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Introduction

Nanophotonics and micro-optics had a remarkable impact on all kinds of applica-
tions in communications, sensing, imaging, data storage, etc [1]... However, the
size of a dielectric waveguide is still ruled by the diffraction limit (\/(2n), n being
the guide refractive index and A being the free space wavelength of the incident
wave). It has been discovered that waveguides based on surface plasmon polaritons
can support propagation modes tightly bounded to the metallic surfaces and con-
fine the waves in deep sub-wavelength scales. Accordingly, plasmonics has received
tremendous attention for its scope to overcome the diffraction limit. In order to
present the context and the perspective of this work, it is appropriate to start out

with a short introduction to the plasmonics’ research history.

Plasmonics is a branch of nanophotonics devoted to the study of surface plas-
mon polaritons (SPs) and their applications. In 1902, R. W. Wood [2] observed
sudden variations of the intensity in the light beam spectrum, reflected by a diffrac-
tion grating under the transverse magnetic polarization. According to him, the
intensity of the incident beam being continuous, the reflected spectrum had to be
continuous too. These variations are strongly dependent on the incident angle of
the light beam, and it was demonstrated later that they are due to the coupling be-
tween the propagating incident waves and the surface plasmons waves. In 1957, R.
H. Ritchie [3] demonstrated theoretically the existence of transverse plasmons on
a metallic surface. In 1958, R. A. Ferrel studied, also theoretically, the coupling of
these modes with an electromagnetic wave and presented the first determination
of the dispersion relation corresponding to electromagnetic waves on a metallic
surface. Using a mono-kinetic electronic beam, C. J. Powell and J. B. Swan [4] ex-
perimentally observed surface plasmon excitations at metallic interfaces. A. Otto
proposed an experimental configuration based of the use on a prism, called the

FTR (Frustrated Total Reflection) configuration, to observe the coupling between

vii



viii INTRODUCTION

an electromagnetic wave and surface plasmons. E. Kretschmann [5] modified and
simplified this geometry towards the well-known ATR (Attenuated Total Reflec-
tion) configuration. It was only in 1989 that it became possible to observe surface

plasmons using Scanning Near-field Optical Microscopy (SNOM) [6, 7].

Research in plasmonics has made very fast progress in the following decades
8,9, 10, 11, 12, 13]. In 1998, T. W. Ebbesen et al. [14] described an experiment
in which nanoholes in a silver film allow a great transmission of light through
sub-wavelength nanostructures when the standard aperture theory [15] predicted
a very small light transmission for such small holes. To explain this phenomenon,
different devices were analysed and the experiments showed that this effect persists
on all metals and with a strong angle dependency. It was thus assumed that this
was a SP related effect. This result renewed the interest for studying SPs and

the term plasmonics began to be used shortly after.

Plasmonics have been very beneficial in terms of resolution for lenses [16] since
the studies carried out by J. B. Pendry [17] and by N. Fang et al. [18]. They
are also used to enhance light emission [19] or photovoltaic devices [20]. The
LSPR (localized surface plasmon resonance) allows the electromagnetic field en-
hancement that leads to surface-enhanced Raman scattering (SERS) [21], second
harmonic generation [22] and other surface-enhanced spectroscopic processes [23].
Imaging at the single molecule level has also taken advantage of the enhancement
of the fluorescence on plasmonic surfaces [24, 25] or in solutions containing metal-
lic nanoparticles [26]. At present, the range of plasmonics based biosensors is
dominated by instruments that operate using the Kretschmann arrangement (this
configuration is presented in Section 2.3.1). The physical size of the sensing ele-
ment is limited by the propagation length of the SP. The new approach pursued
now is to combine SPR with other types of guided modes (hybrid sensors). For
instance, in metamaterial arrays of silver nanorods capable of supporting a guided
mode, the interaction between the guided mode and the SPR leads to excellent

sensor performances in the near infrared [27].

In the field of sub-wavelength surface optics, Zhijun et al. [28] presented the
possibility of creating metallic Fresnel-like lenses. These were designed in such a
way that each nanoslit element transmits light with phase retardation controlled
by the metal thickness in the aperture region. The advantage, as compared to

the conventional lenses, is the possibility to control each phase shift separately by
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changing the corresponding slit depth.
The SP modes play key roles in today’s nanophotonics [29] and are also used

in many applications such as detection, or in surface optics. However, the intrinsic
losses due to the metal limit their propagation length and thus their applications
[30, 31, 32, 33]. To enhance this propagation length, many possibilities have been
considered. The older one consists in coupling two surface plasmons. When a
metallic film becomes too thin, the two SP modes which are on each interface
between the metal and the dielectric media can interact and there is a coupling
[34, 35, 36]. The result is the creation of two new modes, known as the LRSP
(Long Range Surface Plasmon) which is characterized by a better propagation
length than the SP on a metallic bulk [37] and the SRSP (Short Range Surface
Plasmon) which has a lower propagation length. Going on from there, a large
range of applications [38, 39, 40|, such as in photonic crystals, stratified media,
quantum systems or with anisotropy, become possible.

A more recent and famous way to enhance the propagation length of the SP
modes is the use of gain media. These structures involve adding gain in a dielec-
tric medium with a metallic film directly deposited on it [41, 42]. However, the
improvement of the field is limited by the depth penetration of the plasmon in the
two media. Thus, the efficiency of this approach is insufficient.

Another point of view consists in thinking that the SPs are light waves that we
want to amplify as a laser. This possibility has been explored and has been called a
SPASER. It could generate stimulated emission of surface plasmons in resonating
metallic nanostructures adjacent to a gain medium [43, 44]. The light emission
could also be coherent, which can give interesting applications in sub-wavelength
surface optics.

In the same idea, it was reported the use of confined Tamm plasmon modes
towards the realization of nano-lasers [45]. Their advantage in comparison of clas-
sical SP modes is that they can be directly excited with light wave because their
in-plane wave vector is less than the wave vector of light in vacuum. They can
also be formed in both T'M and T'E polarizations [46, 47]. A first demonstration
of laser emission for Tamm structures is presented in [45].

The configuration we propose here consists of putting gain into the medium
between a SP and a classical waveguide under the regime of the strong coupling.

This regime allows a significant improvement of the SP emission as will be pre-
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sented in this work.

Scope of this thesis

We begin by providing an overview of the theoretical foundations of SPs by the
means of Maxwell’s equations. The aim of this first chapter is to present the tools
used to compute and study multistratified media through both the dispersion and
absorption relations. Thus, we present the transfer and scattering matrix methods,
which are usual methods to study multistratified media. These methods need to be
extended in order to find the modes and to account for the losses of the structure.
The losses lead to a complex dispersion relation. It is also possible to demonstrate
that the existence of solutions corresponds to the maximisation of the determinant
of the scattering matrix, that is to say the poles of this matrix. Thereafter, it is
demonstrated that the poles of a complex function can be found though Cauchy’s
integral theorem. The development of our technique of computation, called the
tetrachotomy method, according to [48] is also presented.

Chapter 2 concerns the definition of the surface plasmon polaritons and their
coupling, when a metallic film supporting two SP modes becomes thin enough to
allow the interaction. To begin, the coupling between a volume plasmon and a pho-
ton generates a surface plasmon. When the collective oscillation of the electrons’
gas is coupled with light at the interface between a metal and a dielectric, we also
talk about surface plasmon polaritons (noted SPs). The SP modes correspond to
solutions of Maxwell’s equations. There are two ways to find them: we can search
solutions corresponding to evanescent waves on both sides of the interface; or we
can search for the response of the structure with the determination of the reflection
and transmission coefficients r and ¢ when an electromagnetic plane wave comes
to hurt the structure.

The scope of this chapter is to present the coupling between SP modes, the
result being the creation of two modes, known as the LRSP (Long Range Surface
Plasmon) which is characterized by better propagation length than the SP on a
metallic bulk, and the SRSP (Short Range Surface Plasmon) defined by a lower
propagation length. The main drawback of using the SP modes resides in their
intrinsic losses, and the LRS P modes can provide a first solution to reduce them.
We finally demonstrate the possibility to excite a LRS P mode without the SRS P
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mode on a perfect electric conductor (PEC) substrate. This last possibility is a
first step towards the use of the LRSP for applications such as the detection of
molecules, the experimental realization being possible with a PEC on one side and
vacuum on the other.

In Chapter 3, the coupling between two dielectric waveguides is studied in order
to understand the basic physical mechanisms at play. Dielectric waveguides provide
simple models for the confining mechanism of waves propagating in optical devices.
The coupling of waveguides has been intensively studied, in particular with the
coupled-mode theory [49, 50, 51, 52, 53]. After a reminder concerning the dielectric
slab waveguides, the coupled-mode theory will be presented. This theory can be
derived from the variational principle for the frequencies of the system. When
a trial solution is introduced into the electric field in a lossless electromagnetic
system, such as the linear superposition of modes, the coupled-mode theory gives
the result. The coupled-modes theory is presented both for the transverse electric
and transverse magnetic polarizations, the latter one never having been published.
The last section deals with the case of two optical waveguides respecting the parity
time (PT) symmetry. This symmetry has been evidenced in quantum mechanics
by C. M. Bender [54] but it can also apply to optical devices. Furthermore, a
numerical application is also presented.

The last chapter focuses on the strong coupling regime. This regime has been
particularly studied in microcavities since the work of C. Weisbuch et al. [55]. The
strong coupling is characterized by an anticrossing between the original modes
dispersion relations and by the apparition of a Rabi splitting [56] between the
new modes of the structures. In the first section, the characteristics of the strong
coupling regime are introduced, with the classical case of two coupled oscillators.
Then, the properties of the strong coupling regime in microcavities are presented
until recent works implying surface plasmons. Finally, we demonstrate the strong
coupling regime between S P modes and guided modes in a layered structure. More
precisely, we study the features of the new modes so as to justify the interest of
this kind of structure. Gain is added in order to further enhance the plasmon
emission. In this way, we obtain an improvement of the propagation length for a
hybrid surface plasmon mode (that is still confined on the surface) of more than

six thousand times the length of the strongly coupled case without gain.
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Chapter 1

Theoretical and Numerical Tools

OVERVIEW All the structures we are going to study are stratified media,
thin and smooth films alternated in layers. We study more precisely the
corresponding dispersion relations which allow the determination of the
modes living in the structures and also give information about their inter-
actions. After reminding the wave equation, the propagation equations
in a stratified media are introduced. The transfer matrix (T-matrix)
method is also presented and compared to the scattering matrix (S-
matrix) method. The S-matrix formalism allows to find the coefficients
of reflection R and transmission 7" but also the modes of the structure.
We demonstrate that it is sufficient to find the poles of the determinant
of the S-matrix to obtain the dispersion curves and the corresponding ab-
sorption curves. The fundamental properties of polology are summed up

and we describe the method we used, namely the tetrachotomy method.

1.1 Wave equation

1.1.1 Maxwell’s equations

Published in 1864, Maxwell’s equations predicted the propagation - even in vacuum
- of electromagnetic waves. More precisely, they predicted a velocity ¢ for these
waves in vacuum. It is possible to demonstrate that this velocity is the speed of

—-1/2

light and only depends on two known constants: ¢ = (uogo) with py and ¢ the

1



2 CHAPTER 1. THEORETICAL AND NUMERICAL TOOLS

permeability and the permittivity of the vacuum, respectively!.

In linear, isotropic, homogeneous (LIH) and source-free medium, Maxwell’s

equations are:

VxE= —%—?, (1.1)
VxH= aa—]:t), (1.2)
V-D=0, (1.3)
V-B=0, (1.4)

with e,(x,y, z), the permittivity of the medium. In what follows, we only consider

non-magnetic media, where = .

To find a self-consistent solution for the electromagnetic field, Maxwell’s equa-
tions must be supplemented by the constitutive relations that describe the behavior
of matter under the influence of the fields. Thus, the electric displacement field D
is defined by:

D =¢E+P, (invacuum D = ¢E). (1.5)

D is used to avoid explicit inclusion of the charge associated with the polarization
P in Gauss’s flux law (Eq. 1.3). Equivalently, we can also write the polarization
P = ygoE, where the electric susceptibility y is given by x = ¢, — 1. Then, the

expression of the magnetic induction field B is:
B = po(H+M). (1.6)

In what follows, B will always be replaced by its equivalent puoH because M = 0

for LIH and non-magnetic medium.

Combining Eqgs. 1.1 and 1.2 leads to Helmholtz’s equations for E and H:

L v« [VxE i (1.7)
er(z,y,2) e '

!By definition, the exact value of pg is 47.10~7 H.m™! and the measured value of ¢q is
8,854.10712 Fom~1.
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2

VX{ VXH]—%H:O, (1.8)

er(z,y,2)
where w/c = ko = 27 /g with Ao, the wavelength of light in vacuum.

In the case of metallic media, Ampere’s equation (Eq. 1.2) includes the differ-
ential form of Ohm’s law j = o F, because the conductivity o # 0 (more precisely,

it is not negligibly small). Eq. 1.2 becomes:
v><H+iwsE—j:vXH+iw(a+13>E:0. (1.9)
w

To rewrite this equation in its initial form, we have to introduce an effective di-

electric permittivity € in order to account for the conductivity term o:

E=e+i (1.10)

SRS

In the case of homogeneous metals, € is constant and independent of the direction
in space, it follows that V - E = 0 is still used. The corresponding Helmholtz’s
equation is also given by Eq. 1.7 with ¢,(z,y, 2) = &/eo.

1.1.2 Solution of the wave equation

We consider Maxwell’s equations for vacuum (e,(z,y,2) = 1) in order to obtain
the simplest form of the electromagnetic wave equation and to present the well
known solution of the wave equation. The Ampere and Faraday equations are

rewritten as:

oH
E=—puy— 1.11
V X Ho ot ( )
OE
\Y XH_E:OE' (112)

The solutions for E and H can be separated by taking the curl of Eq. 1.11 and the
time derivative of Eq. 1.12. Then, using the fact that the order of differentiation
can be reversed, the two Maxwell’s wave equations are:

O°E

’E = i 1.13
Vv HoS0 57 (1.13)
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0*°H

V*H = Ho%0 57 (1.14)
These equations are the form:
A 1d°A
o 2an (1.15)

For simplicity, we only consider the wave propagation in a single spatial direction,
the z-direction. The vector A becomes a function of x and ¢ and may be expressed
as A(x,t). It could represent either the electric field vector E(x,t) or the magnetic
field vector H(x,t). ¢ is still the velocity of light in vacuum.

It is possible to demonstrate that A(x,t) is an oscillatory wave function with
an amplitude that is transverse to the direction of propagation. We assume that
the wave function A(x,t) is separable and thus can be written as a product of
functions A,(z) and A.(t). Eq. 1.15 becomes:

A dPA, 1 dPA
A, dz2 A, de2

(1.16)

Both sides must be equal to a negative constant —w? in order to satisfy the equation

2. That leads to the following equations:

d?A, w?
d’A
dt; +w?A, = 0. (1.18)

And the corresponding solutions are:

A, = e 4 cpem T, (1.19)

At = dlei‘”t —+ d267iwt’ (120)

where the constants c;, co, d; and dy are determined by the boundary conditions

2The consequence of the choice of a positive constant for A;(¢) would be real exponential that
cannot represent a real field. On the other hand, taking a negative constant leads to periodic
functions A;(t) = e with w = ke, so the solutions could be monochromatic waves.
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and the propagation constant k, = w/c = 2w /\. Finally, the general solution

involves a complex wave function:

Az, 1) = Ay (2) Ay () oc eilhsa®ot], (1.21)

The wave described by Eq. 1.21 represents a wave that, for any value of x, has
the same amplitude value for all values of y and z. It is thus referred to as a plane

wave since it represents planes of constant value that are of infinite lateral extent.

We consider a wave travelling from left to right that is a function of the form

A(z,t) = ce'®+>=%%) and the more general form for A(z,y, z,t) is:
A = Agetlkr—et), (1.22)

with A the electric or magnetic component of an electromagnetic wave. So, with
this type of solution, V - E = 0 can be associated to V - E = ik - E from Eq.
1.22. That involves ¢k - E = 0, and thus E is perpendicular to k, the direction
of propagation. The same conclusion is found with the magnetic field H and Eq.

1.4. Hence, these electromagnetic waves are referred to as transverse waves.

1.2 Wave propagation in a stratified medium

All the structures we are going to study are stratified media, thin and smooth
films alternated in layers. More precisely, we study the corresponding dispersion
relations which allow the determination of the modes living in the structures, and

also give information concerning their interactions.

The relation between the angular frequency of an incident wave and the mag-
nitude of its wave vector is the dispersion relation 2. In this work, we will always

consider w real, and the propagation constant a complex.
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T )
N
N+1

N| a A N\ by

P a A . N by

2 32/' . \bg
1 al/’ \bl

/N

Figure 1.1: Stratified medium with layers from 1 to N. We note the outgoing amplitudes R
and T and the incoming ones I and I’. The intermediate layers have the amplitudes a, and b,
(p=1...N).

1.2.1 Propagation equations

Expression of the field

We consider a stratified medium with layers from 0 to N + 1 (Fig. 1.1) [57]. In

a LIH medium, with the time dependence e~™* and the T'M polarization in the
plane (x,y), we denote the magnetic field as H = H(x,y)e,. The field H(z,y)

satisfies the following Helmholtz’s equation:
div(e; 'VH) + k7H =0, (1.23)

where k:j2 = kje; is the wave vector in each layer j. This equation has to be solved
separately in regions of constant €;, and the solutions obtained must be matched

using appropriate boundary conditions. We note o and 3; the wave vectors in the

3The dispersion relation, w = w(a) with « the in-plane component of the wave vector (the
propagation constant), is a linear equation with constant coefficients which determines how the
temporal oscillations exp(—iwt) are linked to the spatial oscillations exp(iax), with plane waves
exp(iax) exp(—iw(a)t) as solutions.



1.2. WAVE PROPAGATION IN A STRATIFIED MEDIUM 7

x and the y directions.

We note H(x,y) = e"*®u(y) and the field u(y) in each medium j satisfies:

0%u

2\, —
o + (k2 —a®)u =0, (1.24)

ler—wt) — gilez+Biy—w) and the dispersion rela-

The solutions are plane waves e
tion is given by a® + 7 = kge; with p, = 1.

The field in the different layers is:

up(z,y) = Ielewthoy) 4 Reilaz=hoy) (1.25)
up(z,y) = a,e’ @Y b OB with p=1... N, (1.26)
unt1(z,y) = Te!oetBnay) o [leilaz—Fny), (1.27)

Before applying the boundary conditions, we can simplify the previous expres-
sions. First, we must impose that there are no incoming waves in the medium of
transmission (N + 1), I’ = 0. Moreover, the quantity f; is defined in terms of the

quantities k; and a:

o ]{526]‘—062 if |Oé|< ko €5,
5= VA v (1.28)
iva?—kie; if | a|> ko Zj

The first condition | a |< ko,/€; implies that 5, is real and corresponds to
propagating waves. The second condition | & |> kg,/g; implies that §; is imaginary
and corresponds to evanescent waves. Evanescent waves are solutions that remain

confined in the near vicinity of an interface between two media.

Boundary conditions

We apply the boundary conditions to solve Eqs. 1.25, 1.26 and 1.27 with p =

1...N. For each interface, u and ej-’lﬁyu must be conserved in the T'M polariza-
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tion. For y = 0:
67;04:6 (Iei,Boo + Refiﬁoo) — eiOtI (aleiﬁlo + blefiﬁlo) , (1 29)
i,f_geioc:c (Iei[)’()o o Re—zﬂo[)) — Z',f_ieiax (aleiﬁlo o ble—iﬁlo) ) '
For y = y,:
eia$ (apeiﬂpyp —+ bpe_iﬂpyp) — eiam (ap+1eiﬁp+1yp —+ bp+1€_iﬂp+1yp) ,
Z'f_;eiaz (apeiﬂpyp _ bpefiﬂpyp) — Zf::i etox (ap+16i5p+1yp _ bp_}_le*iﬂz#lyp) .
(1.30)

For y = yn:

iﬁ_Neiam (aN+1eiﬁNyN _ bN_'_le*iﬁNyN) — Z'Meiaw (TeiﬂNHyN _ 06*i5N+1yN) )

{ etz (CLNJrle'LﬂNyN + bNJrle—iﬁNyN) — elow (TeiﬁNﬂyN + Oe—iﬁNHyN) ’
eN
(1.31)

EN+1

These systems of equations can be solved by using the following matrix-methods

which give access to the expression of the fields in each layer.

1.2.2 The Transfer matrix method

The T-matrices are found by considering Eqs. 1.29, 1.30 and 1.31 under matrix

1 1 aq
:[ﬁ—ﬁ”bll' (1.32)

form. For y = 0:

(1.33)

B [ 1 1 ] [ eiBo+1Yp 0 ] [ (pyy ]
| Bpta Bp+1 —i :
€:+1 _EIZ;LI 0 e Orrive bp+1
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For y = yn:
11 ebvoy 0 | [ an
By _ BN 0 e~ iBNYN by
e s (1.34)
1 1 BN 11YN 0 T
- [ BNt1 BN 0 e~ BN YN 0
EN+1 EN+1 1 L

The T-matrices relate the amplitudes I and R to the amplitudes 7" and I’

(I'=0):
I | T T T (1.35)
R T21 T922 I’ ’
=
I 1 1 | 1 1 T
A =1 6 5 Ty x Ty x ... Ty x Byer  Bya , (1.36)
€0 €o EN+1 EN+1

with the T-matrices written as:

1 ]_ e_iﬁp(yval_yp) 0 1 1 -1 1 N
- 0 eiﬂp(prrl—yp) Bo  _Bp » p=L. IV

o T (1.37)
With the T-matrix method, finding the expression of the fields in a stratified

medium is reduced to the multiplication of the T-matrices obtained for each ele-

T, =

mentary layer of the structure. The coefficients of transmission 7" and reflection
R are given by T'= I /7117 and R = 1,7, respectively. In Eq. 1.37, the presence of
two opposed exponentials in the matrix, e?*Wr+1=%) and e~#»Wrt1-%) causes bad
conditioned matrices and instability for the resolution of great systems [58].

In the next section, we present the S-matrix method that relates the outgoing

fields to incoming ones, and removes the problem of instability [59].

1.2.3 The Scattering matrix method

The S-matrix formalism allows to find the coefficients of reflection and transmission
R and T, but also all the modes of the structure [60, 61, 62, 63, 64]. It relates the
outgoing amplitudes, R and T, to the incoming ones, I and I' (Fig. 1.1).

The combination of the S-matrices obtained for each elementary layer of the

structure is no longer simple. It is necessary to cascade the S matrices [65]. This
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7N\

1 ay /' \ by h

I

2

Figure 1.2: Slab with the outgoing amplitudes R and T and the incoming ones I and I’. The
intermediate layer has the amplitudes a; and b;. The thickness of the slab is h.

technique is presented for the case of a slab (Fig. 1.2).
The field in the different layers is written as (Eq. 1.26):

ug(,y) = Te' @ +hoy) 1 Reilar—hoy), (1.38)

We directly apply the boundary conditions (as in Section 1.2.1) and simplify

the expressions. For y = 0:

{]+R:a1+b1, (L.41)
Bo(r _ — B _ .
53 (I R) =5 (a1 bl)
For y = h:
ajeth 4 pe=h =T 4 ' (1.42)
f—ll(alewlh — bie”hh) = ’f—j(T - 1T). '

Under the matrix form, the S matrices are obtained from:

—1
1 -1 11 by
a3 ] e
€1 €0 €1 €0

a1

R
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I — — a] — — T
S, Sy
R «— — by «— — T
S=38S,%5

Figure 1.3: Cascade of the S-matrix with S = S, * S;: in red, the outgoing amplitudes; in
blue, the incoming ones.

and:

T
by

-1
1 0 I -1 -1 1 1 0 T’
_[[)ei&h][@ &] [@ ﬁ][o eiﬁlh][all' (1'44>
€2 €1 €9 €1

We denote S, and S, the two intermediate S-matrices (Fig. 1.3), and their

expressions are respectively:

[ar ] [ San S, b |
ay _ 11 12 1 7 (1‘45>
i R ] L Sa21 Sa22 I ]
and: o _ -
T S, S I
_ b1l Obl12 . (1.46)
i b ] i Spa1 Spao ar |
The global matrix, noted S, has the following components:
S11 = Sa11 + Sa12(La — Sp115a22) " Sp115a21,
Si2 = Sa12(Iy — Sp11Sa22) "L Sh12,
12 12(1g b115a22) " Shi2 (1.47)

So1 = Spa1(Ig — Sa225511) *San1,
Soo = Spaa + Sha1(Lg — Sa225611) " Sa22012-

The final result is also:

T I I
()= (7)=(7)
(1.48)
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In Eq. 1.44, the presence of only one exponential, e’ implies that the condi-
tioning of the S-matrix is better than in the case of the T-matrices. It is possible
to demonstrate that this result can be generalized to N layers.

The modes of the structure are defined by the existence of outgoing waves in
the absence of excitation. With OUT = (R,T), this condition is equivalent to
S7'OUT = 0. Thus, to find the modes of the structure, for each frequency w, we
have to find the propagation constant o which corresponds to the cancellation of
the determinant of the S~!-matrix. It is equivalent to finding the maximization of
the determinant of the S-matrix, that is the poles of det S(w, ).

However, the S-matrix contains complex variables and the numerical determi-
nation of its poles is not a simple extension of the equivalent problem for a function
of a real variable.

There are two types of methods to find the zeros or the poles of a function
of a complex variable. The first are the iterative methods. The most common
one is the Newton method (also known as the Newton-Raphson method). In this
method, we need a first estimated value of the sought zero or pole. After that,
successive approximations are generated and can converge to the right solution.
This method has not been sufficient to find the poles of the S-matrix because of
its intrinsic instability (the convergence is a function of the first estimated value)
and the requirement to give this first value. Similarly, the Muller’s method did
not give us more satisfaction. This method, which is based on the secant method,
also requires initial values.

The second type of methods implies the use of Cauchy’s integrals for holomor-
phic functions. For each frequency w, we look for the corresponding poles in the
complex plane. The extension in the complex plane requires a recap of the complex

analysis and more precisely the polology theory [66].

1.3 The polology theory

1.3.1 Cauchy’s integral formula and Laurent series

We consider a path integral which encloses a point singularity z = 2y, and the

function to be integrated is:

9(z) = (1.49)
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y y
Co Cy

(a) (b)

Figure 1.4: (a) A path Cy which is a circle of radius r centred on the point zg. (b) The contour
used to derive the Laurent expansion of a function.

where f(z) is analytic on and within the contour of integration C. g¢(z) at the
singularity z = zy is non-analytic. It is possible to demonstrate that the integral
over any closed path around z = zy gives the same result. We can also consider a
path Cy which is a circle of radius r centred on the point z, as illustrated in Fig.
1.4a.

In polar coordinates, z — 2o = re? and dz = ire®®dd. The integral is thus:

RIS if(20) /de = 2mif(2). (1.50)

Co Z— 20
Theorem [67]: Cauchy’s integral formula Let f(z) be analytic inside and
on a simple closed contour C. Then at any point z inside the contour,

1 f(Z)

210 Jo 2 — 2

f(z) = dz'. (1.51)

To accommodate expansions about singular point, we have to consider the
Laurent expansions that are more general expansions than Taylor series. For an
analytic function f(z) in an annular region, we consider Cauchy’s formula for the
contour shown in Fig 1.4b with Cy defined as the counter-clockwise path around

the circle. We take the limit that the segments which join the two circles come
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arbitrarily close together, so that their contributions cancel. Cauchy’s formula
then becomes:

1 N1 ’
RS Sy () DR Uy (€

21t Jo, 2 — 2 21t Jo, 2 — 2

dz'. (1.52)

We can write 2’ —z = (2’ —2y)—(2—2). However, on the curve C, |2' — 2| > |2—2],
while for Cy, |2"— 29| < |z—20|. In the first integral, we pull out the term 1/(z" —z)
and in the second integral we pull out the term 1/(z — zy). Then, expanding the

geometric term, we have:

—LOO z—z)" /() 2
f( ) = o ;}( 0) 7{*1 (z —zo)”ﬂd

(1.53)

1 o0
+— ) (z— zo)_”_l% (2 — 2)"f(2)dz.

n=0 2
The first summation looks like the usual Taylor series expansion of an analytic
function, while the second summation is singular at the point z = 2z3. These two

series may be combined into one, referred to as a Laurent series:
f2)= )" an(z—2)", (1.54)

where

1 f(Z/) ’
= T4, 1.55
= o o (21— z)nt! N (1.55)

and C is now any counter-clockwise contour within the annulus.

The last step in finding an expression of the pole zj is to consider the Residue

theorem.

1.3.2 Residue theorem

Let us consider a function which has a Laurent expansion about the point z = 2.

The integral about a circle of radius r (the closed path) centred on this point is:

j{ i an(z — 20)"dz = i an j{(z — 2p)"dz. (1.56)

n=—oo n=—oo
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The evaluation of this integral is possible term by term because the series is uni-

formly convergent.

Then, it is possible to demonstrate with Cauchy’s theorem that all terms for

which n > 0 vanish. For n = —m < 0,

27 o
a—m j{(z —20) " = G—m/ e ™0ired) = ja_,r ™! / e~ im=104¢.
0 0
(1.57)

This integral is identically zero, except for m = 1, or n = —1 and the contour

integral about the point z = zy reduces to:

7[fTZ)dz:=:2wia1. (1.58)

This contour integral only depends on the value a_1, which is called the residue
of the function f(z) at z = 2o, which we will write as Res(zp). In the case when
the contour encloses several singular points of f(z) as in Fig. 1.5, it is possible to

demonstrate that we finally obtain:

fc F(2)dz = 2ri

This equation may be stated as a theorem and this theorem reduces the eval-

(1.59)

Z Res(z;)

uation of a contour integral of the function f(z) to the algebraic determination of
the residues of the function.

Theorem: Residue theorem [67] The integral of a function f(z) which
is analytic on and within a closed contour except at a finite number of isolated
singular points is given by 2mwi times the sum of the residues enclosed by the contour.

If the singularity z = zy is a simple pole (pole of order 1), the corresponding

Laurent expansion is:

n(z — . 1.60
P RO WS a0

n=0

f(2)

Cauchy’s theorem allows to obtain:

_ 227T/f (1.61)
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Figure 1.5: A contour which can be used to evaluate a path integral enclosing numerous isolated
singularities.

and also:

1
200-1 = 5— sz(z)dz. (1.62)

Then, by comparing both results, the value of the pole zj is:

 Jozf(2)dz

0= TG (1.63)

1.3.3 Branch points and cut lines

The existence of a square root in the quantity 8; (Eq. 1.28) implies a problem
of definition in the complex plane. Indeed, some singularities cannot be classified
using an ordinary Laurent series. A classical example is also the square root of a

complex function:
f(z) =22 (1.64)

For a real function f(z) = \/x, we already have to choose between two possible

2mni

roots, +v/x and —y/z. For the roots of a complex number z with z = 2pe*™, we
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7=7 7=7 cut line
=0 * 7=0 " 7=0
(a) (b) ()
Figure 1.6: The multivalued nature of the function f(z) = 2!/ with the branch point z = 0:
(a) Starting at point zg with f(z) = z(l)/Q; (b) Ending at point zo with f(z9) = —23/2. (c)

The cut line (where argument discontinuous) introduced by defining a multivalued function by
a branch defined by 0 < arg(z) < 2.

have the same dilemma:

+21/2,
2% = 23/267"” = or (1.65)
/2

Likewise, there are two possible choices for the square root, except at the point

z = 0, where the only possibility is 0. Then, we have the following problem: when

we consider a closed circular path around the point z = 0 and if we are starting at

the point z = 2y (Fig. 1.6a), we are ending up at a different value than when we
started,

f(z) = 23/26” = —z(l)/2, (1.66)

as it is illustrated in Fig. 1.6b. It is not possible to develop a Taylor or Laurent
series for the point z = 0. This kind of point is called a branch point and the
function z'/? has two "branches”, a positive one and a negative one.

In this case, we always choose the positive branch of f(z) = z!/2, but one line
in the complex plane along which the function f(z) is discontinuous always exists
as illustrated in Fig 1.6¢.

Such a line is usually referred to as a cut line. Fortunately, its location depends

on the phase of the complex number. If 0 < arg(z) < 2, the cut line runs from
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the origin to infinity along the positive z-axis. If —7 < arg(z) < m, the cut line
runs from the origin to infinity along the negative x-axis. It is possible to choose
other arguments to move the cut lines in other directions. In our case, it is often
necessary to move it because the function f(z) is non-analytic along this cut line
and Cauchy’s theorem cannot be used across this line. Therefore, we wrote a
function in Matlab in order to move it and to have access to the poles we were

looking for 4.

Riemann sheets

Another possibility, introduced by B. Riemann, is to consider both branches to-
gether. As we have noted, our choice of the location of the cut line is arbitrary
for the function f(z) = 2'/2. Riemann suggested that the proper domain of the
function f(z) is a pair of complex planes which are joined together along the cut
line, as opposed to a single complex plane.

This geometry is illustrated in Fig. 1.7 and corresponds to the construction of
a surface by cutting each of the two complex planes along their cut lines, and then
connecting the cut edges of one plane to the opposing edges of the other.

Therefore, the function f(z) is analytic on this pair of complex planes except at
the point z = 0. This linked set of planes is referred to as a Riemann surface, and
each individual complex plane is called a Riemann sheet. It must be noted that
the Riemann surfaces cannot be constructed in three-dimensional space without
the surfaces crossing. If we consider the function f(z) = z'/3, we find that the
Riemann surface consists of three complex planes joined together along a cut line.

Branch points are broadly grouped into three categories. Algebraic branch
points are those of the form of a fractional power of z and can be expressed by a

series,
oo

) =(z=2)" Y an(z—2)", (1.67)

n=—00
when a,, = 0 for all n < —N. In such a case, the function can be described by
a finite number of Riemann sheets. If a, # 0, as n — —oo, it is referred to as

a transcendental branch point, and it is the multivalued analogue of an isolated

4According to the location of the cut line, a pole can be seen as a zero and a zero as a
pole. That is why we need to know in advance where we have to look in order to find the poles
corresponding to the physical modes.
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Figure 1.7: (a) An illustration of the Riemann surfaces of the multivalued function f(z) = z1/2.

(b) The real part of \/z, showing how the two surfaces are tied together.

essential singularity. Logarithmic branch points are those which behave as follows:

oo

f(2) = (2 — 20)" log (z — 20) Z an (2 —29)" . (1.68)

In such a case, the function can be described with an infinite number of Riemann
sheets.

The main drawback for our study is the presence of the square root in the
expression of §; (Eq. 1.28). We stay in the case of algebraic branch points and
the use of our function to move the cut line is always enough to apply Cauchy’s
theorem at the right regions. An interesting method that applies Cauchy’s theorem
to find the modes in a structure - initially in photonic crystals - was developed by
F. Zolla et al. [48]. This method is called the tetrachotomy method and we have
adapted it to our study.

1.4 The tetrachotomy method

1.4.1 Poles of a meromorphic function

The tetrachotomy method allows to find the poles in the complex plane corre-
sponding to a given meromorphic function f(«) in C [48]. If f(«) has a single

pole at ap, then in the neighbourhood of that point there exists a non-vanishing
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holomorphic function G(a) (in C\ {ap}) and the function f can be written as [68]:

fla) = 2) (1.69)

a—ap

First, we consider a Jordan loop I' which only contains the pole ap. We assume
that the pole «aq is simple and that G does not have a pole at a = 0, so that we
can rewrite it G(a) = aF'(«) with F a holomorphic function. We can demonstrate

that the following integrals allow to determine the pole «p:

_ 1 [fla), 1 [ Fla)
1 1 F(a)
L = Sir rf(a)da = %/Faa — aoda, (1.71)
I = af(a)da = = 2 o) da. (1.72)

= - = - a
2im Jr 2T Jp a—ag

F being a holomorphic function, that implies the integrals [ F(a)do and
Jp aF(o)der are vanishing. Then,

L = 1 a Fla) da = L/ao Fla) doH—L F(a)da, (1.73)

C2im Jr o — ag 2im a— Qg 2 Jp
and after simplification:

Qg F(a)
I = —
2im Jra— g

da = Oé(][(). (].74)

The expression of the pole is also ag = I;/1y. Similarly,

1 F 1 2 F
L= — / Oﬂﬂda = — [ aF(a)da+ 2040 F(a)da+ &/ (a) dav.
r r

2

a— Qg 2im Jr  Jp 2im Jp o —
(1.75)
The expression of the pole is then a2 = I /Iy = apl;/Io.
The pole oy of the function f(«) is precisely given by:
Iy L
_2_ 1 1.76
Qo I, Iy ( )

This is the direct application in the case where there is only one pole. As a
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Iy
g W
I' Iy F+22
+
Iy
L3 Loy
Fl A 4 — Ffr
r
I's ry
+
I'q
QR

Figure 1.8: The Tetrachotomy algorithm performed on a rectangle in the complex plane
(ag, ar). The poles are represented by red crosses.

matter of fact, for a given meromorphic function f in C, the number of correspond-
ing poles {e;} in the complex plane is unknown. The schematic representation of
the tetrachotomy method is shown in Fig. 1.8.

The first step is then to isolate the poles from each other. The evaluation of
the integrals Iy, I; and I, enables to know if there is no pole, one pole or several

poles inside the loop I'. Indeed, three possibilities arise:

1. If Iy = I; = 0, there is no pole inside the considering loop (as in the loops
I'y, I'y and I'y4 in Fig. 1.8).

2. If I,/I; # I,/1y, that means there are several poles (as the loop I's in Fig.
1.8).

3. When I,/I; = I,/1, there is one pole in the considering loop and the evalu-
ation of one of the fractions of Eq. 1.76 gives very precisely the sought pole
(as in the loops I's, I'yy, T'9y and I'y3 in Fig. 1.8).

The principle of the tetrachotomy method is, whenever the second situation

arises, to divide the rectangle I' into four equal rectangles I'; (i = [1,2,3,4]), and
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to repeat the process until the initial rectangle is divided into rectangles which all
contain only one pole as it is illustrated in Fig. 1.8.

The efficiency of this method is linked to the numeric evaluation of the integrals
Iy, I and I,. Their precise determination is possible because f(«) is analytic in
C\ {a;}. The restrictive function f to the rectangle I', noted f(a), is regular as
the curve I' and that means it is continue only. However, if we split the initial loop
as (Fig. 1.8):

/Ff(a)doz: : fla)da + A f(a)da + A fl)da + A f(a)da, (1.77)

the function f(a)r, (a = d,r,u,l) is also always derivable.
We suppose that I is parametrised by z(t) with z(¢) € [0, 27]. The integrals of
f(a)r, along the loops I', are given by:

/F Fla)da = /0 )2 (b)dt, (1.78)

[ fayda - / ")) (1)t (1.79)
[ fle)da = / Y ) () (1.80)
A fla)da = Mﬂf(z(t))z’(t)dt. (1.81)

2
We can show that the quantities of these integrals only depend on I' (they do

not depend on the parametrisation). The trajectories are parametrised with:

¢ 2
;(%1 — {L‘Q)t + i + iyo on Fd,

2 s
1= (Y1 — t—— I,
A(t) = $21 +z[7r(y1 ?myo)( 2)] + Yo on (1.82)
;(xl — xo)(7 —t)+ o +iy; on [y,

[ @0 +i[d2(y1 — y0) (27 — t) + yo] on Ty

The numerical evaluation is obtained by the method of integration called the
periodisation method [69]. This is based on the fact that if ,(f) is the approx-
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imation of I = f: f(t)dt, the error yielded by the rectangle method integration
en = I, — I decreases as O(x), where N is the number of rectangles used to ap-
proximate the function and goes to infinity [70]. However, if f is a function of
class C% on the integration interval [a,b] and if its odd-order derivatives satisfy
the condition:

Vpe{l,....k—1}¢* D (a) = ¢* (), (1.83)

then the error behaves like O(N2*) when N goes to infinity, which means the
evaluation is more efficient and more precise. The functions f(z(t))z'(t) are func-
tions of class C*°([a, b]) but they are not functions that satisfy the condition Eq.
1.83.

With the periodisation method, it is possible to find a change of variables such
that the parametrisation of the integrals yields an integrand that verifies condition

Eq. 1.83. Hence, the computation of the integrals is made fast and accurate.

The change of variable is ¢ = P(z), where P(z) is a 4k — 3-degree polynomial
given by:
fab(t — a)%=2(h — t)2%2d¢

P(ZE) = ff(t _ a)gk_z(b _ t)Qk—th.

(1.84)

This polynomial is strictly increasing on [a, b] and verifies the following properties:

P(a)=0, P(b) =1, (1.85)

Pl(a)=PUDB) =0, 1<1<2k—1. (1.86)

Thus, the integral of the function f is given by:

I—/ g(x)dz, (1.87)

with g(z) = P'(z)f(P(z)) where g() is a function of class C?* that satisfies the
condition of Eq. 1.83.

e
(ten times more points give four supplementary significant numbers). Thus, to

In practice, taking k = 2 is enough. The convergence in O(+5z) is sufficient

calculate the integral I, the rectangle method is applied to g(x) so as to obtain

the periodisation method.
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) [}

0 0.2 0.4 0.6 0.8 1
Re(a)

Figure 1.9: The poles found using the tetrachotomy method for a test function (red crosses)
plotted against the exact (simple) poles of the meromorphic test function (black circles).

1.4.2 Application

To test the validity of the tetrachotomy method, we consider the following function:

floy = 22 (1.88)

(a0 — ;)"
where f is meromorphic in C\ {«;} and «; are the poles of the f.

In the complex plane defined by (ag € [0, 1], a; € [0, 1]), we consider twenty
five poles a; randomly chosen (with the function RAND of Matlab) and we apply the
algorithm to this function. The results show that the poles found by the program
are extremely close to the ones we entered as input data (see Fig. 1.9). The
corresponding randomly values are shown in Table 1.1. We also have at least eight
identical numbers which is the tolerance number we imposed in our computations.
The CPU took around 8 seconds to find these poles.
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0.702702306950475
0.153590376619400
0.653699889008253
0.180737760254794
0.325833628763249
0.163512368527526
0.415093386613047
0.398880752383199
0.932613572048564
0.163569909784993
0.953457069886248
0.748618871776197
0.679733898210467
0.665987216411111
0.894389375354243
0.809203851293793
0.923675612620407

0.702702306950754
0.153590376619546
0.653699889008506

0.180737760254770
0.325833628762824
0.163512368527536
0.415093386613128
0.398880752383432
0.932613572048764
0.163569909784167
0.953457069886728
0.748618871774508
0.679733898210444
0.665987216411121

0.894389375354296
0.809203851294856

0.923675612618613

0.257613736712109
0.751946393867338
0.443964155018388
0.852263890343852
0.816140102875546
0.866749896999316
0.789073514938985
0.814539772900878
0.060018819779211
0.921097255892383
0.228669482105789
0.642060828437204
0.767329510776502
0.794657885388843
0.577394196706578
0.715212514781598
0.950894415380493

Re(f) Re(w;) Im(f) Im(ay;)
0.120187017987081 | 0.120187019625525 | 0.419048292043586 | 0.419048293624883
0.540884081241476 | 0.540884081237328 || 0.064187087388841 | 0.064187087391899
0.255386740488051 | 0.255386740486275 || 0.505636617569718 | 0.505636617571756
0.546449439903068 | 0.546449439902904 || 0.317427863654375 | 0.317427863655850
0.020535774658185 | 0.020535774658272 || 0.635661388861370 | 0.635661388861377
0.525045164762609 | 0.525045164762852 || 0.390762082203825 | 0.390762082204175
0.036563018048453 | 0.036563018048448 || 0.671202185356518 | 0.671202185356536
0.516558208351270 | 0.516558208351338 || 0.440035595760317 | 0.440035595760254

0.257613736712438
0.751946393867450
0.443964155018810
0.852263890343846
0.816140102875323
0.866749896999319
0.789073514938958
0.814539772900651
0.060018819779476
0.921097255892197
0.228669482105501
0.642060828433852
0.767329510776574
0.794657885388753
0.577394196706649
0.715212514785840
0.950894415378135

Table 1.1: The real part Re(f) and the imaginary part Im(f) of the poles of the test function f as compared
to the calculated poles a; = Re(«;) + iIlm(e;) with the tetrachotomy method. The agreement is pretty good
with at least eight identical numbers for the real and imaginary parts, which is the tolerance number we
imposed in our computations.
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Chapter 2

Coupling Surface Plasmon

Polaritons

OVERVIEW Research in plasmonics has gone made very fast progress in
the last decades [8, 9, 10, 11, 12, 13]. Since 1990, the study of plas-
monic waveguides and plasmonic enhanced (extraordinary) transmission
[14] has greatly boosted the exposure of the subject. Plasmonics is a
branch of optical condensed matter devoted to optical phenomena at the
nanoscale in structured metallic systems, due to modes called surface
plasmon polaritons (SPPs). SPPs, predicted more than 50 years ago
by R. H. Ritchie [3] and extensively studied ever since [5, 71|, play key
roles in today’s nanophotonics [29]. They are optical surface waves that
propagate (typically) along the metal-dielectric interface. But they are
also characterized by a high attenuation due to the intrinsic losses in the
metal, limiting the applications [30, 31, 32, 33]. The aim of this chap-
ter is to present the best known way to enhance the surface plasmon
emission, which is coupling it with another surface plasmon. It is possi-
ble in structures which are composed of a metallic film in a symmetric
medium. Indeed, a metallic film supports two S PP that are coupled and
the strength of this coupling depends on the metallic thickness. This cou-
pling helps improve the propagation length of surface plasmons. After a
reminder of the basic properties of the SPP modes, we present the long
range surface plasmon polariton (LRSPP) which corresponds to one of
the coupled SPP in thin metallic film. It is demonstrated how to obtain
this mode on a metallic film deposited on a perfect electric conductor
substrate. This possibility allows to not excite the short range surface
plasmon polariton (SRSPP) mode and to obtain the LRSPP without
a symmetric device.

27
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2.1 Surface plasmon polaritons at a single inter-

face

2.1.1 Existence conditions

In order to investigate the physical properties of SPPs, we have to begin by the
Drude model. This model gives a well known relation between metal permittivity
and plasma frequency. It was proposed by Paul Drude in 1900 [72] in order to
explain the transport properties of electrons in materials, especially in metals.
To describe the optical properties of metals, we can consider a gas made up of
free conduction electrons. This free electron gas can collectively oscillate and this
longitudinal displacement of the density of charges is called a plasmon. Its energy

quantum is fuw,, where w, is the plasma frequency:

N, e?
— 2.1
Wp V v (2.1)

where N, is the electrons’ density, e the charge of electrons, ¢y the dielectric con-

stant of the vacuum and m, the electron mass. In this work, we apply the kinetic
theory. As a consequence, the electron gas is treated as neutral solid spheres. Its
motion is uniform rectilinear until collision. The metal is also like a set of conduc-
tion electrons which are free to move with these negative charges and relatively
immobile positive ions.

The dielectric permittivity &,,, which is the response of the metal to an exci-

tation with the pulsation w is given by:

w2

emw)=1— ——2 2.2
() w(w + i) (2:2)
where T" is the damping factor (it is used to account for the dissipation of the
electron motion) and w, the plasma frequency. In the present work, we mostly
consider silver metal for computations where I' = w, /428 and w, = 1.374 x 10

s71 [73] 1. In the case of metal without losses, the dielectric permittivity becomes

LA reason for not using gold is that, it was demonstrated for a wavelength A\ < 520 nm that
the photons do not transfer their energy to the SPs but to the individual electrons to generate
intraband transitions, which cancels the SP resonance [74]. M. Watanabe et al. [75] present
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Figure 2.1: (a) Volume plasmon in a bulk metal with a permittivity €,,. (b) Surface plasmon
at the interface between a dielectric (¢4) and a metal (g,).

em(w) =1 —wl/w?.

Two types of plasmons can be distinguished. In bulk metal (Fig. 2.1a), the
collective oscillation of the electron gas is called volume plasmon, whereas the
interface between a metal and a dielectric support is a surface plasmon (Fig. 2.1b).
Lastly, when the collective oscillation of the electron gas is coupling with light, this
mode is called a surface plasmon polariton (SPP). In what follows, we will only
consider these SPP modes and we can use SP to simplify the notation.

S Ps are surface mode solutions of Maxwell’s equations with appropriate bound-
ary conditions. We search these solutions at a flat interface between a metal and a
dielectric. It is possible to demonstrate that S Ps only exist in transverse magnetic
(TM) polarization. We consider time harmonic modes with the magnetic field lin-
early polarized along a direction which is transverse to the direction of propagation
z. We denote the magnetic field as H = u(z, y)e. and the time dependence is e~*".

The field u(x,y) satisfies the following Helmholtz’s equation:
div(e; 'Vu) + kju = 0, (2.3)

where k3 = kge; is the wave vector in each medium (j = d, m). This equation has
to be solved separately in regions of constant €;. The solutions obtained have to
be matched using appropriate boundary conditions. We note ¢,, for y < 0 and ¢4

for y > 0, the permittivities of the metal and the dielectric respectively. o and Bj

this as "anomalous reflection of gold” because below this wavelength, the gold loses its metallic
properties of reflectivity.
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(j = d,m) are the wave vectors in the = and the y directions.

We note u(z,y) = €U (y) and the field U(y) satisfied the following equations:

2

U
y > 0: + (k3 — a®)U =0,

02
o (2.4)
. 2 2 _
The solutions are:
> 0: Uly) = aje Pv 1 p eigdy,
Y (y) 1 1 (2.5)

Y < 0: U(y) = age 5 4 byei,

where §; (j = d,m) are defined by the relation a? + ﬁNjQ = kie;.

The solution corresponding to surface waves along the x direction imposes that
the field is evanescent along the y direction so that 3; must be imaginary. We have
| o |> koy/Z; and §; are written as:

By =ir/a? — kZe;. (2.6)

We note Bj = 1f3;. However, we must impose a; = 0 and b, = 0 (as the modes
are bound to the surface, they must decay with increasing/decreasing y) and the

field is rewritten as:

y>0:Uy) = bre Py,

(2.7)
y < 0: Uy) = age’™Y.
At y =0, U and ajflayU must be conserved in the TM polarization:
bl = a2,
——b = —axs.
Ed Em

To obtain the solution, we can solve the system of Eq. 2.8 or consider the

cancellation of the coefficient of reflection’s denominator. The result must be the
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same: B B
ba P _ (2.9)
Ed Em

And the corresponding dispersion relation for the SP is:

EdEm
ksp = £k A/ 2.10
SP 0 By +5m7 ( )

where kgp is the corresponding in-plane wave vector (propagation constant) « for

the surface plasmon.

In the case of a real metal (with losses), ksp and necessarily 3, and (4 are
complex, which implies a sinusoidal supplementary component (along the y direc-
tion) to the evanescent envelope of the field. We note ¢, = ¢, + ic, . With the
convention of signs in the exponents and to verify Eq. 2.9, the real part dielectric
permittivities s/m and 4 must have opposite signs. Since dielectrics have a positive
(and real) 4, that means ¢,, must be negative. In addition, the real part of the
dispersion relation (Eq. 2.10) involves a supplementary condition: the propagation
along x is only possible through the existence of a real part for kgp. These two
conditions imply ¢, > —1 [5].

These conditions are largely fulfilled by several metals in the visible and near-
infrared ranges of the spectrum. In these ranges, ¢, for silver has a large negative
real part and a small positive imaginary part associated to the absorption and the

scattering losses in the metal.

2.1.2 The dispersion relation

To properly understand SP modes, we have to examine the corresponding dis-
persion relation, the relationship between the frequency w and the in-plane wave
vector . The in-plane wave vector is the wave vector of the mode in the plane of
the surface along which it propagates. For light in free space, the wave vector is
given by ko = w/c (the light line), ¢ being the speed of light. In a medium with
the dielectric permittivity €4, the dispersion relation becomes k = /e4ky. Lastly,
for S Ps propagating along the interface between a metal and a dielectric, the dis-
persion relation (Eq. 2.10) is found by looking for the surface mode solutions of
Maxwell’s equations in the section 2.1.1.

Fig. 2.2a illustrates an interface between air (¢4 = 1) and a metal (g,,,). By
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Figure 2.2: (a) Single plane interface between a dielectric (¢4 = 1 ) and a metal (g,,) which
supports a SP. (b) The dispersion relation, found by taking the real part of Eq. 2.10 with the
metallic permittivity based on the Drude model (Eq. 2.2) and the plasma frequency w,, for silver.
The constant of propagation « is plotted in units of w,/c and the frequency w in units of w,. The
light line is the dispersion line for light in free space, kg = w/c. The asymptotic surface plasmon
frequency corresponds to wsp = wy,/v/1+ £4. The dispersion curve for a SP mode shows the
momentum mismatch problem: the SP mode is always lying beyond the light line because its
wave vector kgp is greater than the wave vector of a free space photon kg at a given frequency
w. It is a non-radiative mode.

substituting the expression of €, by the dielectric permittivity of silver based on
the Drude model (Eq. 2.2), and by taking the real part of Eq. 2.10, we can plot
the corresponding dispersion relation (Fig. 2.2b).

Fig. 2.2b illustrates the dispersion curve of the SP modes. At low frequencies,
the dispersion curve lies very close to the light line, also said to be light-like. It
is a region where this mode is best described as a polariton. Then, the frequency
rises and the mode moves further away from the light line, approaching gradually
an asymptotic limit, the surface plasmon resonant frequency wsp = w,/v/1+ &4
which translates in term of frequencies the condition £, > —1. This occurs when
the permittivity of the metal and of the dielectric are of the same magnitude (but

opposite sign), which is producing a pole in the dispersion relation.

By definition, for propagating waves (PW), kpw < ko = w/c (these waves have
a dispersion relation above the light line) when for SP modes, ksp > ko. The wave
vector corresponding to SP mode is always higher than the light line. We also
say that the SP is a non-radiative mode. This is the evanescent behavior of these

surface modes that forbids a direct excitation with a propagating electromagnetic
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wave. A photon and a SP at the same energy level, never have the same quantity
of motion.

There are two distinct ways to excite S P modes: with high energy electrons [76]
or with electromagnetic waves. We will only consider the use of electromagnetic
waves. In this case, classical techniques used to excite S P modes employ diffraction
by gratings or attenuated total reflection (ATR). In this work, we will consider SPs
supported by silver films and excited by electromagnetic waves using the ATR in

the Kretschmann configuration [5], which will be presented in section 2.3.1.

2.1.3 SP length scales

The first important length characterizing the SP is its wavelength Agp, which
corresponds to the period of the surface charge density oscillation and the field
distribution of the mode. The wavelength Agp comes from the real part of the

complex dispersion relation kgp (Eq. 2.10):

2 !
)\SP = /7T = )\0 =d +/€ma (211)
ksp €dE

where \q is the free space wavelength.
This SP wavelength is very similar, but always less than the free space wave-
length A\g. The fact that Agp < A¢ is a consequence of the bound nature of the SP

modes.

The propagation length

The propagation length dgp of the SP mode corresponds to the extension in the
z-direction of the field along the surface [77, 78, 79]. It is defined by the distance
over which the intensity of the mode decreases to 1/e of its initial value [80]. It is

given by dgp =1/ ng p- The imaginary part k‘g p s

" e e eq 2
kop =k m UL ) 2.12
b= g () (242

So then:

e g
sp = do ) (em“d) . (2.13)

m
/
2me,, \ €mEd
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Figure 2.3: The SP propagation length dsp as a function of the free space wavelength A\ which
varies from visible to near-infrared range. The metal considered is silver, based on the Palik data
[81] and the dielectric is air, e4 = 1.

The SP propagation length dgp as a function of the free space wavelength is
plotted in Fig. 2.3. The dielectric permittivity of the metal ¢, is taken from the
Palik data set [81] (experimental data) for silver. This choice will be justified in
Section 2.2. The increase of the propagation length is explained by the fact that for
longer wavelengths, the metal becomes a better conductor. The SP wave vector is
closer to the free space wave vector and, as it is shown with the dispersion curve,
the mode is thus light-like. Consequently, the mode is less confined to the surface.

Furthermore, it is possible to approximate the propagation length when using

low loss metal and when the condition | ¢, |> &4 is satisfied:

(€m)’
Osp ~ Ag—2—. 2.14
SP 0271'5// ( )

m

With this approximation, we can see that to have a much higher propagation
length dgp, we need a large (negative) real part €, and a small imaginary part €.

In the visible and near-infrared ranges, silver respects these properties.

The penetration depths

By definition, the penetration depths of a surface mode correspond to the spatial
(vertical) extension of its field in both media in the y-direction [82]. For a material

with a dielectric permittivity &; (i = d, m), it is possible to express the total wave
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vector with its components in the plane (the wave propagates in the y-direction):
eiky = k2 + k7, (2.15)

where kg is the wave vector for free space, k, is the in-plane component and &, is

the perpendicular component to the plane.

If we consider now the particular case of surface plasmons, the in-plane wave
vector k, corresponds to ksp (Eq. 2.10). Or as we noted, the SP wave vector
always exceeds the wave vector of a photon in the adjacent medium, k%p > £;k3.
For this reason, the y-component of the wave vector in both media must be imagi-
nary, and thus represent the exponential decay of the fields with distance into both
media (Fig. 2.4).

From the dispersion relation (Eq. 2.10 with Eq. 2.15), the penetration depths

04 and 9y, into the dielectric and the metal respectively can be written as:

1 [|e, +eal
0g = —4| —/—— 2.16
d ko 53 ) ( )
1 e, +eal
Oy = —4 | —2___2 1 2.17
Y ERE 210

with the condition | &, |[>>| ¢, |.

Fig. 2.5a illustrates the SP penetration depth into the dielectric d; (with
eq = 1) plotted as a function of the wavelength. In the visible spectrum, d4 is less
than the free space wavelength; when in the near-infrared spectrum, it becomes
more than it. The increase of the penetration depth is again explained by the fact
that for longer wavelength, the metal becomes a better conductor and the mode
is thus light-like.

The distance below the decay rate of molecules is enhanced by SP modes
[83, 24] and is linked to d4. In many cases, this mode of decay is undesirable,
as in the case in diodes where the efficiency can be reduced by the presence of
metallic electrical contacts. To overcome this drawback, solutions such as the

nanostructuring of the device have been studied [84].

The SP penetration depth into the metal, §,,, as a function of the wavelength
is plotted in Fig. 2.5b. This penetration depth is largely independent of the free
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Figure 2.4: The field in the perpendicular direction is evanescent, reflecting the bound, non-
radiative nature of SPs. This prevents power from propagating away from the surface. In the
dielectric medium (typically air or glass), the penetration depth is 4, whereas the penetration
length into the metal is J,,.

4?00 600 800 1000 1200 1400 1600 Z%OO 600 800 1000 1200 1400 1600
A (nm) A (nm)
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Figure 2.5: The SP penetration depths as a function of the free space wavelength A\ which
varies from visible to near-infrared range. The metal considered is silver, based on the Palik data
[81] and the dielectric is air, ¢4 = 1. (a) The SP penetration depth into the dielectric d4. (b)
The SP penetration depth into the metal 4.
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Figure 2.6: The real (a) and imaginary (b) parts of the silver dielectric permittivity €, (w) =
e (w)+¢e,,(w) using the Drude model (gray dashed line), the Palik data [81] (black line) and the
Johnson and Christy data [85] (red line). A zoom is made on the region of wavelengths between
200 nm and 600 nm.

space wavelength in this wavelength range. Indeed, in this range w << w, and we

can approximate d,, as:
>\p

:§7

where ), is the wavelength corresponding to the plasma frequency w,. For silver,

O (2.18)

wp, = 1.374 x 10" s7! and the penetration depth in the metal is 6, = 22 nm, which
is not so far from the average value in Fig. 2.5b. Note that the penetration depth
rises for short wavelengths because the condition w << w, is no longer valid.

The parameter d,, represents the necessary thickness for the metallic films that
allows the coupling of a SP mode, as with propagating light in the prism coupling
configuration (Kretschmann) or with another SP modes in a metallic thin film

device.

2.2 Dielectric permittivity of metals

The Drude model presented in Section 2.1.1 allows to obtain the main properties
of surface plasmons. However, it gives only an approximation of the dielectric
permittivity of metals, and its validity is limited to near-infrared frequencies. We
are going to compare it to experimentally determined dielectric permittivity of
silver, as adopted from Johnson and Christy [85] and Palik [81] data sets.
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Figure 2.7: Dispersion relation of SP mode on the Ag/air interface with respectively the
permittivities &, and e, = 1. The metal permittivity €, is determined from the Palik (black
line) and the Johnson and Christy (red line) data sets. For frequencies below wsp = w,/v/1 + €4,
the typical bound S P mode is observed below the light line plotted in dashed line (as in Fig. 2.2b).
Above the asymptote at wg, there is the radiative plasmon polariton (RPP) mode. Between these
two asymptotes, it is the plasmon bandgap where the plasmon wave vector is purely imaginary
and the modes in this regime (called quasibound modes) are forbidden [86].

Fig. 2.6 shows the dielectric permittivity ,,(w) = €, (w) + ic,, (w) of silver as
derived from the Johnson and Christy (JC) data, the Palik data and the Drude
model (Eq. 2.2). The JC and Palik data sets are in agreement for wavelengths
between 200 nm and 600 nm. At greater wavelengths, E;n from JC data falls off
faster and € grows more slowly than the corresponding results from the Palik
data. With this difference, we have to compare the results of both data sets on a
practical case, the dispersion relation of SP.

The dispersion curve of a SP supported at the interface between air (g4 = 1)
and a metal (g,,) is presented in Fig. 2.7, both for the JC and the Palik data sets.
As there are experimental results, the asymptote at wsp = w,/+v/1 + &4 (defined
by the wavelength where 5;n = —gq) does not go to infinity. Note here that w,
is not well defined with its asymptote, an uncertainty still exists. For frequencies
below this asymptote, the typical bound SP mode is observed (as in Fig. 2.2b).
Above the asymptote at wg, there is the radiative plasmon polariton (RPP) mode.
Between these two asymptotes, we have the plasmon bandgap where the plasmon

wave vector is purely imaginary and the modes in this regime (called quasibound
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modes) are forbidden [86]. The agreement between the two curves from JC and
Palik data sets is satisfactory. We also chose to use the Palik data on silver in all

computations unless otherwise specified.

2.3 Metallic film in non-symmetric medium

In this section, we will describe the properties of the surface plasmons supported
by a metallic film in a non-symmetric medium. It is the most commonly used
configuration to excite and exploit SPs. To begin, the optical methods used to
excite them shall be detailed. Afterwards, two well known figures of merit of the
surface plasmons will be presented: the characterized dip of reflectivity on the
metallic surface for a specific angle of incidence; and the map of the magnetic field

corresponding to the surface plasmon (in the transmitted medium).

2.3.1 Optical coupling of SPs

As we saw in the first section, SP modes are non-radiative modes. To couple
these modes with light waves, special devices must to be employed [87]. Indeed,
the coupling can be achieved using a coupling medium, such as a grating or a
prism, to match the photon and surface plasmon wave vectors. A grating coupler
matches the wave vectors by increasing the parallel wave vector component by
an amount related to the grating period. A prism can be positioned very close
to a metal surface in the Otto configuration or against a thin metallic film in
the Kretschmann configuration. We will give more precisions for both of these
methods.

Metallic gratings

Metallic gratings can be used to satisfy the energy and momentum matching con-
ditions of the wave vectors. We consider an incident wave vector k; = ko/¢; with
k7 its in-plane component and 6; the incident angle of this wave. We recall that

to excite a plasmon, we have to satisfy the condition:

k= kgp(w). (2.19)
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Figure 2.8: A metallic grating constituted by a periodic structure with a period A.

However, kf = w/csin; < w/c and w/c <| ksp(w) |. A possibility for obtaining
the equality 2.19 is to use the grating coupling [5].

A grating is a periodically corrugated surface modulation. It can be character-
ized by its periodicity or grating constant A. The periodic corrugation breaks the
translational invariance of the metal surface. An incident plane wave can interact
with the grating grooves, acting as an array of scattering centres. The total field
can be generated from the constructive interference of the individual scattered
waves, resulting in different diffraction orders. We consider a grating constituted
by a periodic structure with a period A (Fig. 2.8). The wave vectors are equal

modulo 27 /A (as a consequence of the Bloch theorem) and we can write:
. . 2m
kosinfy; = kosin6; + px, (2.20)

where ky = w/c and p is a relative integer and represents the order of diffraction.

It is always possible to find an order p where:

ksp(w) = kf —i—pQXW. (2.21)
It becomes possible to excite a SP with an incident electromagnetic plane wave.
In this configuration, we have a total absorption: for a given frequency w, we can
find an incident angle 6; which respects the condition 2.21 and the corresponding
wave vector kf = w/csinf; can match with kgp. It is this method that was
used in the first - accidental - observation of the S Ps, and that is reported in [2] as
Wood’s anomalies. Indeed, in 1902, R. W. Wood observed sudden variations of the

intensity in the light beam spectrum, reflected by a diffraction grating in the TM
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polarization. The intensity of the incident beam being continuous, the spectrum
had to be continuous too. These variations are due to the coupling between the
propagating incident waves and the S P waves. Following this, gratings have been
much studied by A. Hessel and A. A. Oliner [88], and more precisions are given by
R. Petit [89] and H. Raether [5].

It is also possible to excite the SP mode with a high refractive index prism, as

we are going to present.

Otto configuration

Two configurations are possible to excite SPs optically by employing a high re-
fractive index prism. In the Otto configuration [5] (Fig. 2.9a), an incident beam
is reflected on the base of a prism of high refractive index material (¢4 > 1). Near
to the base, there is a gap of low refractive index material (we take €, = 1), with a
thickness on the order of the incident beam wavelength [5, 90]. On the other side
of the gap, there is a metallic film (g,,,). The ATR takes place when the incident
angle 6; is equal to, or larger than, the critical angle and creates an evanescent
field. In the prism with a permittivity e, (we take glass, ¢4 = 2.25), the in-plane
component of the incident wave vector is kf = |/ggsin ;. It can be higher than kg
because €4 > ¢,. In these conditions, the incident wave can excite the SP modes
on the air/metal interface. We plot the reflectivity as a function of the incident
angle 0; (Fig. 2.9b), and the coupling condition appears as a minimum of the
reflectivity for §; = 43.7°. This dip of the reflectivity represents the excitation on
the SP mode.

This excitation is very sensitive to changes in the gap between the dielectric

prism and the metallic film, which explains why the method is rather unused today.

Kretschmann configuration

The Kretschmann configuration [5] is the most commonly used method to couple
light to surface plasmons because of its relative simplicity and robustness. As
illustrated in Fig. 2.10a, an incident beam is reflected on the base of a high
refractive index prism (g4 > 1). A thin metallic film is located on the prism base.
The thickness of the metal layer needs to be precisely controlled in order to obtain

the most efficient coupling. Again, there is an ATR when the incident angle 6; is
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Figure 2.9: (a) Prism coupling in the Otto configuration with the permittivities ¢4 = 2.25
(glass), €, = 1 (air) and €, (metal), taken from the Palik data [81] for silver. (b) The reflectivity
is plotted as a function of the incident angle 6;, with a wavelength A = 632.8 nm. The minimum
of reflectivity occurs for an angle #; = 43.7°, and corresponds to the excitation of the SP when
the thickness of the spacer is on the order of the incident wavelength.

equal to, or larger than, the critical angle and creates an evanescent field.

The in-plane component of the incident wave vector k¥ can be higher than k.
In Fig. 2.10b, reflectivity is plotted as a function of the incident angle #;. Three
cases are distinguished. The first extreme case, when there is no metallic film
(in red), represent the total internal reflection of the field between the media with
eq = 2.25 and g, = 1. The second case (in blue) corresponds to the situation where
the metallic film is too thick (as a metallic bulk). The layer becomes opaque to the
electromagnetic field and the system is like a mirror. The corresponding reflection
is still high, but lower than 1 because of the metal absorption. Finally, when the
metallic film thickness is e, = 45 nm for A = 632.8 nm, the coupling of the SP
mode occurs for an angle 6; = 43.7°C.

The choice of the metallic film thickness occurs from the plot of the minimum
reflectivity obtained as a function of the metallic thickness e,, (Fig. 2.12). The
minimum occurs for e, = 45 nm.

So, it is possible to match the propagating wave vector ki with the wave vec-
tor kgp corresponding to the interface metal/air (Fig. 2.11). The propagating
electromagnetic wave in the dielectric is also able to excite S P modes which prop-
agate in the air. An important point here is that a metallic film supports two

plasmons. In the present case, there is a plasmon at the metal/air interface and
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Figure 2.10: (a) Prism coupling in the Kretschmann configuration with the permittivities
eq = 2.25 (glass), e, = 1 (air) and e, (metal), taken from the Palik data [81] for silver. (b)
Reflectivity plotted as a function of the incident angle 6; with a wavelength A = 632.8 nm. The
minimum of reflectivity occurs for an angle 6; = 43.7° and corresponds to the excitation of the
SP when e,, = 45 nm. The red curve represents the case where there is no metallic film, the
incident beam is reflected on the base of the prism towards the air. Because €4 > ¢,, that is the
classical case of total internal reflection. The blue curve represents the case where the metallic
film is as a metal bulk. The system becomes like a mirror and it is impossible to excite the SP
mode.

, ~" coupling

o/o

ac/m
p

Figure 2.11: For light wave in vacuum, w = koc, when in dielectric medium (g4 > 1), w =
koy/€ac = kfc. The in-plane component of the incident wave vector can be higher than ky. There
is a frequency for which k7 = kgp and the coupling between light wave and the SP mode, which
exists at the interface metal/air becomes possible.
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Figure 2.12: The reflectivity plotted as a function of the metallic thickness e,, at a wavelength
A = 632.8 nm for the structure of Fig. 2.10a. The minimum occurs for a thickness e,, = 45 nm.

another one at the dielectric/metal interface. This method of excitation allows the
excitation of the plasmon at the metal/air interface, the other having again a too

high propagation constant.

2.3.2 ATR configuration

The classical ATR configuration also corresponds to the Kretschmann configura-
tion. We consider a metallic film, with a thickness e, and a permittivity &,,,
embedded between two dielectric media with the permittivities ¢; and ¢, (Fig.
2.13). This film supports two SPs, one on the d/m interface and another on the

m/a interface.

The more immediate way to determine the solutions is to consider the can-
cellation of the denominator of the coefficient of reflection r. We recall that the
dispersion relation is given by o® + 87 = ke;, j = d,m. We consider the TM-
polarization and the time dependence exp(—iwt). The magnetic field can be writ-
ten as H(z,y) = [aie P + byeP]e’®. By definition, the coefficient of reflection r

is defined by r = by /a;. It can also be written as:

o Tdm + rmae2ﬁmem

(2.22)

1 + TdmrmaGQﬁmem ’
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Figure 2.13: Silver film with a thickness e,, and a permittivity ,, embedded between two
dielectric media with the permittivities €4 and ¢,. For computations, ¢4 = 2.25, ¢, = 1, &, is
taken from the Palik data [81], e,, = 45 nm and the incident wavelength is A = 632.8 nm.

where:
Ba _ Bm Bm _ Ba
Tam = —;‘; ;:"n and 1y, = G5 (2.23)
ed T em em T e

A mode in this structure is defined by the existence of an outgoing field in
absence of excitation. That means b; # 0, a; = 0 and corresponds to the equation

1 4 TagmTmae?Pmem =0 :

(éﬁiﬁ><éﬂ+&)+(ﬁﬂiﬁ)(@3—@>8%%=0. (2.24)
Ed Em Em Ea €d Em Em Ea

In the case of a thick metallic film, the term of propagation becomes negligible,
| exp(2Bmem) | << 1 and Eq. 2.24 is simplified:

(ﬁqi%>(@£+&>:0. (2.25)

€4 Em Em  Ea

Eq. 2.25 admits two solutions which correspond to SPs propagating without
coupling along the d/m and m/a interfaces as the solution given by Eq. 2.9.

We consider now the case of a thin metallic film which corresponds to the
Kretschmann configuration (section 2.3.1). In this case, ¢4 > €,, and the metallic
thickness is e,, = 45 nm for an incident beam with a wavelength A = 632.8 nm

(Fig 2.13). The modes propagating along each interface have different velocity and
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Figure 2.14: (a) Map of the magnetic field in the structure corresponding to the Kretschmann
configuration (Fig. 2.13) with 4 = 2.25, ¢, = 1 and ¢, is taken from the Palik data [81] for
silver. (b) Precise map of the transmitted magnetic field: the SP mode is excited and we can
see its propagation length, as well as the exponential decay of the field in the air.

-200

decay rates. An incident beam in the dielectric, with the angle #; = 43.7°, allows

the excitation of the surface plasmon in the air (Fig. 2.14a).

In Fig. 2.14b, the SP mode is very visible with its propagation length and the
exponential decay of the field in the air. From Eq. 2.3, the propagation length
is 0gp ~ 21um, and the corresponding propagation length from the map of the
magnetic field is dgp ~ 14pum (see Fig. 2.14b). The calculated penetration depth
(Egs. 2.5a and 2.5b) are §,;, = 388 nm and 9, = 24.5 nm, which are in agreement
with the magnetic field map.

2.4 Metallic film in symmetric media

In this section, we will consider the case of a metallic film in a symmetric medium.
For thin metallic film, the properties of the two coupled SP modes supported by
the structure are presented. The involvement of the long range SP (LRSP) is
explained through a review about it and the comparison between the length scales

of this mode and the classical SP mode is made.
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2.4.1 The dispersion relations

One way to extend the length scale of SP modes is to make use of the coupled
SP modes supported by symmetrically thin metallic films [36]. When the metal
is thin enough, the SP modes associated to the two metal surfaces may interact
and form two coupled SP modes.

For a metallic film in a symmetric medium, ¢; = ¢, and Eq. 2.24 is simplified

(B_m N @) n (B_m _ @) efmem _ . (2.26)

as:

Em &d Em &d

There are two solutions for guiding modes by the metallic film depending on

the sign ” + 7 in Eq. 2.26. These solutions correspond to the dispersion relations:

wh: Bigm + Bmeq tanh (ﬁmjm> =0, (2.27)

W™t Byem + Bmeq coth <Bm;m) =0. (2.28)

In a symmetric medium, the SP frequency is the same on both sides of the
metallic film, so that in the case of a thin film (below 50 nm [91]) the electromag-
netic fields of both surfaces interact and the frequency splits into a low-frequency
w™ and a high frequency wt. The splitting is associated with asymmetric (w™)
and symmetric (w™) electric field E, distributions, as compared to the symmetry
of the structure. For w™, the electric field is not cancelled in the metal, which
increases absorption due to the losses in the metal. It attenuates rapidly during
the propagation (Fig. 2.15a). This asymmetric mode is also called the short range
surface plasmon polariton (SRSP). For w', the electric field is cancelled in the
metal, and the mode has a long propagation length as compared to the SP mode
supported by a bulk metallic surface. Indeed, the electric field of these modes has
a bigger depth penetration in the dielectric, and the losses by absorption in the
metal decrease (Fig. 2.15b). This symmetric surface plasmon mode is called a
long range surface plasmon polariton (LRSP).

There is a compromise between the propagation length and the penetration
depth in a symmetric structure. It is possible to obtain high propagation length in
comparison to the case of the single interface but at the expense of the penetration

depth. The LRSP mode that propagates very far will not still remain, a surface
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Figure 2.15: (a) Symmetric electric field E, corresponding to the LRSP. (b) Asymmetric
electric field E, corresponding to the SRSP.

mode if the the metallic film becomes too thin.

Fig. 2.16a represents the dispersion curves w' and w~ of the LRSP and
the SRSP modes, respectively. These dispersion curves are obtained with the
tetrachotomy method (see Chapter 1) for which the real part of the poles is noted
«a and corresponds to the propagation constant of the modes. Solutions for Eq.
2.26 are found for a silver film embedded in air. Palik data for silver is used for
the metal. In the same conditions, the reflectivity is plotted as a function of the
incident angle 0; (Fig. 2.16b). The half-width of the mode w* is smaller than the
half-width of the mode w™. Thus, the absorption of the LRSP mode is smaller
than that of the SRSP mode.

2.4.2 Review on LRSPs

In a symmetric structure, the most interesting surface mode supported by a metal-
lic film in a symmetric media is the LRSP mode because of its low absorption in
comparison to the SRS P mode.

The first theoretical study on the existence of the LRS Ps was done in the 1960s
[92]. This prediction was then confirmed by electron-loss spectroscopy in the same
decade. Tt was noticed that the damping of the w™ mode slightly decreased with
a smaller thickness of the metallic film [93, 94, 95, 96, 97, 98, 34, 35]. We justify

further on our choice of metallic thickness. In the 1980s, Sarid [37] confirmed and
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Figure 2.16: (a) Dispersion curves w and w™ of the LRSP and the SRS P modes, respectively.
g€q = 1 is the permittivity of vacuum and the permittivity of the metal €, is taken from the
experimental data of Palik [81]. The metallic thickness is e, = 30 nm. (b) In the same conditions,
the reflectivity is plotted as a function of the incident angle 6;. The half-width of the mode w™ is
smaller than the half-width of the mode w™. Thus, the absorption of the LRSP mode is smaller
than that of the SRSP mode.

established the main characteristics of LRSPs as a measure of the propagation
length of these modes, twenty-seven higher than the propagation length of a surface

plasmon at the surface of a bulk metal [99, 100].

These plasmonic guides, despite the good propagation length (it can be mea-
sured in centimetres), are not interesting for optic guiding [101, 102, 103]. Indeed,
the confinement is only in one dimension (perpendicular to the interfaces), which is
a limitation for integrating these guides into electronic components. A possibility
for using it would be to reduce the width of the metallic films [36].

Up until 2009, a large bibliography on LRSPs was produced by P. Berini
[36]. In the study of LRSPs, many methods have been employed, either based
on Fresnel’s coefficients [5], on Maxwell’s equations with appropriate boundary
conditions [91] or on the method of lines [104, 105]. The method we used to find
the dispersion curves as in Fig. 2.16a, and to determine characteristic properties of
our structures consists in finding the poles of the scattering matrix. This method
is described in Chapter 1 as the tetrachotomy method.

The large range of recent applications [38, 106, 107, 108, 39, 40], such as in
photonic crystals, stratified media, quantum systems or with anisotropy, appeal to

us with respect to finding a way to excite LRS P without the short mode, and are
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dsp = 1/2Im(ksp) | Map of the magnetic field | Tetrachotomy algorithm
SParr 21pm 14pm 25um
LRSPeml:?)Onm 262/1&11
LRSP., ,—200m 8.2mm

Table 2.1: Compared propagation lengths between a SP mode in the ATR configuration and the LRSP for
two thicknesses e,,7 = 30 nm and e,,2 = 20 nm. The results tabulated here are obtained from the theoretical
expression of the propagation length, the map of the magnetic field and the tetrachotomy algorithm. The
order of size is correct.

experimentally feasible.

We theoretically demonstrate the equivalence between a metallic film embedded
into a symmetric medium of thickness e,,, and a metallic film of thickness e,,/2
deposited on a perfect electric conductor substrate (PECS). The interesting point
of this device is that it only supports a LRSP and is less complicated to realize

experimentally.

2.4.3 Comparison of the length scales

Table 2.1 shows the compared propagation lengths for a SP in the ATR configu-
ration and a LRSP with two metallic thicknesses e,,; = 30 nm and e,,, = 20 nm.
The SP srg results are determined with A = 632.8 nm, e,, = 45 nm, 4 = 2.25 and
£, = 1 (Fig. 2.13). The propagation length from the magnetic field map is slightly
smaller than the calculated one, which in turn is shorter than the one from the
tetrachotomy algorithm. The order of size is correct and the agreement is correct
[79].

The propagation lengths for the LRSP mode are determined with the tetra-
chotomy algorithm. They are truly higher than in the case of a single SP mode.
It is for this reason that the study of this mode is interesting for many different

applications.

2.5 Theoretical LRSP on PECS

In this section, we demonstrate the equivalence between a LRSP mode in a sym-
metric structure and the guided mode which exists on a metallic layer deposited

on a perfect electric conductor (PEC) substrate [109]. First, we consider the image
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charge theory and adapt it to our configuration. Then, we present the theoretical
equivalence with the compared dispersion relations of the classical LRSP and the
guided mode excited on a metallic film deposited on a PEC substrate. In perspec-
tive, we present that it would be possible to realize this device experimentally in

the terahertz (THz) frequency range.

2.5.1 Reviewed image charge theory

The image charge theory is a problem of boundary conditions [110]. We consider
a charge +q localized at a distance y = d from a perfect electric conducting plane
(Fig. 2.17a). The boundary conditions imply that the tangential components of
the electric field have vanished on the surface of the PEC. The classical illustra-
tion of this theory uses the electrostatic dipole, where a charge —q is localized
symmetrically on the other side of the plane, at a distance y = —d. The field
lines observed in the half-space containing the charge 4¢q correspond to the field
lines of an electrical dipole, with a dipolar moment 2dq. Fig. 2.17b illustrates the
equivalent system.

That is the image charge theory that implies the equivalence between the two
configuration. In practice, the charge +¢q attracts the free electrons, and a density
of non-uniform surface negative charge is induced at the surface of the PEC [111].
The normal component of the field, created by the positive charge at a point P,
located on the PEC plane at a distance r from the origin (see Fig. 2.17a), can be
written as:

E

g+

= 1 dg .

The field created by the negative charge at the point P, which cancels the

tangential components on the surface of the PEC, is given by:

— - 1 dg
E., (P)=E, (r)=-— e, 2.30
r( ) a (r) dreq (A2 + 7a2)3/2€ ( )
The surface charge density at P is also:
1 2dq
05(P) = 05(r) = eoB(r) = eo(En, (1) + Ep,_ (1)) = ———.  (2.31)

A (A2 4 r2)32

The integration of the last expression for the charge on the surface is equal to
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Figure 2.17: (a) Field lines created by an electric charge +¢ near a PEC substrate. (b) Field
lines created by on electric dipole with a dipolar moment 2dq.

—¢q. Indeed, the conducting plane is an asymmetric plane for charges. A fictitious
charge on the other side of the plane is created at a same distance from the surface,
d. This result can be generalized to an object with an assembly of charges +¢. If
that distribution of charges is placed at a distance y = d/2 from the conducting
plane, an equal and opposite distribution of charges exists at y = —d/2. With
these fictitious charges, the system becomes equivalent to a dipole with a dipolar

moment dq.

This theory can be extend to our configuration. In this case, a symmetric
metallic film with a thickness e,, has the same properties as a metallic film of
thickness e, /2 deposited on a PEC substrate.

From an experimental point of view, it is difficult to deposit homogeneous
metallic film of less than 15 nm thickness since metals form nanoscale islands
in the initial deposition process [112]. That is why we will consider a metallic
layer of thickness e, = 30 nm in the symmetric structure to obtain the limit case
where the metallic layer of thickness e,,/2 = 15 nm will be deposited on a PEC
substrate. However, recent studies show new possibilities for depositing thinner
metallic layers [113] but the foremost goal is to demonstrate the equivalence by

using common devices.
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Figure 2.18: (a) A metallic film embedded in a symmetric medium with a thickness e,, and
(b) a metallic layer with a thickness e,,/2 deposited on a PEC substrate.

2.5.2 Equivalence of the structures

We recall that the dispersion relation corresponding to the LRS P with a metallic
thickness e, is (Fig. 2.18a):

Wit Baem + Pmeq tanh <5m26m> =0. (2.32)

The dispersion relation corresponding to the case of a metallic film deposited
on a PEC substrate can be deduced from the expression of the field in the different

layers (in T'M polarization with the time dependence e~**)

{ y > d/2: Hy(z,y) = ae™relav, (2.33)

0<y<d/2: H,(z,y) = emm(aleﬂ:ny + ble_f’;ﬂy),

and the magnetic field in the PEC (y < 0) is zero. We recall that 3, > 0.
Let’s consider the boundary conditions in the T'M polarization. First, for y = 0,
iﬁyHm =0:

a; = by. (2.34)

And the magnetic fields become:

{m@w:WM%% (2.35)

H,(x,y) = 2a16mxch(ﬂ;n ).



54 CHAPTER 2. COUPLING SURFACE PLASMON POLARITONS

2=
0%

0.1 0.2 0.3 0.4 0.5
o ( nm™’ )

Figure 2.19: The dispersion curve obtained in Fig. 2.16a in black points with a thickness

em = 30 nm and in red points, the dispersion curve corresponding to a metallic layer deposited
on the PEC substrate with a metallic thickness e,,/2 = 15 nm.

Then, for y = d/2, H,, = Hy and iayHm = éﬁde:

9 Buh (A _ B Bdy2
2a; ;™ /sh(ﬁmd/Q) ag e, (2.36)
2a,ch(B,,d/2) = aye’ad/?.
Thus, the dispersion relation is:
/ / d /
f—m tanh(%) + f—j =0. (2.37)

Eqgs. 2.32 and 2.37 are equivalent for 6;- = B, j =d,m.

Fig. 2.19 illustrates the comparison between the corresponding dispersion
curves. This shows the equivalence between the dispersion relation w™ of a LRSP
(upper black-squares curve), supported by a metallic layer embedded in a symmet-
ric medium, and the dispersion relation of the SP mode supported by a metallic

layer deposited on PECS (red-squares curve).

The advantage is that it is simpler to deposit a metallic layer on a plane than
to have a perfect symmetric medium around a metallic film, especially a medium
as such air. Indeed, with this configuration, it is possible to directly excite the
LRSP in air. This permits to extend its use to the enhancement of the decay rate

of molecules, for example.

The difficulty comes from the lack of availability of a PEC in the visible range.
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In theory, it is possible to use supraconductors?, but an immediate solution is to
consider the THz frequency range. Indeed, in this range, a doped-semiconductor
(DSC) can have the behavior of a metal in the visible range and support a SP
mode [114, 115, 116]. Metal also has the behavior of a PEC (a very high negative
real value of permittivity) [116, 109]. This study will be the subject of a future

publication.

2 At wavelength range shorter than their gap.
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Chapter 3

Coupling Dielectric Waveguides

OVERVIEW Dielectric waveguides provide simple models for the confin-
ing mechanism of waves propagating in optical devices. The coupling of
waveguides has been intensively studied, in particular with the coupled-
mode theory [49, 50, 51, 52, 53|. After a recall concerning the dielectric
slab waveguides, we present the coupled-mode theory. This theory can
be derived from the variational principle for the frequencies of the sys-
tem. When a trial solution is introduced to the electric field in a lossless
electromagnetic system such as the linear superposition of modes, the
coupled-mode theory gives the result. This theory is also presented in
T M polarization, an unpublished result in the state-of-the-art. The last
section relates to the case of two optical waveguides which respect the
parity time (PT) symmetry. This symmetry has been demonstrated in
quantum mechanics by C. M. Bender [54] but it can also be applied to

optical devices. A numerical application is also presented.

3.1 Symmetric dielectric waveguides

A symmetric dielectric waveguide is a slab of dielectric material surrounded by
media of lower refractive indices. The light is guided inside the slab by total
internal reflection. The inner medium and outer media may be the "core” and the
"cladding” of the waveguide, respectively. Rather than the metallic waveguides,

the waves propagate along the structure without being totally confined. This is

o7
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Figure 3.1: A symmetric dielectric waveguide structure. The wave is propagating along the
+z direction.

the basic idea underlying dielectric waveguide structures [117, 118, 119].

The waveguides have different forms such as planar waveguides, optical fibers
or channel waveguides, for example. In this section, we study the propagation of
light in a symmetric planar dielectric waveguide made of a slab of width d and
refractive index n,, surrounded by a cladding of smaller refractive index ns, as

illustrated in Fig. 3.1. All materials are assumed to be lossless.

The propagating fields are confined and guided primarily inside the slab. Only
a certain reflection angle 6 will constructively interfere in the waveguide and hence
only certain waves can exist in the waveguide. Evanescent waves outside it also
exist, decaying exponentially with distance from the slab. Fig. 3.2 shows a typical

electric field pattern as a function of x.

3.1.1 Expression of the modes

To determine the waveguide modes, a formal approach may be pursued by de-
veloping solutions to Maxwell’s equations in the inner and outer media with the
appropriate boundary conditions. We will consider the transverse magnetic (TM)
polarization. Time harmonic modes, with the magnetic field linearly polarized
along a direction transverse to the direction of propagation z, are also considered.
We denote the magnetic field as H = H(x, z)e, and the time dependence is e™™".
We note H (x, z) = e?*** H,(x) and the field H,(z) satisfied the following equations:
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0*H, 5 o
r < —d/2: 57 + (k5 — kI)H, =0,
2
H
—d/2 <z <d/2: % + (k¥ — k2)H, = 0, (3.1)
0*H, 5 o
x> d/2: 57 + (k3 — kI)H, =0,

where kiQ = kZe1 5 is the wave vector in the media 1 and 2. We have the dispersion
relation k7 ;4 k2 = kje; (7 = 1,2)) and k, ; takes different values inside and outside
the guide.

For waves that remain confined in the near vicinity of the slab, the quantity
k; 2 must be imaginary (if it is real, the field would propagate at large x distances
from the slab). We can note k, 2 = —ik. and the solutions outside the core take

the form e*ke®

. If k. is positive, the physically acceptable solutions are e~%<* for
x > d/2 and e™** for x < —d/2. The interesting modes are oscillatory modes
inside the core and exponentially decaying modes outside, and the corresponding

expression of the field is:

Agther for x < —d/2,
H, = | Bettks®  Ce~he®  for —d/2 <z <d/2, (3.2)
DeFet for x > d/2,

where kc = 1/ kg — kg, km = 1/ k% — ]{?3 and ]{?1’2 = ]{50‘/8172.
It is possible to identify two types of solutions, the even modes (where the
magnetic field is symmetric at + = 0) and the odd modes (where the magnetic

field is antisymmetric at x = 0). The even modes can be written as:

Aethe@+d/2)  for x < —d /2,
H, = | Bcos(k,x) for —d/2 <x<d/2, (3.3)
Aeke(z—d/2) for x > d/2.

And the odd modes can be written as:

— Aethe(+d/2) for x < —d/2,
H, = | Bsin(k,z) for —d/2 <x<d/2, (3.4)
Aekelz=d/2) for x > d/2.
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Figure 3.2: A symmetric dielectric waveguide structure. The wave is propagating along the
+z direction.

3.1.2 Graphical solutions

At x = +d/2, H, and Eij@ny must be conserved in the TM polarization:

A = Bcos(k,d/2 f des.
Hy 1 (d)2) = H,o(2d)2) < C?S( /2) or even modes (3.5)
A = Bsin(k,d/2) for odd modes.
1 1
— O, H, (= £d/2) = —0,H,o(x = £d/2)
€1 €9
(3.6)

Ak, = Bk, sin(k,d/2) for even modes.
— Ak, = Bk, cos(k,d/2)  for odd modes.

The Eq. 3.5 and 3.6 allow to find the following transcendental equations:

ked g9 kyd k.d
— 2y .
5 o 2 an( 5 ) , (3.7)
ked  exkpd (ko
ECERE cot( 5 ), (3.8)

for the even and the odd modes, respectively. The solutions of these equations can
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Figure 3.3: Graphical solutions for the guidance conditions. The solutions of the transcendental
equations 3.7 and 3.8 are the intersections of the circles with the tangent (for even modes, in
solid black curves) and the cotangent (for odd modes, in dashed black curves), respectively.

be found by considering their definitions k., = \/k2 — k3 and k, = \/k? — k2:

(kcd)Q . (kzd)z (K2 - k) N (k2 — k2)d?

2 2 4 4
_ (K — k)
4
_ w(Er — paga)d® _ w?poeo(ni — n3)d? (3.9)
4 ) 4
kod
— - ng) (15°)

where kg = w\/loo is the propagation constant in vacuum. This last relation
describes a circle of radius R in the plane defined by (k., k,). The solutions of the
transcendental equations will be the intersections of this circle and the tangent

(Eq. 3.7) and cotangent (Eq. 3.8) for each parity as illustrated in Fig. 3.3.

To determine the number of T'M modes supported by the dielectric waveguide,
we examine the graphical solutions (Fig. 3.3). R is the ratio of the thickness of
the core on the wavelength in vacuum. Depending on its values, only a limited
number of modes can exist. The number of modes increases with the thickness d

of the core of the waveguide.

A mode is only allowed when the intersection is on the abscissae, i.e. for
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Figure 3.4: Forbidden modes, radiation modes and guided modes regions in the (k.,w) plane.

k.d/2 = mm /2. It exists only for structures with a thickness:

mm md
So,
d,_m (3.11)
Ao T 24/n? —n3

For a given thickness, a cut-off exists of each mode, except for the fundamental

one, noted T'My. It is the only possible mode when:

d 1
— 3.12
Ao 7 2y/n? —n3 (3.12)

The waveguide is then a single mode waveguide. This occurs when the slab is
sufficiently thin or the wavelength is sufficiently long. Unlike the mirror waveguide,
the dielectric waveguide has no absolute cut-off wavelength (or cut-off frequency).

In a dielectric waveguide, there is at least one T'M mode, the fundamental mode.

3.1.3 Low and high frequency limits

As illustrated in Fig. 3.4, the guided modes are confined to the region between

the two dispersion light curves of both media.
At low frequency limit (Fig. 3.5a), we have (wd/)\g)y/n? —n3 = mx/2 at the
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Figure 3.5: The profile of the guided mode in the low (a) and high (b) frequency limits.

cut-off, as we can see with the graphical solutions. Therefore, the propagation
constant of the guided mode k. is near the light line corresponding to the cladding
(ny) outside the waveguide. That means the waveguide mode does not really decay
outside the guide. Almost all of the mode power propagates outside the guide and
the velocity of this mode is equal to the speed of light outside the guide.

At high frequency limit (Fig. 3.5b), R — oo and the graphical solutions show
that the propagation constant k, approaches the light line corresponding to the
core (n1). In this case, the mode decays rapidly outside the guide. Most of the

mode power is guided inside it.

3.2 Coupled dielectric waveguides

In this section, we discuss how light can be coupled between two parallel dielec-
tric waveguides. More precisely, we present the coupled-mode theory for wave
propagation modes in these parallel waveguides [51, 49, 50, 120].

This theory can be derived from the variational principle for the frequencies of
the system [121]. When a trial solution is introduced into the electric field in a
lossless electromagnetic system as the linear superposition of modes, the coupled-

mode theory gives the result.
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Figure 3.6: Two coupled oscillators with the amplitudes a; () and az(t).

3.2.1 Coupling of modes in time

We consider lossless coupling of two modes in time as optical resonators [52, 53].
An analogy of this coupling between the two propagation modes in dielectric waveg-
uides is coupled oscillators (Fig. 3.6). With a time dependence ¢!, the system

consists on two differential equations for the amplitudes:

da .
_dtl = w101, (3.13)
da .
_dt2 = jWyas. (3.14)

With the coupling coefficients between the two resonators, we can write:

da1 . .
_t =wwia1 + 1K1202,
g i (3.15)

—_ = iWQag + m21a1.
dt

This assumes that the coupling is weak; thus the coupling coefficients | k15 |<<
wy and | Ko |<< we. An assumption made in the conventional coupled-mode
theory is that the modes of the uncoupled systems are orthogonal to each other.

Therefore, energy conservation imposes that the eigenfrequencies are real and the
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total energy in the two resonators stays constant [122, 123, 124]:

d % - * * - *
@O ar > + | az ) = a1a3i(ka1 — K}y) + ajasi(ki2 — K3;) = 0. (3.16)

Since a; and as are arbitrarily defined, Eq. 3.16 can only be satisfied for:

K12 = Ky = K. (3.17)

To find the eigenstate solution of the coupled resonator, we assume that the
form of the solution is a,(t) = Aye™" with p = 1,2 and w is the sought frequency
of the entire coupled system. Substituting these solutions, in Eqs. 3.15, we obtain
a linear system of equations for which the determinant should vanish to obtain

non trivial solutions, for A; 5. The solutions are also:

2
wiz“’lg“’?i\/<“1 2‘”2) + k2 (3.18)

We denote from now:

@—”1‘2“"2, Q= /AT [P andA= 292

2

Thus, the general solution for ai(t) and as(t) can be written as:

a1 (t) _ K twyt K eiwft
(20) (2 )ersa( 50 ) o

The solution consists of the beating between two new modes with the frequen-
cies wy and w_. We denote a;(t = 0) = ajp and az(t = 0) = ag. At the time
t =0, ap = (C1 + Co)k and agy = C1(A + Q) + Co(A — Q). Eq. 3.19 can be

written as:

A .R12 .
ar(t , cos 2t —1—sin Qt 1—— sin Ot a1 (0
(1()>:€z<1>t R21Q Q A 1(0) )
as(1) Zﬁ sin Ot cos Qt + 15 sin Q¢ az(0)

(3.20)
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Figure 3.7: The frequency splitting in the case of asynchronous coupling, wy # wa.

We assume now that ay(0) = 0 and | a; |*= 1. The solutions become:

A ,
a1(t) = a1(0) | cos Qt — i—sith) et
1(t) = (0) Q (3.21)
as(t) = al(O)i% sin Qte'®?,

Two cases can be distinguished as a function of the initial frequencies. If

w1 # we, we have an asynchronous coupling:

| as(t) =] % 12 sin? O, (3.22)

[ ax(t) P= 1| a2(t) |* . (3.23)

In this configuration, the energy is never completely transferred from resonator
1 to 2. The energies | a;(t) |* and | ay(t) |* are plotted in Fig. 3.8a. The energy
oscillates periodically between the two resonators with a period 7/2. We can
define a "beat” angular frequency wp = w; — w_ = 20 which characterises the
energy exchange rate. Fig. 3.7 illustrates the fact that this frequency splitting is
larger than the frequency splitting before the coupling ws — w; = 2A.
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Figure 3.8: Energies in the resonators 1 and 2, | a;(t) |* and | ax(t) |?, as a function of time. (a)
For asynchronous coupling, w; # ws where the energy transfer is incomplete. (b) For synchronous
coupling, w; = wy where the energy transfer is complete for the first time ¢t = 7/(2k).

If w1 = wy, we have a synchronous coupling:

| a1(t) |*= cos? kt, (3.24)

| ax(t) |*= sin® kt. (3.25)

At the time t = (n + 1/2)7/k (n is an integer), the energy is completely
transferred from resonator 1 to 2. The energies | a;(t) |* and | as(t) |? are plotted
in Fig. 3.8b. The one beat period is m/k and the beat angular frequency is
wp = wy —w_ = 2k, as shown in Fig 3.9. The initial degenerate frequency
(w1 = wy) splits into two resonant frequencies, w,; and w_. The energy splitting is

2| k |, twice the magnitude of the coupling coefficient.

3.2.2 Coupling optical waveguides

At present, the coupled-mode theory is especially useful to study the coupling of
identical optical waveguides [125, 51].
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Figure 3.9: The frequency splitting in the case of synchronous coupling, w; = wo.
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Figure 3.10: Two dielectric parallel waveguides in a symmetric media.
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TE polarization

We consider two coupled parallel waveguides, 1 and 2, in the T'E polarization (Fig.
3.10). Without coupling, the expressions of the electric and magnetic fields contain
the following amplitudes:

a1(2) = g™, (3.26)

as(2) = agee™. (3.27)

And these amplitudes are satisfactory for propagation in the +z direction in

the following system:

dai(z) .

o - ifra1(z), (3.28)
das(z) .

P iB2ao(2). (3.29)

With the coupling between the two dielectric waveguides, the field of the system

can be written as a linear combination of the individual waveguide modes:

{ E(z,y,2) = a1(2)Ei(2,9) + as(2) Es(,y), (3.30)

H(z,y,2) = a1(z)Hi(z, y) + a2(2)Ha(z, y).

The amplitudes a1 (z) and aq(2) satisfy the following coupled system:

da&i)Z) = iﬁlal (Z) + iHIQGQ(Z), (331>
dajiZ) = i/iglal (Z) + iBz(lg(Z),

with k12 and ka1, the coupling coefficients.

The total guided power is:

P =1Re [ [E x H*(z,y) - zdzdy

(3.32)
= 51| a1(2) |* +s2 | as(2) |? +Refar(2)a3(2)Co1 + az(2)at(2)Chal,

with the cross overlap integrals:

1 o
Cpg = 5// E(z,y) x H?*(z,y) - dzdy. (3.33)
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s1, 89 = +1 for propagation in the 4z direction, and —1 for propagation in the —z
direction.
We assume that the coupling is weak, so the cross overlap integrals C7s and

(U5 are negligible. The total power becomes:
P=s1]ay(2)|* +s2 | ax(z) . (3.34)

For a lossless system, the power conservation implies:

P

) 3.35
P (3.35)

Using Eqgs. 3.31, this condition can be written as:

K12 = Ky if s189 > 0 (codirectional coupling), (3.36)

K12 = —ky  if 5189 <0 (contradirectional coupling). (3.37)

Under matrix form, the coupled equations 3.31 become:

d a |\ . ay i a \ . b1 ki ai
f(n) )= (2)- () n) e

The solutions take the form:

( Z; ) - < j; )a‘ﬂz (3.39)

The two corresponding eigenvalues for § are:

b1+ B
2

b= + U, (3.40)

with:

U = \ AZ + K12K21, (341)

A:fj?;@l. (3.42)
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Figure 3.11: Diagram of the two new modes of the system By and 3_.

B

Figure 3.12: Anticrossing of the dispersion curves 3, and 3_ for codirectional coupling. The
splitting (84 — B_) is 2.
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For codirectional coupling, k91 = Kj,, ¥ is real for a lossless system. The
energy conservation implies that the eigenvalues for 5 are real and the form of the
two new modes is represented in Fig. 3.11. However, Fig. 3.12 illustrates in the
plane (f,w) the corresponding dispersion curves for §; and (5 in dashed curves,
in comparison to the dispersion curves of eigensolutions 5, and S_ of the coupled
system, in solid curves. f; and [, intersect at a given value (fy,wp) when the
eigenvalues 8, and (_ split. Their dispersion curves do not intersect anymore,
U =| k15 |= k and the splitting (5, — [_) is 2k.

The general solution for a;(z) and ay(z) can be written as:

( a1(2) ) B 6151;522

as(z)
cos Uz — z% sin Uz Z% sin Uz ( 01(0) (3.43)
@% sin Wz cosUz + Zﬁ sin Wz as(0)
We assume that a;(0) = 1, a2(0) = 0 and we find:
| as(2) =] % 2 sin? Uz, (3.44)
| au(2) P= 1= [ as(2) |7 - (3.45)

The power transfer is complete for Uz = (2n + 1)7/2, where n is an integer.
This is the synchronous coupling when 8; = B, (Fig. 3.13b). We have ¥ =| ks |

and the solutions become:

a(z) = (':o‘s mzeiéz, (3.46)
a(z) = isin kze’,
where kK = K12 = Ko1 and [ = 1 = [s.
When (; # (2, we have an asynchronous coupling:
K12 |9 ‘ K,Ql ’2
— |'= < 1. 3.47
v = (@B T P (347

The power transfer is never complete in this case (Fig. 3.13a). We take initial
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Figure 3.13: Guided powers, | a;(2) |? and | a2(2) |?, as a function of z. (a) For asynchronous
coupling, 81 # B2 where the power transfer is incomplete. (b) For synchronous coupling, 81 = (2
where the power transfer can be complete.

values that allow a power transfer in comparison to the case of asynchronous
coupling in time (Fig. 3.8a); but whatever the initial conditions, if 8; # (35, the

transfer cannot be complete.

TM polarization

The coupled-mode theory is always presented for T'E polarization and for two
identical waveguides. In this section, we will present this theory in the case of the
T'M polarization for the same structure (Fig. 3.10). Finally, we will discuss the
difficulty of applying this theory if the two modes are not identical.

As denoted in the previous section, the magnetic field is H = u(z, z)e,. The
permittivity for all the structure is €. For the two modes taken separately, the
permittivities are €; and ey, respectively. We present an advantageous form of

Maxwell’s equations that linearises the equations in 7'M polarization:

div(x) = —Ag,

3.48
Vu = ey. ( )

We recall that in this form, Maxwell’s equations in T'F polarization would be

div(x) = —k2eu and Vu = y.
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The mode for the first waveguide is written (uq, x1) with:
ui(z,2) = vi(x)e™* xi(w, 2) = Xy (2)eM, (3.49)
and the mode for the second one is written (usg, xo) with:

us(z,2) = o)™ xa(w, 2) = Xo(x)e?*. (3.50)

We have the relations:

di = —k? Vu, =
%V<X1) (2]u17 Uy €1X1, (351)
div(xe) = —kgus, Vus = eaxa.
The mode of the structure is sought with the ansatz:
(u, x) = a1(2)(u1, x1) + a2(2)(u2, x2)- (3.52)
Maxwell’s equations can be rewritten as:
ardiv(x1) + azdiv(xa) + Vay - x1 + Vag - xo = —ki(a1u1 + agus), (3.53)
a1Vuy + aaVus + u1Vay + uaVag = e(arx1 + azxa). '

We simplify and project on z the coupled equations with 0; = e—¢e1, 09 = e —¢5:

zaz zaz = Oa
{ X120201 + X2:0.02 (3.54)

ulazal + Ugazag = 51)(12&1 + (SQXQZQQ.

The Poynting vector is defined by P, = Im(uy,). To extract the Poynting
vector from the coupled equations, we begin by multiplying the first equation by

17 and the second one by Y1,:

u zaz U zaz = 07
{ U1X120-01 + Uy X2:0,02 (3.55)

X12u10.a1 + X12u20,as = 01 | X1z |* a1 + d2X12X2:a2.
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We subtract:

(@1x1> — X1:U1)0za1 + (W1 X2: — X12U2)Dza2 = =01 | X125 |2 @1 — daX12X2:G2,
<~
2iP1,0,a1 + (U1 X2, — X12U2)0,a2 = —01 | X1z |* a1 — 02X 12X2-Ga.
(3.56)

Then, we multiply the first equation by w5, and the second one by x5, to obtain:
(o X1z — Xozt1)05a1 + 2iPg,0,a9 = —85 | Xaz |* —0X2:X1201- (3.57)

We also have the following system:

2iP1,0.a1 + (W1 X2: — X12U2)0za2 = =01 | X1z |? @1 — 02X 12X2-G2. (3.59)
(UaX1> — Xozu1)0.a1 + 2iP2,0,a9 = — 02 | X2z |2 —0X2.X12a1-
Under matrix form, it becomes:
( 22-Plz a1X2z - Xlqu ) < azal >
UaX1> — X2:U1 2iPy. 0.az
(3.59)

_ O] X1z P aXizXo- ay
01X2:X12 02 | Xa: |? as
The matrix in front of d,a, is hermitian. We integrate in = with the relations

u(z, 2) = v(x)e"?, x(z,2) = X(x)e"*:

2Z]-:)lz alX?z - )_(12’1112
Uz X1z — X2:U1 2P,

. 2’iP12 (171X22 — XlZUg)ei(,yQ_’n)z
N (Q_)QXLZ — )_(gzvl)ei(“_“f?)z QiPQZ

(3.60)

Y

and:

51 ‘ X1z |2 529_(12X2z _ 51 ‘ Xlz ’2 52X12X226i(’72—’71)z
O1X2:X12 02 | X2z |? 81 X, X, et —72)2 5y | Xo. |2
(3.61)
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We consider the following notations:
A=vm—-m, R= /(171X2z — X1.v)du,
T = XlzX2z7 tg = /62Td[[‘, tl = /(51le‘,

W1:/51]X12\2da:, W2:/52’X2z‘2dxa

P2 = /szdz, P1 = /PlZdZ

And the system under the matrix form becomes:

2P, R 0. Wy t
e DS I o (3.62)
—-R QZPQ GZAZaZCLQ tl W2 QZAZCLQ

a 2iPoW1— Rty 21 Poto— RWo
201\ _ ([ WPP[RP  aPP-|RP “ (3.63)
eiAzazaQ 2iPit1+Whi R 21P1Wao+ta R eiAZaQ ’ ’

4P, P;—|R? AP, P,—|R[?

1.e.:

We note that the modes 1 and 2 are defined up to a multiplicative constant.
We take 2P,, = 2P, = 1.

iW1—Rt1 ito—RWo
0.aq _ 1-TR]2_ 1R ay (3 64)
eiAza a it1 +W1 R iWo+ta R eiAza : '
202 1—|R)? 1—|R|? 2

We assume that W; and W5 are negligible and simplify the coupled equations.

The solutions have the same form as in the case of TE polarization, but with

modified variables:

8ZCL1 1 —Rtl ZtQ ay
, =— _ , . 3.65
( GZAZaZCLQ ) 1- | R |2 < ’ltl tQR ) ( GZAZCLQ > ( )

The solutions take the form A,e"* (p = 1,2) and the two eigenvalues for v are:

y=T_T=+T, (3.66)
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where:
t1ta
I'=,/72 - —=_ 3.67
Rty — Rty
Y= — . 3.68
21— [RP) (3.68)

To obtain physical solutions, we also need t; = t5. In other words, we are still
in the case of two similarly coupled waveguides. This form of the theory does not
allow for the treatment of asymmetric coupled structures.

In the last section, we will discuss the case of parity-time (PT) symmetric
waveguides. In this type of structures, the two guides are identical at the beginning.
Then, gain is applied to one guide and losses are applied to the other (with the

same opposite value).

3.3 PT-Symmetry

In recent years, C. M. Bender published work that allows a continuity of the
quantum mechanics into the complex plane [54]. He explored the spectra of non-
Hermitian Hamiltonians and found that in fact, many non-Hermitian Hamiltoni-
ans can produce entirely real spectra, provided they possess something known as
parity-time (P7') symmetry [126, 127, 128].

In quantum mechanics, the fundamental condition of Hermicity of the Hamil-
tonian operator associated with the physically observable implies real eigenvalues
(and probability conservation). The PT symmetry extends the study of the class
of non-Hermitian Hamiltonians. The properties of PT symmetry in quantum me-
chanics is still studied nowadays. In optics, it was also demonstrated in symmetric
coupler [129, 130], and in optical lattices [131, 132]. Experimental observations
have also been realized [133, 134].

3.3.1 In quantum mechanics

First, we begin with basic aspects of this symmetry in quantum mechanics [134].
The Hermicity of the Hamiltonian in conventional quantum mechanics is replaced

by the PT symmetry with non-Hermitian Hamiltonians. The actions of the parity
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P and time T operators are defined as follows:

P:p— —pi— —1, (3.69)

T:p— —p, & — 2,1 — —, (3.70)
where p and & are the momentum and position operators, respectively.

In general, a Hamiltonian H can be written as:

~ ]32
=2 7 71
2m—|—V(;E), (3.71)

where Z and p are position and momentum operators respectively, m is mass and

V' is the potential.

This Hamiltonian is PT symmetric if it shares the same eigenfunctions as the
PT operator and satisfies PTH = HPT [135, 136, 137, 138]. This condition
corresponds to an exact or unbroken PT symmetry, as opposed to that of broken
PT symmetry, where, even though this condition is still valid, H and PT have

different eigenvectors [139].

PT symmetry requires that the Hamiltonian H commutes with the PT" oper-
ator. This implies that the real part of the potential V' is an even function of the

position x and its imaginary part is an odd one. The Hamiltonian becomes:

~2
= 2p—m + Va(2) +iVi(2), (3.72)

where Vi 1 are the symmetric and antisymmetric components of the potential V/,
respectively [129, 140, 131].

An important property of the PT-symmetric operators appears for the transi-
tion from a completely real spectrum to a non strictly one. The transition between
an exact PT symmetry to broken PT symmetry is controlled with the parameter
¢, which is a measure of the non-Hermicity in the Hamiltonian. If ¢ = 0, this
Hamiltonian is Hermitian. It is also possible to demonstrate that as long as ¢ is
below a critical threshold, noted € < 4, this class of potentials can still describe
a real spectra. If this limit is crossed, € > ¢,, the spectrum is not real any more

and starts to involve imaginary eigenvalues. This is the phase transition from the



3.3. PT-SYMMETRY 79

exact to broken- PT phase [130, 137]. We can speak of a spontaneous PT symmetry

breaking.

3.3.2 In optics

In optics, several physical processes have an equivalent form to the Schrédinger
equation in quantum mechanics such as the spatial diffraction and temporal dis-
persion. Indeed, K. G. Makris et al. [140] suggested that complex PT-symmetric
structures could be realized within an optical framework, and in particular through
the paraxial theory of diffraction. In order to have a PT symmetric optical model,
it is necessary (but not sufficient) to impose the commutation between the Hamil-

tonian H and the PT operator. This is also a constraint on the potential:

A2

HPT =2 1 v(2), (3.73)
m
A ]32
PTH =+ V*(~a), (3.74)
HPT = HPT, (3.75)
which implies:
V(z) = V*(—a). (3.76)

By writing the condition of commutation of the operators like that, it is easier
to understand that a PT symmetric waveguide can be realized with a symmetric
index guiding profile and an antisymmetric gain/loss profile for the refractive index
[129]:

n(z) =n"(—x), (3.77)

where n(z) plays the part of the potential and we can consider two coupled planar
waveguides as illustrated in Fig. 3.15, for which the refractive index only varies
in the z direction. The direction of propagation in the waveguides is along the z

axis.

We write the complex refractive index distribution n(x) as a sum of its real
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and imaginary parts and a constant index ng:
n(z) = no + ngr(x) +ing(x). (3.78)

For a PT symmetric Hamiltonian, the refractive index ng(z) is then an even
function, and the gain/loss distribution n;(x) an odd function of the position
[130, 129, 140, 132]. We must also satisfy the conditions ngr(x) = ng(—z) and
ni(x) = —ns(—x).

In the past years, the double-channel waveguide structure has been studied
extensively, and the results have shown that the coupler can support symmetry
preserving solutions, which have linear counterparts, and symmetry breaking so-
lutions without any linear counterparts [141, 142, 143].

K. G. Makris et al. [140] achieved the construction of a coupled system with
two channels, one of which would receive gain, GG, through optical pumping and
the other only loss, L. For optical beams, the electric envelope E is governed by

the paraxial equation of diffraction:

1

0. E
! + Qkono

O2E + ko[ng(z) + ing(x)]E = 0, (3.79)

where kg = 2w/, with A\ the wavelength.
Under these conditions and by using the coupled-mode approach, the optical

field dynamics in the two coupled waveguides are described by:

dEy  Ygeyy

—_— = E Es =0 3.80
i p =5 1+ kB, , ( )
dE. VGe

Zd—; + Z%EQ + HEl = 0, (381)

with F o the field amplitudes in the respective channels, k = m/2L. the coupling
constant with coupling length L. and ygess = 7o — 71 the effective gain. To have
a PT symmetric system, we need ygefsr = 7o = 7.

The PT symmetric coupled equations in matrix form with the non-Hermitian

Hamiltonian are written as:

Ei(2)

B | (3.82)

EQ(Z)
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Figure 3.14: Intensity at the output with the analytic solutions of the coupled equations 3.85
and 3.86. (a) The channel 1 is excited. (b) The channel 2 is excited.

with
1
H= [ 2t TR ] . (3.83)

The solutions can be written as:

Ei(z)

By(2) (3.84)

Thus, the electric fields Ej »(2) are a function of the initial states E;(0) and
EQ(O)l

Ey(2) = (cosh(l/%(z)) ek sinh(1/2§(z))) Ey(0) + 2iz sinh(1/2§(z))/<:E2(0)’

£(2) £(z)
(3.85)
Ba(e) = ( ~ coshl1/26(2)) + IO o)
2izsinb(1/26(:))e) . (3.86)
£(2) ’

with £(2) = \/22(—4Kk2 +12).
In addition, it is possible to measure and plot the intensity distribution at the

output. Fig. 3.14 illustrates the intensities F; 5 as a function of the distance z.
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Figure 3.15: Two coupled waveguides where one waveguide has gain (with a negative imaginary
part of the refractive index) and the other has losses (with a positive imaginary part of the
refractive index) [130].

3.3.3 Numerical application

We consider the following optical PT symmetric structures, illustrated in Fig.
3.15. This consists of two coupled waveguides where one waveguide has gain (with
a positive imaginary part of the refractive index), and the other has losses (with
a negative imaginary part of the refractive index) [130]. The separation between
the waveguides and their thickness are taken to be the same, noted d [129]. It was
demonstrated that the coupling between the two PT symmetric waveguides is an
increasing function of the separation between the waveguides, as in the case with
classical directional waveguides.

We use the result in [130] where the background index is ny = 3.3, the incident
wavelength in vacuum is A\ = 1.55um. The real part of the refractive index for
the two waveguides is ng + 1072 and the separation between the waveguides is
d = 5pm. It has been demonstrated that these parameters allows the existence of
only a single guided modes in the two waveguides. Then, imaginary parts for the
refractive index are added into the two waveguides: Aa\/(27), that adds losses in
the first guide; and —Aa\/(27), that adds gain in the other.

The propagation constants of the two modes are plotted in Fig. 3.16 as a
function of the non-Hermicity parameter Aa. When A« increases, the propagation
constants of the two modes move towards a critical point Aa,.. Such a point in the

spectrum is often referred to as an exceptional point [144]. The two guided modes
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Figure 3.16: The propagation constant k, as a function of the non-Hermicity parameter Aa.
The eigenmodes approach each other up to a critical point Aa, ~ 8.4 [130]. Beyond this

critical point, the propagation constants become complex conjugates of one another and the
PT symmetry breaks.

are always PT symmetric. At this critical point, the propagation constants of the
two modes and the corresponding electric field become equal. Beyond this critical
point, the propagation constants become complex conjugates of one another and
we can see a break in the PT symmetry. The behavior of the propagation constant
can be also illustrated in the complex plane (Relk.],Im[k.]) as in Fig. 3.17. The
breaking of the PT symmetry arises when the two modes have the same real value.
The imaginary part grows towards surrealistic values of gain.

The evolution of the two coupled modes is obtained by considering the power

distribution:

| Ey(z,2) | [E1(z)e P17 4+ Ey(x)eP27] |2 (3.87)

o L

V2
for three values of A« (Fig. 3.18). When A« increases and goes to the critical
value, the beat length increases. It is an interesting way to observe the movement
of the propagation constants on the real axis. At the critical value A«, there are
no longer oscillations between the waveguides, but a simultaneous propagation in
both waveguides. An interpretation of this phenomenon is that the critical value
of A« corresponds to the maximum value of the matching index profile, which can

still be treated with the perturbation theory.
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Figure 3.17: The propagation constant in the complex plane (Rel[k.],Im[k,]) with a global
view in (a) and a zoom in (b). After the breaking of the PT symmetry, the imaginary parts
grow towards surrealistic values.
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Figure 3.18: Color maps of the field for three values of Aa. The beat length increases with
the value of A« until the critical point [130].
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Chapter 4

Strong Coupling Surface Plasmon

Polaritons

OVERVIEW When the emitter-photon interaction becomes larger than
the linewidths of either the cavity photon or the exciton, the strong cou-
pling regime occurs. This regime has been intensively studied since the
work of C. Weisbuch et al. [55]. In this case, the irreversible sponta-
neous emission is replaced by a reversible exchange of energy between
the emitter and the photon. The strong coupling is manifest by an an-
ticrossing between the emitter and the cavity mode dispersion relations,
characterized by a vacuum Rabi splitting [56]. The energy exchange is
periodic with time-scales shorter than the inverse cavity field decay rate.
In the first section, we introduce the characteristics of the strong cou-
pling regime with the classical case of two coupled oscillators. Then, the
properties of the strong coupling regime in microcavities are presented
until recent works involving surface plasmons. Finally, we will demon-
strate the strong coupling regime between SP modes and guided modes
in a layered structure. We study more precisely the features of the new
modes to justify the interest in this kind of structure and add gain to

enhance the plasmon emission.

87
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kl R k2

X1 (f) X9 (f)

Figure 4.1: Two coupled oscillators with a coupling constant .

4.1 Classical coupled oscillators

We consider a classical coupled oscillator model as a canonical example for strong
coupling [145, 146]. Firstly, we consider two identical coupled oscillators with
damping to shed light in the transition between the weak coupling regime to the
strong coupling regime, as well as to show the oscillations between the two strongly
coupled modes. Then, we study the case of two different oscillators without damp-
ing in order to present the characteristic anticrossing of the dispersion curves in

the strong coupling regime.

4.1.1 Strong coupling transition

In the absence of coupling (k = 0), the two oscillators have the eigenfrequencies
w) = \/ki/my and w§ = \/ka/ma, with m,, and k,, where p = 1,2 are the masses
and the spring constants of the oscillators, respectively. In the presence of coupling

(k # 0) as illustrated in Fig. 4.1, the equations of the motion become:

(4.1)

mlil + klxl + /1(:61 — QZQ) = —"}/15'61,
Moo + koo + K(To — 1) = —7Yado,

where v,21 and ~.25 are frictional terms representing the damping of the two
oscillators.
We are looking for the solution to the form z,(t) = xpe™*', where wy are
2

the new eigenfrequencies of the coupled system. We note w; = (k, + x)/m, and
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K/my, = wpSl with p = 1,2. We insert this ansatz into Eq. 4.1 and the two coupled

linear equations for ¥ and 9 are:

w? — w? —iwy wi | ) o (4.2)
wo) w? — w2 — iwy, 9

Let us consider that the two oscillators are the same, m; = my = myg, ki =

ky = ko and w? = w3 = w?. Near the resonance, the sought eigenfrequency is
w ~ wp. We denote A = w — wp and w? — w2 = (w — wp)(w + wp) ~ 2wpA.

In matrix form such as M[z929]" = 0, the two coupled linear equations become:

2A —i Q 0
m , 1) — o, (4.3)
Q 2A — iy 9

Non-trivial solutions Ay correspond to det[M]| = 0. The reduced discriminant
is also % — (7, —2)? and the solutions Ax depend on the sign of the square root.

We denoted €2 =| 1 4+ 72 | /2 the critical coupling value.

If Q2 < €., the system is in the weak coupling regime and the solutions are:

Ay 4(% + ) £ 4\/(71 5 %) -2 (4.4)

The corresponding eigenfrequencies w. and damping coefficients v, are:

w+ = Re(wy + A1) = wy, (4.5)
i = 2Im(wy + Ay) = 2 "2”2 + %\/(71 ; 72) — 2. (4.6)

The two modes have also the same eigenfrequency wy and different damping co-
efficients which change from ~; to 72 with no coupling (2 = 0). At the critical

coupling value €., the damping coefficients have a unique value (v, + 7v2)/2.

If Q > Q., the system is in the strong coupling regime and the solutions are:

i 1 M e
- _ _ 2 _
Ai—4(71+72)i4\/§2 ( 5 ) . (4.7)
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Figure 4.2: (a) Variation of the eigenfrequencies wy and (b) variation of the damp-
ing coefficients v4 as a function of the coupling coefficient 2. We take wy = 1,
Q./wo = 0.01, 1 /wo = 0.1 and 45 /wy = 0.3. At the critical coupling value €., the
eigenfrequencies are splitting, whereas the damping coefficients become equal.

The corresponding eigenfrequencies w. and damping coefficients v4 are:

1 n-—n\"
—wp o2 (2 48
ws = wo 4\/ ( 5 ) (4.8)

:’Yl—i"h
2

The two modes also have eigenfrequencies for which the gap increases with the

Y+ =7. (4.9)

coupling, and a same damping coefficient equal to the mean of the non-coupled

oscillators” damping coefficients.

Figs. 4.2a and 4.2b respectively illustrate the variation of the eigenfrequencies
w/pm and the damping coefficients . as a function of the coupling coefficient

Q, with Q./wy = 0.01 [147]. For wy, we consider the following adimensioned

2
we _ g Sk (2) ~1. (4.10)

expressions:

Wy 4&)0

Before the critical coupling value €., the modes have the same eigenfrequency.
At Q., the eigenfrequencies split into w, and w_. In the strong coupling regime, the

initial uncoupled modes do not exist anymore, two new states of the system replace
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them with the corresponding frequencies wy and w_ for new eigenfrequencies. This

splitting is commonly called a Rabi splitting.

For ~., we also consider the following adimensioned expressions:

Q, 0\

Before the critical coupling value €., the modes have different damping coef-
ficients v_ and 7., that start from 7, and 79, respectively, if 73 > v,. At 2, the
damping coefficients become equal to the value (71 +2)/2. In the strong coupling

regime, the damping in the system cannot be considered separately anymore.

4.1.2 Temporal oscillations

From now on, we only consider the case of a strong coupling regime and we suppose
that @ >> Q.. The sought solutions have the form z,(t) = z)e™*+*, p = 1,2 that

can be rewritten as:
r1(t) = Re(29e™") with 29 = bye,

To(t) = Re(x)e™") with a5 = bye'?2,

with @ = w + 13, where w > 0 is the frequency and v > 0, the damping coefficient
of the system. Its amplitude decreases such as exp(—3t) and its energy decreases

such as exp(—~t).

The general solutions can be written as:

21 (t) = Aye 2t cos(wyt + ¢y ) + A e 2 cos(w_t + ¢ ), (4.12)

To(t) = —A e 2 cos(wit + ¢y) + A_e 2 cos(w_t + ¢_). (4.13)
In the case when only one mode is excited, we have the following expressions:

z1(t) = Ape 2t cos(wyt + ¢y ),

) (4.14)
xo(t) = —Aye 2 cos(wit + ¢y ).

mode w,: {
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: :
/@ 2n/Q t

Figure 4.3: Temporal evolution of the modes z(t) and x(t) with the initial con-
ditions x1(0) = zg, 22(0) = 0, Oyz1(0) = 0 and Jz2(0) = 0. We take wy = 1,
Q/we = 0.02, v/wy = 0.002, Q >> Q. and xy/wy = 2. Each mode is the sum of a
sinusoidal amplitude with a different frequency but with the same damping. The
energy of the oscillator 1 is completely transferred to the other oscillator after a
time equal to w/Q. It is totally back after a time equal to 27 /€. The two modes
have the same amplitude for an impulsion of 7/2, after a time equal to 7/(2€2).

And:

_€

Peos(w_t + ¢_),

Feos(w_t+ ¢_). (4.15)

A_e 3
To(t) = A_e 2

mode w_: { 1 (?)

At the time ¢t = 0, the oscillator 1 is excited and the initial conditions are
21(0) = xg, 22(0) = 0, 0yx1(0) = 0 and Opz2(0) = 0. The solutions become:

02_Q2

z1(t) = zoe~ 2t cos ( 5 C) cos(wot),
T9(t) = e~ 2'sin < Y QQ_Q%) sin(wot),

(4.16)

2

and Fig. 4.3 illustrates the result. We observe coherent oscillations between the
modes. Each mode is the sum of a sinusoidal amplitude with a different frequency
but with the same damping. The energy of the oscillator 1 is completely transferred
to the other oscillator after a time equal to 7/Q. It is totally back after a time
equal to 27/€). The two modes have the same amplitude for an impulsion of 7/2,

after a time equal to m/(2(2). Theses oscillations are called Rabi oscillations.
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Figure 4.4: Eigenfrequencies of the two oscillators as a function of the coefficient Ak. Their
spring constants are kg and kg + Ak, respectively, and their masses are equal. We take kg = 1.
(a) In the uncoupled case (k = 0), the dispersion curves intersect for Ak = 0. (b) In the coupled
case (k = 0.08kp), the strong coupling regime is characterized by an anticrossing of the dispersion
curves with a frequency splitting [wy —w_] =T.

4.1.3 Anticrossing of the dispersion curves

Let’s consider the two oscillators without damping (v, = 0, p = 1, 2) and with dif-

ferent spring constants (Fig. 4.1). The corresponding eigenfrequencies wy become:

1
we = Sl + o V(@2 —w2)? + AT %), (4.17)
where wy = /(k1 + K)/m1, wy = \/(ka + K)/mg and:

r— YA/ milvw:/ mz. (4.18)

We seek solutions for Eq. 4.17 with ky = kg, ko = ko + Ak and mq = my = my.
Fig. 4.4a illustrates the case where there is no coupling (v = 0). When the
coefficient Ak is increased from —kqy to kg, the frequency of the oscillator 1 stays
constant and the frequency of the oscillator 2 increases from zero to v2wp. At

Ak = 0, the two dispersion curves intersect.

Fig. 4.4b shows the dispersion curves corresponding to the presence of coupling

(k # 0). In this case, the two curves do not intersect any more. Instead, there is
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a characteristic anticrossing of the dispersion curves with a:

wy —w_] =T. (4.19)

This anticrossing is the main proof of the strong coupling regime. We note
that I' is proportional to x and that the Rabi splitting increases with the coupling
strength.

4.2 Microcavity polaritons

4.2.1 Definition in quantum physics

In this section, the physics of semiconductor microcavities in the strong coupling
regime, known as microcavity polaritons, will be reviewed. We take the point of
view of the quantum mechanics to express the features of the strong coupling in

terms of energy [148].

We consider an atomic system with two levels, a ground level |g) and an ex-
cited level |e) with the energies E) and E, from the ground level. This system is
considered in an optical cavity, with an electromagnetic resonant mode with the
transition e — g. We only consider two possible states in the cavity: the state |0)
without photon, and the state |1) with a photon in the cavity. The atom-photon
system with the Hamiltonian Hy has two excited states with the same energy,
le,0) (the atom is in its excited state without photon) and |g,1) (the atom is in
its ground state with a photon), above the ground state |g,0) (Fig. 4.5). The

eigenvalues F, and E5 of the Hamiltonian H, are also:

{ Hyle,0) = Ey |e,0), (4.20)

HO |g7 1> = E2 |g7 1) :

To take into account an external perturbation of the system, we denote a new

Hamiltonian as:
H=Hy+W. (4.21)
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Figure 4.5: Energy diagram of the atom-cavity system.

The eigenstates and eigenvalues of H are |®.) and E., respectively:

{ H|P,)=E,|®.), (4.22)

HI® )=E_|0_).

Hy is called the non-perturbed Hamiltonian, and W is the perturbation, also
called the coupling. We suppose that W does not depend on the time. In the basis
{le,0),|g,1)} of the eigenstates of Hy, W is the following hermitian matrix:

Wy W
w= | " ), (4.23)
W21 W22

where Wy, and Ws, are real and Wiy = W3.

In the absence of coupling, E; and FE, are the energies of the system, and
le,0) and |g,1) are stationary states. The problem consists in determining the
modifications due to the coupling W. A consequence of the coupling is that a
measure of the energy of the system can only give one of the eigenvalues £, and
E_ of the Hamiltonian H. These eigenvalues are generally not equal to F; and
Es.

The first step in the resolution of this problem consists to calculate F, and E_

as a function of E, Es and the matrix elements of W. We also study the effect
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of the coupling on the position of the energy levels. The next step consists in to

determining the corresponding eigenstates |®) and |®_) of the system.

So, in the base {|e,0),|g, 1)}, the Hamiltonian in the matrix form is:

B+ W W.
- T n 2 . (4.24)
Woy Ey 4+ Wy

The corresponding eigenvalues are:

1 1
E, = 5(El-1-1/1/11—{—Eﬁ—Vng)ﬂI5\/(E1 + Wi — By — Waa)? +4 | Wiy |2, (4.25)

and the corresponding eigenstates are:

D) = cosg le, 0) + sing lg, 1), (4.26)
|®_) = —sinf|e,0) +cosf|g,1),
where the angle 0 is defined as:
2| W,
tanf = | Wi | with 0 <60 < 7. (4.27)

Ey+ Wi — Ey — Wy

We admit now that the light-matter coupling between the two states only

includes the non-diagonal terms, which are positive and real:

(9. 1| W le,0) = (e,0| W [g,1) >0, (4.28)
(e,0|We,0) = (g,1| W g,1) = 0. '
Eqgs. 4.25 and 4.27 become:
1 1
E. = 5(E1 + Ey) + 5\/(El — Eo)2 44| Wy |2, (4.29)
2| W

We denote E,, = (Ey + E5)/2 and A = (E; — E5)/2. The variation of the
parameter F,, implies to put the origin on the energy axis. The eigenstates do

not depend on FE,,. The significant parameter is A. As a function of A, the two
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energies of the system are:
Ei - Em :i: A2—|— ‘ W12 ‘2. (431)

The energies E, and E_ are two branches of a symmetric hyperbola separated
by a distance 2 | Wi |. In absence of coupling, the two curves for E; and Fj
intersect at A = 0. In the presence of coupling, the two curves for £, and E_ do
not intersect anymore. There is again the characteristic anticrossing of the strong
coupling regime.

Thus, whatever the value of A, we always have | E; — E_ |>| By — Es |. The
coupling of the system increases the distance between the eigenfrequencies. The
separation between them is the Rabi splitting, noted Wi, here.

Near the asymptotes, | A |[>>| Wi, | and the eigenvalues can be written as:

L W ) . (4.32)

Be=E, +A (14|22 ...
+ (+2]A+

The characteristic angle (Eq. 4.30) becomes 6 ~ 0 (we suppose A > 0) and the

eigenstates are:

W
B, = [e,0) + 22

g, 1) + -
P, | (4.33)
A

In this case, the perturbed states are not really different to the non-perturbed

[©-) =lg,1) — €, 0) + -

ones. The strong coupling cannot be established in these regions.
In the center of the hyperbola, of A = 0 (F; = E,), the coupling becomes

strong and eigenvalues are:
Ei=FE,x|Wya|. (4.34)

The effect of the coupling is more important when the two levels have the same
energy. The characteristic angle (Eq. 4.30) becomes 6 ~ /2 and the eigenstates

are:

1
[®4) = —=[le, 0) + |g,0)],

D) = %[—Ie,m T 1g,0)].

In the strong coupling, the perturbed states become really different to the non-
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perturbed ones. They are a linear superposition of the initial eigenstates.

The temporal evolution of the system is found by considering Schrodinger’s
equation:
. d
zh& |D(t)) = (Ho + W) |D(2)), (4.36)

where |®(t)) = a1(t) le,0) + aa(t) |g, 1) is the eigenstate of the system at the time
t. In the base {|e,0),|g, 1)}

LA “
i a1 (t) = Eva(t) + Wigax(t), (4.37)

Zhaag(t) = W21(L1 (t) + Egag(t).

In the presence of coupling (| Wiy |# 0), these equations constitute a linear
system of homogeneous differential coupled equations. To determine the temporal
evolution of the states, we consider the system in the state |®(0)) = |e,0) at ¢t = 0.
In the base {|®,),|P_)}, |P(0)) can be written as:

1B(0)) = cos (g) ..) — sin (g) D). (4.38)

At a given time ¢, the system is in the state |®(¢)):

|®(t)) = cos (g) e P ) — sin (g) e MDY (4.39)

The probability Pi2(t) to find the system in the state |g,1) is deduced from
Pra(t) =| (g, 1| @(t)) |*:

1 E,—-E_ E,—-FE_
Pyy(t) = 3 sin® 6 {1 — cos (+Tt>] = sin? # sin’ <+Tt> . (4.40)

With Eqs 4.29, the probability Pjo(t) becomes:

4| Wig |2 +(E; — Es

Plg(t)

E sin? [WL | Wia |2 +(Ey — E2)22t—h} . (441)

This expression of the probability is called the Rabi formula.
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4.2.2 Review on the strong coupling regime
In microcavities

When a single emitter is placed in a cavity, it is demonstrated that the spontaneous
emission rate can be greatly modified due to the Purcell effect, and even vacuum
Rabi splitting can be achieved. The Rabi splitting is illustrated in the previous
section and simply called a "frequency splitting”. Indeed, if we consider a system
with two coupled states of energy, the electromagnetic field periodically oscillates
between two localized states inside the structure [55, 149, 150, 151]. In quantum
semiconductor microcavity, the Rabi oscillations were first experimentally observed
in 1994 [152].

In the weak coupling regime, the interaction between the exciton and the cavity
photon is irreversible, as an excited exciton cannot transfer its energy back to the
cavity and the oscillations exponentially decrease. As a consequence of the Purcell
effect, the optical properties of an electronic state are not intrinsic to the state
but depend on the electromagnetic field that couples the state. Fermi’s golden
rule states that the rate of spontaneous emission is proportional to the density of
photon states at the spatial position of the exciton. The radiative lifetime of an
exciton in an optical microcavity can either be extended or reduced with respect

to its lifetime in vacuum.

The strong coupling regime occurs if the coupling coefficient is larger than any
of the dissipation rates in the system. This regime was first experimentally demon-
strated in GaAs quantum wells by C. Weisbuch [55]. The research on the strong
coupling regime has been strongly extended due to the interest in coherent and
stimulated effects in such systems, which can lead to optical devices, as it is shown
in the overview by R. Houdré et al. [153]. Strong coupling implies a periodic ex-
change between the energies of the atom and the cavity at the Rabi splitting, under
the resonant condition, where the Rabi frequency in turn depends on the coupling
factor of the system [154, 155, 156]. The time evolution and the interaction be-
tween the emitter and the cavity can no longer be described by Fermi’s golden
rule. The excitonic and confined photon modes cannot be considered independent
eigenmodes of the system. The normal modes are a linear and coherent superpo-
sition of the exciton and photon states. The anticrossing between the exciton and

the photon modes is also related to the Rabi splitting.
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With organic materials

The excitonic state has a low saturation density [157] and can generally be ionized
at room temperature. These features often limit the observation and study of the
strongly coupled state to low temperatures and small excitation densities. The
low exciton oscillator strength results in small Rabi splittings that are typically
6-10 meV [158, 159]. The strong coupling regime in microcavities recently has
expanded been to microcavities containing thin layers of organic materials [160],
such as J-aggregates of cyanine dyes or zinc-porphyrin [161, 162]. Organic materi-
als possess a number of interesting physical properties relevant to strong coupling
that contrast with those of inorganic semiconductors. Because of the relatively
large oscillator strengths of the organic exciton, anticrossings larger than 100 meV
at room temperature have been reported [163, 164, 165].

Strong coupling was first demonstrated in organic materials by D. G. Lidzey et
al. [161] using tetra-(2,6-t butyl) phenol-porphyrin zinc (ATBPPZn), in polystyrene
located in a planar microcavity. This demonstration took place at room tempera-
ture, with a Rabi splitting > 100 meV. The large Rabi splitting obtained in organic
microcavities are of particular significance for current efforts to achieve polariton
lasing in microcavities at room temperature, because it will be possible to maintain
the strong coupling at 300K.

An even more interesting organic material still is the J-aggregates for which
the strong coupling was also demonstrated by D. G. Lidzey [166]. Indeed, this
organic material has narrow absorption in the red and near infrared frequencies
which makes many applications possible. The Rabi splitting is increased with a
large oscillator strength [167, 168], but also with the possibility of increasing the
absorption coefficient [169].

Concerning the methods, the majority of these experiments has been carried out
at room temperature with angular-resolved reflectivity measurements corroborated
by transfer-matrix simulations [170, 171, 168, 161, 162, 169].

Involving surface plasmons

In the strong coupling regime, Fermi’s golden rule fails and coherent dynamics
dominate. SP modes provide an alternative route to enhance the coupling and

extend to nanoscale. The corresponding Rabi splitting, for example in the strong
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coupling between SP modes and J-aggregates which have a particularly narrow
absorption linewidth, is demonstrated in [172, 173, 174] and is always higher than
100 meV.

Using the Kretschmann geometry [5, 13], the strong coupling regime with SP
mode is possible with a wide variety of organic molecules, such as the Rhodamine
6G, for which the Rabi splitting can be equal to 400 meV [175, 176]. It is also
demonstrated that the coupling strength is proportional to the square root of the
molecular density, which is an important mechanism for SERS (Surface enhanced
Raman scattering) [177]. In addition, it is proved that the high local field ampli-
tudes generated by SPs of the metallic structures also has an important impact
on the result, and more precisely, on the value of the Rabi splitting. The strong
coupling of SP modes with a sulforhodamine 101 dye [178] or f-carotene in a
nanolayered system [179] extend the potential applications in biology, with a Rabi
splitting that remains high, between 130 meV and 360 meV. Other possibilities
involve a Fabry-Pérot metallic device [180], metallic nanowire [181, 182 or meta-
materials [183], with a Rabi splitting higher than 250 meV.

The values of the measured Rabi splitting have to be taken with precaution
as reminded in [184]. Indeed, due to the large interaction energies, the calcula-
tions at a constant angle can induce an overestimation of the Rabi splitting of
more than a factor of 2. Most of the experiments consist of the measurement
of the reflectivity as a function of the incidence angle [185, 172, 186, 176, 182]
(angle-resolved reflectivity spectra) within a theoretical model based on the trans-
fer matrix method [187]. Some works also present the absorption curves in order
to study the evolution of the losses of the modes when the strong coupling regime
occurs [186, 176].

But the stringent condition of strong coupling requires that the coupling co-
efficient be larger than any of the dissipation rates in the system. A key feature
of many approaches is to reduce the effective mode volume of the cavity, thereby
achieving a substantial increase in the coupling strength, which is inversely pro-
portional to the square root of the mode volume [188]. Compared with a normal
photonic cavity, a plasmonic cavity has smaller mode volumes and higher field en-
hancement to provide an important platform for cavity quantum electrodynamics
investigations [189, 190]. For applications such as quantum information processing,

a large Rabi splitting is especially important for coherent manipulation of mixed
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Figure 4.6: Tlustration of the device used to allow reflectometry experiment and to obtain a
strong coupling regime between surface plasmons (Ag) and excitons (J-aggregates): a dielectric
prism with a silver film of thickness e,, = 45 nm, a small layer of 7905 of thickness er;0, = 2
nm, and a layer containing the cyanide dye J-aggregates of thickness e, = 35 nm.

states [191].

Otherwise, another interesting configuration implies Tamm plasmon-polaritons
[46]. These modes can be directly excited with light wave because their in-plane
wave vector is less than the wave vector of light in vacuum. They can also be formed
in both T"M and T'E polarizations. Their existence was theoretically demonstrated
at the interface between two periodic dielectric planar multilayer structures [192]
and more recently at the interface between a metallic layer and a Bragg mirror
[193]. Their first experimental observation between a metal and dielectric Bragg
reflector was reported in [47] and their experimental observation in strong coupling
regime with an exciton from inorganic quantum wells was reported in [194]. A Rabi
splitting energy of 11.5 meV was found.

From now, we consider more precisely the strong coupling between surface
plasmons and excitons in an organic semiconductor [172, 184, 186]. We use the
tetrachotomy method to find the same results, and thus, to validate our method.
First, the device consists of a layer containing the cyanide dye J-aggregates which
has been deposited on a silver film (Fig. 4.6), the whole being embedded between
a dielectric (a prism) and air. A very small layer of T'iO; is placed between the
dye and the metallic layers in order to allow the experimental realization of the
device. The SP is excited in a similar way as in the ATR structure. It is on the

interface between the active layer and the air (see Fig. 4.6).

In order to observe the interaction between the surface plasmon and the exci-
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Figure 4.7: Dispersion and absorption relations obtained with the tetrachotomy: (a) Energy
dependence of the modes F as a function of the propagation constant ag with an anticrossing
of the dispersion curves. In red, the dispersion curve of the SP mode in the device without the
dye layer. The Rabi splitting is Er = 174 meV [172]. (b) The absorption of the modes ay as a
function of ar with a crossing of the absorption curves at the same value of the anticrossing of
the dispersion curves. The modes exchange energy and are hybrid modes, mixed modes of the
initial ones.

tons, it is necessary that the dispersion curves of the SP mode and the exciton
mode can cross. With the J-aggregates, the exciton does not have dispersion. Its
energy is constant and equal to approximately 2100 meV. It is possible to demon-
strate that if a too thin dye layer is used, the absorption is not sufficient to obtain
a strong coupling regime. The metallic thickness is equal to approximately 35
nm which is not a too important thickness as compared to the penetration depth
ddye = 23 nm, which allows the SP excitation (at the wavelength A = 600 nm).

The result we obtained is plotted in Fig. 4.7a. There is an anticrossing of
the dispersion curves associated with a crossing of the absorption curves (obtained
with the imaginary part of the propagation constant), at the same propagation
constant (Fig. 4.7b). Theses two phenomena are proof of the strong coupling
regime between the plasmon and the exciton modes. The crossing of the absorption
curves is necessary to justify the transfer of energy between the modes. The Rabi
splitting expected is 180 meV [172]. We found a Rabi splitting Er = 174 meV, in

keeping with its value.
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4.3 Strongly coupled SP and guided modes

Most structures that have been used to enhance the plasmon emission consist of
adding gain in a dielectric medium, with a metallic film directly deposited on it
[41, 42]. The only progress in the field has been in the depth penetration of the
plasmon in the two media. This is a drawback that needs to improved, as we want
the SP emission, and it is necessary to use relatively high values of gain in order
to obtain a notable enhancement. The configuration we propose here allows to
put gain into the medium between the SP mode which is strongly coupled with a
guided mode. The strong coupling regime allows a very significant improvement of
the S P emission, as we will discuss in Section 4.4. In this section, we demonstrate
the strong coupling regime between the guided and SP modes, and study the

properties of the hybrid modes which are created.

4.3.1 The device

We consider the structure as illustrated in Fig. 4.8. This is a stratified medium
which is composed of a dielectric waveguide, which contains a guided mode GM
deposited on a metallic film which supports two surface plasmons, SP, and SP,.
This configuration allows the interaction between the guided mode GM and the
SP; mode as we are going to show.

The dielectric waveguide is composed of the experimental values of the per-
mittivities. The core of the waveguide has a dielectric permittivity ¢, = 4.84
(ny = 2.20) which corresponds to the permittivity of SiO, at the wavelength
A = 650 nm. The cladding of the waveguide also has a dielectric permittivity
eq = 2.1025 (ng = 1.45), which corresponds to the permittivity of 790, at the
same wavelength. The two materials are possible to be experimentally made in
thin films, as it is showed in [195].

The dielectric permittivity for the metallic film is again taken from the Palik
data [81] for silver and the dielectric permittivity for the transmitted medium is
g, = 3. This last value is arbitrary and allows to keep down the dispersion curve
of the SP, mode so as to not hinder the other dispersion curves. The choice of
taking into consideration a metallic film rather than an semi-infinite metallic bulk
is justified by the aim of obtaining a more realistic result. The influence of the

S P, mode is negligible so long as the dielectric medium (with ¢;) has a dielectric
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Figure 4.8: Planar guided structure which allows a strong coupling regime between the surface
plasmon S P; and the guided mode GM. The permittivities of each of the layers are e4 = 2.1025,
eg =4.84, ¢, = 3, and ¢,, is taken from the Palik data [81] for silver. The thickness of the core
of the waveguide e, and the metallic thickness e,, are fixed. Only the thickness eq4, the distance
between the two coupled modes, has to change in order to determine the best configuration for
the strong coupling regime.

permittivity higher than the cladding of the waveguide (with &4).

The coupled plasmons/guided mode dispersions can be represented with a cou-
pled oscillator model [196]. The dispersion relations are obtained by diagonalizing

the plasmons-guided mode Hamiltonians:

Ecm —ivem Vsp,/2 0
H = Vsp, Esp, —iysp, 0 ; (4.42)
0 0 Esp, —ivsp,

where Egys is the guided mode energy, ygas is the guided mode linewidth, Egp,
and Fgp, are the SP modes energies, vsp, and ygp, are the plasmon linewidth and

Vsp, is the interaction energy between the SFP; mode and the guided mode GM.
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Figure 4.9: Planar guided structure when e; = 0 nm. This configuration does not allow an
interaction between the surface plasmon SP,; and the guided mode GM.

4.3.2 Variation of the characteristic parameters
Variation of the thickness e,

In our study, we always consider a real frequency w and a complex propagation
constant, defined by a« = ag+ia;. apg is the real part and corresponds to the usual
propagation constant. That is why, we will always directly name it the propagation
constant.

We take into account the structure of Fig. 4.8 and fix the thicknesses e, and
em- The distance e, is chosen to have a quasi mono-mode in the waveguide in the
visible range, e, = 130 nm. The thickness of the metallic film is e,, = 45 nm, a
usual thickness for a metallic layer.

We recall that the strong coupling regime is characterized by an anticrossing
of the dispersion curves and a crossing of the absorption curves. Plotting the
dispersion curves corresponding to Fig. 4.8 with different values for e, allows to
see the characteristic anticrossing of the dispersion curves.

First, if e; = 0 nm, the metallic film is directly deposited on the core of the
waveguide (Fig. 4.9). The corresponding dispersion curves and absorption curves
are plotted in Fig. 4.10. The dispersion curve of GM is confined between the two
light lines and the dispersion curve of SP; is always below the dashed light line
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Figure 4.10: (a) Dispersion curves if e; = 0 nm: the frequency w, normalized to the plasma
frequency wp, as a function of the propagation constant agr. The dotted line and the dashed
line represent the light lines for ¢4 = 2.1025 and e, = 4.84, respectively. The dispersion curve of
GM is confined between the two light lines and the dispersion curve of SP; is always below the
dashed light line (e, = 4.84) because of the intrinsic properties of the surface plasmons which
are non-radiative modes. In this case, the GM and SP; modes cannot interact. (b) Absorption
curves if eq = 0 nm: the frequency w, normalized to the plasma frequency w,, as a function of
the imaginary part of the propagation constant a;.

(¢4 = 4.84), because of the intrinsic properties of the surface plasmons which are
non-radiative modes. There exists an inherent momentum mismatch between the
two modes GM and S Py, so they do not interact. The absorption curves also do
not cross, there is no coupling.

Next, the other extreme case is if e, is too large. The corresponding dispersion
The two parts of the

structure can be considered separately (Fig. 4.12): in black points, the dispersion

curves and absorption curves are plotted in Fig. 4.11.

curves of the structure when e; = 200 nm; in red and blue crosses, the dispersion
curves of the two parts of the structure determined independently. The dispersion
curves are pretty equivalent, the crossing occurs at ag = 0.028 nm~!. This is the
uncoupled case.

We note the value of the propagation constant corresponding to the crossing
of the dispersion curves in Fig. 4.11a: o = 0.028 nm~! for a wavelength \ = 421.5
nm (w/w, = 0.325 with w, = 1.374 x 10' for silver). This is the region for which
the modes can interact. The dielectric permittivity of the metallic layer taken from
the Palik data [81] for A = 421.5 nm is &,,, = —4.8+0.728xi. Note that the absolute

value of the effective index corresponding to the SP; and GM modes are almost
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Figure 4.11: (a) Dispersion curves if e; = 200 nm: the frequency w, normalized to the plasma
frequency wy, is plotted as a function of the propagation constant ar. The black-square curve
represents the dispersion relation of all the structure illustrated in Fig. 4.8. The red- and blue-
diamond curves represent the dispersion relations for the two parts of the structure considered
independently: in red, a metallic film embedded between media with the dielectric permittivities
eq and ey in blue, a waveguide with the dielectric permittivities ¢4 and ¢4 (Fig. 4.12). (b)
Absorption curves if e = 200 nm: the frequency w, normalized to the plasma frequency w, is
plotted as a function of the imaginary part of the propagation constant a;.
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Figure 4.12: The two parts of the complete structure considered separately: (a) the dielectric
waveguide; (b) the metallic film in a non-symmetric medium.
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Figure 4.13: (a) The propagation constant ap as a function of the distance e4. The splitting
between the curves for the GM and SP,; modes decreases with the increase of e4. (b) The
imaginary part of the propagation constant a; as a function of the distance e4. The crossing of
the absorption curves for the GM and the SP; modes occurs at eq = 100 nm, the optimal value
to obtain a strong coupling regime between the GM and SP,; modes.

equal at this wavelength. This is an important condition in order to obtain the
coupling. We plot the propagation constants of the three modes as a function of
the thickness e; at the wavelength A = 421.5 nm in Fig. 4.13a. Without surprise,
the splitting between the GM and SP; modes decreases with the increase of the

distance ey.

To find the corresponding value of the strong coupling regime, we have to
consider the absorption curves which are deduced from the imaginary parts aj
of the propagation constant. This is the reason why the tetrachotomy method is
useful, since it allows to find the poles of the S-matrix with simultaneously the real
and imaginary parts. Fig. 4.13b shows the imaginary parts a; corresponding to
the propagation constants as a function of the distance e;. The crossing of the two
absorption curves for GM and SP; corresponds to the strong coupling between
the two modes. The GM mode sees its absorption increases, when the absorption
for the SP; mode decreases, until the intersection for e; = 100 nm.

The structure evolves from the case in which the SP; mode cannot be directly
excited by the GM when e; = 0 nm, to the uncoupled case where the two modes
are too far from each other to interact. Between these two extreme cases, there is a
range for the distance e; where the S P; mode can exist in the medium characterized

by €4, because e; becomes higher than its penetration length. In this range, the
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Figure 4.14: Dispersion curves if e; = 100 nm, the optimal thickness for obtaining the strong
coupling regime: the frequency w, normalized to the plasma frequency wy, is plotted as a function
of the propagation constant ag. In blue and red, the dispersion curves of the modes before the
coupling with a crossing between them. The anticrossing of the dispersion curves (black squares)
is a feature of the strong coupling between the GM and SP; modes. The new modes also created
are hybrid modes between the initial ones. The Rabi splitting is Er = 134 meV.
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Figure 4.15: Absorption curves if e; = 100 nm, the optimal thickness for obtaining the strong
coupling regime: the frequency w, normalized to the plasma frequency wy, is plotted as a function
of the imaginary part of propagation constant a;;. The crossing of the absorption curves is another
feature of the strong coupling between the GM and SP; modes. GM exchanges energy with
SP; and its losses increase when the losses for the surface plasmon decrease if we compare with
the blue and red curves corresponding of the modes before the coupling.
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S P; mode can interact with the GM mode. Its dispersion curve can cross the one
of the guided mode. We note that the behavior of the SP, mode is independent

from the parameter ey.

We plot the dispersion curves and the absorption curves for e; = 100 nm in
Figs. 4.14 and 4.15, respectively. We also see the characteristic anticrossing of the
dispersion curves of GM and SP,;, with a deformation of the curves as compared
to the uncoupled ones. The two modes corresponding to the propagation constant
ar = 0.028 nm~! are new modes of the structure, hybrid modes between the initial
modes. We denote them SF;. and GM, the lower and the higher modes at the
wavelength \; = 421.5 nm and A, = 405 nm, respectively. The Rabi splitting is
Er =134 meV.

This anticrossing is associated to the crossing of the absorption curves at the
same value of the propagation constant ap = 0.028 nm~!. The frequency is plotted
as a function of the imaginary part of the propagation constant, so as to better
see the movement of the absorption curves between the uncoupling case and the
strong coupling case with the crossing. This crossing is another feature of the
strong coupling regime. However, the coupling implies a guided mode which does
not have losses and a surface plasmon which has intrinsic losses. We also see that
the exchange of energy between these modes involves an increase of the losses for
GM and, at the same time, the decrease of the losses for SP;. GM gives energy
to SP,. The propagation length has to be enhanced in this configuration, as we

will see.

The possibility of obtaining a strong coupling regime between SP; and GM
modes has been demonstrated. We will study the properties of the hybrid modes
SP;. and GM, in Part 4.3.3. In particular, we need to verify whether or not the

SP,; . mode is still a surface mode, and to quantify its confinement.

Variation of the range of frequency

The result obtained previously can be transposed to other ranges of frequency
without losing in generalities. The strong coupling regime can be obtained with
an appropriate modulation of the distance between the core of the waveguide and

the metallic film.
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Figure 4.16: Range of the frequencies enabling to observe temporal oscillations in the strong
coupling regime at the propagation constant ar = 0.028 nm~'.

4.3.3 Numerical results for the optimal coupling
Temporal oscillations of the modes

The direct consequence of the strong coupling regime is temporal oscillations. The-
ses oscillations correspond to the case in which we consider a constant value of the
propagation constant and observe the variations of the corresponding frequencies
as illustrated in Fig 4.16. These can be observed with the Finite Difference Time
Domain (FDTD) method. We adapt it to the case of dispersive media to take the
metallic film into account. Details about the implementation of the FDTD method

are given in appendix A.

We consider the complete device (Fig. 4.8) in the case of the strong coupling
regime between the SP; and the GM modes when the distance e; = 100 nm. The
temporal oscillations between the hybrid modes SP;. and GM, are represented in
Fig. 4.17. The size of the cell is Al = 5 nm and the corresponding time step is
At = Al/(2c), with ¢ the speed of light in vacuum. The permittivity of the metallic
layer is taken from the Drude model. The magnitude of the field corresponding to
the plasmon mode is lower than the magnitude of the field in the waveguide. The

period of the oscillations is T} = 30.7 fs'.

Fig. 4.18 illustrates snapshots of the structure when the elapsed time is t; =
62.5 fs and o = 83 fs. In Fig. 4.18a, the SF;. mode is excited for the first time

when in Fig. 4.18b, the surface plasmon mode is excited again after one period 7;.

'Tf we consider the energy as E = hw = h2 * pi/T}, we find Exr = 134.7 meV.
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Figure 4.17: Temporal oscillations between the hybrid modes deduced from the FDTD calcu-
lations. The period of the oscillations is T3 = 30.7 fs.

Spatial oscillations of the modes

In the case of the strong coupling between plasmons and excitons recalled in the
previous section, the initial excitons do not have dispersion so their dispersion rela-
tion is constant depending on the propagation constant. The temporal oscillations
between the modes can be easily observed or determined with the coupled-mode
theory. In the case of our complete device (Fig. 4.8), which allows the strong
coupling between plasmons and guided modes, the inclination of the dispersion
relations in comparison with the non-dispersive plane implies the possibility of
observing spatial oscillations, as we will present in this part.

The aim is to excite only the modes in a precise range of the propagation
constant, including the two hybrid modes (Fig. 4.19). The range of the gaussian
beam is reduced and we name it an evanescent gaussian beam.

We consider the complete device (Fig. 4.8) in the case of the strong coupling
regime between the SP,; and the GM modes when the distance e; = 100 nm.
The spatial oscillations between the hybrid modes SP;. and GM, are represented
in Fig. 4.20, with a dielectric permittivity of the metallic film taken from the
Drude model. We see oscillations between the two modes and can already observe
a good confinement for the hybrid SFP;. mode, the energy of the guided mode
being transferred to the hybrid plasmon SF; . which spends twice less time on the

metallic surface. Its intrinsic decay has to be reduced.

This result is calculated from the Drude model and is idealized. If we consider
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Figure 4.18: Snapshots of the structure after two elapsed times: (a) ¢t; = 62.5 fs, the SP; mode
is excited for the first time. (b) to = 83 fs, the SP; mode is excited again after one period T;.
The structure is mapped in two parts because of the relative weakness of the field’s amplitude
for the surface mode, as compared to the guided mode.

the Palik data [81] for calculating the permittivity of the metallic layer, the result
is shown in Fig. 4.21. The spatial oscillations between the modes are no longer as
marked and a steady state of the system is difficult to see. This result shows that
the spatial oscillations are present, but the losses of the metal rapidly attenuate
the field. Fig. 4.22 illustrates in one dimension the spatial oscillations between
the two modes, with the Drude model and the Palik data. The period of the

oscillations is Ty = 1.7um.

With an evanescent gaussian beam, we can also observe the modes far away
from the region of the strong coupling regime. Fig. 4.23a shows the region of the

dispersion relation we want to observe. We are looking to excite the fundamental
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Figure 4.19: Range of the propagation constant, including the two hybrid modes in order to
observe spatial oscillations between them, at the wavelength A\; = 421.5 nm.
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Figure 4.20: Map of the field with an incident evanescent gaussian beam used to observe the
spatial oscillations in the complete structure when e; = 100 nm. The metallic permittivity &,, is
taken from the Drude model. The energy of the hybrid guided mode is transferred to the hybrid
plasmon which passes approximatively twice less time on the metallic surface. Its intrinsic decay
has to be reduced.
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Figure 4.21: Spatial oscillations between the two hybrid modes when the strong coupling
regime occurs, using the Palik data for the metallic permittivity [81]. The propagation length of
the hybrid SP; . mode is approximatively 1pm, against only 400 nm in the uncoupled case.
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Figure 4.22: Spatial oscillations between the two hybrid modes when the strong coupling
regime occurs (a) with the Drude model and (b) the Palik data for silver permittivity [81]. GM,
exchanges energy with SPg ., with a period Ty = 1.7um.



4.3. STRONGLY COUPLED SP AND GUIDED MODES 117

45x‘10
Excitation of the fundamentel guided mode ’
0.4r T,
'.. 4,
o 35
[} /
3 R Rl
—~ L .o T 3
3 —
2.5¢
2,
0.2r
0.02 a (nm'1 ) 0.04 55 05 1 15 2 25
R x(nm) x10°
(a) (b)
0.07
0.06
£10.05
- 10.04
- 10.03
L0.02
0.01
0 5000 10000 15000
x(nm)
(c)

Figure 4.23: The fundamental guided mode far away from the anticrossing, excited by an
evanescent gaussian beam with the Palik data [81]. (a) In the dispersion curves, we consider the
point noted by a red dot characterized by ag = 0.0346 nm~?, at a wavelength A\ = 349.5 nm. (b)
In one dimension, the intensity of the field in the center of the waveguide. (c) The corresponding
map of the field in the plane (z,y).

guided mode. Once again, we use the Palik data for the metallic permittivity [81].
In Fig. 4.23b, the intensity of the field in the center of the dielectric waveguide
is plotted as a function of the distance x. The corresponding map of the field is
in Fig. 4.23c. Having no losses, the guided mode has a propagation length and a

shape strongly related to what was expected.

Confinement of the SP;, mode

The confinement of the SP,; . mode relates to the depth penetration of the surface

plasmon in the dielectric, with g4 (¢4 = 2.1025). Theoretically, the depth pene-
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Figure 4.24: Propagation length ¢ as a function of the distance e, for the modes in the complete
structure (Fig. 4.8) for \; = 421.5 nm. The crossing of the curves corresponds to the maximum
of the propagation length for the SP; . mode, what occurs for e = 100 nm, dgp = 1036 nm.

tration of an uncoupled SP in this configuration is dquncouptes = 80 nm. With the
maps of the field (Figs. 4.20 and 4.21), we deduced that the field of SP;,. mode
decays of 1/e along the y-direction after a distance d; ~ 50 nm. The confinement
of the plasmon is fairly good, better than the one in an uncoupled structure. The
hybrid mode also created is still a surface mode and keeps the main property of
the classical SPs.

Enhancement of the propagation length

In Fig. 4.21, the hybrid SP,; . mode has a propagation length equalling approxima-
tively to 1pm, when in the uncoupled case?, its propagation length is only 400 nm.
To confirm this result, we use the tetrachotomy method to determine the propa-
gation constant as a function of the thickness e; at the wavelength \; = 421.5 nm.
The result is plotted in Fig. 4.24.

For a SP mode at the interface between a metallic medium with &, (&, is
taken from the Palik data) and a dielectric medium with ;4 (g4 = 2.1025), the
theoretical propagation length (Eq. 2.13) is 300 nm. The crossing of the curves
corresponds to the maximum of the propagation length for the SF,;. mode that

occurs for e; = 100 nm, dsp,, = 1036 nm. The table 4.1 includes the propagation

2The uncoupled structure is a metallic layer embedded between a two dielectric media with
the permittivities €4 and ¢, (see Fig. 4.12b)
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uncoupled SP strongly coupled SP
dsp,(theoretical)= 300 nm | dgp, (map of the field)~ 1000 nm
dsp,(tetrachotomy)= 400 nm | dgp, (tetrachotomy)= 1036 nm
dsp, (theoretical)= 94 nm
dsp, (tetrachotomy)= 91 nm

Table 4.1: Propagation lengths obtained in different manners for the uncoupled /strongly cou-
pled SP; and the uncoupled SP,, when \; = 421.5 nm. For the uncoupled case, the match
between the theory and the tetrachotomy method is pretty good. The propagation length of
SP; . in the strong coupling regime is calculated with the tetrachotomy method and verified
with the map of the field.

lengths obtained in different manners for the uncoupled/strongly coupled S P, and
the uncoupled SP,. The propagation length for SP;. increases by more than a
factor of two, as compared to the uncoupled case. This result is encouraging for
enhancing the plasmon emission.

The same study can be carried out at the wavelength A\, = 405 nm. The
crossing of the curves corresponding to the maximum of the propagation length

for the SPy. mode is dsp,, = 1200 nm, and occurs for e = 100 nm.

4.4 Adding gain in the strongly coupled struc-

ture

We consider the complete device of Fig. 4.8 with a distance e; = 100 nm that
allows the strong coupling regime between the guided and surface modes. We look
the two wavelength \; = 421.5 nm and A\, = 405 nm which correspond to the lower
and the higher branches at the anticrossing. They are related to the hybrid SFP;.
and G M, modes, respectively, and that is verified for this part. We also consider a
distance e4 corresponding to the maximum propagation length of the surface mode
for the wavelength: \; = 421.5 nm is associated with e; = 100 nm; A\, = 405 nm is
associated with e; = 110 nm. The gain we are going to apply will always be within
the nanometer range. We check that the break of the PT symmetry (see Section
3.3) for two coupled dielectric waveguides, with ¢, = 4.84 £ ig\/(27), embedded
in media, with e, = 2.1025 takes place for higher values than the ones we used.

The critical value of the gain that corresponds to the break of the PT symmetry
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| e | A \ SPy, \ GM, |
100 nm | 421.5 nm dsp = 16.3 um danm = 202.4 pm
gn = 0.4522 gn = 0.2733
g=06.7%10"3 nm! g=41%10"3 nm!
110 nm | 405 nm dsp =1 pm danm = 7722 pm
no notable variation with the gain g, = 0.1018
g=16%x10"3 nm!

Table 4.2: Maximum of the propagation lengths of SP; . and GM, as a function of the gain,
added in the core of the waveguide, and for the notable wavelengths \; = 421.5 nm (with
eq = 100 nm) and A, = 405 nm (with e¢; = 110 nm). The dielectric permittivity of the core
of the waveguide is changed such as ¢, = 4.84 — i * g,,. There is no notable variation of the
propagation length of the SP; . mode with the added gain.

is g ~ 400 nm.

4.4.1 Adding gain in the core of the waveguide

Gain is added in the core of the dielectric waveguide. Its dielectric permittivity
becomes:

€g =4.84 —i % g,, 4.43
g g

where g, is the normalized gain with g, = (A/27)g, and g the gain in nm™.

Fig. 4.25 illustrates the propagation length § as a function of the normalized
gain g, in the core of the waveguide when the wavelength is \; = 421.5 nm and
eq = 100 nm.

Although the excitation at this wavelength matches the SF; . mode, the prop-
agation length dgy of the GM, mode is higher than the propagation length dgp of
the SP;. mode, since the gain is inserted in the core of the waveguide. We have
0ay = 202.4 pm, whereas dgp = 16.3 pm. The increase of the propagation length
of the surface mode exists but it is not notable. The increase of normalized gain
beyond 1 does not enable to obtain another maximum of the propagation length.
There is a limit to the enhancement of the propagation length in this configuration.

Fig. 4.26 shows 0 as a function of the normalized gain g, when A, = 405
nm and e; = 110 nm. The predominant mode becomes the GM,. mode at this
wavelength. The maximum of its propagation length is dgyy = 7.7 mm, a very

high value as compared to the 1 ym obtained when the strong coupling between
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Figure 4.25: The propagation length § of the modes as a function of the gain in the core of
the waveguide when \; = 421.5 nm and e; = 100 nm. The maximum of the propagation lengths
are dgps = 202.4 pm for g, = 0.2733 and dgp = 16.3 um for g,, = 0.4522.

8000 w

GM
c

60007

3. 4000

2000

A
0 0.2 0.4 0.6 0.8 1
gn

Figure 4.26: The propagation length & of the modes as a function of the gain in the core of
the waveguide when A, = 405 nm and e; = 110 nm. The maximum of the propagation length
for the GM, mode is dgp; = 7722 pm for g, = 0.1018.
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| e | A \ SPy, \ GM, |
100 nm | 421.5 nm d0sp = 6461 pm 0gy = 4149 pym
gn = 0.1031 gn = 0.118
g=15%103nm*' | g=18%10"2 nm™!
110 nm | 405 nm dsp = 1435 pm 0gy = 4400 pm
gn = 0.1578 gn = 0.1386
g=24%103nm ' | g=22%10"2 nm™*

Table 4.3: Maximum of the propagation lengths of SP;. and GM, as a function of the gain
added into the dielectric layer between the two strongly coupled modes, and for the notable
wavelengths \; = 421.5 nm (with e; = 100 nm) and A\, = 405 nm (with e; = 110 nm). The
dielectric permittivity of the dielectric layer is changed such as g4 = 2.1025 — i * g,,.

this mode and the surface plasmon occurs. The propagation length of the surface
mode is not amplified at all, dsp = 1 pm. The results are summarized in table 4.2.

This configuration cancels the losses for the guided mode due to the strong
coupling with the SF; mode. The propagation length dgp of the SP,. can be
enhanced sixteen times as compared to the strong coupling case without gain, but
the introduction of gain in the medium between the two strongly coupled modes

has to improve the SP mode.

4.4.2 Adding gain in the medium between the two strongly

coupled modes

We add gain in the medium of permittivity €4, with the thickness e;, between
the two strongly coupled modes. Fig. 4.27 shows the propagation length ¢ of the
modes as a function of the normalized gain g, in the layer, when \; = 421.5 nm
and e; = 100 nm. At this wavelength, the SFP;. mode is predominant and its
propagation length is dgp = 6461 pum for g, = 0.1031.

The propagation length ¢ of the modes when A\, = 405 nm and e¢; = 110 nm
is plotted in Fig. 4.28. The propagation length corresponding to the guided mode
daar stays almost constant at the two wavelengths when dgp goes down 1435 pm
when A\, = 405 nm. The results are summarized in table 4.3.

The understanding of the improvement of propagation lengths passes by the
study of the evolution of the dispersion and absorption curves (Figs. 4.29 and

4.30), as well as the evolution of the poles in the complex plane (ag, ay), plotted
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Figure 4.27: The propagation length ¢ of the modes as a function of the gain in the layer
between the two strongly coupled modes when \; = 421.5 nm and e; = 100 nm. The maximum of
the propagation lengths are dgps = 4149 pm for g, = 0.118 and dgp = 6461 pm for g, = 0.1031.
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Figure 4.28: The propagation length & of the modes as a function of the gain in the layer
between the two strongly coupled modes when A; = 405 nm and eg = 110 nm. The maximum of
the propagation lengths are dgps = 4400 um for g,, = 0.1386, and dgp = 1435 pm for g, = 0.1578.
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Figure 4.29: Dispersion curves of the complete device as a function of the gain in the dielectric
layer between the two strongly coupled modes. First, the anticrossing increases up to a normalized
gain g, = 0.14. Then, the dispersion curve of the SP, mode moves towards lower values of the
propagation constant.

in Fig. 4.31.

The anticrossing of the dispersion curves (Fig. 4.29) increases with the gain to
attain a Rabi splitting Fr, = 145 meV, when g, = 0.14, when the losses for the
surface mode are the most compensated. The crossing of the absorption curves
(Fig. 4.30) moves to lower losses with the increase of the gain, and reaches almost
zero when g, = 0.14. The conservation of the crossing up to this value of the gain
is a proof of the strong coupling regime between these modes despite the added
gain.

The poles of the S-matrix plotted in the complex plane (ag,a;) move as a
function of the gain. First, the poles corresponding to the hybrid coupled modes
move down until reaching the real axis, when g, = 0.14. Then, these poles do not
evolve anymore, whereas the poles for the SP, mode move towards a minimum
of absorption, before a new increase of the losses with a decreasing propagation

constant (as is confirmed with the dispersion curve).

Fig. 4.32 represents the map of the field obtained with an incident evanescent
beam for observing the spatial oscillations, for a gain g,, = 0.1031 at the wavelength
A = 421.5 nm. The metallic permittivity &, is taken from the Palik data [81].
The energy of the hybrid guided mode is transferred with an amplified dielectric

separating medium to the hybrid plasmon. The period of the oscillations increases
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Figure 4.30: Absorption curves of the complete device as a function of the gain in the dielectric
layer between the two strongly coupled modes. First, the crossing moves towards lower values of
the absorption up to a normalized gain g, = 0.14. Then, the absorption curve of the SP, mode
also moves towards lower values of the absorption.
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Figure 4.31: Poles of the S-matrix of the complete device in the strong coupling, as a function
of the gain in the dielectric layer between the two strongly coupled modes. The hybrid guided
mode GM, and the hybrid surface mode SP;. are noted 1 and 2 without gain, respectively.
The upper surface mode SP, is noted 3. First, the poles corresponding to the hybrid coupled
modes move down until attaining the real axis when g, = 0.14. Then, these poles do not move
anymore, whereas the poles for the SP, mode move towards a minimum of absorption, before a
new increase of the losses, with a decreasing propagation constant.
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Figure 4.32: Map of the field obtained with an incident evanescent beam to observe the spatial
oscillations for a gain g, = 0.1031 at the wavelength A\; = 421.5 nm. The metallic permittivity
€m is taken from the Palik data [81]. The energy of the hybrid guided mode is transferred with
an amplified dielectric separating medium to the hybrid plasmon. The period of the oscillations
is Ty q = 2.6 pm.

to T, , = 2.6 pm, whereas the spatial oscillations with the Palik data for the metal
rapidly vanish without gain (Fig. 4.21). The amplitude of the field corresponding
to the hybrid plasmon becomes greater than the amplitude of the hybrid guided
mode, which is coherent with a greater propagation length in this configuration.

The results obtained in Figs. 4.26, 4.25, 4.28 and 4.27 are with a constant value
of the wavelength (421.5 or 405 nm). If we consider Fig. 4.30, we see that at a
given value of frequency, we do not follow the crossing of the absorption curves.
The two successive peaks in the plot of the propagation length as a function of
the added gain also correspond to both quasi-coupled modes which have different
values of propagation constant.

Fig. 4.33 shows the propagation length § of the hybrid modes as a function of
the gain in the layer between both strongly coupled modes when the wavelength
changes with the crossing of the absorption curves as a function of the added
gain. We find that the propagation length increases until the value we consider
as the limit in the plot of the poles in the complex plane (Fig. 4.31), g, = 0.14.
The propagation length for the hybrid plasmon is dsp,, = 1237 pym. Fig. 4.34
represents the map of the field obtained with an incident evanescent beam for
observing the spatial oscillations, for a gain g, = 0.14 at the wavelength \; = 409

nm, the corresponding value of the wavelength to the crossing of the absorption
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Figure 4.33: The propagation length § of the hybrid modes as a function of the gain in the
layer between both strongly coupled modes when the wavelength corresponds to the crossing of
the absorption curves as a function of the added gain. The maximum of the propagation lengths
are at the same value of the propagation constant, dsp, , = 1237 pym.

curves. After this critical value, the gain starts to enhance the emission of the SP,
mode (Fig. 4.30).

4.4.3 Adding gain without a strong coupling device

The necessity of a device, which allows a strong coupling regime, is demonstrated
with the plot of the propagation length as a function of the gain in two cases:
firstly, an incident medium with a permittivity €; and a layer of thickness e; with
a permittivity € = ¢4 —ix*g, deposited directly against the metallic layer; secondly,
an incident medium directly with the gain, ¢ = ¢4 — i * g, against the metallic
layer. The results are summarized in Table 4.4. In both cases, the increase of
the propagation length for the S P; mode is not comparable to the result obtained
with the complete waveguide in strong coupling regime.

In conclusion, we demonstrate the possibility to enhance the SP emission in
the strong coupling regime with added gain. Next, the necessity of the strong
coupling configuration for obtaining this improvement has also been demonstrated.
It is important to note that the surface plasmon SP; is not the most efficient
type of plasmon we can obtain in the visible range®, because it is taken too high

on the dispersion curve. However, it is easy to observe with these characteristic

3as compared to the SP in the air for a wavelength A = 633 nm)
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Figure 4.34: Map of the field obtained with an incident evanescent beam to observe the spatial
oscillations for a gain g, = 0.14 at the wavelength A\; = 409 nm, the corresponding value of the
wavelength to the crossing of the absorption curves.

ea | X | bsp | m
100 nm | 421.5 nm | 3.38 ym | g, = 0.15
110 nm | 405 nm | 36.1 ym | g, = 0.12
no eq |421.5nm | 3.9 ym | g, =0.15
no ey 405 nm | 12.9 ym | g, =0.11

Table 4.4: Maximum of the propagation lengths of SP, . as a function of the gain without the
dielectric waveguide (no layer with ¢, = 4.84) and for the notable wavelengths \; = 421.5 nm
(with e = 100 nm) and A, = 405 nm (with e = 110 nm). The dielectric permittivity of the
dielectric layer is changed as ¢4 = 2.1025—i* g,,. Then, the dielectric permittivity of the incident
medium is changed in the same way without a layer before the metal.

distances. The result is still instructive for imagining device for enhancing the

S P emission such as the surface plasmon amplification by stimulated emission of

radiation (SPASER) [43, 44).



Conclusion

This work dealt with the theoretical and numerical study of the strong coupling
between surface plasmons and guided modes with added gain in different layers of
the complete stratified structure. We have focused on the phenomenon of coupling
in different cases and, in the last chapter, specifically on the strong coupling regime.

More precisely, the coupling between two surface plasmons has been recalled in
order to present a new device that allows the excitation of a long range surface plas-
mon without a symmetric medium. Currently, this structure can be experimentally
achieved in the terahertz range of frequencies where metal has the behavior of a
perfect electric conductor, and a doped semiconductor can take on the character-
istic of metal. The surface mode which lives at the interface between the doped
semiconductor and the vacuum is a classical long range surface plasmon.

Better understanding of the coupling was made possible with the presenta-
tion of the case of two coupled dielectric waveguides, with the application of the
coupled-mode theory in the transverse electric and transverse magnetic polariza-
tions. The special case of the PT symmetry was also presented.

The strong coupling regime is defined in the simple case of two coupled oscil-
lators with the characteristic anticrossing of the dispersion curves, as compared to
the weak regime. The strong coupling regime between a plasmon and a guided
mode has been demonstrated. This regime is highlighted by both the dispersion
and absorption curves that were numerically obtained. Special care was given to
determinating the absorption curves. The usual approaches (Newton-like meth-
ods) being inefficient, we developed - after [48] - a version of the tetrachotomy
algorithm which is derived from Cauchy’s integral theorem.

We also demonstrated that the strong coupling regime enables to increase the
propagation length of the created hybrid surface plasmon mode, which is still a

very confined mode on the metallic surface. The last step involved putting gain
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into different layers of the structure. We demonstrated that gain directly added
into the core of the waveguide does not really enhance the plasmon emission in
comparison to the guided mode. However, gain in the layer that separates the two
strongly coupled modes greatly improves the propagation length of the two hybrid
modes. We finally obtained a hybrid surface plasmon with a propagation length
superior to 6 mm and a very satisfactory confinement of 50 nm on the metallic
surface.

These results were obtained in the visible range of frequencies and can be easily
reproduced in other frequency ranges with other materials. For a given structure,
those are the properties, and more precisely the dispersion relation of the surface
plasmon, which impose the other parameters such as the distance of the SP mode
from the core of the dielectric waveguide or the thickness of this core, in order to
obtain the coupling.

This work can be extended to the numerical and experimental observations of
an excited long range surface plasmon on a doped semiconductor layer, deposited
on a metal in the terahertz range of frequencies. But the most important goal is
the continuation of the work concerning the enhancement of the SP emission. An
interesting approach would be to use the Maxwell-Bloch equations so as to take into
account the gain medium [197, 198, 199, 200] and allow a more physical result. This
system of equations is often used in the computation of lasing phenomena. When
an experimental realization of a SPASER is made with spherical nanoparticles
[44], the present approach gives new possibilities for the creation of a SPASER
in stratified media that could have more practical use. Finally, we carried out
the study of Maxwell-Bloch equations in one dimension with a Crank-Nicolson
algorithm [201]. However, the study has to be extended to two dimensions [202]

for it to be applicable in the strongly coupled structure.



Appendix A

2D dispersive FDTD

Classical studies concerning the Finite-Difference Time-Domain (FDTD) method
are also published by A. Taflove [203] or D. M. Sullivan [204]. Sullivan’s book gives
an excellent starting reference to learn this method.

We begin by recalling Maxwell’s equations with the flux density D in the fre-
quency domain. The equations for the fields E and B are very similar but the
presence of the coefficients ¢y and py implies a difference of several orders of mag-

nitude. We also consider the following change of variables:

E=,/2.E (A1)
Ho
~ [ 1
D=,/— " D. (A.2)
Eofo

And Maxwell’s equations can be written as:

D__1 gum (A.3)

ot \/eolo

D(w) = ¢}(w) - E(w), (A.4)

oH 1

W B v Eolto

For two-dimensional simulation, we have to choose between the transverse mag-

V x E. (A.5)
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netic (T'M) modes and the transverse electric (T'F) modes. We will work only in
T M polarization, which is composed of EI, Ey and ICIZ, in order to always allow
the excitation of the surface plasmon mode. Maxwell’s equations are rewritten
with the fields noted as F,, £, and H, :

Dz =~ I, (A.6)
oD, = ——9 (A7)
tly — \/m xtlzy
Dy(w) = &7 (w) - Ex(w), (A.8)
Dy(w) = e7(w) - By(w), (A.9)
1
OH. = —=—(0,E, ~ 0, (A.10)

The finite differencing method gives the following differential equations (Fig.
A1)

Dyl j+1/2) = DR j+1/2) 1 [HUPG 4 1) — HEYPGL )
At Vol Ay ’
(A.11)
Dyt (i+1/2,5) = Dpi+1/2,5) 1 [HYPG41,5) - HEPYRG )
At v Eolo Ax ’
(A12)
HA2 05— H P G,g) [Eﬁ(i +1/2,5) — Ey(i — 1/271')]
At v Eolo Ax (A13)

L {Eg(z',j+1/2)—Eﬁ(i,j—l/m]_

VEolo Ay
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Figure A.1: Yee’s scheme: Interleaving of the £ and H fields for the two-dimensional 7'M
formulation.

The time step

We consider that the cell size is the same in the two directions Ax = Ay = Al,
and the time step is noted At. An electromagnetic wave propagating in vacuum
cannot go faster than the speed of light ¢. To propagate to a distance of one
cell requires a minimum time At = Al/c. Obviously, two-dimensional simulation
requires At = Al/ V2 and three-dimensional simulation requires At = Al / V3.

These conditions are summarized as the "Courant condition”:

ar< 2L (A.14)

Vne’

with n the dimension of the simulation. To simplify our computations, we deter-

mine At by:
Al

At = —.
2c

(A.15)

Therefore: Y N .
At _ (Alf2)e 1 (A.16)
v/ EoMo Al Al 2
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We also replace the coefficient 1/,/2og by 1/2 in our computations.

Reformulation in the time domain

We rewrite these equations in the time domain. We also assume that we are dealing

with a lossy dielectric medium of the form:

and substitute Eq. A.17 into Eq. A.4:

D(w) =¢, E(w) +

iwéo

In the time domain:

D(t) =¢, - E(t) + 63 /t E(t) - dt.

The integral can be approximated as a summation over the time step At:

At At 2
Dn:{-:r-En—}—O- En+a ZEZ
co R

Then: N .
D" — 05_0 Zi:(] E;

E" =
oAt
er + -

We denote a new parameter for the summation:

n—1
oAt
I"=— Ezu
and Eq. A.21 can be reformulated as:
oAt
D"— Sy E;
n __ £0
E* = oAt ’
Ert+——
€0

m=mty _—pn
€0

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)
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The absorbing boundary condition

The FDTD computation is always in a “close window”. Absorbing boundary con-
ditions are necessary to keep outgoing fields from being reflected back into the
problem space. To avoid this reflection, we have to add a layer known as a per-
fectly matched layer (PML).

To calculate the E field, we need to know the surrounding H values. At the
edge of the problem space, we do not have the value for one side but we also know
that there are no sources outside the problem space. Therefore, the fields at the
edge must be propagating outward.

We look for a boundary condition at the end where 5 = 0. The speed of a wave
which is propagating toward a boundary in free space, noted c, is the speed of light

in vacuum. Then, for one time step, the wave travels the following distance:

Al Al
—c- At =c— = —. A.24
d=c-At o 5 ( )

In this case, the wave takes two time steps to cross one cell. An acceptable bound-
ary condition might be:
n _ n—2
E;(0) = E,;77(1). (A.25)

This kind of PML is enough for us if the metallic film does not touch the
absorbing layer. The implementation of this PML in two dimensions is presented
in [204].

Dispersive media

The dielectric permittivity and the conductivity of most media vary at different
frequencies, as in the case of a metallic medium for which a Drude model has to
be implemented in the FDTD.

A very simple point of view is the following. Let us consider a medium in one
dimension for which the dielectric permittivity and the conductivity vary over a
given frequency range. The electric field is also noted E and the flux density D.

A classical formulation of its permittivity is the Debye formulation:

Y X
(w) =&, ) A.26
erw) =er weg * 1+ iwty ( )
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In order to stimulate this medium, Eq. A.26 must be put into the time domain.

We also defined:

s&ozlgi%E@y (A.27)

In the time domain, Eq. A.27 in the frequency domain becomes the convolution:

t
s = * [ B ar. (A.28)
0Jo

The integral can be approximated as a summation over the time step At:

n

S — X - g Z e—At(n—i)/to . Ez

to “=
= X (A.29)
At At .
=X (E” +) emdtnmiio. E) ,
0 i=0
and:
At n—1
gn—1 — Y- t_ ZefAt(nflfi)/to B
0 =
=0 (A.30)
AN nzl ~Atn-i/to | i
=x-—e e - E".
to i=0
Substituting this value into Eq. A.29 gives:
At
S"=x- T E" 4 e At/togn=1, (A.31)
0
The flux density becomes:
D'"=¢.-E"+ 1"+ 5"
- At At (A.32)
=¢c - E"+ 06 -E”+I”1} + [X-t—-E”+et/t°~S”1 :
0 0

and the electric field can be written as:

pDn — Jn—1 fAt/tosnfl
E" = oAt - At ’ (A.33)
e+ e +x- o
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with: At
" = Infl + o - . En’ <A34)
€0
At
qn — e*At/tOS"*1 +x- t_ . BT <A35)
0

However, another possibility, more powerful, is the use of the Z transforms
for the FDTD formulation of dispersive media [204]. We start again with the
calculation of E in a Debye media, in one dimension. We begin in the frequency

domain:

D(w)—<€T+ 7 X )-E(w). (A.36)

weg 1+ wty

In the Z domain, the flux density becomes directly:

. O"At/éfo XAt/tO
D(z) =¢,-E(z) + o E(z)+ = E(z). (A.37)
This equation can be rewritten as:
At - At
D(z)=¢,-E(2)+ 2z '1(2) + 7 . E(z) +e 8y 18(2) + Xt E(z), (A.38)
0 0
with: At At
I(z) = ZAUE gy )+ T A B, (A.30)
1— 271 €0
X - At/t At/ty — YAt
S(2) = 7= i B2) = e /028 (2) + B, (A.40)
The electric field is also:
_ -1 _ —At/to,—1
B(z) = D(z)—z7'1(z) —e 2 S(z) (A.41)

oAt At
ET—F?—FX'E

The advantage of the Z transforms is that the summation in the time domain
only consists in replacing, for example, F(z) by E" or z~'E(z) by E"~!. Moreover,
we get exactly the same expressions for £, I"™ and S™ without doing anything to

the integrals and their approximations.
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Metallic media

A metallic media can be implemented by starting with the Drude model for the

dielectric permittivity:
2

* =1-—2 _ A.42
) =1 ot (4.42)
where I' is the damping factor and cug the plasma frequency. The expression of the

permittivity can also be written as:

B w2 /T B w2 /T

* =1 ) A 43
&) w I' +iw ( )
With the Z transforms, it becomes:
1 w?/T w?/T
e'(2) = —+ v/ - o/ (A.44)

At 1 —z71 1 —eTAty-1"

wf)At (1— e TAH) 1 ) (A.45)
r 1—(1—eAt) -1 4 g T"ALy=2 '

And the electric field is:

E(z) = D(z) — 2715(2), (A.46)
WA
S(z) = (1 —e2N2718(2) —e 272 4 th(l — e_F'At)E(z), (A.47)
with: 204 . A
=S8 — e(—r‘;t(;z_l +) el (A.48)

The differential equations are written similarly to Eqs. A.11, A.12 and A.13.

Properties of the source wave

Next, we present the properties of the source wave we used. First, the temporal

confinement of the source wave can be obtained with a gaussian beam of the form:
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— Yof---- x £ —)

Figure A.2: Diagram of the shape of the source wave depending on parameters 7 (for the
temporal confinement), yo and £ (for the spatial confinement).

) (ndt - t0)2
e\ T (A.49)

Y

where n is the step in our algorithm, dt is the time step and ndt gives the com-
putation time in seconds. The parameters t, and 7 must be of the same order of
size as the time step: ty represents the delay in time as compared to the starting
time; 7 characterizes the "thickness” of the source wave (Fig. A.2).

In addition, to obtain a quasi-monochromatic beam, we use a sinus of the form:

sin(k,x + kyy — wt), (A.50)

where k, = kyAlcost, k, = kgAlsinf and w is the frequency of the source wave.
We always consider that Az = Ay = Al = 5 nm and dt = Al/(2¢). To
compute the strong coupling regime, we take w corresponding to the anticrossing
of the dispersion curves and the angle 6 corresponding to the excitation of the SP
mode, as a function of the dielectric permittivities of the structure.
For the spatial confinement of the source wave, we add the following exponen-
tial:
67(1/54)[y7yo]47 (A51)

where the parameter £ allows to control the spatial spread of the wave (Fig. A.2).

Then, it is possible to demonstrate that we always have the following condition
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to compute a source wave:

A > 10AL. (A.52)

Thus, the maximal frequency is fiae = ¢/(10Al). This frequency gives the maxi-
mal value for which the fourier transformation of the incident field has to be equal
to zero. It is equivalent to say that we need "enough sinus” in the envelope con-
taining the incident field to have a quasi-monochromatic incident beam (around

the frequency w).
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