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Extended abstract in French

L’hypothèse de la polarisation

L
Ĺ λ-ķaŀķŊŀ est à ln onse d’une porrespondnnpe p2l5ore entre une
pnrtue de ln tt2orue des pnt2sorues, ln prosrnmmntuon ronptuon-

nelle et ln tt2orue de ln d2monstrntuon untuutuonnuste. Au d2out des
nnn2es ƭƤ, des luens suppl2mentnures sont nppnrus entre:

• ln mod2lusntuon pnt2soruelle des effets;

• ln mod2lusntuon de l’ordre d’2vnluntuon et du pontrôle nu seun des
lnnsnses de prosrnmmntuon;

• ln tt2orue de ln d2monstrntuon plnssuque.

Depuus, pes trous domnunes rournussent une vusuon unternptuve du
pnlpul. Mnus ul reste à 2tnolur les prunpupes quu r2sussent l’extensuon de
ln porrespondnnpe à pe pount de vue unternptur.

Les polnrut2s, quu dustunsuent les ponnepteurs n2snturs (∀, →…)
des ponnepteurs posuturs (∃, Һ…), sont t2rut2es de l’untuutuonnusme.
Ln reponnnussnnpe de leur umportnnpe tt2oruque est l’un des rruuts
du tournnnt unternptur, à ln rous pour ln tt2orue des lnnsnses de pro-
srnmmntuon et pour ln tt2orue de ln d2monstrntuon.

La ńŃŀaŇĽňaŉĽŃł porrespond à l’typott5se que les polnrut2s dou-
vent 3tre pruses en pompte de mnnu5re rormelle:

• pour les mod5les pnt2soruels, ln polnrusntuon porrespond à relâ-
pter l’typott5se que ln pomposutuon est nssopuntuve a priori, sur
pertnunes polnrut2s;
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• dnns les mod5les des lnnsnses de prosrnmmntuon à onse de pontu-
nuntuons, les polnrut2s d2termunent su une pontununtuon est destu-
n2e à 3tre nppluqu2e ou à 3tre pnss2e;

• dnns ln tt2orue de ln d2monstrntuon plnssuque, les polnrut2s d2ter-
munent l’2lumunntuon des poupures.

Aunsu, ln polnrusntuon est responsnole de l’ordre d’2vnluntuon des pro-
srnmmes, et de ln ponstruptuvut2 des d2monstrntuons. Les polnrut2s
nppnrnussent derru5re de nomoreux pt2nom5nes:

• le prool5me de Blnss dnns les s2mnntuques de veux d2prut pnr
Aornmsky [AbrǓǖ] et pnr Mellu5s [MelǓǘ];

• ln pr2senpe de pnresse en nppel pnr vnleur d2prute pnr Hntpluff et
Dnnvy [”éǜǚ] et pnr Fütrmnnn [Fühǜǜ];

• l’unporreptuon du polymorptusme luore en nppel pnr vnleur en
pr2senpe d’effets de oord (Hnrper et Lulluorudse [”Lǜǔ]);

• ln tu2rnrptue nruttm2tuque dnns l’2tude de l’nruttm2tuque de
Penno;

• ln ropnlusntuon dnns ln repterpte de d2monstrntuons (Andreo-
lu [AndǜǕ]);

• les relntuons losuques à onse d’orttosonnlut2 (vour Gurnrd [“irǛǚ],
Kruvune [KriǓǜ], Puts [PitǓǘ], et, en pe quu ponperne ln polnrusntuon,
M.-M. [MunǓǜ]);

et pertnunement dnvnntnse.
Ln tt5se pontruoue à ln pompr2tensuon de ln nnture, du rôle et

des m2pnnusmes de ln polnrusntuon dnns les trous domnunes. Notre
nppropte est ons2e sur une repr2sentntuon unternptuve des d2mons-
trntuons et des prosrnmmes à onse de termes, quu met en 2vudenpe ln
strupture des polnrut2s. Pnr interactif on entend que ln nouvenut2
pnr rnpport nu λ-pnlpul est le rôle explupute nppord2 nu pontexte
d’2vnluntuon (pour les prosrnmmes) ou à l’opposnnt (pour les d2-
monstrntuons). Elle est ons2e sur les lueurs � et ̃� et sur ln relntuon
entre les mnptunes nostrnutes et les pnlpuls de s2quents, untroduuts
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pnr Curuen et Heroelun nvep le pnlpul �̄� ̃� [è”ǓǓ]. En l’tonneur de
Gentzen [“enǖǘ] quu n untroduut les pnlpuls de s2quents LJ et LK,
et suuvnnt une sussestuon d’Heroelun, on utuluse ln letre “L” pour
nommer les pnlpuls ons2s sur les lueurs � et ̃�.

Ln syntnxe L n pour ptnmp l’2tude de ln strupture des d2mons-
trntuons selon Gentzen et ln mod2lusntuon des lnnsnses de prosrnm-
mntuon d’ordre sup2rueur selon Lnndun [LanǙǗ, LanǙǘ]. Le out est
de rournur les moyens d’une unuipntuon de dureptuons de repterpte
r2pentes: ln mod2lusntuon des effets à ln suute de Mossu [MogǛǜ], ln
qu3te d’un luen entre ln dunlut2 pnt2soruelle et les pontununtuons à ln
suute de Fulunsku [FilǛǜ], et ln notuon unternptuve de ponstruptuon selon
Gurnrd [“irǛǚ, “irǜǔ, “irǓǔ] et Kruvune [KriǓǜ].

Dnns ptnpune des trous pontruoutuons quu suuvent, porrespondnnt
ptnpune à un ptnputre, nous nvons trouv2 que les pnlpuls L rour-
nussent ln repr2sentntuon pnnonuque d’une strupture unt2ressnnte:

• Dnns le Ctnputre II, on pnrnpt2ruse ln polnrusntuon à trnvers une
strupture pnt2soruelle où ln pondutuon d’nssopuntuvut2 de ln pom-
posutuon est relâpt2e. Ln pnrnpt2rusntuon d2tnulle pomment ln
polnrusntuon est nux ndvonptuons pe que l’nppel pnr vnleur en pro-
srnmmntuon est nux monndes. Un lnnsnse unterne est rournu pnr
le pnlpul Ldup.

• Dnns le Ctnputre III, on d2pompose les trnduptuons pnr pnssnse
de pontununtuon pour le pontrôle d2lumut2 en trous 2tnpes: ƥ)
l’umpl2mentntuon des op2rntuons du lnnsnse pomme solutuons
d’2quntuons dnns un pnlpul nostrnut en style durept; Ʀ) ln trndup-
tuon du style durept nu style undurept; Ƨ) le retour nu λ-pnlpul, oos-
purpussnnt ln trnduptuon. Les pnlpuls Lpol,t̂p+ et Lexp sont utulus2s
pomme 2tnpes unterm2dunures dnns ln trnduptuon.

• Dnns le Ctnputre IV, on d2prut une porrespondnnpe “rormule
pomme type” pour une n2sntuon unvolutuve en d2duptuon nntu-
relle. Pour peln on untroduut le pnlpul λℓ, quu umpl2mente l’ud2e
que les pontextes pnptur2s, pontrnurement nux pontununtuons, per-
metent l’npp5s à leurs ponstutunnts. Le rnusonnement extensuon-
nel est permus à trnvers le pnlpul Lpol,t̂p⊝ .
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Ces ptnputres sont pr2p2d2s d’une untroduptuon nux pnlpuls L, quu
suppose du lepteur unuquement une ponnnussnnpe 2l2mentnure du
λ-pnlpul sumplement typ2 et de ln r22pruture.

CĹŇŉaĽłĹň ļyńŃŉļèňĹň sumpluipntrupes rendrnuent les polnrut2s
mouns snullnntes. Notre 2tude n lnuss2 les pt2nom5nes unt2ressnnts
nppnrn7tre pnrpe qu’on n pterpt2 une despruptuon du pnlpul quu sout
non-typ2e (à ln Curry), extensuonnelle et durepte. L’nppropte du-
repte des prosrnmmes et des d2monstrntuons soulusne que lorsqu’un
syst5me est 2tudu2 nu moyen d’une trnduptuon dnns un syst5me
plus sumple, pomprendre ln trnduptuon est nussu umportnnt que pom-
prendre sn puole. Ces trous pontrnuntes nous permetent d’2ptnpper
nux pu5ses des typott5ses suuvnntes:

• Repterpter un mod5le pnt2soruel quu met en veu une pnt2so-
rue unuque — pnr exemple, su le out est d’ootenur une s2n2rn-
lusntuon pnt2soruelle des nls5ores de Boole, pourquou ponserver
l’nssopuntuvut2 de ln pomposutuon?

• Repterpter un pndre rortement normnlusnnt a priori— pnr exem-
ple, oenupoup de propru2t2s remnrqunoles du Syst5me F [“irǚǕ],
notnmment d’extensuonnnlut2 et donp d’usomorptusmes, sont une
pons2quenpe de ln normnlusntuon rorte [“SSǜǕ]. Mnus, outre
qu’elle nous lue à une losuque pnrtupulu5re, ln normnlusntuon dé-
polarise le syst5me, p’est-à-dure que l’ordre d’2vnluntuon n’n plus
d’umportnnpe.

• Supposer que ln trnnspnrenpe r2r2rentuelle est essentuelle pour ln
ponstruptuvut2 — pnr exemple, pete typott5se n’est pns vnlude
dnns les unterpr2tntuons dureptes de ln losuque plnssuque à onse
d’op2rnteurs de pontrôle. En pr2senpe de tels op2rnteurs, l’ordre
d’2vnluntuon est umportnnt pour ln ponstruptuvut2, m3me lorsque
le pndre est rortement normnlusnnt.

• Supposer que l’on peut se restreundre a priori à des d2monstrn-
tuons de pertnunes rormes — pnr exemple, l’2tude du pnlpul des
pr2dupnts plnssuque est sumplui2e su on se restreunt nux d2mons-
trntuons η-lonsues. Mnus ul est ponnu que l’nstupe se lumute nu
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premuer ordre et porrespond en outre à une trnduptuon de Gödel-
Gentzen (Lnurent [LauǓǕ]).

Nous nous sommes rendu pompte que de telles typott5ses ne sont
pns unoffensuves.

On r2sume mnuntennnt les pontruoutuons de ptnque ptnputre.

L’approche « L » des programmes et des

dąmonstrations

Le Ctnputre I untroduut l’nppropte L et en pnrtupuluer ln polnrusntuon.
Cete untroduptuon s’unspure des nrtuples puolu2s: M.-M. [MunǓǜ] et
Curuen et M.-M. [èMǔǓ]. Ln in du ptnputre pr2sente pnr nulleurs en
d2tnul les pontruoutuons des trous ptnputres quu suuvent, dnns leurs
pontextes respepturs.

On r2sume upu les nrsuments prunpupnux du ptnputre en prennnt
pour exemple le λC-pnlpul de Lnront, Reus et Streupter [LRSǜǖ].
Ln Fusure ƥ pr2sente le λC-pnlpul nunsu que son 2vnluntuon dnns
une mnptune de Kruvune d2prute pnr Streupter et Reus [SRǜǛ]. Il
s’nsut d’un pnlpul pour ln d2duptuon nnturelle plnssuque unspur2 de
l’unterpr2tntuon de Gruffin [“riǜǓ] quu type l’op2rnteur � de Felleusen
pnr l’2lumunntuon de ln douole n2sntuon:

� ∶ ¬¬ƻ → ƻ .

Ln Fusure Ʀ pr2sente le pnlpul Ln (orusunellement �̄� ̃�ǎ) quu est
une syntnxe en nppel pnr nom pour le pnlpul des s2quents plnssuque
untroduute pnr Curuen et Heroelun [è”ǓǓ]. Les r5sles de typnse dnns
le pnlpul des s2quents sont pr2sent2s dnns ln Fusure Ƨ.

L’ud2e quu relue les deux pnlpuls est que les r5sles de trnnsutuon des
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Ǧ, ǧ ⩴ Ǫ ∣ �Ǫ Ǧ ∣ Ǧ ǧ ∣ �
șaȚ Termes quasi-preuves

ǈ, Ǉ ⩴ ǒ(t1,… , tǠ⟨ ∣ ǈ → Ǉ ∣ ∀xǈ ∣ ⊥

șbȚ Formules

—
Γ, Ǫ ∶ ǈ Դ Ǫ ∶ ǈ —

Γ Դ � ∶ ¬¬ǈ → ǈ
Γ, Ǫ ∶ ǈ Դ Ǧ ∶ Ǉ
—

Γ Դ �Ǫ Ǧ ∶ ǈ → Ǉ Γ Դ Ǧ ∶ ǈ → Ǉ Γ Դ ǧ ∶ ǈ
—

Γ Դ Ǧ ǧ ∶ Ǉ
Γ Դ Ǧ ∶ ǈ
—(x ∉ fv⟩Γ))

Γ Դ Ǧ ∶ ∀x ǈ Γ Դ Ǧ ∶ ∀x ǈ
—

Γ Դ Ǧ ∶ ǈ[u/x]
șcȚ éąduction naturelle classique

Ǘ ⩴ ऊǦ ‖�ऋ
Ǧ, ǧ ⩴ … ∣ k�� ⩴ stop ∣ Ǧ՗�
șdȚMachines,

termes et
piles

ऊǦ ǧ‖�ऋ ≻Ǡ ऊǦ ‖ǧ՗�ऋ
ऊ�Ǫ Ǧ ‖ǧ՗�ऋ ≻Ǡ ऊǦ[ǧ/Ǫ]‖�ऋ
ऊ� ‖Ǧ՗�ऋ ≻Ǡ ऊǦ ‖k�՗stopऋ
ऊk� ‖Ǧ՗� ′ऋ ≻Ǡ ऊǦ ‖�ऋ
șeȚ RĄgles de rąduction

Figure ǔ: Le λC-calcul en appel par nom

op2rntuons du λC-pnlpul dnns ln mnptune nostrnute:

ऊǦ ǧ‖�ऋ ≻Ǡ ऊǦ ‖ǧ՗�ऋ
ऊ�Ǫ Ǧ ‖ǧ՗�ऋ ≻Ǡ ऊǦ[ǧ/Ǫ]‖�ऋ
ऊ� ‖Ǧ՗�ऋ ≻Ǡ ऊǦ ‖k�՗stopऋ
ऊk� ‖Ǧ՗� ′ऋ ≻Ǡ ऊǦ ‖�ऋ

ponstutuent des 2quntuons que l’on peut r2soudre dnns Ln. Les op2-
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Ǧ = Ǧ⊝ ⩴ Ǫ ∣ ��.Ǘ ∣ �Ǫ.Ǧ
Ǚ = Ǚ⊝ ⩴ � ∣ ̃�Ǫ.Ǘ

Ǚ⊝ ԙ � ⩴ � ∣ stop ∣ Ǧ ՗ �
Ǘ ⩴ ऊǦ ‖Ǚऋ

șaȚ Termes, contextes et commandes

Ǧ ǧ ≝ ��.ऊǦ ‖ǧ ՗ �ऋ
kǙ ≝ �Ǫ.��.ऊǪ ‖Ǚऋ
� ≝ �Ǫ.��.ऊǪ ‖k� ՗ stopऋ

șbȚ Plongement du λC-calcul

ऊǦ ‖ ̃�Ǫ.Ǘऋ ੃RǠ
Ǘ[Ǧ/Ǫ]

ऊ��.Ǘ ‖�ऋ ੃RǠ
Ǘ[�/�]

ऊ�Ǫ.Ǧ ‖ǧ ՗ �ऋ ੃RǠ
ऊǦ[ǧ/Ǫ]‖�ऋ

șcȚ RĄgles de rąduction

Ǚ ੃EǠ
̃�Ǫ.ऊǪ ‖Ǚऋ

Ǧ ੃EǠ
��.ऊǦ ‖�ऋ

Ǧ ੃EǠ
�Ǫ.��.ऊǦ ‖Ǫ ՗ �ऋ

șdȚ RĄgles d’expansion

Figure Ǖ: Le calcul Ln

rntuons du λC-pnlpul sont en effet pnrnpt2rus2es pnr leur nptuon sur les
pules: �Ǫ Ǧ ∶ ǧ ՗ � ↦ ऊǦ[ǧ/Ǫ] ‖�ऋ

Ǧ ǧ ∶ � ↦ ऊǦ ‖ǧ ՗ �ऋ
k� ∶ Ǧ ՗ � ′ ↦ ऊǦ ‖�ऋ
� ∶ ǧ ՗ � ↦ ऊǧ ‖k� ՗ stopऋ

Le lueur � rend pete nptuon unterne nu lnnsnse des termes, en lunnt
des co-vnrunoles (�, �…) d2notnnt des pules:

��.Ǘ ∶ � ↦ Ǘ[�/�]
On en d2duut des solutuons à pes 2quntuons, p’est-à-dure une d2inu-
tuon des ponstrupteurs du λC-pnlpul:

Ǧ ǧ = ��.ऊǦ ‖ǧ ՗ �ऋ
k� = �Ǫ.��.ऊǪ ‖�ऋ
� = �Ǫ.��.ऊǪ ‖k� ՗ stopऋ
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Γ = ⃗Ǫǭ ∶ ǈ⃗ǭ Δ = ⃗�Ǯ ∶ Ǉ⃗Ǯ

Γ Դ Ǧ ∶ ǈ ∣ Δ Γ ∣ Ǚ ∶ ǈ Դ Δ

Ǘ ∶ (Γ Դ Δ⟨
șaȚ Jugements

—(Դ ax)
Γ, Ǫ ∶ ǈ Դ Ǫ ∶ ǈ ∣ Δ

—(ax Դ)
Γ ∣ � ∶ ǈ Դ � ∶ ǈ,Δ

Ǘ ∶ (Γ, Ǫ ∶ ǈ Դ Δ⟨
—( ̃� Դ)

Γ ∣ ̃�Ǫ.Ǘ ∶ ǈ Դ Δ

Ǘ ∶ (Γ Դ � ∶ ǈ, Δ⟨
—(Դ �)

Γ Դ ��.Ǘ ∶ ǈ ∣ Δ

Γ Դ Ǧ ∶ ǈ ∣ Δ Γ ∣ Ǚ ∶ ǈ Դ Δ
—(cut)ऊǦ ‖Ǚऋ ∶ (Γ Դ Δ⟨

șbȚ “roupe identitą et structure

Γ, Ǫ ∶ ǈ Դ Ǧ ∶ Ǉ ∣ Δ
—(Դ→)

Γ Դ �Ǫ.Ǧ ∶ ǈ → Ǉ ∣ Δ

Γ Դ Ǧ ∶ ǈ ∣ Δ Γ ∣ � ∶ Ǉ Դ Δ
—(→ Դǚ )

Γ ∣ Ǧ ՗ � ∶ ǈ → Ǉ Դ Δ

Γ Դ Ǧ ∶ ǈ ∣ Δ
—(Դ ∀)∗

Γ Դ Ǧ ∶ ∀x ǈ ∣ Δ

Γ ∣ Ǚ ∶ ǈ[t/x] Դ Δ
—(∀ Դ)

Γ ∣ Ǚ ∶ ∀x ǈ Դ Δ

(∗ ∶ Ǫ ∉ fv(Γ,Δ⟨⟨ —(⊥ Դ)
Γ ∣ stop ∶ ⊥ Դ Δ

șcȚ “roupe logique

Figure ǖ: Typage dans le calcul des sąquents en appel par nom

Le λC-pnlpul se plonse nunsu dnns le pnlpul Ln et t2rute d’une relntuon
d’2quuvnlenpe pontextuelle quu est extensuonnelle.

De rn1on remnrqunole, ponsud2rer le λC-pnlpul à trnvers son um-
pl2mentntuon dnns le pnlpul Ln entrn7ne trous sumpluipntuons umpor-
tnntes:

ǉ. Les r5sles de typnse sont en porrespondnnpe nvep pelles du pnlpul
des s2quents.

Ǌ. Grâpe à l’nvout de pontextes expluputes, ln tt2orue 2quntuonnelle
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est plus sumple que sn despruptuon durepte dnns le λC-pnlpul.

ǋ. Les ptoux quu ont 2t2 rnuts ponpernnnt ln strnt2sue d’2vnluntuon np-
pnrnussent plus plnurement, en pnrtupuluer nvep une sym2true entre
l’nppel pnr vnleur et l’nppel pnr nom, pnrnpt2rus2s pnr des r5sles de
r2duptuon quu donnent ln pruorut2 nu terme ou nu pontexte.

On ullustre peln dnns pe quu suut.

Une correspondance avec le calcul des sąquents

L’ud2e est d’nssopuer à ln poupure du pnlpul des s2quents plnssuque de
Gentzen [“enǖǘ]:

Γ Դ ƻ,Δ Γ, ƻ Դ Δ
—

Γ Դ Δ

ln r5sle de typnse suuvnnte:

Γ Դ Ǧ ∶ ƻ ∣ Δ Γ ∣ � ∶ ƻ Դ Δ
—ऊǦ ‖�ऋ ∶ (Γ Դ Δ⟨ .

Γ devuent un envuronnement de vnrunoles de termes (Ǫ1 ∶ ƻ1,… , ǪǠ ∶ƻǠ) et Δ devuent un envuronnement de vnrunoles de pules (�1 ∶Ƽ1,… , �ǟ ∶ Ƽǟ).
✄

✂

�

✁

Γ Դ Ǧ ∶ ƻ ∣ Δ
Γ ∣ � ∶ ƻ Դ ΔऊǦ ‖�ऋ ∶ (Γ Դ Δ⟨

Dnns l’enpndr2 pu-dessus, le premuer des trous vusements est rnmuluer:
le type d’un terme est donn2 pnr une ponplusuon du s2quent. Le
sepond vusement d2prut le type d’une pule pnr une typott5se du
s2quent, et peut se lure « � est une réfutation de ƻ dans le contexte
Γ,Δ ». Le trousu5me vusement ntruoue des types nux vnrunoles de ln
mnptune ऊǦ ‖ �ऋ, lnquelle n’n pns de type propre. Le slosnn est que ln
r2duptuon des pommnndes porrespond à l’2lumunntuon des poupures.
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Adjoints

Ln notntuon nostrnute �/ ̃� r2sout le prool5me des poupures pommutn-
tuves de ln d2duptuon nnturelle. C’est expluqu2 en srnnde pnrtue pnr le
rnut que les r5sles d’2lumunntuon sont retrouv2es pomme les ndvountes
des r5sles d’untroduptuon à snupte, à trnvers ln d2inutuon:

✄

✂

�

✁
�∗(Ǧ⟨ ≝ ��.ऊǦ ‖�(�⟨ऋ .

Aunsu, ln d2ruvntuon de ln r5sle d’2lumunntuon de → dnns LK:

Γ Դ ƻ → Ƽ,Δ
Γ Դ ƻ,Δ

—
Γ,Ƽ Դ Ƽ,Δ

—
Γ, ƻ → Ƽ Դ Ƽ,Δ

—
Γ Դ Ƽ,Δ

donne ouen Ǧ ǧ = (ǧ ՗ −⟨∗(Ǧ⟨, puusqu’elle est en porrespondnnpe nvep
ln d2ruvntuon suuvnnte:

Γ Դ Ǧ ∶ ƻ → Ƽ ∣ Δ

Γ Դ ǧ ∶ ƻ ∣ Δ
—(ax Դ)

Γ ∣ � ∶ Ƽ Դ � ∶ Ƽ,Δ
—(→ Դ)

Γ ∣ ǧ ՗ � ∶ ƻ → Ƽ Դ � ∶ Ƽ,Δ
—(cut)ऊǦ ‖ǧ ՗ �ऋ ∶ (Γ Դ � ∶ Ƽ, Δ⟨
—(Դ �)

Γ Դ (ǧ ՗−⟨∗(Ǧ⟨ ∶ Ƽ ∣ Δ

Les r5sles de typnse du λC-pnlpul de ln Fusure Ʀ sont retrouv2es de
pete rn1on à trnvers les r5sles de ln Fusure Ƨ.

èontextes non linąaires

Les pules (notntuon �) sont des pontextes (notntuon Ǚ) lun2nures, nu
sens de ln losuque lun2nure [LauǓǕ]; leur pr2senpe suffit su le out est de
d2prure ln r2duptuon de t3te d’un terme (mnptunes de Kruvune).

Curuen et Heroelun untroduusent le lueur ̃� quu d2inut des pontextes
non-lun2nures à trnvers leur unternptuon nvep un terme. Celuu-pu rend
explupute les ptoux d’ordres d’2vnluntuon, et permet d’ootenur une por-
respondnnpe pompl5te entre mnptunes et pnlpul des s2quents. Le
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pontexte ̃�Ǫ.ऊǦ ‖Ǚऋ est untroduut pnr ln r5sle suuvnnte:

ऊǦ ‖Ǚऋ ∶ (Γ, Ǫ ∶ ƻ Դ Δ⟨
—( ̃� Դ)

Γ ∣ ̃�Ǫ.ऊǦ ‖Ǚऋ ∶ ƻ Դ Δ

On peut pomprendre ̃�Ǫ. ऊ Ǧ ‖ � ऋ pomme le pontexte du terme ǧ
nu seun du terme du λC-pnlpul (�Ǫ.k�Ǧ⟨ǧ. Ln pompl2tude des r5sles
de typnse vus-à-vus de ln prouvnoulut2 dnns le rrnsment →, ∀, ⊥ du
pnlpul des s2quents est 2tnolue nvep ln d2ruvntuon suuvnnte quu montre
pomment ootenur ln r5sle (→ Դ) mnnqunnte.

Γ Դ Ǧ ∶ ǈ ∣ Δ Γ ∣ Ǚ ∶ Ǉ Դ Δ
——

Γ ∣ ̃�Ǫ.ऊǪ Ǧ ‖Ǚऋ ∶ ǈ → Ǉ Դ Δ

Polaritą nągative
Les termes du pnlpul Ln sont n2snturs. Celn susnuie que ln r2duptuon
du � est restreunte nux pontextes quu sont des pules:

ऊǦ⊝ ‖ ̃�Ǫ.Ǘऋ ੃RǠ
Ǘ[Ǧ⊝/Ǫ]

ऊ��.Ǘ ‖�ऋ ੃RǠ
Ǘ[�/�]

En pons2quenpe, l’2vnluntuon d’un terme n2sntur est retnrd2e tnnt
qu’ul n’est pns en posutuon de t3te, dnns ln termunolosue du λ-pnlpul.
En pe sens-là, ln polnrut2 n2sntuve d2prut une r2duptuon en nppel pnr
nom. Dnns le pnlpul Ln, ln posutuon de t3te est d2termun2e pnr le rnut
que le pontexte est une pule �.

Polaritą positive
Ln polnrut2 posutuve, non repr2sent2e dnns le pnlpul Ln, restreunt ln
r2duptuon du lueur ̃� nux termes quu sont des vnleurs (ǐ+):

ऊ��+.Ǘ ‖Ǚ+ऋ ੃RǢ
Ǘ[Ǚ+/�+]

ऊǐ+ ‖ ̃�Ǫ+.Ǘऋ ੃RǢ
Ǘ[ǐ+/Ǫ+]

Autrement dut un terme posutur est nppel2 pnr vnleur.
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Ln polnrut2 n2sntuve donne ln pruorut2, dnns ऊ ��.Ǘ ‖ ̃�Ǫ.Ǘ′ ऋ ,
à l’2vnluntuon du pontexte ̃�Ǫ.Ǘ′, tnndus que ln polnrut2 posutuve re-
vuent à donner ln pruorut2 à l’2vnluntuon du terme ��.Ǘ. Le lueur ̃�
permet de d2pomposer ln lunuson let Ǫ be Ǧ in ǧ, quu est stnndnrd de-
puus Mossu [Mogǜǔ] pour mod2luser l’nppel pnr vnleur. Le terme
let Ǫ be Ǧ in ǧ, quu n ln m3me polnrut2 que ǧ, est ootenu à trnvers ln
d2inutuon suuvnnte:

✄

✂

�

✁

let Ǫ be Ǧ in ǧ� ≝ ���.ऎǦ ∥ ̃�Ǫ.ऊǧ� ‖��ऋए .

Dnns pe pndre, un terme de ln rorme suuvnnte:

let ǫ⊝
be (let Ǫ+

be Ǧ+ in ǧ⊝⟨ in Ǩ
pommenpe pnr 2vnluer Ǩ, tnndus que le suuvnnt:

let Ǫ+
be Ǧ+ in let ǫ⊝

be ǧ⊝ in Ǩ
pommenpe pnr 2vnluer Ǧ+. Ces deux termes d2notent les deux rn-
1ons de pomposer des termes Ǧ+, ǧ⊝ et Ǩ. Cete duff2renpe d’ordre
d’2vnluntuon ullustre pourquou ln polnrusntuon peut 3tre d2prute n2sn-
tuvement pomme le revet, durept ou undurept, de l’typott5se que ln
pomposutuon est nssopuntuve a priori.

Les duploïdes, modĄles d’une composition

non-associative

Dnns le Ctnputre II, on untroduut une despruptuon posutuve et durepte
de ln polnrusntuon. On pnrnpt2ruse l’ordre d’2vnluntuon polnrus2 à trn-
vers une strupture pnt2soruelle où pertnunes nssopuntuvut2s ne sont
pns v2rui2es. Duploïde est le nom de ln strupture, en r2r2renpe nux
nls5ores duplupunles de Lodny [LodǓǙ].

Le r2sultnt prunpupnl relue les duplo8des nux ndvonptuons. Pour
mueux pomprendre pe luen, rnppelons tout d’noord ln porrespon-
dnnpe entre les mod5les durepts de l’nppel pnr vnleur et les mod5les
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undurepts de Mossu.

ModĄles directs

Dnns un mod5le d2notntuonnel direct, ul dout y nvour une porrespon-
dnnpe pr2puse entre les op2rntuons du mod5le et les ponstruptuons du
lnnsnse. Les op2rntuons sur les types et sur les prosrnmmes douvent
essentuellement porrespondre nux op2rntuons sur les oovets et sur les
morptusmes d’une pnt2sorue. En pnrtupuluer, ul dout 3tre possuole
de rnusonner sur une unstnnpe du mod5le nu seun du lnnsnse.Ƨ Un
exemple de mod5le durept du λ-pnlpul sumplement typ2 est donn2
pnr les pnt2sorues pnrt2suennes rerm2es.

Dnns un mod5le tel que le λC de Mossu [MogǛǜ], ou le mod5le en
nppel pnr nom de Lnront, Reus et Streupter [LRSǜǖ], pependnnt, le lnn-
snse n’est pns unterpr2t2 dureptement mnus à trnvers ln ponstruptuon
de Kleuslu d’une monnde ou d’une po-monnde. Fütrmnnn [Fühǜǜ] n
d2prut pr2pus2ment le luen quu exuste entre les mod5les durepts et les
mod5les undurepts. Les pnt2sorues quu mod2lusent l’nppel pnr vnleur
dureptement sont pnrnpt2rus2es pnr ln pr2senpe d’un thunk, ln strup-
ture ouen ponnue quu permet d’umpl2menter ln pnresse en nppel pnr
vnleur [”éǜǚ].

Ln pnrnpt2rusntuon prend ln rorme suuvnnte: tout mod5le durept
s’ootuent pnr ln ponstruptuon de Kleuslu à pnrtur d’un λC mod5le. Ce-
pendnnt, en pnrtnnt d’un mod5le durept on ne peut retrouver qu’un
λC mod5le sp2puique: ul est rnut de vnleurs s2mnntuques ponsustnnt
en toutes les expressuons pures. Plus pr2pus2ment, ln ponstruptuon de
Kleuslu est une r2lexuon quu r2unut toute pnure de vnleurs udentui2es
du pount de vue de ln monnde, et donne le stntut de vnleur à toute ex-
pressuon thunkable. Une expressuon est ttunknole su elle se pomporte
sumulnurement à une vnleur en un sens d2termun2 pnr ln monnde.

Selunser [SelǓǔ] n d2montr2 un luen sumulnure entre les mod5les
durepts du λµ-pnlpul en nppel pnr nom et les mod5les de Lnront, Reus
et Streupter [LRSǜǖ].

ƧFütrmnnn [Fühǜǜ], Selunser [Selǜǜ].
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Ordre
d’2vnluntuon

Pnr vnleur Pnr nom Polnrus2

Mod5le durept hunk Monnde
ex2putnole

Duploïde

Mod5le
undurept

Monnde � Co-monnde ǆ Advonptuonǀ Ե ǁ
Prosrnmmes Morptusme

de KleusluǊ → �ǋ
Morptusme
de po-Kleusluǆǈ → Ǉ

Morptusme
ooluqueǀǊ → ǈ≃ Ǌ → ǁǈ

Donn2es
syntnxuques

cnleurs Pules Les deux

Compl2t2es en Expressuons
ttunknoles

Contextes
d’2vnluntuon
lun2nures

Les deux

Table Ǘ: èomparaison des structures sous-jacentes à divers modĄles
directs du calcul

ModĄles à base d’adjonction

Le ptnputre trnute des struptures nls2oruques sous-vnpentes de pes
mod5les: une monnde sur une pnt2sorue de vnleurs pour l’nppel pnr
vnleur, une po-monnde sur une pnt2sorue de pules pour l’nppel pnr
nom. Les duplo8des s2n2rnlusent pete strupture sous-vnpente à une
ndvonptuon entre une pnt2sorue de vnleurs et une pnt2sorue de pules.
(cour le Tnolenu ƨ.)

Ln relntuon nvep les polnrut2s est donn2e pnr ln traduction polari-
sée de ln losuque plnssuque de Gurnrd [“irǜǔ, éJSǜǚ, LauǓǕ]. Notre
ponstruptuon de duplo8de 2tend (le squelete de) ln trnduptuon po-
lnrus2e à toute ndvonptuon. (Essentuellement, on n’n pns oesoun de
supposer qu’ul exuste une op2rntuon de n2sntuon unvolutuve sur les
rormules.)

Il est ponnu qu’ul y n un unt2r3t prntuque à d2pomposer les mo-
nndes, lorsqu’elles sont vues pomme des notuons de pnlpul, en nd-
vonptuons, srâpe à Levy [Levǜǜ, LevǓǗ, LevǓǘ]. Les ndvonptuons de Levy
enslooent les mod5les de l’nppel pnr vnleur et de l’nppel pnr nom.
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Cependnnt le mod5le est undurept, et mnnque enpore d’une notuon
porrespondnnte de mod5le durept.

La construction de duploïde

Avep ln ponstruptuon de duplo8de, on d2inut, en pnrtnnt d’une nd-
vonptuon ǀ Ե ǁ ∶ ਵ1 → ਵ2, des morptusmes ƻ → Ƽ pour ƻ et Ƽ des
oovets de n’umporte lnquelle des pnt2sorues ਵ1 nnd ਵ2.

On d2inut tout d’noord les morptusmes ooluques Ǌ → ǈ, nvepǊ ∈ |ਵ2| et ǈ ∈ |ਵ1|, de rn1on 2quuvnlente pomme des morptusmesǊ → ǁǈ ou ǀǊ → ǈ. Consud2rons mnuntennnt ҫ ln pomposutuon dnns
ਵ1 et Ҫ ln pomposutuon dnns ਵ2. On ooserve que les morptusmes
ooluques peuvent 3tre pompos2s ou ouen dnns ਵ1:

ǚ ∶ Ǌ → ǀǋ
—⟩≃)ǚ ∶ ǀǊ → ǀǋ Ǜ ∶ ǋ → ǈ

—⟩≃)Ǜ ∶ ǀǋ → ǈ
—⟩ҫ)Ǜ ҫ ǚ ∶ ǀǊ → ǈ
—⟩≃)Ǜ ҫ ǚ ∶ Ǌ → ǈ

ou ouen dnns ਵ2:

ǚ ∶ Ǌ → ǈ
—⟩≃)ǚ ∶ Ǌ → ǁǈ Ǜ ∶ ǁǈ → Ǉ

—⟩≃)Ǜ ∶ ǁǈ → ǁǇ
—⟩Ҫ)Ǜ Ҫ ǚ ∶ Ǌ → ǁǇ
—⟩≃)Ǜ Ҫ ǚ ∶ Ǌ → Ǉ

On d2inut donp un morptusme ƻ → Ƽ pomme un morptusme
ooluque:

✄

✂

�

✁
ƻ+ → Ƽ⊝ ,

où:

Ǌ+ ≝ Ǌ Ǌ⊝ ≝ ǀǊ
ǈ+ ≝ ǁǈ ǈ⊝ ≝ ǈ

Ln rnuson pour lnquelle peln ne d2inut pns rorp2ment une pnt2sorue
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est qu’on peut nvour:

ǚ Ҫ (Ǜ ҫ ℎ⟨ ≠ (ǚ Ҫ Ǜ⟨ ҫ ℎ
lorsque l’ndvonptuon n’est pns udempotente.

èontribution
Dnns Ctnpter II, on d2montre qu’ul exuste une r2lexuon:

Dupl◁Adj

où Dupl est une pnt2sorue des duplo8des et des foncteurs de du-
ploïdes, et où Adj est ln pnt2sorue des ndvonptuons et des preudo-
morptusmes d’ndvonptuons. En d’nutres termes, ln ponstruptuon de
duplo8de pu-dessus se prolonse en un ronpteur Adj → Dupl quu nd-
met un ndvount à droute pleun et id5le. En pnrtupuluer, tout duplo8de
est ootenu à pnrtur d’une ndvonptuon.

En pons2quenpe, les duplo8des rendent pompte de oenupoup de
mod5les de pnlpul, pomme on le verrn dnns duvers exemples de s2-
mnntuque d2notntuonnelle. Celn suss5re que les duff2rents ounus de
ln s2mnntuque d2notntuonnelle: undurept, nppel pnr vnleur, nppel pnr
nom… sont des rn1ons de pnpter le rnut que ln pomposutuon n’est pns
touvours nssopuntuve.

Pnr nulleurs, en rnuson de ln r2lexuon, Dupl est 2quuvnlent à une
sous-pnt2sorue pleune de Adj, pe quu susnuie que l’ndvonptuon ns-
sopu2e à un duplo8de poss5de des propru2t2s nddutuonnelles. On
pnrnpt2ruse lesquelles. On montre qu’ul exuste une 2quuvnlenpe de
pnt2sorues:

Dupl ≃ Adjeq

où Adjeq est ln sous-pnt2sorue pleune des ndvonptuons sntusrnusnnt ln
condition d’égalisation: l’unut2 et ln po-unut2 de l’ndvonptuon sont res-
peptuvement des 2snlusnteurs et des po-2snlusnteurs. Cete pondutuon
susnuie que:

• ln pnt2sorue des vnleurs est pompl2t2e nvep toutes les expressuons
ttunknoles;
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Ǫ† ≝ �ǝ.(ǝ Ǫ⟨
(�Ǫ.Ǧ⟨† ≝ �ǝ.(ǝ �Ǫ.Ǧ†⟨
(Ǧ ǧ⟨† ≝ �ǝ.(Ǧ† �Ǫ.(ǧ† �ǫ.(Ǫ ǫ ǝ⟨⟨⟨
șaȚ Appel par valeur șPlotkin [Ploǚǘ]Ț

Ǫ‡ ≝ Ǫ
(�Ǫ.Ǧ⟨‡ ≝ �ǫ.(Ǧ‡[�1(ǫ⟨/Ǫ]�2(ǫ⟨⟨
(Ǧ ǧ⟨‡ ≝ �ǝ.(Ǧ‡ (ǧ‡, ǝ⟨⟨

șbȚ Appel par nom șLafont, Reus et
Streicher [LRSǜǖ]Ț

Figure ǘ: Traductions par passage de continuation dans le λ-calcul

• ln pnt2sorue des pules est pompl2t2e nvep tous les pontextes
d’2vnluntuon lun2nures;

• toute pnure de vnleurs et toute pnure de pules quu ne sont pns
dustunsunoles dnns le mod5le de pnlpul sont udentui2es.

En d’nutres termes, le duplo8de exprume le pount de vue unterne du
mod5le de pnlpul d2inu pnr l’ndvonptuon.

Le ptnputre untroduut le pnlpul Ldup quu est un lnnsnse unterne pour
les duplo8des. On expluque nvep luu le pontenu pnlpulntoure de pes
dernuers.

Une dącomposition des traductions èPS

dąlimitąes

Ln polnrusntuon et le pnlpul L permetent d’expluquer ln strupture
des pontununtuons de premu5re plnsse et des trnduptuons pnr pnssnse
de pontununtuon (continuation-passing style ou CPS) à trnvers une
d2pomposutuon en trous 2tnpes. C’est l’oovet du Ctnputre III.

Traductions èPS et polaritąs
Grâpe à l’2tude de ln tt2orue de ln d2monstrntuon plnssuque [“irǜǔ,
éJSǜǘ, éJSǜǚ, LauǓǕ], nous snvons que ln trnduptuon CPS en nppel
pnr vnleur stnndnrd (vour Fusure Ʃ) porrespond à une polnrusntuon
posutuve des rormules tnndus que ln trnduptuon en nppel pnr nom de
Lnront, Reus et Streupter porrespond à une polnrusntuon n2sntuve.
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λµǨ/Ǡ

ķńňv/nࡆ՗ࡇ
�� ��

(ƥ⟨
// // LC

(Ʀ⟨
��

λ LLP
(Ƨ⟨

oo

Figure Ǚ: La dącomposition polarisąe des traductions èPS en trois
ątapes

(On ponsud5re les vnrunntes quu prennent en pompte l’op2rnteur � .)
Ln sym2true entre les polnrut2s se trnduut en une dunlut2 pnt2soruelle
d2prute pnr Selunser [SelǓǔ] et Curuen et Heroelun [è”ǓǓ].

Le ptnputre est pour pommenper une despruptuon de pomment,
srâpe nux outuls rournus pnr ln notuon de polnrut2, pnr ln ropnlusntuon
et pnr le pnlpul des s2quents, on peut d2pomposer en trous 2tnpes les
trnduptuons CPS en nppel pnr nom et en nppel pnr vnleur (Fusure ƪ).
Ce rnusnnt, on rerormule des trnduptuons exustnntes et ouen ponnues
pour le λµ pnlpul [LauǓǕ].

L’éŉańĹ (ƥ) enpode le λµ-pnlpul en nppel pnr vnleur ou en nppel pnr
nom nvep des d2ruvntuons entu5rement posutuves ou n2sntuves dnns les
losuques plnssuques polnrus2es LC [“irǜǔ] ou LK�

Ǣ [éJSǜǚ]; on ptousut
nunsu une polnrusntuon des rormules.

L’éŉańĹ (Ʀ) est ln trnduptuon de Lnurent de LC vers ln « lo-
suque lun2nure polnrus2e » LLP [LauǓǕ]. Cete trnduptuon est un
pns pnrtupuluer de ln ponstruptuon de duplo8de du Ctnputre II, et pnr
pons2quent l’2tnpe (Ʀ) est pelle où on perd le style durept. LLP
se pomprend pomme le rrnsment ҹ,Һ, ¬ de LJ, rendu sym2truque
pnr l’untroduptuon d’une op2rntuon de n2sntuon unvolutuve sur les ror-
mules. En pons2quenpe, ln n2sntuon:

Γ, Ǌ Դ
—(Դ ¬)

Γ Դ ¬Ǌ Γ Դ Ǌ
—(¬ Դ)

Γ, ¬Ǌ Դ
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est d2douol2e en deux modnlut2s povnrunntes dunles not2es ! et ?:

Դ ǈ, �
—(prom)

Դ !ǈ, � Դ � , Ǌ
—(der)

Դ � , ?Ǌ
où � ne pontuent que des rormules n2sntuves. Ces modnlut2s re-
l5tent les ptnnsements de polnrut2; pour pete rnuson elles dus-
tunsuent ln rormule pour ln l5pte en nppel pnr vnleur (!(Ǌ ⊸ ?ǋ⟨)
de pelle en nppel pnr nom (!ǈ ⊸ Ǉ).

L’éŉańĹ (Ƨ) trnduut ln losuque pr2p2dente dnns le λ-pnlpul nvep unu-
quement des nppels termunnux, p’est-à-dure dnns un pnlpul de pontu-
nuntuons. Elle prop5de pomme suut:

• Les s2quents sont rormnt2s de sorte à n’nvour qu’une seule ponplu-
suon, pnr exemple Դ � , Ǌ est trnnsrorm2 en � ⊥ Դ Ǌ. C’est là que
les polnrut2s duspnrnussent.

• Le pnlpul de s2quents est ponvertu en d2duptuon nnturelle: en
termes de pnlpul L, un pontexte Γ ∣ ƿ ∶ ƻ Դ ⋆ ∶ Ƽ est trnnsrorm2 en
le λ-terme Γ, ǝ ∶ ƻ Դ ƿ∗ ∶ Ƽ où ǝ est lun2nure dnns ƿ∗. C’est là que
les r2duptuons ndmunustrntuves douvent 3tre trnut2es, pomme on le
verrn.

En d’nutres termes, pete 2tnpe pnpte pe qu’ul y n d’unt2ressnnt dnns ln
strupture pour rentrer dnns le moule du λ-pnlpul.

Remnrquons que les 2tnpes (Ʀ) et (Ƨ) sont les m3mes und2pen-
dnmment du pnlpul de d2pnrt.

èontribution
Notre pontruoutuon est en deux pnrtues: on soulusne les duff2renpes
entre les 2tnpes (ƥ) et (Ʀ) srâpe à un pnlpul L quu prend ln plnpe dnns
l’nnsle sup2rueur drout de ln Fusure ƪ, et on 2tend ln d2pomposutuon
en trous 2tnpes nux op2rnteurs de pontrôle d2lumut2 shit et reset de
Dnnvy et Fulunsku [éFǜǓ]. Notre nppropte permet ln reponstruptuon
rntuonnelle en style durept de quntre vnrunntes en nppel pnr nom de
shit et reset, l’une 2tnnt nouvelle.
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Cnlpul R2r. Strnt2sue Style R2d. & 9q.

Lpol,t̂p+ Fus. III.Ʀ Polnrus2e Cnlp. seq. ੃RǢ
, ≃REǢ

λ0v Fus. III.Ƨ Indurepte D2d. nnt. ੃R�
, ≃RE�

λµt̂pǨ Fus. III.Ʃ Pnr vnleur D2d. nnt. ੃RǨ
, ≃REǨ

[A”SǓǗ]

λµt̂pǠ Fus. III.ƫ Pnr nom D2d. nnt. ੃RǠ
, ≃REǠ

[”“ǓǛ]

Lexp Fus. III.ƥƥ Indurepte Cnlp. seq. ੃RǙ
, ≃REǙ

Table ǚ: Rącapitulatif des calculs considąrąs dans le èhapitre III

Sur l’interprątation constructive d’une

nągation involutive

Dnns le Ctnputre IV, on retourne à ln sourpe de ln polnrusntuon en
tt2orue de ln d2monstrntuon, que l’on soutnute expluquer: ln desprup-
tuon pnr Gurnrd [“irǜǔ] d’une n2sntuon unvolutuve en losuque plnssuque.
Cependnnt on ne suppose pns le lepteur rnmuluer nvep les trnvnux
de Gurnrd et on ndopte une nppropte duff2rente. Notre out est
d’2tuduer l’unterpr2tntuon ponstruptuve d’une n2sntuon unvolutuve, ou
de rn1on 2quuvnlente du rnusonnement pnr pontrnpos2e, en donnnnt
à pes mots un sens sp2puique.

Hypothèse ƥ. Par ponstruptur, on entend une interprétation qui suit
le principe de la rormule pomme type, dans laquelle les formules sont
traduites en les types d’un langage de programmation.

Cete notuon de ponstruptuon n’est pns ons2e sur une lumutntuon n
pruoru des teptnuques de d2monstrntuon, telles que le revet du prun-
pupe du tuers explu ∀ƻ (ƻ Һ ¬ƻ⟨. Aunsu, Gruffin n montr2 que ln
vnrunnte � de Felleusen [FFKéǛǚ] de l’op2rnteur de pontrôle call/cc
de Spteme pouvnut 3tre typ2e pnr l’2lumunntuon de ln douole n2sn-
tuon [“riǜǓ], et pnr pons2quent peut 3tre utulus2e pour d2ruver le tuers
explu. Mnus ln d2monstrntuon ne rournut pns de prop2dure de d2pu-
suon pour ƻ quelponque: le pomportement d2pend en s2n2rnl du
pontexte dnns lequel le prunpupe est unvoqu2. En d’nutres termes, peln
ne dout pns 3tre vu pomme une pontrnduptuon de l’untuutuonnusme:
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peluu-pu suppose que le pomportement des preuves est r2r2rentuelle-
ment trnnspnrent, typott5se que nous ne rnusons pns.

Cete notuon de ponstruptuon ne dout pns non plus 3tre vue pomme
une restruptuon à des pnlpuls typ2s n ln Cturpt. De ln m3me rn1on
que les syst5mes de types npproxument ln notuon de prosrnmme por-
rept, les syst5mes losuques sont vus pomme une npproxumntuon de ln
notuon de ponstruptuon. Il s’nsut du pount de vue de ln r2nlusnoulut2
de Kruvune [KriǓǜ], pnr exemple. C’est pourquou peln ne pontredut pns
notre unt2r3t premuer pour les pnlpuls non typ2s.

Dnns pe pontexte, le pnrnpt5re ponstruptur s’ooserve en pnrtupuluer
pour des rormules t2r2dutnurement posutuves (Gurnrd [“irǜǔ]). En
nruttm2tuque, ln notuon repouvre les rormules Σ0

1 . Les rormules pu-
rement posutuves douvent sntusrnure le m3me prut5re que ln losuque
untuutuonnuste: ln propru2t2 de ln dusvonptuon, de l’exustenpe… En
pons2quenpe, les d2monstrntuons d’une rormule ∀ ⃗Ǫ(Ǌ0( ⃗Ǫ⟨ → ǋ0( ⃗Ǫ⟨⟨
où Ǌ0, ǋ0 sont purement posutuves (p’est à dure des rormules Π0

2 en
nruttm2tuque) porrespondent à des nlsoruttmes (Murtty [Murǜǔ]).

Une telle notuon de ponstruptuon peut se pomprendre dnns une
pompnrnuson nvep les lnnsnses de prosrnmmntuon: en pr2senpe
d’effets de oord (op2rnteurs de pontrôle, 2tnts, entr2es-sortues…),
pertnuns types sont opnques lors de l’ex2putuon.

Hypothèse Ʀ. Par unvolutur, on entend une négation qui vériie un
isomorphismes de types entre ¬¬ƻ et ƻ.

Ln rnuson pour demnnder dnvnntnse qu’une sumple 2quuvnlenpe
entre ƻ et ¬¬ƻ est qu’ul y n trop de ptoux possuoles pour ln pontrnpo-
s2e d’une rormule pomme ln suuvnnte:

∀x, y ∈ ƻ, (Ǌ(x⟨Һǋ(y⟨⟨ → (∀x ∈ ƻ, Ǌ(x⟨⟨Һ(∀y ∈ ƻ, ǋ(y⟨⟨
pnr exemple:

x∀)ࡐ¬ ∈ ƻ, Ǌ(x⟨⟨ Һ (∀y ∈ ƻ, ǋ(y⟨⟨ࡑ → ¬∀x, y ∈ ƻ, (Ǌ(x⟨ Һ ǋ(y⟨⟨
(¬∀x ∈ ƻ, Ǌ(x⟨⟨ Һ (¬∀y ∈ ƻ, ǋ(y⟨⟨ → ∃x, y ∈ ƻ, ¬(Ǌ(x⟨ Һ ǋ(y⟨⟨
(∃x ∈ ƻ, ¬Ǌ(x⟨⟨ ҹ (∃y ∈ ƻ, ¬ǋ(y⟨⟨ → ∃x, y ∈ ƻ, (¬Ǌ(x⟨ ҹ¬ǋ(y⟨⟨
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L’emonrrns du ptoux duspnrn7t lorsque les lou de De Morsnn sont des
usomorptusmes de types: s’ul y n trop de d2monstrntuons, nlors ul rnut
3tre pnpnole d’en ptousur une pnnonuque, quu pr2serve ln susnuipntuon.

En l’nosenpe de tels usomorptusmes, on suppose que ln pontrnpo-
s2e est ootenue en poussnnt les n2sntuons nu plus propte des reuulles.
Dnns l’exemple pu-dessus ul s’nsut de ln trousu5me proposutuon. Des
trnvnux pomme peux de Kruvune [KriǓǜ] montrent d’un pount de vue
teptnuque l’umportnnpe d’un tel rnusonnement pnr pontrnpos2e; pnr
exemple l’nxuome du ptoux d2nomornole n’est r2nlus2 qu’à trnvers
sn pontrnpos2e. Pourtnnt, rnusonner pnr pontrnpos2e n’est pns truvunl
dnns le pontexte du λC-pnlpul employ2 pnr l’nuteur, pomme le montre
l’exemple suuvnnt:

Exemple ƥ. On se plnpe dnns le pndre du λC-pnlpul de ln Fusure
ƥ, 2tendu nu sepond ordre.ƨ Celn nous permet de d2inur les qunn-
tuipnteurs de ln rn1on stnndnrd: ∀ǒ ∈ ƻ, Ƽ ≝ ∀ǒ(ƻ[ǒ] → Ƽ⟨ et∃ǒ ∈ ƻ, Ƽ ≝ ∀Ǔ(∀ǒ (ƻ[ǒ] → Ƽ → Ǔ⟨ → Ǔ⟨, et sumulnurement pour
le premuer ordre.

Consud2rons mnuntennnt les rormules suuvnntes, quu ont ln m3me
pomplexut2 que l’nxuome du ptoux d2nomornole et que de sn pontrn-
pos2e:

[ƽ] ∶ ∀x ∈ ℕ, ∃y ∈ ƿ, ƻ1(x, y⟨ → ∃Ǔ ∈ ǀ, ∀x ∈ ℕ, ƻ2(x, Ǔ⟨
[ ̄ƽ] ∶ ∀Ǔ ∈ ǀ, ∃x ∈ ℕ, ¬ƻ2(x, Ǔ⟨ → ∃x ∈ ℕ, ∀y ∈ ƿ, ¬ƻ1(x, y⟨

On peut d2montrer [ƽ] ↔ [ ̄ƽ], et en le rnusnnt dureptement, on
ootuent le terme suuvnnt de type [ƽ] → [ ̄ƽ]:
�ǕǪǫ.ࡦ��ǝ.ࡦǕ �Ǚ.ࡐ� �Ǭ.ࡐǝ (ǫ Ǚ �ǠǢ.(Ǭ �ǝ.(ǝ Ǡ Ǣ⟨⟨⟨ࡑࡑ �ǠǢ.ࡐǪ Ǡ �ǙǬ.(Ǭ (Ǣ Ǚ⟨⟨ࡧࡧࡑ
ƨLes formules sont 2tendues nvep des qunntuipntuons sur les ntomes (∀ǒ ǈ),

et les deux r5sles suuvnntes sont nvout2es:

Γ Դ Ǧ ∶ ǈ
—(� ∉ fv⟩Γ))

Γ Դ Ǧ ∶ ∀ǒ ǈ
Γ Դ Ǧ ∶ ∀ǒ ǈ
—

Γ Դ Ǧ ∶ ǈ[Ǉ/ǒx1…xǠ]
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Ctnpune des quntre lous de De Morsnn relunnt ∀ et ∃ sont utulus2es
dnns ln d2monstrntuon. Pnrmu elles, seul le prunpupe suuvnnt n’est pns
untuutuonnuste, et est responsnole des deux oppurrenpes de �:

¬∀x ∈ ℕ,Ǌ → ∃y ∈ ℕ, ¬Ǌ .

Le squelete de sn d2monstrntuon est le suuvnnt:

✄

✂

�

✁
Դ �Ǫǫ.(� �ǝ.(Ǫ �Ǚ.(� �Ǟ.(ǝ (ǫ Ǚ Ǟ⟨⟨⟨⟨⟨ ∶ ¬∀x ∈ ℕ, Ǌ(x⟨ → ∃x ∈ ℕ, ¬Ǌ(x⟨

Buen qu’ul s’nsusse d’une tnutolosue plnssuque 2l2mentnure, le rôle pnl-
pulntoure du terme n’est pns umm2dunt, en pnrtupuluer en rnuson de ln
pr2senpe des deux � .

Dnns l’exemple pu-dessus, le pnrnpt5re ullusuole est une uduosynprnsue
du λC-pnlpul quu rel5te l’nosenpe, pomme on le verrn, d’une unvo-
lutuon ¬¬ǈ ≃ ǈ et pnr pons2quent d’un usomorptusme de types
¬∀x ǈ ≃ ∃x ¬ǈ.

La nągation involutive à travers le principe de la formule
comme type
Gurnrd unterpr5te une n2sntuon unvolutuve en luu rnusnnt ptnnser ln
polnrut2 de ln rormule [“irǜǔ]. On montre dnns le ptnputre pomment
une notuon de n2sntuon unvolutuve unspur2e de Gurnrd porrespond
à l’ud2e d’exposer une unterrnpe de tnut nuvenu nux pules pnptur2es,
sumulnurement à ln sussestuon de Felleusen [A”ǓǛ, Note] et pomme
mus en œuvre pnr Clements [èleǓǙ]. Dnns notre pndre, peln se trn-
duut pnr ln pr2senpe d’un type posutur ∼ƻ des piles inspectables et de
ponstnntes ƾ quu permetent d’npp2der nu pontenu de pes pules. Le
type ∼ƻ est donp dustunpt du type n2sntur ƻ → ⊥ des pontununtuons.
Cete dustunptuon n’n de sens que dnns un pndre où les deux polnrut2s
sont pruses en pompte.

Ln polnrusntuon expluque une teptnuque de Kruvune quu nll5se
ln pomplexut2 du rnusonnement dnns le λC-pnlpul en permetnnt à
snupte des l5ptes pertnuns pseudo-types de snveur posutuve [KriǓǜ,
KriǓǛ]. Ln polnrusntuon donne à pes pseudo-types un stntut de pre-
mu5re plnsse, pnr elle les d2inut 2snlement à droute des umplupntuons.
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Fus. Style Strnt2sue ƻ ≃ ¬¬ƻ R2d. & 9q.

λC I.ƥƦ D2d. nnt. Pnr _nom Non ≻Ǡ, ੴǠ [”SǓǕ]

λℓ IV.ƥ D2d. nnt. _Polnrus2e Ouu ≻Ǣ, ੴǢ
Ln I.ƥƤ Seq. Cnlp. Pnr _nom Non ੃RǠ

, ≃REǠ
[è”ǓǓ]

Lpol,t̂p⊝ IV.ƨ Seq. Cnlp. _Polnrus2e Ouu ੃RǢ
, ≃REǢ

Table Ǜ: Une comparaison des calculs apparaissant dans le èha-
pitre IV

Pnr nulleurs, le pseudo-type le plus umportnnt dnns le trnvnul de Kru-
vune est �−, deinu pomme l’ensemole {k� ∣ � ∈ �}. Celn porrespond
à dustunsuer les pules pnptur2es des pontununtuons, pomme on le rnut
de rn1on plus durepte dnns le ptnputre.Ʃ

Dnns le ptnputre, les d2lumuteurs du pontrôle rournussent une unter-
pr2tntuon pour l’unut2 ⊥, 2tendnnt nunsu l’unterpr2tntuon en tt2orue de
ln d2monstrntuon du pontrôle d2lumut2 pnr Heroelun et d’nutres [”“ǓǛ,
A”SǓǜ, ”erǔǓ, IliǔǓ] quu s2n2rnluse le prunpupe de ln A-trnduptuon de
Fruedmnn [FriǚǛ]. Aunsu, ouen que le pontrôle d2lumut2 ne prouve pns
de nouvelle rormule dnns le pndre typ2 snns nnnotntuons pnr rnp-
port nu pontrôle non-d2lumut2, notre r2sultnt montre qu’ul donne de
meulleures d2monstrntuons sur le plnn ponstruptur.

èontributions

Dnns le Ctnputre IV, on untroduut les pnlpuls extensuonnels et non-
typ2s λℓ et Lpol,t̂p⊝ , dnns lesquels ln n2sntuon d2inue pomme suut est
unvolutuve:

¬Ǌ ≝ Ǌ → ⊥

¬ǈ ≝ ∼ǈ
ƩRemnrquons pnr nulleurs que le pndre de Kruvune n’est pns ponstruptuf selon

notre d2inutuon, pnr une 2tnpe externe est n2pessnure pour ponvertur les
r2nluseurs en nlsoruttmes (Kruvune [KriǓǜ], vour nussu Muquel [MiqǓǜ]). Ln
polnrusntuon enl5ve pete 2tnpe externe, puusque les termes quu pnlpulent les
t2mouns peuvent 3tre udentui2s nvep des r2nluseurs posutufs.
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Le pnlpul λℓ d2inut ln notuon de prosrnmme, ou terme qunsu-preuve,
et le pnlpul Lpol,t̂p⊝ d2pompose λℓ pour permetre le rnusonnement
extensuonnel. Les pnlpuls pontuennent le Λµ-pnlpul de De Groote-
Snurun [d“ǜǗ, SauǓǘ] et (une vnrunnte) des op2rnteurs shit0/reset0
[éFǜǓ, ShaǓǚ, MBǔǕ].





Introduction

The polarisation hypothesis

T
ļĹ λ ķaŀķŊŀŊň us now tte pornerstone or n peleornted porres-
pondenpe oetween some or pntesory tteory, runptuonnl pro-

srnmmuns, nnd untuutuonustup proor tteory. At tte turn or tte ƥƭƭƤ’s,
rurtter lunks tnve emersed oetween:

• tte pntesorupnl modelluns or effepts;

• tte pontununtuon-onsed modelluns or evnluntuon order nnd pon-
trol un prosrnmmuns lnnsunses;

• tte proor tteory or plnssupnl losup.

Sunpe tten, ttese ttree domnuns tnve provuded nn unternptuve vuew
on pomputntuon, nnd we nre wnutuns to duspover tte prunpuples ttnt
extend tte porrespondenpe to ttus unternptuve pount or vuew.

Polnrutues, wtupt dustunsuust nesntuve ponneptuves (∀, →…) rrom
posutuve ones (∃, Һ…), nre nn empurupnl lesnpy or untuutuonusm. Re-
posnusuns tte umportnnpe or ttese polnrutues us nlrendy one rruut or
tte unternptuve turn, oott ror tte tteory or prosrnmmuns lnnsunses
nnd ror proor tteory.

PŃŀaŇĽňaŉĽŃł porresponds to tte typottesus ttnt polnrutues tnve to
oe tnken unto nppount rormnlly:

• un terms or pntesorupnl models, polnrusntuon nmounts to relnxuns
tte typottesus ttnt pomposutuon us a priori nssopuntuve on pertnun
polnrutues;
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• un pontununtuon-onsed models or prosrnmmuns lnnsunses, polnr-
utues determune wtetter n pontununtuon us mennt to oe npplued or
mennt to oe pnssed;

• un tte proor tteory or plnssupnl losup, polnrutues determune put-
elumunntuon.

hus, polnrutues nre responsuole ror evnluntuon order un prosrnms,
nnd ponstruptuveness or proors. Polnrutues nppenr oetund mnny pte-
nomenn:

• tte Blnss proolem un snme semnntups despruoed oy Aornmsky
[AbrǓǖ] nnd Mellu5s [MelǓǘ];

• tte presenpe or lnzuness un pnll oy vnlue despruoed Hntpluff nnd
Dnnvy [”éǜǚ] nnd Fütrmnnn [Fühǜǜ];

• tte unsoundness or unrestrupted polymorptusm un pnll oy vnlue
un tte presenpe or effepts (Hnrper nnd Lulluorudse [”Lǜǔ]);

• tte nruttmetupnl tuernrpty un tte study or Penno nruttmetup;

• ropnlusntuon un proor senrpt (Andreolu [AndǜǕ]);

• orttosonnluty-onsed losupnl relntuons (see Gurnrd [“irǛǚ], Kruv-
une [KriǓǜ], Puts [PitǓǘ], nnd M.-M. [MunǓǜ] un relntuonstup wutt
polnrusntuon);

nnd proonoly more.
he ttesus us n pontruoutuon to tte understnnduns or tte nnture,

role, nnd meptnnusms or polnrusntuon un tte ttree domnuns. he
pornerstone or our nppronpt us nn unternptuve term-onsed represent-
ntuon or proors nnd prosrnms wtupt exposes tte strupture or polnr-
utues. By interactive we menn ttnt tte novelty pompnred to tte λ
pnlpulus us tte expluput role suven to tte evnluntuon pontext (ror pro-
srnms) or to tte opponent (ror proors). It us onsed on ounders �
nnd ̃� nnd on tte porrespondenpe oetween nostrnpt mnptunes nnd
sequent pnlpulu, untroduped oy Curuen nnd Heroelun wutt tte �̄� ̃�
pnlpulus [è”ǓǓ]. In tonour or Gentzen [“enǖǘ] wto untroduped tte
sequent pnlpulu LJ nnd LK, nnd rollowuns n sussestuon or Heroelun,
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we rerer to pnlpulu ttnt nre onsed on tte ounders � nnd ̃� wutt tte
leter “L”ƪ.

he spope or tte syntnx us oott tte unvestusntuon or tte strup-
ture or proors, nter Gentzen, nnd tte modelluns or tuster-order
prosrnmmuns lnnsunses, nter Lnndun [LanǙǗ, LanǙǘ]. Its sonl us to
provude menns or unuipntuon ror repent trends un pntesory tteory,
proor tteory nnd tte tteory or prosrnmmuns lnnsunses: tte mod-
elluns or effepts nter Mossu [MogǛǜ], tte quest ror n relntuonstup
oetween pntesorupnl dunluty nnd pontununtuons un pomputer spuenpe
nter Fulunsku [FilǛǜ], nnd tte unternptuve notuon or ponstruptuon nter
Gurnrd [“irǛǚ, “irǜǔ, “irǓǔ] nnd Kruvune [KriǓǜ].

In enpt or tte rollowuns ttree pontruoutuons, enpt porresponduns
to n ptnpter, we round ttnt L pnlpulu provuded tte pnnonupnl repres-
entntuon ror nn unterestuns strupture:

• In Ctnpter II, we posutuvely ptnrnpteruse polnrusntuon ttroust n
pntesorupnl strupture wtere we relnx tte nssumptuon ttnt pompos-
utuon us nssopuntuve. he ptnrnpterusntuon proves, nnd detnuls, tow
polnrusntuon us to ndvunptuons wtnt pnll oy vnlue un prosrnmmuns
us to monnds. An unternnl lnnsunse us provuded oy tte pnlpulus
Ldup.

• In Ctnpter III, we depompose pontununtuon-pnssuns-style trnns-
lntuons ror delumuted pontrol operntors unto ttree steps: ƥ) tte
umplementntuon or tte operntuons or tte lnnsunse ns solutuons or
equntuons un nn nostrnpt durept-style pnlpulus; Ʀ) tte trnnslntuon
rrom durept to undurept style; Ƨ) n trnnslntuon onpk unto tte λ pnlpu-
lus, wtupt lntens tte strupture nnd mnkes pontununtuon-pnssuns
style tnrd to understnnd. he pnlpulu Lpol,t̂p+ nnd Lexp nre used ns
tte untermedunte steps un tte depomposutuon.

• In Ctnpter IV, we despruoe n rormulne-ns-types porrespondenpe
ror nn unvolutuve nesntuon un plnssupnl losup oy untrodupuns tte λℓ
pnlpulus un nnturnl deduptuon. he unvolutuon us due to tte ℓ pon-
trol operntor, wtupt umplements tte uden ttnt pnptured pontexts,

ƪNot to oe ponfused wutt Lundenmnyer’s L-systems.
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unluke pontununtuons, tnve nppessors. Extensuonnl rensonuns us
provuded un tte pnlpulus Lpol,t̂p⊝ nnd n porresponduns sequent pnl-
pulus.

SĽŁńŀĽĺyĽłĻ ļyńŃŉļĹňĹň would mnke polnrutues less snluent. Our
unvestusntuon let tte unterestuns ptenomenn nppenr oepnuse we
soustt n despruptuon or pomputntuon ttroust untyped (Curry-style),
extensuonnl nnd durept pnlpulu. he direct nppronpt to prosrnms nnd
proors emptnsuses ttnt, wten n system us studued oy menns or n trnns-
lntuon unto n sumpler system, understnnduns tte trnnslntuon us equnlly
umportnnt ns understnnduns uts tnrset. hese ttree ponstrnunts snve
us rrom tte putrnlls or tte rollowuns typotteses:

• Lookuns ror n pntesorupnl model wtere n sunsle pntesory us un-
volved — ror unstnnpe, ur tte sonl us to seek n pntesorupnl senernl-
usntuon or ooolenn nlseorns, wty stould we keep tte nssopuntuvuty
or pomposutuon?

• Lookuns ror nn a priori stronsly-normnlusuns setuns — ror un-
stnnpe, mnny sood propertues or System F [“irǚǕ], supt ns ex-
tensuonnluty propertues nnd ttererore usomorptusms, rollow rrom
strons normnlusntuon [“SSǜǕ]. But, un nddutuon to tyuns us to n
pnrtupulnr losup, normnlusntuon depolarises tte system, ttnt us to
sny tte order or evnluntuon no lonser mnters.

• Assumuns ttnt rererentunl trnnspnrenpy us essentunl ror ponstrupt-
uveness — ror unstnnpe, ttus typottesus does not told ror durept
unterpretntuons or plnssupnl losup wutt pontrol operntors. In tte
presenpe or supt operntors, tte order or evnluntuon mnters ror
ponstruptuveness, even wten tte setuns us stronsly normnlusuns.

• Assumuns ttnt we mny a priori restrupt to pertnun stnpes or proors
— ror unstnnpe, tte study or plnssupnl predupnte pnlpulus us sumplu-
ied ur we restrupt to proors un η-lons rorms. But ut us known ttnt
tte trupk us lumuted to tte irst order nnd moreover nmounts to n
Gödel-Gentzen trnnslntuon (Lnurent [LauǓǕ]).

As n result or our unvestusntuons, we renlused ttnt supt typotteses nre
not unnopuous.
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Ał ĽłŉŇŃĸŊķŉŃŇy ķļańŉĹŇ rollows. de untrodupe L pnlpulu, stnrt-
uns rrom tte sround up nnd nssumuns rrom tte render only ele-
mentnry knowledse or sumply-typed λ pnlpulus nnd rewrutuns. he
pontruoutuons or tte otter ttree ptnpters, nlluded to noove, nre sum-
mnruzed un more detnul nt tte end or tte ptnpter.





Notations and pre-requisites

he rollowuns terms nre untroduped wutt tteur spepuip mennuns.

nostrnpt mnptune, Ʃƥ
pnll oy nnme, ƫƦ
pnll oy vnlue, ƫƧ
plnssupnl losup, ƫƫ
ponstruptuveness, ƭƩ
pontext, Ʃƥ, ƪƦ
pontununtuon, ƭƧ

durept model, Ƭƪ
ropnlusntuon, ƪƬ
unternptuon, ƨƤ
unvolutuve nesntuon, ƭƩ
lunenruty, ƪƧ
polnrusntuon, Ƨƭ, ƫƥ
stuts or polnruty, ƥƥƩ, ƥƥƪ

de nssume rnmulunruty wutt elementnry notuons rrom rewrutuns. Ir ੃
us n rewrutuns relntuon, tten:

• ੃∗ denotes tte relexuve nnd trnnsutuve plosure or ੃;

• ੃+ denotes tte trnnsutuve plosure or ੃;

• → denotes tte compatible plosure or ੃, ttnt us to sny tte extensuon
oy npplupntuon to n suo-term or n suo-pommnnd (wten npplup-
nole);

• ≃ denotes tte pompntuole equuvnlenpe relntuon (← Ҽ →⟨∗.

Ir ੃AǢ
nnd ੃BǢ

nre two relntuons on n pnlpulus p, tten ੃ABǢ
denotes੃AǢ

Ҽ ੃BǢ
, etp.

Ctnpter II nssumes rnmulunruty wutt elementnry notuons rrom pnt-
esory tteory (ror unstnnpe Mnp Lnne [MLǚǔ], ptnpters Ľ-ŋĽ). dten
ਵ us n pntesory, |ਵ | denotes uts set or oovepts. ⟨ਵ denotes tte udentuty
runptor on ਵ . he notntuon � ∶ ǀ .→ ǁ us ror n nnturnl trnnsrormntuon.
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de use tte notntuon ǀ Ե⟩�,�) ǁ ∶ ਵ → ਸ਼ to denote nn ndvunptuon
wutt ǁ ∶ ਵ → ਸ਼ , unut � nnd po-unut �. Sometumes we use tte notn-
tuon ǀ Ե⟩♯,♭) ǁ ∶ ਵ → ਸ਼ to denote nn ndvunptuon wutt tte nnturnl
usomorptusm:

ਵ (ǀ−, =⟨ ♯⇄
♭

ਸ਼(−,ǁ=⟨ .

de nssume ttnt we nre suven n irst-order lnnsunse wtose terms nre
wruten t, u nnd wtose vnrunoles nre wruten x, y.



Chapter I

The ȈLȉ approach
to programs and proofs

In ttus untroduptuon to L pnlpulu, we stnrt rrom n λ pnlpulus wutt
pnurs nnd sums, ror wtupt we deine nn nostrnpt mnptune lenduns to
tte untuutuonustup pnlpulus Li. hus nllows us to untrodupe un n novel
wny tte nepessnry ponpepts nnd teptnuques, wtupt nre not spepuip
to L out wtupt tte L nppronpt synttesuses. hen we untrodupe
polnrutues, nnd innlly we repnll tte unterpretntuon or plnssupnl losup
wutt pontrol operntors. In tte lnst septuon, we present tte pontext ror
tte remnununs ptnpters ns well ns tteur respeptuve pontruoutuons.

This exposition is adapted from the notesƥ of two courses given on Oc-
tober ǕǗth ǕǓǔǔ and February ǜth ǕǓǔǕ at the Groupe de Travail Logique

organised by the graduate students of êNS Ulm. They are inspired by
earlier published work șM.-M. [MunǓǜ], èurien and M.-M. [èMǔǓ]Ț.

I.ǔ NJ and the Ʉ calculus

Gertnrd Gentzen’s system NJ us untroduped un Fusure I.ƥ on pnse ƨƭ.
In Gentzen’s nnmuns spteme, J stnnds ror intuitionistic nnd N stnnds
ror natural deduction.

An untyped λ pnlpulus wutt pnurs nnd sums, tosetter wutt typuns
rules onsed on NJ, us untroduped un Fusure I.Ʀ on pnse ƩƤ. It us onsed
ƥAvnulnole from my weo pnse [Munǔǔ, MunǔǕ].
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on tte rollowuns srnmmnr or expressuons, or terms:

Ǧ, ǧ, Ǩ ⩴ Ǫ ∣ (Ǧ, ǧ⟨ ∣ �1(Ǧ⟨ ∣ �2(Ǧ⟨ ∣ �Ǫ.Ǧ ∣
fst(Ǧ⟨ ∣ snd(Ǧ⟨ ∣ match Ǧ with (ǧ|Ǩ⟨ ∣ Ǧ ǧ

he sonl us ror now to redupe terms npporduns to tte rollowuns nnuve
pnll-oy-nnme reduptuon relntuon:

(�Ǫ.Ǧ⟨ ǧ ≻ Ǧ[ǧ/Ǫ]
fst(Ǧ, ǧ⟨ ≻ Ǧ
snd(Ǧ, ǧ⟨ ≻ ǧ
match �1(Ǧ⟨with (ǧ|Ǩ⟨ ≻ ǧ Ǧ
match �2(Ǧ⟨with (ǧ|Ǩ⟨ ≻ Ǩ Ǧ

hree questuons ttnt nruse un ttus setuns nre:

ǉ. How pnn we deine tte evnluntuon or n term or tte rollowuns
rorm?

match (�Ǫ.�1(Ǧ⟨⟨ǧwith (Ǩ|ǩ⟨
Ǌ. How pnn we model tte rnpt ttnt tte rollowuns term:

(match Ǫ with (�ǫ�Ǭ.Ǧ|�ǫ�Ǭ.ǧ⟨⟨ Ǭ
denotes tte snme proor or prosrnm ns tte rollowuns one?

match Ǫ with (�ǫ.Ǧ|�ǫ.ǧ⟨
ǋ. How pnn we model tte rnpt ttnt tte rollowuns term:

match Ǧ with (�ǫ.ǧ[�1(ǫ⟨/Ǫ]|�Ǭ.ǧ[�2(Ǭ⟨/Ǫ]⟨
denotes tte snme proor or prosrnm ns tte rollowuns one?

ǧ[Ǧ/Ǫ]
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ƻ, Ƽ ⩴ ǒ(x1,… , xǠ⟨ ∣ ƻ → Ƽ ∣ ƻ ҹ Ƽ ∣ ƻ Һ Ƽ ∣ ∀xƻ ∣ ∃xƻ ∣ ⊥

șaȚ Formulae

ƻ Ƽ—ƻ ҹ Ƽ ƻ ҹ Ƽ—ƻ ƻ ҹ Ƽ—Ƽ
ƻ—ƻ Һ Ƽ Ƽ—ƻ Һ Ƽ ƻ Һ Ƽ ƻ → ƽ Ƽ → ƽ—ƽ

ƻ—∗∀x ƻ ∀x ƻ(x⟨
—ƻ(t⟨

ƻ(t⟨
—∃x ƻ(x⟨ ∃y ƻ(y⟨ ƻ(x⟨ → Ƽ
—∗Ƽ

[ƻ]Ƽ—ƻ → Ƽ
ƻ → Ƽ ƻ—Ƽ

⊥—ƻ
∗: tte vnrunole x must not oe free un tte typotteses.

șbȚ Rules

Figure I.ǔ: “entzen’s NJ [“enǖǘ, “enǙǜ]

Almost ƬƤ yenrs nso, Gentzen emoedded tus “Natural” proor strup-
tures unto “Logistic” ones to pnrry out tte proor or ponsustenpy or
nruttmetup oy menns or reduptuon [“enǖǘ]. de pould sny ttnt tte L
pnlpulu nnswer tte noove questuons oy extenduns Gentzen’s unsustt
to term pnlpulu. (hus would not, towever, do vustupe to pomputer
spuenpe nnd to uts role un tteur duspovery.)
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Ǧ, ǧ, Ǩ ⩴ Ǫ ∣ (Ǧ, ǧ⟨ ∣ �1(Ǧ⟨ ∣ �2(Ǧ⟨ ∣ �Ǫ.Ǧ ∣
fst(Ǧ⟨ ∣ snd(Ǧ⟨ ∣ match Ǧ with (ǧ|Ǩ⟨ ∣ Ǧ ǧ

șaȚ Syntax

Ǧ ∶ ƻ ǧ ∶ Ƽ—(Ǧ, ǧ⟨ ∶ ƻ ҹ Ƽ Ǧ ∶ ƻ ҹ Ƽ—
fst(Ǧ⟨ ∶ ƻ Ǧ ∶ ƻ ҹ Ƽ—

snd(Ǧ⟨ ∶ Ƽ
Ǧ ∶ ƻ—�1(Ǧ⟨ ∶ ƻ Һ Ƽ Ǧ ∶ Ƽ—�2(Ǧ⟨ ∶ ƻ Һ Ƽ Ǧ ∶ ƻ Һ Ƽ ǧ ∶ ƻ → ƽ Ǩ ∶ Ƽ → ƽ—

match Ǧ with (ǧ|Ǩ⟨ ∶ ƽ
Ǧ ∶ ƻ(x⟨
—∗Ǧ ∶ ∀x ƻ(x⟨ Ǧ ∶ ∀x ƻ(x⟨

—Ǧ ∶ ƻ(t⟨
Ǧ ∶ ƻ(t⟨
—Ǧ ∶ ∃x ƻ(x⟨ Ǧ ∶ ∃y ƻ(y⟨ ǧ ∶ ƻ(x⟨ → Ƽ
—∗ǧ Ǧ ∶ Ƽ

[Ǫ∶ƻ]Ǧ ∶ Ƽ—�Ǫ.Ǧ ∶ ƻ → Ƽ
Ǧ ∶ ƻ → Ƽ ǧ ∶ ƻ—Ǧ ǧ ∶ Ƽ

Ǧ ∶ ⊥—Ǧ ∶ ƻ
∗: tte vnrunole x must not oe free un tte typotteses.

șbȚ Rules

(�Ǫ.Ǧ⟨ ǧ ≻ Ǧ[ǧ/Ǫ]
fst(Ǧ, ǧ⟨ ≻ Ǧ
snd(Ǧ, ǧ⟨ ≻ ǧ
match �1(Ǧ⟨with (ǧ|Ǩ⟨ ≻ ǧ Ǧ
match �2(Ǧ⟨with (ǧ|Ǩ⟨ ≻ Ǩ Ǧ
șcȚ Naive reduction relation

Figure I.Ǖ: λ calculus with pairs and sums
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I.Ǖ Abstract machines

In order to redupe “match (�Ǫ.�1(Ǧ⟨⟨ǧwith (Ǩ|ǩ⟨”, ut us nepessnry to irst
redupe (�Ǫ.�1(Ǧ⟨⟨ǧ — reduptuon must ttererore tnppen un pertnun
reduptuon pontexts, tere match□with (Ǩ|ǩ⟨.

For our purposes, nn abstract machine us suven oy n srnmmnr or
expressuons Ǧ, n srnmmnr or contexts Ǚ, wtupt nre suven n rormnl
stntusƦ, nnd rewrutuns rules on pnurs ऊǦ ‖ Ǚ ऋ (commands) ttnt extend
reduptuon to pontexts.

Let us deine nn nostrnpt mnptune ror our λ pnlpulus. Furst we
deine pontexts ns rollows:

Ǚ ⩴ ⋆ ∣ fst՗Ǚ ∣ snd՗Ǚ ∣ (ǧ|Ǩ⟨՗Ǚ ∣ ǧ՗Ǚ
In pnrtupulnr, ⋆ us n symool ttnt represents tte empty pontext. Com-
mnnds nre deined wutt:

Ǘ ⩴ ऊǦ ‖Ǚऋ
de now deine tte reduptuon relntuon ੃R on pommnnds.

Main reductions cnrunoles nre suostututed, pnurs nre provepted,
ornnptes nre ptosen:

ऊ�Ǫ.Ǧ ‖ǧ՗Ǚऋ ੃R ऊǦ[ǧ/Ǫ] ‖Ǚऋ
ऊ(Ǧ, ǧ⟨‖ fst՗Ǚऋ ੃R ऊǦ ‖Ǚऋ

ऊ(Ǧ, ǧ⟨‖ snd՗Ǚऋ ੃R ऊǧ ‖Ǚऋ
ऊ�1(Ǧ⟨‖(ǧ|Ǩ⟨՗Ǚऋ ੃R ऊǧ ‖ Ǧ՗Ǚऋ
ऊ�2(Ǧ⟨‖(ǧ|Ǩ⟨՗Ǚऋ ੃R ऊǨ ‖ Ǧ՗Ǚऋ

Ʀhroustout tte ttesus we use tte termunolosy reduction context or evaluation
context to refer to terms Ǧ wutt n tole □ (n dustunsuusted vnrunole ttnt np-
penrs exnptly onpe), nnd context nlone to refer to tte formnl oovept Ǚ.
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Adjoint reductions Proveptuons, ornnptes nnd runptuon npplupntuon
ouuld up tte pontext.

ऊfst(ǧ⟨‖Ǚऋ ੃R ऊǧ ‖ fst՗Ǚऋ
ऊsnd(ǧ⟨‖Ǚऋ ੃R ऊǧ ‖ snd՗Ǚऋ

ऊmatch Ǧ with (ǧ|Ǩ⟨‖Ǚऋ ੃R ऊǦ ‖(ǧ|Ǩ⟨՗Ǚऋ
ऊǦ ǧ‖Ǚऋ ੃R ऊǦ ‖ǧ՗Ǚऋ

de pnlled ndvount reduptuons ns supt oepnuse ttey nre nll or tte rorm:

“ऊ�∗(Ǧ⟨‖Ǚऋ ੃R ऊǦ ‖�(Ǚ⟨ऋ” .
In otter words, ndvount reduptuons stnte ttnt tte destruptuve opern-
tuons or tte λ pnlpulus nre, oy nnnlosy wutt lunenr nlseorn, ndvount to
tte ponstruptuons on pontexts.

Mnun reduptuons nnd ndvount reduptuons deine ੃R ns n determun-
ustup relntuon: ur Ǘ ੃R Ǘ′ nnd Ǘ ੃R Ǘ″ tten Ǘ′ = Ǘ″.

Example I.ƥ. he term “match (�Ǫ.�1(Ǧ⟨⟨ǧwith (Ǩ|ǩ⟨” redupes ns rol-
lows:

ऊmatch (�Ǫ.�1(Ǧ⟨⟨ǧwith (Ǩ|ǩ⟨‖Ǚऋ
੃R ऊ(�Ǫ.�1(Ǧ⟨⟨ǧ ‖(Ǩ|ǩ⟨՗Ǚऋ
੃R ऊ�Ǫ.�1(Ǧ⟨ ‖ǧ՗(Ǩ|ǩ⟨՗Ǚऋ
੃R ऊ�1(Ǧ[ǧ/Ǫ]⟨ ‖(Ǩ|ǩ⟨՗Ǚऋ
੃R ऊǨ ‖ Ǧ[ǧ/Ǫ]՗Ǚऋ

In pnrtupulnr, tte orusunnl term us equuvnlent to Ǩ Ǧ[ǧ/Ǫ].
In nn unrormnl wny, nnd despute tte nosenpe or nmousuuty un tte

srnmmnr, we ind userul to wrute |Ǚऋ to undupnte ttnt Ǚ us n pontext nndऊǦ | to undupnte ttnt Ǧ us nn expressuon.Ƨ (he ponventuon us umportnnt
Ƨde wull see un Septuon IV.ƨ.Ʀ ttnt tte ornpket notntuon us vustuied oy nn

nnnlosy wutt dustruoutuons nnd test funptuons un mnttemntups.
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un Ctnpter III.)

Formal adjoints

In Fusure I.Ƨ on tte rollowuns pnse we summnruse tte mnptune,
wtere we ndd one more unsreduent. In Fusure I.Ƨ we removed provep-
tuon, ornnptuns nnd npplupntuon, nnd we replnped ttem wutt n rormnl
adjoint operation:

Ǧ, ǧ ⩴ Ǫ ∣ (Ǧ, ǧ⟨ ∣ �1(Ǧ⟨ ∣ �2(Ǧ⟨ ∣ �Ǫ.Ǧ ∣ Ǘ∗.

he ndvount tns tte rollowuns reduptuon rule:

✄

✂

�

✁

ऊǗ∗ ‖Ǚऋ ੃R Ǘ[Ǚ/⋆] .

dutt Ǘ[Ǚ/⋆] we replnpe wutt Ǚ nny rree ⋆ un Ǘ. Free oppurrenpes or ⋆

nre tte ones ttnt nre not under ՗∗, ttnt us, we ponsuder ⋆ to oe oound
un Ǘ∗.

Solving equations

he ndvount pnn now oe used to solve tte rules or ndvount reduptuons.
For unstnnpe we ponsuder tte rollowuns rule:

ऊǦ ǧ‖Ǚऋ ੃R ऊǦ ‖ǧ՗Ǚऋ
ns nn (un)equntuon wtere tte unknown us Ǧ ǧ. Sunpe we tnve:

ऎऊǦ ‖ǧ՗⋆ऋ∗ ∥Ǚए ੃R ऊǦ ‖ǧ՗Ǚऋ ,
we pnn deine:

✄

✂

�

✁
Ǧ ǧ ≝ ऊǦ ‖ǧ՗⋆ऋ∗ .

de mny nlso deine sumulnrly:

fst(Ǧ⟨ ≝ ऊǦ ‖ fst՗⋆ऋ∗

snd(Ǧ⟨ ≝ ऊǦ ‖ snd՗⋆ऋ∗

match Ǧ with (ǧ|Ǩ⟨ ≝ ऊǦ ‖(ǧ|Ǩ⟨՗⋆ऋ∗
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Ǧ, ǧ ⩴ Ǫ ∣ (Ǧ, ǧ⟨ ∣ �1(Ǧ⟨ ∣ �2(Ǧ⟨ ∣ �Ǫ.Ǧ ∣ Ǘ∗

Ǚ ⩴ ⋆ ∣ fst՗Ǚ ∣ snd՗Ǚ ∣ (ǧ|Ǩ⟨՗Ǚ ∣ ǧ՗Ǚ
Ǘ ⩴ ऊǦ ‖Ǚऋ
șaȚ Terms, contexts, and commands

ऊ�Ǫ.Ǧ ‖ǧ՗Ǚऋ ੃R ऊǦ[ǧ/Ǫ]‖Ǚऋ
ऊ(Ǧ, ǧ⟨‖ fst՗Ǚऋ ੃R ऊǦ ‖Ǚऋ
ऊ(Ǧ, ǧ⟨‖ snd՗Ǚऋ ੃R ऊǧ‖Ǚऋ
ऊ�1(Ǧ⟨‖(ǧ|Ǩ⟨՗Ǚऋ ੃R ऊǧ‖Ǧ՗Ǚऋ
ऊ�2(Ǧ⟨‖(ǧ|Ǩ⟨՗Ǚऋ ੃R ऊǨ ‖Ǧ՗Ǚऋ
ऊǗ∗ ‖Ǚऋ ੃R Ǘ[Ǚ/⋆]

șbȚ Reduction rules

fst(Ǧ⟨ ≝ ऊǦ ‖ fst՗⋆ऋ∗

snd(Ǧ⟨ ≝ ऊǦ ‖ snd՗⋆ऋ∗

match Ǧ with (ǧ|Ǩ⟨ ≝ ऊǦ ‖(ǧ|Ǩ⟨՗⋆ऋ∗

Ǧ ǧ ≝ ऊǦ ‖ǧ՗⋆ऋ∗

șcȚ éefinition of destructive operations

Figure I.ǖ: An abstract machine for the λ calculus

To sum up, tte onsup operntuons tnve n symmetry: some ponstrupt
tte terms, otters ponstrupt tte pontexts. hus orunss to mund tte
symmetry or Gentzen’s sequent pnlpulus, wtupt we repnll un tte next
septuon.

I.ǖ The sequent calculus LJ

de untrodupe Gentzen’s untuutuonustup sequent pnlpulus LJ on Fus-
ure I.ƨ on pnse Ʃƪ. Lmennt logistic ror Gentzen, ttnt us to sny ensy to
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mnnupulnte rormnlly — ns opposed to nnturnl to renson un.
An untuutuonustup sequent us or tte rorm:

Γ Դ Ƽ
wtere Γ = ƻ1,… , ƻǠ us nn unordered lust or typotteses.ƨ he se-
quent porresponds to tte proposutuon:

(ƻ1 ҹ…ҹ ƻǠ⟨ → Ƽ
Example I.Ʀ. he elumunntuon or umplupntuon us deruved ns rollows:

Γ Դ ƻ → Ƽ Γ Դ ƻ —Γ, Ƽ Դ Ƽ
—

Γ, ƻ → Ƽ Դ Ƽ
—

Γ Դ Ƽ

I.Ǘ Typing of machines

de untrodupe un Fusure I.Ʃ on pnse Ʃƭ tte type system ror tte no-
strnpt mnptunes. he ponneptuon oetween nostrnpt mnptunes nnd tte
sequent pnlpulus pomes up wten we try to mntpt Gentzen’s cut rule:

Γ Դ ƻ Γ, ƻ Դ Ƽ
—

Γ Դ Ƽ
wutt tte rollowuns typuns rule ror pommnnds:

✄

✂

�

✁

Γ Դ Ǧ ∶ ƻ Γ ∣ Ǚ ∶ ƻ Դ ⋆ ∶ Ƽ
—ऊǦ ‖Ǚऋ ∶ (Γ Դ ⋆ ∶ Ƽ⟨

ƨde formulnted Gentzen’s system wutt umpluput strupturnl rules (otterwuse
known ns tte nddutuve style) oepnuse un tte teptnupnl pnrt of tte ttesus, tte
use of vnrunoles wull provude tte proper pontrol over tte typuns pontexts.
duttout vnrunoles, expluput strupturnl rules nnd reorderuns of tte typotteses
nre prupunl un Gentzen’s mnun result [“enǖǘ].
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—
Γ, ƻ Դ ƻ Γ Դ ƻ Γ, ƻ Դ Ƽ

—
Γ Դ Ƽ

Γ Դ ƻ Γ Դ Ƽ
—

Γ Դ ƻ ҹ Ƽ Γ, ƻ Դ ƽ
—

Γ, ƻ ҹ Ƽ Դ ƽ Γ, Ƽ Դ ƽ
—

Γ, ƻ ҹ Ƽ Դ ƽ
Γ Դ ƻ
—

Γ Դ ƻ Һ Ƽ Γ Դ Ƽ
—

Γ Դ ƻ Һ Ƽ Γ, ƻ Դ ƽ Γ, Ƽ Դ ƽ
—

Γ, ƻ Һ Ƽ Դ ƽ
Γ Դ ƻ
—∗

Γ Դ ∀x ƻ Γ, ƻ(t⟨ Դ Ƽ
—

Γ, ∀x ƻ(x⟨ Դ Ƽ
Γ Դ ƻ(t⟨
—

Γ Դ ∃x ƻ(x⟨ Γ, ƻ Դ Ƽ
—∗

Γ, ∃x ƻ Դ Ƽ
Γ, ƻ Դ Ƽ
—

Γ Դ ƻ → Ƽ Γ Դ ƻ Γ, Ƽ Դ ƽ
—

Γ, ƻ → Ƽ Դ ƽ
—

Γ, ⊥ Դ ƻ
∗: tte vnrunole x must not oe free un Γ, Ƽ
Figure I.Ǘ: “entzen’s LJ [“enǖǘ, “enǙǜ]

wtere Γ oepomes n runptuon rrom n inute set or vnrunoles to rormulneǪ1 ∶ ƻ1,… , ǪǠ ∶ ƻǠ.
here nre now ttree vudsements. he irst one us sumulnr to tte one

rrom nnturnl deduptuon:
Γ Դ Ǧ ∶ ƻ

It rends “Ǧ is a proof of ƻ under hypotheses Γ” or “Ǧ has type ƻ under the
typing context Γ”. he next one us:

Γ ∣ Ǚ ∶ ƻ Դ ⋆ ∶ Ƽ
It rends “Ǚ is a refutation of ƻ, or we have Ƽ” or “Ǚ expects a program of
type ƻ and returns Ƽ”. hus porresponds to n sequent Γ, ƻ Դ Ƽ, wutt
tte vertupnl sepnrntuon ∣ oetween tte pontext Ǚ nnd tte typotteses Γ
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oeuns ndded ror more lesuouluty. In n sequent, tte rormuln ttnt typesǦ on tte rustt or Ǚ on tte let us pnlledmain.

he tturd vudsement denls wutt pommnnds:

ऊǦ ‖Ǚऋ ∶ (Γ Դ ⋆ ∶ Ƽ⟨
In otter words, ऊ Ǧ ‖ Ǚ ऋ does not tnve n type on uts own, nnd tte
sequent tns no mnun rormuln.

here nre two noveltues pompnred to LJ. Furst, tte nxuom rule:

—
Γ, ƻ Դ ƻ

us splut un two:

—
Γ, Ǫ ∶ ƻ Դ Ǫ ∶ ƻ—Γ ∣ ⋆ ∶ ƻ Դ ⋆ ∶ ƻ

Sepond, ur we wnnt to type ऊ Ǘ∗ ‖ Ǚ ऋ , sny wutt n put rule unvolvuns n
rormuln ƻ, tten npporduns to tte reduptuon rule ऊ Ǘ∗ ‖ Ǚ ऋ ੃R Ǘ[Ǚ/⋆],
tte pommnnd Ǘ must oe typnole wutt ponplusuon ⋆ ∶ ƻ. hus we
untrodupe n new rule:

Ǘ ∶ (Γ Դ ⋆ ∶ ƻ⟨
—

Γ Դ Ǘ∗ ∶ ƻ
Notupe ttnt tte underlyuns sequent pnlpulus rule:

Γ Դ ƻ
—

Γ Դ ƻ
us superluous un LJ.

Example I.Ƨ. he deinuns equntuon ror Ǧ ǧ pnn oe retrueved ttroust
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tte deruvntuon or tte elumunntuon or umplupntuon rrom exnmple I.Ʀ:

Γ Դ Ǧ ∶ ƻ → Ƽ Γ Դ ǧ ∶ ƻ —Γ ∣ ⋆ ∶ Ƽ Դ ⋆ ∶ Ƽ
—

Γ ∣ ǧ՗⋆ ∶ ƻ → Ƽ Դ ⋆ ∶ Ƽ
—ऊǦ ‖ǧ՗⋆ऋ ∶ (Γ Դ ⋆ ∶ Ƽ⟨
—

Γ Դ ऊǦ ‖ǧ՗⋆ऋ∗ ∶ Ƽ
Issues with abstract machines

here nre two ussues ttnt prevent us so rnr rrom tnvuns n porrespond-
enpe oetween nostrnpt mnptunes nnd sequent pnlpulus; nnd ttererore
we stull tnve more to duspover.

ǉ. It us not possuole to perrorm nn untroduptuon rule on nn nroutrnry
rormuln on tte let. Indeed, our let-untroduptuon rules nre so rnr
restrupted to proors ootnuned stnrtuns rrom ⋆ nnd npplyuns only
let-untroduptuon rules on tte dustunsuusted spot un tte sequent.

Ǌ. he rules ror tte untroduptuon or Һ nnd ∃ on tte let nre unpreduoly
remote rrom tte rules or sequent pnlpulus.

he symmetry or sequent pnlpulus, nnd un pnrtupulnr tte one oetween
ponvunptuon nnd dusvunptuon, sussests tte rollowuns rule ror tte un-
troduptuon or Һ on tte let:

Γ ∣ Ǚ ∶ ƻ Դ ⋆ ∶ ƾ Γ ∣ Ǚ′ ∶ Ƽ Դ ⋆ ∶ ƾ
—

Γ ∣ (Ǚ|Ǚ′⟨ ∶ ƻ Һ Ƽ Դ ⋆ ∶ ƾ
hus sussests ttnt we ndd n new ponstruptor ror pontexts:

(Ǚ|Ǚ′⟨
wutt new reduptuons ttnt we suess oy symmetry:

ऊ�1(Ǧ⟨‖(Ǚ1|Ǚ2⟨ऋ ੃R ऊǦ ‖Ǚ1ऋ
ऊ�2(ǧ⟨‖(Ǚ1|Ǚ2⟨ऋ ੃R ऊǦ ‖Ǚ2ऋ
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Γ Դ Ǧ ∶ ƻ Γ ∣ Ǚ ∶ ƻ Դ ⋆ ∶ Ƽ ऊǦ ‖Ǚऋ ∶ (Γ Դ ⋆ ∶ Ƽ⟨
șaȚ Judgements

—
Γ, Ǫ ∶ ƻ Դ Ǫ ∶ ƻ —

Γ ∣ ⋆ ∶ ƻ Դ ⋆ ∶ ƻ
Ǘ ∶ (Γ Դ ⋆ ∶ ƻ⟨
—

Γ Դ Ǘ∗ ∶ ƻ Γ Դ Ǧ ∶ ƻ Γ ∣ Ǚ ∶ ƻ Դ ⋆ ∶ Ƽ
—ऊǦ ‖Ǚऋ ∶ (Γ Դ ⋆ ∶ Ƽ⟨

Γ Դ Ǧ ∶ ƻ Γ Դ ǧ ∶ Ƽ
—

Γ Դ (Ǧ, ǧ⟨ ∶ ƻ ҹ Ƽ Γ ∣ Ǚ ∶ ƻ Դ ƽ
—

Γ ∣ fst՗Ǚ ∶ ƻ ҹ Ƽ Դ ƽ Γ ∣ Ǚ ∶ Ƽ Դ ƽ
—

Γ ∣ snd՗Ǚ ∶ ƻ ҹ Ƽ Դ ƽ
Γ Դ Ǧ ∶ ƻ
—

Γ Դ �1(Ǧ⟨ ∶ ƻ Һ Ƽ Γ Դ Ǧ ∶ Ƽ
—

Γ Դ �2(Ǧ⟨ ∶ ƻ Һ Ƽ †

Γ Դ Ǧ ∶ ƻ
—§

Γ Դ Ǧ ∶ ∀x ƻ Γ ∣ Ǚ ∶ ƻ(t⟨ Դ Ƽ
—

Γ ∣ Ǚ ∶ ∀x ƻ(x⟨ Դ Ƽ
Γ Դ Ǧ ∶ ƻ(t⟨
—

Γ Դ Ǧ ∶ ∃x ƻ(x⟨ ‡

Γ, Ǫ ∶ ƻ Դ Ǧ ∶ Ƽ
—

Γ Դ �Ǫ.Ǧ ∶ ƻ → Ƽ Γ Դ Ǧ ∶ ƻ Γ ∣ Ǚ ∶ Ƽ Դ ⋆ ∶ ƽ
—

Γ ∣ Ǧ՗Ǚ ∶ ƻ → Ƽ Դ ⋆ ∶ ƽ
—

Γ ∣ ⋆ ∶ ⊥ Դ ⋆ ∶ ƻ
șbȚ Rules

† ∶ Γ ∣ Ǚ ∶ ƽ Դ ⋆ ∶ ƾ Γ Դ Ǧ ∶ ƻ → ƽ Γ Դ ǧ ∶ Ƽ → ƽ
—

Γ ∣ (Ǧ|ǧ⟨՗Ǚ ∶ ƻ Һ Ƽ Դ ⋆ ∶ ƾ
‡ ∶ Γ Դ Ǧ ∶ ∃y ƻ(y⟨ Γ ∣ Ǚ ∶ Ƽ Դ ⋆ ∶ ƽ
—§

Γ ∣ Ǧ՗Ǚ ∶ ƻ(x⟨ → Ƽ Դ ⋆ ∶ ƽ
șcȚWrong rules

§: tte vnrunole x must not oe free un Γ, ƽ
Figure I.ǘ: Typing of machines in LJ șwrongȚ
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However, we stull muss nn unsreduent un order to sumulnte tte oper-
ntuon match Ǧ with (ǧ|Ǩ⟨ un n pontext Ǚ′, un otter words to sumulnte tte
porresponduns pontext (ǧ|Ǩ⟨՗Ǚ′. Indeed, tte ponstruptor (Ǚ|Ǚ′⟨ noove
lets us model tte seleptuon or n ornnpt, out now we need to ind
pontexts Ǚ1 nnd Ǚ2 ttnt pust Ǧ onto tte stnpk ns match Ǧ with (ǧ|Ǩ⟨ does.
In otter words we nre lookuns ror pontexts Ǚ1 nnd Ǚ2 supt ttnt:

ऊǦ ‖Ǚ1ऋ ੃R ऊǧ ‖ Ǧ՗Ǚ′ऋ
ऊǦ ‖Ǚ2ऋ ੃R ऊǨ ‖ Ǧ՗Ǚ′ऋ

de need n pontext ponstruptor ttnt us symmetrup to tte ndvount oper-
ntuon ՗∗.

I.ǘ Enter Ʌ̃

de nre lookuns ror two pontexts Ǚ1 nnd Ǚ2 ttnt nssopunte to wtntever
term ऊ Ǧ | tte pommnnds ऊ ǧ ‖ Ǧ՗Ǚ′ ऋ nnd ऊ Ǩ ‖ Ǧ՗Ǚ′ ऋ — un nn unrormnl
notntuon:

|Ǚ1ऋ ∶ Ǫ ↦ ऊǧ ‖Ǫ՗Ǚ′ऋ
|Ǚ2ऋ ∶ Ǫ ↦ ऊǨ ‖Ǫ՗Ǚ′ऋ

de untrodupe tte ounder ̃� un order to deine supt pontexts. de wrute| ̃�Ǫ.Ǘ ऋ , wutt Ǫ oound un Ǘ oy ̃�, tte pontext ttnt nssopuntes to enpt
term ऊǦ | tte pommnnd Ǘ[Ǧ/Ǫ]:

✄

✂

�

✁

ऊǦ ‖ ̃�Ǫ.Ǘऋ ੃R Ǘ[Ǧ/Ǫ] .

hus sussests ttnt we tnke:

|Ǚ1ऋ = ∣ ̃�Ǫ.ऊǧ‖Ǫ՗Ǚ′ऋए
|Ǚ2ऋ = ∣ ̃�Ǫ.ऊǨ‖Ǫ՗Ǚ′ऋए
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A senerup motuvntuon ror untrodupuns | ̃�Ǫ.Ǘ ऋ us ttnt uts presenpe
umplues tte pompleteness or tte srnmmnr or pontexts wutt respept
to tte reduptuon pontexts ttnt we pnn nlrendy express ns terms wutt
n tole. he pontexts we nre lookuns ror pnn undeed nlrendy oe ex-
pressed ns terms wutt n tole:

ऊǧ□‖Ǚ′ऋ∗ nnd ऊǨ□‖Ǚ′ऋ∗.

de were only mussuns n notntuon to nssert tteur presenpe un tte
srnmmnr Ǚ. dutt tte ounder ̃�, towever, we pnn represent nny term
wutt n tole ƿ□ ns: ̃�Ǫ.ऊƿ[Ǫ]‖⋆ऋ

(Conversely, tte pontext ∣ ̃�Ǫ.ऊǦ ‖Ǚऋए porresponds to tte rollowuns
reduptuon pontext: (�Ǫ.ƿ[Ǧ]⟨□
ur ƿ□ us n reduptuon pontext ttnt porresponds to Ǚ. In pnrtupulnr,
deinuns n term wutt n tole ttnt porresponds to n pontext us more
teduous sunpe ut requures nn unduptuon.)

I.ǘ.ǔ Stacks vs. contexts

he proolem us ttnt tte reduptuon rule ror ̃�:
ऊǦ ‖ ̃�Ǫ.Ǘऋ ੃R Ǘ[Ǧ/Ǫ]

ponlupts wutt tte one we snve so rnr ror Ǘ∗:

ऊǗ∗ ‖Ǚऋ ੃R Ǘ[Ǚ/⋆]
hererore, ur we ndmut ̃�Ǫ.Ǘ un tte srnmmnr or Ǚ tten tte reduptuon
us no lonser determunustup. Consuder ror unstnnpe tte rollowuns pom-
mnnd: Ǘ ≝ ऎǦ ǧ ∥ ̃�Ǫ.ऊǨ‖⋆ऋए
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(ut porresponds to tte prosrnm let Ǫ = Ǧ ǧ in Ǩ). Ir we wnnt to stupk
wutt tte pnll-oy-nnme reduptuons ttnt we ponsudered so rnr, tten we
must nllow tte rollowuns reduptuon:

Ǘ ੃R ऊǨ[Ǧ ǧ/Ǫ] ‖⋆ऋ
nnd roroud tte reduptuon unto tte rollowuns pommnnd:

ऎǦ ∥ǧ՗ ̃�Ǫ.ऊǨ‖⋆ऋए
Indeed, tte lnter pomputes Ǧ oerore Ǩ, wtupt us not wtnt we wnnt
— ror tte moment. hus stows ttnt we must not trent ̃�Ǫ.Ǘ luke nny
otter pontext.

Let us denote n new srnmmnr ror pontexts ttnt expludes ̃�Ǫ.Ǘ ttnt
we pnll stnpks, nnd wtupt we wrute �Ʃ rollowuns Kruvune [KriǓǜ].

� ⩴ ⋆ ∣ fst՗� ∣ snd՗� ∣ (Ǚ|Ǚ⟨ ∣ ǧ՗�
Contexts Ǚ nre now eutter � or ̃�Ǫ.Ǘ (ttus, n pontext us not nepessnruly
n stnpk).

✄

✂

�

✁
Ǚ ⩴ � ∣ ̃�Ǫ.Ǘ

Notupe ttnt we ndded pontexts or tte rorm (Ǚ|Ǚ′⟨ nnd ponsuder ttem
ns stnpks.

dutt ttus dustunptuon we pnn now restrupt tte reduptuon or Ǘ∗ to tte
rollowuns rule: ऊǗ∗ ‖�ऋ ੃R Ǘ[�/⋆]
de summnruse our development so rnr wutt tte pnlpulus Li (Fus-
ure I.ƫ on pnse ƪƨ; i stnnds ror untuutuonustup, or untroduptory).

Ʃfor “pule” (stnpk un Frenpt).
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Lunenr ror In sequent pnlpulus

Context Ǚ Rewrutuns Mnun rormuln
Stnpk � Denotntuonnl semnntups Stoup (see IV.ƪ nnd III.Ʀ.Ƭ)

Table I.Ǚ: Two notions of linearity

I.ǘ.Ǖ The two notions of linearity

de vust unpovered wutt pontexts nnd stnpks n rundnmentnl duffer-
enpe oetween two notuons or lunenruty (Tnole I.ƪ on ttus pnse):

• A pontext Ǚ us syntactically linear, un tte sense ttnt ut denotes n
term wutt n tole □ wtere □ oppurs exnptly onpe. hus notuon
oelonss to rewrutuns tteory nnd underlues tte ponluenpe or tte
pompntuole plosure or ੃R , ror unstnnpe.

• A stnpk � denotes n pontext ttnt us lunenr npporduns to (n syntnptup
npproxumntuon or) operntuonnl lunenruty. By operational linearity
we menn ttnt tte opposuns term us evnlunted nt most nnd nt lenst
onpe. hus notuon or lunenruty us vusuole notnoly un denotntuonnl
semnntups (Gurnrd [“irǛǚ]).

I.ǘ.ǖ The solution

de nre now tryuns to reprodupe tte rollowuns reduptuons:

ऊmatch Ǧ with (ǧ|Ǩ⟨‖�ऋ ੃R ऊǦ ‖(ǧ|Ǩ⟨՗�ऋ
ऊ�1(Ǧ⟨‖(ǧ|Ǩ⟨՗�ऋ ੃R ऊǧ ‖ Ǧ՗�ऋ
ऊ�2(Ǧ⟨‖(ǧ|Ǩ⟨՗�ऋ ੃R ऊǨ ‖ Ǧ՗�ऋ



ƪƨ Chapter I he “L” approach to programs and proofs

Ǧ, ǧ ⩴ Ǫ ∣ (Ǧ, ǧ⟨ ∣ �1(Ǧ⟨ ∣ �2(Ǧ⟨ ∣ �Ǫ.Ǧ ∣ Ǘ∗

Ǚ ⩴ � ∣ ̃�Ǫ.Ǘ
� ⩴ ⋆ ∣ fst՗� ∣ snd՗� ∣ (Ǚ|Ǚ⟨ ∣ ǧ՗�
Ǘ ⩴ ऊǦ ‖Ǚऋ

șaȚ Terms, contexts, stacks andmachines

ऊ�Ǫ.Ǧ ‖ǧ՗�ऋ ੃R ऊǦ[ǧ/Ǫ]‖�ऋ
ऊ(Ǧ, ǧ⟨‖ fst՗�ऋ ੃R ऊǦ ‖�ऋ
ऊ(Ǧ, ǧ⟨‖ snd՗�ऋ ੃R ऊǧ‖�ऋ
ऊ�1(Ǧ⟨‖(Ǚ1|Ǚ2⟨ऋ ੃R ऊǦ ‖Ǚ1ऋऊ�2(Ǧ⟨‖(Ǚ1|Ǚ2⟨ऋ ੃R ऊǦ ‖Ǚ2ऋ
ऊǗ∗ ‖�ऋ ੃R Ǘ[�/⋆]
ऊǦ ‖ ̃�Ǫ.Ǘऋ ੃R Ǘ[Ǧ/Ǫ]

șbȚ Reduction rules

fst(Ǧ⟨ ≝ ऊǦ ‖ fst՗⋆ऋ∗

snd(Ǧ⟨ ≝ ऊǦ ‖ snd՗⋆ऋ∗

match Ǧ with (ǧ|Ǩ⟨ ≝ ऎǦ ∥( ̃�Ǫ.ऊǧ‖Ǫ՗⋆ऋ| ̃�Ǫ.ऊǨ‖Ǫ՗⋆ऋ⟨ए∗

Ǧ ǧ ≝ ऊǦ ‖ǧ՗⋆ऋ∗

șcȚ éefinition of destructive operations

Figure I.ǚ: Li: the calculus
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Furst we deine (ǧ|Ǩ⟨՗� ns (Ǚ1|Ǚ2⟨ wtere Ǚ1 nnd Ǚ2 nre solutuons or tte
rollowuns equntuons:

ऊǦ ‖Ǚ1ऋ ੃R ऊǧ ‖ Ǧ՗�ऋ
ऊǦ ‖Ǚ2ऋ ੃R ऊǨ ‖ Ǧ՗�ऋ

In otter words we tnke:

|Ǚ1ऋ ≝ ∣ ̃�Ǫ.ऊǧ‖Ǫ՗�ऋए
|Ǚ2ऋ ≝ ∣ ̃�Ǫ.ऊǨ‖Ǫ՗�ऋए

And innlly we tnke:

✄

✂

�

✁

ऊmatch Ǧ with (ǧ|Ǩ⟨ | ≝ ऎǦ ∥( ̃�Ǫ.ऊǧ‖Ǫ՗⋆ऋ| ̃�Ǫ.ऊǨ‖Ǫ՗⋆ऋ⟨ए∗
.

I.Ǚ Benefits of Ʌ̃

I.Ǚ.ǔ éisappearance of commutative cuts

One sonl wns to udentury tte rollowuns term:

(match Ǫ with (�ǫ�Ǭ.Ǧ|�ǫ�Ǭ.ǧ⟨⟨ Ǭ
wutt tte rollowuns one:

match Ǫ with (�ǫ.Ǧ|�ǫ.ǧ⟨
dutt our new deinutuon, we tnve:

ऊ(match Ǫ with (�ǫ�Ǭ.Ǧ|�ǫ�Ǭ.ǧ⟨⟨ Ǭ‖�ऋ
੃R ऊmatch Ǫ with (�ǫ�Ǭ.Ǧ|�ǫ�Ǭ.ǧ⟨ ‖Ǭ՗�ऋ
੃R ऎǪ ∥( ̃�ǫ.ऊ�ǫ�Ǭ.Ǧ ‖ǫ՗Ǭ՗�ऋ| ̃�ǫ.ऊ�ǫ�Ǭ.ǧ‖ǫ՗Ǭ՗�ऋ⟨ए
→∗

RऎǪ ∥( ̃�ǫ.ऊǦ ‖�ऋ| ̃�ǫ.ऊǧ‖�ऋ⟨ए
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ऊmatch Ǫ with (�ǫ.Ǧ|�ǫ.ǧ⟨‖�ऋ
੃R ऎǪ ∥( ̃�ǫ.ऊ�ǫ.Ǧ ‖ǫ՗�ऋ| ̃�ǫ.ऊ�ǫ.ǧ‖ǫ՗�ऋ⟨ए
→∗

R ऎǪ ∥( ̃�ǫ.ऊǦ ‖�ऋ| ̃�ǫ.ऊǧ‖�ऋ⟨ए
In otter words, tte reduptuon un tte pnlpulus Li ensures:
✄

✂

�

✁

ऊmatch Ǫ with (�ǫ�Ǭ.Ǧ|�ǫ�Ǭ.ǧ⟨ Ǭ‖�ऋ ≃R ऊmatch Ǫ with (�ǫ.Ǧ|�ǫ.ǧ⟨ ‖�ऋ
Notupe ttnt un order to estnolust tte equuvnlenpe we only used redup-
tuon: we dud not need to untrodupe extensuonnluty equntuons.

Commutative cuts nre sequenpes or elumunntuon rules un nnturnl de-
duptuon wtere n lopnl reduptuon rule move one elumunntuon rule to
tte lenves or tte proor. hese reduptuons essentunlly umplement uden-
tuipntuons or tte noove kund. For unstnnpe, tte rollowuns deruvntuon
orNJ:

⋮ƽ

ƻ Һ Ƽ [ƻ]

⋮ƽ → ƾ
[Ƽ]

⋮ƽ → ƾ
—ƽ → ƾ
—ƾ

porresponds to (match Ǫ with (�ǫ�Ǭ.Ǧ|�ǫ�Ǭ.ǧ⟨⟨ Ǭ nnd us reduped to tte
rollowuns one:

ƻ Һ Ƽ
⋮ƽ

[ƻ]

⋮ƽ → ƾ
—ƾ

⋮ƽ
[Ƽ]

⋮ƽ → ƾ
—ƾ—ƾ

wtupt porresponds to match Ǫ with (�ǫ.Ǧ|�ǫ.ǧ⟨.
here nre mnny vnrunnts, wtere ƽ → ƾ us replnped oy otter pon-

neptuves. hey nre teduous to lust, out nosolutely nepessnry un tte
presenpe or posutuve ponneptuves supt ns dusvunptuon nnd ponvunp-
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tuon. duttout ttem, nnturnl deduptuon does not tnve tte suo-
rormuln property [“irǓǙ]. All ttese rules rollow nnturnlly rrom tte
reduptuon rules un tte L pnlpulu.

I.Ǚ.Ǖ A correspondence with sequent calculus

de present un Fusure I.Ƭ on pnse ƪƭ tte typuns rules or tte pnlpulus
Li unspured oy LJ. de tnve now tte porrept rules ror Һ nnd ∃:

Γ ∣ Ǚ ∶ ƻ Դ ⋆ ∶ ƽ Γ ∣ Ǚ′ ∶ Ƽ Դ ⋆ ∶ ƽ
—

Γ ∣ (Ǚ|Ǚ′⟨ ∶ ƻ Һ Ƽ Դ ⋆ ∶ ƽ Γ ∣ Ǚ ∶ ƻ Դ Ƽ
—§

Γ ∣ Ǚ ∶ ∃x ƻ(x⟨ Դ Ƽ
he new ponstrupt ̃�Ǫ us typed symmetrupnlly to tte ndvount Ǘ∗:

Ǘ ∶ (Γ, Ǫ ∶ ƻ Դ ⋆ ∶ Ƽ⟨
—

Γ ∣ ̃�Ǫ.Ǘ ∶ ƻ Դ ⋆ ∶ Ƽ
hus rule us pnlled activation; ut tns nn unverse operntuon ttnt we pnll
deactivation. It us deruved usuns n vnrunole nnd n put:

Γ ∣ Ǚ ∶ ƻ Դ ⋆ ∶ Ƽ
——ऊǪ ‖Ǚऋ ∶ (Γ, Ǫ ∶ ƻ Դ ⋆ ∶ Ƽ⟨

Luke ror tte ndvount nnd nptuvntuon, denptuvntuon porresponds to tte
udentuty on tte underlyuns sequent:

Γ, ƻ Դ Ƽ
—

Γ, ƻ Դ Ƽ
dutt nptuvntuon nnd denptuvntuon, tte rules on tte let nre no

lonser ponstrnuned. For unstnnpe, ttere us n deruvntuon:

Γ ∣ Ǚ ∶ ƻ Դ ƽ
——

Γ ∣ fst՗Ǚ ∶ ƻ ҹ Ƽ Դ ƽ
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wtere we deine:
✄

✂

�

✁

fst՗Ǚ ≝ ̃�Ǫ.ऎऊǪ ‖ fst՗⋆ऋ∗ ∥Ǚए .

hus menns ttnt ttere exust unponstrnuned evnluntuon pontexts,

fst՗Ǚ, snd՗Ǚ, ǧ՗Ǚ,
ttnt nre deined oy tte rollowuns reduptuon rules ttnt we pnll �ƪ:

ऊǦ ‖ fst՗Ǚऋ ੃R ऎऊǦ ‖ fst՗⋆ऋ∗ ∥Ǚए
ऊǦ ‖ snd՗Ǚऋ ੃R ऎऊǦ ‖ snd՗⋆ऋ∗ ∥Ǚए

ऊǦ ‖ǧ՗Ǚऋ ੃R ऎऊǦ ‖ǧ՗⋆ऋ∗ ∥Ǚए
he ptenomenon oy wtupt pertnun untroduptuon rules tude puts us
pnlled focalisation.

As nn off-tnnd remnrk, we we wull see un Septuon IV.ƪ ttnt tte
L pnlpulu tnve oeter propertues ur we expluputly unplude tte � rules,
rntter ttnn letuns senernlused pontexts oeuns deined “oy tnnd” ns
noove.

Gentzen elumunnted puts un sequent pnlpulus un order to prove tte
ponsustenpy or nruttmetup. de pnn estnolust tte rollowuns porres-
pondenpe:ƫ

elumunntuns puts ⟺ redupuns pommnnds

ƪde follow tte termunolosy of dndler [WadǓǖ].
ƫdutt tte ponventuon ttnt n pommnnd ऊǪ ‖Ǚऋ or ऊǦ ‖�ऋ us not n put, ns sussested

oy dndler [WadǓǖ]. he put-elumunntuon propedure us dufferent towever from
tte one ponsudered oy Gentzen.
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—
Γ, Ǫ ∶ ƻ Դ Ǫ ∶ ƻ —

Γ ∣ ⋆ ∶ ƻ Դ ⋆ ∶ ƻ
Ǘ ∶ (Γ Դ ⋆ ∶ ƻ⟨
—

Γ Դ Ǘ∗ ∶ ƻ Ǘ ∶ (Γ, Ǫ ∶ ƻ Դ ⋆ ∶ Ƽ⟨
—

Γ ∣ ̃�Ǫ.Ǘ ∶ ƻ Դ ⋆ ∶ Ƽ
Γ Դ Ǧ ∶ ƻ Γ ∣ Ǚ ∶ ƻ Դ ⋆ ∶ Ƽ
—ऊǦ ‖Ǚऋ ∶ (Γ Դ ⋆ ∶ Ƽ⟨

Γ Դ Ǧ ∶ ƻ Γ Դ ǧ ∶ Ƽ
—

Γ Դ (Ǧ, ǧ⟨ ∶ ƻ ҹ Ƽ Γ ∣ � ∶ ƻ Դ ƽ
—

Γ ∣ fst՗� ∶ ƻ ҹ Ƽ Դ ƽ Γ ∣ � ∶ Ƽ Դ ƽ
—

Γ ∣ snd՗� ∶ ƻ ҹ Ƽ Դ ƽ
Γ Դ Ǧ ∶ ƻ
—

Γ Դ �1(Ǧ⟨ ∶ ƻҺƼ Γ Դ Ǧ ∶ Ƽ
—

Γ Դ �2(Ǧ⟨ ∶ ƻҺƼ Γ ∣ Ǚ ∶ ƻ Դ ⋆ ∶ ƽ Γ ∣ Ǚ′ ∶ Ƽ Դ ⋆ ∶ ƽ
—

Γ ∣ (Ǚ|Ǚ′⟨ ∶ ƻҺƼ Դ ⋆ ∶ ƽ
Γ Դ Ǧ ∶ ƻ
—§

Γ Դ Ǧ ∶ ∀x ƻ Γ ∣ � ∶ ƻ(t⟨ Դ Ƽ
—

Γ ∣ � ∶ ∀x ƻ(x⟨ Դ Ƽ
Γ Դ Ǧ ∶ ƻ(t⟨
—

Γ Դ Ǧ ∶ ∃x ƻ(x⟨ Γ ∣ Ǚ ∶ ƻ Դ Ƽ
—§

Γ ∣ Ǚ ∶ ∃x ƻ(x⟨ Դ Ƽ
Γ, Ǫ ∶ ƻ Դ Ǧ ∶ Ƽ
—

Γ Դ �Ǫ.Ǧ ∶ ƻ → Ƽ Γ Դ Ǧ ∶ ƻ Γ ∣ � ∶ Ƽ Դ ⋆ ∶ ƽ
—

Γ ∣ Ǧ՗� ∶ ƻ → Ƽ Դ ⋆ ∶ ƽ
—

Γ ∣ ⋆ ∶ ⊥ Դ ⋆ ∶ ƻ
§: tte vnrunole x must not oe free un Γ, ƽ

șaȚ Rules

Figure I.Ǜ: Li: typing rules
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I.Ǚ.ǖ Other improvements

èonfluence

Sunpe ੃R us let-lunenr nnd tns no prutupnl pnur, we tnve ttnt →R us
ponluent (see e.s. Nupkow [Nipǜǔ]). de wull use ttus nrsument ror
nll tte L pnlpulu un tte ttesus.

Suitability for orthogonality-based logical relations

hnnks to tte presenpe or expluput pontexts nnd to tte detnuled de-
pomposutuon or ponstrupts, tte deinutuon or orttosonnluty-onsed
losupnl relntuons us sumpluied (see M.-M. [MunǓǜ], Brunel [BruǔǕ]).
Supt losupnl relntuons pnn oe used ror provuns propertues luke type
soundness or (strons) normnlusntuon, nmons otters.

In ttus pontext, ponsuderuns orttosonnluty wutt respept to n set
or stnpks (ns un Kruvune [KriǓǜ]) us sometumes prerernole over pon-
suderuns ou-orttosonnluty wutt respept to n set or vnlues (ns un Gur-
nrd [“irǛǚ], Puts [PitǓǘ]), nnd ponversely. hus us n trnpe or polnrusn-
tuon ns we untrodupe next (see M.-M. [MunǓǜ]).

I.ǚ Polarisation

de nre let wutt one questuon ttnt we reptrnse. How pnn we udentury
tte rollowuns term:

match Ǧ with (�ǫ.ƿ[�1(ǫ⟨]|�Ǭ.ƿ[�2(Ǭ⟨]⟨
wutt tte rollowuns one: ƿ[Ǧ]
wtere ƿ□ us wtntever term wutt n tole? In otter words, we wnnt to
ennole extensuonnl rensonuns.

Let us reptrnse nsnun tte questuon oy ponsuderuns tte pontextǙ ≝ ̃�Ǫ.ऊƿ[Ǫ]‖⋆ऋ, wtupt porresponds to ƿ□. he sonl us to udentury:

ऎmatch Ǧ with (�ǫ.ऊ�1(ǫ⟨‖Ǚऋ∗|�Ǭ.ऊ�2(Ǭ⟨‖Ǚऋ∗⟨∥⋆ए
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wutt: ऊǦ ‖Ǚऋ .
Now one tns:

ऎmatch Ǧ with (�ǫ.ऊ�1(ǫ⟨‖Ǚऋ∗|�Ǭ.ऊ�2(Ǭ⟨‖Ǚऋ∗⟨∥⋆ए
੃R ऒǦ ∥( ̃�ǫ.ऎ�ǫ.ऊ�1(ǫ⟨‖Ǚऋ∗ ∥ǫ՗⋆ए| ̃�Ǭ.ऎ�Ǭ.ऊ�2(Ǭ⟨‖Ǚऋ∗ ∥Ǭ՗⋆ए⟨ओ
→∗

R ऒǦ ∥( ̃�ǫ.ऎऊ�1(ǫ⟨‖Ǚऋ∗ ∥⋆ए| ̃�Ǭ.ऎऊ�2(Ǭ⟨‖Ǚऋ∗ ∥⋆ए⟨ओ
→∗

R ऎǦ ∥( ̃�ǫ.ऊ�1(ǫ⟨‖Ǚऋ| ̃�Ǭ.ऊ�2(Ǭ⟨‖Ǚऋ⟨ए
hererore tte udentuipntuon rollows rrom tte one oetween Ǚ nnd:

( ̃�ǫ.ऊ�1(ǫ⟨‖Ǚऋ| ̃�Ǭ.ऊ�2(Ǭ⟨‖Ǚऋ⟨
he ussue wutt ttus udentuipntuon nruses wten we tnke ƿ□≝ (�Ǫ.ǫ⟨□
nnd Ǧ = Ω wtere Ω ≝ �Ǫ.(Ǫ Ǫ⟨ �Ǫ.(Ǫ Ǫ⟨. One tns:

ऊΩ‖Ǚऋ ੃RǢ
ऊǫ ‖⋆ऋ ⋫RǢ

out:
ऎΩ∥( ̃�ǫ.ऊ�1(ǫ⟨‖Ǚऋ| ̃�Ǭ.ऊ�2(Ǭ⟨‖Ǚऋ⟨ए
੃R ऎ�Ǫ.(Ǫ Ǫ⟨ ∥�Ǫ.(Ǫ Ǫ⟨՗( ̃�ǫ.ऊ�1(ǫ⟨‖Ǚऋ| ̃�Ǭ.ऊ�2(Ǭ⟨‖Ǚऋ⟨ए
੃R ऎΩ ∥( ̃�ǫ.ऊ�1(ǫ⟨‖Ǚऋ| ̃�Ǭ.ऊ�2(Ǭ⟨‖Ǚऋ⟨ए ੃RǢ

…

he proolem pomes rrom tte rnpt ttnt our pnlpulus so rnr does not
tnke unto nppount tte strupt evnluntuon ttnt match Ǧ with … umposes
on Ǧ. de see two solutuons:

• Ir we nre unterested un typed npproxumntuons or pomputntuon, one
pnn ponsuder n stronsly normnlusuns system. For unstnnpe, System
F [“irǚǕ] tns very sood propertues.

• Or, we pnn depude ttnt we stnll trent dufferently pertnun expres-
suons ttnt requure n strupt evnluntuon, rrom ones ttnt requure n
lnzy evnluntuon. (A pompletely strupt evnluntuon us not desur-
nole, oepnuse tten we lose otter extensuonnluty nxuoms supt ns
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�Ǫ.(Ǧ Ǫ⟨ ≃ Ǧ.)
he lnter solutuon porresponds to polnrusntuon.

I.ǚ.ǔ Polarities

In tte L pnlpulu, polnrusntuon us relepted nt tte level or vnrunoles,
wtupt nre splut un two ns rollows:

Ǫ+, Ǫ⊝

In turn, tte syntnptup pntesorues ror terms nnd pontexts nre splut un
two ns well:

Ǧ+, Ǧ⊝Ǚ+, Ǚ⊝

he empty pontext ⋆ us oott posutuve nnd nesntuve.
In pnrtupulnr, ttere nre now n posutuve ndvount operntuon nnd n

nesntuve one: Ǘ∗
+, Ǘ∗

⊝

hen, pommnnds Ǘ nre eutter ऊǦ+ ‖ Ǚ+ ऋ or ऊǦ⊝ ‖ Ǚ⊝ ऋ (tte polnruty or n
pommnnd does not nppenr rrom tte outsude). de now despruoe tow
reduptuon tnkes polnrutues unto nppount.

Negative polarity A nesntuve term us called by name, ttnt us, uts evnl-
untuon us delnyed untul ut pomes un tend posutuon, un tte termunolosy
or tte λ pnlpulus. he tend posutuon porresponds to oeuns nsnunst n
stnpk. he reduptuon or tte ndvount us ttererore restrupted to pontexts
ttnt nre stnpks:

ऊǦ⊝ ‖ ̃�Ǫ⊝.Ǘऋ ੃R Ǘ[Ǧ⊝/Ǫ⊝]
ऊǗ∗

⊝ ‖�⊝ऋ ੃R Ǘ[�⊝/⋆] ur suostututuon us deined

(he suostututuon nnd tte reduptuon nre deined ur nnd only ur no rree
oppurrenpe or ⋆ us or tte rorm ऊǦ+ ‖⋆ऋ.)
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Positive polarity he reduptuon or posutuve polnruty us symmetrup to
tte one or nesntuve polnruty. he reduptuon or ̃� us restrupted to terms
ttnt nre vnlues, un otter words n posutuve term us called by value. de
need to untrodupe n pntesory or vnlues ǐ+, nnd tten we tnke:

Ǧ+ ⩴ ǐ+ ∣ Ǘ∗
+

he ndvount reduptuon us perrormed ummeduntely:

ऊǗ∗
+ ‖Ǚ+ऋ ੃R Ǘ[Ǚ+/⋆] ur suostututuon us deined

ऊǐ+ ‖ ̃�Ǫ+.Ǘऋ ੃R Ǘ[ǐ+/Ǫ+] .

(he suostututuon nnd tte reduptuon nre deined ur nnd only ur no rree
oppurrenpe or ⋆ us or tte rorm ऊǦ⊝ ‖⋆ऋ.)

de pnn storten tte despruptuon or tte polnrused evnluntuon order
wutt tte ponventuon ttnt nny nesntuve term us n vnlue, nnd nny posut-
uve pontext us n stnpk.

ǐ ⩴ ǐ+ ∣ Ǧ⊝� ⩴ �⊝ ∣ Ǚ+
hen tte reduptuon us enturely deined ror oott polnrutues wutt:

✄

✂

�

✁

ऊǐ ‖ ̃�Ǫ.Ǘऋ ੃R Ǘ[ǐ/Ǫ]
ऊǗ∗ ‖�ऋ ੃R Ǘ[�/⋆] ur suostututuon us deined

de pnn nlso despruoe tte polnrused reduptuon un terms or tte prutupnl
pnur:

Ǘ[ ̃�Ǫ.Ǘ′/⋆] ?ੂR ऊǗ∗ ‖ ̃�Ǫ.Ǘ′ऋ ?੃R Ǘ′[Ǘ∗/Ǫ]
dutt tte posutuve polnruty, tte let-tnnd reduptuon us ptosen over tte
rustt-tnnd one, wtule tte ponverse tolds wutt tte nesntuve polnruty.

Lnst, un ttus septuon we nre ponperned noout extensuonnl rensonuns.
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hus, we ndd tte rollowuns expnnsuon rules wutt � ∈ {+, ⊝}:
✄

✂

�

✁

Ǧ� ੃E ऊǦ� ‖⋆ऋ∗
�Ǚ� ੃R ̃�Ǫ�.ऊǪ� ‖Ǚ�ऋ

he ponsequenpe us ttnt un order to prove nn equuvnlenpe or terms or
pontexts, ut us suffipuent to prove nn equuvnlenpe or pommnnds.

I.ǚ.Ǖ Extensional branching

de ponsuder vnlues deined ns rollows:

ǐ+ ⩴ Ǫ+ ∣ �1(ǐ⟨ ∣ �2(ǐ⟨
ǐ ⩴ Ǧ⊝ ∣ ǐ+

Posutuve pontexts nre deined ns rollows:

Ǚ+ ⩴ ⋆ ∣ ̃�Ǫ+.Ǘ ∣ ̃�(�1(Ǫ⟨.Ǘ∣�2(ǫ⟨.Ǘ′⟨
Reduptuon ror tte ornnptuns operntuon us deined ns rollows:

ऊ�1(ǐ⟨‖ ̃�(�1(Ǫ⟨.Ǘ∣�2(ǫ⟨.Ǘ′⟨ऋ ੃R Ǘ[ǐ/Ǫ]
ऊ�2(ǐ⟨‖ ̃�(�1(Ǫ⟨.Ǘ∣�2(ǫ⟨.Ǘ′⟨ऋ ੃R Ǘ′[ǐ/ǫ]

Let Ǧ+, ǧ, nnd Ǩ oe terms. de deine ornnptuns oy solvuns tte
rollowuns equntuon:

ऊmatch Ǧ+ with (�1(Ǫ⟨.ǧ|�2(ǫ⟨.Ǩ⟨‖Ǚऋ ੃R ऎǦ+ ∥ ̃�(�1(Ǫ⟨.ऊǧ‖Ǚऋ∣�2(ǫ⟨.ऊǨ‖Ǚऋ⟨ए
here nre two solutuons, un otter words we tnve to ponsuder two
dustunpt terms ror match … with .

• Ir ǧ nnd Ǩ nre oott posutuve, we deine:

match Ǧ+ with (�1(Ǫ⟨.ǧ|�2(ǫ⟨.Ǩ⟨+≝ऎǦ+ ∥ ̃�(�1(Ǫ⟨.ऊǧ‖⋆ऋ∣�2(ǫ⟨.ऊǨ‖⋆ऋ⟨ए∗

+
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• Ir ǧ nnd Ǩ nre oott nesntuve, we deine:

match Ǧ+ with (�1(Ǫ⟨.ǧ|�2(ǫ⟨.Ǩ⟨⊝ ≝ऎǦ+ ∥ ̃�(�1(Ǫ⟨.ऊǧ‖⋆ऋ∣�2(ǫ⟨.ऊǨ‖⋆ऋ⟨ए∗

⊝

Now let us ponsuder ror nll Ǚ+ tte rollowuns expnnsuon:

Ǚ+ ੃E ̃�(�1(Ǫ⟨.ऊ�1(Ǫ⟨‖Ǚ+ऋ∣�2(ǫ⟨.ऊ�2(Ǫ⟨‖Ǚ+ऋ⟨
(In tte ttesus, we wull use tte notntuon ੃R ror reduptuons nnd ੃E ror
expnnsuons.)

Let ƿ□ oe n term or nny polnruty wutt n posutuve tole, nnd let ǐ+

oe n posutuve vnlue. Oovuntuns polnrutues ttnn pnn oe omuted, we
tnve:

ऊmatchǐ+ with (�1(ǫ⟨.ƿ[�1(ǫ⟨]|�2(Ǭ⟨.ƿ[�2(Ǭ⟨]⟨‖⋆ऋ
੃R ऎǐ+ ∥ एࡧǫ⟨.ऊƿ[�1(ǫ⟨]‖⋆ऋ∣�2(Ǭ⟨.ऊƿ[�2(Ǭ⟨]‖⋆ऋ)1�ࡦ�̃
←∗

R ऒǐ+ ∥ ∥⟩ǫ⟨.ऎ�1(ǫ)1�ࡐ�̃ ̃�Ǫ+.ऊƿ[Ǫ+]‖⋆ऋए∣�2(Ǭ⟨.ऎ�1(Ǭ⟨∥ ̃�Ǫ+.ऊƿ[Ǫ+]‖⋆ऋएࡑओ
←E ऎǐ+ ∥ ̃�Ǫ+.ऊƿ[Ǫ+]‖⋆ऋए
੃R ऊƿ[ǐ+] ‖⋆ऋ
hus, oy npplyuns �⋆ on tte noove equntuons, we ootnun oy exten-
suonnluty:

✄

✂

�

✁

matchǐ+ with (�1(ǫ⟨.ƿ[�1(ǫ⟨]|�2(Ǭ⟨.ƿ[�2(Ǭ⟨]⟨ ≃RE ƿ[ǐ+] ,

In otter words, we tnve n stnndnrd extensuonnluty nxuom wtupt,
ttoust ut us restrupted to vnlues, ut umposes no restruptuon on ƿ□.
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I.ǚ.ǖ èomposition is not associative

Two terms pompose usuns n let … in … ounder. de ootnun tte
ounduns let Ǫ be Ǧ in ǧ oy solvuns tte rollowuns equntuon:

ऊlet Ǫ be Ǧ in ǧ‖�ऋ ੃R ऎǦ ∥ ̃�Ǫ.ऊǧ‖�ऋए
here nre two possuoulutues:

• ǧ us posutuve. hen let Ǫ be Ǧ in ǧ us deined ns tte posutuve term:

let Ǫ be Ǧ in ǧ+ ≝ ऎǦ ∥ ̃�Ǫ.ऊǧ‖⋆+ऋए∗

+

• ǧ us nesntuve. hen let Ǫ be Ǧ in ǧ us deined ns tte nesntuve term:

let Ǫ be Ǧ in ǧ⊝ ≝ ऎǦ ∥ ̃�Ǫ.ऊǧ‖⋆⊝ऋए∗

⊝

In pnrtupulnr, tte polnruty or let Ǫ be Ǧ in ǧ us nlwnys tte snme ns tte
polnruty or ǧ.

In terms or pntesorupnl models, polnrusntuon nmounts to relnxuns
tte typottesus ttnt pomposutuon us nssopuntuve. Indeed, wutt po-
lnrusntuon ttere us n dufferenpe oetween tte rollowuns two wnys or
pomposuns Ǧ+, ǧ⊝nnd Ǩ:

�1 ≝ let ǫ⊝
be (let Ǫ+

be Ǧ+ in ǧ⊝⟨ in Ǩ
�2 ≝ let Ǫ+

be Ǧ+ in let ǫ⊝
be ǧ⊝ in Ǩ

One tns undeed:

ऊ�1 ‖�ऋ ੃∗
R ऒऎǦ+ ∥ ̃�Ǫ+.ऊǧ⊝ ‖⋆⊝ऋए∗

⊝ ∥ ̃�ǫ⊝.ऊǨ‖⋆ऋओ
ऊ�2 ‖�ऋ ੃∗

R ऒǦ+ ∥ ̃�Ǫ+.ऎǧ⊝ ∥ ̃�ǫ⊝.ऊǨ‖⋆ऋएओ
Ir tte evnluntuon or Ǧ+ loops un nll pontexts, nnd ur ǫ⊝ does not nppenr
un Ǩ, tten tte top pommnnd redupes unto ऊǨ‖⋆ऋ wtule tte ootom one
loops. hererore, un senernl �1 us dufferent rrom �2.
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I.Ǜ The sequent calculus LK

he setuns we tnve vust seen us untuutuonustup. fet, everyttuns us un
plnpe to model proors or plnssupnl losup. By classical logic, we menn
n system wutt enoust symmetry to renson oy pontrnposutuve nnd
wtere typotteses pnn oe used nroutrnruly mnny tumes.

de repnll tte ∀, →, ⊥ rrnsment or Gentzen’s LK [“enǖǘ] un Fus-
ure I.ƭ. (K, ns opposed to J, menns classical un Gentzen’s nnmuns
spteme.)

In LK, nesntuon us deined wutt ¬ǈ ≝ ǈ → ⊥. Clnssupnl menns
tere ttnt nny rormuln ǈ us equuvnlent to ¬¬ǈ, usuns tte rollowuns
deruvntuon or tte elumunntuon or douole nesntuon:

—
Γ,ƻ Դ ƻ,Δ
——(Դ ¬)

Γ Դ ¬ƻ,ƻ,Δ
——(¬ Դ)

Γ, ¬¬ƻ Դ ƻ,Δ

he deruvntuon prupunlly uses tte rnpt ttnt sequents pnn tnve multuple
ponplusuons. In ttus pontext, n sequent:

ƻ1,… , ƻǠ Դ Ƽ1,… , Ƽǟ

porresponds to tte rollowuns proposutuon:

ƻ1 ҹ…ҹ ƻǠ → Ƽ1 Һ…Һ Ƽǟ .

I.Ǜ.ǔ The calculus Ln

Curuen nnd Heroelun’s pnlpulus �̄� ̃�ǎ (rennmed Ln ror unternnl pon-
sustenpy rensons) us untroduped un Fusure I.ƥƤ on pnse ƫƭ. he leter
n evokes tte rnpt ttnt ut porresponds to n pnll-oy-nnme unterpretntuon
or tte ∀, →, ⊥ rrnsment or LK.

Clnssupnl losup us ootnuned un Ln oy ndduns co-variables, wtupt
we wrute �, �… dtule vnrunoles denote unputs, po-vnrunoles denote
nnmed outputs. Co-vnrunoles replnpe ⋆ un tte syntnx or pontexts.
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ǈ, Ǉ ⩴ ǒ(t1,… , tǠ⟨ ∣ ǈ → Ǉ ∣ ∀x ǈ ∣ ⊥

șaȚ Formulae

—(ax)
Γ, ǈ Դ ǈ,Δ

Γ Դ ǈ,Δ Γ, ǈ Դ Δ
—(cut)

Γ Դ Δ

șbȚ Identity and Structure

Γ,ǈ Դ Ǉ,Δ
—(Դ→)

Γ Դ ǈ → Ǉ,Δ
Γ Դ ǈ,Δ Γ, Ǉ Դ Δ
—(→ Դ)

Γ, ǈ → Ǉ Դ Δ

Γ Դ ǈ,Δ
—(Դ ∀1)∗

Γ Դ ∀x ǈ,Δ
Γ,ǈ[t/x] Դ Δ
—(∀1 Դ)

Γ,∀x ǈ Դ Δ

—(⊥ Դ)
Γ, ⊥ Դ Δ

∗: Ǫ not free un Γ,Δ.

șcȚ Logic

Figure I.ǜ: The ∀, →, ⊥ fragment of “entzen’s LK

he vudsement or pommnnds us senernlused unto tte rollowuns:

Ǘ ∶ (Ǫ1 ∶ ƻ1,… , ǪǠ ∶ ƻǠ Դ �1 ∶ Ƽ1,… , �ǟ ∶ Ƽǟ⟨,
wtupt eptoes tte symmetry or tte sequents or LK. In tte next
ptnpters, po-vnrunoles wull oe suven n polnruty luke vnrunoles, out not
un Ln. he vudsements ror expressuons nnd pontexts nre tte rollow-
uns:

Γ Դ Ǧ ∶ ƻ ∣ Δ Γ ∣ Ǚ ∶ ƻ Դ Δ

wutt Γ = Ǫ1 ∶ ƻ1,… , ǪǠ ∶ ƻǠ nnd Δ = �1 ∶ Ƽ1,… , �ǟ ∶ Ƽǟ. he ounderऊ��.Ǘ | senernluses tte ndvount operntuon Ǘҩ:

✄

✂

�

✁
ऊ��.Ǘ ‖ƿऋ ≻ Ǘ[ƿ/�]
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Ǧ = Ǧ⊝ ⩴ Ǫ ∣ ��.Ǘ ∣ �Ǫ.Ǧ
Ǚ = Ǚ⊝ ⩴ � ∣ ̃�Ǫ.Ǘ

Ǚ⊝ ԙ � ⩴ � ∣ stop ∣ Ǧ՗�
Ǘ ⩴ ऊǦ ‖Ǚऋ

șaȚ Terms, contexts and commands

ऊǦ ‖ ̃�Ǫ.Ǘऋ ੃RǠ
Ǘ[Ǧ/Ǫ]

ऊ��.Ǘ ‖�ऋ ੃RǠ
Ǘ[�/�]

ऊ�Ǫ.Ǧ ‖ǧ՗�ऋ ੃RǠ
ऊǦ[ǧ/Ǫ]‖�ऋ

șbȚ Reduction rules

Ǚ ੃EǠ
̃�Ǫ.ऊǪ ‖Ǚऋ

Ǧ ੃EǠ
��.ऊǦ ‖�ऋ

Ǧ ੃EǠ
�Ǫ.��.ऊǦ ‖Ǫ՗�ऋ

șcȚ Expansion rules

Figure I.ǔǓ: Ln: the calculus

hus, Ǘ∗ porresponds to �⋆.Ǘ. In otter words, we pnn see ऊ��.Ǘ | ns n
runptuon or uts pontext:

ऊ��.Ǘ | ∶ � ↦ Ǘ
Completeness or typuns rules wutt respept to provnouluty un tte →, ∀,
⊥ rrnsment or LK requures tte rule (→ Դ) wtupt us deruved rrom tte
restrupted rule (→ Դǚ ) oy ropnlusntuon (Fusure I.ƥƥd).

I.Ǜ.Ǖ The ɄC calculus

Let us ponsuder tte λC pnlpulus un pnll oy nnme untroduped oy Lnront,
Reus nnd Streupter [LRSǜǖ], n setuns mnde populnr oy tte works
or Kruvune [KriǓǜ]. A vnrunnt or tte Kruvune mnptune wutt tte �
operntor, despruoed oy Streupter nnd Reus [SRǜǛ, p. Ǖǔ], us dusplnyed
un Fusure I.ƥƦ on pnse Ƭƥ. Followuns Gruffin [“riǜǓ], we type � wutt
douole nesntuon elumunntuon:

� ∶ ¬¬ƻ → ƻ .
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Γ = ⃗Ǫǭ ∶ ǈ⃗ǭ Δ = ⃗�Ǯ ∶ Ǉ⃗Ǯ

Γ Դ Ǧ ∶ ǈ ∣ Δ Γ ∣ Ǚ ∶ ǈ Դ Δ

Ǘ ∶ (Γ Դ Δ⟨
șaȚ Judgements

—(Դ ax)
Γ, Ǫ ∶ ǈ Դ Ǫ ∶ ǈ ∣ Δ

—(ax Դ)
Γ ∣ � ∶ ǈ Դ � ∶ ǈ,Δ

Ǘ ∶ (Γ, Ǫ ∶ ǈ Դ Δ⟨
—( ̃� Դ)

Γ ∣ ̃�Ǫ.Ǘ ∶ ǈ Դ Δ

Ǘ ∶ (Γ Դ � ∶ ǈ, Δ⟨
—(Դ �)

Γ Դ ��.Ǘ ∶ ǈ ∣ Δ

Γ Դ Ǧ ∶ ǈ ∣ Δ Γ ∣ Ǚ ∶ ǈ Դ Δ
—(cut)ऊǦ ‖Ǚऋ ∶ (Γ Դ Δ⟨

șbȚ Identity and Structure

Γ, Ǫ ∶ ǈ Դ Ǧ ∶ Ǉ ∣ Δ
—(Դ→)

Γ Դ �Ǫ.Ǧ ∶ ǈ → Ǉ ∣ Δ

Γ Դ Ǧ ∶ ǈ ∣ Δ Γ ∣ � ∶ Ǉ Դ Δ
—(→ Դǚ )

Γ ∣ Ǧ՗� ∶ ǈ → Ǉ Դ Δ

Γ Դ Ǧ ∶ ǈ ∣ Δ
—(Դ ∀)∗

Γ Դ Ǧ ∶ ∀x ǈ ∣ Δ

Γ ∣ Ǚ ∶ ǈ[t/x] Դ Δ
—(∀ Դ)

Γ ∣ Ǚ ∶ ∀x ǈ Դ Δ

—(⊥ Դ)
Γ ∣ stop ∶ ⊥ Դ Δ

∗: Ǫ not free un Γ,Δ

șcȚ Logic

Γ Դ Ǧ ∶ ǈ ∣ Δ Γ ∣ Ǚ ∶ Ǉ Դ Δ
——(→ Դ)

Γ ∣ ̃�Ǫ.ऎ��.ऊǪ ‖Ǧ՗�ऋ∥Ǚए ∶ ǈ → Ǉ Դ Δ

șdȚ éerivability of the rule ș→ ԴȚ

Figure I.ǔǔ: Ln: typing rules
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Ǧ, ǧ ⩴ Ǫ ∣ �Ǫ.Ǧ ∣ Ǧ ǧ ∣ �
șaȚ Quasi-proof terms

—
Γ, Ǫ ∶ ǈ Դ Ǫ ∶ ǈ —

Γ Դ � ∶ ¬¬ǈ → ǈ
Γ, Ǫ ∶ ǈ Դ Ǧ ∶ Ǉ
—

Γ Դ �Ǫ.Ǧ ∶ ǈ → Ǉ Γ Դ Ǧ ∶ ǈ → Ǉ Γ Դ ǧ ∶ ǈ
—

Γ Դ Ǧ ǧ ∶ Ǉ
Γ Դ Ǧ ∶ ǈ
—∗

Γ Դ Ǧ ∶ ∀x ǈ Γ Դ Ǧ ∶ ∀x ǈ
—

Γ Դ Ǧ ∶ ǈ[u/x]
∗: Ǫ not rree un Γ

șbȚ Second order predicate calculus

Figure I.ǔǕ: The λC calculus

Kruvune’s nostrnpt mnptune untroduped un Fusure I.ƥƧ on tte rollow-
uns pnse us tte sumplest wny to perrorm wenk tend reduptuon or λC
terms. One unsustt us to enrupt tte set or terms wutt nn operntuon
k� ttnt nppenrs duruns reduptuon. de untrodupe, rollowuns Kruvune,
tte notuon or quasi-proof term un order to dustunsuust tte orusunnl
terms rrom terms wutt k� . Let us mentuon ttnt tte notuon or qunsu-
proor term us or teptnupnl umportnnpe un tte ponstruptuon or models
stnrtuns rrom plnssupnl renlusnouluty [KriǔǕ].

he operntuons or tte λC pnlpulus sntusies tte rollowuns redup-
tuons: ऊ� ‖Ǧ՗�ऋ ≻Ǡ ऊǦ ‖k�՗stopऋ

ऊk� ‖Ǧ՗� ′ऋ ≻Ǡ ऊǦ ‖�ऋ
hnnks to tte ounder �, we pnn solve ttese equntuons un Ln. Indeed,
we pnn see k� ns n runptuon or uts pontext:

ऊk� | ∶ Ǫ �↦ (�
�↦ ऊǪ ‖ƿऋ⟨
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Ǘ ⩴ ऊǦ ‖�ऋ Ǧ, ǧ ⩴ … ∣ k� � ⩴ stop ∣ Ǧ՗�
șaȚMachines, terms and stacks

ऊǦ ǧ‖�ऋ ≻Ǡ ऊǦ ‖ǧ՗�ऋ
ऊ�Ǫ.Ǧ ‖ǧ՗�ऋ ≻Ǡ ऊǦ[ǧ/Ǫ]‖�ऋ
ऊ� ‖Ǧ՗�ऋ ≻Ǡ ऊǦ ‖k�՗stopऋ
ऊk� ‖Ǧ՗� ′ऋ ≻Ǡ ऊǦ ‖�ऋ

șbȚ Reduction rules

Ǧ ǧ ≝ ��.ऊǦ ‖ǧ՗�ऋ
kǙ ≝ �Ǫ.��.ऊǪ ‖Ǚऋ
� ≝ �Ǫ.��.ऊǪ ‖k�՗stopऋ
șcȚ Implementation in Ln

Figure I.ǔǖ: The Krivine abstract machine

ttererore we tnke:
✄

✂

�

✁
k� ≝ �Ǫ.��.ऊǪ ‖�ऋ

Sumulnrly ror � we tnke:

✄

✂

�

✁
� ≝ �Ǫ.��.ऊǪ ‖k�՗stopऋ .

hese deinutuons undupe n trnnslntuon rrom tte λC pnlpulus unto tte
pnlpulus Ln ttnt sumulntes reduptuon. de udentury mnptunes or tte
λC pnlpulus wutt pommnnds or tte pnlpulus Ln. As nn ummedunte
ponsequenpe or tnvuns deined tte ponstrupts or tte λC oy solvuns
equntuons, we tnve:

Proposition I.ƨ (Sumulntuon). If Ǘ ≻Ǡ Ǘ′ then Ǘ ੃+
RǠ

Ǘ′.

he purpose or emoedduns tte λC pnlpulus unto Ln us ttnt ut un-
teruts rrom tte lnter n pompntuole equuvnlenpe relntuon wtupt us
extensuonnl.

Deinition I.Ʃ. For Ǧ nnd ǧ oe two qunsu-proor terms or λC, we deineǦ ੴǠ ǧ ns Ǧ ≃REǠ
ǧ.

One pount or ttus deinutuon us ttnt ut enpompnsses tte ooservn-
tuonnl equuvnlenpe deined oy Kruvune mnptunes:

Proposition I.ƪ. Let Ǧ and ǧ be two quasi-proof terms of λC. If for all
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stacks � one has ऊǦ ‖�ऋ (≺Ǡ Ҽ ≻Ǡ⟨∗ ऊǧ ‖�ऋ, then one has Ǧ ੴǠ ǧ.
Proof. By extenduns tte pntesory of stnpks of λC wutt some vnrunole � of
Ln ut us ensy to see ttnt one tns ऊ Ǧ ‖ �ऋ (≺Ǡ Ҽ ≻Ǡ⟨∗ ऊǧ ‖ � ऋ . hus oy (tte
extensuon of) Proposutuon I.ƨ one tns ऊǦ ‖�ऋ ≃REǠ

ऊǧ ‖�ऋ. hus Ǧ ≃REǠ
ǧ oy

extensuonnluty un Ln. ∎

he deinutuons un Ln nre nlso tte muddlemen or tte systemntup
reponstruptuon or types rrom reduptuon rules. For unstnnpe, we pnn
reponstrupt tte type or � , irst oy notupuns ttnt k� tns tte rollowuns
rule:

Γ ∣ � ∶ ƻ Դ Δ
——

Γ Դ k� ∶ ƻ → Ƽ ∣ Δ

Indeed:
Γ, Ǫ ∶ ƻ ∣ � ∶ ƻ Դ � ∶ Ƽ,Δ
——ऊǪ ‖�ऋ ∶ (Γ, Ǫ ∶ ƻ Դ � ∶ Ƽ, Δ⟨
—

Γ, Ǫ ∶ ƻ Դ ��.ऊǪ ‖�ऋ ∶ Ƽ ∣ Δ
—

Γ Դ k� ∶ ƻ → Ƽ ∣ Δ

hen we pnn deruve:

——
Γ Դ � ∶ ((ƻ → ⊥⟨ → ⊥⟨ → ƻ ∣ Δ

Indeed:
—

Γ, Ǫ ∶ ƻ ∣ � ∶ ƻ Դ � ∶ ƻ,Δ
——

Γ, Ǫ ∶ ƻ Դ k� ∶ ƻ → ⊥ ∣ � ∶ ƻ,Δ
—

Γ, Ǫ ∶ ƻ ∣ stop ∶ ⊥ Դ � ∶ Ƽ,Δ
—

Γ, Ǫ ∶ ƻ ∣ k�՗stop ∶ (ƻ → ⊥⟨ → ⊥ Դ � ∶ ƻ,Δ
——ऊǪ ‖k�՗stopऋ ∶ (Γ, Ǫ ∶ (ƻ → ⊥⟨ → ⊥ Դ � ∶ ƻ, Δ⟨
—

Γ, Ǫ ∶ (ƻ → ⊥⟨ → ⊥ Դ ��.ऊǪ ‖k�՗stopऋ ∶ ƻ ∣ Δ
—

Γ Դ � ∶ ((ƻ → ⊥⟨ → ⊥⟨ → ƻ ∣ Δ

Notupe ttnt tte dustunptuon oetween qunsu-proor terms nnd terms us
nkun to tte one oetween sequent pnlpulus nnd nnturnl deduptuon, un
tte sense terms ttnt nre not qunsu-proors pnn only oe typed un tte
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sequent pnlpulus (see ror unstnnpe tte typuns rule ror k� wtupt does
not mnke sense un nnturnl deduptuon).

I.ǜ Historical remarks and contributions

Landin pioneered the use of the λ calculus to model programming lan-
guages [LanǙǘ], the use of abstract machines to model reduction [LanǙǗ]
and the use of first-class continuations to model control [LanǜǛ]. As
éanvy and his collaborators have shown [ABéMǓǖ, BéǓǚ, éanǓǛ], build-
ing on earlier works of Reynolds [ReyǚǕ], there are systematic transforma-
tions between abstract machines and other techniques șȈstructural opera-
tional semantics, reduction semantics, [ǿ] big-step abstract machines, nat-

ural semantics, and denotational semanticsȉȚ. We will see in Section I.ǔǓ.Ǖ
that L calculi can themselves be understood as fine-grained accounts of
continuation-based denotational semantics, not only for reductions but
also at the level of extensionality.

“irard modernised and made popular the ideas of “entzen. ”e intro-
duced polarisation [“irǜǔ] ater the discovery of focalisation by Andre-
oli [AndǜǕ]. We also owe him the terminology Ȉadjointȉ inspired from lin-
ear algebra to denote a construction �∗ that satisfies ऊ�∗(Ǧ⟨‖�ऋ≃ऊǦ‖�(�⟨ऋ
in the context of computation [“irǓǔ, “irǓǙ]. éanos, Joinet and Schellinx
explained — among other contributions — how polarisation and focal-
isation are a necessary consequence of extensionality in the setting of
classical logic [éJSǜǚ].

“riffin was the first to show that Felleisen’s variant C [FFKéǛǚ] of
Landin’s operator J șvia Reynold’s escape [ReyǚǕ]Ț could be typed with
the elimination of double negation [“riǜǓ].

Parigot introduced the binder � with the λµ calculus [ParǜǕ]. The sym-
metric binder ̃�was introduced by èurien and ”erbelin [è”ǓǓ], along with
the relationship between sequent calculus and abstract machines șin call
by value and in call by nameȚ as well as the one between evaluation
strategies and the ways of solving the critical pair. ”erbelin introduced
in an unpublished note [”erǓǛ] the terminology Ȉsystem Lȉ for a syntax
for LK proofs based on � and ̃�. The importance of having an explicit
let … in … binding in call by value was recognised earlier, with Moggi’s
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monad-based models [MogǛǜ]. Ariola and ”erbelin [A”ǓǛ] described the
advantages of treating the context explicitly in a λ calculus with control,
compared to previous operational semantics of Felleisen and his collabor-
ators [FFKéǛǚ, F”ǜǕ].
Besides èurien and ”erbelin, the link between values and focalisation

was implied by Ogata [OgaǓǕ]. It was explicitly stated by éyckhoff and
Lengrand [éLǓǙ, éLǓǚ]. Also, the observation that certain rules of the se-
quent calculus could be explained as pattern-matching is due to èerrito
and Kesner [èKǜǜ, èKǓǗ]. A unified setting in which values and pattern-
matching continuations interact was proposed as the computational ex-
planation of Andreoli’s proof search discipline by Zeilberger [ZeiǓǛ, ZeiǓǜ].
The interpretation is based on mixing connectives of different Ȉpolaritiesȉ
defined by their focalisation properties, one consequence being that
“evaluation order is explicitly reflected at the level of typesȉ. This inter-
pretation is also related to Levy’s decomposition call by value and call by
name [Levǜǜ, LevǓǗ, LevǓǘ].
Aside from “irard’s polarisation, loss of associativity of composition

was noticed in game semantics with Blass’s games [BlaǜǕ], as described
by Abramsky [AbrǓǖ] and analysed by MelliĄs [MelǓǘ]. We will come back
on this phenomenon in èhapter II.
The untyped, interactive approach to proof theory was initiated with

“irard’s ludics [“irǓǔ] and Krivine’s classical realisability [KriǓǜ].
The account of this section is inspired from [MunǓǜ] where I intro-

duced, following Krivine’s approach, the direct account of focalisation
and polarities in a variant of èurien and ”erbelin’s calculus. Using po-
larities inspired by “irard and éanos, Joinet and Schellinx, we associate
positiveness to strictness and negativeness to laziness. The difference
with Zeilberger’s polarities is that we do not assume that the polarity
of a connective is defined by its focalisation properties. In [MunǓǜ] this
allowed us to describe the complex polarisations of modal connectives
such as classical logic’s ∀ and linear logic’s !.Ƭ The differences and the re-
lationship of our notion of polarities compared to Zeilberger’s are further
described in Sections II.Ǖ.Ǘ and III.ǖ.
The account is also inspired from [èMǔǓ]where with èurien we showed

ƬIn the context of [MunǓǜ], we may define positive connectives

∀

and ¡ restricted to
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how the sequent calculus could have arisen from the desire to type ab-
stract machines for the call-by-value λ calculus. We introduced in particu-
lar the idea that the definition of application can be read off its reduction
rule. ”ere we refine this idea by presenting transition rules as equations
and L calculi as spaces of solutions.

In addition, we contribute in this chapter a summary of most of the
above in a coherent presentation. For this purpose we also expose the
distinction between syntactic and operational linearity, as well as bene-
fits of ̃�ǽ making commutative cuts obsolete and simplifying the defini-
tion of orthogonality-based logical relations.

I.ǔǓ èontributions

I.ǔǓ.ǔ Polarisation in categorical models

Polnrusntuon pnn oe nesntuvely despruoed ns reveptuns, eutter dureptly
or undureptly, tte typottesus ttnt pomposutuon us a priori nssopuntuve.
In Ctnpter II, we untrodupe n posutuve nnd durept despruptuon or po-
lnrusntuon. de ptnrnpteruse tte polnrused evnluntuon order ttroust n
pntesory-luke strupture wtere not nll pomposutes nssopunte. Duploid
us tte nnme or tte strupture, ns n rererenpe to Jenn-Louus Lodny’s
duplupunl nlseorns [LodǓǙ].

he mnun result relntes duplouds to ndvunptuons. To telp under-
stnnd ttus relntuon, let us irst repnll tte porrespondenpe oetween

values as followsǽ

Γ Դ ǐ+ ∶ Ǌ
—(� ∉ fv⟩Γ))

Γ Դ ǐ+ ∶ ∀ǒ.Ǌ
¡Γ Դ ǐ+ ∶ Ǌ
—

¡Γ Դ ǐ+ ∶ ¡Ǌ
But the respective restrictions on the typing contexts prevent us from deducing the
same rules for non-value positive terms using focalisation șintroducing a cutȚ. The
simplest workaround is to introduce polarity coercions ⇓ from negative to positive,
yielding the equations ∀ =

∀⇓ and ! = ¡⇓. The proto-quantification

∀

describes
polymorphism with value restriction șsee [MunǓǜ]Ț. The proto-exponential ¡ is re-
miniscent of MelliĄs and Tabareau’s decomposition of exponentials with ressource
modalities in tensor logic [MTǔǓ].
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durept models or pnll oy vnlue nnd undurept models à laMossu.

éirect models

In n direct denotntuonnl model, ttere stould oe n plose mntpt
oetween tte suven operntuons un tte model nnd tte ponstruptuons
un tte lnnsunse. Essentunlly, type nnd prosrnm ponstruptors stould
respeptuvely porrespond to operntuons on oovepts nnd on morptusms
un n pntesory. In pnrtupulnr, ut stould oe possuole to renson noout nn
unstnnpe or tte model wuttun tte lnnsunse.ƭ An exnmple or durept
models ror tte sumply-typed λ pnlpulus us suven oy pnrtesunn-plosed
pntesorues.

In n model supt ns Mossu’s λC models [MogǛǜ], or Lnront, Reus
nnd Streupter’s model or pnll oy nnme [LRSǜǖ], towever, tte lnn-
sunse us not unterpreted dureptly out ttroust n Kleuslu ponstruptuon
ror n monnd or n po-monnd. de tnve n prepuse despruptuon or tte
lunk oetween durept models nnd undurept models ttnnks to Fütr-
mnnn [Fühǜǜ]. Cntesorues ttnt model pnll oy vnlue dureptly nre
ptnrnpterused oy tte presenpe or n thunk, n rormnl nppount or tte
well-known strupture used to umplement lnzuness un pnll-oy-vnlue lnn-
sunses [”éǜǚ].

he ptnrnpterusntuon tnkes tte rollowuns rorm: nny durept model
nruses rrom tte Kleuslu ponstruptuon stnrtuns rrom n λC model. How-
ever, rrom tte durept model we pnn only repover n spepuip λC model:
ut us mnde or semnntup vnlues ponsustuns or nll tte pure expressuons.
More prepusely, tte Kleuslu ponstruptuon us n releptuon ttnt ponlntes
nny two vnlues equnlused oy tte monnd, nnd turns unto n vnlue nny
thunkable expressuon. An expressuon us ttunknole ur ut oetnves sumul-
nrly to n vnlue un n sense determuned oy tte monnd.

Selunser [SelǓǔ] proves n sumulnr relntuonstup oetween durept mod-
els or tte pnll-oy-nnme λµ pnlpulus nnd Lnront, Reus nnd Streupter’s
models [LRSǜǖ].

ƭFütrmnnn [Fühǜǜ], Selunser [Selǜǜ].
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Evnluntuon order By vnlue By nnme Polnrused

Durept model hunk Runnnole
monnd

Duploud

Indurept model Monnd � Co-monnd ǆ Advunptuonǀ Ե ǁ
Prosrnms Kleuslu mnpsǊ → �ǋ po-Kleuslu mnpsǆǈ → Ǉ Ooluque mnpsǀǊ → ǈ≃ Ǌ → ǁǈ
Syntnptup dntn cnlues Stnpks Bott

Completuon unto hunknole
expressuons

Lunenr evnlun-
tuon pontexts

Bott

Table I.ǔǗ: èomparison of the structures underlying various direct-
style models of computation.

Adjunction-basedmodels

he ptnpter denls wutt tte underlyuns nlseornup strupture un ttese
models: n monnd over n pntesory or vnlues ror pnll oy vnlue, n po-
monnd over n pntesory or stnpks ror pnll oy nnme. Duplouds senernl-
use tte underlyuns strupture to nn ndvunptuon oetween n pntesory or
vnlues nnd n pntesory or stnpks. (See Tnole I.ƥƨ.)

Relntuonstup wutt polnrutues pomes rrom Gurnrd’s polarised transla-
tion or plnssupnl losup [“irǜǔ, éJSǜǚ, LauǓǕ]. Our duploud ponstruptuon
extends tte (skeleton or tte) polnrused trnnslntuon to nny ndvunp-
tuon. (Essentunlly, we do not need tte nssumptuon ttnt ttere us nn
unvolutuve nesntuon operntuon on rormulne.)

de know ttnt ttere us n prnptupnl relevnnpe or depomposuns mon-
nds, wten seen ns notuons or pomputntuon, unto ndvunptuons, ttnnks
to Levy [Levǜǜ, LevǓǗ, LevǓǘ]. Levy’s ndvunptuons suosume models or
pnll oy vnlue nnd pnll oy nnme. However tte model us undurept, nnd
stull lnpks n porresponduns notuon or durept model.

The duploid construction

dutt tte duploud ponstruptuon, we deine, stnrtuns rrom nn ndvunp-
tuon ǀ Ե ǁ ∶ ਵ1 → ਵ2, morptusms ƻ → Ƽ ror ƻ nnd Ƽ oovepts or either
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pntesory ਵ1 nnd ਵ2.
de irst deine ooluque morptusms Ǌ → ǈ, wutt Ǌ ∈ |ਵ2| nnd ǈ ∈|ਵ1|, equuvnlently ns mnps Ǌ → ǁǈ or ǀǊ → ǈ. Now ponsuder ҫ tte

pomposutuon un ਵ1 nnd Ҫ tte pomposutuon un ਵ2. de ooserve ttnt
ooluque morptusms pompose eutter un ਵ1:

ǚ ∶ Ǌ → ǀǋ
—⟩≃)ǚ ∶ ǀǊ → ǀǋ Ǜ ∶ ǋ → ǈ

—⟩≃)Ǜ ∶ ǀǋ → ǈ
—⟩ҫ)Ǜ ҫ ǚ ∶ ǀǊ → ǈ
—⟩≃)Ǜ ҫ ǚ ∶ Ǌ → ǈ

or un ਵ2: ǚ ∶ Ǌ → ǈ
—⟩≃)ǚ ∶ Ǌ → ǁǈ Ǜ ∶ ǁǈ → Ǉ

—⟩≃)Ǜ ∶ ǁǈ → ǁǇ
—⟩Ҫ)Ǜ Ҫ ǚ ∶ Ǌ → ǁǇ
—⟩≃)Ǜ Ҫ ǚ ∶ Ǌ → Ǉ

hus we deine n morptusm ƻ → Ƽ ns nn ooluque morptusm:

✄

✂

�

✁
ƻ+ → Ƽ⊝ ,

wtere:

Ǌ+ ≝ Ǌ Ǌ⊝ ≝ ǀǊ
ǈ+ ≝ ǁǈ ǈ⊝ ≝ ǈ

he renson wty ttus does not nepessnruly deine n pntesory us ttnt we
pnn tnve: ǚ Ҫ (Ǜ ҫ ℎ⟨ ≠ (ǚ Ҫ Ǜ⟨ ҫ ℎ
wten tte ndvunptuon us not udempotent, ns we wull see.

èontribution

In Ctnpter II, we prove ttnt ttere exusts n releptuon:

Dupl◁Adj
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wtere Dupl us n pntesory or duplouds nnd duploid functors, nnd
wtere Adj us tte pntesory or ndvunptuons nnd pseudo mnps or nd-
vunptuons. In otter words, tte duploud ponstruptuon noove extends
to n runptorAdj → Dupl ttnt ndmuts n rull nnd rnuttrul rustt ndvount.
In pnrtupulnr, nny duploud us ootnuned rrom nn ndvunptuon.

As n ponsequenpe or tte mnun result, duplouds nppount ror n wude
rnnse or pomputntuonnl models, ns we wull see un vnruous exnmples
rrom denotntuonnl semnntups. It sussests ttnt tte vnruous ounses un
denotntuonnl semnntups: undurept, pnll-oy-vnlue, pnll-oy-nnme… nre
wnys or tuduns tte rnpt ttnt pomposutuon us not nlwnys nssopuntuve.

Also, oepnuse or tte releptuon, Dupl us equuvnlent to n rull suo-
pntesory or Adj, wtupt menns ttnt tte ndvunptuon nssopunted to n
duploud tns nddutuonnl propertues. de ptnrnpteruse wtupt exnptly.
de stow ttnt ttere us nn equuvnlenpe or pntesorues:

Dupl ≃ Adjeq

wtere Adjeq us tte rull suopntesory or ndvunptuons ttnt sntusies tte
equalising requirement: tte unut nnd tte po-unut or tte ndvunptuon nre
respeptuvely equnlusers nnd po-equnlusers. hus requurement menns
ttnt:

• tte pntesory or vnlues us pompleted wutt nll ttunknole expres-
suons;

• tte pntesory or stnpks us pompleted wutt nll evnluntuon pontexts
ttnt nre lunenr;

• two vnlues nnd nny two stnpks ttnt nre not dustunsuusted oy tte
model or pomputntuon nre udentuied.

In otter words, tte duploud expresses tte pount or vuew rrom unsude
tte model or pomputntuon deined oy tte ndvunptuon.

he ptnpter untrodupes tte pnlpulus Ldup wtupt us nn unternnl lnn-
sunse ror duplouds. dutt ut we explnun tte operntuonnl pontents or
duplouds.
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Ǫ† ≝ �ǝ.(ǝ Ǫ⟨
(�Ǫ.Ǧ⟨† ≝ �ǝ.(ǝ �Ǫ.Ǧ†⟨
(Ǧ ǧ⟨† ≝ �ǝ.(Ǧ† �Ǫ.(ǧ† �ǫ.(Ǫ ǫ ǝ⟨⟨⟨

șaȚ A call-by-value translation
șPlotkin [Ploǚǘ]Ț

Ǫ‡ ≝ Ǫ
(�Ǫ.Ǧ⟨‡ ≝ �ǫ.(Ǧ‡[fst(ǫ⟨/Ǫ] snd(ǫ⟨⟨
(Ǧ ǧ⟨‡ ≝ �ǝ.(Ǧ‡ (ǧ‡, ǝ⟨⟨

șbȚ A call-by-name translation șLafont,
Reus and Streicher [LRSǜǖ]Ț

Figure I.ǔǘ: èontinuation-passing translations into the λ calculus

λµǨ/Ǡ

ķńňv/nࡆ՗ࡇ
�� ��

(ƥ⟨
// // LC

(Ʀ⟨
��

λ LLP
(Ƨ⟨

oo

Figure I.ǔǙ: The polarised decomposition of èPS in three steps

I.ǔǓ.Ǖ Polarisation in programming languages

Polnrusntuon, nnd tte L pnlpulu, nllow us to explnun tte strupture
or irst-plnss pontununtuons nnd pontununtuon-pnssuns style (CPS)
ttroust n depomposutuon un ttree steps. hus us tte suovept or
Ctnpter III.

A polarised decomposition of èPS translations

hnnks to tte proor-tteoretup study or plnssupnl losup [“irǜǔ, éJSǜǘ,
éJSǜǚ, LauǓǕ], we know ttnt tte stnndnrd pnll-oy-vnlue pontununtuon-
pnssuns trnnslntuon (see Fusure I.ƥƩ on tte purrent pnse) porres-
ponds to n posutuve polnrusntuon or rormulne wtule Lnront, Reus nnd
Streupter’s pnll-oy-nnme trnnslntuon porresponds to n nesntuve polnr-
usntuon or rormulne. (de ponsuder tte vnrunnts ttnt tnke unto nppount
tte � operntor.) he symmetry oetween polnrutues trnnslntes unto n
pntesorupnl dunluty ttnt we pnn ind exposed un Selunser [SelǓǔ] nnd
Curuen nnd Heroelun [è”ǓǓ].

he ptnpter us to oesun wutt nn nppount or tow, ttnnks to notuons
or polnrutues, ropnlusntuon nnd sequent pnlpulus, we pnn depompose
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un ttree steps pnll-oy-nnme nnd pnll-oy-vnlue pontununtuon-pnssuns-
style trnnslntuons (Fusure I.ƥƪ on tte prepeduns pnse). In douns so we
rerormulnte exustuns nnd well-known trnnslntuons ror sumply-typed
typed λµ pnlpulus [LauǓǕ].

SŉĹń (ƥ) enpodes deruvntuons wuttun tte λµ pnlpulus ns nll-posutuve
or nll-nesntuve deruvntuons un tte polnrused plnssupnl losups LC [“irǜǔ]
or LK�

Ǣ [éJSǜǚ]; ttereoy ptoosuns n wny to polnruse rormulne.
SŉĹń (Ʀ) us Lnurent’s trnnslntuon rrom LC to tte so-pnlled polnr-

used lunenr losup LLP [LauǓǕ]. hus trnnslntuon us n pnrtupulnr pnse
or tte duploud ponstruptuon or Ctnpter II, nnd ttererore step (Ʀ) us
wtere tte durept style us lost. LLP pnn oe ttoustt or ns tte ҹ,Һ, ¬
rrnsment or LJ, wtupt tns oeen mnde symmetrup oy untrodupuns nn
unvolutuve nesntuon operntuon ՗⊥ on rormulne. As n ponsequenpe,
nesntuon:

Γ, Ǌ Դ
—(Դ ¬)

Γ Դ ¬Ǌ Γ Դ Ǌ
—(¬ Դ)

Γ, ¬Ǌ Դ

us splut unto two povnrunnt modnlutues wruten ! nnd ?:

Դ ǈ, �
—(prom)

Դ !ǈ, � Դ � , Ǌ
—(der)

Դ � , ?Ǌ
wtere � pontnuns only nesntuve rormulne. he modnlutues relept
ptnnses or polnrutues; ns supt ttey dustunsuust tte rormuln ror tte
pnll-oy-vnlue nrrow (!(Ǌ ⊸ ?ǋ⟨) rrom tte rormuln ror tte pnll-oy-
nnme one (!ǈ ⊸ Ǉ).

SŉĹń (Ƨ) trnnslntes tte prevuous losup unto tte λ pnlpulus wutt only
tnul pnlls, un otter words ut trnnslntes ut unto n pnlpulus or pontunu-
ntuons. hus us done ns rollows:

• Sequents nre lntened unto sunsle-ponplusuon ones, u.e. Դ � , Ǌ
us mnpped unto � ⊥ Դ Ǌ. hus us wtere tte expluput polnrutues
dusnppenr.

• Sequent pnlpulus us pnst unto nnturnl deduptuon: un terms or nn L
pnlpulus, n pontext Γ ∣ ƿ ∶ ƻ Դ ⋆ ∶ Ƽ us mnpped unto n λ-term Γ, ǝ ∶
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Cnlpulus Rer Evnl. strnt. Style Red. & Eq.

Lpol,t̂p+ Fus. III.Ʀ Polnrused Seq. pnlp. ੃RǢ
, ≃REǢ

λ0v Fus. III.Ƨ Indurept Nnt. ded. ੃R�
, ≃RE�

λµt̂pǨ Fus. III.Ʃ By vnlue Nnt. ded. ੃RǨ
, ≃REǨ

[A”SǓǗ]

λµt̂pǠ Fus. III.ƫ By nnme Nnt. ded. ੃RǠ
, ≃REǠ

[”“ǓǛ]

Lexp Fus. III.ƥƥ Indurept Seq. pnlp. ੃RǙ
, ≃REǙ

Table I.ǔǚ: Summary of the calculi considered in èhapter III

ƻ Դƿ∗ ∶Ƽ wtere ǝ us lunenr unsude ƿ∗. hus us wtere ndmunustrntuve
reduptuons need to oe tnken pnre or, ns we wull see.

In otter words, ttus step essentunlly ernses nn unterestuns strupture un
order to it tte mould or tte λ pnlpulus.

Notupe ttnt steps (Ʀ) nnd (Ƨ) nre tte snme resnrdless or tte sourpe
pnlpulus.

èontribution: a polarised decomposition of delimited èPS
translations
Our pontruoutuon us two-rold: we underlune tte dufferenpe oetween
steps (ƥ) nnd (Ʀ) ttnnks to nn L pnlpulus ttnt tnkes plnpe un tte
upper-rustt-tnnd porner or Fusure I.ƥƪ, nnd we extend tte depom-
posutuon un ttree steps to Dnnvy nnd Fulunsku’s shit nnd reset pontrol
operntors [éFǜǓ]. Our nppronpt nllows us to rntuonnlly reponstrupt un
durept style rour dustunpt pnll-oy-nnme vnrunnts or shit nnd reset, one
or wtupt nppenrs to oe new.

Historical remarks
The use of first-class continuations to model control features in ALGOL
60 [BB“+Ǚǖ] goes back to Landin [LanǙǘ, LanǜǛ, éMǓǛ]. Many people
were involved in the recognition the following years of the concept of con-
tinuation, meaning the functional abstraction of the remainder of a com-
putation — notably van Wijngaarden, Mazurkiewicz, Morris, Wadsworth,
Fischer, Reynolds and Abdali șsee Reynolds’s historical account [Reyǜǖ]Ț.
èontinuation-passing style has been used to provide both implementa-

tions șSussman and Steele [SSǚǘ]Ț and denotational semantics șStrachey
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and Wadsworth [SWǚǗ]Ț to higher-order programming languages.

The qualities of continuation-passing style used in intermediate rep-
resentations of compilers have long been recognised șSteele [SteǚǛ],
Shivers [Shiǜǔ]Ț. Such intermediate representations are widely used in
contemporary compilers, along with other representations. This is ex-
plained by the fact that the structure of continuation-passing style makes
the intermediate representation amenable to optimisations and analyses
șéemange [éemǔǕ]Ț. èontinuation-based representations are also es-
sential in accounting for control in the conception of verified compilers.
There, the representation of the context Ȉinside-outȉ is reminiscent of
focalisation and abstract machines like the ones we find in this thesis.
șLeroy [LerǔǕ]Ț

First-class continuations and continuation-passing style have been
used to model both evaluation order and control. In both aspects
they also led to discoveries. éanvy and Filinski introduced the delim-
ited control operators shit and reset [éFǜǓ] in order to model in direct
style the fact that continuations can return and be composed, as used
in functional backtracking with success and failure continuations. The
expressiveness of delimited control operators has been demonstrated
by Filinski [FilǜǙ, FilǜǗ, Filǜǜ]ǽ they can express in direct style any mon-
adic effect, as long as the laws of the monad can be expressed as pure
functional terms. Their use goes beyond programmingǽ for instance,
they are used in linguistics to model phenomena of natural languages
șShan [ShaǓǗ]Ț, and in logic to derive principles that are ordinarily only
admissible ș”erbelin [”erǔǓ], Ilik [IliǔǓ]Ț.

In a work independent from delimited control operators, Lafont, Reus
and Streicher introduced a continuation-passing translation for the call-
by-name λ calculus [LRSǜǖ]. Its originality, with hindsight, is to return
continuations instead of passing them, and to emphasise the value-like
nature of stacks. Its quality is to satisfy η equivalence, thus leading
to a cartesian-closed category, in contrast with Plotkin’s earlier call-by-
name translation [Ploǚǘ]. This new translation is an input from proof-
theoryǽ it is inspired from double-negation translations of Krivine and
“irard [KriǜǓ, “irǜǔ].

The point of view of the chapter is that the structures at work in conti-
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nuation-passing style can be explained by decomposing the continuation-
passing-style translations. The first such decomposition was the one of
éanvy and ”atcliff [”éǜǚ]ǽ they showed that the call-by-name translation
of Plotkin can be explained as the implementation of call by name into
call by value using thunks, followed by the call-by-value translation.

I.ǔǓ.ǖ Polarisation in proof theory

In Ctnpter IV, we so onpk to tte proor-tteoretup roots or polnrusn-
tuon: to Gurnrd’s nppount [“irǜǔ] or nn unvolutuve nesntuon un plnssupnl
losup, wtupt we seek to explnun. However we do not nssume tte
render to oe rnmulunr wutt Gurnrd’s work nnd tnke n dufferent nnsle.
Our sonl us to unvestusnte tte ponstruptuve unterpretntuon or nn un-
volutuve nesntuon, or equuvnlently or rensonuns oy pontrnposutuve,
nssumuns ttnt ttese words tnke n spepuip mennuns.

Assumption I.ƫ. By ponstruptuve, we mean an interpretation that
follows the rormulne-ns-types notion of construction, in which formulae
are mapped into the types of a programming language.

hus notuon or ponstruptuveness us not onsed on nn n pruoru lum-
utntuon or proor teptnuques, supt ns tte rerusnl or tte prunpuple or
expluded muddle ∀ƻ (ƻ Һ¬ƻ⟨. hus, Gruffin stowed ttnt Felleusen’s� [FFKéǛǚ] pould oe typed wutt tte elumunntuon or douole nesn-
tuon [“riǜǓ], nnd ttererore ut pnn oe used to deruve tte prunpuple or
expluded muddle. But tte proor provudes oy no menns n depusuon
propedure ror nny ƻ: tte oetnvuour depends un senernl on tte pon-
text un wtupt tte prunpuple us unvoked. In otter words, ut stould not
oe seen ns n pontrnduptuon to untuutuonusm: tte lnter nssumes ttnt
tte oetnvuour or proors us rererentunlly trnnspnrent, wtule we do not.

Neutter stould ttus notuon or ponstruptuveness oe seen ns n restrup-
tuon to Cturpt-style typed pnlpulu. Just luke type systems nre nn
npproxumntuon or porrept prosrnms, losupnl systems nre seen ns nn np-
proxumntuon or ponstruptuve oetnvuours. hus us tte pount or vuew or
Kruvune’s plnssupnl renluznouluty [KriǓǜ], ror unstnnpe. hus us wty ttere
us no pontrnduptuon wutt our prumnry unterest un untyped pnlpulu.
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In ttus pontext, tte ponstruptuve nnture us ooserved un pnrtupu-
lnr ror purely posutuve rormulne (Gurnrd [“irǜǔ]). In nruttmetup,
tte notuon enpompnsses Σ0

1 rormulne. Purely posutuve rormulne
must sntusry tte snme pruteruon ns un untuutuonustup losup: dusvunp-
tuon property, property or exustenpe… As n ponsequenpe, proors
or n rormuln ∀ ⃗Ǫ(Ǌ0( ⃗Ǫ⟨ → ǋ0( ⃗Ǫ⟨⟨ wtere Ǌ0, ǋ0 nre purely posutuve
(ttnt us to sny Π0

2 rormulne un nruttmetup) porrespond to nlsoruttms
(Murtty [Murǜǔ]).

Supt n notuon or ponstruptuveness pnn oe understood ttroust n
pompnruson wutt prosrnmmuns lnnsunses: un tte presenpe or sude-
effeptuns operntuons (pontrol operntors, stnte, unput/output…), per-
tnun types nre opnque nt runtume.

Assumption I.Ƭ. By unvolutuve, we mean a negation that satisies a
type isomorphism between ¬¬ƻ and ƻ.

he renson ror nskuns more ttnn n mere equuvnlenpe oetween ƻ
nnd ¬¬ƻ us ttnt ttere nre too mnny ptoupes ror tte pontrnposutuve or
n proposutuon supt ns tte rollowuns:

∀x, y ∈ ƻ, (Ǌ(x⟨Һǋ(y⟨⟨ → (∀x ∈ ƻ, Ǌ(x⟨⟨Һ(∀y ∈ ƻ, ǋ(y⟨⟨
ror unstnnpe:

x∀)ࡐ¬ ∈ ƻ, Ǌ(x⟨⟨ Һ (∀y ∈ ƻ, ǋ(y⟨⟨ࡑ → ¬∀x, y ∈ ƻ, (Ǌ(x⟨ Һ ǋ(y⟨⟨
(¬∀x ∈ ƻ, Ǌ(x⟨⟨ Һ (¬∀y ∈ ƻ, ǋ(y⟨⟨ → ∃x, y ∈ ƻ, ¬(Ǌ(x⟨ Һ ǋ(y⟨⟨
(∃x ∈ ƻ, ¬Ǌ(x⟨⟨ ҹ (∃y ∈ ƻ, ¬ǋ(y⟨⟨ → ∃x, y ∈ ƻ, (¬Ǌ(x⟨ ҹ¬ǋ(y⟨⟨

de nre no lonser overwtelmed wutt ptoupes onpe De Morsnn lnws
nre type usomorptusms: ur ttere nre too mnny proors, tten we must
oe nole to ptoose n pnnonupnl one, one ttnt preserves mennuns.

In tte nosenpe or supt usomorptusms, we tnke pontrnposutuve to
menn tte proposutuon ootnuned oy pustuns nesntuons tte plosest
to tte lenves, usuns De Morsnn lnws. In tte noove exnmple ttus
porresponds to tte tturd proposutuon. dorks supt ns tte one or
Kruvune [KriǓǜ] stow rrom n teptnupnl stnndpount tte umportnnpe or
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supt rensonuns oy pontrnposutuve; ror unstnnpe tte nxuom or pount-
nole ptoupe us only renlused ttroust uts pontrnposutuve. fet, rensonuns
oy pontrnposutuve us not truvunl un tte pontext or tte λC pnlpulus used
oy tte nuttor, ns tte rollowuns exnmple stows.

Example I.ƭ. de set ourselves un tte λC pnlpulus rrom Fusure I.ƥƦ on
pnse Ƭƥ, extended wutt sepond order qunntuipntuon.ƥƤ hus nllows us
to deine qunntuiers un n stnndnrd wny: ∀ǒ ∈ ƻ, Ƽ ≝ ∀ǒ(ƻ[ǒ] → Ƽ⟨
nnd ∃ǒ ∈ ƻ, Ƽ ≝ ∀Ǔ(∀ǒ (ƻ[ǒ] → Ƽ → Ǔ⟨ → Ǔ⟨, nnd sumulnrly ror
irst-order.

Now let us ponsuder tte rollowuns rormulne, wtupt tnve tte snme
pomplexuty ns tte nxuom or pountnole ptoupe nnd uts pontrnposutuve:

[ƽ] ∶ ∀x ∈ ℕ, ∃y ∈ ƿ, ƻ1(x, y⟨ → ∃Ǔ ∈ ǀ, ∀x ∈ ℕ, ƻ2(x, Ǔ⟨
[ ̄ƽ] ∶ ∀Ǔ ∈ ǀ, ∃x ∈ ℕ, ¬ƻ2(x, Ǔ⟨ → ∃x ∈ ℕ, ∀y ∈ ƿ, ¬ƻ1(x, y⟨

de pnn prove [ƽ] ↔ [ ̄ƽ], nnd ur we do so dureptly, tten we enpounter
tte rollowuns term or type [ƽ] → [ ̄ƽ]:
�ǕǪǫ.ࡦ��ǝ.ࡦǕ �Ǚ.ࡐ� �Ǭ.ࡐǝ (ǫ Ǚ �ǠǢ.(Ǭ �ǝ.(ǝ Ǡ Ǣ⟨⟨⟨ࡑࡑ �ǠǢ.ࡐǪ Ǡ �ǙǬ.(Ǭ (Ǣ Ǚ⟨⟨ࡧࡧࡑ
All rour De Morsnn lnws ttnt relnte ∀ nnd ∃ nre used un tte proor.
Amons ttem, only tte rollowuns prunpuple us not untuutuonustup, nnd
us responsuole ror tte two oppurrenpes or �:

¬∀x ∈ ℕ,Ǌ → ∃y ∈ ℕ, ¬Ǌ .

As n mnter or rnpt, uts proor skeleton us tte rollowuns:

✄

✂

�

✁
Դ �Ǫǫ.(� �ǝ.(Ǫ �Ǚ.(� �Ǟ.(ǝ (ǫ Ǚ Ǟ⟨⟨⟨⟨⟨ ∶ ¬∀x ∈ ℕ, Ǌ(x⟨ → ∃x ∈ ℕ, ¬Ǌ(x⟨

ƥƤFormulne nre extended wutt qunntuipntuon on ntoms (∀ǒ ǈ), nnd tte follow-
uns two rules nre ndded:

Γ Դ Ǧ ∶ ǈ
—(� ∉ fv⟩Γ))

Γ Դ Ǧ ∶ ∀ǒ ǈ
Γ Դ Ǧ ∶ ∀ǒ ǈ
—

Γ Դ Ǧ ∶ ǈ[Ǉ/ǒx1…xǠ]
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Alttoust ut us nn elementnry plnssupnl tnutolosy, tte pomputntuonnl
role or tte term us not ummedunte, un pnrtupulnr due to tte presenpe
or two �s.

In tte noove exnmple, ullesuouluty us nn uduosynprnsy or tte λC pnlpu-
lus ttnt relepts tte nosenpe, ns we wull see, or nn unvolutuon ¬¬ǈ ≃ ǈ
nnd ttererore or nn usomorptusm or types ¬∀x ǈ ≃ ∃x ¬ǈ.

Formulae-as-types for an involutive negation
Gurnrd suves nn unvolutuve unterpretntuon or nesntuon oy letuns ut
ptnnse tte polnruty or rormulne [“irǜǔ]. de stow un tte ptnpter tow
n notuon or unvolutuve nesntuon unspured oy Gurnrd porresponds to
tte uden or exposuns n tust-level unterrnpe to pnptured stnpks, ns sus-
sested oy Felleusen [A”ǓǛ, Note] nnd rormnlused oy Clements [èleǓǙ].
In our setuns, ttus trnnslntes unto tte presenpe or n posutuve type∼ƻ or inspectable stacks nnd ponstnnts ƾ ttnt provudes nn nppess to
tte pomponents or ttese stnpks. he type ∼ƻ us ttererore dustunpt
rrom tte nesntuve type ƻ → ⊥ or pontununtuons. he dustunptuon
only mnkes sense un n setuns wtere oott polnrutues nre tnken unto
nppount.

Polnrusntuon explnuns n teptnuque or Kruvune ttnt nllevuntes tte
pomplexuty or rensonuns un tte λC pnlpulus oy nllowuns pertnun
pseudo-types or n posutuve tunse to tte let-tnnd sude or umplupn-
tuons [KriǓǜ, KriǓǛ]. Polnrusntuon mnkes supt types irst plnss, oepnuse
ut suves n mennuns nlso ror wten ttey nre on tte rustt-tnnd sude
or umplupntuons. In nddutuon, tte most umportnnt pseudo-type un
Kruvune’s work us �−, deined ns tte set {k� ∣ � ∈ �}. hus nmounts
to dustunsuustuns pnptured stnpks rrom pontununtuons, ns we do un n
durept mnnner.ƥƥ

In tte ptnpter, pontrol delumuters provude n ponstruptuve unterpret-
ntuon ror tte unut ⊥, expnnduns tte proor tteoretup unterpretntuon
or delumuted pontrol or Heroelun nnd otters [”“ǓǛ, A”SǓǜ, ”erǔǓ,

ƥƥNote nlso ttnt Kruvune’s setuns us not ponstruptuve un our sense: ttere us nn
externnl step unvolved un turnuns renlusers unto nlsoruttms (Kruvune [KriǓǜ],
see nlso Muquel [MiqǓǜ]). Polnrusntuon removes tte externnl step, sunpe terms
ttnt pompute wutnesses pnn oe udentuied wutt renlusers of n posutuve type.
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Fus. Style Strntesy ƻ ≃ ¬¬ƻ Red. & Eq.

λC I.ƥƦ Nnt. ded. By _nnme No ≻Ǡ, ੴǠ [”SǓǕ]

λℓ IV.ƥ Nnt. ded. _Polnrused fes ≻Ǣ, ੴǢ
Ln I.ƥƤ Seq. pnlp. By _nnme No ੃RǠ

, ≃REǠ
[è”ǓǓ]

Lpol,t̂p⊝ IV.ƨ Seq. pnlp. _Polnrused fes ੃RǢ
, ≃REǢ

Table I.ǔǛ: A comparison of calculi appearing in èhapter IV

IliǔǓ] wtupt us mennt to senernluse tte prunpuple or Fruedmnn’s A-
trnnslntuon [FriǚǛ]. hus our result stows tow nlttoust delumuted
pontrol, wten typed wuttout nnnotntuons, does not prove new ror-
mulne pompnred to non-delumuted pontrol, ut does suve oeter proors
rrom n ponstruptuve stnndpount.

èontributions

In Ctnpter IV, we untrodupe tte extensuonnl nnd untyped pnlpulu λℓ
nnd Lpol,t̂p⊝ , un wtupt tte nesntuon deined ns rollows us unvolutuve:

¬Ǌ ≝ Ǌ → ⊥

¬ǈ ≝ ∼ǈ
he pnlpulus λℓ provudes tte notuon or prosrnm, or qunsu-proor
terms, nnd tte pnlpulus Lpol,t̂p⊝ depomposes λℓ to nllow extensuonnl
rensonuns. he pnlpulu pontnun De Groote-Snurun’s Λµ pnlpulus [d“ǜǗ,
SauǓǘ] nnd (n vnrunnt or) tte operntors shit0/reset0 [éFǜǓ, ShaǓǚ,
MBǔǕ].

Historical remarks

The first non-trivial interpretation of an involutive negation was given
by linear logic [“irǛǚ]. “irard extended this interpretation to proposi-
tional classical sequent calculus with the logic Lè [“irǜǔ]. The logic and
its double negation translations have been thoroughly studied [MurǜǕ,
LRSǜǖ, éJSǜǘ, éJSǜǚ, QTéFǜǙ, LauǓǕ, LRǓǖ, LQTdFǓǘ, LauǓǘ, Lauǔǔ]. We
notably owe to Murthy [MurǜǕ] an early attempt at explaining Lè in terms
closer to programming languages. Also, éanos, Joinet and Schellinx pro-
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posed to reconstruct Lè though a detailed analysis of cut elimination in
LK based on a translation into linear logic șthe system LK

�
Ǣ, [éJSǜǚ]Ț.

The involution brings along a duality between the positive and negat-
ive fragments of Lè. It is now well-understood that the positive polarisa-
tion corresponds to a strict evaluation strategy whereas the negative po-
larisation corresponds to a lazy one [MurǜǕ, éJSǜǘ, éJSǜǚ, è”ǓǓ, LauǓǕ,
Lauǔǔ]. Thus, polarisationmeets a line of research that sought, since Filin-
ski’s Masters thesis [FilǛǜ], to relate continuations in computer science to
categorical duality [FilǛǜ, LRSǜǖ, Thiǜǚ, SRǜǛ, Levǜǜ, è”ǓǓ, SelǓǔ, MTǔǓ].

The question of the involutive negation is part of this line of work too,
as witnessed by Thielecke in the conclusion of his thesis [Thiǜǚ, p. ǔǘǙ]ǽ

The duality aspects of CPS may become clearer if addressed in

a setting where there actually is a duality functor.

The possibility of understanding the involutive negation in a constructive
context has always been discussed. Thus, according to Parigot [ParǓǓ]ǽ

It is oten claimed that computational interpretations of nega-

tion in classical logic should be involutive, that is ¬¬A = A should

be realised at the computational level. It is even sometimes

claimed that this is the distinguishing feature of classical logic.

But the real computational effect of the involutive character is

not clear.

and, according to Laurent, Quatrini and Tortora de Falco [LQTdFǓǘ],
speaking of the duality they rely onǽ

It is not completely clear whether or not classical negation

should be involutive in such a strong sense.

One criticism holds that identifying negation with duality has no clear
meaning in terms of a connective. But, according to “irard [“irǜǔ, p. ǜ]ǽ

Our identification of ¬¬A with A forces negation to be involutiveǾ

but there are two obvious traps that one should avoid about this

identification.
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Trap #ǔǽ the belief that it is enough to declare ¬¬A equal to

AǾ [ǿ]

Trap #Ǖǽ the belief that this identification is essential to our

approachǾ [ǿ]

The interpretation of èhapter IV seems a late perspective on this remark.
)et, negation already appears as a connective in the works of Murthy

[MurǜǕ] and éanos, Joinet and Schellinx [éJSǜǚ]. With hindsight, these
works already implied that polarisation corresponds to an evaluation or-
der that extends call by value and call by name. According to Laurent
[LauǓǘ, p. ǕǕ], howeverǽ

As shown by many works [éJSǜǘ, éJSǜǚ, LauǓǕ, Levǜǜ] determ-

inistic classical systems can be classified into two categoriesǽ

call-by-name and call-by-value systems.

It is as if the novelty of polarisation as an evaluation strategy was over-
looked, as a consequence of equating negation with duality. This most
likely explains why, despite the idea being ambitious, the involutive nega-
tion was less endorsed than the duality it generalises.





Chapter II

Duploids: Models of a
non-associative composition

de ptnrnpteruse tte polnrused evnluntuon order ttroust n pntesorupnl
strupture wtere tte typottesus ttnt pomposutuon us nssopuntuve us
relnxed. Duploud us tte nnme or tte strupture, ns n rererenpe to
Jenn-Louus Lodny’s duplupunl nlseorns.

he mnun result us n releptuon Adj → Dupl wtere Dupl us n
pntesory or duplouds nnd duploud runptors, nnd Adj us tte pntesory
or ndvunptuons nnd pseudo mnps or ndvunptuons. he result sussests
ttnt tte vnruous ounses un denotntuonnl semnntups: undurept, pnll-oy-
vnlue, pnll-oy-nnme... nre wnys or tuduns tte rnpt ttnt pomposutuon us
not nlwnys nssopuntuve.

Outline

In Septuon II.ƥ, we untrodupe pre-duplouds ns pntesorues wtere tte
nssopuntuvuty or pomposutuon us deipuent. In Septuon II.Ʀ, we deine
duplouds ns pre-duplouds wutt nddutuonnl strupture, nnd ptnrnpteruse
ttus nddutuonnl strupture. he pntesory Dupl or duplouds us untro-
duped. In Septuon II.Ƨ we untrodupe tte pntesoryAdj or ndvunptuons
nnd pseudo maps of adjunctions nnd we prove ttnt ttere us n relep-
tuon:

Dupl≃Adjeq ◁Adj
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wtere Adjeq us tte rull suopntesory or ndvunptuons ttnt sntusry nn
equnlusuns requurement.

II.ǔ Pre-duploids

de deine pre-duplouds, wtupt nre pntesory-luke struptures wtose
oovepts tnve n polnruty, nnd wtupt muss nssopuntuvuty or pomposutuon
wten tte muddle mnp tns polnruty + → ⊝.

Deinition II.ƥ. A pre-duploid ਸ਼ us suven oy:

ǉ. A set |ਸ਼ | or objects tosetter wutt n polarity mapping:

� ∶ |ਸ਼ | → {+,⊝} .

Ǌ. For nll ƻ, Ƽ ∈ |ਸ਼ |, n set ormorphisms or hom-set ਸ਼(ƻ, Ƽ⟨.
ǋ. For nll morptusms ǚ ∈ ਸ਼(ƻ, Ƽ⟨ nnd Ǜ ∈ ਸ਼(Ƽ, ƽ⟨, n morptusmǛ ◉ ǚ ∈ ਸ਼(ƻ, ƽ⟨, nlso wruten ns rollows dependuns on tte polnruty

or Ƽ:

Ǜ ҫ ǚ ∈ ਸ਼(ƻ, ƽ⟨ ur �(Ƽ⟨ = + ,

Ǜ Ҫ ǚ ∈ ਸ਼(ƻ, ƽ⟨ ur �(Ƽ⟨ = ⊝ .

he rollowuns nssopuntuvutues must told ror nll oovepts ƻ, Ƽ ∈ |ਸ਼ |;Ǌ, ǋ ∈ �−1({+}⟨ nnd ǈ, Ǉ ∈ �−1({⊝}⟨:
șҫҫȚ For nll ƻ ǚ⎯→ Ǌ Ǜ⎯→ ǋ ℎ⎯→ Ƽ, one tns (ℎ ҫ Ǜ⟨ ҫ ǚ = ℎ ҫ (Ǜ ҫ ǚ ⟨ ;

șҪҪȚ For nll ƻ ǚ⎯→ ǈ Ǜ⎯→ Ǉ ℎ⎯→ Ƽ, one tns (ℎ Ҫ Ǜ⟨ Ҫ ǚ = ℎ Ҫ (Ǜ Ҫ ǚ ⟨ ;

șҫҪȚ For nll ƻ ǚ⎯→ ǈ Ǜ⎯→ Ǌ ℎ⎯→ Ƽ, one tns (ℎ ҫ Ǜ⟨ Ҫ ǚ = ℎ ҫ (Ǜ Ҫ ǚ ⟨.
ǌ. For nll ƻ ∈ |ਸ਼ |, n morptusm idƻ ∈ ਸ਼(ƻ, ƻ⟨ neutrnl ror ◉.

he mnppuns � deines n pnrtutuon or |ਸ਼ | unto tte positive oo-
vepts Ǌ,ǋ... un |� | ≝ �−1({+}⟨ nnd tte negative oovepts ǈ,Ǉ... un



II.Ǳ Pre-duploids ƥƤƩ

|� | ≝ �−1({⊝}⟨. hus pnrtutuon deines pntesorues � (wtose pom-
posutuon us suven oy ҫ) nnd � (wtose pomposutuon us suven oy Ҫ) un
nn oovuous wny.

II.ǔ.ǔ Linear and thunkable morphisms

Deinition II.Ʀ. Let ਸ਼ oe n pre-duploud. A morptusm ǚ or ਸ਼ us
linear ur ror nll Ǜ, ℎ one tns:

ǚ ◉ (Ǜ ◉ℎ⟨ = (ǚ ◉Ǜ⟨ ◉ℎ .

A morptusm ǚ or ਸ਼ us thunkableƥ ur ror nll Ǜ, ℎ one tns:

ℎ ◉ (Ǜ ◉ ǚ ⟨ = (ℎ ◉ Ǜ⟨ ◉ ǚ .

Notupe ttnt oy deinutuon nny morptusm ǚ ∶ Ǌ → ƻ us lunenr, nnd nny
morptusm ǚ ∶ ƻ → ǈ us ttunknole. Notupe nlso ttnt ttese notuons nre
plosed under pomposutuon nnd udentuty. Indeed, ur ǚ1 nnd ǚ2 nre lunenr
tten ror nll Ǜ, ℎ one tns:

(ǚ1 ◉ ǚ2⟨ ◉ (Ǜ ◉ℎ⟨ = ǚ1 ◉ (ǚ2 ◉ (Ǜ ◉ℎ⟨⟨ ǚ1 lunenr

= ǚ1 ◉ ((ǚ2 ◉ Ǜ⟨ ◉ℎ⟨ ǚ2 lunenr

= (ǚ1 ◉ (ǚ2 ◉ Ǜ⟨⟨ ◉ℎ ǚ1 lunenr

= ((ǚ1 ◉ ǚ2⟨ ◉ Ǜ⟨ ◉ℎ ǚ1 lunenr

So we mny deine suo-pntesorues or ਸ਼ ns we do oelow.

Deinition II.Ƨ (ਸ਼Ǟ, ਸ਼t, �
⦁, � ⦁). de pnll ਸ਼Ǟ tte category of linear

morphisms of ਸ਼ ; u.e tte suo-pntesory or ਸ਼ wutt nll oovepts nnd
tte morptusms ttnt nre lunenr. de pnll ਸ਼t tte category of thunkable
morphisms of ਸ਼ .

Ooserve ttnt � us tte rull suo-pntesory or ਸ਼t wutt nesntuve oo-
vepts, oepnuse nny ƻ → ǈ us ttunknole. Symmetrupnlly, � us tte rull

ƥTermunolosy ndnpted from huelepke [Thiǜǚ], Fütrmnnn [Fühǜǜ].
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suo-pntesory or ਸ਼Ǟ wtose oovepts nre posutuve, oepnuse nny Ǌ → Ƽ us
lunenr. de deine nppordunsly:

• he pntesory � ⦁ or nesntuve lunenr mnps ns tte rull suopntesory
or ਸ਼Ǟ wtose oovepts nre nesntuve; or equuvnlently tte suopntesory
or � wtose morptusms nre lunenr.

• he pntesory � ⦁ or posutuve ttunknole mnps ns tte rull suopnt-
esory or ਸ਼t wtose oovepts nre posutuve; or equuvnlently tte suo-
pntesory or � wtose morptusms nre ttunknole.

Proposition II.ƨ. he hom-sets ਸ਼(ƻ, Ƽ⟨ of a pre-duploid ਸ਼ extend to
a (pro-)functor:

✄

✂

�

✁
ਸ਼(−, =⟨ ∶ ਸ਼t

op 0ਸ਼Ǟ → žet

deined for ǚ ∈ ਸ਼t(ƻ, Ƽ⟨ and Ǜ ∈ ਸ਼Ǟ(ƽ, ƾ⟨ with:
ਸ਼(ǚ , Ǜ⟨ ∶ ਸ਼(Ƽ, ƽ⟨ → ਸ਼(ƻ, ƾ⟨

ℎ ↦ Ǜ ◉ℎ ◉ ǚ .

Proof. Restruptuns to ǚ ttunknole nnd Ǜ lunenr mnkes tte deinutuon unnm-
ousuous. Funptorunluty porresponds to tte followuns two equntuons:

ਸ਼(idƻ, idƼ⟨(ℎ⟨ = ℎ
ਸ਼ (ǚ2 ◉ ǚ1, Ǜ1 ◉ Ǜ2⟨(ℎ⟨ = ((Ǜ1 ◉ Ǜ2⟨ ◉ℎ⟨ ◉ (ǚ2 ◉ ǚ1⟨

= ((Ǜ1 ◉ Ǜ2⟨ ◉ℎ ◉ ǚ2⟨ ◉ ǚ1

= (Ǜ1 ◉ (Ǜ2 ◉ℎ ◉ ǚ2⟨⟨ ◉ ǚ1

= (ਸ਼ (ǚ1, Ǜ1⟨ Ҫ ਸ਼ (ǚ2, Ǜ2⟨⟨(ℎ⟨
he sepond equntuon uses tte fnpt ttnt ǚ1 nnd ǚ2 nre ttunknole nnd ttnt Ǜ1
nnd Ǜ2 nre lunenr. ∎
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II.ǔ.Ǖ Examples of pre-duploids

Girard’s classical logic

Gurnrd’s porrelntuon spnpes nre n denotntuonnl semnntups ror plnssupnl
losup. hey do not rorm n pntesory ror lnpk or nssopuntuvuty or tte
pomposutuon [“irǜǔ, LQTdFǓǘ]. However, ttey rorm n pre-duploud.
de wull see ttnt duplouds nre motuvnted oy Gurnrd’s trnnslntuon or
plnssupnl losup unto untuutuonustup losup.

Blass games

Blnss [BlaǜǕ] suves n snme semnntups ror lunenr losup, wtupt dud not
sntusry tte nssopuntuvuty or pomposutuon. hnnks to Aornmsky’s nnn-
lysus or ttus ussue [AbrǓǖ], we know ttnt nssopuntuvuty rnuls due to
pomposutes or tte rorm ǈ ⎯→ Ǌ ⎯→ Ǉ ⎯→ ǋ. Apporduns to Aornmsky,
“none of the other Ǳǵ polarisations give rise to a similar problem”. here-
rore, Aornmsky’s rormnlusntuon or Blnss snmes yuelds n pre-duploud.
hnnks to Mellu5s’s nnnlysus or ttus so-pnlled “Blass problem” [MelǓǘ],
we know ttnt tte ptenomenon us essentunlly tte snme ns ror Gurnrd’s
plnssupnl losup.

éirect models of call by value

Fütrmnnn [Fühǜǜ] ptnrnpteruses tte Kleuslu pntesory or n monnd via
tte presenpe or n strupture pnlled thunk. In tte pontexts or models or
pnll oy vnlue, tte ttunk umplements lnzuness.

Repnll ttnt n thunk-force category us n pntesory (� , ҫ, id⟨ tosetter
wutt n ttunk (ǆ, �, �⟨ ns deined next.

Deinition II.Ʃ. A thunk on � us suven oy n runptor ǆ ∶ � → �
tosetter wutt n nnturnl trnnsrormntuon � ∶ ǆ .→ ⟨ nnd n trnnsrormntuon� ∶ ⟨→ǆ supt ttnt tte trnnsrormntuon �ǆ ∶ǆ→ǆ2 us nnturnl; sntusryuns
tte rollowuns equntuons:

� • � = id

ǆ� • �ǆ = idǆ�ǆ • � = ǆ� • �
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he trnnsrormntuon � us not nepessnruly nnturnl, so ttnt ror ǚ ∈
� (ƻ, Ƽ⟨ we mny tnve:

ǆǚ •�ƻ ≠ �Ƽ • ǚ .

A ttunk us ttererore n pomonnd ror wtupt nny morptusm tns n po-
extensuon, wutt po-multuplupntuon suven oy �ǆ. he po-extensuon or ǚ
us ∗ǚ ≝ ǆǚ • �ƻ.

Proposition II.ƪ. Let (� , ҫ, id, ǆ, �, �⟨ be a thunk-force category. he
following deines a pre-duploid.|ਸ਼ | is the following disjoint union for a suitably chosen bijection ⇑ with
domain |� |: |ਸ਼ | = |� | ⊎ ⇑|� | .
Let �(Ǌ⟨ = + and �(⇑Ǌ⟨ = ⊝ (in other words |� | = ⇑|� |). Now we
deine:

✄

✂

�

✁

ਸ਼(Ǌ, ǋ⟨ ≝ � (Ǌ, ǋ⟨
ਸ਼(Ǌ, ⇑ǋ⟨ ≝ � (Ǌ, ǋ⟨
ਸ਼(⇑Ǌ, ǋ⟨ ≝ � (ǆǊ, ǋ⟨

ਸ਼(⇑Ǌ, ⇑ǋ⟨ ≝ � (ǆǊ, ǋ⟨
.

Composition ҫ and identities idǊ are obtained rom � . Composition Ҫ
and identities idǈ are deined with:

idਸ਼
⇑Ǌ ≝ �Ǌ

and for all ƻ Ǜ⎯→ ⇑Ǌ ǚ⎯→ Ƽ:
ǚ Ҫ Ǜ ≝ ǚ ҫ ǆǛ ҫ �ƻ .

Proof. de undeed tnve ҪҪ-nssopuntuvuty for nny ƻ ℎ⎯→ ǈ Ǜ⎯→ Ǉ ǚ⎯⎯→ Ƽ:

ǚ Ҫ (Ǜ Ҫ ℎ⟨ = ǚ ҫ ǆǛ ҫ ǆǆℎ ҫ ǆ�ǈ ҫ �ƻ

= ǚ ҫ ǆǛ ҫ ǆǆℎ ҫ �ǆǈ ҫ �ƻ
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= ǚ ҫ ǆǛ ҫ �ǈ ҫ ǆℎ ҫ �ƻ

= (ǚ Ҫ Ǜ⟨ Ҫ ℎ
de nlso tnve ҫҪ-nssopuntuvuty ns n durept ponsequenpe of ҫҫ-nssopuntuvuty.
de nlso tnve ttnt id us neutrnl for Ҫ:

ǚ Ҫ id⇑Ǌ = ǚ ҫ ǆ�Ǌ ҫ �ǆǊ = ǚ
id⇑Ǌ Ҫ ǚ = �Ǌ ҫ ǆǚ ҫ �ƻ = ǚ ҫ �ƻ ҫ �ƻ = ǚ . ∎

In tte pontext or λC models, ttus pre-duploud ponstruptuon rorm-
nluses tow ttunks umplement lnzuness un pnll oy vnlue. In pnrtupulnr,
ttus deines � ns tte Kleuslu pntesory or tte ttunk ǆ seen ns n po-
monnd. hus Kleuslu ponstruptuon us tte pntesorupnl pounterpnrt or
Hntpluff nnd Dnnvy’s thunking translation [”éǜǚ] ttnt emoeds pnll oy
nnme unto pnll oy vnlue.

Proposition II.ƫ. A morphism ǚ ∶ Ǌ → ǋ is thunkable in the sense
of thunk-force categories if and only if it is thunkable in the sense of
pre-duploids.

Proof. Let us repnll ttnt ǚ ∈ � (Ǌ, ǋ⟨ us ttunknole un tte sense of Fütr-
mnnn [Fühǜǜ] uf we tnve:

ǆǚ •�Ǌ = �ǋ • ǚ .

de tnve for nny ƻ ǚ⎯⎯→ Ǌ Ǜ⎯→ Ǉ ℎ⎯→ Ƽ:

ℎ Ҫ (Ǜ ҫ ǚ ⟨ = ℎ ҫ ǆ(Ǜ ҫ ǚ ⟨ ҫ �ƻ

= ℎ ҫ ǆǛ ҫ ǆǚ ҫ �ƻ(ℎ Ҫ Ǜ⟨ ҫ ǚ = ℎ ҫ ǆǛ ҫ �ƻ ҫ ǚ
nnd ǚ us ttunknole uf nnd only uf tte two nre equnl.

It us plenr ttnt tte two notuons of ttunknouluty pounpude. ∎

Corollary II.Ƭ. In the above context, the transformation � is natural if
and only if the pre-duploid is a category (u.e. statisies Ҫҫ-associativity).
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éirect models of call by name

he ponpept dunl to Fütrmnnn’s ttunk us tte one or runnable
monadƦ. Runnnole monnds umplement struptness un pnll oy nnme.
de mny dunluse tte result or Fütrmnnn: pntesorues wutt n run-
nnole monnd nre Kleuslu pntesorues or po-monnds. he result us
spepunlused oy Selunser: pontrol pntesorues (durept models or tte
pnll-oy-nnme λµ pnlpulus) nre ptnrnpterused ns tte Kleuslu pntesory or
tte douole-nesntuon po-monnd on tte dunl or n response pntesory,
un tte termunolosy or [SelǓǔ].

Deinition II.ƭ. A runnable monad on n pntesory ਵ us suven oy n
runptor � ∶ ਵ → ਵ tosetter wutt n nnturnl trnnsrormntuon � ∶ ⟨ .→ �
nnd n trnnsrormntuon � ∶ � → ⟨ supt ttnt tte trnnsrormntuon �ǎ ∶�2 → � us nnturnl; sntusryuns tte equntuons � Ҫ � = id; �ǎ Ҫ �� = idǎ
nnd � Ҫ �� = � Ҫ �ǎ .

For nny ǚ ∈ ਵ (ƻ, Ƽ⟨, we mny deine tte extension or ǚ ns:

ǚ ∗ = �Ƽ Ҫ �ǚ .

Let us pomment on tte pomputntuonnl susnuipnnpe or tte strup-
ture. Models or tte pure lnmodn-pnlpulus nre ootnuned ttroust tte
Kleuslu ponstruptuon or tte po-monnd ! or lunenr losup [“irǛǚ]. In most
models, ut us rnlse ttnt tte unduped runnnole monnd us truvunl, ttnt us
to sny, envoys ttnt tte trnnsrormntuon � us nnturnl. (de stnll see lnter
ttnt ttus pondutuon porresponds to tte po-monnd oeuns udempotent.)
he pomputntuonnl untuutuon or tte runnnole monnd extenduns tte
pure λ pnlpulus us tte rollowuns: we nre suven n ponstnnt �, tosetter
wutt n term ponstruptor ՗∗. hey sumulnte pnll oy vnlue ns rollows:
wten Ǧ∗ us npplued, tte nrsument us ponsudered un tend posutuon untul
n term or tte rorm � ǧ us renpted. hen tte evnluntuon propeeds wuttǦ ǧ.
ƦTermunolosy us unspured from Erwus nnd Ren [êRǓǗ], wto deine, for tte pur-

pose of studyuns prosrnm trnnsformntuons, runnnole monnds ns (prosrnm-
mer’s) monnds enrupted wutt n polymorptup “run” operntuon �ƻ → ƻ wutt
equntuon �ƻ(�ƻ(Ǫ⟨⟨ = Ǫ.
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de mny deine, suven n runnnole monnd, n pre-duploud wutt n
ouveptuve mnp ⇓ ∶ |� | → |� |. he ponstruptuon us ootnuned oy sym-
metry rrom tte one or ttunk-rorpe pntesorues. In pnrtupulnr tte
posutuve suo-pntesory us tte Kleuslu or tte runnnole monnd.

Remark In the context of models coming from linear logic, the Kleisli
construction of the runnable monad gives a translation from call by value
to linear logic. It coincides with the translation first noticed by “ir-
ard [“irǛǚ] șwhere it is called ȈboringȉȚ. The Ȉboringȉ translation was
recognised as a monadic model of call by value by Maraist et al. and
Benton and Wadler [MOTWǜǗ, BWǜǘ]. The Ȉboringȉ translation, however,
only uses the monad part and not run maps �ǈ for ǈ ≠ �Ǉ. It seems
that only now we recognise that the translation comes from an imple-
mentation of strictness in call by name, symmetric to the way we are
used to implementing laziness in call by value with thunks.

II.ǔ.ǖ Syntactic pre-duploid

de suve nn exnmple wtupt provudes tte rollowuns untuutuon rrom
prosrnmmuns lnnsunses: posutuve types nre evnlunted enserly, wtule
nesntuve types nre evnlunted lnzuly. In pnrtupulnr, ǚ Ҫ Ǜ evnluntes ǚ
oerore Ǜ, wterens ǚ ҫ Ǜ evnluntes Ǜ oerore ǚ . hus, we mny wrute
unnmousuously ǚ ҫ Ǜ Ҫ ℎ, wtupt menns ttnt Ǜ pomputes irst, nnd
suosequently determunes ur nnd wten ǚ nnd ℎ nre evnlunted. But (ǚ ҪǛ⟨ ҫ ℎ pnn oe dustunpt rrom ǚ Ҫ (Ǜ ҫ ℎ⟨, nnd tten pnrentteses determune
wtetter ℎ or ǚ pomputes irst.

de mny ooserve ttus ptenomenon un tte ML nnd Hnskell pro-
srnmmuns lnnsunses. In ML, we mny deine n lnzy npplupntuon Ǧ @n ǧ
wutt Ǧ (�(⟨ → ǧ⟨. Strupt npplupntuon @v us tte usunl npplupntuon. In
Hnskell, we tnve ror @v tte strupt npplupntuon $! nnd we mny tnke tte
usunl npplupntuon ror @n. Lnpk or nssopuntuvuty porresponds to tte
dustunptuon oetween tte prosrnms:

(�ǫ.ℎ@n (Ǜ ǫ⟨⟨@v (ǚ Ǫ⟨
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nnd: ℎ@n (Ǜ @v (ǚ Ǫ⟨⟨ .

In oott lnnsunses, we wutness tte dufferenpe wten ǚ us n runptuon
ttnt loops nnd ℎ us n runptuon ttnt ummeduntely returns: tte prosrnm
noove loops wtule tte one oelow ummeduntely returns.

he syntnptup pre-duploud rormnluses tte untuutuon wutt nostrnpt
mnptunes (pnurs ऊ Ǧ ‖ Ǚ ऋ or n term nnd nn evnluntuon pontext) wtose
pomponents Ǧ nnd Ǚ nre deined nostrnptly oy tteur trnnsutuon rules,
vun tte ounders � nnd ̃�. Let us ponsuder rour sets or vnrunoles wrutenǪ+, �+, Ǫ⊝, �⊝, nnd n srnmmnr or tte rollowuns stnpe:

✄

✂

�

✁

Ǧ+ ⩴ ǐ+ ∣ ��+.Ǘ ∣ …
ǐ+ ⩴ Ǫ+ ∣ …
Ǧ⊝ ⩴ Ǫ⊝ ∣ ��⊝.Ǘ ∣ …
Ǚ+ ⩴ �+ ∣ ̃�Ǫ+.Ǘ ∣ …
Ǚ⊝ ⩴ � ∣ ̃�Ǫ⊝.Ǘ ∣ …
�⊝ ⩴ �⊝ ∣ …

Ǘ ⩴ ऊǦ+ ‖Ǚ+ऋ ∣ ऊǦ⊝ ‖Ǚ⊝ऋ ∣ …
de use tte notntuon Ǧ ror eutter Ǧ+ or Ǧ⊝ nnd rerer to +/⊝ ns uts
polnruty, nnd so on.

de deine tte pontextunl equuvnlenpe relntuon ≃RE senernted oy
tte rollowuns rewrute rules:

ऊ��⊝.Ǘ ‖�⊝ऋ ੃R Ǘ[�⊝/�⊝] Ǧ⊝ ੃E ��⊝.ऊǦ⊝ ‖�⊝ऋ
ऊ��+.Ǘ ‖Ǚ+ऋ ੃R Ǘ[Ǚ+/�+] Ǧ+ ੃E ��+.ऊǦ+ ‖�+ऋ
ऊǐ+ ‖ ̃�Ǫ+.Ǘऋ ੃R Ǘ[ǐ/Ǫ+] Ǚ+ ੃E ̃�Ǫ+.ऊǪ+‖Ǚ+ऋ
ऊǦ⊝ ‖ ̃�Ǫ⊝.Ǘऋ ੃R Ǘ[Ǧ⊝/Ǫ⊝] Ǚ⊝ ੃E ̃�Ǫ⊝.ऊǪ⊝‖Ǚ⊝ऋ

Let us deine, wtenever tte polnrutues or Ǧ nnd Ǫ nre tte snme, tte
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rollowuns term:

let Ǫ be Ǧ in ǧ ≝ ��.ऎǦ ∥ ̃�Ǫ.ऊǧ‖�ऋए (� ∉ fv(Ǧ, ǧ⟨⟨
he polnrutues or � nnd or “let Ǫ be Ǧ in ǧ” nre tte snme ns tte polnruty
or ǧ. he deinutuon us desusned to sntusry, ror nny � ttnt tns tte
polnruty or ǧ:

ऊlet Ǫ+
beǐ+ in ǧ‖�ऋ ੃∗

R ऊǧ[ǐ+/Ǫ+] ‖�ऋ
ऊlet Ǫ⊝

be Ǧ⊝ in ǧ‖�ऋ ੃∗
R ऊǧ[Ǧ⊝/Ǫ⊝] ‖�ऋ

wtupt mny oe noorevunted ns:

ऊlet Ǫ beǐ in ǧ‖�ऋ ੃∗
R ऊǧ[ǐ/Ǫ] ‖�ऋ

wutt tte ponventuon ttnt ǐ us eutter ǐ+ or Ǧ⊝. It nlso sntusies:

let Ǫ be Ǧ in Ǫ ≃RE Ǧ
let ǫ+ be (let Ǫ be Ǧ in ǧ+⟨ in Ǩ ≃RE let Ǫ be Ǧ in let ǫ+ be ǧ+ in Ǩ
let ǫ be (let Ǫ⊝

be Ǧ⊝ in ǧ⟨ in Ǩ ≃RE let Ǫ⊝
be Ǧ⊝ in let ǫ be ǧ in Ǩ

(II.ƥ)

Proof. de tnve:

let Ǫ beǐ in Ǧ = ��.ऎǐ ∥ ̃�Ǫ.ऊǦ ‖�ऋए
→R ��.ऊǦ[ǐ/Ǫ]‖�ऋ
ੂE Ǧ[Ǫ/ǫ] sunpe � ∉ fv(Ǧ⟨

let Ǫ be Ǧ in Ǫ = ��.ऎǦ ∥ ̃�Ǫ.ऊǪ ‖�ऋए
ੂE ��.ऊǦ ‖�ऋ
ੂE Ǧ sunpe � ∉ fv(Ǧ⟨



ƥƥƨ Chapter II Duploids: Models of a non-associative composition

nnd nlso:

let Ǫ be Ǧ in let ǫ be ǧ in Ǩ = ��.ऒǦ ∥ ̃�Ǫ.ऎǧ∥ ̃�ǫ.ऊǨ‖�ऋएओ (ǫ ∉ fv(Ǩ⟨⟨
let ǫ be (let Ǫ be Ǧ in ǧ⟨ in Ǩ = ��.ऒ��.ऎǦ ∥ ̃�Ǫ.ऊǧ‖�ऋए∥ ̃�ǫ.ऊǨ‖�ऋओ

herefore wten ǫ = ǫ+(us posutuve), we tnve:

let ǫ+ be (let Ǫ be Ǧ in ǧ+⟨ in Ǩ
= ��.ऒ��+.ऎǦ ∥ ̃�Ǫ.ऊǧ+ ‖�+ऋए∥ ̃�ǫ+.ऊǨ‖�ऋओ
→R ��.ऒǦ ∥ ̃�Ǫ.ऎǧ+ ∥ ̃�ǫ+.ऊǨ‖�ऋएओ sunpe Ǫ ∉ fv(Ǩ⟨
= let Ǫ be Ǧ in let ǫ+ be ǧ+ in Ǩ

nnd wten Ǫ = Ǫ⊝ (us nesntuve), we tnve:

let ǫ be (let Ǫ⊝
be Ǧ⊝ in ǧ⟨ in Ǩ

= ��.ऒ��.ऎǦ⊝ ∥ ̃�Ǫ⊝.ऊǧ‖�ऋए∥ ̃�ǫ.ऊǨ‖�ऋओ
←R ��.खǦ⊝ ∥ ̃�Ǫ⊝.ऒ��.ऎǪ⊝∥ ̃�Ǫ⊝.ऊǧ‖�ऋए∥ ̃�ǫ.ऊǨ‖�ऋओग

sunpe � ∉ fv(Ǧ⟨ nnd Ǫ⊝ ∉ fv(Ǩ⟨
→R ��.ऒǦ⊝ ∥ ̃�Ǫ⊝.ऎ��.ऊǧ‖�ऋ∥ ̃�ǫ.ऊǨ‖�ऋएओ
←E ��.ऒǦ⊝ ∥ ̃�Ǫ⊝.ऎǧ∥ ̃�ǫ.ऊǨ‖�ऋएओ sunpe � ∉ fv(ǧ⟨
= let Ǫ⊝

be Ǧ⊝ in let ǫ be ǧ in Ǩ ∎

he reduptuon semnntups or n term Ǧ us suven oy tte relntuon ੃R

npplued to tte pommnnd ऊ Ǧ ‖ � ऋ . hus porresponds, ror ullustrn-
tuon purposes, to deinuns (tte skeleton or) n pontextunl reduptuon
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semnntups, un tte sense or drustt nnd Felleusen [WFǜǕ], ns rollows:

Ǧ⊝, ǧ⊝ ⩴ Ǫ⊝ ∣ let Ǫ be Ǧ in ǧ⊝ ∣ …
Ǧ+, ǧ+ ⩴ ǐ+ ∣ let Ǫ be Ǧ in ǧ+ ∣ …

Ǧ ⩴ Ǧ+ ∣ Ǧ⊝ǐ+ ⩴ Ǫ+ ∣ …
ǐ ⩴ ǐ+ ∣ Ǧ⊝ƿ ⩴ [ ] ∣ let Ǫ+

beƿ in Ǧ ∣ …
let Ǫ beǐ in ǧ ੃ ǧ[ǐ/Ǫ] Ǧ ੃ ǧ—ƿ[Ǧ] ੃ ƿ[ǧ]

Proposition II.ƥƤ. he following deines a pre-duploid.

Objects: |ਸ਼ | and � are deined with |� | = {+} and |� | = {⊝} for two
objects + ≠ ⊝.

Morphisms: An element Ǫ̂.Ǧ of ਸ਼(�, �′⟨ is an equivalence class of the
relation ∼ on pairs (Ǫ, Ǧ⟨ where Ǫ is a variable of polarity � and Ǧ a
term of polarity �′, deined with:

Ǫ̂.ǧ ∼ ǫ̂.Ǩ ⟺ ∀Ǭ� ∉ fv(ǧ, Ǩ⟨, ǧ[Ǭ�/Ǫ] ≃RE Ǩ[Ǭ�/ǫ] .
(In other words, Ǫ̂.Ǧ is Ǧ considered modulo ≃RE and modulo
renaming of Ǫ.)

Identities: id� is Ǫ̂.Ǫ where Ǫ has polarity �.
Composition: he composite of Ǫ̂.Ǧ ∶ ƻ → Ƽ and ǫ̂.ǧ ∶ Ƽ → ƽ is given

with: ǫ̂.ǧ ◉ Ǫ̂.Ǧ ≝ Ǫ̂.(let ǫ be Ǧ in ǧ⟨ .

(Ǫ is assumed to be resh in ǧ.)
Proof. Identuty us neutrnl for ◉ oepnuse for nll morptusms ǫ̂.Ǧ ∶ ƻ → Ƽ tte
equntuons: ǫ̂.Ǧ ◉ idƻ = ǫ̂.Ǧ

idƼ ◉ ǫ̂.Ǧ = ǫ̂.Ǧ
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porrespond respeptuvely to:

let ǫ be Ǫ in Ǧ ≃RE Ǧ[Ǫ/ǫ]
let Ǫ be Ǧ in Ǫ ≃RE Ǧ

nnd we tnve Ǫ̂.Ǧ[Ǫ/ǫ] = ǫ̂.Ǧ.
For nll ƻ Ǫ̂.Ǧ⎯⎯→ Ƽ ǫ̂.ǧ⎯⎯→ ƽ Ǭ̂.Ǩ⎯⎯→ ƾ, douole pomposutuon us wruten ns follows:

(Ǭ̂.Ǩ ◉ ǫ̂.ǧ⟨ ◉ Ǫ̂.Ǧ = Ǫ̂.(let ǫ be Ǧ in let Ǭ be ǧ in Ǩ⟨ (ǫ ∉ fv(Ǩ⟨⟨
Ǭ̂.Ǩ ◉ (ǫ̂.ǧ ◉ Ǫ̂.Ǧ⟨ = Ǫ̂.(let Ǭ be (let ǫ be Ǧ in ǧ⟨ in Ǩ⟨

herefore we tnve:

(Ǭ̂+.Ǩ ҫ ǫ̂.ǧ+⟨ ◉ Ǫ̂.Ǧ = Ǭ̂+.Ǩ ҫ (ǫ̂.ǧ+ ◉ Ǫ̂.Ǧ⟨ (ƽ posutuve)

(Ǭ̂.Ǩ ◉ ǫ̂⊝.ǧ⟨ Ҫ Ǫ̂.Ǧ⊝ = Ǭ̂.Ǩ ◉ (ǫ̂⊝.ǧ Ҫ Ǫ̂.Ǧ⊝⟨ (Ƽ nesntuve)

ns n ponsequenpe of tte equntuons (II.ƥ). ∎

hus we tnve deined n pre-duploud. However, ut us not possuole to
rewrute tte rollowuns term:

let ǫ⊝
be (let Ǫ+

be Ǧ+ in ǧ⊝⟨ in Ǩ
unto tte rollowuns:

let Ǫ+
be Ǧ+ in let ǫ⊝

be ǧ⊝ in Ǩ
In otter words, wuttout umposuns nddutuonnl equntuons, we tnve un
senernl: ℎ Ҫ (Ǜ ҫ ǚ ⟨ ≠ (ℎ Ҫ Ǜ⟨ ҫ ǚ .
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II.Ǖ éuploids

de now enrupt pre-duplouds wutt operntors or polnruty poerpuon ⇓, ⇑
pnlled shits.Ƨ

Deinition II.ƥƥ. A duploid us n pre-duploud ਸ਼ suven wutt mnppunss:

⇓ ∶ |� | → |� |
⇑ ∶ |� | → |� |

tosetter wutt, ror nll Ǌ ∈ |� | nnd ǈ ∈ |� |, morptusms:

✄

✂

�

✁

delayǊ ∶ Ǌ → ⇑Ǌ
forceǊ ∶ ⇑Ǌ → Ǌ
wrapǈ ∶ ǈ → ⇓ǈ
unwrapǈ ∶ ⇓ǈ → ǈ

hey must sntusry tte rollowuns udentutues:

✄

✂

�

✁

forceǊ Ҫ (delayǊ ҫ ǚ ⟨ = ǚ (∀ǚ ∈ ਸ਼(ƻ, Ǌ⟨⟨
(ǚ Ҫ unwrapǈ⟨ ҫwrapǈ = ǚ (∀ǚ ∈ ਸ਼(ǈ, ƻ⟨⟨

delayǊ ҫ forceǊ = id⇑Ǌ

wrapǈ Ҫ unwrapǈ = id⇓ǈ

Now notupe tte rollowuns:

Proposition II.ƥƦ. For any ǈ, wrapǈ is thunkable. Dually, for any Ǌ,
forceǊ is linear.

Proof. For nll Ǜ, ℎ, one tns:

ℎ Ҫ (Ǜ ҫwrapǈ⟨ = (ℎ Ҫ (Ǜ ҫwrapǈ⟨ Ҫ unwrapǈ⟨ ҫwrapǈ

= (ℎ Ҫ (Ǜ ҫwrapǈ Ҫ unwrapǈ⟨⟨ ҫwrapǈ

= (ℎ Ҫ Ǜ⟨ ҫwrapǈ

ƧOur notntuon us remunuspent of Mellu5s [MelǓǘ].
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Henpe wrapǈ us lunenr. he otter result follows oy symmetry. ∎

hus we tnve tte rollowuns equuvnlent deinutuon or n duploud:

Deinition II.ƥƧ. A duploid us n pre-duploud ਸ਼ suven wutt mnppunss:

⇓ ∶|� | → |� |
⇑ ∶|� | → |� |

tosetter wutt n rnmuly or unvertuole lunenr mnps forceǊ ∶ ⇑Ǌ → Ǌ nnd n
rnmuly or unvertuole ttunknole mnps wrapǈ ∶ ǈ → ⇓ǈ.

Indeed, notupe ttnt ur we wrute delayǊ = force−1
Ǌ nnd unwrapǈ =wrap−1

ǈ ,
tten we tnve:

forceǊ Ҫ (delayǊ ҫ ǚ ⟨ = (forceǊ Ҫ delayǊ⟨ ҫ ǚ sunpe forceǊ us lunenr

= ǚ
(ǚ Ҫ unwrapǈ⟨ ҫwrapǈ = ǚ Ҫ (unwrapǈ ҫwrapǈ⟨ sunpe wrapǊ us ttunknole

= ǚ
II.Ǖ.ǔ Syntactic duploid

de ponpluded un Septuon II.ƥ wutt n lnnsunse ror pre-duplouds. de
pontunue wtere we let, wutt topes or provuduns pomputntuonnl mo-
tuvntuons ror tte stuts.

he syntnptup duploud Ldup us deined un Fusure II.ƥ on tte rnpuns
pnse. It extends tte syntnptup pre-duploud wutt tte rollowuns untu-
utuons rrom prosrnmmuns: ⇑Ǌ us n type or suspended strupt pompu-
tntuons, nnd ⇓ǈ us n type or lnzy pomputntuons enpnpsulnted unto n
vnlue. hen delay ҫ ǚ represents tte suspended strupt pomputntuonǚ nnd tte unverse operntuon force trussers tte evnluntuon or uts nrsu-
ment (tenpe ut us lunenr un uts nesntuve nrsument). he morptusm
wrap Ҫ ǚ represents ǚ enpnpsulnted unto n vnlue (tenpe ut us ttunknole)
nnd unwrap removes tte enpnpsulntuon.
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Ǧ+ ⩴ ǐ+ ∣ ��+.Ǘ ∣ …
Ǧ⊝ ⩴ Ǫ⊝ ∣ ��⊝.Ǘ ∣ �{�+}.Ǘ ∣ …

ǐ+ ⩴ Ǫ+ ∣ {Ǧ⊝} ∣ …
ǐ ⩴ ǐ+ ∣ Ǧ⊝

șaȚ Terms and values

Ǚ+ ⩴ �+ ∣ ̃�Ǫ+.Ǘ ∣ ̃�{Ǫ⊝}.Ǘ ∣ …
Ǚ⊝ ⩴ � ∣ ̃�Ǫ⊝.Ǘ ∣ …
�⊝ ⩴ �⊝ ∣ {Ǚ+} ∣ …
� ⩴ �⊝ ∣ Ǚ+
șbȚ èontexts and stacks

Ǘ ⩴ ऊǦ+ ‖Ǚ+ऋ ∣ ऊǦ⊝ ‖Ǚ⊝ऋ ∣ …
șcȚ èommands

ऊ��.Ǘ ‖�ऋ ੃R Ǘ[�/�]
ऊǐ ‖ ̃�Ǫ.Ǘऋ ੃R Ǘ[ǐ/Ǫ]

ऊ{Ǧ⊝}‖ ̃�{Ǫ⊝}.Ǘऋ ੃R Ǘ[Ǧ⊝/Ǫ⊝]
ऊ�{�+}.Ǘ ‖{Ǚ+}ऋ ੃R Ǘ[Ǚ+/�+]

șdȚ Reductions

Ǧ ੃E ��.ऊǦ ‖�ऋ†
Ǚ ੃E ̃�Ǫ.ऊǪ ‖Ǚऋ†
Ǚ+ ੃E ̃�{Ǫ⊝}.ऊ{Ǫ⊝}‖Ǚ+ऋ
Ǧ⊝ ੃E �{�+}.ऊǦ⊝ ‖{�+}ऋ

†: for n frest (po-)vnrunole
of tte proper polnruty.

șeȚ Expansions

Figure II.ǔ: Ldup, the syntactic duploid

de ponsuder n srnmmnr or nostrnpt mnptunes ttnt extends tte one
or Septuon II.ƥ.Ƨ ns rollows:ƨ

✄

✂

�

✁

ǐ+ ⩴ … ∣ {Ǧ⊝} ∣ …
Ǧ⊝ ⩴ … ∣ �{�+}.Ǘ ∣ …
Ǚ+ ⩴ … ∣ ̃�{Ǫ⊝}.Ǘ ∣ …
�⊝ ⩴ … ∣ {Ǚ+} ∣ …

ƨhnnks to Puerre-Louus Curuen for sussestuns ttnt tte unterpretntuon us nter
nll equuvnlent to nn enrluer one.
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de extend tte rewrutuns relntuons ੃R nnd ੃E wutt:

✄

✂

�

✁

ऊ{Ǧ⊝}‖ ̃�{Ǫ⊝}.Ǘऋ ੃R Ǘ[Ǧ⊝/Ǫ⊝] Ǚ+ ੃E ̃�{Ǫ⊝}.ऊ{Ǫ⊝}‖Ǚ+ऋ
ऊ�{�+}.Ǘ ‖{Ǚ+}ऋ ੃R Ǘ[Ǚ+/�+] Ǧ⊝ ੃E �{�+}.ऊǦ⊝ ‖{�+}ऋ

(Ǫ⊝ ∈ fv(Ǚ+⟨ nnd �+ ∉ fv(Ǧ⊝⟨).

Let us deine tte rollowuns terms:

let {Ǫ⊝} be Ǧ+ in ǧ ≝ ��.ऎǦ+ ∥ ̃�{Ǫ⊝}.ऊǧ‖�ऋए (�(�⟨ = �(ǧ⟨⟨
delay(Ǧ+⟨ ≝ �{�+}.ऊǦ+ ‖�+ऋ
force(Ǧ⊝⟨ ≝ ��+.ऊǦ⊝ ‖{�+}ऋ

he ounduns let {Ǫ⊝} be Ǧ+ in ǧ must oe rend ns n pntern-mntptuns: urǦ+ evnluntes to some vnlue ǐ+, tten ǐ+ us mntpted nsnunst tte pntern{Ǫ⊝}. Ir tte vnlue us some wrnpped nesntuve term, ut ounds Ǫ⊝ to tte
unwrnpped term nnd pontunues wutt ǧ.

de mny prove un pnrtupulnr:

ऊlet {Ǫ⊝} be {Ǧ⊝} in ǧ‖�ऋ ੃∗
R ऊǧ[Ǧ⊝/Ǫ⊝] ‖�ऋ

let {Ǫ⊝} be Ǧ+ in {Ǫ⊝} ←∗
E Ǧ+ ur Ǫ⊝ ∉ fv(Ǧ+⟨

ऊforce(delay(Ǧ+⟨⟨‖�ऋ ੃∗
R Ǧ+

delay(force(Ǧ⊝⟨⟨ ≃RE Ǧ⊝

he reduptuon relntuon ੃R npplued to n pommnnd ऊ Ǧ ‖ � ऋ porres-
ponds to deinuns, ror ullustrntuon purposes, n pontextunl reduptuon
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semnntups ror tte term Ǧ ns rollows:

Ǧ⊝, ǧ⊝ ⩴ Ǫ⊝ ∣ let Ǫ be Ǧ in ǧ⊝ ∣ let {Ǫ⊝} be Ǧ+ in ǧ⊝ ∣ delay(Ǧ+⟨ ∣ …
Ǧ+, ǧ+ ⩴ ǐ+ ∣ let Ǫ be Ǧ in ǧ+ ∣ let {Ǫ⊝} be Ǧ+ in ǧ+ ∣ force(Ǧ⊝⟨ ∣ …

Ǧ ⩴ Ǧ+ ∣ Ǧ⊝ǐ+ ⩴ Ǫ+ ∣ {Ǧ⊝} ∣ …
ǐ ⩴ ǐ+ ∣ Ǧ⊝ƿ ⩴ [ ] ∣ let Ǫ+

beƿ in Ǧ ∣ let {Ǫ⊝} beƿ in ǧ ∣ force(ƿ⟨ ∣ …
let Ǫ beǐ in ǧ ੃ ǧ[ǐ/Ǫ]

let {Ǫ⊝} be {Ǧ⊝} in ǧ ੃ ǧ[Ǧ⊝/Ǫ⊝]
force(delay(Ǧ+⟨⟨ ੃ Ǧ+

Ǧ ੃ ǧ—ƿ[Ǧ] ੃ ƿ[ǧ]
he pntern-mntptuns notntuon sussests ttnt stuts nre un nn nd-

vunptuon ⇓ Ե ⇑. hus strupture or tte stuts us despruoed un Proposu-
tuon II.Ʀƨ.

Proposition II.ƥƨ. he syntax deines a duploid as follows:

• he pre-duploid structure is deined as in Section II.Ǳ.ǳ.

• We necessarily take ⇓⊝ ≝ + and ⇑+ ≝ ⊝, together with:
delay ∶ + → ⊝ ≝ Ǫ̂+.(delay Ǫ+⟨
force ∶ ⊝ → + ≝ Ǫ̂⊝.(force Ǫ⊝⟨
wrap ∶ ⊝ → + ≝ Ǫ̂⊝.{Ǫ⊝}

unwrap ∶ + → ⊝ ≝ Ǫ̂+.(let {Ǫ⊝} be Ǫ+ in Ǫ⊝⟨
Proof. de tnve force Ҫ (delay ҫ Ǫ̂.Ǧ+⟨ = Ǫ̂.Ǧ+ sunpe ut us tte nostrnptuon un Ǫ of
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tte followuns:

let Ǫ⊝
be (let ǫ+ be Ǧ+ in delay(ǫ+⟨⟨ in force(Ǫ⊝⟨

≃RE force(let ǫ+ be Ǧ+ in delay(ǫ+⟨⟨
= ��+.ख��⊝.ऒǦ+ ∥ ̃�ǫ+.ऎ�{�+}.ऊǫ+‖�+ऋ∥�⊝एओ∥{�+}ग
→R ��+.ऒǦ+ ∥ ̃�ǫ+.ऎ�{�+}.ऊǫ+‖�+ऋ∥{�+}एओ
→R ��+.ऎǦ+ ∥ ̃�ǫ+.ऊǫ+‖�+ऋए
←E ��+.ऊǦ+ ‖�+ऋ
←E Ǧ+

de nlso tnve (Ǫ̂⊝.Ǧ Ҫ unwrap⟨ ҫwrap = Ǫ̂⊝.Ǧ sunpe ut us tte nostrnptuon un Ǫ⊝ of
tte followuns:

let Ǫ+
be {Ǫ⊝} in let Ǫ⊝

be (let {ǫ⊝} be Ǫ+
in ǫ⊝⟨ in Ǧ

੃∗
R let Ǫ⊝

be (let {ǫ⊝} be {Ǫ⊝} in ǫ⊝⟨ in Ǧ
੃∗
R let Ǫ⊝

be Ǫ⊝
in Ǧ

≃RE Ǧ
Lnst, we tnve resnrduns delay ҫ force nnd wrap Ҫ unwrap:

delay ҫ force = Ǫ̂⊝.Ǫ⊝

wrap Ҫ unwrap = Ǫ̂+.Ǫ+

It us estnolusted oy nostrnptuns over Ǫ⊝ nnd Ǫ+ un tte followuns:

let Ǫ+
be force(Ǫ⊝⟨ in delay(Ǫ+⟨

= ��⊝.ऒforce(Ǫ⊝⟨∥ ̃�Ǫ+.ऎ�{�+}.ऊǪ+‖�+ऋ∥�⊝एओ
੃E �{�+}.ख��⊝.ऒforce(Ǫ⊝⟨∥ ̃�Ǫ+.ऎ�{�+}.ऊǦ+ ‖�+ऋ∥�⊝एओ∥{�+}ग
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→∗
R �{�+}.ऎforce(Ǫ⊝⟨∥ ̃�Ǫ+.ऊǪ+‖�+ऋए

←E delay(force(Ǫ⊝⟨⟨
≃RE Ǫ⊝ ;

let Ǫ⊝
be let {ǫ⊝} be Ǫ+

in ǫ⊝
in {Ǫ⊝}

= ��+.ऒ��⊝.ऎǪ+∥ ̃�{ǫ⊝}.ऊǫ⊝‖�⊝ऋए∥ ̃�Ǫ⊝.ऊ{Ǫ⊝}‖�+ऋओ
→∗

R ��+.ऎǪ+∥ ̃�{ǫ⊝}.ऊ{ǫ⊝}‖�+ऋए
←∗

E Ǫ+

herefore we tnve deined n duploud. ∎

Lnst, one mny nsk ur ttere us n sound trnnslntuon rrom tte noove
syntnx to nny duploud; un otter words ur we pnn renson noout nny
duploud un tte noove syntnx. hus us nnswered posutuvely un n stort
note or Curuen nnd wull lukely nppenr somewtere.

II.Ǖ.Ǖ Linear and thunkable morphisms in duploids

In duplouds, we tnve tte rollowuns userul ptnrnpterusntuon or ttunk-
nole nnd lunenr morptusms.

Proposition II.ƥƩ. In a duploid ਸ਼ , let ǚ ∈ ਸ਼(ƻ, Ǌ⟨. he following
statements are equivalent:

ǉ. (wrap⇑Ǌ Ҫ delayǊ⟨ ҫ ǚ = wrap⇑Ǌ Ҫ (delayǊ ҫ ǚ ⟨;
Ǌ. ∀ℎ ∈ ਸ਼(⇑Ǌ, Ƽ⟨, (ℎ Ҫ delayǊ⟨ ҫ ǚ = ℎ Ҫ (delayǊ ҫ ǚ ⟨;
ǋ. ǚ is thunkable.

Dually, let ǚ ∈ ਸ਼(ǈ, Ƽ⟨. he following statements are equivalent:

ǉ. ǚ Ҫ (unwrapǈ ҫ force⇓ǈ⟨ = (ǚ Ҫ unwrapǈ⟨ ҫ force⇓ǈ;

Ǌ. ∀ℎ ∈ ਸ਼(ƻ, ⇓ǈ⟨, ǚ Ҫ (unwrapǈ ҫ ℎ⟨ = (ǚ Ҫ unwrapǈ⟨ ҫ ℎ.
ǋ. ǚ is linear.
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Proof. de estnolust tte equuvnlenpe oetween tte irst ttree stntements;
tte nrsument for tte lnst ttree us ootnuned oy symmetry.
(ƥ.⇒Ʀ.) de tnve for ℎ ∈ ਸ਼ (⇑Ǌ, ƻ⟨:

(ℎ Ҫ delayǊ⟨ ҫ ǚ = (ℎ Ҫ unwrap⇑Ǌ⟨ ҫ (wrap⇑Ǌ Ҫ delayǊ⟨ ҫ ǚ
= (ℎ Ҫ unwrap⇑Ǌ⟨ ҫwrap⇑Ǌ Ҫ (delayǊ ҫ ǚ ⟨ (nssumuns ƥ.)

= ℎ Ҫ (delayǊ ҫ ǚ ⟨
(Ʀ.⇒Ƨ.) de tnve for Ǌ Ǜ⎯→ ǈ ℎ⎯→ Ƽ:

(ℎ Ҫ Ǜ⟨ ҫ ǚ = (ℎ Ҫ (Ǜ ҫ forceǊ⟨ Ҫ delayǊ⟨ ҫ ǚ
= ℎ Ҫ (Ǜ ҫ forceǊ⟨ Ҫ (delayǊ ҫ ǚ ⟨ (nssumuns Ʀ.)

= ℎ Ҫ ((Ǜ ҫ forceǊ Ҫ delayǊ⟨ ҫ ǚ ⟨ (npplyuns Ʀ. nsnun)

= ℎ Ҫ (Ǜ ҫ ǚ ⟨
(Ƨ.⇒ƥ.) us ummedunte. ∎

Proposition II.ƥƪ. For any Ǌ, forceǊ is thunkable if and only if every
morphism ǚ ∈ ਸ਼(ƻ, Ǌ⟨ is thunkable. Dually, for any ǈ, wrapǈ is linear
if and only if every morphism ǚ ∈ ਸ਼(ǈ, Ƽ⟨ is linear.
Proof. he nrsument for tte sepond equuvnlenpe us ootnuned oy symmetry
from tte irst one. he umplupntuon (⇐⟨ us truvunl. Let ǚ ∈ ਸ਼(ƻ, Ǌ⟨. de
tnve:

(wrap⇑Ǌ Ҫ delayǊ⟨ ҫ ǚ
= (wrap⇑Ǌ Ҫ delayǊ⟨ ҫ forceǊ Ҫ (delayǊ ҫ ǚ ⟨
= wrap⇑Ǌ Ҫ (delayǊ ҫ forceǊ⟨ Ҫ (delayǊ ҫ ǚ ⟨ (uf forceǊ us ttunknole)

= wrap⇑Ǌ Ҫ (delayǊ ҫ ǚ ⟨
hus we proved (⇒⟨. ∎

Corollary II.ƥƫ. A duploid is a category (by which we mean that
Ҫҫ-associativity holds) if and only if for all Ǌ, forceǊ is thunkable, or
equivalently for all ǈ, wrapǈ is linear.
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II.Ǖ.ǖ The duploid construction

de ouuld n duploud suven two pntesorues ਵ1 nnd ਵ2 nnd nn ndvunp-
tuon ǀ Ե⟩♯,♭) ǁ ∶ ਵ1 → ਵ2:

ਵ1(ǀ−, =⟨ ♯⇄
♭

ਵ2(−,ǁ=⟨ .

Let us untrodupe tte ponventuon ttnt oovepts or ਵ1 nre nesntuve nnd
wruten ǈ,Ǉ …, wtule tte oovepts or ਵ2 nre posutuve nnd wrutenǊ,ǋ…

Proposition II.ƥƬ. Let an adjunction be given as above. he following
deines a pre-duploid ਸ਼ :

|ਸ਼ | ≝ |ਵ1| ⊎ |ਵ2|
�(|ਵ1|⟨ ≝ {⊝}
�(|ਵ2|⟨ ≝ {+}

Hom-sets are given by:

✄

✂

�

✁
ਸ਼(ƻ, Ƽ⟨ ≝ ਵ1(ǀƻ+, Ƽ⊝⟨

where:

ƻ+ ≝ {ǁƻ if ƻ ∈ |ਵ1|ƻ if ƻ ∈ |ਵ2|
ƻ⊝ ≝ {ƻ if ƻ ∈ |ਵ1|ǀƻ if ƻ ∈ |ਵ2|

Identities are given by:

✄

✂

�

✁

idਸ਼
Ǌ ≝ id

ਵ1
ǀǊ ∈ ਵ1(ǀǊ, ǀǊ⟨

idਸ਼
ǈ ≝ id

ਵ2
ǁǈ

♭ ∈ ਵ1(ǀǁǈ, ǈ⟨
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Composition is given by the obvious compositions in ਵ1 and ਵ2:

• If ǚ ∈ ਸ਼(ƻ, ǈ⟨ = ਵ1(ǀƻ+, ǈ⟨ and Ǜ ∈ ਸ਼(ǈ, Ƽ⟨ = ਵ1(ǀǁǈ, Ƽ⟨
then:

✄

✂

�

✁
Ǜ Ҫਸ਼ ǚ ≝ (Ǜ♯ Ҫਵ2 ǚ ♯⟨♭ ;

• If ǚ ∈ ਸ਼(ƻ, Ǌ⟨ = ਵ1(ǀƻ+, ǀǊ⟨ and Ǜ ∈ ਸ਼(Ǌ, Ƽ⟨ = ਵ1(ǀǊ, Ƽ⟨ then:
✄

✂

�

✁
Ǜ ҫਸ਼ ǚ = Ǜ Ҫਵ1 ǚ ;

Proof. hnt id us neutrnl for tte pomposutuon un ਸ਼ follows ummeduntely
from tte deinutuon.

Assopuntuvuty us ootnuned ns follows:

• Let ƻ ǚ⎯⎯→ Ǌ Ǜ⎯→ ǋ ℎ⎯→ Ƽ, ttnt us, ǚ ∈ ਵ1(ǀƻ+, ǀǊ⟨; Ǜ ∈ ਵ1(ǀǊ, ǀǋ⟨ nndℎ∈ਵ1(ǀǋ, Ƽ⊝⟨. Assopuntuvuty follows from tte one of tte pomposutuon
un ਵ1.

• Let ƻ ǚ⎯⎯→ ǈ Ǜ⎯→ Ǉ ℎ⎯→ Ƽ, ttnt us, ǚ ∈ ਵ1(ǀƻ+, ǈ⟨; Ǜ ∈ ਵ1(ǀǁǈ, Ǉ⟨ nndℎ ∈ ਵ1(ǀǁǇ, Ƽ⊝⟨. Bott pomposutes nre equnl to (ℎ♯ Ҫ Ǜ♯ Ҫ ǚ ♯⟨♭.

• Let ƻ ǚ⎯⎯→ ǈ Ǜ⎯→ Ǌ ℎ⎯→ Ƽ, ttnt us, ǚ ∈ ਵ1(ǀƻ+, ǈ⟨; Ǜ ∈ ਵ1(ǀǁǈ, ǀǊ⟨ nndℎ ∈ ਵ1(ǀǊ, Ƽ⊝⟨. de tnve:

(ℎ ҫ Ǜ⟨ Ҫ ǚ = ((ℎ Ҫ Ǜ⟨♯ Ҫ ǚ ♯⟨♭

ℎ ҫ (Ǜ Ҫ ǚ ⟨ = (ℎ Ҫ (Ǜ♯ Ҫ ǚ ♯⟨♭⟨
Nnturnluty of ♯ porresponds to tte followuns equntuons for nll Ǖ ∶ Ǌ → ǋ,ǖ ∶ ǀǋ → ǈ, Ǘ ∶ ǈ → Ǉ:

(Ǘ Ҫ ǖ Ҫ ǀǕ⟨♯ = ǁǗ Ҫ ǖ♯ Ҫ Ǖ
hus we tnve un pnrtupulnr (ℎ ҪǛ⟨♯ =ǁℎ ҪǛ♯ nnd (Ǜ♯ Ҫǚ ♯⟨♭ = Ǜ Ҫǀǚ ♯, nnd:

(ℎ ҫ Ǜ⟨ Ҫ ǚ = (ǁℎ Ҫ Ǜ♯ Ҫ ǚ ♯⟨♭

ℎ ҫ (Ǜ Ҫ ǚ ⟨ = (ℎ Ҫ Ǜ Ҫ ǀǚ ♯⟨
he equnluty of tte two expressuons on tte rustt-tnnd-sude us nsnun nn
unstnnpe of tte nnturnluty of ♯. ∎
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Remark II.ƥƭ. In pnrtupulnr � us tte Kleuslu pntesory (ਵ2⟨ǁǀ or tte
monnd ǁǀ nnd � us tte Kleuslu pntesory (ਵ1⟨ǀǁ or tte po-monndǀǁ.

Proposition II.ƦƤ. Let an adjunction as above and let ਸ਼ be the
associated pre-duploid. he following deines a duploid:

✄

✂

�

✁

⇑Ǌ ≝ ǀǊ
⇓ǈ ≝ ǁǈ

ਸ਼(Ǌ,⇑Ǌ⟨ ∋ delayǊ ≝ id
ਵ1
ǀǊ ∈ ਵ1(ǀǊ, ǀǊ⟨

ਸ਼(⇑Ǌ,Ǌ⟨ ∋ forceǊ ≝ (idǁǀǊ⟨♭ ∈ ਵ1(ǀǁǀǊ, ǀǊ⟨
ਸ਼(ǈ,⇓ǈ⟨ ∋ wrapǈ ≝ id

ਵ1
ǀǁǈ ∈ ਵ1(ǀǁǈ, ǀǁǈ⟨

ਸ਼(⇓ǈ,ǈ⟨ ∋ unwrapǈ ≝ (idǁǈ⟨♭ ∈ ਵ1(ǀǁǈ, ǈ⟨
Any nppnrent lnpk or symmetry pomes rrom tte rnpt ttnt one

must ptoose nroutrnruly oetween ਵ1(ǀƻ+, Ƽ⊝⟨ nnd ਵ2(ƻ+, ǁƼ⊝⟨ un
tte deinutuon or ਸ਼(ƻ, Ƽ⟨.
Proof. de tnve tte followuns udentutues:

• delayǊ ҫ forceǊ = id
ਵ1
ǀǊ Ҫ �ǀǊ = �ǀǊ = idਸ਼

⇑Ǌ;

• wrapǈ Ҫ unwrapǈ = (id
ਵ1
ǀǁǈ

♯

Ҫ �♯
ǈ⟨♭ = id

ਵ1
ǀǁǈ = idਸ਼

⇓ǈ;

• For ǚ ∈ ਸ਼ (ǈ, ƻ⟨, one tns (ǚ Ҫ unwrapǈ⟨ ҫwrapǈ = (ǚ ♯ Ҫ �♯
ǈ⟨♭ Ҫ id

ਵ1
ǀǁǈ = ǚ ;

• For ǚ ∈ ਸ਼ (ƻ, Ǌ⟨, one tns forceǊ Ҫ(delayǊ ҫǚ ⟨= (�♯
ǀǊ Ҫ(id

ਵ1
ǀǊ ҫǚ ⟨♯⟨♭ = ǚ . ∎

Proposition II.Ʀƥ. Let ǀ Ե⟩�,�) ǁ ∶ ਵ1 → ਵ2 be an adjunction, and
consider the associated duploid ਸ਼ . hen ǚ ∈ ਸ਼(ǈ, ƻ⟨ is linear if and
only if: ǚ Ҫ �ǀǁǈ = ǚ Ҫ ǀǁ�ǈ (in ਵ1) ,

and ǚ ∈ ਸ਼(ƻ, Ǌ⟨ is thunkable if and only if its transpose ǚ ♯ satisies:

�ǁǀǊ Ҫ ǚ ♯ = ǁǀ�Ǌ Ҫ ǚ ♯ (in ਵ2) .
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Proof. Apporduns to Proposutuon II.ƥƩ, ǚ ∈ ਸ਼ (ǈ, ƻ⟨ us lunenr uf nnd only ufǚ Ҫ (unwrapǈ ҫ force⇓ǈ⟨ = (ǚ Ҫ unwrapǈ⟨ ҫ force⇓ǈ . It us ensy to see ttnt tte let-
tnnd sude porresponds to ǚ Ҫ �ǀǁǈ wtule tte rustt-tnnd sude porresponds
to ǚ Ҫ ǀǁ�ǈ . he rensonuns us symmetrup for ǚ ttunknole. ∎

Proposition II.ƦƦ. Let ǀ Ե⟩�,�) ǁ ∶ ਵ1 → ਵ2. he associated duploid
ਸ਼ is a category if and only if the adjunction is idempotent.

Proof. Let us repnll ttnt oy deinutuon ǀ Ե ǁ us udempotent uf nnd only uf
tte multuplupntuon of tte nssopunted monnd us nn usomorptusm, or equu-
vnlently tte po-multuplupntuon of tte nssopunted po-monnd us nn usomorpt-
usm.Ʃ hus us nsnun equuvnlent to tte equntuon �ǁǀ = ǁǀ� (nnd nlso to�ǀǁ = ǀǁ�).

Apporduns to Corollnry II.ƥƫ, ਸ਼ us n pntesory uf nnd only uf wrapǈ us
lunenr for nll ǈ. Apporduns to Proposutuon II.Ʀƥ, ttus us equuvnlent to�ǁǀǈ = ǁǀ�ǈ . ∎

II.Ǖ.Ǘ Structure of shits

As we tnve seen, tte Kleuslu pntesory or n po-monnd us despruoed oy n
runnnole monnd; nnd tte Kleslu pntesory or n monnd us despruoed oy
n ttunk, wtupt us n po-monnd.

de ooserve n sumulnr ptenomenon wutt duplouds. de stow ttnt
ttere us nn ndvunptuon:

✄

✂

�

✁
⇓ Ե ⇑ ∶ � → � .

Notupe ttnt tte ndvunptuon us reversed, un tte sense ttnt tte rustt
ndvount ⇑ us rrom posutuves to nesntuves, quute tte ponverse or tte
ndvunptuon ponsudered lnst septuon.

Aptunlly, we stnte oelow n wuder ndvunptuon. Remnrk ttnt we mny

ƩTermunolosy from tte nLno.

http://ncatlab.org/nlab/show/idempotent+adjunction
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extend tte stuts ⇓, ⇑ to nll oovepts un n strnusttrorwnrd mnnner:

⇓ƻ ≝ {⇓ǈ ur ƻ = ǈ
Ǌ ur ƻ = Ǌ

⇑ƻ ≝ {ǈ ur ƻ = ǈ
⇑Ǌ ur ƻ = Ǌ

delayǈ ≝ idǈ ∶ ǈ → ⇑ǈ
forceǈ ≝ idǈ ∶ ⇑ǈ → ǈ
wrapǊ ≝ idǊ ∶ Ǌ → ⇓Ǌ

unwrapǊ ≝ idǊ ∶ ⇓Ǌ → Ǌ
By “extend”, we menn ttnt we tnve ror nll ǚ , Ǜ:

✄

✂

�

✁

(ǚ ◉ forceƻ⟨ Ҫ (delayƻ ◉ Ǜ⟨ = ǚ ◉ Ǜ
(ǚ ◉ unwrapƻ⟨ ҫ (wrapƻ ◉ Ǜ⟨ = ǚ ◉ Ǜ

delayƻ ◉ forceƻ = idƻ

wrapƻ ◉ unwrapƻ = idƻ

Also, extenduns Proposutuon II.ƥƦ, we tnve, ror nll oovepts ƻ, ttnt
unwrapƻ nnd wrapƻ nre ttunknole wterens delayƻ nnd forceƻ nre lunenr.

Proposition II.ƦƧ. Let ਸ਼ be a duploid. hen the following:

✄

✂

�

✁

⇑ǚ ≝ delayƼ ◉ ǚ ◉ forceƻ⇓ǚ ≝ wrapƼ ◉ ǚ ◉ unwrapƻ

deine functors ⇑ ∶ ਸ਼Ǟ → � ⦁ and ⇓ ∶ ਸ਼t → � ⦁ that take part in adjoint
equivalences of categories ǃ Ե⟩delay,force) ⇑ ∶ ਸ਼Ǟ → � ⦁ and ǃ Ե⟩wrap,unwrap) ⇓ ∶
ਸ਼t → � ⦁, where ǃ denotes the inclusion functors.
Proof. de irst prove ttnt tte stntement deines funptors ⇑′ ∶ ਸ਼Ǟ → ਸ਼Ǟ
nnd ⇓′ ∶ ਸ਼t → ਸ਼t ttnt nre nnturnlly usomorptup to tte respeptuve udentuty
funptors.
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In n pntesory ਵ , n funptor ǀ ∶ ਵ → ਵ ttnt us nnturnlly usomorptup to
tte udentuty funptor us suven oy |ǀ| ∶ |ਵ | → |ਵ | tosetter wutt fnmulues of
unverse morptusms �ƻ ∶ ƻ → ǀƻ nnd �−1

ƻ ∶ ǀƻ → ƻ ttnt nepessnruly deineǀ(ǚ ∶ ƻ → Ƽ⟨ ns �Ƽ Ҫ ǚ Ҫ �−1
ƻ .

he mnps delay nnd force nre supt fnmulues of unverse lunenr morptusms
nnd wrap nnd unwrap nre supt fnmulues of unverse ttunknole morptusms, so
tte stntement deines funptors nnd we tnve ⇑′ ≃ ⟨ਸ਼Ǟ nnd ⇓′ ≃ ⟨ਸ਼t .

Now let us repnll ttnt � ⦁ (respeptuvely � ⦁) us tte full suopntesory of
ਸ਼t (resp. ਸ਼Ǟ) wtose oovepts nre posutuve (resp. nesntuve). herefore, oy
po-restruptuns ⇑′, ⇓′ we tnve funptors ⇑ ∶ ਸ਼Ǟ → � ⦁ nnd ⇓ ∶ ਸ਼t → � ⦁; ns
well ns ǃ⇑ ≃ ⟨ਸ਼Ǟ nnd ǃ⇓ ≃ ⟨ਸ਼t wtere ǃ nre tte unferrnole unplusuon funptors.
Sunpe tte ǃ nre fully fnuttful, we dedupe ⇑ǃ ≃ ⟨� ⦁

nnd ⇓ǃ ≃ ⟨� ⦁

from ǃ⇑ǃ ≃ ǃ
nnd ǃ⇓ǃ ≃ ǃ.

he ndvunptuons follow from forceǃ Ҫ ǃdelay = idǃ nnd unwrapǃ ҫ ǃwrap =
id. ∎

he noove us nptunlly n ptnrnpterusntuon or tte duploud strupture.
Indeed, n pre-duploud ਸ਼ wutt runptors ⇑ ∶ ਸ਼Ǟ → ਸ਼Ǟ nnd ⇓ ∶ ਸ਼t → ਸ਼t

nnturnlly usomorptup to tte udentuty runptor, such that any object ⇑ƻ
is negative and any object ⇓ƻ is positive, tns n duploud strupture
deined oy tte unduped rnmulues or unverse morptusms.

Proposition II.Ʀƨ. Let ਸ਼ be a duploid. We have natural isomorphisms
between (pro-)functors ਸ਼t

op 0ਸ਼Ǟ → žet:
✄

✂

�

✁
ਸ਼t(−, ǃ⇑=⟨ ≃ ਸ਼(−, =⟨ ≃ ਸ਼Ǟ(ǃ⇓−, =⟨

where ǃ denotes the inferrable inclusion functors.
Proof. It follows from Proposutuon II.ƦƧ ttnt we tnve nnturnl usomorpt-
usms oetween funptors ਸ਼t

op 0ਸ਼Ǟ → žet:

ਸ਼ (−, ǃ⇑=⟨ ≃ ਸ਼ (−, =⟨ ≃ ਸ਼ (ǃ⇓−, =⟨ .

Now nny morptusm ƻ → ⇑Ƽ us ttunknole, un otter words we tnve
ਸ਼(ƻ, ⇑Ƽ⟨ = ਸ਼t(ƻ, ⇑Ƽ⟨. It follows ttnt tte funptor ਸ਼ (−, ǃ⇑=⟨ (wutt ǃ ∶
� ⦁ → ਸ਼Ǟ) us equnl to tte funptor ਸ਼t(−, ǃ⇑=⟨ (wutt ǃ ∶ � ⦁ → ਸ਼t).

For sumulnr rensons, tte funptor ਸ਼(ǃ⇓−, =⟨ (wutt ǃ ∶ � ⦁ → ਸ਼Ǟ) us equnl
to tte funptor ਸ਼Ǟ(ǃ⇓−, =⟨ (wutt ǃ ∶ � ⦁ → ਸ਼t). Henpe tte result. ∎
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In pnrtupulnr, oovuntuns tte unplusuon runptors, we tnve tte ndvunp-
tuons:

ਸ਼t

⇓
$$

⊥ ਸ਼Ǟ

⇑

dd �

⇓
$$

⊥ �

⇑

cc

Let us note ttnt tte ouveptuons ਸ਼ (ƻ, ⇑Ƽ⟨ ≃ ਸ਼(⇓ƻ, Ƽ⟨ nre suven wutt:

✄

✂

�

✁

ਸ਼t(ƻ, ⇑Ƽ⟨ ਸ਼Ǟ(⇓ƻ, Ƽ⟨ǚ ↦ (forceƼ Ҫ ǚ ⟨ ◉ unwrapƻ
delayƼ ◉ (Ǜ ҫwrapƻ⟨ ↤ Ǜ

Remark The adjunction ⇓ Ե ⇑ distinguishes our interpretation of po-
larities from ones based on shits ↓ and ↑ that take part in an adjunction
of the form ↑ Ե ↓ șsee e.g. Laurent [LauǓǕ], Zeilberger [ZeiǓǛ]Ț. With the
latter, a morphism ƻ → Ǌ usually represents a value and ǈ → ƻ usually
represents a stack șor covalueȚǾ in other words it is a notion of polarisa-
tion tied to focusing or continuation-passing style. An adjunction ↑ Ե ↓ is
the mark of an indirect model for which the interpretation of a language
— involving usually at least a èPS translation — requires a development
on its own.
Our notion of polarities adds a level of granularityǽ in our syntax, both

a strict expression ƻ → Ǌ and a suspended expression ƻ → ⇑Ǌ translate
into a morphism ƻ → ↑Ǌ in the terminology of Laurent or Zeilberger.
But a morphism ƻ → ↑Ǌ may be composed in different ways that are
determined by the polarities in our sense. In terms of continuations, our
polarities distinguish continuations that are meant to be applied from
continuations that are meant to be passed.

II.Ǖ.ǘ The category of duploids

Deinition II.ƦƩ. A functor of pre-duploids ǀ ∶ ਸ਼1 → ਸ਼2 us suven oy
n mnppuns on oovepts |ǀ| ∶ |ਸ਼1| → |ਸ਼2| ttnt preserves polnrutues, to-
setter wutt mnppunss on morptusms ǀƻ,Ƽ ∶ ਸ਼1(ƻ, Ƽ⟨ → ਸ਼2(ǀƻ, ǀƼ⟨,
sntusryuns ǀ(idƻ⟨ = idǀƻ nnd ǀ(Ǜ ◉ ǚ ⟨ = ǀǛ ◉ǀǚ .
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A functor of duploids ǀ ∶ ਸ਼1 → ਸ਼2 us n runptor or pre-duplouds supt
ttnt ǀ(forceǊ⟨ us lunenr ror nll Ǌ ∈ |�1|, nnd ǀ(wrapǈ⟨ us ttunknole ror
nll ǈ ∈ |�1|.
Proposition II.Ʀƪ (Ctnrnpterusntuon). Let ਸ਼ and ਸ਼ ′ be two duploids
and let ǀ ∶ ਸ਼ → ਸ਼ ′ be a mapping on objects |ǀ| ∶ |ਸ਼ | → |ਸ਼ ′|
that preserves polarities, together with mappings on morphismsǀƻ,Ƽ ∶ ਸ਼(ƻ, Ƽ⟨ → ਸ਼ ′(ǀƻ, ǀƼ⟨.
he following three propositions are equivalent:

ǉ. ǀ is a functor of duploids;

Ǌ. ǀ is a functor of pre-duploids, and the full sub-pre-duploid ǀਸ਼
of ਸ਼ ′ that has objects of the form ǀƻ for ƻ ∈ |ਸ਼ | has a duploid
structure, given by the maps ǈ ↦ ǀ⇓ǈ and Ǌ ↦ ǀ⇑Ǌ together with
the families of morphisms ǀdelay, ǀforce, ǀwrap and ǀunwrap;

ǋ. ǀ restricts to functors ǀt ∶ ਸ਼t → ਸ਼ ′
t and ǀǞ ∶ ਸ਼Ǟ → ਸ਼ ′

Ǟ, such that the
transformation ǀ ∶ ਸ਼(−, =⟨ → ਸ਼ ′(ǀt−, ǀǞ=⟨ is natural.

Proof. (ƥ.⇒Ʀ.) Suppose ttnt ǀ ∶ ਸ਼ → ਸ਼ ′ us n funptor of duplouds. By pre-
duploud funptorunluty, tte fnmulues of mnps ǀdelay nnd ǀforce nre unverse
of enpt otter nnd so nre ǀwrap nnd ǀunwrap. Moreover, tte followuns
equntuons:

ǀforceǊ Ҫ (ǀdelayǊ ҫ ǚ ⟨ = (ǀforceǊ Ҫ ǀdelayǊ⟨ ҫ ǚ = ǚ
(ǚ Ҫ ǀunwrapǈ⟨ ҫ ǀwrapǈ = ǚ Ҫ (ǀunwrapǈ ҫ ǀwrapǈ⟨ = ǚ

told oepnuse ǀ(forceǊ⟨ us lunenr nnd ǀ(wrapǈ⟨ us ttunknole. hus deines n
duploud strupture on ǀਸ਼ .

(Ʀ.⇒Ƨ.) Applyuns Proposutuon II.ƥƩ to tte duploud ǀਸ਼ , we mny ptnr-
npteruse ttunknouluty nnd lunenruty of morptusms ǚ ∶ ǀƻ → ǀƼ un ਸ਼ ′ un
terms of ǀdelay, ǀforce, ǀwrap nnd ǀunwrap. herefore oy pre-duploud
funptorunluty, ǀ preserves lunenruty nnd ttunknouluty. In otter wordsǀ restrupts to funptors ǀt ∶ ਸ਼t → ਸ਼ ′

t nnd ǀǞ ∶ ਸ਼Ǟ → ਸ਼ ′
Ǟ. Nnturnluty forǀ ∶ ਸ਼ (−, =⟨ .→ ਸ਼ ′(ǀt−, ǀǞ=⟨ innlly porresponds to ǀℎ◉ǀǛ ◉ǀǚ =ǀ(ℎ◉Ǜ ◉ǚ ⟨

for nny ℎ lunenr, nny Ǜ nnd nny ǚ ttunknole.
(Ƨ.⇒ƥ.) de suppose ttnt ǀ restrupts to funptors ǀt nnd ǀǞ, supt ttnt

tte trnnsformntuon ǀ ∶ ਸ਼ (−, =⟨ .→ ਸ਼ ′(ǀt−, ǀǞ=⟨ us nnturnl. From tte dntn



II.ǲ Duploids ƥƧƧ

of tte funptors ǀt nnd ǀǞ we tnve ǀ(idƻ⟨ = idǀƻ, ǀ(forceǊ⟨ lunenr nndǀ(wrapǈ⟨ ttunknole. From tte nnturnl trnnsformntuon ǀ we tnve for nll ℎ
lunenr, nll Ǜ nnd nll ǚ ttunknole:

ǀℎ ◉ǀǛ ◉ǀǚ = ǀ(ℎ ◉Ǜ ◉ ǚ ⟨ .

In pnrtupulnr for nll Ǜ ҫ ǚ nnd nll ℎ Ҫ Ǜ:
ǀ(Ǜ ҫ ǚ ⟨ = ǀǛ ҫ ǀǚ
ǀ(ℎ Ҫ Ǜ⟨ = ǀℎ Ҫ ǀǛ

herefore ǀ us n funptor of duplouds. ∎

Proposition II.Ʀƫ. Every functor of duploids ǀ ∶ ਸ਼ → ਸ਼ ′ preserves the
shits: ǀ⇑ ≃ ⇑′ǀ ∶ ਸ਼Ǟ → � ′⦁

ǀ⇓ ≃ ⇓′ǀ ∶ ਸ਼t → � ′⦁

and also preserves the isomorphisms of Proposition II.ǲǴ in the sense
that the following diagram, in the category of functors ਸ਼t

op 0ਸ਼Ǟ → žet,
commutes:

ਸ਼t(−, ⇑=⟨
ǀt

��

ਸ਼(−, =⟨≃oo ≃ //

ǀ
��

ਸ਼Ǟ(⇓−, =⟨
ǀǞ

��

ਸ਼ ′
t(ǀt−, ǀt⇑=⟨

≃
��

ਸ਼ ′
Ǟ(ǀ⇓−, ǀ=⟨

≃
��

ਸ਼ ′(ǀ−, ⇑′ǀ=⟨ ਸ਼ ′(ǀ−, ǀ=⟨≃oo ≃ // ਸ਼ ′(⇓′ǀ−, ǀ=⟨
(we leave the inclusion functors implicit.)

Proof. de ponsuder ਸ਼ nnd ਸ਼ ′ wutt tte usomorptusms of Proposutuon II.ƦƧ.
Apporduns to Proposutuon II.Ʀƪ, we mny post- nnd pre-pompose wutt re-
struptuons of ǀ to ootnun nnturnl usomorptusms:

⇑′ǀ = ⇑′ǀǞ ≃ ǀǞ ≃ ǀǞ⇑ = ǀ⇑
⇓′ǀ = ⇓′ǀt ≃ ǀt ≃ ǀt⇓ = ǀ⇓
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suven oy ǀdelay Ҫ force′
ǀ nnd ǀwrap ҫ unwrap′

ǀ. Now ponsuder tte equntuon un
tte rustt-tnnd squnre:

ǀ(ǚ ◉ unwrap⟨ ҫ ǀwrap ◉ unwrap = ǀǚ ◉ unwrap .

It tolds oy npplupntuon of tte equntuon of tte duploud ǀਸ਼ : (ǀǚ ◉ǀunwrap⟨ҫǀwrap=ǀǚ . he equntuon un tte let-tnnd squnre us ootnuned sumulnrly. ∎

de pould tnve requested ttnt ǀ struptly preserves stuts. It us not
tnrd to see ttnt ttus pounpudes wutt n notuon or strict duploid functor,
ttnt struptly preserves nll tte dntn or tte duploud.

Deinition II.ƦƬ. Dupl us tte pntesory wtose oovepts nre duplouds
nnd wtose morptusms nre duploud runptors. he oovuous udentuty un
Dupl us wruten ⟨ਸ਼ .

II.Ǖ.Ǚ Examples of duploids

éuplicial algebras with units

Duplouds nre nnmed nter Jenn-Louus Lodny’s duplicial algebras [LodǓǙ].
A duplupunl nlseorn us suven oy n veptor spnpe ǒ tosetter wutt two
nssopuntuve operntuons ҫ, Ҫ ∶ ǒ ⊗ ǒ → ǒ ttnt sntusry tte muxed nssopu-
ntuvuty rule: ∀Ǫ, ǫ, Ǭ ∈ ǒ, (Ǫ ҫ ǫ⟨ Ҫ Ǭ = Ǫ ҫ (ǫ Ҫ Ǭ⟨ .

he rollowuns exnmple us mennt to vustury tte termunolosy.
Let n duplupunl nlseorn oe suven wutt elements Ǚ+, Ǚ⊝ ∈ ǒ ttnt nre

neutrnl ror ҫ nnd Ҫ (respeptuvely).

Proposition II.Ʀƭ. he following deines a duploid:

Objects |ਸ਼ | and � are deined with |� | = {⊝} and |� | = {+}.
Morphisms ਸ਼(ƻ, Ƽ⟨ ≝ ǒ with id� = Ǚ�.

Composition Positive composition is given by ҫ; negative composition by
Ҫ.
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Duploid structure Necessarily we take ⇓⊝ ≝ + and ⇑+ = ⊝. We take the
following:

delay ≝ Ǚ+
force ≝ Ǚ⊝

wrap ≝ Ǚ+
unwrap ≝ Ǚ⊝

Proof. he nxuoms of tte duploud nre sntusied:

Ǚ⊝ Ҫ (Ǚ+ ҫ Ǫ⟨ = Ǫ
Ǚ+ ҫ Ǚ⊝ = Ǚ⊝

(Ǫ Ҫ Ǚ⊝⟨ ҫ Ǚ+ = Ǫ
Ǚ+ Ҫ Ǚ⊝ = Ǚ+ ∎

The Blass phenomenon in èonway games

Mellu5s [MelǓǘ] pomes plose to ouulduns n duploud usuns tte pon-
struptuon or Blnss snmes. Hus nnnlysus or tte Blnss proolem un Con-
wny snmes [MelǓǘ, Section ǖ] pnn oe reptrnsed un tte termunolosy
or Septuon II.Ʀ.Ƨ: tte Blnss ptenomenon pomes down to tte rnpt
ttnt tte (pro-)runptor ਵ1(ǀ−, =⟨ ∶ ਵ2

op 0ਵ1 → žet un nn ndvunptuonǀ Ե ǁ ∶ ਵ1 → ਵ2 does not extend unto n runptor � op 0 � → žet
wtere � nnd � nre tte Kleuslu pntesorues or tte monnd ǁǀ nnd
tte po-monnd ǀǁ (respeptuvely). hus us tte essenpe or Proposu-
tuon II.ƦƦ. He tten deines n pntesory ror nn nsynptronous vnrunnt
or Conwny snmes. As te stows, nsynptronusm us n wny to rorpe tte
douole-nesntuon monnd to oe udempotent, nnd ttererore to repover
nssopuntuvuty or pomposutuon. He ouulds ttus wny n snme model or
lunenr losup.

Girard’s polarisation

Gurnrd’s polarised translation or tte plnssupnl losup LC unto untuutuon-
ustup losup [“irǜǔ], rurtter rormulnted oy Dnnos, Jounet nnd Sptel-
lunx [éJSǜǚ] nnd Lnurent [LauǓǕ], unspured tte duploud ponstruptuon.
Gurnrd’s trnnslntuon porresponds to ponsuderuns un tte duploud pon-
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struptuon tte selr-ndvunptuon or tte nesntuon runptor ¬ = ǌ− un žet
ror ǌ nroutrnry. But oovuously, tte duploud ootnuned rrom tte selr-
ndvunptuon or nesntuon un nny response pntesory (un tte termunolosy
or Selunser [SelǓǔ]) suves n denotntuonnl semnntups or LC. he ex-
nmple us rupt; ror unstnnpe huelepke [Thiǜǚ] explnuns tte umportnnpe
or ttus selr-ndvunptuon un CPS trnnslntuons. hus mnkes or duplouds
nn element un tte understnnduns or pontununtuon-pnssuns style, nntu-
pupntuns Ctnpter III.

Mellu5s nnd Tnonrenu [MTǔǓ] propose to depompose tte selr-
ndvunptuon or nesntuon un tte response pntesory ℳ ttroust tte
lunenr nesntuon ¬0 un n dunlosue pntesory ℒ nnd tte ressourpe mod-
nlutues Ǉ, ǆ. hese modnlutues pnn oe seen ns n unurorm wny or
despruouns vnruous models or tte exponentunls or lunenr losup [MelǓǜ].
In ttus pontext, tte selr-ndvunptuon un n response pntesory:

ℳ

¬op

&&
⊥ ℳop

¬

ee

us ootnuned oy pomposuns tte rollowuns ndvunptuons:

ℳ

ǆ
$$

⊥ ℒ

Ǉ

dd

¬0
op

%%
⊥ ℒ op

¬0

ee

Ǉop

&&
⊥ ℳop

ǆop

ff

(we rerer tte render to [MTǔǓ] ror tte termunolosy). hey ponsuder
models or lunenr losup ootnuned ttroust wtnt porresponds to tte
duploud ponstruptuon or tte ndvunptuon ¬0

op Ե ¬0, nssumuns ttnt
tte ndvunptuon us udempotent. hus pount or vuew wns ponpeuved ns
nn nostrnpt nppount or tte nsynptronous snmes mentuoned noove,
nnd nsks tow propertues or lunenr losup extend to setunss wtere tte
ndvunptuon us not udempotent (see Mellu5s [MelǔǕ]).

he ndvunptuon or n nesntuon wutt utselr us pepulunr: udempotenpy
us equuvnlent to pommutntuvuty or tte douole-nesntuon stronsmonnd,
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ns notuped oy Fütrmnnn [Fühǜǜ]ƪ. hus us wty Mellu5s nnd Tnonrenu
mny emptnsuse pommutntuvuty over udempotenpy un [MelǓǘ, MTǔǓ].
Funnlly, un tte lustt or our development, ut nppenrs ttnt udempotenpy
us more rundnmentnl un ttus pontext. de mny undeed ponsuder tte
duploud ootnuned rrom tte pomposute ndvunptuon:

ℳ

¬0
opҪǆ

%%
⊥ ℒ op

ǇҪ¬0

ee

wutt tte uden ttnt tte porresponduns losup us untuutuonustup.ƫ hus wull
lukely suve unstnnpes wtere tte monnd us strons nnd pommutntuve,
out wtere tte ndvunptuon us not udempotent, nnd ttus wtere tte
pomposutuon us not nssopuntuve.

éirect models of call by value

de explnun tow hunk-rorpe pntesorues suve ruse to duplouds wtere ⇑
us ouveptuve. In Septuon II.ƥ.Ʀ, we deined n pre-duploud rrom n ttunk-
rorpe pntesory (� , ҫ, id, ǆ, �, �⟨ wutt n ouveptuon ⇑ ∶ |� | → |� |. Let us
deine ⇓ ∶ |� | → |� | wutt:

✄

✂

�

✁
⇓⇑Ǌ ≝ ǆǊ .

For ǈ = ⇑Ǌ, we deine:

ਸ਼(Ǌ,⇑Ǌ⟨ ∋ delayǊ ≝ id�
Ǌ ∈ � (Ǌ, Ǌ⟨

ਸ਼(⇑Ǌ,Ǌ⟨ ∋ forceǊ ≝ �Ǌ ∈ � (ǆǊ, Ǌ⟨
ਸ਼(ǈ,⇓ǈ⟨ ∋ wrapǈ ≝ id�

ǆǊ ∈ � (ǆǊ, ǆǊ⟨
ਸ਼(⇓ǈ,ǈ⟨ ∋ unwrapǈ ≝ �Ǌ ∈ � (ǆǊ, Ǌ⟨

ƪMellu5s nnd Tnonrenu nlso predut n pruvnte pommunupntuon from Mnsntuto
Hnsesnwn.

ƫIt stould oe pompnred to tte vnruous proposnls for n polnrused untuutuonustup
losup oy Gurnrd [“irǜǖ, “irǓǚ] nnd Lunns nnd Muller [LMǓǚ].
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Proposition II.ƧƤ. he above construction yields a duploid.

Proof. Let us ptepk tte equntuons of tte duploud:

forceǊ Ҫ (delayǊ ҫ ǚ ⟨ = �Ǌ ҫ ǆǚ ҫ �ƻ = ǚ
= ǚ ҫ �ƻ ҫ �ƻ

= ǚ
(ǚ Ҫ unwrap⇑Ǌ⟨ ҫwrap⇑Ǌ = ǚ ҫ ǆ�Ǌ ҫ �ǆǊ

= ǚ
delayǊ ҫ forceǊ = �Ǌ = idਸ਼

⇑Ǌ

wrap⇑Ǌ Ҫ unwrap⇑Ǌ = ǆ�Ǌ ҫ �ǆǊ = idਸ਼
ǆǊ ∎

de wull see un Septuon II.Ƨ.Ʃ ttnt ttunk-rorpe pntesorues nre ptnrnp-
terused ns duplouds wtere ⇑ us ouveptuve on oovepts.

éirect models of call by name
Symmetrupnlly, n runnnole monnd on n pntesory suves n duploud
wtere ⇓ us ouveptuve. de wull see un Septuon II.Ƨ.Ʃ ttnt runnnole
monnds nre ptnrnpterused un ttus wny.

II.ǖ Structure theorem

hus septuon us devoted to tte proor or tte mnun result or tte ptnpter:

heorem II.Ƨƥ. here are a relection and an equivalence as follows:

Dupl≃Adjeq ◁Adj .

he pntesory or ndvunptuonsAdj us deined oelow. he rull suopnt-
esoryAdjeq orAdj ponsusts un ndvunptuons ttnt sntusry tte equalising
requirement (see Septuon II.Ƨ.Ʀ).

de ponsuder pseudo mnps or ndvunptuons ns deined oy Jnp-
oos [Jacǜǖ]:

Deinition II.ƧƦ. Let ǀ Ե⟩�,�) ǁ ∶ ਵ1 → ਵ2 nnd ǀ′ Ե⟩�′,�′) ǁ′ ∶ ਵ ′
1 → ਵ ′

2
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oe two ndvunptuons. A pseudo map of adjunctions:

✄

✂

�

✁

(ǂ1, ǂ2, �, �⟨ ∶ (ǀ Ե⟩�,�) ǁ⟨ → (ǀ′ Ե⟩�′,�′) ǁ′⟨
us suven oy n pnur or runptors ǂ1 ∶ ਵ1 → ਵ ′

1 nnd ǂ2 ∶ ਵ2 → ਵ ′
2 tosetter

wutt nnturnl usomorptusms:

� ∶ ǀ′ǂ2
≃→ ǂ1ǀ

� ∶ ǁ′ǂ1
≃→ ǂ2ǁ

supt ttnt ǂ1 nnd ǂ2 preserve � nnd � up to usomorptusm:

ǂ2� = �ǀ Ҫ ǁ′� Ҫ �′
ǂ2ǂ1� = �′

ǂ1
Ҫ ǀ′� −1 Ҫ �−1

ǁ

As noted oy Jnpoos, two pseudo mnps (ǂ1, ǂ2, �, �⟨ nnd (ǂ ′
1, ǂ ′

2,�′, � ′⟨ pompose ns:

(ǂ ′
1, ǂ ′

2, �′, � ′⟨Ҫ(ǂ1, ǂ2, �, �⟨= (ǂ ′
1ǂ1, ǂ ′

2ǂ2, ǂ ′
1�Ҫ�′

ǂ2
, ǂ ′

2� Ҫ� ′
ǂ1

⟨
nnd we wrute tte oovuous udentuty ns ⟨ǀԵǁ = (⟨ਵ1

, ⟨ਵ2
, idǀ, idǁ⟨.

Moreover, tte noove two equntuons nre equuvnlent, nnd � nnd �
determune enpt otter [Jacǜǖ].

de mny rerormulnte tte equntuons un terms or tte nnturnl uso-
morptusm or tte ndvunptuon wten ponvenuent. Equuvnlently to pre-
servuns � or �, n pseudo mnp or ndvunptuons (ǂ1, ǂ2, �, �⟨ must pre-
serve one or tte nnturnl usomorptusms ♯ ∶ ਵ1(ǀ−, =⟨ ≃→ ਵ2(−, ǁ=⟨ or
♭ = ♯−1 or tte ndvunptuon, modulo � nnd �:

ǂ2 ǚ ♯ = �ǈ Ҫ (ǂ1ǚ Ҫ �Ǌ⟨♯′

ror nll ǚ ∈ ਵ1(ǀǊ, ǈ⟨
ǂ1 Ǜ♭ = (� −1

ǈ Ҫ ǂ2Ǜ⟨♭′

Ҫ �−1
Ǌ ror nll Ǜ ∈ ਵ2(Ǌ, ǁǈ⟨

Deinition II.ƧƧ. he pntesory or ndvunptuons Adj tns ndvunptuons
oetween lopnlly smnll pntesorues ns oovepts nnd pseudo mnps or nd-
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vunptuons ns morptusms.

Remark Mac Lane [MLǚǔ] defines the stricter notion of map of adjunc-

tion where � and � are identities. In comparison with the result above,
the reflection in Führmann [Fühǜǜ] is based on maps of șKleisliȚ adjunc-
tions and strict functors of Thunk-force categoriesǾ and the structure the-
orem in Selinger [SelǓǔ] is based on strictmaps of control categories.
It is obvious in the following development that we could state a re-

flection between a categoryDupl with strict functors of duploids and a

category Adj with maps of adjunctions. ”owever I found the notion of
non-strict functor more elegant.

II.ǖ.ǔ Every duploid comes from an adjunction

Proposition II.Ƨƨ. Let ਸ਼ be a duploid. We deine ↑ ∶ � ⦁ → � ⦁ the
restriction of ⇑ and ↓ ∶ � ⦁ → � ⦁ the restriction of ⇓. here is an
adjunction:

✄

✂

�

✁
↑ Ե ↓

with unit wrap⇑ Ҫ delay and co-unit unwrap ҫ force⇓.

Proof. Due to tte ndvount equuvnlenpes from Proposutuon II.ƦƧ, we tnve
tte followuns nnturnl usomorptusms:

� ⦁(⇑ǃ−, =⟨ ≃ ਸ਼Ǟ(ǃ−, ǃ=⟨ ∶ � ⦁op 0� ⦁ → žet

� ⦁(−, ⇓ǃ=⟨ ≃ ਸ਼t(ǃ−, ǃ=⟨ ∶ � ⦁op 0� ⦁ → žet

wtere ǃ denotes tte unferrnole unplusuon funptors. Sunpe we tnve:

ਸ਼Ǟ(Ǌ,ǈ⟨ = ਸ਼(Ǌ,ǈ⟨ = ਸ਼t(Ǌ,ǈ⟨ ,
we nlso tnve:

ਸ਼Ǟ(ǃ−, ǃ=⟨ = ਸ਼t(ǃ−, ǃ=⟨ ∶ � ⦁op0� ⦁ → žet .

hus we tnve nn ndvunptuon:

� ⦁(⇑ǃ−, =⟨ ≃ � ⦁(−,⇓ǃ=⟨ ∶ � ⦁op0� ⦁ → žet .
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he ndvunptuon us suven oy tte ouveptuon:

� ⦁(↑Ǌ, ǈ⟨ ≃ � ⦁(Ǌ, ↓ǈ⟨
ǚ ↦ wrapǈ Ҫ ǚ Ҫ delayǊ

unwrapǈ ҫ Ǜ ҫ forceǊ ↤ Ǜ ∎

de stow ttnt tte duploud ootnuned rrom ttus ndvunptuon us uso-
morptup unDupl to ਸ਼ .

Proposition II.ƧƩ. Let ਸ਼ a duploid and ਸ਼ ′ the duploid obtained rom
the adjunction ↑ Ե ↓ ∶ � ⦁ → � ⦁ with the construction of Section II.ǲ.ǳ.
here is an isomorphism between the duploids ਸ਼ and ਸ਼ ′.

Proof. Repnll ttnt ਸ਼ ′ us deined wutt:

|ਸ਼ ′| = |ਸ਼ |
ਸ਼ ′(ƻ, Ƽ⟨ = � ⦁(↑⇓ƻ, ⇑Ƽ⟨

(we mny udentufy ƻ+ wutt ⇓ƻ nnd Ƽ⊝ wutt ⇑Ƽ). Furttermore, oy deinu-
tuon we tnve:

idਸ਼ ′

Ǌ = idਸ਼
⇑Ǌ

idਸ਼ ′

ǈ = unwrapǈ ҫ force⇓ǈ

Ǜ Ҫਸ਼ ′ ǚ = (Ǜ Ҫ delay⇓ǈ⟨ ҫ (wrapǈ Ҫ ǚ Ҫ delayƻ⟨ ◉ forceƻ

Ǜ ҫਸ਼ ′ ǚ = Ǜ Ҫ ǚ
Apporduns to Proposutuons II.ƦƧ nnd II.Ʀƨ, we tnve nnturnl usomorpt-

usms:
ਸ਼(−, =⟨ ≃ ਸ਼Ǟ(ǃ⇓−, =⟨ ≃ � ⦁(⇑ǃ⇓−, ⇑=⟨

nnd ttus for nll ƻ, Ƽ ∈ |ਸ਼ | we tnve n ouveptuon ਸ਼ (ƻ, Ƽ⟨ → � ⦁(↑⇓ƻ, ⇑Ƽ⟨ =
ਸ਼ ′(ƻ, Ƽ⟨ suven oy:

ǀƻ,Ƽ ∶ ǚ ↦ delayƼ ◉ (ǚ ◉ unwrapƻ⟨ ҫ force⇓ƻ

It us strnusttforwnrd to ptepk ttnt ttus mnppuns deines n funptor of pre-
duplouds ǀ ∶ ਸ਼ → ਸ਼ ′.
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Now we tnve ǀ(wrapǈ⟨ = idਸ਼
⇑⇓ǈ wtupt us tte deinutuon of wrap′

ǈ; nndǀ(forceǊ⟨ = unwrap⇑Ǌ ҫ force⇓⇑Ǌ wtupt us tte deinutuon of force′
Ǌ. hereforeǀ(wrapǈ⟨ us ttunknole nnd ǀ(forceǊ⟨ us lunenr. de ponplude ttnt ǀ us n

funptor of duplouds.
Luke for funptors of pntesorues, ut us ensy to see, usuns tte ptnrnpterusn-

tuon Ƨ. of Proposutuon II.Ʀƪ, ttnt uf ǀ us ouveptuve on oovepts nnd morpt-
usms tten uts unverse (suven tere wutt ǚ ↦ (forceƼ Ҫ ǚ Ҫ delay⇓ƻ⟨ ҫwrapƻ) us n
funptor of duplouds. hus ponpludes tte proof. ∎

II.ǖ.Ǖ The equalising requirement

Deinition II.Ƨƪ. An ndvunptuon ǀ Ե⟩�,�) ǁ ∶ ਵ1 → ਵ2 sntusies tte
equalising requirement ur nnd only ur ror nll Ǌ ∈ |ਵ2|, �Ǌ us nn equnluser
or �ǁǀǊ nnd ǁǀ�Ǌ, nnd ror nll ǈ ∈ |ਵ1|, �ǈ us n po-equnluser or �ǀǁǈ
nnd ǀǁ�ǈ .

Deinition II.Ƨƫ. Let Adjeq oe tte rull suopntesory or Adj wtose
oovepts nre ndvunptuons ttnt sntusry tte equnlusuns requurement.

Let us repnll ttnt �Ǌ us nn equnluser or �ǁǀǊ nnd ǁǀ�Ǌ ur nnd only
ur ror nll ǚ ∈ ਵ2(Ǌ, ǁǀǋ⟨ supt ttnt �ǁǀǊ Ҫ ǚ = ǁǀ�Ǌ Ҫ ǚ , ttere exusts n
unuque Ǜ ∈ ਵ2(Ǌ, ǋ⟨ supt ttnt ǚ = �Ǌ Ҫ Ǜ.

Also, �ǈ us n po-equnluser or �ǀǁǈ nnd ǀǁ�ǈ ur nnd only ur ror nllǚ ∈ ਵ1(ǀǁǈ, Ǉ⟨ supt ttnt ǚ Ҫ �ǀǁǈ = ǚ Ҫ ǀǁ�ǈ , ttere exusts n unuqueǛ ∈ ਵ1(ǈ, Ǉ⟨ supt ttnt ǚ = Ǜ Ҫ �ǈ .
de suve nn equuvnlent rormulntuon or ttus pondutuon un terms or

tte nssopunted duploud:

Proposition II.ƧƬ. Let ǀ Ե⟩�,�) ǁ ∶ ਵ1 → ਵ2 be an adjunction, and
consider the associated duploid ਸ਼ . he adjunction satisies the
equalising requirement if and only if for all objects ƻ, Ǌ, ǈ the following
three conditions hold:

ǉ. �ǈ is an epimorphism and �Ǌ is a monomorphism; or equivalently ǁ
and ǀ are faithful;

Ǌ. all linear morphisms ǚ ∈ ਸ਼(ǈ, ƻ⟨ are of the form Ǜ Ҫ �ǈ withǛ ∈ ਵ1(ǈ, ƻ⊝⟨; or equivalently all linear morphisms are in the image
of ǁ modulo the adjunction;
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ǋ. all thunkable morphisms ǚ ∈ ਸ਼(ƻ, Ǌ⟨ are (modulo the adjunction)
of the form �Ǌ Ҫ Ǜ with Ǜ ∈ ਵ2(ƻ+, Ǌ⟨; or equivalently all thunkable
morphisms are in the image of ǀ;

Proof. Applyuns Proposutuon II.Ʀƥ, ut us ummedunte to see ttnt tte pondu-
tuons (Ʀ.) nnd (Ƨ.) nre equuvnlent to tte exustenpe pnrt of tte equnlusuns
requurement; wtule tte pondutuon (ƥ.) us equuvnlent to tte unuqueness
pnrt. Equuvnlenpe wutt tte sepond pnrt of enpt pondutuon us ootnuned
oy reptrnsuns ttroust tte nnturnl usomorptusm ttnt deines tte ndvunp-
tuon. ∎

Proposition II.Ƨƭ. Let ਸ਼ be a duploid and consider the adjunction↑ Ե ↓ ∶ � ⦁ → � ⦁. hen the adjunction satisies the equalising
requirement.

Proof. de tnve �= unwrap ҫ force⇓. It tns n septuon un � , nnmely tte nnturnl
trnnsformntuon � ≝ delay⇓ ҫ wrap ∶ ⟨ .→ ⇑⇓. Let ǚ ∈ � ⦁(↑↓ǈ, Ǉ⟨ supt ttntǚ Ҫ �↑↓ǈ = ǚ Ҫ ↑↓�ǈ . By deinutuon ttus menns:

ǚ Ҫ �⇑⇓ǈ = ǚ Ҫ ⇑⇓�ǈ .

Usuns ttus nssumptuon we tnve:

ǚ = ǚ Ҫ �⇑⇓ǈ Ҫ �⇑⇓ǈ

= ǚ Ҫ ⇑⇓�ǈ Ҫ �⇑⇓ǈ

= ǚ Ҫ �⇑⇓ǈ Ҫ �ǈ

hus ttere exusts Ǜ supt ttnt Ǜ Ҫ �ǈ = ǚ . Bepnuse � tns n septuon, Ǜ us
unuquely determuned. hus � us n po-equnluser of �↑↓ǈ nnd ↑↓�ǈ . he proof
ttnt � us nn equnluser of �↓↑Ǌ nnd ↓↑�Ǌ us symmetrup. ∎

II.ǖ.ǖ The functors i and j

Lemma II.ƨƤ. We have a functor Ǯ ∶ Adj → Dupl deined as follows.
Given an adjunction ǀ Ե ǁ ∶ ਵ1 → ਵ2, we call Ǯ(ǀ Ե ǁ⟨ the associated

duploid deined in Section II.ǲ.ǳ. We keep in particular the convention
that ǈ,Ǉ … represent objects of ਵ1 and Ǌ,ǋ… represent objects of
ਵ2.
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Now let two adjunctions ǀ Ե⟩♯,♭) ǁ ∶ ਵ1 → ਵ2 and ǀ′ Ե⟩♯′,♭′) ǁ′ ∶ ਵ ′
1 →

ਵ ′
2 and a pseudo map of adjunctions:

(ǂ1,ǂ2,�,�⟨ ∶ (ǀ Ե⟩�,�) ǁ⟨ → (ǀ′ Ե⟩�′,�′) ǁ′⟨ .
Let us write ਸ਼ = Ǯ(ǀ Ե ǁ⟨ and ਸ਼ ′ = Ǯ(ǀ′ Ե ǁ′⟨; let us also write:

ǂǈ = ǂ1ǈ for ǈ ∈ |ਵ1|ǂǊ = ǂ2Ǌ for Ǌ ∈ |ਵ2|
Let us extend � and � into the following families of maps:

�̄ƻ ∶ (ǂƻ⟨⊝ ≃→ ǂ1 ƻ⊝ = {�Ǌ if ƻ = Ǌ
idǈ if ƻ = ǈ

�̄ƻ ∶ (ǂƻ⟨+ ≃→ ǂ2 ƻ+ = {idǊ if ƻ = Ǌ
�ǈ if ƻ = ǈ

We deine a functor of duploids Ǯ(ǂ1, ǂ2, �, �⟨ = ǂ ∶ ਸ਼ → ਸ਼ ′ by
deining ǂ on morphisms as follows:

ǂ ∶ ਵ1(ǀ ƻ+, Ƽ⊝⟨ → ਵ ′
1(ǀ′ (ǂƻ⟨+, (ǂƼ⟨⊝⟨

ǚ ↦ �̄−1
Ƽ Ҫ ǂ1ǚ Ҫ �ƻ+ Ҫ ǀ′�̄ƻ

Proof. de stow ttnt ttus undeed deines n funptor Adj → Dupl. de irst
prove ttnt ǂ us n funptor of duplouds. de repnll ttnt posutuve udentuty nnd
pomposutuon nre deined ns tte ones of ਵ1. herefore ut us ummedunte ttntǂidਸ਼

Ǌ = idਸ਼ ′

ǂǊ nnd ǂǚ ҫਸ਼ ′ ǂǛ = ǂ(ǚ ҫਸ਼ Ǜ⟨.

de repnll ttnt nesntuve udentuty nnd pomposutuon pome from tte ones
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un ਵ2 modulo tte ndvunptuon. hus:

ǂidਸ਼
ǈ = ǂ�ǈ

= ǂ1�ǈ Ҫ �ǁǈ Ҫ ǀ′�ǈ

= �′
ǂ1ǈ Ҫ ǀ′� −1

ǈ Ҫ �−1
ǁǈ Ҫ �ǁǈ Ҫ ǀ′�ǈ

= �′
ǂ1ǈ = idਸ਼ ′

ǂǈ

nnd:

ǂ(ǚ Ҫਸ਼ Ǜ⟨ = �̄−1
Ƽ Ҫ (ǂ1 (ǚ ♯ Ҫਵ2 Ǜ♯⟨♭⟨ Ҫ �ƻ+ Ҫ ǀ′�̄ƻ

wtere:

(ǂ1 (ǚ ♯ Ҫ Ǜ♯⟨♭⟨ Ҫ �ƻ+ = (� −1
Ƽ⊝ Ҫ ǂ2(ǚ ♯ Ҫ Ǜ♯⟨⟨♭′

Ҫ �−1
ƻ+ Ҫ �ƻ+

= (� −1
Ƽ⊝ Ҫ ǂ2 ǚ ♯ Ҫ ǂ2 Ǜ♯⟨♭′

= (� −1
Ƽ⊝ Ҫ �Ƽ⊝ Ҫ (ǂ1ǚ Ҫ �ǁǈ⟨♯′

Ҫ �ǈ Ҫ (ǂ1Ǜ Ҫ �ƻ+⟨♯′⟨♭′

= ((ǂ1ǚ Ҫ �ǁǈ⟨♯′
Ҫ �ǈ Ҫ (ǂ1Ǜ Ҫ �ƻ+⟨♯′⟨♭′

herefore oy nnturnluty of ♭′, we tnve:

ǂ(ǚ Ҫਸ਼ Ǜ⟨ = (ǁ′�̄−1
Ƽ Ҫ (ǂ1ǚ Ҫ �ǁǈ⟨♯′

Ҫ �ǈ Ҫ (ǂ1Ǜ Ҫ �ƻ+⟨♯′
Ҫ �̄ƻ⟨♭′

.

Henpe oy nnturnluty of ♯′, we tnve:

ǂ(ǚ Ҫਸ਼ Ǜ⟨ = ((�̄−1
Ƽ Ҫ ǂ1ǚ Ҫ �ǁǈ Ҫ ǀ′�ǈ⟨♯′

Ҫਵ ′
2 (ǂ1Ǜ Ҫ �ƻ+ Ҫ ǀ′�̄ƻ⟨♯′⟨♭′

= ǂǚ Ҫਸ਼ ′ ǂǛ
herefore ǂ us n funptor of pre-duplouds.

Let us now prove ttnt ǂforceǊ us lunenr nnd ǂwrapǈ us ttunknole. Ap-
porduns to Proposutuon II.Ʀƥ we tnve to stow:

ǂforceǊ Ҫ �′
ǀ′ǁ′ǂǀǊ = ǂforceǊ Ҫ ǀ′ǁ′�′

ǂǀǊ

�′
ǁ′ǀ′ǂǁǈ Ҫ (ǂwrapǈ⟨♯′

= ǁ′ǀ′�′
ǂǁǈ Ҫ (ǂwrapǈ⟨♯′

Usuns tte typottesus of tte pseudo-mnps ǂ1�ǀǊ = �′
ǂ1ǀǊ Ҫ ǀ′� −1

ǀǊ Ҫ �−1
ǁǀǊ,
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we tnve:

ǂforceǊ = �−1
Ǌ Ҫ ǂ1�ǀǊ Ҫ �ǁǀǊ Ҫ ǀ′�ǀǊ

= �−1
Ǌ Ҫ �′

ǂ1ǀǊ Ҫ ǀ′� −1
ǀǊ Ҫ �−1

ǁǀǊ Ҫ �ǁǀǊ Ҫ ǀ′�ǀǊ

= �−1
Ǌ Ҫ �′

ǂ1ǀǊ

ttus tte noove equntuons pnn oe wruten:

�−1
Ǌ Ҫ �′

ǂ1ǀǊ Ҫ �′
ǀ′ǁ′ǂ1ǀǊ = �−1

Ǌ Ҫ �′
ǂ1ǀǊ Ҫ ǀ′ǁ′�′

ǂ1ǀǊ

�′
ǁ′ǀ′ǂ2ǁǈ Ҫ ǁ′ǀ′�ǈ Ҫ �′

ǁ′ǂ1ǈ = ǁ′ǀ′�′
ǂ2ǁǈ Ҫ ǁ′ǀ′�ǈ Ҫ �′

ǁ′ǂ1ǈ

he one noove, us equuvnlent to tte followuns unstnnpe of nnturnluty of �′:

�′
ǂ1ǀǊ Ҫ �′

ǀ′ǁ′ǂ1ǀǊ = �′
ǂ1ǀǊ Ҫ ǀ′ǁ′�′

ǂ1ǀǊ

tterefore ǂforceǊ us lunenr. he one oelow tolds oy nnturnluty of �′:

�′
ǁ′ǀ′ǂ2ǁǈ Ҫ ǁ′ǀ′�ǈ Ҫ �′

ǁ′ǂ1ǈ = �′
ǁ′ǀ′ǂ2ǁǈ Ҫ �′

ǂ2ǁǈ Ҫ �ǈ

= ǁ′ǀ′�′
ǂ2ǁǈ Ҫ �′

ǂ2ǁǈ Ҫ �ǈ

= ǁ′ǀ′�′
ǂ2ǁǈ Ҫ ǁ′ǀ′�ǈ Ҫ �′

ǁ′ǂ1ǈ

tenpe ǂwrapǈ us ttunknole. ǂ us tterefore n funptor of duplouds.

It us strnusttforwnrd to see ttnt Ǯ(⟨ਵ1
, ⟨ਵ2

, idǀ , idǁ⟨= ⟨Ǯ⟩ǀԵǁ) nnd we nlso
tnve:

Ǯ((ǂ ′
1, ǂ ′

2, �′, � ′⟨ Ҫ (ǂ1, ǂ2, �, �⟨⟨(ǚ ⟨
= ǂ ′

1� Ҫ �′
ǂ2

−1

Ƽ
Ҫ ǂ ′

1ǂ1ǚ Ҫ (ǂ ′
1� Ҫ �′

ǂ2
⟨ƻ+ Ҫ ǀ′ǂ2� Ҫ � ′

ǂ1 ƻ

= ̄�′−1
ǂƼ Ҫ ǂ ′

1�̄−1
Ƽ Ҫ ǂ ′

1ǂ1ǚ Ҫ ǂ ′
1�ƻ+ Ҫ �′

ǂ2ƻ+ Ҫ ǀ′ǂ2�̄ƻ Ҫ ǀ′�̄ ′
ǂƻ

= ̄�′−1
ǂƼ Ҫ ǂ ′

1�̄−1
Ƽ Ҫ ǂ ′

1ǂ1ǚ Ҫ ǂ ′
1�ƻ+ Ҫ ǂ1ǀ�̄ƻ Ҫ �′

⟩ǂƻ)+ Ҫ ǀ′�̄ ′
ǂƻ (�′ nnt.)

= ̄�′−1
ǂƼ Ҫ ǂ ′

1(�̄−1
Ƽ Ҫ ǂ1ǚ Ҫ �ƻ+ Ҫ ǀ�̄ƻ⟨ Ҫ �′

⟩ǂƻ)+ Ҫ ǀ′�̄ ′
ǂƻ

= Ǯ(ǂ ′
1, ǂ ′

2, �′, � ′⟨ Ҫ Ǯ(ǂ1, ǂ2, �, �⟨(ǚ ⟨
hus Ǯ us n funptor. ∎
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Lemma II.ƨƥ. here is a functor ǭ ∶ Dupl → Adj deined as follows.
Given a duploid ਸ਼ , the adjunction ǭਸ਼ is ↑ Ե ↓ ∶ � ⦁ → � ⦁ as

considered in II.ǳ.Ǳ.
Now let ਸ਼ and ਸ਼ ′ two duploids and let us write ǭਸ਼ = (↑ Ե ↓ ∶

� ⦁ → � ⦁⟨ and ǭਸ਼ ′ = (↑′
Ե ↓′ ∶ � ′⦁ → � ′⦁⟨. Given a duploid functorǂ ∶ ਸ਼ → ਸ਼ ′ we deine:

ǭǂ = (ǂ1, ǂ2, �, �⟨ ∶ (↑ Ե ↓⟨ → (↑′
Ե ↓′⟨

with ǂ1 the functor ǂǞ restricted to � ⦁ and ǂ2 the functor ǂt

restrained to � ⦁; and:

�Ǌ ≝ ǂdelayǊ ҫ force′
ǂǊ ∶ ↑′ǂ2Ǌ ≃→ ǂ1↑Ǌ

�ǈ ≝ ǂwrapǈ Ҫ unwrap′
ǂǈ ∶ ↓′ǂ1ǈ ≃→ ǂ2↓ǈ

Proof. de prove ttnt ttus undeed deines n funptor Dupl → Adj. Appord-
uns to Proposutuon II.Ʀƪ,we tnve ǂ1 ∶ � ⦁ → � ′⦁ nnd ǂ2 ∶ � ⦁ → � ′⦁. he
nnturnl usomorptusms � nnd � nre ootnuned oy restruptuon to � ⦁ nnd � ⦁

of tte ones un Proposutuon II.Ʀƫ.
Now we ponsuder tte unut � ≝ wrap⇑ Ҫ delay of tte irst ndvunptuon. It

us ummedunte to see ttnt we tnve �⇑ ҫ ⇓′� ҫ �′
ǂ2

= ǂ2�. hus mnkes ǭǂ n
pseudo mnp of ndvunptuons.

Lnst, let us ponsuder ǭǂ ′ Ҫ ǭǂ nnd let us pnll �ǂ ′ǂ nnd �ǂ ′ǂ tte uso-
morptusms of ǭ(ǂ ′ǂ⟨. de prove ǭǂ ′ Ҫ ǭǂ = ǭ(ǂ ′ǂ⟨ oy stowuns �ǂ ′ǂ =ǂ ′

1� Ҫ �′
ǂ2

nnd �ǂ ′ǂ = ǂ2� Ҫ � ′
ǂ1

. de tnve:

ǂ ′
1� Ҫ �′

ǂ2
= ǂ ′

1(ǂdelay ҫ force′
ǂ⟨ Ҫ (ǂ ′

delay′ ҫ force″
ǂ ′⟨ǂ2

= (ǂ ′ǂdelay ҫ ǂ ′
force′

ǂ⟨ Ҫ (ǂ ′
delay′

ǂ ҫ force″
ǂ ′ǂ⟨

= ǂ ′ǂdelay ҫ force″
ǂ ′ǂ

= �ǂ ′ǂ oy deinutuon,

nnd symmetrupnlly for �ǂ ′ǂ . Tosetter wutt ǭ(⟨ਸ਼ ⟨ = ⟨ǭਸ਼ ttus mnkes ǭ n
funptorDupl → Adj. ∎
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II.ǖ.Ǘ Proof of the main result

Lemma II.ƨƦ. here is a natural transformation � ∶ ⟨Adj .→ ǭǮ.

Proof. For nny ndvunptuon ǀ Ե⟩�,�) ǁ ∶ ਵ1 → ਵ2, let us ponsuder tte duploud
ਸ਼ = Ǯ(ǀ Ե ǁ⟨. he pomponent �ǀԵǁ ∶ (ǀ Ե ǁ⟨ → ǭਸ਼ us suven oy:

ǂ�
1 ǈ = ǈ

ǂ�
1 (ǚ ∶ ǈ → Ǉ⟨ = ǚ Ҫਵ1 �ǈ ∈ � ⦁(ǈ, Ǉ⟨

ǂ�
2Ǌ = Ǌ

ǂ�
2(Ǜ ∶ Ǌ → ǋ⟨ = ǀǛ ∈ � ⦁(Ǌ, ǋ⟨

he po-unut �′ of tte ndvunptuon ǭਸ਼ us suven oy:

�′ = unwrap ҫ force⇓ = � Ҫਵ1 �ǀǁ

hus ǂ1 struptly preserves �:
ǂ1� = � Ҫ �ǀǁ = �′

ǂ2

de mny tterefore tnke tte udentuty usomorptusms �� = id� ⦁

ǁ = id
ਵ1
ǀǁ nnd

�� = id� ⦁

ǀ = �ǀ. hus deines �ǀԵǁ ns n (pseudo) mnp of ndvunptuons.

Let us prove ttnt � us nnturnl. Let us ponsuder n pseudo mnp of ndvunp-
tuons: (ǂ1, ǂ2, �, �⟨ ∶ (ǀ Ե⟩�,�) ǁ⟨ → (ǀ′ Ե⟩�′,�′) ǁ′⟨
In tte followuns we ponsuder tte duplouds ਸ਼ = Ǯ(ǀ Ե ǁ⟨ nnd ਸ਼ ′ = Ǯ(ǀ′ Եǁ′⟨; tte funptor of duploud ǂ ′ = Ǯ(ǂ1, ǂ2, �, �⟨ nnd tte pseudo mnp of
ndvunptuons ǭǂ ′ = (ǂ ′

1, ǂ ′
2, �′, � ′⟨. By deinutuon we tnve for ǚ ∈ � ⦁(ǈ, Ǉ⟨

nnd Ǜ ∈ � ⦁(Ǌ, ǋ⟨:
ǂ ′

1ǚ = ǂ ′ǚ = ǂ1ǚ Ҫ �ǁǈ Ҫ ǀ′�ǈ

ǂ ′
2Ǜ = ǂ ′Ǜ = �−1

ǋ Ҫ ǂ1Ǜ Ҫ �Ǌ

�′
Ǌ = ǂ ′

delayǊ ҫਸ਼ ′
force′

ǂ ′Ǌ = �Ǌ Ҫ �′
ǀ′ǂ2Ǌ
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Now let us prove:

�ǀ′Եǁ′ Ҫ (ǂ1, ǂ2, �, �⟨ = ǭǮ(ǂ1, ǂ2, �, �⟨ Ҫ �ǀԵǁ

On tte let tnnd sude we tnve tte followuns pseudo mnp:

(ǚ ↦ (ǂ1ǚ ⟨ Ҫ �′
ǈ , Ǜ ↦ ǀ′ǂ2Ǜ, ǂ�

1 �, ǂ�
2�⟨

On tte rustt-tnnd sude we tnve:

(ǚ ↦ ǂ ′
1(ǚ Ҫ �ǈ⟨, Ǜ ↦ ǂ ′

2ǀǛ, �′
ǂ�

2
, � ′

ǂ�
1
⟨

he irst ttree pomponents pounpude:

ǂ ′
1(ǚ Ҫ �ǈ⟨ = ǂ1(ǚ Ҫ �ǈ⟨ Ҫ �ǁǈ Ҫ ǀ′�ǈ

= ǂ1ǚ Ҫ (ǂ1�ǈ Ҫ �ǁǈ Ҫ ǀ′�ǈ⟨
= ǂ1ǚ Ҫ �′

ǂ1ǈ

ǂ ′
2ǀǛ = �−1

ǋ Ҫ ǂ1ǀǛ Ҫ �Ǌ = ǀ′ǂ2Ǜ
ǂ�

1 � = � Ҫ �′
ǀ′ǂ2

= �′ = �′
ǂ�

2

herefore tte two sudes nre equnl. hus pompletes tte proof. ∎

Lemma II.ƨƧ. here is a natural isomorphism � ∶ Ǯǭ ≃→ ⟨Dupl.

Proof. Apporduns to Proposutuon II.ƧƩ we tnve for nny duploud ਸ਼ nn uso-
morptusm: �ਸ਼ ∶ Ǯǭਸ਼ → ਸ਼ ,

wtere:

�ਸ਼ (ƻ⟨ = ƻ
�ਸ਼ (ǚ ⟨ = (forceƼ Ҫ ǚ Ҫ delay⇓ƻ⟨ ҫwrapƻ

Let ǂ ∶ ਸ਼ → ਸ਼ ′ oe n funptor of duplouds. By deinutuon we tnve for nnyǚ ∈ ਸ਼ (ƻ, Ƽ⟨:
Ǯǭǂ(ǚ ⟨ =(delay′

ǂƼ ◉ǂforceƼ⟨ Ҫ ǂǚ Ҫ

(ǂdelay⇓ƻ ҫ force′
ǂ⇓ƻ⟨ Ҫ ⇑′(ǂwrapƻ ◉ unwrap′

ǂƻ⟨
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herefore oy lunenruty of ǂǚ nnd delay′
ǂƼ we tnve:

Ǯǭǂ(ǚ ⟨ = ⇑′(ǂ(forceƼ Ҫ ǚ Ҫ delay⇓ƻ⟨ ҫ ǂwrapƻ ◉ unwrap′
ǂƻ⟨

= �−1
ਸ਼ ′ Ҫ ǂ Ҫ �ਸ਼ (ǚ ⟨

he funptors nre equnl on oovepts, tterefore we mny ponplude:

Ǯǭǂ = �−1
ਸ਼ ′ Ҫ ǂ Ҫ �ਸ਼ . ∎

Lemma II.ƨƨ. We have the adjunction Ǯ Ե⟩�,�) ǭ ∶ Dupl → Adj.

Proof. Buulduns on Lemmn II.ƨƦ nnd Lemmn II.ƨƧ, ut remnuns us to stow:

ǭ� Ҫ �ǭ = ⟨ǭ�Ǯ Ҫ Ǯ� = ⟨Ǯ

Let ਸ਼ n duploud. On tte one tnnd we tnve oy deinutuon:

�ǭਸ਼ = (ǚ ↦ ǚ Ҫ (unwrapǈ ҫ force⇓ǈ⟨, ⇑, id
Ǯǭਸ਼
⇑ , −⟨

(wtere tte funptors nre udentuty on oovepts). On tte otter tnnd, we tnve:

ǭ�−1
ਸ਼ = (ǚ ↦ (ǚ Ҫ unwrapǈ⟨ ҫ force⇓ǈ , Ǜ ↦ delayǊ ҫ Ǜ ҫ forceǊ, �−1

ਸ਼ (idਸ਼
⇑Ǌ⟨, −⟨

(wtere tte funptors nre udentuty on oovepts). he two pseudo mnps of
ndvunptuons pounpude (un tte irst pomponent, we use tte typottesus ttntǚ us lunenr). hus suves us tte irst equntuon.

Now let ǀ Ե⟩�,�) ǁ ∶ ਵ1 → ਵ2. By deinutuon we tnve for nll ǚ ∈ Ǯ(ǀ Եǁ⟨(ƻ, Ƽ⟨:
Ǯ�ǀԵǁ(ǚ ⟨ = ǚ Ҫ �ǀ ƻ+

de nlso notupe ttnt tte deinutuon of tte duploud Ǯ(ǀ Ե ǁ⟨ Septuon II.Ʀ.Ƨ
extends ns follows:

wrapƻ = id
ਵ1
ǀ⟩ƻ+)

forceƻ = �ǁ⟩ƻ⊝)
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herefore ut follows oy deinutuon ttnt we tnve for nll Ǜ ∈ ǮǭǮ(ǀ Ե ǁ⟨(ƻ, Ƽ⟨:
�Ǯ⟩ǀԵǁ)(Ǜ⟨ = Ǜ Ҫ ǀ�ƻ+

herefore: �Ǯ⟩ǀԵǁ) Ҫ Ǯ�ǀԵǁ = ⟨Ǯ⟩ǀԵǁ)

Sunpe oott Ǯ�ǀԵǁ nnd �Ǯ⟩ǀԵǁ) nre udentuty on oovepts, we ponplude ttnt
tte sepond equntuon tolds. ∎

Lemma II.ƨƩ. here is an equivalence of categories:

✄

✂

�

✁

Dupl ≃ Adjeq .

Proof. Apporduns to Proposutuon II.Ƨƭ, ǭ po-restrupts to n funptor Dupl →
Adjeq. here remnuns to stow ttnt tte restruptuon of � to Adjeq us nn
usomorptusm; un otter words ttnt �ǀԵǁ us unvertuole wtenever ǀ Ե ǁ ∶
ਵ1 → ਵ1 sntusies tte equnlusuns requurement.

Consuder supt nn ndvunptuon. It us not tnrd to see ttnt n pseudo mnp of
ndvunptuons us unvertuole uf nnd only uf uts irst two pomponents nre. Let us
repnll ttnt ttese two pomponents nre deined wutt:

ǂ�
1 ǈ = ǈ

ǂ�
1 (ǚ ∶ ǈ → Ǉ⟨ = ǚ Ҫਵ1 �ǈ ∈ � ⦁(ǈ, Ǉ⟨

ǂ�
2Ǌ = Ǌ

ǂ�
2(Ǜ ∶ Ǌ → ǋ⟨ = ǀǛ ∈ � ⦁(Ǌ, ǋ⟨

herefore ǂ�
1 nnd ǂ�

2 nre unvertuole oepnuse ttey nre ouveptuve on oovepts,
nnd, oy npplupntuon of Proposutuon II.ƧƬ, ouveptuve on morptusms. hus
ponpludes tte proof. ∎

de mny now propeed wutt tte proor or tte mnun result.

Proof of heorem II.ǳǱ. Apporduns to Lemmn II.ƨƨ nnd Lemmn II.ƨƧ, Ǯ ∶
Adj → Dupl us n releptuon. Apporduns to II.ƨƩ, Adjeq us tte releptuve
suopntesory ofAdj determuned oy tte rustt ndvount to Ǯ. ∎
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Intuutuvely, npporduns to Proposutuon II.ƧƬ nnd heorem II.Ƨƥ, tte
runptor Ǯ pompletes tte vnlues wutt nll tte expressuons ttnt nre pure,
nnd pompletes tte stnpks wutt nll tte evnluntuon pontexts ttnt nre
lunenr. Moreover Ǯ udentuies nny two vnlues ttnt denote tte snme
expressuon, nnd nny two stnpks ttnt denote tte snme evnluntuon pon-
text.

II.ǖ.ǘ èharacterisation of Kleisli categories

de tnve not developed tte notuon or strupt runptor or duplouds.
de lenve ut ns nn exerpuse ror tte render to ptepk ttnt our relep-
tuon restrupts to n releptuon oetween tte suo-pntesory Dupl st or
Dupl wtose morptusms nre strupt runptors or duplouds, nnd tte suo-
pntesory Adj st or Adj wtose morptusms nre mnps or ndvunptuons
un tte sense or Mnp Lnne. he rull suo-pntesory Adj steq or Adjeq
determuned oy tte rustt ndvount to tte releptuon ponsusts or ndvunp-
tuons sntusryuns tte equnlusuns requurement.

As nn ummedunte porollnry, ttunk-rorpe pntesorues nre essentunlly
duplouds wtere ⇑ us ouveptuve on oovepts:

Corollary II.ƨƪ. Führmann’s category ſf [Füh99] of thunk-force
categories is equivalent to the full sub-categoryDupl st+ ofDupl st whose
objects are duploids with ⇑ bijective on objects.

Proof. Notupe ttnt ǭ nnd Ǯ preserves tte fnpt ttnt ǀ nnd ⇑ nre ouveptuve
on oovepts. herefore tte equuvnlenpe Dupl st ≃ Adj steq restrupts to nn
equuvnlenpe oetween Dupl st+ nnd tte full suopntesory of Adj steq wtose
oovepts nre ndvunptuons ǀ Ե ǁ wutt ǀ ouveptuve on oovepts. Apporduns to
Fütrmnnn, tte lnter us equuvnlent toſf [Fühǜǜ, Theorem ǜ]. ∎

By dunluty, pntesorues wutt n runnnole monnd nre essentunlly du-
plouds wtere ⇓ us ouveptuve on oovepts.



Chapter III

Decomposing
delimited CPS translations

de stow tow delumuted CPS trnnslntuons depompose un ttree steps:

ǉ. Cnll oy vnlue nnd pnll oy nnme nre umplemented un n sunsle polnr-
used pnlpulus wutt delumuted pontrol oy ptoosuns tte npproprunte
polnruty poerpuons;

Ǌ. A vnrunnt or tte duploud ponstruptuon relntes tte polnrused pnlpu-
lus to nn undurept model unspured oy lunenr losup;

ǋ. Ernsuns tte unterestuns strupture tnke us onpk unto n pnlpulus or
pontununtuons. Polnrutues dusnppenr wtule ndmunustrntuve redexes
nppenr.

Our nppronpt nllow us to rntuonnlly reponstrupt rour dustunpt pnll-oy-
nnme vnrunnts or Dnnvy nnd Fulunsku’s shit nnd reset, one or wtupt
nppenrs to oe new. Alttoust tte depomposutuon nlso tolds ror non-
delumuted CPS trnnslntuons, tte rull depomposutuon dud not nppenr un
uts enturety: tte durept, polnrused, untermedunte pnlpulus wns mussuns.

III.ǔ éelimited control operators

Delumuted pontrol operntors model un durept style tte rnpt ttnt pnp-
tured pontexts tnve n inute extent. hey do so oy unpluduns n irst-
plnss pontext delumuter < ՗>, ns untroduped oy Felleusen [FelǛǛ]. he



ƥƩƨ Chapter III Decomposing delimited CPS translations

luternture dustunsuustes rour wnys or pnpturuns n delumuted pontext,
dependuns on tow tte delumuter us unserted un tte result:

<ƿ[ℱ0(�Ǫ.Ǧ⟨]> ੃ Ǧ[�ǫ. ƿ[ǫ] /Ǫ]
<ƿ[ℱ(�Ǫ.Ǧ⟨]> ੃ <Ǧ[�ǫ. ƿ[ǫ] /Ǫ]>
<ƿ[Ԧ0(�Ǫ.Ǧ⟨]> ੃ Ǧ[�ǫ.<ƿ[ǫ]>/Ǫ]
<ƿ[Ԧ(�Ǫ.Ǧ⟨]> ੃ <Ǧ[�ǫ.<ƿ[ǫ]>/Ǫ]>

ℱ us tte operntor control or Felleusen et al. [FWFéǛǛ, FelǛǛ]; Ԧ us Dnnvy
nnd Fulunsku’s shit [éFǜǓ]; nnd ℱ0 nnd Ԧ0 nre respeptuvely control0 nnd
shit0 un tte termunolosy or Stnn [ShaǓǚ]. In tte pontext or Dnnvy
nnd Fulunsku’s stut, tte delumuter < ՗> us pnlled reset. dutt nll vnrunnts,
tte delumuter us ernsed onpe n vnlue us renpted:

<ǐ> ੃ ǐ .

In ttus ptnpter we nre unterested un Dnnvy nnd Fulunsku’s stut Ԧ
nnd reset < ՗ >. he irst renson us ttnt ttere nre mnny exnmples
or uses (see Buernnpku et al. [BéSǓǙ]). he sepond renson us ttnt ut
wns lons ttoustt to oe tte only one to tnve n deinuns CPS trnns-
lntuon [ShaǓǚ]. hus, ttere us n ponsustent oody or work studyuns
tteur equntuonnl tteory [K”Ǔǖ], tteur proor tteoretup mennuns [A”SǓǗ,
A”SǓǜ, IliǔǓ] ns well ns nlternntuves to tte pnll-oy-vnlue evnluntuon
order [”“ǓǛ, BBǓǜ, KTǔǓ].

Dnnvy nnd Fulunsku’s CPS trnnslntuon us well understood rrom tte
pount or vuew or monnds, nnd tte type system ttnt Dnnvy nnd Fulun-
sku provude on top or tteur pnlpulus pnn oe despruoed oy “annotated”
monnds (dndler [WadǜǗ]). As rnr ns tte pnll-oy-vnlue stut nnd reset
pnlpulus us ponperned, our polnrused nnnlysus pnrnllels tte monndup
nnnlysus. Monnds, towever, nre n lumutuns nppronpt to CPS, ns ttey
do not nppount ror tte Lnront-Reus-Streupter trnnslntuon, nnd even
less so ror polnrusntuon, ns we snw un Septuon II.Ƨ.Ʃ on pnse ƥƩƦ.

Our nppronpt us onsed on tte proor-tteoretup depomposutuon or
stut nnd reset or Heroelun et al. [A”SǓǗ, ”erǓǘ, A”SǓǜ] wutt tte λµt̂pǨ
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pnlpulus nnd uts �̄� ̃� vnrunnt. As ttey stow, stut nnd reset depompose
unto tte �� pontext ounder or Pnrusot tosetter wutt n pontununtuon
vnrunole wruten t̂p nnd n pontext ounder �t̂p wutt nn unponventuonnl
spope. dutt our polnrused nppronpt we pnn depompose tte λµt̂pǨ pnl-
pulus ns well ns uts pnll-oy-nnme vnrunnt λµt̂pǠ untroduped oy Heroelun
nnd Gtuleznn [”“ǓǛ]. de pnn nlso rntuonnlly reponstrupt ttree otter
pnll-oy-nnme vnrunnts, one or wtupt nppenrs to oe new.

dtule tte pnll-oy-nnme λµ pnlpulus pnn oe deduped rrom tte pnll-
oy-vnlue one oy dunluty [SelǓǔ, è”ǓǓ], ttus us no lonser true wutt
delumuted pontrol. Polnrusntuon us ttererore prupunl un our nnnlysus.

A linear analysis of the èPS target

Our nppronpt us nlso dufferent ror uts nnnlysus or tte tnrset or Dnnvy
nnd Fulunsku’s CPS trnnslntuon. Delumuted CPS trnnslntuons relnx tte
typottesus ttnt pnlls to pontununtuons nre mnde un tnul posutuon. As
n ponsequenpe, pontrnruly to non-delumuted CPS trnnslntuons, tte
order or evnluntuon or tte tnrset pnlpulus mnters, nnd tte tnrset or
Dnnvy nnd Fulunsku’s pnlpulus us un pnll oy vnlue.

Unsurprusunsly, tte luternture expresses ttus pnll-oy-vnlue order oy
resortuns to n sepond CPS trnnslntuon wten nepessnry. However,
un ttus lnst trnnslntuon ut us umportnnt ttnt pontununtuons nre used
lunenrly. (See Knmeynmn nnd Hnsesnwn [K”Ǔǖ]; more senernlly on
lunenruty un CPS trnnslntuons wten pontununtuons nre not irst-plnss
see Dnnvy nnd Lnwnll [éLǜǕ, éanǓǓ].) de notuped ttnt tte sepond
trnnslntuon pould oe replnped wutt tte so-pnlled “boring” trnnslntuon
unto lunenr losup [“irǛǚ] wtupt us onsed on tte enpoduns !(Ǌ ⊸ ǋ⟨
or umplupntuon. hus trnnslntuon undeed yuelds n model or pnll oy
vnlue (Mnrnust et nl. [MOTWǜǗ]), nnd more prepusely, porresponds
to Mossu’s monndup model [MogǛǜ] wtere tte strons monnd us pom-
mutntuve (Benton nnd dndler [BWǜǘ]).

However, unstend or pnrryuns out n sepond trnnslntuon, we dureptly
trnnslnte unto n pnll-oy-vnlue pnlpulus wtose equntuonnl tteory us un-
rormed oy tte rnpt ttnt ut nruses rrom n pommutntuve strons monnd.
In otter words, tte tnrset or our trnnslntuon us n pnll-oy-vnlue λ pnlpu-
lus extended wutt tte rollowuns equntuon ttnt nppounts ror pommut-
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ntuvuty:

let Ǫ be Ǧ in (let ǫ be ǧ in Ǩ⟨ ≃ let ǫ be ǧ in (let Ǫ be Ǧ in Ǩ⟨ . (III.ƥ)

de pnll tte pnlpulus λ0v .

Our renluzntuon un ptoosuns tte “boring” trnnslntuon or pnll oy vnlue
us ttnt ut nllows us to lunk up wutt tte polnrused study or douole-
nesntuon trnnslntuons. hus nppronpt us onsed on tte depomposutuon
or tte type or pontununtuons unto tte exponentunl modnluty ! or LLP
nnd tte unvolutuve nesntuon:

¬Ǌ = !Ǌ⊥ .

Delumuted CPS trnnslntuons replnpe nesntuon oy umplupntuon, wtupt
pnn oe understood un tte pontext or CPS trnnslntuons ns nn nnnot-
nted nesntuon modnluty:

¬ǋǊ ≝ Ǌ → ǋ
Now, ttus nnnotnted nesntuon modnluty pnn oe seen ttroust tte
“boring” trnnslntuon ns nn nnnotnted exponentunl:

✄

✂

�

✁

¬ǋǊ = !ǋǊ⊥ ≝ !(Ǌ⊥ ⅋ ǋ⟨ .

(de pnll tte ponneptuve !Ǌ nn exponentunl un tte sense ttnt ut deines
n runptor ttnt envoys !Ǌ(ƻ & Ƽ⟨ ≃ !Ǌƻ ⊗ !ǊƼ un lunenr losup, sunpe ⅋
dustruoutes over &.)

de see ns nn nddutuonnl nrsument un rnvour or n pnll-oy-vnlue tnrset
tte rnpt ttnt LLP lends utselr to nnnlosues wutt pnll oy vnlue, rntter
ttnn pnll oy nnme, λ pnlpulus. Indeed, ur tte tnrset or tte CPS
trnnslntuon tnd oeen un pnll oy nnme, ns un Snory’s vnrunnt or tte
pnlpulus [SabǜǙ] or ns un Ctnpter IV, tten we would tnve oeen unnole
to provude supt n depomposutuon unspured rrom lunenr losup.
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λµt̂pǨ/Ǡ

ķńňvࡆ՗ࡇ
ķńňnࡆ՗ࡇ

�� ��

ńŃňࡆ՗ࡇ
łĹĻࡆ՗ࡇ

// // Lpol,t̂p+

ĸŊńŀࡆ՗ࡇ
��

λ0v Lexp

ĺŀaŉࡆ՗ࡇ
oo

Figure III.ǔ: The polarised decomposition of delimited èPS

Technical contribution

de depompose tte delumuted CPS trnnslntuons un ttree steps (Fus-
ure III.ƥ on ttus pnse). See nlso Tnole I.ƥƫ on pnse ƭƧ ror n summnry
or tte systems ponsudered un ttus ptnpter.

In Septuon III.Ʀ we untrodupe tte polnrused pnlpulus ror delumuted
pontrol Lpol,t̂p+ nnd we despruoe uts trnnslntuon ķńňࡆ՗ࡇ unto λ0v . de
reponstrupt ive pnlpulu, unpluduns rour un pnll oy nnme. hen ror
two or ttem: tte pnlpulu λµt̂pǨ nnd λµt̂pǠ, we depompose tte CPS
trnnslntuons ttroust Lpol,t̂p+ . Funnlly we untrodupe LKdelim, n vnrunnt
or Gurnrd’s LC [“irǜǔ] nnd Dnnos, Jounet nnd Sptellunx’s LK�

Ǣ [éJSǜǚ]
ttnt tns type nnnotntuons. hus system nllows us to reponstrupt
tte type systems or λµt̂pǨ nnd λµt̂pǠ, wtupt stows ttnt tte polnrused
depomposutuon us nlso unrormntuve ror nnnotnted type systems.

In Septuon III.Ƨ, we untrodupe tte pnlpulus Lexp nnd we stow tow
tte ķńňࡆ՗ࡇ depomposes ttroust Lexp: ut us equnl to n vnrunnt or tte
duploud ponstruptuon ĸŊńŀࡆ՗ࡇ, rollowed oy tte trnnslntuon ĺŀaŉࡆ՗ࡇ.
ĺŀaŉࡆ՗ࡇ removes polnrutues nnd untrodupes ndmunustrntuve redexes.
hen we untrodupe L ̄J, n vnrunnt or LLP wtupt us ootnuned oy re-
plnpuns tte exponentunls ! nnd ? oy tte nnnotnted modnlutues ?Ǌ nnd
!Ǌ.ƥ

ƥIn terms of proofs nets, ttese modnlutues nre despruoed oy ndduns nuxulunry
doors to tte ! nnd ? pells tosetter wutt ummedunte reduptuon nnd expnnsuon
lnws. Supt proofs nets were used extensuvely un tte development of our
depomposutuon, out ns fnr ns formnlusntuon wns ponperned we found ensuer to
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All tte trnnslntuons preserve equuvnlenpes; tte trnnslntuons ķńňࡆ՗ࡇ
nnd ĸŊńŀࡆ՗ࡇ nlso sumulnte tte reduptuon.

It us umportnnt to note ttnt:

• de provude tte sumple type systems L ̄J nnd LKdelim ror tteur ul-
lustrntuve purpose resnrduns tte untyped trnnslntuons. de prove
ttnt typuns us preserved oy tte trnnslntuons. Otter ttnn ttnt,
tte ptnpter ropuses on untyped pnlpulu nnd tteur untyped trnnsln-
tuons.

• Addutuve ponneptuves nre omuted un tte development. hus us
oepnuse ttey nre not userul un tte depomposutuon or tte CPS
trnnslntuons we ponsuder.

III.Ǖ A polarised calculus for delimited

control

de untrodupe un Fusure III.Ʀ on tte rnpuns pnse tte pnlpulus Lpol,t̂p+ .
he sonl us to stow ttnt tte CPS trnnslntuons or tte pnll-oy-vnlue
λµt̂pǨ pnlpulus or Aruoln, Heroelun nnd Snory nnd tte pnll-oy-nnme
λµt̂pǠ pnlpulus or Heroelun nnd Gtuleznn rnptor un tte rollowuns mnn-
ner:

λµt̂pǨ

ķńňvࡆ՗ࡇ
��

ńŃňࡆ՗ࡇ
// Lpol,t̂p+

ķńňࡆ՗ࡇ
||②②
②
②
②
②
②
②
②
②
②
②
②
②

λµt̂pǠ

ķńňnࡆ՗ࡇ
��

łĹĻࡆ՗ࡇ
// Lpol,t̂p+

ķńňࡆ՗ࡇ
||②②
②
②
②
②
②
②
②
②
②
②
②
②

λ0v λ0v

wtere tte top nrrow ponsusts un pnnonupnl umplementntuons or no-
strnptuon nnd npplupntuon un Lpol,t̂p+ (modulo ndmunustrntuve redup-
tuons ror tte sepond dunsrnm).

Proposition III.ƥ. he reduction →RǢ
is conluent.

use tte teptnuques of ttus ttesus.
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pos. vnrunoles Ǫ, ǫ, Ǭ…

nes. vnrunoles �, �, � …

vnrunoles � ⩴ Ǫ ∣ �

vnlues ǐ ⩴ ǐ+ ∣ Ǧ⊝

pos. vnlues ǐ+ ⩴ Ǫ ∣ (ǐ, ǐ ′⟨ ∣ {Ǧ⊝}
pos. terms Ǧ+ ⩴ Ǫ ∣ (ǐ, ǐ ′⟨ ∣ {Ǧ⊝} ∣ ��.Ǘ ∣ �t̂p.Ǘ
nes. terms Ǧ⊝ ⩴ � ∣ �(�, �′⟨.Ǘ ∣ �{�}.Ǘ ∣ �Ǫ.Ǘ ∣ t̂p
pommnnds Ǘ ⩴ ऊǦ+ ‖Ǧ⊝ऋ .notࡐ

= ऊǦ⊝ ‖Ǧ+ऋࡑ
șaȚ Syntax

(��) ऊ��.Ǘ ‖Ǧ⊝ऋ ੃RǢ
Ǘ[Ǧ⊝/�]

(�Ǫ) ऊǐ+ ‖�Ǫ.Ǘऋ ੃RǢ
Ǘ[ǐ+/Ǫ]

(�(�, �′⟨) ऊ(ǐ, ǐ ′⟨‖�(�, �′⟨.Ǘऋ† ੃RǢ
Ǘ[ǐ/�, ǐ ′/�′]

(�{�}) ऊ{Ǧ⊝}‖�{�}.Ǘऋ ੃RǢ
Ǘ[Ǧ⊝/�]

(�t̂p) ऎ�t̂p.ऊǐ+ ‖ t̂pऋ∥Ǧ⊝ए‡ ੃RǢ
ऊǐ+ ‖Ǧ⊝ऋ

†: wten tte polnrutues of vnlues mntpt tte polnrutues of vnrunoles
‡: even wten t̂p nppenrs freely un ǐ+

șbȚ Reductions

(�+) Ǧ+ ੃EǢ
��.ऊǦ+ ‖�ऋ

(�⊝) Ǧ⊝
† ੃EǢ

�ǣ.ऊǣ‖Ǧ⊝ऋ
(�

t̂p
) Ǘ‡ ੃EǢ

ऊ�t̂p.Ǘ ‖ t̂pऋ
(pt̂p) ऎǑ ∥�ǣ.ऊ�t̂p.Ǘ ‖Ǧ⊝ऋए† ੃EǢ

ऎ�t̂p.ऊǑ ‖�ǣ.Ǘऋ∥Ǧ⊝ए
†: wtere ǣ us Ǫ, {�} or (�, �′⟨ nnd wtere Ǒ us ǐ+ or �t̂p.Ǘ′

‡: even wten t̂p nppenrs freely un Ǘ
șcȚ Expansions

Figure III.Ǖ: Lpol,t̂p+ : the calculus
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Proof. he reduptuon ੃RǢ
us let-lunenr nnd tns no prutupnl pnurs. ∎

de now explnun tte spepuip rentures or tte pnlpulus Lpol,t̂p+ .

III.Ǖ.ǔ Involutive negation

In tte pnlpulus Lpol,t̂p+ , unstend or sux pntesorues:

Ǧ+, Ǚ⊝, Ǧ⊝, Ǚ+,ǐ, �,

we suve only ttree: Ǧ+, Ǧ⊝, ǐ.

de pnn do so oy udenturyuns Ǚ⊝ wutt Ǧ+, Ǚ+ wutt Ǧ⊝, nnd � wutt ǐ. hus
menns ttnt tte dustunptuon oetween expressuons nnd pontexts us now
unrormnl, ttroust tte notntuon ऊ Ǧ | (ror expressuons) nnd | Ǧ ऋ (ror
pontexts). de tnve ऊǦ ‖ǧऋ = ऊǧ‖Ǧऋ ttnnks to tte unrormnl notntuon:

ऊǦ⊝ ‖Ǧ+ऋ not.
= ऊǦ+ ‖Ǧ⊝ऋ

Posutuve vnrunoles wruten Ǫ, ǫ replnpe posutuve vnrunoles Ǫ+ nnd nesnt-
uve po-vnrunoles �⊝. Nesntuve vnrunoles wruten �, � replnpe nesntuve
vnrunoles Ǫ⊝ nnd posutuve po-vnrunoles �+. dutt � we denote eutter orǪ or �. One ponsequenpe or udenturyuns po-vnrunoles wutt vnrunoles us
ttnt now oott pnn oe oound un multuple lopntuons oy n sunsle ounder.
hus Lpol,t̂p+ us nn extensuon or tte plnssupnl pnlpulus Ln.

In terms or types, ttus udentuipntuon porresponds to untrodupuns
nn operntuon ՗⊥ on rormulne, deined supt ttnt we tnve ƻ⊥⊥ = ƻ, nnd
ttnt sequents or tte rollowuns rorm:

Γ Դ Δ

nre replnped oy tte rollowuns:

Դ Γ⊥,Δ

In ttus pontext, undeed, tte premuses or tte put rule nre unterptnnse-
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nole:
Դ Ǧ ∶ ƻ ∣ Γ Դ ǧ ∶ ƻ⊥ ∣ Δ
—ऊǦ ‖ǧऋ ∶ ( Դ Γ, Δ⟨

hus operntuon porresponds un losup to n struptly unvolutuve nesntuon,
un n mnnner unspured oy Gurnrd [“irǛǚ, “irǜǔ].

de wull devote Ctnpter IV to explnununs supt nn unvolutuve nes-
ntuon wutt tte uden or provuduns nn expluput nppess to pontexts ns
vnlues wutt nppessors, rntter ttnn ns pontununtuons. For now, nl-
ttoust we pould untrodupe n srnmmntupnl dustunptuon oetween terms
nnd pontexts nnd nn expluput type ¬ ror meduntuns tte two sudes or n
sequent, ttus would not mnke our depomposutuons more unrormntuve.
hus us oepnuse, ns we wull see, tte CPS trnnslntuon or Lpol,t̂p+ rorpes
tte udentuipntuon or ऊǦ+ ‖ Ǧ⊝ ऋ wutt ऊǦ⊝ ‖ Ǧ+ ऋ , nnd ttus nesntuon to oe
struptly unvolutuve.

III.Ǖ.Ǖ Abstraction and application

In Lpol,t̂p+ , tte pnur or two vnlues ǐ, Ǒ us suven wutt (ǐ, Ǒ⟨; pnuruns
nlso denote tte stnpkuns operntuon, ns we wull see un ttus septuon. he
symmetrup ponstruptuon us wruten �(�, �′⟨.Ǘ nnd denotes tte pontext
ror pntern-mntptuns on pnurs. de nlso explnun tow ut us used to
enpode nostrnptuon.

de ptose to restrupt nny non-vnlue to oe or tte rorm ��.Ǘ or �t̂p.Ǘ,
ttus pnurs nre mnde or vnlues. In order to ponstutute tte pnur or Ǧ nndǧ un n let-to-rustt evnluntuon order, we propeed ns rollows:

(Ǧ, ǧ⟨ ≝ ��.ऒǦ ∥�Ǫ.ऎǧ∥�ǫ.ऊ(Ǫ, ǫ⟨‖�ऋएओ
de pnn sumulnrly deine tte rustt-to-let pnuruns. (hus restruptuon
porresponds to Dnnos, Jounet nnd Sptellunx’s η restruptuon [éJSǜǚ]
wtupt extends Flnnnsnn et al.’s A-normnl rorm [FSéFǜǖ] nnd Hntpluff
nnd Dnnvy’s monndup normnl rorm [”éǜǗ]. de rurtter duspuss ttus
restruptuon un Septuon IV.ƪ.ƥ.)
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èall-by-value abstraction and application

Followuns Curuen nnd Heroelun [è”ǓǓ], we retrueve tte pnll-oy-vnlue
nostrnptuon �Ǩ nnd npplupntuon @Ǩ oy solvuns tte rollowuns equntuons
un tte pnlpulus Lpol,t̂p+:

ऊǦ+ @Ǩ ǧ+ ‖Ǧ ′
⊝ऋ ੃∗

RǢ
ऊǦ+ ‖ǧ+ ⊙ Ǧ ′

⊝ऋ
ऊ�ǨǪ.Ǧ+ ‖ǧ+ ⊙ Ǧ ′

⊝ऋ ੃∗
RǢ

ऎǧ+ ∥�Ǫ.ऊǦ+ ‖Ǧ ′
⊝ऋए

In otter words we deine ror Ǧ+, ǧ+ posutuve terms nnd ǧ⊝ n nesntuve
term:

ऊ�ǨǪ.Ǧ+ | ≝ ऎ{�(Ǫ, �⟨.ऊǦ+ ‖�ऋ} ∣
|Ǧ+ ⊙ ǧ⊝ऋ ≝ ∣�{�}.ऎǦ+ ∥�Ǫ.ऊ�‖(Ǫ, ǧ⊝⟨ऋएओ

ऊǦ+ @Ǩ ǧ+ | ≝ ऎ��.ऊǦ+ ‖ǧ+ ⊙ �ऋ ∣

Proposition III.Ʀ. We have:

ऊ(�ǨǪ.Ǧ+⟨@Ǩ ǐ+ ‖ǧ⊝ऋ ੃∗
RǢ

ऊǦ+[ǐ+/Ǫ] ‖ǧ⊝ऋ
�ǨǪ.(ǐ+ @Ǩ Ǫ⟨ ≃REǢ

ǐ+

Proof. Indeed we tnve:

ऊ(�ǨǪ.Ǧ+⟨@Ǩ ǐ+ ‖ǧ⊝ऋ
੃RǢ

ऊ�ǨǪ.Ǧ+ ‖ǐ+ ⊙ ǧ⊝ऋ
੃RǢ

ऎǐ+ ∥�Ǫ.ऊǦ+ ‖ǧ⊝ऋए
੃RǢ

ऊǦ+[ǐ+/Ǫ] ‖ǧ⊝ऋ
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nnd:

�ǨǪ.(ǐ+ @Ǩ Ǫ⟨
= {�(Ǫ, �⟨.ख��.ऒǐ+ ∥�{�}.ऎǪ ∥�ǫ.ऊ�‖(ǫ, �⟨ऋएओ∥�ग}
→∗

RǢ
{�(Ǫ, �⟨.ऎǐ+ ∥�{�}.ऊ�‖(Ǫ, �⟨ऋए}

੃EǢ
�� .ऒ{�(Ǫ, �⟨.ऎǐ+ ∥�{�}.ऊ�‖(Ǫ, �⟨ऋए}∥�ओ

←RǢ
�� .खǐ+ ∥�ǫ.ऒ{�(Ǫ, �⟨.ऎǫ ∥�{�}.ऊ�‖(Ǫ, �⟨ऋए}∥�ओग

→EǢ
�� .चǐ+ ∥�{�}.ख{�}∥�ǫ.ऒ{�(Ǫ, �⟨.ऎǫ ∥�{�}.ऊ�‖(Ǫ, �⟨ऋए}∥�ओगछ

→∗
RǢ

�� .ऒǐ+ ∥�{�}.ऎ{�(Ǫ, �⟨.ऊ�‖(Ǫ, �⟨ऋ}∥�एओ
←∗

EǢ
ǐ+ ∎

èall-by-name abstraction and application

Also, ns we snw nlrendy, tte pnll-oy-nnme npplupntuon �Ǡ nnd nostrnp-
tuon @Ǡ pnn oe deruved oy solvuns tte rules or Kruvune’s nostrnpt
mnptune. de ndopt tte notntuon ऊ Ǧ⊝ ‖ Ǧ+ ऋ unstend or ऊ Ǧ+ ‖ Ǧ⊝ ऋ to
emptnsuze ttnt nesntuve terms nre now seen ns expressuons.

ऊǦ⊝ @Ǡ ǧ⊝ ‖ǐ+ऋ ੃∗
RǢ

ऊǦ⊝ ‖ǧ⊝ ՗ ǐ+ऋ
ऊ�Ǡ�.Ǧ⊝ ‖ǧ⊝ ՗ ǐ+ऋ ੃∗

RǢ
ऊǦ⊝[ǧ⊝/�] ‖ǐ+ऋ

hus, suven Ǧ⊝, ǧ⊝ nesntuve terms nnd ǐ+ n posutuve vnlue or Lpol,t̂p+ ,
we deine:

ऊ�Ǡ�.Ǧ⊝ | ≝ ऎ�(�, Ǫ⟨.ऊǦ⊝ ‖Ǫऋ ∣
|Ǧ⊝ ՗ ǐ+ऋ ≝ |(Ǧ⊝, ǐ+⟨ऋ

ऊǦ⊝ @Ǡ ǧ⊝ | ≝ ऎ�Ǫ.ऊǦ⊝ ‖ǧ⊝ ՗ Ǫऋ ∣
Followuns our ponventuons, nesntuve vnrunoles nre wruten �, � nnd
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ttererore tte pnll-oy-nnme nostrnptuon us wruten ��. hus notntuon nt
odds wutt tte trndutuon us n ponsequenpe or tte ropus or ttus ptnpter
on tte dustunptuon oetween posutuve nnd nesntuve vnrunoles rntter
ttnn tte one oetween vnrunoles nnd po-vnrunoles.

Generic abstration and application

Notupe ttnt oott deinutuons or nostrnptuon nnd npplupntuon stem
rrom tte more senernl deinutuon:

ऊ��.Ǧ | ≝ ऎ�(�, �′⟨.ऊǦ ‖�′ऋ ∣
ऊǦ ǧ | ≝ ऒ��′.ऎǧ∥��.ऊǦ ‖(�, �′⟨ऋए ∣

oy nppropruntely poerpuns tte polnrutues.

III.Ǖ.ǖ Top-level context

he nesntuve term t̂p term us used to model tte top-level pontext
(wten seen ns n posutuve pontext). It pnn oe oound un n spepunl wny
oy tte ounder �t̂p.Ǘ. Tosetter ttey nre used to umplement pontrol
delumuters. he operntor �t̂p duffers rrom n ounder �� oepnuse t̂p us not
n stnndnrd vnrunole. hererore ut us not suovept to stnndnrd rennmuns
ponventuons nor suovept to n pnpture-nvouduns suostututuon. Alsoऊ�t̂p.Ǘ ‖ Ǧ⊝ऋ us not nlwnys n redex. Reduptuon us possuole only wten Ǘ us
or tte rorm ऊǐ+ ‖ t̂pऋ:

(�t̂p⟨ �t̂p.ऊǐ+ ‖ t̂pऋ ੃RǢ
ǐ+

Bepnuse tte ounduns us not stnndnrd, ttus rule us npplued even ur t̂p

nppenrs un ǐ+.
he ounder �t̂p.Ǘ us used to deine nostrnpt mnptunes ns pnurs Ǘ[�] or

n pommnnd Ǘ nnd n lust � = (Ǧ1
⊝,… , ǦǠ

⊝⟨ or nesntuve terms, unduptuvely
ns rollows:

✄

✂

�

✁

Ǘ[] ≝ Ǘ
Ǘ[Ǧ1

⊝,… , ǦǠ
⊝] ≝ ऊ�t̂p.Ǘ ‖ Ǧ1

⊝ऋ[Ǧ2
⊝,… , ǦǠ

⊝]
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he operntor �t̂p ttererore porresponds to tte operntuon ttnt lets tte
lust srow. Note ttnt tte deinutuon does not yueld unuqueness or tte
depomposutuon or n pommnnd Ǘ under tte rorm Ǘ′[�].

he lust � us nppessed wten tte vnrunole t̂p pomes un tend posutuon,
ttnt us to sny, us enpountered nsnunst n vnlue ǐ+. Indeed tte rollowuns
expresses tte (�t̂p) rule:

ऊǐ+ ‖ t̂pऋ[Ǧ⊝, �] →RǢ
ऊǐ+ ‖ Ǧ⊝ऋ[�]

Also, tte rollowuns expnnsuons express tte rules (�t̂p) nnd (Ǘt̂p):
Ǘ[� , � ′] →EǢ

Ǘ[� , t̂p, � ′]
Ǘ[� , �ǣ.(Ǘ′[Ǧ⊝]⟨, � ′] →EǢ

Ǘ[� , �ǣ.Ǘ′, Ǧ⊝, � ′]

de ootnun Dnnvy nnd Fulunsku’s stut nnd reset oy solvuns tte rol-
lowuns equntuons:

ऊԦ ‖�Ǫ.Ǧ+ ⊙ Ǧ⊝ऋ[ǧ⊝, �] ੃RǢ
ऊǦ+[kǦ⊝/Ǫ] ‖ǧ⊝ऋ[�]

ऊkǦ⊝ ‖ǐ+ ⊙ ǧ⊝ऋ[�] ੃RǢ
ऊǐ+ ‖ Ǧ⊝ऋ[ǧ⊝, �]

ऊ<Ǧ+>‖Ǧ⊝ऋ[�] ੃RǢ
ऊǦ+ ‖ t̂pऋ[Ǧ⊝, �]

In otter words we deine:

ऊkǦ⊝ | ≝ ऎ�ǨǪ.�t̂p.ऊǪ ‖Ǧ⊝ऋ ∣
ऊԦ | ≝ ऎ�Ǫ.��.ऊǪ ‖kǦ⊝

⊙ t̂pऋ ∣
ऊ<Ǧ+> | ≝ ऎ�t̂p.ऊǦ+ ‖ t̂pऋ ∣

de tnve oy deinutuon:

ऊ<ǐ>‖Ǧ⊝ऋ ੃RǢ
ऊǐ ‖ Ǧ⊝ऋ

Also, let | Ǧ⊝(�⟨ ऋ oe nny nesntuve term ttnt tns nn ndvount posutuve
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term ऊƿ(Ǫ⟨ | un tte rollowuns sense:

ऊƿ(Ǫ⟨‖�ऋ ੃∗
RǢ

ऊǪ ‖ Ǧ⊝(�⟨ऋ
Ԧ nnd < ՗ > umplement Dnnvy nnd Fulunsku’s stut nnd reset un tte
rollowuns sense:

Proposition III.Ƨ. One has:

ऊ<ƿ(Ԧ @Ǩ �Ǫ.Ǧ+⟨>‖ǧ⊝ऋ →∗
RǢ

ऊ<Ǧ+[kǦ⊝⟩t̂p)/Ǫ]> ‖ǧ⊝ऋ
kǦ⊝⟩t̂p) ≃REǢ

�ǫ.<ƿ(ǫ⟨>
Proof. Indeed, we tnve:

ऊ<ƿ(Ԧ @Ǩ �Ǫ.Ǧ+⟨>‖ǧ⊝ऋ
= ऊƿ(Ԧ @Ǩ �Ǫ.Ǧ+⟨‖ t̂pऋ[ǧ⊝]
→∗

RǢ
ऊԦ @Ǩ �Ǫ.Ǧ+ ‖ Ǧ⊝(t̂p⟨ऋ[ǧ⊝]

→RǢ
ऊԦ ‖�Ǫ.Ǧ+ ⊙ Ǧ⊝(t̂p⟨ऋ[ǧ⊝]

→RǢ
ऊ�Ǫ.Ǧ+ ‖kǦ⊝⟩t̂p) ⊙ t̂pऋ[ǧ⊝]

→RǢ
ऊǦ+[kǦ⊝⟩t̂p)/Ǫ] ‖ t̂pऋ[ǧ⊝]

= ऊ<Ǧ+[kǦ⊝⟩t̂p)/Ǫ]>‖ǧ⊝ऋ
nnd:

ऊkǦ⊝⟩t̂p) ‖ǐ ⊙ ǧ⊝ऋ
੃RǢ

ऊǐ ‖ Ǧ⊝(t̂p⟨ऋ[ǧ⊝]
ੂ∗
RǢ

ऊƿ(ǐ⟨ ‖ t̂pऋ[ǧ⊝]
= ऊ<ƿ(ǐ⟨>‖ǧ⊝ऋ
ੂ∗
RǢ

ऊ�ǫ.<ƿ(ǫ⟨> ‖ǐ ⊙ ǧ⊝ऋ
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hus oy extensuonnluty (Proposutuon III.Ʀ) we tnve undeed:

kǦ⊝⟩t̂p) ≃REǢ
�ǫ.<ƿ(ǫ⟨> ∎

III.Ǖ.Ǘ The èPS translation

he untrodupe un Fusure III.Ƨ on tte next pnse tte pnlpulus λ0v . It
serves ns tte tnrset or nll tte CPS trnnslntuons or tte ptnpter. he
CPS trnnslntuon or Lpol,t̂p+ unto λ0v us deined un Fusure III.ƨ on
pnse ƥƪƭ.

de wrute tte nostrnptuon ror n pnur ns rollows:

�(Ǫ, ǫ⟨.Ǧ ≝ �Ǭ.let (Ǫ, ǫ⟨ be Ǭ in Ǧ .
Also, some depomposutuons nre souns to oe stnted modulo tte lunenr
reduptuons ੃admin ttnt we pnll ndmunustrntuve. As n ponsequenpe or
tte rollowuns lemmn, tte reduptuon ੃admin�

us redundnnt rrom tte
pount or vuew or equuvnlenpes.

Lemma III.ƨ. In λ×v , for any Ǉ, ǈ we have:

(�ǣ.Ǉ⟨ ǈ ≃REǢ
let ǣ beǈ inǇ

Proof. Indeed we tnve:

(�ǣ.Ǉ⟨ ǈ
→E�

(�ǣ.Ǉ⟨ (let ǣ beǈ in ǣ⟨
੃E�

let ǣ beǈ in (�ǣ.Ǉ⟨ ǣ
→R�

let ǣ beǈ inǇ ∎

Corollary III.Ʃ. If Ǉ ੃admin�
ǈ, then Ǉ ≃RE�

ǈ.

de now stnte ttnt tte trnnslntuon us suostututuve:

Lemma III.ƪ. For Ǣ a command or a term, Ǫ and � variables, ǐ a
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ǐ, ǐ ′ ⩴ Ǫ ∣ �Ǫ.Ǉ ∣ (ǐ, ǐ ′⟨
Ǉ, ǈ ⩴ ǐ ∣ Ǉ ǈ ∣ let Ǫ beǇ inǈ ∣ let (Ǫ, ǫ⟨ beǇ inǈ

șaȚ Syntax

(�Ǫ.Ǉ⟨ ǐ ੃R�
Ǉ[ǐ/Ǫ]

let Ǫ beǐ inǇ ੃R�
Ǉ[ǐ/Ǫ]

let (Ǫ, ǫ⟨ be (ǐ, ǐ ′⟨ inǇ ੃R�
Ǉ[ǐ/Ǫ, ǐ ′/ǫ]

șbȚ Reductions

ƿ□ ⩴ let ǣ be□ inǇ ∣ let ǣ beǇ in□ ∣□Ǉ ∣ Ǉ□

wtere ǣ stnnds ror Ǫ nnd (Ǫ, ǫ⟨.
șcȚ Linear evaluation contexts

ǐ ੃E�
�Ǫ.(ǐ Ǫ⟨

Ǉ ੃E�
let ǣ beǇ in ǣ

ƿ[let ǣ beǇ in ǧ] ੃E�
let ǣ beǇ inƿ[ǧ]

�Ǫ.let ǣ beǐ inǇ ੃E�
let ǣ beǐ in �Ǫ.Ǉ

șdȚ Expansions

(�Ǫ.ǈ⟨ Ǉ ੃admin�
let Ǫ beǇ inǈ

let Ǫ beǇ inƿ[Ǫ] ੃admin�
ƿ[Ǉ]

șeȚ Administrative reduction

Figure III.ǖ: The call-by-value calculus with pairs λ×v.
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ŋaŀࡆǪࡇ ≝ Ǫ
ŋaŀࡆ(ǐ, ǐ ࡇ⟩′ ≝ (ŋaŀࡆǐࡇ, ŋaŀࡆǐ ⟩ࡇ′

ŋaŀࡆ{Ǧ⊝}ࡇ ≝ ķńňࡆǦ⊝ࡇ
ŋaŀࡆǦ⊝ࡇ ≝ ķńňࡆǦ⊝ࡇ

șaȚ Translation ŋaŀࡆ՗ࡇ ∶ ǐ ↦ ǐ
ķńňࡆǐ+ࡇ(Ǉ⟨ ≝ Ǉ ŋaŀࡆǐ+ࡇ

ķńňࡆ��.Ǘࡇ(Ǉ⟨ ≝ let � beǇ inķńňࡆǗࡇ
ķńňࡆ�t̂p.Ǘࡇ(Ǉ⟨ ≝ Ǉ ķńňࡆǗࡇ
șbȚ Translation ķńňࡆ՗ࡇ(Ǉ⟨ ∶ Ǧ+ ↦ Ǉ

ķńňࡇ�ࡆ ≝ �

ķńňࡆt̂pࡇ ≝ �Ǫ.Ǫ
ķńňࡆ�Ǫ.Ǘࡇ ≝ �Ǫ.ķńňࡆǗࡇ

ķńňࡆ�(�, �′⟨.Ǘࡇ ≝ �(�, �′⟨.ķńňࡆǗࡇ
ķńňࡆ�{�}.Ǘࡇ ≝ ��.ķńňࡆǗࡇ

șcȚ Translation ķńňࡆ՗ࡇ ∶ Ǧ⊝ ↦ ǐ
ķńňࡆऊǦ+ ‖ǧ⊝ऋࡇ ≝ ķńňࡆǦ+ࡇ(ķńňࡆǧ⊝ࡇ⟨

șdȚ Translation ķńňࡆ՗ࡇ ∶ Ǘ ↦ Ǉ
Figure III.Ǘ: The translation ķńňࡆ՗ࡇ from Lpol,t̂p+ to λ

×
v.
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value, ǐ+ a positive value and Ǧ⊝ a negative term, one has:

ŋaŀࡆǐ[ǐ+/Ǫ]ࡇ = ŋaŀࡆǐࡇ[ŋaŀࡆǐ+ࡇ/Ǫ]
ķńňࡆǢ[ǐ+/Ǫ]ࡇ = ķńňࡆǢࡇ[ŋaŀࡆǐ+ࡇ/Ǫ]
ķńňࡆǢ[Ǧ⊝/�]ࡇ = ķńňࡆǢࡇ[ķńňࡆǦ⊝ࡇ/�]

(In the case of Ǣ = Ǧ+, equality is meant point-wise.)
Proof. Follows from n strnusttforwnrd unduptuon over ǐ nnd Ǣ. ∎

As n ponsequenpe we tnve:

Proposition III.ƫ. he translation ķńňࡆ՗ࡇ ∶Lpol,t̂p⊝ → λ×v is a simulation:
if Ǘ →RǢ

Ǘ′ then ķńňࡆǗࡇ →+
R�

ķńňࡆǗ′ࡇ.
Proof. he result tolds for ੃RǢ

oy pnse nnnlysus. In pnrtupulnr we tnve:

ķńňࡆऎ�t̂p.ऊǐ+ ‖ t̂pऋ ∥ Ǧ⊝एࡇ = ķńňࡆǦ⊝ࡇ (�Ǫ.Ǫ ŋalࡆǐ+ࡇ⟨
→R�

ķńňࡆǦ⊝ࡇ ŋalࡆǐ+ࡇ
= ķńňࡆऊǐ+ ‖ Ǧ⊝ऋࡇ

de ponplude oy unduptuon on tte deinutuon of →RǢ
. ∎

Proposition III.Ƭ. he translation ķńňࡆ՗ࡇ ∶ Lpol,t̂p+ → λ×v preserves
equivalences:

• if Ǧ ≃REǢ
Ǧ ′ then ķńňࡆǦࡇ(Ǉ⟨ ≃RE�

ķńňࡆǦ ⟩Ǉ)ࡇ′ for all terms Ǉ.

• if Ǘ ≃REǢ
Ǘ′ then ķńňࡆǗࡇ ≃RE�

ķńňࡆǗ′ࡇ.
Proof. By Proposutuon III.ƫ we nre let wutt provuns ttnt uf Ǣ ੃EǢ

Ǣ tten

ķńňࡆǦࡇ ≃RE�
ķńňࡆǧࡇ. Case of the rule (c

t̂p
). de tnve to stow:

ķńňࡆऎǑ ∥�ǣ.ऊ�t̂p.Ǘ ‖Ǧ⊝ऋएࡇ ≃RE�
ķńňࡆऎ�t̂p.ऊǑ ‖�ǣ.Ǘऋ ∥ Ǧ⊝एࡇ

wtere ǣ us Ǫ, {�} or (�, �′⟨ nnd wtere Ǒ us ǐ+ or �t̂p.Ǘ′. de tnve:

ķńňࡆऎǑ ∥�ǣ.ऊ�t̂p.Ǘ ‖Ǧ⊝ऋएࡇ = ķńňࡆǑࡐࡇ�ǣ.(ķńňࡆǦ⊝ࡇ ķńňࡆǗࡑ⟩ࡇ
ķńňࡆऎ�t̂p.ऊǑ ‖�ǣ.Ǘऋ ∥ Ǧ⊝एࡇ = ķńňࡆǦ⊝ࡇ ķńňࡆǑࡇ(�ǣ.ķńňࡆǗࡇ⟨
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ǣ us Ǫ, � or (�, �′⟨ un tte tnrset.
de tnve eutter ķńňࡆǑࡇ(Ǉ⟨ = Ǉ ŋalࡆǐࡇ uf Ǒ = ǐ, or ķńňࡆ�t̂p.Ǘࡇ(Ǉ⟨ =Ǉ ķńňࡆǗࡇ uf Ǒ = �t̂p.Ǘ. Let us denl wutt oott pnses nt onpe oy tnkuns ǈ

supt ttnt ķńňࡆǑࡇ(Ǉ⟨ = Ǉ ǈ. de tnve:

ķńňࡆऎǑ ∥�ǣ.ऊ�t̂p.Ǘ ‖Ǧ⊝ऋएࡇ
= �ǣ.(ķńňࡆǦ⊝ࡇ ķńňࡆǗࡇ⟨ ǈ
≃RE�

let ǣ beǈ inķńňࡆǦ⊝ࡇ ķńňࡆǗࡇ
ੂE�

ķńňࡆǦ⊝ࡇ (let ǣ beǈ inķńňࡆǗࡇ⟨
≃RE�

ķńňࡆǦ⊝ࡇ (�ǣ.ķńňࡆǗࡇ ǈ⟨
= ķńňࡆऎ�t̂p.ऊǑ ‖�ǣ.Ǘऋ ∥ Ǧ⊝एࡇ

he otter pnses nre strnusttforwnrd. ∎

III.Ǖ.ǘ The Ʉµt̂pǨ calculus
he sonl us to depompose tte CPS trnnslntuon or Aruoln, Heroelun
nnd Snory’s λµt̂pǨ pnlpulus [A”SǓǗ]. he pnlpulus us deined un Fus-
ure III.Ʃ on tte next pnse. Its CPS trnnslntuon us deined un Fus-
ure III.ƪ on pnse ƥƫƧ nlons tte lunes or Heroelun nnd Gtuleznn
[”“ǓǛ].Ʀ

Aruoln, Heroelun nnd Snory deine Ԧ nnd < ՗> ns rollows:

Ԧ Ǉ ≝ ��.[t̂p](Ǉ �Ǫ.�t̂p.[�] Ǫ⟨
<Ǉ> ≝ �t̂p.[t̂p] Ǉ

hey stow ttnt tte pnlpulus λµt̂pǨ us un nn equntuonnl porrespondenpe
wutt Knmeynmn nnd Hnsesnwn’s pomplete nxuomntusntuon [K”Ǔǖ] or
Dnnvy nnd Fulunsku’s stut nnd reset.
Ʀde duffer from [”“ǓǛ] essentunlly un tte trentment of ndmunus-

trntuve redexes. Heroelun nnd Gtuleznn deine ķńňvࡆǦ ǧࡇ(Ǉ⟨ =
ķńňvࡆǦࡐࡇ�Ǫ.ķńňvࡆǧࡇ(�ǫ.Ǫ(ǫ, Ǉ⟨⟨ࡑ nnd ķńňvࡆ��.Ǘࡇ(Ǉ⟨ = ķńňvࡆǗࡇ[Ǉ/�]. But
tten we lose tte fnpt ttnt Ǉ us used lunenrly. In pnrtupulnr ttus pnn lend to
duplupntuon of pode. Lunenruty un Ǉ us nepessnry uf we wnnt ttnt tte sepond
pnrt of tte depomposutuon soes well (Septuon III.Ƨ).
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ǐ ⩴ Ǫ ∣ �Ǫ.Ǧ Ǚ ⩴ � ∣ t̂p
Ǧ ⩴ ǐ ∣ Ǧ Ǧ ∣ �t̂p.Ǘ ∣ ��.Ǘ Ǘ ⩴ [Ǚ] Ǧ

șaȚ Values, terms, co-variables, commands.

(�Ǫ.Ǧ⟨ ǐ ੃RǨ
Ǧ[ǐ/Ǫ]

(��.Ǘ⟨ Ǧ ੃RǨ
��.Ǘ[[�] (□ Ǧ⟨/�] � frest

ǐ (��.Ǘ⟨ ੃RǨ
��.Ǘ[[�] (ǐ □⟨/�] � frest

[Ǚ] ��.Ǘ ੃RǨ
Ǘ[Ǚ/�]

�t̂p.[t̂p] ǐ ੃RǨ
ǐ even uf t̂p oppurs un ǐ

he structural substitution [[�] ƿ□/�]
replnpes nll oppurrenpes of tte form[�] Ǧ oy [�] ƿ[Ǧ].

șbȚ Reduction

Ǘ ੃EǨ
[t̂p] �t̂p.Ǘ

Ǧ ੃EǨ
��.[�] Ǧ

ǐ ੃EǨ
�Ǫ.(ǐ Ǫ⟨

(�Ǫ.�t̂p.[Ǚ] Ǧ⟨ (�t̂p.Ǘ⟨ ੃EǨ
�t̂p.[Ǚ] ((�Ǫ.Ǧ⟨ (�t̂p.Ǘ⟨⟨

(�Ǫ.��.[Ǚ] Ǧ⟨ ǧ ੃EǨ
��.[Ǚ] ((�Ǫ.Ǧ⟨ ǧ⟨

ƿǨ[Ǧ] ੃EǨ
(�Ǫ.ƿǨ[Ǫ]⟨ Ǧ

wtere ƿǨ □ ⩴ □ ∣ ƿǨ[□ Ǧ] ∣ ƿǨ[ǐ □].
șcȚ Expansions

Figure III.ǘ: The λµt̂pǨ calculus
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ŋaŀvࡆǪࡇ ≝ Ǫ
ŋaŀvࡆ�Ǫ.Ǧࡇ ≝ �(Ǫ, ǝ⟨.ķńňvࡆǦࡇ(ǝ⟨

șaȚ ŋaŀvࡆ՗ࡇ ∶ ǐ ↦ ǐ
ķńňvࡆ[�]Ǧࡇ ≝ ķńňvࡆǦࡇ(�⟨
ķńňvࡆ[t̂p] Ǧࡇ ≝ ķńňvࡆǦࡇ(�Ǫ.Ǫ⟨

șbȚ ķńňvࡆ՗ࡇ ∶ Ǘ ↦ Ǉ
ķńňvࡆǐࡇ(Ǉ⟨ ≝ Ǉ ŋaŀvࡆǐࡇ
ķńňvࡆǦ ǧࡇ(Ǉ⟨ ≝ let ǝ beǇ inķńňvࡆǦࡐࡇ�Ǫ.ķńňvࡆǧࡇ(�ǫ.Ǫ(ǫ, ǝ⟨⟨ࡑ
ķńňvࡆ��.Ǘࡇ(Ǉ⟨ ≝ let � beǇ inķńňvࡆǗࡇ
ķńňvࡆ�t̂p.Ǘࡇ(Ǉ⟨ ≝ Ǉ ķńňvࡆǗࡇ

șcȚ ķńňvࡆ՗ࡇ(Ǉ⟨ ∶ Ǧ ↦ Ǉ
Figure III.Ǚ: The translation ķńňvࡆ՗ࡇ of the λµt̂pǨ calculus

de deined un Septuon III.Ʀ.Ʀ tte pnll-oy-vnlue nostrnptuon nnd np-
plupntuon �Ǩ nnd @Ǩ. hus undupes n trnnslntuon ńŃňࡆ՗ࡇ rrom terms
nnd pommnnds or λµt̂pǨ to terms nnd pommnnds or Lpol,t̂p+:

✄

✂

�

✁

ńŃňࡆ՗ࡇ ∶ λµt̂pǨ → Lpol,t̂p+

(ut tnkes [Ǚ] to | Ǚ ऋ , Ǫ to Ǫ, �� to ��, �t̂p to �t̂p, �Ǫ to �ǨǪ nnd
npplupntuon to @Ǩ). de pnn notupe ttnt ttus trnnslntuon preserves our
deinutuons or Ԧ nnd < ՗>, wutt �Ǫ.�t̂p.[�] Ǫ plnyuns tte role or k� un
λµt̂pǨ. de nlso tnve:

Proposition III.ƭ. he translation ńŃňࡆ՗ࡇ preserves equivalences: ifǢ ≃REǨ
Ǣ′ then ńŃňࡆǢࡇ ≃REǢ

ńŃňࡆǢ′ࡇ where Ǣ is a term or a command.

Proof. It follows from tte onse pnses wtupt nre of tte form Ǣ ੃REǨ
Ǣ′.

Case ǐ ੃EǨ
�Ǫ.(ǐ Ǫ⟨. In Proposutuon III.Ʀ we proved �ǨǪ.(ǐ+ @Ǩ Ǫ⟨ ≃REǢ
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ǐ+.
Case (�Ǫ.�t̂p.[Ǚ] Ǧ⟨ (�t̂p.Ǘ⟨ ੃EǨ

�t̂p.[Ǚ] ((�Ǫ.Ǧ⟨ (�t̂p.Ǘ⟨⟨. hus nmounts to
stowuns:

ऒ�t̂p.Ǘ ∥�Ǫ.ऎ�t̂p.ऊńŃňࡆǦࡇ‖Ǚऋ∥�एओ ≃REǢ
ऒ�t̂p.ऎ�t̂p.Ǘ ∥�Ǫ.ऊńŃňࡆǦࡇ‖Ǚऋए ∥�ओ .

hus us nn unstnnpe of tte rule (pt̂p).
Case (�Ǫ.��.[Ǚ] Ǧ⟨ ǧ ੃EǨ

��.[Ǚ] ((�Ǫ.Ǧ⟨ ǧ⟨. hus nmounts to stowuns:

ऒńŃňࡆǧࡇ∥�Ǫ.ऎ��.ऊńŃňࡆǦࡇ‖Ǚऋ∥�एओ ≃REǢ
ऒ��.ऎńŃňࡆǧࡇ∥�Ǫ.ऊńŃňࡆǦࡇ‖Ǚऋए ∥�ओ

wtupt us ummedunte.
All tte otter pnses nre strnusttforwnrd. ∎

Proposition III.ƥƤ. he translation ķńňvࡆ՗ࡇ decomposes as follows: forǢ a command or a term of λµt̂pǨ, we have ķńň Ҫ ńŃňࡆǢࡇ = ķńňvࡆǢࡇ.
Proof. By n strnusttforwnrd unduptuon on Ǣ. In pnrtupulnr we tnve undeed:

ŋalࡆńŃňࡆ�Ǫ.Ǧࡇࡇ
= ŋalࡆ{�(Ǫ, �⟨.ऊńŃňࡆǦࡇ‖�ऋ}ࡇ
= �(Ǫ, �⟨.ķńň ҪńŃňࡆǦࡇ(�⟨

nnd:

ķńňࡆńŃňࡆǦ ǧࡇࡇ(Ǉ⟨
= ķńňࡆ��.ऒńŃňࡆǦࡇ∥�{�}.ऎńŃňࡆǧࡇ∥�Ǫ.ऊ�‖(Ǫ, �⟨ऋएओࡇ(Ǉ⟨
= let � beǇ inķńň ҪńŃňࡆǦࡐࡇ��.ķńň ҪńŃňࡆǧࡇ(�Ǫ.� (Ǫ, ࡑ⟩⟩� ∎

hus proves ttnt tte irst dunsrnm or our depomposutuon pom-
mutes.

λµt̂pǨ

ķńňvࡆ՗ࡇ
��

ńŃňࡆ՗ࡇ
// Lpol,t̂p+

ķńňࡆ՗ࡇ
||②②
②
②
②
②
②
②
②
②
②
②
②
②

λ0v
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de tnve ttererore reponstrupted tte rollowuns result:

Corollary III.ƥƥ. he translation ķńňvࡆ՗ࡇ ∶ λµt̂pǨ → λ×v preserves equi-
valences:

• If Ǧ ≃REǨ
Ǧ ′ then ķńňvࡆǦࡇ(Ǉ⟨ ≃RE�

ķńňvࡆǦ ⟩Ǉ)ࡇ′ for all terms Ǉ.

• If Ǘ ≃REǨ
Ǘ′ then ķńňvࡆǗࡇ ≃RE�

ķńňvࡆǗ′ࡇ.
de pome plose to tnvuns n sumulntuon result ns well, out do not, ns

us stnndnrd wutt tte strupturnl suostututuon [[�] ƿ□/�] used un tte
pnlpulus λµt̂pǨ.

III.Ǖ.Ǚ The design space of call-by-name delimited

control

Implementuns delumuted pontrol operntors un pnll oy nnme, onsed on
tte pnlpulus Lpol,t̂p+ , nmounts to induns wnys or letuns tte �t̂p nnd t̂p

operntors unternpt wutt tte terms or tte pnll-oy-nnme pnlpulus. he
ptnllense resudes un tte rnpt ttnt �t̂p tns n posutuve polnruty, wtule we
would luke to use ut to ound n posutuve vnlue representuns n stnpk. de
tnve to umnsune wnys or untesrntuns �t̂p nnd t̂p tosetter wutt pnll-oy-
nnme nostrnptuons nnd npplupntuons. de pount rour dustunpt wnys.

ǔȚ Simulating call by name in call by value
de pnn re-deine nostrnptuon nnd npplupntuon ns posutuve terms, oy
sumulntuns pnll oy nnme unto pnll oy vnlue usuns ttunks (see Hntpluff
nnd Dnnvy [”éǜǚ]). hus lends to Buernnpkn nnd Buernnpku’s pnll-
oy-nnme vnrunnt or stut nnd reset [BBǓǜ]. As us well known, due
to mnters orttosonnl to delumuted pontrol, ttus model us not exten-
suonnl.

ǕȚ èasting stacks into negative terms
hus solutuon enpodes pnll oy nnme wutt �Ǡ nnd @Ǡ. he top-level
pontext t̂p us oound to n posutuve vnlue ǐ+ representuns n stnpk oy
pnstuns ut unto n nesntuve term, ns rollows:

ऎ�t̂p.Ǘ ∥�{�}.ऊǐ+ ‖�ऋए
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hus sussests ttnt we deine n nesntuve term �t̂p⊝.Ǘ nnd n posutuve
term t̂p

⊝ oy solvuns tte rollowuns equntuons:

ऊ�t̂p⊝.Ǘ ‖ǐ+ऋ ੃∗
RǢ

Ǘ[�{�}.ऊǐ+ ‖�ऋ]
ऊǦ⊝ ‖ t̂p⊝ऋ[�{�}.ऊǐ+ ‖�ऋ] ੃∗

RǢ
ऊǦ⊝ ‖ǐ+ऋ

In otter words, suven Ǧ⊝ n nesntuve term nnd Ǘ n pommnnd or Lpol,t̂p+ ,
we deine:

ऊ�t̂p⊝.Ǘ | ≝ ऒ�Ǫ.ऎ�t̂p.Ǘ∥�{�}.ऊ�‖Ǫऋए ∣
| t̂p⊝ऋ ≝ ∣��.ऊ{�}‖ t̂pऋए

dutt ttese deinutuons, tte pontrol delumuter us vnpuous:

<Ǧ⊝>⊝ ≝ �t̂p⊝.ऊǦ⊝ ‖ t̂p⊝ऋ
ऊ<Ǧ⊝>⊝ ‖ǐ+ऋ ੃RǢ

ऒ�t̂p.ऎǦ⊝ ∥��.ऊ{�}‖ t̂pऋए∥�{�}.ऊ�‖ǐ+ऋओ
→RǢ

ऎ�t̂p.ऊ{Ǧ⊝}‖ t̂pऋ ∥�{�}.ऊ�‖Ǫऋए
੃RǢ

ऎ{Ǧ⊝} ∥�{�}.ऊ�‖Ǫऋए
੃RǢ

Ǧ⊝

As we wull see un tte next septuon, ttus suves tte pontununtuon-
pnssuns-style trnnslntuon or Heroelun nnd Gtuleznn’s λµt̂pǠ pnlpu-
lus [”“ǓǛ].

ǖȚ Un-casting stacks unto negative terms

Alternntuvely, nsnun un tte pontext or �Ǡ nnd @Ǡ, we pnn ound t̂p to n
posutuve vnlue ǐ+ representuns n stnpk oy un-pnstuns ut ns n nesntuve
term, ns rollows: ऎ�{�}.ऊ�t̂p.Ǘ ‖�ऋ∥ǐ+ए
hus mnkes sense only ur we nssume ttnt ut us or tte rorm {Ǧ⊝}. One
renson ror supt n stnpk {Ǧ⊝} to pome up us ur we ponsuder, tosetter
wutt �Ǡ nnd @Ǡ, posutuve ponstnnts Ǡ,… or some onse type. hese
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ponstnnts nre pnst un n nesntuve setuns under tte rollowuns rorm:

̄Ǡ ≝ �{�}.ऊǠ‖�ऋ
hus, tte pontexts or ̄Ǡ nre undeed or tte rorm {Ǧ⊝}.

hus sussests ttnt we deine operntors t̂p
⊝′

nnd �t̂p⊝′

oy solvuns tte
rollowuns equntuons:

ऊ ̄Ǡ‖ t̂p⊝′ऋ[Ǧ⊝] ੃∗
RǢ

ऊǠ ‖ Ǧ⊝ऋ
ऊ�t̂p⊝′

.Ǘ ‖{Ǧ⊝}ऋ ੃∗
RǢ

Ǘ[Ǧ⊝]
In otter words we deine:

| t̂p⊝′ऋ ≝ |{t̂p}ऋ
ऊ�t̂p⊝′

.Ǘ | ≝ ऎ�{�}.ऊ�t̂p.Ǘ ‖�ऋ ∣
hus deines n pontrol delumuter ns rollows:

<Ǧ⊝>⊝′ ≝ �t̂p⊝′

.ऊǦ⊝ ‖ t̂p⊝′ऋ
hus delumuter us not vnpuous sunpe we tnve:

ऊ< ̄Ǡ>⊝′ ‖ǐ+ऋ ੃∗
RǢ

ऊ ̄Ǡ ‖ǐ+ऋ
out <Ǧ⊝>⊝′ ror Ǧ⊝ ≠ ̄Ǡ irst pomputes Ǧ⊝. However, < ՗>⊝′ us deined
only on terms or nn npproprunte type, sunpe tte rollowuns term us
stupk: ऊ<Ǧ⊝>⊝′ ‖Ǧ⊝ ՗ ǐ+ऋ

he ponstruptors �Ǡ nnd @Ǡ tosetter wutt tte operntors t̂p
⊝′

nnd �t̂p⊝′

porrespond to n system despruoed oy Knmeynmn nnd
Tnnnkn [KTǔǓ, Section Ǜ] wtere ttey nlrendy note ttnt “a reset-term is
restricted to be of basic types”.
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ǗȚ éualising

Lnstly, sunpe t̂p us nesntuve nnd �t̂p us posutuve, we pnn ponsuder tte
rormer ns nn expressuon nnd tte lnter ns n pontext. hus menns
ttnt �t̂p ounds expressuons un pnll oy nnme. hus, t̂p us n lunenr read
operntuon:

ऊt̂p‖ǐ+ऋ[Ǧ⊝] ੃∗
RǢ

ऊǦ⊝ ‖ǐ+ऋ
he �t̂p pontext umplements n store operntuon:

ऊstore Ǧ⊝ inǧ⊝ ‖ǐ+ऋ ੃∗
RǢ

ऊǧ⊝ ‖ǐ+ऋ[Ǧ⊝]
Indeed, we pnn solve tte noove equntuon nnd ootnun:

ऊstore Ǧ⊝ inǧ⊝ | ≝ ऒ��.ऎǦ⊝ ∥�t̂p.ऊǧ⊝ ‖�ऋए ∣
he pnll-oy-nnme λ pnlpulus wutt read nnd store operntuons nppenrs
to oe new. It porresponds to tte dunl or shit nnd reset. (here us
n rormnl dunluty oetween stnte nnd expeptuons despruoed oy Dumns,
Duvnl, Fousse nnd Reynnud [ééFRǔǕ], out no rormnl pompnruson tns
oeen estnolusted yet.)

III.Ǖ.ǚ The Ʉµt̂pǠ calculus
In ttus septuon we nnnlyse un more detnuls tte CPS trnnslntuon or
Heroelun nnd Gtuleznn’s λµt̂pǠ pnlpulus [”“ǓǛ]. de deine n vnrunnt
ttnt sntusies tte snmeƧ trnnslntuon un Fusure III.ƫ on tte next pnse.
he sonl us to depompose tte trnnslntuon ttroust tte pnlpulus Lpol,t̂p+ ,
usuns tte pnll-oy-nnme nostrnptuon nnd npplupntuon �Ǡ nnd @Ǡ rrom
Septuon III.Ʀ.Ʀ, ns well ns tte operntors t̂p⊝ nnd �t̂p⊝ rrom tte prevuous
septuon.

Ƨde duffer from [”“ǓǛ] un ttnt we npplued nn � expnnsuon un tte deinutuon
of ķńňnࡆ�t̂p⊝.Ǘࡇ. hus lenves tte denotntuonnl semnntups of Heroelun nnd
Gtuleznn unptnnsed wten tte tnrset pnlpulus us un pnll oy nnme, out ut us
umportnnt for mennunsfulness wten tte tnrset us un pnll oy vnlue.
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Ǧ ⩴ � ∣ ��.Ǧ ∣ Ǧ Ǧ ∣ �t̂p⊝.Ǘ ∣ �Ǫ.Ǘ
Ǘ ⩴ [Ǫ] Ǧ ∣ [t̂p⊝] Ǧ
șaȚ Terms and commands

Ǧ ੃EǠ
�Ǫ.[Ǫ] Ǧ

Ǧ ੃EǠ
��.(Ǧ �⟨

șbȚ Expansions

(��.Ǧ⟨ ǧ ੃RǠ
Ǧ[ǧ/�]

(�Ǫ.Ǘ⟨ Ǧ ੃RǠ
�ǫ.Ǘ[[ǫ] (□ Ǧ⟨/Ǫ] ǫ rrest

[ǫ] �Ǫ.Ǘ ੃RǠ
Ǘ[ǫ/Ǫ]

�t̂p⊝.[t̂p⊝] Ǧ ੃RǠ
Ǧ even ur t̂p⊝ oppurs un Ǧ

șcȚ Reductions

Figure III.ǚ: The λµt̂pǠ calculus

ķńňnࡇ�ࡆ ≝ �

ķńňnࡆ��.Ǧࡇ ≝ �(�, Ǫ⟨.ķńňnࡆǦࡇǪ
ķńňnࡆǦ ǧࡇ ≝ �Ǫ.ķńňnࡆǦࡇ(ķńňnࡆǧࡇ, Ǫ⟨
ķńňnࡆ�Ǫ.Ǘࡇ ≝ �Ǫ.ķńňnࡆǗࡇ
ķńňnࡆ�t̂p⊝.Ǘࡇ ≝ �Ǫ.(ķńňnࡆǗࡇǪ⟨

șaȚ ķńňnࡆ՗ࡇ ∶ Ǧ ↦ ǐ
ķńňnࡆ[Ǫ]Ǧࡇ ≝ ķńňnࡆǦࡇǪ
ķńňnࡆ[t̂p⊝] Ǧࡇ ≝ ķńňnࡆǦࡇ

șbȚ ķńňnࡆ՗ࡇ ∶ Ǘ ↦ Ǧ
Figure III.Ǜ: The translation ķńňnࡆ՗ࡇ of the λµt̂pǠ calculus
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he CPS trnnslntuon us deined un Fusure III.Ƭ on tte prepeduns
pnse nnd us onsed on Lnront, Reus nnd Streupter’s model wtupt we
tnve nlrendy seen. Or pourse, oy ptnnsuns tte tnrset or n trnnslntuon
we ptnnse tte denotntuonnl semnntups. In [”“ǓǛ], tte tnrset or tte
trnnslntuon us un pnll oy nnme wtule tere ut us replnped oy λ0v . hus
tte pnlpulus us slusttly dufferent.ƨ de stould note towever ttnt tte
λµt̂pǠ pnlpulus us not deined oy uts denotntuonnl semnntups (un otter
words oy tte tnrset or tte trnnslntuon) out us deined ns tte result or
n pnrtupulnr wny or solvuns prutupnl pnurs un n non-determunustup λµt̂p
pnlpulus. Now, tte vnrunnt vnludntes tte snme rules or reduptuons. In
otter words, we pnn nssopunte dufferent pnlpulu to n pnrtupulnr wny or
solvuns prutupnl pnurs un Heroelun nnd Gtuleznn’s mettodolosy.

Repnll ttnt we deined tte pnll-oy-nnme npplupntuon nnd nostrnp-
tuon �Ǡ nnd @Ǡ un Septuon III.Ʀ.Ʀ, ns well ns tte operntors t̂p

⊝ nnd�t̂p⊝ un tte prevuous septuon. here us n strnusttrorwnrd trnnslntuon
łĹĻࡆ՗ࡇ rrom terms nnd pommnnds or λµt̂pǠ to terms nnd pommnnds
or Lpol,t̂p+ , ttnt tnkes ut tnkes � to �Ǡ, npplupntuon to @Ǡ, �t̂p⊝to �t̂p⊝, �

to �, �Ǫ to �Ǫ nnd [Ǚ] Ǧ to ऊǦ ‖Ǚऋ.
łĹĻࡆ՗ࡇ ∶ λµt̂pǠ → Lpol,t̂p+

de tnve:

Proposition III.ƥƦ. he translation łĹĻࡆ՗ࡇ preserves equivalences: ifǢ ≃REǠ
Ǣ′ then łĹĻࡆǢࡇ ≃REǢ

łĹĻࡆǢ′ࡇ where Ǣ is a term or a command.

Proof. Immedunte from wtnt we tnve seen; un pnrtupulnr from tte prevu-
ous septuon we tnve �t̂p⊝.ऊǦ⊝ ‖ t̂p⊝ऋ ≃REǢ

Ǧ⊝. ∎

Proposition III.ƥƧ. he translation ķńňnࡆ՗ࡇ decomposes as follows: for
any Ǣ a command or a term of λµt̂pǠ, we have ķńň Ҫ łĹĻࡆǢࡇ →∗

admin�

ķńňnࡆǢࡇ.
ƨhe trnnslntuon no lonser vnludntes tte nddutuonnl equntuon [t̂p⊝] �t̂p⊝.Ǘ ≃ Ǘ

suven un [”“ǓǛ].
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Proof. By n strnusttforwnrd unduptuon on Ǣ. In pnrtupulnr we tnve:

ķńň ҪłĹĻࡆ��.Ǧࡇ
= ķńňࡆ�(�, Ǫ⟨.ऊłĹĻࡆǦࡇ‖Ǫऋࡇ
= �(�, Ǫ⟨.(ķńň ҪłĹĻࡆǦࡇ Ǫ⟨
ķńň ҪłĹĻࡆǦ ǧࡇ
= ķńňࡆ�Ǫ.ऊłĹĻࡆǦࡇ‖łĹĻࡆǧࡇ ՗ Ǫऋࡇ
= �Ǫ.(ķńň ҪłĹĻࡆǦࡇ (ķńň ҪłĹĻࡆǧࡇ, Ǫ⟨⟨
ķńň ҪłĹĻࡆ[t̂p⊝] Ǧࡇ
= ķńňࡆऎłĹĻࡆǦࡇ ∥��.ऊ{�}‖ t̂pऋएࡇ
= let � bełĹĻࡆǦࡇ in (�Ǫ.Ǫ⟨ �

੃∗
admin�

ķńň ҪłĹĻࡆǦࡇ
ķńň ҪłĹĻࡆ�t̂p⊝.Ǘࡇ
= ķńňࡆ�Ǫ.ऎ�t̂p.łĹĻࡆǗࡇ∥�{�}.ऊ�‖Ǫऋएࡇ
= �Ǫ.((�ǝ.ǝ Ǫ⟨ķńň ҪłĹĻࡆǗࡇ⟨
→∗

admin�
�Ǫ.ķńň ҪłĹĻࡆǗࡇ Ǫ ∎

hus proves ttnt tte dunsrnm representuns tte sepond depomposu-
tuon pommutes:

λµt̂pǠ

ķńňnࡆ՗ࡇ
��

łĹĻࡆ՗ࡇ
// Lpol,t̂p+

ķńňࡆ՗ࡇ
||②②
②
②
②
②
②
②
②
②
②
②
②
②

λ0v

he result pould oe entnnped unto n strupt depomposutuon oy repln-
puns ੃admin�

oy n trentment or ndmunustrntuve reduptuons sumulnr to
Septuon IV.ƨ.Ʀ. However, ttus would requure to ndnpt tte trnnslntuons
ķńňvࡆ՗ࡇ nnd ķńňnࡆ՗ࡇ, wterens ror our exposutuon we ptose to mntpt
plosely Heroelun nnd Gtuleznn.
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Ǌ ⩴ ǒ ∣ Ǌ∗ ⊗ Ǌ∗ ∣ ⇓ǈǊ

ǈ ⩴ ǒ⊥ ∣ ǈ∗ ⅋ ǈ∗ ∣ ⇑ǊǊǊ∗ ⩴ Ǌ ∣ ǈǊǈ∗ ⩴ ǈ ∣ ǊǊ

șaȚ Formulae

Γ,Δ or tte rorm � ∶ Ǌǋ, Ǫ ∶ ǈ,…

� or tte rorm t̂p ∶ Ǌ
Ǘ ∶ ( Դ Γ, �⟨ Դ ǐ ∶ Ǌ∗; Γ

Դ Ǧ⊝ ∶ ǈ ∣ Γ, � Դ Ǧ+ ∶ Ǌǋ ∣ Γ, �
șbȚ Judgements

(ǒ⟨⊥ ≝ ǒ⊥ (Ǌ∗ ⊗ ǋ∗⟨⊥ ≝ Ǌ∗
⊥ ⅋ ǋ∗

⊥ (⇓ǈǊ⟨⊥ ≝ ⇑ǈ⊥
Ǌ

ǒ⊥⊥ ≝ ǒ (ǈ∗ ⅋ Ǉ∗⟨⊥ ≝ ǈ∗
⊥ ⊗ Ǉ∗

⊥ ⊥ࡑǊǋ⇑ࡐ ≝ ⇓Ǌ⊥
ǋ

wtere ƻǊ
⊥ us (ƻ⊥⟨Ǌ.

șcȚ Implicit negation

Figure III.ǜ: LKdelim, a system of simple types for Lpol,t̂p+ ștypesȚ

As n ponsequenpe or tte depomposutuon, we tnve n reponstruptuon
or tte rollowuns result:

Proposition III.ƥƨ. he translation ķńňnࡆ՗ࡇ preserves equivalences: ifǢ ≃REǠ
Ǣ′ then ķńňnࡆǢࡇ ≃RE�

ķńňnࡆǢ′ࡇ where Ǣ is a term or a command
of λµt̂pǠ.

Bepnuse or tte strupturnl suostututuon nsnun, nnd luke Heroelun nnd
Gtuleznn, we pome plose to tnvuns n sumulntuon result ns well, out do
not.

III.Ǖ.Ǜ LKdelim, a type systemwith annotations

de propose un Fusure III.ƥƤ on tte next pnse n type system ror Lpol,t̂p+

wtupt we pnll LKdelim. It us n vnrunnt or Gurnrd’s LC nnd Dnnos-
Jounet-Sptellunx’s LK�

Ǣ [éJSǜǚ] wutt nnnotntuons suutnole ror typuns
delumuted pontununtuons. It ndds nn untermedunte vudsement Դ ǐ ∶Ǌ∗; Γ wtere ǐ us n vnlue, possuoly nesntuve, nnd Ǌ∗ us or tte rorm Ǌ orǈǊ.
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—(ax+)
Դ Ǫ ∶ Ǌ; Ǫ ∶ Ǌ⊥

—(ax⊝)
Դ � ∶ ǈ ∣ � ∶ ǈ⊥

Ǌ, t̂p ∶ Ǌ
Ǘ ∶ ( Դ Ǫ ∶ ǈ, Γ, �⟨
—(�⊝)

Դ �Ǫ.Ǘ ∶ ǈ ∣ Γ, �
Ǘ ∶ ( Դ � ∶ Ǌǋ, Γ, �⟨
—(�+)

Դ ��.Ǘ ∶ Ǌǋ ∣ Γ, �
—(t̂p)

Դ t̂p ∶ ǈ ∣ t̂p ∶ ǈ⊥

Ǘ ∶ ( Դ Γ, t̂p ∶ Ǌ⟨
—(�t̂p)

Դ �t̂p.Ǘ ∶ Ǌǋ ∣ Γ, t̂p ∶ ǋ
Դ Ǧ+ ∶ Ǌǋ ∣ Γ, t̂p ∶ ǌ Դ Ǧ⊝ ∶ Ǌ⊥

ǋ;Δ
—(cut)ऊǦ+ ‖ Ǧ⊝ऋ ∶ ( Դ Γ, Δ, t̂p ∶ ǌ⟨

șaȚ Identity

Դ ǐ+ ∶ Ǌ; Γ
—(der)

Դ ǐ+ ∶ Ǌǋ ∣ Γ, t̂p ∶ ǋ Դ Ǧ⊝ ∶ ǈ ∣ Γ, t̂p ∶ Ǌ
—(prom)

Դ Ǧ⊝ ∶ ǈǊ; Γ

Ǘ ∶ ( Դ Γ, �⟨
—(w+)Ǘ ∶ ( Դ Ǫ ∶ ǈ, Γ, �⟨ Ǘ ∶ ( Դ Ǫ ∶ ǈ, ǫ ∶ ǈ, Γ, �⟨

—(c+)Ǘ[Ǫ/ǫ] ∶ ( Դ Ǫ ∶ ǈ, Γ, �⟨
Ǘ ∶ ( Դ Γ, �⟨
—(w⊝)Ǘ ∶ ( Դ � ∶ Ǌǋ, Γ, �⟨

Ǘ ∶ ( Դ � ∶ Ǌǋ, � ∶ Ǌǋ, Γ, �⟨
—(c⊝)Ǘ[�/�] ∶ ( Դ � ∶ Ǌǋ, Γ, �⟨

In nddutuon ttere nre ƥƦ rules sumulnr to (ǩ±⟨ nnd (Ǘ±⟨ un-
volvuns Ǧ+, Ǧ⊝ nnd ǐ unstend or Ǘ wtupt we do not mentuon.

șbȚ Structure

Դ ǐ ∶ Ǌ∗; Γ Դ ǐ ′ ∶ ǋ∗;Δ
—(⊗)

Դ (ǐ,ǐ ′⟨ ∶ Ǌ∗ ⊗ ǋ∗; Γ,Δ
Դ Ǧ⊝ ∶ ǈǊ; Γ
—(⇓)

Դ {Ǧ⊝} ∶ ⇓ǈǊ; Γ

Ǘ ∶ ( Դ � ∶ ǈ∗, �′ ∶ Ǉ∗, Γ, �⟨
—(⅋)

Դ �(�, �′⟨.Ǘ ∶ ǈ∗ ⅋ Ǉ∗ ∣ Γ, �
Ǘ ∶ ( Դ � ∶ Ǌǋ, Γ, �⟨
—(⇑)

Դ �{�}.Ǘ ∶ ⇑Ǌǋ ∣ Γ, �
șcȚ Logic

Figure III.ǔǓ: LKdelim, a system of simple types for Lpol,t̂p+ șrulesȚ
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Remark We used the notation of “irard’s stoup [“irǜǔ] for a linear-
ity constraint that corresponds more closely to éanos et al’s η restric-
tion [éJSǜǚ]. Tradition of having negatives in the stoup goes back to
“irard [“irǜǖ]. An alternative to our concise treatment would be to in-
stantiate each logical rule for all possible combination of polarities of the
premises, as in Lè or LU [“irǜǔ, “irǜǖ]. șWitness the number of rules in
these systems!Ț

èPS translation on types
de nssume ttnt λ0v us suven n system or sumple types wutt ponneptuves→, 0. Our vustuipntuon ror tte system LKdelim us ttnt ut us mnpped
ttroust tte CPS trnnslntuon unto tte sumple types or λ0v . Posutuve nnd
nnnotnted nesntuve types trnnslnte ns rollows:

ķńňࡆǒࡇ ≝ ǒ
ķńňࡆǊ∗ ⊗ ǋ∗ࡇ ≝ ķńňࡆǊ∗0ࡇķńňࡆǋ∗ࡇ
ķńňࡆ⇓ǈǊࡇ ≝ ķńňࡆǈ⊥ࡇ → ķńňࡆǊࡇ
ķńňࡆǈǊࡇ ≝ ķńňࡆǈ⊥ࡇ → ķńňࡆǊࡇ

Typuns us preserved ns rollows:

• Ir Ǘ ∶ ( Դ Γ, t̂p ∶ Ǌ⟨ tten ķńňࡆΓ⊥ࡇ Դ ķńňࡆǗࡇ ∶ ķńňࡆǊࡇ
• Ir Դ ǐ ∶ Ǌ∗; Γ tten ķńňࡆΓ⊥ࡇ Դ ŋaŀࡆǐࡇ ∶ ķńňࡆǊ∗ࡇ
• Ir Դ Ǧ⊝ ∶ ǈ ∣ Γ, t̂p ∶ Ǌ tten ķńňࡆΓ⊥ࡇ Դ ķńňࡆǦ⊝ࡇ ∶ ķńňࡆǈǊࡇ
• Ir Դ Ǧ+ ∶ Ǌǋ ∣ Γ, t̂p ∶ ǌ tten ķńňࡆΓ⊥ࡇ, ǝ ∶ ķńňࡆǊ⊥

ǋࡇ Դ ķńňࡆǦ+ࡇ(ǝ⟨ ∶
ķńňࡆǌࡇ

wtere:
ķńňࡆΓ⊥ࡇ = ࡦ ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗Ǫ ∶ ķńňࡆǈ⊥ࡇ, ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗� ∶ ķńňࡆǊ⊥

ǋࡧࡇ
wtenever Γ = ( ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗Ǫ ∶ ǈ, ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗� ∶ Ǌǋ⟨. (dutt ǒ⃗ we denote n sequenpe or
oovepts or tte rorm ǒ.)

The decomposition of type systems with annotations
Heroelun nnd Gtuleznn suve un [”“ǓǛ] type systems wutt nnnotntuons
ror λµt̂pǨ nnd ror λµt̂pǠ. For tte pnse or tte λµt̂pǨ pnlpulus, sequents
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nre or tte rorm:

⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗Ǫ ∶ ƻ Դ Ǧ ∶ Ƽǌ ∣ ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗� ∶ ƽǍ; t̂p ∶ �
wtere tte ponneptuve ror umplupntuon tns two nnnotntuons: ƻǌ →ƼǍ. Now, tte posutuve poduns or umplupntuon undupes un Lpol,t̂p+ tte
rollowuns deinutuon:

Ǌǌ → ǋǍ ≝ ⇓(Ǌ⊥ ⅋ ǋǍ⟨ǌ

nnd tte rollowuns sequent:

⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗Ǫ ∶ Ǌ Դ Ǧ ∶ ǋǌ ∣ ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗� ∶ ǋ′
Ǎ; t̂p ∶ �

By n two-suded sequent Γ Դ Δ, we menn tte sequent Դ Γ⊥,Δ. hus,
ttnnks to ttus deinutuon we repover Heroelun nnd Gtuleznn’s type
system ror λµt̂pǨ wutt LKdelim.

For tte pnse or tte λµt̂pǠ pnlpulus, sequents nre or tte rorm:

⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗� ∶ ƻΣ Դ Ǧ ∶ Ƽ ∣ ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗Ǫ ∶ ƽ; t̂p ∶ Ξ

wtere:
Σ,Ξ ⩴ ⊥ ∣ ƻ ՗ Σ

nnd tte ponneptuve ror umplupntuon tns one nnnotntuon:

ƻΣ → Ƽ
he umplementntuon or λµt̂pǠ un Lpol,t̂p+ yuelds, ror ǈ, Ǉ, ǆ denotuns
nesntuve rormulne, tte rollowuns deinutuon:

ǈΣ → Ǉ ≝ ǈ⊥
Σ ⅋ Ǉ

⊥ ≝ ǒ0

ǆ ՗ Σ ≝ ⇓ǆΣ

wtere ǒ0 us some dustunsuusted posutuve ntom, nnd tte rollowuns



ƥƬƪ Chapter III Decomposing delimited CPS translations

sequent: ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗� ∶ ǈΣ Դ Ǧ ∶ Ǉ ∣ ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗Ǫ ∶ ǆ; t̂p ∶ Ξ

hus we repover tte nnnotnted type system or λµt̂pǠ wutt LKdelim.

Related work Kiselyov and Shan [KSǓǚ] give a type system and a
type checking algorithm for éanvy and Filinski’s shit and reset calculus,
whose goal is to be more liberal than the éanvy and Filinski’s type system.
Our goal on the contrary is merely to decompose existing type systems.

Kiselyov and Shan use connectives ՗ ↓ � and ՗ ↑ �, which correspond
modulo duality to annotated negation modalities ș¬ǊǋȚ similar to the
exponentials !Ǌ and ?Ǌ of next section. They note that typing a term
amounts to transforming it into continuation-passing style. The type
system LKdelim is in direct style, but still anticipates to some degree the
èPS translation through the rules șderȚ and șpromȚ, and therefore does
not do better in this respect. But Ȉinvestigating the delimited caseȉ of the
duality between call by name and call by value was let for Ȉfuture workȉ
by the authors.

III.ǖ The indirect calculus Lexp

he sonl us to depompose tte trnnslntuon ķńňࡆ՗ࡇ oy untrodupuns tte
untermedunte pnlpulus Lexp (Fusure III.ƥƥ on tte rnpuns pnse).

Lpol,t̂p+

ķńňࡆ՗ࡇ
}}④④
④
④
④
④
④
④
④
④
④
④
④

ĸŊńŀࡆ՗ࡇ
��

λ0v Lexp
ĺŀaŉࡆ՗ࡇoo

he pnlpulus Lexp us un undurept style, un tte sense ttnt tte trnns-
lntuon ĸŊńŀࡆ՗ࡇ ∶ Lpol,t̂p+ → Lexp us nn ndnptntuon to delumuted pon-
tununtuons or tte duploud ponstruptuon or Ctnpter II. he undurept
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Posutuve vnrunoles nre Ǫ, ǫ…
⋆ us n dustunsuusted nesntuve vnrunole
(vnlues) ǐ ⩴ Ǫ ∣ (ǐ, ǐ⟨ ∣ �ǪՖ.Ǘ
(posutuve terms) Ǧ+ ⩴ ǐ ∣ �⋆.Ǘ
(nesntuve terms) Ǧ⊝ ⩴ ⋆ ∣ �Ǫ.Ǘ ∣ �(Ǫ, Ǫ⟨.Ǘ ∣ ǦՖ

+

(pommnnds) Ǘ ⩴ ऊǦ+ ‖ Ǧ⊝ऋ =.notࡐ ऊǦ⊝ ‖ Ǧ+ऋࡑ
șaȚ Syntax

ऊǐ ‖�Ǫ.Ǘऋ ੃RǙ
Ǘ[ǐ/Ǫ]

ऊ(ǐ, ǐ ′⟨‖�(Ǫ, ǫ⟨.Ǘऋ ੃RǙ
Ǘ[ǐ, ǐ ′/Ǫ, ǫ]

ऊǐ+ ‖ǦՖ
+ऋ† ੃RǙ

ऎǦ+ ∥�Ǫ.ऊǐ+ ‖ǪՖऋए
ऊ�ǪՖ.Ǘ ‖ǐՖऋ ੃RǙ

Ǘ[ǐ/Ǫ]
ऎ�⋆.ऊǦ+ ‖⋆ऋ∥Ǧ⊝ए ੃RǙ

ऊǦ+ ‖Ǧ⊝ऋ
†: wten Ǧ+ us not n vnlue, i.e. Ǧ+ = �⋆.Ǘ.

șbȚ Reductions

Ǧ⊝ ੃EǙ
�ǣ.ऊǣ‖Ǧ⊝ऋ

ǐ ੃EǙ
�ǪՖ.ऊǐ ‖ǪՖऋ

Ǘ ੃EǙ
ऊ�⋆.Ǘ ‖⋆ऋ

ऎǧ+ ∥�ǣ′.ऊǦ+ ‖�ǣ.Ǘऋए ੃EǙ
ऎǦ+ ∥�ǣ.ऊǧ+ ‖�ǣ′.Ǘऋए

ऎ�⋆.ऊǦ+ ‖�ǣ.Ǘऋ∥ǧ⊝ए ੃EǙ
ऎǦ+ ∥�ǣ.ऊ�⋆.Ǘ ‖ǧ⊝ऋए

ऎ�ǪՖ.ऊǐ ‖�ǣ.Ǘऋ∥ǧ⊝ए ੃EǙ
ऎǐ ∥�ǣ.ऊ�ǪՖ.Ǘ ‖ǧ⊝ऋए

wtere ǣ denotes Ǫ or (Ǫ, ǫ⟨.
șcȚ Expansions

Figure III.ǔǔ: Lexp: the calculus
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nnture us expressed ttroust tte lunenruty or tte dustunsuusted nesnt-
uve vnrunole ⋆, wtupt stows ttnt �⋆ us unnole to umplement pontrol
operntors. Lexp us polnrused un tte sense ttnt ttere nre oott posutuve
nnd nesntuve terms. Luke un tte pnlpulus Lpol,t̂p+ , we tnve ऊǦ ‖ǧऋ= ऊǧ‖Ǧऋ
ttnnks to tte unrormnl notntuon:

ऊǦ⊝ ‖ǧ+ऋ not.
= ऊǧ+ ‖Ǧ⊝ऋ

nnd ttererore nesntuon tns to oe struptly unvolutuve. Lnst, Lexp us un
sequent pnlpulus style, ns we wull see ttroust uts type system wutt
nnnotntuons.

he trnnslntuon ĺŀaŉࡆ՗ࡇ lntens tte pnlpulus Lexp unto tte λ0v pnlpu-
lus. By lntenuns we menn ttnt tte trnnslntuon ponsusts un removuns
tte unterestuns strupture or sequent pnlpulus, polnrusntuon nnd tte un-
volutuve nesntuon. Flntenuns tns two ponsequenpes. Furst, we tnve
to redupe ndmunustrntuve redexes un tte propess un order to mnke
up ror tte loss or tte sequent pnlpulus strupture. Sepond, terms
nre trnnslnted resnrdless or tteur unrormnl stntus ns expressuons or
pontexts. he lnter menns ttnt even ur we wnnted to untrodupe nn
expluput dustunptuon oetween expressuons nnd pontexts un tte pnlpulu
Lpol,t̂p+ nnd Lexp, ns we dud un Ctnpter IV, tten tte pontununtuon-
onsed denotntuonnl semnntups would stull mnke tte udentuipntuon. In
pnrtupulnr ut undupes tte presenpe or n struptly unvolutuve nesntuon. In
retrospept, ttus purpumstnntuntes tte novelty or Lnurent’s depomposu-
tuon or λµ pnlpulu un proor nets [LauǓǕ], pompnred to ordunnry pnlpulu
or pontununtuons.

de tnve:

Proposition III.ƥƩ. he reduction →RǙ
is conluent.

Proof. he reduptuon ੃RǙ
us let-lunenr nnd tns no prutupnl pnur. ∎

III.ǖ.ǔ Translating Lpol,t̂p+ into Lexp

de trnnslnte Lpol,t̂p+ unto Lexp. hus us nn npplupntuon to delumuted
pontununtuons or tte duploud ponstruptuon.
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� denotes Ǫ or � un Lpol,t̂p+ , nnd us mnpped to n
positive vnrunole or Lexp ttnt we wrute udentupnlly.

ĸŊńŀVࡆǪࡇ ≝ Ǫ
ĸŊńŀVࡆ(ǐ, ǐ ࡇ⟩′ ≝ (ĸŊńŀVࡆǐࡇ, ĸŊńŀVࡆǐ ⟩ࡇ′
ĸŊńŀVࡆ{Ǧ⊝}ࡇ ≝ ĸŊńŀࡆǦ⊝ࡇ
ĸŊńŀVࡆǦ⊝ࡇ ≝ ĸŊńŀࡆǦ⊝ࡇ

șaȚ TranslationĸŊńŀVࡆ՗ࡇ ∶ ǐ ↦ ǐ
ĸŊńŀࡆǐ+ࡇ ≝ ĸŊńŀVࡆǐ+ࡇՖ

ĸŊńŀࡆ��.Ǘࡇ ≝ ��.ĸŊńŀࡆǗࡇ
ĸŊńŀࡆ�t̂p.Ǘࡇ ≝ (�⋆.ĸŊńŀࡆǗࡇ⟨Ֆ

șbȚ TranslationĸŊńŀࡆ՗ࡇ ∶ Ǧ+ ↦ Ǧ⊝

ĸŊńŀࡇ�ࡆ ≝ �

ĸŊńŀࡆt̂pࡇ ≝ �ǪՖ.ऊǪ ‖⋆ऋ
ĸŊńŀࡆ�Ǫ.Ǘࡇ ≝ �ǪՖ.ĸŊńŀࡆǗࡇ
ĸŊńŀࡆ�(�, �′⟨.Ǘࡇ ≝ �(�, �′⟨Ֆ.ĸŊńŀࡆǗࡇ

≝ �ǪՖ.ऊǪ ‖�(�, �′⟨.ĸŊńŀࡆǗࡇऋ
ĸŊńŀࡆ�{�}.Ǘࡇ ≝ ��Ֆ.ĸŊńŀࡆǗࡇ

șcȚ TranslationĸŊńŀࡆ՗ࡇ ∶ Ǧ⊝ ↦ ǐ
ĸŊńŀࡆऊǦ+ ‖ Ǧ⊝ऋࡇ ≝ ऊĸŊńŀࡆǦ+ࡇ‖ĸŊńŀࡆǦ⊝ࡇऋ

șdȚ TranslationĸŊńŀࡆ՗ࡇ ∶ Ǘ ↦ Ǘ
Figure III.ǔǕ: The translation ĸŊńlࡆ՗ࡇ from Lpol,t̂p+ to Lexp
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Proposition III.ƥƪ. he translation ĸŊńŀࡆ՗ࡇ is a simulation: if Ǘ →RǢ
Ǘ′

then ĸŊńŀࡆǗࡇ →+
RǙ

ĸŊńŀࡆǗ′ࡇ.
Proof. By unduptuon on tte deinutuon of →RǢ

. de trent tte onse pnses.

(Case ऎ�t̂p.ऊǐ+ ‖ t̂pऋ∥Ǧ⊝ए ੃RǢ
ऊǐ+ ‖ Ǧ⊝ऋ)de tnve:

ĸŊńlࡆऎ�t̂p.ऊǐ+ ‖ t̂pऋ ∥ Ǧ⊝एࡇ
= ऒࡐ�⋆.ऎĸŊńlVࡆǐ+ࡇՖ ∥�ǪՖ.ऊǪ ‖⋆ऋएࡑՖ ∥ĸŊńlࡆǦ⊝ࡇओ
੃RǢ

ऒ�⋆.ऎĸŊńlVࡆǐ+ࡇՖ ∥�ǪՖ.ऊǪ ‖⋆ऋए ∥�ǫ.ऊǫՖ ‖ĸŊńlࡆǦ⊝ࡇऋओ
→RǢ

ऎ�⋆.ऊĸŊńlVࡆǐ+ࡇ‖⋆ऋ ∥�ǫ.ऊǫՖ ‖ĸŊńlࡆǦ⊝ࡇऋए
੃RǢ

ऎĸŊńlVࡆǐ+ࡇ ∥�ǫ.ऊǫՖ ‖ĸŊńlࡆǦ⊝ࡇऋए
੃RǢ

ऊĸŊńlVࡆǐ+ࡇՖ ‖ĸŊńlࡆǦ⊝ࡇऋ
= ĸŊńlࡆऊǐ+ ‖ Ǧ⊝ऋࡇ

he otter onse pnses nre strnusttforwnrd. ∎

Proposition III.ƥƫ. he translation ĸŊńŀࡆ՗ࡇ preserves equivalences: ifǢ ≃REǢ
Ǣ′ for Ǣ, Ǣ′ terms of commands of Lpol,t̂p+ then ĸŊńŀࡆǢࡇ ≃RE�

ĸŊńŀࡆǢ′ࡇ.
Proof. By unduptuon on tte deinutuon of ≃REǢ

. here remnuns to stow tte
onse pnses Ǣ ੃EǢ

Ǣ′.

(Case Ǘ ੃EǢ
ऊ�t̂p.Ǘ ‖ t̂pऋ)de tnve:

ĸŊńlࡆऊ�t̂p.Ǘ ‖ t̂pऋࡇ
= ऎ(�⋆.ĸŊńlࡆǗࡇ⟨Ֆ ∥�ǪՖ.ऊǪ ‖⋆ऋए
੃RǢ

ऒ�⋆.ĸŊńlࡆǗࡇ ∥�ǫ.ऎǫՖ ∥�ǪՖ.ऊǪ ‖⋆ऋएओ
੃RǢ

ऎ�⋆.ĸŊńlࡆǗࡇ ∥�ǫ.ऊǫ ‖⋆ऋए
ੂ∗
EǢ

ĸŊńlࡆǗࡇ
(Case ऎǑ ∥�ǣ.ऊ�t̂p.Ǘ ‖Ǧ⊝ऋए ੃EǢ

ऎ�t̂p.ऊǑ ‖�ǣ.Ǘऋ ∥ Ǧ⊝ए where ǣ is Ǫ, {�} or (�, �′⟨
and where Ǒ is ǐ+ or �t̂p.Ǘ′) de tnve ĸŊńlࡆǑࡇ of tte form ǦՖ

+. Notupe
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ttnt we tnve un senernl.

ऊǦՖ
+ ‖�ǣՖ.Ǘऋ ≃REǙ

ऊǦ+ ‖�ǣ.Ǘऋ
herefore we tnve:

ĸŊńlࡆऎǑ ∥�ǣ.ऊ�t̂p.Ǘ ‖Ǧ⊝ऋएࡇ
= ऎǦՖ

+ ∥�ǣՖ.ऊ(�⋆.ĸŊńlࡆǗࡇ⟨Ֆ ‖ĸŊńlࡆǦ⊝ࡇऋए
≃REǙ

ऎǦ+ ∥�ǣ.ऊ(�⋆.ĸŊńlࡆǗࡇ⟨Ֆ ‖ĸŊńlࡆǦ⊝ࡇऋए
→RǙ

ऒǦ+ ∥�ǣ.ऎ�⋆.ĸŊńlࡆǗࡇ∥�Ǫ.ऊǪՖ ‖ĸŊńlࡆǦ⊝ࡇऋएओ
ੂEǙ

ऎ�⋆.ऊǦ+ ‖�ǣ.ĸŊńlࡆǗࡇऋ ∥�Ǫ.ऊǪՖ ‖ĸŊńlࡆǦ⊝ࡇऋए
ੂRǙ

ऎ(�⋆.ऊǦ+ ‖�ǣ.ĸŊńlࡆǗࡇऋ⟨Ֆ ∥ĸŊńlࡆǦ⊝ࡇए
≃REǙ

ऎ(�⋆.ऊǦՖ
+ ‖�ǣՖ.ĸŊńlࡆǗࡇऋ⟨Ֆ ∥ĸŊńlࡆǦ⊝ࡇए

= ĸŊńlࡆऎ�t̂p.ऊǑ ‖�ǣ.Ǘऋ ∥ Ǧ⊝एࡇ
he otter pnses nre strnusttforwnrd. ∎

III.ǖ.Ǖ Flattening Lexp into Ʉ×v

he trnnslntuon ĺŀaŉࡆ՗ࡇ or Lexp unto λ0v us deined un Fusure III.ƥƧ
on tte next pnse. hus lnst step or trnnslntuns sequent pnlpulus unto
nnturnl deduptuon nppounts ror tte nppenrnnpe or ndmunustrntuve re-
duptuons. Indeed, ndmunustrntuve suostututuons nre perrormed un tte
trnnslntuon tte pommnnd ऊǦ+ ‖ ǧ⊝ऋ: tte nesntuve term Ǧ⊝ us sent onto
ĺŀaŉࡆǧ⊝ࡇ(ǝ⟨, nnd tten ǝ us suostututed wutt tte term ĺŀaŉࡆǦ+ࡇ. It
mnters ttnt tte suostututuon or ǝ un ĺŀaŉࡆǦ⊝ࡇ(ǝ⟨ does not duplupnte
pode sunpe ut us perrormed duruns tte trnnslntuon: ttus us nptueved
oy ensuruns ttnt ĺŀaŉࡆǦ⊝ࡇ us lunenr un uts nrsument ror tte syntnptup
notuon or lunenruty.

Proposition III.ƥƬ. he translation ĺŀaŉࡆ՗ࡇ preserves equivalences:
• If Ǧ+ ≃REǙ

ǧ+ then ĺŀaŉࡆǦ+ࡇ ≃RE�
ĺŀaŉࡆǧ+ࡇ.

• If Ǧ⊝ ≃REǙ ǧ⊝ then ĺŀaŉࡆǦ⊝ࡇ(Ǉ⟨ ≃RE�
ĺŀaŉࡆǧ⊝ࡇ(Ǉ⟨ for any Ǉ.
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ĺŀaŉࡆǪࡇ ≝ Ǫ
ĺŀaŉࡆǐ, ǐ ࡇ′ ≝ (ĺŀaŉࡆǐࡇ, ĺŀaŉࡆǐ ⟩ࡇ′
ĺŀaŉࡆ�ǪՖ.Ǘࡇ ≝ �Ǫ.ĺŀaŉࡆǗࡇ
ĺŀaŉࡆ�⋆.Ǘࡇ ≝ ĺŀaŉࡆǗࡇ

șaȚ ĺŀaŉࡆ՗ࡇ ∶ Ǧ+ ↦ Ǉ
ĺŀaŉࡇ⋆ࡆ(Ǉ⟨ ≝ Ǉ
ĺŀaŉࡆ�Ǫ.Ǘࡇ(Ǉ⟨ ≝ let Ǫ beǇ in ĺŀaŉࡆǗࡇ
ĺŀaŉࡆ�(Ǫ, ǫ⟨.Ǘࡇ(Ǉ⟨ ≝ let (Ǫ, ǫ⟨ beǇ in ĺŀaŉࡆǗࡇ
ĺŀaŉࡆǦՖ

⟩Ǉ)ࡇ+ ≝ Ǉ ĺŀaŉࡆǦ+ࡇ
șbȚ ĺŀaŉࡆ՗ࡇ(Ǉ⟨ ∶ Ǧ⊝ ↦ Ǉ

ĺŀaŉࡆऊǦ+ ‖ǧ⊝ऋࡇ ≝ ĺŀaŉࡆǧ⊝ࡇ(ĺŀaŉࡆǦ+ࡇ⟨
șcȚ ĺŀaŉࡆ՗ࡇ ∶ Ǘ ↦ Ǉ

Figure III.ǔǖ: The translation ĺlaŉࡆ՗ࡇ from Lexp to λ
×
v

• If Ǘ ≃REǙ
Ǘ′ then ĺŀaŉࡆǗࡇ ≃RE�

ĺŀaŉࡆǗ′ࡇ.
Proof. By unduptuon on tte deinutuon of ≃REǙ

. de trent tte non-truvunl
onse pnses.
(Case ऎǧ+ ∥�ǣ′.ऊǦ+ ‖�ǣ.Ǘऋए ੃EǙ

ऎǦ+ ∥�ǣ.ऊǧ+ ‖�ǣ′.Ǘऋए)hus porresponds to tte
equntuon:

let ǣ′
be ĺlaŉࡆǧ+ࡇ in let ǣ be ĺlaŉࡆǦ+ࡇ in ĺlaŉࡆǗࡇ

੃E�
let ǣ be ĺlaŉࡆǦ+ࡇ in let ǣ′

be ĺlaŉࡆǧ+ࡇ in ĺlaŉࡆǗࡇ
(Case ऎ�⋆.ऊǦ+ ‖�ǣ.Ǘऋ ∥ǧ⊝ए ੃EǙ

ऎǦ+ ∥ �ǣ.ऊ�⋆.Ǘ ‖ǧ⊝ऋए) hus porresponds to tte
equntuon:

ĺlaŉࡆǧ⊝ࡇ(let ǣ be ĺlaŉࡆǦ+ࡇ in ĺlaŉࡆǗࡇ⟨
ℛ let ǣ be ĺlaŉࡆǦ+ࡇ in ĺlaŉࡆǧ⊝ࡇ(ĺlaŉࡆǗࡇ⟨
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wtere ℛ us = uf ǧ⊝ = ⋆, nnd ℛ us ੃E�
otterwuse. Indeed, un nll tte otter

pnses ĺlaŉࡆǧ⊝ࡇ(□⟨ us n lunenr evnluntuon pontext.
(Case ऎ�ǪՖ.ऊǐ ‖�ǣ.Ǘऋ∥ǧ⊝ए ੃EǙ

ऎǐ ∥�ǣ.ऊ�ǪՖ.Ǘ ‖ǧ⊝ऋए)hus porresponds to tte
equntuon:

ĺlaŉࡆǧ⊝ࡇ(�Ǫ.let ǣ be ĺlaŉࡆǐࡇ in ĺlaŉࡆǗࡇ⟨
≃RE�

let ǣ be ĺlaŉࡆǐࡇ in ĺlaŉࡆǧ⊝ࡇ(�Ǫ.ĺlaŉࡆǗࡇ⟨
de nre reduped to tte prevuous pnse oy notupuns ttnt we tnve:

�Ǫ.let ǣ be ĺlaŉࡆǐࡇ in ĺlaŉࡆǗࡇ
੃E�

let ǣ be ĺlaŉࡆǐࡇ in �Ǫ.ĺlaŉࡆǗࡇ
oepnuse ĺlaŉࡆǐࡇ us n vnlue.

he remnununs pnses nre ummedunte. ∎

III.ǖ.ǖ éecomposition

Proposition III.ƥƭ. he CPS translation of Lpol,t̂p+ decomposes as
follows:

ķńňࡆ՗ࡇ = ĺŀaŉ ҪĸŊńŀࡆ՗ࡇ
ŋaŀࡆ՗ࡇ = ĺŀaŉ ҪĸŊńŀVࡆ՗ࡇ

Proof. he result us proved un enpt vnlue, term or pommnnd Ǣ oy n
strnusttforwnrd unduptuon on Ǣ. ∎

hus proves tte tturd nnd lnst depomposutuon or ttus ptnpter:

Lpol,t̂p+

ķńňࡆ՗ࡇ
}}④④
④
④
④
④
④
④
④
④
④
④
④

ĸŊńŀࡆ՗ࡇ
��

λ0v Lexp
ĺŀaŉࡆ՗ࡇoo
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III.ǖ.Ǘ LJ̄ and annotated exponentials

he system or sumple types L ̄J ror Lexp us untroduped un Fusure III.ƥƨ
on tte rnpuns pnse. L ̄J us essentunlly Lnurent’s LLP [LauǓǕ] wutt
nnnotntuons un tte exponentunls. As uts nnme umplues, ut us nlso n
symmetrused versuon or tte untuutuonustup sequent pnlpulus.

éuploid construction in types

Types nnd sequents or Lpol,t̂p+ nre trnnslnted troust ĸŊńŀࡆ՗ࡇ ns rol-
lows:

ĸŊńŀࡆǒࡇ ≝ ǒ
ĸŊńŀࡆ(Ǌ∗ ⊗ ǋ∗⟨ࡇ ≝ ĸŊńŀࡆǊ∗ࡇ ⊗ĸŊńŀࡆǋ∗ࡇ
ĸŊńŀࡆ⇓ǈǊࡇ ≝ !duplࡆǊࡇĸŊńŀࡆǈࡇ
ĸŊńŀࡆǈǊࡇ ≝ !duplࡆǊࡇĸŊńŀࡆǈࡇ

(nnd oy dunluty supt ttnt ĸŊńŀࡆǊ⊥ࡇ = ĸŊńŀࡆǊࡇ⊥.)

Contexts nre trnnslnted ns rollows:

ĸŊńŀࡆ( ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗Ǫ ∶ ǈ, ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗� ∶ Ǌǋ⟨ࡇ ≝ ( ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗Ǫ ∶ ĸŊńŀࡆǈࡇ, ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗� ∶ ?duplࡆǋࡇĸŊńŀࡆǊࡇ⟨
ĸŊńŀࡆt̂p ∶ Ǌࡇ ≝ ⋆ ∶ ĸŊńŀࡆǊࡇ

For unstnnpe, we tnve:

ĸŊńŀ Ҫ ńŃňࡆǊǌ → ǋǍࡇ = ĸŊńŀࡆ⇓(Ǌ⊥ ⅋ ǋǍ⟨ǌࡇ = !ǌ′(Ǌ′⊥ ⅋ ?Ǎ′ǋ′⟨
wutt tte notntuon Ǌ′ =ĸŊńŀ ҪńŃňࡆǊࡇ. hus tte trnnslntuon ńŃňࡆ՗ࡇ de-
pomposes tte enpoduns “!(Ǌ⊥ ⅋ ?ǋ⟨” despruoed oy Lnurent [LauǓǕ].

Also, we tnve:

ĸŊńŀ ҪłĹĻࡆǈΣ → Ǉࡇ = ĸŊńŀࡆǈ⊥
Σ ⅋ Ǉࡇ = ?Σ′ǈ ′⊥ ⅋ Ǉ′

wutt tte notntuon ǈ ′ = ĸŊńŀ ҪłĹĻࡆǈࡇ. hus tte trnnslntuon łĹĻࡆ՗ࡇ
depomposes tte enpoduns “?ǈ⊥ ⅋ Ǉ” despruoed oy Lnurent.
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Ǌ ⩴ ǒ ∣ Ǌ ⊗ Ǌ ∣ !Ǌǈ
ǈ ⩴ ǒ⊥ ∣ ǈ ⅋ ǈ ∣ ?ǊǊ

șaȚ Formulae

(ǒ⟨⊥ ≝ ǒ⊥ (Ǌ ⊗ ǋ⟨⊥ ≝ Ǌ⊥ ⅋ ǋ⊥ (!Ǌǈ⟨⊥ ≝ ?Ǌǈ⊥

(ǒ⊥⟨⊥ ≝ ǒ (ǈ ⅋ Ǉ⟨⊥ ≝ ǈ⊥ ⊗ Ǉ⊥ ⊥ࡑǋǊ?ࡐ ≝ !ǋǊ⊥

șbȚ Implicit negation

Դ Ǧ⊝ ∶ ǈ ∣ Γ,Π Դ Ǧ+ ∶ Ǌ ∣ Γ Ǘ ∶ ( Դ Γ, Π⟨
Γ,Δ us of tte form Ǫ1 ∶ ǈ1,… , ǪǠ ∶ ǈǠ nnd Π us of tte form ⋆ ∶ Ǌ.

șcȚ Judgements

—(ax+)
Դ Ǫ ∶ Ǌ ∣ Ǫ ∶ Ǌ⊥

—(ax⊝)
Դ ⋆ ∶ ǈ ∣ ⋆ ∶ ǈ⊥

Ǘ ∶ ( Դ Ǫ ∶ ǈ, Γ⟨
—(�⊝)

Դ �Ǫ.Ǘ ∶ ǈ ∣ Γ

Ǘ ∶ ( Դ Γ, ⋆ ∶ Ǌ⟨
—(�+)

Դ �⋆.Ǘ ∶ Ǌ ∣ Γ

Դ Ǧ+ ∶ Ǌ ∣ Γ Դ Ǧ⊝ ∶ Ǌ⊥ ∣ Δ,Π
—(cut)ऊǦ+ ‖ Ǧ⊝ऋ ∶ ( Դ Γ, Δ, Π⟨

șdȚ Identity

Ǘ ∶ ( Դ Ǫ ∶ ǈ, Γ, ⋆ ∶ Ǌ⟨
—(prom)

Դ �ǪՖ.Ǘ ∶ !Ǌǈ ∣ Γ

Դ ǐ ∶ Ǌ ∣ Γ
—(der)

Դ ǐՖ ∶ ?ǋǊ ∣ Γ, ⋆ ∶ ǋ
Ǘ ∶ ( Դ Γ, Π⟨
—(w)Ǘ ∶ ( Դ Ǫ ∶ ǈ, Γ, Π⟨

Ǘ ∶ ( Դ Ǫ ∶ ǈ, ǫ ∶ ǈ, Γ, Π⟨
—(c)Ǘ[Ǫ/ǫ] ∶ ( Դ Ǫ ∶ ǈ, Γ, Π⟨

Plus rules sumulnr to (ǩ⟨ nnd (Ǘ⟨ for Ǧ+ nnd Ǧ⊝ let unmentuoned.

șeȚ Structure

Դ ǐ ∶ Ǌ ∣ Γ Դ ǐ ′ ∶ ǋ ∣ Δ
—(⊗)

Դ (ǐ,ǐ ′⟨ ∶ Ǌ ⊗ ǋ ∣ Γ,Δ
Ǘ ∶ ( Դ Ǫ ∶ ǈ, ǫ ∶ Ǉ, Γ, Π⟨
—(⅋)

Դ �(Ǫ, ǫ⟨.Ǘ ∶ ǈ ⅋Ǉ ∣ Γ,Π

șfȚ Logic

Figure III.ǔǗ: LJ̄, a system of simple types for Lexp
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Typuns us preserved ns rollows:

Ir Ǘ ∶ ( ԴLKdelim
Γ, �⟨ tten ࡇǗࡆ ∶ ( ԴL ̄J ,ࡇΓࡆ ⟩ࡇ�ࡆ

Ir ԴLKdelim
Ǧ⊝ ∶ ǈ ∣ Γ, t̂p ∶ Ǌ tten ԴL ̄J ࡇ⊝Ǧࡆ ∶ ࡇǈࡆࡇǊࡆ! ∣ ࡇΓࡆ

Ir ԴLKdelim
ǐ ∶ Ǌ∗ ∣ Γ tten ԴL ̄J ĸŊńŀVࡆǐࡇ ∶ ࡇ∗Ǌࡆ ∣ ࡇΓࡆ

Ir ԴLKdelim
Ǧ+ ∶ Ǌǋ ∣ Γ, � tten ԴL ̄J ࡇ+Ǧࡆ ∶ ࡇǊࡆࡇǋࡆ? ∣ ,ࡇΓࡆ ࡇ�ࡆ

wutt tte notntuon ࡇǪࡆ = ĸŊńŀࡆǪࡇ.
he (extensuon or tte) duploud ponstruptuon oest nppenrs wten

we restore tte let sude or tte sequents. he rollowuns sequent:

Ǌ⃗, ⃗ǈǌ ԴLKdelim

⃗ǋǍ, ǈ⃗, �
us trnnslnted unto tte rollowuns one:

⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ,ࡇǊࡆ⃗⃗ ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ࡇǈࡆࡇǌࡆ!⃗ ԴL ̄J
⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ,ࡇǋࡆࡇǍࡆ?⃗ ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ,ࡇǈࡆ⃗ ࡇ�ࡆ

Flattening in types

hen tte types nre mnpped unto tte stnndnrd sumple type system
or λ0v wutt pnurs nnd nrrows, nlso known ns tte 0, → rrnsment or
untuutuonustup losup. Formulne trnnslnte ns rollows:

ĺŀaŉࡆǒࡇ ≝ ǒ
ĺŀaŉࡆǊ ⊗ ǋࡇ ≝ ĺŀaŉࡆǊ0ࡇĺŀaŉࡆǋࡇ
ĺŀaŉࡆ!Ǌǈࡇ ≝ ĺŀaŉࡆǈ⊥ࡇ → ĺŀaŉࡆǊࡇ

Typuns us preserved ns rollows:

Ir Ǘ ∶ ( ԴL ̄J Γ, ⋆ ∶ Ǌ⟨ tten ࡇ⊥Γࡆ Դ ࡇǗࡆ ∶ ࡇǊࡆ
Ir ԴL ̄J Ǧ ∶ ǈ ∣ Γ, ⋆ ∶ Ǌ tten ,ࡇ⊥Γࡆ ǝ ∶ ࡇ⊥ǈࡆ Դ ⟩ǝ)ࡇǦࡆ ∶ ࡇǊࡆ
Ir ԴL ̄J Ǧ ∶ Ǌ ∣ Γ tten ࡇ⊥Γࡆ Դ ࡇǦࡆ ∶ ࡇǊࡆ
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wtere we wrute ࡇǪࡆ = ĺŀaŉࡆǪࡇ nnd ࡇ⊥Γࡆ = ( ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗Ǫ ∶ ĺŀaŉࡆǈ⊥ࡇ⟨ wtenever
Γ = ( ⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗Ǫ ∶ ǈ⟨.
Related work Recently, Zeilberger proposed [ZeiǔǓ] — among other
contributions — a Ȉsimple account of delimited continuations through a

natural generalisation of classical polarised logicȉ. It is Ȉin continuation-

passing styleȉ, thus located at the level of LLP.

Zeilberger’s work is based on the hypothesis that delimited continu-
ations affect the structure of the polarity-changing negation. Our polar-
ised analysis of delimited èPS translations differs in this aspect, since the
decomposition shows above that the type of delimited continuations is
instead related to annotated exponentials of LJ̄. In particular, in our ap-
proach, the hypothesis that the symmetry between positive and negative
connectives has to be Ȉbrokenȉ does not seem necessary. Indeed, LJ̄
contrasts indeed with Zeilberger’s logic by being symmetric.

While we expect that a translation of éanvy and Filinski’s calculus can
be given in the positive part of Zeilberger’s system, the author makes no
claims of connection with delimited control calculi of the literature.

III.ǖ.ǘ Reversing translation into linear logic

In ttus septuon we despruoe n trnnslntuon or L ̄J unto lunenr losup [“irǛǚ]
(LL) ttnt explnuns tte nnnotnted exponentunl !Ǌ. de restrupt
ourselves to tte typed pnse, sunpe we npply � expnnsuon un tte
trnnslntuon. here us no stnndnrd nppeptntuon or wtnt would nn
untyped syntnx or LL oe.

Also, we nre voluntnruly oruer: tte render pnn rerer to Benton nnd
dndler [BWǜǘ] wto estnolust n porrespondenpe oetween tte pnll-oy-
vnlue λ pnlpulus ootnuned ttroust tte ooruns trnnslntuon nnd Mossu’s
monndup model ror n pommutntuve strons monnd. hus result estno-
lustes our tnrset pnlpulus on irmer srounds, sunpe λ0v us essentunlly n
pnll-oy-vnlue λ pnlpulus extended wutt equntuons releptuns tte pom-
mutntuvuty or tte monnd.



ƥƭƬ Chapter III Decomposing delimited CPS translations

In LL, ut us possuole to tnke tte rollowuns deinutuons:

!Ǌƻ ≝ !(ƻ ⅋ Ǌ⟨ ?Ǌƻ ≝ ?(ƻ ⊗ Ǌ⊥⟨
wutt tte rollowuns deruved rules:

Դ ?Γ, ƻ, Ǌ
—(promǊ)

Դ ?Γ, !Ǌƻ Դ Γ, ƻ
—(derǊ)

Դ Γ, ?Ǌƻ, Ǌ
de despruoe nn extensuon or Lnurent nnd Resnuer’s reversing trnnsln-
tuon � [LRǓǖ] or LLP unto LL. he sonl wutt � us to ponine strupturnl
rules to tte plnpes wtere ttey ponrorm to tte ponstrnunts or LL: pon-
trnptuon, wenkenuns nnd tte pontext or promotuon nre restrupted to
rormulne or tte rorm ?ƻ.

At tte level or terms, tte trnnslntuon �-expnnds posutuve terms. �-
expnnsuon nllows us to replnpe pontrnptuons nnd wenkenunss on n
rormulne ǈ oy tte snme rules on rormulne or tte rorm ǒ⊥ or ?ǋǊ.
Indeed, ror unstnnpe, ur Ǭ us not lunenr un Ǘ ∶ ( Դ Ǭ ∶ ǒ⊥ ⅋ Ǔ⊥, Γ⟨, tten
ut us possuole to set rud or strupturnl rules on ǒ⊥ ⅋ Ǔ⊥ oy replnpunsǗ oy ऊ �(Ǫ, ǫ⟨.Ǘ[(Ǫ, ǫ⟨/Ǭ] ‖ Ǭ ऋ , wtupt us equuvnlent nnd only uses
strupturnl rules on ǒ⊥ nnd Ǔ⊥. he nesntuve pontext or promotuon us
depomposed sumulnrly so ttnt ut only pontnuns rormulne or tte rormǒ⊥ or ?ǋǊ. Dereluptuon nnd ttus promotuon nre replnped oy tteur
deruvntuon noove.

de nre done wten we eventunlly set rud or strupturnl rules on
ntoms ǒ nnd ǒ⊥ oy replnpuns ttese ntoms oy !ǒ nnd ?ǒ⊥ (tte usunl
exponentunl, not tte nnnotnted one). Ctnnsuns tte ntoms us tte only
operntuon ttnt we need to pnrry out nt tte level or types.

III.Ǘ èonclusion

de tnve proved ttnt tte pnll-oy-vnlue nnd tte pnll-oy-nnme delum-
uted CPS trnnslntuons depompose un ttree steps:
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λµt̂pǨ/Ǡ

ķńňvࡆ՗ࡇ
ķńňnࡆ՗ࡇ

�� ��

ńŃňࡆ՗ࡇ
łĹĻࡆ՗ࡇ

// // Lpol,t̂p+

ĸŊńŀࡆ՗ࡇ
��

λ0v Lexp

ĺŀaŉࡆ՗ࡇ
oo

he irst step umplements n user lnnsunse unto n pnlpulus or mnptunes
un wtupt tte despruptuon or reduptuon nnd extensuonnl equuvnlenpes
us ponvenuent. he sepond step mnkes sude-effepts expluput ttroust
tte duploud ponstruptuon, wtupt senernluses tte Kleuslu ponstruptuon
ror monnds nnd ror po-monnds. he lnst step seems to tnve lutle
vnlue: ut ooruspntes tte CPS trnnslntuon oy ernsuns unterestuns strup-
tures.

he depomposutuon puptures tte pnlpulu L ns muddlemen oetween
lnnsunses on tte one tnnd nnd ptysupnl or mnttemntupnl models on
tte otter tnnd.

Lnnsunse ⟶ L ⟶ Denotntuon
Implementntuon

he pnlpulu L nre syntnxes ttnt delesnte tte umplementntuon or user-
oruented rentures, supt ns presentuns tte system un n runptuonnl style,
to nn nddutuonnl lnyer or nostrnptuon. hey ropus unstend on nn unter-
nptuve representntuon or pomputntuon. For ttus renson, ttey nre more
suppunpt syntnxes ttnn udenlused prosrnmmuns lnnsunses, nnd ploser
to tte ptysupnl or mnttemntupnl model.





Chapter IV

On the constructive
interpretation of an
involutive negation

de nre unterested un tte ponstruptuve unterpretntuon or rensonuns oy
pontrnposutuve un plnssupnl losup, or, un otter words, or nn unvolutuve
nesntuon.

de irst revuew tte umpossuouluty or nn unvolutuve nesntuon un tte
λC pnlpulus, nnd see ttnt ut us relnted to nn unnpproprunte order or
evnluntuon: uts pnll-oy-nnme evnluntuon strntesy rorpes tte pnlpulus
to udentury pnptured stnpks wutt pontununtuons.

hen we untrodupe tte extensuonnl, untyped nnd polnrused pnlpulu
λℓ (ror nnturnl deduptuon) nnd Lpol,t̂p⊝ (ror sequent pnlpulus). hey
reine tte λC pnlpulus oy dustunsuustuns tte posutuve type or pnptured
stnpks rrom tte nesntuve type or pontununtuons. Also, n delumutntuon
or pontrol operntors suves n ponstruptuve unterpretntuon ror tte unut
⊥.

Cnptured stnpks nre suven nppessors ttnt nllow us to understnnd
usomorptusms supt ns ƻ≃¬¬ƻ nnd ¬∀Ǫ ƻ≃∃Ǫ ¬ƻ. hus, tte pnlpulu
λℓ nnd Lpol,t̂p⊝ renluse n formulae-as-types porrespondenpe oetween nn
unvolutuve nesntuon nnd n notuon or tust-level nppess to tte stnpk
sumulnr to Felleusen-Clements’s.
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Outline

Section IV.ǔ de revuew tte lnpk or unvolutuon or nesntuon un pnlpulu
λC nnd Ln. de stow ttnt ttus deipuenpy pomes rrom too strons n
ponstrnunt umposed on tte evnluntuon order.

Section IV.Ǖ de repnll tte durept lunk oetween tte proors or n ror-
muln nnd tte ones or uts rormnl pontrnposutuve ttroust pntesorupnl
dunluty. de explnun wty ut us not suffipuent to provude n ponstruptuve
unterpretntuon or rensonuns oy pontrnposutuve.

Section IV.ǖ de untrodupe tte λℓ pnlpulus. To do so we untrodupe
tte notuon or polnruty un ttus pontext nnd tte one or unspeptnole
stnpk. de nlso untrodupe n nnturnl deduptuon ror λℓ wtere tte type
or unspeptnole stnpks reine tte type or nesntuons.

Sections IV.Ǘ and IV.ǘ de untrodupe tte pnlpulus Lpol,t̂p⊝ wtupt ex-
tends tte pnlpulus Ln un tte snme wny ns λℓ reines λC (see Tnole I.ƥƬ
on pnse ƭƭ ror n summnry or tte pnlpulu).

de suve n CPS trnnslntuon ttnt sumulntes reduptuon nnd preserves
equuvnlenpe. de nlso stow ttnt we tnve n type usomorptusm ¬¬ƻ ≃ƻ un tte pnlpulu λℓ nnd Lpol,t̂p⊝ .

Section IV.Ǚ de revusut Gurnrd’s “stoup” [“irǜǔ] nnd Dnnos-Jounet-
Sptellunx’s η restruptuon [éJSǜǚ] ttroust n study or pommutntuon
propertues un Lpol,t̂p⊝ .

IV.ǔ A review of the problem of involution

In ttus septuon, we revuew tte nosenpe or unvolutuon un tte pnll-oy-
nnme λC pnlpulus (Fusure I.ƥƦ on pnse Ƭƥ) nnd we stow tow ut pomes
rrom nn unnpproprunte order or evnluntuon. (he nrsument pnn oe nd-
npted to nll sumulnr setunss, nnd oy dunluty to pnll-oy-vnlue setunss.)
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de redupe tte proolem to tte poexustenpe or two dustunpt let
untroduptuon rules ror ¬¬ un sequent pnlpulus: one us ropused, tte
otter one us not.

IV.ǔ.ǔ Rules of negation

To oesun wutt, we ponsuder tte rules or nesntuon un LK:

✄

✂

�

✁

Γ ∣ Ǚ ∶ ƻ Դ Δ
—(Դ ¬)

Γ Դ [Ǚ] ∶ ¬ƻ ∣ Δ

Γ Դ Ǧ ∶ ƻ ∣ Δ
—(¬ Դ)

Γ ∣ [Ǧ] ∶ ¬ƻ Դ Δ

By tnkuns tte deinutuon “¬ǈ =ǈ → ⊥” un tte pnlpulus Ln (Fusure I.ƥƤ
on pnse ƫƭ), we tnve tte rollowuns ponstruptors:

✄

✂

�

✁

[Ǧ⊝] ≝ Ǧ⊝՗stop

[Ǚ⊝] ≝ kǙ⊝

hus tte rollowuns rule:

✄

✂

�

✁

ऊ[Ǚ⊝]‖[Ǧ⊝]ऋ ੃∗
RǠ

ऊǦ⊝ ‖Ǚ⊝ऋ
Indeed ttus porresponds to tte reduptuon ऊkǙ⊝ ‖Ǧ⊝՗stopऋ ੃∗

RǠ
ऊǦ⊝ ‖Ǚ⊝ऋ.

IV.ǔ.Ǖ Implementing call by value

he essentunl ooservntuon us ttnt un tte λC pnlpulus, terms or type
¬¬ǈ support pnll-oy-vnlue evnluntuon. hus us ooserved oy ponsuder-
uns Γ, Ǫ ∶ ǈ Դ Ǧ ∶ ƻ nnd Γ Դ ǧ ∶ ¬¬ǈ. here nre two wnys or ootnununs
n proor or Γ Դ ƻ:

✄

✂

�

✁

Ǉn ≝ (�Ǫ.Ǧ⟨ (� ǧ⟨ Γ Դ Ǉn ∶ ƻ
Ǉv ≝ � �ǝ.(ǧ �Ǫ.(ǝ Ǧ⟨⟨ Γ Դ Ǉv ∶ ƻ
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he two terms nre dustunsuusted ttroust tteur exeputuon:

✄

✂

�

✁

ऊǇn ‖�ऋ ੃∗
RǠ

ऊǦ[� ǧ/Ǫ] ‖�ऋ
ऊǇv ‖�ऋ ੃∗

RǠ
ऊǧ ‖�Ǫ.(k� Ǧ⟨՗stopऋ

As we see, Ǉv evnluntes ǧ oerore Ǧ (pnll oy vnlue), wtule Ǉn evnluntesǦ oerore ǧ (pnll oy nnme).

IV.ǔ.ǖ The issue with involution in Ln

de stow ttnt tte terms Ǉv nnd Ǉn porrespond to two dustunpt wnys
or untrodupuns ¬¬ on tte let un tte pnlpulus Ln:

• Ǉv to n nnuve one wtupt unterreres wutt tte evnluntuon order;

• Ǉn to n ropused one wtupt does not unterrere.

Naive introduction
he irst wny to untrodupe ¬¬ on tte let us oovuous:

Γ ∣ Ǚ⊝ ∶ ǈ Դ Δ
—(Դ ¬)

Γ Դ [Ǚ⊝] ∶ ¬ǈ ∣ Δ
—(¬ Դ)

Γ ∣ [[Ǚ⊝]] ∶ ¬¬ǈ Դ Δ

Let ǙǨ denote tte rollowuns pontext:

ǙǨ ≝ [[Ǚ⊝]] = (�Ǫ.(kǙ⊝ Ǧ⊝⟨⟨՗stop .

A term un tte pontext ǙǨ us evnlunted ummeduntely oepnuse ǙǨ us n
stnpk ror nny Ǚ⊝.

Evnluntuns Ǉv porresponds to evnluntuns ǧ⊝ un tte pontext ǙǨ rorǙ⊝ = ̃�Ǫ.ऊǦ⊝ ‖�ऋ:
✄

✂

�

✁

ऊǇv ‖�ऋ ≃RǠ
ऊǧ⊝ ‖ǙǨऋ .

Proof. Indeed: ऊǇv ‖�ऋ ੃∗
RǠ

ऊǧ ‖�Ǫ.(k� Ǧ⊝⟨՗stopऋ .
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Also:

�Ǫ.(k� Ǧ⊝⟨ = �Ǫ.��.ऊk� ‖Ǧ⊝՗�ऋ
→∗

RǠ
�Ǫ.��.ऊǦ⊝ ‖�ऋ

←∗
RǠ

�Ǫ.��.ऊǪ ‖Ǚ⊝ऋ = kǙ⊝
. ∎

Focused introduction

he sepond wny to untrodupe ¬¬ on tte let us n ropused vnrunnt or
tte nnuve one. hus menns ttnt we nre pnrerul to npply tte rule ( Դ ¬⟨
only on stnpks, nt tte prupe or untrodupuns n put, ns rollows:

——
Γ ∣ [[�⊝]] ∶ ¬¬ǈ Դ �⊝ ∶ ǈ,Δ
——

Γ, Ǫ⊝ ∶ ¬¬ǈ Դ ��⊝.ऊǪ⊝‖[[�⊝]]ऋ ∶ ǈ ∣ Δ Γ ∣ Ǚ⊝ ∶ ǈ Դ Δ
——

Γ ∣ ̃�Ǫ⊝.ऎ��⊝.ऊǪ⊝‖[[�⊝]]ऋ∥Ǚ⊝ए ∶ ¬¬ǈ Դ Δ

Let ǙǠ denote tte pontext ttus ootnuned:

ǙǠ ≝ ̃�Ǫ⊝.ऎ��⊝.ऊǪ⊝‖[[�⊝]]ऋ∥Ǚ⊝ए
he pontext ǙǠ uses uts pounter-term ur nnd only ur Ǚ⊝ does.

Evnluntuns tte term Ǉn nmount to evnluntuns ǧ⊝ un tte pontext ǙǠ
ror Ǚ⊝ = ̃�Ǫ⊝.ऊǦ⊝ ‖�⊝ऋ:

✄

✂

�

✁

ऊǇn ‖�⊝ऋ ≃RǠ
ऊǧ⊝ ‖ǙǠऋ .

Proof. Indeed we tnve:

ऊǇn ‖�ऋ →∗
RǠ

ऊǦ⊝[(�⟨ǧ⊝/Ǫ] ‖�ऋ
= ऎǦ⊝[��.ऊ� ‖ǧ⊝՗�ऋ/Ǫ]∥�ए
→∗

RǠ
ऎǦ⊝[��.ऊǧ⊝ ‖k�՗stopऋ/Ǫ] ∥�ए

←RǠ
ऎ��.ऊǧ⊝ ‖k�՗stopऋ ∥ ̃�Ǫ.ऊǦ⊝ ‖�ऋए
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←RǠ
ऒǧ⊝ ∥ ̃�Ǫ.ऎ��.ऊǪ ‖k�՗stopऋ∥ ̃�Ǫ.ऊǦ⊝ ‖�ऋएओ

= ऒǧ⊝ ∥ ̃�Ǫ.ऎ��.ऊǪ ‖[[�]]ऋ∥Ǚ⊝एओ = ऊǧ⊝ ‖ǙǠऋ . ∎

IV.ǔ.Ǘ Liting the ambiguity of evaluation order

de repnll oelow ttnt un tte more senernl pontext or tte models or
nesnted oovepts, tte usomorptusm ¬¬ǈ ≃ǈ us equuvnlent to equntuns
(tte tomolosues or) Ǉn nnd Ǉv, even un otter (lunenr) setunss
wtere ¬¬ǈ ≃ ǈ does not menn ttnt nll proors nre udentuied. de
ponplude ttnt tte umpossuouluty or nn unvolutuve ¬ us ptnrnpterused oy
tte nepessuty to dustunsuust Ǉn nnd Ǉv ns soon ns tte system us nffine
on tte let (e.g. Ǫ mny oe rree un Ǧ nnd ǧ mustt not use uts nrsument).

Let us repnll tte notuon or runnnole monnd rromCtnpter II, wtupt
us souns to despruoe tte umplementntuon or pnll oy vnlue wutt Ǉv un
tte denotntuonnl semnntups or tte λC pnlpulus.

Deinition IV.ƥ. A runnnole monnd on n pntesory ਵ us n monnd(�, �, �⟨ on ਵ wtere � = �ǎ ror n run trnnsrormntuon � ∶ � → ⟨ ttnt
sntusies � Ҫ � = id nnd � Ҫ �� = � Ҫ �ǎ .

he trnnsrormntuon � pnn oe nnturnl; un wtupt pnse � Ҫ � = �ǎ Ҫ �� =
id yuelds � ≃ ⟨; or not. In tte lnter pnse tte unequnluty �Ǉ Ҫ �ǚ ≠ǚ Ҫ �ǈ ∶ �ǈ → Ǉ menns ttnt tte model dustunsuustes two dustunpt
wnys to pompose Ǜ ∶ ǆ → �ǈ wutt ǚ ∶ ǈ → Ǉ.

Proposition IV.Ʀ. Let ℛ be a category with a self-adjoint functor
¬ ∶ ℛop → ℛ:

¬ Ե⟩�,�) ¬ ∶ ℛop → ℛ

he full sub-category ਵ of negated objects ¬ƻ has the runnable monad(¬¬, �¬, �⟨ with �¬ƻ = ¬�ƻ.

Proof. hemonnd (¬¬, �¬, ¬�¬¬⟨ on ਵ pomes from tte monnd (¬¬, �, ¬�¬⟨
on ℛ nnd tte equntuons on � nre nn ensy ponsequenpe of tte ndvunp-
tuon. ∎



IV.ǲ On duality ƦƤƫ

he result us relnted to tte one or Fütrmnnn [Fühǜǜ] ttroust dunl-
uty: ਵ noove us essentunlly tte Kleuslu pntesory or tte po-monnd ¬¬
on tte pntesory ℛop.ƥ he noove ponstruptuon pnn oe unstnntunted
wutt Streupter nnd Reus’s pntesory or nesnted domnuns [SRǜǛ] wtupt
us n model or tte λC pnlpulus. de ensuly ptepk ttnt � us suven oy�ǈ ∶ ¬¬ǈ → ǈ. A fortiori, ǚ Ҫ � nnd � Ҫ ¬¬ǚ respeptuvely porrespond
to Ǉn nnd Ǉv ttroust tte udentuipntuon or ǚ to Ǫ ↦ Ǧ.

Lnstly, Mellu5s nnd Tnonrenu [MTǔǓ] unstnntunte ℛ noove wutt n
dunlosue pntesory (un tte termunolosy or tte nuttors). hey set wutt
ਵ n model or lunenr losup (wutt ¬¬ǈ ≃ ǈ), oy udenturyuns ǚ Ҫ � nnd� Ҫ¬¬ǚ (“depolnrusntuon”). In otter words, ttey ootnun nn unvolutuve
nesntuon oy rorpuns pnll oy vnlue to pounpude wutt pnll oy nnme, nnd
ttey pnn do so oepnuse tteur setuns us lunenr.

he mettod used wutt tte λℓ pnlpulus to set nn unvolutuve nes-
ntuon us, on tte pontrnry, to npknowledse tte poexustenpe or tte
pnll-oy-nnme nnd tte pnll-oy-vnlue evnluntuon sptemes. hen, ns we
wull see, we ootnun n new ponneptuve ∼ oy ndduns n ropnlusntuon re-
duptuon to tte nesntuon, so ttnt ttere us no more nmousuuty on tte
order or evnluntuon nt tte type ¬¬ƻ.

IV.Ǖ On duality

Here we nnswer wtetter tte dunluty oetween pnll oy nnme nnd pnll
oy vnlue suves nn unterpretntuon or rensonuns oy pontrnposutuve.

Repnll ttnt resnrduns tte ponstruptuve unterpretntuons or proposu-
tuonnl plnssupnl losup, ut us well-understood ttnt unterpretntuons un pnll
oy nnme nnd tte ones un pnll oy vnlue nre relnted ttroust dunluty, ns
mupt un models (Streupter nnd Reus [SRǜǛ], Selunser [SelǓǔ]) ns un
term syntnxes (Curuen nnd Heroelun [è”ǓǓ], dndler [WadǓǖ]). Dunl-
uty soes pnst tte runptuonnl unterpretntuon or Brouwer, Heytuns nnd
Kolmosorov. hus, tte rollowuns umplupntuon tns no untuutuonustup

ƥI nm srnteful to Pnul-Andr2 Mellu5s for mentuonuns ttus nrsument enrly un my
resenrpt.
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unterpretntuon:

∀x, y ∈ ƻ, Ǌ(x⟨ Һ ǋ(y⟨ → (∀x ∈ ƻ, Ǌ(x⟨⟨ Һ (∀y ∈ ƻ, ǋ(y⟨⟨ (IV.ƥ)

Indeed, ttnt would requure tte possuouluty or determununs wtupt sude
or tte ponplusuon us sntusied, only rrom outs or unrormntuon “Ǌ orǋ” ror enpt pnur (x, y⟨ un tte typottesus. hus us not possuole un n
systemntup wny, sunpe sets pnn oe uninute.

But untuutuonusm provudes nn unterpretntuon ror tte rormnl pontrn-
posutuve or rormuln (IV.ƥ):

(∃x ∈ ƻ, ¬Ǌ(x⟨⟨ ҹ (∃y ∈ ƻ, ¬ǋ(y⟨⟨ → ∃x, y ∈ ƻ, ¬Ǌ(x⟨ ҹ¬ǋ(y⟨
Apporduns to tte untuutuonustup unterpretntuon:

tte proor sets n wutness or “∃x”, one or “∃y”, nnd pom-
ounes ttem unto n wutness or “∃x, y”.

Dunluty nssopuntes to tte pnll-oy-vnlue unterpretntuon or tte rormuln
noove nn unterpretntuon un pnll oy nnme ror (IV.ƥ). Dunluty rormnlly
exptnnses strupt dntn struptures wutt lnzy ones (Fulunsku [FilǛǜ]), un-
puts wutt outputs (ns notuped oy Gurnrd ttroust lunenr losup [“irǛǚ]),
nnd nlso prosrnms wutt tteur evnluntuon pontexts (Curuen nnd Her-
oelun [è”ǓǓ]).

de ootnun un ttus wny n ponstruptuve unterpretntuon ror tte plnssupnl
proposutuon (IV.ƥ):

tte proor repeuves n rerutntuon (or pounter-exnmple) ror
“∀x”, one ror “∀y”, nnd pomounes ttem unto n rerutntuon or
“∀x, y”.

he role or lnzuness us to delny tte renlusntuon or tte ponplusuon “Һ”
untul tte sumultnneous utulusntuon or oott ornnptes or tte ponplusuon,
ttnt us to sny untul tte rerutntuons nre undeed repeuved. (Supt n
plnssupnl dusvunptuon un pnll oy nnme tns oeen studued oy Pym nnd
Ruter [PRǓǔ] nnd Selunser [SelǓǔ].)
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✄

✂

�

✁
… ǽ Main additions to Figure I.ǔǕ on page Ǜǔ — C is removed.

� ⩴ + ∣ ⊝
Ǧ, ǧ ⩴ Ǫ� ∣ �Ǫ.Ǧ ∣ (Ǧ⊝ ǧ⟨� ∣ ✄

✂

�

✁
let Ǫ+

be Ǧ+ in ǧ ∣
✄

✂

�

✁
(Ǧ, ǧ⟨ ∣ let (Ǫ, ǫ⟨ be Ǧ+ in ǧ ∣ send ∣ ℓ ∣ ƾ→ ∣ ƾ⊥ ∣ ƾ∀

Ǧ� ∶ term Ǧ supt ttnt �(Ǧ⟨ = � ∈ {+, ⊝}
șaȚ Quasi-proof terms

Ǧ �(Ǧ⟨
let … in ǧ �(ǧ⟨Ǫ�, (Ǧ ǧ⟨� ��Ǫ.Ǧ, send, ℓ, ƾ→, ƾ⊥, ƾ∀ ⊝(Ǧ, ǧ⟨ +

șbȚ Polarity �(Ǧ⟨ ∈ {+, ⊝}
Figure IV.ǔ: The λℓ calculus

Notupe ttnt ttus stows ttnt tte untuutuonustup unterpretntuon or dus-
vunptuon ns n strons sum, oesudes oeuns not nlwnys possuole ror plns-
supnl tnutolosues, us not nlwnys userul eutter. Indeed, tte unterpretn-
tuon ootnuned oy dunluty mnkes no use or nn typottetupnl depusuon
propedure ror “∀x, y ∈ ƻ, (Ǌ(x⟨ Һ ǋ(y⟨⟨”.

de oelueve ttnt dunluty pnn provude userul untuutuons. However,
tte explnnntuon ttroust dunluty us not suffipuent. he renson us ttnt
dunluty us externnl to n pnlpulus, wterens pontrnposutuon us nn unternnl
operntuon.

IV.ǖ The Ʉℓ calculus

In ttus septuon we untrodupe tte λℓ pnlpulus. Septuons IV.Ƨ.ƥ ttroust
IV.Ƨ.ƨ explnun tte operntuons nnd tte types or tte pnlpulus. Septuon
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✄

✂

�

✁
… ǽ Main additions to Figure I.ǔǕ on page Ǜǔ.

ƻ, Ƽ⎧{⎨{⎩
ǈ, Ǉ ⩴ ƻ → Ƽ ∣ ∀x ǈ ∣ ⊥

Ǌ, ǋ ⩴ ✄

✂

�

✁
ǒ(t1,… , tǠ⟨ ∣ ƻ ⊗ Ƽ ∣ ∃Ǫ Ǌ ∣ ∼ƻ
șaȚ Formulae

¬ƻ ≝ {∼ǈ uf ƻ = ǈ
Ǌ → ⊥ uf ƻ = Ǌ
șbȚ Negation

Γ Դ Ǧ+ ∶ Ǌ
Γ Դ Ǧ⊝ ∶ ǈ wtere:

✄

✂

�

✁
Ǫ ∶ ƻ ⩴ Ǫ+ ∶ Ǌ ∣ Ǫ⊝ ∶ ǈ

Γ = Ǫ1 ∶ ƻ1,… , ǪǠ ∶ ƻǠ

șcȚ Judgements

✄

✂

�

✁

ℓ ∶ (ƻ → ⊥⟨ → ∼ƻ send ∶ ∼ƻ → (ƻ → ⊥⟨ ƾ⊥ ∶ ∼⊥ → ƻ → ƻ
ƾ→ ∶ ∼(ƻ → Ƽ⟨ → ƻ ⊗ ∼Ƽ ƾ∀ ∶ ∼∀Ǫ ǈ → ∃Ǫ ∼ǈ

—(ax)
Γ, Ǫ ∶ ƻ Դ Ǫ ∶ ƻ

✄

✂

�

✁

Γ Դ Ǧ+ ∶ Ǌ Γ, Ǫ+ ∶ Ǌ Դ ǧ ∶ Ƽ
—(let)

Γ Դ let Ǫ+ be Ǧ+ in ǧ ∶ Ƽ
Γ, Ǫ ∶ ƻ Դ Ǧ ∶ Ƽ
—(→ǭ)

Γ Դ �Ǫ.Ǧ ∶ ƻ → Ƽ
Γ Դ Ǧ ∶ ƻ → Ƽ Γ Դ ǧ ∶ ƻ
—(→Ǚ, � = �⟩Ƽ))

Γ Դ (Ǧ⊝ ǧ⟨� ∶ Ƽ
✄

✂

�

✁

Γ Դ Ǧ ∶ ƻ Γ Դ ǧ ∶ Ƽ
—(⊗ǭ)

Γ Դ (Ǧ, ǧ⟨ ∶ ƻ ⊗ Ƽ
✄

✂

�

✁

Γ Դ Ǧ+ ∶ ƻ ⊗ Ƽ Γ, Ǫ ∶ ƻ, ǫ ∶ Ƽ Դ ǧ ∶ ƽ
—(⊗Ǚ)

Γ Դ let (Ǫ, ǫ⟨ be Ǧ+ in ǧ ∶ ƽ
Γ Դ Ǧ⊝ ∶ ǈ
—(∀ǭ)

∗

Γ Դ Ǧ⊝ ∶ ∀x ǈ
Γ Դ Ǧ⊝ ∶ ∀x ǈ
—(∀Ǚ)

Γ Դ Ǧ⊝ ∶ ǈ[t/x]
✄

✂

�

✁

Γ Դ Ǧ+ ∶ Ǌ[t/x]
—(∃ǭ)

Γ Դ Ǧ+ ∶ ∃Ǫ Ǌ
✄

✂

�

✁

Γ Դ Ǧ+ ∶ ∃x Ǌ Γ, Ǫ+ ∶ Ǌ Դ ǧ ∶ ƻ
—(∃Ǚ)

∗

Γ Դ let Ǫ+ be Ǧ+ in ǧ ∶ ƻ
∗: x ∉ fv⟩Γ, ƻ).

șdȚ Rules

ƾ∀→ ≝ �Ǫ+.let ǫ+ beƾ∀ Ǫ+ inƾ→ ǫ+ ∶ ∼∀x(ƻ → Ƽ⟨ → ∃x (ƻ ⊗ ∼Ƽ⟨
ƾ¬ ≝ �Ǫ+.let (ǫ�, Ǭ+⟨ beƾ→ Ǫ+ in (ƾ⊥ Ǭ+ ǫ�⟨� ∶ ∼(ƻ → ⊥⟨ → ƻ
�� ≝ �Ǫ⊝.let (ǫ�, Ǭ+⟨ beƾ→ ℓ_.Ǫ⊝

in ǫ� ∶ ⊥ → ƻ
ƿ ≝ �Ǫ.ℓǫ⊝.(ǫ⊝ Ǫ⟨⊝ ∶ ƻ → ∼(ƻ → ⊥⟨
ԧ ≝ �Ǫ⊝.(ƾ¬ ℓǫ⊝.(Ǫ⊝ (ℓ ǫ⊝⟨+⟨⟨ ∶ (∼ƻ → ⊥⟨ → ƻ
� ≝ �Ǫ⊝.let (ǫ, Ǭ+⟨ beƾ→ (ℓǪ⊝⟨+ in ǫ ∶ ((ƻ → ⊥⟨ → ⊥⟨ → ƻ

șeȚ éerived terms șnotation ℓǪ.Ǧ⊝ ≝ (ℓ �Ǫ.Ǧ⊝⟨+Ț
Figure IV.Ǖ: Polarised first-order predicate calculus
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✄

✂

�

✁
… ǽ Main additions to Figure I.ǔǕ on page Ǜǔ.

�+, �⊝ … ∶ stnpk ponstnnts

Ǧ ⩴ … ∣ ✄
✂

�

✁

[�] ∣ j�+
Ǧ ԙ

✄

✂

�

✁
ǐ, Ǒ ⩴ Ǧ⊝ ∣ Ǫ+ ∣ (ǐ, Ǒ⟨ ∣ [�]

� ⩴ �� ∣ ǐ՗� ∣ ✄
✂

�

✁
̃�Ǫ+.Ǘ ∣ ̃�(Ǫ, ǫ⟨.Ǘ

șaȚ Terms, values and stacks

Ǘ ⩴ ऊǦ⊝ ‖�⊝ऋ ∣ ✄
✂

�

✁
ऊǦ+ ‖�+ऋ

ǟ ⩴ ✄

✂

�

✁
Ǘ[�]

� ⩴ ՗ ∣ �⊝, �
șbȚ èommands and

machines

Ǧ �(Ǧ⟨
j�+ ⊝[�] +

șcȚ Polarity �(Ǧ⟨ ∈ {+, ⊝}

� �(�⟨
�⊝, ǐ՗� ⊝
�+, ̃�Ǫ+.Ǘ, ̃�(Ǫ, ǫ⟨.Ǘ +

șdȚ Polarity �(�⟨ ∈ {+, ⊝}
ऊ(Ǧ⊝ ǧ⟨� ‖��ऋ[�] ≻Ǣ {ऊǦ⊝ ‖ǐ՗��ऋ[�] uf ǧ = ǐ

ऎǧ∥ ̃�Ǫ+.ऊǦ⊝ ‖Ǫ+՗��ऋए[�] otterwuse

ऊ�Ǫ.Ǧ ‖ǐ՗�ऋ[�] ≻Ǣ ऊǦ[ǐ/Ǫ]‖�ऋ[�]
ऊlet ǣ be Ǧ+ in ǧ‖�ऋ[�] ≻Ǣ ऎǦ+ ∥ ̃�ǣ.ऊǧ‖�ऋए[�]

ऊǐ+ ‖ ̃�Ǫ+.Ǘऋ[�] ≻Ǣ Ǘ[ǐ+/Ǫ+][�]
ऊ(Ǧ+, ǧ⟨‖�ऋ[�] ≻Ǣ ऎǦ+ ∥ ̃�Ǫ+.ऊ(Ǫ+, ǧ⟨‖�ऋए[�] uf Ǧ+ ≠ ǐ
ऊ(ǐ, Ǧ+⟨‖�ऋ[�] ≻Ǣ ऎǦ+ ∥ ̃�Ǫ+.ऊ(ǐ, Ǫ+⟨‖�ऋए[�] uf Ǧ+ ≠ ǐ

ऊ(ǐ, Ǒ⟨‖ ̃�(Ǫ, ǫ⟨.Ǘऋ[�] ≻Ǣ Ǘ[ǐ/Ǫ, Ǒ/ǫ][�]
ऊℓ‖Ǧ⊝՗�+ऋ[�⊝, �] ≻Ǣ ऊǦ⊝ ‖ j�+ ՗�⊝ऋ[�]

ऊj�+ ‖�ऋ[�] ≻Ǣ ऊ[�]‖�+ऋ[�]
ऊsend‖[��]՗Ǧ� ՗� ′

⊝ऋ[�] ≻Ǣ ऊǦ� ‖��ऋ[� ′
⊝, �]

ऊƾ→ ‖[ǐ՗�]՗�+ऋ[�] ≻Ǣ ऊ(ǐ, [�]⟨‖�+ऋ[�]
ऊƾ⊥ ‖[�⊝]՗Ǧ� ՗� ′

�ऋ[�] ≻Ǣ ऊǦ� ‖� ′
�ऋ[�⊝, �]

ऊƾ∀ ‖ǐ՗� ′ऋ[�] ≻Ǣ ऊǐ ‖� ′ऋ[�]
șeȚ Rules of reduction

Figure IV.ǖ: Abstract machine for the λℓ calculus
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IV.Ƨ.Ʃ stows tow tte operntor � pnn oe sumulnted wutt ℓ.
he role or tte λℓ pnlpulus us to stow tow tte λC pnlpulus pnn

oe extended so ns to porrespond to n nnturnl deduptuon wutt nn
unvolutuve nesntuon. hus us wty two ponstrnunts suuded tte desusn or
tte pnlpulus:

ǉ. Nesntuon must oe ttere ns n ponneptuve;

Ǌ. here must oe n plenr dustunptuon oetween on tte one tnnd qunsu-
proor terms, un otter words prosrnms, nnd on tte otter tnnd
terms ttnt nppenr duruns tte evnluntuon un n mnptune.

Qunsu-proor terms or tte λℓ pnlpulus nre deined un Fusure IV.ƥ on
pnse ƦƤƭ. hus pnlpulus extends tte λC pnlpulus wutt n pontrol op-
erntor ℓ ttnt reines tte � operntor. Bott terms nnd stnpks tnve
polarities determuned oy tte runptuon �; let us wrute Ǧ+, Ǧ⊝, �+ or �⊝
to rerer to n term or n stnpk or n suven polnruty.

A polnrused predupnte pnlpulus us suven un Fusure IV.Ʀ on pnse ƦƥƤ.
New types ∼ nnd ⊥ reine tte unterpretntuon or nesntuon. he lnter us
unterpreted dependuns on tte polnruty or ƻ:

✄

✂

�

✁

¬ƻ ≝ {∼ǈ ur ƻ = ǈ
Ǌ → ⊥ ur ƻ = Ǌ

Fusure IV.Ƨ deines tte evnluntuon or terms wutt n mnptune ttnt
extends Kruvune’s. Inutunl stnpks nre uninutely mnny ponstnnts �, �…
ttnt tnve n ixed polnruty.

he two noove ponstrnunts prevnul nt tumes over sumpluputy. For
unstnnpe, to ensure ttnt we pnn stntupnlly determune n polnruty ror
enpt term, npplupntuon us nnnotnted wutt tte expepted polnruty or tte
result: (Ǧ ǧ⟨+ or (Ǧ ǧ⟨⊝.

de omut ttus nnnotntuon wten ut pnn oe deduped rrom pontext.
(hus ussue inds n rormnl solutuon ttroust sequent pnlpulus un Sep-
tuon IV.ƨ, nt tte prupe or relnxuns ponstrnunt #Ʀ.)
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IV.ǖ.ǔ Negating a positive: polarised arrows

he nesntuon or n posutuve rormuln Ǌ us suven wutt Ǌ → ⊥. Let us irst
explnun tte polnrused nrrow.

he npplupntuon us un pnll oy vnlue, oy wtupt we menn ttnt un Ǧ ǧ,
tte nrsument ǧ us evnlunted irst, wten ut us not nlrendy n vnlue:

✄

✂

�

✁

ऊǦ⊝ ǧ+ ‖�ऋ ≻Ǣ ऎǧ+ ∥ ̃�Ǫ+.ऊǦ⊝ ‖Ǫ+՗�ऋए ur ǧ+ us not n vnlue

ऊǦ⊝ ǐ ‖�ऋ ≻Ǣ ऊǦ⊝ ‖ǐ՗�ऋ
In pnrtupulnr, stnpks pnptured oy pontrol operntors nre sunrnnteed to
oe or tte rorm ǐ՗� wtere ǐ us n vnlue.

Example IV.Ƨ. In ttus pontext, polnrusntuon menns ttnt suven ttree
terms:

Γ Դ Ǧ+ ∶ Ǌ
Γ, Ǫ+ ∶ Ǌ Դ ǧ⊝ ∶ ǈ
Γ, ǫ⊝ ∶ ǈ Դ Ǩ ∶ ƻ

ttere nre two wnys or pomposuns ttem:

(�ǫ⊝.Ǩ⟨(�Ǫ+.ǧ⊝ Ǧ+⟨⊝(�Ǫ+.(�ǫ⊝.Ǩ⟨ǧ⊝⟨ Ǧ+
wtupt porrespond to tte rollowuns dustunpt oetnvuours:

ऊ(�ǫ⊝.Ǩ⟨(�Ǫ+.ǧ⊝ Ǧ+⟨⊝ ‖�ऋ ≻∗
Ǣ ऊǨ[(�Ǫ+.ǧ⊝ Ǧ+⟨⊝/ǫ⊝] ‖�ऋ

ऊ(�Ǫ+.(�ǫ⊝.Ǩ⟨ǧ⊝⟨ Ǧ+ ‖�ऋ ≻∗
Ǣ ऎǦ+ ∥ ̃�Ǫ+.ऊ(�ǫ⊝.Ǩ⟨ǧ⊝ ‖�ऋए

hus, ror lnpk or nssopuntuvuty or pomposutuon, tte λℓ pnlpulus es-
pnpes rrom tte rollowuns nrsument or pntesory tteory, wtupt tus-
torupnlly opposed tte exustenpe or non-ooolenn pntesorupnl models
or plnssupnl losup: ns ut us well-known, n pnrtesunn-plosed pntesory
never tns n dunlusuns oovept ⊥, ttnt us to sny wtupt sntusies n nnturnl
usomorptusm ⊥⊥ƻ ≃ ƻ, unless ut us n ooolenn nlseorn.
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hus rollows more senernlly rrom tte duffipulty or unterpretuns nes-
ntuon nlrendy un untuutuonustup losup: un n ou-pnrtesunn-plosed pntesory,
ttere us nt most one morptusm rrom nny oovept to tte unutunl oo-
vept [LSǛǙ, p.Ǚǚ].

IV.ǖ.Ǖ Falsity: delimited control

de nssume ttnt exeputuon tnppens un n mnptune or tte rollowuns
rorm:

✄

✂

�

✁
ऊǦ ‖�ऋ[�1

⊝,… , �Ǡ
⊝]

wtere � = �1
⊝,… , �Ǡ

⊝ us n lust or nesntuve stnpks.
As n ponsequenpe, tte notntuon Ǘ ≻Ǣ Ǘ′ us nn noorevuntuon wtupt

denotes: ∀� , Ǘ[�] ≻Ǣ Ǘ′[�]
In typed setunss we mny expept ttese stnpks to oe or type ⊥. he lust� unternpts wutt pontrol operntors: we stnll see ttnt tte send operntor
lets ut srow wterens tte operntor ℓ lets ut strunk.

de pnn ttunk or � ns n lust or expeptuon tnndlers, wutt terms or
type ⊥ oeuns tnndled oy rnusuns nn expeptuon. (hus unterpretntuon
us unspured rrom tte depomposutuon or delumuted pontrol operntors or
Heroelun et al. [A”SǓǗ, ”“ǓǛ])

he sonl us to reponpule tte stnpk stop or tte λC pnlpulus wutt equn-
tuons or extensuonnluty ttnt we wull untrodupe un Septuon IV.ƨ. he
nnturnl equntuon un ttus pontext, undeed, wtupt tte λℓ pnlpulus re-
vepts: ∀� (stop ≃ �⟨
udentuies nll tte terms or or tte λC pnlpulus, ns we wull explnun.

Repnll ttnt tte stnpk stop nppenrs duruns tte reduptuon or tte λC
pnlpulus ns n pontext or type ⊥ (Fusure I.ƥƦ on pnse Ƭƥ):

ऊ� ‖Ǧ՗�ऋ ≻Ǡ ऊǦ ‖k�՗stopऋ
As we stnll see oelow, tte operntor ℓ replnpes stop wutt tte tend or
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tte lust �: ऊℓ‖Ǧ՗�ऋ[� ′
⊝, �] ≻Ǣ ऊǦ ‖ j�՗� ′

⊝ऋ[�]
IV.ǖ.ǖ Negating a negative: inspectable stacks

In order to unterpret tte nesntuon or n nesntuve rormuln ǈ, we untro-
dupe tte posutuve type ∼ǈ or unspeptnole stnpks.

An inspectable stack us:

n vnlue ttnt denotes n pnptured stnpk nnd ttnt exports
nppessors to uts pomponents.

An unspeptnole stnpk us denoted wutt ǐ+ = [�] (Fusure IV.Ƨn). he
ponstnnts ƾ→, ƾ∀ nnd ƾ⊥ let us nppess tte pomponents or nn unspept-
nole stnpk:

✄

✂

�

✁

ƾ→ ∶ ∼(ƻ → Ƽ⟨ → ƻ ⊗ ∼Ƽ
ƾ∀ ∶ ∼(∀Ǫ ƻ⟨ → ∃Ǫ ∼ƻ
ƾ⊥ ∶ ∼⊥ → ƻ → ƻ

ऊƾ→ ‖[ǐ՗�1]՗�2ऋ ≻Ǣ ऊ(ǐ, [�1]⟨‖�2ऋ
ऊƾ∀ ‖[�1]՗�2ऋ ≻Ǣ ऊ[�1]‖�2ऋ

ऊƾ⊥ ‖[�⊝]՗Ǧ՗� ′ऋ ≻Ǣ ऊǦ ‖� ′ऋ[�⊝]
It us ttererore umportnnt to dustunsuust tte type ∼ǈ rrom tte typeǈ → ⊥ or pontununtuons, un tte sense or runptuons ttnt do not return.

Also, n pnptured stnpk pnn oe posutuve, wtupt suves n vnlue or tte
posutuve type ∼Ǌ. However we provude no nppessor.

Remark That captured contexts are more primitive than continuations
is obvious in programming languages, with the examples of the operation
getcontext in the language è or the operation thisContext in the language
Smalltalk, where the contents of captured contexts can be accessed.
èlements gives a theoretical status to the idea of high-level access to

the components of the contexts [èleǓǙ]. This allows for instance the port-
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able, high-level, implementation of a debugger. Now this idea appears
again through a theoretical question about type isomorphisms.

Example IV.ƨ. de pnn pomoune ƾ∀ nnd ƾ→ to set n proor or:

¬∀x(ƻ → ǈ⟨ → ∃x (ƻ ⊗¬ǈ⟨
Tnke Ƽ = ǈ un tte rollowuns:

ƾ∀→ ≝ �Ǫ+.let ǫ+ beƾ∀ Ǫ+
inƾ→ ǫ+

ƾ∀→ ∶ ∼∀x(ƻ → Ƽ⟨ → ∃x (ƻ ⊗ ∼Ƽ⟨
ऊƾ∀→ ‖[ǐ՗�]՗�+ऋ[�] ≻∗

Ǣ ऊ(ǐ, [�]⟨ ‖�+ऋ[�]
Proof. In tte followuns deruvntuon we omut pontexts Γ.

—ƾ∀ [Ǫ+ ∶ ∼∀x(ƻ → Ƽ⟨]
—(→Ǚ)ƾ∀ Ǫ+ ∶ ∃x ∼(ƻ → Ƽ⟨

—ƾ→ [ǫ+ ∶ ∼(ƻ → Ƽ⟨]
—(→Ǚ)ƾ→ ǫ+ ∶ ƻ ⊗ ∼Ƽ
—(∃ǭ)ƾ→ ǫ+ ∶ ∃x (ƻ ⊗ ∼Ƽ⟨

—(∃Ǚ)
let ǫ+ beƾ∀ Ǫ+

inƾ→ ǫ+ ∶ ∃x (ƻ ⊗ ∼Ƽ⟨
—(→ǭ)ƾ∀→ ∶ ∼∀x(ƻ → Ƽ⟨ → ∃x (ƻ ⊗ ∼Ƽ⟨

de tnve tte reduptuon:

ऊƾ∀→ ‖[ǐ՗�]՗�+ऋ[�]
≻Ǣ ऊlet ǫ+ beƾ∀ [ǐ՗�] inƾ→ ǫ+‖�+ऋ[�]
≻Ǣ ऎƾ∀ [ǐ՗�] ∥ ̃�ǫ+.ऊƾ→ ǫ+‖�+ऋए[�]
≻Ǣ ऎƾ∀ ∥[ǐ՗�]՗ ̃�ǫ+.ऊƾ→ ǫ+‖�+ऋए[�]
≻Ǣ ऎ[ǐ՗�] ∥ ̃�ǫ+.ऊƾ→ ǫ+‖�+ऋए[�]
≻Ǣ ऊƾ→ [ǐ՗�] ‖�+ऋ[�]
≻Ǣ ऊƾ→ ‖[ǐ՗�]՗�+ऋ[�]
≻Ǣ ऊ(ǐ, [�]⟨ ‖�+ऋ[�] ∎

he ummedunteness or tte operntuon us un stnrp pontrnst wutt uts
tomolosue or tte λC pnlpulus suven un Exnmple I.ƭ. he essentunl
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dufferenpe us ttnt ƾ∀→ nppesses tte pomponents or n stnpk wtupt us
nlrendy pnptured, wterens tte term or tte λC pnlpulus pontnuns two
pontrol operntors.Ʀ

Example IV.Ʃ. de pnn pomoune ƾ→ nnd ƾ⊥ to ootnun n proor un
pnrtupulnr or ¬¬Ǌ → Ǌ (tnke ƻ = Ǌ):

ƾ¬ ≝ �Ǫ+.let (ǫ�, Ǭ+⟨ beƾ→ Ǫ+
in (ƾ⊥ Ǭ+ ǫ�⟨�ƾ¬ ∶ ∼(ƻ → ⊥⟨ → ƻ

ऊƾ¬ ‖[ǐ�՗�⊝]՗� ′
�ऋ[�] ≻∗

Ǣ ऊǐ� ‖� ′
�ऋ[�⊝, �]

he term ƾ¬ keeps �⊝ nt tte tend or tte lust � . A vnrunnt ernses �⊝:

ƾ′
¬ ≝ �Ǫ+.let (ǫ�, Ǭ+⟨ beƾ→ Ǫ+

in ǫ�

ƾ′
¬ ∶ ∼(ƻ → ⊥⟨ → ƻ nvep � = �(ƻ⟨

ऊƾ′
¬ ‖[ǐ�՗�⊝]՗� ′

�ऋ[�] ≻∗
Ǣ ऊǐ� ‖� ′

�ऋ[�]
Proof. In tte followuns deruvntuon, we omut pontexts Γ.

[Ǫ+ ∶ ∼(ƻ → ⊥⟨]
——ƾ→ Ǫ+ ∶ ƻ ⊗ ∼⊥

[Ǭ+ ∶ ∼⊥]
——ƾ⊥ Ǭ+ ∶ ƻ → ƻ [ǫ� ∶ ƻ]
—(→Ǚ)(ƾ⊥ Ǭ+ǫ�⟨� ∶ ƻ

—(⊗Ǚ)
let (ǫ�, Ǭ+⟨ beƾ→ Ǫ+

in (ƾ⊥ Ǭ+ǫ�⟨� ∶ ƻ
—(→ǭ)ƾ¬ ∶ ∼(ƻ → ⊥⟨ → ƻ

(wtere � = �(ƻ⟨).
de tnve tte reduptuon:

ऊƾ¬ ‖[ǐ� ՗�⊝]՗� ′
�ऋ[�]

≻Ǣ ऊlet (ǫ�, Ǭ+⟨ beƾ→ [ǐ� ՗�⊝] in (ƾ⊥ Ǭ+ǫ�⟨� ‖� ′
�ऋ[�]

≻Ǣ ऎƾ→ [ǐ� ՗�⊝] ∥ ̃�(ǫ�, Ǭ+⟨.ऊ(ƾ⊥ Ǭ+ǫ�⟨� ‖� ′
�ऋए[�]

Ʀhe new term would oe sumpler stull uf we took tte trouole of untrodupuns n no-
tuon of suotypuns. he oetnvuour of ƾ∀ undeed porresponds to n suotypuns
rule ∼(∀Ǫ ƻ⟨ <∶ ∃Ǫ ∼ƻ.
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≻Ǣ ऎƾ→ ∥[ǐ� ՗�⊝]՗ ̃�(ǫ�, Ǭ+⟨.ऊ(ƾ⊥ Ǭ+ǫ�⟨� ‖� ′
�ऋए[�]

≻Ǣ ऎ(ǐ� , [�⊝]⟨ ∥ ̃�(ǫ�, Ǭ+⟨.ऊ(ƾ⊥ Ǭ+ǫ�⟨� ‖� ′
�ऋए[�]

≻Ǣ ऊ(ƾ⊥ [�⊝] ǐ�⟨� ‖� ′
�ऋ[�]

≻Ǣ ऊƾ⊥ [�⊝] ‖ǐ� ՗� ′
�ऋ[�]

≻Ǣ ऊƾ⊥ ‖[�⊝]՗ǐ� ՗� ′
�ऋ[�]

≻Ǣ ऊǐ� ‖� ′
�ऋ[�⊝, �] ∎

he usomorptusm ¬¬Ǌ ≃ Ǌ wull dusprumunnte oetween ƾ¬ nnd ƾ′
¬:

undeed, tte unvertuole morptusm us souns to oe ƾ¬ nnd not ƾ′
¬.

IV.ǖ.Ǘ èapturing and installing stacks

Guven n pnptured stnpk [�], tte stnpk us re-unstnlled ns tte pontext or
nnotter term Ǧ oy tte ponstnnt send:

ऊsend‖[�]՗Ǧ՗� ′
⊝ऋ[�] ≻Ǣ ऊǦ ‖�ऋ[� ′

⊝, �]
In otter words, tte ponstnnt send ponverts n pnptured stnpk unto n
pontununtuon:

✄

✂

�

✁
send ∶ ∼ƻ → ƻ → ⊥

he stnpk � ′
⊝, supposedly or type ⊥ npporduns to tte type or send, us

ndded on top or � .
he operntor responsuole ror tte nppnrutuon or unspeptnole stnpks us

ℓ:
✄

✂

�

✁
ℓ ∶ (ƻ → ⊥⟨ → ∼ƻ

he notntuon ℓǪ.Ǧ⊝ stnnds ror (ℓ �Ǫ.Ǧ⊝⟨+. It evnluntes Ǧ⊝ untul Ǫ pomes
un tend posutuon, ttnt us to sny un rront or n stnpk �. dten ttus
tnppens, tte operntor ℓ pnptures � nnd supplues tte unspeptnole stnpk[�] to tte pontext wtere ℓ wns npplued. Lnst, tte operntor ℓ rnlls
onpk to tte tend or tte lust � un pnse Ǧ⊝ returns wuttout usuns Ǫ.Ƨ
Ƨhus pomes ns nn explnnntuon to tte fnpt ttnt Murtty’s pomputntuonnl unter-

pretntuon of LC must evnlunte “under the �-abstraction” [MurǜǕ]. Murtty wns,
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hus operntuon us rormnlly despruoed oy untrodupuns tte j operntor.
he operntor ℓ snves un j tte pontext �+ un wtupt ℓ us npplued, nnd
unstnlls tte tend �⊝ ns tte new pontext:

ऊℓ‖Ǧ⊝՗�+ऋ[�⊝, �] ≻Ǣ ऊǦ⊝ ‖ j�+՗�⊝ऋ[�]
Onpe tte operntor j�+ pomes un tend posutuon, ut pnptures tte stnpk
nnd restores tte pontext �+:

ऊj�+ ‖�ऋ[�] ≻Ǣ ऊ[�] ‖�+ऋ[�]
Example IV.ƪ. Usuns ℓ, we deruve nn operntor � (abort) wtupt
unterprets tte rule Ex Falso Quodlibet:

�� ≝ �Ǫ⊝.let (ǫ�, Ǭ+⟨ beƾ→ ℓl.Ǫ⊝
in ǫ�

�� ∶ ⊥ → ƻ (wtere � = �(ƻ⟨)
ऊ�� ‖Ǧ⊝՗��ऋ[� ′

⊝, �] ≻∗
Ǣ ऊǦ⊝ ‖� ′

⊝ऋ[�]
Proof. here us tte deruvntuon:

—ƾ→

—
ℓ

Ǫ⊝ ∶ ⊥—(→ǭ)�_.Ǫ⊝ ∶ (ƻ → Ƽ⟨ → ⊥
—(→Ǚ)

ℓ �_.Ǫ⊝ ∶ ∼(ƻ → Ƽ⟨
—(→Ǚ)ƾ→ ℓ_.Ǫ⊝ ∶ ƻ ⊗ ∼Ƽ [ǫ� ∶ ƻ]
—(⊗Ǚ)

let (ǫ�, Ǭ+⟨ beƾ→ ℓ_.Ǫ⊝
in ǫ� ∶ ƻ

—(→ǭ)�� ∶ ⊥ → ƻ
here nlso us tte reduptuon:

ऊ�� ‖Ǧ⊝՗��ऋ[� ′
⊝, �]

≻Ǣ ऊlet (ǫ�, Ǭ+⟨ beƾ⊗ ℓ_.Ǧ⊝ in ǫ� ‖��ऋ[� ′
⊝, �]

≻Ǣ ऎƾ⊗ ℓ_.Ǧ⊝ ∥ ̃�(ǫ�, Ǭ+⟨.ऊǫ� ‖��ऋए[� ′
⊝, �]

≻Ǣ ऒℓ_.Ǧ⊝ ∥ ̃�Ǫ+.ऎƾ⊗ ∥Ǫ+՗ ̃�(ǫ�, Ǭ⟨.ऊǫ� ‖��ऋएओ[� ′
⊝, �]

un ndvnnpe of tus tume, un fnpt despruouns tte oetnvuour of n vnrunnt of ℓ.
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≻Ǣ ऒℓ ∥�_.Ǧ⊝՗ ̃�Ǫ+.ऎƾ⊗ ∥Ǫ+՗ ̃�(ǫ�, Ǭ⟨.ऊǫ� ‖��ऋएओ[� ′
⊝, �]

≻Ǣ ऒ�_.Ǧ⊝ ∥ j ̃�Ǫ+.ऌ�⊗ ∥Ǫ+՗ ̃�⟩ǫ� ,Ǭ).ईǫ� ‖�� उऍ՗� ′
⊝ओ[�]

≻Ǣ ऊǦ⊝ ‖� ′
⊝ऋ[�] ∎

Example IV.ƫ. By pomoununs �Ǫǫ.ǫǪ ∶ ƻ → ((ƻ → ⊥⟨ → ⊥⟨ wutt ℓwe
ootnun n proor or Ǌ → ¬¬Ǌ (tnke ƻ = Ǌ):

ƿ ∶ ƻ → ∼(ƻ → ⊥⟨
ƿ ≝ �Ǫ.ℓǫ⊝.(ǫ⊝ Ǫ⟨⊝ऊƿ‖ǐ՗�+ऋ[�⊝, �] ≻∗

Ǣ ऊ[ǐ՗�⊝] ‖�+ऋ[�]

Proof. de tnve tte reduptuon:

ऊƿ‖ǐ՗�+ऋ[�⊝, �]
≻Ǣ ऊℓǫ⊝.(ǫ⊝ ǐ⟨⊝ ‖�+ऋ[�⊝, �]
≻Ǣ ऊℓ ‖�ǫ⊝.(ǫ⊝ ǐ⟨⊝՗�+ऋ[�⊝, �]
≻Ǣ ऊ�ǫ⊝.(ǫ⊝ ǐ⟨⊝ ‖ j�+ ՗�⊝ऋ[�]
≻Ǣ ऊ(j�+ ǐ⟨⊝ ‖�⊝ऋ[�]
≻Ǣ ऊj�+ ‖ǐ՗�⊝ऋ[�]
≻Ǣ ऊ[ǐ՗�⊝] ‖�+ऋ[�] ∎

Example IV.Ƭ. de ootnun tte elumunntuon or douole nesntuon
¬¬ǈ → ǈ ns rollows (tnke ƻ = ǈ):

ԧ ∶ (∼ƻ → ⊥⟨ → ƻ
ԧ ≝ �Ǫ⊝.(ƾ¬ ℓǫ⊝.(Ǫ⊝ (ℓǫ⊝⟨+⟨⟨
ऊԧ ‖Ǧ⊝՗�ऋ[� ′

⊝, �″
⊝, �] ≻∗

Ǣ ऊǦ⊝ ‖[�]՗� ′
⊝ऋ[�″

⊝, �]
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Proof. de tnve tte deruvntuon:

—ƾ¬

—
ℓ

[Ǫ⊝ ∶ ∼ƻ → ⊥]
—
ℓ [ǫ⊝ ∶ ƻ → ⊥]
—(→Ǚ)(ℓ ǫ⊝⟨+ ∶ ∼ƻ

—(→Ǚ)Ǫ⊝ (ℓ ǫ⊝⟨+ ∶ ⊥
—(→ǭ)�ǫ⊝.(Ǫ⊝ (ℓ ǫ⊝⟨+⟨ ∶ (ƻ → ⊥⟨ → ⊥
—(→Ǚ)

ℓǫ⊝.(Ǫ⊝ (ℓ ǫ⊝⟨+⟨ ∶ ∼(ƻ → ⊥⟨
—(→Ǚ)ƾ¬ ℓǫ⊝.(Ǫ⊝ (ℓ ǫ⊝⟨+⟨ ∶ ƻ
—(→ǭ)ԧ ∶ (∼ƻ → ⊥⟨ → ƻ

de nlso tnve tte reduptuon:

ऊԧ ‖Ǧ⊝՗�ऋ[� ′
⊝, �″

⊝, �]
≻Ǣ ऊƾ¬ ℓǫ⊝.(Ǧ⊝ (ℓ ǫ⊝⟨+⟨ ‖�ऋ[� ′

⊝, �″
⊝, �]

≻Ǣ ऎℓǫ⊝.(Ǧ⊝ (ℓ ǫ⊝⟨+⟨ ∥ ̃�Ǫ+.ऊƾ¬ ‖Ǫ+՗�ऋए[� ′
⊝, �″

⊝, �]
≻Ǣ ऎℓ ∥�ǫ⊝.(Ǧ⊝ (ℓ ǫ⊝⟨+⟨՗ ̃�Ǫ+.ऊƾ¬ ‖Ǫ+՗�ऋए[� ′

⊝, �″
⊝, �]

≻Ǣ ऎ�ǫ⊝.(Ǧ⊝ (ℓ ǫ⊝⟨+⟨ ∥ j ̃�Ǫ+.ई�¬ ‖Ǫ+՗�उ՗� ′
⊝ए[�″

⊝, �]
≻Ǣ ऎǦ⊝ (ℓ j ̃�Ǫ+.ई�¬ ‖Ǫ+՗�उ⟨+ ∥� ′

⊝ए[�″
⊝, �]

≻Ǣ ऎ(ℓ j ̃�Ǫ+.ई�¬ ‖Ǫ+՗�उ⟨+ ∥ ̃�Ǫ+.ऊǦ⊝ ‖Ǫ+՗� ′
⊝ऋए[�″

⊝, �]
≻Ǣ ऎℓ ∥ j ̃�Ǫ+.ई�¬ ‖Ǫ+՗�उ՗ ̃�Ǫ+.ऊǦ⊝ ‖Ǫ+՗� ′

⊝ऋए[�″
⊝, �]

≻Ǣ ऎj ̃�Ǫ+.ई�¬ ‖Ǫ+՗�उ ∥ j ̃�Ǫ+.ईǦ⊝ ‖Ǫ+՗� ′
⊝उ՗�″

⊝ए[�]
≻Ǣ ऎ[j ̃�Ǫ+.ईǦ⊝ ‖Ǫ+՗� ′

⊝उ՗�″
⊝] ∥ ̃�Ǫ+.ऊƾ¬ ‖Ǫ+՗�ऋए[�]

≻Ǣ ऎƾ¬ ∥[j ̃�Ǫ+.ईǦ⊝ ‖Ǫ+՗� ′
⊝उ՗�″

⊝]՗�ए[�]
≻Ǣ ऎj ̃�Ǫ+.ईǦ⊝ ‖Ǫ+՗� ′

⊝उ ∥�ए[�″
⊝, �]

≻Ǣ ऎ[�] ∥ ̃�Ǫ+.ऊǦ⊝ ‖Ǫ+՗� ′
⊝ऋए[�″

⊝, �]
≻Ǣ ऊǦ⊝ ‖[�]՗� ′

⊝ऋ[�″
⊝, �] ∎
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IV.ǖ.ǘ Refining C

he rollowuns exnmple stows ttnt tte operntors ℓ nnd j reine tte
operntors � nnd k. Assume ttnt we tnve ptosen n dustunsuusted
nesntuve stnpk ponstnnt stop.

Example IV.ƭ. Let us tnke:

� ≝ �Ǫ⊝.ƾ′
¬(ℓ Ǫ⊝⟨+

k��
≝ j ̃�Ǫ+.ई�′

¬ Ǫ+‖�� उ

de tnve:

� ∶ ((ǈ → ⊥⟨ → ⊥⟨ → ǈ
ऊ� ‖Ǧ⊝՗�⊝ऋ[stop, �] ≻∗

Ǣ ऊǦ⊝ ‖k�⊝
՗stopऋ[�]

ऊk�� ‖Ǧ�՗� ′
⊝ऋ ≻∗

Ǣ ऊǦ� ‖��ऋ
Proof. de tnve tte followuns deruvntuon:

Ǫ⊝ ∶ (ƻ → ⊥⟨ → ⊥
—(ℓ Ǫ⊝⟨+ ∶ ∼(ƻ → ⊥⟨
—ƾ′

¬(ℓ Ǫ⊝⟨+ ∶ ƻ
de tnve tte reduptuons:

ऊ� ‖Ǧ⊝՗�⊝ऋ[stop, �]
≻Ǣ ऊƾ′

¬(ℓ Ǧ⊝⟨+ ‖�⊝ऋ[stop, �]
≻Ǣ ऎ(ℓ Ǧ⊝⟨+ ∥ ̃�Ǫ+.ऊƾ′

¬ Ǫ+‖�⊝ऋए[stop, �]
≻Ǣ ऎ(ℓ Ǧ⊝⟨+ ∥ ̃�Ǫ+.ऊƾ′

¬ Ǫ+‖�⊝ऋए[stop, �]
≻Ǣ ऎℓ ∥ Ǧ⊝՗ ̃�Ǫ+.ऊƾ′

¬ Ǫ+‖�⊝ऋए[stop, �]
≻Ǣ ऎǦ⊝ ∥ j ̃�Ǫ+.ई�′

¬ Ǫ+‖�⊝उ՗stopए[�]
= ऊǦ⊝ ‖k�⊝

՗stopऋ[�]
ऊk�⊝ ‖Ǧ⊝՗� ′

⊝ऋ[�]
≻Ǣ ऎ[Ǧ⊝՗� ′

⊝] ∥ ̃�Ǫ+.ऊƾ′
¬ Ǫ+‖�⊝ऋए[�]
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≻Ǣ ऊƾ′
¬ [Ǧ⊝՗� ′

⊝] ‖�⊝ऋ[�]
≻Ǣ ऊƾ′

¬ ‖[Ǧ⊝՗� ′
⊝]՗�⊝ऋ[�]

≻Ǣ ऊǦ⊝ ‖�⊝ऋ[�] ∎

As n ponsequenpe, suven nn unutunl lust � = stop,… , stop wtupt us
lons enoust, tte reduptuon un tte λℓ pnlpulus sumulntes tte redup-
tuon un tte λC pnlpulus un tte rollowuns sense:

Ǘ ≻+
Ǡ Ǘ′ ⇒ ∃Ǡ ∈ ℕǗ[stopǠ] ≻+

Ǣ Ǘ′

IV.Ǘ The calculus L
pol,t̂p

⊝
In ttus septuon we untrodupe tte pnlpulus Lpol,t̂p⊝ . In IV.ƨ.ƥ we explnun
uts operntuons, nnd we stow tow ttey umplement tte λℓ pnlpulus.
hen, un Septuon IV.ƨ.Ʀ on pnse ƦƧƤ we untrodupe n CPS trnnslntuon
nnd we prove ttnt not nll terms nre udentuied. Funnlly, un IV.ƨ.Ƨ we
explnun tow Lpol,t̂p⊝ relntes to otter pnlpulu wutt pontrol operntors.

de present tte pnlpulus Lpol,t̂p⊝ un Fusure IV.ƨ on pnse ƦƦƩ. It
enruptes Ln wutt:

• he posutuve ponvunptuon ⊗, wutt tte porresponduns ropusuns
rules;

• he posutuve nesntuon ∼, nnd tte porresponduns ropusuns rule;

• Alternnte rules ror ⊥ ror wtupt we untrodupe tte operntors t̂p nnd�t̂p.
he pnlpulus Lpol,t̂p⊝ duffers rrom tte pnlpulus Lpol,t̂p+ rrom Ctnpter III
un tte rnpt ttnt tte term �t̂p.Ǘ us nesntuve un Lpol,t̂p⊝ wtule ut us posutuve
un Lpol,t̂p+ .

For ponpuseness we ptose to lenve nsude tte stuts or tte pnlpulus
Ldup rrom II, nlttoust ttere us no duffipulty un ndduns ttem. he
pnlpulus stull tns wenk stuts, ns we wull see un Septuon IV.ƪ.
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IV.Ǘ.ǔ Interpreting Ʉℓ

Positive bindings

he ounder ̃� nllows us to deruve tte oundunss let Ǫ be Ǧ in ǧ. he term
let Ǫ+

be Ǧ+ in ǧ or tte λℓ pnlpulus us ootnuned ttroust tte deinutuon:

✄

✂

�

✁

let Ǫ+
be Ǧ+ in ǧ� ≝ ���.ऎǦ+ ∥ ̃�Ǫ+.ऊǧ� ‖��ऋए ,

ror nny terms Ǧ+ nnd ǧ or Lpol,t̂p⊝ . he ounder ̃� nlso depomposes pnurs
or vnlues. hus we deine sumulnrly:

✄

✂

�

✁

let (Ǫ, ǫ⟨ be Ǧ+ in ǧ� ≝ ���.ऎǦ+ ∥ ̃�(Ǫ, ǫ⟨.ऊǧ� ‖��ऋए .

Lnst, npplupntuon us deined wutt:

✄

✂

�

✁
(Ǧ⊝ ǧ⟨� ≝ ���.ऊǦ⊝ ‖ǧ՗��ऋ .

Evnluntuon un pnll oy vnlue us enrorped oy tte ropusuns rule (�→1
⟨.

Indeed, ut umplues ttnt ur ǧ+ us not n vnlue, tten we tnve:

ऊ(Ǧ⊝ ǧ+⟨� ‖��ऋ = ऎ���.ऊǦ⊝ ‖ǧ+՗��ऋ∥��ए੃RǢ
ऎ���.ऊǦ⊝ ‖ǧ+՗��ऋ ∥��ए

੃RǢ
ऊǦ⊝ ‖ǧ+՗��ऋ

੃RǢ
ऎǧ+ ∥ ̃�Ǫ+.ऊǦ⊝ ‖Ǫ+՗��ऋए

hus pounpudes wutt tte reduptuon rule or λℓ.

The operator �t̂p
As un tte pnlpulus Lpol,t̂p+ , tte operntor �t̂p umplements tte lust or
stnpks, wtupt us deined unduptuvely ns rollows:

✄

✂

�

✁

Ǘ[] ≝ Ǘ
Ǘ[�1

⊝,… , �Ǡ
⊝] ≝ ऊ�t̂p.Ǘ ‖�1

⊝ऋ[�2
⊝,… , �Ǡ

⊝]
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✄

✂

�

✁
… ǽ Main additions to Figure I.ǔǓ.

Ǧ⎧{⎨{⎩
Ǧ⊝ ⩴ Ǫ⊝ ∣ �Ǫ.Ǧ ∣ ��⊝.Ǘ ∣ ✄

✂

�

✁
�t̂p.Ǘ

Ǧ+ ⩴ ✄

✂

�

✁
Ǫ+ ∣ (Ǧ, Ǧ⟨ ∣ [Ǚ] ∣ ��+.Ǘ Ǧ ԙ ǐ⎧{⎨{⎩

Ǧ⊝

ǐ+ ⩴ ✄

✂

�

✁
Ǫ+ ∣ (ǐ, ǐ⟨ ∣ [�]

Ǚ⎧{⎨{⎩
Ǚ⊝ ⩴ �⊝ ∣ Ǧ՗Ǚ ∣ ̃�Ǫ⊝.Ǘ ∣ ✄

✂

�

✁
t̂p

Ǚ+ ⩴ ✄

✂

�

✁
�+ ∣ ̃�Ǫ+.Ǘ ∣ ̃�(Ǫ, ǫ⟨.Ǘ ∣ ̃�[�].Ǘ Ǚ ԙ �{ �⊝ ⩴ �⊝ ∣ ǐ՗�

Ǚ+
Ǘ ⩴ ✄

✂

�

✁
ऊǦ+ ‖Ǚ+ऋ ∣ ऊǦ⊝ ‖Ǚ⊝ऋ

șaȚ Terms, values, contexts, stacks, and commands

(ǌ ̃�⟨ ऊǐ ‖ ̃�Ǫ.Ǘऋ ੃RǢ
Ǘ[ǐ/Ǫ]

(ǌ�⟨ ऊ��.Ǘ ‖�ऋ ੃RǢ
Ǘ[�/�]

(ǌ→⟨ ऊ�Ǫ.Ǧ ‖ǐ՗�ऋ† ੃RǢ
ऊǦ[ǐ/Ǫ]‖�ऋ

(ǌ⊗⟨ ऊ(ǐ, Ǒ⟨‖ ̃�(Ǫ, ǫ⟨.Ǘऋ† ੃RǢ
Ǘ[ǐ/Ǫ, Ǒ/ǫ]

(ǌ∼⟨ ऊ[��]‖ ̃�[��].Ǘऋ ੃RǢ
Ǘ[��/��]

(ǌ
t̂p

⟨ �t̂p.ऊǦ⊝ ‖ t̂pऋ‡ ੃RǢ
Ǧ⊝

†When polarities match pairwise. ‡Even if t̂p occurs in Ǧ⊝

(�⊗1
⟨ ऊ(Ǧ+, ǧ⟨‖Ǚ+ऋ† ੃RǢ

ऎǦ+ ∥ ̃�Ǫ.ऊ(Ǫ, ǧ⟨‖Ǚ+ऋए
(�⊗2

⟨ ऊ(ǐ, Ǧ+⟨‖Ǚ+ऋ† ੃RǢ
ऎǦ+ ∥ ̃�ǫ.ऊ(ǐ, ǫ⟨‖Ǚ+ऋए

(�∼⟨ ऊ[Ǚ⊝]‖Ǚ+ऋ‡ ੃RǢ
ऎ��⊝.ऊ[�⊝]‖Ǚ+ऋ∥Ǚ⊝ए

(�→1
⟨ ऊǧ⊝ ‖Ǧ+՗Ǚऋ† ੃RǢ

ऎǦ+ ∥ ̃�Ǫ.ऊǧ⊝ ‖Ǫ՗Ǚऋए
(�→2

⟨ ऊǧ⊝ ‖ǐ՗Ǚ⊝ऋ‡ ੃RǢ
ऎ��.ऊǧ⊝ ‖ǐ՗�ऋ∥Ǚ⊝ए

†When Ǧ+ is not a value. ‡When Ǚ⊝ is not a stack.

șbȚ Reduction rules

(ƿ ̃�⟨ Ǚ ੃EǢ
̃�Ǫ.ऊǪ ‖Ǚऋ (ƿ⊗⟨ �⊝ ੃EǢ

̃�(Ǫ, ǫ⟨.ऊ(Ǫ, ǫ⟨‖�⊝ऋ
(ƿ�⟨ Ǧ ੃EǢ

��.ऊǦ ‖�ऋ (ƿ∼⟨ Ǚ+ ੃EǢ
̃�[�].ऊ[�]‖Ǚ+ऋ

(ƿ→⟨ Ǧ⊝ ੃EǢ
�Ǫ.��.ऊǦ⊝ ‖Ǫ՗�ऋ (ƿ

t̂p
⟨ Ǘ ੃EǢ

ऊ�t̂p.Ǘ ‖ t̂pऋ
șcȚ Expansion rules șnew variables are freshȚ

Figure IV.Ǘ: Lpol,t̂p⊝ : the calculus
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✄

✂

�

✁
… ǽ Main additions to Figure I.ǔǔ.

ƻ, Ƽ⎧{⎨{⎩
ǈ, Ǉ ⩴ ƻ → Ƽ ∣ ∀x ǈ ∣ ⊥

Ǌ, ǋ ⩴ ✄

✂

�

✁
ǒ(t1,… , tǠ⟨ ∣ ƻ ⊗ Ƽ ∣ ∃Ǫ Ǌ ∣ ∼ƻ
șaȚ Formulae

✄

✂

�

✁
ǚ ∶ ƻ ⩴ ǚ+ ∶ Ǌ ∣ ǚ ⊝ ∶ ǈ

for ǚ ∈ {Ǫ, �, Ǧ, Ǚ}.
Γ = ⃗Ǫǭ ∶ ⃗ƻǭ Δ = ⃗�Ǯ ∶ ⃗ƼǮ

Γ Դ Ǧ ∶ ƻ ∣ Δ Γ ∣ Ǚ ∶ ƻ Դ Δ

Ǘ ∶ (Γ Դ Δ⟨
șbȚ Judgements

—(Դ ax)
Γ, Ǫ ∶ ƻ Դ Ǫ ∶ ƻ ∣ Δ

—(ax Դ)
Γ ∣ � ∶ ƻ Դ � ∶ ƻ,Δ

Ǘ ∶ (Γ, Ǫ ∶ ƻ Դ Δ⟨
—( ̃� Դ)

Γ, ̃�Ǫ.Ǘ ∶ ƻ Դ Δ

Ǘ ∶ (Γ Դ � ∶ ƻ, Δ⟨
—(Դ �)

Γ Դ ��.Ǘ ∶ ƻ ∣ Δ

Γ Դ Ǧ ∶ ƻ ∣ Δ Γ ∣ Ǚ ∶ ƻ Դ Δ
—(cut)ऊǦ ‖Ǚऋ ∶ (Γ Դ Δ⟨

șcȚ “roup Identity and Structure

Γ, Ǫ ∶ ƻ Դ Ǧ ∶ Ƽ ∣ Δ
—(Դ →)

Γ Դ �Ǫ.Ǧ ∶ ƻ → Ƽ ∣ Δ

Γ Դ Ǧ ∶ ƻ ∣ Δ Γ ∣ Ǚ ∶ Ƽ Դ Δ
—(→ Դ)

Γ ∣ Ǧ՗Ǚ ∶ ƻ → Ƽ Դ Δ
✄

✂

�

✁

Γ Դ Ǧ ∶ ƻ ∣ Δ Γ Դ ǧ ∶ Ƽ ∣ Δ
—(Դ ⊗)

Γ Դ (Ǧ, ǧ⟨ ∶ ƻ ⊗ Ƽ ∣ Δ

✄

✂

�

✁

Ǘ ∶ (Γ, Ǫ ∶ ƻ, ǫ ∶ Ƽ Դ Δ⟨
—(⊗ Դ)

Γ ∣ ̃�(Ǫ, ǫ⟨.Ǘ ∶ ƻ ⊗ Ƽ Դ Δ
✄

✂

�

✁

Γ ∣ Ǚ ∶ ƻ Դ Δ
—(Դ ∼)

Γ Դ [Ǚ] ∶ ∼ƻ ∣ Δ

✄

✂

�

✁

Ǘ ∶ (Γ Դ � ∶ ƻ, Δ⟨
—(∼ Դ)

Γ ∣ �[�].Ǘ ∶ ∼ƻ Դ Δ

Γ Դ Ǧ⊝ ∶ ǈ ∣ Δ
—(Դ ∀1)∗

Γ Դ Ǧ⊝ ∶ ∀Ǫ ǈ ∣ Δ

Γ ∣ Ǚ⊝ ∶ ǈ[t/x] Դ Δ
—(∀1 Դ)

Γ ∣ Ǚ⊝ ∶ ∀x ǈ Դ Δ
✄

✂

�

✁

Γ Դ Ǧ+ ∶ Ǌ[t/x] ∣ Δ
—(∃ǭ)

Γ Դ Ǧ+ ∶ ∃Ǫ Ǌ ∣ Δ

✄

✂

�

✁

Γ ∣ Ǚ+ ∶ Ǌ Դ Δ
—(∃Ǚ)

∗

Γ ∣ Ǚ+ ∶ ∃Ǫ Ǌ Դ Δ
✄

✂

�

✁

Ǘ ∶ (Γ Դ Δ⟨
—(Դ ⊥)

Γ Դ �t̂p.Ǘ ∶ ⊥ ∣ Δ
—(⊥ Դ)

Γ ∣ t̂p ∶ ⊥ Դ Δ
∗: x ∉ fv⟩Γ,Δ).

șdȚ “roup Logic.

Figure IV.ǘ: Lpol,t̂p⊝ : typing rules
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he dufferenpe us ttnt un Lpol,t̂p+ tte elements or � nre nesntuve terms,
ttnt us to sny posutuve pontexts ror Lpol,t̂p⊝ , wtule un Lpol,t̂p⊝ ttey nre
nesntuve stnpks �⊝.

Sumulnrly to tte pnlpulus Lpol,t̂p+ , reduptuon us possuole only wten Ǘ
us or tte rorm ऊǦ⊝ ‖ t̂pऋ:

�t̂p.ऊǦ⊝ ‖ t̂pऋ ੃RǢ
Ǧ⊝

hus rule tolds even ur t̂p nppenrs un Ǧ⊝. In otter words, tte pontext t̂p
porresponds to tte operntuon ttnt extrnpts tte tend or tte lust:

ऊǦ⊝ ‖ t̂pऋ[�1
⊝, �2

⊝,… , �Ǡ
⊝] →RǢ ऊǦ⊝ ‖�1

⊝ऋ[�2
⊝,… , �Ǡ

⊝]
hus ttere exusts n term ℓ nnd, ror nll posutuve pontext Ǚ+ n term jǙ+ ,
ttnt tnve tte rollowuns reduptuon rules:

ऊℓ‖Ǧ⊝՗Ǚ+ऋ[�⊝, �] →+
RǢ

ऊǦ⊝ ‖ jǙ+՗�⊝ऋ[�]
ऊjǙ+ ‖�ऋ[�] →+

RǢ
ऊ[�] ‖Ǚ+ऋ[�]

Indeed, we onpe nsnun solve tte desured reduptuons:

✄

✂

�

✁

ℓ≝ �Ǫ⊝.��+.ऊǪ⊝‖ j�+՗t̂pऋ
jǙ+ ≝ ��.ऊ[�]‖Ǚ+ऋ

Accessing stacks

he pnlpulus Lpol,t̂p⊝ untrodupes tte ounder ̃�[�].Ǘ wtupt us respons-
uole ror nppessuns tte stnpks. de extend ut to n λ nostrnptuon ns
rollows: �[�].Ǧ ≝ �Ǫ.��.ऎǪ ∥ ̃�[�].ऊǦ ‖�ऋए
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hererore we pnn deine tte rollowuns terms, oy solvuns tte rules or
reduptuon or tte λℓ pnlpulus:

✄

✂

�

✁

send ≝ �[��].�Ǫ�.�t̂p.ऊǪ� ‖��ऋ
ƾ→ = �[Ǫ՗�].(Ǫ, [�]⟨

≝ �[�⊝].��+.ऎ�Ǫ.�� .ऊ(Ǫ, [�]⟨‖�+ऋ∥�⊝ए
ƾ⊥ ≝ �[�⊝].�Ǫ.��.ऎ�t̂p.ऊǪ ‖�ऋ∥�⊝ए
ƾ∀ ≝ �[�].[�]

Translating Ʉℓ in Lpol,t̂p⊝

In nddutuon to tte noove deinutuons, stnpk ponstnnts or tte λℓ pnlpu-
lus nre unterpreted oy rree po-vnrunoles or Lpol,t̂p⊝ .ƨ he deinutuons,
summnrused un Fusure IV.ƪ on tte rnpuns pnse, undupe n trnnslntuon or
λℓ unto Lpol,t̂p⊝ deined oy unduptuon. de udentury elements or λℓ to
tteur umnse un Lpol,t̂p⊝ .

Remark IV.ƥƤ. Qunsu-proor terms nre mnpped to terms wutt no rree
po-vnrunoles.

From wtnt we tnve seen, we ensuly ponplude:

Proposition IV.ƥƥ (Sumulntuon). If ǟ ≻Ǣ ǟ′ for two machines ǟ andǟ′ of the calculus λℓ, then ǟ →+
RǢ

ǟ′ in the calculus Lpol,t̂p⊝ .

Deinition IV.ƥƦ. In λℓ, we deine tte pompntuole equuvnlenpe reln-
tuon ੴǢ oetween qunsu-proor terms wutt:

Ǧ ੴǢ ǧ def⟺ Ǧ ≃REǢ
ǧ

he equuvnlenpe us pompntuole wutt ooservntuonnl equuvnlenpe un
tte rollowuns sense:

Proposition IV.ƥƧ. Let Ǡ ∈ ℕ. If for all � and all � of length ≥ Ǡ one

ƨInterpretuns supt stnpk ponstnnts ns open vnrunoles soes onpk to Hofmnnn nnd
Streupter [”SǓǕ].
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(Ǧ⊝ ǧ⟨� ≝ ���.ऊǦ⊝ ‖ǧ՗��ऋ
let Ǫ+

be Ǧ+ in ǧ� ≝ ���.ऎǦ+ ∥ ̃�Ǫ+.ऊǧ� ‖��ऋए
let (Ǫ, ǫ⟨ be Ǧ+ in ǧ� ≝ ���.ऎǦ+ ∥ ̃�(Ǫ, ǫ⟨.ऊǧ� ‖��ऋए
send ≝ �[��].�Ǫ�.�t̂p.ऊǪ� ‖��ऋ
ℓ ≝ �Ǫ⊝.��+.ऊǪ⊝‖ j�+՗t̂pऋƾ→ ≝ �[�⊝].��+.ऎ�Ǫ.�� .ऊ(Ǫ, [�]⟨‖�+ऋ∥�⊝ए
ƾ⊥ ≝ �[�⊝].�Ǫ.��.ऎ�t̂p.ऊǪ ‖�ऋ∥�⊝ए
ƾ∀ ≝ �[�].[�]
wtere �[�].Ǧ ≝ �Ǫ.��.ऎǪ ∥ ̃�[�].ऊǦ ‖�ऋए

șaȚ Quasi-proof terms

jǙ+ ≝ ��.ऊ[�]‖Ǚ+ऋ
�� ≝ �� (rree)

Ǘ[] ≝ Ǘ
Ǘ[�1

⊝,… , �Ǡ
⊝] ≝ ऊ�t̂p.Ǘ‖�1

⊝ऋ[�2
⊝,… , �Ǡ

⊝]
șbȚMachines

Figure IV.Ǚ: éefinition of the constructs of λℓ in Lpol,t̂p⊝

has ऊǦ ‖�ऋ[�] (≺Ǣ Ҽ ≻Ǣ⟨∗ ऊǧ ‖�ऋ[�] in the calculus λℓ, then one also hasǦ ੴǢ ǧ.

Proof. Indeed we tnve un pnrtupulnr un Lpol,t̂p⊝ , ttnnks to Proposutuon IV.ƥƥ:

ऊǦ ‖�0ऋ[�1,… , �Ǡ] ≃REǢ
ऊǧ ‖�0ऋ[�1,… , �Ǡ]

Now uf one tns ऊ�t̂p.Ǘ ‖�ऋ ≃REǢ
ऊ�t̂p.Ǘ′ ‖�ऋ for some pommnnds Ǘ nnd Ǘ′, one
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nlso tns Ǘ ≃REǢ
Ǘ′. Indeed one tns oy extensuonnluty:

Ǘ ੃∗
EǢ

ऎ��.ऊ�t̂p.Ǘ ‖�ऋ ∥ t̂pए
≃REǢ

ऎ��.ऊ�t̂p.Ǘ′ ‖�ऋ ∥ t̂pए
ੂ∗
EǢ

Ǘ′

hus we pnn ponplude oy unduptuon ऊǦ ‖ �0 ऋ ≃REǢ
ऊǧ ‖ �0 ऋ , nnd tterefore

Ǧ ≃REǢ
ǧ. ∎

Lnst, we tnve:

Proposition IV.ƥƨ. he reduction →RǢ
is conluent.

Proof. he reduptuon ੃RǢ
us let-lunenr nnd tns no prutupnl pnurs. ∎

IV.Ǘ.Ǖ èoherence

de deine n CPS trnnslntuon ror tte pnlpulus Lpol,t̂p⊝ ttnt sumulntes
tte reduptuon nnd preserves equuvnlenpes. de dedupe ttnt ≃REǢ

nndੴǢ do not udentury nll tte terms.

Target of the èPS translation

he tnrset or tte CPS trnnslntuon us tte pnll-oy-nnme λ pnlpulus wutt
pnurs ponsudered oy Heroelun nnd Gtuleznn [”“ǓǛ].
✄

✂

�

✁

Ǉ, ǈ ⩴ Ǫ ∣ �Ǫ.Ǉ ∣ Ǉ ǈ ∣ (Ǉ, ǈ⟨ ∣ let Ǫ beǇ inǈ ∣ let (Ǫ, ǫ⟨ beǇ inǈ
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he pnlpulus pomes wutt tte rollowuns reduptuons nnd expnnsuons:

(�Ǫ.Ǉ⟨ ǈ ੃R�
Ǉ[ǈ/Ǫ]

let Ǫ beǇ inǈ ੃R�
ǈ[Ǉ/Ǫ]

let (Ǫ, ǫ⟨ be (Ǉ, Ǉ′⟨ inǈ ੃R�
ǈ[Ǉ/Ǫ, Ǉ′/ǫ]

ǀ[let (Ǫ, ǫ⟨ beǇ inǈ] ੃R�
let (Ǫ, ǫ⟨ beǇ inǀ[ǈ]

où ǀ[ ] ⩴ [ ] Ǉ ∣ let Ǫ be [ ] inǇ ∣ let (Ǫ, ǫ⟨ be [ ] inǇ
Ǉ ੃E�

�Ǫ.Ǉ Ǫ
Ǉ ੃E�

let (Ǫ, ǫ⟨ beǇ in (Ǫ, ǫ⟨
he noove pnlpulus us less nnturnl n tnrset ttnn tte λ0v pnlpulus used
un tte prevuous ptnpter, un tte sense ttnt on tte one tnnd we rely on
strupt evnluntuon ror pnurs vun tte “let (Ǫ, ǫ⟨ in …” ounder un order to
ootnun n sumulntuon result, out on tte otter tnnd, our usomorptusms
nre souns to requure tte noove η expnnsuonsƩ, wtupt mnkes ut n pnll-
oy-nnme pnlpulus.

hus pnlpulus does not udentury nll terms.

Proposition IV.ƥƩ. We have Ǫ ≄RE�
ǫ for any pair of distinct variablesǪ and ǫ.

Proof. de ponsuder tte more stnndnrd λ pnlpulus wutt surveptuve pnurs
wtupt us tte λ pnlpulus extended wutt pnurs (Ǉ, ǈ⟨, proveptuons fst(Ǉ⟨
nnd snd(Ǉ⟨ nnd rules fst(Ǉ, ǈ⟨ ੃�SP Ǉ, snd(Ǉ, ǈ⟨ ੃�SP ǈ nnd Ǉ ੃�SP(fst(Ǉ⟨, snd(Ǉ⟨⟨. It us ensy to see ttnt tte followuns deinutuon:

let (Ǫ, ǫ⟨ beǇ inǈ ≝ (�Ǭ.(�Ǫ.�ǫ.ǈ⟨ fst(Ǭ⟨ snd(Ǭ⟨⟨ Ǉ
Ʃhe sonl us to tnve tte equntuon Ǘ ੃EǠ

ऊ �t̂p.Ǘ ‖ t̂p ऋ for nesntuve t̂p, tte
nosenpe of wtupt wns notuped un Septuon III.Ʀ.ƫ wten tte tnrset lnnsunse wns
tte λ0v pnlpulus. For ttus purpose, tte η expnnsuon Ǉ ੃E�

�Ǫ.Ǉ Ǫ us used nt
plnpes wtere Ǉ us lunenr. hus lenves us tope of suvuns up tte pnll-oy-nnme
λ pnlpulus un fnvour of n reined λ0v pnlpulus wtere ttus lunenruty us tnken unto
nppount. hus would provude n unuipntuon wutt Ctnpter III, nnd nlso nllow
us to extend tte Lpol,t̂p⊝ pnlpulus wutt nddutuve ponneptuves.
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undupes n trnnslntuon from Heroelun-Gtuleznn’s λ pnlpulus wutt pnurs unto
tte λ pnlpulus wutt surveptuve pnuruns ttnt preserves equuvnlenpes. de pon-
plude Ǫ ≄RE�

ǫ, sunpe we tnve Ǫ ≄�SP ǫ (see for unstnnpe Støvruns [StøǓǙ]).
∎

The translation

de deine un Fusure IV.ƫ on tte next pnse tte CPS trnnslntuon or tte
pnlpulus Lpol,t̂p⊝ unto Heroelun-Gtuleznn’s λ pnlpulus wutt pnurs. de
nssume ttnt Ǫ+, Ǫ⊝, �+, �⊝, ǝ… represent dustunpt suosets or vnrunoles
or tte λ pnlpulus wutt pnurs.

A vnlue or n stnpk trnnslntes unto n λ-term. A nesntuve term or n
posutuve pontext trnnslntes unto n lunenr runptuon rrom λ-terms unto
λ-terms (notntuon �, �). By lunenr we menn tte nnuve (syntnptup)
notuon onsed on pountuns oppurrenpes, wtupt sumply ensures ttnt
tte trnnslntuon tudes no duplupntuon or ernsure or tte sourpe terms.

A posutuve term or n nesntuve pontext trnnslntes unto n lunenr runp-
tuonnl rrom tte prevuous runptuons �, � unto λ-terms. hen tte pom-
mnnd trnnslntes unto tte npplupntuon or tte lunenr runptuonnl to tte
lunenr runptuon. In ttus nspept, tte CPS trnnslntuon us sumulnr to tte
deinutuon or dustruoutuons un mnttemntups, wutt tte nnnlosy oetweenǦ+ or Ǚ⊝ nnd dustruoutuons, nnd oetween Ǧ⊝ or Ǚ+ nnd test runptuons.

hus rormulntuon wutt runptuonnls us n rerormulntuon or one-pass
CPS transforms (see Dnnvy nnd Fulunsku [éFǜǓ]).ƪ

Lemma IV.ƥƪ. Let (ǚ , �⟨ be a pair of a value and a variable or of
a stack and a co-variable, with ǚ and � of the same polarity. We
write ǚࡆ ࡇ = ŋaŀVࡆǚ ࡇ or ǚࡆ ࡇ = ŋaŀπࡆǚ ࡇ depending on the case. For any
command Ǘ, any term or context Ǜ, any context Ǚ, any value ǐ, any stack

ƪFew supt trnnslntuons would requure funptuonnls of tuster order ttnn ours, nn
expeptuon oeuns Dnnvy nnd Nuelsen’s [éNǓǘ].
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ķńňࡆऊǦ+ ‖Ǚ+ऋࡇ ≝ ķńň+ࡆǦ+ࡇ(ķńň⊝ࡆǙ+ࡇ⟨
ķńňࡆऊǦ⊝ ‖Ǚ⊝ऋࡇ ≝ ķńň+ࡆǙ⊝ࡇ(ķńň⊝ࡆǦ⊝ࡇ⟨

șaȚ ķńňࡆ՗ࡇ ∶ Ǘ → Ǉ
ķńň+ࡆǐ+ࡇ(�⟨ ≝ �(ŋalVࡆǐ+ࡇ⟨
ķńň+ࡆ��+.Ǘࡇ(�⟨ ≝ let �+ be �ǝ.�(ǝ⟨ inķńňࡆǗࡇ
ķńň+ࡆ(Ǧ+, ǧ⟨ࡇ(�⟨† ≝ ķńň+ࡆǦ+ࡇ(�⟨ wtere � ∶ Ǉ ↦ let Ǫ+ beǇ inķńň+ࡆ(Ǫ+, ǧ⟨ࡇ(�⟨
ķńň+ࡆ(ǐ, Ǧ+⟨ࡇ(�⟨† ≝ ķńň+ࡆǦ+ࡇ(�⟨ wtere � ∶ Ǉ ↦ let Ǫ+ beǇ inķńň+ࡆ(ǐ, Ǫ+⟨ࡇ(�⟨
ķńň+ࡆ[Ǚ⊝]ࡇ(�⟨‡ ≝ ķńň+ࡆǙ⊝ࡇ(�⟨ wtere � ∶ Ǉ ↦ let �⊝ beǇ inķńň+ࡇ[⊝�]ࡆ(�⟨
ķńň+ࡇ⊝�ࡆ(�⟨ ≝ �(ŋalπࡇ⊝�ࡆ⟨
ķńň+ࡆ ̃�Ǫ⊝.Ǘࡇ(�⟨ ≝ let Ǫ⊝

be �ǝ.�(ǝ⟨ inķńňࡆǗࡇ
ķńň+ࡆǦ+՗Ǚࡇ(�⟨† ≝ ķńň+ࡆǦ+ࡇ(�⟨ où � ∶ Ǉ ↦ let Ǫ+ beǇ inķńň+ࡆǪ+՗Ǚࡇ(�⟨
ķńň+ࡆǐ՗Ǚ⊝ࡇ(�⟨‡ ≝ ķńň+ࡆǙ⊝ࡇ(�⟨ où � ∶ Ǉ ↦ let �⊝ beǇ inķńň+ࡆǐ՗�⊝ࡇ(�⟨
ķńň+ࡆt̂pࡇ(�⟨ ≝ �ǝ.�(ǝ⟨
†If Ǧ+ us not n vnlue
‡If Ǚ⊝ us not n stnpk.

șbȚ ķńň+ࡆ՗ࡇ(�⟨ ∶ Ǧ+ Ҽ Ǚ⊝ → Ǉ
ķńň⊝ࡆǪ⊝ࡇ(Ǉ⟨ ≝ Ǫ⊝ Ǉ
ķńň⊝ࡆ��⊝.Ǘࡇ(Ǉ⟨ ≝ let �⊝ beǇ inķńňࡆǗࡇ
ķńň⊝ࡆ�Ǫ.Ǧࡇ(Ǉ⟨ ≝ let (Ǫ, ǝ⟨ beǇ inķńň⊝ࡆǦࡇ(ǝ⟨
ķńň⊝ࡆ�t̂p.Ǘࡇ(Ǉ⟨ ≝ ķńňࡆǗࡇ Ǉ
ķńň⊝ࡆǦ+ࡇ(Ǉ⟨ ≝ ķńň+ࡆǦ+ࡇ(�⟨ où � ∶ ǈ ↦ Ǉ ǈ
ķńň⊝ࡇ+�ࡆ(Ǉ⟨ ≝ �+Ǉ
ķńň⊝ࡆ ̃�Ǫ+.Ǘࡇ(Ǉ⟨ ≝ let Ǫ+ beǇ inķńňࡆǗࡇ
ķńň⊝ࡆ ̃�(Ǫ, ǫ⟨.Ǘࡇ(Ǉ⟨ ≝ let (Ǫ, ǫ⟨ beǇ inķńňࡆǗࡇ
ķńň⊝ࡆ ̃�[�].Ǘࡇ(Ǉ⟨ ≝ let � beǇ inķńňࡆǗࡇ
ķńň⊝ࡆǙ⊝ࡇ(Ǉ⟨ ≝ ķńň+ࡆǙ⊝ࡇ(�⟨ où � ∶ ǈ ↦ Ǉ ǈ

șcȚ ķńň⊝ࡆ՗ࡇ(Ǉ⟨ ∶ Ǧ Ҽ Ǚ → Ǉ
ŋalVࡆǪ+ࡇ ≝ Ǫ+
ŋalVࡆ(ǐ, ǐ ࡇ⟩′ ≝ (ŋalVࡆǐࡇ, ŋalVࡆǐ ⟩ࡇ′
ŋalVࡇ[�]ࡆ ≝ ŋalπࡇ�ࡆ
ŋalVࡆǦ⊝ࡇ ≝ �ǝ.ķńň⊝ࡆǦ⊝ࡇ(ǝ⟨

șdȚ ŋalVࡆ՗ࡇ ∶ ǐ → Ǉ

ŋalπࡇ⊝�ࡆ ≝ �⊝

ŋalπࡆǐ՗�ࡇ ≝ (ŋalVࡆǐࡇ, ŋalπࡇ�ࡆ⟨
ŋalπࡆǙ+ࡇ ≝ �ǝ.ķńň⊝ࡆǙ+ࡇ(ǝ⟨

șeȚ ŋalπࡆ՗ࡇ ∶ � → Ǉ
Figure IV.ǚ: Translation of Lpol,t̂p⊝ into the λ calculus with pairs
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�, and any λ-term ǧ, one has:
ķńňࡆǗࡆ]ࡇǚ [�/ࡇ →∗

R�
ķńňࡆǗ[ǚ/�]ࡇ

ķńň+ࡆǛࡆ]⟩�)ࡇǚ [�/ࡇ →∗
R�

ķńň+ࡆǛ[ǚ/�]ࡇ(�⟨
où � ∶ Ǉ ↦ �(Ǉ⟨[ࡆǚ [�/ࡇ

ķńň⊝ࡆǛࡇ(Ǉ⟨[ࡆǚ [�/ࡇ →∗
R�

ķńň⊝ࡆǛ[ǚ/�]ࡇ(Ǉ[ࡆǚ ⟩[�/ࡇ
ŋaŀVࡆǐࡆ]ࡇǚ [�/ࡇ →∗

R�
ŋaŀVࡆǐ[ǚ/�]ࡇ

ŋaŀπࡆ]ࡇ�ࡆǚ [�/ࡇ →∗
R�

ŋaŀπࡆ�[ǚ/�]ࡇ
Proof. By unduptuon on tte deinutuon of tte trnnslntuon. Case ŋalVࡆǪ+ࡇ.
If Ǫ+ ≠ � one tns ŋalVࡆǪ+ࡆ]ࡇǚ [�/ࡇ = Ǫ+[ǚ/�]; otterwuse one tns:

ŋalVࡆǪ+ࡆ]ࡇǚ [+Ǫ/ࡇ = Ǫ+[ࡆǚ [+Ǫ/ࡇ = ǚࡆ ࡇ
One ponpludes wutt ǚ = Ǫ+[ǚ/Ǫ+] usuns tte typottesus ttnt ǚ nnd Ǫ+ tnve
tte snme polnruty. Case ŋalπࡇ⊝�ࡆ. Snme rensonuns. Case ķńň⊝ࡆǪ⊝ࡇ(Ǉ⟨.
By typottesus, ǚ us n term of tte snme polnruty ns Ǫ⊝. hus we tnve:

ǚࡆ ࡇ = ŋalVࡆǚ ࡇ = �ǝ.ķńň⊝ࡆǚ ⟩ǝ)ࡇ
Henpe:

ķńň⊝ࡆǪ⊝ࡇ(Ǉ⟨[ࡆǚ [⊝Ǫ/ࡇ = (�ǝ.ķńň⊝ࡆǚ ǚࡆ]ǝ⟨⟨Ǉ)ࡇ [⊝Ǫ/ࡇ
੃R�

ķńň⊝ࡆǚ ǚࡆ]Ǉ)ࡇ ⟩[⊝Ǫ/ࡇ
Case ķńň⊝ࡇ+�ࡆ(Ǉ⟨. Snme rensonuns. he remnununs pnses nre ensuly
deduped from unduptuon typottesus. ∎

Lemma IV.ƥƫ.

ǉ. For any Ǘ, Ǘ′ such that Ǘ ੃RǢ
Ǘ′, one has:

ķńňࡆǗࡇ →+
R�

ķńňࡆǗ′ࡇ ;
Ǌ. For any Ǧ⊝, one has:

ķńň⊝ࡆ�t̂p.ऊǦ⊝ ‖ t̂pऋࡇ(Ǉ⟨ ੃R�
ķńň⊝ࡆǦ⊝ࡇ(Ǉ⟨ ;



IV.Ǵ he calculus Lpol,t̂p⊝ ƦƧƩ

ǋ. For any terms or contexts ǚ , ǚ ′ such that ǚ ੃EǢ
ǚ ′, one has:

ķńň⊝ࡆǚ ⟩Ǉ)ࡇ ≃RE�
ķńň⊝ࡆǚ ⟩Ǉ)ࡇ′ ;

ǌ. For any positive terms or negative contexts ǚ , ǚ ′ such that ǚ ੃EǢ
ǚ ′,

one has:
ķńň+ࡆǚ ⟩�)ࡇ ≃RE�

ķńň+ࡆǚ ⟩�)ࡇ′ ;
Ǎ. For any command Ǘ, one has:

ķńňࡆǗࡇ ੃E�
ķńňࡆऊ�t̂p.Ǘ ‖ t̂pऋࡇ .

Proof. he proof relues on Lemmn IV.ƥƪ. (ƥ.) Case ऊǐ ‖ ̃�Ǫ.Ǘऋ ੃RǢ
Ǘ[ǐ/Ǫ].

One tns:

ķńňࡆऊǐ ‖ ̃�Ǫ.Ǘऋࡇ = let Ǫ beŋalVࡆǐࡇ inķńňࡆǗࡇ
੃R�

ķńňࡆǗࡇ[ŋalVࡆǐࡇ/Ǫ]
→∗

R�
ķńňࡆǗ[ǐ/Ǫ]ࡇ

Case ऊ��.Ǘ ‖�ऋ ੃RǢ
Ǘ[�/�] and ऊ[�]‖ ̃�[�].Ǘऋ ੃RǢ

Ǘ[�/�]. Snme rensonuns.

Case ऊ�Ǫ.Ǧ ‖ ǐ՗�ऋ ੃RǢ
ऊǦ[ǐ/Ǫ] ‖ �ऋ with ǐ of the same polarity as Ǫ and Ǧ of

the same polarity as �. One tns:

ķńňࡆऊ�Ǫ.Ǧ ‖ǐ՗�ऋࡇ = let (Ǫ, ǝ⟨ be (ŋalVࡆǐࡇ, ŋalπࡇ�ࡆ⟨ inķńň⊝ࡆǦࡇ(ǝ⟨
੃R�

ķńň⊝ࡆǦࡇ(ǝ⟨[ŋalVࡆǐࡇ/Ǫ, ŋalπࡇ�ࡆ/ǝ]
→∗

R�
ķńň⊝ࡆǦ[ǐ/Ǫ]ࡇ(ǝ⟨[ŋalπࡇ�ࡆ/ǝ]

= ķńň⊝ࡆǦ[ǐ/Ǫ]ࡇ(ŋalπࡇ�ࡆ⟨
de ponplude dependuns on tte polnruty of Ǧ[ǐ/Ǫ]:

ķńň⊝ࡆǦ⊝ࡇ(ŋalπࡇ�ࡆ⟨ = ķńňࡆऊǦ⊝ ‖�ऋࡇ
ķńň⊝ࡆǦ+ࡇ(ŋalπࡇ�ࡆ⟨ = ķńň+ࡆǦ+ࡇ(Ǉ ↦ �ǝ.ķńň⊝ࡇ�ࡆ(ǝ⟨Ǉ⟨

→R�
ķńň+ࡆǦ+ࡇ(ķńň⊝ࡇ�ࡆ(Ǉ⟨⟨

= ķńňࡆऊǦ+ ‖�ऋࡇ



ƦƧƪ Chapter IV On the constructive interpretation of an involutive negation

Case ऊ(ǐ, Ǒ⟨ ‖ ̃�(Ǫ, ǫ⟨.Ǘऋ ੃RǢ
Ǘ[ǐ/Ǫ, Ǒ/ǫ] with ǐ of the same polarity as Ǫ

and Ǒ of the same polarity as ǫ. Snme rensonuns.
Case (�→1

⟨ ∶ ऊ ǧ⊝ ‖ Ǧ+՗Ǚ ऋ ੃RǢ
ऎ Ǧ+ ∥ ̃�Ǫ.ऊǧ⊝ ‖Ǫ՗Ǚऋ ए with Ǧ+ not a value.

By deinutuon, one tns ķńňࡆ ऊ ǧ⊝ ‖ Ǧ+՗Ǚ ऋ ࡇ = ķńň+ࡆǦ+ࡇ(�⟨ wtere � ∶ Ǉ ↦
let Ǫ+

beǇ inķńňࡆऊǧ⊝ ‖ Ǫ՗Ǚऋࡇ. herefore one tns � = ķńň⊝ࡆ ̃�Ǫ.ऊǧ⊝ ‖ Ǫ+՗Ǚऋࡇ
nnd furttermore ķńňࡆऊǧ⊝ ‖ Ǧ+՗Ǚऋࡇ = ķńňࡆऎǦ+ ∥ ̃�Ǫ.ऊǧ⊝ ‖Ǫ՗Ǚऋएࡇ.
Other cases (�⟨. Snme rensonuns.

(Ʀ.) One tns:

ķńň⊝ࡆ�t̂p.ऊǦ⊝ ‖ t̂pऋࡇ(Ǉ⟨ = (�ǝ.ķńň⊝ࡆǦ⊝ࡇ(ǝ⟨⟨ Ǉ
੃R�

ķńň⊝ࡆǦ⊝ࡇ(Ǉ⟨
(Ƨ.) Case Ǧ⊝ ੃EǢ ��⊝.ऊǦ⊝ ‖�⊝ऋ. One tns:

ķńň⊝ࡆ��⊝.ऊǦ⊝ ‖�⊝ऋࡇ(Ǉ⟨ = let �⊝ beǇ inķńň⊝ࡆǦ⊝ࡇ(�⊝⟨
੃R�

ķńň⊝ࡆǦ⊝ࡇ(Ǉ⟨
Case Ǚ+ ੃EǢ

̃�Ǫ+.ऊǪ+‖Ǚ+ऋ and Ǧ⊝ ੃EǢ ̃�[�⊝].ऊ[�⊝]‖Ǚ+ऋ. Snme rensonuns.

Case Ǧ⊝ ੃EǢ �Ǫ.��.ऊǦ⊝ ‖Ǫ՗�ऋ. One tns dependuns on tte polnruty of �:

ķńň⊝ࡆ�Ǫ.��⊝.ऊǦ⊝ ‖Ǫ՗�⊝ऋࡇ(Ǉ⟨
= let (Ǫ, ǝ⟨ beǇ in let �⊝ be ǝ inķńň⊝ࡆǦ⊝ࡇ((Ǫ, �ǝ′.(�⊝ ǝ′⟨⟨⟨
ķńň⊝ࡆ�Ǫ.��+.ऊǦ⊝ ‖Ǫ՗�+ऋࡇ(Ǉ⟨
= let (Ǫ, ǝ⟨ beǇ in let �+ be �ǝ′.(ǝ ǝ′⟨ inķńň⊝ࡆǦ⊝ࡇ((Ǫ, �+⟨⟨

In oott pnses:

ķńň⊝ࡆ�Ǫ.��.ऊǦ⊝ ‖Ǫ՗�ऋࡇ(Ǉ⟨
≃R�

let (Ǫ, ǝ⟨ beǇ in let ǫ be (Ǫ, �ǝ′.(ǝ ǝ′⟨⟨ inķńň⊝ࡆǦ⊝ࡇ(ǫ⟨
←E�

let (Ǫ, ǝ⟨ beǇ in let ǫ be (Ǫ, ǝ⟨ inķńň⊝ࡆǦ⊝ࡇ(ǫ⟨
ੂR�

let ǫ be (let (Ǫ, ǝ⟨ beǇ in (Ǫ, ǝ⟨⟨ inķńň⊝ࡆǦ⊝ࡇ(ǫ⟨
←E�

let ǫ beǇ inķńň⊝ࡆǦ⊝ࡇ(ǫ⟨
੃R�

ķńň⊝ࡆǦ⊝ࡇ(Ǉ⟨
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Case �⊝ ੃E�
̃�(Ǫ, ǫ⟨.ऊ(Ǫ, ǫ⟨‖�⊝ऋ. Snme rensonuns.

Case Ǧ+ ੃EǢ
��+.ऊǦ+ ‖�+ऋ and Ǚ⊝ ੃EǢ ̃�Ǫ⊝.ऊǪ⊝ ‖ Ǚ⊝ऋ. Snme rensonuns ns (ƨ.)

oelow.
(ƨ.) Case Ǧ+ ੃EǢ

��+.ऊǦ+ ‖�+ऋ. One tns:

ķńň+ࡆ��+.ऊǦ+ ‖�+ऋࡇ(�⟨ = let �+ be �ǝ.�(ǝ⟨ inķńň+ࡆǦ+ࡇ(Ǉ ↦ �+Ǉ⟨
੃RǢ

ķńň+ࡆǦ+ࡇ(Ǉ ↦ �ǝ.�(ǝ⟨ Ǉ⟨
→RǢ

ķńň+ࡆǦ+ࡇ(�⟨
Case Ǚ⊝ ੃EǢ ̃�Ǫ⊝.ऊǪ⊝‖Ǚ⊝ऋ. Snme rensonuns.
(Ʃ.) de tnve undeed:

ķńňࡆऊ�t̂p.Ǘ ‖ t̂pऋࡇ = �ǝ.ķńňࡆǗࡇ ǝ
ੂE�

ķńňࡆǗࡇ ∎

heorem IV.ƥƬ (Sumulntuon). Let Ǘ and Ǘ′ be two commands of the
calculus Lpol,t̂p⊝ .

ǉ. If Ǘ →RǢ
Ǘ′ then ķńňࡆǗࡇ →+

R�
ķńňࡆǗ′ࡇ.

Ǌ. If Ǘ ≃REǢ
Ǘ′ then ķńňࡆǗࡇ ≃RE�

ķńňࡆǗ′ࡇ.
Proof. By ummedunte unduptuon on tte deinutuons of →RǢ

nnd ≃REǢ
, usuns

Lemmn IV.ƥƫ. ∎

A rortuoru, tte trnnslntuon sumulntes tte reduptuon or mnptunes or
λℓ. de dedupe tte poterenpe or pnlpulu λℓ nnd Lpol,t̂p⊝:

Corollary IV.ƥƭ (Coterenpe). If Ǫ and ǫ are two distinct polarised
variables, then Ǫ ≄REǢ

ǫ, and therefore also Ǫ ੵǢ ǫ.
Proof. Let Ǫ nnd ǫ oe two dustunpt vnrunoles of tte pnlpulus Lpol,t̂p⊝ ttnt
we pnn nssume to oe of tte snme polnruty. In order to stow Ǫ ≄REǢ

ǫ,
ut us suffipuent oy tte rule ੃EǢ

to stow for some � of tte proper polnruty:

ऊ Ǫ ‖ � ऋ ≄REǢ
ऊ ǫ ‖ � ऋ . Let supt nn n �. If Ǭ ∈ {Ǫ, ǫ} us posutuve tten

one tns ķńňࡆ ऊ Ǭ ‖ � ऋ ࡇ = � Ǭ; otterwuse one tns ķńňࡆ ऊ Ǭ ‖ � ऋ ࡇ = Ǭ �.
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fet npporduns to Proposutuon IV.ƥƩ, one tns Ǫ ≄RE�
ǫ. hus we nlso tnve

ķńňࡆऊǪ ‖ �ऋࡇ ≄RE�
ķńňࡆऊǫ ‖ �ऋࡇ; nnd tterefore ऊǪ ‖ �ऋ ≄REǢ

ऊǫ ‖ �ऋ usuns

heorem IV.ƥƬ. ∎

IV.Ǘ.ǖ Expressiveness of pure Lpol,t̂p⊝

èall-by-name delimited continuations / Saurin’s Λµ
he pnlpulus Lpol,t̂p⊝ restrupted to rully nesntuve terms porresponds
to Heroelun nnd Gtuleznn’s λµt̂pn pnlpulus [”“ǓǛ]. hus us tte pnlpu-
lus or Fusure III.ƫ on pnse ƥƫƭ wutt t̂p

⊝ rennmed ns tte t̂p operntor
or tte purrent septuon, nnd wutt Heroelun nnd Gtuleznn’s equntuonऊ�t̂p.Ǘ ‖ t̂pऋ ≃EǠ

restored.
Heroelun nnd Gtuleznn stow ttnt tte pnlpulus λµt̂pn us un porres-

pondenpe wutt tte Λµ pnlpulus or De Groote nnd Snurun [d“ǜǗ,
SauǓǘ]. As Snurun stows, Λµ nnswers posutuvely tte questuon or n
Bötm tteorem. hus property us rnlse un tte λC pnlpulus, ns Dnvud
nnd Py stowed [éPǓǔ]. Inpudentnlly, ttus rnuses tte questuon or sepnr-
ntuon un Lpol,t̂p⊝ nnd λℓ.

ShitǓ/ResetǓ
Let us nssume ttnt tte Lpol,t̂p⊝ pnlpulus us extended wutt tte duploud
syntnx rrom Fusure II.ƥ on pnse ƥƥƭ.

he presenpe or posutuves suves more expressuveness pompnred to
λµt̂pn. hus, un tte λµt̂pn pnlpulus , douns t̂p rollowed oy �t̂p does
nottuns: �t̂p.ऊǦ⊝ ‖ t̂pऋ ≃REǢ

Ǧ⊝

hus explnuns, npporduns to Heroelun nnd Gtuleznn, tte “at a irst
glance surprising” nosenpe or pontrol delumuters un Λµ. In tte pres-
enpe or posutuves, towever, we deine n pontrol delumuter ns rollows:

�t̂p.ऎǦ+ ∥ ̃�Ǫ+.ऊdelny(Ǫ+⟨‖ t̂pऋए
wtere delny(Ǧ+⟨ ≝ �{�+}.ऊǦ+ ‖�+ऋ.

hus nllows us to deine (vnrunnts or) tte operntors shit0 (Ԧ0ǝ.Ǧ)
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nnd reset0 (<՗>0) or Dnnvy nnd Fulunsku [éFǜǓ] nnd Stnn [ShaǓǚ]. he
two operntors sntusry, un tte λ pnlpulus un pnll oy vnlue:

<ǐ>0 ੃ ǐ
<ƿ(Ԧ0Ǫ.Ǧ⟨>0 ੃ Ǧ[�Ǫ.<ƿ(Ǫ⟨>0/Ǫ]

de ootnun supt operntors un tte pnlpulus Lpol,t̂p⊝ oy deinuns opern-
tuons ttnt sntusry tte rollowuns reduptuons:

ऊ<Ǧ+>0 ‖Ǚ+ऋ ੃∗
RǢ

ऊǦ+ ‖ t̂p0ऋ[{Ǚ+}]
ऊԦ0Ǫ+.Ǧ+ ‖Ǚ+ऋ[{Ǚ′

+}] ੃∗
RǢ

ऊǦ+[{kǙ+}/Ǫ+]‖Ǚ′
+ऋ

wtere:

ऊǐ+ ‖ t̂p0ऋ[{Ǚ+}] ੃∗
RǢ

ऊǐ+ ‖Ǚ+ऋ
ऊkǙ+ ‖ǐ+՗Ǚ′

+ऋ ੃∗
RǢ

ऊǐ+ ‖Ǚ+ऋ[{Ǚ′
+}]

In otter words we tnke ror nny term Ǧ+ nnd nny pontext Ǚ+:
t̂p0 ≝ ̃�Ǫ+.ऊdelny(Ǫ+⟨‖ t̂pऋ

<Ǧ+>0 ≝ ��+.ऎ�t̂p.ऊǦ+ ‖ t̂p0ऋ∥{�+}ए
kǙ+ ≝ �Ǫ+.��+.ऎ�t̂p.ऊǪ+‖Ǚ+ऋ∥{�+}ए

Ԧ0Ǫ+.Ǧ+ ≝ ��+.ऊ�Ǫ+.delny(Ǧ+⟨‖{k�+}՗t̂pऋ
hese deinutuons nre unspured rrom Mnterzok nnd Buernnpku’s CPS
trnnslntuon ror Ԧ0ǝ.Ǧ+ nnd <Ǧ+>0 [MBǔǔ].

Reduptuons nre ootnuned ns rollows. One tns:

ऊ<ǐ+>0 ‖�+ऋ ੃∗
RǢ

ऊǦ+ ‖ t̂p0ऋ[{�+}]
੃∗
RǢ

ऊǐ+ ‖�+ऋ
Besudes, let Ǚ+(՗⟨ oe n pontext ttnt tns nn ndvount term Ǚ+∗(՗⟨ un tte
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rollowuns sense:

ऊǙ+∗(Ǫ+⟨‖�+ऋ ੃∗
RǢ

ऊǪ+‖Ǚ+(�+⟨ऋ
One tns:

ऊ<Ǚ+∗(Ԧ0ǝ.Ǧ+⟨>0 ‖�+ऋ ੃∗
RǢ

ऊǙ+∗(Ԧ0ǝ.Ǧ+⟨ ‖ t̂p0ऋ[{�+}]
→∗

RǢ
ऊԦ0ǝ.Ǧ+ ‖Ǚ+(t̂p0⟨ऋ[{�+}]

੃∗
RǢ

ऊǦ+[kǙ+⟩t̂p)/ǝ] ‖�+ऋ
wtere:

kǙ+⟩t̂p) ≃RǢ
�Ǫ+.<Ǚ+∗(Ǫ+⟨>0

Indeed, one tns:

ऊkǙ+⟩t̂p0) ‖ǫ+՗�+ऋ ੃RǢ
ऊǫ+‖Ǚ+(t̂p0⟨ऋ[{�+}] ੂRǢ

ऊ�Ǫ+.<Ǚ+∗(Ǫ+⟨>0 ‖ǫ+՗�+ऋ

hus, we umplemented un Lpol,t̂p⊝ tte reduptuon oetnvuour or Ԧ0 ns
rollows:

<Ǚ+∗(Ԧ0Ǫ.Ǧ⟨>0 ੃∗
RǢ

Ǧ[kǙ+⟩t̂p)/Ǫ]
wtere kǙ+⟩t̂p) us equuvnlent to �Ǫ.<Ǚ+∗(Ǫ⟨>0 wtupt tnkes pnrt un tte
orusunnl deinutuon.

A variant of Felleisen’s last operator

Felleusen proposed un n note nt tte end or [A”ǓǛ] to ponsuder nn
operntor G ttnt sntusies tte rollowuns reduptuon rule:

<ƿ(� ǚ ⟨> ੃ <ǚ [ƿ]>
wtere < ՗> represents n pontrol delumuted nnd wtere [ƿ] represents
nn enpoduns or tte pontext ƿ unsude tte vnlues or tte lnnsunse. hus
enpoduns us mnde nt runtume oy n “meta-function”.
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he operntor ԧ or λℓ nnd Lpol,t̂p⊝ us n vnrunnt or �ƫ:

ऊԧ Ǧ⊝ ‖�ऋ[� ′
⊝, �] ੃∗

RǢ
ऊǦ⊝ ‖[�]՗� ′

⊝ऋ[�]
ttnt us to sny un Felleusen’s notntuon:

<�∗(ԧ ǚ ⟨> ੃ ǚ [�]
In tte pnlpulus λℓ, tte operntor ԧ us deined rrom tte operntor ℓ

nnd us typnole (un n sumple setuns) wutt (∼ƻ →⊥⟨→ƻ. Interestunsly,
we pould tnve deruved ℓ stnrtuns rrom ԧ :

ℓ ≃REǢ
�Ǫ⊝.(ԧ �ǫ+.(Ǫ⊝ (send ǫ+ (ԧ �Ǭ+.Ǭ+⟨⟨⟨⟨

However, we pnnnot deruve tte type ℓ ∶ (ƻ → ⊥⟨ → ∼ƻ rrom tte one
or ԧ . hus led us to ptoose ℓ over ԧ .

In rnpt, ut us tnrd to ind n losupnlƬ pounterpnrt to delumuted pon-
tununtuons nnd to stow ttnt ut orunss ndded vnlue pompnred to non-
delumuted pontrol, oepnuse delumuted nnd non-delumuted pontrol nre
equuvnlent nt tte level or provnouluty — nnd ttus stows ttnt we pould
not tnve ptosen ԧ over ℓ.

IV.ǘ Negation is involutive in Ʉℓ and L
pol,t̂p

⊝
de tnve deined nesntuon dependuns on tte polnruty:

¬ƻ = {∼ǈ ur ƻ = ǈ
Ǌ → ⊥ ur ƻ = Ǌ

de motuvnte ttus deinutuon un terms or ropusuns un Septuon IV.Ʃ.ƥ.
hen, un Septuon IV.Ʃ.Ʀ we stow tow delumuted pontrol us responsuole

ƫNotntuon: ԧ pomes nter Ԧ0, vust ns � pomes nter ℱ .
ƬBy losupnl, we menn n type system wuttout nnnotntuons (see Ctnpter III on

pnse ƥƩƧ). Murtty untroduped “pseudo-classical types” unspured oy Gurnrd’s
LC [MurǜǕ] out wutt nnnotntuons.
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ror tte sood oetnvuour or ⊥ un our untyped setuns.
In Septuon IV.Ʃ.Ƨ, we deine nnd motuvnte wtnt we menn wutt iso-

morphic un n polnrused setuns. Funnlly, un Septuon IV.Ʃ.ƨ we stow ttnt
ttere us nn usomorptusm oetween ƻ nnd ¬¬ƻ ror oott ƻ posutuve nndƻ nesntuve.

IV.ǘ.ǔ Rules of negation are focused

As ooserved un Septuon IV.ƥ, nesntuon us not unvolutuve un tte λC
pnlpulus oepnuse ttere nre two dustunpt wnys or untrodupuns douole
nesntuon on tte let. In Lpol,t̂p⊝ , tte let-untroduptuon rule or tte
douole nesntuon or n nesntuve us ootnuned wutt [Ǚ⊝]՗t̂p:

Γ ∣ Ǚ⊝ ∶ ǈ Դ Δ
—(Դ ∼)

Γ Դ [Ǚ⊝] ∶ ∼ǈ ∣ Δ
—(⊥ Դ)

Γ ∣ t̂p ∶ ⊥ Դ Δ
—(→ Դ)

Γ ∣ [Ǚ⊝]՗t̂p ∶ ∼ǈ → ⊥ Դ Δ

he versuon wutt puts or ttus rule pounpudes wutt tte one wuttout
puts:

✄

✂

�

✁

ऊǦ⊝ ‖[Ǚ⊝]՗t̂pऋ ≃RǢ
ऎ��⊝.ऊǦ⊝ ‖[Ǚ⊝]՗t̂pऋ ∥Ǚ⊝ए .

Proof. hus us oovuous wten Ǚ⊝ us n stnpk. dten Ǚ⊝ us not n stnpk, one tns:

ऊǦ⊝ ‖[Ǚ⊝]՗t̂pऋ ੃RǢ
ऎ[Ǚ⊝] ∥ ̃�Ǫ+.ऊǦ⊝ ‖Ǫ+՗t̂pऋए

੃RǢ
ऒ��⊝.ऎ[�⊝]∥ ̃�Ǫ+.ऊǦ⊝ ‖Ǫ+՗t̂pऋए ∥Ǚ⊝ओ

→RǢ
ऎ��⊝.ऊǦ⊝ ‖[�⊝]՗t̂pऋ ∥Ǚ⊝ए ∎

hus udentuipntuon us n ponsequenpe or tte rollowuns two ropusuns
reduptuon rules.

Right-introduction of the negation of a negative hides a cut

In otter words:
✄

✂

�

✁

ऊ[Ǚ⊝]‖Ǚ′ऋ ੃RǢ
ऎ��⊝.ऊ[�⊝]‖Ǚ′ऋ ∥Ǚ⊝ए wten Ǚ⊝ us not n stnpk.
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hus menns ttnt ur Ǚ⊝ us not n stnpk, tten [Ǚ⊝] us not n vnlue. It
us n term wtupt us evnlunted un n strupt rnstuon unto tte irst stnpk
enpountered duruns tte evnluntuon or Ǚ⊝.

Let-introduction of the negation of a positive hides a cut

In otter words:
✄

✂

�

✁

ऊǦ⊝ ‖ǧ+՗t̂pऋ ੃RǢ
ऎǧ+ ∥ ̃�Ǫ+.ऊǦ⊝ ‖Ǫ+՗t̂pऋए wten ǧ+ us not n vnlue.

hus porresponds to tte rnpt ttnt tte nrsuments to n runptuon nre
pnlled oy vnlue.

For tte snme rensons, tte two wnys or untrodupuns tte douole nes-
ntuon or n posutuve on tte rustt pounpude. hnt tte rules or nesntuon
tude puts ponstututes tte mnun uden or tte unvolutuve nesntuon.ƭ

IV.ǘ.Ǖ éelimited control for falsity

he rules or unuts nre delupnte un nn untyped setuns. fet ⊥ us essentunl
to deine nesntuon ns nn umplupntuon:

Γ Դ Ǌ,Δ
—(⊥ Դ)

⊥ Դ
—(→ Դ)

Γ,Ǌ → ⊥ Դ Δ

Γ,Ǌ Դ Δ
—(Դ ⊥)

Γ,Ǌ Դ ⊥,Δ
—(Դ→)

Γ Դ Ǌ → ⊥,Δ

In pompnruson, tte umpredupntuve enpoduns (∀ǒ ǒ) does not let us
deruve tte rule (⊥ Դ), ns nlrendy underluned oy Aruoln nnd Her-
oelun [A”Ǔǖ]. As n ponsequenpe, nesntuon deined ns ƻ → ∀ǒ ǒ
would not oe tte nesntuon or sequent pnlpulus.

ƭhus nlrendy nppenrs un tte pnreful renduns of tte works of Gurnrd [“irǜǔ, “irǜǖ]
nnd Dnnos, Jounet nnd Sptellunx [éJSǜǚ].
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The rules

he rules ror rnlsuty nre suven wutt tte pontext t̂p nnd uts ounder:

—(⊥ Դ)∣ t̂p ∶ ⊥ Դ
Ǘ ∶ (Γ Դ Δ⟨
—(Դ ⊥)

Γ Դ �t̂p.Ǘ ∶ ⊥ ∣ Δ

hus we pnn deruve tte rules or nesntuon:

Γ Դ Ǧ+ ∶ Ǌ ∣ Δ
—(¬)

Γ ∣ Ǧ+՗t̂p ∶ Ǌ → ⊥ Դ Δ

Γ ∣ Ǚ+ ∶ Ǌ Դ Δ
—(¬)

Γ Դ �Ǫ+.�t̂p.ऊǪ+‖Ǚ+ऋ ∶ Ǌ → ⊥ ∣ Δ

he rewrutuns rules ttnt ponperns t̂p nnd �t̂p nre tte rollowuns ones:

(ǌ
t̂p
⟨ �t̂p.ऊǦ⊝ ‖ t̂pऋ ੃RǢ

Ǧ⊝(ƿ
t̂p
⟨ Ǘ ੃EǢ

ऊ�t̂p.Ǘ ‖ t̂pऋ
he ooservntuon ttnt tte presenpe or n spepuip ponstnnt tp ror tte

rule (⊥ Դ) sumpluies nnd entnnpes tte tteory or tte � operntor
([FFKéǛǚ, F”ǜǕ, ParǜǕ]) us due to Aruoln, Heroelun nnd Snory [A”Ǔǖ,
A”SǓǗ, A”ǓǛ]. he extensuon or tp unto t̂p nnd tte nddutuon or tte
operntor �t̂p to model delumuted pontrol operntors un pnll oy vnlue
us due to tte snme nuttors [A”SǓǗ, ”erǓǘ, A”SǓǜ]. Our vnrunnt us
unspured rrom Heroelun nnd Gtuleznn [”“ǓǛ].

A unit in an untyped setting

One pnn see t̂p ns n porrepted unut oy removuns tte typottesus ttnt
tte rule (⊥ Դ) us suven oy n stnpk. Indeed let us ponsuder n lnnsunseǢ′ ootnuned oy replnpuns t̂p oy n ponstnnt tp ttnt tns tte rollowuns
rules: (ǌtp⟨ ऊ�tp.Ǘ ‖ tpऋ ੃RǢ′

Ǘ
(ƿtp⟨ Ǧ⊝ ੃EǢ′ �tp.ऊǦ⊝ ‖ tpऋ
(ǌ�⟨ ऊ��⊝.Ǘ ‖ tpऋ ੃RǢ′

Ǘ[tp/�⊝]
he irst two rules nre equuvnlent to tte ones or t̂p, wtule tte tturd
one porresponds to tte typottesus ttnt tp us n stnpk. de irst dedupe
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tte rollowuns:

Proposition IV.ƦƤ. For all Ǘ and �⊝ one has:

�tp.Ǘ ≃Ǣ′ ��⊝.Ǘ (�⊝ ∉ fv(Ǘ⟨⟨
�⊝ ≃Ǣ′ tp .

Proof. Furst we tnve for nny Ǘ nnd �⊝ ∉ fv(Ǘ⟨:
�tp.Ǘ ←RǢ′ �tp.ऊ��⊝.Ǘ ‖ tpऋ ੂEǢ′

�_.Ǘ
Now let �⊝ oe n stnpk. One tns:

�⊝ ੃EǢ′ ̃�Ǫ⊝.ऊǪ⊝‖�⊝ऋ
→EǢ′ ̃�Ǫ⊝.ऎ�tp.ऊǪ⊝‖ tpऋ∥�⊝ए
≃Ǣ′ ̃�Ǫ⊝.ऎ��⊝.ऊǪ⊝‖ tpऋ∥�⊝ए
→RǢ′ ̃�Ǫ⊝.ऊǪ⊝‖ tpऋ
ੂEǢ′ tp ∎

hese equntuons nre very nnturnl… out only un n typed setuns.
Indeed, un nn untyped setuns, nll pommnnds oepome equuvnlent,
nnd ttererore nlso nll tte terms.

Proposition IV.Ʀƥ. For any two commands Ǘ and Ǘ′ one has Ǘ ≃Ǣ′ Ǘ′.

Proof. Let Ǘ nnd Ǘ′ oe two pommnnds. One tns:

ǫ+՗ ̃�ǫ+.Ǘ ≃Ǣ′ tp ≃Ǣ′ ǫ+՗ ̃�ǫ+.Ǘ′

From ttus we ponplude Ǘ ≃Ǣ′ Ǘ′:

Ǘ ੂ∗
RǢ′ ऊ�Ǫ+.Ǫ+‖ǫ+՗ ̃�ǫ+.Ǘऋ

≃Ǣ′ ऊ�Ǫ+.Ǫ+‖ǫ+՗ ̃�ǫ+.Ǘ′ऋ
੃∗
RǢ′ Ǘ′ ∎
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By removuns tte typottesus ttnt tp us n vnlue, we ootnun t̂p nnd
tte pnlpulus oepomes poterent, ns we stowed un Corollnry IV.ƥƭ. It
remnuns to stow ttnt we tnve undeed ¬¬ƻ ≃ ƻ.

IV.ǘ.ǖ Isomorphisms in a polarised setting

Deinition IV.ƦƦ. Two types (or rormulne) ƻ nnd Ƽ nre usomorptup
ur ttey tnve tte snme polnruty nnd ttere exust two terms:

Ǫ ∶ ƻ Դ �(Ǫ⟨ ∶ Ƽ
ǫ ∶ Ƽ Դ �(ǫ⟨ ∶ ƻ

wutt:

let ǫ be�(Ǫ⟨ in�(ǫ⟨ ≃ Ǫ
let Ǫ be�(ǫ⟨ in�(Ǫ⟨ ≃ ǫ

In ttus pnse we wrute ƻ ≅�,� Ƽ.
In tte pnlpulus Lpol,t̂p⊝ , we tnke ≃ = ≃REǢ

noove. In tte λℓ pnlpulus,
we tnke ≃ = ੴǢ.

Proposition IV.ƦƧ. If we have ƻ ≅�,� Ƽ in the calculus Lpol,t̂p⊝ , such
that � and � are given by quasi-proof terms of λℓ, then one has ƻ ≅�,� Ƽ
in the calculus λℓ.

Proof. If �(Ǫ⟨ nnd �(ǫ⟨ nre qunsu-proof terms, tten ut us nlso tte pnse
of let ǫ be�(Ǫ⟨ in�(ǫ⟨ nnd of let Ǫ be�(ǫ⟨ in�(Ǫ⟨. herefore oy typottesus
nnd deinutuon one tns:

let ǫ be�(Ǫ⟨ in�(ǫ⟨ ੴǢ Ǫ
let Ǫ be�(ǫ⟨ in�(Ǫ⟨ ੴǢ ǫ ∎

Motivation
Deinutuon IV.ƦƦ us motuvnted un tte lnnsunse or duplouds or Ctnpter II
ns rollows. Suppose ttnt two morptusms � ∶ ƻ → Ƽ nnd � ∶ Ƽ → ƻ
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deine nn usomorptusm un n duploud ਸ਼ , un tte rollowuns sense:

� ◉� = idƻ� ◉� = idƼ

Supt nn usomorptusm us not enoust to rreely udentury ƻ wutt Ƽ:
Consuder ƻ = ǈ nnd Ƽ = ⇓ǈ wutt � = wrapǈ nnd � = unwrapǈ , or
symmetrupnlly ƻ=Ǌ nnd Ƽ=⇑Ǌ. he ussue us ttnt we don’t nepessnruly
tnve: ∀ǚ , Ǜ, (ǚ ◉�⟨ ◉ (� ◉ Ǜ⟨ = ǚ ◉ Ǜ

∀ǚ , Ǜ, (ǚ ◉�⟨ ◉ (� ◉ Ǜ⟨ = ǚ ◉ Ǜ (IV.Ʀ)

Lemma IV.Ʀƨ. Under the condition (IV.Ʀ), � is thunkable if and only if� is thunkable, and � is linear if and only if � is linear.

Proof. By symmetry, ut us enoust to stow one of tte four umplupntuons.
Suppose ttnt � us lunenr. On n:

∀ǚ , Ǜ ∶ � ◉ (ǚ ◉ Ǜ⟨ = � ◉ (((� ◉�⟨ ◉ ǚ ⟨ ◉ Ǜ⟨ sunpe � ◉� = idƼ

= � ◉ (� ◉ ((� ◉ ǚ ⟨ ◉ Ǜ⟨⟨ sunpe � us lunenr

= (� ◉�⟨ ◉ (� ◉ ǚ ⟨ ◉ Ǜ wutt (IV.Ʀ)

= (� ◉ ǚ ⟨ ◉Ǜ sunpe � ◉� = idƻ

tenpe � us lunenr. ∎

For supt n strensttened notuon or usomorptusm, ttere nre two
possuoulutues:

• ƻ nnd Ƽ tnve tte snme polnruty. hen tte equntuons (IV.Ʀ) nre
sntusied oy ҪҪ- or ҫҫ-nssopuntuvuty. hus notuon pounpudes wutt tte
one or usomorptusm un tte pntesorues � , � .

• ƻ nnd Ƽ tnve dufferent polnrutues, sny ƻ = Ǌ nnd Ƽ = ǈ. hen� ∶ Ǌ → ǈ us oott ttunknole nnd lunenr. As n ponsequenpe, � us
nlso oott ttunknole nnd lunenr npporduns to Lemmn IV.Ʀƨ.
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hus sussests two moduipntuons to tte deinutuon or nn usomorptusm
un n duploud:

ǉ. ƻ nnd Ƽ tnve tte snme polnruty; or:

Ǌ. � nnd � nre oott ttunknole nnd lunenr.

It us ensy to see ttnt pondutuon #Ʀ us nlso enoust to ootnun (IV.Ʀ).
Lnurent, Quntrunu nnd Tortorn de Fnlpo [LQTdFǓǘ] tnve studued

n notuon or usomorptusm sumulnr to (n syntnptup npproxumntuon or)
pondutuon #Ʀ un (put-rree) LCƥƤ; ror wtupt ttere us no supt uso-
morptusm ur ƻ nnd Ƽ do not tnve tte snme polnruty. de extend
tteur nrsument wutt Proposutuon IV.ƨƨ: un tte pontext or tte Lpol,t̂p⊝

pnlpulus, no term Ǫ ∶ ǈ Դ Ǧ ∶ Ǌ us oott lunenr (un ǈ) nnd ttunknole
(un Ǌ).

de ndopted noove tte irst (wenker) notuon or usomorptusm.

IV.ǘ.Ǘ Proof of the involution

de prove un ttus septuon ttnt ttere exusts nn usomorptusm oetween ƻ
nnd ¬¬ƻ irst un Lpol,t̂p⊝ nnd tten un λℓ, un tte sense or IV.ƦƦ.

de unsust ttnt tte proors nre enturely nlseornup. In pnrtupulnr, we
need no typottesus noout tte syntnx oeuns non-extensuole or n pnr-
tupulnr typed setuns oeuns stronsly normnlusuns. As n ponsequenpe,
tte usomorptusm remnuns true un nll extensuons or tte pnlpulu nnd
or tteur type systems. (A pounter-exnmple to ttus property us nn
usomorptusm supt ns ∀ǒ (ƻ → ǒ⟨ → ǒ ≅ ƻ un System F.)

ƥƤIn fnpt tte nuttors ponsuder Dnnos, Jounet nnd Sptellunx’s LK
�
Ǣ [éJSǜǚ]. It

us tte snme system ns LC expept ttnt tte stoup of LC us less ponstrnuned
ttnn tte η restruptuon of LK

�
Ǣ. By snme, we menn ttnt we pnn deine (un tte

termunolosy of tte respeptuve nuttors):

• Conneptuves of LK
�
Ǣ un LC oy poerpuns polnrutues: ƻҹǟ Ƽ ≝ (ƻҹǐ⟨ҹ(Ƽҹǐ⟨,

etp.

• Conneptuves of LC un LK
�
Ǣ oy pnse nnnlysus: ƻǣ ҹ Ƽǣ ≝ ƻǣ ҹǟ Ƽǣ, ƻǦ ҹ ƼǦ ≝ƻǦ ҹ� ƼǦ , etp.
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èase ¬¬Ǌ ≅ Ǌ
Deinition IV.ƦƩ. de deine tte rollowuns notntuon:

̃�[Ǫ՗t̂p].Ǘ ≝ ̃�[�⊝].ऊ�Ǫ.�t̂p.Ǘ ‖�⊝ऋ
hus ponstrupt tns tte rollowuns untroduptuon rule:

Ǘ ∶ (Γ, Ǫ ∶ ƻ Դ Δ⟨
——

Γ ∣ ̃�[Ǫ՗t̂p].Ǘ ∶ ∼(ƻ → ⊥⟨ Դ Δ

Lemma IV.Ʀƪ. One has:

ऊ[ǐ՗t̂p]‖ ̃�[Ǫ՗t̂p].Ǘऋ ≃REǢ
Ǘ[ǐ/Ǫ]

̃�[Ǫ՗t̂p].ऊ[Ǫ՗t̂p]‖Ǚ+ऋ ≃REǢ
Ǚ+

Proof. One tns:

ऊ[ǐ՗t̂p]‖ ̃�[Ǫ՗t̂p].Ǘऋ
→∗

RǢ
ऎ��⊝.ऊ[ǐ՗�⊝]‖ ̃�[Ǫ՗t̂p].Ǘऋ ∥ t̂pए

→RǢ
ऎ��⊝.ऊ�Ǫ.�t̂p.Ǘ ‖ǐ՗�⊝ऋ ∥ t̂pए

→RǢ
ऎ��⊝.ऊ�t̂p.Ǘ[ǐ/Ǫ]‖�⊝ऋ ∥ t̂pए

←EǢ
ऊ�t̂p.Ǘ[ǐ/Ǫ] ‖ t̂pऋ

←EǢ
Ǘ[ǐ/Ǫ]

̃�[Ǫ՗t̂p].ऊ[Ǫ՗t̂p]‖Ǚ+ऋ
= ̃�[�⊝].ऎ�Ǫ.�t̂p.ऊ[Ǫ՗t̂p]‖Ǚ+ऋ∥�⊝ए
→∗

RǢ
̃�[�⊝].ऒ�Ǫ.�t̂p.ऎ��⊝.ऊ[Ǫ՗�⊝]‖Ǚ+ऋ∥ t̂pए∥�⊝ओ

→RǢ
̃�[�⊝].ऎ�Ǫ.��⊝.ऊ[Ǫ՗�⊝]‖Ǚ+ऋ∥�⊝ए

←RǢ
̃�[�⊝].ऒ�Ǫ.��⊝.ऎ��⊝.ऊ[�⊝]‖Ǚ+ऋ∥Ǫ՗�⊝ए∥�⊝ओ

→RǢ
̃�[�⊝].ऎ��⊝.ऊ[�⊝]‖Ǚ+ऋ∥�⊝ए

≃REǢ
Ǚ+ ∎
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Proposition IV.Ʀƫ (Ǌ ≅ ¬¬Ǌ un Lpol,t̂p⊝). We deine:

�+(Ǫ+⟨ ≝ [Ǫ+՗t̂p]
�+(ǫ+⟨ ≝ ��+.ऎǫ+∥ ̃�[Ǫ+՗t̂p].ऊǪ+‖�+ऋए

In Lpol,t̂p⊝ , one has Ǌ ≅�+,�+
∼(Ǌ → ⊥⟨.

Proof. Indeed one tns:

Ǫ+ ∶ Ǌ Դ [Ǫ+՗t̂p] ∶ ∼(Ǌ → ⊥⟨
ǫ+ ∶ ∼(Ǌ → ⊥⟨ Դ ��+.ऎǫ+∥ ̃�[Ǫ+՗t̂p].ऊǪ+‖�+ऋए ∶ Ǌ

Besudes, one tns:

ऊlet ǫ+ be�+(Ǫ+⟨ in�+(ǫ+⟨‖�+ऋ
੃RǢ

ख[Ǫ+՗t̂p] ∥ ̃�ǫ+.ऒ��+.ऎǫ+∥ ̃�[Ǫ+՗t̂p].ऊǪ+‖�+ऋए∥�+ओग
→RǢ

ऒ[Ǫ+՗t̂p] ∥ ̃�ǫ+.ऎǫ+∥ ̃�[Ǫ+՗t̂p].ऊǪ+‖�+ऋएओ
→EǢ

ऎ[Ǫ+՗t̂p] ∥ ̃�[Ǫ+՗t̂p].ऊǪ+‖�+ऋए
≃REǢ

ऊǪ+‖�+ऋ
ऊlet Ǫ+

be�+(ǫ+⟨ in�+(Ǫ+⟨‖�+ऋ
੃RǢ

ऒ��+.ऎǫ+∥ ̃�[Ǫ+՗t̂p].ऊǪ+‖�+ऋए ∥ ̃�Ǫ+.ऊ[Ǫ+՗t̂p]‖�+ऋओ
≃REǢ

ऎǫ+∥ ̃�[Ǫ+՗t̂p].ऊ[Ǫ+՗t̂p]‖�+ऋए
←∗

EǢ
ऊǫ+‖�+ऋ ∎

Corollary IV.ƦƬ (Ǌ ≅ ¬¬Ǌ un λℓ). One takes, referring to the terms
deined in Figure IV.ǲe on page ǲǱǰ:

�′
+(Ǫ+⟨ ≝ (ƿ Ǫ+⟨+

� ′
+(ǫ+⟨ ≝ (ƾ¬ ǫ+⟨+

In λℓ, one has Ǌ ≅�′
+,� ′

+
∼(Ǌ → ⊥⟨.
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Proof. de proved un septuons IV.Ƨ.ƨ nnd IV.Ƨ.Ƨ:

Ǫ+ ∶ Ǌ Դ (ƿ Ǫ+⟨+ ∶ ∼(Ǌ → ⊥⟨
ǫ+ ∶ ∼(Ǌ → ⊥⟨ Դ (ƾ¬ ǫ+⟨+ ∶ Ǌ

de nlso proved un pnrtupulnr:

ऊ(ƿ Ǫ+⟨+ ‖�+ऋ[�⊝] ≻∗
Ǣ ऊ[Ǫ+՗�⊝] ‖�+ऋ

ऊ(ƾ¬ [Ǫ+՗�⊝]⟨+ ‖�+ऋ ≻∗
Ǣ ऊǪ+‖�+ऋ[�⊝]

Apporduns to Proposutuon IV.ƥƥ, ttese reduptuons nre equuvnlenpes oetween
pommnnds of Lpol,t̂p⊝ . As n ponsequenpe one tns oy extensuonnluty un
Lpol,t̂p⊝:

(ƿ Ǫ+⟨+ ≃REǢ
[Ǫ+՗t̂p] = �+(Ǫ+⟨

(ƾ¬ ǫ+⟨+ ≃REǢ
��+.ऎǫ+∥ ̃�[Ǫ+՗t̂p].ऊǪ+‖�+ऋए = �+(ǫ⟨

Apporduns to Proposutuon IV.Ʀƫ, one tterefore tns Ǌ ≅�′
+,� ′

+
∼(Ǌ → ⊥⟨ un

Lpol,t̂p⊝ . Sunpe oott �′
+ nnd � ′

+ nre qunsu-proof terms, we tnve npporduns to
Proposutuon IV.ƦƧ Ǌ ≅�′

+,� ′
+

∼(Ǌ → ⊥⟨ un λℓ. ∎

èase ¬¬ǈ ≅ ǈ
Deinition IV.Ʀƭ. de deine tte rollowuns notntuon:

�[�⊝].Ǧ ≝ �Ǫ+.��.ऎǪ+∥ ̃�[�⊝].ऊǦ ‖�ऋए
hus ponstruptuon tns tte rollowuns deruved rule:

Γ Դ Ǧ ∶ ƻ ∣ �⊝ ∶ ǈ,Δ
——

Γ Դ �[�⊝].Ǧ ∶ (∼ǈ⟨ → ƻ
Lemma IV.ƧƤ. One has:

ऊ�[�⊝].�t̂p.Ǘ ‖[�⊝]՗t̂pऋ ≃REǢ
Ǘ[�⊝/�⊝]

�[�⊝].�t̂p.ऊǦ+ ‖[�⊝]՗t̂pऋ ≃REǢ
Ǧ+
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Proof. Indeed:

ऊ�[�⊝].�t̂p.Ǘ ‖[�⊝]՗t̂pऋ
= ऒ�Ǫ+.��⊝.ऎǪ+∥ ̃�[�⊝].ऊ�t̂p.Ǘ ‖�⊝ऋए∥[�⊝]՗t̂pओ
→RǢ

ख��⊝.ऒ�Ǫ+.��⊝.ऎǪ+∥ ̃�[�⊝].ऊ�t̂p.Ǘ ‖�⊝ऋए∥[�⊝]՗�⊝ओ ∥ t̂pग
→∗

RǢ
ऒ��⊝.ऎ[�⊝]∥ ̃�[�⊝].ऊ�t̂p.Ǘ ‖�⊝ऋए ∥ t̂pओ

→RǢ
ऎ��⊝.ऊ�t̂p.Ǘ[�⊝/�⊝]‖�⊝ऋ ∥ t̂pए

←EǢ
ऊ�t̂p.Ǘ[�⊝/�⊝] ‖ t̂pऋ

←EǢ
Ǘ[�⊝/�⊝]

�[�⊝].�t̂p.ऊǦ+ ‖[�⊝]՗t̂pऋ
→RǢ

�[�⊝].�t̂p.ऎ��⊝.ऊǦ+ ‖[�⊝]՗�⊝ऋ∥ t̂pए
→RǢ

�[�⊝].��⊝.ऊǦ+ ‖[�⊝]՗�⊝ऋ
→RǢ

�Ǫ+.��⊝.ऎǪ+∥ ̃�[�⊝].ऊǦ+ ‖[�⊝]՗�⊝ऋए
←RǢ

�Ǫ+.��⊝.ऒǪ+∥ ̃�[�⊝].ऎ[�⊝]∥ ̃�Ǫ+.ऊǦ+ ‖Ǫ+՗�⊝ऋएओ
←EǢ

�Ǫ+.��⊝.ऎǪ+∥ ̃�Ǫ+.ऊǦ+ ‖Ǫ+՗�⊝ऋए
→RǢ

�Ǫ+.��⊝.ऊǦ+ ‖Ǫ+՗�⊝ऋ
←EǢ

Ǧ+ ∎

Proposition IV.Ƨƥ (ǈ ≅ ¬¬ǈ un Lpol,t̂p⊝). Let us take:

�⊝(Ǫ⊝⟨ ≝ �[�⊝].�t̂p.ऊǪ⊝‖�⊝ऋ
�⊝(ǫ⊝⟨ ≝ ��⊝.ऊǫ⊝‖[�⊝]՗t̂pऋ

In the calculus Lpol,t̂p⊝ , one has:

ǈ ≅�⊝,�⊝
(∼ǈ⟨ → ⊥
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Proof. Indeed one tns:

Ǫ⊝ ∶ ǈ Դ �[�⊝].�t̂p.ऊǪ⊝‖�⊝ऋ ∶ (∼ǈ⟨ → ⊥

ǫ⊝ ∶ (∼ǈ⟨ → ⊥ Դ ��⊝.ऊǫ⊝‖[�⊝]՗t̂pऋ
One nlso tns:

ऊlet ǫ⊝
be�⊝(Ǫ⊝⟨ in�⊝(ǫ⊝⟨‖�⊝ऋ

੃RǢ
ऒ�[�⊝].�t̂p.ऊǪ⊝‖�⊝ऋ ∥ ̃�ǫ⊝.ऎ��⊝.ऊǫ⊝‖[�⊝]՗t̂pऋ∥�⊝एओ

→∗
RǢ

ऎ�[�⊝].�t̂p.ऊǪ⊝‖�⊝ऋ ∥[�⊝]՗t̂pए
≃REǢ

ऊǪ⊝ ‖�⊝ऋ
ऊlet Ǫ⊝

be�⊝(ǫ⊝⟨ in�⊝(Ǫ⊝⟨‖�⊝ऋ
੃RǢ

ऒ��⊝.ऊǫ⊝‖[�⊝]՗t̂pऋ ∥ ̃�Ǫ⊝.ऎ�[�⊝].�t̂p.ऊǪ⊝‖�⊝ऋ∥�⊝एओ
→∗

RǢ
ऎ�[�⊝].�t̂p.ऊǫ⊝‖[�⊝]՗t̂pऋ ∥�⊝ए

≃REǢ
ऊǫ⊝ ‖�⊝ऋ ∎

Corollary IV.ƧƦ (ǈ ≅ ¬¬ǈ un λℓ). We deine according to Figure IV.ǲe
on page ǲǱǰ:

�′
⊝(Ǫ⊝⟨ ≝ �ǫ+.(send ǫ+Ǫ⊝⟨⊝

� ′
⊝(ǫ⊝⟨ ≝ (ԧ ǫ⊝⟨⊝

In λℓ, one has ǈ ≅�′
⊝,� ′

⊝
∼ǈ → ⊥.

Proof. de proved un septuons IV.Ƨ.ƨ nnd IV.Ƨ.Ƨ:

Ǫ⊝ ∶ ǈ Դ �ǫ+.(send ǫ+Ǫ⊝⟨⊝ ∶ ∼ǈ → ⊥

ǫ⊝ ∶ ∼ǈ → ⊥ Դ (ԧ ǫ⊝⟨⊝ ∶ ǈ
Besudes one tns:

ऊ�ǫ+.(send ǫ+Ǫ⊝⟨⊝ ‖[�⊝]՗�⊝ऋ ≻∗
Ǣ ऊǪ⊝ ‖�⊝ऋ[�⊝]

ऊ(ԧ ǫ⊝⟨⊝ ‖�⊝ऋ[�⊝, �⊝] ≻∗
Ǣ ऊǫ⊝ ‖[�⊝]՗�⊝ऋ[�⊝]
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Apporduns to Proposutuon IV.ƥƥ, ttese reduptuons nre equuvnlenpes of pom-
mnnds of Lpol,t̂p⊝ . As n ponsequenpe one nsnun tns oy extensuonnluty un
Lpol,t̂p⊝:

�ǫ+.(send ǫ+Ǫ⊝⟨⊝ ≃REǢ
�[�⊝].�t̂p.ऊǪ⊝‖�⊝ऋ = �⊝(Ǫ⊝⟨

(ԧ ǫ⊝⟨⊝ ≃REǢ
��⊝.ऊǫ⊝‖[�⊝]՗t̂pऋ = �⊝(ǫ⊝⟨

Apporduns to Proposutuon IV.Ƨƥ, one tterefore tns ǈ ≅�′
⊝,� ′

⊝
∼ǈ → ⊥ un

Lpol,t̂p⊝ . Asnun, sunpe �′
⊝ nnd � ′

⊝ nre qunsu-proof terms, one tns npporduns
to Proposutuon IV.ƦƧ ǈ ≅�′

⊝,� ′
⊝

∼ǈ → ⊥ un λℓ. ∎

IV.Ǚ A semantic characterisation of the

stoup

hus septuon us n study or tte equntuons or tte untyped pnlpulus
Lpol,t̂p⊝ , nnd un pnrtupulnr tte notuon or ttunknouluty or terms nnd
lunenruty or pontexts rrom Ctnpter II. de stould mentuon ttnt tte
development or ttus septuon us not spepuip to Lpol,t̂p⊝ nnd pnn oe
senernlused, ror unstnnpe to tte pnlpulus Lpol,t̂p+ .

Lunenruty nnd ttunknouluty nre typupnlly npproxumnted un vnruous
wnys. he notuon or vnlue nnd stnpk us tte sumplest, nnd tns tte lenst
strupture. For unstnnpe, we do not nsk ttnt tte syntnptup pompos-
ute let Ǫ beǐ1 inǐ2 or two vnlues oe n vnlue. he stoup us n syntnptup
devupe wtupt, un LC [“irǜǔ], despruoes wutt tundsustt n senernlusntuon
or vnlues nnd stnpks. It nmounts (modulo dunluty) to ndd, to vnlues
mnde rrom produpts nnd sums, nn operntuon or pomposutuon nnd op-
erntuons supt ns dustruoutuvuty. In pounterpnrt, ttus syntnptup notuon
us more delupnte to mnnupulnte rormnlly [LQTdFǓǘ].

de use tte notuons or lunenruty nnd ttunknouluty to deine n se-
mantic notuon or stoup, un tte sense ttnt tte notuon us ntnpted to
propertues rntter ttnn to tte rorm, nnd nlso ttnt ut us lukely not repurs-
uve ns we wull ponvepture. hus us n ponpuse syntnptup nppount, ns well
ns nn extensuon to tte polnrused pnse, or tte strupture or ttunknole
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nnd pentrnl morptusms studued sepnrntely oy Fütrmnnn [Fühǜǜ] nnd
Selunser [SelǓǔ].

Furst, un IV.ƪ.ƥ we explnun wty restruptuons knows ns “A-normal
forms”, “monadic normal forms” or “η restriction” nre tnrmrul un our
pontext. hen un septuons IV.ƪ.Ʀ nnd IV.ƪ.Ƨ we ptnrnpteruse ttunknole
nnd lunenr terms un terms or pommutntuon propertues nnd suostutu-
tuon propertues. hen un Septuon IV.ƪ.ƨ we npply tte results to prove
ttnt nddutuonnl expnnsuon rules nre deruvnole wutt pertnun restrup-
tuons. Lnst, un Septuon IV.ƪ.Ʃ we stow ttnt tte notuon or ttunknole
terms nnd lunenr pontext provude nn over-npproxumntuon or Gurnrd’s
stoup.

IV.Ǚ.ǔ On A-normal forms

In tte study or systems wutt ropnlusntuon, rules or reduptuon � (Fus-
ure IV.ƨo), supt ns tte rollowuns ones:

ऊ(Ǧ+, ǧ+⟨‖Ǚ+ऋ
੃RǢ

ऎǦ+ ∥ ̃�Ǫ+.ऊ(Ǫ+, ǧ+⟨‖Ǚ+ऋए
→RǢ

ऒǦ+ ∥ ̃�Ǫ+.ऎǧ+ ∥ ̃�ǫ+.ऊ(Ǫ+, ǫ+⟨‖Ǚ+ऋएओ
(wten Ǧ+ nnd ǧ+ nre not vnlues), were rrom tte oesunnuns replnped
wutt n restruptuon or tte ponstrupts to vnlues (e.s. (ǐ, Ǒ⟨), wutt tte
expeptuons or works supt ns dndler’s [WadǓǖ].

he restruptuon nppenred under vnruous rormulntuons [“irǜǔ, FSéFǜǖ,
”éǜǗ, éJSǜǚ, è”ǓǓ]. In pnrtupulnr, Flnnnsnn et al. untroduped to ttus
effept tte termunolosy A-normal form [FSéFǜǖ]; Hntpluff nnd Dnnvy
understood tte role or Mossu’s monndup model nnd pnlled utmonadic
normal form [”éǜǗ]; nnd Dnnos, Jounet nnd Sptellunx understood
ttnt �-luke rules nre n nepessnry ponsequenpe or η rules nnd pouned
tte termunolosy η restriction [éJSǜǚ].

he nrsument un rnvour or tte restruptuon us ttnt tte proors ttnt
porrespond to (Ǧ, ǧ⟨, [Ǚ⊝] nnd Ǧ՗Ǚ nre stull deruvnole un tte restrupted
system. Indeed, wten tte pnur (ǐ, Ǒ⟨ us restrupted to vnlues, ut us
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possuole to deine (Ǧ, ǧ⟨ ror nny Ǧ nnd ǧ ns rollows:

(Ǧ, ǧ⟨ ≝ ��+.ऒǦ ∥ ̃�Ǫ.ऎǧ∥ ̃�ǫ.ऊ(Ǫ, ǫ⟨‖�+ऋएओ
In wtnt rollows, tte restruptuon us not nppeptnole. Indeed, we nre
souns to suostutute vnrunoles wutt ttunknole nnd lunenr terms. For
wnnt or n repursuve ptnrnpterusntuon or ttese notuons, suostututuon
must ttererore oe deined ror nroutrnry terms nnd pontexts, wtupt us
not tte pnse un tte presenpe or n restruptuon to A-normnl rorms.

IV.Ǚ.Ǖ Equalities of commutation

Let us deine tte rollowuns shiting operntuons.

Deinition IV.ƧƧ. de tnke:

delny(Ǧ�⟨ ≝ �l.Ǧ� (wutt l nesntuve )

rorpe�(Ǧ⊝⟨ ≝ Ǧ �Ǫ.Ǫ ≝ ���.ऊǦ⊝ ‖�Ǫ.Ǫ՗��ऋ
wrnp∗

�(Ǚ+⟨ ≝ ̃�Ǫ�.ऊ(�ǫ.ǫ, Ǫ�⟨‖Ǚ+ऋ
unwrnp∗(Ǚ�⟨ ≝ ̃�(l, Ǫ�⟨.ऊǪ� ‖Ǚ�ऋ (wutt l nesntuve )

For Ǧ� one ttus tns Ǧ� ≃REǢ rorpe�(delny(Ǧ�⟨⟨; wtule ror nny Ǚ� one
tns Ǚ� ≃REǢ wrnp∗

�(unwrnp∗(Ǚ�⟨⟨. Indeed:
rorpe�(delny(Ǧ�⟨⟨ = ���.ऊ�l.Ǧ� ‖�Ǫ.Ǫ՗��ऋ

→RǢ
���.ऊǦ� ‖��ऋ

←EǢ
Ǧ�

wrnp∗
�(unwrnp∗(Ǚ�⟨⟨ = ̃�Ǫ�.ऎ(�ǫ.ǫ, Ǫ�⟨∥ ̃�(l, Ǫ�⟨.ऊǪ� ‖Ǚ�ऋए

→RǢ
̃�Ǫ�.ऊǪ� ‖Ǚ�ऋ

←EǢ
Ǚ�

hese nre not tte stutuns operntuons or tte duploud out rntter tte
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operntuons or weak stuts, un tte sense ttnt we pnn tnve:

delny(rorpe�(Ǫ⊝⟨⟨ ≄REǢ
Ǫ⊝

unwrnp∗(wrnp∗
�(Ǫ+⟨⟨ ≄REǢ

Ǫ+

Stull, wenk stuts nre enoust ror our purposes.

Freshness clauses
In wtnt rollows �ǣ rerers to n ounder nmons ��, �Ǫ.�� nnd ̃�ǣ rerers to
one nmons ̃�Ǫ, ̃�(Ǫ, ǫ⟨, ̃�[�⊝]. de deine v(ǣ⟨ ns tte set or vnrunoles
ttnt nppenr un �ǣ or ̃�ǣ (dependuns on tte pnse). de deine pnurwuse
rrestness ns rollows:

• ǣ # ǚ wten v(ǣ⟨ һ fv(ǚ ⟨ = ∅;

• ǚ # ǚ ′ wten fv(ǚ ⟨ һ fv(ǚ ′⟨ = ∅;

• ǣ # ǣ′ wten v(ǣ⟨ һv(ǣ′⟨ = ∅.

de now untrodupe n deinutuon to sumplury tte stntement or rrestness
plnuses ror vnrunoles.

Deinition IV.Ƨƨ (Bundunss).

ǉ. A simple binding (notntuon {ǚ/ǣ}) us suven oy n pnur (ǚ , ǣ⟨ or tte
rorm (Ǧ, ̃�ǣ⟨ or (Ǚ, �ǣ⟨ tosetter wutt one or tte rollowuns:

• ǚ us n posutuve term nnd ̃�ǣ us or tte rorm ̃�Ǫ+, ̃�(Ǫ, ǫ⟨, ̃�[�⊝];
• ǚ us n nesntuve term nnd ̃�ǣ us or tte rorm ̃�Ǫ⊝;
• ǚ us n posutuve pontext nnd �ǣ us or tte rorm ��+;
• ǚ us n nesntuve pontext nnd �ǣ us or tte rorm ��⊝, �Ǫ.��.

Ǌ. A double binding (notntuon {ǚ1/ǣ1, ǚ2/ǣ2}) us n pnur (ǚ1, ǣ1⟨, (ǚ2, ǣ2⟨
or sumple oundunss ttnt sntusies ǣ1 # ǚ2, ǣ2 # ǚ1 nnd ǣ1 # ǣ2.

Equalities of commutation for values
cnlues nnd stnpks verury pertnun equnlutues or pommutntuon:
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Lemma IV.ƧƩ. Let Ǘ be a command. For any double binding{ǐ/ǣ, Ǚ/ǣ′}, one has:
ऎ�ǣ′.ऊǐ ‖ ̃�ǣ.Ǘऋ∥Ǚए ≃REǢ

ऎǐ ∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖Ǚऋए
For any double binding of the form {�/ǣ, Ǧ/ǣ′}, one has:

ऎ�ǣ.ऊǦ ‖ ̃�ǣ′.Ǘऋ∥�ए ≃REǢ
ऎǦ ∥ ̃�ǣ′.ऊ�ǣ.Ǘ ‖�ऋए

Proof. If {ǐ/ǣ, Ǚ/ǣ′} us n douole ounduns tten one tns:

ऎ�ǣ′.ऊǐ ‖ ̃�ǣ.Ǘऋ∥Ǚए ੂRǢ
ऒǐ ∥ ̃�Ǫ.ऎ�ǣ′.ऊǪ ‖ ̃�ǣ.Ǘऋ∥Ǚएओ sunpe ǣ′ # ǐ

→EǢ
खǐ ∥ ̃�ǣ.ऒǣ∥ ̃�Ǫ.ऎ�ǣ′.ऊǪ ‖ ̃�ǣ.Ǘऋ∥Ǚएओग sunpe ǣ # Ǚ

→2
RǢ

ऎǐ ∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖Ǚऋए sunpe ǣ′ # ǣ
Snme rensonuns for {�/ǣ, Ǧ/ǣ′}. ∎

hunknole terms, un tte termunolosy or Ctnpter II, nnd lunenr
pontexts, oetnve luke vnlues nnd stnpks. So we nre mnunly unterested
un pommutntuon propertues or tte rorm:

ऎ�ǣ′.ऊǦ ‖ ̃�ǣ.Ǘऋ∥Ǚए ≃REǢ
ऎǦ ∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖Ǚऋए (IV.Ƨ)

ror n suven Ǧ or n suven Ǚ.
Bound variables convention. As us stnndnrd, we umpluputly nssumed
so rnr Bnrendrest’s vnrunole ponventuon: bound variables are chosen
to be distinct rom ree variables. de stress ttnt un tte pontext or nn
equntuon or tte rorm (IV.Ƨ), ttus umplues ttnt {Ǧ/ǣ, Ǚ/ǣ′} us n douole
ounduns. hererore tte typottesus ttnt we ponsuder douole oundunss
remnuns umpluput un tte remnunder or tte septuon.
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IV.Ǚ.ǖ Thunkable terms, linear contexts

he propertues/deinutuons ttnt rollow ptnrnpteruse ttunknole terms
nnd lunenr pontexts.

Proposition IV.Ƨƪ (Ctnrnpterusntuon or ttunknole terms). Let Ǧ be a
term. he following properties are equivalent:

ǉ. For all Ǘ, Ǚ, ǣ, ǣ′,
✄

✂

�

✁

ऎ�ǣ′.ऊǦ ‖ ̃�ǣ.Ǘऋ∥Ǚए ≃REǢ
ऎǦ ∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖Ǚऋए ;

Ǌ. For all Ǚ⊝,
✄

✂

�

✁

ऊdelny(Ǧ⟨‖Ǚ⊝ऋ ≃REǢ
ऎǦ ∥ ̃�Ǫ.ऊdelny(Ǫ⟨‖Ǚ⊝ऋए ;

ǋ. For all Ǘ, Ǫ, ✄
✂

�

✁

ऊǦ ‖ ̃�Ǫ.Ǘऋ ≃REǢ
Ǘ[Ǧ/Ǫ] .

Deinition IV.Ƨƫ. A term us thunkable ur ut sntusies one or tte noove
equuvnlent propertues.

Proof. (ƥ. ⇒ Ʀ.) Let Ǚ⊝ oe n nesntuve pontext. One tns:

ऎǦ ∥ ̃�Ǫ.ऊdelny(Ǫ⟨‖Ǚ⊝ऋए
→EǢ

ऒǦ ∥ ̃�Ǫ.ऎ�_.��.ऊǪ ‖�ऋ∥Ǚ⊝एओ
≃REǢ

ऒ�_.��.ऎǦ ∥ ̃�Ǫ.ऊǪ ‖�ऋए ∥Ǚ⊝ओ npporduns to ƥ.

←∗
EǢ

ऊdelny(Ǧ⟨ ‖Ǚ⊝ऋ
(Ʀ. ⇒ Ƨ.) Let Ǘ, Ǫ. By ponsuderuns forpe�(delny(ǧ�⟨⟨ ≃REǢ ǧ� one tns:

ऊǦ ‖ ̃�Ǫ.Ǘऋ
≃REǢ

ऊǦ ‖ ̃�Ǫ.Ǘ[forpe(delny(Ǫ⟨⟨/Ǫ]ऋ
←RǢ

ऎǦ ∥ ̃�Ǫ.ऊdelny(Ǫ⟨‖ ̃�ǫ⊝.Ǘ[forpe(ǫ⊝⟨/Ǫ]ऋए
≃REǢ

ऊdelny(Ǧ⟨ ‖ ̃�ǫ⊝.Ǘ[forpe(ǫ⊝⟨/Ǫ]ऋ en supposnnt Ʀ.

→RǢ
Ǘ[forpe(delny(Ǧ⟨⟨/Ǫ]

≃REǢ
Ǘ[Ǧ/Ǫ]
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wtenpe tte result.
(Ƨ. ⇒ ƥ.) Let Ǘ, Ǚ, ǣ, ǣ′ supt ttnt {Ǧ/ǣ, Ǚ/ǣ′} us n douole ounduns. LetǪ ∉ fv(Ǘ, Ǚ⟨. One tns Ǫ # Ǚ, tenpe {Ǫ/ǣ, Ǚ/ǣ′} us n douole ounduns. hus

usuns Lemmn IV.ƧƩ one tns:

ऎ�ǣ′.ऊǪ ‖ ̃�ǣ.Ǘऋ∥Ǚए ≃REǢ
ऎǪ ∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖Ǚऋए

herefore:

ऎ�ǣ′.ऊǦ ‖ ̃�ǣ.Ǘऋ∥Ǚए
= ऎ�ǣ′.ऊǪ ‖ ̃�ǣ.Ǘऋ∥Ǚए[Ǧ/Ǫ] sunpe ǣ′ # Ǧ, Ǫ # Ǚ, Ǫ # Ǘ
≃REǢ

ऒǦ ∥ ̃�Ǫ.ऎ�ǣ′.ऊǪ ‖ ̃�ǣ.Ǘऋ∥Ǚएओ nssumuns Ƨ.

≃REǢ
ऒǦ ∥ ̃�Ǫ.ऎǪ ∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖Ǚऋएओ usuns tte noove

←EǢ
ऎǦ ∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖Ǚऋए

wtenpe tte result. ∎

Proposition IV.ƧƬ (Ctnrnpterusntuon or lunenr pontexts). Let Ǚ be a
context. he following properties are equivalent:

ǉ. For all Ǘ, Ǧ, ǣ, ǣ′,
✄

✂

�

✁

ऎǦ ∥ ̃�ǣ′.ऊ�ǣ.Ǘ ‖Ǚऋए ≃REǢ
ऎ�ǣ.ऊǦ ‖ ̃�ǣ′.Ǘऋ ∥Ǚए ;

Ǌ. For all Ǧ+, ✄
✂

�

✁

ऊǦ+ ‖unwrnp∗(Ǚ⟨ऋ ≃REǢ
ऎ��.ऊǦ+ ‖unwrnp∗(�⟨ऋ ∥Ǚए . ;

ǋ. For all Ǘ, �, ✄
✂

�

✁

ऊ��.Ǘ ‖Ǚऋ ≃REǢ
Ǘ[Ǚ/�] .

Deinition IV.Ƨƭ. A pontext us lunenr ur ut sntusies one or tte noove
equuvnlent propertues.

Proof. he proof us symmetrup to tte prevuous one. (ƥ. ⇒ Ʀ.) Let Ǧ+ oe n
posutuve term. Equntuon Ʀ. porresponds to tte followuns pnse of property
ƥ.: ऒ��.ऎǦ+ ∥ ̃�(_, Ǫ⟨.ऊǪ ‖�ऋए∥Ǚओ ≃REǢ

ऒǦ+ ∥ ̃�(_, Ǫ⟨.ऎ��.ऊǪ ‖�ऋ∥Ǚएओ
(Ʀ. ⇒ Ƨ.) Consuder Ǘ, �. By ponsuderuns wrnp∗

�(unwrnp∗(Ǚ′
�⟨⟨≃REǢ Ǚ′

�one
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tns: ऊ��.Ǘ ‖Ǚऋ
≃REǢ

ऊ��.Ǘ[wrnp∗(unwrnp∗(�⟨⟨/�] ‖Ǚऋ
←RǢ

ऎ��.ऊ��+.Ǘ[wrnp∗(�+⟨/�]‖unwrnp∗(�⟨ऋ ∥Ǚए
≃REǢ

ऊ��+.Ǘ[wrnp∗(�+⟨/�] ‖unwrnp∗(Ǚ⟨ऋ d’npr5s Ʀ.

→RǢ
Ǘ[wrnp∗(unwrnp∗(Ǚ⟨⟨/�]

≃REǢ
Ǘ[Ǚ/�]

wtenpe tte result.
(Ƨ. ⇒ ƥ.) Let Ǘ, Ǧ, ǣ, ǣ′ supt ttnt {Ǚ/ǣ, Ǧ/ǣ′} us n douole ounduns. One tns:

ऎǦ ∥ ̃�ǣ′.ऊ�ǣ.Ǘ ‖Ǚऋए
≃REǢ

ऒ��.ऎǦ ∥ ̃�ǣ′.ऊ�ǣ.Ǘ ‖�ऋए ∥Ǚओ en supposnnt Ƨ., pnr ǣ′ # Ǚ
≃REǢ

ऒ��.ऎ�ǣ.ऊǦ ‖ ̃�ǣ′.Ǘऋ∥�ए ∥Ǚओ pnr le lemme IV.ƧƩ

←EǢ
ऎ�ǣ.ऊǦ ‖ ̃�ǣ′.Ǘऋ ∥Ǚए

dtenpe tte result. ∎

he noove propertues nre nn extensuon to terms wutt pntern-
mntptuns or Proposutuon II.ƥƩ noout duplouds, ror wtupt we only
need wenk stuts nlrendy, ur we exnmune tte proor.

Deinition IV.ƨƤ. (Termunolosy unspured rrom Fütrmnnn [Fühǜǜ],
Selunser [SelǓǔ])

• Ǧ us central ur one tns
✄

✂

�

✁

ऎǧ∥ ̃�ǣ′.ऊǦ ‖ ̃�ǣ.Ǘऋए ≃REǢ
ऎǦ ∥ ̃�ǣ.ऊǧ‖ ̃�ǣ′.Ǘऋए

(∀Ǘ, ǧ, ǣ, ǣ′⟨.
• Ǚ us central ur one tns

✄

✂

�

✁

ऎ�ǣ′.ऊ�ǣ.Ǘ ‖Ǚऋ∥Ǚ′ए ≃REǢ
ऎ�ǣ.ऊ�ǣ′.Ǘ‖Ǚ′ऋ ∥Ǚए

(∀Ǘ, Ǚ′, ǣ, ǣ′⟨.
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Now we deine tte rollowuns notntuons:

✄

✂

�

✁

Ǘ{Ǧ/ǣ} ≝ ऊǦ ‖ ̃�ǣ.Ǘऋ
Ǘ{Ǚ/ǣ} ≝ ऊ�ǣ.Ǘ ‖Ǚऋ

ror nll sumple oundunss {Ǧ/ǣ} nnd {Ǚ/ǣ′}. Notupe ttnt ttus notn-
tuon us less userul, oepnuse ut nrtuipunlly dustunsuustes Ǘ{�ǣ′.Ǘ′/ǣ} nndǗ′{�ǣ.Ǘ/ǣ′} nlttoust ut us tte snme pommnnd.

dutt ttese deinutuons, tte prevuous propertues nre stnted ns tte
pommutntuon or douole oundunss:

• Ǧ ttunknole ⇔ ∀(Ǘ, Ǚ, ǣ, ǣ′⟨ Ǘ{Ǧ/ǣ}{Ǚ/ǣ′} ≃REǢ
Ǘ{Ǚ/ǣ′}{Ǧ/ǣ}.

• Ǧ pentrnl ⇔ ∀(Ǘ, ǧ, ǣ, ǣ′⟨ Ǘ{Ǧ/ǣ}{ǧ/ǣ′} ≃REǢ
Ǘ{ǧ/ǣ′}{Ǧ/ǣ}.

• Ǚ lunenr ⇔ ∀(Ǘ, Ǧ, ǣ, ǣ′⟨ Ǘ{Ǚ/ǣ}{Ǧ/ǣ′} ≃REǢ
Ǘ{Ǧ/ǣ′}{Ǚ/ǣ}.

• Ǚ pentrnl ⇔ ∀(Ǘ, Ǚ′, ǣ, ǣ′⟨ Ǘ{Ǚ/ǣ}{Ǚ′/ǣ′} ≃REǢ
Ǘ{Ǚ′/ǣ′}{Ǚ/ǣ}.

Proposition IV.ƨƥ.

ǉ. If Ǧ is thunkable and Ǧ ≃REǢ
ǧ then ǧ is thunkable. If Ǚ is linear andǙ ≃REǢ

Ǚ′ then Ǚ′ is linear;

Ǌ. Any value is thunkable and central; any stack is linear and central;

ǋ. Any thunkable term and any linear context is central;

ǌ. (hnnks to tte operntuons �Ǫ.Ǧ nnd Ǧ՗�:) Any central context is
linear.

Ǎ. (hnnks to tte operntuons [Ǚ⊝] nnd ̃�[�⊝].Ǘ:) Any central term is
thunkable.

ǎ. Let {ǚ/�} be a simple binding with ǚ linear/thunkable (depending
on the case) and � a variable.
a) If Ǧ is thunkable then Ǧ[ǚ/�] is thunkable;
b) If Ǚ is linear then Ǚ[ǚ/�] is linear.
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Proof.

ǉ. Immedunte ttroust tte irst ptnrnpterusntuon of ttunknole/lunenr.

Ǌ. hus us lemmn IV.ƧƩ wtupt extends to tte pnses of Ǧ, Ǚ pentrnl wutt snme
proofs.

ǋ. Let Ǧ oe ttunknole. hen let Ǘ, ǧ, ǣ, ǣ′ oe supt ttnt {Ǧ/ǣ, ǧ/ǣ′} us n
douole ounduns. One tns:

Ǘ{Ǧ/ǣ}{ǧ/ǣ′} = Ǘ{Ǫ/ǣ}{ǧ/ǣ′}[Ǧ/Ǫ] sunpe ǣ′ # Ǧ
≃REǢ

Ǘ{Ǫ/ǣ}{ǧ/ǣ′}{Ǧ/Ǫ} sunpe Ǧ us ttunknole

≃REǢ
Ǘ{ǧ/ǣ′}{Ǫ/ǣ}{Ǧ/Ǫ} sunpe Ǫ us pentrnl

≃REǢ
Ǘ{ǧ/ǣ′}{Ǫ/ǣ}[Ǧ/Ǫ] sunpe Ǧ us ttunknole

= Ǘ{ǧ/ǣ′}{Ǧ/ǣ}
Henpe Ǧ us pentrnl. he proof ttnt lunenr Ǚ us pentrnl us tte snme.

ǌ. Let Ǚ oe pentrnl. Let Ǘ, Ǚ, ǣ, ǣ′ oe supt ttnt {Ǧ/ǣ, Ǚ/ǣ′} us n douole
ounduns. If Ǧ us n vnlue tten one tns Ǘ{Ǧ/ǣ}{Ǚ/ǣ′} ≃REǢ

Ǘ{Ǚ/ǣ′}{Ǧ/ǣ} oy
ttunknouluty of Ǧ. Now nssume ttnt Ǧ us n posutuve term wtupt us not n
vnlue. de ponsuder � n plosed stnpk (for unstnnpe � = ̃�Ǫ+. ऊ �ǫ.ǫ ‖ t̂p ऋ ).
One tns:

ऎ�ǣ′.ऊǦ ‖ ̃�ǣ.Ǘऋ∥Ǚए
→EǢ

ऒ�ǣ′.ऎǦ ∥ ̃�Ǫ+.ऊǪ+‖ ̃�ǣ.Ǘऋए ∥Ǚओ
←2

RǢ
ऒ�ǣ′.ऎ�Ǫ+.�_.ऊǪ+‖ ̃�ǣ.Ǘऋ∥Ǧ՗�ए ∥Ǚओ

≃REǢ
ऒ�Ǫ+.�_.ऎ�ǣ′.ऊǪ+‖ ̃�ǣ.Ǘऋ∥Ǚए ∥ Ǧ՗�ओ sunpe Ǚ us pentrnl

≃REǢ
ऒ�Ǫ+.�_.ऎǪ+∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖Ǚऋए ∥ Ǧ՗�ओ sunpe Ǫ+ us ttunknole

→2
RǢ

ऒǦ ∥ ̃�Ǫ+.ऎǪ+∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖Ǚऋएओ
←EǢ

ऎǦ ∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖Ǚऋए
Henpe Ǚ us lunenr.

Ǎ. Let Ǧ oe pentrnl. Let Ǘ, Ǚ, ǣ, ǣ′ oe supt ttnt {Ǧ/ǣ, Ǚ/ǣ′} us n douole
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ounduns. If Ǚ us n stnpk tten one tns Ǘ{Ǧ/ǣ}{Ǚ/ǣ′} ≃REǢ
Ǘ{Ǚ/ǣ′}{Ǧ/ǣ} oy

lunenruty of Ǚ. Now nssume ttnt Ǚ us n nesntuve pontext wtupt us not n
stnpk. One tns:

ऎ�ǣ′.ऊǦ ‖ ̃�ǣ.Ǘऋ∥Ǚए
→EǢ

ऒ��⊝.ऎ�ǣ′.ऊǦ ‖ ̃�ǣ.Ǘऋ∥�⊝ए ∥Ǚओ
←2

RǢ
ऒ[Ǚ] ∥ ̃�[�⊝].ऎ�ǣ′.ऊǦ ‖ ̃�ǣ.Ǘऋ∥�⊝एओ

≃REǢ
ऒ[Ǚ] ∥ ̃�[�⊝].ऎǦ ∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖�⊝ऋएओ sunpe �⊝ us luennr

≃REǢ
ऒǦ ∥ ̃�ǣ.ऎ[Ǚ]∥ ̃�[�⊝].ऊ�ǣ′.Ǘ ‖�⊝ऋएओ sunpe Ǧ us pentrnl

→2
RǢ

ऒǦ ∥ ̃�ǣ.ऎ��⊝.ऊ�ǣ′.Ǘ ‖�⊝ऋ∥Ǚएओ
←EǢ

ऎǦ ∥ ̃�ǣ.ऊ�ǣ′.Ǘ ‖Ǚऋए
Henpe Ǧ us ttunknole.

ǎ. Let Ǧ oe ttunknole. Assume ttnt � ∉ fv(Ǘ⟨un tte followuns:

Ǘ{Ǧ[ǚ/�]/Ǫ} = Ǘ{Ǧ/Ǫ}[ǚ/�]
≃REǢ

Ǘ{Ǧ/Ǫ}{ǚ/�} sunpe ǚ us lunenr/ttunknole

≃REǢ
Ǘ[Ǧ/Ǫ]{ǚ/�} sunpe Ǧ us ttunknole

≃REǢ
Ǘ[Ǧ/Ǫ][ǚ/�] sunpe ǚ us lunenr/ttunknole

= Ǘ[Ǧ[ǚ/�]/Ǫ]
Henpe tte result. Snme rensonuns for Ǚ lunenr. ∎

IV.Ǚ.Ǘ Application to dual expansions

he sonl us to stow ttnt tte rules or Lpol,t̂p⊝ umply expnnsuons dunl to
tte expnnsuons ੃EǢ

, towever restrupted to ttunknole or lunenr terms.
To oesun wutt we deine ponstrupts hd (head), tl (tail), fst (irst), snd
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(second) nnd [ ]−1 oy solvuns tte rollowuns equntuons un Lpol,t̂p⊝:

ऊhd(ǐ՗�⟨‖Ǚऋ →∗
RǢ

ऊǐ ‖Ǚऋ
ऊǦ ‖ tl(ǐ՗�⟨ऋ →∗

RǢ
ऊǦ ‖�ऋ

ऊfst(ǐ, Ǒ⟨‖Ǚऋ →∗
RǢ

ऊǐ ‖Ǚऋ
ऊsnd(ǐ, Ǒ⟨‖Ǚऋ →∗

RǢ
ऊǑ ‖Ǚऋ

ऊǦ ‖[]−1([�⊝]⟨ऋ →∗
RǢ

ऊǦ ‖�⊝ऋ
hese ponstrupts tnve to oe relntuvused to polnrutues ns rollows:

Deinition IV.ƨƦ. For nny term Ǧ+, nny pontext Ǚ⊝ nnd nny �, �1, �2 ∈{+, ⊝}, we deine tte rollowuns terms:

✄

✂

�

✁

hd�1�2
(Ǚ⊝⟨ ≝ ���1.ऎ�(Ǫ�1՗��2⟨.ऊǪ�1 ‖��1ऋ∥Ǚ⊝ए

tl�1�2
(Ǚ⊝⟨ ≝ ̃�ǫ�2.ऎ�(Ǫ�1՗��2⟨.ऊǫ�2 ‖��2ऋ∥Ǚ⊝ए

fst�1�2
(Ǧ+⟨ ≝ ���1.ऎǦ+ ∥ ̃�(Ǫ�1, ǫ�2⟨.ऊǪ�1 ‖��1ऋए

snd�1�2
(�⊝⟨ ≝ ���2.ऎǦ+ ∥ ̃�(Ǫ�1, ǫ�2⟨.ऊǫ�2 ‖��2ऋए

[ ]−1(ǐ+⟨ ≝ ̃�Ǫ⊝.ऎǐ+ ∥�[�⊝].ऊǪ⊝‖�⊝ऋए
Now we stow ttnt tte expnnsuon rules or tte Lpol,t̂p⊝ pnlpulus:

Ǧ⊝ ੃EǢ
�Ǫ.��.ऊǦ⊝ ‖Ǫ՗�ऋ

�⊝ ੃EǢ
̃�(Ǫ, ǫ⟨.ऊ(Ǫ, ǫ⟨‖�⊝ऋ

Ǚ+ ੃EǢ
̃�[�⊝].ऊ[�⊝]‖Ǚ+ऋ

respeptuvely umply dunl rules wtupt nre restrupted to lunenr nnd
ttunknole terms:

Ǚ⊝ ੃FǢ
(hd�1�2

Ǚ⊝⟨՗(tl�1�2
Ǚ⊝⟨ ur Ǚ⊝ us lunenr

Ǧ+ ੃FǢ
(fst�1�2

Ǧ+, snd�1�2
Ǧ+⟨ ur Ǧ+ us ttunknole

Ǧ+ ੃FǢ
[[ ]−1Ǧ+] ur Ǧ+ us ttunknole
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Proposition IV.ƨƧ (Dunl expnnsuons). One has ੃FǢ
Ԙ ≃REǢ

.

Proof. (Cnse (hd�1�2
Ǚ⊝⟨՗(tl�1�2

Ǚ⊝⟨) Let Ǚ⊝ oe n lunenr pontext. One tns,
omutuns polnruty nnnotntuons:

(hd Ǚ⊝⟨՗(tl Ǚ⊝⟨
੃EǢ

̃�Ǫ.ऊǪ ‖(hd Ǚ⊝⟨՗(tl Ǚ⊝⟨ऋ
≃REǢ

̃�Ǫ.ऒhd Ǚ⊝ ∥ ̃�ǫ.ऎ��.ऊǪ ‖ǫ՗�ऋ∥ tl Ǚ⊝एओ (IV.ƨ)

≃REǢ
̃�Ǫ.ऒ�(ǫ՗�⟨.ऎ�(Ǭ՗�⟨.ऊǪ ‖ǫ՗�ऋ∥Ǚ⊝ए∥Ǚ⊝ओ (IV.Ʃ)

≃REǢ
̃�Ǫ.ख�� .ऒ�(ǫ՗�⟨.ऎ�(Ǭ՗�⟨.ऊǪ ‖ǫ՗�ऋ∥�ए∥�ओ∥Ǚ⊝ग (IV.ƪ)

→EǢ
→RǢ

̃�Ǫ.ख�(ǫ՗�⟨.ऒ�(ǫ՗�⟨.ऎ�(Ǭ՗�⟨.ऊǪ ‖ǫ՗�ऋ∥ǫ՗�ए∥ǫ՗�ओ∥Ǚ⊝ग
→2

RǢ
̃�Ǫ.ऎ�(ǫ՗�⟨.ऊǪ ‖ǫ՗�ऋ∥Ǚ⊝ए

←2
EǢ

Ǚ⊝

(IV.ƨ) us oy ̃� expnnsuon uf �1 = ⊝, � reduptuon otterwuse, nnd oy � expnn-
suon uf �2 = +, � reduptuon otterwuse.
(IV.Ʃ) uses tte pommutntuon of douole oundunss oy npplyuns Proposu-
tuon IV.ƧƬ onpe wutt enpt oody of hd Ǚ⊝ nnd tl Ǚ⊝, usuns tte typottesus ttntǙ⊝ us lunenr.
(IV.ƪ) us nlso ootnuned wutt Proposutuon IV.ƧƬ wutt Ǚ⊝ lunenr.
he pnses of (fst�1�2

Ǧ+, snd�1�2
Ǧ+⟨ nnd [[ ]−1Ǧ+] nre proved un tte snme wny.

∎

IV.Ǚ.ǘ Stoup

Proposition IV.ƨƨ (Stoup). Let Ǘ be a command. he set:

{�+ ∣ ��+.Ǘ is thunkable} Ҽ {Ǫ⊝ ∣ ̃�Ǫ⊝.Ǘ is linear}
has at most one element.

Proof. By pontrnduptuon. Assume ttnt ��+.Ǘ us ttunknole nnd ̃�Ǫ⊝.Ǘ us
lunenr nt tte snme tume. (he pnses of two ttunknole terms nnd two
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lunenr pontexts nre tte snme usuns tte property ttnt lunenr nnd ttunknole
umplues pentrnl.) de tnke Ǘ1 nnd Ǘ2 two pommnnds supt ttnt Ǘ1 ≄REǢ

Ǘ2;

for unstnnpe ऊ ǫ1 ‖ �ऋ nnd ऊ ǫ2 ‖ �ऋ for ǫ1 ≠ ǫ2 (see Corollnry IV.ƥƭ). One
tterefore tns �+, Ǫ⊝ ∉ fv(Ǘ1, Ǘ2⟨. de ponsuder tte followuns pommnnds:

Ǘ′
1 ≝ ऎ��+.ऊ�_.Ǘ1 ‖ ̃�Ǫ⊝.Ǘऋ ∥ ̃�_.Ǘ2ए

Ǘ′
2 ≝ ऎ�_.Ǘ1 ∥ ̃�Ǫ⊝.ऊ��+.Ǘ ‖ ̃�_.Ǘ2ऋए

One tns:

Ǘ′
1 = ऎ��+.ऊ�_.Ǘ1 ‖ ̃�Ǫ⊝.Ǘऋ∥ ̃�_.Ǘ2ए

≃REǢ
ऊ��+.Ǘ1 ‖ ̃�_.Ǘ2ऋ oy lunenruty of ̃�Ǫ⊝.Ǘ

≃REǢ
Ǘ1 sunpe �+ ∉ fv(Ǘ1⟨

Ǘ′
2 = ऎ�_.Ǘ1 ∥ ̃�Ǫ⊝.ऊ��+.Ǘ‖ ̃�_.Ǘ2ऋए

≃REǢ
ऊ�_.Ǘ1 ‖ ̃�Ǫ⊝.Ǘ2ऋ oy ttunknouluty of ��+.Ǘ

≃REǢ
Ǘ2 sunpe Ǫ⊝ ∉ fv(Ǘ2⟨.

fet: Ǘ′
2 = ऎ�_.Ǘ1 ∥ ̃�Ǫ⊝.ऊ��+.Ǘ ‖ ̃�_.Ǘ2ऋए

ੂRǢ
ऒ��+.ऎ�_.Ǘ1 ∥ ̃�Ǫ⊝.ऊ��+.Ǘ ‖�+ऋए ∥ ̃�_.Ǘ2ओ

→RǢ
ऎ��+.ऊ�_.Ǘ1 ‖ ̃�Ǫ⊝.Ǘऋ ∥ ̃�_.Ǘ2ए = Ǘ′

1

wtenpe Ǘ1 ≃REǢ
Ǘ2, wtupt us umpossuole. ∎

hus motuvntes n semnntup redeinutuon or LC’s stoup.

Deinition IV.ƨƩ (£ predupnte). Short deinition: dtenever n nes-
ntuve vnrunole (respeptuvely n posutuve po-vnrunole) us underluned un
Γ £Δ, wtere Γ us n set or vnrunoles nnd Δ n set or po-vnrunoles, ut menns
ttnt tte nssopunted pommnnd, nssopunted term or nssopunted pontext
us ttunknole (resp. lunenr) un ttus vnrunole.
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Long deinition: we deine tte predupnte £ ns rollows:

Ǘ ∶ Γ,Λࡐ £ Π,Δࡑ def⟺
⎧{{⎨{{⎩

Λ = {Ǫ⊝}, Π = ∅ nnd ̃�Ǫ⊝.Ǘ us lunenr
or
Λ = ∅, Π = {�+} nnd ��+.Ǘ us ttunknole

nnd fv(Ǘ⟨ Ԙ ⨄{Λ, Γ, Δ, Π}
Γ,Λ £ Ǧ ∣ Π,Δ

def⟺ ऊǦ ‖�ऋ ∶ ,Γࡐ Λ £ Π, �, Δࡑ (� ∉ fv(Ǧ⟨⟨
Γ,Λ ∣ Ǚ £ Π,Δ

def⟺ ऊǪ ‖Ǚऋ ∶ ,Γࡐ Ǫ, Λ £ Π, Δࡑ (Ǫ ∉ fv(Ǚ⟨⟨
Γ £ Ǧ ∣ Δ def⟺ Ǧ us ttunknole nnd fv(Ǧ⟨ Ԙ Γ Ҽ Δ

Γ ∣ Ǚ £ Δ
def⟺ Ǚ us ttunknole nnd fv(Ǚ⟨ Ԙ Γ Ҽ Δ

dutt ttus deinutuon we pnn tnke ndvnntnse or tte ptnrnpterusntuons
IV.Ƨƪ nnd IV.ƧƬ. de stow ttnt we retrueve nn over-npproxumntuon or
tte stoup or LC [“irǜǔ]:

Proposition IV.ƨƪ. he predicate £ satisies the rules of Figure IV.8 on
the next page.

Proof. In tte proof, we umpluputly use tte property ttnt ttunknole terms
nnd lunenr pontexts nre plosed under ≃REǢ

nnd under suostututuon wutt

lunenr/ttunknole terms/pontexts (Proposutuon IV.ƨƥ).
Properties of identity type.
Axiom: one tns Γ, Ǫ⊝ £ Ǫ⊝ ∣ ∅,Δ oepnuse ttus us equuvnlent to ̃�Ǫ⊝.ऊǪ⊝ ‖ �⊝ऋ
lunenr; yet one undeed tns ̃�Ǫ⊝. ऊ Ǫ⊝ ‖ �⊝ ऋ ≃REǢ

�⊝, wtupt us lunenr. Snme

rensonuns for tte vnrunole �+.
Activation, underlined case: oy deinutuon.
Activation, non-underlined case: for ̃�Ǫ.Ǘ, one tns ऊǪ ‖ ̃�Ǫ.Ǘऋ ∶ ,Γࡐ Ǫ,Λ £ Π,Δࡑ
ttroust equuvnlenpe wutt typottesus Ǘ ∶ ,Γࡐ Ǫ,Λ £ Π,Δࡑ. Snme rensonuns
wutt ��.Ǘ.
Cut: nssume ttnt Γ,Λ £ Ǧ ∣ Π,Δ nnd Γ′ ∣ Ǚ £ Δ′ (tte pnse of n put oetween
Γ £ Ǧ ∣ Δ nnd Γ′,Λ ∣ Ǚ £ Π,Δ′ us symmetrup). If Π = {�+}, one tns to stow��+. ऊ Ǧ ‖ Ǚ ऋ ttunknole (tte pnse Λ = {Ǫ⊝} us udentupnl). One tns oy
typottesus ��+.ऊǦ ‖�ऋ ttunknole for � ∉ fv(Ǧ⟨ nnd nlso Ǚ lunenr. Besudes, one
tns ��+.ऊǦ ‖ Ǚऋ = ��+.ऊǦ ‖�ऋ[Ǚ/�] sunpe tte wrutuns of tte ponplusuon umplues
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—
Γ, Ǫ⊝ £ Ǫ⊝ ∣ Δ Ǘ ∶ ,Γࡐ Ǫ⊝ £ ∅,Δࡑ
—

Γ ∣ ̃�Ǫ⊝.Ǘ £ Δ

Ǘ ∶ ,Γࡐ Ǫ,Λ £ Π,Δࡑ
—

Γ,Λ ∣ ̃�Ǫ.Ǘ £ Π,Δ

—
Γ ∣ �+ £ �+,Δ

Ǘ ∶ ∅,Γࡐ £ �+,Δࡑ
—

Γ £ ��+.Ǘ ∣ Δ
Ǘ ∶ Γ,Λࡐ £ Π, �,Δࡑ
—

Γ,Λ £ ��.Ǘ ∣ Π,Δ

Γ £ Ǧ ∣ Δ Γ′,Λ ∣ Ǚ £ Π,Δ′

—ऊǦ ‖Ǚऋ ∶ Γࡐ Ҽ Γ′,Λ £ Π,Δ Ҽ Δ′ࡑ
Γ,Λ £ Ǧ ∣ Π,Δ Γ′ ∣ Ǚ £ Δ′

—ऊǦ ‖Ǚऋ ∶ Γࡐ Ҽ Γ′,Λ £ Π,Δ Ҽ Δ′ࡑ
șaȚ Properties of identity type

—fv⟩�) Ԙ Γ Ҽ Δ
Γ £ ǐ ∣ Δ —fv⟩�) Ԙ Γ Ҽ Δ

Γ ∣ � £ Δ

Ǘ ∶ Γ,Λࡐ £ Π,Δࡑ
—Ǘ ∶ ,Γࡐ Ǫ,Λ £ Π,Δࡑ

Ǘ ∶ Γ,Λࡐ £ Π,Δࡑ
—Ǘ ∶ Γ,Λࡐ £ Π,Δ, ࡑ�

Ǘ ∶ ,Γࡐ Ǫ�, ǫ�,Λ £ Π,Δࡑ
—Ǘ[Ǫ�/ǫ�] ∶ ,Γࡐ Ǫ�,Λ £ Π,Δࡑ

Ǘ ∶ ,Γࡐ Λ £ Π, Δ, ��, ࡑ��
—Ǘ[��/��] ∶ Γ,Λࡐ £ Π,Δ, ࡑ��

șbȚ Properties of structure type

Γ £ Ǧ ∣ Δ Γ′
£ ǧ ∣ Δ′

—
Γ Ҽ Γ′

£ (Ǧ, ǧ⟨ ∣ Δ Ҽ Δ′

Ǘ ∶ ,Γࡐ Ǫ, ǫ,Λ £ Π,Δࡑ
—

Γ,Λ ∣ ̃�(Ǫ, ǫ⟨.Ǘ £ Π,Δ

Γ £ Ǧ ∣ Δ Γ ∣ Ǚ £ Δ
—

Γ Ҽ Γ′ ∣ Ǧ՗Ǚ £ Δ Ҽ Δ′

Ǘ ∶ ,Γࡐ Ǫ,Λ £ Π,Δ, ࡑ�
—

Γ,Λ £ �(Ǫ՗�⟨.Ǘ ∣ Π,Δ

Γ ∣ Ǚ⊝ £ Δ
—

Γ £ [Ǚ⊝] ∣ Δ
Ǘ ∶ Γ,Λࡐ £ Π,Δ, ࡑ⊝�
—

Γ,Λ ∣ �[�⊝].Ǘ £ Π,Δ

șcȚ Property of logic type

Figure IV.Ǜ: Properties of linear and thunkable terms
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nssumes ttnt Δ Ҽ Δ′ ԙ fv(Ǚ⟨ nnd Π ∋ � nre dusvount. Henpe tte result oy
suostututuon.
Properties of structure type.
A value is thunkable and a stack is linear: see Proposutuon IV.ƨƥ.
Weakening: truvunl.
Contraction: we tnve to stow ttnt uf ̃�Ǭ⊝.Ǘ us lunenr wutt Ǭ ∉ {Ǫ�, ǫ�} tteñ�Ǭ.Ǘ[Ǫ�/ǫ�] = ( ̃�Ǭ.Ǘ⟨[Ǫ�/ǫ�] us too; ttus us ummedunte oy suostututuon sunpeǪ� us ttunknole. he pnses ��+.Ǘ unstend of ̃�Ǭ⊝.Ǘ nnd/or ��, �� unstend ofǪ�, ǫ� nre udentupnl.
Properties of logic type.
Cases (Ǧ, ǧ⟨, Ǧ՗Ǚ and [Ǚ⊝]: ummedunte oy suostututuon of Ǫ, ǫ nnd � un (Ǫ, ǫ⟨
(ttunknole), Ǫ՗� nnd [�] (lunenr).
Case ̃�(Ǫ, ǫ⟨.Ǘ: Suppose Ǘ ∶ ,Γࡐ Ǫ, ǫ,Λ £ Π,Δࡑ. If Π = {�+}, one tns to stow��+.ऊǬ+ ‖ ̃�(Ǫ, ǫ⟨.Ǘऋ ttunknole for Ǭ+ ∉ fv(Ǘ⟨ (tte pnse Λ = {Ǫ⊝} us sumulnr).
By typottesus, ��+.ऊ(Ǫ, ǫ⟨‖ ̃�(Ǫ, ǫ⟨.Ǘऋ ≃REǢ

��+.Ǘ us ttunknole. If we ponsuder

Ǘ1 ≃REǢ
Ǘ2 tte equntuon of pommutntuon ttnt ptnrnpteruses tte ttunknoul-

uty of tte term, tten ttus stows Ǘ1[(Ǫ, ǫ⟨/Ǭ+] ≃REǢ
Ǘ2[(Ǫ, ǫ⟨/Ǭ+]. hus we

nlso tnve ऎ Ǭ+ ∥ ̃�(Ǫ, ǫ⟨.ऊ(Ǫ, ǫ⟨‖ ̃�Ǭ+.Ǘ1ऋ ए ≃REǢ
ऎ Ǭ+ ∥ ̃�(Ǫ, ǫ⟨.ऊ(Ǫ, ǫ⟨‖ ̃�Ǭ+.Ǘ2ऋ ए ,

tenpe tte result oy extensuonnluty.
Cases ̃�[�⊝].Ǘ and �(Ǫ՗�⟨.Ǘ: snme rensonuns. ∎

Remark IV.ƨƫ. Contrnruly to [“irǜǔ], tte rollowuns propertues nre
rnlse:

∣ t̂p £ Ǫ⊝ £ ��+.ऊǪ⊝‖ t̂pऋ ∣
he sensuole ponvepture ttnt rollows stows ttnt tte notuon or

stoup ttnt we vust deined pnnnot oe pnptured oy syntnx. he uden us
ttnt n term ttnt termunntes wuttout sude-effepts us equuvnlent to tte
returned vnlue, wtule n term ttnt does not return would never oe
ttunknole; yet, termunntuon us not repursuvely dusprumunnole.

Conjecture IV.ƨƬ. he set of thunkable terms is not recursive.

Proof sketch. Sunpe nll tte nesntuve terms nre ttunknole, ttus nmounts to
stowuns ttnt tte set of ttunknole posutuve terms us not repursuve.
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Let us ponsuder Λ tte set of λ-terms (see for unstnnpe Bnrendrest [BarǛǗ])
ns well ns:

� = {Ǉ ∈ Λ ∣ Ǉ ≃�� �Ǫ.Ǫ}
� = {Ǉ ∈ Λ ∣ Ǉ ≃�� �� = (�Ǫ.ǪǪ⟨(�Ǫ.ǪǪ⟨}

hey nre two sets of λ-terms plosed under ≃�� nnd dusvount, so ttey nre
repursuvely unsepnrnole [BarǛǗ].

To enpt λ-term Ǉ we nssopunte n posutuve term test(Ǉ⟨ deined wutt:

test(Ǉ⟨ ≝ ��+.ऎǦ ∥��⊝.ऊ(⟨‖�+ऋ՗�ए
wtere Ǧ us tte nesntuve term ttnt porresponds to Ǉ ttroust tte enpoduns
of Fusure I.ƥƧp on pnse ƬƦ. here us n ponverse funptuon ttnt nssopuntes Ǉ
to every posutuve term of tte form test(Ǉ⟨ wtupt us repursuve; ttus tte
sets test(�⟨ nnd test(�⟨ nre repursuvely unsepnrnole.

Sunpe tte enpoduns of Fusure I.ƥƧp preserves ≃�� equuvnlenpe, one tns
for nll Ǉ ∈ ǃ:

test(Ǉ⟨ ≃REǢ
��+.ऎ�Ǫ⊝.Ǫ⊝∥��⊝.ऊ(⟨‖�+ऋ՗�ए ≃REǢ

(⟨
hus test(Ǉ⟨ us ttunknole.

Conversely, ut us rensonnole to ttunk ttnt uf Ǉ ∈ Λ us supt ttnt test(Ǉ⟨ us
ttunknole, tten Ǉ us solvnole. (he development of rewrutuns teptnuques
for tte pnlpulu L, from wtupt supt n result would follow, us nn open
proolem.)

de ponplude oy notupuns ttnt uf Ǉ ∈ �, tten test(Ǉ⟨ us not ttunknole,
sunpe �� nnd tterefore Ǉ nre not solvnole. he set of ttunknole terms
sepnrntes test(�⟨ from test(�⟨, so ut us not repursuve. ∎

hnt test(Ǉ⟨ us ttunknole wtenever Ǉ ≃�� �Ǫ.Ǫ stows ttnt tte
semnntup notuon or stoup pnnnot oe reduped to n notuon or vnlue ns
developed ttroust pontununtuon pnlpulu. he remnunder or tte proor
nums nt stowuns ttnt ut pnn oe reduped to no syntnptup notuon.
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Syntaxe etmodèles d’une composition non-associative des programmes et des preuves

La thèse contribue à la compréhension de la nature, du rôle et des mécanismes de la po-
larisation dans les langages de programmation, en théorie de la preuve et dans les mo-
dèles catégoriels. La polarisation correspond à l’idée que la condition d’associativité de
la composition peut être relâchée, comme on le montre à travers un résultat qui relie les
duploïdes, notre modèle direct de la polarisation, aux adjonctions. En conséquence, la po-
larisation sous-tend de nombreux modèles du calcul, ce que l’on souligne encore en mon-
trant comment les modèles par passage de continuation pour des opérateurs de contrôle
délimité se décomposent en trois étapes fondamentales. Elle explique également des phé-
nomènes de constructivité en théorie de la démonstration, ce que l’on illustre en donnant
une interprétation selon le principe de la formule comme type à la polarisation en général
et à une négation involutive en particulier.

Notre approche est basée sur une représentation interactive des démonstrations et des
programmes à base de termes (calcul L), qui met en évidence la structure des polarités.
Celle-ci est basée sur la correspondance entre les machines abstraites et les calculs de sé-
quents, et vise à synthétiser diverses directions : la modélisation du contrôle, de l’ordre
d’évaluation et des effets dans les langages de programmation, la quête d’un lien entre la
dualité catégorielle et les continuations, et l’approche interactive de la constructivité en
théorie de la preuve. On introduit notre technique en supposant uniquement une connais-
sance élémentaire du λ-calcul simplement typé et de la réécriture.

Syntax and Models of a non-Associative Composition of Programs and Proofs

he thesis is a contribution to the understanding of the nature, role, and mechanisms of
polarisation in programming languages, proof theory and categorical models. Polarisation
corresponds to the idea that we can relax the associativity of composition, as we show
by relating duploids, our direct model of polarisation, to adjunctions. As a consequence,
polarisation underlies many models of computation, which we further show by decompos-
ing continuation-passing-style models of delimited control in three fundamental steps. It
also explains constructiveness-related phenomena in proof theory, which we illustrate by
providing a formulae-as-types interpretation for polarisation in general and for an involut-
ive negation in particular.

he cornerstone of our approach is an interactive term-based representation of proofs
and programs (L calculi) which exposes the structure of polarities. It is based on the cor-
respondence between abstract machines and sequent calculi, and it aims at synthesising
various trends: the modelling of control, evaluation order and effects in programming lan-
guages, the quest for a relationship between categorical duality and continuations, and
the interactive notion of construction in proof theory. We give a gentle introduction to
our approach which only assumes elementary knowledge of simply-typed λ calculus and
rewriting.
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