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Résumé

L’objectif principal de la thése est : I’étude des fluctuations de fonctionnelles du spectre
de grandes matrices aléatoires, la construction d’estimateurs consistants et I’étude de leurs
performances, dans la situation ot la dimension des observations est du méme ordre que
le nombre des observations disponibles. Un tel contexte se rencontre trés fréquemment
en communications numériques, principal domaine applicatif de la thése. On retrouve les
mémes problématiques dés lors que 'on traite des observations de trés grande dimension
(théorie de I’apprentissage, biostatistiques, etc.), ou que des contraintes fortes de temps réel
(réduisant le nombre d’observations que 1'on peut acquérir) entrent en jeu (radio cognitive,
radio intelligente, réseaux de capteurs).

Il y aura deux grandes parties dans cette thése. La premiére concerne la contribution
méthodologique. Nous ferons ’étude des fluctuations pour les statistiques linéaires des
valeurs propres du modéle ’information-plus-bruit’ pour des fonctionnelles analytiques, et
étendrons ces résultats au cas des fonctionnelles non analytiques. Le procédé d’extension
est fondé sur des méthodes d’interpolation avec des quantités gaussiennes. Ce procédé
est appliqué aux grandes matrices de covariance empirique. L’autre grande partie sera
consacrée a ’estimation des valeurs propres de la vraie covariance & partir d’une matrice de
covariance empirique en grande dimension et I’étude de son comportement. Nous proposons
un nouvel estimateur consistant et étudions ces fluctuations. En communications sans fil,
cette procédure permet & un réseau secondaire d’établir la présence de ressources spectrales
disponibles.

Les objectifs scientifiques de la thése présentée seront :

— Fluctuations de statistiques linéaires pour grandes matrices aléatoires,

— Construction d’estimateurs consistants dans un contexte de traitement d’antenne et

de canaux de propagation MIMO et 1’étude de la performance de ces estimateurs.



Abstract

The principal objective of this thesis is : the study of the fluctuations of functionals
of spectrum for large random matrices, the construction of consistent estimators and the
study of their performances, in the situation where the dimension of observations is with
the same order as the number of the available observations. Such a situation shows up very
frequently in numerical communications, which is the principal application domain of the
thesis. It is also an extremely large situation which appears as soon as the observations
have very large dimensions (machine learning, biostatistics, etc.), or when some strong
constraints of real time, (reducing the number of observations we have acquired) play a
decisive role (cognitive radio, intelligent radio, wireless sensor networks).

There will be two parts in the report : the methodological contribution and the estima-
tion in large-dimensional data. As to the methodological contribution, we will study the
fluctuations for spectral linear statistics of the model ’information-plus-noise’ for analytic
functionals, and the extension for non-analytic functionals. The extension is based on the
interpolation between random variables and Gaussian terms. This method can be applied
to empirical covariance matrices. Another part consists in the estimation of the eigenva-
lues of the real covariance from the empirical covariance for high dimensional data and the
study of its performance. We propose a new consistent estimator and the fluctuation of the
estimator will be studied . In wireless communications, this procedure permits a secondary
network to ensure the presence of the available spectral resources.

The scientific objectives of the presented thesis are :

— Fluctuations of functionals for large dimensional random matrices,

— Construction of consistent estimators in the context of signal processing and radio

channel MIMO and the study of the performance of these estimators.
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Notations

Linear algebra

X matrix

Iy identity matrix of size N x N
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Tr(X), det(X), rank(X) trace, determinant and rank of X
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X column vector
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<,>,>,< matrix inequalities, A > B means A — B is nonnegative

while A > B means A — B is nonnegative definite

Probability theory

(Q,F,P) probability space with o-algebra F and measure P

E(X) expectation of X

P probability
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Re(z), Im(z)
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R+ R-

C*

i

2|

Ia

(Tn)n>1

O(yn)
O(yn)
f1(@), (), f™)(x)

lim sup,, xp,, liminf,, x,

0i.j
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Zn, = 0(y,) means for all € > 0 and there exists ng such that
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first, second and n-th derivative of f

limit superior and inferior of (x,)

Kronecker’s symbole, i.e., d; j; = 1 if i = j, 0 otherwise






Chapitre 1
Introduction

L’origine de 1’étude de matrices aléatoires remonte aux travaux du statisticien Wishart en
1928 [98] qui s’intéresse au comportement asymptotique de la matrice de covariance empirique

définie par
1 n
Rn = E Xixfa
n-
=1

ou x; € CN est i.i.d. centrée réduite.

En 1955 [96], et pour des motivations de physique théorique [97], le physicien Wigner s’in-
téresse au comportement asymptotique du spectre d’une matrice aléatoire symétrique, a en-
trées indépendantes et correctement normalisées quand la dimension de la matrice tend vers
Iinfini. Wigner établit la convergence de la mesure empirique des valeurs propres vers la loi
semi-circulaire.

Des résultats similaires voient le jour pour de grandes matrices de covariance empirique pour
lesquelles les dimensions tendent vers l'infini au méme rythme (rapport entre les dimensions
constant). Le résultat emblématique est le théoréme de Marcenko-Pastur [62] qui décrit le com-
portement asymptotique de la mesure spectrale d’une grande matrice de covariance empirique;
s’en suivent ’étude des fluctuations de la plus grande valeur propre [$8], 'étude des fluctuations
du spectre [11], certains théorémes de grandes déviations [13], etc.

D’un point de vue des applications, la théorie des grandes matrices aléatoires a suscité un
grand intérét en physique (03], en biologie [3], en finance [77], en théorie des communications
numeériques [39, 94, 87, 33], etc.

Nos travaux ont porté sur ’estimation et ’étude des fluctuations de fonctionnelles de grandes
matrices aléatoires de covariance empirique pour des modéles de matrices structurées : matrice
de Gram et matrices du type information-plus-bruit. Dans cette introduction, nous présentons

briévement nos travaux ainsi que certains outils utilisés dans la suite de ce manuscrit.

14



CHAPITRE 1. INTRODUCTION 15

1.1 CLT pour le modéle ’information-plus-bruit’

Considérons une matrice aléatoire Y, = (y;;) donnée par :

1
Y, = ﬁ Xn + An ’
ol X,, est une matrice N x n dont les entrées (mz ;1,7,n) sont réelles ou complexes, i.i.d. de
moyenne 0 et variance 1; la matrice A, a la méme dimension et est déterministe. La matrice
Y, est parfois appelée matrice du type "information-plus-bruit" dans la littérature.

Dans le Chapitre 2, nous étudierons les fluctuations de statistiques linéaires de la forme :

N
Trf(YnY5) =D f(N)
i=1
otl les \; sont les valeurs propres de Y, Y, et f est une fonction analytique, dans le régime ol

les dimensions de n et N tendent vers 'infini & la méme vitesse :
N N
N,n—o00 et 0 < liminf — < limsup— < oo.
n n

Les grandes matrices du type information-plus-bruit, et plus généralement, les grandes ma-
trices aléatoires non centrées, ont récemment attiré 'attention de chercheurs comme dans Lou-
baton et al. [93], Hachem et al. [10], Capitaine et al. [22]. Elles constituent un modéle important
pour les applications. Sous des conditions peu restrictives sur les moments des entrées de la
matrice X,, et sur la norme spectrale de la matrice A,,, le comportement asymptotique de la

distribution empirique des valeurs propres de Y, Y :

N
.1
FYnYn — ~ > o (1.1.1)
=1

a été étudié par Girko [35, Chapitre 7], Dozier et Silverstein [30] et Hachem et al. [11]. En suivant
ces résultats, les propriétés variées du spectre asymptotique ont été étudiées, voir par exemple
[29, 58, 7, 21]. Dans le contexte plus applicatif, les résultats ont été développés en communications
numériques et traitement du signal [33, 87, 68, 32, 42, 43].

Concernant les fluctuations de fonctionnelles du spectre de grandes matrices aléatoires, les
références se retrouvent dans les monographies [1, 6, 74, 86]. Dans le cas spécifique de fluctuations
des grandes matrices de covariance, nous pouvons citer Jonsson [19], Johansson [17], Cabanal-
Duvillard [19], Guionnet [37], Bai et Silverstein [!1], Hachem et al. [15, 39], Pan et al. |73,

|, Chatterjee [23], Lytova et Pastur [60], Shcherbina [74], Najim [70], Khorunzhiy et al. [10],
Benaych-Georges et al. [14], mais beaucoup d’autres articles méritent d’étre cités.

Dans le cas de matrices non centrées du type information-plus-bruit, peu de résultats ont été
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développés concernant leurs fluctuations. Dans le cas spécifique ot la fonctionnelle d’intérét est
N
logdet (T, + Y, Y};) =) log(1+ ) ,
i=1

les fluctuations ont été décrites a 1’aide de techniques physiciennes [69] dans le cas ot les entrées

sont gaussiennes complexes, et le CLT a été établi dans le cas général par Hachem et al. dans

[39].

Notre étude portera sur les fluctuations de Trf(Y,,Y}) dans le cas ot f est analytique. Dans

ce cas, la formule de Cauchy entraine que
1
Tef(Y,Y}) = _2,74 f(2)Te (Y, Y5 —zIy) tdz. (1.1.2)
T Jo

Soit Qu(2) = (Y, Y — 2In)"! (resp. Qu(z) = (Y£Y, — 2I,)"!) la résolvante de Y, Y7
(resp. Y*Y,,). Considérons 8,0, : CT — CT, qui satisfont

~ «\ —1
onl2) = LT (—2(1+ 8,1y + 5255

) S (1.1.3)
bu2) = LT (—2(1+ 8,)1,, + A2
et T,, (resp. T,,) équivalent déterministe de Q,, (resp. Q) défini par
To(2) = (214 5Ly + A223) -
To(z) = (—z(l 46, + ‘?ﬁ”)fl -
Dans [10], ils démontrent que 0, (resp. 0n(2)) est la transformée de Stieljes d'une mesure de

probabilité F,, (resp. Fn) et T, (resp. Tn) est une bonne approximation de Q,, (resp. Qn) dans
le sens ou

1 1 5. 5.
“TrT(2) — —TrQu(z) —2— 0, uw'Quv —u'T,v —> 0,
n n N,n—00 N,n—o0

oll u, v sont deux vecteurs N x 1 avec la norme bornée.

La statistique linéaire qui nous intéresse peut s’écrire sous la forme

My (2) & TeQu(2) — TrTa(2). (1.1.5)

On peut décomposer (1.1.5) en deux parties :

Tr(Qn(2) — Tn(z)) = Tr(Qn(2) : EQn(2)) + Tr(EQn(z) — Tn(2))

g

Fluctuations Biais

2 M)+ M2(2) .

Le premier terme, qui est centré, donnera lieu aux fluctuations de la statistique linéaire et sera
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géré par la méthode des martingales '. Cette stratégie a été appliquée avec succés dans [11, 73,

, D3, 42, 70, 12]. Le second terme est complétement déterministe et donnera le biais. Dans le
cas ot A,, = 0, nous retrouverons 'expression de la variance dans [11] et du biais dans [70] (cf.
Section 2.2.3).

Trois difficultés majeures apparaissent dans la preuve :

1. Comme nous travaillons avec des variables générales ayant un 4° moment fini, deux termes
supplémentaires apparaitrons dans I’étude de la variance asymptotique : un terme propor-
tionnel au cumulant d’ordre 4, et un terme proportionnel & E(x7,)?. Naturellement, ces
termes dépendent de la matrice A, A*. Mais malheureusement, ils ne dépendent pas uni-
quement du spectre de A, A7, mais aussi des vecteurs propres de A,, A’ . Cela entraine qu’il
est difficile de formuler des hypothéses naturelles sur A, A} permettant la convergence de

ces deux termes. Au lieu d’exprimer le résultat sous la forme habituelle

Tef(YnY?) — N / F(@)Fo(dz) —P—s N(Buo, Ou),

N,n—o00

on I'exprimera sous la forme

drp (Trf(YnY:;) - N/f(x)Fn(d$),N(Bn, @n)> —0
N,n—o00
a l'aide de la distance de Lévy-Prohorov entre la statistique linéaire d’intérét et une famille
de variables gaussiennes, qui s’ajustera & la famille des matrices. Cela permettra d’éviter
de formuler des hypothéses peu naturelles sur la convergence jointe des vecteurs propres et
du spectre de A, A’ . (cf. Section 2.2)

2. L’introduction d’une famille de gaussiennes N (B, ©,,) rend nécessaire différents controles
asymptotiques, par exemple, la tension de la famille gaussienne, une borne uniforme de la
variance et du biais. Malheureusement, la définition de leurs paramétres B,, et ©,, repose
sur les équations implicites définissant 8, et 6, (cf. Eq (1.1.3)). Pour contourner ce pro-
bléme, nous introduisons un méta-modéle qui permet de transférer les propriétés de notre
statistique linéaire a cette famille de gaussiennes. Le méta-modéle consiste & introduire un
nouveau parameétre M € N pour que d,, soit la limite de la résolvante normalisée associée

a la matrice définie par

et

Y, (M) = \/}MXn(MHAn(M),

ot X,,(M) est une matrice NM x nM centrée réduite et A, (M) est une matrice par bloc

dont les éléments sur la diagonale par bloc est A,,. L’intérét d’introduire la matrice A,, (M)

1. Dans [35, Introduction] (voir aussi les références dans [35]), Girko appelle cette méthode la méthode RE-
FORM (REsolvent, FORmula, Martingales).
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repose sur le fait que Y,,(M)Y,(M)* a le méme équivalent déterministe que Y, Y, i.e.,

1
TrQua(z) — NTrTn(z) gy 0

NM

ot Quuyr = (Yo(M)Y,*(M) — 2Inpn) "t Opr = 0p est indépendant de M du fait de
la nature bloc-diagonale de A,,(M). N,n étant fixés, notons N (B, ar, Onar) la famille

gaussienne de la loi limite associée a Q,as, nous pouvons montrer sans difficulté que
VM > 17 Bn,M = BTLa ®n7M = G)na

et transférer les propriétés de TrQ, aux B, et ©,. Cette méthode sera utilisée de maniére
systématique dans 'étude de CLT (cf. Section 2.3.6, 3.3.1).

3. Le calcul de la covariance s’inspire fortement des calculs faits dans Hachem et al. [39]
dans le cadre particulier de la fonctionnelle logdet(Iy + Y, Y}). Du fait de la formule de
dérivation
1

p+Ai’

N
9 logdet (pI, + Y, Y) = Z pour p > 0,
i=1

dp
il existe des liens profonds avec les calculs que nous devons mener. Une différence impor-
tante réside sur le fait que nous travaillons dans le plan complexe alors que Hachem et al.
travaillent sur 1’axe réel. Cette différence induit des difficultés techniques substantielles (cf.
Section 2.4).

1.2 Fluctuations pour des fonctionnelles non analytiques

Dans le Chapitre 3, nous nous proposons d’étudier les fluctuations des fonctionnelles non-
analytiques pour le modéle Y,, = ﬁR}/ 2Xn oll les entrées sont supposées réelles, centrées
réduites et R,, est une matrice symmeétrique avec la norme spectrale bornée. La représentation
(1.1.2) est la clé pour la méthode des martingales et impose une contrainte trés forte sur la nature
de la fonction f, qui doit étre analytique sur un contour spécifique.

Afin d’affaiblir 'hypothése d’analycité de f, nous allons procéder différemment et adopter le
point de vue de Lytova et Pastur [60]. Pour des entrées réelles, une autre maniére de décomposer
une fonction est la transformée de Fourier : f(t) = (2r)~? [ e} f(X) dX et sa formule d’inversion

FA) = [ f(t)dt, qui amene la représentation :
Trf(Y, YD) = / F(t) Tre™¥nYn gt . (1.2.1)

Nous pouvons remarquer que la représentation précédente ne nécessite pas que f soit ana-
lytique, et c’est 1a I'un des grands avantages pour décomposer une fonction dans le domaine de
Fourier plutot que par la formule de Cauchy (dans le domaine de Stieljes).

La stratégie est maintenant claire : La fonction z — el** étant analytique sur C, nous pouvons
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décrire les fluctuations de

1

Tr[eitY”YZ] =5
i

%eitzTr (YnYZ — zIN)_1 dz,
a l'aide de l'extension du théoréme de Bai et Silverstein comme développé dans [11], et un

argument de tension va fournir un CLT pour

K
/ F(t) Te[eYnYn) dt., (1.2.2)
-K

Pour retrouver la représentation (1.2.1), nous avons besoin d’étendre le CLT précédent sur
l'axe réel (K — o00). L’ingrédient clé sera un contrdle, a priori, de la variance de la variable
itYnYZ]

aléatoire wu,(t) = Trle qui sera un polynéme de t. Ce controle utilise les techniques

d’interpolation développées par Lytova et Pastur [60]. L’idée principale consiste & interpoler

entre les statistiques linéaires u(t) = Tr[el*¥»Yn] et les statistiques linéaires gaussiennes réelles

u(t) = Tr[eitY”Y;{ | en considérant la matrice d’interpolation
X, = /sX, + V1 — sXy,

et les quantités correspondantes.
Dans le cas gaussien, une application directe de l'inégalité de Nash-Poincaré |11, 75, 22]
aboutit & :

Var{a(t)} < Kt*.

Les techniques d’interpolation nous permettent d’obtenir le controle suivant
Var[Tre™YnYn] < K(1 + [t|)2. (1.2.3)

Nos travaux sont constitués de 3 étapes :

1. Adapter les techniques d’interpolation de Lytova et Pastur au modéle

_ b
~Vn

ol les normes spectrales de deux matrices déterministes A, et R, sont supposées bor-

Y, RY?X, + A,

nées. L’ajout de la matrice A, ne présente pas de difficulté supplémentaires, aussi nous

établissons la borne (1.2.3) pour ce modéle général (cf. Section 3.2.4).

Dans le reste du chapitre, nous considérerons A, = 0. En prenant R,, = I,,, cette borne
permettrait d’appliquer cette technique au modéle information-plus-bruit étudié au Cha-
pitre 2.

2. Etablir le CLT au modéle Y,, = R,l/ ®X,, avec des entrées réelles pour Trf (Y, YI). Par la

représentation (1.2.1), Iestimation de Tr[eYnYn] aboutit a I'inégalité

Varl2[f () Tre!¥¥0] < K| f(1)] (1 + |1]*)
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qui est par hypothése, intégrable sur R. Un théoréme de transfert [50, Theorem 4.28] nous
assure la convergence de l'intégrale (1.2.2) vers une gaussienne quand K — oo (cf. Section
3. Etudier le biais E [ f(\)F Yo (d)) — N J F(N)E,(dX) ou F, est la measure associée a
I’équivalent déterministe T, (z). Une approche dlrecte du biais semble compliquée, aussi

nous introduisons un intermédiare de calcul gaussien

E / FOVFY"Yn(d)\) — N / FNEF,(dA
( /f A FY"Yn (d)) /f A FYXT (dA))
- <E/f()\)FYCY3(d)\) —N/f()\)Fn(d)\)>, (1.2.4)

ol YC = ﬁRi/ 2Xc et Xc est une matrice gaussienne complexe standard. Le premier terme
se gére sans difficulté a ’aide de techniques d’interpolation. Pour le second terme, par un

calcul gaussien développé dans [16, 93], il existe deux polynomes Pjo et Pi7 tels que
NN 1
ETr(Y.Y: — 2I)7! — TrT(2)| < = Pi7(|Tmz| 1) Pra(]2]) (1.2.5)
n

ou P désigne un polyndéme de coeflicients strictement positifs de degré k. Pour une fonction

réguliére (par exemple, de classe C''®), en utilisant la représentation

NE [ JOFYSE@)-N [ FOFN) = Ll [ ) m{TrQu i) ~N6, o-+i) o,

ol Q. est la résolvante associée & YCYZ, la méthode de Haagerup et Thorbjgrnsen [33]

assure que,
Pia(e])
‘NE/f(A)FYY @ =N [ F0E @ ' = [0+ Dy )l i 4

ou l'opérateur D = %. Autrement dit, la régularité de f récompense l'ordre de la singularité

de [Tmz|~! prés de P'axe réel (cf. Section 3.4).

En ce qui concerne I'étude des fluctuations de Trf(Y,YL) — ETrf(Y,Y.), nos hypothéses
sur f sont comparables a celles de Lytova et Pastur [60] et Shcherbina [32] sur plusieurs aspects.

En effet, nous imposons

/ FOI + 1Y)t < oo,
R

alors que la condition dans Pastur et Lytova [60] est

/ (L4 47) F()dt < oo,
R
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et celle dans Shcherbina [32] est

/ (1+ 63| f(0)Pdt < oo,
R

pour les entrées qui ont le moment d’ordre 4 + ¢ fini.

En ce qui concerne 'étude du biais, ’hypothése sur f est beaucoup plus forte (f de classe
C'®). Cela est compatible avec les travaux de Haagerup et Thorbjgrnsen [35] (cas de Wigner
gaussien complexe, oil f est de classe C®) et ceux de Schultz [31] (cas de Wigner réel, ou f est
de classe C'%). Il semble que la structure de notre modéle nécessite une hypothése plus forte. La,

différence est due au controle de la variable gaussienne (cf. (1.2.5)).

1.3 Estimation en grande dimension

Dans le cas otli on traite des données de grande dimension, c’est-a-dire, lorsque la dimension
des données est du méme ordre que la taille de 1’échantillon, les méthodes classiques comme
par exemple l'approximation de la matrice de covariance des observations par la matrice de
covariance empirique échouent au motif que la structure de bruit dans un tel objet de grande
dimension est trop importante pour qu’une moyennisation la fasse disparaitre. Dans ce cadre-1a,
la construction d’estimateurs consistants est délicate mais des tendances se dégagent :

— il est illusoire de vouloir estimer de maniére consistante des objets de grande taille M x M

tels que la matrice de covariance de notre modéle,

— il est possible d’estimer de maniére consistante des fonctions de tels objets au motif que,
moralement, le fait d’estimer une fonction d’une grande matrice et non la grande matrice
elle-méme opére une réduction drastique de la dimension de ’objet & estimer.

Deux ingrédients majeurs interviennent dans l’estimation consistante de fonctions de grandes
matrices :

— la compréhension du comportement asymptotique de la fonction & estimer. Dans le cadre de
la théorie des matrices aléatoires, cette fonction dépend en général d’'une matrice aléatoire
dont le comportement asymptotique est traduit par des équations déterministes associées
au modéle étudié (cf. [36], et [11] pour les équations régissant le modéle de Rice corrélé
par exemple). Cela a plusieurs conséquences pratiques importantes : la construction de
I’estimateur d’une fonction donnée, par exemple, transformée de Stieltjes de la mesure
spectrale d’une matrice de covariance donnée, dépendra de la fonction en question mais
aussi des équations déterministes relatives au modéle matriciel considéré (ex : canal de
Rayleigh, de Rice, etc.); autrement dit, la construction d’estimateurs se fait au cas par
cas.

— le controle local du spectre de matrices aléatoires (propriétés de séparation spectrale) per-
mettant d’assurer la consistance des estimateurs construits.

Pour certains types de canaux et certains modéle de grandes matrices aléatoires, les tra-

vaux théoriques |9, 10] ont précisé les constructions de séparation spectrale nécessaires pour la

construction d’estimateurs consistants [65, 91, 90].
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1.3.1 Présentation de la problématique dans un cas particulier

Nous allons dans ce paragraphe présenter un exemple de situation permettant de bien com-
prendre la nature des problémes qu’il convient de résoudre. Considérons un signal aléatoire
(yj)jez de dimension N supposé observé entre les instants 1 et n. On suppose que les vecteurs
(¥j)j=1,-. n sont de moyenne nulle, indépendants et de méme loi. Désignons par Ry la matrice
de covariance des vecteurs (y;);=1,....n -

Supposons que l'on souhaite estimer un paramétre scalaire dépendant de Ry, par exemple
+Tr(Ry + 2Iy) 7! ott z > 0. Ce probléme est important car de nombreux autres estimateurs
sont basés sur celui de %Tr(RN + 2Iy) ! En absence d’hypothése sur la loi de probabilité des
vecteurs observés, 'usage consiste & estimer Ry par la matrice de covariance empirique Ry
définie par

. 1< "
Ry =-> vy
j=1
et d’estimer 7, Tr(Ry~+zIy) ! par %Tr(f{N—i-mIN)_l. Cette pratique est essentiellement justifiée

par le fait que si n — oo et que N reste fixe, cet estimateur est consistant, c¢’est-a-dire que

lim %Tr(RN +2Iy) "t = %Tr(RN +2Iy) "t
Ceci provient évidemment du fait que HRN — Ry|| tend presque surement vers 0 dans ce régime
(N fixé, n — 00). En pratique, ceci signifie que si n est beaucoup plus grand que N, alors il est
raisonnable d’estimer +Tr(Ry + 2Iy)~! par %TI“(RN +aIy)~h

Il existe cependant des situations d’intérét pratique dans lesquelles n, tout en restant supérieur
a N, est du méme ordre de grandeur que N. Afin d’évaluer la pertinence de I'estimateur dans ce
cas, il est naturel d’étudier son comportement lorsque n et N tendent vers +oo de telle sorte que
le rapport % — ¢, olt 0 < ¢ < 1. Dans ce contexte, la matrice Ry est tres loin de se comporter
comme Ry, et il n’y a donc aucune raison pour que %Tr(f{N + oly)~!
consistant de 1 Tr(Ry + 2Iy) L.

Les matrices aléatoires telles que Ry ont fait I'objet de nombreux travaux. En particulier,

soit un estimateur

il a été établi par que la distribution des valeurs propres de Ry converge vers une distribution
déterministe dépendant de Ry [33]. Afin d’aboutir a ce résultat, il convient d’étudier la résolvante
de Ry définie pour tout z > 0 comme la matrice (ﬁN + 2Iy) 7L

En traitement statistique du signal, ’estimateur proposé par X. Mestre |65, (4] repose sur
une intégrale de contours. Considérons le modeéle Y, = ﬁR}/ 2Xn ou la mesure spectrale de R,
est supposée

L
FRn — Z &5%7 L fixé et connu.

N
k=1

La condition de séparabilité suppose que les valeurs propres A sont suffisamment éloignées pour

qu’il y ait L compacts disjoints dans la loi limite (voir Section 4.1.1 pour plus de détails). Sous
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cette condition, A\x peut s’écrire comme

1 N
= — d
TR A ?{;k;/\i—z :

ol le contour Ci ne contient que Ag. Par le changement de variable z =

1 ) :
5 A peut s’exprimer

comme

N}
A = ,N / szz
217'('Nk R 5n(z)

ou le contour Cp ne contient que le k¢ compact. L’estimateur consistant est construit par le

remplacement de ’equivalent déterministe Sn(z) par la trace normalisée de la résolvante associée
mn(z) = 2Te(Y3 Y, — 21,) 7L

Suivant les travaux de Mestre, la premiére partie dans le Chapitre 4 établit un CLT pour son
estimateur dans le cas gaussien. La méthode consiste & établir le CLT pour Tr(Y}Y, —2I,) ! et
sa dérivée Tr(Y Y, — 21,,) =2 par le théoréme de Bai et Silverstein [11]. Un argument de tension
permet de conclure le CLT. Nous proposons également un estimateur consistant de la variance.
La seconde partie est consacrée & I’estimation sans condition de séparabilité par la méthode des
moments et I’étude de son comportement.

Les points délicats sont :

1. Les propriétés sur le spectre de grandes matrices aléatoires sont en général faites pour
la plus grande ou plus petite valeur propre. En revanche, il y a peu de résultats sur les
positions de valeurs propres en dehors du contour Ry. Dans [ 1], pour tout & € N, et p,
(resp. py), plus grand (resp. petit) que la plus grande (resp. petite) valeur du support S,

de I'équivalent déterministe F},, alors

PR > ) = o(n ™), PONA™ < pe) = o(n™").

max

Par I’inégalité de Nash-Poincaré, nous allons montrer que

P(maxd()\?{”Y:l,Sn) >e)=o(n"%), pourkeN,

7

ou d(a,S,) est la distance euclidienne entre a et S, (cf. Proposition 4.1.1).

2. L’estimation de la variance demande un calcul de résidu soigneux puisqu’il s’agit de calculer

ézk%; <(mﬁi§§117hﬁib$?ii))2 e —122)2> Tﬁn(z1)1mn(z2)dzldz2

ot M, (2) = L Tr(Y:Y, — 21,) 7! (cf. Section 4.1.5).

T n

3. L’estimation par la méthode des moments pose en général un probléme de simulation.
Trouver un bon algorithme pour assurer la bonne performance de simulation reste un

probléme ouvert. (cf. Section 4.2.4)
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1.4 Organisation du rapport

Le rapport est organisé de la fagon suivante.

— le Chapitre 2 établit un CLT de statistiques linéaires pour les fonctionnelles analytiques
par la méthode classique sur les martingales. Nous exprimerons la covariance sous une seule
formule dans le cas réel ou complexe. Cela fait I’objet du papier
J. Yao et J. Najim. "Fluctuations for linear spectral statistics of large information-plus-

noise type random matrices", en préparation.

— Le Chapitre 3 étudit le CLT pour les fonctions non-analytiques en utilisant la transformée
de Fourier. Nous préparons le papier
J. Yao et J. Najim. "Gaussian fluctuations for linear spectral statistics of large random

covariance matrices", en préparation.

— Dans le Chapitre 4, nous allons étudier les fluctuations de l'estimateur de Mestre dans le
cas gaussien. Une application sur radio cognitive sera aussi proposée. La seconde partie

" condition de séparabilité". Les

du Chapitre 4 construit un estimateur consistant sans
fluctuations seront également étudiées. La preuve mélange la méthode par 'intégrale de
contours et la méthode des moments. C’est 'objet des articles

J. Yao, R. Couillet, J. Najim, and M. Debbah. " Fluctuations of an improved population
eigenvalue estimator in sample covariance matriz models", IEEE Trans. Inform. Theory,
59(2) :1149-1163, 2013.

J. Yao, R. Couillet, J. Najim, E. Moulines, and M. Debbah. CLT for eigeninference me-
thods in cognitive radios. In Acoustics, Speech and Signal Processing (ICASSP), 2011 IEEE
International Conference on, pages 2980-2983, may 2011.

J. Yao, A. Kammoun, et J. Najim. "Figenvalue estimation of parameterized covariance

matrices of large dimensional data." IEEE Trans. Signal Process., 60(11) :5893-5905, 2012.



Chapitre 2

Fluctuations for linear spectral
statistics of information-plus-noise type

random matrices

This chapter is inspired from [71]. Consider an N x n random matrix Y, = (y;;) given by :

1
X, +A,, 2.0.1
T Xnt (2.0.1)

where X, is an NV X n matrix whose entries (:L‘?] ;1,7,m) are real or complex, i.i.d. with mean 0 and

Y, =

variance 1; matrix A, has the same dimensions and is deterministic. Matrix Y,, is sometimes
coined as "Information-plus-noise" type matrix in the literature.
The purpose of this chapter is to study the fluctuations of linear spectral statistics of the

form :

N

Tef(YnY;) =) f(N) (2.0.2)

=1

*

», and f is an analytic function, under the regime

where the A;’s are the eigenvalues of Y, Y

where the dimensions n and N = N(n) go to infinity at the same pace :
N N
N,n—o00o and 0 < liminf — < limsup— < oo. (2.0.3)
n n

This condition will simply be referred to as N,n — oo in the sequel.

2.1 Introduction

Resolvent, canonical equations and deterministic equivalents

Denote by Q,(z) and Qn(z) the resolvents of matrices Y, Y and Y'Y, :

25
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Qu(2) = (Y, Y2 —2In) ' . Qulz) = (Y2Y, —21,) ", (2.1.1)

and by my,v:(2) and my:vy,(z) their normalized trace, which are respectively the Stieltjes

transforms of the empirical distribution of Y, Y ’s eigenvalues and of Y Y,,’s eigenvalues :

my,y:(z) = %Tr Qn(z), my:v,(z) = %Tr Qu(2) .

The following canonical equations admit a unique solution (J, B ) in the class of Stieltjes transforms

of nonnegative measures with support in R (see for instance |11, 39], see also [35, Section 7.11]) :
- N
bu(2) = ATr (—2(1+8,)Ty + A3 012
-1 1.
5 — 1 _ AL An
bu(z) = LTy ( 2(1 4 6,)L, + 1+5n<z>)

Moreover, %4, and 8, are Stieltjes transforms of probability measures, i.e. there exist probability
measures J,, and ]-N'n over R such that :
Fn(d\) . Fu(dN)

on(z) = e A2 and on(z) =

n
— 2.1.3
N R+ A—z ( )

Functions § and & being introduced, we can now define the following N x N and n x n matrices :

~ * 71

~ « —1
To(2) = (—2(1+ bu ()1, + 2220)

(2.1.4)

Matrices T,, and T,, can be thought of as deterministic equivalents of the resolvents Q,, and Q,,

in the sense that they approximate the resolvents in various ways. For instance, for z € C\R™ :

%Tr(Qn(z) S T(2) —* 50 and %Tr(Qn(z) ST () — 0.

N,n—00 N,n—00

Interestingly, not only T,, and T,, convey information on the limiting spectrum of the resolvents

but also on their eigenvectors. It has been proved indeed in |16] that

* *
Uy, Qnop — uy, Tpv, ——— 0
,N—00

(and a symmetric result for Qn and ’i‘n) where u,, and v, are deterministic N x 1 vectors with

uniformly bounded euclidian norms (in N).
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Representation of linear spectral statistics

We can now properly center the linear spectral statistics and introduce the main object of

which we shall study the fluctuations :

N
Lu(f) = 32500 = N [ 1(@) Falde)
=1

as N,n — oo, where F,, is defined by (2.1.3). In the case where function f is analytic in a
neighborhood of the limiting support of the spectrum of Y,, Y (to be properly defined), Cauchy’s

integral formula yields (denote by I' a contour surrounding this limiting spectrum on which f is

analytic) :
1
L) = = § SGITHQu(:) ~ Tu2)) dz (2.15)
which follows from the identities :
N
1
SHO) = g QUGN
i=1 r
1
N/ﬂmﬂu@::—%ﬁéﬂdﬁﬂﬁmm

the last equality being an immediate consequence of (2.1.3), Cauchy’s integral formula and

Fubini’s theorem.

Fluctuations and bias

It is clear from (2.1.5) that in order to describe the fluctuations of L, (f), a good approach
is to study the fluctuations of the process (Tr(Qn(z) — Tpn(z)) ;2 € I')). In order to proceed, we
split

Mp(2) 2 TrQu(2) — TrTo(2) (2.1.6)

into two terms :

Tr(Qn(2) — Tn(z)) = Tr(Qn(2) : EQn(2)) + Tr(EQn(z) — Tn(2))

n'g

Fluctuations Bias

2 Mz) + M2(2) .

The first term, which is centered, will give rise to the fluctuations of the linear spectral statistics
and will be handled by martingale techniques. This strategy has been successfully applied in
[11, 73,45, 53, 39, 70, 12] and will be followed. The second term is completely deterministic and

will give rise to a bias.
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Entries with non-null fourth cumulant and a family of gaussian random va-

riables

It is well known since the paper by Khorunzhiy et al. [55] that if the fourth moment of the
entries differs from the fourth moment of a Gaussian random variable, then a term appears in
the variance of the trace of the resolvent, which is proportional to the fourth cumulant x of the
entries :

=Bl — 2 -2 where 9] = (%) .

The same phenomenon will occur here but the convergence of this additional term may fail
to happen under usual assumptions (such as the convergence of FA»An toward ! a probability
measure when N, n — oo and the convergence of the ratio Nn~! toward some positive constant
c).

As will appear later, the reason of this lack of convergence lies in the fact that this additional
term not only depends upon the spectrum of A, A* but also on its eigenvectors. In order to avoid
cumbersome assumptions enforcing the joint convergence of A, A}’s spectrum and eigenvalues,
we shall express our fluctuation results in the same way as in [70] and prove that the distribution of
the linear statistics Ly (f) becomes close to a family of Gaussian distributions, whose parameters
(mean and variance) may not converge. Namely, we shall establish that there exists a Gaussian

random variable N'(B,,, ©,,) such that :

dep (Ln(f),N(By,0,)) —— 0, (2.1.7)

N,n—o0

where dgp denotes the L7|vy-Prohorov distance (and in particular metrizes the convergence of

laws).

Outline of the chapter

In Section 2.2, we state the main results of the chapter; in Section 2.3, we establish the
proof of the CLT (Theorem 2.2.1) except the identification of the covariance of the normalized
trace, which is postponed to Section 2.4. In Section 2.5, we compute the limiting bias and prove
Theorem 2.2.2.

2.2 Statement of the Central Limit Theorem

We state below the main assumptions of the chapter. Recall the fact that N = N(n) and the
asymptotic regime (2.0.3) where N,n — oo and denote by

AN AL AL N
cn=—, c_=liminf — and ¢y =limsup— .
n n n

1. Here FM denotes the empirical distribution of matrix M’s eigenvalues.
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Assumption 2.2.1 The random variables (ZCZ ; 1 <i< N(n)l1<j<nmn>1) are real or
complez, independent and identically distributed (i.i.d.). They satisfy

Exj, =0, E[w%]Z =1 and ]E|x?j|4 <00 .

Associated to these moments are the quantities :

9= E(m?]) and k= Elz;|* — |0 - 2.

Notice that in the case where the z;;’s are real, ¥ = 1; in the case where the random variables

are complex with decorrelated real and imaginary part with equal variance, 9 = 0.

Assumption 2.2.2 The family of deterministic N x n complex matrices (A,,) is bounded for
the spectral norm :

A
amax = sup||A,| < oo.
n>1

Assumption 2.2.3 Function f: R — R is analytic on an open region containing [0, 4] where
Oy =214 /c1)? 4 2amay -

Remark 2.2.1 Since Y, Y} < 2(n7 X, X +A,A}), the largest eigenvalue of Y, Y}, will even-
tually lie below €4 and representation (2.1.5) will eventually hold true for a contour I containing
[0,04]. Assumption 2.2.3 may be slightly strengthened, but in this case estimates over the extreme

eigenvalues of Y, Y (see for instance Lemma 2.3./ below) would be more challenging to obtain.

Denote by dyp the Lévy-Prohorov distance between two probability measures P, () defined

as
dep(P,Q) =inf{e > 0: P(A) < Q(A%) 4+ ¢ for all Borel sets A C R%},

where A® is an e-blow up of A (see [18, Chapter 1, Section 6| for more details). If X and Y
are random variables with distributions £(X) and L£(Y), we simply write (with a slight abuse
of notations) dgp(X,Y) instead of dep(L(X), L(Y)). It is well-known that the Lévy-Prohorov
distance metrizes the convergence in distribution (see for instance [31, Chapter 11]).

In the sequel, we shall often drop subscripts and superscripts n and for example write Q
instead of Q, and z;; instead of z7;, also we shall further simplify and denote :

012 =20(z12), and Tio=T(z12),

where 0 and T are respectively defined in (2.1.2) and (2.1.4).
We now introduce a number of quantities that will help in expressing the covariance and bias
in the CLT.

1 ~ 1 - -
Y(z1,22) = =TrT1 T2, F(21,22) = —TrT Ty,
n n
(2.2.1)
: 1 T o L s mr
Y (21, 22) = ﬁTrTsz , A (z1,22) = gTrTng ,
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In order to express the variance and bias, we need the following notations : For M =T or T,

(o 2) 1 TrTA*T;MT% A (2.29)
Unpl21, 2 = - , 2.
ML =2 n (1+61)(1+ &)

1 TTATTMTT A

7l = = 2.2.3
1
(21, 20) = ﬁﬂTlMTg (2.2.4)
1 n
n(z1,22) = Ezzlzgtjj(zl)tjj(@) (2.2.5)
jfl
“T,a,al T a
) = 3 Y gEnecitin
w'(z1, 22) (2.2.6)
. IZ;Ak 1—|—51 1+52)

As we shall see, M will be equal to the identity matrix I in the computation of the covariance,

and we will simply denote

V;[ = o,
o= i,
W=

In the computation of the bias where z; = 29 = 2, M = T(2).

Remark 2.2.2 Notice that notation t refers to matriz products involving T and TT. In the case

where matriz A s real, Vf:,[ = ﬁ;{/I ; however, these terms differ if A has complex entries.

Define :
TrT{AA* T, \2 3
A? (21, 2) = (1 - 191/T) (1 . 5&*) — 922y At (2.2.8)
2 1 TT'TAA*T\ !
T, - (1-Zmym2 - 2 2.2.
) < it (1+0)? > (229)

Remark 2.2.3 From (2.1.}),

T7(2) = (=2 (1+6(2)) In + lﬁﬁg))*l

T7(2) = (—z (1+6(2)) I + ﬁgé)) -

Notice that TT (2) and TT(2) differ from T(z) and ’i‘(z) due to the presence of z. However, the
following holds true :
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2.2.1 Statement of the Central Limit Theorem

Recall that Ly (f) writes :

L) = 5= $5)

_ 1 R 2
= 2m7{f )M, ( dz—QWff )VME(
Lo (f) + La(f) -

1>

The first term above accounts for the fluctuations and is handled in Theorem 2.2.1 while the

second one yields a bias and is handled in Theorem 2.2.2.

Theorem 2.2.1 Let Assumptions 2.2.1 and 2.2.2 hold true; let k be a given integer and f =
(fi ; 1 <i<k) where the f;’s are functions satisfying Assumption 2.2.5. Consider the random

vector

LL(E) £ (LA (F). - LA (f)) -
Then

dep(Ly(£),Ng (£)) ——— 0,

N,n—o00

where N} (f) is a centered Gaussian vector Ni(0, V) with covariance matriz V.= (Vij; 1 <i,j < k)
defined as

Vo= —gm b P BESGO )dnd, (2.2.10)
47'(' ry JIy
where
A
On(z1,22) = Ognl(z1,22) + O10(0, 21, 22) + O2n(K, 21, 22) , (2.2.11)
with
s (21)8),(22) 1
n(21, = - , 2.2.12
@0, (Zl 2'2) (Sn(zl) — Sn(ZQ))Q (Zl — 22)2 ( )
9 [OAY 1
O1n(V, 21,22) = _822<(9z1n M) (2.2.13)
2122 ~
@2771(”) Z17Z2) = 621822 Ztu Zl i 22 Z t y
(2.2.14)

and where AY is defined in (2.2.8) and where s, is defined as :
sn(2) = 2(146,)(1+0,) , (2.2.15)

moreover, the contours I'y, T's are non-overlapping, taken in the positive direction, and each
enclosing [0, 04], where £ is defined in Assumption 2.2.3.
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In the case where the random variables x7;’s and matriz A are real (in particular 9 = 1),
then ©gp, = O1 .

Proof of Theorem 2.2.1 closely follows the ideas in Bai and Silverstein [11] and in Najim [70],
and is postponed to Section 2.3, except for the computation of the covariance. This part of the
proof is postponed to Section 2.4, and the computations therein are strongly inspired by those

in Hachem et al. [39].

Theorem 2.2.2 Let Assumptions 2.2.1 and 2.2.2 hold true; assume that f is a function satis-
fying Assumption 2.2.3. Then
Ly(f) = B(f) ——= 0,

N,n—o00

where
1

2im

1>

B(f) 7§ F(2)B(z) dz

with T' a contour taken in the positive direction and enclosing [0,¢4] ({4 being defined in As-

sumption 2.2.3) and

T ng 9~ ~ ~
B(z) = X3 [Iv“lsz + Ok + Ok, — P LT + Pl

n

Pkt + 992tk — ﬁiﬂT)]

22T n o N )
n
TR DD T (2.2.16)
7=1 =1

where all the relevant quantities are evaluated at (z1,22) = (2, 2).

2.2.2 Specialization to the diagonal and Gaussian cases

Three cases deserve a specific statement : The (pseudo-)diagonal case, where a;; = 0 outside
the diagonal, the real gaussian case and the complex gaussian case. Due to the orthogonal (resp.
unitary) invariance of matrices with real (resp. complex) i.i.d. gaussian entries, these three cases

are strongly connected, as we shall see.

The case where matrix A is pseudo-diagonal

When A is pseudo-diagonal, i.e. a;; = 0 for i # j, T is a diagonal matrix and T = T.
We notice that a;Ta; = 0 when k # j, which implies that wl = 0. Moreover, as all quantities
depending on T and A are diagonal, we have :

i 1 TrA*T3A 4 1 TrATT3A

= = - = - = - = o Lpys
YT n (1462 ° YT n (1+4§)2 7 T no
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In this case, the bias writes :

Yo [P srmo , VTIA'TPA 0 TrATT3A
B(z) —A—Z 2 TrT°TrT +H 1107 +£ 1702
T (Tr(A*T°A)Tr(A"T?A) + Tr(A" T°A)Tr(A" T?A))
Agngfﬁlg,(
n?(1+4)2

kY22

(2.2.17)
Tr(ATT?A)Tr(T?) — Tr(ATT?A)Tr(T?))

+ TrT2TrTe.

n2
The case where matrix X is real gaussian and matrix A is real

In this case
9=1, k=0, A=A, A*=AT and T'=T.

This yields minor simplifications in the bias formula (2.2.17). More important simplifications

occur for the covariance since ©g, = 01, and O3, = 0. Equation (2.2.11) writes

5%(21)5%(22)
271'2 %%fz Z1 f] 2'2 (Zl) — Sn(z2)>2d221d252.

The case where matrix X is complex gaussian

As ¥ = 0 and k = 0, the bias is zero and the variance is

T 4n2 7{7{!}2 z1) fi(22) 5 Sn(1)5n(22) 5dz1dzs.

(sn(21) — sn(22))

This is coherent with several papers. In complex gaussian case, it is well known that the bias is

zero, (cf. [93, 32]) while the variance has the same form as [11].

2.2.3 Further computations

We further specialize the previous results and consider the case where A,, = 0. A natural
question is then to compare the results provided in Theorems 2.2.1 and 2.2.2 with those in Bai
and Silverstein [11] and in Najim [70], in the case where the considered population matrix is

equal to the identity.

Comparison of the covariance

In the case where z;; are i.i.d. complex random variables with A =0, K =0 and ¥ =0, i.e.
Maréenko-Pastur case (cf. [62]), we have 0, (1 + d,,) = —1. Then
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and - -
sp(z1)s,(22) 0, (21)0;, (22)
(sn(21) = 5n(22))? 79/ \3 L48n(z1) _ 140n(22) )
571(21) n(ZQ) Sn(zl) Sn(ZZ) >
0 (21)07,(22)

which coincides with the formula in [11].

Comparison of the bias

When A = 0, we will identify the bias (2.2.16) with the expression in Najim [70, Eq. (2.20),
(2.21)] . Notice that in this case

T=—(2(1+06) 1y, T=—(2(1+90)"'1,.
Taking trace and dividing by n, we have

6= —ca(z(14+0)7L, d=—(2(140))"1. (2.2.18)

Injecting these terms into |70, Eq. (2.20), (2.21)], the bias is

2., 53
81(19,2) . |1§2| Cn6 5
3(1_p 0% _ 2
(1+9) <1 C"(1+5)2) <1 nl| (1+5)2>
3
B2(x, 2) KCnd -
3 _
(1+9) (1 cn (HS)Q)

With Theorem 2.2.2 , since for M =1 or T,

1 -1 52
vli=ol,=0 T,= (l—cn~> ;A =1 — e |[9)P——,
2(1 4 0)2 (14 6)2
we have
22
BY(d,2) = . cn1|19| g 5
3 _ _ 2
2(1+8) (1 an(HS)Q) (1 cnld)] (M)Q)
<2
Bk, 2) KCn 6

To show B'(¥9,z) = B'(¥, z), with comparison, it suffices to show that

- 52 ! 1 -1
0 (1 ‘M> - <1‘<1+5>) ’
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which is equivalent to show

. 1 2
—zé(l—cn~>:1—cn —.
z2(1+9)2 (14 0)2

From (2.2.18), we have

< ] ] -
1 — Cp, 5 ~ + Z(S <1 — Cn1~> == _2(5(5 — Cn5~ = 0
(140)2 z(1+49)2 140

This proves B (1, z) = BY(4, z). The same method yields also that B%(k, z) = B2(x, 2).

2.3 Proof of Theorem 2.2.1 (I)

2.3.1 Outline of the proof

Recall that

L) = 5 74 7(2) (TrQu(2) — THEQ (=) d=

B 2m?{f M (2

where I' is a positively oriented contour enclosing the limiting spectrum on which f is analytic.
In order to establish the fluctuations of the term Ll (f), we closely follow and adapt the strategy
in Bai and Silverstein [11]. We first establish the gaussian fluctuations of the process (M) on
the contour I' and then prove that (M) is tight over I'. The gaussian fluctuations of M (z) are
established via the following central limit theorem for martingales, which is a variation on |
Theorem 35.12] (see also Lemmas 4.7 and 4.8 in [70]) :

)

Theorem 2.3.1 Suppose that for each n (Y51 < j <) is a C%-valued martingale difference

sequence with respect to the increasing o-field {F, ;1 < j < rp} having second moments. Write :

VL=, Y.

nj? ’r ng

Assume moreover that (0, (k,?))
plex numbers, for 1 < k, £ <d. If

, and (©n(k,0))n are uniformly bounded sequences of com-

ZE< i Yo | Foni- 1) On(k,l) ——— 0, (2.3.1)

ZE< i Yo | Foni- 1) On(k,l) ——— 0, (2.3.2)
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and for each € > 0, the following Lyapunov condition holds true :

T'n
S E (WP, 52 ) —— 0. (2.33)
j=1
Then
Tn
dl:P Z Yn] 7Zn n_>—oo) 0 ’
j=1

where Zy, is a Cl-valued centered Gaussian random vector with parameters
EZ,Z; = (On(k, )y  and  EZ,Z' = (0,(k,))ks -
In view of Theorem 2.3.1, we shall study the fluctuations of
(My(21), -+ s My (2a))

with (21,-++,24) € Ct. Here are the different steps of the proof :

1. We first perform in Section 2.3.2 a double truncation step : we truncate the random va-

riables (x;;)’s and modify the process (M,,) near the real axis where it may blow up.
2. In Section 2.3.4, we verify Lyapunov’s condition for (M} (2;))1<i<a.

3. Convergences (2.3.1) and (2.3.2) for (M, (2;)) are demanding, and are postponed to Section
2.4.

4. The tightness of the process (M,}) over a given contour is established in Section 2.3.5.

5. In order to establish the tightness of the gaussian process (N, (z),; z € T'), we introduce a

meta matrix model in Section 2.3.6.

2.3.2 Truncation

We closely follow Bai and Silverstein |1 1] and proceed with two truncation steps. In the first
step the entries are truncated at an appropriate level, then centered and normalized, with no
effect on the fluctuations of the linear spectral statistics. Truncation of the entries essentially
enables to deal with entries having a fourth moment finite, which is the optimal assumption for
our results to hold. The second truncation step is concerned with the truncation of the process

associated to the normalized resolvent near the real axis. Since

N

TrQ,(z) = Z

=1

1
)\i—Z

may blow up on the real axis, it is replaced by a process that coincides with it except on a thin
strip covering the real axis. If the strip is thin enough, there are no losses at a fluctuation level.

This is packaged in the following results whose proofs are deferred to Appendix 2.6.1.
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Proposition 2.3.1 (Truncation of the entries) Let Assumptions 2.2.1 and 2.2.2 hold true

and let f satisfy Assumption 2.2.3, then there exists a sequence n, | 0 with n,n'/> — oo such

that if X, is the N x n matriz with centered and normalized entries
. Tijj — Eiy; R
e T A (L E AV
E|2ij — By

and Y, = n 12X, + A,, then

2

n—o0

~4 4
Moreover
Tr f(Y,Y,) —Tr f(Y,Y,) =op(1)

as N,n — oo.

We shall now introduce a truncated version of M,. Let py, < 0 and p, > ¢ where 7 is
defined in Assumption 2.2.3; let d > 0 and let ¢, be a real sequence decreasing to zero and

satisfying, for some a € (0,1) :

en > N"%.
Consider the contour
r=Ccuc, (2.3.4)
where
C = {pe+iv; v € [0,d} U{z+id; x € [pe, pr]} U {pr + iv; v € [0,d]}. (2.3.5)
Denote by

Cn = {pe+1iv; v € [en/n,d]} U{z +id; x € [pe, pr]} U {pr +iv; v € [en/n, d]}. (2.3.6)
We can now introduce the truncated process M,,(z) defined for z € C by :

M, (2) for z € C,
My (2) = § My (pr +icn/n) for x = p,,v € [0,6,/n] »
My (pe +ien/n)  for x = pg,v € [0,e,/n]

and for z € C by M,(z) = M,(Z).

Proposition 2.3.2 (Truncation of the process) Let Assumptions 2.2.1 and 2.2.2 hold true
and let f satisfy Assumption 2.2.3. Then

éf(z) (Mn(z) — Mn(z)) dz = op(1)
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as N,n — oo.

From now on, and without further mention below, we assume that the entries are truncated,
centered and normalized (and write z;; instead of Z;;), and that the process M, is truncated

near the real axis (and write M, instead of M,).

2.3.3 More notations and useful estimates

Denote by y;, a; and r; the j-th columns of matrices Y,,, A, and n~1/2X,,. Recall that
Q(2) = (Yo Y — 2IN) "L If 2,21, 20 € CH, let

v=1Imz|, v;=|lmzl,i=1,2.
Denote by
ijY;< = YY" - yjy; (2.3.7)
Qi = (YY*—yy;—=2In)"", (2.3.8)
1
by = 2.3.9
! 1+n 'ETrQ; + af(EQ;j)a;’ ( )
1
b = ——m——— 2.3.1
v = yiQiy; —n ' E(TrQ)) — aj(EQ;)a;, (2.3.11)
3 = y;Qy; —n 'TrQ; — ajQya;, (2.3.12)
1
Bi = ———, (2.3.13
’ 1+y;Q;y; )
- 1
P o= 2.3.14
BJ 1+ n—lTer + aj-Qjaj ’ ( )
a; = y;fQ?yj - n_lTrQ? - a;fQ?aj. (2.3.15)
Lemma 2.3.1 [0, Lemma 2.7] Let x = (x1,- -+ ,xy) be an nx 1 vector where x; are centered i.i.d.

complex random variables with unit variance and bounded fourth moment. Let M be a Hermitian

complex matriz. Then for any p > 2, there exists a constant K,, depending only on p for which
E[x*Mx — TrM|P < K, ((E|z1[*TrMM*)P/2 4 E|z; |*PTr(MM*)P/2).

A direct consequence of this lemma is the following proposition.

Lemma 2.3.2 [/1, Eq. (3.2)] Let x,, be a sequence of random vectors as in the statement of
the precedent lemma and M,, be a sequence of n X n matrices independent of x, with uniformly
bounded spectral norm. Denote by y, = ﬁxn + a,, where a, is a deterministic vector with
uniformly bounded Euclidian norm. Then

max (E

2

x; Mpxp, B TrM,, E

n

TrM,,

y;kzMnYn -
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Another consequence of Lemma 2.3.1 is the following lemma.

Lemma 2.3.3 Under the same setting as Lemma 2.3.2, we have

TrM 4 Kpd
! = _a:LMnan S ’:n }

E sznyn -

where 1y, is defined in Proposition 2.5.1.

Proofs of Lemma 2.3.2 and 2.3.3 are postponed to Appendices 2.6.3 and 2.6.4.

2.3.4 The Lyapunov condition for the process (M})

We first decompose M} into martingale increments. Let Eg denote the expectation and E; the
conditional expectation with respect to the o-field F,, ; generated by {x,, 1 < ¢ < j}. Noticing
that

Q- Q; = —Q,y,y; Q;8;, (2.3.16)
and
Bj = Bj — BiBiN; = Bj — B34 + B3 BiA; (2.3.17)
we have
M, =Tr(Q - EQ)
= Tri:(Ej -E;1)(Q-Q) = zn:l(Ej —E;-)Tr (Q - Qy)
= i

Otherwise stated, (M} (z1),--- M} (zq)) is a martingale difference sequence with respect to the
increasing o-field generated by X’s columns and we are in position to apply Theorem 2.3.1.
Write :

M} = Z(E] —E;-1)Tr (Q — Qy)
j=1

=Y (B - Ei11)By;Qly;

=1

==Y (B —E;_1)(B; — B34; + B384 ) + n~ ' TrQ} + a5Qlay)
=1

@ =SB (B - BT THQE + a3 Qla)) (2:3.18)
j=1

n
+ Z(E] — Ej—l)ﬂf(’?jaj - 5j0‘j%2>
j=1

n
= Y (B - B )E A (T TQE + a3 Qlay)
j=1

n n n
DRSNS i1
j=1 j=1

J=1
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where we have used in (a) the fact that conditionally on y;, the expectation of o; and 4; is zero.
Consider (27,1 < ¢ < d) in CT. We first check Lyapunov’s condition (2.3.3) and shall prove :

n d
. 2
lim E ( E ‘(PY + .[:3/ + 1:)]{/)(2’4” ) H{Z?ZI ‘(Pj+PJ/_+PJ{/)(ZZ)|22€2} =0. (2319)

Let z € CT; one can easily check that (2.3.20)-(2.3.23) below (to be proven hereafter) imply
(2.3.19).

lim 35, E[Pj(z)]? =0, (2.3.20)

lim Sy ElP/(2)P =0, (2.3.21)
d

sup i, E (Z \Pj(zg)\?> <K < oo, (2.3.22)
i =1
d

W e E (zz: |Pj(z£)|2> Lsa  1pyoezey =0 (2.3.23)
=1

Let z € C* and recall that v = |Imz|. Taking into account the fact that —2713;(z2), —271;(z)
and —z71b;(z) are Stieltjes transforms of probability measures, a fact that can be proved using

[14, Proposition 2.2], we easily obtain the estimates :

max <

D EI(E; - Ej-1)B7(2)4i(2)ey(2)P < 4 EIBI(2)F5(2)ay(2))?
j=1 j=1

b;(2)

z

Bi(2)

z

Bi(2)

z

) )

> < % : (2.3.24)

Write :

(a) 24 n ~

2 S (w2 (B
j=1

(b)

< Ky,

where (a) follows from (2.3.24) and (b) from Lemma 2.3.3. A similar argument yields :

n 2
> (5 —Ej-1)Bi(2)a;(2)37(z)|  ——— 0.

N,n—o00

E

j=1
Gathering the two previous results yields (2.3.20); (2.3.21) can be proved similarly. Recall that

Pi(2) =~y [ yle)a(2) = B3 () TrQ3e) + Q)| (2:3.25)
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By Lemma 2.3.2 and (2.3.24), we have :

E|P;(2)]> < K ”2E 2 Pl pap) < & 2.3.26
)P < o)+ ELEAGP) < T (2.3.26)
hence (2.3.22). By Lemma 2.3.3 and (2.3.24), we have :
E|Pj(2)|* < K |Z’IE i g ) = o
[Pj(2)]" < o ()" + g Bl (2)IF ) = o(n™) .
Now,
z;E (Z|P 2 )H{zzl 1P () 222}
J
2 K n d
< SYE(Tner) < EXSEner o0,
j=1 j=1 ¢=1 ’
hence (2.3.23). Lyapunov’s condition (2.3.19) is therefore established.
For future use, we show
supE|M(2)? < K . (2.3.27)
n

Using decomposition (2.3.18), we have

n

E|M,(2)* = E|) (Pi(2) +Pj(z) + P/(2)| ,

=1

— ZE{P )+ Pl(2) + PI(2)|

IN

3ZE [Pi(2)P +1Pj(2)* + | P} ()]?) -

Estimate (2.3.27) then follows from (2.3.20)-(2.3.22).
It now remains to prove the counterparts of (2.3.1)-(2.3.2) for (M}!). Since Mi(z) = M}(2),
it suffices to prove

n

P
> E (M (2k) M) (20) | Frio1) = On(2ks 20) —— 0
i—1 N,n—o00
for zp,z¢ € T, with ©,, given by (2.2.11). Section 2.4 is devoted to the computation of this

key-estimate.
Therefore, we achieve the finite-dimensional convergence of the process M!(z).
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2.3.5 Tightness of the process (M})

We closely follow the computations of the tightness in Bai and Silverstein 11, Section 3|.
Based on |18, Theorem 13.1] after the truncation step (cf. Section 2.3.2), it suffices to prove that
there exists zg € C,, and a constant K such that M} (z) satisfies :

E Ml _Ml 2
supE|M!(2)]> < o0 and sup (M, (1) n(z2))] <K. (2.3.28)

n,21,22€Cn ‘Zl - 22|2

The estimate E|M!(20)? < oo immediatly follows from (2.3.22). To prove the second estimate

(2.3.28), we start with the estimation of the eigenvalues.

Lemma 2.3.4 Assume that Assumptions 2.2.1 and 2.2.2 hold true and that the random variables

(z7;) are truncated as in Section 2.3.2. Recall the definition of py and p, in Section 2.5.2. Then

VEeN, POAYYD> ) =on™) and POAYY™ <) =0.

max

Proof: Since py < 0, we clearly have P(\ Yn¥n o we) = 0. Now

min

1x,X*

(A};gx "> MT) < (2)\max + 2)‘$gx n> ur)
1 *
= By > 5 - At
< PO > 14V = onh,
where the last result follows from [11, Eq. (1.9a)]. O

Recall notations introduced in Section 2.3.3, the definition of 7, in Section 2.3.2 and of C,, in
(2.3.6).

Lemma 2.3.5 Let Assumptions 2.2.1 and 2.2.2 hold true and that the random variables (x7})

are truncated as in Section 2.3.2. Denote by

M; = Qj' (21)Q}*(=2) -

Then for z1,2z2 € Cy, q € N, there ewists a constant K, which depends only on p, such that

mw%wﬂ@ﬂWﬁwﬂﬁ%@w@ < Ky (2.3.29)
z€Cn 2€Cn
K
E|y;Mjy; — n T TrM; — a;‘-Mjaj‘2 < w, (2.3.30)
K 4
E|y;Mjy; — nTTrM; — a;fMjaj‘4 < M+WL , (2.3.31)
Ely;(2)]” < Ka/n, Ely(2)l' < Kn/n . (2.3.32)
max { sup E|5;(2)[P, sup \bj(z)\p} < K,. (2.3.33)
zeC n ZECn
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Proof of Lemma 2.3.5 is postponed to Appendix 2.6.5. By the resolvent identity, we have :
Q(z1) — Q(22) = (21 — 22)Q(21)Q(22) -

Since (E; —E;-1)Q;(21)Q;(22) = 0, we obtain :

W) = W) 5, By Q) Q(e)
=1
= Z(IE]- —E;j-1)Tr (Q(21)Q(22) — Q;(21)Q;(22)) -
=1

Using (2.3.16), we have :

Q(21)Q(z2) — Q;(21)Q;(22)
= (Q(z1) — Q;(21))(Q(22) — Q;(22))
+(Q(21) — Q;(21))Q;(22) + Q;(21)(Q(22) — Q;(22))
= Bj(21)B;(22)Q;(21)y;¥; Qj(21)Q;(22)y;¥; Q;(22)
—B(21)Q;(21)y;¥;Q;(21)Q;j(22) — Bj(22)Q;(21)Q; (22)y;¥; Qj(22),

which yields

Tr(Q(21)Q(22) — Qj(Zl)Qj(Z2))
= Bj(21)B;(22)(¥;Q;j(21)Q;(22)y;)
—Bi(21)y; Q7 (21)Q;(22)y; — B(22)¥; Q (22)Q;(21)y;

Therefore,

Loy — Mi(z
My (21) — My(z2) Z Ej_1)B;(21)8;(22)(¥;Q;(21)Qjy;)*

Z1 — %9 =
= (B — Ej1)Bi(21)y; Q) (21) Q5 (22)y;
j=1
= (B = Bjo1)Bi(22)y; Q3 (22)Q;(21)y;
j=1
S DT+ Ty (2.3.34)

Our goal is to show the absolute second moment of (2.3.34) is uniformly bounded over the
contour Cy,. From the relation §;(z) = b;(2) — bj(2)B;(2)v;(2), the term T3 writes :

n

T = ) (B —Ej-1)8i(21)y; Q} (21)Q;(22)y;

J=1
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= > (B —Ej ) {b(20)y;Q} (21)Q;(22)y; — B;(21)b;(21)y Q7 (21) Q;(22)y;7; (1) }
= Zb] E; {y;Q;(21)Q;(22)y; — n ' TrQ (21)Q;(22) — a;Q3(21)Q;(22)a; }

= " bi(21)(Bj — Bj-1)B;(21)y; Q3 (21)Q;(22)y;7 (21)

=1

Wi — Wa.

1>

By Lemma 2.3.5 with k1 = 2, ks = 1 and (2.3.33), we have

EW1? =Y |b;j(2)]°E |E;[y; Q7 (21)Q;(22)
" z_: B35 Qy (1) Qs =2y, (2.3.35)
2

n ' TrQj (21)Q;(22) — a5QF (21)Q;(22)ay]|” < K.

For W, taking 1y € (ug,0) and n, € (¢4, ur) we have :
EWo* = En: 1b;(21)PE|(Ej — Ej—1)8;(21)y; QF (21)Q;(22)y v (21) |
< KZEM 2)y]Q3(21)Q;(22)y % (21)|”
Kzn: (E|’Yj(zl)|2 + v (Amixj >y or )\mfan < 77@))
j=1

< K,

where (a) uses (2.3.33), (b) is from the fact that Bj(zl)y;‘Q?(zl)Qj(zQ)yj is bounded when
e < /\?n{;XYJ < 7, and (c) is from (2.3.30). The term T3 in (2.3.34) can be handled similarly.
We now handle T :

(Ej — Ej-1)85(21)8i(22) (v Qj(21) Qj(22) )

M-

1

J

bi(21)b;(22)(Ej — Ej—1)[(y;Q;(21)Q;(22)y;)

M-

1

— (01 TrQ;(21)Qy(22) + a5 Q;(21)Q;(22)a;)]
- Z bj(22)(Ej — Bj—1)8;(21)8;(22) (v Q; (21)Qyy;) 7 (22)

J

n

_ij 21)b 22 E —E;- 1)6](21)(y]QJ(Zl)QJy]) 7](22)

2y, — Y, — Vs,
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Both Y5 and Y3 can be handled in the same way as W5 and one can prove that :
E|Y,|? < K, E|v3)? <K.

Moreover,

E[Yi? < K El(y;Q;(21)Q;(22)y;)* — (n ' TrQ;(21)Q;(22) + a5 Q;(21)Q;(22)a;)*|

j=1

(a) "

< K ElyjQ;(21)Q;(22)y; — n” ' TrQ;(21)Q;(22) — a;Q;(21)Qj(22)ay|
j=1

4 — Y, Y* Y. Y*
+ K'Ul 4'1)2 4P()\mz]1x 7 >mn. or Ami]n 7 < W)

()
<K

where (a) comes from the fact that ||Q;(z1)Q;(22)|| is bounded when 7, < )\EQXY;' <, and (b)
is again a consequence of (2.3.30) and Lemma 2.3.4.

We conclude that all terms in (2.3.34) are indeed bounded uniformly over C,,. This completes
the proof of the tightness of the process M, ().

2.3.6 Tightness of the Gaussian process

The last task consists in establishing the tightness for the Gaussian process N, (z) = N(0,0,(z))
where ©,, is defined in (2.2.11). We will transfer the tightness of the process M, (2) to the tight-
ness of the Gaussian process Ny, (z) with the help of meta-model.

With the extra parameter M, consider the NM x nM matrix

A, - 0
A=
0 - A,

where AM is the block matrix whose diagonal is composed of M matrices A, and 0 elsewhere.

Consider now the random matrix

MO

XM L AM
n \/m n n

NM NM :
Denote MnlM(z) = ﬁszl ﬁ — 7 > ie1 Eﬁ where (\;)1<i<nm are eigenvalues
of YMYM* By a simple calculation of the bloc matrix, YMYM* has the same deterministic
equivalent &, as Y,,Y,,*. With the precedent martingale argument, we can show that for n, N

fixed, Mﬁ w (2) converges to a Gaussian process with
Cov[Mp ar(21), My 0y (22)] ——— On(21, 22)
M—o0

where ©(z1, 22) = O (21, 22) + O10 (9, 21, 22) + O2 n (K, 21, 22).
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With these notations at hand, we shall show the tightness of the Gaussian process. According
to [18, Chapter 2, Section 7|, a sequence of Gaussian process is tight if and only if it is relatively

compact in distribution. Consider the set of matrices :

{AM . M >1,A, is an N x n matrix which satisfies Assumption 2.2.2}.

Since ||[AM|| = ||A,]| for all M > 1, we have
sup  [AY = sup [[A]l < oo
M>1,N,n—o00 N,n—00

by Assumption 2.2.2. The arguments with Billingsley’s condition (cf. (2.3.28)) show that the
family {M, a»r © M > 1}, N—oo forms a tight sequence over Cp, hence relatively compact in
distribution. As the distribution £(N,) of the Gaussian process NN, is the limit in M of the
distribution of M,, ps, belongs to the closure of {M, s : M > 1},, N0, Which is relatively
compact. Finally, £(N,,) is included in a compact set, hence is relatively compact. In particular,
the family of gaussian processes (V) is tight. This proves that the variance ©,(z) is uniformly
bounded.

2.4 Proof of Theorem 2.2.1 (II) : Computation of the covariance

In Hachem et al. [39], a CLT for mutual information has been established
1 *
N logdet(Y,, Y, + pI), for p> 0.

Be aware that

0
Tr(Y,Y: +pI) ! = o log det(Y,,Y; + pI),

and based on this idea, in this section we shall calculate the covariance Cov(M_.(z1), M}(22)).
We denote :

¥iQ;(2)y; — (: TrQ;(2) + a3Q;(2)ay)

Fj(Z) - 1+ %TI‘QJ(Z) + aj-Qj(z)aj ’ (241)
~ -1
bi(2) = z(1+ a;Qj(z)aj + %TlfQj(z))7 (24.2)
_ B —1
Ax N -1
Ti(z) = (—2(1+0u)Iy+ A : (2.4.4)
( 1+ 0n(2)
- -1

ti; = 2.4.5
7 z(1 4 a5Tja; + d,)’ (245)
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where A; is the matrix A where the j-th column has been removed and 4, Sn are defined in
(3.1.2). From (2.4.1)-(2.4.5), we have then

Q(z) = Qj(2) +2q5;(2)Q;(2)y;¥;Q;(2), (2.4.6)
B Q(2)y;¥;Q(z)
Qi) = Q»)+ TQ](Z)}’J" (2.4.7)
y;Q(2) = —2q;(2)y;Q;(2), (2.4.9)
1+ nggaZTgag = *Z?Egg(l + 5), (2.4.10)
- aiTb
—ztjja;Tib = 1:_5 , for any vector b, (2.4.11)

which will be extremely useful in the sequel.

The following theorem gives the estimates of the terms.

Theorem 2.4.1 [79, Theorem 3.1] Let (uy,) and (v,) be two sequences of deterministic complex
N x 1 vectors bounded by

sup max(|[u |, [[vn[[) < oo,
n>1
and let (Uy) be a sequence of deterministic N x N matriz with bounded spectral norm

sup [|U,|| < .
n>1

Then, we have the following inequalities,

Y Elu;Qja)* < K, (2.4.12)
j=1
1 K
“TTU(T -EQ)| < —, (2.4.13)
n n
* 2 Kp
Elu,(Q - T)v,[* < —, (2.4.14)
n
* 2 Kp
Efw,(Qj = Tj)val” = =5, (2.4.15)
ETrU(Q - EQ)|? < K, (2.4.16)
_ K
Elgj; — byl < 7 (2.4.17)
R K
Elg;; — ;1P < np—}; (2.4.18)

where p € [1,2], K is a constant and K, is a constant which depends only on p.

Recall the decomposition (cf. (2.3.18))

n n n
My(x) = P+ Pi+) Ff
=1 =1 j=1
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where

n n
. / 2 . /! 2 _
lim _E 1E|Pj(z)l =0, lim 'E 1E!Pj (2)]" =0,
]: J:

and the definition of P; in (2.3.25). To calculate the covariance between M} (z1) and M} (22), by
Condition (2.3.1) and (2.3.2), we consider the sum

Ej_lf)j(zl)Pj(Zg) (2419)

and we have the following proposition.

Proposition 2.4.1 Recall the definition of I'j in (2.4.1) and consider the sum

An(21,22) = Y Bj 1 {E;T;(21)E;Ty(22)} - (2.4.20)
j=1
Then
A A 2.4.19 2.4.21
mn(zlaz2)—(-~ )v ( )

and if there exists a term Ly (z1,z2) such that

dep(An(21, 22), Ln(21, 22)) —— 0,
N,n—o00

then
2
drep Cov(Mnl(zl),MTlL(zg)),LLn(zl,ZQ) —— 0. (2.4.22)
821822

N,n—o0

Moreover, recall the definition of gy, (resp. O1y, O2y) in (2.2.12) (resp. (2.2.13), (2.2.14)).
For all z1,z9 € C\R, we have

COV(M:L(Zl), M%(ZQ)) = @0,71(21, 22) + @1’71(19, 21, 22) + @Qyn(li, 21, 2’2). (2423)

Remark 2.4.1 In [79], they have shown that for z = —p with p > 0,

n

KZZ N
Var(A,(z)) = —log Ay (2, 2) — log A?(z, 2) + — D Hi(2)) Bi(2) +o(1).
i=1 j=1

The main task is to generate the precedent formula of Cov(Ay(21), An(22)) for 21,29 € CT.
However, log z1z0 = log 21 4+ log 25 is no more true in complex case. We follow closely the method
in [79] and will conquer this difficulty. In addition, [79] supposes that E|x;;|'® < oo which will be
relazed later. In particular, the moment condition will be replaced by Lemma 2.3.3 in the proof
of Lemma 2.4.6.

Proof: We begin with the proof of (2.4.21) in Proposition 2.4.1. By Cauchy-Schwarz,

[E(M, (21) My (22))] < (EIM, (1)) (E|M, (22) )1/,
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With the dominated convergence theorem with expectation, it suffices to show that sup,, E|M,,(z1)]? <
oo which is done in (2.3.27). This proves (2.4.21).

Now we will prove (2.4.22) based on the following lemma.

Lemma 2.4.1 [/, Lemma 2.3] Let (fn)n>1 be analytic in D, a connected open set of E, sa-
tisfying |fn(z)| < M for every n and z in D, and f,(z) converges, as n — oo for each z in a
subset of D having a limit point in D. Then there exists a function f, analytic in D for which
fn(z) = f(2) and f}(2) — f'(2) for all z € D. Moreover, on any set bounded by a contour
interior to D the convergence is uniform and f,(z) is uniformly bounded by 2M /e, where € is

the distance between the contour and the boundary of D.

We first prove that |A,(z1, 22)| and |L, (21, 22)| are bounded. Recall v; = |Imz;| for i = 1,2.
Using (2.3.24) and Lemma 2.3.2, we have

n
D B {E T (21)E;Tj(22)}| < K212 (v1v2) 2.
j=1

And by the argument of meta-model (cf. Section 2.3.6), the above inequality implies that
> j=1Ej—1{E;T;(21)E;T'j(22)} is bounded. Then the limit Ly, is in the closure of A, hence also
bounded. This implies that L,, is bounded.

Now we will apply Lemma 2.4.1. Denote vy a lower bound of [Imz;| and {z;} C D = {z:
vo < |Imz| < K}. Then by a diagonalization argument, for any subsequence of the natural
numbers, there is a further subsequence such that, with probability one, A,, — L, converges for
each pair zy, z¢ € {z;}. Write A,, — L,, as fn(z1, 22). We concentrate on this subsequence and on
one realization for which convergence holds. For each zy € {z;}, we apply Lemma 2.4.1 on the
set of {z:vp/2 <Imz < K} U{z: —K <Imz < —vg/2} to get the convergence of f,(z,z¢) to 0,
satisfying %fn(z, z;) — 0. From Lemma 2.4.1 we see that %fn(z, w) is bounded in w and n for
all w € D. Applying again Lemma 2.4.1 on the remaining variable we see that % fn(z,2) — 0.
This proves (2.4.22).

Thus, it suffices to concentrate on the convergence of A, which is the central object in the

next section. O

2.4.1 Computation of the covariance of A,(z)

In this section , we will calculate the limit of A,,(z) defined in (2.4.20). Noticing T'; = —2b;%;,

we first prove that

Y Ejo1(Bizabi(21)35(21)) (By2b;(22)4;(22))
j=1 (2.4.24)

—00

— Z 2122£jj(zl)fjj(ZQ)Ej_l(Ej‘yj(zl))(Ej‘yj(ZQ)) nL> 0.
j=1

Remark 2.4.2 2y, z9 € C,, are fized in this section. Then |z;| and |Imz;| are bounded fori = 1,2.

We shall not mention the dependence on |z;| or [Imz;| in the sequel.
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From (2.4.17) and (2.4.18) in Theorem 2.4.1, E|b; —£;;|* < 2E|b; —g;;|>+2E|g;; —t;;]> < K/n.
Therefore, by Cauchy-Schwarz and Lemma 2.3.3,

E ’Ej—l{Ej [21;(21)4; (21)]Ej[22b; (22) 4 (22)]}
— 2120t (21)55 (22) By -1 {75 (21) 9 (22) }
< E ‘lezEj—l{Ej[(Bj(h) — 155(21))35(21)1E;[bj (22)%5 (22)]}
— 22T (2B By 5 (2B (b (22) — Ty (22)) A5 (22)]}|
< KEY?[bj(21) — £5(21) PEY? 55 (21)E; 45 (22)]
+KEY2(b;(22) — 15(22) "B |4 (22) B, (45 (21)]
< K

By summing the precedent inequalities over j, we achieve Equation (2.4.24).

Now we will calculate the covariance. The formula below plays a key role in the calculation.

Proposition 2.4.2 [79, Equation (3.20)] Let x = (x1,--- ,xn)T be an N x 1 vector where x;
are centered i.i.d. complex random variables with unit variance. Let y = N™1/2x, M = (mij) and
P = (pij) be N x N deterministic complex matrices and let u be an N x 1 deterministic vector.

vdiag(M) stands for the N x 1 vector [M11,---, Mnn]T. Denote Y(M), the random variable :
T(M) = (y +u)"M(y +u).
Then EY(M) = +TrM + u*Mu and the covariance between Y (M) and Y (P) is

E[(T(M) - ET(M))(Y(P) — EY(P))]

Bl

1
= mTr(MP) + N(u*MPu + u*PMu) + E

Tr(MPT)

E[x? E[z?
—i—Eg\;l]u*PMTu - Ef,l]uTMTPu
El|lz 233’ % . * :
Hng/Ql](u Pvdiag(M) 4+ u*Mvdiag(P))
E[|z1|?Z }
+M(leag(P)TMu + Vdiag( TPu N2 miiPii,

N3/2
where k = E|z1|* — 2 — |Ez?|2.

Noticing that E;(Q;(21)) is Fp j—1 measurable, by the precedent formula with M = E;(Q;(21)),
P =E;(Q;(22)), we have

Z 2120855 (21855 (22)Ej—1[Ej45 (21)Ej95(22)]

n n n n n
ézgu + Zfzj + Zﬁéj + 253]' + Zg4ja
=1 =1 =1 =1 i=1
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where
n n N
> & 2 % > maatyi(2)t(22) Y By [Qs(20)E5 1@, (22)]i (2.4.25)
j=1 j=1 i=1
> &y = % > z1zatji(20)E5(20) B(lwn[a11) x (2.4.26)
j=1 j=1
(a}‘-(Eij(Zl))vdiag(Eij(Z2)) N a;(Eij(Z2))Vdiag(Eij(Z1))>
Vn Vn
Z&J‘ = %Zle?fjj(zl)fjj(@)E(\iﬁn\2511) X (2.4.27)
j=1 j=1
<Vdiag(Eij(Zz))T(Eij(Zl))aj N Vdiag(Eij(Zl))T(Eij(Zz))aj>
Vn Vn
> & = % > zizatj(21)E(22) (iTr(Eij(zl))(Eij(@)) (2.4.28)
j=1 j=1
+a}(E;Q;(21))(E;Q;(22))a; + aj (E;Q;(22)) (E;Q;(21))ay)
n n 2
e = % > mzty(21)t;(22) (TiJTr(Eij(zl))(EjQ]T(zQ)) (2.4.29)
j=1 j=1

+9a}(E;Q;(22))(E;Q] (21))a; + Va; (E;Q] (21))(E;Qj(22))a;) -

>_i—1 15 contributes the term with  in (2.4.23). 377, &5 and > 7, &; will not contribute
in the final expression. Z?Zl &35 corresponds to the term O, while Z;L:1 &4; corresponds to
A?. The first two terms are easy to compute. The computations for > j=1&sj and Y70, &y are
similar which demand more carefulness and a good understanding how the terms interact. We

start the computations with Z?:l §1j-

Lemma 2.4.2 Recall the expression of Z?Zl &1 tn (2.4.25). We have

n N n
KZ1%22 - - P
z;flj - z;tu(m)tii(?«’z) Z;fjj(%)tjj(@) — 0.
j= i= =

N,n—o00

Proof: The idea is trying to replace E;[Q;]: by ti;. Write

1 1
- Z E;[Q;(21)]il;[@5(22)]ii — — Z E;[Qj(z1)]uitii(22)
1 1;1 =1 1 N
= D Qi (20 (1Q5(22))ii — [Q(z2)]) + - D Qi (20 (Bj[Q(22)]is — tii(z2))
i=1 i=1
é{:‘17]' + €25

To estimate €1, we use rank-one perturbation lemma (see |15, Lemma 6.3] and [83, Lemma
2.6]).
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Lemma 2.4.3 The resolvent Q and the perturbed resolvent Q; satisfy for z # 0 and any N x N

matric A :

Al
[T ()|

Thanks to the rank-one perturbation lemma, the first term

TrA(Q - Q)) <

1 .
ey = |B;Trldiag(E;Q;(21))(Q;(22) — Q(22))]]
is with the order O(n~1). The second item
Eles ;| = O(n~'/?)

is a direct consequence of Cauchy-Schwarz and (2.4.18) in Lemma 2.4.1. Hence

Z&] mm Zztw 1)1 (22) B4 Q5 (21)iitii (22) —— 0.

n—00
=1 j=1

With the same method, we can replace E;[Q;lii(21) by tii(21) successively without losing the
order. This leads to the result. g

Lemma 2.4.4 Recall the definition of >7%_, &aj and Y77y &; in (2.4.26) and (2.4.27) respecti-

vely, we have

N,n—o0

ngj L> 0

2521 —> 0.

N,n—o0

Proof: 711 &5 and Y77 & can be treated similarly, we focus on the proof of 377, &o;.

From

aj(Eij(Z1))Vdiag(Qj(22)) '
vn

L8 ZE (E;Q, 22)\)/"7;113‘%((23(21))

it suffices to consider the first term. The other term can be treated in the same way. Consider

)

the term

n

E

aj(E;Q,(21))vdiag(Q;(22)) ‘
\/ﬁ
a;Q;(21)vdiag(T (22 ))‘
\/ﬁ

1
n

g

1
352
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aj(E;Q;(21))vdiag(Q(22) — T(z2)) ’

J=1 va
+% g a}*(Eij(Zl))lei‘}%%Qj(@)_Q(ZQ))‘. (2.4.30)

The first term in (2.4.30) satisfies

a%Q;(z1)vdiag(T (22 ))<\/ﬁ(nE
=1

»

NG

a}fQj(zl)vdiag(T(zQ))r v
o |

As ||n?vdiag(T)|| = (n~' 320, t2)Y/? < K, (2.4.12) in Theorem 2.4.1 can be applied and

n

. Z E
We now deal with the second term in (2.4.30) :

7ZE

a;Q;(21)vdiag(T(22))
NG

‘ = O(n1?).

(E;jQj(21))vdiag(Q(z2) — T(Z2))‘

NG
vdiag(Q(z2) — T(22))
= KE Vi H
1/2
< ( ZE‘%Z 22 Lii 22)|2>
= O(n—1/2>,

by Equation (2.4.18) in Theorem 2.4.1. Since ||a}(E;Q,)|| is uniformly bounded by K, the third
term in (2.4.30) can be estimated by using Lemma 2.4.3 :

7ZE

(E;Qj(21))vdiag(Q;(22) — Q(22))

vn
= 3/2 ZE!TY diag(aj(E;Q;(21)))(Q;(22) — Q(22))]]
J=1
< K
= \/ﬁ'
g
Now we concentrate on the proof of the following lemma whose idea is from [39, Lemma 4.3].

Lemma 2.4.5 Recall the expression of z;”:l &35 in (2.4.28). Under the same assumptions, we
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have ,
? < s (1) 87, (22) 1 P
021029 ;ESJ B (sn(21) — sn(22))% (21 — 22)% n—oo

0,

where s,(2) = 2(1 4+ 6)(1 4 0).

Proof: For future use, for a Hermitian matrix M with bounded spectral norm, consider the

notations :

PMenm) = T {[EQ(1)IMIE,Q(=)]} = - TE(E,Q()MQ(=2)),

Ghi(z1,22) = E{aj[E;Q(21)]M[E;Q(22)]ar} = E{a;[E;Q(21)|MQ(22)ay},
Opf(21,22) = E{ai[E;Qu(z1)]M[E;Qu(22)ar]} = E{aj[E;Qu(z1)|MQy(22)ar},

1 - .
Q%VI(Zl, z9) = n Z ZIZthk(Zl)tkk('@)HIlc\?'
k=1

Remark 2.4.3 In particular, we will take M = I to calculate the variance and M = T in the

calculation of the bias.

We will decompose Z?Zl &3;j. The following lemma allows to replace Z?Zl &35 by its expec-

tation.

Lemma 2.4.6 For any N x 1 vector a with bounded Euclidean norm, we have

max Var[a*E;Q(21)ME,;Q(z2)a] = o(n~/?)
J

and

max Var[TrE;Q(z1)ME;Q(22)] = o(n'/?).
J

The proof is postponed to Appendix 2.6.6.

Remark 2.4.4 In [79, Lemma 5.1], with the hypothesis E|z;;|'® < oo, it has been shown that
max; Var[a*E;Q(21)ME;Q(22)a] = o(n~2) = O(n~') which is stronger than the precedent
bound. However, Lemma 2./.0 is sufficient to ensure the replacement of Z?:l &§3j by its expecta-

tion.

Remark 2.4.5 Although the computation is a little lengthy, there is a key rule during the com-
putation. Let y; = rj + a;. For matrices My, My with bounded spectral norms and independent
of y;. Consider the term

Er;Miy;y;Moa;.

Developing yj;y; = rjr; + ajr; + rja; + aja;, we will show that the only term which is not

negligible is r;a, then we have :

Er;Mlyjy;Mgaj = Er;ferjangaj +o(1).
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By Lemma 2.4.0, r;‘-l\/[lrj and a;‘-l\/[gaj are uncorrelated, and we get
* * ]' *
Er;Myy;y;Maa; = EETerEangaj +o(1).

The rest of the computation is the use of identities. We will be more precise during the proof.

By Lemma 2.4.6 and 2.4.3, observe that

E 533’ —%L E z1z2t~jj(z1)t~jj(z2) (iTrE[EjQ(zl)EjQ(@)]
i=1 j=1
9;?(21722) ejl'é‘v(zz,zl)> +0(n 1/2)7

Taking M = I, it suffices to study
LS () (22) (15 4 015 (21, )+ 62 (2 )
n'112]]1]]2 j jj \F1, <2 jj \F2y<1) | -
j:

To simplify the notations, all terms which depend on z(resp. z3) will be denoted by Q1 =
Q(z1), T1 = T(21), Qe = Qu(21), (resp. Q2 = Q(22), T2 = T(22),Q2,r = Qu(22)) etc. We will
look for the equations verified by C}C\;I, 1/1;-\/1 and d)?/l.

The idea is to have the terms which are displayed in Remark 2.4.5. There are four steps.
In the first step, starting with C}g;l, with A=! = B7! = ~A71(A — B)B~!, we obtain the first
relation satisfied by C}C\;I, ¢;VI and d);VI In the second step, beginning with 1, we search for the
relation between 1/1}\/1 and (;%-VI. In Step 3, we start again with g‘,l;;-[, with (2.4.6), we achieve the
third equation with C,lg\;-[, w}vl and (b}VI. Hence, we obtain three equations with three parameters.

This allows us to conclude the computation which is the goal in Step 4.

Step 1 : Expression of C,lg\;.[

In this section, we will show that : C%I, }VI, (;5?/[ satisfy

a;Tiasa;Toay

j J
1 L.
M — a' T MTsay, + M +a;TiToa,— z129t1 eeto pp
kj k J ZZ_; (14 61)(1 + d2) K n ez—; (2.4.31)

+ aZTngakqﬁ}w + O(n71/2).

Writing

Q=T+T(T'-Q HQ=T+T(—20Iy + (1+ ) TAA* - YY")'Q, (2.4.32)
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we have
(b = Elaj.(E;Q1)M(E;Qa2)ay]
= E[aj.(E;[T1 + T1(—z101 Iy + (1 +61) "AA* — YY*)Q1]MQqay]
= E[a} T1MQaay] — 2101 E[a} T1(E;Q1)MQoay]
+ (1+61) 'ElajT1AA*(E;Q1)MQ2ay;] — E[a; T1(E;YY*Q;)MQoay]
= ajT1MTaay, — 2101 E[a; T1(E;Q1)MQoay] + X + Z + ¢,

where

(1+61) 'E[aj T1AA*(E;Q1)MQaay],
—E[aZTl (EjYY*Ql)MQQak],

> >

and || = O(n~/2) by (2.4.14) in Theorem 2.4.1. Recall y; = r; + a;, the term X is

X = (1+46)") ElajTias}(E;Q1)MQqay]
(=1

= (1+6)") ElajTias}(E;Q1)MQaay]
/=1

n
+(1461)"" Y Elzity eea; Traga) (E; Queyey; Q1o MQoag] + €1
=1

= (1+6)"") ElajTias}(E;Q1)MQay]
/=1

n
+(1461)"") Elzity eea; Traga; (E;Quuary; Q1o MQoag] + €1 + €2
=1
n

= (1 + (51)_1 E[aZTlagaj (Ele,l)Mank]
/=1

3

56

(2.4.33)

(2.4.34)
(2.4.35)

+(1+61)"1Y Elaity wajTiaa; T pan(Ejy; Q1) MQoay] + €1 + €2 + €3

=1
A
= X1+ Xo+e +exte,
where
A n
e = (14+6) ") Effywa;Tian(Ei(21G1,0 — 218100025 Qu ey ey; Q1.0) MQaay),
=1
n
A —1 T * * *
e = (1+0) ") ElzfwajTracm;(E;Qerey; Q1) MQoay],
=1
n
A —1 g * * *
es = (1+61)7"> Elnty wa;Tia(Eja;(Qrr — T1o)acy; Qo) MQoay].

(=1

(2.4.36)
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Using Formula (2.4.3) and (2.4.9),
e1 = (14 01) 'E[E;(aj T1Adiag(x1.0)Y*Q1)MQaay], (2.4.37)

where x1,0 = —21(G1e0 — t1,00) (1 + ¥} Q1 ey0)a; Qu0ye-
Notice that
1Y*Q[ < [Y[[IQ]l < oo,

where by truncation, || Y] < oo and ||Q| < |Imz|~!. The same method yields that 1Y*Q;] is

also bounded and we obtain
ler] < KE|a;TiAdiag(x1,0)||

[ n
KE'Y? )" HGZTIA]4|2|X1,6|2]
=1

IN

K]E1/2

IN

NE

laxT1Ale|?| 1 e — t~1,zé!2|a?Q1,eyé|2]

)
X

< KE1/2

M=

lax 71 Ale|?| G100 — El,€£|2]

~
Il

1

e
v

where the last inequality follows from (2.4.18) in Theorem 2.4.1. A similar result for ez and e3
can be shown that e = O(n~'/2) and €3 = O(n~/?). We now develop X,

<

Xo=(1+6)"" Z E[z1t1,00a) Trasa; Ty saca; (E; Q1) MQoay)
—1

J
- - " « N 2.4.38
+ (1 + 51) 1 Z E[zltlvggaleagagT17gagre (EjQLg)MQQak] ( )

(=1
YA
=U; + Us.

By formula (2.4.6), the term Uy can be expressed as

J
Up = (1+61)7" Z Elz129t1,00G2,00a;, Tra0ay T aery (E;Q1 ) MQo 0y ry; Q2 va]
=1
Elr;(E;jQ1,0)MQ2 ryry; Qz rar]
(1 + 51)

J
o —1/2
= E z122t1 oot peay; Traga; Ty pay +O(n™?).

(=1

We are in the framework of Remark 2.4.5. Write y,y; = asa; + a,rj + rerj; + reaj, we will

show that the only term which is not negligible is rya;. The term in a,aj is :

E[r;(E;Q1,,)MQ2 asa;Qz sa] = 0.
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Turning to the term a,r}, we have E|r}(E;Q1)MQs sa,r; Q2 ar| = O(n~1), hence

J
- X % E[r;(E;Q1,)MQ2 sa,r; Qo say
Zz122t1,zet2,ezaleafa€Tlﬁzaf nii 7()1+517) e

=1
_K J K (< 2k
— layTiay] < — |a*T1ag\2 < —.
< Sn < (Spemar) <

Moreover, for the term in rjr;f, we have

J
s . E[r;(E;Q1,,)MQq,rr; Q2 ¢ay
> 2120t ety e} Traga Ty g i (B ’()1+51) ¢ ]

=1
' E{[r}(E;Q1,)MQ2rs — n ' Tr(E;Q1,)MQa ¢|r; Qo say }
(1 + (51)

J
g 7 * *
= E 212261 gt2 peag, Traga, T pay
=1

J
=3 |a;Tyear = O(n~ '),
/=1

N

n

The term in ryaj is written as

J
o E[r;(E;Q1,)MQa rea; Q2 say
Z21Zztl,eetz,zzaZTlazaZTl,eae (& ’()1+617) {2l

4

I
—

Elr;(E;Qq,)MQq r¢|Ela;Q: ¢ay]

n~Y
(1+51) +O( 1 2)

z120t1 peto peay, Tragay T pay

IS
c
M-

o~
Il
—

Ela; Q2 cay]
(1+461)

—
=

J
M 1 pot ~1/2
:wj ZZlZQtl,£€t2,€£aZTlaZaZT1,Za£ +0(n /)’
/gi

where (a) is deduced from the fact that r;(E;Q:,)MQ2 r; and a;Qg a;, are uncorrelated (cf.
Lemma 2.4.6) and (b) is from Lemma 2.4.3. The remaining term in the right hand side can be

handled by the following lemma.

Lemma 2.4.7 Let (u) = (upn)nen be a sequence of vectors with bounded Euclidean norms. Let

() 1<e<n = (qupn)1<e<n be an array of bounded real numbers. Then

J

i ayu*Traga; Tou —1/2
au*Tia/E[a Q2 gu + O(n .
; [ t Z; 22t2 gg 1 + (52) ( )

The proof is postponed in Appendix 2.6.7.
Applying the precedent lemma with u = a; and oy = 2122517@7?27%&2’11174&(, we obtain

_ M thlggaleagalegagaeTgak O —1/2
v Z (14 60)(1 + 6) + 0.
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Gathering (2.4.36) and (2.4.38), and using the identity (2.4.10), we obtain

n
==zt wa;TiaEa) (E; Q1) MQgay)]

= (2.4.39)

M thl ggaleagang gagaeTgak ~1/2
(@) .
— Y Z (1 +01) (1 +02) +OmT)

We now turn to the term Z in (2.4.35). By (2.4.9),

Z =-Ela;T(E;YY"Q1)MQ2ay]

= Z ElapT1(E;21G1,00y0y7 Q1,0)MQoay]
=1

=21 >t uBla;T1(Eyy; Queo)MQoay] +
=1

where
n

e=—Y Ela;T1(E;2(Gre — f1.e0)yeyi Que) MQoay]
(=1
satisfies e = O(n"1/2) (cf. the argument for €; in (2.4.37)). Writing y,y; = asa} + rer} + ar} +

rea;, we obtain :

n
Z =2 tua;TiaE[a](E;Q1)MQaay]
=1
J
Z 1eE[ap Tirery (E;j Q1) MQoay] + — Z t1,eEa; T1(E;Q1,0) MQoay]

8 7+1
J ~
+21 )t e TiagE[r] (E; Qu o) MQaay]
=1
n
+21 )t Bl Tirea) (E;Qr ) MQoay] + O(n /%)
=1

L 2+ Zy+ Zs+ Zy+ O(n~ V),
(2.4.40)
The term Z; cancels with the first term in the decomposition of X (cf. (2.4.39)). By developing
Q2 with Formula (2.4.6), the term Z3 can be written as :
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J n
7 * * 1 g *
Zy=| = E t1,0Ela;Tirer; (E;jQ:0)MQ2 sar] + A E t1,0Ela; T (E;Q1,)MQ2ay]
=1 (=jt1

J
+ Z z120t1 peto peElag T1rery (E;Q1 ) MQ2 yey; Qo ear] + €
=1

= Wi+ Ws +¢,
(2.4.41)
where € = O(n~/2) can be shown as (2.4.37). Consider first W :

j n
< g * z ~ «
Wy = ;1 Zt1,aE[akT1(Ele,é)MQz,zak] + zl E t1 00Ela;T1(E; Q1 0)MQoay]

Denote Y1, = (y1, - ,y;). Writing :

(E;jQ1,0)MQ2, — (EjQ1)MQ2 = (E;jQ1,0)M(Q2¢ — Q2) + (E;Q1 ¢ — E;Q1)MQ2

and using (2.4.7) and (2.4.8), we have

J
&t Z t1,0Ela;T1(E;Q1,0)M(Q2, — Q2)ay]

— t
[yt
2 J
= EZ 1,0E[a;T1(E;j Q1) M(1 + y;Q2,;y;) Q2y;y; Qoay]
=1
K 1/2 211/2
< =) (Ej1 Ely;
< n; 1+ y; Qayel*) 2 (Ely; Qoax|’)
; /2 /. 1/2
K * 2 * 2
s <ZE\1+WQ2W\ ) > Ely; Qoay|
=1 J=1
K
< T(EaszYl YT, ]QQak)1/2
= O(n™'?),

and the same argument applies to the term (E;Q;, — E;Q1)MQ2. Hence,

Wi = ZlglE[aZTl (Ele)Mank] + O(n_l/2). (2.4.42)
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Turning to W5 and developing ysy; = asa; + ayr; + rea; + rerj, for the term r,aj, we have

J
> 2129t sy wB @} Tirer) (B;Qq o) MQg rrea] Qs ay]
=1

J
g g * * 1 *
= § z122t1 pot2 0B [akTu‘z <re (E;Q1,0)MQg r¢ — nTr(EjQLE)MQQ,E> agQ2,zak} ,
=1

whose modulus is of order O(n~'/2). The estimate

J
Z 212001 0o 0 E[a] T1rer} (E; Q1,0 ) MQo ear; Qo pay] = O(n~'/?)
=1

can be handled similarly and the term

J
> 2129t wto wBlaf Tirer} (B Q1 ) M Qo sasa; Qo ay]
=1

1

J
= Z 21291 oot pEla) T1(E; Q10 )MQ2 sasa; Qo ay)
=1

is bounded by Kn~'/2. Finally,

J
Wy = Z 212081 oo 0 E[af Trrery (B;Q1 ) MQy grori Qo pag] + O(n~1/?)

—

a

Na

i
Mb' )

212081 p0to 0 Er} (B Qy o) MQg ore|E[a; Tirer; Qo pag] + O(n~1/2) (2.4.43)

~
Il

1

—
=

1< - .
M x —1/2
= a, T Teay— 2129t1 00t + O(n
% rL1l2ag ;1 12211,0012 00 ( ),

where (a) follows from the fact that rj(E;Qq,¢)MQgr, and a;Tir,r;Q2¢a) are uncorrelated
and (b) is from Lemma 2.4.3 and Equation (2.4.15) (cf. Remark 2.4.5).
The term Z3 satisfies

J
Z3 = 2129 Z t1,0et2 008 T1a/E[r} (E; Q1) MQa ey ey, Qo cay)-
=1

We are again in the framework of Remark 2.4.5. By developing ysy; and relying on arguments
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as those already used, only the term with rja;f is not negligible and we have :

J
Z3 = 2129 Z t1,eeto ear T1a/E[r7 (E;Qq 0 )MQg srea; Qo ay)

=1

(a) T

- Zt etz e T1aE[ry (E; Q1 ) MQq 1o |Ela; Q2 say)]
=1

®) M

- %V[ Z 2129t eétQ waiyTia/Ela;Qo eay) + O(n —1/2)
=1

O

21t warTiagatTya
Z Z1t1eeg L1aga, 1o k—I—O(nfl/Q),
- 1+52)

62

(2.4.44)

where (a) follows from the fact that r}(E;Q; ) MQ2 ¢r¢ and a;Qs ¢ay, are uncorrelated, (b) is a

consequence of Lemma 2.4.3 and (c) is from Lemma 2.4.7. Similarly,

J
Zy =22 Yt utsuElay Tirea) (E; Qo) MQya iy ry; Qs eaz] + O(n~'/?)
=1

. 1S L \ _
= aleTQakﬁ Z 212081 et2 0B [a) (B Q1) MQa ) + O(n1/?)
=1

= aZTngakq%vI + O(n_1/2).

Plugging (2.4.42), (2.4.43), (2.4.44), (2.4.45) into (2.4.40) , we obtain :

Z =Y ity wa;TraE[a] (E;Q1)MQoay] + 2101E[a; T1(E; Q1) MQsay]
=1

zlfl,ggaZTlagazTgak

1 J o J

M_x* M
Y, T Toa.— § — ot §
% a1l 2akn£ 12122t1,£et2,a wj £ (1 62)

+ a};Tngak(ﬁ?/I + O(nil/Q).

Plugging this and (2.4.39) into (2.4.33), and noticing that —zfg(ajTea(1+8)"1+1) =

(cf. (2.4.10)), we obtain (2.4.31).

Step 2 : Expression of w}\/l

In this section, we will show the following equation satisfied by 1/1}\/[ and C}c\f :

1 1 J a;TyTia J ~ ~
M M ¢ L2411y Y
wj n rlq 2 ,l/}J (n a 1 51 1 52) n et 12201 .0¢ 2,[[)

+7oM + O(n~1?).

(2.4.45)

(1+4)1

(2.4.46)
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Using identity (2.4.32), we obtain :

P = %TrIE[(IEle)MQQ]

%TrE[TlMQQ] — Zl—‘glﬂzm( E;Q1)MQy]

) (2.4.47)

1
Ty oy PEITIAAT (R QMQ,] — SIE[T: (B Y Y QI)MQ,)

1 6
é *TrTlMTQ — EH‘E[Tl( le)MQQ] + X + Z + €,

where X and Z are the last two terms and ¢ = O(n~/2) by Theorem 2.4.1. X and Z can be

treated in a similar way in the precedent section. More detailed, X satisfies
nd+01) 51 Z a7 (EjQ1)MQ.T1ay]
n(l t61) ; a7 (EjQ1,0)MQ.T:ay]

1

) Elz1f1.0(Eja5 Q1 oyey; Q1o )MQaT1a] + O(n~1/?)

NE

_l’_

~
Il

1
1 n
R EED) ZZ Ela; (E;Q1,)MQ2T1ay]

1

+n(1 +01)

v

E[z1t1 008 T sara) (E;Q1,,)MQ2 T a,]

~
Il

1

1 . g * * -
+m ; E[thl,ggaéTl’gagre (]EjQLg)MQngag] —+ O(n 1/2).

By (2.4.10), we have

1 & ~
X=—— E|z1t “(E.; MQ->T
- z; [z1t1 0007 (E; Q1,0 )MQ2T1a]

(2.4.48)

1 J N . _
Tt > Elzifiea; Ty carr (EjQ1)MQaT1a] + O(n~'/?)
/=1

and the second term satisfies

1 Lo, .
n(l+o1) ; zity ey T By (B Qe )MQ:Tray]

1 d g ng * * * —
) > szt eto e T1eagElr; (B Qu o) MQy ey ey Qa0 T1ag] + O(n /%)
=1
(a) 1

w4 5) - Z 212981 eeto e T g B[r} (B; Q1 o) MQy gra} Qo Trag] + O(n'/?)
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O Vgl ToTia o)
n o~ (1+461)%(1 4+ d2)
where (a) follows from Remark 2.4.5 and (b) follows from (2.4.11). The term Z can be expressed

as :

TvE (2171 00 T1 (Ejyey; Qi) MQs] + O(n~1/?)

N

I
S
M=

~
Il
—_

E[z1t1 00a; (E;Q1,0)MQ2T1ay]

S~

I |~ EM:

J n
g * 1 1 ~
+ ZE[thl,eeI‘e (E;jQ1,)MQ2T1r/] + - Z ETYE[Z1t1,e€(EjQ1,£)MQ2T1]
/=1 {=j+1
1 J
= Elz1t100y; (EjQ1,0)MQT
+ Y Elzifiwyi(BjQioMQ:Tial

~
Il

1

—

J
+ = ZE 21ty 08l (B Qu o) MQa Tty + O(n~1/?)
=1

3

A _
=21+ 2o+ Zs+ Zs+ O(n/?).

The term Z; cancels with the first term of X’s decomposition in (2.4.48). The term Za, Z3
and Z, satisfy :

1 d g ny * *
Zy = > Elziz0ty w00y (Bj Q1) MQa 0y ey} Qoo Tiry]
=1

+ Zl—élTr]E[Tl( E;Q1)MQs] + O(n~Y/2)

1 1 Tt _
= E@VITFTlTQE > zzaty et o + %TI"E[TI(EjQﬁMQQ] +0O(n™?),
=1

and by Remark 2.4.5,

Elz120t1,00t2,00r7 (BjQ1,0)MQ2 0y ey ; Q2 T1ag] + O(n='?)

S|
Mb.

Zy =

~
Il
—

E[21 2081 0082 00v} (E; Q1,0 )MQ2 ¢r08; Q2 T1a,] + O(n~'/?)

)
I

Il
S|
MQK

1< o
_ M * -1/2
= —p— 2129t1 poto ppa; To yTray + O(n
V; ne§—1 122t 1 got2 eea; To gy Tray ( )

angTlag _1/2
= O
E 2ty 140, +O(n )
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where the last equality is from (2.4.11). For Z4, recall the definition of v in (2.2.1),

J
> Elzzat1 et e0af (B Q1o ) MQa gyry; Qo Tirg] + O(n~'/?)
=1

Z, =

S|

1 1< . . B
= ETrT1T2E Z 212081 0ot Blaf (B Q1 )MQy sag) + O(n~Y?)
=1

=79t +0n?).

Plugging these terms in (2.4.47), by using (2.4.11) and (2.4.5), we obtain :

a;Tay thl,fé)

1 M (1 ] T,T -
M + E /
Y = E’I‘rTlMT2 (0 (n a, o lha <(1+51)2(1+52) 1+ do

(=1

J
i ey M —1/2
+2 N arzaty o | + oM+ O
P 2122t 00 2,&) V5 (n=7)

1 1 J a Tngag Y J ~ o~
— “TYTyMT M- 4 - ty ot
—IrTy 2 + (n; 1561 1+52)+n;2’1221,em,u

+96)T + 017,
Step 3 : Relation between C}C\j/.[ and 9%
With the similar computations, in this section, we will show that :

a;Tqaga; Toay
(14 61)(1+ d2)

Gbf = 2120ty gtopr(1+ 01) (1 + 82)07] + M+ O(n~1?). (2.4.49)

By (2.4.6), the term (j; can be written as

(b = Elai(EjQ1)MQaay]
=Ea;E;(Qur + 21010 Q1 xYEYr Q1) M(Qa k. + 226216 Q2 £ Y£Y 5 Q2,1 ) ak]
= 00 + 2111 B [afE; [Quay ey Q1 e MQyg ]
+ 2ot ok Elag (E; Q1) MQ2 1y kY £ Q2 k]
+ 21200 kb2 B[ B [Quiey sy Q1 il M Qo iy by Qapar] + O(n~/?)

A _
SO0+ X1+ Xo+ X3+ 0(n'?),
Using similar arguments as before, we get

X1 = 21ty a T parElaf E; [Qy x]MQa pay] + O(n~/?)
= Z1t~1,kkaZT17kak9%{ + O(nil/Q),
X9 = 22527kkaZT27kak9,1§\§ + O(n_1/2).
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For k£ < 7,

X3 = 21201 gtk (@5 T rar) (a5 Topan)Elyi (B Qi1 x)MQo 1yi] + O(n~1/?)
= zlzgt]’kkfg,kk(aZTl,kak)(aZTg’kak)(H}C\? + ”Lﬁ;vl) + O(nil/Q).

Using the identity (2.4.10), we finally obtain (2.4.49).

Step 4 : A system of perturbed linear equations.

Combining the expression of <k (cf. (2.4.49)) with Ck; (cf. (2.4.31)), we get

a;;TlMTgak wM (i Tlagae Tgak

1 rkto by =
2122 1,kkU2 kK kj (1 +51)(1 +52 J o 1 +61 1 +52)

J

aZTngak 1
(1+61)(1 + d2) n ZZ_; 2122t1,zz752,1ze B

a; T1Thay M ~1/2
Axonite)™ 1O

a;Traia; Taay, (2.4.50)
(14 61)2(1 + 02)2

which implies that Q%VI satisfies
(1= )@} = (wj + v}t = v+ O(n~'7?)
where

GZTlTQCLk

Vi = i;(uag(u@) (2451)
WM = i; (firl:;ll)v(?jag) (2.4.52)
n = :Lezj2212251,ee52,44 (2.4.53)
w = 13 3 Tl (a5t

e
Il
—

=104k
With these notations, Equation (2.4.46) is rewritten as
=+ (L= v =)yt = M+ O(n1/?),

where )
M = ZTrTMTs.
n
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We end up with a system of two perturbed linear equations in gb}w and w}vl :

(1- l/j)qb?/l — (w; + I/jnj)w;v[ = IJJNI +O(n=1/?)

(2.4.55)
=@M+ (1 —vj — )t = M+ O(n™1/?),

The determinant of the system is
2
Aj=(1—-vj)" =y —ywj,
which has several interesting characters.

Lemma 2.4.8 We have :
1. The determinant of the system Aj coincides with Ay in (2.2.7) when j = n.
2. The sequence (A,) satisfies for all 21,29 € CT and 21 # 29,

I sp(21) — sn(22)

AV 21 — 22 ’

where s,(z) = z(1 + 6,)(1 + 0,,).

3. For all z1,25 € CT,
liminf inf  |Aj(z1,22)] > 0.

The proof is in Appendix 2.6.8. With the precedent lemma, the system has the solution

A

. +0(n~1?). (2.4.56)
¥

[@“] 1 [VjM(l — v —m) + YM(wj + vjn;)
j

Wt + M1 - )

Now we take M = I and the convention that vy = wyg = ng = 0. Noticing that I/JIN =

and y!¥ = v, and replacing the solution into (2.4.50), we obtain :

z120t1,j5t2,550;5 (21, 22)

n

=(vj —vj-1) + (;(%‘ —wj—1) +n;(vj — Vj—l)) YIN (21, 22)

+ (v — v )85 (21, 22) + O(n~ /) (2.4.57)

Aj
(vj — Vj—l)(Vﬁl. — ) ) O(n-3/2).
J

Since z1, zo are symmetric, we can achieve the same equation by interchanging z; and zs.
Moreover, by diagonalization,
T Ty =TTy,
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which implies v;(z1, 22) = vj(22, 21). Thus, we get

g g I 7 g I
legtl “t2 SO Z9, 21 legtl »~t27~-9.].v Z14 %9
»JJ 7]7]& 77 ( ’ ) _ 7] ]T]L 77 ( ’ ) +O(7’L_3/2)

which leads to

1
Ezlzzfl,jjtzjj(w;” (21, 22) + 0;Y (21, 22) + 037 (22, 21))

Ly(j—mj1) 2 - - 1 ~3/2
:E ]Aj] +52122t17jjt27jj9j§-v+0(n /)

_ 20 = v-) (A = vg) + (0 = mj) + (W — wim1) O(n=32).

A

68

On the other hand, taking Ay = 1 and noticing that A;_; — A; = 2(v; —vj—1)(1 —v;) +

Y = mj—1) +¥(wj —wj1) + O(n=2), then we have

Lo e 7 Iy Iy _Aj1— A
ﬁzlzgtldjtzjj(wjlv(zl, 22) + ij (2’1, ZQ) + ajj (22, 2’1>) = T

Since for all j € {1,--- ,n},

1 - K
ﬁzlzZtl,jjt2,jj(¢]I-N(21, 22) + 01 (21, 22) + 03Y (22, 21))| < —
then
RN
Aj - n

Now we introduce the logarithm function for complex number. For z € C*, denote

log(z) = log |z| +iarg(z), arg(z) € [—m, 7).

We can verify easily that log(1 + 2) = z + o(|2|) when |z| — 0 and & log(1 + 2) =

Combining (2.4.58) and (2.4.59), we have

1« -
- > zizaty jita g5 (5N (21, 22) + 055 (21, 22) + 077 (22, 21))

J=1
n

> Aj-1— 4 + O
A A,
7=1

=1 Ay

A
= g log ==L + O(n~1/?).
A,

+0O(n=3?).

(2.4.58)

(2.4.59)

(2.4.60)
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Now we will apply Lemma 2.4.1 to derive the function. Since

Aj—l

n n
D& log
j=1 =1

max Z 53] ’ Z log Aji_l S Ka
j=1 i=1 I

then by Lemma 2.4.1, with the same argument as Proposition 2.4.1,we have

and

By another application of Lemma 2.4.1, we have

i iﬁ ; 8—22%1 Bictl (2.4.61)
021029 o 3 021023 o o8 Aj | nooo o

By a simple calculation,

0 — A — 1 0A;_; 1 90A; 1 A
v 1 j=1 -1 4 Jy_ - n
071 j; 8 A Z (Aj_l 021 Aj 0z > A, 0z

j=1

This along with (1) and (2) in Lemma 2.4.8 conclude the proof of Lemma 2.4.5.

A similar result holds true for Z?Zl 45
Lemma 2.4.9 Recall the expression of Y 1_ &y in (2.4.29). We have

n

62
821 8,22 -

1=

P
€45 —O1p —— 0
1 n—oo

where ©1 4, is defined in (2.2.13).

The same method as the proof of Lemma 2.4.5 applies for this lemma. We just recall some

elements of the proof. We first calculate aj(E; Qj(zl))(IEijT(ZQ))éj and denote :

Y1) = CHE(EQEIEQT ()} = S TE(EQ())Q7 ()},
(e 22) = E{ai[E;Q(21)]E;Q" (22)ar} = E{aj[E;Q(21)]Q" (22)ax},
01j(21,22) = E{a}[E;Qu(21)]E;Qf (22)ar} = E{a}[E;Qi(21)]Qf (22)ar},
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1
— Ez:zlzgtkk(21)t1fk(22)ij-
k=1

]
Similar derivations as the proof of Lemma 2.4.5 yield the perturbed system :

(1— M)@j — (Jwl + Wuj.nj)gj = vl +0(n1?)

_ (2.4.62)
~071, + (1= 95 — |92yt )0, =4 + O(m~1/2).
where
VT B l i aZTngék
J n— (14 61)(1 + 02)
St 1 ZJ: agT{Tgak
J nk:l (1+51)(1+(52)
1
At =~ Y
n
J 2 2"
=1 =10k (1+81)%(1 +62)
We have similar proprieties for the determinant of the system
A (21,22) = (L= 9] (1= 07)) = [0 (n; + w]).
Lemma 2.4.10 For all z1,2, € CT, We have
1. The determinant of the system A? coincides with A? in (2.2.8) when j = n.
2. For all z1,z € CT,
liminf inf |A,(z1, > 0.
T el g B0
The proof is in Appendix 2.6.9.
Then the resolution of the system yields that
1 a5ty o et
~ 1 (1 —90;) + Iy w;
%1 _ — v ij) T L om), (2.4.63)
%j Aj v

The other term in > 7%, &4 is a?(Ej Q?(zl))(Ej Q;(#2))a;. With Remark 2.2.3, we also consi-
der
by(enm) = TE{EQT ()8 Q) = - TE(E,QT (2)]Q(=2)),
Gz 2) = E{a[E;Q7 (21)]E;Q(22)ar} = E{ay [E;Q" (21)]Q(22)ax},
Orj(21,22) = E{af[B;Q[ (21)]E;jQx(22)ar} = E{a}[E;Qf (21)]Qx(22)a},

_ 1< . - -
@j = n;zwﬁkk(zl)tkk(@)ekj-
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Then we have the perturbed system

(1= 95D, — (] + 925} m;)0, = ! + O(n='12) 2460
—97e, + (1= 9v) = [P ny), =+ 012
The determinant of this system is again A;? and the solution of the system is
& ~t t t,,t
; 1 (1 — v} 1 |
M T Av [V]( VJT) T L om, (2.4.65)
yj j v

Remark 2.4.6 Notice that in [79], when z1, 22 € R,

bt
vi="vy;

which is coherent with their result.
Then it suffices to show that

2?1
8218225 -
J=1

legthj(Zﬂfjj(Zg)(W‘Q%j + 196”- + ﬁéjj) - @Ln — 0.

n—o0

Since "
1 o S _
D (=120t (20)855(22) [0, + m12at5(21) 5 (22) (085 + 085)
=1
noAY AY
= % +O(n 172

A
:ZIOg ];1 +O(n~?),
j=1 Aj

with a similar application of Lemma 2.4.1, Lemma 2.4.9 is proved.

Gathering Proposition 2.4.1 , Lemma 2.4.2, 2.4.4, 2.4.5 and 2.4.9, we achieve the expres-

sion (2.2.11) of the covariance between M,,(z1) and M, (z2). This ends the computation of the
covariance.

2.5 Proof of Theorem 2.2.2 : Computation of the bias
In this section, we will calculate the bias
N
LD =B 10) = N [ f@)p(w)da.
=1

This issue has been studied in |

) ) 9 ]
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Theorem 2.5.1 Under Assumptions 2.2.1 and 2.2.2, we have

L2(f) = Bu(f) —— 0,

n—oo

where By, (f) is defined in (2.2.10).

Proof: We will show that

1. For all z € CT,

|M3(2) = B(2)| ———0
N,n—oo

2. M?(z) — B(z) forms an equicontinuous family for z € C,,.
n

From (3.1.2) and the relation that ¢, — Oy = =t

z

—c AAF\ 1
A
)N+1+5n>

%:1ﬂ<ﬁu+%—1
n

Then by replacing 9d,, by %Tr]EQ, we consider

1 1 1 1—c, AA*
An:ﬂEQ—T¥—¢<1+ﬁEQ— c>1N+
n n n V4

1+ 1TrEQ

Subtracting (2.5.1) by (2.5.2), we have

1. TAA'T

-1
o 2

Now we will calculate nA,. To simplify the notations, we denote

1—c AA*
n)IN_{—il—l—lTrEQ.
n

1
S = —Z(l + *TI‘]EQ -
n
By Al =Bl = —B71(A — B)A™!, we have

nA, = -ETrS™'[> y;y; — 2In — S|(YY* — 2Iy) "L,
j=1

72

(2.5.1)

(2.5.2)

(2.5.3)

(2.5.4)

(2.5.5)

From YY* — 2In + 2zIny = Z?zl yjy;, taking the inverse of YY* — zI from both sides along

with (2.4.9), we have

n
Iy +2(YY* —2Iy) "' =) Byy;Q;.
=1
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Taking trace on both sides and dividing by n, we have

Cn + TI"(Y“Yjk — ZIN Z ﬁ]yj QJYJ

:1—f25j.
nia

Thus
1 * —1
ﬁTr(Y Y -2I,)  =—— E Bj.

Plugging the precedent equality and (2.4.9) into (2.5.5), we have

nA, =—E Z{ﬁjy;Q]’S_l}’j *E@ETTS IQ} + Z

~ 1+ ] TIEQ

Then by (2.4.6), we have

ETrS™'Q - ETrS™'Q;

= —ETtf3;S7'Q;y;y;Q;

= —0;E(1 - B;%))y; Q;S ™' Q)y;-
By Proposition 2.3.2,

K
* —1
IEB57y;Q;S™ Qjy;| < N

Then
ELS™!Q - ETrS'Q; = —b,Ey Q;S™'Q y; + o(1).

Since 3 = bj — bjzvj + ,ij?%z, we have

- roy.qole 1 . o
> {EB;y;Q;S IYJ'_EE/BJ'ETTS 'Q; —Ef;ja;Q;S ™ 'a;}
j=1
= > (~0fEyy;Q;S ™'y + 0fEy;a;Q,8  ay)
j=1

j=1
n

= > (-VEyy;Q;S Ty + bEya5Q;8 ay)
7=1

n
+Z (b?[]Eﬂj7J2’y;st_lyj‘ - E/BJ’YJ a; QJS aj — EBJ’Y?TTS_IQJ'D
=1

n 1 -
+ Z COV(,B]"VJZ, ﬁTrS 1Q;)).

J=1

~1
Ea QS a;.

+Z<b?[E5j’Y?Y§QjS_1YJ EBjvja;Q;8 ™ 'a; — Eﬁﬂ?ETYS_le])

73

(2.5.6)

(2.5.7)
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By Lemma 2.3.3, we have

- * — * —_ 1 —
> (bi[EﬁjV?Yj Q;S™'y; —EBj77a;Q;S la; — ;Eﬁﬂfﬁs 1QJ]> < Knj,
j=1

and
n 1 -
D> Cov(Bjyf, ~TrS™'Qy)| < K.
j=1

Then

n
> [Evyy;Q8ly; — EyaiQ;8 ay]
=1

- * — * * — 1 — * —
=2 [E (¥;Qjy; —n~'TrQ; — ajQjay) <YijS lyj - S TrQ8T - ajQ;s 1aj>] (2.5.8)

<
Il

1 1 _
+ Z Cov (nTer + anjaj, ETerS 1) .

From Lemma 2.3.2, the second term is of the order % Now we will show that

n

1
2 1+ 1 TTEQ

EaiQS~'a; — Y EB;aiQ;8 'a; =—) Ean;QijS_laj +o(1). (25.9)
J=1 Jj=1 j=1

From the relation that Q = Q; — Bijyjy;‘Qj, we have

n
ZEa}fQS_laj

j=1
n n
=Y EajQ;S”'a; - Y Ef;a;Qy;y;Q;S 'a
i=1 j=1

(@) - * — . bj * — & * * -
=> EajQ;S7'a; - ) _ ~Ea;Q;Q;S 'a; — > bFa’Q;a;a5Q;8 'a; + o(1)

J=1 Jj=1 Jj=1

)N oty o by - o Oy
=Y Ea;Q;S 1aj—ZﬁEanijs 'a; — > b;Fa’Q;a;EaiQ;8 ™ 'a; + o(1)
j=1

j=1 j=1

where (a) follows from EB; = b; +o(1) and (b) is using the fact that ajQ;a; and a;QjS_laj are
uncorrelated. From the definition of b;, (cf. (2.3.9)),

1 b ban;Qjaj

b= L= 4 (1),
1+ITEQ 7 1+ ITEQ W
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Then we have
n

1 n
§ ——————FEa’Q;S 'a; —§ EB;jaiQS ™ 'a;

1 . ] ] J Ayl i
=1+ TrEQ; =

_Z = 1Tr]EQj — ) Ea* Qja]IEa Q]S a;

1 * -1
N Z <1+ INEQ, _bj> S

- Z mlﬁla 2Qja;Ea; Q,;Sta; +o(1)
- o) (2.5.10)
Moreover
bj x -1 - b.? * -1
; n(1l+ %TrEQj)EanijS aj — ; EEanijS a;

- n o 72
) Jz=:1 n(l+ 5%1‘EQj)Ea§QijS_1aj - Jz::l %Ea;QijS_laj
_ i biEa’Q;a;
= n(1+ ;TIEQy)
oy
o+ A TEQ))
b2

_Z n(l+ TEQJ)

Ea;fQijS_laj + 0(1)

Ea;fQjaja;QijS_laj

Cov (a;fQjaj, a}fQijS*Iaj) +o(1).
(2.5.11)

From Lemma 2.3.1, the second term is of the order O (%) and the first term is also of the order

O (%) as

[EQ;2;2;Q;Q;8 || = O(n”
Thus, (2.5.10) and (2.5.11) imply (2.5.9).

Since for all matrices M, My with bounded spectral measures,

—Ters M, — —TerTl\/Ig —— 0,

n~>oo

gathering (2.5.6), (2.5.7), (2.5.8) and (2.5.9), we have

n_p2 " p2 " b3
nd, = -— Z n—éETerTQj - Z Ean;QJTQjaj - Z ﬁ]Ea;QijTaj
j=1 j=1 =t
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+> 0 [E(yiQyy; —n 'TrQ; — ajQ;a;) x
=1

1
<y;'<QjTYj — ETI‘Q]T — a;‘fQjTaj>] + 0(1)

By Proposition 2.4.2, and with the same argument as Lemma 2.4.4, the terms with E[|z1|1]

and E[|x1|2z1] will not contribute in the sum. Then we have

n | 2b2
nA, ZZ HETrQ,TQY + Z ]Ea *Q,TQ] a;
j=1
n N
+Z ”EaTQTQ]TaJMZ ”EZ Q31 [QsT]y; + o(1).
Jj=1 = i=1
By Lemma 2.4.1,
N
2]
LS 0], Q7] zw p—
Z:
Hence, as b; = —ztj; + o(1), the term on & is

b2

n N
”Zn Z[Qﬂ]m Q] = KJZ Zt Ztu u"‘O
j=1 =1 =

Now we will calculate

1 - 2 T
EZEbjTerTQj.

=1

From the argument in the proof of Lemma 2.4.4 and 2.4.9, consider

WP m) = 2 TE(EQ)ITE QT (2)) = TE(E,Q()]TQ ()},
Gz, 2) = E{ai[E;Q(21)]TE;Q" (22)ar} = E{ai[E;Q(21)| TQ” (22)ar},
0F:(21,22) = E{aj[E;Qx(21)]TE;Qj (22)ar} = E{aj[E;Qx(21)]TQf (22)ax},

1< - -
OF = =3 mzdul(a)in(2)6k,
k=1

The perturbed system is :

(1= 90D)oT — (Bu] + [920]n)uT = v(T) + O(n~1/2)

., (2.5.12)
~9y¢T + (1 — 97 —\19|27Tn])¢ = 7p +O(n~172).

where

1 ZJ: “T,TT} 2
n

— (1+01)(1+ 62)
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1
W= —TrT,TT}.
n
The determinant of this system is A? and the resolution of the system yields that

o] _ 1
vr] Ay

ET(1—95) — [9291n;) + 4T (0! + [9]20]n;)

+O(n1?). (2.5.13)
ﬁVTV;(T) + ’yr}(l - ﬁyj)

Then we have

1 . 2 T 1 . 2 T
~ > EpTrQ,TQ] == > ERTIQTQ” + o(1)
j=1 j=1

2 n
2T 2
=1
n  0b3

Now we will calculate 7 ; —

Ea]TQ;‘.FQjTaj. We first show that

" 9b?
i (Bal 0T 0. Ta: — EalOTTO. a:
z; —* (Eaj Q] Q;Ta; — Fa; Qj TQ;a;)| —— 0.
=
By Lemma 2.4.3, it suffices to prove that
" 9b?
> — (Ea] Q"QTa; — Ea] Q" TQa;)| —— 0. (2.5.14)
—1 n n—00
]_
We have
L gb2 " b
TNT TNAT
ZTJEan QTaj—ZTJEan TTa;
j:l j:l
K n
< —) [FajQ(QT - TT)a|
j=1
(a)
<

K n
— > _E[(QT - TT)ay|
j=1

—~
=

= o(l),

where (a) follows from the fact that ||Q]| < (Imz)~! and (b) is from (2.4.14) in Theorem 2.4.1.
9pH2
Same result holds true for %Ea;‘-rQTTQaj :

- 196? TAT - 1%? TAT
ZTEan TTaj_ZTEan TQa;| = o(1).

J=1 7=1

This proves (2.5.14).
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Then it suffices to consider

) = STEEQT () TE, Q)] = - TE[E,QT () TQ())
i(o1,2) = ElalE;Q7 (21)TE;Q(2)ay] = Elal E;Q7 (1) TQ(22)ay],
é’lf;'(zlaz?) = Ela; E;Qf (21)TE;Qx(22)ax] = Elaj E;Qf (21) TQu(22)ay],
o = izj:zlzgfkk(zl)fkk(@)éfj.
e
We have the solution
o |1 R el R L) ISP
b Aj 9y1oi(T >+%}< —05)
where
7T = §1+£1T1T ja(;;)
A= %TrTlTTg.

Then with (2.5.13) and (2.5.15), we have

P S~ g2 1o o ara + S i paror
S ENTQTQf + ) —TEaiQ;TQfa; + ) — Ea] Q] Q;Ta;
7=1 Jj=1 Jj=1

:|19\2 (2, 2007 (2,2) + 96T (2,2) + 99, (2, 2)
= [P0 o 21— 001+ 001 951~ o1 )

Ok (el + [020Tn) + 95k (1 — ot — 9129Tn) + 93T (Wt + 9120tn) | + 0(1),

where all terms are evaluated on (21, 22) = (2, 2).

Combining this with (2.5.3) and recall the definition of Y, in (2.2.9), and 7, + wh = 71, we
achieve the final expression of the bias in (2.2.16).

The proof is completed by showing that E(TrQ) — nd, forms an equicontinuous family for
2 € Cp,. With the precedent work, it suffices to show that L/ (z) is bounded for z € C,, where

. ~ * — 1 — * —
Lo(2) =) b3 [E%’ (ijjS tyi - -1rQ;S ' -ajQ;8 133‘)} :

j=1
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The terms in L] (z) are linear combinations of

~
—_
—~
N
N
I

N P 1 _ A
2b;b] [Ew (ijjS ly; - TrQ;8T - ajQ;8 13]‘)]
iy o 1 1 e e
Li(z) = b2 [Ey; <ijjs 1yj—Eﬁst '—alQ;s 1aj>]

1
L) = 8 [Ey (viais Ty, - Sl el e )|

3
—~
N
~
Il

~ * — 1 - * -
—b3 [E%’ (ijjS *S'y; - -TrQ;S ’S' - a;Q;S Zslaﬂ’ﬂ :

According to Lemma 2.3.5, all terms are indeed bounded. This concludes the computations
of the bias.
O

2.6 Appendices

2.6.1 Proof of Proposition 2.3.1

We begin the proof with the replacement of the entries x;; satisfying that there exists a

sequence 71, — 0 such that n,n!/®

My 4 0 such that :

— 00, |zij| < Mpy/n. By Assumption 2.2.1, we may select

1
UTE|IE11|4H(|$11| > nn\/ﬁ) — 0.

n N,n—00

~

Let i\(n = (==X, + A,) with )A(n, an N x n matrix with the entries Z;; = l'ij]I‘xij‘Snn\/ﬁ. We

have then

1
vn
P(Y, Y5 # Y, Y5) <3 P(lzi;] > nav/n)

;f' (2.6.1)
< ¥E|$11|4H(|$11| > nav/n) = o(1).

Denote Y,, = (ﬁXn + A,,) with the entries Z;; = (Z;; — E&;;)/04j, where
0'£2j = E|{i’” — Ef”|2

We will show that
E(i3,) —— 9, E|#n|' —— Elzn |4,
n—0o0 n—oo

and
Tef(Y,YE) = Trf(YaYE) + op(1). (2.6.2)

Since E|x11|? < oo, in particular, E|z1;| < co. By dominated convergence theorem,

|Eiy | —— 0, o1 — 1] —— 0, [E&?, — 23| —— 0, (2.6.3)
n— o0 n— 00 n—00
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which implies that

— 0.

n—oo

b e\ 2
E <9511 $11> _Ea?,
o11

Same method yields that
E’i'11’4 —_— E]m11]4.
n—oo

We shall use the following proposition (cf. |6, Corollary A.42]) to show (2.6.2).

Proposition 2.6.1 Let A and B be two N x n matrices and the empirical estimate distribution
of SA = AA* and SB = BB* be denoted by FS* and FS®. Then,

o (FS*, FS®) < %(Tr(AA* + BB"))(Tr[A — BJ[A — BJ*).

1 & 1 -~ * 1~ ~
—X,+ A, [ —=X,+A,) <2-X,X*+A,A*]), "2
(%) (%) <2 (GR%n ae)

denote A\M the largest eigenvalue of the matrix M, then we get

max?

Yo < 2lim sup )\max + 2\ARAS

max

lim sup )\

m ax

nn

From [5, Theorem 5.11], )\ii X is bounded almost surely, then lim sup )\ma is bounded almost
surely as well by Assumption 2.2.2. Same method yields that lim sup /\rmX Y is bounded almost
surely. As the deterministic equivalent § depends only on A (see Eq. (2.1.4)), we can denote
én(x) = N x (F??* — Fn) and Gy (z) = N(F??* — F,) and let AA denote the i-th smallest
eigenvalue of A. Using Proposition 2.6.1, for an analytic function f which satisfies Assumption
2.2.3, we have,

(2.6.4)

A
=
&

T
.

< E1/2 { Tr(Xy, — X)X — Xn)*} E/2 {Tr[s?ﬁ?* + S?S?*]} .

n

where K is the bound of | f/(z)| in the compact which contains both supports of YY* and YY*.

2. For two complex Hermitian matrices A and B, we denote A < B if B — A is a Hermitian nonnegative
matrix.
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From the definition of Z;;,

El11]* — 1° = (Elz11 Ly, g0 )

1 p—
< s Bl [Ty 2g,m)" = 0(n7?).
man

Moreover,
. 1 2 _
|Ed11 ] < e (E\$11\4H(|CL‘11| > npv/n))” =o(n™?).
n

These give us

ETr(X, — X,) (X, — X,) (2.6.5)
< 2) [(1— 05" ) Eléyl + 057 |Bdy )
tj

< 23700 - oY) + [Edy ) = o(1).
ij

Similarly,
1 AN A ~ o~
“E {Tr [YY* + YY*] } (2.6.6)
n
1 1. SR 2
< n%:E ‘\/ﬁ:rw + a;;| + ‘\/ﬁiﬂm + a;;
<

2 1. o 1 _ 5 9
EZE [n!%\ + 1]+ 2]ay] } <K
ij
Plugging the estimations (2.6.5) and (2.6.6) into (2.6.4), along with (2.6.1), we conclude that
Tef(YY*) = Trf(YY™) + op(1).

2.6.2 Proof of Proposition 2.3.2

It has been shown that the largest value of the limiting support S of the eigenvalues of
X, X5 is (1+/c)? (cf. [9, 102]). Let the contour Cp, &, be defined in Section 2.3.2 and 1y < 0
and g, > 04

The partition of C,, is identical to that used in |11, Section 1]. With probability one (see |9]
and [10]), for all € > 0,

lim sup d(\Sy) <e
Aeeig(YrY?%)

where d(z, S) is the Euclidean distance of = to the set S, eig(Y,, Y ) denotes the set of eigenvalues
of Y, Y} and S, is the support associated with F,,. Then with probability one, for all N large,

as f is continuous over C,

’ 7{ £(2) (Mn(z) . Mn(z))dz

< dsup [ (2)lenl| max(Ey AXGYH) = o)1+ el )
zZE
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This term converges to zero as n — oc.

2.6.3 Proof of Proposition 2.3.2

x*M,x, TrM,,
n n

has been proved in |11, Eq. (3.2)]. Write

E (2.6.7)

2

1
Ely.M,y, — ﬁTrMn —a,M,a,

2

1 1
<K |E|—x,M,x, — —TrM,,
n n

K K
+ ;E|a:1\/[nxn|2 + nE|x:Mnan]2] )

The first term is with the order O(n~1) by (2.6.7). The second and the third terms are similar

and we treat 1E[a}M,x,|* :

1 1
EE|a;Mnxn|2 = HE(XZMZana;Mnxn)

<

s |=

1 1
E ’X;M;anaZMnxn — =Tr(M;,)a;a;M,
n n

K _|1
+ —E ‘TrMnana;Mn .
n |n

The first term in the above inequality is with the order O(n~!) by (2.6.7) and the second term
is of the right order.

2.6.4 Proof of Lemma 2.3.3

From
1 4

1 1 1,
EXZMan — 5Tr1\/[n + %afanxn + %xnl\/[nan

4

E

1 1 1 1
<KE ‘nx;‘LMnxn — ﬁTrMn + EE\aZMnxnﬁ + $E|X;Mnanl4,

by |11, Eq. (3.2)], we have

1

1 YKt
E|l—-xM,x, — —TrM,| < I
n n

n

The rest can be treated as following :

1
EE|x;Mnan|4

2

1
o * * * 2
= E]E‘XHMnananMan|
* * 1 *
—x, Mpan,a, M, x,, — ﬁTrMnananMn +E

1
2<E

IN

1
—TrM,a,a; M,,
n n

)
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Thanks to Lemma 2.3.2, the first term is with the order O(n~=2) and the second term is directly
of the right order while #E|a;Mnxn|4 can be treated similarly. Then we have

1 1 YKt
E ;X;Mnxn— TrMn—l—f . nxn"’ﬁXZMnan < nn.

2.6.5 Proof of Lemma 2.3.5

We first prove (2.3.29). After the truncation step (cf. Section 2.3.2), for z € {x + id;z €
[Mﬁv#r]}
E[Q(2)[” < KE[[Q(2)]| < oo.

Take 1¢ € (1¢,0) and € (L4, ). For 2 € {pe +iv;v € [en/n, ]} U {pe + 100 € [en/n, d]}, we
get
p -p Y;Y5 Y;Y;
EHQ](Z)” < K+ Kv P(Amax > Ty OI )\mln < 77@)
< K + KnPe,’n " < K,

for sufficiently large k. This proves
E[Q;(2)[]” < Kp.
Now we will show
Ely;Qj(2)y;l" < Kpq- (2.6.8)

With the same method, (2.6.8) holds true for p = 1. For p > 2,

Ely;Qj(z)y;l’
— * Y;Y7 Y;Y
< K+ Kv qu|y'yj’pIP(Amax] > or A ] < 774)

min

< K + Kn%¢, %p2P- 4E\y;yj|2n7k < Kgp,

for large enough k. This terminates the proof of (2.3.29).
Following the same idea, we will prove (2.3.30). From Lemma 2.3.2, (2.3.30) holds true for
z e {z+id;x € [, pr]}. For z € {py + iv;v € [ /0, d]} U {pe + iv;v € [ /n, d]}, noticing that

M| = 1QF (21) QL (z2) || < vy ™,
we have then

_ " 2
E‘y]MJy] lTrl\/I- —alM'aj|
< K/n+4 KoM os2POYY >0, or AYY" <)

< K+ Knftheg kihen =k < [0 o /n,

for k sufficiently high.

(2.3.31) can be shown in a similar way.
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We now show that for z € C,,,
Bl (=) < K/n. (2.6.9)

From [11, Eq (3.5)],
E|n_1x;-ijj - n 'ETrQ;* < K/n.

Then
IE|fyj(z)|2 = E\n’lijjxj — nilETer + nil/zx;Q‘jaj + nil/Qanjxj\Q
1« _ 3 3. .
< 3E|n 1ijjxj —n 1]ETler\2 + ﬁE]x;Qjaﬂz + EIE\anijIQ
< K/n.

where the last inequality follows from the fact that by (2.3.29),
1 * 2 1 * 2
max § —ElajQx;[", ~EpxjQja;l” o < K/n.

The same way also handles
Ely;(2)|* < Kny/n.

Since 8; = 1 — y*Qy,, same method yields that, for p > 2,
J 7 J

E[g;[" = E|l — y;Qy;|”
< K+ Ko Bl yiPPORE 20, o AL <)
< K + KnPe,PpPPn~F < K.

Since b; = fj + b;B;7; along with (2.6.9), we have
1bj| < [EB; + Eb;Byy;| < Ki + Kalbjln™"/?,

which implies
K,

This terminates the proof of (2.3.33).

2.6.6 Proof of Lemma 2.4.6

From Equation (2.4.6), we have

El>|< leMIEnga — ]Ea*IEleMIEjQQa
J
= ) (B —Ei1)(aE;QiME;Q,a)
i=1
J
= Z(Ez —E;i—1)(@"E;[Qu; + 2101, Q1,:y:y; Q1,i]M x
=1
E;[Q2; + 22G2,iiQ2,;yiy; Qa,i]a)
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J
= > (B — Ei1)[a*(BjQui)M(E;G2,:iQz,;yiy; Qzi)a
i=1

J
+> a*21G1,6Quiyiy; QuiM(E;Qz,)a
=1

j
+> 212F(G1iid2ia" Quiyiy; Qui)M(E; Qoyiy; Quia)]
i=1

2 X\+ X+ 2 (2.6.10)

The variance of a*E;QMIE;Q2a is the sum the variance of these martingale increments. Recall
that Gi; = b + 2G:ibi%i,

J
X1 =2 (B —Ei1)(baiy; Quiaa*(E;Qu,)MQz,y:)
=1
j ~
+ 23 Z(Ez — Ei—1)(b2,iG2,:72,:y; Q2,iaa" (E;Q1,:)MQa2;y;)
i—1
2 X|+ X7

Let Mi(zl, 29) = ngiaa*(EjQu)MQg,i. X{ satisfies :

J 2
E[X{[? =]2*) E
i=1

~ 1
E;b; (I‘:MZI'Z — —TrM,; + r;‘Miai + aiMiri)
n

Since M; is a rank one matrix, by Lemma 2.4.1, Z{Zl E|r;M;r; — TrM;/n|? < K/n. Moreover,
J 1 J
) Elr;Ma,|* = - ) E(a*Q3,;Qziala"(E; Q1) MQy )
i=1 i=1

K<~ .,
< ;ZE@ (E;Q1,,)MQa a;)?.
i=1

Then
|a*(E;Q1,)) MQa,a; |
<4(|]a*(E;Q1)MQqa;|* + |a*(E;Q1, — Q1)M(Qz,i — Qa)ay|®
+1a"(E;Q1)M(Qz; — Q2)ay|* + [a"(Ej(Qui — Q1)) MQeay|)
é4(T/Vi,1 + Wig+ Wis+ Wia).
Denote by Ai.; = [ai,--- ,a;], we have :

= a"(E;Q1)MQ2A ;AT (E;Q))MQja < K.

J
g Wi
=1
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Recalling Equation (2.4.7) and (2.4.8), recalling 1/8; = 1 +y!Qy;, we get

Wy < a'QuyiyiQaai .o (Qlyz'YEle) M QY Q2 <Q1Yzy@Q1>
T 1-yiQays ! B1,i 1 —y;Qay; B,

s 1(1-yiQy) ' QyiyiQl = |Q - Qi|| < K and |QY|| < K, we have
j j
|a Q1YZ :|
9 < .
Y= 3E [T R
Noticing that 8; ! = —(2b;)~! +4;, by Lemma 2.3.2 we obtain :

J J
ZEWi,2 < 2Ea*Q Yy diag(—(z1b11) '+, —(21b1y) ) Y1, Qua+ KZE\%\Q
i=1 =1

< K.

The terms W; 3 and W; 4 can be handled similarly. Therefore we get ZZ LElyrM; a2 < K/n
and Y7 Ela*M,y;|2 < K/n which implies that E|X|? < K/n.
We now consider X». Since E|X5|? < 2|z|* ?:1 E[ngicb,iﬂgyiy;‘MiyiP, we have

J J
ZE|bz,idz,ii’?2,ianz‘ai|2 < KZEE(Z)!’?Q,ianiai!2
=1 )

N

< — ZIEJ|a*M1al|2

3

IA
3=
'Mw. Il

K
Elaf Qg ai|* < o

=1
where E() = E[.|r1, - ,ri-1,T41, -+ ,Tp). Moreover, by Lemma 2.3.3,
J _ J an
> Elbgideizir; Miay|* < KZEI/Qﬁzi|4E1/2|FfMiai|4 < —
= i=1 7 vn

and similarly for the terms in a;M;r; and r}M;r;. We get that E|X3|* = o(n~1/2).
We now turn to the term Z of Equation (2.6.10). By developing y; = r; + a;, we have three
terms to control,

J

Zy = Z(Ei_Ei—l)(qu~1,iia*Ql,iri}’;'kQl,i)M(Ej(b,iiniriajQ2,z‘a)
=1
J

Zy = Z(Ei—Ei—l)(Ejfil,na*Q1,iPiY?Ql,z’)M(EjQQ,iin,irinQ2,ia)
i1
J

Z3 = Z(Ei_Eifl)(Ejdl,iia*Ql,iriazQl,z’)M(qu~2,iiQ2,iria:Q2,ia)-

=1



CHAPITRE 2. FLUCTUATIONS FOR LINEAR SPECTRAL STATISTICS 87

The first term satisfies

J
E|Z;)? <2 Z]E|(Ej(jl,iia*Ql,iria;‘kQl,i)M(Ej(jQ,iiQZiria;kQZ,ia)|2
i—1

< KE|(E;a*Qqr;a; Q1) M(Qa riaf Qo a) ?

J
=K Z Ela; Qs,a]’E?|(E;a*Qy irial Q1) MQa,r;|?

=1

— ZE|an2,ia|2 =01,

N

n

where the second inequality comes from E[E;(X)E;(Y)[> = E[E;(XE;(Y))* < E|XE;(Y)|?. The
terms Zo and Z3 can be handled similarly. Hence E|Z|? < %
Therefore, Var(a*(E;Q1)M(E;Q2)a) = o(1/y/n). Var(Tr[(E;Q1)M(E;Qz2)]) = o(y/n) can be

handled in a similar way.

2.6.7 Proof of Lemma 2.4.7

From the expression (2.4.10) and (2.4.14) in Theorem 2.4.1, we have

ZJ: ayu*Tra/ElajQaul _ 1. —apu*Tiasa;Tou L Om V)
zgtglg(l + 02)

1+ 29ty ey T pay

=1 (=1

Moreover, by Equation (2.4.6),

J *
Z au*Tiay < E[Naé qu] - E[aZQZEu])
/=1

1 + Zztg’ggaZngag

J
— Zagu*TlagIE [aZQZ,gu <

1+ 22G2,0027 Qo 0ye 1)]
—1

14+ thgjga?TZgag

El2242,00a; Q2 0y er; Q2,0u]
1 + thg’ggaz TQ’ga[

J
+ Z apu*Tiay
/=1

€1 + €9.

We have then € = Zi:l au*TraEla) Qo eups o) where E|us > < Kn~! by (2.4.18) again. It
follows that
K

j j
1] < (Y aflu TraPElue ) () Elaj Qo euf*)'/? < NG

=1 =1
by (2.4.12) in Theorem 2.4.1. By writing

z]: aéu*TlaéE[Zz(CfQ,zeaZ‘Qz,éW — E[g2.00a; Q2 ¢ye])r; Q2 0u]
1+ 22527[[3.;’:[‘2753[
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and proceeding similarly to €1, we obtain |e2| < K/y/n which completes the proof

2.6.8 Proof of Lemma 2.4.8
|, where a; it the j-th column of A. We will

For a matrix A, define Al:j =[ay,---,a;,0,--],
Z1%2 Trle (2.6.11)

show that
N+ Wi =

In particular, j = n implies (1)
From the definition of w;, we have
J aZTlaka;;Tgak

1+ 51)2(1 + (52)2 '

* * 1
wj = —(14d6)*(1+ 52)ZTI”Al:jTlAl;jAlijgAl:j 0 Z (
k=1
From (2.4.9) and (2.4.5), (1 +0)2a;Trar = (1 + )~ + 2t Hence
Zﬂ?ka 1 J akTgak
Jrn;::1 1+ 61)(1+82)2

_ Z leQtl kktZ kk + — Z 1+ 69

l i TlakakTgak
n 1 (14 61)%2(1 + d2)?
By —2Ty; = (146) 7Ty, — (14 6)72A5, TAy;, we have
. = " TYTe. — TrA}. ToAq.;
M= sy ) e Ay sy A A
1
TrA;. . T1A1. ;AT . ToAq.;
(LT 00)2(1 4 )7 LTI R TR
212
= = T[Ty (2) Ty (2)]
Now we will prove (2). From (3.1.1)
T(Z) s *
v = (—2z(1+4(2))(1+6(2))In + AAY) (2.6.12)
N —(i-<)5 = (—2(14+6(2)A+0(2))L, + A*A)~! (2.6.13)
By (2.6.12)- (2.6.13) and taking trace, we have
~ —N1
§—§="""1" (2.6.14)
n oz
Using the resolvent formula, we get
T, T (1+51)(1+51)*22(1+52)(1+52)
_ = T T-. 2.6.15
1+ 6o (1+61)(1 + 62) e ( )

1-}-(51
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Taking trace on both sides of the precedent equality, we have

1
Y= *TI‘TlTQ
n

_ 51(1—]—52)—52(1—|—51)
z1(1 4 51)(1 +61) — 22(1+ 52)(1 + 92)
01 — 09
21(1401) (1 +61) — 29(1 4 02)(1 + 02

In the same way, we get that
61 — by
21(1+81)(1 4+ 81) — 22(1 + d2) (1 + 8a)

5=
We will express %TrTlAA*Tg with the help of §1, do. We obtain,

1 1 ~ ~
ETI“TlAA*TQ = ETrTl (1&1&4< — 21(1 + 51)(1 + 51) + 21(1 + 51)(1 + (51))T2
z1(1+01)(1 + 1)

n
21(1 + 51)(51 - 22(1 + 52)(52
21(1401)(1 +61) — 29(1 4 62)(1 + 03)

= (1 + (51)52 + TrT{To

= (1461)(1+92)

Then

L1 b ppaaT, = 21(1401) — 21+ |
21(L+01)(1 4 61) — 22(1 + 02)(1 + d2)

~—

T (2.6.16)

Replace the expressions of =y, ¥ and %TrTlAA*Tg in A,, we get :

(21(1 + 1) — 22(1 + 82))? — 2122(51 — 62) (01 — 02))
(21(1 4 81)(1 +61) — z2(1 + 02) (1 + 62))2

A, =

b
and

(211 +61) — 22(1 4 02))% — 2122(61 — 02) (61 — 02)
= Z%(l + 51)2 + Z%(l + 52)2 — 22122(1 + 51)(1 —+ 52)

~ n—N = n—N_ ~ -
—2122(01 + — 9 — 5 )(61 — d2)
= Z%(l + 51)2 + zg(l + 52)2 — 2129 — zlzg((sl + 1)2 + (52 + 1)2)
_N L
+n (21 — 2’2)((51 — (52)

= (21 — ZQ) <21(1 + 81)2 — Zg(l + 52)2 + n ;N(Sl — SQ))

= (sn(21) — sn(22))(21 — 22)
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where the last equality follows from Equation (2.6.14). On the other hand,

(z1(1 4 01)(1 + 61) — 22(1 + 02) (1 + 82))?
)45+ T (14514 62))2

nzi
= (sn(21) = sn(22)).

Thus,
1 _ Sn(21) — sn(22)
Ay (21, 22) z21 — 22

The last task is to show that for z1, 29 € CT,

liminf inf  |Aj(z1, 22)] > 0.
n jE{l,"',n}

We first prove that for all j € {1,--- ,n} and z € C*,
Im[z(1+6)(1+48)] > 0,
I/j(z,f) < 1,
liminf inf Aj(z,2) > 0.

From (2.1.4),

where a; € RT are eigenvalues of AA*.
As Im(d) > 0, we get

which leads to
Im[z(1 + 0)(1+ 8)] > 0.

Recall the definition of v; in (2.4.51) and by (2.6.16),

1— vp(2,2) = _ 2(140(2) — 2(1 + (%))
) 2(140(2)(146(2) —z(1+(2)(1+0(2))
hence (2.6.18).
From (2) in Lemma 2.4.8,
1 Sn(z) — sn(z)
O<An(zaz)_ z—2Z =K

This proves
liminf A, (z,2) > 0.
n

90

(2.6.17)
(2.6.18)
(2.6.19)

(2.6.20)

(2.6.21)
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As v;(z, Z) is increasing to vy, (2, Z), we get
vj(z,2) < 1.
From the definition of A,, and (1) in Lemma 2.4.8,
An(,2) = (1= vn(22))? = (2 2) (21 2) + (2 2).
vj(z,Z) (resp. n;(z, 2), wj(z,Z)) is increasing to v, (resp. nn(z, 2), wn(2, 2)), we have

liminf inf Aj(z,2) > liminf A,(z,2) > 0.
n jg{L..A’n} n

Hence (2.6.19).
With these tools, we have

|I/j(21, 22)’ < \/Vj(zl, 51)\/Vj(22, 22) < 1. (2.6.22)
We end up the proof by showing that for all z1, 29 € CT,
1A (21, 22)] = (A (21, 21) A (22, 22)) /2 (2.6.23)

In particular, this directly implies

1/2
lim infinf |A (21, 22)| > (lim infinf Aj (21, 21) liminf inf A (2, 2’2)) > 0.
nog nog nog

From (2.6.11), we get

| 2122 - -
1A;(21,22)] = (1= |vj(21, 22)])* — T|7||TTT1:J'(21)T1;]-(22)|

12
> (1 -0 (z1, 20)0) * (22, 2))2 — “ﬂvl/2(21721)71/2(z27 ) (2.6.24)

(TrTu(21) Ty (1)) /2 (Te T (20) T (22)) 2
By a direct calculation, we have : for 0 < a,b < 1,
(1 —+Vab)? > (1 —a)(1—b). (2.6.25)

We first show that the right side of (2.6.24) is positive. As (1-v;(z,2))? > %Vj(z, z)TrTy(2) T, (2),

we have

217 ~ ~ ~ ~
’112'71/2(217 21)7 2 (22, 22) (Tr Ty (21) T (21)) Y2 (Tr Ty (22) T (22)) /2

< (1= vj(z1, 20))(1 — vj(22,22)) < (1 — v} (21, 20)0) % (22, 22))2.

Then we will show that the right hand side of (2.6.24) is greater than (A; (21, 21)Aj (21, 21)) 2.



CHAPITRE 2. FLUCTUATIONS FOR LINEAR SPECTRAL STATISTICS

Denote for i =1, 2,

9
_ 2
a; = vj(z, %), b= | ;'

(20, Z) (TrT(20) T, (24))-
We will show that
(1 — varvaz)? — by %012 > (1 — a1)? — b1)((1 — a2)® — ba).

It suffices to show that

(1 - varvaz)*(1 - Varvaz)* — 26,°6y%) > (1 — a1)*(1 = a2)* — ba(1 — a2)* — bo(1 — ).
By (1 — \/a1\/az)? > (1 — a1)(1 — ag), it suffices to show that

17a2_b217a1

1—a 1—as’

(1 - Varyaz)? — 2602 > (1 — a1)(1 — a) — by
which is immediate.
2.6.9 Proof of Lemma 2.4.10
Following the same proof as Lemma 2.4.8, noticing that |¢| < 1, we have
9 t T 2] T 7
A (21, 22)] 2 (1= Pl [) (1 = I]175]) — ===~ |TrT15(21) Ty (22)|

1%z _ _
> (1=} )0 e, )2 — 22172 5512, )

(TrT(21) T (20)) 2 (T Ty (22) T (22) 2.
This is the right hand side of (2.6.24). Thus,

lim inf inf |A}9(z1, z2)| > 0.
no



Chapitre 3

Fluctuations for non-analytic

functionals of linear spectral statistics

The content below is inspired from [72]. Consider an N x n matrix Y, with real random
entries. Of particular interest is the study of the fluctuations of linear spectral statistics of large

random covariance matrices Y, Y7 :

N
Tr f(Y Y1) =) f(A), (Ni) eigenvalues of Y, Y],
=1

as the dimensions of matrix Y, go to infinity at the same pace :

N N
N,n—=o0o and 0 < liminf— < limsup— < oo, (3.0.1)
n n

(a condition that will be simply referred as N,n — oo in the sequel). This subject has a rich
history (see for instance |2, 11, 60, 70| and the references therein) among which we single out

the contributions [11, 73, 70, 71].
3.1 General principles and main results
The main idea is in Introduction 1.2. If ¢ is a random variable, denote by SOO: w — Egp.

3.1.1 Two lemmas

Lemma 3.1.1 Let (on(t),t € R)pen and ((t),t € R) be complez-valued continuous random
processes. Assume that 1 is centered and that :

(i) The following convergence in distribution holds true :

W ER, 1<i<d (Bu () P ()~ (V(t), -+ h(ta).

n—oo

(it) For allT > 0, pp(t) is tight on [-T,T].

93
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21 e following estimates hold true
(iii) The following ) hold
(Varg, (t)Y2 < K(t) and (Varg(t)YV? < K(t) |

where t — K (t) does not depend on n and is such that [ |K(t)]dt < oc.
Then,

/ G (ydt —2— [ w(t)dt
R

n—oo R

Lemma 3.1.1 should be compared with [50, Th. 4.28] and the proof is in Appendix 3.5.1. In the
context of large random matrices, an interesting phenomenon occurs [70, 71|, where sometimes
there is not a limiting process 1 (t) but where there exists instead a sequence of processes ()
whose distribution gets closer to the distribution of the random process of interest (&n) The

following lemma formalizes this.

Lemma 3.1.2 Recall the definition of Lévy-Prohorov distance in Section 2.2 and let (on(t),t €
R)nen and (¢¥n(t),t € R)pen be complez-valued continuous random processes. Assume that all
the 1, ’s are centered and that :

(i) The following convergence in distribution holds true :

Vt;eR, 1<i<d, dgp ((‘Opn (1), P (ta)), (Pn(tr), - 7¢n(td))) —0

n—oQ
1) For all T > 0, @,(t) and ¥, (t) are tight on |—T,T].
(i1) @ ¢ g ,
(iii) The following estimates hold true
VneN, (Varp,()Y2<K(t) and (Varg,(t)Y? < K(t),

where t — K (t) does not depend on n and is such that [ |K(t)]dt < oc.
Then,

drp </R @ (1) dt ,/an(t) dt> —— 0.

The proof is the same as Lemma 3.1.1 and is omitted here.

3.1.2 Fluctuations of the linear statistics
We consider the model

1
Y, = ——RY/2X,,.
Vo "

For the reason of readability, we often drop subscripts n if there is no confusion.

Assumption 3.1.1 The random variables (x;;)1<i<N1<j<n are real, independent and identically
distributed (i.i.d.). They satisfy

Ez11 =0, E|l‘11|2 =1 and pg4= IE|9U11|4 < 00.
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Assumption 3.1.2 When N,n — oo,
N N
0 < liminf — < limsup — < oo,
n n
which will be simply denoted by N,n — oo in the sequel.

Assumption 3.1.3 The family of N x N symmetric, non-negative definite matriz (R,,) is boun-
ded for the spectral norm :

Tmax = sup ||Ry|| < oco.
n>1

Denote
U,(t) = Y n Yo u(t) = TrU,(t),  Un(t) = un(t) — Euy(t), Vi, (t) = Var[u(t)].

The purpose of the chapter is, under the precedent conditions to study the fluctuations of the
linear statistics of the eigenvalues of %Rl/ 2XXTRY? for non-analytic functionals.
For a sufficiently regular function f (for example : of class C*), We will study the fluctuations

of linear spectral analysis

D FOy) = Tef(YaY,),
j=1

where \; are eigenvalues of Y, YL. This issue was initially studied by Jonsson [19] for the
moments of the eigenvalues of sample covariance matrix. The linear spectral analysis is first
discovered by Bai and Silverstein in [I1]. In [39], Hachem et al. establishes a CLT for mutual
information logdet(Y,Y. + pIy). Recently, Najim [70] made a fully study of the model for
analytic functionals and Najim and Yao [71] generalized the result for information-plus-noise
model. However, all studies are based on the assumption that f is an analytic function on a

certain open region.

Some more notations

The Stieljes transform associated to a random matrix Y, Y. (resp. YI'Y,) is defined by
My (2) = £TrQu(2) (resp. My, (2) = %TrQn(z)) where Q,(2) = (Y, YT — 2I,) 7! (resp. Qu(z) =
(Y1Y, —2I,)71) is the resolvent associated to Y,, Y (resp.Y.1Y,). We define the matrix T, (z)
by

T,(2) = (—2(Ix +£(2)Ry)) (3.1.1)

For z € C\R™, the system

tn(2) = %Tr(fz(IN +1(2)Ry)) 7L,

7 _ 1
tn(2) = — 2(1+1TrR, Ty)

(3.1.2)
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admits a unique solution (t,,%,) from C* to C*. T, approximate the resolvents Q,(z) in the
sense that for z € C\R™T,

%Tr(Qn(z) CTo(2) % 0.

n—oQ

It has also been proved in [11] that ¢, (resp. t,) is the Stieljes transform of a probability distri-
bution which is denoted by F,, (resp. Fn)
By Silverstein and Choi [34], the limit of #, exists as z € C* approaches the real axis :

lim £,(2) = t,(z), for z € R*
z€Ct—zx
In the sequel, we denote S,, the support associated with the measure F,, of deterministic equiva-
lent %,,.

Denote G,, = N(F Yo Y _ F,). The central object is the study of the random variable
A
N2 /R F(@)G(dz). (3.1.3)
In particular, we will cut the random variable into random part N''(f) and deterministic part

N2(f) N
N(f) =N +N2(f)

where
NUf) = N< i F@)FYnYa (dz) — E i f(x)FYan(dx)) (3.1.4)
NA(f) = N(IE s F(z)FY"Yn (dz) — i f(a:)Fn(dx)>. (3.1.5)
For s1,s2 € R, we denote

u(s)E(s2) -
Knlsiys2) = TESUIE SRV, () Ryl By Tu(s) R ), (3.1.6)

tn(51)tn( )ZN1
Ki(s1s9) = S N R ) RY 2 al BT (s2) R (3.17)

=1

Notice that if s;1 ¢ S, or s & Sy, Kn(s1,82) = ICL(S]_,SQ) = 0. We will show the following

theorem.

Theorem 3.1.1 Under Assumptions 3.1.1, 3.1.2 3.1.3, let k € N and f be an integrable function

over R satisfying

L1+ et < oc. (3.18)

Recall the definition of t,, in (3.1.2) with the support S,, and the random vector N} (f) in (3.1.])
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and define the Gaussian vector

with zero mean and the covariance

ATm(fn (s )]Imf (s2)]
[tn(s1) — tn(s2)]?

2w2/s/fl s1)fj(s2)Re(Kn(s1, 52) — K (51, 52))ds1ds2,

ConlZh (1 230 = 51 [, [ sitsnttoaton (1+ ) dsnds

(3.1.9)

where kg = p1g — 3 1s the fourth cumulant of X;;. Then

dep (N (£), Z,(£)) ——— 0.

N,n—o00
The expression of the covariance coincides with |11, Eq. (1.20)] and [3, Eq. (1.5)].
Remark 3.1.1 Loosely speaking, condition (3.1.8) implies that de derivatives %) s bounded

over R for k=0,1,2,3,4.

3.1.3 Expression of the bias

In this section, we will express the bias N2(f) defined in (3.1.5). Define

B & P LITTR2T
b (1— 2221 TrR2T2)2
(3.1.10)
A Z3t~312N [ 1/2T R1/2] [ 1/2T2 1/2]”
Bon(z) = - nncw=ll® bonom (3.1.11)

1— 2221 TrR2T% ’

Theorem 3.1.2 Let f be a function of class C'®, integrable on R satisfying
/(1 + [t f(t)]dt < o

Recall the definition of N2(f) = (N2(f1), - ,N2(fx)) where N2(f;) is defined in (5.1.5) and
define the vector Z2(f) = (Z2(f1), -+, Z2(fr)) where

Za(fr) = fk() m(B,(t)]dt,

and
Bn(t) = Bl,n(t) + 14462771(75).

Then
IVR(E) = Z5 )| ———

N,n—o00
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3.1.4 Estimation of the variance

The key point in the study of the fluctuations is an estimate of Var[uy,(t)]. We shall estimate

the variance in more general cases. Consider the model

_ b
~Vn

where A, is a sequence of deterministic matrices with bounded spectral measure and R.,, X,,

Y, RY?X, + A,

satisfy Assumptions 3.1.1, 3.1.2, 3.1.3. We first need a truncated version of the entries.

Truncation of the random variables

As suggested in [11], Najim [70], Najim and Yao [71], the first step consists in the truncation

of the random variables, i.e., the replacement of the entries X;; satisfying that there exists a

1/5

sequence 7, — 0 such that 7,n'/°> — 0o, | X;;| < npy/n. More precisely, by Assumption 3.1.1, we

may select 0, | 0 such that :

1
njEan\‘*MXu! > Npv/n) =0, n— 0.
n

Let Y, = ﬁR}/QXn + A, with X,,, an N X n matrix with the entries Xij = (Xij — EXij)/O'ij

where Xij = Xij]I|Xij|§nn\/ﬁ and o0;; = VarXij. We have then

P(Y, Y £Y,Y]) —— 0,

n—oo
and
n—oo

max <|EX” — EXU’,E’XZJ‘Q — 1,E‘X¢j|4 — E‘XZ]’4> — 0.

Moreover, for future use, for any function f of class C4,

P H / FOVAFYnYn (d)) — / FOVdFYn Y (d)\)‘ > e] — 0.

N,n—o00

Hence it is sufficient to consider the truncated, centralized and renormalized variables. This will
be assumed throughout the chapter.

Then we have the estimate of the variance.
Theorem 3.1.3 Under Assumptions 3.1.1, 3.1.2, 3.1.3, let V,,(t) = Var[un(t)], we have
Vi (t) < Co(pa) (1 + [t[*)?,
where Cy 1s a constant which only depends on py.

The idea behind this theorem is Fourier transform. For an integrable function f, we have :
For x € R,

ft) = 57 [ e
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and by the inverse formula, we have
f@) = [ Foyear,
R

Given a function f, the linear statistics of the eigenvalue of YY7 is

N

N =Tef (YYT) =D F(),

=1

where the \;’s are the eigenvalues of matrix YY7. Applying the precedent theorem, one has

immediately that ,
Var(N(f)) < (Co(m)/(l + lt\4)\f(t)|dt> : (3.1.12)

Such an inequality has proved to be useful to establish CLTs for the linear statistics of
large random covariance matrices, (cf. [60, 741]) and should be compared to logarithmic sobolev
inequalities(LSI) and Talagrand concentration inequalities.

In the case of LSI, the constraint over f is lighter (f only needs to be Lipschitz with bounded
Lipschitz norm - a fact that is induced by the condition that the right hand side of (3.1.12)
should be bounded,) but the condition over the entries is much stronger as their distribution
needs to satisfy a LSI, which essentially induces subgaussiannity.

In the case of Talagrand concentration inequalities, the regularity constraint over f is the
same as LSI but there is a strong structure constraint as f needs to be convex as well (or to have
a limited number of inflection points).

The chapter is organized as below. In Section 3.2, the proof of Theorem 3.1.3 is given for
Y, = ﬁR}/ 2Xn + A, in real case. When A, = 0, Section 3.3 gives the proof of Theorem 3.1.1
by means of Lemma 3.1.2. The expression of real integrals of the variance is also proposed. The

computation of the bias in this case is in Section 3.4. Some technical proofs are in Appendices.

3.2 Proof of Theorem 3.1.3 : Estimation of the variance

3.2.1 Some preparations
More notations

We denote Xl-j, the N xn random matrix with i.i.d. real standard gaussian entries. The terms
related to Xij will be denoted as

N 1 N N s O N
Y. =-RYX,+A,, U@t =YY a@t)=T0(@).
n

Denote by uy the moments Eij and kg the associated cumulants.
The technique proposed by Lytova and Pastur [60] consists in considering the interpolating

matrix

X, = /sX +V1—sX
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and the related terms will be denoted by Y(s) = iR}/QXS 4+ A, or Y, when there is no

v

confusion. Other related terms will be denoted by U(t, s) and u(t, s). Associated to these three

matrices are the following quantities :

X X X
_ 1 Rpi/2 _ 1 Rpi/2 1/2
Y = -RI/PX + A YA\/ER X+A[Y, = ZRPX, +A
U(t) = citYYT U(t) = citY YT U(t,s) = eitYs YT
u(t) = TrU(t) a=TrU(t) u(t, s) = TrU(t, s)

The idea is to show Theorem 3.1.3 under Gaussian case. Then matrix Xg will naturally

appear when considering the difference

which is at the heart of the interpolation procedure.

Differentiation formulas

Differentiating matrix functionals with respect to matrices’ entries will be important in the

sequel. This can be done with the help of Duhamel’s formula which can be shown by a simple

integration by parts :

Proposition 3.2.1 (Duhamel Formula) Let M, My be two n X n real symmetric or Hermi-

tian matrices and t € R. Then we have

t
elMgt _ elMlt + l/ e1M1(tfs) (M2 - M1)€1M2Sds.
0

To describe the differential, we introduce the convolution notations. If f and g are two

functions of ¢,

_ /Otf(t — )g(t) .

Lemma 3.2.1 First order derivatives

U@ = W(YTU] ke * [UO)]jn + [U@)]mg * YU ®)]kn),

iYTU®)Y e * [U(1))5

YUk,

0
i
0
oy UM = W+
HYTU()]ig #
0 )
8iju(t) = 2it[YTU(t)]x),
O yTUY) =

2YTU ks + 28[Y U @)Y Jw + YU ()]

(3.2.1)

(3.2.2)

(3.2.3)

(3.2.4)
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Second order derivatives

0? .
VA2 YTU®)k; = 6i[U)]5;* YUk — 6[Y UYL+ [YTU @) * [U(1)]55
J
Y TU)y + Y TU@)y + Y TU @)y, (3.2.5)
0? . .
V)2 u(t) = 2i([U@)]y; +ilY UG e+ [U0)]5 + [UOY ] * [UG)Y 1)
J
(3.2.6)
The proof is in Appendix 3.5.2.
In general case, we introduce also the following differentiation operator :
0 0
Dgp = , and Dgg(s) =
77 0Xap g O[Xy]ap
with the obvious iterations Dﬁﬁ = 8(X87;)5‘
Since )
_ _t pi/e
Y \/ﬁR X+A,
we obtain that
pl/2 1/2 R RTINS 1/2 121
Djp[RTUGR P mn = —=([BEU@)Y e+ [RU ()R jn
+[RY2U(H)RY?) 0y [YTU (£) RV},), (3.2.7)
1 i
DY TUMR Py = =IRVPUMR + =V UOY s+ [RPU R,
i
+E[YTU(L‘)RI/2]M « [YTU )R]y, (3.2.8)
Djru(t) = ﬁ[Y U(t)RY =]k, (3.2.9)
2 2i
DilYTUM Yk = ﬁ[YTU(t)Rl/Q] ik + ﬁ[YTU(t)Y} we* YU () RY?)y5.
(3.2.10)
and second order derivatives
DRYTUMR)y = %[R1/2U<t>R1/21jj*[YTU@)R”% (3.2.11)
6
——[YTU ()Y i * YTU ()R] [RV2U (£ R'?] 5
2
—E[YTU(t)Rl/Q]kj « [YTU(#)RY2;  [YTU(t) RV,
2it .
Diu(t) = 7([31/2U(t)31/2]jj +Hi[YTU )Y ] + [RV2U(£) R4

+YTU#)RY?) 1 + [YTU (£) RY?) ). (3.2.12)
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Of course we may extend the previous formulas for

A 0 0
D = — and D.i(s) = .
jk 8Xjk ]]f( ) a[Xs]jk

There are some bridges between these notations. Recall that X, = /sX + /1 — sX. If & =

®(X,), then ® can be considered as a function of X or X as well and we may use the notational

shortcut ® = &(X) (resp. & = ®(X)). In this regard, we may use the convenient (but somehow

hazardous) notation :

Djp® = V1-sDji(s)®.

In the different terms, the function ® is respectively assumed to be a function of X, then of Y,

then of Y; the parameter of ® being indicated by the differentiation operator.

Remark 3.2.1 Beware that if ® is not a function of Y, then (3.2.13) may not hold any more.

Take for instance the simple example :
O = u(t) —u(t).

According to (3.2.9) : Djx® = ZLIYTU(t)R'/?)y; while Djr® = —%[?TU(@RU?]M.

By iterating the derivatives, although the expression of Df JLYTU (t)RY ?]k; might be lengthy,
only three terms appear frequently : [YTU(t)RY2]y;, [RY?U(t)RY/?);; and [YTU (t)Y] .. This is

important to understand the technique.

Generalized integration by part formula

We recall the generalized integration by part formula, as exposed in Pastur and Shcherbina

in [741, Proposition 18.1.4].

Proposition 3.2.2 Let ¢ be a random variable such that E{|([P*2} < oo for a certain nonnega-
tive integer p. Then for any function ® : R — C of the class CPT1 with bounded derivatives ®©
£=1,..,p+1, we have

E{62(6)} = ) " E{@O(©)} +5,
=0

where the remainder term €, admits the bound

1+ (3+ 292
(p+1)!

lepl < GE{I["**} Sup @@, Gy <

Remark 3.2.2 Notice that if §& has compact support [a,b], then the bound over e, takes the
sharper form :

el < CpE{\i\p“}tSI[lpb] 2® 1 (1)].
cla,
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In order to see this, consider the function

o(t) ift € la,b],
o = Zp+1 o) (a)( —];'1)'C ift < a,
S W) (p) 00 gy s,

Then ® is of the class C?HY) | the following equalities hold true : E{e®(£)} = E{£®(£)}, E®®)(¢) =
E®®) (¢) and

sup |8 D(1)| = sup [SPHD (1)),
teR t€la,b]

Hence the sharper estimate.

Strategy of the proof

The general strategy of proof has been exposed in Lytova and Pastur [60]. The main idea
consists in interpolating between the linear statistics u(t) = TreltYY" (based on truncated ran-
dom variables) and the Gaussian linear statistics 4(t) = Tre™YY" | In the Gaussian case, a

straightforward application of Poincaré-Nash inequality [11, 75, 22| yields :
Var{a(t)} < Kt°.

Since the entries of Y are assumed to have a fourth finite moment (which is the optimal condition
for a CLT to hold for the same normalization), one can only use the generalized integration by
part formula (cf. Proposition 3.2.2) up to the fourth cumulant, and this is not sufficient. In order
to circumvent this issue, Lytova and Pastur perform a two-stage interpolation.

Since

V= Var(u(t))
= Eil(0)i(~1) (3.2.14)
= E(u(t) — a(t))(a(—
= Ea(t)&(—t) — Ea(t)a(—t),

in order to perform the first interpolation, we shall introduce three terms 77 — B, T3 and €5 that

arise from an application of the generalized integration by parts formula and write :
1
E(u(t) —a(t))a(—t) = it/ ((Th — B) + T + €2)ds.
0
A deeper study on €9 will yield the second interpolation :
1
g9 =€ + it/ ((T{ — B") + T4 + £5)ds;.
0

Controlling successively the terms T} — B and T5, then the terms &), T] — B, T, and &f will

yield the master inequality
Vi, < Cg(t)an/Q + Cs(t),
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where Cy(t) is a polynomial in |¢| with nonnegative coefficients and degree ¢ > 0. This inequality

yields the conclusion.
3.2.2 First interpolation

Useful estimates

Denote Cy(t) a polynomial in |t| with nonnegative coefficients and degree ¢. The coefficients
of Cy(t) may change from line to line, however the degree is ¢. As introduced in the precedent
paragraph,

V., = Var(u(t)) = E[(u(t) — a(t))a(—t)] — Ea(t)ﬁ(—t).

Notice that Var{u(t)} = Var{u(—t)}. We first give an estimate of Var[u(t)].
Proposition 3.2.3 The following estimates hold true

Var(a(+t)) < Ca(t) (3.2.15)
EV2|&(xt)> < CoV2+ Ci(t). (3.2.16)

Proof: By Nash-Poincaré inequality (see for instance |71, Chapter 7]) and 3.2.9, we have

This proves (3.2.15).
(3.2.16) can be shown by Cauchy-Schwarz.

EV2[a(t)* < V2E2 (i (1)) + |in ()

< V2V, + Cs(t)

< CoViY2 4 Cy(1).

The following lemma is the key to estimate [Y7U(t)R"/?]y; and [YTU(t)Y k.

Lemma 3.2.2 We have :

YUY < ) (Yar), (3.2.17)

o

(C+1)/2
Cy(t
0< <3, [DLYTU)RY,l nf(/2) (Z y§k> : (3.2.18)

IN




CHAPITRE 3. FLUCTUATIONS FOR NON-ANALYTIC FUNCTIONALS 105

(b+1)/ a/2
a Ca b
a,b>0, |D&DYIYTURY?,| < n(ajb (Z ) (ZY3Q> (3.2.19)

. 0/2
) (Z Y§k> : (3.2.20)
The proof is postponed to Appendix 3.5.3.

The following proposition gives an estimate of the right hand side of the terms in the precedent

IN

1<0<3, |Dju(t)

lemma.

Proposition 3.2.4 For{=1,2,3,4,

E ) Y2 < Co
(0%
The proof is in Appendix 3.5.5.

Introduction of the terms 77 — B, 15 and &9

We now treat the term E(u(t) — a(t))a(—t). By considering the interpolating matrix

J2RZX
n

12 RY2X

Y(s) = NG

+(1_S) +Aa

we have

1
= / %u(t, s)ds

it ! R/2X  R!Y/2X
T Y.Y, — T
\f r [exp(it )( NG N ds
R 3.2.21)
it [ rR/2xT  R/2X (
T Y. YDy, -
\f r [exp(it ) ( NG Winnr ds
. 1 1/2x 1/2x
_ R _R YIU(t,s)| ds.
v Jo Vs Vi—s
Hence the relation,
A 1
E[(u(t) — a(t))a(—t)] 2 it / (A, — By]ds, (3.2.22)
0
where
1 n
Ap=—= > E{X;;®,}, B, = Z E{X;x®,}
\/%j,kzl v 1 - ]k 1
with

o, = [V,LU(t, 5) RY?] 6 (—1).

By the generalized integration by part formula (cf. Proposition 3.2.2) with p = 2, and beware
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that k3 = 0, (cf. Section 3.1.4) we have
A, =T1+T5 +e9

where
n

Y E

Jik

)
OX 1

—

YIU, s)Rl/%&(t)}

3l

+ nk {[YTUts)RW]- 0 &(—t)},

VSN ] k]ank
K n
T, —

J
k3

sn
K2
S
3
sn

(
2
e{ 5 v R sa(-n) |

and
3

(X))

|2‘<CO,U4 Z

jk=1 |W|<77nf

E{®,(X)| X, = W}‘.

The crux of this interpolation procedure is the partial cancelations that occur between the

terms 77 and B. The aim of the this section is to prove that

[Ea(t)d r—m'/ (A~ By)

X (3.2.23)
< GOV 4+ Cult) + yty/ leads.
0

Estimation for 77 — B,

Recall
no= YR { G b R ()
sn = 0X i,
0
T 1/2 v
f%j {vrvesr s 0},
K2 -~ N
B, = —2 N E{X;®,).
vn(l—s) j’kzzl ’

In this section, we will show that

1Ty — B,| < Cot) | Got) (3.2.24)

Vs VI-s
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By the generalized integration by part,

3.k gk
s SR TR, b
(1—s)n o ik

Notice that it is possible to use Dj;(s) in the first term of the r.h.s. (see Section 3.2.1) but

not in the second where we use instead Dj;, (see Remark 3.2.1). With this remark, we have
K n
2 T /21 <
T = G DA U i)

K2 N T 1/2 .
+\/%321;E{[Y8 Ut s)RY ] Djrci(~1)},

B, = 5275JZ,;E{DM(S)[Y;TU(@S)RI/Z]kj&(—t)}

.. B i E{[Y,SU(t, )R]y Djré(~t)}.
(I1—s)n Iy

and using (3.2.9),

T — B, = % ZH:E{MTU(@ s)R'2]2i(=)[Y TU (—t) R %15}
i,k
B m%)n S E{Y Ut 5) RV 20— [V U ()R]}
7.k
éé T + Thp.

We deal with T3, :

C(t)
Vsn

& (t)
< Jon

Tha| < E[Tr(RY?U(—)YYTU(t, s)RY?)]

EY2[Te(RU(t, s)* Y, YT U (%, )| EV?[Tr(RU (=) *YY U (—t))]

and |T7,| can be treated in a similar way. This ends the estimation of (3.2.24).

Estimation for 75

Recall the expression of T, :
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1>

Tooq + Top + Toe.

In this section, we will show that

Co(t)Vi? + C5(1)
7 .

We start with T5,. Using the differentiation formula (3.2.11) and remark 3.2.1, we obtain

ITy| < (3.2.25)

T = \/E”BZE{D U5 R a0

nl/2

_ 31;;/{21[_3{ RY2U(t, )R )5 [YTU ()R] ) (1) }

323/\2[ ZE{YTU“ )Y * VIOt 5) RV« [RV2U () RV (1) |

/jj;/g ZE{ YTU(t s)R1/2] . [Y;,TU(t, S)Rl/Q}kj " [YsTU(tv S)R1/2]kj5é(—t)} .
7.k

In order to handle T,, we rely on the following proposition whose proof is in Appendix 3.5.4.

Proposition 3.2.5 Let Z be a random variable with (E|Z|*)'/? < Kz, then the following esti-
mates hold true, for t1,ts,t3 € R

‘E{Zj,k[Rl/QU(tl, $)RY2);[VTU (ts, S)Rl/z]ka}‘ < Cyn2K,,
(3.2.26)

Sk BT U )Yl VU b2, ) B2 [RY2U 15, 9) RV, 2} | < Con®V 2z,
(3.2.27)

‘Zz}k E{[YU(t1, s)R?]1;[YI U (ta, s) RV [YT U 25, s)Rl/Q]kj}‘ < Con*’K .
(3.2.28)

Remark 3.2.3 The same result holds true for the terms [RY2U (t1)RY?;;, (YU (t2, s) RV 2]k,
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ie.
E{> [RY2U(t1)RY?);;[YTU (t2) RV 2} < Con®? K.
7.k
We obtain similar results for the other two terms. In the sequel, we shall freely use the proposition

with U(t) and U(t, s).

Replacing Z by &(—t) with Kz = CoVil 2+ ¢4 (t) (cf. (3.2.16)), and taking into account the

fact that every convolution product adds a factor ¢, we end up with :

| Tha| < CLAE)VY? + Co(t) + Co() VY2 + Cs(t) + Co(t) V12 + Cs(t)

< Co()V? + Cy(1). (3229

Recall that

Ty, =

K3 )
2/sn ]Zk E{Dj[Y U(t, s)R"?]i;Djréx(~t)}

itk
= L Y E{RVAU( )R x [YTUR )
7,k
tks

Ry ZE{[YTU(t)R1/2]kj x [YTU(t, 8)Ya]er * [RV2U (¢, 5)RY?);;}

J:k
tK
—T/?’g S B{YTU®)RY?1xj x [V U(t, )R]+ [V U(t, )R]}
n .k
‘7’
We use again Proposition 3.2.5 with Z =1 and obtain

| Top| < Coft). (3.2.30)

Taking advantage from (3.2.12), we handle the term 75, as follows.

B = gy STV IR D)
- n:;f;f/é JZ,,;E{[YSTU (t, )R]y x [RV2U(=)R"?] 15}
_ngi'fﬁ %E{[YSU@, SRy x [YTU(=t)Y i % [RYPU(=1)RY2);5)
_n;/Zi/E j’ZkE{[YLTU(t,s)Rl/Q]kj x [YTU(=t)RY?]5 + [YTU (=) R?]1}.

By Proposition 3.2.5 with Z = 1, as there is one convolution product, a factor ¢ appears :

Ca(t)
7

Too| < (3.2.31)
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Gathering the estimates (3.2.29) , (3.2.48) and (3.2.31) finally yield (3.2.25).
Gathering (3.2.24) (3.2.25), along with the first interpolation (Formula (3.2.22)), we have

1
V| < C3(8)V,H2 4 Cy(t) + yt|/ |ea|ds. (3.2.32)
0
It now remains to handle e5.

3.2.3 Decomposition of ¢y

Now we will evaluate 5. Recall that

with
O(W) = E{[YT U (1, $)RY 2y —)| Xy = W,

In particular, we will show that

eals)] < Cj?

As Yy, is bounded (cf. Section 3.1.4) and Y has all moments, we can change the order between

(3.2.33)

integration and the derivation and expand the third derivative :

D3 (VT U (11, )R}y (—1) ) =DRIYIU( )R y6(~1)

3
+3 64 (D?,;f vIu, S)Rl/Q]ij;fk&(—t)) .
(=1
Applying (3.2.13), we have
Co )
|e2] < n jz};sjk + |eal, (3.2.34)
where
Sik = sup |E{D3(s)[Y Ut s)R"?|6(—1)| X5 = W}, (3.2.35)
W[ <nay/m
3
Co 0 (13—t T 1/2 ¢ o
el = = sup  [EY 5 (DR YIU )R Dipa(—0)| X = W)
S”j,zk|vv|3nnﬁ ; ( ! ! )

(3.2.36)

Estimation of &

Recall the expression of €} in (3.2.36). The aim of this section is to show that

Cs(t)
N

len] <
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Using (3.2.18) and (3.2.20), these immediately yield

3
> DY YUt 5) RV Dfju(—t)

=1
3
=Y CisBOR DR ()Y U (¢, 5)RV?) i Diju(—t) (3.2.37)
(=1
(4—0)/2 02
Cs(t) © 2 2
< n3/2 ZE Z[}/S]oek Z[Yak] .
(=1 a «a
Now we will show that for all £ =1,2,3,
(4—0)/2 /2
E [ > il > (Yar) < Cp. (3.2.38)
When /¢ = 2,
of (D) (o)
< 2E { (Z[Yak]Q + [YoakP) <Z(Yak)2) }
< CO7
where the last inequality follows from the hypothesis that E|l’ij|4 < 00.
When ¢ =1,
3/2 1/2
2
< Cp.
And ¢ = 3 can be treated similarly. (3.2.38) is proved. Then by (3.2.37) and (3.2.38),
3
1 _ . Cs(t
s [ (D5 U )R Dl (1) X = W) | < UGS
=1 (3.2.39)
Cs(1)
< 2
Plugging this in (3.2.36), we get
lea] < () (3.2.40)
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3.2.4 Second interpolation

Recall that

Sie=sup |E{D3(s)[YLU(t,s)RY*|ja(—t)| X6 = W} .
|[W|<nnv/n

In order to estimate S, we perform an interpolation procedure on the quantity &(—t). With
the same method as (3.2.22),
E{ D3 (s)YTU(t,5) RV 1y )] X o = W}
! d
& { DLV VIR Ly [ s ult) X =
it <R1/2X R!/2X

1
TVl " {D?k(s>[1zTU<t, 5)RY 2] Te

1
2 it/ (AL — B')ds1,
0

- Y U(—t X =
NG m) slU( ,81)] ds| jk W}

where
/ 1 3 T 1/2 X o7 1/2
AO = %E .D]k(S)D/:9 U(t, S)R ]ijr \/?TYSIU(_t’Sl)R ‘X]k:W s
1 X
B = —=ESDi(s)[VS Y2 T YIu(- V2 X =W .
Jn { gk(s)[ s U(t,s)R ]k] N =rn slU( t,s1)R | k=W
By distinguishing (p, q) # (4, k), we have
/ 1 3 T 1/2 X T 1/2
Ay = EE D ()Y U(t, s)RY 7] Tr ﬁYSIU(—t,sl)R X =W
1 /
- \/nst ZE {qu[YsCfU(—t? Sl)Rl/z}qu?k(S)[KTU(ta S)Rl/z}kj’Xjk - W}
X
Xk T 1/2 3 T 1/2
B { WU (o0 R D ()Y U )R X = W}
2 A+ 4,

where Z;q stands for the sum over the indices {p, ¢} # {j, k}. We first prove that

A, < SBOW
\/§n3/2

By Lemma 3.2.2,

1/2 2
[Abal < C3(t)\/?1/nzﬂ*3 { <Z[Y:91]ik> (Z[K]ik) | Xjk = W}

« «
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5/2
%LQ/E { (Z(Yak)2 + ij:) |Xjk = W}
Cs()W )\ - o\
Jsin? E (%:(Yak) > | X =W 5 + Cg(t)WE <%:(Yak) ) Xjp =W
3 2
e (D) e () e S50

O3 ()W

where (a) is from Proposition 3.2.4. Hence

IN

IN

IN

,\
INE

< GOW _ Cstm
Oal = \ﬁnQ \ﬁn?,/?

Plugging this and (3.2.40) into (3.2.34), we have

| A

1
=1 §C4(t>+% sup / ‘AI—B/‘dm
VI wi<nym o
where
1 /
A= N ZE {qu[YsTU (—t, 51)RY?]p D3 (s)[YL U (¢, 8) RY i | Xy, = W}
B/ - TLS Z E { YTU t’ Sl)Rl/Q}QPD?k(S) [YSTU(tJ S)Rl/Q}k]’Xjk = W} .

By integration by part formula, (cf. Proposition 3.2.2), we have

A =T +Ty+ ¢ (3.2.41)
where
/
K2
N = o5 ZEqu{[YSTU (—t, 1) Ry D3 () VT U (L, ) RY 25 X0 = W |
L = SmZE AU s) R DR ()Y U (1 5) RV | X = W
/
K
B = #ZEDPQ{[Y U(- taSl)Rl/Z]qugg‘k(s)[YsTU(taS)Rl/Q]kﬂXjk = W},
V(1 = s1) 4=
and

\/W Z ‘Z‘S;:]p {[Ys:fUtmRl/Q]qu?k(s)[nTU(tv S)Rl/z]kj‘qu =7, Xk = W}' :
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All concentrations should be paid to estimate these terms. As in the first interpolation, B’ cancels
with T]. However, as more terms appear, we need a more delicate method to estimate these terms.

One must understand all terms in the development.

Estimation of 7] — B’

We now handle the term 77 — B’. From (3.2.41) where some cancelation occurs. Recall the

expression of 7] and B’ :

/
K
T = n ZEqu {YIU(=t,50) Ry D3 () YT U (1, ) B2 X0 = W |
1/2 3 T 1/2
B = \/Tsl ZEDPQ{ (—t,s1)R / ]qujk(S)[Ys U(t,s)R / ]kj‘Xjk = W}

We shall prove that

t 1
> % IT] — B'|ds; < Cs(t). (3.2.42)
|W|<77n

As in the first interpolation along with Remark 3.2.1,

D[V U(—t,s1)RY)gp = /381 Dpg(s1)[Yal U (—t, s1) RV
bPQD/STU(_tvsl)RI/Q]qp = mqu(Sl)[Ys?U(_@Sl)Rl/Q]qp

Then we have

1
%(Tll -B) = \/>n ZE{ YTU —t, Sl)Rl/Q]ququ?k(s)[YSTU(ta S)Rl/Q]kj‘Xjk = W}
v ZE{ YU (4, 51) Y2 Dy Dl (5) Y U (1, ) M]3 X = W }
= Ti, + T7y.

The goal in the following is to show that

Cy(t)
Tl < 3.2.43
Tl < (3.2.43)
Cy(t)
T, < )
Tl < VI—s1

This implies immediately (3.2.42). T}, and T}, can be handled similarly. We shall focus on T7,,.
Adding the term corresponding to (p,q) = (j, k) does not affect the order of magnitude of
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Ty, since by (3.2.19) and Proposition 3.2.4,

\fn ZE{ YU (—t,51)RY %) D D3y () [YS U (t, ) RY ]| X = W}

i 1/2 5/2
< alt 3 {(Z k> (Z[Y;]ik) XkW}

< Galt) (1 + W6> .

T \/s81n

Now we will disclose all terms in the development of

YU (~t,51) RY?) 0y Dpg(s) D3 [YLU (8, 5)RY 2y

Since the factor before the sum is of order n~1

, a rough estimate of each term of the sum
as done before will not be sufficient here. One needs to look carefully to the terms depen-
ding on p and ¢ in the derivative quD?k(s)[YSTU(t,s)Rl/Q]kj and to understand how they
combine with [YIU(t, s1)R'/?],, when summing up. We first need to understand all terms in
D?k(s)[YSTU(t, s)R'/?] ;5. Based upon the terms appearing in the second derivative
Djz»k(s)[YsTU(t, $)RY?);; (cf. (3.2.11)) and the first order derivatives, all terms in

D?k(s)[YTU(taS)Rl/Q]kj are :

S

L = [RY2U(t,s)RY?];; « [RY2U(t, s)RY?);;

Ly = [RV2U(t,s)RY?)j;+ YUt )RV + [V U2, 9) RV

Ly = [R7PU(t, )R]« [RVPU(t, )R] 5 [V U (L, 8)Yalw

Ly = [RVPU(t,s)RY?)j; % Y U(t, 5)RY?)1y % [V U(t, )R]y % [V U (2, 5) Yl
Ls = [R1/2U(t73)R1/2]]J*[R1/2U(t S)Rl/Q]Jj [YTU(t s)Y. ]kk*[YTU(t $)Ysl
Le = [YIU(t,s)RY?|; + [YIU(t,s)RY |k [YIU(t, s)RY ;% [YIU(t, s) RY?)y,;.

In order to understand the action of D,, upon all these terms, it is sufficient to understand

the action of D,4(s) over the three recurring terms :
[R1/2U(tv 3)R1/2]jj7 [YSTU(tv S)R1/2]kj7 [YSTU<t7 S)Yt‘;]kk
Computation yields :

]
]

i = 20V/s[Y.U(t, s)RY?),  [RV2U(t, s)RY?),,

ki = V80,k[RY2U(t, s)RY,; +iVs[YIU(t, 5)Ys]gr ¥ [RV2U(t, 5)RY?),,;
VYU 5)RY g [V Ut 8)RY )y,

Dpg[YJ Ut )Vilin = 2584k [RV2U (L, 5) R |y + 20v/s[Y U (1, 5) R gy # [V U (8, 9) Ve g

D,y |[RY?U(t, s)RY/?
DY U(t, 5)R'/?

Now consider the sets
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B C
YUt s)RV?)g; % [RVPU(t, )R]y | [RVPU(E,s) RV
S,k [RY2U(t, s)RY?,, [YIU(t,s)RY?y,
YUt 8)Yilgr # [RV2U(E )RV | VU 8) Y]k
YIU( )R« [YIU (1, )RV,
S5,k [RY2U(t, s) RV,
YIU( 5) Ry * [YTU (L 5)Yilgi

and introduce the set
G ={B(p,q) xC1(j,k), B(p,q) xC1(j, k) * C2(j, k), B(p,q) * C1(j, k) * Ca(j, k) x C3(j, )},

where B(p,q) € B,C; € C for i =1,2,3.

Up to a constant, the generic terms G that appear in 77, are

G= ZYTUtisI/]qxg,

where g € G and
K2
T), = ——= > E{G|X;; = W}.
% geg

We now assert that :

Vge G, sup E{|G|| X, =W} <nCqylt).
[W|<nnvn
The factor C4(t) comes from the fact that the maximum power of ¢ in the estimate above is give
by the maximum number of convolution products which is 4.

Computations are similar and we only handle one term as an example. Taking
G = Z YIU(t, 1) RV gp x [YIU(t, 8)RY |1 + [YLIU(t, 5)Yslgn
(3.2.44)
« [RV2U(t, s)RY?) 5 + [RV2U (t, ) RY™ 55 YU (t, 8) Ve,

we have

> Ut s1)RY?]gp x [YTU(t1, 8) RV 4 [V U (t2, 5) Vel gi

X[RY2U (8, 5) RY2)35 [RY2U (11, ) RY2) VT U (85, )il
= YUt ) RU(t, )Y, Y U (t2, ) Vil
X [RY2U (15, )R] 15 [RY2U (b4, 5)RY2)5 (YT U (15, )|
< Co| YoV U () RU(E )Yaylual Y U t2, 9)Vilar| % | 2 [Voil?
a B
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1/2 1/2 2

< Goy [ D oIlka > Vi3 LA (3.2.45)

o B B B

This kind of term can be handled as before and its expectation is of order n. Hence the estimate

1
sup / T, |dsy < Cs(8). (3.2.46)
‘W‘Snn\/ﬁ

This ends the proof of (3.2.42).

Estimation of T}

In this section, we shall prove that

T
sup ||/ [T5|ds1 < Cg(t). (3.2.47)
|W|<nn/n 0
From (3.2.41), we have
1/_“3, 2 T 1/2 3 T /21 1v. _
(ﬁ%—-ﬁmZM%ﬁam%@m]wm@MUmszMﬁJw
K3
- \/> ZE{ [YTU( t, 31)R1/2]qu?k(5)[KeTU(t’ S)Rl/Q]kﬂXjk - W}

K3
+— ZE{ Pq (s1 YIU(_t7 Sl)Rl/z]ququ?k(s)[YSTU(ta S)Rl/Q]kj’Xjk = W}

(VU (b, 50) RV, D2, DA YTV (1, ) B2 X = W)

(1>

Ty, + Ty + Tgc.

Beware that we use the relation D, = /s1Dpe(s1) and apply the differentiation opera-
tor Dpq(s1) to the quantity [VTU(—t, s1)R'?],, but not the quantity [Y,/U(t,s)R'/?];; which
depends on Y; but not on Yj, .

Notice that by Lemma 3.2.2,

sup E (‘D?k[YSTU(t, S)Rl/Q]kj‘ X5 = W) < 3;§2)
[W[<nnv/n n

Hence, T3, can be handled in the same way as the term T, with the replacement of &, by
D3 [YTU(t, 5)R"?]4;. This yields
’TQIQ‘ < CS(t)‘
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Now we will handle the term T3, which is by far the most delicate.
K /
Ty, = ;3 ZE {qu(sl)[YS?U(—ta 51)RY?]pDpg D3 ()Y U (8, ) RY 15| X i, = W}
P

In order to proceed, we shall perform the same analysis as for the term in 77,. The analysis is
based on a precise description of the generic term that appears when expanding the derivative
Dypg(51)[YLU(t, 51)RY/?],,], the derivative quD;’k [YIU(t, s)RY/?)j; and their product.

Up to a constant, the generic terms are
G'=> Axy,
P
where
Ae A= {[R1/2U(_t’ Sl)Rl/Q]ppﬂ [Ysj;U(_tv 31)}/81](1(1 N [U(_t’ sl)]pp’
YU (b s) Ry ¢ [YIU (—t,51) B2 |

and g € G with G defined in (3.2.49). Then we can show without difficulties that,

T = | ——2 > E{G'|X =W} < Cs(t). (3.2.48)

fo13/2
sin AeA,geg

We make an example as usual :

G = [YIU(t s1)RP)gp + [YEU(t, 1) RV ]gp x [YU(t, 8)RY 2] + [V U (L, 5) Vi g
p,q
« [RY2U(t, s)RY?;; + [RY?U(t, s)RY? ;5 + [YIU(t, 5)Yaliks
(3.2.49)

we have

E

S WU, 51) RV YU (41, 51)RY g x [V U (t2, ) RY 2|1 [V U (t3, 5) Vel g

p.q

X [RY2U (b, 5)RY2)5[RY2U (15, 5) RY2) 5[V Ut 5) Vil

1/2
<GE|Y (Zw@) YU (b1, 51) R gV U (b2, ) RV i [V U (8, 8) Yl [YS U (6, 5) Vil

p,q (¢4
< VnCE |[Y] U (ta, s)RU (t1,51)Ys, Y, U (83, 9)Yilwr D [Yelan
< 00n3/27

where the last inequality follows from the same argument as 77,. The degree 5 of the polynomial
comes from the fact that we have 5 convolutions. Thus we get (3.2.48).

Now we will evaluate T7..



CHAPITRE 3. FLUCTUATIONS FOR NON-ANALYTIC FUNCTIONALS

T3l = ZE{ YU (=, 50) R0 D3, D3 () Y] U (1, ) RY )| X

1/2
(ZE {‘ YIU(—t, 31)31/2]@’2 | Xk = W})

, 1/2
E ‘D S U(t, 5)R1/2]kj‘ | Xk = W})
b,q
5(1)
\/T

ALJER
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k=W}‘

where the last inequality follows from Lemma 3.2.2 and Proposition 3.2.4. This ends the proof

of (3.2.47).

Estimation of €

Recall that

/
Co

sup
nsi D,q |Z|<nnvn

We shall prove that
sup i \eg]dsl < Cq(t).

nnf \/>

Changing the order between the derivation and the integration yields :

0
@E {[}/;?Utvisl/z}qu?k(s)[}/STU(t’ S)Rl/z}kj’qu =2, Xjk = W}’ :

(3.2.50)

(3.2.51)

1] 0
BV IU (s RY2p DY () VU (8 ) RY 215 Xy = 2, X = w}‘
1.0
= B {[YS?U (b, 51) B2 g D3y () VU (8, ) R )| Xy = 2, X = W }
n| 07
3
- lig Zcf YU (t, s1)RY? o D3(s)[YLU(t, $) R )| Xpg = Z, Xt = W
n ~ 3824 QPaZ3 —¢ s ) J1<*pq 2]
@ 3 (t+1)/2 (7—0)/2
— ﬁ E (Z Cg (Z 81]3q) CG—E(t) <Z{YS]ik) |qu =7, Xjk =W
(= o a
b
0 cu

2 () (- (97)

where (a) follows from Lemma 2 and (b) follows from Proposition 3.2.4.

Plugging the precedent inequality into (3.2.50), we get (3.2.51). Gathering (3.2.42), (3.2.47)

and (3.2.51), with (3.2.32), finally we get

V, < C3(t)V,? 4 Cs(1).
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This implies that
Vi < Co(1+[t*)*.
3.2.5 More interpolations

For future use, we prove the following proposition which will serve in the next section.

Proposition 3.2.6 Recall o(t) = u(t) — a(t). Under Assumptions 4.2.3, 3.1.2 and 3.1.3, we
have
[Ea(t)] < Cu(t)

where Cy(t) is a polynomial in |t| of degree 4.

Proof: By (3.2.21), we have

1
Ea(t)git/ (A — Br)ds (3.2.52)
0
where
1
Al = —= Y E{X;[YURY?,),
\/%]Z]; J J

B) = Xik[YURY?),}.

¢ﬁi§zm

By Proposition 3.2.2, we have

Ap=T + 15 + & (3.2.53)
where
7 _ . 1/2 |
T = Zk: {axjk YZU(t, s)R ]kj},
T — K3 E YTU . R1/2 |
2 2y/sn F {a(Xjk)Q[ TU(t,s) ]kj ’
B, = Z { (t, S)Rl/z] },
gk Xk
Dy o T 1/2
< sup E{[YTU(t, )R] | X5 = W L.
Then

Al = Bl =T — B+ T} + ¢l
As [YTU(t, s)RY?;,; is a function of X, we have
s J

1

ZDilY U DR )y = D)V Ut )R )y = —==DlY, U(t, )Ry
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which implies
Ty — B! = 0. (3.2.54)

For Ty, by (3.2.11),

o= Yo ZE{D WYZU (¢, 5)RY )60~ t)}

nl/2

_ 31ﬁ§/2f§ :E{ [RV2U(t,5)RV/?); « [YTU (¢, s) RV }
n
7,k

3/<;
ng/\zf ZE{ YUt )Yl * [VTU (L 5)RY gy + [RV2U (¢, 5) RV 5 |

H?’g‘/f ZE{ YU )R]y« VUt 5) R (YT UL $)RY s |
n -
]7

By Proposition 3.2.5 with Z = 1 and taking two convolutions into accnout, we get
|T5| < Co(t). (3.2.55)

For €7, by (3.2.18),

‘ ///| < Cn(t) Z sup E (Z[Yak]2> ‘X

T WI<nayn o (3.2.56)
< Cs(1).
Gathering (3.2.54), (3.2.55) and (3.2.56) into (3.2.52), we obtain
|Ea(t)] < Cy(t).
(I

Another useful interpolation is between the real Gaussian matrices and the complex Gaussian

matrices which will serve in the calculation of the bias.

Proposition 3.2.7 Denote X, (resp. XC), the standard real (resp. complex) Gaussian random

matriz. Consider

N 1 N
Y, = %R}lﬁXrJrAn
~ 1 A~
Y, = %R}/2XC+A,1

where Ry, and A, satisfy Assumption 3.1.3. The relative terms are denoted by 0,(t), U, (t) (resp.
Ge(t), Ue(t)). Then we have
By (t) — Bac(t)] < Ca([t])-
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Proof: As before, consider the interpolation matrix

. - 1
Xs = \/EXT +v1l—sX,, Ys= %R}/2Xs +A,,

and relative term U(t, s).
Write

1
d vy
R, (t) — B (t) = / —ETre'YsYs (s
0 dS

1
. L1 . 1 -
—it | ETr |etYsYs Y, — Y. Y d
R R e = O RE L
1 *
) . 1 . 1 -
it [ ETr|tYsYsy Y, — Y ds.
+1/0 [e \oys " aios o) |

The two terms are similar and we shall focus on the first term.
We have

/01 ETr [eitYsY§ (\}EYT - \/11??6> Y;‘] ds 2 /01(4(3) ~ B(s))ds

where
As) 2 V%SZE{XT,M[Y:W,s)R”Q]kj},
7.k
B(s) =2 - D B{X kYUt 8) RV}
n(l—s) T

For a complex Gaussian variable X and a function ®(X) of class C', by integration by parts,

we have

0% (X)

EX®(X)] = E|X]PE——" 3.2.57
[(X®(X)] X E—= ( )
= 09(X)
_ 2
E[X®(X) = E|X|’E X (3.2.58)
With the precedent formula, we have
- A
Alt,s) = E———[Y;U(t, s)RY?;;,
\/72 ,jk !
- A
B(t,s) = E— ‘Ut )RV
vn(l—s) Z oX ’]k

From (3.2.8),

0

YUt )R
rjk



CHAPITRE 3. FLUCTUATIONS FOR NON-ANALYTIC FUNCTIONALS 123

_ \\/[%[Rl/zU(t, s)RY?);; + i\‘gm*U(t, $)Vilew % [RV2U (¢, 5)RM?) 5

i\/g * *
PRIV )R iy ¢ VU1 9) R s

The same method yields that

0 v1-— iv1 —
—C[VFU(t, )RV = Yo [RV2U (1, 5) RV 4

0X. Vn vn

Y U(t, s)Yslx[RV2U (8, 5)RY? 5.

Remark 3.2.4 AsU(t,s) = eYsYs  when we derive U(t, s) according to real Gaussian variable,

both Y, and Y depend on X}’jk. However, Y4 does not depend on Xc’jk.

Then .
At ) = B(t.s) = = S VIU(t )R iy [V U 5) By,
n
Jk
With the same argument as Lemma 3.2.2 and take the convolution into account, (see also the
argument for T, in (3.2.24))

A

|A(t, s) = B(t, s)] < Cu(Jt]),

and we have

|Ear(t) - Eﬂc(t” S CZ(M)

3.3 Proof of Theorem 3.1.1 : CLT for non-analytic functionals

We return back to the model )

Vn
and shall establish the CLT for the linear statistics N'(f) defined in (3.1.3). Recently, the study

of N(f) when f is analytic is investigated in Najim [70]. Recall the definition of K, (21, 22) in
(3.1.6) and define

Y, RY?X,,,

A El (21)5/ (22) 1
Oon = —n n — 3.3.1
T ) — ) (21— 22)? (3:3.1)
A 02
O1n = mlcn(zl, 22). (3.3.2)

Recall the following Central Limit Theorem.

Proposition 3.3.1 [70] Let k € N and f be a function which is analytic on an open region

containing
lim inf AR? Toc .o (1 — V)2, limsup ARz (1 4+ v/¢)?]. (3.3.3)
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Consider the random vector

Na(®) = Na(f), - N (fi)

where NiX(f) is defined in (3.1.4). Define the Gaussian random vector

with zero mean and the covariance

Cov(ZL(f), Zh(fi)) = —47]%27§ffi(zl)fj(@)@n(zl,ZQ)dzlsz, for1<i,j<k

where ©,, = 20, + K401, and Oy, O1,, are defined in (5.5.1) and (3.3.2) respectively. The
contours here are assumed to be non-overlapping and closed, taken in the positive direction in
the complex plane and enclosing the interval (3.3.3).
Then, the sequence of R¥-valued random variable Z}(f) is tight and the random vector N} (f)
satisfies :
dep(Ny (£), Zy(£)) ——— 0.

N,n—o00

Outline of the proof :

By Fourier transform, as f is integrable in R, for z € R,

f6) = 57 [ e

and by the inverse formula, we have

r eizt It.
J (gj) / J (t) t
Then

N N
Nr%(f) = / f(t) <Z et ZEei/\kt> dt.
R k=1 k=1

It is natural to study the fluctuation of the process u(t) = Z,ivzl ekt fozl EeiMt, We will

verify all conditions in Lemma 3.1.2. In particular, the condition

Varl (1 ()] < (Co1 + )1 F(0)))”

is ensure by Theorem 3.1.3. Then the expression of of the variance will be investigated.

3.3.1 Convergence of the process N!(f)

We start the proof with the convergence of u,(x). In particular, we will show that all condi-

tions in Lemma 3.1.2 are fulfilled.

Condition (i). Recall my,(z) = + Zjvzl ﬁ where )\; are eigenvalues of YY7 and M} (z) =
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N(my(z) — Em,(z)). By Cauchy formula,

gz gz . — izx sl
Ze — Ee 217’['?{ e** M, (2)dz

Cn

where the contour C,, is a rectangle in trigonometric direction which contains (3.3.3). As g(z) =

el# is clearly analytic over C, by Proposition 3.3.1,

Vi, eR, 1<i<d, dcp ((izn (1), s in (ta)), (Dn(tr), - - ,wn(td))) 50, (3.34)

n—oo

where 1, denotes the sequence of centered Gaussian random variables with the covariance
1 Lo it .
COV(¢n(ti)a wn(t])) = _4771_2 % % €1tzz1€1t322@n(2’1, ZQ)ledZQ, 1<4,5 < d.

Thus the finite dimensional convergence of f(t)iy,(t) is achieved.

Condition (ii). Now we will prove the tightness of u(x) over a certain interval [—7, 7. From [17,
Theorem 12.3], it suffices to verify there exists ¢ty € [T, T] such that :

T (t1) — T (t2) |2
t1 — 1o

< Q.

B, (to)|* < 0o, and sup E
n,t1,t2€[=T,T]

By Proposition 3.2.3 and 3.2.6,
IEE|{Zn(7§0)|2 < Cy(|to]) + Var[iy, (to)] < oo.

Since

On _ On 1 izt _ iztg
)=l L (S Miea
Cn

t1 —to 2im t1 — to

we have

un(tl) - un t2
t1 —to

E

121t1 _ eiz1t2 W
E { M, (z1) M\ (%)} dz dza,
i1é2< t1 — to >< t, — to ) { n(21) M, ( )} 1

where C; and Cy are two contours non-overlapping both of which contain the interval (3.3.3).

By a simple calculus, we have

6ltl 21 ethZl

t1 — 12

sup < 00.

t1,to€[—T,T)

= sup

1
Zl/ eltgzl(lfs)eltlzlsds
t1,t2€[—T,T) 0

Moreover, from Proposition 3.3.1,

sup  [EMp(z1)MY(Z)| < sup  y/VarMl(z1)/VarML(z) < oo

21€C1,22€C2 21€C1,22€C2
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Therefore,
G (1) — G (t2) |2
t1 — to

sup E < 00.

n,t1,t2€[—T,T)

The tightness of the process u(x) is achieved which implies Condition (ii).

Condition (iii). It remains to estimate the variance. By the inverse formula of Fourier transform,

N A
> = | f@un@s
By Theorem 3.1.3, we have
Var'2[f(t)un(t)] < Col F(£)](1 + [¢*) (3.3.5)

which is integrable on R by hypothesis.

Now we will use the argument of meta-model to show that
Var'2[f ()i (t)] < ColF(£)[(1 + [£]*)
where 1), ia a Gaussian variable (cf. (3.3.4)).

Introduction of the meta-model

The initial idea of meta-model is from [70]. With the extra parameter M € N, consider the
NM x nM matrix
R, 0
Rn(M ) = :
0 R,

where R,, (M) is the block matrix whose diagonal is composed of M matrices R,, and 0 elsewhere.
Consider now the random matrix
1
Yn(M) = WR;/Z(M)XMM)’
where X, (M) is an M N x Mn matrix with i.i.d. random entries with the same distribution as
the X;;’s and satisfying (3.1.1).
Denote MéyM(z) = Zfﬁ‘f )\j{Z —Z;V:Af Eﬁ where (\;)1<i<nar are eigenvalues of Y, (M)Y,,*(M).

By a simple calculation of the bloc matrix, Y, (M)Y,,*(M) has the same deterministic equivalent

t, as Y, Y,,". With Proposition 3.3.1, we can show that for n, NV fixed, M}L’M(z) converges to a

Gaussian process with
Cov[M, r(21), My pr(22)] — On(21, 22)
M—o0

where ©(z1, 22) = 200 (21, 22) + KaO1 (21, 22).
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With these notations at hand, consider the set of matrices :
{R,(M): M >1,R, is an N x n matrix which satisfies Assumption 3.1.3}.

According to [18, Chapter 2, Section 7], a sequence of Gaussian process is tight if and only if

it is relatively compact in distribution. Since |R,,(M)|| = ||Ry]| for all M > 1, we have

sup  [[Rn(M)[| = sup [[Rn[| <oo

M>1,Nn—o0 N,n—o0

by Assumption 3.1.3. Then (3.3.5) holds true for v (¢) = Z;V:Af el where \; are eigenvalues

n
of Y,(M)YTI (M) :

Var'2[f(t)uy! (8)] < Col f(D)I(1+ [¢]*).
Since | f()|(1+ |t|*) is supposed integrable in R, in particular f(t)u} (t) is tight, hence relatively
compact in distribution. As the distribution £(v,) of the Gaussian process 1, is the limit in
M of the distribution of u?, belongs to the closure of {u} : M > 1}, N0, Which is relatively
compact. Finally, £(1,) is included in a compact set, hence is relatively compact. In particular,

the family of gaussian processes (1,,) is tight and consider hx (z) = |z|*> A K,

Bhyc(tn(t) = lm Bhu(i (1)) < limsupElid! (1)[* < C3(1+ |1/4)%

M—o0

Let K — oo and by monotone convergence theorem, we get
Var'2[ (8 (t)] < Col f(£)] (1 + [¢]*).
All conditions in Lemma 3.1.2 being verified, we conclude that

dep (N (£), Z,(£)) ——— 0

N,n—o0

where the variance of Z!(f) will be determined in the next section.

3.3.2 Computation of the covariance

In this section, we will interpret the covariance with the real integral. As f is no more analytic,
the existence of the contour integral will not be ensured in this case. By Proposition 3.3.1, and
the inverse formula of Fourier transform, the covariance for two functions f1, fo satisfying (3.1.8)

is

N N
= Cov / Z i f) (:):1)(13:1,/ Zei)‘j“fg(xg)dacg
RS RS

1 . . . .
— _47r2/ / fl(xl)fg(xg)dxld:cgf f 11 e!22%2Q), (21, z9)dz1dze + 0o(1).
RJR C1JCo
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Then by Proposition 3.3.1, recall the definitions (3.3.1), (3.3.2), we have

7{ }1{ eizlxlei‘”“@n(zl,ZQ)dzleQ
C1 JCo

— 27T2j{f 1Z1x1€1'22$2@0n(zl,ZQ)ledZQ
Cy JCo
(3.3.6)

_47_‘_274 % 6121$1€132T2@17n(zla22)d21d22.
Cl C2

The first double integral is in |11, Eq. (1.20)] and we recall some elements of the proof. By
integration by parts twice, it suffices to study

§ § o (f <)> <( 2)) ooy —

Fixing z5 € Co, we deform C; and get :

Jq{ P 17112272 100 (F(21) — £(22))d21
C1

_ / ¢lo181 12wz (1og(£(sl)—5(22))—1og(£(51)—5(22))) ds1,

n

7{ j{ 2129715117272 Jog(1(21) — 1(2))dz1d2s.
C1 JCo

where S, is the support of the measure F, associated with £,. With the same method, we develop

the double integral according to z9, we get

% % eF1%1 612272 1o0(F(2)) — £(29))dz1d2s
C1 JCa

_ / / ¢lo151 gisama (1og|£(sl)—£(52)y ~log [#(s1) — i(s )y)dsld@ (3.3.7)

_ / / 151 G822 100 7(s1) — F(s9)| — log [F(s1) — #(s2)[|ds1dso.

Then

H‘t

()(

//f1 1 fg T9 dxldxg/ / iz1izgel®151617292 Jog G

/ / log dSldSQ//fl 1 fg(xg)ll‘llxgemlslBIZQSQdI‘lde
N (3.3.8)

2) dsidss

’\‘*‘l

\_/

t(s1) — t(s2)

— 1(s2)

(1 N AIm]t (51)]Im[f(82)]> s, dso.
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The same method applies to deal with the second integral in (3.3.6) :

j(I{ jq{ 12120 | (21, 29)dz1dzo
Cy JCo

:—xlmzf 7{ 122 IC (21, 29)dz1d2s.
C1 JC2

where KC,,(21, 22) is defined in (3.1.6). It is easy to check that £,(3) = £,(s) and T, (5) = T,(s).

Fixing zo and we get

j{ eizlxleiZQ’”QICn(zl,ZQ)dzl:/ eislxlei‘z?xz(lCn(sl,zQ)—ICIL(sl,ZQ))dsl,
C1

n

where IC,JQ(sl, z9) is defined in (3.1.7). The development for zy yields that

74 74 AN IR C, (21 20)ddzg = 2 / / 101 (B85 R (K, (51, 52) — KCl (51, 52) )1 dsa,
cl C2 n n

which leads to

R4

—W//fl(l,‘l)fg(l,‘z)dl‘ldxg% 7{ eizlmleimm@l,n(zl,zg)dzldzg
RJR C1 JCo

— g | [ s flsRe(K(sr.s0) ) (s1,52))dsdse
n S?’L

These terminate the computation of the expression (3.1.9).

3.4 Proof of Theorem 3.1.2 : Estimation of the bias

In this paragraph, we will calculate the bias. This issue has been studied in several papers as

[11, 93, 38]. We first recall the bias calculated in [70] for analytic functions.

Proposition 3.4.1 Under the same settings as Theorem 3.1.2, consider the deterministic vector
NZ(E) = (NZ(f1), - N ()

where N2(f) is defined in (3.1.5) and the vector

Z2(£) 2 (Z2(f), -, Z2 ()
where )
BZS) = g § Bz Jor 1 <G <E,

with By,(z) = Biy + kaBap, and By, Bay being defined in (3.1.10) and (3.1.11) respectively.
Then we have

limsup | Z2(f)| < oo
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and
|V (F) — Z2(£)|| ——— o.

N,n—o00

Denote the bias
NS = NE [ f@ P (dn) - N [ f(a)Fuda),
R
where F), is the measure associated with deterministic equivalent ¢,, (cf. (3.1.1)). Then consider

NE() ENZ () + N2 () + N2 ()

where
N2 (f) = NE / F()FYY" (dz) — NE / F(@)FYY7 (dr) (3.4.1)
N2"(f) = NE / F@) FY YT (dz) — NE / F)FYYe (da) (3.4.2)
N2 = NE [ 1@ YY) < N [ fla)Fada), (3.4.3)

and Y, (resp. Yc) is the matrix associated with standard real (resp. complex) Gaussian entries.

Outline of the proof :

1. For complex Gaussian bias N2"(f), following [93], we first establish the inequality
. 1 .
IN(Ere(2) ~ ()] < ~Cral|2l)Cre(Imz] ™),

where Cy(t) is the polynomial of degree ¢ on |t| with positive coefficients and M. is the
Stieljes transform associated with complex Gaussian entries (cf. Proposition 3.4.2). Then
from the idea in [35], for ¢ € C}¥(R,R) where C!¥(R,R) denotes the set of function of

class C'® with compact support, we show that
2/ K 18 12
N (@) < 0 [ 10+ DYl (1+ fa)) e,

where the operator D = -L. Finally we approximate f by a function f(z) € CI¥(R,R) to

get ./\/,%m(f)‘ —— 0 (cf. Theorem 3.4.1).
n—o0

2. Recall uy,(t) = Trel™¥Y" and a.(t) = TreitYeY?, Using Fourier transform, the expression
of the bias Euy,(t) — Et.(t) is deduced from Proposition 3.4.1 and 3.4.2. Then Proposition
3.2.6 and 3.2.7 will provide the domination

[Eun(t) — Eac(t)] < [Eun(t) — Edr(t)] + [Ed,(t) — Eae(t)] < Ca([t]),

in order to obtain



CHAPITRE 3. FLUCTUATIONS FOR NON-ANALYTIC FUNCTIONALS 131
where B is the bias to be calculated (cf. (3.4.44)).

3.4.1 Complex Gaussian bias
We start the proof with the estimation AN2”(f). Denote 1h(z) = %Tr(YCYA'Z —2Iy)~! and
me(z) = %Tr(Y:YA'C —2I,) 71 In [93,

bias

, 11], it is known that under complex Gaussian case, the

NEria(z) = Nt(z) + %ﬁN(z)

where £y is analytic in C\R™T and satisfies
lEn(2)] < (2] + C)FP(JImz|™Y),  for each z € CT

where C is a constant, £k € N and P is a polynomial with positive coefficients independent of N.
We shall specify the degree of polynomial P and the integer k which are useful in the estimation

of the bias. Following the idea in [93], we have

Proposition 3.4.2 Denote the bias in Gaussian case by Mg(z) = NErn(z) — Nt(z). Then
~o 1 B
[M2(2)] < ~Cha(l2)Crr([Tmz| ),

where Cy(|z|) (resp. Cy(|Imz|™1)) is a polynomial in |z| (resp. [Imz|~1) with positive coefficient
of degree L.

Proof: For reason of readability, in the proof, we write Y instead of Y. to denote the stan-
dard complex Gaussian vector and denote the relative terms in complex Gaussian case by
Q= (Y. Y*—2I)"! and i, = %Tr(YZYC — 2I)~1. We have the derivatives

[Q 1 , [Q 1 .
5£X].p.q - _%[QRI/Z]W[Y Qg (;X]éq = _%[RI/QQ]M[QY Ips- (3.4.4)
1. 1)
and define also intermediate matrices
= —[2(I1+4Em.(2)R)] " 3.4.5
[2( (2)R)] ", (
S = 71, 3.4.6
(3.4.6)
and
1

7=

z(1+ iETRQ)
From QYY* =1+ 2Q, we have

Opg + 2EBQpg =E Z[Q]inij*q
4,J

) o B (3.4.7)
= —ES [QRY?],: XY ;.
\/ﬁ %:[ ]P J = 4]



CHAPITRE 3. FLUCTUATIONS FOR NON-ANALYTIC FUNCTIONALS 132

By (3.2.58) with ®(X) = [QR'/?],;Y;; and (3.4.4), we have

v OIQR"?]pi— Y g5y p1/2
E[QRY?),i XY j = B2V ; + E=2[QR"?],;
pitij ¥ qj ax; aj ax; P
1 — i,
= _%E[RQ]ii[QY]ijqj + ﬁE[QR]pq-
Then (3.4.7) can be rewritten as :
1
ElQYY ]y = _EE{[QYY*]MTYRQ} + E[QR]pq- (3.4.8)
Let )
w = —TrRQ.
n

Noticing that w = & + Ew, and resolving (3.4.8) according to E[QYY™*],,, we have

1 1
Opq + 2EQpq = WE{QR]PQ T 1+ EME{[QYY*]pq@}‘
Therefore we get
I+ A(z) =EQ(—=2I — 27(2)R) (3.4.9)
where
AG) = - +1EWIE Q(2)YY* (w — Ew)]. (3.4.10)

Lemma 3.4.1 It holds that
. . 1
2(Eme(z) = 7(2)) = ——TrA(z).
n

l—cp
z

Proof: Taking trace in (3.4.9) and using the fact that m.(z) = ¢phe — , we have

1
_“TrA(z) = ~ETrQ + ~7(2)ETrQR + ¢,
n n n

= zEm.(z) — 27(2).

Then the right hand side in (3.4.9) is
EQ(—2I — 27(2)R) = EQS™! + 2(Em.(z) — 7(2))EQ(2)R.
Using Lemma 3.4.1 and Eq. (3.4.9), we have

EQ(z) - S(z) = A()S(:) + - (TrA(:) EQ()RS(2),
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which implies that
1
NEm.(z) — TrS(z) = TrA(z)S(z) + ﬁTrA(z)Tr[EQ(z)RS(z)]. (3.4.11)

Now we will show that

Proposition 3.4.3 For z € C*, we have

ETiQ(:) - TS(2)| <~ Cy(leCr(lims] ), (3.4.12)
[ETrRQ(z) — TrRS(2)| < %Cg(yzy)@(ylmzrl), (3.4.13)
In(me(z) — 7(2))| < %Cz(lzl)Cs(IImZI‘l) (3.4.14)

Proof: We first apply the following preliminary result which is based on Nash-Poincaré inequality
(cf. [74, Proposition 2.1.6]).

Lemma 3.4.2 Consider an N x N matriz A satisfying ||A|| < co. For all z € C*, we have
Var [TrQ(2)A] < [|A[*C([2])Ca([Ime] ).

The proof is in Appendix 3.5.6. We now complete the proof of Proposition 3.4.3. We shall estimate
the two terms in (3.4.11). Remark that Im[Ew] = - [ETrRQ(2) — ETTRQ(Z)] > 0, we have

1 < 1
|2(1 4+ Ew)| ~ |[Imz|

This along with the inequality ||Q(2)|| < =+ lead to

[Imz|

ITrA(2)]. (3.4.15)

'iTrA(z)Tr[EQ(Z)RS(Z)] = TmepP

From the expression of A in (3.4.10) and by Lemma 3.4.2 with A =T and A = R, we have

z

ITrA| < ‘(quIEw)E (TrQ — ETrQ)(w — Ew)]
z 2
< o E((1Q - ETQ)(w — B)]

IN

1 _
—C(|2)Cs([mz| ™)
Plugging the precedent estimate into (3.4.15), we have

%TrA(z)Tr[EQ(z)RS(z)] < %03(|zy)c7(|1mz|*1). (3.4.16)
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With the same approach, since ||S(2)|| < [Imz|~!, we have
1 _
TA)S()] < -C3(120)Co(Jmz ). (3.4.17)

Gathering (3.4.11), (3.4.16) and (3.4.17), (3.4.12) is proved. The same method applies for (3.4.13).
By Lemma 3.4.1 and the expression of A in (3.4.10),

- - 1 .
alie(z) = )] = | g EQEIYY (w0 — Ew)
< L [E[(1Q - ETQ)(w - B)]

IN

a2 Cs (el 1)

Thus we achieve Proposition 3.4.3.

Denote

en(z) = n(Em.—7)

én(z) = ETrRQ — TrRS.

We remark that

n(Eme(z) —t(2)) = n(F—1) +en(2),
ETrRQ — TrTRT = TrRS — TrRT + £,(2).

Using the expression of T (resp. 7) in (3.1.2) (resp. (3.4.5)) and the fact that for two matrix A
and B, A - B = —-A(A~! - B™!)B, we obtain that

n(Eme(z) — £(2)) — Dy(2) n(Eme(z) — t(2)) en(2) (3.4.18)
ETrRQ — TrRT " EDRQ - ToRT | T |2.(2)| -
where
B 0 2vo(2)
Do(z) = [z@o(z) 0
with vg(z) and 0g(z) defined by
vo(z) = T(2)t(2)
do(z) = %Tr[RSRT] - %Tr[RSTR].
Then we have ) ~
(I—Do(=)) %ﬁ”};g:ﬁgg _ E"Ez;] . (3.4.19)

Now we will resolve this system. We first evaluate the determinant of the system. We introduce



CHAPITRE 3. FLUCTUATIONS FOR NON-ANALYTIC FUNCTIONALS 135

the matrices

0 v(z

D(z) = [|Z|277(Z) (0 )] (3.4.20)

: 0 (2)
D'(z) = 3.4.21
@) sz(z) ; ] 3421

with v(z), 9(2) v/(z) and ¥'(z) defined by

v(z) =H(2)t(z) , ¥(z) = %Tr[RT(z)T(z)*R], (3.4.22)
V'(2) =7F(2)7(z) , V(z)= %Tr[RS(z)S(z)*R}. (3.4.23)

We have the following proposition which will be proved in Appendix 3.5.7.
Proposition 3.4.4 There exists a strictly positive constant n such that

K|Imz|*

e (3.4.24)

det(I — D(z)) >

for each z € C*. Moreover, there exists an integer No and polynomials C12(|z|) and Cye(|Imz|~1)
such that for each N > Ny,

K|Imz|*
det(T — D'(2)) > S m2|

= W, (3.4.25)

for each element of z in the set £ defined by
1
&= {Z € (CJF, 1-— ﬁOm(\zDCl@(Hmzrl) > 0}

Finally, for each N > Ny and z € &,

K|Imz|*
(n* +[21%)*

|det(I — Dg(2))| > v/det(I — D(z))y/det(I — D/(2)) > (3.4.26)
We complete the estimation of the bias. From (3.4.19),

n(Eme(z) — t !

t(z)) = m[g(z) + 2v0é(2)].

1
Tmz|2>

For z € &€, by Proposition 3.4.3 and |vg| <
. - 1 _
|Eme(z) —t(z)] < ﬁCg(\z|)C’13(]Imz| b, (3.4.27)
For z € CT\&, as 1 — #Clg(|z|)016(|1mz|_1) > 0,

2 _
2 < ﬁ012(’2‘)016(|1m2| 1).
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Then
2n

|Imz| -

[n(Eme(2) —1(2))] < 012(|Z|)017(|1mZ| ol (3.4.28)

Combining (3.4.27) and (3.4.28), we have

In(Ee(2) — 1(2))] <~ Crall)Crr(lims] )

Next step consists in applying Proposition 3.4.2 to estimate N} 2! (f).

Theorem 3.4.1 Recall the complexr Gaussian bias

- e i)

For a function f of class C'®, we have

"
V2T () mo

Proof: The proof is split into two parts :
1. For a function ¢ € C!8(R,R) where C!8(R, R) is the set of compactly supported functions

of class C'18.
2. Approximate f by a function f € CI3(R,R)
Denote M.(z) = (Ere(z) — t,(2)) and recall the deterministic equivalent t, with the asso-

ciated measure F),. By the inverse Stieljes transform,

y—0+ T

FYYE (g = Tim [—llm[mc(x+iy)]dx].

In particular, we have : For p € C}8(R,R),

: 1 . .
E/R (v )FY c(dr) = ylir(r){r [—WIE/RIm[gp(:U)mC(x—kly)]dx], (3.4.29)
. 1 .
/R p@)F(dr) = lim [—F /R Im[w(x)tn(mﬂy)]dx} (3.4.30)
Subtracting (3.4.29) and (3.4.30), we have
e 1. ~ .
‘E/RCP(JU)FY Yo (da) —/Rsﬁ(ar)Fn(dx) < ;hynij)lip /R[go(;c)Mc(w—i—ly)]dw : (3.4.31)

For z € C* and p € N, define

1 >
I(z) = I /0 M (z + t)tP~te tdt. (3.4.32)
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Note that I,(z) is well defined because M(z) is uniformly bounded when z € C*. Also, it is

easy to check that I,(z) is an analytic function of z and the first derivative is given by
Il(2) = 1 /00 M!(z + t)tP~te~tdt.
P =)o ¢
Then by partial integration we get
I1(2) = [Me(z 4+ t)e!5° + / M (z + t)e~tdt
0
= —M,(2) + I, (2).
In the same way for p > 2,
I(2) = - / e+ et
(r—1!Jo
1 RN
- —/ Mo(z + )((p — 1)7~% — 7~ Ve tdt (3.4.33)
(r—1!Jo
= —Ip-1(2) + I(2).
We have then :
/cp(x)Mc(:c—i-iy)dx = / o(x) 1 (z + iy) — / ()} (z + iy)dz
R R R
~ [e@ne+in) - [ $@h+ i
R

R
- /R (1 + D)) (@) (a + iy)da,

where D = %. Using (3.4.33), we iterate the precedent procedure and we obtain : for all p > 1,
[ et +i) = [ (1+ DYoo+ in)da.

Hence by (3.4.31), we have for all p € N;

N E 1
‘E/ o(x)FYYe (dx) —/@(m)Fn(dw) < —lim sup /((1+D)pg0)(x)lp(az+iy)dm :
R R T y—0+ [JR
(3.4.34)
Next, we will use Proposition 3.4.2 to show that for p = 18, and 2 € CT, one has
Cia(lz
1s(z)] < S22 (3.4.35)

where C12(]z]) is a polynomial on |z| of degree 12.

We fix w € C*. To prove (3.4.35), we apply Cauchy integral theorem to the function

1 -
— M (w+ 2)z' e,

Fl2) = 15
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which is analytic in the half-plane Imz > —Imw. Hence for r > 0,

/ F(z)dz+/ F(z)dz+/ F(z)dz =0,
[0,7] [ryr+ir] [r+ir,0]

where [a, §] denotes the line segment connecting «, 5 in C oriented from « to 5.
Then as | M, (z+w)]< Tma] for z € C*, we get

‘/ F(2)dz| <
[ryr—+ir]

Therefore,

1 B
Ilg(z) = 17'/0 MC(Z —I—t)t17€_tdt

= lim F(t)dt
r—00 [0,7‘]
= lim F(t)dt

7700 Jl0,r+ir]

17,/ N(z + (14 D81 + 1) Te~ U+ 1)dt.

By Proposition 3.4.3,
~ 1 _
[Me(2)] < —5Cr2(]2]) Crr ([Imz] b

Then
1) < oy [ e+ (L4 DENCrtms + o ~)(V20) "V

12/ 012 |Z tfdt
Cra(|2])

n2

This proves (3.4.35). Combining (3.4.34) and (3.4.35), we have

1
§ — lim sup

y—0t

< = / |(1+ D) 18 ()|(1+ |:L‘|)12d1‘.

\E [ o@r¥an) — [ o)

In particular, for any function ¢(z) € CX¥(R,R),

—— 0.

nN—)oo

‘NE ()FYc (dz) N/

Next task is to extend (3.4.36) for a function f of class C18. Let ¢ > 0. By |

/ (1 + D)) (@) Tis( + iy)de

138

(3.4.36)

, Appendix],
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there exists a compact K7 such that for all £ € N,
P(mind(\;, K1) > €) = o(n™F),  A; eigenvalues of Y. Y. (3.4.37)
(2

From [9], the support of the limiting measure ¢, is a compact which is denoted by K. Now we

take a compact interval /I such that
KUKy CK.

Consider a function f € C!¥(R,R) defined by
f(x) = f(x), whenz € K.
As f(z) € C3(R,R), by (3.4.36), we have

—— 0.
N,n—o00

‘N /R Ef(z)FYY¢(dz) — N /R F(z)F,(dz)

The proof of Theorem 3.4.1 is completed if one can show

‘N Ef(z)FYYe (d) N/Ef VFYYe (d)

—N/f d:z:+N/f dx)

— 0. (3.4.38)

N,n—o0

In particular, we will show that
NE [ f@F i) - NE [ Jort )| o 0 G4)
R N,n—oco

N/f " (d) N/f = 0. (3.4.40)

To prove (3.4.39), we have

‘NIE /R F(x)FYYe(da) — NE /R Fx)FYYe (d)

Y. Y ) — Flo Y. Y "
< /K f (@) FYYi (dx) — NE /K Fa) FYY (dn)
+ |NE f(x )FYc ¢(dz)| 4+ |NE f(x )FYC ¢ (dx)
R\K R\K
< |NE flz YFYeY: ¢(dr)| + |NE [z VFYYe (dr)|,
R\K R\K
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and

_ ‘N}E / F(@) Lo FYYe (dx)
R

|NIE F(z)FYYe (dr)
R\K

< N[ fllooP(Amax ¢ K)
(a) 1
< Kn

where Apay is the largest eigenvalue of Y, Y* and (a) follows from (3.4.37) and the fact that f
is bounded in R (cf. Remark 3.1.1). Same argument holds true for f and this proves (3.4.39).
From the definition of K,

/R () Fy(dz) — /R F() Plda) = /K F () F(dz) — /K F() Fy(dz) = 0.

(3.4.40) is proved.
This ends the proof of Theorem 3.4.1. U

3.4.2 Bias for non-analytic functionals

Now we can terminate the computations of the bias. Recall that
N(f) = NE / f(@)FYY (dz) = N / @) Falda) = N (F) + N (F) + N2 (),
R

where N2'(f) (resp. N2"(f), N2 (f)) is defined in (3.4.1) (resp. (3.4.2) ,(3.4.3)). From Theorem
3.4.1,
N2 ()] — 0. (3.4.41)

n—o0

By Fourier transform,
N+ N (D) =E [ 1P (i) < [ ()Y ()
_E / f@)u(z)dz — E / (@) (x)da.
From Proposition 3.4.1, for z € CT,

|IN(Emp(2) — tn(2)) — By| —— 0, (3.4.42)

n—oo

where B,, is defined in Proposition 3.4.1. By Proposition 3.4.3, the complex Gaussian bias satisfies

[N (Bine(2) = ta(2)] —— 0. (3.4.43)

(3.4.42) and (3.4.43) imply that

[N (Emi(2) = Bine(2)) — Ba| ——> 0.
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As z — €l is analytic and limsup,, |B,| < oo, by Propostion 3.4.1 we have then

— 0.

n—oo

Eup(t) — Euc(t) — i j{eiZtBn(z)dz

Moreover, by Proposition 3.2.6 and 3.2.7,

(&) (Bun(t) = Ede(0)] < | £(8)(Bun(t) — Ear (0)] + /(1) (Eiir () — Ede(t))]

which is integrable. By the argument of meta-model (see Section 3.3.1), we can show that

< [f@)ICa(It1),

£(t) 7{ e B, (2)dz

which is integrable in R.

The dominated convergence theorem concludes that

2+ N2 () -5 / ja{ () By (z)dzdt] —— 0. (3.4.44)
(3.4.41) and (3.4.44) yield that
‘Ng( / 7{ F()e* By (2)dzdt
217(' n—>oo

The last task is to calculate [ ¢, f(t)e?* B, (z)dzdt. From [11, Section 5| and Proposition
3.4.1, By(#) is uniformly bounded over the contour C. With a similar method in Section 3.3.2,

,i j{eiZtBn(z)dz = 1/ e Im(B,,(s))ds,
T

21w

where B,,(s) is defined in (3.1.10).
We conclude that

%ir / j’{f el By (2)dzdt = /f(t)lm(Bn(t))dt.

This terminates the computations of the bias.

3.5 Appendices

3.5.1 Proof of Lemma 3.1.1

We first recall the following proposition in [50].

Proposition 3.5.1 [0, Theorem 4.28] Let &, &,, n* and nl be random elements in a metric
space (S, p) such that nk 2, n’ as n — oo for fized T, and moreover nT o, & when T — oo.
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Then &, — & holds under the further condition

lim limsup E[p(nl,&,) A1) =0.

—00  n—oo

Taking
T
nffZ/ Pn(t)dt, Enz/én(t)dt.
T R

As ¢ (t) — ¥(t) and @, (t) is tight for all t € [T, T1,

T D T A T
My ———> 1 Z/Tw(t)dt-

n—oo

Since Var!/2[1)(t)] < K (t) where K(t) is integrable over R,

/_iw(t)dtL/Rw(t)dt.

T—o00

Now we verify Condition (3.5.1) :

o) -T
il — & —E(] — &) = /T Gulz)de + / bu(z)de.

o0

The two terms are similar and we treat the first term. By Cauchy-Schwarz,

) [ | ontaraa ] _E [ A séln(x)@n(mz)dmldm]

T
00 2
< </ Var1/2(<,5n(a:))da:> .
Since Var'/?((, () < K (t) which is integrable in R, we have

T
/ " on(@)da 2] —0.

T
All conditions in Proposition 3.5.1 are satisfied and we conclude that

lim limsupE
T—00 pn—oo

/ p(a)dr —2 [ ()t

n—o0

3.5.2 Proof of Lemma 3.2.1

142

(3.5.1)

For an N xn matrix Y, By applying Duhamel formula (cf. Proposition 3.2.1) with U(Y+H) =

exp(it(Y + H)(Y + H)T) and U(Y) = exp(itYYT), we have :

UXY+H) -UY)=i / t exp(i(t—s) YY) (YHT + HYT + YY) exp(is(Y + H)(Y + H)T))ds.
0
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Taking H = hE;; where E;; is the elementary matrix, we get :

DU ®)lmn = i([Y U0k * [UO)jn + [U)]mg * YU (1))
The rest can be calculated similarly.

3.5.3 Proof of Lemma 3.2.2

It is worth noticing that for a unitary matrix U, we have for a; # «s,

Z Uka1 Ukag = 07
k

and

> Uk * = 1.
k

We first prove (3.2.17) :

YUY @] < 1) Your[U(#)Y okl

1/2

IN

1/2
(z<m>2 (ZI[U(t)Y]a1k|2>

a1

1/2 1/2
(Z(Ymk)Z) ( Z (U ()] aras [[7(t)]a1a3YazkYa3k>

IN

«aq a1,02,03

1/2 1/2
(Z(Yaﬂc)Q ( Z ’UOCIOQ‘Q(YO!Q]C)Q)
(Z(Yak)2> :

(e}

IN

IN

For (3.2.18), when ¢ = 0, it is a simple application of Cauchy-Schwarz. By using (3.2.7)-
(3.2.10) and iterating the derivatives, along with the precedent estimate, we have (3.2.18).

(3.2.20) is a direct consequence of (3.2.9) and (3.2.18).

Now we will prove (3.2.19). For ¢ # k, by (3.2.7)-(3.2.10),

Dy DY YU (£) RY?]yj = iDL ([RYPU () RV Y TU ()Y |+ Y TU ()R] 5 5 [Y TU (£) RV,

Then noticing that all terms are composed of [Y U (t)RY?]4,4,, [YTU (£)Y V2] 41, and [RY2U () RY?] 0,
by (3.2.18), we have

Conr(®) (b+1)/2 1/2
bi1
| Dy DG Y TU ()R] < m (Z(Yak)2> (Z(Yaq)2> :

«
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If g =k,

Dy DY [U ()Y 151, =iD5, ([RY2U (1) RY?]jp 5 [YTU ()Y T + [YTU () RY g5 [YTU (£) R
+[RY2U(HRY,).

Then we get

(b+2)/
Ch+1(t)
’DPQD [Rl/zU( )Rl/Z] J| < 1—:_(,)/ Z(Yak)z .

«

We obtain that

Cons®) (b+1)/2 1/2
bl
| Doy DY [YTU (£) RV < m (Z(Yak)2> (Z(Yaq)2> :

« «

With the same method, we can easily extend the result for all a € N,

(b+1)/ a2
| Dy DY TU () R3] < Ti‘;ﬂg% <Z(Yak)2> (Z(Yaq)2> . (3.5.2)

« «

3.5.4 Proof of Proposition 3.2.5

We begin with (3.2.26),

EY [RV2U(ty, 5)RV?)5[Y U (ta, s) RY )1, Z
ik

2

< EYV2Y [RV2U (41, 9) RV Ut 5) Ry | Kz

ik

EL/2 Z[R1/2U(t1, S)Rl/Q]jj (Z[}/STU(tQ7 S)Rl/g]k])

J k

2

IN

Kz

2
Ky

IN

EI/QZ‘ Rl/QU (t1, ) R1/2 j‘ EI/QZ

(Z VXU (ta, s)RY?);, )

2

IN

CovnEY? |3 1> Y U(t2, s)RV?]| | Kz

J k

2

IN

Cov/nEY? |3 1> " [RY?U (ts, 5)) jo Yar

j k7a

Kz

IN

CovnEY?| Y (Z[R1/2U<t2,s)]jal[Rl/QU@z,s)]jag)[Y;]alkl[Y;]asz Kz

J

| k1,00,k2,002

IN

CO\/EEUQ Z Ra1a2’[ ]Oélk1[ }a2k2] Kz

| k1,a1,k2,00
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IN

CO\/EIEU2 ( Z [YS]MM[YS]MM) Kz

k1,a1,k2

< Con3/2Kz.

Now we estimate (3.2.28).

EY VU1, )R]V Ulta, s)RY 2|V Ults, )Ry 2
7.k

2

< EY2) YUy, )RV YU (te, )RV [V U (83, 5) R iy K

j7k

EV/? Z:(ZWW%mwmmmWUmwmwwWWmﬂmJ

Qal,0203 J
2]

IN

X <Z[Ys]a1k[Y}]a2kD@]a3k> Kz

k

IN

> [RYV2U(t1,8))jon [RY2U (2, 8)] 0o [RV2U (13, 8)] o

ajoas3 | g

E1/2 { Z

2

Z[YS]a1k[Ys]a2k[}/s}a3k
k

KZ7

xE!/? [ Z

ajazas

SOIRY2U (b1, ) jos [RY2U (82, ) s [ 2U (83, )] o

R1/2 { Z

Q1203

|
E!/2 Z Z [RI/QU(tb 3)]j1a1 [RI/QU(LL?’ 5)]110!2 [R1/2U(t3’ 8)]71‘3‘3

Q10203 ji,j2

X [Rl/Qlj(tl, S)]j2a1 [Rl/zﬁ(t% 3)]j2£¥2 [Rl/QU(ti’n S)]]éa:%}

E'/? Z <Z[R1/2U(t17 S)]jlal [R1/2U(t17 5)]j20¢1> (Z[R1/2U(t27 5)]]'1042 [R1/2U(t27 8)]j2042>

[J1.J2 \ o1 s

x (Z[Rl/QU(t37 5)]j1a3 [R1/2U(t3’ 8)]j2a3)]

a3

E'/? < CoE'/? < Cov/n, (3.5.3)

Z ’Rj1j2|3

J1,J2

> IRl

J1,J2

and
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2

> Wilawk[Yalagk [Yalask
k

E1/2 { Z

Q1203

= E'/? Z Z[YS]mkl [YS]a2k1 [YS]aslﬂ [}/S]Oélkz[}/s]azkz[}g]QB,kz

ajagas ky,ko

= E1/2 Z [YSTYS]]Cle D/sTY;]th [}/STYS]}CQICII
k1,k2

k1,k2

< CovnEY? !Z LER A

< CovnE' e[y y,YTY,] < Con. (3.5.4)

(3.5.3) and (3.5.4) imply (3.2.28).
Same method applies for (3.2.27) :

EY VUt 8)Yale[Y U (ta, s)RY?]15[RV2U (t3, 5)RY?) ;52
jk

2

]El/2 KZ

IN

S VUt 5) Yk (Z[KTU@Q,@RI% [RY?U (15, s)Rl%)

k J

IN

> WU (ta, s)RV?14; [RY?U (83, 5)R?)5

k| J

2

CoEY/2 (Z HY;TU(ZL/MS)Y:S]MCf) El/2 (Z
e

IN

Co/nE"/? (Z HKTU(tLS)%]kkf) /2 (Z [YSTU(tQ,S)R1/2]kj‘2) Ky
K

j?k

IN

Z[Ys}ik

(67

CO\/EEI/Q (Z

k

< ConE'? <Z > [Y;]ilk[n]i2k> Ky

k a1,002

2
) EY2 (Te(YLUl(ta, s)RU (t2,5)Ys)) Kz

< an3/2Kz.

3.5.5 Proof of Proposition 3.2.4

¢ =1,2 is trivial. We shall prove the proposition for £ = 3 or 4. When ¢ = 3,

3
= E Z Yo?lkYaQQkYQ

ask

E

> Yo
«

1,002,003
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When ¢ = 4,

4
E

> Y
a

<

<

= E Z Yor+E Z Y,k Yok

a1=0a2=0a3 alzag#ag
§ : 2 2 2
+E 3Ya1kYa2kYa3k
a1 FazFas

< GoE Z Yo+ Co
al

IN

Co.

BN vRayig

agk
a1,002,03,04

E Z Yo, +E Z 4Y9, Y2 +E Z 6Yo, Yoo Yoruh
a1l

al=az=a3Fa4 al=aaFazFoy

TE Y 3WaaYar TE Y YORYOAYORYis

al=a2Fa3=a4 a1FaFazFEay
CoEY Y+ CoE Y Y, V2, +Co
ai a1F£ag
Co.

3.5.6 Proof of Lemma 3.4.2

With the derivati

ves in (3.4.4), we have

0TrQ(z)A 1 1/2 0TrQ(z)A 1 ..
IBQEA L ey aQ()rY2),, TEQEA _ L b0 40y,
TX = QRAQEIR Y, TR = - IRQ() AQEY iy
Then the Nash-Poicaré inequality yields that
1 1 19TrQ(2)A |? 19TrQ(2)A |?
—Tr Al < = E|-l— > 20 we)
Var [n Q) ] - n ; [ n  0Xjj n  0X;j

IN

% Z [IE ([Y*Q(Z)AQ(Z)R” %) "4E ‘[R1/2Q(Z)AQ(z)Y*]ij

%E[TrYY*Q(z)AQ(Z)RQ*(Z)A*Q*(z)]

2

|

IN

IN

Al _
< ALey(ecuimz.

3.5.7 Proof of Proposition 3.4.4

We first establish

(3.4.24). From the definition of £ in (3.1.2), we have

- 1

Imt = — (t(2) — £(2)) = va(%TrRT) + vimz,

[\
=
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where v = #(2)£(2).
For each matrix M, we define InM = (M — M*). Noticing that T*(2)
T? = (—2(I+#(2)R))~?
T = (—z(I+t(2)R))!
we have : )
Im(zRT) = ﬁ(zRT(z) — zZRT(%2))
1 - -
= izRT(z)[(t(z) —t(2))R]ZT(2).
Taking trace and divided by n, we have
Im(%TrRT) = |2|%6Im(i(2))
where & = 1 Tr[RT(2)T*(2)R).
Thus we get :
Im(¢ Im(¢
m(t) =D(z) m?) + v(z) Im(z) (3.5.5)
Im(ZTrRT) Im(ZTrRT) 0
where D(z) is defined in (3.4.20). This is equivalent to
Im(t) = vIm(ZTrRT) + vImz
®) G ) i (3.5.6)
Im(ZTrRT) = |z[*0Im(?)
Then we have I
det(I—D) =1 — |26 = vt . (3.5.7)
Im(¢)
As 1 is a Stieljes transform of the measure F},, we have
()] < —— (3.5.8)
~ |Imz| e
On the other hand, Im(#(z)) can be written as
- dF,(\)
Im(t =1
m(i(z) = 1mz [
We recall that in [70], it is shown that the sequence F, is tight. This implies that it exists a

constant C' > 0 for which F,(]0,C[) > 1/2. Then

/ dE,(\) - /C dE,(\) N 1
R+ [A—227 Jo [A—2P 7 4(C? +2?)
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for all n € N. Therefore,

712 |Tmz >
v= IO Toter s Ly

Plugging (3.5.8) and (3.5.9) into (3.5.7), we get

(3.5.9)

Imz|*
det(I— D) =1 — 2205 > —
D)= B g5 ey e

We now establish (3.4.25). Recall the definition of S and 7 in (3.4.5) and (3.4.6) respectively.
We express Im(Em,(2)) and Im(:ETrRQ) as

Im(Eme(z))
Im(ZETrRQ)

[ ()
Im(ZTrRS)

[ 1Tme(z) ]
+
~Imzé(z)
where £(z) = n(Em.(z) — 7(2)) and &(z) = ETrRQ — TrRS.
Then by calculating the imaginary parts of 7(z) and 2TrRS, we have
Im(7(2)) = v’Im(EETrRQ) + v'Tmz
n

m(ZTrRS) = |22/ ImErm.(z),
n

where v" and ¢’ are defined in (3.4.23). Then

Im(2ETrRQ)

Im(Erine(z)) ] . [v'(z)
)

Imz +
Im(%E’HRQ 0

nme(2) ] : (3.5.10)

where D’ is defined in (3.4.21). We get the system

Im(Eme(2)) = v'Im(ZETrRQ) + v'Imz + 1Ime(z2) (3.5.11)
Im(2ETrRQ) = |2[>0'Im(Ernc(z)) + tIm(2&(2))
This equation is similar to (3.5.6) with two extra error terms Imle(2)] and 2Im(2£(z)). However,
1Im[e(2)] and 1Im(2£(2)) are controlled in Proposition 3.4.3.
We first evaluate v/ = 7(2)7(Z). As 7(z) is the Stieljes transform of a probability measure &,.
By Proposition 3.4.3, for z € CT, Em,(z) — 7(2) — 0 and Em.(z) — t(z) — 0. These imply that

7(z) —t(z) = 0.

Therefore, &, converges weakly to F,, and there exists an integer N; and C>0 such that for
n > va

¢n(10,C1) >

=~ =

With the same argument as (3.5.9), we obtain

, |Tmz|?

(Y
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By Proposition 3.4.3,

o
—~
N
=
IN
\
S
s
I
—
$
—~~
E
x

—
~

oy
—~
N
=
IN
\
&
-~
I
N
R
—~~
E
x
[
~

this along with (3.5.11) yield that
- , 1

Im(Emc(z)) > v'Imz — —|e| >
n

Then we consider the set & defined by

1 1
& = {z eCt:1- ﬁ06(|z|)08(|1mz|_1) > 2}.

For z € &4,
- [Tmz|?
Im(E .
m(Eme(2) > 15007 1 2
From (3.5.10),
I Im(£& i1
det(I-D') =7’ s + m(;¢) +—= —

Im(Em.(z)) Im(Em.(z)) Im(Em.(z))
|2¢] el

> ¢/ [Imz]? — o' -
> V| | nlmEm,. nlmEm,

1 _
= —5Co(|2)) Cs (|Tm2| 7).

(;) [Tmz|* B 128]2](C? + |2|2)2C5(|2])C7(|Imz| 1)
~ 64(C? + |2]?)? n?|Tmz|5
128(C? +[2)*Ca(|2))Cs ([mz| 1)
a n?|Imz|3
[Tmz|*

> sere (L~ aCinll=DCus(mel )

150

(3.5.13)

(3.5.14)

where (a) uses (3.5.14) (3.5.12), (3.4.12) and v/ < 2. Then we consider the second set

= |Imz|?"

1 1
Ey = {z eCt:1- ﬁ012(|z|)016(|1mz|_1) > 2} ,

and the set

2 2
E= {z €eCt:1- EC’G(\Z|)C’10(|Imz|71) — ﬁclg(]z\)Cw(Hmzrl) > 0} C & Néy,

or equivalently :

1
£ = {Z S Ct:1- $012(|z|)016(|1mz|_1) > O} .

Remark 3.5.1 Readers should pay attention that the polynomials Cy here are not the same.
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It is clear that for z € &, (3.4.25) holds.
To show (3.4.26), we have

|det(I — Do)‘ = ’1 — 2’27)0170|

= 1~ 2ol
By Cauchy-Schwarz, |vo| < [v]*/2[v/|'/2 and |5| < |5|"/2|%'|'/2, which yield that
et (T Do)| > 1 — [ 2ol 2o/ [12[a[/2[i' /2
As det(I — D) =1 — |z|?v® and det(I — D’) = 1 — |2|?v/?’ are positive for z € &,
2P0t < 1, |2%' <1,

which imply that
|Z’2|U‘1/2|UI|1/2’1~)|1/2’1~)/‘1/2 <1.

By a direct calculus, (3.4.26) holds true.



Chapitre 4

Estimation for large dimensional

random matrices

4.1 Fluctuations of an improved estimator in sample covariance
matrix models
The content below is evolved from the papers [100, 99].

Problems of statistical inference based on M independent observations of an N-variate ran-

dom variable y, with E[y] = 0 and E[yy’] = Ry have drawn the attention of researchers from

many fields for years : Portfolio optimization in finance [77], gene coexistence in biostatistics
[59], channel capacity in wireless communications [52], power estimation in sensor networks [26],
distance of targets in array processing [(6], etc.

In particular, retrieving spectral properties of the population covariance matriz Ry, based on

the observation of M independent and identically distributed (i.i.d.) samples y(l), . ,y(M )

, 18
paramount to many questions of general science. If M is large compared to N, then it is known
that almost surely ||RN — Rp|| = 0, as M — oo, for any standard matrix norm, where Ry
is the sample covariance matriz Ry 2 ﬁ Z%zl y(™y(mH  However, one cannot always afford
a large number of samples. In order to cope with this issue, random matrix theory [5, 25| has
proposed new estimators, mainly spurred by the G-estimators of Girko [34]. Other works include
convex optimization methods [35, 54|, free probability tools [79, 24|, and regularized estimation
(banding, tapering, thresholding, etc.) [15, 16, 20], when the structure of Ry is known. Many of
those estimators are consistent in the sense that they are asymptotically unbiased as M, N grow
large at the same rate. Nonetheless, only recently have techniques been unveiled which allow to
estimate individual eigenvalues and functionals of eigenvectors of Ry. The first contributor is
Mestre [65]-[641] who studied the case where Ry = R%QU NU%R%Q with Ry having eigenvalues
with large multiplicities and unknown eigenvectors, and U with i.i.d. entries. For this model, he
provides an estimator for every eigenvalue of Ry with large multiplicity under some separability
condition, see also Vallet et al. |92], Couillet et al. [26] for more elaborate models.

These estimators, although proven asymptotically unbiased, have nonetheless not been fully

characterized in terms of their asymptotic performances. It is in particular fundamental to eva-

152
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luate the variance of these estimators for not-too-large M, N. The purpose of this article is to
study the asymptotic fluctuations of the population eigenvalue estimator of [64] in the case of
structured population covariance matrices. A central limit theorem (CLT) is provided to des-
cribe the asymptotic fluctuations of the estimators with exact expression for the variance as
M, N tend to infinity. An empirical, asymptotically accurate, approximation is also derived. For
an application of these results in a cognitive radio context, see for instance [100)].

The remainder of the section is structured as follows : In Section 4.1.1, the system model
is introduced and the main results from [65, 4] are recalled. In Section 4.1.4, the CLT for
the estimator in [64] is stated and the asymptotic variance derived. In Section 4.1.5, an em-
pirical approximation for the variance is derived. Some simulation results are shown in this

section.Technical proofs are postponed to the appendix.

4.1.1 Matrix Model

Consider an N x M matrix Xy = (X;;) whose entries are i.i.d. random variables, with
distribution CA/(0,1), i.e. X;; = U+iV, where U,V are both i.i.d. real Gaussian random variables
N(0,3). Let Ry be an N x N Hermitian matrix with L (L being fixed) distinct eigenvalues
p1 < --- < pr, with respective multiplicities Ny, ---, N (so that ZiL:1 N; = N). Consider now

Yy =RY’Xy .
The matrix Yy = [y1,- -+ ,¥nm] is the concatenation of M independent observations [y1,- -, ym],
where each observation writes y; = R}fxi with Xy = [x1,- - ,xpz]. In particular, the (popula-

tion) covariance matrix of each observation y; is Ry = E (yiyzH ) In this article, we are interested

in recovering information on Ry based on the observation

Ry — %R%QXNX%R%Q :
commonly referred to as the sample covariance matriz of the y;’s.

It is in general a complicated task to infer the spectral properties of Ry based on Ry for
all finite IV, M. Instead, in the following, we assume that N and M are large, and consider the
following asymptotic regime :

Assumption A1l. The dimensions N, M and (N;)i<i<y, satisfy the following conditions :
when N, M, N; — oo ,

%—)CE(0,00) and %%Cie(o,oo),lgigL. (4.1.1)
This assumption will be shortly referred to as N, M — oc.

Assumption A2. The limiting support S of the eigenvalue distribution of Ry is formed of
L compact disjoint subsets (Sg;1 < k < L), often referred to as clusters in the sequel.

From [64], one can also reformulate this condition in mathematical terms : The limiting
support of Ry is formed of L disjoint clusters if and only if for 1 < i < L, inf v {35 — Ty (i)} > 0,
where W (7) is defined in (4.1.2) and o < --- < a1 are the L—1 distinct real ordered solutions
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2
1 L r _
NZT‘Z]. NT (pT/iOzl) m_l’
; 1 L P 2 1 L p 2
Un (i) = < max {N S Ny (prozrm,l) N oy Ny (pram> } l<m<L, (4.1.2)
2
1 L r
N Zr:l NT (prpaL,l) m= L

of the equation :
1 & p?
— N,—— =0.
N ; " (or — x)g

This condition is also called the separability condition.

Figure 4.1 depicts the eigenvalues of a realization of the random matrix Ry and the associated
limiting distribution as N, M grow large, for p;1 = 1, po = 3, p3 = 10 and N = 60, M = 600
with N; = No = N3 = 20. The separability condition is illustrated there. Figure 4.2 shows
another situation where the separability condition is not satisfied for p; = 1, ps = 3, p3 = 5 and
N =30, M = 80 with Ny = Ny = N3 = 10.

4.1.2 Mestre’s Estimator of the population eigenvalues

In [64], an estimator of the population eigenvalues (pg; 1 < k < L) based on the observations

Ry is proposed.

Theorem 4.1.1 ([64, Th. 3]) Let Assumptions A1 and A2 hold true and denote by Ay < --- <
Ay the ordered etgenvalues of Ry. Then the following convergence holds true :

~ a.s.
_ 0 4.1.3
Pr= i 0 (4.1.3)
where M
o= ()\m . ﬂm> : (4.1.4)
k mENk

with Ny = {Zf;i N;j+1,..., Z§:1 N;} and the fi;’s defined' as follows :
- If N <M, then i < --- < iy are the real ordered solutions of

1 A M
— § —— 4.1.5
NmZMm—u N (1)

- IfN>M, p; =0 for 1 <i<N—-—M and iN—pr+1,- -+ , in are the real solutions of the

above equation.

1. Another characterization of interest of the f[i;’s is the fact that they are the eigenvalues of diag(j\) -
= =T ~ ~ ~
ﬁ\&\r)\ , where A = (A1,...,An)7, see for instance [25, Chapter 8§].
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Asym;‘)totic spectrum Asymptotic spectrum
L x  Empirical eigenvalues | [ x  Empirical eigenvalues [
2t 1 z il
[SEEN 1 A i
1 i") 1¢O
Eigenvalues Eigenvalues
FIGURE 4.1 — Empirical and asymptotic FIGURE 4.2 — Empirical and asymptotic
eigenvalue distribution of Ry for L = 3, eigenvalue distribution of Ry for L = 3,
pr=1,p2=3,p3=10, N/M = c=0.1, p1=1,p2=3,p3 =5 N/M =c=3/8,
N =60, N; = No = N3 = 20. N =30, Ny = Ny = N3 = 10.

4.1.3 Integral representation of estimator p, - Stieltjes transforms

The proof of Theorem 4.1.1 relies on large random matrix theory, and in particular on the
Stieltjes transform of a probability distribution. The Stieltjes transform mp of a probability
distribution P over R™ is a C-valued function defined by :

P(dX)

mp(z) = A w z€ C\RT .

There also exists an inverse formula to recover the probability distribution associated to a Stieljes

transform : Let @ < b be two continuity points of the cumulative distribution function associated

to P, then

P([a, b)) = ilﬁi%% Ub mp(z + iy)dm] .

In the case where FZ is the spectral distribution associated to a Hermitian matrix Z € CN*N

with eigenvalues (&; 1 <i < N), the Stieltjes transform mz of F% takes the particular form :

Z

1L 1 1
= — = —Tr(Z—zIy)""
N;@—z N (2= 2N)

which is the normalized trace of the resolvent (Z — zI N)fl. Since the seminal paper of Marcenko
and Pastur [62], the Stieltjes transform has proved to be extremely efficient to describe the
limiting spectrum of large dimensional random matrices.

In the following, we recall some elements of the proof of Theorem 4.1.1, necessary for the
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remainder of the chapter. The following important result is due to Bai and Silverstein [33] (see
also [62]).

Theorem 4.1.2 ([83]) Let Assumption A1 hold true and denote by F® the limiting spectral
distribution of Ry, i.e.

¢}

L
Fiay == :

CPVED BE OV

k=1

Then, the spectral distribution FRY of the sample covariance matriz Ry converges (weakly and
almost surely) to a probability distribution F as M, N — oo, whose Stieltjes transform m(z)

satisfies :

m(z) = Sm(z) — <1 - 1) = (4.1.6)

C c) z

for z€ CT ={z € C, 3(z) > 0} and where m(z) is defined as the unique solution in C* of :

m(z) = — (z _ c/ H;m(Z)FR(dt)> o

Note that m(z) is also the Stieltjes transform of a probability distribution F', which turns out to
be the limiting spectral distribution of FB~ where EN is defined as :

. 1
Ry 2 MX%RNXN .

Denote by mg (z) and mg (z) the Stieltjes transforms of F’ Ry and FBv. Note in particular

that
M MY 1

mg,(2) = WWEN(Z) - <1 - N) 2

Remark 4.1.1 This relation associated to (4.1.5) readily implies that for fi; # 0, mg () = 0.
Otherwise stated, the (non null) [i;’s are the zeros of Mg, - This fact will be of importance in the

sequel.

Denote by mpy(z) and mpy(z) the finite-dimensional counterparts of m(z) and m(z), respec-

tively, defined by the relations :

my(z) = — G-ﬁ/%pfwdt))_l , (4.1.7)
my(z) = %mN(Z) - <1 - %) % ;

where my(z) is the unique solution of (4.1.7) satisfying my(z) € C* if z € C*. It can be shown
that muy and my are Stieltjes transforms of probability measures Fy and F ', respectively (cf.
[25, Theorem 3.2]).

With these notations at hand, we can now provide some elements of the proof of Theorem
4.1.1.
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Proof :|Elements of proof for Theorem 4.1.1] By Cauchy’s formula, write :

L
N 1 1 w
S ~“N\N, d
Pk Nkmfik <N; LP— w) ’

where T’y is a negatively oriented contour taking values on C\ {p1,---,pr} and only enclosing

pr- With the change of variable w = fm, the condition that the limiting support S of the
eigenvalue distribution of Ry is formed of L distinct clusters (Si,1 < k < L) (cf. Assumption

A2), and standard properties of contour integrals, we can write :

_ M miy(2)
2Ny, Ry my(2)

Pk dz, 1<k<L (4.1.8)

where R denotes a negatively oriented, rectangular and symmetric with respect to the abscissa

axis, contour which only encloses the corresponding cluster Sg. Defining

M my (2)

o & — f BN g 1<k<L, (4.1.9)
2miNy Jr, mEN(z)

dominated convergence arguments ensure that pp — pr — 0, almost surely. The integral form of

pr can then be explicitly computed thanks to residue calculus, and this finally yields (4.2.1).
O

Remark 4.1.2 (About the contour integrals) If R} is another (rectangular and symmetric
with respect to the abscissa axis) contour which only encloses the k-th cluster, then the value of
the contour integrals in (4.1.8) and (4.1.9) remains unchanged. In particular, we can arbitrarily

choose two non-overlapping contours Ry, and R}, of the same cluster S, in the sequel.

The main objective of this chapter is to study the performance of the estimators (pg, 1 <
k < L). More precisely, we will establish a CLT for (M (pr — pr), 1 <k < L) as M,N — oo,
explicitly characterize the limiting covariance matrix ® = (Oy¢)1<k ¢<r, and finally provide an

estimator for ®.

4.1.4 Fluctuations of the population eigenvalue estimators
The Central Limit Theorem
The main result of this chapter is the following CLT which expresses the fluctuations of

(e, 1 <k < L).

Theorem 4.1.3 Let Assumptions Al and A2 hold true and recall the definitions of the m(z)
and my(z) in Section 4.1.6 and J.1.7 respectively. Then :

(n(pr —pi), 1<k <L) —2—5 x~N,(0,0)
M,N —oc0



CHAPITRE 4. ESTIMATION FOR LARGE DIMENSIONAL RANDOM MATRICES 158
where O is an L x L matriz whose entries Oy are given by

_ m/( ’(z2) B 1 1 -
o = 4”2%64 jé%k%’ [ m( m(22))* (21 — 22)? m(z1)m(zz)d 1dz - (4.1.10)

The contours in (4.1.10) are defined as follows. The contours (Ry;1 < k < L) and (R};1 <

k < L) are negatively oriented rectangles, symmetric with respect to the abscissa axis, and only

enclosing the cluster Si. They also verify :

ReNRy = RggﬂRé =0 fork+#¢,
ReNRy = 0 for all k. ¢.

In particular, the families (Ry) and (R},) are non-overlapping.

Remark 4.1.3 In Theorem j.1.3, the separability assumption A2 can be relaxed to some extent.
For example, if only the cluster associated to py satisfies the separability condition, one can study

the fluctuations of pp by relying on the same techniques.

Proof of Theorem 4.1.3

We first outline the main steps of the proof and then provide the details.
Using the integral representation of p, and pg, we get :

my (2) (s,
M(px —pr) = M2 ﬁz( By 7 _ oy )> dz .

27Ny, mg (2)  mp(2)

Let C be the union of the R}’s and the R} ’s; denote by C(KC, X) the set of continuous functions
from K to a Banach space X endowed with the supremum norm ||u||s = supi |u|. Consider the

process :
(XN, Xh,un,uy) : K — C?

2 (Xn(2), X (2), un(2), uy (2))

where

Then from [9] (see also Proposition 4.1.1), (Xy, X}, un, ty) almost surely belongs to C(K, C*)
for N, M large enough and M (py — py) writes :

M 7{ Z(mN<z>X5V<z>—u9V<z>XN<Z>) dz

M(pr, — pr) = 21Ny, my (2)un(2)

2 YN (X, Xy, uns )
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where

Tala o ) = —F ]ﬁk p <mN(Z)x/(Z) - “/(Z)w(z)> dz. (4.1.11)

271 Ny, my(z)u(z)

Remark 4.1.4 Note that Y is a real random variable ; if needed, we shall explicitly indicate

the dependence on the contour Ry, and write Y n(z, 2, u,u’', Ry).

Remark 4.1.5 Note that, due to formulas (4.1.8) and (4.1.9) and to Remark J.1.2, the following
equality holds true :
Yn(z, 2/ u,u', Re) = T (w2 u, ', RY),

if R, and R, are two contours which only contain the k-th cluster. This fact will be of importance

later.

The main idea of the proof of the theorem lies in three steps :

(i) To prove the convergence in distribution of the process (Xn, X}y, un,u)y) to a Gaussian

process.

(ii) To transfer this convergence to the quantity Y (X, X}y, un, t)y, Ri) with the help of the

continuous mapping theorem [50].

(iii) To check that the limit (in distribution) of Y n (X, X}, un, ¢y) is Gaussian and to com-
pute the limiting covariance between Y n (X n, X, un, ty, R) and Y n (Xn, X}y, un, vy, Re).

Remark 4.1.6 Note that the convergence in step (i) is a distribution convergence at a process
level, hence one has to first establish the finite dimensional convergence of the process and then
to prove that the process is tight over Cy, (see for instance [158, Theorem 13.1]). Tightness turns
out to be difficult to establish due to the lack of control over the eigenvalues of EN whenever the
contour crosses the real line. In order to circumvent this issue, we shall introduce, following Bai

and Silverstein [11], a process that approzimates Xn and XY .

Let us now start the proof of Theorem 4.1.3.
We begin by simple considerations on complex Gaussian random vectors. Consider a C?-
valued, centered, random vector (U, V). If (U, V) is, as an R*-valued vector, Gaussian, then its

distribution is fully characterized with the quantities :
EU?, EV?, EUU, EVV, EUV and EUV .

Lemma 4.1.1 Let § be the support of the distribution F.
1. The function r : (C\ S)* = C defined by

m/(2)m’ (%) 1 - z

P m(z)—m(2))2  (z—2)2 ZfZ;'éZ,

H(Z,Z) = { (ng(;) m m)//(z)z( ) i -
6m/(z) ~ 4m/(2)? ifz=2,

is continuous and admits partial derwatives up to order 2 over (C\ S)%.
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2. Let Assumptions A1 and A2 hold true and consider a compact set KK C C, symmetric with
respect to the real azis (i.e. z € K = z € K) which does not intersect S. Then, the process

(Xn, XN): K — C?
z = (Xn(2), Xn(2))

converges in distribution to a stochastic process (X,Y) satisfying X (z) = X(z) and Y (z) =
Y (2). As an R*-valued real process, the process (X,Y) is a centered Gaussian process with

mean function zero and covariance function defined as follows, for z,z € I :

EX(Z)X(E) — H(Z,g), (4.1.12)
EY(2)X(2) = g':(z,é),
EX(2)Y(3) = ‘;’;(z,g),
82
EY(2)Y(2) = 5 5=h(27) .

Remark 4.1.7 Due to the properties of the process (X,Y), EX(2)X(w) = k(z,w) (and si-
milarly for the other cross-conjugate quantities B X (2)Y (w), etc.); moreover, the quantities
EX(2)Y(2) and EY (2)Y(2) can be computed by considering the limits limg_,z%(z,é’) and

lim;z_,, %(z, Z). The covariance structure of the process (X,Y') is hence fully described.

Lemma 4.1.1 is the cornerstone to the proof of Theorem 4.2.1; its proof is postponed to

Appendix 4.3.2 and relies on the following proposition, of independent interest :

Proposition 4.1.1 Assume that A1l and A2 hold true and denote by S the support of the
probability distribution associated to the Stieltjes transform m. Then, for every e > 0, £ € N* :

1
]P’( sup  d(A,S) > 8) =0 <]W> ;
Aeeig(RN)
where d(\,S) = infzes |A — ).

The proof of Proposition 4.1.1 is postponed to Appendix 4.3.1.

As (un, uy) # (m,m’), a straightforward corollary of Lemma 4.1.1 yields the conver-
M —00

gence in distribution of (Xn, X}, un,uy) to (X,Y,m,m’). This concludes the proof of step
(i)

Consider two families of contours (Rj) and (R},) as described in Theorem 4.2.1. Denote by

K= meu | Ry (4.1.13)
k=1:L k=1:L

A direct consequence of Lemma 4.1.1 yields that (Xy, X}y, un,u)y) : K — C* converges in dis-

tribution to the Gaussian process (X, Y, m,m’) with mean (0,0, m,m’) and covariance structure
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inherited from the Gaussian process (X,Y). We are now in position to transfer the convergence
of (Xn, Xy, un,uy) to Tn(Xn, Xy, un,uy) via the continuous mapping theorem, whose sta-

tement is reminded below.

Theorem 4.1.4 ([50, Th. 4.27]) For any metric spaces S1 and Sa, let &, (§n)n>1 be random
elements in S1 with &, L, ¢ and consider some measurable mappings f, (fn)n>1 © S1 — S2
n—oo -

and a measurable set I' C Sy with §& € T' a.s. such that fy,(sn) — f(s) as s, = s € I'. Then

fal&a) —= £(©).

It remains to apply Theorem 4.2.5 to the process (Xn, X}y, un, ) and to the function Yy
as defined in (4.1.11). Denote by >

N = g . (B

27icy, m(z)v(z)

and consider the set

= {(x,y,v,w) e CY(K,0), i%f |v] >0, and x,y,w are continuous over IC} .

It is obvious that X,Y and m’ are continuous over K. Then, it is shown in [5, Section 9.12.1]
that infxc [m| > 0, and, by a dominated convergence theorem argument, that (zx, yn, vy, wy) —
(z,y,v,w) € I' implies that Tn(xn,yn,vn,wny) — Y(x,y,v,w). Therefore, Theorem 4.2.5

applies to Ty (xn, yn, v, wy) and the following convergence holds true :

TN (XN, XN, un, uy) SN T(X,Y,m,m),
M,N—oc0

and step (ii) is established.

It now remains to prove step (iii), i.e. to check the Gaussianity of the random variable
T(X,Y,m,m’) and to compute the covariance between Y(X,Y, m,m’,Cx) and YT(X,Y, m,m/,Cy).

In order to propagate the Gaussianity of the deviations in the integrands of (4.1.9) to the
fluctuations of the integral which defines py, it suffices to notice that the integral can be written
as the limit of a finite Riemann sum and that a finite Riemann sum of Gaussian random variables
is still Gaussian. Therefore M (py — pi) converges to a real Gaussian distribution (notice that
T(X,Y,m,m, Ry), being the limiting distribution of the real random variable Ty, is real as well).
The same argument applies to the whole vector (n(pr — pr); 1 < k < L), which hence converges
toward a Gaussian vector Y ~ N (m, ©) :

M(p1 — p1) T(X,Y,m,m, R1)
. D A .
. T = . M
M,N—oc0
M(ﬁL_pL> T(Xv}/amam/aRL)

where m is a L x 1 vector and ® = (Oyy) is a L x L covariance matrix.

2. As previously, we shall explicitly indicate the dependence on the contour Ry if needed and write
T(m,x/,u,u/,Rk).
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As inf,exc m(2)| > 0, a straightforward application of Fubini’s theorem together with the
fact that E(X) = E(Y) = 0 yields :

WX Y,
E%(z m2(2) m(z))d =0,
hence m = 0.

It remains to compute the covariance between Y(X,Y, m,m’, Ry) and T(X,Y, m,m’, R;). As
© =E(YYT), write :

Ore = E (T(X,Y,m,m/, Ri) T (X, Y, m,m', Ry)) ,

WE (Y(X,Y,m,m, Re)Y(X,Y,m,m, R})) .

1 . m (21)X(z1)  Y(21) ;
N 47r2ckclE [}ik ! ( m?2(z1) m(21)> derx
7{ p m/(ZQ)X(ZQ) _ Y(ZQ) d=
; 2 m2(zz) m(22) i

where (a) follows from Remark 4.1.2 and enforces the fact that the contours are non-overlapping.

Choosing non-overlapping contours will help us to compute the O,’s by evaluating contour
integrals with no singularities on the contours.
Write :

ka =K (T(X7 Y7m7m/7Rk)T(X7 Y7 m, mlaR,Z)) )
(@) ?{ 7{ Lo [ (z)m (22)k(21, 22)
47r26kcl ; 172 mQ(zl)mZ(zg)

m (2’1)82K(21,22) m (22)61/<c(zl,zg) 8%2/€(21,22)
m?2(z1)m(z2) m(z1)m?(22) m(z1)m(z2)

> ledZQ s

where (a) follows from Lemma 4.1.1 and the fact that inf,cx |m(z)| > 0 together with Fubini’s
theorem, and 0y, 0, 0%, respectively stand for 0/0z1, 0/0z and 9?/9z1022. The above double
integral is also well-defined as k(z1, 22) is well-defined and C*°-differentiable over Ry x Rj. By

integration by parts, we obtain

j{zlzzm/(zz)am(zl,@)dzl

m(z1)m?(z2)
_ 7{ <_Z2m/(z2)’<&(21722) . 21 29m/ (z1)m/ (=
1)m

m(z1)m?(z2) m?(z

o))

Similarly,

j{2122m(22)312/€(2’1722)dz1
(21

)m?(z2)
2900621, 22) » z129m/ (21)026(21, 22) s
m(z1)m(z2) 41 +7{ m?2(z1)m(z2) der
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Hence

zom/ (22)K(21, 22) 2282,% 21 29
Ot = ———5— 2 " dzdzy — ‘ )dzleQ )
47r ekl | Jry IR, m(z1)m?(z2) R JR, M (z1)m

Another integration by parts yields
zaﬁz,z z,z zom/ (20)k (21, 2
202k (21 2dZ2 ?{ 1,%2) 22_1_?{2(2)21 2)d22
m(z1)m m(z m(z1)m?(22)

Finally, we obtain :
(21,2
Ore=——%5— 7{ jl{ 1’ 2 d21d227
47T CLCy R, m(z

and (4.1.10) is established.

4.1.5 Estimation of the covariance matrix

Theorem 4.1.3 describes the limiting performance of the estimator of Theorem 4.1.1, with
an exact characterization of its variance. Unfortunately, the variance ® depends upon unknown

quantities. We provide hereafter consistent estimates © for O based on the observation RN.

Theorem 4.1.5 Assume that Assumptions A1 and A2 hold true, and recall the definition of
Ope given in (4.1.10) and Theorem J.2.1. Let Oys be defined by

b = ww| X !
ke = A \2 ! (0l (1.
NNy (6.7 ENe Ny, i (fai :u’]) mE (:LLZ)mRN(,“])
m ~ Vi ~ 2
() s ()
R R
ke Y | s - || (4114)

where (Ng) and (i) are defined in Theorem 4.1.1, then :
as N, M — oo.

Theorem 4.1.5 is useful in practice as one can obtain simultaneously an estimate pi of the
values of p as well as an estimation of the degree of confidence for each py.

Proof: In view of formula (4.1.10), taking into account the fact that Mg and m}{ are consistent
- =N

estimates for m and m/, it is natural to define Oy by replacing the unknown quantities m and
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m' in (4.1.10) by their empirical counterparts mg and m’ﬁ , hence we define Oy as
= Ry

. M2 m’EN(zl)m’EN (22) 1
Okt =~ TN, ]{zk fz ((mﬂN (21) —mg (22))> (21— ZQ)2>

1
X d Zld z9 .
mEN (Zl)mRN (22)

(4.1.15)

The proof of Theorem 4.1.5 now breaks down into two steps : The convergence of @M to Oy,
which relies on the definition (4.1.15) of O} and on a dominated convergence argument, and the
effective computation of the integral in (4.1.15) which relies on Cauchy’s residue theorem [61],
and yields (4.1.14).

We first address the convergence of C:)M to Oke. Due to [9, 10], almost surely, the eigenvalues
of EN will eventually belong to any e-blow-up of the support S of the probability measure
associated to m, i.e. the set {x € R : d(z,S) < €}. Hence, if € is small enough, the distance
between these eigenvalues and any z € K will be eventually uniformly lower-bounded. By |64,
Lemma 1], the same holds true for the zeros of mg (which are real). In particular, this implies
that mg is eventually uniformly lower-bounded on K (if not, then by compacity, there would
exist z € K such that mg (z) = 0 which yields a contradiction because all the zeroes of mg . are
strictly within any contour). With these arguments at hand, one can easily apply the dominated
convergence theorem and conclude that (:)M — Oy a.s.

We now evaluate the integral (4.1.15) by computing the residues of the integrand within Ry
and Rj. There are two cases to discuss depending on whether k # ¢ and k = ¢. Denote by
h(z1,z2) the integrand in (4.1.15), that is :

!/

B mEN (Zl)m/EN (22) 1 1
et 2) = (<mRN<z1> T (@) (1o >> g Gomg (@) MO

Note that, when 25 is fixed, for z; — 5%,

!
mg (#1) as o

(mg  (21) =mg (22))% 255,

Then h(z1, 22) 225 0 when 21 — 5\1 Same result holds for zy — 0. That is to say, 5\2 and 0 are
not poles of h(z1, 22).

To apply the residue theorem, we first consider the case where k # /.

In this case, the two integration contours are different and never intersect (in particular, z;
is always different from z9). Let z9 be fixed, and denote by fi; the zeros (labeled in increasing

order) of my then the computation of the residue Res(h(-, 22), f1;) of h(-,22) at a zero fi; of
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MR which is located within Ry, is straightforward and yields

A (e, (B Mg (22) 1 1
r(z2) = Res(h(:, 22), f1;) = ( () " s 22)2> e G () (4.1.17)

Similarly, if one computes Res(r, fi;) at a zero fi; of mg located within R, one obtains :

1
Res(r, i) = ——— A — .
’ (f1; — f1;)? my, (Ba)mg (i)
As stated in the following proposition, let z; € R}\R, the set R, = {z1 € C: 21 # 23, mg (z21) =
mEN(zg) # 0} is eventually empty a.s. for all N, M large, and if zp € R} N R, this set is not
empty, however, the integration with respect to z, for this residue is zero because the set R, "R

only contains two points, hence the residue in this set has not to be counted.

Proposition 4.1.2 Let Assumptions A1 and A2 hold true, then for z; € R;\R, almost surely,
Re={n1€C:z1# zm,my (21) =my (22)#0} =2

for all N,n large.

The proof of Proposition 4.1.2 is postponed to Appendix 4.3.3.
It remains to count the number of fi; within each contour. By [0, Lemma 1|, eventually,

there are exactly as many fi; as eigenvalues within each contour, hence the result in the case

k#1:
- M? 1
Oke = > . :
NNy (6.7 ENG XN (f1i — ,UJ) mEN ('ul)mEN (,UJ)

We now compute the integral (4.1.15) in the case where k = ¢, and begin by the computation
of the residues at fi;. The definition (4.1.17) of r and the computation of Res(r, fi;) still hold
true in the case where /i; is within Ry, but different from f;. It remains to compute Res(r, f1;).

Taking zo — u;, we get :

lim (22—ﬂi)3< (7 . ; 2) - 21 Y
Z2—r i mEN (Ni)mEN (22)(f1; — 22) m,EN (,Uz)
mt (i
Z;ig}“(@ a my (fi)mg 1(22)(/1‘ — z2)* m!, 2(“)1( — 1;)3 - _QTN:(:(LZA)) '
i Ry Ry i Ry Wi )(Z2 — Wi mEN i
Finally,
: X 1 1 mg,, (i)
Z;%i(zg ) my (g, (z2) (i — %) m’QEN (fi)(z2 — fui)? " 2m/R (1) (22 — i)

m"g () m'"g (f1)?

Gl ()P Am'g ()"
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Hence the residue : o RPN
my () mp ()

6mp (i)°  4mi (@)t

Res(’r? ﬂl) =

There are two other cases that should be taken into account for the computation of the integral :
The set R.,, and the residue for z; = z2. The first case can be handled as before. For z; = 23,
note that

ml (z1)mly (22)

Ry Ry as 4
(mEN (Zl) — mEN (ZQ))2 2122
z1 = 23 is not the residue for this term. It remains to compute L L for the

(z1—22)? mp  (z1)mp  (22)
residue z; = zo. The integration by parts formula yields that :

f 1 dz1 _ f" _mBN(zl) dz1
(21 — 22)> mg_(21)mg (22) (21 —22) mg _(z1)mp (22)

Then the residue for z; = 29 is :

This is the derivative function of —+—
2m2 (22)

Finally both have a null contribution, hence the formula :

, then the integration with respect to 2o is zero.

. M? -1
Ok = 5 Z P TSV TS R vy B
Ni (1) ENE, i#j (s = iy) "Ry (“’)mEN (725)
" ~ /i ~ 2
N Z mENWz) B EN( )
/ S \3 / ~ V4
N GmEN(/M) 4m;N(Nz)

4.1.6 Performance of cognitive radios

We consider the system model introduced in Section 4.1.1. Assuming the spectrum of R, al-
lows one to clearly distinguish the successive clusters (as in Figure 4.1), Proposition 4.1.1 enables
the detection of primary transmitters and the estimation of their transmit powers Py, ..., Pk ;
this boils down to estimating the largest K eigenvalues of WPWH 4+ 521y, i.e. the P, + o2, and
to subtract o2 (optionally estimated from the smallest eigenvalue of WPWH! + %Iy if n < N).
Call P, the estimate of P.

Based on these power estimates, the sensor can determine the optimal coverage for secondary
communications that ensures no interference to the primary network. A basic idea for instance is
to ensure that the closest primary user, i.e. that with strongest received power, is not interfered.

Our interest is then cast on Pg. Now, since the power estimator is imperfect, it is hazardous for
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FIGURE 4.3 — Comparison of empirical against theoretical variances, based on Theorem 4.2.1,
for three eigenvalues, py = 1, po = 3, p3 = 10, N = Ny = N3 = 20, N = 60, M = 600 and
SNR= 20 dB.

the secondary network to state that K has power Py or to add some empirical security margin
to Pg. The results of Section 4.1.4 partially answer this problem.

Theorems 4.1.3 and 4.1.5 enable the secondary sensor to evaluate the accuracy of Pj. In
particular, assume that the cognitive radio protocol allows the secondary network to interfere

the primary network with probability ¢ and denote A the value
A2 inf{Pr(Px — Px > a) < q}.
a

According to Theorem 4.1.3, for N, M large, A is well approximated by (:)KKQ’l(q), with
@ the Gaussian Q-function. If the sensor detects a user with power Pk, estimated by PK,
Pr(Px 4+ A < Pg) < q and then it is safe for the secondary network to assume the worst case
scenario where user K transmits at power Px + A ~ Px + © K, Q7 (q).

In Figure 4.3, the performance of Theorem 4.1.3 is compared against 10,000 Monte Carlo
simulations of a scenario of three users, with ny = ny = ng = 20, N = 60 and M = 600. It
appears that the limiting distribution is very accurate for these values of N, M. We also performed
simulations to obtain empirical estimates (:)kk of O from Theorem 4.1.5, which suggest that

ék,k is an accurate estimator as well.

4.2 Estimation of Parametrized Covariance Matrices

This section is based on the paper [101].
Estimating the covariance matrix of a series of independent multivariate observations is a

crucial issue in many signal processing applications. A reliable estimate of the covariance matrix

is for instance needed in principal component analysis [13], direction of arrival estimation for
antenna arrays [30], blind subspace estimation [67], capacity estimation [33], estimation/detection
procedures [30, 95], ete.

In the case where the dimension N of the observations is small compared to the number M



CHAPITRE 4. ESTIMATION FOR LARGE DIMENSIONAL RANDOM MATRICES 168

of observations, the empirical covariance matrix based on the observations often provides a good
estimate for the unknown covariance matrix. This estimate becomes however much less accurate,
and even not consistent with the dimension N getting higher (see for instance [65, Theorem 2|).

An interesting theoretical framework for modern estimation of multi-dimensional variables
occurs whenever the number of available samples M grows at the same pace as the dimension N
of the considered variables. Shifting to this new assumption induces fundamental differences in
the behavior of the empirical covariance matrix as analyzed in Mestre’s work [65, (4]. Recently,
several attempts have been done to address this problem (cf. [65, 64, 54, 4, 51, 57]) using large
random matrix theory which proposed powerful tools, mainly spurred by Girko’s G-estimators
[34], to cope with this new context. In [65, (4], Mestre considers the eigenvalue estimation of a

parametrized model of covariance matrices similar to the model we shall study in this article.

In [51] and [57], grid-based techniques for inverting the Mar¢enko-Pastur equation are proposed.
In [51], the problem of estimating a specific linear functional of the eigenvalues of an unknown
covariance matrix is addressed. In [!], the eigenvalues of an unknown parametrized covariance

matrix are estimated by resorting on the empirical moments of the observations. This technique,
which goes back to Pisarenko’s ideas [70], will be also combined to large random matrix theory
here.

We shall consider the case where the dimension of each observation N together with the num-
ber of samples M go to infinity at the same pace, i.e. their ratio converges to some nonnegative
constant ¢ > 0. In order to present the contribution provided in this paper, let us describe the
model under study.

Consider an N x M matrix Xy = (X;;) whose entries are independent and identically
distributed (i.i.d.) random variables. Let Ry be an N x N Hermitian matrix with L (L being
fixed and known) distinct eigenvalues 0 < p; < - -+ < pr, with respective multiplicities Ny, - -+ , N,
(notice that ZZ-Lzl N; = N). Consider now

Yy =RV Xy
The matrix Yy = [y1,-- -,y is the concatenation of M independent observations, where each
observation writes y; = R}fxi with X = [x1,- -+ ,xp]. In particular, the covariance matrix of

each observation y; is Ry = EyiyZH (matrix Ry is sometimes called the population covariance
matrix).

In this chapter, we consider the problem of estimating individually the eigenvalues p; as well
as their multiplicities IV; in the case where the total number of eigenvalues is fixed and known.

Such a scenario is customary in applications for wireless communications. A relevant example
concerns uplink CDMA systems operating over flat fading channels, where users are arranged
into L classes, each class corresponding to a distinct power amount. In this case, matrix Yy can
be modeled as :

Yy = WP2X +0Vy

where W are V v represent respectively the signature matrix assumed to be orthogonal and the

noise matrix, while P is diagonal with diagonal elements taking distinct values among the finite
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set {p1,---,pr}. In a decentralized context, where each user selects its own power from this finite
set according to a defined control energy strategy, the base station which stands for the receiver
can have to estimate the number of users in each class as well as their corresponding powers.
Obviously, this problem amounts to estimating the eigenvalues of the theoretical covariance

, 99].

Among the proposed parametric techniques, we cite the one developed by Mestre [64] and

matrix as well as their corresponding multiplicities. Similar scenarios are studied in |

taken up by Vallet et al [93] and Couillet et al [26] for more elaborated models. Although being
computationally efficient, this technique requires a separability condition, namely the assumption
that the number of samples is large compared to the dimension of each sample (small limiting
ratio ¢ = lim % > 0). In such a case, the limiting spectrum of the empirical covariance matrix
possesses as many clusters®as there are eigenvalues to be estimated, and each eigenvalue can
be estimated by a contour integral surrounding the related cluster. Mestre’s technique cannot
be applied any more in the case where ¢ is larger (which reflects a higher dimension of the
observations relatively to the sample dimension). In fact, the dimension of the clusters may grow
and neighbouring clusters may merge, violating the one-to-one correspondence between clusters
and eigenvalues to be estimated (see for instance Fig. 4.1 and 4.2).

A way to circumvent the separability condition has recently been proposed by Bai, Chen and

Yao [1], based on the use of the empirical asymptotic moments :
. 1 k
Q. = MTI‘(YNYN) ke {1, ,QL},
which can be shown to be a sufficient statistic to estimate (%, e ,%, Pl e ,pL>. Although

being robust to separability condition, this technique suffers from numerical difficulties, since the
proposed estimator has no closed-form expression and thus should be determined numerically.

An interesting contribution, although not directly focused on estimating the covariance of the

observations is the work by Rubio and Mestre [78], where an alternative way to estimate the
moments 1

for all k € N is proposed, yielding an explicit (yet lengthy) formula.

In this chapter, we improve existing work in several directions : With respect to Mestre’s
seminal papers |65, 6], we propose a joint estimation of the eigenvalues and their multiplici-
ties, and drop the separability assumption. The proposed estimator is close in spirit to the one
developed by Bai et al. in [1], although we carefully establish the existence and uniqueness of
the estimator, which is not explicit in [!]. Comparisons on the relative numerical efficiency of
both procedures is provided in the simulations section. Finally, we study the fluctuations of the
estimator and establish a Central Limit Theorem (CLT).

The remainder of this chapter is organized as follows. In Section 4.2.1, the main assump-
tions are provided and Mestre’s estimator (4] is briefly reviewed. In Section 4.2.2, the proposed

estimator is described. Its fluctuations are studied in Section 4.2.3, where a CLT is stated. Si-

3. By cluster, we mean a connected component of the support of the limiting probability distribution of the
spectrum.
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mulations are presented in Section 4.2.4. Finally, the remaining technical details are postponed

to the Appendices.

4.2.1 Main assumptions and general background

Consider the model

Yy =RV Xy,
and
~ 1 H

At first, an assumption about the matrix Ry is needed :

Assumption 4.2.1 Ry is an N x N Hermitian non-negative definite matriz with L (L being
fized and known) distinct eigenvalues 0 < py < --- < pr, with respective multiplicities Ny,--- , N,
(notice that Y1 N; = N).

As mentioned earlier, we consider the asymptotic regime where the number of samples M
and the dimension N grow to infinity at the same pace, together with the multiplicities of each

eigenvalue of Ry .

Assumption 4.2.2 Let M, N be integers such that :

N N;
N, M — oo, with M—>c€(0,oo), and F’—mie(o,oo),lgigL. (4.2.1)

This assumption will be shortly referred to as N, M — oo.
The following assumption is standard and is sufficient for estimation purposes.

Assumption 4.2.3 Let Xy = (X;;) be a N x M matriz whose entries are i.i.d. random variables
in C such that E(X11) = 0, E(|X11]?) = 1 with finite fourth moment : E(|X11]%) < cc.

Remark 4.2.1 In order to establish the fluctuations of the estimators, the Gaussianity of the
entries of Xy is needed (although this technical condition may be removed with substantial extra

work).

Assumption 3b : The entries of the N x M matrix Xy = (Xj;) are i.i.d. standard complex
Gaussian variables, i.e. X;; = U + iV, where U,V are both independent real Gaussian random
variables (0, ).

It is well-known in large random matrix theory that under Assumptions 4.2.1, 4.2.2 and 4.2.3,
FRN converges to a limiting probability distribution (cf. Theorem 4.1.2). In Mestre’s paper [64],
a separability condition (cf. Section 4.1.1) is needed in order to derive the estimator of Ry’s

eigenvalues :
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Assumption 4.2.4 The support S of the limiting probability distribution of FRY s composed
of L compact connex disjoint subsets, and not reduced to a singleton. (cf. Section ?? and Fig.
4.1 and 4.2)

Remark 4.2.2 Note that when M < N, matriz Ry is singular and thus admits (N — M)
eigenvalues equal to zero. Hence, the limiting spectrum of Ry has an additional mass in zero

with weight 1 — %, which will not be considered among the L clusters.

Recall the notations in Theorem 4.1.2 with the Stieljes transform m(z) (resp. m(z)) of the
LSD of Ry (resp. Ry = 5 YHYy) and the deterministic equivalent mpy(z) (resp. my(z)).
In [64], Mestre proposes a novel approach to estimate the eigenvalues (pg; 1 < k < L) of the
population covariance matrix based on the observations Ry under the additional Assumption
4.2.4. His approach relies on large random matrix theory and the separability condition presented
above plays a major role in the mere definition of the estimators. Recall the estimator (cf.
Theorem 4.1.1)

— o —22 50,
Ph= P S

N n R N

A CLT has been derived in Theorem 4.1.3 for this estimator under the extra assumption that

where

the entries of X are Gaussian. To unify the notation, recall again the theorem :

Theorem 4.2.1 ([99]) With the same notations as before, under Assumptions 4.2.1, /.2.2, 3b,
4.2.4 and with known multiplicities N1,--- , N, then :

where N, refers to a real L-dimensional Gaussian distribution, and © is a L x L matriz whose

entries Oy are given by,

m/(z1)m/ (z2) 1 1
_ _ dzd
Ot 4w2c2ckce 75: fﬂm —m(2)? (21— 2)%) m()m(z)

where Cy, (resp. Cy) is a closed counterclockwise oriented contour which only contains the k-th
cluster (resp. £-th) .

The main objective of this section is to provide estimators for the pi’s without relying any
more on the separability condition (i.e. to remove Assumption 4.2.4). A Central Limit Theorem
will be established as well for the proposed estimator. As a by-product, the knowledge of the

multiplicities will no longer be needed, and they will be estimated as well.
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4.2.2 Estimation of the eigenvalues p;

In this section, we provide a method to estimate consistently the eigenvalues of the population
covariance matrix and their multiplicities without the need of the separability condition (cf. Fig.
4.2). Our method is based on the asymptotic evaluation of the moments of the eigenvalues of

RN7
L

1 . N .
7 & IRy = > W’fp;, 1<i<2L-1 (4.2.2)
k=1

If (M;)1<i<2r—1 are the empirical moments of the sample eigenvalues, then it is well-known that
except for i = 1, 7; cannot be approximated by m;. Consistent estimators for ~; are provided in

[78], where it has been proved that :

. A 3 0
fY’L fY’L N,M*)+OO ’

where

=" us(l, i), (4.2.3)
=1

us(l,7) being some given coefficients that depend on the system dimensions and on the empirical

moments m; [78]. An alternative is to use the Stieltjes transform :

Lemma 4.2.1 Let Assumptions 4.2.1, 4.2.2 and 4.2.5 hold true. Let %; be the real quantities
given by :

Yo = 1,

N (Z)

o= 2N17r fC mR (z

v o= MEDE d

T = 2Nk:17r fcm Z(z), for 2<k<2L-1
Ry

where C is a counterclockwise oriented contour which encloses the support S of the limiting
distribution of the eigenvalues of EN. Let v; be the theoretical moments as given in (4.2.2).
Then, for 1 <1< 2L —1,

The proof of this lemma is postponed to Appendix 4.3.4. While the estimates proposed by [75]
are better in practice, estimates (9;) will be of interest in order to establish the Central Limit
Theorem, and to obtain a closed-form expression of the asymptotic variance.

An interesting remark is that the map that links the eigenvalues and their multiplicities to
their first 2L — 1 moments is invertible. Retrieving the eigenvalues from the estimates of the
2L — 1 moments is thus possible. This is the basic idea on which our method is founded.

The main result is stated as below :

Theorem 4.2.2 Let Assumptions 4.2.1, 4.2.2, 4.2.3 hold true and let (4x,1 < k < 2L —1) be
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as in Lemma 4.2.1. Consider the following system of equations :

Zz‘L=1 ri =1,

(4.2.4)
25:1 xlyf =4, forl<k<2L-1,

where (z;)1<i<r, and (yi)i1<i<r, are 2L unknown parameters. Then for N, M large enough, the
system of equations (4.2.4) has one and only one real solution (¢1,--+ ,¢r,p1,- -+ ,Pr) with p1 <
- < pp. Moreover, (¢1,-++ ,¢r,p1, - ,PL) 18 a consistent estimator of (c1,--+ ,¢cL,p1, ", PL),
i.e.,

N a.s. ~ a.s.
Cg—cp ———— 0 and pp— pr ——— 0,
N,M—00 N,M—00

witth:hm% for1 < ¢ < L.

Remark 4.2.3 The condition of separability is not required in the previous theorem. Moreover,
the multiplicities are assumed to be unknown and thus have to be estimated. Fig. 4.2 represents
a case where the three clusters are merged into one cluster. In such a situation, the estimator in

[0/] is biased whereas the proposed one is asymptotically consistent.

Remark 4.2.4 We use the estimator proposed in Lemma /.2.1. However, the proof below does
not depend on the estimator of the moments we choose. In fact, for any consistent estimator of

the moments -y;, the above theorem always holds true.

Proof of Theorem 4.2.2
The proof can be split into two main steps. By using the inverse function theorem, we can
prove the almost sure existence of a real solution. Then, the uniqueness is ensured by a matrix

inversion argument.

Existence of a real solution of the system

The first task is to show that the system of equations (4.2.4) admits, for N sufficiently large,
one real solution (é1,--- ,¢ér,p1 -+, pr) satisfying p; < pa < --- < pr. We shall also establish the
consistency of the obtained solution. The proof of the existence of a real solution follows in the
same way as in [1]. It is merely based on the use of the inverse function theorem which ensures
the existence as soon as the Jacobian matrix of the considered transformation is invertible. We

recall below the inverse function theorem [56] :

Theorem 4.2.3 ([56]) Let f : R™ — R™ be a continuously differentiable function. Let a and b
be vectors of R™ such that f(a) = b. If the Jacobian matriz of f at a is invertible, then there
exists a neighborhood U containing a such that f : U — f(U) is a diffeomorphism, i.e, for every
y € f(U) there exists a unique x such that f(x) =y. In particular, f is invertible in U.

Consider the functional f defined as :

fla -y yn) = (fo DT wa%_l) -
/=1 /=1 /=1
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Consider z = (x1,--+ , 21,41, - ,yr) and denote by ¢ = (¢1,--- ,cp,p1,° -, pr); we then have :
1 1 0 0
M 2 orf - _ g (4.2.5)
0z, . : . : : ;
G (0L eyt . (2L - Dyt

As proven in |1, Proposition 1], matrix M is invertible.

The inverse function theorem then applies. Denote by v; = Zé:l ckpfC for 0 <i<2L—1.
There exists a neighborhood U of (¢1,- -+ , ¢, p1,- -+, pr.) and a neighborhood V of (¢, - -+ ,¥ar—1)
such that f is a diffeomorphism from U onto V. On the other hand, we have :

Fi — v == 0.

As 7; —1; — 0, therefore, almost surely, (50, -+ ,92r—1) € V for N and M large enough. Hence,

a real solution

(617'” 76L7ﬁ17'” 7/3[/) :fil(’AYOf" 7;)/2[/—1) elU

exists. And by the continuity, one can get easily that :

Gp—cp—= 50 and pp—pr —= 0 for 1<l<L.
N,M—oc0 N,M—oc0

Uniqueness of the solution of the system

Consider the polynomial () with degree L defined as :

L
QX) = H X — pe) ZSZXE
=0

where sy = 1. Denote by s = [sg, -+ ,s7_1]". It is clear that g : (p1,---,pr) — s is a homeo-
morphism. It remains thus to show that vector s is uniquely determined by (50, ,%25-1)-

It is clear that each py is also the zero of the polynomial functions R/(X) given by :
L
— Z Sixi-‘rf ,
i=0
where 0 < ¢ < L — 1. In other words, for 1 < k < L, we get :

Z sipy =0,

or equivalently :

Z sicrph = (4.2.6)
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Summing (4.2.6) over k, we obtain :

L
> Hivesi =0, (4.2.7)
=0

for 0 < ¢ < L —1. Since sg, =1, (4.2.7) becomes :

L-1

Yore+ D> 5% =0, (4.2.8)
i=0

for0<¢<L—-1.

Writing (4.2.8) in a matrix form, we get : I's = —b, where

Yoo 1 o -1 .
ST AL s
.
I' = ' S _ and b= : . (4.2.9)
- L Yor—1
YL-1 YL - 2L-2

On the other hand, we have I' = ADA” where D = diag(éy, é2,--- ,¢ér) and

1 1 1
A | P ] (4.2.10)
ﬁf‘l ﬁ%‘l ﬁé—l
Then,
det(T) = [ ] & (pi — pj)? > 0.

Therefore, the vector s is then uniquely determined by I' and b and is given by :
s=-I"'b.
Hence the uniqueness. Proof of Theorem 4.2.2 is completed.

Summary of the main steps of the estimation procedure

The proof of the uniqueness shows that the solutions of the system of equations (4.2.4) can be
directly obtained from the estimates of the first 2L — 1 moments. More precisely, the estimation
of the eigenvalues and their corresponding multiplicities can be performed through the following

steps :

1. Set 4o to 1. Estimate the first 2L—1 moments using (4.2.3). Coefficients ug(l,i) are
computed using Eq. (46) in [78].

2. Construct the matrix I' and b using (4.2.9).
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3. Compute the vector s as s = —I'"!'b.

4. Determine (by using for instance function roots of MATLAB) the roots pi,---,pr of the

polynomial whose coefficients are given by vector s.

5. Construct matrix A as specified by (4.2.10), and vector d = [§o, - ,%r_1] -
6. The coefficient estimates ¢ = [¢1,---,¢z]" are thus given by:
e=A"'d

Remark 4.2.5 Note that while the existence of a real solution is only proven for M and N large
enough, the previous algorithm always yield a solution, even for very small dimensions. However,
i such scenarios, the validity of the obtained solution is not ensured. In fact, if N and M are not
large enough, the moment estimates are not accurate, and the solution of the algorithm may yield
complex or negative eigenvalues. This event completely disappears when N and M or only M
take higher values. In practice, getting such inadequate solutions should warn that more samples

are required.

4.2.3 Fluctuations of the estimator

In this section, we shall study the fluctuations of the multiplicities and eigenvalues estimators
(1, ,¢érL,p1, -+, pr) introduced in Theorem 4.2.2. In particular, we establish a Central Limit

Theorem for the whole vector in the case where the entries of matrix X are Gaussian.

Theorem 4.2.4 Let Assumptions 4.2.1, 4.2.2, 3b hold true. Let (¢1,--+ , ¢, p1,- - ,pL) be the

estimators obtained in Theorem 4.2.2. Then

Ny Ny,

R A . D
M Cl_W’”.7CL_ _plaapL_pL:|—>N2L(O’®)

—, 01
NP N,M—0c0

)

where O is a 2L X 2L matriz admitting the decomposition @ = MWM~" and matriz M s

the Jacobian matrix of f evaluated for z = ¢ and is defined in (4.2.5) and

W:OO,
0OV

where V is a (2L — 1) x (2L — 1) matriz whose entries are given by (for 1 <k, 0 <2L—1) :

k+€ m m(ZQ) 1 1
Vie= e fé}é(m( m<zz>>2‘<zl—z2>2>ka(znmf(zz)d“d”

where C1 and Co are two closed contours non-overlapping which contain the support S of F and

are counterclockwise oriented.

Proof: The proof relies on the same techniques as developed in [99]. We outline hereafter the

main steps and then provide the details.
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By Theorem 4.2.2, the estimate vector (¢y,--- ,¢r,p1,- - ,pr) verifies the following system
of equations :
ZiLzl ¢ =1,
Sr b = A
SE ek =4 for 2 <k <2L -1,
where the 4;’s are the moment estimates provided by Lemma 4.2.1.
Using the integral representation of Z{;l cip; and 25:1 cip¥ (cf. Section 4.3.4 in the Appendix
and Formula (4.3.15)), we get :

ZiLzl M ( - *') =0,

i M (c}Pz - WPz) = — o $o 7 ( " (i) - Zig) dz,

ZZL:lM(ézﬁf—%Pf) gl(k 1N7r§(2< . (Z —mN(Z) )dz 2<k<2L—1.
Denote by C(C, C) the set of continuous functions from C to C endowed with the supremum norm
|ullooc = supe |ul|. In the same way as in [99], consider the process : (Xn, Xy, un,uy) : C = C,
where

Xn(z)=M (mEN(z) my(z

Xiy(2) = M (mfy (2) = mily(

Then, MZZL:l (élﬁi - %p& can be written as :

MZ <czpl - pl> = zizj\{m fiz <mN(Z)XT:1;7]S[Z’()Z)—uj\L;]E[Z(;’)XN(z)> "

é TN(XNa X§V7UN7U'9V)7

where

Yn(z, 2 u,u) = _2i]]\\477r j({:z (mN(Z)ZJS,'Z()z)_uEgZ)x(Z)) dz.

On the other hand, using the decomposition a* —b* = (a —b) Zk L abh—1-t we can prove that :

ZL:M<C“OZ NPZ) 21N7r i £+1 & kTrllNz(( >)dz

- = Mg Z)my
M(_l)k—I—l k—2 N )
N 2iN(l<:—1)7r7£ZXN(Z)uN(z) Ly (2) R
=0

£ oy (XN, un),
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for 2 <k < 2L — 1, where

_1)k+1 k—2
Dwwl@u) = M ]i > w(2)u(z) " my (2) 7
=0

The main idea of the proof of the theorem lies in the following steps :

1. Prove the convergence of the processes (X, X, un,u)y) and (Xy,un) over the contour

C by using Bai and Silverstein’s theorem [11].

2. Prove the convergence of [T n(Xn, Xy, un, uy), Pn2(Xn, un), - - ,@N,L(XN,uN)]T to a
Gaussian random vector with the help of the continuous mapping theorem (cf. Theorem
4.2.5).

3. Compute the limiting covariance between M ZiLzl (ézﬁf - %pf) and M ZiL:1 <éiﬁf — %pf)

T

4. Conclude by expressing M |é; — %, cee L Cp — %, p1L— pP1, 0, PL — pL] as a linear func-

tion of M [0 — Y0, »A2L—1 — Y2r-1] -
Fluctuations of the moments

The next step is to prove the convergence of the vector

T
(TN (XN, X, un, uy), Pna(Xn, un), -, P, (XN, un)]

The convergence of Ty (Xy, X ]’V, UN, u’N) to a Gaussian random variable has been established

in Theorem 4.1.3 where it has been proved that :

TN(XN7 XE\/W Uun, uI]V) L T(Xa Y7 m, m/)
M,N—oc0

where

oo - yg <m<z>y<z>—w<z>x<z>> "
C

2ime m(z)v(z)

The next task is to prove the convergence in distribution of ®x ;(Xn,un) over the contour
C, for 2 < k < L. Let ®y(x,u) be defined as :

(=DF

Pl u) = 2icm

é s(2)u(z)*dz.

We want to show that ®5(Xy,un) converges in distribution to a Gaussian vector. The

continuous mapping theorem is useful to transform one convergence to another.

Theorem 4.2.5 (cf. [50, Th. 4.27]) For any metric spaces S1 and Sz, let &, (&,)n>1 be random
elements in S with &, ., ¢ and consider some measurable mappings f, (fn)n>1 © S1 — S2
n—oo =

and a measurable set I' C Sy with §€ € T a.s. such that f(sn) — f(s) as s, = s € I'. Then

Jal&a) —= F(©).
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Consider the set :
= {($,u) € C?(C,C) ,ilgf\u| > 0} .

Then, since inf¢ [m| > 0 (see |5, Section 9.12]), the dominated convergence theorem implies that
the convergence of (zn,yn) — (z,y) € T leads to ®nx(zn,yn) = Pi(z,y). The continuous

mapping theorem applies, thus giving :

Bk (X, un) ——— Bp(X, ).
M ,N—o0
It now remains to prove that the limit law @ (X, u) is Gaussian. For that, it suffices to notice
that the integral can be written as the limit of a finite Riemann sum and that a finite Riemann
sum of the elements of a Gaussian random vector is still Gaussian.

The convergence of Y n(Xn, X}, un, uy) and @y x(Xn,uy) to Gaussian random variables
is not sufficient to establish a CLT for the whole vector. It remains to prove that any linear
combination of [Yn(Xn, Xy, un,uy), Pno2(XN,un), - ,@N,L(XN,UN)]T converges toward a
Gaussian distribution, which can easily be established in the same way as before. It implies
that this vector converges to a Gaussian vector. This ends the proof of the fluctuations of the

moments.

Computation of the variance

We now come to the third step. We shall therefore evaluate the quantities :

VLl = [T(X Y m,m )T(X Y7m7m,) )

Vl,k = Vk,l =K [T(Xa Yamam)q)k(Xam)} ) 2<k<L,
Vk,EZE[(I)k(X7m)‘I’Z(X7m)]> 2<kl<2L-1

The details of the calculations are in Appendix 4.3.5 and yield : For 1 <k, ¢/ <2L —1

1)k+e m/(z1)m’ (22) 1 1
Vi =— 7{ f{ [ ——— — dzidzy . (4.2.11
= $.4 e Tap T ) w6210
Let wyar = M [0 — Y0, ,Yon—1 — 'yQL_l]T. We have just proved that the vector wj; converges
asymptotically to :
D
0, W
VM vt 20 W),
where
0 0
W =
0OV

and V is the (2L — 1) x (2L — 1) matrix whose entries V}; are given by (4.2.11).

Remark 4.2.6 The zeros in the variance simply follow from the fact that 49 — vo = 0.
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Fluctuations of the eigenvalues estimates
. A N N, T
To transfer this convergence to qy = M |1 — §, -+, 6L — [, p1 — P1,°** ,PL — PL| » We

shall use Slutsky’s lemma which is as below :

Lemma 4.2.2 (cf. [28]) Let X,,, Y, be sequences of vector or matriz random elements. If X,
converges in distribution to a random element X, and Y, converges in probability to a constant
C, then

Y X, 5 cx
provided that C is invertible.
We will show that wj; satisfies the following linear system :
war = Marqur (4.2.12)

where we will try to find a matrix Mjy; who converges in probability to M which is given by
(4.2.5).

To this end, let us work out the expression of wy, s, the k-th element of wy.

If k=1, it is easy to see that wy p = 0.

For k > 2, wy, p is given by :

Then define
1 1 0 0
NI, — p1 éL e o
ﬁ%L 1 pA%L;l Ny Z2L 2 jt p2L=2- Ny y2L- 2.% L2t

We can easily check that Eq. (4.2.12) is satisfied and My converges in probability to M. It
remains to check that M is invertible. Note that the non-singularity of matrix M has already

been established in Section 4.2.2, where this property was required to prove the existence of an
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estimator. As a consequence, using Slutsky’s lemma, we deduce that :

~ D
Myram m N2L(0’ W)

)

and

D -1 —I\T
am —>’N N, (0, W( ) )

This ends the proof for the fluctuation.

4.2.4 Simulations

In this section, we compare the performance of the proposed estimator with Mestre’s estimator
[64] in Section 4.2.4; we then compare the proposed estimator with the estimator proposed by
Bai et al. [1] in Section 4.2.4. We finally verify by simulations the accuracy of the Gaussian

approximation stated by the CLT in Section 4.2.4.

Comparison with the estimator in [64]

As will be seen below, the separability assumption is compulsory for Mestre’s method to be
effective. If this assumption holds true, a simple clustering procedure enables to estimate the
unknown multiplicities and Mestre’s method outperforms our moment estimator (see Fig. 4.4).

If, however, the separability assumption is not met, then it is not clear how to directly
estimate (even roughly) the multiplicities; and even if those were known, Mestre’s estimation
method has no methodological foundations (as the estimator is not even consistent in this case!)
and the computation of Mestre’s estimator yields a systematic error (see Fig. 4.5 for instance).

A final remark is in order with respect to the separability assumption : Although it is easy
in simulations to generate data fulfilling or violating the separability assumption, it is not an
easy task, while facing real data, to decide whether the separability assumption holds true or
not. Building such a test remains an open problem, advocating for our procedure by default -
unless any extra argument emerges to support a separability assumption. Otherwise stated, the
non-separability assumption is much more realistic in practical cases.

In the first experiment, we consider the case where the separability condition holds true.
We assume also that the covariance matrix has three different eigenvalues (p1, p2, p3) = (1,3,7),
which are distributed as : % = 0.5,% = % = %. The ratio % is set to % = %. The
separability condition being met, the clusters are well separated so that the multiplicities can be
estimated in a heuristic way based on the difference of the ordered eigenvalues. More precisely,
an empirical method for estimating the multiplicities consists in the following steps :

— Arrange the eigenvalues of the covariance matrix in increasing order : A <o, < A

— Take L indexes i1, - , 1y, satisfying :

11 = arg max (5\1+1 — 5\1) y
(2
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-5 —»— Mestre Estimator ||
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FIGURE 4.4 — Experienced MSE with N when % = 2—30 and (p1, p2, p3) = (1,3,7)
192 = arg max (5\i+1 — 5\2) )
11

17, = arg max <5\ 1—5\-> .
ig¢{it, -1} " ’
— Arrange these indexes in the increasing order : ¢y < - -+ <4[7}. Empirical estimates of the

multiplicities are thus given by :

Ny =ipy

Na =i —ipy

Np = N—i[L_l].

This empirical method has proved to be efficient in the asymptotic regime. For example, by ap-
plying exact separation results from [9, 10], it can be proved that the estimates of the normalized
multiplicities (Nk /N) are asymptotically consistent.

Fig. 4.4 compares the performance of the Mestre’s estimator using the aforementioned method

for estimating the multiplicities with that of the proposed estimator, in terms of MSE :

—_

000

3
MSE £ Olkzz pz _pz

In this case, Mestre’s estimator outperforms the proposed estimator. This can be attributed to
numerical difficulties which will be discussed in the next section.

In the second experiment, we consider the case where the separability condition does not
hold. In particular, we assume that the covariance matrix Ry has three different eigenvalues

(p1, p2,p3) = (1,2,3), each with the same multiplicity, i.e. % = % = % = % We also set the



CHAPITRE 4. ESTIMATION FOR LARGE DIMENSIONAL RANDOM MATRICES 183

—10 |- N

—»— Mestre Estimator

\ —o— Proposed Estimator
—12 |- A

14 | N

MSE in dB

—16 | N

18 | N

—920 | \ \ | |
400 500 600 700 800 900

N

FIGURE 4.5 — Experienced MSE with N when % = % and (p1, p2, p3) = (1,2, 3)

ratio between the dimension of variables and the number of samples % to 3/8, a ratio which
is too high for the separability condition to hold true. We assume for our estimator that the
multiplicities are not known, a hypothesis that obviously cannot be used for Mestre’s estimator.
We thus favour Mestre’s estimator by assuming that it knows perfectly the multiplicities. Fig.
4.5 compares the obtained results in terms of MSE : for different values of M and N satisfying
a constant ratio ¢ = N/M = 3/8 and 1000 realizations. We note that as M and N increase,
the estimator in [64] exhibits an error floor, underlying the fact that without the separability

assumption, Mestre’s estimators are no longer consistent.

Comparison with the method in [4]

The estimator proposed in [1] and our proposed estimator are similar at first sight. The main
difference lies in the intermediate quantities which are estimated before estimating the eigenvalues
and their multiplicities. While the technique of [1] is based on the numerical computation of the
empirical moments %Tr(YNYﬁ,I )k, our technique rather relies on building consistent estimators
of the theoretical moments %TrRﬂ“v. This difference induces important numerical consequences
in the computation of the estimates : In [1], the functional relation between the quantities to
be estimated and the empirical moments %Tr(YNYﬁ)k yields a system of equations whose
resolution relies on iterative methods (based for instance on the functions fsolve or fminsearch
in MATLAB) which are extremely slow.

On the other hand, the method proposed in this article is based on a bijective system of
equations that links the theoretical moments to the eigenvalues and their multiplicities, whose
resolution relies on simple computations : A matrix inversion and solving a polynomial (see for
instance end of Section 4.2.2).

Simulation results indicate that our algorithm allows a great gain of complexity compared to
[1], while keeping the same level of performance. Execution times for one realization are provided
in the following table 4.1 for the same simulation setting as the second experiment. Note that

unlike our method which exhibits low complexity, the complexity of the method of [1] tends to
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| |
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FIGURE 4.6 — Comparison of empirical against theoretical variances for ¢y = co = 0.5 and p; = 1
and p2 =3

increase exponentially as the dimensions N and M increase.

N, M Proposed method | Bai, Chen and Yao’s method
N =300, M =800 0.5s 10.68s
N =360, M = 960 0.55s 25.57s
N =420, M = 1120 0.67s 42.62s

TABLE 4.1 — Execution time to obtain an estimator for one realization (in seconds)

Accuracy of the Gaussian approximation

Finally, we verify by simulations the accuracy of the Gaussian approximation. We consider the
case where there are two different eigenvalues p; = 1 and ps = 3 that are uniformly distributed.
Unlike the first experiment, we assume that the multiplicities are unknown. We represent in Fig
4.6 the histogram for p; and py when N = 60 and M = 120. We also represent in red line, the
corresponding Gaussian distribution. We note that as it was predicted by our derived results,
the histogram is similar to that of a Gaussian random variable.

4.3 Appendices
4.3.1 Proof of Proposition 4.1.1

Let us first begin by considerations related to the supports of the probability distributions

associated to m(z) and my(z). Denote by S and Sy these supports and recall that S is the
union of L disjoint clusters : For ay < by < --- < ap < bp,

S = [al,bl]U“-U[aL,bL] .
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The following lemma clarifies the relations between Sy and S.

Lemma 4.3.1 Under Assumptions A1l and A2, for N large enough, the support Sy of the
probability distribution associated to the Stieltjes transform mpy(z) is the union of L clusters :
ForaY <bl¥ <. <ad <l

SN - [al 7bN] U [aL ) bN]

Moreover, the following convergence holds true :

al ———ap, b ——— by,
N,M—o0 N,M—oc0

for1<¢<L.

Remark 4.3.1 If the support Sy contains zero, (ex : N > M), al¥ = bV = 0. By Assumption
A1, the multiplicity N1 corresponding to zero satisfies % — ¢1 > 0, hence zero is also in the

support §. In this case, we will get that a; = by = 0, and the conclusion still holds true.

Proof:[Proof of Lemma 4.3.1] Recall the relations :

my(z) = — (z _ % / HimNFRN(dt)> - (4.3.1)
and
() = %@V(g) - <1 _ %) % (4.3.2)

As the Stieltjes transform of §y (the Dirac mass at 0) is —% and my(z) is a continuous function

over RY , for a,b with 0 < a < b, by the inverse formula of Stieltjes transform, one gets :

F([o,8) = S Fx((a ).

So it suffices to study the support Sy associated to F .
From the definition of my(2) (see formula (4.3.1)), we obtain :

tdFRN

Denote by B={m € R:m #0,-m~ ¢ {p1,--- ,pr}}. From Lemma [84], for a real number

2dFR
= 3 [

z, v € S§ <= m, € B and z»_(m,) = mZ (rim, )2 > 0 with my(z) = m, and

Ry (M) = .
Then if a € ISy, ma ¢ B or 2z, (ma) < 0 with m, = my(a). Now we will show that

m, € B. With the same argument in [$1], mg # 0. If —m;1 € Spry, as FEN is discrete, we
t2dFRN (1)
(1+tm)?
ZRy < 0 Which contradicts [54, Lemma 3.5].

get that lim,,_ym, f — 00. So on the nelghborhood to the left and to the right of m,,
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Hence zi{N (mg) < 0. By the continuity, we get

) _ t2dFRN (¢
ZRN(m“_W M 1+tma

a

This is equivalent to the following equation :

L
1
: = — — E = 0. 4.3.3
ZRN (ma g 1 1 + sza) ( )

By multiplying the common denominator, one gets a polynomial of the degree 2L in m,. Let us

now prove that these 2L roots are real. At first, note that :

t2 FRN
wr =31 | Wy ot

and
263dFRN (¢
) = =20 [
N M (14 tm)3
So zg, (m) has one and only one zero in the open set (—p—, — o 1) for 1 <i< L —1. Then for
Bi € (_7’ —pilj) such that 2 (B:) = 0, it suffices to show that 2g (8;) > 0 in order to prove
that there will be two zeros for zp (m) in the set (_E’ _ﬂ) From the separability condition

(cf. Assumption A2), infy{¥ — Tn (i)} > 0, and

, 1 t2dFRN (¢
Ry _071. = ai M 1_7

i (1_ZN )0.

Thus we obtain 2(L — 1) roots. Besides, in the open set (—pzl, 0),

t2 FRN
W M/ 1+tm o 109

there exists another root in this set. In the open set (—oo, —pl_l),

t2dFRN (t
— > 0
m2 M / 1+tm)?2 m—o-oo

and R
tdFHN ( 1 L
LoNgeat L L,
m2 M 1+ tm m——oo M2 M
Hence the last root in this open set. This proves that Sy = [adY, b U --- U [ad, b}].

To prove ag ———— ag and bé ——— by, note that a; b; satisfy the same type of equation
N,M—00 N,M—oc0

)
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by replacing % by ¢ and FRN by FI As % — cand % — ¢, the roots of Eq. (4.3.3) converge
to those of the limiting equation (see [27] for instance). Hence the conclusion.

O

We are now in position to establish the proof of Proposition 4.1.1.

Denote by S(e) the e-blow-up of S, i.e. S(e) = {z € R, d(z,5) < ¢}. Let € > 0 be small
enough and consider a smooth function ¢ equal to zero on S(¢/3), equal to 1 if = ¢ S(e), equal
to zero again if |x| > 7 (as we shall see, 7 will be chosen to be large), and smooth in-between
with 0< ¢ <1:

0 ifd(z,S)<¢e/3,
dr) =<1 ifdx,8) >e,|z|<T—¢
0 if|z|>7.

Notice that if N, M — oo and N is large enough, then by Lemma 4.3.1, ¢(x) = 0 for all x € Sy.

Now if Z is a M x M hermitian matrix with spectral decomposition Z = U diag (v;; 1 <1i < M)) UH,

where U is unitary and (y;; 1 <1i < M) = eig(Z) , write ¢(Z) = U diag (¢(v:); 1 <i < M)) UL,
We have :

P(supd(A,, S) > ¢)

< P(|Ry||>7—¢) + P(Trép(Ry) > 1)

= P(|Rn|>7—¢) + B(Tro(Ry)" 2 1)

—~

a

< P(Ry| > 7 —¢) + E[Tr 6(Ru))?,

N

for every p > 1, where (a) follows from Markov’s inequality. The fact that P(|Ry| > 7) =
O(N~%) for 7 large enough and every £ € N* is well-known (see for instance [5, Section 9.7]).
We shall therefore establish estimates over E[Tr ¢(Rx)]P. Take p = 2¥; we prove the following
statement by induction : For k > 1 and for every integer 5 < 2* and for every smooth function

f with compact support whose value on S(¢/3) is zero ,

E(Trf(f{N)>2k - o(%) .

First note that, due to Lemma 4.3.1, fSN fA) Fn(d)\) = 0 (where Fy is the probability
distribution associated to my) for N, M large enough (N, M — oc). A minor modification of
[93, Lemma 2| (whose model is slightly different) with the help of [11, Proposition 5] yields that
for N,M — oo and N large enough, ETr f(Ry) = O(N~!), and the property is verified for
k=0.

Let k& > 0 be fixed and assume that the result holds true for 8 < 2¥. We want to show that
E[Trf(lf{]v)]2(k+1) = O(N—%9). At step k + 1, the expectation writes :

9(k+1)

E[Tr f(Ry)]
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- ‘E (ITef (R + E[Tef (R — E[Trf(sz)]Qk)?‘
< 2 (Var[Tr FRN)Y + [E[Tx f(RN)F’“P) . (4.3.4)

The second term of the right hand side (r.h.s.) of the equation can be handled by the induction

2 1
0 ()

hypothesis :

EITef (R )]

We now rely on Poincaré-Nash inequality (see for instance |11, Section II-B]) to handle the first

term of the r.h.s. Applying this inequality, we obtain :

. ) 2
I[Trf(Ry)]?

Y, ;

O[Trf (R )*

8Yi,j

Var ((T&"f(f{N))zk) <KY E

i?j

: (4.3.5)

where K is a constant which does not depend on N, M and which is greater than Ry’s ei-

genvalues. In order to compute the derivatives of the r.h.s., we rely on [33, Lemma 4.6]. This

yields :
O TR = 2T R YRS R
8YZ~7j N M N N N)lji »
k
a{iﬁj (T (B = [T (R (R Yl

Plugging these derivatives into (4.3.5), we obtain :

Var(Te[f (Ry)]*)
K22k+1
<7
K22k+1
M
K22k+1
<

= M

E[(Trf(Ry)® =D Tr(f (Ra) YN Y S (R)|

E [(Tes (Ra) @2 Tr(f (R R

T BT (R PR

1
ok

)

B[ (R

where the last inequality is a consequence of Holder’s inequality.

As the function h(\) = A[f’()\)]? satisfies the induction hypothesis, we have for every a < 1 :

1
BT/ (R )?R) | = o(v-).
Plugging this estimate into (4.3.4), we obtain :
[E[Tef (R )2
b1, (4.3.6)

2(k+1)’

< i (e BT R T ) - o)
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where K is a constant independent of M, N, k. Notice that inequality (4.3.6) involves twice
the quantity of interest E[Trf(f{N)]z(kH) that we want to upper bound by O(N~2#). We shall
proceed iteratively.

Notice that Tr[f(Ry)] < sup,eg |f(#)] x N because f is bounded on R; hence the rough
estimate :

o(k+1)

E[Trf(Ry)] ON*".

Plugging this into (4.3.6) yields :

E[Trf(Ry)2" = o(Ne) |

where ag = 21 and a; = ao% — (1 4 «). Tterating the procedure, we obtain :
E[Tef (R ) = 0 (N2
where ay = W_lz’;# — (14 «) and z V y stands for sup(zx,y). Now, in order to conclude the

proof, it remains to prove that i) the sequence (ay) converges to some limit aoo, ii) for some
well-chosen a < 1, ay € (—2F+1, —23). Write :

k

arp1 + 281 +a) = T(ag +21+a)),
hence ay converges to —2%(1 + «) which readily belongs to (—2F*1, —28) for a well-chosen o €
(0,1). Finally E[Trf(RN)]2(k+l) = O(N~%5) which ends the induction.
It remains to apply this estimate to E[Tr¢(Ry)]¢ in order to get the desired result.

4.3.2 Proof of Lemma 4.1.1

Notice that Xn(z) = M(mRN —my) = Xn(2) for z € C*. So it suffices to verify the

arguments for z € CT. As ~ can converge to infinity if z is close to the real axis, the process

1
Pr—
Xn(z) might be large when z is close to the real axis. Thus we begin the proof by considering
a truncated version of the process Xy. More precisely, let ey be a real sequence decreasing to
zero satisfying for some ¢ €]0, 1] :

ENZN_(S.

With the same notations as in Lemma 4.3.1, denote by & = [a1,b1]U---Uar, br]; and take
Dk, qr such that by_1 < pr < ax and by < g < ag4q for 1 < k < L with conventions bg = 0 and
ar41 = 00, i.e. [pg, qr] only contains the k-th cluster. Let d > 0. Consider :

Riai = {x+id:z € pg,q]} .
Ri2 = {pk-i-iv:ve[%v,d]},

Rirz = {qk—l—iv:ve{%,d}},
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and let Ry = Ri,1 U Ry 2 U Ry 3. The process XN() is defined by

Xn(2) for z € Ry,

™

XN(Z) = XN(pk’ + iaﬁN) for x = Pk, U € [07 ﬂ],

N
Xn(qe +i5F)  for x = qp,v € [0, 5]

190

This partition of Ry, is identical to that used in [11, Section 1]. With probability one (see [9] and

[10]), for all € > 0,

lim sup d(\Sy)<e
N AGeig(RN)

with d(z, S) the Euclidean distance of x to the set S. Notice that :

5 . . EN
< 2/ ‘XN(pH—w) _XN(pk‘f'lF)‘
0

’ﬁk (XN(Z) - XN(z))dz

. S .€
+ | Xnae +i2) = K (g +i5) | de

Furthermore, with probability one, for all N large,

€

EN
N . .EN EN - -
/0 ‘mEN(pk +iz) —mg (pr+ IW)’ dr < Wﬂpk —ap| ™t + pk = br—a| 7Y,

and

EN
N . EN EN
m _ SN de < ok N
/0 ‘*N(p’““x) mN(pk+lN)’ TRy

where K = sup,cg, |my(2)|. Thus, with probability one,

< K15N7

‘ 7{ (Xw(2) — Xn(2))dz

where K7 is a constant which does not depend on N, M . A similar result can be achieved for

the derivative functions X’ (z) and X’ (z). One can get :

EN
N . 5 .E
< 2/ }va(pk +iz) — Xy (pk +1WN)‘
0

’ 72 k (XN (2) — X4 (2))dz

. 5 . €
+ | Xiv(ar +i2) — Kivla +i57)|da.

With probability one, for all N, M large,

EN
N / . _ A 57N‘d <57N o —2 —b —2
|7 [ i) = i35 e < S = a2+ = bl

and
EN

/0 " ‘m&(pk + iz) — m/y (px + l%v)‘ de < 2K’€WN
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where K’ = sup,cp, [m/y(2)]. So with probability one, for all N, M large,

'jézk (XN(Z) - XN(z))dz
Mzk (X (2) — X4(2)) 2

for some constants K7 and Ks. Both terms converge to zero as N, M — oo. Then, by Slutsky’s

< Kiey, (4.3.7)

< Koy (4.3.8)

lemma |28], it suffices to establish the arguments for Xy (z) and X4 (2).

As mentioned in Section 4.1.4, there are two conditions to prove (see for instance Billingsley
[18, Theorem 13.1]) to establish the convergence in distribution of the process (Xx, X’) to the
process (X,Y") over the compact K :

— Finite-dimensional convergence of the process (X N X ) over the compact K.

— Tightness on the compact K.

Finite-dimensional convergence

In [11], Bai and Silverstein establish a central limit theorem for FRY with the complex

Gaussian entries X;;. We recall below their main result.

Proposition 4.3.1 (cf. [11]) With the notations introduced in Section j.1.1, for fi,..., fp,

analytic on an open region containing R,

1. <fol-(a:)d(FRN — FN)(LC)) i forms a tight sequence on N,

(N [ et FN><a:>) o T N0

where V. = (V;;) and

1
Vij = —2% fi(21) fj(z2)vij(21, 22)dz1d22,
47T Cy JCo

with / /
vii(21, 22) = m/(21)m/(22) B 1
T (m(21) —m(22))* (21— 22)?

where the integration is over positively oriented contours C1 and Co which are supposed to

be non-overlapping and both circle around the support S.

Now we apply Proposition 4.3.1 to establish the finite-dimensional convergence. For all z; €
K\R, note that

M () = ma(z) = g § AP — Py (o)

T 2im Jox—2
with the contour C which contains the support S. As Xn(z) = M(mRN (z)—my(2)), Proposition
4.3.1 directly implies that for every finite p € N, the random vector

(XN(Zl)aX;v(Zl%'” aXN(ZP)’X;V(Zp»
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converges to a centered Gaussian vector by considering the functions :

(f1($)’ f2(x)7 T 7f2p—1(x)’ f?p(x))

where for all 1 < i < p, fo;_1(x) = xfzi and fo;(z) = ﬁ Hence the finite dimensional
convergence.
The proof of the tightness is based on Poincaré-Nash inequality (see for instance [93] and

[11]). In Appendix 4.3.1, it is proved that for all e > 0 and all £ € N,

P ( sup  d(\,S) > e) = o(N7H).

Aeeig(Ry)

Following the same idea as Bai and Silverstein |11, Section 3 and 4], it is indeed a tight sequence.

The details of the proof are in Appendix 4.3.2. Thus Lemma 4.1.1 is proved.

Tightness

We will show the tightness of the sequence M (mEN —my) and M (mIEN — mly) by using
Poincaré-Nash’s inequality [11] on the compact K. As the compact K is the union of 2L contours
Ry, and R, it is sufficient to prove the tightness on every contour Ry, (or equivalently 7~€k) First,
denote by M(mEN(z) —mp(2)) = X4 (2) + X% (2) with XL (2) = M(mEN(z) —E[mEN (2)]) and
X3(2) = M(Elmyg_(2)] — my(2).

We now prove tightness based on |18, Theorem 13.1], i.e.

1. Tightness at any point of the contour (here Rj).

2. Satisfaction of the condition

E|(X§(21) — X} (22))
|21 — 222

sup <K.

N,21,22€ Ry,

Condition 1) is achieved by an immediate application of Proposition 4.3.1. We now verify the
second condition.

(X} (21) =X} (22))]

E
We evaluate 5
|21 —22]

2 ~ ~ A~
. Denote by | <--- <\, the eigenvalues of R . Note that

M
21 — %9 1
my (21) —ms (29) = g - -
iy (1) =, (%) M= (N = 21)(\] — 22)

- zlﬂ;ZQTr(Dg,l(zoDjvl(Zz))
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with Dy(z) = Ry — zIa;. We have

) (mRN(Zl) - mRN(Z2)>

8}/;7‘7 21 — 22
= iTr(]::{N - ZlIM)_l(RN — ZQIM)_I
8Ym- T -
1 * — — * — _
- M [7YNDN2(21)DN1 (22) o YNDNl (Zl)DNz(ZQ)}j/L' )
and
o [mp,(z1) —mg (22)
871,] Z1 — %2
— i -2 -1 -1 -2 o
= [_DN (ZI)DN (22) YN — Dy (Z1)DN (ZQ)YN]M_

Then by the Poincaré-Nash inequality and the fact that EN is uniformly bounded in spectral
norm almost surely, one gets
E|Xy(21) — Xy (22)]> _ C

<—E[T L }
|21 — 22/ - N Y1)

1 Cy
= N BT @yl iy, s)<e) T BN D, asy,5)5¢)

with
Ly =RyDy!(21)D’ (22) + 2Ry D’ (21) D (22)
+RyD(21)Dy (22)
and C; a constant which does not depend on N or M. For the first term, Tr(Ly 1) is bounded on
the set sup,, d(\,,S) < e. For the second term, since for all i € N and all z € Ry, 5 L P < g ;
n-— N
it leads to
N 1 Nitl
= < —
n=1 ’)\’,n/ - Z|Z 6N
Then .
N
N

As P(supd(X,,S) > &) = P(sup d(An,S) > ) = o(N19), take ey = N9, one obtains

E(Tr(Lyq)I

<E ‘Tr(LN,l)Is,ulacl(S\’né)>€

supy, d(j‘/n 7§)>€)

N7 .
N
The second condition to establish the tightness is achieved.
For XJQ\,(Z), following exactly the same method as in [5, Section 9.11|, one can prove that

XJQV (z) is bounded and forms an equicontinuous family that converges to 0. Hence the tightness

for M(mEN(z) —my(2)).
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The next step is to prove the tightness of M (m/ R (2)

r, ()~ m/y(z)). We have
M ~
— 2)\’- — 21 — %9
mly (z1) —mly (2 N — -
BN( 1) BN( 2) M P ()\/‘ _21)2()\; _22)2
21

2T (D32 (21)D 2 (22) D (21) + D (22)))
Following the same method as derived before, one obtains

v, D' (21)Dy’(22)

= M [YAD?(21)D3’ (22) + 2YADR! (21)D(22)]

and

a 2
TI‘D]_VQ(Zl)D]_V2 (22) (D(Zl) + DN(ZQ))
Y,
with

:%ﬂ@ﬁ

L2 =4Ry (3DR74(21)DN4(Z2) + 2D (21)D (22) + 2D’ (21)Dy (22)

+ DZ_\72 (Zl)D]_VG (22) + D]_VG (Zl)DEQ (ZQ))
Then Poincaré-Nash inequality yields that

51/ vl
Var\XN(m) Xy (22)] < gE(Tr(LNQ)
|21 — 22|

C
+71E(Tr(LN2) Supnd(f\ ) )

sup,, d(%é)ﬁe)

with C the same constant defined as before. The term Tr(Ly,2) is bounded on the set sup d(\),, S)
e. For the second term, |Tr(Ly2)| < O ( ) As P(supd(X,,S)
N0 017

‘]E(TI‘(LN,Q)Isupn d(5\’n,§)>5)

— 0.
The proof of the tightness of X}\;(z) is achieved as before

The proof of the tightness is completed if one verifies that X 2,( ) for z € Ry, is bounded and

forms an equicontinuous family, and converges to 0. We will use the same method for the process
X2,(2) (see [, Section 9.11]).

By Formula (9.11.1) in [5, Section 9.11], it is proved that :

f mNt2dFRN (t)
MJQ

(]E ) 1 +t]EmR (1+tmy) E T (4 5 9)
mg  —my) | 1- RN =Emg myTy 3.
! =2+ 1 J Ty — TN "

g) = o(N716) and ey =

194
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where

N M
TN = W ZlEﬁjdj(EmﬁN)l,
J:

dj = —q;R*(Rj) — 21) ' (Emy R+1)7'R'/?q,
+ (1/M)Te(Emg R+1)7'R(Ry —2D)7",

b = 1

! 1+MyJ(R()—zI)
q; = 1/\/>Xj,

. . 1 .
R(j) = Ry — 57¥5%5-

M

If one differentiates (4.3.9) with respect to z, the equation becomes

mNthFRN( )
M (1+tEmg )(1+tmy)

Em., —m/ 1-—
( Ry 7N) . tdFRN T
M T+Emg N

/

N I myt?dFRN (1)
M 1+ﬂEmR Y(A+tmy)

+ (Emf{ - mN) - R
R tdFRN
N —z+ M T+HEmg Ty

= ]Em;iNmNTN + EmENmNTN + EmENmNTJ,V'

In the work of |5, Section 9.11], it is proved that when N, M tend to infinity,

1. SUpP, e, |EmEN (z) —m(z)] — 0 and SUp, e, |my(2) — m(z)| — 0,

N t2m n dFBN (1)
M J TFtEms )+t
(THEmg (i)

R
N td VN
—ztar S THEmg -Tn

Ry

converges ,

3. X3(2) =0, Tx —0.
With the same method, one can show easily that
[Em (2) —m/(2)] =0,
Ry

4. SUDP,c,

5. supep, |miy(2) —m/(2)] =0,
/
ar (Z]Ail Eﬁjdj) converges.

With these results, it suffices to show that 7% — 0, and X']Q\; is equicontinuous.

&

In [5, Section 9.9|, they show that for m,p € N and a non-random N x N matrix Ag,
k=1,..,mand By, £ =1,..,q, we have

m q
E <H ri ATy H(rIRgrt — M_lTrRBg)> ‘

=1 =1 (4.3.10)

m q
< KM~ TT 1A T IBell-
k=1 (=1
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We have also that for any positive p,

max (E[[D~(2)[7, E[D; ' (2)|P, EI|D;"(2)|") < K, (4.3.11)
2ERK,N
and
sup_ [[(Emg ()R +T1)7 < o0 (4.3.12)
N7M7Z€Rk

where K, is a constant which depends only on p.

With all these preliminaries, as Ty — 0, by the dominated convergence theorem of derivation,
it suffices to show that T} is bounded over Ry In 5, Section 9.11], it is sufficient to show that
(f1;(2)) is bounded where

M
fu(z) =Y E [(r;D;lrj - M~'T'D;'R)

<.
Il
—_

x (r;D;! (Emg R+1)"'r; — M~ 'TiD; ' (Emg R+ I)_lR)] .

With the help of (4.3.10)-(4.3.12), f},(2) is indeed bounded in Ry.
Now we will show that X% is equicontinuous. With the light work as before, it is sufficient
to show that f},(z) is bounded. Using (4.3.10), in the development of f},(z), all terms depend

on
1 _ _
17 Te(Emg Ry + Iy) D »REETrD RS

with certain ki, ka, k3, k4, k5 € N. Thanks to (4.3.11) and (4.3.12), these terms are all bounded.
Therefore, RHS is indeed bounded. This ends the proof of the tightness.

4.3.3 Study of the set R.,

For z9 fixed, denote R,, = {21 € C: 21 # ZQ,mRN(zl) = mRN(ZQ)}. We will show that this
set is empty a.s. for all N, M large. Suppose that z; € R,,. We first use [5, Formula (9.11.4)]
that

sup |[Emy (2) —mpy(2)| — 0.
s [Bmg, (2) ~my (2)

By Formula (4.3.1), we get

As Z1 ;é 22,

my(21) # my(22).

Take € = |my(21) — my(22)]. For N sufficiently high,

€
[Emg  (21) = my(21)] < 4
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and
€
[Emg (22) —my(22)] < .

Finally
|EmEN (Zl) — EmEN (22)’

> e—[Emg (21) —my(21)| = [Emg (22) —my(z2)]

>,
2’

which implies, along with mRN(z) — EmRN (z) &% 0 that for all large N, M, R, = @ almost

surely.

4.3.4 Proof of lemma 4.2.1

By Cauchy’s formula, write :

where I' is a counterclockwise oriented contour that surrounds all the eigenvalues {p1,--- , pr}.

Performing the changing variable w = —% in the same manner as in [64], we get :

my

N PET 217rN ¢ mﬁl(z) (prmpy(2) +1)

iN o (DS Nymiy (2)dz
k=1

where the contour C is counterclockwise oriented which contains the whole support S.
From (4.1.7), we can establish that :

() =% s
my(z) =
" Nz 1+ prny (2)
thus yielding :
L
Ni o (—1)6% zmy (2)
— o = dz. 4.3.1
Z N Pk 2im cm”l(z)mN(Z) ‘ (43.13)
k=1
Plugging the relation
M M(1 - &)
my(z) = ﬁmN(z) TN M
into (4.3.13), we obtain
L
Z l 0 _ ~1)¢ [ Mzm/y(2)dz (1) j{ M1 - %)mlN(z)dz (4.3.14)
N Pk 217r ¢ Nmb(2) 2t Jo Nm4l(z) ' -
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mly (2)

=N is the derivative of —
miy(2)

Since _1
Emgv (=)’

!/
jg 777;11( ?) dz = 0.
cmy (2)
The second term on the right hand side of (4.3.14) is then equal to zero. It remains thus to deal
with fc zﬂ%}f]‘](z). If £ > 2, by integration by parts, we obtain :

(2)
/
szN(z)dz: 1 j{ gdf
¢ my(2) (= 1Jemyt(z)

We thus obtain :

L
Ny, M(-1)* dz
Z;N i = 2in(£—1)?€ (1) (4.3.15)

My
This proves that the theoretical moments admit the following integral representation :

M /
zmy (2) dz

N TN c my(2)
M(-1)*
= M) f ldf . 2<l<2L—1.

Finally, we show that consistent estimates of «; can be obtained by substituting the unknown

term my(z) by its asymptotic equivalent Mg (z). Let 40, ,J2r—1 the real quantities given
by :

Yo = 1,

. amg ()

N = 2N17r §C mg o (=) dz,

R M(—1)2L—1

T2L-1 = 2N(2L Dir fc 2L l(z)

Then, by the dominated convergence theorem and the fact that with probability one [5, Section
9.12], for all N, M large enough,

inf |muy(2)] >0
zeC

and

f
inf jmg  (2)] >0,

dz dz a.s.
/ k—1 _/ k—1 > 0
C My ( ) Cc msy (Z)

Ry

one obtains : for all k£ > 2,

and
z)dz B m;\[(z)dz

¢ my(z)

a.s.
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Consequently :

4.3.5 Calculation of the variance

In this section, we will show the calculations of the variance matrix V. The computation of

V1,1 has been carried out in Theorem 4.1.3 where it was shown that :

— m/(z2) — 1 L z1dz
Vii= 47r 4722 72 72 [ 21) m(ZQ))Z (21 — 22)? m(zl)m(ZQ)d 1z

with C; and Cs defined in the theorem. Using the fact that inf,cc|m(z)| > 0 together with
Fubini’s theorem, the quantity Vy , for £ > 2,/ > 2, becomes :

kJrf i
Vi =— 7{ 7{ 29)|m " (21)m ™ (22)dz1dzs.
C1 JCo

47T2 c2

Substituting E [X (21)X (22)] by k(21, 22), we obtain :

B k+€ (22) B 1 1 o ds
Vie= 1 f, ]‘[E[m 2) - m(e2)? (zl—zﬁ] ey () 1

Finally, it remains to compute Vi 1. Expanding Y(X,Y, m,m’) and ®;(X,m), we obtain :

1)k
Vi1 == 47T 02 7{71 fé [ m(z2) mk zl)E [X (21) X" (22)] dz1dz
m'(z2)
P <z1>X<zz>1] dordzs

1
1)k 2202K( 21,22 K (21, 22)
— 2 D) 1d22 — 2 k ledZQ .
47T c C1 JCo m Z2 CcpJey M 22 m Zl)

By integration by parts, we obtain :

m'(22)K(21, 22)
c, m(22)?mF(z1)

K(z1,22)

2902621, 22)
Co m(z2)mk(zl)

¢, m(z2)mkF(z1)

v k‘H 21, 22 dzl dzo
Rl = 471'202 “m(z0)mF(z1)
C1 JC2

This extends the expression of Vy, 4 for any &,/ € {1, N 1}, thus yielding :

kJrZ m(22) 1 1
=28 ¥ A e i e Frevmi e e

dzg = — dzy + dzs.

Hence,
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