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Résumeé

Cette thése a pour objet la construction, la calibration et létude d'estimateurs multi-
taches, dans un cadre fréquentiste non paramétrique et nonsgmptotique.

Nous nous placons dans le cadre de la régressioidge a noyau et y étendons les
méthodes existantes de régression multi-taches. La questi clef est la calibration d'un para-
metre de régularisation matriciel, qui encode la similarié entre les taches. Nous proposons
une méthode de calibration de ce parameétre, fondée sur I'éstation de la matrice de cova-
riance du bruit entre les tadches. Nous donnons ensuite pouektimateur obtenu des garanties
d'optimalité, via une inégalité oracle, puis véri ons son @mportement sur des exemples si-
mulés.

Nous obtenons par ailleurs un encadrement précis des risqgiees estimateurs oracles
multi-tdches et mono-tache dans certains cas. Cela nous pwet de dégager plusieurs si-
tuations intéressantes, ou l'oracle multi-taches est plug cace que l'oracle mono-tache, ou
vice versa Cela nous permet aussi de nous assurer que l'inégalité okadorce I'estimateur
multi-tdches & avoir un risque inférieur a I'estimateur moro-tdche dans les cas étudiés. Le
comportement des oracles multi-tdches et mono-tache est vé& sur des exemples simulés.

Y

Mots-clefs :  Calibration de parameétres; Inégalité oracle; Méthodes a n@u; Multi-
taches; Régressiorridge; Statistique fréquentiste; Statistigue non asymptotique; Statis-
tiqgue non paramétrique






Abstract
Multi-task statistical learning

This thesis aims at constructing, calibrating and studying multi-task estimators, in a

frequentist non-parametric and non-asymptotic framework

We consider here kernel ridge regression and extend the etiigy multi-task regression
methods in this setting. The main question is the calibration of a matricial regularization
parameter, which encodes the similarity between the taskd/Ve propose a method to calibrate
this parameter, based on the estimation of the covariance migx of the noise between tasks.
We then show optimality guarantees for the estimator thus oliained, via an oracle inequality.
We also check its behaviour on simulated examples.

We carefully bound the risks of both multi-task and single-task oracle estimators in
some speci ¢ settings. This allows us to discern several iatesting situations, whether the
multi-task oracle outperforms the single-task one or not. his ensure the oracle inequality
enforces the multi-task oracle to have a lower risk than the isgle-task one in the studied
settings. Finally, we check the behaviour of the oracles onimulated examples.

Keywords : Frequentist statistics; Kernel methods; Multi-task; Non-asymptotic statis-
tics ; Non-parametric statistics ; Oracle inequality ; Parameter calibration ; Ridge regression
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Chapitre 1

Introduction

Abstract.  We present here, in French, a shortened version of the work otai-
ned in this thesis. The contributions of this work to our eld of research can
be found, in English, in Chapter 2. The results themselves can be found in the
following chapters, which are also written in English. Chaper 3 corresponds to
the work published by Solnon et al. BAB12], while Chapter 4 corresponds to an
article that is being submitted.

Nous présentons ici, en francais, les travaux contenus dartette thése. Le chapitre2
contient un résumé des contributions de cette thése a notreainaine de recherche, écrit en
anglais. Les chapitres suivants, aussi écrits en anglaispmtiennent les résultats proprement
dits. Le chapitre 3 reprend les travaux publiés par Solnon et al. $AB12], tandis que le
chapitre 4 correspond a un article en cours de soumission.

1.1 Présentation du domaine

Le lecteur érudit en statistique pourra se référer directerant aux parties suivantes, cette
partie-ci présentant principalement le domaine statistique de maniére historique et peu tech-
nigue. Pour le lecteur non mathématicien, cela risque, héta d'étre la seule partie aisément
compréhensiblé'. Nous essaierons donc de retarder le plus possible I'appéon des détails
techniques et de les limiter autant que faire se peut!

1.1.1 Introduction a la statistique

Le mot statistique est attribué, par exemple par Littré, & Gottfried Achenwall 2.
Il est employé aujourd’hui en de nombreux sens, qui ne corrpendent pas tous, loin s'en
faut, au sujet de cette thése. Le dictionnaire de I'Académidrancaise, que ce soit dans sa

1. Les parties les plus accessibles au lecteur non mathématien sont la partie 1.1.1, le début de la partie
1.1.2 ainsi que la partie 1.1.4
2. Gottfried Achenwall : économiste allemand (1719-1772)



1.1. PRESENTATION DU DOMAINE

sixiéme (1835) ou dans sa huitiéme (1932-1935) édition, en donne un sens (compilation
de données numériques concernant un Etat) bien éloigné de sani cation mathématique
actuelle, tandis que les éditions précédentes ne le mentioent pas, et pour cause : le mot

statistique n'existait pas encore! Littré donne, Iui, pl usieurs sens & ce maé dont le
second nous intéressera plus particulierement : scienceed dénombrements et de leurs
conséquences . Enn, le Trésor de la Langue Francaise donnau nom statistique trois
seng, dont le second semble encore pouvoir caractériser notre maine : Branche des
mathématiques ayant pour objet I'analyse (généralement no exhaustive) et l'interprétation
de données quanti ables .

Nous dirons donc statistique pour parler de statistique mathématique. Il s'agit, a
partir d'observations d'un processus, d'inférer certaine de ses propriétés a n d'aider a son
étude ou bien pour permettre de prédire les futures réalisains de ce processus. Le processus
en question pourra étre une construction mathématique absaite, dans ce cas le statisticien
s'attachera a développer et analyser des méthodes génémaleapables de s'appliquer a de
nombreux cas concrets. Il pourra aussi provenir d'une des mabreuses sciences qui utilisent
des outils statistiques, le statisticien devra alors utilser et adapter ces méthodes aux par-
ticularités du probléme étudié. La réalité du travail d'un statisticien se situe d'ailleurs bien
souvent entre ces deux points extrémes, et cela constitue lichesse des statistiques que
de mettre en contact de si nombreux domaines. On verra par ergle que le modéle que
nous utiliserons, la régressiorridge, trouve son origine dans une publication d'un journal
d'ingénierie chimique!

3. STATISTIQUE. s. f. Science qui apprend & connaitre un Etat sous les rapports de son étendue, de sa
population, de son agriculture, de son industrie, de son commerce, etc.
Il signi e aussi, description détaillée d'un pays relative ment a son étendue, a sa population, a ses ressources
agricoles et industrielles, etc. [...]
Il s'emploie aussi adjectivement ; et alors il est des deux genres. [...]

4. STATISTIQUE. n. f. T. didactique. Science qui a pour objet de recueillir et de dénombrer les divers
faits de la vie sociale. [...]
Il désigne encore la description détaillée d'un pays relativement a son étendue, a sa population, a ses res-
sources agricoles et industrielles, etc. [...]
Il s'emploie aussi comme adjectif des deux genres. [...]

5. STATISTIQUE s. f. (sta-ti-sti-k')

Science qui a pour but de faire connaitre I'étendue, la population, les ressources agricoles et industrielles
d'un Etat. Achenwall, qui vivait vers la n du milieu du XVIII e siécle, est généralement considéré comme
le premier écrivain systématique sur la statistique, et on d it que c'est lui qui lui a donné son nom actuel.

Plus généralement, science des dénombrements et de leursonséquences. [...]

iii Description d'un pays relativement a son étendue, a sa population, a ses ressources agricoles et indus-
trielles, etc. [...]

6. STATISTIQUE, subst. fém. et adj.
| Subst. fém.
A Recueil de données numériques concernant des faits éconoiques et sociaux. [...]

B Branche des mathématiques ayant pour objet I'analyse (généralement non exhaustive) et l'interpré-
tation de données quanti ables. [...]

C Ensemble de données numériques (généralement analysées mterprétées) concernant une catégorie
de faits. [...]

[.]



CHAPITRE 1. INTRODUCTION

Nous pouvons prendre pour exemple un probléme classigue eision arti cielle : une col-
lection d'images étant disponible (c'estl'échantillon), on doit apprendre a un ordinateur a
reconnaitre un type d'objet particulier (par exemple, une witure) dans ces images (décrites,
par exemple, pixel par pixel). Le mot reconnaitre estici ou et peut prendre plusieurs
signi cations : dire si une voiture est présente ou non dans e image (on parlera alors de
classi cation), donner les coordonnées d'un rectangle céenant une voiture, donner un en-
semble de pixels formant la voiture, etc. Apprendre n'est, ken sir, pas a prendre au premier
degré, mais signi e que I'on doit construire un algorithme uvant prendre en entrée n'im-
porte quelle collection d'images (ces images peuvent comte les informations recherchées
ou non) a n de répondre a la question posée sur les images daes ou bien sur des futures
images. Cet algorithme, ouestimateur, doit donc pouvoir s'adapter a de nouvelles données
et doit étre le plus précis possible (on cherchera, par exertgy a réduire le nombre d'erreurs
de classi cation, ou bien a réduire les portions de voiture on détectées). Pour e ectuer sa
tache le statisticien doit décider d'un cadre théorique, lemodéle dans lequel il élaborera
ses estimateurs, dont le choix se fait en fonction des contiriies apportées par le probleme
étudié et par le but recherché.

Nous introduirons dans la partie suivante quelques modelegn partant des plus simples
pour aboutir & ceux qui nous intéressent ici.

1.1.2 Quelques modeles de régression

Nous nous intéressons ici a un type de problémes statistigadoien particulier : la régres-
sion. On observe ici des couples de points, que I'on notefX 1; Y1), (X2;Y>), etc. Les points
Xi sont les covariables et sont censées décrire le phénomene don étudie. Les pointsY;,
eux, représentent la quantité qui nous intéressent dans unrpbléme donné. On suppose alors
gue les données; peuvent étre expliquées par les covariables, c'est-a-digu'il existe une
fonction f telle quef (X;) est proche deY;. C'est ce que I'on appelle un modéle génératif,
et I'on suppose bien souvent que la fonctiorf posséde certaines propriétés (par exemple,
c'est une fonction linéaire, polynomiale, etc.). La di érence entre les valeursf (X;) et les
observationsY; est alors appelée bruit , et peut avoir plusieurs origines :

des erreurs ou des imprécisions ont été faites dans la mesude; ;
des facteurs expliguant les observationsy; ont été oubliés dans le groupe des covariables
ou n'ont pas été observés;
I'nypothése faite sur la fonction f est fausse.
On peut voir dans I'exemple de la gure 1.1 le cas ane : les points (Xj;Y;) sont dans le
plan R?, et I'on suppose que la fonctionf est a ne.
Nous verrons ensuite comment approcher cette fonctioh dans plusieurs cas.

Régression par moindres carrés

Comme nous l'avons vu précédemment, le statisticien élaberses estimateurs a partir
d'un modele, qu'il xe en fonction du probleme étudié. L'un des modeles les plus simples
est peut-étre celui de la régression linéaire. Prenons conenmexemple celui de la dimension
un, qui a l'avantage d'étre plus aisément représentable (Miopar exemple la gure 1.1) : sont
donnés des couples de nombres rédlX;;Y;) (c'est I'échantillon) et I'on essaie d'y ajuster
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Figure 1.1 Modele génératif : I'échantillon est représenté par I points, la fonctionf est
représentée par la droite en pointillés. Le bruit est alors eprésenté par les segments rouges
verticaux.
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Figure 1.2 lllustration de la méthode des moindres carrés : I'échatillon est représenté
par les points, la droite ayant généré les données est la dteien pointillés. La droite de
régression est la droite bleue et les erreurs sont les segrigebleus verticaux. On cherche
donc a minimiser la somme des carrés des longueurs des segimdreus.

une droite” au nuage de points(X;:Y;) (c'est le modéle). Quelle droite peut-on alors choisir,
qui s'ajustera au mieux sur le nuage de points? Une réponseaskique sera donnée par
la méthode des moindres carrés, introduite par LegendreL§g0q mais dont la paternité
est aussi attribuée a GaussGau09. Il s'agit de considérer, pour une droite quelconque, la
somme des carrés des di érences entre les observatio¥s et les projections verticales de
ces observations sur la droite. On considére ensuite la dteiqui minimise la somme de ces
carrés, d'ou le nom de la méthode. On dit alors que I'on a e eaté une régression. Une
illustration de cette méthode est donnée dans la Figurd..2. Un avantage de cette méthode
est de donner un estimateur qui s'exprime explicitement et implement et qui posséde de
surcroit une interprétation simple dans le cadre des modédelinéaires gaussiens.

Généralisons I'exemple précédent. Supposons que I'on obgen points X, chaque point
ayant k coordonnées (ave& < n ). Pour chaque point X;, on observe un nombre réeY;. On
peut donc former la matrice X, de taille n  k, dont la ligne i est constituée des coordonnées
de X; ainsi que le vecteurY dont la iéme coordonnée esY;. Le probléme de régression
se pose donc ainsi : trouver un vecteur (de taille k) tel que le vecteur X approche au
mieux Y, par exemple en termes de distance euclidienne. La méthodesimoindres carrés

7. Droite, car nous sommes en dimension 1. En plus grande dimasion, c'est-a-dire si les X; sont des
k-uplets, on cherchera un hyperplan dans I'espace de dimensin k + 1.
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vise alors a chercher une solution qui minimise la quantité

1 X

n .
i=1

(O CNP= Y X )Y X ) CEY

La solution a ce probléme de minimisation se trouve aiséme#ftet I'on obtient comme valeur

de

1
b= x>x XY

On remarquera que la lettre est chapeautée, notation traditionnelle en statistique par
signaler qu'il s'agit de I'estimateur du paramétre. Cet esimateur est aussi |'estimateur du
maximum de vraisemblance dans le modeéle linéaire gaussiemais nous ne rentrerons pas
dans ces détails. Remarquons aussi que la quantitd.q), que I'on minimise en e ectuant
cette méthode, porte souvent le nom de risque empirique . Le risque (quadratique) étant
I'espérance du carré de la di érence entre I'estimateur etd fonction recherchée, la somme des
carrés des erreurs est donc bien, en e et, la version empigue du risque. Cette quantité
apparaitra de nombreuses fois par la suite, chaque fois soastte dénomination.

L'estimateur que nous avons présenté est I'un des plus simgs et des plus connus que I'on
puisse trouver en statistique. S'il fonctionne raisonnal®ment bien sur des problémes simples,
il possede de nombreux défauts. Certains de ces défauts neusdntéressent pas directement
ici, comme par exemple la limitation k < n (une part importante des publications de ces
vingt derniéres années a concerné le développement de médles de régression en haute
dimension, souvent en utilisant des outils de parcimonie).

En ce qui nous concerne, un premier défaut est l'utilisationde l'inverse de la matrice
X~ X. Quand cette matrice posséde de trés petites valeurs promeon dira qu'elle est mal
conditionnée, et I'on notera min la plus petite de ses valeurs propres), deux phénoménes
apparaissent.

Numériquement, l'inversion de la matrice X > X est instable, le calcul deP par un
ordinateur peut donc donner des solutions aberrantes.
Sous une hypothése de normalit€ du bruit, le risque de I'estimateur b, dé ni par

2
E (b 7P o ,vaut 2tr(X>X) 1, dont une minoration est 2-"—. S

min

min €St trop petit, I'estimation de ¢ par b risque d'étre trés mauvaise. Notamment,
les coordonnées dB risquent d'étre beaucoup trop grandes.
La méthode de régressionidge fut développée pour pallier ces limitations, comme nous
I'expliquerons plus tard.

Un deuxiéme défaut est la limitation du modeéle aux relationslinéaires. En poursuivant
notre exemple, tous les nuages de points ne sont pas alignés sles droites! Nous ver-
rons ensuite que les outils de régression a noyau permettedtobtenir des modéles moins
contraignants.

8. On suppose pour simpli er que XX ~ est inversible.
9. Cela signie que l'on suppose qu'il existe un vecteur o tel que le vecteur des erreursY X o,
c'est-a-dire le bruit, suit une loi gaussienne ou normale N (O; 2| n), ou 2 est la variance du bruit.
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Régression ridge

La régressionridge'© vise a répondre au premier probléme soulevé sur la méthode e
moindres carrés, lié a l'inversion deX > X . Comme I'explique R. Hoerl Hoe83 11, sur lequel
nous nous appuyons fortement, I'analyseidge fut développée par A. Hoerl Hoe59 a n de
permettre I'étude géométrique graphique des surfaces queatiques dépendant d'un grand
nombre de variables, ce qui répondait & un besoin industrietoncret. Rappelons brievement
de quoi reléve cette analyse. On étudie les propriétés de largace dé nie par I'équation

1
Y=+ b x+ §x>Bx; (1.2)

ou by est un nombre réelpet x des vecteurs de taill&k et B une matrice symétrique de taillek,

sous la contraintex™x  C? (les variables ont été au préalable recentrées et renormsées,
d'ou la contrainte sphérique). On étudie alors le probleme d la maximisation (ou de la
minimisation) de I'équation (1.2) contrainte par x>x  R?, o R? 2 [0; C?]. L'ensemble des
solutions x de ce probleme de maximisation (respectivement, de minimagion) est appelée
la créte maximale (respectivement, minimale), car il est unlieu d'optimums locaux. En

introduisant le multiplicateur de Lagrange de la contrainte, on obtient alors

x= (B 1y 'b;

qguand cette expression est bien dé nie, c'est-a-dire horsas valeurs propres d& . En fonction
de la répartition des valeurs propres deB, on obtient donc un certain nombre de courbes,
paramétrées par . Ces courbes sont aussi appelées crétes, la créte maximalespective-
ment, minimale) s'obtenant pour les paramétres supérieurg¢respectivement, inférieurs) a la
plus grande valeur (respectivement, la plus petite) proprede B. Nous renvoyons a I'étude
de R. Hoerl Hoe83 pour un exemple d'utilisation de ces crétes, qui permettend'obtenir
facilement des informations qualitatives sur la surface étdiée.

Revenons maintenant a notre probléme de régression. Peu & avoir construit I'analyse
ridge, A. Hoerl [Hoe63 remarqua que la somme des carrés résiduels de la méthode des
moindres carrés était une forme quadratique du coe cient dela régression, . En appliquant
sa méthode d'analyse a ce cas-la, il put suivre les crétes edoconstruites pour obtenir des
valeurs de parameétres plus stables. Il restait un problémeépineux : quel point choisir sur
la créte ? A. Hoerl et Kennard HK70], dans un article qui est souvent cité comme source de
la régressionridge, analysent ce probléme et montrent qu'un choix existe toujars, et qu'il
est meilleur que la solution initiale, l'estimateur des mondres carrés, en terme de risque
guadratique (c'est-a-dire, en considérant la somme des aa@s des résidus). On peut alors
obtenir la forme moderne de l'estimateurridge :

Bigge = (X7 X + 1) XY ;
le parameétre étant a choisir. Cet estimateur minimise la quantité suivarie :

Y X (Y X )+ 7 (1.3)

10. Suivant l'usage, nous garderons l'expression anglaiseet ne traduirons pas ridge par son équivalent
francais : créte.

11. Note au lecteur : deux auteurs se partagent ici le patronyme de Hoerl : Arthur E. Hoerl, a qui
correspondent les articles de 1959, 1962 et 1970 et Roger W. Herl, a qui correspond l'article de 1985.
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On voit donc apparaitre une des motivations de cet estimatey qui a fait sa célébrité :
l'utiliser revient & pénaliser le risque empirique (c'esih (Y X )>(Y X ))parle carré de
la norme de ce qui, contrairement au cas des moindres carrés, devrait gr@cher 'estimateur
résultant d'avoir une trop grande norme. Mentionnons nalement une version populaire de
cet estimateur, dans le cadre dudesign'? xe. On cherche alors a retrouver les valeurs de
sortie sur les pointsX;, et non plus a comprendre le processus dans sa globalité. @ekvient
donc a essayer d'enlever le bruit sur ces observations. Onridére donc 'estimateur adesign
xe X bridge, qui prend la forme suivante, grace a un tour de passe-pass&lgebre linéaire :

X Bigge = X(XZX + 1) XY = XX (XX~ + 1 ,) by

Régression ridge a noyau

Nous nous intéressons maintenant a la seconde limitation déestimateur des moindres
carrés que nous avions citée, et nous verrons que les soluoproposées ont un lien fort
avec la régressiorridge. Il s'agit donc de s'a ranchir de la contrainte de linéarité imposée
par l'estimateur des moindres carrés. On pourrait, par exemle, vouloir ajuster sur le nuage
de points, non pas une droite ou un hyperplan, mais une fonain lisse'3. Tel est I'objectif
du lissage par lessplines'*. On trouvera de nombreux détails sur cesplines dans le livre
de Wahba Wah9Q] (dans lequel nous avons puisé la plupart de nos référence livre de
Gu [Gu02] étant aussi une excellente référence. Etant donné une subvision = fXg;:::;Xn0

qui interpole les points de aux valeursy;, en respectant des conditions de régularité globale
des conditions de régularité aux raccordements. C'est a&si la fonction f qui minimise
;(f (M) (x))2dx sur I'espace de SoboleW,, (ce sont les fonctionsm 1 fois continliment
dérivables, et dont la dérivéemiéme est de carré intégrable) avec la contrainte que, pour
tout i, f(xj) = yi. On se déporte alors de l'interpolation vers la régularisabn comme
ceci : on cherche une fonction dans un espace régulier (pares®ple, dans un espace de
Sobolev) qui posséde a la fois de bonnes propriétés de régiitaet qui soit toujours proche
des observations. Cela nous amene naturellement a considéda fonction qui minimise sur
I'espace considéré la quantité suivante :
Zy

ﬁw i foa?+ (FM)Pdx ; (1.4)

au prix de l'introduction du paramétre , ce dont nous parlerons plus tard. La ressemblance
avec la formulation de I'estimateur ridge de I'équation (1.3) n'est bien entendu pas fortuite,
nous en reparlerons la aussi plus tard.

Une question peut alors I[égitimement se poser : I'estimatewgue I'on obtient en optimi-
sant I'équation (1.4) est-il aisément calculable ? Fort heureusement, les espegF considérés

12. On se pliera ici a l'usage en gardant le mot anglais design que l'on pourrait traduire par plan
d'expérience .

13. On entendra par lisse, trés classiquement, une fonction possédant de fortes propriétés de régularité,
comme le véri ent par exemple les fonctions des espaces de Swlev Wy, , de faible norme.

14. On gardera ici le mot anglais. Une spline est une baguette souple, utilisée en construction navale pair
interpoler plusieurs points a la main. On xait les baguette s aux points désirés, puis on reliait les baguettes,
ce qui crée une interpolation naturelle.
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avec nossplines possédent tous une structure particuliére : ce sont des esges de Hilbert,
possédant une fonction de description: R!F vériant la propriété

8f 2F; 8x 2 R;f(xX)= h( x);fi (1.5)

(d'ou, d'ailleurs, le nom de représentation). Les espacesogsédant ce type de structure ont
été étudiés par Aronszajn Aro50] et I'on peut en donner une dé nition ainsi que quelques
propriétés simples. SoitX un ensemble quelconque € un espace de Hilbert de fonctions
sur X a valeurs réelles. On dira qué- est un espace de Hilbert a noyau auto-reproduisant
(RKHS ) si, pour tout élément x de X, l'application f 7! f (x) est continue. On peut alors
montrer qu'il existe une fonction  véri ant la propriété ( 1.5), que l'on appelle fonction
de description'®. De cette fonction de description, on peut ensuite construge le noyau k
(au sens de Mercer) pa8(x;y) 2 X %2;k(x;y) = h( x); ( y)i. Remarquons que l'ordre de
construction est arbitraire, et que I'on peut déduire la forction de description du noyau, par
la propriété ( x)(y) = k(x;y). On voit bien, alors, la notion de reproductibilité : en notant
( x)=Kk(x; ),ona

8(x;y) 2 X % k(x;y) = Hk(x; );k(y; )i : (1.6)

Le fameux kernel trick 17 vient de cette propriété : on pourra calculer, dansF, les produits
scalaires entre les observationy X;) via les k(X;; Xj) uniqguement, de la la popularité de
ces outils.

Une fois ces outils analysés, on peut donc retourner le praishe de départ. On ne cherche
plus unespline, mais un élément d'un espace de Hilbert caractérisé par soroyau. On étend
alors le probléeme de minimisation (.4) au suivant : trouver dans le RKHS donné une fonction
minimisant

X
ST TP KR

la norme ici écrite étant celle du RKHS. Un simple raisonnema, connu sous le nom de
théoréme du représentant, montre qu'une solution de ce prdbme est atteinte sur I'espace
vectoriel engendré par les fonctions( X;). On pourra donc aisément exprimer un tel esti-
mateur, les calculs se faisant simplement grace a la propté& (1.6). En n, I'estimateur de
design xe s'exprime aussi treés simplement ici. En notantK la matrice du noyau, dont les
coe cients sont k(Xj;X;), on obtient I'estimateur

KK+ 1) Yy :

L'analogie avec le cas de l'estimateuridge est donc compléte, I'un pénalisant le risque
empirique par la norme des vecteurs pour obtenir un estimate plus petit, l'autre pénalisant
le risque empirique par la norme de la fonction de régressiopour obtenir un estimateur
plus lisse. Dans le premier cas, I'estimateur edesign xe ne dépend que deshX;;X;i, via
XX 7, tandis que, dans le second, il ne dépend que dkéX;;X;). C'est donc pour cela que
le second estimateur porte le nom d'estimateuridge a noyau, qui nous semble plus répandu
aujourd'hui que celui de spline. Dans les deux cas, on appellera régularisation I'action qu

15. De l'anglais reproducing kernel Hilbert space.
16. En anglais, feature map.
17. On conservera le terme anglais, qui signie astuce du noyau .
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consiste a pénaliser le risque empirique par le carré de lamoe de I'estimateur. En n, il faut
bien remarquer qu'aucun tour de magie n'a été e ectué ici. Bia que ces estimateurs aient
des propriétés agréables que ne posséde pas l'estimateuss daoindres carrés, cela se fait
au prix de l'introduction d'un paramétre, ici noté , que l'on appelle souvent parametre
de régularisation . Le choix de ce paramétre, on parle de cdration, incombe donc au
statisticien, et le choix arbitraire ou au doigt mouillé n 'est guére satisfaisant. On a donc
résolu un probléme en en posant un autre, aussi ardu. Nous digtons dans la partie suivante
des méthodes possibles pour réaliser cette tache.

1.1.3 Choisir un modele, ou calibrer son estimateur

Nous avons vu dans la partie précédente que les modeles intiaits pour pallier les dé-
fauts de la régression par moindres carrés introduisent clban un nouveau parameétre, le
parameétre de régularisation. Le statisticien doit alors céibrer ce paramétre, et donc com-
parer, en un certain sens, les estimateurs obtenus pour chag paramétre. Si I'on considére
gu'un parametre dé nit un modéle, il faut ici choisir parmi u ne famille de modeéles : c'est ce
gue I'on appelle la sélection de modeéles . Or, pour pouvoircomparer deux estimateurs, il
faut s'accorder sur une mesure commune, qui marquera l'e ceité de ces estimateurs. Nous
rappelons que ces estimateurs sont censés approcher desrgités qui sont, implicitement,
inhérentes au processus étudié. Nous allons maintenant digiter ces quantités. Il faut bien
noter que I'étape que nous allons e ectuer, qui est le premigpas de la modélisation mathé-
matique d'un probléme statistique, est une abstraction de e probléme, et peut donc étre
assez éloignée des données réelles étudiées.

Commencgons par décrire ce processus de maniére non techr@qn suppose que les
points X; sont tirés indépendamment, selon un certain processus (Cone Si ce processus
avait été recopié, sans tenir compte des autres copies), etig les pointsY; sont les images
desX; par une fonction f , perturbées par un bruit. La modélisation mathématique de ela
s'énonce comme suit.

Soit ( ;A;P) un espace de probabilité, X un ensemble et(X;)iL; une suite de
variables indépendantes et de méme ldP. On suppose alors qu'il existe une
fonction f : X 7! R, dans un ensemble~, telle qu'il existe une suite ("j)L, de

variables aléatoires indépendantes et centrées, indépesmte de (X;), telle que

8i2fl::::ng Y, =f(Xj)+ " :

L'objectif est maintenant clair : retrouver f par les observationg(X;;Y;). La qualité d'un
estimateur 2 sera donc mesurée par sa distance avég que l'on peut dé nir de plusieurs
facons, que I'on appellera a chaque fois risqug 4

i=1
on cherche donc a retrouver les valeurs d&(X;), c'est-a-dire a enlever le bruit aux
observationsY;.

Prediction en design aleatoire : Si Xp+1 est une variable aléatoirg de loiP, indépen-
dante de (X;){L;, on considére le risquee (f (Xn+1) 1’0(xn+1 ))? . Ici, on cherche a
prédire ce que donnerait une nouvelle observation du process.

10
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Ces risques ménent bien entendu a des analyses di érentesluBieurs remarques s'imposent
d'emblée.
On peut considérer ces risques sans espérance, on parleralale perte. Dans ce cas,
on cherchera a contrbler cette perte sur un ensemble de haupeobabilité.
Le choix du carré dans chaque risque (on parle de perte quadtique) résulte de plu-
sieurs nécessités (simplicité de calcul, d'interprétatin, etc.). On aurait pu choisir une
autre perte, ce qui méne alors a d'autres estimateurs.
Nous n'avons cité que des risques de prédiction, mais on péts'intéresser aussi a
ceux d'estimation, qui visent a connaitre certaines propktés def , sans forcément de
rapport avec la loi de I'échantillon.
On remarquera que l'on se situe ici dans un cadre fréquentis 18 trés classique. On ne
parlera pas (ou fort peu), ici, de méthodes bayésiennés. n o
Le but est, maintenant, de trouver parmi une collection d'esimateurs P: 2 un
estimateur minimisant le risque choisi.
Dans certains cas, avec une perte quadratique, on peut commeer par étudier la forme
de ce risque en réalisant une décomposition biais-variare . Prenons comme exemple le
cas de la régressiomidge a noyau endesign xe. On suppose, pour simpli er, que la suite

(X1;:::5Xp) est déterministe et I'on veut donc estimerlge vecteuf = (f (Xq1);:::;f(Xn))”.
On notera, pour un vecteur u de taille n, kuk? = n 1 ", u? et le vecteur de bruit sera
noté " = ("q1;:::;"n)” . L'estimateur est alors® = A Y = K(K+ 1,) Y. On a alors
décomposer le risque de la fagon suivante :

5 h i h i h i
E © f =EKA(@f+") fk® = E k(A 1,)fk?® +E KA "K?
I {z bl —{z—}

Biais Variance

Le biais représente ici la proximité entre |'estimateur et & fonction estimée, tandis que la
variance représente la variabilité apportée par cet estintaur. Un bon choix d'estimateur
consistera donc a réaliser un compromis entre ces deux quégs. On remarquera ensuite
gue, dans le cas =0, le biais est nul. Régulariser I'estimateur revient donc a kaiser celui-ci,
en espérant réduire su samment la variance a n de compensece biais.

Le risque, ainsi que sa décomposition biais-variance quarelle existe, ne nous sont pas
connus, car nous n‘avons accés qu'a I'échantillo@X;; Y;)L, . La quantité s'en rapprochant
le plus, a premiére vue, est le risque empirique,

xo
o P

gue nous avions introduit lors de I'étude de la régression pdes moindres carrés. |l peut alors
sembler |égitime de chercher le modéle (ou, c'est équivalerie paramétre) qui minimise ce

18. Fréquentiste, car les résultats que I'on montre sont asaurés de se réaliser avec une fréquence proche
de 1.

19. En analyse bayésienne, on suppose que I'on a une connaiasce a priori de f, qui peut étre subjective,
donnée par une distribution de probabilité. On cherche ensuite a calculer la distribution a posteriori, une
fois I'échantillon observé. L'analyse fréquentiste n'est pas forcément plus objective que I'analyse bayésienne,
car le choix de F, le modéle, est toujours subjectif. Il est toutefois souvent dicile de concilier les deux
approches, ou d'interpréter I'une en fonction de l'autre.

11
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risque empirique (dans le cas de la régressiaitige, cela revient, par construction, a prendre
= 0). C'est, en fait, une mauvaise idée. En e et, les estimates 0 sont construits avec
les échantillons(X;;Y;)[, . Il n'est pas raisonnable de réutiliser directement ces éemtillons
pour évaluer les performances de ces estimateurs. Cela pmit mener a une évaluation trop
optimiste du critére et a une mauvaise sélection du parameg. C'est ce que I'on appelle le
phénoméne de sur-apprentissad8. On pourra dire, plus légérement, qu'il n'est pas raison-
nable qu'un échantillon soit a la fois juge et partie! De margre plus technique, on peut
aussi remarquer que, comme les estimateurs ne sont pas in@éplants de I'échantillon, il n'y
a pas de raison que l'espérance du risque empirique soit precdu risque de prédiction avec
un design aléatoire. Nous présentons maintenant deux fagcons de remiéd a ce probleme.

Validation croisée

Nous l'avons dit, I'échantillon ne doit pas étre juge et parie dans la construction et
I'évaluation des estimateurs. Il peut alors sembler naturede court-circuiter ce probléme
par la stratégie suivante : on sépare (aléatoiremeril) I'échantillon en deux parties. On
considére la premiere comme un nouvel échantillon, et I'onomstruit la famille d'estimateurs
dessus : c'est I'échantillon d'entrainement . Sur la deuxiéme, on calcule l'erreur faite par
chaque estimateur (avec le critére choisi) : c'est [|'échatillon de test . En notant I’Q;

I'estimateur construit sur I'échantillon | f 1;:::;ng avec le parametre , l¢n I'échantillon
d'entrainement et | g I'échantillon de test (avec lent t lwest = f1;:::;nQ), cela revient a
choisir ( )
) X
bo argmin . ﬂem; (Xi) i
2 Jltest) 121 test

On dit alors que I'on a réalisé une validation simple, et I'onpourra se référer a l'introduc-
tion (en francais) de la these de Arlot Arl07], ou bien a I'étude (en anglais) de Arlot et
Celisse AC10], pour une description plus poussée de ces méthodes. Lesimsteurs sont
donc maintenant indépendants des données sur lesquelles les évalue. On se contentera de
dire que I'étude théorique de la validation simple est aiséequ'elle permet de montrer des
résultats théoriques puissants, mais qu'elle fonctionne ai en pratique. Une des raisons de
cet échec pratique est que I'on considére un seul échantitiode taille moitié moindre que
celle de I'échantillon initial.

La validation croisée V-fold permet d'étendre cette démarche en produisant un choix
e cace en pratique, mais beaucoup plus dicile a étudier théoriguement. Pour la réaliser,
on découpe I'échantillon initial enV blocs de taille égale, aléatoirement. On prend un bloc
comme échantillon de test, et le reste des blocs comme échilon d'entrainement. Comme
précédemment, on calcule les estimateurs sur I'échantifiod’'entrainement et on les évalue
sur I'échantillon de test. Il ne reste plus qu'a réaliser cel en prenant a chaque fois un bloc
di érent comme échantillon de test. On a donc évaluéV fois chaque estimateur (une fois
par bloc) avec le critére choisi. Finalement, on choisit le prameétre qui minimise la moyenne

20. Connu en anglais commeover tting .

21. L'hypothése sur les variables aléatoiresX; est ici cruciale. Si on ne peut pas échanger deux observatios,
il est absurde d'essayer d'utiliser une méthode de validation. Il est donc important que les deux parties
sélectionnées soient indépendantes.

12
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de cesV évaluations. En notant 14;:::;1y la partition de f1;:::;ng en V blocs, et en
reprennant les notations précédentes, on choisit donc le pamétre
8 9
< X X =
. 1 1 2
b 2 argmin - = T 1't?l;:::;Vgnlk; (Xi) Yi .
IR A L :
..... g 121k

Nous ne nous étendrons pas plus sur les méthodes de validatioroisée, qui constituent un
domaine de recherche trés riche. Elles constitueront pringalement un point de comparaison
ultérieur pour nos algorithmes.

Sélection de modéle par pénalisation

Nous présentons maintenant une procédure moins générale si&lection de modele. Volon-
tairement, nous n'entrerons pas dans tous les détails de ceohaine en nous limitant au cas
qui nous intéresse ici. Nous renvoyons le lecteur avide detdés au livre de Massart Mas07.
Comme nous l'avions expliqué précédemment, nous avons uraniille d'estimateurs (fb ) 2R.
et nous voulons choisir I'estimateur qui possggle le plus pietrisque, par exemple, jen re-

prenant le critére utilisé pour le design xe, E % LX) 1b(xi))2jx 1;::0;Xp . Or,
comme nous l'avons vu, la quantité que nous pouvons calculet qui se rapproche le plus de
ce critére, le risque empirique, le sous-estime. On peut dorpénaliser ce risque empirique,

par une pénalité qui dépendra, entre autres, de, ce qui donne la quantité

xXo
cit( )= = (% P (xi)?+pen( ) :
i=1

Mais comment choisir cette pénalitépen( ) ? Nous suivrons ici de nombreux auteurs, a
commencer par Akaike Aka70], en considérant qu'une bonne pénalité doit donner un critee
sans biais, c'est-a-dire que I'espérance deit( ) vaut le risque recherché. Dans le cadre de
la régression erdesign xe, cela donne
" #
NI e - 1 X 2 N e
Eforit( )Xz Xal = B~ (F(X0) (Xi)2 X100 Xn
i=1

Un choix possible pour une pénalité donnant un tel critere ésdonc naturellement

1] #
X

per\d()=E% (F(Xi) P(X)2 Xg;:::: X
=1 " ¥ @)

Sk

pénalité que l'on appellera pénalité idéale . Dans le cas @& la régressiorridge a noyau,

cela donne, par exemple,
2

pena( )= Z1r(A ) ;

13



1.1. PRESENTATION DU DOMAINE

Cette pénalité dépend malheureusement des données du prébies auxquelles nous n‘avons
pas acceés (par exemple, ici, on voit la variance du bruit 2 intervenir), mais il est parfois
possible (et ce sera notre cas) de construire une pénalipen, s'en approchant su samment.
On considérera alors le paramétreb minimisant le critére

xXn
dit( )= = (Y P(x)2+ den( ) : (1.8)

i=1

Il est en fait assez aisé de montrer qu'un choix judicieux dglen peut mener a une bonne
sélection deb. Une fois n'est pas coutume, nous allons développer un coudalcul, car
il nous semble que ledit calcul est a la base de la plupart dessultats en sélection de
modele et qu'il n'utilise que les dé nitions (1.7) et (1.8). Pour simpli er les notations,

2
nous adopterons les conventions suivantes : pour tout paragtre , on note T
n

P 2 P
100 ™) f(X)2et 0 Y = 1510 (®(Xi) Yi)?tandis que I'on suppose que
la suite (Xq1;:::;X,) est déterministe. On a alors, pour tout parameétre

gitby= v M "4 pen(P)
", h 2 2 h o
=E Y f) +Eoppen®) + Y E Y f +pen®) E pen®)

Notons ( )= Y “E v b’ + pgen( ) E[den( )]. On a alors

n

h i
gitthy= v 1 ‘4 E pen®) + ( D)
h i
=E R 1 +Epgen®d) peny(d)+ ( b
2
E 0 f ] + E[den( )] peng( )+ ( )

Il en découle donc que
h i
E Rt +Edend) peny(®)+ (D)
2
inf E ® f  +E[den()] peng( )+ ( )

Il nous manque donc quelques conditions pour pouvoir conttér la qualité de notre estima-
teur :

1. uniformément en , j( )j doit étre petit;
2. uniformément en , E[den( )] peng( );
3. uniformément en , E[den( )] peny( ) doit étre petit.

14



CHAPITRE 1. INTRODUCTION

Si ces conditions sont véri ées, on aboutira alors a une ingalité oracle , c'est-a-dire du
type

2 2
E fQ f cinf E ©® f +R

Cela certi e que la calibration de est bien faite : on ne peut trouver un paramétre dont
I'estimateur associé est bien meilleur que celui que nous m@nons.

Comment peut-on s'assurer que ces conditions seront bienwées ? Pour cela, on utili-
sera des outils de concentration de la mesure, que I'on peuapexemple trouver dans le livre
de Massart Mas07. La concentration de la mesure est un phénoméne qui appataguand
des quantités aléatoires se concentrent, avec grande prdhbté, autour de leur espérance.
Un tel phénomeéne apparait dans nos problémes et permet diretnent de certi er que la
premiére hypothese est véri ée. Il sut alors de prescrire ks contraintes en espérance (c'est
ce que l'on fait en choisissaniden( )) a n de montrer que les autres hypotheses sont réali-
sée<?. On remarquera qu'une des dicultés de ces résultats est quaos contraintes 1., 2.
et 3. doivent étre vraies simultanément pour tous les parantées , ce qui ajoute quelques
complications.

En n, nous pouvons remarquer une chose : nos résultats sonbtijours énoncés avea
étant xé, et non comme en considérant une limite quandn tend vers+1 . Le ré exe clas-
sique du statisticien théoricien est de considérer que la iite de I'échantillon, n, est grande.
Cela a souvent été traduit, au début, en considérant la limie des quantités considérées
guand n tend vers I'in ni : c'est le cadre asymptotique. Cela permetd'utiliser des théorémes
de convergence, comme le théoréme central limite, et d'obté simplement bon nombre de
résultats importants. Mais cette approche a de nombreux défuts : elle ne donne pas, ou peu,
d'indications sur les cas pratiques et suppose que les ausrguantités ne dépendent pas de
n. C'est tout le contraire de ce que I'on voudrait faire! On pet, au contraire, exprimer les
résultats en xant n, quitte & considérer quen est plus grand qu'une certaine constanté?.
Cela complique passablement les résultats, mais leur dona&issi une nesse et une précision
qui sont indispensables. Tous nos résultats seront écritsaths ce cadre-la, que I'on nomme
cadre non-asymptotique.

1.1.4 Ou l'on voit poindre le multi-tdches

Dans les parties précédentes, nous avons vu comment consteides modeles plus inté-
ressants que celui de la régression par moindres carrés ethwaent calibrer le paramétre de
régularisation de ces modeéles. On peut alors se demandel skiste des estimateurs qui sont
meilleurs que cela. On peut aussi se poser la question suitan pour un probléeme donné,
guelle est la meilleure qualité d'un estimateur ? Bien sdr, ua fois le modéle spéci é par

8i2f1::::ng Yi=f(Xi)+ "

il existe un choix d'estimateur parfait : c'estf . Mais ce choix n'est bon que pour cet exemple-
14, pas pour les autres! On se placera donc dans un cadre pasisite, et I'on considérera la
pire situation possible pour un estimateur. En notant‘(l"?f ) la perte qui nous intéresse (par

22. Nous ne cachons pas que I'on puisse rencontrer quelques petits calculs en chemin.
23. 1l nous semble que, en statistique, l'on nisse toujours par supposer quen est grand. Un de nos
théoremes demande, par exemple, que2In(n)  1027!
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exemple, la perte de régression palesign xe ou celle de régression pamesign aléatoire),
on étudie alors le pire risque qui puisse intervenir, c'esé-dire, en considérant un ensemble
F n'étant pas trop riche, n h io

sup E “(0f )

f 2F
Un bon estimateur sera donc un estimateur qui minimisera cette quantité, c'est-a-dire
dont le risque sera proche de

( n h io )

inf  sup E ‘(It;)f)
P foF

Cette derniére quantité s'appelle le risque minimax?* . Un estimateur dont le risque
s'approche du risque minimax aura cette qualité qu'il ne poua pas étre amélioré uniformé-
ment sur F, en tout cas pas de beaucoup. L'analyse de ces risques minxna fructi é lors
de ces derniéres années, et I'on trouvera bon nombre d'artés détaillant tel ou tel risque
dans un contexte précis. On pourra citer comme référencesmeequentes l'article de Johns-
tone [Joh94] et les livres de Massart Mas07] et de Tsybakov [Tsy08]. Ces risques minimax
sont donc bien connus, dans les cas qui nous intéressent. Eégression linéaire gaussienne
de dimensionk (c'est le cadre de la régression des moindres carrés), legige minimax est
%., gue l'estimateur des moindres carrés n'atteint pas. En rgression non linéaire, si I'on
suppose qué se trouve dans une boule centrée ebid'un espace de Sobolev de régularité,
alors le risque minimax sera typiquement de la forma 22=2 *1)  Sous certaines hypothéses
de régularité du noyau utilisé, un estimateurridge a noyau, avec une bonne sélection de
parameétre, peut avoir un risque proche de ce risque minimax.

Il'y a donc des limitations, que I'on ne peut dépasser en utiiant une approche statistique
classique. Que peut-on alors faire si la précision des estieurs que I'on utilise n'est pas suf-
sante, et que I'on ne peut pas augmenter la taille de I'échatillon ? Le statisticien peut alors
avoir acces, simultanément, a des probléemes connexes, qansreliés a son probléeme d'esti-
mation initial. Il dispose donc, en fait, d'une source d'inbrmations sur ce probléeme, vu que
ces problémes annexes lui sont reliés. L'exploitation de tte similarité entre plusieurs pro-
blémes a donné lieu a ce que nous appelons les méthodes muifiches , qui traitent donc
simultanément plusieurs problemes statistiques, que l'oropposera aux méthodes mono-
tache , que constituent en fait I'ensemble des méthodes cksiques existantes.

Pour expliciter cela, nous pouvons reprendre I'exempR de la détection de voitures dans
des images, que nous avions développé dans la parfiel.1 Rappelons de quoi il était ques-
tion. Notre scienti que, ici un spécialiste de vision arti cielle, a construit un estimateur qui,
a partir d'images, détecte des voitures dans ces derniérd$est con ant dans I'excellence de
son algorithme et a peu d'espoirs de pouvoir améliorer sa médde de ce c6té®. Les perfor-
mances de l'estimateur ne conviennent cependant pas a noteeienti que. Celui-ci ne peut

24. Minimax, car on a ici un inf suivi d'un sup, que de nombreux auteurs écrivent, avec un abus de
notation, min max.
o f2F

25. Rappelons-le, cet exemple est totalement ctif. On pour ra cependant trouver de nombreuses applica-
tions similaires dans la littérature, comme par exemple dans l'article de Lim et al. [ LST11].

26. Il s'agit, bien entendu, une situation imaginaire. Le do maine de la vision arti cielle, dans lequel, il est
vrai, nous n'avons que peu de compétences, évolue trés rapidment. Dans ce cas-la, il serait abusif de dire
d'un estimateur qu'il est, en pratique, inaméliorable.
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malheureusement pas obtenir plus d'images, car il faut, enlps de les obtenir, payer une
personne qui devra annoter, a la main, I'échantillon, en diant pour chaque nouvelle image
si celle-ci contient ou non une voiture. Or, heureuse coindence, ce scienti que travaille si-
multanément sur un projet semblable : il s'agit de reconnaite des minibus dans des images.
Il serait donc tentant d'essayer de méler les deux approchesapprendre a reconnaitre une
voiture devrait pouvoir aider a reconnaitre un minibus, et vice-versa. De nombreuses ques-
tions se posent alors : comment modéliser cette ressembl@&fe peut-on toujours exploiter
une ressemblance ? est-ce utile ? Nous discuterons plus laa tout cela.

1.2 Petit historique du multi-taches

Le but de cette thése est d'analyser une méthode multi-tache bien particuliére. Nous
dressons un portrait général de ces méthodes dans ce chapitavant de détailler ensuite les
contributions de cette thése a notre domaine, la régressiomulti-taches.

1.2.1 Le paradoxe de Stein

Le premier résultat que I'on peut inclure dans le domaine du milti-tdches est peut-étre
le paradoxe de Stein. C'est un exemple bien connu en statisfile, nous rappelons brievement
ici de quoi il retourne. Ce paradoxe fut trouvé a la n des annés 50, a un moment ou I'on
pensait que l'estimateur du maximum de vraisemblance était optimal . Voici le modéle :
on suppose gue I'on observe un vecteur

Y N (; 2lp); 2RP:

2
On veut estimer?’ |, en minimisant le risque quadratique E b . Dans ce modéle,

I'estimateur du maximum de vraisemblance esPMV = Y. Peut-on améliorer cet estimateur ?
La réponse, donnée par Steingte5q dans un célebre article, est oui. Il montra I'existence
d'un estimateur dont le risque est inférieur, pour tous les pramétres, a celui debyy , si

p 3. James et Stein JS6]] précisérent ensuite cet estimateur, qui porte leur nom, dat

voici la forme :

bo= 1 (p 27

Y
Js YoV

Tachons de comprendre comment fonctionne cet estimateur t ¢orrige I'estimateur du
maximum de vraisemblance en le déplacarff vers 0. Si ce dernier est trés loin de 0 (en
supposant que 2 est xe), le facteur de correction est proche de 1 : le déplaceent est
imperceptible. Mais, dans le cas contraire, le facteur de crection sera tres petit. Nous
pouvons faire ici deux remarques.

On peut déplacer l'estimateur vers n'importe quel point ordinaire, et non pas unique-
ment vers 0, ainsi que vers la moyenn¥' .

27. On estime ici p quantités di érentes. Ces quantités peuvent étre, par exem ple, des moyennes empiriques.
28. Nous traduisons ainsi l'anglais shrink
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On peut s'assurer que les coordonnées ne changent pas dersgdors de ce déplacement,
en considérant la partie positive de I'estimateur de James$tein,

p 2°?
Y>Y

b

s+ = 1 Y

+
dont le risque est inférieur a celui de I'estimateur de JameStein pour tous les para-
meétres. C'est d'ailleurs ce dernier estimateur qui sera lelps utilisé.

Les premiéres preuves données par James et Stel®p]] sont trés techniques. Stein$te8]
en donna une preuve plus générale, qui mena a l'élaborationeda méthode SURE?®. On
peut en n trouver une approche bayésienne empiriqué® dans plusieurs articles, notamment
celui de Efron et Morris [EM73].

On peut remarquer quebMV et b5 ont des risques maximums égaux. En e et, tandis
que le risque de l'estimateur du maximum de vraisemblance esonstant et égal ap 2, celui
de l'estimateur de James-Stein varie en fonction dé& k. Il converge versp 2 lorsque k k
tend vers +1 , mais vaut 2 2 lorsque = 0. Ainsi, d'un point de vue minimax, ces deux
estimateurs sont équivalents. Mais I'estimateur de JameStein conduit & un gain important
guand est petit, c'est-a-dire lorsque I'hypothése faite par le sitisticien est petit
est valide.

On remarquera aussi que l'estimateur de James-Stein est fement lié a l'estimateur
de régressiorridge. Les deux reviennent en e et a déplacer les coordonnées dedtimateur
initial, qui est dans les deux cas I'estimateur du maximum devraisemblance, vers 0. L'esti-
mateur de James-Stein peut donc étre vu comme un cas partidat de régressiorridge en
design aléatoire, avec l'avantage de fournir une sélection du paraétre de régularisation
via (p  2) 2 arbitraire et e cace. On pourra par exemple lire le rapport de Draper et
Van Nostrand [DVN79] a ce sujet.

On peut interpréter I'estimateur de James-Stein comme étanun estimateur multi-taches
dans un cadre bien particulier : I'estimation de moyennes. Bur chaque tache, on doit estimer
I'espérance d'une distribution. On calcule alors la moyena empirique des échantillons pour
chaque tache. Si l'on peut faire quelques hypothéses sur leariances de ces moyennes empi-
riques, on peut alors considérer l'estimateur de James-Ste(ou plutdt, sa partie positive),
en mettant dans chaque coordonnée la moyenne obtenue pour eitache. On rapprochera
alors les moyennes les unes des autres et I'on gagnera beayrsi toutes ces espérances se
révelent étre proches.

L'estimateur de James-Stein a donc toutes les propriétés gul'on attend d'un estima-
teur multi-taches. Détaillons ces propriétés. Son utilision demande d'abord a ce que l'on
s'intéresse a la somme des erreurs quadratiques sur les diefites taches, et non a une er-
reur en particulier. De plus, on obtient une garantie d'e cacité globale, et non tache par
tache. L'estimateur multi-taches ainsi créé pourra étre mims bon pour une tache particu-
liere que l'estimateur mono-tache associé mais, s'il est samment meilleur sur les autres
taches, nous en serons satisfaits. En n, I'estimateur muittaches apporte une amélioration
signi cative quand I'hypothése qu'a faite le statisticien est correcte (ici, vers ou diriger les
coordonnées). Dans le cas contraire, il risque de n'y avoirug peu a gagner, et I'estimateur
multi-tdches pourrait méme étre moins bon que l'estimateurmono-tache.

29. SURE : Stein's Unbiased Risk Estimation.
30. De l'anglais Empirical Bayes
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1.2.2 Quelques modeles multi-taches

Nous avons déja présenté l'estimateur de James-Stein, quept étre vu comme un esti-
mateur de moyennes multi-taches. D'autres modeles ont enga été développés.

Régression ridge multivariée

On peut ensuite citer la méthode de régressiondge multivariée de Brown et Zidek [BZ80].
Ici, le mot multivarié a une signi cation proche de celle de nulti-taches : on observe plusieurs
processus, mais on ne suppose pas nécessairement qu'ilsessemblent. Nous verrons que
ces taches partagent quand méme un peu d'informations. Pré&sons ce modéle : on observe

Y=X +";

ol Y est une matrice de taillen p, X une matrice de taillen Kk, une matrice de
taille k p et " une matrice de taillen p. On suppose que l'on observey et X et que
E['] = 0. Si on note Al la colonnej d'une matrice A, on a ici p modéles de régression, du
type Y/ = X 1+ "I Ces modéles partagent deux choses :

ils ont les mémes covariables, données paX ;

leurs bruits ne sont pas nécessairement indépendants, can demande que la condition

On construit alors un estimateur ridge en design aléatoire, dépendant d'une matrice de
régularisation M, comme suit (on note par le produit de Kronecker) :

bM)=(X>X Ip+ 1 M) YXZX 1Y

La dépendance de cet estimateuM permet alors de s'adapter au fait que cep taches ne
sont pas indépendantes, et des méthodes de choix t& adaptées a des cas bien précis sont
détaillées dans l'article cité. Cet exemple est important anos yeux, car il ouvre la voie a une
analyse multi-taches de la régressionidge. Les estimateurs développés plus tard en seront
proches, mais devront en plus s'adapter a une hypothése sugmentaire : les di érentes
fonctions de régression sont censées se ressembler .

Régressions multi-tdches

Nous arrivons, enn, au sujet qui nous intéresse ici : les moges de régression multi-
taches. On commence donc par supposer un modele de régressialti-taches. On xe un

On suppose aussi, bien entendu, que, $i6 i° les variables"{ et ,3 sont indépendantes,
et ce pour tout couple (j;j 9 32. Nous ne demandons maintenant qu'a exprimer une idée :

31. Pour chaque échantillon, la loi di ere d'observation en observation.
32. On se tiendra autant que possible & la convention suivante : les indices indiquent la position dans
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littérature, deux types de catégories dans lesquelles on peclasser ces modéles de régression.
Faible dimension : On peut supposer que toutes les fonctions sont linéaires, da forme

espace vectoriel, de préférence de faible dimension. Pougsumer : lesp fonctions
peuvent étre décrites par un petit nombre de descripteurs.

Similarité euclidienne : On suppose queX est muni d'une structure hilbertienne (le plus

trouvent dans une boule deX, de préférence de petit rayon.

On le voit, ce sont des hypothéses trés di érentes, qui tradisent des conceptions assez
éloignées du concept de similarité . On utilisera pourtant, dans les deux cas, des méthodes
de pénalisation du risque empirique.

Similarité euclidienne

Nous touchons ici au c+ur de notre sujet, car c'est dans ce cad que nous placerons
notre étude. Ce dernier a été moins étudié que le cadre de lailiee dimension, que nous
venons de décrire. La principale référence est un article dévgeniou et al. EMPO05], sur
lequel nous nous fonderons pour introduire le modele. Nousedrivons maintenant le cadre
de cet article. On considére que I'on observe des coupl(e‘xqJ ;XiJ ), dé nis par

Y =X +":
On étend alors, et nous I'expliquerons, le critéraidge a ceci :

1 . KX iv> K
—KkY X k°+ Mj;k ( ! ) :
P ik

Le second terme est, comme précédemment, un terme de régusation, la matrice M étant
alors l'analogue du paramétre de régularisation. Un avantge de cette formulation est qu'il
est aisé de voir gu'il prolonge la régressiomidge en conservant certains de ses avantages,
notamment la facilité de calcul des estimateurs recontrésMais quelle régularisation e ectue-
t-on alors ? Cela dépend de la matriceM . Une matrice M diagonale fera que ce critére se
découplera enp problémes indépendants, ce qui revient a considérer les régsions mono-

taches. >A(\vecM =( +)P )lp 117, on pourra aussi créer un terme de régularisation de la
. . 2

2
forme I 2y ] K

j JH
Le cadre que nous avons cité est donc trés souple, trop peutr& et permet d'exprimer
plusieurs hypothéses sur la répartition des taches.

, forcant ainsi lesp estimateurs de taches a étre proches.

Faible dimension, parcimonie et norme nucléaire

Les méthodes de régression multi-taches utilisant cette Ipothése de faible dimension ont
été assez largement étudiées. Peut-étre est-ce di a la poplé des méthodes de régression
linéaire mono-tache qui utilisent des hypothéses de faibldimension, comme le Lasso par
exemple. Commengons par une situation simple de parcimoniée cas ou il existe un ensemble
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B? f 1;::::pgtel que, pour chaque tachg, le support de | estinclus dansB”. Le modéle
est ici simpli é, car on sait alors que le sous-espace veciet sur lequel on recherche nos
estimateurs est bien particulier. Ce probléme est alors saent traité en pénalisant le risque
empirigue de cette maniére :

L x K2+
np

On appelle cela le lasso groupé et les vecteurs de paraméti@asi obtenus auront e ective-
ment tendance a avoir un support, commun, de petite taille, ghice notamment aux propriétés
du Lasso (qui correspond a la régularisatiorL 1). L'estimateur qui minimise cette quantité
est aussi aisément calculable. Ce cas particulier fut par exnple étudié par Obozinski et
al. [OWJ11] ainsi que par Lounici et al. LPTvdG09]. On notera l'application du Lasso
groupé a des problemes de détection de rupture par Bleakley &tert [BV11] Plusieurs ex-
tensions sont possibles, par exemple en considérant plugis groupes de variables, ou chaque
groupe doit avoir un support restreint [LPTvdG11], en étendant cela a la régression a noyau
[KY08] ou bien a I'apprentissage par noyaux multiples KY10].

Traiter le cas ou l'on suppose juste que les descripteurs deb érentes taches appar-
tiennent a un sous-espace de petite dimension est plus délic Les pénalisations qui peuvent
étre alors utilisées, comme on peut le voir chez Argyriou etlalAEPO08], ne ménent alors pas
a des estimateurs que l'on peut facilement calculer. On s'esortira souvent en considérant
le probléme de minimisation suivant

Ly x K+ K Kk, ;
np -

ouk k,=tr P = est la norme nucléaire de , c'est-a-dire la somme de ses valeurs sin-
guliéres. On peut aussi citer l'article de Jacob et al. JBV08], mélant cette approche a un
probléme declustering. Rohde et Tsybakov RT11] ont analysé ce cas-la et on montré qu'il
menait a de bonnes performances de I'estimateur multi-taaks. On pourra aussi remarquer
le travail de Giraud [Girll], qui méne a une pénalisation légerement di érente.

Enn, méme si ces estimateurs peuvent sembler séduisantsa lcalibration du (ou des)
parameétres de régularisation peut étre problématique. Il fexiste pas aujourd'hui, & notre
connaissance, de méthode complétement adaptative et queii sache analyser qui permette
une telle sélection, sauf peut-étre, d'un point de vue théaque, la validation simple avec un
échantillon de test de taillen=Inn.

Des validations expérimentales

Nous n'entrerons pas ici dans les détails, mais nous nous lm@rons juste a dire que des
méthodes multi-taches ont été expérimentées dans de nomhne cadres. On citera principa-
lement le travail de these de CaruanaCar97], qui fait la part belle aux réseaux de neurones
et teste ses méthodes sur de nombreux jeux de données, réalsauati ciels. On pourra ci-
ter aussi quelques applications en robotique, par exemplepmme dans l'article de Thrun et
O'Sullivan [TO96]. En n, on pourra aussi trouver de nombreuses occurrencesed'expression
transfer learning, notamment en vision arti cielle. Il s'agit alors d'utilis er dans une tache
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une partie de I'échantillon d'une autre tache, quitte a séletionner ou déformer cette partie
de I'échantillon empruntée pour la rendre compatible a la t&he étudiée.

Des modéles multi-taches éloignés de notre sujet

Plusieurs modéles ont été développés pour étudier théorigment le multi-taches, pour
lesquels nous n'entrerons pas, la non plus, dans les détaiBaxter [Bax00] a développé un
cadre d'étude général, concernant l'apprentissage d'hygbéses par minimisation du risque
empirigue. Il montre des bornes concernant I'apprentissag de plusieurs taches tirées aléa-
toirement selon un processus commun. Dans un cadre de clasation, Ben-David et Schul-
ler [BDSO03] dé nissent ce qu'est une similarité entre deux taches biemprécisément. SoitX
un ensemble,P; et P, deux mesures de probabilité (que I'on doit apprendre) suX f 0;1g
et F un groupe de permutations deX . Alors P, et P, sont dites F -semblables si, pour toute
partie T de X f 0;1g P1 mesurable,f (T) est P, mesurable etP1(T) = Po(f (T)). Les
auteurs de cet article montrent alors que I'apprentissage @ classi eurs de plusieurs distri-
butions F -semblables est possible, en utilisant les outils introdas par l'article précédent.
C'est une approche intéressante, car elle modélise préaisént ce qu'est la similarité entre
les taches, méme si cette modélisation semble trés contra@nte et di cilement utilisable
en pratique.

1.2.3 Quelles questions se pose-t-on ici?

Dans cette thése, nous étudierons le modéle de régressionltitaches, en nous placant
dans le cadre de similarité euclidienne et en utilisant desutils de régression a noyau. Nous
nous tenterons alors de répondre a plusieurs interrogatien:

1. Quels types de similarités peut-on exprimer avec notre nugle ?
2. Comment ces similarités s'expriment-elles dans notre nugle ?

3. Peut-on calibrer les estimateurs que I'on obtient ?
4

. Le cas échéant, I'estimateur ainsi calibré a-t-il de bones qualités ? Notamment, véri e-
t-il une inégalité oracle ?

o

L'estimateur multi-taches ainsi obtenu est-il plus e cace que l'estimateur mono-taché? ?

6. Y a-t-il des situations intrinséquement favorables, ou éfavorables, a une estimation
multi-taches ?

1.3 Contributions de la thése

Nous expliquons dans cette partie les réponses que cette Hgapporte a ces questions.

1.3.1 Cadre et modeéle

Soit ( ;A;P) un espace probabilisé. On suppose que I'on observe I'échdioin D, =

un n échantillon de loi P!, dont la premiére loi marginale estP. On cherche a résoudre un

33. Autrement dit, notre travail sert-il & quelque chose ?
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probléme de régression pour chaque tache. Détaillons magrant le modele. Nous supposons
d'abord qu'il existe 2 S;* (R) etdes vecteurq"’i )}0:1 indépendants et de méme loi normale

Remarque 1.1. On suppose donc, ici, que toutes les taches ont le méme desigela facilite
notamment |'étude théorique, qui peut se faire sans cette pgthése, au prix de quelques
suppositions supplémentaires.

Remarque 1.2. La matrice est la matrice de covariance du bruit entre les taches, qui ne
sont donc pas nécessairement indépendantes conditioneflent a (X;)iL; . L'estimation de
cette matrice se révelera étre trés importante.

On se place maintenant dans un cadre de régression eesign xe, le risque qui nous

intéresse est donc, pour un estimateuf®,
mn #
1 X
E o (F(Xi)  BXi)? Xq;::1: Xy

i=1

an de garder des notations concises. Nous noterons aussi
f =vec (FI(Xi)ij ;fl =vec (FI(X;)L, ety=vec (Y1)

et prenons des notations similaires pour les estimateurs.v&c de telles notations, les éléments
sont regroupés tache par tache dans des vecteurs, en commanigpar ceux liés a la premiere
tache pour nir par ceux liés a la derniére. Nous travaillonsdonc avec une perte quadratique,

2
notée © f  etle risque quadratique associée 0 f

Nous nous placons ensuite dans un cadre de régressiaige a noyau. On se donne donc
un RKHS F  L2(P), dont le noyau associé esk et la fonction de description est : X | F
Cela nous donne la matrice de noyalk = (k(Xi;X-))1 i~ n 2 S; (R). Nous cherchons donc
a construire des estimateurs dan§ . Pour cela, dans la droite ligne des travaux de Brown et
Zidek [BZ80] ainsi que de Evgeniou et al. EMPO5], nous considérons I'estimateur solution
du probléeme de minimisation, dépendant d'un paramétre de rgularisation M 2 S; (R),

e X X )
By 2 argmin Y} X+ M hG ;G ir
G2F P P =1 j=1 NI
| {z 1. {z }
Risque empirique Terme de régularisation

On peut alors construire un RKHS dépendant deM qui permet d'utiliser le théoréme
du représentant et d'obtenir I'estimateur a design xe

By = Auy= By (@ +nply) y=(M & K)y M 1 K)+nplp ‘y:

La matrice M permet de représenter la similarité entre les taches. Calibr cette matrice
devrait donc permettre de s'adapter, au moins en partie, a dee similarité. Finalement, voici
deux exemples de type de matricé que nous utiliserons souvent par la suite.
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Exemple 1.1. Si I'on veut traiter les p taches séparément, et donc obtenir les estimateurs

mono-tache, on peut alors prendreM = Mipg( ) = %Diag( 1,111 p) pour tout 2 RP.
Cela méne a la régularisation
n #
1 1 X

) G(Xi)2+ jkKGIKE

qui se découple bien.

Exemple 1.2. On peut suivre Evgeniou et al. EMPO5] et dé nir, pour tout (; ) 2
(0;+1 )%,

1
+(p 1)
Mso(i )i=( +p)lp 117 =@ K
+(p 1)
Avec M = Mgp(; ), on obtient la régularisation

1L XX , xXP R XX , 2
- () G x)?+ ¢+ ¢ Gk

Pz j=1 j=1 j=1 k=1

Cela permet donc de régulariser a la fois les normes des foimis G et celles de leurs
di érences, GI'  GK. Ainsi, les matrices Msp(; ) peuvent étre utilisées lorsqu'on suppose
gue les fonctionsF! sont proches dand-.

1.3.2 Calibration d'un estimateur multi-taches

Nous cherchons d'abord a sélectionner une matric®l , a partir d'un ensembleM , an
gue l'estimateur associét, ait un faible risque. Pour cela, nous allons mettre en +uvre &
méthode de pénalisation du risque empirique par la pénalitédéale, que nous avions décrite
auparavant.

Pénalisation idéale du risque empirique

On cherche donc une pénalité dépendant uniquement des dore® et qui approche au
mieux 1 1 )

eng(M):= E —k fk3 E —
pengy(M) np Ry 2 np y Ay )
Un simple calcul montre que cela vaut, nonobstant un terme nelépendant pas deM ,
np

Or, cela dépend de , que I'on ne connait pas. La premiére étape de ce travail estodc
d'estimer et de montrer que cette estimation est su samment précise par que la pénalité

b
den(M)= 20 A n; In) (1.9)

peng(M) =

approche su samment bien la pénalité idéale.
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Estimation de

Notre estimateur de la matrice de covariance est fondé sur le concept de pénalité
minimale. Nous ne discuterons pas en détails ici de ces péités, le lecteur intéressé pourra
lire l'article de Arlot et Bach [ AB11] ou bien consulter le court résumé se trouvant partie
3.3, page 53. Nous nous bornerons a dire que cela permet, dans notre cadmestimer la
variance du bruit dans un probléme de régression mono-tache

Notre stratégie d'estimation est donc la suivante :

1. Sélectionner un ensemble de directions da®’, ou chaque coordonnée représente une
tache.

2. Pour chaque direction, considérer le probleme mono-taehcorrespondant a projec-
tion multi-taches selon la direction choisie et estimer la g@riance du bruit dans cette
direction.

3. Construire b a partir de ces estimations uni-dimensionnelles.

Nous formulons cela de maniére plus précise. Pour tout 2 RP on considére le probleme de
régression mono-tache

Y, =Y z=F z+E z=F,+ ", : (P2)
On peut alors noter para(z) I'estimateur de la variance du probleme P;) et (e;:::;¢&) la
base canonique deRP. On voit alors que a(g) estime ; et que a(e + g) estime ; +
ij +2 ij.Ainsi, j; peutétre estimé par(a(e + g) a(g) a(g))=2
On introduit donc la fonction J : RP(P*D=271'S . que I'on dé nit par
J(ag; i ap agp;iiagp, i@ 1p)ii = @& sil i op;
a; a a . o
J(an;:itiapiany; A iidy 1p)ij = - sil i<j  p:
On peut donc voir que
= J( 11 e 11t 22+2 127110)
et I'on pose
b= J(aer);:::;a(ey);a(er + e);:iiraler + €);iiialey 1+ €)) (1.10)
On peut alors montrer le résultat suivant, en notantc() le conditionnementde , la

relation d'ordre dé nie par A B siB A est symétrique positive et en introduisant une
hypothése sur le biais du modéle :

9
8 2f1,:::;p9;9 o5 2 (0;+1); =
r—

p_— 1 2 Inn (Hdf)

df( o) n et — (A 0; In)Fej 5 T >

n n
Théoréeme 1.1. Soit b I'estimateur dé ni dans I'équation (1.10) et supposons queHdf )
soit véri ée. Pour tout 2, il existe une constanteng( ), une constanteL; > 0 ainsi
gu'un événement®, vériant P(§ 1 p(p+1)=2 n ,telsque, sin ng( ), sur €,
@ ) b @a+) (1.11)
r
In(n
avec = L2+ )p %c() 2.
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Notre estimateur de converge donc bien vers , avec une vitesse précisée ici.

Le cas le plus souvent étudié en estimation de matrice de cavance est le cas olf est
constante ou nulle, et I'on cherche alors a améliorer la maite de covariance empirique. Bickel
et Levina [BLO8] ou Cai et al. [CZZ10Q], par exemple, utilisent des méthodes de seuillage pour
obtenir, dans le second cas, des taux de convergence minimdXautres supposent une hy-
pothése de parcimonie et utilisent ensuite des méthodes deusllage, comme Karoui Kar08],
ou bien des méthodes de régularisation, comme chez Lam et FHicF09].

n'est pas centré, ni méme homoscédastique. Former une matd de covariance empirique n'a
pas, ici, de sens.

Inégalité oracle

Nous pouvons maintenant garantir I'e cacité de l'estimate ur ﬁom calibré par la méthode
de pénalisation (.9), via une inégalité oracle. Notre résultat recouvre deux tpes de situa-
tion :

1. une situation ou lI'ensemble des matrices est discret, @permet de recouvrir certaines

situations ou I'on a peu d'informations a priori sur la répartition des taches;

2. une situation ou lI'ensemble des matrices est codiagonsdible en base orthonormée, ce
qui arrive dans plusieurs situations ou I'on a beaucoup d'iformations a priori sur la
répartition des taches, par exemple quand toutes les fonas sont regroupées dans
plusieurs clusters.

Dans la premiére situation, on suppose que I'on a un ensembl véri ant
9(C; m)2(0;+1)% cardM)<Cn ™ : (1.12)

On peut alors dé nir le parameétre sélectionné par

2
@ 2argmin B vy +2tr Ay (P 1,)
M 2M 2

L'inégalité oracle recherchée s'énonce alors comme suif) @ommant par max la plus
grande valeur propre de .

Théoreme 1.2. Soit = max( wu ;2), 2 et supposons que les hypothesésidf )
et (1.12) sont véri ées. Il existe alors des constantes ,; °> 0, une constanten;( ) ainsi
qu'un événement®, vériant P(§ 1  9P(p+ C)n , tels que, sin  ny( ), sur €,
1 p 2 1?2 1 2 4 ,p*In(n)3
— f 1+ —— inf  — f + Ly + )t
np M 2 In(n) ™2m np R 2 26() * max( ) np

Ce résultat est une version simpli ée du théoreme3.3, page 57. Le résultat original
possede aussi une variante énoncée en espérance.

Dans la deuxiéme situation, on suppose que I'on a un ensemhbié véri ant

n 0
9P 2 Op(R); M P~ Diag(dy;:::;dp)P ; (di)ip:l 2 (0;+1)F (HM)
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La parametre sélectionné est alors
) 2
Mum 2 argmin @~ Qv L2t Am Puw 1) (1.13)
M 2M

On peut maintenant énoncer l'inégalité oracle concernant € cas-la

Théoreme 1.3. Soit =2, 2 et supposons que les hypothés@ddf ) et (HM ) sont vé-
ri ées. Il existe alors des constanted» > 0; % une constanten( ) ainsi qu'un événement
€ vériant P(§ 1 %Bn tels,sin ny( ), sur €,

1 2 12 1 : 2pIn(n)®
e fo M Wl mp B, vl me@e P

Ce résultat est une version simpli ée du théoréme3.4, page 58. Le résultat original
possede aussi une variante énoncée en espérance.

Nous pouvons remarquer plusieurs choses.
L'obtention d'informations supplémentaires sur la répartition des taches permet d'ob-
tenir un algorithme simpli € possédant une plus forte garatie de convergence.
Pour que les inégalités oracles contraignent le risque dedstimateur, c'est-a-dire que le
terme de droite additif soit négligeable devant I'in mum, n et p doivent étre contraints,
ce qui exclut les cas du typep  n. Ces contraintes sont discutées dans la remarque
3.13 pagebo.
Des simulations viennent con rmer le bon comportement de rotre estimateur multi-
taches dans des cas qui ne le contraignent pas via l'inégadibracle (partie 3.6, page60).

1.3.3 Le multi-tache fonctionne-t-il ?

Nous disposons maintenant d'un estimateur multi-taches povant s'adapter a une famille
de paramétresM , c'est-a-dire choisir un paramétre 2 M dont le risque est proche du
meilleur risque possible suM . On peut alors se poser la question suivante : I'estimateuriasi
obtenu est-il plus performant que I'estimateur mono-tacheassocié ? Au vu de ce que nous
avons montré, il sut d'étudier les risques des estimateursoracles. Par souci de simplicité,
nous supposons que= 2l .

Décomposition du risque

Nous allons étudier le cas ou lep fonctions de régression appartenant a chaque tache
sont censées étre proches. Nous savons gu'il existe des ni@ds permettant de régulariser
ces fonctions ainsi que leurs di érences, une rapide étudeudisque permet cependant de se
rendre compte qu'il est plus judicieux de régulariser la mognne des fonctions ainsi que leur
variance. On utilise donc I'ensemble de matrices

Ma = Ma(; )(; )2R*
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avec N N
11 11
Mav(; )= ——+ — lp —
pp p p
Cela méne au critére suivant :
2 3
P o2 P S0 P o2
XX p j p i p i
S (vl G (Xi)?+ S A = s
NP iy j=1 P F P F
Le risque oracle est donc
8 2 39
< 1 2 =
Ri; =  inf —Eg4 M, fI 5
( L oP)2R? D NP 2,

pour le mono-tache et

pour le multi-taches.

On peut tout d'abord remarquer que le risque oracle mono-tdee RZ; est un in mum sur
p parametres, alors que le risque oracle muIti-técheRK,lT est un in mum sur uniguement
deux paramétres. Le mono-tache possede donc plus de degrésliderté que le multi-taches,
mais ne peut pas utiliser les données de taches di érentesnsiltanément. Il n‘est donc pas
évident de pouvoir obtenir la simple garantie R;{; R2; .

Notons ( i){L; les valeurs propres deK et, pour tout j 2 f1;:::;pg, (h’i L, les co-
ordonnées def ! sur la base orthonormée qui diagonalisé . Notons aussi la moyenne de
N

[ i = ! pr)—
et la variance inter-taches 34
P : P 1, P s
SIS Y T RS Y
p P ' p

On peut alors écrire le risque de I'estimateurl’qw
variance, comme

W (; ), grace a une décomposition biais-

2

i 2 X0 . 2 X 2 X0 . 2
2 %4._ ! +n2 &'2 2+(p l)
L Gen? e e LG

i=1

On peut donc étudier chaque partie séparément pour obtenir mi contrle du risque oracle.

34. Cette variance inter-taches n'est pas une variance de vaiables aléatoires. Pour rappeler son interpré-
tation comme une variance, et pour la di érencier de , nous noterons toujours cette quantité par la variante
de la lettre sigma, quand cette derniére se trouve en n de mot : &
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Contréle du risque oracle multi-taches

Nous avons besoin d'hypothéses an de contrbler la décroiasce des suiteq i), ( i)
et (&). Ces hypothéses, trés classiques, sont par exemple véridans le cas ou le RKHS

est un espace de Sobolew,, et ou les fonctions de régression sont su samment réguliese
\oici ces hypothéses :

1<2< 4 +1 : (Hu(; )
8 2fl::::ng i=ni ? : (Hk ()

L = Cyni 2

Coni 2 (Hav (5C1;Cy))

R
[

Sous ces hypothéses, le risque minimax est connu, va(t= 2)12 1 et peut étre at-
teint par des estimateursridge a noyau. On pourra pour cela consulter l'article de Johns-
tone [Joh94], ou les livres de WassermanWas0§ et de Massart Mas07.

On peut alors étudier le risque oracle, ce qui permet d'aboirt au résultat suivant, en
notant (; ) une constante ne dépendant que de et

Théoréme 1.4. Pour tout n, p, C1, Co, 2, et tels que I'hypothése(Hnm (; )) est
véri ée, on a

] h i
Ry 2700 T2 TN el (p el

De plus, il existe des constantedl et 2 (0;1) telles que, sin N, p=2 net2<2 <
4 ,0na .
np 1=2) 1 h i

1=2 = 1=2
R 7 (; ) G +(p D g

Contrdle du risque oracle mono-tache

On cherche maintenant a faire de méme pour le risque oracle mo-tache. Malheureu-
sement, les hypothéses précédentes ne correspondent pasna geule répartition des taches.
On spéci e donc maintenant deux types de répartition des tahes, qui représentent notre
hypothese : les taches sont groupées ensemble.

Hypothése 2 points : supposons, pour simpli er, que p est pair et que
fl= =fP2 gt fP2 = = fP: (2Points)
Hypothése 1 outlier
fl= =fpP 1 (10ut)

Ces hypothéses supposent, respectivement, que les fonasosont toutes également ré-
parties sur deux points, ou toutes sur un point avec une fonén en dehors. Elles sont tres
restrictives, mais nous méenerons des simulations dans deascplus intéressants.

Sous ces hypothéses, nous pouvons maintenant étudier leqige oracle mono-tache.
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Corollaire 1.1. Pourtout n, p, C1, Co, 2, et telsque2< 2 < 4 etn 2> 1, siles
hypotheses(2Points), (Has (;C1;C2)) et (Hk ( )) sont véri ées, alors

np @) 1 (: L, P— P_—1= Pp_ p__1=

REr
Corollaire 1.2. Pourtout n, p, C1, Co, 2, et telsque2< 2 < 4 etn 2> 1, siles
hypotheses(10ut), (Hay (;C1;C>)) et (Hk ( )) sont véri ées, alors
np 1=2 ) 1
— (; )

2 s ! 3
p p

?
RST

T
(p 1C, O

C1

On remarquera, et c'était attendu, que les estimateurs monadache ont un risque proche
(2 une constante prés) du risque minimax. Ces estimations sbaussi su samment précises
pour assurer que l'estimateur multi-taches introduit préc@demment a un risque quadratique
négligeable par rapport a celui de I'oracle mono-tache.

Comparaison entre les oracles mono-tache et multi-taches

On peut donc maintenant comparer les résultats précédent©n s'intéresse a la quantité

?
_ Rur
? 1
RST

c'est-a-dire au rapport entre les risques des oracles muitiches et mono-tache, et on I'ex-
primera en fonction de

Co

r=—:

C1
Le parametrer contrble la part de signal qui est contenue dans la moyenne gdedches. Sr est
petit, toutes les fonctions de régression sont trés prochete leur moyenne et I'oracle multi-
tache devrait bien mieux fonctionner que l'oracle mono-take. Sir est grand, le contraire
devrait arriver. On a alors les résultat suivants.

Corollaire 1.3. Pour tout n, p, Cq, Cy, 2. et tels que2< 2 < 4 etn 2> 1, siles
hypotheses(2Points), (Has (;C1;C>)) et (Hk ( )) sont véri ées, alors

1=2) 14 (P 1\1 (1=2),1=2

p +(57) r

Corollaire 1.4. Pourtout n, p, C1, Co, 2, et telsque2< 2 < 4 etn 2> 1, siles
hypotheses(10ut), (Hay (;C1;C>)) et (Hk ( )) sont véri ées, alors

1 (1=2)

pl=2) 14 pTl (1=2

q_— 1= 1=
Pl g+ L 4+l pr(p 1)

1
p p 1 p
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Ces deux cas sont tres di érents :
Quand r est petit, c'est-a-dire quand les taches sont trés simila@s, dans les deux cas,
tend vers Cst p'™ 1, c'est-a-dire que l'oracle multi-tiches a la méme e cacité
gue l'oracle mono-tache ayant un échantillonp fois plus grand.
Au contraire, quand r est grand, les deux situations di érent. D'un c6té, sous I'typo-
thése @Points), reste borné : l'oracle multi-tache ne peut pas faire arbitrirement
moins bien que le mono-tache. De l'autre, souslQut), tend vers+1 : l'oracle
multi-tache fait arbitrairement moins bien que le mono-tade.
Ces comportements se con rment sur des simulations (partié.8, page 106) dans un cadre
plus étendu.

Le cas positif pour le multi-tdches n'est guére surprenantCependant, le cas de la situa-
tion défavorable au multi-tdches étudiée ici est moins clai: il est fort probable que, plus
gu'une impossibilité d'utiliser toute méthode multi-tach es dans ce cas-1a, c'est l'inadéquation
du modéle M ay utilisé ici qui induit ce comportement. Faire une erreur de nodélisation
en incluant une tache a tort dans un groupe peut donc étre fordommageable aux résul-
tats d'une telle méthode multi-taches, qui n'est donc pas rbuste a de telles erreurs. D'ou
la nécessité de développer des méthodes qui puissent mieuxdavantage s'adapter aux
données!
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Notations

We recall here some notations used throughout the manuscrip

Abbreviations.
aka ... also known as
B0 exempli gratia
EQ. oo Equation
etal. ... et alii
BlC. o et cetera
B id est
Ld, independent and idertically distributed
P page
FESP. it respectively
RKHS ... reproducing kernel Hilbat space
Sect. ... Section

P,E,Var ... probability, expectation, variance

VEC ottt operator which stacks the ctumns of a matrix into a vec-
tor

Mp(R) oo set of all real matrices of sizen

Sp(R) v set of symmetric matrices of ze p

Sg (R) e set of symmetric positive-sende nite matrices of size p.

S5T(R) e set of symmetric positive-de nite matrices of sizep

Op(R) wvvi set of orthogonal matrices of &e p

(B1;1551€) v canonical basis ofRP

.............................. partial ordering on Sp(R) de ned by: A B if and only
ifB A2S;(R)

1 o vector of sizep whose components are all equal td
KKy oo usual Eyglidean norm onRK for any k 2 N: 8u 2 RX,
kukd:= K u?
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NOTATIONS

Notations used both in Chapter

(Xi;Yi)in:]_ .....................

Notations for Chapter 3.

c()

34

normal multivariate distribut ion, with mean 0 and covari-
ance matrix

estimators
complementary of the set |
Kronecker product of matricesA and B

3 and in Chapter 4.

sample size

number of tasks

sample in the single-task setting

sample in the multi-task setting (Sect 3.2.1, p. 48 and
Sect4.2.1, p. 88

p p matricial hyper-parameter

input space

set of target functions

target functions (Eq. (3.1), p. 48 and Eq. (4.1), p. 89
target vectors in the xed-design setting (Sect.3.2.1, p. 49
and Sect.4.2.1, p. 88

kernel of the RKHS (Sect.3.2.1, p. 48 and Sect4.2.],
p. 88)

kernel matrix (Sect. 3.2.1, p. 48 and Sect4.2.], p. 88)
kernel feature map (Sect3.2.1, p. 48) and Sect4.2.1, p. 88
ridge multi-task estimator with regularization hyper-
parameter M (Eq (3.2), p. 49 and Eq. (4.2), p. 89)
particular matricial hyper-parameters, suited for the
multi-task hypothesis usually made here (Sect3.2.1, p.
50 and Sect.4.2.2 p. 89)

ridge matrix for the multi- task estimator with regulariza-
tion hyper-parameter M (Sect.3.2.1, p. 51and Sect.4.2.],
p. 89)

multi-task model, subset of S7 (R), on which the multi-
task ridge estimator has to be calibrated

assumption on the bias (Eq. Hdf ), p. 55and Eq. (Hdf),
p. 104

null and alternative hypothesis

number of replications inthe simulation experiments

smallest (resp. largest) eigenvalue of
condition number of , thatis, max() = min()



NOTATIONS

matricial hyper-parameters that gives the single-task es-
timator (Sect. 3.2.1, p. 49

matricial hyper-parameters that clusters the tasks in two
clusters, indicated by the setsl and | ¢ (Sect. 3.2.1, p. 50)
RKHS for the multi-task ridge regression (Sect.3.2.1,
p. 50)

oracle hyper-parameter, vith respect to M (Sect. 3.2.2,
p. 51)

ideal penalty to calibrate the matrix M (Eq. (3.7), p. 53
degrees of freedom oA (that is, its trace), the ridge
matrix with hyper-parameter  (Sect. 3.3, p. 53)

minimal penalty, used to estimate the noise variance
(Sect. 3.3, p. 53

set of points alongside wich the noise covariance matrix
is estimated (Sect.3.4, p. 55)

maps that builds a symmetic matrix out of its outputs
on the canonical basis (Eq. 8.4), p. 55

high probability event on which the oracle inequalities are
shown to hold.

structural assumption on the multi-task model which al-
lows a simpler estimation (Eq. HM ), p. 58)

xed quantities during the simulation experiments
(Sect. 3.6, p. 60)

guantities randomly drawn during the simulation experi-
ments (Sect.3.6, p. 60)

xed but uncalculated constants

noise intensity ( =  2lp) (Sect. 4.2.1 p. 89)
regularization parameters

particular matricial hyper-parameters, suited for the
multi-task hypothesis usually made here (Sect.4.2.2
p. 90)

single-task (resp. multi-task) oracle risk (Sect.4.3, p. 90)
eigenvalues oK

coordinated of the jth regression function on the or-
thonormal that diagonalizes K (Sect. 4.3.1, p. 91)
coordinates of the mean (resp. variance) of the regres-
sion tasks in the orthonormal basis that diagonalizex
(Sect. 4.3.3 p. 93

regularity parameters of the kernel and of the signal
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Hv(; ) oo assumption that links and and ensures the ridge esti-
mator is minimax optimal (Eq. (Hm (; )), p- 99)
Hi () oo assumption on the regularity ofthe kernel (Eq. (Hk ( )),
p. 94)
Ha (;C1;C) v assumption on the regularity of the signa
(Eq. (Hav (;C1;C2)), p. 94
Ci(resp.C3) vvvvvvviiiiiinn. parameter that controls the strength of the mean (resp.
variance) of the p regression tasks
R(n;p; 2. C ) risk of a ridge estimator, depending on its reglarization
parameter (Eq. (4.8), p. 95
R?(n;p; % ::C ) v, inmum of R(n;p; 2%;;;;C ) (Sect.4.4.1, p. 96)
(7 ) o constant that only depends on and (Eq. (4.23), p. 120
B parameter  which  minimizes R(n;p; % :;;C)

(Sect.4.4.1, p. 97)
S oracle regularization hyperparameters (Sect.4.4.2 p. 98)
2Points, 10ut .................. assumptions that contrd the repartitions of the p regres-
sion functions (Sect.4.5, p. 99)
.............................. ratio between the multi-task and single-task oracle risks
(Sect. 4.6, p. 10))
L e ratio between C; and C, (Sect. 4.6, p. 10])

Throughout the manuscript, we will also try to keep the following two conventions.
Concerning observations, letteri refers to the position of the observation in the sample
(between 1 and n) and is subscripted, while letter j refers to the index of the task
(between 1 and p) and is superscripted. Thus,xiJ refers to the ith observation for
the jth task, X; refers to the ith observation and does not depend on which task is
considered andf! is an object which is related to thej th task.

Concerning signals, the function itself is capitalized (for instance, G) while the corre-
sponding vector whose coordinates are the value of this fution on the observation
points is lowercased (for instanceg).
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Chapitre 2

Main contributions of the thesis

Résumé. Nous détaillons ici, en anglais, les contributions principles que cette
thése apporte a notre domaine. Le contenu de ce chapitre cespond a la par-
tie 1.3, écrite en francais.

We detail here the main contributions this thesis brings to ar eld. This chapter
corresponds to Sectionl.3, which is written in French.

2.1 Framework and model

Let ( ;A;P) be a probability space. We suppose that, for a givem 2 N, we observe
the sample D, = (Xi; Y50 YP)L, 2 (X RP)". For every taskj 2 f1;:::;pg, Dh =
(Xi;YiJ )iL, is an n-sample of distribution Pl whose rst marginal is P. We seek to solve
a regression problem for each task. We now detail our model. ®/rst suppose there exists

2 S;* (R) and i.i.d. vectors ("})P_; following a N (0; ) distribution. We also suppose

Remark 2.1. We suppose here that all the tasks have the same design. Tlaisilftates the
theoretical study, which could be done without it, at the pce of added assumptions.

Remark 2.2. The matrix is the covariance matrix of the noise between the tasks, whic
are not necessarily independent conditionally or(X;)iL, . The estimation of this matrix is
of major importance here.

We now consider a xed design regression setting, the risk dhterest being here, for an
estimator B, " )

E %)@ (F(Xi)  BX)2 X315 X

i=1

are kept simple. We shall also note

f=vec (FI(X)y ;fl=vec (FI(X))Ly ety=vec (V)
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2.1. FRAMEWORK AND MODEL

and consider similar notations for the estimators. With su& notations, the elements are
grouped task by task in vectors, beginning by those relatedd the rst task and nishing

2
by those related to the last. We shall use the quadratic lossjenoted by © f  andthe

associated quadratic riskE 0 f

We consider a kernel ridge regression setting. Given a RKHE L2(P), whose as-
sociated kernel isk and whose feature function is : X ! F . This gives us the kernel
matrix K = (k(Xi;X*))1 i~ n 2 S, (R). We now seek to build estimators inF. To do this,
following the works of Brown and Zidek BZ80] and of Evgeniou et al. EMPO05], we consider
the estimator which is solution of the minimization problem, depending of the regularization
parameter M 2 S7 (R),

( )

1 XX ) _ xXe xXe S
By 2 argmin  — (Y G(xp)2+ M GG ik
Gzre NP, =1 =1
{z . {z )
Empirical risk Regularization term

We can then build a RKHS, which depends onM , which enables us to use the Repre-
senter's Theorem and obtain the xed-design estimator

M= Amy= By (B +nplp) ly=(M 1 K) (M * K)+nplp ‘y:

The matrix M encodes the similarity between the tasks. Calibrating thismatrix should
allow us to be adapted, at least partly, to this similarity. Finally, here are two examples of
such a matrix M, which we will often use hereafter.

Example 2.1. If we want to treat the p tasks separately, thus obtaining the single-task

estimator, we can consideM = Mjq( ) := %)Diag( 1,111 p) forevery 2 RP. This leads
to the regularization term
n #
DA

(Y X))+ kGIKE
Pio i=1
which decouples along the tasks

Example 2.2. We can follow Evgeniou et al. EMPO5] and de ne, for every (; ) 2
(0;+1)?,

1
+(p 1)
Mso(: )=( +p)lp 117 =@ X
+(p 1)
With M = Mgp(; ), we obtain the regularizer
1L XX , xXP s XX , 2
. (Y} i+ G o+ G G

np F

i=1 j=1 j=1 j=1 k=1

This allows us to regularize both the norms of the function§ and of their di erences
G GK. Hence, the matricesM so(; ) can be used when the functions! are close inF.
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CHAPITRE 2. MAIN CONTRIBUTIONS OF THE THESIS

2.2 Calibration of a multi-task estimator

We want to select a matrix M from a setM , so that the risk of the associated estimator
f}, has a low risk. In order to do this, we will penalize the empircal risk by an ideal

penalty .
2.2.1 Ideal penalization of the empirical risk

We look for an entirely data-driven penalty, which best mimics the ideal penalty
1 1 2
M):=E —k fk3 E —
peny(M) - Ry K3 =R L

A simple calculation shows that, up to a term that does not degnd onM ,
np

However, this depends on , which we do not know. The rst stage of this work is thus to
estimate and to show that this estimate is precise enough so that the pig-in penalty

peng(M) =

b
den(M)= 20 A n; In) 2.1)

approaches su ciently well the ideal penalty.

2.2.2 Estimation de

Our estimator of the covariance matrix is based on the concept of minimal penalty. We
shall not discuss these penalties in details here, and reféne interested reader to the article
of Arlot and Bach [AB11] or to the short summary in section 3.3, page 53. We will just
say that they allow, in our framework, to estimate the variance of the noise in a single-task
framework.

Our estimation strategy is the following:

1. Select a set of directions inRP, where each coordinate represents a task.

2. For each direction, consider the single-task problem coesponding to the multi-task
projection along the chosen dimension and estimate the vaance of the noise along
this dimension.

3. Build P back from those one-dimensional estimations.
We precise this here. For everyz 2 RP, we consider the single-task regression problem

Y, =Y z=F z+E z=F,+",: (Pz2)

We can denote bya(z) the estimator of the variance of the noise of problem B,) and
(e1;:::;€) the canonical basis ofRP. Then, we see thata(e) estimates j; and that
a(g+eg)estimates i+ jj +2 ij. S0, j; canbe estimated by(a(e+¢) a(e) a(g))=2.
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2.2. CALIBRATION OF A MULTI-TASK ESTIMATOR

Therefore, we introduce the functionJ : RPP*D=2 71 S de ned by

J(ag; i ap agp;iiagp, i@ 1p)ii = @& sil i op;
aii  a a . o
J(ag;iiiapiagz i agps il @ 1plij = E 2' Lsi1l i< p:
We can see that
= J( iy gy 11t 22+2 125000)
and we denote
b= J(a(er);:::;a(ep);aler + e);:::;a(er + ep);:::;a(e 1+ €y)) (2.2)

We can then show the following result, denoting byc() the condition number of
the order relation dened by A B if B A is symetric positive semi-de nite and by
introducing an assumption on the bias of the model:

IV ©

r—
p_ 1 ) Inn (Hdf)

dft o) "N oand (A e 5 g - 7

Theorem 2.1. Let P be the estimator de ned by Eq.(1.10 and suppose that Eq(Hdf )

holds. For every 2, there exists a constantng( ), a constantL, > 0 and an event€,

verifying P(§ 1 p(p+1)=2 n ,suchthat,ifn ng( ), on €,

@ ) b L+ ) (2.3)

with = L2+ )p @c() 2

Consequently, our estimator is consistent and converges to with a rate that is given
here.

The most often studied case in covariance matrix estimatioris the one wheref is con-
stant or null, one may then seek to improve the performance othe empirical covariance
matrix. Bickel and Levina [BLO8] or Cai et al. [CZZ1(], for instance, use thresholding meth-
ods to obtain, in the second article, minimax convergence tas. Others formulate a sparsity
assumption and then use thresholding methods, like Karouidar08], or regularization meth-
ods, as in Lam and Fan LFQ9].

is nor centered nor homoscedastic. Constructing an empirat covariance matrix makes no
sense here

2.2.3 Oracle inequality

We can now guarantee the e ciency of the estimatoribm , calibrated by the penalization
scheme 2.1), by showing an oracle inequality. Our results cover two kimls of situations:

1. a situation where the matrix set M is discrete, which can help to deal with setting
where fewa priori knowledge on the repartition of the tasks is available ;
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CHAPITRE 2. MAIN CONTRIBUTIONS OF THE THESIS

2. a situation where the matrix setM is jointly diagonalizable in an orthonormal basis,
which happens in settings where strong priori knowledge on the repartition of the
tasks is available, for instance when all the tasks are knowto be grouped in several
clusters.

In the rst situation, we suppose M veri es
9(C; m)2(0;+1)% cardM)<Cn M : (2.4)

We can then de ne the selected parameter by

2
@ 2argmin @, y +2tr Ay (P 1,)
M 2M 2

We can then enunciate the oracle inequality as follows, denimg by max the largest
eigenvalues of .

Theorem 2.2. Let = max( wm;2), 2 and suppose AssumptiongHdf ) and (2.4)
hold. Then, there exists constantd ,; °> 0, a constant ni( ) and an event€, verifying
P 1 Y(p+ C)n ,suchthat, ifn nq(), on €,

2 1 2

1
— 1+

4 3
inf 2P In(m)?
np 2 In(n) M2m

np

This is a simpli ed version of Theorem 3.3, page57. The original result also has a version
that is stated in expectation.
In the second situation, we supposé/ veri es
n 0
9P 2 Op(R); M P~ Diag(ds;:::;dp)P ; (di)!ozl 2 (0;+1)F (HM)

1 2
n_p qu f ) + Loc() 4 max (

The selected parameter then is

) 2
@ uv 2 argmin f y +2tr Ay (bHM In) : (2.5)
M 2M 2

We can then enunciate the oracle inequality as follows,

Theorem 2.3. Let =2, 2 and suppose AssumptiongHdf ) and (HM ) hold. Then,
there exists constantsL, > 0; % a constant ny( ) and an event €, verifying P(§
1 %n , suchthat,ifn ny(), on €,

1 2 1 2
— 1+ inf
np HM 2 In(n) wm2m

1 ’ 2pIn(n)* .
o M L ma(@r )P

This is a simpli ed version of Theorem 3.4, page58. The original result also has a version

that is stated in expectation.
We can remark several things.
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Gaining additional information on the repartition of the t asks allows to obtain a sim-
pli ed algorithm which has a stronger convergence guarante.

In order for the oracle inequalities to constrain the risk of the estimator, that is so
that the right-hand term is neglictible in front of the inmu m, n and p have to be
constrained, which excludes situations liken  p. Those constraints are discussed in
Remark 3.13 page59.

Simulated experiments con rm the behaviour of our estimator in situations that do
not constrain its risk via the oracle inequalities (Section3.6, page 60).

2.3 Does multi-task work ?

We now have a multi-task estimator which is able to adapt to a @rameter family M ,
that is to choose a parameter® 2 M whose risk is close to the best risk oM . We can
then ask the following question: does the estimator thus olatined performs better than the
associated single-task estimator ? Considering our precid results, it su ces to compare
the risks of the oracle estimators. We suppose for simpligitthat = 2| p-

2.3.1 Decomposition of the risk

We will study the case where thep regression functions belonging to each task are
supposed to be close. We know some matrices which can be usedégularize those functions
and their di erences. However, a quick study of this risk shavs that it is smarter to regularize
both the mean of those functions and their variance. Hencefth, we use the following set
of matrices:

Ma = Ma(; )(; )2R*

with N N
11 11
Mav(; )= = +— |
pp p " p
This leads to the following criterion:
2 3
P 3 P -2 P )
XX p j p j p j
L (vl GXi)?+ =G 4 G i21¢ g
np. .. p p
i=1 j=1 F F
The single-task oracle then is
8 2 39
<4 5 =
RZr= in —E4 0 15
( L P)2RP D NP : 2,

and the multi-task oracle risk is
2

1
RZ: = inf —E : f
MT (: )ZRE np Iti\/lAv ;) 2

We can rst remark that the single-task oracle risk RZ; is an in mum over p parameters,
while the multi-task oracle risk R',-\’,IT is an in mum over only two parameters. The single-task
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CHAPITRE 2. MAIN CONTRIBUTIONS OF THE THESIS

oracle thus has more degrees of freedom than the multi-taskne, but cannot simultaneously
use data from di erent tasks. Hence, it is not obvious that the sole guarantee R;;;  RZ;
can be obtained.

= i = ! pr)—
and the inter-task variance *
P . P 1y P 1
oo JaD2 TRt we T
p P Py p

We can then write the risk of the estimator (: ), thanks to the bias-variance decom-
position:

X i 2 X0 2 X 2 X0 2
S S B g (1 | |

L Gitn)Znp, . i+n L Gitn)2 p i

We can then study each part separately to obtain a control on lhe multi-task oracle risk

2.3.2 Control of the multi-task oracle risk

We need some assumptions to control the decay of the sequesge;), ( i) and (&). Those
very classical assumptions are for instance veri ed in the ase where the RKHS is a Sobolev
spaceW,, and where the regression functions are regular enough. Thesassumptions are:

1<2< 4 +1 : Hm(: )
8i2fL:::;ng ;=ni 2 : (Hk (1))
« ,
8 2f1::::ng; 5 = Cni ? (Hav (:C1;C2))
&.2 = Coni 2

Under those assumptions, the minimax rate is known and is oftte order of(n= 2)2 1,
and can be matched by kernel ridge estimators. See the artielof Johnstone Joh94], or the
books of Wasserman\\Vas0§ and Massart [Mas07] for more details.

We can then study the oracle risk, which leads to the followig result, denoting by (; )
a constant which only depends on and

1. This inter-task variance is not a probabilistic variance . To remind its interpretation as a variance, and
to di erenciate it from , we will always denote it by the variant of the letter sigma, a s it is written when
located at the end of a word: &
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Theorem 2.4. For everyn, p, Cq, Co, 2 and such that Assumption(Hy (; )) holds,
we have
_ h i
= np l_(z) 1 . 1=(2 = 1=2
Rir  29¢) = (; ) i@ +(p 1t O2)g;
Moreover, there exists constantsN and 2 (0;1) such that, if n N, p=2 n and
2< 2 < 4 , we have
h i

1=2 ) 1 _ _ _
np () Cll_z +(p 1 (1‘2)C21‘2

?
Ryt 3

2.3.3 Control of the single-task oracle risk

We now try to obtain a similar result for the single-task orade risk. Unfortunately, the
former assumptions do not correspond to only one repartitin of the tasks. We now specify
two kinds of those repartitions, which represent our hypottesis : the tasks are grouped
together.

Assumption 2 points : suppose, for simplicity, that p is even and that

fl=  =fP2 gt fP21 = =¢P: (2Points)
Assumption 1 outlier :
fl=  =fP1;: (10ut)

Those assumptions assume, respectively, that thp regression functions are equally split
over two points, or are all gathered on one point excepted foone outlier. They are extremely
restrictive, but we shall relax them later by running simulations.

Under those assumptions, we can now study the single-task acle risk.

Corollary 2.1. For everyn, p, C1, C,, 2, and suchthat2< 2 < 4 andn 2> 1, if
Assumptions (2Points), (Hay (;C1;C>)) and (Hk ( )) hold, then

np 1=2) 1 (: L P— P—1= P_— pP_1=
—2 (2) pt =2 Ci+ C + G Co

2
Rsr

Corollary 2.2. For every n, p, Cq, Co, 2 and suchthat2< 2 < 4 andn 2> 1, if
Assumptions (10ut), (Hav (;C1;C2)) and (Hk ( )) hold, then

np 1=2 ) 1 .

R& = ;)
2 s
11=2 4P 1 pC_1+ C,
p p 1

!l: 3

P p_—___1
C1 (p 1C, O

p

Tl

Notice that, as expected, the single-task oracle have a riskhich is close, up to a constant,
to the minimax risk. Those estimations are precise enough t@nsure that the multi-task
oracle introduced before has a quadratic risk which is negitible compared to the single-task
oracle risk, in favourable situations.
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2.3.4 Comparison between single-task and multi-task oracl e risks
We can now compare the results obtained previously. We willdok at the quantity
_ Rir
2 )
Rar

which we will express in terms of

Co

r=—:

Ci
The parameter r controls the amount of the signal held in the mean of the tasks If r is
small, all the regression functions are close to their meanna the multi-task oracle should
perform better than the single-task one. However, it is large, the contrary should happen.
We can then obtain the following results.

Corollary 2.3. For everyn, p, C, C», 2, and suchthat2< 2 < 4 andn 2> 1, if
Assumptions (2Points), (Has (;C1;C2)) and (Hk ( )) hold, then

1=2) 1,.(P 1\1 (1=2),1=2
p + (251 r

@+ Nt Tt

Corollary 2.4. For everyn, p, C1, C,, 2, and suchthat2< 2 < 4 andn 2> 1, if
Assumptions (10ut), (Hay (;C1;C5%)) and (Hk ( )) hold, then

p1=(2) 14 p1 1 a=2) r 172
p

p1 g0 F

P —
p i tpl e D

Those two examples show di erent behaviours.
When r is small, in both situations, goes toCst p*? 1, that is, the multi-task
oracle performs similarly than the single-task oracle witha p times larger sample.
When r is large, the two situations di er. On the one side, under Assimption (2Points),
stays bounded: the multi-task oracle cannot perform arbitarily worse than the
single-task one. On the other side, under AssumptioniOut), goes to+1 : the
multi-task oracle performs arbitrarily worse than the singe-task one.
Those behaviours are con rmed on simulated examples (Seath 4.8, page106) in a broader
setting.

The positive behaviour of the multi-task estimator is hardly surprising. However, the
situation of the case where the multi-task fails is unclear:it is probable that, more than
an impossibility to obtain any multi-task procedure here, it is the model M v itself which
is not tted and that induces this behaviour. Committing a mo delisation error by wrongly
including a task in a cluster it does not belong to can therefe be extremely damaging to
this kind of multi-task procedure, which is now showed to be on robust to such errors. It
is therefore crucial to develop procedures that can adapt lter to the data !
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Chapitre 3

Multi-task Regression using Minimal
Penalties

Résumé. Dans ce chapitre, nous introduisons et étudions une méthodde ré-
gression ridge, a noyau, dans un cadre multi-taches, en uslnt une technique
de pénalisation. L'analyse théorique qui y est menée montrgue la calibration
optimale de cette méthode repose sur I'estimation de la maite de covariance
du bruit, entre les di érentes taches. Nous avons recours arunouvel algorithme
permettant de mener a bien cette estimation, fondé sur le carept de pénalité
minimale qui est utilisée dans un contexte mono-taches pour estimer la vari-
ance du bruit. Ensuite, nous nous assurons de la consistande cet estimateur,
dans un cadre non asymptotique et sous de faibles hypothésesn n, l'injection
de cet estimateur dans la pénalité correspondante permet abtenir une inégal-
ité oracle, qui certi e une certaine forme d'optimalité. Des simulations sur un
jeu de donnée arti ciel viennent compléter notre étude de ceestimateur, qui
con rment les analyses décritent précédemment.

3.1 Introduction

A classical paradigm in statistics is that increasing the seple size (that is, the number
of observations) improves the performance of the estimatsr However, in some cases it may
be impossible to increase the sample size, for instance besa of experimental limitations.
Hopefully, in many situations practicioners can nd many related and similar problems, and
might use these problems as if more observations were availe for the initial problem. The
techniques using this heuristic are called multi-task techniques. In this paper we study the
kernel ridge regression procedure in a multi-task framewdt

One-dimensional kernel ridge regression, which we refer tas single-task regression,
has been widely studied. As we brie y review in Section3.3 one has, givenn data points
(Xi;Yi)iL,, to estimate a function f , often the conditional expectationf (X;) = E[Y;jX;], by
minimizing the quadratic risk of the estimator regularized by a certain norm. A practically
important task is to calibrate a regularization parameter, that is, to estimate the regular-
ization parameter directly from data. For kernel ridge regression (a.k.a. smoothing splines),
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3.2. MULTI-TASK REGRESSION: PROBLEM SET-UP

many methods have been proposed based on dierent principde for example, Bayesian
criteria through a Gaussian process interpretation RWO06] or generalized cross-validation
[Wah9qQ]. In this paper, we focus on the concept of minimal penalty, \Wwich was rst intro-
duced by Birgé and MassartBM07] and Arlot and Massart[AMO09] for model selection, then
extended to linear estimators such as kernel ridge regressi by Arlot and Bach [AB11].

In this article we considerp 2 di erent (but related) regression tasks, a framework we
refer to as multi-task regression. This setting has alredy been studied in di erent papers.
Some empirically show that it can lead to performance improgment [TO96, Car97, BHO3].
Liang et al. [LBBJ10] also obtained a theoretical criterion (unfortunately non observable)
which tells when this phenomenon asymptotically occurs. Seral di erent paths have been
followed to deal with this setting. Some consider a setting Wwere p n, and formulate
a sparsity assumption which enables to use the group Lassossuming all the dierent
functions have a small set of common active covariateOWJ11, LPTvdG11]. We exclude
this setting from our analysis, because of the Hilbertian nture of our problem, and thus
will not consider the similarity between the tasks in terms d sparsity, but rather in terms of
an Euclidean similarity. Another theoretical approach hasalso been taken (see for example,
Brown and Zidek [BZ80], Evgeniou et al. EMPO05] or Ando and Zhang JAZ05] on semi-
supervised learning), the authors often de ning a theoretcal framework where the multi-
task problem can easily be expressed, and where sometimedusons can be computed.
The main remaining theoretical problem is the calibration d a matricial parameter M
(typically of size p), which characterizes the relationship between the tasksrad extends
the regularization parameter from single-task regressianBecause of the high dimensional
nature of the problem (i.e., the small number of training ob®rvations) usual techniques, like
cross-validation, are not likely to succeed. Argyriou et al [AEPO8] have a similar approach
to ours, but solve this problem by adding a convex constraintto the matrix, which will be
discussed at the end of Sectioi3.5.

Through a penalization technique we show in Sectior3.2 that the only element we have
to estimate is the correlation matrix  of the noise between the tasks. We give here a new
algorithm to estimate , and show that the estimation is sharp enough to derive an oree
inequality for the estimation of the task similarity matrix M, both with high probability
and in expectation. Finally we give some simulation experirant results and show that our
technigue correctly deals with the multi-task settings with a low sample-size.

The notations used here are recapitulated at the end of the imoduction (page 33)

3.2 Multi-task Regression: Problem Set-up

We considerp kernel ridge regression tasks. Treating them simultaneodyg and sharing
their common structure (e.g., being close in some metric sga) will help in reducing the
overall prediction error.

3.2.1 Multi-task with a Fixed Kernel

Let X be some set and= a set of real-valued functions overX. We supposeF has a
reproducing kernel Hilbert space (RKHS) structure Aro50], with kernel k and feature map
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D} = (Xi;y{ IL, is a sample with distribution P;, for which a simple regression problem has
to be solved. In this paper we consider for simplicity that the di erent tasks have the same
design(X;)L; . When the designs of the di erent tasks are di erent the analysis is carried

We now de ne the model. We assumg(F1;:::;FP) 2 FP, is a symmetric positive-
de nite matrix of size p such that the vectors ("{)}D=l are i.i.d. with normal distribution
N (0; ) , with mean zero and covariance matrix , and

8i2fl1:::;ng8 2f1;:::;p0; y{ = FI(X;) + J| : (3.1)

This means that, while the observations are independent, tb outputs of the di erent tasks
can be correlated, with correlation matrix  between the tasks. We now place ourselves
in the xed-design setting, that is, (X;)iL, is deterministic and the goal is to estimate

FL(Xi); i FP(X)) in:l. Let us introduce some notation:
min = min() (resp. max) denotes the smallest (resp. largest) eigenvalue of.
()=  max= min is the condition number of

To obtain compact equations, we will use the following de ntion:

De nition 3.1. We denote by F the n  p matrix (f1(Xi))1 i n:1 i p and introduce

by stacking the columns of F. Similarly we dene Y := (y{) 2 M p(R), y == vec(Y),
E:=(")2M, p(R) and" := vec(E).

In order to estimate f, we use a regularization procedure, which extends the clasal
ridge regression of the single-task setting. LemM be ap p matrix, symmetric and positive-

by 8 9
S XX _ XX LT
By 2 argmin (vl g X))+ Mjihd ;giF (32)
g2FP - NPy g j=1 =1 '
and we denote byfm its xed-design analogous. AlthoughM could have a general uncon-
strained form we may restrict M to certain forms, for either computational or statistical
reasons.

Remark 3.1. Requiring thatM 0 implies that Eq. (3.2) is a convex optimization problem,
which can be solved through the resolution of a linear systeras explained later. Moreover
it allows an RKHS interpretation, which will also be explaied later.

Example 3.1. The case where the tasks are treated independently can be considered in

this setting: takingM = Minq( ) = %Diag( 1;:01; p) forany 2 RP leads to the criterion
" #
11X X _ ) -
D - v g+ jkdkE (3.3)
j=1 i=1

that is, the sum of the single-task criteria described in Séon 3.3. Hence, minimizing
Eqg. (3.3) over 2 RP amounts to solveindependently p single task problems.
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3.2. MULTI-TASK REGRESSION: PROBLEM SET-UP

Example 3.2. As done by Evgeniou et al. EMPO05], for every ; 2 (0;+1 )2, de ne

1
+(p 1)
Mso(: )=( +p)lp 117 =@ X
+(p 1)
Taking M = Mgp(; ) in Eq. (3.2) leads to the criterion

1 XX . 5 xXP R X0 X . . 2
el (- OND K ¢ g (3.4)

p._. . o 2 F

=1 =1 j=1 j=1 k=1

Minimizing Eq. (3.4) enforces a regularization on both the norms of the functiong and the
norms of the dierencesg g¥. Thus, matrices of the formMgp(; ) are useful when the
functions g are assumed to be similar inF. One of the main contributions of the paper
is to go beyond this case and learn from data a more general slamity matrix M between
tasks.

Example 3.3. We extend Example3.2 to the case where the tasks consist of two groups
of close tasks. Letl be a subset of 1;:::;pg, of cardinality 1 k p 1. Let us denote

Diag(l) the diagonal matrix d with componentsd;; = 1;j2,. We then de ne

Mi(;; )= lp+ Diag(l)+ Diag(1®) 117 p—llclfci

Kk Kk
This matrix leads to the following criterion, which enforce a regularization on both the norms

of the functionsg and the norms of the di erencesg  ¢* inside the groupsl and I ¢:
1 XX j _ 5 xXP R
np i gdXi)+ g ¢
i=1 j=1 j=1 (3.5)
X X gJ e 2 X X gJ . 2 )
+ — g + — g .
2 j21 k21 P2 k)j2I°k2I° F

As shown in Section3.6, we can estimate the sel from data (see the work of Jacob et
al. [JBV08] for a more general formulation).

Remark 3.2. Sincel, and 11> can be diagonalized simultaneously, minimizing Eq(3.4)
and Eq. (3.5) is quite easy: it only demands optimization over two indepelent parameters,
which can be done with the procedure of Arlot and BachAB11].

Remark 3.3. As stated below (Property3.1), M acts as a scalar product between the tasks.
Selecting a general matrixM is thus a way to express a similarity between tasks.

Following Evgeniou et al. EMPO05], we de ne the vector-spaceG of real-valued functions
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We now de ne a bilinear symmetric form over G,

XX
89:h2G ; Mg hig:= M hg(5i)sh(5DiE;
j=1 1=1

which is a scalar product as soon ad is positive semi-de nite (see proof in Appendix3.A)
and leads to a RKHS (see proof in Appendix3.B):

Property 3.1. With the preceding notationsh; i is a scalar product onG.
Corollary 3.1. (G h; ig) is a RKHS.

In order to write down the kernel matrix in compact form, we introduce the following
notations.

De nition 3.2 (Kronecker Product). Let A 2 M nn(R), B 2 M p4(R). We de ne the
Kronecker product A B as being the(mp) (ng) matrix built with p g blocks, the block
of index (i;j ) beingAij B:
0 1
AB=B : .
The Kronecker product is a widely used tool to deal with matrices and tensor products.
Some of its classical properties are given in SectioB.E; see also Horn and JohnsorHJ91].

Property 3.2.  The kernel matrix associated with the desigi€ := (X;;j)i; 2X f 1;:::;pg
and the RKHS (G h; ig)isy =M 1 K.

Property 3.2 is proved in Appendix 3.C. We can then apply the representer's theorem
[SS02 to the minimization problem (3.2) and deduce thatfQ, = Am y with

Am = Aux = Bu (v + nplpp) t=(m ' Ky Mt K)+ nplnp

3.2.2 Optimal Choice of the Kernel

Now when working in multi-task regression, a seM S ;* (R) of matricesM is given,
and the goal is to select the best one, that is, minimizing wer M the quadratic risk
n kM k3. For instance, the single-task framework corresponds tp = 1 and M =
(0;+1 ). The multi-task case is far richer. The oracle risk is de nedas

2

inf My f : (3.6)

M 2M 2

The ideal choice, called the oracle, is any matrix
2

M?2 argmin  fQ, f
M 2M 2
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Nothing here ensures the oracle exists. However in some spaccases (see for instance
Example 3.4) the in mum of kfy k2 over the setffy; M 2 Mg may be attained by
a function f 2 F P which we will call oracle by a slight abuse of notation wh ile the
former problem does not have a solution.

From now on we always suppose that the in mum offk i}y f k?g over M is attained
by some functionf ? 2 F P. However the oracleM ? is not an estimator, since it depends on
f.

Example 3.4 (Partial computation of the oracle in a simple setting). It is possible in certain
simple settings to exactly compute the oracle (or, at leassome part of it). Consider for
instance the set-up where the functions are taken to be equal (that isf * = =fP). In
this setting it is natural to use the set

Msp:= Msp(; )=( +p)lp 511>=(; )2 (0;+1 )2

Using the estimator f§, = AmYy we can then compute the quadratic risk using the bias-
variance decomposition given in Equation(3.33):

2
E f2 = k(Aw  Inp)fKE+tr( AjAm ( 1n) -

Computations (reported in Appendix 3.D) show that, with the change of variablee = +p ,
the bias does not depend oa and the variance is a decreasing function oé. Thus the oracle

verify f 17 = = fP? It is also noticeable that, if one assumes the maximal eigealue of
stays bounded with respect t@, the variance is of orderO(p 1) while the bias is bounded
with respect top.

As explained by Arlot and Bach [AB11], we choose
1 2
M 2 argminfcrittM)g with crittM)= — y f, +pen(M) ;
M 2M np 2

where the penalty term pen(M ) has to be chosen appropriately.

express the similarities between the tasks (that is, betwe¢he f ) is via the setM , which
represents the a priori knowledge the statistician has abbuhe problem. Our goal is to
build an estimator whose risk is the closest possible to theaole risk. Of course using an

performances. Explicit multi-task settings are given in Eamples3.1, 3.2 and 3.3 and through
simulations in Section 3.6.

xed
The unbiased risk estimation principle Aka70, introduced by] requires
2

. 1 _
Elcrit(tM)] E = f £
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PENALTIES
which leads to the (deterministic) ideal penalty
— 1 2 1 2
peny(M) = E npkﬁ,, fk3 E =R f ,
Sincefyy = Amy andy = f + ", we can write
2 2
y L= Ry f * K'k3 20 AM " +2H; (lgp Aw)fi

Since" is centered andM is deterministic, we get, up to an additive factor independat
of M,

_ 2E[H5AM"MI]
peng(M) = o
that is, as the covariance matrix of" is I,
2tr Ayw ( In)
peng(M) = - T (3.7)

In order to approach this penalty as precisely as possible,avhave to sharply estimate . In
the single-task case, such a problem reduces to estimatingyé variance 2 of the noise and
was tackled by Arlot and Bach [AB11]. Since our approach for estimating heavily relies
on these results, they are summarized in the next section.

Note that estimating is a mean towards estimatingM . The technique we develop later
for this purpose is not purely a multi-task technique, and mg also be used in a di erent
context.

3.3 Single Task Framework: Estimating a Single Variance

This section recalls some of the main results from Arlot and Beh [AB11] which can be
considered as solving a special case of Secti®2, with p=1, = 2> 0andM =[0;+1 ].
Writing M = with 2 [0;+1 ], the regularization matrix is

8 2(0;+1); A =Ayx =KK+nl,) t;
Ao = I, and A1 =0; the ideal penalty becomes

2 2tr(A )

peng( )= -

By analogy with the case whereA is an orthogonal projection matrix, df( ) = tr( A )

is called the e ective degree of freedom, rst introduced byMallows [Mal73]; see also the

work by Zhang [Zha05. The ideal penalty however depends on 2; in order to have a fully

data-driven penalty we have to replace ? by an estimator b? inside peng( ). For every
2[0;+1 ], dene

Qtr(Ax) t(A% Ax))

penmin( ):penmin(;K ):: n
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We shall see now that it is aminimal penalty in the following sense. If for everyC > 0

by(C) 2 argmin La « Y YK + Cpenyn(;K)
2[0;+1] N

then up to concentration inequalities I%(C) acts as a mimimizer of
1 1
gc()=E “KAY Ykg+Cpenyn()  *= k(A In)fkG+(C  ?peny() :

The former theoretical arguments show that
if C< 2, gc( )decreases withdf( ) so that df(bo(C)) is huge: the procedure over ts;
if C> 2 gc( ) increases withdf( ) whendf( ) is large enough so thatdf(bo(C)) is
much smaller than whenC < 2,

The following algorithm was introduced by Arlot and Bach [AB11] and uses this fact to

estimate 2.

Algorithm 3.1. Input: Y2R" K 2SS (R)
1. For every C > 0O, compute

by(C) 2 argmin lkA;K Y YK+ Cpenyin(iK)
2[0+1]1 N

2. Output:  ® such thatdf(Po(®)) 2 [n=10;n=3].

An e cient algorithm for the rst step of Algorithm 3.1 is detailed by Arlot and Mas-
sart [AM09], and we discuss the way we implemented Algorithn3.1 in Section 3.6. The
output ® of Algorithm 3.1is a provably consistent estimator of 2, as stated in the following
theorem.

Theorem 3.1 (Corollary of Theorem 1 of Arlot and Bach [AB11]). Let = 150. Suppose
" N (0; 2l,) with 2>0,andthat ¢2 (0;+1) andd, 1 exist such that

r—

df( o) pﬁand%k(Ao 1)FKE  dy 2 '”T”: (3.8)

Then for every 2, some constantng( ) and an event exist such thatP() 1 n
andifn ng(),on ,
r ! r !

1 @2+) '”T” 2.6 1+ (2+ )d, @ 2 (3.9)

Remark 3.5. The valuesn=10 and n=3 in Algorithm 3.1 have no particular meaning and
can be replaced byn=k, n=k® with k > k®> 2. Only depends onk and k° Also the
bounds required in Assumption(3.8) only impact the right hand side of Equation(3.9) and
are chosen to match the left hand side. See Property 10 of Atland Bach [AB11] for more
details.
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3.4 Estimation of the Noise Covariance Matrix

Thanks to the results developped by Arlot and Bach AB11] (recapitulated in Sec-
tion 3.3), we know how to estimate a variance for any one-dimensiongiroblem. In order to
estimate , which hasp(p+ 1) =2 parameters, we can use several one-dimensional problems.
Projecting Y onto some directionz 2 RP yields

Y, =Y z=F z+E z=F;+";; (PZ)

with ", N (0; 2I,) and 2:=Var[" z]= z> z. Therefore, we will estimate 2 forz2Z
a well chosen set, and use these estimators to build back antiesation of
We now explain how to estimate using those one-dimensional projections.

De nition 3.3.  Let a(z) be the output ® of Algorithm 3.1 applied to problem (P;), that
is, with inputs Y; 2 R" and K 2 S!* (R).

The idea is to apply Algorithm 3.1to the elementsz of a carefully chosen seZ . Noting

feg+eg;, 1 i<] pg. We can see thata(g) estimates i, while a(g + ) estimates
ii+ jj *2 ij. Henceforth, j; can be estimated by(a(e + ) a(e) a(g))=2. This
leads to the de nition of the following map J, which builds a symmetric matrix using the
latter construction.
p(p+1)

Denition 3.4. LetJ:R 2 !'S (R) be dened by

bsimpli ed = P~ Diag(a(e(l)); N ;a(eg)) P (3.11)

This algorithm has a smaller computational cost and leads tbetter theoretical bounds(see
Remark 3.10 and Section3.5.2).

Letus recall that 8 2 (0;+1), A = Ayx = K(K +nl ) 1 Following Arlot and
Bach [AB11] we make the following assumption from now on:

Ko
N
—h
Lo
o
«
©
2
N
—~
o
+
=
N
1Y

, o (Hdf)

p_ 1
df( o) n and ~ (A, In)Fg 5 i

We can now state the rst main result of the paper.
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Theorem 3.2. Let b be de ned by Eq.(3.10, =2 and assume(Hdf) holds. For every
2, a constant ng( ), an absolute constantL; > 0 and an event exist such that
P() 1 p(p+1)=2 n andifn ng(),on ,

@a ) b (1+r) (3.12)
In(n)
n

where = Li(2+ )p o) ?:

Theorem3.2is proved in Section3.E. It shows P estimates with a multiplicative error
controlled with large probability, in a non-asymptotic setting. The multiplicative nature of
the error is crucial for deriving the oracle inequality stated in Section3.5, since it allows to
show the ideal penalty de ned in Equation (3.7) is precisely estimated when is replaced
by b.

An important feature of Theorem 3.2 is that it holds under very mild assumptions on
the meanf of the data (see Remark3.8). Therefore, it shows P is able to estimate a
covariance matrix without prior knowledge on the regression functionwhich, to the best of
our knowledge, has never been obtained in multi-task regregn.

Remark 3.7 (Scaling of (n;p) for consistency) A su cient condition for ensuring bis a
consistent estimator of is r

po() 2

which enforces a scaling between, p and c() . Nevertheless, this condition is probably not
necessary since the simulation experiments of Sectidh6 show that can be well estimated
(at least for estimator selection purposesin a setting where 1

nw
n - '

Remark 3.8 (On assumption (Hdf )). Assumptign (Hdf ) is a single-task assumption(made
independeBtIy for each task The upper bound In(n)=n can be multiplied by any factor
1 d, n=In(n) (as in Theorem 3.1), at the price of multiplying by d, in the upper
bound of Eqg.(3.12. More generally the bounds on the degree of freedom and thebiin
(Hdf ) only in uence the upper bound of Eq.(3.12. The rates are chosen here to match the
lower bound, see Property 10 of Arlot and BachAB11] for more details.

Assumption (Hdf ) is rather classical in model selection, see Arlot and BachAB11] for
instance. In particular, (a weakened version of (Hdf ) holds if the biasn k(A  I,)Fek3
is bounded byC;tr(A ) ©2, for some Cy;C, > 0.

Remark 3.9 (Choice of the setZ). Other choices could have been made fa@, however

ours seems easier in terms of computation, sincgZj = p(p + 1) =2. Choosing a larger set

Z leads to theoretical di culties in the reconstruction of P, while taking other basis vectors
leads to more complex computations. We can also note that ireasing jZj decreases the
probability in Theorem 3.2, since it comes from an union bound over the one-dimensional
estimations.

Remark 3.10. Whenb=" Dy 4 as de ned by Eq.(3.11), that is, when a diagonalization
basis of is known, Theorem %2 still holds on a set of larger probabilityl pn  with
a reduced error = Li( + ) In(n)=n. Then, a consistent estimation of is possible
wheneverp = O(n ) for some 0.
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3.5 Oracle Inequality

This section aims at proving oracle inequalities , as usudy done in a model selection
setting: given a set of models or of estimators, the goal is tapper bound the risk of
the selected estimator by the oracle risk (de ned by Eq. 8.6)), up to an additive term
and a multiplicative factor. We show two oracle inequalities (Theorems3.3 and 3.4) that
correspond to two possible de nitions ofb.

Note that oracle inequality sometimes has a di erent mearing in the literature [ LPTvdG11,
see for instance] when the risk of the proposed estimator isntrolled by the risk of an esti-
mator using information coming from the true parameter (that is, available only if provided
by an oracle).

3.5.1 A General Result for Discrete Matrix Sets M

We rst show that the estimator introduced in Eq. ( 3.10) is precise enough to derive an
oracle inequality when plugged in the penalty de ned in Eqg. 3.7) in the case whereM is
nite.

De nition 3.5.  Let b be the estimator of de ned by Eq. (3.10. We de ne

2
@ 2argmin B vy +2tr Ay (P 1,)
M 2M 2

We assume now the following holds true:
9(C; m)2(0;+1)% cardM)<Cn ™ : (3.13)

Theorem 3.3. Let = max( wm;2), 2 and assume(Hdf) and (3.13 hold true.
Absolute constantsL,; 9> 0, a constant ny( ) and an event€ exist such thatP(§
1 %P(p+ C)n and the following holds as soon as ny( ). First, on €,

1 2 1?2 1 2 4 ,p3In(n)3
n—pfbm ) 1+m Jinf n—pi’q,, o+ Lac() “ir()( +)T'
(3.14)
Second, an absolute constarit 3 exists such that
2 2 2
ELl b i 14~ B inf L iy f
np 2 In(n) M2M  np 2
|
4 2p3|n(n)3 p 7p(p+ C) o Kf kg' (3.15)
+Loc() “tr()( + ) np + L3 =2 1+ o :

Theorem 3.3 is proved in Section3.F.

Remark 3.11. If b= by i.q is de ned by Eq.(3.12) the result still holds on a set of
larger probability 1 $(1+ C)n  with a reduced error, similar to the one in Theorem3.4.
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3.5.2 A Result for a Continuous Set of Jointly Diagonalizabl e Matrices

We now show a similar result when matrices inM can be jointly diagonalized. It turns
out a faster algorithm can be used instead of Eq.3.10 with a reduced error and a larger
probability event in the oracle inequality. Note that we no longer assumeM is nite, so it
can be parametrized by continuous parameters.

Suppose now the following holds, which means the matrices ® are jointly diagonal-
izable:

n 0
9P 2 Op(R); M P~ Diag(ds;:::;dp)P ; (di)ip:l 2 (0;+1)F (HM)

Let P be the matrix de ned in Assumption (HM ), €= P P~ and recall that A =
K(K + nl ) 1. Computations detailed in Appendix 3.D show that the ideal penalty
introduced in Eq. (3.7) can be written as

0 1
2tr Am (1) 2 X

eng(M) = = —@ tr(Apg)®; A

peng(M) np np - ( pdj) ]

(3.16)

Eq. (3.16 shows that under Assumption HM ), we do not need to estimate the entire
matrix  in order to have a good penalization procedure, but only to @snate the variance
of the noise inp directions.

De nition 3.6. Let (e1;:::;ep) be the canonical basis oRP, (uy;:::;up) be the orthogonal

(Puj), and

) 2
@ uv 2 argmin f y +2tr Ay (bHM In) : (3.17)

M 2M 2
Theorem 3.4. Let = 2, 2 and assume(Hdf) and (HM ) hold true. Absolute

constantsL, > 0, and %0 a constantni( ) and an event€ exist such thatP(§ 1  %pn
and the following holds as soon as njy( ). First, on €,

1 2 1 % 1 2 In(n)3
— 1+ —— fo = f o +L 2+ )P ——
np  Mnw 2 In(n) M oM np R 2 2tr()( ) n
(3.18)
Second, an absolute constant 4 exists such that
2 2 2
E 1 Ibm 1+ —— E inf 1 ﬂﬂ f
np HM 2 In(n) M2M  np 2
In(n)®  p kfk3 (3.19)
2 2 .
+Latr()2+ ) - + n=Z np

Theorem 3.4 is proved in Section3.F.
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3.5.3 Comments on Theorems 3.3 and 3.4

Remark 3.12. Taking p=1 (hencec() =1 andtr() = 2), we recover Theorem 3 of
Arlot and Bach [AB11] as a corollary of Theorem3.3.

Remark 3.13 (Scaling of (n;p)). When assumption (3.13 holds, Eq. (3.14) implies the
asymptotic optimality of the estimator Ibm when

st p(n(n)® 1 2
R A A

c()

In particular, only (n;p) such thatp®  n=(In(n))2 are admissible. When assumptioffHM )
holds, the scalings required to ensure optimality in Eq(3.18) are more favorable:

2

(In(n))3 . 1
tr inf = Ry f

n M 2M 2

It is to be noted thatp still in uences the left hand side viatr

Remark 3.14. Theorems 3.3 and 3.4 are non asymptotic oracle inequalities, with a multi-
plicative term of the form 1 + o(1). This allows us to claim that our selection procedure is
nearly optimal, since our estimator is close(with regard to the empirical quadratic norm) to
the oracle one. Furthermore the terml+(In( n)) ! in front of the in ma in Equations (3.14),
(3.18), (3.15 and (3.19 can be further diminished, but this yields a greater remainer term
as a consequence.

Remark 3.15 (On assumption (HM )). Assumption (HM ) actually means all matrices in
M can be diagonalized in a unique orthogonal basis, and thusnche parametrized by their
eigenvalues as in Example8.1, 3.2 and 3.3.

In that case the optimization problem is quite easy to solves detailed in Remark3.18.
If not, solving (3.17) may turn out to be a hard problem, and our theoretical resultsio not
cover this setting. However, it is always possible to disdiee the setM or, in practice, to
use gradient descent.

Compared to the setting of Theorem3.3, assumption (HM ) allows a simpler estima-
tor for the penalty (3.16), with an increased probability and a reduced error in the orele
inequality.

The main theoretical limitation comes from the fact that theprobabilistic concentration
tools used apply to discrete setd (through union bounds). The structure of kernel ridge
regression allows us to have a uniform control over a contirous set for the single-task
estimators at the cost ofn pointwise controls, which can then be extended to the mulisk
setting via (HM ). We conjecture Theorem3.4 still holds without (HM ) as long asM is not
too large , which could be proved similarly up to some unifon concentration inequalities.

Note also that if M 1;:::; M k all satisfy (HM ) (with di erent matrices Py), then The-
orem 3.4 still holds for M = E=l M ¢ with the penalty de ned by Eq.(3.17) with P = Py
whenM 2 M , and P(§ 1 9Kp?n , by applying the union bound in the proof.

Remark 3.16 (Relationship with the trace norm). Our approach relies on the minimization
of Equation (3.2) with respect tof. Argyriou et al. [AEPO8] have shown that if we also
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3.6. SIMULATION EXPERIMENTS

minimize Equation (3.2) with respect to the matrixM subject to the constrainttr M 1 =1,
then we obtain an equivalent regularization by the nuclearonm (a.k.a. trace norm), which
implies the prior knowledge that ourp prediction functions may be obtained as the linear
combination ofr  p basis functions. This situation corresponds to cases whetbe matrix
M 1is singular.

Note that the link between our framework and trace norm(i.e., nuclear norm) regu-
larization is the same than between multiple kernel learnghand the single task framework
of Arlot and Bach [AB11]. In the multi-task case, the trace-norm regularization, hough
e cient computationally, does not lead to an oracle inequaity, while our criterion is an un-
biased estimate of the generalization error, which turns duo be non-convex in the matrix
M. While DC programming techniques GRCO09, and references therin] could be brought to
bear to nd local optima, the goal of the present work is to sty the theoretical properties
of our estimators, assuming we can minimize the cost functio (e.g., in special cases, where
we consider spectral variants, or by brute force enumeratio.

3.6 Simulation Experiments

In all the experiments presented in this section, we considdhe fram@work of Section3.2
with X = RY, d = 4, and the kernel de ned by 8x;y 2 X, k(x;y) = jd:1 el Xi Yil. The

depende,gltly from the multivariate standard Gaussian distibution. For every j 2 1;:::;pg,
fi()=" ™, lk(;z) wherem =4 and z;:::;zy 2 RY are drawn (once for all experi-
ments except in Experiment D) independently from the multivariate standard Gaussian
distribution, independently from the design (Xi)1 i n. Thus, the expectations that will

be considered are taken conditionally to thez;. The coe cients ( ‘i)l i m:1j p dier

according to the setting. Matlab code is available online?

3.6.1 Experiments

Five experimental settings are considered:
Ac }{arious numbers of tasks: n = 10 and 8i;j , ‘, =
M. k(;z). The number of tasks is varying:p 2 f 2k =k
matrix is =10 I,.

1, that is, 8j, fl = fa :=

Bc Various sample sizes: p =75, 8j, fl = fo and = g has been drawn (once
for all) from the Whishart W (Is;10;5) distribution; the condition number of g is
c( ) 2205 The only varying parameter isn 2 f50k =k =1;:::;20g.

= ct =5t Iswith t 2f0:2k=k=1;:::;509. We also ran the experiments for
t=0:01andt =100.

D c Clustering of two groups of functions: p=10,n=100, = ¢ has been drawn
(once for all) from the Whishart W (I 10; 20; 10) distributigp; the condition number
of g isc( g) 24:.95. We pick the function fp = ™, ik(;z) by drawing

1. Matlab code can be found at http://www.di.ens.fr/~solnon/multitask_minpen_en.ht ml.
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1,500 m) and (z1;:::;zm) from standard multivariate normal distribution (inde-
pendently in each replication) and nally ft=  =f%=1fp,f6= =f10= fp,
Ec Comparison to cross-validation parameter selection: p=5, =10 Is, §j,

fl = fo. The sample size is taken irf 10; 50; 100, 250g.

3.6.2 Collections of Matrices

Two dierent sets of matrices M are considered in the Experiments A C, following
Examples 3.1 and 3.2

Msp:= Msp(; )=( +p)lp 511>=(; )2 (0;+1)?

and M jng := fMing( ) =Diag( 1;:::; p)= 2(0;+1)Pg :
In Experiment D, we also use two di erent sets of matrices, flowing Example 3.3:

M cus = My (5 ) =(; )2(0;"'1)2 [M sp

and M inerval = My (55 ) =(; )2(O+1)2|—f1 """ kg [M sp
1 kpl1

Remark 3.17. The setM s contains 2° 1 models, a case we will denote by clustering .
The other set,M inerval » ONly hasp models, and is adapted to the structure of the Experiment
D. We call this setting segmentation into intervals .

3.6.3 Estimators

In Experiments A C, we consider four estimators obtained bycombining two collections
M of matrices with two formulas for  which are plugged into the penalty 3.7) (that is,
either  known or estimated by P):

n 0
8 2fSD;indg; 8S2 ;bHM : 1’0-3 = pm.s :Am.sy

1 2

where B.s 2 argmin — y f + —1tr(Am (S In))
M 2M np np

and P is de ned in Section3.5.2 As detailed in Examples3.1 3.2, ftl)nd b,,, and ,q. are

concatenations of single-task estimators, Whered?SD b,, and I%D should takepadvantage
of a setting where the functionsf | are close inF thanks to the regularization term =, kf’

f kk% . In Experiment D we consider the following three estimatorsthat depend on the choice
of the collection M :

8 2fclusinterval;indg; =%, =Agy

1 2
where ®1 2 argmin — + “tr A b
MgM np y fi%/I np Mo ( n)
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3.6. SIMULATION EXPERIMENTS

and b is de ned by Equation (3.10).

In Experiment E we consider the estimator 'bSD;bHM . As explained in the following
remark the parameters of the former estimator are chosen bymimizing (3.17), in practice
by choosing a grid. We also consider the estimatngD;CV where the parameters are selected
by performing 5-fold cross-validation on the mentionned gid.

Remark 3.18 (Optimization of (3.17). Thanks to Assumption (HM ) the optimization
problem (3.17) can be solved easily. It su ces to diagonalize in a common bé&sthe elements
of M and the problem splits into several multi-task problems, eh with one real parameter.
The optimization was then done by using a grid on the real pameters, chosen such that the
degree of freedom takes all integer values frofhto n.

Remark 3.19 (Finding the jump in Algorithm 3.1). Algorithm 3.1 raises the question of how
to detect the jump ofdf( ), which happens aroundC = 2. We chose to select an estimator
® of 2 corresponding to the smallest index such thatf(Po(®)) < n=2. Another approach
is to choose the index corresponding to the largest instanmtaous jump ofdf(bo(C)) (which
is piece-wise constant and non-increasing This approach has a major drawback, because
it sometimes selects a jump far away from the real jump arond 2, when the real jump
consists of several small jumps. Both approaches gave sianiresults in terms of prediction
error, and we chose the rst one because of its direct link tohte theoretical criterion given
in Theorem 3.1.

3.6.4 Results

In each experiment, N = 1000 independent samplesy 2 R" have been generated.
Expectations are estimated thanks to empirical means overhte N samples. Error bars
correspond to the classical Gaussia®5% con d(fpge interval (that is, empirical standard-
deviation over the N samples multiplied by 1:96= N). The results of Experiments A C are
reported in Figures 3.2 3.8. The results of Experiments C E are reported in Tables 3.1
3.3. The p-values correspond to the classical Gaussian di eraxe test, where the hypotheses
tested are of the shapeHy = fq > 1g against the hypothesesH; = fq 1g, where the
di erent quantities g are detailed in Tables3.2 3.3.

t 0.01 100
Eki,p K=k, fK2] 1:80 0:02 0:300 0:003
Elk,, K7 (2:27 0:38) 10 2 | 0:357 0:048
Ekip.  fk?] (1:20 0:28) 10 2 | 0:823 0:080
E[kibmd;b f k?] (1:26 0:26) 10 2| 151 0:07
Elkfg. Kk (1:20 0:24) 10 2| 447 013

Table 3.1: Results of Experiment C for the extreme values of.

3.6.5 Comments

As expected, multi-task learning signi cantly helps when dl f! are equal, as soon as
p is large enough (Figure3.1l), especially for smalln (Figure 3.6) and large noise-levels
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Figure 3.1: Increasing the number of taskp (Experiment A), improvement of multi-task
compared to single-task:E[kﬁOSD_b f kzzkﬁ’nd_b f k2]
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Figure 3.2: Increasing the number of taskg (Experiment A), quadratic errors of multi-task
estimators (np) E[kfp.s k2. Blue: S= b. Red: S=
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Figure 3.3: Increasing the number of taskp (Experiment A), quadratic errors of single-task
estimators (np) E[kfg.s fkZ. Blue: S= P. Red: S=
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Figure 3.4: Increasing the sample sizen (Experiment B), quadratic errors of multi-task
estimators (np) E[kfp.s k2. Blue: S= b. Red: S=
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Figure 3.5: Increasing the sample siz&n (Experiment B), quadratic errors of single-task
estimators (np) E[kig.s fk?. Blue: S= P, Red: S=
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Figure 3.6: Increasing the sample siza (Experiment B), improvement of multi-task com-
pared to single-task: E[kaSD_b f k2=k1bind_tJ f k2.
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q E[q | Std[q] | p-value forHg = fgq > 19
ks fk2=Myg fk | 0668 0:294 <10 15
kPena  fk2=kq k2 | 0:660 | 0:270 <10 15
kPrenar K2=ky,s fk?| 1:.00 | 0:165 0:50
Table 3.2: Clustering and segmentation (Experiment D).
q n | E[q | Std[q] | p-value for Hy = fq > 1g
kO, fK*=kfpcy k2| 10 | 035 046 <10 15
kfp,  fK2=kfpcy k2| 50 | 056 | 0:42 <10 %
kp,  fk2=kfpcy k2 [ 100| 0:71 ] 0:34 <10 %
kO, fK3=kpcy k2| 250] 0:87 | 0:19 <10 15

Table 3.3: Comparison of our method to 5-fold cross-validabn (Experiment E).

(Figure 3.8 and Table 3.1). Increasing the number of tasks rapidly reduces the quadtic
error with multi-task estimators (Figure 3.2) contrary to what happens with single-task
estimators (Figure 3.3).

A noticeable phenomenon also occurs in Figur8.2 and even more in Figure3.3. the
estimator ﬂ?nd; (that is, obtained knowing the true covariance matrix ) is less e cient than
fti)nd;b where the covariance matrix is estimated. It corresponds tdhe combination of two
facts: (i) multiplying the ideal penalty by a small factor 1 < C, < 1+ 0o(1) is known to often
improve performances in practice when the sample size is sth@Arl09, see Section 6.3.2
of], and (ii) minimal penalty algorithms like Algorithm 3.1 are conjectured to overpenalize
slightly when n is small or the noise-level is largelerll] (as conrmed by Figure 3.7).
Interestingly, this phenomenon is stronger for single-tals estimators (di erences are smaller
in Figure 3.2) and disappears whem is large enough (Figure3.5), which is consistent with
the heuristic motivating multi-task learning: increasing the number of tasksp amounts to

increase the sample size .

Figures 3.4 and 3.5 show that our procedure works well with smalln, and that increasing
n does not seem to signi cantly improve the performance of ouestimators, except in the
single-task setting with  known, where the over-penalization phenomenon discussetave
disappears.

Table 3.2 shows that using the multitask procedure improves the estiration accuracy,
both in the clustering setting and in the segmentation settng. The last line of Table 3.2
does not show that the clustering setting improves over the segmentation into intervals
one, which was awaited if a model close to the oracle is select in both cases.

Table 3.3 nally shows that our parameter tuning procedure outperforms 5-fold cross-
validation.
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3.7 Conclusion and Future Work

This paper shows that taking into account the unknown similaity between p regression
tasks can be done optimally (Theorem3.3). The crucial point is to estimate the p p
covariance matrix of the noise (covariance between tasks), in order to learn thtask simi-
larity matrix M . Our main contributions are twofold. First, an estimator of is de ned in
Section 3.4, where non-asymptotic bounds on its error are provided undemild assumptions
on the mean of the sample (Theoren8.2). Second, we show an oracle inequality (Theorem
3.3), more particularly with a simpli ed estimation of and increased performances when
the matrices of M are jointly diagonalizable (which often corresponds to cass where we
have a prior knowledge of what the relations between the taskwould be). We do plan to
expand our results to larger setaM , which may require new concentration inequalities and
new optimization algorithms.

Simulation experiments show that our algorithm works with reasonable sample sizes, and
that our multi-task estimator often performs much better th an its single-task counterpart.
Up to the best of our knowledge, a theoretical proof of this pmt remains an open problem
that we intend to investigate in a future work.
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Appendices

We give here the proofs of the di erent results stated in Sedons 3.2, 3.4 and 3.5. The
proofs of our main results are contained in Section8.E and 3.F.

3.A Proof of Property 3.1

Proof. It is sucient to show that h; ig is positive-de nite on G. Take g 2 G and S =
(Sij)1 i j pthe symmetric postive-de nite matrix of size p verifying S> = M, and denote
=S tl= (Tij)1 ij p- Letf be the element ofGdened by 8i 2 f1:::pg; o(;i) =

v=1 Tikf (;K). We then have:

hg;dc = Mij hg(;1);9(;])iF
i=1 j=1
XX X X
= Mij Tiw Tjg (G K) (5 DiE
i=1 j=1 k=1 I=1

XX X X

= T|;j”(;k);f(;|)l|: Mj;i Ti;k
j=1 k=1 I=1 i=1
XX X _

= T B CGRLTGDIEM S T)jx
j=1 k=1 I=1
XX X

= Ty HECGRLTGDIE T (M Tk
k=1 1=1 i=1
XX _

= HCGR)FGDIE(T M Tk
k=1 1=1
xP

= kf(;K)K2:
k=1

This shows thathg;gs Oandthat hg;gg=0) f=0) g=0. O
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3.B. PROOF OF COROLLARY 3.1

3.B  Proof of Corollary 3.1

Proof. If (x;j) 2 X f 1;:::;pg, the application (f;:::;fP) 7! fl(x) is clearly contin-

uous. We now show that(G h; ig) is complete. If (gi)n2n IS @ Cauchy sequence 06
d if we de ne, as in Section3.A, the functions f, by 8n 2 N; 8i 2 f1:::pg; gn( ;i) =
E=l Tikfn(;K). The same computations show that(f,( ;i))n2n are Cauchy sequences of

F, and thus converge. So the sequencén)non converges inG, and (gn)n2n does likewise. O

3.C Proof of Property 3.2

Proof. We de ne

0 1
1j (%)
¢xj)=m* :
pi (%)
with j; = 1j=; being the Kronecker symbol, thatis, i =1 if i = j and O otherwise. We

now show that € is the feature function of the RKHS. Forg2 G and (x;1) 2 X f 1;:::;pg,
we have:

hg; & x;1)ic = Miihg(;j); € x;1)'ie

j=1i=1
XX X

= Mii M maha(ii) ( X)ie
j=1 i=1 m=1
X X _

= M M l)j;m m1 9(X;])
j=1 m=1

%) -
= pra(i) = a(xl) -
j=1
Thus we can write;

R((x;1):(y:))) = h& x;i); € vi))ic
XX

Mh;hOHV'h;il( X);Mho;:JL (Vi

1 1

X T
X7

= M oM "M o K (X Y)
1 h%=1

i

X

= Mh;il(M M Hnj K(xy)
1

X1

= IVlh;il hj K (x;y) = Mi;le (x;y) :
h=1
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3.0 Computation of the Quadratic Risk in Example 3.4

We consider here thatf 1 = = fP. We use the setM gp:

Mspi= Mso(i )=( +p)lp 117 =(; )2 (0;+1)°
Using the estimator = Ay y we can then compute the quadratic risk using the bias-
variance decomposition given in Equation 8.33):

2
E f2 = k(Am  Ip)fKE+tr( AL Aw ( 1a) -

spanfe + + g,g corresponding to eigenvaluep,

spanfe, e;:::;6 e corresponding to eigenvalueD.
Thus, with e = + p we can diagonalize in an orthonormal basis any matrixM . 2
M asM = P>D..P, with D = D., = Diagf; €:::; eg. Les us also diagonalise in
an orthonormal basisK: K = Q> Q, =Diag f 1;:::; ng. Thus we can write (see
Properties 3.3 and 3.4 for basic properties of the Kronecker product):

h i
Au=Au. =(P> Q@) D' ) O )+ nplyy ~ (P Q) :

We can then note that(D * ) (D 1 )+ nplpy ! is a diagonal matrix, whose di-
agonal entry of index(j 1)n+i (i2f1;:::;ng,j 2f1;:::;pg)is
( L
W ifj=1;
—+rpe ifj> 1:
We can now compute both bias and variance.

Bias: We can rst remark that (P> Q”) = (P Q)” is an orthogonal matrix and

that P 1 =(1;0;:::;0)”. Thus, as in this setting f* = = fP, we havef =
1 (FY(Xq);:fYXn)” and(P” Q™)f =(1;0;:::;0)” Q(f Y(X1);::::f1(Xn))~.
To keep notations simple we noteQ(f 1(X1);::::f1(Xn))” :=(91;:::;0,)”. Thus
h i
KAw  Ip)lKE=KP Q)7 (D1 ) (D )+ nply Colp (PQFKS
i
=k (D' ) (O )+ nplyy I

(1;0;:::;0)  (gr;::::00) K3 -
As only the rst n terms of (P Q)f are non-zero we can nally write

X n 2
KAu  Tp)fkg= " —P @
i=1 : P
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Variance: First note that

P QC )P Q7 =(P P” In):

We can also note that €:= P P~ is a symmetric positive de nite matrix, with
positive diagonal coe cients. Thus we can nally write
h 1i2
r(AyAw (- Ia)=tr P Q7 (D * ) (D )+ nply

(P Q) In)
h i,
=t (D! ) O! )+ nplp °

P QC )P Q)

X : 2 : 2
= 4 _ v e... + [ S e.5
i+ np L i+npe
j=2
As noted at the end of Example 3.4 this leads to an oracle which has all itsp functions
equal.

3.D.1 Proof of Equation (3.1 in Section 3.5.2

Let M 2 SJ* (R), P 2 Op(R) such that M = P~ Diag(ds;:::;dp)P and &= P P~.
We recall that A = K(K + nl ,) 1. The computations detailed above also show that the
ideal penalty introduced in Eq. (3.7) can be written as

0 1
2tr Ay (1) 2 X
M) = = 2@ tr( Anq )E.. A
peng (M) D TR r(Apg; ) ©ji

3.E Proof of Theorem 3.2

Theorem 3.2 is proved in this section, after stating some classical lirex algebra results
(Section 3.E.1).

3.E.1 Some Useful Tools

We now give two properties of the Kronecker product, and thenintroduce a useful norm
on Sp(R), upon which we give several properties. Those are the toolseeded to prove
Theorem 3.2

Property 3.3. The Kronecker product is bilinear, associative and for ever matrices A; B; C; D
such that the dimensions t,(A B)(C D)=(AC) (BD).

Property 3.4. LetA2M ,(R),B2M g(R), (A B)> =(A> B~).
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De nition 3.7.  We now introduce the normj j on Sp(R), which is the modulus of the
eigenvalue of largest magnitude, and can be de ned by

iSi:= sup z2°Sz
z2RP kzk,=1

This norm has several interesting properties, some of whiclve will use are stated below.
Property 3.5. The norm j j is a matricial norm: 8(A;B) 2 Sp(R)Z; iABj j AjjBj.
We will use the following result, which is a consequence of ghpreceding Property.
++ - 1 - - 1= .

8S2Sp(R); 8T 2S," (R); JT 2ST 2j j ST 7j :
We also have:
Property 3.6.

8 2Sy(R); j Inj =173 J:

U” DU. We then have, using the properties of the Kronecker product

In=(U” 1,)(D 1)U 1)
=(U )7 (D 1)U 1p):

We just have to notice that U 1, 2 Op(R) and that:

D I,= Diag(li'zz;_};:::;lifz:;_g):

n times n times

This norm can also be written in other forms:

n o]
Property 3.7.  If M 2 M pn(R), the operator norm kM Kk, := SUP 2 grn nf og % is equal
to the greatest singular value oM : (M>M). Henceforth, if S is symmetric, we have
ij = kSky

3.E.2 The Proof

We now give a proof of Theorem3.2, using Lemmas3.1, 3.2 and 3.3, which are stated
and proved in Section3.E.3. The outline of the proof is the following:

1. Apply Theorem 3.1 to problem (P;) for every z 2 Z in order to
2. control ks k, with a large probability, where s; 2 RP(P*D =2 are de ned by

s==( puiiy o it 2272 12l gt +2 gj5i)
and = (a(ey);::;alep);aler + e);:iialer + g);alex + e3);:iale 1+ €)) -

3. Deduce that b= J( ) iscloseto = J(s) by controlling the Lipschitz norm of J.

73



3.E. PROOF OF THEOREM 3.2

Proof. 1. Apply Theorem 3.1: We start by noticing that Assumption ( Hdf ) actually holds
true with all o equal. Indeed, let( oj)1 j p be given by Assumption Hdf ) and de ne

0= MiNj=1.5p oj. Then, o 2 (0;+1 ) and df( o) n since all o; satisfy these
two conditions. For the last condition, remark that for every j 2 f 1;:::;p9, o oj and
T'K(A  1)Fe k3 is a nonincreasing function AB11, as noticed, for instance, in], so that

r
1 2 1 2 In(n)
H (A 0 In)Fej 2 H (A 0;j In)Fej 2 8] T .

(3.20)

that Fe+e = Fe + Fe, We have

(A, 1n)Fere > K (A, In)Fekd+ (A, 1n)Fe +2HA , In)Fei(A , In)Fqi :

The last term is bounded as follows:

2B , In)Fe;(B o In)Fgi 2k(B , In)Fek k(B , In)Fgk

2 win(n) i
nin(m)( i + ;)
PR e 2 )
_1l+c() P—7=, .
= > nin(n) g.e

because Lemma3.1 shows
2( i+ ) @HcONC wm* oG *t2 )

Therefore, Eq. (3.8) holds with d, = (1 + ¢()) =2 for problem (P,) whateverz2 Z .
2. Control ks k; : Letus dene

r
v= @ aro)

By Theorem 3.1, for everyz 2 Z , an event , of probability greater than 1 n  exists on
which, if n = ng( ),
@ 1)Z a@ @+ 1) ::

T
So,on = 5, 2,
k sk, 1ksk; (3.21)
and P() 1 p(p+1)=2 n by the union bound. Let
S k Kk,
kK k; :=supj ijj and Cy(p):= sup —
H 2s,(R) 1

Sinceksk; 4k k; and Cy(p) =1 by Lemma 3.2, Eq. (3.21) implies that on
k sk, 41k k; 44 j: (3.22)
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PENALTIES
3. Conclusion of the proof: Let
130))
C ‘=  su
Z(p) 2Rp(pp+1) =2 k kl
By Lemma 3.3 C,(p) 3p. By Eq. (3.22, on
i §=33() IO Capk sk, 41Cyp) (3.23)

Since ) . ) )
L 1Y DGR R B R | B I
andj jj Y =c() , Eq. (3.23 implies that on
i P E i 4.CEI i Yi=4 1Cp)e) 6 apd)
To conclude, Eq. 3.12 holds on  with

r r
epd) @+ )aro) MU Lergp MWey (329

for some numerical constantl ;. O

emark 3.20. As stated in Arlot and Bach [AB11], we needp No( )=In(ng( )) 504 and
No( )=In(ng( )) 24(290 + ).

Remark 3.21. To ensure that the estimated matrixP is positive-de nite we need that < 1,
that is
' r

n
m>6 2+ Jpo() (X + ()

3.E.3 Useful Lemmas
Lemma 3.1. Letp 1, 2S;" (R)andc() its condition number. Then,

() 1 it i,
c()+1 2 '

81 i< j p; iij (325)

Remark 3.22. The proof of Lemma 3.1 shows the constant?.— cannot be improved

c()+1
without additional assumptions on .

Proof. It su ces to show the result when p= 2. Indeed, (3.25 only involves 2 2 submatrices
€ i;j) 2S," (R) for which

o 1 o) 1.
c(§+1 c()+1

1 o§ «c() hence O

So, some 2 R exists suchthat = j jR>DR where
! !
R = CO.S() sin( ) D= 10 and =
sin( ) cos() 0

Q
~~
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Therefore, !
cog( )+ sin?() 1—sin(2)
1—sin(2) cog( ) +sin?( )

So, Eq. 3.25 is equivalent to

(1 )sin(2 ) 1 1+
2 1+ 2

which holds true for every 2 R, with equality for =2 (mod. ). O
Lemma 3.2. Foreveryp 1, Ci(p):=sup zs,(r) % =1:

Proof. With = 1, we havek ki =j j=1,s0Cy(p) 1L
Let us introduce (i;j ) such thatj j;j= k ki . We then have, with g being the kth vector
of the canonical basis ofRP,

i i=ie &) i€ ait?g gi'?  (k k)
O
Lemma 3.3. For everyp 1, let Ca(p) :=Sup ,rpep+1) =2 ikJ (kl)i . Then,
p 3 .
Proof. For the lower bound, we consider

0 1

1 ::: 1
1:(][1{21; f‘i{'zifl‘ ); then J( )= ?@ ;E

ptimes p(P 1 yas 1 01

2

sothatjJ( )j = pandk k; =4.
For the upper bound, we have for every 2 RP(P*D=2 and z 2 RP such that kzk, = 1

> X X P . 2
z7J( )z = zizjJ( )i 1zijizijj3( )iy i k I( )k kzky -
1 p 10 p
By de nition of J, kJ( )ki 3=2k k; . Remarking that kzk? pkzkg yields the result.
O

3.F Proof of Theorem 3.3

The proof of Theorem3.3is similar to the proof of Theorem 3 in Arlot and Bach [AB11].
We give it here for the sake of completeness. We also show how tdapt its proof to
demonstrate Theorem3.4. The two main mathematical results used here are Theoren3.2
and a gaussian concentration inequality from Arlot and Bach AB11].
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PENALTIES
3.F.1 Key Quantities and their Concentration Around their M eans
De nition 3.8.  We introduce, for S 2 S;* (R),
n )
Mo(S) 2 argmin - By, Y ,F20(Au (S 1)) (3.26)
M 2M

De nition 3.9.  Let S 2 Sp(R), we note S the symmetric matrix where the eigenvalues
of S have been thresholded at0. That is, if S = U”DU, with U 2 Oy(R) and D =

De nition 3.10. ForeveryM 2 M , we de ne
(M) = k(Am  Inp)f K3 ;
vi(M) = E[lAM"i]=tr(Am ( 1n)) ;
iM)=HAnw" E[SAM"I]= HAM"T tr(Am ( ) ;
V2(M) = E kAw"kz =tr(AjAm ( 1n)
o(M)= kAn"Ks E KAW"K5 = kAn"K3 tr(AjAM ( In) ;
3a(M)=2MAn" (Am Inp)fi
4M) =21 (Inp  Am)fi
P M)= 2:M)+ 4M) :

De nition 3.11. Let Ca;Cg;Cc;Cp;Cg;Crg be xed nonnegative constants. For every
x 0 we de ne the event

x = x(M;Ca;Cg;Cc;Cp;Cg;Cf)

on which, for everyM 2M and 1; 2; 3; 42 (0;1]:

jiM)j 1tr AR AM ( In) +(Ca+Cg (DXi j (3.27)
jo(M)j  atr AG AW ( In) +(Cc+ Cp »,Y)Xj | (3.28)
jaM)j  3k(lnp Awm)fKE+ Ce 33X ] (3.29)
jaM)j ak(lnp  Aw)FKG+ Cr ,'Xi ] (3-30)

Of key interest is the concentration of the empirical proceses ;, uniformly over M 2
M . The following Lemma introduces such a result, wherM contains symmetric matrices
parametrized with their eigenvalues (with xed eigenvectas).

Lemma 3.4. Let
Ca=2;Cg=1;Cc=2; Cph =1; Cg =306:25;, Ck =306:25 :

Suppose that(HM ) holds. ThenP( (M ;Ca;Cg;Cc;Cp;Cg;Cg)) 1 pel0?7+in(me x,
Suppose that(3.13 holds. ThenP( x(M ;Ca;Cg;Cc;Cp;Ce;Ce)) 1 6pcard(M)e *.
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3.F. PROOF OF THEOREM 3.3

Proof. First common step. Let M 2 M, Py 2 Oy(R) such that M = Py DPy, with

.....

.....

&dl;;;;;dp is block-diagonal, with diagonal blocks beingBg, ;:::;Bg, using the notations
H H wo— [ AN TR " >\ > —_ - > > >
of Section3.3. With &= Q" =('g”;:::;'%8 )~ and €= Qf =(ff ;:::;%& ) we can
write
h i

..........

..........

.....

We can see that the quantities ; decouple, therefore

XP
jiM)j= ha;Apg i E[HE;Apg 8] ;
i=1
h i
j2(M)j=  KkApg&k; E KApg 8k ;
i=1
j 3(M )J = ZMpdiE;(Apdi In)ﬁ' '
i=1
jaM)j= 25 (ln Apg)fGi -
i=1

Supposing (HM ). Assumption (HM ) implies that the matrix P used above is the same
for all the matrices M of M . Using Lemma 9 of Arlot and Bach AB11], where we have
p concentration results on the sets€;, each of probability at least 1  el027+In(n)g x
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T
we can state that, on the set ?:1 €, we have uniformly on M

xP
i 1(M)j 1Var[8]tr(Asy Apg ) +(Ca + Cg { x Var[8] ;

1l
M

j 2(M)j 2 Var[§1tr(Asg Apg )+ (Cc + Cp , )x Var[8] ;
i=1
2
j 3(M)j 3 (In Apdi)fel 2+ Ce 3lxvar[IG] ;
i=1
2
j a(M)j 4 (In Apa)f , T CrF 4 xVar[g] :

Supposing (3.13. We can use Lemma 8 of Arlot and Bach AB11] where we havep con-
centration resuhis on_}he sets®j, , each of probability at least1 6e * we can state
that, on the set Jpzl vaom Si. We have uniformly onM the same inequalities written
above.

Final common step.  To conclude, it su ces to see that 8i 2f1;:::;pg, Var[&] j |-
O

3.F.2 Intermediate Result

We rst prove a general oracle inequality, under the assumpibn that the penalty we use
(with an estimator of ) does not underestimate the ideal penalty (involving ) too much.

Property 3.8. Let Cp;Cg;Cc;Cp;Ckg 0 be xed constants, > 0, s 2 [0;1=4) and
Ks 0.0n  yn)(M;Ca;Cs;Cc;Cp;Ck), for every S 2 SJ* (R) such that

tr Ags (S ) 1o

Ly inf M)+ va(M) + Ksin(n)j j (3.31)
Mo(S) ( n) M”;M )

and for every 2 (0;(1 4 5)=2), we have:

str A

1 2 1+2 1 B 2+ 2tr(Am ((S ) +  In))
M

il T S % Sl F
np  Mo(S) 2 1 2 4g M oM np 2 np
1 2 sKs In(n)j ]
+ - + + + + = + + _
T3 4 (2CA+3Cc+6Co+6Ce + (Co + Cr)) , o 332

Proof. The proof of Property 3.8 is very similar to the one of Property 5 in Arlot and
Bach [AB11]. First, we have

B = BM)+ M)+ o(M)+ (M) ; (333)

f, yzzquv, Fk2 20a(M) 21(M)+ M)+ K'K3 (3.34)
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3.F. PROOF OF THEOREM 3.3

Combining Eq. (3.26) and (3.34), we get:

IbI‘v‘llo(S) f 2+2t|’ Amo(s) (s )+ 1In) + I? M o(S))

(3.35)

dof R T e20(Aw (S ) 1)+ R M)

On the event |y, for every 2 (0;1] and M 2 M , using Eq. (3.27) and (3.30 with
= 1= 4

: . 1 -
o M) (B(M)+ va(M))+(Ca+ =(Cs + Cf)) In(n)j j : (3.36)
Using Eqg. (3.28 and (3.29 with , = 3 =1=2 we get that, for everyM 2 M ,
2 1 A
By F  S0(M)+vy(M)) (Cc+2Cp+2Ce) In(n)j j ;
which is equivalent to
2
bM)+ va(M) 2 B, F 2+2(Cc+2CD +2Cg) In(n)j j : (3.37)
Combining Eq. (3.36) and (3.37), we get

2 1
jRM) 2 By F _+ Ca+(2Cc+4Cp+4Ce) +(Cs+Cr)= In(n)j j :

With Eq. (3.35, and with C; = C5, C2 =2C¢c +4Cp +4Cg and C3 = Cg + Cg we get

@ 2) bmo(s) f 2+2tr Agys (S )+ Tn)  (1+2)
ot R T e20(Aw (S ) )+ CirCo+ ()
(3.38)
Using Eqg. (3.31) we can state that
tr Ag.s (S ) In)
b(Mo(S)) + va(Mo(S)) + KsIn(n)j j
s 2v1(N7Io(S)) S tr Ags (o)
so that
tr Agys (S ) In) s ((Mo(S)) + vao(Mo(S)) + KsIn(n)j ]
which then leads to Eq. 3.32) using Eq. (3.37) and (3.38). O
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3.F.3 The Proof ltself

We now show Theorem3.3 as a consequence of Propert$.8. It actually su ces to show
that P does not underestimate too much, and that the second term in the in mum of
Eq. (3.32) is negligible in front of the quadratic error (np) ey f K2,

Proof. On the event introduced in Theorem 3.2, Eq. (3.12) holds. Let

= pa)(@+ ()

By Lemma 3.5 below, we have:

s
e D)+ V(M) Ksin(n)i §, KsIn(mi j
M 2M vi(M) ntr()

We supposed Assumption 8.13 holds. Using elementary algebra it is easy to show that,
for every symmetric positive de nite matrices A, M and N of sizep, M N implies that

tr(AM )  tr(AN). In order to have Kl,(9 satisfying Eq. (3.31), Theorem 3.2 shows that

it su ces to have, for every g > 0,

s — r
Ksin(n)j § _ In(n)
2s ntr() =6 2+ ) n '
which leads to the choice
2
K= 30+ t0 7.
s] 1
We now take s = =(9In(n)) 1. Let be the set given by Theorem3.2. Using Eq. (3.32

and requiring that In(n)  6we get,ontheset®= \ ( , yj;(n)(M ;Ca;Cg;Cc;Cp;Cg;CF)
of probability 1 (p(p+1)=2+6pC)n , using that 2

8 9
< 2tt Ay (P )+ 1, =
1 . 1 2 M

np B f 2 1+In(n) VLA np o f ot np ;
2 ! 729 2 2¢r() 2
3In(n) 2Cp +3Cc +6Cp +6Cg +In( n) 18Cg +18C¢ + 4j—j2()

2- -
( + )2|n(n)] ] .

np
Using Eq. (3.24) and de ning

in(n)

2=12 ( + )
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we get
1 1 _ 1 2 tr(Am ( 1n))
np #)"7' f 2 1+In(n) Mlgvrxl np B f A np
2 ! 729 2 2¢r() 2
3In(n) 2Cp +3Cc +6Cp +6Cg +In( n) 18Cg +18C¢ + 4j—j2()
2- -
( + )2|n(n)] ] .
np
(3.39)

Now, to get a classical oracle inequality, we have to show tha ovi(M) = >tr(Apm
( 1)) is negligible in front of kM,  fk2. Lemma 3.5 ensures that:
S

8M2M :8x 0;: 2

X] i
ntr()

viM)  va(M)+ xj j :

With 0< C, < 1, taking x to be equal to72 ?In(n) 2tr() =(Cnj J) leads to

72 2In(n) 2tr()
Cn

ovi(M)  2Cpva(M) + (3.40)
Then, sincevy,(M) vo(M)+ b(M) and using also Eq. 8.33), we get
VM) By f ] o(m)j+ (M)
On € we have that for every 2 (0;1), using Eg. (3.28 and (3.29),
j2(M)j+jsM)j 2 iy f z i 2(M)j j 3(M)j +(Cc+(Cp+Cg) H( + )In(n)j j ;

which leads to

. L . 2 Cc+(Cp + Cg) 1 .
PaM)i+] M) o B f 4 ) ( + )In(mi j :
Now, combining this equation with Eq. (3.40), we get
4Cn 2 Cc+(Cp+Ce) ! .
M) 1+ M f o +2G oo ( + )In(n)j ]
L 72 2In(n) 2tr()
Cn

Taking = 1=2then leads to

wiM)  (1+Co) By f+ Co(Co+2(Co+ Ce( + ()i i

L 12 2In(n) tr()
Cn
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We now take C, = 1=In(n). We now replace the constantsCa, Cg, Cc, Cp, Cg, Cg by
their values in Lemma 3.4 and we get, for some constant. o,
2 ! 729 2 2 1 1
18515 +| 55305+ ———— +616:55 1+ —— ——
3In(n) n(n) j? In(n) In(n)
L2 2In(n) 2tr() ) Str() 2
Cn ji?
From this we can deduce Eq. 8.14) by noting that 2po) 2.
Finally we deduce an oracle inequality in expectation by noing that if n kf g  fk?
Rn. on €, using Cauchy-Schwarz inequality
1 2 1 2 lec
E—-f f =g =f f +E=f °f
np 2 np 2 np <
r

E[Rn;]+n—lp dp(p+1)+6 pC E b

Loln(n

4
: o f (3.41)

We can remark that, sincejAnj 1,

2
op f 2kAM"K5+2k(lnp Am)FKS  2K'K3+8kf K5 :

So
4

. 2
w f, 12 npj j+4akfks

together with Eq. (3.39 and Eq. (3.4]), induces Eq. 3.15, using that for some constant
L3> 0,
r (p+1)=2+6pC 4 P (p+ C)
pip+l)=2c+6pL _ . 2 p(p+
12 - i it - kf k5 Ls =2

N
11+n—pksz

Lemma 3.5. Letn;p 1be two integersx Oand 2S;* (R). Then,
s

» t(A”A (1) * x| xi
A2M np (R)jA] 1 tr(A ( ) ntr()

Proof. First note that the bilinear form on M ,(R), (A;B) 7! tr(A> B ( 1)) is a scalar
product. By Cauchy-Schwarz inequality, for everyA 2 M np(R),

(A ( 1a)?2 tr( I)U(AA ( 1p) -

2
ntr()

Thus, sincetr( In)=ntr() ,ifc=tr( A ( Ih)) > 0, tr(A”A ( In))
Therefore,

A2M o (R)jA] 1 tr(A ( In)) c>So ntr() c
Xi ]
ntr()
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3.F.4 Proof of Theorem 3.4

We now prove Theorem3.4, rst by proving that By leads to a sharp enough approx-
imation of the penalty.

Lemma 3.6. Let Py be de ned as in De nition 3.6, =2, > 0be the numerical constant
de ned in Theorem 3.1 and assume(Hdf ) and (HM ) hold. For every 2, a constant
no( ), an absolute constant.; > 0 and an event exist such thatP( yv) 1 pn and
foreveryn ng( ), on pym, forevery M in M

@ Htr(Av ( 1a) t(Am (Pam 10)) @+ Htr(Auw (1) ;
(3.42)

xXP
(A ( 1a)= tr(Apg )
j=1

thaton ! j€; ej €. Since

xP
r(Am (Pum 10) = t(Apg)e ;
j=1

taking pm = \J!O=l I su ces to conclude. O

Proof of Theorem 3.3. Adapting the proof of Theorem 3.3 to Assumption (HM ) rst re-
quires to take = 1 as Lemma 3.6 allows us. It then suces to take the set
€= M\ @2+ )in(n)(M ;Ca;Cp;Cc;Cp;Cg;Cr) (thus replacing by 2) of probabil-
ity 1 (p(p+1)=2+p)n 1 p?n supposing p 2if werequire that 2In(n) 1027
To get to the @r@nequality in expectation we use the saméechnique than above,

but we note that P(€¢) £, p=n~2. We can nally de ne the constant L, by:

3 o n(m?
Lues PR By Lo zuge + 22RO0
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Chapitre 4

Comparison between multi-task and
single-task oracle risks in kernel ridge
regression

Résumé. Dans ce chapitre, nous essayons de comprendre quand la prdage
multi-taches, introduite dans le chapitre précédent, done de meilleures perfor-
mances que la procédure mono-tache, en termes de risque qretjue moyenné
sur les taches. Nous menons cette comparaison en considérgne les estima-
teurs sont parfaitement calibrés, ce qui revient a étudieréur risque oracle. Cela
nous permet de dégager des situations favorables a la proegd multi-taches,
dans lesquelles cette derniére atteint des vitesses de cengence supérieures a
celles de la procédure mono-tache. Dans les cas contraires, nous conjecturions
que la procédure multi-taches fonctionne moins bien que delmono-tache, nous
montrons que les oracles respectifs se comportent de mémeedsimulations vien-
nent con rmer ces observations théoriques dans des situaths moins contraintes.
Il résulte donc de ces travaux que l'utilisation de ces méthdes multi-taches peut
étre d'un grand secours, quand elles sont utilisées a bon ésat. Cependant,
comme nous le montrons, la moindre erreur de modélisation pe mener a de
lourdes pertes.

4.1 Introduction

Increasing the sample size is the most common way to improvehé performance of
statistical estimators. In some cases (see, for instancehé¢ experiments of Evgeniou et
al. [EMPO05] on customer data analysis or those of Jacob et alJBV08] on molecule binding
problems), having access to some new data may be impossibtEfien due to experimental
limitations. One way to circumvent those constraints is to use datasets from several related
(and, hopefully, similar) problems, as if it gave additional (in some sense) observations
on the initial problem. The statistical methods using this heuristic are called multi-task
techniques, as opposed to single-task techniques, wheewery problem is treated one at a
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time. In this paper, we study kernel ridge regression in a mui-task framework and try to
understand when multi-task can improve over single-task.

The rst trace of a multi-task estimator can be found in the work of Stein [Ste5@.
In this article, Charles Stein showed that the usual maximumlikelihood estimator of the
mean of a Gaussian vector (of dimension larger than 3, everyimension representing here
a task) is not admissible that is, there exists another estimator that has a lower risk
for every parameter. He showed the existence of an estimatdhat uniformly attains a
lower quadratic risk by shrinking the estimators along the d erent dimensions towards an
arbitrary point. An explicit form of such an estimator was given by James and Stein JS61],
yielding the famous James-Stein estimator. This phenomeng now known as the Stein's
paradox , was widely studied in the following years and the lehaviour of this estimator was
con rmed by empirical studies, in particular the one from Efron and Morris [EM77]. This
rst example clearly shows the goals of the multi-task proceure: an advantage is gained
by borrowing information from di erent tasks (here, by shrinking the estimators along the
di erent dimensions towards a common point), the improvement being scored by the global
(averaged) squared risk. Therefore, this procedure does nguarantee individual gains on
every task, but a global improvement on the sum of those taskvise risks.

We consider herep 2 di erent regression tasks, a framework we refer to as multi
task regression, and where the performance of the estimate is measured by the xed-
design quadratic risk. Kernel ridge regression is a classit framework to work with and
comes with a natural norm, which often has desirable propeiés (such as, for instance, links
with regularity). This norm is also a natural similarity me asure between the regression
functions. Evgeniou et al. EMPO05] showed how to extend kernel ridge regression to a multi-
task setting, by adding a regularization term that binds the regression functions along the
di erent tasks together. One of the main questions that is aked is to assert whether the
multi-task estimator has a lower risk than any single-task stimator. It was recently proved
by Solnon et al. [SAB12] that a fully data-driven calibration of this procedure is possible,
given some assumptions on the set of matrices used to regulse which correspond to
prior knowledge on the tasks. Under those assumptions, thesémator is showed to verify
an oracle inequality, that is, its risk matches (up to constants) the best possibé one, the
oracle risk. Thus, it su ces to compare the oracle risks for the multi-task procedure and
the single-task one to provide an answer to this question.

The multi-task regression setting, which could also be ca#ld multivariate regression , has
already been studied in di erent papers. It was rst introdu ced by Brown and Zidek BZ80]
in the case of ridge regression, and then adapted by Evgenicet al. [EMPO5] in its kernel
form. Another view of the meaning of task similarity is that the functions all share a few
common features, and can be expressed by a similar regulaation term. This idea was
expressed in a linear set up (also known as group lasso) by Otinski et al. [OWJ11] and
Lounici et al. [LPTvdG11], in multiple kernel learning by Koltchinskii and Yuan [ KY10] or
in semi-supervised learning by Ando and ZhangAZ05]. The kernel version of this was also
studied [AEPO08, JBV08], a convex relaxation leading to a trace norm regularizatio and
allowing the calibration of parameters. Another point of view was brought by Ben-David
and Schuller BDS03, de ning a multi-task framework in classi cation, two cla ssi cation
problems being similar if, given a group of permutations of he input set, a dataset of the
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one can be permuted in a dataset of the other. They followed th analysis of Baxter Bax00Q],
which shows very general bounds on the risk of a multi-task ésnator in a model-selection
framework, the sets of all models re ecting the insight the &tistician has on the multi-task
setting.

Advantages of the multi-task procedure over the single taskone were rst shown ex-
perimentally in various situations by, for instance, Thrun and O'Sullivan [TO96], Caru-
ana [Car97] or Bakker and HeskesBHO3]. For classi cation, Ben-David and Schuller BDS03]
compare upper bounds on multi-task and single-task classtation errors, and showed that
the multi-task estimator could, in some settings, need lesgraining data to reach the same
upper bounds. The low dimensional linear regression settqnwas analysed by Rohde and
Tsybakov [RT11], who showed that, under sparsity assumptions, restrictedsometry condi-
tions and using the trace-norm regularization, the multi-task estimator achieves the rates
of a single-task estimator with anp-sample. Liang et al. LBBJ10] also obtained a theoret-
ical criterion, applicable to the linear regression settilg and unfortunately non observable,
which tells when the multi-task estimator asymptotically has a lower risk than the lower
one. A step was recently carried by Feldman et al. HGF12] in a kernel setting where every
function is estimated by a constant. They give a closed-formexpression of the oracle for
two tasks and run simulations to compare the risk of the multitask estimator to the risk of
the single-task estimator.

In this chapter we study the oracle multi-task risk and compae it to the oracle single-
task risk. We then nd situations where the multi-task oracle is proved to have a lower risk
than the single-task oracle. This allows us to better undersnd which situation favors the
multi-task procedure and which does not. After having de ned our model (Section4.2.1),
we write down the risk of a general multi-task ridge estimato and see that it admits a
convenient decomposition using two key elements: the mearf the tasks and the resulting
variance (Section4.3). This decomposition allows us to optimize this risk and geta precise
estimation of the oracle risk, in settings where the ridge dsnator is known to be minimax
optimal (Section 4.4). We then explore several repartitions of the tasks that gie the latter
multi-task rates, study their single-task oracle risk (Setion 4.5) and compare it to their
respective multi-task rates. This allows us to discriminak several situations, depending
whether the multi-task oracle either outperforms its singe-task counterpart, underperforms
it or whether both behave similarly (Section 4.6). We also show that, in the cases favorable
to the multi-task oracle detailed in the previous sectionsthe estimator proposed by Solnon
et al. [SAB12] behaves accordingly and achieves a lower risk than the silggtask oracle
(Section 4.7). We nally study settings where we can no longer explicitly study the oracle
risk, by running simulations, and we show that the multi-task oracle continues to retain the
same virtues and disadvantages as before (Secti@gh8).

The notations used here are recapitulated at the end of the inoduction (page 33)

4.2 Kernel ridge regression in a multi-task setting

We consider here that each task is treated as a kernel ridgeegression problem and we
will then extend the single-task ridge-regression estimatr in a multi-task setting.
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4.2. KERNEL RIDGE REGRESSION IN A MULTI-TASK SETTING

4.2.1 Model and estimator

Let be asetA bea -algebraon andP be a probability measure onA. We observe
Dnh = (Xi;YL i YP)L, 2 (X RP)M. For each taskj 2 f1;:::;pg, Dh = (Xi;y )L, is
a sample with distribution PJ, whose rst marginal distribution is P, for which a simple
regression problem has to be solved.

We assume that for everyj 2f1;:::;pg; Fl 2 L2(P), is asymmetric positive-de nite
matrix of size p such that the vectors ({ )J!O=l are independent and identically distributed
(i.i.d.) with normal distribution N (O; ) , with mean zero and covariance matrix , and

8i2fl:::;ng8 2f1,:::;pg; y{ = FI (X)) + ’, : (4.2)
We suppose here, for simplicity, that =  2I,, with 22 R?.

Remark 4.1. This implies that the outputs of every task are independentyhich slightly sim-
pli es the setting but allow lighter calculations. It is to & noted, though, that the analysis
carried afterwards can still take place without this assuntjn. This can be dealt by diago-
nalizing , majoring the quantities of interest using the largest eigevalue of and minoring
those quantities by its smallest eigenvalue. The comparis® shown in Section4.6 are still
valid, only being enlarged by the condition number of. A fully data-driven estimation of
was proposed by Solnon et alSAB12].

We consider here a xed-design setting, that is, we considethe input points as xed and
want to predict the output of the functions F! on those input points only. The analysis could
be transfered to the random-design setting by using tools delopped by Hsu et al. HKZ11].

2 3

a1 X i i 2iing e 5
E P (P (Xi)  F(X))%(X 5005 Xn)
j=1 i=1

For the sake of simplicity, all the expectations that follow will implicitly be written condi-

points as xed.

Remark 4.2. We will use the following notations from now on :
f=vec (FI(Xi))yy ;fl=vec (FI(X))L, andy=vec (V)

so that, when using such vectorized notations, the elementse stacked task by task, the
elements refering to the rst task always being stored in thest entries of the vector, and
SO on.

We want to estimate f using elements of a particular function set. LetF  L2(P) be a
reproducing kernel Hilbert space (RKHS) Aro50], with kernel k and feature map : X !'F
which give us the positive semide nite kernel matrix K = (k(Xi; X*))1 i~ n 2 S; (R).

As done by Solnon et al. 5AB12] we extend the multi-task estimators generalizing the
ridge-regression used in Evgeniou et alEMPO5]. Given a positive-de nite matrix M 2
S;* (R), we consider the estimator
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( )

_ 1 XX _ 5 XX .
By 2 argmin - vyl d X))+ Muhd;gie (4.2)
g2F P i=1 j=1 =1 "=1
| fz b fz }
Empirical risk Regularization term

This leads to the xed-design estimator
= Awy2 R™ ;
with
Aw = Anx = By (By +nplp) T=(M 1K) M 1 K)+nplp

where denotes the Kronecker product (see the textbook of Horn and ghnson HJ91] for
simple properties of the Kronecker product).

being the observed output of thgth task, the single-task estimator for thg th task becomes
(for 2 R:)

P=Ay =KEK+nl,) Yy :

4.2.2 Two regularization terms for one problem

A common hypothesis that motivates the use of multi-task esimators is that all the
target functions of the di erent tasks lie in a single cluster (that is, the p functions that are
estimated are all close with respect to the norm de ned orF). Two di erent regularization
terms are usually considered in this setting:

one that penalizes the norms of the p function and their di erences, introduced by
Evgeniou et al. EMPO5], leading to the criterion (with (¢)P; 2FP; (; ) 2 (R+)?)
1 XX _ x o, X0 xp . 2
— o dXi)?+ 5 Jd - J ¢ (4.3)

+ —

Pit = j=1 2pj=1 k=1
one that penalizes the norms of the average of thep functions and the resulting vari-
ance, leading to the criterion (with (g)f_; 2FP; (; )2 (R+)?)

P . 53
S (4.4
F

2
P 2 P .
1L XX P.d P g
ol gt e v A4S
pi=1j=l F P

noN
T'O
T |-
(o8

As we will see, those two penalties are closely related. Lema#.1indeed shows that the two
former penalties can be obtained as a special case of Equati¢4.2), the matrix M being
respectively
11> + 11
Msp(; )= — + P Ip
pp p p
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4.3. DECOMPOSITION OF THE RISK

and

11 11
— + — |p
pp p p
Thus, we see that those two criteria are related, sinc®sp(; )= May(; +p ) for every
(; ). Minimizing Equations (4.3) and (4.4) over FP respectly give the ridge estimators

Mav (5 )=

Remark 4.4. We can now see that the regularization terms used in Equatisn(4.3) and
(4.4) are equivalent when the parameters are not constrained to Ippsitive. However, if one
desires to use the regularization(4.3) (that is, with = and = + p ) and seeks to
calibrate those parameters by taking them to be nonnegatiy&hich is to be expected if they
are seen as regularization parameters), the following prédms could occur:
if the optimization is carried over (; ), then the selected parameter = —— may be
negative;
conversely, if the risk of the estimator de ned by Equation(4.3) is optimized over the
parameters(; + p ) with the constraints 0 and 0, then the in mum over
R? could never be approached.

We will also show in the next section that the risk oﬂbAV( ;) nicely decomposes in two
parts, the rst part depending only on  and the second only on , which is not the case
for Ith( ;) because of the aforementioned phenomenon. This makes us farethe second
formulation and use the matricesM py instead of the matricesM gp.

4.3 Decomposition of the risk

A fully data-driven selection of the hyper-parameters was poposed by Arlot and Bach [AB11],
for the single-task ridge estimator, and by Solnon et al. $AB12] for the multi-task estimator.
The single-task estimator is shown to have a risk which is cke to the single-task oracle-risk
(with a xed-design)

8 2 39

X 2~
Ry = inf —Eg4 P, fl 5
( Ly oP)2R? D NP o 2

while the multi-task estimator is shown to have a risk which & close to the multi-task oracle
risk

1 2

Ryt = inf —E : i
MT (: )2r2 NP IJQVIAv(. ) 2

The purpose of this paper is to closely study both oracle risk and, ultimately, to compare
them. We show in this section how to decompose the risk of an &ator obtained by
minimizing Equation (4.4) over (¢ )jp=l 2 F P. A key point of this analysis is that the matrix
May (; ) naturally decomposes over two orthogonal vector-subspasef RP. By exploiting
this decomposition we can simply use the classical bias-vance decomposition to analyse
the Euclidean risk of those linear estimators.
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4.3.1 Eigendecomposition of the matrix Ma (5 )

In this section we show that all the matricesM ay (; ) have the same eigenvectors, which
gives us a simple decomposition of the matrice8 ,, (.
canonical basis ofRP. The eigenspaces op 111> are orthogonal and correspond to:

spanfe; + + pg associated to eigenvalud,

spanfe, e;:::;6 €0 associated to eigenvalud.
Thus, with (; ) 2 (R*)?, we can diagonalize in an orthonormal basis any matrisM ay (; )
asM = Ma/(; )= P>D . P,with D = Diang;B;:::;Bg: D . . Let us also diago-
p’'p p’'p
nalize K in an orthonormal basis : K = Q> Q, =Diag f 1;:::; hg. Then
h i
1
Av = Auy (o )=(P7 Q) (Dt ) (D' )+ nplpp ~ (P Q)

i+in IfJ =1 ;
jfj> 1

ithn

In the following section we will use the following notations:

diagonalizesM .
Or, to sum up, we have :

0 ;1 0 . 1
h), f1(X1)
8j2f1;:::;|Og;EDEX=Q%D : X
hh f1(Xn)
and 0 .1 0 .1
h!
8i 2f1;:::;ng; %Dg =P %g
n?
With the usual notation | = ( '1 il %)> and f , we get, by using elementary properties
of the Kronecker product, 0 1

1

-B:K=(P Qf:
p

4.3.2 Bias-variance decomposition

We now use a classical bias-variance decomposition of theski of y (; ) and show
that the quantities introduced above allow a simple expresen of this risk. For any matrix
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M 2 Sg" (R), the classical bias-variance decomposition for the lineagstimator = Aw y

2
np 2

|
==

n_lpk(AM Inp)f K3 + n—lptr(AKA Av ( 1n))
1 2

—k(Am  Inp)f K3+ —tr(Af Am)
e} P

Bias Variance

We can now compute both bias and variance of the estimatofdy (; ) by decomposing
Awm, (; ) On the eigenbasis introduced in the previous section.

np Variance :
2tr( A Am)

- Zr P Q (D ) O )+ nplyp L (P Q)

= %r (' ) O*' )+ nplnp

np Bias :
k(Awm |npr)1f k3 _
|
kP Q> (D' K) (D' K)+nplyg * Inp (P QFK
h i

k(@©?* ) O )+ nplop * Inp KB

(42 X (2
(i+n )2+(n ) -1 (1T D)
X (il)2 xn p=2( ij)z .
G T DAL URA ey

X
(n)?

i=1

i=1 i=1

Thus, the risk of 9y (; ) becomes

x (D2 2 X0 2
27 T i

2t
L (Citn)2 np._ i+n

n

P P (1) , (4.5)
e i I R | .

L GAn2T Tp o

+n
i=1
This decomposition has two direct consequences:

the oracle risk of the multi-task procedure can be obtained by optimizing Equa-
tion (4.5 independently over and ;
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the estimator f9y can be calibrated by independently calibrating two parameers.
It is now easy to optimize over the quantities in Equation @.5). An interesting fact is that
both sides have a natural and interesting interpretation, which we give now.

4.3.3 Remark

To avoid further ambiguities and to simplify the formulas we introduce the following

| = [ . ‘ﬂiﬁ i
and
= . P s P o
& = jp=l(hji)2 JP=1 hi _ J-Xp hi jp=l h
| )
p p Dj_l

so that

xXP i

pg= (1)

j=2

Remark 4.5. We can see that for every 2 1;:::;ng, i:p p is the average of thep target

functions f1, expressed on the basis diagonalizirlg. Likewise, & can be seen as the variance
between thep target functions f! (which does not come from the noise).

Henceforth, the risk offbAV( ;) over(; ) is decoupled into two parts.
With the parameter , a part which corresponds to the risk of a single-task ridge
estimator, which regularizes the mean of the tasks functios, with a noise variance

2=py
2

X0 - 2 X0 2
P — ! : (4.6)

2 P4
i=1 ( | +n ) p|=l |

n

With the parameter , a part which corresponds to the risk of a single-task ridge
estimator, which regularizes the variance of the tasks furtons, with a noise variance

(p 1) %=p
% g . 12X i 2:

n 4.7)

Remark 4.6. Our analysis can also be used on any set of positive semi-dé&@& matrices M
that are jointly diagonalizable on an orthonormal basis, asvas May (; );(; )2 R2
The element of interest then becomes the norms of the projemis of the input tasks on the
di erent eigenspaces (here, the mean and the resulting vance of thep tasks). An example
of such a set is when the tasks are known to be split into sevethusters, the assignement of
each task to its cluster being known to the statistician. Thenatrices that can be used then
regularize the mean of the tasks and, for each cluster, then@nce of the tasks belonging to
this cluster.
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4.4. PRECISE ANALYSIS OF THE MULTI-TASK ORACLE RISK

4.4 Precise analysis of the multi-task oracle risk

In the latter section we showed that, in order to obtain the muti-task risk, we just had
to optimize several functions, which have the form of the rig of a kernel ridge estimator.
The risk of those estimators has already been widely studiedJohnstone Poh94 (see also
the article of Caponnetto and De Vito [CDV07] for random design) showed that, for a
single-task ridge estimator, if the coe cients of the deconposition of the input function
on the eigenbasis of the kernel decrease as? , with 2 > 1, then the minimax rates for
the estimation of this imput function is of order n' 1. The kernel ridge estimator is
then known to be minimax optimal, under certain regularity assumptions (see the work of
Bach [Bacl3 for more details). If the eigenvalues of the kernel are know to decrease as
i 2, then a single-task ridge estimator is minimax optimal unde the following assumption:

1<2< 4 +1 : Hum (s )

The analysis carried in the former section shows that the keglements to express this risk
are the components of the average of the signals {() and the components of the variance
of the signals &) on the basis that diagonalises the kernel matrixK , together with the
eigenvalues of this matrix ( ;). It is then natural to impose the same natural assumptions
that make the single-task ridge estimator optimal on those kEments. We rst suppose that
the eigenvalues of the kernel matrix have a polynomial decese rate:

8i2fL:::;ng ;=ni 2 : (Hk ()

Then, we assume that the components of the average of the sigls and the variance of the
signals also have a polynomial decrease rate:

Clni 2

Coni 2 (Hav (;C1;C2))

ok
|

Remark 4.7. We assume for simplicity that both AssumptiongH ( )) and (Hay (;C1;C3))
hold in equality, although the equivalence is only needed.

Example 4.1. This example, related to AssumptiongH ay (;C1;C>)) and

(Hk ( )) by taking = m and2 = k+2, is detailed by Wahba \Wah90] and by Gu [Gu02].
het P (2 ) the set of all square-igtegrabl@ -periodic functions onR, m 2 N?and deneH =

f2P(2); fj([om;% ] 2 L2[0;2 ] . This set H has a RKHS structure, with a reproducing
kernel having the Fourier base functions as eigenvectors.h€i-th eigenvalue of this kernel is
i 2M_ For any function f 2 P [0:2 J\CX[0;2 ], then its Fourier coe cient are O(i ). For
instance, if f 2P [0;2 ] such that8x 2 [ ; ]; f K (x) = jxj, then its Fourier coe cients

are | (k2
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Under Assumptions Hk ( ) and (Hay (;C1;C>)), we can now more precisely express
the risk of a multi-task estimator. Equation (4.6) thus becomes

2

2Xn Fi 2 X [ ?
n S
L, cyni 2 2 X ni 2 2
- (ni2+n)2+n_p ni 2 +n
=1 i=1
. 2Xn i4 2 2 X 1
- 1

-—  — + — [ —
i @+ i2)2 p @+ i2)?

R(n;p; 2% ;;:C 1) ;

while Equation (4.7) becomes

R NI R
_, (i+n)? np ., i+n
_ 0 Cni 2 (p 1) 2X ni 2 2
- _, (i 2 +n )2 np ., ni2+n
O A S (I kS

L @F TR T aeiey
Rmp;(p 1) %5;:C 2);

with
xn i 4 2 2 X 1

R(n;p; %%, ;;C )=Cx*® ——mmt — —:

(4.8)
Remark 4.8. It is to be noted that the function R corresponds to the risk of a single-task
ridge estimator when the decomposition of the input functio on the eigenbasis oK hasi 2
for coe cients and when p = 1. It has two terms, which corresponds to the bias-variance
decomposition performed in Sectiom.3.2, page91. Thus, studying R will allow us to derive
both single-task and multi-task oracle rates.

4.4.1 Study of the optimum of R(n;p; 2% ;;:;C)

We just showed that the function R(n;p; 2; ; ; ;C ) was suited to derive both single-
task and multi-task oracle risk. Bach Bacl3 showed how to obtain a majoration on the
function R(n;p; 2;; ;;C ), so that its in mum was showed to match the minimax rates
under Assumption Hm (; )).

In this section, we rst propose a slightly more precise uppebound of this risk function.
We then show how to obtain a lower bound on this in mum that matches the aforemen-
tioned upper bound. This will be done by precisely localizig the parameter minimizing
R(n;p; 2 ;;:C).

Let us rst introduce the following notation:
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De nition 4.1.
R°(nip; % ::C)=inf R(ip; %::;C )
We now give the upper bound onR?(n;p; 2; ; ;C ). For simplicity, we will denote by
(; ) aconstant, de ned in Equation (4.23), which only depends on and

Property 4.1. Let n and p be positive integers, , and positive real numbers such that
(Hm (5 ), (Hk (1)) and (Hav (5C1;Cy)) hold. Then,

~ np 1=2 1 __ 2
R?’(n;p; 2, ;:C) 212 —2 c¥? (; ) » > : (4.9)
Proof. Property 4.1is proved in Section4.C of the appendix. O

In the course of showing Property4.1, we obtained an upper bound on the risk function
R that holds uniformly on R;. Obtaining a similar (up to multiplicative constants) lowe r
bound that also holds uniformly on R, is unrealistic. However, we will be able to lower
bound R? by showing that R is minimized by an optimal parameter ? that goes to 0 asn
goes to+1 .

Property 4.2. If Assumption (Hy (; )) holds, the riskR(n;p; 2;;;;C ) attains its
global minimum overR; on [0;" ™ ], with
d 1

mn np = = - np .
— = et ) oy 1Y S
2

where (x) goes to0 as x goes to+1 .
Proof. Property 4.2 is shown in Section4.D of the appendix. O

1
Remark 4.9. Thanks to the assumption made on, zi 1< 0sothat 1 2 ! goes to

0 as ™ goes to+1 . This allows us to state that, if the other parameters are catant,
goes to 0 as the quantity® goes to+1 .

We can now give a lower bound orR?(n;p; 2; ; ;C ). We will give two versions of this
lower bound. First, we state a general result.

Property 4.3. For every (C; ; ) such thatl < 2 < 4 holds, there exits an integerN
and a constant 2 (0;1) such that, for every for every(n:p; 2) verifying ™ N, we have

LY T np =2 1 .5 . ,\_2.
R*(n;p; = ;:C) > C™ () - (4.10)
Proof. Property 4.3 is proved in Section4.E.3 of the appendix. O
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Remark 4.10. It is to be noted thatN and only depend on and . We can also remark
that can be taken arbitrarily close to

1 12
Rluz—l R1u2 +1

0 @+ u)zd“ A 0 ([@ru? du
Ri1 2 d 1 u122 +1 q
0 (@ u? 0o @z du
Numerical computations show that, by taking = =2, this constant is larger than 0:33.

Remark 4.11. The assumption made on and is slighlty more restrictive than (Hy (; )),
under which the upper bound is shown to hold and under whichetlsingle-task estimator is
shown to be minimax optimal.

We are now ensured thatR attains its global minimum on R, , thus we can give the
following de nition.

De nition 4.2. For every n, p, 2 and C, under the assumption of Property 4.2, we
introduce
& 2 argmin R(n;p; % ;;;C )
2R.
We now give a slightly re ned version of Property 4.3, by discussing whether this optimal
parameter } is larger or lower than the thresholdn 2 . This allows us to better understand
the e ect of regularizarion on the oracle riskR”.

Property 4.4. For every (; ) such that4 > 2 > 1, integers N; and N, exist such that
1. for every (n;p; ?) verifying %5 Njandn' 2 5 & then

, 1
R L2
and
2 1 1=2
R? e 2. . e o
(n;p; % 5:C) D
2. for every (n;p; 2) verifying ™ Nj;andn! 2 £ Ny, then
2 1
R L2
and )
R’(n;p; % ;:C ) R(mp; %0;;:C) -
Proof. Property 4.4 is proved in Section4.E.4 of the appendix. O

Remark 4.12. If p n 2and > 1 then we are in the rst case, for a large enough.
This is a case where regularization has to be employed in ord® obtain optimal convergence
rates. This also comes as a simple consequence of Properties

Remark 4.13. If 2 andn are xed and p goes to+1 then we are in the second case. It
is then useless to regularize the risk, since the risk can gnbe lowered by a facto#d, which
comes from Properties4.3 and 4.8. This also corresponds to a single-task setting where the
noise variance 2 is very small and where the estimation problem becomes trii
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4.4.2 Multi-task oracle risk

We can now use the upper and lower bounds oRR? to control the oracle risk of the
multi-task estimator. We de ne

?2 argmin R(n;p; 2 ::;:C 1)
2R.
and
?2 argmin R(n;p;(p 1) % ;;:C 2)
2R.
Property 4.2 ensures that ? and 7 exist, even though they are not necessarily unique. The
oracle risk then is

2

. 1 2 1
RK/lT = inf —E It?\/lAv(§ ) f = —E ft?\"Av( ) f

(: )2RZ NP 2 np 2

We now state the main result of this paper, which simply comedrom the analysis of R?
performed above.

Theorem 4.1. Foreveryn, p, C, C», 2, and such that Assumption(Hy (; )) holds,
we have - 1 h i
= np = . 1=2 = 1=2 .
Rir 272 = (; ) G +(p 1 2™ (4.11)
Furthermore, constantsN and 2 (0;1) exist such that, ifn N, p=2 nand2< 2 <
4 , we have

np 1=2 1

h i
Rim = (; ) Ci7+(p 1 O2)5F (4.12)

Proof. The risk of the multi-task estimator ﬂw y can be written as

av (G
R(n:p; % 5::C )+ RMpi(p 1) %;::C 2):

We then apply Properties 4.1 and 4.3, sincep= 2 n implies that p5p 1) 2 n. The
assumption > 1 ensures that the rst setting of Property 4.4 holds. O

Remark 4.14. An interesting fact is that the oracle multi-task risk is of the order(np= 2)17% 1,
This corresponds to the risk of a single-task ridge estimatavith sample sizenp.

Remark 4.15. As noted before, the assumption under which the lower boundlts is slightly
stronger than Assumption(Hy (; )).

4.5 Single-task oracle risk

In the former section we obtained a precise approximation ofhe multi-task oracle risk
R',-\’,IT . We would now like to obtain a similar approximation for the single-task oracle risk
RZ;. In the light of Section 4.3 the only element we need to obtain the oracle risk of task
j 2 f1:::;pg is the expression of(h’i iL,, that is, the coordinates of (fj(Xi))i”:l on the
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eigenbasis ofK . Unfortunately, Assumption (H s/ (;C1;C>)) does not correspond to one

2 points : suppose, for simplicity, that p is even and that
fl=  =fP?2 gnd P21 = =fP: (2Points)

1 outlier :
fl= =fpP1;: (10ut)

Both assumptions correspond to settings in which the multi-ask procedure would legit-
imately be used. Assumption @Points) models the fact that all the functions lie in a cluster
of small radius. It supposes that the functions are split inb two groups of equal size, in
order to be able to explicitly derive the single-task oracleaisk. Assumption (10ut) supposes
that all the functions are grouped in one cluster, with one otlier. In order to make the
calculations possible, all the functions in one group are asimed to be equal. Since this is
not a fully convincing situation to study the behaviour of the multi-task oracle, simulation
experiments were also run on less restrictive settings. Theesults of those experiments are
shown in Section4.8.

Remark 4.16. The hypotheses(2Points) and (1Out) made on the functionsf! can be
expressed or(h’i ). Assumption (2Points) becomes

8i2f1:::;ng ht=  =h"? and W2 = =nP;

1 X
i=p=
and o o ,
1 .2 2 1 .
ol v, M P
j=1 j=1
We also re-introduce the single-task oracle risk:
8 9
S X . 2 =
RZr = inf 17 e p ;o f

We now want to closely study this single-task oracle risk, inboth settings.
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4.5.1 Analysis of the oracle single-task risk for the 2 poin ts case (2Points)

In this section we write the single-task oracle risk when Assmption (2Points) holds. As
shovv_n in Lemma4.8, the risk of the estimator P =A y! for the j th task, which we denote
by RI( ), veries

P — P2 : P — P2

R(N;L %55 C1 C. ) RI() RMmYL 2 ;;; Cit G ):
Both upper and lower parts eventually behave similarly. In oder to simplify notations and
to avoid having to constantly write two risks, we will assumethat half of the tasks have a

risk equal to the right-hand side of the later inequality and the other half a risk equal to the
left-hand side of this inequality. This leads to the following assumption:

( P PP
ht = "ni ( Ci+ Co)
8i2fl:::; ' _ —_— o H 2poi
I ;i ng; hip _ p S (p o p ) (H 2points )
This minor change does not a ect the convergence 5ates obthestimator. Consequently, if
1 j p=2therisk for task j is R(n;1; 2;; ;; Ci+ ' G, 9 so that the oracle risk
for task j is, given thatn 2 1,
n 1= 1 p— p_— 1=
— ;) Ci+ C ;
and if p=2+1 j ptherisk for task j is R(n;1; 2;; ;; pc_l pC_2 %) so that the
oracle risk for taskj is, given that n 2 1,
n 1= 1 p— p_—1=
— ;) C. C

Remark 4.17. We can remark that (H opgints ) implies (2Points) and that (H opgints ) iM-
plies (Hay (;C1;C)), as shown in Lemma4.10. Consequently, if (H2points ) holds, we
have, for everyi 2 f 1;:::;ng, hl = P+ & and hP = P &

Corollary 4.1. For everyn, p, C1, Co, 2, and suchthat2< 2 < 4 andn 2> 1
and that Assumptions (H spoints ) and (Hk ( )) hold, then

np =2t () a1 PP, P Pt

RZ; > 5 p Ci+ C, + C C, : (4.13)

4.5.2 Analysis of the oracle single-task risk for the 1 outl ier case (10ut)

In this section we suppose that Assumption {Out) holds. As shown in Lemma4.9, we
can lower and upper bound the risks of the single-tasks estiators by functions of the shape
R(n;p; 2. C ). As in the latter section, to avoid the burden of writing two long risk
terms at every step, and since all those risks have the sameragrgence rates, we suppose
from now on the new assumption:

( p p
. ht = “hi Ci+pL"0C,
8 2fl:::;ng - " pPl ot (H )
wo= P Po P o o
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CHAPITRE 4. COMPARISON BETWEEN MULTI-TASK AND
SINGLE-TASK ORACLE RISKS IN KERNEL RIDGE REGRESSION

This minor change does not a ect the convergence rates of ttaestimator. Consequently, if

- 2
1 j p 1therisk fortaskj isR(n;1; ?;; ;; P Cy+ % ) so that the oracle
risk for task j is, given thatn 2 1,
S ! 1=

n =2 1 [ C

— ;) Ci+ 21 ;
while the risk for task pis R(n; 1, <;; ;; C1 (p 1)C, ) so that the oracle risk
for task p is, given thatn 2 1,

n 1= 1 p =

o S |
— (; ) C1 (P 1C
Remark 4.18. We can also remark here that(H 10, ) implies (10ut) and that (H 104t )
implies (Hav (;C1;C2)), as shown in Lemma4.9. Consequer&tly, if (Hiout ) holds, we

have, for everyi 2 1;:::;ng, hl = P+ p%& and hP = P p1&.

Corollary 4.2. For everyn, p, C1, C,, 2, and suchthat2< 2 < 4 andn 2> 1
and that Assumptions(H 10yt ) and (Hk ( )) hold, then

np 1=2 1

w (i)
2 s ! 3

p

?
RST

- I
C IO(p 1)C, 9 : (4.14)

©
Ol

4.6 Comparison of multi-task and single-task

In the two latter section we obtained precise approximatiors of the multi-task oracle
risk, RKAT, and of the single-task oracle risk,R?ST, under either Assumption (H opgints ) OF
(H10ut )- We can now compare both risks in either setting, by studyiry their ratio

?

_ Rur
?

Rar
We will express the quantity as a factor of

The parameter r controls the amount of the signal which is contained in the man of the
functions. When r is small, the mean of the tasks contains much more signal thathe
variance of the tasks, so that the tasks should be similar .This is a case where the multi-
task oracle is expected to perform better than the single-tek oracle. On the contrary, when
r is large, the variance of the tasks is more important than themean of the tasks. This is
a case where the tasks would be described as non-similar t is then harder to conjecture
whether the single-task oracle performs better than the mul-task oracle and, as we will see
later, the answer to this greatly depends on the setting.
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4.6. COMPARISON OF MULTI-TASK AND SINGLE-TASK

4.6.1 Analysis of the oracle multi-task improvement for the 2 points
case (2Points)

We now express as a function ofr when the tasks are split in two groups.

Corollary 4.3. For everyn, p, C1, Co, 2, and suchthat2< 2 < 4 andn 2>p
and that Assumptions (H spoints ) and (Hk ( )) hold, then

pl=2 14 ( pTl)l (1=2),1=2

- — (4.15)
@+ Nt Tt

Remark 4.19. The right-hand side of Equation (4.15 is always smaller than%. Thus,
under the assumptions of Corollary4.3, the multi-task oracle risk can never be arbitrarily
worse than the single-task oracle risk.

We can rst see that, under the assumptions of Corollary4.3, = pt= 1 asr goes

to 0. This is the same improvement that we get we multiplying the sample-size byp. We
1 (1=2)

also have = pTl asr goes to+1 , so that the multi-task oracle and the

single-task oracle behave similarly. Finally, = (l+pF)1£112j1 P asp goes to+1 ,

so that the behaviours we just discussed are still valid witha large number of tasks.

4.6.2 Analysis of the oracle multi-task improvement for the 1 outlier
case (10ut)

We now express as a function ofr when the tasks are grouped in one group, with one
outlier.

Corollary 4.4. For everyn, p, C1, Co, %, and suchthat2< 2 < 4 andn 2>p
and that Assumptions(H 10yt ) and (Hk ( )) hold, then

o2 1y pTl 1 (1=2) (122
- T — 1= b = (4.16)
Bt 1+ S +2 1 r(p 1)
We can see that, under the assumptions of Corollary.4, = pl¥ 1 asr goes to
0. As in the latter section, this is the same improvement thatwe get we multiplying the
1 1=2 -

sample-size byp. However, = pTl % asr goes to+1 . This
guantity goesto+1 asp! +1, so that the multi-task oracle performs arbitrarily worse
than the single-task one in this asymptotic setting. Finally, = r'=2  aspgoesto+1 .

This quantity goes to +1 asr goes to+1 , so that the behaviours we just mentioned stay
valid with a large number of tasks.
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4.6.3 Discussion

When r is small, either under Assumption QPoints) or (10ut), the mean of the signal is
much stronger than the variance. Thus, the multi-task procelure performs better than the
single-task one.

Example 4.2. If r = 0, then all the tasks are equal. The improvement of the multask
procedure over the single-task one then 82 1. This was expected: it corresponds to the
risk of a ridge regression with anp-sample.

As r goes to0, the multi-task oracle outperforms its single-task countepart by a factor
p'= 1. When pis large (but, remember, this only holds whenp= 2 n, son also has to
be large), this leads to a substantial improvement. It is eady seen that, for any constant
C>1ifr (C 1)?(p 1! ?, then the right-hand side of Equation (4.15 becomes
smaller than Cp¥™2 1. Thus, if the tasks are similar enough, the multi-task orace performs
as well as the oracle for anp-sample, up to a constant.

On the contrary, when r is large, the variance carries most of the signal, so that the
tasks di er one from another. Asr goes to+1 , the two settings have di erent behaviours:
under Assumption ( 2Points) (that is, when we are faced to two equally-sized groups),
the oracle risks of the multi-task and of the single-task estators are of the same
order: they can only di er by a multiplicative constant;
under Assumption (10ut) (that is, when we are faced to one cluster and one outlier),
the single-task oracle outperforms the multi-task one, by dactor which is approximatly
Pt
Finally, Assumption ( 2Points) presents no drawback for the multi-task oracle, since unde
those hypotheses its performance cannot be worse than thengile-task oracle's one. On the
contrary, Assumption (10Out) presents a case where the use of a multi-task technique gtéa
increases the oracle risk, when the variance between the tesis important, while it gives
an advantage to the multi-task oracle when this variance is mall. The location where the
multi-task improvement stops corresponds to the barrier = 1. Studying this object seems
di cult, since we only know  up to a multiplicative constant. Also, nding the contour li nes
of the righ-hand side of Equation @.16) does not seem to be an easy task. In Sectich8, we
will run simulations in situations where the oracle risk canno longer be explicitly derived.
We will show that the behaviours found in these two examplestdll appear in the simulated
examples.

4.7 Risk of a multi-task estimator

Solnon et al. BAB12] introduced an entirely data-driven estimator to calibrate M ay (; )
over RZ. One of their main results is an oracle inequality, that compres the risk of this
estimator to the oracle risk. Thus, R}, is attainable by a fully data-driven estimator. We
now show that our estimation of the multi-task oracle risk is precise enough so that we can
use it in the mentionned oracle inequality and still have a lever risk than the single-task
oracle one.
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4.7. RISK OF A MULTI-TASK ESTIMATOR

The following assumption will be used, withdf( )=tr( A YandA = K(K +nl ,) *:

9
8j 2f1,:::,p9;9 o 2(0;+1); =
r—
p_ 1 P2 o Inn (Hdf)
df( o) n and " (A, To)f! 5 ruk
We will also denoteM = Mav(: ); (; )2 R?%2 andMuy the estimator introduced

in Solnon et al. [SAB12], which belongs toM . Theorem 29 of Solnon et al. $AB12] thus
states:

Theorem 4.2. Let =2, 2, p2 N? and assume(Hdf ) holds true. An absolute constant
L > 0 and a constantny( ) exist such that the following holds as soon as nj( ).

2 2 2
EL B g 1+ E inf g f
np HM 2 In(n) M2M  np 2
In(n)®  p kfk3 (*.17)
2 2 2 .
+L “(2+ )“p - + n=Z p
We rst remark that
; 1 2 ?2 .
E inf = iy f , RyT

, XX XX X
kf k2 = (W)y2=n" cl i2 n@E) ci:
j=1i=1 ji=1 =1 j=1

Remark 4.20. Assumption (2Points) means that for everyi 2f 1;:::;ng,if 1 j p=2,

: P — p—2>2
C! = Ci+ C;
and if p=22+1 | p,
: p— p—2>2
C! = Ci C, :
Assumption (10ut) means that for everyi 2f 1;:::;ng, if 1 j p 1,
S I
- p— C
cl= " Cp+ 2 i
hil
while b p__
Cl= Ci (p DC»

Property 4.5. Under Assumptions(Hgk ( )) and (Hav (;C1;Co)) with 2 > 2, there exists
a constant N1 such that for everyn N1, Assumption (Hdf ) holds.
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Proof. We can see that Assumption Hdf ) is made independently on every task. Thus we
can suppose thatp= 1. Let us denoteb( ) = n k(A I)f kg. We can see that if there
exists constantsc > 0 and d > 1 such that for every 2 Ry () ¢ 2df( ) ¢, tBen

Assumption (Hdf) holds for n large enough Indeed, let 2 R. such that df( )

Then, if b( ) ¢ 2df( ) 9, b( ) 2c( n) d c&w It just su ces to see that,

for n large enough,cn 91 In(n).
Using Lemmas4.6 and 4.5 we can see that, for every 2 R;,

2 1

b( )

li(; )

and, for n large enough, there exists a constant such that, for every 2 R,

df( )=tr A Zilz( )

Thus, for n large enough, there exists a constant (depending on 2, and ) such that,
for every 2 R4,

b() c?tr(A) @ D
Hence, if2 > 2, there exists a constantN; such that for everyn N1, Assumption (Hdf )
holds. O

Thus, we can apply Theorem4.2 to the estimator Ibm " under either Assumption
(2Points) or (10ut) (and we denote by either opgints OF 10ut)-

Property 4.6.  For every positive numbery ; ; ;C 1;Cy) verifying4 > 2 > 2and > 1,

there exists positive constant{N ( ; ; );L) such that, for every(n;p; 2) verifyingn N

and £ n, if Assumption (Hgx ( )) and if either Assumption (Hpgints ) Or Assump-
tion (Hiou ) hold, the ratio between the risk of the estimatoﬁbM " and the single-task
oracle risk veri es

2

1
E & fo, f , L 2
) 1+ s
R&r In(n) 5

| .

L 22+ )"+ BEILT P, O

+Cst n 1=2 1 . 1 p iy1=2

n () i P
Proof. This is a straightforward application of the preceding resits. O

We now show that the latter fully data-driven multi-task rid ge estimator achieves a lower
risk than the single-task ridge oracle, in both settings 2Points) and (10ut).

Corollary 4.5.  For every positive numbers( ; ; ; 2;") verifying4 > 2 > 2and > 2,
there exists positive constantdN;r) such that, for every (n; p; Cy; Cy) verifying n N,
£ n™ and % r, if Assumptions (Hk ( )) holds and if either Assumption(H 2points )
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or Assumption (Hioy ) hold, the ratio between the risk of the estimatorlbmHM and the
single-task oracle risk veri es

1
E & B f ,
<II:
R%;

Prlgof First, we cgn see that under either Assumption 2Points) or Assumption (10ut), both
p J -1 Cl and 1 J (CJ )2 converge, ag goes to+ 1 , to quantities only depending on
Cq, Cy and and are thus bounded with respect top. Then as it was shown in the previous
section, both 2p0|nts and 1out 9O toOas goes to0. Finally, we can see that n¥
implies that 5 n and that

In(n)3
2ph(n)l” 4, In(n)3 ;= In(n)®
o 1=2 1 P ni=2 nl= n +1
together with
p
n=2 2 1=2 nl =2 1=
n 172 1 n' +1

O

Remark 4.21. The result shown in Corollary (4.5 establishes that a fully data-driven
multi-task estimator outperforms an oracle single-task dsnator, which is minimax optimal

4.8 Numerical experiments

The hypotheses we used in the former sections, although suient to precisely derive
the risk of the estimator, do not re ect realistic situations. In this section we study less
restrictive settings. However, we are no longer able to obia simple formulas for the oracle
risk as we did before. Thus, we resort to numerical simulatios to illustrate the behaviour
of both single-task and multi-task oracles.

4.8.1 Setting A: relaxation of Assumptions (Hav (;C1;Cy)) and (2Points)
in order to get one general group of tasks

In the latter sections we modeled the fact that thep target functions are close. How-
ever, due to technical constraints we were only able to deal ¥ cases where the functions
are split into two groups and are then equal inside each groypthus introducing Assump-
tions (2Points) and (10ut). We propose here to extend this setting by simulating a more
general group of tasks. Those tasks should all be at a compdie distance from a centroid
function.

..........
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P("{ = 1) =1=2). The target functions are then de ned by

. _ Pp__ .p__—

8i2fl::::ng 8 2f1;:::;pg; h‘i:pni Ci+"l Cp (4.18)
Thus, all the p target functions are clgse topa centroid function, whose oochnates on the
eigenvectors of the kernel matrix are™ ni C1, with a dispersion factor = C,. In this
setting, we can easily express the key elements for the analg of this risk :

|
) p_ Pp "%p_'z

Fi:ni 2 C,+ 1=t C,

and 0 . . 1
P— P i -
&= ni 2@% o+ L 1N, A
=1

) P —
Cy Ci+

Remark 4.22. The theoretical analysis developed previously cannot be@ed here, due to
the presence of random terms, which depend dnin front of the decay termni 2 .

4.8.2 Setting B: random drawing of the input points and funct ions

Assumptions Hk ( )) and (Hay (;C1;C5)) model the behaviour of the spectral ele-
ments off and K as if they exactly follow the spectral elements of the kernebperator and
the input function. Although convenient for the analysis, this setting is unlikely to hold in
practice and we propose here to draw the input pointgX;)iL; and compute the risk using
the eigenvalues of the kernel matrix.

We suppose here that(X;), is a sequence of i.i.d. random variables uniformly drawn
on[ ; ]. Asin the latter section, we also suppose that we have an id. sequence of ran-

...............

. Pp_  p__
8i2f1:::;ng; 8 2f1:::;pg; f!(X;)= Ci+ "l Co jXij ¢ (4.19)
As stated in Wahba [Wah90] and in Gu [Gu02], a natural kernel to use is, withm 2 N7,

)1
R(x;y)=2 COSGI(2+y)) :

i=1

In this setting, the coe cients of the decomposition of f : x 7! jxj on the Fourier basis
are known to be asymptotically equivalent toi 2. Thus, this setting is a natural extension
of Assumptions Hk ( )) and (Hav (;C1;C2)), with = m since the eigenvalues of the
kernelR arei ™ and =2.
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4.8.3 Setting C: further relaxation of Assumptions (Hav (;C1;Cy)) and
(2Points) in one group of tasks

We consider the same tasks than in Setting A, but also allow tk regularity of the variance

.....

This gives us the following quantities of interest: for evey i 2f 1;:::;ng,
2 o P owip_ 2
L=nj 21 T Ccp+ ATy (2w
p p
and
X p_ p__ 2
&Z:ni21 1‘ C1+"Ji Czi(2 1)

. 5l
Po i 2

Py 1P
p

4.8.4 Setting D: relaxation of Assumptions (10ut) and (Hay (;C1;C)

Assumption (10ut) states that we have one ofp 1 identical tasks and one outlier. We
now simulate a slightly more general setting by having one cister of p 1 around 0 and an

.....

gives us the following quantities of interest: for everyi 2 f 1;:::;ng,
0 1
2 PerXt  wp ’
L = ni t@== "Ji+_| Czi(2 DA
p p i=1 p
and
0 0 1,1
X1t o wpp __
&ZZI’]i 1@p 1C1+}C2i 2(2 1) 1‘ "Ji+_i Coi (2 1A A
p p Dj_l p
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4.8.5 Methodology

In every setting, we computed the oracle risks of both the mui-task estimator and the
single-task one. As shown before, for instance in Equation4(5), both the multi-task risk
(which has two hyper-parameters, and ) and the single-task risk (which hasp hyper-
parameters, ' to P) can be decomposed as a sum of several functions, each degegd
on a unique hyper-parameter. We used Newton's method to optiize each of thosep + 2
functions over, respectively, , , ::::; P. Our stopping criterion was that the derivative
of the function being optimized was inferior to 10 °, in absolute value. We replicated each
experiment N = 100 times. This gives usN independent realisations of(R',{,IT ; R?ST), the
randomness coming from the repartition of the tasks and, in 8tting B, from the drawing of
the input points (X;){L;

In Settings A and B we rst test the hypothesis Ho = fP(R{;r < R%7) < 059 against

Hi = fP(Rjr < R%;) 0:5g. This amounts to testing whether the median of RE is larger
than one. For every iterationi 2f 1;:::; Ng, we observeBI = 1Ry, <R3 Slnce the random
apply Hoe dlng s inequality [ Mas07 and see that, for every" > 0, [By "; 1] is a con dence
interval of level 1 e 2N"* for P(R},; < R%;). This leads to the foIIowing p-value:

e N(By 05)° By 05

0 otherwise :
n h, | 0
In those tvvo settings, we also tﬁst the hypothesidip = E Z¥- > 1 againstH; =
n | | ST

E M- 1 . Let us denote byE =ML the empirical mean of the random varlables#—
T

dtd #— the resulting standard deviation and the cumulative distribution function of

a standard gaussian distribution. Then, a classical use ofhie central limit theorem and of
Slutsky's Lemma gives that

R? n R?
o "ML 4 p_dtd —MT
R&r n Rr
hR i
is an asymptotic con dence interval of level ( ") for E ﬁ“rséT— This leads to the following
T
asymptotic p-value:

The results of those tests are shown in Table.1 for Setting A and in Table 4.2 for Setting
B.

In Settings C and D, we use the same asymptotic framework andhew error bars corre-
sponding to the asymptotic con dence interval

o Rir Zomsgg Rur p Rin gy Rur
RSt RSt RSt RSt
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of level 95%, wherez denotes the quantile of order of the standard gaussian distribution.
The results of those simulations are shown in Figuret.1 for Setting C and in Figure 4.2 for
Setting D.

We used the following values for the parametersn =50, p=5, 2=1andC;=1. We
nally settled =2 in Settings A and B and ; =2 in Settings C and D.

h i h i
Co r= g—i B1oo 1 E Rﬁ'\)—g— gtd RRKQ 2
001| 001 |2]| 1 <10 1 0:434 0:0324 <10 1
0:1 0:1 21 1 <10 1 0:672 0:0747 <10 1
0:5 05 | 2| 094 <10 15 0:898 0:0913 <10 15
1 1 2051|980 101 1:.01 0:129 0:773

5 5 2| 0:38 1 0:998 0:0292 0:302
10 10 2 | 0:42 1 0:996 0:0172 990 103
100 | 100 |2|076| 1:35 106 0997 | 544 103|597 10 10
001| 001 |4]| 1 <10 15 0:426 0:0310 <10 15
0:1 01 |4 1 <10 1 0:703 0:0737 <10 1
0:5 05 |4|075| 373 10° 0:934 0:113 180 10 °
1 1 4| 0:31 1 1:08 0:163 1:00

5 5 4 | 0:38 1 1:01 0:0439 0:965
10 10 4 | 0:43 1 0:993 0:0304 0:0113
100 | 100 |4 | 0:83 | 348 10 19| 0:992 0:0103 122 10 4

Table 4.1: Comparison of the multi-task oracle risk to the sngle-task oracle risk in Setting
A.

4.8.6 Interpretation

When all the tasks are grouped in one cluster (Settings A, B ath C), the same phe-
nomenon as under Assumption ZPoints) appears. In situations where the mean component
of the signal has more weight than the variance component (irSettings A and B, that
is whenr is small, in Setting C, this occurs when », is large and C, is small) then the
multi-task oracle seems to outperform the single-task oneOn the contrary, when the mean
component of the signal is negligible compared to the variase component (likewise, this
occurs in Settings A and B whenr is large and in Setting C when » is small or whenC,
large), then both oracles seem to perform similarly.

Adversary settings to the multi-task oracle appear when ondask is added outside of a
cluster (Setting D). When this outlier is less regular than the tasks belonging to the cluster
(that is, when » is large), the single-task oracle performs better than the mlti-task one,
which con rms the theoretical analysis performed in Sectio 4.6.2
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Figure 4.1: Further relaxation of Assymptjon (2Points) (Experiment C), improvement of
multi-task compared to single-task: E Rﬁ“g— . Best seen in colour.
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Figure 4.2: Relaxation of Assumption (LOut) (Experiment D),

. R/ .
compared to single-task:E % . Best seen in colour.
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h i h i
C2 = g—i m BlOO 1 E Rﬁ“é:— gtd Rﬁ“g— 2
001| 001 | 2 1 <10 1 0:570 0:0409 <10 1
0:1 0:1 21 1 <10 15 0:745 0:0333 <10 15
0:5 0:5 2 | 0199 <10 15 0:907 0:0406 <10 15
1 1 21080 | 152 108 0:961 0:0459 <10 1
5 5 2 | 055 0:607 0:995 0:205 259 103
10 10 2 | 053 0:835 0:996 0:114 6:23 10 4
100 | 100 | 2 | 081 | 450 10 9 0996 | 635 1023|103 10
001| 001 | 4 1 <10 1 0:527 0:0409 <10 1
0:1 0:1 4 1 <10 1 0:756 0:0534 <10 1
0:5 0:5 4 | 093 <10 15 0:.917 0:0650 <10 15
1 1 4 | 0:49 1 1:01 0:0896 0:855
5 5 4 | 0:40 1 0:997 0:0295 0:170
10 10 4 | 0:41 1 0:998 0:0179 0:114
100 100 | 4 | 084|910 10| 0994 |871 10°|736 10 4

Table 4.2: Comparison of the multi-task oracle risk to the sngle-task oracle risk in Setting
B.

4.9 Conclusion

This paper shows the existence of situations where the muHtiask kernel ridge regression,
with a perfect parameter calibration, can perform better than the single-task one. This
happens when the tasks are distributed given simple speciations, which are studied both
theoretically and on simulated examples.

The analysis performed here allows us to have a precise estition of the risk of the multi-
task oracle (Theorem4.1), this result holding under a few hypotheses on the regulaty of
the kernel, of the mean of the tasks and of its resulting variace. Several simple single-task
settings are then investigated, with the constraint that they respect the latter assumptions.
This theoretical grounding, backed-up by our simulated exanples, allows us to understand
better when and where the multi-task procedure outperformshe single-task one.

The situation where all the regression functions are closen the RKHS (that is, their
di erences are extremely regular) is favorable to the multitask procedure, when using
the matricesM = May(; );(; )2 R2 . Inthis setting, the multi-task procedure
can do much better than the single-task one (as if it hadp times more input points).
It is also shown to never do worse (up to a multiplicative contant) !

On the contrary, when one outlier lies far apart from this cluster, this multi-task
procedure suddenly performs badly, that is, arbitrarily warse than the single-task one.
This comes as no surprise, since the addition of a far less ndgr task naturally destroys
the joint learning of a group of tasks. In this case, the use o& multi-task procedure
which clusters the tasks together (because of the choice & ) is inadapted to the
situation.
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4.9. CONCLUSION

Our analysis can easily be adapted to a slightly wider set ofssumptions on the tasks than
the one presented here (all the tasks are grouped togethem bne cluster). It is for instance
possible to treat the case where the tasks are grouped in twaK more) clusters when the
allocation of each task to its cluster is known to the statistcian, at the price of introducing
more hyperparameters. We are still limited, though, to cerain cases of hypotheses, re ected
on the set of matricial hyperparametersM . The failure of the multi-task oracle on the case
where one outlier stays outside of one group of tasks can beesg not as the impossibility
to use multi-task techniques in this situation, but rather as the fact the set of matrices used
hereM = Mav(; ):(; )2 R? ,isinadapted to the situation. We can at least see two
di erent solutions to this kind of inadaptation. First, the use of prior knowledge can help
the statistician to craft an ad hocset M . Second, we could seek to automatically adapt to
the situation in order to learn a good setM from data.

Learning more complex setdM is an important but complex challenge, that we want
to address in the future. This question can at least be split mto three (not necessarily
independent) problems, that call for the elaboration of newtools:

a careful study of the risk, to nd aset M? S g* (R) of candidate matrices;
optimization tools, to derive an algorithm able to select a matrix in this set M ?-
new concentration of measure results, to be able to show ode inequalities that control
the risk of the output of the algorithm.

Our estimation of the multi-task oracle risk is also shown tobe precise enough so that
we can plug it in an oracle inequality, hereby showing the extence of a multi-task estimator
that has a lower risk than the single-task oracle (under the ame favorable circumstances as
before).

Finally, it would be intereting to extend the analysis developped here to the random-
design setting. This could be done, for instance, by using # tools brought by Hsu et
al. [HKZ11], that link random-design convergence rates to xed-desig ones.
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Appendices

4.A Decomposition of the matrices Mgp(; ) and Mav(; )

We now give a few technical results that were used in the formesections.

Lemma 4.1. The penalty used in Equation(4.3) can be obtained by using in Equatior{4.2)
the matrix Msp(; ), such that

11> +p 11>
— + |p
PP p p

The penalty used in Equation(4.4) can be obtained by using in Equation(4.2) the matrix
Mav (; ), such that

Msp(; )= (4.20)

11~ 11~
M ; = — + — | 4.21
AV( ) p p p p p ( )
Proof. For the rst part, since
X o X _— _
g o _= HWidie 2ng:dir + gt gtie
j=1 k=1 jik
x o X
=2p h;dir 2 hgfiE ;
i=1 JH

the penalty term of Equation (4.3) can be written as
x x X ‘.
— h.dig+ hg;dir — Ho;d%F ;
Pi= j=1 P i
leading to the matrix

ML =t 1
p p pp p

For the second part, since
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4.B. USEFUL CONTROL OF SOME SUMS

the penalty term of Equation (4.4) can be written as

e s S mdidie o g
> glE + — FIE = T OUIE
2 2
P™ i Pz P™
leading to the matrix
11° 11°
117 + —lp= — — | =M X
2 "pp p " p A
O
4.B Useful control of some sums
Let us introduce the following integrals :
VAN u12—2+1
li=11(; )= o mdU,
Z 4 UZL 1 .
l2=12( )= o mu—|1(10)-

Under Assumption (Hy (; )), both integrals converge. We also introduce their discred
counterparts. For everyn 2 N? and every 2 R, :

N
Si(n; ) = L @rizy’
. — 1 .
82(n1 )_ - (1+ i 2 )2 '

We here give a rst elementary technical result.

Lemma 4.2. The map de ned onR.: by

t4 2
7/
@+ 12 )

is positive, increasing on[0;t?] and decreasing ont”;+ 1 ) to 0, with

’ 4 2 ¥
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CHAPITRE 4. COMPARISON BETWEEN MULTI-TASK AND
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Proof. This map is nonnegative and converges t® in 0 and +1 . Furthermore

d t4 2 t4 2 1 t4 2
- =4 2)——" 4t 1 __ __ _
dt (1+ t2)? 1+ t2)? 1+ t2)3
t4 2 1 h ) 2i
t4 2 1 h , , 2i
t4 2 1 h 2i
= qyqEE @ 2) 2t

The only parameter t? that cancels out this equation is

) 4 2

O

We now give a serie of technical results to control 1, 12, S; and Sy, which will be useful
in the following sections.

Lemma 4.3.
Z 4 2 @ 1= Z+1 e 2 1)=2
dt = du= 1 :
0o (L+t2) 2 2 (v 2 2
Proof. Apply the change of variablesu = t 2 see Bac13 for more details. O
Lemma 4.4.
Z 1 1= £ 41 T 1=2
5 dt = du = o
o @1+ t2)2 2 o (1+u)? 2

Proof. Apply the change of variablesu = t 2 see Bac13 for more details. O

Lemma 4.5. We have the following bounds,. For every n 2 N? and every 2 R?,
1=2

2

Sa(n; )

Z

o -

n+l
1
————dt :
1 @+ t2)?

Proof. To show the rst point we just remark that

Sa(n; )

S(n')—)@# Zn#dt £ -
2\, _i=1(1+i2)2 o(l+t2)2 0 (l+t2)2 .

The second point is likewise straightforward. O
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4.B. USEFUL CONTROL OF SOME SUMS

Lemma 4.6. We have the following bounds o1$; : for every n 2 N?, every (; ) 2 R?
such that4 > 2 and every 2 R7,

@ 1=2
Si(n; ) ———I1;

Furthermore, let

and n? = ht’c.

If n?<n 1
n+1 t4 2 " z n?+2 t4 2
o (1+t2)?
while if n? n

Zn t4 2

Sl(n; ) 0 mdti

Proof. Lemma 4.2 shows thatt 7! % is increasing on[0;t’] and decreasing on

[t?;+1 (. Thus we have the following comparisons :

Znr 4 2 X° a2 Zntn 4 2
——dt — ——dt
o (1+t2)? L, @+iz)z o, (1+t2)?

and
Zn+l t4 2 xXn 4 2 Z

n t4 2
————dt _— —————dt :
ez (L4 12)2 A+i2)2 Q@+ t2)?

i=n?+1

By adding those two lines we get

xn 4 2 AR ] t4 2 Z, t4 2
Si(n; )= —_—— ———dt + ———t
D e e
+1 t4 2
2

o @r izt

which shows the rst point. We also get, ifn?<n 1

Z g2 t4 2 Z a1 t4 2
Sai(n; ———dt + ————dt
R T P e,
z n+1 t4 2 n?+2 t4 2
——dt ————dt :
o (1+t2)? e (14 12)2
The last point is evident, since ifn? n the integrand is increasing on[0; n]. O
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4.C Proof of Property 4.1

Let n and p be integers, , and real numbers such that Hy (; )) hold. We want
to study the value and the location of the in mum on R, of
X0 4 2 2 X0 1

70 R(mp; %4;;:;C)=C?%2 — oot — —
(n:p ) L @+ i2)2 np @+ i2)?

Property 4.7. For every in Rs, we have
Clq - 21, -
R(n;p; % :::C — 2@ D2y e 1= . 4.22
(n;p ) T (4.22)

Proof. This is a straightforward application of the majorations of the nite sums by integrals
given in Lemmas4.5 and 4.6, together with the change of variables done in Lemmad.3 and
4.4, O

Lemma 4.7. Let A 2 R,, the minimum over R? of 7! @ D=2 4+ A 122 s attained
for

and has for value
2

(2 1)1 1=2)
Proof. This mapping is di erentiable and has +1 for limitin 0O and in +1 . Then

Al (l=2 )

d L-p Dya 12 -1 2 1oy A 1o

d 2 2

We see there is only one minimizer ? verifying

22 l( ’?)(2 1)=2 — ZA( ’?) 1=2
, (2 1)2 ( ?)2 1 - A2 ( ?) 1
( ?)2 — A?
] (2 1)2
2 = AT
! - 2 1

Pluging-in the value of ? leads to the optimal value

A 2 1)=2 A 1=2
7 1 tA S FAR R @ i)t
- - 1
— A(2 1)=2 2 11—2 +1
( ) 71
— A(2 l)=2 (2 1)l=2 2
2 1
- 2
- AR D=2
A (2 1)1 1=2)
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4.D. PROOF OF PROPERTY 3.2

De nition 4.3.  To simplify notations, since this quantity depends only on and and
appears throughout the paper, we will use the following notton :

(i )=h( )P () 22 1y (4.23)

@ 1
We now prove Property 4.1
Proof. First R(n;p; %,0; ;;C )= Fz, so that R?(n;p; 2;;;C) Fz. Then, the right-

hand side of Equation @.22 can be written as

ﬂ @ n=2 ’l5 1=2
2npCl,

Consequently, Lemmad4.7 implies that the optimal value of this upper bound with respect

to is
1 (1=2)

Cly 2], 2 .
2npCl, (2 1)t @=2) "’
which is exactly the right-hand side of Equation @.9). O

4.D Proof of Property 3.2

In order to perform this analysis we observe thatR is composed of two factors :
xn i4 2

P22’
o @)
. 2 X 1 - . .

a variance factor — ——————, which is a convex, decreasing function of .
P, 1+ i2)

We show that, if istoo large, then the bias term exceeds the upper bound dﬁ'-’(n; p; 2.+ C )
given in Equation (4.9).

a bias factor C 2 which is an increasing function of ;

Proof. We see that, using Equation @.8), for every 2 R.,
2

R(nyp! !111C ) C(1+ )2 .
The right-hand side of this equation is increasing. Thus, ifa real number" matches this
bound with the upper bound of R?, that is,

n2
1 = = =
Casmz=pp (W7 CH2= ()
we can state that the inmum of R is attained by a parameter ? 2 [0;"]. The latter
eqguation is equivalent to
np (1=2) 1
||2 —_ A _Fz) (1+ ||)2 ;
with
A = C(l=2) 121=2 (1 ) :
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This leads to
P— np (1) 1=2 DK np (=4) 2

N = 2 ,

sothatif " A 1 0% 12 _ g pnaris if

np 1 1 R

— > 6 22 1 ( : )2 1
then p_ ) )

no_ A Eg' (1_4) = _ p K np (1=4) 1=2 1+ np . (4 24)
1 PK np (1=4) 1=2 2 2 ’ :

where (Xx) goes to 0 ax goes to+1 . O

4.E On the way to showing Property 3.3

The proof of Property 4.3 uses two results that we give here.

4.E.1 Control of the risk on On 2

Property 4.8. For everyn, p, 2 C, and ,we have
X 2
inf R(n;p; < ;;:C —
2[on 2] (n:p ) 4p

Proof. Forevery 2 0O:n 2 we have

2 2 X 1
R(n;p; 5 ;:.C - =
(n:p ) np ., (1+ i2)°
2 l)@ 1
D n 2
P Mo 1+ r,]_z
2
4_p.
O
4.E.2 Control of the risk on n2;" 2

Property 4.9. There exists an integerN and a constant 2 (0;1) such that for every
(n;p; 2) such thatnp=2 N, every (; ) 2 R2 such that4 > 2 > 1 and every
2[n 2;" ™ ]we have

R(n;p: 2 :::C ) Cli ¢ 1= + 2l 1o
) 1 L R R | 2np
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4.E. ON THE WAY TO SHOWING PROPERTY 3.3

Proof. We seek to minor the two sums composingr, which was de nded in Equation (4.8),
by their integral counterparts, uniformly on [n 2 ;" 20 ]. The technical details are exposed
in Lemmas 4.5 and 4.6.

For the rst sum, using Lemma 4.5, we have that

xXn 1 YA n+1 1 dt Z 1 1 dt
o1+ i2)? 1+ 12)2 1+ 12)2
=1 0 0
“o 1 dt “o 1 dt o 1 dt
o @+ t2)2 ne1 (14 12)2 o (1+ t2)2
First, with the change of variablesu = t 2 [Bac13,
R
Z Z +1
. 1 dt = . 1 drgtt ar 2 et
A . 9 N0 - ™\ 1
nat (14 12)2 o @+ t2)2 s oyt
R A1
Z +1 ?
_ +1 1 dt (n+1) 2 (ul+—u)2du
0 (@ruzdu
R L1
Z ‘1 +1 y?2 d
1 Tz au
. Zd'[ 1 (l+1U) ,
0 1+ te) Ri1 u?_ ld
0 (wuzdu
; 2
since n <.
We also have , with the change of variablesi = t 2 [Bac13,
1
Z 1 1 dt = Z 41 1 dtRr o T X 2 dt
2327 T 2 )2 1
0 (1+ t ) 0 (1+ t ) 0 mdt
R 1
Z uz_ d
1 u
— dt 0 (1+ u)
0 (1+ t2 )2 R+l u2
0 1+ u)?
R, Lt 1
Z +1 u? d
1 A——du
dt 0 (1+ 111)2 :
0 (1+ t2 )2 R+:I_ uz ldu
0 (@+uy?
Since", which was de ned in Equation (4.24), veries "(x) ! Oasx! +1 ,we get
R. A1
(x) u?
0 (ul+ u)Zdu |
Ri1 uz ! +1
0 1+ u)zd

All those arguments imply that there exists an integern; and real numberc; 2 (0;1) such
that, for every (n;p; 2) such thatnp= 2 nszandforevery 2[n 2 ;" %],
X 1 £ 1

L@z %, @t
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For the second sum we carry a similar analysis, using Lemmé.6 instead of Lemma4.5.
First, supposing that 4 > 2 , we know that

Since"(np= 2) goes to0 asnp= 2 goes to+1 . Consequently, let > 0and n3 be an integer
such that for every (n;p; 2) such thatnp=2 ns3, andevery 2[n 2 ;" ™ ], we have

1=2 1=2
4 2 4 2 + 2

Consequently, for every(n;p; 2) such thatnp=2 nzandevery 2[n 2;" 28] we
1=2
have (with t? = 42 and n? = ht’c) :

4 2 4 o 1=
=z and n°+2 (1+ ) =27

2 2

We can remark that zf and zg do not depend on . Consequently, for every(n;p; 2)
such thatnp= 2 nzandevery 2[n 2 ;" 20 ] we get

Zn'-’+2 t4 2 222 t4 2

. @r e @zt

n

We nally see that
R t4 2

Z2
o2 (1+12)2

Zzz 4 2 VAN 4 2 dt

—dt = dtR
1
e T e
12 4
u 2

Z t4 2 Wdu

dt
(1+ t2)27 Ry ulzfzﬂd
0 (@ruz du

R,
z

I—‘I\)NN

Z+l t4 2

= C3 o 7(14_ t2)2dt;

with
s 12

z 2 U 2

22 (1+u)y?

R 1

+ u 2
0o ‘@wzdu

R

+1

du
2 (0;1)

C3: 12 2+1

being independent of and arbitrarily close to 0. Thus, we have that, using Lemma4.6,
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4.E. ON THE WAY TO SHOWING PROPERTY 3.3

xn i42 YA

—_— ————dt
L @xizyeE  , @r 2y
Z+l 4 2 Z+1 4 2
L L
o @tz @rtzy

n t4 2

if n<n landnp=? ngs:

xXn i4 2
L, @+ i2)2
2 n t4 2 YA +1 t4 2
————dt ¢ ————dt
o @+ t2)20 T, @+ t?)
+1 t4 2 +1 t4 2 Z +1 t4 2
————dt ————dt ¢ ————dt :
o @+ tZ)20 . @rtZ)2 P, @+ t2)
With the change of variablesu = t 2 [Bacl3,
R
Z 7 +1 4 2
+1 1 dt_ +1 t4 2 dtnn mdt
= _dt= Rt
S L L
R 1 12 +1
_ YA +1 t4 2 at :]—2 ﬁ_u(li m) du
0 a+ t2)2 RJrl u122 +1d
0 (@ruz du
R 1 2 1
Z +1 2
0 1+ t2)2 Ry u122 +1d ’
0 @ruz du
since n 2 . This implies that there exists an integer n, and real numberc, 2 (0;1)

such that, for every (n;p; 2) such thatnp= 2 nj, and forevery 2[n 2:" 2]

xn i4 2 Z+1 t4 2
— O ———dt :
Larizye %, @rizy

By taking N = max(ns;n») and = min( cy;c2), we have that for every(n;p; 2) such
that np= 2 N andevery 2[n 2 ;" 28]

R(n;p: 2 :::C ) Cli o 1= + 2l 1o
) 1 LA I R | 2 2np
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4.E.3 Proof of Property 4.3

Proof. This proof uses two results proved in Sectiong.E.1 and 4.E.2 of the appendix.
Property 4.2 shows that R attains its minimum on 0;" 2 | where"(x) goes to0 as x
goes to0. First, Property 4.8 shows that
) 2
inf R(n;p; 4 ;;:;C —

2[on 2] (nip ) 4p
Then, using Property 4.9 shows that there exists an integerN and a constant 2 (0;1)
such that for every (n;p; 2) suchthat 2 N, every(; )2 R? suchthat4 > 2 > 1
and every 2[n 2 ;" 2 ]we have

R(n;p: 2 :::C ) Cli o 1= + 2l 1o
) L LA R R | 2np

Thus, using the same analysis than for Property4.1, we get

. np 1= 1 _._
hoinf i R(mp; % 5:C ) —g ct2 ;) :

2 .o np
2n VT

4.E.4 Proof of Property 4.4

The proof of Property 4.1 clearly shows two regimes :
when 2% n 2, the multi-task risk is Fz;
2 2 . . . 2 1 1=2
when 5 n <, the multi-task risk is " .
We now show that if is too close to zero then the variance term exceeds the upper

bound onR?(n;p; 2; ;;C ) given in Equation (4.9).

Proof. Let us denote

my = inf R(n;p; 2% ;;;C )
2[on 2]
and
my,= p inf i R(np; %:::C)
2n 2 ;v 05
If m; <m,then } n% else 3 n% Under the present assumptions, we can use the

proof Property 4.3 and state that there exists an integerN; and a constant 2 (0;1) such
that

— ml PR
p 4p
and 1=2 1 1=2 1
- hp 1= - . np = = . .
21 2 _2 Cl 2 ( ’ ) m2 _2 Cl 2 ( ’ ) .
Both assumptionsn? 1! FZ I Oandn? 1 Fz I +1 ensure that eithermy;>m or
m, < m 1 asymptotically hold. O
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4.F Study of the di erent multi-task hypotheses

Lemma 4.8. Under Assupmtion (H av (;C1;C>2)), Assumption (2Points) is equivalent to

The risk of the estimatorfd = A yi for the j th task,

R(n; 1;

and
RI()

8
<

ACO **

ga) —:-’o ) 'OT_'

T

This is equivalent to hl =

the second point, IetJ 2 f1

P

P

p p

;pg. There exists ("j)ian 2 f

ni 2 "Ci+"' C,?% The rlsk of 0 then is
X2 PoePg2 e
i 22
o @7
We conclude by seeing that, forevery 2 f 1;1g, we have P Cy
Ci+ G °

( C1+"
"o

1

E Cy)
|

Cy)

which we denote by ( ), veri es

2 — — 2 .
S Ci  C ) RIY()
pP— P -2
R(ML 2, Ci+ Cp ):
|2fl ..... g
hi+ 3P
o2 o2
3 b »5 +3 MY e
2p5 hi
1oplopr “+l o2t bl ek
2 I p 2 P i 9
2 i hi
ht 7
p5+ & and hP = P5 & Thus, the rst point is proved. For

1;1g" such that (h})2 =

n._, (1+ i 2)?

p 2 p .P 2

C;
O

C Ci+

Lemma 4.9. Under Assupmtion (Hay (;C1;C>)), Assumption (10ut) is equivalent to

9("Ni 2 N 2(f 1 1gV;
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by RI( ), veri es

. !
R(M 1, 2 ;5 Cy Czl

and s [

R() RMmL 2 ;;; Ci+

while the risk of the estimatorf® = A yP for the pth task, which is denoted byRP( ), veri es

p— p— 2
R(NL 255, C:  (p D1C2 ) RP()
and
p v 2. .. P — P2
RP() R(ML %55, Ci+ (p 1Cp ):
Proof. For the rst part, we have that, for every i 2f1;:::;ng
8
i — P lp1y 1pP
< P~ phi+phi X )
:E;g,g:PTlhil P +%hf’ P
< h = pek (p Dh!
’;38£= B ht es + 1 opes (p DhE 5
< h = pek (p D!
) . 2 2
A L A L
< h = pek (p D}
" & = (p 1) ht ek

This is equivalent to saying that there exists("j)ion 2f 1, 1gN such that

( .
h? = pes (p D!
e
ht = p—5+p—w&
’ h = 5 "i'p 1&

Lemma 4.10. Assumption (H opgints ) implies Assumption (Hay (;C1;C))).
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( _ p_
= Pa Poa+Po
w=Pa o Po

Thus,
1 P

( . .
o= A Poeetfo
w = Pa Pe PriPe
A 1 p 1 C
Thus,
X -
= W=p e vnter =P PR P
P p
so that 2= pCini 2. Furthermore,
1 X ) : 2
== h p=
P._, p
Jl
1 p pC_ 2 p_—p p_z#
=B(p 1) " ni pp—21 + p 1 ni C, =Cpni
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Chapitre 5

Conclusion and open questions

Résumé. Nous résumons dans cette partie les principales avancéespaptées par
cette thése et envisageons quelques pistes pouvant étendre travail.

In this section, we recapitulate the main results brought bythis thesis and their main
consequences. We also formulate a few questions brought ug this work which, if solved,
could extend it.

While constructing our multi-task procedure, we introduced a matricial regularization
parameter M , which is meant to encode the similarity between the tasks. Tie main question
of Chapter 3 was to nd how to correctly calibrate this parameter and to investigate the
properties of the resulting estimator.

Estimation of

Our procedure is mostly based on the estimation of the covaaince matrix  of the noise
between the tasks. As for now, this estimation is naive but gies acceptable estimation rates.
It relies on one-dimensionnal projections of thep tasks, performed onp(p + 1) =2 di erent
directions, which are then used to build the estimator 0. The estimator is then shown to
approximate  well, with a multiplicative error term of the form

L mp) D@+ ap)
(Theorem 3.2, page56), where A B if B A is symetric positive semi-de nite.

Open Question 1. Can we obtain minimax rates on ., ? The results found in the litte-
rature consider f = 0 and use heavy assumptions on, while giving rates that are hardly
comparable to ours, see Cai et al.§Zz10] for instance.

Open Question 2. Can we build b with less projections, while keeping a reasonable rate
n;p 7
A more general multi-task hypothesis

We showed oracle inequalities that control the risk of the eémator (Theorems 3.3 and
3.4, page57), thus ensuring that the selected parameter is optimal in a gzen collection of
parametersM . One of the key aspects is the distinction between two settigs.
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1. A setting where we have a strong assumption on the similag between the tasks,
which is re ected on the shape ofM (that is, matrices that are jointly diagonalizable
on an orthonormal basis). It mostly covers the cases where thdi erent regression
functions are split into several clusters, the allocation 6 each function to its cluster
being known.

2. A setting where such a strong assumption is not availablelf a weaker one gives a
larger setM , or a more di cult one to treat, one way to deal with it is to dis cretize
it.

The rst setting allows for a simpler estimation of and a more precise oracle inequality
compared to the discrete case. Practically speaking, it isleao easy to optimize the criterion
used here to select the regularization parameteM, since this can be done separately on
one-dimensional variables.

Open Question 3.  Which optimization tools can be used to solve the minimizain problems
given in De nition 3.5 (page 57) over larger or more complex setsvi ?

Theoretically speaking, the main di culty is to concentrat e the quantities (M), 2(M),
3(M), 4(M) (De nition 3.10 page 77) around their means uniformly over M . With the
mentioned hypotheses, this can easily be done by doing unifm controls over either real
parameters or discrete sets (Lemma.4, page 77).

Open Question 4. Can similar concentration inequalities be obtained unifomly on larger
or more complex setaM ?

In Chapter 4, we studied the oracle risks in the rst setting, by using a bias-variance
decomposition and when using a set of matriceM tailored for this assumption. By doing
so, we were able to compare single-task and multi-task risksboth theoretically and on
simulated examples. We noticed two main facts. First, if thetasks are extremely similar,
the multi-task procedure outperforms the single-task one ¥ a large amount. However, if the
similarity between the tasks was wrongly modeled and if the &sks are not very similar, then
the multi-task estimator can perform awfully compared to the single-task one.

Open Question 5. Given a repartition of the task-wise regression functionsyhat would be
the best possible matrixM ? or, at least, can we obtain a small seM ? which containsM ? ?

Open Question 6. Is it possible to design a more robust procedure for which thestimators
can still be computed and analysed ? For instance, given sdts, M , of matricial para-
meters, whereM ; is much smaller thanM », is it possible to select one of those sets before
calibrating the estimator over them ?

One of the positive e ects of solving those last questions wadd be to loosen the assump-
tions on the model, one of which is that the tasks are observedn the same input points.
This assumption is mostly needed to preserve the structurefavl that we impose (the ma-
trices are jointly diagonalizable in an orthonormal basis) and could thus disappear if this
structure is no longer needed.
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Matthieu SOLNON
Apprentissage statistique multi-taches

Résumé : Cette thése a pour objet la construction, la calibration et Iétude d'esti-
mateurs multi-taches, dans un cadre fréquentiste non paragtrique et non asymp-
totique.

Nous nous placons dans le cadre de la régressindge a noyau et y étendons les
méthodes existantes de régression multi-taches. La questi clef est la calibration
d'un paramétre de régularisation matriciel, qui encode laisnilarité entre les taches.
Nous proposons une méthode de calibration de ce parameétrenidée sur I'estima-
tion de la matrice de covariance du bruit entre les tadches. Nas donnons ensuite
pour l'estimateur obtenu des garanties d'optimalité, via e inégalité oracle, puis
véri ons son comportement sur des exemples simulés.

Nous obtenons par ailleurs un encadrement précis des risquiges estimateurs
oracles multi-taches et mono-tache dans certains cas. Cefaus permet de déga-
ger plusieurs situations intéressantes, ou I'oracle mukiaches est plus e cace que
l'oracle mono-tache, ouvice versa Cela nous permet aussi de nous assurer gu
I'inégalité oracle force I'estimateur multi-taches a avoi un risque inférieur a I'esti-
mateur mono-tache dans les cas étudiés. Le comportement desacles multi-taches
et mono-tache est véri é sur des exemples simulés.

Mots-clefs :  Calibration de parameétres; Inégalité oracle; Méthodes a nau;
Multi-taches ; Régressionridge ; Statistique fréquentiste ; Statistique non asympto-
tique ; Statistigue non paramétrique

Abstract :  This thesis aims at constructing, calibrating and studying multi-task
estimators, in a frequentist non-parametric and non-asymigotic framework.

We consider here kernel ridge regression and extend the etiigy multi-task re-
gression methods in this setting. The main question is the dibration of a matri-
cial regularization parameter, which encodes the similaty between the tasks. We
propose a method to calibrate this parameter, based on the @sation of the cova-
riance matrix of the noise between tasks. We then show optimdy guarantees for
the estimator thus obtained, via an oracle inequality. We aso check its behaviour
on simulated examples.

We carefully bound the risks of both multi-task and single-task oracle estimators
in some speci ¢ settings. This allows us to discern severahieresting situations,
whether the multi-task oracle outperforms the single-taskone or not. This ensure
the oracle inequality enforces the multi-task oracle to hae a lower risk than the
single-task one in the studied settings. Finally, we checkhe behaviour of the oracles
on simulated examples.

Keywords : Frequentist statistics ; Kernel methods ; Multi-task ; Non-asymptotic
statistics ; Non-parametric statistics; Oracle inequality; Parameter calibration;
Ridge regression




	Page de garde

