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Résumé

Cette thése a pour objet la construction, la calibration et I’étude d’estimateurs multi-
taches, dans un cadre fréquentiste non paramétrique et non asymptotique.

Nous nous plagons dans le cadre de la régression ridge & noyau et y étendons les
méthodes existantes de régression multi-taches. La question clef est la calibration d’un para-
métre de régularisation matriciel, qui encode la similarité entre les taches. Nous proposons
une méthode de calibration de ce paramétre, fondée sur 'estimation de la matrice de cova-
riance du bruit entre les taches. Nous donnons ensuite pour 'estimateur obtenu des garanties
d’optimalité, via une inégalité oracle, puis vérifions son comportement sur des exemples si-
mulés.

Nous obtenons par ailleurs un encadrement précis des risques des estimateurs oracles
multi-taches et mono-tache dans certains cas. Cela nous permet de dégager plusieurs si-
tuations intéressantes, ol I'oracle multi-taches est plus efficace que 1'oracle mono-tache, ou
vice versa. Cela nous permet aussi de nous assurer que 'inégalité oracle force I'estimateur
multi-taches & avoir un risque inférieur & l'estimateur mono-tache dans les cas étudiés. Le
comportement des oracles multi-tdches et mono-tache est vérifié sur des exemples simulés.

MoTs-CLEFS : Calibration de paramétres; Inégalité oracle; Méthodes & noyau; Multi-
taches; Régression ridge ; Statistique fréquentiste; Statistique non asymptotique; Statis-
tique non paramétrique
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Abstract
Multi-task statistical learning

This thesis aims at constructing, calibrating and studying multi-task estimators, in a
frequentist non-parametric and non-asymptotic framework.

We consider here kernel ridge regression and extend the existing multi-task regression
methods in this setting. The main question is the calibration of a matricial regularization
parameter, which encodes the similarity between the tasks. We propose a method to calibrate
this parameter, based on the estimation of the covariance matrix of the noise between tasks.
We then show optimality guarantees for the estimator thus obtained, via an oracle inequality.
We also check its behaviour on simulated examples.

We carefully bound the risks of both multi-task and single-task oracle estimators in
some specific settings. This allows us to discern several interesting situations, whether the
multi-task oracle outperforms the single-task one or not. This ensure the oracle inequality
enforces the multi-task oracle to have a lower risk than the single-task one in the studied
settings. Finally, we check the behaviour of the oracles on simulated examples.

KEYWORDS : Frequentist statistics; Kernel methods; Multi-task ; Non-asymptotic statis-
tics ; Non-parametric statistics ; Oracle inequality ; Parameter calibration ; Ridge regression
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Chapitre 1

Introduction

ABSTRACT. We present here, in French, a shortened version of the work contai-
ned in this thesis. The contributions of this work to our field of research can
be found, in English, in Chapter 2. The results themselves can be found in the
following chapters, which are also written in English. Chapter 3 corresponds to
the work published by Solnon et al. [SAB12|, while Chapter 4 corresponds to an
article that is being submitted.

Nous présentons ici, en frangais, les travaux contenus dans cette thése. Le chapitre 2
contient un résumé des contributions de cette thése & notre domaine de recherche, écrit en
anglais. Les chapitres suivants, aussi écrits en anglais, contiennent les résultats proprement
dits. Le chapitre 3 reprend les travaux publiés par Solnon et al. [SAB12|, tandis que le
chapitre 4 correspond & un article en cours de soumission.

1.1 Présentation du domaine

Le lecteur érudit en statistique pourra se référer directement aux parties suivantes, cette
partie-ci présentant principalement le domaine statistique de maniére historique et peu tech-
nique. Pour le lecteur non mathématicien, cela risque, hélas, d’étre la seule partie aisément
compréhensible I Nous essaierons donc de retarder le plus possible Papparition des détails
techniques et de les limiter autant que faire se peut !

1.1.1 Introduction a la statistique

Le mot « statistique » est attribué, par exemple par Littré, a Gottfried Achenwall?.
Il est employé aujourd’hui en de nombreux sens, qui ne correspondent pas tous, loin s’en
faut, au sujet de cette thése. Le dictionnaire de I’Académie francaise, que ce soit dans sa

1. Les parties les plus accessibles au lecteur non mathématicien sont la partie 1.1.1, le début de la partie
1.1.2 ainsi que la partie 1.1.4
2. Gottfried Achenwall : économiste allemand (1719-1772)



1.1. PRESENTATION DU DOMAINE

sixiéme (1835)3 ou dans sa huitiéme (1932-1935) % édition, en donne un sens (compilation
de données numériques concernant un Etat) bien éloigné de sa signification mathématique
actuelle, tandis que les éditions précédentes ne le mentionnent pas, et pour cause : le mot
« statistique » n’existait pas encore! Littré donne, lui, plusieurs sens & ce mot®, dont le
second nous intéressera plus particuliérement : « science des dénombrements et de leurs
conséquences ». Enfin, le Trésor de la Langue Francaise donne au nom « statistique » trois
sens %, dont le second semble encore pouvoir caractériser notre domaine : « Branche des
mathématiques ayant pour objet I'analyse (généralement non exhaustive) et l'interprétation
de données quantifiables ».

Nous dirons donc « statistique » pour parler de statistique mathématique. Il s’agit, a
partir d’observations d’un processus, d’inférer certaines de ses propriétés afin d’aider a son
étude ou bien pour permettre de prédire les futures réalisations de ce processus. Le processus
en question pourra étre une construction mathématique abstraite, dans ce cas le statisticien
s’attachera a développer et analyser des méthodes générales capables de s’appliquer a de
nombreux cas concrets. Il pourra aussi provenir d’une des nombreuses sciences qui utilisent
des outils statistiques, le statisticien devra alors utiliser et adapter ces méthodes aux par-
ticularités du probléme étudié. La réalité du travail d’un statisticien se situe d’ailleurs bien
souvent entre ces deux points extrémes, et cela constitue la richesse des statistiques que
de mettre en contact de si nombreux domaines. On verra par exemple que le modéle que
nous utiliserons, la régression ridge, trouve son origine dans une publication d’'un journal
d’ingénierie chimique!

3. STATISTIQUE. s. f. Science qui apprend & connaitre un Etat sous les rapports de son étendue, de sa
population, de son agriculture, de son industrie, de son commerce, etc.
Il signifie aussi, description détaillée d’un pays relativement a son étendue, a sa population, & ses ressources
agricoles et industrielles, etc. |[...]
Il s’emploie aussi adjectivement ; et alors il est des deux genres. |...|

4. STATISTIQUE. n. f. T. didactique. Science qui a pour objet de recueillir et de dénombrer les divers
faits de la vie sociale. |[...]
Il désigne encore la description détaillée d’un pays relativement & son étendue, a sa population, & ses res-
sources agricoles et industrielles, etc. |[...]
1l s’emploie aussi comme adjectif des deux genres. [...]

5. STATISTIQUE s. f. (sta-ti-sti-k’)

i Science qui a pour but de faire connaitre I’étendue, la population, les ressources agricoles et industrielles
d’un Etat. Achenwall, qui vivait vers la fin du milieu du XVIIIe siécle, est généralement considéré comme
le premier écrivain systématique sur la statistique, et on dit que c’est lui qui lui a donné son nom actuel.

ii Plus généralement, science des dénombrements et de leurs conséquences. |...]

iii Description d’un pays relativement & son étendue, & sa population, & ses ressources agricoles et indus-
trielles, ete. [...]

6. STATISTIQUE, subst. fém. et adj.
I Subst. fém.
A Recueil de données numériques concernant des faits économiques et sociaux. |...]

B Branche des mathématiques ayant pour objet analyse (généralement non exhaustive) et 'interpré-
tation de données quantifiables. [...]

C Ensemble de données numériques (généralement analysées et interprétées) concernant une catégorie
de faits. |...|

[



CHAPITRE 1. INTRODUCTION

Nous pouvons prendre pour exemple un probléme classique en vision artificielle : une col-
lection d’images étant disponible (c’est [’échantillon), on doit apprendre & un ordinateur a
reconnaitre un type d’objet particulier (par exemple, une voiture) dans ces images (décrites,
par exemple, pixel par pixel). Le mot « reconnaitre » est ici flou et peut prendre plusieurs
significations : dire si une voiture est présente ou non dans une image (on parlera alors de
classification), donner les coordonnées d’un rectangle contenant une voiture, donner un en-
semble de pixels formant la voiture, etc. Apprendre n’est, bien stir, pas & prendre au premier
degré, mais signifie que I'on doit construire un algorithme pouvant prendre en entrée n’im-
porte quelle collection d’images (ces images peuvent contenir les informations recherchées
ou non) afin de répondre a la question posée sur les images données ou bien sur des futures
images. Cet algorithme, ou estimateur, doit donc pouvoir s’adapter & de nouvelles données
et doit étre le plus précis possible (on cherchera, par exemple, a réduire le nombre d’erreurs
de classification, ou bien a réduire les portions de voiture non détectées). Pour effectuer sa
tache le statisticien doit décider d’un cadre théorique, le modele, dans lequel il élaborera
ses estimateurs, dont le choix se fait en fonction des contraintes apportées par le probléme
étudié et par le but recherché.

Nous introduirons dans la partie suivante quelques modéles, en partant des plus simples
pour aboutir & ceux qui nous intéressent ici.

1.1.2 Quelques modéles de régression

Nous nous intéressons ici & un type de problémes statistiques bien particulier : la régres-
sion. On observe ici des couples de points, que 'on notera (X1, Y7), (X2, Y2), etc. Les points
X, sont les covariables et sont censées décrire le phénoméne que 'on étudie. Les points Yj,
eux, représentent la quantité qui nous intéressent dans un probléme donné. On suppose alors
que les données Y; peuvent étre expliquées par les covariables, c’est-a-dire qu’il existe une
fonction f telle que f(X;) est proche de Y;. C’est ce que 'on appelle un modéle génératif,
et 'on suppose bien souvent que la fonction f posséde certaines propriétés (par exemple,
c’est une fonction linéaire, polynomiale, etc.). La différence entre les valeurs f(X;) et les
observations Y; est alors appelée « bruit », et peut avoir plusieurs origines :

— des erreurs ou des imprécisions ont été faites dans la mesure de Y; ;

— des facteurs expliquant les observations Y; ont été oubliés dans le groupe des covariables

ou n’ont pas été observés;

— T'hypothése faite sur la fonction f est fausse.

On peut voir dans I'exemple de la figure 1.1 le cas affine : les points (X;,Y;) sont dans le
plan R2, et I'on suppose que la fonction f est affine.

Nous verrons ensuite comment approcher cette fonction f dans plusieurs cas.

Régression par moindres carrés

Comme nous 'avons vu précédemment, le statisticien élabore ses estimateurs a partir
d’un modéle, qu’il fixe en fonction du probléme étudié. L'un des modéles les plus simples
est peut-étre celui de la régression linéaire. Prenons comme exemple celui de la dimension
un, qui a 'avantage d’étre plus aisément représentable (voir par exemple la figure 1.1) : sont
donnés des couples de nombres réels (X;,Y;) (c’est I’échantillon) et 1'on essaie d’y ajuster
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FIGURE 1.1 — Modéle génératif : I’échantillon est représenté par les points, la fonction f est
représentée par la droite en pointillés. Le bruit est alors représenté par les segments rouges
verticaux.
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F1GURE 1.2 — Illustration de la méthode des moindres carrés : 1’échantillon est représenté
par les points, la droite ayant généré les données est la droite en pointillés. La droite de
régression est la droite bleue et les erreurs sont les segments bleus verticaux. On cherche
donc & minimiser la somme des carrés des longueurs des segments bleus.

une droite " au nuage de points (X;,Y;) (c’est le modéle). Quelle droite peut-on alors choisir,
qui s’ajustera au mieux sur le nuage de points? Une réponse classique sera donnée par
la méthode des moindres carrés, introduite par Legendre |[Leg05] mais dont la paternité
est aussi attribuée a Gauss [Gau09|. Il s’agit de considérer, pour une droite quelconque, la
somme des carrés des différences entre les observations Y; et les projections verticales de
ces observations sur la droite. On considére ensuite la droite qui minimise la somme de ces
carrés, d’oit le nom de la méthode. On dit alors que I'on a effectué une régression. Une
illustration de cette méthode est donnée dans la Figure 1.2. Un avantage de cette méthode
est de donner un estimateur qui s’exprime explicitement et simplement et qui posséde de
surcroit une interprétation simple dans le cadre des modéles linéaires gaussiens.

Généralisons ’exemple précédent. Supposons que ’on observe n points X;, chaque point
ayant k coordonnées (avec k < n). Pour chaque point X;, on observe un nombre réel Y;. On
peut donc former la matrice X, de taille n x k, dont la ligne 7 est constituée des coordonnées
de X; ainsi que le vecteur Y dont la iéme coordonnée est Y;. Le probléme de régression
se pose donc ainsi : trouver un vecteur S (de taille k) tel que le vecteur X3 approche au
mieux Y, par exemple en termes de distance euclidienne. La méthode des moindres carrés

7. Droite, car nous sommes en dimension 1. En plus grande dimension, c’est-a-dire si les X; sont des
k-uplets, on cherchera un hyperplan dans I’espace de dimension k + 1.
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vise alors a chercher une solution qui minimise la quantité
RS 2 1 T
EZ(Y;‘_(XB)i) =Y -XB) (Y - X5) . (1.1)
i=1

La solution & ce probléme de minimisation se trouve aisément & et ’on obtient comme valeur

de 3 :
= (XTX)_lXTY .

On remarquera que la lettre 8 est chapeautée, notation traditionnelle en statistique pour
signaler qu’il s’agit de l'estimateur du paramétre. Cet estimateur est aussi I’estimateur du
maximum de vraisemblance dans le modéle linéaire gaussien, mais nous ne rentrerons pas
dans ces détails. Remarquons aussi que la quantité (1.1), que 'on minimise en effectuant
cette méthode, porte souvent le nom de « risque empirique ». Le risque (quadratique) étant
I’espérance du carré de la différence entre ’estimateur et la fonction recherchée, la somme des
carrés des erreurs est donc bien, en effet, la version « empirique » du risque. Cette quantité
apparaitra de nombreuses fois par la suite, chaque fois sous cette dénomination.

L’estimateur que nous avons présenté est I'un des plus simples et des plus connus que 1’on
puisse trouver en statistique. S’il fonctionne raisonnablement bien sur des problémes simples,
il posseéde de nombreux défauts. Certains de ces défauts ne nous intéressent pas directement
ici, comme par exemple la limitation k& < n (une part importante des publications de ces
vingt derniéres années a concerné le développement de méthodes de régression en haute
dimension, souvent en utilisant des outils de parcimonie).

En ce qui nous concerne, un premier défaut est 'utilisation de l'inverse de la matrice
XTX. Quand cette matrice posséde de trés petites valeurs propres (on dira qu’elle est mal
conditionnée, et l'on notera Ap;, la plus petite de ses valeurs propres), deux phénomeénes
apparaissent.

— Numeériquement, linversion de la matrice X ' X est instable, le calcul de B par un

ordinateur peut donc donner des solutions aberrantes.

— Sous une hypothése de normalité® du bruit, le risque de l'estimateur B, défini par

. N 2
E [((5 — Bo) " (B - ﬁ0)> ], vaut o2 tr (X" X)~!, dont une minoration est 02#. Si

Amin est trop petit, I'estimation de By par B risque d’étre trés mauvaise. Notamment,
les coordonnées de b risquent d’étre beaucoup trop grandes.
La méthode de régression ridge fut développée pour pallier ces limitations, comme nous
I’expliquerons plus tard.

Un deuxiéme défaut est la limitation du modéle aux relations linéaires. En poursuivant
notre exemple, tous les nuages de points ne sont pas alignés sur des droites! Nous ver-
rons ensuite que les outils de régression a noyau permettent d’obtenir des modéles moins
contraignants.

8. On suppose pour simplifier que XX T est inversible.
9. Cela signifie que 'on suppose qu’il existe un vecteur [y tel que le vecteur des erreurs Y — X[fo,
c’est-a-dire le bruit, suit une loi gaussienne — ou normale — N(0, 0%I,,), ol 02 est la variance du bruit.
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Régression ridge

La régression ridge!? vise a répondre au premier probléme soulevé sur la méthode des
moindres carrés, lié & 'inversion de X T X. Comme I'explique R. Hoerl [Hoe85] 1, sur lequel
nous nous appuyons fortement, 1'analyse ridge fut développée par A. Hoerl [Hoe59| afin de
permettre I'étude géométrique graphique des surfaces quadratiques dépendant d’un grand
nombre de variables, ce qui répondait & un besoin industriel concret. Rappelons briévement
de quoi reléve cette analyse. On étudie les propriétés de la surface définie par 1’équation

1
Y =by+b'x+ §£CTB$ , (1.2)

ou by est un nombre réel, b et x des vecteurs de taille k et B une matrice symétrique de taille k,
sous la contrainte z 'z < C? (les variables ont été au préalable recentrées et renormalisées,
d’ott la contrainte sphérique). On étudie alors le probléme de la maximisation (ou de la
minimisation) de 'équation (1.2) contrainte par z "z < R?, ot R? € [0, C?]. L’ensemble des
solutions x de ce probléme de maximisation (respectivement, de minimisation) est appelée
la créte maximale (respectivement, minimale), car il est un lieu d’optimums locaux. En
introduisant le multiplicateur de Lagrange A de la contrainte, on obtient alors

x=—(B- )" ',

quand cette expression est bien définie, ¢’est-a-dire hors des valeurs propres de B. En fonction
de la répartition des valeurs propres de B, on obtient donc un certain nombre de courbes,
paramétrées par . Ces courbes sont aussi appelées crétes, la créte maximale (respective-
ment, minimale) s’obtenant pour les parameétres supérieurs (respectivement, inférieurs) a la
plus grande valeur (respectivement, la plus petite) propre de B. Nous renvoyons a I’étude
de R. Hoerl [Hoe85] pour un exemple d’utilisation de ces crétes, qui permettent d’obtenir
facilement des informations qualitatives sur la surface étudiée.

Revenons maintenant a notre probléme de régression. Peu aprés avoir construit I’analyse
ridge, A. Hoerl [Hoe62] remarqua que la somme des carrés résiduels de la méthode des
moindres carrés était une forme quadratique du coefficient de la régression, 8. En appliquant
sa méthode d’analyse & ce cas-14, il put suivre les crétes alors construites pour obtenir des
valeurs de paramétres plus stables. Il restait un probléme, épineux : quel point choisir sur
la créte ? A. Hoerl et Kennard [HK70], dans un article qui est souvent cité comme source de
la régression ridge, analysent ce probléme et montrent qu’un choix existe toujours, et qu’il
est meilleur que la solution initiale, I’estimateur des moindres carrés, en terme de risque
quadratique (c’est-a-dire, en considérant la somme des carrés des résidus). On peut alors
obtenir la forme moderne de 'estimateur ridge :

ﬁridge = (XTX + AIk)_lXTY )
le parameétre A étant a choisir. Cet estimateur minimise la quantité suivante :

(Y =XB) (Y =XB)+ 875 . (1.3)

10. Suivant l'usage, nous garderons ’expression anglaise et ne traduirons pas ridge par son équivalent
francais : créte.

11. Note au lecteur : deux auteurs se partagent ici le patronyme de Hoerl : Arthur E. Hoerl, & qui
correspondent les articles de 1959, 1962 et 1970 et Roger W. Hoerl, & qui correspond l’article de 1985.




1.1. PRESENTATION DU DOMAINE

On voit donc apparaitre une des motivations de cet estimateur, qui a fait sa célébrité :
l'utiliser revient & pénaliser le risque empirique (c’est n = (Y —X3) T (Y — X)) par le carré de
la norme de (3 ce qui, contrairement au cas des moindres carrés, devrait empécher I'estimateur
résultant d’avoir une trop grande norme. Mentionnons finalement une version populaire de
cet estimateur, dans le cadre du design'? fixe. On cherche alors a retrouver les valeurs de
sortie sur les points X;, et non plus & comprendre le processus dans sa globalité. Cela revient
donc a essayer d’enlever le bruit sur ces observations. On considére donc estimateur a design
fixe X B\ridg& qui prend la forme suivante, grace & un tour de passe-passe d’algébre linéaire :

XBridgge = X(X "X + ML) ' XY = XXT(XX T +AL)"'Y .

Régression ridge a noyau

Nous nous intéressons maintenant & la seconde limitation de ’estimateur des moindres
carrés que nous avions citée, et nous verrons que les solutions proposées ont un lien fort
avec la régression ridge. Il s’agit donc de s’affranchir de la contrainte de linéarité imposée
par Iestimateur des moindres carrés. On pourrait, par exemple, vouloir ajuster sur le nuage
de points, non pas une droite ou un hyperplan, mais une fonction lisse 13. Tel est I'objectif
du lissage par les splines'. On trouvera de nombreux détails sur ces splines dans le livre
de Wahba [Wah90| (dans lequel nous avons puisé la plupart de nos références), le livre de
Gu [Gu02| étant aussi une excellente référence. Etant donné une subdivision o = {xq, ..., z,}
d’un intervalle [a, b], des valeurs yg, . . ., y, et une régularité m € N, une spline est la fonction
qui interpole les points de o aux valeurs y;, en respectant des conditions de régularité globale
et des conditions de régularité aux raccordements. C’est aussi la fonction f qui minimise
f;( ™) (2))2dx sur I'espace de Sobolev W, (ce sont les fonctions m — 1 fois contintiment
dérivables, et dont la dérivée miéme est de carré intégrable) avec la contrainte que, pour
tout i, f(z;) = y;- On se déporte alors de l'interpolation vers la régularisation comme
ceci : on cherche une fonction dans un espace régulier (par exemple, dans un espace de
Sobolev) qui posséde a la fois de bonnes propriétés de régularité et qui soit toujours proche
des observations. Cela nous améne naturellement a considérer la fonction qui minimise sur
I’espace considéré la quantité suivante :

1 — b
EZ(E—f(Xi))Q‘F)\/ (F™ (2))2da | (1.4)
=1

a

au prix de 'introduction du parameétre A, ce dont nous parlerons plus tard. La ressemblance
avec la formulation de l'estimateur ridge de ’équation (1.3) n’est bien entendu pas fortuite,
nous en reparlerons la aussi plus tard.

Une question peut alors légitimement se poser : 'estimateur que 1’on obtient en optimi-
sant 1'équation (1.4) est-il aisément calculable ? Fort heureusement, les espaces F considérés

12. On se pliera ici a l'usage en gardant le mot anglais design, que l'on pourrait traduire par « plan
d’expérience ».

13. On entendra par lisse, trés classiquement, une fonction possédant de fortes propriétés de régularité,
comme le vérifient par exemple les fonctions des espaces de Sobolev W,,,, de faible norme.

14. On gardera ici le mot anglais. Une spline est une baguette souple, utilisée en construction navale pour
interpoler plusieurs points & la main. On fixait les baguettes aux points désirés, puis on reliait les baguettes,
ce qui crée une interpolation naturelle.
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avec nos splines possédent tous une structure particuliére : ce sont des espaces de Hilbert,
possédant une fonction de description ® : R — F vérifiant la propriété

VfeF, Yz eR, f(x) = (®(z), f) (1.5)

(d’otu, d’ailleurs, le nom de représentation). Les espaces possédant ce type de structure ont
été étudiés par Aronszajn [Aro50] et 'on peut en donner une définition ainsi que quelques
propriétés simples. Soit X un ensemble quelconque et F un espace de Hilbert de fonctions
sur A a valeurs réelles. On dira que F est un espace de Hilbert a noyau auto-reproduisant
(RKHS 19) si, pour tout élément = de X, I'application f + f(z) est continue. On peut alors
montrer qu’il existe une fonction ® vérifiant la propriété (1.5), que l'on appelle fonction
de description 6. De cette fonction de description, on peut ensuite construire le noyau k
(au sens de Mercer) par V(z,y) € X% k(z,y) = (®(x), ®(y)). Remarquons que l'ordre de
construction est arbitraire, et que I'on peut déduire la fonction de description du noyau, par
la propriété ®(z)(y) = k(x,y). On voit bien, alors, la notion de reproductibilité : en notant
®(x) = k(x,-), on a

V(.%',y) S X27 k(.%',y) = </€(1‘, ')7k(y7 ) (1'6)

Le fameux kernel trick!'” vient de cette propriété : on pourra calculer, dans F, les produits
scalaires entre les observations ®(X;) via les k(X;, X;) uniquement, de 1a la popularité de
ces outils.

Une fois ces outils analysés, on peut donc retourner le probléme de départ. On ne cherche
plus une spline, mais un élément d’un espace de Hilbert caractérisé par son noyau. On étend
alors le probléme de minimisation (1.4) au suivant : trouver dans le RKHS donné une fonction
minimisant

LS DA
i=1

la norme ici écrite étant celle du RKHS. Un simple raisonnement, connu sous le nom de
théoréme du représentant, montre qu’une solution de ce probléme est atteinte sur l’espace
vectoriel engendré par les fonctions ®(X;). On pourra donc aisément exprimer un tel esti-
mateur, les calculs se faisant simplement grace a la propriété (1.6). Enfin, lestimateur de
design fixe s’exprime aussi trés simplement ici. En notant K la matrice du noyau, dont les
coefficients sont k(X;, X;), on obtient I'estimateur

K(K +\,)7'Y .

L’analogie avec le cas de l'estimateur ridge est donc compléte, I'un pénalisant le risque
empirique par la norme des vecteurs pour obtenir un estimateur plus petit, 'autre pénalisant
le risque empirique par la norme de la fonction de régression pour obtenir un estimateur
plus lisse. Dans le premier cas, I'estimateur en design fixe ne dépend que des (X;, X;), via
X X7, tandis que, dans le second, il ne dépend que des E(X;, X;). Cest donc pour cela que
le second estimateur porte le nom d’estimateur ridge & noyau, qui nous semble plus répandu
aujourd’hui que celui de spline. Dans les deux cas, on appellera régularisation 1’action qui

15. De l'anglais reproducing kernel Hilbert space.
16. En anglais, feature map.
17. On conservera le terme anglais, qui signifie « astuce du noyau ».
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consiste a pénaliser le risque empirique par le carré de la norme de I’estimateur. Enfin, il faut
bien remarquer qu’aucun tour de magie n’a été effectué ici. Bien que ces estimateurs aient
des propriétés agréables que ne posséde pas l'estimateur des moindres carrés, cela se fait
au prix de l'introduction d’un paramétre, ici noté A, que 'on appelle souvent « parameétre
de régularisation ». Le choix de ce paramétre, on parle de calibration, incombe donc au
statisticien, et le choix arbitraire ou « au doigt mouillé » n’est guére satisfaisant. On a donc
résolu un probléme en en posant un autre, aussi ardu. Nous discutons dans la partie suivante
des méthodes possibles pour réaliser cette tache.

1.1.3 Choisir un modéle, ou calibrer son estimateur

Nous avons vu dans la partie précédente que les modéles introduits pour pallier les dé-
fauts de la régression par moindres carrés introduisent chacun un nouveau parameétre, le
paramétre de régularisation. Le statisticien doit alors calibrer ce paramétre, et donc com-
parer, en un certain sens, les estimateurs obtenus pour chaque paramétre. Si 'on considére
qu’un paramétre définit un modéle, il faut ici choisir parmi une famille de modéles : c¢’est ce
que 'on appelle la « sélection de modéles ». Or, pour pouvoir comparer deux estimateurs, il
faut s’accorder sur une mesure commune, qui marquera 'efficacité de ces estimateurs. Nous
rappelons que ces estimateurs sont censés approcher des quantités qui sont, implicitement,
inhérentes au processus étudié. Nous allons maintenant expliciter ces quantités. Il faut bien
noter que ’étape que nous allons effectuer, qui est le premier pas de la modélisation mathé-
matique d’un probléme statistique, est une abstraction de ce probléme, et peut donc étre
assez éloignée des données réelles étudiées.

Commencgons par décrire ce processus de maniére non technique. On suppose que les
points X; sont tirés indépendamment, selon un certain processus (comme si ce processus
avait été recopié, sans tenir compte des autres copies), et que les points Y; sont les images
des X; par une fonction f, perturbées par un bruit. La modélisation mathématique de cela
s’énonce comme suit.

Soit (€2, A,P) un espace de probabilité, X un ensemble et (X;)!"; une suite de
variables indépendantes et de méme loi P. On suppose alors qu’il existe une
fonction f : X — R, dans un ensemble F, telle qu’il existe une suite (¢;)?"_; de
variables aléatoires indépendantes et centrées, indépendante de (Xj;), telle que

\V/ié{l,...,n}, YZ:f(XZ)%—sz .

L’objectif est maintenant clair : retrouver f par les observations (Xj;,Y;). La qualité d’un
estimateur f sera donc mesurée par sa distance avec f, que l'on peut définir de plusieurs
facons, que 'on appellera a chaque fois « risque » :

1< ~
Prédiction en design fixe : Le risque est E [— Z(f(Xl) — f(X)?
n
1=1
on cherche donc a retrouver les valeurs de f(X;), c’est-a-dire a enlever le bruit aux
observations Y;.

)(1,...,)(n]. Ici,

Prédiction en design aléatoire : Si X, est une variable aléatoire de loi P, indépen-
dante de (X;)I", on considére le risque E [(f(XnH) - f(XnH))Z]. Ici, on cherche a

prédire ce que donnerait une nouvelle observation du processus.

10
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Ces risques ménent bien entendu a des analyses différentes! Plusieurs remarques s’imposent
d’emblée.

— On peut considérer ces risques sans espérance, on parle alors de perte. Dans ce cas,
on cherchera & contréler cette perte sur un ensemble de haute probabilité.

— Le choix du carré dans chaque risque (on parle de perte quadratique) résulte de plu-
sieurs nécessités (simplicité de calcul, d’interprétation, etc.). On aurait pu choisir une
autre perte, ce qui méne alors a d’autres estimateurs.

— Nous n’avons cité que des risques de prédiction, mais on peut s’intéresser aussi a
ceux d’estimation, qui visent a connaitre certaines propriétés de f, sans forcément de
rapport avec la loi de I’échantillon.

— On remarquera que 1’on se situe ici dans un cadre fréquentiste '® trés classique. On ne
parlera pas (ou fort peu), ici, de méthodes bayésiennes .

Le but est, maintenant, de trouver parmi une collection d’estimateurs {.]/C\)\, A e A} un

estimateur minimisant le risque choisi.

Dans certains cas, avec une perte quadratique, on peut commencer par étudier la forme
de ce risque en réalisant une « décomposition biais-variance ». Prenons comme exemple le
cas de la régression ridge & noyau en design fixe. On suppose, pour simplifier, que la suite
(X1,...,X,) est déterministe et 'on veut donc estimer le vecteur f = (f(X1),..., f(Xn))'.
On notera, pour un vecteur u de taille n, ||uHi =n~13"  u? et le vecteur de bruit sera
noté € = (e1,...,&,)" . L'estimateur est alors f)\ = A\Y = K(K + AI,)"'Y. On a alors
décomposer le risque de la fagon suivante :

B |51 | £ [14xtr + o) - 717 =B s = 2s17] 4 [l

Biais Variance

Le biais représente ici la proximité entre 'estimateur et la fonction estimée, tandis que la
variance représente la variabilité apportée par cet estimateur. Un bon choix d’estimateur
consistera donc a réaliser un compromis entre ces deux quantités. On remarquera ensuite
que, dans le cas A = 0, le biais est nul. Régulariser I’estimateur revient donc a biaiser celui-ci,
en espérant réduire suffisamment la variance afin de compenser ce biais.

Le risque, ainsi que sa décomposition biais-variance quand elle existe, ne nous sont pas
connus, car nous n’avons accés qu’a l’échantillon (X;,Y;)" ;. La quantité s’en rapprochant

le plus, & premiére vue, est le risque empirique,
1 n
- Y- AX))?
i=1

que nous avions introduit lors de I’étude de la régression par les moindres carrés. Il peut alors
sembler légitime de chercher le modéle (ou, c’est équivalent, le paramétre) qui minimise ce

18. Fréquentiste, car les résultats que l'on montre sont assurés de se réaliser avec une fréquence proche
de 1.

19. En analyse bayésienne, on suppose que l'on a une connaissance a priori de f, qui peut étre subjective,
donnée par une distribution de probabilité. On cherche ensuite a calculer la distribution a posteriori, une
fois I’échantillon observé. L’analyse fréquentiste n’est pas forcément plus objective que ’analyse bayésienne,
car le choix de F, le modéle, est toujours subjectif. Il est toutefois souvent difficile de concilier les deux
approches, ou d’interpréter I'une en fonction de l'autre.

11
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risque empirique (dans le cas de la régression ridge, cela revient, par construction, a prendre
A = 0). Clest, en fait, une mauvaise idée. En effet, les estimateurs f)\ sont construits avec
les échantillons (X;,Y;)? ;. Il n’est pas raisonnable de réutiliser directement ces échantillons
pour évaluer les performances de ces estimateurs. Cela pourrait mener & une évaluation trop
optimiste du critére et & une mauvaise sélection du paramétre. C’est ce que 'on appelle le
phénoméne de sur-apprentissage 2°. On pourra dire, plus légérement, qu’il n’est pas raison-
nable qu’un échantillon soit & la fois juge et partie! De maniére plus technique, on peut
aussi remarquer que, comme les estimateurs ne sont pas indépendants de I’échantillon, il n’y
a pas de raison que 'espérance du risque empirique soit proche du risque de prédiction avec
un design aléatoire. Nous présentons maintenant deux fagons de remédier & ce probléme.

Validation croisée

Nous l'avons dit, 1’échantillon ne doit pas étre juge et partie dans la construction et
I’évaluation des estimateurs. Il peut alors sembler naturel de court-circuiter ce probléme
par la stratégie suivante : on sépare (aléatoirement?!) 1’échantillon en deux parties. On
considére la premiére comme un nouvel échantillon, et ’on construit la famille d’estimateurs
dessus : c’est « I'échantillon d’entrainement ». Sur la deuxieme, on calcule I'erreur faite par
chaque estimateur (avec le critére choisi) : c’est « I’échantillon de test ». En notant fr

Pestimateur construit sur 'échantillon I C {1,...,n} avec le paramétre A, I.,; I’échantillon
d’entrainement et Ip.q I’échantillon de test (avec Iepy U Itest = {1,...,n}), cela revient a
choisir
~ ~ 2
Neargmind —— > (i, (X:) = Vi)
AEA ‘Itest‘ i€ T0st

On dit alors que l'on a réalisé une validation simple, et 'on pourra se référer a I'introduc-
tion (en frangais) de la thése de Arlot [Arl07]|, ou bien a I’étude (en anglais) de Arlot et
Celisse [AC10], pour une description plus poussée de ces méthodes. Les estimateurs sont
donc maintenant indépendants des données sur lesquelles on les évalue. On se contentera de
dire que I’étude théorique de la validation simple est aisée, qu’elle permet de montrer des
résultats théoriques puissants, mais qu’elle fonctionne mal en pratique. Une des raisons de
cet échec pratique est que 'on considére un seul échantillon de taille moitié moindre que
celle de I’échantillon initial.

La validation croisée V-fold permet d’étendre cette démarche en produisant un choix
efficace en pratique, mais beaucoup plus difficile & étudier théoriquement. Pour la réaliser,
on découpe ’échantillon initial en V' blocs de taille égale, aléatoirement. On prend un bloc
comme échantillon de test, et le reste des blocs comme échantillon d’entrainement. Comme
précédemment, on calcule les estimateurs sur 1’échantillon d’entrainement et on les évalue
sur ’échantillon de test. Il ne reste plus qu’a réaliser cela en prenant & chaque fois un bloc
différent comme échantillon de test. On a donc évalué V fois chaque estimateur (une fois
par bloc) avec le critére choisi. Finalement, on choisit le paramétre qui minimise la moyenne

20. Connu en anglais comme owverfitting.

21. L’hypothése sur les variables aléatoires X; est ici cruciale. Si on ne peut pas échanger deux observations,
il est absurde d’essayer d’utiliser une méthode de validation. Il est donc important que les deux parties
sélectionnées soient indépendantes.
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de ces V évaluations. En notant I4,..., Iy la partition de {1,...,n} en V blocs, et en
reprennant les notations précédentes, on choisit donc le paramétre

~ 1
A € argmin v Z
AEA ke{l,...V}

1

~ 2
A <f{1,...,V}\Ik,>\(Xi) - Yz)

i€y,

Nous ne nous étendrons pas plus sur les méthodes de validation croisée, qui constituent un
domaine de recherche trés riche. Elles constitueront principalement un point de comparaison
ultérieur pour nos algorithmes.

Sélection de modéle par pénalisation

Nous présentons maintenant une procédure moins générale de sélection de modéle. Volon-
tairement, nous n’entrerons pas dans tous les détails de ce domaine en nous limitant au cas
qui nous intéresse ici. Nous renvoyouns le lecteur avide de détails au livre de Massart [Mas07].
Comme nous ’avions expliqué précédemment, nous avons une famille d’estimateurs (j/’;\) AR,
et nous voulons choisir I'estimateur qui posséde le plus petit risque, par exemple, en re-
prenant le critére utilisé pour le design fixe, E {% S (f(X) — f(XZ-))2|X1, e ,Xn]. Or,
comme nous l'avons vu, la quantité que nous pouvons calculer et qui se rapproche le plus de
ce critére, le risque empirique, le sous-estime. On peut donc pénaliser ce risque empirique,
par une pénalité qui dépendra, entre autres, de A, ce qui donne la quantité

n

erit(h) = = 3 (% — (X)) + pen()

i=1

Mais comment choisir cette pénalité pen(\)? Nous suivrons ici de nombreux auteurs, a
commencer par Akaike [Aka70|, en considérant qu'une bonne pénalité doit donner un critére
sans biais, c’est-a-dire que I'espérance de crit(A) vaut le risque recherché. Dans le cadre de
la régression en design fixe, cela donne

n

Eferit(A)| Xy, ..., Xn] = E [l Y (f(X) = F(X0))?

n <
i=1

Xl,...,Xn]

Un choix possible pour une pénalité donnant un tel critére est donc naturellement

pengg () = E | 3" (7(X) ~ A (%,))?
=1

X1, Xn

§ (1.7)
B[ LS - A

i=1

3

X17---7Xn] )

pénalité que I'on appellera « pénalité idéale ». Dans le cas de la régression ridge a noyau,
cela donne, par exemple,

202
penig(A\) = - tr(Ay) .
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1.1. PRESENTATION DU DOMAINE

Cette pénalité dépend malheureusement des données du problémes auxquelles nous n’avons
pas accés (par exemple, ici, on voit la variance du bruit ¢ intervenir), mais il est parfois
possible (et ce sera notre cas) de construire une pénalité pen, s’en approchant suffisamment.
On considérera alors le paramétre A minimisant le critére

) = T (¥~ H(X) + pan() (1.9
=1

Il est en fait assez ais¢ de montrer qu’un choix judicieux de pen peut mener & une bonne
sélection de A. Une fois n’est pas coutume, nous allons développer un court calcul, car
il nous semble que ledit calcul est & la base de la plupart des résultats en sélection de
modele et qu'il n'utilise que les définitions (1.7) et (1.8). Pour simplifier les notations,

n

N N 2 —~
LY () = £(X0)? et || fu— || = 137, (fA(X0) — Yi)? tandis que Pon suppose que
la suite (X1,...,X,,) est déterministe. On a alors, pour tout paramétre A,

nous adopterons les conventions suivantes : pour tout paramétre A, on note H h—1f

i) = [y - 5| +pen(d)

12 - 12 12 - ~
:EMY—&H}+EF&uﬂ+th§n-EMY—ﬁﬂ}+@ﬂ»—Ek&@ﬂ
Notons A(\) = HY N i —-E [HY — j + pen(A) — E [pen(\)]. On a alors

—_—~

cait(\) =E |||[Y - f;

2}+Eka@ﬂ+A@)

n

—~ 2 —~ —~ —~
—E|||f- /] ] +E [5en()] - penig(}) + A)

<8 |7~ 1] + BlFmne] - penath) + a0y

Il en découle donc que

?|

B 1 [}] + B [Fm] - pena®) + A0%)

<int {& ||~ 1] | + Blmmme] - penath) + A0}

Il nous manque donc quelques conditions pour pouvoir controler la qualité de notre estima-
teur :

1. uniformément en A, |A(X)| doit étre petit ;
2. uniformément en A, E [pen(\)] > pen;g(A);
3. uniformément en A, E [pen(\)] — pen;q(A) doit étre petit.

14



CHAPITRE 1. INTRODUCTION

Si ces conditions sont vérifiées, on aboutira alors & une « inégalité oracle », c’est-a-dire du

type
ol o <cne (e[l 1)

Cela certifie que la calibration de A est bien faite : on ne peut trouver un paramétre dont
I'estimateur associé est bien meilleur que celui que nous obtenons.

Comment peut-on s’assurer que ces conditions seront bien vérifiées 7 Pour cela, on utili-
sera des outils de concentration de la mesure, que ’on peut par exemple trouver dans le livre
de Massart [Mas07]. La concentration de la mesure est un phénoméne qui apparait quand
des quantités aléatoires se concentrent, avec grande probabilité, autour de leur espérance.
Un tel phénoméne apparait dans nos problémes et permet directement de certifier que la
premiére hypotheése est vérifiée. Il suffit alors de prescrire les contraintes en espérance (c’est
ce que l'on fait en choisissant pen(\)) afin de montrer que les autres hypothéses sont réali-
sées 22, On remarquera qu'une des difficultés de ces résultats est que nos contraintes 1., 2.
et 3. doivent étre vraies simultanément pour tous les paramétres A, ce qui ajoute quelques
complications.

Enfin, nous pouvons remarquer une chose : nos résultats sont toujours énoncés avec n
étant fixé, et non comme en considérant une limite quand n tend vers +oo. Le réflexe clas-
sique du statisticien théoricien est de considérer que la taille de ’échantillon, n, est grande.
Cela a souvent été traduit, au début, en considérant la limite des quantités considérées

quand n tend vers l'infini : c’est le cadre asymptotique. Cela permet d’utiliser des théorémes
de convergence, comme le théoréme central limite, et d’obtenir simplement bon nombre de
résultats importants. Mais cette approche a de nombreux défauts : elle ne donne pas, ou peu,
d’indications sur les cas pratiques et suppose que les autres quantités ne dépendent pas de
n. C’est tout le contraire de ce que 'on voudrait faire! On peut, au contraire, exprimer les
résultats en fixant n, quitte a considérer que n est plus grand qu’une certaine constante 3.
Cela complique passablement les résultats, mais leur donne aussi une finesse et une précision
qui sont indispensables. Tous nos résultats seront écrits dans ce cadre-la, que 'on nomme
cadre non-asymptotique.

1.1.4 Ou Pon voit poindre le multi-taches

Dans les parties précédentes, nous avons vu comment construire des modéles plus inté-
ressants que celui de la régression par moindres carrés et comment calibrer le paramétre de
régularisation de ces modeéles. On peut alors se demander s’il existe des estimateurs qui sont
meilleurs que cela. On peut aussi se poser la question suivante : pour un probléme donné,
quelle est la meilleure qualité d’un estimateur 7 Bien sir, une fois le modéle spécifié par

\V/ié{l,...,n}, YZ:f(XZ)%—ez .

il existe un choix d’estimateur parfait : c’est f. Mais ce choix n’est bon que pour cet exemple-
14, pas pour les autres! On se placera donc dans un cadre pessimiste, et I’on considérera la
pire situation possible pour un estimateur. En notant ¢(f, f) la perte qui nous intéresse (par

22. Nous ne cachons pas que ’on puisse rencontrer quelques « petits » calculs en chemin.
23. Il nous semble que, en statistique, 1’on finisse toujours par supposer que n est grand. Un de nos
théorémes demande, par exemple, que 21In(n) > 1027!
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exemple, la perte de régression par design fixe ou celle de régression par design aléatoire),
on étudie alors le pire risque qui puisse intervenir, c¢’est-a-dire, en considérant un ensemble
JF n’étant pas trop riche,

sup {IE [f(f,f)}} .

feF

Un « bon » estimateur sera donc un estimateur qui minimisera cette quantité, c’est-a-dire
dont le risque sera proche de

inf < sup {E [¢(7. /)] }

f o\ feFx

Cette derniére quantité s’appelle le « risque minimax?* ». Un estimateur dont le risque

s’approche du risque minimax aura cette qualité qu’il ne pourra pas étre amélioré uniformé-
ment sur F, en tout cas pas de beaucoup. L’analyse de ces risques minimax a fructifié lors
de ces derniéres années, et I'on trouvera bon nombre d’articles détaillant tel ou tel risque
dans un contexte précis. On pourra citer comme références conséquentes l'article de Johns-
tone [Joh94| et les livres de Massart [Mas07| et de Tsybakov [Tsy08]. Ces risques minimax
sont donc bien connus, dans les cas qui nous intéressent. En régression linéaire gaussienne
de dimension k (c’est le cadre de la régression des moindres carrés), le risque minimax est
%., que l'estimateur des moindres carrés n’atteint pas. En régression non linéaire, si l'on
suppose que f se trouve dans une boule centrée en 0 d’un espace de Sobolev de régularité «,
alors le risque minimax sera typiquement de la forme n=2%/(22+1) Sous certaines hypothéses
de régularité du noyau utilisé, un estimateur ridge & noyau, avec une bonne sélection de
paramétre, peut avoir un risque proche de ce risque minimax.

Il y a donc des limitations, que I’on ne peut dépasser en utilisant une approche statistique
classique. Que peut-on alors faire si la précision des estimateurs que ’on utilise n’est pas suf-
fisante, et que I’on ne peut pas augmenter la taille de ’échantillon ? Le statisticien peut alors
avoir accés, simultanément, a des problémes connexes, qui sont reliés a4 son probléme d’esti-
mation initial. Il dispose donc, en fait, d’'une source d’informations sur ce probléme, vu que
ces problémes annexes lui sont reliés. L’exploitation de cette similarité entre plusieurs pro-
blémes a donné lieu & ce que nous appelons les méthodes « multi-taches », qui traitent donc
simultanément plusieurs problémes statistiques, que ’on opposera aux méthodes « mono-
tache », que constituent en fait ’ensemble des méthodes classiques existantes.

Pour expliciter cela, nous pouvons reprendre 'exemple 2° de la détection de voitures dans
des images, que nous avions développé dans la partie 1.1.1. Rappelons de quoi il était ques-
tion. Notre scientifique, ici un spécialiste de vision artificielle, a construit un estimateur qui,
a partir d’images, détecte des voitures dans ces derniéres. Il est confiant dans I’excellence de
son algorithme et a peu d’espoirs de pouvoir améliorer sa méthode de ce coté 26, Les perfor-
mances de I'estimateur ne conviennent cependant pas & notre scientifique. Celui-ci ne peut

24. Minimax, car on a ici un inf suivi d’un sup, que de nombreux auteurs écrivent, avec un abus de

notation, min max.
7 feF

25. Rappelons-le, cet exemple est totalement fictif. On pourra cependant trouver de nombreuses applica-
tions similaires dans la littérature, comme par exemple dans article de Lim et al. [LST11].

26. Il s’agit, bien entendu, une situation imaginaire. Le domaine de la vision artificielle, dans lequel, il est
vrai, nous n’avons que peu de compétences, évolue trés rapidement. Dans ce cas-1a, il serait abusif de dire
d’un estimateur qu’il est, en pratique, inaméliorable.
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malheureusement pas obtenir plus d’images, car il faut, en plus de les obtenir, payer une
personne qui devra annoter, & la main, ’échantillon, en disant pour chaque nouvelle image
si celle-ci contient ou non une voiture. Or, heureuse coincidence, ce scientifique travaille si-
multanément sur un projet semblable : il s’agit de reconnaitre des minibus dans des images.
Il serait donc tentant d’essayer de méler les deux approches : apprendre & reconnaitre une
voiture devrait pouvoir aider & reconnaitre un minibus, et vice-versa. De nombreuses ques-
tions se posent alors : comment modéliser cette ressemblance? peut-on toujours exploiter
une ressemblance 7 est-ce utile 7 Nous discuterons plus loin de tout cela.

1.2 Petit historique du multi-taches

Le but de cette thése est d’analyser une méthode multi-taches bien particuliére. Nous
dressons un portrait général de ces méthodes dans ce chapitre, avant de détailler ensuite les
contributions de cette thése a notre domaine, la régression multi-taches.

1.2.1 Le paradoxe de Stein

Le premier résultat que 'on peut inclure dans le domaine du multi-taches est peut-étre
le paradoxe de Stein. C’est un exemple bien connu en statistique, nous rappelons briévement
ici de quoi il retourne. Ce paradoxe fut trouvé a la fin des années 50, & un moment ou l'on
pensait que I'estimateur du maximum de vraisemblance était « optimal ». Voici le modéle :
on suppose que ’on observe un vecteur

Y ~N(0,0%L,), 0 € RP .

~ 2
On veut estimer?” @, en minimisant le risque quadratique E [HH — 9” } Dans ce modéle,

I'estimateur du maximum de vraisemblance est é\Mv =Y. Peut-on améliorer cet estimateur ?
La réponse, donnée par Stein [Ste56| dans un célébre article, est oui. Il montra l'existence
d’un estimateur dont le risque est inférieur, pour tous les paramétres, a celui de 51\/[\/, si
p > 3. James et Stein [JS61| précisérent ensuite cet estimateur, qui porte leur nom, dont

voici la forme :
~ (p—2)0?
Ojg=(1————1Y .
s ( =

Téachons de comprendre comment fonctionne cet estimateur : il corrige I'estimateur du
maximum de vraisemblance en le déplacant2® vers 0. Si ce dernier est trés loin de 0 (en
supposant que o2 est fixe), le facteur de correction est proche de 1 : le déplacement est
imperceptible. Mais, dans le cas contraire, le facteur de correction sera trés petit. Nous
pouvons faire ici deux remarques.

— On peut déplacer I'estimateur vers n’importe quel point ordinaire, et non pas unique-

ment vers 0, ainsi que vers la moyenne Y.

27. On estime ici p quantités différentes. Ces quantités peuvent étre, par exemple, des moyennes empiriques.
28. Nous traduisons ainsi I'anglais shrink
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— On peut s’assurer que les coordonnées ne changent pas de signe lors de ce déplacement,
en considérant la partie positive de 'estimateur de James-Stein,

~ p—202

dont le risque est inférieur & celui de l'estimateur de James-Stein pour tous les para-
métres. C’est d’ailleurs ce dernier estimateur qui sera le plus utilisé.

Les premiéres preuves données par James et Stein [JS61]| sont trés techniques. Stein [Ste81]
en donna une preuve plus générale, qui mena & ’élaboration de la méthode SURE?Y. On
peut enfin trouver une approche bayésienne empirique ° dans plusieurs articles, notamment
celui de Efron et Morris [EM73].

On peut remarquer que Oy et 035 ont des risques maximums égaux. En effet, tandis
que le risque de l'estimateur du maximum de vraisemblance est constant et égal a po?, celui
de l'estimateur de James-Stein varie en fonction de [|@||. Il converge vers po? lorsque ||0]|
tend vers 400, mais vaut 202 lorsque # = 0. Ainsi, d'un point de vue minimax, ces deux
estimateurs sont équivalents. Mais 'estimateur de James-Stein conduit & un gain important
quand 0 est petit, c’est-a-dire lorsque I’hypothése faite par le statisticien — @ est petit —
est valide.

On remarquera aussi que l'estimateur de James-Stein est fortement lié a 'estimateur
de régression ridge. Les deux reviennent en effet a déplacer les coordonnées de I'estimateur
initial, qui est dans les deux cas l'estimateur du maximum de vraisemblance, vers 0. L’esti-
mateur de James-Stein peut donc étre vu comme un cas particulier de régression ridge en
design aléatoire, avec I'avantage de fournir une sélection du paramétre de régularisation —
via (p — 2)0? — arbitraire et efficace. On pourra par exemple lire le rapport de Draper et
Van Nostrand [DVNT79] a ce sujet.

On peut interpréter 'estimateur de James-Stein comme étant un estimateur multi-taches
dans un cadre bien particulier : I'estimation de moyennes. Pour chaque téache, on doit estimer
I’espérance d’une distribution. On calcule alors la moyenne empirique des échantillons pour
chaque tache. Si I'on peut faire quelques hypothéses sur les variances de ces moyennes empi-
riques, on peut alors considérer I'estimateur de James-Stein (ou plutot, sa partie positive),
en mettant dans chaque coordonnée la moyenne obtenue pour une tache. On rapprochera
alors les moyennes les unes des autres et ’on gagnera beaucoup si toutes ces espérances se
révélent étre proches.

L’estimateur de James-Stein a donc toutes les propriétés que 'on attend d’un estima-
teur multi-taches. Détaillons ces propriétés. Son utilisation demande d’abord a ce que 'on
s'intéresse a la somme des erreurs quadratiques sur les différentes taches, et non a une er-
reur en particulier. De plus, on obtient une garantie d’efficacité globale, et non tache par
tache. L’estimateur multi-taches ainsi créé pourra étre moins bon pour une tache particu-
liére que 'estimateur mono-tache associé mais, s’il est suffisamment meilleur sur les autres
taches, nous en serons satisfaits. Enfin, 'estimateur multi-taches apporte une amélioration
significative quand I’hypothése qu’a faite le statisticien est correcte (ici, vers ou diriger les
coordonnées). Dans le cas contraire, il risque de n’y avoir que peu a gagner, et l’estimateur
multi-taches pourrait méme étre moins bon que 'estimateur mono-téache.

29. SURE : Stein’s Unbiased Risk Estimation.
30. De l'anglais Empirical Bayes

18



CHAPITRE 1. INTRODUCTION

1.2.2 Quelques modéles multi-taches

Nous avons déja présenté l'estimateur de James-Stein, qui peut étre vu comme un esti-
mateur de moyennes multi-taches. D’autres modeéles ont ensuite été développés.

Régression ridge multivariée

On peut ensuite citer la méthode de régression ridge multivariée de Brown et Zidek [BZ80].
Ici, le mot multivarié a une signification proche de celle de multi-taches : on observe plusieurs
processus, mais on ne suppose pas nécessairement qu’ils se ressemblent. Nous verrons que
ces taches partagent quand méme un peu d’informations. Précisons ce modéle : on observe

Y=X8+¢,

ol Y est une matrice de taille n x p, X une matrice de taille n x k, 8 une matrice de
taille £ X p et € une matrice de taille n X p. On suppose que l'on observe Y et X et que
E[e] = 0. Si on note A7 la colonne j d'une matrice A, on a ici p modéles de régression, du
type Y7 = X7 4 /. Ces modéles partagent deux choses :

— ils ont les mémes covariables, données par X ;

— leurs bruits ne sont pas nécessairement indépendants, car on demande que la condition

suivante soit vraie : V(i,j) € {1,...,p}% I, Cov (e, &?) =, ;1.

On construit alors un estimateur ridge en design aléatoire, dépendant d’une matrice de
régularisation M, comme suit (on note par ® le produit de Kronecker) :

BM)=(X"X@L+L,oM) (X X®I)Y .

La dépendance de cet estimateur M permet alors de s’adapter au fait que ces p taches ne
sont pas indépendantes, et des méthodes de choix de M adaptées & des cas bien précis sont
détaillées dans I'article cité. Cet exemple est important a nos yeux, car il ouvre la voie a une
analyse multi-taches de la régression ridge. Les estimateurs développés plus tard en seront
proches, mais devront en plus s’adapter & une hypothése supplémentaire : les différentes
fonctions de régression sont censées se « ressembler ».

Régressions multi-taches

Nous arrivons, enfin, au sujet qui nous intéresse ici : les modeéles de régression multi-
taches. On commence donc par supposer un modeéle de régression multi-taches. On fixe un
ensemble X (pour simplifier, ce sera R?), ainsi que p fonctions f!,..., fP, a variables dans
X et a valeurs dans R. On tire ensuite p échantillons3! (X!, V)™, ..., (X, YP)n ) et

K3 (2

'on suppose qu'il existe des variables aléatoires centrées &/ telles que
Vie{l,...,n}, Vje{l,....,p}, Y/ = (X)) + & .

A ,
On suppose aussi, bien entendu, que, si ¢ # 4, les variables ag et ag, sont indépendantes,
et ce pour tout couple (4,5’)32. Nous ne demandons maintenant qu’a exprimer une idée :

31. Pour chaque échantillon, la loi différe d’observation en observation.
32. On se tiendra autant que possible & la convention suivante : les indices indiquent la position dans
Péchantillon, dans {1,...,n}, les exposants indiquent la tache, dans {1,...,p}.
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les fonctions f1,..., fP se ressemblent. Mais que cela signifie-t-il 7 On peut trouver, dans la
littérature, deux types de catégories dans lesquelles on peut classer ces modéles de régression.

Faible dimension : On peut supposer que toutes les fonctions sont linéaires, de la forme
fi(z) = x"f7, et que tous les vecteurs (B',...,3P) appartiennent & un méme sous-
espace vectoriel, de préférence de faible dimension. Pour résumer : les p fonctions
peuvent étre décrites par un petit nombre de descripteurs.

Similarité euclidienne : On suppose que X’ est muni d’une structure hilbertienne (le plus
souvent, ce sera un RKHS), et on suppose alors que toutes les fonctions f!,..., fP) se
trouvent dans une boule de X', de préférence de petit rayon.

On le voit, ce sont des hypothéses trés différentes, qui traduisent des conceptions assez
éloignées du concept de « similarité ». On utilisera pourtant, dans les deux cas, des méthodes
de pénalisation du risque empirique.

Similarité euclidienne

Nous touchons ici au cceur de notre sujet, car c’est dans ce cadre que nous placerons
notre étude. Ce dernier a été moins étudié que le cadre de la faible dimension, que nous
venons de décrire. La principale référence est un article de Evgeniou et al. [EMPO05]|, sur
lequel nous nous fonderons pour introduire le modele. Nous décrivons maintenant le cadre
de cet article. On considére que l'on observe des couples (Y, X7), définis par

Y=X"B+¢ .

On étend alors, et nous l'expliquerons, le critére ridge a ceci :

1o 2 (pi\T gk

Y = XA+ 3 M)
Le second terme est, comme précédemment, un terme de régularisation, la matrice M étant
alors I'analogue du paramétre de régularisation. Un avantage de cette formulation est qu’il
est aisé de voir qu’il prolonge la régression ridge en conservant certains de ses avantages,
notamment la facilité de calcul des estimateurs recontrés. Mais quelle régularisation effectue-
t-on alors? Cela dépend de la matrice M. Une matrice M diagonale fera que ce critére se
découplera en p problémes indépendants, ce qui revient a considérer les régressions mono-
taches. Avec M = (A +pp)l, — p11T on pourra aussi créer un terme de régularisation de la

forme)\ZHﬁj|’2+M Hﬁj—ﬁk‘
J Jk

Le cadre que nous avons cité est donc trés souple, trop peut-étre, et permet d’exprimer
plusieurs hypothéses sur la répartition des téaches.

2
, forcant ainsi les p estimateurs de taches a étre proches.

Faible dimension, parcimonie et norme nucléaire

Les méthodes de régression multi-taches utilisant cette hypothése de faible dimension ont
été assez largement étudiées. Peut-étre est-ce dii a la popularité des méthodes de régression
linéaire mono-tache qui utilisent des hypothéses de faible dimension, comme le Lasso par
exemple. Commengons par une situation simple de parcimonie : le cas ot il existe un ensemble
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B* C {1,...,p} tel que, pour chaque tache j, le support de 37 est inclus dans B*. Le modéle
est ici simplifié, car on sait alors que le sous-espace vectoriel sur lequel on recherche nos
estimateurs est bien particulier. Ce probléme est alors souvent traité en pénalisant le risque
empirique de cette maniére :

-

1
— ||y = XB|> + A
np

<
Il
—

On appelle cela le lasso groupé et les vecteurs de paramétres ainsi obtenus auront effective-
ment tendance & avoir un support, commun, de petite taille, grace notamment aux propriétés
du Lasso (qui correspond a la régularisation Lj). L’estimateur qui minimise cette quantité
est aussi aisément calculable. Ce cas particulier fut par exemple étudié par Obozinski et
al. [OWJ11] ainsi que par Lounici et al. [LPTvdG09]. On notera lapplication du Lasso
groupé a des problémes de détection de rupture par Bleakley et Vert [BV11| Plusieurs ex-
tensions sont possibles, par exemple en considérant plusieurs groupes de variables, ou chaque
groupe doit avoir un support restreint [LPTvdG11], en étendant cela a la régression a noyau
[KY08] ou bien a 'apprentissage par noyaux multiples [KY10].

Traiter le cas ou 'on suppose juste que les descripteurs des différentes taches appar-
tiennent & un sous-espace de petite dimension est plus délicat. Les pénalisations qui peuvent
étre alors utilisées, comme on peut le voir chez Argyriou et al. [AEP08|, ne ménent alors pas
a des estimateurs que 'on peut facilement calculer. On s’en sortira souvent en considérant
le probléme de minimisation suivant

1
=Y = XBIF + A8l
p

ou |||, = try/BT B est la norme nucléaire de 3, c’est-a-dire la somme de ses valeurs sin-
gulieres. On peut aussi citer l'article de Jacob et al. [JBV0§|, mélant cette approche a un
probléme de clustering. Rohde et Tsybakov [RT11] ont analysé ce cas-la et on montré qu’il
menait & de bonnes performances de I'estimateur multi-taches. On pourra aussi remarquer
le travail de Giraud [Girll], qui méne a une pénalisation légérement différente.

Enfin, méme si ces estimateurs peuvent sembler séduisants, la calibration du (ou des)
paramétres de régularisation peut étre problématique. Il n’existe pas aujourd’hui, & notre
connaissance, de méthode complétement adaptative et que 1’on sache analyser qui permette
une telle sélection, sauf peut-étre, d’'un point de vue théorique, la validation simple avec un
échantillon de test de taille n/Inn.

Des validations expérimentales

Nous n’entrerons pas ici dans les détails, mais nous nous bornerons juste a dire que des
méthodes multi-taches ont été expérimentées dans de nombreux cadres. On citera principa-
lement le travail de thése de Caruana [Car97], qui fait la part belle aux réseaux de neurones
et teste ses méthodes sur de nombreux jeux de données, réels ou artificiels. On pourra ci-
ter aussi quelques applications en robotique, par exemple, comme dans 'article de Thrun et
O’Sullivan [TO96]. Enfin, on pourra aussi trouver de nombreuses occurrences de ’expression
transfer learning, notamment en vision artificielle. Il s’agit alors d’utiliser dans une téche
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une partie de I’échantillon d’une autre tache, quitte a sélectionner ou déformer cette partie
de I’échantillon empruntée pour la rendre compatible a la tache étudiée.

Des modéles multi-taches éloignés de notre sujet

Plusieurs modéles ont été développés pour étudier théoriquement le multi-taches, pour
lesquels nous n’entrerons pas, 1a non plus, dans les détails. Baxter [Bax00| a développé un
cadre d’étude général, concernant 'apprentissage d’hypothéses par minimisation du risque
empirique. Il montre des bornes concernant ’apprentissage de plusieurs taches tirées aléa-
toirement selon un processus commun. Dans un cadre de classification, Ben-David et Schul-
ler [BDS03| définissent ce qu’est une similarité entre deux taches bien précisément. Soit X
un ensemble, P; et Py deux mesures de probabilité (que I'on doit apprendre) sur X' x {0, 1}
et F un groupe de permutations de X. Alors P; et P, sont dites F-semblables si, pour toute
partie 7' de X x {0,1} P; mesurable, f(T') est Py mesurable et Pi(T") = Pa2(f(T)). Les
auteurs de cet article montrent alors que 'apprentissage de classifieurs de plusieurs distri-
butions F-semblables est possible, en utilisant les outils introduits par 'article précédent.
C’est une approche intéressante, car elle modélise précisément ce qu’est la similarité entre
les taches, méme si cette modélisation semble trés contraignante et difficilement utilisable
en pratique.

1.2.3 Quelles questions se pose-t-on ici?

Dans cette thése, nous étudierons le modéle de régression multi-taches, en nous placant
dans le cadre de similarité euclidienne et en utilisant des outils de régression a noyau. Nous
nous tenterons alors de répondre & plusieurs interrogations :

1. Quels types de similarités peut-on exprimer avec notre modéle ?

2. Comment ces similarités s’expriment-elles dans notre modéle ?

3. Peut-on calibrer les estimateurs que 1’on obtient ?
4

. Le cas échéant, I’estimateur ainsi calibré a-t-il de bonnes qualités 7 Notamment, vérifie-
t-il une inégalité oracle?
33 ?

ot

L’estimateur multi-taches ainsi obtenu est-il plus efficace que I’estimateur mono-tache

6. Y a-t-il des situations intrinséquement favorables, ou défavorables, & une estimation
multi-taches 7

1.3 Contributions de la thése

Nous expliquons dans cette partie les réponses que cette thése apporte a ces questions.

1.3.1 Cadre et modéle

Soit (£2,.A,IP) un espace probabilisé. On suppose que l'on observe l'échantillon D,, =
(X3, V..., Y)Y € (X x RP)™. Pour chaque tache j € {1,...,p}, D} = (X;,Y/)", est

7 ) 7
un n échantillon de loi P’, dont la premiére loi marginale est P. On cherche & résoudre un

33. Autrement dit, notre travail sert-il & quelque chose ?
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probléme de régression pour chaque tache. Détaillons maintenant le modele. Nous supposons
d’abord qu’il existe ¥ € ST (R) et des vecteurs (e] )?:1 indépendants et de méme loi normale
N(0,%). On suppose aussi que pour tout j € {1,...,p}, il existe F7 € L2(P) tel que

Vie{l,...,n},Vje{l,....p}, Y/ = FI(X;) +¢& .

Remarque 1.1. On suppose donc, ici, que toutes les taches ont le méme design. Cela facilite
notamment [’étude théorique, qui peut se faire sans cette hypothése, au priz de quelques
suppositions supplémentaires.

Remarque 1.2. La matrice 3 est la matrice de covariance du bruit entre les tdches, qui ne
sont donc pas nécessairement indépendantes conditionellement a (X;)!_ ;. L’estimation de
cette matrice se révélera étre tres importante.

On se place maintenant dans un cadre de régression en design fixe, le risque qui nous
intéresse est donc, pour un estimateur F,

1 « -
E|- Z(F(Xi) — F(X)? X4,... ,Xn]
=1
Toutes les espérances qui suivent sont implicitement prises conditionnellement a (X71,..., X,,),

afin de garder des notations concises. Nous noterons aussi

f = vec ((Fj(Xi))i,j) , fj = vec ((FJ(XZ))?:l) et y = vec ((YZ])Z,J) ,

et prenons des notations similaires pour les estimateurs. Avec de telles notations, les éléments
sont regroupés tache par tache dans des vecteurs, en commencant par ceux liés a la premiére
tache pour finir par ceux liés a la derniére. Nous travaillons donc avec une perte quadratique,

~ 2

notée Hf—f‘ ,
Nous nous plagons ensuite dans un cadre de régression ridge a noyau. On se donne donc

un RKHS F € L2(PP), dont le noyau associé est k et la fonction de description est ® : X — F.
Cela nous donne la matrice de noyau K = (k(X;, X;))1<ie<n € S;f (R). Nous cherchons donc
a construire des estimateurs dans F. Pour cela, dans la droite ligne des travaux de Brown et

Zidek [BZ80] ainsi que de Evgeniou et al. [EMPO5], nous considérons ’estimateur solution
du probléme de minimisation, dépendant d’un paramétre de régularisation M € S; (R),

p P
ﬁMEargmin{anZ 2+ZZM],1G3 Ge }

Gerr i=1 j=1 j=1 =1

/

~ 2
et le risque quadratique associé, E [Hf — fH } .

Risque empirique Terme de régularisation

On peut alors construire un RKHS dépendant de M qui permet d’utiliser le théoréme
du représentant et d’obtenir 'estimateur a design fixe

—~ ~ ~ - - _ -1
far = Anry = Kni(Kag +nplp) ™'y = (M7 @ K) (M~ @ K) + nplyy)  y

La matrice M permet de représenter la similarité entre les taches. Calibrer cette matrice
devrait donc permettre de s’adapter, au moins en partie, a cette similarité. Finalement, voici
deux exemples de type de matrice M que nous utiliserons souvent par la suite.
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Exemple 1.1. Si l'on veut traiter les p tdches séparément, et donc obtenir les estimateurs

mono-tache, on peut alors prendre M = Mipq(X) := 1 Diag(A1,...,A,) pour tout A € RP.

Tp
Cela mene a la régularisation

LS~ USSyd - cixeny? j|2

> X)) NI

p - n

J=1 =1
qui se découple bien.
Exemple 1.2. On peut suivre Evgeniou et al. [EMPO05] et définir, pour tout (A\,p) €
(0,+00)%,
A+ —Dp —K
Msp (A, p) := (A +pp) I, — pll " = .
—p At (p—1u

Avec M = Mgp (A, ), on obtient la régularisation

1 <&

Y0 -G AN [+ 4
j=1

i=1 j=1

> e -,

P
=1 k=1

np

J

Cela permet donc de régulariser & la fois les normes des fonctions GI et celles de leurs
différences, GI — GF. Ainsi, les matrices Msp(\, 1) peuvent étre utilisées lorsqu’on suppose
que les fonctions FJ sont proches dans F.

1.3.2 Calibration d’un estimateur multi-taches

Nous cherchons d’abord & sélectionner une matrice M, & partir d’'un ensemble M, afin
que 'estimateur associé fM ait un faible risque. Pour cela, nous allons mettre en ceuvre la
méthode de pénalisation du risque empirique par la pénalité idéale, que nous avions décrite
auparavant.

Pénalisation idéale du risque empirique

On cherche donc une pénalité dépendant uniquement des données et qui approche au
mieux

1, -~ 1 ~ 2
(M) =E | —||Fas — Q—E—H— H .
pena (1) = & | L fur = 518] ~ & | L [y -
Un simple calcul montre que cela vaut, nonobstant un terme ne dépendant pas de M,
C2tr (Ap - (B @ 1))
= o

Or, cela dépend de X, que 'on ne connait pas. La premiére étape de ce travail est donc
d’estimer X et de montrer que cette estimation est suffisamment précise pour que la pénalité

sena) = 21 (AM7:L](?§) @ 1,))

pen;q (M)

(1.9)

approche suffisamment bien la pénalité idéale.
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Estimation de X

Notre estimateur de la matrice de covariance X est fondé sur le concept de pénalité
minimale. Nous ne discuterons pas en détails ici de ces pénalités, le lecteur intéressé pourra
lire I’article de Arlot et Bach [AB11]| ou bien consulter le court résumé se trouvant partie
3.3, page 53. Nous nous bornerons a dire que cela permet, dans notre cadre, d’estimer la
variance du bruit dans un probléme de régression mono-tache.

Notre stratégie d’estimation est donc la suivante :

1. Sélectionner un ensemble de directions dans RP, ot chaque coordonnée représente une

tache.

2. Pour chaque direction, considérer le probléme mono-tache correspondant & projec-

tion multi-taches selon la direction choisie et estimer la variance du bruit dans cette
direction.

3. Construire X & partir de ces estimations uni-dimensionnelles.

Nous formulons cela de maniére plus précise. Pour tout z € RP on considére le probléme de
régression mono-tache

Yo=Y z=F 24 E-2=F, +e. . (P2)

On peut alors noter par a(z) I'estimateur de la variance du probléme (P,) et (e1,...,ep) la
base canonique de RP. On voit alors que a(e;) estime X;; et que a(e; + e;) estime X;; +
¥+ 2%, ;. Ainsi, ¥; j peut étre estimé par (a(e; + e;) — a(e;) — a(e;))/2.
On introduit donc la fonction J : RPP+D/2 Sp, que 'on définit par
J(al,... s Apy, A1.2, -+ -5 A py - - - ,ap,Lp)l-’i = a; sil S ) Sp s

Qij — G —

a; . .
> sil<i<ji<p.

J(a1, . s Qp, @12, Qlpy e Ap_1p)ij =
On peut donc voir que
E=JE11,. . Ypp 211 + 222+ 2819,...)
et 'on pose

S = J(aler),...,alep),aler +e2),...,aler +ep),....alep—1+e€p)) . (1.10)

On peut alors montrer le résultat suivant, en notant ¢(X) le conditionnement de 3, < la
relation d’ordre définie par A < B si B — A est symétrique positive et en introduisant une
hypothése sur le biais du modéle :

Vi e {1,...,])}, 3)\()]‘ € (0,+OO),
Inn (Hdf)
df()\oj) < \/— et — H A)\O FE]HZ < E T
Théoréme 1.1. Soit & Uestimateur défini dans Uéquation (1.10) et supposons que (HAf)
soit vérifiée. Pour tout § > 2, il existe une constante ny(d0), une constante L1 > 0 ainsi

qu’un événement O, vérifiant P(Q) > 1 — p(p+ 1)/2 x n™9, tels que, sin > ng(8), sur €,
1-=nE =T (14T (1.11)

avec  1n:=Li(2+9)p lnfln) (%)% .
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Notre estimateur de Y converge donc bien vers Y, avec une vitesse précisée ici.

Le cas le plus souvent étudié en estimation de matrice de covariance est le cas ou f est
constante ou nulle, et I’'on cherche alors & améliorer la matrice de covariance empirique. Bickel
et Levina [BLO8| ou Cai et al. [CZZ10], par exemple, utilisent des méthodes de seuillage pour
obtenir, dans le second cas, des taux de convergence minimax. D’autres supposent une hy-
potheése de parcimonie et utilisent ensuite des méthodes de seuillage, comme Karoui [Kar08],
ou bien des méthodes de régularisation, comme chez Lam et Fan [LF09].

Notre cadre est assez éloigné de ces situations-la, car notre échantillon (Yl-l, LY

n’est pas centré, ni méme homoscédastique. Former une matrice de covariance empirique n’a
pas, ici, de sens.

Inégalité oracle

~

Nous pouvons maintenant garantir I'efficacité de I'estimateur f; calibré par la méthode
de pénalisation (1.9), via une inégalité oracle. Notre résultat recouvre deux types de situa-

tion :

1. une situation ou 'ensemble des matrices est discret, cela permet de recouvrir certaines
situations ol I'on a peu d’informations a priori sur la répartition des taches;

2. une situation ott ’ensemble des matrices est codiagonalisable en base orthonormée, ce
qui arrive dans plusieurs situations ot I'on a beaucoup d’informations a prior: sur la
répartition des taches, par exemple quand toutes les fonctions sont regroupées dans
plusieurs clusters.

Dans la premiére situation, on suppose que ’on a un ensemble M vérifiant
3(C,an) € (0, +00)?, card(M) < CnM | (1.12)

On peut alors définir le parameétre sélectionné par

— ~ 2 ~
MEargmin{HfM—yH + 2tr (AM-(E®In)>}
MeM 2
L’inégalité oracle recherchée s’énonce alors comme suit, en nommant par opax la plus
grande valeur propre de X..

Théoréme 1.2. Soit o = max(apn,2), § > 2 et supposons que les hypothéses (Hdf)
et (1.12) sont vérifiées. Il eviste alors des constantes Ly, " > 0, une constante n1(6) ainsi

qu’un événement Q, vérifiant P(Q) > 1 — &'p(p + C)n=0, tels que, sin > ny(0), sur Q,

IR C TR pesE——

o1t In(n)?
In(n )

1 [~ 2
= < (1
anfM fHZ - < - np

Ce résultat est une version simplifiée du théoréme 3.3, page 57. Le résultat original

posséde aussi une variante énoncée en espérance.
Dans la deuxiéme situation, on suppose que 'on a un ensemble M vérifiant

P € O,(R), MC {PT Diag(dy, ..., dp)P, (d;)!_, € (O,—l—oo)p} . (HM)
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En définissant (u;)t_; par Vj € {1,...,p}, uj = PTej, on estime alors X par
Sum = PDiag(a(u), ..., a(up)) P’

La paramétre sélectionné est alors

— —~ 2 ~
Mywm € argmin{HfM—yH + 2tr <AM-(EHM®In))} . (1.13)
MeM 2

On peut maintenant énoncer 'inégalité oracle concernant ce cas-1a

Théoréme 1.3. Soit a = 2, § > 2 et supposons que les hypothéses (HAf) et (HM) sont vé-
rifiées. 1l existe alors des constantes Ly > 0, K", une constante n1(0) ainsi qu’un événement

Q, vérifiant P(Q) > 1 — &"pn=0 tels, si n > ni(6), sur Q,

1 1~ 9 1 \2 1 1~ 2 pln(n)?
— | fa. - < (14— inf ¢ — - Loomax(2 + 6)> ———— .
np HfMHM f”Z - ( * ln(n)> MeM {np HfM fHQ} F L20max(2+9) np

Ce résultat est une version simplifiée du théoréme 3.4, page 58. Le résultat original

posséde aussi une variante énoncée en espérance.

Nous pouvons remarquer plusieurs choses.

— L’obtention d’informations supplémentaires sur la répartition des taches permet d’ob-
tenir un algorithme simplifié possédant une plus forte garantie de convergence.

— Pour que les inégalités oracles contraignent le risque de 'estimateur, c¢’est-a-dire que le
terme de droite additif soit négligeable devant I'infimum, n et p doivent étre contraints,
ce qui exclut les cas du type p > n. Ces contraintes sont discutées dans la remarque
3.13, page H9.

— Des simulations viennent confirmer le bon comportement de notre estimateur multi-
taches dans des cas qui ne le contraignent pas via I'inégalité oracle (partie 3.6, page 60).

1.3.3 Le multi-tache fonctionne-t-il ?

Nous disposons maintenant d’un estimateur multi-taches pouvant s’adapter a une famille
de paramétres M, c’est-a-dire choisir un paramétre M € M dont le risque est proche du
meilleur risque possible sur M. On peut alors se poser la question suivante : I’estimateur ainsi
obtenu est-il plus performant que l’estimateur mono-tache associé 7 Au vu de ce que nous
avons montré, il suffit d’étudier les risques des estimateurs oracles. Par souci de simplicité,
nous supposons que > = O'QIp.

Décomposition du risque

Nous allons étudier le cas ou les p fonctions de régression appartenant a chaque tache
sont censées étre proches. Nous savons qu’il existe des matrices permettant de régulariser
ces fonctions ainsi que leurs différences, une rapide étude du risque permet cependant de se
rendre compte qu’il est plus judicieux de régulariser la moyenne des fonctions ainsi que leur
variance. On utilise donc ’ensemble de matrices

May = {MAV()\HU’)’ (Aa/‘) € RQ} )
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avec

A117 117
o = 21 (5, 110
P D P P

Cela méne au critére suivant :

—ZZy—G] )2+ A

21]1

112 .
p J p J
j=1 G j=1 G

Il
p

F F

Le risque oracle est donc

1 P 112
tp=  inf ~E H - JH
ST (L wyers | np Z B =P,
J=1
pour le mono-tache et

S E [T

pour le multi-taches.

On peut tout d’abord remarquer que le risque oracle mono-tache Rgp est un infimum sur
p paramétres, alors que le risque oracle multi-taches 933, est un infimum sur uniquement
deux paramétres. Le mono-tache posséde donc plus de degrés de liberté que le multi-taches,
mais ne peut pas utiliser les données de taches différentes simultanément. Il n’est donc pas
évident de pouvoir obtenir la simple garantie « Ry < REp ». A

Notons (7;)"; les valeurs propres de K et, pour tout j € {1,...,p}, (h])" les co-
ordonnées de f7 sur la base orthonormée qui diagonalise K. Notons aussi la moyenne de
b

m=#=%+m+w
VP

et la « variance » inter-taches 34

s S (S 1y 2oL
p p P

. . . 3 . N A < 4 o . .
On peut alors écrire le risque de U'estimateur fys,, (1), grace a une décomposition biais-
variance, comme

2 - %2 o’ ¢ Vi 2 ( —1)o* - Vi ?
Ay P — —
2 (7 +nA)2 np; (% +nA> Z (i +nu np ; (% +nu>

i=1

On peut donc étudier chaque partie séparément pour obtenir un contréle du risque oracle.

34. Cette variance inter-taches n’est pas une variance de variables aléatoires. Pour rappeler son interpré-
tation comme une variance, et pour la différencier de o, nous noterons toujours cette quantité par la variante
de la lettre sigma, quand cette derniére se trouve en fin de mot : <.
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Contréle du risque oracle multi-taches

Nous avons besoin d’hypothéses afin de controler la décroissance des suites (7;), (i)
et (g;). Ces hypothéses, trés classiques, sont par exemple vérifiées dans le cas ou le RKHS
est un espace de Sobolev W, et ot les fonctions de régression sont suffisamment réguliéres.
Voici ces hypothéses :

1<26<4p+1 . (Ha(5,0))

Vie{l,...,n}, v = ni=2P . (Hk(8))

w2 98
We{l,...,n},{ p, Cini s (Hav (6, C1, C2))

s = Coni™

Sous ces hypothéses, le risque minimax est connu, vaut (n/ 02)1/ 20-1 ot peut étre at-

teint par des estimateurs ridge & noyau. On pourra pour cela consulter I'article de Johns-
tone [Joh94], ou les livres de Wasserman [Was06| et de Massart [Mas07].

On peut alors étudier le risque oracle, ce qui permet d’aboutir au résultat suivant, en
notant x(3,0) une constante ne dépendant que de (3 et 9.

Théoréme 1.4. Pour tout n, p, C1, Ca, 02, B et 0 tels que U’hypothése (Hn(B,6)) est
vérifiée, on a

np 1/(28)-1 5 B 5
R < o1/(20) (_2) K(3,) [011/(2 ) | (p— 1)t (1/25)021/2 ]

g

De plus, il existe des constantes N et o € (0,1) telles que, sin > N, p/o? <mn et 2 < 26 <

43, on a

np>1/(25)—1 )

fr > o (28 (8,6) [ + (o — )= )]

Controéle du risque oracle mono-tache

On cherche maintenant & faire de méme pour le risque oracle mono-tache. Malheureu-
sement, les hypothéses précédentes ne correspondent pas & une seule répartition des téaches.
On spécifie donc maintenant deux types de répartition des taches, qui représentent notre
hypothése : les taches sont groupées ensemble.

— Hypothése « 2 points » : supposons, pour simplifier, que p est pair et que

fleo= P12 o fPI2AL = g (2Points)

— Hypothése « 1 outlier » :
fl=...= 71, (10ut)

Ces hypothéses supposent, respectivement, que les fonctions sont toutes également ré-
parties sur deux points, ou toutes sur un point avec une fonction en dehors. Elles sont trés
restrictives, mais nous ménerons des simulations dans des cas plus intéressants.

Sous ces hypothéses, nous pouvons maintenant étudier le risque oracle mono-tache.
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Corollaire 1.1. Pour tout n, p, C1, Ca, 02, B et § tels que 2 < 20 < 453 et no? > 1, si les
hypotheses (2Points), (Hav (9, C1,C2)) et (Hk(B)) sont vérifiées, alors

" (%)1/(25)—1M « pi-1/20 |:(\/a+\/c_2)1/6—|— ‘\/a_ \/?2‘1/5] |

2

Corollaire 1.2. Pour tout n, p, C1, Ca, 02, B et § tels que 2 < 26 < 453 et no? > 1, si les
hypotheses (10ut), (Hav (6, C1,C2)) et (Hk(B)) sont vérifiées, alors

N np\ 1/(20)-1
ST < (ﬁ) k(83,6)

wpl—1/28 2%( T Cy )

p—1

1/

)
+%‘\/C_‘1— N 1)02(1/‘S .

On remarquera, et c¢’était attendu, que les estimateurs mono-tache ont un risque proche
(& une constante prés) du risque minimax. Ces estimations sont aussi suffisamment précises
pour assurer que l'estimateur multi-taches introduit précédemment a un risque quadratique
négligeable par rapport a celui de I'oracle mono-tache.

Comparaison entre les oracles mono-tache et multi-taches

On peut donc maintenant comparer les résultats précédents. On s’intéresse a la quantité

*
_ ~'MT

~
ST

c’est-a-dire au rapport entre les risques des oracles multi-tdches et mono-tache, et on 'ex-
primera en fonction de

=c

Le paramétre r controle la part de signal qui est contenue dans la moyenne des taches. Si r est
petit, toutes les fonctions de régression sont trés proches de leur moyenne et 'oracle multi-
tache devrait bien mieux fonctionner que l'oracle mono-tache. Si r est grand, le contraire
devrait arriver. On a alors les résultat suivants.

r

Corollaire 1.3. Pour tout n, p, C1, Cy, 02, B et § tels que 2 < 20 < 43 et no? > 1, si les
hypotheses (2Points), (Hav (6, C1,C2)) et (Hk(B)) sont vérifiées, alors

pl/20)-1 ¢ (1%1)17(1/25)701/25

e

Corollaire 1.4. Pour tout n, p, C1, Ca, 02, B et § tels que 2 < 26 < 453 et no? > 1, si les
hypotheses (10ut), (Hay (0, C1,C2)) et (Hk(B)) sont vérifiées, alors

p =

1-(1/26
pl/2)-1 4 (ijl> 1/ )r1/25

=1+ )" - viemD

‘1/5 :
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Ces deux cas sont tres différents :

— Quand r est petit, c’est-a-dire quand les taches sont trés similaires, dans les deux cas,
p tend vers C'st x pl/20-1 Cest-a~dire que Poracle multi-taches a la meéme efficacité
que l'oracle mono-tache ayant un échantillon p fois plus grand.

— Au contraire, quand r est grand, les deux situations différent. D’un c6té, sous I’hypo-
thése (2Points), p reste borné : l'oracle multi-tache ne peut pas faire arbitrairement
moins bien que le mono-tache. De autre, sous (10ut), p tend vers +oo : l'oracle
multi-tache fait arbitrairement moins bien que le mono-tache.

Ces comportements se confirment sur des simulations (partie 4.8, page 106) dans un cadre
plus étendu.

Le cas positif pour le multi-taches n’est guére surprenant. Cependant, le cas de la situa-
tion défavorable au multi-taches étudiée ici est moins clair : il est fort probable que, plus
qu’une impossibilité d'utiliser toute méthode multi-taches dans ce cas-1a, c¢’est I'inadéquation
du modéle My utilisé ici qui induit ce comportement. Faire une erreur de modélisation
en incluant une tache a tort dans un groupe peut donc étre fort dommageable aux résul-
tats d'une telle méthode multi-taches, qui n’est donc pas robuste a de telles erreurs. D’otul
la nécessité de développer des méthodes qui puissent mieux et davantage s’adapter aux
données!
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Notations

We recall here some notations used throughout the manuscript.

Abbreviations.

also known as

exempli gratia

Equation

et alii

et cetera

id est

independent and identically distributed
page

respectively

reproducing kernel Hilbert space
Section

probability, expectation, variance
operator which stacks the columns of a matrix into a vec-
tor

set of all real matrices of size n

set of symmetric matrices of size p

set of symmetric positive-semidefinite matrices of size p.
set of symmetric positive-definite matrices of size p

set of orthogonal matrices of size p

canonical basis of R?

partial ordering on S,(R) defined by: A < B if and only
if B—A¢ge S; (R)

vector of size p whose components are all equal to 1
usual Euclidean norm on R* for any & € N: Vu € RF,

2 k
ullz = > iy UZQ
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NOTATIONS

NOE) oo normal multivariate distribution, with mean 0 and covari-
ance matrix X

i, 6, etc. ...l estimators

16 complementary of the set |

ARB o Kronecker product of matrices A and B

Notations used both in Chapter 3 and in Chapter 4.

2 P sample size

7 P number of tasks

(Xi Yoy oo sample in the single-task setting

(X, Y o YD, sample in the multi-task setting (Sect 3.2.1, p. 48 and
Sect 4.2.1, p. 88)

M oo p X p matricial hyper-parameter

X input space

F o set of target functions

(FL . JFP) o target functions (Eq. (3.1), p. 48 and Eq. (4.1), p. 88)

(Yo P f target vectors in the fixed-design setting (Sect. 3.2.1, p. 49
and Sect. 4.2.1, p. 88

ko kernel of the RKHS (Sect. 3.2.1, p. 48 and Sect 4.2.1,
p. 88)

K o kernel matrix (Sect. 3.2.1, p. 48 and Sect 4.2.1, p. 88)

D kernel feature map (Sect. 3.2.1, p. 48) and Sect 4.2.1, p. 88

F M fM ....................... ridge multi-task estimator with regularization hyper-
parameter M (Eq (3.2), p. 49 and Eq. (4.2), p. 89)

Msp (A, 1), May(A i) ooveennnn. particular matricial hyper-parameters, suited for the

multi-task hypothesis usually made here (Sect. 3.2.1, p.
50 and Sect. 4.2.2, p. 89)

AN o ridge matrix for the multi-task estimator with regulariza-
tion hyper-parameter M (Sect. 3.2.1, p. 51 and Sect. 4.2.1,
p. 89)

M, Msp, Mind; Meaus, Minterval  multi-task model, subset of S;r (R), on which the multi-
task ridge estimator has to be calibrated

Hdf ........................... assumption on the bias (Eq. (Hdf), p. 55 and Eq. (Hdf),
p. 104)

Ho, Hy ..o null and alternative hypothesis

N o number of replications in the simulation experiments

Lmin () (resp. fmax (X)) oont.. smallest (resp. largest) eigenvalue of 3
(X)) condition number of ¥, that is, pmax(X)/tmin(2)
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NOTATIONS

matricial hyper-parameters that gives the single-task es-
timator (Sect. 3.2.1, p. 49)

matricial hyper-parameters that clusters the tasks in two
clusters, indicated by the sets I and I¢ (Sect. 3.2.1, p. 50)
RKHS for the multi-task ridge regression (Sect. 3.2.1,
p. 50)

oracle hyper-parameter, with respect to M (Sect. 3.2.2,
p. 51)

ideal penalty to calibrate the matrix M (Eq. (3.7), p. 53)
degrees of freedom of A, (that is, its trace), the ridge
matrix with hyper-parameter A (Sect. 3.3, p. 53)
minimal penalty, used to estimate the noise variance
(Sect. 3.3, p. 53)

set of points alongside which the noise covariance matrix
is estimated (Sect. 3.4, p. 55)

maps that builds a symmetric matrix out of its outputs
on the canonical basis (Eq. (3.4), p. 55)

high probability event on which the oracle inequalities are
shown to hold.

structural assumption on the multi-task model which al-
lows a simpler estimation (Eq. (HM), p. 58)

fixed quantities during the simulation experiments
(Sect. 3.6, p. 60)

quantities randomly drawn during the simulation experi-
ments (Sect. 3.6, p. 60)

fixed but uncalculated constants

noise intensity (X = 021,) (Sect. 4.2.1, p. 88)
regularization parameters

particular matricial hyper-parameters, suited for the
multi-task hypothesis usually made here (Sect. 4.2.2,
p. 90)

single-task (resp. multi-task) oracle risk (Sect. 4.3, p. 90)
eigenvalues of K

coordinated of the jth regression function on the or-
thonormal that diagonalizes K (Sect. 4.3.1, p. 91)
coordinates of the mean (resp. variance) of the p regres-
sion tasks in the orthonormal basis that diagonalizes K
(Sect. 4.3.3, p. 93)

regularity parameters of the kernel and of the signal
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K(By0) v

assumption that links 5 and d and ensures the ridge esti-
mator is minimax optimal (Eq. (Hn (S, 9)), p. 94)
assumption on the regularity of the kernel (Eq. (Hk(8)),
p. 94)

assumption on the regularity of the signal
(Eq. (HAV(57 Cl, Cz)), p. 94)

parameter that controls the strength of the mean (resp.
variance) of the p regression tasks

risk of a ridge estimator, depending on its regularization
parameter (Eq. (4.8), p. 95)

infimum of R(n,p,0?,-,3,6,C) (Sect. 4.4.1, p. 96)
constant that only depends on 5 and 0 (Eq. (4.23), p. 120)
parameter ~ which  minimizes  R(n,p,c?,-,$,9,C)
(Sect. 4.4.1, p. 97)

oracle regularization hyper-parameters (Sect. 4.4.2, p. 98)
assumptions that control the repartitions of the p regres-
sion functions (Sect. 4.5, p. 99)

ratio between the multi-task and single-task oracle risks
(Sect. 4.6, p. 101)
ratio between Cy and Co (Sect. 4.6, p. 101)

Throughout the manuscript, we will also try to keep the following two conventions.

— Concerning observations, letter ¢ refers to the position of the observation in the sample
(between 1 and n) and is subscripted, while letter j refers to the index of the task
(between 1 and p) and is superscripted. Thus, X/ refers to the ith observation for
the jth task, X; refers to the ith observation and does not depend on which task is
considered and f7 is an object which is related to the jth task.

— Concerning signals, the function itself is capitalized (for instance, G') while the corre-
sponding vector whose coordinates are the value of this function on the observation
points is lowercased (for instance, g).
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Chapitre 2

Main contributions of the thesis

RESUME. Nous détaillons ici, en anglais, les contributions principales que cette
thése apporte a notre domaine. Le contenu de ce chapitre correspond & la par-
tie 1.3, écrite en francais.

We detail here the main contributions this thesis brings to our field. This chapter
corresponds to Section 1.3, which is written in French.

2.1 Framework and model

Let (©2, A,P) be a probability space. We suppose that, for a given n € N, we observe
the sample D,, = (X;,Y;},...,YF)", € (X x RP)". For every task j € {1,...,p}, D} =

7

(X, Yij )i~y is an n-sample of distribution PJ . whose first marginal is P. We seck to solve
a regression problem for each task. We now detail our model. We first suppose there exists

¥ e S (R) and i.i.d. vectors (5{)1;:1 following a N'(0,Y) distribution. We also suppose
that for every j € {1,...,p}, there exists F/ € L?(PP) such that

Vie{l,...,n},Vje{l,....p}, Y/ = FI(X;) +¢& .

Remark 2.1. We suppose here that all the tasks have the same design. This facilitates the
theoretical study, which could be done without it, at the price of added assumptions.

Remark 2.2. The matrixz 3 is the covariance matriz of the noise between the tasks, which
are not necessarily independent conditionally on (X;)?_,. The estimation of this matriz is
of major importance here.

We now consider a fixed design regression setting, the risk of interest being here, for an
estimator F',
1 « -
E|=) (F(X;) - F(X;))

n -
=1

Xl,...,Xn]

All the expectations are implicitly noted conditionally on (X1, ..., X,,), so that the notations
are kept simple. We shall also note

f = vec ((F](X,))”) . 7 =vec ((F](X,))Z":l) et y = vec ((YZJ)”) ,
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and consider similar notations for the estimators. With such notations, the elements are
grouped task by task in vectors, beginning by those related to the first task and finishing

~ 2
by those related to the last. We shall use the quadratic loss, denoted by H f—f ‘ , and the

~ 2
associated quadratic risk, E [Hf — fH ]

We consider a kernel ridge regression setting. Given a RKHS F C L%(P), whose as-
sociated kernel is k and whose feature function is ® : X — F. This gives us the kernel
matrix K = (k(X;, Xy))1<ie<n € S;7 (R). We now seek to build estimators in F. To do this,
following the works of Brown and Zidek [BZ80| and of Evgeniou et al. [EMPO05|, we consider
the estimator which is solution of the minimization problem, depending of the regularization
parameter M € S (R),

R 1 L2 ‘ ' p P '
Fy € argmin{ — > (V7 = GI(X))*+ ) 0> M, (G, GYF ¢
Gerr (P54 j=1 =1

/

Empirical risk Regularization term

We can then build a RKHS, which depends on M, which enables us to use the Repre-
senter’s Theorem and obtain the fixed-design estimator

~ ~ ~ -1 -1 -1 -1
v =Any = Ky(Ky +nplyy) 'y =M@ K) (M~ @ K) +nplyp)  y -

The matrix M encodes the similarity between the tasks. Calibrating this matrix should
allow us to be adapted, at least partly, to this similarity. Finally, here are two examples of
such a matrix M, which we will often use hereafter.

Example 2.1. If we want to treat the p tasks separately, thus obtaining the single-task
estimator, we can consider M = Miyq(\) := 1 Diag(\y, ... , Ap) for every X € RP. This leads

T
to the regqularization term

1|1 . ,
]—)Z 5Z(KJ—GJ(X¢))2+AJIIG]H3E ,
j=1 i=1

which decouples along the tasks

Example 2.2. We can follow Evgeniou et al. [EMPO05] and define, for every (\,u) €
(0, +00)?,

A+ (—Dp —K
Msp(A, p) := (A+ pu) I, — p11" = -
—p A+ (p—1u
With M = Mgsp (A, 1), we obtain the regularizer
1 -y J j 2 3 in2 M v j k||
n—p;;(yi — GI(X)) +)\JZ;HG Hf+§;;HG -ct

This allows us to regularize both the norms of the functions G and of their differences
GJ — G*. Hence, the matrices Msp(\, j1) can be used when the functions F7 are close in F.
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2.2 Calibration of a multi-task estimator

_ We want to select a matrix M from a set M, so that the risk of the associated estimator
fu has a low risk. In order to do this, we will penalize the empirical risk by an “ideal
penalty”.

2.2.1 Ideal penalization of the empirical risk

We look for an entirely data-driven penalty, which best mimics the ideal penalty
(M) =R | Fu — f13 ~ B | |y~ T
en; =E|— — —E|—|ly— .
penig np M 2 np Y M 9

A simple calculation shows that, up to a term that does not depend on M,

_2tr(Ay - (B@ 1))

pen;q (M) np

However, this depends on ¥, which we do not know. The first stage of this work is thus to
estimate 3 and to show that this estimate is precise enough so that the plug-in penalty

2t (Ay - (20 1))

pen(M) = ” (2.1)

approaches sufficiently well the ideal penalty.

2.2.2 Estimation de X

Our estimator of the covariance matrix ¥ is based on the concept of minimal penalty. We
shall not discuss these penalties in details here, and refer the interested reader to the article
of Arlot and Bach [AB11] or to the short summary in section 3.3, page 53. We will just
say that they allow, in our framework, to estimate the variance of the noise in a single-task
framework.

Our estimation strategy is the following:

1. Select a set of directions in R?, where each coordinate represents a task.

2. For each direction, consider the single-task problem corresponding to the multi-task
projection along the chosen dimension and estimate the variance of the noise along
this dimension.

3. Build ¥ back from those one-dimensional estimations.

We precise this here. For every z € RP, we consider the single-task regression problem
Y, =Y - z2=F-z24+FE-z2=F,+¢, . (P.)

We can denote by a(z) the estimator of the variance of the noise of problem (P,) and
(é1,...,ep) the canonical basis of RP. Then, we see that a(e;) estimates ¥;; and that
a(e;+e€;) estimates 3; ;4% ;+2%; ;. So, 3; ; can be estimated by (a(e;+e;j)—a(e;)—a(e;))/2.
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Therefore, we introduce the function J : RP(P+1/2 Sp, defined by

J(al,...,ap,aLg,...,aLp,...,ap,Lp)l-’i = a; sil S’Lgp s
Qij — Gi —

a; . .
5 sil<i<ji<p.

J(al, ceeyAp,A1.2,...,A] py .- ,ap,Lp)m =

We can see that
Y= J(El,l, ce ,Ep,p, 2171 + 2272 + 22172, - )

and we denote
S = J(aler),. .. calep),aler +e2),...,ale1 +e€p),...,alep—1 +ep)) . (2.2)

We can then show the following result, denoting by ¢(X) the condition number of ¥,
=< the order relation defined by A < B if B — A is symetric positive semi-definite and by
introducing an assumption on the bias of the model:

Vj € {1,...,p}, E|)\0J € (0,+OO),
1 [Inn
df()\(],j) S n and E H(A)\O,j — In)Fe]H; S EjJ' T

Theorem 2.1. Let & be the estimator defined by Eq. (1.10) and suppose that Eq. (Hdf)
holds. For every § > 2, there exists a constant ng(d), a constant Ly > 0 and an event €,

verifying P(Q) > 1 — p(p +1)/2 x n =%, such that, if n > ng(6), on Q,

(Hdf)

1-n2 =T =< (1+n% (2.3)

with — n:=L1(240d)p

Consequently, our estimator ¥ is consistent and converges to X with a rate that is given
here.

The most often studied case in covariance matrix estimation is the one where f is con-
stant or null, one may then seek to improve the performance of the empirical covariance
matrix. Bickel and Levina [BLO8| or Cai et al. [CZZ10], for instance, use thresholding meth-
ods to obtain, in the second article, minimax convergence rates. Others formulate a sparsity
assumption and then use thresholding methods, like Karoui [Kar08], or regularization meth-
ods, as in Lam and Fan [LF09].

Our framework is quite far away from those methods, since our sample (Y;l, S 2.5 1
is nor centered nor homoscedastic. Constructing an empirical covariance matrix makes no
sense here

2.2.3 Oracle inequality

We can now guarantee the efficiency of the estimator fﬁ, calibrated by the penalization
scheme (2.1), by showing an oracle inequality. Our results cover two kinds of situations:

1. a situation where the matrix set M is discrete, which can help to deal with setting
where few a priori knowledge on the repartition of the tasks is available ;
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2. a situation where the matrix set M is jointly diagonalizable in an orthonormal basis,
which happens in settings where strong a priori knowledge on the repartition of the
tasks is available, for instance when all the tasks are known to be grouped in several
clusters.

In the first situation, we suppose M verifies
3(C,apnm) € (0,+00)?, card(M) < CnoM | (2.4)

We can then define the selected parameter by

—~ —~ 2 ~
MEargmin{HfM—yH + 2tr (AM-(E@)In))}
MeM 2
We can then enunciate the oracle inequality as follows, denoting by omax the largest
eigenvalues of 3.

Theorem 2.2. Let a = max(aam,2), § > 2 and suppose Assumptions (HdAf) and (2.4)
hold. Then, there exists constants Lo, k" > 0, a constant n1(6) and an event ), verifying
P(Q) > 1 — k'p(p+ C)n=°, such that, if n > ni(6), on Q,

lr < (14 i) it {4} + 2ot o220

This is a simplified version of Theorem 3.3, page 57. The original result also has a version
that is stated in expectation.
In the second situation, we suppose M verifies

JP € 0,(R), MC {PT Diag(ds, ..., d,) P, (di)?_, € (0, +oo)p} . (HM)
We define (u;)?_; by Vj € {1,...,p}, uj = PTej, and we then estimate X by
Shu = P Diag(a(uy), . .. ,a(uy))P"

The selected parameter then is
— - 2 R
Mpgm € argmin{HfM—yH + 2tr <AM . (ZHM®In))} . (2.5)
MeM 2

We can then enunciate the oracle inequality as follows,

Theorem 2.3. Leta =2, > 2 (md suppose Assumptions (HAf) and (HM) hold. Then,
there ewists constants Ly > 0, k", a constant n1(0) and an event Q, verifying IF’(Q) >
1 — &"pn=°, such that, if n > nl(é), on Q,

R (e R N VR R AR L L

This is a simplified version of Theorem 3.4, page 58. The original result also has a version
that is stated in expectation.
We can remark several things.
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— Gaining additional information on the repartition of the tasks allows to obtain a sim-
plified algorithm which has a stronger convergence guarantee.

— In order for the oracle inequalities to constrain the risk of the estimator, that is so
that the right-hand term is neglictible in front of the infimum, n and p have to be
constrained, which excludes situations like n > p. Those constraints are discussed in
Remark 3.13, page 59.

— Simulated experiments confirm the behaviour of our estimator in situations that do
not constrain its risk via the oracle inequalities (Section 3.6, page 60).

2.3 Does multi-task work ?

We now have a multi-task estimator which is able to adapt to a parameter family M,
that is to choose a parameter M € M whose risk is close to the best risk on M. We can
then ask the following question: does the estimator thus obtained performs better than the
associated single-task estimator 7 Considering our preceding results, it suffices to compare
the risks of the oracle estimators. We suppose for simplicity that > = O'QIp.

2.3.1 Decomposition of the risk

We will study the case where the p regression functions belonging to each task are
supposed to be close. We know some matrices which can be used to regularize those functions
and their differences. However, a quick study of this risk shows that it is smarter to regularize
both the mean of those functions and their variance. Henceforth, we use the following set
of matrices:

May = {MAV()\HU’)’ (Aa/‘) € RQ} )

A11T 117
Mav(p) ==+ & (Ip - —>
p P P P

with

This leads to the following criterion:

i (]2 12 .12
1 n p . ) Pi G pi el pi i
— 3N - @))% A || g < e D
np £~ & , ;
=1 j=1 F -
The single-task oracle then is
* inf 1 B P o i 2
= in - o
ST ()\17“.7)\17)6Ri np jz1 Hf)\y f HZ

and the multi-task oracle risk is

Ryr = _inf {nipE |:H]?MAV(>\,M) - fm} :

(A m)ERT

We can first remark that the single-task oracle risk g is an infimum over p parameters,
while the multi-task oracle risk 93}, is an infimum over only two parameters. The single-task
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oracle thus has more degrees of freedom than the multi-task one, but cannot simultaneously
use data from different tasks. Hence, it is not obvious that the sole guarantee “Ry;p < Rgp”
can be obtained.

Let us denote by (v;)7_; the eigenvalues of K and, for every j € {1,...,p}, by (hg)?zl

the coordinates of f7 on the orthonormal basis that diagonalised K. Let us also denote by

, kiR
Wi =V =————
VP

and the inter-task “variance”!

2 _ o1 (h])? i— i\ 1 j i=1 hi
g= TR0 SIS (- E
p p P = p

We can then write the risk of the estimator fMAV( ) thanks to the bias-variance decom-
position:

n ﬁ 0_2 n i 2 n §2 (p _ 1)0_2 n i 2
Yy — o — ( . > +np® L+ ( d )
; (vi +nA)?2 np ; Vi +nA ; (i 4+ np)? np ; PO

We can then study each part separately to obtain a control on the multi-task oracle risk

2.3.2 Control of the multi-task oracle risk

We need some assumptions to control the decay of the sequences (7;), (1;) and (g;). Those
very classical assumptions are for instance verified in the case where the RKHS is a Sobolev
space W, and where the regression functions are regular enough. Those assumptions are:

1<20<48+1 . (Hnm(B,9))

Vie{l,...,n}, i =ni"% . (Hk(B))

2
B = Cyni™?
Vie{l,...,n}, ’ ! s
¢ = Coyni~

7

(Hav(0,C1,C3))

Under those assumptions, the minimax rate is known and is of the order of (n/g?)/20-1,

and can be matched by kernel ridge estimators. See the article of Johnstone [Joh94|, or the
books of Wasserman [Was06| and Massart [Mas07| for more details.

We can then study the oracle risk, which leads to the following result, denoting by (S, d)
a constant which only depends on 8 and 4.

1. This inter-task variance is not a probabilistic variance. To remind its interpretation as a variance, and
to differenciate it from o, we will always denote it by the variant of the letter sigma, as it is written when
located at the end of a word: <.

43



2.3. DOES MULTI-TASK WORK ?

Theorem 2.4. For everyn, p, C1, Ca, 02, B and § such that Assumption (Hyg(8,0)) holds,
we have

npy 1/(20)—1 5 B 5
Ryrr < 2/C0) (22) w(8,0) [/ + (p— )=/ 0y

g

Moreover, there exists constants N and o € (0,1) such that, if n > N, p/o? < n and

2 < 20 <43, we have

np)l/(%)*l
K

Rl = a(—
(2

: (8,6) [ + (0 - 1) )]

2.3.3 Control of the single-task oracle risk

We now try to obtain a similar result for the single-task oracle risk. Unfortunately, the
former assumptions do not correspond to only one repartition of the tasks. We now specify
two kinds of those repartitions, which represent our hypothesis : the tasks are grouped
together.

— Assumption “2 points”: suppose, for simplicity, that p is even and that

fl=o= P2 ot P24 = = fP (2Points)
— Assumption “1 outlier”:
fl=...= 1, (10ut)

Those assumptions assume, respectively, that the p regression functions are equally split
over two points, or are all gathered on one point excepted for one outlier. They are extremely
restrictive, but we shall relax them later by running simulations.

Under those assumptions, we can now study the single-task oracle risk.

Corollary 2.1. For every n, p, C1, Cy, 0%, B and § such that 2 < 26 < 43 and no® > 1, if
Assumptions (2Points), (Hav (6, C1,C2)) and (Hk(8)) hold, then

e (%)1/(25)1M ><p1—1/25 [(\/a%-\/c_z)l/&%-‘\/a—\/@‘l/&] .

2

Corollary 2.2. For every n, p, C1, Ca, 02, 8 and § such that 2 < 26 < 483 and no? > 1, if
Assumptions (10ut), (Hav (0, C1,C2)) and (Hk(B)) hold, then

N np\ 1/(20)—1
ST < (ﬁ) K(8,9)

—1
spl=1/26 PT< Cr + Cy )

p—1

1/

6
eV

Notice that, as expected, the single-task oracle have a risk which is close, up to a constant,
to the minimax risk. Those estimations are precise enough to ensure that the multi-task
oracle introduced before has a quadratic risk which is neglictible compared to the single-task
oracle risk, in favourable situations.
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2.3.4 Comparison between single-task and multi-task oracle risks
We can now compare the results obtained previously. We will look at the quantity

*
_ Rur
* )
mST

which we will express in terms of

=c

The parameter r controls the amount of the signal held in the mean of the tasks. If r is
small, all the regression functions are close to their mean and the multi-task oracle should
perform better than the single-task one. However, if r is large, the contrary should happen.
We can then obtain the following results.

r

Corollary 2.3. For every n, p, C1, Ca, 02, 8 and § such that 2 < 26 < 483 and no? > 1, if
Assumptions (2Points), (Hav (6, C1,C2)) and (Hk(8)) hold, then

3 pl/29)-1 4 (’%1)1_(1/25)7"1/25

B R G

Corollary 2.4. For every n, p, C1, Cy, 0%, B and § such that 2 < 26 < 43 and no® > 1, if
Assumptions (10ut), (Hav (0, Cy,C2)) and (Hk(B)) hold, then

1—(1/26
pl/@0)=1 4 (%) 1/ )r1/25

(1 i) VT

Those two examples show different behaviours.

— When r is small, in both situations, p goes to C'st x pl/20=1 that is, the multi-task

oracle performs similarly than the single-task oracle with a p times larger sample.

— When r is large, the two situations differ. On the one side, under Assumption (2Points),

p stays bounded: the multi-task oracle cannot perform arbitrarily worse than the
single-task one. On the other side, under Assumption (10ut), p goes to +oo: the
multi-task oracle performs arbitrarily worse than the single-task one.
Those behaviours are confirmed on simulated examples (Section 4.8, page 106) in a broader
setting.

The positive behaviour of the multi-task estimator is hardly surprising. However, the
situation of the case where the multi-task fails is unclear: it is probable that, more than
an impossibility to obtain any multi-task procedure here, it is the model M ay itself which
is not fitted and that induces this behaviour. Committing a modelisation error by wrongly
including a task in a cluster it does not belong to can therefore be extremely damaging to
this kind of multi-task procedure, which is now showed to be non robust to such errors. It
is therefore crucial to develop procedures that can adapt better to the data !

p = ‘1/5.
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Chapitre 3

Multi-task Regression using Minimal
Penalties

RESUME. Dans ce chapitre, nous introduisons et étudions une méthode de ré-
gression ridge, & noyau, dans un cadre multi-taches, en utilisant une technique
de pénalisation. L’analyse théorique qui y est menée montre que la calibration
optimale de cette méthode repose sur 'estimation de la matrice de covariance
du bruit, entre les différentes taches. Nous avons recours a un nouvel algorithme
permettant de mener & bien cette estimation, fondé sur le concept de pénalité
minimale—qui est utilisée dans un contexte mono-taches pour estimer la vari-
ance du bruit. Ensuite, nous nous assurons de la consistance de cet estimateur,
dans un cadre non asymptotique et sous de faibles hypothéses. Enfin, I'injection
de cet estimateur dans la pénalité correspondante permet d’obtenir une inégal-
ité oracle, qui certifie une certaine forme d’optimalité. Des simulations sur un
jeu de donnée artificiel viennent compléter notre étude de cet estimateur, qui
confirment les analyses décritent précédemment.

3.1 Introduction

A classical paradigm in statistics is that increasing the sample size (that is, the number
of observations) improves the performance of the estimators. However, in some cases it may
be impossible to increase the sample size, for instance because of experimental limitations.
Hopefully, in many situations practicioners can find many related and similar problems, and
might use these problems as if more observations were available for the initial problem. The
techniques using this heuristic are called “multi-task” techniques. In this paper we study the
kernel ridge regression procedure in a multi-task framework.

One-dimensional kernel ridge regression, which we refer to as “single-task” regression,
has been widely studied. As we briefly review in Section 3.3 one has, given n data points
(X;,Yi), to estimate a function f, often the conditional expectation f(X;) = E[Y;|X;], by
minimizing the quadratic risk of the estimator regularized by a certain norm. A practically
important task is to calibrate a regularization parameter, that is, to estimate the regular-
ization parameter directly from data. For kernel ridge regression (a.k.a. smoothing splines),
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3.2. MULTI-TASK REGRESSION: PROBLEM SET-UP

many methods have been proposed based on different principles, for example, Bayesian
criteria through a Gaussian process interpretation [RWO06]| or generalized cross-validation
[Wah90]. In this paper, we focus on the concept of minimal penalty, which was first intro-
duced by Birgé and Massart|BMO07| and Arlot and Massart|[AMO09| for model selection, then
extended to linear estimators such as kernel ridge regression by Arlot and Bach [AB11].

In this article we consider p > 2 different (but related) regression tasks, a framework we
refer to as “multi-task” regression. This setting has already been studied in different papers.
Some empirically show that it can lead to performance improvement [TO96, Car97, BHO03]|.
Liang et al. [LBBJ10] also obtained a theoretical criterion (unfortunately non observable)
which tells when this phenomenon asymptotically occurs. Several different paths have been
followed to deal with this setting. Some consider a setting where p > n, and formulate
a sparsity assumption which enables to use the group Lasso, assuming all the different
functions have a small set of common active covariates [OWJ11, LPTvdG11|. We exclude
this setting from our analysis, because of the Hilbertian nature of our problem, and thus
will not consider the similarity between the tasks in terms of sparsity, but rather in terms of
an Euclidean similarity. Another theoretical approach has also been taken (see for example,
Brown and Zidek [BZ80|, Evgeniou et al. [EMPO05] or Ando and Zhang [AZ05] on semi-
supervised learning), the authors often defining a theoretical framework where the multi-
task problem can easily be expressed, and where sometimes solutions can be computed.
The main remaining theoretical problem is the calibration of a matricial parameter M
(typically of size p), which characterizes the relationship between the tasks and extends
the regularization parameter from single-task regression. Because of the high dimensional
nature of the problem (i.e., the small number of training observations) usual techniques, like
cross-validation, are not likely to succeed. Argyriou et al. [AEP08| have a similar approach
to ours, but solve this problem by adding a convex constraint to the matrix, which will be
discussed at the end of Section 3.5.

Through a penalization technique we show in Section 3.2 that the only element we have
to estimate is the correlation matrix 3 of the noise between the tasks. We give here a new
algorithm to estimate 3, and show that the estimation is sharp enough to derive an oracle
inequality for the estimation of the task similarity matrix M, both with high probability
and in expectation. Finally we give some simulation experiment results and show that our
technique correctly deals with the multi-task settings with a low sample-size.

The notations used here are recapitulated at the end of the introduction (page 33)

3.2 Multi-task Regression: Problem Set-up

We consider p kernel ridge regression tasks. Treating them simultaneously and sharing
their common structure (e.g., being close in some metric space) will help in reducing the
overall prediction error.

3.2.1 Multi-task with a Fixed Kernel

Let X be some set and F a set of real-valued functions over X. We suppose F has a
reproducing kernel Hilbert space (RKHS) structure [Aro50], with kernel k& and feature map
®: X — F. We observe D,, = (X;,Y;},...,YP), € (X x RP)", which gives us the positive

2
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semidefinite kernel matrix K = (k(X;, Xy))1<is<n € S;F (R). For each task j € {1,...,p},
Dl = (X, yf )iz is a sample with distribution P;, for which a simple regression problem has
to be solved. In this paper we consider for simplicity that the different tasks have the same
design (X;)?_ ;. When the designs of the different tasks are different the analysis is carried
out similarly by defining X; = (X}, ... , X¥), but the notations would be more complicated.

We now define the model. We assume (F',.. ., FP) € FP, ¥ is a symmetric positive-
7)p

definite matrix of size p such that the vectors (g)7_;

N(0,Y), with mean zero and covariance matrix %, and

are i.i.d. with normal distribution

Vie{l,...,n},Vje{l,....p}, v/ = FI(X;)+ ¢ . (3.1)

This means that, while the observations are independent, the outputs of the different tasks
can be correlated, with correlation matrix ¥ between the tasks. We now place ourselves
in the fixed-design setting, that is, (X;), is deterministic and the goal is to estimate
(FY(X;),... ,Fp(Xi))?zl. Let us introduce some notation:

— Mmin = Mmin(2) (resp. max) denotes the smallest (resp. largest) eigenvalue of X.

— ¢(X) := fmax/Mmin is the condition number of ¥.
To obtain compact equations, we will use the following definition:

Definition 3.1. We denote by F' the n x p matrix (fj(Xi))lgign,lgjgp and introduce
the vector f := vec(F) = (fY(X1),...,f1(Xpn),..., fP(X1),..., fP(Xn)) € R™, obtained
by stacking the columns of F. Similarly we define Y := (yi) € Mpxp(R), y = vec(Y),
E = (]) € Mysxp(R) and & := vec(E).

In order to estimate f, we use a regularization procedure, which extends the classical
ridge regression of the single-task setting. Let M be a p X p matrix, symmetric and positive-
definite. Generalizing the work of Evgeniou et al. [EMPO05|, we estimate (f!,..., fP) € FP
by

~ 1 I . .
13 in{ — I — ¢ (X;))? M; (g%, ¢ 2
v € argmin ¢ =3 > (v — ' (X0)*+ 3D Miale' o)z (32)

p
geFP i=1 j=1 j=1¢=1

and we denote by J/C\M its fixed-design analogous. Although M could have a general uncon-
strained form we may restrict M to certain forms, for either computational or statistical
reasons.

Remark 3.1. Requiring that M = 0 implies that Eq. (3.2) is a convez optimization problem,
which can be solved through the resolution of a linear system, as explained later. Moreover
it allows an RKHS interpretation, which will also be explained later.

Example 3.1. The case where the p tasks are treated independently can be considered in

this setting: taking M = Minq(\) = %Diag()\l, ..., Ap) for any A € RP leads to the criterion

11 ,
SO | 2l =P X+l | (3.3)
Jj=1 i=1

that is, the sum of the single-task criteria described in Section 3.3. Hence, minimizing
Eq. (3.3) over A € RP amounts to solve independently p single task problems.
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Example 3.2. As done by Evgeniou et al. [EMPO05], for every A, u € (0,+00)?, define

A+ @—Dp —p
Msp (A, 1) := (A +pu) I, — p117 = g
—p At (p—1Du

Taking M = Mgsp(\, p) in Eq. (3.2) leads to the criterion

L1 9)SCRPIESE0Y 9l I R0 9 9 I WNNCY

i=1j=1 j=1 j=1k=1

Minimizing Eq. (3.4) enforces a regularization on both the norms of the functions ¢ and the
norms of the differences g9 — g*. Thus, matrices of the form Msp(\, i) are useful when the
functions ¢7 are assumed to be similar in F. One of the main contributions of the paper
1 to go beyond this case and learn from data a more general similarity matriz M between
tasks.

Example 3.3. We extend Fxample 3.2 to the case where the p tasks consist of two groups
of close tasks. Let I be a subset of {1,...,p}, of cardinality 1 < k < p — 1. Let us denote
by I¢ the complementary of I in {1,...,p}, 11 the vector v with components v; = 1,1, and
Diag(I) the diagonal matriz d with components d; ; = 1;c;. We then define

1

Mr(X\, p,v) := M, + pDiag(I) 4+ v Diag(1€) — El;l; - pi

17c1)e .
gl

This matriz leads to the following criterion, which enforces a regularization on both the norms
of the functions ¢7 and the norms of the differences g9 — ¢* inside the groups I and I°¢:

PYWACETCISR e
5Ll m T Tl -l

el kel clc kel¢

(3.5)

As shown in Section 3.6, we can estimate the set I from data (see the work of Jacob et
al. [JBVOS] for a more general formulation,).

Remark 3.2. Since I, and 117 can be diagonalized simultaneously, minimizing Eq. (3.4)
and Eq. (3.5) is quite easy: it only demands optimization over two independent parameters,
which can be done with the procedure of Arlot and Bach [AB11].

Remark 3.3. As stated below (Property 3.1), M acts as a scalar product between the tasks.
Selecting a general matriz M is thus a way to express a similarity between tasks.

Following Evgeniou et al. [EMPO05|, we define the vector-space G of real-valued functions
over X x {1,...,p} by

G={g: Xx{1,....,p} =2 R/Vje{l,....p},g(j) € F} .
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We now define a bilinear symmetric form over G,

vyaheg ) <gah>g 3:ZZMj,l<g(',j),h(',l)>]—‘,

j=11=1

which is a scalar product as soon as M is positive semi-definite (see proof in Appendix 3.A)
and leads to a RKHS (see proof in Appendix 3.B):

Property 3.1. With the preceding notations (-,-)g is a scalar product on G.
Corollary 3.1. (G, (-,-)g) is a RKHS.

In order to write down the kernel matrix in compact form, we introduce the following
notations.

Definition 3.2 (Kronecker Product). Let A € M,,,(R), B € M, ,(R). We define the
Kronecker product A® B as being the (mp) x (ng) matrix built with p x ¢ blocks, the block
of index (i, j) being A; ; - B:

Al,lB L. Al,nB

A® B = : - :
AmiB ... ApaB

The Kronecker product is a widely used tool to deal with matrices and tensor products.
Some of its classical properties are given in Section 3.E; see also Horn and Johnson [HJ91].

Property 3.2. The kernel matriz associated with the design X = (Xi,7)i; € Xx{1,...,p}
and the RKHS (G, {-,)g) is Kpy = M1 @ K.

Property 3.2 is proved in Appendix 3.C. We can then apply the representer’s theorem
[SS02| to the minimization problem (3.2) and deduce that fy; = Apry with

fayd fad _ _ _ -1
Ay = Ani = Ky(Ky +nplyy) = (M @ K) (M7 @ K) + nplyy)

3.2.2 Optimal Choice of the Kernel

Now when working in multi-task regression, a set M C S; T(R) of matrices M is given,
and the goal is to select the “best” one, that is, minimizing over M the quadratic risk
n Y| far — f 3. For instance, the single-task framework corresponds to p = 1 and M =
(0, +00). The multi-task case is far richer. The oracle risk is defined as

inf {HfM—sz} . (3.6)

MeM

The ideal choice, called the oracle, is any matrix

~ 2
M* e argmin{HfM - fHQ} )

MeM
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Nothing here ensures the oracle exists. However in some special cases (see for instance
Example 3.4) the infimum of || fyr — f||2 over the set {fy;, M € M} may be attained by
a function f* € FP—which we will call “oracle” by a slight abuse of notation—while the
former problem does not have a solution.

From now on we always suppose that the infimum of {||fy — f||2} over M is attained
by some function f* € FP. However the oracle M™* is not an estimator, since it depends on

f.

Example 3.4 (Partial computation of the oracle in a simple setting). It is possible in certain
simple settings to exactly compute the oracle (or, at least, some part of it). Consider for
instance the set-up where the p functions are taken to be equal (that is, f' = --- = fP). In
this setting it is natural to use the set

Msp = {MSD (Ap) = (A +pu)lp— %HT / (A, ) € (0, +00)2}

Using the estimator ]/”\M = Apy we can then compute the quadratic risk using the bias-
variance decomposition given in Equation (3.33):

~ 2
B[ = 1] = 1w~ 118 + T (B0 1)

Computations (reported in Appendiz 3.D) show that, with the change of variables i = A+ppu,
the bias does not depend on i and the variance is a decreasing function of . Thus the oracle
is obtained when i = +oo, leading to a situation where the oracle functions f1* ..., fP*
verify fl* = ... = fP*. It is also noticeable that, if one assumes the mazimal eigenvalue of
Y stays bounded with respect to p, the variance is of order O(p~1') while the bias is bounded
with respect to p.

As explained by Arlot and Bach [AB11], we choose

— 1 2
M € argmin{crit(M)} with crit(M) = — Hy - fMH + pen(M) ,
MeM np 2

where the penalty term pen(M) has to be chosen appropriately.

Remark 3.4. Our model (3.1) does not constrain the functions f',.... fP. Our way to
express the similarities between the tasks (that is, between the f7) is via the set M, which
represents the a priori knowledge the statistician has about the problem. QOur goal is to
build an estimator whose risk is the closest possible to the oracle risk. Of course using an
inappropriate set M (with respect to the target functions f,..., f?) may lead to bad overall
performances. Fxplicit multi-task settings are given in Examples 3.1, 3.2 and 3.3 and through
stmulations in Section 3.6.

fixed
The unbiased risk estimation principle [Aka70, introduced by]| requires

11~ 2
E [exit(M)] ~ E {n—p | P = fHQ] ,
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which leads to the (deterministic) ideal penalty
() =& |\~ I3 B | |y~ T
Since J/C\M = Apy and y = f + &, we can write

|7 = ][, = |1For = 7] + el = 206, Arse) + 26, (p = A0 )

Since ¢ is centered and M is deterministic, we get, up to an additive factor independent

of M,

pen;q(M) = %}W )

that is, as the covariance matrix of € is X ® I,,,

pen, (M) = 2tr (AMnZ(QE & In)) .

(3.7)

In order to approach this penalty as precisely as possible, we have to sharply estimate . In
the single-task case, such a problem reduces to estimating the variance o2 of the noise and
was tackled by Arlot and Bach [AB11]|. Since our approach for estimating ¥ heavily relies
on these results, they are summarized in the next section.

Note that estimating ¥ is a mean towards estimating M. The technique we develop later
for this purpose is not purely a multi-task technique, and may also be used in a different
context.

3.3 Single Task Framework: Estimating a Single Variance

This section recalls some of the main results from Arlot and Bach [AB11] which can be
considered as solving a special case of Section 3.2, with p = 1, ¥ = ¢% > 0 and M = [0, +<].
Writing M = X\ with A € [0, +0o0], the regularization matrix is

VYA€ (0,4+00), Ay=Ayg =K(K+n\,) ",
Ag =1, and A = 0; the ideal penalty becomes

207 tr(Ay)

pen;g(A) n

By analogy with the case where Ay is an orthogonal projection matrix, df(\) := tr(A4))
is called the effective degree of freedom, first introduced by Mallows [Mal73]; see also the
work by Zhang [Zha05]. The ideal penalty however depends on ¢?; in order to have a fully
data-driven penalty we have to replace o2 by an estimator 52 inside pen;g(\). For every
A € [0, +00], define

(2tr(Ax k) — tr(A;KAA,K))

n

penmin(A) = penmin()‘? K) =
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We shall see now that it is a minimal penalty in the following sense. If for every C' > 0

o~

1
Ao(C) € argmin {— | A kY — Y||§ + C’penmm()\,K)} ,
A€[0,400] LT

then—up to concentration inequalities—/):o(C) acts as a mimimizer of
1 1
96N = B [ 143 = V1§ + C pengia(0)] = 0% = 1 s = LS5+ (C = 0%) e (3

The former theoretical arguments show that R
— if C < 02, go()\) decreases with df(\) so that df(A\g(C')) is huge: the procedure overfits;
—if C > 02, go(A) increases with df(A) when df(A) is large enough so that df(A(C)) is
much smaller than when C < o2

The following algorithm was introduced by Arlot and Bach [AB11| and uses this fact to

estimate o2.

Algorithm 3.1. Input: Y e R", K € §;T(R)
1. For every C' > 0, compute

~

1
Ao(C) € argmin {— |Ax kY — YH; + C penpin (A, K)}
A€[0,400] LT

2. Output: C such that df(Ao(C)) € [n/10,n/3].

An efficient algorithm for the first step of Algorithm 3.1 is detailed by Arlot and Mas-
sart [AMO9], and we discuss the way we implemented Algorithm 3.1 in Section 3.6. The
output C of Algorithm 3.1 is a provably consistent estimator of o2, as stated in the following
theorem.

Theorem 3.1 (Corollary of Theorem 1 of Arlot and Bach [AB11]). Let g = 150. Suppose
e ~ N(0,0%1,) with 0® > 0, and that \g € (0,4+00) and d,, > 1 ewist such that

1 1
df(o) < v and = [|(Ax, = L)FIl; < dnUQ\/% . (3.8)

Then for every 6 > 2, some constant ng(8) and an event Q exist such that P(Q) > 1 —n~?
and if n > ng(9), on £,

(1 — B2+ 5)\/1%”> 2<C< (1 +B(2 + 6)d,, lni”)> o2 . (3.9)

Remark 3.5. The values n/10 and n/3 in Algorithm 3.1 have no particular meaning and
can be replaced by n/k, n/k', with k > k' > 2. Only 8 depends on k and k. Also the
bounds required in Assumption (3.8) only impact the right hand side of Equation (3.9) and
are chosen to match the left hand side. See Property 10 of Arlot and Bach [AB11] for more
details.
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3.4 Estimation of the Noise Covariance Matrix X

Thanks to the results developped by Arlot and Bach [AB11]| (recapitulated in Sec-
tion 3.3), we know how to estimate a variance for any one-dimensional problem. In order to
estimate X, which has p(p+ 1)/2 parameters, we can use several one-dimensional problems.
Projecting Y onto some direction z € R? yields

with e, ~ N(0,021,) and ¢? := Var[e - 2] = 2 $z. Therefore, we will estimate o2 for z € Z
a well chosen set, and use these estimators to build back an estimation of X.
We now explain how to estimate 3 using those one-dimensional projections.

Definition 3.3. Let a(z) be the output C of Algorithm 3.1 applied to problem (P,), that
is, with inputs Y, € R” and K € S,/ T(R).

The idea is to apply Algorithm 3.1 to the elements z of a carefully chosen set Z. Noting
e; the i-th vector of the canonical basis of RP, we introduce Z = {e;, i € {1,...,p}} U
{ei+e;, 1 <i<j<p} We can see that a(e;) estimates 3; ;, while a(e; + e;) estimates
Yii+ 3, +2%; ;. Henceforth, ¥; ; can be estimated by (a(e; +¢€;) —a(e;) —a(e;))/2. This
leads to the definition of the following map J, which builds a symmetric matrix using the
latter construction.
p(p+1)

Definition 3.4. Let J: R~ 2 — S,(R) be defined by

J(al,...,ap,aLQ,...,aLp,...,ap_Lp)m = a; if 1 SZS]D s
Qij — Ai —

; Yit1<i<j<p.

J(a1, . s Qp, @12, Ay Ap_1p)ij =
This map is bijective, and for all B € Sp(R)
J NB) = (Bi1,-.sBpp, B11+ Baa+2B1a,...,Bp_1p-1+ Bpp+2By_1,) .
This leads us to defining the following estimator of X::

5= J(aler),...,alep),aler +e2),...,ale1 +ep),...,alep—1+¢€p)) . (3.10)

Remark 3.6. If a diagonalization basis (e}, ..., e},) (whose basis matriz is P) of ¥ is known,

or if ¥ is diagonal, then a simplified version of the algorithm defined by Eq. (3.10) is

i\)simpliﬁed = PT Diag(a(ell)a s 70’(61,0))]3 : (311)

This algorithm has a smaller computational cost and leads to better theoretical bounds (see
Remark 3.10 and Section 3.5.2).

Let us recall that VA € (0,400), Ay = Ay x = K(K + n\l,)"!. Following Arlot and
Bach [AB11] we make the following assumption from now on:

VjE{l,...,p}, 3)\07]‘ € (O,+OO),

1 [
df(Ao;) <+v/n and ;H(AAOJ—I,L)F%_Hzgzm %

We can now state the first main result of the paper.

(Hdf)
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Theorem 3.2. Let & be defined by Fq. (3.10), a = 2 and assume (HdAf) holds. For every
d > 2, a constant ny(d), an absolute constant L; > 0 and an event Q0 exist such that
P(Q) >1—p(p+1)/2 xn~% and if n > ng(5), on Q,

1-nE =T = (1+nT (3.12)

1
where n:=1L1(24d)p nq(ln) c(X)? .

Theorem 3.2 is proved in Section 3.E. It shows S estimates ¥ with a “multiplicative” error
controlled with large probability, in a non-asymptotic setting. The multiplicative nature of
the error is crucial for deriving the oracle inequality stated in Section 3.5, since it allows to
show the ideal penalty defined in Equation (3.7) is precisely estimated when ¥ is replaced
by S

An important feature of Theorem 3.2 is that it holds under very mild assumptions on
the mean f of the data (see Remark 3.8). Therefore, it shows 5 is able to estimate a
covariance matrix without prior knowledge on the regression function, which, to the best of
our knowledge, has never been obtained in multi-task regression.

Remark 3.7 (Scaling of (n,p) for consistency). A sufficient condition for ensuring S isa
consistent estimator of ¥ is
In(n)

n

pe(E)?

which enforces a scaling between n, p and c(X). Nevertheless, this condition is probably not
necessary since the simulation experiments of Section 3.6 show that % can be well estimated
(at least for estimator selection purposes) in a setting where n > 1.

— 0,

Remark 3.8 (On assumption (Hdf)). Assumption (HAf) is a single-task assumption (made
independently for each task). The upper bound \/In(n)/n can be multiplied by any factor
1 <d, < /n/In(n) (as in Theorem 3.1), at the price of multiplying n by d,, in the upper
bound of Eq. (3.12). More generally the bounds on the degree of freedom and the bias in
(HAf) only influence the upper bound of Eq. (3.12). The rates are chosen here to match the
lower bound, see Property 10 of Arlot and Bach [AB11] for more details.

Assumption (HAf) is rather classical in model selection, see Arlot and Bach [AB11] for
instance. In particular, (a weakened version of ) (HAf) holds if the bias n=Y||(Ax — I,,) F.,|3
is bounded by Cytr(Ay)~2, for some Cy,Cy > 0.

Remark 3.9 (Choice of the set Z). Other choices could have been made for Z, however
ours seems easier in terms of computation, since |Z| = p(p + 1)/2. Choosing a larger set
Z leads to theoretical difficulties in the reconstruction of f], while taking other basis vectors
leads to more complex computations. We can also note that increasing |Z| decreases the
probability in Theorem 8.2, since it comes from an union bound over the one-dimensional
estimations.

Remark 3.10. When S = isimp]iﬁed as defined by Eq. (3.11), that is, when a diagonalization
basis of ¥ is known, Theorem 3.2 still holds on a set of larger probability 1 — kpn=° with
a reduced error n = Li(a + 6)y/In(n)/n. Then, a consistent estimation of ¥ is possible
whenever p = O(n®) for some § > 0.
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3.5 Oracle Inequality

This section aims at proving “oracle inequalities”, as usually done in a model selection
setting: given a set of models or of estimators, the goal is to upper bound the risk of
the selected estimator by the oracle risk (defined by Eq. (3.6)), up to an additive term
and a multiplicative factor. We show two oracle inequalities (Theorems 3.3 and 3.4) that
correspond to two possible definitions of 5.

Note that “oracle inequality” sometimes has a different meaning in the literature [LPTvdG11,
see for instance| when the risk of the proposed estimator is controlled by the risk of an esti-
mator using information coming from the true parameter (that is, available only if provided
by an oracle).

3.5.1 A General Result for Discrete Matrix Sets M

We first show that the estimator introduced in Eq. (3.10) is precise enough to derive an
oracle inequality when plugged in the penalty defined in Eq. (3.7) in the case where M is
finite.

Definition 3.5. Let 3 be the estimator of ¥ defined by Eq. (3.10). We define
— ~ 2 ~
MEargmin{HfM—yH + 2tr (AM-(E(X)In))} .

MeMm 2

We assume now the following holds true:
3(C,apm) € (0,+00)2,  card(M) < CnoM | (3.13)

Theorem 3.3. Let a = max(aam,2), 6 > 2 and assume (HdAf) and (3.13) hold true.
Absolute constants L, k" > 0, a constant n1(6) and an event Q ewist such that P(2) >
1 — &'p(p + C)n=° and the following holds as soon as n > nyi(). First, on €,

ol () e {5 o L+ o oo o P
(3.14)

Second, an absolute constant L3 exists such that

5[ o) = (4 ) 2 et s [ )

N (3.15)
FLacl) D)+ oL YOO (mzw . %) |

Theorem 3.3 is proved in Section 3.F.

Remark 3.11. If S = isimp]iﬁed is defined by Eq. (3.11) the result still holds on a set of
larger probability 1 — x'p(14 C)n=% with a reduced error, similar to the one in Theorem 3.4.
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3.5. ORACLE INEQUALITY

3.5.2 A Result for a Continuous Set of Jointly Diagonalizable Matrices

We now show a similar result when matrices in M can be jointly diagonalized. It turns
out a faster algorithm can be used instead of Eq. (3.10) with a reduced error and a larger
probability event in the oracle inequality. Note that we no longer assume M is finite, so it
can be parametrized by continuous parameters.

Suppose now the following holds, which means the matrices of M are jointly diagonal-
izable:

P € O,(R), MC {PT Diag(ds, ..., dy)P, (d;)!_, € (O,—l—oo)p} . (HM)

Let P be the matrix defined in Assumption (HM), ¥ = PXPT and recall that Ay =
K(K + nAl,)~!. Computations detailed in Appendix 3.D show that the ideal penalty
introduced in Eq. (3.7) can be written as

VM = P' Diag(dy,...,d,)P € M,

pen (1) = 2 (AM@()E@@LL)) _ nip Zp:tr ~ (3.16)

Eq. (3.16) shows that under Assumption (HM), we do not need to estimate the entire
matrix ¥ in order to have a good penalization procedure, but only to estimate the variance
of the noise in p directions.

Definition 3.6. Let (ej,...,ep) be the canonical basis of RP, (uy,...,up) be the orthogonal
basis defined by Vj € {1,...,p}, uj = P'e;. We then define

Sum = P Diag(a(u), ..., a(up)) P

where for every j € {1,...,p}, a(u;) denotes the output of Algorithm 3.1 applied to Problem
(Pu;), and

—~ ~ 2 ~
My € argmin{HfM - yH 4 2tr <AM (Sam ® [n))} . (3.17)
MeMm 2
Theorem 3.4. Let o = 2, 6 > 2 and assume (HdAf) and (HM) hold true. Absolute
constants Ly > 0, and £, a constant n1 () and an event Q exist such that P(Q) > 1—x"pn=°
and the following holds as soon as n > ny(9). First, on €,
1= 2 1 \? In(n)?
—\fo. = fll (14— i H H Lotr(X)(2+6) :
np HfMHM fHQ - < i ln(n)> MGM{ =1 FLuZ)(2+9) n
(3.18)
Second, an absolute constant Ly exists such that
1 1~ 2 1 1
B o W= 1) < (0 L I =11,
[np it =1 2] — * In(n) MHelM n Ju =1 (3.19)

p
21D(n)3 p |15
n nd/2 np

FLytr(D)(2 + 0)

Theorem 3.4 is proved in Section 3.F.
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3.5.3 Comments on Theorems 3.3 and 3.4

Remark 3.12. Taking p = 1 (hence ¢(X) = 1 and tr(X) = o?), we recover Theorem 3 of
Arlot and Bach [AB11] as a corollary of Theorem 3.3.

Remark 3.13 (Scaling of (n,p)). When assumption (3.13) holds, Eq. (3.14) implies the
asymptotic optimality of the estimator fy; when

try  p?(In(n))® ) 1= 2
o« B < g (-}

In particular, only (n,p) such that p> < n/(In(n))3 are admissible. When assumption (HM)
holds, the scalings required to ensure optimality in Eq. (3.18) are more favorable:

s O e LU 7).

MeM

It is to be noted that p still influences the left hand side via tr 3.

Remark 3.14. Theorems 3.3 and 3.4 are non asymptotic oracle inequalities, with a multi-
plicative term of the form 1+ o(1). This allows us to claim that our selection procedure is
nearly optimal, since our estimator is close (with regard to the empirical quadratic norm) to
the oracle one. Furthermore the term 1+(In(n))~t in front of the infima in Equations (3.14),
(3.18), (3.15) and (3.19) can be further diminished, but this yields a greater remainder term
as a consequence.

Remark 3.15 (On assumption (HM)). Assumption (HM) actually means all matrices in
M can be diagonalized in a unique orthogonal basis, and thus can be parametrized by their
eigenvalues as in Examples 3.1, 3.2 and 3.3.

In that case the optimization problem is quite easy to solve, as detailed in Remark 3.18.
If not, solving (3.17) may turn out to be a hard problem, and our theoretical results do not
cover this setting. However, it is always possible to discretize the set M or, in practice, to
use gradient descent.

Compared to the setting of Theorem 3.3, assumption (HM) allows a simpler estima-
tor for the penalty (3.16), with an increased probability and a reduced error in the oracle
mequality.

The main theoretical limitation comes from the fact that the probabilistic concentration
tools used apply to discrete sets M (through union bounds). The structure of kernel ridge
regression allows us to have a uniform control over a continuous set for the single-task
estimators at the “cost” of n pointwise controls, which can then be extended to the multi-task
setting via (HM). We congjecture Theorem 3.4 still holds without (HM) as long as M is not
“too large”, which could be proved similarly up to some uniform concentration inequalities.

Note also that if My,..., Mg all satisfy (HM) (with different matrices Py ), then The-
orem 8.4 still holds for M = U?Zl M. with the penalty defined by Eq. (3.17) with P = Py
when M € My, and P(ﬁ) >1—9Kp?>n=°, by applying the union bound in the proof.

Remark 3.16 (Relationship with the trace norm). Our approach relies on the minimization
of Equation (3.2) with respect to f. Argyriou et al. [AEP08] have shown that if we also
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minimize Equation (3.2) with respect to the matriz M subject to the constraint tr M~! =1,
then we obtain an equivalent regularization by the nuclear norm (a.k.a. trace norm), which
implies the prior knowledge that our p prediction functions may be obtained as the linear
combination of r < p basis functions. This situation corresponds to cases where the matriz
M~ is singular.

Note that the link between our framework and trace norm (i.e., nuclear norm) regu-
larization is the same than between multiple kernel learning and the single task framework
of Arlot and Bach [AB11]. In the multi-task case, the trace-norm regularization, though
efficient computationally, does not lead to an oracle inequality, while our criterion is an un-
biased estimate of the generalization error, which turns out to be mon-convex in the matrix
M. While DC programming techniques [GRC09, and references therin| could be brought to
bear to find local optima, the goal of the present work is to study the theoretical properties
of our estimators, assuming we can minimize the cost function (e.g., in special cases, where
we consider spectral variants, or by brute force enumeration).

3.6 Simulation Experiments

In all the experiments presented in this section, we consider the framework of Section 3.2
with X = R? d = 4, and the kernel defined by Vz,y € X, k(z,y) = H?Zl e~ 1%i=vil . The
design points X1, ..., X, € R? are drawn (repeatedly and independently for each sample) in-
dependently from the multivariate standard Gaussian distribution. For every j € {1,...,p},
() =37, adk(-, 2) where m = 4 and 21,...,2, € R? are drawn (once for all experi-
ments except in Experiment D) independently from the multivariate standard Gaussian
distribution, independently from the design (Xj;)i<ij<n. Thus, the expectations that will
be considered are taken conditionally to the z;. The coefficients (ag Ji<i<m,1<j<p differ

according to the setting. Matlab code is available online. !

3.6.1 Experiments

Five experimental settings are considered:

A] Various numbers of tasks: n = 10 and Vi,j, o) = 1, that is, V7, I = fy =
Yoty k(- z). The number of tasks is varying: p € {2k /k =1,...,25}. The covariance
matrix is ¥ = 10 - I,,.

B| Various sample sizes: p = 5, Vj, f/ = f4 and ¥ = ¥p has been drawn (once
for all) from the Whishart W (I5,10,5) distribution; the condition number of ¥p is
c¢(¥p) ~ 22.05. The only varying parameter is n € {50k /k =1,...,20}.

C| Various noise levels: n = 100, p = 5 and Vj, f/ = fa. The varying parameter is
Y =%cy:=5t-Is with t € {0.2k /k=1,...,50}. We also ran the experiments for
t = 0.01 and ¢ = 100.

D] Clustering of two groups of functions: p = 10, n = 100, ¥ = X has been drawn
(once for all) from the Whishart W (I;o,20,10) distribution; the condition number
of ¥g is ¢(¥g) ~ 24.95. We pick the function fp := > ", a;k(-, %) by drawing

1. Matlab code can be found at http://www.di.ens.fr/~solnon/multitask_minpen_en.html.
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(1y..., ) and (z1,..., zy,) from standard multivariate normal distribution (inde-
pendently in each replication) and finally f!=... = f> = fp, f0=... = fl9= —fp.

E| Comparison to cross-validation parameter selection: p = 5, ¥ = 10 - I5, Vj,
f? = fa. The sample size is taken in {10,50, 100, 250}.

3.6.2 Collections of Matrices

Two different sets of matrices M are considered in the Experiments A-C, following
Examples 3.1 and 3.2:

Mstyi= { Msp () = 3+ pi0ly = 5117 /(1) € (0,002
and  Miyq := {Mina(\) = Diag(A1,...,A\y) /A € (0, +00)P} .

In Experiment D, we also use two different sets of matrices, following Example 3.3:

Malys = U {Mr (A 1) / (A ) € (0,400)%} U Mgp
Ic{1,...,p},I1¢{{1,....p},0}

and Minterval = U {MI ()\,M,,U,) /(Aau) S (07 +OO)27I - {17 o 7k}} UMSD .
1<k<p—1

Remark 3.17. The set M s contains 2P — 1 models, a case we will denote by “clustering”.
The other set, Minterval, only has p models, and is adapted to the structure of the Experiment
D. We call this setting “segmentation into intervals”.

3.6.3 Estimators

In Experiments A—C, we consider four estimators obtained by combining two collections
M of matrices with two formulas for 3 which are plugged into the penalty (3.7) (that is,
either ¥ known or estimated by X):

Ya € {SD,ind} , VS e {E, EHM} , fa,g = J?M\a,s = AM\ Y

a,S

—

1 ~ 2 2
where M, g Gargmin{—Hy—fMH —l——tr(AM-(S@In))}

-~

and Sy is defined in Section 3.5.2. As detailed in Examples 3.1-3.2, f.

ind S and finq s are

concatenations of single-task estimators, whereas J/C\SD S and !}?SD,2 should take advantage
of a setting where the functions f7 are close in F thanks to the regularization term > ik |fi—

f* H%E In Experiment D we consider the following three estimators, that depend on the choice
of the collection M:

VB € {clus, interval,ind} , ]/C\B = fﬁﬂ = A]\//\[By

_ 1 2 9 .
where Mpg Eargmin{—Hy—fMH + —tr <AM-(E®In))}
Memg Lnp 2 np
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and ¥ is defined by Equation (3.10).

In Experiment E we consider the estimator As explained in the following

J?SD Sum
y~HM
remark the parameters of the former estimator are chosen by optimizing (3.17), in practice
by choosing a grid. We also consider the estimator fsp cv where the parameters are selected

by performing 5-fold cross-validation on the mentionned grid.

Remark 3.18 (Optimization of (3.17)). Thanks to Assumption (HM) the optimization
problem (3.17) can be solved easily. It suffices to diagonalize in a common basis the elements
of M and the problem splits into several multi-task problems, each with one real parameter.
The optimization was then done by using a grid on the real parameters, chosen such that the
degree of freedom takes all integer values from 0 to n.

Remark 3.19 (Finding the jump in Algorithm 3.1). Algorithm 3.1 raises the question of how
to detect the jump of df()\), which happens around C = 0. We chose to select an estimator
C of 0% corresponding to the smallest index such that df(Xo(é)) < n/2. Another approach
is to choose the index corresponding to the largest instantaneous jump of df(/)\\O(C)) (which
is piece-wise constant and non-increasing). This approach has a major drawback, because
it sometimes selects a jump far away from the “real” jump around o2, when the real jump
consists of several small jumps. Both approaches gave similar results in terms of prediction
error, and we chose the first one because of its direct link to the theoretical criterion given
in Theorem 3.1.

3.6.4 Results

In each experiment, N = 1000 independent samples y € R" have been generated.
Expectations are estimated thanks to empirical means over the N samples. Error bars
correspond to the classical Gaussian 95% confidence interval (that is, empirical standard-
deviation over the N samples multiplied by 1.96/v/N). The results of Experiments A-C are
reported in Figures 3.2-3.8. The results of Experiments C-E are reported in Tables 3.1
3.3. The p-values correspond to the classical Gaussian difference test, where the hypotheses
tested are of the shape Hy = {¢ > 1} against the hypotheses H; = {¢ <1}, where the
different quantities ¢ are detailed in Tables 3.2-3.3.

t 0.01 100

Elllfop.s — f||2/\|find7§ — fII?] 1.80 4 0.02 0.300 + 0.003
Ellfsp.s = FII7) (2.27 +0.38) x 1072 | 0.357 £ 0.048
E[llfsp.x — fI?] (1.20 4 0.28) x 1072 | 0.823 £ 0.080
Elll finas — fII7] (1.26 +0.26) x 1072 | 1.51 £0.07
E[|| finax — fI% (120 £0.24) x 1072 | 4.47+0.13

Table 3.1: Results of Experiment C for the extreme values of ¢.

3.6.5 Comments

As expected, multi-task learning significantly helps when all f/ are equal, as soon as
p is large enough (Figure 3.1), especially for small n (Figure 3.6) and large noise-levels
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Figure 3.1: Increasing the number of tasks p (Experiment A), improvement of multi-task
compared to single-task: E[|| fgp 5 — fHQ/Hfind’g — 112
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Figure 3.2: Increasing the number of tasks p (]:]\Xperiment A), quadratic errors of multi-task
estimators (np) 'E[|| fsp.s — f||?]. Blue: S = 3. Red: S = 3.
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Figure 3.3: Increasing the number of tasks p (EAxperiment A), quadratic errors of single-task
estimators (np) 'E[|| fina,s — f*]. Blue: S =3. Red: S = X.
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Figure 3.5: Increasing the sample size n (Ex/;\)eriment B), quadratic errors of single-task
estimators (np) 'E[|| fina,s — f|*]. Blue: S =3. Red: S = X.
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Figure 3.6: Increasing the sample size n (Experiment B), improvement of multi-task com-
pared to single-task: E[HfSD,i - fHQ/Hfind’g — fI1?]
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q E[q] | Std[g] | p-value for Hy = {¢g > 1}
| fetus = fI2/ |l fina = fI* | 0.668 | 0.294 <1015
| finterval — f112/|| fina — fII? | 0.660 | 0.270 <1071
| finterval = f1I?/|l ferus — fII | 1.00 | 0.165 0.50
Table 3.2: Clustering and segmentation (Experiment D).
q n | Elq] | Std[g] | p-value for Hy = {q > 1}
1Fsp5. — FIP/lFfsp.ov — FIP | 10 [ 035 [ 0.46 <1071
1 fsps — FI2/ll fsp,ev = fII7 | 50 | 0.56 | 0.42 <1071
I fsp.s., — fIP/Ilfspov — fI1* | 100 | 0.71 | 0.34 <1071
1Fsp5,, — JIZ/IFsp.ov = fIP | 250 | 0.87 [ 0.19 <1071

Table 3.3: Comparison of our method to 5-fold cross-validation (Experiment E).

(Figure 3.8 and Table 3.1). Increasing the number of tasks rapidly reduces the quadratic
error with multi-task estimators (Figure 3.2) contrary to what happens with single-task
estimators (Figure 3.3).

A noticeable phenomenon also occurs in Figure 3.2 and even more in Figure 3.3: the
estimator ﬁnd,z (that is, obtained knowing the true covariance matrix ) is less efficient than
ﬁn 45 where the covariance matrix is estimated. It corresponds to the combination of two
facts: (i) multiplying the ideal penalty by a small factor 1 < C,, < 1+o0(1) is known to often
improve performances in practice when the sample size is small [Arl09, see Section 6.3.2
of|, and (ii) minimal penalty algorithms like Algorithm 3.1 are conjectured to overpenalize
slightly when n is small or the noise-level is large [Lerll| (as confirmed by Figure 3.7).
Interestingly, this phenomenon is stronger for single-task estimators (differences are smaller
in Figure 3.2) and disappears when n is large enough (Figure 3.5), which is consistent with
the heuristic motivating multi-task learning: “increasing the number of tasks p amounts to
increase the sample size”.

Figures 3.4 and 3.5 show that our procedure works well with small n, and that increasing
n does not seem to significantly improve the performance of our estimators, except in the
single-task setting with ¥ known, where the over-penalization phenomenon discussed above
disappears.

Table 3.2 shows that using the multitask procedure improves the estimation accuracy,
both in the clustering setting and in the segmentation setting. The last line of Table 3.2
does not show that the clustering setting improves over the “segmentation into intervals”
one, which was awaited if a model close to the oracle is selected in both cases.

Table 3.3 finally shows that our parameter tuning procedure outperforms 5-fold cross-
validation.
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3.7 Conclusion and Future Work

This paper shows that taking into account the unknown similarity between p regression
tasks can be done optimally (Theorem 3.3). The crucial point is to estimate the p x p
covariance matrix ¥ of the noise (covariance between tasks), in order to learn the task simi-
larity matrix M. Our main contributions are twofold. First, an estimator of ¥ is defined in
Section 3.4, where non-asymptotic bounds on its error are provided under mild assumptions
on the mean of the sample (Theorem 3.2). Second, we show an oracle inequality (Theorem
3.3), more particularly with a simplified estimation of ¥ and increased performances when
the matrices of M are jointly diagonalizable (which often corresponds to cases where we
have a prior knowledge of what the relations between the tasks would be). We do plan to
expand our results to larger sets M, which may require new concentration inequalities and
new optimization algorithms.

Simulation experiments show that our algorithm works with reasonable sample sizes, and
that our multi-task estimator often performs much better than its single-task counterpart.
Up to the best of our knowledge, a theoretical proof of this point remains an open problem
that we intend to investigate in a future work.
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Appendices

We give here the proofs of the different results stated in Sections 3.2, 3.4 and 3.5. The
proofs of our main results are contained in Sections 3.E and 3.F.

3.A Proof of Property 3.1

Proof. 1t is sufficient to show that (-,-)¢g is positive-definite on G. Take g € G and S =
(S; ])1<Z<]<p the symmetric postive-definite matrix of size p verifying 5?2 = M, and denote
T =S = (T;j)1<ij<p- Let f be the element of G defined by Vi € {1. .p}, g(+,1) =

> ore1 Tikf (-, k). We then have:

(9:9)g = D23 Mijlo( 1), 9( )7

This shows that (g,g)g > 0 and that (g,9)g =0= f=0=g=0. O
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3.B. PROOF OF COROLLARY 3.1

3.B Proof of Corollary 3.1

Proof. If (x,j) € X x {1,...,p}, the application (f!,...,fP) = fJ(x) is clearly contin-
uous. We now show that (G, (-, )g) is complete. If (g,)nen is a Cauchy sequence of G
and if we define, as in Section 3.A, the functions f,, by Vn € N, Vi € {1...p}, gn(-,i) =
> k1 Tikfn(- k). The same computations show that (f,(-,7))nen are Cauchy sequences of
F, and thus converge. So the sequence (f;,)nen converges in G, and (gy, )nen does likewise. [

3.C Proof of Property 3.2

Proof. We define
01, ()
bla,)=M"-| :
Ip,; P (@)
with d; ; = 1,—; being the Kronecker symbol, that is, §; ; = 1 if ¢ = j and 0 otherwise. We
now show that @ is the feature function of the RKHS. For g€ Gand (z,1) € Xx{1,...,p},
we have:

(9, @ (2, )¢ =

M;ilg(- ), ®(x, 1))

NE
NE

1

<.
Il
—_

7

p

m=1

I
'M“
.M@

<
Il

—_
-
I

—

(M : M_l)j,mém,lg(xaj)

I
1=
M“@

0
3
I

1

Thus we can write:

(®(

= Z Z Mh7h/<M};Z~1‘1)($), M;;}]q)(y»]:
h=1
2.

p
> My M, M)LK (2, y)

I
NE
=

i (M- M1 K (2, y)

p
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3.D Computation of the Quadratic Risk in Example 3.4

We consider here that f! = ... = fP. We use the set Mgp:
Mspy = { Msp () = (3 -+ 0l = 5117/ () € (0,002

Using the estimator ]/”\M = Apyy we can then compute the quadratic risk using the bias-
variance decomposition given in Equation (3.33):

B | = 1] = 1w — £ 1B + xaTu - (B0 1)

Les us denote by (e1,...,e,) the canonical basis of RP. The eigenspaces of p 1117 are:
— span{e; +--- + e, } corresponding to eigenvalue p,
— span{ez —eq,...,e, — ey} corresponding to eigenvalue 0.

Thus, with 1 = A + pu we can diagonalize in an orthonormal basis any matrix M), , €
Mas M = PTDM;P, with D = Dy; = Diag{\,fi,...,}. Les us also diagonalise in
an orthonormal basis K: K = QTAQ, A = Diag{u1,...,u,}. Thus we can write (see
Properties 3.3 and 3.4 for basic properties of the Kronecker product):

Ay =Au,, = (PT2Q") [(D*1 2A) (D @A)+ npfnp)*l} (P2Q) .

We can then note that (D' ® A) (D' @ A) + np]np)_l is a diagonal matrix, whose di-
agonal entry of index (j —1)n+1i (i € {1,...,n}, 5 € {1,...,p}) is

Bi e
MJrnp)\lfj—l,
M—H’f;b—pﬁifj>1.

We can now compute both bias and variance.

Bias: We can first remark that (PT ® Q") = (P ® Q)" is an orthogonal matrix and
that P x 1 = (1,0,...,0)". Thus, as in this setting f! = --- = fP, we have f =
L(/(X1), -, S ()T and (PTOQT)S = (1,0,....,0)T@QUM(X1), -, /(X)) T
To keep notations simple we note Q(f*(X1),..., fH(Xu)" := (g1,...,9n) . Thus

(s = L) fI3 = 1P O QT (079 8) (D7 @ &) +nply) ™ = 1y] (P& QI3
— | {(D*l ©A) (D' @A) +nplyp) ' — Inp}
X (1,0,...,0)" @ (g1,---,90) 13 -

As only the first n terms of (P ® Q) f are non-zero we can finally write

n A 2
Anr — L) fl2 = L AT -
s = )18 = Y- (22

i=1
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Variance: First note that
PRQ(ERL)(PRQ) = (PSP’ ®1,) .

We can also note that ¥ := PXPT is a symmetric positive definite matrix, with
positive diagonal coefficients. Thus we can finally write

tr(Ay Ay - (E®1,)) = tr <P ®Q)" [(D_l @A) (Do A)+ npznp)*l] i
< (PQE))
— tr ( [(D_l ®A) (D @A)+ np[np)_l} ’

x (PRQ)ERL)(P®Q)"

n 2~ 2 P
21,1+< ) Y
— (:U'z +np>\> i +npu ZQ H

1= J

As noted at the end of Example 3.4 this leads to an oracle which has all its p functions
equal.

3.D.1 Proof of Equation (3.16) in Section 3.5.2

Let M € S}*(R), P € Oy(R) such that M = P Diag(dy,...,d,)P and & = PEPT.
We recall that Ay = K(K + n\I,)~!. The computations detailed above also show that the
ideal penalty introduced in Eq. (3.7) can be written as

2tr (Ay - (2@ 1) 2 d ~
peng(4) = 2L EELD 2 (574,05,

3.E Proof of Theorem 3.2

Theorem 3.2 is proved in this section, after stating some classical linear algebra results
(Section 3.E.1).

3.E.1 Some Useful Tools

We now give two properties of the Kronecker product, and then introduce a useful norm
on Sp(R), upon which we give several properties. Those are the tools needed to prove
Theorem 3.2.

Property 3.3. The Kronecker product is bilinear, associative and for every matrices A, B, C, D
such that the dimensions fit, (A® B)(C ® D) = (AC) ® (BD).

Property 3.4. Let A€ M,(R), B€ Mp(R), (A2 B)T = (AT @ BT).
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Definition 3.7. We now introduce the norm || - || on Sp(R), which is the modulus of the
eigenvalue of largest magnitude, and can be defined by
ISh= sup |sTss
z€RP, [[z]l,=1

This norm has several interesting properties, some of which we will use are stated below.
Property 3.5. The norm || - || is a matricial norm: ¥(A, B) € S,(R)?, ||AB|| < || A|lllB]|-

We will use the following result, which is a consequence of the preceding Property.

_1 _1 _
VS € Sp(R), VT € S (R), IT2ST~=[| < [ISHIT~"| -

We also have:

Property 3.6.
VE € S(R), @ Lfl =% -

Proof. We can diagonalize ¥ in an orthonormal basis: 3U € O, (R), 3D = Diag(p1,...,pp), £ =
UTDU. We then have, using the properties of the Kronecker product:

YeI,=U"®L)(DeIL)(U®oI,)
—UeL) (DeL)Uel,) .

We just have to notice that U ® I,, € Op,(R) and that:

D®In:Diag(,ul,...,,ul,...,,up,...,,up) )

n times n times

This norm can also be written in other forms:

Property 3.7. If M € My(R), the operator norm || M|y := sup,crn\ fo} {%} is equal

to the greatest singular value of M: \/p(MTM). Henceforth, if S is symmetric, we have
ISI = 11512
3.E.2 The Proof

We now give a proof of Theorem 3.2, using Lemmas 3.1, 3.2 and 3.3, which are stated
and proved in Section 3.E.3. The outline of the proof is the following:

1. Apply Theorem 3.1 to problem (P,) for every z € Z in order to
2. control ||s — (||, with a large probability, where s,( € RP(P+1)/2 are defined by

S = (2171, e Elhp? 2171 + 2272 + 22172, ... ,Em + Ej,j + ind‘, .. )
and (= (a(e1),...,a(ep),aler +e€2),...,aler +ep),alea +e3),...,alep—1 +€p)) -

3. Deduce that & = J(¢) is close to ¥ = J(s) by controlling the Lipschitz norm of .J.
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3.E. PROOF OF THEOREM 3.2

Proof. 1. Apply Theorem 3.1: We start by noticing that Assumption (Hdf) actually holds
true with all Ao ; equal. Indeed, let (Ao j)1<j<p be given by Assumption (Hdf) and define
Ao = minj—y,__, Ao ;. Then, Ao € (0,400) and df(A\g) < \/n since all )\ ; satisfy these
two conditions. For the last condition, remark that for every j € {1,...,p}, Ao < Ao,; and
A= [[(Ax = 1) Fe, |3 is a nonincreasing function [AB11, as noticed, for instance, in], so that

In(n) .

n

s = T E I} < - | (Arg, = T 2 < i (320)

In particular, Eq. (3.8) holds with d,, = 1 for problem (P,) whatever z € {e1,...,e,}.
Let us now consider the case z = e; + ¢; with i # j € {1,...,p}. Using Eq. (3.20) and
that Fe 1, = Fe, + Fe;, we have

2 2
H(AAO - In)F€i+5j H2 < H(A)\o - In)Fei ”§+|’(A)\o - In)Fej H2+2<(A)\0_I71)F6i7 (AAO_ITL)FGJ'> :
The last term is bounded as follows:
2((B>\0 - In)Few (BAO - In)Fej> < 2H(B>\o - In)FeiH ’ ||(B)\0 - In)Fej H
<2y/nln(n)\/3i%;

< vnln(n) (S + X;;)
14+ (X

< # vnln(n)(Xi; + X5 + 2% )
1+c¢(X) 2

-— nln(n)og ..

because Lemma 3.1 shows
28 +X55) < (L+c(2) (B + X5 +2%5) -

Therefore, Eq. (3.8) holds with d,, = (1 + ¢(X))/2 for problem (P,) whatever z € Z.
2. Control ||s — (|| Let us define

In(n) .

n

m = B2+ +c(X))

By Theorem 3.1, for every z € Z, an event €2, of probability greater than 1 —n 9 exists on
which, if n > ng(0),
(1=m)o? < a(z) < (1+m)a? .

So, on Q := (), (1,

1€ = 8lloe < mllsllo (3.21)
and P(2) > 1 — p(p+ 1)/2 x n~% by the union bound. Let

by
Xl :=sup|¥;;| and Ci(p) = sup {M} .
i.j ses,® L 1Zl

Since ||s]|,, < 4|X|,, and Ci(p) =1 by Lemma 3.2, Eq. (3.21) implies that on €2,

1€ = 8lloe < 4m 1%l <4mlZ] - (3.22)
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3. Conclusion of the proof: Let
Colp) = sup {|||J(C)|||} _
ceretorn/2 | [C]oo
By Lemma 3.3, Cy(p) < %p. By Eq. (3.22), on Q,
IS =3 = 17() = J(s)Il < Co®) IS = slloe < AmC2P)IZ| - (3.23)

Since

Si9y _1 $-1 _ a
2728572 — L = |22 (- D) 2 < == -5
and X7 = (%), Eq. (3.23) implies that on €,

p— 1 —

2725575 — L] < 4m Co(p)ISIIE | = 4m Ca(p)e(E) < 6mpe(®) -

To conclude, Eq. (3.12) holds on Q with

n = 6pc(X)B(2+0)(1 + (X)) @ < Li(2+9)p

for some numerical constant L. O

Remark 3.20. As stated in Arlot and Bach [AB11], we need \/no(8)/In(no(d)) > 504 and

Vno(0)/In(ng(d)) > 24(290 + 0).

Remark 3.21. To ensure that the estimated matriz S is positive-definite we need thatn < 1,
that 1is,

% > 6B(2+ 0)pe(S) (1 +¢(X)) .

3.E.3 Useful Lemmas
Lemma 3.1. Let p > 1, ¥ € S (R) and c¢(X) its condition number. Then,

c(X) =15+ 3%,
cX)+1 2 ’

V1§i<j§p, 22‘73‘2— (325)

c(®)-1

Remark 3.22. The proof of Lemma 8.1 shows the constant (E)+1 cannot be improved

without additional assumptions on .

Proof. It suffices to show the result when p = 2. Indeed, (3.25) only involves 2x2 submatrices
¥(i,7) € S§T(R) for which

X)) -1 _dy) -1

1<¢(X) <e(¥) hence 0§C(§)+1_c(2)+1.

So, some 6 € R exists such that ¥ = ||S||Rj DRy where

[ cos(f) sin(0) (1 0 1
By = <—sin(9) cos(@)) D_<O A) and A= ()
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3.F. PROOF OF THEOREM 3.3

Therefore,

2
Cos
z == <

2

(0) + Asin?(0) 132 sin(20)
LA 5in(26) Acos?(0) + sin?(0)

So, Eq. (3.25) is equivalent to

(1 —X)sin(26) >_1—)\1—|—)\
2 -1+ 2 )

which holds true for every 6 € R, with equality for § = 7/2 (mod. ). O
Lemma 3.2. For every p > 1, C1(p) := supses, () % =1.

Proof. With ¥ = I,, we have [|X||oc = ||X|| =1, so Ci(p) > 1.
Let us introduce (7, j) such that |%; ;| = ||X[|cc. We then have, with ej being the k*® vector
of the canonical basis of RP,

i3] = le] Sejl < lel Seal e ey 2 < (1511)?

]
Lemma 3.3. For every p > 1, let Ca(p) = Sup;eppm+1)/2 H‘”‘é(@m, Then,
P 3
— < < —p .
1 S Cap) = 5p

Proof. For the lower bound, we consider

1 ... 1
G={1,...,1, 4,...,4 ), then J()=
—— N —
p times p(pQ—l) times 1 ... 1

so that ||J(¢)|| = p and ||(]|c = 4
For the upper bound, we have for every ¢ € RP®P+1/2 and z € RP such that [2]l; =1

21 J(C)z

=| 3 zzd Qi < D 1Al Qi < IOl 12115

1<i,j<p 1<i,j<p
By definition of J, || J({)[lee < 3/2]|¢]|.,- Remarking that [|z||3 < p|lz||3 yields the result.
O
3.F Proof of Theorem 3.3

The proof of Theorem 3.3 is similar to the proof of Theorem 3 in Arlot and Bach [AB11].
We give it here for the sake of completeness. We also show how to adapt its proof to
demonstrate Theorem 3.4. The two main mathematical results used here are Theorem 3.2
and a gaussian concentration inequality from Arlot and Bach [AB11].
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3.F.1 Key Quantities and their Concentration Around their Means
Definition 3.8. We introduce, for S € S *(R),

M, (S) eall‘“/lger?\in{HﬁM—YHQ—i—Qtr(AM-(S®In))} (3.26)

Definition 3.9. Let S € Sp(R), we note Sy the symmetric matrix where the eigenvalues
of S have been thresholded at 0. That is, if S = U' DU, with U € O,(R) and D =
Diag(dy,...,dp), then

S, := U Diag (max {dy,0},... ,max {d,,0}) U
Definition 3.10. For every M € M, we define
b(M) = |[(Anr = Lp) f1I3

v (M) =E[(e, Aye)] = tr(Ay - (B @ 1))
H(M) = (e, Ape) —E[(e, Ape)] = (e, Apme) —tr(An - (B ® 1))
va(M) = E [|| Anell3] = tr(Ay Ay - (B 1)
02(M) = || Amel3 — E [l Anel3] = I Ansell3 — tr(AjAn - (@ 1))
03(M) = 2(Anre, (Anr = Inp) f)
04(M) = 2(e, (Inp — Am) f)
A(M) = —26,(M) + 6,(M) .

Definition 3.11. Let C4,Cp,Cc,Cp,Cg,CFr be fixed nonnegative constants. For every
x > 0 we define the event

Qy = (M, Cn,Cp,Cc,Cp,Cp, Cr)
on which, for every M € M and 64,605,03,04 € (0,1]:

01(M)] < 01 tr (A Av - (B @ 1)) + (Ca + Cpor ]S (3.27)
6(M)| < 0 tr (Al Avr - (S ® 1)) + (Co + Cb; al| 2] (3.28)
83(M)] < 03 [[(Tnp — As) 112 + Cibs 25| (3.29)
[05(M)| < Oa[|(Lnp — An) [Nl + Crty 2] (3.30)

Of key interest is the concentration of the empirical processes ¢;, uniformly over M €
M. The following Lemma introduces such a result, when M contains symmetric matrices
parametrized with their eigenvalues (with fixed eigenvectors).

Lemma 3.4. Let
Cap=2 Cgp=1 Coc=2, Cp=1, Cgp=306.25 Cp =306.25 .

Suppose that (HM) holds. Then P(Q,(M,Ca,Cp,Cc,Cp,Cr,Cr)) > 1 — pel027Hinm) =z,
Suppose that (3.13) holds. Then P(2,(M,Ca,Cp,Cc,Cp,Cg,CFr)) > 1 —6pcard(M)e™™.
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Proof. First common step. Let M € M, Py € O,(R) such that M = P),DPy, with
D = Diag(dy,...,dy). We can write:

_ _ —1
Ay =Agy.qy = (Pu®L,)T [(D '@ K) (D' ® K + npl,) } (Pyr @ 1)
= Qngl,...7dpQ ;

vzith Q = Py ® I, and gdl,...,dp = (D' K)(D'® K+ annp)_l. Remark that

Adl,...,dp is block-diagonal, with diagonal blocks being By, , ..., Bg, using the notations
~ ~T ~T

of Section 3.3. With € = Qe = (&T,...,Q,T)T and f=Qf =(fi ,...,fp )| wecan

write

61(M)| = (&, Agy....a,8) —E [(5, Avdl,...,dpa} ;

2
‘2 ’
165(M)| = 2(Aay a5 (Aay. gy — Lnp) )

164(M)| = 2(E, (Inp — Ady,_.a,)]) -

52(00)| = |y,

2 _
‘2 -E “ Ady,...dpE]

We can see that the quantities §; decouple, therefore

NE

D] = 3 Ay ) — B )
B2(M)] = Z lApa&illy ~ E [l 4pa&ill3]
|03(M)| = iﬂflpdfu (Apa; — In) i)
[64(M)| = fjm (In = Apa) fi) -

=1

Supposing (HM). Assumption (HM) implies that the matrix P used above is the same
for all the matrices M of M. Using Lemma 9 of Arlot and Bach [AB11], where we have
p concentration results on the sets €;, each of probability at least 1 — !027+n(n)e—2

78



CHAPITRE 3. MULTI-TASK REGRESSION USING MINIMAL
PENALTIES

we can state that, on the set (_; ﬁi, we have uniformly on M

|01 (M)] < 01 Varlg;] tT(A;—diApdi) + (Ca + Cpo; 1 Varlg] |

-

@
Il
-

|02(M)] < 02 Varlg,] tT(A;diApdi) + (Co + Cpby Mz Var[g;]

-

@
Il
-

85(M)] < 3 s | (1 — Apa) .

2
) + Cgb3 'x Var[g;]

-

N
Il
—

2
) + Cpl; e Var[g;] .

-

N
Il
—

84| < 304 | (1 = Apa) .

Supposing (3.13). We can use Lemma 8 of Arlot and Bach [AB11] where we have p con-
centration results on the sets €1; 57, each of probability at least 1 — 6e™" we can state
that, on the set ﬂ§:1 Marea i, we have uniformly on M the same inequalities written
above.

Final common step. To conclude, it suffices to see that Vi € {1,...,p}, Varlg;] < ||X].
O

3.F.2 Intermediate Result

We first prove a general oracle inequality, under the assumption that the penalty we use
(with an estimator of ) does not underestimate the ideal penalty (involving ¥) too much.

Property 3.8. Let C4,Cp,Cc,Cp,Cr > 0 be fized constants, v > 0, g € [0,1/4) and
Ks>0. On Q1,0 (M,Ca,Cp,Cc,Cp,CE), for every S € SF+(R) such that

tr (AMO(S) (S—%) In)>
v n(n (3.31)
> b5t (A - (S 01) ot { AR L

and for every 0 € (0, (1 — 40g)/2), we have:

1|~ 2 1+20 1|~ 2 2t (Ay - (S — 2)s ® 1))
N —~ _ P — — —
anfMO(S) f”Q —1—20—40g Z\/}Ielg\/l{anFM FH2+ np

1 2 O0sKs | In(n)|X]]

Proof. The proof of Property 3.8 is very similar to the one of Property 5 in Arlot and
Bach [AB11]. First, we have

[ = 7] = b0M) + 0a(30) + 85(01) + 65(01) (3.33)

[ =], =17 = FIB = 20000 28000 + 61000 + el . (339)
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Combining Eq. (3.26) and (3.34), we get:

[P — 7]+ 200 (A sy - (5 =201 © 1)) + A(L(S))
3.35
gN}g%{HfM—ij+2tr<AM-<<s—z>®fn>>+3<M>} . o

On the event €, 1,(), for every 6 € (0,1] and M € M, using Eq. (3.27) and (3.30) with
0 =01 = 04,

R(M)] < 6(6(M) +v2(M)) + (Ca + 5(Crs + )y ()] - (3.36)
Using Eq. (3.28) and (3.29) with 02 = 63 = 1/2 we get that, for every M € M,
| B = F[| 2 50000) + 0200 ~ (C + 20 + 200y mIS]
which is equivalent to
B(M) + 0a(M) < 2| Fas — F| + 2(Co + 20p + 20m)ymm)IS] . (337)
Combining Eq. (3.36) and (3.37), we get

N — 2 1
A@n) <20 |Fa —F| + (cA + (200 +4Cp +4CE)0 + (Cp + cp>5> yin(n)|Z] -

With Eq. (3.35), and with Cy = Cy, Cy = 2C¢ + 4Cp + 4CE and C3 = Cp + Cr we get

(1-20)]| P ) - sz vour (Ag g - (S D). ©1,)) < (1+20)
< inf {HfM 1| 2t (- ) ®In>>} n (01 e %) ()3 |
(3.38)

Using Eq. (3.31) we can state that

tr <AMO(S) (S—D) In)) >

b(Mo(9)) + v2(M,(S)) + KsIn(n) [T
0 2@1@(5)) ) tr (A, (S@ 1)

so that
tr (Agz sy (S = 2) @ 1)) = ~0s (6(V(9)) + 12(Mo(8)) + Ksn(n) S]]

which then leads to Eq. (3.32) using Eq. (3.37) and (3.38). O
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3.F.3 The Proof Itself

We now show Theorem 3.3 as a consequence of Property 3.8. It actually suffices to show
that X does not underestimate X too much, and that the second term in the infimum of
Eq. (3.32) is negligible in front of the quadratic error (np)~!| far — f|*.

Proof. On the event € introduced in Theorem 3.2, Eq. (3.12) holds. Let
v =pe(E) (1 +¢(%)) -

By Lemma 3.5 below, we have:

o [O(M) +0a(M) + Ks In(n) ||3] KsIn(n)|[%]]
1\/}25\4 { v (M) } = ntr(X)

We supposed Assumption (3.13) holds. Using elementary algebra it is easy to show that,
for every symmetric positive definite matrices A, M and N of size p, M = N implies that
tr(AM) > tr(AN). In order to have M,(3) satisfying Eq. (3.31), Theorem 3.2 shows that
it suffices to have, for every 0g > 0,

KsIn(n)||X] — 682+ )y In(n) ’

ntr(3) n

%

which leads to the choice

~(3Bla+ (D))
KS‘( 6s1=] > |

We now take fg = 6 = (91In(n))~*. Let Q be the set given by Theorem 3.2. Using Eq. (3.32)
and requiring that In(n) > 6 we get, on the set Q = QNQ 44 5)1n(n) (M, Ca, Cp,Cc, Cp, Cg, CF)
of probability 1 — (p(p + 1)/2 4+ 6pC)n =%, using that a > 2:

R R 2tr (Apr - (B =)y ® 1)
1,2 (1 ) o - 2 22

9 —1

72953%42 tr(%)? >]
A=)
2 m(n)?2f|

X (v +0) p”

Using Eq. (3.24) and defining

n = 128(a + 0)y # ,
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we get

o571l = (i ) i, o o= o] R0

2 \! 7295242 tr(%)?
+ 1—7> [20A+3CC+GCD—{—6C'E—|—1HTL (1803—{—1801:—{-—)}
< () ) =P
| 21
(ot o BOVIEL
np
(3.39)

Now, to get a classical oracle inequality, we have to show that novi (M) = notr(Ans -
(X ® I,,)) is negligible in front of || f; — f||*>. Lemma 3.5 ensures that:

|| =]

VM Ve >0 2
M Ve =0, 3 TNm)

vi(M) < va(M) + x| 2| -

With 0 < C,, < 1, taking = to be equal to 723% In(n)y? tr(X)/(Cy||X|]) leads to

7232 In(n)v? tr(X)
Chn '

Then, since va(M) < va(M) + b(M) and using also Eq. (3.33), we get

772’[)1(M) < QCn’U2(M) + (340)

. 2
v (M) < [ far = £+ Ioa(m)] + 65(M)]
On Q we have that for every 6 € (0,1), using Eq. (3.28) and (3.29),

103(M)|+165 (M) < 20 (HfM — 1] - 182001 - |53<M>|>+<cc+<cp+cE>e1><a+6> ()2} .

which leads to

Cc 4+ (Cp + Cp)o~!

|02(M)| + [03(M)] < 1426

|7+ (a4 6) ()3 -

1+ 29
Now, combining this equation with Eq. (3.40), we get

4C,0
1+

Co+ (Cp+Cg)o!
1+20

mn (1) < (1+ 155 ) | = 7] +20 (4 8) ()]

7282 In(n)v? tr(X)
+ . .

Taking 6 = 1/2 then leads to

mn(M) < (14 0 | Far = £ + CalCo +2(Cp + C))(a + 6 ()12
n 7282 In(n)y tr(X)

Ch
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CHAPITRE 3. MULTI-TASK REGRESSION USING MINIMAL
PENALTIES

We now take C), = 1/In(n). We now replace the constants C4, Cp, Cc, Cp, Cg, Cr by
their values in Lemma 3.4 and we get, for some constant Lo,

2\ ! 729322 1 1
(1-— 3ln(n)> [1851.5—%1n01)(5530£3+——Zm§ﬂW;—> +616.5 <1_%ln(n)> - ]

In(n)
. 7282 In(n)y? tr(X) tr(X)?
Cn =17

From this we can deduce Eq. (3.14) by noting that v < 2pc(X)2.
Finally we deduce an oracle inequality in expectation by noting that if n=1!| fa—f I? <
R, s on Q, using Cauchy-Schwarz inequality

e [ i1l == 5 W~ L]+ [5 L -1]

SEWMH"£¢@@+1+®C¢ M fm]. (3.41)

np no

< Lyln(n)~?

We can remark that, since ||Ax|| < 1,

~ 2
|72 = 1| < 20A00el3 + 201 = Aan) £13 < 2 el + S1S15 -

B || F - o) <12 (mwlm - a0s18)”

together with Eq. (3.39) and Eq. (3.41), induces Eq. (3.15), using that for some constant
L3 >0,

1)/2 + 6pC ¢ !
uwf’* s <|||z|||+ Hf||2> < 1, YD) (|||2|||+n—p”f “3)

Lemma 3.5. Let n,p > 1 be two integers, x >0 and X € S H(R). Then,

IR CCIET I IAES. IRy E

AeMup(R),JlAI <1 tr(A- (X I)) — | ntr(X)
Proof. First note that the bilinear form on M,,,(R), (A, B) = tr(A"B- (X ®1,)) is a scalar
product. By Cauchy-Schwarz inequality, for every A € M,,(R),

tr(A-(C®1,)? <tr(C@ L) tr(ATA- (S ®1,)) .

02

ntr(3)

Thus, since tr(X @ I,,) = ntr(X), if c=tr(A- (X ®I,)) > 0, tr(ATA- (¥ ® I,,)) >

Therefore,

TAa.
- {tr(A A <z®fn>>+mmzm} - { c +wmzru}
AeMup(R), A <1 tr(A- (X ® 1)) >0 | ntr(X) c

o [=El
- ntr(X)
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3.F. PROOF OF THEOREM 3.3

3.F.4 Proof of Theorem 3.4

We now prove Theorem 3.4, first by proving that iHM leads to a sharp enough approx-
imation of the penalty.

Lemma 3.6. Let f]HM be defined as in Definition 3.6, a = 2, k > 0 be the numerical constant
defined in Theorem 3.1 and assume (HAf) and (HM) hold. For every 6 > 2, a constant
no(8), an absolute constant Ly > 0 and an event Q exist such that P(Qgy) > 1 —pn~? and
for every n > ng(6), on Quu, for every M in M

(1 ) tr(Aar - (B 1) < (s - G @ L)) < (14 ) te(dws - (B 1)) |
(3.42)
In(n) ‘

Proof. Let P be defined by (HM). Let M € M, and (di,...,d,) € (0,400)? such that
M = PT Diag(dy, ... ,d,)P. Thus, as shown in Section 3.D, we have with ¥ = PYPT:

where n:=Li(a+9)

tI‘(AM E ®I

i M@

let o; be defined as in Definition 3.6 (and thus Sum = P Diag(y,. .. ,Gp)PT), we then have
by Theorem 3.1 that for every j € {1,...,p} an event Q7 of probability 1 — kn~9 exists such
that on |E“ — 0| <n¥j . Since

tr(An - (San @ 1)) = Y tr(Apg,)5;

<.
M-
i

taking Qv = ﬂé’:le suffices to conclude. O

Proof of Theorem 3.3. Adapting the proof of Theorem 3.3 to Assumption (HM) first re-
quires to take v = 1 as Lemma 3.6 allows us. It then suffices to take the set
Q= Quu N Q246 n(n) (M, CA,CB,CC,CD,CE,CF) (thus replacing « by 2) of probabil-
ity 1— (p(p+1)/24+p)n=% > 1 —p*n =% —supposing p > 2—if we require that 21In(n) > 1027.

To get to the oracle inequality in expectation we use the same technique than above,

but we note that 1/P(Q¢) < Ly x p/n%/2. We can finally define the constant Ly by:

2pln(n) opln(n)?
Lat(®)+ PP 1 L) < L u(e)(a+ 9P
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Chapitre 4

Comparison between multi-task and
single-task oracle risks in kernel ridge
regression

RESUME. Dans ce chapitre, nous essayons de comprendre quand la procédure
multi-taches, introduite dans le chapitre précédent, donne de meilleures perfor-
mances que la procédure mono-tache, en termes de risque quadratique moyenné
sur les taches. Nous menons cette comparaison en considérant que les estima-
teurs sont parfaitement calibrés, ce qui revient a étudier leur risque oracle. Cela
nous permet de dégager des situations favorables & la procédure multi-téaches,
dans lesquelles cette derniére atteint des vitesses de convergence supérieures a
celles de la procédure mono-tache. Dans les cas contraires, ol nous conjecturions
que la procédure multi-tAches fonctionne moins bien que celle mono-tache, nous
montrons que les oracles respectifs se comportent de méme. Des simulations vien-
nent confirmer ces observations théoriques dans des situations moins contraintes.
Il résulte donc de ces travaux que l'utilisation de ces méthodes multi-taches peut
étre d'un grand secours, quand elles sont utilisées a bon escient. Cependant,
comme nous le montrons, la moindre erreur de modélisation peut mener a de
lourdes pertes.

4.1 Introduction

Increasing the sample size is the most common way to improve the performance of
statistical estimators. In some cases (see, for instance, the experiments of Evgeniou et
al. [EMPO5| on customer data analysis or those of Jacob et al. [JBV08] on molecule binding
problems), having access to some new data may be impossible, often due to experimental
limitations. One way to circumvent those constraints is to use datasets from several related
(and, hopefully, “similar”) problems, as if it gave additional (in some sense) observations
on the initial problem. The statistical methods using this heuristic are called “multi-task”
techniques, as opposed to “single-task” techniques, where every problem is treated one at a
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4.1. INTRODUCTION

time. In this paper, we study kernel ridge regression in a multi-task framework and try to
understand when multi-task can improve over single-task.

The first trace of a multi-task estimator can be found in the work of Stein [Ste56].
In this article, Charles Stein showed that the usual maximum-likelihood estimator of the
mean of a Gaussian vector (of dimension larger than 3, every dimension representing here
a task) is not admissible—that is, there exists another estimator that has a lower risk
for every parameter. He showed the existence of an estimator that uniformly attains a
lower quadratic risk by shrinking the estimators along the different dimensions towards an
arbitrary point. An explicit form of such an estimator was given by James and Stein [JS61],
yielding the famous James-Stein estimator. This phenomenon, now known as the “Stein’s
paradox”, was widely studied in the following years and the behaviour of this estimator was
confirmed by empirical studies, in particular the one from Efron and Morris [EM77|. This
first example clearly shows the goals of the multi-task procedure: an advantage is gained
by borrowing information from different tasks (here, by shrinking the estimators along the
different dimensions towards a common point), the improvement being scored by the global
(averaged) squared risk. Therefore, this procedure does not guarantee individual gains on
every task, but a global improvement on the sum of those task-wise risks.

We consider here p > 2 different regression tasks, a framework we refer to as “multi-
task” regression, and where the performance of the estimators is measured by the fixed-
design quadratic risk. Kernel ridge regression is a classical framework to work with and
comes with a natural norm, which often has desirable properties (such as, for instance, links
with regularity). This norm is also a natural “similarity measure” between the regression
functions. Evgeniou et al. [EMPO05| showed how to extend kernel ridge regression to a multi-
task setting, by adding a regularization term that binds the regression functions along the
different tasks together. One of the main questions that is asked is to assert whether the
multi-task estimator has a lower risk than any single-task estimator. It was recently proved
by Solnon et al. [SAB12| that a fully data-driven calibration of this procedure is possible,
given some assumptions on the set of matrices used to regularize—which correspond to
prior knowledge on the tasks. Under those assumptions, the estimator is showed to verify
an oracle inequality, that is, its risk matches (up to constants) the best possible one, the
oracle risk. Thus, it suffices to compare the oracle risks for the multi-task procedure and
the single-task one to provide an answer to this question.

The multi-task regression setting, which could also be called “multivariate regression”, has
already been studied in different papers. It was first introduced by Brown and Zidek [BZ80|
in the case of ridge regression, and then adapted by Evgeniou et al. [EMPO05]| in its kernel
form. Another view of the meaning of “task similarity” is that the functions all share a few
common features, and can be expressed by a similar regularization term. This idea was
expressed in a linear set up (also known as group lasso) by Obozinski et al. [OWJ11]| and
Lounici et al. [LPTvdG11], in multiple kernel learning by Koltchinskii and Yuan [KY10] or
in semi-supervised learning by Ando and Zhang [AZ05|. The kernel version of this was also
studied [AEP08, JBV0S|, a convex relaxation leading to a trace norm regularization and
allowing the calibration of parameters. Another point of view was brought by Ben-David
and Schuller [BDS03], defining a multi-task framework in classification, two classification
problems being similar if, given a group of permutations of the input set, a dataset of the
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one can be permuted in a dataset of the other. They followed the analysis of Baxter [Bax00],
which shows very general bounds on the risk of a multi-task estimator in a model-selection
framework, the sets of all models reflecting the insight the statistician has on the multi-task
setting.

Advantages of the multi-task procedure over the single task one were first shown ex-
perimentally in various situations by, for instance, Thrun and O’Sullivan [TO96|, Caru-
ana [Car97] or Bakker and Heskes [BHO03|. For classification, Ben-David and Schuller [BDS03]
compare upper bounds on multi-task and single-task classification errors, and showed that
the multi-task estimator could, in some settings, need less training data to reach the same
upper bounds. The low dimensional linear regression setting was analysed by Rohde and
Tsybakov [RT11|, who showed that, under sparsity assumptions, restricted isometry condi-
tions and using the trace-norm regularization, the multi-task estimator achieves the rates
of a single-task estimator with a np-sample. Liang et al. [LBBJ10] also obtained a theoret-
ical criterion, applicable to the linear regression setting and unfortunately non observable,
which tells when the multi-task estimator asymptotically has a lower risk than the lower
one. A step was recently carried by Feldman et al. [FGF12| in a kernel setting where every
function is estimated by a constant. They give a closed-form expression of the oracle for
two tasks and run simulations to compare the risk of the multi-task estimator to the risk of
the single-task estimator.

In this chapter we study the oracle multi-task risk and compare it to the oracle single-
task risk. We then find situations where the multi-task oracle is proved to have a lower risk
than the single-task oracle. This allows us to better understand which situation favors the
multi-task procedure and which does not. After having defined our model (Section 4.2.1),
we write down the risk of a general multi-task ridge estimator and see that it admits a
convenient decomposition using two key elements: the mean of the tasks and the resulting
variance (Section 4.3). This decomposition allows us to optimize this risk and get a precise
estimation of the oracle risk, in settings where the ridge estimator is known to be minimax
optimal (Section 4.4). We then explore several repartitions of the tasks that give the latter
multi-task rates, study their single-task oracle risk (Section 4.5) and compare it to their
respective multi-task rates. This allows us to discriminate several situations, depending
whether the multi-task oracle either outperforms its single-task counterpart, underperforms
it or whether both behave similarly (Section 4.6). We also show that, in the cases favorable
to the multi-task oracle detailed in the previous sections, the estimator proposed by Solnon
et al. [SAB12| behaves accordingly and achieves a lower risk than the single-task oracle
(Section 4.7). We finally study settings where we can no longer explicitly study the oracle
risk, by running simulations, and we show that the multi-task oracle continues to retain the
same virtues and disadvantages as before (Section 4.8).

The notations used here are recapitulated at the end of the introduction (page 33)

4.2 Kernel ridge regression in a multi-task setting

We consider here that each task is treated as a kernel ridge-regression problem and we
will then extend the single-task ridge-regression estimator in a multi-task setting.
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4.2. KERNEL RIDGE REGRESSION IN A MULTI-TASK SETTING

4.2.1 Model and estimator

Let Q be a set, A be a g-algebra on 2 and P be a probability measure on A. We observe
D, = (X;, Y}, ..., YP) | € (X x R?)". For each task j € {1,...,p}, D) = (Xi,y)), is
a sample with distribution P7, whose first marginal distribution is P, for which a simple
regression problem has to be solved.

We assume that for every j € {1,...,p}, FJ € L?(P), ¥ is a symmetric positive-definite
matrix of size p such that the vectors (55 )5»’:1 are independent and identically distributed
(i.i.d.) with normal distribution A (0,X), with mean zero and covariance matrix ¥, and

Vie{l,...,n},Vje{l,...,p}, v} = FI(X;)+& . (4.1)
We suppose here, for simplicity, that > = 02Ip, with o2 € R%.

Remark 4.1. This implies that the outputs of every task are independent, which slightly sim-
plifies the setting but allow lighter calculations. It is to be noted, though, that the analysis
carried afterwards can still take place without this assumption. This can be dealt by diago-
nalizing X2, majoring the quantities of interest using the largest eigenvalue of ¥ and minoring
those quantities by its smallest eigenvalue. The comparisons shown in Section 4.6 are still
valid, only being enlarged by the condition number of 3. A fully data-driven estimation of 3
was proposed by Solnon et al. [SAB12].

We consider here a fixed-design setting, that is, we consider the input points as fixed and
want to predict the output of the functions F7 on those input points only. The analysis could
be transfered to the random-design setting by using tools developped by Hsu et al. [HKZ11].

For an estimator (ﬁl, e ,ﬁp ), the natural quadratic risk to consider is

B (3 Y (X)) — FI(X)PI(Xu, o Xo)
j=1i=1

For the sake of simplicity, all the expectations that follow will implicitly be written condi-
tional on (X7i,...,X,). This corresponds to the fixed-design setting, which treats the input
points as fixed.

Remark 4.2. We will use the following notations from now on :
f = vee ((F(X0))i) » 7 =vee (F(Xo)imy) and y =vee ((V):;)

so that, when using such vectorized motations, the elements are stacked task by task, the
elements refering to the first task always being stored in the first entries of the vector, and
$0 on.

We want to estimate f using elements of a particular function set. Let F C L?(P) be a
reproducing kernel Hilbert space (RKHS) [Aro50], with kernel k and feature map ® : X — F,
which give us the positive semidefinite kernel matrix K = (k(X;, X¢))1<iv<n € S;f (R).

As done by Solnon et al. [SAB12] we extend the multi-task estimators generalizing the
ridge-regression used in Evgeniou et al. [EMPO05|. Given a positive-definite matrix M €
S (R), we consider the estimator
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R . 1 n p p p )
Fu e argmm{ LSSl o AU BRI S
gEF? P = j=1 =1

h hd
Empirical risk Regularization term

This leads to the fixed-design estimator
fu = Ay eR™
with
Ay = Ay = Knp(Kag +nplp) ' = (M @ K) (M7 @ K) +nply)

where ® denotes the Kronecker product (see the textbook of Horn and Johnson [HJ91] for
simple properties of the Kronecker product).

Remark 4.3. This setting also captures the single-task setting. Taking j € {1,...,p},
7= (f1(X1),...,f1(X,)" being the target-signal for the jth task and y = (y{, . ,y%)—r
being the observed output of the jth task, the single-task estimator for the jth task becomes
(for A e Ry)

fi = Ayy? = K(K + n\,) Yy

4.2.2 Two regularization terms for one problem

A common hypothesis that motivates the use of multi-task estimators is that all the
target functions of the different tasks lie in a single cluster (that is, the p functions that are
estimated are all close with respect to the norm defined on F). Two different regularization
terms are usually considered in this setting:

— one that penalizes the norms of the p function and their differences, introduced by
Evgeniou et al. [EMPO05], leading to the criterion (with (g]) _, EFP, (a,B) € (Ry)?)

= _ L@ . 12 ﬁ P & R
pZZ LIS IS H I AT MR

— one that penalizes the norms of the average of the p functions and the resulting vari-
ance, leading to the criterion (with (gj) L EFP, (A p) € (Ry)?)

p
19J

L (4.4)

—ZZ )2+ A

11]1

“1 HgJH; HZ] al

F

As we will see, those two penalties are closely related. Lemma 4.1 indeed shows that the two
former penalties can be obtained as a special case of Equation (4.2), the matrix M being
respectively

alll o+ 117
Msp (o, B) := — + Pp (Ip - )

p p p p
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and

A11T 117
Mav(p) ==+ & (Ip - —>
p P P P

Thus, we see that those two criteria are related, since Mgp (v, ) = Mav(«, a+pp) for every
(o, 8). Minimizing Equations (4.3) and (4.4) over FP respectly give the ridge estimators

Fsp(,B) = Anrgp(ap)Y and fav(hp) = Apy Y-

Remark 4.4. We can now see that the regularization terms used in Equations (4.3) and
(4.4) are equivalent when the parameters are not constrained to be positive. However, if one
desires to use the reqularization (4.3) (that is, with A = « and p = « + pf) and seeks to
calibrate those parameters by taking them to be nonnegative (which is to be expected if they
are seen as reqularization parameters), the following problems could occur:
— if the optimization is carried over (X, ), then the selected parameter [ may be
negative;
— conversely, if the risk of the estimator defined by Equation (4.3) is optimized over the
parameters («, a + pf) with the constraints « > 0 and B > 0, then the infimum over
]R%_ could never be approached.

— B=A
p

We will also show in the next section that the risk of ]/”\AV()\, ) nicely decomposes in two
parts, the first part depending only on A and the second only on y, which is not the case
for fsp(a, B) because of the aforementioned phenomenon. This makes us prefer the second
formulation and use the matrices My instead of the matrices Mgp.

4.3 Decomposition of the risk

A fully data-driven selection of the hyper-parameters was proposed by Arlot and Bach [AB11],
for the single-task ridge estimator, and by Solnon et al. [SAB12]| for the multi-task estimator.
The single-task estimator is shown to have a risk which is close to the single-task oracle-risk
(with a fixed-design)

1 LENTN 12
to—  inf ~E H i JH ,
ST (noan)err, | np ; B =7,

while the multi-task estimator is shown to have a risk which is close to the multi-task oracle

risk
* inf 1 E ~ 2
. _<A,L§1€R3{n_p [HfMAVW’ _f‘u} '

The purpose of this paper is to closely study both oracle risks and, ultimately, to compare
them. We show in this section how to decompose the risk of an estimator obtained by
minimizing Equation (4.4) over (g )?:1 € FP. A key point of this analysis is that the matrix
My (A, 1) naturally decomposes over two orthogonal vector-subspaces of RP. By exploiting
this decomposition we can simply use the classical bias-variance decomposition to analyse
the Euclidean risk of those linear estimators.
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4.3.1 Eigendecomposition of the matrix My (A, )

In this section we show that all the matrices May (A, 1) have the same eigenvectors, which
gives us a simple decomposition of the matrices Ay, (x,)- Let us denote by (e1,...,ep) the
canonical basis of RP. The eigenspaces of p~ 111" are orthogonal and correspond to:

— span{ej + - -+ e,} associated to eigenvalue 1,

— span{ez —eq,...,e, —e1} associated to eigenvalue 0.

Thus, with (A, ) € (R*)?, we can diagonalize in an orthonormal basis any matrix May (), )

as M = May(\,p) = PTDx u P, with D = Diag{%, %, e %} = D, ». Let us also diago-
p’p p’p

nalize K in an orthonormal basis : K = QTAQ, A = Diag{~1,...,7v}. Then
_ _ ~1
Ay = Ay = (PT@QT) (D @ A) (D™ @ A) +nply) | (P2Q) -

We can then note that (D' ® A) (D' @ A) + np]np)_l is a diagonal matrix, whose di-
agonal entry of index (j —1)n+1d (i € {1,...,n}, 5 €{1l,...,p}) is

{ =1,

i i
~tnn ifg>1.
In the following section we will use the following notations :
— for every j € {1,...,p}, (h])™, denotes the coordinates of (f7(X;))" , in the basis
that diagonalizes K, ‘ ‘
— for every i € {1,...,n}, (})%_, denotes the coordinates of (h})’_; in the basis that
diagonalizes M.
Or, to sum up, we have :

" (%)
I F(Xn)
and .
v; hz
We{l,...,n}, =P
vl hY
With the usual notation 1/ = (V{, e ,V%)T and f , we get, by using elementary properties
of the Kronecker product,
1
v=|:|[=F2Q)f .
Vp

4.3.2 Bias-variance decomposition

We now use a classical bias-variance decomposition of the risk of ]/”\AV()\, w) and show
that the quantities introduced above allow a simple expression of this risk. For any matrix
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M e Sz‘," T(R), the classical bias-variance decomposition for the linear estimator J/C\M = Any
is

1 ~ 2 1 o 1 T

B[ = 7], = A~ L) I3+ (AT Av - (59 1)

1 0'2 T
= n—pH(AM — Lnp) fII3 + p” tr(Ay Anr)

Bias Variance

We can now compute both bias and variance of the estimator fAv()\, w) by decomposing
Apay (2 On the eigenbasis introduced in the previous section.

npx Variance :
o2 tr(Aj;An)
::ﬁm(@@QWRD4®M«D4®M+m%Hlr@®QO
— 2ir < [(D*1 @A) ((D'eA)+ annp)1r>
n N N
-7 ; <%~ LM) Tl (% 1%) ]
npxBias :

|(Aar = L) £13
= [(P2Q)" (D' @ K) (D7 @ K) +nply) ™ = Ly (P& Q)fI3

|[(D7 @A) (D7 @A) + nply) "~ znp} V3

= Zm ZZ R
2 it e ZQK%+"M |

Thus, the risk of fAV()\, 1) becomes
2 - (V;IJ)Q o n i
D ey R ( m)
n 2g=)? 2(1/ )2

L L) - ( i >2
nu E E .
g %+nu np = \yi+np

This decomposition has two direct consequences:
— the oracle risk of the multi-task procedure can be obtained by optimizing Equa-
tion (4.5) independently over A\ and y;
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— the estimator fA\/ can be calibrated by independently calibrating two parameters.
It is now easy to optimize over the quantities in Equation (4.5). An interesting fact is that
both sides have a natural and interesting interpretation, which we give now.

4.3.3 Remark

To avoid further ambiguities and to simplify the formulas we introduce the following
notations for every i € {1,...,n}:

| _hit ]

Hi = V; \/ﬁ
and ) ,
- . .
2 ?:1(%) ( ?1%) 1L (j §1h§>
= - =Y (=)
p p P p
so that
p -
2 2
psi = ()
j=2

Remark 4.5. We can see that for every i € {1,...,n}, u;/\/p is the average of the p target
functions f7, expressed on the basis diagonalizing K. Likewise, ? can be seen as the variance
between the p target functions f7 (which does not come from the noise).

Henceforth, the risk of J/C\AV()\, ) over (A, ) is decoupled into two parts.
— With the parameter A, a part which corresponds to the risk of a single-task ridge
estimator, which regularizes the mean of the tasks functions, with a noise variance

a?/p:

n :U'_? 0_2 n r}/ 2
P —r 4+ — . . 4.
! ZZ; (7i + nA)? +np;<%+n>\> (0

— With the parameter p, a part which corresponds to the risk of a single-task ridge
estimator, which regularizes the variance of the tasks functions, with a noise variance

(p = 1)o?/p: )
2 ( _ 1)02 - Vi
Z (i +nu np ; (%Jrnu) ' (&9)

Remark 4.6. Our analysis can also be used on any set of positive semi-definite matrices M
that are jointly diagonalizable on an orthonormal basis, as was {MAV()\ w), (A p) € R? }

The element of interest then becomes the norms of the projections of the mput tasks on the
different eigenspaces (here, the mean and the resulting variance of the p tasks). An example
of such a set is when the tasks are known to be split into several clusters, the assignement of
each task to its cluster being known to the statistician. The matrices that can be used then
reqularize the mean of the tasks and, for each cluster, the variance of the tasks belonging to
this cluster.
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4.4 Precise analysis of the multi-task oracle risk

In the latter section we showed that, in order to obtain the multi-task risk, we just had
to optimize several functions, which have the form of the risk of a kernel ridge estimator.
The risk of those estimators has already been widely studied. Johnstone [Joh94| (see also
the article of Caponnetto and De Vito [CDVO07| for random design) showed that, for a
single-task ridge estimator, if the coefficients of the decomposition of the input function
on the eigenbasis of the kernel decrease as i~20, with 26 > 1, then the minimax rates for
the estimation of this imput function is of order n'/2=1. The kernel ridge estimator is
then known to be minimax optimal, under certain regularity assumptions (see the work of
Bach [Bacl3| for more details). If the eigenvalues of the kernel are known to decrease as
i~28 then a single-task ridge estimator is minimax optimal under the following assumption:

1<20<48+1 . (Hm(B,6))

The analysis carried in the former section shows that the key elements to express this risk
are the components of the average of the signals (p;) and the components of the variance
of the signals (g;) on the basis that diagonalises the kernel matrix K, together with the
eigenvalues of this matrix (7;). It is then natural to impose the same natural assumptions
that make the single-task ridge estimator optimal on those elements. We first suppose that
the eigenvalues of the kernel matrix have a polynomial decrease rate:

Vie{l,...,n}, i =ni"% . (Hk(B))

Then, we assume that the components of the average of the signals and the variance of the
signals also have a polynomial decrease rate:

It 25
. o= O
Vie{l,...,n}, { :;2 _ Cyni-® (Hav(6,C1,C9))

Remark 4.7. We assume for simplicity that both Assumptions (Hk(8)) and (Hav(0,Cy,C3))
hold in equality, although the equivalence = is only needed.

Example 4.1. This ezample, related to Assumptions (Havy (9, C1,C2)) and

(Hk () by taking = m and 25 = k+ 2, is detailed by Wahba [Wah90] and by Gu [Gu02].
Let P (2) the set of all square-integrable 27 -periodic functions on R, m € N* and define H =
{f e P(2n), fl([ggﬂ € L%, 271']}. This set H has a RKHS structure, with a reproducing
kernel having the Fourier base functions as eigenvectors. The i-th eigenvalue of this kernel is
i=2m . For any function f € P [0,27]NCk [0, 27|, then its Fourier coefficient are O(i™%). For

instance, if f € P[0,2n] such that Yz € [—m, 7], f®)(x) = ||, then its Fourier coefficients
— i (kt2)
are < i :
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Under Assumptions (Hk(5)) and (Hav (6, C1,C2)), we can now more precisely express
the risk of a multi-task estimator. Equation (4.6) thus becomes

n N_% 0_2 n Yi 2
Ay — P !
Z (vi +nN)?  np ; <’yl- +nA
22 Z Cyni=2 n o? Zn: ni~28 2
= N _— B -
— (ni~2 +nX)? - onp = \ni 27 +nA

— oY et Y
(L4 X20)?  np & (1 4 \i2B)?

= R(n?p’oja)"ﬁ’é, Cl) )

while Equation (4.7) becomes

N T ]

np

1=1
2 Z Cgm'_% . (p—1)0? Zn: ni—28 2
a — (ni—28 + nu)? — ni—28 +np

np

= R(’I’L,p, (p—l)az,,u,ﬁ,é,C’Q) )

with
n j48—26 o2 M 1

2 5 2 e _— 4.
R(n,p,a axaﬁa aC Cx Z 1+$226) T ;(14_;5125)2 ( 8)

Remark 4.8. [t is to be noted that the function R corresponds to the risk of a single-task
ridge estimator when the decomposition of the input function on the eigenbasis of K has i=2°
for coefficients and when p = 1. It has two terms, which corresponds to the bias-variance
decomposition performed in Section 4.3.2, page 91. Thus, studying R will allow us to derive
both single-task and multi-task oracle rates.

4.4.1 Study of the optimum of R(n,p,c?, -, 3,0,C)

We just showed that the function R(n,p,0?2, -, 3,6,C) was suited to derive both single-
task and multi-task oracle risk. Bach |Bacl3| showed how to obtain a majoration on the
function R(n,p,0?,-,3,d,C), so that its infimum was showed to match the minimax rates
under Assumption (Hpz(5,96)).

In this section, we first propose a slightly more precise upper bound of this risk function.
We then show how to obtain a lower bound on this infimum that matches the aforemen-
tioned upper bound. This will be done by precisely localizing the parameter minimizing
R(n,p,0%,-,3,9,0).

Let us first introduce the following notation:
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Definition 4.1.

R*(n,p,0°,5,6,C) = inf {R(n,p,0°,X,5,6,C)}
)\ER+

We now give the upper bound on R*(n,p, 0?2, 3,4, C). For simplicity, we will denote by
k([,0) a constant, defined in Equation (4.23), which only depends on § and §.

Property 4.1. Let n and p be positive integers, o, 5 and § positive real numbers such that
(Hm(8,6)), (Hk(8)) and (Hav (6, C1,C2)) hold. Then,

1/26—1 2
R*(n,p,0% 8,6,C) < (21/25 (%5) 01/2%</3,5>> N (4.9)
o p
Proof. Property 4.1 is proved in Section 4.C of the appendix. U

In the course of showing Property 4.1, we obtained an upper bound on the risk function
R that holds uniformly on R;. Obtaining a similar (up to multiplicative constants) lower
bound that also holds uniformly on R, is unrealistic. However, we will be able to lower
bound R* by showing that R is minimized by an optimal parameter A\* that goes to 0 as n
goes to +4o00.

Property 4.2. If Assumption (Hn(B3,6)) holds, the risk R(n,p,o2,-,3,6,C) attains its
global minimum over Ry on [0,¢ (28)], with

 (12) = \Jourm-19125(3,5) x m (1+0(52)) -

o

where n(x) goes to 0 as x goes to +oc.

Proof. Property 4.2 is shown in Section 4.D of the appendix. U

1
Remark 4.9. Thanks to the assumption made on 9§, % —1 <0 so that (%)25 ! goes to
0 as % goes to +o0o. This allows us to state that, if the other parameters are constant, \*

goes to 0 as the quantity % goes to 4.

We can now give a lower bound on R*(n,p, 02, 3,6,C). We will give two versions of this
lower bound. First, we state a general result.

Property 4.3. For every (C,(3,0) such that 1 < 20 < 483 holds, there exits an integer N

and a constant a € (0,1) such that, for every for every (n,p,c?) verifying % > N, we have
1/26—1 2
R*(n,p,0?,8,6,C) > <a (%) 01/2‘5%(5,6)) AT (4.10)
o P

Proof. Property 4.3 is proved in Section 4.E.3 of the appendix. U
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Remark 4.10. It is to be noted that N and « only depend on 3 and §. We can also remark
that o can be taken arbitrarily close to

1 1-26

1 4281 1428 !

0 (1+u)2du Jo (I+u)? du
1 A 1-25

oo w2 g +oo 4 2 T

0o rar®  Jo o “arardu
Numerical computations show that, by taking 5 =0 = 2, this constant is larger than 0.33.

Remark 4.11. The assumption made on 8 and 6 is slighlty more restrictive than (Hn (5, 9)),
under which the upper bound is shown to hold and under which the single-task estimator is
shown to be minimax optimal.

We are now ensured that R attains its global minimum on R, thus we can give the
following definition.

Definition 4.2. For every n, p, 02, §, 3 and C, under the assumption of Property 4.2, we
introduce
A5 € argmin { R(n, p, a2\, 3,6, )}
AER
We now give a slightly refined version of Property 4.3, by discussing whether this optimal
parameter A} is larger or lower than the threshold n~28. This allows us to better understand
the effect of regularizarion on the oracle risk R*.

Property 4.4. For every (§,9) such that 45 > 26 > 1, integers N1 and Ny exist such that
1. for every (n,p,0?) verifying & > N1 and nl=20 x 5 < | then

Ny’
1
A\p > —=
R = n25
and
o2\ 1-1/26
R*(n,p,0%,3,6,C) < <—> :
np
2. for every (n,p,0?) verifying £ > Ny and nt=20 x L > Ny, then
1
A\p < —=
R = n25
and )
R*(n,p, 0% 3,0,C) < R(n,p,0%,0,4,6,C) < = ;
p
Proof. Property 4.4 is proved in Section 4.E.4 of the appendix. O

Remark 4.12. If p < no? and § > 1 then we are in the first case, for a large enough n.
This is a case where regularization has to be employed in order to obtain optimal convergence
rates. This also comes as a simple consequence of Properties

Remark 4.13. If 6% and n are fized and p goes to +oo then we are in the second case. It
is then useless to reqularize the risk, since the risk can only be lowered by a factor 4, which
comes from Properties 4.3 and 4.8. This also corresponds to a single-task setting where the
noise variance o is very small and where the estimation problem becomes trivial.
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4.4.2 Multi-task oracle risk

We can now use the upper and lower bounds on R* to control the oracle risk of the
multi-task estimator. We define

A* € argmin {R(n,p, a2\, B, 90, Cl)}
)\GR+

and
p* € argmin { R(n,p, (p — 1)0°, 1, ,6,Ca) }
KERY
Property 4.2 ensures that A* and p* exist, even though they are not necessarily unique. The
oracle risk then is

1 -~ 2 1 =R 9
o5 {2 [ ]} = i i ]
= {np [ Fasvonm = F|, " Pty ey = F|,
We now state the main result of this paper, which simply comes from the analysis of R*
performed above.

Theorem 4.1. For everyn, p, C1, Cs, 02, B and & such that Assumption (Hyp(8,9)) holds,

we have 1/26-1
1/28 (WP -
Ryr < 2 / <?)

Furthermore, constants N and o € (0,1) exist such that, if n > N, p/o? <n and 2 < 26 <
43, we have

w(8,6) [ + (p— 1)!- 020y (4.11)

1/26—1
i >a(25) 7 w(B,0) [0+ (p— 1) (4.12)

Proof. The risk of the multi-task estimator fM av(hu) Can be written as

R(napa 027 )‘7 57 57 Cl) + R(n7p7 (p - 1)027 M, /87 57 CZ) .
We then apply Properties 4.1 and 4.3, since p/o? < n implies that p/(p — 1)o? < n. The
assumption § > 1 ensures that the first setting of Property 4.4 holds. O
1/26-1

Remark 4.14. An interesting fact is that the oracle multi-task risk is of the order (np/o?)
This corresponds to the risk of a single-task ridge estimator with sample size np.

Remark 4.15. As noted before, the assumption under which the lower bound holds is slightly
stronger than Assumption (Hm(B,9)).

4.5 Single-task oracle risk

In the former section we obtained a precise approximation of the multi-task oracle risk
Ryr- We would now like to obtain a similar approximation for the single-task oracle risk
Rgp- In the light of Section 4.3, the only element we need to obtain the oracle risk of task
j € {1,...,p} is the expression of (hg)?zl, that is, the coordinates of (f7(X;))", on the
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eigenbasis of K. Unfortunately, Assumption (Hav (6, C1,C5)) does not correspond to one
set of task functions (f!,...,fP). Thus, since several single-task settings can lead to the
same multi-task oracle risk, we now explicitly define two repartitions of the task functions
(f',..., fP), for which the single-task oracle risk will be computed.

— “2 points”™: suppose, for simplicity, that p is even and that

fl=...= fP/2 and PP =...= ¢ (2Points)

— “1 outlier”

fle = ot (10ut)

Both assumptions correspond to settings in which the multi-task procedure would legit-
imately be used. Assumption (2Points) models the fact that all the functions lie in a cluster
of small radius. It supposes that the functions are split into two groups of equal size, in
order to be able to explicitly derive the single-task oracle risk. Assumption (10ut) supposes
that all the functions are grouped in one cluster, with one outlier. In order to make the
calculations possible, all the functions in one group are assumed to be equal. Since this is
not a fully convincing situation to study the behaviour of the multi-task oracle, simulation
experiments were also run on less restrictive settings. The results of those experiments are
shown in Section 4.8.

Remark 4.16. The hypotheses (2Points) and (10ut) made on the functions f7 can be
expressed on (h). Assumption (2Points) becomes

Vie{l,...,n}, hl = =h""* and WP =... =P
while Assumption (10ut) becomes
Vie{l,...,n}, hi =---=h'"" .

Under those hypotheses we now want to derive an expression of (h}, ..., h?) given (u;, <)
so that we can exactly compute the single-task oracle risk. Remember we defined for every
ie{l,...,n},

and

?—li(h1>2_ﬂ_?_li<hj_ﬂ>2
K ' PPN VD

J=1

We also re-introduce the single-task oracle risk:

1 p —~ 12
x inf o E H J/_ _ £ H
ST = (Aavyers | np JZZI [ o =7,

We now want to closely study this single-task oracle risk, in both settings.
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4.5.1 Analysis of the oracle single-task risk for the “2 points” case (2Points)

In this section we write the single-task oracle risk when Assumption (2Points) holds. As
shown in Lemma 4.8, the risk of the estimator ff\ = Ay’ for the jth task, which we denote
by R7()\), verifies

R(n, 1,0% %, 6,5, (/O ~ VB2) ) < RI(N) < R(n.1,0% 1,5, (VTi +v/G3) )

Both upper and lower parts eventually behave similarly. In order to simplify notations and
to avoid having to constantly write two risks, we will assume that half of the tasks have a
risk equal to the right-hand side of the later inequality and the other half a risk equal to the
left-hand side of this inequality. This leads to the following assumption:

vie {1,....n}, hl = VT (VOL+ VO
’ = \/ﬁi_é(\/cl — \/02)
This minor change does not affect the convergence rates of the estimator. Consequently, if

1 < j < p/2 the risk for task j is R(n,1,0% ), 3,9, (\/Cl + \/02)2) so that the oracle risk
for task j is, given that no? > 1,

_ <%)1/251/<(ﬁ,5) y ( Tt 02)1/5 ’

and if p/2 + 1 < j < p the risk for task j is R(n,1,0%, ), 3,6, (\/Cl — \/02)2) so that the

oracle risk for task j is, given that no? > 1,

() v

Remark 4.17. We can remark that (Hapoints) implies (2Points) and that (Hapoints) im-
plies (Hav(9,C1,C5)), as shown in Lemma 4.10. Consequently, if (Hapoints) holds, we

have, for every i € {1,...,n}, h} = % + ¢ and hY = \%

Corollary 4.1. For every n, p, C1, Co, 02, B and & such that 2 < 26 < 483 and no? > 1
and that Assumptions (Hapeints) and (Hk(8)) hold, then

. <%)1/251 n(ﬁQ,fs) 1-1/26 [( O+ ) /54"\/61—\/6_'2‘1/5} 1)

(Hapoints)

1/6

4.5.2 Analysis of the oracle single-task risk for the “1 outlier” case (10ut)

In this section we suppose that Assumption (10ut) holds. As shown in Lemma 4.9, we
can lower and upper bound the risks of the single-tasks estimators by functions of the shape
R(n,p,0%,\,3,8,C). As in the latter section, to avoid the burden of writing two long risk
terms at every step, and since all those risks have the same convergence rates, we suppose
from now on the new assumption:

= i (VO + V)

. (Hlout)
W= Vi (VO - Vp—T1VCh)

Vie{l,...,n}{
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This minor change does not affect the convergence rates of the estimator. Consequently, if
2
1 < j < p—1 the risk for task j is R(n, 1,02, ), 3,9, <\/Cl + pCTQl) ) so that the oracle

risk for task j is, given that no? > 1,

1/6
n\ 1/26—1 Cy
< ()" e (Va2 )

o2

2
while the risk for task p is R(n, 1,02, X, 3,4, (\/Cl —+/(p— 1)6’2) ) so that the oracle risk
for task p is, given that no? > 1,

= <%)1/26_1 K(B,0) x ‘\/a - (- 1)02‘1/6 .

Remark 4.18. We can also remark here that (Hiout) tmplies (10ut) and that (Hiout)
implies (Hav (9,C1,C2)), as shown in Lemma 4.9. Consequently, if (Hiout) holds, we

have, for every i € {1,...,n}, ht = % + \/%gi and hf = % —vp—1g.

Corollary 4.2. For every n, p, C1, Ca, 02, B and & such that 2 < 26 < 48 and no? > 1
and that Assumptions (Hyiout) and (Hk(8)) hold, then

K(8,0)

) <np>1/25—1

ST — o2

1/6
1 C 1 1/6
x pl=1/28 P - < /Oy + /p _21> I ; ‘ /Cr —/(p— 1)(]2‘ . (4.14)

4.6 Comparison of multi-task and single-task

In the two latter section we obtained precise approximations of the multi-task oracle
risk, Ry, and of the single-task oracle risk, RE, under either Assumption (Hapoints) OF
(Hyout). We can now compare both risks in either setting, by studying their ratio

Ry
Ry
We will express the quantity p as a factor of
r= s
=G

The parameter r controls the amount of the signal which is contained in the mean of the
functions. When r is small, the mean of the tasks contains much more signal than the
variance of the tasks, so that the tasks should be “similar”. This is a case where the multi-
task oracle is expected to perform better than the single-task oracle. On the contrary, when
r is large, the variance of the tasks is more important than the mean of the tasks. This is
a case where the tasks would be described as “non-similar”. It is then harder to conjecture
whether the single-task oracle performs better than the multi-task oracle and, as we will see
later, the answer to this greatly depends on the setting.
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4.6.1 Analysis of the oracle multi-task improvement for the “2 points”
case (2Points)

We now express p as a function of » when the tasks are split in two groups.

Corollary 4.3. For every n, p, C1, Co, 02, B and & such that 2 < 26 < 483 and no® > p
and that Assumptions (Hapeints) and (Hk(8)) hold, then

pl/20-1 4 (pT?1)1—(1/25)T1/25

(L) 1=

~

(4.15)

Remark 4.19. The right-hand side of Equation (4.15) is always smaller than % Thus,
under the assumptions of Corollary 4.3, the multi-task oracle risk can never be arbitrarily

worse than the single-task oracle risk.

We can first see that, under the assumptions of Corollary 4.3, p = © (pl/ 25*1) as r goes
to 0. This is the same improvement that we get we multiplying the sample-size by p. We

N\ 1-(1/26)
also have p = © <(pT) > as r goes to 400, so that the multi-task oracle and the

#1726

(1+\/F)1/6+|1—\/F|

so that the behaviours we just discussed are still valid with a large number of tasks.

single-task oracle behave similarly. Finally, p = © ( v 5) as p goes to +00,

4.6.2 Analysis of the oracle multi-task improvement for the “l1 outlier”
case (10ut)

We now express p as a function of » when the tasks are grouped in one group, with one
outlier.

Corollary 4.4. For every n, p, C1, Co, 02, B and 6 such that 2 < 26 < 483 and no? > p
and that Assumptions (Hyiout) and (Hk(8)) hold, then

1—(1/25)
1/26—1 p—1 1/26
P ()

(1o 5m) v

p = ‘1/5 . (4.16)

We can see that, under the assumptions of Corollary 4.4, p = © (pl/%_l) as r goes to

0. As in the latter section, this is the same improvement that we get we multiplying the

. -1 171/25 p(p71)71/26 X
sample-size by p. However, p = © <pT> X p o117 | s T goes to +o0o. This

quantity goes to +o0o as p —> 400, so that the multi-task oracle performs arbitrarily worse
than the single-task one in this asymptotic setting. Finally, p = © (7‘1/25) as p goes to +o0.
This quantity goes to 400 as r goes to 400, so that the behaviours we just mentioned stay
valid with a large number of tasks.

102



CHAPITRE 4. COMPARISON BETWEEN MULTI-TASK AND
SINGLE-TASK ORACLE RISKS IN KERNEL RIDGE REGRESSION

4.6.3 Discussion

When r is small, either under Assumption (2Points) or (10ut), the mean of the signal is
much stronger than the variance. Thus, the multi-task procedure performs better than the
single-task one.

Example 4.2. If r = 0, then all the tasks are equal. The improvement of the multi-task
procedure over the single-task one then is pl/20=1 " This was expected: it corresponds to the
risk of a ridge regression with a np-sample.

As r goes to 0, the multi-task oracle outperforms its single-task counterpart by a factor
p'/20=1 When p is large (but, remember, this only holds when p/o? < n, so n also has to
be large), this leads to a substantial improvement. It is easily seen that, for any constant
C > 1,ifr < (C—1)2(p—1)'"29 then the right-hand side of Equation (4.15) becomes
smaller than Cp!/20-1
as well as the oracle for a np-sample, up to a constant.

. Thus, if the tasks are similar enough, the multi-task oracle performs

On the contrary, when r is large, the variance carries most of the signal, so that the
tasks differ one from another. As r goes to 400, the two settings have different behaviours:
— under Assumption (2Points) (that is, when we are faced to two equally-sized groups),
the oracle risks of the multi-task and of the single-task estimators are of the same
order: they can only differ by a multiplicative constant;

— under Assumption (10ut) (that is, when we are faced to one cluster and one outlier),
the single-task oracle outperforms the multi-task one, by a factor which is approximatly
pl/o.

Finally, Assumption (2Points) presents no drawback for the multi-task oracle, since under
those hypotheses its performance cannot be worse than the single-task oracle’s one. On the
contrary, Assumption (10ut) presents a case where the use of a multi-task technique greatly
increases the oracle risk, when the variance between the tasks is important, while it gives
an advantage to the multi-task oracle when this variance is small. The location where the
multi-task improvement stops corresponds to the barrier p = 1. Studying this object seems
difficult, since we only know p up to a multiplicative constant. Also, finding the contour lines
of the righ-hand side of Equation (4.16) does not seem to be an easy task. In Section 4.8, we
will run simulations in situations where the oracle risk can no longer be explicitly derived.
We will show that the behaviours found in these two examples still appear in the simulated
examples.

4.7 Risk of a multi-task estimator

Solnon et al. [SAB12| introduced an entirely data-driven estimator to calibrate May (A, )
over Ri. One of their main results is an oracle inequality, that compares the risk of this
estimator to the oracle risk. Thus, 9}, is attainable by a fully data-driven estimator. We
now show that our estimation of the multi-task oracle risk is precise enough so that we can
use it in the mentionned oracle inequality and still have a lower risk than the single-task
oracle one.
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The following assumption will be used, with df(\) = tr(Ay) and Ay = K(K +nAI,)"*

Vi € {1,...,p}, 3)\07]‘ € (O,—I—OO),
(Hdf)

df(thj) <+vn and % H(A)\o,j - In)fjui < o’ lnTn

We will also denote M = {MAV()\, W), (A p) € R? } and MHM the estimator introduced
in Solnon et al. [SAB12|, which belongs to M. Theorem 29 of Solnon et al. [SAB12]| thus
states:

Theorem 4.2. Letaw =2, 0 > 2, p € N* and assume (HAf) holds true. An absolute constant
L >0 and a constant n1(0) exist such that the following holds as soon as n > ny(6).

2 [ W1 = () 2t {5 1)

) p |Ifl5
2 2
+Lo%(2+6)%p - +n9/2 s

L () <o

We can now plug the oracle risk in the oracle inequality (4.17). Then, if we suppose that,
forie{l,....,n}and j € {1,....p}, (h!)? = nC%i~20 we have that

p
Hsz—ZZ (h))? —nZC]Zz 20 < n¢(26) Z

7j=11i=1 =

(4.17)

We first remark that

Remark 4.20. Assumption (2Points) means that for every i € {1,...,n}, if 1 < j < p/2,

2
1 = (VG + V@)
and if p/2+1 < j <p,
2
- (veive)
Assumption (10ut) means that for every i € {1,...,n}, if 1 <j<p-—1,

2

p—1

o~ )

while
o= (VG - T

Property 4.5. Under Assumptions (Hk (8)) and (Hav (9, C1,C2)) with 26 > 2, there exists
a constant Ny such that for every n > Ni, Assumption (HAf) holds.
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Proof. We can see that Assumption (Hdf) is made independently on every task. Thus we
can suppose that p = 1. Let us denote b(A) = n~' ||(Ax — I,) f||3. We can see that if there
exists constants ¢ > 0 and d > 1 such that for every A € Ry b(\) < co?df(\)"¢, then
Assumption (Hdf) holds for n large enough. Indeed, let A € Ry such that df(\) < /n.
Then, if b(\) < co?df(A\)79, b(A\) < o2c(y/n)~¢ < O'QCML\/%I)/Q. It just suffices to see that,
for n large enough, cn™ %! < In(n).
Using Lemmas 4.6 and 4.5 we can see that, for every A € R,

20—1
A2F

B

and, for n large enough, there exists a constant a such that, for every A € Ry,

b(\) <

11(575)

A28

df(A\) =trdy > « 55

I(B)

Thus, for n large enough, there exists a constant ¢ (depending on ¢, 3 and d) such that,
for every A € Ry,
b(A) < co?tr(Ay)~ D

Hence, if 26 > 2, there exists a constant N such that for every n > N, Assumption (Hdf)
holds. O

Thus, we can apply Theorem 4.2 to the estimator f]/M\HM under either Assumption
(2Points) or (10ut) (and we denote by p either papoints O pP1out)-

Property 4.6. For every positive numbers (3,0,0,C1,Cs) verifying 46 > 2§ > 2 and 6 > 1,
there emists positive constants (N(B,0,0), L) such that, for every (n,p,c?) verifying n > N
and (% < n, if Assumption (Hk(B)) and if either Assumption (Hapoints) or Assump-
tion (Hyout) hold, the ratio between the risk of the estimator ']/C\M\HM and the single-task
oracle risk verifies

- 2
1
. [n_p ’fﬁHM‘fHQ] (1 1 )2
< |1+ P

R In(n)

2 2, In(n)® | p(26) 1 ‘
+C'st x Lo*2+0)°p=— +an§ 5»’:103
n \1/26—1 §) x LS o/
() K(B,0) x 52j21( )
Proof. This is a straightforward application of the preceding results. O

We now show that the latter fully data-driven multi-task ridge estimator achieves a lower
risk than the single-task ridge oracle, in both settings (2Points) and (10ut).

Corollary 4.5. For every positive numbers (3,0,0,02,¢) verifying 43 > 26 > 2 and 0 > 2,
there exists positive constants (N,r) such that, for every (n,p,Ci,Cs) verifying n > N,
5 < n'/* and % < r, if Assumptions (Hk(B)) holds and if either Assumption (Hapoints)
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or Assumption (Hyout) hold, the ratio between the risk of the estimator f]\//\[HM and the
single-task oracle risk verifies

1

~ 2
N
. <e
ST

Proof. First, we can see that under either Assumption (2Points) or Assumption (10ut), both
% ;’:1 C7 and % Z?Zl(Cj)l/% converge, as p goes to +00, to quantities only depending on
C1, Cs and 4 and are thus bounded with respect to p. Then, as it was shown in the previous
section, both papyints and p1out go to 0 as g—; goes to 0. Finally, we can see that % < nl/4é
implies that %3 < n and that

02?% L on1/26 In(n)® _  oyi+1/25  In(n)’ 0
(n )1/2571 - (J ) xpx nl/2s = (U ) nl/4s njoo
o2
together with
P
072 2)1/20 1-6/2-1/46
(n;1/25_1 _( ) X n—>—+>ooo '
o2

O

Remark 4.21. The result shown in Corollary (4.5) establishes that a fully data-driven
multi-task estimator outperforms an oracle single-task estimator, which is minimax optimal

4.8 Numerical experiments

The hypotheses we used in the former sections, although sufficient to precisely derive
the risk of the estimator, do not reflect realistic situations. In this section we study less
restrictive settings. However, we are no longer able to obtain simple formulas for the oracle
risk as we did before. Thus, we resort to numerical simulations to illustrate the behaviour
of both single-task and multi-task oracles.

4.8.1 Setting A: relaxation of Assumptions (Hav (6, C;,C,)) and (2Points)
in order to get one general group of tasks

In the latter sections we modeled the fact that the p target functions are close. How-
ever, due to technical constraints we were only able to deal with cases where the functions
are split into two groups and are then equal inside each group, thus introducing Assump-
tions (2Points) and (10ut). We propose here to extend this setting by simulating a more
general group of tasks. Those tasks should all be at a comparable distance from a centroid
function.

We suppose that (gg)ie{l,...,n},je{l,...,p} is a sequence of i.i.d. random variables, indepen-
dent of (X;)ie(1,.. n}, following a Rademacher distribution (that is, such that Ple] =1) =
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P(c) = —1) = 1/2). The target functions are then defined by
vie{l,...,n}, Vie{l,....p}, h! :\/Eﬂ( Cy+¢l 02) . (4.18)

Thus, all the p target functions are “close” to a centroid function, whose coordinates on the
eigenvectors of the kernel matrix are \/ni~%/C}, with a “dispersion factor” /C. In this
setting, we can easily express the key elements for the analysis of this risk :

; 2
2 p, gj.
By _ ni~2 < C + 72371 . LV CQ)
p p

and
p . 2 pi '] 2
> (e ava) - (var- Eadya)

j=1

giz = ni 2

SR

Remark 4.22. The theoretical analysis developed previously cannot be applied here, due to
the presence of random terms, which depend on i, in front of the decay term ni=2°.

4.8.2 Setting B: random drawing of the input points and functions

Assumptions (Hk(8)) and (Hav (9, C1,C5)) model the behaviour of the spectral ele-
ments of f and K as if they exactly follow the spectral elements of the kernel operator and
the input function. Although convenient for the analysis, this setting is unlikely to hold in
practice and we propose here to draw the input points (X;); and compute the risk using
the eigenvalues of the kernel matrix.

We suppose here that (X;)? ; is a sequence of i.i.d. random variables uniformly drawn
on [—m,m|. As in the latter section, we also suppose that we have an i.i.d. sequence of ran-
dom variables (eg)i€{17...,n},je{1,___,p}, independent of (X;);c(1,.. n}, following a Rademacher
distribution. The target functions are then defined by

Vie {1,...,n}, Vi€ {l,....p}, (X)) = (mﬂg‘@) 1X,] . (4.19)

As stated in Wahba [Wah90] and in Gu [Gu02], a natural kernel to use is, with m € N*,

+oo .
R(.%', y) -9 Z cos (Z(me_ y)) )

i

In this setting, the coefficients of the decomposition of f : x + |z| on the Fourier basis
are known to be asymptotically equivalent to 2. Thus, this setting is a natural extension
of Assumptions (Hgk(5)) and (Hav (0, Cy,C3)), with 5 = m—since the eigenvalues of the
kernel R are i~2™ —and § = 2.
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4.8.3 Setting C: further relaxation of Assumptions (Hav(d,C1,Cs)) and
(2Points) in one group of tasks

We consider the same tasks than in Setting A, but also allow the regularity of the variance
to vary. This gives the following model, supposing that (e )16{1 .n},jef1,...p} 18 a sequence of
i.i.d. random variables, independent of (X;);c(1,....n}, following a Rademacher distribution:

Vie{l,....n}, Vje{1,...,p}, h{:ﬁ( Cri™® + & 02¢—52)

We allow the variance to have a varying regularity and intensity by changing C5 and ds.
This gives us the following quantities of interest: for every i € {1,...,n},

2
J
Iu’_2 251( / + j 1 ’l /021(5251)>

p

and

P
§z‘ ni= < Z <\/C_1 + 8{ 022'7(52751))2
J

1

==

e’

<\/7+ = Z\/C_zi(5251)>2> :

4.8.4 Setting D: relaxation of Assumptions (10ut) and (Hay (4, Cy, Cs))

Assumption (10ut) states that we have one of p — 1 identical tasks and one outlier. We
now simulate a slightly more general setting by having one cluster of p — 1 around 0 and an
outlier. This gives the following model, supposing that (&]);c {1,..n},je{l,...p} 1S a sequence of
i.i.d. random variables, independent of (X )26{17___771}, followmg a Rademacher distribution:

Vie{l,....,n}, Vie{l,....p—1}, hl = /neli™?
and
Vie {l,...,n}, hY = /nCyeli™® .

We allow the outlier to have a varying regularity and intensity by changing Cs and d2. This
gives us the following quantities of interest: for every i € {1,...,n},

2

2
Hi _ =6 \/01 Z ]+ /—f((s2 51)

p

and

2 o [P L Lo i mo(60—0 155, & - (62—5
G =mni " 701 + 5022* (O2=01) _ —Zef + EZ\/CQZ’( 2=01)
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4.8.5 Methodology

In every setting, we computed the oracle risks of both the multi-task estimator and the
single-task one. As shown before, for instance in Equation (4.5), both the multi-task risk
(which has two hyper-parameters, A\ and p) and the single-task risk (which has p hyper-
parameters, A! to A\P) can be decomposed as a sum of several functions, each depending
on a unique hyper-parameter. We used Newton’s method to optimize each of those p + 2
functions over, respectively, A, u, A',..., \P. Our stopping criterion was that the derivative
of the function being optimized was inferior to 107°, in absolute value. We replicated each
experiment N = 100 times. This gives us N independent realisations of (R}, REr), the
randomness coming from the repartition of the tasks and, in Setting B, from the drawing of
the input points (X;)7 ;.

In Settings A and B, we first test the hypothesis Hy = {P (R} < R§p) < 0.5} against

Hy = {P (Rr < R&p) > 0.5}. This amounts to testing whether the median of 9;%; is larger

than one. For every iteration i € {1,..., N}, we observe B; = Loy <orr.- Since the random
variables (B;);cq1,...n) follow a Bernouilli distribution of parameter P (R < Rgy), we can
apply Hoeffding’s inequality [Mas07] and see that, for every € > 0, [By —¢, 1] is a confidence
interval of level 1 — e~2V¢* for P (R < REp). This leads to the following p-value:

_ 2 _
o LN e By > 05
otherwise .

In those two settings, we also test the hypothesis Hy = {E [M] > 1} against H; =

*
ERST

{E {?R}T} < 1}. Let us denote by E [?,‘QT] the empirical mean of the random variables ?;KET ,
ST ST ST

Std ?KET} the resulting standard deviation and ® the cumulative distribution function of
ST

a standard gaussian distribution. Then, a classical use of the central limit theorem and of
Slutsky’s Lemma gives that

~ [R% e — [}
0,E ﬂ} + —Std [MH
[ [ Rt Vn Rgr

is an asymptotic confidence interval of level ®(g) for E %}. This leads to the following
L T

asymptotic p-value:

Ty =@

- SR* o -SR* -1
ﬂ(E[ “fT] —1> Std “fT]
Rér [ Rgr

The results of those tests are shown in Table 4.1 for Setting A and in Table 4.2 for Setting
B.

In Settings C and D, we use the same asymptotic framework and show error bars corre-
sponding to the asymptotic confidence interval

BlR] - upsa R 2 R« 2psa T
Rer Vn Rt Rt Vn Rt
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of level 95%, where z, denotes the quantile of order « of the standard gaussian distribution.
The results of those simulations are shown in Figure 4.1 for Setting C and in Figure 4.2 for
Setting D.

We used the following values for the parameters: n =50, p =15, 02 =1and C; = 1. We
finally settled § = 2 in Settings A and B and é; = 2 in Settings C and D.

Cy | r= g—f B | Bioo m E Q;%TT Std 9;%; o
0.01| 001 |2] 1 <1071 0.434 0.0324 <1075
0.1 0.1 21 1 <1075 0.672 0.0747 <1075
0.5 0.5 2 | 0.94 < 10715 0.898 0.0913 < 10715

1 1 21051 | 9.80 x 107! 1.01 0.129 0.773

5 5 2| 0.38 1 0.998 0.0292 0.302

10 10 2 | 0.42 1 0.996 0.0172 9.90 x 1073
100 | 100 | 2] 0.76 | 1.35x 1076 | 0.997 | 5.44x 1073 | 5.97 x 1010
001] 001 |4]| 1 < 10715 0.426 0.0310 < 10715
0.1 01 |4 1 <1075 0.703 0.0737 <1075
0.5 05 | 41075 | 3.73x107 0.934 0.113 1.80 x 1079

41031 1 1.08 0.163 1.00

5 5 41 0.38 1 1.01 0.0439 0.965

10 10 41043 1 0.993 0.0304 0.0113
100 100 | 41083 ]348x1071°| 0.992 0.0103 1.22 x 10714

Table 4.1: Comparison of the multi-task oracle risk to the single-task oracle risk in Setting
A.

4.8.6 Interpretation

When all the tasks are grouped in one cluster (Settings A, B and C), the same phe-
nomenon as under Assumption (2Points) appears. In situations where the mean component
of the signal has more weight than the variance component (in Settings A and B, that
is when r is small, in Setting C, this occurs when Jy is large and Cs is small) then the
multi-task oracle seems to outperform the single-task one. On the contrary, when the mean
component of the signal is negligible compared to the variance component (likewise, this
occurs in Settings A and B when r is large and in Setting C when J5 is small or when Cs
large), then both oracles seem to perform similarly.

Adversary settings to the multi-task oracle appear when one task is added outside of a
cluster (Setting D). When this outlier is less regular than the tasks belonging to the cluster
(that is, when 9 is large), the single-task oracle performs better than the multi-task one,
which confirms the theoretical analysis performed in Section 4.6.2.
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Figure 4.1: Further relaxation of Assumption (2Points) (Experiment C), improvement of

multi-task compared to single-task: E {
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Cy | 1r= g—f m | Bioo T E R Std R 2
0.01 | 0.01 | 2 1 <1075 0.570 0.0409 <1075
0.1 0.1 2 1 < 10715 0.745 0.0333 < 10715
0.5 0.5 2 1 0.99 < 10715 0.907 0.0406 < 10715

1 2 10.80 | 1.52x 1078 0.961 0.0459 <1075

5 2 | 0.55 0.607 0.995 0.205 2.59 x 1073
10 10 2 | 0.53 0.835 0.996 0.114 6.23 x 10~*
100 | 100 | 2 | 0.81 | 450 x 107 | 0.996 | 6.35x 1073 | 1.03 x 10~ 1
0.01 | 001 | 4 1 <1075 0.527 0.0409 <1071
0.1 0.1 4 1 <1075 0.756 0.0534 <1075
0.5 0.5 41 0.93 < 10715 0.917 0.0650 < 10715

1 1 4 | 0.49 1 1.01 0.0896 0.855

5 4 | 0.40 1 0.997 0.0295 0.170
10 10 4 1041 1 0.998 0.0179 0.114
100 100 41084 |910x107" | 0.994 |871x1073|7.36x 10"

Table 4.2: Comparison of the multi-task oracle risk to the single-task oracle risk in Setting

B.

4.9 Conclusion

This paper shows the existence of situations where the multi-task kernel ridge regression,
with a perfect parameter calibration, can perform better than the single-task one. This
happens when the tasks are distributed given simple specifications, which are studied both
theoretically and on simulated examples.

The analysis performed here allows us to have a precise estimation of the risk of the multi-
task oracle (Theorem 4.1), this result holding under a few hypotheses on the regularity of
the kernel, of the mean of the tasks and of its resulting variance. Several simple single-task
settings are then investigated, with the constraint that they respect the latter assumptions.
This theoretical grounding, backed-up by our simulated examples, allows us to understand
better when and where the multi-task procedure outperforms the single-task one.

— The situation where all the regression functions are close in the RKHS (that is, their
differences are extremely regular) is favorable to the multi-task procedure, when using
the matrices M = {MAV()\, w), (A p) € Ri} In this setting, the multi-task procedure
can do much better than the single-task one (as if it had p times more input points).
It is also shown to never do worse (up to a multiplicative constant) !

— On the contrary, when one outlier lies far apart from this cluster, this multi-task
procedure suddenly performs badly, that is, arbitrarily worse than the single-task one.
This comes as no surprise, since the addition of a far less regular task naturally destroys
the joint learning of a group of tasks. In this case, the use of a multi-task procedure
which clusters the tasks together (because of the choice of M) is inadapted to the
situation.
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Our analysis can easily be adapted to a slightly wider set of assumptions on the tasks than
the one presented here (all the tasks are grouped together, in one cluster). It is for instance
possible to treat the case where the tasks are grouped in two (or more) clusters—when the
allocation of each task to its cluster is known to the statistician, at the price of introducing
more hyperparameters. We are still limited, though, to certain cases of hypotheses, reflected
on the set of matricial hyperparameters M. The failure of the multi-task oracle on the case
where one outlier stays outside of one group of tasks can be seen, not as the impossibility
to use multi-task techniques in this situation, but rather as the fact the set of matrices used
here, M = {MAV()\, W), (A, ) € Ri}, is inadapted to the situation. We can at least see two
different solutions to this kind of inadaptation. First, the use of prior knowledge can help
the statistician to craft an ad hoc set M. Second, we could seek to automatically adapt to
the situation in order to learn a good set M from data.

Learning more complex sets M is an important—but complex—challenge, that we want
to address in the future. This question can at least be split into three (not necessarily
independent) problems, that call for the elaboration of new tools:

— a careful study of the risk, to find a set M* C S (R) of candidate matrices;

— optimization tools, to derive an algorithm able to select a matrix in this set M™*;

— new concentration of measure results, to be able to show oracle inequalities that control

the risk of the output of the algorithm.

Our estimation of the multi-task oracle risk is also shown to be precise enough so that
we can plug it in an oracle inequality, hereby showing the existence of a multi-task estimator
that has a lower risk than the single-task oracle (under the same favorable circumstances as
before).

Finally, it would be intereting to extend the analysis developped here to the random-
design setting. This could be done, for instance, by using the tools brought by Hsu et
al. [HKZ11], that link random-design convergence rates to fixed-design ones.
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Appendices

4.A Decomposition of the matrices Mgp(a, ) and May (A, i)

We now give a few technical results that were used in the former sections.

Lemma 4.1. The penalty used in Equation (4.3) can be obtained by using in Equation (4.2)
the matriz Msp (o, B), such that

T T
ai+a+pﬁ< 11 > (4.20)

Msp(a, B) = — I, — —
(2,5) p P p Pop

The penalty used in Equation (4.4) can be obtained by using in Equation (4.2) the matrix
Muv(a, ), such that

A117 117
= 22 (5, 2T a2
pp p

Proof. For the first part, since

szzp: ng - g’“Hi =D (g —2d 9"+ (9" ) F

j=1k=1 7.k
p . . .
=2 (¢ ¢))r—2> (&9 F
=1 I

the penalty term of Equation (4.3) can be written as

p
EN o) f+ﬁzg ) f—éZ(g]}gkﬁ,
J=1 J=1 p

j?k

=

leading to the matrix

a+p51_§11T_g11T+a+pﬂ< 11T>
, il

p p p p p

For the second part, since

2
p
i =D
j=1

f
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the penalty term of Equation (4.4) can be written as
A j ok H - ik
N N FHED g —2 (¢/,9")F »
T P p? 4

leading to the matrix

A —
M11T+ _
p? p p p

4.B Useful control of some sums

Let us introduce the following integrals :

; ; 5 +oou2§5+1d
1—1(5,)—/0 mua

+oo 551
[2:12(@:/0 (;‘:T)Qdu:h(ﬂ,m .

Under Assumption (Hpz(5,0)), both integrals converge. We also introduce their discrete
counterparts. For every n € N* and every A € R, :

n 2'46—25

Si(n, A) = —(1+M2ﬁ)2_ ;

i=

Z (1+ )\125

=1

We here give a first elementary technical result.

Lemma 4.2. The map defined on Ry by

44626
_ —
(1+ t28)2

is positive, increasing on [0,t*] and decreasing on [t*,+00) to 0, with

. (4B —20\YV*
tz( 207 )
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Proof. This map is nonnegative and converges to 0 in 0 and +oo. Furthermore

d (AB—25 AB—25-1 , (AB—25
_ p—1
() = 4= P

dt \ (1+ \28 (1 + \t28) (1 4 At28)3
#AB—20—1 . ) )
= Ty (8- 20+ By — 48t 5]
(AB—=26-1
pAB=20—1 .

The only parameter t* that cancels out this equation is
1/2
o (48 —20 /28
26 ’

We now give a serie of technical results to control I7, I, S1 and Ss, which will be useful
in the following sections.

O

Lemma 4.3.

/+oo 14826 e A\(26-1)/28 /+oo u1;—§5+1d B )\(2571)/25]
SR YZE) E T G S (R R TV
Proof. Apply the change of variables u = At?? see [Bac13| for more details. U

Lemma 4.4.

dt = du = I .
1+ A25)2 26 Jo (I+u2™” 25 2

/+oo 1 \-1/28 ptoo PR \—1/28
o

Proof. Apply the change of variables u = At?? see [Bacl3| for more details. U

Lemma 4.5. We have the following bounds So. For every n € N* and every \ € R* ,

\—1/28

Sa(n,\) < %

Ir .

n+1 1
> ——— .
Sy(n, A) > /1 ey vl

Proof. To show the first point we just remark that

n

1 n 1 +oo 1
\) = - - < ———dt < ——dt .
SN =2 iy <[ armpt <) wrmp

The second point is likewise straightforward. O
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Lemma 4.6. We have the following bounds on Sy : for every n € N*, every (8,9) € ]Ri
such that 48 > 26 and every A € RY |

\(20-1)/28
BA?

. (4B —20\Y*
tz( 20\ )

Si(n,A) < I,

Furthermore, let

and n* = [t*].
- Ifn*<n-1

ntl  44B-25 n*42  44B-26
S A) > ———dt — ———dt ;
1(n )—/0 (1+ A28)2 /n L+ 282

— while if n* > n
(A5—26

> —— .
Sl(n,)\)_/o T

Proof. Lemma 4.2 shows that t — (ﬁi% is increasing on [0,t*] and decreasing on
+oo(. Thus we have the following comparisons :
[tY, (. Th h he following pari
n* o p4B-26 n 48-926 n*+l 44625
/ 252dt§2 Z ~2ﬁ2§/ 252
o (T4 At?P) — (14 Xi%) 1 (1 + At2P)
and
n+l  448-26 n 48-26 no 448-26
t t
/ Wdtfzzi-zmﬁ/ Tt
nria (14 At20) M (14 Xi2P) nr (L4 At20)
By adding those two lines we get

n_ ;4626 n*+l 44525 no 14B-26
_y T LR N e
S1(n,A) Z; (1 ri2)2 —/1 (1 A20)2 +/n* TESYEE

—+00 t4ﬁ—26
<2 ———dt
- /0 (14 Me28)27 7
which shows the first point. We also get, if n* <n —1
n* t46—2(5 n+1 t46—2(5
S A) > ————dt =t
0> [0 st [

n+1 48268 n* 42 48—-26
> / t dt / t dt
“Jo  (1+X26)2 e (LH X282

The last point is evident, since if n* > n the integrand is increasing on [0, n]. U
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4.C Proof of Property 4.1

Let n and p be integers, o, § and ¢ real numbers such that (Hpg(f5,6)) hold. We want
to study the value and the location of the infimum on Ry of

AB—26 n

o? 1
(14 i*P)? np; (14 Ai28)?

A R(n,p,0° X, 8,6,C) = CA* )
=1

Property 4.7. For every A in Ry, we have
Cl | (95— oIy 1/
R(n,p, 0%\, 3,8,0) < ——t\@=1/26 L = 2 \—1/26 4.22
( )< e (122)
Proof. This is a straightforward application of the majorations of the finite sums by integrals

given in Lemmas 4.5 and 4.6, together with the change of variables done in Lemmas 4.3 and
4.4. O

Lemma 4.7. Let A € Ry, the minimum over R of A\ — N20=1/28 4 AX—1/28 s attained

for
B/é
N = —A
26 — 1

A1-(1/20) 20
(25 _ 1)1—(1/26) :

Proof. This mapping is differentiable and has +oo for limit in 0 and in +oo. Then

and has for value

d (AQ‘S/(%_U 4 A)\_l/%) _ % <25 - 1>\(25_1)/25 B AA—1/25>

dA 25 23
We see there is only one minimizer \* verifying
22_;10\*)(25—1)/25 _ %()\*)—1/%
& (26— 1221 = A28\
= )P = G
& A= (26%1)6/6 :

Pluging-in the value of A* leads to the optimal value

A\ (@-1)/2 A N\ 05125 e e
a2 _a _ A(26-1)/2 o\ (1/20)-1 12
(25_1> +A<25_1> A <(25 1) + (26— 1) )

— A@I-D/20 (95 _ 1y1/26 < 1 n 1)

20 -1
20
_ A(20-1)/26 (95 _ 1\1/20
A (20 —1) (25 — 1>

_ A26-1)/2 26
(25 _ 1)1—(1/26) :
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4.D. PROOF OF PROPERTY 3.2

Definition 4.3. To simplify notations, since this quantity depends only on § and ¢ and
appears throughout the paper, we will use the following notation :

)

_ 1/26 1—(1/26) _ 13\1/26

(4.23)
We now prove Property 4.1

2

Proof. First R(n,p,02,0,8,6,C) = %’ so that R*(n,p,02,3,9,0) < %. Then, the right-

hand side of Equation (4.22) can be written as

cI _ oIy
Gl y@o—nyes . 9712 318
153 [ * 2npC'1

Consequently, Lemma 4.7 implies that the optimal value of this upper bound with respect
to A s

crn ( oL "W 26

B <2anIl> (26 —1)1-(1/28) ’
which is exactly the right-hand side of Equation (4.9). O

4.D Proof of Property 3.2

In order to perform this analysis we observe that R is composed of two factors :
n 48—26
. 2 1

— a bias factor C'A ; m7

2 n
1
_ a variance factor 2— Z —,
np = (1 + Xi?P)

We show that, if \ is too large, then the bias term exceeds the upper bound on R*(n, p, o2, 8,6, C')
given in Equation (4.9).

which is an increasing function of A;

which is a convex, decreasing function of .

Proof. We see that, using Equation (4.8), for every A € Ry,

)\2

2
>(C—— .
R(napaa ,)\,,8,(5,0) _C(1+)\)2

The right-hand side of this equation is increasing. Thus, if a real number ¢ matches this
bound with the upper bound of R*, that is,

g2 1
(1 +€)2 _ n_p « (np)1/250(1/25)21/25/£(ﬁ,5) 7

we can state that the infimum of R is attained by a parameter \* € [0,e]. The latter
equation is equivalent to

o2

(1/26)~1
g2 A(np) (1+¢)?,

with
A= 0(1/26)_121/26H(5,6) )
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This leads to

g

c (1 VA (n_g)(1/45)1/2> _ Vi <n_12,)(1/45)72 |

so that if VA (%)(1/45)71/2 < 1 that is, if

28 > 5 X 27T k(80T
then (1/46)—1/2
\/Z(ZQ) np\ (1/46)—1/2 np
°T 1-VA n_g)(1/45) 1/2 :\/Z(ﬁ> <1+77(§)> ; (4.24)
where n(x) goes to 0 as z goes to +oc. 0

4.E On the way to showing Property 3.3

The proof of Property 4.3 uses two results that we give here.

4.E.1 Control of the risk on [0,n%/]
Property 4.8. For every n, p, 0%, C, § and 3, we have

[\

inf R(n,p, o2, X\, ,6,C)} >
)\e[o,n*%]{ (np b )}

€19

Proof. For every A € [0, n_m] we have

R(n,p,o2,\,8,6,C 52
(n,p b )2 ZZ: 1—|—)\225

v
|
|

v
|

4.E.2 Control of the risk on [n*m,g (%)}

Property 4.9. There exists an integer N and a constant o € (0,1) such that for every
(n,p,0?) such that np/c® > N, every (3,6) € ]Ri such that 48 > 26 > 1 and every
A€ [ e (28)] we have

CIl 2 IQ
R n, ,0-2’)\, ,5,0 >« < )\(25 1)/28 4+ 922 - 1/25>
e ’ ) p 28np
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4.E. ON THE WAY TO SHOWING PROPERTY 3.3

Proof. We seek to minor the two sums composing R, which was definded in Equation (4.8),
by their integral counterparts, uniformly on [n —28 ((7 )] The technical details are exposed
in Lemmas 4.5 and 4.6.

For the first sum, using Lemma 4.5, we have that

n

1 n+1 1 1 1
(e e~ | et
; (1 + )\i25)2 - /0 (1 + )\t26)2 /0 (1 + )\t25)2
+oo 1 +oo 1 1 )
> 76& — 76& _ 76115

First, with the change of variables u = A\t*? [Bac13],

+o0 1
w1 (14 A29)2 o (L A2 e mdt

1

—+00 w2
/+°° 1 f)\(n—f—l 26 (1+u)2 2du
= ( dt
0

1 + )\tQﬁ)2 ~+o00o UQB -1
0 (1—|—u)2
foo 43!
< / - L a*“) o
>~ 0 (1 4 )\t2[3)2 too u2 1d )
0 (Tyuzdt

since A > n—28.
We also have , with the change of variables u = At?*? [Bacl3],

1
/1 : Sy dl /+OO . dt Jo (1+/\1t%)2dt
2824 = 2812 o

—1
_/+oo 1 o fO (1 Qdu
- 0 (1+)\t2ﬁ)2 ~+o00o u2,B -1
0 (1+u) zdu

15 u2/8 -1

oo 1 0 (1+u) du

< dt .
o (I+ X227 Lo 3 d

0 (Tyuzd®

Since &, which was defined in Equation (4.24), verifies e(z) — 0 as x — 400, we get

+00 ug/g -1 du T—+00
0 (1+u)?

All those arguments imply that there exists an integer ny and real number ¢; € (0,1) such
that, for every (n,p,o?) such that np/o? > nz and for every A € [n=25 ¢ (%)],

n

Saomiza ] oot
LT xR = fy (A
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For the second sum we carry a similar analysis, using Lemma 4.6 instead of Lemma 4.5.
First, supposing that 48 > 2§, we know that

(%)™

i SR |
<4B—26> 128 x=0

20

Since e(np/o?) goes to 0 as np/o? goes to +0o. Consequently, let ¢ > 0 and n3 be an integer
such that for every (n,p,0?) such that np/o? > ng, and every A € [n=2% ¢ (%)], we have

L I v

(45725)1/25 - (45725)1/213

-1 <C .

20\ 20\

Consequently, for every (n,p,o?) such that np/o? > n3 and every A € [n=2% ¢ (%)], we

1/28
have (with t* = (452(;)\26) and n* = [t*]) :

48 — 25\ /28 483 — 95\ 1/28
WZ@‘C)(@(D\(S) =z and n*+2§(1+g)<%> =2 .

We can remark that )\zfﬁ and )\zgﬁ do not depend on A. Consequently, for every (n,p, o?)
such that np/o? > n3 and every \ € [n=2% ¢ (25)], we get

n*+2 146-26 22 $4B—20
———dt < ——dt .
/n* (1+Ne28)2 — /Z1 (1 + \t28)2

We finally see that

[ [
Z1 ( ) 0 (

28 282 Foo (425
1+ Mt L+ M29)20 ) At

A 2B 15§6+1
oo 44825 )\;?3 ul_,_iu)zdu
- womEs JF
0 (irw)Z U
+oo  44B-25
=c ———dt
3/0 (1+ At26)2
with
)\nge u15326+1d
LA TR
€3 = 1-25 € (07 1)
+00 “THd
0 (14u)? u

being independent of A and arbitrarily close to 0. Thus, we have that, using Lemma 4.6,
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4.E. ON THE WAY TO SHOWING PROPERTY 3.3

—ifn*>n-—1:

n 148—26 no 4B8-26
— .t
(14 Xi28)2 /0 (14 At28)2

+o0o t4[3725 +o0o t4[3725
/ ROV th — / ROV th ;
o (14 X26) n o (1+Xt26)

— if n* <n —1 and np/o? > ns:

Y

Y

n ,L'4ﬁ—25

—(1+ A\i28)2

n t4ﬁ—26 +oo t4ﬁ—26
> ——dt — =t
- /0 (1 + \25)2 03/0 (11 A20)2

+o0o t45725 +o0 t46725 +oo t46725
> -t — =t — ——dt .
= /0 (1 + At25)2 /n (1 + At25)2 03/0 (1 + At26)2

With the change of variables u = A\t?® [Bac13],
I et

/+oo 1 P /Jroo t4ﬁ—26 g T1A2P)2
DAV 26)2 +oo  ¢4B-26
) o (THAERT pEe

too y T
o0
_/+°° ¢4A-20 g2 u(1+7u)2du
o EAPPPT E
0 (ru

du

too y 2Bt

o

Sl et e
0 (Itu)? du

since A > n~2%. This implies that there exists an integer ny and real number ¢y € (0,1)
such that, for every (n,p,o?) such that np/o? > ny and for every A € [n=2%,¢ (%)],

n j4B—25 +oo  44B-20
—  _>c¢ ———dt .
Yaowrze), aoey

By taking N = max(nj,n2) and a = min(cy,cz), we have that for every (n,p,o?) such
that np/o? > N and every A € [n™27, & (25)]

Cr o’
2 S o [ ZELy(20-1)/28 2 \—1/28
e A0 = ( 28 T %6y’
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4.E.3 Proof of Property 4.3

Proof. This proof uses two results proved in Sections 4.E.1 and 4.E.2 of the appendix.
Property 4.2 shows that R attains its minimum on [O,e (%)], where e(x) goes to 0 as x
goes to 0. First, Property 4.8 shows that

N}

. o
Ae[éif_w] {R(n p, o2\ B, 0, C)} i

Then, using Property 4.9 shows that there exists an integer N and a constant « € (0,1)
such that for every (n,p,o?) such that 28 > N, every (B,9) € Ri such that 45 > 2§ > 1
and every A € [n=2? £ (25)] we have

ch o2l
R n, ,0-2;)\, ,6,0 > < )\(25 1)/28 + —E\" 1/2[3)
" pe = 26np

Thus, using the same analysis than for Property 4.1, we get
1/26—1
inf {R(n,p,0> A5,50}>a< ) V2 (8,0) .

re[n-22.2(25)] 2

4.E.4 Proof of Property 4.4

The proof of Property 4.1 clearly shows two reglmes :
— when \j <n —26 | the multi-task risk is =< o

)

o\ 1-1/26
— when A} > n~28 the multi-task risk is < <Z—p> .
We now show that if X\ is too close to zero then the variance term exceeds the upper
bound on R*(n,p,o?, 3,6,C) given in Equation (4.9).

Proof. Let us denote
my = inf {R(n,p, a2, \, 8,96, C)}
Ae[0,n—26]
and
mo = inf {R(n,p, a2\, B, 90, C)}
Ae[n=28.¢(23)]

If my < mg then A\ < 25, else A%, > %B. Under the present assumptions, we can use the
proof Property 4.3 and state that there exists an integer N7 and a constant o € (0,1) such

that
2

[\

o o
- Z my Z )
p 4p
and 1/26—1 1/26—1
1/25 (TP T ~1/26 /26
91/ (ﬁ) o ﬁ(ﬁ6)>m2>a<02) 12614(8,5) .
Both assumptions n2-1 % 2> 4 and n20-1 x ‘% — +o0 ensure that either my > ms or
meo < my asymptotically hold. O
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4.F. STUDY OF THE DIFFERENT MULTI-TASK HYPOTHESES

4.F Study of the different multi-task hypotheses

Lemma 4.8. Under Assupmtion (Hav(d,C1,C2)), Assumption (2Points) is equivalent to

Jei)ien € {-1, 1}, Vie {1,... ,n},
vie{l,....5}, bl = Vni®(VCi+eiV/Ch)
Vie{l+1,....p}, hl = ni°(JCi—¢evCo)

)

The risk of the estimator ff\ = Ayy’ for the jth task, which we denote by R/ (\), verifies

R(n717027)‘7/8757<\/c_’1 \/62) <RJ

and
A 2
RI() < R(n, 1,020, 8,6, (VC1 + V)
Proof. We have that, for every i € {1,...,n}
A | 1
B = ghi+ 3k ; i
2 — l 1 1 l P _ M
2 = (n-t) i (- 5)
P o _ pl
- h; = 2\/13 h )
2 _ 1 1 i 1 i pl M
¢ = (%) (25 -H )
hp = 2Mi_h1
<:> (] (] 9
{ < = (b — )
Li ;. Thus, the first point is proved. For

This is equivalent to hz1 = % + ¢ and A = N
the second point, let 7 € {1,...,p}. There exists (& )ieny € {—1,1}

ni—20 (\/C_1+ 51-\/02)2, The risk of ff\ then is

N such that (hg)2 =

n

)\22": P72 (\/O1 + e/ Ty )’ 02
(1 + Ni2B)2 n o= 1+)\125

i=1
We conclude by seeing that, for every e € {—1, 1}, we have (v/Ci — \/02)2 <

(VCi + VTq)?

Lemma 4.9. Under Assupmtion (Hav (9, C1,C2)), Assumption (10ut) is equivalent to

< (VOT +eV/Th)* <
O

Je)ieNe {-1,1}, vie{1,...,n},

{ vie{l,....,p—1}, h{ = \/ﬁiﬂs <\/C_1+€,\/I)C—Z)
W = Vi ’(VCi —ei/(p = 1)C)
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If je{1,...,p— 1}, the risk of the estimator J/‘\g\ = Ayy? for the jth task, which we denote
by RI(\), verifies

R(n,l,az,)\,ﬁ,@( C1 - C21> JSE)
\% b
and
2
. 2 02
RO < Rin 1,0% 08,0, | V[ =4 ] )

while the risk of the estimator j/’\f = A\yP for the pth task, which is denoted by RP(\), verifies

R(n,1,0%0,8,6, (VG ~ Vo 15 ) < B

and

RP(\) < R(n,1,02,\, 8,0, ( Ci+(p— 1)02)2) .

Proof. For the first part, we have that, for every i € {1,...,n}

M p=lp1 , 1P
VP p it 2 2
2 _ —1 1 i 1 D i
o= 5 ) (- 5)
n o= pit—(p—-1)h
<~ 2
2 _ —1 1 i 1 i 1 i
= 5 ) (s e n-3)
W = pit—(p—1h
<~ 2 2
2 _ p=1(;1 i (=1 1 ;
¢ = ) s )
" W = plt—(p-1)n]

This is equivalent to saying that there exists (g;)ieny € {—1,1} such that

{hf = pls—(-1n

| i .

hi = L5+ 25
1 M €i .

o hz — \/ﬁ"_\/pflgz
o= eI

Lemma 4.10. Assumption (Hapoints)

implies Assumption (Hav (9, C1,C2)).
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Proof. For every i € {1,...,n}, we suppose we have

o= i (/T + VG
W= air(/Cl - VG)

Thus,
1 &, VP
i=—=> W == (bl + 1Y) = px Vni*\/Cy |
K \/Z—)j:1 i 2( z) \/_ 1

so that ,u? = pCini~2. Furthermore,

1< Y S|
2 7 1
gi———g hy — — = -

p 4 < \/1_)> p 4

P
Jj=1 Jj=

<\/ﬁr5 02>2 — Coni™

1

Lemma 4.11. Assumption (Hiout) implies Assumption (Hav (9, C1,C2)).
Proof. For every i € {1,...,n}, we suppose we have

{ b= Vi (VO + V)
W= Vi (VO - Vp= 1)

Thus,
1 ¢ j 1 1 P \/_ é
i = — hl = — ((p—1)h; +hY) = \/p x Vni~°y/Cy ,
H /b E (( ) ) =Vp 1

=1 P

so that p? = pCini~20. Furthermore,

1p ; y2% 2
2 7 ?
gl-——g hi — —

B e
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Chapitre 5

Conclusion and open questions

RESUME. Nous résumons dans cette partie les principales avancées apportées par
cette thése et envisageons quelques pistes pouvant étendre ce travail.

In this section, we recapitulate the main results brought by this thesis and their main
consequences. We also formulate a few questions brought up by this work which, if solved,
could extend it.

While constructing our multi-task procedure, we introduced a matricial regularization
parameter M, which is meant to encode the similarity between the tasks. The main question
of Chapter 3 was to find how to correctly calibrate this parameter and to investigate the
properties of the resulting estimator.

Estimation of X

Our procedure is mostly based on the estimation of the covariance matrix > of the noise
between the tasks. As for now, this estimation is naive but gives acceptable estimation rates.
It relies on one-dimensionnal projections of the p tasks, performed on p(p + 1)/2 different
directions, which are then used to build the estimator 3. The estimator is then shown to
approximate X well, with a multiplicative error term of the form

(1= 7,p) 2 22 = (1 47, p) 2
eorem 3.2, page , where A X B 1 — A 1s symetric positive semi-definite.
Th 3.2 56), where A X Bif B— A i i iti i-defini

Open Question 1. Can we obtain minimaz rates on 1y, ¢ The results found in the litte-
rature consider f = 0 and use heavy assumptions on 3, while giving rates that are hardly
comparable to ours, see Cai et al. [CZZ10] for instance.

Open Question 2. Can we build S with less projections, while keeping a reasonable rate

Nn,p

A more general multi-task hypothesis

We showed oracle inequalities that control the risk of the estimator (Theorems 3.3 and
3.4, page 57), thus ensuring that the selected parameter is optimal in a given collection of
parameters M. One of the key aspects is the distinction between two settings.
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1. A setting where we have a strong assumption on the similarity between the tasks,
which is reflected on the shape of M (that is, matrices that are jointly diagonalizable
on an orthonormal basis). It mostly covers the cases where the different regression
functions are split into several clusters, the allocation of each function to its cluster
being known.

2. A setting where such a strong assumption is not available. If a weaker one gives a
larger set M, or a more difficult one to treat, one way to deal with it is to discretize
it.

The first setting allows for a simpler estimation of ¥ and a more precise oracle inequality
compared to the discrete case. Practically speaking, it is also easy to optimize the criterion
used here to select the regularization parameter M, since this can be done separately on
one-dimensional variables.

Open Question 3. Which optimization tools can be used to solve the minimization problems
given in Definition 3.5 (page 57) over larger or more complex sets M ¢

Theoretically speaking, the main difficulty is to concentrate the quantities d1 (M), do(M),
d3(M), 04(M) (Definition 3.10, page 77) around their means uniformly over M. With the
mentioned hypotheses, this can easily be done by doing uniform controls over either real
parameters or discrete sets (Lemma 3.4, page 77).

Open Question 4. Can similar concentration inequalities be obtained uniformly on larger
or more complex sets M ¢

In Chapter 4, we studied the oracle risks in the first setting, by using a bias-variance
decomposition and when using a set of matrices M tailored for this assumption. By doing
so, we were able to compare single-task and multi-task risks, both theoretically and on
simulated examples. We noticed two main facts. First, if the tasks are extremely similar,
the multi-task procedure outperforms the single-task one by a large amount. However, if the
similarity between the tasks was wrongly modeled and if the tasks are not very similar, then
the multi-task estimator can perform awfully compared to the single-task one.

Open Question 5. Given a repartition of the task-wise regression functions, what would be
the best possible matriz M™* or, at least, can we obtain a small set M* which contains M* ?

Open Question 6. Is it possible to design a more robust procedure for which the estimators
can still be computed and analysed ? For instance, given sets My C My of matricial para-
meters, where M1y is much smaller than Mas, is it possible to select one of those sets before
calibrating the estimator over them ¢

One of the positive effects of solving those last questions would be to loosen the assump-
tions on the model, one of which is that the tasks are observed on the same input points.
This assumption is mostly needed to preserve the structure of M that we impose (the ma-
trices are jointly diagonalizable in an orthonormal basis), and could thus disappear if this
structure is no longer needed.
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U i m C Matthiecu SOLNON

1aA( SORBONNE Apprentissage statistique multi-taches

RESUME : Cette thése a pour objet la construction, la calibration et I’étude d’esti-
mateurs multi-taches, dans un cadre fréquentiste non paramétrique et non asymp-
totique.

Nous nous placons dans le cadre de la régression ridge & noyau et y étendons les
méthodes existantes de régression multi-taches. La question clef est la calibration
d’un parameétre de régularisation matriciel, qui encode la similarité entre les téches.
Nous proposons une méthode de calibration de ce paramétre, fondée sur I’estima-
tion de la matrice de covariance du bruit entre les taches. Nous donnons ensuite
pour l'estimateur obtenu des garanties d’optimalité, via une inégalité oracle, puis
vérifions son comportement sur des exemples simulés.

Nous obtenons par ailleurs un encadrement précis des risques des estimateurs
oracles multi-taches et mono-tache dans certains cas. Cela nous permet de déga-
ger plusieurs situations intéressantes, ou l'oracle multi-taches est plus efficace que
I'oracle mono-tache, ou vice versa. Cela nous permet aussi de nous assurer que
I'inégalité oracle force 'estimateur multi-taches a avoir un risque inférieur & 'esti-
mateur mono-tache dans les cas étudiés. Le comportement des oracles multi-taches
et mono-tache est vérifié sur des exemples simulés.

MoTs-CLEFS : Calibration de paramétres; Inégalité oracle; Méthodes a noyau;
Multi-taches ; Régression ridge ; Statistique fréquentiste ; Statistique non asympto-
tique; Statistique non paramétrique

ABSTRACT : This thesis aims at constructing, calibrating and studying multi-task
estimators, in a frequentist non-parametric and non-asymptotic framework.

We consider here kernel ridge regression and extend the existing multi-task re-
gression methods in this setting. The main question is the calibration of a matri-
cial regularization parameter, which encodes the similarity between the tasks. We
propose a method to calibrate this parameter, based on the estimation of the cova-
riance matrix of the noise between tasks. We then show optimality guarantees for
the estimator thus obtained, via an oracle inequality. We also check its behaviour
on simulated examples.

We carefully bound the risks of both multi-task and single-task oracle estimators
in some specific settings. This allows us to discern several interesting situations,
whether the multi-task oracle outperforms the single-task one or not. This ensure
the oracle inequality enforces the multi-task oracle to have a lower risk than the
single-task one in the studied settings. Finally, we check the behaviour of the oracles
on simulated examples.

KEYWORDS : Frequentist statistics; Kernel methods ; Multi-task ; Non-asymptotic
statistics ; Non-parametric statistics; Oracle inequality ; Parameter calibration;
Ridge regression
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