♥ ❛
♣❡r♠✉t❛t✐♦♥ π ♦❢ J0 ; nK✱ ✐s t❤❡ ❡q✉❛❧✐t② dt(π) = db(π)/3 s❛t✐s✜❡❞❄

❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❛❞❞r❡ss❡❞ ❛ ✶✺✲②❡❛r ♦♣❡♥ q✉❡st✐♦♥ ❛s ✇❡ ♣r♦✈❡❞ t❤❛t
t❤❡ ❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞✳ ❍♦✇❡✈❡r✱ ❛ ♥✉♠❜❡r ♦❢
q✉❡st✐♦♥s r❡♠❛✐♥ ♦♣❡♥✳ ❋♦r ✐♥st❛♥❝❡✱ ❞♦❡s t❤✐s ♣r♦❜❧❡♠ ❛❞♠✐t ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡
❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡❄ ❲❡ ♥♦t❡ t❤❛t t❤❡ r❡❞✉❝t✐♦♥ ✇❡ ❤❛✈❡ ♣r♦✈✐❞❡❞ ❞♦❡s ♥♦t
❛♥s✇❡r t❤✐s q✉❡st✐♦♥✱ s✐♥❝❡ ✐t ✐s ♥♦t ❛ ❣❛♣✲♣r❡s❡r✈✐♥❣ r❡❞✉❝t✐♦♥✳ ■♥❞❡❡❞✱ ✐♥ ♦✉r
r❡❞✉❝t✐♦♥✱ ✐❢ ❛ ❢♦r♠✉❧❛ φ ✐s ♥♦t s❛t✐s✜❛❜❧❡✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ✇❡ ❤❛✈❡ dt(πIφ) =
db(πIφ)/3 + 1✳

❆❧s♦✱ ❞♦ t❤❡r❡ ❡①✐st s♦♠❡ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤ t❤❡ ♣r♦❜❧❡♠ ✐s ✜①❡❞ ♣❛✲
r❛♠❡t❡r tr❛❝t❛❜❧❡❄ ❆ ♣❛r❛♠❡t❡r t❤❛t ❝♦♠❡s t♦ ♠✐♥❞ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ tr❛♥s♣♦✲
s✐t✐♦♥ ❞✐st❛♥❝❡ ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❡①❝❤❛♥❣❡❞ ❢❛❝t♦rs ✭✐✳❡✳✱ t❤❡ ✈❛❧✉❡ max{j−i, k−j}
❢♦r ❛ tr❛♥s♣♦s✐t✐♦♥ τi,j,k✮✳ ❉♦❡s t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡ tr❛❝t❛❜❧❡ ✐❢ t❤✐s ♣❛r❛♠❡t❡r ✐s
❜♦✉♥❞❡❞❄ ■♥ ❢❛❝t✱ t❤❡ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥ ✐s ♥❡❣❛t✐✈❡ ✐❢ ♦♥❧② t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
s♠❛❧❧❡st ❢❛❝t♦r✱ min{j − i, k − j}✱ ✐s ❜♦✉♥❞❡❞✿ ✐♥ ♦✉r r❡❞✉❝t✐♦♥✱ t❤✐s ♣❛r❛♠❡t❡r ✐s
✉♣♣❡r ❜♦✉♥❞❡❞ ❜② 6 ❢♦r ❡✈❡r② tr❛♥s♣♦s✐t✐♦♥ ♥❡❡❞❡❞ t♦ s♦rt πIφ ✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡
❢♦r♠✉❧❛ φ✳





✷
❙♦rt✐♥❣ ❜② Pr❡✜① ❘❡✈❡rs❛❧s

❙♦rt✐♥❣ ❜② Pr❡❢✐① ❘❡✈❡rs❛❧s ✭❙❇P❘✮ ✐s
❛ ♣r♦❜❧❡♠ ❜❡tt❡r ❦♥♦✇♥ ✉♥❞❡r t❤❡ ♥❛♠❡ P❛♥✲
❝❛❦❡ ❋❧✐♣♣✐♥❣ ✿ r❡❛rr❛♥❣❡ ❛ st❛❝❦ ♦❢ ♣❛♥❝❛❦❡s ♦❢
❞✐✛❡r❡♥t s✐③❡s ✭t❤❛t ✐s✱ ❛ ♣❡r♠✉t❛t✐♦♥✮ ✐♥t♦ ❛
♣②r❛♠✐❞❛❧ st❛❝❦✱ ✇❤❡♥ t❤❡ ♦♥❧② ❛❧❧♦✇❡❞ ♦♣❡r❛✲
t✐♦♥ ✐s t♦ ✐♥s❡rt ❛ s♣❛t✉❧❛ ❛♥②✇❤❡r❡ ✐♥ t❤❡ st❛❝❦
❛♥❞ t♦ ✢✐♣ t❤❡ ♣❛♥❝❛❦❡s ❛❜♦✈❡ ✐t ✭t❤❛t ✐s✱ t♦ ♣❡r✲
❢♦r♠ ❛ ♣r❡✜① r❡✈❡rs❛❧✮✳ ❈♦♠♣✉t✐♥❣ t❤❡ ♦♣t✐♠❛❧
s❝❡♥❛r✐♦ ❤❛s ❜❡❡♥ ❛♥ ✐♥tr✐❣✉✐♥❣ ❝♦♠❜✐♥❛t♦r✐❛❧
♣r♦❜❧❡♠ ❢♦r t❤❡ ❧❛st t❤r❡❡ ❞❡❝❛❞❡s✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❤♦✇ t❤❛t t❤❡ P❛♥❝❛❦❡
❋❧✐♣♣✐♥❣ ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞✳

❚❤❡ r❡s✉❧ts ✐♥ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛s ❛♥ ✐♥✈✐t❡❞ t❛❧❦ ❛t t❤❡ ❆❧❣♦r✐t❤♠s ❛♥❞
P❡r♠✉t❛t✐♦♥s ✇♦r❦s❤♦♣ ✭❆✫P ✷✵✶✷✱ P❛r✐s✮✱ ❛♥❞ ❛t t❤❡ ✸✼t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠
♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❋♦✉♥❞❛t✐♦♥s ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✭▼❋❈❙ ✷✵✶✷✱ ❇r❛t✐s❧❛✈❛ ❬✸✹❪✮✳ ❚❤❡②
❛r❡ ❝✉rr❡♥t❧② s✉❜♠✐tt❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥ ❛t t❤❡ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❡r ❛♥❞ ❙②st❡♠ ❙❝✐❡♥❝❡s
✭❏❈❙❙ ❬✸✼❪✮✳

✹✼



✹✽ ❈❍❆P❚❊❘ ✷✳ ❙❖❘❚■◆● ❇❨ P❘❊❋■❳ ❘❊❱❊❘❙❆▲❙

■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣❛♥❝❛❦❡ ♣r♦❜❧❡♠ ✇❛s st❛t❡❞ ✐♥ ❬✻✸❪ ❛s ❢♦❧❧♦✇s✿

❚❤❡ ❝❤❡❢ ✐♥ ♦✉r ♣❧❛❝❡ ✐s s❧♦♣♣②✱ ❛♥❞ ✇❤❡♥ ❤❡ ♣r❡♣❛r❡s ❛ st❛❝❦ ♦❢
♣❛♥❝❛❦❡s t❤❡② ❝♦♠❡ ♦✉t ❛❧❧ ❞✐✛❡r❡♥t s✐③❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ ■ ❞❡❧✐✈❡r
t❤❡♠ t♦ ❛ ❝✉st♦♠❡r✱ ♦♥ t❤❡ ✇❛② t♦ t❤❡ t❛❜❧❡ ■ r❡❛rr❛♥❣❡ t❤❡♠ ✭s♦
t❤❛t t❤❡ s♠❛❧❧❡st ✇✐♥❞s ✉♣ ♦♥ t♦♣✱ ❛♥❞ s♦ ♦♥✱ ❞♦✇♥ t♦ t❤❡ ❧❛r❣❡st
❛t t❤❡ ❜♦tt♦♠✮ ❜② ❣r❛❜❜✐♥❣ s❡✈❡r❛❧ ❢r♦♠ t❤❡ t♦♣ ❛♥❞ ✢✐♣♣✐♥❣ t❤❡♠
♦✈❡r✱ r❡♣❡❛t✐♥❣ t❤✐s ✭✈❛r②✐♥❣ t❤❡ ♥✉♠❜❡r ■ ✢✐♣✮ ❛s ♠❛♥② t✐♠❡s ❛s
♥❡❝❡ss❛r②✳ ■❢ t❤❡r❡ ❛r❡ n ♣❛♥❝❛❦❡s✱ ✇❤❛t ✐s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r
♦❢ ✢✐♣s ✭❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n✮ t❤❛t ■ ✇✐❧❧ ❡✈❡r ❤❛✈❡ t♦ ✉s❡ t♦ r❡❛rr❛♥❣❡
t❤❡♠❄

❙t❛❝❦s ♦❢ ♣❛♥❝❛❦❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ♣❡r♠✉t❛t✐♦♥s✱ ❛♥❞ ❛ ✢✐♣ ❝♦♥s✐sts ✐♥ r❡✈❡rs✲
✐♥❣ ❛ ♣r❡✜① ♦❢ ❛♥② ❧❡♥❣t❤✳ ❚❤❡ ♣r❡✈✐♦✉s ♣✉③③❧❡ ②✐❡❧❞s t✇♦ ❡♥t❛♥❣❧❡❞ ♣r♦❜❧❡♠s✿

✕ ❉❡s✐❣♥✐♥❣ ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t s♦rts ❛♥② ♣❡r♠✉t❛t✐♦♥ ✇✐t❤ ❛ ♠✐♥✐♠✉♠ ♥✉♠❜❡r
♦❢ ✢✐♣s ✭t❤✐s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❝❛❧❧❡❞ ❙❇P❘✱ ❢♦r ❙♦rt✐♥❣ ❇② Pr❡❢✐①
❘❡✈❡rs❛❧s✮✳ ❙❡❡ ❋✐❣✉r❡ ✷✳✶ ❢♦r ❛♥ ❡①❛♠♣❧❡✳

✕ ❈♦♠♣✉t✐♥❣ f(n)✱ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✢✐♣s r❡q✉✐r❡❞ t♦ s♦rt ❛ ♣❡r♠✉t❛t✐♦♥
♦❢ s✐③❡ n ✭t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ♣❛♥❝❛❦❡ ♥❡t✇♦r❦✮✳

●❛t❡s ❛♥❞ P❛♣❛❞✐♠✐tr✐♦✉ ❬✼✹❪ ✐♥tr♦❞✉❝❡❞ t❤❡ ❜✉r♥t ✈❛r✐❛♥t ♦❢ t❤❡ ♣r♦❜❧❡♠✿ t❤❡
♣❛♥❝❛❦❡s ❛r❡ t✇♦✲s✐❞❡❞✱ ❛♥❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t r❡q✉✐r❡s t❤❡ ♣❛♥❝❛❦❡s t♦ ❡♥❞
✇✐t❤ t❤❡ ✉♥❜✉r♥t s✐❞❡ ✉♣✳ ❚❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✉r♥t ♣❛♥❝❛❦❡ ♥❡t✇♦r❦
✐s ❞❡♥♦t❡❞ g(n)✳ ❆ ♥✉♠❜❡r ♦❢ st✉❞✐❡s ❬✺✵✱ ✺✼✱ ✺✾✱ ✼✹✱ ✽✻✱ ✽✺✱ ✾✽❪ ❤❛✈❡ ❛✐♠❡❞ ❛t
❞❡t❡r♠✐♥✐♥❣ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡ ✈❛❧✉❡s ♦❢ f(n) ❛♥❞ g(n)✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿

✕ f(n) ❛♥❞ g(n) ❛r❡ ❦♥♦✇♥ ❡①❛❝t❧② ❢♦r n ≤ 19 ❛♥❞ n ≤ 17✱ r❡s♣❡❝t✐✈❡❧② ❬✺✼❪✳
✕ 15n/14 ≤ f(n) ≤ 18n/11 +O(1) ❬✽✺✱ ✺✵❪✳
✕ ⌊(3n+ 3)/2⌋ ≤ g(n) ≤ 2n− 6 ❬✺✼❪ ✭✉♣♣❡r ❜♦✉♥❞ ❢♦r n ≥ 16✮✳

❈♦♥s✐❞❡r✐♥❣ ❙❇P❘✱ ✷✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞ ❜♦t❤ ❢♦r t❤❡
❜✉r♥t ❛♥❞ ✉♥❜✉r♥t ✈❛r✐❛♥ts ❬✺✾✱ ✻✾❪✳ ▼♦r❡♦✈❡r✱ ▲❛❜❛rr❡ ❛♥❞ ❈✐❜✉❧❦❛ ❬✾✽❪ ❤❛✈❡ ❝❤❛r✲
❛❝t❡r✐③❡❞ ❛ s✉❜❝❧❛ss ♦❢ s✐❣♥❡❞ ♣❡r♠✉t❛t✐♦♥s✱ ❝❛❧❧❡❞ s✐♠♣❧❡ ♣❡r♠✉t❛t✐♦♥s✱ t❤❛t ❝❛♥ ❜❡
s♦rt❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

❚❤❡ ♣❛♥❝❛❦❡ ♣r♦❜❧❡♠s ❤❛✈❡ ✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♣❛♥❝❛❦❡
♥❡t✇♦r❦✱ ❤❛✈✐♥❣ ❜♦t❤ ❛ s♠❛❧❧ ❞❡❣r❡❡ ❛♥❞ ❞✐❛♠❡t❡r✱ ✐s ♦❢ ✐♥t❡r❡st ✐♥ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✲
✐♥❣ ❬✶✱ ✶✶✵❪✳ ❚❤❡ ❛❧❣♦r✐t❤♠✐❝ ❛s♣❡❝t✱ ✐✳❡✳ t❤❡ s♦rt✐♥❣ ♣r♦❜❧❡♠✱ ❝♦rr❡s♣♦♥❞s ❡①❛❝t❧② t♦
t❤❡ r❡❛rr❛♥❣❡♠❡♥t ❞✐st❛♥❝❡ ✇❤❡r❡ ❛❧❧♦✇❡❞ ♦♣❡r❛t✐♦♥s ❛r❡ ♣r❡✜① r❡✈❡rs❛❧s✱ ❛♥❞ ❜✉r♥t
❛♥❞ ✉♥❜✉r♥t ✈❛r✐❛♥ts ❝♦rr❡s♣♦♥❞ r❡s♣❡❝t✐✈❡❧② t♦ s✐❣♥❡❞ ❛♥❞ ✉♥s✐❣♥❡❞ ❣❡♥♦♠❡ ♠♦❞❡❧s✳
❚❤✐s ♣r♦❜❧❡♠ t❤✉s ❛ttr❛❝t❡❞ ❛tt❡♥t✐♦♥ ❢r♦♠ t❤❡ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s ❝♦♠♠✉♥✐t②✱
❡s♣❡❝✐❛❧❧② ❢♦r ✐ts s✐♠✐❧❛r✐t✐❡s ✇✐t❤ t❤❡ ♥♦✇ ✇❡❧❧✲❦♥♦✇♥ ❙♦rt✐♥❣ ❇② ❘❡✈❡rs❛❧s ❬✶✶❪
♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❛❞♠✐ts ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❡①❛❝t ❛❧❣♦r✐t❤♠ ❬✽✶❪ ❢♦r t❤❡ s✐❣♥❡❞ ❝❛s❡✱
❛♥❞ ❛ ✶✳✸✼✺✲❛♣♣r♦①✐♠❛t✐♦♥ ❬✶✾❪ ❢♦r t❤❡ ❆P❳✲❤❛r❞ ✉♥s✐❣♥❡❞ ❝❛s❡ ❬✷✵❪✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❙❇P❘ ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞ ✭✐♥ ✐ts ✉♥❜✉r♥t✱ ♦r
✉♥s✐❣♥❡❞✱ ✈❛r✐❛♥t✮✱ t❤✉s ❛♥s✇❡r✐♥❣ ❛ q✉❡st✐♦♥ ✇❤✐❝❤ ❤❛s r❡♠❛✐♥❡❞ ♦♣❡♥ ❢♦r s❡✈❡r❛❧
❞❡❝❛❞❡s✳ ❲❡ ✐♥ ❢❛❝t ♣r♦✈❡ ❛ str♦♥❣❡r r❡s✉❧t✿ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❜r❡❛❦✲
♣♦✐♥ts ♦❢ ❛ ♣❡r♠✉t❛t✐♦♥ ✭t❤❛t ✐s✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛✐rs ♦❢ ❝♦♥s❡❝✉t✐✈❡ ❡❧❡♠❡♥ts t❤❛t
❛r❡ ♥♦t ❝♦♥s❡❝✉t✐✈❡ ✐♥ t❤❡ ✐❞❡♥t✐t② ♣❡r♠✉t❛t✐♦♥✮ ✐s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢
✢✐♣s ♥❡❝❡ss❛r② t♦ s♦rt ❛ ♣❡r♠✉t❛t✐♦♥✳ ❲❡ s❤♦✇ t❤❛t ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r t❤✐s ❜♦✉♥❞ ✐s
t✐❣❤t ✐s ❛❧r❡❛❞② ◆P✲❤❛r❞✳
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✭❛✮ ●♦❛❧✿ tr❛♥s❢♦r♠ ❛ ♣❡r♠✉t❛t✐♦♥ ✭❡✳❣✳✱
〈

6, 5, 1, 3, 2, 7, 4
〉

✮ ✐♥t♦ t❤❡ ■❞❡♥t✐t② I17 ✳
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✭❜✮ ❆ ✺✲❡❧❡♠❡♥t ✢✐♣✿
〈

6, 5, 1, 3, 2, 7, 4
〉

❜❡❝♦♠❡s
〈

2, 3, 1, 5, 6, 7, 4
〉

✳ ❚❤❡ ✢✐♣ ❧✐♠✐t ✐s
♠❛r❦❡❞ ✇✐t❤ ❛ s♣❛t✉❧❛ s②♠❜♦❧✳
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✭❝✮ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ✺ ✢✐♣s r❡q✉✐r❡❞ t♦ s♦rt
〈

6, 5, 1, 3, 2, 7, 4
〉

✳ ■t ✐s ♦♣t✐♠❛❧ s✐♥❝❡
t❤❡ ❜r❡❛❦♣♦✐♥t ❞✐st❛♥❝❡ ✐s ✺✳ ■t ✐s ❛❧s♦✱ ✐♥ ❢❛❝t✱ t❤❡ ♦♥❧② ♦♣t✐♠❛❧ s❡q✉❡♥❝❡ ❢♦r t❤✐s
♣❡r♠✉t❛t✐♦♥✳

❋✐❣✉r❡ ✷✳✶✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❙♦rt✐♥❣ ❜② Pr❡❢✐① ■♥✈❡rs✐♦♥s ♣r♦❜❧❡♠✳



✺✵ ❈❍❆P❚❊❘ ✷✳ ❙❖❘❚■◆● ❇❨ P❘❊❋■❳ ❘❊❱❊❘❙❆▲❙

✷✳✶ ◆♦t❛t✐♦♥s

▲❡t n ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡ ✐♥♣✉t ♦❢ ❙❇P❘ ❝♦♥s✐sts ♦❢ ♣❡r♠✉t❛t✐♦♥s ♦❢ J1 ; nK✱ ✇❡
❝♦♥str✉❝t s✉❝❤ ❛ ♣❡r♠✉t❛t✐♦♥ ❜② ❝♦♥❝❛t❡♥❛t✐♥❣ ❞✉♣❧✐❝❛t✐♦♥✲❢r❡❡✱ ✉♥s✐❣♥❡❞ s❡q✉❡♥❝❡s✳
❲❤❡♥ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❢♦r ❛ s❡q✉❡♥❝❡ ❛♥❞ t❤❡ s❡t ♦❢
❡❧❡♠❡♥ts ✐t ❝♦♥t❛✐♥s✳ ❲❡ ✉s❡ ✉♣♣❡r ❝❛s❡ ❢♦r s❡ts ❛♥❞ s❡q✉❡♥❝❡s✱ ❛♥❞ ❧♦✇❡r ❝❛s❡ ❢♦r
❡❧❡♠❡♥ts✳

❈♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ S ♦❢ ❧❡♥❣t❤ n✱ S =
〈

x1, x2, . . . , xn
〉

✳ ❊❧❡♠❡♥t x1 ✐s s❛✐❞ t♦
❜❡ t❤❡ ❤❡❛❞ ❡❧❡♠❡♥t ♦❢ S✳ ❙❡q✉❡♥❝❡ S ❤❛s ❛ ❜r❡❛❦♣♦✐♥t ❛t ♣♦s✐t✐♦♥ r✱ 1 ≤ r < n
✐❢ xr /∈ {xr+1 − 1, xr+1 + 1}✱ ❛♥❞ ❛ ❜r❡❛❦♣♦✐♥t ❛t ♣♦s✐t✐♦♥ n ✐❢ xn 6= n✳ ❲❡ ✇r✐t❡
db(S) ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❜r❡❛❦♣♦✐♥ts ♦❢ S✳ ◆♦t❡ t❤❛t ❤❛✈✐♥❣ x1 6= 1 ❞♦❡s ♥♦t ❞✐r❡❝t❧②
❝♦✉♥t ❛s ❛ ❜r❡❛❦♣♦✐♥t✱ ❛♥❞ t❤❛t db(S) ≤ n ❢♦r ❛♥② s❡q✉❡♥❝❡ ♦❢ ❧❡♥❣t❤ n✳ ❋♦r ❛♥②
p ≤ q ∈ N✱ ✇❡ ✇r✐t❡ Ipq ❢♦r t❤❡ s❡q✉❡♥❝❡

〈

p, p+ 1, p+ 2, . . . , q
〉

❀ I1n ✐s t❤❡ ✐❞❡♥t✐t②✳
●✐✈❡♥ ❛ s❡q✉❡♥❝❡ ♦❢ ❛♥② ❧❡♥❣t❤ S =

〈

x1, x2, . . . , xk
〉

✱ ✇❡ ✇r✐t❡ ⋆S ❢♦r t❤❡ s❡q✉❡♥❝❡
♦❜t❛✐♥❡❞ ❜② r❡✈❡rs✐♥❣ S✿ ⋆S =

〈

xk, xk−1, . . . , x1
〉

✳ ●✐✈❡♥ ❛♥ ✐♥t❡❣❡r p✱ ✇❡ ✇r✐t❡
p+ S =

〈

p+ x1, p+ x2, . . . , p+ xk
〉

✳
❚❤❡ ✢✐♣ ♦❢ ❧❡♥❣t❤ r ✐s t❤❡ ♦♣❡r❛t✐♦♥ t❤❛t ❝♦♥s✐sts ✐♥ r❡✈❡rs✐♥❣ t❤❡ r ✜rst ❡❧❡♠❡♥ts

♦❢ t❤❡ s❡q✉❡♥❝❡✳ ■t tr❛♥s❢♦r♠s

S =
〈

x1, x2, . . . , xr, xr+1, . . . , xn
〉

✐♥t♦ S ′ =
〈

xr, xr−1, . . . , x1, xr+1, . . . , xn
〉

.

◆♦t❡ t❤❛t t❤❡ ✢✐♣ ♦❢ ❧❡♥❣t❤ 1 ❞♦❡s ♥♦t ♠♦❞✐❢② S✱ ❛♥❞ t❤❡ ✢✐♣ ♦❢ ❧❡♥❣t❤ n tr❛♥s❢♦r♠s
S ✐♥t♦ ⋆S✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ❛ ✢✐♣ ♦❢ ❧❡♥❣t❤ r ❝❛♥♥♦t ❛❞❞ ♦r r❡♠♦✈❡ ❜r❡❛❦♣♦✐♥ts ♦t❤❡r
t❤❛♥ ✐♥ ♣♦s✐t✐♦♥ r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❛s② ♣r♦♣❡rt②✳

Pr♦♣❡rt② ✷✳✶✳ ●✐✈❡♥ ❛ s❡q✉❡♥❝❡ S ′ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ s❡q✉❡♥❝❡ S ❜② ♣❡r❢♦r♠✐♥❣ ♦♥❡
✢✐♣✱ ✇❡ ❤❛✈❡ db(S

′)− db(S) ∈ {−1, 0, 1}✳

❆ ✢✐♣ ❢r♦♠ S t♦ S ′ ✐s s❛✐❞ t♦ ❜❡ ❡✣❝✐❡♥t ✐❢ db(S ′) = db(S)−1✱ ❛♥❞ ✇❡ r❡s❡r✈❡ t❤❡
♥♦t❛t✐♦♥ S → S ′ ❢♦r s✉❝❤ ✢✐♣s✳ ❆ s❡q✉❡♥❝❡ ♦❢ s✐③❡ n✱ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ✐❞❡♥t✐t②✱ ✐s ❛
❞❡❛❞❧♦❝❦ ✐❢ ✐t ②✐❡❧❞s ♥♦ ❡✣❝✐❡♥t ✢✐♣✱ ❛♥❞ ✇❡ ✇r✐t❡ S → ⊥✳ ❇② ❝♦♥✈❡♥t✐♦♥✱ ✇❡ ♣❧❛❝❡ ❛
s♣❡❝✐✜❝ s❡♣❛r❛t♦r

•

∣

∣ ✐♥ ❛ s❡q✉❡♥❝❡ ❛t t❤❡ ♣♦s✐t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♣♦ss✐❜❧❡ ❡✣❝✐❡♥t
✢✐♣s✿ t❤❡r❡ ❛r❡ ❛t ♠♦st t✇♦ ♦❢ t❤❡♠✱ ❛♥❞ ❛t ❧❡❛st ♦♥❡ ✐❢ t❤❡ s❡q✉❡♥❝❡ ✐s ♥❡✐t❤❡r ❛
❞❡❛❞❧♦❝❦ ♥♦r t❤❡ ✐❞❡♥t✐t②✳ ❆ ♣❛t❤ ✐s ❛ s❡r✐❡s ♦❢ ✢✐♣s✱ ✐t ✐s ❡✣❝✐❡♥t ✐❢ ❡❛❝❤ ✢✐♣ ✐t
❝♦♥t❛✐♥s ✐s ❡✣❝✐❡♥t✳ ❆ s❡q✉❡♥❝❡ S ✐s ❡✣❝✐❡♥t❧② s♦rt❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❡✣❝✐❡♥t
♣❛t❤ ❢r♦♠ S t♦ t❤❡ ✐❞❡♥t✐t② ✭❡q✉✐✈❛❧❡♥t❧②✱ ✐❢ ✐t ❝❛♥ ❜❡ s♦rt❡❞ ✐♥ db(S) ✢✐♣s✮✳ ❙❡❡ ❢♦r
❡①❛♠♣❧❡ ❋✐❣✉r❡ ✷✳✷✳

▲❡t S ❜❡ ❛ s❡q✉❡♥❝❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ✐❞❡♥t✐t②✱ ❛♥❞ T ❜❡ ❛ s❡t ♦❢ s❡q✉❡♥❝❡s✳ ❲❡
✇r✐t❡ S =⇒ T ✐❢ ❜♦t❤ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✶✳ ❢♦r ❡❛❝❤ T ∈ T✱ t❤❡r❡ ❡①✐sts ❛♥ ❡✣❝✐❡♥t ♣❛t❤ ❢r♦♠ S t♦ T ✳

✷✳ ❢♦r ❡❛❝❤ ❡✣❝✐❡♥t ♣❛t❤ ❢r♦♠ S t♦ t❤❡ ✐❞❡♥t✐t②✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ T ∈ T

s✉❝❤ t❤❛t t❤❡ ♣❛t❤ ❣♦❡s t❤r♦✉❣❤ T ✳

■❢ T ❝♦♥s✐sts ♦❢ ❛ s✐♥❣❧❡ ❡❧❡♠❡♥t ✭T = {T}✮✱ ✇❡ ♠❛② ✇r✐t❡ S =⇒ T ✐♥st❡❛❞ ♦❢
S =⇒ {T}✳ ◆♦t❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✶✳ ✐s tr✐✈✐❛❧ ✐❢ T = ∅✱ ❛♥❞ ❝♦♥❞✐t✐♦♥ ✷✳ ✐s tr✐✈✐❛❧ ✐❢
t❤❡r❡ ✐s ♥♦ ❡✣❝✐❡♥t ♣❛t❤ ❢r♦♠ S t♦ I1n✳ ●✐✈❡♥ ❛ s❡q✉❡♥❝❡ S✱ t❤❡r❡ ❝❛♥ ❜❡ s❡✈❡r❛❧
❞✐✛❡r❡♥t s❡ts T s✉❝❤ t❤❛t S =⇒ T✳ ❍♦✇❡✈❡r✱ t✇♦ ❛r❡ ❡s♣❡❝✐❛❧❧② r❡❧❡✈❛♥t✿
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〈

5, 2, 3, 1
•

∣

∣ 4
•

∣

∣

〉

ր

〈

1, 3, 2, 5, 4
〉

→ ⊥

→
〈

4, 1
•

∣

∣ 3, 2
•

∣

∣ 5
〉

→
〈

2, 3
•

∣

∣ 1, 4, 5
〉

→
〈

3, 2, 1
•

∣

∣ 4, 5
〉

→
〈

1, 2, 3, 4, 5
〉

ց 〈

1, 4, 3, 2, 5
〉

→ ⊥
〈

5, 2, 3, 4, 1
•

∣

∣

〉

→
〈

1, 4, 3, 2, 5
〉

→ ⊥

❋✐❣✉r❡ ✷✳✷✿ ❊①❛♠♣❧❡s ♦❢ ❡✣❝✐❡♥t ✢✐♣s✳ ❙❡q✉❡♥❝❡
〈

5, 2, 3, 1, 4
〉

✐s ❡✣❝✐❡♥t❧② s♦rt❛❜❧❡
✭✐♥ ❢♦✉r ✢✐♣s✮✱ ❜✉t

〈

5, 2, 3, 4, 1
〉

✐s ♥♦t✳

Pr♦♣❡rt② ✷✳✷✳ ●✐✈❡♥ ❛♥② s❡q✉❡♥❝❡ S 6= I1n✱

S =⇒ I1n ⇔ S ✐s ❡✣❝✐❡♥t❧② s♦rt❛❜❧❡✳

S =⇒ ∅ ⇔ S ✐s ♥♦t ❡✣❝✐❡♥t❧② s♦rt❛❜❧❡✳

Pr♦♦❢✳ ❋♦r S =⇒ I1n✿ ❝♦♥❞✐t✐♦♥ ✶✳ ✐s tr✉❡ ✐✛ t❤❡r❡ ❡①✐sts ❛♥ ❡✣❝✐❡♥t ♣❛t❤ ❢r♦♠ S t♦
t❤❡ ✐❞❡♥t✐t②✱ t❤❛t ✐s S ✐s ❡✣❝✐❡♥t❧② s♦rt❛❜❧❡✳ ❈♦♥❞✐t✐♦♥ ✷✳ ✐s ❛❧✇❛②s tr✉❡✳

❋♦r S =⇒ ∅✿ ❝♦♥❞✐t✐♦♥ ✶✳ ✐s ❛❧✇❛②s tr✉❡✳ ■❢ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ❡✣❝✐❡♥t
♣❛t❤ ❢r♦♠ S t♦ I1n✱ t❤❡♥✱ s✐♥❝❡ t❤❡r❡ ❡①✐sts ♥♦ s❡q✉❡♥❝❡ T ∈ ∅✱ ❝♦♥❞✐t✐♦♥ ✷✳ ❝❛♥♥♦t
❜❡ tr✉❡✳ ❍❡♥❝❡ ❈♦♥❞✐t✐♦♥ ✷✳ ✐s ❢❛❧s❡ ✇❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❡✣❝✐❡♥t ♣❛t❤ ❢r♦♠ S t♦
t❤❡ ✐❞❡♥t✐t② ❛♥❞ tr✉❡ ♦t❤❡r✇✐s❡✱ s♦ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢❛❝t t❤❛t S ✐s ♥♦t ❡✣❝✐❡♥t❧②
s♦rt❛❜❧❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✱ ②✐❡❧❞✐♥❣ ❛ ❝❡rt❛✐♥ tr❛♥s✐t✐✈✐t② ♦❢ t❤❡ =⇒ r❡❧❛t✐♦♥✱ ✐s ❡❛s✐❧②
❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✳

Pr♦♣❡rt② ✷✳✸✳ ■❢ S =⇒ {S1, S2, . . . , Sk}✱ S1 =⇒ T1✱ S2 =⇒ T2✱ ✳ ✳ ✳ ❛♥❞ Sk =⇒ Tk✱
t❤❡♥ S =⇒ T1 ∪ T2 ∪ . . . ∪ Tk✳

■♥ ♣❛rt✐❝✉❧❛r ❢♦r k = 1✱ ✐❢ S =⇒ S1 ❛♥❞ S1 =⇒ T1✱ t❤❡♥ S =⇒ T1✳

✷✳✷ ▲♦✇✲❧❡✈❡❧ ●❛❞❣❡ts

❚❤❡ r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✸✲❙❆❚ ✭❙❡❝t✐♦♥ ✷✳✹✮ ✉s❡s ❛ ♥✉♠❜❡r
♦❢ ❣❛❞❣❡t s❡q✉❡♥❝❡s ✐♥ ♦r❞❡r t♦ s✐♠✉❧❛t❡ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡s ❛♥❞ ❝❧❛✉s❡s ✇✐t❤ s✉❜✲
s❡q✉❡♥❝❡s✳ ❚❤❡② ❛r❡ ♦r❣❛♥✐③❡❞ ✐♥ t✇♦ ❧❡✈❡❧s ✭✇❤❡r❡ ❧♦✇✲❧❡✈❡❧ ❣❛❞❣❡ts ❛r❡ ❞✐r❡❝t❧②
❞❡✜♥❡❞ ❜② s❡q✉❡♥❝❡s ♦❢ ✐♥t❡❣❡rs✱ ❛♥❞ ❤✐❣❤✲❧❡✈❡❧ ❣❛❞❣❡ts ❛r❡ ❞❡✜♥❡❞ ✉s✐♥❣ ❛ ♣❛tt❡r♥
♦❢ ❧♦✇✲❧❡✈❡❧ ❣❛❞❣❡ts✮✳ ❋♦r ❡❛❝❤ ❣❛❞❣❡t ✇❡ ❞❡✜♥❡✱ ✇❡ ❞❡r✐✈❡ ❛ ♣r♦♣❡rt② ❝❤❛r❛❝t❡r✐③✐♥❣
t❤❡ ❡✣❝✐❡♥t ♣❛t❤s t❤❛t ❝❛♥ ❜❡ ❢♦❧❧♦✇❡❞ ✐❢ s♦♠❡ ♣❛rt ♦❢ t❤❡ ❣❛❞❣❡t ❛♣♣❡❛rs ❛t t❤❡
❤❡❛❞ ♦❢ ❛ s❡q✉❡♥❝❡✳

❲❡ ❤❛✈❡ ♥♦t ❛✐♠❡❞ ❛t ♣r♦✈✐❞✐♥❣ t❤❡ s♠❛❧❧❡st ♣♦ss✐❜❧❡ ❣❛❞❣❡ts ✭t❤❡ ♦✈❡r❛❧❧ r❡❞✉❝✲
t✐♦♥ ❢♦r ❛ ❢♦r♠✉❧❛ ❝♦♥t❛✐♥✐♥❣ l ✈❛r✐❛❜❧❡s ❛♥❞ k ❝❧❛✉s❡s ❝r❡❛t❡s ❛ st❛❝❦ ♦❢ 31l + 98k
❡❧❡♠❡♥ts ✇✐t❤ 16l + 50k ❜r❡❛❦♣♦✐♥ts✮✱ ❛♥❞ ✇❡ ♣r❡❢❡rr❡❞ str❛✐❣❤t❢♦r✇❛r❞ ♣r♦♦❢s ❛♥❞
❡❛s②✲t♦✲❝♦♠❜✐♥❡ ❣❛❞❣❡ts ♦✈❡r s❤♦rt s❡q✉❡♥❝❡s✳ ❆ r♦✉❣❤ ❛♥❛❧②s✐s s❤♦✇s t❤❛t t❤❡ ✜♥❛❧
st❛❝❦ s✐③❡ ❝♦✉❧❞ ❡❛s✐❧② ❜❡ r❡❞✉❝❡❞ t♦ 22l+71k✱ ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❜r❡❛❦♣♦✐♥ts✳
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✷✳✷✳✶ ❉♦❝❦

❚❤❡ ❞♦❝❦ ❣❛❞❣❡t ✐s t❤❡ s✐♠♣❧❡st ✇❡ ❞❡✜♥❡✳ ■ts ♦♥❧② ❣♦❛❧ ✐s t♦ st♦r❡ s❡q✉❡♥❝❡s ♦❢
t❤❡ ❦✐♥❞ ⋆Ip+1

q ✭✇✐t❤ p < q✮ ♦✉t ♦❢ t❤❡ ❤❡❛❞ ♦❢ t❤❡ s❡q✉❡♥❝❡✱ ✇✐t❤♦✉t ✏❞✐st✉r❜✐♥❣✑
❛♥② ♦t❤❡r ♣❛rt✳

❉❡✜♥✐t✐♦♥ ✷✳✶ ✭❉♦❝❦ ●❛❞❣❡t✮✳ ●✐✈❡♥ t✇♦ ✐♥t❡❣❡rs p ❛♥❞ q ✇✐t❤ p < q✱ t❤❡ ❞♦❝❦
❢♦r ⋆Ip+1

q ✐s t❤❡ s❡q✉❡♥❝❡ ❉♦❝❦(p, q) = D✱ ✇❤❡r❡

D =
〈

p− 1, p, q + 1, q + 2
〉

.

■t ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿

Pr♦♣❡rt② ✷✳✹✳ ▲❡t p ❛♥❞ q ❜❡ ❛♥② ✐♥t❡❣❡rs ✇✐t❤ p < q✱ D = ❉♦❝❦(p, q)✱ ❛♥❞ X ❛♥❞
Y ❜❡ ❛♥② s❡q✉❡♥❝❡s✳ ❲❡ ❤❛✈❡

〈⋆Ip+1
q , X, D, Y

〉

=⇒
〈

X, Ip−1
q+2 , Y

〉

Pr♦♦❢✳ ❆♥ ❡✣❝✐❡♥t ♣❛t❤ ❢r♦♠
〈

⋆Ip+1
q , X, D, Y

〉

t♦
〈

X, Ip−1
q+2 , Y

〉

✐s ❣✐✈❡♥ ❜❡❧♦✇✳
〈

⋆Ip+1
q , X, D, Y

〉

=
〈

q, q − 1, . . . , p+ 2, p+ 1, X, p− 1, p
•

∣

∣ q + 1, q + 2, Y
〉

→
〈

p, p− 1, ⋆X
•

∣

∣ p+ 1, p+ 2, . . . , q − 1, q, q + 1, q + 2, Y
〉

→
〈

X, p− 1, p, p+ 1, p+ 2, . . . , q − 1, q, q + 1, q + 2, Y
〉

=
〈

X, Ip−1
q+2 , Y

〉

❋♦r ❡❛❝❤ s❡q✉❡♥❝❡ ✐♥ t❤❡ ♣❛t❤✱ ✇❡ ❛♣♣❧② t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❡✣❝✐❡♥t ✢✐♣✱ ❤❡♥❝❡ ❡✈❡r②
❡✣❝✐❡♥t ♣❛t❤ ❜❡t✇❡❡♥

〈

⋆Ip+1
q , X, D, Y

〉

❛♥❞ I1n ✭✐❢ s✉❝❤ ❛ ♣❛t❤ ❡①✐sts✮ ❜❡❣✐♥s ✇✐t❤
t❤❡s❡ t✇♦ ✢✐♣s✱ ❛♥❞ ❣♦❡s t❤r♦✉❣❤

〈

X, Ip−1
q+2 , Y

〉

✳

✷✳✷✳✷ ▲♦❝❦

❆ ❧♦❝❦ ❣❛❞❣❡t ❝♦♥t❛✐♥s t❤r❡❡ ♣❛rts✿ ❛ s❡q✉❡♥❝❡ ✇❤✐❝❤ ✐s t❤❡ ❧♦❝❦ ✐ts❡❧❢✱ ❛ ❦❡②
❡❧❡♠❡♥t t❤❛t ✏♦♣❡♥s✑ t❤❡ ❧♦❝❦✱ ❛♥❞ ❛ t❡st ❡❧❡♠❡♥t t❤❛t ❝❤❡❝❦s ✇❤❡t❤❡r t❤❡ ❧♦❝❦ ✐s
♦♣❡♥✳

❉❡✜♥✐t✐♦♥ ✷✳✷ ✭▲♦❝❦ ●❛❞❣❡t✮✳ ❋♦r ❛♥② ✐♥t❡❣❡r p✱ ▲♦❝❦(p) ✐s ❞❡✜♥❡❞ ❜② ▲♦❝❦(p) =
(❦❡②, t❡st, L)✱ ✇❤❡r❡

❦❡② = p+ 10 t❡st = p+ 7
L = p+

〈

1, 2, 9, 8, 5, 6, 4, 3, 11, 12
〉

●✐✈❡♥ ❛ ❧♦❝❦ (❦❡②, t❡st, L) = ▲♦❝❦(p)✱ ✇❡ ✇r✐t❡

Lo = p+
〈

1, 2, 3, 4, 6, 5, 8, 9, 10, 11, 12
〉

.

❙❡q✉❡♥❝❡s L ❛♥❞ Lo r❡♣r❡s❡♥t t❤❡ ❧♦❝❦ ✇❤❡♥ ✐t ✐s ❝❧♦s❡❞ ❛♥❞ ♦♣❡♥✱ r❡s♣❡❝t✐✈❡❧②✳
■❢ ❛ s❡q✉❡♥❝❡ ❝♦♥t❛✐♥✐♥❣ ❛ ❝❧♦s❡❞ ❧♦❝❦ ❤❛s ❦❡② ❢♦r ❤❡❛❞ ❡❧❡♠❡♥t✱ t❤❡♥ ❡✣❝✐❡♥t ✢✐♣s
♣✉t t❤❡ ❧♦❝❦ ✐♥ ♦♣❡♥ ♣♦s✐t✐♦♥✳ ■❢ ✐t ❤❛s t❡st ❢♦r ❤❡❛❞ ❡❧❡♠❡♥t✱ t❤❡♥ ✐t ✐s ❛ ❞❡❛❞❧♦❝❦
✐✛ t❤❡ ❧♦❝❦ ✐s ❝❧♦s❡❞✳
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Pr♦♣❡rt② ✷✳✺✳ ▲❡t p ❜❡ ❛♥② ✐♥t❡❣❡r✱ (❦❡②, t❡st, L) = ▲♦❝❦(p)✱ ❛♥❞ X ❛♥❞ Y ❜❡ ❛♥②
s❡q✉❡♥❝❡s✳ ❲❡ ❤❛✈❡

❛✳
〈

❦❡②, X, L, Y
〉

=⇒
〈

X, Lo, Y
〉

❜✳
〈

t❡st, X, Lo, Y
〉

=⇒
〈

X, Ip+1
p+12, Y

〉

❝✳
〈

t❡st, X, L, Y
〉

→ ⊥

Pr♦♦❢✳ ❚❤❡ ♣♦ss✐❜❧❡ ❡✣❝✐❡♥t ♣❛t❤s ❢r♦♠ ✭❛✳✮
〈

❦❡②, X, L, Y
〉

✱ ✭❜✳✮
〈

t❡st, X, Lo, Y
〉

❛♥❞ ✭❝✳✮
〈

t❡st, X, L, Y
〉

❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ◆♦t❡ t❤❛t ❢♦r r❡❛❞❛❜✐❧✐t② r❡❛s♦♥s✱ t❤❡
♣r♦♦❢ ✐s ❣✐✈❡♥ ❢♦r p = 0❀ ✐t ❝❛♥ ♦❜✈✐♦✉s❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ❛♥② ✈❛❧✉❡ ♦❢ p ✭❡❛❝❤ ❡❧❡♠❡♥t
✇♦✉❧❞ t❤❡♥ ❜❡ ✐♥❝r❡❛s❡❞ ❜② p✮✳

❛✳
〈

❦❡②, X, L, Y
〉

=
〈

10, X, 1, 2
•

∣

∣ 9, 8, 5, 6, 4, 3
•

∣

∣ 11, 12, Y
〉

S1

ւ ց
S2 ✭✇❤❡r❡ s❡q✉❡♥❝❡s S1 ❛♥❞ S2 ❛r❡ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✮

S1 =
〈

2, 1, ⋆X, 10, 9, 8, 5, 6, 4, 3, 11, 12, Y
〉

→ ⊥

S2 =
〈

3, 4, 6, 5, 8, 9
•

∣

∣ 2, 1, ⋆X, 10, 11, 12, Y
〉

→
〈

9, 8, 5, 6, 4, 3, 2, 1, ⋆X
•

∣

∣ 10, 11, 12, Y
〉

→
〈

X, 1, 2, 3, 4, 6, 5, 8, 9, 10, 11, 12, Y
〉

=
〈

X, Lo, Y
〉

❜✳
〈

t❡st, X, Lo, Y
〉

=
〈

7, X, 1, 2, 3, 4
•

∣

∣ 6, 5
•

∣

∣ 8, 9, 10, 11, 12, Y
〉

S3

ւ ց
S4

S3 =
〈

4, 3, 2, 1, ⋆X, 7, 6, 5, 8, 9, 10, 11, 12, Y
〉

→ ⊥

S4 =
〈

5, 6
•

∣

∣ 4, 3, 2, 1, ⋆X, 7, 8, 9, 10, 11, 12, Y
〉

→
〈

6, 5, 4, 3, 2, 1, ⋆X
•

∣

∣ 7, 8, 9, 10, 11, 12, Y
〉

→
〈

X, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, Y
〉

=
〈

X, I112, Y
〉

❝✳
〈

t❡st, X, L, Y
〉

=
〈

7, X, 1, 2, 9, 8, 5, 6, 4, 3, 11, 12, Y
〉

→ ⊥

❲❡ ✉s❡ ❧♦❝❦s t♦ ❡♠✉❧❛t❡ ❧✐t❡r❛❧s ♦❢ ❛ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛✿ ✈❛r✐❛❜❧❡s ✏❤♦❧❞ t❤❡ ❦❡②s✑✱
❛♥❞ ✐♥ ❛ ✜rst t✐♠❡ ♦♣❡♥ t❤❡ ❧♦❝❦s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ tr✉❡ ❧✐t❡r❛❧s✳ ❊❛❝❤ ❝❧❛✉s❡ ❤♦❧❞s
t❤r❡❡ t❡st ❡❧❡♠❡♥ts✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐ts t❤r❡❡ ❧✐t❡r❛❧s✱ ❛♥❞ t❤❡ ❝❧❛✉s❡ ✐s tr✉❡ ✐❢ t❤❡
❧♦❝❦ ✐s ♦♣❡♥ ❢♦r ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ t❡st ❡❧❡♠❡♥ts✳

✷✳✷✳✸ ❍♦♦❦

❆ ❤♦♦❦ ❣❛❞❣❡t ❝♦♥t❛✐♥s ❢♦✉r ♣❛rts✿ t✇♦ s❡q✉❡♥❝❡s ✉s❡❞ ❛s ❞❡❧✐♠✐t❡rs✱ ❛ t❛❦❡
❡❧❡♠❡♥t t❤❛t t❛❦❡s t❤❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ t❤❡ ❞❡❧✐♠✐t❡rs ❛♥❞ ♣❧❛❝❡s ✐t ✐♥ ❤❡❛❞✱ ❛♥❞
❛ ♣✉t ❡❧❡♠❡♥t t❤❛t ❞♦❡s t❤❡ r❡✈❡rs❡ ♦♣❡r❛t✐♦♥✳ ❚❤✉s✱ t❤❡ s❡q✉❡♥❝❡ ❜❡t✇❡❡♥ t❤❡
❞❡❧✐♠✐t❡rs ❝❛♥ ❜❡ st♦r❡❞ ❛♥②✇❤❡r❡ ✉♥t✐❧ ✐t ✐s ❝❛❧❧❡❞ t♦ t❤❡ ❤❡❛❞ ❜② t❛❦❡✱ ❛♥❞ t❤❡♥
❝❛♥ ❜❡ st♦r❡❞ ❜❛❝❦ ✉s✐♥❣ ♣✉t✳
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❉❡✜♥✐t✐♦♥ ✷✳✸ ✭❍♦♦❦ ●❛❞❣❡t✮✳ ❋♦r ❛♥② ✐♥t❡❣❡r p✱ ❍♦♦❦(p) ✐s ❞❡✜♥❡❞ ❜② ❍♦♦❦(p) =
(t❛❦❡, ♣✉t, G,H)✱ ✇❤❡r❡

t❛❦❡ = p+ 10 ♣✉t = p+ 7

G = p+
〈

3, 4
〉

H = p+
〈

12, 11, 6, 5, 9, 8, 2, 1
〉

.

●✐✈❡♥ ❛ ❤♦♦❦ (t❛❦❡, ♣✉t, G,H) = ❍♦♦❦(p)✱ ✇❡ ✇r✐t❡

G′ = p+
〈

12, 11, 6, 5, 4, 3
〉

H ′ = p+
〈

10, 9, 8, 2, 1
〉

G′′ = p+
〈

3, 4, 5, 6, 7
〉

H ′′ = p+
〈

12, 11, 10, 9, 8, 2, 1
〉

.

Pr♦♣❡rt② ✷✳✻✳ ▲❡t p ❜❡ ❛♥ ✐♥t❡❣❡r✱ (t❛❦❡, ♣✉t, G,H) = ❍♦♦❦(p)✱ ❛♥❞ X✱ Y ❛♥❞ Z
❜❡ ❛♥② s❡q✉❡♥❝❡s✳ ❲❡ ❤❛✈❡

❛✳
〈

t❛❦❡, X, G, Y, H, Z
〉

=⇒
〈

Y, G′, ⋆X, H ′, Z
〉

❜✳
〈

♣✉t, X, G′, ⋆Y, H ′, Z
〉

=⇒
〈

Y, G′′, X, H ′′, Z
〉

❝✳
〈

G′′, X, H ′′, Y
〉

=⇒
〈

X, ⋆Ip+1
p+12, Y

〉

Pr♦♦❢✳ ❚❤❡ ♣♦ss✐❜❧❡ ❡✣❝✐❡♥t ♣❛t❤s ❢r♦♠ ❡❛❝❤ s❡q✉❡♥❝❡ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭❢♦r p = 0✮✳

❛✳
〈

t❛❦❡, X, G, Y, H, Z
〉

=
〈

10, X, 3, 4, Y, 12, 11, 6, 5
•

∣

∣ 9, 8, 2, 1, Z
〉

→
〈

5, 6, 11, 12, ⋆Y
•

∣

∣ 4, 3, ⋆X, 10, 9, 8, 2, 1, Z
〉

→
〈

Y, 12, 11, 6, 5, 4, 3, ⋆X, 10, 9, 8, 2, 1, Z
〉

=
〈

Y, G′, ⋆X, H ′, Z
〉

❜✳
〈

♣✉t, X, G′, ⋆Y, H ′, Z
〉

=
〈

7, X, 12, 11
•

∣

∣ 6, 5, 4, 3, ⋆Y, 10, 9, 8, 2, 1, Z
〉

→
〈

11, 12, ⋆X, 7, 6, 5, 4, 3, ⋆Y
•

∣

∣ 10, 9, 8, 2, 1, Z
〉

→
〈

Y, 3, 4, 5, 6, 7, X, 12, 11, 10, 9, 8, 2, 1, Z
〉

=
〈

Y, G′′, X, H ′′, Z
〉

❝✳
〈

G′′, X, H ′′, Y
〉

=
〈

3, 4, 5, 6, 7, X, 12, 11, 10, 9, 8
•

∣

∣ 2, 1, Y
〉

→
〈

8, 9, 10, 11, 12, ⋆X
•

∣

∣ 7, 6, 5, 4, 3, 2, 1, Y
〉

→
〈

X, 12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1, Y
〉

=
〈

X, ⋆I112, Y
〉

✷✳✷✳✹ ❋♦r❦

❆ ❢♦r❦ ❣❛❞❣❡t ✐♠♣❧❡♠❡♥ts ❝❤♦✐❝❡s✳ ■t ❝♦♥t❛✐♥s t✇♦ ♣❛rts ❞❡❧✐♠✐t✐♥❣ ❛ s❡q✉❡♥❝❡X✳
❆♥② ❡✣❝✐❡♥t ♣❛t❤ ❡♥❝♦✉♥t❡r✐♥❣ ❛ ❢♦r❦ ❣❛❞❣❡t ❢♦❧❧♦✇s ♦♥❡ ♦❢ t✇♦ tr❛❝❦s✱ ✇❤❡r❡ ❡✐✲
t❤❡r X ♦r ⋆X ❛♣♣❡❛rs ❛t t❤❡ ❤❡❛❞ ♦❢ t❤❡ s❡q✉❡♥❝❡ ❛t s♦♠❡ ♣♦✐♥t✳ ❙❡q✉❡♥❝❡ X ✇♦✉❧❞
t②♣✐❝❛❧❧② ❝♦♥t❛✐♥ ❛ s❡r✐❡s ♦❢ tr✐❣❣❡rs ❢♦r ✈❛r✐♦✉s ❣❛❞❣❡ts ✭❦❡②✱ t❛❦❡✱ ❡t❝✳✮✱ s♦ t❤❛t X
❛♥❞ ⋆X ❞✐✛❡r ✐♥ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡ ❣❛❞❣❡ts ❛r❡ tr✐❣❣❡r❡❞✳

❉❡✜♥✐t✐♦♥ ✷✳✹ ✭❋♦r❦ ●❛❞❣❡t✮✳ ❋♦r ❛♥② ✐♥t❡❣❡r p✱ ❋♦r❦(p) ✐s ❞❡✜♥❡❞ ❜② ❋♦r❦(p) =
(E,F )✱ ✇❤❡r❡

E = p+
〈

11, 8, 7, 3
〉

F = p+
〈

10, 9, 6, 12, 13, 4, 5, 15, 14, 2, 1
〉

.
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●✐✈❡♥ ❛ ❢♦r❦ (E, F ) = ❋♦r❦(p)✱ ✇❡ ✇r✐t❡

F 1 = p+
〈

10, 9, 6, 7, 8, 11, 12, 13, 14, 15, 5, 4, 3, 2, 1
〉

F 2 = p+
〈

3, 7, 8, 11, 10, 9, 6, 12, 13, 4, 5, 15, 14, 2, 1
〉

Pr♦♣❡rt② ✷✳✼✳ ▲❡t p ❜❡ ❛♥ ✐♥t❡❣❡r✱ (E,F ) = ❋♦r❦(p)✱ ❛♥❞ X✱ Y ❜❡ ❛♥② s❡q✉❡♥❝❡s✳
❲❡ ❤❛✈❡

❛✳
〈

E, X, F, Y
〉

=⇒
{〈

X, F 1, Y
〉

,
〈⋆X, F 2, Y

〉}

❜✳
〈

F 1, Y
〉

=⇒
〈⋆Ip+1

p+15, Y
〉

❝✳
〈

F 2, Y
〉

=⇒
〈⋆Ip+1

p+15, Y
〉

Pr♦♦❢✳ ❚❤❡ ♣♦ss✐❜❧❡ ❡✣❝✐❡♥t ♣❛t❤s ❢r♦♠ ✭❛✳✮
〈

E, X, F, Y
〉

✱ ✭❜✳✮
〈

F 1, Y
〉

❛♥❞
✭❝✳✮

〈

F 2, Y
〉

❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭❢♦r p = 0✮✳

❛✳
〈

E, X, F, Y
〉

=
〈

11, 8, 7, 3, X
•

∣

∣ 10, 9, 6
•

∣

∣ 12, 13, 4, 5, 15, 14, 2, 1, Y
〉

S1

ւ ց
S2

S1 =
〈

⋆X, 3, 7, 8, 11, 10, 9, 6, 12, 13, 4, 5, 15, 14, 2, 1, Y
〉

=
〈

⋆X, F 2, Y
〉

S2 =
〈

6, 9, 10, ⋆X, 3
•

∣

∣ 7, 8, 11, 12, 13, 4, 5, 15, 14, 2, 1, Y
〉

→
〈

3, X, 10, 9, 6, 7, 8, 11, 12, 13
•

∣

∣ 4, 5, 15, 14
•

∣

∣ 2, 1, Y
〉

S3

ւ ց
S4

S3 =
〈

13, 12, 11, 8, 7, 6, 9, 10, ⋆X, 3, 4, 5, 15, 14, 2, 1, Y
〉

→ ⊥

S4 =
〈

14, 15, 5, 4
•

∣

∣ 13, 12, 11, 8, 7, 6, 9, 10, ⋆X, 3, 2, 1, Y
〉

→
〈

4, 5, 15, 14, 13, 12, 11, 8, 7, 6, 9, 10, ⋆X
•

∣

∣ 3, 2, 1, Y
〉

→
〈

X, 10, 9, 6, 7, 8, 11, 12, 13, 14, 15, 5, 4, 3, 2, 1, Y
〉

=
〈

X, F 1, Y
〉

❜✳
〈

F 1, Y
〉

=
〈

10, 9, 6, 7, 8
•

∣

∣ 11, 12, 13, 14, 15, 5, 4, 3, 2, 1, Y
〉

→
〈

8, 7, 6
•

∣

∣ 9, 10, 11, 12, 13, 14, 15, 5, 4, 3, 2, 1, Y
〉

→
〈

6, 7, 8, 9, 10, 11, 12, 13, 14, 15
•

∣

∣ 5, 4, 3, 2, 1, Y
〉

→
〈

15, 14, 13, 12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1, Y
〉

=
〈

⋆I115, Y
〉

❝✳
〈

F 2, Y
〉

=
〈

3, 7, 8, 11, 10, 9, 6, 12, 13
•

∣

∣ 4, 5, 15, 14
•

∣

∣ 2, 1, Y
〉

S5

ւ ց
S6

S5 =
〈

13, 12, 6, 9, 10, 11, 8, 7, 3, 4, 5, 15, 14, 2, 1, Y
〉

→ ⊥
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S6 =
〈

14, 15, 5, 4
•

∣

∣ 13, 12, 6, 9, 10, 11, 8, 7, 3, 2, 1, Y
〉

→
〈

4, 5, 15, 14, 13, 12, 6, 9, 10, 11, 8, 7
•

∣

∣ 3, 2, 1, Y
〉

→
〈

7, 8, 11, 10, 9
•

∣

∣ 6, 12, 13, 14, 15, 5, 4, 3, 2, 1, Y
〉

→
〈

9, 10, 11
•

∣

∣ 8, 7, 6, 12, 13, 14, 15, 5, 4, 3, 2, 1, Y
〉

→
〈

11, 10, 9, 8, 7, 6
•

∣

∣ 12, 13, 14, 15, 5, 4, 3, 2, 1, Y
〉

→
〈

6, 7, 8, 9, 10, 11, 12, 13, 14, 15
•

∣

∣ 5, 4, 3, 2, 1, Y
〉

→
〈

15, 14, 13, 12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1, Y
〉

=
〈

⋆I115, Y
〉

✷✳✸ ❍✐❣❤✲❧❡✈❡❧ ●❛❞❣❡ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ ♥❡✇ ❣❛❞❣❡ts ❜❛s❡❞ ♦♥ t❤❡ ❢♦✉r ❧❡✈❡❧✲✶ ❣❛❞❣❡ts✳ ❋r♦♠
♥♦✇ ♦♥✱ ❡❛❝❤ ♣r♦♣❡rt② ♣r♦♦❢ ✉s❡s ❡①❝❧✉s✐✈❡❧② ♣r♦♣❡rt✐❡s ❢r♦♠ s♠❛❧❧❡r ❣❛❞❣❡ts✳ ■♥
♦r❞❡r t♦ ❤❡❧♣ t❤❡ r❡❛❞❡r ❢♦❧❧♦✇ t❤❡ ❡✈❡r✲♣r❡s❡♥t r❡❢❡r❡♥❝❡s✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
♥♦t❛t✐♦♥s✳ ❇♦❧❞ ❢♦♥t ✐s ✉s❡❞ t♦ ❡♠♣❤❛s✐③❡ t❤❡ ✏❛❝t✐✈❡✑ ♣❛rts ♦❢ t❤❡ ❣❛❞❣❡t ❝✉rr❡♥t❧②
❤❛✈✐♥❣ ❛♥ ❡❧❡♠❡♥t ❛t t❤❡ ❤❡❛❞ ♦❢ t❤❡ s❡q✉❡♥❝❡✳ ❋♦r ❡❛❝❤ r❡❧❛t✐♦♥ S =⇒ T ✱ ✇❡
❣✐✈❡ t❤❡ r❡❧❡✈❛♥t r❡❢❡r❡♥❝❡ ❜❡❧♦✇ ✭❡✳❣✳ S

✷✳✹✳
=⇒ T ✐❢ ✐t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ Pr♦♣❡rt② ✷✳✹✮✳

❋✐♥❛❧❧②✱ ❛ s✉♠♠❛r② ♦❢ ❛❧❧ ❣❛❞❣❡t ♣r♦♣❡rt✐❡s ✭❡✐t❤❡r ❧❡✈❡❧✲✶ ♦r ✲✷✮ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✸✳

✷✳✸✳✶ ▲✐t❡r❛❧s

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❣❛❞❣❡t ✐s ✉s❡❞ ♦♥❧② ♦♥❝❡ ✐♥ t❤❡ r❡❞✉❝t✐♦♥✳ ■t ❝♦♥t❛✐♥s t❤❡ ❧♦❝❦s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛❧❧ ❧✐t❡r❛❧s ♦❢ t❤❡ ❢♦r♠✉❧❛✳

❉❡✜♥✐t✐♦♥ ✷✳✺ ✭▲✐t❡r❛❧s ●❛❞❣❡t✮✳ ▲❡t p ❛♥❞ m ❜❡ t✇♦ ✐♥t❡❣❡rs✱ ▲✐t❡r❛❧s(p,m) ✐s
❞❡✜♥❡❞ ❜②

▲✐t❡r❛❧s(p,m) = (❦❡②1, . . . , ❦❡②m, t❡st1, . . . , t❡stm,Λ)

✇❤❡r❡ ∀i ∈ J1 ; mK , (❦❡②i, t❡sti, Li) = ▲♦❝❦(p+ 12(i− 1))

Λ =
〈

L1, L2, . . . , Lm

〉

▲❡t O ❛♥❞ I ❜❡ t✇♦ ❞✐s❥♦✐♥t s✉❜s❡ts ♦❢ J1 ; mK✳ ❲❡ ✉s❡ ΛO
I ❢♦r t❤❡ s❡q✉❡♥❝❡

♦❜t❛✐♥❡❞ ❢r♦♠ Λ ❜② r❡♣❧❛❝✐♥❣ Li ❜② L
o
i ❢♦r ❛❧❧ i ∈ O ❛♥❞ ❜② Ip+12i−11

p+12i ❢♦r ❛❧❧ i ∈ I✳

❊❧❡♠❡♥ts ♦❢ O ❝♦rr❡s♣♦♥❞ t♦ ♦♣❡♥ ❧♦❝❦s ✐♥ ΛO
I ✱ ✇❤✐❧❡ ❡❧❡♠❡♥ts ♦❢ I ❝♦rr❡s♣♦♥❞

t♦ ♦♣❡♥ ❧♦❝❦s ✇❤✐❝❤ ❤❛✈❡ ♠♦r❡♦✈❡r ❜❡❡♥ t❡st❡❞✳ ◆♦t❡ t❤❛t Λ∅
∅ = Λ✱ ❛♥❞ t❤❛t

Λ∅
J1 ;mK = I

p+1
p+12m✳

Pr♦♣❡rt② ✷✳✽✳ ▲❡t p ❛♥❞ m ❜❡ t✇♦ ✐♥t❡❣❡rs✱ (❦❡②1, . . . , ❦❡②m, t❡st1, . . . , t❡stm,Λ) =
▲✐t❡r❛❧s(p,m)✱ O ❛♥❞ I ❜❡ t✇♦ ❞✐s❥♦✐♥t s✉❜s❡ts ♦❢ J1 ; mK✱ ❛♥❞ X ❜❡ ❛♥② s❡q✉❡♥❝❡✳
❲❡ ❤❛✈❡

❛✳ ∀i ∈ J1 ; mK−O − I,
〈

❦❡②i, X, Λ
O
I

〉

=⇒
〈

X, Λ
O∪{i}
I

〉

❜✳ ∀i ∈ O,
〈

t❡sti, X, Λ
O
I

〉

=⇒
〈

X, Λ
O−{i}
I∪{i}

〉

❝✳ ∀i ∈ J1 ; mK−O,
〈

t❡sti, X, Λ
O
I

〉

→ ⊥
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❉♦❝❦ ❣❛❞❣❡t
〈

⋆
I

p+1
q

, X, D, Y
〉

✷✳✹✳
=⇒

〈

X, Ip−1
q+2 , Y

〉

▲♦❝❦ ❣❛❞❣❡t
〈

❦❡②, X, L, Y
〉

✷✳✺✳❛
=⇒

〈

X, Lo, Y
〉

〈

t❡st, X, Lo, Y
〉

✷✳✺✳❜
=⇒

〈

X, Ip+1
p+12, Y

〉

〈

t❡st, X, L, Y
〉

✷✳✺✳❝
→ ⊥

❍♦♦❦ ❣❛❞❣❡t
〈

t❛❦❡, X, G, Y, H , Z
〉

✷✳✻✳❛
=⇒

〈

Y, G′, ⋆X, H ′, Z
〉

〈

♣✉t, X, G′, ⋆Y, H ′, Z
〉

✷✳✻✳❜
=⇒

〈

Y, G′′, X, H ′′, Z
〉

〈

G′′, X, H ′′, Y
〉

✷✳✻✳❝
=⇒

〈

X, ⋆Ip+1
p+12, Y

〉

❋♦r❦ ❣❛❞❣❡t
〈

E, X, F , Y
〉

✷✳✼✳❛
=⇒

{〈

X, F 1, Y
〉

〈

⋆X, F 2, Y
〉

}

〈

F 1, Y
〉

✷✳✼✳❜
=⇒

〈

⋆Ip+1
p+15, Y

〉

〈

F 2, Y
〉

✷✳✼✳❝
=⇒

〈

⋆Ip+1
p+15, Y

〉

▲✐t❡r❛❧s ❣❛❞❣❡t
∀i /∈ O ∪ I,

〈

❦❡②i, X, Λ
O
I

〉

✷✳✽✳❛
=⇒

〈

X, Λ
O∪{i}
I

〉

∀i ∈ O,
〈

t❡sti, X, Λ
O
I

〉

✷✳✽✳❜
=⇒

〈

X, Λ
O−{i}
I∪{i}

〉

∀i /∈ O,
〈

t❡sti, X, Λ
O
I

〉

✷✳✽✳❝
→ ⊥

❱❛r✐❛❜❧❡ ❣❛❞❣❡t
〈

ν, X, V , Y, ΛO
I

〉

✷✳✾✳❛
=⇒

{〈

X, V 1, Y, ΛO∪P
I

〉

〈

X, V 2, Y, ΛO∪N
I

〉

}

〈

V 1, X, D, Y, ΛO
I

〉

✷✳✾✳❜
=⇒

〈

X, Ip+1
p+31, Y, Λ

O∪N
I

〉

〈

V 2, X, D, Y, ΛO
I

〉

✷✳✾✳❝
=⇒

〈

X, Ip+1
p+31, Y, Λ

O∪P
I

〉

❈❧❛✉s❡ ❣❛❞❣❡t

〈

γ, X, Γ, Y, ΛO
I

〉

✷✳✶✵✳
=⇒











〈

X, Γ1, Y, Λ
O−{a}
I∪{a}

〉

✐✛ a ∈ O
〈

X, Γ2, Y, Λ
O−{b}
I∪{b}

〉

✐✛ b ∈ O
〈

X, Γ3, Y, Λ
O−{c}
I∪{c}

〉

✐✛ c ∈ O











〈

Γ
1, Y, ∆, Z, ΛO

I

〉

✷✳✶✶✳❛
=⇒

〈

Y, Ip+1
p+62, Z, Λ

O−{b,c}
I∪{b,c}

〉

〈

Γ
2, Y, ∆, Z, ΛO

I

〉

✷✳✶✶✳❜
=⇒

〈

Y, Ip+1
p+62, Z, Λ

O−{a,c}
I∪{a,c}

〉

〈

Γ
3, Y, ∆, Z, ΛO

I

〉

✷✳✶✶✳❝
=⇒

〈

Y, Ip+1
p+62, Z, Λ

O−{a,b}
I∪{a,b}

〉

❋✐❣✉r❡ ✷✳✸✿ ❈♦♠♣✐❧❛t✐♦♥ ♦❢ ❛❧❧ ❣❛❞❣❡t ♣r♦♣❡rt✐❡s✳ ❆s ❛ ❣❡♥❡r❛❧ r✉❧❡✱ X✱ Y ✱ Z ❝❛♥
❜❡ ❛♥② s❡q✉❡♥❝❡s✱ O ❛♥❞ I ❛♥② ❞✐s❥♦✐♥t s✉❜s❡ts ♦❢ J1 ; mK✳ ❙❡❡ r❡s♣❡❝t✐✈❡ ❞❡✜♥✐t✐♦♥s
❛♥❞ ♣r♦♣❡rt✐❡s ❢♦r s♣❡❝✐✜❝ ❝♦♥str❛✐♥ts ❛♥❞ ♥♦t❛t✐♦♥s✳
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Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣❡rt② ✷✳✺✳
❛✳ ▲❡t i ∈ J1 ; mK−O− I✳ ❚❤❡♥ ΛO

I ❝❛♥ ❜❡ ✇r✐tt❡♥ ΛO
I =

〈

A, Li, B
〉

✳ ❍❡♥❝❡
〈

❦❡②i, X, Λ
O
I

〉

=
〈

❦❡②i, X, A, Li, B
〉

✷✳✺✳❛
=⇒

〈

X, A, Lo
i , B

〉

=
〈

X, Λ
O∪{i}
I

〉

❜✳ ▲❡t i ∈ O✳ ❚❤❡♥ ΛO
I ❝❛♥ ❜❡ ✇r✐tt❡♥ ΛO

I =
〈

A, Lo
i , B

〉

✳ ❍❡♥❝❡
〈

t❡sti, X, Λ
O
I

〉

=
〈

t❡sti, X, A, L
o
i
, B
〉

✷✳✺✳❜
=⇒

〈

X, A, Ip+12i−11
p+12i , B

〉

=
〈

X, Λ
O−{i}
I∪{i}

〉

❝✳ ▲❡t i ∈ J1 ; mK−O✳ ■❢ i ∈ I✱ t❤❡♥ t❡sti ∈ I
p+12i−11
p+12i ⊂ ΛO

I ✱ ❛♥❞
〈

t❡sti, X, Λ
O
I

〉

✐s ♥♦t ❛ ✈❛❧✐❞ s❡q✉❡♥❝❡ ✭✐t ❝♦♥t❛✐♥s ❛ ❞✉♣❧✐❝❛t❡✮✳ ❖t❤❡r✇✐s❡✱ i ∈ J1 ; mK−O− I✱ ❛♥❞
ΛO

I ❝❛♥ ❜❡ ✇r✐tt❡♥ ΛO
I =

〈

A, Li, B
〉

✳ ❍❡♥❝❡
〈

t❡sti, X, Λ
O
I

〉

=
〈

t❡sti, X, A, Li, B
〉

✷✳✺✳❝
→ ⊥

✷✳✸✳✷ ❱❛r✐❛❜❧❡

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s❡❝t✐♦♥s✱ ✇❡ ❛ss✉♠❡ t❤❛t pΛ ❛♥❞ m ❛r❡ t✇♦ ✜①❡❞ ✐♥t❡❣❡rs✱
❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❣❛❞❣❡t (❦❡②1, . . . , ❦❡②m, t❡st1, . . . , t❡stm,Λ) = ▲✐t❡r❛❧s(pΛ,m)✳ ❚❤✉s✱
✇❡ ❝❛♥ ✉s❡ ❡❧❡♠❡♥ts ❦❡②i ❛♥❞ t❡sti ❢♦r i ∈ J1 ; mK✱ ❛♥❞ s❡q✉❡♥❝❡s ΛO

I ❢♦r ❛♥② ❞✐s❥♦✐♥t
s✉❜s❡ts O ❛♥❞ I ♦❢ J1 ; mK✳

❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ❣❛❞❣❡t s✐♠✉❧❛t✐♥❣ ❛ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ xi✳ ■t ❤♦❧❞s t✇♦ s❡r✐❡s ♦❢
❦❡② ❡❧❡♠❡♥ts✿ t❤❡ ♦♥❡s ✇✐t❤ ✐♥❞✐❝❡s ✐♥ P ✭r❡s♣✳ N✮ ♦♣❡♥ t❤❡ ❧♦❝❦s ❝♦rr❡s♣♦♥❞✐♥❣ t♦
❧✐t❡r❛❧s ♦❢ t❤❡ ❢♦r♠ xi ✭r❡s♣✳ ¬xi✮✳ ❲❤❡♥ t❤❡ tr✐❣❣❡r✐♥❣ ❡❧❡♠❡♥t✱ ν✱ ✐s ❜r♦✉❣❤t t♦ t❤❡
❤❡❛❞✱ ❛ ❝❤♦✐❝❡ ❤❛s t♦ ❜❡ ♠❛❞❡ ❜❡t✇❡❡♥ P ❛♥❞ N ✱ ❛♥❞ t❤❡ ❧♦❝❦s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
❝❤♦s❡♥ s❡t ✭❛♥❞ ♦♥❧② t❤❡♠✮ ❛r❡ ♦♣❡♥❡❞✳

❉❡✜♥✐t✐♦♥ ✷✳✻ ✭❱❛r✐❛❜❧❡ ●❛❞❣❡t✮✳ ▲❡t P,N ❜❡ t✇♦ ❞✐s❥♦✐♥t s✉❜s❡ts ♦❢ J1 ; mK
✭P = {p1, p2, . . . , pq}✱ N = {n1, n2, . . . , nq′}✮ ❛♥❞ p ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❱❛r✐❛❜❧❡(P,N, p)
✐s ❞❡✜♥❡❞ ❜②

❱❛r✐❛❜❧❡(P,N, p) = (ν, V,D)

✇❤❡r❡ (t❛❦❡, ♣✉t, G,H) = ❍♦♦❦(p+ 2), (E,F ) = ❋♦r❦(p+ 14),

✐♥ ν = t❛❦❡
V =

〈

G, E, ❦❡②p1 , . . . , ❦❡②pq , ♣✉t, ❦❡②n1
, . . . , ❦❡②nq′

, F, H
〉

D = ❉♦❝❦(p+ 2, p+ 29)

●✐✈❡♥ ❛ ✈❛r✐❛❜❧❡ ❣❛❞❣❡t (ν, V,D) = ❱❛r✐❛❜❧❡(P,N, p)✱ ✇❡ ✇r✐t❡

V 1 =
〈

G′′, ❦❡②n1
, . . . , ❦❡②nq′

, F 1, H ′′
〉

V 2 =
〈

G′′, ❦❡②pq , . . . , ❦❡②p1 , F
2, H ′′

〉

✇❤❡r❡ G′′✱ H ′′✱ F 1✱ F 2✱ ❝♦♠❡ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❍♦♦❦ ✭❉❡✜♥✐t✐♦♥ ✷✳✸✮ ❛♥❞ ❋♦r❦
✭❉❡✜♥✐t✐♦♥ ✷✳✹✮✳
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V

S2

S1 keyp1
. . . keypq

keyn1
. . . keynq′ V

2

V
1 keyn1

. . . keynq′

keyp1
. . . keypq

I

keyn1
. . . keyn′

q

keyp1
. . . keypq

❋✐❣✉r❡ ✷✳✹✿ ■♥✐t✐❛❧❧②✱ ❛ ✈❛r✐❛❜❧❡ ❣❛❞❣❡t ❝♦♥t❛✐♥s ♠❛✐♥❧② t❤❡ s❡q✉❡♥❝❡ V ✳ Pr♦♣❡rt②
✷✳✾❛ ♣r♦✈❡s t❤❛t t✇♦ ♣❛t❤s ❛r❡ ♣♦ss✐❜❧❡✱ ❧❡❛❞✐♥❣ t♦ s❡q✉❡♥❝❡s ❝♦♥t❛✐♥✐♥❣ ❡✐t❤❡r V 1

♦r V 2✳ ❆❧♦♥❣ t❤❡ ✜rst ✭r❡s♣✳ s❡❝♦♥❞✮ ♣❛t❤✱ t❤❡ ❧♦❝❦s ✇✐t❤ ✐♥❞✐❝❡s ✐♥ P ✭r❡s♣✳ N✮
❛r❡ ♦♣❡♥❡❞✳ ❇② Pr♦♣❡rt② ✷✳✾❜ ✭r❡s♣✳ ❝✮✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ tr❛♥s❢♦r♠✐♥❣ V 1 ✭r❡s♣✳
V 2✮ ✐♥t♦ t❤❡ ✐❞❡♥t✐t② ♦✈❡r Jp+ 1 ; p+ 31K✱ ✇❤✐❝❤ ♦♣❡♥s t❤❡ r❡♠❛✐♥✐♥❣ ❧♦❝❦s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❞❡t❡r♠✐♥❡s t❤❡ ♣♦ss✐❜❧❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ✈❛r✐❛❜❧❡ ❣❛❞❣❡t✳ ■t
✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✹✳

Pr♦♣❡rt② ✷✳✾✳ ▲❡t P ✱ N ❜❡ t✇♦ ❞✐s❥♦✐♥t s✉❜s❡ts ♦❢ J1 ; mK✱ p ❜❡ ❛♥ ✐♥t❡❣❡r✱ X
❛♥❞ Y ❜❡ t✇♦ s❡q✉❡♥❝❡s✱ O✱ I ❜❡ t✇♦ ❞✐s❥♦✐♥t s✉❜s❡ts ♦❢ J1 ; mK✱ ❛♥❞ (ν, V,D) =
❱❛r✐❛❜❧❡(P,N, p)✳ ❋♦r s✉❜✲♣r♦♣❡rt② ✭❛✳✮ ✇❡ r❡q✉✐r❡ t❤❛t (P ∪ N) ∩ (O ∪ I) = ∅✱ ❢♦r
✭❜✳✮ t❤❛t N ∩ (O ∪ I) = ∅✱ ❛♥❞ ❢♦r ✭❝✳✮ t❤❛t P ∩ (O ∪ I) = ∅ ✭t❤❡s❡ ❝♦♥❞✐t✐♦♥s
❛r❡ ✐♥ ❢❛❝t ♥❡❝❡ss❛r✐❧② s❛t✐s✜❡❞ ❜② ❝♦♥str✉❝t✐♦♥ s✐♥❝❡ ❛❧❧ s❡q✉❡♥❝❡s ❝♦♥s✐❞❡r❡❞ ❛r❡
♣❡r♠✉t❛t✐♦♥s✮✳ ❲❡ ❤❛✈❡

❛✳
〈

ν, X, V, Y, ΛO
I

〉

=⇒

{

〈

X, V 1, Y, ΛO∪P
I

〉

,
〈

X, V 2, Y, ΛO∪N
I

〉

}

❜✳
〈

V 1, X, D, Y, ΛO
I

〉

=⇒
〈

X, Ip+1
p+31, Y, Λ

O∪N
I

〉

❝✳
〈

V 2, X, D, Y, ΛO
I

〉

=⇒
〈

X, Ip+1
p+31, Y, Λ

O∪P
I

〉

Pr♦♦❢✳

❛✳
〈

ν, X, V, Y, ΛO
I

〉

=
〈

t❛❦❡, X, G, E, ❦❡②p1 , . . . , ❦❡②pq , ♣✉t, ❦❡②n1
, . . . , ❦❡②nq′

, F, H , Y, ΛO
I

〉

✷✳✻✳❛
=⇒

〈

E, ❦❡②p1 , . . . , ❦❡②pq , ♣✉t, ❦❡②n1
, . . . , ❦❡②nq′

, F , G′, ⋆X, H ′, Y, ΛO
I

〉

✷✳✼✳❛
=⇒ {S1, S2} ✭s❡❡ ❜❡❧♦✇✳✮

S1 =
〈

❦❡②p1
, ❦❡②p2 , . . . , ❦❡②pq , ♣✉t, ❦❡②n1

, . . . , ❦❡②nq′
, F 1, G′, ⋆X, H ′, Y, ΛO

I

〉

✷✳✽✳❛
=⇒

〈

❦❡②p2
, . . . , ❦❡②pq , ♣✉t, ❦❡②n1

, . . . , ❦❡②nq′
, F 1, G′, ⋆X, H ′, Y, Λ

O∪{p1}
I

〉

✳✳✳

✷✳✽✳❛
=⇒

〈

♣✉t, ❦❡②n1
, . . . , ❦❡②nq′

, F 1, G′, ⋆X, H ′, Y, ΛO∪P
I

〉

✷✳✻✳❜
=⇒

〈

X, G′′, ❦❡②n1
, . . . , ❦❡②nq′

, F 1, H ′′, Y, ΛO∪P
I

〉

=
〈

X, V 1, Y, ΛO∪P
I

〉
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S2 =
〈

❦❡②n
q′
, ❦❡②nq′−1

, . . . , ❦❡②n1
, ♣✉t, ❦❡②pq , . . . , ❦❡②p1 , F

2, G′, ⋆X, H ′, Y, ΛO
I

〉

✷✳✽✳❛
=⇒

〈

❦❡②n
q′−1

, . . . , ❦❡②n1
, ♣✉t, ❦❡②pq , . . . , ❦❡②p1 , F

2, G′, ⋆X, H ′, Y, Λ
O∪{n

q′
}

I

〉

✳✳✳

✷✳✽✳❛
=⇒

〈

♣✉t, ❦❡②pq , . . . , ❦❡②p1 , F
2, G′, ⋆X, H ′, Y, ΛO∪N

I

〉

✷✳✻✳❜
=⇒

〈

X, G′′, ❦❡②pq , . . . , ❦❡②p1 , F
2, H ′′, Y, ΛO∪N

I

〉

=
〈

X, V 2, Y, ΛO∪N
I

〉

❜✳
〈

V 1, X, D, Y, ΛO
I

〉

=
〈

G′′, ❦❡②n1
, . . . , ❦❡②nq′

, F 1, H ′′, X, D, Y, ΛO
I

〉

✷✳✻✳❝
=⇒

〈

❦❡②n1
, ❦❡②n2

, . . . , ❦❡②nq′
, F 1, ⋆Ip+3

p+14, X, D, Y, Λ
O
I

〉

✷✳✽✳❛
=⇒

〈

❦❡②n2
, . . . , ❦❡②nq′

, F 1, ⋆Ip+3
p+14, X, D, Y, Λ

O∪{n1}
I

〉

✳✳✳

✷✳✽✳❛
=⇒

〈

F 1, ⋆Ip+3
p+14, X, D, Y, Λ

O∪N
I

〉

✷✳✼✳❜
=⇒

〈

⋆
I

p+15

p+29 ,
⋆
I

p+3

p+14, X, D, Y, ΛO∪N
I

〉

✷✳✹✳
=⇒

〈

X, Ip+1
p+31, Y, Λ

O∪N
I

〉

❝✳
〈

V 2, X, D, Y, ΛO
I

〉

=
〈

G′′, ❦❡②pq , . . . , ❦❡②p1 , F
2, H ′′, X, D, Y, ΛO

I

〉

✷✳✻✳❝
=⇒

〈

❦❡②pq
, ❦❡②pq−1

, . . . , ❦❡②p1 , F
2, ⋆Ip+3

p+14, X, D, Y, Λ
O
I

〉

✷✳✽✳❛
=⇒

〈

❦❡②pq−1
, . . . , ❦❡②p1 , F

2, ⋆Ip+3
p+14, X, D, Y, Λ

O∪{pq}
I

〉

✳✳✳

✷✳✽✳❛
=⇒

〈

F 2, ⋆Ip+3
p+14, X, D, Y, Λ

O∪P
I

〉

✷✳✼✳❝
=⇒

〈

⋆
I

p+15

p+29 ,
⋆
I

p+3

p+14, X, D, Y, ΛO∪P
I

〉

✷✳✹✳
=⇒

〈

X, Ip+1
p+31, Y, Λ

O∪P
I

〉

✷✳✸✳✸ ❈❧❛✉s❡

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❣❛❞❣❡t s✐♠✉❧❛t❡s ❛ ✸✲❝❧❛✉s❡ ✐♥ ❛ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛✳ ■t ❤♦❧❞s t❤❡
t❡st ❡❧❡♠❡♥ts ❢♦r t❤r❡❡ ❧♦❝❦s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤r❡❡ ❧✐t❡r❛❧s✳ ❲❤❡♥ t❤❡ tr✐❣❣❡r✐♥❣
❡❧❡♠❡♥t✱ γ✱ ✐s ❛t t❤❡ ❤❡❛❞ ♦❢ ❛ s❡q✉❡♥❝❡✱ t❤r❡❡ ❞✐st✐♥❝t ❡✣❝✐❡♥t ♣❛t❤s ♠❛② ❜❡ ❢♦❧❧♦✇❡❞✳
■♥ ❡❛❝❤ s✉❝❤ ♣❛t❤✱ ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❧♦❝❦s ✐s t❡st❡❞✿ ✐♥ ♦t❤❡r ✇♦r❞s✱ ❛♥② ❡✣❝✐❡♥t ♣❛t❤
❧❡❛❞✐♥❣ t♦ t❤❡ ✐❞❡♥t✐t② r❡q✉✐r❡s ♦♥❡ ♦❢ t❤❡ ❧♦❝❦s t♦ ❜❡ ♦♣❡♥✳

❉❡✜♥✐t✐♦♥ ✷✳✼ ✭❈❧❛✉s❡ ●❛❞❣❡t✮✳ ▲❡t a, b, c ∈ J1 ; mK ❜❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ✐♥t❡❣❡rs
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Γ

S0

S3

S1

S2

Γ
1

Γ
2

Γ
3

S4

S5

I

testc

testa

testb

S4

S5

testb

testa

testa

testb

testb

testa

testc

❋✐❣✉r❡ ✷✳✺✿ ■♥✐t✐❛❧❧②✱ ❛ ❝❧❛✉s❡ ❣❛❞❣❡t ❝♦♥t❛✐♥s ♠❛✐♥❧② t❤❡ s❡q✉❡♥❝❡ Γ✳ Pr♦♣❡rt② ✷✳✶✵
♣r♦✈❡s t❤❛t t❤r❡❡ ♣❛t❤s ♠❛② ❜❡ ♣♦ss✐❜❧❡✱ ❧❡❛❞✐♥❣ t♦ s❡q✉❡♥❝❡s ❝♦♥t❛✐♥✐♥❣ ❡✐t❤❡r Γ1✱
Γ2 ♦r Γ3✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ t❡st ❡❧❡♠❡♥ts✱ ❡❛❝❤ ♣❛t❤ r❡q✉✐r❡s ♦♥❡ ❧♦❝❦ t♦ ❜❡ ♦♣❡♥ ✭❡✐t❤❡r
a✱ b ♦r c✮✳ ❇② Pr♦♣❡rt② ✷✳✶✶❛ ✭r❡s♣✳ ❜✱ ❝✮✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ tr❛♥s❢♦r♠✐♥❣ Γ1 ✭r❡s♣✳
Γ2✱ Γ3✮ ✐♥t♦ t❤❡ ✐❞❡♥t✐t② ♦✈❡r Jp+ 1 ; p+ 62K✱ ♣r♦✈✐❞❡❞ t❤❡ r❡♠❛✐♥✐♥❣ ❧♦❝❦s ❛r❡ ♦♣❡♥✳

❛♥❞ p ❜❡ ❛♥ ✐♥t❡❣❡r✱ ❈❧❛✉s❡(a, b, c, p) ✐s ❞❡✜♥❡❞ ❜②

❈❧❛✉s❡(a, b, c, p) = (γ,Γ,∆)

✇❤❡r❡ (E1, F1) = ❋♦r❦(p+ 2), (t❛❦❡1, ♣✉t1, G1, H1) = ❍♦♦❦(p+ 21),
(E2, F2) = ❋♦r❦(p+ 45), (t❛❦❡2, ♣✉t2, G2, H2) = ❍♦♦❦(p+ 33),

✐♥ γ = t❛❦❡1
Γ =

〈

G1, E1, t❛❦❡2, ♣✉t1, t❡stc, F1, G2, E2, t❡sta, ♣✉t2, t❡stb, F2, H2, H1

〉

∆ =
〈

❉♦❝❦(p+ 2, p+ 17), ❉♦❝❦(p+ 21, p+ 60)
〉

●✐✈❡♥ ❛ ❝❧❛✉s❡ ❣❛❞❣❡t (γ,Γ,∆) = ❈❧❛✉s❡(a, b, c, p)✱ ✇❡ ✇r✐t❡

Γ1 =
〈

G′′
1, t❡stc, F

1
1 , G

′′
2, t❡stb, F

1
2 , H

′′
2 , H

′′
1

〉

Γ2 =
〈

G′′
1, t❡stc, F

1
1 , G

′′
2, t❡sta, F

2
2 , H

′′
2 , H

′′
1

〉

Γ3 =
〈

G′′
1, t❛❦❡2, F

2
1 , G2, E2, t❡sta, ♣✉t2, t❡stb, F2, H2, H

′′
1

〉

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣❡rt✐❡s ❞❡t❡r♠✐♥❡ t❤❡ ♣♦ss✐❜❧❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ❝❧❛✉s❡ ❣❛❞❣❡t✳
❚❤❡② ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✺✳ ❚❤❡ ♠❛✐♥ ♣♦✐♥t ✐s t❤❛t✱ st❛rt✐♥❣ ❢r♦♠ ❛ s❡q✉❡♥❝❡
〈

γ, X, Γ, Y, ΛO
I

〉

✱ t❤❡r❡ ✐s ♦♥❡ ❡✣❝✐❡♥t ♣❛t❤ ❢♦r ❡❛❝❤ tr✉❡ ❧✐t❡r❛❧ ✐♥ t❤❡ ❝❧❛✉s❡ ✭✐❡✳
❡❛❝❤ ❧✐t❡r❛❧ ✇✐t❤ ✐♥❞❡① ✐♥ O✮✳

Pr♦♣❡rt② ✷✳✶✵✳ ▲❡t a, b, c ∈ J1 ; mK ❜❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ✐♥t❡❣❡rs✱ p ❜❡ ❛♥ ✐♥t❡❣❡r✱
(γ,Γ,∆) = ❈❧❛✉s❡(a, b, c, p)✱ X ❛♥❞ Y ❜❡ ❛♥② s❡q✉❡♥❝❡s✱ ❛♥❞ O, I ❜❡ t✇♦ ❞✐s❥♦✐♥t
s✉❜s❡ts ♦❢ J1 ; mK✳ ❲❡ ❤❛✈❡

〈

γ, X, Γ, Y, ΛO
I

〉

=⇒ T,

✇❤❡r❡ T ✐s t❤❡ s❡t ❝♦♥t❛✐♥✐♥❣ ❢r♦♠ ✵ t♦ ✸ s❡q✉❡♥❝❡s✱ ❞❡✜♥❡❞ ❜②✿
〈

X, Γ1, Y, Λ
O−{a}
I∪{a}

〉

∈ T ✐✛ a ∈ O
〈

X, Γ2, Y, Λ
O−{b}
I∪{b}

〉

∈ T ✐✛ b ∈ O
〈

X, Γ3, Y, Λ
O−{c}
I∪{c}

〉

∈ T ✐✛ c ∈ O
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Pr♦♦❢✳
〈

γ, X, Γ, Y, ΛO
I

〉

=
〈

t❛❦❡1, X, G1, E1, t❛❦❡2, ♣✉t1, t❡stc, F1, G2, E2, t❡sta, ♣✉t2, t❡stb, F2, H2, H1, Y, Λ
O
I

〉

✷✳✻✳❛
=⇒

〈

E1, t❛❦❡2, ♣✉t1, t❡stc, F1, G2, E2, t❡sta, ♣✉t2, t❡stb, F2, H2, G
′
1,
⋆X, H ′

1, Y, Λ
O
I

〉

✷✳✼✳❛
=⇒ {S0, S3}

S0 =
〈

t❛❦❡2, ♣✉t1, t❡stc, F
1
1 , G2, E2, t❡sta, ♣✉t2, t❡stb, F2, H2, G

′
1,
⋆X, H ′

1, Y, Λ
O
I

〉

✷✳✻✳❛
=⇒

〈

E2, t❡sta, ♣✉t2, t❡stb, F2, G
′
2,
⋆F 1

1 , t❡stc, ♣✉t1, H
′
2, G

′
1,
⋆X, H ′

1, Y, Λ
O
I

〉

✷✳✼✳❛
=⇒ {S1, S2}

S1 =
〈

t❡sta, ♣✉t2, t❡stb, F
1
2 , G

′
2,
⋆F 1

1 , t❡stc, ♣✉t1, H
′
2, G

′
1,
⋆X, H ′

1, Y, Λ
O
I

〉

✐❢ a /∈ O t❤❡♥ S1
✷✳✽✳❝
→ ⊥

✐❢ a ∈ O t❤❡♥

S1
✷✳✽✳❜
=⇒

〈

♣✉t2, t❡stb, F
1
2 , G

′
2
, ⋆F 1

1 , t❡stc, ♣✉t1, H
′
2
, G′

1,
⋆X, H ′

1, Y, Λ
O−{a}
I∪{a}

〉

✷✳✻✳❜
=⇒

〈

♣✉t1, t❡stc, F
1
1 , G

′′
2, t❡stb, F

1
2 , H

′′
2 , G

′
1
, ⋆X, H ′

1
, Y, Λ

O−{a}
I∪{a}

〉

✷✳✻✳❜
=⇒

〈

X, G′′
1, t❡stc, F

1
1 , G

′′
2, t❡stb, F

1
2 , H

′′
2 , H

′′
1 , Y, Λ

O−{a}
I∪{a}

〉

=
〈

X, Γ1, Y, Λ
O−{a}
I∪{a}

〉

S2 =
〈

t❡stb, ♣✉t2, t❡sta, F
2
2 , G

′
2,
⋆F 1

1 , t❡stc, ♣✉t1, H
′
2, G

′
1,
⋆X, H ′

1, Y, Λ
O
I

〉

✐❢ b /∈ O t❤❡♥ S2
✷✳✽✳❝
→ ⊥

✐❢ b ∈ O t❤❡♥

S2
✷✳✽✳❜
=⇒

〈

♣✉t2, t❡sta, F
2
2 , G

′
2
, ⋆F 1

1 , t❡stc, ♣✉t1, H
′
2
, G′

1,
⋆X, H ′

1, Y, Λ
O−{b}
I∪{b}

〉

✷✳✻✳❜
=⇒

〈

♣✉t1, t❡stc, F
1
1 , G

′′
2, t❡sta, F

2
2 , H

′′
2 , G

′
1
, ⋆X, H ′

1
, Y, Λ

O−{b}
I∪{b}

〉

✷✳✻✳❜
=⇒

〈

X, G′′
1, t❡stc, F

1
1 , G

′′
2, t❡sta, F

2
2 , H

′′
2 , H

′′
1 , Y, Λ

O−{b}
I∪{b}

〉

=
〈

X, Γ2, Y, Λ
O−{b}
I∪{b}

〉

S3 =
〈

t❡stc, ♣✉t1, t❛❦❡2, F
2
1 , G2, E2, t❡sta, ♣✉t2, t❡stb, F2, H2, G

′
1,
⋆X, H ′

1, Y, Λ
O
I

〉

✐❢ c /∈ O t❤❡♥ S3
✷✳✽✳❝
→ ⊥

✐❢ c ∈ O t❤❡♥

S3
✷✳✽✳❜
=⇒

〈

♣✉t1, t❛❦❡2, F
2
1 , G2, E2, t❡sta, ♣✉t2, t❡stb, F2, H2, G

′
1
, ⋆X, H ′

1
, Y, Λ

O−{c}
I∪{c}

〉

✷✳✻✳❜
=⇒

〈

X, G′′
1, t❛❦❡2, F

2
1 , G2, E2, t❡sta, ♣✉t2, t❡stb, F2, H2, H

′′
1 , Y, Λ

O−{c}
I∪{c}

〉

=
〈

X, Γ3, Y, Λ
O−{c}
I∪{c}

〉

Pr♦♣❡rt② ✷✳✶✶✳ ▲❡t a, b, c ∈ J1 ; mK ❜❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ✐♥t❡❣❡rs✱ p ❜❡ ❛♥ ✐♥t❡❣❡r✱
(γ,Γ,∆) = ❈❧❛✉s❡(a, b, c, p)✱ Y ❛♥❞ Z ❜❡ ❛♥② s❡q✉❡♥❝❡s✱ ❛♥❞ O, I ❜❡ t✇♦ ❞✐s❥♦✐♥t
s✉❜s❡ts ♦❢ J1 ; mK✳ ❲❡ ❤❛✈❡
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❛✳ ■❢ b, c ∈ O, t❤❡♥
〈

Γ1, Y, ∆, Z, ΛO
I

〉

=⇒
〈

Y, Ip+1
p+62, Z, Λ

O−{b,c}
I∪{b,c}

〉

❜✳ ■❢ a, c ∈ O, t❤❡♥
〈

Γ2, Y, ∆, Z, ΛO
I

〉

=⇒
〈

Y, Ip+1
p+62, Z, Λ

O−{a,c}
I∪{a,c}

〉

❝✳ ■❢ a, b ∈ O, t❤❡♥
〈

Γ3, Y, ∆, Z, ΛO
I

〉

=⇒
〈

Y, Ip+1
p+62, Z, Λ

O−{a,b}
I∪{a,b}

〉

Pr♦♦❢✳

❛✳
〈

Γ1, Y, ∆, Z, ΛO
I

〉

=
〈

G′′
1
, t❡stc, F

1
1 , G

′′
2, t❡stb, F

1
2 , H

′′
2 , H

′′
1
, Y, D1, D2, Z, Λ

O
I

〉

✷✳✻✳❝
=⇒

〈

t❡stc, F
1
1 , G

′′
2, t❡stb, F

1
2 , H

′′
2 ,

⋆Ip+22
p+33 , Y, D1, D2, Z, Λ

O
I

〉

✷✳✽✳❜
=⇒

〈

F 1

1
, G′′

2, t❡stb, F
1
2 , H

′′
2 ,

⋆Ip+22
p+33 , Y, D1, D2, Z, Λ

O−{c}
I∪{c}

〉

✷✳✼✳❜
=⇒

〈

⋆
I

p+3

p+17, G
′′
2, t❡stb, F

1
2 , H

′′
2 ,

⋆Ip+22
p+33 , Y, D1, D2, Z, Λ

O−{c}
I∪{c}

〉

✷✳✹✳
=⇒

〈

G′′
2
, t❡stb, F

1
2 , H

′′
2
, ⋆Ip+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{c}
I∪{c}

〉

✷✳✻✳❝
=⇒

〈

t❡stb, F
1
2 ,

⋆Ip+34
p+45 ,

⋆Ip+22
p+33 , Y, I

p+1
p+19, D2, Z, Λ

O−{c}
I∪{c}

〉

✷✳✽✳❜
=⇒

〈

F 1

2
, ⋆Ip+34

p+45 ,
⋆Ip+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{b,c}
I∪{b,c}

〉

✷✳✼✳❜
=⇒

〈

⋆
I

p+46

p+60 ,
⋆
I

p+34

p+45 ,
⋆
I

p+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{b,c}
I∪{b,c}

〉

✷✳✹✳
=⇒

〈

Y, Ip+1
p+19, I

p+20
p+62 , Z, Λ

O−{b,c}
I∪{b,c}

〉

=
〈

Y, Ip+1
p+62, Z, Λ

O−{b,c}
I∪{b,c}

〉

❜✳
〈

Γ2, Y, ∆, Z, ΛO
I

〉

=
〈

G′′
1
, t❡stc, F

1
1 , G

′′
2, t❡sta, F

2
2 , H

′′
2 , H

′′
1
, Y, D1, D2, Z, Λ

O
I

〉

✷✳✻✳❝
=⇒

〈

t❡stc, F
1
1 , G

′′
2, t❡sta, F

2
2 , H

′′
2 ,

⋆Ip+22
p+33 , Y, D1, D2, Z, Λ

O
I

〉

✷✳✽✳❜
=⇒

〈

F 1

1
, G′′

2, t❡sta, F
2
2 , H

′′
2 ,

⋆Ip+22
p+33 , Y, D1, D2, Z, Λ

O−{c}
I∪{c}

〉

✷✳✼✳❜
=⇒

〈

⋆
I

p+3

p+17, G
′′
2, t❡sta, F

2
2 , H

′′
2 ,

⋆Ip+22
p+33 , Y, D1, D2, Z, Λ

O−{c}
I∪{c}

〉

✷✳✹✳
=⇒

〈

G′′
2
, t❡sta, F

2
2 , H

′′
2
, ⋆Ip+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{c}
I∪{c}

〉

✷✳✻✳❝
=⇒

〈

t❡sta, F
2
2 ,

⋆Ip+34
p+45 ,

⋆Ip+22
p+33 , Y, I

p+1
p+19, D2, Z, Λ

O−{c}
I∪{c}

〉

✷✳✽✳❜
=⇒

〈

F 2

2
, ⋆Ip+34

p+45 ,
⋆Ip+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{a,c}
I∪{a,c}

〉

✷✳✼✳❝
=⇒

〈

⋆
I

p+46

p+60 ,
⋆
I

p+34

p+45 ,
⋆
I

p+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{a,c}
I∪{a,c}

〉

✷✳✹✳
=⇒

〈

Y, Ip+1
p+19, I

p+20
p+62 , Z, Λ

O−{a,c}
I∪{a,c}

〉

=
〈

Y, Ip+1
p+62, Z, Λ

O−{a,c}
I∪{a,c}

〉

❝✳
〈

Γ3, Y, ∆, Z, ΛO
I

〉

=
〈

G′′
1
, t❛❦❡2, F

2
1 , G2, E2, t❡sta, ♣✉t2, t❡stb, F2, H2, H

′′
1
, Y, D1, D2, Z, Λ

O
I

〉

✷✳✻✳❝
=⇒

〈

t❛❦❡2, F
2
1 , G2, E2, t❡sta, ♣✉t2, t❡stb, F2, H2,

⋆Ip+22
p+33 , Y, D1, D2, Z, Λ

O
I

〉

✷✳✻✳❛
=⇒

〈

E2, t❡sta, ♣✉t2, t❡stb, F2, G
′
2,
⋆F 2

1 , H
′
2,
⋆Ip+22

p+33 , Y, D1, D2, Z, Λ
O
I

〉

✷✳✼✳❛
=⇒ {S4, S5}
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S4 =
〈

t❡sta, ♣✉t2, t❡stb, F
1
2 , G

′
2,
⋆F 2

1 , H
′
2,
⋆Ip+22

p+33 , Y, D1, D2, Z, Λ
O
I

〉

✷✳✽✳❜
=⇒

〈

♣✉t2, t❡stb, F
1
2 , G

′
2
, ⋆F 2

1 , H
′
2
, ⋆Ip+22

p+33 , Y, D1, D2, Z, Λ
O−{a}
I∪{a}

〉

✷✳✻✳❜
=⇒

〈

F 2

1
, G′′

2, t❡stb, F
1
2 , H

′′
2 ,

⋆Ip+22
p+33 , Y, D1, D2, Z, Λ

O−{a}
I∪{a}

〉

✷✳✼✳❝
=⇒

〈

⋆
I

p+3

p+17, G
′′
2, t❡stb, F

1
2 , H

′′
2 ,

⋆Ip+22
p+33 , Y, D1, D2, Z, Λ

O−{a}
I∪{a}

〉

✷✳✹✳
=⇒

〈

G′′
2
, t❡stb, F

1
2 , H

′′
2
, ⋆Ip+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{a}
I∪{a}

〉

✷✳✻✳❝
=⇒

〈

t❡stb, F
1
2 ,

⋆Ip+34
p+45 ,

⋆Ip+22
p+33 , Y, I

p+1
p+19, D2, Z, Λ

O−{a}
I∪{a}

〉

✷✳✽✳❜
=⇒

〈

F 1

2
, ⋆Ip+34

p+45 ,
⋆Ip+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{a,b}
I∪{a,b}

〉

✷✳✼✳❜
=⇒

〈

⋆
I

p+46

p+60 ,
⋆
I

p+34

p+45 ,
⋆
I

p+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{a,b}
I∪{a,b}

〉

✷✳✹✳
=⇒

〈

Y, Ip+1
p+19, I

p+20
p+62 , Z, Λ

O−{a,b}
I∪{a,b}

〉

=
〈

Y, Ip+1
p+62, Z, Λ

O−{a,b}
I∪{a,b}

〉

S5 =
〈

t❡stb, ♣✉t2, t❡sta, F
2
2 , G

′
2,
⋆F 2

1 , H
′
2,
⋆Ip+22

p+33 , Y, D1, D2, Z, Λ
O
I

〉

✷✳✽✳❜
=⇒

〈

♣✉t2, t❡sta, F
2
2 , G

′
2
, ⋆F 2

1 , H
′
2
, ⋆Ip+22

p+33 , Y, D1, D2, Z, Λ
O−{a}
I∪{a}

〉

✷✳✻✳❜
=⇒

〈

F 2

1
, G′′

2, t❡sta, F
2
2 , H

′′
2 ,

⋆Ip+22
p+33 , Y, D1, D2, Z, Λ

O−{a}
I∪{a}

〉

✷✳✼✳❝
=⇒

〈

⋆
I

p+3

p+17, G
′′
2, t❡sta, F

2
2 , H

′′
2 ,

⋆Ip+22
p+33 , Y, D1, D2, Z, Λ

O−{a}
I∪{a}

〉

✷✳✹✳
=⇒

〈

G′′
2
, t❡sta, F

2
2 , H

′′
2
, ⋆Ip+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{a}
I∪{a}

〉

✷✳✻✳❝
=⇒

〈

t❡sta, F
2
2 ,

⋆Ip+34
p+45 ,

⋆Ip+22
p+33 , Y, I

p+1
p+19, D2, Z, Λ

O−{a}
I∪{a}

〉

✷✳✽✳❜
=⇒

〈

F 2

2
, ⋆Ip+34

p+45 ,
⋆Ip+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{a,b}
I∪{a,b}

〉

✷✳✼✳❝
=⇒

〈

⋆
I

p+46

p+60 ,
⋆
I

p+34

p+45 ,
⋆
I

p+22

p+33 , Y, I
p+1
p+19, D2, Z, Λ

O−{a,b}
I∪{a,b}

〉

✷✳✹✳
=⇒

〈

Y, Ip+1
p+19, I

p+20
p+62 , Z, Λ

O−{a,b}
I∪{a,b}

〉

=
〈

Y, Ip+1
p+62, Z, Λ

O−{a,b}
I∪{a,b}

〉

✷✳✹ ❘❡❞✉❝t✐♦♥ ❢r♦♠ ✸✲❙❆❚

▲❡t φ ❜❡ ❛ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛ ♦✈❡r l ✈❛r✐❛❜❧❡s ✐♥ ❝♦♥❥✉♥❝t✐✈❡ ♥♦r♠❛❧ ❢♦r♠✱ s✉❝❤ t❤❛t
❡❛❝❤ ❝❧❛✉s❡ ❝♦♥t❛✐♥s ❡①❛❝t❧② t❤r❡❡ ❧✐t❡r❛❧s✳ ❲❡ ✇r✐t❡ k ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛✉s❡s✱
m = 3k t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❧✐t❡r❛❧s✱ ❛♥❞ {λ1, . . . , λm} ❢♦r t❤❡ s❡t ♦❢ ❧✐t❡r❛❧s✳ ▲❡t
n = 31l + 62k + 12m ✭t❤✉s✱ n = 31l + 98k✮✳

❉❡✜♥✐t✐♦♥ ✷✳✽ ✭❙❡q✉❡♥❝❡ Sφ✮✳ ❲❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ Sφ ❛s t❤❡ ♣❡r♠✉t❛t✐♦♥ ♦❢
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J1 ; nK ♦❜t❛✐♥❡❞ ❜②✿

(❦❡②1, . . . , ❦❡②m, t❡st1, . . . , t❡stm,Λ) = ▲✐t❡r❛❧s(31l + 62k,m)

∀i ∈ J1 ; lK , Pi = {j ∈ J1 ; mK | λj = xi}
Ni = {j ∈ J1 ; mK | λj = ¬xi}
(νi, Vi, Di) = ❱❛r✐❛❜❧❡(Pi, Ni, 31(i− 1)),

∀i ∈ J1 ; kK , (ai, bi, ci) = ✐♥❞✐❝❡s s✉❝❤ t❤❛t t❤❡ i✲t❤ ❝❧❛✉s❡ ♦❢ φ ✐s λai ∨ λbi ∨ λci
(γi,Γi,∆i) = ❈❧❛✉s❡(ai, bi, ci, 31l + 62(i− 1))

Sφ =
〈

ν1, . . . , νl, γ1, . . . , γk, V1, . . . , Vl,Γ1, . . . ,Γk, D1, . . . , Dl,∆1, . . . ,∆k,Λ
∅
∅

〉

❚✇♦ t❤✐♥❣s s❤♦✉❧❞ ❜❡ ♥♦t❡❞ ✐♥ t❤✐s ❞❡✜♥✐t✐♦♥✳ ❋✐rst✱ ❡❧❡♠❡♥ts ❦❡②i ❛♥❞ t❡sti ❛r❡
✉s❡❞ ✐♥ t❤❡ ❝❧❛✉s❡ ❛♥❞ ✈❛r✐❛❜❧❡ ❣❛❞❣❡ts✱ ❛❧t❤♦✉❣❤ t❤❡② ❛r❡ ♥♦t ❡①♣❧✐❝✐t❧② st❛t❡❞ ✐♥
t❤❡ ♣❛r❛♠❡t❡rs ✭❝❢✳ ❉❡✜♥✐t✐♦♥s ✷✳✻ ❛♥❞ ✷✳✼✮✳ ❙❡❝♦♥❞✱ ♦♥❡ ❝♦✉❧❞ ❛ss✉♠❡ t❤❛t ❧✐t❡r❛❧s
❛r❡ s♦rt❡❞ ✐♥ t❤❡ ❢♦r♠✉❧❛ ✭φ = (λ1 ∨ λ2 ∨ λ3) ∧ . . . ✮✱ s♦ t❤❛t ai = 3i− 2✱ bi = 3i− 1
❛♥❞ ci = 3i✱ ❜✉t ✐t ✐s ♥♦t ♥❡❝❡ss❛r② s✐♥❝❡ t❤❡s❡ ✈❛❧✉❡s ❛r❡ ♥♦t ✉s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❲❡ ♥♦✇ ❛✐♠ ❛t ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✷✳✶✽ ✭♣✳ ✼✵✮✱ ✇❤✐❝❤ st❛t❡s t❤❛t Sφ ✐s ❡✣❝✐❡♥t❧②
s♦rt❛❜❧❡ ✐❢ t❤❡ ❢♦r♠✉❧❛ φ ✐s s❛t✐s✜❛❜❧❡✳ ❙❡✈❡r❛❧ ♣r❡❧✐♠✐♥❛r② ❧❡♠♠❛s ❛r❡ ♥❡❝❡ss❛r②✱
❛♥❞ t❤❡ ♦✈❡r❛❧❧ ♣r♦❝❡ss ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✻✳

✷✳✹✳✶ ❱❛r✐❛❜❧❡ ❆ss✐❣♥♠❡♥t

❉❡✜♥✐t✐♦♥ ✷✳✾ ✭❆ss✐❣♥♠❡♥t✮✳ ▲❡t r ∈ J0 ; lK✳ ❆♥ r✲❛ss✐❣♥♠❡♥t ✐s ❛ ♣❛rt✐t✐♦♥ P =
(T, F ) ♦❢ J1 ; rK✳ ❆♥ l✲❛ss✐❣♥♠❡♥t ✐s ❝❛❧❧❡❞ ❛ ❢✉❧❧ ❛ss✐❣♥♠❡♥t✳ ❯s✐♥❣ ♥♦t❛t✐♦♥s ❢r♦♠
❉❡✜♥✐t✐♦♥ ✷✳✽✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ Sφ[P ] ❜②✿

❋♦r ❛❧❧ i ∈ J1 ; rK , V ′
i =

{

V 1
i ✐❢ i ∈ T

V 2
i ✐❢ i ∈ F

O =
⋃

i∈T

Pi ∪
⋃

i∈F

Ni

Sφ[P ] =
〈

νr+1, . . . , νl, γ1, . . . , γk, V
′
1 , . . . , V

′
r , Vr+1, . . . , Vl,Γ1, . . . ,Γk,

D1, . . . , Dl,∆1, . . . ,∆k,Λ
O
∅

〉

Pr♦♣❡rt② ✷✳✶✷✳ ▲❡t r ∈ J0 ; lK ✇✐t❤ r < l✱ P = (T, F ) ❜❡ ❛♥② r✲❛ss✐❣♥♠❡♥t✱ P1 =
(T ∪ {r + 1}, F ) ❛♥❞ P2 = (T, F ∪ {r + 1})✳ ❚❤❡♥

Sφ[P ] =⇒ {Sφ[P1], Sφ[P2]}

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ Pr♦♣❡rt② ✷✳✾✳❛ ♦♥ ✈❛r✐❛❜❧❡ (νr+1, Vr+1, Dr+1)✱
✉s✐♥❣ s❡q✉❡♥❝❡s✿

X =
〈

νr+2, . . . , νl, γ1, . . . , γk, V
′
1 , . . . , V

′
r

〉

Y =
〈

Vr+2, . . . , Vl,Γ1, . . . ,Γk, D1, . . . , Dl,∆1, . . . ,∆k

〉

❲✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❡ ❡♥s✉r❡ t❤❛t ❛♥② s❡q✉❡♥❝❡ ♦❢ ❡✣❝✐❡♥t ✢✐♣s ❢r♦♠ Sφ

❜❡❣✐♥s ✇✐t❤ ❛ ❢✉❧❧ ❛ss✐❣♥♠❡♥t ♦❢ t❤❡ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❡✈❡r② ♣♦ss✐❜❧❡ ❛ss✐❣♥♠❡♥t
❝❛♥ ❜❡ r❡❛❝❤❡❞ ✉s✐♥❣ ♦♥❧② ❡✣❝✐❡♥t ✢✐♣s✳
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Sφ =
〈

ν1, . . . , νl, γ1, . . . , γk, V1, . . . , Vl,Γ1, . . . ,Γk, D1, . . . , Dl,∆1, . . . ,∆k,Λ
∅
∅

〉

ν1 V ′

1

ν2 V ′

2

νl V ′

l

γ1 Γ′

1

γ2 Γ′

2

γk Γ′

k

I

Open loks in P1

V1 7→ V ′

1 = V 1
1

Open loks in N1

V1 7→ V ′

1 = V 2
1

Open remainingloks in P1 ∪N1

D1 7→ I... ... ... ...
Open loks in Pl

Vl 7→ V ′

l = V 1
l

Open loks in Nl

Vl 7→ V ′

l = V 2
l

Open remainingloks in Pl ∪Nl

Dl 7→ ITest lok a1
Γ1 7→ Γ′

1 = Γ1
1

Test lok b1
Γ1 7→ Γ′

1 = Γ2
1

Test lok c1
Γ1 7→ Γ′

1 = Γ3
1

Test remainingloks in {a1, b1, c1}
∆1 7→ I... ... ... ...

Test lok ak
Γk 7→ Γ′

k = Γ1
k

Test lok bk
Γk 7→ Γ′

k = Γ2
k

Test lok ck
Γk 7→ Γ′

k = Γ3
k

Test remainingloks in {ak, bk, ck}
∆k 7→ I

❋✐❣✉r❡ ✷✳✻✿ ❉❡s❝r✐♣t✐♦♥ ♦❢ ❛♥ ❡✣❝✐❡♥t s♦rt✐♥❣ ♦❢ Sφ ✭❉❡✜♥✐t✐♦♥ ✷✳✽✮✳ ❈✐r❝✉❧❛r ♥♦❞❡s
❝♦rr❡s♣♦♥❞ t♦ ❧❛♥❞♠❛r❦s✱ t❤❛t ✐s✱ ❤❡❛❞ ❡❧❡♠❡♥ts ♦r s❡q✉❡♥❝❡s ❡s♣❡❝✐❛❧❧② r❡❧❡✈❛♥t✳
❲❡ st❛rt ✇✐t❤ t❤❡ ❤❡❛❞ ❡❧❡♠❡♥t ♦❢ Sφ✿ ν1✳ ❋r♦♠ ❡❛❝❤ ❧❛♥❞♠❛r❦✱ ♦♥❡✱ t✇♦ ♦r t❤r❡❡
♣❛t❤s ❛r❡ ♣♦ss✐❜❧❡ ❜❡❢♦r❡ r❡❛❝❤✐♥❣ t❤❡ ♥❡①t ❧❛♥❞♠❛r❦✱ ❡❛❝❤ ♣❛t❤ ❤❛✈✐♥❣ ✐ts ♦✇♥
❡✛❡❝ts✱ st❛t❡❞ ✐♥ r❡❝t❛♥❣❧❡s✱ ♦♥ t❤❡ s❡q✉❡♥❝❡✳ P♦ss✐❜❧❡ ❡✛❡❝ts ❛r❡✿ tr❛♥s❢♦r♠✐♥❣ ❛
s✉❜s❡q✉❡♥❝❡ ♦❢ Sφ ✭s②♠❜♦❧ 7→✮✱ ♦♣❡♥✐♥❣ ❛ ❧♦❝❦✱ t❡st✐♥❣ ❛ ❧♦❝❦ ✭s✉❝❤ ❛ ♣❛t❤ r❡q✉✐r❡s
t❤❡ ❧♦❝❦ t♦ ❜❡ ♦♣❡♥✮❀ ✐♥❞✐❝❡s ❛r❡ r❡♠♦✈❡❞ ❢r♦♠ ✐❞❡♥t✐t② s❡q✉❡♥❝❡s ✭I✮ ❢♦r r❡❛❞❛❜✐❧✐t②✳
❚❤❡ t♦♣✲❧❡❢t q✉❛rt❡r✱ ❢r♦♠ ν1 t♦ νl✱ ✐s st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✶❀ t❤❡ ❜♦tt♦♠✲❧❡❢t
q✉❛rt❡r✱ ❢r♦♠ γ1 t♦ γk✱ ✐s st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✷❀ ❛♥❞ t❤❡ r✐❣❤t ❤❛❧❢✱ ❢r♦♠ V ′

1 t♦ Γ′
k✱

✐s st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✸✳
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▲❡♠♠❛ ✷✳✶✸✳
Sφ =⇒ {Sφ[P ] | P ❢✉❧❧ ❛ss✐❣♥♠❡♥t}

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ Sφ =⇒ {Sφ[P ] | P r✲❛ss✐❣♥♠❡♥t} ❜② ✐♥❞✉❝t✐♦♥ ❢♦r ❛❧❧ r ∈ J0 ; lK✱
❛♥❞ t❤❡ ❧❡♠♠❛ ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❝❛s❡ r = l✳

❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ ✵✲❛ss✐❣♥♠❡♥t✱ ✇❤✐❝❤ ✐s P0 = (∅, ∅)✱ ❛♥❞ Sφ = Sφ[P0]✳ ❈♦♥s✐❞❡r
♥♦✇ ❛♥② r < l✳ ❲❡ ✉s❡ ♥♦t❛t✐♦♥s P1 ❛♥❞ P2 ❢r♦♠ Pr♦♣❡rt② ✷✳✶✷✳ ❚❤❡♥ ❛♥② (r + 1)✲
❛ss✐❣♥♠❡♥t ❝❛♥ ❜❡ ✇r✐tt❡♥ P1 ♦r P2✱ ✇❤❡r❡ P ✐s s♦♠❡ r✲❛ss✐❣♥♠❡♥t✳ ❲❡ ❤❛✈❡

Sφ =⇒ {Sφ[P ] | P r✲❛ss✐❣♥♠❡♥t} ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s

Sφ =⇒ {Sφ[P1], Sφ[P2] | P r✲❛ss✐❣♥♠❡♥t} ❜② Pr♦♣❡rt② ✷✳✶✷

= {Sφ[P
′] | P ′ (r + 1)✲❛ss✐❣♥♠❡♥t}

✷✳✹✳✷ ●♦✐♥❣ t❤r♦✉❣❤ ❈❧❛✉s❡s

◆♦✇ t❤❛t ❡❛❝❤ ✈❛r✐❛❜❧❡ ✐s ❛ss✐❣♥❡❞ ❛ ❜♦♦❧❡❛♥ ✈❛❧✉❡✱ ✇❡ ♥❡❡❞ t♦ ✈❡r✐❢② ✇✐t❤ ❡❛❝❤
❝❧❛✉s❡ t❤❛t t❤✐s ❛ss✐❣♥♠❡♥t s❛t✐s✜❡s t❤❡ ❢♦r♠✉❧❛ φ✳ ❚❤✐s ✐s ❞♦♥❡ ❜② s❡❧❡❝t✐♥❣✱ ❢♦r ❡❛❝❤
❝❧❛✉s❡✱ ❛ ❧✐t❡r❛❧ ✇❤✐❝❤ ✐s tr✉❡✱ ❛♥❞ t❡st✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❦✳ ❆s ✐♥ ❉❡✜♥✐t✐♦♥
✷✳✽✱ ❢♦r ❛♥② i ∈ J1 ; kK ✇❡ ✇r✐t❡ (ai, bi, ci) ❢♦r t❤❡ ✐♥❞✐❝❡s s✉❝❤ t❤❛t t❤❡ i✲t❤ ❝❧❛✉s❡ ♦❢
φ ✐s λai ∨ λbi ∨ λci ✭t❤✉s✱ ai, bi, ci ∈ J1 ; mK✮✳

❉❡✜♥✐t✐♦♥ ✷✳✶✵ ✭❙❡❧❡❝t✐♦♥✮✳ ▲❡t t ∈ J0 ; kK ❛♥❞ P ❜❡ ❛ ❢✉❧❧ ❛ss✐❣♥♠❡♥t✳ ❆ t✲
s❡❧❡❝t✐♦♥ σ ✐s ❛ s✉❜s❡t ♦❢ J1 ; mK s✉❝❤ t❤❛t

✕ |σ| = t
✕ ❢♦r ❡❛❝❤ i ∈ J1 ; tK✱ |{ai, bi, ci} ∩ σ| = 1
❆ t✲s❡❧❡❝t✐♦♥ σ ❛♥❞ ❛ ❢✉❧❧ ❛ss✐❣♥♠❡♥t P = (T, F ) ❛r❡ ❝♦♠♣❛t✐❜❧❡✱ ✐❢✱ ❢♦r ❡✈❡r②

i ∈ σ✱ ❧✐t❡r❛❧ λi ✐s tr✉❡ ❛❝❝♦r❞✐♥❣ t♦ ❛ss✐❣♥♠❡♥t P ✭t❤❛t ✐s✱ λi = xj ❛♥❞ j ∈ T ✱ ♦r
λi = ¬xj ❛♥❞ j ∈ F ✮✳

❆ k✲s❡❧❡❝t✐♦♥ ✐s ❝❛❧❧❡❞ ❛ ❢✉❧❧ s❡❧❡❝t✐♦♥✳ ●✐✈❡♥ ❛ t✲s❡❧❡❝t✐♦♥ σ ❛♥❞ ❛ ❢✉❧❧ ❛ss✐❣♥♠❡♥t
P = (T, F ) ✇❤✐❝❤ ❛r❡ ❝♦♠♣❛t✐❜❧❡✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡q✉❡♥❝❡ Sφ[P , σ] ❜②✿

❋♦r ❛❧❧ i ∈ J1 ; lK , V ′
i =

{

V 1
i ✐❢ i ∈ T

V 2
i ✐❢ i ∈ F

❋♦r ❛❧❧ i ∈ J1 ; tK , Γ′
i =











Γ1
i ✐❢ ai ∈ σ

Γ2
i ✐❢ bi ∈ σ

Γ3
i ✐❢ ci ∈ σ

O =
⋃

i∈T

Pi ∪
⋃

i∈F

Ni − σ

I = σ

Sφ[P , σ] =
〈

γt+1, . . . , γk, V
′
1 , . . . , V

′
l ,Γ

′
1, . . . ,Γ

′
t,Γt+1, . . . ,Γk,

D1, . . . , Dl,∆1, . . . ,∆k,Λ
O
I

〉

❲❡ ♥♦✇ ❛✐♠ ❛t ♣r♦✈✐♥❣ ▲❡♠♠❛ ✷✳✶✻✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t ❛❢t❡r t❤❡ tr✉t❤ ❛ss✐❣♥✲
♠❡♥t✱ ❡✈❡r② ❡✣❝✐❡♥t ♣❛t❤ st❛rt✐♥❣ ❢r♦♠ Sφ ♥❡❡❞s t♦ s❡❧❡❝t ❛ ❧✐t❡r❛❧ ✐♥ ❡❛❝❤ ❝❧❛✉s❡✱
✉♥❞❡r t❤❡ ❝♦♥str❛✐♥t t❤❛t t❤❡ s❡❧❡❝t✐♦♥ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❛ss✐❣♥♠❡♥t✳ ❲❡ ✇✐❧❧
✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣❡rt✐❡s✳



✻✽ ❈❍❆P❚❊❘ ✷✳ ❙❖❘❚■◆● ❇❨ P❘❊❋■❳ ❘❊❱❊❘❙❆▲❙

Pr♦♣❡rt② ✷✳✶✹✳ ▲❡t P ❜❡ ❛ ❢✉❧❧ ❛ss✐❣♥♠❡♥t ❛♥❞ t ∈ J0 ; kK✱ t < k✳ ▲❡t σ′ ❜❡ ❛
(t+ 1)✲s❡❧❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ t✲s❡❧❡❝t✐♦♥ σ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤
P s✉❝❤ t❤❛t σ ⊂ σ′✳

Pr♦♦❢✳ ■t ✐s ♦❜t❛✐♥❡❞ ❜② σ = σ′−{at+1, bt+1, ct+1}✳ ■t ✐s tr✐✈✐❛❧❧② ❛ t✲s❡❧❡❝t✐♦♥ ✐♥❝❧✉❞❡❞
✐♥ σ✱ ❛♥❞ ✐t ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P ✭❛❧❧ s❡❧❡❝t❡❞ ❧✐t❡r❛❧s ✐♥ σ ❛r❡ ❛❧s♦ s❡❧❡❝t❡❞ ✐♥ σ′✱
❛♥❞ t❤✉s ❛r❡ tr✉❡ ❛❝❝♦r❞✐♥❣ t♦ P✮✳

Pr♦♣❡rt② ✷✳✶✺✳ ▲❡t t ∈ J0 ; kK✱ t < k✱ P ❜❡ ❛ ❢✉❧❧ ❛ss✐❣♥♠❡♥t✱ ❛♥❞ σ ❜❡ ❛ t✲s❡❧❡❝t✐♦♥
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P✳

Sφ[P , σ] =⇒ {Sφ[P , σ
′] | σ′ (t+ 1)✲s❡❧❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P ; σ ⊂ σ′}

◆♦t❡ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝❛♥ ❜❡ t❤❡ ❡♠♣t② s❡t✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ Sφ[P , σ] =⇒ ∅✳

Pr♦♦❢✳ ❋✐rst ♥♦t❡ t❤❛t t❤❡r❡ ❛r❡ ✸ (t+1)✲s❡❧❡❝t✐♦♥s σ′ s✉❝❤ t❤❛t σ ⊂ σ′✱ ❛♥❞ t❤❡② ❛r❡
σ′
1 = σ ∪ {at+1}✱ σ′

2 = σ ∪ {bt+1}✱ ❛♥❞ σ′
3 = σ ∪ {ct+1}✳ ❙✐♥❝❡ σ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤

P ✱ σ′
1 ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P ✐✛ ❧✐t❡r❛❧ λat+1 ✐s tr✉❡ ✐♥ P ✭❛♥❞ s✐♠✐❧❛r❧② ✇✐t❤ ❝♦✉♣❧❡s

(σ′
2, λbt+1) ❛♥❞ (σ′

3, λct+1)✮✳ ❲❡ ♥♦✇ ❞❡✜♥❡ s❡q✉❡♥❝❡s X ❛♥❞ Y ❛♥❞ s❡ts I ❛♥❞ O s✉❝❤
t❤❛t Sφ[P , σ] =

〈

γt+1, X, Γt+1, Y, Λ
O
I

〉

✱ t❤❛t ✐s✿

X =
〈

γt+2, . . . , γk, V
′
1 , . . . , V

′
l ,Γ

′
1, . . . ,Γ

′
t

〉

Y =
〈

Γt+2, . . . ,Γk, D1, . . . , Dl,∆1, . . . ,∆k,
〉

O =
⋃

i∈T

Pi ∪
⋃

i∈F

Ni − σ

I = σ

❯s✐♥❣ Pr♦♣❡rt② ✷✳✶✵ ♦♥ ❝❧❛✉s❡ ❣❛❞❣❡t (γt+1,Γt+1,∆t+1)✱ ✇❡ ♦❜t❛✐♥✿

Sφ[P , σ] =⇒ T

✇❤❡r❡ T ✐s ❞❡✜♥❡❞ ❜②✿
〈

X, Γ1
t+1, Y, Λ

O−{at+1}
I∪{at+1}

〉

∈ T ✐✛ at+1 ∈ O
〈

X, Γ2
t+1, Y, Λ

O−{bt+1}
I∪{bt+1}

〉

∈ T ✐✛ bt+1 ∈ O
〈

X, Γ3
t+1, Y, Λ

O−{ct+1}
I∪{ct+1}

〉

∈ T ✐✛ ct+1 ∈ O

◆♦t❡ t❤❛t at+1 /∈ σ✱ ❤❡♥❝❡ at+1 ∈ O ✐✛ ∃i ∈ T s✳t✳ at+1 ∈ Pi ♦r ∃i ∈ F s✳t✳
at+1 ∈ Ni✳ ❊q✉✐✈❛❧❡♥t❧②✱ at+1 ∈ O ✐✛ λat+1 ✐s ❛ ♣♦s✐t✐✈❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ✈❛r✐❛❜❧❡
❛ss✐❣♥❡❞ ❚r✉❡ ✐♥ P ✱ ♦r ❛ ♥❡❣❛t✐✈❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ✈❛r✐❛❜❧❡ ❛ss✐❣♥❡❞ ❋❛❧s❡ ✐♥ P ✳
❋✐♥❛❧❧②✱ at+1 ∈ O ✐✛ σ′

1 ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P ✳ ▲✐❦❡✇✐s❡✱ bt+1 ∈ O ✐✛ σ′
2 ✐s ❝♦♠♣❛t✐❜❧❡

✇✐t❤ P ✱ ❛♥❞ ct+1 ∈ O ✐✛ σ′
3 ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P ✳

Sφ[P , σ
′
1] =

〈

X, Γ1
t+1, Y, Λ

O−{at+1}
I∪{at+1}

〉

∈ T ✐✛ σ′
1 ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P

Sφ[P , σ
′
2] =

〈

X, Γ2
t+1, Y, Λ

O−{bt+1}
I∪{bt+1}

〉

∈ T ✐✛ σ′
2 ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P

Sφ[P , σ
′
3] =

〈

X, Γ3
t+1, Y, Λ

O−{ct+1}
I∪{at+1}

〉

∈ T ✐✛ σ′
3 ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P

❚❤✉s T ✐s ✐♥❞❡❡❞ t❤❡ s❡t ♦❢ s❡q✉❡♥❝❡s Sφ[P , σ
′] ✇❤❡r❡ σ′ ✐s ❛ (t + 1)✲s❡❧❡❝t✐♦♥

✇❤✐❝❤ ❝♦♥t❛✐♥s σ ❛♥❞ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P ✿ t❤❡ ♣r♦♣❡rt② ✐s ♣r♦✈❡❞✳



✷✳✹✳ ❘❊❉❯❈❚■❖◆ ❋❘❖▼ ✸✲❙❆❚ ✻✾

▲❡♠♠❛ ✷✳✶✻✳ ▲❡t P ❜❡ ❛ ❢✉❧❧ ❛ss✐❣♥♠❡♥t✳ ❚❤❡♥

Sφ[P ] =⇒ {Sφ[P , σ] | σ ❢✉❧❧ s❡❧❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P}

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ♣❛tt❡r♥ ❛s t❤❡ ♦♥❡ ♦❢ ▲❡♠♠❛ ✷✳✶✸✱ t❤❛t ✐s✱ ✇❡
♣r♦✈❡

Sφ[P ] =⇒ {Sφ[P , σ] | σ t✲s❡❧❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P}

❜② ✐♥❞✉❝t✐♦♥ ❢♦r ❛❧❧ t ∈ J0 ; kK✱ ❛♥❞ t❤❡ ❧❡♠♠❛ ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❝❛s❡ t = k✳
❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ ✵✲s❡❧❡❝t✐♦♥✱ ✇❤✐❝❤ ✐s σ0 = ∅✱ ✐t ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P ✱ ❛♥❞

Sφ[P ] = Sφ[P , σ0]✳ ❈♦♥s✐❞❡r ♥♦✇ ❛♥② t < k✳ ❲❡ ❤❛✈❡

Sφ[P ] =⇒ {Sφ[P , σ] | σ t✲s❡❧❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P} ✭❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✮

Sφ[P ] =⇒ {Sφ[P , σ
′] | σ′ (t+ 1)✲s❡❧❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P ❛♥❞

∃ σ t✲s❡❧❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P , σ ⊂ σ′} ❜② Pr♦♣❡rt② ✷✳✶✺

= {Sφ[P , σ
′] | σ′ (t+ 1)✲s❡❧❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P} ❜② Pr♦♣❡rt② ✷✳✶✹

✷✳✹✳✸ ❇❡②♦♥❞ ❈❧❛✉s❡s

▲❡♠♠❛ ✷✳✶✼✳ ▲❡t P ❜❡ ❛ ❢✉❧❧ ❛ss✐❣♥♠❡♥t ❛♥❞ σ ❜❡ ❛ ❢✉❧❧ s❡❧❡❝t✐♦♥✱ s✉❝❤ t❤❛t P ❛♥❞
σ ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✭♣r♦✈✐❞❡❞ s✉❝❤ ❛ ♣❛✐r ❡①✐sts ❢♦r φ✮✳ ❚❤❡♥

Sφ[P , σ] =⇒ I
1
n

Pr♦♦❢✳ ❲r✐t❡ P = (T, F )✳ ❙✐♥❝❡ σ ✐s ❛ ❢✉❧❧ s❡❧❡❝t✐♦♥✱ Sφ[P , σ] ❝❛♥ ❜❡ ✇r✐tt❡♥ ✭s❡❡
❉❡✜♥✐t✐♦♥ ✷✳✶✵✮✿

❋♦r ❛❧❧ i ∈ J1 ; lK , V ′
i =

{

V 1
i ✐❢ i ∈ T

V 2
i ✐❢ i ∈ F

❋♦r ❛❧❧ i ∈ J1 ; kK , Γ′
i =











Γ1
i ✐❢ ai ∈ σ

Γ2
i ✐❢ bi ∈ σ

Γ3
i ✐❢ ci ∈ σ

O =
⋃

i∈T

Pi ∪
⋃

i∈F

Ni − σ

I = σ

Sφ[P , σ] =
〈

V ′
1 , . . . , V

′
l ,Γ

′
1, . . . ,Γ

′
k, D1, . . . , Dl,∆1, . . . ,∆k,Λ

O
I

〉

❲❡ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s❡t O t♦ Or✱ ❢♦r ❛♥② r ∈ J0 ; lK✱ ❛s ❢♦❧❧♦✇s✿

Or =
⋃

0<i≤r

(Pi ∪Ni) ∪
⋃

i∈T

Pi ∪
⋃

i∈F

Ni − σ

◆♦t❡ t❤❛t O0 = O✱ ❛♥❞ t❤❛t Ol = J1 ; mK− σ✳
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Sφ[P , σ] =
〈

V ′
1
, . . . , V ′

l ,Γ
′
1, . . . ,Γ

′
k,D1, . . . , Dl,∆1, . . . ,∆k,Λ

O0

I

〉

✷✳✾✳❜✴❝
=⇒

〈

V ′
2
, . . . , V ′

l ,Γ
′
1, . . . ,Γ

′
k, I

1
31,D2 . . . , Dl,∆1, . . . ,∆k,Λ

O1

I

〉

✷✳✾✳❜✴❝
=⇒

〈

V ′
3
, . . . , V ′

l ,Γ
′
1, . . . ,Γ

′
k, I

1
31, I

32
62 ,D3 . . . , Dl,∆1, . . . ,∆k,Λ

O2

I

〉

· · ·

✷✳✾✳❜✴❝
=⇒

〈

Γ′
1, . . . ,Γ

′
k,I

1

31
,I32

62
, . . . ,I

31l−30

31l ,∆1, . . . ,∆k,Λ
Ol

I

〉

=
〈

Γ′
1, . . . ,Γ

′
k, I

1
31l,∆1, . . . ,∆k,Λ

Ol

I

〉

❋✐♥❛❧❧②✱ ❢♦r t❤❡ ❧❛st ♣❛rt✱ ✇❡ ✉s❡ ❛ s✐♠✐❧❛r ♣r♦❝❡❞✉r❡✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts✱ ❢♦r
t ∈ J0 ; kK✿

O′
t = J1 ; mK−

(

σ ∪
⋃

0<i≤t

{ai, bi, ci}

)

I ′t = σ ∪
⋃

0<i≤t

{ai, bi, ci}

◆♦t❡ t❤❛t O′
0 = Ol✱ I ′0 = I✱ O′

k = ∅✱ I ′k = J1 ; mK✱ ❛♥❞ ♠♦r❡ ✐♠♣♦rt❛♥t❧②✱ ❢♦r
i > t✱ ❛ss✉♠✐♥❣ t❤❛t ai ∈ σ ✭❝❛s❡s bi ∈ σ ❛♥❞ ci ∈ σ ❛r❡ s✐♠✐❧❛r✮✱ t❤❡♥ ai ∈ I ′t✱
bi ∈ O

′
t ❛♥❞ ci ∈ O

′
t✳ ❍❡♥❝❡ ✇❡ ❝❛♥ s✉❝❝❡ss✐✈❡❧② ❛♣♣❧② Pr♦♣❡rt② ✷✳✶✶ ✭❡✐t❤❡r ✳❛✱ ✳❜

♦r ✳❝✮ ♦♥ ❡❛❝❤ ❝❧❛✉s❡ ❣❛❞❣❡ts✳

〈

Γ
′
1
, . . . ,Γ′

k, I
1
31l,∆1, . . . ,∆k,Λ

O′

0

I′

0

〉

✷✳✶✶✳
=⇒

〈

Γ
′
2
, . . . ,Γ′

k, I
1
31l, I

31l+1
31l+62,∆2, . . . ,∆k,Λ

O′

1

I′

1

〉

✷✳✶✶✳
=⇒

〈

Γ
′
3
, . . . ,Γ′

k, I
1
31l, I

31l+1
31l+62, I

31l+63
31l+124,∆3, . . . ,∆k,Λ

O′

2

I′

2

〉

· · ·

✷✳✶✶✳
=⇒

〈

I131l,I
31l+1

31l+62,I
31l+63

31l+124, . . . ,I
31l+62k−61

31l+62k ,Λ
O′

k

I′
k

〉

=
〈

I131l, I
31l+1
31l+62k,Λ

∅
J1 ;mK

〉

=
〈

I131l, I
31l+1
31l+62k, I

31l+62k+1
31l+62k+12m

〉

= I1n

❚❤❡♦r❡♠ ✷✳✶✽✳ ❋♦r ❛♥② ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛ φ ✐♥st❛♥❝❡ ♦❢ ✸✲❙❆❚✱

Sφ =⇒ I1n ✐✛ φ ✐s s❛t✐s✜❛❜❧❡✳

Pr♦♦❢✳ ❆ss✉♠❡ ✜rst t❤❛t Sφ =⇒ I1n✳ ❇② ▲❡♠♠❛ ✷✳✶✸✱ s✐♥❝❡

Sφ =⇒ {Sφ[P ] | P ❢✉❧❧ ❛ss✐❣♥♠❡♥t} ,

t❤❡r❡ ❡①✐sts ❛ ❢✉❧❧ ❛ss✐❣♥♠❡♥t P = (T, F ) s✉❝❤ t❤❛t s♦♠❡ ♣❛t❤ ❢r♦♠ Sφ t♦ t❤❡ ✐❞❡♥t✐t②
✉s❡s Sφ[P ]✳ ◆♦t❡ t❤❛t Sφ[P ] =⇒ I

1
n✳ ◆♦✇✱ ❜② ▲❡♠♠❛ ✷✳✶✻✱ s✐♥❝❡

Sφ[P ] =⇒ {Sφ[P , σ] | σ ❢✉❧❧ s❡❧❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P} ,
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t❤❡r❡ ❡①✐sts ❛ ❢✉❧❧ s❡❧❡❝t✐♦♥ σ✱ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ P ✱ s✉❝❤ t❤❛t s♦♠❡ ♣❛t❤ ❢r♦♠ Sφ[P ]
t♦ t❤❡ ✐❞❡♥t✐t② ✉s❡s Sφ[P , σ]✳ ❈♦♥s✐❞❡r t❤❡ tr✉t❤ ❛ss✐❣♥♠❡♥t xi := ❚r✉❡ ⇔ i ∈ T ✳
❚❤❡♥ ❡❛❝❤ ❝❧❛✉s❡ ♦❢ φ ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❧✐t❡r❛❧ t❤❛t ✐s tr✉❡ ✭t❤❡ ❧✐t❡r❛❧ ✇❤♦s❡
✐♥❞❡① ✐s ✐♥ σ✮✱ ❛♥❞ t❤✉s φ ✐s s❛t✐s✜❛❜❧❡✳

❆ss✉♠❡ ♥♦✇ t❤❛t φ ✐s s❛t✐s✜❛❜❧❡✿ ❝♦♥s✐❞❡r ❛♥② tr✉t❤ ❛ss✐❣♥♠❡♥t ♠❛❦✐♥❣ φ tr✉❡✱
✇r✐t❡ T t❤❡ s❡t ♦❢ ✐♥❞✐❝❡s s✉❝❤ t❤❛t xi = ❚r✉❡✱ ❛♥❞ F = J1 ; lK − T ✳ ❲r✐t❡ ❛❧s♦
σ ❛ s❡t ❝♦♥t❛✐♥✐♥❣✱ ❢♦r ❡❛❝❤ ❝❧❛✉s❡ ♦❢ φ✱ t❤❡ ✐♥❞❡① ♦❢ ♦♥❡ ❧✐t❡r❛❧ ❜❡✐♥❣ tr✉❡ ✉♥❞❡r
t❤✐s ❛ss✐❣♥♠❡♥t✳ ❚❤❡♥ σ ✐s ❛ ❢✉❧❧ s❡❧❡❝t✐♦♥✱ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❢✉❧❧ ❛ss✐❣♥♠❡♥t P =
(T, F )✳ ❇② ▲❡♠♠❛s ✷✳✶✸✱ ✷✳✶✻ ❛♥❞ ✷✳✶✼ r❡s♣❡❝t✐✈❡❧②✱ t❤❡r❡ ❡①✐st ❡✣❝✐❡♥t ♣❛t❤s Sφ =⇒
Sφ[P ]✱ Sφ[P ] =⇒ Sφ[P , σ] ❛♥❞ Sφ[P , σ] =⇒ I1n✳ ❚❤✉s s❡q✉❡♥❝❡ Sφ ✐s ❡✣❝✐❡♥t❧②
s♦rt❛❜❧❡✳

❯s✐♥❣ ❚❤❡♦r❡♠ ✷✳✶✽✱ ✇❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ❝❤❛♣t❡r✳

❚❤❡♦r❡♠ ✷✳✶✾✳ ❙♦rt✐♥❣ ❇② Pr❡✜① ❘❡✈❡rs❛❧s ✐s ◆P✲❤❛r❞✳

Pr♦♦❢✳ ❇② r❡❞✉❝t✐♦♥ ❢r♦♠ ✸✲❙❆❚✳ ●✐✈❡♥ ❛♥② ❢♦r♠✉❧❛ φ✱ ❝r❡❛t❡ Sφ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✽✱
t❤❡ ❝♦♥str✉❝t✐♦♥ r❡q✉✐r❡s ❛ ❧✐♥❡❛r t✐♠❡✮✳ ❇② ❚❤❡♦r❡♠ ✷✳✶✽✱ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢
✢✐♣s ♥❡❝❡ss❛r② t♦ s♦rt Sφ ✐s db(Sφ) ✐✛ φ ✐s s❛t✐s✜❛❜❧❡✳

❈♦r♦❧❧❛r② ✷✳✷✵✳ ❉❡❝✐❞✐♥❣✱ ❣✐✈❡♥ ❛ s❡q✉❡♥❝❡ S✱ ✇❤❡t❤❡r S ❝❛♥ ❜❡ s♦rt❡❞ ✐♥ db(S)
✢✐♣s✱ ✐s ❛♥ ◆P✲❤❛r❞ ♣r♦❜❧❡♠✳

❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ P❛♥❝❛❦❡ ❋❧✐♣♣✐♥❣ ♣r♦❜❧❡♠✱ ✐✳❡✳ t❤❡ ❙♦rt✲
✐♥❣ ❜② Pr❡❢✐① ❘❡✈❡rs❛❧s ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞✱ t❤✉s ❛♥s✇❡r✐♥❣ ❛ ❧♦♥❣✲st❛♥❞✐♥❣
♦♣❡♥ q✉❡st✐♦♥✳ ❲❡ ❤❛✈❡ ❛❧s♦ ♣r♦✈✐❞❡❞ ❛ str♦♥❣❡r r❡s✉❧t✱ ♥❛♠❡❧②✱ ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r
❛ ♣❡r♠✉t❛t✐♦♥ ❝❛♥ ❜❡ s♦rt❡❞ ✇✐t❤ ♥♦ ♠♦r❡ t❤❛♥ ♦♥❡ ✢✐♣ ♣❡r ❜r❡❛❦♣♦✐♥t ✐s ❛❧s♦
◆P✲❤❛r❞✳ ❍♦✇❡✈❡r✱ t❤❡ ❛♣♣r♦①✐♠❛❜✐❧✐t② ♦❢ ❙❇P❘ ✐s st✐❧❧ ♦♣❡♥✿ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t
s❡q✉❡♥❝❡ Sφ ❝❛♥ ❜❡ s♦rt❡❞ ✐♥ db(Sφ) + 2 ✢✐♣s✱ ✇❤❛t❡✈❡r t❤❡ ❢♦r♠✉❧❛ φ✱ ❤❡♥❝❡ ♦✉r
❝♦♥str✉❝t✐♦♥ ❞♦❡s ♥♦t ♣r♦✈❡ t❤❡ ❆P❳✲❤❛r❞♥❡ss ♦❢ t❤❡ ♣r♦❜❧❡♠✳

❆♠♦♥❣ r❡❧❛t❡❞ ✐♠♣♦rt❛♥t ♣r♦❜❧❡♠s✱ t❤❡ ❧❛st ♦♥❡ ❤❛✈✐♥❣ ❛♥ ♦♣❡♥ ❝♦♠♣❧❡①✐t② ✐s
♥♦✇ t❤❡ ❜✉r♥t ✈❛r✐❛♥t ♦❢ t❤❡ P❛♥❝❛❦❡ ❋❧✐♣♣✐♥❣ ♣r♦❜❧❡♠✳ ❆♥ ✐♥t❡r❡st✐♥❣ ✐♥s✐❣❤t ✐♥t♦
t❤✐s ♣r♦❜❧❡♠ ✐s ❣✐✈❡♥ ✐♥ ❛ r❡❝❡♥t ✇♦r❦ ❢r♦♠ ▲❛❜❛rr❡ ❛♥❞ ❈✐❜✉❧❦❛ ❬✾✽❪✱ ✇❤❡r❡ t❤❡
❛✉t❤♦rs ❝❤❛r❛❝t❡r✐③❡ ❛ s✉❜❝❧❛ss ♦❢ ♣❡r♠✉t❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ s♦rt❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧
t✐♠❡✱ ✉s✐♥❣ t❤❡ ❜r❡❛❦♣♦✐♥t ❣r❛♣❤ ❬✶✶❪✳ ❆♥♦t❤❡r ❞❡✈❡❧♦♣♠❡♥t ❝♦♥s✐sts ✐♥ tr②✐♥❣ t♦
✐♠♣r♦✈❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ♦❢ ✷ ❢♦r t❤❡ P❛♥❝❛❦❡ ❋❧✐♣♣✐♥❣ ♣r♦❜❧❡♠✱ ❜♦t❤ ✐♥ ✐ts
❜✉r♥t ❛♥❞ ✉♥❜✉r♥t ✈❡rs✐♦♥s✳





■■

❉✐st❛♥❝❡s ❇❡t✇❡❡♥ ❙tr✐♥❣s

✼✸





✸
❊①❡♠♣❧❛r ❉✐st❛♥❝❡s

≃⇒

❚❤❡ ❊①❡♠♣❧❛r ❉✐st❛♥❝❡ ♣r♦❜❧❡♠ ❛s❦s✱
❣✐✈❡♥ t✇♦ ✐♥♣✉t ❣❡♥♦♠❡s ✇✐t❤ ❞✉♣❧✐❝❛t❡s✱ t♦ ❡①✲
tr❛❝t ❡①❡♠♣❧❛r✐③❛t✐♦♥s ♦❢ t❤❡ ❣❡♥♦♠❡s ✭✐✳❡✳ s✉❜✲
s❡q✉❡♥❝❡s ❝♦♥t❛✐♥✐♥❣ ❡①❛❝t❧② ♦♥❡ ❝♦♣② ♦❢ ❡❛❝❤
❣❡♥❡✮ ♠✐♥✐♠✐③✐♥❣ ❛ ❣✐✈❡♥ ❞✐ss✐♠✐❧❛r✐t② ♠❡❛s✉r❡✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❊①❡♠✲

♣❧❛r ❉✐st❛♥❝❡ ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐✲
♠❛t❡ ❢♦r t❤❡ r❡❛rr❛♥❣❡♠❡♥t ❞✐st❛♥❝❡s s♦rt✐♥❣ ❜②
r❡✈❡rs❛❧ ❛♥❞ s♦rt✐♥❣ ❜② ❉❈❏✱ ❛♥❞ ❢♦r ❡❞✐t ❞✐s✲
t❛♥❝❡s s✉❝❤ ❛s ❍❛♠♠✐♥❣ ❛♥❞ ▲❡✈❡♥s❤t❡✐♥ ❞✐s✲
t❛♥❝❡s✳

❚❤❡ r❡s✉❧ts ✐♥ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❛ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ▼✐♥❣❤✉✐ ❏✐❛♥❣✳
❚❤❡② ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛t t❤❡ ✽t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❇✐♦✐♥❢♦r♠❛t✐❝s ❘❡s❡❛r❝❤
❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✭■❙❇❘❆ ✷✵✶✷✱ ❉❛❧❧❛s ❬✸✾❪✮✱ ❛♥❞ ❛❝❝❡♣t❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥ ✐♥ ■❊❊❊ ❚r❛♥s✲
❛❝t✐♦♥s ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❇✐♦❧♦❣② ❛♥❞ ❇✐♦✐♥❢♦r♠❛t✐❝s ✭❚❈❇❇ ✷✵✶✸ ❬✹✵❪✮✳

✼✺
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■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t✱ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s
♣r♦❜❧❡♠s ✇❤❡r❡ ❣❡♥♦♠❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ♥♦ ❧♦♥❣❡r ❛s ♣❡r♠✉t❛t✐♦♥s✱ ❜✉t ❛s str✐♥❣s✳
■♥ t❤✐s ❝❛s❡✱ s❡✈❡r❛❧ ❝♦♣✐❡s ♦❢ t❤❡ s❛♠❡ ❣❡♥❡ ♠❛② ♦❝❝✉r ✐♥ t❤❡ s❛♠❡ ❝❤r♦♠♦s♦♠❡✱
❛♥❞ ✇❡ ♥♦ ❧♦♥❣❡r ❤❛✈❡ t❤❡ ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✏✇❤✐❝❤ ♠❛r❦❡r ❝♦rr❡s♣♦♥❞s t♦
✇❤✐❝❤✑✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❛ ♥✉♠❜❡r ♦❢ str✐♥❣✲❜❛s❡❞ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s ♣r♦❜❧❡♠s
✐s t♦ ✉♥❞❡rst❛♥❞ t❤❡ s❡♣❛r❛t❡ ❡✈♦❧✉t✐♦♥ ❤✐st♦r② ♦❢ ❡❛❝❤ ❝♦♣② ♦❢ t❤❡ ❣❡♥❡s s✐♥❝❡ t❤❡
❝♦♠♠♦♥ ❛♥❝❡st♦r ♦❢ t❤❡ s♣❡❝✐❡s ❝♦♥s✐❞❡r❡❞✳ ❲✐t❤ t❤✐s ✉♥❞❡rst❛♥❞✐♥❣✱ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ♦❜t❛✐♥ ❛ ♦♥❡✲t♦✲♦♥❡ ♠❛t❝❤✐♥❣ ♦❢ t❤❡ ♠❛r❦❡rs✱ ❡♥❛❜❧✐♥❣ ❢✉rt❤❡r ❛♥❞ ♠♦r❡ ❝♦♠♣❧❡①
❝♦♠♣✉t❛t✐♦♥s✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ❛ ❣❡♥♦♠❡ ✐s t❤✉s r❡♣r❡s❡♥t❡❞ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ s✐❣♥❡❞ ✐♥t❡❣❡rs
✭♦r ♠❛r❦❡rs✮✿ ❡❛❝❤ ✐♥t❡❣❡r r❡♣r❡s❡♥ts ❛ ❣❡♥❡ ♦❢ ❛ ❣✐✈❡♥ ❣❡♥❡ ❢❛♠✐❧②✱ ❛♥❞ ✐ts s✐❣♥
r❡♣r❡s❡♥ts ✐ts ♦r✐❡♥t❛t✐♦♥✳ ●✐✈❡♥ t✇♦ ❣❡♥♦♠❡s ♣♦ss✐❜❧② ✇✐t❤ ❞✉♣❧✐❝❛t❡ ❣❡♥❡s✱ t❤❡
❡①❡♠♣❧❛r ❞✐st❛♥❝❡ ♣r♦❜❧❡♠ ❬✶✶✸❪ ✐s t❤❛t ♦❢ r❡♠♦✈✐♥❣ ❛❧❧ ❜✉t ♦♥❡ ❝♦♣② ♦❢ ❡❛❝❤ ❣❡♥❡
✐♥ ❡❛❝❤ ❣❡♥♦♠❡✱ s♦ ❛s t♦ ♠✐♥✐♠✐③❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ r❡❞✉❝❡❞ ❣❡♥♦♠❡s
❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ♠❡❛s✉r❡✳ ❚❤❡ r❡❞✉❝❡❞ ❣❡♥♦♠❡s ❛r❡ s❛✐❞ t♦ ❜❡ ❡①❡♠♣❧❛r s✉❜s❡✲
q✉❡♥❝❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❣❡♥♦♠❡s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❛♠♦✉♥ts t♦ ❝♦♥s✐❞❡r✐♥❣ t❤❛t✱ ✐♥ t❤❡
❡✈♦❧✉t✐♦♥ ❤✐st♦r②✱ ❞✉♣❧✐❝❛t✐♦♥s ❤❛✈❡ t❛❦❡♥ ♣❧❛❝❡ ❛❢t❡r t❤❡ s♣❡❝✐❛t✐♦♥ ♦❢ t❤❡ ❣❡♥♦♠❡s
✭♦r ♠♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❛t ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞✐st✐♥❣✉✐s❤ ❣❡♥❡s t❤❛t ❤❛✈❡ ❜❡❡♥ ❞✉♣❧✐❝❛t❡❞
❜❡❢♦r❡ t❤❡ s♣❡❝✐❛t✐♦♥✮✳ ❍❡♥❝❡✱ ✐♥ ❡❛❝❤ ❣❡♥♦♠❡✱ ♦♥❧② ♦♥❡ ❝♦♣② ♦❢ ❡❛❝❤ ❣❡♥❡ ♠❛② ❜❡
♠❛t❝❤❡❞ t♦ ❛♥ ♦rt❤♦❧♦❣ ❣❡♥❡ ✐♥ t❤❡ ♦t❤❡r ❣❡♥♦♠❡✳

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s❡q✉❡♥❝❡s

G1 =
〈

−4, +1, +2, +3, −5, +1, +2, +3, −6
〉

G2 =
〈

−1, −4, +1, +2, −5, +3, −2, −6, +3
〉

❝❛♥ ❜♦t❤ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ s❛♠❡ ❡①❡♠♣❧❛r s✉❜s❡q✉❡♥❝❡ ❜② r❡♠♦✈✐♥❣ ❞✉♣❧✐❝❛t❡s✿

G′ =
〈

−4, +1, +2, −5, +3, −6
〉

❚❤❡② t❤✉s ❤❛✈❡ ❡①❡♠♣❧❛r ❞✐st❛♥❝❡ ③❡r♦ ❢♦r ❛♥② r❡❛s♦♥❛❜❧❡ ❞✐st❛♥❝❡ ♠❡❛s✉r❡✳ ■♥
❣❡♥❡r❛❧✱ ✉♥❧❡ss ✇❡ ❛r❡ t♦ ❞❡❝✐❞❡ s✐♠♣❧② ✇❤❡t❤❡r t✇♦ ❣❡♥♦♠❡s ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡
s❛♠❡ ❣❡♥♦♠❡ ❜② r❡♠♦✈✐♥❣ ❞✉♣❧✐❝❛t❡s✱ t❤❡ ❡①❡♠♣❧❛r ❞✐st❛♥❝❡ ♣r♦❜❧❡♠ ✐s ♥♦t ❛ s✐♥❣❧❡
♣r♦❜❧❡♠ ❜✉t ❛ ❣r♦✉♣ ♦❢ r❡❧❛t❡❞ ♣r♦❜❧❡♠s ❜❡❝❛✉s❡ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❞✐st❛♥❝❡ ♠❡❛s✉r❡
✐s ♥♦t ✉♥✐q✉❡✳ ❲❡ r❡❢❡r t♦ ❋✐❣✉r❡ ✸✳✶ ❢♦r ❛♥ ❡①❛♠♣❧❡ s❝❡♥❛r✐♦ ✇❤❡r❡ t❤❡ ✉♥❞❡r❧②✐♥❣
❞✐st❛♥❝❡ ♠❡❛s✉r❡ ✐s t❤❡ s✐❣♥❡❞ r❡✈❡rs❛❧ ❞✐st❛♥❝❡✳

❲❡ ❞❡♥♦t❡ ❜② (s, t)✲❊①❡♠♣❧❛r ❉✐st❛♥❝❡ t❤❡ ❡①❡♠♣❧❛r ❞✐st❛♥❝❡ ♣r♦❜❧❡♠ ♦♥
t✇♦ s❡q✉❡♥❝❡s G1 ❛♥❞ G2 ✇❤❡r❡ ❡❛❝❤ ♠❛r❦❡r ♦❝❝✉rs ❛t ♠♦st s t✐♠❡s ✐♥ G1 ❛♥❞
❛t ♠♦st t t✐♠❡s ✐♥ G2 ✭✇❡ s❛② t❤❛t G1 ❛♥❞ G2 ❤❛✈❡ ♠❛①✐♠❛❧ ♦❝❝✉rr❡♥❝❡s ❛♥❞ t
r❡s♣❡❝t✐✈❡❧②✮✳ ■t ✐s ❦♥♦✇♥ ❬✷✻✱ ✾✹❪ t❤❛t ❢♦r ❛♥② r❡❛s♦♥❛❜❧❡ ❞✐st❛♥❝❡ ♠❡❛s✉r❡✱ (2, 2)✲
❊①❡♠♣❧❛r ❉✐st❛♥❝❡ ❞♦❡s ♥♦t ❛❞♠✐t ❛♥② ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t♦ ❞❡❝✐❞❡
s✐♠♣❧② ✇❤❡t❤❡r t✇♦ s❡q✉❡♥❝❡s ✇✐t❤ ♠❛①✐♠✉♠ ♦❝❝✉rr❡♥❝❡ 2 ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡
s❛♠❡ s✉❜s❡q✉❡♥❝❡ ❜② r❡♠♦✈✐♥❣ ❞✉♣❧✐❝❛t❡s ✐s ❛❧r❡❛❞② ◆P✲❤❛r❞✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡
❢♦❝✉s ♦♥ t❤❡ s✐♠♣❧❡st ♥♦♥✲tr✐✈✐❛❧ ✈❛r✐❛♥t ♦❢ t❤❡ ❡①❡♠♣❧❛r ❞✐st❛♥❝❡ ♣r♦❜❧❡♠✿ (1, 2)✲
❊①❡♠♣❧❛r ❉✐st❛♥❝❡✳ ◆♦t❡ t❤❛t ✇❡ ✉s❡ t❤❡ ♠♦♥♦❝❤r♦♠♦s♦♠❛❧ ♠♦❞❡❧ ♦❢ ❣❡♥♦♠❡s
✐♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ s✐♠♣❧❡st ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✿ t❤✉s✱ ♦✉r ❤❛r❞♥❡ss r❡s✉❧ts
❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ♠✉❧t✐❝❤r♦♠♦s♦♠❛❧ ✈❛r✐❛♥ts ♦❢ t❤❡ ♣r♦❜❧❡♠s ✇❡ ❝♦♥s✐❞❡r✳



✼✼

Common anestor

Current speies

〈

+1, +2, +3, +4, +5
〉

〈

+1, −4, −3, −2, +5
〉

G1 =
〈

+4, −1, −3, −2, +5
〉

〈

+1, +2, +3, −2, +4, +1, +5, −4
〉

G2 =
〈

+1, +2, −4, +2, −3, +1, +5, −4
〉

reversal

dupliations

reversal reversal

Exemplar reversal distane = 3

❋✐❣✉r❡ ✸✳✶✿ ❉✉r✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t✇♦ ❞✐✛❡r❡♥t s♣❡❝✐❡s ✇✐t❤ ❣❡♥♦♠❡s G1 ❛♥❞ G2

❢r♦♠ ❛ ❝♦♠♠♦♥ ❛♥❝❡st♦r✱ ❞✉♣❧✐❝❛t✐♦♥s ♦❝❝✉r ✐♥ G2✱ ❛♥❞ r❡✈❡rs❛❧s ♦❝❝✉r ❜♦t❤ ✐♥ G1

❛♥❞ G2✳ ❇② t❤❡ ♣❛rs✐♠♦♥② ♣r✐♥❝✐♣❧❡✱ t❤❡ ❡①❡♠♣❧❛r ❞✐st❛♥❝❡ ♦❢ 3 ❜❡t✇❡❡♥ G1 ❛♥❞ G2

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥✉♠❜❡r ♦❢ r❡✈❡rs❛❧ ❡✈❡♥ts ✐♥ t❤❡ ♠♦st ❧✐❦❡❧② ❡✈♦❧✉t✐♦♥ ❤✐st♦r② ♦❢
t❤❡ t✇♦ s♣❡❝✐❡s✳

❚❤❡ ♣r♦❜❧❡♠ (1, t)✲❊①❡♠♣❧❛r ❉✐st❛♥❝❡ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❢♦r s❡✈❡r❛❧ ❞✐st❛♥❝❡
♠❡❛s✉r❡s ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s✳ ❆♥❣✐❜❛✉❞ ❡t ❛❧✳ ❬✼❪ s❤♦✇❡❞
t❤❛t ❢♦r ❜r❡❛❦♣♦✐♥t✱ ❝♦♠♠♦♥ ✐♥t❡r✈❛❧✱ ❛♥❞ ❝♦♥s❡r✈❡❞ ✐♥t❡r✈❛❧ ❞✐st❛♥❝❡s✱ t❤❡ (1, 2)✲
❊①❡♠♣❧❛r ❉✐st❛♥❝❡ ✐s ❆P❳✲❤❛r❞✳ ❇♦♥✐③③♦♥✐ ❡t ❛❧✳ ❬✷✽❪ ♣r♦✈❡❞ t❤❛t ✈❛r✐❛♥ts ♦❢
▲♦♥❣❡st ❈♦♠♠♦♥ ❙✉❜s❡q✉❡♥❝❡ ✉♥❞❡r ❡①❡♠♣❧❛r ♠♦❞❡❧s ❛r❡ ❛❧s♦ ❆P❳✲❤❛r❞✳ ❋♦r
♦t❤❡r ♠❡❛s✉r❡s s✉❝❤ ❛s ♠❛①✐♠✉♠ ❛❞❥❛❝❡♥❝② ❞✐sr✉♣t✐♦♥ ✭▼❆❉✮ ❛♥❞ s✉♠♠❡❞ ❛❞❥❛✲
❝❡♥❝② ❞✐sr✉♣t✐♦♥ ✭❙❆❉✮✱ ✭✐♥tr♦❞✉❝❡❞ ❜② ❙❛♥❦♦✛ ❛♥❞ ❍❛q✉❡ ❬✶✶✹❪✮✱ ❝♦♠♣✉t✐♥❣ t❤❡
❡①❡♠♣❧❛r ❞✐st❛♥❝❡ ✐s ❆P❳✲❤❛r❞ ❬✷✹❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ♣r♦✈❡❞ ✐♥ ❬✹✵❪ t❤❛t (1, 2)✲
❊①❡♠♣❧❛r ▼❆❉ ❉✐st❛♥❝❡ ✐s ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤✐♥ 2− ǫ ❢♦r ❛♥② ǫ > 0✱
❛♥❞ (1, 2)✲❊①❡♠♣❧❛r ❙❆❉ ❉✐st❛♥❝❡ ✐s ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤✐♥ 1.3606✳
❙❡❡ ❛❧s♦ ❬✹✽✱ ✹✻❪ ❢♦r r❡❧❛t❡❞ r❡s✉❧ts✳

❋♦r ❛♥ ✉♥s✐❣♥❡❞ ♣❡r♠✉t❛t✐♦♥ π =
〈

π1, . . . , πn
〉

✱ ❛♥ ✉♥s✐❣♥❡❞ r❡✈❡rs❛❧ (i, j) ✇✐t❤
1 ≤ i ≤ j ≤ n t✉r♥s π ✐♥t♦

〈

π1, . . . , πi−1, πj, . . . , πi, πj+1, . . . , πn
〉

✱ ✇❤❡r❡ t❤❡ ❢❛❝t♦r
πi . . . πj ✐s r❡✈❡rs❡❞✳ ❋♦r ❛ s✐❣♥❡❞ ♣❡r♠✉t❛t✐♦♥ σ =

〈

σ1, . . . , σn
〉

✱ ❛ s✐❣♥❡❞ r❡✈❡rs❛❧
(i, j) ✇✐t❤ 1 ≤ i ≤ j ≤ n t✉r♥s ✐σ ✐♥t♦

〈

σ1, . . . , σi−1, −σj, . . . ,−σi, σj+1, . . . , σn
〉

✱
✇❤❡r❡ t❤❡ ❢❛❝t♦r σi . . . σj ✐s r❡✈❡rs❡❞ ❛♥❞ ♥❡❣❛t❡❞ ✭s❡❡ ❋✐❣✉r❡ ✸✳✷❛✮✳ ❚❤❡ ✉♥s✐❣♥❡❞
r❡✈❡rs❛❧ ❞✐st❛♥❝❡ ✭r❡s♣✳ s✐❣♥❡❞ r❡✈❡rs❛❧ ❞✐st❛♥❝❡✮ ❜❡t✇❡❡♥ t✇♦ ✉♥s✐❣♥❡❞ ✭r❡s♣✳ s✐❣♥❡❞✮
♣❡r♠✉t❛t✐♦♥s ✐s t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ✉♥s✐❣♥❡❞ ✭r❡s♣✳ s✐❣♥❡❞✮ r❡✈❡rs❛❧s r❡q✉✐r❡❞
t♦ tr❛♥s❢♦r♠ ♦♥❡ t♦ t❤❡ ♦t❤❡r✳ ❈♦♠♣✉t✐♥❣ t❤❡ ✉♥s✐❣♥❡❞ r❡✈❡rs❛❧ ❞✐st❛♥❝❡ ✐s ❆P❳✲
❤❛r❞ ❬✷✵❪✱ ❛❧t❤♦✉❣❤ t❤❡ s✐❣♥❡❞ r❡✈❡rs❛❧ ❞✐st❛♥❝❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧
t✐♠❡ ❬✽✷❪✳

❖✉r ♥❡①t t❤❡♦r❡♠ ❛♥s✇❡rs ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ♦❢ ❇❧✐♥ ❡t ❛❧✳ ❬✷✹❪ ♦♥ t❤❡ ✐♥❛♣♣r♦①✲
✐♠❛❜✐❧✐t② ♦❢ t❤❡ ❡①❡♠♣❧❛r r❡✈❡rs❛❧ ❞✐st❛♥❝❡ ♣r♦❜❧❡♠✿

❚❤❡♦r❡♠ ✸✳✶✳ (1, 2)✲❊①❡♠♣❧❛r ❙✐❣♥❡❞ ❘❡✈❡rs❛❧ ❉✐st❛♥❝❡ ✐s ◆P✲❤❛r❞ t♦ ❛♣✲
♣r♦①✐♠❛t❡ ✇✐t❤✐♥ 1237/1236− ǫ ❢♦r ❛♥② ǫ > 0✳

❚❤❡ ❞♦✉❜❧❡✲❝✉t✲❛♥❞✲❥♦✐♥ ✭❉❈❏✮ ♦♣❡r❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ❨❛♥❝♦♣♦✉❧♦s ❡t ❛❧✳ ❬✶✷✷❪
❝♦♥s✐sts ✐♥ ❝✉tt✐♥❣ t❤❡ ❣❡♥♦♠❡ ✐♥ t✇♦ ♣♦s✐t✐♦♥s✱ ❛♥❞ ❥♦✐♥✐♥❣ t❤❡ ❢♦✉r ❡♥❞s ✐♥ ❛♥②
♥❡✇ ✇❛②✳ ◆♦t❡ t❤❛t t❤✐s ♦♣❡r❛t✐♦♥ r❡q✉✐r❡s ❛ ♠♦❞❡❧ ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ s❡q✉❡♥❝❡s
t♦ ♠♦❞❡❧ t❤❡ ❣❡♥♦♠❡s✱ ✐♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♣♦ss✐❜❧❡ ❝✐r❝✉❧❛r ❝❤r♦♠♦s♦♠❡s
✭✐✳❡✳ ✇✐t❤ ❝✐r❝✉❧❛r ♣❡r♠✉t❛t✐♦♥s✮✳ ■♥ ♣r❛❝t✐❝❡✱ ❛ ❉❈❏ ♦♣❡r❛t✐♦♥ ❝❛♥ ❝♦rr❡s♣♦♥❞ t♦ ❛
r❡✈❡rs❛❧✱ t♦ t❤❡ ❡①❝✐s✐♦♥ ♦❢ ❛ ❢❛❝t♦r ✐♥t♦ ❛ ❝✐r❝✉❧❛r ♣❡r♠✉t❛t✐♦♥✱ ♦r t♦ t❤❡ ✐♥s❡rt✐♦♥ ♦❢
❛ ❝✐r❝✉❧❛r ♣❡r♠✉t❛t✐♦♥ ❜❛❝❦ ✐♥t♦ t❤❡ ♠❛✐♥ s❡q✉❡♥❝❡✱ ❛t ❛♥② ♣♦s✐t✐♦♥ ✭s❡❡ ❋✐❣✉r❡ ✸✳✷✮✳
❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ❉❈❏ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♣❡r♠✉t❛t✐♦♥s ✐s ❦♥♦✇♥



✼✽ ❈❍❆P❚❊❘ ✸✳ ❊❳❊▼P▲❆❘ ❉■❙❚❆◆❈❊❙

(a) 〈+1, +2,+3, +4, +5, +6〉 −→ 〈+1, +2, −5, −4, −3, +6〉

(b) 〈+1, +2, +3, +4, +5, +6〉 −→ 〈+1, +2, +6〉 (+3, +4, +5)

(c) 〈+1, +2, +3〉 (+4, +5, +6) −→ 〈+1, +2, −5, −4, −6, +3〉

❋✐❣✉r❡ ✸✳✷✿ ❚❤❡ ♣♦ss✐❜❧❡ ♦♣❡r❛t✐♦♥s ❛❧❧♦✇❡❞ ❢♦r t❤❡ s✐❣♥❡❞ ❉❈❏ ❞✐st❛♥❝❡ ❛r❡ ✭❛✮
r❡✈❡rs❛❧s✱ ✭❜✮ ❡①❝✐s✐♦♥s✱ ❛♥❞ ✭❝✮ ✐♥s❡rt✐♦♥s✳ ❲❡ ✇r✐t❡ ❝✐r❝✉❧❛r ♣❡r♠✉t❛t✐♦♥s ✇✐t❤
♣❛r❡♥t❤❡s❡s✱ ✐✳❡✳✱ (+1 +2 +3) ✐s ❡q✉❛❧ t♦ (+2 +3 +1) ❛♥❞ t♦ (−3 −2 −1)✳

t♦ ❜❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ s✐❣♥❡❞ ❝❛s❡ ❬✶✷✷❪✱ ❛♥❞ ✐s ◆P✲❤❛r❞ ✐♥ t❤❡ ✉♥s✐❣♥❡❞ ❝❛s❡ ❬✹✸❪✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ s❤♦✇s t❤❡ ✐♥tr❛❝t❛❜✐❧✐t② ♦❢ t❤❡ ❡①❡♠♣❧❛r ❉❈❏ ♣r♦❜❧❡♠✿

❚❤❡♦r❡♠ ✸✳✷✳ (1, 2)✲❊①❡♠♣❧❛r ❙✐❣♥❡❞ ❉❈❏ ❉✐st❛♥❝❡ ✐s ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐✲
♠❛t❡ ✇✐t❤✐♥ 1237/1236− ǫ ❢♦r ❛♥② ǫ > 0✳

■♥ t❤❡ ❧❛st t❤❡♦r❡♠ ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t t❤❡ ✜rst ✐♥❛♣♣r♦①✐♠❛❜✐❧✐t② r❡s✉❧t
♦♥ t❤❡ ❡①❡♠♣❧❛r ❞✐st❛♥❝❡ ♣r♦❜❧❡♠ ✉s✐♥❣ t❤❡ ❝❧❛ss✐❝ str✐♥❣ ❡❞✐t ❞✐st❛♥❝❡ ♠❡❛s✉r❡✿

❚❤❡♦r❡♠ ✸✳✸✳ (1, 2)✲❊①❡♠♣❧❛r ❊❞✐t ❉✐st❛♥❝❡ ✐s ❆P❳✲❤❛r❞ t♦ ❝♦♠♣✉t❡ ✇❤❡♥
t❤❡ ❝♦st ♦❢ ❛ s✉❜st✐t✉t✐♦♥ ✐s 1 ❛♥❞ t❤❡ ❝♦st ♦❢ ❛♥ ✐♥s❡rt✐♦♥ ♦r ❛ ❞❡❧❡t✐♦♥ ✐s ❛t ❧❡❛st 1✳

◆♦t❡ t❤❛t ❜♦t❤ t❤❡ ▲❡✈❡♥s❤t❡✐♥ ❞✐st❛♥❝❡ ❛♥❞ t❤❡ ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ❛r❡ s♣❡❝✐❛❧
❝❛s❡s ♦❢ t❤❡ str✐♥❣ ❡❞✐t ❞✐st❛♥❝❡✿ ❢♦r ▲❡✈❡♥s❤t❡✐♥ ❞✐st❛♥❝❡✱ t❤❡ ❝♦st ♦❢ ❡✈❡r② ♦♣❡r❛✲
t✐♦♥ ✭s✉❜st✐t✉t✐♦♥✱ ✐♥s❡rt✐♦♥✱ ♦r ❞❡❧❡t✐♦♥✮ ✐s 1❀ ❢♦r ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡✱ t❤❡ ❝♦st ♦❢ ❛
s✉❜st✐t✉t✐♦♥ ✐s 1 ❛♥❞ t❤❡ ❝♦st ♦❢ ❛♥ ✐♥s❡rt✐♦♥ ♦r ❛ ❞❡❧❡t✐♦♥ ✐s +∞✳ ❚❤✉s ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r✐❡s✿

❈♦r♦❧❧❛r② ✸✳✹✳ (1, 2)✲❊①❡♠♣❧❛r ▲❡✈❡♥s❤t❡✐♥ ❉✐st❛♥❝❡ ✐s ❆P❳✲❤❛r❞✳

❈♦r♦❧❧❛r② ✸✳✺✳ (1, 2)✲❊①❡♠♣❧❛r ❍❛♠♠✐♥❣ ❉✐st❛♥❝❡ ✐s ❆P❳✲❤❛r❞✳

❖✉r ❝❤♦✐❝❡s ♦❢ t❤❡ s♣❡❝✐✜❝ ❞✐st❛♥❝❡ ♠❡❛s✉r❡s ❛r❡ ❜❛s❡❞ ♦♥ t✇♦ ❝♦♥s✐❞❡r❛t✐♦♥s✳
❋✐rst✱ ❢♦r ❛ ❜r♦❛❞❡r ✐♠♣❛❝t✱ ✇❡ tr② t♦ ❡①♣❧♦r❡ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ❞✐st❛♥❝❡ ♠❡❛s✉r❡s✱
✇❤✐❝❤ ❛r❡ s✉✐t❛❜❧❡ ❢♦r ❞✐✛❡r❡♥t r❡q✉✐r❡♠❡♥ts ♦❢ ✈❛r✐♦✉s ❜✐♦❧♦❣✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✿ ❡❞✐t
❞✐st❛♥❝❡s ♠❡❛s✉r❡ ❧♦❝❛❧ ❞✐✛❡r❡♥❝❡s✱ ❛♥❞ r❡✈❡rs❛❧ ❛♥❞ ❉❈❏ ❞✐st❛♥❝❡s ❝♦♠♣✉t❡ ❣❧♦❜❛❧
r❡❛rr❛♥❣❡♠❡♥t s❝❤❡♠❡s✳ ❙❡❝♦♥❞✱ ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✱ t❤❡ ❡①❡♠✲
♣❧❛r ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❛♥② ♠❡❛s✉r❡ ❢♦r s❡q✉❡♥❝❡s ✇✐t❤ ❞✉♣❧✐❝❛t❡s ❝❛♥ ♦♥❧② ❜❡ ❤❛r❞❡r
t♦ ❝♦♠♣✉t❡ t❤❛♥ t❤❡ ❜❛s✐❝ ✈❡rs✐♦♥ ♦❢ t❤❡ s❛♠❡ ♠❡❛s✉r❡ ❢♦r s❡q✉❡♥❝❡s ✇✐t❤♦✉t ❞✉♣❧✐✲
❝❛t❡s✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ✉♥❛♠❜✐❣✉♦✉s r❡s✉❧ts ♦♥ t❤❡ tr✉❡ ❞✐✣❝✉❧t② ♦❢ t❤❡ ❡①❡♠♣❧❛r
❞✐st❛♥❝❡ ♣r♦❜❧❡♠✱ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ♠❡❛s✉r❡s ✇❤♦s❡ ❜❛s✐❝ ✈❡rs✐♦♥s ❛r❡ ❡❛s②
t♦ ❝♦♠♣✉t❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❣✐✈❡♥ ❛♥② t✇♦ s❡q✉❡♥❝❡s✱ t❤❡✐r ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ❝❛♥
❜❡ tr✐✈✐❛❧❧② ❝♦♠♣✉t❡❞ ✐♥ ❧✐♥❡❛r t✐♠❡✱ ❛♥❞ t❤❡✐r ▲❡✈❡♥s❤t❡✐♥ ❞✐st❛♥❝❡ ❝❛♥ ❜❡ ❝♦♠✲
♣✉t❡❞ ✐♥ q✉❛❞r❛t✐❝ t✐♠❡ ❜② ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ▲❡ss str❛✐❣❤t❢♦r✇❛r❞ ❜✉t st✐❧❧
♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s ❡①✐st ❢♦r s✐❣♥❡❞ r❡✈❡rs❛❧ ❞✐st❛♥❝❡ ❬✽✷❪ ❛♥❞ s✐❣♥❡❞ ❉❈❏
❞✐st❛♥❝❡ ❬✶✷✷❪✳

✸✳✶ ❙✐❣♥❡❞ ❘❡✈❡rs❛❧ ❛♥❞ ❉❈❏ ❉✐st❛♥❝❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠s ✸✳✶ ❛♥❞ ✸✳✷✳ ❲❡ ✜rst s❤♦✇ t❤❛t (1, 2)✲
❊①❡♠♣❧❛r ❙✐❣♥❡❞ ❘❡✈❡rs❛❧ ❉✐st❛♥❝❡ ✐s ❆P❳✲❤❛r❞ ❜② ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡
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♣r♦❜❧❡♠ ❙♦rt✐♥❣ ❜② ❯♥s✐❣♥❡❞ ❘❡✈❡rs❛❧s ❬✷✵❪✱ ✇❤✐❝❤ ❛s❦s ❢♦r t❤❡ ♠✐♥✐♠✉♠
♥✉♠❜❡r ♦❢ ✉♥s✐❣♥❡❞ r❡✈❡rs❛❧s t♦ tr❛♥s❢♦r♠ ❛ ❣✐✈❡♥ ✉♥s✐❣♥❡❞ ♣❡r♠✉t❛t✐♦♥ ✐♥t♦ t❤❡
✐❞❡♥t✐t② ♣❡r♠✉t❛t✐♦♥✳

▲❡t π =
〈

π1, . . . , πn
〉

❜❡ ❛♥ ✉♥s✐❣♥❡❞ ♣❡r♠✉t❛t✐♦♥ ♦❢ J1 ; nK✳ ❲❡ ❝♦♥str✉❝t t✇♦
s❡q✉❡♥❝❡s G1 =

〈

+1, . . . ,+n
〉

❛♥❞ G2 =
〈

+π1,−π1, . . . ,+πn,−πn
〉

✳

▲❡♠♠❛ ✸✳✻✳ π ❝❛♥ ❜❡ s♦rt❡❞ ✐♥t♦ t❤❡ ✐❞❡♥t✐t② ♣❡r♠✉t❛t✐♦♥ In ❜② ❛t ♠♦st k ✉♥s✐❣♥❡❞
r❡✈❡rs❛❧s ✐✛ G2 ❤❛s ❛♥ ❡①❡♠♣❧❛r s✉❜s❡q✉❡♥❝❡ G′

2 ✇✐t❤ s✐❣♥❡❞ r❡✈❡rs❛❧ ❞✐st❛♥❝❡ ❛t ♠♦st
k ❢r♦♠ G1✳

Pr♦♦❢✳ ❲❡ s❛② t❤❛t ❛ s✐❣♥❡❞ ♣❡r♠✉t❛t✐♦♥ σ ✐s ❛ s✐❣♥❡❞ ✈❡rs✐♦♥ ♦❢ π ✐❢ ❢♦r ❛❧❧ 1 ≤ i ≤ n✱
πi = |σi|✳ ❚❤❡ ❧❡♠♠❛ ✐s ❜❛s❡❞ ♦♥ t✇♦ ❦❡② ♦❜s❡r✈❛t✐♦♥s✳ ❋✐rst✱ t❤❡ ♣❡r♠✉t❛t✐♦♥ π
❝❛♥ ❜❡ s♦rt❡❞ ✐♥ k r❡✈❡rs❛❧s ✐✛ t❤❡r❡ ❡①✐sts ❛ s✐❣♥❡❞ ✈❡rs✐♦♥ σ ♦❢ π t❤❛t ❝❛♥ ❜❡ s♦rt❡❞
✐♥ k ✭s✐❣♥❡❞✮ r❡✈❡rs❛❧s✳ ❙❡❝♦♥❞✱ ❛ s✐❣♥❡❞ ♣❡r♠✉t❛t✐♦♥ σ ✐s ❛♥ ❡①❡♠♣❧❛r s✉❜s❡q✉❡♥❝❡
♦❢ G2 ✐✛ ✐t ✐s ❛ s✐❣♥❡❞ ✈❡rs✐♦♥ ♦❢ π✱ t❤❛t ✐s✱ ❢♦r ❛❧❧ 1 ≤ i ≤ n✱ πi = |σi|✳

❚❤❡ ✜rst ♦❜s❡r✈❛t✐♦♥ ✐s ❛ ❝❧❛ss✐❝ r❡s✉❧t✿ ❣✐✈❡♥ ❛ s❡q✉❡♥❝❡ ♦❢ r❡✈❡rs❛❧s s♦rt✐♥❣ π✱
t❤❡ s✐❣♥❡❞ ✈❡rs✐♦♥ σ ♦❢ π ✐s ❝♦♥str✉❝t❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ s❛♠❡ s❡q✉❡♥❝❡ ✐♥ r❡✈❡rs❡❞
♦r❞❡r ❢r♦♠ t❤❡ s✐❣♥❡❞ ✐❞❡♥t✐t② ♣❡r♠✉t❛t✐♦♥✳ ❆♥❞ ❝♦♥✈❡rs❡❧②✱ ❛♥② s❡q✉❡♥❝❡ ♦❢ s✐❣♥❡❞
r❡✈❡rs❛❧s s♦rt✐♥❣ ❛ s✐❣♥❡❞ ✈❡rs✐♦♥ ♦❢ π✱ s❡❡♥ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ ✉♥s✐❣♥❡❞ r❡✈❡rs❛❧s✱
tr❛♥s❢♦r♠s π ✐♥t♦ t❤❡ ✐❞❡♥t✐t②✳ ❚❤❡ s❡❝♦♥❞ ♦❜s❡r✈❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ❝♦♥str✉❝t✐♦♥
♦❢ G2✿ ❛♥② s✐❣♥❡❞ ✈❡rs✐♦♥ ♦❢ π ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡①❡♠♣❧❛r s✉❜s❡q✉❡♥❝❡ ♦❢ G2✱ ❛♥❞
❛❧❧ ❡①❡♠♣❧❛r s✉❜s❡q✉❡♥❝❡s ♦❢ G2 ❛r❡ s✐❣♥❡❞ ✈❡rs✐♦♥s ♦❢ π✳

❚❤❡ ❧❡♠♠❛ ✐s ❞✐r❡❝t❧② ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡s❡ t✇♦ ❡q✉✐✈❛❧❡♥❝❡s✿
π ❝❛♥ ❜❡ s♦rt❡❞ ❜② ❛t ♠♦st k ✉♥s✐❣♥❡❞ r❡✈❡rs❛❧s
⇔ π ❤❛s ❛ s✐❣♥❡❞ ✈❡rs✐♦♥ σ t❤❛t ❝❛♥ ❜❡ s♦rt❡❞ ❜② ❛t ♠♦st k ✉♥s✐❣♥❡❞ r❡✈❡rs❛❧s
⇔ G2 ❤❛s ❛♥ ❡①❡♠♣❧❛r s✉❜s❡q✉❡♥❝❡ G′

2 = σ ✇✐t❤ s✐❣♥❡❞ r❡✈❡rs❛❧ ❞✐st❛♥❝❡ ❛t ♠♦st k
❢r♦♠ G1✳

❙✐♥❝❡ ❙♦rt✐♥❣ ❜② ❯♥s✐❣♥❡❞ ❘❡✈❡rs❛❧s ✐s ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤✐♥
1237/1236− ǫ ❢♦r ❛♥② ǫ > 0 ❬✷✵❪✱ (1, 2)✲❊①❡♠♣❧❛r ❙✐❣♥❡❞ ❘❡✈❡rs❛❧ ❉✐st❛♥❝❡
✐s ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤✐♥ 1237/1236− ǫ ❢♦r ❛♥② ǫ > 0 t♦♦✳

❲❡ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✸✳✷ ❜② ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ ❙♦rt✐♥❣ ❜② ❯♥s✐❣♥❡❞ ❉❈❏
✭s❡❡ ❬✹✸❪✮✳ ●✐✈❡♥ ❛♥ ✉♥s✐❣♥❡❞ ♣❡r♠✉t❛t✐♦♥ π✱ ❝♦♠♣♦s❡ t❤❡ s❛♠❡ s❡q✉❡♥❝❡s G1 ❛♥❞
G2 ❛s ❜❡❢♦r❡✿ G1 =

〈

+1, . . . ,+n
〉

❛♥❞ G2 =
〈

+π1,−π1, . . . ,+πn,−πn
〉

✳ ❲❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✸✳✼✳ π ❝❛♥ ❜❡ s♦rt❡❞ ✐♥t♦ t❤❡ ✐❞❡♥t✐t② ♣❡r♠✉t❛t✐♦♥ In ❜② ❛t ♠♦st k ✉♥s✐❣♥❡❞
❉❈❏s ✐✛ G2 ❤❛s ❛♥ ❡①❡♠♣❧❛r s✉❜s❡q✉❡♥❝❡ G′

2 ✇✐t❤ s✐❣♥❡❞ ❉❈❏ ❞✐st❛♥❝❡ ❛t ♠♦st k
❢r♦♠ G1✳

Pr♦♦❢✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✻✱ t❤✐s r❡s✉❧t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦
❡q✉✐✈❛❧❡♥❝❡s✿
π ❝❛♥ ❜❡ s♦rt❡❞ ❜② ❛t ♠♦st k ✉♥s✐❣♥❡❞ ❉❈❏s
⇔ π ❤❛s ❛ s✐❣♥❡❞ ✈❡rs✐♦♥ σ t❤❛t ❝❛♥ ❜❡ s♦rt❡❞ ❜② ❛t ♠♦st k ✉♥s✐❣♥❡❞ ❉❈❏s
⇔ G2 ❤❛s ❛♥ ❡①❡♠♣❧❛r s✉❜s❡q✉❡♥❝❡ G′

2 = σ ✇✐t❤ s✐❣♥❡❞ ❉❈❏ ❞✐st❛♥❝❡ ❛t ♠♦st k
❢r♦♠ G1✳

❚❤❡ ♣r♦❜❧❡♠ ❙♦rt✐♥❣ ❜② ❯♥s✐❣♥❡❞ ❉❈❏ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t♦ ❜❡ ◆P✲❤❛r❞ ❬✹✸❪✳
❲❡ ♥♦t❡ t❤❛t ✐t ✐s ✐♥ ❢❛❝t ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤✐♥ 1237/1236 − ǫ ❢♦r ❛♥②
ǫ > 0 ❜❡❝❛✉s❡✱ ❛❝❝♦r❞✐♥❣ t♦ ❬✹✸✱ ❚❤❡♦r❡♠ ✷❪✱ ❙♦rt✐♥❣ ❜② ❯♥s✐❣♥❡❞ ❉❈❏ ❤❛s t❤❡
s❛♠❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❛s ❇r❡❛❦♣♦✐♥t ●r❛♣❤ ❉❡❝♦♠♣♦s✐t✐♦♥ ✭❢♦r♠✉❧❛t❡❞ ❛s



✽✵ ❈❍❆P❚❊❘ ✸✳ ❊❳❊▼P▲❆❘ ❉■❙❚❆◆❈❊❙

❛ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✮✱ ❛♥❞ t❤❡ ❧❛tt❡r ✐s ❦♥♦✇♥ t♦ ❜❡ ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐♠❛t❡
✇✐t❤✐♥ 1237/1236−ǫ ❢♦r ❛♥② ǫ > 0 ❬✷✵✱ ❚❤❡♦r❡♠ ✹❪✳ ■t ❢♦❧❧♦✇s t❤❛t (1, 2)✲❊①❡♠♣❧❛r
❙✐❣♥❡❞ ❉❈❏ ❉✐st❛♥❝❡ ✐s ❛❧s♦ ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤✐♥ 1237/1236 − ǫ ❢♦r
❛♥② ǫ > 0✳

✸✳✷ ❊❞✐t ❉✐st❛♥❝❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✸✳✸✳ ❋♦r ❛♥② ❡❞✐t ❞✐st❛♥❝❡ ✇❤❡r❡ t❤❡ ❝♦st ♦❢ ❛
s✉❜st✐t✉t✐♦♥ ✐s 1 ❛♥❞ t❤❡ ❝♦st ♦❢ ❛♥ ✐♥s❡rt✐♦♥ ♦r ❛ ❞❡❧❡t✐♦♥ ✐s ❛t ❧❡❛st 1 ✭♣♦ss✐❜❧② +∞✮✱
✇❡ s❤♦✇ t❤❛t t❤❡ ♣r♦❜❧❡♠ (1, 2)✲❊①❡♠♣❧❛r ❊❞✐t ❉✐st❛♥❝❡ ✐s ❆P❳✲❤❛r❞ ❜② ❛
r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ♣r♦❜❧❡♠ ▼✐♥✐♠✉♠ ❱❡rt❡① ❈♦✈❡r ✐♥ ❈✉❜✐❝ ●r❛♣❤s✳

▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤ ♦❢ n ✈❡rt✐❝❡s ❛♥❞ m ❡❞❣❡s✳ ■t ✐s ❝✉❜✐❝ ✐❢ ❛❧❧ ✈❡rt✐❝❡s
❤❛✈❡ ❞❡❣r❡❡ t❤r❡❡ ✭❤❡♥❝❡ 3n = 2m✮✳ ❆ ✈❡rt❡① ❝♦✈❡r ♦❢ G ✐s ❛ s✉❜s❡t X ♦❢ V s✉❝❤
t❤❛t ❢♦r ❡❛❝❤ e = {u, v} ∈ E✱ ✇❡ ❤❛✈❡ u ∈ X ♦r v ∈ X✳

Pr♦❜❧❡♠ ▼✐♥✐♠✉♠ ❱❡rt❡① ❈♦✈❡r ✐♥ ❈✉❜✐❝ ●r❛♣❤s
■♥♣✉t ❆ ❝✉❜✐❝ ❣r❛♣❤ G = (V,E)
❖✉t♣✉t ❆ ✈❡rt❡① ❝♦✈❡r X ♦❢ G
▼❛①✐♠✐③❡ ❚❤❡ s✐③❡ ♦❢ X

❚❤❡ r❡❞✉❝t✐♦♥ ❣♦❡s ❛s ❢♦❧❧♦✇s✳ ●✐✈❡♥ ❛ ❝✉❜✐❝ ❣r❛♣❤ G = (V,E)✱ ✇❡ ❝♦♥str✉❝t
t✇♦ s❡q✉❡♥❝❡s G1 ❛♥❞ G2 ♦✈❡r ❛♥ ❛❧♣❤❛❜❡t ♦❢

3m+ 4n+ 2(m+ 7n) + 2(m− 1) + (n− 1)

❞✐st✐♥❝t ♠❛r❦❡rs✳ ❋♦r ❡❛❝❤ ❡❞❣❡ e = {u, v} ∈ E✱ ✇❡ ❤❛✈❡ t❤r❡❡ ❡❞❣❡ ♠❛r❦❡rs e✱ eu✱
❛♥❞ ev✳ ❋♦r ❡❛❝❤ ✈❡rt❡① v ∈ V ✱ ✇❡ ❤❛✈❡ ❛ ✈❡rt❡① ♠❛r❦❡r v ❛♥❞ ✸ ❞✉♠♠② ♠❛r❦❡rs v′1✱
v′2✱ v

′
3✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ 2(m+ 7n) + 2(m− 1) + (n− 1) ♠❛r❦❡rs ❢♦r s❡♣❛r❛t♦rs✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸✳✸ ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ❣r❛♣❤ K4✳
❚❤❡ t✇♦ s❡q✉❡♥❝❡s G1 ❛♥❞ G2 ❛r❡ ❝♦♠♣♦s❡❞ ❢r♦♠ m + n + 1 ❣❛❞❣❡ts✿ ❛♥ ❡❞❣❡

❣❛❞❣❡t ❢♦r ❡❛❝❤ ❡❞❣❡✱ ❛ ✈❡rt❡① ❣❛❞❣❡t ❢♦r ❡❛❝❤ ✈❡rt❡①✱ ❛♥❞ ❛ t❛✐❧ ❣❛❞❣❡t✳ ❚❤❡m+n+1
❣❛❞❣❡ts ❛r❡ s❡♣❛r❛t❡❞ ❜②m+n s❡♣❛r❛t♦rs ♦❢ t♦t❛❧ ❧❡♥❣t❤ 2(m+7n)+2(m−1)+(n−1)✿

✕ t✇♦ ❧♦♥❣ s❡♣❛r❛t♦rs✱ ❡❛❝❤ ♦❢ ❧❡♥❣t❤ m+ 7n✿ ♦♥❡ ❜❡t✇❡❡♥ t❤❡ ❧❛st ❡❞❣❡ ❣❛❞❣❡t
❛♥❞ t❤❡ ✜rst ✈❡rt❡① ❣❛❞❣❡t✱ ♦♥❡ ❜❡t✇❡❡♥ t❤❡ ❧❛st ✈❡rt❡① ❣❛❞❣❡t ❛♥❞ t❤❡ t❛✐❧
❣❛❞❣❡t❀

✕ m+n− 2 s❤♦rt s❡♣❛r❛t♦rs✿ ❛ ❧❡♥❣t❤✲2 s❡♣❛r❛t♦r ❜❡t✇❡❡♥ ❛♥② t✇♦ ❝♦♥s❡❝✉t✐✈❡
❡❞❣❡ ❣❛❞❣❡ts✱ ❛♥❞ ❛ ❧❡♥❣t❤✲1 s❡♣❛r❛t♦r ❜❡t✇❡❡♥ ❛♥② t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✈❡rt❡①
❣❛❞❣❡ts✳

❋♦r ❡❛❝❤ ❡❞❣❡ e = {u, v}✱ t❤❡ ❡❞❣❡ ❣❛❞❣❡t ❢♦r e ✐s

G1[e] =
〈

e
〉

G2[e] =
〈

eu, ev
〉

❋♦r ❡❛❝❤ ✈❡rt❡① v ✐♥❝✐❞❡♥t t♦ ❡❞❣❡s e, f, g✱ t❤❡ ✈❡rt❡① ❣❛❞❣❡t ❢♦r v ✐s

G1[v] =
〈

v, v′1, v
′
2, v

′
3

〉

G2[v] =
〈

ev, fv, gv, v, e, f, g
〉

▲❡t V ′ ❜❡ t❤❡ 3n ♠❛r❦❡rs v′1✱ v
′
2✱ v

′
3 ❢♦r v ∈ V ✳ ▲❡t E ′ ❜❡ t❤❡ 2m = 3n ♠❛r❦❡rs

eu ❛♥❞ ev ❢♦r e = {u, v} ∈ E✳ ❚❤❡ t❛✐❧ ❣❛❞❣❡t ✐s

G1[tail] = E ′
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s t

u

v

e

f

g

h

i
j

G1

G2

=
=
〈
〈

e,
es, et,

S,
S,

f,
fs, fu,

S,
S,

g,
gs, gv,

S,
S,

h,
ht, hu,

S,
S,

i,
it, iv,

S,
S,

j,
ju, jv,

−
−

−
−

S,
S,

s, s′1, s
′
2, s

′
3,

es, fs, gs, s, e, f, g,
S,
S,

t, t′1, t
′
2, t

′
3,

et, ht, it, t, e, h, i,
S,
S,

u, u′1, u
′
2, u

′
3,

fu, hu, ju,u, f, h, j,
S,
S,

v, v′1, v
′
2, v

′
3,

gv, iv, jv, v, g, i, j,
−
−

−
−

S,
S,

es, et, fs, fu, gs, gv, ht, hu, it, iv, ju, jv
s′1, s

′
2, s

′
3, t

′
1, t

′
2, t

′
3, u

′
1, u

′
2, u

′
3, v

′
1, v

′
2, v

′
3

〉
〉

❋✐❣✉r❡ ✸✳✸✿ ❊①❛♠♣❧❡ ❢♦r t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ▼✐♥✐♠✉♠ ❱❡rt❡① ❈♦✈❡r ✐♥ ❈✉❜✐❝
●r❛♣❤s t♦ (1, 2)✲❊①❡♠♣❧❛r ❊❞✐t ❉✐st❛♥❝❡✳ ❆❜♦✈❡✿ ❛ ❝✉❜✐❝ ❣r❛♣❤ G ✇✐t❤ ❛♥
♦♣t✐♠❛❧ ✈❡rt❡① ❝♦✈❡r {s, t, v} ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❞❡♣❡♥❞❡♥t s❡t {u}✳ ❇❡❧♦✇✿
t❤❡ s❡q✉❡♥❝❡s G1 ❛♥❞ G2 ❝r❡❛t❡❞ ❢r♦♠ G✱ ✇❡ ✉s❡ ❛ ❝♦♠♠♦♥ s②♠❜♦❧ ❙ ❢♦r ❛❧❧ s❡♣❛✲
r❛t♦rs✳ ❆♥ ♦♣t✐♠❛❧ ❡①❡♠♣❧❛r✐③❛t✐♦♥ ♦❢ G2 ✐s ✉♥❞❡r❧✐♥❡❞✱ ❛♥❞ ♠❛t❝❤❡❞ ❡❧❡♠❡♥ts ✐♥
t❤✐s ❡①❡♠♣❧❛r✐③❛t✐♦♥ ❛r❡ ✐♥ ❜♦❧❞ ❢♦♥t✳

G2[tail] = V ′

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ❝♦♥str✉❝t✐♦♥✳

▲❡♠♠❛ ✸✳✽✳ G ❤❛s ❛ ✈❡rt❡① ❝♦✈❡r ♦❢ s✐③❡ ❛t ♠♦st k ✐✛ G2 ❤❛s ❛♥ ❡①❡♠♣❧❛r s✉❜s❡✲
q✉❡♥❝❡ G′

2 ✇✐t❤ ❡❞✐t ❞✐st❛♥❝❡ ❛t ♠♦st m+ 6n+ k ❢r♦♠ G1✳

Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ ❞✐r❡❝t ✐♠♣❧✐❝❛t✐♦♥✳ ▲❡t X ❜❡ ❛ ✈❡rt❡① ❝♦✈❡r ♦❢ G ✇✐t❤
|X| ≤ k✳ ❈r❡❛t❡ G′

2 ❛s ❢♦❧❧♦✇s✳ ❋♦r ❡❛❝❤ ❡❞❣❡ e = {u, v}✱ ❛t ❧❡❛st ♦♥❡ ✈❡rt❡①✱ s❛②
u✱ ✐s ✐♥ X✳ ❘❡♠♦✈❡ eu ❛♥❞ r❡t❛✐♥ ev ✐♥ t❤❡ ❡❞❣❡ ❣❛❞❣❡t G2[e]✱ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣❧②
r❡t❛✐♥ eu ✐♥ t❤❡ ✈❡rt❡① ❣❛❞❣❡t G2[u] ❛♥❞ r❡♠♦✈❡ ev ✐♥ t❤❡ ✈❡rt❡① ❣❛❞❣❡t G2[v]✱ t❤❡♥
r❡♠♦✈❡ e ✐♥ G2[u] ❛♥❞ r❡t❛✐♥ e ✐♥ G2[v]✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ❡❞✐t ❞✐st❛♥❝❡ ❢r♦♠ G1 t♦
G′

2 ✐s ❛t ♠♦st m+ 6n+ k✳
■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤❡ ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ♦❢ G1 ❛♥❞ G′

2 ✐s ❛t ♠♦st m+6n+k
s✐♥❝❡✱ ❢♦r t❤❡ ❡❞✐t ❞✐st❛♥❝❡ t❤❛t ✇❡ ❝♦♥s✐❞❡r✱ t❤❡ ❝♦st ♦❢ ❛ s✉❜st✐t✉t✐♦♥ ✐s 1✳ ❖❜s❡r✈❡
t❤❛t ✐♥ ❜♦t❤ G1 ❛♥❞ G′

2✱ ❡❛❝❤ ❡❞❣❡ ❣❛❞❣❡t ❤❛s ❧❡♥❣t❤ 1✱ ❛♥❞ ❡❛❝❤ ✈❡rt❡① ❣❛❞❣❡t
❤❛s ❧❡♥❣t❤ 4✳ ❚❤✉s ❛❧❧ ❣❛❞❣❡ts ❛r❡ ❛❧✐❣♥❡❞ ❛♥❞ ❛❧❧ s❡♣❛r❛t♦rs ❛r❡ ♠❛t❝❤❡❞✳ ❚❤❡
❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ❢♦r ❡❛❝❤ ❡❞❣❡ ❣❛❞❣❡t ✐s 1✱ s♦ t❤❡ t♦t❛❧ ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ♦✈❡r
❛❧❧ ❡❞❣❡ ❣❛❞❣❡ts ✐s m✳ ❚❤❡ ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ❢♦r ❡❛❝❤ ✈❡rt❡① ❣❛❞❣❡t ✐s ❛t ♠♦st
4✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡❛❝❤ ✈❡rt❡① v /∈ X ✭v ✐♥❝✐❞❡♥t t♦ ❡❞❣❡s e, f, g✮✱ s✐♥❝❡ t❤❡ ♠❛r❦❡rs
ev, fv, gv ❛r❡ r❡♠♦✈❡❞ ✭❛♥❞ t❤❡ ♠❛r❦❡rs e, f, g ❛r❡ r❡t❛✐♥❡❞✮ ✐♥ t❤❡ ✈❡rt❡① ❣❛❞❣❡t✱ t❤❡
♠❛r❦❡r v ✐s ♠❛t❝❤❡❞✱ ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ❜② 1✳ ❚❤✉s t❤❡ t♦t❛❧
❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ♦✈❡r ❛❧❧ ✈❡rt❡① ❣❛❞❣❡ts ✐s ❛t ♠♦st 4n − (n − |X|) = 3n + |X|✳
❋✐♥❛❧❧②✱ s✐♥❝❡ t❤❡ ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ❢♦r t❤❡ t❛✐❧ ❣❛❞❣❡t ✐s 3n✱ t❤❡ ♦✈❡r❛❧❧ ❍❛♠♠✐♥❣
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ G1 ❛♥❞ G′

2 ✐s ❛t ♠♦st m+ 6n+ |X| ≤ m+ 6n+ k✳
❲❡ ♥❡①t ♣r♦✈❡ t❤❡ r❡✈❡rs❡ ✐♠♣❧✐❝❛t✐♦♥✳ ▲❡t G′

2 ❜❡ ❛♥ ❡①❡♠♣❧❛r s✉❜s❡q✉❡♥❝❡
♦❢ G2 ✇✐t❤ ❡❞✐t ❞✐st❛♥❝❡ ❛t ♠♦st m + 6n + k ❢r♦♠ G1✳ ❈♦♠♣✉t❡ ❛♥ ❛❧✐❣♥♠❡♥t
♦❢ G1 ❛♥❞ G′

2 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡❞✐t ❞✐st❛♥❝❡✱ t❤❡♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡
s❡ts XE(G

′
2)✱ XV (G

′
2)✱ ❛♥❞ X(G′

2)✿
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✕ ❚❤❡ s❡t XE(G
′
2) ⊆ E ❝♦♥t❛✐♥s ❡✈❡r② ❡❞❣❡ e = {u, v} s✉❝❤ t❤❛t ❡✐t❤❡r G′

2[e]
❝♦♥t❛✐♥s ❜♦t❤ eu ❛♥❞ ev✱ ♦r G′

1[e] ❤❛s ❛♥ ❛❞❥❛❝❡♥t s❡♣❛r❛t♦r ♠❛r❦❡r ✇❤✐❝❤ ✐s
✉♥♠❛t❝❤❡❞✳

✕ ❚❤❡ s❡t XV (G
′
2) ⊆ V ❝♦♥t❛✐♥s ❡✈❡r② ✈❡rt❡① v ✭v ✐♥❝✐❞❡♥t t♦ ❡❞❣❡s e, f, g✮ s✉❝❤

t❤❛t ❡✐t❤❡r G′
2[v] ❝♦♥t❛✐♥s ♦♥❡ ♦❢ {ev, fv, gv}✱ ♦r G

′
1[v] ❤❛s ❛♥ ❛❞❥❛❝❡♥t s❡♣❛r❛t♦r

♠❛r❦❡r ✭t♦ ✐ts ❧❡❢t✮ ✇❤✐❝❤ ✐s ✉♥♠❛t❝❤❡❞✳
✕ ❚❤❡ s❡t X(G′

2) ⊆ V ✐s t❤❡ ✉♥✐♦♥ ♦❢ XV (G
′
2) ❛♥❞ ❛ s❡t ❝♦♠♣♦s❡❞ ❜② ❛r❜✐tr❛r✐❧②

❝❤♦♦s✐♥❣ ♦♥❡ ✈❡rt❡① ❢r♦♠ ❡❛❝❤ ❡❞❣❡ ✐♥ XE(G
′
2) ✭t❤✉s |X(G′

2)| ≤ |XV (G
′
2)| +

|XE(G
′
2)|✮✳

❲❡ ✜rst s❤♦✇ t❤❛t t❤❡ ❡❞✐t ❞✐st❛♥❝❡ ❢r♦♠ G1 t♦ G′
2 ✐s ❛t ❧❡❛st m+6n+ |X(G′

2)|✳
■❢ ❛ ❧♦♥❣ s❡♣❛r❛t♦r ✭✇✐t❤ m + 7n ♠❛r❦❡rs✮ ✐s ❝♦♠♣❧❡t❡❧② ✉♥♠❛t❝❤❡❞✱ t❤❡♥ t❤❡ ❡❞✐t
❞✐st❛♥❝❡ ✐s ❛t ❧❡❛st m + 7n ≥ m + 6n + |X(G′

2)|✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡r❡
✐s ❛t ❧❡❛st ♦♥❡ ♠❛t❝❤❡❞ ♠❛r❦❡r ✐♥ ❡❛❝❤ ❧♦♥❣ s❡♣❛r❛t♦r✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♠❛r❦❡rs
e, eu, ev ❢♦r ❛❧❧ e ∈ E ❛♥❞ v′1, v

′
2, v

′
3 ❢♦r ❛❧❧ v ∈ V ❛r❡ ✉♥♠❛t❝❤❡❞✳

❈♦♥s✐❞❡r ❛♥ ❡❞❣❡ e = {u, v} ∈ E✳ ■❢ e /∈ XE(G
′
2)✱ t❤❡♥ t❤❡ ❡❞✐t ❞✐st❛♥❝❡ ❢♦r G1[e]

✐s ❛t ❧❡❛st 1 s✐♥❝❡ t❤❡ ♠❛r❦❡r e ✐s ✉♥♠❛t❝❤❡❞✳ ■❢ e ∈ XE(G
′
2)✱ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ ❢❛❝t♦r

♦❢ G1[e] ❝♦♥t❛✐♥✐♥❣ t❤❡ ♠❛r❦❡r e ❛♥❞ t❤❡ ❛t ♠♦st t✇♦ s❡♣❛r❛t♦r ♠❛r❦❡rs ❛❞❥❛❝❡♥t t♦
✐t ✭❢♦r t❤❡ ✜rst ❡❞❣❡ ❣❛❞❣❡t✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ s❡♣❛r❛t♦r ♠❛r❦❡r ❛❞❥❛❝❡♥t t♦ e✱ t♦ ✐ts
r✐❣❤t✮✳ ❚❤❡ ❡❞✐t ❞✐st❛♥❝❡ ❢♦r t❤✐s ❢❛❝t♦r ✐s ❛t ❧❡❛st 2✿ t❤❡ ♠❛r❦❡r e ✐s ✉♥♠❛t❝❤❡❞✱
❛♥❞ ♠♦r❡♦✈❡r ❡✐t❤❡r ❛♥ ❛❞❥❛❝❡♥t s❡♣❛r❛t♦r ♠❛r❦❡r ✐s ✉♥♠❛t❝❤❡❞ ♦r ❛♥ ✐♥s❡rt✐♦♥ ✐s
r❡q✉✐r❡❞✳ ❚❤❡ t♦t❛❧ ❡❞✐t ❞✐st❛♥❝❡ ♦✈❡r ❛❧❧ ❡❞❣❡ ❣❛❞❣❡ts ✐s ❛t ❧❡❛st m+ |XE(G

′
2)|✳

❈♦♥s✐❞❡r ❛ ✈❡rt❡① v ∈ V ✐♥❝✐❞❡♥t t♦ t❤r❡❡ ❡❞❣❡s e, f, g✳ ■❢ v /∈ XV (G
′
2)✱ t❤❡♥

t❤❡ ❡❞✐t ❞✐st❛♥❝❡ ❢♦r G1[v] ✐s ❛t ❧❡❛st 3 s✐♥❝❡ t❤❡ ♠❛r❦❡rs v′1, v
′
2, v

′
3 ❛r❡ ✉♥♠❛t❝❤❡❞✳

■❢ v ∈ XV (G
′
2)✱ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ ❢❛❝t♦r ♦❢ G1 ❝♦♥t❛✐♥✐♥❣ G1[v] ❛♥❞ t❤❡ s❡♣❛r❛t♦r

t♦ ✐ts ❧❡❢t✳ ❚❤❡ ❡❞✐t ❞✐st❛♥❝❡ ❢♦r t❤✐s ❢❛❝t♦r ✐s ❛t ❧❡❛st 4✿ t❤❡ ♠❛r❦❡rs v′1, v
′
2, v

′
3 ❛r❡

✉♥♠❛t❝❤❡❞✱ ❛♥❞ ♠♦r❡♦✈❡r ❛t ❧❡❛st ♦♥❡ ✐♥s❡rt✐♦♥ ✐s r❡q✉✐r❡❞ ✉♥❧❡ss ❡✐t❤❡r t❤❡ ♠❛r❦❡r
v ♦r t❤❡ s❡♣❛r❛t♦r ♠❛r❦❡r t♦ ✐ts ❧❡❢t ✐s ✉♥♠❛t❝❤❡❞✳ ❚❤❡ t♦t❛❧ ❡❞✐t ❞✐st❛♥❝❡ ♦✈❡r t❤❡
✈❡rt❡① ❣❛❞❣❡ts ✐s ❛t ❧❡❛st 3n+ |XV (G

′
2)|✳

❋✐♥❛❧❧②✱ t❤❡ ❡❞✐t ❞✐st❛♥❝❡ ♦✈❡r t❤❡ t❛✐❧ ❣❛❞❣❡t ✐s ❡q✉❛❧ t♦ t❤❡ ❧❡♥❣t❤ ♦❢ G1[tail]✱
✇❤✐❝❤ ✐s 3n✳ ❍❡♥❝❡ t❤❡ ♦✈❡r❛❧❧ ❡❞✐t ❞✐st❛♥❝❡ ✐s ❛t ❧❡❛st

m+ |XE(G
′
2)|+ 3n+ |XV (G

′
2)|+ 3n ≥ m+ 6n+ |X(G′

2)|.

❙✐♥❝❡ t❤❡ ❡❞✐t ❞✐st❛♥❝❡ ❢r♦♠ G1 t♦ G′
2 ✐s ❛t ♠♦st m+ 6n+ k✱ ✐t ❢♦❧❧♦✇s t❤❛t

|X(G′
2)| ≤ k.

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✱ ✇❡ s❤♦✇ t❤❛t X(G′
2) ✐s ❛ ✈❡rt❡① ❝♦✈❡r ♦❢ G✳ ❈♦♥s✐❞❡r ❛♥②

❡❞❣❡ e = {u, v}✳ ■❢ e ∈ XE(G
′
2)✱ t❤❡♥✱ ❜② ♦✉r ❝❤♦✐❝❡ ♦❢ X(G′

2)✱ ❡✐t❤❡r u ∈ X(G′
2)

♦r v ∈ X(G′
2)✳ ❖t❤❡r✇✐s❡✱ ✐❢ e /∈ XE(G

′
2)✱ t❤❡♥ ✐♥ t❤❡ ❡❞❣❡ ❣❛❞❣❡t G2[e] =

〈

eu, ev
〉

✱
❛t ❧❡❛st ♦♥❡ ♠❛r❦❡r ✐s r❡♠♦✈❡❞ t♦ ♦❜t❛✐♥ G′

2[e]✳ ❆ss✉♠❡ t❤❛t eu ✐s r❡♠♦✈❡❞✿ t❤❡♥
t❤❡ s❡❝♦♥❞ ❝♦♣②✱ ✐♥ G2[u]✱ ✐s r❡t❛✐♥❡❞✱ ❛♥❞ u ∈ XV (G

′
2) ⊆ X(G′

2)✳ ▲✐❦❡✇✐s❡ ✐❢ ev ✐s
r❡♠♦✈❡❞✱ t❤❡♥ v ∈ X(G′

2)✳ ■♥ s✉♠♠❛r②✱ X(G′
2) ❝♦♥t❛✐♥s ❛ ✈❡rt❡① ❢r♦♠ ❡✈❡r② ❡❞❣❡

✐♥ E✱ ❤❡♥❝❡ ✐t ✐s ❛ ✈❡rt❡① ❝♦✈❡r ♦❢ G✳

❚❤❡ ♣r♦❜❧❡♠ ▼✐♥✐♠✉♠ ❱❡rt❡① ❈♦✈❡r ✐♥ ❈✉❜✐❝ ●r❛♣❤s ✐s ❆P❳✲❤❛r❞❀ s❡❡
❡✳❣✳ ❬✹❪✳ ❋♦r ❛ ❝✉❜✐❝ ❣r❛♣❤G ♦❢ n ✈❡rt✐❝❡s ❛♥❞m ❡❞❣❡s✱ ✇❤❡r❡ 3n = 2m✱ t❤❡ ♠✐♥✐♠✉♠
s✐③❡ k∗ ♦❢ ❛ ✈❡rt❡① ❝♦✈❡r ✐s Θ(n)✳ ❇② ▲❡♠♠❛ ✸✳✽✱ t❤❡ ❡①❡♠♣❧❛r ❡❞✐t ❞✐st❛♥❝❡ ♦❢
t❤❡ t✇♦ s❡q✉❡♥❝❡s G1 ❛♥❞ G2 ✐♥ t❤❡ r❡❞✉❝❡❞ ✐♥st❛♥❝❡ ✐s ❛❧s♦ Θ(n)✳ ❚❤✉s ❜② t❤❡
st❛♥❞❛r❞ t❡❝❤♥✐q✉❡ ♦❢ ▲✲r❡❞✉❝t✐♦♥ ✭s❡❡ P❛❣❡ ✽✮✱ ✐t ❢♦❧❧♦✇s t❤❛t (1, 2)✲❊①❡♠♣❧❛r
❊❞✐t ❉✐st❛♥❝❡✱ ✇❤❡♥ t❤❡ ❝♦st ♦❢ ❛ s✉❜st✐t✉t✐♦♥ ✐s 1 ❛♥❞ t❤❡ ❝♦st ♦❢ ❛♥ ✐♥s❡rt✐♦♥ ♦r ❛
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❞❡❧❡t✐♦♥ ✐s ❛t ❧❡❛st 1✱ ✐s ❆P❳✲❤❛r❞ t♦♦✳ ❚❤❡♥ t❤❡ ❆P❳✲❤❛r❞♥❡ss ♦❢ (1, 2)✲❊①❡♠♣❧❛r
▲❡✈❡♥s❤t❡✐♥ ❉✐st❛♥❝❡ ❛♥❞ t❤❡ ❆P❳✲❤❛r❞♥❡ss ♦❢ (1, 2)✲❊①❡♠♣❧❛r ❍❛♠♠✐♥❣
❉✐st❛♥❝❡ ❢♦❧❧♦✇ ❛s s♣❡❝✐❛❧ ❝❛s❡s✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ t✇♦ s❡q✉❡♥❝❡s
G1 ❛♥❞ G2 ✐♥ t❤❡ r❡❞✉❝❡❞ ✐♥st❛♥❝❡ ❛r❡ ❜♦t❤ Θ(m + n) ❛s ✇❡❧❧✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡
❝♦♠♣❧❡♠❡♥t❛r② ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ (1, 2)✲❊①❡♠♣❧❛r ❍❛♠♠✐♥❣ ❙✐♠✐❧❛r✐t② ✐s
❛❧s♦ ❆P❳✲❤❛r❞✱ ✐❢ ✇❡ ❞❡✜♥❡ t❤❡ ❍❛♠♠✐♥❣ s✐♠✐❧❛r✐t② ♦❢ t✇♦ s❡q✉❡♥❝❡s ♦❢ t❤❡ s❛♠❡
❧❡♥❣t❤ ℓ ❛s ℓ ♠✐♥✉s t❤❡✐r ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡✳

❈♦♥❝❧✉s✐♦♥

❚❤❡ ♣r♦❜❧❡♠ (1, 2)✲❊①❡♠♣❧❛r ❉✐st❛♥❝❡ ❤❛s ♥♦✇ ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ ❆P❳✲❤❛r❞
❢♦r ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ❞✐st❛♥❝❡ ♠❡❛s✉r❡s✱ ✐♥❝❧✉❞✐♥❣ ❜r❡❛❦♣♦✐♥ts✱ ❝♦♥s❡r✈❡❞ ✐♥t❡r✈❛❧s✱
❝♦♠♠♦♥ ✐♥t❡r✈❛❧s✱ ▼❆❉✱ ❙❆❉✱ s✐❣♥❡❞ r❡✈❡rs❛❧s ❛♥❞ ❉❈❏s✱ ▲❡✈❡♥s❤t❡✐♥ ❞✐st❛♥❝❡✱
❍❛♠♠✐♥❣ ❞✐st❛♥❝❡✱ ❡t❝✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t s❡❡♠s ❞✐✣❝✉❧t t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♥st❛♥t
❧♦✇❡r ❜♦✉♥❞ ✐♥ ❛♥② ♦♥❡ ♦❢ t❤❡s❡ ❆P❳✲❤❛r❞♥❡ss r❡s✉❧ts ✐♥t♦ ❛ ❧♦✇❡r ❜♦✉♥❞ t❤❛t ❣r♦✇s
✇✐t❤ t❤❡ ✐♥♣✉t s✐③❡ s✐♠✐❧❛r t♦ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❧♦✇❡r ❜♦✉♥❞ ❢♦r▼✐♥✐♠✉♠ ❙❡t ❈♦✈❡r✳
❚❤✐s ✇♦✉❧❞ ✐♥❞✐❝❛t❡ t❤❛t ❝♦♥st❛♥t✲r❛t✐♦ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s s❤♦✉❧❞ ❡①✐st✿ ✇❡
✜♥❞ ✐t ♠♦st ✐♥tr✐❣✉✐♥❣ t❤❛t ♥♦ s✉❝❤ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❦♥♦✇♥ ❢♦r ❛♥② ♦♥❡ ♦❢ t❤❡s❡
♠❡❛s✉r❡s✳ ❆ ♣♦ss✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥ ✐s t❤❛t✱ t❤r♦✉❣❤ t❤❡ ❡①❡♠♣❧❛r✐③❛t✐♦♥ ♣r♦❝❡ss✱ ✐t ✐s
❤❛r❞❧② ♣♦ss✐❜❧❡ t♦ ❦❡❡♣ tr❛❝❦ ♦❢ ❛♥② str✉❝t✉r❡ ✐♥ t❤❡ ❣❡♥❡ s❡q✉❡♥❝❡s✳





✹
▼✐♥✐♠✉♠ ❈♦♠♠♦♥ ❙tr✐♥❣ P❛rt✐t✐♦♥

❚❤❡ ◆P✲❤❛r❞ ▼✐♥✐♠✉♠ ❈♦♠♠♦♥ ❙tr✐♥❣

P❛rt✐t✐♦♥ ♣r♦❜❧❡♠ ❤❛s ❛s ✐♥♣✉t t✇♦ str✐♥❣s x
❛♥❞ y ❛♥❞ ❛s❦s ✇❤❡t❤❡r x ❛♥❞ y ❝❛♥ ❡❛❝❤ ❜❡ ♣❛r✲
t✐t✐♦♥❡❞ ✐♥t♦ ❛t ♠♦st k s✉❜str✐♥❣s✱ ❝❛❧❧❡❞ ❜❧♦❝❦s✱
s✉❝❤ t❤❛t ❜♦t❤ ♣❛rt✐t✐♦♥s ✉s❡ ❡①❛❝t❧② t❤❡ s❛♠❡
❜❧♦❝❦s ✐♥ ❛ ❞✐✛❡r❡♥t ♦r❞❡r✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t ❛ ✜①❡❞✲♣❛r❛♠❡t❡r
❛❧❣♦r✐t❤♠ ❢♦r k✲▼❈❙P ✉s✐♥❣ ♦♥❧② ♣❛r❛♠❡t❡r k✳

❚❤❡ r❡s✉❧ts ✐♥ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❛ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ❈❤r✐st✐❛♥ ❑♦✲
♠✉s✐❡✇✐❝③✳ ❚❤❡② ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛t t❤❡ ❏♦✉r♥é❡s ●❚●❈ ✇♦r❦s❤♦♣ ✭✷✵✶✷✱ ▲✐❧❧❡✮✱ ❛♥❞
❤❛✈❡ ❜❡❡♥ s✉❜♠✐tt❡❞ t♦ t❤❡ ✷✶st ❊✉r♦♣❡❛♥ ❙②♠♣♦s✐✉♠ ♦♥ ❆❧❣♦r✐t❤♠s ✭❊❙❆ ✷✵✶✸✱ ❙♦♣❤✐❛
❆♥t✐♣♦❧✐s✮

✽✺
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■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣r♦❜❧❡♠ ✇❡ st✉❞② ✐♥ t❤✐s ❝❤❛♣t❡r ❧✐❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s
♦♥ str✐♥❣s✱ ✇❤❡r❡ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❞❡t❡r♠✐♥❡ ❤♦✇ ♠❛♥② ♦♣❡r❛t✐♦♥s ♦❢ ❛ ❝❡rt❛✐♥
❦✐♥❞ ❛r❡ ♥❡❝❡ss❛r② t♦ tr❛♥s❢♦r♠ ♦♥❡ ❣❡♥♦♠❡ ✐♥t♦ ❛♥♦t❤❡r✳ ❚❤❡ ✐♥♣✉t ❝♦♥s✐sts ♦❢ ❛
♣❛✐r ♦❢ str✐♥❣s x ❛♥❞ y✳ ❚❤❡ ♦♣❡r❛t✐♦♥ t♦ tr❛♥s❢❡r x ✐♥t♦ y ✐s✱ ✐♥❢♦r♠❛❧❧②✱ t♦ ❝✉t x ❛t ❛
♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❜r❡❛❦♣♦✐♥ts ❛♥❞ t♦ r❡♦r❞❡r ❛♥❞ ❝♦♥❝❛t❡♥❛t❡ t❤❡ r❡s✉❧t✐♥❣ ❢❛❝t♦rs
t♦ ♦❜t❛✐♥ ❡①❛❝t❧② y✳ ❚❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❢♦r♠❛❧✐③❡❞ ❜② t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♠♠♦♥
str✐♥❣ ♣❛rt✐t✐♦♥ ✭❈❙P✮✿ ❛ ♣❛rt✐t✐♦♥ P ♦❢ t✇♦ str✐♥❣s x ❛♥❞ y ✐♥t♦ ❜❧♦❝❦s x1x2 · · · xk
❛♥❞ y1y2 · · · yk ✐s ❛ ❝♦♠♠♦♥ str✐♥❣ ♣❛rt✐t✐♦♥ ✐❢ t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ M ❜❡t✇❡❡♥ {xi |
1 ≤ i ≤ k} ❛♥❞ {yi | 1 ≤ i ≤ k} s✉❝❤ t❤❛t xi ✐s t❤❡ s❛♠❡ str✐♥❣ ❛s M(xi) ❢♦r
❛❧❧ 1 ≤ i ≤ k ✭s❡❡ ❋✐❣✉r❡ ✹✳✶ ❢♦r ❛♥ ❡①❛♠♣❧❡✮✳ ❍❡r❡✐♥✱ k ✐s ❝❛❧❧❡❞ t❤❡ s✐③❡ ♦❢ t❤❡
❝♦♠♠♦♥ str✐♥❣ ♣❛rt✐t✐♦♥ P ✳ ❲❡ st✉❞② t❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛ ♠✐♥✐♠✉♠✲s✐③❡ ❈❙P✿

Pr♦❜❧❡♠ ▼✐♥✐♠✉♠ ❈♦♠♠♦♥ ❙tr✐♥❣ P❛rt✐t✐♦♥ ✭▼❈❙P✮
■♥♣✉t ❚✇♦ str✐♥❣s x ❛♥❞ y ♦❢ ❧❡♥❣t❤ n✱ ❛♥❞ ❛♥ ✐♥t❡❣❡r k
◗✉❡st✐♦♥ ■s t❤❡r❡ ❛ ❝♦♠♠♦♥ str✐♥❣ ♣❛rt✐t✐♦♥ ✭❈❙P✮ P ♦❢ s✐③❡ ❛t ♠♦st k

♦❢ x ❛♥❞ y❄

❆♥♦t❤❡r ♣♦✐♥t ♦❢ ✈✐❡✇ ❢♦r t❤❡ ♣r♦❜❧❡♠ ✐s t♦ s❡❡ ✐t ❛s ❛ ♠❛t❝❤✐♥❣ ♣r♦❜❧❡♠✳ ●✐✈❡♥
t❤❡ t✇♦ s❡q✉❡♥❝❡s x ❛♥❞ y✱ ✇❡ ❛✐♠ ❛t ♣r♦❞✉❝✐♥❣ ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♠❛r❦❡rs ♦❢
❜♦t❤ str✐♥❣s s✉❝❤ t❤❛t ♦♥❧② ♠❛r❦❡rs r❡♣r❡s❡♥t✐♥❣ t❤❡ s❛♠❡ ❧❡tt❡r ❛r❡ ♠❛t❝❤❡❞✱ ❛♥❞
t❤❛t ❛ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♣❛✐rs ♦❢ ❝♦♥s❡❝✉t✐✈❡ ♠❛r❦❡rs ❛r❡ ♠❛t❝❤❡❞ t♦ ❝♦♥s❡❝✉t✐✈❡
♠❛r❦❡rs✳ ❯s✐♥❣ ▼❈❙P ❛s ❛ ♣r❡tr❡❛t♠❡♥t ❜❡❢♦r❡ ❛♣♣❧②✐♥❣ ❢✉rt❤❡r ❛❧❣♦r✐t❤♠✱ ✐t ❣✐✈❡s
❛ ✇❛② t❤❛t ✐s ♦♣t✐♠❛❧ ✭✐♥ s♦♠❡ s❡♥s❡✮ t♦ tr❛♥s❢♦r♠ str✐♥❣s ✐♥t♦ ❞✉♣❧✐❝❛t✐♦♥✲❢r❡❡
♣❡r♠✉t❛t✐♦♥s✳ ◆♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✭✶✮ ❡❛❝❤ ♠❛r❦❡r ♠✉st ❜❡ ❝♦✈❡r❡❞ ❜②
❡①❛❝t❧② ♦♥❡ ❜❧♦❝❦ ❛♥❞ ✭✷✮ t❤❡ ♠❛t❝❤❡❞ ❜❧♦❝❦s ♠✉st ❝♦rr❡s♣♦♥❞ ♣r❡❝✐s❡❧② t♦ t❤❡ s❛♠❡
str✐♥❣✱ t❤❡ str✐♥❣s x ❛♥❞ y ♠✉st ✉s❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ♠✉❧t✐✲s❡t ♦❢ ❧❡tt❡rs ✐♥ ♦r❞❡r t♦
❤❛✈❡ ❛t ❧❡❛st ♦♥❡ ❈❙P ✭t❤❡ str✐♥❣s ♠✉st ❜❡ ❜❛❧❛♥❝❡❞✮✳ ❉✉❡ t♦ t❤✐s str♦♥❣ ❝♦♥str❛✐♥t✱
▼❈❙P ✐s ♠♦st❧② ♦❢ t❤❡♦r❡t✐❝❛❧ ✐♥t❡r❡st✱ ❛♥❞ ❛♥② ❛❧❣♦r✐t❤♠ r❡q✉✐r❡ ❛❞❛♣t❛t✐♦♥s ❜❡❢♦r❡
❜❡✐♥❣ ❛♣♣❧✐❡❞ t♦ r❛✇ ❞❛t❛✳

▼❈❙P ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❜② ❈❤❡♥ ❡t ❛❧✳ ❬✹✺❪ ❛♥❞ ❙✇❡♥s♦♥ ❡t ❛❧✳ ❬✶✶✽❪
✭✇❤♦ ❝❛❧❧ t❤❡ ♣r♦❜❧❡♠ ❙❡q✉❡♥❝❡ ❈♦✈❡r✮✳ ▼❈❙P ✐s ◆P✲❤❛r❞ ❛♥❞ ❆P❳✲❤❛r❞ ❡✈❡♥
✇❤❡♥ ❡❛❝❤ ❧❡tt❡r ♦❝❝✉rs ❛t ♠♦st t✇✐❝❡ ❬✼✺❪✳ ❉❛♠❛s❝❤❦❡ ❬✻✶❪ ✐♥✐t✐❛t❡❞ t❤❡ st✉❞② ♦❢
▼❈❙P ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❛r❛♠❡t❡r✐③❡❞ ❛❧❣♦r✐t❤♠✐❝s ❜② s❤♦✇✐♥❣ t❤❛t ▼❈❙P ✐s ✜①❡❞✲
♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♠❜✐♥❡❞ ♣❛r❛♠❡t❡r ✏♣❛rt✐t✐♦♥ s✐③❡ k ❛♥❞
r❡♣❡t✐t✐♦♥ ♥✉♠❜❡r r ♦❢ t❤❡ ✐♥♣✉t str✐♥❣s✑✳ ❙✉❜s❡q✉❡♥t❧②✱ ❏✐❛♥❣ ❡t ❛❧✳ ❬✽✾❪ s❤♦✇❡❞
t❤❛t ▼❈❙P ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ (d!)k ·poly(n) t✐♠❡✱ ✇❤❡r❡ d ✐s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢
♦❝❝✉rr❡♥❝❡s ♦❢ ❛♥② ❧❡tt❡r ✐♥ ❡✐t❤❡r ✐♥♣✉t str✐♥❣✳ ▼❈❙P ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ 2n · poly(n)
t✐♠❡ ❬✼✵❪✳ ❆ ❣r❡❡❞② ❤❡✉r✐st✐❝ ❢♦r ▼❈❙P ✇❛s ♣r❡s❡♥t❡❞ ❜② ❙❤❛♣✐r❛ ❛♥❞ ❙t♦r❡r ❬✶✶✼❪✳
■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛♥s✇❡r ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ❬✻✶✱ ✼✵✱ ✽✾❪ ❜② s❤♦✇✐♥❣ t❤❛t ▼❈❙P
✐s ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ ✇❤❡♥ ♣❛r❛♠❡t❡r✐③❡❞ ♦♥❧② ❜② k✱ t❤❛t ✐s✱ ✇❡ ♣r❡s❡♥t ❛♥
❛❧❣♦r✐t❤♠ ✇✐t❤ r✉♥♥✐♥❣ t✐♠❡ f(k) · poly(n)✳

❇❛s✐❝ ◆♦t❛t✐♦♥✳ ❆ ♠❛r❦❡r ✐s ❛♥ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ❧❡tt❡r ❛t ❛ s♣❡❝✐✜❝ ♣♦s✐t✐♦♥ ✐♥ ❛
str✐♥❣❀ ✇❡ ❞❡♥♦t❡ t❤❡ ♠❛r❦❡r ❛t ♣♦s✐t✐♦♥ i ✐♥ ❛ str✐♥❣ x ❜② x[i]✳ ❋♦r ❛❧❧ i✱ 1 ≤ i < n✱
t❤❡ ♠❛r❦❡rs x[i] ❛♥❞ x[i + 1] ❛r❡ ❝❛❧❧❡❞ ❝♦♥s❡❝✉t✐✈❡✳ ❆♥ ❛❞❥❛❝❡♥❝② ✐s ❛ ♣❛✐r ♦❢
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❝♦♥s❡❝✉t✐✈❡ ♠❛r❦❡rs✳ ❆ ❢❛❝t♦r ✐s ❛ s❡t ♦❢ ❝♦♥s❡❝✉t✐✈❡ ♠❛r❦❡rs✱ t❤❛t ✐s✱ ❛ ❢❛❝t♦r ✐s ❛
s❡t {x[i], x[i+1], . . . , x[j]} ❢♦r s♦♠❡ i ≤ j✳ ❲❡ ✇r✐t❡ [a, b] t♦ ❞❡♥♦t❡ t❤❡ ❢❛❝t♦r ✇❤♦s❡
✜rst ♠❛r❦❡r ✐s a ❛♥❞ ✇❤♦s❡ ❧❛st ♠❛r❦❡r ✐s b✳ ❚❤❡ ❧❡♥❣t❤ ‖I‖ ♦❢ ❛ ❢❛❝t♦r I ✐s t❤❡
♥✉♠❜❡r ♦❢ ♠❛r❦❡rs ✐t ❝♦♥t❛✐♥s✳ ●✐✈❡♥ t✇♦ ♠❛r❦❡rs a ❛♥❞ b ✐♥ t❤❡ s❛♠❡ str✐♥❣ x✱ ✇❡
✇r✐t❡ ab t♦ ❞❡♥♦t❡ t❤❡ s✐❣♥❡❞ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ a ❛♥❞ b✱ t❤❛t ✐s✱ ab = ‖[a, b]‖− 1 ✐❢ a
❛♣♣❡❛rs ❜❡❢♦r❡ b ✐♥ x✱ ❛♥❞ ab = −‖[b, a]‖+ 1✱ ♦t❤❡r✇✐s❡✳ ●✐✈❡♥ t✇♦ ❢❛❝t♦rs s ❛♥❞ t✱
✇❡ ✇r✐t❡ s ≡ t ✐❢ t❤❡② r❡♣r❡s❡♥t t❤❡ s❛♠❡ str✐♥❣ ♦❢ ❧❡tt❡rs ✭✐❢ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡
❝♦♥t❡♥ts✮ ❛♥❞ s = t ✐❢ t❤❡② ❛r❡ t❤❡ s❛♠❡ ❢❛❝t♦r✱ t❤❛t ✐s✱ t❤❡② st❛rt ❛♥❞ ❡♥❞ ❛t t❤❡
s❛♠❡ ♣♦s✐t✐♦♥ ✐♥ t❤❡ s❛♠❡ str✐♥❣✳ ❙✐♠✐❧❛r❧②✱ ❢♦r t✇♦ ♠❛r❦❡rs a ❛♥❞ b ✇❡ ✇r✐t❡ a ≡ b
✐❢ t❤❡✐r ❧❡tt❡rs ❛r❡ t❤❡ s❛♠❡✱ ❛♥❞ a = b ✐❢ t❤❡ ♠❛r❦❡rs ❛r❡ ✐❞❡♥t✐❝❛❧✳ ❲❡ s❛② t❤❛t ❛
str✐♥❣ s ❤❛s ♣❡r✐♦❞ π ✐❢ s = ρπiτ ✱ ✇❤❡r❡ i ≥ 1✱ ρ ✐s ❛ ✭♣♦ss✐❜❧② ❡♠♣t②✮ s✉✣① ♦❢ π✱
❛♥❞ τ ✐s ❛ ✭♣♦ss✐❜❧② ❡♠♣t②✮ ♣r❡✜① ♦❢ π✳ ❲✐t❤♦✉t ♠♦r❡ ♣r❡❝✐s✐♦♥✱ t❤❡ ♣❡r✐♦❞ ♦❢ ❛
str✐♥❣ s r❡❢❡rs t♦ ❛♥② ♦❢ ✐ts s❤♦rt❡st ♣❡r✐♦❞s✳ ❲❡ ❞❡✜♥❡ ♦✛s❡t ♦♣❡r❛t♦rs ⊲ ❛♥❞ ⊳✿
❋♦r ❡❛❝❤ ♠❛r❦❡r e ❛♥❞ ✐♥t❡❣❡r d✱ e′ = e ⊲ d ✐s t❤❡ ♠❛r❦❡r s✉❝❤ t❤❛t ee′ = d✱ ❛♥❞
e ⊳ d = e ⊲ (−d)✳

✹✳✶ ❋✉♥❞❛♠❡♥t❛❧ ❉❡✜♥✐t✐♦♥s ❛♥❞ ❆❧❣♦r✐t❤♠ ❖✉t❧✐♥❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst ♣r❡s❡♥t t❤❡ ♠♦st ❢✉♥❞❛♠❡♥t❛❧ ❞❡✜♥✐t✐♦♥s ✉s❡❞ ❜② ♦✉r
❛❧❣♦r✐t❤♠✳ ❲❡ t❤❡♥ ❞r❛✇ ❛ ❣❡♥❡r❛❧ ♦✉t❧✐♥❡ ♦❢ ✐ts ♠❛✐♥ ♠❡t❤♦❞✳

✹✳✶✳✶ ❉❡✜♥✐t✐♦♥s

▲❡t P = {x1x2 . . . xℓ; y1y2 . . . yℓ;M} ❜❡ ❛ ❈❙P ♦❢ str✐♥❣s x ❛♥❞ y✳ ❆ ❜r❡❛❦♣♦✐♥t
♦❢ P ✐s ❛♥ ❛❞❥❛❝❡♥❝② ✐♥ x ✭♦r y✮ t❤❛t ❝♦♥t❛✐♥s t❤❡ ❧❛st ♠❛r❦❡r ♦❢ s♦♠❡ ❜❧♦❝❦ xi
✭yi✮ ❛♥❞ t❤❡ ✜rst ♠❛r❦❡r ♦❢ t❤❡ ♥❡①t ❜❧♦❝❦ xi+1 ✭yi+1✮✳ ❲❡ s❛② t❤❛t P ♠❛t❝❤❡s t✇♦
❜❧♦❝❦s xi ❛♥❞ yj ✐❢ M(xi) = yj✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s❛② t❤❛t P ♠❛t❝❤❡s t✇♦ ♠❛r❦❡rs a
❛♥❞ b ✐❢ a ❛♥❞ b ❛r❡ ❛t t❤❡ s❛♠❡ ♣♦s✐t✐♦♥ ✐♥ ♠❛t❝❤❡❞ ❜❧♦❝❦s✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
❛ ❈❙P✱ t❤✐s ✐♠♣❧✐❡s a ≡ b✳

❚❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ♦♥ s✉❜❞✐✈✐s✐♦♥s ♦❢ ❜♦t❤ str✐♥❣s ✐♥t♦ s❤♦rt❡r ♣❛rts✳ ❚❤❡s❡
s✉❜❞✐✈✐s✐♦♥s ❛r❡ ❢♦r♠❛❧✐③❡❞ ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✹✳✶ ✭❙♣❧✐tt✐♥❣✮✳ ❆ s♣❧✐tt✐♥❣ ♦❢ ❛ str✐♥❣ ✭♦r ❛ ❢❛❝t♦r✮ z ✐s ❛ ❧✐st ♦❢ ❢❛❝t♦rs
[a1, b1]✱ [a2, b2]✱ ✳ ✳ ✳ ✱ [am, bm]✱ ❡❛❝❤ ♦❢ ❧❡♥❣t❤ ❛t ❧❡❛st t✇♦✱ ❝❛❧❧❡❞ ♣✐❡❝❡s s✉❝❤ t❤❛t
a1 = z[1]✱ aj+1 = bj ❢♦r ❛❧❧ j < m✱ ❛♥❞ bm = z[‖z‖]✳

■♥❢♦r♠❛❧❧②✱ ❛ s♣❧✐tt✐♥❣ ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❛❞❥❛❝❡♥❝✐❡s ♦❢ ❛ str✐♥❣ ✭♦r ❛ ❢❛❝t♦r✮
s✉❝❤ t❤❛t ❡❛❝❤ ♣❛rt ❝♦♥t❛✐♥s ♦♥❧② ❝♦♥s❡❝✉t✐✈❡ ❛❞❥❛❝❡♥❝✐❡s✳

❚❤❡ str❛t❡❣② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t♦ ✐♥❢❡r ♠♦r❡ ❛♥❞ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛♥
♦♣t✐♠❛❧ ❈❙P✳ ❚♦ ♣✉t ✐t ❛♥♦t❤❡r ✇❛②✱ ✐t ♠❛❦❡s ♠♦r❡ ❛♥❞ ♠♦r❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡
❈❙P t❤❛t ✐t tr✐❡s t♦ ❝♦♥str✉❝t✳ ❚♦ t❤✐s ❡♥❞✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❛♥♥♦t❛t❡ s♣❧✐tt✐♥❣s
❛s ❢♦❧❧♦✇s✿ ❛ ♣✐❡❝❡ ✐s ❝❛❧❧❡❞ ❢r❛❣✐❧❡ ✐❢ ✐t ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❜r❡❛❦♣♦✐♥t✱ ❛♥❞ s♦❧✐❞ ✐❢

❛❜❛❜❝❞ ❛❜❛❞❝❜❜❛❛ ❜❛❜❛❜ ❛❜❛❜❛

❛❜❛❜❝❞❛❜❛❞❝❜❜❛❛❜❛❜❛❜❛❜❛❜❛

❋✐❣✉r❡ ✹✳✶✿ ❆♥ ✐♥st❛♥❝❡ ♦❢ ▼❈❙P ✇✐t❤ ❛ ❝♦♠♠♦♥ str✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ s✐③❡ ❢♦✉r✳
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✐t ❝♦♥t❛✐♥s ♥♦ ❜r❡❛❦♣♦✐♥t✳ ❚♦ s✐♠♣❧✐❢② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ ❛❧❣♦r✐t❤♠ s♦♠❡t✐♠❡s
♠❡r❣❡s ❝♦♥s❡❝✉t✐✈❡ ♣✐❡❝❡s [ai, bi] ❛♥❞ [ai+1, bi+1] ✭✇❤❡r❡ bi = ai+1✮ ✐♥t♦ ♦♥❡✱ t❤❛t ✐s✱
✐t r❡♠♦✈❡s [ai, bi] ❛♥❞ [ai+1, bi+1] ❢r♦♠ s♦♠❡ s♣❧✐tt✐♥❣ ❛♥❞ ❛❞❞s t❤❡ ❢❛❝t♦r [ai, bi+1] t♦
t❤✐s s♣❧✐tt✐♥❣✳

❚♦ ❢✉rt❤❡r r❡str✐❝t t❤❡ ❈❙P✱ t❤❡ ❛❧❣♦r✐t❤♠ ✜♥❞s ♣❛✐rs ♦❢ s♦❧✐❞ ♣✐❡❝❡s ✐♥ x ❛♥❞ y
t❤❛t ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❜❧♦❝❦s t❤❛t ❛r❡ ♠❛t❝❤❡❞ ❜② t❤❡ ❈❙P✳ ❆❝❝♦r❞✐♥❣❧②✱ ❛ ♣❛✐r ♦❢
s♦❧✐❞ ♣✐❡❝❡s s ✐♥ x ❛♥❞ t ✐♥ y ✐s ❝❛❧❧❡❞ ♠❛t❝❤❡❞ ✐♥ ❛ ❈❙P P ✐❢ s ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❜❧♦❝❦
♦❢ P t❤❛t ✐s ♠❛t❝❤❡❞ t♦ ❛ ❜❧♦❝❦ t❤❛t ❝♦♥t❛✐♥s t✳ ◆♦t❡ t❤❛t ♠❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡s ♠❛②
❝♦rr❡s♣♦♥❞ t♦ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡✐r ❜❧♦❝❦s✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ♣✐❡❝❡ ♠❛② ❝♦♥t❛✐♥
t❤❡ ✜rst ♠❛r❦❡r ❜✉t ♥♦t t❤❡ ❧❛st ♠❛r❦❡r ♦❢ ✐ts ❜❧♦❝❦ ✐♥ x ❛♥❞ ✐t ❝❛♥ ❜❡ ♠❛t❝❤❡❞ t♦
❛ s♦❧✐❞ ♣✐❡❝❡ t❤❛t ❝♦♥t❛✐♥s t❤❡ ❧❛st ❜✉t ♥♦t t❤❡ ✜rst ♠❛r❦❡r ♦❢ ✐ts ❜❧♦❝❦ ✐♥ y✳ ❍❡♥❝❡✱
✇❤❡♥ ❧♦♦❦✐♥❣ ❛t t❤❡ t✇♦ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ t❤❡ ♣✐❡❝❡s✱ t❤❡r❡ ❝❛♥ ❜❡ ❛ ✏s❤✐❢t✑ ❜❡t✇❡❡♥
t❤❡ ♠❛t❝❤❡❞ ♣✐❡❝❡s✳ ❲❡ ❢♦r♠❛❧✐③❡ t❤✐s ❛s ❢♦❧❧♦✇s✱ s❡❡ ❋✐❣✳ ✹✳✷ ✭❧❡❢t✮ ❢♦r ❛♥ ❡①❛♠♣❧❡✳

❉❡✜♥✐t✐♦♥ ✹✳✷ ✭❆❧✐❣♥♠❡♥t✮✳ ▲❡t [a, b] ❜❡ ❛ ♣✐❡❝❡ ♦❢ ❛ s♣❧✐tt✐♥❣ ♦❢ x ❛♥❞ [c, d] ❜❡ ❛
♣✐❡❝❡ ♦❢ ❛ s♣❧✐tt✐♥❣ ♦❢ y✳ ❚❤❡ ❛❧✐❣♥♠❡♥t ♦❢ [a, b] ❛♥❞ [c, d] ♦❢ s❤✐❢t δ ✐s t❤❡ ♣❛✐r ♦❢
r❡❢❡r❡♥❝❡ ♠❛r❦❡rs a ❛♥❞ c ⊲ δ✱ ✇❤❡r❡

✕ (−ab) ≤ δ ≤ cd✱
✕ [a, b] ≡ [c ⊲ δ, c ⊲ (ab+ δ)] ❛♥❞ [c, d] ≡ [a ⊲ (−δ), a ⊲ (cd− δ)]✳

❍❡♥❝❡✱ ❛♥ ❛❧✐❣♥♠❡♥t ✜①❡s ❤♦✇ t❤❡ ❢❛❝t♦r [a, b] ✐s s❤✐❢t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ [c, d] ✐♥
t❤❡ ♠❛t❝❤❡❞ ❜❧♦❝❦s t❤❛t ❝♦♥t❛✐♥ t❤❡ ❢❛❝t♦rs✳ ❚❤❛t ✐s✱ ✐❢ [a, b] st❛rts ❛t ♣♦s✐t✐♦♥ j ✐♥
✐ts ❜❧♦❝❦✱ t❤❡♥ [c, d] st❛rts ❛t ♣♦s✐t✐♦♥ j − δ✳ ❋♦r ♠❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡s✱ ❛♥ ❛❧✐❣♥♠❡♥t
t❤✉s ✜①❡s ✇❤✐❝❤ ♠❛r❦❡rs ❛r❡ ♠❛t❝❤❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② t❤❡ ❈❙P✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
♠❛r❦❡r a ✐s ♠❛t❝❤❡❞ t♦ c ⊲ δ ❛♥❞ c ✐s ♠❛t❝❤❡❞ t♦ a ⊳ δ✳ ◆♦t❡ t❤❛t t❤❡ ♠❛①✐♠✉♠
❛♥❞ ♠✐♥✐♠✉♠ ✈❛❧✉❡s ❛❧❧♦✇❡❞ ❢♦r δ ❡♥s✉r❡ t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ♠❛r❦❡r ✐♥ [a, b]
t❤❛t ✐s ♠❛t❝❤❡❞ t♦ ❛ ♠❛r❦❡r ✐♥ [c, d] ❜② ❛ ❈❙P ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s ❛❧✐❣♥♠❡♥t✳ ❚❤❡
❛❧❣♦r✐t❤♠ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r s✉❝❤ ❛❧✐❣♥♠❡♥ts ❜❡t✇❡❡♥ ♠❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡s✳ ❚❤❡
s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✈❡r✐✜❡s t❤❛t ❛❧❧ ♣❛✐rs ♦❢ ♠❛t❝❤❡❞ ♠❛r❦❡rs ✐♥❞❡❡❞ ❝♦rr❡s♣♦♥❞ t♦
t❤❡ s❛♠❡ ❧❡tt❡r✳ ❈❧❡❛r❧②✱ t❤✐s r❡str✐❝t✐♦♥ ✐s ❢✉❧✜❧❧❡❞ ❜② ❡✈❡r② ❈❙P t❤❛t ❞♦❡s ♥♦t
♣✉t ❜r❡❛❦♣♦✐♥ts ✐♥ t❤❡ s♦❧✐❞ ♣✐❡❝❡s [a, b] ❛♥❞ [c, d]✳ ❆ ♣❛✐r ♦❢ ♠❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡s ✐s
❝❛❧❧❡❞ ✜①❡❞ ✐❢ ✐t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❛❧✐❣♥♠❡♥t ✭❡q✉✐✈❛❧❡♥t❧②✱ ✇✐t❤ ❛ ♣❛✐r ♦❢ r❡❢❡r❡♥❝❡
♠❛r❦❡rs✮ ❛♥❞ r❡♣❡t✐t✐✈❡ ♦t❤❡r✇✐s❡ ✭t❤❡ r❡❛s♦♥ ❢♦r ❝❤♦♦s✐♥❣ t❤✐s t❡r♠ ✇✐❧❧ ❜❡ ❣✐✈❡♥
❜❡❧♦✇✮✳ ❋♦r ❛ ✜①❡❞ s♦❧✐❞ ♣✐❡❝❡ s✱ ✇❡ ✉s❡ s∗ ❛s s❤♦rt❤❛♥❞ ❢♦r t❤❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞
r❡❢❡r❡♥❝❡ ♠❛r❦❡r ♦❢ t❤❡ ❛❧✐❣♥♠❡♥t ♦❢ s ✇❤✐❝❤ ✐s ✐♥ t❤❡ s❛♠❡ str✐♥❣ ❛s s✳

❚❤❡s❡ r❡str✐❝t✐♦♥s ♦♥ ❛ ♣♦ss✐❜❧❡ ❈❙P ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts✱
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✱ s❡❡ ❋✐❣✳ ✹✳✷ ✭r✐❣❤t✮ ❢♦r ❛♥ ❡①❛♠♣❧❡✳

❉❡✜♥✐t✐♦♥ ✹✳✸ ✭❈♦♥str❛✐♥t✮✳ ❆ ❝♦♥str❛✐♥t C ✐s ❛ t✉♣❧❡ (S, F,M,RS) s✉❝❤ t❤❛t✿
✕ S ✐s ❛ s❡t ♦❢ s♦❧✐❞ ♣✐❡❝❡s✳ ▲❡t Sx ✭Sy✮ ❞❡♥♦t❡ t❤❡ ♣✐❡❝❡s ♦❢ S ❢r♦♠ x ✭y✮✳
✕ F ✐s ❛ s❡t ♦❢ ❢r❛❣✐❧❡ ♣✐❡❝❡s✳ ▲❡t Fx ✭Fy✮ ❞❡♥♦t❡ t❤❡ ♣✐❡❝❡s ♦❢ F ❢r♦♠ x ✭y✮✳
✕ ❚❤❡ ♣✐❡❝❡s ♦❢ Sx ∪ Fx ✭Sy ∪ Fy✮ ❢♦r♠ ❛ s♣❧✐tt✐♥❣ ♦❢ x ✭y✮ ✐♥ ✇❤✐❝❤ s♦❧✐❞ ❛♥❞

❢r❛❣✐❧❡ ♣✐❡❝❡s ❛❧t❡r♥❛t❡✳
✕ M : Sx → Sy ✐s ❛ ♠❛t❝❤✐♥❣✱ t❤❛t ✐s✱ ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ Sx ❛♥❞ Sy✳ ❆s

s❤♦rt❤❛♥❞✱ ✇❡ ✇r✐t❡ s′ =M(s) ✐❢ s ∈ Sx ❛♥❞ s′ =M−1(s) ✐❢ s ∈ Sy✳
✕ RS ✐s ❛ s❡t ♦❢ ❛❧✐❣♥♠❡♥ts t❤❛t ❝♦♥t❛✐♥s ❢♦r ❡❛❝❤ ♠❛t❝❤❡❞ ♣❛✐r ♦❢ s♦❧✐❞ ♣✐❡❝❡s

❛t ♠♦st ♦♥❡ ❛❧✐❣♥♠❡♥t✳

❖✉r ❛❧❣♦r✐t❤♠ ✇✐❧❧ s❡❛r❝❤ ❢♦r ❈❙Ps t❤❛t s❛t✐s❢② s✉❝❤ ❝♦♥str❛✐♥ts✳

❉❡✜♥✐t✐♦♥ ✹✳✹ ✭❙❛t✐s❢②✮✳ ❆ ❈❙P P s❛t✐s✜❡s t❤❡ ❝♦♥str❛✐♥t C = (S, F,M,RS) ✐❢✿
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❋✐❣✉r❡ ✹✳✷✿ ▲❡❢t✿ ❊①❛♠♣❧❡ ♦❢ ❛❧✐❣♥♠❡♥t ❜❡t✇❡❡♥ t✇♦ ♣✐❡❝❡s s ❛♥❞ s′✳ ❘❡❢❡r❡♥❝❡
♠❛r❦❡rs ❛r❡ ♠❛r❦❡❞ ✇✐t❤ ❛ st❛r✱ t❤❡ s❤✐❢t ✐s ✷✳ ■♥t❡r✈❛❧s ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❝♦♥t❡♥t ❛s
t❤❡ ♣✐❡❝❡s ❛❝❝♦r❞✐♥❣ t♦ t❤✐s ❛❧✐❣♥♠❡♥t ❛r❡ ♠❛r❦❡❞ ✐♥ ❣r❛②✳ ◆♦t❡ t❤❛t t❤❡r❡ ❛❧s♦ ❡①✐sts
❛♥ ❛❧✐❣♥♠❡♥t ♦❢ s❤✐❢t −3✱ ✇❤❡r❡ t❤❡ r❡❢❡r❡♥❝❡ ♠❛r❦❡r ✐♥ y ✐s t❤❡ ✜rst ♦❝❝✉rr❡♥❝❡ ♦❢
a✳ ❘✐❣❤t✿ ❆ ❝♦♥str❛✐♥t ✇✐t❤ t❤r❡❡ ♣❛✐rs ♦❢ s♦❧✐❞ ♣✐❡❝❡s ✐❧❧✉str❛t❡❞ ❜② ❜♦①❡s✳ ❚✇♦
♦❢ t❤❡s❡ ♣❛✐rs ❛r❡ ✜①❡❞ ❛♥❞ ♦♥❡ ✐s r❡♣❡t✐t✐✈❡ ✭r❡♣✮✳ ▼❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡s ❛r❡ ❧✐♥❦❡❞
✇✐t❤ ❡❞❣❡s✳ ❚❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s ✭r❡❞ ❛♥❞ ❞❛s❤❡❞ ❧✐♥❡s✮ ❝♦♥t❛✐♥ t❤❡ ❜r❡❛❦♣♦✐♥ts ✭r❡❞
❝r♦ss❡s✮ ♦❢ ❛ s✐③❡✲✺ ❈❙P s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥str❛✐♥t✳

✶✳ ❆❧❧ ❜r❡❛❦♣♦✐♥ts ♦❢ P ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❢r❛❣✐❧❡ ♣✐❡❝❡s✳

✷✳ ❊❛❝❤ ❢r❛❣✐❧❡ ♣✐❡❝❡ ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❜r❡❛❦♣♦✐♥t ❢r♦♠ P✳

✸✳ ▼❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡s ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ♠❛t❝❤❡❞ ❜❧♦❝❦s ✐♥ P✳

✹✳ ■❢ s ✐s ❛ ✜①❡❞ s♦❧✐❞ ♣✐❡❝❡✱ t❤❡♥ ♠❛r❦❡rs s∗ ❛♥❞ s′∗ ❛r❡ ♠❛t❝❤❡❞ ✐♥ P✳

✺✳ ■❢ s ✐s ❛ r❡♣❡t✐t✐✈❡ s♦❧✐❞ ♣✐❡❝❡✱ t❤❡♥ s✱ s′ ❛♥❞ t❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ t❤❡♠ ✐♥ P
❛❧❧ ❤❛✈❡ t❤❡ s❛♠❡ s❤♦rt❡st ♣❡r✐♦❞✳

❊q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥s ♦❢ ❈♦♥❞✐t✐♦♥s ✶ ❛♥❞ ✷ ❛r❡ t❤❛t ✭✶✬✮ ❛❧❧ s♦❧✐❞ ♣✐❡❝❡s ❛r❡
❝♦♥t❛✐♥❡❞ ✐♥ ❜❧♦❝❦s ♦❢ P ✱ ❛♥❞ ✭✷✬✮ ❞✐✛❡r❡♥t s♦❧✐❞ ♣✐❡❝❡s ✐♥ t❤❡ s❛♠❡ str✐♥❣ ❛r❡ ✐♥
❞✐✛❡r❡♥t ❜❧♦❝❦s✳ ●✐✈❡♥ ❛ ❈❙P P t❤❛t s❛t✐s✜❡s ❛ ❝♦♥str❛✐♥t C✱ ✇❡ ❝❛❧❧ ❛ ❜❧♦❝❦ s❤♦rt✱
♦r ✉♥❞✐s❝♦✈❡r❡❞ ❜② C✱ ✐❢ ✐t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ s♦❧✐❞ ♣✐❡❝❡ ✭❡q✉✐✈❛❧❡♥t❧②✱ ✐❢ ✐t ✐s ❝♦♥t❛✐♥❡❞
✐♥ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡✮✳ ❚❤❡ ♦t❤❡r ❜❧♦❝❦s ❛r❡ ❝❛❧❧❡❞ ❧♦♥❣ ♦r ❞✐s❝♦✈❡r❡❞ ❜② C✳

❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥ t❤❛t ❝♦♥❝❡r♥s r❡❢❡r❡♥❝❡ ♠❛r❦❡rs ❛♥❞
✜①❡❞ s♦❧✐❞ ♣✐❡❝❡s✳

❉❡✜♥✐t✐♦♥ ✹✳✺ ✭❊q✉✐❞✐st❛♥t✮✳ ▲❡t s ❛♥❞ s′ ❜❡ ✜①❡❞ ♠❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡s ✐♥ x ❛♥❞ y✳
❚✇♦ ♠❛r❦❡rs a ✐♥ x ❛♥❞ b ✐♥ y ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s ✐❢ s∗a = s′∗b✳ ❙✐♠✐❧❛r❧②✱ t✇♦
❢❛❝t♦rs [a, b] ✐♥ x ❛♥❞ [c, d] ✐♥ y ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s ✐❢ a ❛♥❞ c ❛r❡ ❡q✉✐❞✐st❛♥t
❢r♦♠ s ❛♥❞ b ❛♥❞ d ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s✳

❲❡ ✇✐❧❧ ✉s❡ t❤✐s ♥♦t❛t✐♦♥ t♦ t❛❧❦ ❛❜♦✉t t❤❡ ✏❧♦❝❛❧ ❡♥✈✐r♦♥♠❡♥t✑ ♦❢ t❤❡ r❡❢❡r❡♥❝❡
♠❛r❦❡rs ✐♥ ❜♦t❤ str✐♥❣s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇✐t❤ t❤✐s ♥♦t❛t✐♦♥ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② ✭s❡ts ♦❢✮
♠❛r❦❡rs t❤❛t ❛r❡ ♠❛t❝❤❡❞ t♦ ❡❛❝❤ ♦t❤❡r ✐❢ t❤❡② ❛r❡ ❜♦t❤ ✐♥ t❤❡ s❛♠❡ ❜❧♦❝❦ ❛s t❤❡
r❡❢❡r❡♥❝❡ ♠❛r❦❡rs✳

✹✳✶✳✷ ❆♥ ❖✉t❧✐♥❡ ♦❢ t❤❡ ❆❧❣♦r✐t❤♠

❲❡ ♥♦✇ ❣✐✈❡ ❛ ❤✐❣❤✲❧❡✈❡❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠❀ t❤❡
♣s❡✉❞♦✲❝♦❞❡ ♦❢ t❤❡ ♠❛✐♥ ❛❧❣♦r✐t❤♠ ❧♦♦♣ ✐s s❤♦✇♥ ✐♥ ❆❧❣♦r✐t❤♠ ✹✳✶✳ ✶ ❋♦r t❤❡ ❞✐s✲
❝✉ss✐♦♥✱ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥st❛♥❝❡ ✐s ❛ ②❡s✲✐♥st❛♥❝❡✱ t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts ❛ ❈❙P P ♦❢
s✐③❡ k✳ ❙✐♥❝❡ ✇❡ ❝❛♥ ❝❤❡❝❦ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ t❤❡ s✐③❡ ❛♥❞ ❝♦rr❡❝t♥❡ss ♦❢ ❛♥② ❈❙P
❜❡❢♦r❡ ♦✉t♣✉tt✐♥❣ ✐t✱ ✇❡ ❝❛♥ s❛❢❡❧② ❛ss✉♠❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❣✐✈❡s ♥♦ ♦✉t♣✉t ❢♦r

✶✳ P❛rts ♦❢ t❤✐s ❛❧❣♦r✐t❤♠✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ s♣❧✐t ♣r♦❝❡❞✉r❡ ❢♦❧❧♦✇ s♦♠❡✇❤❛t t❤❡ ❛♣♣r♦❛❝❤ ♦❢
❉❛♠❛s❝❤❦❡ ❬✻✶❪✳
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❆❧❣♦r✐t❤♠ ✹✳✶ ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r ▼❈❙P(x, y, k) ✭♠❛✐♥ ❧♦♦♣✮✳

✶✿ Π← {i ∈ N | i < n ∧ ∃j ∈ N : 2j = i}
✷✿ C ← {S ← ∅, F ← {[x[1], x[n]], [y[1], y[n]]},M ← ∅, RS ← ∅}

✴✴ ✐♥✐t✐❛❧❧② ♦♥❧② t✇♦ ❢r❛❣✐❧❡ ♣✐❡❝❡s
✸✿ ❢♦r ❡❛❝❤ Π′ ⊆ Π ✇✐t❤ maxΠ′ ≥ ⌈n/2k⌉ ∧ |Π′| ≤ k ✿

✹✿ β ← maxΠ′❀ Π′ ← Π′ ∪ {0} − {β} ✴✴ ✷✲❛♣♣r♦①✳ ❧❡♥❣t❤ ♦❢ ❧♦♥❣❡st ❜❧♦❝❦
✺✿ r❡♣❡❛t ✉♥t✐❧ β < 4 ✿

✻✿ s♣❧✐t ✴✴ ❞✐s❝♦✈❡r ❜❧♦❝❦s ♦❢ ❧❡♥❣t❤ ❛t ❧❡❛st β
✼✿ β ← maxΠ′❀ Π′ ← Π′ − {β} ✴✴ ✉♣❞❛t❡ ❧❡♥❣t❤ ♦❢ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦s
✽✿ ❢r❛♠❡s ✴✴ r❡❞✉❝❡ ❧❡♥❣t❤ ♦❢ ❢r❛❣✐❧❡ ♣✐❡❝❡s
✾✿ ❜r❛♥❝❤ ✐♥t♦ ❛❧❧ ❝❛s❡s t♦ s❡t ❜r❡❛❦♣♦✐♥ts ✇✐t❤✐♥ ❢r❛❣✐❧❡ ♣✐❡❝❡s

✶✵✿ ✐❢ t❤❡ r❡s✉❧t✐♥❣ str✐♥❣ ♣❛rt✐t✐♦♥ P ✐s ❛ s✐③❡✲k ❈❙P ✿ ♦✉t♣✉t P

♥♦✲✐♥st❛♥❝❡s❀ ❤❡♥❝❡ t❤❡ ❢♦❝✉s ♦♥ ②❡s✲✐♥st❛♥❝❡s✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❣r❛❞✉❛❧❧② ❡①t❡♥❞s ❛
❝♦♥str❛✐♥t t❤❛t ✐s s❛t✐s✜❡❞ ❜② ❛ s♦❧✉t✐♦♥ P ❛♥❞ ♦✉t♣✉ts P ❡✈❡♥t✉❛❧❧②✳ ■♥✐t✐❛❧❧②✱ t❤❡
❝♦♥str❛✐♥t ❝♦♥s✐sts s♦❧❡❧② ♦❢ t✇♦ ❢r❛❣✐❧❡ ♣✐❡❝❡s✱ ♦♥❡ ❝♦♥t❛✐♥✐♥❣ ❛❧❧ ♦❢ x ❛♥❞ ♦♥❡ ❛❧❧
♦❢ y✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥♣✉t str✐♥❣s ❛r❡ ♥♦t ✐❞❡♥t✐❝❛❧✳ ❍❡♥❝❡✱ ❡✈❡r② ❈❙P ❤❛s ❛t
❧❡❛st ♦♥❡ ❜r❡❛❦♣♦✐♥t ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥str❛✐♥t ✐s t❤✉s s❛t✐s✜❡❞ ❜② ❡✈❡r② s✐③❡✲k ❈❙P✳

❚❤❡ ❛❧❣♦r✐t❤♠ ♥♦✇ ❛✐♠s ❛t ❞✐s❝♦✈❡r✐♥❣ t❤❡ ❜❧♦❝❦s ♦❢ P s✉❝❝❡ss✐✈❡❧②✱ ❢r♦♠ t❤❡
❧♦♥❣❡st t♦ t❤❡ s❤♦rt❡st✳ ❘❡❝❛❧❧ t❤❛t ❛ ❜❧♦❝❦ ✐s ❝❛❧❧❡❞ ❞✐s❝♦✈❡r❡❞ ❜② ❛ ❝♦♥str❛✐♥t C ✐❢
t❤❡r❡ ✐s ❛ s♦❧✐❞ ♣✐❡❝❡ ✐♥ C t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s ❜❧♦❝❦✳ ❚♦ ❡①❡❝✉t❡ t❤❡ str❛t❡❣② ♦❢
✜♥❞✐♥❣ s❤♦rt❡r ❛♥❞ s❤♦rt❡r ❜❧♦❝❦s✱ t❤❡ ❛❧❣♦r✐t❤♠ ♥❡❡❞s s♦♠❡ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡
❛♣♣r♦①✐♠❛t❡ ✭❜② ❛ ❢❛❝t♦r ♦❢ ✷✮ ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ✐♥ P ✳ ❚♦ t❤✐s
❡♥❞✱ t❤❡ ❛❧❣♦r✐t❤♠ ❦❡❡♣s ❛♥❞ ✉♣❞❛t❡s ❛♥ ✐♥t❡❣❡r ✈❛r✐❛❜❧❡ β ✇❤✐❝❤ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣
❝❡♥tr❛❧ ♣r♦♣❡rt②✿ ❲❤❡♥❡✈❡r t❤❡r❡ ✐s ❛ s✐③❡✲k ❈❙P s❛t✐s❢②✐♥❣ t❤❡ ❝✉rr❡♥t ❝♦♥str❛✐♥t✱
t❤❡♥ t❤❡r❡ ✐s ✐♥ ♣❛rt✐❝✉❧❛r ♦♥❡ s✐③❡✲k ❈❙P P s✉❝❤ t❤❛t

✶✳ t❤❡ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ♦❢ P ❤❛s ❧❡♥❣t❤ ℓ ✇✐t❤ β ≤ ℓ < 2β✱ ❛♥❞

✷✳ β ✐s ♠✐♥✐♠✉♠ ❛♠♦♥❣ ❛❧❧ ✐♥t❡❣❡rs s❛t✐s❢②✐♥❣ Pr♦♣❡rt② ✶✳

❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ❝❛❧❧ ❛ ❜❧♦❝❦ β✲❝r✐t✐❝❛❧ ✐❢ ✐t ❤❛s ❧❡♥❣t❤ ℓ ✇✐t❤ β ≤ ℓ < 2β✳ ❚♦
♦❜t❛✐♥ β✱ ✇❡ ❝♦♥s✐❞❡r ❛❧❧ s✉❜s❡ts Π′ ♦❢ t❤❡ s❡t Π ❝♦♥t❛✐♥✐♥❣ ❛❧❧ ♣♦✇❡rs ♦❢ ✷ t❤❛t
❛r❡ s♠❛❧❧❡r t❤❛♥ n✳ ❖♥❡ ♦❢ t❤❡s❡ s❡ts ✇✐❧❧ ❝♦♥t❛✐♥ t❤❡ ✏❝♦rr❡❝t✑ ❛♣♣r♦①✐♠❛t❡ ❜❧♦❝❦
❧❡♥❣t❤s✳ ❚❤❡ ❝❡♥tr❛❧ str❛t❡❣② ✐s✿ ❙❡t β t♦ ❜❡ t❤❡ ❧❛r❣❡st ✈❛❧✉❡ ✐♥ Π′✳ ❉✐s❝♦✈❡r ❛❧❧
β✲❝r✐t✐❝❛❧ ❜❧♦❝❦s✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛ s❛t✐s❢②✐♥❣ ❈❙P s✉❝❤ t❤❛t ❛❧❧ ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦s
❛r❡ s❤♦rt❡r t❤❛♥ t❤❡ ❝✉rr❡♥t β✳ ❚❤✉s ✉♣❞❛t❡ β ❜② t❛❦✐♥❣ t❤❡ ♥❡①t ❧❛r❣❡st ✈❛❧✉❡
❢r♦♠ Π′✳ ❚❤❡♥✱ ❛❣❛✐♥ ❞✐s❝♦✈❡r ❛❧❧ β✲❝r✐t✐❝❛❧ ❜❧♦❝❦s✱ ✉♣❞❛t❡ β ❛❣❛✐♥ ❛♥❞ s♦ ♦♥✳

❋✐rst✱ ♥♦t❡ t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❜❧♦❝❦ ♦❢ ❧❡♥❣t❤ ❛t ❧❡❛st ⌈n/k⌉ s✐♥❝❡ P ❤❛s
s✐③❡ k✱ s♦ maxΠ′ ≥ ⌈n/2k⌉✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛♥② ❈❙P ♦❢ s✐③❡ k✱ |Π′| ≤ k✳ ❍❡♥❝❡✱
t❤❡ ♦✉t❡r ❛❧❣♦r✐t❤♠ ❧♦♦♣ ♦❢ ❆❧❣♦r✐t❤♠ ✹✳✶ ✐s tr❛✈❡rs❡❞ ♦♥❝❡ ❢♦r t❤❡ ❝♦rr❡❝t Π′✳ ◆♦t❡
❢✉rt❤❡r♠♦r❡✱ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ s✉❜s❡ts ♦❢ Π ✐s O(2logn) = O(n)✳ ❍❡♥❝❡✱ t❤❡r❡
❛r❡ O(n) tr❛✈❡rs❛❧s ♦❢ t❤❡ ♦✉t❡r ❧♦♦♣ ♦❢ t❤❡ ♠❛✐♥ ♠❡t❤♦❞✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ tr❛✈❡rs❛❧ ❢♦r t❤❡ ❝♦rr❡❝t s❡t Π′✳ ❚❤❡ ✐♥♥❡r ❧♦♦♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠
❝♦♥s✐sts ♦❢ t✇♦ ♠❛✐♥ st❡♣s✳ ■♥ t❤❡ ✜rst st❡♣✱ ❝❛❧❧❡❞ s♣❧✐t✱ t❤❡ ❛❧❣♦r✐t❤♠ ❞✐s❝♦✈❡rs
t❤❡ β✲❝r✐t✐❝❛❧ ❜❧♦❝❦s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t r❡✜♥❡s C ❜② ❜r❡❛❦✐♥❣ ❢r❛❣✐❧❡ ♣✐❡❝❡s ✐♥t♦
s❤♦rt❡r ♣✐❡❝❡s ✭♦❢ ❧❡♥❣t❤ ⌈β/3⌉✮ ❛♥❞ ✐❞❡♥t✐❢②✐♥❣ t❤♦s❡ t❤❛t ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ β✲❝r✐t✐❝❛❧
❜❧♦❝❦s✳ ■t t❤❡♥ ♣r♦❞✉❝❡s ❛ ♠❛t❝❤✐♥❣ ❛♥❞✱ ✐❢ t❤✐s ✐s ♣♦ss✐❜❧❡ ✇✐t❤♦✉t ❝♦♥s✐❞❡r✐♥❣ t♦♦
♠❛♥② ♦♣t✐♦♥s✱ ❛❧✐❣♥s t❤❡s❡ ❜❧♦❝❦s✳

❚♦ ❜❡ ❡✣❝✐❡♥t s♣❧✐t r❡q✉✐r❡s t❤❛t t❤❡ ✐♥♣✉t ❢r❛❣✐❧❡ ♣✐❡❝❡s ❛r❡ s❤♦rt ❡♥♦✉❣❤
❝♦♠♣❛r❡❞ t♦ β ❛♥❞ k✳ ■♥✐t✐❛❧❧②✱ t❤✐s ✐s ♥♦t ❛ ♣r♦❜❧❡♠✱ s✐♥❝❡ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s ❤❛✈❡
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❧❡♥❣t❤ n✱ ❛♥❞ β ≥ n/2k✳ ❆❢t❡r s♣❧✐t✱ ❤♦✇❡✈❡r✱ ✇❡ ✉♣❞❛t❡ β✳ ❍❡♥❝❡✱ ❜❡t✇❡❡♥ t✇♦
❝❛❧❧s t♦ s♣❧✐t t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s ❤❛✈❡ t♦ ❜❡ r❡❞✉❝❡❞ ✐♥ ♦r❞❡r t♦ ✜t t❤❡ ✉♥❞✐s❝♦✈❡r❡❞
❜❧♦❝❦s ♠♦r❡ ✏t✐❣❤t❧②✑✳ ❚❤✐s ✐s t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❢r❛♠❡s✱ ✇❤✐❝❤ ✉s❡s ❛ s❡t ♦❢ r✉❧❡s t♦
✐❞❡♥t✐❢② s♠❛❧❧❡r ❢❛❝t♦rs ❝♦♥t❛✐♥✐♥❣ ❛❧❧ ❜r❡❛❦♣♦✐♥ts ♦❢ P ✳ ■t t❤✉s s❤r✐♥❦s t❤❡ ❢r❛❣✐❧❡
♣✐❡❝❡s ♦❢ C s♦ t❤❛t t❤❡② ❛r❡ s✉✣❝✐❡♥t❧② s♠❛❧❧ ❢♦r t❤❡ ♥❡①t ❝❛❧❧ t♦ s♣❧✐t✳

❚❤❡ ❛❧❣♦r✐t❤♠ ♥♦✇ ❝♦♥t✐♥✉❡s ✇✐t❤ t❤✐s ♣r♦❝❡ss ❢♦r s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r ✈❛❧✉❡s
♦❢ β✳ ■t st♦♣s ✐♥ ❝❛s❡ β < 4✱ s✐♥❝❡ ✐t ❝❛♥ t❤❡♥ ❧♦❝❛t❡ ❛❧❧ ❜r❡❛❦♣♦✐♥ts ❜② ❛♣♣❧②✐♥❣ ❛
❜r✉t❡✲❢♦r❝❡ ❜r❛♥❝❤✐♥❣✳ ◆♦t❡ t❤❛t ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❛t t❤❡r❡ ✐s ❛❧✇❛②s ❛ β < 4✱ ✇❡
❛❞❞ t❤❡ ✈❛❧✉❡ ✵ t♦ s❡t Π′ ✐♥ ▲✐♥❡ ✹ ♦❢ t❤❡ ♠❛✐♥ ♠❡t❤♦❞✳

■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ✇♦r❦✱ ✇❡ ❣✐✈❡ t❤❡ ❞❡t❛✐❧s ❢♦r t❤❡ ♣r♦❝❡❞✉r❡s s♣❧✐t ❛♥❞
❢r❛♠❡s✳ ■♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ s♣❧✐t ♣r♦❝❡❞✉r❡✱ ❛♥❞ s❤♦✇ ✐ts ❝♦rr❡❝t✲
♥❡ss✳ ❲❡ ❛❧s♦ s❤♦✇✱ ✉s✐♥❣ s❡✈❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❢r❛♠❡s ❛s ❛ ❜❧❛❝❦ ❜♦①✱ ♦✉r ♠❛✐♥
r❡s✉❧t✳ ❚❤❡♥✱ ✐♥ ❙❡❝t✐♦♥s ✹✳✸ ❛♥❞ ✹✳✹✱ ✇❡ ✜❧❧ ✐♥ t❤❡ ❜❧❛♥❦s ❜② ♣r♦✈✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s
♦❢ ❢r❛♠❡s✳

❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛ ❜r❛♥❝❤✐♥❣ ❛❧❣♦r✐t❤♠ t❤❛t ❡①t❡♥❞s t❤❡ ❝♦♥str❛✐♥t C ✐♥ ❡❛❝❤
❜r❛♥❝❤✳ ■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ♣s❡✉❞♦✲❝♦❞❡ s♦♠❡✇❤❛t✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❛❧❣♦r✐t❤♠
✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ✈❛r✐❛❜❧❡s C ❛♥❞ β ❛r❡ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s✳ ❆❢t❡r ❛ ❜r❛♥❝❤✐♥❣
st❛t❡♠❡♥t ✐♥ t❤❡ ♣s❡✉❞♦✲❝♦❞❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥t✐♥✉❡s ✐♥ ❡❛❝❤ ❜r❛♥❝❤ ✇✐t❤ t❤❡
❢♦❧❧♦✇✐♥❣ ❧✐♥❡ ♦❢ t❤❡ ♣s❡✉❞♦✲❝♦❞❡✳ ■❢ ❛ ❜r❛♥❝❤ ✐s ❦♥♦✇♥ t♦ ❜❡ ✉♥s✉❝❝❡ss❢✉❧✱ t❤❡♥ t❤❡
❛❧❣♦r✐t❤♠ r❡t✉r♥s ✐♠♠❡❞✐❛t❡❧② t♦ t❤❡ ❜r❛♥❝❤✐♥❣ st❛t❡♠❡♥t t❤❛t ❝r❡❛t❡❞ t❤✐s ❜r❛♥❝❤
✭♦r t♦ t❤❡ ❜r❛♥❝❤✐♥❣ st❛t❡♠❡♥t ❛❜♦✈❡✱ ✐❢ t❤❡ ❝✉rr❡♥t ❜r❛♥❝❤ ✐s t❤❡ ❧❛st ❜r❛♥❝❤ ♦❢
t❤❛t st❛t❡♠❡♥t✮✳ ❲❡ ❞❡♥♦t❡ t❤✐s ❜② t❤❡ ✏❛❜♦rt ❜r❛♥❝❤✑ ❝♦♠♠❛♥❞❀ ❛❧❧ ♠♦❞✐✜❝❛t✐♦♥s
✇✐t❤✐♥ t❤✐s ❜r❛♥❝❤ ❛r❡ ✉♥❞♦♥❡✳

✹✳✷ ❙♣❧✐tt✐♥❣ ♦❢ ❋r❛❣✐❧❡ P✐❡❝❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♣r♦❝❡❞✉r❡ s♣❧✐t ❛♥❞ s❤♦✇ ✐ts ❝♦rr❡❝t♥❡ss✳ ❚❤❡
♣s❡✉❞♦✲❝♦❞❡ ♦❢ s♣❧✐t ✐s s❤♦✇♥ ✐♥ ❆❧❣♦r✐t❤♠ ✹✳✷✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ s♣❧✐t t❤❡
❝♦♥str❛✐♥t ❝♦♥t❛✐♥s ❛ s❡t ♦❢ ❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦s✳ ❆ss✉♠❡ t❤❛t ❛❧❧ ❜❧♦❝❦s ♦❢ ❧❡♥❣t❤ ❛t
❧❡❛st 2β ❛r❡ ❞✐s❝♦✈❡r❡❞ ❜② t❤✐s ❝♦♥str❛✐♥t✳ ❚❤❡ ❛✐♠ ♦❢ s♣❧✐t ♥♦✇ ✐s t♦ ♣❡r❢♦r♠ ❛
❜r❛♥❝❤✐♥❣ ✐♥t♦ s❡✈❡r❛❧ ❝❛s❡s s✉❝❤ t❤❛t ✐♥ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❝r❡❛t❡❞ ❜r❛♥❝❤❡s t❤❡
❝♦♥str❛✐♥t C ♥♦✇ ❛❞❞✐t✐♦♥❛❧❧② ❝♦♥t❛✐♥s ❛❧❧ β✲❝r✐t✐❝❛❧ ❜❧♦❝❦s✳ ❍❡♥❝❡✱ ✐♥ t❤✐s ❜r❛♥❝❤ ❛❧❧
❜❧♦❝❦s ♦❢ ❧❡♥❣t❤ ❛t ❧❡❛st β ❛r❡ ❞✐s❝♦✈❡r❡❞✳ Pr♦❝❡❞✉r❡ s♣❧✐t st❛rts ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤
❢♦r♠❡r ❢r❛❣✐❧❡ ♣✐❡❝❡ ❜② ❛ s♣❧✐tt✐♥❣ ✇❤❡r❡ ❛❧❧ ♥❡✇ ♣✐❡❝❡s ❤❛✈❡ ❧❡♥❣t❤ ⌈β/3⌉ ❡①❝❡♣t ❢♦r
t❤❡ r✐❣❤t♠♦st ♥❡✇ ♣✐❡❝❡ ♦❢ ❡❛❝❤ s✉❝❤ s♣❧✐tt✐♥❣ ✇❤✐❝❤ ❝❛♥ ❜❡ s❤♦rt❡r✳ ❲❡ ❝❛❧❧ s✉❝❤ ❛
s♣❧✐tt✐♥❣ ❛ ⌈β/3⌉✲s♣❧✐tt✐♥❣✳ ■t t❤❡♥ ❝♦♥s✐❞❡rs ❛❧❧ ❜r❛♥❝❤❡s ✇❤❡r❡ ❡❛❝❤ ♣✐❡❝❡ ✐s ❡✐t❤❡r
❢r❛❣✐❧❡ ♦r s♦❧✐❞✳ ■♥ ♦r❞❡r t♦ ♠❛✐♥t❛✐♥ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❝♦♥❞✐t✐♦♥✱ ❝♦♥s❡❝✉t✐✈❡ s♦❧✐❞
✭r❡s♣✳ ❢r❛❣✐❧❡✮ ♣✐❡❝❡s ❛r❡ ♠❡r❣❡❞ ✐♥t♦ ♦♥❡ s♦❧✐❞ ✭❢r❛❣✐❧❡✮ ♣✐❡❝❡✱ ▲✐♥❡s ✼✕✾✳

◆❡①t✱ s♣❧✐t ❡①t❡♥❞s t❤❡ ♠❛t❝❤✐♥❣ ❛♥❞ t❤❡ s❡t ♦❢ ❛❧✐❣♥♠❡♥ts ♦❢ t❤❡ ❝♦♥str❛✐♥t✳ ❆❧❧
♣♦ss✐❜❧❡ ♠❛t❝❤✐♥❣s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ s❡♣❛r❛t❡ ❜r❛♥❝❤❡s ✭▲✐♥❡s ✶✷✕✶✸✮✳ ❚❤❡♥✱ s♣❧✐t
♣❡r❢♦r♠s ❛♥ ❡①❤❛✉st✐✈❡ ❜r❛♥❝❤✐♥❣ ♦✈❡r ❛❧❧ ❛❧✐❣♥♠❡♥ts ❢♦r ❛ ❣✐✈❡♥ ♣❛✐r ♦❢ s♦❧✐❞ ♣✐❡❝❡s✱
❜✉t ♦♥❧② ✐❢ t❤❡r❡ ❛r❡ ✈❡r② ❢❡✇ ♦❢ t❤❡♠ ✭▲✐♥❡ ✶✻✮✳ ■❢ t❤❡r❡ ❛r❡ t♦♦ ♠❛♥② ✭▲✐♥❡ ✶✼✮✱
t❤❡♥ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ♣✐❡❝❡s ❛r❡ ♣❡r✐♦❞✐❝ ✇✐t❤ ❛ s❤♦rt ♣❡r✐♦❞ ❧❡♥❣t❤✳ ❚❤✉s✱ t❤❡
❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ t❤❡♠ ♠✐❣❤t ❜❡ ♣❡r✐♦❞✐❝ ❛s ✇❡❧❧✳ ■❢ t❤❡ ❜❧♦❝❦s ❛r❡ ♥♦t ♣❡r✐♦❞✐❝✱ t❤❡♥
t❤❡r❡ ❛r❡ ❛t ♠♦st t✇♦ ❛❧✐❣♥♠❡♥ts t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ♥❡❡❞s t♦ ❝♦♥s✐❞❡r✿ ✐♥❢♦r♠❛❧❧②✱
t❤❡ ♣❡r✐♦❞ ✐♥ t❤❡ ❜❧♦❝❦s ❝❛♥ ❜❡ ✏❜r♦❦❡♥✑ ❡✐t❤❡r t♦ t❤❡ ❧❡❢t ♦r t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ♣✐❡❝❡s✳
❚♦ s♣❡❝✐❢② t❤❡s❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s ♠♦r❡ ❝❧❡❛r❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✳
▲❡t s = [a, b] ❜❡ ❛ ❢❛❝t♦r ✐♥ ❛ str✐♥❣ x s✉❝❤ t❤❛t s ❤❛s ♣❡r✐♦❞ π✳ ❚❤❡♥✱ ✇❡ ❞❡♥♦t❡



✾✷ ❈❍❆P❚❊❘ ✹✳ ▼■◆■▼❯▼ ❈❖▼▼❖◆ ❙❚❘■◆● P❆❘❚■❚■❖◆

❆❧❣♦r✐t❤♠ ✹✳✷ Pr♦❝❡❞✉r❡ s♣❧✐t✳ ●❧♦❜❛❧ ✈❛r✐❛❜❧❡s✿ C = (S, F,M,RS) ❛♥❞ β✳

✶✿ N ← ∅ ✴✴ t❤❡ s❡t ♦❢ ♥❡✇ ♣✐❡❝❡s
✷✿ ❢♦r ❡❛❝❤ ❢r❛❣✐❧❡ ♣✐❡❝❡ f ∈ F ✿

✸✿ F ← F − {f} ✴✴ ♦❧❞ ❢r❛❣✐❧❡ ♣✐❡❝❡s ❛r❡ r❡♠♦✈❡❞
✹✿ N ← N ∪ ✏⌈β/3⌉✲s♣❧✐tt✐♥❣ ♦❢ f ✑ ✴✴ ✉♣❞❛t❡ s❡t ♦❢ ♥❡✇ ♣✐❡❝❡s
✺✿ ❢♦r ❡❛❝❤ p ∈ N ✿ ✴✴ ♠❛❦❡ p ❡✐t❤❡r ❢r❛❣✐❧❡ ♦r s♦❧✐❞
✻✿ ❜r❛♥❝❤ ✐♥t♦ t❤❡ ❝❛s❡ t❤❛t ❡✐t❤❡r S ← S ∪ {p} ♦r F ← F ∪ {p}
✼✿ ✇❤✐❧❡ ∃ ❝♦♥s❡❝✉t✐✈❡ ♣✐❡❝❡s p1, p2 s✳t✳ {p1, p2} ⊆ S ✭♦r {p1, p2} ⊆ F ✮ ✿
✽✿ p← ✏♠❡r❣❡❞ ❢❛❝t♦r ♦❢ p1 ❛♥❞ p2✑
✾✿ S ← (S ∪ p)− {p1, p2} ✭♦r F ← (F ∪ p)− {p1, p2}✮

✶✵✿ ✐❢ |Sx| 6= |Sy| ✿ ❛❜♦rt ❜r❛♥❝❤ ✴✴ ♥♦ ❜✐❥❡❝t✐♦♥ ♦❢ s♦❧✐❞ ♣✐❡❝❡s ❡①✐sts
✶✶✿ ✐❢ |Fx| ≥ k ♦r |Fy| ≥ k ✿ ❛❜♦rt ❜r❛♥❝❤ ✴✴ t♦♦ ♠❛♥② ❢r❛❣✐❧❡ ♣✐❡❝❡s ✐♥ x ✭♦r y✮
✶✷✿ ✇❤✐❧❡ ∃ ✉♥♠❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡ s ∈ Sx ✿

✶✸✿ ❜r❛♥❝❤ ✐♥t♦ t❤❡ ❝❛s❡ t❤❛t M(s)← t ❢♦r ❡❛❝❤ ✉♥♠❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡ t ✐♥ Sy
✶✹✿ ❢♦r ❡❛❝❤ ♥❡✇ ♣❛✐r (s, t) ♦❢ ♠❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡s ✿
✶✺✿ i← ✏♥✉♠❜❡r ♦❢ ❛❧✐❣♥♠❡♥ts ✇✐t❤ s❤✐❢t δ s✳t✳ |δ| ≤ ⌈β/3⌉✑
✶✻✿ ✐❢ i ≤ 6 ✿ ❢♦r ❡❛❝❤ ❛❧✐❣♥♠❡♥t ❜r❛♥❝❤ ✐♥t♦ t❤❡ ❝❛s❡ t♦ ❛❞❞ t❤✐s ❛❧✐❣♥♠❡♥t t♦ RS

✶✼✿ ❡❧s❡✿ ❜r❛♥❝❤ ✐♥t♦ t❤❡ ❝❛s❡s t♦✿ ✴✴ s ❛♥❞ s′ ❛r❡ ♣❡r✐♦❞✐❝
✕ ❛❧✐❣♥ s ❛♥❞ s′ s✉❝❤ t❤❛t lbreak(s) ❛♥❞ lbreak(s

′) ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s
✕ ❛❧✐❣♥ s ❛♥❞ s′ s✉❝❤ t❤❛t rbreak(s) ❛♥❞ rbreak(s

′) ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s
✕ ❞♦ ♥♦t ❛❧✐❣♥ s ❛♥❞ s′

❜② lbreak(s) t❤❡ r✐❣❤t♠♦st ♠❛r❦❡r ✐♥ x s✉❝❤ t❤❛t [lbreak(s), b] ❞♦❡s ♥♦t ❤❛✈❡ ♣❡r✐♦❞ π✳
❙✐♠✐❧❛r❧②✱ ❧❡t rbreak(s) ❜❡ t❤❡ ❧❡❢t♠♦st ♠❛r❦❡r ✐♥ x s✉❝❤ t❤❛t [a, rbreak(s)] ❞♦❡s ♥♦t
❤❛✈❡ ♣❡r✐♦❞ π✳ ■❢ t❤❡ ❜❧♦❝❦s ❛r❡ ♣❡r✐♦❞✐❝✱ t❤❡r❡ ♠❛② ❜❡ t♦♦ ♠❛♥② ♣♦ss✐❜❧❡ ❛❧✐❣♥♠❡♥ts✱
❛♥❞ t❤❡ ❛❧✐❣♥♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♣✐❡❝❡s ✇✐❧❧ ❜❡ ✜①❡❞ ❛t ❛ ❧❛t❡r ♣♦✐♥t ✭✇❤❡♥ β ❜❡❝♦♠❡s
s♠❛❧❧❡r t❤❛♥ t❤❡ ♣❡r✐♦❞✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ✉s❡ t❤❡ ✏❦♥♦✇❧❡❞❣❡✑ t❤❛t t❤❡
❜❧♦❝❦s ❛r❡ ♣❡r✐♦❞✐❝ ✐♥ t❤❡ ❢r❛♠❡s ♣r♦❝❡❞✉r❡✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t s♣❧✐t ✐s ❝♦rr❡❝t ✐❢ t❤❡ ✐♥♣✉t ❝♦♥str❛✐♥t ❝❛♥ ❜❡ s❛t✐s✜❡❞ ❛♥❞
t❤❛t ✐t ❞✐s❝♦✈❡rs ❛❧❧ β✲❝r✐t✐❝❛❧ ❜❧♦❝❦s✳

▲❡♠♠❛ ✹✳✶✳ ▲❡t C ❜❡ t❤❡ ❝♦♥str❛✐♥t ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ s♣❧✐t✱ ❛♥❞ ❧❡t P ❜❡ ❛ s✐③❡✲k
❈❙P s❛t✐s❢②✐♥❣ C s✉❝❤ t❤❛t ❛❧❧ ❜❧♦❝❦s ♦❢ ❧❡♥❣t❤ ❛t ❧❡❛st 2β ♦❢ P ❛r❡ ❞✐s❝♦✈❡r❡❞ ❜② C✳
❚❤❡♥✱ s♣❧✐t ❝r❡❛t❡s ❛t ❧❡❛st ♦♥❡ ❜r❛♥❝❤ ✇❤♦s❡ ❝♦♥str❛✐♥t C

✕ ✐s s❛t✐s✜❡❞ ❜② P✱ ❛♥❞
✕ ❛❧❧ ❜❧♦❝❦s ♦❢ ❧❡♥❣t❤ ❛t ❧❡❛st β ❛r❡ ❞✐s❝♦✈❡r❡❞ ❜② C

Pr♦♦❢✳ ▲❡t B = {(x1, y1), . . . , (xℓ, yℓ)} ❜❡ t❤❡ ✉♥✐q✉❡❧② ❞❡✜♥❡❞ s❡t ♦❢ ♠❛t❝❤❡❞ ♣❛✐rs
♦❢ ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦s ✐♥ P t❤❛t ❛r❡ β✲❝r✐t✐❝❛❧✳

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❜r❛♥❝❤✐♥❣ ❢♦r ▲✐♥❡s ✺✕✻ ❢♦r ❡❛❝❤ ♣✐❡❝❡ p ∈ N ✿ ■❢ p ✐s
❝♦♥t❛✐♥❡❞ ✐♥ s♦♠❡ ❜❧♦❝❦ xi ♦r yi ♦❢ B✱ t❤❡♥ ❜r❛♥❝❤ ✐♥t♦ t❤❡ ❝❛s❡ t❤❛t p ✐s ❛❞❞❡❞
t♦ S✳ ❖t❤❡r✇✐s❡✱ ❜r❛♥❝❤ ✐♥t♦ t❤❡ ❝❛s❡ t❤❛t p ✐s ❛❞❞❡❞ t♦ F ✭♥♦t❡ t❤❛t ✇❡ ♠❛② ❛❞❞
✐♥ F s♦♠❡ ♣✐❡❝❡s t❤❛t ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛♥② ❜r❡❛❦♣♦✐♥t✱ ❜✉t ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❜❧♦❝❦s
♥♦t ✐♥ B✮✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝♦♥str❛✐♥t ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❛❜♦✈❡ ❜r❛♥❝❤✐♥❣ ❛❢t❡r t❤❡ ♠❡r❣✐♥❣
♦♣❡r❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✐♥ ▲✐♥❡s ✼✕✾✳ ❲❡ s❤♦✇ t❤❛t P s❛t✐s✜❡s ❈♦♥❞✐t✐♦♥s ✶ ❛♥❞ ✷
♦❢ t❤✐s ❝♦♥str❛✐♥t✳ ❋✐rst✱ ❝♦♥s✐❞❡r ❛ ❜r❡❛❦♣♦✐♥t ✐♥ P ✳ ❚❤✐s ❜r❡❛❦♣♦✐♥t ✐s ❝♦♥t❛✐♥❡❞
✐♥ s♦♠❡ ❢r❛❣✐❧❡ ♣✐❡❝❡ f ♦❢ t❤❡ ✐♥♣✉t ❝♦♥str❛✐♥t s✐♥❝❡ P s❛t✐s✜❡s t❤✐s ✐♥♣✉t ❝♦♥✲
str❛✐♥t✳ ❍❡♥❝❡✱ ✐t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ s♦♠❡ ♥❡✇ ♣✐❡❝❡ p ♦❢ t❤❡ s♣❧✐tt✐♥❣ ♦❢ t❤✐s ❢r❛❣✐❧❡
♣✐❡❝❡✳ ❈❧❡❛r❧②✱ t❤❡ ♣✐❡❝❡ p ✐s ❛❞❞❡❞ t♦ F ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❜r❛♥❝❤✐♥❣✳ ▼♦r❡♦✈❡r✱
✐♥ ❝❛s❡ ▲✐♥❡s ✼✕✾ ♠❡r❣❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s✱ t❤❡ r❡s✉❧t✐♥❣ ♣✐❡❝❡ ✐s ❛❧s♦ ❢r❛❣✐❧❡✱ ❤❡♥❝❡ p



✹✳✷✳ ❙P▲■❚❚■◆● ❖❋ ❋❘❆●■▲❊ P■❊❈❊❙ ✾✸

r❡♠❛✐♥s ✐♥ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛❧❧ ❜r❡❛❦♣♦✐♥ts ♦❢ P ❛r❡ ✐♥ ❢r❛❣✐❧❡ ♣✐❡❝❡s
♦❢ F ✱ ❛♥❞ t❤✉s ❈♦♥❞✐t✐♦♥ ✶ ✐s s❛t✐s✜❡❞ ❜② P ✳

◆♦✇ ❝♦♥s✐❞❡r ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ f ∈ F ❛❢t❡r ▲✐♥❡s ✼✕✾ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❲❡ s❤♦✇
t❤❛t f ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❜r❡❛❦♣♦✐♥t✳ ◆♦t❡ t❤❛t f ✐s ♦❜t❛✐♥❡❞ ❛❢t❡r ❛ ✭♣♦ss✐❜❧②
❡♠♣t②✮ s❡r✐❡s ♦❢ ♠❡r❣✐♥❣ ♦♣❡r❛t✐♦♥s✳ ❆❢t❡r t❤❡ ♠❡r❣✐♥❣✱ f ✐s ❜❡t✇❡❡♥ t✇♦ s♦❧✐❞
♣✐❡❝❡s✳ ■❢ f ✐s ❛❧s♦ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ ✐♥ t❤❡ ✐♥♣✉t ❝♦♥str❛✐♥t✱ t❤❡♥ f ❝♦♥t❛✐♥s ❛ ❜r❡❛❦♣♦✐♥t
s✐♥❝❡ P s❛t✐s✜❡s t❤❡ ✐♥♣✉t ❝♦♥str❛✐♥t✳ ❖t❤❡r✇✐s❡✱ f ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ ♦❢
t❤❡ ✐♥♣✉t ❝♦♥str❛✐♥t✱ ❛♥❞ ❛t ❧❡❛st ♦♥❡ ♦❢ ✐ts ♥❡✐❣❤❜♦r ♣✐❡❝❡s ✐s ❛ ♥❡✇ s♦❧✐❞ ♣✐❡❝❡ s✳
❙✐♥❝❡ f ✭♦r ❛❧❧ t❤❡ s♠❛❧❧❡r ♣✐❡❝❡s t❤❛t ✇❡r❡ ♠❡r❣❡❞ t♦ f✮ ❛r❡ ❛❞❞❡❞ t♦ F ❜② t❤❡
❜r❛♥❝❤✐♥❣✱ t❤❡② ❛r❡ ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❜❧♦❝❦ t❤❛t ❝♦♥t❛✐♥s s✳ ❍❡♥❝❡✱ f ❝♦♥t❛✐♥s
t❤❡ ❜r❡❛❦♣♦✐♥t ❜❡t✇❡❡♥ t❤❡ ✜rst ✭♦r ❧❛st✮ ♠❛r❦❡r ♦❢ t❤❡ ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣ t❤❡ ♥❡✇
s♦❧✐❞ ♣✐❡❝❡ ❛♥❞ ✐ts ♣r❡❞❡❝❡ss♦r ✭♦r s✉❝❝❡ss♦r✮✳ ❚❤✉s✱ ❈♦♥❞✐t✐♦♥ ✷ ✐s ❛❧s♦ s❛t✐s✜❡❞
❜② P ✳

◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ❛❧s♦ ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❡❛❝❤ xi ♦❢ B✱ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ♥❡✇
s♦❧✐❞ ♣✐❡❝❡ t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ xi✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❡❛❝❤ yi ♦❢ B✱ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡
♥❡✇ s♦❧✐❞ ♣✐❡❝❡ t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ yi✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ❜r❛♥❝❤✐♥❣✱ |Sx| = |Sy|
❛♥❞ ❢✉rt❤❡r♠♦r❡✱ s✐♥❝❡ P ❤❛s s✐③❡ k✱ |Fx| < k ❛♥❞ |Fy| < k✳ ❍❡♥❝❡✱ t❤❡ ❛❧❣♦r✐t❤♠
❞♦❡s ♥♦t ❛❜♦rt ✐♥ ▲✐♥❡s ✶✵ ❛♥❞ ✶✶✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❜r❛♥❝❤✐♥❣ ✐♥ ✇❤✐❝❤ ❢♦r
❡❛❝❤ ♣❛✐r (xi, yi)✱ t❤❡ t✇♦ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✐❞ ♣✐❡❝❡s ❛r❡ ♠❛t❝❤❡❞ t♦ ❡❛❝❤ ♦t❤❡r✳
❈❧❡❛r❧②✱ t❤✐s ❜r❛♥❝❤✐♥❣ ❢✉❧✜❧❧s ❈♦♥❞✐t✐♦♥ ✸✿ t❤❡ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ♦❜✈✐♦✉s❧② ❢♦r ❛❧❧
♣✐❡❝❡s ❝♦♥t❛✐♥❡❞ ✐♥ ❜❧♦❝❦s ♦❢ B✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❤♦❧❞s ❢♦r ❛❧❧ ♦❧❞ s♦❧✐❞ ♣✐❡❝❡s s✐♥❝❡
❢♦r t❤❡s❡✱ t❤❡ ♠❛t❝❤✐♥❣ M ❤❛s ♥♦t ❝❤❛♥❣❡❞✳ ◆♦t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ M ❛❧s♦ r❡♠❛✐♥s
❛ ❜✐❥❡❝t✐♦♥✿ ✐t ✐s ❝❤❛♥❣❡❞ ♦♥❧② ❢♦r ✉♥♠❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡s✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇
s♦❧✐❞ ♣✐❡❝❡s ✐♥ x ❛♥❞ y ✐s ❡q✉❛❧✳

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛ ❜r❛♥❝❤✐♥❣ ✐♥ ✇❤✐❝❤ ❈♦♥❞✐t✐♦♥s ✹ ❛♥❞ ✺ ❛❧s♦ ❤♦❧❞✳
❈♦♥s✐❞❡r ❛ ♣❛✐r ♦❢ ♠❛t❝❤❡❞ s♦❧✐❞ ♣✐❡❝❡s s ❛♥❞ s′✱ ❛♥❞ t❤❡ ❜❧♦❝❦s xi✱ yi ❝♦♥t❛✐♥✐♥❣
t❤❡♠✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❝❧❛✐♠ ✐♥ ♦r❞❡r t♦ ❝❧❛r✐❢② t❤❡ ❞✐s❝✉ss✐♦♥❀ ✐t ✇✐❧❧
❜❡ ♣r♦✈❡♥ ❛❢t❡r✇❛r❞s✳

❋❛❝t✳ ■❢ t❤❡r❡ ❛r❡ ♠♦r❡ t❤❛♥ s✐① ❛❧✐❣♥♠❡♥ts ♦❢ s ❛♥❞ s′ ✇❤♦s❡ s❤✐❢t ❤❛✈❡
❛♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❛t ♠♦st ⌈β/3⌉✱ t❤❡♥
✐✳ s ❛♥❞ s′ ❛r❡ ♣❡r✐♦❞✐❝ ✇✐t❤ t❤❡ s❛♠❡ s❤♦rt❡st ♣❡r✐♦❞ π ✭✇✐t❤ ‖π‖ ≤
⌈β/3⌉/2✮❀

✐✐✳ ✐❢ t❤❡ ❜❧♦❝❦s xi ❛♥❞ yi ❞♦ ♥♦t ❤❛✈❡ ♣❡r✐♦❞ π✱ t❤❡♥ ✐♥ P ❡✐t❤❡r lbreak(s)
✐s ♠❛t❝❤❡❞ t♦ lbreak(s

′)✱ ♦r rbreak(s) ✐s ♠❛t❝❤❡❞ t♦ rbreak(s
′) ✭♦r ❜♦t❤✮✳

▲❡t a ❜❡ t❤❡ ❧❡❢t♠♦st ♠❛r❦❡r ♦❢ s ❛♥❞ ã ❜❡ t❤❡ ♠❛r❦❡r ♠❛t❝❤❡❞ t♦ a ✐♥ P ✳ ❚❤❡♥ {a, ã}
✐s ❛♥ ❛❧✐❣♥♠❡♥t ❢♦r (s, s′) ✇❤♦s❡ s❤✐❢t ❤❛s ❛♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❧❡ss t❤❛♥ ⌈β/3⌉✿ t❤❡r❡
❛r❡ ❛t ♠♦st ⌈β/3⌉ − 1 ♠❛r❦❡rs ♣r❡❝❡❞✐♥❣ ❡✐t❤❡r s ♦r s′ t❤❛t ❝❛♥ ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡
❜❧♦❝❦ s✐♥❝❡ t❤❡ ♣✐❡❝❡s ♦❢ t❤❡ ⌈β/3⌉✲s♣❧✐tt✐♥❣ ♣r❡❝❡❞✐♥❣ s ❛♥❞ s′ ❛r❡ ❢r❛❣✐❧❡ ❛♥❞ t❤✉s
♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡ ❜❧♦❝❦s✳ ■❢ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ▲✐♥❡ ✶✻ ✐s s❛t✐s✜❡❞✱ t❤❡♥ t❤❡r❡
✐s ♦♥❡ ❜r❛♥❝❤ ✇❤❡r❡ ❛❧✐❣♥♠❡♥t {a, ã} ✐s ❛❞❞❡❞ t♦ RS✳ ❖t❤❡r✇✐s❡✱ ❜② t❤❡ ❢❛❝t ❛❜♦✈❡✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳ ❊✐t❤❡r {a, ã} ✐s ♦♥❡ ♦❢ t❤❡ ❛❧✐❣♥♠❡♥ts ✇❤❡r❡ lbreak(s)
✐s ♠❛t❝❤❡❞ t♦ lbreak(s

′) ♦r rbreak(s) ✐s ♠❛t❝❤❡❞ t♦ rbreak(s
′)✱ ✐♥ ✇❤✐❝❤ ❝❛s❡s {a, ã} ✐s

❛❞❞❡❞ t♦ RS ✐♥ ♦♥❡ ♦❢ t❤❡ ❜r❛♥❝❤❡s✳ ❖t❤❡r✇✐s❡✱ (s, s′) ✐s ♥♦t ✜①❡❞✱ ❛♥❞ s ❛♥❞ s′ ❛r❡
❝♦♥t❛✐♥❡❞ ✐♥ ❜❧♦❝❦s ❤❛✈✐♥❣ t❤❡ s❛♠❡ s❤♦rt❡st ♣❡r✐♦❞s✳

❆❧t♦❣❡t❤❡r t❤✐s s❤♦✇s t❤❡ ✜rst ❝❧❛✐♠ ♦❢ t❤❡ ❧❡♠♠❛✳ ❚❤❡ s❡❝♦♥❞ ❝❧❛✐♠ ❝❛♥ ❜❡ s❡❡♥
❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❜❧♦❝❦s ♦❢ ❧❡♥❣t❤ ℓ ≥ 2β ❛r❡ ❛❧r❡❛❞② ❞✐s❝♦✈❡r❡❞✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s♦❧✐❞ ♣✐❡❝❡s r❡♠❛✐♥ ✐♥ t❤❡ ❝♦♥str❛✐♥t✳ ■t t❤✉s r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r t❤❡ β✲❝r✐t✐❝❛❧ ❜❧♦❝❦s✳
❲❡ s❤♦✇ t❤❛t ❢♦r ❡❛❝❤ xi t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ♣✐❡❝❡ t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ xi✳ ❈♦♥s✐❞❡r
t❤❡ ♠❛r❦❡r a ❛t ♣♦s✐t✐♦♥ ⌈β/3⌉ ✐♥ xi ❛♥❞ ❛ ♣✐❡❝❡ s ♦❢ t❤❡ ⌈β/3⌉✲s♣❧✐tt✐♥❣ t❤❛t ❝♦♥t❛✐♥s
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t❤✐s ♠❛r❦❡r✳ ❚❤❡♥ s ❝♦♥t❛✐♥s ♦♥❧② ♠❛r❦❡rs ❢r♦♠ xi s✐♥❝❡ s ❤❛s ❧❡♥❣t❤ ❛t ♠♦st ⌈β/3⌉
❛♥❞ xi ❤❛s ❧❡♥❣t❤ ❛t ❧❡❛st β ≥ 2⌈β/3⌉ ✭❢♦r β ≥ 4✮✳ ❆❢t❡r✇❛r❞s✱ s ✐s ♦♥❧② ♠❡r❣❡❞
✇✐t❤ ♦t❤❡r ♣✐❡❝❡s t❤❛t ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ xi ✭r❡❝❛❧❧ t❤❛t ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❜r❛♥❝❤✐♥❣
t❤❡r❡ ✐s ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ ❜❡t✇❡❡♥ ❛❧❧ s♦❧✐❞ ♣✐❡❝❡s ❢r♦♠ ❞✐✛❡r❡♥t ❜❧♦❝❦s✮✳ ❍❡♥❝❡✱ t❤❡
s❡❝♦♥❞ ❝❧❛✐♠ ♦❢ t❤❡ ❧❡♠♠❛ ❛❧s♦ ❤♦❧❞s✳

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❝❧❛✐♠❡❞ ❢❛❝t✳ ❲❡ ✜rst ♥❡❡❞ t♦ ♣r♦✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠✳ ❉❡✜♥❡ t❤❡ ⌈β/3⌉✲♠✐❞❞❧❡ ♦❢ ❛ ❢❛❝t♦r [u, v] ❛s t❤❡ ❧❡♥❣t❤✲⌈β/3⌉
❢❛❝t♦r ❝❡♥t❡r❡❞ ✐♥ [u, v] ✭❢♦r♠❛❧❧②✱ t❤❡ ❢❛❝t♦r [û, v̂] ✇✐t❤ û = u⊲⌊(uv−⌈β/3⌉)/2⌋ ❛♥❞
v̂ = v ⊳ ⌈(uv − ⌈β/3⌉)/2⌉✮✳ ❚❤❡♥ s ❝♦♥t❛✐♥s t❤❡ ⌈β/3⌉✲♠✐❞❞❧❡ ♦❢ xi ❛♥❞ s′ ❝♦♥t❛✐♥s
t❤❡ ⌈β/3⌉✲♠✐❞❞❧❡ ♦❢ yi✳

❚❤❡ ❝❧❛✐♠ ✐s s❤♦✇♥ ❢♦r s = [a, b] ✭t❤❡ ♣r♦♦❢ ❢♦r s′ ✐s s✐♠✐❧❛r✮✳ ❲r✐t❡ xi = [u, v]✱
❛♥❞ [û, v̂] t❤❡ ⌈β/3⌉✲♠✐❞❞❧❡ ♦❢ xi✳ ❋✐rst ♥♦t❡ t❤❛t s✐♥❝❡ xi ❤❛s ❧❡♥❣t❤ ❛t ❧❡❛st β✱ ✇❡
❤❛✈❡ uv ≥ β − 1✳ ❲❡ s❤♦✇ t❤❛t a ✐s ✐♥ t❤❡ ❢❛❝t♦r [u, û]✿

uû = ⌊(uv − ⌈β/3⌉)/2⌋

≥ ⌊(β − 1− ⌈β/3⌉)/2⌋

≥ ⌊(⌊2β/3⌋ − 1)/2⌋

≥ ⌊(2β/3− 1.7)/2⌋

≥ ⌊β/3− 0.85⌋

≥ ⌈β/3⌉ − 2.

❙✐♥❝❡ t❤❡ ♣✐❡❝❡ ✇✐t❤ r✐❣❤t ❡♥❞♣♦✐♥t a ✐♥ t❤❡ ⌈β/3⌉✲s♣❧✐tt✐♥❣ ✐s ❢r❛❣✐❧❡ ✭✐t ❤❛s ♥♦t ❜❡❡♥
♠❡r❣❡❞ ✇✐t❤ s✮✱ ✐t ❝♦♥t❛✐♥s ❛ ❜r❡❛❦♣♦✐♥t ♦❢ P ❛♥❞ ❤❡♥❝❡ ❛ ♠❛r❦❡r str✐❝t❧② t♦ t❤❡
❧❡❢t ♦❢ u✳ ▼♦r❡♦✈❡r ✐t ❤❛s ❧❡♥❣t❤ ❛t ♠♦st ⌈β/3⌉✱ s♦ ua ≤ ⌈β/3⌉ − 2✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❛t a ✐s ✐♥ t❤❡ ❢❛❝t♦r [u, û]✳ ❙✐♠✐❧❛r❧②✱ b ✐s ✐♥ t❤❡ ❢❛❝t♦r [v̂, v]✱ ❛♥❞ [a, b] ❝♦♥t❛✐♥s t❤❡
⌈β/3⌉✲♠✐❞❞❧❡ ♦❢ xi✳

❲❡ ❝❛♥ ♥♦✇ t✉r♥ t♦ ♣r♦✈✐♥❣ t❤❡ t✇♦ st❛t❡♠❡♥ts ♦❢ t❤❡ ❢❛❝t✳
✭✐✮ ▲❡t s = [a, b]✱ s′ = [a′, b′] ❛♥❞ δ1, δ2, . . . , δm ❜❡ t❤❡ s❤✐❢ts ♦❢ t❤❡ m ≥ 7

❛❧✐❣♥♠❡♥ts s✉❝❤ t❤❛t −⌈β/3⌉ ≤ δ1 ≤ δ2 ≤ . . . ≤ δm ≤ ⌈β/3⌉✳ ❲r✐t❡ i t❤❡ ✐♥❞❡① s✉❝❤
t❤❛t δi+1 − δi ✐s ♠✐♥✐♠❛❧✱ ❛♥❞ p = δi+1 − δi✳ ❲❡ t❤✉s ❤❛✈❡

p ≤
2⌈β/3⌉

m− 1

≤ ⌈β/3⌉/2

❘❡❝❛❧❧ ❛❧s♦ t❤❛t ❜♦t❤ s ❛♥❞ s′ ❤❛✈❡ ❧❡♥❣t❤ ❛t ❧❡❛st 2⌈β/3⌉ − 1✳ ▲❡t q ❜❡ ❛♥ ✐♥t❡❣❡r
✇✐t❤ p ≤ q ≤ ab✳ ❯s✐♥❣ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❧✐❣♥♠❡♥t✱ ✇❡ ❤❛✈❡

a ⊲ q ≡ a′ ⊲ (δi + q) ✭s✐♥❝❡ a ⊲ q ∈ [a, b]✮

= a′ ⊲ (δi+1 + q − p)

≡ a ⊲ (q − p) ✭s✐♥❝❡ a ⊲ (q − p) ∈ [a, b]✮

❚❤✉s ❢❛❝t♦rs [a, b] ❛♥❞ ✭s②♠♠❡tr✐❝❛❧❧②✮ [a′, b′] ❛r❡ ❜♦t❤ ♣❡r✐♦❞✐❝ ✇✐t❤ ♣❡r✐♦❞ ❧❡♥❣t❤
p✿ t❤❡ s❤♦rt❡st ♣❡r✐♦❞s ♦❢ s ❛♥❞ s′ ❤❛✈❡ ❧❡♥❣t❤ ❛t ♠♦st ⌈β/3⌉/2✳

❙✐♥❝❡ s ❛♥❞ s′ ❜♦t❤ ❝♦♥t❛✐♥ t❤❡ ⌈β/3⌉✲♠✐❞❞❧❡ ♦❢ t❤❡ ♠❛t❝❤❡❞ ❜❧♦❝❦s ✐♥ ✇❤✐❝❤
t❤❡② ❛r❡ ❝♦♥t❛✐♥❡❞✱ t❤❡② ❤❛✈❡ ❛ ❝♦♠♠♦♥ s✉❜str✐♥❣ ♦❢ ❧❡♥❣t❤ ❣r❡❛t❡r t❤❛♥ t✇✐❝❡ t❤❡✐r
s❤♦rt❡st ♣❡r✐♦❞s✳ ❚❤❡② t❤✉s ❤❛✈❡ t❤❡ s❛♠❡ s❤♦rt❡st ♣❡r✐♦❞✳

✭✐✐✮ ❘❡❝❛❧❧ t❤❛t xi ✭yi✮ ✐s t❤❡ ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣ s ✭s′✮ ✐♥ P ✳ ❲r✐t❡ [û, v̂] ✭[û′, v̂′]✮
t❤❡ ⌈β/3⌉✲♠✐❞❞❧❡ ♦❢ xi ✭yi✮✳ ❙✐♥❝❡ [û, v̂] ⊆ s ❛♥❞ ‖[û, v̂]‖ ≥ ‖π‖✱ ✇❡ ❤❛✈❡ t❤❛t
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lbreak(s) ✐s t❤❡ r✐❣❤t♠♦st ♠❛r❦❡r ✐♥ x ❛♥❞ lbreak(s) ✐s t❤❡ ❧❡❢t♠♦st ♠❛r❦❡r ✐♥ x s✉❝❤
t❤❛t ❢❛❝t♦rs [lbreak(s), v̂] ❛♥❞ [û, rbreak(s)] ❞♦ ♥♦t ❤❛✈❡ ♣❡r✐♦❞ π✳ ❲❡ ❤❛✈❡ t❤❡ s✐♠✐❧❛r
♣r♦♣❡rt② ❢♦r lbreak(s′) ✭rbreak(s′)✮ ❛♥❞ v̂′ ✭û′✮✳

❙✐♥❝❡ xi ❝♦♥t❛✐♥s [û, v̂]✱ t❤❡♥ ❡✐t❤❡r xi ❤❛s ♣❡r✐♦❞ π✱ ❡✐t❤❡r ✐t ❝♦♥t❛✐♥s lbreak(s)
♦r rbreak(s)✳ ❙✉♣♣♦s❡ t❤❛t xi ❝♦♥t❛✐♥s lbreak(s) ✭t❤❡ ❝❛s❡ ✇❤❡r❡ xi ❝♦♥t❛✐♥s rbreak(s)
✐s s✐♠✐❧❛r✮✳ ❲r✐t❡ l′ t❤❡ ♠❛r❦❡r ✐♥ yi ♠❛t❝❤❡❞ t♦ lbreak(s) ❜② P ✳ ❚❤❡♥ [l′, v̂′] ≡
[lbreak(s), v̂] ❞♦❡s ♥♦t ❤❛✈❡ ♣❡r✐♦❞ π✱ ❛♥❞ ❢♦r ❛❧❧ m′ ∈ [l′ ⊲ 1, v̂′]✱ [m′, v̂′] ❤❛s ♣❡r✐♦❞
π✳ ❚❤✉s✱ l′ ✐s t❤❡ r✐❣❤t♠♦st ♠❛r❦❡r s✉❝❤ t❤❛t [l′, v̂′] ❞♦❡s ♥♦t ❤❛✈❡ ♣❡r✐♦❞ π✱ ❛♥❞
l′ = lbreak(s

′)✿ ♠❛r❦❡rs lbreak(s) ❛♥❞ lbreak(s
′) ❛r❡ ♠❛t❝❤❡❞ ✐♥ P ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ tr✐✈✐❛❧ ♦❜s❡r✈❛t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝❤❡❝❦ ✐♥ ▲✐♥❡ ✶✶ ♦❢ s♣❧✐t✳ ■t
✐s ✉s❡❢✉❧ ❢♦r ❜♦✉♥❞✐♥❣ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ s♣❧✐t ✭✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ❧❛t❡r ❝❛❧❧s t♦
s♣❧✐t✮✳

❖❜s❡r✈❛t✐♦♥ ✹✳✷✳ ❆❢t❡r s♣❧✐t ❤❛s ✜♥✐s❤❡❞✱ t❤❡ ❝♦♥str❛✐♥t ❝♦♥t❛✐♥s ❛t ♠♦st 2k− 2
❢r❛❣✐❧❡ ♣✐❡❝❡s ❢r♦♠ ❡❛❝❤ ♦❢ x ❛♥❞ y✳ ❚❤❡ ♦✈❡r❛❧❧ ♥✉♠❜❡r ♦❢ s♦❧✐❞ ♣✐❡❝❡s ✐s t❤✉s ❛t
♠♦st 2k✳

❚♦ ♦❜t❛✐♥ ❛ ✜①❡❞✲♣❛r❛♠❡t❡r ❛❧❣♦r✐t❤♠ ❢♦r ♣❛r❛♠❡t❡r k✱ ✇❡ ♥♦✇ ✏s❤r✐♥❦✑ t❤❡
❢r❛❣✐❧❡ ♣✐❡❝❡s ❜❡t✇❡❡♥ t❤❡ s♦❧✐❞ ♣✐❡❝❡s ♦❢ t❤❡ ❝♦♥str❛✐♥t✳ ❚❤✐s ✇✐❧❧ ❡♥s✉r❡ t❤❛t ✐♥
t❤❡ ♥❡①t ❝❛❧❧ t♦ s♣❧✐t✱ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇ ♣✐❡❝❡s ❝r❡❛t❡❞ ✐♥ t❤❡ s♣❧✐tt✐♥❣ ✇✐❧❧ ❜❡
❜♦✉♥❞❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ♦❢ k✳ ◆♦t❡ t❤❛t ❜② ▲❡♠♠❛ ✹✳✶✱ s♣❧✐t ❤❛s ❞✐s❝♦✈❡r❡❞ ❛❧❧
♣✐❡❝❡s t❤❛t ❤❛✈❡ ❧❡♥❣t❤ ❛t ❧❡❛st β✳ ❍❡♥❝❡✱ ✇❡ ♥♦✇ ✉♣❞❛t❡ t❤❡ ✈❛❧✉❡ β ❞❡♥♦t✐♥❣
t❤❡ ❛♣♣r♦①✐♠❛t❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st s❤♦rt ❜❧♦❝❦s ✭❜② t❛❦✐♥❣ t❤❡ ❧❛r❣❡st r❡♠❛✐♥✐♥❣
✈❛❧✉❡ ❢r♦♠ Π✮✳ ❚❤❡♥✱ ❢r❛♠❡s ✉s❡s t❤✐s ✉♣❞❛t❡❞ ✈❛❧✉❡ ♦❢ β t♦ s❤r✐♥❦ t❤❡ ❢r❛❣✐❧❡
♣✐❡❝❡s✳ ❋♦r t❤❡ ♠♦♠❡♥t✱ ✇❡ ♠❛❦❡ s♦♠❡ ❝❧❛✐♠s ❛❜♦✉t ❢r❛♠❡s❀ t❤❡✐r ♣r♦♦❢ ✐s ❞❡❢❡rr❡❞
t♦ t❤❡ ❙❡❝t✐♦♥s ✹✳✸ ❛♥❞ ✹✳✹✳ ❋✐rst✱ ✇❡ ❝❧❛✐♠ t❤❛t ❢r❛♠❡s ✐s ❝♦rr❡❝t✱ t❤❛t ✐s✱ t❤❡r❡ ✐s
❛t ❧❡❛st ♦♥❡ ❣♦♦❞ ❜r❛♥❝❤✐♥❣ ❢♦r ②❡s✲✐♥st❛♥❝❡s✳

▲❡♠♠❛ ✹✳✸✳ ■❢ t❤❡r❡ ❡①✐sts ❛ s✐③❡✲k ❈❙P P s❛t✐s❢②✐♥❣ C ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❢r❛♠❡s
s✉❝❤ t❤❛t t❤❡ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ✐s β✲❝r✐t✐❝❛❧✱ t❤❡♥ ❢r❛♠❡s ❝r❡❛t❡s ❛t ❧❡❛st
♦♥❡ ❜r❛♥❝❤ s✉❝❤ t❤❛t t❤❡ ❝♦♥str❛✐♥t ✐♥ t❤✐s ❜r❛♥❝❤ ✐s s❛t✐s✜❡❞ ❜② ❛ s✐③❡✲k ❈❙P P ′

✇❤♦s❡ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ❤❛s ❧❡♥❣t❤ ❛t ♠♦st 2β − 1✳

❙❡❝♦♥❞✱ ❢r❛♠❡s ✐♥❝r❡❛s❡s t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♣❛rt ♦❢ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ❜② ❛ ❢❛❝t♦r
t❤❛t ❞❡♣❡♥❞s ♦♥❧② ♦♥ k✳

▲❡♠♠❛ ✹✳✹✳ ❖✈❡r❛❧❧✱ t❤❡ ❝❛❧❧s t♦ ❢r❛♠❡s ❝r❡❛t❡ (4k)4k
2
· kO(k) ❜r❛♥❝❤❡s❀ ❛❧❧ ♦t❤❡r

♣❛rts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ poly(n) t✐♠❡✳

❋✐♥❛❧❧②✱ t♦ ❜♦✉♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❜r❛♥❝❤❡s ✐♥ t❤❡ s✉❜s❡q✉❡♥t ❝❛❧❧ t♦ s♣❧✐t✱ ❛♥❞
❢♦r t❤❡ ❝❛s❡ β < 4✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✺✳ ❲❤❡♥ ❢r❛♠❡s t❡r♠✐♥❛t❡s✱ ❡✈❡r② ❢r❛❣✐❧❡ ♣✐❡❝❡ ❤❛s ❧❡♥❣t❤ ❛t ♠♦st 12(k2+
k)kβ✳

◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ❛❧s♦ ❤♦❧❞s ❜❡❢♦r❡ t❤❡ ✜rst ❝❛❧❧ ♦❢ s♣❧✐t✳ ❯s✐♥❣ t❤❡s❡ ❧❡♠♠❛s✱
✇❡ ♦❜t❛✐♥ ♦✉r ♠❛✐♥ r❡s✉❧t✳

❚❤❡♦r❡♠ ✹✳✻✳ ❚❤❡ ▼✐♥✐♠✉♠ ❈♦♠♠♦♥ ❙tr✐♥❣ P❛rt✐t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞
✐♥ k21k

2
poly(n) t✐♠❡❀ ✐t ✐s t❤✉s ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛rt✐t✐♦♥

s✐③❡ k✳
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Pr♦♦❢✳ ❋♦r t❤❡ ❝♦rr❡❝t♥❡ss ♣r♦♦❢ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥st❛♥❝❡ ✐s ❛ ②❡s✲✐♥st❛♥❝❡ ✭❢♦r ❛
♥♦✲✐♥st❛♥❝❡ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❛❧✇❛②s ❝❤❡❝❦ t❤❡ ❝♦rr❡❝t♥❡ss ❛♥❞ s✐③❡ ♦❢ ❛ ❈❙P ❜❡❢♦r❡
r❡t✉r♥✐♥❣✱ t❤✉s ✐t ❤❛s ❡♠♣t② ♦✉t♣✉t ❢♦r ♥♦✲✐♥st❛♥❝❡s✮✳ ❚❤❡♥✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡
✐♥♣✉t str✐♥❣s ❛r❡ ♥♦t ✐❞❡♥t✐❝❛❧✱ t❤❡r❡ ✐s ❛ ❈❙P P s❛t✐s❢②✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥str❛✐♥t C
✇❤✐❝❤ ❞❡♠❛♥❞s ♦♥❧② t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❜r❡❛❦♣♦✐♥t ✐♥ x ❛♥❞ ✐♥ y✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛ s❡t Π′ ♦❢ ♣♦✇❡rs ♦❢ ✷✱ ❛❧❧ ♦❢ ✇❤✐❝❤ ❛r❡ s♠❛❧❧❡r t❤❛♥ n
s✉❝❤ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ♦✉t♣✉ts✱ ✐♥ ❛t ❧❡❛st ♦♥❡ ♦❢ ✐ts ❜r❛♥❝❤❡s✱ ❛ s✐③❡✲k ❈❙P✱ ✐♥
❝❛s❡ t❤❡ ♠❛✐♥ ❛❧❣♦r✐t❤♠ ❧♦♦♣ ✐s tr❛✈❡rs❡❞ ❢♦r t❤✐s s❡t Π′✳

▲❡t β ❜❡ t❤❡ s♠❛❧❧❡st ✐♥t❡❣❡r s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛ s✐③❡✲k ❈❙P ✐♥ ✇❤✐❝❤ t❤❡ ❧♦♥❣❡st
❜❧♦❝❦ ✐s β✲❝r✐t✐❝❛❧✳ ❚❤❡♥✱ t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r ♦❢ Π′ ✐s β✳ ◆♦✇✱ ✐❢ β < 4 t❤❡ ❛❧❣♦r✐t❤♠
❞✐r❡❝t❧② ✜♥❞s ❛❧❧ ❜r❡❛❦♣♦✐♥ts ❜② ❛ ❜r✉t❡✲❢♦r❝❡ ❜r❛♥❝❤✐♥❣✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♣r♦❝❡❞✉r❡
s♣❧✐t ✐s ❝❛❧❧❡❞✳ ❇② ▲❡♠♠❛ ✹✳✶✱ t❤✐s ♣r♦❝❡❞✉r❡ ❝r❡❛t❡s ❛t ❧❡❛st ♦♥❡ ❜r❛♥❝❤ ✇❤❡r❡ t❤❡
❝♦♥str❛✐♥t ✐s s❛t✐s✜❡❞ ❜② s♦♠❡ s✐③❡✲k ❈❙P P ❛♥❞ ❛❧❧ ✐ts ❜❧♦❝❦s ♦❢ ❧❡♥❣t❤ ❛t ❧❡❛st β ❛r❡
❞✐s❝♦✈❡r❡❞ ❜② C✳ ❈♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② ❜r❛♥❝❤ ✇✐t❤ t❤✐s ♣r♦♣❡rt②✳ ◆♦✇✱ ❧❡t β ❞❡♥♦t❡
t❤❡ s♠❛❧❧❡st ♣♦✇❡r ♦❢ ✷ s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛ ❈❙P s❛t✐s❢②✐♥❣ t❤❡ ❝✉rr❡♥t ❝♦♥str❛✐♥t C
✐♥ ✇❤✐❝❤ t❤❡ ❧♦♥❣❡st ❜❧♦❝❦s ❛r❡ β✲❝r✐t✐❝❛❧✳ ❚❤✐s ✐♥t❡❣❡r β ✐s t❤❡ s❡❝♦♥❞ ❧❛r❣❡st ✐♥t❡❣❡r
♦❢ Π′✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ♥♦✇ ❝❛❧❧s ❢r❛♠❡s ❛♥❞ ❜② ▲❡♠♠❛ ✹✳✸ ♦❜t❛✐♥s ✐♥ ❛t ❧❡❛st ♦♥❡
❜r❛♥❝❤ ❛ ❝♦♥str❛✐♥t s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛ s✐③❡✲k ❈❙P t❤❛t s❛t✐s✜❡s t❤❡ ❝♦♥str❛✐♥t ✐♥
t❤✐s ❜r❛♥❝❤✳ ❋✉rt❤❡r♠♦r❡✱ ❛❧s♦ ❜② ▲❡♠♠❛ ✹✳✸ t❤❡ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ✐♥ t❤✐s
❈❙P ❤❛s ❧❡♥❣t❤ ❛t ♠♦st 2β − 1✳ ❇② t❤❡ ❝❤♦✐❝❡ ♦❢ β✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❧♦♥❣❡st
✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ♦❢ t❤✐s ❈❙P ✐s β✲❝r✐t✐❝❛❧✳ ◆♦✇✱ t❤❡ ❛❧❣♦r✐t❤♠ ❡✐t❤❡r ✜♥❞s ❛❧❧
❜r❡❛❦♣♦✐♥ts ❜② ❜r✉t❡✲❢♦r❝❡ ✭✐❢ β < 4✮ ♦r ❛❣❛✐♥ ❝❛❧❧s t❤❡ ♣r♦❝❡❞✉r❡ s♣❧✐t t♦ ❞✐s❝♦✈❡r
❛❧❧ β✲❝r✐t✐❝❛❧ ❜❧♦❝❦s✳ ❚❤✐s ✇❤♦❧❡ ♣r♦❝❡❞✉r❡ ✐s r❡♣❡❛t❡❞ ❢♦r s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r β✱
❡❛❝❤ t✐♠❡ β ✐s ❞❡✜♥❡❞ ❛s t❤❡ s♠❛❧❧❡st ♣♦✇❡r ♦❢ t✇♦ s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛ s✐③❡✲k ❈❙P
s❛t✐s❢②✐♥❣ t❤❡ ❝✉rr❡♥t ❝♦♥str❛✐♥t C ✇❤♦s❡ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ✐s β✲❝r✐t✐❝❛❧✳
❚❤❡ s❡t Π′ ❝♦♥t❛✐♥s ❡①❛❝t❧② ❛❧❧ ✐♥t❡❣❡rs ♦❜t❛✐♥❡❞ t❤✐s ✇❛②✳ ❊✈❡♥t✉❛❧❧②✱ β < 4 ❛♥❞
t❤❡ ❛❧❣♦r✐t❤♠ ❜r❛♥❝❤❡s ❜② ❜r✉t❡✲❢♦r❝❡ ✐♥t♦ ❛❧❧ ❝❛s❡s t♦ s❡t t❤❡ ❜r❡❛❦♣♦✐♥ts ✇✐t❤♦✉t
✈✐♦❧❛t✐♥❣ t❤❡ ❝✉rr❡♥t ❝♦♥str❛✐♥t✳ ❈❧❡❛r❧②✱ ♦♥❡ ♦❢ t❤❡s❡ ❝❛s❡s ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❈❙P
s❛t✐s❢②✐♥❣ t❤✐s ❝♦♥str❛✐♥t✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✈❡r✐✜❡s t❤❛t t❤✐s ✐s ✐♥❞❡❡❞ ❛ ❈❙P ❛♥❞ t❤❛t
✐t ❤❛s s✐③❡ ❛t ♠♦st k ❛♥❞ ❝♦rr❡❝t❧② ♦✉t♣✉ts t❤❡ ❈❙P✳ ❍❡♥❝❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❝♦rr❡❝t✳

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❋✐rst✱ t❤❡ ❢♦r✲❡❛❝❤✲❧♦♦♣
✐♥ t❤❡ ♠❛✐♥ ♠❡t❤♦❞ ✐s ❡①❡❝✉t❡❞ O(2logn) = O(n) t✐♠❡s✳ ❙❡❝♦♥❞✱ ❜② t❤❡ r❡str✐❝t✐♦♥
♦♥ Π′✱ t❤❡ r❡♣❡❛t✲❧♦♦♣ ✐♥ t❤❡ ♠❛✐♥ ♠❡t❤♦❞ ✐s ❡①❡❝✉t❡❞ ❛t ♠♦st k t✐♠❡s✳ ❚♦ ♦❜t❛✐♥
t❤❡ ❝❧❛✐♠❡❞ r✉♥♥✐♥❣ t✐♠❡✱ ✇❡ ❜♦✉♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❜r❛♥❝❤❡s ❝r❡❛t❡❞ ✐♥ ❡❛❝❤ ❝❛❧❧
t♦ s♣❧✐t✳

■♥ ❡❛❝❤ ❝❛❧❧ t♦ s♣❧✐t t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s ✐s ❧❡ss t❤❛♥ (2k)12(k2+
k)kβ = 24(k4 + k3)β✿ ■♥ t❤❡ ✜rst ❝❛❧❧✱ β > n/2k✱ s♦ t❤❡ ❜♦✉♥❞ ❤♦❧❞s✳ ■♥ t❤❡
♦t❤❡r ❝❛s❡s✱ t❤❡r❡ ❛r❡✱ ❜② ❖❜s❡r✈❛t✐♦♥ ✹✳✷ ❛t ♠♦st 2k − 2 ❢r❛❣✐❧❡ ♣✐❡❝❡s ✐♥ x ❛♥❞ y✳
❋✉rt❤❡r♠♦r❡✱ ✐♥ t❤✐s ❝❛s❡ s♣❧✐t ✐s ❝❛❧❧❡❞ ❛❢t❡r ❢r❛♠❡s✳ ❚❤✉s✱ ❜② ▲❡♠♠❛ ✹✳✺✱ ❡❛❝❤
❢r❛❣✐❧❡ ♣✐❡❝❡ ❤❛s ❧❡♥❣t❤ ❛t ♠♦st 12(k2 + k)kβ✱ ❛♥❞ t❤❡ ♦✈❡r❛❧❧ ❜♦✉♥❞ ❢♦❧❧♦✇s✳

❚❤❡ ♣r♦❝❡❞✉r❡ s♣❧✐ts t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s ✐♥t♦ ♥❡✇ ♣✐❡❝❡s ♦❢ ❧❡♥❣t❤ ❛t ♠♦st ⌈β/3⌉
✭✐✳❡✳ t❤❡r❡ ✐s ❛ ❞✐st❛♥❝❡ ⌈β/3⌉ − 1 ❜❡t✇❡❡♥ t❤❡ ❧❡❢t ❡♥❞♣♦✐♥ts ♦❢ t✇♦ ❝♦♥s❡❝✉t✐✈❡
♣✐❡❝❡s ♦❢ t❤❡ s❛♠❡ s♣❧✐tt✐♥❣✮✳ ❙✐♥❝❡ β ≥ 4✱ ✇❡ ❤❛✈❡ ⌈β/3⌉ − 1 ≥ β/6✳ ❍❡♥❝❡✱ t❤✐s
❝r❡❛t❡s ❧❡ss t❤❛♥ 144(k4+k3) ♥❡✇ ♣✐❡❝❡s ♦❢ ❧❡♥❣t❤ ⌈β/3⌉ ♣❧✉s ❛t ♠♦st ♦♥❡ ❛❞❞✐t✐♦♥❛❧
s❤♦rt❡r ♣✐❡❝❡ ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ ❢r❛❣✐❧❡ ♣✐❡❝❡✳ ❍❡♥❝❡✱ 145k4 ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥
t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇ ♣✐❡❝❡s✳ ❇r❛♥❝❤✐♥❣ ❢♦r ❡❛❝❤ ♣✐❡❝❡ ✐♥t♦ t❤❡ ❝❛s❡ t❤❛t ✐t ✐s s♦❧✐❞ ♦r
❢r❛❣✐❧❡ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ 2145k

4
❜r❛♥❝❤❡s✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♥❡❝❡ss❛r② ❜r❛♥❝❤❡s ❢♦r t❤✐s

♣❛rt ♦❢ s♣❧✐t ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❛s ❢♦❧❧♦✇s✿ ❙✐♥❝❡ ✇❡ ♠❡r❣❡ s❡r✐❡s ♦❢ ❝♦♥s❡❝✉t✐✈❡ ♣✐❡❝❡s
✐♥ F ♦r S✱ ❛♥❞ s✐♥❝❡ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ❜r❛♥❝❤❡s ✇✐t❤ ♠♦r❡ t❤❛♥ k s♦❧✐❞



✹✳✸✳ P❯❚❚■◆● ❋❘❆▼❊❙ ◆❊❳❚ ❚❖ ❋■❳❊❉ P■❊❈❊❙ ✾✼

♣✐❡❝❡s✱ ✇❡ ❝❛♥ ❞✐r❡❝t❧② ❧♦♦❦ ❢♦r t❤❡ ✜rst ❛♥❞ ❧❛st ♣✐❡❝❡ ♦❢ ❡❛❝❤ β✲❝r✐t✐❝❛❧ ❜❧♦❝❦✳ ❚❤✐s
❝r❡❛t❡s O(

(

145k4

4k

)

) = O( (145k
4)4k

(4k)!
) ❜r❛♥❝❤❡s ✐♥ ❡❛❝❤ ❝❛❧❧ ♦❢ s♣❧✐t✳

❚❤❡ ♠❛t❝❤✐♥❣ r❡q✉✐r❡s ✉♣ t♦ k! ❜r❛♥❝❤❡s✱ ❛♥❞ t❤❡ ❛❧✐❣♥♠❡♥t ❛t ♠♦st 6k✳ ❙✐♥❝❡
1454kk!6k = o((4k)!)✱ ✇❡ ❝❛♥ ❜♦✉♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❜r❛♥❝❤❡s ✐♥ ❡❛❝❤ ❝❛❧❧ ♦❢ s♣❧✐t
❜② k16k✳ ❚❤❡ s♣❧✐t ♣r♦❝❡❞✉r❡ ✐s ❝❛❧❧❡❞ ❛t ♠♦st k t✐♠❡s ✭❜② t❤❡ r❡str✐❝t✐♦♥ ♦♥ Π✮✱
t❤✉s ❝r❡❛t✐♥❣ O(

(

k16k
)k
) = O(k16k

2
) ❜r❛♥❝❤❡s t❤r♦✉❣❤♦✉t t❤❡ ❛❧❣♦r✐t❤♠✳ ❋✐♥❛❧❧②✱

t❤❡ ♥✉♠❜❡r ♦❢ ❜r❛♥❝❤❡s ❝r❡❛t❡❞ ✐♥ ❢r❛♠❡s ✐s (4k)4k
2
· kO(k) ❜② ▲❡♠♠❛ ✹✳✹✱ ❛♥❞ t❤❡

♥✉♠❜❡r ♦❢ ❜r❛♥❝❤❡s ❝r❡❛t❡❞ ✐♥ t❤❡ ✜♥❛❧ ❜r✉t❡✲❢♦r❝❡ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s ✐s O(k4+k3) ❛♥❞ ✇❡ ♥❡❡❞ t♦ ❣✉❡ss ❛t ♠♦st 2k−2 ♣r❡❝✐s❡
❜r❡❛❦♣♦✐♥t ♣♦s✐t✐♦♥s ❢r♦♠ t❤✐s ♥✉♠❜❡r✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ kO(k) ❜r❛♥❝❤❡s✳

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t ❛❧❧ ♦t❤❡r st❡♣s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❝❧❡❛r❧② ♣❡r❢♦r♠❡❞ ✐♥
♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❆❧t♦❣❡t❤❡r✱ t❤❡ t♦t❛❧ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ t❤✉s ✐s

O(k2kn) · k16k
2

· kO(k) · (4k)4k
2

· kO(k) · poly(n) = k21k
2

poly(n).

✹✳✸ P✉tt✐♥❣ ❋r❛♠❡s ◆❡①t t♦ ❋✐①❡❞ P✐❡❝❡s

■♥ t❤✐s ❛♥❞ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ t✇♦ ❝❧❛✐♠❡❞ ❧❡♠♠❛s ❝♦♥❝❡r♥✐♥❣ ❢r❛♠❡s✳
■♥❢♦r♠❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t✱ ✇✐t❤ t❤❡ r✐❣❤t ❝♦♥str❛✐♥t ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣✱ ❢r❛♠❡s ✜♥❞s
❛ ❝♦♥str❛✐♥t C t❤❛t ✐s s❛t✐s✜❡❞ ❜② ❛ s✐③❡✲k ❈❙P P ✇❤♦s❡ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦
❤❛s ❧❡♥❣t❤ ❛t ♠♦st 2β − 1✳ ▼♦r❡♦✈❡r✱ t❤❡ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ ❢r❛❣✐❧❡ ♣✐❡❝❡ ✐s O(k3β)
✐♥ ❡✈❡r② ❝♦♥str❛✐♥t ♣r♦❞✉❝❡❞ ❜② ❢r❛♠❡s✳ ❚❤❡ ♣s❡✉❞♦ ❝♦❞❡ ♦❢ ❢r❛♠❡s ✐s s❤♦✇♥
✐♥ ❆❧❣♦r✐t❤♠ ✹✳✸✳

❚❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❢r❛♠❡s ✐s t♦ ✉s❡ ❛ s❡t ♦❢ r❡❞✉❝t✐♦♥ r✉❧❡s t♦ ♣✉t ✏❢r❛♠❡s✑ ✐♥t♦
t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s✱ ✇❤❡r❡ ❛ ❢r❛♠❡ ✐s ❛ ❢❛❝t♦r ✇✐t❤✐♥ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡ t❤❛t ❝♦♥t❛✐♥s
❛❧❧ ❜r❡❛❦♣♦✐♥ts t❤❛t ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s ♣✐❡❝❡✳ ❲❡ ❝❛❧❧ t❤❡ ❛❝t✉❛❧ s❤♦rt❡st ❢❛❝t♦r
❝♦♥t❛✐♥✐♥❣ ❛❧❧ ❜r❡❛❦♣♦✐♥ts ♦❢ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ ❛ ✏✇✐♥❞♦✇✑✱ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t P ❜❡
❛ s✐③❡✲k ❈❙P s❛t✐s❢②✐♥❣ C✱ ❛♥❞ ❧❡t f ❜❡ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ ✐♥ C✳ ❚❤❡ ✇✐♥❞♦✇ ♦❢ f ✐s t❤❡
❢❛❝t♦r [a, b] s✉❝❤ t❤❛t {a, a ⊲ 1} ✐s t❤❡ ❧❡❢t♠♦st ❜r❡❛❦♣♦✐♥t ♦❢ P ✐♥ f ❛♥❞ {b ⊳ 1, b} ✐s
t❤❡ r✐❣❤t♠♦st ❜r❡❛❦♣♦✐♥t ♦❢ f ✳ ❙✐♥❝❡ ❛ ❢r❛♠❡ ✐s r❡q✉✐r❡❞ t♦ ❝♦♥t❛✐♥ ❛❧❧ ❜r❡❛❦♣♦✐♥ts
♦❢ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ ✐t ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ✏s✉♣❡r✑✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛❧ ✇✐♥❞♦✇✳ ❆
❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❢r❛♠❡s ✐s ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✹✳✻ ✭❋r❛♠❡s✮✳ ▲❡t C ❜❡ ❛ ❝♦♥str❛✐♥t✳ ❆ ❢r❛♠❡ [a, b] ❢♦r ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ f
♦❢ C ✐s ❛ ❢❛❝t♦r t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ f ✳ ❆ ❢r❛♠❡ s❡t ❢♦r C ✐s ❛ s❡t Φ ♦❢ ❢r❛♠❡s
s✉❝❤ t❤❛t ❡❛❝❤ ❢r❛❣✐❧❡ ♣✐❡❝❡ f ❝♦♥t❛✐♥s ❛t ♠♦st ♦♥❡ ❢r❛♠❡✳ ❆ ❈❙P P t❤❛t s❛t✐s✜❡s C
s❛t✐s✜❡s ❛ ❢r❛♠❡ s❡t Φ ❢♦r C ✐❢ ❡❛❝❤ ❜r❡❛❦♣♦✐♥t ♦❢ P ✐s ❝♦♥t❛✐♥❡❞ ✐♥ s♦♠❡ ❢r❛♠❡ ♦❢ Φ✳

❚❤❡ ❛♣♣r♦❛❝❤ t♦ ❛❞❞ t❤❡ ❢r❛♠❡s t♦ t❤❡ ❝♦♥str❛✐♥t ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿
✜rst✱ ✇❡ ❝♦♠♣✉t❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ w ♦♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✇✐♥❞♦✇s t❤❛t ♦♥❧② ❞❡♣❡♥❞s
♦♥ β ❛♥❞ k✳ ❚❤❡ w = 2βk + 1 ✐s ❡❛s✐❧② ♦❜t❛✐♥❡❞ s✐♥❝❡ ❡❛❝❤ ✇✐♥❞♦✇ ❝❛♥ ❝♦♥t❛✐♥
❛t ♠♦st k ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦s ♦❢ ♠❛①✐♠✉♠ ❧❡♥❣t❤ 2β✳ ❚❤❡♥✱ ✇❡ ❛♣♣❧② ❛ s❡r✐❡s ♦❢
❢r❛♠❡ r✉❧❡s t❤❛t ❡✈❡♥t✉❛❧❧② ♣❧❛❝❡ ❛ ❢r❛♠❡ ✐♥ ❛❧❧ ❢r❛❣✐❧❡ ♣✐❡❝❡s ✭▲✐♥❡s ✹✕✺✮✳ ❆s ✇❡
✇✐❧❧ s❤♦✇✱ t❤❡ ❢r❛♠❡ ❧❡♥❣t❤ t❤❡♥ ❞❡♣❡♥❞s ♦♥ w ✭❛♥❞ t❤✉s ♦♥ k ❛♥❞ β✮ ❛♥❞ ♦♥ t❤❡
♠❛①✐♠✉♠ ♣❡r✐♦❞ ❧❡♥❣t❤ ♦❢ t❤❡ ✉♥✜①❡❞ ✭r❡♣❡t✐t✐✈❡✮ s♦❧✐❞ ♣✐❡❝❡s✳ ❙✐♥❝❡ t❤❡ ❢r❛♠❡s
❝♦♥t❛✐♥ ❛❧❧ ❜r❡❛❦♣♦✐♥ts ♦❢ P ✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s ✉♥t✐❧ t❤❡② ✏✜t✑
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❆❧❣♦r✐t❤♠ ✹✳✸ Pr♦❝❡❞✉r❡ ❢r❛♠❡s✳ ●❧♦❜❛❧ ✈❛r✐❛❜❧❡s✿ C✱ β✳
✶✿ w ← 2βk + 1 ✴✴ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ✇✐♥❞♦✇ ❧❡♥❣t❤
✷✿ r❡♣❡❛t ✿

✸✿ ❈♦♠♣✉t❡ t❤❡ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥ ♦❢ ❡❛❝❤ s♦❧✐❞ ♣✐❡❝❡✱
t❤❡ ♣✐❡❝❡ ❣r❛♣❤ G[C,Φ← ∅]✱ ❛♥❞ t❤❡ str✐♣s ♦❢ ❡❛❝❤ r❡♣−r❡♣ ♣❛t❤

✹✿ ✇❤✐❧❡ t❤❡r❡ ✐s ❛ ❢r❛♠❡❧❡ss ❢r❛❣✐❧❡ ♣✐❡❝❡ ✿ ✴✴ ♣❧❛❝❡ ❢r❛♠❡s ✐♥ ❢r❛❣✐❧❡ ♣✐❡❝❡s
✺✿ ❛♣♣❧② ❋r❛♠❡ ❘✉❧❡s ✶✕✻
✻✿ ❢♦r ❡❛❝❤ ❢r❛❣✐❧❡ ♣✐❡❝❡ ✿ ❛♣♣❧② ❋✐tt✐♥❣ ❘✉❧❡ ✶
✼✿ ♥❡✇✲❛❧✐❣♥ ← ❋❛❧s❡ ✴✴ ✜① ♣✐❡❝❡s ✇✐t❤ ❧♦♥❣ ♣❡r✐♦❞s
✽✿ ❢♦r ❡❛❝❤ r❡♣❡t✐t✐✈❡ s♦❧✐❞ ♣✐❡❝❡ s ✭✇✐t❤ ♣❡r✐♦❞ πs✮ ✿
✾✿ ✐❢ ❛❧❧ ❢r❛❣✐❧❡ ♣✐❡❝❡s ❛❞❥❛❝❡♥t t♦ s ♦r s′ ❤❛✈❡ ❧❡♥❣t❤ ❛t ♠♦st 6(k2 + k) ‖πs‖ ✿
✶✵✿ ❢♦r ❡❛❝❤ ❢❡❛s✐❜❧❡ ❛❧✐❣♥♠❡♥t ❜r❛♥❝❤ ✐♥t♦ t❤❡ ❝❛s❡ t♦ ❛❞❞ t❤✐s ❛❧✐❣♥♠❡♥t t♦ RS

✶✶✿ ♥❡✇✲❛❧✐❣♥ ← ❚r✉❡
✶✷✿ ✉♥t✐❧ ♥❡✇✲❛❧✐❣♥ ❂ ❋❛❧s❡

t❤❡✐r ❢r❛♠❡s ✭▲✐♥❡ ✻✮✳ ❲❡ ♥♦✇ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡r❡ ❛r❡ s♦♠❡ ✉♥✜①❡❞ s♦❧✐❞ ♣✐❡❝❡s
✇✐t❤ ❛ ❧♦♥❣ ♣❡r✐♦❞ ❝♦♠♣❛r❡❞ t♦ w✳ ■❢ t❤✐s ✐s t❤❡ ❝❛s❡✱ t❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✏❢❡❛s✐❜❧❡✑
❛❧✐❣♥♠❡♥ts ❢♦r t❤❡s❡ ♣✐❡❝❡s ✐s s♠❛❧❧✱ ❛♥❞ ✇❡ ❝❛♥ t❤✉s ❜r❛♥❝❤ ❤♦✇ t♦ ❛❧✐❣♥ t❤❡s❡ ♣✐❡❝❡s
✭▲✐♥❡s ✼✕✶✶✮✳ ❋♦r♠❛❧❧②✱ ✇❡ ❝❛❧❧ ❛♥ ❛❧✐❣♥♠❡♥t ♦❢ s = [a, b] ❛♥❞ s′ = [a′, b′] ❢❡❛s✐❜❧❡
❢♦r C ✐❢ t❤❡ ❢❛❝t♦r ❡q✉✐❞✐st❛♥t t♦ [a, b] ✭[a′, b′]✮ ❢r♦♠ s ❞♦❡s ♥♦t ✐♥t❡rs❡❝t ❛♥② ♦t❤❡r
s♦❧✐❞ ♣✐❡❝❡ t❤❛♥ s′ ✭s✮ ✐♥ C✳ ◆♦t❡ t❤❛t ❡❛❝❤ s❛t✐s❢②✐♥❣ ❈❙P ❝❛♥ ♦♥❧② ❤❛✈❡ ❢❡❛s✐❜❧❡
❛❧✐❣♥♠❡♥ts✱ ♦t❤❡r✇✐s❡ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❢r❛❣✐❧❡ ♣✐❡❝❡ ✇✐t❤♦✉t ❜r❡❛❦♣♦✐♥ts✳

❆❢t❡r✇❛r❞s✱ ✇❡ ❣♦ ❜❛❝❦ t♦ ❛♣♣❧②✐♥❣ t❤❡ ❢r❛♠❡ r✉❧❡s ✭✇❡ ✇✐❧❧ ♦❜t❛✐♥ s❤♦rt❡r ❢r❛♠❡s
s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ✜①❡❞ ♣✐❡❝❡s ❤❛s ✐♥❝r❡❛s❡❞✮✳ ■❢ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ t❤❛t ✐s✱ ❛❧❧
♣❡r✐♦❞s ❛r❡ s❤♦rt ❝♦♠♣❛r❡❞ t♦ w✱ t❤❡♥ ✇❡ s❤♦✇ t❤❛t t❤❡ ♠❛①✐♠✉♠ ❢r❛♠❡ ❧❡♥❣t❤
❞❡♣❡♥❞s ♦♥❧② ♦♥ w✳ ❍❡♥❝❡✱ ✐♥ t❤✐s ❝❛s❡ t❤❡② ❛r❡ s✉✣❝✐❡♥t❧② s❤♦rt✱ ❛♥❞ t❤❡ ❢r❛♠❡s

♣r♦❝❡❞✉r❡ ❤❛s ❛❝❤✐❡✈❡❞ ✐ts ❣♦❛❧✳ ❚❤❡ ❛❧❣♦r✐t❤♠ t❤✉s r❡t✉r♥s t♦ t❤❡ ♠❛✐♥ ♠❡t❤♦❞
✇❤❡r❡ ✐t ❝❛❧❧s s♣❧✐t t♦ ✜♥❞ ♥❡✇ s♦❧✐❞ ♣✐❡❝❡s✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❢r❛♠❡ r✉❧❡s t❤❛t ♣❧❛❝❡ ❢r❛♠❡s ✐♥ ❢r❛❣✐❧❡ ♣✐❡❝❡s
✇❤✐❝❤ ❛r❡ ♥❡①t t♦ ✜①❡❞ ♣✐❡❝❡s ❛♥❞ s♦♠❡ ❢✉rt❤❡r s✐♠♣❧❡ ❢r❛♠❡ r✉❧❡s✳ ❇❡❢♦r❡ ❞♦✐♥❣
s♦✱ ✇❡ ❞❡✜♥❡ t✇♦ ❝♦♥❝❡♣ts t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ❜② t❤❡ ❢r❛♠❡ r✉❧❡s✿ ♠❛①✐♠✉♠ ❡①t❡♥✲
s✐♦♥s ❛♥❞ t❤❡ ♣✐❡❝❡ ❣r❛♣❤✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥s ❛r❡ ✉s❡❞ ❧♦❝❛❧❧②
t♦ ❜♦✉♥❞ t❤❡ ♣♦s✐t✐♦♥ ♦❢ s♦♠❡ ❜r❡❛❦♣♦✐♥ts ✐♥ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s✳ ❚❤❡ ♣✐❡❝❡ ❣r❛♣❤
♣r♦✈✐❞❡s ❛ str✉❝t✉r❛❧ ✈✐❡✇ ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♣✐❡❝❡s ❛♥❞ ✐s ✉s❡❞ t♦ s❤♦✇
t❤❛t ♦♥❡ ♦❢ t❤❡ ❢r❛♠❡ r✉❧❡s ❝❛♥ ❛❧✇❛②s ❜❡ ❛♣♣❧✐❡❞ ✐♥ ❝❛s❡ t❤❡r❡ ✐s ❛ ❢r❛♠❡❧❡ss ❢r❛❣✐❧❡
♣✐❡❝❡✳

▼❛①✐♠✉♠ ❡①t❡♥s✐♦♥ ♦❢ s♦❧✐❞ ♣✐❡❝❡s✳ ▲❡t s ❜❡ ❛ s♦❧✐❞ ♣✐❡❝❡ ✐♥ ❛ ❝♦♥str❛✐♥t C✳
❚❤❡ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥ ♦❢ s ✐s t❤❡ ❢❛❝t♦r [lext(s), rext(s)] ❝♦♥t❛✐♥✐♥❣ s ✇❤❡r❡ rext(s)
❛♥❞ lext(s) ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ■❢ s ✐s ✜①❡❞✱ t❤❡♥ ❧❡t ℓ ❜❡ t❤❡ ❧❛r❣❡st ✐♥t❡❣❡r s✉❝❤
t❤❛t [s∗, s∗ ⊲ ℓ] ≡ [s′∗, s′∗ ⊲ ℓ]✱ ❛♥❞ t❤❛t ♥♦ ♠❛r❦❡r ♦❢ [s∗, s∗ ⊲ ℓ] ♦r [s′∗, s′∗ ⊲ ℓ] ✐s ✐♥
❛ s♦❧✐❞ ♣✐❡❝❡ ♦t❤❡r t❤❛♥ s ♦r s′✳ ❚❤❡♥ rext(s) = s∗ ⊲ ℓ ❛♥❞ rext(s

′) = s′∗ ⊲ ℓ✳ ■❢ s
✐s r❡♣❡t✐t✐✈❡ ✇✐t❤ s❤♦rt❡st ♣❡r✐♦❞ πs✱ t❤❡♥ ❧❡t a ❜❡ t❤❡ ❧❡❢t♠♦st ♠❛r❦❡r ✐♥ s ❛♥❞
❞❡✜♥❡ rext(s) ❛s t❤❡ r✐❣❤t♠♦st ♠❛r❦❡r s✉❝❤ t❤❛t t❤❡ ❢❛❝t♦r [a, rext(s)] ❤❛s ♣❡r✐♦❞ πs✱
❛♥❞ t❤❛t ♥♦ ♠❛r❦❡r ✐♥ [a, rext(s)] ✐s ✐♥ ❛ s♦❧✐❞ ♣✐❡❝❡ ♦t❤❡r t❤❛♥ s✳ ▼❛r❦❡r lext(s) ✐s
♦❜t❛✐♥❡❞ s②♠♠❡tr✐❝❛❧❧②✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥✳
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a b c d e f g h i j k l m n o

a b c d e f g h i z . . . z g h i j k l m n o

s t

s′ t′

∗ ∗

∗ ∗

(x)

(y)

X X

X X

s

*

s′
*

t′

*

t
*

(y)

(x)

(y)

x x

x

x

❋✐❣✉r❡ ✹✳✸✿ ▲❡❢t✿ t✇♦ ♣❛✐rs ♦❢ ✜①❡❞ s♦❧✐❞ ♣✐❡❝❡s (s, s′) ❛♥❞ (t, t′)✳ ❘❡❢❡r❡♥❝❡ ♠❛r❦❡rs
❛r❡ s❤♦✇♥ ✇✐t❤ ❛♥ ❛st❡r✐s❦✱ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥s ❛r❡ ❞❡❧✐♠✐t❡❞ ✇✐t❤ ❞❛s❤❡❞ ❧✐♥❡s✱
❛♥❞ t❤❡ ❜r❡❛❦♣♦✐♥ts ♦❢ s♦♠❡ ♣♦ss✐❜❧❡ ❈❙P ❛r❡ ♠❛r❦❡❞ ✇✐t❤ r❡❞ ❝r♦ss❡s✳ ❘✐❣❤t✿ ❛
s✐♠♣❧✐✜❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣✐❡❝❡s✱ ✇❤❡r❡ t❤✐❝❦ ✭r❡s♣✳ t❤✐♥✮ ❧✐♥❡s ❛r❡ ✉s❡❞
❢♦r s♦❧✐❞ ✭r❡s♣✳ ❢r❛❣✐❧❡✮ ♣✐❡❝❡s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✼✳ ▲❡t s ❜❡ ❛ ✜①❡❞ s♦❧✐❞ ♣✐❡❝❡✱ ❛♥❞ ❧❡t [a, b] ❛♥❞ [c, d] ❜❡ t✇♦ ❢❛❝✲
t♦rs t❤❛t ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s ❛♥❞ s✉❝❤ t❤❛t [a, b] ✐s ❝♦♥t❛✐♥❡❞ ✐♥ [lext(s), rext(s)]
❛♥❞ [c, d] ✐s ❝♦♥t❛✐♥❡❞ ✐♥ [lext(s

′), rext(s
′)]✳ ❚❤❡♥✱ [a, b] ≡ [c, d]✳

◆♦t❡ t❤❛t✱ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡✱ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥ ✐♥❝❧✉❞❡s s✐♥❣❧❡ ♠❛r❦❡rs ✭t❤❛t
✐s✱ ❧❡♥❣t❤✲♦♥❡ ❢❛❝t♦rs✮✳ ❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ s✐♠♣❧② st❛t❡s ❢♦r♠❛❧❧② t❤❛t t❤❡ ♠❛①✐✲
♠✉♠ ❡①t❡♥s✐♦♥s ♦❢ ❛ s♦❧✐❞ ♣✐❡❝❡ ❝♦♥t❛✐♥ t❤❡ ❜❧♦❝❦ ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ s♦❧✐❞ ♣✐❡❝❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✽✳ ▲❡t C ❜❡ ❛ ❝♦♥str❛✐♥t ❛♥❞ s ❜❡ ❛ s♦❧✐❞ ♣✐❡❝❡ ♦❢ C✳ ❆♥② ❈❙P
t❤❛t s❛t✐s✜❡s C ❤❛s ❛ ❜❧♦❝❦ ✇❤✐❝❤ ❝♦♥t❛✐♥s s ❛♥❞ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ [lext(s), rext(s)]✳
❋✉rt❤❡r♠♦r❡✱ ❧❡t f ❜❡ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ ♥❡①t t♦ s✳ ❚❤❡♥✱ t❤❡ ✇✐♥❞♦✇ ✐♥ f ❝♦♥t❛✐♥s ❛t
❧❡❛st ♦♥❡ ♠❛r❦❡r ♦❢ [lext(s), rext(s)]✳

Pr♦♦❢✳ ■❢ s ✐s ✜①❡❞✱ t❤❡♥ t❤❡ ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣ s ❝❛♥♥♦t ❝♦♥t❛✐♥ t❤❡ ♠❛r❦❡r lext(s)⊳1✿
✐❢ t❤✐s ♠❛r❦❡r ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❜❧♦❝❦✱ ✐t ✐s ♠❛t❝❤❡❞ t♦ lext(s

′) ⊳ 1✳ ❇② ❞❡✜♥✐t✐♦♥
♦❢ lext(s)✱ ❡✐t❤❡r lext(s) ⊳ 1 6≡ lext(s

′) ⊳ 1 ♦r ♦♥❡ ♦❢ lext(s) ⊳ 1✱ lext(s′) ⊳ 1 ❜❡❧♦♥❣s t♦
❛ ❞✐✛❡r❡♥t s♦❧✐❞ ♣✐❡❝❡ t✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❞♦ ♥♦t ♦❜t❛✐♥ ❛ ❈❙P❀ ✐♥ t❤❡ s❡❝♦♥❞
❝❛s❡✱ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❢r❛❣✐❧❡ ♣✐❡❝❡ ✇✐t❤♦✉t ❛ ❜r❡❛❦♣♦✐♥t✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❜❧♦❝❦
❝♦♥t❛✐♥✐♥❣ s ❝❛♥♥♦t ❝♦♥t❛✐♥ rext(s) ⊲ 1✳

❊✈❡r② r❡♣❡t✐t✐✈❡ s♦❧✐❞ ♣✐❡❝❡ s ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❜❧♦❝❦ ✇❤✐❝❤ ✐s ♣❡r✐♦❞✐❝ ✇✐t❤ t❤❡
s❛♠❡ s❤♦rt❡st ♣❡r✐♦❞ π ❛s s✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ lext(✮ ❛♥❞ rext(✮ ❢♦r r❡♣❡t✐t✐✈❡ s♦❧✐❞
♣✐❡❝❡s t❤✐s ❜❧♦❝❦ ♠✉st t❤✉s ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ [lext(s), rext(s)]✳

❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ f t♦ t❤❡ r✐❣❤t ✭t♦ t❤❡ ❧❡❢t✮ ♦❢ s✳ ❚❤❡ ✇✐♥❞♦✇
✐♥ f ❝♦♥t❛✐♥s t❤❡ ❧❛st ✭✜rst✮ ♠❛r❦❡r ♦❢ t❤❡ ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣ s✳ ❇② t❤❡ ❛❜♦✈❡ ✐t t❤✉s
❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ♠❛r❦❡r ♦❢ [lext(s), rext(s)]✳

❚❤❡ P✐❡❝❡ ●r❛♣❤✳ ●✐✈❡♥ ❛ ❝♦♥str❛✐♥t C ❛♥❞ ❛ ❢r❛♠❡ s❡t Φ✱ t❤❡ ♣✐❡❝❡ ❣r❛♣❤
G[C,Φ] ✐s t❤❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ G = (VS ∪ VF , E) ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s✳

✕ VF ❝♦♥t❛✐♥s ♦♥❡ ✈❡rt❡① vf ❢♦r ❡❛❝❤ ❢r❛♠❡❧❡ss ❢r❛❣✐❧❡ ♣✐❡❝❡ f ∈ F ✱
✕ VS ❝♦♥t❛✐♥s✱ ❢♦r ❡❛❝❤ r❡♣❡t✐t✐✈❡ s♦❧✐❞ ♣✐❡❝❡ s ∈ Sx ❛ ✈❡rt❡① vs✱ ❛♥❞ ❢♦r ❡❛❝❤
✜①❡❞ ♣✐❡❝❡ s ∈ Sx✱ t✇♦ ✈❡rt✐❝❡s ls ❛♥❞ rs ✭❢♦r ❧❡❢t ❛♥❞ r✐❣❤t✮✳

✕ ❋♦r ❛ ✜①❡❞ s♦❧✐❞ ♣✐❡❝❡ s ❛♥❞ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ f ∈ F ✱ G ❝♦♥t❛✐♥s t❤❡ ❡❞❣❡ {vf , ls}
✐❢ t❤❡ ❧❛st ♠❛r❦❡r ♦❢ f ✐s t❤❡ ✜rst ♠❛r❦❡r ♦❢ s ♦r ♦❢ s′✱ ❛♥❞ t❤❡ ❡❞❣❡ {vf , rs}
✐❢ t❤❡ ✜rst ♠❛r❦❡r ♦❢ f ✐s t❤❡ ❧❛st ♠❛r❦❡r ♦❢ s ♦r ♦❢ s′✳

✕ ❋♦r ❛♥ ✉♥✜①❡❞ s♦❧✐❞ ♣✐❡❝❡ s✱ G ❝♦♥t❛✐♥s t❤❡ ❡❞❣❡ {vf , vs} ✐❢ t❤❡ ✜rst ♠❛r❦❡r
♦❢ f ✐s t❤❡ ❧❛st ♠❛r❦❡r ♦❢ ❡✐t❤❡r s ♦r s′ ♦r ✐❢ t❤❡ ❧❛st ♠❛r❦❡r ♦❢ f ✐s t❤❡ ✜rst
♠❛r❦❡r ♦❢ ❡✐t❤❡r s ♦r s′✳
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❋✐❣✉r❡ ✹✳✹✿ ❋r❛♠❡ ❘✉❧❡s ✶✕✻ ♦❢ ❢r❛♠❡s✳ ❋r❛♠❡s ❛r❡ ❞r❛✇♥ ❛s r❡❞ ❜♦①❡s✱ t❤❡ ❢r❛♠❡
❝r❡❛t❡❞ ❛t ❡❛❝❤ st❡♣ ✐s ❞❛s❤❡❞✳ P♦ss✐❜❧❡ ❜r❡❛❦♣♦✐♥t ♣♦s✐t✐♦♥s ✐♥ P ❛r❡ s❤♦✇♥ ❛s r❡❞
❝r♦ss❡s✳

◆♦t❡ t❤❛t t❤❡ ✈❡rt✐❝❡s vs ♦r ls ❛♥❞ rs ❛r❡ ♦♥❧② ❞❡✜♥❡❞ ❢♦r ♣✐❡❝❡s s ∈ Sx✱ ❜✉t t❤❡②
r❡♣r❡s❡♥t ❜♦t❤ ♣✐❡❝❡s s ❛♥❞ s′✳ ❖❜s❡r✈❡ ❢✉rt❤❡r♠♦r❡ t❤❛t ✐♥ ❝❛s❡ VF 6= ∅✱ t❤❡r❡ ❛r❡
❢r❛❣✐❧❡ ♣✐❡❝❡s ✐♥ C t❤❛t ❞♦ ♥♦t ❤❛✈❡ ❛ ❢r❛♠❡ ✐♥ Φ✳ ▼♦r❡♦✈❡r✱ ♥♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡
t❤❡ ❡❞❣❡ s❡t ♦❢ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ✐s ♥♦♥❡♠♣t②✳ ❖✉r ❛✐♠ ✇✐❧❧ t❤✉s ❜❡ t♦ ❣r❛❞✉❛❧❧② ❛♣♣❧②
t❤❡ ❢r❛♠❡ r✉❧❡s ✉♥t✐❧ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ✐s ❡❞❣❡✲❧❡ss✳ ❊❛❝❤ ✈❡rt❡① ✐s ❝❛❧❧❡❞ ❢r❛❣✐❧❡✱ ✜①❡❞
♦r r❡♣❡t✐t✐✈❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♣✐❡❝❡ ✐t r❡♣r❡s❡♥ts✳ ◆♦t❡ t❤❛t ♠♦st
✈❡rt✐❝❡s ♦❢ t❤❡ ❣r❛♣❤ ❤❛✈❡ ❞❡❣r❡❡ ❛t ♠♦st ✷✱ ❡①❝❡♣t ❢♦r r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s ✇❤✐❝❤ ❝❛♥
❤❛✈❡ ❞❡❣r❡❡ ✉♣ t♦ ✹✳ ❱❡rt✐❝❡s ✇✐t❤ s♠❛❧❧❡r ❞❡❣r❡❡ ❝♦rr❡s♣♦♥❞ ✐♥✐t✐❛❧❧② t♦ t❤❡ ❢♦✉r
♣✐❡❝❡s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ s❡q✉❡♥❝❡s✳

■♥ ♦r❞❡r t♦ ❞❡❛❧ s❡❛♠❧❡ss❧② ✇✐t❤ ♣✐❡❝❡s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ✐♥♣✉t str✐♥❣s ✭✇❤❡r❡ ♥♦
❢r❛❣✐❧❡ ♣✐❡❝❡ ✐s ❛❞❥❛❝❡♥t ♦♥ ♦♥❡ s✐❞❡✮✱ ✇❡ ✐♥tr♦❞✉❝❡ ✏♣❤❛♥t♦♠ ❢r❛♠❡s✑ ❛s ❢♦❧❧♦✇s✳ ■❢ s
❝♦♥t❛✐♥s t❤❡ ✜rst ❡❧❡♠❡♥t ♦❢ ❛ str✐♥❣✱ ✐✳❡✳ x[1] ♦r y[1]✱ ✇❡ s❛② t❤❛t s ❤❛s t❤❡ ♣❤❛♥t♦♠
❢r❛♠❡ [x[0], x[1]] ✭r❡s♣✳ [y[0], y[1]]✮ t♦ ✐ts ❧❡❢t✳ ▲✐❦❡✇✐s❡✱ ✐❢ s ❝♦♥t❛✐♥s x[n] ♦r y[n]✱ ✐t
❤❛s t❤❡ ♣❤❛♥t♦♠ ❢r❛♠❡ [x[n], x[n+ 1]] ✭r❡s♣✳ [y[n], y[n+ 1]]✮ t♦ ✐ts r✐❣❤t✳

❲❡ ♥♦✇ ❤❛✈❡ ❝♦❧❧❡❝t❡❞ t❤❡ ♣r❡r❡q✉✐s✐t❡s t♦ st❛t❡ ❋r❛♠❡ ❘✉❧❡s ✶ t♦ ✸ ✭❋r❛♠❡
❘✉❧❡s ✹ t♦ ✻ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ r❡♣−r❡♣ ♣❛t❤ ❛♥❞ str✐♣✱ t❤❡② ❛r❡ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✹✮✳
❆ ❢r❛♠❡ r✉❧❡ ✐s ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t r❡❝❡✐✈❡s ❛s ✐♥♣✉t ❛ ❝♦♥str❛✐♥t C ❛♥❞ ❛ ❢r❛♠❡ s❡t Φ
❛♥❞ ✉♣❞❛t❡s ❜♦t❤ ✐♥t♦ ❛ ❝♦♥str❛✐♥t C✬ ❛♥❞ ❛ ❢r❛♠❡ s❡t Φ′✳ ❆ ❢r❛♠❡ r✉❧❡ ✐s ❝♦rr❡❝t
✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✳ ❋✐rst✱ ✐❢ t❤❡r❡ ✐s ❛ s✐③❡✲k ❈❙P P s❛t✐s❢②✐♥❣ C ❛♥❞ Φ✱ t❤❡♥
t❤❡r❡ ✐s ❛❧s♦ ❛ s✐③❡✲k ❈❙P P ′ s❛t✐s❢②✐♥❣ C ′ ❛♥❞ Φ′✳ ❙❡❝♦♥❞✱ t❤❡ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞
❜❧♦❝❦ ✐♥ P ′ ✐s ❛t ♠♦st ❛s ❧♦♥❣ ❛s t❤❡ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ✐♥ P ✭t❤✐s ❛❞❞✐t✐♦♥❛❧
r❡str✐❝t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❛r❣✉❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ β r❡♠❛✐♥s ❝♦rr❡❝t✮✳ ◆♦t❡ t❤❛t
✇❧♦❣✳✱ ✇❡ ❞❡s❝r✐❜❡ ❛❧❧ r✉❧❡s s♦ t❤❛t t❤❡② ❝♦♥s✐❞❡r ❛ ❢r❛♠❡❧❡ss ❢r❛❣✐❧❡ ♣✐❡❝❡ ✐♥ x ❜✉t
t❤❡② ❛♣♣❧② ❡q✉❛❧❧② t♦ ❢r❛❣✐❧❡ ♣✐❡❝❡s ✐♥ y✳ ❋✐♥❛❧❧②✱ ✇❡ st❛t❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❢r❛♠❡s ♦❢
❛❧❧ r✉❧❡s ❜② ❞❡✜♥✐♥❣ ❛ ❢❛❝t♦r ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ✇✐♥❞♦✇✱ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❛t
t❤❡ ❢r❛♠❡s ❛r❡ ✇✐t❤✐♥ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s✱ ✇❡ ❛❧✇❛②s ✐♥t❡rs❡❝t t❤✐s ❢❛❝t♦r ✇✐t❤ t❤❡
❝♦♥s✐❞❡r❡❞ ❢r❛❣✐❧❡ ♣✐❡❝❡ f ✳ ❚❤❡ ✜rst r✉❧❡ ♣✉ts ❢r❛♠❡s ✐♥t♦ ❢r❛❣✐❧❡ ♣✐❡❝❡s ❛t t❤❡ ❡♥❞
♦❢ t❤❡ str✐♥❣✳



✹✳✸✳ P❯❚❚■◆● ❋❘❆▼❊❙ ◆❊❳❚ ❚❖ ❋■❳❊❉ P■❊❈❊❙ ✶✵✶

❋r❛♠❡ ❘✉❧❡ ✶✳ ■❢ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ❝♦♥t❛✐♥s ❛ ❢r❛❣✐❧❡ ❞❡❣r❡❡✲♦♥❡ ✈❡rt❡① vf ✱ t❤❡♥ f
❝♦♥t❛✐♥s ❡✐t❤❡r x[1] ♦r x[n]✳ ■❢ f ❝♦♥t❛✐♥s x[1] ❛❞❞ f ∩ [x[1], x[1]⊲w] t♦ Φ✱ ♦t❤❡r✇✐s❡
❛❞❞ f ∩ [x[n] ⊳ w, x[n]] t♦ Φ✳

Pr♦♦❢✳ ❋r❛❣✐❧❡ ♣✐❡❝❡s ♦❢ x t❤❛t ❞♦ ♥♦t ❝♦♥t❛✐♥ t❤❡ ✜rst ♦r t❤❡ ❧❛st ♠❛r❦❡r ♦❢ x ❛r❡
♣r❡❝❡❞❡❞ ❛♥❞ ❢♦❧❧♦✇❡❞ ❜② ❛ s♦❧✐❞ ♣✐❡❝❡ ✭s✐♥❝❡ t❤❡ s♣❧✐tt✐♥❣ ✐s ❛❧t❡r♥❛t✐♥❣✮ ❛♥❞ t❤✉s
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡rt❡① ✐♥ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ❤❛s ❞❡❣r❡❡ t✇♦✳ ❍❡♥❝❡✱ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡
✐♥ x ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❞❡❣r❡❡✲♦♥❡ ✈❡rt❡① ♦❢ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ❝♦♥t❛✐♥s ❡✐t❤❡r t❤❡ ✜rst
♦r t❤❡ ❧❛st ♠❛r❦❡r ♦❢ x✳ ❆ss✉♠❡ ✇❧♦❣✳ t❤❛t f ❝♦♥t❛✐♥s x[1]✳ ❚❤❡ ❧❡❢t♠♦st ❜❧♦❝❦ ♦❢
P ✐♥ x ✐s ♥❡❝❡ss❛r✐❧② ❛ s❤♦rt ❜❧♦❝❦ s✐♥❝❡ ✐t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡ f ✳ ❍❡♥❝❡✱
♠❛r❦❡r x[1] ❜❡❧♦♥❣s t♦ t❤❡ ✜rst ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ♦❢ P ✳ ❙✐♥❝❡ t❤❡ ✇✐♥❞♦✇ ✭✇❤✐❝❤
❝♦♥t❛✐♥s ❛❧❧ ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦s ✐♥ f✮ ❤❛s ❧❡♥❣t❤ ❛t ♠♦st w✱ ✐t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡
❝r❡❛t❡❞ ❢r❛♠❡ [x[1], x[1] ⊲ w]✳

❋r❛♠❡ ❘✉❧❡ ✷✳ ■❢ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ❝♦♥t❛✐♥s ❛ ❞❡❣r❡❡✲♦♥❡ ✈❡rt❡① ls ✭♦r rs✱ t❤❡ r✉❧❡ ✐s
s②♠♠❡tr✐❝❛❧✮ ✇✐t❤ ♥❡✐❣❤❜♦r vf s✉❝❤ t❤❛t f ✐s ♥❡①t t♦ s✱ t❤❡♥✿ ❧❡t [s′∗ ⊳u, s′∗ ⊳v] ❜❡ t❤❡
✭♣♦ss✐❜❧② ♣❤❛♥t♦♠✮ ❢r❛♠❡ t♦ t❤❡ ❧❡❢t ♦❢ s′ ✐♥ y❀ ❛❞❞ t❤❡ ❢r❛♠❡ f∩[s∗⊳(u+w−1)), s∗⊳v]
t♦ Φ✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ✇❤❡r❡ [s′∗ ⊳ u, s′∗ ⊳ v] ✐s ❛ ♣❤❛♥t♦♠ ❢r❛♠❡✿ ✐♥ t❤✐s ❝❛s❡✱
s′∗ ⊳ v ✐s y[1] ❛♥❞ u = v + 1✳ ❍❡♥❝❡✱ y[1] ✐s t❤❡ ✜rst ❡❧❡♠❡♥t ♦❢ t❤❡ ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣
s′✳ ❙✐♥❝❡ y[1] ❛♥❞ s∗ ⊳ v ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s✱ s∗ ⊳ v ✐s t❤❡ ✜rst ❡❧❡♠❡♥t ♦❢ t❤❡ ❜❧♦❝❦
❝♦♥t❛✐♥✐♥❣ s ❛♥❞ t❤❡ ❧❛st ❡❧❡♠❡♥t ♦❢ t❤❡ ✇✐♥❞♦✇ ✐♥ f ✳ ❙✐♥❝❡ t❤❡ ✇✐♥❞♦✇ ❤❛s ❧❡♥❣t❤
❛t ♠♦st w−1✱ ✐t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❢r❛♠❡ [s∗⊳(v+w), s∗⊳v] = [s∗⊳(u+w−1)), s∗⊳v]✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ✭r❡❣✉❧❛r✮ ❝❛s❡ ✇❤❡r❡ s′ ❤❛s ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ g t♦ ✐ts ❧❡❢t✳ ❇②
t❤❡ ❢r❛♠❡ ❞❡✜♥✐t✐♦♥✱ ❛❧❧ ❜r❡❛❦♣♦✐♥ts ♦❢ ❛ s❛t✐s❢②✐♥❣ ❈❙P P t❤❛t ❛r❡ ✐♥ g ❛r❡ ✇✐t❤✐♥
[s′∗ ⊳u, s′∗ ⊳v]✳ ❍❡♥❝❡✱ s′∗ ⊳v ✐s ✐♥ t❤❡ s❛♠❡ ❜❧♦❝❦ ❛s s′✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ r✐❣❤t ❧✐♠✐t
♦❢ t❤❡ ✇✐♥❞♦✇ ✐♥ f ✐s t♦ t❤❡ ❧❡❢t ♦❢ s∗ ⊳ v ✐♥ f ✳ ❙✐♠✐❧❛r❧②✱ s′∗ ⊳u ✐s ✐♥ ❛ ❞✐✛❡r❡♥t ❜❧♦❝❦
t❤❛♥ s′ ❛♥❞ t❤✉s t❤❡r❡ ✐s ❛ ❜r❡❛❦♣♦✐♥t t♦ t❤❡ r✐❣❤t ♦❢ s∗⊳u ✐♥ f ✳ ❆❧❧ ♦t❤❡r ❜r❡❛❦♣♦✐♥ts
✐♥ f ❝❛♥ ❤❛✈❡ ❞✐st❛♥❝❡ ❛t ♠♦st w ❢r♦♠ t❤✐s ❜r❡❛❦♣♦✐♥t✳ ❍❡♥❝❡✱ ❛❧❧ ❜r❡❛❦♣♦✐♥ts ✐♥ f
❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝r❡❛t❡❞ ❢r❛♠❡ [s∗ ⊳ (u+ w − 1), s∗ ⊳ v]✳

❚❤❡ ❛❜♦✈❡ r✉❧❡s ❛r❡ r❡❧❛t✐✈❡❧② str❛✐❣❤t❢♦r✇❛r❞ ✐♥❢❡r❡♥❝❡s ♦❢ ❢r❛♠❡ ♣♦s✐t✐♦♥s t❤❛t
❝❛♥ ❜❡ ♠❛❞❡ ❜❡❝❛✉s❡ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ❤❛s ❞❡❣r❡❡✲♦♥❡ ✈❡rt✐❝❡s✳ ❲❡ ♥♦✇ s❤♦✇ s♦♠❡
♠♦r❡ ✐♥tr✐❝❛t❡ r✉❧❡s t❤❛t ❞❡❛❧ ✇✐t❤ t❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ ❤♦✇
t♦ ❞❡❛❧ ✇✐t❤ ❝②❝❧❡s ✐♥ t❤❡ ♣✐❡❝❡ ❣r❛♣❤✳ ❲❡ ✜rst ❝♦♥s✐❞❡r ❝②❝❧❡s ✇✐t❤♦✉t r❡♣❡t✐t✐✈❡
s♦❧✐❞ ♣✐❡❝❡s✳ ◆♦t❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡ ♣❡r❢♦r♠s ❛ ❜r❛♥❝❤✐♥❣✳ ❲❡ t❤✉s ❡①t❡♥❞
t❤❡ ❝♦rr❡❝t♥❡ss ♥♦t✐♦♥ t♦ ❤♦❧❞ ✐❢ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❜r❛♥❝❤ ✐♥ ✇❤✐❝❤ t❤❡ ❝r❡❛t❡❞
❝♦♥str❛✐♥t ❛♥❞ ❢r❛♠❡ s❡t ❝❛♥ ❜❡ s❛t✐s✜❡❞✳

❋r❛♠❡ ❘✉❧❡ ✸✳ ■❢ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ❝♦♥t❛✐♥s ❛ s✐♠♣❧❡ ❝②❝❧❡ ✇✐t❤♦✉t r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s✱
t❤❡♥ ❝r❡❛t❡ ♦♥❡ ❜r❛♥❝❤ ❢♦r ❡❛❝❤ ❡❞❣❡ {vf , us} ♦❢ t❤✐s ❝②❝❧❡✳ ■♥ ❡❛❝❤ ❜r❛♥❝❤✱ ❛❞❞ t♦ Φ
t❤❡ ❢r❛♠❡

✕ f ∩ [lext(s) ⊳ w, lext(s) ⊲ (2w)] ✐❢ us = ls ❢♦r s♦♠❡ s♦❧✐❞ ♣✐❡❝❡ s✱ ♦r
✕ f ∩ [rext(s) ⊳ (2w), rext(s) ⊲ w] t♦ f ✐❢ us = rs ❢♦r s♦♠❡ s♦❧✐❞ ♣✐❡❝❡ s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ♣r♦♣❡rt② ♦❢ ❝♦♥str❛✐♥ts ❛♥❞ s❛t✐s❢②✐♥❣ s♦❧✉t✐♦♥s
❛♥❞ ✉s❡❞ ❢♦r s❤♦✇✐♥❣ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❋r❛♠❡ ❘✉❧❡ ✸✳

Pr♦♣♦s✐t✐♦♥ ✹✳✾✳ ▲❡t s ❜❡ ❛ ✜①❡❞ s♦❧✐❞ ♣✐❡❝❡ ✐♥ ❛ ❝♦♥str❛✐♥t C✳ ■❢ ♠❛r❦❡rs a ❛♥❞ a′

❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s✱ t❤❡♥ ❢♦r ❛♥② ✐♥t❡❣❡r i✱ a ⊲ i ❛♥❞ a′ ⊲ i ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s✳
▼♦r❡♦✈❡r✱ ❣✐✈❡♥ ❛ ❈❙P P s❛t✐s❢②✐♥❣ C✱ t❤❡ ✜rst ♠❛r❦❡rs ✭t❤❡ ❧❛st ♠❛r❦❡rs✮ ♦❢ t❤❡
❜❧♦❝❦s ♦❢ P ❝♦♥t❛✐♥✐♥❣ s ❛♥❞ s′ ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s✳
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ls1
vf1

rs2
vf2

ls3
vf3

rs4
vf4

ls5

s1
*

s2

*

s′2

*
s′3

*

s3
*

s4

*

s′4

*
s′5

*

x

x

x

x

x x

x x

o

o

o

o

o

o

o

(f1:x)

(f2:y)

(f3:x)

(f4:y)

❋✐❣✉r❡ ✹✳✺✿ ■❧❧✉str❛t✐♦♥ ❢♦r t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❝♦rr❡❝t♥❡ss ♣r♦♦❢ ♦❢ ❋r❛♠❡ ❘✉❧❡ ✸✳
■❢ t✇♦ ❢r❛❣✐❧❡ ✇✐♥❞♦✇s fi, fj ✇✐t❤ ❞✐✛❡r❡♥t ♣❛r✐t② ❤❛✈❡ s❡✈❡r❛❧ ❜r❡❛❦♣♦✐♥ts ✭❤❡r❡✱
i = 1 ❛♥❞ j = 4✮✱ t❤❡♥ ✇❡ ❝❛♥ s❤✐❢t t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧❡❢t♠♦st ❜r❡❛❦♣♦✐♥t ✐♥ ❡❛❝❤
❢r❛❣✐❧❡ ♣✐❡❝❡ ♦❢ t❤❡ ♣❛t❤ t♦ r❡❞✉❝❡ t❤❡ ❧❡♥❣t❤ ♦❢ s❤♦rt ❜❧♦❝❦s✳ ❚❤❡ ♠♦❞✐✜❝❛t✐♦♥s
✭❜r❡❛❦♣♦✐♥ts ❛❞❞❡❞ ♦r ❞❡❧❡t❡❞✮ ❛r❡ s❤♦✇♥ ❛s r❡❞ ❝✐r❝❧❡s✳

Pr♦♦❢✳ ❚❤❡ ✜rst ♣❛rt ✐s ❞✐r❡❝t❧② ♦❜t❛✐♥❡❞ ❜② ❞❡✜♥✐t✐♦♥✿

s∗(a ⊲ i) = s∗a+ i = s′∗a′ + i = s′∗(a′ ⊲ i).

❋♦r t❤❡ s❡❝♦♥❞ ♣❛rt✱ s✐♠♣❧② ♥♦t❡ t❤❛t ✐❢ s∗ ✐s ❛t ♣♦s✐t✐♦♥ j ✐♥ t❤❡ ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣ s✱
t❤❡♥ s′∗ ✐s ❛❧s♦ ❛t ♣♦s✐t✐♦♥ j ✐♥ s′✳ ❍❡♥❝❡✱ t❤❡ ✜rst ♠❛r❦❡rs ✭❛♥❞ t❤✉s ❛❧s♦ t❤❡ ❧❛st
♠❛r❦❡rs✮ ♦❢ ❜♦t❤ ❜❧♦❝❦s ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s✳

Pr♦♦❢✳ ▲❡t P ❜❡ t❤❡ s❡t ♦❢ ❈❙Ps t❤❛t s❛t✐s❢② t❤❡ ❝♦♥str❛✐♥t C ❛♥❞ ❢r❛♠❡ s❡t Φ ❛♥❞
❛❞❞✐t✐♦♥❛❧❧② ❤❛✈❡ ❛ ♠✐♥✐♠✉♠ t♦t❛❧ ❧❡♥❣t❤ ♦❢ s❤♦rt ❜❧♦❝❦s✳ ❲❡ s❤♦✇ t❤❛t t❤❡r❡ ✐s
❛ P ∈ P ✇❤✐❝❤ ❤❛s ❛❧❧ ❜r❡❛❦♣♦✐♥ts ✐♥ [lext(s) ⊳ w, lext(s) ⊲ (2w)] ❢♦r s♦♠❡ ✈❡rt❡① ls ♦❢
t❤❡ ❝②❝❧❡✱ t❤✉s s❤♦✇✐♥❣ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ r✉❧❡✳

❙✐♥❝❡ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ G[C,Φ] ✐s ❜✐♣❛rt✐t❡ ✇✐t❤ ♣❛rt✐t✐♦♥ VS ❛♥❞ VF ✱ t❤❡ ❝②✲
❝❧❡ ❛❧t❡r♥❛t❡s ❜❡t✇❡❡♥ ✈❡rt✐❝❡s ♦❢ VS ❛♥❞ VF ✳ ▼♦r❡♦✈❡r✱ ❛❧❧ ❝②❝❧❡ ✈❡rt✐❝❡s ❢r♦♠
VS ❛r❡ ✜①❡❞✱ ❛♥❞ ❛❧t❡r♥❛t❡ ❜❡t✇❡❡♥ ❧❡❢t ❛♥❞ r✐❣❤t ✈❡rt✐❝❡s ✭❡❛❝❤ ❢r❛❣✐❧❡ ✈❡rt❡① ♦❢
t❤❡ ❝②❝❧❡ ✐s ❛❞❥❛❝❡♥t t♦ ❛ ❧❡❢t ✈❡rt❡① ❛♥❞ t♦ ❛ r✐❣❤t ✈❡rt❡①✮✳ ❍❡♥❝❡ t❤❡r❡ ❡①✲
✐st s♦❧✐❞ ♣✐❡❝❡s s1, s2, . . . , sℓ ❛♥❞ ❢r❛❣✐❧❡ ♣✐❡❝❡s f1, f2, . . . , fℓ s✉❝❤ t❤❛t t❤❡ ❝②❝❧❡ ✐s
(ls1 , vf1 , rs2 , vf2 , . . . , lsℓ−1

, vfℓ−1
, rsℓ , vfℓ)✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❝♦♥s✐❞❡r ✐♥❞✐❝❡s ♦♥❧② ♠♦❞✲

✉❧♦ ℓ ✭t❤❛t ✐s✱ sℓ+1 = s1✱ f0 = fℓ✱ ❡t❝✳✮✱ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t ❢r❛❣✐❧❡ ♣✐❡❝❡s ✇✐t❤ ♦❞❞
✐♥❞✐❝❡s ❛r❡ ✐♥ x ❛♥❞ t❤♦s❡ ✇✐t❤ ❡✈❡♥ ✐♥❞✐❝❡s ❛r❡ ✐♥ y✳ ❈♦♥s✐❞❡r ❛ ❈❙P P ∈ P s✉❝❤
t❤❛t t❤❡r❡ ✐s ♥♦ ls ✭rs✮ ✇✐t❤ ❛♥ ❛❞❥❛❝❡♥t ✇✐♥❞♦✇ ❝♦♥t❛✐♥❡❞ ✐♥ [lext(s)⊳w, lext(s)⊲(2w)]
✭[rext(s) ⊳ (2w), rext(s) ⊲ w]✮✳ ❲❡ tr❛♥s❢♦r♠ t❤✐s ❈❙P ✐♥t♦ ♦♥❡ t❤❛t ❢✉❧✜❧❧s t❤✐s ♣r♦♣✲
❡rt②✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t ✐♥ P ❡✐t❤❡r ❛❧❧ ❢r❛❣✐❧❡ ♣✐❡❝❡s ✇✐t❤ ♦❞❞ ♦r ❛❧❧ ❢r❛❣✐❧❡ ♣✐❡❝❡s
✇✐t❤ ❡✈❡♥ ✐♥❞✐❝❡s ❝♦♥t❛✐♥ ♦♥❧② ♦♥❡ ❜r❡❛❦♣♦✐♥t✳ ❆ss✉♠❡ t♦✇❛r❞s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱
t❤❛t t❤❡r❡ ❡①✐st ✐♥t❡❣❡rs i < j ♦❢ ❞✐✛❡r❡♥t ♣❛r✐t② s✉❝❤ t❤❛t fi ❛♥❞ fj ❜♦t❤ ❤❛✈❡
✇✐♥❞♦✇s ✇✐t❤ ❛t ❧❡❛st t✇♦ ❜r❡❛❦♣♦✐♥ts ❛♥❞ ❢♦r ❡❛❝❤ h ✇✐t❤ i < h < j✱ fh ❝♦♥t❛✐♥s
♦♥❧② ♦♥❡ ❜r❡❛❦♣♦✐♥t✳ ❆ss✉♠❡ ✇❧♦❣✳ t❤❛t i ✐s ♦❞❞ ❛♥❞ j ✐s ❡✈❡♥✳ ❍❡♥❝❡✱ fi ✐s ✐♥ x t♦
t❤❡ r✐❣❤t ♦❢ si+1 ❛♥❞ fj ✐s ✐♥ y t♦ t❤❡ r✐❣❤t ♦❢ sj✳

❋♦r ❛❧❧ h✱ i ≤ h ≤ j✱ ❧❡t ah ❜❡ t❤❡ ❧❡❢t♠♦st ♠❛r❦❡r ♦❢ t❤❡ ✇✐♥❞♦✇ ✐♥ fh✱ ❛♥❞
bh = ah ⊲ 1✳ ❋♦r ♦❞❞ h✱ ah ❛♥❞ ah+1 ❛r❡ t❤❡ r✐❣❤t♠♦st ♠❛r❦❡rs ♦❢ t❤❡ ❜❧♦❝❦s
❝♦♥t❛✐♥✐♥❣ sh+1 ❛♥❞ s′h+1 ❛♥❞ t❤✉s ❡q✉✐❞✐st❛♥t ❢r♦♠ sh+1✳ ❋♦r ❡✈❡♥ h < j✱ bh ❛♥❞
bh+1 ❛r❡ t❤❡ ❧❡❢t ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ sh+1 ❛♥❞ s′h+1✱ s♦ t❤❡② ❛r❡
❡q✉✐❞✐st❛♥t ❢r♦♠ sh+1✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✾✱ ❢♦r ❛❧❧ i ≤ h < j✱ [ah, bh] ❛♥❞ [ah+1, bh+1]
❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ sh+1✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ah✱ t❤❡ ✇✐♥❞♦✇ ✐♥ ❡❛❝❤ fh ✐s ❝♦♥t❛✐♥❡❞
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✐♥ [ah, ah ⊲ w]✳ ■❢ ♦♥❡ ♦❢ t❤❡s❡ ❢❛❝t♦rs ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥ ♦❢
❛♥ ❛❞❥❛❝❡♥t s♦❧✐❞ ♣✐❡❝❡✱ s❛② [ah, ah ⊲ w] ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥
♦❢ sh+1✱ t❤❡♥ lext(sh+1) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ [ah, ah ⊲w]✳ ❍❡♥❝❡✱ t❤❡ ✇✐♥❞♦✇ ✐s ❝♦♥t❛✐♥❡❞ ✐♥
[lext(sh+1) ⊳ w, lext(sh+1) ⊲ w]✱ ❝♦♥tr❛❞✐❝t✐♥❣ ♦✉r ❛ss✉♠♣t✐♦♥ ♦♥ P ✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
✇❡ t❤✉s ❛ss✉♠❡ t❤❛t ❛❧❧ ❢❛❝t♦rs [ah, ah ⊲w] ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥
♦❢ ❛❞❥❛❝❡♥t s♦❧✐❞ ♣✐❡❝❡s✱ ✇❤✐❝❤ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✼ ✐♠♣❧✐❡s t❤❛t t❤❡② ❛❧❧ ❤❛✈❡ t❤❡ s❛♠❡
❝♦♥t❡♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐♠♣❧✐❡s [ai, ai ⊲ w] ≡ [aj, aj ⊲ w]✳

❲❡ ♥♦✇ ❞❡s❝r✐❜❡ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ P t❤❛t r❡s✉❧ts ✐♥ ❛ ♥❡✇ ❈❙P ✇❤✐❝❤ ✐s ♥♦t ❧❛r❣❡r
t❤❛♥ P ✱ ❛❧s♦ s❛t✐s✜❡s t❤❡ ❝♦♥str❛✐♥t ❛♥❞ ❢r❛♠❡ s❡t ❜✉t ❤❛s s♠❛❧❧❡r t♦t❛❧ ❧❡♥❣t❤ ♦❢
s❤♦rt ❜❧♦❝❦s❀ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✺✳ ▲❡t u + 1 ❛♥❞ v + 1 ❜❡
t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ ❧❡❢t♠♦st s❤♦rt ❜❧♦❝❦s ✐♥ fi ❛♥❞ fj r❡s♣❡❝t✐✈❡❧② ✭❛ss✉♠❡ ✇❧♦❣✳ t❤❛t
u ≤ v✮✳ ❚❤❡s❡ t✇♦ s❤♦rt ❜❧♦❝❦s ❛r❡ t❤✉s [bi, bi ⊲ u] ❛♥❞ [bj, bj ⊲ v]✱ ❛♥❞ t❤❡② ❛r❡
♠❛t❝❤❡❞ ✐♥ P t♦ ♦t❤❡r s❤♦rt ❜❧♦❝❦s [b′i, b

′
i ⊲u] ❛♥❞ [b′j, b

′
j ⊲v]✳ ◆♦t❡ t❤❛t s✐♥❝❡ fi ✐s ♦❞❞

❛♥❞ fj ✐s ❡✈❡♥✱ [bi, bi ⊲ u] ✐s ✐♥ ❛ ❞✐✛❡r❡♥t str✐♥❣ t❤❛♥ [bj, bj ⊲ v]✳ ❚♦ ❝r❡❛t❡ t❤❡ ♥❡✇
s♦❧✉t✐♦♥ P ✬ ❢r♦♠ P ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞✐✜❝❛t✐♦♥s✳ ❋✐rst✱ ❝✉t ♦✉t u+ 1 ♠❛r❦❡rs
❢r♦♠ t❤❡ ❧❡❢t ♦❢ [b′j, b

′
j ⊲ v] ✭r❡❝❛❧❧ t❤❛t u ≤ v✮ ✇❤✐❝❤ ❣✐✈❡s t✇♦ ♥❡✇ ❜❧♦❝❦s [b′j, b

′
j ⊲ u]

❛♥❞ [b′j ⊲ (u+ 1), b′j ⊲ v] ✐❢ u < v ❛♥❞ ❧❡❛✈❡s t❤❡ ❜❧♦❝❦ [b′j, b
′
j ⊲ v] ✉♥♠♦❞✐✜❡❞ ✐❢ u = v✳

◆♦✇✱ ♠❛t❝❤ ❜❧♦❝❦ [b′i, b
′
i ⊲ u] t♦ [b′j, b

′
j ⊲ u] ✭r❡❝❛❧❧ t❤❛t t❤❡s❡ ❜❧♦❝❦s ❛r❡ ✐♥ ❞✐✛❡r❡♥t

str✐♥❣s✮✳ ◆♦✇✱ s❤✐❢t t❤❡ ❜r❡❛❦♣♦✐♥ts ♦❢ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s ♦❢ t❤❡ ❝②❝❧❡ ❛s ❢♦❧❧♦✇s✳ ❋♦r
❡✈❡r② ♦❞❞ h✱ i < h < j✱ ❝✉t ♦✉t u + 1 ♠❛r❦❡rs ❢r♦♠ t❤❡ ❧❡❢t ♦❢ s′h ❛♥❞ sh✳ ❆♥❞ ❢♦r
❡✈❡r② ❡✈❡♥ h✱ i < h ≤ j✱ ❛❞❞ u + 1 ♠❛r❦❡rs t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣
sh ❛♥❞ s′h✳ ❋✐♥❛❧❧②✱ ✐♥ ❝❛s❡ u < v✱ ♠❛t❝❤ t❤❡ s❤♦rt❡♥❡❞ ❜❧♦❝❦ bj ⊲ (u + 1), bj ⊲ v t♦
t❤❡ ❜❧♦❝❦ b′j ⊲ (u + 1), b′j ⊲ v ❝r❡❛t❡❞ ✐♥ t❤❡ ✜rst st❡♣✳ ◆♦t❡ t❤❛t ❜② t❤❡ ❞✐s❝✉ss✐♦♥
❛❜♦✈❡✱ t❤❡ ♣✐❡❝❡s ❛❞❞❡❞ t♦ sh ❛♥❞ s′h ❢♦r ❡✈❡♥ h ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♥t❡♥t✳ ❍❡♥❝❡✱ ❛❧❧
♠❛t❝❤❡❞ ❜❧♦❝❦s ❤❛✈❡ ❡q✉❛❧ ❝♦♥t❡♥t✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ t❤❡ ❜❧♦❝❦ [bi, bi ⊲ u] ✐s ♥♦✇
✉♥♠❛t❝❤❡❞✱ ✐ts ♠❛r❦❡rs ❛r❡ ❢r❡❡ t♦ ❜❡ ❛❞❞❡❞ t♦ si+1✳

❚❤✐s ♥❡✇ s♦❧✉t✐♦♥ ❤❛s ❛t ♠♦st ❛s ♠❛♥② ❜❧♦❝❦s ❛s P ✿ ✇❡ ❤❛✈❡ ❝r❡❛t❡❞ ❛t ♠♦st ♦♥❡
♥❡✇ ❜r❡❛❦♣♦✐♥t ✐♥ [b′j, b

′
j ⊲ v] ❛♥❞ r❡♠♦✈❡❞ ❛ ❜r❡❛❦♣♦✐♥t ✐♥ fi ❜② ❛❞❞✐♥❣ ❡①❛❝t❧② u+1

♠❛r❦❡rs t♦ t❤❡ r✐❣❤t ♦❢ si+1✳ ❋♦r ❛❧❧ ♦t❤❡r ❢r❛❣✐❧❡ ♣✐❡❝❡s fh✱ t❤❡ ❜r❡❛❦♣♦✐♥t ❤❛s ✏♦♥❧②✑
❜❡❡♥ s❤✐❢t❡❞ t♦ t❤❡ r✐❣❤t✳ ❋✉rt❤❡r♠♦r❡✱ P ′ s❛t✐s✜❡s t❤❡ s❛♠❡ ❝♦♥str❛✐♥t C ❛s P ✿ t❤❡
♠❛t❝❤✐♥❣ ♦♥❧② ❝❤❛♥❣❡❞ ❜❡t✇❡❡♥ s❤♦rt ❜❧♦❝❦s ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦♥str❛✐♥❡❞✳ ▼♦r❡♦✈❡r✱
t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s ❢♦r ✇❤✐❝❤ t❤❡ ❜r❡❛❦♣♦✐♥ts ❤❛✈❡ ❜❡❡♥ ♠♦❞✐✜❡❞ ❛r❡ ❡✐t❤❡r ❢r❛♠❡❧❡ss
✭✐❢ t❤❡② ❛r❡ ♦♥ t❤❡ ❝②❝❧❡✮ ♦r t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ❛❞❞s ❛ ❜r❡❛❦♣♦✐♥t t❤❛t ✐s ❜❡t✇❡❡♥ t✇♦
❜r❡❛❦♣♦✐♥ts ✭✐♥ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ [b′j, b

′
j ⊲ v]✮ ❍♦✇❡✈❡r✱t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ s❤♦rt

❜❧♦❝❦s ❤❛s ❜❡❡♥ r❡❞✉❝❡❞ ❜② 2(u + 1)✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❝❤♦✐❝❡ ♦❢ P ✳ ❲❡ ♥♦✇
❦♥♦✇ t❤❛t ✐♥ P t❤❡ s❤♦rt ❜❧♦❝❦s ♦❢ t❤❡ ❝②❝❧❡ ❛r❡ ❡✐t❤❡r ❛❧❧ ✐♥ x ♦r ❛❧❧ ✐♥ y✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❡② ❛r❡ ❛❧❧ ✐♥ x✱ t❤❛t ✐s✱ ✐♥ ❢r❛❣✐❧❡ ♣✐❡❝❡s fj ✇✐t❤ ♦❞❞ j✳ ❲❡
♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❛s❡s✿ ❡✐t❤❡r t❤❡r❡ ✐s ♥♦ s❤♦rt ❜❧♦❝❦✱ ❡✈❡♥ ✐♥ x✱ ♦r
t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡✳

❋✐rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ t❤❛t t❤❡r❡ ✐s ♥♦ s❤♦rt ❜❧♦❝❦ ✐♥ t❤❡ ❝②❝❧❡✱ t❤❛t ✐s✱ ❛❧❧
t❤❡ ✇✐♥❞♦✇s ❝♦♥t❛✐♥ ♦♥❧② ♦♥❡ ❜r❡❛❦♣♦✐♥t [ah, bh]✳ ■❢ ❛❧❧ ♠❛r❦❡rs bh ❛r❡ ✇✐t❤✐♥ t❤❡
♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥s ♦❢ ❜♦t❤ ❛❞❥❛❝❡♥t s♦❧✐❞ ♣✐❡❝❡s✱ ✇❡ ❝r❡❛t❡ ❛ ♥❡✇ s♦❧✉t✐♦♥ P ′ ❢r♦♠
P ❛s ❢♦❧❧♦✇s✿ ❢♦r ❡✈❡r② ♦❞❞ h✱ ❝✉t ♦✉t bh ❛♥❞ bh−1 ❢r♦♠ t❤❡ ❧❡❢t ❡♥❞ ♦❢ t❤❡ ❜❧♦❝❦s
❝♦♥t❛✐♥✐♥❣ sh ❛♥❞ s′h✱ ❛♥❞ ❢♦r ❡✈❡r② ❡✈❡♥ h✱ ❛❞❞ bh ❛♥❞ bh−1 t♦ t❤❡ r✐❣❤t ❡♥❞ ♦❢
t❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ s′h ❛♥❞ sh✳ ❚❤❡ s♦❧✉t✐♦♥ P ′ s❛t✐s✜❡s t❤❡ s❛♠❡ ❝♦♥str❛✐♥ts ❛s
P ✱ ✇✐t❤ t❤❡ s❛♠❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ s❤♦rt ❜❧♦❝❦s✳ ❘❡♣❡❛t t❤✐s ♦♣❡r❛t✐♦♥ ♦❢ s❤✐❢t✐♥❣ t❤❡
❜r❡❛❦♣♦✐♥ts t♦ t❤❡ r✐❣❤t ✉♥t✐❧ ❢♦r s♦♠❡ i ✭✇❧♦❣✳✱ ❛ss✉♠❡ i ✐s ❡✈❡♥✮✱ bi ✐s t♦ t❤❡ r✐❣❤t ♦❢
rext(si)✳ ❚❤❡♥✱ t❤❡ r✉❧❡ ✐s ❝♦rr❡❝t✱ s✐♥❝❡ ❢♦r s♦♠❡ ❜r❛♥❝❤ t❤❡ ❡❞❣❡ (rsi , vfi) ✐s s❡❧❡❝t❡❞
❛♥❞ t❤❡ ❢r❛♠❡ [rext(si) ⊳ 2w, rext(si) ⊲ w] ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ♦♥❧② ❜r❡❛❦♣♦✐♥t ♦❢ P ✐♥
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❋✐❣✉r❡ ✹✳✻✿ ■❧❧✉str❛t✐♦♥ ❢♦r t❤❡ ❝♦rr❡❝t♥❡ss ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ❋r❛♠❡ ❘✉❧❡ ✸✳
●✐✈❡♥ ❛ ❝②❝❧❡ ✇✐t❤ t♦t❛❧ ❧❡♥❣t❤ ♦❢ s❤♦rt ❜❧♦❝❦s p > 0 ✇❡ ❝♦♥str✉❝t ❢❛❝t♦rs [ah, bh]
❛♥❞ [bh, ch] ❛s s❤♦✇♥ ✭❞❡❧✐♠✐t❡❞ ❜② ❜❧✉❡ ❞♦tt❡❞ ❧✐♥❡s✮✳ ❆❧❧ t❤❡ ❜r❡❛❦♣♦✐♥ts ✐♥ ❢❛❝t♦rs
[ah, bh] ❝❛♥ ❜❡ s❤✐❢t❡❞ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ [bh, ch]✳

fi ✐s ❛❞❞❡❞ t♦ Φ✳
■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ s❤♦rt ❜❧♦❝❦ ✐♥ t❤❡ ❢r❛❣✐❧❡

♣✐❡❝❡s ♦❢ t❤❡ ❝②❝❧❡✱ t❤❛t ✐s✱ t❤❡ t♦t❛❧ ❧❡♥❣t❤ p ♦❢ t❤❡ s❤♦rt ❜❧♦❝❦s ♦❢ t❤❡ ❝②❝❧❡ ✐s ❛t
❧❡❛st ♦♥❡✳ ◆♦t❡ t❤❛t ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ w✱ p < w✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t t❤❡ str✐♥❣s
❛r♦✉♥❞ t❤❡ ✇✐♥❞♦✇s ❛r❡ ♣❡r✐♦❞✐❝ ✇✐t❤ ♣❡r✐♦❞ ❧❡♥❣t❤ p✱ s♦ t❤❛t ✇❡ ❝❛♥ ❛❣❛✐♥ s❤✐❢t ❛❧❧
t❤❡ ❜r❡❛❦♣♦✐♥ts ♦❢ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s t♦ t❤❡ r✐❣❤t ❜② st❡♣s ♦❢ ❧❡♥❣t❤ p✱ ✉♥t✐❧ ❛t ❧❡❛st
♦♥❡ ♦❢ t❤❡♠ ❤❛s ❞✐st❛♥❝❡ ❛t ♠♦st p ❢r♦♠ t❤❡ ❡♥❞ ♦❢ ❛ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥✳

❲❡ ✜rst ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s ✭s❡❡ ❋✐❣✉r❡ ✹✳✻ ❢♦r ❛♥ ✐❧❧✉str❛t✐♦♥✮✿ ❢♦r ❡❛❝❤
h✱ ❧❡t [dh, eh] ❞❡♥♦t❡ t❤❡ ✇✐♥❞♦✇ ♦❢ fh✳ ▲❡t b1 = e1✱ a1 = b1 ⊳ p✱ c1 = b1 ⊲ p✱ ❛♥❞ ❢♦r
❡❛❝❤ h✱ 2 ≤ h ≤ ℓ✱ ❧❡t ah✱ bh✱ ❛♥❞ ch ❜❡ t❤❡ ♠❛r❦❡rs ❡q✉✐❞✐st❛♥t ✇✐t❤ ah−1✱ bh−1✱ ❛♥❞
ch−1 ❢r♦♠ sh✳

❲❡ ✜rst s❤♦✇ t❤❛t ❢♦r ❡✈❡r② h ✇✐t❤ 2 ≤ h ≤ ℓ✱ ✇❡ ❤❛✈❡

ehbh = dh−1bh−1 − 1. ✭✹✳✶✮

❋♦r ❡✈❡♥ ✈❛❧✉❡s ♦❢ h✱ dh−1 ❛♥❞ dh ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ sh✱ s♦ dhbh = dh−1bh−1✳ ❙✐♥❝❡
fh ✐s ✐♥ str✐♥❣ y✱ ✐t ❝♦♥t❛✐♥s ♦♥❧② ♦♥❡ ❜r❡❛❦♣♦✐♥t✱ ❛♥❞ t❤✉s dheh = 1 ❛♥❞ ❊q✉❛✲
t✐♦♥ ✭✹✳✶✮ ❢♦❧❧♦✇s✳ ❋♦r ♦❞❞ ✈❛❧✉❡s ♦❢ h✱ ✇❡ ❤❛✈❡ dh−1eh−1 = 1✱ ❛♥❞ eh−1 ❛♥❞ eh ❛r❡
❡q✉✐❞✐st❛♥t ❢r♦♠ sh✱ t❤✉s ehbh = eh−1bh−1✱ ✇❤✐❝❤ ❛❧s♦ ✐♠♣❧✐❡s ❡q✉❛t✐♦♥ ✭✹✳✶✮✳ ❍❡♥❝❡
t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ✇✐♥❞♦✇ ❡♥❞♣♦✐♥t eh ❛♥❞ t❤❡ ♠❛r❦❡r bh ✐♥❝r❡❛s❡s✱ ❝♦♠♣❛r❡❞ t♦
t❤❡ ❞✐st❛♥❝❡ ♦❢ eh−1 ❛♥❞ bh−1✱ ❜② t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❤♦rt ❜❧♦❝❦s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✇✐♥✲
❞♦✇ ♦❢ fh−1✳ ❚❤✐s ❤❛s t✇♦ ✐♠♣❧✐❝❛t✐♦♥s✿ ✜rst✱ ✐♥ fℓ✱ ✇❡ ❤❛✈❡ eℓbℓ = p ❛♥❞ t❤✉s eℓ = aℓ
✭❜② ❞❡✜♥✐t✐♦♥ a1 ❤❛s ❞✐st❛♥❝❡ p ❢r♦♠ b1✱ ❛♥❞ t❤✐s ❞✐st❛♥❝❡ ✐s ❝♦♥s❡r✈❡❞ t❤r♦✉❣❤ t❤❡
❝②❝❧❡✮✳ ❙❡❝♦♥❞✱ ❢♦r ❡✈❡r② j✱ t❤❡ s❤♦rt ❜❧♦❝❦s ✐♥ fj ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ [aj, bj]✱ ❛♥❞ t❤❡
✇✐♥❞♦✇ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ [aj ⊳ 1, bj]✳

❋✐rst✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ❡❛❝❤ ❢❛❝t♦r [ah, ch] ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♠❛①✐♠❛❧
❡①t❡♥s✐♦♥s ♦❢ ❜♦t❤ ❛❞❥❛❝❡♥t ❜❧♦❝❦s✳ ❚❤✉s✱ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✹✳✼✱ ✇❡ ❤❛✈❡ [ah, bh] ≡
[a1, b1] ❛♥❞ [bh, ch] ≡ [b1, c1] ❢♦r ❛❧❧ h✳ ❲❡ ❝❛♥ ♥♦✇ ✏❝❧♦s❡✑ t❤❡ ❝②❝❧❡✿ s✐♥❝❡ eℓ ❛♥❞ e1
❛r❡ t❤❡ ❧❡❢t ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ s′1 ❛♥❞ s1✱ t❤❡② ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠
s1✳ ▼♦r❡♦✈❡r✱ eℓ = aℓ ❛♥❞ e1 = b1✱ s♦ aℓ ❛♥❞ b1 ❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ s1✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
t❤❛t [aℓ, bℓ] ≡ [b1, c1]✳ ❚❤✐s ♥♦✇ ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛❧❧ h✱ [ah, bh] ≡ [bh, ch]✳ ❲❡ ♥♦✇
❝r❡❛t❡ ❛ s♦❧✉t✐♦♥ P ′ ❢r♦♠ P ❛s ❢♦❧❧♦✇s✿ ❢♦r ♦❞❞ ✈❛❧✉❡s ♦❢ h✱ ❝✉t ♦✉t t❤❡ p ❧❡❢t♠♦st
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vs
vf1

rs1
vf2

ls2
vf3

vt

s1

*

s′1

*
s′2

*

s2
*

s (rep)

t (rep)

· · · d c a b a b a b a b· · ·

· · · d c a b a b c a b e· · ·

· · · b c a b a b c a b e· · ·

x

x

x

x

x

(x)

(y)

(x)

❋✐❣✉r❡ ✹✳✼✿ ❊①❛♠♣❧❡ ♦❢ ❛ r❡♣−r❡♣ ♣❛t❤ ❥♦✐♥✐♥❣ r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s vs ❛♥❞ vt ✭✇✐t❤
r❡s♣❡❝t✐✈❡ ♣❡r✐♦❞s ❛❜ ❛♥❞ ❛❜❛❜❝✮✱ ❛♥❞ ❣♦✐♥❣ t❤r♦✉❣❤ t❤r❡❡ ❢r❛❣✐❧❡ ✈❡rt✐❝❡s ❛♥❞ t❤❡✐r
❛❞❥❛❝❡♥t ✜①❡❞ ✈❡rt✐❝❡s✳ ❚❤❡ str✐♣ ♦❢ ❡❛❝❤ ❢r❛❣✐❧❡ ♣✐❡❝❡ ✐s ❞❡❧✐♠✐t❡❞ ❜② t❤❡ ❣r❡❡♥
❞♦tt❡❞ ❧✐♥❡s✳

♠❛r❦❡rs ❢r♦♠ ❡❛❝❤ ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣ sh ♦r s′h✳ ❋♦r ❡✈❡♥ ✈❛❧✉❡s ♦❢ h✱ ❛❞❞ p ♠❛r❦❡rs t♦
t❤❡ r✐❣❤t ♦❢ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ sh ♦r s′h ❢♦r ❡✈❡♥ ✈❛❧✉❡s ♦❢ h✳ ▼❛t❝❤ ❡✈❡r② s❤♦rt ❜❧♦❝❦
t❤❛t ✇❛s ♠❛t❝❤❡❞ t♦ s♦♠❡ [u, v] ✐♥ s♦♠❡ fh t♦ [u ⊲ p, v ⊲ p] ✐♥st❡❛❞✳ ❚❤❡ s♦❧✉t✐♦♥ P ′

✐s ❛❣❛✐♥ ❛ ❈❙P s❛t✐s❢②✐♥❣ t❤❡ s❛♠❡ ❝♦♥str❛✐♥ts✱ ✇✐t❤ t❤❡ s❛♠❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ s❤♦rt
❜❧♦❝❦s ❜✉t ✇✐t❤ ❛❧❧ t❤❡ ❜r❡❛❦♣♦✐♥ts ✐♥ t❤❡ ❝②❝❧❡ s❤✐❢t❡❞ t♦ t❤❡ r✐❣❤t ❜② p ♣♦s✐t✐♦♥s✳
❘❡♣❡❛t t❤✐s ♦♣❡r❛t✐♦♥ ✉♥t✐❧ ❢♦r s♦♠❡ h t❤❡ ❢❛❝t♦r [ah, ch] ✐s ♥♦ ❧♦♥❣❡r ❝♦♥t❛✐♥❡❞ ✐♥
t❤❡ ♠❛①✐♠❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦ t♦ ✐ts ❧❡❢t✳ ❚❤❡♥✱ [ah, ch] ❝♦♥t❛✐♥s rext(sh)✱ ❛♥❞
❢❛❝t♦r [ah ⊳ 1, bh] ✐s ❝♦♥t❛✐♥❡❞ ✐♥ [rext(sh) ⊳ w, rext(sh) ⊲ (2w =]✳ ❆s ❛r❣✉❡❞ ❛❜♦✈❡✱
t❤❡ r✉❧❡ ✐s ❝♦rr❡❝t ✐❢ s✉❝❤ ❛ P ∈ P ❡①✐sts✳ ◆♦t❡ t❤❛t t❤❡ ♠♦❞✐✜❝❛t✐♦♥s ♠❛❞❡ ✐♥ t❤❡
♣r♦♦❢ ❞♦ ♥♦t ✐♥❝r❡❛s❡ t❤❡ ❧❡♥❣t❤ ♦❢ ❛♥② s❤♦rt ❜❧♦❝❦✳ ❍❡♥❝❡✱ t❤❡ s❡❝♦♥❞ r❡q✉✐r❡♠❡♥t
❢♦r ❝♦rr❡❝t♥❡ss ✐s ❛❧s♦ s❛t✐s✜❡❞✳

❚❤❡ r✉❧❡s ♣r❡s❡♥t❡❞ s♦ ❢❛r ❞❡❛❧ ✇✐t❤ ✜①❡❞ s♦❧✐❞ ♣✐❡❝❡s✳ ■♥ ❢❛❝t✱ ✐❢ ❛❧❧ s♦❧✐❞ ♣✐❡❝❡s
❛r❡ ✜①❡❞✱ t❤❡♥ t❤❡s❡ r✉❧❡s s✉✣❝❡ t♦ ♦❜t❛✐♥ ❢r❛♠❡s ✐♥ ❛❧❧ ❢r❛❣✐❧❡ ♣✐❡❝❡s✳ ❲❡ ❞❡❛❧ ✇✐t❤
t❤❡ ♣r❡s❡♥❝❡ ♦❢ r❡♣❡t✐t✐✈❡ s♦❧✐❞ ♣✐❡❝❡s ✇✐t❤ t❤❡ ❢r❛♠❡ r✉❧❡s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
s❡❝t✐♦♥✳

✹✳✹ ❋r❛♠❡ ❘✉❧❡s ❢♦r ❘❡♣❡t✐t✐✈❡ P✐❡❝❡s

■♥ t❤❡ r✉❧❡s✱ ✇❡ ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ ❝②❝❧❡s ✐♥ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ t❤❛t ❝♦♥t❛✐♥ s♦♠❡
r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❡♣ts ✐♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ t❤❡ str✉❝✲
t✉r❡ ♦❢ ♣❛t❤s ❜❡t✇❡❡♥ r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s t❤❛t ❝♦♥t❛✐♥ ✜①❡❞ s♦❧✐❞ ✈❡rt✐❝❡s✳ ❆ r❡♣−r❡♣
♣❛t❤ (vs, vf1 , u1, vf2 , u2, . . . , uℓ−1, vfℓ , vt) ✐s ❛ s✐♠♣❧❡ ♣❛t❤ ♦❢ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ s✉❝❤ t❤❛t
t❤❡ t✇♦ ❡♥❞♣♦✐♥ts vs ❛♥❞ vt ❛r❡ r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s✱ ❛♥❞ ❡❛❝❤ ui ✐s ❛ ✜①❡❞ s♦❧✐❞ ✈❡r✲
t❡①✳ ●✐✈❡♥ ❛ r❡♣−r❡♣ ♣❛t❤ ❥♦✐♥✐♥❣ r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s vs, vt ❛♥❞ ❣♦✐♥❣ t❤r♦✉❣❤ ❢r❛❣✐❧❡
✈❡rt✐❝❡s vf1 , vf2 , . . . , vfℓ ✱ ✇❡ ❞❡✜♥❡ t❤❡ str✐♣ ♦❢ t❤❡ ♣❛t❤ ✭s❡❡ ❋✐❣✉r❡ ✹✳✼✮ ❛s ❛ s❡t ♦❢
❢❛❝t♦rs {If1 , If2 , . . . , Ifℓ} s✉❝❤ t❤❛t✿

✶✳ ❈♦♥s❡❝✉t✐✈❡ ❢❛❝t♦rs Ifi , Ifi+1
❛r❡ ❡q✉✐❞✐st❛♥t ❢r♦♠ t❤❡ s♦❧✐❞ ♣✐❡❝❡ r❡♣r❡s❡♥t❡❞

❜② ui✳

✷✳ ❊❛❝❤ ❢❛❝t♦r Ifi ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ t✇♦ s♦❧✐❞ ♣✐❡❝❡s
♥❡①t t♦ fi✳

✸✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ If1 ✐s ♠❛①✐♠❛❧ ✉♥❞❡r ❈♦♥❞✐t✐♦♥s ✶ ❛♥❞ ✷✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✵✳ ❆❧❧ t❤❡ str✐♣s ✐♥ ❛ r❡♣−r❡♣ ♣❛t❤ ❤❛✈❡ t❤❡ s❛♠❡ ❧❡♥❣t❤ ❛♥❞ ❝♦♥✲
t❡♥t✳ ❊❛❝❤ ❢❛❝t♦r ♦❢ t❤❡ str✐♣ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ✐ts r❡s♣❡❝t✐✈❡ ❢r❛❣✐❧❡ ♣✐❡❝❡✳ ▼♦r❡♦✈❡r✱
t❤❡ str✐♣ ♦❢ ❛ r❡♣−r❡♣ ♣❛t❤ ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❛♥❞ ❝♦♠♣✉t❛❜❧❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳
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Pr♦♦❢✳ ❚❤❡ ❢❛❝t t❤❛t str✐♣s ❤❛✈❡ t❤❡ s❛♠❡ ❧❡♥❣t❤ ❛♥❞ ❝♦♥t❡♥t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡
♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✼✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❈♦♥❞✐t✐♦♥s ✶ ❛♥❞ ✷✳ ❊❛❝❤ str✐♣
♠✉st ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ ✐ts ❢r❛❣✐❧❡ ♣✐❡❝❡ s✐♥❝❡ ✐t ✐s ✐♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠
❡①t❡♥s✐♦♥s ♦❢ t❤❡ t✇♦ ❛❞❥❛❝❡♥t s♦❧✐❞ ♣✐❡❝❡s✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❝❧❛✐♠ ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠
t♦ ❝♦♠♣✉t❡ t❤❡ str✐♣✳ ❋✐rst✱ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ str✐♣ ✐s ♥♦♥❡♠♣t②✳ ❚❤❛t ✐s✱ tr② t❤❡
❢♦❧❧♦✇✐♥❣ ❢♦r ❡❛❝❤ ♠❛r❦❡r a1 ✐♥ f1✳ ❈♦♠♣✉t❡ t❤❡ ♠❛r❦❡r a2 ✐♥ f2 t❤❛t ✐s ❡q✉✐❞✐st❛♥t
✇✐t❤ a1 ❢r♦♠ u1✳ ❚❤❡♥✱ ❝♦♠♣✉t❡ t❤❡ ♠❛r❦❡r a3 ✐♥ f3 t❤❛t ✐s ❡q✉✐❞✐st❛♥t ✇✐t❤ a2
❢r♦♠ u2✱ ❛♥❞ s♦ ♦♥✳ ■❢ ❛❧❧ ai✬s ❛r❡ ✐♥ t❤❡ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥s ♦❢ ❜♦t❤ s♦❧✐❞ ♣✐❡❝❡s
♥❡①t t♦ fi✱ t❤❡♥ t❤❡ str✐♣ ✐s ♥♦♥❡♠♣t②✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❧❡♥❣t❤ ♦❢ If1 ✐s ③❡r♦✳ ◆♦✇✱
❛ss✉♠❡ t❤❡ ❝❛s❡ t❤❛t t❤❡r❡ ✇❛s ♦♥❡ a1 ❢♦r ✇❤✐❝❤ t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡ ✐s s✉❝❝❡ss❢✉❧✱
t❤❛t ✐s✱ If1 ❝♦♥t❛✐♥s ♦♥❡ ♦r ♠♦r❡ ♠❛r❦❡rs✳ ❚❤❡♥✱ s❡t Ifi = {ai} ❢♦r ❡❛❝❤ i✳ ◆♦✇ tr②
t♦ s✐♠✉❧t❛♥❡♦✉s❧② ❡①♣❛♥❞ ❛❧❧ Ifi ✬s✳ ❚❤❛t ✐s✱ ❝❤❡❝❦ ✇❤❡t❤❡r ♦♥❡ ❝❛♥ ❛❞❞ t❤❡ ♠❛r❦❡r
t♦ t❤❡ ❧❡❢t ♦❢ ❡❛❝❤ Ifi ✇✐t❤♦✉t ✈✐♦❧❛t✐♥❣ ❈♦♥❞✐t✐♦♥ ✷ ♦❢ t❤❡ str✐♣ ❞❡✜♥✐t✐♦♥✳ ■❢ t❤✐s ✐s
t❤❡ ❝❛s❡✱ t❤❡♥ ❛❞❞ t❤❡s❡ ♠❛r❦❡rs t♦ t❤❡ Ifi ✬s✳ ■❢ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ t❤❡♥ ❝♦♥t✐♥✉❡
❜② ❛❞❞✐♥❣ ♠❛r❦❡rs t♦ t❤❡ r✐❣❤t ✉♥t✐❧ t❤✐s ✐s ❛❧s♦ ♥♦t ♣♦ss✐❜❧❡ ❛♥②♠♦r❡✳ ❚❤❡ r❡s✉❧t✐♥❣
s❡t ♦❢ Ifi ✬s ✐s t❤❡ str✐♣ ♦❢ t❤❡ r❡♣−r❡♣✲♣❛t❤✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✶✳ ▲❡t P ❜❡ ❛♥② s♦❧✉t✐♦♥ s❛t✐s❢②✐♥❣ ❝♦♥str❛✐♥t C s✉❝❤ t❤❛t t❤❡ t♦t❛❧
❧❡♥❣t❤ ♦❢ ❛❧❧ ✇✐♥❞♦✇s ✐♥ P ✐s p✳ ■♥ ❡❛❝❤ ❢r❛❣✐❧❡ ♣✐❡❝❡ f ♦❢ ❛ r❡♣−r❡♣ ♣❛t❤ ♦❢ C✱
✇r✐t✐♥❣ If = [c, d]✱ t❤❡ ✇✐♥❞♦✇ ♦❢ f ✐s ❝♦♥t❛✐♥❡❞ ✐♥ [c ⊳ p, d ⊲ p]✳

Pr♦♦❢✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✿ ❧❡t f1, f2, . . . , fℓ ❜❡ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s ♦❢
t❤❡ ♣❛t❤✱ ❛♥❞✱ ❢♦r ❡✈❡r② 1 ≤ j ≤ ℓ✱ ❧❡t [aj, bj] ❞❡♥♦t❡ t❤❡ ✇✐♥❞♦✇ ♦❢ fj✱ Ifj = [cj, dj]✱
αj = djaj ❛♥❞ βj = djbj✳

❍❡♥❝❡ ✇❡ ❛✐♠ ❛t s❤♦✇✐♥❣ t❤❛t ❢♦r ❛❧❧ j✱ βj ≤ p✱ t❤❛t ✐s✱ bj ✐s ❡✐t❤❡r t♦ t❤❡ ❧❡❢t
♦r ❛t ❛t ♠♦st p ♠❛r❦❡rs t♦ t❤❡ r✐❣❤t ♦❢ dj✳ ❚❤❡ ♣r♦♦❢ ❢♦r t❤❡ ❧❡❢t ❜♦✉♥❞✱ t❤❛t ✐s✱ t♦
s❤♦✇ t❤❛t aj ✐s ❛t ♠♦st p ♠❛r❦❡rs t♦ t❤❡ ❧❡❢t ♦❢ cj ✐s s②♠♠❡tr✐❝❛❧✳

❇② ♠❛①✐♠❛❧✐t② ♦❢ t❤❡ str✐♣ ❧❡♥❣t❤ ✭❈♦♥❞✐t✐♦♥ ✸✮✱ t❤❡ ❢❛❝t♦rs ♦❢ t❤❡ str✐♣ ❝❛♥♥♦t
❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ r✐❣❤t✳ ❈♦♥❞✐t✐♦♥ ✷ ✐s t❤❡ ♦♥❡ ❝♦♥str❛✐♥✐♥❣ t❤❡ str✐♣ ❧❡♥❣t❤✱ ❤❡♥❝❡
t❤❡r❡ ❡①✐sts ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ fj0 ✐♥ t❤❡ ♣❛t❤ s✉❝❤ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s t✐❣❤t✱ t❤❛t ✐s✱
dj0 = rext(s)✱ ✇❤❡r❡ s ✐s t❤❡ s♦❧✐❞ ♣✐❡❝❡ t♦ t❤❡ ❧❡❢t ♦❢ fj0 ✳ ❍❡♥❝❡✱ aj0 ✐s ♥♦t t♦ t❤❡
r✐❣❤t ♦❢ dj0 ✱ ❛♥❞ t❤✉s αj0 = dj0aj0 = rext(s)aj0 ≤ 0✳

◆♦✇ ❢♦r ❛❧❧ j✱ βj − αj = ‖[aj, bj]‖ − 1✱ t❤❛t ✐s✱ ✐t ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✇✐♥❞♦✇
❝♦♥t❛✐♥❡❞ ✐♥ fj ♠✐♥✉s ♦♥❡✳ ❈♦♥s❡q✉❡♥t❧②✱ βj0 < ‖[aj0 , bj0 ]‖✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡✈❡r②
1 ≤ j < ℓ✱ ❡✐t❤❡r t❤❡ ✜rst ♠❛r❦❡rs ♦❢ t❤❡ ✇✐♥❞♦✇ ♦❢ fj ❛♥❞ fj+1 ❛r❡ ♠❛t❝❤❡❞ ❛♥❞
t❤✉s ❡q✉✐❞✐st❛♥t t♦ t❤❡ ♣✐❡❝❡ r❡♣r❡s❡♥t❡❞ ❜② ui ♦r t❤❡ ❧❛st ♠❛r❦❡rs ♦❢ t❤❡ ✇✐♥❞♦✇ ♦❢ fj
❛♥❞ fj+1 ❛r❡ ♠❛t❝❤❡❞ ❛♥❞ t❤✉s ❡q✉✐❞✐st❛♥t t♦ ui✳ ❍❡♥❝❡✱ ❡✐t❤❡r αj = αj+1 ♦r βj =
βj+1✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ βj+1 ✐♥❝r❡❛s❡s✱ ❝♦♠♣❛r❡❞ t♦ βj✱ ❜② ❛t ♠♦st ‖[aj+1, bj+1]‖− 1✳
❍❡♥❝❡✱ βj ≤ βj0 + p ❢♦r ❛❧❧ j ≥ j0✳ ❇② s②♠♠❡tr②✱ t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r ❛❧❧ j ≤ j0✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡ s❡r✈❡s ❛s ❛ ✏♣r❡♣❛r❛t✐♦♥✑ ♦❢ ♦✉r ♠❛✐♥ r✉❧❡ t❤❛t ❞❡❛❧s ✇✐t❤
❝②❝❧❡s ❝♦♥t❛✐♥✐♥❣ r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s✳ ■t ✇✐❧❧ ❡♥s✉r❡ t❤❛t ✐❢ t❤❡r❡ ✐s ❛ ❝②❝❧❡ ❝♦♥t❛✐♥✐♥❣
r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s✱ t❤❡♥ t❤❡s❡ r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s ✇✐❧❧ ❤❛✈❡ t❤❡ s❛♠❡ ♣❡r✐♦❞✳

❋r❛♠❡ ❘✉❧❡ ✹✳ ■❢ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ❝♦♥t❛✐♥s ❛ r❡♣−r❡♣ ♣❛t❤ ❜❡t✇❡❡♥ r❡♣❡t✐t✐✈❡ ✈❡r✲
t✐❝❡s vs ❛♥❞ vt ✇✐t❤ str✐♣ {If1 , . . . , Ifℓ} s✉❝❤ t❤❛t t❤❡ str✐♣ If = [u, v] ✐♥ f ✐s s❤♦rt❡r
t❤❛♥ t❤❡ ♣❡r✐♦❞ πs ♦❢ s✱ t❤❡♥ ❛❞❞ t❤❡ ❢r❛♠❡ f ∩ [u ⊳ w, v ⊲ w] t♦ f ✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ w ✐s ❛t ❧❡❛st t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ✇✐♥❞♦✇s ♦❢ P ✳ ❇② Pr♦♣♦s✐✲
t✐♦♥ ✹✳✶✶✱ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ✇✐♥❞♦✇ ♦❢ f t❤✉s ❤❛✈❡ ❞✐st❛♥❝❡ ❛t ♠♦st w ❢r♦♠ If ✳



✹✳✹✳ ❋❘❆▼❊ ❘❯▲❊❙ ❋❖❘ ❘❊P❊❚■❚■❱❊ P■❊❈❊❙ ✶✵✼

❋r❛♠❡ ❘✉❧❡ ✺✳ ■❢ ❋r❛♠❡ ❘✉❧❡ ✹ ❞♦❡s ♥♦t ❛♣♣❧② ❛♥❞ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ❝♦♥t❛✐♥s ❛
s✐♠♣❧❡ ❝②❝❧❡ ✇✐t❤ r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s✱ t❤❡♥ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ▲❡t ‖π‖ ❜❡ t❤❡ ❧❡♥❣t❤ ♦❢
t❤❡ ♣❡r✐♦❞ ♦❢ ❛♥② r❡♣❡t✐t✐✈❡ s♦❧✐❞ ♣✐❡❝❡ ✐♥ t❤❡ ❝②❝❧❡✳ ❚❤❡♥✱ ❝r❡❛t❡ ♦♥❡ ❜r❛♥❝❤ ❢♦r ❡❛❝❤
❡❞❣❡ {vf , us} ♦❢ t❤❡ ❝②❝❧❡ ✇❤❡r❡ us ✐s ❛ s♦❧✐❞ ✈❡rt❡① ❢♦r t❤❡ s♦❧✐❞ ♣✐❡❝❡ s✳ ■♥ ❡❛❝❤
❜r❛♥❝❤✱ ❛❞❞ t♦ Φ t❤❡ ❢r❛♠❡

✕ f ∩ [rext(s) ⊳ (‖π‖+ w), rext(s) ⊲ w] ✐❢ f ✐s t♦ t❤❡ r✐❣❤t ♦❢ s✱ ♦r
✕ f ∩ [lext(s) ⊳ w, lext(s) ⊲ (‖π‖+ w)] ✐❢ f ✐s t♦ t❤❡ ❧❡❢t ♦❢ s✳

Pr♦♦❢✳ ❋✐rst✱ ❛❧❧ r❡♣❡t✐t✐✈❡ ♣✐❡❝❡s ♦❢ t❤❡ ♣❛t❤ ❤❛✈❡ t❤❡ s❛♠❡ ♣❡r✐♦❞✳ ■♥❞❡❡❞✱ ❝♦♥✲
s✐❞❡r ❛♥② t✇♦ ❝♦♥s❡❝✉t✐✈❡ r❡♣❡t✐t✐✈❡ ♣✐❡❝❡s s ❛♥❞ t ♦❢ t❤❡ ❝②❝❧❡✿ t❤❡② ❛r❡ ❧✐♥❦❡❞ ❜②
❛ r❡♣−r❡♣ ♣❛t❤✱ ✐♥ ✇❤✐❝❤ ✇❡ ❝♦♠♣✉t❡ t❤❡ str✐♣s✳ ❆❧❧ str✐♣s ✐♥ t❤✐s ♣❛t❤ ❤❛✈❡ ❡q✉❛❧
❧❡♥❣t❤ S ❛♥❞ ❛❧s♦ ❡q✉❛❧ ❝♦♥t❡♥t ✭Pr♦♣♦s✐t✐♦♥ ✹✳✶✵✮✳ ❍❡♥❝❡✱ t❤❡ ♠❛①✐♠❛❧ ❡①t❡♥s✐♦♥s
♦❢ r❡♣❡t✐t✐✈❡ ♣✐❡❝❡s s ❛♥❞ t ❤❛✈❡ ❛ ❝♦♠♠♦♥ s✉❜str✐♥❣ ♦❢ ❧❡♥❣t❤ S✳ ❙✐♥❝❡ ❋r❛♠❡ ❘✉❧❡ ✹
❞♦❡s ♥♦t ❛♣♣❧②✱ ✇❡ ❤❛✈❡ ‖πs‖ ≤ S ❛♥❞ ‖πt‖ ≤ S✳ ❚❤✉s✱ t❤❡ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥s
♦❢ s ❛♥❞ t ❝♦♥t❛✐♥ ❛ ❝♦♠♠♦♥ s✉❜str✐♥❣ ❧♦♥❣❡r t❤❛♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ♣❡r✐♦❞s✳ ❈♦♥s❡✲
q✉❡♥t❧②✱ t❤❡✐r ♣❡r✐♦❞s ❛r❡ ❡q✉❛❧✱ ❛♥❞ t❤✉s ❛❧❧ r❡♣❡t✐t✐✈❡ ♣✐❡❝❡s ♦❢ t❤❡ ❝②❝❧❡ ❤❛✈❡ t❤❡
s❛♠❡ ♣❡r✐♦❞ π✳

▲❡t s1, s2, . . . , sℓ ❞❡♥♦t❡ t❤❡ r❡♣❡t✐t✐✈❡ ♣✐❡❝❡s ❝r♦ss❡❞ s✉❝❝❡ss✐✈❡❧② ❜② t❤❡ ❝②❝❧❡
✭❛❣❛✐♥✱ ✇❡ ✇r✐t❡ sℓ+1 = s1✮✳ ❋♦r ❡❛❝❤ i✱ 1 ≤ i ≤ ℓ✱ ❧❡t x⊳i ✱ x

⊲
i ✱ y

⊳
i ✱ y

⊲
i ❜❡ t❤❡ ❢r❛❣✐❧❡

♣✐❡❝❡s t♦ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ♦❢ si ✐♥ x ❛♥❞ s′i ✐♥ y✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡❛❝❤ r❡♣−r❡♣
♣❛t❤ ♦❢ t❤❡ ❝②❝❧❡ ❢r♦♠ si t♦ si+1✱ ✇❡ s❛② t❤❡ ♣❛t❤ ✐s ♣♦s✐t✐✈❡ ✐❢ t❤❡ ✜rst ✈❡rt❡① ❛❢t❡r
si ✐s vx⊳

i
♦r vy⊲i ✱ ❛♥❞ ♥❡❣❛t✐✈❡ ♦t❤❡r✇✐s❡✳ ■♥ ♣♦s✐t✐✈❡ r❡♣−r❡♣ ♣❛t❤s✱ ❢r❛❣✐❧❡ ♣✐❡❝❡s ✐♥ x

❛r❡ ❝r♦ss❡❞ ❢r♦♠ r✐❣❤t t♦ ❧❡❢t ✭t❤❛t ✐s✱ t❤❡ s♦❧✐❞ ♣✐❡❝❡ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡
✐s ✏s❡❡♥✑ ❜❡❢♦r❡ t❤❡ s♦❧✐❞ ♣✐❡❝❡ t♦ ✐ts ❧❡❢t✮✱ ❛♥❞ ❢r❛❣✐❧❡ ♣✐❡❝❡s ✐♥ y ❛r❡ ❝r♦ss❡❞ ❢r♦♠
❧❡❢t t♦ r✐❣❤t✳ ❚❤✉s ❛ ♣♦s✐t✐✈❡ ♣❛t❤ ❡♥t❡rs si+1 ✈✐❛ ❡✐t❤❡r vx⊲

i+1
♦r vy⊳i+1

✱ ❛♥❞ ❧✐❦❡✇✐s❡
❛ ♥❡❣❛t✐✈❡ ♣❛t❤ ❡♥t❡rs si+1 ✈✐❛ ❡✐t❤❡r vx⊳

i+1
♦r vy⊲i+1

✳
❋✐rst✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ t❤❛t ❛❧❧ ✇✐♥❞♦✇s ❛r❡ ❝♦♥t❛✐♥❡❞ ✇✐t❤✐♥ t❤❡ str✐♣ ❛♥❞ t❤❛t

❜♦t❤ ❡♥❞♣♦✐♥ts ♦❢ t❤❡ ♣✐❡❝❡ ❤❛✈❡ ❞✐st❛♥❝❡ ❛t ❧❡❛st ‖π‖ t♦ t❤❡ ❜♦r❞❡rs ♦❢ t❤❡ str✐♣✳
❲❡ s❤♦✇ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ s❤✐❢t ❛❧❧ ❜r❡❛❦♣♦✐♥ts ✐♥ ♣♦s✐t✐✈❡ ♣❛t❤s t♦ t❤❡ r✐❣❤t
❜② ‖π‖ ♣♦s✐t✐♦♥s ❛♥❞ ❛❧❧ ❜r❡❛❦♣♦✐♥ts ✐♥ ♥❡❣❛t✐✈❡ ♣❛t❤s t♦ t❤❡ ❧❡❢t ❜② ‖π‖ ♣♦s✐t✐♦♥s✳
❚❤✐s ✐s ❞♦♥❡ ❛s ❢♦❧❧♦✇s✿

✕ ❋♦r ❡❛❝❤ ✜①❡❞ ✈❡rt❡① ls ✐♥ ❛ ♣♦s✐t✐✈❡ ♣❛t❤✱ ❝✉t ♦✉t ‖π‖ ♠❛r❦❡rs ❢r♦♠ t❤❡ ❧❡❢t
♦❢ t❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ s ❛♥❞ s′✳

✕ ❋♦r ❡❛❝❤ ✜①❡❞ ✈❡rt❡① rs ✐♥ ❛ ♣♦s✐t✐✈❡ ♣❛t❤✱ ❛❞❞ ‖π‖ ♠❛r❦❡rs ❢r♦♠ t❤❡ r✐❣❤t ♦❢
t❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ s ❛♥❞ s′✳

✕ ❋♦r ❡❛❝❤ ✜①❡❞ ✈❡rt❡① ls ✐♥ ❛ ♥❡❣❛t✐✈❡ ♣❛t❤✱ ❛❞❞ ‖π‖ ♠❛r❦❡rs t♦ t❤❡ ❧❡❢t ♦❢ t❤❡
❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ s ❛♥❞ s′✳

✕ ❋♦r ❡❛❝❤ ✜①❡❞ ✈❡rt❡① rs ✐♥ ❛ ♥❡❣❛t✐✈❡ ♣❛t❤✱ ❝✉t ♦✉t ‖π‖ ♠❛r❦❡rs ❢r♦♠ t❤❡ r✐❣❤t
♦❢ t❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ s ❛♥❞ s′✳

✕ ❘❡♣❧❛❝❡ ❡❛❝❤ s❤♦rt ❜❧♦❝❦ [a, b] ✐♥ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡ ♣❛t❤ ❜② [a⊲‖π‖ , b⊲
‖π‖]✳

✕ ❘❡♣❧❛❝❡ ❡❛❝❤ s❤♦rt ❜❧♦❝❦ [a, b]✱ ✐♥ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ ♦❢ ❛ ♥❡❣❛t✐✈❡ ♣❛t❤ ❜② [a ⊳
‖π‖ , b ⊳ ‖π‖]✳

✕ ❋♦r ❛ r❡♣❡t✐t✐✈❡ ✈❡rt❡① vsi s✉❝❤ t❤❛t t❤❡ ♣❛t❤s ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r vsi ❡♥t❡r ❛♥❞
❧❡❛✈❡ vsi ✈✐❛ t❤❡ s❛♠❡ s✐❞❡ ✭❡✐t❤❡r x⊳i ❛♥❞ y⊳i ✱ ♦r x

⊲
i ❛♥❞ y⊲i ✮ ❡✐t❤❡r ❜♦t❤ ♣❛t❤s

❛r❡ ♣♦s✐t✐✈❡ ♦r ❜♦t❤ ♣❛t❤s ❛r❡ ♥❡❣❛t✐✈❡✳ ❆♣♣❧② t❤❡ s❛♠❡ ♦♣❡r❛t✐♦♥ ❛s ✐❢ t❤❡
♣✐❡❝❡ ✇❛s ✜①❡❞✿
✕ ■❢ t❤❡ ♣❛t❤ ❡♥t❡rs vsi ✈✐❛ x

⊳
i ❛♥❞ ❧❡❛✈❡s ✈✐❛ y⊳i ✱ t❤❡♥ ❝✉t ♦✉t t❤❡ ‖π‖ ❧❡❢t♠♦st

♠❛r❦❡rs ♦❢ s ❛♥❞ s′ ✐❢ t❤❡ ♣❛t❤ ✐s ♣♦s✐t✐✈❡ ♦r ❛❞❞ t❤❡ ‖π‖ ♠❛r❦❡rs t♦ t❤❡ ❧❡❢t
♦❢ s ❛♥❞ s′ ✐❢ t❤❡ ♣❛t❤ ✐s ♥❡❣❛t✐✈❡✳
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✕ ■❢ t❤❡ ♣❛t❤ ❡♥t❡rs vsi ✈✐❛ x
⊲
i ❛♥❞ ❧❡❛✈❡s ✈✐❛ y⊲i ✱ t❤❡♥ ❝✉t ♦✉t t❤❡ ‖π‖ r✐❣❤t♠♦st

♠❛r❦❡rs ♦❢ s ❛♥❞ s′ ✐❢ t❤❡ ♣❛t❤ ✐s ♥❡❣❛t✐✈❡ ♦r ❛❞❞ t❤❡ ‖π‖ ♠❛r❦❡rs t♦ t❤❡
r✐❣❤t ♦❢ s ❛♥❞ s′ ✐❢ t❤❡ ♣❛t❤ ✐s ♣♦s✐t✐✈❡✳

✕ ❋♦r ❛ r❡♣❡t✐t✐✈❡ ✈❡rt❡① vsi s✉❝❤ t❤❛t t❤❡ ♣❛t❤s ❡♥t❡r ❛♥❞ ❧❡❛✈❡ t❤❡ ✈❡rt❡① ✈✐❛
t❤❡ s❛♠❡ str✐♥❣ ✭❡✐t❤❡r x⊳i ❛♥❞ x⊲i ✱ ♦r y

⊳
i ❛♥❞ y⊲i ✮ ✐t ❤♦❧❞s t❤❛t t❤❡ ♣❛t❤s ❤❛✈❡

t❤❡ s❛♠❡ ♦r✐❡♥t❛t✐♦♥✳ ❆♣♣❧② ❛ s✐♠✐❧❛r ♦♣❡r❛t✐♦♥ ❛s ❢♦r ❛ s❤♦rt ❜❧♦❝❦ ✭❛ss✉♠❡
✇❧♦❣✳ t❤❛t t❤❡ ♣❛t❤ ❡♥t❡rs ❛♥❞ ❧❡❛✈❡s ✈✐❛ x✮✿
✕ ■❢ vsi ✐s ❜❡t✇❡❡♥ t✇♦ ♣♦s✐t✐✈❡ ♣❛t❤s t❤❡♥ r❡♣❧❛❝❡ t❤❡ ❜❧♦❝❦ [a, b] ♦❢ x ❝♦♥✲
t❛✐♥✐♥❣ si ❜② [a ⊲ ‖π‖ , b ⊲ ‖π‖]✳

✕ ■❢ vsi ✐s ❜❡t✇❡❡♥ t✇♦ ♥❡❣❛t✐✈❡ ♣❛t❤s t❤❡♥ r❡♣❧❛❝❡ t❤❡ ❜❧♦❝❦ [a, b] ♦❢ x ❝♦♥✲
t❛✐♥✐♥❣ si ❜② [a ⊳ ‖π‖ , b ⊳ ‖π‖]✳

✕ ❋♦r ❛❧❧ ♦t❤❡r r❡♣❡t✐t✐✈❡ ✈❡rt✐❝❡s✱ t❤❡ ♣❛t❤s ❡♥t❡r ❢r♦♠ ♦♥❡ str✐♥❣ ❛♥❞ ❧❡❛✈❡ ✈✐❛
t❤❡ ♦t❤❡r str✐♥❣ ❛♥❞ ❡♥t❡r ❢r♦♠ ♦♥❡ s✐❞❡ ❛♥❞ ❧❡❛✈❡ ✈✐❛ t❤❡ ♦t❤❡r s✐❞❡✳ ❚❤❡♥
t❤❡ ♣❛t❤s ❤❛✈❡ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥s❀ ❛ss✉♠❡ ✇❧♦❣✳ t❤❛t t❤❡ ❡♥t❡r✐♥❣ ♣❛t❤ ✐s
♣♦s✐t✐✈❡ ❛♥❞ t❤❡ ♦✉t❣♦✐♥❣ ♣❛t❤ ✐s ♥❡❣❛t✐✈❡✳ ▲❡t [a, b] ❞❡♥♦t❡ t❤❡ ❜❧♦❝❦ ✐♥ x
❝♦♥t❛✐♥✐♥❣ si✱ ❛♥❞ ❧❡t [a′, b′] ❞❡♥♦t❡ t❤❡ ❜❧♦❝❦ ✐♥ y ❝♦♥t❛✐♥✐♥❣ s′i✳
✕ ■❢ t❤❡ ❝②❝❧❡ ❡♥t❡rs ❢r♦♠ y⊳i ❛♥❞ ❧❡❛✈❡s ✈✐❛ x⊲i ✱ t❤❡♥ r❡♣❧❛❝❡ [a, b] ❜② [a, b⊳‖π‖]
❛♥❞ [a′, b′] ❜② [a′ ⊲ ‖π‖ , b′] ✭‖π‖ ♠❛r❦❡rs ❛r❡ ❝✉t ♦✉t ♦❢ ❜♦t❤ ❜❧♦❝❦s✮✳

✕ ■❢ t❤❡ ❝②❝❧❡ ❡♥t❡rs ❢r♦♠ x⊲i ❛♥❞ ❧❡❛✈❡s ✈✐❛ y⊳i ✱ t❤❡♥ r❡♣❧❛❝❡ [a, b] ❜② [a, b⊲‖π‖]
❛♥❞ [a′, b′] ❜② [a′ ⊳ ‖π‖ , b′] ✭‖π‖ ♠❛r❦❡rs ❛r❡ ❛❞❞❡❞ t♦ ❜♦t❤ ❜❧♦❝❦s✮✳

❚❤✉s✱ ❛❧❧ t❤❡ ❜r❡❛❦♣♦✐♥ts ✐♥ ❢r❛❣✐❧❡ ♣✐❡❝❡s ❤❛✈❡ ❜❡❡♥ s❤✐❢t❡❞ t♦ t❤❡ r✐❣❤t ✭✐♥ ♣♦s✐t✐✈❡
♣❛t❤s✮ ♦r t♦ t❤❡ ❧❡❢t ✭✐♥ ♥❡❣❛t✐✈❡ ♣❛t❤s✮ ❜② ❛ ♣❡r✐♦❞ ❧❡♥❣t❤ ‖π‖✳ ❍❡♥❝❡✱ t❤✐s ♠♦❞✐✜✲
❝❛t✐♦♥ st✐❧❧ ❣✐✈❡s ❛ ♣❛rt✐t✐♦♥ ♦❢ ❜♦t❤ str✐♥❣s✳ ❚❤✐s ♣❛rt✐t✐♦♥ ❤❛s t❤❡ s❛♠❡ s✐③❡ ❛s t❤❡
♦r✐❣✐♥❛❧ ♦♥❡✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❛❧s♦ ❛ ❝♦♠♠♦♥ str✐♥❣ ♣❛rt✐t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s
❢♦❧❧♦✇s✳ ❚❤❡ s❡t ♦❢ str✐♥❣s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s❤♦rt ❜❧♦❝❦s ♦❢ x ❛♥❞ y r❡♠❛✐♥s ❡①❛❝t❧②
t❤❡ s❛♠❡ s✐♥❝❡ t❤❡② ✇❡r❡ s❤✐❢t❡❞ ❜② t❤❡ ♣❡r✐♦❞ ❧❡♥❣t❤✳ ❍❡♥❝❡✱ t❤❡r❡ ✐s ❛ ♠❛t❝❤✐♥❣
❢♦r t❤❡ s❤♦rt ❜❧♦❝❦s s✉❝❤ t❤❛t ❡❛❝❤ s❤♦rt ❜❧♦❝❦ ✐s ♠❛t❝❤❡❞ t♦ ♦♥❡ r❡♣r❡s❡♥t✐♥❣ t❤❡
s❛♠❡ str✐♥❣✳ ❋♦r t❤❡ ❧♦♥❣ ❜❧♦❝❦s✱ t❤❡ ♦❧❞ ♠❛t❝❤✐♥❣ r❡♠❛✐♥s ❛ ✈❛❧✐❞ ♠❛t❝❤✐♥❣✿ ❚❤❡
❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ ✜①❡❞ s♦❧✐❞ ♣✐❡❝❡s ❤❛✈❡ ❜♦t❤ ❜❡❡♥ ♠♦❞✐✜❡❞ ♦♥ t❤❡ s❛♠❡ s✐❞❡✳ ❚❤✉s✱
t❤❡② ❛r❡ ❡✐t❤❡r s❤♦rt❡♥❡❞ ❜② ‖π‖ ♠❛r❦❡rs❀ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❛t❝❤❡❞ ❜❧♦❝❦s ❝❧❡❛r❧②
r❡♣r❡s❡♥t ❡q✉✐✈❛❧❡♥t str✐♥❣s✳ ❖r ‖π‖ ♠❛r❦❡rs ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞ ♦♥ ♦♥❡ s✐❞❡✳ ■♥ t❤✐s
❝❛s❡✱ t❤❡ ♠❛t❝❤❡❞ str✐♥❣s ❛r❡ ❛❧s♦ ❡q✉✐✈❛❧❡♥t✱ s✐♥❝❡ t❤❡ ✇✐♥❞♦✇s ❤❛✈❡ ❞✐st❛♥❝❡ ❛t
❧❡❛st ‖π‖ t♦ t❤❡ ❜♦r❞❡rs ♦❢ t❤❡ str✐♣✳ ❚❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ r❡♣❡t✐t✐✈❡ ♣✐❡❝❡s ❤❛✈❡
❡✐t❤❡r ❜❡❡♥ ♠♦✈❡❞ ❜② ‖π‖ ♣♦s✐t✐♦♥s✱ s❤♦rt❡♥❡❞ ❜② ‖π‖ ♠❛r❦❡rs ♦♥ t❤❡ s❛♠❡ s✐❞❡✱ ‖π‖
♠❛r❦❡rs ♦♥ t❤❡ s❛♠❡ s✐❞❡ ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞✱ ♦r t❤❡② ❤❛✈❡ ❜❡❡♥ s❤♦rt❡♥❡❞ ♦r ❡①t❡♥❞❡❞
♦♥ ❞✐✛❡r❡♥t s✐❞❡s✳ ■♥ t❤❡ ✜rst t❤r❡❡ ❝❛s❡s✱ t❤❡ str✐♥❣s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♥❡✇ ❜❧♦❝❦s
r❡♠❛✐♥ ❡q✉✐✈❛❧❡♥t ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥s ❛s ❢♦r t❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ ✜①❡❞ s♦❧✐❞ ♣✐❡❝❡s✳
■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ ❜❧♦❝❦s ❤❛✈❡ ❜❡❡♥ ♠♦❞✐✜❡❞ ♦♥ ❞✐✛❡r❡♥t s✐❞❡s✳

❋✐rst✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ [a, b] ✐s r❡♣❧❛❝❡❞ ❜② [a, b⊳‖π‖] ❛♥❞ [a′, b′] ❜② [a′ ⊲
‖π‖ , b′]✳ ❙✐♥❝❡ t❤❡ ❜❧♦❝❦s ❛r❡ ♣❡r✐♦❞✐❝ ✇✐t❤ ♣❡r✐♦❞ ❧❡♥❣t❤ ‖π‖ ✇❡ ❤❛✈❡ [a′ ⊲‖π‖ , b′] ≡
[a′, b′⊳‖π‖]✳ ■♥ t❤❡ ♦❧❞ s♦❧✉t✐♦♥✱ t❤✐s s✉❜❢❛❝t♦r ♦❢ [a′, b′] ✇❛s ♠❛t❝❤❡❞ ✇✐t❤ [a, b⊳‖π‖]✱
❛♥❞ t❤✉s [a′ ⊲ ‖π‖ , b′] ≡ [a′, b′ ⊳ ‖π‖] ≡ [a, b ⊳ ‖π‖]✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ [a, b] ✐s r❡♣❧❛❝❡❞ ❜② [a, b ⊲ ‖π‖] ❛♥❞ [a′, b′] ❜② [a′ ⊳
‖π‖ , b′]✳ ❙✐♥❝❡ t❤❡ ❜❧♦❝❦s ❛r❡ ♣❡r✐♦❞✐❝ ✇✐t❤ ♣❡r✐♦❞ ❧❡♥❣t❤ ‖π‖ ✇❡ ❤❛✈❡ [a′, b′] ≡
[a′ ⊳ ‖π‖ , b′ ⊳ ‖π‖]✳ ❙✐♥❝❡ [a, b] ≡ [a′, b′] t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ✜rst ‖[a, b]‖ ♠❛r❦❡rs ♦❢
t❤❡ ♥❡✇ ❜❧♦❝❦s ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❆❧s♦ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣❡r✐♦❞✐❝✐t②✱ ✇❡ ❤❛✈❡ [b, b ⊲‖π‖] ≡
[b ⊳ ‖π‖ , b]✳ ❙✐♥❝❡ [b ⊳ ‖π‖ , b] ≡ [b′ ⊳ ‖π‖ , b′]✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❛❧s♦ t❤❡ ❧❛st ‖π‖
♠❛r❦❡rs ♦❢ t❤❡ ♥❡✇ ❜❧♦❝❦s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❆❧t♦❣❡t❤❡r✱ t❤❡ ♠♦❞✐✜❝❛t✐♦♥ ❣✐✈❡s ❛ ❈❙P ♦❢ t❤❡ s❛♠❡ s✐③❡✱ ✐♥ ✇❤✐❝❤ t❤❡ ❞✐st❛♥❝❡
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❜❡t✇❡❡♥ t❤❡ ✇✐♥❞♦✇ ❡♥❞♣♦✐♥ts ❛♥❞ t❤❡ str✐♣ ❡♥❞♣♦✐♥ts ❤❛s ❞❡❝r❡❛s❡❞✳ ❚❤❡ ❛❜♦✈❡
♦♣❡r❛t✐♦♥ ❝❛♥ ❜❡ r❡♣❡❛t❡❞ ✉♥t✐❧ ❛t ❧❡❛st ♦♥❡ ❜r❡❛❦♣♦✐♥t ✐s ❛t ❞✐st❛♥❝❡ ❧❡ss t❤❛♥ ‖π‖
❢r♦♠ t❤❡ ❜♦r❞❡r ♦❢ ❛ str✐♣✳ ■♥ t❤✐s ❝❛s❡✱ ❛❧❧ ❜r❡❛❦♣♦✐♥ts ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛t❤
❛r❡ ❛t ❞✐st❛♥❝❡ ❛t ♠♦st w + ‖π‖ ❢r♦♠ t❤❡ ❜♦r❞❡r ♦❢ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ str✐♣ ✭❛♥
❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✶ ❛♣♣❧✐❡s✮✳ ■♥ s♦♠❡ ❢r❛❣✐❧❡ ♣✐❡❝❡ f ✱
t❤❡ ❜♦r❞❡r ♦❢ If ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥ ♦❢ ❛♥ ❛❞❥❛❝❡♥t s♦❧✐❞ ♣✐❡❝❡
s✱ t❤✉s✱ ✐♥ f ✱ t❤❡ ✇✐♥❞♦✇ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❡✐t❤❡r [lext(s) ⊳ (‖π‖ + w), lext(s) ⊲ w] ♦r
[rext(s) ⊳ w, rext(s) ⊲ (‖π‖ + w)]✳ ❙✐♥❝❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❜r❛♥❝❤❡s✱ t❤❡ r✉❧❡
❛❞❞s t❤❡ ❢r❛♠❡ t♦ t❤✐s ♣✐❡❝❡ s ❛♥❞ t♦ t❤❡ ❝♦rr❡❝t s✐❞❡ ♦❢ t❤❡ str✐♣ ❢❛❝t♦r ✐t ✐s ❝♦rr❡❝t✳
◆♦t❡ t❤❛t t❤❡ ♠♦❞✐✜❝❛t✐♦♥s ♠❛❞❡ ✐♥ t❤❡ ♣r♦♦❢ ❞♦ ♥♦t ✐♥❝r❡❛s❡ t❤❡ ❧❡♥❣t❤ ♦❢ ❛♥②
s❤♦rt ❜❧♦❝❦✳ ❍❡♥❝❡✱ t❤❡ s❡❝♦♥❞ r❡q✉✐r❡♠❡♥t ❢♦r ❝♦rr❡❝t♥❡ss ✐s ❛❧s♦ s❛t✐s✜❡❞✳

❚❤❡ ✜♥❛❧ ❝❛s❡ t❤❛t ♥❡❡❞s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐s t❤❡ ♦♥❡ ✐♥ ✇❤✐❝❤ t❤❡ ♣✐❡❝❡ ❣r❛♣❤
✐s ❛❝②❝❧✐❝ ❜✉t ♥♦♥❡ ♦❢ t❤❡ ♦t❤❡r r✉❧❡s ❛♣♣❧✐❡s✳ ❚❤❡♥✱ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ❝♦♥t❛✐♥s ❛
r❡♣❡t✐t✐✈❡ ❞❡❣r❡❡✲♦♥❡ ✈❡rt❡①✳

❋r❛♠❡ ❘✉❧❡ ✻✳ ■❢ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ❝♦♥t❛✐♥s ❛♥ ❡❞❣❡ {vs, vf} s✉❝❤ t❤❛t vs ✐s r❡♣❡t✐t✐✈❡
❛♥❞ ❤❛s ❞❡❣r❡❡ ♦♥❡✱ t❤❡♥ ❛ss✉♠❡ ✇❧♦❣✳ t❤❛t f ✐s t♦ t❤❡ r✐❣❤t ♦❢ s ✐♥ x✱ ❛♥❞ ❞♦ t❤❡
❢♦❧❧♦✇✐♥❣✳ ▲❡t [al, ar]✱ [bl, br]✱ ❛♥❞ [cl, cl] ❜❡ t❤❡ ✭♣♦ss✐❜❧② ♣❤❛♥t♦♠✮ ❢r❛♠❡s s✉❝❤ t❤❛t
[al, ar] ✐s t♦ t❤❡ ❧❡❢t ♦❢ s′ ✐♥ y✱ t❤❛t [bl, br] ✐s t♦ t❤❡ r✐❣❤t ♦❢ s′ ✐♥ y✱ ❛♥❞ t❤❛t [cl, cr]
✐s t♦ t❤❡ ❧❡❢t ♦❢ s ✐♥ x✳ ❆❞❞ t❤❡ ❢r❛♠❡ f ∩ [fl, fr] t♦ f ✱ ✇❤❡r❡ fl = cl ⊲ (arbl + 1) ❛♥❞
fr = cr ⊲ (albr + w − 2)✳

Pr♦♦❢✳ ❚❤❡ ✇✐♥❞♦✇s t♦ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ♦❢ s′ ✐♥ y ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ [al, ar] ❛♥❞
[bl, br] r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❡ ✇✐♥❞♦✇s t♦ t❤❡ ❧❡❢t ♦❢ s ✐♥ x ✐s ❝♦♥t❛✐♥❡❞ ✐♥ [cl, cr]✳
❈♦♥s✐❞❡r t❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ s ❛♥❞ s′✱ ❛♥❞ ❧❡t ℓ ❜❡ t❤❡✐r ❧❡♥❣t❤✳ ❚❤❡ t✇♦ ❡♥❞♣♦✐♥ts
♦❢ t❤❡ ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣ s′ ❛r❡ ✐♥ [al ⊲ 1, ar] ❛♥❞ [bl, br ⊳ 1]✳ ❍❡♥❝❡ ℓ ≥ arbl ❛♥❞
ℓ ≤ (al ⊲ 1)(br ⊳ 1) = albr − 2✳

❚❤❡ ❧❡❢t♠♦st ♠❛r❦❡r ♦❢ t❤❡ ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣ s ✐s ❝♦♥t❛✐♥❡❞ ✐♥ [cl ⊲ 1, cr]✳ ❚❤✉s✱
t❤❡ r✐❣❤t♠♦st ♠❛r❦❡r ✭t❤❡ ♦♥❡ ✐♥ f✮ ✐s ♥❡❝❡ss❛r✐❧② ✐♥ [cl ⊲ (ℓ+ 1), cr ⊲ (ℓ)] ✇❤✐❝❤✱ ❜②
t❤❡ ❛❜♦✈❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦♥ ℓ✱ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ [cl ⊲ (arbl+1), cr ⊲ (albr−2)]✳
❚❤✐s ♠❛r❦❡r ✐s t❤❡ ❧❡❢t♠♦st ♠❛r❦❡r ♦❢ t❤❡ ✇✐♥❞♦✇ ♦❢ f ✇❤✐❝❤ ❤❛s ❧❡♥❣t❤ ❛t ♠♦st w✳
❍❡♥❝❡ t❤❡ ❢r❛♠❡ [cl ⊲ (arbl + 1), cr ⊲ (albr + w − 2)] ❝♦♥t❛✐♥s t❤❡ ✇✐♥❞♦✇ ♦❢ f ✳ ❚❤❡
r✉❧❡ ✐s st✐❧❧ ❝♦rr❡❝t ✐❢ s ♦r s′ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡♥❞ ♦❢ ❛ str✐♥❣✱ s✐♥❝❡ t❤❡ ♣❤❛♥t♦♠
❢r❛♠❡s ❝♦♥t❛✐♥ t❤❡ ❧❡❢t♠♦st ♦r r✐❣❤t♠♦st ♠❛r❦❡r ♦❢ t❤❡ ❜❧♦❝❦s ❝♦♥t❛✐♥✐♥❣ s ♦r s′✳

❆❢t❡r ❡①❤❛✉st✐✈❡❧② ❛♣♣❧②✐♥❣ t❤❡ ❢r❛♠❡ r✉❧❡s✱ t❤❡ ♣❛rts ♦❢ ❢r❛❣✐❧❡ ♣✐❡❝❡s t❤❛t ❛r❡
♦✉ts✐❞❡ ♦❢ ❢r❛♠❡s ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛ ❜r❡❛❦♣♦✐♥t✳ ❍❡♥❝❡✱ ✇❡ ♣❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡
✇❤✐❝❤ s❤r✐♥❦s ❢r❛❣✐❧❡ ♣✐❡❝❡s s✉❝❤ t❤❛t t❤❡② ✜t t❤❡✐r ❢r❛♠❡❀ ❛t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡
s♦❧✐❞ ♣✐❡❝❡s ❛r❡ ❡①t❡♥❞❡❞ ❛❝❝♦r❞✐♥❣❧②✳

❋✐tt✐♥❣ ❘✉❧❡ ✶✳ ■❢ t❤❡r❡ ✐s ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ f = [a, b] ✇✐t❤ ❢r❛♠❡ [c, d] ⊂ [c, d] t❤❡♥
❛❞❞ [a, c] t♦ t❤❡ s♦❧✐❞ ♣✐❡❝❡ ❧❡❢t ♦❢ f ✱ ❛❞❞ [d, b] t♦ t❤❡ s♦❧✐❞ ♣✐❡❝❡ r✐❣❤t ♦❢ f ✱ ❛♥❞
s❡t f = [c, d]✳

❲❡ ♥♦✇ s❤♦✇ t✇♦ ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ♦❢ ✐♥st❛♥❝❡s ❢♦r ✇❤✐❝❤ ♥♦♥❡ ♦❢ t❤❡ ❢r❛♠❡
r✉❧❡s ❛♣♣❧✐❡s✳ ❋✐rst✱ ❡✈❡r② ❢r❛❣✐❧❡ ♣✐❡❝❡ ♦❢ t❤❡s❡ ✐♥st❛♥❝❡s ❤❛s ❛ ❢r❛♠❡✳ ❙❡❝♦♥❞✱ t❤❡
❢r❛♠❡ ❧❡♥❣t❤s ❛r❡ ✉♣♣❡r✲❜♦✉♥❞❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ♦❢ k✱ β✱ ❛♥❞ t❤❡ ❧♦♥❣❡st ♣❡r✐♦❞ ♦❢
❛♥② r❡♣❡t✐t✐✈❡ ♣✐❡❝❡✳

▲❡♠♠❛ ✹✳✶✷✳ ▲❡t C ❜❡ ❛ ❝♦♥str❛✐♥t ✇✐t❤ ❢r❛♠❡ s❡t φ s✉❝❤ t❤❛t ♥♦♥❡ ♦❢ t❤❡ ❋r❛♠❡
❘✉❧❡s ✶✕✻ ❛♣♣❧✐❡s✳ ❚❤❡♥✱ ❡❛❝❤ ❢r❛❣✐❧❡ ♣✐❡❝❡ ❤❛s ❛ ❢r❛♠❡✱ ❛♥❞ ❛❧❧ ❢r❛♠❡s ❤❛✈❡ ❧❡♥❣t❤
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Fitting Rule 1.

xx

xx

❋✐❣✉r❡ ✹✳✽✿ ❆♥ ✐❧❧✉str❛t✐♦♥ ♦❢ ❋✐tt✐♥❣ ❘✉❧❡ ✶✳

❛t ♠♦st (6k2w+3kw+3kmax{w, ‖π‖})✱ ✇❤❡r❡ ‖π‖ ❞❡♥♦t❡s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧♦♥❣❡st
♣❡r✐♦❞ ♦❢ ❛❧❧ r❡♣❡t✐t✐✈❡ s♦❧✐❞ ♣✐❡❝❡s✳

Pr♦♦❢✳ ❋✐rst✱ ✇❡ s❤♦✇ t❤❛t ❡✈❡r② ❢r❛❣✐❧❡ ♣✐❡❝❡ ❤❛s ❛ ❢r❛♠❡✳ ■❢ t❤❡ ♣✐❡❝❡ ❣r❛♣❤ ❝♦♥t❛✐♥s
❛ ❝②❝❧❡✱ t❤❡♥ ❡✐t❤❡r ❋r❛♠❡ ❘✉❧❡ ✸✱ ✹✱ ♦r ✺ ❛♣♣❧✐❡s✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♣✐❡❝❡ ❣r❛♣❤
✐s ❛❝②❝❧✐❝✱ ❛♥❞ t❤✉s ✐t ❡✐t❤❡r ❝♦♥t❛✐♥s ❛ ❞❡❣r❡❡✲♦♥❡ ✈❡rt❡① ❛♥❞ ♦♥❡ ♦❢ t❤❡ ♦t❤❡r
❋r❛♠❡ ❘✉❧❡s ❛♣♣❧✐❡s✱ ♦r ❛❧❧ ✈❡rt✐❝❡s ❤❛✈❡ ❞❡❣r❡❡ ③❡r♦ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛❧❧ ❢r❛❣✐❧❡
♣✐❡❝❡s ❤❛✈❡ ❢r❛♠❡s✳

◆❡①t✱ ✇❡ s❤♦✇ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❢r❛♠❡ ❧❡♥❣t❤✳ ▲❡t L ❜❡ t❤❡ ❧❡♥❣t❤ ♦❢
t❤❡ ❧♦♥❣❡st ❢r❛♠❡ ❝r❡❛t❡❞ ✐♥ t❤✐s ♣r♦❝❡❞✉r❡✱ ❛♥❞ ❧❡t π ❜❡ t❤❡ ❧♦♥❣❡st ♣❡r✐♦❞ ♦✈❡r ❛❧❧
r❡♣❡t✐t✐✈❡ ♣✐❡❝❡s✳ ❲❡ s❤♦✇ t❤❛t

L ≤ 6k2w + 3kw + 3kmax{w, ‖π‖} ✭✹✳✷✮

▲❡t h ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❢r❛♠❡s ❝r❡❛t❡❞ ❜❡❢♦r❡ ❋r❛♠❡ ❘✉❧❡ ✻ ✐s ✜rst ❛♣♣❧✐❡❞✱ 1 ≤ h ≤
2k✳ ❋r❛♠❡ ❘✉❧❡s ✶✱ ✸✱ ✹ ❛♥❞ ✺ ♣r♦❞✉❝❡ ❢r❛♠❡s ♦❢ ❧❡♥❣t❤ ❛t ♠♦st (max{w, ‖π‖}+2w)✳
❙✐♥❝❡ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❋r❛♠❡ ❘✉❧❡ ✷ ✐♥❝r❡❛s❡s t❤❡ ♠❛①✐♠✉♠ ❢r❛♠❡ ❧❡♥❣t❤ ❜② w✱
❛❧❧ ❢r❛♠❡s ❤❛✈❡ ❧❡♥❣t❤ ❛t ♠♦st (max{w, ‖π‖}+(h+1)w) ❜❡❢♦r❡ t❤❡ ✜rst ❛♣♣❧✐❝❛t✐♦♥
♦❢ ❋r❛♠❡ ❘✉❧❡ ✻✳ ◆♦t❡ t❤❛t ♦♥❝❡ ❋r❛♠❡ ❘✉❧❡ ✻ ✐s ❛♣♣❧✐❡❞ ❢♦r t❤❡ ✜rst t✐♠❡✱ ♦♥❧②
❋r❛♠❡ ❘✉❧❡s ✷ ❛♥❞ ✻ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✳ ❆ s♦❧✐❞
✈❡rt❡① ✭✜①❡❞ ♦r r❡♣❡t✐t✐✈❡✮ ✐s ❝❧♦s❡❞ ✐❢ ❛❧❧ ✐ts ❛❞❥❛❝❡♥t ❢r❛❣✐❧❡ ♣✐❡❝❡s ❤❛✈❡ ❢r❛♠❡s✱ ❛♥❞
♦♣❡♥ ♦t❤❡r✇✐s❡✳ ❚❤❡ ✇❡✐❣❤t ♦❢ ❛♥ ♦♣❡♥ ✈❡rt❡① ✐s t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ❢r❛♠❡s ✐♥ t❤❡
❛❞❥❛❝❡♥t ❢r❛❣✐❧❡ ♣✐❡❝❡s✳ ▲❡t W ❞❡♥♦t❡ t❤❡ s✉♠ ♦❢ t❤❡ ✇❡✐❣❤ts ♦❢ ❛❧❧ ♦♣❡♥ ✈❡rt✐❝❡s✳

❇❡❢♦r❡ t❤❡ ✜rst ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❋r❛♠❡ ❘✉❧❡ ✻✱ W ≤ 3k[max{w, ‖π‖} + (h + 1)w]
✭❢♦r ❡❛❝❤ s♦❧✐❞ ♣✐❡❝❡ s ∈ Sx✱ t❤❡ ✇❡✐❣❤t ♦❢ ❡✐t❤❡r vs ♦r ls ❛♥❞ rs t♦❣❡t❤❡r ✐s ❛t ♠♦st t❤❡
s✉♠ ♦❢ t❤❡ ✇❡✐❣❤ts ♦❢ t❤r❡❡ ❞✐✛❡r❡♥t ❢r❛♠❡s✮✳ ❆❢t❡r✇❛r❞s✱ ❡❛❝❤ t✐♠❡ ❋r❛♠❡ ❘✉❧❡ ✷
♦r ✻ ✐s ❛♣♣❧✐❡❞✱ ❛♥ ♦♣❡♥ ✈❡rt❡① ✇✐t❤ s♦♠❡ ✇❡✐❣❤t u ✐s ❝❧♦s❡❞✱ ❛♥❞ ❛ ❢r❛♠❡ ♦❢ ❧❡♥❣t❤
u + w ✐s ❝r❡❛t❡❞ ✐♥ ❛ ❢r❛❣✐❧❡ ♣✐❡❝❡ f ✇❤✐❝❤ ✐s ❛❞❥❛❝❡♥t t♦ ❛t ♠♦st ♦♥❡ ♦♣❡♥ ✈❡rt❡①✳
❚❤✉s✱ t❤❡ t♦t❛❧ ✇❡✐❣❤t ♦❢ ♦♣❡♥ ✈❡rt✐❝❡s W ✐s ✐♥❝r❡❛s❡❞ ❜② ❛t ♠♦st u + w − u = w
✇✐t❤ ❡❛❝❤ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❋r❛♠❡ ❘✉❧❡ ✷ ♦r ✻✳ ❚❤❡② ❛r❡ ❛♣♣❧✐❡❞ ❛t ♠♦st 2k− h t✐♠❡s✱
❤❡♥❝❡ W ✐s ❛t ♠♦st

W ≤ 3k [max{w, ‖π‖}+ (h+ 1)w] + (2k − h)w

≤ 6k2w + 3kw + 3kmax{w, ‖π‖}.

❙✐♥❝❡ ♥♦ ❢r❛♠❡ ♦❢ ❧❡♥❣t❤ ♠♦r❡ t❤❛♥W ❝❛♥ ❜❡ ❝r❡❛t❡❞✱ ✇❡ ❤❛✈❡ L ≤ W ✱ ✇❤✐❝❤ ♣r♦✈❡s
t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❝❧❛✐♠✳

❚❤❡ ❜♦✉♥❞ ❣✐✈❡♥ ❜② t❤❡ ❧❡♠♠❛ ❛❜♦✈❡ st✐❧❧ ❝♦♥t❛✐♥s t❤❡ ♠❛①✐♠✉♠ ♣❡r✐♦❞ ❧❡♥❣t❤ π
✇❤✐❝❤ ♠❡❛♥s t❤❛t ✐t ✐s t♦♦ ❧❛r❣❡ t♦ ❜❡ ✉s❡❢✉❧ ❢♦r t❤❡ s♣❧✐t ♣r♦❝❡❞✉r❡✳ ❍♦✇❡✈❡r✱ t❤❡
❛❧❣♦r✐t❤♠ ❝❛♥ ♥♦✇ ❡✐t❤❡r ✜♥❞ ❛ r❡♣❡t✐t✐✈❡ ♣✐❡❝❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ✜①❡❞ ✇✐t❤ ❢❡✇ ♦♣t✐♦♥s
✭s❡❡ ▲❡♠♠❛ ✹✳✶✸✮ ♦r t❤❡ ♠❛①✐♠✉♠ ♣❡r✐♦❞ ❧❡♥❣t❤ ✐s ♥♦t t♦♦ ❧♦♥❣✳
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▲❡♠♠❛ ✹✳✶✸✳ ▲❡t C ❜❡ ❛ ❝♦♥str❛✐♥t t❤❛t ❝♦♥t❛✐♥s ❛ r❡♣❡t✐t✐✈❡ s♦❧✐❞ ♣✐❡❝❡ s ✇✐t❤
♣❡r✐♦❞ πs s✉❝❤ t❤❛t ❡❛❝❤ ❢r❛❣✐❧❡ ♣✐❡❝❡ ❛❞❥❛❝❡♥t t♦ s ♦r s′ ❤❛s ❧❡♥❣t❤ ❛t ♠♦st 6(k2 +
k) ‖πs‖✳ ❚❤❡♥✱ t❤❡r❡ ❛r❡ ❛t ♠♦st 12(k2 + k) ❢❡❛s✐❜❧❡ ❛❧✐❣♥♠❡♥ts✱ ❛♥❞ ❛♥② ❈❙P
s❛t✐s❢②✐♥❣ C ♠❛t❝❤❡s ❡❧❡♠❡♥ts ♦❢ s ❛❝❝♦r❞✐♥❣ t♦ ❛ ❢❡❛s✐❜❧❡ ❛❧✐❣♥♠❡♥t✳

Pr♦♦❢✳ ❚❤❡ ❛❧✐❣♥♠❡♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥② ❈❙P s❛t✐s❢②✐♥❣ C ✐s ♥❡❝❡ss❛r✐❧② ❢❡❛s✐❜❧❡✱
s✐♥❝❡ ♦t❤❡r✇✐s❡ t✇♦ ❞✐st✐♥❝t s♦❧✐❞ ♣✐❡❝❡s ✇♦✉❧❞ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡ ❜❧♦❝❦✳

❲❧♦❣✳✱ ❧❡t ‖s‖ ≥ ‖s′‖✳ ❚❤✉s✱ ✐♥ ❛ s❛t✐s❢②✐♥❣ ❈❙P P ✱ ❡✐t❤❡r t❤❡ ❧❡❢t♠♦st ♠❛r❦❡r
♦❢ s ✐s ♠❛t❝❤❡❞ t♦ ❛ ♠❛r❦❡r ❧❡❢t ♦❢ s′ ✭♦r t♦ t❤❡ ❧❡❢t♠♦st ♠❛r❦❡r ♦❢ s′✮✱ ❡✐t❤❡r t❤❡
r✐❣❤t♠♦st ♠❛r❦❡r ♦❢ s ✐s ♠❛t❝❤❡❞ t♦ ❛ ♠❛r❦❡r r✐❣❤t ♦❢ s′✳ ❈♦♥s✐❞❡r t❤❡ ✜rst ❝❛s❡❀ ❜②
❈♦♥❞✐t✐♦♥ ✷ ♦❢ s❛t✐s❢②✐♥❣ ❈❙Ps✱ t❤❡ ❧❡❢t♠♦st ♠❛r❦❡r ♦❢ s ✐s ♠❛t❝❤❡❞ t♦ s♦♠❡ ♠❛r❦❡r
✐♥ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡ t♦ t❤❡ ❧❡❢t ♦❢ s′✳ ◆♦t❡ t❤❛t s✐♥❝❡ s ❛♥❞ s′ ❤❛✈❡ ❛ s❤♦rt❡st ♣❡r✐♦❞
πs✱ t✇♦ ❞✐✛❡r❡♥t ❛❧✐❣♥♠❡♥ts ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ ❛ ♠✉❧t✐♣❧❡ ♦❢ ‖πs‖ ♠❛r❦❡rs✳ ❍❡♥❝❡✱
t❤❡r❡ ❛r❡ ❛t ♠♦st 6(k2+ k) ❞✐✛❡r❡♥t ❛❧✐❣♥♠❡♥ts ✐♥ ✇❤✐❝❤ t❤❡ ❧❡❢t♠♦st ♠❛r❦❡r ♦❢ s ✐s
♠❛t❝❤❡❞ t♦ s♦♠❡ ♠❛r❦❡r ♦❢ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡ t♦ t❤❡ ❧❡❢t ♦❢ s′✳ ❙✐♠✐❧❛r❧②✱ t❤❡r❡ ❛r❡ ❛t
♠♦st 6(k2 + k) ♣♦ss✐❜❧❡ ❛❧✐❣♥♠❡♥ts ✐♥ ✇❤✐❝❤ t❤❡ r✐❣❤t♠♦st ♠❛r❦❡r ♦❢ s ✐s ♠❛t❝❤❡❞
t♦ ❛ ♠❛r❦❡r ♦❢ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡ t♦ t❤❡ ❧❡❢t ♦❢ s′ ✭❢♦r s = s′✱ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t ❜♦t❤
❧❡❢t ❛♥❞ r✐❣❤t ❡♥❞♣♦✐♥ts ♦❢ s ❛r❡ ♠❛t❝❤❡❞ t♦ ♠❛r❦❡rs ♦❢ t❤❡ ❢r❛❣✐❧❡ ♣✐❡❝❡s t♦ t❤❡ ❧❡❢t
❛♥❞ r✐❣❤t ♦❢ s′✮✳ ❖✈❡r❛❧❧✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛❧✐❣♥♠❡♥ts ❜❡t✇❡❡♥ s ❛♥❞ s′ t❤✉s ✐s ❛t
♠♦st 12(k2 + k)✳

❇② ❣✉❡ss✐♥❣ t❤❡ ❛❧✐❣♥♠❡♥ts ♦❢ t❤❡ ❧♦♥❣ ♣❡r✐♦❞s ✇❡ ❤❛✈❡ ✜♥❛❧❧② ❛❝❤✐❡✈❡❞ t❤❡ ❣♦❛❧
♦❢ ❢r❛♠❡s✿ ❛❧❧ ❢r❛♠❡s ❛r❡ ✏s❤♦rt✑ ❡♥♦✉❣❤ t♦ ❜❡ s♣❧✐t ❜② s♣❧✐t✳

▲❡♠♠❛ ✹✳✺ ✭❝❢✳ P❛❣❡ ✾✺✮✳ ❲❤❡♥ ❢r❛♠❡s t❡r♠✐♥❛t❡s✱ ❡✈❡r② ❢r❛❣✐❧❡ ♣✐❡❝❡ ❤❛s ❧❡♥❣t❤
❛t ♠♦st 12(k2 + k)kβ✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✹✳✶✷✱ ❛♥ ✐♥st❛♥❝❡ ✐♥ ✇❤✐❝❤ ♥♦ ❢r❛♠❡ r✉❧❡ ❛♣♣❧✐❡s ❤❛s ❢r❛♠❡s ♦❢
❧❡♥❣t❤ ❛t ♠♦st (6k2w+3kw+3kmax{w, ‖π‖}) ✇❤❡r❡ π ✐s t❤❡ ❧♦♥❣❡st ♣❡r✐♦❞ ❛♠♦♥❣
❛❧❧ r❡♣❡t✐t✐✈❡ ♣✐❡❝❡s✳ ■♥ ❝❛s❡ ‖π‖ ≥ w✱ t❤❡♥ ❢♦r ❡❛❝❤ r❡♣❡t✐t✐✈❡ ♣✐❡❝❡ s ✇✐t❤ ♣❡r✐♦❞ π✱
t❤❡r❡ ❛r❡ ❛t ♠♦st 6(k2+k) ·‖π‖ ♣♦ss✐❜✐❧✐t✐❡s t♦ ❛❧✐❣♥ s✳ ❍❡♥❝❡✱ ❛t ❧❡❛st ♦♥❡ r❡♣❡t✐t✐✈❡
♣✐❡❝❡ ✐s ✜①❡❞ ✐♥ t❤❡ ❧♦♦♣ ▲✐♥❡s ✽✕✶✶✱ ❛♥❞ ♥❡✇✲❛❧✐❣♥ ✐s s❡t ✏❚r✉❡✑✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t
t❤❡ ♦✉t❡r ❧♦♦♣ ✐♥ ❢r❛♠❡s ✇✐❧❧ ❜❡ r❡♣❡❛t❡❞✳ ❖t❤❡r✇✐s❡✱ π ≤ w ❛♥❞ t❤✉s 6k2w+3kw+
3k ‖π‖ < 6(k2 + k)w ≤ 12(k2 + k)kβ✳

❚❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❢r❛♠❡s ✐s s✐♠♣❧② ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❛❧❧ s✐♥❣❧❡
st❡♣s ✭❛❧✇❛②s ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦rr❡❝t ❜r❛♥❝❤✐♥❣ ✐♥ ❡❛❝❤ ❜r❛♥❝❤✐♥❣ st❡♣✮✳

▲❡♠♠❛ ✹✳✸ ✭❝❢✳ P❛❣❡ ✾✺✮✳ ■❢ t❤❡r❡ ❡①✐sts ❛ s✐③❡✲k ❈❙P P s❛t✐s❢②✐♥❣ C ❛t t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ ❢r❛♠❡s s✉❝❤ t❤❛t ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ✐s β✲❝r✐t✐❝❛❧✱ t❤❡♥ ❢r❛♠❡s

❝r❡❛t❡s ❛t ❧❡❛st ♦♥❡ ❜r❛♥❝❤ s✉❝❤ t❤❛t t❤❡ ❝♦♥str❛✐♥t ✐♥ t❤✐s ❜r❛♥❝❤ ✐s s❛t✐s✜❡❞ ❜② ❛
s✐③❡✲k ❈❙P P ′ ✇❤♦s❡ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ❤❛s ❧❡♥❣t❤ ❛t ♠♦st 2β − 1✳

Pr♦♦❢✳ ❚❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❛❧❧ ❢r❛♠❡ r✉❧❡s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ♣r♦✈❡♥✳ ❚❤❡ ❝♦rr❡❝t♥❡ss
♦❢ ❋✐tt✐♥❣ ❘✉❧❡ ✶ ✐s tr✐✈✐❛❧✳ ❋✐♥❛❧❧②✱ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ▲✐♥❡s ✽✕✶✶ ❢♦❧❧♦✇s s✐♠♣❧② ❢r♦♠
t❤❡ ❢❛❝t t❤❛t t❤❡ ❛❧✐❣♥♠❡♥t ✐♥ ♦♥❡ ♦❢ t❤❡ ❜r❛♥❝❤❡s ✐s t❤❡ ❝♦rr❡❝t ♦♥❡ ✭✐t ❝♦♥s✐❞❡rs
❛❧❧ ❢❡❛s✐❜❧❡ ❛❧✐❣♥♠❡♥ts✮✳ ❙✐♥❝❡ t❤❡ ❝♦rr❡❝t♥❡ss ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢r❛♠❡ r✉❧❡s ❞❡♠❛♥❞s
t❤❛t ❛❧❧ ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦s ❛r❡ ❛t ♠♦st ❛s ❧♦♥❣ ❛s ❜❡❢♦r❡ ❛❞❞✐♥❣ t❤❡ ❢r❛♠❡✱ ❛❧s♦ t❤❡
s✐③❡ ❜♦✉♥❞ ❢♦r t❤❡ ❧♦♥❣❡st ✉♥❞✐s❝♦✈❡r❡❞ ❜❧♦❝❦ ❤♦❧❞s✳

■t t❤✉s r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❢r❛♠❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♥❡❡❞ t♦
s❤♦✇ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❜r❛♥❝❤❡s ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ♦❢ k✳
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▲❡♠♠❛ ✹✳✹ ✭❝❢✳ P❛❣❡ ✾✺✮✳ ❖✈❡r❛❧❧✱ t❤❡ ❝❛❧❧s t♦ ❢r❛♠❡s ❝r❡❛t❡ (4k)4k
2
·kO(k) ❜r❛♥❝❤❡s❀

❛❧❧ ♦t❤❡r ♣❛rts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ poly(n) t✐♠❡✳

Pr♦♦❢✳ ❋✐rst✱ ♥♦t❡ t❤❛t t❤❡ ♦✉t❡r r❡♣❡❛t✲✉♥t✐❧ ❧♦♦♣ ♦❢ ❢r❛♠❡s ✐s r❡♣❡❛t❡❞ ❛t ♠♦st 2k
t✐♠❡s ♦✈❡r t❤❡ ❝♦✉rs❡ ♦❢ ❛❧❧ ❝❛❧❧s t♦ ❢r❛♠❡s✿ ❚❤❡ ♣r♦❝❡❞✉r❡ ❢r❛♠❡s ✐s ❝❛❧❧❡❞ ❛t
♠♦st k t✐♠❡s ❢r♦♠ t❤❡ ♠❛✐♥ ♠❡t❤♦❞✳ ❊❛❝❤ ❛❞❞✐t✐♦♥❛❧ t✐♠❡ t❤❡ r❡♣❡❛t✲✉♥t✐❧ ❧♦♦♣ ✐s
r❡♣❡❛t❡❞✱ t❤❡r❡ ✐s ❛ ♣❛✐r ♦❢ r❡♣❡t✐t✐✈❡ s♦❧✐❞ ♣✐❡❝❡s t❤❛t ❜❡❝♦♠❡s ❛ ♣❛✐r ♦❢ ✜①❡❞ s♦❧✐❞
♣✐❡❝❡s ❛t ▲✐♥❡ ✶✵ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣❛ss ♦❢ t❤❡ r❡♣❡❛t✲✉♥t✐❧ ❧♦♦♣✳ ❚❤✐s ❝❛♥ ❤❛♣♣❡♥ ❛t
♠♦st k t✐♠❡s✳

❙❡❝♦♥❞✱ ♥♦t❡ t❤❛t t❤❡ ✇❤✐❧❡ ❧♦♦♣ ♦❢ ▲✐♥❡s ✹✕✺ ✐s ✐t❡r❛t❡❞ ❛t ♠♦st 2k t✐♠❡s ✐♥
❡❛❝❤ r❡♣❡t✐t✐♦♥ ♦❢ t❤❡ ♦t❤❡r r❡♣❡❛t✲✉♥t✐❧ ❧♦♦♣ ♦❢ ❢r❛♠❡s✿ ❡❛❝❤ r✉❧❡ ❝r❡❛t❡s ❡①❛❝t❧②
♦♥❡ ❢r❛♠❡✱ ❛♥❞✱ ❜② ❖❜s❡r✈❛t✐♦♥ ✹✳✷ t❤❡r❡ ❛r❡ ❛t ♠♦st 2k − 2 ❢r❛❣✐❧❡ ♣✐❡❝❡s✳

❍❡♥❝❡✱ t❤❡r❡ ❛r❡ ❛t ♠♦st 4k2 t✐♠❡s ✐♥ ✇❤✐❝❤ ♦♥❡ ♦❢ t❤❡ ❢r❛♠❡ r✉❧❡s ❛t ▲✐♥❡ ✺
❝r❡❛t❡s ❜r❛♥❝❤❡s ❛♥❞ ❛t ♠♦st k t✐♠❡s ✐♥ ✇❤✐❝❤ ❜r❛♥❝❤❡s ❛r❡ ❝r❡❛t❡❞ ❛t ▲✐♥❡ ✶✵✳
❚❤❡ ♦♥❧② ❢r❛♠❡ r✉❧❡s t❤❛t ♣❡r❢♦r♠ ❜r❛♥❝❤✐♥❣s ❛r❡ ❋r❛♠❡ ❘✉❧❡s ✸ ❛♥❞ ✺✳ ■♥ ❜♦t❤
❝❛s❡s✱ t❤❡ r✉❧❡ ❜r❛♥❝❤❡s ✐♥t♦ ❛t ♠♦st 2k ❝❛s❡s✱ s✐♥❝❡ ❡❛❝❤ ❝②❝❧❡ ❤❛s ❛t ♠♦st 2k
s♦❧✐❞ ✈❡rt✐❝❡s ❛♥❞ t❤✉s ❛t ♠♦st 4k ❡❞❣❡s ✐♥ t❤❡ ❝②❝❧❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳ ❍❡♥❝❡✱
t❤❡ ❜r❛♥❝❤✐♥❣s ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❢r❛♠❡ r✉❧❡s ✐♥❝r❡❛s❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ❜② ❛ ❢❛❝t♦r
♦❢ O((4k)4k

2
)✳ ❊❛❝❤ ♦❢ t❤❡ ❛t ♠♦st k ❜r❛♥❝❤✐♥❣s ✐♥ ▲✐♥❡ ✶✵ ✐s ❛♠♦♥❣ ❛t ♠♦st (12k)2+

k ❝❤♦✐❝❡s ✭▲❡♠♠❛ ✹✳✶✸✮✳ ❍❡♥❝❡✱ t❤❡s❡ ❜r❛♥❝❤✐♥❣s ✐♥❝r❡❛s❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ❜② ❛
❢❛❝t♦r ♦❢ O((12k)2k · kk)✳ ❍❡♥❝❡✱ t❤❡ ♦✈❡r❛❧❧ ✐♥❝r❡❛s❡ ❞✉❡ t♦ t❤❡ ❜r❛♥❝❤✐♥❣ ✐s ❜② ❛
❢❛❝t♦r ♦❢ (4k)4k

2
· kO(k)❀ ❛❧❧ ♦t❤❡r st❡♣s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ t❤❡ ✜rst ✜①❡❞✲♣❛r❛♠❡t❡r ❛❧❣♦r✐t❤♠ ❢♦r ▼✐♥✐♠✉♠ ❈♦♠♠♦♥
❙tr✐♥❣ P❛rt✐t✐♦♥ ✭▼❈❙P✮ ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡ ♣❛rt✐t✐♦♥ s✐③❡ k✳ ❈❧❡❛r❧②✱ ❛♥
✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ s♦ ❢❛r ✈❡r② ✐♠♣r❛❝t✐❝❛❧ r✉♥♥✐♥❣ t✐♠❡ ✐s ❞❡s✐r❛❜❧❡❀ t❤❡ ❜♦tt❧❡♥❡❝❦
❛♣♣❡❛rs t♦ ❜❡ t❤❛t s♦♠❡ ♦❢ t❤❡ ❢r❛♠❡ r✉❧❡s st✐❧❧ ❤❛✈❡ t♦ ❜r❛♥❝❤✳ ❋✉rt❤❡r♠♦r❡✱ ✐t
r❡♠❛✐♥s ♦♣❡♥ ✇❤❡t❤❡r ▼❈❙P ❛❞♠✐ts ❛ ♣♦❧②♥♦♠✐❛❧ ♣r♦❜❧❡♠ ❦❡r♥❡❧ ❢♦r t❤✐s ♣❛r❛♠❡t❡r✳

❚❤❡ ♠❛✐♥ ❞r❛✇❜❛❝❦ ♦❢ t❤❡ ▼❈❙P ♣r♦❜❧❡♠ ✐s t❤❛t ✐♥st❛♥❝❡s ❝❛♥ ❜❡ t♦♦ ❝♦♥✲
str❛✐♥❡❞ ❢♦r ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥str❛✐♥t ✐♠♣♦s✐♥❣
t❤❛t ❜♦t❤ str✐♥❣s ✉s❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ♠✉❧t✐✲s❡t ♦❢ ♠❛r❦❡rs✳ ❲❡ ❧✐st ❜❡❧♦✇ ❢♦✉r
♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ♠♦r❡ ✜t ❢♦r ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❤✐❝❤ ♠✐❣❤t
❜❡ s♦❧✈❛❜❧❡ ✉s✐♥❣ ♦✉r ❢r❛♠❡✇♦r❦✳

❈♦✉❧❞ t❤❡ ❛❧❣♦r✐t❤♠ ❜❡ ❡①t❡♥❞❡❞ s♦ t❤❛t ✳ ✳ ✳

❆✳ ✐t ❛❞♠✐ts s✐❣♥❡❞ str✐♥❣s❄ ❚❤❛t ✐s✱ ❡❛❝❤ ♠❛r❦❡r ✐s ❛♥♥♦t❛t❡❞ ✇✐t❤ ♦♥❡ ❞✐r❡❝t✐♦♥
❛♥❞ ❜❧♦❝❦s ❝❛♥ ❜❡ r❡✈❡rs❡❞ ❜❡❢♦r❡ ♠❛t❝❤✐♥❣✳ ❙❡❡ t❤❡ s✐❣♥❡❞ ✈❛r✐❛♥t✭s✮ ♦❢
▼❈❙P ❬✹✺✱ ✻✽✱ ✶✶✽❪✳

❇✳ ✐t ❛❞♠✐ts t❤r❡❡ ♦r ♠♦r❡ ✐♥♣✉t s❡q✉❡♥❝❡s❄

❈✳ ✐t ❛❧❧♦✇s ❢♦r ❛ ❜♦✉♥❞❡❞ ♥✉♠❜❡r ℓ ♦❢ ❡rr♦♥❡♦✉s ♠❛r❦❡rs ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡❧❡t❡❞❄
❚❤❡s❡ ♠❛r❦❡rs ❝♦✉❧❞ ❛♣♣❡❛r ❡✐t❤❡r ❜❡t✇❡❡♥ ❝♦♥s❡❝✉t✐✈❡ ❜❧♦❝❦s ✭t❤❡② ❝♦rr❡✲
s♣♦♥❞ t♦ ❣❡♥❡s ✇❤✐❝❤ ❞♦ ♥♦t ❛♣♣❡❛r ✐♥ s②♥t❡♥② ❜❧♦❝❦s✮ ♦r ❡✈❡♥ ✇✐t❤✐♥ ♦♥❡
❜❧♦❝❦ ✭t❤❡② ❝♦rr❡s♣♦♥❞ t♦ r❡❝♦♥str✉❝t✐♦♥ ❡rr♦rs✮✳
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❉✳ ✐t ❛❧❧♦✇s ❢♦r ✉♥❝❡rt❛✐♥t✐❡s ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ♣❛rts ♦❢ ✐♥♣✉t s❡q✉❡♥❝❡s❄ ■♥❞❡❡❞✱
♦♥❡ ♠❛❥♦r ❞✐✣❝✉❧t② ✐♥ ❣❡♥♦♠❡ r❡❝♦♥str✉❝t✐♦♥ ✐s t♦ ❦♥♦✇ ❡①❛❝t❧② t❤❡ ♥✉♠❜❡r ♦❢
❝♦♥s❡❝✉t✐✈❡ r❡♣❡t✐t✐♦♥s ♦❢ ♣❡r✐♦❞✐❝ ❢❛❝t♦rs✳ ❚❤✉s✱ ✐♥♣✉t ❞❛t❛✱ ✐♥st❡❛❞ ♦❢ ❜❡✐♥❣
✏❝ ❛ ❜ ❛ ❜ ❛ ❜ ❛ ❝✑ ❝♦✉❧❞ ❜❡ ✏❝ ✭❛ ❜✮④❢r♦♠ ✷ t♦ ✹ ❝♦♣✐❡s⑥ ❛ ❝✑✳

❋♦r ❆✳ ❛♥❞ ❇✳✱ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t ❛❞❛♣t✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❜❡ str❛✐❣❤t✲
❢♦r✇❛r❞✱ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❢r❛♠❡ r✉❧❡s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♥❡✇ ❝❛s❡s t❤❛t ♠❛②
❛♣♣❡❛r✳ ◆♦t❡ t❤❛t ❢♦r ❆✳✱ ✇❡ ❝❛♥ ❜r❛♥❝❤ ♦♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦ ❝♦♥t❛✐♥✐♥❣
❡❛❝❤ s♦❧✐❞ ♣✐❡❝❡ ❛s s♦♦♥ ❛s ✐t ✐s ❞✐s❝♦✈❡r❡❞✳ ❋♦r ❇✳✱ t❤❡ ♠❛❥♦r ❞✐✣❝✉❧t② ✇♦✉❧❞ ❜❡ t♦
❡①t❡♥❞ ❋r❛♠❡ ❘✉❧❡s ✸ ❛♥❞ ✺ s♦ t❤❛t t❤❡② ❛♣♣❧② t♦ ❣❡♥❡r❛❧ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts
✐♥st❡❛❞ ♦❢ ❝②❝❧❡s✳

❋♦r ❈✳ ❛♥❞ ❉✳ t❤❡ ♠♦❞✐✜❝❛t✐♦♥s ❣♦ ❞❡❡♣❡r ❛♥❞ ✐♠♣❧② t♦ r❡❝♦♥s✐❞❡r ❦❡② ❝♦♥❝❡♣ts
s✉❝❤ ❛s ♠❛①✐♠✉♠ ❡①t❡♥s✐♦♥ ✭❢♦r ❈✳✮ ❛♥❞ s♣❧✐tt✐♥❣ ✭❢♦r ❉✳✮✳ ❇✉t ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t
♦✉r ❢r❛♠❡✇♦r❦ s❤♦✉❧❞ ❛❧❧♦✇ t♦ s♦❧✈❡ t❤❡s❡ ❤❛r❞❡r ♣r♦❜❧❡♠s✳

❆ ✜♥❛❧ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✇❡ r❛✐s❡ ♦✉t ♦❢ ♣✉r❡ t❤❡♦r❡t✐❝❛❧ ✐♥t❡r❡st✱ ✐s t❤❡ ❜✐❞✐♠❡♥✲
s✐♦♥❛❧ ❡①t❡♥s✐♦♥ ♦❢ ▼❈❙P✿ ❣✐✈❡♥ t✇♦ ✐♠❛❣❡s x ❛♥❞ y ♦❢ s✐③❡ n ×m ✉s✐♥❣ t❤❡ s❛♠❡
♠✉❧t✐✲s❡t ♦❢ ♣✐①❡❧ ❝♦❧♦rs✱ ✐s ✐t ♣♦ss✐❜❧❡ t♦ ✏♣❛rt✐t✐♦♥✑ t❤❡s❡ ✐♠❛❣❡s ✐♥t♦ k ✐❞❡♥t✐❝❛❧
r❡❝t❛♥❣❧❡s❄ ■t ✐s ♦❜✈✐♦✉s❧② ❤❛r❞❡r t❤❛♥ ▼❈❙P✱ ❜✉t ♠✐❣❤t ❛❧s♦ ❜❡ ✜①❡❞✲♣❛r❛♠❡t❡r
tr❛❝t❛❜❧❡ ❢♦r ♣❛r❛♠❡t❡r k✳
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✶✶✺





✺
▼❛①✐♠❛❧ ❙tr✐♣ ❘❡❝♦✈❡r②

⇐⇒

❚❤❡ ▼❛①✐♠❛❧ ❙tr✐♣ ❘❡❝♦✈❡r② ✭▼❙❘✮
♣r♦❜❧❡♠ ❛✐♠s ❛t ❡①tr❛❝t✐♥❣ s②♥t❡♥② ❜❧♦❝❦s ✐♥
❣❡♥♦♠❡s ✇❤❡r❡ t❤❡ s❡q✉❡♥❝❡s ♠❛② ❝♦♥t❛✐♥ ❡r✲
r♦rs✳ ❋♦r♠❛❧❧②✱ s♦♠❡ ❡❧❡♠❡♥ts ♠✉st ❜❡ ❞❡❧❡t❡❞
✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ♣❛rt✐t✐♦♥ t❤❡ s❡q✉❡♥❝❡s
✐♥t♦ ❝♦♠♠♦♥ str✐♣s ♦❢ ❧❡♥❣t❤ ❛t ❧❡❛st ✷✱ ✇✐t❤ ❛
♠❛①✐♠❛❧ t♦t❛❧ ❧❡♥❣t❤✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ st✉❞② ❛ ♥✉♠❜❡r ♦❢ ✈❛r✐✲
❛♥ts ♦❢ ▼❙❘✱ ❡s♣❡❝✐❛❧❧② t❤❡ δ✲❣❛♣ ✈❛r✐❛♥t ✇❤❡r❡
❛t ♠♦st δ ❝♦♥s❡❝✉t✐✈❡ ❡❧❡♠❡♥ts ♠❛② ❜❡ ❞❡❧❡t❡❞✱
♣r❡s❡♥t✐♥❣ ✐♥ ❡❛❝❤ ❝❛s❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✲
✐t② r❡s✉❧ts✱ ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦r ❋P❚ ❛❧❣♦✲
r✐t❤♠s✳

❚❤✐s ❝❤❛♣t❡r ❣❛t❤❡rs r❡s✉❧ts ❢r♦♠ t✇♦ ❞✐✛❡r❡♥t ❛rt✐❝❧❡s✳ ❚❤❡ ✜rst ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛t
t❤❡ ✷✵t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❆❧❣♦r✐t❤♠s ❛♥❞ ❈♦♠♣✉t❛t✐♦♥ ✭■❙❆❆❈ ✷✵✵✾✱ ❍♦♥✲
♦❧✉❧✉ ❬✸✶❪✮✱ ❛♥❞ ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ ❆❈▼✴■❊❊❊ ❏♦✉r♥❛❧ ♦❢ ❉✐s❝r❡t❡ ❆❧❣♦r✐t❤♠s
✭❏❉❆ ✷✵✶✸✱ ❬✸✻❪✮✳ ❚❤❡ s❡❝♦♥❞✱ ❛ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ▼✐♥❣❤✉✐ ❏✐❛♥❣✱ ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛t t❤❡
✷✷♥❞ ❆♥♥✉❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❈♦♠❜✐♥❛t♦r✐❛❧ P❛tt❡r♥ ▼❛t❝❤✐♥❣ ✭❈P▼ ✷✵✶✶✱ P❛❧❡r♠♦ ❬✷✾❪✮
❛♥❞ ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✭❚❈❙ ✷✵✶✷ ❬✸✵❪✮✳

✶✶✼
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■♥tr♦❞✉❝t✐♦♥

❆♥ ❡ss❡♥t✐❛❧ t❛s❦ ✐♥ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s ✐s t♦ ❞❡❝♦♠♣♦s❡ t✇♦ ♦r ♠♦r❡ ❣❡♥♦♠❡s
✐♥t♦ s②♥t❡♥② ❜❧♦❝❦s t❤❛t ❛r❡ s❡❣♠❡♥ts ♦❢ ❝❤r♦♠♦s♦♠❡s ✇✐t❤ s✐♠✐❧❛r ❝♦♥t❡♥ts✳ ❙②♥t❡♥②
❜❧♦❝❦s r❡♣r❡s❡♥t ✉♥✐ts ♦❢ t❤❡ ❣❡♥♦♠❡s t❤❛t ❤❛✈❡ ♥♦t ❜❡❡♥ ❞✐sr✉♣t❡❞ ❜② ❧❛r❣❡✲s❝❛❧❡
r❡❛rr❛♥❣❡♠❡♥ts s✉❝❤ ❛s r❡✈❡rs❛❧s ❛♥❞ tr❛♥s♣♦s✐t✐♦♥s✱ ❛♥❞ t❤✉s ❢♦r♠ t❤❡ ✐♥♣✉t ❢♦r
❣❡♥♦♠❡ r❡❛rr❛♥❣❡♠❡♥t ❛❧❣♦r✐t❤♠s✳ ❚❤❡② ❛❧s♦ ❣✐✈❡ ✉s❡❢✉❧ ❝❧✉❡s r❡❣❛r❞✐♥❣ t❤❡ r♦❧❡ ♦❢
❡❛❝❤ ❣❡♥❡✱ s✐♥❝❡ ❣❡♥❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❛♠❡ s②♥t❡♥② ❜❧♦❝❦ ♦❢t❡♥ ♣r♦❞✉❝❡ ♣r♦t❡✐♥s
✇✐t❤ r❡❧❛t❡❞ ❢✉♥❝t✐♦♥s✳ ❊①tr❛❝t✐♥❣ s②♥t❡♥② ❜❧♦❝❦s ❢r♦♠ ❣❡♥♦♠✐❝ ♠❛♣s✱ ❤♦✇❡✈❡r✱
✐s ❛ ♥♦♥✲tr✐✈✐❛❧ t❛s❦ ✇❤❡♥ t❤❡ ❣❡♥♦♠✐❝ ♠❛♣s ❝♦♥t❛✐♥ ♥♦✐s❡ ❛♥❞ ❛♠❜✐❣✉✐t✐❡s✱ ✇❤✐❝❤
♥❡❡❞ t♦ ❜❡ r❡♠♦✈❡❞ ❜❡❢♦r❡ ✇❡ ❝❛♥ ❣✐✈❡ ❛ ♣r❡❝✐s❡ s②♥t❡♥② ❜❧♦❝❦ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤✐s
♠♦t✐✈❛t❡s t❤❡▼❛①✐♠❛❧ ❙tr✐♣ ❘❡❝♦✈❡r② ♣r♦❜❧❡♠ ❬✶✷✻❪✿ t♦ ❞❡❧❡t❡ ❛ s❡t ♦❢ ♠❛r❦❡rs
✭❣❡♥❡s✮ ❢r♦♠ t❤❡ ❣❡♥♦♠✐❝ ♠❛♣s ✉♥t✐❧ t❤❡ r❡♠❛✐♥✐♥❣ ♠❛r❦❡rs ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦
❛ s❡t ♦❢ str✐♣s ✭s②♥t❡♥② ❜❧♦❝❦s✮ ♦❢ ♠❛①✐♠✉♠ t♦t❛❧ ❧❡♥❣t❤✳

❲❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❞❡✜♥✐t✐♦♥s✳ ❆ ❣❡♥♦♠❡ ❝♦♥s✐sts ♦❢ ♦♥❡ ♦r ♠♦r❡ ❝❤r♦♠♦s♦♠❡s❀
❡❛❝❤ ❝❤r♦♠♦s♦♠❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❣❡♥❡s✳ ❈♦rr❡s♣♦♥❞✐♥❣❧②✱ ❛ ❣❡♥♦♠✐❝ ♠❛♣ ❝♦♥s✐sts ♦❢
♦♥❡ ♦r ♠♦r❡ s❡q✉❡♥❝❡s ♦❢ ❣❡♥❡ ♠❛r❦❡rs✳ ❊❛❝❤ ♠❛r❦❡r ✐s ❛ s✐❣♥❡❞ ✐♥t❡❣❡r r❡♣r❡s❡♥t✐♥❣
❛ ❣❡♥❡✿ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥t❡❣❡r r❡♣r❡s❡♥ts t❤❡ ❢❛♠✐❧② ♦❢ t❤❡ ❣❡♥❡❀ t❤❡ s✐❣♥
♦❢ t❤❡ ✐♥t❡❣❡r r❡♣r❡s❡♥ts t❤❡ ♦r✐❡♥t❛t✐♦♥✳ ❆ ♠❛r❦❡r ❤❛s ❞✉♣❧✐❝❛t❡s ✐❢ ✐t ✐s ❝♦♥t❛✐♥❡❞
♠♦r❡ t❤❛♥ ♦♥❝❡ ✐♥ s♦♠❡ ❣❡♥♦♠✐❝ ♠❛♣✱ ♣♦ss✐❜❧② ✐♥ ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥s✳ ❆ str✐♣ ♦❢
d ≥ 2 ❣❡♥♦♠✐❝ ♠❛♣s ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❛t ❧❡❛st t✇♦ ♠❛r❦❡rs ❛♣♣❡❛r✐♥❣ ❝♦♥s❡❝✉t✐✈❡❧②
✐♥ ❡❛❝❤ ♠❛♣✱ s✉❝❤ t❤❛t t❤❡ ♦r❞❡r ♦❢ t❤❡ ♠❛r❦❡rs ❛♥❞ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❡❛❝❤ ♠❛r❦❡r
❛r❡ ❡✐t❤❡r ❜♦t❤ ♣r❡s❡r✈❡❞ ♦r ❜♦t❤ r❡✈❡rs❡❞✳ ❚❤❡ r❡✈❡rs❡❞ ♦♣♣♦s✐t❡ ♦❢ ❛ s❡q✉❡♥❝❡ s =
〈

x1, . . . , xh
〉

✐s −s =
〈

−xh, . . . ,−x1
〉

✳ ❚❤❡ ▼❛①✐♠❛❧ ❙tr✐♣ ❘❡❝♦✈❡r② ♣r♦❜❧❡♠
♦♥ d ✐♥♣✉t ♠❛♣s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ▼❙❘✲d ❬✹✼✱ ✶✷✻❪ ✭♦r ▼❙❘✱
✇❤❡♥ d = 2✮✿

Pr♦❜❧❡♠ ▼❙❘✲d
■♥♣✉t d ❣❡♥♦♠✐❝ ♠❛♣sM1...d

✶ ❡❛❝❤ ❝♦♥t❛✐♥✐♥❣ t❤❡ s❛♠❡ n ♠❛r❦❡rs
✇✐t❤♦✉t ❞✉♣❧✐❝❛t❡s

❖✉t♣✉t d s✉❜s❡q✉❡♥❝❡sM′
1...d ♦❢M1...d r❡s♣❡❝t✐✈❡❧②✱ ❡❛❝❤ ❝♦♥t❛✐♥✐♥❣

t❤❡ s❛♠❡ ℓ ♠❛r❦❡rs✱ s✉❝❤ t❤❛t ❛❧❧ t❤❡ ♠❛r❦❡rs ✐♥M′
1...d ❝❛♥

❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ str✐♣s
▼❛①✐♠✐③❡ t❤❡ ♥✉♠❜❡r ℓ ♦❢ s❡❧❡❝t❡❞ ♠❛r❦❡rs

❊①❛♠♣❧❡ ✺✳✶✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❣❡♥♦♠✐❝ ♠❛♣s✳

M1 = 〈

M2 = 〈

M3 = 〈

〉

〉

〉

1 2 3 12 4 5 8 9 10 6 7 11

1 -7 -6 2 12 3 4 10 5 11 8 9

12 4 1 5 2 3 10 11 6 -9 7 -8

❚❤❡♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ▼❙❘✲✸ ♦♥ ✭M1✱ M2✱ M3✮ ❝♦♥s✐sts ♦❢ t❤❡ t❤r❡❡
s✉❜s❡q✉❡♥❝❡s ♦❢ ❧❡♥❣t❤ ℓ = 8 ❜❡❧♦✇✳ ❚❤❡② ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ t❤❡ s❡t ♦❢ str✐♣s
{
〈

1, 2
〉

,
〈

12, 4
〉

,
〈

10, 11
〉

,
〈

8, 9
〉

}✳ ❚❤❡ s✉❜s❡q✉❡♥❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❛❝❤ str✐♣ ❛r❡
❤✐❣❤❧✐❣❤t❡❞ ❜♦t❤ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♠❛♣s ❛♥❞ ✐♥ t❤❡ s♦❧✉t✐♦♥✳

✶✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❛❜❜r❡✈✐❛t❡ t❤❡ ♥♦t❛t✐♦♥ ❢♦r ❛ ❧✐st ♦❢ d ❣❡♥♦♠✐❝ ♠❛♣s (M1, . . . ,Md)
t♦M1...d ❛♥❞ (M′

1, . . . ,M
′

d) t♦M
′

1...d



✶✶✾

M′
1 = 〈

M′
2 = 〈

M′
3 = 〈

〉

〉

〉

1 2 12 4 8 9 10 11

12 4 1 2 10 11 -9 -8

1 2 12 4 10 11 8 9

❚❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ▼❙❘✲d ❤❛s ❛ ❝♦♠♣❧❡♠❡♥t ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠
❝❛❧❧❡❞ ❈▼❙❘✲d ❬✶✷✵✱ ✾✸❪ t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ♣❛r❛♠❡t❡r k = n − ℓ✱ t❤❡ ♥✉♠❜❡r
♦❢ ❞❡❧❡t❡❞ ♠❛r❦❡rs✳ ❋♦r ❣❡♥♦♠✐❝ ♠❛♣s ♦❢ ❝❧♦s❡ s♣❡❝✐❡s ✇✐t❤ ❢❡✇ ❡rr♦rs✱ k ❝❛♥ ❜❡
♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ℓ✱ t❤✉s ❋P❚ ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❛r❡ s♦♠❡t✐♠❡s ♠♦r❡
r❡❧❡✈❛♥t ❢♦r ❈▼❙❘ t❤❛♥ ❢♦r ▼❙❘✳

❋♦r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ ✐♥♣✉t ♠❛♣s ❝❛♥ ❤❛✈❡ ❞✉♣❧✐❝❛t❡ ❡❧❡♠❡♥ts ✭t❤❛t ✐s✱
t❤❡ ❣❡♥❡s ❜❡❧♦♥❣ t♦ ♣❛r❛❧♦❣② ❢❛♠✐❧✐❡s✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛♥t ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❬✹✼❪✿

Pr♦❜❧❡♠ ▼❙❘✲❉❯✲d
■♥♣✉t d ❣❡♥♦♠✐❝ ♠❛♣s M1...d ❡❛❝❤ ❝♦♥t❛✐♥✐♥❣ n ♠❛r❦❡rs✱ ♣♦ss✐❜❧②

✇✐t❤ ❞✉♣❧✐❝❛t❡s
❖✉t♣✉t d s✉❜s❡q✉❡♥❝❡sM′

1...d ♦❢M1...d r❡s♣❡❝t✐✈❡❧②✱ ❡❛❝❤ ❝♦♥t❛✐♥✐♥❣
t❤❡ s❛♠❡ ℓ ♠❛r❦❡rs✱ s✉❝❤ t❤❛t ❛❧❧ t❤❡ ♠❛r❦❡rs ✐♥M′

1...d ❝❛♥
❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ str✐♣s

▼❛①✐♠✐③❡ t❤❡ ♥✉♠❜❡r ℓ ♦❢ s❡❧❡❝t❡❞ ♠❛r❦❡rs

●✐✈❡♥ d s✉❜s❡q✉❡♥❝❡s M′
1...d ♦❢ d ❣❡♥♦♠✐❝ ♠❛♣s M1...d✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❣❛♣

❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ♠❛r❦❡rs a ❛♥❞ b ♦❢M′
i ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♠❛r❦❡rs ❛♣♣❡❛r✐♥❣

❜❡t✇❡❡♥ a ❛♥❞ b ✐♥Mi✱ a ❛♥❞ b ❡①❝❧✉❞❡❞✳ ❚❤❡ ❣❛♣ ♦❢ ❛ str✐♣ s ✐s t❤❡ ♠❛①✐♠✉♠ ❣❛♣
❜❡t✇❡❡♥ ❛♥② t✇♦ ❝♦♥s❡❝✉t✐✈❡ ♠❛r❦❡rs ♦❢ s ✐♥ ❛♥② ♠❛♣M′

i✳ ■♥ ❊①❛♠♣❧❡ ✺✳✶✱ t❤❡ str✐♣
〈

1, 2
〉

✐♥ t❤❡ ❣✐✈❡♥ s♦❧✉t✐♦♥ ❤❛s ❣❛♣ ✷✱ ❜❡❝❛✉s❡ ♠❛r❦❡rs 1 ❛♥❞ 2 ❛r❡ s❡♣❛r❛t❡❞ ❜②
♠❛r❦❡rs 6 ❛♥❞ 7 ✐♥M2✳ ❚❤❡ ❞❡❧❡t❡❞ ♠❛r❦❡rs ❜❡t✇❡❡♥ ♠❛r❦❡rs ♦❢ ❛ str✐♣ ❝♦rr❡s♣♦♥❞
t♦ ♥♦✐s❡ ❛♥❞ ❛♠❜✐❣✉✐t✐❡s✱ ✇❤✐❝❤ ♦❝❝✉r ✐♥❢r❡q✉❡♥t❧②✳ ❋r♦♠ ❛ ❜✐♦❧♦❣✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱
❛ s②♥t❡♥② ❜❧♦❝❦ ✐s ❛ s❡❣♠❡♥t ♦❢ ❝❤r♦♠♦s♦♠❡s t❤❛t r❡♠❛✐♥ ✉♥❞✐sr✉♣t❡❞ ❜② ❣❡♥♦♠❡
r❡❛rr❛♥❣❡♠❡♥ts ❞✉r✐♥❣ ❡✈♦❧✉t✐♦♥✳ ❍❡♥❝❡✱ ❝♦♥s❡❝✉t✐✈❡ ❡❧❡♠❡♥ts ♦❢ ❛ s②♥t❡♥② ❜❧♦❝❦
❝❛♥ ♦♥❧② ❜❡ s❡♣❛r❛t❡❞ ✐♥ ❛ ❞❛t❛ s❡t ❞✉❡ t♦ ♥♦✐s❡ ❛♥❞ ❛♠❜✐❣✉✐t✐❡s✱ ❛♥❞ ❛ str✐♣ ❤❛✈✐♥❣
❛ ❧❛r❣❡ ❣❛♣ ✐s ✉♥❧✐❦❡❧② t♦ ❝♦rr❡s♣♦♥❞ t♦ ❛ s②♥t❡♥② ❜❧♦❝❦✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
❣❛♣✲❝♦♥str❛✐♥❡❞ ✈❛r✐❛♥t ♦❢ ▼❙❘✲d ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡❞ ❢♦r♠❛❧❧② ✐♥ ❬✸✶❪ ❛♥❞ ✇❛s
t❡st❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ✐♥ ❬✶✷✻❪✿

Pr♦❜❧❡♠ δ✲❣❛♣✲▼❙❘✲d
■♥♣✉t d ❣❡♥♦♠✐❝ ♠❛♣sM1...d ❡❛❝❤ ❝♦♥t❛✐♥✐♥❣ t❤❡ s❛♠❡ n ♠❛r❦❡rs

✇✐t❤♦✉t ❞✉♣❧✐❝❛t❡s
❖✉t♣✉t d s✉❜s❡q✉❡♥❝❡sM′

1...d ♦❢M1...d r❡s♣❡❝t✐✈❡❧②✱ ❡❛❝❤ ❝♦♥t❛✐♥✐♥❣
t❤❡ s❛♠❡ ℓ ♠❛r❦❡rs✱ s✉❝❤ t❤❛t t❤❡ ♠❛r❦❡rs ✐♥M′

1...d ❝❛♥ ❜❡
♣❛rt✐t✐♦♥❡❞ ✐♥t♦ str✐♣s✱ ❛♥❞ s✉❝❤ t❤❛t ❡❛❝❤ str✐♣ ❤❛s ❣❛♣ ❛t
♠♦st δ

▼❛①✐♠✐③❡ t❤❡ ♥✉♠❜❡r ℓ ♦❢ s❡❧❡❝t❡❞ ♠❛r❦❡rs

■♥ ❊①❛♠♣❧❡ ✺✳✶✱ t❤❡ str✐♣s ✐♥ t❤❡ ❣✐✈❡♥ s✉❜s❡q✉❡♥❝❡s (M′
1,M

′
2,M

′
3) ❤❛✈❡ ❣❛♣ ❛t

♠♦st ✷✱ ❤❡♥❝❡ t❤❡② ❛r❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ δ✲❣❛♣✲▼❙❘✲✸ ❢♦r δ = 2✳ ❋♦r δ = 1✱ t❤❡
♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❝♦♥t❛✐♥s ♦♥❧② ✻ ♠❛r❦❡rs ✐♥ ✸ str✐♣s✿ {

〈

2, 3
〉

,
〈

4, .5
〉

,
〈

6, 7
〉

}✳ ❚❤❡②
❛r❡ ❤✐❣❤❧✐❣❤t❡❞ ❜❡❧♦✇✳



✶✷✵ ❈❍❆P❚❊❘ ✺✳ ▼❆❳■▼❆▲ ❙❚❘■P ❘❊❈❖❱❊❘❨

M1 = 〈

M2 = 〈

M3 = 〈

〉

〉

〉

1 2 3 12 4 5 8 9 10 6 7 11

1 -7 -6 2 12 3 4 10 5 11 8 9

12 4 1 5 2 3 10 11 6 -9 7 -8

◆♦ ❞♦✉❜t t❤❛t ▼❙❘✲d ✭✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ∞✲❣❛♣✲▼❙❘✲d✮ ✐s ❛ ♠♦r❡ ❡❧❡❣❛♥t
♣r♦❜❧❡♠ ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣❡rs♣❡❝t✐✈❡✱ ❜✉t δ✲❣❛♣✲▼❙❘✲d ❝♦✉❧❞ ❜❡ ♠♦r❡ r❡❧❡✈❛♥t ✐♥
❜✐♦❧♦❣✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ❡s♣❡❝✐❛❧❧② s✐♥❝❡ ✐t s♦♠❡t✐♠❡s ❛❧❧♦✇s ❢♦r ♠♦r❡ ❡✣❝✐❡♥t ❛❧❣♦✲
r✐t❤♠s✳ ❚❤❡ ❣❛♣✲❝♦♥str❛✐♥❡❞ ✈❛r✐❛♥ts ♦❢ ▼❙❘✲❉❯✲d ❛♥❞ ❈▼❙❘✲d✱ ❞❡♥♦t❡❞ r❡s♣❡❝✲
t✐✈❡❧② δ✲❣❛♣✲▼❙❘✲❉❯✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d✱ ❝❛♥ ❜❡ s✐♠✐❧❛r❧② ❞❡✜♥❡❞✳ ❙✐♠✐❧❛r❧② t♦
▼❙❘✲d ❛♥❞ ❈▼❙❘✲d✱ t❤❡ ♣❛r❛♠❡t❡r ❢♦r δ✲❣❛♣✲▼❙❘✲d ✐s ℓ✱ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r ❢♦r
δ✲❣❛♣✲❈▼❙❘✲d ✐s k✳ ■♥ ♠♦st ❝❛s❡s✱ δ ❛♥❞ d ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥st❛♥ts✱ ❛❧t❤♦✉❣❤
♦✉r ❋P❚ ❛❧❣♦r✐t❤♠s ✐♥ ❙❡❝t✐♦♥ ✺✳✹ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤✐s ❛ss✉♠♣t✐♦♥ ❛♥❞ ❝❛♥ t❛❦❡
δ ❛♥❞ d ❛s ♣❛r❛♠❡t❡rs ❜❡s✐❞❡s ℓ ♦r k✳ ❚❤❡r❡ ✐s ♥♦ ❦♥♦✇♥ ❞✐r❡❝t r❡❞✉❝t✐♦♥ ❢r♦♠
δ✲❣❛♣✲▼❙❘✲d t♦ ▼❙❘✲d ♦r ✈✐❝❡ ✈❡rs❛✳ ❆❧t❤♦✉❣❤ t❤❡ ❣❛♣ ❝♦♥str❛✐♥t ❛♣♣❡❛rs t♦ ❜❡
❛♥ ❛❞❞✐t✐♦♥❛❧ ❜✉r❞❡♥ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s t♦ t❛❦❡ ❝❛r❡ ♦❢✱ ✐t ❛❧s♦ ❧✐♠✐ts t❤❡ s❡t
♦❢ ❝❛♥❞✐❞❛t❡ str✐♣s ❛♥❞ t❤❡✐r ✐♥t❡rs❡❝t✐♦♥ ♣❛tt❡r♥✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ δ ✐s s♠❛❧❧✱ ✇❤✐❝❤
♠❛② ♠❛❦❡ t❤❡ ♣r♦❜❧❡♠ ❡❛s✐❡r t♦ ❤❛♥❞❧❡✳

❚❤❡ ❡❛r❧✐❡st r❡s✉❧ts ♦♥ ▼❙❘ ❛r❡ t✇♦ ❤❡✉r✐st✐❝s ❬✺✸✱ ✶✷✻❪✱ t❤❡ ◆P✲❤❛r❞♥❡ss ♦❢
▼❙❘✲✸ ❬✹✼❪✱ ❛♥❞ ❛ ✹✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r▼❙❘ ❬✹✼❪ ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞
t♦ ❛ 2d✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ▼❙❘✲d ❛♥❞ δ✲❣❛♣✲▼❙❘✲d✱ s❡❡ ❬✾✸❪ ❛♥❞ ❙❡❝t✐♦♥ ✺✳✸✳✶✮✳
P❛r❛❧❧❡❧ t♦ ♦✉r ✇♦r❦✱ s❡✈❡r❛❧ ❤❛r❞♥❡ss r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✈❛r✐❛♥ts ♦❢
▼❛①✐♠❛❧ ❙tr✐♣ ❘❡❝♦✈❡r② ❬✶✷✶✱ ✾✸✱ ✾✷❪✱ ❛♥❞ ❛ ✈❛r✐❡t② ♦❢ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥
❞❡✈❡❧♦♣❡❞✱ ✐♥❝❧✉❞✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥ ❬✶✷✼✱ ✽✼✱ ✶✵✵❪ ❛♥❞ ❋P❚ ❛❧❣♦r✐t❤♠s ❬✶✷✶✱ ✶✷✼✱ ✽✼❪✳
❚❤❡ t✐❣❤t❡st ❤❛r❞♥❡ss r❡s✉❧ts r❡❣❛r❞✐♥❣ t❤❡s❡ ♣r♦❜❧❡♠s ❛r❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✳
▼❙❘✲d✱ ❈▼❙❘✲d ❛♥❞ ▼❙❘✲❉❯✲d ❛r❡ ❆P❳✲❤❛r❞ ❢♦r ❛♥② d ≥ 2✱ ❡✈❡♥ ✐♥ t❤❡ δ✲❣❛♣
✈❛r✐❛♥t✱ ❢♦r δ ≥ 2 ❬✾✸❪❀ ▼❙❘✲d ✐s ❲❬✶❪✲❤❛r❞ ❢♦r ❛♥② d ≥ 4 ❬✾✷❪✳ ❋✐♥❛❧❧②✱ ❛❧♦♥❣ s♦♠❡
✈❡r② r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥t ❬✶✷✶✱ ✶✷✼✱ ✽✼✱ ✶✵✵✱ ✽✽❪ ♦♥ t❤❡ ❈▼❙❘ ♣r♦❜❧❡♠ ♣❛r❛❧❧❡❧ t♦
♦✉r ✇♦r❦✱ ▲✐♥ ❡t ❛❧✳ ❬✶✵✵❪ ♣r❡s❡♥t❡❞ ❛ 2.667✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❈▼❙❘✲2✱
✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❛♥ ✐♥t❡r❡st✐♥❣ ✐❞❡❛ ❝❛❧❧❡❞ ❧♦❝❛❧ ❛♠♦rt✐③❛t✐♦♥ ✇✐t❤ r❡✲✇❡✐❣❤t✐♥❣✳
❋r♦♠ ❛ ♣❛r❛♠❡t❡r✐③❡❞ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❏✐❛♥❣ ❡t ❛❧✳ ❬✽✼❪ ♣r❡s❡♥t❡❞ ❛♥ ❋P❚ ❛❧❣♦r✐t❤♠
❢♦r ❈▼❙❘✲2 r✉♥♥✐♥❣ ✐♥ t✐♠❡ O(3k poly(n))✱ ❛♥❞ ❏✐❛♥❣ ✫ ❩❤✉ ❬✽✽❪ ♦❜t❛✐♥❡❞ ❛ ❧✐♥❡❛r
❦❡r♥❡❧ ❢♦r ❈▼❙❘✲✷ ✇❤✐❝❤ ❧❡❛❞s ✭✉s✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ✇❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✷✾❪✮ t♦ ❛♥
❛❧❣♦r✐t❤♠ r✉♥♥✐♥❣ ✐♥ t✐♠❡ O(2.36kk2 + n2)✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t ❛ ♣❛♥❡❧ ♦❢ ♥❡✇ ♦r ✐♠♣r♦✈❡❞ ❋P❚ ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥
❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ♠❛♥② ✈❛r✐❛♥ts ♦❢ ▼❛①✐♠❛❧ ❙tr✐♣ ❘❡❝♦✈❡r②✳ ❚❤❡ ❝✉rr❡♥t
❜❡st r❡s✉❧ts✱ ✐♥❝❧✉❞✐♥❣ ♦✉r ❝♦♥tr✐❜✉t✐♦♥✱ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✺✳✶✳ ❚❤❡ ♦r❣❛♥✐✲
③❛t✐♦♥ ♦❢ t❤❡ ❝❤❛♣t❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✺✳✶✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♣r❡r❡q✉✐s✐t❡s✳
■♥ ❙❡❝t✐♦♥ ✺✳✷✱ ✇❡ ♣r❡s❡♥t ❤❛r❞♥❡ss r❡s✉❧ts✱ ✇✐t❤ t❤❡ ◆P✲❤❛r❞♥❡ss ♦❢ ✶✲❣❛♣✲▼❙❘
✭❛♥❞ ✶✲❣❛♣✲❈▼❙❘✮✱ ❛♥❞ t❤❡ ❆P❳✲❤❛r❞♥❡ss ♦❢ ✷✲❣❛♣✲▼❙❘ ❛♥❞ ✵✲❣❛♣✲▼❙❘✲❉❯✳ ❲❡
t❤❡♥ ❣✐✈❡ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s ✐♥ ❙❡❝t✐♦♥ ✺✳✸✿ ✜rst ❛ r❡❞✉❝t✐♦♥ t♦ ▼❛①✐♠✉♠
❲❡✐❣❤t ■♥❞❡♣❡♥❞❡♥t ❙❡t ✐♥ ✺✳✸✳✶✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ❛ ❣❡♥❡r❛❧ 2d ❛♣♣r♦①✐♠❛t✐♦♥
❢♦r ✈❛r✐❛♥ts ♦❢ ▼❙❘✱ ❛♥❞ ❛♥ ❡①❛❝t ❛❧❣♦r✐t❤♠ ❢♦r ✵✲❣❛♣✲▼❙❘✳ ❚❤❡♥✱ ✇❡ ❣✐✈❡ ✐♥
❙❡❝t✐♦♥s ✺✳✸✳✷ t♦ ✺✳✸✳✺ ❛ ♣❛♥❡❧ ♦❢ ❛❧❣♦r✐t❤♠s ❢♦r δ✲❣❛♣ ❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠s ✇✐t❤
s♠❛❧❧ ✈❛❧✉❡s ♦❢ δ✱ r❡❧②✐♥❣ ♦♥ ❡①✐st✐♥❣ ✇♦r❦ ♦♥ ❝❧❛✇✲❢r❡❡ ❣r❛♣❤s✳ ❋✐♥❛❧❧②✱ ✇❡ ❣✐✈❡ ✐♥
❙❡❝t✐♦♥ ✺✳✸✳✻ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r δ✲❣❛♣✲❈▼❙❘✲d ❛♥❞ ❈▼❙❘✲d ✇❤✐❝❤ ✐s ✈❛❧✐❞ ❢♦r
❛♥② ✈❛❧✉❡s ♦❢ δ ❛♥❞ d✳ ■♥ t❤❡ ✜♥❛❧ ♣❛rt ♦❢ ♦✉r st✉❞② ♦❢ ▼❛①✐♠❛❧ ❙tr✐♣ ❘❡❝♦✈❡r②
✇❡ ♣r❡s❡♥t t❤r❡❡ ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ ❛❧❣♦r✐t❤♠s ✐♥ ♦r❞❡r t♦ s♦❧✈❡ ❡①❛❝t❧② t❤❡
♣r♦❜❧❡♠s δ✲❣❛♣✲▼❙❘✲d ✭❙❡❝t✐♦♥ ✺✳✹✳✶✮✱ δ✲❣❛♣✲❈▼❙❘✲d ✭❙❡❝t✐♦♥ ✺✳✹✳✷✮ ❛♥❞ 1✲❣❛♣✲
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❚❛❜❧❡ ✺✳✶✿ ❆❧❣♦r✐t❤♠✐❝ r❡s✉❧ts ❢♦r ✈❛r✐❛♥ts ♦❢ ▼❙❘✳ ❱❛r✐❛❜❧❡ d r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r
♦❢ ✐♥♣✉t ❣❡♥♦♠✐❝ ♠❛♣s ✭d = 2 ❢♦r ▼❙❘✱ ▼❙❘✲❉❯ ❛♥❞ ❈▼❙❘✮✳ ❆ r❡❢❡r❡♥❝❡ t♦ t❤❡
r❡❧❡✈❛♥t s❡❝t✐♦♥ ♦❢ t❤❡ ❝❤❛♣t❡r ❛♥❞✴♦r ❛rt✐❝❧❡ ✐s ❣✐✈❡♥ ❢♦r ❡❛❝❤ r❡s✉❧t✳ ◆♦t❡ t❤❛t ✇❡
♦♠✐t ▼❙❘✲❉❯✲d ✇✐t❤ d ≥ 3 ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ r❡s✉❧ts s♣❡❝✐✜❝ t♦ t❤✐s ♣r♦❜❧❡♠✳

δ✲❣❛♣ ❱❛r✐❛♥t ♦❢ t❤❡ ♣r♦❜❧❡♠

❝♦♥str❛✐♥t ▼❙❘ ▼❙❘✲d d≥3 ▼❙❘✲❉❯ ❈▼❙❘ ❈▼❙❘✲d d≥3

❈♦♠♣❧❡①✐t② ❝❧❛ss

δ = 0 P ✺✳✸✳✶ P ✺✳✸✳✶

δ = 1 ◆P✲❝♦♠♣❧❡t❡ ✺✳✷✳✷ ❆P❳✲❝♦♠♣❧❡t❡ ◆P✲❝♦♠♣❧❡t❡ ✺✳✷✳✷

δ = 2 ❆P❳✲❝♦♠♣❧❡t❡

δ ≥ 3 ✺✳✷✳✸ ❛♥❞ ❬✾✸❪ ✺✳✷✳✹ ❆P❳✲❝♦♠♣❧❡t❡

♥♦ ❲❬✶❪✲❤❛r❞ ✭d ≥ 4✮ ❛♥❞ ❆P❳✲❝♦♠♣❧❡t❡ ❬✾✷✱ ✾✸✱ ✶✷✶❪ ❬✾✸✱ ✶✷✶❪

❘❛t✐♦ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠

δ = 0 P ✺✳✸✳✶ ✷✳✷✺ ✺✳✸✳✺ P ✺✳✸✳✶

δ = 1 1.8 ✺✳✸✳✸ 0.75d+0.75+ǫ 2.778 ✺✳✸✳✹

δ = 2 1.5d+ ǫ

δ = 3 1.5d+ 0.75 + ǫ ✺✳✸✳✷ d+ 1.5

δ ≥ 4 2d

♥♦ ✺✳✸✳✶ ❛♥❞ ❬✹✼✱ ✾✸❪ ✷✳✻✻✼ ❬✶✵✵❪ ✺✳✸✳✻

❘✉♥♥✐♥❣✲t✐♠❡ ♦❢ ❋P❚ ❛❧❣♦r✐t❤♠

δ = 0 P P

δ = 1 O(2ttdδ2 + ndδ) O(2k poly(nd)) ✺✳✹✳✸

δ = 2 ✇✐t❤ t = ℓ(1 + 3
2dδ) ❄

δ ≥ 3 ✺✳✹✳✶ O(2.36k poly(nd))

♥♦ ❄ ✭❲❬✶❪✲❤❛r❞ ❢♦r d ≥ 4 ❬✾✷❪✮ ▲✐♥❡❛r ❦❡r♥❡❧ ❬✽✽❪ ✺✳✹✳✷
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❈▼❙❘✲d ✭❙❡❝t✐♦♥ ✺✳✹✳✸✮✳

✺✳✶ Pr❡❧✐♠✐♥❛r✐❡s

✺✳✶✳✶ ◆♦t❛t✐♦♥s ❛♥❞ ❉❡✜♥✐t✐♦♥s

❲❡ ❛ss✉♠❡ ✇❧♦❣✳ t❤❛t ❛❧❧ ♠❛r❦❡rs ✐♥ t❤❡ ✜rst ✐♥♣✉t ♠❛♣M1 ❤❛✈❡ ♣♦s✐t✐✈❡ s✐❣♥✳
❯♥❧❡ss ❡①♣❧✐❝✐t❧② ♥♦t❡❞✱ ♦✉r ✉s❡s ♦❢ s♦♠❡ st❛♥❞❛r❞ t❡r♠s s✉❝❤ ❛s s♦❧✉t✐♦♥ ❛♥❞ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥✱ ♦✉r ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s ♦❢ str✐♣ ❛♥❞ ❣❛♣✱ ❛s ✇❡❧❧ ❛s ♦t❤❡r ❞❡✜♥✐t✐♦♥s t❤❛t
✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ✐♥ t❤✐s s❡❝t✐♦♥ ✖ ❛❧❧ t❤❡s❡ ❛♣♣❧② t♦ s♦♠❡ ✏❝✉rr❡♥t✑ s❡t ♦❢ ❣❡♥♦♠✐❝
♠❛♣sM′

1...d ✐♠♣❧✐❝✐t ❢r♦♠ ❝♦♥t❡①t✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡✐t❤❡r t❤❡ s❡t ♦❢ ♦r✐❣✐♥❛❧ ♠❛♣sM1...d

❣✐✈❡♥ ❛s ✐♥♣✉t✱ ♦r s♦♠❡ s❡t ♦❢ r❡❞✉❝❡❞ ♠❛♣s ✭s✉❜s❡q✉❡♥❝❡s ♦❜t❛✐♥❡❞ ❢r♦♠M1...d ❜②
❞❡❧❡t✐♥❣ s♦♠❡ ♠❛r❦❡rs✮ ❞✉r✐♥❣ ♦r ❛❢t❡r t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛ r❡❝✉rs✐✈❡ ❛❧❣♦r✐t❤♠✳

■❢ ❛ s❡q✉❡♥❝❡ ♦❢ ♠❛r❦❡rs ❢♦r♠s ❛ str✐♣ ✐♥ s♦♠❡ ♠❛♣sM′
1...d✱ t❤❡♥ t❤❡s❡ ♠❛r❦❡rs

❛r❡ ❡✐t❤❡r ❛❧❧ s❡❧❡❝t❡❞ ♦r ❛❧❧ ❞❡❧❡t❡❞ ✐♥ ❛♥② ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡s❡ ♠❛♣s✳ ❚❤✐s
✐s ❜❡❝❛✉s❡ ❛♥② s♦❧✉t✐♦♥ t❤❛t ✐♥❝❧✉❞❡s ♦♥❧② ❛ s✉❜s❡t ♦❢ t❤❡ ♠❛r❦❡rs ✐♥ ❛ str✐♣ ❝❛♥
❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❜❡tt❡r s♦❧✉t✐♦♥ t♦ ✐♥❝❧✉❞❡ ❛❧❧ ♠❛r❦❡rs ✐♥ t❤❛t str✐♣✳ ❍❡♥❝❡ s✉❝❤
❛ ♠❛①✐♠❛❧ s❡q✉❡♥❝❡ ♦❢ ♠❛r❦❡rs ✐s tr❡❛t❡❞ ❛s ❛♥ ❛t♦♠✐❝ ✉♥✐t✱ ❛♥❞ ❝❛❧❧❡❞ ❛ s✉♣❡r✲
♠❛r❦❡r✱ ✇❤♦s❡ s✐③❡ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♠❛r❦❡rs ✐t ❝♦♥t❛✐♥s✳ ◆♦t❡ t❤❛t t❤❡ s✐③❡ ♦❢ ❛
s✉♣❡r✲♠❛r❦❡r ✐s ❛❧✇❛②s ❛t ❧❡❛st ✷✳ ❆ ♠❛r❦❡r t❤❛t ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❛♥② s✉♣❡r✲
♠❛r❦❡r ✐s ❛ s✐♥❣❧❡✲♠❛r❦❡r✳ ❲❡ ✉s❡ t❤❡ t❡r♠ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡r t♦ r❡❢❡r t♦ ❡✐t❤❡r ❛
s✐♥❣❧❡✲♠❛r❦❡r ♦r ❛ s✉♣❡r✲♠❛r❦❡r✳ ❆ ❝♦♠♠♦♥ st❡♣ ✐♥ s❡✈❡r❛❧ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠s ✐s t♦
♣❛rt✐t✐♦♥ t❤❡ ♠❛r❦❡rs ✐♥ t❤❡ ❝✉rr❡♥t ♠❛♣s ✐♥t♦ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡rs✳ ■❢ t❤❡ ❝✉rr❡♥t
♠❛♣s ❝♦♥t❛✐♥ ♦♥❧② s✉♣❡r✲♠❛r❦❡rs✱ t❤❡♥ ✇❡ ❤❛✈❡ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❞❡❝♦♠♣♦s✐t✐♦♥
✐♥t♦ str✐♣s✱ ✇✐t❤♦✉t ❞❡❧❡t✐♥❣ ❛♥② ✭♦t❤❡r✮ ♠❛r❦❡r✳

▲❡t x ❛♥❞ y ❜❡ t✇♦ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡rs ♦❢ s♦♠❡ ♠❛♣sM′
1...d✳ ❲❡ ✇r✐t❡ Si(x, y)

❢♦r t❤❡ s❡t ♦❢ ♠❛r❦❡rs ❛♣♣❡❛r✐♥❣ ❜❡t✇❡❡♥ x ❛♥❞ y ✐♥ ♠❛♣ M′
i✳ ❲❡ s❛② t❤❛t y

❢♦❧❧♦✇s x ✐♥ ♠❛♣M′
i ✐❢ ♦♥❡ ♦❢

〈

+x,+y
〉

✱
〈

−y,−x
〉

✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢M′
i✳ ❋♦r δ✲

❣❛♣ ❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠s ✭δ✲❣❛♣✲▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d✮✱ ✇❡ ❛❞❞ t❤❡ ❝♦♥str❛✐♥t
t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♠❛r❦❡rs ❛♣♣❡❛r✐♥❣ ❜❡t✇❡❡♥ x ❛♥❞ y ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♠❛♣s ✐s ❛t
♠♦st δ ✭x ❛♥❞ y ❡①❝❧✉❞❡❞✮✳ ❋♦r ♠✉❧t✐❝❤r♦♠♦s♦♠❛❧ ❣❡♥♦♠❡s✱ t❤❛t ✐s✱ ✇❤❡♥ ❛ ❣❡♥♦♠✐❝
♠❛♣ ❝♦♥s✐sts ♦❢ s❡✈❡r❛❧ s❡q✉❡♥❝❡s ♦❢ ❣❡♥❡ ♠❛r❦❡rs ✭s❡✈❡r❛❧ ❝❤r♦♠♦s♦♠❡s✮✱ ✇❡ r❡q✉✐r❡
t❤❛t x ❛♥❞ y ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❝❤r♦♠♦s♦♠❡ ✐♥ M′

i✳ ❲❡ ❞❡✜♥❡ t❤❡ r❡❧❛t✐♦♥ ✏y
♣r❡❝❡❞❡s x✑ s②♠♠❡tr✐❝❛❧❧②✳

❲❡ s❛② t❤❛t y ✐s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦❢ x✱ ❛♥❞ ✇❡ ✇r✐t❡ x ≺ y✱ ✐❢ y ❢♦❧❧♦✇s x
✐♥ ❛❧❧ ♠❛♣s✱ ❛♥❞ ✐❢ t❤❡r❡ ✐s ♥♦ ♦t❤❡r y′ s✉❝❤ t❤❛t ❢♦r ❛❧❧ 1 ≤ i ≤ d✱ y′ ❢♦❧❧♦✇s x ✐♥
M′

i ❛♥❞ ❛♣♣❡❛rs ✐♥ Si(x, y)✳ ❲❡ ❞❡✜♥❡ s②♠♠❡tr✐❝❛❧❧② t❤❡ ❝❛♥❞✐❞❛t❡ ♣r❡❞❡❝❡ss♦rs✱
❤❡♥❝❡ y ✐s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦❢ x ✐✛ x ✐s ❛ ❝❛♥❞✐❞❛t❡ ♣r❡❞❡❝❡ss♦r ♦❢ y✳ ■❢ y ✐s ❛
❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦r ♣r❡❞❡❝❡ss♦r ♦❢ x✱ gap(x, y) ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♠❛r❦❡rs ❛♣♣❡❛r✐♥❣
✐♥ Si(x, y) ❢♦r s♦♠❡ 1 ≤ i ≤ d✳ ■♥ ❊①❛♠♣❧❡ ✺✳✶✱ ✇❡ ❤❛✈❡ 1 ≺ 2✱ ❛♥❞ gap(1, 2) =
gap(2, 1) = {5, 6, 7}✳

❆ ♣r❡str✐♣ ✐s ❛ s❡q✉❡♥❝❡ σ =
〈

σ1, σ2, . . . , σh
〉

s✉❝❤ t❤❛t σ1 ≺ σ2 ≺ . . . ≺ σh ❛♥❞
h ≥ 2 ✭❡q✉✐✈❛❧❡♥t❧②✱ ❛ ♣r❡str✐♣ ✐s ❛ ❝♦♠♠♦♥ s✉❜s❡q✉❡♥❝❡ t❤❛t s❛t✐s✜❡s t❤❡ ✏❝✉rr❡♥t✑
δ✲❣❛♣ ❝♦♥str❛✐♥t❀ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ δ✲♣r❡str✐♣ ✐♥ ❝❛s❡ ♦❢ ❛♠❜✐❣✉✐t✐❡s✮✳ ❋♦r ❛♥②
♠❛♣M✱ ✇❡ ✇r✐t❡ ✐❞①(σ,M) ❢♦r t❤❡ ✈❡❝t♦r (i1, . . . , ih) s✉❝❤ t❤❛t σk =M[ik] ❢♦r ❛❧❧
1 ≤ k ≤ h✳ ❚❤❡ ❧❡♥❣t❤ |σ| ♦❢ σ ✐s h✳ ❚✇♦ ♣r❡str✐♣s σ ❛♥❞ τ ❛r❡ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ✐❢✱
✐♥ ❡❛❝❤Mi✱ ♦♥❡ ❛♣♣❡❛rs str✐❝t❧② ❜❡❢♦r❡ t❤❡ ♦t❤❡r ✭t❤❡r❡ ✐s ♥♦ i s✉❝❤ t❤❛t ❛♥ ❡❧❡♠❡♥t
♦❢ ✐❞①(σ,Mi) ✐s ❜❡t✇❡❡♥ t❤❡ ✜rst ❛♥❞ ❧❛st ❡❧❡♠❡♥ts ♦❢ ✐❞①(τ,Mi) ✮✳ ❚❤❡ r❡✈❡rs❡❞
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♦♣♣♦s✐t❡ ♦❢
〈

σ1, . . . , σh
〉

✐s
〈

−σh,−σh−1, . . . ,−σ1
〉

✳ ❆ s✉❜✲♣r❡str✐♣ σ′ ♦❢ ❛ ♣r❡str✐♣ σ
✐s ❛ ♣r❡str✐♣ s✉❝❤ t❤❛t σ′ ✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ σ✳

❆ s❡t ♦❢ ♣r❡str✐♣s S ✐s s❛✐❞ t♦ ❜❡ ❢❡❛s✐❜❧❡ ✐❢ ✐t ❝♦♥t❛✐♥s ♣❛✐r✇✐s❡ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣
♣r❡str✐♣s✱ ❛♥❞ ✇❡ ✇r✐t❡ ||S|| ❢♦r ✐ts t♦t❛❧ s✐③❡✿ ||S|| =

∑

σ∈S |σ|✳ ❲✐t❤ t❤✐s ❢♦r♠❛❧✐s♠✱
✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ str✐♣s ♦❢ ❛♥② s♦❧✉t✐♦♥ ❝♦rr❡s♣♦♥❞ t♦ ❛ ❢❡❛s✐❜❧❡ s❡t ♦❢ ♣r❡str✐♣s ✐♥
t❤❡ ✐♥♣✉t ❣❡♥♦♠❡s✱ t❤✉s t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ▼❙❘ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s❡❡♥ ❛s ✜♥❞✐♥❣ ❛
❢❡❛s✐❜❧❡ s❡t S ♦❢ ♣r❡str✐♣s s✉❝❤ t❤❛t ||S|| = ℓ ✐s ♠❛①✐♠✉♠✳

❲❡ ❝❛❧❧ ♣❡❣ ♠❛r❦❡r✱ ❛♥❞ ✇❡ ✇r✐t❡ ×✱ ❛ ♠❛r❦❡r t❤❛t ❝❛♥♥♦t ❜❡❧♦♥❣ t♦ ❛♥② str✐♣
♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✭✐ts r♦❧❡ ✐s t♦ ❛✛❡❝t t❤❡ ❣❛♣ ♦❢ ♦t❤❡r ♣r❡str✐♣s✮✳ ❆ s❡q✉❡♥❝❡
♦❢ h ❝♦♥s❡❝✉t✐✈❡ ♣❡❣ ♠❛r❦❡rs ✐s ✇r✐tt❡♥ ×h✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣✐✈❡s s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ gap✿

▲❡♠♠❛ ✺✳✶✳ ✭❛✮ ▲❡t u, v, w ❜❡ t❤r❡❡ ♠❛r❦❡rs ♦r s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡rs✳ ■❢ u ❛♥❞ v
❛r❡ t✇♦ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs ♦❢ w ✇✐t❤ u 6= v✱ t❤❡♥ u ∈ gap(w, v) ❛♥❞ v ∈ gap(w, u)✳
✭❜✮ ▲❡t u ❛♥❞ v ❜❡ t✇♦ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡rs✳ ■❢ u ≺ v ♦r u ≻ v✱ t❤❡♥ gap(u, v) ✐s
♥♦t ❡♠♣t②✳

Pr♦♦❢✳ ✭❛✮ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r✱ t❤❡r❡ ❡①✐sts s♦♠❡ i s✉❝❤ t❤❛t
v /∈ Si(w, u)✱ ❛♥❞ s♦♠❡ j s✉❝❤ t❤❛t u /∈ Sj(w, v)✳ ❆ss✉♠❡ ✇❧♦❣✳ t❤❛t w ❤❛s ♣♦s✐t✐✈❡
s✐❣♥ ✐♥Mi✳ ❚❤❡♥ t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s sw,u ❛♥❞ sw,v✱ ✉s✐♥❣ ♠❛r❦❡rs ♦❢ Si(w, u) ❛♥❞
Si(w, v) r❡s♣❡❝t✐✈❡❧②✱ s✉❝❤ t❤❛t ❜♦t❤ w sw,u u ❛♥❞ w sw,v v ❛♣♣❡❛r ✐♥ ♠❛♣Mi✳ ❲❡
♥♦✇ ❝♦♠♣❛r❡ |Si(w, u)| ❛♥❞ |Si(w, v)|✿

✕ ✐❢ |Si(w, u)| = |Si(w, v)|✱ t❤❡♥ sw,u = sw,v ❛♥❞ u = v ✭t❤✐s ❝❛s❡ ✐s ✐♠♣♦ss✐❜❧❡✮✱
✕ ✐❢ |Si(w, u)| < |Si(w, v)|✱ t❤❡♥ sw,u u ✐s ❛ ♣r❡✜① ♦❢ sw,v✱ ❛♥❞ u ∈ Si(w, v) ⊆
gap(w, v)✱

✕ ✐❢ |Si(w, u)| > |Si(w, v)|✱ t❤❡♥ sw,v v ✐s ❛ ♣r❡✜① ♦❢ sw,u ❛♥❞ v ∈ Si(w, u) ✭t❤✐s
❝❛s❡ ✐s ✐♠♣♦ss✐❜❧❡✮✳

▲✐❦❡✇✐s❡✱ ✉s✐♥❣ ♠❛♣ Mj✱ ✇❡ ❤❛✈❡ v ∈ Sj(w, u) ⊆ gap(w, u)✳ ❚❤✐s ♣r♦✈❡s t❤❡ ✜rst
♣r♦♣❡rt②✳

✭❜✮ ❆ss✉♠❡ ✇❧♦❣✳ t❤❛t u ≺ v ✭t❤❡ ♦t❤❡r ❝❛s❡ u ≻ v ✐s s②♠♠❡tr✐❝✮✳ ■❢ gap(u, v) =
∅✱ t❤❡♥ ❢♦r ❛❧❧ i✱ Si(u, v) = ∅✱ ❛♥❞ ❤❡♥❝❡ ❡✐t❤❡r

〈

+u,+v
〉

♦r
〈

−v,−u
〉

❛♣♣❡❛rs ✐♥
♠❛♣Mi✳ ■t ❢♦❧❧♦✇s t❤❛t

〈

u, v
〉

❝♦✉❧❞ ❢♦r♠ ❛ s✉♣❡r✲♠❛r❦❡r✿ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✺✳✶✳✷ ●r❛♣❤ ❚❤❡♦r② ❇❛❝❦❣r♦✉♥❞

■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ♠❛❥♦r✐t② ♦❢ ❤❛r❞♥❡ss r❡s✉❧ts ❛♥❞ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s
✇❡ ♣r❡s❡♥t ❢♦r t❤❡ ✈❛r✐❛♥ts ♦❢ ▼❙❘ ✉s❡ r❡❞✉❝t✐♦♥s ❢r♦♠✴t♦ r❡str✐❝t✐♦♥s ♦❢ t❤❡ ▼❛①✲
✐♠✉♠ ■♥❞❡♣❡♥❞❡♥t ❙❡t ♣r♦❜❧❡♠✳ ❲❡ t❤✉s ♠❛❦❡ ✉s❡ ♦❢ ❛ ♥✉♠❜❡r ♦❢ ❛❧❣♦r✐t❤♠s
❛♥❞ ❤❛r❞♥❡ss r❡s✉❧ts ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ✇❤✐❝❤ ✇❡ ❧✐st ❜❡❧♦✇✱ ❛❢t❡r r❡❝❛❧❧✐♥❣ s♦♠❡
❞❡✜♥✐t✐♦♥s✳

▼❛①✐♠✉♠ ■♥❞❡♣❡♥❞❡♥t ❙❡t

●✐✈❡♥ ❛ ❣r❛♣❤ G = (V,E)✱ ❛ s❡t X ⊂ V ✐s s❛✐❞ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ✐❢ ❢♦r ❡✈❡r②
❡❞❣❡ (u, v) ∈ E✱ u /∈ X ♦r v /∈ X✳ ❚❤❡ ✭♦♣t✐♠✐③❛t✐♦♥✮ ♣r♦❜❧❡♠ ♦❢ ❝♦♠♣✉t✐♥❣ ❛♥
✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ ♠❛①✐♠✉♠ ❝❛r❞✐♥❛❧✐t② ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

Pr♦❜❧❡♠ ▼❛①✐♠✉♠ ■♥❞❡♣❡♥❞❡♥t ❙❡t ✭▼■❙✮
■♥♣✉t ❆ ❣r❛♣❤ G = (V,E)
❖✉t♣✉t ❆♥ ✐♥❞❡♣❡♥❞❡♥t s❡t X ♦❢ G
▼❛①✐♠✐③❡ |X|



✶✷✹ ❈❍❆P❚❊❘ ✺✳ ▼❆❳■▼❆▲ ❙❚❘■P ❘❊❈❖❱❊❘❨

❚❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ ❛ ♠❛①✐♠✉♠ ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ G ✐s ✇r✐tt❡♥ α(G)✳ ■♥ t❤❡
❞❡❝✐s✐♦♥ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ▼❛①✐♠✉♠ ■♥❞❡♣❡♥❞❡♥t ❙❡t✱ ♦♥❡ ❤❛s t♦ ❞❡❝✐❞❡✱ ❣✐✈❡♥ ❛
❣r❛♣❤ G ❛♥❞ ❛♥ ✐♥t❡❣❡r k✱ ✇❤❡t❤❡r α(G) ≥ k✳

❈✉❜✐❝ ●r❛♣❤s

❆ ❣r❛♣❤ G = (V, E) ✐s ❝✉❜✐❝ ✐❢ ❡✈❡r② ✈❡rt❡① u ∈ V ❤❛s ❞❡❣r❡❡ ❡①❛❝t❧② ✸✳ ❋♦r ❡✈❡r②
❝✉❜✐❝ ❣r❛♣❤✱ |E| = 3

2
|V |✳ ❲❡ ❝❛❧❧ ✸✲▼■❙ t❤❡ ✈❛r✐❛♥t ♦❢ ▼❛①✐♠✉♠ ■♥❞❡♣❡♥❞❡♥t

❙❡t r❡str✐❝t❡❞ t♦ ❝✉❜✐❝ ❣r❛♣❤s✱ ❞❡✜♥❡❞ ❜❡❧♦✇✳

Pr♦❜❧❡♠ ✸✲▼■❙
■♥♣✉t ❆ ❝✉❜✐❝ ❣r❛♣❤ G = (V,E)
❖✉t♣✉t ❆♥ ✐♥❞❡♣❡♥❞❡♥t s❡t X ♦❢ G
▼❛①✐♠✐③❡ |X|

❚❤❡ ✸✲▼■❙ ♣r♦❜❧❡♠ ✐s ❆P❳✲❤❛r❞ ❬✸❪✱ ❛♥❞✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐✲
♠❛t❡ ✇✐t❤✐♥ 95/94 ❬✺✷❪✳

■♥t❡r✈❛❧ ❛♥❞ d✲■♥t❡r✈❛❧ ●r❛♣❤s

❆ d✲✐♥t❡r✈❛❧ ❣r❛♣❤✱ ❢♦r d ≥ 1✱ ✐s ❛ ❣r❛♣❤ G = (V,E)✱ ✇❤❡r❡ ❡✈❡r② ✈❡rt❡① ✐♥ V ✐s
s❡❡♥ ❛s ❛ ❧✐st ♦❢ d ❞✐s❥♦✐♥t ✐♥t❡r✈❛❧s (I1, . . . , Id) ♦❢ R ✭❛❧s♦ ❝❛❧❧❡❞ ❛ d✲✐♥t❡r✈❛❧✮✱ ❛♥❞
s✉❝❤ t❤❛t t✇♦ ❞✐st✐♥❝t d✲✐♥t❡r✈❛❧s (I1, . . . , Id) ❛♥❞ (J1, . . . , Jd) ❢♦r♠ ❛♥ ❡❞❣❡ ✐♥ E ✐✛
(
⋃d

h=1 Ih) ∩ (
⋃d

h=1 Jh) 6= ∅✳ ❋♦r d = 1✱ s✉❝❤ ❛ ❣r❛♣❤ ✐s s✐♠♣❧② ❝❛❧❧❡❞ ❛♥ ✐♥t❡r✈❛❧
❣r❛♣❤✳

Pr♦❜❧❡♠ d✲■♥t❡r✈❛❧✲▼❲■❙
■♥♣✉t ❆ d✲✐♥t❡r✈❛❧ ❣r❛♣❤G = (V,E)✱ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ w : V → R+

❖✉t♣✉t ❆♥ ✐♥❞❡♣❡♥❞❡♥t s❡t X ♦❢ G
▼❛①✐♠✐③❡ ❚❤❡ t♦t❛❧ ✇❡✐❣❤t ♦❢ X✱

∑

x∈X w(x)

❚❤❡ ♣r♦❜❧❡♠ 1✲■♥t❡r✈❛❧✲▼❲■❙ ✭❦♥♦✇♥ ❛s ■♥t❡r✈❛❧✲▼❲■❙✮ ✐s ♣♦❧②♥♦♠✐❛❧ ❬✼✻❪✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ d✲■♥t❡r✈❛❧✲▼❲■❙ ✐s ❆P❳✲❤❛r❞ ❢♦r d ≥ 2✱ ❛♥❞ ❛ 2d✲❛♣♣r♦①✐♠❛t✐♦♥ ✐s
❦♥♦✇♥ ❢♦r ✐t ❬✶✺❪✳

❈❧❛✇✲❋r❡❡ ❛♥❞ k✲❈❧❛✇✲❋r❡❡ ●r❛♣❤s

●✐✈❡♥ ❛ ❣r❛♣❤ G = (V,E)✱ ❛ k✲❝❧❛✇ ✭k ≥ 3✮ ✐s ❛ s✉❜❣r❛♣❤ ♦❢ G ♦❢ k + 1 ✈❡rt✐❝❡s
u, v1, . . . , vk✱ s✉❝❤ t❤❛t (u, vi) ∈ E ❢♦r ❛❧❧ i✱ ❜✉t (vi, vj) /∈ E ❢♦r ❛❧❧ i, j✳ ❆ k✲❝❧❛✇✲❢r❡❡
❣r❛♣❤ ✭♦r ❝❧❛✇✲❢r❡❡ ❣r❛♣❤✱ ❢♦r k = 3✮ ✐s ❛ ❣r❛♣❤ t❤❛t ❤❛s ♥♦ k✲❝❧❛✇ ❛s s✉❜❣r❛♣❤✳ ❲❡
❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ✈❛r✐❛♥ts ♦❢ t❤❡ ▼❛①✐♠✉♠ ■♥❞❡♣❡♥❞❡♥t ❙❡t
♣r♦❜❧❡♠✳

Pr♦❜❧❡♠ ❈❧❛✇✲❋r❡❡✲▼❲■❙
■♥♣✉t ❆ ❝❧❛✇✲❢r❡❡ ❣r❛♣❤ G = (V,E)✱ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ w : V → R+

❖✉t♣✉t ❆♥ ✐♥❞❡♣❡♥❞❡♥t s❡t X ♦❢ G
▼❛①✐♠✐③❡ ❚❤❡ t♦t❛❧ ✇❡✐❣❤t ♦❢ X✱

∑

x∈X w(x)

Pr♦❜❧❡♠ k✲❈❧❛✇✲❋r❡❡✲▼■❙
■♥♣✉t ❆ k✲❝❧❛✇✲❢r❡❡ ❣r❛♣❤ G = (V,E)
❖✉t♣✉t ❆♥ ✐♥❞❡♣❡♥❞❡♥t s❡t X ♦❢ G
▼❛①✐♠✐③❡ |X|

❚❤❡ ♣r♦❜❧❡♠ ❈❧❛✇✲❋r❡❡✲▼❲■❙ ✐s ✐♥ P ❬✶✵✸❪✱ ❛♥❞✱ ❢♦r k ≥ 4✱ k✲❈❧❛✇✲❋r❡❡✲▼■❙ ✐s
❛♣♣r♦①✐♠❛❜❧❡ ✇✐t❤✐♥ k−1

2
+ ǫ ❢♦r ❛♥② ǫ > 0 ❬✼✾❪✳



✺✳✷✳ ❍❆❘❉◆❊❙❙ ❘❊❙❯▲❚❙ ✶✷✺

❈✉❜✐❝✱ P❧❛♥❛r✱ ✷✲❈♦♥♥❡❝t❡❞ ●r❛♣❤s ❛♥❞ ✸✲❡❞❣❡✲❝♦❧♦r✐♥❣s

❆ ❣r❛♣❤ ✐s ♣❧❛♥❛r ✐❢ ✐t ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ♦♥ t❤❡ ♣❧❛♥ ✇✐t❤♦✉t ❤❛✈✐♥❣ ❝r♦ss✐♥❣
❡❞❣❡s✳ ■t ✐s ✷✲❝♦♥♥❡❝t❡❞ ✐❢ ✐t ✐s ❝♦♥♥❡❝t❡❞✱ ❛♥❞ ❝❛♥♥♦t ❜❡ ❞✐s❝♦♥♥❡❝t❡❞ ❜② r❡♠♦✈✐♥❣
❧❡ss t❤❛♥ t✇♦ ✈❡rt✐❝❡s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ❢♦❝✉s❡❞ ♦♥ t❤❡
❝❧❛ss ♦❢ ❣r❛♣❤s ✇❤✐❝❤ ❛r❡ ❛t t❤❡ s❛♠❡ t✐♠❡ ❝✉❜✐❝✱ ♣❧❛♥❛r ❛♥❞ ✷✲❝♦♥♥❡❝t❡❞✳

Pr♦❜❧❡♠ ❈P✷❈✲▼■❙
■♥♣✉t ❆ ❝✉❜✐❝✱ ♣❧❛♥❛r✱ ✷✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G = (V, E)✱ ❛♥ ✐♥t❡❣❡r k
◗✉❡st✐♦♥ ■s α(G) ≥ k ❄

❚❤❡ ♣r♦❜❧❡♠ ❈P✷❈✲▼■❙ ✐s ◆P✲❤❛r❞ s✐♥❝❡▼❛①✐♠✉♠ ■♥❞❡♣❡♥❞❡♥t ❙❡t ✐s t❤❡
❝♦♠♣❧❡♠❡♥t ♦❢ ❱❡rt❡① ❈♦✈❡r✱ ❛♥❞ ❱❡rt❡① ❈♦✈❡r ✐s ❦♥♦✇♥ t♦ ❜❡ ◆P✲❤❛r❞ ♦♥
t❤✐s ❝❧❛ss ♦❢ ❣r❛♣❤s ❬✷✶❪✳

❚❤✐s ❝❧❛ss ✐s ♣❛rt✐❝✉❧❛r❧② r❡❧❛t❡❞ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ✸✲❡❞❣❡✲❝♦❧♦r✐♥❣ ✭❛❧s♦ ❦♥♦✇♥ ❛s
❚❛✐t ❈♦❧♦r✐♥❣✮✿ ❛ ✸✲❡❞❣❡✲❝♦❧♦r✐♥❣ ♦❢ ❛ ❝✉❜✐❝ ❣r❛♣❤ G = (V,E) ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ ✐ts
❡❞❣❡s ✐♥ t❤r❡❡ ❞✐s❥♦✐♥t s❡ts E = E❆ ∪ E❇ ∪ E❈ s✉❝❤ t❤❛t ✐❢ t✇♦ ❡❞❣❡s e1, e2 ∈ E
❛r❡ ✐♥❝✐❞❡♥t t♦ ❛ ❝♦♠♠♦♥ ✈❡rt❡①✱ t❤❡② ❜❡❧♦♥❣ t♦ ❞✐✛❡r❡♥t s❡ts ✭t❤❡② ❤❛✈❡ ❞✐✛❡r❡♥t
❝♦❧♦rs✮✳ ◆♦t❡ t❤❛t ✐❢ ❛ ❝✉❜✐❝ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ❛❞♠✐ts ❛ ✸✲❡❞❣❡✲❝♦❧♦r✐♥❣✱ t❤❡♥
❡❛❝❤ s❡t ❝♦♥t❛✐♥s n/2 ❡❞❣❡s✳

▲❡♠♠❛ ✺✳✷✳ ❊✈❡r② ❝✉❜✐❝ ♣❧❛♥❛r ✷✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❛❞♠✐ts ❛ ✸✲❡❞❣❡ ❝♦❧♦r✐♥❣✱ ❛♥❞
s✉❝❤ ❛ ❝♦❧♦r✐♥❣ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

Pr♦♦❢✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ✉s❡s ❛ ✇❡❧❧✲❦♥♦✇♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✹✲❝♦❧♦r✐♥❣ ♦❢
❛ ♣❧❛♥❛r ❣r❛♣❤ ❛♥❞ t❤❡ ✸✲❡❞❣❡✲❝♦❧♦r✐♥❣ ♦❢ ❛ ❝✉❜✐❝ ❣r❛♣❤ ❬✷✷❪✳ ▲❡t G = (V,E)
❜❡ ❛ ❝✉❜✐❝✱ ♣❧❛♥❛r✱ ❛♥❞ ✷✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤✳ ❚❤❡ ❋♦✉r ❈♦❧♦r ❚❤❡♦r❡♠ ❬✾❪ ❡♥s✉r❡s
t❤❛t ✐ts r❡❣✐♦♥ ❣r❛♣❤ ❛❞♠✐ts ❛ ✹✲❝♦❧♦r✐♥❣✳ ❲❡ ❝♦♠♣✉t❡ s✉❝❤ ❛ ❝♦❧♦r✐♥❣✱ ✇✐t❤ ❝♦❧♦rs
t❛❦❡♥ ✐♥ t❤❡ s❡t {0, 1, 2, 3}✱ ✉s✐♥❣ ❡✳❣✳ t❤❡ q✉❛❞r❛t✐❝ t✐♠❡ ❛❧❣♦r✐t❤♠ ❢r♦♠ ❘♦❜❡rts♦♥
❡t ❛❧✳ ❬✶✶✷❪✳

❋♦r ❡✈❡r② ❡❞❣❡ e ∈ E✱ ❧❡t φ(e) ❜❡ t❤❡ ♣❛✐r ♦❢ ❝♦❧♦rs ❛ss♦❝✐❛t❡❞ t♦ ✐ts t✇♦ ❛❞❥❛❝❡♥t
❢❛❝❡s ✭s✐♥❝❡ t❤❡ ❣r❛♣❤ ✐s ✷✲❝♦♥♥❡❝t❡❞✱ e ✐s ❛❞❥❛❝❡♥t t♦ t✇♦ ❞✐✛❡r❡♥t ❢❛❝❡s ✇❤✐❝❤ ❤❛✈❡
❞✐✛❡r❡♥t ❝♦❧♦rs✮✳ ❲❡ ❞❡❞✉❝❡ ❛ ✸✲❡❞❣❡✲❝♦❧♦r✐♥❣ ♦❢ G ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✿

✕ ■❢ φ(e) = {0, 1} ♦r φ(e) = {2, 3}✱ ❣✐✈❡ t♦ e t❤❡ ❝♦❧♦r ❆✳
✕ ■❢ φ(e) = {0, 2} ♦r φ(e) = {1, 3}✱ ❣✐✈❡ t♦ e t❤❡ ❝♦❧♦r ❇✳
✕ ■❢ φ(e) = {0, 3} ♦r φ(e) = {1, 2}✱ ❣✐✈❡ t♦ e t❤❡ ❝♦❧♦r ❈✳
■❢ t✇♦ ❡❞❣❡s e1 ❛♥❞ e2 ❛r❡ ✐♥❝✐❞❡♥t t♦ t❤❡ s❛♠❡ ✈❡rt❡①✱ t❤❡♥✱ s✐♥❝❡ t❤✐s ✈❡rt❡① ❤❛s

❞❡❣r❡❡ ✸✱ t❤❡r❡ ❛r❡ ✸ ❢❛❝❡s f0, f1, f2 ✭✇✐t❤ ✸ ❞✐✛❡r❡♥t ❝♦❧♦rs✮ s✉❝❤ t❤❛t e1 ✐s ❛❞❥❛❝❡♥t
t♦ f0 ❛♥❞ f1✱ ❛♥❞ e2 ✐s ❛❞❥❛❝❡♥t t♦ f0 ❛♥❞ f2✳ ❙♦ φ(e1)∩φ(e2) ❤❛s s✐③❡ ✶✱ ❛♥❞ e1 ❛♥❞
e2 ❤❛✈❡ ❞✐✛❡r❡♥t ❝♦❧♦rs✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✷✳

✺✳✷ ❍❛r❞♥❡ss ❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♣r♦❜❧❡♠s δ✲❣❛♣✲▼❙❘ ❛♥❞ δ✲❣❛♣✲▼❙❘✲
❉❯✳ ❲❡ ✜rst ♦❜s❡r✈❡ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✶ t❤❛t t❤❡s❡ ♣r♦❜❧❡♠s ❜❡❝♦♠❡ ♠♦r❡ ❞✐✣❝✉❧t
t♦ s♦❧✈❡ ✇❤❡♥ δ ❣r♦✇s✳ ❚❤❡♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳✷ ✇❡ ❢♦❝✉s ♦♥ ✶✲❣❛♣✲▼❙❘ ❛♥❞ ♣r♦✈❡
t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥s ✺✳✷✳✸ ❛♥❞ ✺✳✷✳✹✱ ✇❡ ♣r♦✈❡ t❤❡
❆P❳✲❤❛r❞♥❡ss ♦❢ δ✲❣❛♣✲▼❙❘ ✭❢♦r ❛❧❧ δ ≥ 2✮ ❛♥❞ δ✲❣❛♣✲▼❙❘✲❉❯ ✭❢♦r ❛❧❧ δ ≥ 0✮
r❡s♣❡❝t✐✈❡❧②✳



✶✷✻ ❈❍❆P❚❊❘ ✺✳ ▼❆❳■▼❆▲ ❙❚❘■P ❘❊❈❖❱❊❘❨

✺✳✷✳✶ ❍❛r❞♥❡ss ■♥❝r❡❛s❡s ✇✐t❤ t❤❡ ●❛♣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♣r♦❜❧❡♠s δ✲❣❛♣✲▼❙❘ ❛♥❞ δ✲❣❛♣✲▼❙❘✲❉❯ ❜❡✲
❝♦♠❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ❞✐✣❝✉❧t ❛s δ ✐♥❝r❡❛s❡s✳ ❍♦✇❡✈❡r✱ t❤✐s r❡s✉❧t ❞♦❡s ♥♦t ❛❧❧♦✇ ✉s
t♦ ❝♦♠♣❛r❡ t❤❡s❡ ♣r♦❜❧❡♠s t♦ ▼❙❘ ❛♥❞ ▼❙❘✲❉❯✱ ❢♦r ✇❤✐❝❤ t❤❡ ❤❛r❞♥❡ss r❡s✉❧ts
❛r❡ q✉✐t❡ ✐♥❞❡♣❡♥❞❡♥t ✭s❡❡ ❬✾✶❪ ❢♦r t❤❡ ❆P❳✲❤❛r❞♥❡ss ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s✮✳

❚❤❡♦r❡♠ ✺✳✸✳ ▲❡t δ′ > δ ≥ 2 ❛♥❞ d ≥ 2 ❜❡ ✐♥t❡❣❡rs✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ▲✲
r❡❞✉❝t✐♦♥ ❢r♦♠ δ✲❣❛♣✲▼❙❘✲d t♦ δ′✲❣❛♣✲▼❙❘✲d✱ ❛♥❞ ❢r♦♠ δ✲❣❛♣✲▼❙❘✲❉❯✲d t♦ δ′✲
❣❛♣✲▼❙❘✲❉❯✲d✳

Pr♦♦❢✳ ▲❡t M1...d ❜❡ ❛♥ ✐♥st❛♥❝❡ ♦❢ δ✲❣❛♣✲▼❙❘✲d ✭t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ❢♦r δ✲❣❛♣✲
▼❙❘✲❉❯✲d✮✳ ❋♦r ❛♥② i ∈ J1 ; dK ❛♥❞ k ≥ 0✱ ✇❡ ✇r✐t❡

Kδ
i (k) =

〈

Mi[δk + 1],Mi[δk + 2], . . . ,Mi[δk + δ]
〉

.

❲❡ ❝♦♥str✉❝t ❛♥ ✐♥st❛♥❝❡ ♦❢ δ′✲❣❛♣✲▼❙❘✲d ✇✐t❤ d ❣❡♥♦♠✐❝ ♠❛♣s M′
1...d ❞❡✜♥❡❞ ❛s

❢♦❧❧♦✇s✿
M∗

i =
〈

Kδ
i (0),×

δ′−δ, Kδ
i (1),×

δ′−δ, . . .
〉

❲❡ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ δ✲♣r❡str✐♣s ♦❢
M1...d ❛♥❞ t❤❡ δ′✲♣r❡str✐♣s ♦❢M∗

1...d✳ ▲❡t σ ❜❡ ❛ δ✲♣r❡str✐♣ ♦❢M1...d✱ t❤❡♥ ✐t ✐s ❛❧s♦
❛ s✉❜s❡q✉❡♥❝❡ ♦❢ ❡❛❝❤ ❣❡♥♦♠✐❝ ♠❛♣ ✐♥ ♦❢M∗

1...d✳ ▼♦r❡♦✈❡r✱ ❧❡t i ∈ J1 ; dK ❛♥❞ a ❛♥❞
b ❜❡ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ♠❛r❦❡rs ♦❢ σ✱ s✉❝❤ t❤❛t a ❛♣♣❡❛rs ✐♥ Kδ

i (k) ❢♦r s♦♠❡ k✱ t❤❡♥ b
✐s ✐♥ Kδ

1(k)✱ K
δ
1(k− 1) ♦r Kδ

1(k+1)✳ ■♥ t❤❡ ✜rst ❝❛s❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ a ❛♥❞ b ✐s t❤❡
s❛♠❡ ✐♥M∗

i ❛s ✐♥Mi✱ ❛♥❞ ♦t❤❡r✇✐s❡ t❤❡ ❣❛♣ ✐s ✐♥❝r❡❛s❡❞ ❜② ❡①❛❝t❧② δ′ − δ✳ ❍❡♥❝❡✱
s✐♥❝❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ a ❛♥❞ b ✐s ❛t ♠♦st δ ✐♥Mi✱ ✐t ✐s ❛t ♠♦st δ′ ✐♥M∗

i ✳ ❖✈❡r❛❧❧✱
σ ✐s ❛ δ′✲♣r❡str✐♣ ✐♥M∗

1...d✳
❈♦♥✈❡rs❡❧②✱ ❛ δ′✲♣r❡str✐♣ σ′ ✐♥M∗

1...d ❝♦rr❡s♣♦♥❞s t♦ ❛ δ✲♣r❡str✐♣ ✐♥M1...d✱ ❛♥❞ ✐❢
a, b ❛r❡ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❡❧❡♠❡♥ts ✐♥ σ′ ✇✐t❤ ❛ ❣❛♣ str✐❝t❧② ❣r❡❛t❡r t❤❛♥ δ ✐♥M∗

1...d✱
t❤❡♥ t❤❡② ❝❛♥♥♦t ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ Kδ

i (k)✱ ❛♥❞ t❤✉s t❤❡ ❣❛♣ ❜❡t✇❡❡♥ a ❛♥❞ b ✐s
r❡❞✉❝❡❞ ❜② ❛t ❧❡❛st δ′ − δ✳ ❍❡♥❝❡ σ′ ❤❛s ❣❛♣ ❛t ♠♦st δ ✐♥M1...d✳

❚❤✐s ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t ✇❡ ❤❛✈❡ ❛♥ ▲✲r❡❞✉❝t✐♦♥✱
s✐♥❝❡ ✐t ♣r❡s❡r✈❡s t❤❡ ♣r❡str✐♣ ❧❡♥❣t❤s ❛♥❞ t❤❡ ♦✈❡r❧❛♣♣✐♥❣ r❡❧❛t✐♦♥✳

✺✳✷✳✷ ✶✲❣❛♣✲▼❙❘ ■s ◆P✲❤❛r❞

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✺✳✹✳ ✶✲❣❛♣✲▼❙❘ ✐s ◆P✲❤❛r❞✳

❚❤❡ ♣r♦♦❢ ✉s❡s ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ◆P✲❤❛r❞ ❬✷✶❪ r❡str✐❝t✐♦♥ ♦❢ ▼❛①✐♠✉♠ ■♥❞❡✲
♣❡♥❞❡♥t ❙❡t t♦ t❤❡ ❝❧❛ss ♦❢ ❝✉❜✐❝✱ ♣❧❛♥❛r✱ ❛♥❞ ✷✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✭❈P✷❈✲▼■❙✱
s❡❡ ❙❡❝t✐♦♥ ✺✳✶✳✷✮✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ ✸✲❡❞❣❡✲❝♦❧♦r✐♥❣ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s❛♠❡
s❡❝t✐♦♥✳ ❙t❛rt✐♥❣ ❢r♦♠ ❛♥② ✐♥st❛♥❝❡ G ♦❢ ❈P✷❈✲▼■❙✱ ✇❡ ❝♦♠♣✉t❡ ❛ ✸✲❡❞❣❡✲❝♦❧♦r✐♥❣
(E❆, E❇, E❈) ♦❢ G ❜② ▲❡♠♠❛ ✺✳✷✱ ❛♥❞ ✇❡ ❝♦♥str✉❝t t✇♦ ❣❡♥♦♠✐❝ ♠❛♣s ❛s ❢♦❧❧♦✇s✳

❋✐rst✱ ✇❡ ❛ss✐❣♥ ❛ ❧✐st ♦❢ ✹ ❞✐st✐♥❝t ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ✭♦r ✹ ✏♠❛r❦❡rs✑✮ t♦ ❡❛❝❤
✈❡rt❡① u ∈ V ✿ t❤❡② ❛r❡ ❞❡♥♦t❡❞ y❆✶u ✱ y❆✷u ✱ y❇✶u ❛♥❞ y❇✷u ✳ ❲❡ ❛❧s♦ ❛ss✐❣♥ ❛ ❧✐st ♦❢
✶✵ ❞✐st✐♥❝t ✐♥t❡❣❡rs x1uv, . . . , x

10
uv t♦ ❡❛❝❤ ❡❞❣❡ (u, v) ∈ E❈✱ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ♥♦



✺✳✷✳ ❍❆❘❉◆❊❙❙ ❘❊❙❯▲❚❙ ✶✷✼

✐♥t❡❣❡r ❛♣♣❡❛rs ✐♥ t✇♦ ❞✐✛❡r❡♥t ❧✐sts✳ ❲❡ ❝♦♥str✉❝t t❤❡ ❣❡♥♦♠✐❝ ♠❛♣s M1,2 ✇✐t❤
t❤❡ ❢♦❧❧♦✇✐♥❣ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❛r❜✐tr❛r✐❧② ♦r❞❡r❡❞ t❤❡ ✈❡rt✐❝❡s
✐♥ V ✳ ■♥ t❤❛t ❝❛s❡✿

✶✳ ❋♦r ❛❧❧ (u, v) ∈ E❆ s✉❝❤ t❤❛t u < v✱ ❛❞❞
〈

y❆✶u , y
❆✶

v , y
❆✷

u , y
❆✷

v ,×,×
〉

t♦M1✳
✷✳ ❋♦r ❛❧❧ (u, v) ∈ E❇ s✉❝❤ t❤❛t u < v✱ ❛❞❞

〈

y❇✶u , y
❇✶

v , y
❇✷

u , y
❇✷

v ,×,×
〉

t♦M2✳
✸✳ ❋♦r ❛❧❧ (u, v) ∈ E❈ s✉❝❤ t❤❛t u < v✱ ❛❞❞ Γ1(u, v) t♦ M1✱ Γ2(u, v) t♦ M2✱
✇❤❡r❡ Γ1 ❛♥❞ Γ2 ❛r❡ ❞❡✜♥❡❞ ❛s✿

Γ1(u, v) = 〈x
1
uv, x

5
uv, x

2
uv, x

6
uv, x

3
uv, x

7
uv, x

4
uv,×,×,

y❇✶u , x
8
uv, y

❇✷

u , x
9
uv, y

❇✶

v , x
10
uv, y

❇✷

v ,×,×〉

Γ2(u, v) = 〈x
1
uv, x

8
uv, x

2
uv, x

9
uv, x

3
uv, x

10
uv, x

4
uv,×,×,

y❆✶u , x
5
uv, y

❆✷

u , x
6
uv, y

❆✶

v , x
7
uv, y

❆✷

v ,×,×
〉

.

Pr♦♣❡rt② ✺✳✺✳ ▲❡t G = (V,E) ❜❡ ❛♥ n✲✈❡rt❡① ❝✉❜✐❝ ❣r❛♣❤ ✇✐t❤ ❛ ✸✲❡❞❣❡✲❝♦❧♦r✐♥❣✱
❛♥❞ ❧❡t M1,2 ❜❡ t❤❡ t✇♦ ❣❡♥♦♠✐❝ ♠❛♣s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ❞❡✜♥❡❞ ❛❜♦✈❡✳
❚❤❡♥ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ✶✲❣❛♣✲▼❙❘ ♦✈❡rM1,2 ❡q✉❛❧s 4n+ 2α(G)✳

Pr♦♦❢✳ ■♥ t❤✐s ♣r♦♦❢✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿ ❢♦r u ∈ V ✱ Y ❆

u =
〈

y❆✶u , y
❆✷

u

〉

❛♥❞
Y ❇

u =
〈

y❇✶u , y
❇✷

u

〉

✳ ❲❡ ✇r✐t❡ Y = {Y ❆

u | u ∈ V }∪{Y
❇

u | u ∈ V }✱ ❛♥❞ Ω ❢♦r t❤❡ s❡t ♦❢ ❛❧❧
✶✲♣r❡str✐♣s ♦❢M1,2✳ ❲❡ ❛❧s♦ ✇r✐t❡ ℓ1(M1,2) t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ✶✲❣❛♣✲▼❙❘✭M1,2✮✳

❲❡ ✜rst ❡♥✉♠❡r❛t❡ t❤❡ ♣r❡str✐♣s ♦❢M1,2 ❛♣♣❡❛r✐♥❣ ✐♥ Ω✿
✲ ❋♦r ❛❧❧ (u, v) ∈ E❆✱ ❜♦t❤ Y ❆

u ❛♥❞ Y ❆

v ❜❡❧♦♥❣ t♦ Ω✳ ▼♦r❡♦✈❡r✱ Y ❆

u ❛♥❞ Y ❆

v

♦✈❡r❧❛♣ ✐♥M1 ✭s❡❡ st❡♣ ✶ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥✮✳
✲ ❋♦r ❛❧❧ (u, v) ∈ E❇✱ ❜♦t❤ Y ❇

u ❛♥❞ Y ❇

v ❜❡❧♦♥❣ t♦ Ω✳ ▼♦r❡♦✈❡r✱ Y ❇

u ❛♥❞ Y ❇

v

♦✈❡r❧❛♣ ✐♥M2 ✭s❡❡ st❡♣ ✷ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥✮✳
✲ ❋♦r ❛❧❧ (u, v) ∈ E❈✱

〈

x1uv, x
2
uv, x

3
uv, x

4
uv

〉

✱
〈

x5uv, x
6
uv, x

7
uv

〉

❛♥❞
〈

x8uv, x
9
uv, x

10
uv

〉

❜❡✲
❧♦♥❣ t♦ Ω✳ ❲❡ ✇r✐t❡ γuv t❤❡ s❡t ❝♦♥t❛✐♥✐♥❣ t❤♦s❡ t❤r❡❡ ♣r❡str✐♣s ❛♥❞ ❛❧❧ t❤❡✐r
s✉❜✲♣r❡str✐♣s ✭s❡❡ ❋✐❣✉r❡ ✺✳✶❛✮✳

❇❡❝❛✉s❡ ♦❢ t❤❡ ❣❛♣ ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ♣r❡✈❡♥ts ♣r❡str✐♣s ❢r♦♠ ♦✈❡r❧❛♣♣✐♥❣ t❤❡ ♣❡❣
♠❛r❦❡rs✱ t❤❡r❡ ❛r❡ ♥♦ ♦t❤❡r ♣r❡str✐♣s ✐♥ Ω✳

❋♦r ❛♥ ❡❞❣❡ (u, v) ∈ E❈✱ ✇❡ ♥❛♠❡ t❤r❡❡ ❢❡❛s✐❜❧❡ s✉❜s❡ts ♦❢ γuv ✭s❡❡ ❋✐❣✉r❡ ✺✳✶❜✮✿

γ01uv =
{〈

x1uv, x
2
uv

〉

,
〈

x6uv, x
7
uv

〉

,
〈

x9uv, x
10
uv

〉}

,

γ10uv =
{〈

x3uv, x
4
uv

〉

,
〈

x5uv, x
6
uv

〉

,
〈

x8uv, x
9
uv

〉}

,

γ00uv =
{〈

x1uv, x
2
uv

〉

,
〈

x3uv, x
4
uv

〉}

.

❚❤❡ ✜rst ✐♥❡q✉❛❧✐t② ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

ℓ1(M1,2) ≥ 4n+ 2α(G).

❈♦♥s✐❞❡r X ❛ ♠❛①✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ G ✭|X| = α(G)✮✳ ❈♦♥str✉❝t ❛ s❡t ♦❢
♣r❡str✐♣s S ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

✶✳ ❋♦r ❛❧❧ (u, v) ∈ E❆✱ ✐❢ u /∈ X✱ t❤❡♥ ❛❞❞ Y ❆

u t♦ S✳ ❊❧s❡✱ v /∈ X✿ ❛❞❞ Y ❆

v t♦ S✳

✷✳ ❋♦r ❛❧❧ (u, v) ∈ E❇✱ ✐❢ u /∈ X✱ t❤❡♥ ❛❞❞ Y ❇

u t♦ S✳ ❊❧s❡✱ v /∈ X✿ ❛❞❞ Y ❇

v t♦ S✳

✸✳ ❋♦r ❛❧❧ (u, v) ∈ E❈✱ t❤❡r❡ ❛r❡ t❤r❡❡ ♣♦ss✐❜❧❡ ❝❛s❡s✿
✕ ■❢ u /∈ X ❛♥❞ v /∈ X✱ ❛❞❞ γ00uv t♦ S✳
✕ ■❢ u ∈ X ❛♥❞ v /∈ X✱ ❛❞❞ γ10uv t♦ S✳
✕ ■❢ u /∈ X ❛♥❞ v ∈ X✱ ❛❞❞ γ01uv t♦ S✳



✶✷✽ ❈❍❆P❚❊❘ ✺✳ ▼❆❳■▼❆▲ ❙❚❘■P ❘❊❈❖❱❊❘❨

Y A
u

〈5, 6〉 〈6, 7〉
Y A
v

〈5, 6, 7〉

〈1, 2〉 〈1, 2, 3〉 〈2, 3, 4〉 〈3, 4〉

〈8, 9, 10〉

Y B
u 〈8, 9〉 〈9, 10〉

Y B
v

✭❛✮ ❆❧❧ ♣r❡str✐♣s ♦❢ γuv ♦❢ ❧❡♥❣t❤ ✷ ♦r ✸✱ ❛♥❞ ♣r❡str✐♣s ♦❢ Y

Y A
u 〈5, 6〉 〈6, 7〉 Y A

v

〈1, 2〉 〈3, 4〉

Y B
u 〈8, 9〉 〈9, 10〉 Y B

v

✭❜✮ ■♥❞✉❝❡❞ s✉❜❣r❛♣❤ ✇✐t❤ ♣r❡str✐♣s ♦❢ t❤❡ s❡ts γ01uv✱
γ10uv ❛♥❞ γ00uv

❋✐❣✉r❡ ✺✳✶✿ ❖✈❡r❧❛♣♣✐♥❣ ♣r❡str✐♣s ♦❢ γuv ❢♦r ❛♥ ❛r❝ (u, v) ∈ E❈✳ ❲❡ ✉s❡ xiuv = i ❢♦r
❛❧❧ 1 ≤ i ≤ 10✱ ❛♥❞ ❡❞❣❡s ❛r❡ ❞r❛✇♥ ❜❡t✇❡❡♥ ♦✈❡r❧❛♣♣✐♥❣ ♣r❡str✐♣s✳

❇❡❢♦r❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♦✈❡r❧❛♣s ✐♥ S✱ ✇❡ ❝♦♠♣✉t❡ ✐ts t♦t❛❧ s✐③❡✿ st❛rt✐♥❣ ❢r♦♠ ✵✱
||S|| ✐s ✐♥❝r❡❛s❡❞ ❜② ✷ ❢♦r ❡❛❝❤ ❡❞❣❡ ✐♥ E❆ ❛♥❞ ✐♥ E❇ ✭st❡♣s ✶ ❛♥❞ ✷✮✱ ❛♥❞ ✐t ✐s
✐♥❝r❡❛s❡❞ ❜② ❡✐t❤❡r ✻ ♦r ✹ ❢♦r ❡❛❝❤ ❡❞❣❡ ✐♥ E❈✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤✐s ❡❞❣❡ ✐s
✐♥❝✐❞❡♥t t♦ ❛ ✈❡rt❡① ♦❢ X ✭st❡♣ ✸✮✳ ❆s ❡❛❝❤ ✈❡rt❡① ✐s ✐♥❝✐❞❡♥t t♦ ❡①❛❝t❧② ♦♥❡ ❡❞❣❡ ✐♥
E❈✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿

||S|| = 2|E❆|+ 2|E❇|+ 4|E❈|+ 2|X|.

❙✐♥❝❡ ❡❛❝❤ ❝❧❛ss E❆✱ E❇ ❛♥❞ E❈ ❝♦♥t❛✐♥s ❡①❛❝t❧② n/2 ❡❞❣❡s✱ ❛♥❞ |X| = α(G)✱ ✇❡
❤❛✈❡

||S|| = 4n+ 2α(G).

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t S ✐s ❛ ❢❡❛s✐❜❧❡ s❡t ♦❢ ♣r❡str✐♣s✳ ❋✐rst ♥♦t❡ t❤❛t ♣r❡str✐♣s ♦❢
S ∩ Y ❛r❡ ♣❛✐r✇✐s❡ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣✱ s✐♥❝❡ S ♥❡✈❡r ❝♦♥t❛✐♥s ❜♦t❤ Y ❆

u ❛♥❞ Y ❆

v ✭r❡s♣✳
Y ❇

u ❛♥❞ Y ❇

v ✮ ❢♦r (u, v) ∈ E
❆ ✭r❡s♣✳ (u, v) ∈ E❇✮✳

■❢ σ1, σ2 ∈ S − Y ✱ t❤❡♥ t❤❡r❡ ❡①✐st (u, v) ❛♥❞ (u′, v′) s✉❝❤ t❤❛t σ1 ∈ γijuv ❛♥❞
σ2 ∈ γ

i′j′

u′v′ ❛r❡ ♣r❡str✐♣s ♦❢ S ✭✇❤❡r❡ (i, j) ❛♥❞ (i′, j′) ❛r❡ ✐♥ {(0, 0), (0, 1), (1, 0)}✮✳ ❚❤❡②
❛❧s♦ ❛r❡ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣✿ ✐❢ (u, v) 6= (u′, v′) t❤❡♥ t❤❡② ❛♣♣❡❛r ✐♥ ❞✐✛❡r❡♥t s❡q✉❡♥❝❡s
Γ1 ❛♥❞ Γ2✱ ❛♥❞ t❤✉s t❤❡② ❝❛♥♥♦t ♦✈❡r❧❛♣✳ ❖t❤❡r✇✐s❡✱ t❤❛t ✐s ✐❢ (u, v) = (u′, v′)✱ t❤❡♥
t❤❡② ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ s❡t γijuv ✇❤✐❝❤ ✐s✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ❛ s❡t ♦❢ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣
♣r❡str✐♣s✳

◆♦✇ s✉♣♣♦s❡ σ1 ∈ S ∩ Y ✭❡✳❣✳ σ1 = Y ❆

w ❢♦r s♦♠❡ ✈❡rt❡① w✱ t❤❡ ❝❛s❡ σ1 = Y ❇

w ✐s
s✐♠✐❧❛r✮ ❛♥❞ σ2 ∈ γijuv ❛r❡ ♦✈❡r❧❛♣♣✐♥❣ ♣r❡str✐♣s ♦❢ S✳ ❚❤❡♥ t❤❡② ❝❛♥ ♦♥❧② ♦✈❡r❧❛♣
✐♥ Γ2(u, v)✱ ❛♥❞ w = u ♦r w = v✳ ■♥ t❤❡ ❝❛s❡ w = u✱ ✭r❡s♣✳ w = v✮✱ σ2 ♥❡❝❡ss❛r✐❧②
❝♦♥t❛✐♥s t❤❡ ❡❧❡♠❡♥t x5uv ✭r❡s♣✳ x7uv✮✱ ❛♥❞ t❤✉s γ10uv ✭r❡s♣✳ γ01uv✮ ❤❛s ❜❡❡♥ s❡❧❡❝t❡❞✳ ■t
✐♠♣❧✐❡s t❤❛t u ∈ X ✭r❡s♣✳ v ∈ X✮✿ ✐♥ ❜♦t❤ ❝❛s❡s✱ w ∈ X✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥
s✐♥❝❡ Y ❆

w ❝❛♥ ♦♥❧② ❜❡ s❡❧❡❝t❡❞ ✐❢ w /∈ X✳
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❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ♣r❡str✐♣s ✐♥ S ❛r❡ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣✿ ❝♦♥s❡q✉❡♥t❧②✱ S ✐s ❛ ❢❡❛s✐❜❧❡
s❡t ❛♥❞ ✇❡ ❤❛✈❡

ℓ1(M1,2) ≥ ||S|| = 4n+ 2α(G).

❚♦ ♣r♦✈❡ t❤❡ ♦t❤❡r ✐♥❡q✉❛❧✐t② ♦❢ Pr♦♣❡rt② ✺✳✺✱ t❤❛t ✐s

α(G) ≥
ℓ1(M1,2)− 4n

2
,

✇❡ ❝♦♥s✐❞❡r S✱ ❛ ♠❛①✐♠❛❧ ❢❡❛s✐❜❧❡ s❡t ♦❢ ♣r❡str✐♣s ♦❢M1,2✳ ❚❤❡♥ ||S|| = ℓ1(M1,2)✳
❲❡ ✜rst ❡♥✉♠❡r❛t❡ ❛♥❞ ♥❛♠❡ t❤❡ ❢❡❛s✐❜❧❡ s✉❜s❡ts ♦❢ γuv ✇✐t❤ t♦t❛❧ s✐③❡ ❛t ❧❡❛st ✺✱

❢♦r ❛♥② (u, v) ∈ E❈✳ ❚❤❡② ❛r❡✿

◆❛♠❡ ❙✉❜s❡t ❖✈❡r❧❛♣s ✇✐t❤
γ10uv

{〈

x3uv, x
4
uv

〉

,
〈

x5uv, x
6
uv

〉

,
〈

x8uv, x
9
uv

〉}

Y ❆

u , Y ❇

u

γ1auv
{〈

x5uv, x
6
uv, x

7
uv

〉

,
〈

x8uv, x
9
uv

〉}

Y ❆

u , Y ❇

u , Y ❆

v

γ1buv
{〈

x5uv, x
6
uv

〉

,
〈

x8uv, x
9
uv, x

10
uv

〉}

Y ❆

u , Y ❇

u , Y ❇

v

γ01uv
{〈

x1uv, x
2
uv

〉

,
〈

x6uv, x
7
uv

〉

,
〈

x9uv, x
10
uv

〉}

Y ❆

v , Y ❇

v

γa1uv
{〈

x5uv, x
6
uv, x

7
uv

〉

,
〈

x9uv, x
10
uv

〉}

Y ❆

u , Y ❆

v , Y ❇

v

γb1uv
{〈

x6uv, x
7
uv

〉

,
〈

x8uv, x
9
uv, x

10
uv

〉}

Y ❇

u , Y ❆

v , Y ❇

v

γ11uv
{〈

x5uv, x
6
uv, x

7
uv

〉

,
〈

x8uv, x
9
uv, x

10
uv

〉}

Y ❆

u , Y ❇

u , Y ❆

v , Y ❇

v

❚❤❡r❡ ✐s ♥♦ ❢❡❛s✐❜❧❡ s✉❜s❡t ♦❢ γuv ✇✐t❤ t♦t❛❧ s✐③❡ ✼ ♦r ♠♦r❡✳
❲❡ ❝♦♥str✉❝t ❛ ❢❡❛s✐❜❧❡ s❡t ♦❢ ♣r❡str✐♣s S ′ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❆❞❞ ❛❧❧ ♣r❡str✐♣s

♦❢ S ∩ Y t♦ S ′✳ ❚❤❡♥✱ ❢♦r ❛❧❧ (u, v) ∈ E❈✱ t❤r❡❡ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✿

❈❛s❡ ✶✳ ■❢ ||S ∩ γuv|| ≤ 4✱ ❛❞❞ γ00uv t♦ S ′✳

❈❛s❡ ✷✳ ■❢ S ∩ γuv ✐s γ01uv✱ γ
a1
uv✱ γ

b1
uv ♦r γ11uv✱ ❛❞❞ γ

01
uv t♦ S ′✳

❈❛s❡ ✸✳ ■❢ S ∩ γuv ✐s γ10uv✱ γ
1a
uv ♦r γ1buv✱ ❛❞❞ γ

10
uv t♦ S ′✳

◆♦t❡ t❤❛t ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❤❛✈❡ ♦✈❡r❧❛♣♣✐♥❣ ♣r❡str✐♣s ✐♥ S ′ ❛❢t❡r t❤❡s❡ st❡♣s✿ ✐♥
❝❛s❡ ✶✱ ❜❡❝❛✉s❡ γ00uv =

〈

x1uv, x
2
uv, x

3
uv, x

4
uv

〉

❞♦❡s ♥♦t ♦✈❡r❧❛♣ ✇✐t❤ ❛♥② ♣r❡str✐♣ ❡①❝❡♣t
✐♥ γuv✳ ■♥ ❝❛s❡ ✷✱ t❤❡ ♣r❡str✐♣s ✐♥ γ01uv ♦✈❡r❧❛♣ ✇✐t❤ Y ❆

v ❛♥❞ Y ❇

v ✱ ❜✉t ✐t ✐s ❛❧s♦ t❤❡
❝❛s❡ ♦❢ t❤❡ s❡ts γa1uv✱ γ

b1
uv ❛♥❞ γ11uv✿ ♥❡✐t❤❡r Y

❆

v ♥♦r Y ❇

v ❜❡❧♦♥❣s t♦ S ✭❛♥❞ t❤❡② ❞♦ ♥♦t
❜❡❧♦♥❣ t♦ S ′✮✳ ❆♥❞ ✐♥ ❝❛s❡ ✸✱ t❤❡ ♣r❡str✐♣s ✐♥ γ10uv ♦✈❡r❧❛♣ ✇✐t❤ Y ❆

u ❛♥❞ Y ❇

u ✱ ❜✉t ✐t ✐s
❛❧s♦ t❤❡ ❝❛s❡ ❢♦r t❤❡ s❡ts γ1auv ❛♥❞ γ1buv✿ ♥❡✐t❤❡r Y

❆

u ♥♦r Y ❇

u ❜❡❧♦♥❣s t♦ S ✭♥♦r S ′✮✳
❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❤❛✈❡ ❛ s❡t S ′ ✇❤✐❝❤ ✐s ❢❡❛s✐❜❧❡ ❛♥❞ t❤❛t s❛t✐s✜❡s ||S ′|| ≥ ||S||✿

✐♥❞❡❡❞✱ ❡❛❝❤ t✐♠❡ ✇❡ ❞♦ ♥♦t ❞✐r❡❝t❧② ✐♥❝❧✉❞❡ ❛ s✉❜s❡t ♦❢ S✱ ✇❡ ✐♥❝❧✉❞❡ ❛ s❡t ♦❢
♣r❡str✐♣s ✇✐t❤ ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦t❛❧ s✐③❡✳ ❍❡♥❝❡✱ ||S ′|| = ℓ1(M1,2)✳

❲❡ ♥♦✇ ❝r❡❛t❡ ❛ ✜rst s❡t ♦❢ ✈❡rt✐❝❡s X1 ⊆ V ❢r♦♠ S ′ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝✲
t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❙t❛rt ✇✐t❤ X1 = ∅✱ ❛♥❞ ❢♦r ❛❧❧ (u, v) ∈ E❈✿

✕ ■❢ S ′ ∩ γuv = γ00uv✱ ❞♦ ♥♦t❤✐♥❣✳
✕ ■❢ S ′ ∩ γuv = γ10uv✱ ❛❞❞ u t♦ X1✳
✕ ■❢ S ′ ∩ γuv = γ01uv✱ ❛❞❞ v t♦ X1✳
❚✇♦ ✐♥t❡r❡st✐♥❣ r❡♠❛r❦s ❝❛♥ ❜❡ ♠❛❞❡ ❛❜♦✉t X1✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❛❜♦✉t ✐ts

❝❛r❞✐♥❛❧✐t②✿ s✐♥❝❡ ||γ00uv|| = 4 ❛♥❞ ||γ01uv|| = ||γ
10
uv|| = 6✱ t❤❡♥

|X1| =
∑

(u,v)∈E❈

||S ′ ∩ γuv|| − 4

2
.

❚❤❡ ♦t❤❡r r❡♠❛r❦ ✐s t❤❛t✱ ✐❢ u ∈ X1✱ t❤❡♥ Y ❆

u , Y
❇

u /∈ S ′✿ ✐♥❞❡❡❞✱ ❧❡t v ❜❡ t❤❡ ✈❡rt❡①
s✉❝❤ t❤❛t (u, v) ∈ E❈ ✭t❤❡ ❝❛s❡ (v, u) ∈ E❈ ✐s s✐♠✐❧❛r✮✳ ❙✐♥❝❡ u ∈ X1✱ γ10uv ⊆ S

′✿ t❤❡
♣r❡str✐♣s ✐♥ γ10uv ♦✈❡r❧❛♣ Y ❆

u ❛♥❞ Y ❇

u ✱ s♦ ♥♦♥❡ ♦❢ t❤❡♠ ✐s ✐♥ S ′✳
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◆♦t❡ t❤❛t X1 ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥❞❡♣❡♥❞❡♥t ✭✇❡ ♦♥❧② ❦♥♦✇ t❤❛t ❢♦r ❡✈❡r② ❡❞❣❡
(u, v) ∈ E❈✱ u ❛♥❞ v ❝❛♥♥♦t ❜♦t❤ ❜❡ ✐♥ X1✮✳ ■❢ ❛♥ ❡❞❣❡ (u, v) ∈ E❆ ∪ E❇ ✐s s✉❝❤
t❤❛t u, v ∈ X1✱ ✇❡ ❝❛❧❧ ✐t ❛ ❜❛❞ ❡❞❣❡✳ ❲❡ ❝❛❧❧ nb t❤❡ ♥✉♠❜❡r ♦❢ ❜❛❞ ❡❞❣❡s✱ ❛♥❞ ❢♦r
❡❛❝❤ ❜❛❞ ❡❞❣❡ ✇❡ ❛r❜✐tr❛r✐❧② r❡♠♦✈❡ ♦♥❡ ♦❢ ✐ts ❡♥❞ ✈❡rt✐❝❡s ❢r♦♠ X1✳ ❚❤❡ r❡s✉❧t ✐s
❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t X ✇✐t❤ ❝❛r❞✐♥❛❧✐t②

|X| = |X1| − nb .

❇② t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦ ❛❜♦✉t X1✱ ✇❡ ❦♥♦✇ t❤❛t ✐❢ (u, v) ∈ E❆ ✐s ❛ ❜❛❞ ❡❞❣❡✱
t❤❡♥ ♥❡✐t❤❡r Y ❆

u ♥♦r Y ❆

v ❜❡❧♦♥❣s t♦ S ′✳ ■♥ ❛♥② ♦t❤❡r ❝❛s❡✱ ❛t ♠♦st ♦♥❡ ♦❢ Y ❆

u ❛♥❞ Y ❆

v

❜❡❧♦♥❣s t♦ S ′✱ s✐♥❝❡ t❤❡② ♦✈❡r❧❛♣ ✐♥M1✳ ❆♥❞ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ s❛♠❡ ♦❝❝✉rs
✇✐t❤ ❡❞❣❡s ♦❢ E❇✱ t❤✉s t❤❡ ♥✉♠❜❡r ♦❢ ♣r❡str✐♣s ✐♥ S ′∩Y ✐s ❛t ♠♦st |E❆|+ |E❇|−nb✳

❲❡ ❤❛✈❡✿

||S ′|| = ||S ′ ∩ Y||+
∑

(u,v)∈E❈

||S ′ ∩ γuv||

= 2|S ′ ∩ Y|+
∑

(u,v)∈E❈

||S ′ ∩ γuv||

≤ 2(|E❆|+ |E❇| − nb) +
∑

(u,v)∈E❈

||S ′ ∩ γuv||

❍❡♥❝❡✱
∑

(u,v)∈E❈

||S ′ ∩ γuv|| ≥ ||S
′|| − 2(n− nb)

❋✐♥❛❧❧②✱

α(G) ≥ |X|

=

(

∑

(u,v)∈E❈

||S ′ ∩ γuv|| − 4

2

)

− nb

≥
||S ′|| − 2(n− nb)− 4|E❈|

2
− nb

=
||S ′|| − 4n

2

=
ℓ1(M1,2)− 4n

2

❚❤✐s ❧❛st ✐♥❡q✉❛❧✐t② ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣❡rt② ✺✳✺✳

Pr♦♦❢ ✭♦❢ ❚❤❡♦r❡♠ ✺✳✹✮✳ ❚❤❡ ❛❜♦✈❡ ♣r♦♣❡rt② ❞✐r❡❝t❧② ✐♠♣❧✐❡s t❤❛t ♦✉r ❝♦♥str✉❝t✐♦♥
✭✇❤✐❝❤ ❝❛♥ ❝❧❡❛r❧② ❜❡ ❛❝❤✐❡✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✮ ❧❡❛❞s t♦ ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ ❈P✷❈✲
▼■❙ t♦ ✶✲❣❛♣✲▼❙❘✱ ✇❤✐❝❤ ♣r♦✈❡s ❚❤❡♦r❡♠ ✺✳✹✳

✺✳✷✳✸ δ✲❣❛♣✲▼❙❘ ■s ❆P❳✲❤❛r❞ ❢♦r δ ≥ 2

❚❤❡ δ✲❣❛♣✲▼❙❘ ♣r♦❜❧❡♠ ✐s ❦♥♦✇♥ t♦ ❜❡ ❆P❳✲❤❛r❞✱ ❜② ❡①t❡♥❞✐♥❣ t❤❡ ❆P❳✲
❤❛r❞♥❡ss ♣r♦♦❢ ❢♦r ▼❙❘ ❬✾✸❪✱ ✇❤✐❝❤ ✉s❡s ❛ r❡❞✉❝t✐♦♥ ❢r♦♠ ❛ ✈❛r✐❛♥t ♦❢ ❙❆❚✳ ❲❡
♣r❡s❡♥t ❤❡r❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢✱ ✉s✐♥❣ ❛ r❡❞✉❝t✐♦♥ ❜❛s❡❞ ♦♥ ❛ ❣r❛♣❤ ❛♣♣r♦❛❝❤✱
✇❤✐❝❤ ❧❡❛❞s t♦ ❛ s♦♠❡✇❤❛t ❧❛r❣❡r ✐♥❛♣♣r♦①✐♠❛❜✐❧✐t② ❧♦✇❡r ❜♦✉♥❞✿ ✶✳✵✶✵✻✸✽✷ ✐♥st❡❛❞
♦❢ ✶✳✵✵✵✻✷✺✳



✺✳✷✳ ❍❆❘❉◆❊❙❙ ❘❊❙❯▲❚❙ ✶✸✶

❚❤❡♦r❡♠ ✺✳✻✳ δ✲❣❛♣✲▼❙❘ ✐s ❆P❳✲❤❛r❞ ❢♦r ❛♥② δ ≥ 2✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ✐s ◆P✲❤❛r❞
t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤✐♥ 95/94 ≃ 1.0106382✳

❚♦ ♣r♦✈❡ t❤✐s t❤❡♦r❡♠✱ ✇❡ ♣r❡s❡♥t ❛♥ ▲✲r❡❞✉❝t✐♦♥ t♦ ✷✲❣❛♣✲▼❙❘ ❢r♦♠ t❤❡ ✈❛r✐✲
❛♥t ♦❢ ▼❛①✐♠✉♠ ■♥❞❡♣❡♥❞❡♥t ❙❡t r❡str✐❝t❡❞ t♦ ❝✉❜✐❝ ❣r❛♣❤s✱ ✭✸✲▼■❙✱ s❡❡ ❙❡❝✲
t✐♦♥ ✺✳✶✳✷✮✳ ❯s✐♥❣ ❚❤❡♦r❡♠ ✺✳✸✱ t❤❡ ❆P❳✲❤❛r❞♥❡ss ✐s ❡①t❡♥❞❡❞ t♦ δ✲❣❛♣✲▼❙❘ ❢♦r
❛♥② δ ≥ 2✳

●✐✈❡♥ ❛ ❝✉❜✐❝ ❣r❛♣❤ G = (V, E)✱ ♦✉r r❡❞✉❝t✐♦♥ ❝♦♥s✐sts ✐♥ ❝♦♥str✉❝t✐♥❣ t✇♦
❣❡♥♦♠✐❝ ♠❛♣s M1,2✱ ❤❛✈✐♥❣ ♣r♦♣❡rt✐❡s P✶✱ P✷ ❛♥❞ P✸ ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✱ ✇❤❡r❡ Ω
❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❛❧❧ δ✲♣r❡str✐♣s ♦❢M1,2✿

P✶✳ ❚❤❡r❡ ❡①✐sts ❛ ❜✐❥❡❝t✐♦♥ Φ ❜❡t✇❡❡♥ V ❛♥❞ Ω
P✷✳ ❊✈❡r② ♣r❡str✐♣ ✐♥ Ω ❤❛s ❧❡♥❣t❤ ✷
P✸✳ ❚✇♦ ♣r❡str✐♣s σ1 ❛♥❞ σ2 ♦❢ Ω ❛r❡ ♦✈❡r❧❛♣♣✐♥❣ ✐✛ (Φ−1(σ1),Φ

−1(σ2)) ∈ E
▲❡t Pk ❞❡♥♦t❡ t❤❡ ♣❛t❤ ❣r❛♣❤ ✇✐t❤ k ✈❡rt✐❝❡s✳

▲❡♠♠❛ ✺✳✼✳ ●✐✈❡♥ ❛ ❝✉❜✐❝ ❣r❛♣❤ G = (V,E)✱ ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ ✐♥ ♣♦❧②♥♦♠✐❛❧
t✐♠❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ E ✐♥t♦ t✇♦ ❝❧❛ss❡s E❇ ❛♥❞ E❲ ✭❢♦r ✏❇❧❛❝❦✑ ❛♥❞ ✏❲❤✐t❡✑ ❡❞❣❡s✮✱
s✉❝❤ t❤❛t ✭✶✮ ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ (V,E❇) ✭❝❛❧❧❡❞ ✏❜❧❛❝❦ ❝♦♠♣♦♥❡♥t✑✮ ✐s
✐s♦♠♦r♣❤✐❝ t♦ ❛ ♣❛t❤ ❣r❛♣❤ ✱ ❛♥❞ ✭✷✮ ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ (V,E❲) ✭❝❛❧❧❡❞
✏✇❤✐t❡ ❝♦♠♣♦♥❡♥t✑✮ ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ♣❛t❤ ❣r❛♣❤ Pk ❢♦r s♦♠❡ k ≤ 4✳

Pr♦♦❢✳ ●✐✈❡♥ ❛ ❝✉❜✐❝ ❣r❛♣❤ G = (V,E)✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛
❜✐♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❡❞❣❡s E = E❇∪E❲ s✉❝❤ t❤❛t ❜♦t❤ (V,E❇) ❛♥❞ (V,E❲) ❛r❡ ❧✐♥❡❛r
❢♦r❡sts ✭✐✳❡✳ ❛❝②❝❧✐❝ ❣r❛♣❤s ♦❢ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ✷✱ s❡❡ ❬✷❪✮✳ ❆t t❤✐s ♣♦✐♥t ❡✈❡r② ❜❧❛❝❦
❛♥❞ ✇❤✐t❡ ❝♦♠♣♦♥❡♥t ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ♣❛t❤✳

❙✉♣♣♦s❡ t❤❡r❡ ❡①✐st ✺ ✈❡rt✐❝❡s a, b, c, d, e s✉❝❤ t❤❛t ❡❞❣❡s (a, b)✱ (b, c)✱ (c, d)✱ (d, e)
❛r❡ ✇❤✐t❡✳ ❲❡ ❞❡❞✉❝❡ t❤❛t b✱ c ❛♥❞ d ❝❛♥♥♦t ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❜❧❛❝❦ ❝♦♠♣♦♥❡♥t
✭t❤❡② ❛r❡ t❤r❡❡ ❞✐✛❡r❡♥t ❞❡❣r❡❡✲✶ ✈❡rt✐❝❡s ♦❢ (V,E❇)✱ ❛♥❞ ❛ ♣❛t❤ ❣r❛♣❤ ❤❛s ♦♥❧②
✷ ✈❡rt✐❝❡s ♦❢ ❞❡❣r❡❡ ✶✮✳ ❚❤❡♥ ❡✐t❤❡r b ❛♥❞ c✱ ♦r c ❛♥❞ d✱ ❛r❡ ✐♥ ❞✐✛❡r❡♥t ❜❧❛❝❦
❝♦♠♣♦♥❡♥ts✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❝❛♥ s✇✐t❝❤ t❤❡ ❝♦❧♦r ♦❢ (b, c) ❢r♦♠ ✇❤✐t❡ t♦ ❜❧❛❝❦✱
❛♥❞ ✇❡ ❝❛♥ s✇✐t❝❤ (c, d) ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✳ ❚❤❡ r❡s✉❧t ✐s t❤❛t (V,E❇) ❛♥❞ (V,E❲)
❛r❡ st✐❧❧ ❧✐♥❡❛r ❢♦r❡sts✱ ❛♥❞ ✇❡ ❤❛✈❡ str✐❝t❧② r❡❞✉❝❡❞ t❤❡ s✐③❡ ♦❢ ❛ ✇❤✐t❡ ❝♦♠♣♦♥❡♥t✳
❲❡ ❝❛♥ ❛♣♣❧② t❤✐s ♣r♦❝❡ss ✉♥t✐❧ ♥♦ ✇❤✐t❡ ❝♦♠♣♦♥❡♥t ✐s ❧♦♥❣❡r t❤❛♥ P4✿ ▲❡♠♠❛ ✺✳✼
✐s ♣r♦✈❡❞✳

❚❤❡ ✜rst st❡♣ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ❢r♦♠ ✸✲▼■❙ t♦ ✷✲❣❛♣✲▼❙❘ ✐s t♦ ❝♦♠♣✉t❡ ❛ ♣❛rt✐✲
t✐♦♥ ♦❢ E ✐♥t♦ t✇♦ ❝❧❛ss❡s E❇ ❛♥❞ E❲ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✺✳✼✳ ❲❡ t❤❡♥ ❝♦♥str✉❝t
t✇♦ ❣❡♥♦♠✐❝ ♠❛♣sM1,2✱ s❛t✐s❢②✐♥❣ ♣r♦♣❡rt✐❡s P✶✱ P✷ ❛♥❞ P✸✳ ▼♦r❡♦✈❡r✱ ✐♥❝♦♠♣❛t✲
✐❜✐❧✐t✐❡s ✐♥M1 ✭r❡s♣✳ M2✮ ✇✐❧❧ ❝♦rr❡s♣♦♥❞ t♦ ❜❧❛❝❦ ✭r❡s♣✳ ✇❤✐t❡✮ ❡❞❣❡s✳ ❲❡ ❜❡❣✐♥
❜② ❛ss✐❣♥✐♥❣ ❛ ❞✐✛❡r❡♥t ♣❛✐r ♦❢ ✐♥t❡❣❡rs (xa, x′a) t♦ ❡✈❡r② ✈❡rt❡① a ∈ V (G)❀ ✇❡ ✇r✐t❡
Φ(a) =

〈

xa, x
′
a

〉

✳
❚❤❡♥✱ ❢♦r ❡✈❡r② ❜❧❛❝❦ ❝♦♠♣♦♥❡♥t Bi ♦❢ ♦r❞❡r k✱ ❧❡t V (Bi) = {ah | 1 ≤ h ≤ k}

❛♥❞ ❧❡t (ah, ah+1) ∈ E❇ ❢♦r 1 ≤ h < k❀ ✇❡ ❝♦♥str✉❝t t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ✭s❡❡
❋✐❣✉r❡ ✺✳✷✮✿

Ii =
〈

xa1 ,×, xa2 , x
′
a1
, . . . , xah , x

′
ah−1

, xah+1
, x′ah , . . . , xak , x

′
ak−1

,×, x′ak
〉

❚❤❡ ❢✉❧❧ ❣❡♥♦♠✐❝ ♠❛♣M1 ✐s ❣✐✈❡♥ ❜②M1 =
〈

I1,×
3, I2,×

3, . . .
〉

✳
❋♦rM2✱ ✇❡ ✉s❡ ❛ s✐♠✐❧❛r ❝♦♥str✉❝t✐♦♥✱ ❜✉t ✇❡ ♥❡❡❞ t♦ t❛❦❡ t❤❡ r❡✈❡rs❡❞ ♦♣♣♦s✐t❡

♦❢ s♦♠❡ s✉❜s❡q✉❡♥❝❡s t♦ ❛✈♦✐❞ ❝r❡❛t✐♥❣ ✉♥❞❡s✐r❡❞ ♣r❡str✐♣s✳ ❋♦r ❛ ✇❤✐t❡ ❝♦♠♣♦♥❡♥t



✶✸✷ ❈❍❆P❚❊❘ ✺✳ ▼❆❳■▼❆▲ ❙❚❘■P ❘❊❈❖❱❊❘❨

a1
a2

a3
a4

a5
a6

Φ(a1) Φ(a2) Φ(a3) Φ(a4) Φ(a5) Φ(a6)

〈xa1
,×, xa2

, x′

a1
, xa3

, x′

a2
, xa4

, x′

a3
, xa5

, x′

a4
, xa6

, x′

a5
,×, x′

a6
〉

❋✐❣✉r❡ ✺✳✷✿ ❚r❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛ ❜❧❛❝❦ ❝♦♠♣♦♥❡♥t Bi ✭t♦♣✮ ✐♥t♦ t❤❡ s❡q✉❡♥❝❡ Ii
✭❜♦tt♦♠✮✳

Wj ❤❛✈✐♥❣ ✹ ✈❡rt✐❝❡s✱ s❛② a, b, c ❛♥❞ d ✇✐t❤ (a, b), (b, c), (c, d) ∈ E❲✱ ✇❡ ❝r❡❛t❡ t❤❡
❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡✿

Jj =
〈

xa,×, xb, x
′
a,−x

′
c, x

′
b,−x

′
d,−xc,×,−xd

〉

.

■❢ Wj ✐s ♦❢ ♦r❞❡r t❤r❡❡ ✭r❡s♣✳ t✇♦✮✱ ✇❡ r❡♠♦✈❡ t❤❡ ❡①tr❛ ❡❧❡♠❡♥ts ❢r♦♠ Jj✱ ✐✳❡✳
✇❡ ♦❜t❛✐♥ Jj =

〈

xa,×, xb, x
′
a,−x

′
c, x

′
b,×,−xc

〉

✭r❡s♣✳ Jj =
〈

xa,×, xb, x
′
a,×, x

′
b

〉

✮✳
❋✐♥❛❧❧②✱M2 ✐s ❝r❡❛t❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛sM1✿ M2 =

〈

J1,×
3, J2,×

3, . . .
〉

✳

▲❡♠♠❛ ✺✳✽✳ ❚❤❡ s❡t Ω ♦❢ t❤❡ ✷✲♣r❡str✐♣s ♦❢ M1,2 ✐s ❡①❛❝t❧② {Φ(a) | a ∈ V }✳
▼♦r❡♦✈❡r✱ Φ(a) ❛♥❞ Φ(b) ♦✈❡r❧❛♣ ✐♥M1 ✐✛ (a, b) ∈ E❇✱ ❛♥❞ Φ(a) ❛♥❞ Φ(b) ♦✈❡r❧❛♣
✐♥M2 ✐✛ (a, b) ∈ E❲✳

Pr♦♦❢✳ ❙✉♣♣♦s❡✱ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❛t ❛ ♣r❡str✐♣ ♦❢ Ω ❝♦♥t❛✐♥s ♠❛r❦❡rs ❝♦rr❡s♣♦♥❞✲
✐♥❣ t♦ t✇♦ ❞✐✛❡r❡♥t ✈❡rt✐❝❡s u ❛♥❞ v✿ t❤❡♥ t❤❡r❡ ❡①✐sts σ ∈ Ω s✉❝❤ t❤❛t σ =

〈

σ1, σ2
〉

✱
✇✐t❤ σ1 ∈ {xu, x′u} ❛♥❞ σ2 ∈ {xv, x

′
v}✳

❋✐rst ♥♦t❡ t❤❛t σ1 ❛♥❞ σ2 ❛♣♣❡❛r ✇✐t❤ t❤❡ s❛♠❡ ♦r✐❡♥t❛t✐♦♥✱ s✐♥❝❡ ❡✈❡r② ❡❧❡♠❡♥t
♦❢ M1 ✐s ♣♦s✐t✐✈❡✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❣❛♣ ❝♦♥❞✐t✐♦♥✱ ❜♦t❤ ❡❧❡♠❡♥ts ♠✉st ❛♣♣❡❛r ✐♥
t❤❡ s❛♠❡ Ii ✐♥ M1✱ ❛♥❞ ✐♥ t❤❡ s❛♠❡ Jj ✐♥ M2✳ ■♥ Jj✱ t❤❡ ♠❛r❦❡rs ✇✐t❤ ❛ ♣♦s✐t✐✈❡
♦r✐❡♥t❛t✐♦♥ ❝♦♠❡ ❢r♦♠ t❤❡ t✇♦ ♣r❡str✐♣s ❛ss♦❝✐❛t❡❞ t♦ ✈❡rt✐❝❡s ✭❝❛❧❧❡❞ a ❛♥❞ b ✐♥ t❤❡
❝♦♥str✉❝t✐♦♥✮ ❧✐♥❦❡❞ ❜② ❛ ✇❤✐t❡ ❡❞❣❡✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ♥❡❣❛t✐✈❡ ♠❛r❦❡rs ❝♦♠❡ ❢r♦♠ t✇♦
✈❡rt✐❝❡s c ❛♥❞ d ✇✐t❤ (c, d) ∈ E❲✳ ❙♦✱ ✇❤❛t❡✈❡r t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ σ ✐♥ M2✱ t❤❡r❡
♠✉st ❜❡ ❛♥ ❡❞❣❡ (u, v) ∈ E❲✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤✐s ❡❞❣❡ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ E❇✳

❲❡ ❧♦♦❦ ❛t t❤❡ s✉❜s❡q✉❡♥❝❡s ✐♥ Ii ✇✐t❤ ❣❛♣ ❛t ♠♦st ✷ ✇❤✐❝❤ ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛♥②
♣❡❣ ♠❛r❦❡r✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥✱ t❤❡② ❛r❡ ♦❢ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❦✐♥❞s✿

✶✳
〈

xah , x
′
ah−1

〉

✷✳
〈

xah , xah+1

〉

✸✳
〈

xah , x
′
ah

〉

✹✳
〈

x′ah , xah+2

〉

✺✳
〈

x′ah , x
′
ah+1

〉

✻✳
〈

x′ah , xah+3

〉

■❢ ✇❡ ✇r✐t❡ u = ah✱ t❤❡♥ v ❝❛♥ ❜❡ ♥♦♥❡ ♦❢ ah−1✱ ah ♦r ah+1✱ s✐♥❝❡ u 6= v ❛♥❞
(u, v) /∈ E❇✳ ❖♥❧② ♣♦ss✐❜✐❧✐t✐❡s ✹✳ ❛♥❞ ✻✳ r❡♠❛✐♥✱ t❤❛t ✐s ❛ ♣r❡str✐♣ ♦❢ t❤❡ ❢♦r♠
σ =

〈

x′u, xv
〉

✳ ❍♦✇❡✈❡r t❤✐s ❦✐♥❞ ♦❢ ♣r❡str✐♣ ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ Jj✱ t❤✉s ✇❡ ❤❛✈❡
♣r♦✈❡❞ t❤❛t ❡❛❝❤ ♣r❡str✐♣ ♦❢M1,2 ✐s ❡✐t❤❡r ♦❢ t❤❡ ❦✐♥❞

〈

xu, x
′
u

〉

♦r
〈

x′u, xu
〉

✳ ▼♦r❡♦✈❡r✱



✺✳✷✳ ❍❆❘❉◆❊❙❙ ❘❊❙❯▲❚❙ ✶✸✸

❢♦r ❛♥② u ∈ V ✱
〈

x′u, xu
〉

✐s ♥♦t ❛ s✉❜s❡q✉❡♥❝❡ ♦❢M1 ♥♦rM2✱ t❤✉s ❡❛❝❤ ♣r❡str✐♣ ♦❢
Ω ❝❛♥ ❜❡ ✇r✐tt❡♥

〈

xu, x
′
u

〉

= Φ(u) ✇✐t❤ u ∈ V ✳
❈♦♥✈❡rs❡❧②✱ ❢♦r ❡✈❡r② a ∈ V ✱

〈

xa, x
′
a

〉

✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ M1 ✇✐t❤ ❣❛♣ ✷✱ ❛♥❞
❡✐t❤❡r

〈

xa, x
′
a

〉

♦r
〈

−x′a,−xa
〉

✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ M2 ✇✐t❤ ❣❛♣ ✷✳ ❙♦ Φ(a) ✐s ❛
✷✲♣r❡str✐♣ ♦❢M1,2✿ ✐t ❜❡❧♦♥❣s t♦ Ω✳

❋✐♥❛❧❧②✱ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ▲❡♠♠❛ ✺✳✽ ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
s❡q✉❡♥❝❡sM1 ❛♥❞M2✳

❚❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✺✳✽ ✐s t❤❛t M1,2 s❛t✐s✜❡s t❤❡ t❤r❡❡ ♣r♦♣❡rt✐❡s P✶✱
P✷ ❛♥❞ P✸ ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❚❤❡ r❡❞✉❝t✐♦♥ ✇❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ✐s ❛♥ ▲✲r❡❞✉❝t✐♦♥ ❢r♦♠
✸✲▼■❙ t♦ ✷✲❣❛♣✲▼❙❘ ✭s❡❡ ■♥tr♦❞✉❝t✐♦♥✱ ♣❛❣❡ ✽✮✱ ✇✐t❤ ❝♦❡✣❝✐❡♥ts α = 2 ❛♥❞ β =
1/2✳ ■♥❞❡❡❞✱ Φ tr❛♥s❢♦r♠s ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ ❝❛r❞✐♥❛❧✐t② k ✐♥t♦ ❛ ❢❡❛s✐❜❧❡ s❡t
♦❢ ♣r❡str✐♣s ♦❢ t♦t❛❧ s✐③❡ ℓ = 2k✱ ❛♥❞ Φ−1 ❞♦❡s t❤❡ r❡✈❡rs❡ ♦♣❡r❛t✐♦♥✳ ❲❡ ❝♦♥❝❧✉❞❡
t❤❛t ✷✲❣❛♣✲▼❙❘ ❛♥❞✱ ❜② ❚❤❡♦r❡♠ ✺✳✸✱ δ✲❣❛♣✲▼❙❘ ❢♦r δ ≥ 2 ✐s ❆P❳✲❤❛r❞✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ t❤❡s❡ ♣r♦❜❧❡♠s ❛r❡✱ ❧✐❦❡ ✸✲▼■❙✱ ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤✐♥ 95/94✳
❚❤✉s ❚❤❡♦r❡♠ ✺✳✻ ✐s ♣r♦✈❡❞✳

✺✳✷✳✹ δ✲❣❛♣✲▼❙❘✲❉❯ ■s ❆P❳✲❤❛r❞✱ ❢♦r ❆❧❧ δ

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ✈❛r✐❛♥t ♦❢ ▼❙❘ ❛❧❧♦✇✐♥❣ ❞✉♣❧✐❝❛t❡s ✐♥ t❤❡ ✐♥✲
♣✉t s❡q✉❡♥❝❡s✳ ❚❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ♠✉❝❤ ❤❛r❞❡r✱ ❡✈❡♥ ✇✐t❤ ❛ ✵✲❣❛♣ ❝♦♥str❛✐♥t✳
❚❤❡ ✵✲❣❛♣✲▼❙❘✲❉❯ s❤❛r❡s s✐♠✐❧❛r✐t✐❡s t❤❡ ▼✐♥✐♠✉♠ ❈♦♠♠♦♥ ❙tr✐♥❣ P❛rt✐✲
t✐♦♥ ♣r♦❜❧❡♠ ✭▼❈❙P✱ s❡❡ ❈❤❛♣t❡r ✹✮✳ ❇♦t❤ ♣r♦❜❧❡♠s ❞❡❛❧ ✇✐t❤ t✇♦ s❡q✉❡♥❝❡s ✇✐t❤
❞✉♣❧✐❝❛t❡s✱ ❛♥❞ ❛✐♠ ❛t ♠❛t❝❤✐♥❣ ♠❛r❦❡rs ✐♥ ♦r❞❡r t♦ r❡❝♦♥str✉❝t ❝♦♠♠♦♥ str✐♣s✳
❍♦✇❡✈❡r✱ t❤❡② ❞✐✛❡r ❜♦t❤ ✐♥ t❤❡ ✐♥♣✉t s❡q✉❡♥❝❡s ❛♥❞ ✐♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❢✉♥❝t✐♦♥✳
■♥❞❡❡❞✱ ❡❛❝❤ ♠❛r❦❡r ✐♥ ❛♥ ▼❈❙P ✐♥st❛♥❝❡ s❤♦✉❧❞ ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉r✲
r❡♥❝❡s ✐♥ ❜♦t❤ s❡q✉❡♥❝❡s✱ ✇❤✐❝❤ ✐s ♥♦t ♥❡❝❡ss❛r② ✐♥ ▼❙❘✲❉❯✳ ▼♦r❡♦✈❡r✱ ✐♥ ▼❈❙P✱
♦♥❡ ✇❛♥ts t♦ ❝r❡❛t❡ ❛ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ str✐♣s✱ ✉s✐♥❣ ❧❡♥❣t❤✲✶ str✐♣s ✐❢ ♥❡❝❡ss❛r②
✭❛♥❞ ❛❧❧ ❡❧❡♠❡♥ts ❛r❡ ❝♦✈❡r❡❞✮✱ ✇❤✐❧❡ ✐♥ ▼❙❘✲❉❯ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ❝♦✈❡r❡❞
❜② t❤❡ str✐♣s ✭❡❛❝❤ str✐♣ ❤❛✈✐♥❣ ❧❡♥❣t❤ ❛t ❧❡❛st ✷✮ ❤❛s t♦ ❜❡ ♠❛①✐♠✐③❡❞✳

❚❤❡♦r❡♠ ✺✳✾✳ δ✲❣❛♣✲▼❙❘✲❉❯ ✐s ❆P❳✲❤❛r❞ ❢♦r ❛♥② δ ≥ 0✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t
✐s ◆P✲❤❛r❞ t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤✐♥ 8649/8648 ≃ 1.000115 ❢♦r δ = 0, 1✱ ❛♥❞ ✇✐t❤✐♥
95/94 ≃ 1.0106382 ❢♦r δ ≥ 2✳

❲❡ ♥♦t❡ t❤❛t ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ♦♥❧② ✵✲❣❛♣✲▼❙❘✲❉❯ s✐♥❝❡ ❆P❳✲❤❛r❞♥❡ss ♦❢
δ✲❣❛♣✲▼❙❘✲❉❯ ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ ❆P❳✲❤❛r❞♥❡ss ♦❢ ✵✲❣❛♣✲▼❙❘✲❉❯ ✭s❡❡ ❚❤❡♦✲
r❡♠ ✺✳✸✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ✐♥❛♣♣r♦①✐♠❛❜✐❧✐t② ❜♦✉♥❞ ❢♦r δ ≥ 2 ✐s ❞✐r❡❝t❧② ❞❡❞✉❝❡❞ ❢r♦♠
❚❤❡♦r❡♠ ✺✳✻✳

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✉s❡ ❛♥ ▲✲r❡❞✉❝t✐♦♥ ❢r♦♠ ✸✲▼■❙✱ t❤❡ ✈❛r✐❛♥t ♦❢
▼❛①✐♠✉♠ ■♥❞❡♣❡♥❞❡♥t ❙❡t r❡str✐❝t❡❞ t♦ ❝✉❜✐❝ ❣r❛♣❤s✳

❚❤✐s ▲✲r❡❞✉❝t✐♦♥ ✐s ❞♦♥❡ ✐♥ t✇♦ st❡♣s✳ ❋✐rst✱ ✇❡ tr❛♥s❢♦r♠ t❤❡ ✐♥♣✉t ❣r❛♣❤ s✉❝❤
t❤❛t ✐t ❛❞♠✐ts ❛ ♣❛rt✐t✐♦♥ ♦❢ ✐ts ❡❞❣❡s ❛♥❞ ❛ ❧❛❜❡❧✐♥❣ ♦❢ ✐ts ✈❡rt✐❝❡s ✇✐t❤ ❣♦♦❞ ♣r♦♣✲
❡rt✐❡s ✭s❡❡ ❜❡❧♦✇ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡✜♥✐t✐♦♥s✮✳ ❚❤❡♥✱ ✉s✐♥❣ t❤✐s ♣❛rt✐t✐♦♥ ❛♥❞
❧❛❜❡❧✐♥❣✱ ✇❡ ❝❛♥ ❝r❡❛t❡ ❛♥ ✐♥st❛♥❝❡ ♦❢ ✵✲❣❛♣✲▼❙❘✲❉❯ ✇❤✐❝❤ s✐♠✉❧❛t❡s t❤❡ ❜❡❤❛✈✲
✐♦r ♦❢ ✸✲▼■❙✳ ❋✐♥❛❧❧②✱ ▲❡♠♠❛ ✺✳✶✻ ❣✐✈❡s t❤❡ ✇❤♦❧❡ ▲✲r❡❞✉❝t✐♦♥ ❢r♦♠ t❤❡ ❆P❳✲❤❛r❞
♣r♦❜❧❡♠ ✸✲▼■❙ ❬✸❪ t♦ ✵✲❣❛♣✲▼❙❘✲❉❯✱ ✇❤✐❝❤ ❛❝❤✐❡✈❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✾✳

❚❤❡ ✜rst tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ ❞❡✜♥❡s ❛♥ ♦r✐❡♥t❡❞ ❣r❛♣❤✱ ❢♦r ✇❤✐❝❤ ✇❡
✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s✳ ■❢ G = (V,A) ✐s ❛ ❧♦♦♣❧❡ss ♦r✐❡♥t❡❞ ❣r❛♣❤✱ a = (u, v) ∈
A ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛r❝ ❢r♦♠ u t♦ v✱ ♦❢ ✇❤✐❝❤ u ✐s t❤❡ s♦✉r❝❡✱ ❛♥❞ v t❤❡ t❛r❣❡t✳ ❚❤❡
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❞❡❣r❡❡ ♦❢ ❛ ✈❡rt❡① u ∈ V ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❛r❝s a ∈ A ♦❢ ✇❤✐❝❤ u ✐s t❤❡ s♦✉r❝❡ ♦r
t❤❡ t❛r❣❡t✳ ❆ s✉❜s❡t X ♦❢ V ✐s ✐♥❞❡♣❡♥❞❡♥t ✐❢ ❢♦r ❛❧❧ (u, v) ∈ A✱ X ❞♦❡s ♥♦t ❝♦♥t❛✐♥
❜♦t❤ u ❛♥❞ v✳

❉❡✜♥✐t✐♦♥ ✺✳✶ ✭●♦♦❞ ♣❛rt✐t✐♦♥✮✳ ▲❡t G = (V,A) ❜❡ ❛ ❧♦♦♣❧❡ss ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❲❡
s❛② t❤❛t A = A1 ∪ A2 ✐s ❛ ❣♦♦❞ ♣❛rt✐t✐♦♥ ♦❢ A ✐❢ ✭✐✮ A1 ∩ A2 = ∅✱ ✭✐✐✮ ❢♦r ❛♥②
p ∈ {1, 2} ❛♥❞ a, b ∈ Ap✱ a ❛♥❞ b ♥❡✐t❤❡r ❤❛✈❡ t❤❡ s❛♠❡ s♦✉r❝❡ ♥♦r t❤❡ s❛♠❡ t❛r❣❡t✱
❛♥❞ ✭✐✐✐✮ (V,A2) ❝♦♥t❛✐♥s ♥♦ ❝②❝❧❡✳

◆♦t❡ t❤❛t ✐❢ A = A1 ∪ A2 ✐s ❛ ❣♦♦❞ ♣❛rt✐t✐♦♥ ♦❢ G = (V,A)✱ t❤❡♥ ❡✈❡r② u ∈ V
❤❛s ❞❡❣r❡❡ ❛t ♠♦st t✇♦ ✐♥ (V,A1) ❛♥❞ ✐♥ (V,A2) ✭✉s✐♥❣ ❝♦♥❞✐t✐♦♥ ✐✐✮✳ ▼♦r❡♦✈❡r✱
✇✐t❤ ❝♦♥❞✐t✐♦♥ ✐✐✐✱ ✐❢ C ⊆ V ✐s ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤ ♦❢ (V,A2)✱ t❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ C = {u0, u1, . . . , uk}✱ s✉❝❤ t❤❛t t❤❡ ✈❡rt✐❝❡s
u0, u1, . . . , uk ❢♦r♠ ❛ ❞✐r❡❝t❡❞ ♣❛t❤✿ (ui, uj) ∈ A2 ⇔ j = i+ 1✳

❉❡✜♥✐t✐♦♥ ✺✳✷ ✭●♦♦❞ ❧❛❜❡❧✐♥❣✮✳ ▲❡t G = (V,A) ❜❡ ❛ ❧♦♦♣❧❡ss ❞✐r❡❝t❡❞ ❣r❛♣❤✱ Σ ❛
s❡t ♦❢ ❧❛❜❡❧s✱ ❛♥❞ φ : V → Σ × Σ✱ ✇❤❡r❡ ✇❡ ✇r✐t❡ φ(u) = (u1, u2) t❤❡ ✐♠❛❣❡ ♦❢ ❛
✈❡rt❡① u✳

❚❤❡♥ φ ✐s s❛✐❞ t♦ ❜❡ ❛ ❣♦♦❞ ❧❛❜❡❧✐♥❣ ♦❢ G ✐❢
✶✳ u1 6= u2 ❢♦r ❛❧❧ u ∈ V ✱
✷✳ (v1, v2) 6= φ(u) ❛♥❞ (v2, v1) 6= φ(u) ❢♦r ❛♥② u, v ∈ V s✉❝❤ t❤❛t u 6= v✱
✸✳ u2 = v1 ❢♦r (u, v) ∈ A✳

▲❡♠♠❛ ✺✳✶✵✳ ▲❡t G = (V,E) ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ✸✳ ❚❤❡♥
✇❡ ❝❛♥ ❝♦♠♣✉t❡✱ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✱ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G′ = (V ′, A′)✱ ❛ ❣♦♦❞ ♣❛rt✐t✐♦♥
A′ = A′

1 ∪ A
′
2 ♦❢ G′ ❛♥❞ ❛ ❣♦♦❞ ❧❛❜❡❧✐♥❣ φ ♦❢ G′ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

❛✳ |V ′| = |V |+ 2|E|✱ |A′| = 3|E|

❜✳ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ G′ ✐s ✸

❝✳ α(G′) ≥ α(G) + |E|

❞✳ ■❢ X ′ ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ G′✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t X ♦❢ G s✉❝❤
t❤❛t |X| ≥ |X ′| − |E| ✭❛♥❞ X ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✮✳

Pr♦♦❢✳ ❲❡ ✜rst ✉s❡ ❱✐③✐♥❣✬s t❤❡♦r❡♠ ✭s❡❡ ❬✶✵✹❪✮ t♦ ♦❜t❛✐♥ ❛ ✹✲❝♦❧♦r✐♥❣ ♦❢ t❤❡ ❡❞❣❡s
♦❢ (V,E)✱ t❤❛t ✐s ❛ ♣❛rt✐t✐♦♥ E = E1 ∪E2 ∪E3 ∪E4✱ s✉❝❤ t❤❛t t✇♦ ❡❞❣❡s ❛♣♣❡❛r✐♥❣
✐♥ t❤❡ s❛♠❡ Ei ❛r❡ ♥♦t ✐♥❝✐❞❡♥t✳

❚♦ ❝r❡❛t❡ φ✱ ✇❡ ♥❡❡❞ ❛ ♥✉♠❜❡r✐♥❣ ♦❢ t❤❡ ✈❡rt✐❝❡s y : V → {0, . . . , |V | − 1} ❛♥❞
❛ ♥✉♠❜❡r✐♥❣ ♦❢ t❤❡ ❡❞❣❡s x : E → {0, . . . , |E| − 1}✳ ❋♦r ❡❛❝❤ u ∈ V ✱ ✇❡ ❝❤♦♦s❡
φ(u) = (2y(u), 2y(u) + 1)✳

❋♦r ❡❛❝❤ e = {u, v} ∈ E✱ ✇❡ ❝r❡❛t❡ t✇♦ ✈❡rt✐❝❡s ue ❛♥❞ ve✱ ❛♥❞ t❤r❡❡ ❛r❝s ae, be, ce
s✉❝❤ t❤❛t ✭s❡❡ ❋✐❣✉r❡ ✺✳✸❛✱ ❛♥❞ ❛♥ ❡①❛♠♣❧❡ ✐♥ ❋✐❣✉r❡ ✺✳✸❜✮✿

✕ ■❢ e ∈ E1 ∪ E2✱ t❤❡♥ ae = (u, ue)✱ be = (v, ve)✱ ce = (ue, ve)✳ ▼♦r❡♦✈❡r✱
φ(ue) = (u2, v2) ❛♥❞ φ(ve) = (v2, 2|V |+ x(e))✳

✕ ■❢ e ∈ E3 ∪ E4✱ t❤❡♥ ae = (ue, u)✱ be = (ve, v)✱ ce = (ve, ue)✳ ▼♦r❡♦✈❡r✱
φ(ue) = (v1, u1)✱ ❛♥❞ φ(ve) = (2|V |+ x(e), v1)✳

❲❡ ❛❞❞ ❡❛❝❤ ❛r❝ ae✱ be ❛♥❞ ce t♦ ❡✐t❤❡r A′
1 ♦r A

′
2✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s✿

✕ ■❢ e ∈ E1 ∪ E3✱ t❤❡♥ ae, be ∈ A′
1 ❛♥❞ ce ∈ A′

2✳
✕ ■❢ e ∈ E2 ∪ E4✱ t❤❡♥ ae, be ∈ A′

2 ❛♥❞ ce ∈ A′
1✳

❚❤✉s ✇❡ ❤❛✈❡ ❝r❡❛t❡❞ ❛ ❣r❛♣❤ G′ = (V ′, A′) ✇✐t❤ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s V ′ = V ∪
{ue, ve | e ∈ E} ❛♥❞ t❤❡ s❡t ♦❢ ❛r❝s A′ = A′

1 ∪ A
′
2✳
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u : 01

ue : 13

ve : 34

v : 23

e ∈ E1

u : 01

ue : 13

ve : 34

v : 23

e ∈ E2

u : 01

ue : 20

ve : 42

v : 23

e ∈ E3

u : 01

ue : 20

ve : 42

v : 23

e ∈ E4

ae

ce

be

ae

ce

be

ae

ce

be

ae

ce

be

✭❛✮ ❈♦♥str✉❝t✐♦♥ ♦❢ ✈❡rt✐❝❡s ue, ve✱ ❛r❝s ae, be, ce✱ ❛♥❞ ❧❛❜❡❧✐♥❣ ❢♦r ❛♥
❡❞❣❡ e = {u, v}✱ ❛♥❞ ❢♦r ❡❛❝❤ ❝❛s❡ e ∈ E1, E2, E3 ♦r E4✳ ❲❡ ❛ss✉♠❡
y(u) = 0✱ y(v) = 1 ❛♥❞ x(e) = 0✳

u

v w

u :01

ue :13

ve :36

v :23 w :45wf :57vf :35

wg :04

ug :80
e ∈ E1

f ∈ E2

g ∈ E3

✭❜✮ ❊①❛♠♣❧❡ ♦♥ t❤❡ tr✐❛♥❣❧❡ ❣r❛♣❤✱ ✇✐t❤ y(u) = 0✱ y(v) = 1✱ y(w) = 2 ❛♥❞
x(e) = 0✱ x(f) = 1✱ x(g) = 2✳

❋✐❣✉r❡ ✺✳✸✿ ❈♦♥str✉❝t✐♦♥ ♦❢ ❛ ❣♦♦❞ ♣❛rt✐t✐♦♥ ❛♥❞ ❛ ❣♦♦❞ ❧❛❜❡❧✐♥❣ φ ❢♦r ❛♥ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤ ♦❢ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ✸✳ ❲❡ ✇r✐t❡ u : u1u2 ❢♦r φ(u) = (u1, u2)❀ ❛r❝s ♦❢ A′

1 ❛r❡
s♦❧✐❞✱ t❤♦s❡ ♦❢ A′

2 ❛r❡ ❞❛s❤❡❞✳

❲❡ s❤♦✇ t❤❛t A′ = A′
1 ∪ A

′
2 ✐s ❛ ❣♦♦❞ ♣❛rt✐t✐♦♥ ♦❢ G′✳ ✭✐✮ A′

1 ∩ A
′
2 = ∅ ❜②

❝♦♥str✉❝t✐♦♥✳ ✭✐✐✮ ❊❛❝❤ ✈❡rt❡① ue ∈ V ′ − V ✐s ❛❞❥❛❝❡♥t t♦ ❡①❛❝t❧② ♦♥❡ ❛r❝ ♦❢ A′
1 ❛♥❞

♦♥❡ ❛r❝ ♦❢ A′
2✳ ❊❛❝❤ ✈❡rt❡① u ∈ V ✐s ❛❞❥❛❝❡♥t ✐♥ G t♦ ❛t ♠♦st ♦♥❡ ❡❞❣❡ ✐♥ E1 ✭r❡s♣✳

E2✮✱ t❤✉s ✐t ✐s t❤❡ s♦✉r❝❡ ✐♥ G′ ♦❢ ❛t ♠♦st ♦♥❡ ❛r❝ ✐♥ A′
1 ✭r❡s♣✳ A′

2✮✳ ❆♥❞ ✐t ✐s ❛❧s♦
❛❞❥❛❝❡♥t ✐♥ G t♦ ❛t ♠♦st ♦♥❡ ❡❞❣❡ ✐♥ E3 ✭r❡s♣✳ E4✮✱ s♦ ✐t ✐s t❤❡ t❛r❣❡t ✐♥ G′ ♦❢
❛t ♠♦st ♦♥❡ ❛r❝ ✐♥ A′

1 ✭r❡s♣✳ A′
2✮✳ ✭✐✐✐✮ ❚❤❡r❡ ❛r❡ ♥♦ ❝②❝❧❡s ✐♥ (V ′, A′

2)✱ s✐♥❝❡ ❡❛❝❤
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤✐s ❣r❛♣❤ ❝♦♥t❛✐♥s ❛t ♠♦st t✇♦ ❛r❝s✳

▼♦r❡♦✈❡r✱ φ ✐s ❛ ❣♦♦❞ ❧❛❜❡❧✐♥❣ ♦❢ G′✳ ❋✐rst r❡♠❛r❦ t❤❛t ❢♦r u, v ∈ V ✱ {u1, u2} ∩
{v1, v2} = ∅✳ ■t ✐♠♣❧✐❡s t❤❛t ❝♦♥❞✐t✐♦♥ ✶✳ ✐s tr✉❡ ❢♦r ❛❧❧ u ∈ V ′✱ ❛♥❞ t❤❛t ❝♦♥❞✐t✐♦♥ ✷✳
✐s tr✉❡ ❢♦r ❛❧❧ u ∈ V ′ ❛♥❞ v ∈ V ✳ ❋♦r ue ∈ V ′ − V ❛♥❞ u′e′ ∈ V

′ − V ✱ ✇✐t❤ e = {u, v}
❛♥❞ e′ = {u′, v′} 6= e✱ ✇❡ ❤❛✈❡ u′ /∈ {u, v} ♦r v′ /∈ {u, v}✳ ■t ✐♠♣❧✐❡s t❤❛t ♦♥❡ ❡❧❡♠❡♥t
♦❢ φ(u′e′) ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ φ(ue)✳ ❋✐♥❛❧❧②✱ ❝♦♥❞✐t✐♦♥ ✸✳ ✐s ✈❡r✐✜❡❞ ❜② ❝♦♥str✉❝t✐♦♥✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t G′✱ t❤❡ ❣♦♦❞ ♣❛rt✐t✐♦♥ ❛♥❞ t❤❡ ❣♦♦❞ ❧❛❜❡❧✐♥❣ ❤❛✈❡ t❤❡ r❡q✉✐r❡❞
♣r♦♣❡rt✐❡s✳

❛✳ ❚❤❡ ❝❛r❞✐♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ♦♥ V ′ ❛♥❞ A′ ❛r❡ s❛t✐s✜❡❞ ❜② ❝♦♥str✉❝t✐♦♥✳

❜✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ u ∈ V ✐♥ (V ′, A′) ✐s t❤❡ s❛♠❡ ❛s ✐♥ (V,E)✱ t❤✉s ✐t ✐s ❛t ♠♦st ✸✳
❆♥❞ t❤❡ ❞❡❣r❡❡ ♦❢ ue ∈ V ′ − V ✐♥ (V ′, A′) ✐s ✷✳

❝✳ ❚❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♥✉♠❜❡r ♦❢ t❤❡ ❣r❛♣❤ ✐s ✐♥❝r❡❛s❡❞ ❜② ❛t ❧❡❛st ✶ ❡❛❝❤ t✐♠❡
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✇❡ s♣❧✐t ❛♥ ❡❞❣❡ e ✐♥t♦ ✸ ❛r❝s ae, be, ce ✭✇❡ ❝❛♥ ❛❞❞ ❡✐t❤❡r ue ♦r ve t♦ ❛♥②
✐♥❞❡♣❡♥❞❡♥t s❡t✮✳

❞✳ ▲❡t X ′ ❜❡ ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ G′✳ ❲❡ ❝r❡❛t❡ X ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ st❛rt
✇✐t❤ X = X ′✳ ❚❤❡♥✱ ❝♦♥s✐❞❡r ❡❛❝❤ ❡❞❣❡ e = (u, v) ♦❢ G✳ ❙❡✈❡r❛❧ ❝❛s❡s ❛r❡
♣♦ss✐❜❧❡✿ ✐❢ X ′ ❝♦♥t❛✐♥s ❜♦t❤ u ❛♥❞ v✱ t❤❡♥ ✐t ❝♦♥t❛✐♥s ♥❡✐t❤❡r ue ♥♦r ve✱ ❛♥❞
✇❡ r❡♠♦✈❡ u ❢r♦♠ X✳ ❖t❤❡r✇✐s❡✱ X ′ ❝♦♥t❛✐♥s ❛t ♠♦st ♦♥❡ ❡❧❡♠❡♥t ❛♠♦♥❣
{ue, ve}✱ ❛♥❞ ✇❡ r❡♠♦✈❡ t❤✐s ❡❧❡♠❡♥t✳ ❲❡ ♦❜t❛✐♥ ❛ s❡t X ✇❤✐❝❤ ✐s ❛ s✉❜s❡t ♦❢
V ✭✐t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ✈❡rt❡① ue ♦r ve✮ ❛♥❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ✐♥ G ✭✐t ❝❛♥♥♦t
❝♦♥t❛✐♥ ❜♦t❤ u ❛♥❞ v ❢♦r (u, v) ∈ E✮✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ r❡♠♦✈❡❞ ❛t ♠♦st ♦♥❡
✈❡rt❡① ♣❡r ❡❞❣❡ e ∈ E✱ s♦ |X| ≥ |X ′| − E✳

▲❡t G = (V,A) ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✱ ✇✐t❤ A = A1 ∪ A2 ❛ ❣♦♦❞ ♣❛rt✐t✐♦♥ ♦❢ A
✭s✉❝❤ t❤❛t (V,A2) ✐s ❛ ❞❡❣r❡❡✲✷ ❛❝②❝❧✐❝ ❣r❛♣❤✮ ❛♥❞ φ : V → Σ × Σ ❛ ❣♦♦❞ ❧❛❜❡❧✐♥❣
♦❢ G✳ ❲❡ ❣✐✈❡ ❛♥ ❛r❜✐tr❛r② ♦r❞❡r ♦✈❡r ❡❛❝❤ s❡t A1✱ A2 ❛♥❞ V ✱ ❛♥❞ ✇❡ ❝♦♥str✉❝t
t✇♦ ❣❡♥♦♠✐❝ ♠❛♣sM1,2 ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❞✐r❡❝t❡❞
❣r❛♣❤ ✐♥ ❋✐❣✉r❡ ✺✳✹❛ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ♠❛♣s ✐♥ ❋✐❣✉r❡ ✺✳✹❜✮✿
M1 ←

〈〉

❋♦r ❡❛❝❤ u ∈ V
M1 ←

〈

M1,×, u
2, u1

〉

❋♦r ❡❛❝❤ (u, v) ∈ A1

M1 ←
〈

M1,×, u
1, u2, v2

〉

❋♦r ❡❛❝❤ u ∈ V s✳t✳ u ❤❛s ♥♦ ✐♥❝♦♠✐♥❣ ❛r❝ ✐♥ A1

M1 ←
〈

M1,×, u
1, u2

〉

❋♦r ❡❛❝❤ u ∈ V s✳t✳ u ❤❛s ♥♦ ♦✉t❣♦✐♥❣ ❛r❝ ✐♥ A1

M1 ←
〈

M1,×, u
1, u2

〉

M2 ←
〈〉

❋♦r ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t {u0, u1, . . . , uk} ✐♥ (V,A2)
✴✯ s✉❝❤ t❤❛t u0, u1, . . . , uk ✐s ❛ ♣❛t❤ ✐♥ (V,A2)✱ ✇✐t❤ k ≥ 0 ✯✴

M2 ←
〈

M2,×, u
1
0

〉

❋♦r i← 0 t♦ k
M2 ←

〈

M2, u
2
i , u

1
i , u

2
i

〉

❚❤❡ r❡s✉❧t✐♥❣ ♠❛♣s ❤❛✈❡ t❤❡ ♣r♦♣❡rt② t❤❛t✱ ❢♦r ❛❧❧ u ∈ V ✿
✕ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ♦❝❝✉rr❡♥❝❡ ♦❢

〈

u2, u1
〉

✐♥M1✱ ❛♥❞ ❡①❛❝t❧② t✇♦ ♦❝❝✉rr❡♥❝❡s
♦❢
〈

u1, u2
〉

✐♥M1 ✭r❡❝❛❧❧ t❤❛t✱ ❢♦r (u, v) ∈ A1✱ u2 = v1✮✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ t❤r❡❡
s✉❜s❡q✉❡♥❝❡s ❛r❡ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣❀

✕ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ ♦❝❝✉rr❡♥❝❡ ♦❢
〈

u1, u2, u1, u2
〉

✐♥M2✱ ❛♥❞ ♥♦ ♦t❤❡r ♦❝❝✉r✲
r❡♥❝❡ ♦❢

〈

u1, u2
〉

♦r
〈

u2, u1
〉

✳
▼♦r❡♦✈❡r✱ t❤❡ str✐♣

〈

u2, u1
〉

❞♦❡s ♥♦t ✐♥t❡rs❡❝t ❛♥② ♦❝❝✉rr❡♥❝❡ ♦❢
〈

v1, v2
〉

♦r
〈

v2, v1
〉

❢♦r v 6= u✳

❉❡✜♥✐t✐♦♥ ✺✳✸✳ ▲❡t M1,2 ❜❡ t❤❡ ♠❛♣s ❝♦♥str✉❝t❡❞ ❜② t❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡ ❢r♦♠ ❛
❣r❛♣❤ G = (V,A)✱ ❛♥❞ ❧❡t O ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ ✵✲❣❛♣✲▼❙❘✲❉❯✭M1,2✮✳ ❲❡ s❛② t❤❛t
u ∈ V ✐s s❡❧❡❝t❡❞ ✐♥ O ✐❢ ❜♦t❤ ♦❝❝✉rr❡♥❝❡s ♦❢

〈

u1, u2
〉

❛♣♣❡❛r ✐♥ O❀ ✇❡ s❛② ✐t ✐s
✉♥s❡❧❡❝t❡❞ ✐❢ ♦♥❧② t❤❡ str✐♣

〈

u2, u1
〉

❛♣♣❡❛rs ✐♥ O✳

▲❡♠♠❛ ✺✳✶✶✳ ❆❧❧ str✐♣s ✐♥ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ❤❛✈❡ ❧❡♥❣t❤ ✷✳ ▼♦r❡♦✈❡r✱ ❡❛❝❤ ♦❢ t❤❡
str✐♣s ✐s ♦❢ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❦✐♥❞s✿

〈

u1, u2
〉

♦r
〈

u2, u1
〉

❢♦r u ∈ V ✳
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1223 34 45 5135
✭❛✮ ❉✐r❡❝t❡❞ ❣r❛♣❤ G = (V,A) ✇✐t❤ ❛
❣♦♦❞ ♣❛rt✐t✐♦♥ ♦❢ A ❛♥❞ ❛ ❣♦♦❞ ❧❛❜❡❧✐♥❣
♦❢ t❤❡ ✈❡rt✐❝❡s

M1 : × 2 1 × 3 2 × 4 3 × 5 4 × 1 5 × 5 3
× 1 2 3 × 2 3 4 × 3 4 5 × 4 5 1
× 1 2 × 3 5 × 3 5 × 5 1

M2 :
× 3 4 3 4 × 4 5 4 5× 2 3 2 3 5 3 5 1 5 1 2 1 2
✭❜✮ ▼❛♣s ❝r❡❛t❡❞ ❢♦r t❤❡ r❡❞✉❝t✐♦♥

1223 34 45 5135
✭❝✮ ▼❛①✐♠✉♠ ✐♥❞❡♣❡♥❞❡♥t s❡t ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ ❛ s♦❧✉t✐♦♥ ♦❢ ✵✲❣❛♣✲▼❙❘✲
❉❯✭M1,2✮

❋✐❣✉r❡ ✺✳✹✿ ❘❡❞✉❝t✐♦♥ ❢r♦♠ ▼■❙ t♦ ✵✲❣❛♣✲▼❙❘✲❉❯✳ ■♥ ✭❛✮ ❛♥❞ ✭❝✮✱ ❡❛❝❤ ✈❡rt❡① ♦❢ t❤❡
❣r❛♣❤ ✐s ♠❛r❦❡❞ ✇✐t❤ t❤❡ t✇♦ ✐♥t❡❣❡rs ♦❢ t❤❡ ❣♦♦❞ ❧❛❜❡❧✐♥❣✳ ■♥ ✭❜✮✱ t❤❡ ♣r❡str✐♣s ♦❢
❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❛r❡ ❤✐❣❤❧✐❣❤t❡❞✳ ❚❤❡ ♣r❡str✐♣s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥t
s❡t ♦❢ G ❛r❡ ❢r❛♠❡❞ ❛♥❞ r❡♣♦rt❡❞ ✐♥ ✭❝✮✳

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ♣❡❣ ♠❛r❦❡rs × ❝❛♥♥♦t ❜❡ s❡❧❡❝t❡❞ ✐♥ ♠❛♣M1✱ ❛♥❞ ❛ str✐♣ ❝❛♥♥♦t
♦✈❡r❧❛♣ t❤❡♠ ✭t❤❡ ❣❛♣ ❝♦♥str❛✐♥t ✐s δ = 0✮✱ ❛❧❧ str✐♣s ❛r❡ ❡✐t❤❡r ❧❡♥❣t❤✲✷ str✐♣s ♦❢ t❤❡
❦✐♥❞

〈

u1, u2
〉

♦r
〈

u2, u1
〉

✱ ♦r ❧❡♥❣t❤✲✸ str✐♣s ♦❢ t❤❡ ❦✐♥❞
〈

u1, u2, v2
〉

✱ ✇✐t❤ (u, v) ∈ A1✳
❲❡ s❤♦✇ t❤❛t str✐♣s ♦❢ t❤✐s ❧❛st ❦✐♥❞ ❛r❡ ✐♥ ❢❛❝t ✐♠♣♦ss✐❜❧❡✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ v2 6= u1✱
❛♥❞ t❤r❡❡ ❞✐✛❡r❡♥t ♥♦♥✲♣❡❣ ♠❛r❦❡rs ❛r❡ ♥❡✈❡r ❝♦♥s❡❝✉t✐✈❡ ✐♥ ♠❛♣ M2✱ ❡①❝❡♣t ❢♦r
t❤❡ s❡q✉❡♥❝❡s

〈

u1i , u
2
i , u

2
i+1

〉

✱ ✇❤❡r❡ (ui, ui+1) ✐s ❛♥ ❛r❝ ♦❢ A2✳ ❍❡♥❝❡ ✐❢ ✇❡ ❤❛✈❡ s✉❝❤ ❛
❧❡♥❣t❤✲✸ str✐♣✱ u1 = u1i ✱ u

2 = u2i = v1 = u1i+1✱ ❛♥❞ v
2 = u2i+1✳ ❙♦ u = ui ❛♥❞ v = ui+1✱

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❛r❝ (u, v) ❛♣♣❡❛rs ❜♦t❤ ✐♥ A1 ❛♥❞ ✐♥ A2✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

▲❡♠♠❛ ✺✳✶✷✳ ●✐✈❡♥ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ S ♦❢ ✵✲❣❛♣✲▼❙❘✲❉❯✭M1,2✮ ♦❢ t♦t❛❧ s✐③❡ ℓ✱
✇❡ ❝❛♥ ❝r❡❛t❡ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ S ′ ♦❢ t♦t❛❧ s✐③❡ ❛t ❧❡❛st ℓ ✇❤❡r❡ ❡❛❝❤ ✈❡rt❡① u ∈ V
✐s ❡✐t❤❡r s❡❧❡❝t❡❞ ♦r ✉♥s❡❧❡❝t❡❞✳

Pr♦♦❢✳ ❲❡ st❛rt ✇✐t❤ S ′ = S✳ ❘❡♠❡♠❜❡r t❤❛t ❢♦r ❛❧❧ u✱ t❤❡ str✐♣
〈

u2, u1
〉

♦♥❧②
✐♥t❡rs❡❝ts t❤❡ ♦❝❝✉rr❡♥❝❡s ♦❢

〈

u1, u2
〉

✱ ✇❤✐❝❤ ❛❧r❡❛❞② ✐♠♣❧✐❡s t❤❛t ❛ ✈❡rt❡① u ❝❛♥♥♦t
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❜❡ ❜♦t❤ s❡❧❡❝t❡❞ ❛♥❞ ✉♥s❡❧❡❝t❡❞✳ ■❢ S ′ ✉s❡s ❛t ♠♦st ♦♥❡ str✐♣ ❛♠♦♥❣
〈

u2, u1
〉

❛♥❞ t❤❡
♦❝❝✉rr❡♥❝❡s ♦❢

〈

u1, u2
〉

✱ t❤❡♥ ✇❡ ❝❛♥ r❡♣❧❛❝❡ ✐t ❜②
〈

u2, u1
〉

✇✐t❤♦✉t ❝r❡❛t✐♥❣ ❝♦♥✢✐❝ts✱
❛♥❞ t❤❡ ✈❡rt❡① u ❜❡❝♦♠❡s ✉♥s❡❧❡❝t❡❞✳ ❖t❤❡r✇✐s❡✱ S ′ ✉s❡s t✇♦ ✐♥❞❡♣❡♥❞❡♥t str✐♣s
❛♠♦♥❣

〈

u2, u1
〉

❛♥❞ t❤❡ ♦❝❝✉rr❡♥❝❡s ♦❢
〈

u1, u2
〉

✱ ❤❡♥❝❡ ✐t ❝❛♥♥♦t ✉s❡
〈

u2, u1
〉

✱ ❛♥❞ u
✐s s❡❧❡❝t❡❞✳

▲❡♠♠❛ ✺✳✶✸✳ ■❢ (u, v) ∈ A✱ t❤❡♥ u ❛♥❞ v ❝❛♥♥♦t ❜❡ ❜♦t❤ s❡❧❡❝t❡❞ ✐♥ ❛ ❢❡❛s✐❜❧❡
s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❚✇♦ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✿ (u, v) ∈ A1 ❛♥❞ (u, v) ∈ A2✳ ■♥ t❤❡ ✜rst ❝❛s❡✱
♦♥❡ ♦❝❝✉rr❡♥❝❡ ♦❢

〈

u1, u2
〉

✐♥t❡rs❡❝ts ❛♥ ♦❝❝✉rr❡♥❝❡ ♦❢
〈

v1, v2
〉

✐♥ ♠❛♣ M1 ✭✐♥ t❤❡
s❡q✉❡♥❝❡

〈

×, u1, u2, v2,×
〉

✮✳ ❙♦ ❜♦t❤ ♦❝❝✉rr❡♥❝❡s ♦❢
〈

u1, u2
〉

❛♥❞ ❜♦t❤ ♦❝❝✉rr❡♥❝❡s
♦❢
〈

v1, v2
〉

❝❛♥♥♦t ❜❡ ❛❧❧ s❡❧❡❝t❡❞ ✐♥ t❤❡ s❛♠❡ s♦❧✉t✐♦♥✳ ❚❤❡ s✐t✉❛t✐♦♥ ✐s s✐♠✐❧❛r ✐❢
(u, v) ∈ A2✱ s✐♥❝❡ ❛♥ ♦❝❝✉rr❡♥❝❡ ♦❢

〈

u1, u2
〉

✐♥t❡rs❡❝ts ❛♥ ♦❝❝✉rr❡♥❝❡ ♦❢
〈

v1, v2
〉

✐♥
t❤❡ s❡q✉❡♥❝❡

〈

u1, u2, u1, u2, v2, v1, v2
〉

♦❢ ♠❛♣M2✳

▲❡♠♠❛ ✺✳✶✹✳ ■❢ X ⊂ V ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ G = (V,A)✱ t❤❡♥ t❤❡ s❡t ♦❢ str✐♣s
s❡❧❡❝t✐♥❣ ❡✈❡r② ✈❡rt❡① u ∈ X ❛♥❞ ✉♥s❡❧❡❝t✐♥❣ ❡✈❡r② u ∈ V −X ✐s ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥
♦❢ ✵✲❣❛♣✲▼❙❘✲❉❯✭M1,2✮✳

Pr♦♦❢✳ ❲❡ ✜rst ❝r❡❛t❡ t❤❡ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ✇❤✐❝❤ ❦❡❡♣s ❛❧❧ t❤❡ ✈❡rt✐❝❡s u ∈ V ✉♥s❡✲
❧❡❝t❡❞ ✭t❤✐s s♦❧✉t✐♦♥ ❝♦♥t❛✐♥s ❛❧❧ str✐♣s

〈

u2, u1
〉

✱ ✇❤✐❝❤ ❛r❡ ♣❛✐r✇✐s❡ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣✮✳
❋♦r ❡❛❝❤ u ∈ X✱ ✇❡ r❡♣❧❛❝❡

〈

u2, u1
〉

❜② t❤❡ t✇♦ ♦❝❝✉rr❡♥❝❡s ♦❢
〈

u1, u2
〉

✿ t❤❡s❡ t✇♦
str✐♣s ❞♦ ♥♦t ♦✈❡r❧❛♣ ❛♥② v2, v1 ❢♦r v ∈ V ✱ ♥♦r ❛♥②

〈

v1, v2
〉

❢♦r v ∈ X ✭t❤✐s ✐s ❜❡❝❛✉s❡
t❤❡r❡ ✐s ♥♦ ❛r❝ ❧✐♥❦✐♥❣ u ❛♥❞ v✮✳ ❚❤✉s ✇❡ ❡♥❞ ✇✐t❤ ❛ ❢❡❛s✐❜❧❡ s❡t ♦❢ str✐♣s✱ ❛♥❞ ❡✈❡r②
u ∈ X ✐s s❡❧❡❝t❡❞✱ ✇❤✐❧❡ t❤❡ ♦t❤❡r ✈❡rt✐❝❡s ❛r❡ ✉♥s❡❧❡❝t❡❞✳

▲❡♠♠❛ ✺✳✶✺✳ ❚❤❡r❡ ❡①✐sts ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t X ♦❢ G ♦❢ ❝❛r❞✐♥❛❧✐t② k ✐❢✱ ❛♥❞
♦♥❧② ✐❢✱ t❤❡r❡ ❡①✐sts ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ S ♦❢ ✵✲❣❛♣✲▼❙❘✲❉❯ (M1,2) ♦❢ t♦t❛❧ s✐③❡
ℓ = 2(|V |+ k)✳ ▼♦r❡♦✈❡r✱ ❣✐✈❡♥ s✉❝❤ ❛♥ S✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❞❡♣❡♥❞❡♥t s❡t X ✐s
❝♦♠♣✉t❛❜❧❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳

Pr♦♦❢✳ ❚❤✐s ✐s t❤❡ ❝♦r♦❧❧❛r② ♦❢ t❤❡ ❢♦✉r ♣r❡✈✐♦✉s ❧❡♠♠❛s✿ t❤❡ ✏♦♥❧② ✐❢✑ ♣❛rt ❢♦❧❧♦✇s
❞✐r❡❝t❧② ▲❡♠♠❛ ✺✳✶✹✳ ❋♦r t❤❡ ✏✐❢✑ ♣❛rt✱ ✇❡ st❛rt ✇✐t❤ S ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ♦❢ ✵✲❣❛♣✲
▼❙❘✲❉❯(M1,2) ♦❢ t♦t❛❧ s✐③❡ ℓ✳ ❯s✐♥❣ ▲❡♠♠❛ ✺✳✶✷✱ ✇❡ ♦❜t❛✐♥ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥
S ′ ♦❢ t♦t❛❧ s✐③❡ ❛t ❧❡❛st ℓ✱ s✉❝❤ t❤❛t✱ ✐❢ X1 ✐s t❤❡ s❡t ♦❢ s❡❧❡❝t❡❞ ✈❡rt✐❝❡s ✐♥ S ′

❛♥❞ X2 t❤❡ s❡t ♦❢ ✉♥s❡❧❡❝t❡❞ ✈❡rt✐❝❡s✱ t❤❡♥ X1 ∪ X2 ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ V ✳ ❚❤❡♥
||S ′|| = 4|X1| + 2|X2|✱ ❛♥❞ X1 ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t ✭❜② ▲❡♠♠❛ ✺✳✶✸✮✳ ❚❤✉s ℓ ≤
4|X1|+ 2|X2| = 2(|V |+ |X1|)✳ ❚❤❡♥ ✇❡ ❝❛♥ r❡♠♦✈❡ ✈❡rt✐❝❡s ❢r♦♠ X1 ✉♥t✐❧ ✇❡ r❡❛❝❤
❛ s❡t X s✉❝❤ t❤❛t ℓ = 2(|V |+ |X|)✳

▲❡♠♠❛ ✺✳✶✻✳ ❚❤❡r❡ ❡①✐sts ❛♥ ▲✲r❡❞✉❝t✐♦♥ ❢r♦♠ ✸✲▼■❙ t♦ ✵✲❣❛♣✲▼❙❘✲❉❯✳

Pr♦♦❢✳ ❲❡ st❛rt ✇✐t❤ ❛♥ ✐♥st❛♥❝❡ G = (V,E) ♦❢ ✸✲▼■❙ ✭G ✐s ❛ ❝✉❜✐❝ ❣r❛♣❤✮✳ ❯s✐♥❣
▲❡♠♠❛ ✺✳✶✵✱ ✇❡ ♦❜t❛✐♥ ❛ ♥❡✇ ❞✐r❡❝t❡❞ ❣r❛♣❤ G′ = (V ′, A′)✱ ❛ ❣♦♦❞ ♣❛rt✐t✐♦♥ A′ =
A′

1∪A
′
2 ♦❢ G

′✱ ❛♥❞ ❛ ❣♦♦❞ ❧❛❜❡❧✐♥❣ φ ♦❢ G′✳ ▼♦r❡♦✈❡r✱ |V ′| = |V |+2|E|✱ ❛♥❞ α(G′) =
α(G) + |E|✳ ❙✐♥❝❡ G ✐s ❛ ❝✉❜✐❝ ❣r❛♣❤✱ ✇❡ ❤❛✈❡ |E| = 3|V |/2 ❛♥❞ |V | ≤ 4α(G)✱ t❤✉s
|V ′| = 4|V | ❛♥❞ α(G′) ≤ 7α(G)✳ ◆❡①t ✇❡ ❝r❡❛t❡ ❛♥ ✐♥st❛♥❝❡ (M1,2) ♦❢ ✵✲❣❛♣✲▼❙❘✲
❉❯ ❢r♦♠ G′ = (V ′, A′) ✇✐t❤ t❤❡ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ▲❡t ℓ0 ❜❡ t❤❡ ♦♣t✐♠❛❧
✈❛❧✉❡ ♦❢ ✵✲❣❛♣✲▼❙❘✲❉❯(M1,2)✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✺✳✶✺ ♦♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇❡
❤❛✈❡✱

ℓ0 = 2(|V ′|+ α(G′))
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≤ 2(4|V |+ 7α(G))

≤ 46α(G).

❍❡♥❝❡ ✇❡ ❤❛✈❡ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ♦❢ t❤❡ ▲✲r❡❞✉❝t✐♦♥✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r S ❛ ❢❡❛✲
s✐❜❧❡ s♦❧✉t✐♦♥ ♦❢ ✵✲❣❛♣✲▼❙❘✲❉❯(M1,2)✳ ❯s✐♥❣ ▲❡♠♠❛ ✺✳✶✺ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥
✐♥❞❡♣❡♥❞❡♥t s❡t X ′ ♦❢ G′ s✉❝❤ t❤❛t✿

||S|| = 2(|V ′|+ |X ′|),

❛♥❞ ✉s✐♥❣ ▲❡♠♠❛ ✺✳✶✵✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ X ′ ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t X ♦❢ G ♦❢
❝❛r❞✐♥❛❧✐t② |X| ≥ |X ′| − |E|✳ ❍❡♥❝❡✱

ℓ0 − ||S|| = 2(|V ′|+ α(G′)− |V ′| − |X ′|)

= 2(α(G) + |E| − |X ′|)

≥ 2(α(G) + |E| − |X| − |E|)

= 2(α(G)− |X|).

❚❤✐s ♣r♦✈❡s t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ♦❢ t❤❡ ▲✲r❡❞✉❝t✐♦♥ ❢r♦♠ ✸✲▼■❙ t♦ ✵✲❣❛♣✲▼❙❘✲❉❯✳
▼♦r❡♦✈❡r✱ s✐♥❝❡ ✸✲▼■❙ ✐s ♥♦t ❛♣♣r♦①✐♠❛❜❧❡ ✇✐t❤✐♥ 95/94 ❬✺✷❪✱ ✵✲❣❛♣✲▼❙❘✲❉❯ ✐s ♥♦t
❛♣♣r♦①✐♠❛❜❧❡ ✇✐t❤✐♥ 1 + 1/(94× 46× 2) = 8649/8648✳

✺✳✸ P♦❧②♥♦♠✐❛❧✲❚✐♠❡ ❆❧❣♦r✐t❤♠s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s ❢♦r s❡✈❡r❛❧ ✈❛r✐❛♥ts ♦❢
▼❙❘✳ ❆❧❣♦r✐t❤♠s ✐♥ ❙❡❝t✐♦♥s ✺✳✸✳✶✱ ✺✳✸✳✷✱ ✺✳✸✳✸ ❛♥❞ ✺✳✸✳✺ r❡❧② ♦♥ ❧✐t❡r❛t✉r❡ ❛❧❣♦✲
r✐t❤♠s ✕ ❡①❛❝t ❛❧❣♦r✐t❤♠s ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥s ✕ ❢♦r r❡str✐❝t✐♦♥s ♦❢ t❤❡ ▼❛①✐♠✉♠
■♥❞❡♣❡♥❞❡♥t ❙❡t ♣r♦❜❧❡♠ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳✷✳

✺✳✸✳✶ ❘❡❞✉❝t✐♦♥ t♦ ▼❛①✐♠✉♠ ❲❡✐❣❤t ■♥❞❡♣❡♥❞❡♥t ❙❡t

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✈❛r✐❛♥ts ♦❢ ▼❛①✐♠✉♠ ❲❡✐❣❤t ■♥❞❡♣❡♥❞❡♥t
❙❡t ♦♥ t❤❡ ❝❧❛ss❡s ♦❢ ✐♥t❡r✈❛❧ ❛♥❞ d✲✐♥t❡r✈❛❧ ❣r❛♣❤s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥
❢♦❧❧♦✇s t❤❡ ♦♥❡ ✉s❡❞ ❜② ❈❤❡♥ ❡t ❛❧✳ ❬✹✼❪ t♦ ❞❡s✐❣♥ ❛ ✹✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r
▼❙❘ ❛♥❞ ▼❙❘✲❉❯ ❛♥❞ ❜② ❏✐❛♥❣ ❬✾✸❪✳ ❲❡ ✉s❡ t❤✐s ❝♦♥str✉❝t✐♦♥ ✐♥ ♦r❞❡r t♦ ❡①t❡♥❞
t❤❡ ❛❧❣♦r✐t❤♠ t♦ t❤❡ δ✲❣❛♣ ✈❛r✐❛♥ts ♦❢ t❤❡ ♣r♦❜❧❡♠s ✉s✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r d✲
■♥t❡r✈❛❧✲▼❲■❙ ✭❚❤❡♦r❡♠ ✺✳✶✽✮✱ ❛♥❞ t♦ ❞❡s✐❣♥ ❛♥ ❡①❛❝t ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠
❢♦r ✵✲❣❛♣✲▼❙❘ ✉s✐♥❣ t❤❡ ❡①❛❝t ❛❧❣♦r✐t❤♠ ❢♦r ■♥t❡r✈❛❧✲▼❲■❙ ✭❚❤❡♦r❡♠ ✺✳✶✾✮✳

●✐✈❡♥ d ❣❡♥♦♠✐❝ ♠❛♣s M1...d ❛♥❞ ❛ ❣❛♣ δ ∈ N ∪ {∞}✱ ✇❡ ❝♦♥str✉❝t ❛ s❡t ♦❢
d✲✐♥t❡r✈❛❧s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❋✐rst✱ ❝♦♠♣✉t❡ t❤❡ s❡t Ω ♦❢ ❛❧❧ ♣r❡str✐♣s ♦❢M1...d

✭♣♦ss✐❜❧② ✇✐t❤ t❤❡ δ✲❣❛♣ ❝♦♥str❛✐♥t✮✳ ❚❤❡♥✱ t♦ ❡❛❝❤ ♣r❡str✐♣ σ ∈ Ω✱ ❛ss✐❣♥ t❤❡
✐♥t❡r✈❛❧s Iσ,1 . . . Iσ,d ♦❢ R ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✱ t❤❡ d✲✐♥t❡r✈❛❧ Iσ = (Iσ,1, . . . , Iσ,d)✱ ❛♥❞ t❤❡
✇❡✐❣❤t w(Iσ) = |σ|✳ ❲❡ ✇r✐t❡ r❡s♣❡❝t✐✈❡❧② min(✐❞①(σ,M)) ❛♥❞ max(✐❞①(σ,M)) t❤❡
✐♥❞✐❝❡s ♦❢ t❤❡ ✜rst ❛♥❞ ❧❛st ❡❧❡♠❡♥t ♦❢ σ ✐♥ ❛ ♠❛♣M✱ ❛♥❞ L = max{|Mi|+ 1 | 1 ≤
i ≤ d}✳

Iσ,i =[iL+min(✐❞①(σ,Mi)); iL+max(✐❞①(σ,Mi))],

❲❡ ❞❡♥♦t❡ Gδ(M1...d) t❤❡ ✇❡✐❣❤t❡❞ d✲✐♥t❡r✈❛❧ ❣r❛♣❤ ✇✐t❤ ✈❡rt❡① s❡t {Iσ | σ ∈ Ω}
❛♥❞ ✇❡✐❣❤t w✳ ■t ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿



✶✹✵ ❈❍❆P❚❊❘ ✺✳ ▼❆❳■▼❆▲ ❙❚❘■P ❘❊❈❖❱❊❘❨

❆❧❣♦r✐t❤♠ ✺✳✶ ❘❡❞✉❝t✐♦♥ ❢r♦♠ δ✲❣❛♣✲▼❙❘✲❉❯✲d t♦ d✲■♥t❡r✈❛❧✲▼❲■❙✳
■♥♣✉t✿ d ❣❡♥♦♠✐❝ ♠❛♣sM1...d✱ δ ∈ N ∪ {∞}

✶✿ ❝♦♠♣✉t❡ t❤❡ ✇❡✐❣❤t❡❞ d✲✐♥t❡r✈❛❧ ❣r❛♣❤ Gδ(M1...d)
✷✿ ❝♦♠♣✉t❡ X✱ ❛ 2d✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r d✲■♥t❡r✈❛❧✲▼❲■❙(Gδ(M1...d))
✸✿ r❡t✉r♥ t❤❡ ❢❡❛s✐❜❧❡ s❡t ♦❢ ♣r❡str✐♣s S = {σ | Iσ ∈ X}

Pr♦♣❡rt② ✺✳✶✼✳ ▲❡t S ⊆ Ω ❛♥❞ X = {Iσ | σ ∈ S}✳ ❚❤❡ s❡t X ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t
s❡t ♦❢ Gδ(M1...d) ✇✐t❤ ✇❡✐❣❤t W ✐✛ S ✐s ❢❡❛s✐❜❧❡ ✇✐t❤ t♦t❛❧ s✐③❡ W ✳

Pr♦♦❢✳ ●✐✈❡♥ t✇♦ ✐♥t❡❣❡rs i ❛♥❞ j ❛♥❞ t✇♦ ♣r❡str✐♣s σ ❛♥❞ τ ✱ ✐♥t❡r✈❛❧s Iσ,i ❛♥❞ Iτ,j
✐♥t❡rs❡❝t ✐✛ i = j ❛♥❞ t❤❡ s✉❜s❡q✉❡♥❝❡s ♦❢Mi σ ❛♥❞ τ ♦✈❡r❧❛♣✳ ❚❤✉s ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡✿

Iσ ❛♥❞ Iτ ✐♥t❡rs❡❝t ⇔ σ ❛♥❞ τ ♦✈❡r❧❛♣✳

❍❡♥❝❡✱ ❛ s❡t ♦❢ d✲✐♥t❡r✈❛❧s X ✐s ✐♥❞❡♣❡♥❞❡♥t ✐✛ S = {σ | Iσ ∈ X} ✐s ❢❡❛s✐❜❧❡✳
❋♦r t❤❡ ✇❡✐❣❤t ❝♦♥s❡r✈❛t✐♦♥✱ ✇❡ ❤❛✈❡✿

w(X) =
∑

Iσ∈X

w(Iσ) =
∑

σ∈S

|σ| = ||S||.

❚❤❡♦r❡♠ ✺✳✶✽✳ ❋♦r ❛♥② d ≥ 2 ❛♥❞ δ ∈ N ∪ {∞}✱ t❤❡r❡ ❡①✐sts ❛ ❢❛❝t♦r✲2d ❛♣♣r♦①✐✲
♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d ❛♥❞ ❢♦r δ✲❣❛♣✲▼❙❘✲❉❯✲d✳

Pr♦♦❢✳ ❲❡ ✉s❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ t♦ ❝r❡❛t❡ ❆❧❣♦r✐t❤♠ ✺✳✶✳ Pr♦♣✲
❡rt② ✺✳✶✼ ②✐❡❧❞s t❤❛t t❤❡ t♦t❛❧ s✐③❡ ♦❢ S ✐s t❤❡ ✇❡✐❣❤t ♦❢ X✱ ❛♥❞ t❤❛t δ✲❣❛♣✲▼❙❘✲
d(M1...d) ❛♥❞ d✲■♥t❡r✈❛❧✲▼❲■❙(Gδ(M1...d)) ❤❛✈❡ t❤❡ s❛♠❡ ♦♣t✐♠❛❧ ✈❛❧✉❡s✳ ❈♦♥s❡✲
q✉❡♥t❧②✱ S ✐s ❛ 2d✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r δ✲❣❛♣✲▼❙❘✲d ✭✇❤❡♥ t❤❡ ✐♥♣✉t ♠❛♣s M1...d

❞♦ ♥♦t ❝♦♥t❛✐♥ ❞✉♣❧✐❝❛t❡s✮ ❛♥❞ ❢♦r δ✲❣❛♣✲▼❙❘✲❉❯✲d✳ ❲❡ t❤✉s ❤❛✈❡ ♣r♦✈❡❞ ❚❤❡♦✲
r❡♠ ✺✳✶✽✳

◆♦t❡ t❤❛t t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ✇❤❡♥ d ❤❛s
❤✐❣❤ ✈❛❧✉❡s✱ ✐♥ ✇❤✐❝❤ ❝❛s❡s ✐t ❤❛s ❛♥ ❛❧♠♦st t✐❣❤t r❛t✐♦ ✭❝♦♠♣❛r❡❞ t♦ t❤❡ ❛s②♠♣t♦t✐❝
❧♦✇❡r ❜♦✉♥❞ ♦❢ Ω(d/ log d) ♣r♦✈❡❞ ❜② ❏✐❛♥❣ ❬✾✸❪✮✳

❚❤❡♦r❡♠ ✺✳✶✾✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❡①❛❝t ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r ✵✲❣❛♣✲▼❙❘✲d
❛♥❞ ✵✲❣❛♣✲❈▼❙❘✲d✳

Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ✵✲❣❛♣✲▼❙❘✲d ♣r♦❜❧❡♠✱ s✐♥❝❡ t❤❡ r❡s✉❧t ❡①t❡♥❞s tr✐✈✐❛❧❧②
t♦ ✵✲❣❛♣✲❈▼❙❘✲d✳

▲❡tM1...d ❜❡ d ❣❡♥♦♠✐❝ ♠❛♣s ✇✐t❤♦✉t ❞✉♣❧✐❝❛t❡s ✭✐♥ ❢❛❝t✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❛ss✉♠❡
t❤❛tM1 ❤❛s ♥♦ ❞✉♣❧✐❝❛t❡s✮✳ ❚❤❡ ❣r❛♣❤ G0(M1...d) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿

Iσ ❛♥❞ Iτ ✐♥t❡rs❡❝t ⇔ Iσ,1 ∩ Iτ,1 6= ∅.

■♥❞❡❡❞✱ ✐❢ t✇♦ ♣r❡str✐♣s ♦✈❡r❧❛♣ ✐♥Mi ❢♦r s♦♠❡ i✱ s✐♥❝❡ t❤❡② ❤❛✈❡ ❣❛♣ ③❡r♦✱ t❤❡②
♠✉st ❤❛✈❡ ❛ ❝♦♠♠♦♥ ♠❛r❦❡r m ❛♣♣❡❛r✐♥❣ ✐♥ Mi✳ ❇✉t s✐♥❝❡ m ❝❛♥ ❛♣♣❡❛r ♦♥❧②
♦♥❝❡ ✐♥ M1✱ t❤❡② ❛❧s♦ ♦✈❡r❧❛♣ ✐♥ M1✳ ❚❤✉s Iσ,i ∩ Iτ,i 6= ∅ ✐♠♣❧✐❡s Iσ,1 ∩ Iτ,1 6= ∅✱
✇❤✐❝❤ s✉✣❝❡s t♦ ♣r♦✈❡ t❤❡ ❝❧❛✐♠✳ ❯s✐♥❣ t❤✐s ♣r♦♣❡rt②✱ ✇❡ ❝❛♥ s❡❡ t❤❛t G0(M1...d) ✐s
✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ✐♥t❡r✈❛❧ ❣r❛♣❤ ✇✐t❤ ✈❡rt❡① s❡t {I1σ | σ ∈ Ω}✳ ❍❡♥❝❡✱ t❤❡ r❡❞✉❝t✐♦♥
❛❧❣♦r✐t❤♠ ✺✳✶ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❜② ❝♦♠♣✉t✐♥❣ ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ X ♦❢ ■♥t❡r✈❛❧✲▼❲■❙(G0(M1...d)) ✐♥st❡❛❞ ♦❢ ❛ 2d✲❛♣♣r♦①✐♠❛t✐♦♥ ✭❧✐♥❡ ✷✮✳
❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✾✳



✺✳✸✳ P❖▲❨◆❖▼■❆▲✲❚■▼❊ ❆▲●❖❘■❚❍▼❙ ✶✹✶

❆❧❣♦r✐t❤♠ ✺✳✷ R(d, δ)✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d✳
■♥♣✉t✿ d ❣❡♥♦♠✐❝ ♠❛♣sM1...d ✇✐t❤♦✉t ❞✉♣❧✐❝❛t❡s✱ δ ∈ N

✶✿ Ω2 ← t❤❡ s❡t ♦❢ ❛❧❧ δ✲♣r❡str✐♣s ♦❢ ❧❡♥❣t❤ 2
✷✿ E ← t❤❡ s✉❜s❡t ♦❢ Ω2 × Ω2 ♦❢ ♦✈❡r❧❛♣♣✐♥❣ ♣r❡str✐♣s
✸✿ G← t❤❡ (p+ 1)✲❝❧❛✇✲❢r❡❡ ❣r❛♣❤ (Ω2, E)✱ ✇✐t❤ p = d · (1 +

⌊

δ
2

⌋

) + (δ mod 2) ❜②
▲❡♠♠❛ ✺✳✷✶

✹✿ r❡t✉r♥ ❛ (p/2 + ǫ)✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ▼❛①✐♠✉♠ ■♥❞❡♣❡♥❞❡♥t ❙❡t ♦❢ G

❙✐♥❝❡ t❤❡ ♣r♦♦❢ ✉s❡s ♦♥❧② t❤❡ ❢❛❝t t❤❛t M1 ❤❛s ♥♦ ❞✉♣❧✐❝❛t❡s✱ ✇❡ ❤❛✈❡ ✐♥ ❢❛❝t
♣r♦✈❡❞ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ ✵✲❣❛♣✲▼❙❘✱ ✐s ❛❧s♦
✐♥ P✿

Pr♦❜❧❡♠ ●❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ✵✲❣❛♣✲▼❙❘✲d
■♥♣✉t d ❣❡♥♦♠✐❝ ♠❛♣sM1...d ❡❛❝❤ ❝♦♥t❛✐♥✐♥❣ t❤❡ s❛♠❡ n ♠❛r❦❡rs✱

✇❤❡r❡M1 ❝❛♥♥♦t ❤❛✈❡ ❞✉♣❧✐❝❛t❡s
❖✉t♣✉t d s✉❜s❡q✉❡♥❝❡sM′

1...d ♦❢M1...d r❡s♣❡❝t✐✈❡❧②✱ ❡❛❝❤ ❝♦♥t❛✐♥✐♥❣
t❤❡ s❛♠❡ ℓ ♠❛r❦❡rs✱ s✉❝❤ t❤❛t t❤❡ ♠❛r❦❡rs ✐♥M′

1...d ❝❛♥ ❜❡
♣❛rt✐t✐♦♥❡❞ ✐♥t♦ str✐♣s✱ ❛♥❞ s✉❝❤ t❤❛t ❡❛❝❤ str✐♣ ❤❛s ❣❛♣ 0

▼❛①✐♠✐③❡ t❤❡ ♥✉♠❜❡r ℓ ♦❢ s❡❧❡❝t❡❞ ♠❛r❦❡rs

✺✳✸✳✷ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d✳ ❚❤❡
❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ❜❡✐♥❣ O(dδ)✱ ✐♥st❡❛❞ ♦❢ O(d)✱ ✐t ✐s ♣r❛❝t✐❝❛❧ ♦♥❧② ❢♦r s♠❛❧❧ ✈❛❧✉❡s
♦❢ δ✳

❚❤❡♦r❡♠ ✺✳✷✵✳ ❆❧❣♦r✐t❤♠ ✺✳✷ ❝♦♠♣✉t❡s ❛♥ R(d, δ)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r δ✲❣❛♣✲▼❙❘✲
d✱ ✇❤❡r❡

R(d, δ) =
3

4

(

d

(

1 +

⌊

δ

2

⌋)

+ (δ mod 2)

)

+ ǫ.

◆♦t❡ t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ R(d, δ) ❢♦r s♠❛❧❧ δ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

R(d, δ) =















0.75d+ 0.75 + ǫ ❢♦r δ = 1
1.5d+ ǫ ❢♦r δ = 2
1.5d+ 0.75 + ǫ ❢♦r δ = 3
2.25d+ ǫ ❢♦r δ = 4.

❚❤✉s ❆❧❣♦r✐t❤♠ ✺✳✷ ✐♠♣r♦✈❡s t❤❡ 2d✲❛♣♣r♦①✐♠❛t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✸✳✶✮ ❢♦r δ ≤ 3✱
❜✉t ✇✐❧❧ ❜❡ ✐♠♣r♦✈❡❞ ❜② t❤❡ 1.8✲❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳✸ ❢♦r d = 2 ❛♥❞ δ = 1✳

▲❡♠♠❛ ✺✳✷✶✳ ❚❤❡ s✐③❡ ♦❢ ❛♥② ❝❧❛✇ ✐♥ t❤❡ ❣r❛♣❤ G ❝r❡❛t❡❞ ❜② ❆❧❣♦r✐t❤♠ ✺✳✷ ✐s
✉♣♣❡r✲❜♦✉♥❞❡❞ ❜② p = d(1 +

⌊

δ
2

⌋

) + (δ mod 2)✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❡r❡ ✐s ❛ q✲❝❧❛✇ ✐♥ G = (Ω2, E)✳ ❲❡ ❞❡♥♦t❡ ❜② c =
〈

u, v
〉

✐ts
❝❡♥t❡r✱ ❛♥❞ ❜② N t❤❡ s❡t ♦❢ q ♥❡✐❣❤❜♦rs ♦❢ c ✐♥ t❤✐s ❝❧❛✇✿ t❤❡ ♣r❡str✐♣ c ♦✈❡r❧❛♣s
✇✐t❤ ❡❛❝❤ n ∈ N ✱ ❜✉t ♣r❡str✐♣s ✐♥ N ❛r❡ ♣❛✐r✇✐s❡ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣✳ ❲❡ ♣❛rt✐t✐♦♥
N ✐♥t♦ N = N∩ ∪ N1 ∪ . . . ∪ Nd ❛s ❢♦❧❧♦✇s✿ ✐❢ n ∈ N s❤❛r❡s ❛ ♠❛r❦❡r ✇✐t❤ c✱ t❤❡♥
n ∈ N∩❀ ♦t❤❡r✇✐s❡✱ ❝❤♦♦s❡ ❛ ♠❛♣Mi ❢♦r ✇❤✐❝❤ {u, v}∪Si(u, v) ❛♥❞ {u′, v′}∪Si(u′, v′)
✐♥t❡rs❡❝t✱ ❛♥❞ ❛❞❞ n t♦ Ni✳



✶✹✷ ❈❍❆P❚❊❘ ✺✳ ▼❆❳■▼❆▲ ❙❚❘■P ❘❊❈❖❱❊❘❨

❋✐rst ♥♦t❡ t❤❛t 0 ≤ |N∩| ≤ 2 ✿ ❛ ♣r❡str✐♣ ✐♥ N∩ ❡✐t❤❡r ❝♦♥t❛✐♥s u ♦r v✱ ❛♥❞ ♥♦♥✲
♦✈❡r❧❛♣♣✐♥❣ ♣r❡str✐♣s ❝❛♥♥♦t ❜♦t❤ ❝♦♥t❛✐♥ u ♦r v✳ ◆♦✇ ❢♦r 1 ≤ i ≤ d✱ ✇❡ ❣✐✈❡ ❛♥
✉♣♣❡r ❜♦✉♥❞ ♦♥ |Ni|✱ ❞❡♣❡♥❞✐♥❣ ♦♥ |N∩|✳ ❲❡ ❝❛♥ ❛ss✉♠❡ ✇❧♦❣✳ t❤❛t u ❛♥❞ v ❛♣♣❡❛r
✐♥ ♣♦s✐t✐✈❡ ❢♦r♠ ✐♥ Mi✱ ❛♥❞ t❤❛t Ni ❝♦♥s✐sts ♦❢ h ♣r❡str✐♣s

〈

x1, y1
〉

, . . . ,
〈

xh, yh
〉

❛♣♣❡❛r✐♥❣ ✐♥ t❤✐s ♦r❞❡r ✐♥ Mi ✭✐✳❡✳✱
〈

x1, y1, x2, y2, . . . , xh, yh
〉

✐s ❛ s✉❜s❡q✉❡♥❝❡ ♦❢
Gi✮✳

■❢ |N∩| = 2✱ t❤❡♥ x1 ♠✉st ❛♣♣❡❛r ❛❢t❡r u ❛♥❞ yh ♠✉st ❛♣♣❡❛r ❜❡❢♦r❡ v ✐♥ M1✿
♦t❤❡r✇✐s❡

〈

x1, y1
〉

✭r❡s♣❡❝t✐✈❡❧②
〈

xh, yh
〉

✮ ✇♦✉❧❞ ♦✈❡r❧❛♣ ✇✐t❤ s♦♠❡ ♣r❡str✐♣ ♦❢ N∩✳
❙✐♥❝❡ t❤❡r❡ ❝❛♥ ❜❡ ❛t ♠♦st δ ♠❛r❦❡rs ❜❡t✇❡❡♥ u ❛♥❞ v✱ ✇❡ ❤❛✈❡ 2h ≤ δ✳

■❢ |N∩| = 1✱ s✉♣♣♦s❡ t❤❡ ♣r❡str✐♣ ✐♥ N∩ ❝♦♥t❛✐♥s u✿ t❤❡♥ x1 ♠✉st ❛♣♣❡❛r ❛❢t❡r
u ✐♥Mi✳ ❆❧s♦✱ xh ♠✉st ❛♣♣❡❛r ❜❡❢♦r❡ v✱ ♦t❤❡r✇✐s❡

〈

xh, yh
〉

✇♦✉❧❞ ♥♦t ♦✈❡r❧❛♣ ✇✐t❤
〈

u, v
〉

✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ 2h− 1 ≤ δ✳
❋✐♥❛❧❧②✱ ✐❢ |N∩| = 0✱ t❤❡♥ y1 ♠✉st ❛♣♣❡❛r ❛❢t❡r u ❛♥❞ xh ❜❡❢♦r❡ v✱ ❤❡♥❝❡ 2h−2 ≤ δ✳
❚♦ s✉♠♠❛r✐③❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s ♦♥ h = |Ni|✿
✕ ■❢ |N∩| = 0✱ t❤❡♥ |Ni| ≤ 1 +

⌊

δ
2

⌋

✳
✕ ■❢ |N∩| = 1✱ ❛♥❞ δ ✐s ♦❞❞✱ t❤❡♥ |Ni| ≤ 1 +

⌊

δ
2

⌋

✳
✕ ■❢ |N∩| = 1✱ ❛♥❞ δ ✐s ❡✈❡♥✱ t❤❡♥ |Ni| ≤

⌊

δ
2

⌋

✳
✕ ■❢ |N∩| = 2✱ t❤❡♥ |Ni| ≤

⌊

δ
2

⌋

✳
❙✉♠♠✐♥❣ ♦✈❡r ❛❧❧ Ni ❛♥❞ N∩✱ ✇❡ ❤❛✈❡

q = |N | ≤ max







0 + d · (1 + ⌊ δ
2
⌋)

1 + d · ((δ mod 2) + ⌊ δ
2
⌋)

2 + d · ⌊ δ
2
⌋

= max
{

d, 1 + d · (δ mod 2), 2
}

+ d · ⌊ δ
2
⌋

= d+ (δ mod 2) + d · ⌊ δ
2
⌋

= d · (1 + ⌊ δ
2
⌋) + (δ mod 2) = p,

❛s ❞❡s✐r❡❞✳

❲❡ ♥♦✇ ❜♦✉♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✷✳ ■❢ O ✐s ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ♦❢ s✐③❡ ℓ✱ t❤❡r❡ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ s✐③❡ 2

3
ℓ ✐♥ Ω2✿ ❛❧❧ ♣r❡str✐♣s ✐♥ O ❝❛♥ ❜❡

❞❡❝♦♠♣♦s❡❞ ✐♥t♦ s♠❛❧❧❡r ♣r❡str✐♣s ♦❢ ❧❡♥❣t❤ 2 ♦r 3✳ ■❢ ✇❡ r❡♠♦✈❡ t❤❡ ❧❛st ❡❧❡♠❡♥t
♦❢ ❡❛❝❤ ❧❡♥❣t❤✲3 ♣r❡str✐♣ ♦❢ O✱ ✇❡ ♦❜t❛✐♥ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ O ′ ♦❢ s✐③❡ ❛t ❧❡❛st 2

3
ℓ✱

✐♥❝❧✉❞❡❞ ✐♥ Ω2✱ ✇❤✐❝❤ ♠♦r❡♦✈❡r ❢♦r♠s ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ G = (Ω2, E)✳ ❯s✐♥❣
t❤❡ (p/2+ ǫ)✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ▼❛①✐♠✉♠ ■♥❞❡♣❡♥❞❡♥t ❙❡t ♦♥ (p+1)✲❝❧❛✇✲❢r❡❡✲
❣r❛♣❤s ❣✐✈❡♥ ✐♥ ❬✼✾❪✱ ✇❡ ♦❜t❛✐♥ ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ G ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ s❡t ♦❢
♣r❡str✐♣s ♦❢ t♦t❛❧ ❧❡♥❣t❤ 1

p/2+ǫ
2
3
ℓ✳ ❚❤✐s ❧❡❛❞s t♦ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ♦❢ 3

4
p + ǫ✱

✇❤❡r❡ p = d(1 +
⌊

δ
2

⌋

) + (δ mod 2)✳

✺✳✸✳✸ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ❢♦r ✶✲❣❛♣✲▼❙❘✲✷

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✺✳✷✷✳ ❆❧❣♦r✐t❤♠ ✺✳✸ ✐s ❛ ❢❛❝t♦r✲✶✳✽ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ✶✲❣❛♣✲
▼❙❘✲✷✳

Pr♦♦❢✳ ❆❧❣♦r✐t❤♠ ✺✳✸ ✇♦r❦s ❛s ❢♦❧❧♦✇s✳ ●✐✈❡♥ t✇♦ ❣❡♥♦♠✐❝ ♠❛♣sM1,2✱ ❝♦♠♣✉t❡ t❤❡
s❡t Ω ♦❢ ❛❧❧ ♣r❡str✐♣s ✇✐t❤ ❧❡♥❣t❤ ✷ ♦r ✸ ✭❛♥❞ ❣❛♣ ❛t ♠♦st ✶✮✳ ▲♦♥❣❡r ♣r❡str✐♣s ❛r❡
✐❣♥♦r❡❞✱ s✐♥❝❡ t❤❡② ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ s♠❛❧❧❡r ♦♥❡s ❛♣♣❡❛r✐♥❣ ✐♥ Ω✳ ❙❡❧❡❝t ❛ s✉❜s❡t
V λ ⊆ Ω ✭❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ♣❛r❛♠❡t❡r λ✿ s❡❡ t❤❡ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✮✱
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❆❧❣♦r✐t❤♠ ✺✳✸ ✶✳✽✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ✶✲❣❛♣✲▼❙❘✲✷✳
■♥♣✉t✿ d ❣❡♥♦♠✐❝ ♠❛♣sM1...d ✇✐t❤♦✉t ❞✉♣❧✐❝❛t❡s

✶✿ T ← {(0, 1, 2), (1, 2, 3), (2, 3, 4), (0, 2), (1, 2), (1, 3), (2, 3), (2, 4),
(5, 6), (5, 7), (6, 7), (6, 8), (7, 8)}

✷✿ Ω← s❡t ♦❢ ❛❧❧ ✶✲♣r❡str✐♣s ♦❢M1,2 ♦❢ ❧❡♥❣t❤ ✷ ♦r ✸
✸✿ ❢♦r λ← 1 t♦ 9 ❞♦
✹✿ V λ ← {σ | σ ∈ Ω, π9(✐❞①(σ,M2)− λ) ∈ T}
✺✿ Eλ ← {(σ1, σ2) | σ1, σ2 ♦✈❡r❧❛♣♣✐♥❣ ♣r❡str✐♣s ♦❢ V λ}
✻✿ w(σ)← |σ| ✭❢♦r ❛❧❧ σ ∈ V λ✮
✼✿ V λ

Ind ←❈❧❛✇✲❋r❡❡✲▼❲■❙ ♦❢ ❣r❛♣❤ (V λ, Eλ) ✇✐t❤ ✇❡✐❣❤t w
✽✿ ❡♥❞ ❢♦r
✾✿ r❡t✉r♥ max{||V λ

Ind|| | 1 ≤ λ ≤ 9}

❛♥❞ ❝r❡❛t❡ Eλ✱ t❤❡ s❡t ♦❢ ❛❧❧ ♦✈❡r❧❛♣♣✐♥❣ ♣❛✐rs ♦❢ ♣r❡str✐♣s ♦❢ V λ✳ ❚❤❡ ♣❛✐r (V λ, Eλ)
❢♦r♠s ❛ ❣r❛♣❤ ✇❤✐❝❤ ✐s ❝❧❛✇✲❢r❡❡ ✭s❡❡ ▲❡♠♠❛ ✺✳✷✸✮✳ ■t ✐s t❤✉s ♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡✱
✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✱ ❛ ♠❛①✐♠✉♠ ✐♥❞❡♣❡♥❞❡♥t s❡t ❢♦r t❤✐s ❣r❛♣❤ ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✶✳✷✮✱
✇❤✐❝❤ ②✐❡❧❞s ❛ ❢❡❛s✐❜❧❡ s❡t ♦❢ ♣r❡str✐♣s V λ

Ind✳
❚❤❡ s❡❧❡❝t✐♦♥ ♦❢ V λ ❛♠♦♥❣ Ω ✐s ❞♦♥❡ ❛s ❢♦❧❧♦✇s✿ ❣✐✈❡♥ ❛ ♣r❡str✐♣ σ ♦❢M1,2✱ t❛❦❡

t❤❡ ✈❛❧✉❡s ♦❢ ✐❞①(σ,M2)− λ ♠♦❞✉❧♦ ✾✳ ❚❤✐s ✐s ❞♦♥❡ ❜② t❤❡ ❛r✐t❤♠❡t✐❝ ❢✉♥❝t✐♦♥ π9✱
✇❤✐❝❤ t❛❦❡s t❤❡ ✈❛❧✉❡s ♦❢ ❛ ❧✐st ♠♦❞✉❧♦ ✾✿ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ σ ❤❛s ✐♥❞✐❝❡s (30, 32, 33)
✐♥ M2✱ ❛♥❞ λ = 5✱ t❤❡♥ ✐❞①(σ,M2) − λ = (25, 27, 28)✱ ❛♥❞ π9(✐❞①(σ,M2) − λ) =
(7, 0, 1)✳ ■❢ t❤❡ r❡s✉❧t ♦❢ π9(✐❞①(σ,M2) − λ) ❜❡❧♦♥❣s t♦ s♦♠❡ s❡t ✭t❤❡ ✈❡❝t♦r T ✐♥
❆❧❣♦r✐t❤♠ ✺✳✸✮✱ ❛❞❞ σ t♦ V λ✳ ❲❡ ♦♥❧② ♥❡❡❞ t♦ t❡st t❤❡ ✾ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ λ t♦
♦❜t❛✐♥ ✾ ❞✐✛❡r❡♥t ❢❡❛s✐❜❧❡ s❡ts ♦❢ ♣r❡str✐♣s✳

❋✐♥❛❧❧②✱ ▲❡♠♠❛ ✺✳✸✵ ♣r♦✈❡s t❤❛t t❤❡r❡ ❡①✐sts s♦♠❡ λ ❢♦r ✇❤✐❝❤ t❤❡ t♦t❛❧ s✐③❡ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ V λ

Ind ✐s ❛t ❧❡❛st 5/9th ♦❢ ❛ ♠❛①✐♠✉♠ ❢❡❛s✐❜❧❡ s❡t ♦❢ ♣r❡str✐♣s ♦❢M1,2✳
❚❤✉s✱ ❆❧❣♦r✐t❤♠ ✺✳✸ ✐s ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❣✐✈✐♥❣ ❛ ✶✳✽✲❛♣♣r♦①✐♠❛t✐♦♥ t♦
✶✲❣❛♣✲▼❙❘✱ ❛♥❞ ❚❤❡♦r❡♠ ✺✳✷✷ ✐s ♣r♦✈❡❞✳

▲❡♠♠❛ ✺✳✷✸✳ ❋♦r ❡❛❝❤ λ✱ t❤❡ ❣r❛♣❤ (V λ, Eλ) ❝r❡❛t❡❞ ❜② ❆❧❣♦r✐t❤♠ ✺✳✸ ✐s ❝❧❛✇✲❢r❡❡✳

Pr♦♦❢✳ ❆❧t❤♦✉❣❤ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② ❢♦r t❤❡ ❛❧❣♦r✐t❤♠✱ ✇❡ ❛ss✉♠❡ ❤❡r❡✱ ✇❧♦❣✳✱ t❤❛t
M1 ✐s t❤❡ ✐❞❡♥t✐t② ♣❡r♠✉t❛t✐♦♥

〈

1, 2, . . . , |M1|
〉

✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ s✐♠♣❧✐✜❡s s♦♠❡✲
❤♦✇ t❤❡ ♥♦t❛t✐♦♥s✿ ✐❞①(σ,M1) = σ✳

❈♦♥s✐❞❡r ❛ ♣r❡str✐♣ σ ∈ V λ✳ ❙✐♥❝❡ ❛❧❧ ❡❧❡♠❡♥ts ♦❢ T ❤❛✈❡ ✈❛❧✉❡s ✐♥❝❧✉❞❡❞ ❡✐t❤❡r
✐♥ {0, 1, 2, 3, 4} ♦r ✐♥ {5, 6, 7, 8}✱ ❛♥❞ ❜② ❝♦♥str✉❝t✐♦♥ π9(✐❞①(σ,M2) − λ) ∈ T ✱ ✇❡
❤❛✈❡

π9(✐❞①(σ,M2)− λ) ⊆ J0 ; 4K
♦r π9(✐❞①(σ,M2)− λ) ⊆ J5 ; 8K .

❚❤❛♥❦s t♦ t❤❡ ❣❛♣ ❝♦♥❞✐t✐♦♥✱ t❤❡r❡ ❡①✐sts s♦♠❡ ✐♥t❡❣❡r k s✉❝❤ t❤❛t t❤❡ ✐♥❞✐❝❡s
♦❢ σ ✐♥M2 ❛r❡ ❛❧❧ ✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐③❡✲✺ ♦r s✐③❡✲✹ ✐♥t❡r✈❛❧s✿

✐❞①(σ,M2) ⊆ J0 + 9k + λ ; 4 + 9k + λK
♦r ✐❞①(σ,M2) ⊆ J5 + 9k + λ ; 8 + 9k + λK].

▲❡t Kλ(σ) ❜❡ t❤❡ s✐③❡✲✺ ♦r s✐③❡✲✹ ✐♥t❡r✈❛❧ ♦❢M2 ❝♦♥t❛✐♥✐♥❣ σ✱ s✉❝❤ t❤❛t✿

Kλ(σ) =
〈

M2[0 + 9k + λ], . . . ,M2[4 + 9k + λ]
〉
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♦r Kλ(σ) =
〈

M2[5 + 9k + λ], . . . ,M2[8 + 9k + λ]
〉

.

❚❤❡ ❧❛st ♥♦t❛t✐♦♥s ✇❡ ✉s❡ ❛r❡ ❢♦r ❡❞❣❡s ♦❢ Eλ✿ ❢♦r σ, τ ∈ V λ✱ ✐❢ (σ, τ) ∈ Eλ✱ ✇❡
✇r✐t❡ σ ✖ τ ✳ ■❢ σ ❛♥❞ τ ❤❛✈❡ ❛ ❝♦♠♠♦♥ ❡❧❡♠❡♥t✱ ✇❡ s❛② t❤❛t t❤❡② ✐♥t❡rs❡❝t✱ ❛♥❞
✇❡ ✇r✐t❡ σ

∩
✖ τ ✳ ❖t❤❡r✇✐s❡✱ t❤❡② ♠✉st ♦✈❡r❧❛♣ ✐♥M1 ♦rM2 ✭♣♦ss✐❜❧② ❜♦t❤✮✿ ✇❡

✇r✐t❡ r❡s♣❡❝t✐✈❡❧② σ
M1✖ τ ♦r σ

M2✖ τ ✳
❇❡❢♦r❡ ♣r♦✈✐♥❣ t❤❛t (V λ, Eλ) ✐s ❝❧❛✇✲❢r❡❡✱ ✇❡ ✜rst ❣✐✈❡ ❛ s❡r✐❡s ♦❢ ♣r♦♣❡rt✐❡s ♦✈❡r

t❤✐s ❣r❛♣❤✳

Pr♦♣❡rt② ✺✳✷✹✳ ▲❡t σ, τ ❜❡ ❞✐st✐♥❝t ♣r❡str✐♣s ♦❢ V λ✳ ■❢ σ ❛♥❞ τ ♦✈❡r❧❛♣ ✐♥ Mi ❢♦r
s♦♠❡ i ∈ {1, 2}✱ ✇✐t❤♦✉t ✐♥t❡rs❡❝t✐♥❣ ❡❛❝❤ ♦t❤❡r✱ t❤❡♥ t❤❡② ❜♦t❤ ❤❛✈❡ ❣❛♣ ❡①❛❝t❧② ✶
✐♥Mi✳

Pr♦♦❢✳ ❆❧❧ t❤❡ ♣r❡str✐♣s ✇❡ ❝♦♥s✐❞❡r ❤❛✈❡ ❣❛♣ ❛t ♠♦st ✶✳ ■❢ ♦♥❡ ♦❢ t❤❡♠ ✭s❛② σ✮
❤❛s ❣❛♣ ✵✱ t❤❡♥ ✐t ✇♦✉❧❞ ❝♦♥t❛✐♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❡❧❡♠❡♥ts ✐♥Mi ✇❤✐❝❤ τ ♦✈❡r❧❛♣s✿
❝♦♥s❡q✉❡♥t❧②✱ τ ✇♦✉❧❞ ❤❛✈❡ ❣❛♣ ❛t ❧❡❛st ✷✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

Pr♦♣❡rt② ✺✳✷✺✳ ▲❡t σ, τ ❜❡ ❞✐st✐♥❝t ♣r❡str✐♣s ♦❢ V λ✳ ■❢ σ
∩
✖ τ ♦r σ

M2
✖ τ ✱ t❤❡♥

Kλ(σ) = Kλ(τ)✳

Pr♦♦❢✳ ❇♦t❤ ❝❛s❡s ✐♠♣❧② Kλ(σ) ∩ Kλ(τ) 6= ∅✳ ▼♦r❡♦✈❡r✱ t❤❡ ✐♥❞✐❝❡s ♦✈❡r M2 ❛r❡
♣❛rt✐t✐♦♥❡❞ ❜② t❤❡ ✐♥t❡r✈❛❧s J0 + 9k + λ ; 4 + 9k + λK ❛♥❞ J5 + 9k + λ ; 8 + 9k + λK✱
❛♥❞ t❤✐s ❣❡♥♦♠✐❝ ♠❛♣ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❞✉♣❧✐❝❛t❡s✳ ❍❡♥❝❡ Pr♦♣❡rt② ✺✳✷✺ ❢♦❧❧♦✇s✳

Pr♦♣❡rt② ✺✳✷✻✳ ▲❡t σ, τ ❜❡ ❞✐st✐♥❝t ♣r❡str✐♣s ♦❢ V λ✳ ■❢ Kλ(σ) = Kλ(τ)(= K) ❛♥❞

|K| = 5✱ t❤❡♥ σ
∩
✖ τ ♦r σ

M2
✖ τ ✳

Pr♦♦❢✳ ❚❤✐s ♣r♦♣❡rt② ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ✈❡❝t♦r T ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✸✿ ❡✈❡r② ❡❧❡♠❡♥t
✐♥ T ✇❤✐❝❤ ✐s ✐♥❝❧✉❞❡❞ ✐♥ J0 ; 4K ❡✐t❤❡r ❝♦♥t❛✐♥s 2✱ ♦r ✐s (1, 3)✳ ■❢ σ ❛♥❞ τ ❞♦ ♥♦t
✐♥t❡rs❡❝t✱ t❤❡♥✱ ✇r✐t✐♥❣ K =

〈

K[0], K[1], K[2], K[3], K[4]
〉

✱ ♦♥❡ ♦❢ t❤❡ t✇♦ ♣r❡str✐♣s
❝♦♥t❛✐♥s K[2] ❛♥❞ t❤❡ ♦t❤❡r ✐s

〈

K[1], K[3]
〉

✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡② ♦✈❡r❧❛♣ ✐♥ M2✳

❈♦♥s❡q✉❡♥t❧②✱ σ
∩
✖ τ ♦r σ

M2✖ τ ✳

Pr♦♣❡rt② ✺✳✷✼✳ ▲❡t σ, τ1, τ2 ❜❡ ❞✐st✐♥❝t ♣r❡str✐♣s ♦❢ V λ✳ ■❢ σ
M2
✖ τ1 ❛♥❞ ❡✐t❤❡r

σ
M2
✖ τ2 ♦r σ

∩
✖ τ2✱ t❤❡♥ τ1

∩
✖ τ2 ♦r τ1

M2
✖ τ2✳

Pr♦♦❢✳ ▲❡t K = Kλ(σ)✳ ❯s✐♥❣ Pr♦♣❡rt② ✺✳✷✺ ❜♦t❤ ♦♥ (σ, τ1) ❛♥❞ (σ, τ2)✱ ✇❡ ❤❛✈❡
K = Kλ(τ1) ❛♥❞ K = Kλ(τ2)✳ ■❢ σ✱ τ1 ❛♥❞ τ2 ❞♦ ♥♦t ✐♥t❡rs❡❝t✱ t❤❡② ❝♦rr❡s♣♦♥❞ t♦
✸ ❞✐s❥♦✐♥t s✉❜s❡ts ✭❡❛❝❤ ♦❢ ❝❛r❞✐♥❛❧✐t② ✷ ♦r ✸✮ ♦❢ K ✭✇❤✐❝❤ ✐s ♦❢ ❝❛r❞✐♥❛❧✐t② ✹ ♦r ✺✮✿

❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❙✐♥❝❡ σ ❛♥❞ τ1 ❞♦ ♥♦t ✐♥t❡rs❡❝t✱ ❡✐t❤❡r τ1
∩
✖ τ2✱ ✭✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡

♣r♦♣❡rt② ✐s ♣r♦✈❡❞✮✱ ♦r σ
∩
✖ τ2✳

■❢ K ❤❛s s✐③❡ ✺✱ s✐♥❝❡ Kλ(τ1) = Kλ(τ2)✱ Pr♦♣❡rt② ✺✳✷✻ ❛♣♣❧✐❡s ❞✐r❡❝t❧② ♦♥ τ1, τ2✳
■❢ K ❤❛s s✐③❡ ✹✱ t❤❡♥ σ✱ τ1 ❛♥❞ τ2 ❤❛✈❡ ❧❡♥❣t❤ ✷✳ ❙✐♥❝❡ σ ❛♥❞ τ1 ❞♦ ♥♦t ✐♥t❡rs❡❝t✱

❛♥❞ |K| = |σ| + |τ1|✱ ❡✈❡r② ❡❧❡♠❡♥t ♦❢ K ❛♣♣❡❛rs ❡✐t❤❡r ✐♥ σ ♦r τ1✳ ◆♦✇ τ2 ✐s ❛
s✉❜s❡q✉❡♥❝❡ ♦❢ K✱ ❛♥❞ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❡❧❡♠❡♥t ♦❢ τ2 ✇❤✐❝❤ ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥
σ✱ s♦ τ2 ❛♥❞ τ1 ✐♥t❡rs❡❝t✳

Pr♦♣❡rt② ✺✳✷✽✳ ▲❡t σ, τ ❜❡ ❞✐st✐♥❝t ♣r❡str✐♣s ♦❢ V λ✱ ✇✐t❤ |σ| = 2✳ ■❢ σ
M1
✖ τ t❤❡♥

t❤❡r❡ ❡①✐sts x ∈ {1, . . . , |M1| − 2} s✉❝❤ t❤❛t σ =
〈

x, x+ 2
〉

✱ ❛♥❞ τ ❝♦♥t❛✐♥s ❛s
s✉❜✲♣r❡str✐♣

〈

x− 1, x+ 1
〉

♦r
〈

x+ 1, x+ 3
〉

✳
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Pr♦♦❢✳ ❇② Pr♦♣❡rt② ✺✳✷✹✱ σ ❤❛s ❣❛♣ ✶ ✐♥ M1✱ s♦ t❤❡r❡ ❡①✐sts x s✉❝❤ t❤❛t σ =
〈

x, x+ 2
〉

✳ ❚❤❡ ♦♥❧② t✇♦ s✉❜s❡q✉❡♥❝❡s ♦❢ s✐③❡ ✷ ♦✈❡r❧❛♣♣✐♥❣
〈

x, x+ 2
〉

✇✐t❤♦✉t
✐♥t❡rs❡❝t✐♥❣ ✐t ❛r❡

〈

x− 1, x+ 1
〉

❛♥❞
〈

x+ 1, x+ 3
〉

✿ τ ♠✉st ❝♦♥t❛✐♥ ♦♥❡ ♦❢ t❤♦s❡ ❛s
s✉❜✲♣r❡str✐♣✳

Pr♦♣❡rt② ✺✳✷✾✳ ▲❡t σ, τ1, τ2 ❜❡ ❞✐st✐♥❝t ♣r❡str✐♣s ♦❢ V λ✳ ■❢ σ
M1
✖ τ1 ❛♥❞ σ

M1
✖ τ2

t❤❡♥ ❡✐t❤❡r τ1
∩
✖ τ2✱ ♦r t❤❡r❡ ❡①✐sts x s✉❝❤ t❤❛t σ =

〈

x, x+ 2, x+ 4
〉

✱ ♦♥❡ ♦❢ {τ1, τ2}
❝♦♥t❛✐♥s

〈

x− 1, x+ 1
〉

✱ ❛♥❞ t❤❡ ♦t❤❡r ❝♦♥t❛✐♥s
〈

x+ 3, x+ 5
〉

✳

Pr♦♦❢✳ ■❢ |σ| = 2 ✇❡ ❝❛♥ ✉s❡ Pr♦♣❡rt② ✺✳✷✽ t✇✐❝❡✿ t❤❡r❡ ❡①✐sts x s✉❝❤ t❤❛t σ =
〈

x, x+ 2
〉

✱ ❛♥❞ ❜♦t❤ τ1 ❛♥❞ τ2 ❝♦♥t❛✐♥ x+ 1✱ ❤❡♥❝❡ τ1
∩
✖ τ2✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t τ1 ❛♥❞ τ2 ❞♦ ♥♦t ✐♥t❡rs❡❝t✱ ✇❤✐❝❤ ✐♠♣❧✐❡s |σ| = 3✳ ❙✐♥❝❡ σ
❛♥❞ τ1 ❛r❡ ♦✈❡r❧❛♣♣✐♥❣ ✐♥ M1✱ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t x ∈ σ ❛♣♣❡❛r✐♥❣ ❜❡t✇❡❡♥
t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st ❡❧❡♠❡♥ts ♦❢ τ1✱ t❤❛t ✐s✱ min τ1 ≤ x ≤ max τ1✳ ❲✐t❤ t❤❡ s❛♠❡
❛r❣✉♠❡♥ts ❛s ♣r❡✈✐♦✉s❧②✱ τ1 ❝♦♥t❛✐♥s

〈

x− 1, x+ 1
〉

✳ ❚❤❡r❡ ❛❧s♦ ❡①✐sts x′ ∈ σ s✉❝❤
t❤❛t τ2 ❝♦♥t❛✐♥s

〈

x′ − 1, x′ + 1
〉

✳
❲❡ ❝❛♥ ❛ss✉♠❡ ✇❧♦❣ t❤❛t x′ ≥ x✳ ❙✐♥❝❡ t❤❡ t❤r❡❡ ♣r❡str✐♣s ❞♦ ♥♦t ✐♥t❡rs❡❝t✱

x′ /∈ {x, x+1, x+2}✱ ❛♥❞ x, x′ ❝❛♥♥♦t ❜❡ ❝♦♥s❡❝✉t✐✈❡ ✐♥ σ ✭♦t❤❡r✇✐s❡ t❤❡ ❣❛♣ ✇♦✉❧❞
❜❡ ❛t ❧❡❛st ✷✮✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐sts x′′ s✉❝❤ t❤❛t x < x′′ < x′ ❛♥❞ σ =

〈

x, x′′, x′
〉

✳ ◆♦✇
✇✐t❤ t❤❡ ❣❛♣ ❝♦♥❞✐t✐♦♥✱

x′′ ∈ {x+ 1, x+ 2} ∩ {x′ − 2, x′ − 1},

❛♥❞ ✇✐t❤ t❤❡ ♥♦♥ ✐♥t❡rs❡❝t✐♥❣ ❝♦♥❞✐t✐♦♥✱

x′′ /∈ {x+ 1, x′ − 1}.

❖♥❧② ♦♥❡ ♣♦ss✐❜✐❧✐t② r❡♠❛✐♥s✿

x′′ = x+ 2 = x′ − 2 ❛♥❞ σ =
〈

x, x+ 2, x+ 4
〉

.

❚❤✐s ♣r♦✈❡s Pr♦♣❡rt② ✺✳✷✾✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈❡ ▲❡♠♠❛ ✺✳✷✸✿ ❛ss✉♠❡ t❤❡r❡ ❡①✐st ❢♦✉r ♣r❡str✐♣s
σ, τ1, τ2, τ3 ❢♦r♠✐♥❣ ❛ ❝❧❛✇ ✐♥ ✭V λ✱Eλ✮✱ t❤❛t ✐s

σ ✖ τ1, σ ✖ τ2, σ ✖ τ3,
(τ1, τ2) /∈ E

λ, (τ2, τ3) /∈ E
λ, (τ3, τ1) /∈ E

λ.

▲❡t nM1 ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r❡str✐♣s ✐♥ {τ1, τ2, τ3} ♦✈❡r❧❛♣♣✐♥❣ σ ✐♥M1 ✇✐t❤♦✉t
✐♥t❡rs❡❝t✐♥❣ ✐t✳

■❢ nM1 = 0✱ t❤❡♥ ❢♦r ❛❧❧ j ∈ {1, 2, 3}✱ ❡✐t❤❡r σ
∩
✖ τj ♦r σ

M2✖ τj✳ ❍❡♥❝❡ ✇❡ ❝❛♥
✉s❡ Pr♦♣❡rt② ✺✳✷✺ t♦ s❤♦✇ t❤❛t Kλ(σ) = Kλ(τ1) = Kλ(τ2) = Kλ(τ3)✳ ■♥ t❤❛t ❝❛s❡✱
τ1✱ τ2 ❛♥❞ τ3 ❛r❡ ✸ ♣r❡str✐♣s ♦❢ ❧❡♥❣t❤ ✷ ♦r ✸ ✐♥❝❧✉❞❡❞ ✐♥ ❛ s❡t ♦❢ s✐③❡ ✹ ♦r ✺✱ s♦ t✇♦
♦❢ t❤❡♠ ♠✉st ✐♥t❡rs❡❝t✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ ♦t❤❡r tr✐✈✐❛❧ ❝❛s❡ ✐s nM1 = 3✳ ❯s✐♥❣ Pr♦♣❡rt② ✺✳✷✾✱ ✇❡ ❞❡❞✉❝❡ t❤❛t σ
❝❛♥ ❜❡ ✇r✐tt❡♥ σ =

〈

x, x+ 2, x+ 4
〉

❛♥❞ t❤❛t ❡❛❝❤ ♦♥❡ ♦❢ τ1, τ2, τ3 ❝♦♥t❛✐♥s ❡✐t❤❡r
〈

x− 1, x+ 1
〉

♦r
〈

x+ 3, x+ 5
〉

✳ ❆❣❛✐♥ t✇♦ ♦❢ t❤❡♠ ♠✉st ✐♥t❡rs❡❝t✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

◆♦✇ ✇❡ ❝♦♥s✐❞❡r nM1 = 2✿ ✇❧♦❣✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t σ
M1✖ τ1✱ σ

M1✖ τ2✱ ❛♥❞

σ
∩
✖ τ3 ♦r σ

M2✖ τ3✳ ❇② Pr♦♣❡rt② ✺✳✷✾✱ σ ❝❛♥ ❜❡ ✇r✐tt❡♥ σ =
〈

x, x+ 2, x+ 4
〉

✱
τ1 ❝♦♥t❛✐♥s

〈

x− 1, x+ 1
〉

✱ ❛♥❞ τ2 ❝♦♥t❛✐♥s
〈

x+ 3, x+ 5
〉

✳ ❙✐♥❝❡ σ ❤❛s ❧❡♥❣t❤ ✸✱
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❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r T ✱ s❡❡ ❆❧❣♦r✐t❤♠ ✺✳✸✱ σ ❤❛s ❣❛♣ ✵ ✐♥ M2✳ ❍❡♥❝❡ ❜②

Pr♦♣❡rt② ✺✳✷✹✱ t❤❡ ❝❛s❡ σ
M2✖ τ3 ✐s ✐♠♣♦ss✐❜❧❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s σ

∩
✖ τ3✳ ▼♦r❡♦✈❡r τ3

❞♦❡s ♥♦t ♦✈❡r❧❛♣ ✇✐t❤ τ1 ♥♦r τ2✱ s♦ ✐t ❝♦♥t❛✐♥s ♥❡✐t❤❡r x ♥♦r x+ 4✳ ◆❡❝❡ss❛r✐❧②✱ t❤❡
❝♦♠♠♦♥ ❡❧❡♠❡♥t ❜❡t✇❡❡♥ σ ❛♥❞ τ3 ✐s x+ 2✳ ❙✐♥❝❡ |τ3| ≥ 2 ❛♥❞ s✐♥❝❡ ✐t ❤❛s ❣❛♣ ✵ ♦r
✶✱ ✐t ♠✉st ❝♦♥t❛✐♥ ❛♥ ❡❧❡♠❡♥t ❛♠♦♥❣ {x, x + 1, x + 3, x + 4} ❛♥❞ t❤✉s ♦✈❡r❧❛♣ ✇✐t❤
τ1 ♦r τ2✿ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ ❧❛st ♣♦ss✐❜❧❡ ❝❛s❡✱ t❤❛t ✐s nM1 = 1 ✭✇❧♦❣✱ ❛ss✉♠❡ t❤❛t

σ
M1✖ τ1✮✳ Pr♦♣❡rt② ✺✳✷✼ ❛♣♣❧✐❡❞ t♦ σ✱ τ2 ❛♥❞ τ3✱ ❡❧✐♠✐♥❛t❡s t❤❡ ❝❛s❡s ✇❤❡r❡ σ

M2✖ τ2

♦r σ
M2✖ τ3✱ s✐♥❝❡ t❤❡r❡ ❝❛♥ ❜❡ ♥♦ ❡❞❣❡ ❜❡t✇❡❡♥ τ2 ❛♥❞ τ3✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ σ

∩
✖ τ2

❛♥❞ σ
∩
✖ τ3✳ ❲✐t❤ Pr♦♣❡rt② ✺✳✷✺✱ t❤❡r❡ ❡①✐sts ❛ ❧❡♥❣t❤✲✹ ♦r ❧❡♥❣t❤✲✺ s❡q✉❡♥❝❡ K

s✉❝❤ t❤❛t K = Kλ(σ) = Kλ(τ2) = Kλ(τ3)✳

■❢ |K| = 5✱ Pr♦♣❡rt② ✺✳✷✻ ❛♣♣❧✐❡s ✇✐t❤ τ2 ❛♥❞ τ3✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t τ2
∩
✖ τ3

♦r τ2
M2✖ τ3✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❖t❤❡r✇✐s❡✱ |K| = 4✳ ❙✐♥❝❡ ❆❧❣♦r✐t❤♠ ✺✳✸ ❝♦♥s✐❞❡rs ♦♥❧② ❧❡♥❣t❤✲✷ ♣r❡str✐♣s ✐♥
s✐③❡✲✹ ✐♥t❡r✈❛❧s J5 + 9k + λ ; 8 + 9k + λK✱ ✇❡ ❤❛✈❡ |σ| = 2✳ ❲✐t❤ Pr♦♣❡rt② ✺✳✷✽✱
t❤❡r❡ ❡①✐sts ❛♥ x s✉❝❤ t❤❛t σ =

〈

x, x+ 2
〉

✱ ❛♥❞ τ1 ❝♦♥t❛✐♥s ❡✐t❤❡r
〈

x− 1, x+ 1
〉

♦r
〈

x+ 1, x+ 3
〉

❛s s✉❜✲♣r❡str✐♣✳ ❲❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ τ1 ❝♦♥t❛✐♥s
〈

x− 1, x+ 1
〉

✱ t❤❡ ♦t❤❡r ❜❡✐♥❣ s✐♠✐❧❛r✳ ▲❡t j ∈ {2, 3}✱ s✐♥❝❡ τj ✐♥t❡rs❡❝ts σ ✇✐t❤♦✉t
♦✈❡r❧❛♣♣✐♥❣ ✇✐t❤ τ1✱ τj ❝♦♥t❛✐♥s x + 2✳ ❍❡♥❝❡ τ2 ❛♥❞ τ3 ❤❛✈❡ ❛ ❝♦♠♠♦♥ ❡❧❡♠❡♥t✱
x+ 2✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❆❧t♦❣❡t❤❡r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❣r❛♣❤ (V λ, Eλ) ❝❛♥♥♦t ❝♦♥t❛✐♥ ❛♥② ❝❧❛✇✱
❛♥❞ ▲❡♠♠❛ ✺✳✷✸ ✐s ♣r♦✈❡❞✳

▲❡♠♠❛ ✺✳✸✵✳ ▲❡t O ❜❡ ❛ ♠❛①✐♠❛❧ ❢❡❛s✐❜❧❡ s❡t ♦❢ ♣r❡str✐♣s ❢♦r 1✲❣❛♣✲▼❙❘✭M1,2✮✳
❚❤❡♥ ❆❧❣♦r✐t❤♠ ✺✳✸ ♣r♦✈✐❞❡s ❛ s♦❧✉t✐♦♥ ♦❢ t♦t❛❧ s✐③❡ ❛t ❧❡❛st 5||O||/9✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♥✐♥❡ ❢❡❛s✐❜❧❡ s❡ts ♦❢ ♣r❡str✐♣s✱ ❞❡♥♦t❡❞
O1, . . . ,O9✱ s✉❝❤ t❤❛t ❡❛❝❤ ♣r❡str✐♣ ✐♥ Oλ ❛♣♣❡❛rs ❜♦t❤ ✐♥ O ✭♣♦ss✐❜❧② ❛s ❛ s✉❜✲
♣r❡str✐♣✮ ❛♥❞ ✐♥ V λ✳ ❲❡ ❛❧s♦ r❡q✉✐r❡ t❤❛t

9
∑

λ=1

||Oλ|| ≥ 5||O||.

❋✐rst ♥♦t❡ t❤❛t ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ❡❛❝❤ ♣r❡str✐♣ ✐♥ O ❤❛s ❧❡♥❣t❤ ✷ ♦r ✸✿ ❛
♣r❡str✐♣ ❝❛♥♥♦t ❜❡ s❤♦rt❡r✱ ❛♥❞ ✇❡ ❝❛♥ s♣❧✐t ❧♦♥❣❡r ♦♥❡s✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s ❛s ❢♦❧❧♦✇s✿
✇❡ st❛rt ✇✐t❤ ♥✐♥❡ ❡♠♣t② s❡ts O1, . . . ,O9✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ ♣r❡str✐♣ σ ∈ O✱ ✇❡
❡♥✉♠❡r❛t❡ t❤❡ ✈❛❧✉❡s ♦❢ λ ❢♦r ✇❤✐❝❤ V λ ❝♦♥t❛✐♥s σ ✭♦r ❛ s✉❜✲♣r❡str✐♣ ♦❢ σ✮✱ ✇❡ ❛❞❞ σ
t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡ts Oλ✱ ❛♥❞ ✇❡ ♠❡❛s✉r❡ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ s✉♠

∑9
λ=1 ||O

λ||✳
❊①❛♠♣❧❡s ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✺✳✺✳

❋♦r ❛ ♣r❡str✐♣ σ ♦❢ ❧❡♥❣t❤ ✷ ✭s❡❡ ❋✐❣✉r❡ ✺✳✺❜✮✱ ✇❡ ❝❛♥ ❛❞❞ σ t♦ Oλ ♦♥❧② ✐❢ ✇❡
❤❛✈❡ π9(✐❞①(σ,M2) − λ) ∈ T ✳ ■❢ ✐❞①(σ,M2) = (y, y + 1)✱ t❤❡♥ π9(✐❞①(σ,M2) − λ)
t❛❦❡s t❤❡ ✈❛❧✉❡s ✭✵✱✶✮✱ ✭✶✱✷✮✱ . . .✱ ✭✼✱✽✮✱ ✭✽✱✵✮✳ ❋✐✈❡ ♦❢ t❤♦s❡ ♥✐♥❡ ♣❛✐rs ❛♣♣❡❛r ✐♥ t❤❡
✈❡❝t♦r T ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✸✿ ✭✶✱✷✮✱ ✭✷✱✸✮✱ ✭✺✱✻✮✱ ✭✻✱✼✮ ❛♥❞ ✭✼✱✽✮✳ ❙♦ ✇❡ ❛❞❞ σ t♦ Oλ

❢♦r ✺ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ λ✿ t❤❡ t♦t❛❧ s✐③❡
∑9

λ=1 ||O
λ|| ✐s ✐♥❝r❡❛s❡❞ ❜② 10 = 5|σ|✳

❚❤❡ s❛♠❡ ❣♦❡s ❢♦r ❛ ♣r❡str✐♣ ♦❢ ❧❡♥❣t❤ ✷ ✇✐t❤ ✐♥❞✐❝❡s (y, y+2)✿ ✐t ❛♣♣❡❛rs ✐♥ V λ

❢♦r ✺ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ λ✱ ✇✐t❤ ✐♥❞✐❝❡s (0, 2), (1, 3), (2, 4), (5, 7), (6, 8)✳ ❲❤❡♥ ❛❞❞❡❞
t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ Oλ✱ t❤❡ t♦t❛❧ s✐③❡ ✐s ❛❣❛✐♥ ✐♥❝r❡❛s❡❞ ❜② 10 = 5|σ|✳

◆♦✇ ✇❡ ❝♦♥s✐❞❡r ❛ ♣r❡str✐♣ σ ♦❢ ❧❡♥❣t❤ ✸ ✇✐t❤ ✐♥❞✐❝❡s (y, y + 1, y + 2)✳ ❚❤❡r❡
❛r❡ t❤r❡❡ ✈❛❧✉❡s ♦❢ λ ❢♦r ✇❤✐❝❤ π9(✐❞①(σ,M2) − λ) ∈ T ✭❜❡❝❛✉s❡ (0, 1, 2)✱ (1, 2, 3)✱
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5 65 76 76 87 8

✭❛✮ ❱❡❝t♦r T ❞❡✜♥❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✺✳✸

λ

9

8

7

6

5

4

3

2

1

π9(idx(σ,M2)− λ)

(0, 1)

(1, 2)

(2, 3)

(3, 4)

(4, 5)

(5, 6)

(6, 7)

(7, 8)

(8, 0)

Mathingelement in T

∅

(1, 2)

(2, 3)

∅

∅

(5, 6)

(6, 7)

(7, 8)

∅

0 11 22 33 44 55 66 77 80 8
✭❜✮ ❊♥✉♠❡r❛t✐♦♥ ❢♦r ✐❞①(σ,M2) = (y, y + 1)✳ ❲❡ ❛ss✉♠❡ ✇❧♦❣ t❤❛t π9(y) = 0✳

λ

9

8

7

6

5

4

3

2

1

π9(idx(σ,M2)− λ)

(0, 2, 3)

(1, 3, 4)

(2, 4, 5)

(3, 5, 6)

(4, 6, 7)

(5, 7, 8)

(6, 8, 0)

(7, 0, 1)

(8, 1, 2)

Mathingelement in T

(0, 2)

(1, 3)

(2, 4)

(5, 6)

(6, 7)

(5, 7)

(6, 8)

∅

(1, 2)

0 2 31 3 42 4 53 5 64 6 75 7 86 80 70 1 81 2
✭❝✮ ❊♥✉♠❡r❛t✐♦♥ ❢♦r ✐❞①(σ,M2) = (y, y + 2, y + 3)✳ ❲❡ ❛ss✉♠❡ ✇❧♦❣ t❤❛t π9(y) = 0✳

❋✐❣✉r❡ ✺✳✺✿ ❊♥✉♠❡r❛t✐♦♥ ♦❢ t❤❡ ♣r❡str✐♣s ♦❢ V λ ♠❛t❝❤✐♥❣ ❛ ♣r❡str✐♣ σ ∈ O✱ ❢♦r
λ ∈ {1, . . . , 9}✳ ◆♦t❡ t❤❛t V λ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ♣r❡str✐♣s ✇❤♦s❡ ✐♥❞✐❝❡s t❛❦❡♥ ♠♦❞✉❧♦
✾ ❛r❡ ✐♥ T ✳
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(2, 3, 4) ❛r❡ ✐♥ T ✮✿ ✇❡ ❛❞❞ σ t♦ Oλ ✐♥ t❤♦s❡ t❤r❡❡ ❝❛s❡s✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ t✇♦
s✉❜✲♣r❡str✐♣s ♦❢ σ✿ σ1 ✇✐t❤ ✐♥❞✐❝❡s (y, y + 1)✱ ❛♥❞ σ2 ✇✐t❤ ✐♥❞✐❝❡s (y + 1, y + 2)✳
❆♠♦♥❣st t❤❡ ✻ r❡♠❛✐♥✐♥❣ ✈❛❧✉❡s ♦❢ λ ❢♦r ✇❤✐❝❤ π9(✐❞①(σ,M2) − λ) /∈ T ✱ t❤❡r❡ ❛r❡
✸ ❢♦r ✇❤✐❝❤ σ1 ✐s s❡❧❡❝t❡❞ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♣❛✐rs ✭✺✱✻✮✱ ✭✻✱✼✮ ❛♥❞ ✭✼✱✽✮ ✐♥ T ✮✱ ❛♥❞
♦♥❡ ♠♦r❡ ❢♦r ✇❤✐❝❤ ♦♥❧② σ2 ✐s s❡❧❡❝t❡❞ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣❛✐r ✭✺✱✻✮ ✐♥ T ✮✳ ❚❤❡
t♦t❛❧ s✐③❡ ♦❢

∑9
λ=1 ||O

λ|| ✐s ✐♥❝r❡❛s❡❞ ❜② 3 × 3 + 4 × 2 = 17✱ ✇❤✐❝❤ ✐s ❣r❡❛t❡r t❤❛♥
5|σ| = 15✳

❲❡ ✉s❡ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❢♦r ♦t❤❡r ♣r❡str✐♣s ♦❢ ❧❡♥❣t❤ ✸✳ ■❢ ✐❞①(σ,M2) = (y, y+
2, y + 3) ✭s❡❡ ❋✐❣✉r❡ ✺✳✺❝✮✱ ✇❡ ✉s❡ ♣❛✐rs ✭✵✱✷✮✱ ✭✶✱✸✮✱ ✭✷✱✹✮✱ ✭✺✱✼✮ ❛♥❞ ✭✻✱✽✮ ♦❢ T ❢♦r
σ1✱ ❛♥❞ ✭✵✱✷✮✱ ✭✺✱✻✮✱ ✭✻✱✼✮ ❢♦r σ2✳ ❚❤❡ q✉❛♥t✐t②

∑9
λ=1 ||O

λ|| ✐s ✐♥❝r❡❛s❡❞ ❜② 16✳
■❢ ✐❞①(σ,M2) = (y, y + 1, y + 3)✱ ✇❡ ✉s❡ ♣❛✐rs ✭✶✱✷✮✱ ✭✷✱✸✮✱ ✭✺✱✻✮✱ ✭✻✱✼✮ ❛♥❞ ✭✼✱✽✮

♦❢ T ❢♦r σ1✱ ❛♥❞ ✭✶✱✸✮✱ ✭✷✱✹✮✱ ✭✻✱✽✮ ❢♦r σ2✳ ❆❣❛✐♥
∑9

λ=1 ||O
λ|| ✐s ✐♥❝r❡❛s❡❞ ❜② 16✳

❋✐♥❛❧❧②✱ ✐❢ ✐❞①(σ,M2) = (y, y + 2, y + 4)✱ ✇❡ ✉s❡ ♣❛✐rs ✭✵✱✷✮✱ ✭✶✱✸✮✱ ✭✷✱✹✮✱ ✭✺✱✼✮
❛♥❞ ✭✻✱✽✮ ♦❢ T ❢♦r σ1✱ ❛♥❞ ✭✵✱✷✮✱✭✶✱✸✮✱ ✭✺✱✼✮✱ ✭✻✱✽✮ ❢♦r σ2✳ ■♥ t❤❛t ❝❛s❡✱

∑9
λ=1 ||O

λ||
✐s ✐♥❝r❡❛s❡❞ ❜② 18✳

❋♦r ❡❛❝❤ str✐♣ σ ♦❢ O✱ ✇❡ ❤❛✈❡ s✉❝❝❡❡❞❡❞ ✐♥ ❛❞❞✐♥❣ σ✱ ♦r s✉❜✲♣r❡str✐♣s ♦❢ σ✱ ✐♥
s❡✈❡r❛❧ Oλ s✉❝❤ t❤❛t t❤❡ t♦t❛❧ s✐③❡ ✐s ✐♥❝r❡❛s❡❞ ❜② ❛t ❧❡❛st 5|σ|✿ ✇❡ ❤❛✈❡ ✾ ❢❡❛s✐❜❧❡
s❡ts ✭s✐♥❝❡ O ✐s ❢❡❛s✐❜❧❡✮ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥✿

9
∑

λ=1

||Oλ|| ≥ 5||O||.

❋♦r ❡❛❝❤ λ ∈ {1, . . . , 9}✱ t❤❡ ♣r❡str✐♣s ♦❢ Oλ✱ ❜❡✐♥❣ t❛❦❡♥ ❢r♦♠ ❛ ❢❡❛s✐❜❧❡ s❡t O✱
❛r❡ ♣❛✐r✇✐s❡ ♥♦♥✲♦✈❡r❧❛♣♣✐♥❣ ❛♥❞ ❢♦r♠ ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ (V λ, Eλ)✳ ❚❤✉s ✇❡
❤❛✈❡ ||V λ

Ind|| ≥ ||O
λ||✱ ❛♥❞

max{||V λ
Ind|| | 1 ≤ λ ≤ 9} ≥

1

9

9
∑

λ=1

||V λ
Ind||

≥
1

9

9
∑

λ=1

||Oλ||

≥
5

9
||O||.

❍❡♥❝❡ t❤❡ s♦❧✉t✐♦♥ r❡t✉r♥❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❛t ❧❡❛st 5||O||/9✳

❆s ❛ ✜♥❛❧ r❡♠❛r❦✱ ❆❧❣♦r✐t❤♠ ✺✳✸ ❤❛s ❜❡❡♥ ✇r✐tt❡♥ t♦ ❜❡ ❛s s✐♠♣❧❡ ❛s ♣♦ss✐❜❧❡ ✇✐t❤
t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦✳ ❍♦✇❡✈❡r✱ ✐t ❝❛♥ ❜❡ ❡❛s✐❧② ✐♠♣r♦✈❡❞ ✭❡✈❡♥ ✐❢ t❤❡ t❤❡♦r❡t✐❝❛❧
r❛t✐♦ r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✮ ❜② ✐♠♣❧❡♠❡♥t✐♥❣ ✕ ❡✳❣✳✱ ✉s✐♥❣ ❤❡✉r✐st✐❝s ✕ t❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ st❡♣s✳

✕ ❇❡❢♦r❡ ❝♦♠♣✉t✐♥❣ t❤❡ ✐♥❞❡♣❡♥❞❡♥t s❡t✱ ❛❞❞ ❛ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ♣r❡str✐♣s t♦
t❤❡ ❣r❛♣❤ (V λ, Eλ)✱ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t t❤❛t t❤❡ ❣r❛♣❤ ♠✉st r❡♠❛✐♥ ❝❧❛✇✲❢r❡❡✳

✕ ❆❢t❡r ❝♦♠♣✉t✐♥❣ t❤❡ ✐♥❞❡♣❡♥❞❡♥t s❡t✱ r❡✐♥s❡rt ❛ ♠❛①✐♠❛❧ ♥✉♠❜❡r ♦❢ ♣r❡str✐♣s
❢r♦♠ Ω− V λ t♦ Oλ✱ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t t❤❛t ✐t ♠✉st r❡♠❛✐♥ ❛ ❢❡❛s✐❜❧❡ s❡t✳

✺✳✸✳✹ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ❢♦r ✶✲❣❛♣✲❈▼❙❘✲✷

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛ ♠❡t❤♦❞ t♦ tr❛♥s❢♦r♠ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r
1✲❣❛♣✲▼❙❘✲d ✐♥t♦ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r 1✲❣❛♣✲❈▼❙❘✲d✱ t❤❡♥ ❛♣♣❧② t❤✐s
♠❡t❤♦❞ t♦ ♦❜t❛✐♥ ❛ 2.778✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r 1✲❣❛♣✲❈▼❙❘✲2✳
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◆♦t❡ t❤❛t t❤✐s tr❛♥s❢♦r♠❛t✐♦♥ r❡q✉✐r❡s t❤❡ ❛❧❣♦r✐t❤♠ t♦ s❡❧❡❝t ❛❧❧ s✉♣❡r✲♠❛r❦❡rs✳
❚❤✐s ❝♦♥str❛✐♥t ✐s ❡❛s✐❧② s❛t✐s✜❡❞✱ s✐♥❝❡ ❛♥② s♦❧✉t✐♦♥ ♦❢ 1✲❣❛♣✲▼❙❘✲d ❝❛♥ ♦♥❧② ❜❡
✐♥❝r❡❛s❡❞ ❜② ❛❞❞✐♥❣ s✉♣❡r✲♠❛r❦❡rs ✭t❤✐s ✐s ❣✉❛r❛♥t❡❡❞ ❜② t❤❡ ❣❛♣✲✶ ❝♦♥str❛✐♥t✿ ❛
s✉♣❡r✲♠❛r❦❡r ❝❛♥ ♦♥❧② ♠❛❦❡ ❛♥ ❡①✐st✐♥❣ s❡❧❡❝t❡❞ ♣r❡str✐♣ ❣r♦✇✱ ✐t ❝❛♥♥♦t ❝♦♥✢✐❝t
✇✐t❤ ✐t✮✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✶✳ ■❢ ❛♥ ❛❧❣♦r✐t❤♠ A ❢♦r 1✲❣❛♣✲▼❙❘✲d s❡❧❡❝ts ❛❧❧ s✉♣❡r✲♠❛r❦❡rs
❛♥❞ s❡❧❡❝ts ❛t ❧❡❛st 1/r t✐♠❡s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ s✐♥❣❧❡✲♠❛r❦❡rs s❡❧❡❝t❡❞ ✐♥ ❛♥
♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ t❤❡♥ A ✐s ❛ (1 + (1− 1/r)2d)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r 1✲❣❛♣✲❈▼❙❘✲d✳

Pr♦♦❢✳ ❲❡ ❞❡♥♦t❡ ❜② s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ s✐♥❣❧❡✲♠❛r❦❡rs ✐♥ t❤❡ ✐♥♣✉t ♠❛♣sM1...d✱
❜② s∗ t❤❡ ♥✉♠❜❡r ♦❢ s✐♥❣❧❡✲♠❛r❦❡rs s❡❧❡❝t❡❞ ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❛♥❞ ❜② sA t❤❡
♥✉♠❜❡r ♦❢ s✐♥❣❧❡✲♠❛r❦❡rs s❡❧❡❝t❡❞ ❜② ❛❧❣♦r✐t❤♠ A✳ ❚❤❡♥ sA ≥ s∗/r✳ ❙✐♥❝❡ A ❞♦❡s
♥♦t ❞❡❧❡t❡ ❛♥② s✉♣❡r✲♠❛r❦❡r✱ t❤❡ ♥✉♠❜❡r kA ♦❢ ♠❛r❦❡rs ❞❡❧❡t❡❞ ❜② A ✐s ❡q✉❛❧ t♦
s − sA✳ ❋♦r 1✲❣❛♣✲❈▼❙❘✲d✱ ♥♦ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❞❡❧❡t❡s ❛ s✉♣❡r✲♠❛r❦❡r ✭♦t❤❡r✇✐s❡
t❤❡ s✉♣❡r✲♠❛r❦❡r ❝❛♥ ❜❡ ❛❞❞❡❞ ❜❛❝❦ ✇✐t❤♦✉t ❜r❡❛❦✐♥❣ ❛♥② str✐♣ s✐♥❝❡ ❛❧❧ str✐♣s ❤❛✈❡
❣❛♣ ❛t ♠♦st 1✮✱ s♦ t❤❡ ♥✉♠❜❡r k∗ ♦❢ ♠❛r❦❡rs ❞❡❧❡t❡❞ ❜② ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s
❡q✉❛❧ t♦ s− s∗✳ ❙✐♥❝❡ ✐♥ ❛♥② ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✱ ❡✈❡r② s❡❧❡❝t❡❞ s✐♥❣❧❡✲♠❛r❦❡r ♠✉st ❜❡
❛❞❥❛❝❡♥t t♦ ❛ ❞❡❧❡t❡❞ s✐♥❣❧❡✲♠❛r❦❡r ✐♥ s♦♠❡ ♠❛♣✱ ✐t ❢♦❧❧♦✇s t❤❛t s∗ ≤ 2dk∗✳ ❚❤❡
❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ♦❢ A ❢♦r 1✲❣❛♣✲❈▼❙❘✲d ✐s t❤✉s ❛t ♠♦st

kA
k∗

=
s− sA
k∗

≤
(s∗ + k∗)− (s∗/r)

k∗
= 1 +

(1− 1/r)s∗

k∗
≤ 1 + (1− 1/r)2d.

❚❤❡♦r❡♠ ✺✳✸✷✳ ❚❤❡r❡ ❡①✐sts ❛ 2.778✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r 1✲❣❛♣✲❈▼❙❘✲2✳

❆❧❣♦r✐t❤♠ ✺✳✸ ✐s ❛ 1.8✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r 1✲❣❛♣✲▼❙❘✲2 ❛♥❞ ❝❛♥ ❜❡
♠❛❞❡ t♦ s❡❧❡❝t ❛❧❧ s✉♣❡r✲♠❛r❦❡rs✳ ❲✐t❤ r = 1.8 = 9/5 ❛♥❞ d = 2✱ ✇❡ ❤❛✈❡ 1 + (1−
1/r)2d = 25/9 < 2.778✳ ❇② t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥✱ t❤✐s ❛❧❣♦r✐t❤♠ ❢♦r 1✲❣❛♣✲▼❙❘✲2
✜♥❞s ❛ 2.778✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r 1✲❣❛♣✲❈▼❙❘✲2✳

✺✳✸✳✺ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ❢♦r ✵✲❣❛♣✲▼❙❘✲❉❯

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✺✳✸✸✳ ❆❧❣♦r✐t❤♠ ✺✳✹ ✐s ❛ ❢❛❝t♦r✲✷✳✷✺ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ✵✲❣❛♣✲
▼❙❘✲❉❯✳

Pr♦♦❢✳ ❆❧❣♦r✐t❤♠ ✺✳✹ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❧✐♥❡s ❛s ❆❧❣♦r✐t❤♠ ✺✳✸ ❞♦❡s ❢♦r ✶✲❣❛♣✲▼❙❘✱
t❤❛t ✐s ✐t ❝♦♠♣✉t❡s ❛♥ ❡①❛❝t ♠❛①✐♠✉♠ ✇❡✐❣❤t ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ ❛ s✉❜❣r❛♣❤ (V λ, Eλ)
♦❢ t❤❡ ❣r❛♣❤ r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣♦ss✐❜❧❡ str✐♣s ❛♥❞ t❤❡ ♦✈❡r❧❛♣♣✐♥❣ r❡❧❛t✐♦♥✳ ❉✉❡ t♦ t❤❡
♣♦ss✐❜✐❧✐t② ♦❢ ❤❛✈✐♥❣ ❞✉♣❧✐❝❛t❡s ✐♥ t❤❡ ✐♥♣✉t ❣❡♥♦♠❡s✱ t❤❡ ❝♦♥s✐❞❡r❡❞ ❣r❛♣❤ ❝❛♥ ❜❡
s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ❝♦♠♣❧❡①✱ ❛♥❞ t❤✉s ❆❧❣♦r✐t❤♠ ✺✳✹ ✉s❡s ❛ ♠♦r❡ s❡❧❡❝t✐✈❡ ❝♦♥❞✐t✐♦♥
t♦ ❝r❡❛t❡ t❤❡ s❡t V λ✿ t❤❡ ❝♦♥❞✐t✐♦♥ ♥♦✇ ❜❡❛rs ♦♥ ❜♦t❤ ✐❞①(σ,M1) ❛♥❞ ✐❞①(σ,M2)✳
▲❡♠♠❛ ✺✳✸✹ ♣r♦✈❡s t❤❛t t❤❡ s✉❜❣r❛♣❤ (V λ, Eλ) ✐s ✐♥❞❡❡❞ ❝❧❛✇✲❢r❡❡✱ ✇❤✐❝❤ ❡♥❛❜❧❡s ✉s
t♦ ✉s❡ ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ t♦ ✜♥❞ ❛ ♠❛①✐♠✉♠ ✇❡✐❣❤t ✐♥❞❡♣❡♥❞❡♥t s❡t ♦❢ ✐t✱
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢❡❛s✐❜❧❡ s❡t ♦❢ str✐♣s✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ♦❢ 2.25 = 9/4
✐s ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✺✳✸✺✳

▲❡♠♠❛ ✺✳✸✹✳ ❋♦r ❡❛❝❤ λ✱ t❤❡ ❣r❛♣❤ (V λ, Eλ) ❝r❡❛t❡❞ ❜② ❆❧❣♦r✐t❤♠ ✺✳✹ ✐s ❝❧❛✇✲❢r❡❡✳
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❆❧❣♦r✐t❤♠ ✺✳✹ ✷✳✷✺✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ✵✲❣❛♣✲▼❙❘✲❉❯✳
■♥♣✉t✿ ❚✇♦ ❣❡♥♦♠✐❝ ♠❛♣sM1,2 ✭♣♦ss✐❜❧② ✇✐t❤ ❞✉♣❧✐❝❛t❡s✮

✶✿ T ← {(0, 1, 2), (0, 1), (1, 2)}
✷✿ Ω← s❡t ♦❢ ❛❧❧ str✐♣s ♦❢M1,2 ♦❢ ❧❡♥❣t❤ ✷ ♦r ✸
✸✿ ❢♦r λ1 ← 0 t♦ 2 ❞♦
✹✿ ❢♦r λ2 ← 0 t♦ 2 ❞♦
✺✿ λ← 3λ1 + λ2
✻✿ V λ ← {σ | σ ∈ Ω, π3(✐❞①(σ,M1)−λ1) ∈ T ❛♥❞ π3(✐❞①(σ,M2)−λ2) ∈ T}

✼✿ Eλ ← {(σ1, σ2) | σ1, σ2 ✐♥t❡rs❡❝t✐♥❣ str✐♣s ♦❢ V λ}
✽✿ w(σ)← |σ| ✭❢♦r ❛❧❧ σ ∈ V λ✮
✾✿ V λ

Ind ←▼❛①✐♠✉♠ ❲❡✐❣❤t ■♥❞❡♣❡♥❞❡♥t ❙❡t ♦❢ (V λ, Eλ) ✇✐t❤ ✇❡✐❣❤t
w

✶✵✿ ❡♥❞ ❢♦r
✶✶✿ ❡♥❞ ❢♦r
✶✷✿ r❡t✉r♥ max{||V λ

Ind|| | 0 ≤ λ ≤ 8}

Pr♦♦❢✳ ▲❡t λ = 3λ1 + λ2✳ ❋♦r ❡❛❝❤ σ ∈ V λ✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ T ✱ t❤❡r❡ ❡①✐st t✇♦
✐♥t❡❣❡rs k1 = k1(σ) ❛♥❞ k2 = k2(σ) s✉❝❤ t❤❛t✿

idx(σ,M1) ⊆ J3k1 + λ1 ; 3k1 + λ1 + 2K ,
idx(σ,M2) ⊆ J3k2 + λ2 ; 3k2 + λ2 + 2K .

▼♦r❡♦✈❡r✱ σ ❝♦♥t❛✐♥s t❤❡ ❡❧❡♠❡♥tsM1[3k1 + λ1 + 1] ❛♥❞M2[3k2 + λ2 + 1]✳
■❢ σ ❛♥❞ τ ❛r❡ t✇♦ ✐♥t❡rs❡❝t✐♥❣ str✐♣s ♦❢ V λ✱ t❤❡♥ t❤❡② ❝❛♥ ✐♥t❡rs❡❝t ✐♥ M1 ♦r

✐♥ M2✱ ✇❤✐❝❤ ❧❡❛❞s r❡s♣❡❝t✐✈❡❧② t♦ k1(τ) = k1(σ) ❛♥❞ k2(τ) = k2(σ)✳ ❍❡♥❝❡ ✐❢ σ
❤❛s ❛t ❧❡❛st t❤r❡❡ ♥❡✐❣❤❜♦rs ✐♥ (V λ, Eλ)✱ t❤❡♥ t✇♦ ♦❢ t❤❡♠✱ ✇r✐tt❡♥ τ1 ❛♥❞ τ2✱ ❛r❡
s✉❝❤ t❤❛t k1(τ1) = k1(τ2) ♦r k2(τ1) = k2(τ2)✳ ❙♦ τ1 ❛♥❞ τ2 s❤❛r❡ ❛ ❝♦♠♠♦♥ ❡❧❡♠❡♥t✱
♥❛♠❡❧②M1[3k1(τ1) + λ1 + 1] ♦rM2[3k2(τ1) + λ2 + 1] r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❡r❡ ✐s ❛♥
❡❞❣❡ ❜❡t✇❡❡♥ t❤❡♠ ✐♥ (V λ, Eλ)✳

▲❡♠♠❛ ✺✳✸✺✳ ■❢ O ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ 0✲❣❛♣✲▼❙❘✲❉❯✭M1,2✮✱ ❆❧❣♦r✐t❤♠ ✺✳✹
♣r♦✈✐❞❡s ❛ s♦❧✉t✐♦♥ ♦❢ t♦t❛❧ s✐③❡ ❛t ❧❡❛st 4||O||/9✳

Pr♦♦❢✳ ❲❡ ❝❛♥ ❛ss✉♠❡✱ ✇❧♦❣✱ t❤❛t ❛❧❧ str✐♣s ✐♥ O ❤❛✈❡ ❧❡♥❣t❤ ✷ ♦r ✸✳ ❲❡ ♥♦✇ ❝r❡❛t❡
♥✐♥❡ s❡ts ♦❢ str✐♣s O0, . . . ,O8 s✉❝❤ t❤❛t ❡❛❝❤ str✐♣ ✐♥ Oλ ❛♣♣❡❛rs ❜♦t❤ ✐♥ V λ ❛♥❞ ✐♥
O ✭♣♦ss✐❜❧② ❛s ❛ s✉❜str✐♣✮✱ ❛♥❞ s✉❝❤ t❤❛t

8
∑

λ=0

||Oλ|| ≥ 4||O||.

▲❡t σ ❜❡ ❛ str✐♣ ♦❢ O✱ ❛♥❞ r1, r2 t✇♦ ✐♥t❡❣❡rs ✐♥ {0, 1, 2} s✉❝❤ t❤❛t σ st❛rts ❛t
♣♦s✐t✐♦♥ r1 ♠♦❞✉❧♦ ✸ ✐♥M1 ❛♥❞ r2 ♠♦❞✉❧♦ ✸ ✐♥M2✳

❋✐rst s✉♣♣♦s❡ σ ❤❛s ❧❡♥❣t❤ ✷✳ ❚❤❡♥ ❢♦r λ1 ∈ {r1 − 1, r1} ♠♦❞✉❧♦ ✸ ❛♥❞ ❢♦r λ2 ∈
{r2−1, r2} ♠♦❞✉❧♦ ✸✱ ✇❡ ❤❛✈❡ π3(✐❞①(σ,M1)−λ1) ∈ T ❛♥❞ π3(✐❞①(σ,M2)−λ2) ∈ T ✱
t❤✉s ✇❡ ❤❛✈❡ σ ∈ V λ ❢♦r ❢♦✉r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ λ✳ ❲❡ ❛❞❞ σ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
s❡ts Oλ✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ t♦t❛❧ s✐③❡

∑8
λ=0 ||O

λ|| ❜② 8 = 4|σ|✳
◆♦✇ s✉♣♣♦s❡ t❤❛t σ ❤❛s ❧❡♥❣t❤ ✸✳ ❋♦r λ1 = r1 ❛♥❞ λ2 = r2✱ π3(✐❞①(σ,M1)−λ1) =

π3(✐❞①(σ,M2) − λ1) = (0, 1, 2)✱ ✇❤✐❝❤ ✐s ✐♥ T ✱ t❤✉s ✇❡ ❤❛✈❡ σ ∈ V λ✳ ▼♦r❡♦✈❡r ❢♦r
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❆❧❣♦r✐t❤♠ ✺✳✺ (d+ 1.5)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❈▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d✳
■♥♣✉t✿ d ❣❡♥♦♠✐❝ ♠❛♣sM1...d ✇✐t❤♦✉t ❞✉♣❧✐❝❛t❡s✱ δ ∈ N ∪ {∞}

✶✿ X ← { tr✐♣❧❡s ♦❢ ♠❛r❦❡rs (z, x, y) | z ≺ y ❛♥❞ gap(z, y) = {x} }
✷✿ ♣❛rt✐t✐♦♥ t❤❡ ♠❛r❦❡rs ✐♥t♦ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡rs
✸✿ ❢♦r ❛❧❧ (z, x, y) ∈ X ❞♦
✹✿ ✐❢ x✱ y ❛♥❞ z ❛r❡ ♥♦t ❞❡❧❡t❡❞ ❛♥❞ y ♦r z ✐s ❛ s✐♥❣❧❡✲♠❛r❦❡r t❤❡♥
✺✿ ❞❡❧❡t❡ x
✻✿ r❡✲❝r❡❛t❡ ❛❧❧ s✉♣❡r✲♠❛r❦❡rs
✼✿ ❡♥❞ ✐❢
✽✿ ❡♥❞ ❢♦r
✾✿ ❞❡❧❡t❡ ❛❧❧ r❡♠❛✐♥✐♥❣ s✐♥❣❧❡✲♠❛r❦❡rs

✶✵✿ r❡t✉r♥ t❤❡ r❡s✉❧t✐♥❣ ❣❡♥♦♠✐❝ ♠❛♣

λ1 ∈ {r1 − 1, r1} ❛♥❞ λ2 ∈ {r2 − 1, r2}✱ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ σ✱
〈

σ[1], σ[2]
〉

✱ ❢♦r♠s ❛
❧❡♥❣t❤✲✷ str✐♣ ❛♣♣❡❛r✐♥❣ ✐♥ V λ✳ ❆♥❞ ❢♦r λ1 ∈ {r1, r1 + 1} ❛♥❞ λ2 ∈ {r2, r2 + 1}✱ t❤❡
❡♥❞ ♦❢ σ✱

〈

σ[2], σ[3]
〉

✱ ❢♦r♠s ❛ ❧❡♥❣t❤✲✷ str✐♣ ❛♣♣❡❛r✐♥❣ ✐♥ V λ✳ ❚❤❡♥ ❢♦r ♦♥❡ ✈❛❧✉❡ ♦❢
λ ✭♥❛♠❡❧② 3r1+ r2✮✱ ✇❡ ❛❞❞ t❤❡ ❧❡♥❣t❤✲✸ str✐♣ σ t♦ Oλ ❛♥❞ ❢♦r s✐① ♦t❤❡r ✈❛❧✉❡s ♦❢ λ✱
✇❡ ❛❞❞ ♦♥❡ ♦❢ t❤❡ ❧❡♥❣t❤✲✷ str✐♣s

〈

σ[1], σ[2]
〉

♦r
〈

σ[2], σ[3]
〉

t♦ Oλ✳ ❚❤✉s t❤❡ t♦t❛❧
s✐③❡

∑8
λ=0 ||O

λ|| ✐s ✐♥❝r❡❛s❡❞ ❜② 3 + 6× 2 = 15 > 4|σ|✳
❚❤✉s ✇❡ ✐♥❞❡❡❞ ❤❛✈❡

8
∑

λ=0

||Oλ|| ≥
∑

σ∈O

4|σ| = 4||O||.

❍❡♥❝❡ t❤❡r❡ ❡①✐sts s♦♠❡ λ s✉❝❤ t❤❛t ||Oλ|| ≥ 4
9
||O||✱ ❛♥❞ Oλ ❢♦r♠s ❛♥ ✐♥❞❡♣❡♥✲

❞❡♥t s❡t ♦❢ (V λ, Eλ) s✐♥❝❡ ❛ s❡t ♦❢ str✐♣s ♦r s✉❜str✐♣s ♦❢ O ✐s ♥❡❝❡ss❛r✐❧② ❢❡❛s✐❜❧❡✳
❚❤✉s t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ V λ

Ind ✐s ❛t ❧❡❛st ||Oλ|| ❛♥❞ ❆❧❣♦r✐t❤♠ ✺✳✹ ❣✐✈❡s ❛
s♦❧✉t✐♦♥ ♦❢ s✐③❡ ❛t ❧❡❛st 4

9
||O||✿ ✐t ✐s ✐♥❞❡❡❞ ❛ 9

4
= 2.25✲❛♣♣r♦①✐♠❛t✐♦♥✳

✺✳✸✳✻ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠ ❢♦r ❈▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ (d+1.5)✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ t✇♦ ♠✐♥✲
✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❈▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d✳

❚❤❡♦r❡♠ ✺✳✸✻✳ ❆❧❣♦r✐t❤♠ ✺✳✺ ✜♥❞s ❛ (d + 1.5)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❈▼❙❘✲d ❛♥❞
δ✲❣❛♣✲❈▼❙❘✲d ❢♦r ❛♥② d ≥ 2 ❛♥❞ δ ≥ 1✳

▲❡t k ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❧❡t❡❞ ♠❛r❦❡rs ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❚❤❡♥ t❤❡ ♥✉♠❜❡r
♦❢ s✐♥❣❧❡✲♠❛r❦❡rs ✐♥ t❤❡ ✐♥♣✉t ♠❛♣s ✐s ❛t ♠♦st (2d+1)k ❜❡❝❛✉s❡ ❡❛❝❤ s✐♥❣❧❡✲♠❛r❦❡r
✐s ❡✐t❤❡r ❞❡❧❡t❡❞ ♦r ❛❞❥❛❝❡♥t t♦ ❛ ❞❡❧❡t❡❞ ♠❛r❦❡r✳ ❚❤✐s ✐♠♠❡❞✐❛t❡❧② ②✐❡❧❞s ❛ (2d+1)✲
❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠✿ s✐♠♣❧② ❞❡❧❡t❡ ❛❧❧ s✐♥❣❧❡✲♠❛r❦❡rs✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛ t✐❣❤t
❡①❛♠♣❧❡ ❢♦r t❤✐s ❛❧❣♦r✐t❤♠✳

❊①❛♠♣❧❡ ✺✳✷✳ ❚❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ❈▼❙❘✲d ♦✈❡r M1...d ❜❡❧♦✇ ✐s t♦ ❞❡❧❡t❡ t❤❡
s✐♥❣❧❡✲♠❛r❦❡r x✱ ✐♥st❡❛❞ ♦❢ ❛❧❧ 2d+ 1 s✐♥❣❧❡✲♠❛r❦❡rs ✭❢♦r t❤❡ ♥❛✐✈❡ ❛❧❣♦r✐t❤♠✮✿

M1 =
〈

zd, yd, · · · z3, y3, z2, y2, z1, x, y1
〉

M2 =
〈

z1, y1, z2, x, y2, z3, y3, · · · zd, yd
〉

M3 =
〈

z1, y1, z2, y2, z3, x, y3, · · · zd, yd
〉

· · · · · · · · · · · · · · · · · ·
Md =

〈

z1, y1, z2, y2, z3, y3, · · · zd, x, yd
〉
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❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡✱ ❛❢t❡r ♦♥❡ s✐♥❣❧❡✲♠❛r❦❡r ✐s ❞❡❧❡t❡❞✱ ♠❛♥②
♦t❤❡r s✐♥❣❧❡✲♠❛r❦❡rs ♠❛② ❜❡ ♠❡r❣❡❞ ✐♥t♦ str✐♣s✳ ❆❧❣♦r✐t❤♠ ✺✳✺ ✜rst ✐❞❡♥t✐✜❡s ✭❧✐♥❡ ✶✮
❛❧❧ tr✐♣❧❡s ♦❢ ♠❛r❦❡rs (z, x, y) s✉❝❤ t❤❛t z ❛♥❞ y ❝❛♥ ❜❡ ♠❡r❣❡❞ ✐♥t♦ ❛ str✐♣

〈

z, y
〉

❛❢t❡r x ✐s ❞❡❧❡t❡❞✳ ❙✉❝❤ ♠❛r❦❡rs x ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ✏❝♦st✲❡✣❝✐❡♥t✑ ✇❤❡♥ z ❛♥❞✴♦r
y ✐s ❛ s✐♥❣❧❡✲♠❛r❦❡r✱ s✐♥❝❡ t❤❡② ❛❧❧♦✇✱ ✐❢ ❞❡❧❡t❡❞✱ t♦ ♠❡r❣❡ ❛t ❧❡❛st ♦♥❡ s✐♥❣❧❡✲♠❛r❦❡r
✐♥t♦ ❛ s✉♣❡r✲♠❛r❦❡r✳ ❚❤✉s t❤❡ ❛❧❣♦r✐t❤♠ s✉❝❝❡ss✐✈❡❧② ❞❡❧❡t❡s ✭❧✐♥❡s ✷✕✽✮ t❤♦s❡ ❝♦st✲
❡✣❝✐❡♥t s✐♥❣❧❡✲♠❛r❦❡rs ✭❡❛❝❤ t✐♠❡ r❡❞✉❝✐♥❣ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ s✐♥❣❧❡✲♠❛r❦❡rs ❜②
❛t ❧❡❛st ✷✮✱ ❛♥❞ ✜♥❛❧❧② r❡♠♦✈❡s ✭❧✐♥❡ ✾✮ t❤❡ r❡♠❛✐♥✐♥❣ s✐♥❣❧❡✲♠❛r❦❡rs✳

❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ❛♥❛❧②s✐s ✐s ♥♦♥✲tr✐✈✐❛❧✳ ❲❡ ✜rst ❣✐✈❡ ❛ ♥✉♠❜❡r ♦❢ ❞❡✜✲
♥✐t✐♦♥s ❛♥❞ ❡❛s② r❡♠❛r❦s ✭✐♥❡q✉❛❧✐t✐❡s ✭✺✳✶✮ ❛♥❞ ✭✺✳✷✮✮✳ ❲❡ t❤❡♥ ❜♦✉♥❞ ♦♥ ♦♥❡ ❤❛♥❞
t❤❡ ♥✉♠❜❡r ♦❢ ❝♦st✲❡✣❝✐❡♥t s✐♥❣❧❡✲♠❛r❦❡rs ✇❤✐❝❤ ❛r❡ ❞❡❧❡t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ ❜✉t
♥♦t ❜② ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✭|D − K| ✐♥ ✭✺✳✸✮✮✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ♥✉♠❜❡r
♦❢ s✐♥❣❧❡✲♠❛r❦❡rs ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❝♦st✲❡✣❝✐❡♥t ❢♦r t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❜✉t ❛r❡ ♥♦t
❞❡❧❡t❡❞ ❛s s✉❝❤ ❜② t❤❡ ❛❧❣♦r✐t❤♠ ✭|R1| ✐♥ ✭✺✳✹✮✮✳ ❋✐♥❛❧❧②✱ ❝♦♠❜✐♥✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ✭✺✳✶✮
t♦ ✭✺✳✹✮✱ ✇❡ ♦❜t❛✐♥ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦✳

▲❡♠♠❛ ✺✳✸✼✳ ❋♦r ❡❛❝❤ tr✐♣❧❡ (z, x, y) ✐♥ t❤❡ s❡t X ✐♥ ❆❧❣♦r✐t❤♠ ✺✳✺✱ ❛t ❧❡❛st ♦♥❡
♦❢ t❤❡ t❤r❡❡ ♠❛r❦❡rs x, y, z ♠✉st ❜❡ ❞❡❧❡t❡❞ ✐♥ ❛♥② ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ ❧❡♠♠❛ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t ❛❧❧ t❤r❡❡ ♠❛r❦❡rs x, y, z
❛r❡ s❡❧❡❝t❡❞ ✐♥ ❛ s♦❧✉t✐♦♥✳ ❆ss✉♠❡ ✇❧♦❣✳ t❤❛t t❤❡ s❡q✉❡♥❝❡

〈

z, x, y
〉

❛♣♣❡❛rs ✐♥ s♦♠❡
♠❛♣✳ ❚❤❡♥ x ♠✉st ❜❡ ✐♥ t❤❡ s❛♠❡ str✐♣ ❛s ♦♥❡ ♦❢ z ♦r y✳ ❆ss✉♠❡ ✇❧♦❣✳ t❤❛t

〈

z, x
〉

✐s ♣❛rt ♦❢ s♦♠❡ str✐♣✳ ❚❤❡♥ z ≺ x✳ ❘❡❝❛❧❧ t❤❛t z ≺ y✳ ❚❤✉s x ❛♥❞ y ❛r❡ ❜♦t❤
❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs ♦❢ z✳ ❇② ▲❡♠♠❛ ✺✳✶❛✱ ✇❡ ❤❛✈❡ y ∈ gap(z, x)✱ t❤✉s y ♠✉st ❜❡
❞❡❧❡t❡❞✿ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❲❡ ♥❡①t ♣r♦✈❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✺✳ ▲❡t K ❜❡ t❤❡ s❡t ♦❢
❞❡❧❡t❡❞ ♠❛r❦❡rs ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ O❀ |K| = k✳ ❋♦r ❡❛❝❤ ♠❛r❦❡r x /∈ K✱ ✇❡
❞❡✜♥❡ t✇♦ s❡ts Γsucc(x) ❛♥❞ Γpred(x) ❛s ❢♦❧❧♦✇s✳ ■❢ x ✐s ❢♦❧❧♦✇❡❞ ❜② ❛ ♠❛r❦❡r y
✐♥ ❛ str✐♣ ♦❢ O✱ Γsucc(x) = gap(x, y)❀ ♦t❤❡r✇✐s❡ x ✐s t❤❡ ❧❛st ♠❛r❦❡r ♦❢ ✐ts str✐♣✱
Γsucc(x) = ∅✳ ■❢ x ✐s ♣r❡❝❡❞❡❞ ❜② ❛ ♠❛r❦❡r z ✐♥ ❛ str✐♣ ♦❢ O✱ Γpred(x) = gap(z, x)❀
♦t❤❡r✇✐s❡ x ✐s t❤❡ ✜rst ♠❛r❦❡r ♦❢ ✐ts str✐♣✱ Γpred(x) = ∅✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ ♠❛r❦❡r
x /∈ K✱ ❞❡✜♥❡ γ(x) = |Γsucc(x)| + |Γpred(x)|✱ ❛♥❞ ❢♦r ❡❛❝❤ ♠❛r❦❡r x ∈ K✱ ❞❡✜♥❡
γ(x) = 0✳ ■♥t✉✐t✐✈❡❧②✱ ❢✉♥❝t✐♦♥ γ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❝♦st t❤❛t t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
♥❡❡❞❡❞ t♦ ♣❛② t♦ ❦❡❡♣ ❛ s✐♥❣❧❡✲♠❛r❦❡r ✐♥t♦ ❛ str✐♣✳ ◆♦t❡ t❤❛t ✐❢ x ✐s ❛ s✐♥❣❧❡✲♠❛r❦❡r
♦❢ t❤❡ ✐♥♣✉t ♠❛♣s✱ t❤❡♥ γ(x) = 0 ✐✛ x ∈ K✳

❋✐rst✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ❡❛❝❤ ♠❛r❦❡r y ∈ K ✐s ❝♦✉♥t❡❞ ❜② γ ❛t ♠♦st t✇✐❝❡ ✐♥ ❡❛❝❤
♠❛♣✿ ❛t ♠♦st ♦♥❝❡ ✐♥ s♦♠❡ Γpred(x1)✱ ❛♥❞ ❛t ♠♦st ♦♥❝❡ ✐♥ s♦♠❡ Γsucc(x2)✳ ❚❤✉s ✇❡
❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✿

∑

x s✐♥❣❧❡✲♠❛r❦❡r

γ(x) ≤ 2dk. ✭✺✳✶✮

❘❡❢❡r ♥♦✇ t♦ ❆❧❣♦r✐t❤♠ ✺✳✺✳ ▲❡t D ❜❡ t❤❡ s❡t ♦❢ ♠❛r❦❡rs ❞❡❧❡t❡❞ ✐♥ ❧✐♥❡ ✺✱ ❧❡t S
❜❡ t❤❡ s❡t ♦❢ s✐♥❣❧❡✲♠❛r❦❡rs t❤❛t ❛r❡ ♠❡r❣❡❞ ✐♥t♦ s✉♣❡r✲♠❛r❦❡rs ✐♥ ❧✐♥❡ ✻✱ ❛♥❞ ❧❡t R
❜❡ t❤❡ s❡t ♦❢ ♠❛r❦❡rs ❞❡❧❡t❡❞ ✐♥ ❧✐♥❡ ✾✳ ▲❡t R1 = {r ∈ R | γ(r) = 1} ❛♥❞ R2 = {r ∈
R | γ(r) ≥ 2}✳ ❚❤✉s ✇❡ ❤❛✈❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ R ❣✐✈❡♥ ❜② R = (R ∩ K) ∪R1 ∪R2✳

❊❛❝❤ ♠❛r❦❡r x ∈ D ❤❛s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ tr✐♣❧❡ (z, x, y) ∈ X✱ ✇❤❡r❡ z ♦r y ✐s
❛ s✐♥❣❧❡✲♠❛r❦❡r✳ ❆❢t❡r x ✐s ❞❡❧❡t❡❞ ✐♥ ❧✐♥❡ ✺✱ z ❛♥❞ y ❛r❡ ♠❡r❣❡❞ ✐♥t♦ t❤❡ s❛♠❡
s✉♣❡r✲♠❛r❦❡r ✐♥ ❧✐♥❡ ✻✳ ❚❤✉s ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✿

|D| ≤ |S|. ✭✺✳✷✮
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❋♦r ❡❛❝❤ ♠❛r❦❡r x ∈ D −K ✱ ❧❡t φ(x) ❜❡ ❛♥ ❛r❜✐tr❛r② ♠❛r❦❡r ✐♥ t❤❡ ♥♦♥✲❡♠♣t②
s❡t {z, x, y} ∩ K❀ s❡❡ ▲❡♠♠❛ ✺✳✸✼✳ ❖❜✈✐♦✉s❧② φ(x) 6= x✱ t❤✉s φ(x) ∈ K − D✳ ❲❡
s❤♦✇ t❤❛t ❛t ♠♦st t✇♦ ♠❛r❦❡rs ✐♥ D − K ❝❛♥ ❤❛✈❡ t❤❡ s❛♠❡ ✐♠❛❣❡ ❜② φ✳ ❙✉♣♣♦s❡
t❤❛t φ(x1) = φ(x2) = φ ❢♦r t✇♦ ❞✐✛❡r❡♥t ♠❛r❦❡rs x1, x2 ∈ D−K✱ ✇❤❡r❡ x1 ✐s ❞❡❧❡t❡❞
❜❡❢♦r❡ x2 ✐♥ ❆❧❣♦r✐t❤♠ ✺✳✺✳ ❚❤❡♥ t❤❡ ♠❛r❦❡r φ ✐s ♠❡r❣❡❞ ✐♥t♦ ❛ s✉♣❡r✲♠❛r❦❡r ❛❢t❡r
x1 ✐s ❞❡❧❡t❡❞✱ ❛♥❞ ❛❣❛✐♥ ♠❡r❣❡❞ ✐♥t♦ ❛ ❧❛r❣❡r s✉♣❡r✲♠❛r❦❡r ❛❢t❡r x2 ✐s ❞❡❧❡t❡❞✳ ❙✐♥❝❡
❛ ♠❛r❦❡r ❤❛s ❛t ♠♦st t✇♦ ♥❡✐❣❤❜♦rs ✐♥ ❛ s✉♣❡r✲♠❛r❦❡r✱ φ ✐s ♥❡❝❡ss❛r✐❧② ❛ s✐♥❣❧❡✲
♠❛r❦❡r ❜❡❢♦r❡ x1 ✐s ❞❡❧❡t❡❞✱ s♦ ✐t ❜❡❧♦♥❣s t♦ S✱ ✐♥❞❡❡❞ S ∩ K✳ ▼♦r❡♦✈❡r✱ ❛❢t❡r x2
✐s ❞❡❧❡t❡❞ ❛♥❞ φ ✐s ♠❡r❣❡❞ ✐♥t♦ ❛ ❧❛r❣❡r s✉♣❡r✲♠❛r❦❡r✱ φ ❝❛♥♥♦t ❜❡ ❛❞❥❛❝❡♥t t♦ ❛♥②
♦t❤❡r s✐♥❣❧❡✲♠❛r❦❡r✱ s❛② x3✳ ❚❤❡r❡❢♦r❡

|D −K| ≤ |K −D|+ |S ∩ K|. ✭✺✳✸✮

▲❡t u ❜❡ ❛ ♠❛r❦❡r s✉❝❤ t❤❛t γ(u) = 1✳ ❚❤❡♥ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ γ✱ u ❜❡❧♦♥❣s t♦
s♦♠❡ str✐♣ ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❛♥❞ ✐t ❤❛s ❛ ♥❡✐❣❤❜♦r v = ψ(u) ✐♥ t❤❡ s❛♠❡
str✐♣ s✉❝❤ t❤❛t gap(u, v) ❝♦♥t❛✐♥s ♦♥❧② ♦♥❡ ♠❛r❦❡r✱ s❛② x✳ ◆♦t❡ t❤❛t u, v /∈ K ❛♥❞
x ∈ K✳ ❲❡ ❝❧❛✐♠ t❤❛t ✐❢ u ✐s ❛ s✐♥❣❧❡✲♠❛r❦❡r ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ t❤❡♥
❡✐t❤❡r u ∈ D ∪ S ♦r v ∈ D✳ ❚❤✐s ❝❧❛✐♠ ✐s ❝❧❡❛r❧② tr✉❡ ✐❢ ♦♥❡ ♦❢ u ♦r v ✐s ❞❡❧❡t❡❞ ❜②
t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ❧✐♥❡ ✺✳ ❖t❤❡r✇✐s❡✱ ✇✐t❤ (v, x, u) ∈ X ♦r (u, x, v) ∈ X✱ ❡✐t❤❡r x ✐s
♥♦t ❞❡❧❡t❡❞ ❜❡❝❛✉s❡ u ✐s ♠❡r❣❡❞ ✐♥t♦ ❛ s✉♣❡r✲♠❛r❦❡r✱ ♦r x ✐s ❞❡❧❡t❡❞✿ ✐♥ ❜♦t❤ ❝❛s❡s
u ∈ S✳ ❚❤✐s ♣r♦✈❡s t❤❡ ❝❧❛✐♠✳ ❙♦ ❢♦r ❡❛❝❤ u ∈ R1✱ ✇❡ ❤❛✈❡ v = ψ(u) ∈ D✱ ✐♥❞❡❡❞
v ∈ D − K✳ ◆♦t❡ t❤❛t t❤❡r❡ ❝❛♥ ❜❡ ❛t ♠♦st t✇♦ ♠❛r❦❡rs u1 ❛♥❞ u2 ✇✐t❤ t❤❡ s❛♠❡
✐♠❛❣❡ v ❜② ψ✿ t❤❡ t✇♦ ♥❡✐❣❤❜♦rs ♦❢ v ✐♥ s♦♠❡ str✐♣ ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❚❤✉s
✇❡ ❤❛✈❡ |R1| ≤ 2|D − K|✳ ▼♦r❡♦✈❡r✱ ✐❢ t❤❡r❡ ❛r❡ t✇♦ ♠❛r❦❡rs u1 ❛♥❞ u2 ✇✐t❤ t❤❡
s❛♠❡ ✐♠❛❣❡ v✱ t❤❡♥ γ(v) ≥ 2✳ ❚❤❡r❡❢♦r❡

|R1| ≤
∑

v∈D−K

γ(v). ✭✺✳✹✮

❈♦♠❜✐♥✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ✭✺✳✶✮✱ ✭✺✳✷✮✱ ✭✺✳✸✮✱ ❛♥❞ ✭✺✳✹✮✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ s❤♦✇s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❧❡t❡❞ ♠❛r❦❡rs✱ |D| + |R|✱ ✐s ❛t ♠♦st (d + 1.5)k✳
❚❤✉s ❆❧❣♦r✐t❤♠ ✺✳✺ ✐♥❞❡❡❞ ✜♥❞s ❛ (d + 1.5)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r δ✲❣❛♣✲❈▼❙❘✲d ❛♥❞
❈▼❙❘✲d✳

2dk ≥
∑

x s✐♥❣❧❡✲♠❛r❦❡r

γ(x) ❜② ✭✺✳✶✮

=
∑

x∈D−K

γ(x) +
∑

x∈S−K

γ(x) +
∑

x∈R1

γ(x) +
∑

x∈R2

γ(x)

≥
∑

x∈D−K

γ(x) + |S −K|+ |R1|+ 2|R2|

≥ |S −K|+ 2|R1|+ 2|R2| ❜② ✭✺✳✹✮.

❍❡♥❝❡✱ |R1|+ 2|R2| ≤
1
2
|S −K|.

|D|+ |R| = |D|+ |R1|+ |R2|+ |R ∩ K|

≤ |D|+ dk − 1
2
|S −K|+ |R ∩ K|

= |D|+ dk − 1
2
(|S| − |S ∩ K|) + |R ∩ K|

≤ |D|+ dk − 1
2
|D|+ 1

2
|S ∩ K|+ |R ∩ K| ❜② ✭✺✳✷✮
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= 1
2
(|D|+ |S ∩ K|) + |R ∩ K|+ dk

= 1
2
(|D ∩ K|+ |D −K|+ |S ∩ K|) + |R ∩ K|+ dk

≤ 1
2
(|D ∩ K|+ (|K −D|+ |S ∩ K|) + |S ∩ K|) + |R ∩ K|+ dk ❜② ✭✺✳✸✮

= 1
2
|K|+ (|S ∩ K|+ |R ∩ K|) + dk

≤ 1
2
k + k + dk

=
(

d+ 3
2

)

k.

❲✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❡①❛♠♣❧❡s✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ♦❢ ❆❧✲
❣♦r✐t❤♠ ✺✳✺ ❝❛♥♥♦t ❜❡ ❜❡tt❡r t❤❛♥ d + 1 ✭❊①❛♠♣❧❡ ✺✳✸✮✳ ▼♦r❡♦✈❡r✱ ♥♦ ❛❧❣♦r✐t❤♠
❞❡❧❡t✐♥❣ ♦♥❧② s✐♥❣❧❡✲♠❛r❦❡rs ❝❛♥ ❛❝❤✐❡✈❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ❜❡tt❡r t❤❛♥ d ✭❊①✲
❛♠♣❧❡ ✺✳✹✮✳

❊①❛♠♣❧❡ ✺✳✸✳ ❚❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ❈▼❙❘✲d ♦✈❡r M1...d ❜❡❧♦✇ ✐s t♦ ❞❡❧❡t❡ t❤❡
t✇♦ s✐♥❣❧❡✲♠❛r❦❡rs u ❛♥❞ v✱ ✐♥st❡❛❞ ♦❢ ❛❧❧ 2d+2 s✐♥❣❧❡✲♠❛r❦❡rs ✭❢♦r ❆❧❣♦r✐t❤♠ ✺✳✺✮✿

M1 =
〈

zd, yd, · · · z3, y3, z2, y2, z1, v, u, y1
〉

M2 =
〈

z1, y1, z2, u, v, y2, z3, y3, · · · zd, yd
〉

M3 =
〈

z1, y1, z2, y2, z3, u, v, y3, · · · zd, yd
〉

· · · · · · · · · · · · · · · · · ·
Md =

〈

z1, y1, z2, y2, z3, y3, · · · zd, u, v, yd
〉

❊①❛♠♣❧❡ ✺✳✹✳ ❚❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ❈▼❙❘✲d ♦✈❡r M1...d ❜❡❧♦✇ ✐s t♦ ❞❡❧❡t❡ t❤❡
s✉♣❡r✲♠❛r❦❡r

〈

u, v
〉

✱ ✐♥st❡❛❞ ♦❢ 2d s✐♥❣❧❡✲♠❛r❦❡rs zi ❛♥❞ yi✱ 1 ≤ i ≤ d ✭❢♦r ❛♥②
❛❧❣♦r✐t❤♠ ❞❡❧❡t✐♥❣ ♦♥❧② s✐♥❣❧❡✲♠❛r❦❡rs✮✿

M1 =
〈

zd, yd, · · · z3, y3, z2, y2, z1, −v,−u, y1
〉

M2 =
〈

z1, y1, z2, u, v, y2, z3, y3, · · · zd, yd
〉

M3 =
〈

z1, y1, z2, y2, z3, u, v, y3, · · · zd, yd
〉

· · · · · · · · · · · · · · · · · ·
Md =

〈

z1, y1, z2, y2, z3, y3, · · · zd, u, v, yd
〉

❈♦♠♣❛r❡❞ t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ 2d ✭❙❡❝t✐♦♥ ✺✳✶✮ ❢♦r t❤❡ ♠❛①✲
✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ▼❙❘✲d ✇❤✐❝❤ ❛❧♠♦st ♠❛t❝❤❡s ✕ ❛t ❧❡❛st ❛s②♠♣t♦t✐❝❛❧❧② ✕ t❤❡
❝✉rr❡♥t ❜❡st ❧♦✇❡r ❜♦✉♥❞ ♦❢ Ω(d/ log d) ❬✾✸❪✱ ♦✉r ✉♣♣❡r ❜♦✉♥❞ ♦❢ d + 1.5 ❢♦r t❤❡
t✇♦ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❈▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d ✐s st✐❧❧ ❢❛r ❛✇❛② ❢r♦♠ t❤❡
❝♦♥st❛♥t ❧♦✇❡r ❜♦✉♥❞ ✐♥ ❬✾✸❪✳ ■t ✐s ❛♥ ✐♥tr✐❣✉✐♥❣ q✉❡st✐♦♥ ✇❤❡t❤❡r ❈▼❙❘✲d ❛♥❞
δ✲❣❛♣✲❈▼❙❘✲d ❛❞♠✐t ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❝♦♥st❛♥t r❛t✐♦s ✐♥❞❡♣❡♥❞❡♥t
♦❢ d✳

✺✳✹ ❋✐①❡❞✲P❛r❛♠❡t❡r ❚r❛❝t❛❜❧❡ ❆❧❣♦r✐t❤♠s

✺✳✹✳✶ ❋P❚ ❆❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ✜rst ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d ✇✐t❤ t❤❡
♣❛r❛♠❡t❡r ℓ✳ ❘❡❝❛❧❧ t❤❛t ✇✐t❤♦✉t t❤❡ ❣❛♣ ❝♦♥str❛✐♥t✱ ▼❙❘✲d ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡r ℓ
✐s ❲❬✶❪✲❤❛r❞ ❢♦r ❛♥② d ≥ 4✳ ■♥ s❤❛r♣ ❝♦♥tr❛st t♦ t❤❡ ❲❬✶❪✲❤❛r❞♥❡ss ♦❢ ▼❙❘✲d✱ ✇❡
♦❜t❛✐♥ ❛ s♦♠❡✇❤❛t s✉r♣r✐s✐♥❣ r❡s✉❧t t❤❛t δ✲❣❛♣✲▼❙❘✲d ✐s ✐♥ ❋P❚✱ ✇❤❡r❡ ℓ ✐s t❤❡
♣❛r❛♠❡t❡r✱ ❛♥❞ δ ❛♥❞ d ❛r❡ ❝♦♥st❛♥ts✳ ■♥ ❢❛❝t✱ ♦✉r ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d
✇♦r❦s ❡✈❡♥ ✐❢ d ❛♥❞ δ ❛r❡ ♥♦t ❝♦♥st❛♥ts✿ δ✲❣❛♣✲▼❙❘✲d ✐s ✐♥ ❋P❚ ❡✈❡♥ ✇✐t❤ t❤r❡❡
❝♦♠❜✐♥❡❞ ♣❛r❛♠❡t❡rs d✱ δ ❛♥❞ ℓ✳
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❆❧❣♦r✐t❤♠ ✺✳✻ 2O(ℓdδ)n ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲▼❙❘✲d✳
■♥♣✉t✿ d ❣❡♥♦♠✐❝ ♠❛♣sM1...d ✇✐t❤♦✉t ❞✉♣❧✐❝❛t❡s✱ δ ∈ N

✶✿ Ω2 ← t❤❡ s❡t ♦❢ ❧❡♥❣t❤✲✷ ♣r❡str✐♣s
✷✿ ❢♦r ❛❧❧ ♠❛r❦❡r u ❞♦
✸✿ ❝r❡❛t❡ ❛ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ xu
✹✿ ❡♥❞ ❢♦r
✺✿ ❢♦r ❛❧❧

〈

u, v
〉

∈ Ω2 ❞♦
✻✿ g1, . . . , gs ← t❤❡ ♠❛r❦❡rs ✐♥ gap(u, v)
✼✿ ❝r❡❛t❡ ❛ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛ fu,v = xu ∧ xv ∧ ¬xg1 ∧ . . . ∧ ¬xgs
✽✿ ❡♥❞ ❢♦r
✾✿ ❉❡❧❡t❡ t❤❡ ✈❛r✐❛❜❧❡s t❤❛t ❞♦ ♥♦t ❛♣♣❡❛r ✐♥ ❛♥② ❢♦r♠✉❧❛ ♦r ❛♣♣❡❛r ♦♥❧② ✐♥ ♥❡❣❛t✐✈❡

❢♦r♠ ✐♥ t❤❡ ❢♦r♠✉❧❛s✳
✶✵✿ ❊♥✉♠❡r❛t❡ ❛❧❧ ♣♦ss✐❜❧❡ ❛ss✐❣♥♠❡♥ts t♦ t❤❡ r❡♠❛✐♥✐♥❣ ✈❛r✐❛❜❧❡s t♦ ✜♥❞ ❛♥ ♦♣t✐♠❛❧

❛ss✐❣♥♠❡♥t t❤❛t ♠❛①✐♠✐③❡s t❤❡ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ❛♣♣❡❛r✐♥❣ ✐♥ ♣♦s✐t✐✈❡ ❢♦r♠
✐♥ ❛t ❧❡❛st ♦♥❡ s❛t✐s✜❡❞ ❢♦r♠✉❧❛✳ ❉❡❧❡t❡ ❛❧❧ ♠❛r❦❡rs ✇❤♦s❡ ✈❛r✐❛❜❧❡s ❛r❡ ♥♦t
❛ss✐❣♥❡❞ tr✉❡ ✈❛❧✉❡s✳

✶✶✿ r❡t✉r♥ t❤❡ r❡s✉❧t✐♥❣ ❣❡♥♦♠✐❝ ♠❛♣s✳

❚❤❡♦r❡♠ ✺✳✸✽✳ ❆❧❣♦r✐t❤♠ ✺✳✻ ✜♥❞s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❢♦r δ✲❣❛♣✲▼❙❘✲d ❢♦r ❛♥②
d ≥ 2 ❛♥❞ δ ≥ 1✱ ✐♥ t✐♠❡ O(2ttdδ2 + ndδ)✱ ✇❤❡r❡ t = ℓ(1 + 3

2
dδ)✳

❖✉r ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ ❛ s✐♠♣❧❡ ✐❞❡❛✿ ❝r❡❛t❡ ❛ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ ❢♦r ❡❛❝❤
♠❛r❦❡r ✭✇❤❡r❡ tr✉❡ ♠❡❛♥s t❤❡ ♠❛r❦❡r ✐s s❡❧❡❝t❡❞ ✐♥ ❛ s♦❧✉t✐♦♥✱ ❢❛❧s❡ t❤❛t ✐t ✐s ✉♥s✲
❡❧❡❝t❡❞✮✱ t❤❡♥ t❡st ❛❧❧ ♣♦ss✐❜❧❡ ❛ss✐❣♥♠❡♥ts t♦ ✜♥❞ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❚♦ r❡❞✉❝❡
t❤❡ t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ❜r✉t❡✲❢♦r❝❡ ❛♣♣r♦❛❝❤✱ ✇❡ ❛❞❞ ❛ ♣r✉♥✐♥❣ st❡♣ ✭❧✐♥❡ ✾✮ t♦
❞❡❧❡t❡ ❝❡rt❛✐♥ ✈❛r✐❛❜❧❡s ✇❤♦s❡ ♠❛r❦❡rs ❝❛♥♥♦t ❛♣♣❡❛r ✐♥ ❛♥② ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❚❤❡
r❡♠❛✐♥✐♥❣ ✈❛r✐❛❜❧❡s ❢♦r♠ ❛ ✏❝♦r❡✑ ♦♥ ✇❤✐❝❤ ✇❡ ❝❛♥ ✜♥❞ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐♥ ❋P❚
t✐♠❡✳

❚❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❡❛❝❤ ♠❛r❦❡r
s❡❧❡❝t❡❞ ✐♥ ❛ s♦❧✉t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✈❛r✐❛❜❧❡ ❛♣♣❡❛r✐♥❣ ✐♥ ♣♦s✐t✐✈❡ ❢♦r♠ ✐♥ ❛t ❧❡❛st
♦♥❡ ❢♦r♠✉❧❛✱ t❤✉s ❛❧❧ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❛r❡ ❦❡♣t ❞✉r✐♥❣ t❤❡ ♣r✉♥✐♥❣ st❡♣ ✭❧✐♥❡ ✾✮✱
❛♥❞ ❛r❡ ❞✐s❝♦✈❡r❡❞ ❞✉r✐♥❣ t❤❡ ❡①❤❛✉st✐✈❡ ❡♥✉♠❡r❛t✐♦♥ ✭❧✐♥❡ ✶✵✮✳

●✐✈❡♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ s❡❧❡❝ts ℓ ♠❛r❦❡rs✱ ✇❡ ❝❛❧❧ ❛ ♠❛r❦❡r ❛❝t✐✈❡ ✐❢
✐t ❛♣♣❡❛rs ✇✐t❤✐♥ ❞✐st❛♥❝❡ ❛t ♠♦st δ ❢r♦♠ ❛ s❡❧❡❝t❡❞ ♠❛r❦❡r ✐♥ s♦♠❡ ♠❛♣✳ ❚❤❡♥
❡❛❝❤ ♠❛♣ ❝♦♥t❛✐♥s ❛t ♠♦st ℓδ + ℓ

2
δ ✉♥s❡❧❡❝t❡❞ ❛❝t✐✈❡ ♠❛r❦❡rs✿ ❛t ♠♦st δ ❛❢t❡r ❡❛❝❤

s❡❧❡❝t❡❞ ♠❛r❦❡r✱ ❛♥❞ ❛t ♠♦st δ ❜❡❢♦r❡ t❤❡ ✜rst ♠❛r❦❡r ♦❢ ❡❛❝❤ str✐♣ ✭♥♦t❡ t❤❛t t❤❡
♥✉♠❜❡r ♦❢ str✐♣s ♦❢ t❤✐s ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s ❛t ♠♦st ℓ/2✮✳ ❚❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡
♠❛r❦❡rs ✐s ❛t ♠♦st ℓ+ d(ℓδ + ℓ

2
δ) = ℓ(1 + 3

2
dδ)✳

❚❤❡ ♣r✉♥✐♥❣ st❡♣ ✐♥ ❧✐♥❡ ✾ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝r✉❝✐❛❧ ♦❜s❡r✈❛t✐♦♥ t❤❛t ❛ ♥♦♥✲❛❝t✐✈❡
♠❛r❦❡r ❝❛♥ ♥❡✈❡r ❛♣♣❡❛r ✐♥ ♣♦s✐t✐✈❡ ❢♦r♠✳ ❙✉♣♣♦s❡ ❢♦r ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t ❛ ♥♦♥✲
❛❝t✐✈❡ ♠❛r❦❡r u ❛♣♣❡❛rs ✐♥ ❛ ♣r❡str✐♣ ✇✐t❤ s♦♠❡ ♠❛r❦❡r v✳ ❚❤❡♥ u ✐s ❛t ❞✐st❛♥❝❡ ❛t
♠♦st δ+1 ❢r♦♠ v ✐♥ ❡❛❝❤ ♠❛♣✳ ❙✐♥❝❡ u✱ ❛s ❛ ♥♦♥✲❛❝t✐✈❡ ♠❛r❦❡r✱ ♠✉st ❜❡ ❛t ❞✐st❛♥❝❡
❛t ❧❡❛st δ+1 ❢r♦♠ t❤❡ s❡❧❡❝t❡❞ ♠❛r❦❡rs ✐♥ ❛❧❧ ♠❛♣s✱ ♥♦ s❡❧❡❝t❡❞ ♠❛r❦❡rs ❝❛♥ ❛♣♣❡❛r
❜❡t✇❡❡♥ u ❛♥❞ v ✐♥ ❛♥② ♠❛♣✱ t❤✉s ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❜② s❡❧❡❝t✐♥❣
❜♦t❤ u ❛♥❞ v✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

◆♦t❡ t❤❛t ✐♥ ❧✐♥❡ ✾ t❤❡ ✈❛r✐❛❜❧❡s ❛♣♣❡❛r✐♥❣ ❛t ❧❡❛st ♦♥❝❡ ✐♥ ♣♦s✐t✐✈❡ ❢♦r♠ ❛r❡ ♥❡✈❡r
❞❡❧❡t❡❞✱ ❤❡♥❝❡ ♥♦ ❢♦r♠✉❧❛ ❜❡❝♦♠❡s ❡♠♣t② ❛❢t❡r ❞❡❧❡t✐♥❣ t❤❡ ✈❛r✐❛❜❧❡s t❤❛t ❛♣♣❡❛r
♦♥❧② ✐♥ ♥❡❣❛t✐✈❡ ❢♦r♠✳ ❆❢t❡r ❧✐♥❡ ✾✱ t❤❡ ♥✉♠❜❡r ♦❢ r❡♠❛✐♥✐♥❣ ✈❛r✐❛❜❧❡s ✐s ❛t ♠♦st
t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ ♠❛r❦❡rs✱ ✇❤✐❝❤ ✐s ❛t ♠♦st t = ℓ(1 + 3

2
dδ)✳ ❈♦rr❡s♣♦♥❞✐♥❣❧②✱
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t❤❡ ♥✉♠❜❡r ♦❢ ❢♦r♠✉❧❛s ✐s ❛t ♠♦st t(δ + 1)✱ ❜❡❝❛✉s❡ ❛♥② ❝❛♥❞✐❞❛t❡ ♣❛✐r ❝♦♥s✐sts ♦❢
❛♥ ❛❝t✐✈❡ ♠❛r❦❡r ❛♥❞ ♦♥❡ ♦❢ t❤❡ δ + 1 ♠❛r❦❡rs ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇✐♥❣ ✐t ✐♥ t❤❡ ✜rst
♠❛♣✳ ❊❛❝❤ ❢♦r♠✉❧❛ ❝♦♥t❛✐♥s ❛t ♠♦st dδ + 2 ✈❛r✐❛❜❧❡s✳

❚❤❡ t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ ❧✐♥❡ ✶ ✐s O(ndδ)✳ ■♥ ❧✐♥❡s ✷✕✽✱ t❤❡ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ❝r❡❛t❡❞
✐♥ t✐♠❡ O(n)✱ ❛♥❞ t❤❡ ❢♦r♠✉❧❛s ❝❛♥ ❜❡ ❝r❡❛t❡❞ ✐♥ t✐♠❡ O(t(δ+1)(dδ+2)) = O(tdδ2)✳
❙✐♠✐❧❛r❧②✱ ❧✐♥❡ ✾ ❝❛♥ ❜❡ ❡①❡❝✉t❡❞ ✐♥ t✐♠❡ O(n + tdδ2)✳ ❋✐♥❛❧❧②✱ ❧✐♥❡ ✶✵ ❝❛♥ ❜❡
❡①❡❝✉t❡❞ ✐♥ t✐♠❡ O(2tt(δ + 1)(dδ + 2)) = O(2ttdδ2)✱ s♦ t❤❡ ♦✈❡r❛❧❧ t✐♠❡ ❝♦♠♣❧❡①✐t②
✐s O(2ttdδ2 + ndδ)✳

✺✳✹✳✷ ❋P❚ ❆❧❣♦r✐t❤♠ ❢♦r ❈▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡s✐❣♥ ❛♥ ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r ❈▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d✱
✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡r ✐s k✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❧❡t❡❞ ♠❛r❦❡rs ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳

❙✐♥❝❡ s✉♣❡r✲♠❛r❦❡rs ❛r❡ ❛❧r❡❛❞② str✐♣s ✐♥ t❤❡ ✐♥♣✉t ❣❡♥♦♠✐❝ ♠❛♣s✱ ♦♥❡ ♠❛②
♥❛t✉r❛❧❧② ❜❡ t❡♠♣t❡❞ t♦ ❝♦♠❡ ✉♣ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✳ ❋✐rst✱ ✜♥❞ ❛❧❧ s✉♣❡r✲
♠❛r❦❡rs✱ ❛♥❞ ❛❞❞ t❤❡♠ t♦ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡♥✱ ❞❡❧❡t❡ ❛ s✉❜s❡t ♦❢ s✐♥❣❧❡✲♠❛r❦❡rs ✉♥t✐❧
❛❧❧ ♠❛r❦❡rs ✐♥ t❤❡ r❡s✉❧t✐♥❣ ♠❛♣s ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ str✐♣s✳ ❚❤❡ ❝♦rr❡❝t♥❡ss ♦❢
t❤✐s ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣ ❛♥ ❡①❛❝t s♦❧✉t✐♦♥✱ ❤♦✇❡✈❡r✱ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥
t❤❛t ✐♥ s♦♠❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♥♦ s✉♣❡r✲♠❛r❦❡r ♥❡❡❞s t♦ ❜❡ ❞❡❧❡t❡❞✱ ✇❤✐❝❤ ✐s ❢❛❧s❡ ❛s
❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♥t❡r✲❡①❛♠♣❧❡✿

M1 =
〈

4, 1, 2, 3, 5, 6, 7
〉

M2 =
〈

6, −3, −2, −1, 7, 4, 5
〉

❍❡r❡
〈

1, 2, 3
〉

❢♦r♠s ❛ s✉♣❡r✲♠❛r❦❡r✱ ❜✉t t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❞❡❧❡t❡s
〈

1, 2, 3
〉

❛♥❞
s❡❧❡❝ts

〈

4, 5
〉

❛♥❞
〈

6, 7
〉

✐♥st❡❛❞✳ ❆♥ ❡❛s② ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤✐s ❝♦✉♥t❡r✲❡①❛♠♣❧❡
s❤♦✇s t❤❛t ❛♥② s✉♣❡r✲♠❛r❦❡r ♦❢ s✐③❡ str✐❝t❧② ❧❡ss t❤❛♥ 2d ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ t♦ ❜❡
❛❧✇❛②s s❡❧❡❝t❡❞ ✐♥ s♦♠❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ◆♦t❡ t❤❛t ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❧♦♥❣❡r s✉♣❡r✲
♠❛r❦❡rs✱ ♦❢ s✐③❡ ❛t ❧❡❛st 2d✱ ❛r❡ ❛❧✇❛②s s❡❧❡❝t❡❞ ✐♥ s♦♠❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ s❡❡ ❡✳❣✳ ❬✽✼✱
▲❡♠♠❛ ✶❪✳

❲❡ ♦❜s❡r✈❡ t❤❛t ❛♥ ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r ❈▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d ❝❛♥ ❜❡ ❡❛s✐❧②
♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❜♦✉♥❞❡❞ s❡❛r❝❤ tr❡❡ ♠❡t❤♦❞✳ ■♥ ❛♥② ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ t✇♦
♣r♦❜❧❡♠s✱ ❛ s✐♥❣❧❡✲♠❛r❦❡r x ♠✉st ❜❡ ❡✐t❤❡r ❞❡❧❡t❡❞ ♦r s❡❧❡❝t❡❞✳ ■❢ x ✐s s❡❧❡❝t❡❞✱ t❤❡♥
❛t ❧❡❛st ♦♥❡ ♦❢ ✐ts ♥❡✐❣❤❜♦rs ♠✉st ❜❡ ❞❡❧❡t❡❞✳ ❙✐♥❝❡ x ❤❛s ❛t ♠♦st 2d ♥❡✐❣❤❜♦rs
✭❛t ♠♦st t✇♦ ✐♥ ❡❛❝❤ ♠❛♣✮✱ t❤✐s ❧❡❛❞s t♦ ❛ ✈❡r② s✐♠♣❧❡ ❛❧❣♦r✐t❤♠ r✉♥♥✐♥❣ ✐♥ t✐♠❡
O((2d + 1)k poly(nd))✳ P❛r❛❧❧❡❧ t♦ ♦✉r ✇♦r❦✱ ❏✐❛♥❣ ❡t ❛❧✳ ❬✽✼❪ ♣r❡s❡♥t❡❞ ❛♥ ❋P❚
❛❧❣♦r✐t❤♠ r✉♥♥✐♥❣ ✐♥ t✐♠❡ O(3k poly(nd))✳ ❲❡ ♥❡①t ❞❡s❝r✐❜❡ ❛ ❝❛r❡❢✉❧❧② t✉♥❡❞ ❋P❚
❛❧❣♦r✐t❤♠ r✉♥♥✐♥❣ ✐♥ t✐♠❡ O(2.36k poly(nd))✳ ❏✐❛♥❣ ✫ ❩❤✉ ❬✽✽❪ r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ❛
❦❡r♥❡❧✐③❛t✐♦♥ ❢♦r ❈▼❙❘✲✷✱ t❤❛t ✐s✱ ❛ s❡t ♦❢ r❡❞✉❝t✐♦♥ r✉❧❡s tr❛♥s❢♦r♠✐♥❣ ❛♥② ✐♥st❛♥❝❡
✇✐t❤ ♦♣t✐♠❛❧ ✈❛❧✉❡ k ✐♥t♦ ❛♥ ✐♥st❛♥❝❡ ♦❢ s✐③❡ ❛t ♠♦st 84k ✇✐t❤ ❡q✉❛❧ ♦♣t✐♠❛❧ ✈❛❧✉❡✳
❚❤✐s ❦❡r♥❡❧✐③❛t✐♦♥ ②✐❡❧❞s ✕ ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✺✳✼ ✕ ❛♥ ❋P❚ ❛❧❣♦r✐t❤♠ r✉♥♥✐♥❣ ✐♥ t✐♠❡
O(2.36kk2 + n2)✳

❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❈▼❙❘✲d ❛♥❞
δ✲❣❛♣✲❈▼❙❘✲d✱ ❢♦r ✇❤✐❝❤ t❤❡ ♣❛r❛♠❡t❡r k ✐s ♣❛rt ♦❢ t❤❡ ✐♥♣✉t✳

❚❤❡♦r❡♠ ✺✳✸✾✳ ❆❧❣♦r✐t❤♠ ✺✳✼ ✜♥❞s ❛♥ ❡①❛❝t s♦❧✉t✐♦♥ ❢♦r t❤❡ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ❛ss♦✲
❝✐❛t❡❞ ✇✐t❤ δ✲❣❛♣✲❈▼❙❘✲d✱ ❢♦r ❛♥② δ ∈ N∪{∞} ❛♥❞ d ≥ 2✱ ✐♥ t✐♠❡ O(ck poly(nd))✱
✇❤❡r❡ c < 2.36 ✐s t❤❡ ✉♥✐q✉❡ r❡❛❧ r♦♦t ♦❢ t❤❡ ❡q✉❛t✐♦♥ 2c−1 + 2c−3 = 1✳

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ❛❧t❤♦✉❣❤ t❤❡ t✇♦ ♣r♦❜❧❡♠s ▼❙❘✲d ❛♥❞ δ✲❣❛♣✲▼❙❘✲d
❤❛✈❡ ✈❡r② ❞✐✛❡r❡♥t ❝♦♠♣❧❡①✐t✐❡s ✇❤❡♥ ♣❛r❛♠❡t❡r✐③❡❞ ❜② ℓ✱ t❤❡✐r ❝♦♠♣❧❡♠❡♥ts ❈▼❙❘✲
d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d ❛r❡ ❜♦t❤ tr❛❝t❛❜❧❡ ✇❤❡♥ ♣❛r❛♠❡t❡r✐③❡❞ ❜② k✳



✺✳✹✳ ❋■❳❊❉✲P❆❘❆▼❊❚❊❘ ❚❘❆❈❚❆❇▲❊ ❆▲●❖❘■❚❍▼❙ ✶✺✼

❲❡ ❞❡s❝r✐❜❡ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ ❆❧❣♦r✐t❤♠ ✺✳✼✳ ❆s ❛❧r❡❛❞② ♥♦t❡❞✱ ✇❡ ✇✐❧❧ ❡①♣❧♦r❡
❛ ❜♦✉♥❞❡❞ s❡❛r❝❤ tr❡❡ ❛s ❢♦❧❧♦✇s✿ ✐♥ ❡❛❝❤ ♥♦❞❡ ✇❡ ❝♦♥s✐❞❡r ❛ s✐♥❣❧❡✲♠❛r❦❡r x✱ ❛♥❞
✇❡ ❡①♣❧♦r❡ t❤❡ ❜r❛♥❝❤❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❛s❡s ✇❤❡r❡ x ✐s ❞❡❧❡t❡❞ ❛♥❞ ✇❤❡r❡
✐t ✐s s❡❧❡❝t❡❞ ✐♥ ❛ str✐♣ ✇✐t❤ ❡❛❝❤ ♣♦ss✐❜❧❡ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦r ♣r❡❞❡❝❡ss♦r✳ ❚❤✐s
s❡❛r❝❤ tr❡❡ ❤❛s ❜♦✉♥❞❡❞ ❞❡♣t❤ ✭✐♥ ❡❛❝❤ ❜r❛♥❝❤ ✇❡ ❞❡❧❡t❡ ❛t ❧❡❛st ♦♥❡ ♠❛r❦❡r✱ ❛♥❞
✇❡ st♦♣ ❛❢t❡r ❞❡❧❡t✐♥❣ k ♠❛r❦❡rs✮ ❛♥❞ ❞❡❣r❡❡ ✭❡❛❝❤ s✐♥❣❧❡✲♠❛r❦❡r ❤❛s ❛t ♠♦st 2d
❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs ♦r ♣r❡❞❡❝❡ss♦rs✮✳ ■♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s
❛❧❣♦r✐t❤♠✱ ✇❡ ❛✐♠ ❛t ✭✶✮ ❝❤♦♦s✐♥❣ x s♦ t❤❛t ✇❡ ♠❛② ❞❡❧❡t❡ ❛ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢
♠❛r❦❡rs ✐♥ t❤❡ s✉❜s❡q✉❡♥t r❡❝✉rs✐✈❡ ❝❛❧❧s ✭t❤✉s r❡❞✉❝✐♥❣ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ s✉❜tr❡❡✮✱
❛♥❞ ✭✷✮ ♣♦✐♥t✐♥❣ ♦✉t s♣❡❝✐❛❧ ❝❛s❡s ✇❤❡r❡ ✇❡ ♠❛② ✐❣♥♦r❡ s♦♠❡ ❜r❛♥❝❤❡s ♦❢ t❤❡ s❡❛r❝❤
tr❡❡ ✇✐t❤♦✉t ❧♦s✐♥❣ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✭t❤✉s r❡❞✉❝✐♥❣ t❤❡ ❞❡❣r❡❡✮✳ ❋♦r ♦❜❥❡❝t✐✈❡
✭✶✮ ✇❡ ❝❤♦♦s❡ x ❛s t❤❡ ✜rst s✐♥❣❧❡✲♠❛r❦❡r ✐♥ t❤❡ ✜rst ♠❛♣✱ ❤❡♥❝❡✱ t❤❡ ❣❛♣ ❜❡t✇❡❡♥
x ❛♥❞ ❛ ❝❛♥❞✐❞❛t❡ ♣r❡❞❡❝❡ss♦r ❝♦♥s✐sts ♠♦st❧② ♦❢ s✉♣❡r✲♠❛r❦❡rs✱ t❤✉s ✐♥❝r❡❛s✐♥❣
t❤❡ ♥✉♠❜❡r ♦❢ ♠❛r❦❡rs t♦ ❜❡ ❞❡❧❡t❡❞ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜r❛♥❝❤❡s✳ ❋♦r ♦❜❥❡❝t✐✈❡
✭✷✮✱ ✇❡ ♣r♦✈✐❞❡ ❛ ♥✉♠❜❡r ♦❢ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛s ✭▲❡♠♠❛ ✺✳✹✵ t♦ ▲❡♠♠❛ ✺✳✹✸✮ ✇❤✐❝❤
❛❧❧♦✇ ✉s t♦ r❡❞✉❝❡ t❤❡ ❞❡❣r❡❡ ♦❢ s♦♠❡ ✏✇♦rst✲❝❛s❡✑ ♥♦❞❡s✳ ■♥ s♦♠❡ s✐t✉❛t✐♦♥s✱ ✇❡
✜♥❞ ❛ ♠❛r❦❡r ✇❤✐❝❤ ✐s ♥❡❝❡ss❛r✐❧② ❞❡❧❡t❡❞✳ ■♥ ♦t❤❡rs✱ ✇❡ ✐❞❡♥t✐❢② ❛ ❣♦♦❞ ❝❛♥❞✐❞❛t❡
♣r❡❞❡❝❡ss♦r ♦r s✉❝❝❡ss♦r✱ ✇❤✐❝❤ ✇❡ ♠❛② s❡❧❡❝t t♦ ❣❡♥❡r❛t❡ ❛ s♦❧✉t✐♦♥ ❛t ❧❡❛st ❛s ❣♦♦❞
❛s ✇✐t❤ ❛♥② ♦t❤❡r ❝❛♥❞✐❞❛t❡✳

❙♦♠❡ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛s

❚❤❡ ❡✣❝✐❡♥❝② ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✼ ✐s ♠❛❞❡ ♣♦ss✐❜❧❡ ❜② s❡✈❡r❛❧ ♦♣t✐♠✐③❛t✐♦♥s ❥✉s✲
t✐✜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r ❧❡♠♠❛s✳ ❚❤❡s❡ ❧❡♠♠❛s ❛r❡ ❛❧❧ ❜❛s❡❞ ♦♥ ✈❡r② s✐♠♣❧❡
♦❜s❡r✈❛t✐♦♥s✳ ◆♦t❡ t❤❛t ❛❧t❤♦✉❣❤ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ❢♦r s✐♠♣❧✐❝✐t②✱
❆❧❣♦r✐t❤♠ ✺✳✼ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ❞✐r❡❝t❧② r❡t✉r♥ t❤❡ ❛❝t✉❛❧ s♦❧✉t✐♦♥✱ ✐♥st❡❛❞ ♦❢ ✏tr✉❡✑✱
✇❤❡♥ t❤❡ ✐♥♣✉t ✐♥st❛♥❝❡ ✐♥❞❡❡❞ ❤❛s ❛ s♦❧✉t✐♦♥ ♦❢ s✐③❡ ❛t ♠♦st k✳ ❘❡❝❛❧❧ t❤❛t t❤❡
r❡❧❛t✐♦♥ ≺ ✐♥ ❧✐♥❡s ✶✻✕✶✼ ✐s ❞❡✜♥❡❞ ❢♦r ♠❛r❦❡rs ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♠❛♣s ✖ ✐t r❡♠❛✐♥s
✉♥❝❤❛♥❣❡❞ t❤r♦✉❣❤ r❡❝✉rs✐✈❡ ❝❛❧❧s✱ ❛♥❞ ❝❛♥ ❜❡ ♣r❡❝♦♠♣✉t❡❞✳

▲❡♠♠❛ ✺✳✹✵✳ ▲❡t x ❜❡ ❛ s✐♥❣❧❡✲♠❛r❦❡r ❛♥❞ w ❛ s✉♣❡r✲♠❛r❦❡r✳ ■❢ x ✐s s❡❧❡❝t❡❞ ✐♥ ❛♥
♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❛♥❞ w ✐s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦r ♣r❡❞❡❝❡ss♦r ♦❢ x ✇✐t❤ ❡①❛❝t❧② ♦♥❡
♠❛r❦❡r ✐♥ gap(x, w)✱ t❤❡♥ t❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇❤❡r❡ t❤❡ ♠❛r❦❡r ✐♥ gap(x, w)
✐s ❞❡❧❡t❡❞✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t w ✐s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦❢ x✱ t❤❡ ❝❛s❡ ✇❤❡r❡ ✐t ✐s ❛ ❝❛♥❞✐❞❛t❡
♣r❡❞❡❝❡ss♦r ❜❡✐♥❣ s②♠♠❡tr✐❝✳

▲❡t v ❜❡ t❤❡ s✐♥❣❧❡✲♠❛r❦❡r s✉❝❤ t❤❛t gap(x, w) = {v}✱ ✐✳❡✳✱ ✐♥ s♦♠❡ ♠❛♣Mi✱ ♦♥❡
♦❢
〈

+x,±v,+w
〉

♦r
〈

−w,±v,−x
〉

❛♣♣❡❛rs✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ♥♦ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
s❡❧❡❝ts ❜♦t❤ x ❛♥❞ v✱ t❤❡ ❧❡♠♠❛ ✐s ♦❜✈✐♦✉s❧② tr✉❡ s✐♥❝❡ ✐♥ ❛♥② s♦❧✉t✐♦♥ ✇❤❡r❡ x
✐s s❡❧❡❝t❡❞✱ v ♠✉st ❜❡ ❞❡❧❡t❡❞✳ ■t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡s ✇❤❡r❡ ❛♥ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ O ❡①✐sts s✉❝❤ t❤❛t ❜♦t❤ x ❛♥❞ v ❛r❡ s❡❧❡❝t❡❞✳ ❙✐♥❝❡ ❛♥② str✐♣ ♦❢ ❧❡♥❣t❤
p ≥ 4 ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t✇♦ s❤♦rt❡r str✐♣s ♦❢ ❧❡♥❣t❤s 2 ❛♥❞ (p − 2)✱ ✇❡ ❝❛♥ ❛ss✉♠❡
✇❧♦❣✳ t❤❛t ❛❧❧ str✐♣s ❤❛✈❡ ❧❡♥❣t❤s 2 ♦r 3✳

❋✐rst ❝❛s❡✿ x ❛♥❞ v ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ str✐♣✳ ❚❤❡♥ v ✐s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r
♦❢ x ❛♥❞ w ✐s ♥♦t s❡❧❡❝t❡❞ ✐♥ O✱ s✐♥❝❡ ❜② ▲❡♠♠❛ ✺✳✶❛✱ w ∈ gap(x, v)✳ ❈r❡❛t❡ O ′ ❜②
r❡♠♦✈✐♥❣ t❤✐s str✐♣ ❢r♦♠ O✱ t❤❡ t♦t❛❧ s✐③❡ ❞❡❝r❡❛s❡s ❜② ❛t ♠♦st 3✳ ❚❤❡♥ ♥♦ ♠❛r❦❡r ✐♥
{x, w}∪ gap(x, w) ✐s s❡❧❡❝t❡❞ ✐♥ O ′✿ ✇❡ ❝❛♥ ❛❞❞ t❤❡ str✐♣

〈

x, w
〉

t♦ ♦❜t❛✐♥ ❛ ❢❡❛s✐❜❧❡
s♦❧✉t✐♦♥ ♦❢ s✐③❡ ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❛t ♦❢ O✱ s✐♥❝❡ w ✐s ❛ s✉♣❡r✲♠❛r❦❡r✱ ✇❤❡r❡
v ✐s ❞❡❧❡t❡❞✳
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❆❧❣♦r✐t❤♠ ✺✳✼ O(2.36k poly(nd)) ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r δ✲❣❛♣✲❈▼❙❘✲d ❛♥❞ ❈▼❙❘✲d✳
■♥♣✉t✿ d ❣❡♥♦♠✐❝ ♠❛♣sM1...d ✇✐t❤♦✉t ❞✉♣❧✐❝❛t❡s✱ ♣❛r❛♠❡t❡rs k ∈ N✱ δ ∈ N∪ {∞}

✶✿ r❡t✉r♥ recurse✭M1...d, k, δ, ❢❛❧s❡✮

❋✉♥❝t✐♦♥ recurse✭M1...d, k, δ, skip❴step❴2b✮✿ ❜♦♦❧❡❛♥

✶✿ P❛rt✐t✐♦♥ t❤❡ ♠❛r❦❡rs ✐♥t♦ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡rs✳
✷✿ x← t❤❡ ❧❡❢t✲♠♦st s✐♥❣❧❡✲♠❛r❦❡r ✐♥M1 ✭✐❢ ✐t ❡①✐sts✮
✸✿ ✐❢ k < 0 ♦r ✭k = 0 ❛♥❞ x ❡①✐sts✮ t❤❡♥
✹✿ r❡t✉r♥ ❢❛❧s❡
✺✿ ❡♥❞ ✐❢
✻✿ ✐❢ x ❞♦❡s ♥♦t ❡①✐st t❤❡♥
✼✿ r❡t✉r♥ tr✉❡
✽✿ ❡♥❞ ✐❢
✾✿ s← t❤❡ ✜rst s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡r ❢♦❧❧♦✇✐♥❣ x ✐♥M1 ✭✐❢ ✐t ❡①✐sts✮

✶✵✿ ✴✴ ✶✿ ❆ss✉♠❡ x ✐s ❞❡❧❡t❡❞ ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
✶✶✿ ❈r❡❛t❡M′

1...d ❜② r❡♠♦✈✐♥❣ x ❢r♦♠M1...d✳
✶✷✿ ✐❢ recurse✭M′

1...d, k − 1, δ, ❢❛❧s❡✮ t❤❡♥
✶✸✿ r❡t✉r♥ tr✉❡
✶✹✿ ❡♥❞ ✐❢
✶✺✿ ✴✴ ✷✿ ❆ss✉♠❡ x ✐s ♣❛rt ♦❢ ❛ str✐♣ ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
✶✻✿ Y ← { s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡r y | x ≺ y} ✴✴ t❤❡ s❡t ♦❢ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs
✶✼✿ Z ← { s✉♣❡r✲♠❛r❦❡r z | z ≺ x} ✴✴ t❤❡ s❡t ♦❢ ❝❛♥❞✐❞❛t❡ ♣r❡❞❡❝❡ss♦rs
✶✽✿ ✐❢ ∃w0 ∈ Y ∪Z ❛ s✉♣❡r✲♠❛r❦❡r s✳t✳ (x, w0) s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✹✵

t❤❡♥
✶✾✿ ❈r❡❛t❡M′

1...d ❜② r❡♠♦✈✐♥❣ t❤❡ ♠❛r❦❡r ✐♥ gap(x, w0) ❢r♦♠M1...d✳
✷✵✿ r❡t✉r♥ recurse✭M′

1...d, k − 1, δ, ❢❛❧s❡✮
✷✶✿ ❡♥❞ ✐❢
✷✷✿ ✐❢ ∃s0 ❛ s✐♥❣❧❡✲♠❛r❦❡r s✳t✳ (x, s0) s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✹✶ t❤❡♥
✷✸✿ ❈r❡❛t❡M′

1...d ❜② r❡♠♦✈✐♥❣ s0 ❢r♦♠M1...d✳
✷✹✿ r❡t✉r♥ recurse✭M′

1...d, k − 1, δ, ❢❛❧s❡✮
✷✺✿ ❡♥❞ ✐❢
✷✻✿ ✴✴ ✷✳❛✿ ❆ss✉♠❡ x ✐s ♥♦t ❛t t❤❡ ❡♥❞ ♦❢ ✐ts str✐♣
✷✼✿ ✐❢ Y 6= ∅ t❤❡♥
✷✽✿ ✐❢ recurse❴2a✭Y, x,M1...d, k, δ✮ t❤❡♥
✷✾✿ r❡t✉r♥ tr✉❡
✸✵✿ ❡♥❞ ✐❢
✸✶✿ ❡♥❞ ✐❢
✸✷✿ ✴✴ ✷✳❜✿ ❆ss✉♠❡ x ✐s ❛t t❤❡ ❡♥❞ ♦❢ ✐ts str✐♣
✸✸✿ ✐❢ Z 6= ∅ ❛♥❞ skip❴step❴2b❂❢❛❧s❡ t❤❡♥
✸✹✿ ✐❢ recurse❴2b✭Z, x, s,M1...d, k, δ✮ t❤❡♥
✸✺✿ r❡t✉r♥ tr✉❡
✸✻✿ ❡♥❞ ✐❢
✸✼✿ ❡♥❞ ✐❢
✸✽✿ r❡t✉r♥ ❢❛❧s❡
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❆❧❣♦r✐t❤♠ ✺✳✼✱ ❝♦♥t✐♥✉❡❞
❋✉♥❝t✐♦♥ recurse❴2a✭Y, x,M1...d, k, δ✮✿ ❜♦♦❧❡❛♥

✶✿ ✐❢ ∃y0 ∈ Y s✳t✳ y0 s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✹✷ t❤❡♥
✷✿ ✐❢ δ ∈ N ❛♥❞ y0 ✐s ❛ s✐♥❣❧❡✲♠❛r❦❡r t❤❡♥
✸✿ ❘❡♣❧❛❝❡ y0 ❜② t❤❡ ✉♥s♣❡❝✐✜❡❞ ♠❛r❦❡r [y0 | Y ]✳
✹✿ ❡♥❞ ✐❢
✺✿ Y0 ← {y0}
✻✿ ❡❧s❡
✼✿ Y0 ← Y
✽✿ ❡♥❞ ✐❢
✾✿ ❢♦r ❛❧❧ y ∈ Y0 ❞♦

✶✵✿ ❈r❡❛t❡M′
1...d ❜② r❡♠♦✈✐♥❣ ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, y) ❢r♦♠M1...d✳

✶✶✿ ✐❢ recurse✭M′
1...d, k − |gap(x, y)|, δ, ❢❛❧s❡✮ t❤❡♥

✶✷✿ r❡t✉r♥ tr✉❡
✶✸✿ ❡♥❞ ✐❢
✶✹✿ ❡♥❞ ❢♦r
✶✺✿ r❡t✉r♥ ❢❛❧s❡

❋✉♥❝t✐♦♥ recurse❴2b✭Z, x, s,M1...d, k, δ✮✿ ❜♦♦❧❡❛♥

✶✿ ✐❢ ∃z0 ∈ Z s✳t✳ z0 s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✹✸ t❤❡♥
✷✿ Z0 ← {z0}
✸✿ ❡❧s❡
✹✿ Z0 ← Z
✺✿ ❡♥❞ ✐❢
✻✿ ❢♦r ❛❧❧ z ∈ Z0 ❞♦
✼✿ ✐❢ z ❡♥❞s ✇✐t❤ ❛♥ ✉♥s♣❡❝✐✜❡❞ ♠❛r❦❡r [y0 | Y ] ❛♥❞ ∃y1 ∈ Y s✳t✳ y1 ≺ x t❤❡♥
✽✿ ❘❡♣❧❛❝❡ t❤❡ ✉♥s♣❡❝✐✜❡❞ ♠❛r❦❡r [y0 | Y ] ❜② y1✳
✾✿ ❡♥❞ ✐❢

✶✵✿ ❈r❡❛t❡M′
1...d ❜② r❡♠♦✈✐♥❣ ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, z) ❢r♦♠M1...d✳

✶✶✿ skip❴next❴step❴2b ← s ❡①✐sts ❛♥❞ s ✐s ❛ s✐♥❣❧❡✲♠❛r❦❡r ❛♥❞ s /∈ gap(x, z)
✶✷✿ ✐❢ recurse✭M′

1...d, k − |gap(x, z)|, δ, skip❴next❴step❴2b✮ t❤❡♥
✶✸✿ r❡t✉r♥ tr✉❡
✶✹✿ ❡♥❞ ✐❢
✶✺✿ ❡♥❞ ❢♦r
✶✻✿ r❡t✉r♥ ❢❛❧s❡
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❙❡❝♦♥❞ ❝❛s❡✿ x ❛♥❞ v ❛♣♣❡❛r ✐♥ ❞✐✛❡r❡♥t str✐♣s✳ ▲♦♦❦✐♥❣ ❛t ♠❛♣Mi✱ ✇❡ s❡❡ t❤❛t
v ✐s ❛t ♦♥❡ ❡♥❞ ♦❢ ✐ts str✐♣✱ ❛♥❞ ❡✐t❤❡r ✭❛✮ w ✐s ❞❡❧❡t❡❞ ♦r ✭❜✮ w ✐s ✐♥ t❤❡ s❛♠❡ str✐♣
❛s v✱ ❛♥❞ v ♣r❡❝❡❞❡s w✳ ■♥ ❝❛s❡ ✭❛✮ ✇❡ ❞❡❧❡t❡ v ✭♣❧✉s ❛ s❡❝♦♥❞ ♠❛r❦❡r ✐❢ v ✐s ✐♥ ❛
❧❡♥❣t❤✲2 str✐♣✮✱ ❛♥❞ ❛❞❞ w ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ str✐♣ ❝♦♥t❛✐♥✐♥❣ x✿ ✇❡ ❛❣❛✐♥ ❤❛✈❡ ❛♥
♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇❤❡r❡ v ✐s ❞❡❧❡t❡❞✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t ❝❛s❡ ✭❜✮ ✐s ❛❜s✉r❞✿ s✐♥❝❡ w
✐s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦❢ ❜♦t❤ x ❛♥❞ v✱ t❤❡♥ x ❛♥❞ v ❛r❡ ❝❛♥❞✐❞❛t❡ ♣r❡❞❡❝❡ss♦rs
♦❢ w✳ ❍♦✇❡✈❡r✱ ❜② ▲❡♠♠❛ ✺✳✶❛✱ x ∈ gap(w, v)✱ s♦ t❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t x ✐s
s❡❧❡❝t❡❞ ❛♥❞ w, v ❛r❡ ✐♥ t❤❡ s❛♠❡ str✐♣✳

▲❡♠♠❛ ✺✳✹✶✳ ▲❡t x ❜❡ ❛ s✐♥❣❧❡✲♠❛r❦❡r ❛♥❞ s ❛ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡r✳ ■❢ s ❛♣♣❡❛rs ✐♥
gap(x, w) ❢♦r ❡❛❝❤ w t❤❛t ✐s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦r ♣r❡❞❡❝❡ss♦r ♦❢ x✱ t❤❡♥ s ✐ts❡❧❢
❝❛♥♥♦t ❜❡ ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦r ♣r❡❞❡❝❡ss♦r ♦❢ x✱ ❛♥❞ ❛♥② s♦❧✉t✐♦♥ s❡❧❡❝t✐♥❣ x
❞❡❧❡t❡s s✳

Pr♦♦❢✳ ❋✐rst✱ ✐❢ s ✇❛s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦r ♣r❡❞❡❝❡ss♦r ♦❢ x✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡
s ∈ gap(x, s)✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ str✐♣ ❝♦♥t❛✐♥✐♥❣ x ✐♥ ❛♥② ❢❡❛s✐❜❧❡
s♦❧✉t✐♦♥✳ ■❢ x ✐s ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s str✐♣✱ ✐t ✐s ♣r❡❝❡❞❡❞ ❜② ❛ ❝❛♥❞✐❞❛t❡ ♣r❡❞❡❝❡ss♦r z✱
z 6= s✱ ❛♥❞ ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, z)✱ ✐♥❝❧✉❞✐♥❣ s✱ ❛r❡ ❞❡❧❡t❡❞✳ ❖t❤❡r✇✐s❡ x ✐s ❢♦❧❧♦✇❡❞
✐♥ ✐ts str✐♣ ❜② ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r y✱ ❛♥❞ ❛❣❛✐♥ s ∈ gap(x, y) ✐s ❞❡❧❡t❡❞✳

▲❡♠♠❛ ✺✳✹✷✳ ✭■♥ t❤✐s ❧❡♠♠❛ ✇❡ ❛ss✉♠❡ t❤❡r❡ ✐s ♥♦ ❣❛♣ ❝♦♥str❛✐♥t✳✮ ▲❡t x ❜❡ ❛
s✐♥❣❧❡✲♠❛r❦❡r ❛♥❞ y ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦❢ x s✉❝❤ t❤❛t ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, y)
❛r❡ s✐♥❣❧❡✲♠❛r❦❡rs ❛♥❞ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs ♦❢ x✳ ■❢ x ✐s ♣❛rt ♦❢ s♦♠❡ str✐♣ ✐♥ ❛♥
♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❜✉t ♥♦t ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s str✐♣✱ t❤❡♥ t❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
✇❤❡r❡

〈

x, y
〉

✐s ♣❛rt ♦❢ s♦♠❡ str✐♣✳

Pr♦♦❢✳ ▲❡t y0 ❜❡ t❤❡ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡r ❢♦❧❧♦✇✐♥❣ x ✐♥ t❤❡ str✐♣ ♦❢ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥✱ ❛♥❞ y1 ❜❡ t❤❡ s✉❝❝❡ss♦r ♦❢ y0 ✐❢ ✐t ❡①✐sts✳ ■❢ y = y0✱ t❤❡♥ t❤❡ ❧❡♠♠❛ ✐s
♣r♦✈❡❞✳ ❖t❤❡r✇✐s❡✱ y0 ∈ gap(x, y) ✭❜② ▲❡♠♠❛ ✺✳✶❛✮ ❛♥❞ y0 ✐s ❛ s✐♥❣❧❡✲♠❛r❦❡r✳

■❢ y1 ❞♦❡s ♥♦t ❡①✐st✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ y0 ❜② y ✐❢ ✇❡ ❞❡❧❡t❡ ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, y)−
{y0}✳ ❇✉t s✐♥❝❡ ❛❧❧ t❤❡s❡ ♠❛r❦❡rs ❛r❡ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs ♦❢ x✱ t❤❡② ❛❧s♦ ❛♣♣❡❛r ✐♥
gap(x, y0) ❛♥❞ ❛r❡ ❛❧r❡❛❞② ❞❡❧❡t❡❞✱ ❤❡♥❝❡ t❤❡ t♦t❛❧ s✐③❡ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐s ✉♥❝❤❛♥❣❡❞✳

❆ss✉♠❡ ♥♦✇ t❤❛t y1 ❡①✐sts✱ ✇❡ ♣r♦✈❡ t❤❛t y1 ✐s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦❢ y✳ ❋✐rst
♦❢ ❛❧❧✱ x, y, y0, y1 ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ s❡q✉❡♥❝❡ ♦❢ ❣❡♥❡ ♠❛r❦❡rs ✭✐♥ t❤❡ s❛♠❡ ❝❤r♦✲
♠♦s♦♠❡✮ ✐♥ ❡❛❝❤ ♠❛♣✳ ▼♦r❡♦✈❡r✱ x, y, y1 ❛♣♣❡❛r ✐♥ t❤✐s ♦r❞❡r ✐♥ ❛❧❧ ♠❛♣s✿ y ❛♥❞ y1
❜♦t❤ ❛♣♣❡❛r ❛❢t❡r x✱ ❛♥❞ y1 ❝❛♥♥♦t ❛♣♣❡❛r ✐♥ ❛♥② Si(x, y)✱ ♦t❤❡r✇✐s❡ y1 ∈ gap(x, y)
❛♥❞ y1 ✇♦✉❧❞ ❜❡ ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦❢ x ✭✇❤✐❝❤ ✐s ❛❜s✉r❞✱ s✐♥❝❡ y0 ∈ Sj(x, y1)
❢♦r ❛❧❧ j✮✳ ❙✐♥❝❡ t❤❡r❡ ✐s ♥♦ ❣❛♣ ❝♦♥str❛✐♥t✱ y1 ✐s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦❢ y✳ ❲❡ ❝❛♥
r❡♣❧❛❝❡ y0 ❜② y ✐❢ ✇❡ ❞❡❧❡t❡ ❛❧❧ ♠❛r❦❡rs ✐♥ Γ = (gap(x, y) ∪ gap(y, y1))− {y0}✿

Γ =

(

⋃

i

Si(x, y) ∪ Si(y, y1)

)

− {y0}

=

(

⋃

i

Si(x, y1)

)

− {y, y0}

=

(

⋃

i

Si(x, y0) ∪ S
i(y0, y1)

)

− {y}

= (gap(x, y0) ∪ gap(y0, y1))− {y}.

❚❤❡♥ ❛❧❧ ♠❛r❦❡rs ✐♥ Γ ❛r❡ ❛❧r❡❛❞② ❞❡❧❡t❡❞✿ ✇❡ ❝❛♥ r❡♣❧❛❝❡ y0 ❜② y ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣
t❤❡ s♦❧✉t✐♦♥ s✐③❡✳
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▲❡♠♠❛ ✺✳✹✸✳ ▲❡t x ❜❡ t❤❡ ✜rst s✐♥❣❧❡✲♠❛r❦❡r ✐♥ M′
1✳ ▲❡t z ❜❡ ❛ ❝❛♥❞✐❞❛t❡ ♣r❡❞❡✲

❝❡ss♦r ♦❢ x s✉❝❤ t❤❛t ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, z) ❛r❡ s✐③❡✲2 s✉♣❡r✲♠❛r❦❡rs ❛♥❞ ❝❛♥❞✐❞❛t❡
♣r❡❞❡❝❡ss♦rs ♦❢ x✳ ■❢ x ❛♣♣❡❛rs ❛t t❤❡ ❡♥❞ ♦❢ ❛ str✐♣ ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ t❤❡♥
t❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇❤❡r❡

〈

z, x
〉

✐s ❛t t❤❡ ❡♥❞ ♦❢ s♦♠❡ str✐♣✳

Pr♦♦❢✳ ▲❡t z0 ❜❡ t❤❡ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡r ♣r❡❝❡❞✐♥❣ x ✐♥ t❤❡ str✐♣ ♦❢ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥✱ ❛♥❞ z1 ❜❡ t❤❡ ♦♥❡ ♣r❡❝❡❞✐♥❣ z0✳ ■❢ z = z0✱ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳ ❖t❤❡r✇✐s❡✱
z0 ∈ gap(x, z)✱ ❤❡♥❝❡ ✐t ✐s ❛ s✐③❡✲2 s✉♣❡r✲♠❛r❦❡r✳

■❢ z1 ❡①✐sts✱ t❤❡♥ ✐t ✐s ❛❧s♦ ❛ s✉♣❡r✲♠❛r❦❡r✱ s✐♥❝❡ x ✐s t❤❡ ✜rst s✐♥❣❧❡✲♠❛r❦❡r ✐♥
M′

1✱ ❛♥❞ ✇❡ ❝❛♥ s♣❧✐t t❤❡ str✐♣ ❜❡t✇❡❡♥ z1 ❛♥❞ z0✿ ❤❡♥❝❡ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡
str✐♣ ❝♦♥t❛✐♥✐♥❣ x ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✐s z0x✳

❲❡ ❝❛♥ r❡♣❧❛❝❡ z0 ❜② z ✐♥ z0x ❜② ❞❡❧❡t✐♥❣ ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, z)−{z0}✳ ❙✐♥❝❡ ❛❧❧
t❤❡s❡ ♠❛r❦❡rs ❛♣♣❡❛r ✐♥ gap(x, z0)✱ t❤❡② ❛r❡ ❛❧r❡❛❞② ❞❡❧❡t❡❞ ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳
▼♦r❡♦✈❡r✱ |z| ≥ 2 = |z0|✱ s♦ r❡♣❧❛❝✐♥❣ z0 ❜② z ❞♦❡s ♥♦t r❡❞✉❝❡ t❤❡ s♦❧✉t✐♦♥ s✐③❡✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡s❡ ❢♦✉r ♦♣t✐♠✐③❛t✐♦♥s✱ ✇❡ ❛❧s♦ ✉s❡ ❛ ✏❞❡❧❛②❡❞ ❝♦♠♠✐t♠❡♥t✑
♦♣t✐♠✐③❛t✐♦♥ ✇❤✐❝❤ ✐s t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ ▲❡♠♠❛ ✺✳✹✷ ✇❤❡♥ ✇❡ ♥❡❡❞ t♦ ♦❜s❡r✈❡ ❛ ❣❛♣
❝♦♥str❛✐♥t✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ x ✐s ♣❛rt✱ ❜✉t ♥♦t ❛t t❤❡ ❡♥❞✱ ♦❢ s♦♠❡ str✐♣
✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❛♥❞ ✇❤❡r❡ y ✐s ❛ s✐♥❣❧❡✲♠❛r❦❡r ❛♥❞ ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r
♦❢ x s✉❝❤ t❤❛t ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, y) ❛r❡ s✐♥❣❧❡✲♠❛r❦❡rs ❛♥❞ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs
♦❢ x✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❞❡❧❡t❡ ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, y) t♦ ♠❛❦❡

〈

x, y
〉

❛ str✐♣✱ ❜✉t ❦❡❡♣
t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ r❡♣❧❛❝✐♥❣ y ❜② ❛♥② ♠❛r❦❡r y1 ∈ gap(x, y)✱ s❤♦✉❧❞ ♥❡❝❡ss✐t② ❛r✐s❡✳
❲❡ ❞❡♥♦t❡ t❤✐s ✉♥s♣❡❝✐✜❡❞ ♠❛r❦❡r ❜② [y | gap(x, y)]✳

❈♦rr❡❝t♥❡ss ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✼

❚♦ ♣r♦✈❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✼✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❢r♦♠ ❬✶✷✻❪✳
❲❡ ♣r♦✈✐❞❡ ❛♥ ❡❛s② ♣r♦♦❢ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳

▲❡♠♠❛ ✺✳✹✹✳ ❬✶✷✻✱ Pr♦♣♦s✐t✐♦♥ ✷❪ ❲❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ t❤❡ str✐♣s ♦❢ ❛♥② ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✭✶✮ ❡❛❝❤ str✐♣ ❝♦♥t❛✐♥s ❛t ♠♦st ✸ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡rs
❛♥❞ ✭✷✮ ❡❛❝❤ str✐♣ ❝♦♥t❛✐♥✐♥❣ ✸ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡rs st❛rts ❛♥❞ ❡♥❞s ✇✐t❤ ❛ s✐♥❣❧❡✲
♠❛r❦❡r✳

Pr♦♦❢✳ ▲❡t s ❜❡ ❛ str✐♣ ❝♦♥t❛✐♥✐♥❣ h s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡rs✿ s =
〈

s1, s2, . . . , sh
〉

✳ ■❢
h ≥ 4✱ ✇❡ ❝❛♥ s♣❧✐t s ✐♥t♦ t✇♦ str✐♣s✿

〈

s1, s2
〉

❛♥❞
〈

s3, s4, . . . , sh
〉

✳ ❲❡ ❛♣♣❧② t❤✐s
✉♥t✐❧ ❝♦♥❞✐t✐♦♥ ✭✶✮ ✐s tr✉❡✳ ■❢ h = 3 ❛♥❞ s1 ✭r❡s♣❡❝t✐✈❡❧② s3✮ ✐s ❛ s✉♣❡r✲♠❛r❦❡r✱ t❤❡♥
✇❡ ❝❛♥ s♣❧✐t s ✐♥t♦

〈

s1
〉

❛♥❞
〈

s2, s3
〉

✭r❡s♣❡❝t✐✈❡❧②
〈

s1, s2
〉

❛♥❞
〈

s3
〉

✮✳ ❲❡ ❝❛♥ ❞♦ t❤✐s
♦♣❡r❛t✐♦♥ ✉♥t✐❧ ❝♦♥❞✐t✐♦♥ ✭✷✮ ❛❧s♦ ❜❡❝♦♠❡s tr✉❡✳

▲❡t O ❜❡ ❛♥② ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❉❡❝♦♠♣♦s❡ t❤❡ str✐♣s ♦❢ O ❛s ✐♥ t❤❡ ❛❜♦✈❡
❧❡♠♠❛✳ ❲❡ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t t❤❡ s♦❧✉t✐♦♥ ❢♦✉♥❞ ❜② ❆❧❣♦r✐t❤♠ ✺✳✼ ❤❛s t❤❡
s❛♠❡ s✐③❡ ❛s O✳ ▲✐♥❡s ✶✕✽ ♦❢ ❢✉♥❝t✐♦♥ recurse ❞❡❛❧ ✇✐t❤ t❤❡ tr✐✈✐❛❧ ❝❛s❡s ✇❤❡r❡ k ≤ 0
♦r t❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ s✐♥❣❧❡✲♠❛r❦❡rs ✭✐♥ M1 ♦r ✐♥ ❛♥② ♦t❤❡r ♠❛♣✮✿ ✐♥ t❤✐s ❝❛s❡✱ ❛
s♦❧✉t✐♦♥ ❡①✐sts ✐✛ k ≥ 0 ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ s✐♥❣❧❡✲♠❛r❦❡rs✳ ❲❡ s✉♣♣♦s❡ ♥♦✇ t❤❛t
k ≥ 1 ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❧❡❢t✲♠♦st s✐♥❣❧❡✲♠❛r❦❡r✱ x✱ ✐♥M1✳ ❚❤❡♥ ❡①❛❝t❧② ♦♥❡
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝❛s❡s ✐s tr✉❡✿

✶✿ x ✐s ❞❡❧❡t❡❞ ✐♥ O✱

✷✳❛✿ ❚❤❡r❡ ❡①✐sts ❛ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡r y s✉❝❤ t❤❛t
〈

x, y
〉

✐s ♣❛rt ♦❢ ❛ str✐♣ ✐♥ O✱

✷✳❜✿ ❚❤❡r❡ ❡①✐sts ❛ s✉♣❡r✲♠❛r❦❡r z s✉❝❤ t❤❛t
〈

z, x
〉

✐s ❛ str✐♣ ✐♥ O✳
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◆♦t❡ t❤❛t ✐♥ ❝❛s❡ ✷✳❜✱ z ❝❛♥♥♦t ❜❡ ❛ s✐♥❣❧❡✲♠❛r❦❡r s✐♥❝❡ ✐t ✐s t♦ t❤❡ ❧❡❢t ♦❢ x ✐♥
M1✳ ❇② ♦✉r ❝❤♦✐❝❡ ♦❢ x✱ ❝❛s❡ ✷✳❛ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s✉❜❝❛s❡s✿

✷✳❛✳✐✿ ❚❤❡r❡ ❡①✐sts ❛ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡r y s✉❝❤ t❤❛t
〈

x, y
〉

✐s ❛ str✐♣ ✐♥ O✱
✷✳❛✳✐✐✿ ❚❤❡r❡ ❡①✐sts ❛ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡r y ❛♥❞ ❛ s✐♥❣❧❡✲♠❛r❦❡r y′ s✉❝❤ t❤❛t

〈

x, y, y′
〉

✐s ❛ str✐♣ ✐♥ O✳

❘❡❢❡r t♦ ❆❧❣♦r✐t❤♠ ✺✳✼✳ ■♥ ❝❛s❡ ✶✱ ❛ s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞ ✐♥ ❧✐♥❡s ✶✵✕✶✹ ♦❢ t❤❡
❢✉♥❝t✐♦♥ recurse✳ ■♥ ❝❛s❡ ✷✱ ✐✳❡✳ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ x ✐s ♣❛rt ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱
✐❢ ❡✐t❤❡r ▲❡♠♠❛ ✺✳✹✵ ♦r ▲❡♠♠❛ ✺✳✹✶ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ t❤❡♥ ❛❣❛✐♥ ❛ s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞✳
❖t❤❡r✇✐s❡✱ ✇❡ ❛r❡ ✐♥ ❝❛s❡ ✷✳❛ ♦r ✷✳❜✳

❙✉♣♣♦s❡ ✇❡ ❛r❡ ✐♥ ❝❛s❡ ✷✳❛✳ ■❢ y ∈ Y0✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ recurse❴2a t❡sts ❛ ❜r❛♥❝❤
✐♥ ✇❤✐❝❤

〈

x, y
〉

❜❡❝♦♠❡s ♣❛rt ♦❢ s♦♠❡ str✐♣✳ ❖t❤❡r✇✐s❡✱ t❤❡r❡ ❡①✐sts s♦♠❡ y0 ∈ Y
s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✹✷✳ ■❢ t❤❡r❡ ✐s ♥♦ ❣❛♣ ❝♦♥str❛✐♥t✱ y ✐s r❡♣❧❛❝❡❞
❜② y0✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ s✐③❡ ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ■❢ t❤❡r❡ ✐s ❛ ❣❛♣ ❝♦♥str❛✐♥t✱ y
✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ✉♥s♣❡❝✐✜❡❞ ♠❛r❦❡r u = [y0 | Y ]✱ ❛♥❞ ✇❡ ❧♦♦❦ ❢✉rt❤❡r ✐♥ ❝❛s❡ ✷✳❛✳✐
♦r ✷✳❛✳✐✐✳

■♥ ❝❛s❡ ✷✳❛✳✐✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ y ❜② y0 s✐♥❝❡ gap(x, y0) ❤❛s ♥♦ ♠♦r❡ ♠❛r❦❡rs t❤❛♥
gap(x, y)✳ ■♥ ❝❛s❡ ✷✳❛✳✐✐✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ y ❜② ❛♥② y1 s✉❝❤ t❤❛t x ≺ y1 ≺ y′✱ s✐♥❝❡
gap(x, y) ∪ {y} ∪ gap(y, y′) ✐s t❤❡ s❛♠❡ s❡t ❛s gap(x, y1) ∪ {y1} ∪ gap(y1, y

′)✳ ❚❤✐s
✐s ✇❤❛t ❤❛♣♣❡♥s ✐♥ ❝❛s❡ ✷✳❜ ♦❢ ❛ s✉❜s❡q✉❡♥t r❡❝✉rs✐✈❡ ❝❛❧❧ ✐♥ ✇❤✐❝❤ y′ ❜❡❝♦♠❡s t❤❡
❧❡❢t✲♠♦st s✐♥❣❧❡✲♠❛r❦❡r ✐♥M1✳

❙✉♣♣♦s❡ ✇❡ ❛r❡ ✐♥ ❝❛s❡ ✷✳❜✳ ■❢ z ∈ Z0✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ recurse❴2b t❡sts ❛
❜r❛♥❝❤ ✐♥ ✇❤✐❝❤

〈

z, x
〉

❜❡❝♦♠❡s ❛ str✐♣✳ ❖t❤❡r✇✐s❡✱ ▲❡♠♠❛ ✺✳✹✸ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱
✇❤✐❝❤ ❧❡❛✈❡s t❤❡ s✐③❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✉♥❝❤❛♥❣❡❞✳ ■♥ ❧✐♥❡ ✶✶ ♦❢ recurse❴2b✱ ✐❢
s ❜❡❝♦♠❡s t❤❡ ❧❡❢t✲♠♦st s✐♥❣❧❡✲♠❛r❦❡r ✐♥M1 ✐♥ t❤❡ ♥❡①t r❡❝✉rs✐✈❡ ❝❛❧❧ ♦❢ recurse✱ ✐t
❝❛♥♥♦t ❜❡ ❛t t❤❡ ❡♥❞ ♦❢ ❛ str✐♣ ❜❡❝❛✉s❡ x ✐s ❛❧r❡❛❞② ❛t t❤❡ ❡♥❞ ♦❢ ❛ str✐♣✳

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ❝♦rr❡❝t♥❡ss ♣r♦♦❢✳

❆♥ ❡①❛♠♣❧❡ ♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✉♥s♣❡❝✐✜❡❞ ♠❛r❦❡rs

❲❡ r✉♥ ❆❧❣♦r✐t❤♠ ✺✳✼ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ♠❛♣s✱ ✇✐t❤ t❤❡ ❣❛♣ ❝♦♥str❛✐♥t δ = 3✿

M1 =
〈

1, 2, a, 4, 3, r, b
〉

M2 =
〈

1, 3, 2, a, 4, b, r
〉

M3 =
〈

1, 4, 3, 2, x, b, a, r
〉

■♥ t❤❡s❡ ♠❛♣s✱ 1 ❤❛s t❤r❡❡ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs✿ 2✱ 3 ❛♥❞ 4✳ ▼♦r❡♦✈❡r✱ gap(1, 2) =
{3, 4}✳ ❚❤✉s✱ ✐♥ ♣❛rt ✭✷✳❛✮ ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✼✱ ♦♥❧② ♦♥❡ ❜r❛♥❝❤ ✐s ❝♦♥s✐❞❡r❡❞✿ 3 ❛♥❞ 4
❛r❡ ❞❡❧❡t❡❞✱ ❛♥❞ 2 ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ✉♥s♣❡❝✐✜❡❞ ♠❛r❦❡r [2 | 2, 3, 4]✳ ■♥ t❤❡ s✉❜s❡q✉❡♥t
r❡❝✉rs✐✈❡ ❝❛❧❧✱ t❤❡ t❤r❡❡ ♠❛♣s st❛rt ✇✐t❤ ❛ s✐③❡✲2 s✉♣❡r✲♠❛r❦❡r✳

M1 =
〈

(1, [2 | 2, 3, 4]), a, r, b
〉

M2 =
〈

(1, [2 | 2, 3, 4]), a, b, r
〉

M3 =
〈

(1, [2 | 2, 3, 4]), x, b, a r
〉

❚❤❡ ♥❡✇ ✜rst s✐♥❣❧❡✲♠❛r❦❡r ✐s a✳ ■♥ ♣❛rt ✭✷✳❜✮✱ (1, [2 | 2, 3, 4]) ✐s ❛ ❝❛♥❞✐❞❛t❡
♣r❡❞❡❝❡ss♦r ♦❢ a ✇✐t❤ 2✱ ❛♥❞ t❤❡ s❡t gap(a, [2 | 2, 3, 4]) ✐s {x, b}✳ ■♥ t❤✐s ❜r❛♥❝❤ ♦❢
t❤❡ s❡❛r❝❤ tr❡❡✱ ✇❡ ♦❜t❛✐♥

M1 =M2 =M3 =
〈

(1 2 a) r
〉

,
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✇❤❡r❡ r ✐s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♦❢ a✳ ❍❡♥❝❡ t❤❡ ❛❧❣♦r✐t❤♠ ✜♥❞s t❤❡ s♦❧✉t✐♦♥ ❝♦♥✲
s✐st✐♥❣ ♦❢ t❤❡ ❧❡♥❣t❤✲4 str✐♣

〈

1, 2, a, r
〉

✳
■♥ ❛♥♦t❤❡r ❜r❛♥❝❤ ♦❢ t❤❡ s❡❛r❝❤ tr❡❡✱ ✇❤❡r❡ a ❛♥❞ r ❛r❡ ❞❡❧❡t❡❞✱ ✇❡ ♦❜t❛✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ♠❛♣s✿

M1 =
〈

(1, [2 | 2, 3, 4]), b
〉

M2 =
〈

(1, [2 | 2, 3, 4]), b
〉

M3 =
〈

(1, [2 | 2, 3, 4]), x, b
〉

❍❡r❡ b ✐s t❤❡ ❧❡❢t✲♠♦st s✐♥❣❧❡✲♠❛r❦❡r ✐♥ M1✱ ❛♥❞ (1 [2 | 2, 3, 4]) ✐s ❛ ❝❛♥❞✐❞❛t❡
♣r❡❞❡❝❡ss♦r ♦❢ b ✇✐t❤ 3 ❛♥❞ 4 ✭♥♦t ✇✐t❤ 2✱ s✐♥❝❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ 2 ❛♥❞ b ✐♥ t❤❡
♦r✐❣✐♥❛❧ ♠❛♣s ✐s 4 > δ✮✳ ❍❡♥❝❡ ♣❛rt ✭✷✳❛✮ ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✼ ❞❡❧❡t❡s t❤❡ ♠❛r❦❡rs ✐♥
gap(b, [2 | 2, 3, 4]) = {x}✱ ❛♥❞ r❡♣❧❛❝❡s t❤❡ ✉♥s♣❡❝✐✜❡❞ ♠❛r❦❡r [2 | 2, 3, 4]✱ ❡✳❣✳ ❜② 3✳
❚❤✉s ❆❧❣♦r✐t❤♠ ✺✳✼ ✜♥❞s ✐♥ ❛♥♦t❤❡r ❜r❛♥❝❤ ♦❢ t❤❡ s❡❛r❝❤ tr❡❡ t❤❡ ❧❡♥❣t❤✲3 str✐♣
〈

1, 3, b
〉

✳

❈♦♠♣❧❡①✐t② ❛♥❛❧②s✐s ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✼

▲❡t T (k) ❜❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ recurse ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✼ ✇✐t❤ ♣❛✲
r❛♠❡t❡rs k ❛♥❞ skip❴step❴2b❂❢❛❧s❡✱ ❛♥❞ Tskip(k) t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ❢✉♥❝t✐♦♥
✇✐t❤ ♣❛r❛♠❡t❡rs k ❛♥❞ skip❴step❴2b❂tr✉❡ ✭t❤❡ ❝♦♠♣❧❡①✐t② ❤❡r❡ ❜❡✐♥❣ t❤❡ ♥✉♠❜❡r
♦❢ ❧❡❛✈❡s ✐♥ t❤❡ s❡❛r❝❤ tr❡❡✮✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ s❡✈❡r❛❧ ♣❛rts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡✲
♣❡♥❞s ♦♥ ✇❤❡t❤❡r t❤❡ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡r s ❞❡✜♥❡❞ ❛t ❧✐♥❡ ✾ ✐s ❛ s✐♥❣❧❡✲♠❛r❦❡r✿ s♦
✇❡ ❞❡✜♥❡ ❛ ❜♦♦❧❡❛♥ ✈❛r✐❛❜❧❡ s❴single✱ ✇❤✐❝❤ ✐s tr✉❡ ✐❢ s ❡①✐sts ❛♥❞ ✐s ❛ s✐♥❣❧❡✲♠❛r❦❡r✱
❛♥❞ ❢❛❧s❡ ♦t❤❡r✇✐s❡✳ ❲❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❡❛❝❤ ♣❛rt ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳

P❛rt ✶✿ ❚❤❡ ❝♦♠♣❧❡①✐t② ❢r♦♠ ❧✐♥❡ ✶✵ t♦ ✶✹ ✐s T (k − 1)✳
P❛rt ✷ ✭❧✐♥❡s ✶✺ t♦ ✸✼✮✿ ✐❢ ♦♥❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ❢r♦♠ ❧✐♥❡s ✶✽ ❛♥❞ ✷✷ ✐s tr✉❡✱ t❤❡♥

t❤❡ ❝♦♠♣❧❡①✐t② ❤❡r❡ ✐s T (k − 1)✳ ❖t❤❡r✇✐s❡✱ ✇❡ ♥❡❡❞ t♦ ❛♥❛❧②③❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢
♣❛rts ✷✳❛ ✭❧✐♥❡s ✷✻ t♦ ✸✶✮ ❛♥❞ ✷✳❜ ✭❧✐♥❡s ✸✷ t♦ ✸✼✮✳

P❛rt ✷✳❛✿ ❲❡ ✇r✐t❡ r ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡rs ✐♥ Y0✱ ❛♥❞ r′ ❢♦r
t❤❡ ♠✐♥✐♠✉♠ s✐③❡ ♦❢ gap(x, y) ❢♦r y ∈ Y0✱ ❛♥❞ y0 t❤❡ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡r r❡❛❝❤✐♥❣
t❤✐s ❜♦✉♥❞❀ t❤❡♥ t❤❡ ❝♦♠♣❧❡①✐t② ✐s ❛t ♠♦st rT (k − r′)✳ ❲❡ ♥♦✇ ❜♦✉♥❞ r ❛♥❞ r′✿
✜rst✱ ❜② ▲❡♠♠❛ ✺✳✶❛✱ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ r′ ≥ r − 1✳ ❲❡ ♥♦✇ ♣r♦✈❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥
t❤❛t r′ > r − 1✳ ❆ss✉♠❡ t❤❛t r′ = r − 1✱ t❤❡♥ t❤❡ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs ♦❢ Y − {y0}
❛r❡ t❤❡ ♦♥❧② ♠❛r❦❡rs ❛♣♣❡❛r✐♥❣ ✐♥ gap(x, y0)✱ ❛♥❞ t❤❡② ❛r❡ ❛❧❧ s✐♥❣❧❡✲♠❛r❦❡rs✳ ❚❤✉s
y0 s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✹✷✱ ❛♥❞ Y0 = {y0}✱ r = 1 ❛♥❞ r′ = 0 ✭❡✈❡♥
✐❢ y0 ✐s r❡♣❧❛❝❡❞ ❜② ❛♥ ✉♥s♣❡❝✐✜❡❞ ♠❛r❦❡r ✐♥ t❤❡ ♠❡❛♥t✐♠❡✮✳ ❚❤✐s ✐s ❛❜s✉r❞✱ s✐♥❝❡
r′ = |gap(x, y0)| ❛♥❞ gap(x, y0) ✐s ♥♦t ❡♠♣t② ❜② ▲❡♠♠❛ ✺✳✶❜✳ ❚❤✉s r′ ≥ r ❛♥❞ t❤❡
❝♦♠♣❧❡①✐t② ♦❢ ♣❛rt ✷✳❛ ✐s ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② r′T (k − r′) ✇✐t❤ r′ ≥ 1✳

▼♦r❡♦✈❡r✱ ✐❢ s❴single ✐s ❢❛❧s❡✱ t❤❡♥ ✇❡ s❤♦✇ t❤❛t ✇❡ ❝❛♥♥♦t ❤❛✈❡ r′ = 1✳ ❇②
❝♦♥tr❛❞✐❝t✐♦♥ ❛❣❛✐♥✱ s✉♣♣♦s❡ r′ = 1✳ ❚❤❡ s✉♣❡r✲♠❛r❦❡r s ❡①✐sts ✭♦t❤❡r✇✐s❡ ♥♦ ♠❛r❦❡r
❢♦❧❧♦✇s x ✐♥M1✱ s♦ Y = ∅✮✱ ❛♥❞ ✐t ❛♣♣❡❛rs ✐♥ gap(x, y) ❢♦r ❛❧❧ y ∈ Y −{s}✱ t❤❡♥ ✇❡
♥❡❝❡ss❛r✐❧② ❤❛✈❡ y0 = s ❛♥❞ |gap(x, y0)| = 1✳ ❚❤✐s ✇♦✉❧❞ ♠❡❛♥ t❤❛t (x, y0) s❛t✐s✜❡s
t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✹✵✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤✉s t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♣❛rt ✷✳❛ ✐s ❛t ♠♦st max{r′T (k − r′) | r′ ≥ 1} ✐❢ s❴single

✐s tr✉❡✱ ❛♥❞ max{r′T (k − r′) | r′ ≥ 2} ♦t❤❡r✇✐s❡✳
P❛rt ✷✳❜✿ ❋✐rst ♥♦t❡ t❤❛t ❛❧❧ z ∈ Z ❛r❡ s✉♣❡r✲♠❛r❦❡rs✳ ❲❡ ❞❡♥♦t❡ ❜② t t❤❡ ♥✉♠❜❡r

♦❢ s✉♣❡r✲♠❛r❦❡rs ✐♥ Z✱ ❛♥❞ ❜② t′ t❤❡ ♠✐♥✐♠✉♠ s✐③❡ ♦❢ gap(x, z) ❢♦r z ∈ Z0 ✭✇❡ ✇r✐t❡ z0
❢♦r t❤❡ s✉♣❡r✲♠❛r❦❡r r❡❛❝❤✐♥❣ t❤✐s ❜♦✉♥❞✮✳ ❇② ▲❡♠♠❛ ✺✳✶❛✱ gap(x, z0) ❝♦♥t❛✐♥s ❛t
❧❡❛st t−1 s✉♣❡r✲♠❛r❦❡rs✱ t❤✉s t′ ≥ 2(t−1)✳ ▼♦r❡♦✈❡r t′ 6= 0 ✭▲❡♠♠❛ ✺✳✶❜✮ ❛♥❞ t′ 6= 1
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✭♦t❤❡r✇✐s❡ (x, z0) ✇♦✉❧❞ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✹✵✮❀ ❛♥❞ ♦♥❡ ❝❛♥♥♦t ❤❛✈❡
t′ = 2(t−1) ❢♦r t ≥ 2✿ ✐❢ t′ = 2(t−1)✱ t❤❡♥ z0 s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✹✸✱
s♦ Z0 = {z0} ❛♥❞ t = 1✳

❍❡♥❝❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♣❛rt ✷✳❜ ✐s ❛t ♠♦st max{T (k− 2),max{tT (k− 2t+1) |
t ≥ 2}}✳ ❚❤✐s ✐s t❤❡ ❜❡st ❜♦✉♥❞ ✇❡ ♦❜t❛✐♥ ✇❤❡♥ s❴single ✐s ❢❛❧s❡✱ ❜✉t ✐t ❝❛♥ ❜❡
✐♠♣r♦✈❡❞ ✇❤❡♥ s❴single ✐s tr✉❡✳

■♥❞❡❡❞✱ ✐❢ s❴single ✐s tr✉❡✱ ✇❡ ❝♦♥s✐❞❡r Z1 t❤❡ s❡t ♦❢ z ∈ Z0 s✉❝❤ t❤❛t s ∈ gap(x, z)
❛♥❞ Z2 = Z0 − Z1✳ ❲❡ ❝❛♥ s❡❡ t❤❛t Z2 ✐s ♥♦t ❡♠♣t②✿ ♦t❤❡r✇✐s❡ (x, s) ✇♦✉❧❞ s❛t✐s❢②
t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✹✶✳ ❙❡✈❡r❛❧ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✿

✕ t = 1✱ t❤❡♥ Z0 = Z2 ❝♦♥t❛✐♥s ♦♥❧② ♦♥❡ s✉♣❡r✲♠❛r❦❡r z0✱ ❛♥❞ t❤❡ ❝♦♠♣❧❡①✐t② ✐s
Tskip(k − 2)✳

✕ t ≥ 2✿ ❋♦r ❡❛❝❤ z ∈ Z1✱ gap(x, z) ❝♦♥t❛✐♥s ❛t ❧❡❛st (t− 1) s✉♣❡r✲♠❛r❦❡rs ❢r♦♠
Z −{z} ❛♥❞ t❤❡ s✐♥❣❧❡✲♠❛r❦❡r s✱ s♦ t❤❡ ❝♦♠♣❧❡①✐t② ✐s T (k− 2(t− 1)− 1)✳ ❋♦r
z ∈ Z2✱ ✐t ✐s Tskip(k − 2(t− 1)− 1)✳

❖✈❡r❛❧❧✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♣❛rt ✷✳❜ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ s❴single ✐s tr✉❡ ✐s ❛t ♠♦st✿

max

{

Tskip(k − 2),

max{Tskip(k − t
′) + (t− 1)max{T (k − t′), Tskip(k − t

′)} | t ≥ 2, t′ = 2t− 1}

❲❡ ❝❛♥ ♥♦✇ s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ ♦✈❡r k t❤❛t T (k) ≤ ck ❛♥❞ Tskip(k) ≤ µck✱ ✇✐t❤
c ≈ 2.3593 ✭c ✐s t❤❡ r❡❛❧ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥ ♦❢ 1 = 2c−1 +2c−3✮ ❛♥❞ µ = 2/c ≈ 0.8477✳
❲❡ ❛♣♣❧② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❝♦♠♣❧❡①✐t②
♦❢ ❡❛❝❤ ♣❛rt✳

✕ ❋♦r ♣❛rt ✶✱
T (k − 1) ≤ ck−1,

✕ ❢♦r ♣❛rt ✷✳❛✱ ✇✐t❤ s❴single= ❢❛❧s❡✱

max{r′T (k − r′) | r′ ≥ 2} ≤ 2ck−2,

✕ ❢♦r ♣❛rt ✷✳❛✱ ✇✐t❤ s❴single= tr✉❡✱

max{r′T (k − r′) | r′ ≥ 1} ≤ ck−1,

✕ ❢♦r ♣❛rt ✷✳❜✱ ✇✐t❤ s❴single= ❢❛❧s❡✱

max{T (k − 2),max{tT (k − 2t+ 1) | t ≥ 2}} ≤ ck−2,

✕ ❢♦r ♣❛rt ✷✳❜✱ ✇✐t❤ s❴single= tr✉❡✱

max{T (k − t′), Tskip(k − t
′)} ≤ ck−t′ ❢♦r ❛❧❧ t′

max{Tskip(k − t
′) + (t− 1)ck−t′ | t ≥ 2, t′ = 2t− 1} ≤ 2ck−4 + ck−3

max{Tskip(k − 2), 2ck−4 + ck−3} ≤ 2ck−3.

❲❡ s✉♠ ✉♣ t❤❡ ❜♦✉♥❞s✱ ✜rst ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ s❴single= ❢❛❧s❡ ✭r❡♠❡♠❜❡r t❤❛t
✇❡ ♥❡❡❞ t♦ ❝♦✉♥t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♣❛rt ✷✳❜ ♦♥❧② ❢♦r T ✱ ♥♦t ❢♦r Tskip✮✿

Tskip(k)c
−k ≤ c−1 +max{c−1, 2c−2} = 2c−1 = µ

T (k)c−k ≤ c−1 +max{c−1, 2c−2 + c−2} = 0.962 . . . < 1

◆❡①t ❢♦r s❴single= tr✉❡✿

Tskip(k)c
−k ≤ c−1 +max{c−1, c−1} = 2c−1 = µ
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T (k)c−k ≤ c−1 +max{c−1, c−1 + 2c−3} = 1

❚❤✉s ✇❡ ❤❛✈❡ T (k) ≤ ck ❛♥❞ Tskip(k) ≤ µck✳ ❚❤✐s ♣r♦✈❡s t❤❛t t❤❡ s✐③❡ ♦❢ t❤❡
s❡❛r❝❤ tr❡❡ ✐s ❜♦✉♥❞❡❞ ❜② O(ck)✱ ❛♥❞ ❡❛❝❤ r❡❝✉rs✐✈❡ ❝❛❧❧ ✐s ❞♦♥❡ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡
✐♥ n ❛♥❞ d✱ s♦✱ ❛❧t♦❣❡t❤❡r✱ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✼ ✐s O(ck poly(dn))✳

✺✳✹✳✸ ❋P❚ ❆❧❣♦r✐t❤♠ ❢♦r ✶✲❣❛♣✲❈▼❙❘✲d

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✼ ❢♦r t❤❡ ♣r♦❜❧❡♠
1✲❣❛♣✲❈▼❙❘✲d✳

❚❤❡♦r❡♠ ✺✳✹✺✳ ❆❧❣♦r✐t❤♠ ✺✳✽ ✜♥❞s ❛♥ ❡①❛❝t s♦❧✉t✐♦♥ ❢♦r t❤❡ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠
❛ss♦❝✐❛t❡❞ ✇✐t❤ 1✲❣❛♣✲❈▼❙❘✲d✱ ❢♦r ❛♥② d ≥ 2✱ ✐♥ t✐♠❡ O(2k poly(nd))✳

◆♦t❡ t❤❛t✱ ❛s ❢♦r ❆❧❣♦r✐t❤♠ ✺✳✼✱ ❆❧❣♦r✐t❤♠ ✺✳✽ ❝❛♥ ❜❡ ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ ♣r♦❞✉❝❡
❛ ❢✉❧❧ s♦❧✉t✐♦♥ ✐♥st❡❛❞ ♦❢ s✐♠♣❧② r❡t✉r♥✐♥❣ ✏tr✉❡✑✱ ✇❤❡♥ t❤❡ ✐♥st❛♥❝❡ ✐♥❞❡❡❞ ❤❛s ❛
s♦❧✉t✐♦♥ ♦❢ t❤❡ r✐❣❤t s✐③❡✳

❲❡ ✜rst ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❧❡♠♠❛s✳

▲❡♠♠❛ ✺✳✹✻✳ ✭❚❤✐s ❧❡♠♠❛ ✉s❡s t❤❡ ❣❛♣ ❝♦♥str❛✐♥t δ = 1✳✮ ▲❡t x ❜❡ ❛ s✐♥❣❧❡✲♠❛r❦❡r✱
❛♥❞ z ❛ s✉♣❡r✲♠❛r❦❡r ❝❛♥❞✐❞❛t❡ ♣r❡❞❡❝❡ss♦r ♦❢ x✳ ❚❤❡♥ ✐❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ s❡❧❡❝ts
x✱ ✐t ❛❧s♦ ❞❡❧❡t❡s ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, z)✳

Pr♦♦❢✳ ❲✐t❤ t❤❡ ❣❛♣ ❝♦♥str❛✐♥t✱ z ✐s t❤❡ ♦♥❧② ❝❛♥❞✐❞❛t❡ ♣r❡❞❡❝❡ss♦r ♦❢ x✱ ❛♥❞ ✐t ✐s
s❡❧❡❝t❡❞ ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✭❧✐❦❡ ❛❧❧ s✉♣❡r✲♠❛r❦❡rs✮✳

❚❛❦❡ u ∈ gap(x, z)✱ t❤❡♥ u ❝❛♥♥♦t ❜❡ ✐♥ t❤❡ s❛♠❡ str✐♣ ❛s x ✭✐t ✐s ♥❡✐t❤❡r ❛
❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ♥♦r ♣r❡❞❡❝❡ss♦r ♦❢ x✮✳ ❍❡♥❝❡ ✐❢ u ✐s s❡❧❡❝t❡❞ ✐♥ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥✱ t❤❡♥ ✐t ✐s ✐♥ t❤❡ s❛♠❡ str✐♣ ❛s z ❛♥❞ ❛❧❧ ♠❛r❦❡rs ♦❢ gap(z, u)✱ ✐♥❝❧✉❞✐♥❣ x
✭s❡❡ ▲❡♠♠❛ ✺✳✶❛✮✱ ❛r❡ ❞❡❧❡t❡❞✿ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❙♦ ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, z) ❛r❡
❞❡❧❡t❡❞ ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳

▲❡♠♠❛ ✺✳✹✼✳ ✭❚❤✐s ❧❡♠♠❛ ✉s❡s t❤❡ ❣❛♣ ❝♦♥str❛✐♥t δ = 1✳✮ ▲❡t x ❜❡ ❛ s✐♥❣❧❡✲♠❛r❦❡r
✇✐t❤ t✇♦ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs a ❛♥❞ b✳ ■❢ x ❛♣♣❡❛rs ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❜✉t ♥♦t
❛t t❤❡ ❡♥❞ ♦❢ ✐ts str✐♣✱ t❤❡♥ t❤❡r❡ ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇❤❡r❡

〈

x, c
〉

✐s ♣❛rt ♦❢ s♦♠❡
str✐♣✱ ✇✐t❤ c = choose(M1...d, a, b) ✭s❡❡ ❆❧❣♦r✐t❤♠ ✺✳✽✮✳

Pr♦♦❢✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ ✇❧♦❣✳ t❤❛t x ❤❛s ❛ ♣♦s✐t✐✈❡ s✐❣♥ ✐♥ ❛❧❧ ♠❛♣s✳
❖t❤❡r✇✐s❡✱ ✐❢ x ❤❛s ❛ ♥❡❣❛t✐✈❡ s✐❣♥ ✐♥ s♦♠❡ ♠❛♣Mi✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ t❤✐s ♠❛♣ ❜② ✐ts
r❡✈❡rs❡❞ ♦♣♣♦s✐t❡✳

■❢ δ = 1 ❛♥❞ x ❤❛s t✇♦ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs a1 ❛♥❞ b1✱ t❤❡♥ ✐♥ ❡❛❝❤ ♠❛♣ ✇❡
❤❛✈❡ t❤❡ s❡q✉❡♥❝❡

〈

x, a1, b1
〉

♦r
〈

x, b1, a1
〉

✳ ▼♦r❡♦✈❡r✱ ✐❢ ❜♦t❤ a1 ❛♥❞ b1 ❤❛✈❡ ❛t ❧❡❛st
♦♥❡ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r ✭r❡s♣❡❝t✐✈❡❧② a2 ❛♥❞ b2✮ ✇✐t❤ a2 6= b2✱ t❤❡♥ ❛❣❛✐♥ ♦♥❧② t✇♦
♣❛tt❡r♥s ❛r❡ ♣♦ss✐❜❧❡ ✐♥ ❛❧❧ ♠❛♣s✿

〈

x, a1, b1, a2, b2
〉

♦r
〈

x, b1, a1, b2, a2
〉

✳ ❲❡ ♣r♦❝❡❡❞
✇✐t❤ t❤✐s ❝♦♥str✉❝t✐♦♥ r❡❝✉rs✐✈❡❧②✱ ✉♥t✐❧ ✇❡ r❡❛❝❤ ❛ ♣❛✐r (ah, bh) s✉❝❤ t❤❛t ah ❛♥❞ bh
❞♦ ♥♦t ❤❛✈❡ ❞✐✛❡r❡♥t ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦rs✳

❆ss✉♠❡ t❤❛t x ✐s s❡❧❡❝t❡❞ ✐♥ ❛ str✐♣ ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❢♦❧❧♦✇❡❞ ❜② h′ ♠❛r❦✲
❡rs ✐♥ t❤✐s str✐♣✱ ✇✐t❤ 1 ≤ h′ ≤ h✳ ❚❤❡♥ t❤❡s❡ ♠❛r❦❡rs ❛r❡ ❡✐t❤❡r

〈

a1, . . . , ah′

〉

♦r
〈

b1, . . . , bh′

〉

✱ ❛♥❞ ✇❡ ❝❛♥ r❡♣❧❛❝❡ ♦♥❡ s❡q✉❡♥❝❡ ❜② t❤❡ ♦t❤❡r ✇✐t❤♦✉t ❝r❡❛t✐♥❣ ♦✈❡r✲
❧❛♣♣✐♥❣ str✐♣s✱ s♦ t❤❡r❡ ❛r❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s s❡❧❡❝t✐♥❣

〈

x, c
〉

❢♦r c = a1 ❛♥❞ ❢♦r
c = b1✳

■❢ h′ > h✱ ❧❡t u ❜❡ t❤❡ h+ 1st ♠❛r❦❡r ❢♦❧❧♦✇✐♥❣ x ✐♥ t❤❡ str✐♣ ✭❛♥❞ ❛ss✉♠❡ ✇❧♦❣
t❤❛t t❤❡ ✜rst h s❡❧❡❝t❡❞ ♠❛r❦❡rs ❛r❡

〈

b1, . . . bh
〉

✮✳ ❚❤❡♥ u ✐s ❛ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r
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❆❧❣♦r✐t❤♠ ✺✳✽ O(2k poly(nd)) ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r 1✲❣❛♣✲❈▼❙❘✲d✳
❋✉♥❝t✐♦♥ 1✲❣❛♣✲❈▼❙❘✭M1...d, k✮✿ ❜♦♦❧❡❛♥

✶✿ ✐❢ k < 0 t❤❡♥
✷✿ r❡t✉r♥ ❢❛❧s❡
✸✿ ❡♥❞ ✐❢
✹✿ P❛rt✐t✐♦♥ t❤❡ ♠❛r❦❡rs ✐♥t♦ s✐♥❣❧❡✲s✉♣❡r✲♠❛r❦❡rs✳
✺✿ ✐❢ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ s✐♥❣❧❡✲♠❛r❦❡r ✐♥M1 t❤❡♥
✻✿ x← t❤❡ ❧❡❢t✲♠♦st s✐♥❣❧❡✲♠❛r❦❡r ✐♥M1

✼✿ ❡❧s❡
✽✿ r❡t✉r♥ tr✉❡
✾✿ ❡♥❞ ✐❢

✶✵✿ ✴✴ ✶✿ ❆ss✉♠❡ x ✐s ❞❡❧❡t❡❞ ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
✶✶✿ ❈r❡❛t❡M′

1...d ❜② r❡♠♦✈✐♥❣ x ❢r♦♠M1...d✳
✶✷✿ ✐❢ 1✲❣❛♣✲❈▼❙❘✭M′

1...d✱ k − 1✮ t❤❡♥
✶✸✿ r❡t✉r♥ tr✉❡
✶✹✿ ❡♥❞ ✐❢
✶✺✿ ✴✴ ✷✿ ❆ss✉♠❡ x ✐s s❡❧❡❝t❡❞ ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥
✶✻✿ ✐❢ ∃z0 ≺ x t❤❡♥
✶✼✿ ❈r❡❛t❡M′

1...d ❜② r❡♠♦✈✐♥❣ ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, z0) ❢r♦♠M1...d✳
✶✽✿ r❡t✉r♥ 1✲❣❛♣✲❈▼❙❘✭M′

1...d, k − |gap(x, z0)|✮
✶✾✿ ❡❧s❡ ✐❢ ∃a ≻ x t❤❡♥
✷✵✿ ✐❢ ∃b ≻ x s✳t✳ b 6= a t❤❡♥
✷✶✿ y0 ← choose✭M′

1...d, a, b✮
✷✷✿ ❡❧s❡
✷✸✿ y0 ← a
✷✹✿ ❡♥❞ ✐❢
✷✺✿ ❈r❡❛t❡M′

1...d ❜② r❡♠♦✈✐♥❣ ❛❧❧ ♠❛r❦❡rs ✐♥ gap(x, y0) ❢r♦♠M1...d✳
✷✻✿ r❡t✉r♥ 1✲❣❛♣✲❈▼❙❘✭M′

1...d, k − |gap(x, y0)|✮
✷✼✿ ❡❧s❡
✷✽✿ r❡t✉r♥ ❢❛❧s❡
✷✾✿ ❡♥❞ ✐❢
❋✉♥❝t✐♦♥ choose✭M1...d, a, b✮✿ s✐♥❣❧❡✲♠❛r❦❡r

✶✿ ✐❢ ∃a′ ≻ a t❤❡♥
✷✿ ✐❢ ∃b′ ≻ b ❛♥❞ b′ 6= a′ t❤❡♥
✸✿ ✐❢ choose✭M1...d, a

′, b′✮= a′ t❤❡♥
✹✿ r❡t✉r♥ a
✺✿ ❡❧s❡
✻✿ r❡t✉r♥ b
✼✿ ❡♥❞ ✐❢
✽✿ ❡❧s❡
✾✿ r❡t✉r♥ a

✶✵✿ ❡♥❞ ✐❢
✶✶✿ ❡❧s❡
✶✷✿ r❡t✉r♥ b
✶✸✿ ❡♥❞ ✐❢
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♦❢ bh✱ ❛♥❞ ❡✐t❤❡r ah ❤❛s ♥♦ ❝❛♥❞✐❞❛t❡ s✉❝❝❡ss♦r✱ ♦r ✐t ❤❛s ♦♥❧② u✳ ■♥ t❤❡ ✜rst ❝❛s❡✱
choose(ah, bh) = bh✱ ❛♥❞ choose(a1, b1) = b1✿ t❤✐s ✐s t❤❡ ❝❤♦✐❝❡ ♠❛❞❡ ✐♥ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ choose(a1, b1) = a1✱ ❜✉t ✐♥ t❤❡ str✐♣ ♦❢ t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡

〈

x, b1, . . . , bh, u
〉

❜②
〈

x, a1, . . . , ah, u
〉

✇✐t❤♦✉t ❝r❡❛t✐♥❣ ✐♥✲
❝♦♠♣❛t✐❜✐❧✐t✐❡s✱ s✐♥❝❡ ✇❡ ❤❛✈❡ gap(ah, u) = {bh} ❛♥❞ gap(bh, u) = {ah}✳ ❚❤✉s t❤❡r❡
✐s ❛❧s♦ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ s❡❧❡❝t✐♥❣ a1, . . . , ah, u ❛❢t❡r x✿ t❤✐s ♣r♦✈❡s t❤❡ ❧❡♠♠❛✳

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✹✺✳ ❆❧❣♦r✐t❤♠ ✺✳✽ ✐s ❜❛s❡❞ ♦♥ t❤❡
❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✳ ▲❡t x ❜❡ t❤❡ ❧❡❢t✲♠♦st s✐♥❣❧❡✲♠❛r❦❡r ✐♥ M1✱ ❛♥❞ ❛ss✉♠❡ ✐t
❛♣♣❡❛rs ✐♥ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ t❤❡♥ t❤❡r❡ ❛r❡ t✇♦ ❝❛s❡s✿

✭✶✮ x ❤❛s ❛ ❝❛♥❞✐❞❛t❡ ♣r❡❞❡❝❡ss♦r z0 ✭✐t ✐s ♥❡❝❡ss❛r✐❧② ❛ s✉♣❡r✲♠❛r❦❡r✮✳ ❚❤❡♥✱ ❜②
▲❡♠♠❛ ✺✳✹✻✱ ✇❡ ❝❛♥ ❞❡❧❡t❡ ❛❧❧ ♠❛r❦❡rs ❜❡t✇❡❡♥ x ❛♥❞ z0 ✐♥ ❛❧❧ ♠❛♣s✱ r❡❣❛r❞❧❡ss ♦❢
✇❤❡t❤❡r z0 ❛♥❞ x ❛r❡ ✐♥ t❤❡ s❛♠❡ str✐♣ ✐♥ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❆t ❧❡❛st ♦♥❡ s✉❝❤
♠❛r❦❡r ♠✉st ❡①✐st✳

✭✷✮ x ❤❛s ♥♦ ❝❛♥❞✐❞❛t❡ ♣r❡❞❡❝❡ss♦r✱ t❤❡♥ ✐t ♠✉st ❜❡ ✐♥ t❤❡ s❛♠❡ str✐♣ ❛s ❛
s✉❝❝❡ss♦r✳ ❲✐t❤ t❤❡ ❣❛♣ ❝♦♥str❛✐♥t✱ x ❝❛♥ ❤❛✈❡ ❛t ♠♦st t✇♦ s✉❝❝❡ss♦rs✳ ❯s✐♥❣
▲❡♠♠❛ ✺✳✹✼✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ ♦♥❡ ♦❢ t❤❡♠ ✭y0✱ ✐♥ ❆❧❣♦r✐t❤♠ ✺✳✽✮✳

❚❤✐s ♣r♦✈❡s t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
1✲❣❛♣✲❈▼❙❘ ❢✉♥❝t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡r k ✐s ❛t ♠♦st O(2k poly(nd))✿ ✐t ✐s ♣♦❧②♥♦✲
♠✐❛❧ ❡①❝❡♣t ❢♦r ❛t ♠♦st t✇♦ r❡❝✉rs✐✈❡ ❝❛❧❧s✱ ❡❛❝❤ ✇✐t❤ ❛ ♣❛r❛♠❡t❡r k′ < k✳ ❚❤✉s
❚❤❡♦r❡♠ ✺✳✹✺ ✐s ♣r♦✈❡❞✳

❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ t❤❡ ✈❛r✐❛♥ts ♦❢ ▼❛①✐♠❛❧ ❙tr✐♣
❘❡❝♦✈❡r②❀ ✐t ❛♣♣❡❛rs t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s ✐♥tr❛❝t❛❜❧❡ ❡✈❡♥ ❢♦r ✈❡r② ❝♦♥str❛✐♥❡❞
♣❛r❛♠❡t❡rs✳ ❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣r♦✈✐❞❡ ❛ ♥✉♠❜❡r ♦❢ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s✱ ❡✐✲
t❤❡r ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s ♦r ❋P❚ ❛❧❣♦r✐t❤♠s✱ ✐♥ ♦r❞❡r t♦ ❝♦♠❡ ❛s ❝❧♦s❡
❛s ♣♦ss✐❜❧❡ t♦ t❤❡ ✐♥tr❛❝t❛❜✐❧✐t② ❜♦✉♥❞s✳ ❲❡ ❤❛✈❡ ❣✐✈❡♥ ❛ ♠♦r❡ s♣❡❝✐✜❝ ❢♦❝✉s ♦♥
t❤❡ δ✲❣❛♣ ✈❛r✐❛♥t ✇❤✐❝❤ ✉s✉❛❧❧② ❛❧❧♦✇s ❢♦r ♠♦r❡ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s ✭s❡❡ t❤❡ s♣❡❝✐✜❝
❛❧❣♦r✐t❤♠s ❢♦r ✶✲❣❛♣✲▼❙❘ ❛♥❞ ✶✲❣❛♣✲❈▼❙❘✮✱ ✇❤✐❧❡ ❜❡✐♥❣ r❡❧❡✈❛♥t ❢♦r ❜✐♦❧♦❣✐❝❛❧ ❛♣✲
♣❧✐❝❛t✐♦♥s✳ ❆ ❦❡② ❛❧❣♦r✐t❤♠ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ✐s t❤❡ ❝❛r❡❢✉❧❧②✲t✉♥❡❞ ❋P❚ ❛❧❣♦r✐t❤♠
❢♦r δ✲❣❛♣✲❈▼❙❘✲d ❛♥❞ ❈▼❙❘✲d✳

■♥ t❡r♠s ♦❢ ❛♣♣r♦①✐♠❛❜✐❧✐t②✱ t❤❡r❡ r❡♠❛✐♥ ✐♠♣♦rt❛♥t ❣❛♣s ❜❡t✇❡❡♥ t❤❡ ❤❛r❞♥❡ss
r❡s✉❧ts ❛♥❞ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ ❡①✐st✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❋♦r ❡①❛♠♣❧❡✱ ❞♦ ✶✲❣❛♣✲▼❙❘ ❛♥❞✴♦r
✶✲❣❛♣✲❈▼❙❘ ❛❞♠✐t ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s❄ ❉♦ ❈▼❙❘✲d ❛♥❞ δ✲
❣❛♣✲❈▼❙❘✲d ❛❞♠✐t ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❛ r❛t✐♦ ✐♥❞❡♣❡♥❞❡♥t ♦❢ d❄ ❲❡
❦♥♦✇ t❤❛t t❤❡ ❛♥s✇❡r ✐s ♥♦ ❢♦r ▼❙❘✲d ❛♥❞ δ✲❣❛♣✲❈▼❙❘✲d✳

❆♥♦t❤❡r ❝❤❛❧❧❡♥❣❡ ✐s t♦ ❞❡s✐❣♥ ♠♦r❡ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s ❝❛♣❛❜❧❡ ♦❢ ♣r♦❝❡ss✐♥❣
s❡q✉❡♥❝❡s ✇✐t❤ ❞✉♣❧✐❝❛t❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ❝r❡❛t✐♥❣ ❛♥ ❡✣❝✐❡♥t ❋P❚ ❛❧❣♦r✐t❤♠s ❢♦r
✭δ✲❣❛♣✲✮ ❈▼❙❘✲❉❯ ✇♦✉❧❞ ❜❡ ❛♥ ✐♠♣♦rt❛♥t ♣♦s✐t✐✈❡ r❡s✉❧t ❢♦r t❤❡ ▼❛①✐♠❛❧ ❙tr✐♣
❘❡❝♦✈❡r② ♣r♦❜❧❡♠✳





✻
▼✐♥✐♠✉♠ ❇r❡❛❦♣♦✐♥t ▲✐♥❡❛r✐③❛t✐♦♥

⇒

❚❤❡ ◆P✲❤❛r❞ ▼✐♥✐♠✉♠ ❇r❡❛❦♣♦✐♥t ▲✐♥✲

❡❛r✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛✐♠s ❛t r❡❝♦♥str✉❝t✐♥❣ ❛
❧✐♥❡❛r ❣❡♥♦♠❡ ❢r♦♠ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ❞❛t❛✱ ✉s✐♥❣
t❤❡ ❣❡♥♦♠❡ ♦❢ ❛ ❝❧♦s❡ s♣❡❝✐❡s ❢♦r r❡❢❡r❡♥❝❡✳ ❋♦r✲
♠❛❧❧②✱ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s✱ ❣✐✈❡♥ ❛ ♣❛rt✐❛❧ ♦r❞❡r Π✱
t♦ ♣r♦❞✉❝❡ ❛ ♣❡r♠✉t❛t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ Π
t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ❜r❡❛❦♣♦✐♥t ❞✐st❛♥❝❡ t♦ ❛ r❡❢✲
❡r❡♥❝❡ ♣❡r♠✉t❛t✐♦♥✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t ❛♥ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤✐s ♣r♦❜❧❡♠✱ ❛♥❞ t❤r❡❡ ❛❧❣♦✲
r✐t❤♠s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ r❡❞✉❝t✐♦♥ t♦ ❙✉❜s❡t✲

❋❱❙✳

❚❤❡ r❡s✉❧ts ✐♥ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛t t❤❡ ✼t❤ ❆♥♥✉❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❚❤❡♦r②
❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ▼♦❞❡❧s ♦❢ ❈♦♠♣✉t❛t✐♦♥ ✭❚❆▼❈ ✷✵✶✵✱ Pr❛❣✉❡ ❬✸✷❪✮✱ ❛♥❞ ❛❝❝❡♣t❡❞ ❢♦r
♣✉❜❧✐❝❛t✐♦♥ ✐♥ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✭❚❈❙ ✷✵✶✸ ❬✸✽❪✮✳

✶✻✾
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■♥tr♦❞✉❝t✐♦♥

■♥ ❛ ♥✉♠❜❡r ♦❢ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s ❛❧❣♦r✐t❤♠s✱ ❛ ❢✉❧❧ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♦r❞❡r ♦❢
t❤❡ ❣❡♥❡s ♦♥ t❤❡ ❝❤r♦♠♦s♦♠❡s ❢♦r t❤❡ s♣❡❝✐❡s ✉♥❞❡r st✉❞② ✐s r❡q✉✐r❡❞✿ t❤✐s ✐s t❤❡ ❝❛s❡
❢♦r ❛❧❧ t❤❡ ♣r♦❜❧❡♠s st✉❞✐❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✳ ❍♦✇❡✈❡r✱ ❞❡s♣✐t❡ t❤❡ r❛♣✐❞
❛❞✈❛♥❝❡s ✐♥ ❉◆❆ s❡q✉❡♥❝✐♥❣✱ ✇❡ ❤❛✈❡ ❛ ♣❡r❢❡❝t ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❢✉❧❧ ❣❡♥❡ s❡q✉❡♥❝❡
♦♥❧② ❢♦r ❛ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ s♣❡❝✐❡s✱ ❛♥❞ ❢♦r ♦t❤❡r s♣❡❝✐❡s✱ ✇❡ ♦♥❧② ❤❛✈❡ ❣❡♥❡t✐❝
♠❛♣s✱ ✇❤❡r❡ s♦♠❡ ✉♥❝❡rt❛✐♥t✐❡s ✐♥ t❤❡ ❣❡♥❡ ♦r❞❡r ♠❛② r❡♠❛✐♥✳ ❍❡♥❝❡✱ t❤❡ ♣r♦❜❧❡♠
♦❢ ✐♥❢❡rr✐♥❣ ❛ t♦t❛❧ ♦r❞❡r✱ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♣❛rt✐❛❧ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡s❡ ❣❡♥❡t✐❝
♠❛♣s ❛♥❞ ♦♣t✐♠✐③✐♥❣ ❛ r❡❧❡✈❛♥t ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ✐s ❛ ✜rst st❡♣ t♦ st✉❞② ♥♦♥❡t❤❡❧❡ss
❛❧❧ ❣❡♥♦♠❡s✳ ■♥ t❤❡ ♣❛st ❢❡✇ ②❡❛rs✱ ❣r♦✇✐♥❣ ❛tt❡♥t✐♦♥ ❤❛s ❜❡❡♥ ❣✐✈❡♥ t♦ t❤✐s ♣r♦❜❧❡♠✱
✐♥ ✇❤✐❝❤ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐s ❛♥ ❡✈♦❧✉t✐♦♥❛r② ❞✐st❛♥❝❡ t♦ ❛ r❡❢❡r❡♥❝❡ ❣❡♥♦♠❡
✭❡✳❣✳ ♥✉♠❜❡r ♦❢ r❡❛rr❛♥❣❡♠❡♥ts ❬✶✷✺❪✱ r❡✈❡rs❛❧ ❬✶✷✹✱ ✼✶❪✱ ❜r❡❛❦♣♦✐♥t ❬✼✶✱ ✷✸✱ ✹✹❪✱ ♦r
❝♦♠♠♦♥ ✐♥t❡r✈❛❧s ❬✷✸❪ ❞✐st❛♥❝❡✮✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡▼✐♥✐♠✉♠ ❇r❡❛❦♣♦✐♥t ▲✐♥❡❛r✐③❛t✐♦♥ ✭▼❇▲✮
♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❛✐♠s ❛t ✜♥❞✐♥❣ ❛ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ❛ ♣❛rt✐❛❧ ♦r❞❡r ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣
t❤❡ ❜r❡❛❦♣♦✐♥t ❞✐st❛♥❝❡ t♦ ❛ r❡❢❡r❡♥❝❡ ❣❡♥♦♠❡✳ ❆♥ ❛♣♣r♦❛❝❤ ❢♦r s♦❧✈✐♥❣ ▼❇▲ ✐s t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤ ♣r♦♣♦s❡❞ ✐♥ ❬✼✶❪ ❛♥❞ ✉s❡❞ ✐♥ ❬✹✹❪ t♦ ❞❡s✐❣♥
❛ ❤❡✉r✐st✐❝ ❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✭✇❤♦s❡ r❛t✐♦ ❞❡♣❡♥❞s ♦♥ m✱ t❤❡ ♥✉♠❜❡r
♦❢ ❣❡♥❡t✐❝ ♠❛♣s ✉s❡❞ t♦ ❝♦♥str✉❝t t❤❡ st✉❞✐❡❞ ❣❡♥♦♠❡✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥str✉❝✲
t✐♦♥ ❤❛s ❛ ✢❛✇ ✇❤✐❝❤ ♠❛❦❡s ❜♦t❤ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❛❧❣♦r✐t❤♠s ✐♥✈❛❧✐❞ ♦♥ ❣❡♥❡r❛❧
❞❛t❛ ❬✸✽❪✳ ❚❤✉s✱ ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ t❤✐s ❝❤❛♣t❡r ❛ ♥❡✇ t②♣❡ ♦❢ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤s✱
❛♥❞ ♣r♦✈❡ t❤❛t ✐t ✐s ❡✛❡❝t✐✈❡ t♦ s♦❧✈❡ t❤❡ ▼❇▲ ♣r♦❜❧❡♠✳ ❚❤✐s r❡♥❡✇❡❞ ❛♣♣r♦❛❝❤
❛❧❧♦✇s ✉s t♦ ✉s❡ ❣❡♥❡r❛❧ ❣r❛♣❤ t❤❡♦r② r❡s✉❧ts ❬✻✻✱ ✹✾❪ t♦ ♦❜t❛✐♥ ♥❡✇ ❛♣♣r♦①✐♠❛t✐♦♥
❛♥❞ ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜❧❡ ❛❧❣♦r✐t❤♠s ❢♦r ▼❇▲✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦ ❛❝❤✐❡✈❡ ❛♥
O(m2)✲❛♣♣r♦①✐♠❛t✐♦♥✱ ✐♥ t❤❡ s❛♠❡ s♣✐r✐t ❛s ✇❛s ❞♦♥❡ ✐♥ ❬✹✹❪✳

❚♦ ❞❡s❝r✐❜❡ t❤❡ ▼❇▲ ♣r♦❜❧❡♠✱ ❧❡t ❛ ♣❛rt✐❛❧ ♦r❞❡r Π ♦✈❡r ❛ ❣✐✈❡♥ s❡t Σ = J1 ; nK
♦❢ ♠❛r❦❡rs r❡♣r❡s❡♥t t❤❡ ✐♥❝♦♠♣❧❡t❡ ❣❡♥♦♠✐❝ ❞❛t❛ ❛t ❤❛♥❞✳ ❆ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ Π ✐s
❛ ♣❡r♠✉t❛t✐♦♥ ✭♦r ❛ t♦t❛❧ ♦r❞❡r✮ π =

〈

π[1], π[2], . . . , π[n]
〉

♦♥ Σ✱ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧
♠❛r❦❡rs i, j✱ ✐❢ i <Π j✱ t❤❡♥ i <π j ✭❛❧t❡r♥❛t✐✈❡❧②✱ i ♣r❡❝❡❞❡s j ✐♥ π✮✳ ■♥ t❤❛t ❝❛s❡✱ π
✐s s❛✐❞ t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ Π✳ ❆♥ ❛❞❥❛❝❡♥❝② ✐♥ t❤❡ ♣❡r♠✉t❛t✐♦♥ π ✐s ❛ ❢❛❝t♦r ♦❢
❧❡♥❣t❤ 2✳ ❚❤❡ ❜r❡❛❦♣♦✐♥t ❞✐st❛♥❝❡ dB(π1, π2) ❜❡t✇❡❡♥ t✇♦ ♣❡r♠✉t❛t✐♦♥s π1 ❛♥❞ π2
✭♦✈❡r t❤❡ s❛♠❡ s❡t Σ✮ ✐s ❞❡✜♥❡❞ ❜② t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛❞❥❛❝❡♥❝✐❡s ✐♥ π1 ✇❤✐❝❤ ❛r❡
♥♦t ❛❞❥❛❝❡♥❝✐❡s ✐♥ π2✳ ❋✐♥❛❧❧②✱ In ❞❡♥♦t❡s t❤❡ ✐❞❡♥t✐t② ♣❡r♠✉t❛t✐♦♥ ♦❢ s✐③❡ n✳

❚❤❡ ▼✐♥✐♠✉♠ ❇r❡❛❦♣♦✐♥t ▲✐♥❡❛r✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

Pr♦❜❧❡♠ ▼❇▲
■♥♣✉t ❆ ♣❛rt✐❛❧ ♦r❞❡r Π
❖✉t♣✉t ❆ ❧✐♥❡❛r✐③❛t✐♦♥ π ♦❢ Π
▼✐♥✐♠✐③❡ k = dB(π, In)

❊①❛♠♣❧❡ ✻✳✶✳ ❈♦♥s✐❞❡r t❤❡ ♣❛rt✐❛❧ ♦r❞❡r Π ❞❡✜♥❡❞ ❜② 1 <Π 2 <Π 3❀ 4 <Π 1 <Π 5
❛♥❞ 6 <Π 3 ✭s❡❡ ❋✐❣✉r❡ ✻✳✶✮✳ ❚❤✐s ♣❛rt✐❛❧ ♦r❞❡r ②✐❡❧❞s ❢♦✉r ❧✐♥❡❛r✐③❛t✐♦♥s ✇❤✐❝❤ ❛r❡
♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ♦❢ ▼❇▲ ✇✐t❤ dB(π, In) = 3✳ ❚❤❡② ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭❝♦♠♠♦♥
❛❞❥❛❝❡♥❝✐❡s ✇✐t❤ In ❛r❡ ✉♥❞❡r❧✐♥❡❞✮✿

〈

4, 1, 5, 6, 2, 3
〉
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❋✐❣✉r❡ ✻✳✶✿ ❉✐r❡❝t❡❞ ❆❝②❝❧✐❝ ●r❛♣❤ r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣❛rt✐❛❧ ♦r❞❡r Π ♦❢ ❊①❛♠♣❧❡ ✻✳✶✳

〈

4, 1, 2, 5, 6, 3
〉

〈

6, 4, 1, 2, 3, 5
〉

〈

4, 6, 1, 2, 3, 5
〉

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ ✐♥♣✉t ♣❛rt✐❛❧ ♦r❞❡r✱ ✐♥ ♣r❛❝t✐❝❡✱ ✐s s♦♠❡t✐♠❡s ♦❜t❛✐♥❡❞
❜② ❝♦♠❜✐♥✐♥❣ ❛ ❧✐♠✐t❡❞ ♥✉♠❜❡rm ♦❢ ❣❡♥❡t✐❝ ♠❛♣s ❬✶✷✸✱ ✶✷✺❪✳ ❆ ❣❡♥❡t✐❝ ♠❛♣ ❝♦♥s✐sts
♦❢ ❛♥ ♦r❞❡r❡❞ ❧✐st ♦❢ ❜❧♦❝❦s B1, B2, . . . , Bq✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s ❛♥ ✉♥♦r❞❡r❡❞ ❧✐st ♦❢
♠❛r❦❡rs✱ ✐✳❡✳ ❛♥② t✇♦ ♠❛r❦❡rs ❢r♦♠ t❤❡ s❛♠❡ ❜❧♦❝❦ ❛r❡ ✐♥❝♦♠♣❛r❛❜❧❡✳ ❚❤❡ ❜❧♦❝❦s
B1, B2, . . . , Bq ✐♥❞✉❝❡ ❛ ♣❛rt✐❛❧ ♦r❞❡r Π ❛s ❢♦❧❧♦✇s✿ ❢♦r ❛♥② a ∈ Bi ❛♥❞ b ∈ Bj✱
a <Π b ✐✛ i < j✳ ◆♦t❡ t❤❛t ✐t ✐s ♥♦t r❡q✉✐r❡❞ ❢♦r ❛❧❧ ♠❛♣s t♦ ❝♦♥t❛✐♥ ❛❧❧ ♠❛r❦❡rs✱ ❛♥❞
✇❡ ❛ss✉♠❡ t❤❛t ❝♦♠❜✐♥✐♥❣ t✇♦ ♦r ♠♦r❡ ❣❡♥❡t✐❝ ♠❛♣s ♥❡✈❡r ❝r❡❛t❡s ❝♦♥✢✐❝ts✳ ❚❤❡
✐♥st❛♥❝❡ Π ♦❢ ❊①❛♠♣❧❡ ✻✳✶ ✐s ✐♥❞✉❝❡❞ ❜② ❡✳❣✳ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♠❛♣s✳

{4} −→ {1} −→ {2, 5},
{2, 6} −→ {3}.

❚❤❡ ▼✐♥✐♠✉♠ ❇r❡❛❦♣♦✐♥t ▲✐♥❡❛r✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ❜❛s❡❞ ♦♥ t❤❡ ❣❡♥♦♠❡
r❡❛rr❛♥❣❡♠❡♥t ♣r♦❜❧❡♠ ❞❡✜♥❡❞ ❜② ❩❤❡♥❣ ❛♥❞ ❙❛♥❦♦✛ ❬✶✷✺❪✱ ✇❛s st✉❞✐❡❞ ✐♥❞❡♣❡♥✲
❞❡♥t❧② ✐♥ ❬✷✸❪ ❛♥❞ ❬✼✶❪ ✭✇❡ ♥♦t❡ t❤❛t ✐♥ t❤❡ ❧❛tt❡r✱ t❤❡ ♣r♦❜❧❡♠ ✐s ❞❡♥♦t❡❞ ❛s P❇❉✱
❛♥❞ ❞❡❛❧s ✇✐t❤ t✇♦ ♣❛rt✐❛❧ ♦r❞❡rs ✐♥st❡❛❞ ♦❢ ♦♥❡ ♣❛rt✐❛❧ ♦r❞❡r ❛♥❞ ♦♥❡ t♦t❛❧ ♦r❞❡r✮✳
■♥ ❬✷✸❪✱ ❇❧✐♥ ❡t ❛❧✳ ♣r♦✈❡ t❤❛t ▼❇▲ ✐s ◆P✲❤❛r❞ ❛♥❞ ❣✐✈❡ t✇♦ t②♣❡s ♦❢ ❛❧❣♦r✐t❤♠s
❢♦r s♦❧✈✐♥❣ ▼❇▲✿ ✭✐✮ ❛ ❤❡✉r✐st✐❝ ❛♥❞ ✭✐✐✮ ❛♥ ❡①❛❝t✱ t❤✉s ❡①♣♦♥❡♥t✐❛❧✲t✐♠❡✱ ❛❧❣♦r✐t❤♠
❜❛s❡❞ ♦♥ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ▼♦r❡♦✈❡r✱ t❤✐s ❧❛st ❛❧❣♦r✐t❤♠ ✐s ❡✣❝✐❡♥t ✐♥ t❤❡ s♣❡✲
❝✐✜❝ ❝❛s❡ ✇❤❡r❡ ✐♥♣✉t ❣❡♥♦♠❡s ❛r❡ ❝r❡❛t❡❞ ❢r♦♠ ❛ ❜♦✉♥❞❡❞ ♥✉♠❜❡r m ♦❢ ❣❡♥❡ ♠❛♣s✱
✐♥ ✇❤✐❝❤ t❤❡ ❜❧♦❝❦s ❤❛✈❡ ❛ ❜♦✉♥❞❡❞ s✐③❡✳ ■t ✐s ♥♦t❡❞ ✐♥ ❬✸✽❪ t❤❛t t❤❡ ◆P✲❤❛r❞♥❡ss
♣r♦♦❢ ❢r♦♠ ❬✷✸❪ ✐s ❛❝t✉❛❧❧② ❛♥ ❆P❳✲❤❛r❞♥❡ss ♣r♦♦❢✳

■♥ ❬✼✶❪✱ ❋✉ ❛♥❞ ❏✐❛♥❣ ❣✐✈❡ ❛♥ ✭✐♥❞❡♣❡♥❞❡♥t✮ ◆P✲❤❛r❞♥❡ss ♣r♦♦❢✱ ❛♥❞ ♣r❡s❡♥t t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤ GΠ ♦❢ ❛ ♣❛rt✐❛❧ ♦r❞❡r Π ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥
❤❡✉r✐st✐❝s ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❬✹✹❪✳ ❍♦✇❡✈❡r t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ✐♥ ❬✼✶❪ ✐s
❢❛❧s❡ ✭❊①❛♠♣❧❡ ✻✳✶ ✐s ❛❝t✉❛❧❧② ❛ ❝♦✉♥t❡r✲❡①❛♠♣❧❡ ❬✸✽❪✮✱ ✇❤✐❝❤ ❧❡❛❞s ✉s t♦ ❞❡✜♥✐♥❣ ❛
♥❡✇ str✉❝t✉r❡ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ ▼❇▲✳

❚❤❡ ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✻✳✶ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛
♥❡✇ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤✱ ✇❤✐❝❤ ✐s ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✷ t♦ s❤♦✇ t❤❛t s♦❧✈✐♥❣ ▼❇▲
♠❛② ❜❡ r❡❞✉❝❡❞ t♦ s♦❧✈✐♥❣ ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❋❡❡❞❜❛❝❦ ❱❡rt❡① ❙❡t
♣r♦❜❧❡♠✱ ♥❛♠❡❧②✱ ❙✉❜s❡t✲❋❱❙ ❬✻✻❪✳ ❯s✐♥❣ ❧✐t❡r❛t✉r❡ ❛❧❣♦r✐t❤♠s ❢♦r ❙✉❜s❡t✲❋❱❙✱
❙❡❝t✐♦♥ ✻✳✸ ♣r❡s❡♥ts t❤r❡❡ ❛❧❣♦r✐t❤♠s✱ t✇♦ ❛♣♣r♦①✐♠❛t✐♦♥s ❛♥❞ ♦♥❡ ✜①❡❞✲♣❛r❛♠❡t❡r
tr❛❝t❛❜❧❡✱ ❢♦r▼❇▲✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✻✳✹ ♣r❡s❡♥ts ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤
✐s s♣❡❝✐✜❝ t♦ ♣❛rt✐❛❧ ♦r❞❡rs ❝r❡❛t❡❞ ❢r♦♠ ❣❡♥♦♠✐❝ ♠❛♣s✱ ❛♥❞ ❤❛s ❛ r❛t✐♦ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ♥✉♠❜❡r m ♦❢ t❤♦s❡ ❣❡♥♦♠✐❝ ♠❛♣s✳
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✭❛✮ ❖r✐❣✐♥❛❧ ❉❆● Π

W Σ

1

2

3

4
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6

〈1, 2〉

〈2, 3〉

〈3, 4〉

〈4, 5〉

〈5, 6〉

✭❜✮ ❱❡rt✐❝❡s ♦❢ GΠ

F D

1

2

3

4

5

6

〈1, 2〉

〈2, 3〉

〈3, 4〉

〈4, 5〉

〈5, 6〉

✭❝✮ ❆r❝s ♦❢ GΠ

❋✐❣✉r❡ ✻✳✷✿ ❈♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤✳ ❚❤❡ s②♠♠❡tr✐❝ ❛r❝s ✐♥ F ❛r❡
r❡♣r❡s❡♥t❡❞ ❛s ❞♦✉❜❧❡ ❛rr♦✇s✳ ❚❤❡ ❛r❝s ✐♥ X ❛r❡ ♠❛r❦❡❞ ✇✐t❤ ❛ ❧❛r❣❡ ❞♦t✳

✻✳✶ ❉❡✜♥✐♥❣ ❛ ◆❡✇ ❆❞❥❛❝❡♥❝②✲❖r❞❡r ●r❛♣❤ GΠ

❲❡ ♣r❡s❡♥t ❤❡r❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ♥❡✇ str✉❝t✉r❡ t♦ s♦❧✈❡ ▼❇▲ ✇❤♦s❡ ♠❛✐♥
♣r♦♣❡rt② ✇✐❧❧ ❧❡❛❞ ✉s t♦ s❡✈❡r❛❧ ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s✳ ❚❤✐s ♥❡✇ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤
GΠ ❝♦♥t❛✐♥s ❜♦t❤ t❤❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ♣❛rt✐❛❧ ♦r❞❡r Π ❛♥❞ ♦❢ t❤❡ ✐❞❡♥t✐t② ♣❡r♠✉t❛t✐♦♥
In✳ ❙♦♠❡ ♦❢ t❤❡ ❝②❝❧❡s ✐♥ t❤✐s ❣r❛♣❤ ✇✐❧❧ ❡①♣r❡ss t❤❡ ✐♥❝♦♠♣❛t✐❜✐❧✐t✐❡s ❜❡t✇❡❡♥ t❤❡
♦r❞❡r Π ❛♥❞ t❤❡ ♣❡r♠✉t❛t✐♦♥ In✳ ■♥ ♦r❞❡r t♦ ❝♦✉♥t ♦r t♦ ❜♦✉♥❞ t❤❡ ❜r❡❛❦♣♦✐♥t
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ ❧✐♥❡❛r✐③❛t✐♦♥ π ♦❢ Π ❛♥❞ In✱ ♦♥❡ ❤❛s t♦ ✐❞❡♥t✐❢② t❤❡ ✈❡rt✐❝❡s ✐♥
t❤❡ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤ ♥❡❡❞❡❞ t♦ ❜r❡❛❦ ❛❧❧ t❤❡s❡ ❝♦♥✢✐❝t✲❝②❝❧❡s✱ ❛♥❞ t♦ ❝♦✉♥t
♦r ❜♦✉♥❞ t❤❡✐r ♥✉♠❜❡r✳ ❚❤❡ ▼❇▲ ♣r♦❜❧❡♠ t❤✉s ❜❡❝♦♠❡s ❛ ❣r❛♣❤ t❤❡♦r② ♣r♦❜❧❡♠✱
✇❤✐❝❤ ❛❧❧♦✇s ✉s ❡✐t❤❡r t♦ ✉s❡ ❡①✐st✐♥❣ ❛❧❣♦r✐t❤♠s ♦r t♦ ❜✉✐❧❞ ✉♣ ♥❡✇ ❣r❛♣❤✲❜❛s❡❞
❛❧❣♦r✐t❤♠s✳

❆❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤✳ ▲❡t Π = (Σ, D) ❜❡ ❛ ❞✐r❡❝t❡❞ ❛❝②❝❧✐❝ ❣r❛♣❤ ✭❉❆●✮
r❡♣r❡s❡♥t✐♥❣ ❛ ♣❛rt✐❛❧ ♦r❞❡r ♦✈❡r Σ = J1 ; nK ✭s❡❡ ❋✐❣✉r❡ ✻✳✷❛ ❢♦r t❤❡ ✐♥st❛♥❝❡ ❣✐✈❡♥
✐♥ ❊①❛♠♣❧❡ ✻✳✶✮✱ ✐✳❡✳ ✇❡ ✇r✐t❡ i <Π j ✐✛ t❤❡r❡ ✐s ❛ ❞✐r❡❝t❡❞ ♣❛t❤ ❢r♦♠ i t♦ j ✐♥ Π✳ ❲❡
❝r❡❛t❡ ❛ s❡t W ♦❢ ✈❡rt✐❝❡s r❡♣r❡s❡♥t✐♥❣ t❤❡ ❛❞❥❛❝❡♥❝✐❡s ♦❢ t❤❡ ✐❞❡♥t✐t② ♣❡r♠✉t❛t✐♦♥
In ❜② W = {

〈

i, i+1
〉

| 1 ≤ i < n}✳ ❋✐♥❛❧❧②✱ ❧❡t V = Σ∪W ✭❋✐❣✉r❡ ✻✳✷❜✮✳ ◆♦t❡ t❤❛t✱
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ♥♦t ❞✐st✐♥❣✉✐s❤ t❤❡ ✈❡rt✐❝❡s ♦❢ Σ ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣
✐♥t❡❣❡rs ✭t❤✐s ✇✐❧❧ ❛❧✇❛②s ❜❡ ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥❛t✉r❛❧ ♦r❞❡r <
♦✈❡r t❤❡ ✐♥t❡❣❡rs ✐s ❛❧s♦ ✉s❡❞ ❛s ❛♥ ♦r❞❡r ♦✈❡r Σ✳ ❲❡ ♥♦✇ ❝♦♥str✉❝t ❛ s❡t ♦❢ ❛r❝s F
✭❞❡♥♦t❡❞ ❜② ❛♥ ❛rr♦✇ →✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

F = {
〈

i, i+1
〉

→ i | 1 ≤ i < n} ∪ {
〈

i, i+1
〉

→ i+ 1 | 1 ≤ i < n}

∪ {i→
〈

i, i+1
〉

| 1 ≤ i < n} ∪ {i+ 1→
〈

i, i+1
〉

| 1 ≤ i < n}

❊❛❝❤ ❛r❝ ✐♥ F ❤❛s ♦♥❡ ❡♥❞ ✐♥W ❛♥❞ ♦♥❡ ❡♥❞ ✐♥ Σ✳ ❲❡ ✇r✐t❡ E = D∪F ✭❋✐❣✉r❡ ✻✳✷❝✮
❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤ GΠ ♦❢ Π ❜② GΠ = (V,E)✳

■♥ GΠ✱ t❤❡ ❛r❝s ♦❢ D t❤❛t ❣♦ t♦♣✲❞♦✇♥ ✭s❡❡ ❋✐❣✉r❡ ✻✳✷❝✮ ✐♥t✉✐t✐✈❡❧② s❤♦✇ ✐♥❝♦♠✲
♣❛t✐❜✐❧✐t✐❡s ❜❡t✇❡❡♥ t❤❡ ♦r❞❡r ✐♥ Π ❛♥❞ t❤❡ ♦r❞❡r ✐♥ In✳ ❲❡ ❝❛❧❧ s✉❝❤ ❛♥ ❛r❝ ❝♦♥✢✐❝t✲
❛r❝✱ t❤❛t ✐s✱ ❛♥ ❛r❝ i→ j ∈ D s✉❝❤ t❤❛t i > j✱ ❛♥❞ ✇❡ ♥♦t❡X[GΠ] ✭♦r ♦♥❧②X✱ ✐❢ t❤❡r❡
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✐s ♥♦ ❛♠❜✐❣✉✐t②✮ t❤❡ s❡t ❝♦♥t❛✐♥✐♥❣ ❛❧❧ ❝♦♥✢✐❝t✲❛r❝s✿ X[GΠ] = {i → j ∈ D | i > j}✳
◆♦✇✱ ❡✈❡r② ❝②❝❧❡ ❝♦♥t❛✐♥✐♥❣ ❛ ❝♦♥✢✐❝t✲❛r❝ ✐s ❝❛❧❧❡❞ ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✳ ■♥ ❚❤❡♦r❡♠ ✻✳✸✱
✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❛❞❥❛❝❡♥❝✐❡s ✐♥✈♦❧✈❡❞ ✐♥ ❝♦♥✢✐❝t✲❝②❝❧❡s ❛r❡ ✐♥❝♦♠♣❛t✐❜❧❡✱ s♦ t❤❛t
✇❡ ♥❡❡❞ t♦ r❡♠♦✈❡ ❛t ❧❡❛st ♦♥❡ ❛❞❥❛❝❡♥❝② ❢r♦♠ ❡❛❝❤ ♦❢ t❤♦s❡ ❝②❝❧❡s t♦ ♦❜t❛✐♥ ❛
❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ Π✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ ❛ ✇❡✐❣❤t ♠❛♣ w[GΠ] ♦♥ t❤❡ ✈❡rt✐❝❡s ♦❢ GΠ✱ ✇❤✐❝❤
❛ss♦❝✐❛t❡s ✶ t♦ ❡❛❝❤ u ∈ W ✱ ❛♥❞ ∞ t♦ u ∈ Σ✳

◆♦t❛t✐♦♥s✳ ❆♥ ❛r❝ ❜❡t✇❡❡♥ u ❛♥❞ v ✐s ✇r✐tt❡♥ u→ v✱ ♦r u→E′ v ✐❢ ✐t ❜❡❧♦♥❣s t♦

s♦♠❡ s✉❜s❡t E ′✳ ❆ ♣❛t❤ P ✐s ❛ ✭♣♦ss✐❜❧② ❡♠♣t②✮ s❡q✉❡♥❝❡ ♦❢ ❛r❝s ✇r✐tt❡♥ u
P
→∗v✱ ♦r

u
P
→∗

E′v ✐❢ P ✉s❡s ♦♥❧② ❛r❝s ❢r♦♠ E ′✳ ❆ ♥♦♥✲❡♠♣t② ♣❛t❤ Q ✐s ✇r✐tt❡♥ ✇✐t❤ ❛ + s✐❣♥✿

u
Q
→+v✳ ❆ ❝②❝❧❡ ✐s ❛ ♥♦♥✲❡♠♣t② ♣❛t❤ u

C
→+v ✇✐t❤ v = u✳

●✐✈❡♥ ✐♥ GΠ ❛ ♣❛t❤ P = v0 → v1 → . . . → vℓ✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿
ℓ(P ) = ℓ ✐s t❤❡ ❧❡♥❣t❤ ♦❢ P ✱ V (P ) = {vh | 0 ≤ h ≤ ℓ}✱ W (P ) = V (P ) ∩ W ✱
Σ(P ) = V (P ) ∩ Σ✱ E(P ) = {vh → vh+1 | 0 ≤ h < ℓ}✱ F (P ) = E(P ) ∩ F ✱
D(P ) = E(P )∩D✱ X(P ) = E(P )∩X✳ ❆ ❝②❝❧❡ C ✐s s❛✐❞ t♦ ❜❡ s✐♠♣❧❡ ✐❢ ❛❧❧ ✈❡rt✐❝❡s
vh ❛r❡ ❞✐st✐♥❝t ✭❡①❝❡♣t v0 = vℓ✮✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ℓ(C) = |V (C)| = |E(C)|✳

❋✐rst Pr♦♣❡rt✐❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣✐✈❡s ❛ ✇❛② t♦ ❡①❤✐❜✐t ❝♦♥✢✐❝t✲❛r❝s ✐♥
s♦♠❡ ❝②❝❧❡s ♦❢ GΠ✳ ■t ✐s ✉s❡❞ ✐♥ Pr♦♣❡rt② ✻✳✷ t♦ ❣✐✈❡ ❛♥ ✐♥s✐❣❤t ♦♥ ❤♦✇ ❝♦♥✢✐❝t✲
❝②❝❧❡s ❝❛♥ ❛♣♣❡❛r ✐♥ t❤❡ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤✳

▲❡♠♠❛ ✻✳✶✳ ▲❡t C ❜❡ ❛ ✭♥♦t ♥❡❝❡ss❛r✐❧② s✐♠♣❧❡✮ ❝②❝❧❡ ♦❢ GΠ✳ ▲❡t c ∈ Σ✱ s✉❝❤
t❤❛t t❤❡r❡ ❡①✐sts a, b ∈ Σ(C) ✇✐t❤ a ≤ c < b✳ ❚❤❡♥ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥s ✐s tr✉❡✿

✭✐✮ C ❝♦♥t❛✐♥s ❛♥ ❛r❝ u→X v ✇✐t❤ v ≤ c < u
✭✐✐✮ C ❝♦♥t❛✐♥s ❜♦t❤ ❛r❝s c+ 1→F

〈

c, c+1
〉

❛♥❞
〈

c, c+1
〉

→F c

Pr♦♦❢✳ ❉❡✜♥❡ c+ = {d | d > c} ∪ {
〈

d, d+1
〉

| d > c} ❛♥❞ c− = {d | d ≤ c} ∪
{
〈

d, d+1
〉

| d < c}✳ ❚❤❡♥ c+ ∪ {
〈

c, c+1
〉

} ∪ c− ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ V ✳ ❲❡ s❤♦✇
t❤❛t ✇❤❡♥ ♣r♦♣♦s✐t✐♦♥ ✭✐✮ ✐s ❢❛❧s❡✱ ♣r♦♣♦s✐t✐♦♥ ✭✐✐✮ ✐s ♥❡❝❡ss❛r✐❧② tr✉❡✳ ❆ss✉♠❡ t❤❛t
♣r♦♣♦s✐t✐♦♥ ✭✐✮ ✐s ❢❛❧s❡✳ ❙✐♥❝❡ C ❝♦♥t❛✐♥s ✈❡rt✐❝❡s ✐♥ ❜♦t❤ c+∪{

〈

c, c+1
〉

} ❛♥❞ c− ✭r❡s♣✳
b ❛♥❞ a✮✱ ✐t t❤✉s ❝♦♥t❛✐♥s ❛♥ ❛r❝ u → v ✇✐t❤ u ∈ c+ ∪ {

〈

c, c+1
〉

} ❛♥❞ v ∈ c−✳ ❲❡
♠✉st ❤❛✈❡ u→ v ∈ F ✱ ♦t❤❡r✇✐s❡ u→ v ∈ D ✐♠♣❧✐❡s u→ v ∈ X ✭s✐♥❝❡ u > v✮✱ ❛♥❞
♣r♦♣♦s✐t✐♦♥ ✭✐✮ ✇♦✉❧❞ ❜❡ tr✉❡✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ◆❡❝❡ss❛r✐❧② u =

〈

c, c+1
〉

❛♥❞ v = c
✭t❤❡r❡ ✐s ♥♦ ❛r❝ ✐♥ F ❣♦✐♥❣ ♦✉t ♦❢ c+ ✐♥t♦ c−✮✳ ❙♦ C ❝♦♥t❛✐♥s t❤❡ ❛r❝

〈

c, c+1
〉

→ c✳
❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛♥ ❛r❝ u′ → v′ ✐♥ C ✇✐t❤ u′ ∈ c+

❛♥❞ v′ ∈ {
〈

c, c+1
〉

} ∪ c−✳ ❙✐♥❝❡ u′ → v′ ❝❛♥♥♦t ❜❡ ✐♥ X ✭s✐♥❝❡ ♣r♦♣♦s✐t✐♦♥ ✭✐✮ ✐s
❢❛❧s❡✮ ♥♦r ✐♥ D −X ✭t❤❡s❡ ❛r❝s ❣♦ ❢r♦♠ c− t♦ c+✮✱ t❤❡♥ ✐t ✐s ✐♥ F ✱ ❛♥❞ ✇❡ ❝❛♥ ♦♥❧②
❤❛✈❡ u′ = c + 1 ❛♥❞ v′ =

〈

c, c+1
〉

✳ ❙♦ C ❛❧s♦ ✉s❡s t❤❡ ❛r❝
〈

c, c+1
〉

→F c✱ ❛♥❞ t❤✉s
♣r♦♣♦s✐t✐♦♥ ✭✐✐✮ ✐s tr✉❡✳

Pr♦♣❡rt② ✻✳✷✳ ▲❡t C ❜❡ ❛ s✐♠♣❧❡ ❝②❝❧❡ ✇✐t❤ |D(C)| ≥ 2✳ ❚❤❡♥ C ✐s ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✳

Pr♦♦❢✳ ▲❡t a = min(Σ(C))✱ b = max(Σ(C))✱ ❛♥❞ u →D v ❛♥❞ u′ →D v′ t✇♦ ❛r❝s
♦❢ D ❛♣♣❡❛r✐♥❣ ✐♥ C✳ ❇② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✇❡ s✉♣♣♦s❡ C ✐s ♥♦t ❛ ❝♦♥✢✐❝t✲❝②❝❧❡ ✭✐✳❡✳✱ C
❝♦♥t❛✐♥s ♥♦ ❛r❝ ♦❢ X✮✳ ❋♦r ❡❛❝❤ c ∈ Σ ✇✐t❤ a ≤ c < b✱ ✇❡ ❝❛♥ ✉s❡ ▲❡♠♠❛ ✻✳✶✿ ♦♥❧②
♣r♦♣♦s✐t✐♦♥ ✭✐✐✮ ❝❛♥ ❜❡ tr✉❡ ❢♦r ❡❛❝❤ c✱ ❛♥❞ t❤❡r❡ ✐s ❛♥ ❛r❝ ♦❢ F ❣♦✐♥❣ ♦✉t ♦❢ c + 1
❛♥❞ ❛♥♦t❤❡r ❣♦✐♥❣ ✐♥t♦ c ❛♣♣❡❛r✐♥❣ ✐♥ ❝②❝❧❡ C✳ ❙✐♥❝❡ t❤✐s ❝②❝❧❡ ✐s s✐♠♣❧❡✱ ✇❡ ❤❛✈❡
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u 6= c + 1 ❛♥❞ v 6= c ❢♦r ❛❧❧ a ≤ c < b ✭❛♥❞ s✐♠✐❧❛r❧②✱ u′ 6= c + 1 ❛♥❞ v′ 6= c✮✳ ❇②
❞❡✜♥✐t✐♦♥ ♦❢ a ❛♥❞ b✱ u, u′, v, v′ ❝❛♥♥♦t ❜❡ ♦✉t ♦❢ t❤❡ ✐♥t❡r✈❛❧ Ja ; bK✱ s♦ u = u′ = a
❛♥❞ v = v′ = b✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ s✐♠♣❧❡ ❝②❝❧❡ C ✉s❡s t✇✐❝❡ t❤❡ s❛♠❡ ❛r❝ a→D b✱
❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✻✳✷ ❈✉tt✐♥❣ ❆❧❧ ❈♦♥✢✐❝t✲❈②❝❧❡s ✐♥ GΠ ■s ❊♥♦✉❣❤

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❤♦✇ t♦ ❝♦♥str✉❝t GΠ st❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥♣✉t ♣❛rt✐❛❧
♦r❞❡r Π✱ ✇❡ t✉r♥ t♦ ♣r♦✈✐♥❣ t❤❡ ♠❛✐♥ str✉❝t✉r❛❧ r❡s✉❧t ♦❢ ♦✉r ♣❛♣❡r✿ ❝♦♥✢✐❝t✲❝②❝❧❡s
❝♦♥t❛✐♥ ❛❧❧ t❤❡ ❝♦♥✢✐❝ts ❜❡t✇❡❡♥ t❤❡ ♣❛rt✐❛❧ ♦r❞❡r Π ❛♥❞ t❤❡ ✐❞❡♥t✐t② ♣❡r♠✉t❛t✐♦♥ In
✭s❡❡ ❚❤❡♦r❡♠ ✻✳✸✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❤❡♥ ❛♣♣r♦♣r✐❛t❡ ❛❞❥❛❝❡♥❝✐❡s ✐♥ In ✭✐❞❡♥t✐✜❡❞
❛s ✈❡rt✐❝❡s ✐♥ W ✮ ❛r❡ r❡♠♦✈❡❞✱ t❤❡ r❡♠❛✐♥✐♥❣ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤ ❤❛s ♥♦ ❝♦♥✢✐❝t✲
❝②❝❧❡ ❛♥❞ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t t♦ ♦❜t❛✐♥ ❛ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ Π
t❤❛t ♣r❡s❡r✈❡s ❛❧❧ t❤❡ r❡♠❛✐♥✐♥❣ ❛❞❥❛❝❡♥❝✐❡s ✐♥ In✳

❚❤❡♦r❡♠ ✻✳✸✳ ▲❡t Π ❜❡ ❛ ♣❛rt✐❛❧ ♦r❞❡r✱ GΠ = (V,E) ✐ts ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤
✭✇✐t❤ V = Σ ∪W ❛♥❞ E = D ∪ F ✮✱ ❛♥❞ W ′ ⊆ W ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣❡r♠✉t❛t✐♦♥
π ♦✈❡r Σ✱ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ Π✱ ❛♥❞ ❝♦♥t❛✐♥✐♥❣ ❡✈❡r② ❛❞❥❛❝❡♥❝② ❢r♦♠ W ′ ✐✛ GΠ[W

′∪Σ]
❤❛s ♥♦ ❝♦♥✢✐❝t✲❝②❝❧❡✳

Pr♦♦❢✳ (⇒) ▲❡t π ❜❡ ❛ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ Π ❝♦♥t❛✐♥✐♥❣ ❡✈❡r② ❛❞❥❛❝❡♥❝② ♦❢ W ′✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❝♦♥❝❧✉❞❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳

▲❡♠♠❛ ✻✳✹✳ ■♥ t❤✐s ▲❡♠♠❛✱ ✇❡ ✉s❡ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✻✳✸ ❛♥❞ t❤❡ ❢❛❝t
t❤❛t π ✐s ❛ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ Π ❝♦♥t❛✐♥✐♥❣ ❡✈❡r② ❛❞❥❛❝❡♥❝② ♦❢ W ′✳ ▲❡t P = v1 →
v2 → . . . → vℓ ❜❡ ❛ ♣❛t❤ ✇✐t❤ ✈❡rt✐❝❡s ✐♥ W ′ ∪ Σ s✉❝❤ t❤❛t ✭❍✶✮ t❤❡ ✈❡rt✐❝❡s vi✱
1 ≤ i ≤ ℓ ❛r❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t✱ ✭❍✷✮ ℓ ≥ 2✱ ✭❍✸✮ v1, vℓ ∈ Σ✱ ❛♥❞ ✭❍✹✮ ❢♦r ❛♥②
1 ≤ i < ℓ, vi → vi+1 ∈ F ✳
▲❡t a = min(v1, vℓ) ❛♥❞ b = max(v1, vℓ)✳ ❚❤❡♥ t❤❡ s❡q✉❡♥❝❡

〈

a, a+1, a+2, . . . , b
〉

✐s
❛ ❢❛❝t♦r ♦❢ π✳ ▼♦r❡♦✈❡r✱ Σ(P ) = Ja ; bK ❛♥❞ W (P ) = {

〈

c, c+1
〉

| a ≤ c < b}✳

Pr♦♦❢✳ ❯s✐♥❣ ❍✹✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ (W ′ ∪ Σ, F )✳ ❲✐t❤ ❍✸
✇❡ ♦❜t❛✐♥ t❤❛t ℓ ✐s ♦❞❞✱ ❛♥❞ v2i−1 ∈ Σ ✭❢♦r ❛♥② 1 ≤ i ≤ ℓ+1

2
✮ ✇❤❡r❡❛s v2i ∈ W ′ ✭❢♦r

❛♥② 1 ≤ i ≤ ℓ−1
2
✮✳ ▼♦r❡♦✈❡r✱ ❍✷ ✐♠♣❧✐❡s t❤❛t ℓ ≥ 3✳ ❚❤❡ ♣r♦♦❢ ✐s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ ℓ✿

❋♦r ℓ = 3✱ s✐♥❝❡ v1 →F v2 ❛♥❞ v1 ∈ Σ✱ t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ❝❛s❡s✿ ✭✐✮ v2 =
〈

v1, v1+1
〉

❛♥❞ ✭✐✐✮ v2 =
〈

v1−1, v1
〉

✳
✭✐✮ v2 =

〈

v1, v1+1
〉

✳ ❚❤❡♥ v3 = v1 + 1 ✭s✐♥❝❡ v2 →F v3 ❛♥❞ v3 6= v1✱ ❞✉❡ t♦ ❍✶✮✳
■♥ t❤✐s ❝❛s❡✱ a = v1✱ b = a + 1 ❛♥❞

〈

a, b
〉

✐s ❛ ❢❛❝t♦r ♦❢ π ✭✐♥❞❡❡❞✱ ✐t ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❛❞❥❛❝❡♥❝② v2 ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ W ′✮✳

✭✐✐✮ v2 =
〈

v1−1, v1
〉

✳ ▲✐❦❡✇✐s❡✱ v3 = v1 − 1✱ a = v3✱ b = a + 1✱ ❛♥❞
〈

a, b
〉

✐s ❛
❢❛❝t♦r ♦❢ π✳

❋✐♥❛❧❧②✱ ✐♥ ❜♦t❤ ❝❛s❡s ✇❡ ❤❛✈❡ Σ(P ) = {v1, v3} = Ja ; bK ❛♥❞ W (P ) = {v2} =
{
〈

a, a+1
〉

}✿ t❤❡ ❧❡♠♠❛ ✐s tr✉❡ ❢♦r ℓ = 3✳
❋♦r ℓ = ℓ′ + 2✱ ℓ′ ≥ 3✱ ❜② ✐♥❞✉❝t✐♦♥✱ t❤❡ ❧❡♠♠❛ ✐s tr✉❡ ❢♦r t❤❡ ♣❛t❤ P ′ = v1 →
. . . → vℓ′ ✳ ❆❣❛✐♥✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t✇♦ ❞✐✛❡r❡♥t ❝❛s❡s ✭s❡❡ ❋✐❣✳ ✻✳✸❛ ❛♥❞ ✻✳✸❜✮✿
✭✐✮ v1 < vℓ′ ❛♥❞ ✭✐✐✮ v1 > vℓ′ ✳

✭✐✮ ■♥ t❤✐s ❝❛s❡✱ vℓ′−1 =
〈

vℓ′−1, vℓ′
〉

✱ ❛♥❞ ❜② ❍✶✱ vℓ−1 = vℓ′+1 =
〈

vℓ′ , vℓ′+1
〉

✱ ❛♥❞
vℓ = vℓ′+2 = vℓ′ +1✳ ■❢ ✇❡ ✇r✐t❡ a′ = v1 ❛♥❞ b′ = vℓ′ ✱ t❤❡♥ ❜② ✐♥❞✉❝t✐♦♥ t❤❡ s❡q✉❡♥❝❡
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v1

v3

vℓ′

vℓ

= a

= a+ 1

= b− 1

= b

v2

vℓ−1 ......
✭❛✮

v1

v3

vℓ′

vℓ = a

= a+ 1

= b− 1

= b
v2

vℓ−1

......
✭❜✮

❋✐❣✉r❡ ✻✳✸✿ ❚✇♦ t②♣❡s ♦❢ ♣❛t❤s ❛r❡ ♣♦ss✐❜❧❡ ✐♥ (W ′ ∪ Σ, F )✳

〈

a′, a′+1, . . . , b′
〉

✐s ❛ ❢❛❝t♦r ♦❢ π✳ ❆♥❞ t❤❡ s❡q✉❡♥❝❡
〈

b′, b′+1
〉

✐s ❛❧s♦ ❛ ❢❛❝t♦r ♦❢ π✱
s✐♥❝❡ ✐t ❝♦rr❡s♣♦♥❞s t♦ ✈❡rt❡① vℓ′+1 ∈ W

′✳ ❙♦ t❤❡ ❢✉❧❧ s❡q✉❡♥❝❡
〈

a′, a′+1, . . . , b′, b′+1
〉

✐s ❛ ❢❛❝t♦r ♦❢ π✳ ❚❤✐s ♣r♦✈❡s t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛✱ s✐♥❝❡ a = v1 = a′ ❛♥❞
b = vℓ = b′ + 1✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ✐s ❛❧s♦ tr✉❡ ✇✐t❤ Σ(P ) = Σ(P ′) ∪ {b} ❛♥❞
W (P ) = W (P ′) ∪ {

〈

b−1, b
〉

}✳
✭✐✐✮ ❚❤✐s ❝❛s❡ ✐s s②♠♠❡tr✐❝ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ✇✐t❤ a = a′ − 1 = vℓ′ − 1✱ b =

b′ = v1 ❛♥❞ vℓ = a✳ ❲❡ ❧✐♥❦ t♦❣❡t❤❡r t❤❡ s❡q✉❡♥❝❡s
〈

a′−1, a′
〉

❛♥❞
〈

a′, a′+1, . . . , b′
〉

t♦ ♣r♦✈❡ t❤❛t
〈

a′, a′+1, . . . , b′
〉

✐s ❛ ❢❛❝t♦r ♦❢ π✳ ▼♦r❡♦✈❡r✱ Σ(P ) = Σ(P ′) ∪ {a} ❛♥❞
W (P ) = W (P ′) ∪ {

〈

a, a+1
〉

}✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸ ✭❝♦♥t✐♥✉❡❞✮✿ ❲❡ s✉♣♣♦s❡✱ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❛t t❤❡r❡ ❡①✐sts
✐♥ GΠ[W

′ ∪ Σ] ❛ ❝②❝❧❡ C = v0 → v1 → v2 → . . . → vℓ = v0 ❝♦♥t❛✐♥✐♥❣ ❛♥ ❛r❝ ❢r♦♠
X ❲❧♦❣✱ ❛ss✉♠❡ t❤❛t t❤✐s ❛r❝ ✐s v0 →X v1✱ ❛♥❞ t❤❛t C ✐s s✐♠♣❧❡ ✭♦t❤❡r✇✐s❡✱ t❤❡r❡
❡①✐sts ❛ s✐♠♣❧❡ s✉❜✲❝②❝❧❡ ♦❢ C t❤❛t ❝♦♥t❛✐♥s ❛♥ ❛r❝ ❢r♦♠ X✮✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦
❝❛s❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r v0 →X v1 ✐s t❤❡ ♦♥❧② ❛r❝ ✐♥ D(C)✳

❋✐rst ❝❛s❡✿ v0 → v1 ∈ X ❛♥❞ ❢♦r ❛❧❧ i✱ 1 ≤ i < ℓ✱ vi → vi+1 ∈ F ❤♦❧❞s✳ ■♥ t❤❛t
❝❛s❡✱ ✇❡ ❝❛♥ ❞✐r❡❝t❧② ✉s❡ ▲❡♠♠❛ ✻✳✹✳ ■♥❞❡❡❞✱ t❤❡ ♣❛t❤ v1 → v2 → . . . → vℓ = v0
s❛t✐s✜❡s ❤②♣♦t❤❡s✐s ❍✶ ✭❜② s✐♠♣❧✐❝✐t② ♦❢ C✮✱ ❍✷ ✭♦t❤❡r✇✐s❡ t❤❡r❡ ✇♦✉❧❞ ❜❡ ❛ ❧♦♦♣
v0 → v0 ✐♥ X✮✱ ❍✸ ✭s✐♥❝❡ vℓ → v1 ∈ D✮ ❛♥❞ ❍✹ ✭t❤✐s ✐s ❛ss✉♠❡❞ ✐♥ t❤✐s ✜rst ❝❛s❡✮✳
❲❡ ❛❧s♦ ❦♥♦✇✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t v0 →X v1✱ t❤❛t v1 < vℓ✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t
〈

v1, v1+1, . . . , vℓ
〉

✐s ❛ ❢❛❝t♦r ♦❢ π✱ s♦ v1 <π vℓ = v0✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t π
✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ Π✱ s✐♥❝❡ v0 <Π v1✳

❙❡❝♦♥❞ ❝❛s❡✿ ▲❡t i0 = 0, i1, . . . , ih−1, ih = ℓ ❜❡ t❤❡ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✐♥❞✐❝❡s
s✉❝❤ t❤❛t vij → vij+1 ∈ D ❢♦r ❛❧❧ j s✉❝❤ t❤❛t 0 ≤ j < h✳ ◆♦t❡ t❤❛t h ≥ 2 ❛♥❞ ❢♦r ❛❧❧
j✱ ✇❡ ❤❛✈❡ vij ∈ Σ✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ j < h✱ t❤❡ r❡❧❛t✐♦♥ vij <π vij+1

❤♦❧❞s✳
❚❤❡ ❝❛s❡ ✇❤❡r❡ ij+1 = ij + 1 ✐s ❡❛s②✱ s✐♥❝❡ t❤❡ ❛r❝ vij →D vij+1 ✐♠♣❧✐❡s vij <Π vij+1

✭❜② ❝♦♥str✉❝t✐♦♥ ♦❢ GΠ✮ ❛♥❞ t❤✉s vij <π vij+1
✱ s✐♥❝❡ π ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ Π✳ ◆♦✇✱

❛ss✉♠❡ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛r❝s ❜❡t✇❡❡♥ vij ❛♥❞ vij+1
✱ ✐✳❡✳ ij+1 = ij +m ✇✐t❤ m ≥ 2✳

❲❡ ✉s❡ ▲❡♠♠❛ ✻✳✹ ✇✐t❤ t❤❡ ♣❛t❤ P ✐♥ F ❣✐✈❡♥ ❜② vij+1 → vij+2 → . . . → vij+m✳
P❛t❤ P s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ❍✶✱ ❍✷✱ ❍✸ ❛♥❞ ❍✹ ♦❢ t❤❡ ❧❡♠♠❛✱ t❤✉s ♦♥❡ ♦❢ t❤❡
s❡q✉❡♥❝❡s

〈

vij+1, vij+1+1, . . . , vij+m

〉

❛♥❞
〈

vij+m, vij+m+1, . . . , vij+1

〉

✐s ❛ ❢❛❝t♦r ♦❢ π✳
◆♦t❡ t❤❛t vij ✐s ❛ ❞✐st✐♥❝t ✈❡rt❡① ❢r♦♠ vij+1

✭s✐♥❝❡ h ≥ 2✮✱ ❛♥❞ ❢r♦♠ ♦t❤❡r ✈❡rt✐❝❡s ✐♥
t❤❡ s❡t Σ(P ) ❛s ✇❡❧❧ ✭s✐♥❝❡ ❡❛❝❤ ♦❢ t❤❡♠ ✐s t❤❡ s♦✉r❝❡ ♦❢ ❛♥ ❛r❝ ❢r♦♠ F ✐♥ C✱ ✇❤❡r❡❛s
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vij ✐s t❤❡ s♦✉r❝❡ ♦❢ ❛♥ ❛r❝ ❢r♦♠ D ✐♥ C✮✳ ❈♦♥s❡q✉❡♥t❧②✱ vij ❝❛♥♥♦t ❛♣♣❡❛r ✐♥ ❡✐t❤❡r
♦❢ t❤❡ ❢❛❝t♦rs

〈

vij+1, vij+1+1, . . . , vij+m

〉

❛♥❞
〈

vij+m, vij+m+1, . . . , vij+1

〉

♦❢ π✳ ❆s vij
♣r❡❝❡❞❡s vij+1 ✐♥ Π ✭❛♥❞ t❤✉s ✐♥ π✮✱ ✇❡ ❤❛✈❡ vij <π vi′ ❢♦r ❛❧❧ i′ ∈ Jij + 1 ; ij +mK✱
❛♥❞ ♣❛rt✐❝✉❧❛r❧②✱ vij <π vij+1

✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ vij <π vij+1

❢♦r ❛❧❧ j < h ❛♥❞ vih = vi0 ✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥
s✐♥❝❡ t❤❡r❡ ❝❛♥ ❜❡ ♥♦ ❝②❝❧❡ ✐♥ t❤❡ r❡❧❛t✐♦♥ <π✳ ❍❡♥❝❡✱ t❤❡ s✉❜❣r❛♣❤ GΠ[W

′ ∪ Σ]
❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❝♦♥✢✐❝t✲❝②❝❧❡✳

(⇐) ✭❝♦♥str✉❝t✐✈❡ ♣r♦♦❢✮ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞ t♦ ❝♦♥str✉❝t ❛ ❧✐♥❡❛r✐③❛t✐♦♥
π ♦❢ Π ❝♦♥t❛✐♥✐♥❣ ❛❧❧ ❛❞❥❛❝❡♥❝✐❡s ♦❢ W ′✱ ✇❤❡r❡ t❤❡ s✉❜❣r❛♣❤ G′ = GΠ[W

′ ∪ Σ] ✐s
❛ss✉♠❡❞ t♦ ❝♦♥t❛✐♥ ♥♦ ❝♦♥✢✐❝t✲❝②❝❧❡✳ ❲❡ ❞❡♥♦t❡ ❜② V1, . . . Vk t❤❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts ♦❢ G′✱ ♦r❞❡r❡❞ ❜② t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r ✭✐✳❡✳✱ ✐❢ u, v ∈ Vi✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤
❢r♦♠ u t♦ v ❀ ♠♦r❡♦✈❡r✱ ✐❢ u ∈ Vi ❛♥❞ v ∈ Vj ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ u →∗v ✐♥ G′✱
t❤❡♥ i ≤ j✮✳ ❲❡ s♦rt t❤❡ ❡❧❡♠❡♥ts ♦❢ ❡❛❝❤ s❡t Vi ∩ Σ ✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r ♦❢ ✐♥t❡❣❡rs✱
❛♥❞ ♦❜t❛✐♥ ❛ s❡q✉❡♥❝❡ µi✳ ❚❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥

〈

µ1, µ2, . . .
〉

❣✐✈❡s π✱ ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢
Σ✳ ❲❡ ♥♦✇ ❝❤❡❝❦ t❤❛t π ❝♦♥t❛✐♥s ❡✈❡r② ❛❞❥❛❝❡♥❝② ✐♥ W ′ ❛♥❞ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ Π✳

▲❡t
〈

a, a+1
〉

∈ W ′✳ ❱❡rt✐❝❡s a ❛♥❞ a + 1 ❛r❡ ✐♥ t❤❡ s❛♠❡ str♦♥❣ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥t Vi✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛r❝s a ↔

〈

a, a+1
〉

↔ a + 1✳ ❚❤♦s❡ t✇♦ ❡❧❡♠❡♥ts ❛r❡
♦❜✈✐♦✉s❧② ❝♦♥s❡❝✉t✐✈❡ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ µi✱ ❛♥❞ ❛♣♣❡❛r ❛s ❛♥ ❛❞❥❛❝❡♥❝② ✐♥ π✳ ❇②
❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ ♥♦✇ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ❞✐st✐♥❝t ❡❧❡♠❡♥ts a, b ∈ Σ s✉❝❤ t❤❛t
a <π b ❛♥❞ b <Π a✳ ❲❡ ❞❡♥♦t❡ ❜② i ❛♥❞ j t❤❡ ✐♥❞✐❝❡s s✉❝❤ t❤❛t a ∈ Vi ❛♥❞ b ∈ Vj✳

❙✐♥❝❡ a <π b✱ ✇❡ ❤❛✈❡ i ≤ j✱ ❛♥❞ s✐♥❝❡ b <Π a✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ b
P1→+

Da ✐♥ (Σ, D)✳
❚❤❡r❡❢♦r❡✱ ✐♥ G′✱ ✇❡ ❤❛✈❡ i ≥ j✳ ❲❡ t❤✉s ❞❡❞✉❝❡ t❤❛t i = j✱ ❛♥❞ t❤❡r❡❢♦r❡ a ❛♥❞
b s❤❛r❡ t❤❡ s❛♠❡ str♦♥❣ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❛❧s♦ ❡①✐sts

❛ ♣❛t❤ P2 ❢r♦♠ a t♦ b ✐♥ G′✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ❛ ❝②❝❧❡ b
P1→+a

P2→+b✱ ✇❤✐❝❤ ❝❛♥♥♦t
❜❡ ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✱ t❤✉s t❤♦s❡ ♣❛t❤s ❞♦ ♥♦t ✉s❡ ❛♥② ❛r❝ ❢r♦♠ X✳ ❚❤❡ ❧❛tt❡r ✐s ✐♥
♣❛rt✐❝✉❧❛r tr✉❡ ❛❧♦♥❣ P1✱ ✇❤✐❝❤ ✐♠♣❧✐❡s b < a✱ s✐♥❝❡ ❡❛❝❤ ❛r❝ u → v ✐♥ D − X ✐s
s✉❝❤ t❤❛t u < v✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ a ❛♣♣❡❛rs ❜❡❢♦r❡ b ✐♥ π✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥ µi✱
s♦ a < b✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❋✐♥❛❧❧② π ✐s ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥ ❢♦r ▼❇▲✭Π✮✱ ✇✐t❤ ❛t ❧❡❛st
|W ′| ❝♦♠♠♦♥ ❛❞❥❛❝❡♥❝✐❡s ✇✐t❤ t❤❡ ✐❞❡♥t✐t② ♣❡r♠✉t❛t✐♦♥ In✳

❙✐♥❝❡ ❛❧❧ ✈❡rt✐❝❡s ✐♥ W −W ′ ❝♦✉♥t ❢♦r ✉♥❝♦♥s❡r✈❡❞ ❛❞❥❛❝❡♥❝✐❡s ✭❛♥❞ t❤✉s ❞❡✜♥❡
dB(π, In)✮✱ ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✸ ✇❡ ❞✐r❡❝t❧② ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✻✳✺✳ ❚❤❡ ✈❛❧✉❡ k ♦❢ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ▼❇▲(Π) ✐s t❤❡ ♠✐♥✐♠✉♠
♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦♥❡ ♥❡❡❞s t♦ ❞❡❧❡t❡ ✐♥ W t♦ r❡♠♦✈❡ ❛❧❧ ❝♦♥✢✐❝t✲❝②❝❧❡s ❢r♦♠ GΠ✳

✻✳✸ ❆❧❣♦r✐t❤♠s ❇❛s❡❞ ♦♥ ❙✉❜s❡t✲❋❱❙

❚❤❡ str✉❝t✉r❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥ ✭❚❤❡♦r❡♠ ✻✳✸ ❛♥❞ ❈♦r♦❧❧❛r② ✻✳✺✮ ❡♥t❛✐❧s ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ▼❇▲ t♦
❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✇❡❧❧ st✉❞✐❡❞ ❋❡❡❞❜❛❝❦ ❱❡rt❡① ❙❡t ✭❋❱❙✮ ♣r♦❜❧❡♠✱ ✇❤❡r❡
♦♥❧② t❤❡ ❝♦♥✢✐❝t✲❝②❝❧❡s ♠✉st ❜❡ ❝✉t✳ ❚❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥✱ ♥❛♠❡❞ ❙✉❜s❡t✲❋❱❙ ❛♥❞
st✉❞✐❡❞ ❜② ❊✈❡♥ ❡t ❛❧✳ ❬✻✻❪✱ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

Pr♦❜❧❡♠ ❙✉❜s❡t✲❋❱❙
■♥♣✉t ❆ ❞✐r❡❝t❡❞ ❣r❛♣❤ G = (V,E)✱ ❛ s❡t Y ⊆ V ∪E✱ ❛ ✇❡✐❣❤t ♠❛♣

w : V → R

❖✉t♣✉t ❆ s❡t V ′′ ⊆ V s✉❝❤ t❤❛t✱ ✇✐t❤ V ′ = V −V ′′✱ ♥♦ ❝②❝❧❡ ✐♥ G[V ′]
✉s❡s ❛ ✈❡rt❡① ♦r ❛♥ ❛r❝ ❢r♦♠ Y

▼✐♥✐♠✐③❡ ❚❤❡ ✇❡✐❣❤t ♦❢ V ′′



✻✳✸✳ ❆▲●❖❘■❚❍▼❙ ❇❆❙❊❉ ❖◆ ❙❯❇❙❊❚✲❋❱❙ ✶✼✼

❆❧❣♦r✐t❤♠ ✻✳✶ ❘❡❞✉❝t✐♦♥ ❢r♦♠ ▼❇▲ t♦ ❆❖●✲❙✉❜s❡t✲❋❱❙✳
■♥♣✉t✿ ❆ ❞✐r❡❝t❡❞ ❛❝②❝❧✐❝ ❣r❛♣❤ Π = (Σ, D)

✶✿ ❈r❡❛t❡ GΠ = (V,E) t❤❡ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤ ♦❢ Π
✷✿ W ′′ ← ❆❖●✲❙✉❜s❡t✲❋❱❙(GΠ, X[GΠ], w[GΠ]) ✴✯ ✉s✐♥❣ ❡✳❣✳ ❬✻✻✱ ✹✾❪ ✯✴
✸✿ W ′ ← W −W ′′

✹✿ (V1, V2, . . . , Vh)← ❙❈❈✲s♦rt✭GΠ[W
′ ∪ Σ]✮

✺✿ ❢♦r i← 1 t♦ h ❞♦
✻✿ µi ← s♦rt✭Vi ∩ Σ✮
✼✿ ❡♥❞ ❢♦r
✽✿ π ←

〈

µ1, µ2, . . . , µh

〉

✾✿ r❡t✉r♥ π

■♥ ♦✉r ❛♣♣r♦❛❝❤✱ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❙✉❜s❡t✲❋❱❙ t♦
❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤s✱ ✇❤❡r❡ Y ✐s t❤❡ s❡t ♦❢ ❝♦♥✢✐❝t ❛r❝s ❛♥❞ w ✐s s✉❝❤ t❤❛t ♦♥❧②
✈❡rt✐❝❡s ✐♥ W ❝❛♥ ❜❡ ❞❡❧❡t❡❞✿

Pr♦❜❧❡♠ ❆❖●✲❙✉❜s❡t✲❋❱❙
■♥♣✉t ❆♥ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤ GΠ✱ Y = X[GΠ]✱ w = w[GΠ]
❖✉t♣✉t ❆ s❡t W ′′ s♦❧✉t✐♦♥ ♦❢ ❙✉❜s❡t✲❋❱❙(GΠ, Y, w)
▼✐♥✐♠✐③❡ ❚❤❡ ✇❡✐❣❤t ♦❢ W ′′

❲❡ ♥♦t❡ t❤❛t ❛♥② ❛❧❣♦r✐t❤♠ ❢♦r ❙✉❜s❡t✲❋❱❙ ✐s ❛❧s♦ ✈❛❧✐❞ ❢♦r ❆❖●✲❙✉❜s❡t✲
❋❱❙ ✇✐t❤ t❤❡ s❛♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ❛♥❞ r✉♥♥✐♥❣ t✐♠❡✳ ❆❧s♦✱ ❛s t❤❡ ✇❡✐❣❤ts ♦❢ ❛❧❧
✈❡rt✐❝❡s ❛r❡ ❡✐t❤❡r ✶ ♦r∞✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ✉♥✇❡✐❣❤t❡❞ ✈❛r✐❛♥t
♦❢ ❙✉❜s❡t✲❋❱❙ ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ✈❡rt❡① ✇✐t❤ ✐♥✜♥✐t❡ ✇❡✐❣❤t ❜② |V |+1 ✈❡rt✐❝❡s ✇✐t❤
t❤❡ s❛♠❡ ✐♥❝♦♠✐♥❣ ❛♥❞ ♦✉t❣♦✐♥❣ ❛r❝s ✭t❤❡ r❡s✉❧t✐♥❣ ❣r❛♣❤ ❤❛s ❛ q✉❛❞r❛t✐❝ ♥✉♠❜❡r
♦❢ ✈❡rt✐❝❡s ❛♥❞ t❤❡ s❛♠❡ ❢❡❡❞❜❛❝❦ ✈❡rt❡① s❡ts✮✳

❚✇♦ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❛r❡ ❣✐✈❡♥ ✐♥ ❬✻✻❪ ❢♦r ❙✉❜s❡t✲❋❱❙✳ ❚❤❡ ✜rst ♦♥❡
❛❝❤✐❡✈❡s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ♦❢ O(log2 |Y |)✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❛❧❣♦r✐t❤♠ ❛❝❤✐❡✈❡s
❛ r❛t✐♦ ♦❢ O (min(log(τ ∗) log log(τ ∗), log(n) log log(n)))✱ ✇❤❡r❡ τ ∗ ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
♦♣t✐♠❛❧ ❢r❛❝t✐♦♥❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠ ✭t❤✉s
τ ∗ ✐s ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ❙✉❜s❡t✲❋❱❙✮✳ ❆❧s♦✱ ❈❤✐t♥✐s ❡t
❛❧✳ ❬✹✾❪ r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ❛♥ ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r ❙✉❜s❡t✲❋❱❙✱ ✇❤❡r❡ t❤❡ ♣❛r❛♠✲

❡t❡r ✐s |V ′|✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡② ❞❡s✐❣♥❡❞ ❛ 22
O(|V ′|)

nO(1) ❡①❛❝t ❛❧❣♦r✐t❤♠ ❢♦r t❤❡
✉♥✇❡✐❣❤t❡❞ ✈❡rs✐♦♥ ♦❢ ❙✉❜s❡t✲❋❱❙✳

❆❧❣♦r✐t❤♠ ✻✳✶ ✐s ❛ r❡❞✉❝t✐♦♥ ♦❢ ▼❇▲ t♦ ❆❖●✲❙✉❜s❡t✲❋❱❙ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦
✉s❡ t❤❡s❡ ❛❧❣♦r✐t❤♠s ✭s❡❡ ❋✐❣✉r❡ ✻✳✹ ❢♦r ❛♥ ❡①❛♠♣❧❡✮✳ ❲❡ ❞❡♥♦t❡ ❜② ❙❈❈✲s♦rt✭✮

❛ ❢✉♥❝t✐♦♥ t❤❛t ❞❡❝♦♠♣♦s❡s ❛ ❣r❛♣❤ ✐♥t♦ ✐ts str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✱ ❛♥❞
t❤❡♥ t♦♣♦❧♦❣✐❝❛❧ s♦rts t❤❡s❡ ❝♦♠♣♦♥❡♥ts✳ ❆❧s♦✱ ❧❡t s♦rt✭✮ ❜❡ ❛ ❢✉♥❝t✐♦♥ t❤❛t s♦rts
❛ s❡t ♦❢ ✐♥t❡❣❡rs ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ ✐ts ❡❧❡♠❡♥ts✳ ❆❧❣♦r✐t❤♠ ✻✳✶ ✐s
❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐✈❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸✱ ❛♥❞ ✐ts ❝♦rr❡❝t♥❡ss ❢♦❧❧♦✇s ❢r♦♠
❚❤❡♦r❡♠ ✻✳✸ ✐ts❡❧❢✳

❈♦r♦❧❧❛r② ✻✳✻✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛❧❣♦r✐t❤♠ ✉s❡❞ ❢♦r ❆❖●✲❙✉❜s❡t✲❋❱❙✱ ❆❧❣♦✲
r✐t❤♠ ✻✳✶ ❝❛♥ ❜❡ ❡✐t❤❡r

✕ ❛♥ ❡①♣♦♥❡♥t✐❛❧✲t✐♠❡ ❡①❛❝t ❛❧❣♦r✐t❤♠ ✭✇✐t❤ r✉♥♥✐♥❣ t✐♠❡ O(2n) ❜② ❜r✉t❡✲❢♦r❝❡✮✱

✕ ❛♥ ❋P❚ ❛❧❣♦r✐t❤♠ ✇✐t❤ r✉♥♥✐♥❣ t✐♠❡ 22
O(k)

nO(1)✱
✕ ❛♥ O

(

log2 |X|
)

✲❛♣♣r♦①✐♠❛t✐♦♥✱
✕ ❛♥ O (log(k) log log(k))✲❛♣♣r♦①✐♠❛t✐♦♥✱

✇❤❡r❡ |X| ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥✢✐❝t✲❛r❝s ✐♥ Π ❛♥❞ k t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ♦✉r ♣r♦❜❧❡♠✳
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1

2

3

4

5

6

〈2, 3〉

〈5, 6〉

〈1, 2〉

〈3, 4〉

〈4, 5〉

✭❛✮ ❘❡s✉❧t ♦❢ ❆❖●✲❙✉❜s❡t✲❋❱❙✿
W ′′ = {

〈

1, 2
〉

,
〈

3, 4
〉

,
〈

4, 5
〉

}

V1

V2

V3

V4

1

2

3

4

5

6

〈2, 3〉

〈5, 6〉

µ1 :

µ2 :

µ3 :

µ4 :

1

2

3

4

5

6

✭❜✮ ❙❈❈✲s♦rt ②✐❡❧❞s ❢♦✉r ❝♦♠♣♦♥❡♥ts V1✱ V2✱ V3
❛♥❞ V4✱ ❛♥❞ ❆❧❣♦r✐t❤♠ ✻✳✶ r❡t✉r♥s ♣❡r♠✉t❛t✐♦♥
π =

〈

4, 1, 5, 6, 2, 3
〉

❋✐❣✉r❡ ✻✳✹✿ ❑❡② st❡♣s ♦❢ ❆❧❣♦r✐t❤♠ ✻✳✶ ♦♥ t❤❡ ✐♥st❛♥❝❡ ♦❢ ▼❇▲ ♦❢ ❊①❛♠♣❧❡ ✻✳✶✳

◆♦t❡ t❤❛t t❤❡ t✇♦ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦s ❛r❡ ✐♥❝♦♠♣❛r❛❜❧❡✱ s✐♥❝❡ ✇❡ ♠❛② ❤❛✈❡
|X| ≈ nk ♦r k ≈ n|X|✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡s ✻✳✺❛ ❛♥❞ ✻✳✺❜✳

✻✳✹ ❆♥ (m2 + 4m− 4)✲❛♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣❛rt✐❛❧ ♦r❞❡r Π ✐s ❣❡♥❡r❛t❡❞ ❢r♦♠ m ❣❡♥❡
♠❛♣s✳ ❘❡❝❛❧❧ t❤❛t ❛ ❣❡♥❡ ♠❛♣ ✐s ❛ t♦t❛❧❧② ♦r❞❡r❡❞ s❡q✉❡♥❝❡ ♦❢ ❜❧♦❝❦s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤
✐s ❛♥ ✉♥♦r❞❡r❡❞ s❡t ♦❢ ♠❛r❦❡rs✳ ❲❡ ❡①♣❧♦✐t t❤✐s s✉♣♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥ t♦ ♦❜t❛✐♥
❛♥ (m2 + 4m − 4)✲❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❆❖●✲❙✉❜s❡t✲❋❱❙✱ ❛♥❞ t❤❡r❡❢♦r❡
❛ ♥❡✇ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ ❤❛✈✐♥❣ t❤❡ s❛♠❡ r❛t✐♦✱ ❢♦r ▼❇▲✳ ❇❡❢♦r❡ ❣✐✈✐♥❣ t❤❡
❛❧❣♦r✐t❤♠ ❛♥❞ ❛♥❛❧②③✐♥❣ ✐ts ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ ❛ ❢❡✇ ❞❡✜♥✐t✐♦♥s

p+ 1 p+ 2 . . . 2p

Π1 :

1 2 . . . p

✭❛✮ ❲✐t❤ Π1✿ |X| = p2 >> k = 1

Π2 : 1→ 3→ . . .→ (2p− 1)→ 2→ 4→ . . .→ (2p)

✭❜✮ ❲✐t❤ Π2✿ |X| = 1 << k = 2p− 1

❋✐❣✉r❡ ✻✳✺✿ ❈♦♠♣❛r✐♥❣ |X| ✭♥✉♠❜❡r ♦❢ ❝♦♥✢✐❝t✲❛r❝s ✐♥ Π✮ ✇✐t❤ k ✭t❤❡ ♦♣t✐♠❛❧ ❜r❡❛❦✲
♣♦✐♥t ❞✐st❛♥❝❡ t♦ t❤❡ ✐❞❡♥t✐t②✮✳



✻✳✹✳ ❆◆ (M2 + 4M − 4)✲❆PP❘❖❳■▼❆❚■❖◆ ❆▲●❖❘■❚❍▼ ✶✼✾

1

1 · 2

2

2 · 3

3

8

7 · 8

7

R

Q

P

❋✐❣✉r❡ ✻✳✻✿ ❈②❝❧❡ C = 2
P
→∗7

Q
→∗2 ✐s ❛ ❝♦♥✢✐❝t✲❝②❝❧❡ ✭✐t ❝♦♥t❛✐♥s 7 → 1 ∈ X✮✳ ❚❤❡

❧❡♥❣t❤✲✶ ♣❛t❤ R ❢♦r♠s ❛ s❤♦rt❝✉t ❢♦r C ✭✇✐t❤ C ′ = 2
P
→∗7

R
→∗2✱ C ′ ✐s ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✱

❛♥❞ W (Q) = {
〈

1, 2
〉

}✮✳ ❙♦ C ′ ✐s t❤❡ ♦♥❧② ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡✳

✻✳✹✳✶ ❉❡✜♥✐t✐♦♥s

❙❤♦rt❝✉t ❛♥❞ ▼✐♥✐♠❛❧ ❈♦♥✢✐❝t✲❈②❝❧❡

❆ ♣❛t❤ v
R
→ ∗

Du ✐♥ (Σ, D) ✐s s❛✐❞ t♦ ❜❡ ❛ s❤♦rt❝✉t ♦❢ ❛ ❝♦♥✢✐❝t✲❝②❝❧❡ C ✭s❡❡
❋✐❣✉r❡ ✻✳✻✮✱ ✐❢✿

✕ u, v ∈ Σ(C) ✭✇❡ ✇r✐t❡ P ❛♥❞ Q ❢♦r t❤❡ ♣❛t❤s s✉❝❤ t❤❛t C = u
P
→+v

Q
→+u✮✱

✕ ❝②❝❧❡ C ′ = u
P
→+v

R
→∗

Du ✐s ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✱
✕ W (Q) 6= ∅ ✭✉s✐♥❣ t❤❡ s❤♦rt❝✉t r❡♠♦✈❡s ❛t ❧❡❛st ♦♥❡ ❛❞❥❛❝❡♥❝②✮✳
❲❡ s❛② t❤❛t ❛ ❝♦♥✢✐❝t✲❝②❝❧❡ ✐s ♠✐♥✐♠❛❧ ✐❢ ✐t ❤❛s ♥♦ s❤♦rt❝✉t✳ ❲✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣❡rt②✱ ✇❡ ❡♥s✉r❡ t❤❛t r❡♠♦✈✐♥❣ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡s ✐s ❡♥♦✉❣❤ t♦ r❡♠♦✈❡ ❛❧❧
❝♦♥✢✐❝t✲❝②❝❧❡s✳

Pr♦♣❡rt② ✻✳✼✳ ■❢ ❛♥ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤ ❝♦♥t❛✐♥s ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✱ ✐t ❛❧s♦ ❝♦♥t❛✐♥s
❛ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡✳

Pr♦♦❢✳ ❚❛❦❡ ❛ ♥♦♥✲♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡ C✳ ■❢ C ✐s s✐♠♣❧❡✱ ✇❡ ✉s❡ t❤❡ s❤♦rt❝✉t t♦
❝r❡❛t❡ ❛ ❝♦♥✢✐❝t✲❝②❝❧❡ C ′ ✇✐t❤ |W (C ′)| < |W (C)|✳ ❖t❤❡r✇✐s❡✱ ✐❢ C ✐s ♥♦t s✐♠♣❧❡✱ t❤❡r❡

❡①✐sts ❛ ✈❡rt❡① u s✉❝❤ t❤❛t C = u
P
→+u

Q
→+u✱ ❛♥❞ ♦♥❡ ♦❢ P ❛♥❞ Q✱ s❛② P ✱ ✉s❡s ❛t

❧❡❛st ♦♥❡ ❛r❝ ♦❢ X✳ ❚❤✉s P ✐s ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✱ ✇✐t❤ |W (P )| ≤ |W (C)|✱ ❛♥❞ |ℓ(C ′)| <
|ℓ(C)|✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ✇❡ ❝r❡❛t❡ ❛ ❝♦♥✢✐❝t✲❝②❝❧❡ C ′ ✇✐t❤ ❡✐t❤❡r |W (C ′)| < |W (C)|✱ ♦r
|W (C ′)| = |W (C)| ❛♥❞ |ℓ(C ′)| < |ℓ(C)|✳ ■❢ C ′ ✐s ♥♦t ❛ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡✱ ✇❡ ❝❛♥
r❡♣❧❛❝❡ C ❜② C ′ ❛♥❞ ✐t❡r❛t❡ t❤✐s ♣r♦❝❡ss✿ ✐t ♥❡❝❡ss❛r✐❧② ❡♥❞s ✭ℓ(C) ❛♥❞ |W (C)| ♠✉st
r❡♠❛✐♥ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✮✱ ❛♥❞ r❡❛❝❤❡s ❛ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡✳

❏♦✐♥ts ❛♥❞ ■♥❞✐❝❡s

■♥ ❛ ❝②❝❧❡ C✱ ✇❡ ❝❛❧❧ ❥♦✐♥t ❛ ✈❡rt❡① e ∈ Σ ✇❤♦s❡ ✐♥❝✐❞❡♥t ❛r❝s ✐♥ C ❜❡❧♦♥❣ t♦ D(C)
❛♥❞ t♦ F (C)✳ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡r❡ ❡①✐st ✈❡rt✐❝❡s eD ❛♥❞ eF s✉❝❤ t❤❛t ❡✐t❤❡r

✐✳ ❜♦t❤ ❛r❝s eD →D e✱ e→F e
F ❛♣♣❡❛r ✐♥ C✱ ♦r

✐✐✳ ❜♦t❤ ❛r❝s eF →F e✱ e→D eD ❛♣♣❡❛r ✐♥ C✳
❈♦♥s❡q✉❡♥t❧②✱ t✇♦ t②♣❡s ♦❢ ❥♦✐♥ts ❛r❡ ✐❞❡♥t✐✜❡❞✿ ❛ ❥♦✐♥t ✐s ♦❢ t②♣❡ ✭✐✳✮ ✭r❡s♣✳ ✭✐✐✳✮✮

✐❢ ✐t ♠❛r❦s t❤❡ ❡♥❞ ♦❢ ❛ s✉❜♣❛t❤ ✇✐t❤ ❛r❝s ❢r♦♠ D ✭r❡s♣✳ ❢r♦♠ F ✮ ❛♥❞ t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ ❛ s✉❜♣❛t❤ ✇✐t❤ ❛r❝s ❢r♦♠ F ✭r❡s♣✳ ❢r♦♠ D✮✳ ■♥ ❜♦t❤ ❝❛s❡s✱ eF =

〈

e, e+1
〉

♦r
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eF =
〈

e−1, e
〉

✳ ❲❡ s❛② t❤❛t e ✐s ❛ ❧♦✇ ❥♦✐♥t ✐❢ eF =
〈

e, e+1
〉

✭✐♥t✉✐t✐✈❡❧②✱ e ✐s ❛t t❤❡
❜♦tt♦♠ ♦❢ ❛ s✉❜♣❛t❤ ✇✐t❤ ❛r❝s ❢r♦♠ F ✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ✐ts t②♣❡✮✳ ●✐✈❡♥ ❛ ✈❡rt❡①
w ∈ W (C)✱ ✇❡ s❛② t❤❛t e ✐s t❤❡ ❧♦✇ ❥♦✐♥t ❛ss♦❝✐❛t❡❞ t♦ w ✐♥ C✱ ✐❢ t❤❡ ❝②❝❧❡ C ✉s❡s
♦♥❡ ♦❢ t❤❡ ♣❛t❤s w →∗

F e ♦r e→
∗
Fw ✭e ✐s ❡✐t❤❡r t❤❡ ✜rst ❧♦✇ ❥♦✐♥t ❛❢t❡r w ✐♥ C✱ ♦r t❤❡

❧❛st ♦♥❡ ❜❡❢♦r❡ w✮✳
❘❡❝❛❧❧ t❤❛t Π ✐s ❝r❡❛t❡❞ ❢r♦♠ ❣❡♥❡ ♠❛♣s✱ ✐♥❞❡①❡❞ ❢r♦♠ 1 t♦ m✳ ❋r♦♠ t❤❡s❡ ❣❡♥❡

♠❛♣s✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t✇♦ ♣r♦♣❡rt✐❡s✿ ✭✶✮ ✐❢ t❤❡r❡ ✐s ❛♥ ❛r❝ ❜❡t✇❡❡♥ u ❛♥❞ v ✐♥ Π✱
t❤❡♥ u ❛♥❞ v ❛♣♣❡❛r ✐♥ ❝♦♥s❡❝✉t✐✈❡ ❜❧♦❝❦s ♦❢ t❤❡ s❛♠❡ ❣❡♥❡ ♠❛♣✱ ❛♥❞ ✭✷✮ ✐❢ u ❛♥❞
v ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ ❣❡♥❡ ♠❛♣✱ ❜✉t ✐♥ ❞✐✛❡r❡♥t ❜❧♦❝❦s✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤
u→+v ♦r v →+u ✐♥ Π✳

❋♦r ❡❛❝❤ u ∈ Σ✱ ✇❡ ❞❡♥♦t❡ I(u) ⊂ J1 ; mK t❤❡ ✐♥❞✐❝❡s ♦❢ t❤❡ ❣❡♥❡ ♠❛♣s ✐♥ ✇❤✐❝❤
u ❛♣♣❡❛rs ✭u ❛♣♣❡❛rs ✐♥ ❛t ❧❡❛st ♦♥❡ ❣❡♥❡ ♠❛♣✱ s♦ I(u) 6= ∅✮✳ ❋♦r ❡❛❝❤ ❛r❝ u→D v
♦❢ D✱ ✇❡ ❞❡♥♦t❡ η(u →D v) t❤❡ ✐♥❞❡① ♦❢ ❛ ❣❡♥❡ ♠❛♣ ✐♥ ✇❤✐❝❤ u ❛♥❞ v ❛♣♣❡❛r ✐♥
❝♦♥s❡❝✉t✐✈❡ ❜❧♦❝❦s✳ ❚❤❡♥ η(u →D v) ∈ I(u) ∩ I(v)✳ ●✐✈❡♥ ❛ ❝②❝❧❡ C✱ ✇❡ ❡①t❡♥❞
t❤❡ ♥♦t❛t✐♦♥ η t♦ ❡❛❝❤ ♦❢ ✐ts ❥♦✐♥ts e✿ η(e) = η(eD → e) ✐❢ e ✐s ♦❢ t②♣❡ ✭✐✮❀ ❛♥❞
η(e) = η(e→ eD) ♦t❤❡r✇✐s❡✳

❲❡ ❛❧s♦ ❡①t❡♥❞ I t♦ ♣❛t❤s✿ ❣✐✈❡♥ ❛ ♣❛t❤ P = u0 → u1 → . . .→ uℓ✱ ✇❡ ✇r✐t❡

I(P ) =
⋃

0≤i≤ℓ

ui∈Σ

I(ui)

Pr♦♣❡rt② ✻✳✽✳ ▲❡t e→ f ❜❡ ❛♥ ❛r❝ ♦❢ D✱ ❛♥❞ ❧❡t u ∈ Σ s✉❝❤ t❤❛t η(e→ f) ∈ I(u)✳
❚❤❡♥ ♦♥❡ ♦❢ t❤❡ ♣❛t❤s e→∗u ♦r u→∗f ❛♣♣❡❛rs ✐♥ t❤❡ ❣r❛♣❤ (Σ, D)✳

Pr♦♦❢✳ ❚❤❡ t❤r❡❡ ♠❛r❦❡rs u✱ e ❛♥❞ f ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ ❣❡♥❡ ♠❛♣ ✇✐t❤ ✐♥❞❡①
η(e→ f)✳ ■❢ u ❛♣♣❡❛rs ✐♥ ❛ ❜❧♦❝❦ str✐❝t❧② ❢♦❧❧♦✇✐♥❣ e✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ e→∗u
✐♥ Π✱ ❛♥❞ t❤✉s ✐♥ t❤❡ ❣r❛♣❤ (Σ, D)✳ ❊❧s❡✱ s✐♥❝❡ t❤❡ ❜❧♦❝❦ ♦❢ e str✐❝t❧② ♣r❡❝❡❞❡s t❤❡
❜❧♦❝❦ ♦❢ f ✱ u ❛❧s♦ ❛♣♣❡❛rs str✐❝t❧② ❜❡❢♦r❡ f ✐♥ t❤✐s ❣❡♥❡ ♠❛♣✱ s♦ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤
u→∗f ✐♥ Π ✭❛♥❞ t❤✉s ✐♥ t❤❡ ❣r❛♣❤ (Σ, D)✮✳

✻✳✹✳✷ ❆❧❣♦r✐t❤♠

❆❧❣♦r✐t❤♠ ✻✳✷ ✐s ❛♥ (m2+4m− 4)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❆❖●✲❙✉❜s❡t✲❋❱❙✳ ❯s❡❞
❛s ❛ s✉❜r♦✉t✐♥❡ ✐♥ ❆❧❣♦r✐t❤♠ ✻✳✶✱ ✐t ❣✐✈❡s ✉s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ r❛t✐♦ (m2+4m−4)
❢♦r t❤❡ ▼❇▲ ♣r♦❜❧❡♠ ✭s❡❡ ❈♦r♦❧❧❛r② ✻✳✶✻✮✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❢❡✇ ❝♦♥✢✐❝t ❝②❝❧❡s ❝❛♥
tr❛✈❡rs❡ t❤❡ s❛♠❡ ✈❡rt❡① ✇✐t❤♦✉t ✉s✐♥❣ t❤❡ s❛♠❡ ❥♦✐♥ts ✭❤❡r❡✱ ✏❢❡✇✑ r❡♣r❡s❡♥ts ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♠❛♣s✮✳ ■t t❤✉s ❞❡❧❡t❡s ❛❧❧ ❧♦✇ ❥♦✐♥ts ♦❢ s✉❝❝❡ss✐✈❡ ♠✐♥✐♠❛❧
❝♦♥✢✐❝t✲❝②❝❧❡s✱ ✉♥t✐❧ ♥♦ s✉❝❤ ❝②❝❧❡ r❡♠❛✐♥s✳ ❚❤❡ ❝♦rr❡❝t♥❡ss ✐s ❛ tr✐✈✐❛❧ ❝♦♥s❡q✉❡♥❝❡
♦❢ Pr♦♣❡rt② ✻✳✼✳

❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ✐s t❤♦r♦✉❣❤❧② ❛♥❛❧②③❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥❀ t❤✐s ❛♥❛❧②s✐s
❝❛♥ ❜❡ ❜r✐❡✢② s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ ❜♦✉♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❧♦✇
❥♦✐♥ts t❤❛t ❝❛♥ ❛♣♣❡❛r ✐♥ s♦♠❡ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡ ❜② O(m)✱ s❡❡ ▲❡♠♠❛ ✻✳✶✶
❢♦r ❛ ♠♦r❡ ♣r❡❝✐s❡ ❜♦✉♥❞✳ ❚❤❡♥✱ ✇❡ s❤♦✇ t❤❛t ❢♦r ❛♥② ❛❞❥❛❝❡♥❝② w ∈ W ✱ ❛t ♠♦st
2m ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡s ✉s✐♥❣ w ❝❛♥ ❛♣♣❡❛r ❞✉r✐♥❣ st❡♣ ✷ ♦❢ ❆❧❣♦r✐t❤♠ ✻✳✷✿
❜② ▲❡♠♠❛ ✻✳✶✸✱ t❤❡r❡ ❝❛♥♥♦t ❜❡ ♠♦r❡ t❤❛♥ t✇♦ ❧♦✇ ❥♦✐♥ts✱ ❛ss♦❝✐❛t❡❞ t♦ w ✐♥
❞✐✛❡r❡♥t ❝②❝❧❡s✱ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ s❛♠❡ ❣❡♥❡ ♠❛♣✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ❜♦✉♥❞ t❤❡ ♥✉♠❜❡r
♦❢ ✈❡rt✐❝❡s ❞❡❧❡t❡❞ ❜② ❆❧❣♦r✐t❤♠ ✻✳✷ ❢♦r ❛ ❣✐✈❡♥ ✈❡rt❡① w ∈ W ❜② O(m2)✳ ❚❤✐s ✐s t❤❡
♦❜❥❡❝t ♦❢ ❚❤❡♦r❡♠ ✻✳✶✺✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ♣r❡❝✐s❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦ ♦❢
❆❧❣♦r✐t❤♠ ✻✳✷✿ m2 + 4m− 4✳
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❆❧❣♦r✐t❤♠ ✻✳✷ (m2 + 4m− 4)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❆❖●✲❙✉❜s❡t✲❋❱❙✳
■♥♣✉t✿ ❆♥ ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤ GΠ = (V, E), X[GΠ], w[GΠ]

✶✿ W ′′ ← ∅
✷✿ ✇❤✐❧❡ t❤❡r❡ ❡①✐sts ❛ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡ C ✐♥
✸✿ L← t❤❡ s❡t ♦❢ ❧♦✇ ❥♦✐♥ts ♦❢ C
✹✿ W ′′ ← W ′′ ∪ {eF : e ∈ L}
✺✿ r❡t✉r♥ W ′′

✻✳✹✳✸ ❆♣♣r♦①✐♠❛t✐♦♥ ❘❛t✐♦ ❆♥❛❧②s✐s

❇♦✉♥❞✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❥♦✐♥ts ✐♥ ❛ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡

❚❤❡ ❧❡♠♠❛s ❜❡❧♦✇ st✉❞② t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ η ❢♦r ❞✐✛❡r❡♥t ❧♦✇ ❥♦✐♥ts ♦❢ ♦♥❡
♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡✳ ❚❤❡② t❤✉s ❡♥t❛✐❧ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❤
❥♦✐♥ts✳

▲❡♠♠❛ ✻✳✾✳ ▲❡t C ❜❡ ❛ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡ ✇❤❡r❡ t❤r❡❡ ✈❡rt✐❝❡s u, e, f ∈ Σ(C)
❛r❡ s✉❝❤ t❤❛t ✭s❡❡ ❋✐❣✉r❡ ✻✳✼✮✿

✕ C = u
P1→+e→D f

P2→+u
✕ ❊❛❝❤ ♦❢ t❤❡ ♣❛t❤s P1 ❛♥❞ P2 ✉s❡s ❛t ❧❡❛st ♦♥❡ ✈❡rt❡① ❢r♦♠ W ❛♥❞ ❛t ❧❡❛st ♦♥❡

❛r❝ ❢r♦♠ D✳
❚❤❡♥ η(e→D f) /∈ I(u)✳

Pr♦♦❢✳ ❇② ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t η(e →D f) ∈ I(u)✳ ❚❤❡♥✱ ❜② Pr♦♣❡rt② ✻✳✽✱
t❤❡r❡ ❡①✐sts ❛ ♣❛t❤R ✐♥D ❝♦♥♥❡❝t✐♥❣ ❡✐t❤❡r e t♦ u ♦r u t♦ f ✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ✇r✐t❡

P = P1 ❛♥❞ Q = e→D f
P2→+u✱ ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞✱ P = P2 ❛♥❞ Q = u

P1→+e→D f ✱

s♦ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝②❝❧❡ C ′ = u
P
→+e

R
→∗u ✭r❡s♣✳✱ C ′ = f

P
→+u

R
→∗f✮✳ ❙✐♥❝❡ C

✐s ❛ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡ t❤❡♥ R ❝❛♥♥♦t ❜❡ ❛ s❤♦rt❝✉t✱ ❛♥❞ ✇✐t❤ W (Q) ♥♦t ❜❡✐♥❣
❡♠♣t②✱ ❝②❝❧❡ C ′ ❝❛♥♥♦t ❜❡ ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✳ ❍❡♥❝❡✱ ♥♦ ❛r❝ ✐♥ D(C ′) ❛♣♣❡❛rs ✐♥ X✳

▲❡t a = min(Σ(C ′)) ❛♥❞ b = max(Σ(C ′))✳ ❋♦r ❛❧❧ c ∈ Ja ; b− 1K✱ ✇❡ ❝❛♥ ❛♣♣❧②
▲❡♠♠❛ ✻✳✶ ♦♥ C ′✱ ✇❤❡r❡ ♦♥❧② ♣r♦♣♦s✐t✐♦♥ ✭✐✐✮ ❝❛♥ ❜❡ tr✉❡✳ ❍❡♥❝❡✱ C ′ ❝♦♥t❛✐♥s ❡✈❡r②

e

W

u

f

W

P1 P2

C

D D

❋✐❣✉r❡ ✻✳✼✿ ❆ ❝②❝❧❡ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✻✳✾ ✭❜❧❛❝❦ ❞♦tt❡❞ ❧✐♥❡s r❡♣✲
r❡s❡♥t ♣❛t❤s✮✳
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eD e

fDf

DFF D F
DDQ P

❋✐❣✉r❡ ✻✳✽✿ ■❧❧✉str❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✻✳✶✵✱ ✇✐t❤ λ = 6✳ ❍❡r❡ es = eD✱ et = e✱ fs = fD✱
ft = t✳

❛r❝ c+1→F

〈

c, c+1
〉

✱
〈

c, c+1
〉

→F c ❜❡t✇❡❡♥ b ❛♥❞ a✳ ▼♦r❡♦✈❡r✱ ♥♦♥❡ ♦❢ t❤❡s❡ ❛r❝s
❝❛♥ ❛♣♣❡❛r ✐♥ R✱ s♦ t❤❡② ❛❧❧ ❝♦♠❡ ❢r♦♠ ♣❛t❤ P ✳

❇✉t P ❛❧s♦ ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❛r❝ ❢r♦♠ D✿ ❧❡t a′ →D b′ ❜❡ s✉❝❤ ❛♥ ❛r❝✳ ❇②
❞❡✜♥✐t✐♦♥ ♦❢ a ❛♥❞ b✱ ✇❡ ❤❛✈❡ (a′, b′) ∈ Ja ; bK✳ ❚❤❡ ♣❛t❤ P ✐s ♣❛rt ♦❢ ❛ s✐♠♣❧❡
❝②❝❧❡✱ s♦ ✐t ❝❛♥ ❡♥t❡r ❛♥❞ ❧❡❛✈❡ ♦♥❧② ♦♥❝❡ ❡❛❝❤ ✈❡rt❡①✳ ❚❤✐s ✐♠♣❧✐❡s a′ /∈ Ja+ 1 ; bK
❛♥❞ b′ /∈ Ja ; b− 1K✱ s♦ a′ = a ❛♥❞ b′ = b✳ ❚❤✉s P ❝♦♥t❛✐♥s ❡✈❡r② ❛r❝ ♦❢ t❤❡ ❝②❝❧❡
a→D b→∗

Fa✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t C ✐s s✐♠♣❧❡✳

▲❡♠♠❛ ✻✳✶✵✳ ▲❡t C ❜❡ ❛ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡✱ ✇✐t❤ λ ≥ 5 ❥♦✐♥ts✳ ▲❡t e ❛♥❞ f ❜❡
t✇♦ ♥♦♥ ❝♦♥s❡❝✉t✐✈❡ ❥♦✐♥ts ♦❢ C✳ ❚❤❡♥ η(e) 6= η(f)✳

Pr♦♦❢✳ ❲❡ ✇r✐t❡ es, et, fs, ft ❢♦r t❤❡ ❢♦✉r ✈❡rt✐❝❡s ♦❢ Σ s✉❝❤ t❤❛t {es, et} = {e, eD}✱
{fs, ft} = {f, f

D}✱ ❛♥❞ C ✉s❡s ❜♦t❤ ❛r❝s es → et ❛♥❞ fs → ft ✭s❡❡ ❋✐❣✉r❡ ✻✳✽✮✳ ❲❡
✇r✐t❡ P ❛♥❞ Q ❢♦r t❤❡ ♣❛t❤s s✉❝❤ t❤❛t✿

C = es → et
P
→∗fs → ft

Q
→∗es

❙✐♥❝❡ e ❛♥❞ f ❛r❡ ♥♦t ❝♦♥s❡❝✉t✐✈❡ ❥♦✐♥ts✱ ❜♦t❤ ♣❛t❤s P ❛♥❞ Q ✉s❡ ❛♥ ❛r❝ ❢r♦♠
F ✭❛♥❞ ❛ ✈❡rt❡① ❢r♦♠ W ✮✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ t❤❡r❡ ❛r❡ ❛t ❧❡❛st ✜✈❡ ❥♦✐♥ts✱ ♦♥❡ ♦❢ P
❛♥❞ Q ❤❛s ❛ ❥♦✐♥t ❛s ❛♥ ✐♥♥❡r ✈❡rt❡①✳ ❲❧♦❣✱ ❧❡t t❤✐s ♣❛t❤ ❜❡ P ✳ ❚❤✉s P ✉s❡s ❛♥ ❛r❝
❢r♦♠ D✳

❲❡ ❞❡♥♦t❡ ❜② Q′ t❤❡ ♣❛t❤ fs → ft
Q
→∗es✱ ✇❤✐❝❤ ❛❧s♦ ❝♦♥t❛✐♥s ❛♥ ❛r❝ ❢r♦♠ D✳

❍❡♥❝❡ t❤❡ ❝②❝❧❡ C = fs
Q′

→∗es → et
P
→∗fs s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✻✳✾✿

η(e) /∈ I(fs)✳ ❚❤✐s ♣r♦✈❡s t❤❡ ❧❡♠♠❛✱ s✐♥❝❡ η(f) ∈ I(fs)✳

▲❡♠♠❛ ✻✳✶✶✳ ▲❡t C ❜❡ ❛ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡ ✇✐t❤ λ ❥♦✐♥ts✳ ▲❡t P ❜❡ ❛ ♣❛t❤ ✐♥
F ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❥♦✐♥ts ✐♥ C✱ ❛♥❞ P ′ ❜❡ t❤❡ ♣❛t❤ P ✇❤❡r❡ ❜♦t❤ ❡♥❞s ❛r❡
r❡♠♦✈❡❞✳ ❚❤❡♥ λ ≤ 2(m− |I(P ′)|) + 4✳

Pr♦♦❢✳ ■❢ λ ≤ 4✱ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✱ s♦ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❡r❡ ❛r❡ ❛t ❧❡❛st ✜✈❡ ❥♦✐♥ts✳
❲❧♦❣✱ ✇❡ ❛ss✉♠❡ t❤❛t e2 ❛♥❞ e3 ❛r❡ t❤❡ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❥♦✐♥ts ❧✐♥❦❡❞ ❜② P ✳ ▲❡t

u ∈ Σ(P ′)✳ ❱❡rt❡① u ❛♣♣❡❛rs ❜❡t✇❡❡♥ ❥♦✐♥ts e2 ❛♥❞ e3✱ s♦ ✇❡ ❝❛♥ ✉s❡ ▲❡♠♠❛ ✻✳✾
✇✐t❤ u✱ ei ❛♥❞ eDi ❢♦r ❛❧❧ i /∈ J1 ; 4K✳ ■♥❞❡❡❞✱ ♣❛t❤s P1 ❛♥❞ P2 ❝♦♥t❛✐♥ r❡s♣❡❝t✐✈❡❧②
u →+

F e3 →
+
De4 ❛♥❞ e1 →

+
De2 →

+
Fu✱ s♦ t❤❡② ❜♦t❤ ✉s❡ ❛♥ ❛r❝ ❢r♦♠ D✱ ❛♥ ❛r❝ ❢r♦♠ F ✱

❛♥❞ ❛ ✈❡rt❡① ❢r♦♠ W ✳ ❍❡♥❝❡✱ ❢♦r ❛❧❧ i ∈ J5 ; λK✱ ✇❡ ❤❛✈❡ ∀u ∈ Σ(P ′), η(ei) /∈ I(u)✱
s♦ η(ei) /∈ I(P ′)✳
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❇② ▲❡♠♠❛ ✻✳✶✵✱ t❤❡ ❝②❝❧❡ C ❝❛♥♥♦t ❤❛✈❡ ♠♦r❡ t❤❛♥ t✇♦ ❥♦✐♥ts ✇✐t❤ t❤❡ s❛♠❡
✈❛❧✉❡ ♦❢ η✱ s✐♥❝❡ t❤r❡❡ ❥♦✐♥ts ❝❛♥♥♦t ❜❡ ♣❛✐r✇✐s❡ ❝♦♥s❡❝✉t✐✈❡ ✇❤❡♥ λ ≥ 5✳ ❚❤✉s ✇❡
❤❛✈❡ λ− 4 ≤ 2| J1 ; mK− I(P ′)| = 2(m− |I(P ′)|)✳

❇♦✉♥❞✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s ❝♦♥s✐❞❡r❡❞ ✐♥ ❆❧❣♦r✐t❤♠ ✻✳✷

❲❡ ♥♦✇ ❛✐♠ ❛t ❝♦♠♣✉t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s t❤❛t ❆❧❣♦r✐t❤♠ ✻✳✷ ❝❛♥ ❝♦♥s✐❞❡r✱
✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s tr❛✈❡rs✐♥❣ ❛ s✐♥❣❧❡ ✈❡rt❡① w ∈ W ✳

▲❡♠♠❛ ✻✳✶✷✳ ▲❡t w =
〈

v, v+1
〉

∈ W ✱ C1 ❛♥❞ C2 ❜❡ t✇♦ ❝②❝❧❡s ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞
❞✉r✐♥❣ st❡♣ ✷ ♦❢ ❆❧❣♦r✐t❤♠ ✻✳✷ ✭C1 ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞ ❜❡❢♦r❡ C2✮✱ s✉❝❤ t❤❛t w ∈ W (C1)∩
W (C2)✳ ▲❡t a ❜❡ t❤❡ ❧♦✇ ❥♦✐♥t ❛ss♦❝✐❛t❡❞ t♦ w ✐♥ C1 ❛♥❞ b ❜❡ t❤❡ ♦♥❡ ❛ss♦❝✐❛t❡❞ t♦
w ✐♥ C2✳ ❚❤❡♥ ❡✐t❤❡r
✭✶✮ η(a) 6= η(b)✱ ♦r
✭✷✮ η(a) = η(b)✱ a ✐s ♦❢ t②♣❡ ✐✐✱ ❛♥❞ aD ❛♥❞ b ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ ❜❧♦❝❦ ♦❢ t❤❡ ❣❡♥❡
♠❛♣ η(a)✳

Pr♦♦❢✳ ❱❡rt✐❝❡s a ❛♥❞ b ❛r❡ ❧♦✇ ❥♦✐♥ts ❛ss♦❝✐❛t❡❞ t♦ w =
〈

v, v+1
〉

✱ s♦ a ≤ v ❛♥❞
b ≤ v✳ ❱❡rt❡① aF =

〈

a, a+1
〉

✐s ❞❡❧❡t❡❞ ✇❤❡♥ C1 ✐s ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞ s♦ ✐t ❝❛♥♥♦t
❛♣♣❡❛r ✐♥ C2✳ ❚❤✉s a < b✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② bF ❛♣♣❡❛rs ✐♥ t❤❡ ♣❛t❤ a → ∗

Fw ♦r
w →∗

Fa✳ ■♥ C2✱ ✇❡ ✇r✐t❡ P ❢♦r t❤❡ ♣❛t❤ ❧✐♥❦✐♥❣ w ❛♥❞ b ✐♥ F ✱ ❛♥❞ Q2 ❢♦r t❤❡ ♣❛t❤
❧✐♥❦✐♥❣ bD ❛♥❞ w ✐♥ F ∪D ✭s❡❡ ❋✐❣✉r❡ ✻✳✾❛✮✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t②♣❡ ♦❢ b✱ ✇❡ ❤❛✈❡

✐ C2 = w
Q2
→∗ bD →D b

P
→∗ w✱ ♦r

✐✐ C2 = w
P
→∗ b →D bD

Q2
→∗ w✳

■♥ C1✱ ✇❡ ✇r✐t❡ P ′ ❢♦r t❤❡ ♣❛t❤ ❧✐♥❦✐♥❣ b ❛♥❞ a ✐♥ F ✱ ❛♥❞ Q1 ❢♦r t❤❡ ♣❛t❤ ❧✐♥❦✐♥❣ aD

❛♥❞ w ✐♥ F ∪D✳ ❚❤✉s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t②♣❡ ♦❢ a✱ ✇❡ ❤❛✈❡

✐ C2 = w
Q1
→∗ aD →D a

P ′

→∗ b
P
→∗ w✱ ♦r

✐✐ C2 = w
P
→∗ b

P ′

→∗ a →D aD
Q2
→∗ w✳

◆♦t❡ t❤❛t P ❝❛♥ ❜❡ ❢♦❧❧♦✇❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛②s ✐♥ C1 ❛♥❞ C2✳ ❲❡ ❞♦ ♥♦t ❞✐st✐♥❣✉✐s❤
t❤✐s ❝❛s❡ ✐♥ t❤❡ ♥♦t❛t✐♦♥s✱ s✐♥❝❡ ♣❛t❤s ✐♥ F ❝❛♥ ❛❧✇❛②s ❜❡ ❢♦❧❧♦✇❡❞ ✐♥ ❜♦t❤ ✇❛②s✳

❲❡ s✉♣♣♦s❡✱ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❛t η(a) = η(b)✳
❋✐rst ❝❛s❡✿ a ✐s ❛ ❥♦✐♥t ♦❢ t②♣❡ ✭✐✮✳ ❲❡ ✉s❡ Pr♦♣❡rt② ✻✳✽ ✇✐t❤ b ❛♥❞ aD → a✿
t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ R ✐♥ (Σ, D) ❢r♦♠ b t♦ a ♦r ❢r♦♠ aD t♦ b ✭s❡❡ ❋✐❣✉r❡ ✻✳✾❜✮✳ ■❢

R = b →∗ a✱ ✇❡ ❞❡✜♥❡ C ′ = a
P ′

→∗b
R
→∗a✱ t❤❡♥ C ′ ✐s ❛ ❝♦♥✢✐❝t✲❝②❝❧❡ ✭t❤✐s ✐s ❞✉❡ t♦

▲❡♠♠❛ ✻✳✶✿ C ′ ❝❛♥♥♦t ❝♦♥t❛✐♥ aF → a ❜✉t ✈✐s✐ts t❤❡ ✈❡rt✐❝❡s a ❛♥❞ a + 1✱ ❤❡♥❝❡ ✐t
❝♦♥t❛✐♥s ❛♥ ❛r❝ ❢r♦♠ X✮✳ ▼♦r❡♦✈❡r✱ W (C ′) ( W (C1)✱ ❤❡♥❝❡ C1 ❝❛♥♥♦t ❜❡ ❛ ♠✐♥✐♠❛❧

❝♦♥✢✐❝t✲❝②❝❧❡✳ ❙✐♠✐❧❛r❧②✱ ✐❢ R = aD →∗ b✱ t❤❡♥ C ′ = b
P
→∗w

Q1
→∗aD

R
→∗b ✐s ❛ ❝♦♥✢✐❝t✲

❝②❝❧❡ ❛♥❞ C1 ✐s ♥♦t ❛ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡✳ ❚❤✉s t❤✐s ✜rst ❝❛s❡ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥
t♦ t❤❡ ❢❛❝t t❤❛t η(a) = η(b)✳
❙❡❝♦♥❞ ❝❛s❡✿ a ✐s ❛ ❥♦✐♥t ♦❢ t②♣❡ ✭✐✐✮✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ s✉❜✲❝❛s❡s ✷✳✶✱ ✷✳✷

❛♥❞ ✷✳✸ ✇❤❡r❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ♣❛t❤ b
R
→∗aD ❡①✐sts ✐♥ (Σ, D)✱ t❤❡ ♣❛t❤ aD

R
→∗b

❡①✐sts ✐♥ (Σ, D)✱ ❛♥❞ aD ❛♥❞ b ❛r❡ ✐♥❝♦♠♣❛r❛❜❧❡ ✐♥ D ✭s❡❡ ❋✐❣✉r❡ ✻✳✾❜✮✳

✷✳✶ R = b → ∗aD✳ ❲❡ ❝♦♥s✐❞❡r C ′ = b
R
→ ∗aD

Q1
→ ∗w

P
→ ∗b✳ ■❢ Q1 ❝♦♥t❛✐♥s ❛♥

❛r❝ ❢r♦♠ X✱ C ′ ✐s ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♦♥❧② ♠❛r❦❡❞ ❛r❝ ✐♥ C1 ✐s
♥❡❝❡ss❛r✐❧② a →X aD✱ s♦ a > aD✳ ❍❡♥❝❡ t❤❡ ♣❛t❤ R ✐♥ D ✉s❡s ❛t ❧❡❛st ♦♥❡
♠❛r❦❡❞ ❛r❝ ✭s✐♥❝❡ b > a > aD✮✱ s♦ C ′ ✐s ❛❣❛✐♥ ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✳ ■♥ ❜♦t❤ ❝❛s❡s✱
✐t ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t C1 ✐s ❛ ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡✳
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v

bF

b bD

aF

a aD

P

P ′

Q2

Q1

C2

C1

✭❛✮ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ C1 ❛♥❞
C2 ✐♥t♦ ❛r❝ ❛♥❞ ♣❛t❤s✳

v

bF

b bD

aF

a aD

P

P ′

Q2

Q1

C2

C1

✭❜✮ ❋✐rst ❝❛s❡ ✭❥♦✐♥t a ✐s ♦❢ t②♣❡
✐✮

v

bF

b bD

aF

a aD

P

P ′

Q2

Q1

C2

C1

✭❝✮ ❙❡❝♦♥❞ ❝❛s❡ ✭❥♦✐♥t a ✐s ♦❢
t②♣❡ ✐✐✮

❋✐❣✉r❡ ✻✳✾✿ P❛t❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ C1 ❛♥❞ C2 ❛♥❞ ❝❛s❡ st✉❞② ❢♦r ▲❡♠♠❛ ✻✳✶✷✳

✷✳✷ R = aD →∗b✳ ❲❡ ❝♦♥s✐❞❡r C ′ = b
P ′

→∗a → aD
R
→∗b✳ ■❢ aD < a✱ t❤❡♥ a → aD

✐s ✐♥ X✱ s♦ C ′ ✐s ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✳ ❖t❤❡r✇✐s❡✱ s✐♥❝❡ C1 ✐s s✐♠♣❧❡✱ aD > b > a✱ R
❝♦♥t❛✐♥s ❛♥ ❛r❝ ❢r♦♠ X✱ ❛♥❞ C ′ ✐s ❛❧s♦ ❛ ❝♦♥✢✐❝t✲❝②❝❧❡✳ ❆❣❛✐♥✱ C1 ❝❛♥♥♦t ❜❡ ❛
♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡✳

✷✳✸ aD ❛♥❞ b ❛r❡ ✐♥❝♦♠♣❛r❛❜❧❡ ✐♥ (Σ, D)✳ ❙✐♥❝❡ t❤❡② ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ ❣❡♥❡
♠❛♣ ✇✐t❤ ✐♥❞❡① η(a) = η(b)✱ t❤❡② ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ ❜❧♦❝❦ ♦❢ t❤✐s ♠❛♣✳

▲❡♠♠❛ ✻✳✶✸✳ ▲❡t w =
〈

v, v+1
〉

∈ W ✱ C1✱ C2 ❛♥❞ C3 t❤r❡❡ ❝②❝❧❡s ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞
❞✉r✐♥❣ st❡♣ ✷ ♦❢ ❆❧❣♦r✐t❤♠ ✻✳✷ ✭✐♥ t❤✐s ♦r❞❡r✮✱ s✉❝❤ t❤❛t w ∈ W (C1)∩W (C2)∩W (C3)✳
❉❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② ❜② a✱ b ❛♥❞ c t❤❡ ❧♦✇ ❥♦✐♥ts ❛ss♦❝✐❛t❡❞ t♦ w ✐♥ C1✱ C2 ❛♥❞ C3✳
❚❤❡♥ ✇❡ ❝❛♥♥♦t ❤❛✈❡ η(a) = η(b) = η(c)✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t η = η(a) = η(b) = η(c)✳ ❚❤❡♥ ✇❡ ✉s❡ ▲❡♠♠❛ ✻✳✶✷ ✇✐t❤ (C1, C2)✱
(C1, C3) ❛♥❞ (C2, C3) s✉❝❝❡ss✐✈❡❧②✱ t❤✉s ✭s❡❡ ❋✐❣✉r❡ ✻✳✶✵✮ ✿

✕ aD ❛♥❞ b ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ ❜❧♦❝❦ ♦❢ ❣❡♥❡ ♠❛♣ η✱
✕ aD ❛♥❞ c ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ ❜❧♦❝❦ ♦❢ ❣❡♥❡ ♠❛♣ η✱
✕ bD ❛♥❞ c ❛♣♣❡❛r ✐♥ t❤❡ s❛♠❡ ❜❧♦❝❦ ♦❢ ❣❡♥❡ ♠❛♣ η✳

❙♦✱ b ❛♥❞ bD ❜♦t❤ ❝♦♠❡ ❢r♦♠ t❤❡ s❛♠❡ ❜❧♦❝❦ ♦❢ ❣❡♥❡ ♠❛♣ η✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts
η(b) = η ✭✐♥ t❤❡ ❣❡♥❡ ♠❛♣ η(b)✱ b ❛♥❞ bD ❛♣♣❡❛r ✐♥ ❝♦♥s❡❝✉t✐✈❡ ❜❧♦❝❦s✮✳

❈♦♠♣✉t✐♥❣ t❤❡ ❆♣♣r♦①✐♠❛t✐♦♥ ❘❛t✐♦

▲❡♠♠❛ ✻✳✶✹✳ ▲❡t w ∈ W ❛♥❞ ❧❡t C ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❝②❝❧❡s ❝♦♥s✐❞❡r❡❞ ❞✉r✐♥❣ st❡♣ ✷
♦❢ ❆❧❣♦r✐t❤♠ ✻✳✷ ❣♦✐♥❣ t❤r♦✉❣❤ w✳ ❚❤❡♥ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ s❡t ♦❢ ❧♦✇ ❥♦✐♥ts ✐♥
❝②❝❧❡s ♦❢ C ✐s ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② m2 + 4m− 4✳

Pr♦♦❢✳ ❲❡ ✇r✐t❡ w =
〈

v, v+1
〉

∈ W ✱ ❛♥❞ C = {C1, . . . , Cq} ❢♦r t❤❡ s❡t ♦❢ t❤❡ q ❝②❝❧❡s
❝♦♥s✐❞❡r❡❞✱ ✐♥ t❤✐s ♦r❞❡r✱ ❜② ❆❧❣♦r✐t❤♠ ✻✳✷✳ ■♥ ❡❛❝❤ ❝②❝❧❡ Ch✱ 1 ≤ h ≤ q✱ w ❝❛♥
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v

c cD

b bD

a aD

❋✐❣✉r❡ ✻✳✶✵✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✶✸✳ ❱❡rt✐❝❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ s❛♠❡
❜❧♦❝❦ ♦❢ t❤❡ ❣❡♥❡ ♠❛♣ η ❛r❡ ♠❛r❦❡❞ ✐♥ ❣r❛②✳

❜❡ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❧♦✇ ❥♦✐♥t vh ❛♥❞ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❧❡t❡❞ ✈❡rt❡① wh = vFh =
〈

vh, vh+1
〉

✳ ❲❡ ✇r✐t❡ Ph ❢♦r t❤❡ ♣❛t❤ wh →
∗
Fw ♦r w →∗

Fwh ✐♥ Ch✱ ❛♥❞ λh ❢♦r t❤❡
♥✉♠❜❡r ♦❢ ❥♦✐♥ts ♦❢ Ch✳ ❚❤✉s λh

2
✐s t❤❡ ♥✉♠❜❡r ♦❢ ❧♦✇ ❥♦✐♥ts ✭❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢

❞❡❧❡t❡❞ ✈❡rt✐❝❡s✮ ✐♥ t❤✐s ❝②❝❧❡✳
❙✐♥❝❡ wh ✐s ❞❡❧❡t❡❞ ✇❤✐❧❡ Ch ✐s ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞✱ ❢♦r ❛❧❧ h′ ∈ Jh+ 1 ; qK✱ wh /∈

W (Ch′)✱ ❛♥❞ vh < vh′ ≤ v✳ ■♥❞❡❡❞✱ ❢♦r ❛♥② u ∈ Jvh′ ; vK✱ t❤❡ ✈❡rt❡①
〈

u, u+1
〉

❜❡❧♦♥❣s
t♦ W (Ch′)✱ ❛♥❞ vh, vh′ ≤ v✳ ❋✐♥❛❧❧②✱ t❤❡ ♣❛t❤ Ph ✉s❡s ❡❛❝❤ vh′ ✱ h′ ∈ Jh+ 1 ; qK✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❧✐st (η(vh+1), η(vh+2), . . . , η(vq))✳ ❯s✐♥❣ ▲❡♠♠❛ ✻✳✶✸✱ t❤❡ s❛♠❡
✈❛❧✉❡ ❝❛♥♥♦t ❛♣♣❡❛r ♠♦r❡ t❤❛♥ t✇✐❝❡ ✐♥ t❤✐s ❧✐st✱ s♦ ✐t ❝♦♥t❛✐♥s ❛t ❧❡❛st

⌈

q−h
2

⌉

❞✐✛❡r❡♥t
✈❛❧✉❡s✳ ❚❤❡ ✜rst ❝♦♥s❡q✉❡♥❝❡ ✐s q ≤ 2m ✭✇✐t❤ h = 0✱ ❛❧❧ ✈❛❧✉❡s ❛r❡ ✐♥ ❛ s❡t ♦❢ s✐③❡
m✮✳ ❆♥❞ s✐♥❝❡ ❢♦r ❛❧❧ h′ ∈ Jh+ 1 ; qK✱ η(vh′) ∈ I(Ph)✱ ✇❡ ❤❛✈❡ |I(Ph)| ≥

⌈

q−h
2

⌉

✳
❯s✐♥❣ ▲❡♠♠❛ ✻✳✶✶ ❢♦r ❛❧❧ h✱ ✇❡ ♦❜t❛✐♥ λh ≤ 2(m − |I(Ph)|) + 4✳ ❲❡ ❝❛♥ t❤✉s

❜♦✉♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❧♦✇ ❥♦✐♥ts ✐♥ Ch✿

λh
2
≤

2(m− |I(Ph)|) + 4

2
= m− |I(Ph)|+ 2 ≤ m−

⌈

q − h

2

⌉

+ 2

❇② ▲❡♠♠❛ ✻✳✶✵✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t✱ ❢♦r m ≥ 2✱ λh ≤ 2m✳ ▲❡t Lw ❜❡ t❤❡ ♥✉♠❜❡r
♦❢ ❧♦✇ ❥♦✐♥ts ✐♥ t❤❡ ❝②❝❧❡s ♦❢ C✿

Lw =

q
∑

h=1

λh
2

≤

q
∑

h=1

min

(

m,m−

⌈

q − h

2

⌉

+ 2

)

≤

q−1
∑

d=0

min

(

m,m−

⌈

d

2

⌉

+ 2

)

≤

(

2m−1
∑

d=0

m−

⌈

d

2

⌉

+ 2

)

− 4
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≤

(

m−1
∑

i=0

(m− i+ 2) + (m− i+ 1)

)

− 4

≤ 2m2 −m(m− 1) + 3m− 4

≤ m2 + 4m− 4

t❤✉s Lw ≤ m2 + 4m− 4✱ ✇❤✐❝❤ ♣r♦✈❡s ▲❡♠♠❛ ✻✳✶✹✳

❚❤❡♦r❡♠ ✻✳✶✺✳ ❆❧❣♦r✐t❤♠ ✻✳✷ ✐s ❛♥ (m2+4m−4)✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❆❖●✲❙✉❜s❡t✲
❋❱❙✱ ✇❤❡r❡ m ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♥❡ ♠❛♣s ✉s❡❞ t♦ ❝r❡❛t❡ t❤❡ ✐♥♣✉t ❣r❛♣❤✳

Pr♦♦❢✳ ❈♦rr❡❝t♥❡ss ♦❢ ❆❧❣♦r✐t❤♠ ✻✳✷ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣❡rt② ✻✳✼✿ ❆❧❣♦r✐t❤♠ ✻✳✷ ♦✉t✲
♣✉ts ❛ s❡t W ′′ s✉❝❤ t❤❛t GΠ[V −W

′′] ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♠✐♥✐♠❛❧ ❝♦♥✢✐❝t✲❝②❝❧❡✱
❤❡♥❝❡ ✐t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ❝♦♥✢✐❝t✲❝②❝❧❡ ✭✐✳❡✳✱ W ′′ ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ✈❡rt❡①
❢r♦♠ ❡❛❝❤ ❝♦♥✢✐❝t✲❝②❝❧❡✮✳ ▲❡t W o = {wo

1, . . . , w
o
k} ❜❡ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ s✐③❡ k✳

❋♦r ❡❛❝❤ wo
i ✱ i ∈ J1 ; kK✱ ❆❧❣♦r✐t❤♠ ✻✳✷ ❞❡❧❡t❡s ❛t ♠♦st m2 + 4m − 4 ❛❞❥❛❝❡♥❝✐❡s ♦❢

W ✭❜② ▲❡♠♠❛ ✻✳✶✹✮✳ ❙✐♥❝❡ ❡✈❡r② ❝②❝❧❡ ❝♦♥s✐❞❡r❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ ❣♦❡s t❤r♦✉❣❤
s♦♠❡ wo

i ✱ t❤❡ t♦t❛❧ s✐③❡ ♦❢ t❤❡ ♦✉t♣✉t s♦❧✉t✐♦♥ ✐s ❛t ♠♦st k(m2 + 4m− 4)✳

❈♦r♦❧❧❛r② ✻✳✶✻✳ ❯s✐♥❣ ❆❧❣♦r✐t❤♠ ✻✳✷ ❛s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❆❖●✲❙✉❜s❡t✲❋❱❙
✐♥ ❆❧❣♦r✐t❤♠ ✻✳✶ ②✐❡❧❞s ❛♥ (m2 + 4m− 4)✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ▼❇▲ ♣r♦❜❧❡♠✳

❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦♣♦s❡❞ ❛ ♥❡✇ ❣r❛♣❤ str✉❝t✉r❡ t♦ ❤❡❧♣ s♦❧✈❡ ▼❇▲ ❜② r❡♣✲
r❡s❡♥t✐♥❣ t❤❡ ❝♦♥✢✐❝ts ❜❡t✇❡❡♥ t❤❡ ❣✐✈❡♥ ♣❛rt✐❛❧ ♦r❞❡r Π ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ❣❡♥♦♠❡
In✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡❞ t❤❡ ❝②❝❧❡s ❝♦♥t❛✐♥✐♥❣ t❤❡s❡ ❝♦♥✢✐❝ts✱ ✇❡ s❤♦✇❡❞
❤♦✇ t❤❡ ▼❇▲ ♣r♦❜❧❡♠ r❡❞✉❝❡s t♦ s♦❧✈✐♥❣ t❤❡ ❆❖●✲❙✉❜s❡t✲❋❱❙ ♣r♦❜❧❡♠ ✐♥ ♦✉r
str✉❝t✉r❡✱ ❛♥❞ ✇❡ ♣r♦♣♦s❡❞ t❤r❡❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❛♥ ❋P❚ ❛❧❣♦r✐t❤♠✳ ❚❤✐s ❛❧✲
❧♦✇s ✉s t♦ ❛♣♣r♦❛❝❤ ❛ ❣✐✈❡♥✱ ♣r❛❝t✐❝❛❧ ✐♥st❛♥❝❡ ♦❢ ▼❇▲ ❢r♦♠ ❞✐✛❡r❡♥t ✈✐❡✇♣♦✐♥ts✱
❜② ❝❤♦♦s✐♥❣ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❛❧❣♦r✐t❤♠ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❛t❛ ❛t ❤❛♥❞ ✭✐✳❡✳✱ ✇❤❡t❤❡r
t❤❡ ✐♥st❛♥❝❡ ✐s ❝r❡❛t❡❞ ❢r♦♠ ❢❡✇ ❣❡♥❡ ♠❛♣s✮ ❛♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡r ❡✈❛❧✉❛t✐♦♥ ✭k
❛♥❞ |X|✮✳

■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❦♥♦✇ ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t✲r❛t✐♦ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r▼❇▲ ✭✇❤✐❝❤ ✇♦✉❧❞ ❝❧❛ss✐❢② ▼❇▲ ❛s ❆P❳✲❝♦♠♣❧❡t❡✮✳ ❆♥♦t❤❡r
❝❤❛❧❧❡♥❣❡ ✐s t♦ ✐♠♣r♦✈❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ❋P❚ ❛❧❣♦r✐t❤♠ ❢♦r ▼❇▲✱ ❡✐t❤❡r
❜② ✉s✐♥❣ t❤❡ s♣❡❝✐✜❝ str✉❝t✉r❡ ♦❢ ♦✉r ❛❞❥❛❝❡♥❝②✲♦r❞❡r ❣r❛♣❤s ✐♥ ❬✹✾❪✱ ♦r ❜② ❞❡s✐❣♥✲
✐♥❣ ❋P❚ ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ ♥❡✇ ✐❞❡❛s✱ ♣♦ss✐❜❧② ✇✐t❤ ♦t❤❡r ♣❛r❛♠❡t❡rs s✉❝❤ ❛s✱
❢♦r ❡①❛♠♣❧❡✱ t❤❡ ♥✉♠❜❡r m ♦❢ ❣❡♥❡ ♠❛♣s t❤❛t ✇❡r❡ ✉s❡❞ t♦ ❝♦♥str✉❝t t❤❡ ♣❛rt✐❛❧
♦r❞❡r Π✳



❈♦♥❝❧✉s✐♦♥ ❛♥❞ P❡rs♣❡❝t✐✈❡s

❋♦❧❧♦✇✐♥❣ t❤❡ ♣❧❛♥ ♦❢ t❤❡ ♠❛♥✉s❝r✐♣t✱ ✇❡ ♥♦✇ s✉♠♠❛r✐③❡ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞
✐♥ t❤✐s ✇♦r❦ ❛♥❞ ❞r❛✇ t❤❡ ♣♦ss✐❜❧❡ ♦✉t❧♦♦❦ ✇❡ ❝♦✉❧❞ ❢♦❧❧♦✇ ❢♦r ❢✉rt❤❡r r❡s❡❛r❝❤✳

❙♦rt✐♥❣ ✉♥❞❡r t❤❡ P❡r♠✉t❛t✐♦♥ ▼♦❞❡❧ ■s ♥♦t ❆❧✇❛②s ❙✐♠♣❧❡

❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❈❤❛♣t❡rs ✶ ❛♥❞ ✷✱ ❝♦♠♣❛r✐♥❣ ❣❡♥♦♠✐❝ s❡q✉❡♥❝❡s ❡✈❡♥ ✐♥ t❤❡
s✐♠♣❧❡st ♠♦❞❡❧ ✭✇❤❡r❡ ❛❧❧ ❣❡♥❡s ❛r❡ ✉♥✐q✉❡✮ ✐s ♥♦t ❛❧✇❛②s ❛ tr✐✈✐❛❧ t❛s❦✳ ❆❧t❤♦✉❣❤ ✐t
✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ ♠❛♥② ❞✐ss✐♠✐❧❛r✐t② ♠❡❛s✉r❡s s✉❝❤ ❛s ❜r❡❛❦♣♦✐♥t ❛♥❞ ❝♦♠♠♦♥
✐♥t❡r✈❛❧ ❞✐st❛♥❝❡s✱ ♠❛①✐♠✉♠ ❛♥❞ s✉♠♠❡❞ ❛❞❥❛❝❡♥❝② ❞✐sr✉♣t✐♦♥s✱ ❡t❝✳✱ ❛♥❞ ❡✈❡♥
r❡❛rr❛♥❣❡♠❡♥t ❞✐st❛♥❝❡s ✇✐t❤ s✐❣♥❡❞ r❡✈❡rs❛❧s ♦r s✐❣♥❡❞ ❉❈❏s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡♥ t❤❛t
t❤❡ ♣r♦❜❧❡♠s ❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s ❛♥❞ ❙♦rt✐♥❣ ❜② Pr❡❢✐① ❘❡✈❡rs❛❧s
❛r❡ ◆P✲❤❛r❞✳ ❨❡t✱ s♦♠❡ ❝❧✉❡s ♠❛❦❡ ✉s ❛ss✉♠❡ t❤❛t t❤❡s❡ ♣r♦❜❧❡♠s s❤♦✉❧❞ ❛❞♠✐t
♠♦r❡ ♣r❡❝✐s❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s t❤❛♥ t❤❡ ❡①✐st✐♥❣ ♦♥❡s ✭✇✐t❤ r❛t✐♦ ✶✳✸✼✺ ❢♦r
❙❇❚ ❛♥❞ ✷ ❢♦r ❙❇P❘✮✳ ■♥❞❡❡❞✱ ◆P✲❤❛r❞♥❡ss ♣r♦♦❢s ✇❡ ❤❛✈❡ ♣r♦✈✐❞❡❞ ❞♦ ♥♦t ②✐❡❧❞ ❛
❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❛t✐♦✱ ❛♥❞ t❤❡ ✏◆P✲❤❛r❞ s❡q✉❡♥❝❡s✑ t❤❡② ❡♥t❛✐❧
r❡q✉✐r❡ ❛ ♣❛rt✐❝✉❧❛r❧② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts t♦ s✐♠✉❧❛t❡ s✐♠♣❧❡ ❜♦♦❧❡❛♥ ❢♦r♠✉❧❛s
✭❛ ❢♦r♠✉❧❛ ✇✐t❤ n ❧✐t❡r❛❧s ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ♣❡r♠✉t❛t✐♦♥s ♦❢ s✐③❡ ❛♣♣r♦①✐♠❛t❡❧②
30n ❢♦r ❙❇❚ ❛♥❞ 40n ❢♦r ❙❇P❘✮✳

❆♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥✱ r❡❣❛r❞✐♥❣ t❤❡ ❙♦rt✐♥❣ ❜② ❚r❛♥s♣♦s✐t✐♦♥s ♣r♦❜❧❡♠✱
✐s ✇❤❡t❤❡r t❤✐s ♣r♦❜❧❡♠ ✐s st✐❧❧ ◆P✲❤❛r❞ ✇❤❡♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❡①❝❤❛♥❣❡❞ ❜❧♦❝❦s ✐s
❜♦✉♥❞❡❞✳ ◆♦t❛❜❧② t❤❡ ♣r♦❜❧❡♠ ♦❢ s♦rt✐♥❣ ❛ ♣❡r♠✉t❛t✐♦♥ ❜② ✸✲❜♦✉♥❞❡❞ tr❛♥s♣♦s✐t✐♦♥s
✭tr❛♥s♣♦s✐t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❛t ♠♦st t❤r❡❡ ❡❧❡♠❡♥ts✮ ❤❛s ❛❧r❡❛❞② r❡❝❡✐✈❡❞ ❛ ♣❛rt✐❝✉❧❛r
❛tt❡♥t✐♦♥ ❬✶✵✷✱ ✾✵❪✳

❆♥♦t❤❡r ✐♥tr✐❣✉✐♥❣ ♦♣❡♥ ♣r♦❜❧❡♠ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♠♣❧❡①✐t② ❝❧❛ss ♦❢ t❤❡ s♦rt✲
✐♥❣ ❜② ♣r❡✜① r❡✈❡rs❛❧s ♣r♦❜❧❡♠ ✉♥❞❡r t❤❡ s✐❣♥❡❞ ♠♦❞❡❧ ✭♦✉r ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ t❤❡
❜r❡❛❦♣♦✐♥t ❞✐st❛♥❝❡ ❝❛♥♥♦t ❜❡ ✉s❡❞ ❛s s✉❝❤ t♦ ♣r♦✈❡ t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞✮✳
■♥❞❡❡❞✱ ❤❛✈✐♥❣ ❛ s✐❣♥ ❝♦♥str❛✐♥t r❡❞✉❝❡s t❤❡ ♥✉♠❜❡r ♦❢ ❡✣❝✐❡♥t ♦♣❡r❛t✐♦♥s✱ ❛♥❞
s❤♦✉❧❞ ❤❡❧♣ ✜♥❞ ❛ ❣♦♦❞ s♦rt✐♥❣ s❝❡♥❛r✐♦ ♠♦r❡ ❡❛s✐❧②✱ ❛s ✐s t❤❡ ❝❛s❡ ❢♦r t❤❡ ♣r♦❜❧❡♠s
♦❢ s♦rt✐♥❣ ❜② r❡✈❡rs❛❧s ❛♥❞ ❜② ❉❈❏✳ ❍♦✇❡✈❡r✱ t❤❡ ❜❡st ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ ✐s✱ t♦
❞❛t❡✱ ❛ ✷✲❛♣♣r♦①✐♠❛t✐♦♥ ✭❛s ✐♥ t❤❡ ✉♥s✐❣♥❡❞ ❝❛s❡✮✳ ❈❛♥ t❤✐s ♣r♦❜❧❡♠ ❜❡ s♦❧✈❡❞ ✇✐t❤
❛ ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥✱ ♦r ❡✈❡♥ ✇✐t❤ ❛♥ ❡①❛❝t ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠❄

❋✐♥❛❧❧②✱ ❞♦❡s t❤❡r❡ ❡①✐st ❋P❚ ❛❧❣♦r✐t❤♠s ✇✐t❤ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs ❢♦r t❤❡s❡ ◆P✲
❤❛r❞ ♣r♦❜❧❡♠s❄ ❇♦t❤ ❜r❡❛❦♣♦✐♥t ❛♥❞ r❡❛rr❛♥❣❡♠❡♥t ❞✐st❛♥❝❡s ❛r❡ tr✐✈✐❛❧ ♣❛r❛♠❡✲
t❡rs✱ ❜✉t t❤❡② ❛r❡ t♦♦ ❤✐❣❤ ✐♥ ♣r❛❝t✐❝❛❧ ❝❛s❡s t♦ ❜❡ ♦❢ ✐♥t❡r❡st ❤❡r❡✳

✶✽✼
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❈♦♠♣❛r✐♥❣ ❙❡q✉❡♥❝❡s ✇✐t❤ ❉✉♣❧✐❝❛t❡s ■s ❊✈❡♥ ▼♦r❡ ❈❤❛❧❧❡♥❣✐♥❣

❈♦♠♣❛r✐s♦♥ ♣r♦❜❧❡♠s ❜❡❝♦♠❡ ❢❛r ♠♦r❡ ❞✐✣❝✉❧t ✇❤❡♥ ✐♥♣✉t ❞❛t❛ ❝♦♥s✐sts ♦❢
str✐♥❣s ✐♥st❡❛❞ ♦❢ ♣❡r♠✉t❛t✐♦♥s✳ ■❢ s♦♠❡ ❧♦❝❛❧ str✐♥❣ ❡❞✐t✐♦♥ ❞✐st❛♥❝❡s ❝❛♥ st✐❧❧ ❜❡
❝♦♠♣✉t❡❞ ✭❡✳❣✳✱ ❍❛♠♠✐♥❣ ❛♥❞ ▲❡✈❡♥s❤t❡✐♥ ❞✐st❛♥❝❡s✮✱ t❤❡ ♣r♦❜❧❡♠s ❝♦♥s✐❞❡r✐♥❣
❧❛r❣❡✲s❝❛❧❡ ❡✈♦❧✉t✐♦♥❛r② ❡✈❡♥ts ✭❡✳❣✳✱ ✐♥ ❛ r❡❛rr❛♥❣❡♠❡♥t ❞✐st❛♥❝❡✮ ❜❡❝♦♠❡ ✐♠♠❡❞✐✲
❛t❡❧② ✐♥tr❛❝t❛❜❧❡✳ ❆ ♣♦ss✐❜❧❡ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥ ❝♦♥str✉❝t✐♥❣ ❛ ❞✉♣❧✐❝❛t✐♦♥ s❝❡♥❛r✐♦
t❤❛t ❛❧❧♦✇s t♦ ♠❛t❝❤ ❞✐✛❡r❡♥t ❝♦♣✐❡s ❛❝r♦ss ❣❡♥♦♠❡s✱ ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ♠♦❞❡❧
s✉❜s❡q✉❡♥t ❣❡♥♦♠❡s ✇✐t❤ ♣❡r♠✉t❛t✐♦♥s✳

■♥ t❤❡ ❡①❡♠♣❧❛r ♠♦❞❡❧ ✭s❡❡ ❈❤❛♣t❡r ✸✮✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t ♦♥❧② ♦♥❡ ❝♦♣② ♦❢ ❡❛❝❤
❣❡♥❡ ❞✐r❡❝t❧② ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ ❝♦♠♠♦♥ ❛♥❝❡st♦r ✭❛♥❞ t❤❛t ♦t❤❡r ❝♦♣✐❡s ❛r❡ r❡✲
❝❡♥t ❞✉♣❧✐❝❛t✐♦♥s✮✱ ❛♥❞ tr② t♦ ✐❞❡♥t✐❢② t❤✐s ✏♦r✐❣✐♥❛❧✑ ❝♦♣②✳ ❍♦✇❡✈❡r✱ ✇❤❛t❡✈❡r t❤❡
♦♣t✐♠✐③❛t✐♦♥ ❢✉♥❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r✱ ❝♦♠♣✉t✐♥❣ ❛♥ ❊①❡♠♣❧❛r ❉✐st❛♥❝❡ ✐s ❆P❳✲
❤❛r❞✳ ❚❤❡ ❡①❡♠♣❧❛r ♠♦❞❡❧ ❡♥t❛✐❧s ❛ ✜❡❧❞ ♦❢ ♦♣❡♥ ♣r♦❜❧❡♠s✱ s✐♥❝❡ ♥♦ ❝♦♥st❛♥t✲r❛t✐♦
❛♣♣r♦①✐♠❛t✐♦♥ ♦r ❋P❚ ❛❧❣♦r✐t❤♠ ✐s ❦♥♦✇♥ ❢♦r ❛♥② ♦❢ t❤❡ ♠❛♥② ♣♦ss✐❜❧❡ ❡①❡♠♣❧❛r
❞✐st❛♥❝❡s✳

❚❤❡ ♠❛t❝❤✐♥❣ ♠♦❞❡❧✱ ✇❤❡r❡ ❡❛❝❤ ❝♦♣② ♦❢ ❛ ❣❡♥❡ ✐♥ ❛ s❡q✉❡♥❝❡ ❤❛s t♦ ❜❡ ♠❛t❝❤❡❞
t♦ ❛ ✉♥✐q✉❡ ❝♦♣② ✐♥ t❤❡ ♦t❤❡r s❡q✉❡♥❝❡✱ ②✐❡❧❞s ❡q✉❛❧❧② ✐♥tr❛❝t❛❜❧❡ ♣r♦❜❧❡♠s✳ ❨❡t✱
✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✹ ❛♥ ❋P❚ ❛❧❣♦r✐t❤♠ t❤❛t ❝♦♠♣✉t❡s t❤❡ ❜r❡❛❦♣♦✐♥t
❞✐st❛♥❝❡ ✉♥❞❡r t❤✐s ♠♦❞❡❧ ✭❜❡tt❡r ❦♥♦✇♥ ❛s ▼✐♥✐♠✉♠ ❈♦♠♠♦♥ ❙tr✐♥❣ P❛rt✐✲
t✐♦♥✱ ▼❈❙P✮✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ✜rst❧② ♦❢ t❤❡♦r❡t✐❝❛❧ ✐♥t❡r❡st s✐♥❝❡ ✐t ❤❛s ♦♥❧② ♦♥❡
♣❛r❛♠❡t❡r✱ t❤❡ ❜r❡❛❦♣♦✐♥t ❞✐st❛♥❝❡ ✭❡q✉✐✈❛❧❡♥t❧②✱ t❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦s ✐♥ t❤❡ ♦♣✲
t✐♠❛❧ ♣❛rt✐t✐♦♥✱ k✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇✐t❤ ❛ ❝♦♠♣❧❡①✐t② ♦❢ O(k21k

2
poly(n))✱ ✐t

✐s ❤❛r❞❧② r❡❧❡✈❛♥t ❢♦r ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❈❛♥ ❛ ♠♦r❡ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❜❡
♦❜t❛✐♥❡❞ ✇✐t❤ ✐♥t❡r❡st✐♥❣ r✉♥♥✐♥❣ t✐♠❡s✱ ❜♦t❤ ❢r♦♠ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♣r❛❝t✐❝❛❧ ♣♦✐♥ts
♦❢ ✈✐❡✇❄ ❆❧s♦ ❞♦ t❤❡r❡ ❡①✐st ❝♦♥st❛♥t✲r❛t✐♦ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ▼❈❙P❄
■♥❞❡❡❞✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ♣r♦❜❧❡♠ ❞♦❡s ♥♦t ❞❡❛❧ ✇✐t❤ ❣❡♥❡ ❞❡❧❡t✐♦♥ ❛♥❞ t❤✉s r❡q✉✐r❡s
t♦ ❤❛✈❡ ❜❛❧❛♥❝❡❞ str✐♥❣s ✐♥ ✐♥♣✉t✱ ✐t ✐s ❛ ❝❡♥tr❛❧ ♣r♦❜❧❡♠ ✇❤❡♥ ♦♥❡ ♥❡❡❞ t♦ ❤❛♥❞❧❡
❣❡♥♦♠❡s ✇✐t❤ ❞✉♣❧✐❝❛t✐♦♥s✳

❈♦rr❡❝t✐♥❣ ❛♥❞ ❈♦♠♣❧❡t✐♥❣ ●❡♥♦♠✐❝ ❉❛t❛

❆ ♠❛❥♦r ❝❤❛❧❧❡♥❣❡ ❢♦r ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s ✐s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡rr♦r✲
♣r♦♥❡ ♣r♦❝❡ss❡s t❤❛t ❣❡♥❡r❛t❡ t❤❡ ✐♥♣✉t ♦❢ t❤❡ ♣r♦❜❧❡♠s ❝♦♥s✐❞❡r❡❞✳ ❖♥❡ r❡♣r❡✲
s❡♥t❛t✐✈❡ ❡①❛♠♣❧❡ ✐s ❣❡♥♦♠❡ ❛ss❡♠❜❧✐♥❣ ❢r♦♠ ❤✐❣❤✲s♣❡❡❞ s❡q✉❡♥❝✐♥❣ ✭◆●❙✮ ❞❛t❛✿
s✉❝❤ ❞❛t❛ ✉s✉❛❧❧② ❝♦♥t❛✐♥s ❛ ❤✐❣❤ ♣❡r❝❡♥t❛❣❡ ♦❢ ❡rr♦rs✱ ❜❛❧❛♥❝❡❞ ❜② ❛♥ ✐♠♣♦rt❛♥t
r❡❞✉♥❞❛♥❝② ♦❢ t❤❡ r❡❛❞s✳ ❇✉t ❡rr♦rs✱ ❛♠❜✐❣✉✐t✐❡s ❛♥❞ ❤♦❧❡s ❡①✐st ✐♥ ✈✐rt✉❛❧❧② ❛❧❧
❣❡♥♦♠✐❝ ❞❛t❛✳ ■❞❡❛❧❧②✱ ❛❧❧ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s ♣r♦❜❧❡♠s s❤♦✉❧❞ t❛❦❡ s✉❝❤ ❛ ❢❛❝t
✐♥t♦ ❛❝❝♦✉♥t✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❝♦♠♣❧❡①✐t② t❤✐s r❡♣✲
r❡s❡♥ts✱ ❞❛t❛ s❛♥✐t✐③✐♥❣ ✐s ❛ r❡❛❧♠ ❞♦♠✐♥❛t❡❞ ❜② ❤❡✉r✐st✐❝s ❛♥❞ ✐s ✉s✉❛❧❧② ❞❡❢❡rr❡❞
❛s ❛ ♣r❡tr❡❛t♠❡♥t t❛s❦✳

❚✇♦ s✉❝❤ t❛s❦s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡rs ✺ ❛♥❞ ✻✳ ■♥ ❈❤❛♣t❡r ✺✱ t❤❡ ▼❛①✐✲
♠❛❧ ❙tr✐♣ ❘❡❝♦✈❡r② ♣r♦❜❧❡♠✱ ❛♥❞ ✐ts ✈❛r✐❛♥ts✱ ❛✐♠ ❛t ❡①tr❛❝t✐♥❣ ♠❛r❦❡rs ♦✉t ♦❢
❣❡♥♦♠✐❝ s❡q✉❡♥❝❡s ♦❢ ❝❧♦s❡ s♣❡❝✐❡s t❤❛t ❞♦ ♥♦t s❡❡♠ t♦ ❜❡❧♦♥❣ t♦ s②♥t❡♥② ❜❧♦❝❦s✳
❲❡ ♣r❡s❡♥t ❛ ♣❛♥❡❧ ♦❢ ❛❧❣♦r✐t❤♠s ❛♥❞ ❤❛r❞♥❡ss r❡s✉❧ts✱ ✇❤✐❝❤ ❣✐✈❡ ❛ ❝❧❡❛r ✈✐❡✇ ♦❢
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛✉t❤♦r✐③✐♥❣ ❞✉♣❧✐❝❛t❡❞
❣❡♥❡s ②✐❡❧❞s ✕ ②❡t ❛❣❛✐♥ ✕ str♦♥❣❧② ✐♥tr❛❝t❛❜❧❡ ♣r♦❜❧❡♠s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇✐t❤ ❛
♠♦❞❡❧ ❜❛s❡❞ ♦♥ ♣❡r♠✉t❛t✐♦♥s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝r❡❛t❡ ❡✣❝✐❡♥t ❋P❚ ♦r ❛♣♣r♦①✐♠❛t✐♦♥
❛❧❣♦r✐t❤♠s ✭s❡❡ ❡✳❣✳ t❤❡ O∗(2.36k poly(n)) ❋P❚ ❛❧❣♦r✐t❤♠ ♦r t❤❡ 2.5✲❛♣♣r♦①✐♠❛t✐♦♥✮✳
❚❤❡② ❝❛♥ ❣❡t ❡✈❡♥ ♠♦r❡ ❡✣❝✐❡♥t ✇❤❡♥ ✇❡ ❜♦✉♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s❡❝✉t✐✈❡ ❡rr♦rs✱



❈❖◆❈▲❯❙■❖◆ ❆◆❉ P❊❘❙P❊❈❚■❱❊❙ ✶✽✾

✇✐t❤ ❛♥ O∗(2k) ❋P❚ ❛❧❣♦r✐t❤♠ ❛♥❞ ❛ 1.8✲❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ 1✲❣❛♣ ✈❛r✐❛♥t✳
■♥ ❈❤❛♣t❡r ✻✱ ✇❡ ✜♥❛❧❧② ❢♦❝✉s ♦♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✐♥❢❡r✐♥❣ ❛ t♦t❛❧ ❣❡♥❡ ♦r❞❡r

✭❛ ❧✐♥❡❛r✐③❛t✐♦♥✮ ✇❤❡♥ ♦♥❧② ❛♥ ✐♥❝♦♠♣❧❡t❡ ♣r❡❝❡❞❡♥❝❡ r❡❧❛t✐♦♥ ✐s ❦♥♦✇♥✳ Pr♦❜❧❡♠s
❞❡❛❧✐♥❣ ✇✐t❤ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ❣❡♥♦♠❡s ✉s✉❛❧❧② ❛✐♠ ❛t r❡♠♦✈✐♥❣ ❝♦♥✢✐❝ts ✇✐t❤✐♥ t❤❡
✐♥♣✉t ♦r❞❡r✱ s♦ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❧✐♥❡❛r✐③❛t✐♦♥✱ s❡❡ ❡✳❣✳ s❝❛✛♦❧❞ r❡❝♦♥str✉❝t✐♦♥✱ ❛♥❞
t❤❡ ❡①❛❝t ❛❧❣♦r✐t❤♠ ❖♣❡r❛ ❬✼✷❪✳ ■♥ t❤❡ ▼✐♥✐♠✉♠ ❇r❡❛❦♣♦✐♥t ▲✐♥❡❛r✐③❛t✐♦♥
♣r♦❜❧❡♠✱ ✇❡ tr② t♦ ✐♥❢❡r t❤❡ ♦♣t✐♠❛❧ ❧✐♥❡❛r✐③❛t✐♦♥ ❢r♦♠ ❛ ❝♦♥✢✐❝t✲❢r❡❡ ♣❛rt✐❛❧ ♦r❞❡r✳
❖♣t✐♠❛❧✐t② ❤❡r❡ ✐s ♠❡❛s✉r❡❞ ❛s t❤❡ ❜r❡❛❦♣♦✐♥t ❞✐st❛♥❝❡ t♦ ❛ r❡❢❡r❡♥❝❡ ❣❡♥♦♠❡✳ ❲❡
♣r♦♣♦s❡ ❛ ❣r❛♣❤ ♠♦❞❡❧ ❢♦r t❤✐s ♣r♦❜❧❡♠✱ ②✐❡❧❞✐♥❣ ❛ ❞✐r❡❝t r❡❞✉❝t✐♦♥ t♦ ❛ ❦♥♦✇♥
✈❛r✐❛♥t ♦❢ t❤❡ ❋❡❡❞❜❛❝❦ ❱❡rt❡① ❙❡t ♣r♦❜❧❡♠ ❛♥❞ t❤✉s t♦ s❡✈❡r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s
❛♥❞ t♦ ❛♥ ❋P❚ ❛❧❣♦r✐t❤♠✳

❋✉rt❤❡r P❡rs♣❡❝t✐✈❡s

❚❤❡ ♠♦st ❝❤❛❧❧❡♥❣✐♥❣ q✉❡st✐♦♥ r❡♠❛✐♥s✿ ❝❛♥ tr❛❞✐t✐♦♥❛❧ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝
♠❡t❤♦❞s ❛♣♣❧② t♦ ♥♦✐s② ♦r ✐♥❝♦♠♣❧❡t❡ ❞❛t❛❄ ❆s ❛ r❛♥❞♦♠ ❡①❛♠♣❧❡✱ ❝❛♥ ✇❡ ❝♦♠♣✉t❡
❛ ❉❈❏ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ❣❡♥♦♠❡s❄ ❖♥❡ ♣♦ss✐❜❧❡ ♦✉t❧♦♦❦ ✐s ✈✐❛ t❤❡
▼✐♥✐♠✉♠ ❈♦♠♠♦♥ ❙tr✐♥❣ P❛rt✐t✐♦♥ ♣r♦❜❧❡♠✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛♥
❛❧❣♦r✐t❤♠ ✇❤✐❝❤✱ ✐t s❡❡♠s✱ s❤♦✉❧❞ ❛❧❧♦✇ ❢♦r ❞❛t❛ ✇✐t❤ ❛ ❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ ❧♦❝❛❧
❡rr♦rs✱ ♦r ❡✈❡♥ ✇✐t❤ ✉♥❝❡rt❛✐♥t✐❡s ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ r❡♣❡t✐t✐♦♥s ✐♥ t❤❡ ♣❡r✐♦❞✐❝ str✐♥❣s✳
❆ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♠❡t❤♦❞s r❡♠❛✐♥ t♦ ❜❡ ❡①♣❧♦r❡❞ ✕ ♦r ✐♥✈❡♥t❡❞ ✕ ✐♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡
❛❧❣♦r✐t❤♠s✱ ✇❤✐❝❤ ❛r❡ ❜♦t❤ ♣r❡❝✐s❡ ❛♥❞ ❡✣❝✐❡♥t ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❛♥❞
✇❤✐❝❤ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❛❧❧ t❤❡ ❢❛❝❡ts ♦❢ ❜✐♦❧♦❣✐❝❛❧ ♣r♦❜❧❡♠s✳

❊①t❡♥❞✐♥❣ t❤❡ ✈✐❡✇ ♦✉t ♦❢ s♦❧❡❧② ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s✱ ❛ ✈❛r✐❡t② ♦❢ ♦t❤❡r ❛s♣❡❝ts
♦❢ ❜✐♦✐♥❢♦r♠❛t✐❝s ♥❡❡❞ t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳ ❆♥ ❡①❛♠♣❧❡ ✐s ❣r❛♣❤✲❜❛s❡❞ ♣r♦❜❧❡♠s✿ ❞❛t❛
s✉❝❤ ❛s ♠❡t❛❜♦❧✐❝ ♥❡t✇♦r❦s ♦r ❣❡♥❡ ✐♥t❡r❛❝t✐♦♥s ❛r❡ ♥❛t✉r❛❧❧② ♠♦❞❡❧❡❞ ❛s ❣r❛♣❤s❀ ❛♥❞
♦♥❡ ❛✐♠s ❛t ❡①tr❛❝t✐♥❣ r❡♠❛r❦❛❜❧❡ s✉❜❣r❛♣❤s✱ ❞✐s❝❡r♥✐♥❣ ♣❛tt❡r♥s✱ ❡t❝✳ ●r❛♣❤✲❜❛s❡❞
♣r♦❜❧❡♠s ❛r❡ ❛ ❢❡rt✐❧❡ ❣r♦✉♥❞ ❢♦r ♣❛r❛♠❡t❡r✐③❡❞ ❛❧❣♦r✐t❤♠s✱ s✐♥❝❡ ♠♦st ♠❡t❤♦❞s ❧✐❦❡
❦❡r♥❡❧✐③❛t✐♦♥✱ ❝♦❧♦r✲❝♦❞✐♥❣✱ ❡t❝✳ ♥❛t✉r❛❧❧② ❛♣♣❧② t♦ t❤✐s ❞❛t❛ r❡♣r❡s❡♥t❛t✐♦♥✳ ❍❡♥❝❡✱
❛s ❛ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ♣r♦♣♦s❡ t♦ ✐♥✈❡st✐❣❛t❡ s✉❝❤ ♣r♦❜❧❡♠s ✉♥❞❡r
t❤❡ ❧✐❣❤t ♦❢ ✜①❡❞✲♣❛r❛♠❡t❡r tr❛❝t❛❜✐❧✐t② t❤❡♦r②✳
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♦❢ ℓ1 ❛♥❞ ℓ∞ r❡❛rr❛♥❣❡♠❡♥t ❞✐st❛♥❝❡s✳ ■♥ ◆✳ ❩✐✈✐❛♥✐ ❛♥❞ ❘✳ ❆✳ ❇❛❡③❛✲❨❛t❡s✱
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❬✼❪ ❙✳ ❆♥❣✐❜❛✉❞✱ ●✳ ❋❡rt✐♥✱ ■✳ ❘✉s✉✱ ❆✳ ❚❤é✈❡♥✐♥✱ ❛♥❞ ❙✳ ❱✐❛❧❡tt❡✳ ❖♥ t❤❡ ❆♣✲
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❛❧❣♦r✐t❤♠✐q✉❡ ❞❡ ♣❧✉s✐❡✉rs ♣r♦❜❧è♠❡s ✐ss✉s ❞❡ ❧❛
❣é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡✱ ❡t ♥♦✉s ❛♣♣♦rt♦♥s ❞❡s s♦❧✉t✐♦♥s
à ❝❡rt❛✐♥s ❞❡ ❝❡s ♣r♦❜❧è♠❡s s♦✉s ❧❛ ❢♦r♠❡ ❞✬❛❧❣♦r✐t❤♠❡s
❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♦✉ ♣❛r❛♠étrés✳

▲❡ ❞é♥♦♠✐♥❛t❡✉r ❝♦♠♠✉♥ ❛✉① ♣r♦❜❧è♠❡s s♦✉❧❡✈és ❡st ❧❛
♠✐s❡ ❡♥ ❝♦♠♠✉♥ ❞✬✐♥❢♦r♠❛t✐♦♥s ❣é♥♦♠✐q✉❡s ♣r♦✈❡♥❛♥t
❞❡ ♣❧✉s✐❡✉rs ❡s♣è❝❡s ❞❛♥s ❧❡ ❜✉t ❞❡ t✐r❡r ❞❡s ❝♦♥❝❧✉s✐♦♥s
♣❡rt✐♥❡♥t❡s ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❝❡s ❡s♣è❝❡s✳ ▲❡s ♣r♦❜❧è♠❡s ❞❡
tr✐ ♣❛r tr❛♥s♣♦s✐t✐♦♥s ❡t ❞❡ tr✐ ♣❛r ✐♥✈❡rs✐♦♥s ♣ré✜①❡s
♣❡r♠❡tt❡♥t ❞❡ r❡tr♦✉✈❡r ❧✬❤✐st♦✐r❡ é✈♦❧✉t✐✈❡ ❞❡s ❞❡✉①
❡s♣è❝❡s✳ ▲❡s ♣r♦❜❧è♠❡s ❞❡ ❞✐st❛♥❝❡ ❡①❡♠♣❧❛✐r❡ ❡t ❞❡ ♣❧✉s
♣❡t✐t❡ ♣❛rt✐t✐♦♥ ❝♦♠♠✉♥❡ ♦♥t ♣♦✉r ❜✉t ❞❡ ❝♦♠♣❛r❡r ❞❡✉①
❣é♥♦♠❡s ❞❛♥s ❧❡s ❝❛s ❛❧❣♦r✐t❤♠✐q✉❡♠❡♥t ❞✐✣❝✐❧❡s ♦ù
❝❤❛q✉❡ ❣è♥❡ ❛♣♣❛r❛✐t ❛✈❡❝ ♣❧✉s✐❡✉rs ❝♦♣✐❡s
✐♥❞✐st✐♥❣✉❛❜❧❡s ❞❛♥s ❧❡ ❣é♥♦♠❡✳ ❊♥✜♥✱ ❧❡s ♣r♦❜❧è♠❡s
❞✬❡①tr❛❝t✐♦♥ ❞❡ ❜❛♥❞❡s ❡t ❞❡ ❧✐♥é❛r✐s❛t✐♦♥ ✈✐s❡♥t à ♣ré❝✐s❡r
♦✉ ❝♦rr✐❣❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❣é♥♦♠✐q✉❡ ❛✜♥ q✉✬❡❧❧❡ s♦✐t ♣❧✉s
♣❡rt✐♥❡♥t❡ ♣♦✉r ❞❡s tr❛✐t❡♠❡♥ts ✉❧tér✐❡✉rs✳

▲❡s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉① q✉❡ ♥♦✉s ♣rés❡♥t♦♥s s♦♥t ❧❛
◆P✲❞✐✣❝✉❧té ❞❡s ♣r♦❜❧è♠❡s ❞❡ tr✐ ✭♣❛r tr❛♥s♣♦s✐t✐♦♥s ❡t
♣❛r ✐♥✈❡rs✐♦♥s ♣ré✜①❡s✮ ❞♦♥t ❧❛ ❝♦♠♣❧❡①✐té ❡st r❡sté❡
❧♦♥❣t❡♠♣s ✉♥❡ q✉❡st✐♦♥ ♦✉✈❡rt❡❀ ✉♥❡ ét✉❞❡ ❝♦♠♣❧èt❡ ❞❡
❧❛ ❝♦♠♣❧❡①✐té ❞✉ ❝❛❧❝✉❧ ❞❡s ❞✐st❛♥❝❡s ❡①❡♠♣❧❛✐r❡s❀ ✉♥
❛❧❣♦r✐t❤♠❡ ♣❛r❛♠étré ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ♣❧✉s ♣❡t✐t❡
♣❛rt✐t✐♦♥ ❝♦♠♠✉♥❡ ✭❛✈❡❝ ✉♥ ✉♥✐q✉❡ ♣❛r❛♠ètr❡ ét❛♥t ❧❛
t❛✐❧❧❡ ❞❡ ❧❛ ♣❛rt✐t✐♦♥✮❀ ✉♥❡ ét✉❞❡ à ❧❛ ❢♦✐s ❧❛r❣❡ ❡t
❛♣♣r♦❢♦♥❞✐❡ ❞❡s ♣r♦❜❧è♠❡s ❞✬❡①tr❛❝t✐♦♥ ❞❡ ❜❛♥❞❡s ❡t
❡♥✜♥ ✉♥❡ ♥♦✉✈❡❧❧❡ str✉❝t✉r❡ ❞❡ ❞♦♥♥é❡s ♣❡r♠❡tt❛♥t ❞❡
rés♦✉❞r❡ ♣❧✉s ❡✣❝❛❝❡♠❡♥t ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧✐♥é❛r✐s❛t✐♦♥✳

❆❜str❛❝t
■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❡①♣❧♦r❡ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ❝♦♠♣❧❡①✐t② ♦❢
s❡✈❡r❛❧ ♣r♦❜❧❡♠s st❡♠♠✐♥❣ ❢r♦♠ ❝♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s✱
❛♥❞ ✇❡ ♣r♦✈✐❞❡ s♦❧✉t✐♦♥s ❢♦r s♦♠❡ ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s ✐♥
t❤❡ ❢♦r♠ ♦❢ ♣❛r❛♠❡t❡r✐③❡❞ ♦r ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳

■♥ t❤❡ ♣r♦❜❧❡♠s ✇❡ ❝♦♥s✐❞❡r✱ ✇❡ ❜r✐♥❣ t♦❣❡t❤❡r t❤❡
❣❡♥♦♠✐❝ ✐♥❢♦r♠❛t✐♦♥ ♦❢ s❡✈❡r❛❧ s♣❡❝✐❡s ❛♥❞ ❛✐♠ ❛t
❞r❛✇✐♥❣ r❡❧❡✈❛♥t ❝♦♥❝❧✉s✐♦♥s ❢♦r t❤❡ st✉❞② ♦❢ t❤❡s❡
s♣❡❝✐❡s✳ ❙♦rt✐♥❣ ❛ ❣❡♥♦♠❡ ❡✐t❤❡r ❜② tr❛♥s♣♦s✐t✐♦♥s ♦r ❜②
♣r❡✜① r❡✈❡rs❛❧s ❧❡❛❞s t♦ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
❡✈♦❧✉t✐♦♥ ❤✐st♦r② r❡❣❛r❞✐♥❣ t❤❡ ❣❡♥♦♠❡s ♦❢ t✇♦ s♣❡❝✐❡s✳
❊①❡♠♣❧❛r ❞✐st❛♥❝❡s ❛♥❞ ❝♦♠♠♦♥ ♣❛rt✐t✐♦♥ ❛✐♠ ❛t
❝♦♠♣❛r✐♥❣ ❣❡♥♦♠❡s ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✐❝❛❧❧② ❝♦♠♣❧❡① ❝❛s❡
✇❤❡r❡ ❞✉♣❧✐❝❛t❡❞ ❣❡♥❡s ❛r❡ ♣r❡s❡♥t✳ ❋✐♥❛❧❧②✱ t❤❡ str✐♣
r❡❝♦✈❡r② ❛♥❞ ❧✐♥❡❛r✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❛✐♠ ❛t ❝♦rr❡❝t✐♥❣ ♦r
❝♦♠♣❧❡t✐♥❣ ❣❡♥♦♠✐❝ ✐♥❢♦r♠❛t✐♦♥ s♦ t❤❛t ✐t ❝❛♥ ❜❡ ✉s❡❞
❢♦r ❢✉rt❤❡r ❛♥❛❧②s✐s✳

❚❤❡ ♠❛✐♥ r❡s✉❧ts ✇❡ ❡①♣♦s❡ ❛r❡ t❤❡ ◆P✲❤❛r❞♥❡ss ♦❢ t❤❡
s♦rt✐♥❣ ♣r♦❜❧❡♠s ✭❜♦t❤ ❜② tr❛♥s♣♦s✐t✐♦♥s ❛♥❞ ❜② ♣r❡✜①
r❡✈❡rs❛❧s✮✱ ♦❢ ✇❤✐❝❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❤❛s
❜❡❡♥ ❛ ❧♦♥❣✲st❛♥❞✐♥❣ ♦♣❡♥ q✉❡st✐♦♥❀ ❛♥ ❡①❤❛✉st✐✈❡ st✉❞②
♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ ❡①❡♠♣❧❛r ❞✐st❛♥❝❡s❀ ❛
♣❛r❛♠❡t❡r✐③❡❞ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♠✐♥✐♠✉♠ ❝♦♠♠♦♥ str✐♥❣
♣❛rt✐t✐♦♥ ♣r♦❜❧❡♠❀ ❛ ❞❡❡♣ ❛♥❞ ✇✐❞❡ st✉❞② ♦❢ str✐♣ r❡❝♦✈❡r②
♣r♦❜❧❡♠s❀ ❛♥❞ ✜♥❛❧❧② ❛ ♥❡✇ ❣r❛♣❤ str✉❝t✉r❡ ❛❧❧♦✇✐♥❣ ❢♦r ❛
♠♦r❡ ❡✣❝✐❡♥t s♦❧✈✐♥❣ ♦❢ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♣r♦❜❧❡♠✳

▼♦ts ❝❧és
●é♥♦♠✐q✉❡ ❝♦♠♣❛r❛t✐✈❡✱ ❚❤é♦r✐❡ ❞❡ ❧❛ ❝♦♠♣❧❡①✐té✱
❆❧❣♦r✐t❤♠❡s ♣❛r❛♠étrés✱ ❆♣♣r♦①✐♠❛❜✐❧✐té✳

❑❡② ❲♦r❞s
❈♦♠♣❛r❛t✐✈❡ ❣❡♥♦♠✐❝s✱ ❈♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✱
P❛r❛♠❡t❡r✐③❡❞ ❛❧❣♦r✐t❤♠s✱ ❆♣♣r♦①✐♠❛❜✐❧✐t②✳
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