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❘❡♠❡r❝✐❡♠❡♥ts

❚❤✐s t❤❡s✐s ✇❛s ❝❛rr✐❡❞ ♦✉t ✐♥ ❝♦✲s✉♣❡r✈✐s✐♦♥ ✐♥ t❤❡ ❧❛❜♦r❛t♦r② ■❘▼❆❘✱ ❯♥✐✈❡rs✐t② ♦❢ ❘❡♥♥❡s

✶ ✭❋r❛♥❝❡✮ ❛♥❞ ✐♥ t❤❡ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s ♦❢ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❨❛♦✉♥❞❡ ✶ ✭❈❛♠❡r♦♦♥✮✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❜❡❣✐♥ ❜② ❡①♣r❡ss✐♥❣ ♠② ❣r❛t✐t✉❞❡ t♦ ♠② ❥✉r②✬s ♠❡♠❜❡rs ✿

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ Pr♦❢❡ss♦rs ❏❡❛♥✲▼❛r❝ ❈♦✉✈❡✐❣♥❡s ❛♥❞ ❉❥✐❜② ❙♦✇ ✇❤♦ ❛❝❝❡♣t❡❞

t♦ ❜❡ r❡✈✐❡✇❡rs ❢♦r t❤✐s ✇♦r❦✳ ❚❤❛♥❦s ❛❧s♦ t♦ Pr♦❢❡ss♦r ❈❤r✐st♦♣❤❡ ❘✐t③❡♥t❤❛❧❡r t♦ ❤❛✈❡

❛❝❝❡♣t❡❞ t♦ ❜❡ t❤❡ ♣r❡s✐❞❡♥t ♦❢ t❤❡ ❥✉r② ❛♥❞ Pr♦❢❡ss♦r ❚♦♥② ❊③♦♠❡ ✇❤♦ ❛❝❝❡♣t❡❞ t♦ ❜❡ t❤❡

❡①❛♠✐♥❡r ✐♥ ♠② ❥✉r②✳

■ ❛♠ ❞❡❡♣❧② ❣r❛t❡❢✉❧ t♦ Pr♦❢❡ss♦r ❙②❧✈❛✐♥ ❉✉q✉❡s♥❡ ❢♦r t❤❡ r❡s❡❛r❝❤ t♦♣✐❝ ♦♥ ✇❤✐❝❤ ✇❡

❤❛✈❡ ✇♦r❦❡❞✳ ■ t❤❛♥❦ ❤✐♠ ❢♦r ❧❡tt✐♥❣ ♠❡ t❤❡ ❢r❡❡❞♦♠ t♦ ❡①♣r❡ss ♠②s❡❧❢ ✐♥ ❛❧❧ ♦✉r ❡①❝❤❛♥❣❡s

❞✉r✐♥❣ t❤❡s❡ ♣❛st ②❡❛rs✳ ❚❤✐s ❤❛s ❜❡❡♥ ✈❡r② s✉♣♣♦rt✐✈❡ t♦ ♠❡ ❢♦r t❤✐s ✇♦r❦✳ ■♥ ❛❞❞✐t✐♦♥ ❤❡

❤❛s ♣❧❛②❡❞ ❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ✐♥ ✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s ❢♦r ❢✉♥❞✐♥❣ t❤❛t ■ s✉❜♠✐tt❡❞ ❢♦r st❛②s

♦❢ r❡s❡❛r❝❤ ❛♥❞ ♣❛rt✐❝✐♣❛t✐♦♥ t♦ ❝♦♥❢❡r❡♥❝❡s ❛♥❞ s❝❤♦♦❧s r❡❧❛t❡❞ t♦ ♠② r❡s❡❛r❝❤ t♦♣✐❝✳ ❋r♦♠

❤✐s ✐♥s♣✐r❛t✐♦♥❛❧ s✉♣♣♦rt ❛♥❞ ❝r✐t✐❝✐s♠✱ ■ ❧❡❛r♥❡❞ ❛ ❧♦t ❛❜♦✉t ❞♦✐♥❣ r❡s❡❛r❝❤ ❛♥❞ ♣r❡s❡♥t✐♥❣ ✐t✳

❆❧✇❛②s ❛✈❛✐❧❛❜❧❡ t♦ ❛♥s✇❡r ♠② ♠❛♥② q✉❡st✐♦♥s ❛♥❞ r❡❛❧❧② ❞❡t❡r♠✐♥❡❞ t♦ ❛ ❣♦♦❞ ❡❞✉❝❛t✐♦♥ t♦

s❝✐❡♥t✐✜❝ r❡s❡❛r❝❤✳ ■ ✇✐❧❧ r❡♠❛✐♥ ❢♦r❡✈❡r ❣r❛t❡❢✉❧✳

■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ ❡①t❡♥❞ ♠② ❞❡❡♣❡st ❣r❛t✐t✉❞❡ t♦ Pr♦❢❡ss♦r ▼❛r❝❡❧ ❚♦♥❣❛✱ ✇❤♦ ❜❡❧✐❡✈❡❞

✐♥ ♠② s❦✐❧❧s ❛♥❞ ♠② ❞❡s✐r❡ t♦ ❝♦♠♣❧❡t❡ ❞♦❝t♦r❛❧ st✉❞✐❡s ✐♥ ❝r②♣t♦❣r❛♣❤②✳ ❚♦ t❤✐s ❡♥❞✱ ✐t ❤❛s

t♦ ❜❡ ❛ s♦❧✐❞ ❜r✐❞❣❡ ❜❡t✇❡❡♥ ♠❡ ❛♥❞ Pr♦❢❡ss♦r ❙②❧✈❛✐♥ ❉✉q✉❡s♥❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❞✉r✐♥❣

t❤❡ ❝♦✉rs❡ ♦❢ t❤✐s t❤❡s✐s✳ ■ ✇❛s ❞❡❡♣❧② ❡♥❝♦✉r❛❣❡❞ ❜② ❧✐st❡♥✐♥❣ ❛♥❞ ❝r✐t✐❝✐s♠s ❞✉r✐♥❣ ♠② ♠❛♥②

♣r❡s❡♥t❛t✐♦♥s ❛t ❊❘❆▲ ✭❘❡s❡❛r❝❤ ❚❡❛♠ ♦♥ ❆❧❣❡❜r❛ ❛♥❞ ▲♦❣✐❝✮✱ t❤❡ r❡s❡❛r❝❤ t❡❛♠ t❤❛t ❤❡ ✇❛s

❞✐r❡❝t❡❞ t❤❡s❡ ♣❛st ②❡❛rs✳ ■ t❛❦❡ t❤✐s ♦♣♣♦rt✉♥✐t② t♦ ❡①♣r❡ss ♠② ❣r❛t✐t✉❞❡ t♦ s♦♠❡ ♦❢ t❤❡ t❡❛♠

♠❡♠❜❡rs ✿ ❉r✳ ◆❦✉✐♠✐✱ ❉r✳ ▲❡❧❡✱ ❉r ◆❣✉❡❢❛❝❦✱ ❉r✳ ◆❦✐❛♥♣✐✱ ❉r✳ ❑♦❣✉❡♣✱ ❉r✳ ❚❡♠✲

❣♦✉❛ ❛♥❞ ❉r✳ ❋♦♠❡❦♦♥❣✳ ❚❤❡② ✇❡r❡ ♣❛rt✐❝✉❧❛r❧② ❛tt❡♥t✐✈❡ t♦ ♠② t❛❧❦s ❢♦r t❤✐s ♥❡✇ t♦♣✐❝ ✐♥

t❤❡ ❧❛❜♦r❛t♦r② ❛♥❞ t❤❡② ❞✐r❡❝t❡❞ ♠❡ ❞❡❡♣ ❡♥❝♦✉r❛❣❡♠❡♥ts✳

■ ✇✐❧❧ ♥❡✈❡r ❢♦r❣❡t Pr♦❢❡ss♦r ❉❛♥✐❡❧ ❚✐❡✉❞❥♦✳ ❍❡ ❜❡❧✐❡✈❡❞ ✐♥ ♠❡ ❛♥❞ s✉♣♣♦rt❡❞ ♠② ✇♦r❦

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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✐♥ ❝r②♣t♦❣r❛♣❤② ❡✈❡r s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❍✐s r❡❧❡✈❛♥t r❡♠❛r❦s ❛❜♦✉t ♠② ❡❛r❧✐❡r ✇♦r❦ ♦♥ t❤❡

❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❜r❛✐❞ ❣r♦✉♣s ✐♥ ❝r②♣t♦❣r❛♣❤② ❣❛✈❡ ♠❡ ❛♥ ❡♥♦r♠♦✉s ❜♦♦st t♦ ❤❡❧♣ ♠❡ ♠♦✈❡

❢♦r✇❛r❞✳ ■✬♠ ❛❧s♦ ✈❡r② ❡①❝✐t❡❞ ❛♥❞ ❣r❛t❡❢✉❧ ❢♦r ❤✐s r❡♠❛r❦s✳

❚❤r♦✉❣❤♦✉t t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤✐s t❤❡s✐s✱ ♠❛♥② r❡s❡❛r❝❤ tr✐♣s ♦✉❣❤t t♦ ❜❡ ❞♦♥❡✳ ■ ❤❛❞ t❤❡

♦♣♣♦rt✉♥✐t② t♦ ♠❡❡t ❉r✳ ❖✉♠❛r ❉✐❛♦ ❛t ■❘▼❆❘✳ ❖✉♠❛r ✐s ❛ r❡♠❛r❦❛❜❧❡ ♣❡rs♦♥✳ ■ ♦✇❡ ❤✐♠ ❛

❧♦t ❢♦r ❤✐s s✉♣♣♦rt✳ ▲❡❛r♥✐♥❣ ❙❛❣❡ ❛♥❞ ▼❛❣♠❛ s♦❢t✇❛r❡s ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♠② r❡s❡❛r❝❤

r❡s✉❧ts✳ ❍✐s ✇♦r❦ ♦♥ t❤❡t❛ ❢✉♥❝t✐♦♥s ✐♥t❡r❡st❡❞ ♠❡ ❛♥❞ ♠❛r❦❡❞ t❤❡ st❛rt ♦❢ ❛ s❡r✐❡s ♦❢ ❝♦❧❧❛❜✲

♦r❛t✐♦♥s ❜❡t✇❡❡♥ ✉s✳ ■ ❛♠ ❣r❛t❡❢✉❧ ❢♦r ❤❛✈✐♥❣ ❛❣r❡❡❞ t♦ ♠❛❦❡ ❛♥ ❛rt✐❝❧❡ ❛❜♦✉t t❤✐s ✇✐t❤ ♠❡✳

❙♦♠❡t✐♠❡s ❡✈❡♥ ❞✐st❛♥❝❡ ❤❛s ♥♦t ♣r❡✈❡♥t❡❞ ✉s t♦ ❞✐s❝✉ss ❜② t❤❡ ♣❤♦♥❡ ♦r t♦ ❡①❝❤❛♥❣❡ ❡♠❛✐❧s

✇✐t❤ ❧♦♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛s✳ ❖✉♠❛r✱ t❤❛♥❦ ②♦✉ ❢♦r t❤❛t ❛♥❞ ❢♦r ♦✉r ♣r♦s♣❡❝ts ❢♦r ❢✉t✉r❡

❝♦❧❧❛❜♦r❛t✐♦♥s✳

■ ❛♠ ❛❧s♦ ✈❡r② ❣r❛t❡❢✉❧ t♦ ❉r✳ ◆❛❞✐❛ ❊❧ ▼r❛❜❡t ✇❤♦ ✐♥✈✐t❡❞ ♠❡ t♦ ▲■❆❙❉ ✭▲❛❜♦r❛✲

t♦✐r❡ ❞✬■♥❢♦r♠❛t✐q✉❡ ❆❞✈❛♥❝é❡ ❞❡ ❙❛✐♥t✲❉❡♥✐s✮✱ ❯♥✐✈❡rs✐té P❛r✐s ✽✳ ❙❤❡ s❤❛r❡❞ ✇✐t❤ ♠❡ s♦♠❡

♦❢ ❤❡r ❡①♣❡rt ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t ♣❛✐r✐♥❣s ❝♦♠♣✉t❛t✐♦♥✳ ■✬♠ ❣❧❛❞ t♦ ❤❛✈❡ ❛♥ ❛rt✐❝❧❡ ✇✐t❤ ❤❡r ❛♥❞

♣r♦s♣❡❝ts ❢♦r ❢✉t✉r❡ ❝♦❧❧❛❜♦r❛t✐♦♥s✳ ■ r❡♠✐♥❞ ❛♥❞ t❤❛♥❦ ②♦✉ ❢♦r t❤❡ ✧s♣✐❝② ♠❡❛❧✧ ♦❢ ❛♥ ■♥❞✐❛♥

r❡st❛✉r❛♥t ②♦✉ ✐♥✈✐t❡❞ ♠❡ ✐♥ P❛r✐s ✦ ✦✳

■ ❛♠ ❞❡❡♣❧② s❡♥s✐t✐✈❡ t♦ t❤❡ s✉♣♣♦rt t❤❛t Pr♦❢❡ss♦r▼❛r✐❡ ❋r❛♥ç♦✐s❡ ❘♦②✱ ✈✐❛ t❤❡ ❈■▼P❆

✭❈❡♥tr❡ ■♥t❡r♥❛t✐♦♥❛❧❡ ❞❡ ▼❛t❤é♠❛t✐q✉❡s P✉r❡s ❡t ❆♣♣❧✐q✉é❡s✮ ❛♥❞ t❤❡ ❙❆❘■▼❆ ✭ ❙♦✉t✐❡♥t

❛✉① ❆❝t✐✈✐té❡s ❞❡ ❘❡❝❤❡r❝❤❡ ❡♥ ■♥❢♦r♠❛t✐q✉❡ ▼❛t❤é♠❛t✐q✉❡s ❡♥ ❆❢r✐q✉❡✮✱ ❜r♦✉❣❤t t♦ ♠❡ ❢♦r

t❤❡ r❡❛❧✐s❛t✐♦♥ ♦❢ t❤✐s t❤❡s✐s✳ ❚❤❡♥ r❡s♣♦♥s✐❜❧❡ ♦❢ ❈■▼P❆ ✐♥ s✉❜✲❙❛❤❛r❛♥ ❆❢r✐❝❛✱ s❤❡ ❣❡♥❡r♦✉s❧②

♣r♦✈✐❞❡❞ t❤❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt t❤r♦✉❣❤ t❤❡s❡ ♦r❣❛♥✐③❛t✐♦♥s ❛❧❧♦✇✐♥❣ ♠❡ t♦ ❛tt❡♥❞ ♠❛♥② ✐♥t❡r✲

♥❛t✐♦♥❛❧ ❝♦♥❢❡r❡♥❝❡s ❛♥❞ r❡s❡❛r❝❤ tr✐♣s✳ ❚❤❡s❡ ❛❝❦♥♦✇❧❡❞❣♠❡♥ts ❛❧s♦ ❡①t❡♥❞ t♦ t❤❡ ❧❛❜♦r❛t♦r②

■❘▼❆❘ ✭■♥st✐t✉t ❞❡ ❘❡❝❤❡r❝❤❡ ▼❛t❤é♠❛t✐q✉❡s ❞❡ ❘❡♥♥❡s✮✱ ❯♥✐✈❡rs✐t② ♦❢ ❘❡♥♥❡s✱ ✇❤✐❝❤ ❤❛s

✇❡❧❝♦♠❡❞ ♠❡ s❡✈❡r❛❧ t✐♠❡s ❞✉r✐♥❣ t❤❡s❡ ♣❛st ②❡❛rs✳ ■ ✇❛♥t t♦ ❛❧s♦ t❛❦❡ t❤✐s ♦♣♣♦rt✉♥✐t② t♦

❡①♣r❡ss ♠② ❣r❛t✐t✉❞❡ t♦ t❤❡ ❉✐r❡❝t♦r ♦❢ t❤✐s ■♥st✐t✉t❡✱ ❇❛❝❤✐r ❇❡❦❦❛ ❛♥❞ ❤✐s ❛❞♠✐♥s✐tr❛t✐✈❡

t❡❛♠ ❢♦r ❣✐✈✐♥❣ ♠❡ ♠❛♥② ♣❧❡❛s❛♥t st❛②s ✐♥ ❘❡♥♥❡s✳

■ ❛♠ ❛❧s♦ ✐♥❞❡❜t❡❞ t♦ ❛ ♣❛rt✐❝✉❧❛r ❜r♦t❤❡r✱ ❉r ❲♦t❝❤♦❦♦ ❛♥❞ ❝♦❧❧❡❛❣✉❡s ✐♥ t❤❡ ❞❡♣❛rt♠❡♥t

♦❢ ♠❛t❤❡♠❛t✐❝s ❛t t❤❡ ❊❝♦❧❡ ◆♦r♠❛❧❡ ❙✉♣ér✐❡✉r❡✱ ❯♥✐✈❡rs✐t② ♦❢ ❇❛♠❡♥❞❛✳ P❛rt✐❝✉❧❛r❧② t♦ ❉r✳

❆❦♦♥❣♥✇✐✉ ❈❧❡♠❡♥t✱ ❋♦♠❛t❛t✐ ②✈❡s✱ ❛♥❞ ♠② ❤❡❛❞ ♦❢ ❞❡♣❛rt♠❡♥t✱ ❑✉♠ ❈❧❡t✉s ◆❦✇❛✱

❢♦r t❤❡✐r s✉♣♣♦rt ❛♥❞ ✉♥❞❡rst❛♥❞✐♥❣ ✐♥ ♠② ♠❛♥② s❤♦rt❝♦♠✐♥❣s✳

■ ❤❛✈❡ ❛ ❞❡❡♣ ❣r❛t✐t✉❞❡ t♦✇❛r❞s ♠② ❢r✐❡♥❞s ♦❢ ✏❈❆❙✑✱ ♠② ❜r♦t❤❡rs ❛♥❞ ❢r✐❡♥❞s ❆♥❣♦ ▲♦t✐♥

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❘❊▼❊❘❈■❊▼❊◆❚❙ ✐

❛♥❞ ❈②r✐❧❧❡ ❙✐♠❡✉ ✇❤♦ ❤❛✈❡ s✉♣♣♦rt❡❞ ♠❡ ❞✉r✐♥❣ t❤❡s❡ r❡❝❡♥t ②❡❛rs✳ ❚❤❛♥❦ ②♦✉ ❢♦r ❧❡tt✐♥❣

♠❡ st❛② ✇✐t❤ ②♦✉ s❡✈❡r❛❧ t✐♠❡s ✐♥ ❨❛♦✉♥❞é✳ ❚❤❛♥❦ ②♦✉ ❢♦r ②♦✉r ♣❡r♠❛♥❡♥t ❡♥❝♦✉r❛❣❡♠❡♥t

❈②r✐❧❧❡✳ ❨♦✉ r❡♠❛✐♥ ❛ ❣♦♦❞ ❢r✐❡♥❞ s✐♥❝❡ ✇❡ ♠❡t ✐♥ ▼❛st❡r✳

❚❤❛♥❦ ②♦✉ t♦◆❡st♦r ❋♦❧✐❢❛❝❦✱ ◆✐❝♦❧❛s ❑❛♠❞❡♠✱ ❈②r✐❧❧❡ ◆❣❛♥t❡✉✱ ❊♠♠❛♥✉❡❧ P♦❧❛✱

❙❡r❣❡ ❚❡❜✉✱ ❈②♣r✐❡♥ ❲❛♠♥❡♥é ❛♥❞ ❍②❛❝✐♥t❤❡ ❙♦♥♠é♥é ❢♦r t❤❡✐r ♣r❛②❡rs ❛♥❞ ♣❡r♠❛✲

♥❡♥t ❡♥❝♦✉r❛❣❡♠❡♥ts✳

■ ❛♠ ❣r❛t❡❢✉❧ t♦ ♠② ✇♦♥❞❡r❢✉❧ ❢❛♠✐❧② ✐♥❧❛✇✱ ❢♦r t❤❡✐r ♠♦r❛❧ s✉♣♣♦rt ❛♥❞ ❡♥❝♦✉r❛❣❡♠❡♥t✳

❚❤❡✐r s♦❢t♥❡ss✱ ❧♦✈❡ ❛♥❞ ♣r❛②❡rs ❤❛✈❡ ❜❡❡♥ ✈❡r② s✉♣♣♦rt✐✈❡ t♦ ♠❡ ✐♥ r❡❝❡♥t ②❡❛rs✳

▼② ❢❛♠✐❧②✱ t❤❡ ❝♦r♥❡r st♦♥❡✱ ✐s t❤❡ ♣❧❛❝❡ ✇❤❡r❡ ■ ❛❧✇❛②s r❡s♦✉r❝❡✳ ❋♦r t❤❡✐r ❞❡❡♣ s✉♣♣♦rt✱

t❤❡✐r ♣❡r♠❛♥❡♥t ❡♥❝♦✉r❛❣❡♠❡♥t ❛♥❞ t❤❡✐r ♣r❛②❡rs ❡✈❡r② ❞❛②✱ t❤❛t t❤❡② r❡❥♦✐❝❡ ♦❢ t❤✐s ✇♦r❦

t❤❡♠s❡❧✈❡s t❤❛t ❞❡♠♦♥str❛t❡s t❤❡ ❣r❡❛t♥❡ss ♦❢ t❤❡✐r s✉♣♣♦rt✳ ■ ❛♠ ❣r❛t❡❢✉❧ t♦ ♠② ❜❡❧♦✈❡❞ ♠♦♠

◆❣♦✉♠ts♦♣ ▼❛r✐❡ ❢♦r ❤❡r ❧♦✈❡✳ ■ r❡♠❡♠❜❡r ✇✐t❤ ❧♦✈❡✱ t❤❡ ❡♥❝♦✉r❛❣✐♥❣ ✇♦r❞s ♦❢ ❤✐s ❜❡❧♦✈❡❞

❤✉s❜❛♥❞✱ ♠② ❧❛t❡ ❢❛t❤❡r ❑✉❡t❡ P✐❡rr❡

❆❧t❤♦✉❣❤ ❤❡ ✐s ♥♦ ❧♦♥❣❡r ❛❧✐✈❡✱ t❤❡s❡ ✇♦r❞s ❝♦♠❢♦rt❡❞ ♠❡ ❛ ❧♦t ❞✉r✐♥❣ t❤✐s ✇♦r❦✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❣✐✈❡ ❛ s♣❡❝✐❛❧ t❤❛♥❦s t♦ ♠② ❞❡❛r ✇✐❢❡ ❊❞✐t❤ ❆❦❡♥♥é ❢♦r ❤❡r ✉♥❞②✐♥❣ ❧♦✈❡✱

❡♥♦r♠♦✉s s✉♣♣♦rt ❛♥❞ ❣r❡❛t ♣❛t✐❡♥❝❡✳ ❲✐t❤ ❤❡r ❡♥❞❧❡ss ✉♥❞❡rst❛♥❞✐♥❣ ❛♥❞ ❣❡♥❡r♦✉s ❡♥❝♦✉r✲

❛❣❡♠❡♥t✱ ■ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ❞♦ t❤✐s t❤❡s✐s ❛♥❞ ♠② ♣r♦❢❡ss✐♦♥♥❛❧ ❞✉t② ✐♥ ❛ s✇❡❡t ❛♥❞ ♣❡❛❝❡❢✉❧

❡♥✈✐r♦♥♠❡♥t✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

❉é❞✐❝❛❝❡ ✐✐

❘❡♠❡r❝✐❡♠❡♥ts ✐✐✐

▲✐st❡ ❞❡s ❛❜❜ré✈✐❛t✐♦♥s ✈

❘és✉♠é ❡♥ ❢r❛♥ç❛✐s ✶

❈r②♣t♦❣r❛♣❤✐❡ ❜❛sé❡ s✉r ❧❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ❡t ❧❡s ❝♦✉♣❧❛❣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

❖❜❥❡❝t✐❢s ❞❡ ❧❛ t❤ès❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

❈♦♥tr✐❜✉t✐♦♥ ❡t ❖r❣❛♥✐s❛t✐♦♥ ❞❡ ❧❛ ❚❤ès❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

❈❤❛♣✐tr❡ ✶ ✿ ❘❛♣♣❡❧s s✉r ❧❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ❡t ❧❡s ❝♦✉♣❧❛❣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

❈❤❛♣✐tr❡ ✷ ✿ ❈♦✉♣❧❛❣❡ ❞❡ ❚❛t❡ s✉r ❧❡s ❝♦✉r❜❡s ❞❡ ❏❛❝♦❜✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

❈❤❛♣✐tr❡ ✸ ✿ ❈♦✉♣❧❛❣❡s ❆t❡ ❡t ❖♣t✐♠❛❧ ❆t❡ s✉r ❧❡s ❝♦✉r❜❡s ❞❡ ❏❛❝♦❜✐ ✳ ✳ ✳ ✳ ✳ ✳ ✼

❈❤❛♣✐tr❡ ✹ ✿ ◆♦✉✈❡❛✉ ♠♦❞è❧❡ ❞✬❊❞✇❛r❞s ❡♥ ❝❛r❛❝tér✐st✐q✉❡ q✉❡❧❝♦♥q✉❡ ✳ ✳ ✳ ✳ ✳ ✼

P❡rs♣❡❝t✐✈❡s ❞❡ r❡❝❤❡r❝❤❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

P✉❜❧✐❝❛t✐♦♥s ✐ss✉❡s ❞❡ ❧❛ t❤ès❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶ ❘❡✈✐❡✇ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❛♥❞ ♣❛✐r✐♥❣s ✾

✶✳✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✶✳✶ ●❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✶✳✷ ❋✉♥❝t✐♦♥ ✜❡❧❞✱ ❞✐✈✐s♦rs ❛♥❞ P✐❝❛r❞ ❣r♦✉♣ ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
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✷✳✷✳✺ ❙✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✷✳✻ P♦✐♥t ❞♦✉❜❧✐♥❣ ❛♥❞ ▼✐❧❧❡r ✐t❡r❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✷✳✼ P♦✐♥t ❛❞❞✐t✐♦♥ ❛♥❞ ▼✐❧❧❡r ✐t❡r❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✷✳✽ ❈♦♠♣❛r✐s♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✸ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ❆t❡ ♣❛✐r✐♥❣ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥s ♦♥ t❤❡ ❏❛❝♦❜✐ q✉❛rt✐❝ ❡❧❧✐♣t✐❝

❝✉r✈❡ Y 2 = dX4 + Z4 ✹✷

✸✳✶ ❆t❡ ♣❛✐r✐♥❣ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✷ ❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✷✳✶ P♦✐♥t ❛❞❞✐t✐♦♥ ❛♥❞ ♣♦✐♥t ❞♦✉❜❧✐♥❣ ♦♥ Ed ❢♦r ❆t❡ ♣❛✐r✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✷✳✷ ❚❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ❢♦r ❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✷✳✸ ❈♦st ♦❢ ❆t❡ ❛♥❞ ❖♣t✐♠❛❧ P❛✐r✐♥❣ ♦♥ Ed ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✸✳✷✳✹ ❈♦♠♣❛r✐s♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✸✳✸ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①❛♠♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✹ ❆r✐t❤♠❡t✐❝ ♦❢ ❛ ♥❡✇ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❞❡✜♥❡❞ ♦✈❡r ✜♥✐t❡

✜❡❧❞s ✺✸

✹✳✶ ❘❡✈✐❡✇ ♦♥ t❤❡ ✜❡❧❞ ♦❢ p−❛❞✐❝ ♥✉♠❜❡rs Qp ❛♥❞ ✐ts ❡①t❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✶✳✶ ❚❤❡ ✜❡❧❞ ♦❢ p−❛❞✐❝ ♥✉♠❜❡rs ✿ Qp ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✶✳✷ ❋✐♥✐t❡ ❡①t❡♥s✐♦♥ ✜❡❧❞s ♦❢ Qp ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✐✈

✹✳✷ ❚❤❡t❛ ❢✉♥❝t✐♦♥s ♦❢ ❧❡✈❡❧ ✹ ✐♥ ❞✐♠❡♥s✐♦♥ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✷✳✶ ❆♥ ❛♥❛❧♦❣② t♦ ✉♥❞❡rst❛♥❞ t❤❡t❛ ❢✉♥❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✷✳✷ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡t❛ ❢✉♥❝t✐♦♥s ✐♥ ❞✐♠❡♥s✐♦♥ ✶ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✷✳✸ ❘✐❡♠❛♥♥ t❤❡t❛ r❡❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✸ ▲❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✸✳✶ ▼♦❞❡❧s ✈❛❧✐❞ ♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✸✳✷ ❆❞❞✐t✐♦♥ ❧❛✇ ♦♥ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✸✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ✇✐t❤ ♣r✐♦r ✇♦r❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✹✳✸✳✹ ❙♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▲❡✈❡❧ ❋♦✉r ❚❤❡t❛ ▼♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✹✳✹ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✹✳✹✳✶ ❊q✉❛t✐♦♥ ♦❢ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✹✳✹✳✷ ❇✐r❛t✐♦♥❛❧ ❡q✉✐✈❛❧❡♥❝❡ ✇✐t❤ ❲❡✐❡rstr❛ss ♠♦❞❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✹✳✹✳✸ ❆❞❞✐t✐♦♥ ♦♥ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✹✳✹✳✹ ❈♦♠♣❛r✐s♦♥ ♦❢ ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ♦♥ ❧❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ ❛♥❞ ❊❞✇❛r❞s

♠♦❞❡❧s ✇✐t❤ ♦t❤❡r ♠♦❞❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✹✳✺ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ ❑✉♠♠❡r ❧✐♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✺✳✶ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✺✳✷ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ ♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞ ✳ ✳ ✳ ✳ ✳ ✼✻

✹✳✺✳✸ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ♣r❡✈✐♦✉s ✇♦r❦ ♦♥ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❋✉t✉r❡ ❲♦r❦ ✼✾

▲✐st❡ ❞❡s t❛❜❧❡s ✽✻

❆♣♣❡♥❞✐① ✽✼

✳✶ ❆❞❞✐t✐♦♥ ❧❛✇ ❢♦r♠✉❧❛s ♦♥ ❏❛❝♦❜✐ ■♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✳✷ ❆❞❞✐t✐♦♥ ❧❛✇ ❢♦r♠✉❧❛s ♦♥ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✳✸ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ♦♥ t❤❡ ❏❛❝♦❜✐ q✉❛rt✐❝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✳✹ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❆t❡ ♣❛✐r✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✳✺ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❖♣t✐♠❛❧ ♣❛✐r✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

✳✻ ❆❞❞✐t✐♦♥ ❧❛✇ ❢♦r♠✉❧❛s ♦♥ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✳✼ ❙❛❣❡ ✈❡r✐✜❝❛t✐♦♥ ✿ ❆❞❞✐t✐♦♥ ❛♥❞ ❞♦✉❜❧✐♥❣ ♦❢ ♣♦✐♥ts ♦♥ ▲❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ ✳ ✳ ✳ ✶✵✾

✳✽ ❙❛❣❡ ✈❡r✐✜❝❛t✐♦♥ ✿ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



▲✐st❡ ❞❡s ❛❜❜ré✈✐❛t✐♦♥s

❉❛♥s ❝❡tt❡ t❤ès❡ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡s ♥♦t❛t✐♦♥s s✉✐✈❛♥t❡s ✿

p : ❊♥t✐❡r ♣r❡♠✐❡r

Fp : ❈♦r♣s ✜♥✐ ❞❡ p é❧❡♠❡♥ts

K := Fq : ❈♦r♣s ✜♥✐ ❞❡ q é❧é♠❡♥ts ♦ù q ❡st ✉♥❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧✬❡♥t✐❡r p

E(K) : ❊♥s❡♠❜❧❡ ❞❡s ♣♦✐♥ts r❛t✐♦♥❡❧s ❞❡ ❧❛ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ E ❞é✜♥✐ s✉r ❧❡ ❝♦r♣s K

P0 : ❊❧❡♠❡♥t ♥❡✉tr❡ ♣♦✉r ❧❛ ❧♦✐ ❞❡ ❣r♦✉♣❡ ❞❛♥s E(K)

sn : ❈♦ût ❞✬✉♥❡ é❧é✈❛t✐♦♥ ❛✉ ❝❛rré ❞❛♥s ❧❡ ❝♦r♣s Fqn ♦ù n ❡st ✉♥ ❡♥t✐❡r ♥❛t✉r❡❧

mn : ❈♦ût ❞✬✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞❛♥s ❧❡ ❝♦r♣s Fqn ♦ù n ❡st ✉♥ ❡♥t✐❡r ♥❛t✉r❡❧

mc : ❈♦ût ❞✬✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ✉♥❡ ❝♦♥st❛♥t❡ ❞❛♥s ❧❡ ❝♦r♣s Fq

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❘és✉♠é ❡♥ ❢r❛♥ç❛✐s

❈r②♣t♦❣r❛♣❤✐❡ ❜❛sé❡ s✉r ❧❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ✭❊❈❈✮ ❡t ❧❡s

❝♦✉♣❧❛❣❡s

▲❛ ❝r②♣t♦❣r❛♣❤✐❡ ❡st ❧✬ét✉❞❡ ❞❡s ♠ét❤♦❞❡s ❞❡ ❝❤✐✛r❡♠❡♥t ❡t ❞❡ ❞é❝❤✐✛r❡♠❡♥t ❞❡ ❧✬✐♥❢♦r♠❛✲

t✐♦♥ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ s❡✉❧s ❧❡s ✉t✐❧✐s❛t❡✉rs ❛✉t♦r✐sés ♣❡✉✈❡♥t ❞é❝❤✐✛r❡r ❡t ❧✐r❡ ❧✬✐♥❢♦r♠❛t✐♦♥

♦r✐❣✐♥❛❧❡✳ ▲❛ ❝r②♣t♦❣r❛♣❤✐❡ ♠♦❞❡r♥❡ ❡st ❞✐✈✐sé❡ ❡♥ ❞❡✉① ❣r❛♥❞❡s ♣❛rt✐❡s ✿ ❧❛ ❝r②♣t♦❣r❛♣❤✐❡

s②♠étr✐q✉❡ ❡t ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ à ❝❧é ♣✉❜❧✐q✉❡✳ P♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ s②♠étr✐q✉❡✱ ❧❛ ❝❧é ❞❡

❞é❝❤✐✛r❡♠❡♥t ♣❡✉t s❡ ❞é❞✉✐r❡ ❢❛❝✐❧❡♠❡♥t ❞❡ ❧❛ ❝❧é ❞❡ ❝❤✐✛r❡♠❡♥t✱ t❛♥❞✐s q✉✬❡♥ ❝r②♣t♦❣r❛♣❤✐❡ à

❝❧é ♣✉❜❧✐q✉❡ ❡♥❝♦r❡ ❛♣♣❡❧é❡ ❝r②♣t♦❣r❛♣❤✐❡ ❛ss②♠♠étr✐q✉❡✱ ❧❛ ❝❧é ❞❡ ❞é❝❤✐✛r❡♠❡♥t ❡st ❞✐✣❝✐❧❡✲

♠❡♥t ❝❛❧❝✉❧❛❜❧❡ à ♣❛rt✐r ❞❡ ❧❛ ❝❧é ❞❡ ❝❤✐✛r❡♠❡♥t✳ ❉❛♥s ❝❡ ❞❡r♥✐❡r ❝❛s✱ ❧❡s ❞❡✉① ❝❧és s♦♥t ❧✐é❡s

♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ à s❡♥s ✉♥✐q✉❡✳ ❈❡tt❡ ❞✐✣❝✉❧té ❡st ❞♦♥❝ ❡♥ ❣é♥ér❛❧ ❧✐é❡ à ❧✬✐♠♣♦ss✐❜✐❧✐té ❞❡ ré✲

s♦✉❞r❡ ❡♥ t❡♠♣s ♣♦❧②♥♦♠✐❛❧❡ ❞❡s ♣r♦❜❧è♠❡s ♠❛t❤é♠❛t✐q✉❡s t❡❧s q✉❡ ❧❛ ❢❛❝t♦r✐s❛t✐♦♥ ❞❡s ❣r❛♥❞s

♥♦♠❜r❡s ❝♦♠♣♦sés ♦✉ ❧❡ ❝❛❧❝✉❧ ❞✉ ❧♦❣❛r✐t❤♠❡ ❞✐s❝r❡t ❞❛♥s ✉♥ ❣r♦✉♣❡✳ ❏✉sq✉✬à ✐❧ ② ❛ q✉❡❧q✉❡s

❛♥♥é❡s✱ ❧❡ ❝r②♣t♦ s②stè♠❡ ❧❡ ♣❧✉s ✉t✐❧✐sé ❡st ❧❡ ❝r②♣t♦ s②stè♠❡ ❘❙❆ ✐♥✈❡♥té ♣❛r ❘✐✈❡st✱ ❙❤❛♠✐r

❛♥❞ ❆❞❡❧♠❛♥♥ ❬✻✻❪✳ ❙❛ sé❝✉r✐té ❡st ❥✉st❡♠❡♥t ❜❛sé❡ s✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❢❛❝t♦r✐s❛t✐♦♥ ❞✬✉♥

❣r❛♥❞ ❡♥t✐❡r ❝♦♠♣♦sé✱ ❞❡ ❧✬♦r❞r❡ ❞❡ 1024 ❜✐ts✳ ❉❡ ♥♦s ❥♦✉rs✱ ❧❡ ♠❡✐❧❧❡✉r ❛❧❣♦r✐t❤♠❡ q✉✐ rés♦✉t ❝❡

♣r♦❜❧è♠❡ ❡st ❧❡ ❈r✐❜❧❡ ◗✉❛❞r❛t✐q✉❡ ❞❡s ◆♦♠❜r❡s ❛✈❡❝ ✉♥❡ ❝♦♠♣❧❡①✐té ❞é❥à s♦✉s ❡①♣♦♥❡♥t✐❡❧❧❡

❬✹✹✱ ❈❤❛♣t❡r ✸❪✳ ❈❡tt❡ ❝♦♠♣❧❡①✐té ❡st t❡❧❧❡ q✉❡ ♣♦✉r ✉♥ ♥✐✈❡❛✉ ❞❡ sé❝✉r✐té ❞❡ 80 ❜✐ts ❞❛♥s ✉♥

t❡❧ ❝r②♣t♦ s②stè♠❡✱ ♦♥ ❞♦✐t ❡✛❡❝t✉❡r ❞❡s ♦♣ér❛t✐♦♥s ♠♦❞✉❧♦ ✶✵✷✹✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ ❞✬✉t✐❧✐s❡r ❞❡s

♥♦♠❜r❡s ❞❡ t❛✐❧❧❡s r❛✐s♦♥♥❛❜❧❡♠❡♥t é❧❡✈é❡s ♣♦✉r ❞❡s ❤❛✉ts ♥✐✈❡❛✉① ❞❡ sé❝✉r✐té✳ ❈❡ q✉✐ ❡st ❞é❥à

✉♥ ❞és❛✈❛♥t❛❣❡ ♣♦✉r ❘❙❆ ♣♦✉r ❧❡s ♥♦✉✈❡❛✉① ❜❡s♦✐♥s ❡♥ ♣❡✉ ❞❡ r❡ss♦✉r❝❡s ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞✉

♠✐❧❧é♥❛✐r❡ t❡❧❧❡s q✉❡ ❧❡s ❝❛rt❡s à ♣✉❝❡s✱ ❧❡s ❞✐s♣♦s✐t✐❢s à ♣✉✐ss❛♥❝❡s ❧✐♠✐té❡ ❞❛♥s ❞❡s s❡r✈❡✉rs ✇❡❜✱

q✉✐ ♦♥t ❜❡s♦✐♥ ❞✬❡✛❡❝t✉❡r r❛♣✐❞❡♠❡♥t ❞❡s ♠✐❧❧✐♦♥s ❞❡ tr❛♥s❛❝t✐♦♥s sé❝✉r✐sé❡s ♣♦✉r ❧❛ ❜❛♥q✉❡ ❡t

❧❡ ❝♦♠♠❡r❝❡ ❡♥ ❧✐❣♥❡ ♣❛r ❡①❡♠♣❧❡✳ ❉❡ ♠ê♠❡✱ ❝❡ ♣r♦❜❧è♠❡ ❞✬❡✣❝❛❝✐té ❞❛♥s ❧❡s ❝❛❧❝✉❧s ❞❡♠❡✉r❡

❛✉ss✐ ♠ê♠❡ s✐ ♦♥ ❝♦♥s✐❞èr❡ ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ à ❝❧é ♣✉❜❧✐q✉❡ ❜❛sé❡ s✉r ❧❡ ▲♦❣❛r✐t❤♠❡ ❉✐s❝r❡t

❞❛♥s ❧❡s ❝♦r♣s ✜♥✐s✳ ❊♥ ❡✛❡t✱ ❧❡ ❈❛❧❝✉❧ ❞✬✐♥❞✐❝❡ rés♦✉t ❛✉ss✐ ❝❡ ♣r♦❜❧è♠❡ ❛✈❡❝ ✉♥❡ ❝♦♠♣❧❡①✐té

s♦✉s ❡①♣♦♥❡♥t✐❡❧❧❡ ❬✹✹✱ ❈❤❛♣t❡r ✷❪✳ ❋❛❝❡ à ❝❡tt❡ s✐t✉❛t✐♦♥✱ ❧❛ ❝♦♠♠✉♥❛✉té s❝✐❡♥t✐✜q✉❡ ❡st ❞❡

♣❧✉s ❡♥ ♣❧✉s ✐♥tér❡ssé❡ ♣❛r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ❜❛sé❡ s✉r ❧❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ❝❛r ❝❡❧❧❡ ❝✐ ♦✛r❡

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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✉♥❡ ❡✣❝❛❝✐té ✐♥é❣❛❧é❡ ♣♦✉r ❧❡s ❝❛❧❝✉❧s ❡t ❝❡❝✐ à ✉♥ ♥✐✈❡❛✉ ❞❡ sé❝✉r✐té é❣❛❧ ❛✈❡❝ ❘❙❆✳

▲❛ ❝r②♣t♦❣r❛♣❤✐❡ ❜❛sé❡ s✉r ❧❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s t✐r❡ s♦♥ ♦r✐❣✐♥❡ ❞❡s tr❛✈❛✉① ❞❡ ▼✐❧❧❡r ❬✺✾❪

❡t ❑♦❜❧✐t③ ❬✹✽❪ q✉✐ ♦♥t s✉❣❣érés ❞✬✉t✐❧✐s❡r ❧❛ ❞✐✣❝✉❧té ❞❡ rés♦✉❞r❡ ❧❡ ♣r♦❜❧è♠❡ ❞✉ ❧♦❣❛r✐t❤♠❡

❞✐s❝r❡t ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡ ♣♦✐♥ts r❛t✐♦♥♥❡❧s ❞✬✉♥❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ ♣♦✉r ❢❛✐r❡ ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✳

❉❛♥s ❝❡ ❣r♦✉♣❡ E(Fq)✱ ❧❡ ❧♦❣❛r✐t❤♠❡ ❞✐s❝r❡t ❡st ❞é✜♥✐ ❝♦♠♠❡ s✉✐t ✿ ❊t❛♥t ❞♦♥♥é ✉♥ ❝♦✉♣❧❡ ❞❡

♣♦✐♥ts (P,Q = kP ) ∈ E(Fq)
2✱ ❞ét❡r♠✐♥❡r ❧✬❡♥t✐❡r k ∈ [1, ♯E(Fq)[✱ ♦ù kP = P + P + ...... + P ✱

k− ❢♦✐s✳ ❆✉❝✉♥❡ ❛tt❛q✉❡ s♦✉s ❡①♣♦♥❡♥t✐❡❧❧❡ ♥✬❡st ❝♦♥♥✉❡ ❡①✐sté❡ ♣♦✉r ❝❡ ❣r♦✉♣❡ ❡♥ ❣é♥ér❛❧✳

P❛r ❝♦♥séq✉❡♥t ❧❡s ❧♦♥❣✉❡✉rs ❞❡s ❝❧és s♦♥t ♣❡t✐t❡s ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞❡s ❝❧és ❘❙❆ ❝♦♠♠❡ ❧❡

♠♦♥tr❡ ❧❛ ❚❛❜❧❡ ✵✳✶✳

❚❛❜❧❡ ✵✳✶ ✕ P❛r❛♠ètr❡s ❘❙❆ ❡t ❊❈❈
◆✐✈❡❛✉ ❞❡ sé❝✉r✐té ❡♥ ❜✐ts 80 112 128 192 256

▼♦❞✉❧❡s ❘❙❆ ❡♥ ❜✐ts 1024 2048 3072 8192 ✶✺✸✻✵

❊❈❈ ✿ ❚❛✐❧❧❡ ❞✉ ❝♦r♣s ❞❡ ❜❛s❡ ❡♥ ❜✐ts 160 224 256 384 512

P♦✉r ❝❡tt❡ r❛✐s♦♥✱ ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ❜❛sé❡ s✉r ❧❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s s❡ ❞é✈❡❧♦♣♣❡ ❞❡ ♣❧✉s ❡♥

♣❧✉s ❡t ❜❡❛✉❝♦✉♣ ❞❡ ♣r♦t♦❝♦❧❡s s♦♥t st❛♥❞❛r❞✐sés ♣❛r ■❙❖ ✭■♥t❡r♥❛t✐♦♥❛❧ ❖r❣❛♥✐s❛t✐♦♥ ❢♦r ❙t❛♥✲

❞❛r❞✐s❛t✐♦♥✮ ❡t ◆■❙❚ ✭◆❛t✐♦♥❛❧ ■♥st✐t✉t❡ ♦❢ ❙t❛♥❞❛r❞s ❛♥❞ ❚❡❝❤♥♦❧♦❣②✮✳ ❖♥ ♣❡✉t ❝♦♥s✉❧t❡r ❬✸✽✱

❆♣♣❡♥❞✐① ❇❪ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✳ P❛r♠✐ ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ❡♥ ❝r②♣t♦❣r❛✲

♣❤✐❡✱ ♦♥ ♥♦t❡ ❝❡rt❛✐♥❡s✱ ♣❛s ❞❡s ♠♦✐♥❞r❡s✱ ♦✛❡rt❡s ♣❛r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❜✐❧✐♥é❛✐r❡s ❞é✜♥✐❡s s✉r

❧❡ ❣r♦✉♣❡ ❞❡ ♣♦✐♥ts ❞✬✉♥❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡✳ ❈❡s ❛♣♣❧✐❝❛t✐♦♥s s✬❛♣♣❡❧❧❡♥t ❝♦✉♣❧❛❣❡s ♦✉ ♣❛✐r✐♥❣s

❡♥ ❛♥❣❧❛✐s✳

❈❡ s♦♥t ❞❡s ♦✉t✐❧s ♠❛t❤é♠❛t✐q✉❡s ✐♥tr♦❞✉✐ts ♣❛r ❲❡✐❧ ❡♥ ✶✾✹✽ ❬✼✽❪✳ ❙♦✐❡♥tG1 ❡t G2 ❞❡✉① ❣r♦✉♣❡s

❛❜é❧✐❡♥s ✜♥✐s ♥♦tés ❛❞❞✐t✐✈❡♠❡♥t ❡t ❞✬é❧é♠❡♥t ♥❡✉tr❡ O✳ ❙✉♣♣♦s♦♥s q✉❡ G1 ❡t G2 ♦♥t ♣♦✉r ♦r❞r❡

n✳ ❙♦✐t G3 ✉♥ ❛✉tr❡ ❣r♦✉♣❡ ♠✉❧t✐♣❧✐❝❛t✐❢ ❝②❝❧✐q✉❡ ❞✬♦r❞r❡ n ❡t ❞✬é❧é♠❡♥t ♥❡✉tr❡ 1✳ ❯♥ ❝♦✉♣❧❛❣❡

❡st ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥

en : G1 ×G2 → G3

q✉✐ s❛t✐s❢❛✐t ❧❡s ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✿

✕ en ❡st ❜✐❧✐♥é❛✐r❡ ✿ en(S1+S2, T ) = en(S1, T )en(S2, T ) ❡t en(S, T1+T2) = en(S, T1)en(S, T2)

P♦✉r t♦✉t S✱ S1✱ S2 ∈ G1 ❡t ♣♦✉r t♦✉t T ✱ T1✱ T2 ∈ G2✳

✕ en ❡st ♥♦♥ ❞é❣é♥éré ✿ P♦✉r t♦✉t P ∈ G1✱ P 6= O✱ ✐❧ ❡①✐st❡ Q ∈ G2 t❡❧ q✉❡ en(P,Q) 6= 1✳

❊t ♣♦✉r t♦✉t Q ∈ G2✱Q 6= O ✐❧ ❡①✐st❡ P ∈ G1 t❡❧ q✉❡ en(P,Q) 6= 1✳

▲❡s ❝♦✉♣❧❛❣❡s ♦♥t été ✐♥tr♦❞✉✐ts ❡♥ ❝r②♣t♦❣r❛♣❤✐❡ ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ♣❛r ▼❡♥❡③❡s✱ ❖❦❛♠♦t♦

❡t ❱❛♥st♦♥❡ ✭▼❖❱✮ ❬✺✺❪ ❡♥ 1993 ❡t ♣❛r ❋r❡② ❡t ❘ü❝❦ ❬✺✼❪ ❡♥ 1994 ♣♦✉r rés♦✉❞r❡ ❧❡s ✐♥st❛♥❝❡s

❞✉ ❧♦❣❛r✐t❤♠❡ ❞✐s❝r❡t ❞❛♥s ❧❡ ❣r♦✉♣❡ E(Fq) ❡♥ ✉t✐❧✐s❛♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ❝♦✉♣❧❛❣❡s ❞❡ ❲❡✐❧

❡t ❞❡ ❚❛t❡✳ ▲❡✉r ❛❧❣♦r✐t❤♠❡ ✐❧❧✉stré ❞❛♥s ❧❛ ❚❛❜❧❡ ✵✳✷✱ ✉t✐❧✐s❡ ❧❛ ❜✐❧✐♥é❛r✐té ❞❡s ❝♦✉♣❧❛❣❡s ♣♦✉r

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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tr❛♥s❢ér❡r ❧❡ ❧♦❣❛r✐t❤♠❡ ❞✐s❝r❡t ❞✉ ❣r♦✉♣❡ E(Fq) ✈❡rs ❧❡ ❧♦❣❛r✐t❤♠❡ ❞✐s❝r❡t ❞❛♥s ❧❡s ❝♦r♣s ✜♥✐s

♦ù ✐❧ ❡①✐st❡ ❞❡s ❛❧❣♦r✐t❤♠❡s à ❝♦♠♣❧❡①✐té s♦✉s ❡①♣♦♥❡♥t✐❡❧❧❡ ❬✹✹❪✳

❚❛❜❧❡ ✵✳✷ ✕ ❆tt❛q✉❡ ▼❖❱✴❋r❡②✲❘ü❝❦

❊♥tré❡ ✿ P,Q ∈ E(Fq)✱ ❞✬♦r❞r❡ ♣r❡♠✐❡r r t❡❧s Q = λP ♣♦✉r ✉♥ ❡♥t✐❡r ✐♥❝♦♥♥✉ λ

❙♦rt✐❡ ✿ ▲♦❣❛r✐t❤♠❡ ❞✐s❝r❡t λ ❞❡ Q ❡♥ ❜❛s❡ P

✶✳ ❈♦♥str✉✐r❡ ❧❡ ❝♦r♣s Fqk t❡❧ q✉❡ r ❞✐✈✐s❡ (qk − 1)

✷✳ ❚r♦✉✈❡r ❧❡ ♣♦✐♥t S ∈ E(Fqk) t❡❧ q✉❡ er(P, S) 6= 1

✸✳ α1 ←− er(P, S)

✹✳ α2 ←− er(Q,S)

✺✳ ❚r♦✉✈❡r λ t❡❧ q✉❡ αλ
1 = α2 ❞❛♥s F⋆

qk
❡♥ ✉t✐❧✐s❛♥t ❧❡ ❝❛❧❝✉❧ ❞✬✐♥❞✐❝❡

✻✳ ❘❡t♦✉r♥❡r λ✳

▲❛ ♣r❡♠✐èr❡ ✉t✐❧✐s❛t✐♦♥ ❞❡s ❝♦✉♣❧❛❣❡s ét❛✐t ❞♦♥❝ ❞❡str✉❝tr✐❝❡✳ ❈❡♣❡♥❞❛♥t ❧❡s ❝♦✉♣❧❛❣❡s s♦♥t très

à ❧❛ ♠♦❞❡ ❡♥ ❝r②♣t♦❣r❛♣❤✐❡ ❝❡s ❛♥♥é❡s ❝❛r ✐❧s ♣❡r♠❡tt❡♥t ❞❡ ❝♦♥str✉✐r❡ ❞❡ ♥♦✉✈❡❛✉① ♣r♦t♦❝♦❧❡s

❝r②♣t♦❣r❛♣❤✐q✉❡s ❣râ❝❡ à ❧❛ ❞✐✣❝✉❧té ❝❛❧❝✉❧❛t♦✐r❡ ❞❡ ❝❡rt❛✐♥s ♣r♦❜❧è♠❡s t❡❧s q✉❡ ✿

❉✐✣❡ ❍❡❧❧♠❛♥ ❈❛❧❝✉❧❛t♦✐r❡ ❇✐❧✐♥é❛✐r❡ ✭❇❉❍✮ ✿ ❊t❛♥t ❞♦♥♥és P ✱ Q✱ P1 = aP ❡t P2 =

bP t❡❧s q✉❡ e(P,Q) 6= 1✱ ❝❛❧❝✉❧❡r e(abP,Q)✳

❉✐✣❡ ❍❡❧❧♠❛♥ ❉é❝✐s✐♦♥♥❡❧ ❇✐❧✐♥é❛✐r❡ ✭❉❇❉❍✮ ✿ ❊t❛♥t ❞♦♥♥és P ✱Q t❡❧s q✉❡ e(P,Q) 6=
1✱ ❡t P1 = aP ✱ P2 = bP ❡t g✳ ❚❡st❡r s✐ g = e(abP,Q) ♦✉ ♣❛s✳

◆♦✉s ♣rés❡♥t♦♥s ❝✐✲❞❡ss♦✉s ❞❡✉① ❡①❡♠♣❧❡s ❞❡ ❜❛s❡ ♣♦✉r ✐❧❧✉str❡r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡s ❝♦✉♣❧❛❣❡s ❡♥

❝r②♣t♦❣r❛♣❤✐❡✳

❈❤✐✛r❡♠❡♥t à ❜❛s❡ ❞✬✐❞❡♥t✐té ❞❡ ❇♦♥❡❤✲❋r❛♥❦❧✐♥✳

■♥✐t✐❛❧❡♠❡♥t s✉❣❣❡ré ♣❛r ❙❤❛♠✐r ❬✻✾❪ ❡♥ ✶✾✽✹✱ ❧❡ ❝❤✐✛r❡♠❡♥t à ❜❛s❡ ❞✬✐❞❡♥t✐té s✉♣♣♦s❡ q✉✬✉♥

❝❤✐✛r❡♠❡♥t à ❝❧é ♣✉❜❧✐q✉❡ ♣❡✉t êtr❡ ♠✐s ❡♥ ÷✉✈r❡ ❛✈❡❝ ❧✬✐❞❡♥t✐té ❞✉ ❞❡st✐♥❛t❛✐r❡✱ ❝❡❝✐ ❢❛❝✐❧✐t❡

❛❧♦rs ❧❛ ❣❡st✐♦♥ ❞❡s ❝❧és ❡t ❞❡s ❝❡rt✐✜❝❛ts✳ ❊♥ ❡✛❡t✱ ❧❛ ❝❧é ♣✉❜❧✐q✉❡ ❞✉ ❞❡st✐♥❛t❛✐r❡ ♥✬❡st ♣❛s

❝❛❧❝✉❧é❡ à ❧✬❛✈❛♥❝❡ ❡t ♥❡ ❧✬❡st q✉✬❛✈❡❝ ❧❛ s❡✉❧❡ ✐❞❡♥t✐té ❞❡ ❝❡❧✉✐ ❝✐✳ ▲❡ ❝❤✐✛r❡♠❡♥t à ❜❛s❡ ❞✬✐❞❡♥t✐té

❧❡ ♣❧✉s ❝♦♥♥✉ ❢✉t ♣r♦♣♦sé ♣❛r ❇♦♥❡❤ ❡t ❛❧✳ ❞❛♥s ❬✶✶❪ ❡♥ ✷✵✵✶ ❡t ❡st ❞é❝r✐t ❝♦♠♠❡ s✉✐t ✿

❯♥❡ ❛✉t♦r✐té ❞❡ ❝♦♥✜❛♥❝❡ ✭❆❈✮ ♣✉❜❧✐❡ ❧❡s ♣❛r❛♠ètr❡s (G1,G3, e, P,Q0, H1, H2) ♦ù e : G1×G1 →
G3 ❡st ✉♥ ❝♦✉♣❧❛❣❡✱ ❧❛ ❝❧é ♣✉❜❧✐q✉❡ P ❡st ✉♥ ❣é♥ér❛t❡✉r ❞❡ G1✳ ▲❡ ♣♦✐♥t Q0 = sP ♦ù s ∈ Z⋆

n ❡st ❧❛

❝❧é ♣r✐✈é❡ ❞❡ ❧✬❆❈✳H1 : {0, 1}∗ → G1 ❡tH2 : G3 → {0, 1}n s♦♥t ❞❡✉① ❢♦♥❝t✐♦♥s ❝r②♣t♦❣r❛♣❤✐q✉❡s

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❘➱❙❯▼➱ ❊◆ ❋❘❆◆➬❆■❙ ✹

❞❡ ❤❛❝❤❛❣❡s✳ ❉❛♥s ❝❡ s❝❤é♠❛✱ ❝❤❛q✉❡ ✐❞❡♥t✐té ❳ ❛✈❡❝ ✐❞❡♥t✐té ♥♦té❡ IdX ✱ r❡❝❡✈r❛ ✉♥❡ ❝❧é ♣r✐✈é❡

SX = sQX ♦ù QX = H1(IdX) ∈ G1 à tr❛✈❡rs ✉♥ ❝❛♥❛❧ sé❝✉r✐sé✳ ❙✉♣♣♦s♦♥s q✉❡ ❇♦❜ ✭❇✮ ✈❡✉t

❡♥✈♦②❡r ✉♥ ♠❡ss❛❣❡ ❝❧❛✐r M ∈ {0, 1}n ❞❡ n ❜✐ts à ❆❧✐❝❡ ✭❆✮✳

✕ ❇ ❝❛❧❝✉❧❡ QA = H1(IdA)

✕ ❇ ❝❤♦✐s✐ t < n ❛✉ ❤❛s❛r❞

✕ ❇ ❝❛❧❝✉❧❡ ❧❡ t❡①t❡ ❝❤✐✛ré C = [U = tP, V =M ⊕H2(e(QA, Q0))
t] ❡t ❡♥✈♦✐ à ❆❧✐❝❡✳

❆❧✐❝❡ r❡ç♦✐t C = [U, V ] ❡t ♣❡✉t r❡tr♦✉✈❡r ❧❡ ♠❡ss❛❣❡ M ❝♦♠♠❡ s✉✐t M = V ⊕H2(e(SA, U))✳

P♦✉r ♦❜s❡r✈❡r ❝♦♠♠❡ ❧❛ ❜✐❧✐♥é❛r✐té ❞✉ ❝♦✉♣❧❛❣❡ ❡st ✉t✐❧✐sé❡ ♣♦✉r ❧❡ ❞é❝❤✐✛r❡♠❡♥t✱ ♦❜s❡r✈♦♥s

q✉❡

e(QA, Q0)
t = e(QA, P )

st = e(sQA, tP ) = e(SA, U)

▲❡ ❝❛❧❝✉❧ ❞✉ ♠❛sq✉❡ ❞❡ ❝❤✐✛r❡♠❡♥t H2(e(QA, Q0)
t) = H2(e(sQA, U)) ♣❛r ✉♥ ❡s♣✐♦♥ ❡①✐❣❡ ❧❡

❝❛❧❝✉❧ ❞❡ e(QA, Q0)
t à ♣❛rt✐r ❞❡ P,QA, Q0 ❡t U = tP ✳ ❈❡❝✐ ❡st ❝❧❛✐r❡♠❡♥t ❧✐é à ❧❛ rés♦❧✉t✐♦♥ ❞✉

♣r♦❜❧è♠❡ ❇❉❍✳

Pr♦t♦❝♦❧❡ ❞✬é❝❤❛♥❣❡ ❞❡ ❝❧é à tr♦✐s ♣❛rt✐❡s✳

❙✉♣♣♦s♦♥s q✉❡ tr♦✐s ♣❡rs♦♥♥❡s ❆❧✐❝❡✱ ❇♦❜✱ ❡t ❈❛r❧ ✈❡✉❧❡♥t s✬❡♥t❡♥❞r❡ s✉r ✉♥❡ ❝❧é ❝♦♠♠✉♥❡

❡♥ ✉t✐❧✐s❛♥t ✉♥❡ s❡✉❧❡ ♣❛ss❡ ❞✬✐♥❢♦r♠❛t✐♦♥ ❡♥tr❡ ❞❡✉① ♣❡rs♦♥♥❡s✳ ❈❡❝✐ ❡st ♣♦ss✐❜❧❡ ❡♥ ✉t✐❧✐s❛♥t

❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❆♥t♦✐♥❡ ❏♦✉① ❬✹✼❪✳ ◆♦✉s ❞♦♥♥♦♥s ❞❛♥s ❧❛ ❚❛❜❧❡ ✵✳✸ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ s✐♠♣❧❡

❞❡ ❝❡t ❛❧❣♦r✐t❤♠❡✳ ❙♦✐t P ✉♥ ❣é♥ér❛t❡✉r ❞❡ G1 ❡t Q ✉♥ ❣é♥ér❛t❡✉r ❞❡ G2✳

❚❛❜❧❡ ✵✳✸ ✕ Pr♦t♦❝♦❧❡ ❞✬é❝❤❛♥❣❡ ❞❡ ❝❧é à tr♦✐s ♣❛rt✐❡s ❞❡ ❏♦✉①

❊♥tré❡ ✿ P❛r❛♠ètr❡s ♣✉❜❧✐q✉❡s P ✱ Q✱ G1✱ G2✱ G3✱ ✉♥ ❝♦✉♣❧❛❣❡ e✳

❙♦rt✐❡ ✿ ▲❛ ❝❧é ❝♦♠♠✉♥❡ K ∈ G3 ♣♦✉r ❆❧✐❝❡✱ ❇♦❜ ❡t ❈❛r❧

✶✳ ❆❧✐❝❡ ❝❤♦✐s✐ ✉♥ ❡♥t✐❡r ✭s❛ ❝❧é ♣r✐✈é❡✮ a

❝❛❧❝✉❧❡ Pa = aP ❡t Qa = aQ ♣✉✐s ❡♥✈♦✐❡ à ❇♦❜ ❡t ❈❛r❧

✷✳ ❇♦❜ ❝❤♦✐s✐ ✉♥ ❡♥t✐❡r ✭s❛ ❝❧é ♣r✐✈é❡✮ b

❝❛❧❝✉❧❡ Pb = bP ❡t Qb = bQ ♣✉✐s ❡♥✈♦✐❡ à ❆❧✐❝❡ ❡t ❈❛r❧

✸✳ ❈❛r❧ ❝❤♦✐s✐ ✉♥ ❡♥t✐❡r ✭s❛ ❝❧é ♣r✐✈é❡✮ c

❝❛❧❝✉❧❡ Pc = cP ❡t Qc = cQ ♣✉✐s ❡♥✈♦✐❡ à ❆❧✐❝❡ ❡t ❇♦❜

✹✳ ▲❛ ❝❧é ❝♦♠♠✉♥❡ ❡st ✿ K = e(Pb, Qc)
a = e(Pa, Qc)

b = e(Pa, Qb)
c = e(P,Q)abc

▲❡s ♣r♦t♦❝♦❧❡s ❞❡ ❏♦✉① ❡t ❞❡ ❇♦♥❡❤✲❋r❛♥❦❧✐♥✬s s♦♥t ❞✬✐♠♣♦rt❛♥t❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡s ❝♦✉♣❧❛❣❡s

♣❛r♠✐ t❛♥t ❞✬❛✉tr❡ à s❛✈♦✐r ✿

✕ ▲❡ ❝❤✐✛r❡♠❡♥t ❜❛sé s✉r ❧✬✐❞❡♥t✐té ❞❡ ❈♦❝❦s ❬✶✻❪

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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✕ ❉✐str✐❜✉t✐♦♥ ♥♦♥ ✐♥t❡r❛❝t✐✈❡ ❞❡ ❝❧é ❜❛sé❡ s✉r ❧✬✐❞❡♥t✐té ❬✻✽❪

✕ ❙✐❣♥❛t✉r❡s ✐♥❞é♥✐❛❜❧❡s ❜❛sé❡s s✉r ❧✬✐❞❡♥t✐té ❬✺✷❪

✕ ❙✐❣♥❛t✉r❡s ❝♦✉rt❡s ❬✷✵❪

✕ ▲❡ s❝❤é♠❛ ❊❧ ●❛♠❛❧ ❞❡ ❱❡r❤❡✉❧ ❬✼✺❪

✕ ❉✐✛✉s✐♦♥ ❬✸✻❪

❇❡❛✉❝♦✉♣ ❞✬❛✉tr❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡s ❝♦✉♣❧❛❣❡s ♣❡✉✈❡♥t êtr❡ ❝♦♥s✉❧té❡s ❞❛♥s ❬✷✼❪✱ ❬✶✵✱ ❈❤❛♣t❡r ❳❪✳

▼♦t✐✈❛t✐♦♥ ❡t ❖❜❥❡❝t✐❢s ❞❡ ❧❛ ❚❤ès❡

❈♦♥s✐❞ér❛♥t ❧❡s ❛♣♣❧✐❝❛t✐♦♥s s❛♥s ❝❡ss❡ ❝r♦✐ss❛♥t❡ ❞❡s ❝♦✉♣❧❛❣❡s ❡♥ ❝r②♣t♦❣r❛♣❤✐❡✱ ✐❧ ❡st

t♦✉t à ❢❛✐t ✐♠♣♦rt❛♥t ❞❡ s✬✐♥t❡r❡ss❡r ❛✉ ❝❛❧❝✉❧ é✣❝❛❝❡ ❞❡ ❝❡s ❛♣♣❧✐❝❛t✐♦♥s✳ ❧❡ ❝❛❧❝✉❧ ❡✣❝❛❝❡ ❞✉

❝♦✉♣❧❛❣❡ ❞é♣❡♥❞ ❞❡ ❧✬❛r✐t❤♠ét✐q✉❡ ❞✉ ♠♦❞è❧❡ ❞❡ ❧❛ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ ❝❤♦✐s✐ ❡t ❞✉ ❝♦r♣s s✉r

❧❡q✉❡❧ ❝❡tt❡ ❝♦✉r❜❡ ❡st ❞é✜♥✐❡✳ ❉❛♥s ❧❛ ❧✐ttér❛t✉r❡✱ ✐❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ♠♦❞è❧❡s ♣❛r♠✐ ❧❡sq✉❡❧s ❧❡

♠♦❞è❧❡ ❞❡ ❲❡✐❡rstr❛ss ❞✬❡q✉❛t✐♦♥ E : y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6✱ ❧❡s ♠♦❞è❧❡s ❞❡

❏❛❝♦❜✐ Ea :

{
x2 + y2 = 1

ax2 + z2 = 1
✱ Ed,α : y2 = dx4 + 2αx2 + 1✱ ❧❡ ♠♦❞è❧❡ ❞✬❊❞✇❛r❞s x2 + y2 =

c2(1+x2y2)✱ ❧❡ ♠♦❞è❧❡ ❞❡ ❍✉✛ ❞✬❡q✉❛t✐♦♥ ax(y2−1) = by(x2−1)✱ ❧❡ ♠♦❞è❧❡ ❍❡ss✐❡♥ ❞✬❡q✉❛t✐♦♥

y3 + x3 +1 = 3Dxy✳ ▲❡s ♣ré❝é❞❡♥ts tr❛✈❛✉① s✉r ❧❡ ❝❛❧❝✉❧ ❞✉ ❝♦✉♣❧❛❣❡ ♦♥t été ❢❛✐t s✉r ❧❡ ♠♦❞è❧❡

❞✬❊❞✇❛r❞s ❞✬✉♥❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ s✉❝❝❡ss✐✈❡♠❡♥t ❞❛♥s ❬✷✶❪✱ ❬✹✺❪ ❡t ❬✶❪✳ ▲❡s ré❝❡♥t rés✉❧t❛ts ❞❡

❝❛❧❝✉❧ ❞❡ ❝♦✉♣❧❛❣❡ s✉r ❧❡ ♠♦❞è❧❡ ❞❡ ❲❡✐❡rstr❛ss s❡ tr♦✉✈❡♥t ❞❛♥s ❬✶✽❪ ✱❬✶✾❪ ❡t ❞❛♥s ❬✼✻❪ ♣♦✉r ❧❡s

q✉❛rt✐q✉❡s ❞❡ ❏❛❝♦❜✐✳ ▲❡ ❝❛❧❝✉❧ ❞✉ ❝♦✉♣❧❛❣❡ ❞❡ ❚❛t❡ s✉r ❧❡ ♠♦❞è❧❡ ❍❡ss✐❡♥ ❞❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡

s❡ tr♦✉✈❡ ❞❛♥s ❬✸✼❪ ❡t ❞❛♥s ❬✽✵❪ ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞❡ ❙❡❧♠❡r✳ ▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❞❡

❝❛❧❝✉❧❡r✱ ❛♠é❧✐♦r❡r ❡t ✐♠♣❧é♠❡♥t❡r ❧❡ ❝♦✉♣❧❛❣❡ ❞❡ ❚❛t❡✱ ❆t❡ ❡t s❡s ✈❛r✐❛♥t❡s s✉r ❧❡s ♠♦❞è❧❡s

❞❡ ❝♦✉r❜❡s ♥♦♥ ❡♥❝♦r❡ ét✉❞✐és à ❝❡t ❡✛❡t ❡t ❞❡ ❢❛✐r❡ ✉♥❡ ét✉❞❡ ❝♦♠♣❛r❛t✐✈❡ ❛✈❡❝ ❞❡s rés✉❧t❛ts

❡①✐st❛♥ts✳ ❊♥tr❡ ❛✉tr❡✱ ❞❡ ♣r♦♣♦s❡r ❞❡ ♥♦✉✈❡❛✉① ♠♦❞è❧❡s ❞❡ ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ❡t ét✉❞✐❡r ❧❡✉rs

♣r♦♣r✐étés ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✳

❈♦♥tr✐❜✉t✐♦♥ ❡t ❖r❣❛♥✐s❛t✐♦♥ ❞❡ ❧❛ ❚❤ès❡

❈❡ ♠❛♥✉s❝r✐t s✬♦r❣❛♥✐s❡ ❡♥ q✉❛tr❡ ❝❤❛♣✐tr❡s ✿ ❧❡ ❝❤❛♣✐tr❡ ✉♥ ❞♦♥♥❡ ❞❡s r❛♣♣❡❧s ♠❛t❤é♠❛✲

t✐q✉❡s ❡t ❧❡s tr♦✐s ❛✉tr❡s ❞é❝r✐✈❡♥t ♥♦s ❝♦♥tr✐❜✉t✐♦♥s✳

❈❤❛♣✐tr❡ ✶ ✿ ❘❛♣♣❡❧s s✉r ❧❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ❡t ❧❡s ❝♦✉♣❧❛❣❡s

▲❡ ❈❤❛♣✐tr❡ ✶ ♣rés❡♥t❡ ❧❡s rés✉❧t❛ts ❢♦♥❞❛♠❡♥t❛✉① s✉r ❧❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ❡t ❧❡s ❝♦✉✲

♣❧❛❣❡s✱ ♥é❝❡ss❛✐r❡s à ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞✉ ♠é♠♦✐r❡✳ P❛rt✐❝✉❧✐èr❡♠❡♥t ♥♦✉s ❞é✜♥✐ss♦♥s ❧❡s ❝♦✉r❜❡s

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❘➱❙❯▼➱ ❊◆ ❋❘❆◆➬❆■❙ ✻

❡❧❧✐♣t✐q✉❡s ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❣é♥ér❛❧ ❞✉ ♠♦❞è❧❡ ❞❡ ❲❡✐❡rstr❛ss✳ ◆♦✉s ❞é✜♥✐ss♦♥s ❛✉ss✐ ❧❡ ❝♦♥❝❡♣t

❞❡s ❞✐✈✐s❡✉rs s✉r ✉♥❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ ❡t ❡①♣❧✐q✉♦♥s ❧✬✐s♦♠♦r♣❤✐s♠❡ ❡♥tr❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦✐♥ts

r❛t✐♦♥♥❡❧s E(K) ❞✬ ✉♥❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ E ❞é✜♥✐ s✉r ✉♥ ❝♦r♣s K ❡t s❛ ❏❛❝♦❜✐❡♥♥❡✳ ▲❛ ♠❡t❤♦❞❡

❞❡ ❧❛ t❛♥❣❡♥t❡ ❡t sé❝❛♥t❡ ❡st ♣rés❡♥té❡ ♣♦✉r ❞é❝r✐r❡ ❧❛ str✉❝t✉r❡ ❞❡ ❣r♦✉♣❡ s✉r E(K)✳ ❉❛♥s ❝❡

❝❤❛♣✐tr❡✱ ♥♦✉s ét✉❞✐♦♥s ❛✉ss✐ ❧❛ ♥♦t✐♦♥ ❞✬✐s♦♠♦r♣❤✐s♠❡ ❡♥tr❡ ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s✳ ❈❡❝✐ ♣❡r♠❡t

❞❡ ❞é✜♥✐r ❧❡ ❝♦♥❝❡♣t ❞❡ ❧❛ t♦r❞✉❡ ❞✬✉♥❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡✱ très ✉t✐❧❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❡✣❝❛❝❡ ❞✉

❝♦✉♣❧❛❣❡✳ ▲❡s ❝♦✉♣❧❛❣❡s ❞❡ ❲❡✐❧ ❡t ❞❡ ❚❛t❡✱ ❛✐♥s✐ q✉❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ▼✐❧❧❡r ♣♦✉r ❧❡✉rs ❝❛❧❝✉❧s

s♦♥t ❡①♣❧✐q✉és ❡t q✉❡❧q✉❡s ♠ét❤♦❞❡s ♣♦✉r ♦♣t✐♠✐s❡r ❧❡✉rs ❝❛❧❝✉❧s s♦♥t ❞é❝r✐t❡s✳ ◆♦✉s r❛♣♣❡❧✲

❧♦♥s✱ ♣♦✉r t❡r♠✐♥❡r ❧❡ ❝❤❛♣✐tr❡✱ ❧❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s à ❝♦♥s✐❞ér❡r ♣♦✉r ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡s

♣r♦t♦❝♦❧❡s ❝r②♣t♦❣r❛♣❤✐q✉❡s sé❝✉r✐sés ❜❛sés s✉r ❧❡s ❝♦✉❧❛❣❡s✳

❈❤❛♣✐tr❡ ✷ ✿ ❈♦✉♣❧❛❣❡ ❞❡ ❚❛t❡ s✉r ❧❡s ❝♦✉r❜❡s ❞❡ ❏❛❝♦❜✐

▲❡❈❤❛♣✐tr❡ ✷ ❡st ♥♦tr❡ ♣r❡♠✐èr❡ ❝♦♥tr✐❜✉t✐♦♥ ❡t ❝♦♥st✐t✉❡ ✉♥ ❛rt✐❝❧❡ ❛✈❡❝ ❙②❧✈❛✐♥ ❉✉sq✉❡s♥❡

❬✷✻❪✳ ■❧ ❡st ❝♦♥❝❡♥tré ❡ss❡♥t✐❡❧❧❡♠❡♥t s✉r ❧❡ ❝❛❧❝✉❧ ❞✉ ❝♦✉♣❧❛❣❡ ❞❡ ❚❛t❡ ♣❛r ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ▼✐❧❧❡r

s✉r ❞❡✉① ♠♦❞è❧❡s ❞❡ ❏❛❝♦❜✐ ❞❡ ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s✳ ▲✬❡①é❝✉t✐♦♥ ❞❡ ❝❡t ❛❧❣♦r✐t❤♠❡ ♥é❝❡ss✐t❡ ✉♥❡

❢♦♥❝t✐♦♥ s♣é❝✐❛❧❡ ❛♣♣❡❧é❡ ❢♦♥❝t✐♦♥ ❞❡ ▼✐❧❧❡r q✉✐ ❡st ❞é❞✉✐t❡ ❞❡ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡

❧❛ ❧♦✐ ❞❡ ❣r♦✉♣❡✳ ❉❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ❛♣rès ❛✈♦✐r ♣rés❡♥té ❧❡s ❢♦r♠✉❧❡s ❞✬❛❞✲

❞✐t✐♦♥ ❡t ❧✬✐♥t❡r♣rét❛t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ❣r♦✉♣❡✱ ♥♦✉s ✉t✐❧✐s♦♥s ❝❡tt❡ ❞❡r♥✐èr❡ ♣♦✉r

❞ét❡r♠✐♥❡r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ▼✐❧❧❡r s✉r ❧❡s ✐♥t❡rs❡❝t✐♦♥s ❞❡s q✉❛❞r✐q✉❡s ❞❡ ❏❛❝♦❜✐✳ ❈❡ q✉✐ ♥♦✉s ♣❡r✲

♠❡t ❞❡ ❝❛❧❝✉❧❡r ♣♦✉r ❧❛ ♣ré♠✐èr❡ ❢♦✐s ❧❡ ❝♦✉♣❧❛❣❡ ❞❡ ❚❛t❡ s✉r ❝❡tt❡ ❝♦✉r❜❡✳ ◆♦✉s ❞é✜♥✐ss♦♥s ❡t

✉t✐❧✐s♦♥s ❧❛ t♦r❞✉❡ q✉❛❞r❛t✐q✉❡ ♣♦✉r ♦♣t✐♠✐s❡r ❧❡s ❝❛❧❝✉❧s✳ ▲❡s rés✉❧t❛ts ♦❜t❡♥✉s s♦♥t ❡✣❝❛❝❡s ❡t

❝♦♠♣ét✐t✐✈❡s ♣❛r r❛♣♣♦rt ❛✉① rés✉❧t❛ts s✉r ❧❡s ♠♦❞è❧❡s ❞❡ ❲❡✐❡rstr❛ss ♦✉ ❞✬❊❞✇❛r❞s ✭✈♦✐r ❚❛❜❧❡

✷✳✶✮✳ ❉❛♥s ❧❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♥♦✉s ✐♥t❡r❡ss♦♥s à ❧❛ q✉❛rt✐q✉❡ ❞❡ ❏❛❝♦❜✐

❞♦♥♥é❡ ♣❛r ❧✬❡q✉❛t✐♦♥ Y 2 = dX4 +Z4✳ ◆♦✉s ♣r♦♣♦s♦♥s ✉♥ ♥♦✉✈❡❛✉ s②stè♠❡ ❞❡s r❡♣rés❡♥t❛t✐♦♥

❞❡s ♣♦✐♥ts ♣♦✉r ♦❜t❡♥✐r ❞❡ ♥♦✉✈❡❧❧❡s ❢♦r♠✉❧❡s ❞✬❛❞❞✐t✐♦♥✳ ◆♦✉s ❞é✜♥✐ss♦♥s ❛✉ss✐ ❧❛ t♦r❞✉❡ ❞✬♦r✲

❞r❡ q✉❛tr❡ ❞❡ ❝❡tt❡ ❝♦✉r❜❡✳ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❡♥tr❡ ❧❡ ♠♦❞è❧❡ ❞❡ ❲❡✐❡rstr❛ss ❡t

❝❡tt❡ q✉❛rt✐q✉❡ ♣♦✉r ♦❜t❡♥✐r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ▼✐❧❧❡r ❛ss♦❝✐é❡✳ ❯♥❡ ✐♠♣❧é♠❡♥t❛t✐♦♥ ❛✈❡❝ ❧❡ ❧♦❣✐❝✐❡❧

❞❡ ❝❛❧❝✉❧ ❢♦r♠❡❧ ▼❛❣♠❛ ❡t ✉♥ ❡①❡♠♣❧❡ ❞❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ ❜✐❡♥ ❛❞❛♣té❡ ❛✉ ❝❛❧❝✉❧ ❞❡ ❝♦✉♣❧❛❣❡

♥♦✉s ♣❡r♠❡t ❞❡ ✈ér✐✜❡r ♥♦s rés✉❧t❛ts✱ q✉✐ ❝♦♥st✐t✉❡♥t ❞ès ❧♦rs ✉♥❡ ❛♠é❧✐♦r❛t✐♦♥ ❞❡ ❝❡✉① ♦❜t❡♥✉s

ré❝❡♠❡♥t s✉r ❧❛ ♠ê♠❡ ❝♦✉r❜❡ ❬✼✻❪ ❡t s♦♥t ♠❡✐❧❧❡✉rs✱ ❞❡ ❧✬♦r❞r❡ ❞❡ 26%✱ q✉❡ ❝❡✉① ♦❜t❡♥✉s s✉r ❧❡

♠♦❞è❧❡ ❞❡ ❲❡✐❡rstr❛ss ✭✈♦✐r t❛❜❧❡s ✷✳✹ ❡t ✷✳✺✮✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❘➱❙❯▼➱ ❊◆ ❋❘❆◆➬❆■❙ ✼

❈❤❛♣✐tr❡ ✸ ✿ ❈♦✉♣❧❛❣❡s ❆t❡ ❡t ❖♣t✐♠❛❧ ❆t❡ s✉r ❧❡s ❝♦✉r❜❡s ❞❡ ❏❛❝♦❜✐

▲❡ ❈❤❛♣✐tr❡ ✸ ❡st ✉♥ ❛rt✐❝❧❡ s♦✉♠✐s ❛✈❡❝ ◆❛❞✐❛ ❊❧ ▼r❛❜❡t ❡t ❙②❧✈❛✐♥ ❉✉q✉❡s♥❡ ❬✷✺❪✳ ❉❛♥s

❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ ❝❛❧❝✉❧ ❞❡s ✈❡rs✐♦♥s ♦♣t✐♠✐sé❡s ❞✉ ❝♦✉♣❧❛❣❡ ❆t❡ s✉r ❧❛

q✉❛rt✐q✉❡ s♣é❝✐❛❧❡ ❞❡ ❏❛❝♦❜✐ Y 2 = dX4 + Z4 à s❛✈♦✐r ✿ ❧❡ ❝♦✉♣❧❛❣❡ ❆t❡✱ ❧❡ ❝♦✉♣❧❛❣❡ ❆t❡ t♦r❞✉

❡t ❧❡ ❝♦✉♣❧❛❣❡ ❆t❡ ♦♣t✐♠❛❧✳ ❊♥ ❡✛❡t✱ ❞é♣✉✐s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ❜❛sé❡ s✉r ❧❡s

❝♦✉♣❧❛❣❡s✱ ❧✬❡✣❝❛❝✐té ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ▼✐❧❧❡r✱ é❧é♠❡♥t ❡ss❡♥t✐❡❧ ♣♦✉r ✉♥ ❝❛❧❝✉❧ ♣r❛t✐q✉❡ ❞✉

❝♦✉♣❧❛❣❡✱ ❛ été ❜❡❛✉❝♦✉♣ ❛♠é❧✐♦ré✳ ❯♥❡ ❞❡s ✈♦✐❡s ❞✬❛♠é❧✐♦r❛t✐♦♥ ét❛♥t ❧❛ ré❞✉❝t✐♦♥ ❞✉ ♥♦♠✲

❜r❡ ❞✬✐tér❛t✐♦♥s ❞❡ ❝❡t ❛❧❣♦r✐t❤♠❡✱ q✉✐ ❛ ❝♦♥❞✉✐t à ❞❡ ♥♦✉✈❡❛✉① ❝♦✉♣❧❛❣❡s t❡❧s q✉❡ ❧❡ ❝♦✉♣❧❛❣❡

❆t❡✱ ❧❡ ❝♦✉♣❧❛❣❡ ♦♣t✐♠❛❧ ♣♦✉✈❛♥t êt❡ ❝❛❧❝✉❧é ❡♥ ✉♥ ♥♦♠❜r❡ ♠✐♥✐♠❛❧ ❞✬✐tér❛t✐♦♥s✳ ❆♣rès ❛✈♦✐r

❞é❝r✐t ❝❡s ❞✐✛ér❡♥ts ❝♦✉♣❧❛❣❡s✱ ♥♦✉s r❡é❝r✐✈♦♥s ❧❡s ❢♦r♠✉❧❡s ❞✬❛❞❞✐t✐♦♥ ❡t ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ▼✐❧❧❡r

♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❝❡s ❝♦✉♣❧❛❣❡s s✉r ❧❛ q✉❛rt✐q✉❡ ❞❡ ❏❛❝♦❜✐ Y 2 = dX4 + Z4 ✳ ▲❡s rés✉❧t❛ts

♦❜t❡♥✉s s♦♥t ♠❡✐❧❧❡✉rs✱ ❞❡ ❧✬♦r❞r❡ ❞❡ 11%✱ q✉❡ ❝❡✉① s✉r ❧❡ ♠♦❞è❧❡ ❞❡ ❲❡✐❡rstr❛ss ❡t s♦♥t ❞és

❧♦rs ❧❡s ♠❡✐❧❧❡✉rs rés✉❧t❛ts à ♥♦s ❥♦✉rs✱ à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱ s✉r ❧❡s ❝♦✉r❜❡s ♣♦ssé❞❛♥t ❞❡s t♦r✲

❞✉s ❞✬♦r❞r❡ ✹ ✭✈♦✐r ❚❛❜❧❡ ✸✳✸✮✳ ◆♦✉s t❡r♠✐♥♦♥s ❧❡ ❝❤❛♣✐tr❡ ♣❛r ✉♥❡ ✐♠♣❧é♠❛t✐♦♥ ❛✈❡❝ ❧❡ ❧♦❣✐❝✐❡❧

▼❛❣♠❛✱ ❞❡ ❝❡s ❞✐✛ér❡♥ts ❝♦✉♣❧❛❣❡s✱ ❝❡ q✉✐ ♥♦✉s ♣❡r♠❡t ❡♥ ♠ê♠❡ t❡♠♣s ❞❡ ✈ér✐✜❡r ♥♦s ❢♦r♠✉❧❡s✳

❈❤❛♣✐tr❡ ✹ ✿ ◆♦✉✈❡❛✉ ♠♦❞è❧❡ ❞✬❊❞✇❛r❞s ❡♥ ❝❛r❛❝tér✐st✐q✉❡ q✉❡❧❝♦♥q✉❡

▲❡ ❈❤❛♣✐tr❡ ✹ ♣rés❡♥t❡ ✉♥ tr❛✈❛✐❧ ❝♦♠♠✉♥ ❛✈❡❝ ❖✉♠❛r ❉✐❛♦ ❞♦♥t ✉♥❡ ♣❛rt✐❡ ❡st ♣✉❜❧✐é❡

❞❛♥s ❬✷✹❪✳ ◆♦✉s ✉t✐❧✐s♦♥s ❧❛ t❤é♦r✐❡ ❞❡s ❢♦♥❝t✐♦♥s t❤êt❛ ♣♦✉r ♦❜t❡♥✐r ✉♥ ♥♦✉✈❡❛✉ ♠♦❞è❧❡ ❞✬❊❞✲

✇❛r❞s ❞❡ ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s✱ ❛✈❡❝ ❧❛ ♣❛rt✐❝✉❧❛r✐té ❞✬êtr❡ ❞é✜♥✐ ❡♥ t♦✉t❡s ❝❛r❛❝tér✐st✐q✉❡s✳ ❯♥

♠♦❞è❧❡ ✐♥t❡r♠é❞✐❛✐r❡✱ q✉❡ ♥♦✉s ❛♣♣❡❧❧♦♥s ❞❛♥s ❝❡tt❡ t❤ès❡ ♠♦❞è❧❡ t❤êt❛ ❞❡ ♥✐✈❡❛✉ ✹✱ ❡st ✉t✐❧✐sé✳

P♦✉r ❝❡❧❛✱ ♥♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❧❡s ♣ré♠✐èr❡s s❡❝t✐♦♥s ❞❡ ❝❡ ❝❤❛♣✐tr❡ ✉♥ r❛♣♣❡❧ s✉r ❧❡s ❝♦r♣s

p−❛❞✐❝ ✱ ❧❡s ❢♦♥❝t✐♦♥s t❤êt❛ ❡t ❧❡s r❡❧❛t✐♦♥s t❤êt❛ ❞❡ ❘✐❡♠❛♥♥✱ ♣✐❡rr❡s ❛♥❣✉❧❛✐r❡s ❞❡s rés✉❧t❛ts

♦❜t❡♥✉s ❞❛♥s ❧❛ s✉✐t❡✳ ◆♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ❞é✜♥✐r ❧❡ ♠♦❞è❧❡ t❤êt❛ ❞❡ ♥✐✈❡❛✉ ✹ ❛✐♥s✐ q✉❡ ❧❡s

❢♦r♠✉❧❡s ❞✬❛❞❞✐t✐♦♥ s✉r ❝❡tt❡ ❝♦✉r❜❡ ✭✈♦✐r ❉é✜♥✐t✐♦♥ ✸✹ ❡t ❚❤é♦rè♠❡ ✷✷✮✳ ❯♥❡ 2− ✐s♦❣é♥✐❡ à

❝❡ ♠♦❞è❧❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥ ♥♦✉✈❡❛✉ ♠♦❞è❧❡✱ ❞é✜♥✐ ❡♥ t♦✉t❡ ❝❛r❛❝tér✐st✐q✉❡ ❡t q✉✐ ét❡♥❞

❜✐❡♥ à ❧❛ ❝❛r❛❝tér✐st✐q✉❡ 2 ❧❡ ♠♦❞è❧❡ ♦r✐❣✐♥❛❧ ❞✬❊❞✇❛r❞s ❬✷✽❪ ✭✈♦✐r ❚❤é♦rè♠❡ ✷✼✮✳ ◆♦✉s ét✉✲

❞✐♦♥s ❧✬❛r✐t❤♠ét✐q✉❡ ❞❡ ❝❡s ❞❡✉① ❝♦✉r❜❡s ✭t❤é♦rè♠❡s ✷✷ ❡t ✸✸✮✳ ◆♦✉s ❞é♠♦♥tr♦♥s q✉❡ ❧❡s ❧♦✐s ❞❡

❣r♦✉♣❡✱ ♦❜t❡♥✉❡s ♣❛r ❧❡s r❡❧❛t✐♦♥s t❤êt❛ ❞❡ ❘✐❡♠❛♥♥ s♦♥t ❝♦♠♣❧èt❡s ❡t ✉♥✐✜é❡s ✭✈♦✐r ❚❤é♦rè♠❡

✷✺✮✳ ❇✐❡♥ q✉❡ ❧✬❛❞❞✐t✐♦♥ ❡♥ ❝❛r❛❝tér✐st✐q✐q✉❡ ✐♠♣❛✐r❡ ♥❡ s♦✐❡♥t ♣❛s ❝♦♠♣ét✐t✐✈❡✱ ❡❧❧❡ ❧✬❡st ❡♥

❝❛r❛❝tér✐st✐q✉❡ ✷ ✭❚❛❜❧❡ ✹✳✻✮✳ ❊♥ ♣❛rt✐❝✉❧✐❡r ❧✬❛❞❞✐t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s✉r ❧❛ ❧✐❣♥❡ ❞❡ ❑✉♠♠❡r ❞✉

♠♦❞è❧❡ t❤êt❛ ❞❡ ♥✐✈❡❛✉ ✹ ❡st ❡✣❝❛❝❡✱ ♥é❝❡ss✐t❡ 4m1 + 3s1 + 2mc✱ ❝❡ q✉✐ r❡♣rés❡♥t❡ à ♥♦s ❥♦✉rs

❧❛ ♠❡✐❧❧❡✉r❡ ❝♦♠♣❧❡①✐té ❡♥ ❛❞❞✐t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭❚❛❜❧❡ ✹✳✽✮✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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P❡rs♣❡❝t✐✈❡s ❞❡ r❡❝❤❡r❝❤❡

◗✉❡❧q✉❡s ✐❞é❡s à ❧✬✐ss✉❡ ❞❡ ❝❡tt❡ t❤ès❡ ♥♦✉s ✐♥s♣✐r❡♥t ♣♦✉r ❧❛ r❡❝❤❡r❝❤❡ ❢✉t✉r❡ ✿

✕ ▲✬❛♠é❧✐♦r❛t✐♦♥ ❞❡ ❧✬❛r✐t❤♠ét✐q✉❡ ❡t ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ▼✐❧❧❡r ♣♦✉r ❧❡ ❝❛❧❝✉❧

❞❡s ❝♦✉♣❧❛❣❡s ♣❡✉✈❡♥t êtr❡ ❞❡✈❡❧♦♣♣és s✉r ❧❡ ♠♦❞è❧❡ t❤êt❛ ❞❡ ♥✐✈❡❛✉ ✹ ❡t s✉r ❧❡ ♠♦❞è❧❡

❞✬❊❞✇❛r❞s ♣r♦♣♦sé✳

✕ ▲✉❜✐❝③ ❡t ❘♦❜❡rt ♦♥t ✉t✐❧✐sés très ré❝❡♠❡♥t ❧❡s ❢♦♥❝t✐♦♥s t❤êt❛ ♣♦✉r ❛♠é❧✐♦r❡r ❧❡ ❝❛❧❝✉❧

❞❡s ❝♦✉♣❧❛❣❡s ❡♥ ❝❛r❛❝tér✐st✐q✉❡ ✐♠♣❛✐r❡✳ ❈❡tt❡ ét✉❞❡ ❞é✈r❛✐t êtr❡ ❢❛✐t❡ ❡♥ ❝❛r❛❝tér✐st✐q✉❡

2 ❣râ❝❡ à ♥♦s rés✉❧t❛ts✳

P✉❜❧✐❝❛t✐♦♥s ✐ss✉❡s ❞❡ ❧❛ t❤ès❡

❆ ❧✬✐ss✉❡ ❞❡ ❝❡tt❡ t❤ès❡✱ ❞❡✉① ❛rt✐❝❧❡s s♦♥t ♣✉❜❧✐és ❡t ✉♥ ❛✉tr❡ s♦✉♠✐s ❞❛♥s ✉♥ ❥♦✉r♥❛❧✳

✶✳ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ ❏❛❝♦❜✐✬s ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✱ ❛✈❡❝ ❙②❧✈❛✐♥ ❉✉q✉❡s♥❡ ✿ P❛✐r✐♥❣✲

❇❛s❡❞ ❈r②♣t♦❣r❛♣❤②✱ P❛✐r✐♥❣ ✷✵✶✷ ✿ ▲◆❈❙✱ ❱♦❧✳✼✼✵✽✱ ❙♣r✐♥❣❡r✳ ♣♣✳ ✷✺✹✲✷✻✾ ✭✷✵✶✷✮✳

✷✳ ❊✣❝✐❡♥t ♣❛✐r✐♥❣s ❝♦♠♣✉t❛t✐♦♥ ♦♥ ❏❛❝♦❜✐ q✉❛rt✐❝ ❡❧❧✐♣t✐❝ ❝✉r✈❡✱ ✇✐t❤ ❙②❧✈❛✐♥ ❉✉q✉❡s♥❡

❛♥❞ ◆❛❞✐❛ ❊❧ ▼r❛❜❡t ✭s♦✉♠✐s✮✱ ❛✈❛✐❧❛❜❧❡ ♦♥ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❆ss♦❝✐❛t✐♦♥ ♦❢ ❈r②♣t♦❧♦❣②

❘❡s❡❛r❝❤ ✇❡❜✬s ♣❛❣❡ ✿❡♣r✐♥t✳✐❛❝r✳♦r❣✴✷✵✶✸✴✺✾✼✳♣❞❢

✸✳ ❆r✐t❤♠❡t✐❝ ♦❢ t❤❡ ▲❡✈❡❧ ❋♦✉r t❤❡t❛ ♠♦❞❡❧ ♦❢ ❡❧❧✐t✐❝ ❝✉r✈❡s✱ ❛✈❡❝ ❖✉♠❛r ❉✐❛♦ ✭❆❝❝❡♣té ♣♦✉r

♣✉❜❧✐❝❛t✐♦♥ à ❆❢r✐❦❛ ▼❛t❤❡♠❛t✐❝❛✱ ✭❉❖■✮ ✶✵✳✶✵✵✼✴s✶✸✸✼✵✲✵✶✸✲✵✷✵✸✲✶ ✭❙♣r✐♥❣❡r✮✮

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❈❤❛♣✐tr❡ ❯◆

❘❡✈✐❡✇ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❛♥❞

♣❛✐r✐♥❣s

■♥ t❤✐s ❝❤❛♣t❡r✱ K ❞❡♥♦t❡ ❛ ✜❡❧❞ ❛♥❞ t❤❡ ❛❧❣❡❜r❛✐❝ ❝❧♦s✉r❡ ✐s ❞❡♥♦t❡❞ K✳ ❚❤❡ ❛✣♥❡ s♣❛❝❡ ♦❢

❞✐♠❡♥s✐♦♥ n ♦✈❡r K ✐s t❤❡ s❡t ♦❢ n✲t✉♣❧❡s

An = An(K) = {(x1, x2, ......., xn); xi ∈ K, i = 1, ..., n}

❚❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ n ❞❡♥♦t❡❞ Pn ✐s

Pn(K) = An+1(K)� ∼

✇❤❡r❡ ∼ ✐s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ❞❡✜♥❡❞ ♦♥ An+1(K)�(0, 0, ......., 0) ❜②

(X0, ...., Xn) ∼ (Y0, ...., Yn)

✐❢ t❤❡r❡ ❡①✐sts λ ∈ K
∗

✇✐t❤Xi = λYi ❢♦r ❛❧❧ i = 0, 1, ....., n✳ ❆♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss {(λX0, ...., λXn)}
✐s ❞❡♥♦t❡❞ [X0 : .... : Xn] ❛♥❞X0, ...., Xn ❛r❡ ❝❛❧❧❡❞ ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✲

✐♥❣ ♣♦✐♥ts ✐♥ Pn✳ ❚❤❡ s❡t ♦❢ K✲r❛t✐♦♥❛❧ ♣♦✐♥ts ✐♥ Pn ✐s t❤❡ s❡t Pn(K) = {[X0 : .... : Xn];Xi ∈ K}✳
❚❤❡ s❡t ♦❢ ♣r♦❥❡❝t✐✈❡ ♣♦✐♥ts {[X0 : .... : Xn];Xi ∈ K, i = 0, ..., n − 1;Xn = 0} ✐s ❝❛❧❧❡❞ t❤❡ ❧✐♥❡

❛t ✐♥✜♥✐t②✳

❚❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts st❛t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❜♦♦❦s ❬✼✼❪✱❬✼✵❪✱❬✶✵❪✱❬✹✹❪✱❬✷❪

❛♥❞ ❬✸✽❪✳

✶✳✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s

✶✳✶✳✶ ●❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥s

❉❡✜♥✐t✐♦♥ ✶✳ ❆♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r ❛ ✜❡❧❞ K ✐s ❛ ♣❛✐r (E,P∞) ✇❤❡r❡ E ✐s ❛ s♠♦♦t❤ ❝✉r✈❡ ♦❢

❣❡♥✉s ♦♥❡ ✐♥ t❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ ❛♥❞ P∞ ✐s ❛ r❛t✐♦♥❛❧ ♣♦✐♥t✳ ■♥ t❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ P2(K) =

{[X : Y : Z];X, Y, Z ∈ K}✱ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐s ✉s✉❛❧❧② ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥

E : Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3 ✇✐t❤ ai ∈ K, i = 1, 2, 3, 4, 6.✭✶✳✶✮

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✶✳✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✶✵

❚❤❡ s♠♦♦t❤♥❡ss ♦❢ t❤❡ ❝✉r✈❡ ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦ ♣♦✐♥ts ♦♥ t❤❡ ❝✉r✈❡ t❤❛t s❛t✐s✜❡s t❤❡ ♣❛rt✐❛❧

❞❡r✐✈❛t✐✈❡ ❡q✉❛t✐♦♥s ✿

a1Y Z − 3X2 − 2a2XZ − a4Z2 = 0

2Y Z + a1XZ + a3Z
2 = 0

Y 2 + a1XY + 2a3Y Z − a2X2 − 2a4XZ − 3a6Z
2 = 0

❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♣♦✐♥t ✇❤✐❝❤ ❧✐❡s ♦♥ t❤❡ ❧✐♥❡ ❛t ✐♥✜♥✐t② ❛♥❞ ♦♥ t❤❡ ❝✉r✈❡ E✳ ❚❤✐s ♣♦✐♥t ✐s

[0 : 1 : 0] ❛♥❞ ✐s ❝❛❧❧❡❞ t❤❡ ♣♦✐♥t ❛t ✐♥✜♥✐t②✳ ❚❤❡ ❡q✉❛t✐♦♥ ✶✳✶ ✐s ❝❛❧❧❡❞ t❤❡ ❲❡✐❡rstr❛ss ❡q✉❛t✐♦♥

♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳ ❊✈❡r② ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❲❡✐❡rstr❛ss ❢♦r♠✱ ❛♥❞ ❝♦♥✈❡rs❡❧②✱

❡✈❡r② s♠♦♦t❤ ❲❡✐❡rstr❛ss ♣❧❛♥❡ ❝✉❜✐❝ ❝✉r✈❡ ✐s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❬✼✵❪✳

❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t L ❜❡ ❛♥ ❡①t❡♥s✐♦♥ ✜❡❧❞ ♦❢ K✳ ❚❤❡♥ t❤❡ s❡t ♦❢ L✲r❛t✐♦♥❛❧ ♣♦✐♥ts ♦♥ t❤❡ ❝✉r✈❡

E✱ ❞❡♥♦t❡❞ E(L)✱ ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ s❡t ♦❢ ♣♦✐♥ts ♦❢ t❤❡ ❝✉r✈❡ E ✇✐t❤ ❝♦♦r❞✐♥❛t❡s ✐♥ L✳

❚❤❡ ❛✣♥❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳ ❆♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ♦✈❡r ❛ ✜❡❧❞ K ✐s t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥ ✐♥ A2(K) ♦❢ t❤❡ ❡q✉❛t✐♦♥

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6,✇✐t❤ (a1, a2, a3, a4, a6) ∈ K5

t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣♦✐♥t ❛t ✐♥✜♥✐t② [0 : 1 : 0] ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ∆E 6= 0 ✇❤❡r❡ ∆E = −d22d8−8d34−
27d26+9d2d4d6 ✇✐t❤ d2 = a21+4a2, d4 = 2a4+a1, d6 = a23+4a6, d8 = a21a6+4a2a6−a1a3a4+a2a23−a24
❚❤❡ q✉❛♥t✐t② ∆E ✐s ❝❛❧❧❡❞ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ E ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ∆E 6= 0 ❡♥s✉r❡s t❤❛t t❤❡

❝✉r✈❡ E ✐s s♠♦♦t❤✳

❋r♦♠ ♥♦✇ ♦♥✱ E(K) ❞❡♥♦t❡❞ t❤❡ s❡t ♦❢ K✲r❛t✐♦♥❛❧ ♣♦✐♥ts ♦❢ E t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣♦✐♥t ❛t

✐♥✜♥✐t② t❤❛t ✇❡ ❞❡♥♦t❡ P0✳

✶✳✶✳✷ ❋✉♥❝t✐♦♥ ✜❡❧❞✱ ❞✐✈✐s♦rs ❛♥❞ P✐❝❛r❞ ❣r♦✉♣ ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡

❋✉♥❝t✐♦♥ ✜❡❧❞ ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡

❉❡✜♥✐t✐♦♥ ✹✳ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r K ❛♥❞ ❧❡t y2 + a1xy+ a3y = x3 + a2x
2 +

a4x+ a6 ❜❡ ✐ts ❛✣♥❡ ❡q✉❛t✐♦♥✳ ▲❡t F (x, y) = y2 + a1xy + a3y − x3 − a2x2 − a4x− a6 ∈ K[x, y]✳

✶✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡ r✐♥❣ K[E] ♦❢ E ♦✈❡r K ✐s t❤❡ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ K[E] = K[x, y]/(F (x, y))

s✐♥❝❡ F (x, y) ✐s ❛❜s♦❧✉t❡❧② ✐rr❡❞✉❝✐❜❧❡ ✐♥ K[x, y]✳ ❙✐♠✐❧❛r❧② ✇❡ ❞❡✜♥❡ K[E] = K[x, y]/(F (x, y))✱

t❤❡ ❝♦♦r❞✐♥❛t❡ r✐♥❣ ♦❢ E ♦✈❡r K✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ K[E] ❛r❡ ❝❛❧❧❡❞ r❡❣✉❧❛r ❢✉♥❝t✐♦♥s✳

✷✳ ❚❤❡ ❢✉♥❝t✐♦♥ ✜❡❧❞ K(E) ♦❢ E ♦✈❡r K ✐s t❤❡ ❢r❛❝t✐♦♥ ✜❡❧❞ ♦❢ K[E]✳ ❙✐♠✐❧❛r❧② ✇❡ ❞❡✜♥❡

K(E)✱ t❤❡ ❢✉♥❝t✐♦♥ ✜❡❧❞ ♦❢ E ♦✈❡r K✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ K(E) ❛r❡ ❝❛❧❧❡❞ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✶✳✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✶✶

❉✐✈✐s♦rs ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s

❉❡✜♥✐t✐♦♥ ✺✳ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r K✳ ❋♦r ❡❛❝❤ ♣♦✐♥t P ∈ E(K)✱ ❞❡✜♥❡ ❛

❢♦r♠❛❧ s②♠❜♦❧ (P )✳ ❆ ❞✐✈✐s♦r ✐s ❛ ❢♦r♠❛❧ s✉♠ ♦❢ s✉❝❤ s②♠❜♦❧s ✿ D =
∑

P∈E(K)

aP (P ) ✇❤❡r❡ aP ∈ Z

❛♥❞ ❛❧❧ ❜✉t ✜♥✐t❡❧② ♠❛♥② aP ❛r❡ ③❡r♦✳

❉❡✜♥✐t✐♦♥ ✻✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✈✐s♦r D =
∑

P∈E(K)

aP (P )✳

✶✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ D ✐s t❤❡ s✉♠ ♦❢ ✐ts ❝♦❡✣❝✐❡♥ts✱ deg(D) =
∑

P∈E(K)

aP ✳

✷✳ ❚❤❡ s✉♣♣♦rt ♦❢ D ✐s t❤❡ s❡t supp(D) = {P ∈ E(K) : aP 6= 0}✳
✸✳ ▲❡t σ ❜❡ ❛ ●❛❧♦✐s ❛✉t♦♠♦r♣❤✐s♠ ♦❢ K✳ ❇② ❞❡✜♥✐t✐♦♥ Dσ =

∑
P∈E(K)

aP (σ(P ))✳

✹✳ ❚❤❡ ❞✐✈✐s♦r D ✐s ❞❡✜♥❡❞ ♦✈❡r K ✐❢ Dσ = D ❢♦r ❛❧❧ ●❛❧♦✐s ❛✉t♦♠♦r♣❤✐s♠ σ ♦❢ K✳

❚❤❡ s❡t Div(E) ♦❢ ❞✐✈✐s♦rs ♦♥ E(K) ❢♦r♠s ❛ ❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ✇❤❡r❡ t❤❡ ❛❞❞✐t✐♦♥ + ✐s

❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿ ▲❡t D =
∑

P∈E(K)

aP (P ) ❛♥❞ D =
∑

P∈E(K)

bP (P ) ❜❡ t✇♦ ❞✐✈✐s♦rs t❤❡♥

D +D′ =
∑

P∈E(K)

(aP + bP )(P )

❉✐✈✐s♦rs ♦❢ ❢✉♥❝t✐♦♥s

▲❡t f ∈ K(E) ❛♥❞ P ∈ E(K)✳ ❚❤❡ ❢✉♥❝t✐♦♥ f ✐s s❛✐❞ t♦ ❤❛✈❡ ❛ ③❡r♦ ❛t P ✐❢ ✐t t❛❦❡s t❤❡

✈❛❧✉❡ 0 ❛t P ✱ ❛♥❞ ✐t ❤❛s ❛ ♣♦❧❡ ❛t P ✐❢ ✐t t❛❦❡s t❤❡ ✈❛❧✉❡ ∞ ❛t P ✳ ■♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ♦r❞❡r

♦❢ t❤❡ ♣♦❧❡ ♦r t❤❡ ③❡r♦ ♦❢ f ✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ ❬✼✵✱ P❛❣❡ ✷✷❪ t❤❛t t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ uP ✱ ❝❛❧❧❡❞ ❛

✉♥✐❢♦r♠✐③❡r ❛t P ✱ ✇✐t❤ u(P ) = 0 ❛♥❞ s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

f = urP g, ✇✐t❤ r ∈ Z ❛♥❞ g(P ) 6= 0,∞.

❉❡✜♥❡ t❤❡ ♦r❞❡r ♦❢ f ❛t P ❜② ordP (f) = r✳ ❖♥ ❝❛♥ s❤♦✇ t❤❛t ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f ∈ K(E)✱ t❤❡r❡

✐s ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ♣♦✐♥ts ♦❢ E ✇❤❡r❡ f ❤❛s ❛ ♣♦❧❡ ♦r ❛ ③❡r♦✳ ❋✉rt❤❡r✱ ✐❢ f ❤❛s ♥♦ ③❡r♦ ♦r

♣♦❧❡ t❤❡♥ f ✐s ❛ ♥♦♥ ③❡r♦ ❝♦♥st❛♥t ❬✸✾✱ ❙❡❝t✐♦♥ ✷❪✳ ❚❤❡s❡ ❝♦♠♠❡♥ts ♠❛❦❡ s❡♥s❡ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✼✳ ✭❉✐✈✐s♦r ♦❢ ❢✉♥❝t✐♦♥✮ ▲❡t f ❜❡ ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ♦♥ E✱ t❤❡♥ t❤❡ ❞✐✈✐s♦r ♦❢

f ✐s Div(f) =
∑

P∈E(K)

ordP (f)(P ) ✇❤❡r❡ ordP (f) ✐s t❤❡ ♦r❞❡r ♦❢ t❤❡ ③❡r♦ ♦r t❤❡ ♣♦❧❡ ♦❢ f ❛t P ✳

■❢ f ❤❛s ♥♦ ③❡r♦ ♦r ♣♦❧❡ ❛t P ✱ t❤❡♥ Div(f) = 0✱ t❤❡ ♥✉❧❧ ❞✐✈✐s♦r✳

❆♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ ❞✐✈✐s♦rs ♦❢ ❢✉♥❝t✐♦♥s ✐s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✿

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✶✳✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✶✷

Pr♦♣♦s✐t✐♦♥ ✶✳ ❬✶✵✱ ❙❡❝t✐♦♥ ■❳✳✷❪ ▲❡t f ❛♥❞ g ❜❡ t✇♦ r❛t✐♦♥❛❧s ❢✉♥❝t✐♦♥s✳ ❚❤❡♥

✶✳ Div(f × g) = Div(f) + Div(g)

✷✳ Div(f
g
) = Div(f)−Div(g)

❉❡✜♥✐t✐♦♥ ✽✳ ❆ ❞✐✈✐s♦r D ✐s ❝❛❧❧❡❞ ❛ ♣r✐♥❝✐♣❛❧ ❞✐✈✐s♦r ✐❢ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ f ∈ K(E)

s✉❝❤ t❤❛t D = Div(f)✳ ❚✇♦ ❞✐✈✐s♦rs D1 ❛♥❞ D2 ❛r❡ s❛✐❞ ❧✐♥❡❛r❧② ❡q✉✐✈❛❧❡♥t✱ ❞❡♥♦t❡❞ D1 ∼ D2✱

✐❢ D1 −D2 ✐s ❛ ♣r✐♥❝✐♣❛❧ ❞✐✈✐s♦r✳ ❚❤❡ ❞✐✈✐s♦r ❝❧❛ss ❣r♦✉♣✭♦r P✐❝❛r❞ ❣r♦✉♣✮ ♦❢ E✱ ❞❡♥♦t❡❞

Pic(E) ✐s t❤❡ q✉♦t✐❡♥t ♦❢ Div(E) ♦❢ ❞✐✈✐s♦rs ♦♥ E ❜② t❤❡ s✉❜❣r♦✉♣ Princ(E) ♦❢ ♣r✐♥❝✐♣❛❧ ❞✐✈✐s♦rs

♦♥ E✳

❚❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❞✐✈✐s♦r ♦❢ ❛ ❢✉♥❝t✐♦♥ ✐s ❛❧✇❛②s 0 ❬✸✾✱ ❙❡❝t✐♦♥ ✷❪✳ ■t ❢♦❧❧♦✇s t❤❛t Princ(E)

✐s ❛ s✉❜❣r♦✉♣ ♦❢ Div0(E)✱ t❤❡ s❡t ♦❢ ③❡r♦✬s ❞❡❣r❡❡ ❞✐✈✐s♦rs✳ ❚❤❡ s✉❜s❡t Pic0(E) ✐s t❤❡ q✉♦t✐❡♥t

♦❢ Div0(E) ❜② t❤❡ s✉❜❣r♦✉♣ Princ(E)✳ ❲❡ ❞❡♥♦t❡ Pic0K(E) t❤❡ s✉❜❣r♦✉♣ ♦❢ Pic0(E) ✐♥✈❛r✐❛♥t

✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ ❛♥② ●❛❧♦✐s ❛✉t♦♠♦r♣❤✐s♠ ♦❢ K✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❡♥❛❜❧❡s t♦ ❞❡✜♥❡

❛ ❣r♦✉♣ str✉❝t✉r❡ ✐♥ E(K)✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❬✼✵✱ P❛❣❡ ✻✻❪ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r K✳

✶✳ ❋♦r t✇♦ ❛r❜✐tr❛r② ♣♦✐♥ts P ❛♥❞ Q ♦❢ E✱ (P ) ∼ (Q) ✐✛ P = Q✳

✷✳ ❋♦r ❛♥② ❞✐✈✐s♦r D ∈ Div0K(E)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣♦✐♥t P ♦❢ E s✉❝❤ t❤❛t D ∼ (P )−(P0)✳

▲❡t σ : Div0K(E)→ E(K) t❤❡ ♠❛♣ ❣✐✈❡♥ ❜② t❤✐s ❛ss♦❝✐❛t✐♦♥✳

✸✳ σ ✐s s✉r❥❡❝t✐✈❡✳

✹✳ ▲❡t D1, D2 ∈ Div0K(E)✳ ❚❤❡♥ σ(D1) = σ(D2) ✐✛ D1 ∼ D2✳ ❚❤✉s σ ✐♥❞✉❝❡s ❛ ❜✐❥❡❝t✐♦♥ ✿

Pic0K(E) ≃ E(K)

■t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤✐s ♣r♦♣♦s✐t✐♦♥ t❤❛t ♦♥❡ ❝❛♥ ❞❡✜♥❡ ❛ ❣r♦✉♣ ❧❛✇ ♦♥ t❤❡ s❡t

E(K) ♦❢ r❛t✐♦♥❛❧ ♣♦✐♥ts ♦❢ E✱ ✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❣r♦✉♣ ❧❛✇ ✐♥❞✉❝❡❞ ❢r♦♠ Pic0K(E) ❜② ✉s✐♥❣ σ✳

●r♦✉♣ ❧❛✇

❚❤❡ ❣r♦✉♣ ❧❛✇ ✐♥ E(K) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❤❡ s❡t ♦❢ r❡❛❧ ♥✉♠❜❡rs

R ✿ ●✐✈❡♥ t❤❡ ♣♦✐♥ts P ❛♥❞ Q✱ ❞r❛✇ t❤❡ ❧✐♥❡ t❤r♦✉❣❤ P ❛♥❞ Q ✭❞r❛✇ t❤❡ t❛♥❣❡♥t t♦ t❤❡ ❡❧❧✐♣t✐❝

❝✉r✈❡ ❛t P ✐❢ P = Q✮✳ ❚❤✐s ❧✐♥❡ ✐♥t❡rs❡❝ts t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❛t ❛ t❤✐r❞ ♣♦✐♥t✳ ❚❤❡♥ t❤❡ s✉♠ R

♦❢ P ❛♥❞ Q ✐s t❤❡ r❡✢❡❝t✐♦♥ ♦❢ t❤✐s ♣♦✐♥t ❛❜♦✉t t❤❡ x✲❛①✐s✳ ❚❤✐s ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✳

❊①♣❧✐❝✐t ❢♦r♠✉❧❛s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✿

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✶✳✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✶✸

❋✐❣✉r❡ ✶✳✶ ✕ ❆❞❞✐t✐♦♥ ❛♥❞ ❞♦✉❜❧✐♥❣ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♣♦✐♥ts ✐♥ t❤❡ s❡t ♦❢ r❡❛❧ ♥✉♠❜❡rs R✳

❚❤❡♦r❡♠ ✶✳ ❚❤❡ s❡t E(K) ✐s ❛♥ ❛❜❡❧✐❛♥ ❣r♦✉♣ ✉♥❞❡r t❤❡ ❛❞❞✐t✐♦♥ + ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

✕ ▲❡t P = (x1, y1) ∈ E(K)✳ ❚❤❡♥

P + P0 = P0 + P = P❛♥❞− P = (x1,−y1 − a1x1 − a3)

✕ ▲❡t P = (x1, y1) ❛♥❞ Q = (x2, y2) ❜❡ t✇♦ ❡❧❡♠❡♥ts ♦❢ E(K)✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ R =

(x3, y3) = (x1, y1) + (x2, y2) ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

✕ ■❢ P = −Q t❤❡♥ P +Q = P0 ❡❧s❡

✕ ❚❤❡ ❝♦♦r❞✐♥❛t❡s (x3, y3) ♦❢ t❤❡ ♣♦✐♥t R = P +Q ❛r❡ ✿{
x3 = λ2 + a1λ− a2 − x1 − x2,
y3 = −(λ+ a1)x3 − ν − a3,

✇✐t❤

λ =

{
(y2 − y1)/(x2 − x1) ✐❢ P1 6= P2,

(3x21 + 2a2x1 + a4 − a1y1)/(2y1 + a1x1 + a3) ✐❢ P1 = P2.
❛♥❞

ν = y1 − λx1

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✷✱ ✇❡ ❤❛✈❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ❛ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢

❞✐✈✐s♦rs ♦❢ ❢✉♥❝t✐♦♥s✳

❚❤❡♦r❡♠ ✷✳ ❬✼✵✱ ❈♦r♦❧❧❛r② ✸✳✺✱ P❛❣❡ ✻✼❪ ❆ ❞✐✈✐s♦r D ✐s ❛ ♣r✐♥❝✐♣❛❧ ❞✐✈✐s♦r ✐❢ ❛♥❞ ♦♥❧② ✐❢

deg(D) = 0 ❛♥❞
∑

P∈E(K)

aPP = P∞

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✶✳✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✶✹

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ s❡❝t✐♦♥ ✶✳✸✳

❚❤❡♦r❡♠ ✸✳ ❲❡✐❧ ❘❡❝✐♣r♦❝✐t② ❬✼✼✱ ▲❡♠♠❛ ✶✶✳✶✶❪ ❈♦♥s✐❞❡r t❤❡ ❞✐✈✐s♦r D =
∑

P∈E(K)

aP (P )✳ ❚❤❡

✐♠❛❣❡ ❜② f ♦❢ D ✐s ❞❡✜♥❡❞ ❛s f(D) =
∏

P∈E(K)

f(P )aP ✳

❙✉♣♣♦s❡ t❤❛t D ✐s ❛ ♣r✐♥❝✐♣❛❧ ❞✐✈✐s♦r✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ g s✉❝❤ t❤❛t D = Div(g)✳

■❢ t❤❡ s✉♣♣♦rts ♦❢ Div(g) ❛♥❞ Div(f) ❛r❡ ❞✐s❥♦✐♥t✱ t❤❡♥ ✇❡ ❤❛✈❡ f(Div(g)) = g(Div(f))✳ ❚❤✐s

❡q✉❛❧✐t② ✐s ❝❛❧❧❡❞ ❲❡✐❧ r❡❝✐♣r♦❝✐t② ✳

✶✳✶✳✸ ❊❧❧✐♣t✐❝ ❝✉r✈❡s ♦✈❡r ✜♥✐t❡ ✜❡❧❞s

❲❡ ❝♦♥s✐❞❡r t❤❡ ✜♥✐t❡ ✜❡❧❞ K = Fq✳ ❙✐♥❝❡ t❤❡ ❲❡✐❡rstr❛ss ❡q✉❛t✐♦♥ ❤❛s ❛t ♠♦st t✇♦ s♦❧✉t✐♦♥s

❢♦r ❡❛❝❤ x ∈ Fq✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ♯E(Fq) ✐s ✜♥✐t❡ ❛♥❞ ♯E(Fq) ∈ [1, 2q + 1]✳ ■♥ ❝r②♣t♦❣r❛♣❤②✱

✐t ✐s ✐♠♣♦rt❛♥t t♦ ❦♥♦✇ t❤❡ ♦r❞❡r ♦❢ t❤✐s ❣r♦✉♣✳ ❍❛ss❡✬s t❤❡♦r❡♠ ♣r♦✈✐❞❡s t✐❣❤t❡r ❜♦✉♥❞s ❢♦r

♯E(Fq)✳

❚❤❡♦r❡♠ ✹✳ ✭❍❛ss❡✮❬✼✼✱ ❚❤❡♦r❡♠ ✹✳✷❪ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✳

❚❤❡♥

q + 1− 2
√
q ≤ ♯E(Fq) ≤ q + 1 + 2

√
q

❚❤❡ str✉❝t✉r❡ ♦❢ t❤✐s ❣r♦✉♣ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✺✳ ❬✸✽✱ ❚❤❡♦r❡♠ ✸✳✶✷❪ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✱ t❤❡♥

t❤❡r❡ ❡①✐sts t✇♦ ✐♥t❡❣❡rs d1 ❛♥❞ d2 s✉❝❤ t❤❛t

E(Fq) ≃ Z/d1Z⊕ Z/d2Z, d1|d2
❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣♦s✐t✐♦♥s ❡♥❛❜❧❡ ✐♥ s♦♠❡ ❝❛s❡s t♦ ❞❡t❡r♠✐♥❡ ♯E(Fq)✳

❚❤❡♦r❡♠ ✻✳ ❬✼✼✱ ❚❤❡♦r❡♠ ✹✳✶✷❪ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✳ ❙✉♣♣♦s❡

t❤❛t ♦♥❡ ❦♥♦✇s t❤❛t ♯E(Fq) = q + 1− a✳ ❚❤❡♥

∀n ≥ 1✱ ♯E(Fqn) = qn + 1− Sn

✇❤❡r❡ (Sn) ✐s t❤❡ s❡q✉❡♥❝❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿ S0 = 2✱ S1 = a ❡t Sn+1 = aSn − qSn−1✳

❚❤❡♦r❡♠ ✼✳ ❬✼✼✱ ❚❤❡♦r❡♠ ✹✳✶✹❪ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✳ ❚❤❡♥

♯E(Fq) = q + 1 +
∑
x∈Fq

(
x3 + Ax+B

Fq

)

✇❤❡r❡

(
x

Fq

)
=





1 ✐❢ t2 = x ❤❛s ❛ s♦❧✉t✐♦♥ t ∈ F∗
q

−1 ✐❢ t2 = x ❞♦❡s♥✬t ❤❛✈❡ ❛ s♦❧✉t✐♦♥ t ∈ F∗
q

0 ✐❢ x = 0

✐s t❤❡ ❣❡♥❡r❛❧✐s❡❞ ▲❡❣❡♥❞r❡ s②♠❜♦❧✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✶✳✷ ▼♦r♣❤✐s♠s ❛♥❞ t✇✐sts ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✶✺

✶✳✶✳✹ ❚♦rs✐♦♥ ♣♦✐♥ts

❚❤❡ ♣♦✐♥ts ♦❢ ✜♥✐t❡ ♦r❞❡r ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❝r②♣t♦❣r❛♣❤②✳ ❲❡ ❣✐✈❡ t❤❡

❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❣r♦✉♣ ♦❢ t♦rs✐♦♥ ♣♦✐♥ts✳

❉❡✜♥✐t✐♦♥ ✾✳ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✱ n ✐s ❛ ♥♦♥ ③❡r♦ ✐♥t❡❣❡r✳

❚❤❡ s❡t

E(Fq)[n] = {P ∈ E(Fq) : nP = P0}

✐s t❤❡ s❡t ♦❢ n−t♦rs✐♦♥ ♣♦✐♥ts✳ ❚❤❛t ✐s t❤❡ s❡t ♦❢ ♣♦✐♥ts ♦❢ ♦r❞❡r n ✇✐t❤ ❝♦♦r❞✐♥❛t❡s ✐♥ Fq.

E(Fq)[n] ✐s ❛ s✉❜❣r♦✉♣ ♦❢ E(Fq) s✐♥❝❡ ✐t ✐s t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ♠♦r♣❤✐s♠ P 7→ nP ✱ s❡❡ s❡❝t✐♦♥

✶✳✷ ❢♦r ♠♦r♣❤✐s♠s ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳ ❙♦♠❡t✐♠❡s ✇❡ ✇✐❧❧ ✇r✐t❡ E[n] ✐♥st❡❛❞ ♦❢ E(Fq)[n] t♦ s✐♠♣❧✐❢②

♥♦t❛t✐♦♥s✳ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤✐s ❣r♦✉♣ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✽✳ ❬✼✼✱ ❚❤❡♦r❡♠ ✸✳✷❪ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq ❛♥❞ n

❜❡ ❛ ♥♦♥ ③❡r♦ ✐♥t❡❣❡r✳

✶✳ ■❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ p ✐s 0 ♦r ❞♦❡s ♥♦t ❞✐✈✐❞❡ n✱ t❤❡♥

E[n] ⋍ Z/nZ⊕ Z/nZ

✷✳ ■❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ p ❞✐✈✐❞❡s n ✱ t❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ n = prn′ ✇✐t❤ p ∤ n′ ❢♦r ❛ ❝❡rt❛✐♥ n′✳

❚❤❡♥

E[n] ⋍ Z/n′Z⊕ Z/n′Z ♦r E[n] ⋍ Z/nZ⊕ Z/n′Z

❉❡✜♥✐t✐♦♥ ✶✵✳ ❆♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ❞❡✜♥❡❞ ♦✈❡r ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p✱ ✐s ❝❛❧❧❡❞ ♦r❞✐♥❛r②

✐❢ E[p] ≃ Z/pZ✳ ■t ✐s ❝❛❧❧❡❞ s✉♣❡rs✐♥❣✉❧❛r ✐❢ E[p] ≃ {P0}✳

❉❡✜♥✐t✐♦♥ ✶✶✳ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✳ ▲❡t r ❜❡ ❛ ♣r✐♠❡ ✐♥t❡❣❡r

❞✐✈✐❞✐♥❣ ♯E(Fq)✳ ❚❤❡ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ ♦❢ E ✇✐t❤ r❡s♣❡❝t t♦ r ✐s t❤❡ s♠❛❧❧❡st ✐♥t❡❣❡r k s✉❝❤ t❤❛t

r ❞✐✈✐❞❡s qk − 1✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ s❤♦✇s t❤❛t t❤❡ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ s♣❡❝✐✜❡s t❤❡ ♠✐♥✐♠❛❧ ❡①t❡♥s✐♦♥

✜❡❧❞ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ t♦rs✐♦♥ ♣♦✐♥ts✳

❚❤❡♦r❡♠ ✾✳ ✭❇❛❧❛s✉❜r❛♠❛♥✐❛♥ ❛♥❞ ❑♦❜❧✐t③ ❬✸❪✮ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡

✜❡❧❞ Fq✳ ▲❡t r ❜❡ ❛ ♣r✐♠❡ ✐♥t❡❣❡r ❞✐✈✐❞✐♥❣ ♯E(Fq)✳ ❙✉♣♣♦s❡ t❤❛t r ❞♦❡s ♥♦t ❞✐✈✐❞❡ q− 1 ❛♥❞ t❤❛t

gcd(r, q) = 1✳ ❚❤❡♥ E(Fq)[r] ⊂ E(Fqk) ✐❢ ❛♥❞ ♦♥❧② ✐❢ r ❞✐✈✐❞❡s qk − 1✳

✶✳✷ ▼♦r♣❤✐s♠s ❛♥❞ t✇✐sts ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ ♠♦r♣❤✐s♠s ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❛♥❞ ❡s♣❡❝✐❛❧❧② t❤❡ ♥♦t✐♦♥ ♦❢ t✇✐sts ♦❢

❡❧❧✐♣t✐❝ ❝✉r✈❡s✳ ❚❤❡ ❜♦♦❦ ♦❢ ❙✐❧✈❡r♠❛♥♥ ✐s ❛ ❣♦♦❞ r❡❢❡r❡♥❝❡ ❬✼✵❪✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✶✳✷ ▼♦r♣❤✐s♠s ❛♥❞ t✇✐sts ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✶✻

✶✳✷✳✶ ▼♦r♣❤✐s♠s ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s

▲❡t E1 ❛♥❞ E2 ❜❡ t✇♦ ❛✣♥❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❞❡✜♥❡❞ ♦✈❡r ❛ ✜❡❧❞ K✳

✶✳ ❆ r❛t✐♦♥❛❧ ♠❛♣ ❢r♦♠ E1 t♦ E2 ✐s ❛ ♠❛♣ ♦❢ t❤❡ ❢♦r♠ φ : E1 → E2✱ φ = [g, h] ✇❤❡r❡

g, h ∈ K(E1)✱ t❤❡ ❢✉♥❝t✐♦♥ ✜❡❧❞ ♦❢ E1✱ ❤❛✈❡ t❤❡ ♣r♦♣❡rt② t❤❛t ❢♦r ❡✈❡r② ♣♦✐♥t P ∈ E1 ❛t

✇❤✐❝❤ g ❛♥❞ h ❛r❡ ❞❡✜♥❡❞ φ(P ) = (g(P ), h(P )) ∈ E2✳

❆ r❛t✐♦♥❛❧ ♠❛♣ t❤❛t ✐s ❞❡✜♥❡❞ ❛t ❡✈❡r② ♣♦✐♥t ✐s ❝❛❧❧❡❞ ❛ ♠♦r♣❤✐s♠✳

✷✳ ❆ r❛t✐♥❛❧ ♠❛♣ φ : E1 → E2 ❞❡✜♥❡❞ ♦✈❡r K ✐s ❛ ❜✐r❛t✐♦♥❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦✈❡r K ✐❢ t❤❡r❡

❡①✐ts ❛ r❛t✐♦♥❛❧ ♠❛♣ ϕ : E2 → E1 s✉❝❤ t❤❛t ϕ ◦ φ(P ) = P ❢♦r ❛❧❧ ♣♦✐♥t P ∈ E1(K) s✉❝❤

t❤❛t ϕ ◦ φ(P ) ✐s ❞❡✜♥❡❞ ❛♥❞ φ ◦ ϕ(P ) = P ❢♦r ❛❧❧ ♣♦✐♥t P ∈ E2(K) s✉❝❤ t❤❛t φ ◦ ϕ(P ) ✐s
❞❡✜♥❡❞✳

✸✳ ❆♥ ✐s♦❣❡♥② ✐s ❛ ♠♦r♣❤✐s♠ φ : E1 → E2 s❛t✐s❢②✐♥❣ φ(P0) = P0

✹✳ ❆♥ ❡♥❞♦♠♦r♣❤✐s♠ ♦♥ E1 ✐s ❛♥ ✐s♦❣❡♥② φ : E1 → E1

✺✳ ❆♥ ✐s♦❣❡♥② φ : E1 → E2 ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ✐s♦❣❡♥② ψ : E2 → E1 s✉❝❤

t❤❛t φ ◦ ψ ❛♥❞ ψ ◦ φ ❛r❡ ✐❞❡♥t✐t② ♠❛♣s ♦♥ E2 ❛♥❞ E1 r❡s♣❡❝t✐✈❡❧②✳

✻✳ ❆♥ ❡♥❞♦♠♦r♣❤✐s♠ ♦♥ E1 ✐s ❝❛❧❧❡❞ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ♦❢ E1 ✐❢ ✐t ✐s ❛❧s♦ ❛♥ ✐s♦♠♦r♣❤✐s♠✳

❚❤❡ ❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠

▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ❡♥❞♦♠♦r♣❤✐s♠

α : E(K) → E(K)

(x, y) 7→ α(x, y) = (g(x, y), h(x, y))

❆❝❝♦r❞✐♥❣ t♦ ❬✼✼✱ ❈❤❛♣t❡r ✸✲✹❪ ✇❡ ❝❛♥ ✇r✐t❡ g(x, y) ✐♥ t❤❡ ❢♦r♠ p(x)
q(x)

✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡

❡❧❧✐♣t✐❝ ❝✉r✈❡ E✳ ❚❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❞❡❣r❡❡s ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s p(x) ❛♥❞ q(x) ✐s ❝❛❧❧❡❞ t❤❡

❞❡❣r❡❡ ♦❢ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ α✱ ❞❡♥♦t❡❞ deg(α)✳ ▲❡t n ❜❡ ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝

♦❢ K ❞♦❡s ♥♦t ❞✐✈✐❞❡s n ♦r ✐s 0✳ ❚❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡♦r❡♠ ✽✱ E[n] ✐s ❛ ✷✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r

s♣❛❝❡ ♦✈❡r Z/nZ✳ ❉❡♥♦t❡ {P1, P2} ❛ ❜❛s✐s ♦❢ E[n]✱ ❛♥❞ ❜❡❝❛✉s❡ α ♠❛♣s E[n] t♦ E[n]✱ t❤❡r❡ ❛r❡

a, b, c ❛♥❞ d ✐♥ Z/nZ s✉❝❤ t❤❛t

α(P1) = aP1 + cP2 ❛♥❞ α(P2) = bP1 + dP2

❚❤❡r❡❢♦r❡✱ ❡❛❝❤ ❡♥❞♦♠♦r♣❤✐s♠ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ 2× 2 ♠❛tr✐①

αn =

[
a c

b d

]

❞❡s❝r✐❜✐♥❣ ✐ts ❛❝t✐♦♥ ♦♥ t❤❡ ❜❛s✐s {P1, P2} ♦❢ E[n]✳ ❚❤❡ tr❛❝❡ ♦❢ t❤❡ ♠❛tr✐① αn ✐s ❝❛❧❧❡❞ t❤❡

tr❛❝❡ ♦❢ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ α ❛♥❞ ✐s ❞❡♥♦t❡❞ tr(α)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❝♦♠❡s ❢r♦♠ ❬✼✼✱

❈❤❛♣t❡r ✸✲✹❪✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✶✳✷ ▼♦r♣❤✐s♠s ❛♥❞ t✇✐sts ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✶✼

Pr♦♣♦s✐t✐♦♥ ✸✳ ▲❡t α : E(K) → E(K) ❜❡ ❛♥ ❡♥❞♦♠♦r♣❤✐s♠ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳ ▲❡t n ❜❡ ❛♥

✐♥t❡❣❡r s✉❝❤ t❤❛t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ K ❞♦❡s ♥♦t ❞✐✈✐❞❡s n ♦r ✐s 0 ❛♥❞ αn t❤❡ ♠❛tr✐① t❤❛t

❞❡s❝r✐❜❡s t❤❡ ❛❝t✐♦♥ ♦❢ α ♦♥ ❛ ❜❛s✐s ♦❢ E[n]✳ ❚❤❡♥

deg(α) = ♯Ker(α) = det(αn)

✇❤❡r❡ det(αn) ✐s t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ♠❛tr✐① αn✳

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ❞❡✜♥❡ t❤❡ ❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠ ❛♥❞ ❣✐✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s✳

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣ ✿

πq : E(Fq) → E(Fq)

(x, y) 7→ πq(x, y) = (xq, yq)

P0 7→ πq(P0) = P0

❲❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✿

Pr♦♣♦s✐t✐♦♥ ✹✳ ❚❤❡ ♠❛♣ πq s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ✿

✶✳ πq ✐s ❛♥ ❡♥❞♦♠♦r♣❤✐s♠ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡✱ ❝❛❧❧❡❞ t❤❡ ❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠✳

✷✳ πq(E(Fq)) = E(Fq)

✸✳ deg(πq) = q

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ st✉❞② ✐s♦♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ❚✇♦ ❡❧❧✐♣t✐❝ ❝✉r✈❡s Ea ❛♥❞ Eb ❞❡✜♥❡❞ ♦✈❡r ❛ ✜❡❧❞ K ❜② ✿

Ea : y
2 + a1xy + a3y = x3 + a2x

2 + a4x+ a6

Eb : y
2 + b1xy + b3y = x3 + b2x

2 + b4x+ b6

❛r❡ ✐s♦♠♦r♣❤✐❝ ♦✈❡r K ✐✛

∃(u, r, s, t) ∈ K⋆ ×K3, s✳t





ub1 = a1 + 2s,

u2b2 = a2 − sa1 + 3r − s2,
u3b3 = a3 + ra1 + 2t,

u4b4 = a4 − sa3 + 2ra2 − (t+ rs)a1 + 3r2 − 2st,

u6b6 = a6 + ra4 + r2a2 + r3 − ta3 − t2 − rta1.

❚❤❡ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ Ea ❛♥❞ Eb ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

σ : Ea → Eb

(x, y) 7→ (u2x+ r, u3y + u2sx+ t)

■❢ (u, r, s, t) ∈ K
⋆ ×K

3
t❤❡♥ ✇❡ s❛✐❞ t❤❛t t❤❡ ❝✉r✈❡s ❛r❡ ✐s♦♠♦r♣❤✐❝ ♦✈❡r K✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✶✳✷ ▼♦r♣❤✐s♠s ❛♥❞ t✇✐sts ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✶✽

❊①❛♠♣❧❡ ❈♦♥s✐❞❡r t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ Ea : y
2+ a1xy+ a3y = x3+ a2x

2+ a4x+ a6 ❞❡✜♥❡❞ ♦✈❡r

t❤❡ ✜❡❧❞ K✳ ■❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ K ✐s ♥♦t 2 t❤❡♥

σ : E → E ′

(x, y) 7→ (x, y + 1
2
(a1x+ a3))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ E t♦ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ′ : y2 = x3+ b2
4
x2+ b4

2
x+ b6

4
✇❤❡r❡ b2 = a21+4a2✱

b4 = 2a4 + a1a3 ❛♥❞ b6 = a33 + 4a6✳

■❢ ✐♥ ❛❞❞✐t✐♦♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✐s ❞✐✛❡r❡♥t ❢r♦♠ 3✱ t❤❡♥

σ : E ′ → E ′′

(x, y) 7→ (x+ b2
12
, y)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ E ′ t♦ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ′′ : y2 = x3 − c4
48
x− c6

864
✇❤❡r❡ c4 = b22 − 24b4

❛♥❞ c6 = −b32 + 36b2b4 − 216b6✳

❚❤❡ ♥♦t✐♦♥ ♦❢ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐s ❝❧♦s❡❞ t♦ t❤❡ ❝♦♥❝❡♣t ♦❢ j✲✐♥✈❛r✐❛♥t ❛s s❤♦✇♥ ✐♥

t❤❡♦r❡♠ ✶✵✳

❉❡✜♥✐t✐♦♥ ✶✷✳ ❚❤❡ j✲✐♥✈❛r✐❛♥t ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E : y2 + a1xy+ a3y = x3 + a2x
2 + a4x+ a6

❞❡✜♥❡❞ ♦✈❡r K ✐s t❤❡ q✉❛♥t✐t②

jE =
c34
∆E

✇❤❡r❡ c4 = d22−24d4 ❛♥❞ ∆E ✐s t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ ❝✉r✈❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ✐♥ ❞❡✜♥✐t✐♦♥

✸✳

❲❡ t❤❡♥ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

❚❤❡♦r❡♠ ✶✵✳ ❬✼✼✱ ❚❤❡♦r❡♠ ✷✳✶✾❪ ■❢ t✇♦ ❡❧❧✐♣t✐❝ ❝✉r✈❡s E ❛♥❞ E ′ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜❡❧❞ K ❛r❡ ✐s♦✲

♠♦r♣❤✐❝ ♦✈❡r K✱ t❤❡♥ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ j✲✐♥✈❛r✐❛♥t✳ ❚❤❡ ❝♦♥✈❡rs❡ ✐s tr✉❡ ✐❢ K ✐s ❛❧❣❡❜r❛✐❝❛❧❧②

❝❧♦s❡❞✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ❣✐✈❡ t❤❡ s✐♠♣❧❡st ❢♦r♠ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠

✐♥ ❡❛❝❤ ❝❤❛r❛❝t❡r✐st✐❝✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ❬✷✱ ❙❡❝t✐♦♥ ✹✳✷✳✷❪ ▲❡t E ′ : y2+ a1xy+ a3y = x3+ a2x
2+ a4x+ a6 ❜❡ ❛♥ ❡❧❧✐♣t✐❝

❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r K✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ✐s♦♠♦r♣❤✐s♠ (x, y) 7→ (u2x+ r, u3y+u2sx+ t) ❢r♦♠

E ′ t♦ ❛ s✐♠♣❧❡st ❢♦r♠ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ❞❡✜♥❡❞ ♦✈❡r K ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✳

❈❤❛r✭K✮ ❊q✉❛t✐♦♥ ♦❢ E ∆ j✲✐♥✈❛r✐❛♥t

6= 2✱6= 3 y2 = x3 + a4x+ a6 −16(4a34 + 27a26) 1728a34/4∆

3 y2 = x3 + a4x+ a6 −a34 0

3 y2 = x3 + a2x
2 + a6 −a32a6 −a32/a6

2 y2 + a3y = x3 + a4x+ a6 a43 0

2 y2 + xy = x3 + a2x
2 + a6 a6 1/a6

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✶✳✸ ❇✐❧✐♥❡❛r ♣❛✐r✐♥❣s ✶✾

✶✳✷✳✷ ❚✇✐sts ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s

❉❡✜♥✐t✐♦♥ ✶✸✳ ❆ t✇✐st ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ❞❡✜♥❡❞ ♦✈❡r ❛ ✜❡❧❞ K ✐s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ′

❞❡✜♥❡❞ ♦✈❡r K ✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦ E ♦✈❡r ❛♥ ❛❧❣❡❜r❛✐❝ ❝❧♦s✉r❡ K′ ♦❢ K✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ t❤❡

t✇✐st ✐s t❤❡ ♠✐♥✐♠❛❧ ❞❡❣r❡❡ ♦❢ t❤❡ ❡①t❡♥s✐♦♥ K′ ♦✈❡r K s✉❝❤ t❤❛t E ✐s ✐s♦♠♦r♣❤✐❝ t♦ E ′ ♦✈❡r K′✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✇❡ ❣✐✈❡ t❤❡ t✇✐sts ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❣✐✈❡♥ ✐♥ s❤♦rt ❲❡✐❡rstr❛ss

❢♦r♠✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐s♦♠♦r♣❤✐s♠ ❛♥❞ t❤❡ t✇✐st ❞❡❣r❡❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ j✲✐♥✈❛r✐❛♥t ♦❢ t❤❡

❝✉r✈❡✳ ❙❡❡ ❛❧s♦ ❬✼✵✱ Pr♦♣♦s✐t✐♦♥ ✺✳✹❪ ♦r ❬✷✱ ❈♦r♦❧❧❛r② ✶✸✳✶✻❪✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ❬✶✾✱ ❙❡❝t✐♦♥ ✷❪ ▲❡t d′ ❛♥❞ k ❜❡ t✇♦ ✐♥t❡❣❡rs s✉❝❤ t❤❛t d′ ❞✐✈✐❞❡s k✳ ▲❡t E : y2 =

x3 + ax+ b ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r t❤❡ ✜♥✐t❡ ✜❡❧❞ Fqk/d
′♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐✛❡r❡♥t ❢r♦♠

2 ❛♥❞ 3✳ ▲❡t ω ∈ F⋆
qk

❛♥❞ ❞❡♥♦t❡ ❜② Eω t❤❡ t✇✐st ♦❢ E ✇✐t❤ r❡s♣❡❝t t♦ ω✳ ❉❡♥♦t❡ σω : Eω → E

t❤❡ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ❛♥❞ ✐ts t✇✐st Eω✱ d
′ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ t✇✐st✳ t❤❡♥

✇❡ ❤❛✈❡

jE ❋✐❡❧❞ ♦❢ ❞❡✜♥✐t✐♦♥ d′ Eω σω

❢♦r ♣♦✇❡rs ♦❢ ω

/∈ {0, 1728} ω2, ω4, ω6 ∈ Fqk/2 , ω
4 ∈ Fqk/4 2 y2 = x3 + ω4ax+ ω6b (x, y) 7→ (ω−2x, ω−3y)

ω3 ∈ Fqk ✱ ω
3 /∈ Fqk/2

0 ω3, ω6 ∈ Fqk/3 3 y2 = x3 + ω6b (x, y) 7→ (ω−2x, ω−3y)

ω2 ∈ Fqk , ω
2 /∈ Fqk/3

1728 ω2 ∈ Fqk/2 , ω
4 ∈ Fqk/4 4 y2 = x3 + ω4ax (x, y) 7→ (ω−2x, ω−3y)

ω3 ∈ Fqk ω
3 /∈ Fqk/2

0 ω3 ∈ Fqk/3 , ω
6 ∈ Fqk/6 6 y2 = x3 + ω6b (x, y) 7→ (ω−2x, ω−3y)

ω2 ∈ Fqk/2

✶✳✸ ❇✐❧✐♥❡❛r ♣❛✐r✐♥❣s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❞❡✜♥❡❞ ♦✈❡r ✜♥✐t❡ ✜❡❧❞s✳ ❲❡

t❤❡♥ ❡①♣❧❛✐♥ t❤❡ ▼✐❧❧❡r ❛❧❣♦r✐t❤♠ ❢♦r ✐ts ❡✣❝✐❡♥t ❝♦♠♣✉t❛t✐♦♥✳ ▼♦st ♦❢ t❤❡ r❡s✉❧ts st❛t❡❞ ✐♥

t❤✐s s❡❝t✐♦♥ ❛r❡ t❛❦❡♥ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦❦s ✿ ❬✼✼✱ ❈❤❛♣t❡r ✶✶❪✱ ❬✷✱ ❈❤❛♣t❡r ✻❪✱ ❬✶✵✱ P❛rt ✹❪

❛♥❞ ❬✸✷❪✳

✶✳✸✳✶ ❚❤❡ ❚❛t❡ ♣❛✐r✐♥❣

❚❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ♦✈❡r ✜♥✐t❡ ✜❡❧❞s ✐s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣❛✐r✐♥❣ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✐♥tr♦❞✉❝❡❞

✐♥ ❝r②♣t♦❣r❛♣❤② ❜② ❋r❡② ❛♥❞ ❘ü❝❦ ✐♥ ❬✸✶❪✳ ❚❤❡ ✜rst ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ✐s ❞✉❡ t♦ ❚❛t❡

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✶✳✸ ❇✐❧✐♥❡❛r ♣❛✐r✐♥❣s ✷✵

♦♥ ❛❜❡❧✐❛♥ ✈❛r✐❡t✐❡s ♦✈❡r ❧♦❝❛❧ ✜❡❧❞s✳ ▲✐❝❤t❡♥❜❛✉♥ ❬✺✸❪ ❞❡✜♥❡❞ ✐t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❏❛❝♦❜✐❛♥ ♦❢

❝✉r✈❡s t♦ ❡♥❛❜❧❡ r❡❛❧ ❝♦♠♣✉t❛t✐♦♥✳ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✳ ▲❡t r ❜❡ ❛♥

✐♥t❡❣❡r ❝♦✲♣r✐♠❡ t♦ q ❞✐✈✐❞✐♥❣ ♯E(Fq)✳ ❚❤❡ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ ✇✐t❤ r❡s♣❡❝t t♦ r ✐s k✳ ❚❤❡ s❡t ♦❢

r−t❤ r♦♦ts ♦❢ ✉♥✐t② ✐♥ Fqk ✐s ❞❡♥♦t❡❞ µr✳ ❲❡ ❛❧s♦ ❞❡✜♥❡❞ t❤❡ s❡ts rE(Fq) = {rP, P ∈ E(Fq)}
❛♥❞ (F⋆

q)
r = {ur, u ∈ F⋆

q}✳ ❚❤❡ q✉♦t✐❡♥t ❣r♦✉♣ E(Fq)/rE(Fq) ✐s t❤❡ s❡t ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s

♦❢ ♣♦✐♥ts ✐♥ E(Fq) ✉♥❞❡r t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ P1 ≡ P2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ (P1 − P2) ∈ rE(Fq)✳

❚❤❡ q✉♦t✐❡♥t ❣r♦✉♣ F⋆
q/(F

⋆
q)

r ✐s t❤❡ s❡t ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ ❡❧❡♠❡♥ts ✐♥ F⋆
q ✉♥❞❡r t❤❡

❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ u ≡ v ✐❢ ❛♥❞ ♦♥❧② ✐❢ u
v
∈ (F⋆

q)
r✳ ❚♦ ❞❡✜♥❡ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ✇❡ t❛❦❡ ❛ ♣♦✐♥t

P ∈ E(Fq)[r] ❛♥❞ Q ∈ E(Fqk)/rE(Fqk)✳ ❙✐♥❝❡ rP = P0 t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ fr,P ✇✐t❤ ❞✐✈✐s♦r

Div(fr,P ) = r(P )− r(P0) ✭❚❤❡♦r❡♠ ✷✮✳ ▲❡t DQ ❜❡ ❛♥② ❞❡❣r❡❡ ③❡r♦ ❞✐✈✐s♦r ❞❡✜♥❡❞ ♦✈❡r Fqk ❛♥❞

❡q✉✐✈❛❧❡♥t t♦ (Q)− (P0) s✉❝❤ t❤❛t t❤❡ s✉♣♣♦rt ♦❢ DQ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ s✉♣♣♦rt ♦❢ Div(fr,P )✳

❖♥❡ ❝❛♥ ♥♦t❡ t❤❛t fr,P (DQ) ∈ F⋆
qk

s✐♥❝❡ DQ ❛♥❞ Div(fr,P ) ❛r❡ ❞❡✜♥❡❞ ♦✈❡r F⋆
qk

❛♥❞ ❤❛✈❡ ❞✐s❥♦✐♥t

s✉♣♣♦rts✳

❉❡✜♥✐t✐♦♥ ✶✹✳ ❚❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ✐s t❤❡ ♠❛♣

er : E(Fq)[r]× E(Fqk)/rE(Fqk) → F⋆
qk
/(F⋆

qk
)r

(P,Q) 7→ er(P,Q) = fr,P (DQ)

❚♦ ♦❜t❛✐♥ ❛ s✉✐t❛❜❧❡ ❢♦r♠ ♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ❢♦r ❛ ❣♦♦❞ ❝♦♠♣✉t❛t✐♦♥✱ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡♠❛r❦s✳

❘❡♠❛r❦ ✶✳ ❚❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ F⋆
qk
/(F⋆

qk
)r ❀ ✐✳❡✳ ✐❢ DQ ❛♥❞ D′

Q

❛r❡ t✇♦ ❡q✉✐✈❛❧❡♥t ❞✐✈✐s♦rs t❤❡♥
fr,P (DQ)

fr,P (D′
Q)
∈ (F⋆

qk
)r✳

❘❡♠❛r❦ ✷✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ✐♥ F⋆
qk
/(F⋆

qk
)r ❛♥❞ ❢♦r ❝r②♣t♦✲

❣r❛♣❤✐❝ ♣✉r♣♦s❡s ♦♥❡ ✇♦✉❧❞ ❧✐❦❡ ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t❤✐s ❝❧❛ss✳ ❚❤✐s ✐s ♦❜t❛✐♥❡❞ ❜② r❛✐s✐♥❣

fr,P (DQ) t♦ t❤❡ ♣♦✇❡r (qk − 1)/r✳

❘❡♠❛r❦ ✸✳ ❲❡ ❛ss✉♠❡ t❤❛t k > 1✱ t❤❛t ✐s q − 1 ❞✐✈✐❞❡s (qk − 1)/r✳ ❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t✱ ✐♥

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ er✱ ♦♥❡ ❝❛♥ t❛❦❡ fr,P (Q) ✐♥st❡❛❞ ♦❢ fr,P (DQ)✳ ❋♦r ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t R ∈ E(Fq)

❞✐✛❡r❡♥t ❢r♦♠ −P ❛♥❞ P0 ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ f ′
r,P ✇✐t❤ ❞✐✈✐s♦r Div(f ′

r,P ) = r(P +R)− r(R)✳
❚❤❡♥ f ′

r,P (DQ) ≡ fr,P (DQ)✳ ■♥❞❡❡❞ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ h ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ P

❛♥❞ R✱ t❤❛t ✐s Div(h) = (P+R)−(R)−(P )+(P0)✳ ❚❤❡♥ Div(f ′
r,P ) = r(R+P )−r(R) = rDiv(h)+

Div(fr,P ) ✐♠♣❧✐❡s f ′
r,P = fr,Ph

r✳ ❚❤✉s ✉♣ t♦ ♣♦✇❡r (qk − 1)/r ✇❡ ❤❛✈❡ (f ′
r,P (DQ))

(qk−1)/r =

(fr,P (DQ))
(qk−1)/r s✐♥❝❡ h ✐s ❞❡✜♥❡❞ ♦✈❡r Fq✳ ❇✉t f

′
r,P (DQ) = f ′

r,P ((Q)− (P0)) =
f ′
r,P (Q)

f ′
r,P (P0)

✳ ❙✐♥❝❡

P0 ✐s ♥❡✐t❤❡r ❛ ♣♦❧❡ ♥♦r ❛ ③❡r♦ ♦❢ f ′
r,P t❤❡♥ f ′

r,P (P0) ∈ F⋆
q s✉❝❤ t❤❛t (f ′

r,P (P0))
(qk−1)/r = 1✳ ❙♦

f ′
r,P (DQ) = (f ′

r,P (Q))
(qk−1)/r✳ ❙✐♥❝❡ P ❛♥❞ Q ❛r❡ ✜①❡❞ ❛♥❞ R ❛r❜✐tr❛r② ❝❛♥ ❜❡ t❛❦❡♥ ✈❛r✐❛❜❧❡✱

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t f ′
r,P (Q) ✐s ❝♦♥st❛♥t ✇❤❡♥ ✈✐❡✇❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ R ❛♥❞ t❤✉s ❝♦✐♥❝✐❞❡s ✇✐t❤

fr,P (Q)✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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❘❡♠❛r❦ ✹✳ ❬✶✵✱ ▲❡♠♠❛ ■❳✳✽❪ ❙✐♥❝❡ Fqk ✐s t❤❡ s♠❛❧❧❡st ✜❡❧❞ ❝♦♥t❛✐♥✐♥❣ ❜♦t❤ µr ❛♥❞ Fq ✐t

❢♦❧❧♦✇s t❤❛t ❢♦r ❡✈❡r② ✐♥t❡r♠❡❞✐❛t❡ ✜❡❧❞ L s✉❝❤ t❤❛t Fq ⊆ L ⊂ Fqk ✱ ✇❡ ❤❛✈❡ L ⊆ (F⋆
qk
)r✳ ❚❤✐s

♠❡❛♥s t❤❛t t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ✐s tr✐✈✐❛❧ ✐❢ P ❛♥❞ Q ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ s✉❜✲✜❡❧❞ ♦❢ F⋆
qk

❝♦♥t❛✐♥✐♥❣

Fq✱ ✐✳❡ er(P,Q) ∈ (F⋆
qk
)r✳

❘❡♠❛r❦ ✺✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t ✐❢ r2 ❞♦❡s♥✬t ❞✐✈✐❞❡ ♯E(Fq) t❤❡♥ E(Fqk)/rE(Fqk) ✐s ✐s♦♠♦r♣❤✐❝

t♦ t❤❡ ❣r♦✉♣ E(Fqk)[r]. ■t ♠❡❛♥s t❤❛t ✐♥ t❤✐s ❝♦♥❞✐t✐♦♥ Q ❝❛♥ ❜❡ t❛❦❡♥ ❛s ❛ ♣♦✐♥t ♦❢ ♦r❞❡r r ✇✐t❤

❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ ❡①t❡♥s✐♦♥ ✜❡❧❞ Fqk ✳

❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ❧❡❛❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ ❚❛t❡ ♣❛✐r✐♥❣ t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ✐♥ t❤✐s

t❤❡s✐s✳

❉❡✜♥✐t✐♦♥ ✶✺✳ ❘❡❞✉❝❡❞ ❚❛t❡ P❛✐r✐♥❣

▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✳ ▲❡t r ❜❡ ❛♥ ✐♥t❡❣❡r ❝♦✲♣r✐♠❡ t♦ q ❞✐✈✐❞✐♥❣ ♯E(Fq)

s✉❝❤ t❤❛t r2 ❞♦❡s♥✬t ❞✐✈✐❞❡ ♯E(Fq)✳ ❚❤❡ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ ✇✐t❤ r❡s♣❡❝t t♦ r ✐s k > 1✳ ❚❤❡ s❡t ♦❢

r−t❤ r♦♦ts ♦❢ ✉♥✐t② ✐♥ Fqk ✐s ❞❡♥♦t❡❞ µr✳ ❚❤❡ r❡❞✉❝❡❞ ❚❛t❡ ♣❛✐r✐♥❣ ✐s t❤❡ ♠❛♣ ✿

eT : E(Fq)[r]× E(Fqk)[r] → µr

(P,Q) 7→ fr,P (Q)
qk−1

r

❖❢ ❝♦✉rs❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣❛✐r✐♥❣s✱ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ✐s ❜✐❧✐♥❡❛r ❛♥❞ ♥♦♥

❞❡❣❡♥❡r❛t❡✳

❇❡❢♦r❡ ✇❡ ❣✐✈❡ ❛♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣✱ ♦❜s❡r✈❡ t❤❛t ✐❢ N = hr ✐s ❛ ♠✉❧t✐♣❧❡

♦❢ r ✇❤✐❝❤ ❞✐✈✐❞❡s qk − 1✱ t❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ ♣r♦♣♦s✐t✐♦♥ ✶ ♣❛❣❡ ✶✷ t❤❡ ❢✉♥❝t✐♦♥ fh
r,P ❤❛s ❞✐✈✐s♦r

Div(fh
r,P ) = N(P )−N(P0) ❛♥❞ ❡♥❛❜❧❡s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✽✳ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✳ ▲❡t r ❜❡ ❛♥ ✐♥t❡❣❡r ❝♦✲♣r✐♠❡

t♦ q ❞✐✈✐❞✐♥❣ ♯E(Fq) s✉❝❤ t❤❛t r2 ❞♦❡s♥✬t ❞✐✈✐❞❡ ♯E(Fq)✳ ❚❤❡ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ ✇✐t❤ r❡s♣❡❝t t♦ r

✐s k > 1✳ ▲❡t N = hr ❜❡ ❛ ♠✉❧t✐♣❧❡ ♦❢ r ✇❤✐❝❤ ❞✐✈✐❞❡s qk − 1✳

✶✳ ▲❡t P ∈ E(Fq)[r] ❛♥❞ Q ∈ E(Fqk)[r]✳ ❚❤❡♥

fN,P (Q)
qk−1
N = fr,P (Q)

qk−1
r

✷✳ ▲❡t P ∈ E(Fq)[N ] ❛♥❞ Q ∈ E(Fqk)[r]✳ ❚❤❡♥

fN,P (Q)
qk−1

r = fr,hP (Q)
qk−1

r

✶✳✸✳✷ ❚❤❡ ❲❡✐❧ ♣❛✐r✐♥❣

❲❡ ❣✐✈❡ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❲❡✐❧ ♣❛✐r✐♥❣ ✇❤✐❝❤ ✐s ❝❧♦s❡❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥

♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣✳ ❚❤❡ ♥♦t❛t✐♦♥s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❚❛t❡ ♣❛✐r✐♥❣ ❜✉t t❤❡ ♣♦✐♥ts

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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P ❛♥❞ Q ❛r❡ ❜♦t❤ ❡❧❡♠❡♥ts ♦❢ E(Fq)[r]✳ ■t ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts t✇♦ ❢✉♥❝t✐♦♥s fr,P ❛♥❞ fr,Q

s✉❝❤ t❤❛t Div(fr,P ) = r(P ) − r(P0) ❛♥❞ Div(fr,Q) = r(Q) − r(P0)✳ ▲❡t DP ❛♥❞ DQ ❜❡ t✇♦

❞❡❣r❡❡ ③❡r♦ ❞✐✈✐s♦rs ✇✐t❤ ❞✐s❥♦✐♥t s✉♣♣♦rts✱ DP ❡q✉✐✈❛❧❡♥t t♦ (P )− (P0) ❛♥❞ DQ ❡q✉✐✈❛❧❡♥t t♦

(Q)− (P0)✳

❉❡✜♥✐t✐♦♥ ✶✻✳ ❚❤❡ ❲❡✐❧ ♣❛✐r✐♥❣ ✐s t❤❡ ♠❛♣

Wr : E(Fq)[r]× E(Fq)[r] → F⋆
qk
/(F⋆

qk
)r

(P,Q) 7→ Wr(P,Q) =
fr,P (DQ)

fr,Q(DP )

❘❡♠❛r❦ ✻✳ ❖❜s❡r✈❡ t❤❛t ✐♥ t❤❡ ❲❡✐❧ ♣❛✐r✐♥❣ t❤❡ ♥✉♠❡r❛t♦r ✐s ❡q✉✐✈❛❧❡♥t ♠♦❞✉❧♦ r✲t❤ ♣♦✇❡r t♦

er(P,Q) ✇❤✐❧❡ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ❡q✉✐✈❛❧❡♥t ♠♦❞✉❧♦ r✲t❤ ♣♦✇❡r t♦ er(Q,P ) s✉❝❤ t❤❛t ✇❡ ❝❛♥

✇r✐t❡

Wr(P,Q) =
er(P,Q)

er(Q,P )

✉♣ t♦ r✲t❤ ♣♦✇❡r✳

✶✳✸✳✸ ❚❤❡ ▼✐❧❧❡r ❛❧❣♦r✐t❤♠ ❢♦r ♣❛✐r✐♥❣s ❝♦♠♣✉t❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ❞❡t❡r♠✐♥❡ fr,P (Q) ✉s✐♥❣ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠ ❬✺✽❪✳ ❋♦r ❛♥

✐♥t❡❣❡r i✱ ❝♦♥s✐❞❡r t❤❡ ❞✐✈✐s♦r Di = i(P )− (iP )− (i− 1)(P0)✳ ❲❡ ♦❜s❡r✈❡ t❤❛t Di ✐s ❛ ♣r✐♥❝✐♣❛❧

❞✐✈✐s♦r✱ t❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡♦r❡♠ ✷ ♣❛❣❡ ✶✸✱ t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ fi s✉❝❤ t❤❛t Div(fi,P ) =

i(P )− (iP )− (i− 1)(P0)✳ ❖❜s❡r✈❡ t❤❛t

❋♦r i = r ♦♥❡ ❤❛s Dr = r(P )− r(P0) = Div(fr,P )

❚❤✉s✱ t♦ ♦❜t❛✐♥ t❤❡ ✈❛❧✉❡ ♦❢ fr,P (Q)✱ ✐t s✉✣❝❡s t♦ ❛♣♣❧② ❛♥ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ✉s✐♥❣ ❛♥ ❛❞❞✐t✐♦♥

❝❤❛✐♥ ❢♦r r✱ t❤❛t ✐s✱ ❛ s❡q✉❡♥❝❡ (1, i1, i2, ...., r) s✉❝❤ t❤❛t ❡❛❝❤ ik ✐s t❤❡ s✉♠ ♦❢ t✇♦ ♣r❡✈✐♦✉s t❡r♠s

♦❢ t❤❡ s❡q✉❡♥❝❡✱ s❡❡ ❬✷✱ ❈❤❛♣t❡r ✾❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ ❛❞❞✐t✐♦♥ ❝❤❛✐♥✳ ❇❡❢♦r❡ ✇❡ ❣✐✈❡ t❤❡ ▼✐❧❧❡r

❛❧❣♦r✐t❤♠✱ ❧❡t ✉s s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s fi,P ❝❛♥ ❜❡ ❝❤♦s❡♥ t♦ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ✿

▲❡♠♠❛ ✼✳ ❚❤❡ ❢✉♥❝t✐♦♥s fi,P s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ✿

✶✳ f1,P = 1

✷✳ fi+j,P = fi,Pfj,P
ℓ[i]P,[j]P

d[i+j]P

✸✳ fij,P = f j
i,Pfj,[i]P = f i

j,Pfi,[j]P

❲❤❡r❡ ℓiP,jP ✐s t❤❡ str❛✐❣❤t ❧✐♥❡ ❞❡✜♥✐♥❣ [i]P + [j]P ❛♥❞ d[i+j]P t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡rt✐❝❛❧ ❧✐♥❡

♣❛ss✐♥❣ t❤r♦✉❣❤ [i+ j]P ✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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Pr♦♦❢ ✿ ❚❤❡ ✜rst ❛ss❡rt✐♦♥ ✐s ❝❧❡❛r ❜❡❝❛✉s❡ Div(f1,P ) = 0✱ t❤❡ ♥✉❧❧ ❞✐✈✐s♦r✳ ❚❤❡♥ f1 ✐s

❝♦♥st❛♥t✳

❋♦r t❤❡ s❡❝♦♥❞ ♣❛rt ✇❡ ❤❛✈❡ ✿Div(ℓ[i]P,[j]P ) = ([i]P )+([j]P )+(i+j)(P )−3(P0) ❛♥❞Div(d[i+j]P ) =

([i+ j]P ) + (−[i+ j]P )− 2(P0)✳ ❲❡ ❛♣♣❧② ♣r♦♣♦s✐t✐♦♥ ✶ ♣❛❣❡ ✶✷ t♦ fi+j ❛♥❞ ❛ str❛✐❣❤t❢♦r✇❛r❞

❝❛❧❝✉❧❛t✐♦♥ ❧❡❛❞s t♦ Di+j = Div(fi+j) = (i+ j)(P )− ([i+ j]P )− (i+ j − 1)(P0)✳ ❲❡ ❢♦❧❧♦✇ t❤❡

s❛♠❡ ❛♣♣r♦❛❝❤ t♦ ♣r♦✈❡ t❤❡ t❤✐r❞ ♣r♦♣❡rt②✳

◆♦✇ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t

Div

(
ℓ[i]P,[j]P
d[i+j]P

)
= ([i]P ) + ([j]P )− ([i]P + [j]P )− (P0)

s✉❝❤ t❤❛t ✐❢ hR,S ✐s ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t Div(hR,S) = (R) + (S)− (S +R)− (P0) ✇❤❡r❡

R ❛♥❞ S ❛r❡ t✇♦ ❛r❜✐tr❛r② ♣♦✐♥ts ♦❢ E✱ t❤❡♥ t❤❡ ▼✐❧❧❡r ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t ♦❢

❡❧❧✐♣t✐❝ ❝✉r✈❡ t❤❛t ❝♦♠♣✉t❡s ❡✣❝✐❡♥t❧② t❤❡ ♣❛✐r✐♥❣ ♦❢ t✇♦ ♣♦✐♥ts ✐s st❛t❡❞ ❛s ❢♦❧❧♦✇s ✿

❆❧❣♦r✐t❤♠ ✶ ✿ ▼✐❧❧❡r✬s ❆❧❣♦r✐t❤♠

■♥♣✉t ✿ P ∈ E(Fq)[r]✱ Q ∈ E(Fqk)[r]✱ r = (rn−1, rn−2, ....r1, r0)2✱ rn−1 = 1✳

❖✉t♣✉t ✿ ❚❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ♦❢ P ❛♥❞ Q ✿ fr,P (Q)
qk−1

r

✶ ✿ ❙❡t f ← 1 ❛♥❞ R← P

✷ ✿ ❋♦r i = n− 2 ❞♦✇♥ t♦ 0 ❞♦

✸ ✿ f ← f 2 · hR,R(Q)

✹ ✿ R← 2R

✺ ✿ ✐❢ ri = 1 t❤❡♥

✻ ✿ f ← f · hR,P (Q)

✼ ✿ R← R + P

✽ ✿ ❡♥❞ ✐❢

✾ ✿ ❡♥❞ ❢♦r

✶✵ ✿ r❡t✉r♥ f
qk−1

r

❙♦♠❡ ♦♣t✐♠✐s❛t✐♦♥s

❲❡ r❡❝❛❧❧ ❤❡r❡ s♦♠❡ t❡❝❤♥✐❝❛❧s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❡✣❝✐❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ▼✐❧❧❡r

❛❧❣♦r✐t❤♠✳ ❚❤❡s❡ t❡❝❤♥✐❝❛❧s ❛r❡ s✉♠♠❛r✐s❡❞ ✐♥ ❬✸✵❪✳

✶✳ ❯s❡ ♦❢ t✇✐sts ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳ ▼❛♥② ❛✉t❤♦rs ❤❛✈❡ s❤♦✇♥ t❤❛t ♦♥❡ ❝❛♥ ✉s❡ t✇✐sts

♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❢♦r ❛♥ ❡✣❝✐❡♥t ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣❛✐r✐♥❣s✳ ■♥❞❡❡❞ t❤❡ ♣♦✐♥ts ✐♥♣✉t ✐♥t♦

❛ ♣❛✐r✐♥❣ ♦♥ ❛ ❝✉r✈❡ ♦❢ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ k ❣❡♥❡r❛❧❧② t❛❦❡ t❤❡ ❢♦r♠ P ∈ E(Fq) ❛♥❞

Q ∈ E(Fqk)✳ ❍♦✇❡✈❡r t❤❡ t✇✐st ❡♥❛❜❧❡s t♦ ♣❡r❢♦r♠ s♦♠❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ t❤❡ s✉❜✲✜❡❧❞

Fqk/d
′ ✐♥st❡❛❞ ♦❢ Fqk ✱ ✇❤❡r❡ d

′ ✐s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ t✇✐st✳ ❋✉rt❤❡r✱ t❤❡ ✉s❡ ♦❢ t✇✐sts ❝❛♥

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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❜❡ ✉s❡ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ❢✉♥❝t✐♦♥ hR,S ✐♥ t❤❡ ▼✐❧❧❡r ❛❧❣♦r✐t❤♠✳ ■♥❞❡❡❞✱

✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♣❡❝✐✜❝ ❝❛s❡ ♦❢ ❲❡✐❡rstr❛ss ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✇✐t❤ ❛ t✇✐st ♦❢ ❞❡❣r❡❡ d′✱

t❤❡♥ ✐❢ R = (x1, y1)✱ S = (x2, y2) ❛♥❞ (x3, y3) = (x1, y1) + (x2, y2) ✇❡ ❤❛✈❡ hR,S(x, y) :=
ℓR,S(x,y)

dR+S(x,y)
= ax+by+c

x−x3
✇❤❡r❡ a, b, c, x3 ∈ Fq✳ ◆♦✇ ❛♣♣❧②✐♥❣ t❤❡ t✇✐st ✐s♦♠♦r♣❤✐s♠ ❞❡✜♥❡❞ ✐♥

♣r♦♣♦s✐t✐♦♥ ✼ ♣❛❣❡ ✶✾ ❛❧❧♦✇s ✉s t♦ t❛❦❡ t❤❡ ♣♦✐♥t Q ✐♥ t❤❡ ❢♦r♠ Q = (xQω
−2, yQω

−3) ✇✐t❤

xQ, yQ ∈ Fqk/d
′ s✉❝❤ t❤❛t ✿

✕ ❋♦r t✇✐sts ♦❢ ♦r❞❡r 2✱ hR,S(Q) :=
ℓR,S(Q)

dR+S(Q)
=

(byQ)ω+(axQω2+cω4)

w2xQ−x3ω4 ✳ ❲❡ ❝❛♥ ❢♦❧❧♦✇ t❤❡ s❛♠❡

❛♣♣r♦❛❝❤ ❢♦r q✉❛rt✐❝ t✇✐sts✳

✕ ❋♦r t✇✐sts ♦❢ ❞❡❣r❡❡ ✸ ❛♥❞ ✻✱ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❝✉r✈❡ ✐s y2 = x3 + b s✉❝❤ t❤❛t t❤❡

❞❡♥♦♠✐♥❛t♦r ♦❢ hR,S ✐s x − x3 =
y3−y33

x2+x3x+x2
3
✳ ❚❤❡♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡

❝❛s❡ ♦❢ t✇✐st ♦❢ ♦r❞❡r ✸ ❧❡❛❞s t♦

hR,S(Q) :=
ℓR,S(Q)

dR+S(Q)

=
(ax4

Qω3x3+byQx2
Q+cx2

Qω3)ω2+(axQx2
3ω

6+bxQyQω3+cx3ω6)ω+(ax3
Qω3+byQx2

3ω
6+cx2

3ω
9)

w6y3Q−y33ω
9

■♥ ❛❧❧ ❝❛s❡s✱ ✇❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ hR,S ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s✉❜✲✜❡❧❞

Fqk/d
′ ❛♥❞ ❜❡❝❛✉s❡ qk/d

′−1 ❞✐✈✐❞❡s qk−1✱ t❤❡s❡ ❞❡♥♦♠✐♥❛t♦rs ❛r❡ s✐♠♣❧② ❡q✉❛❧ t♦ 1 ✐♥ t❤❡

❡①♣♦♥❡♥t✐❛t✐♦♥ st❡♣ ♦❢ t❤❡ ▼✐❧❧❡r ❛❧❣♦r✐t❤♠✳ ❙♦ t❤❡② ❝❛♥ ❜❡ s❦✐♣♣❡❞ ❞✉r✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠✳

▼♦r❡♦✈❡r ❛❧❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ t❤❡ ♥✉♠❡r❛t♦r ♦❢ hR,S✱ t❤❛t ✐s✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ❛t Q ✐s

♥♦✇ ❞♦♥❡ ✐♥ t❤❡ s✉❜✲✜❡❧❞ Fqk/d
′ ✳

❖❢ ❝♦✉rs❡ ✇❡ ✇✐❧❧ ❛♣♣❧② t❤✐s t❡❝❤♥✐q✉❡ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✐♥ ❏❛❝♦❜✐

❢♦r♠✳

✷✳ ❊①t❡♥s✐♦♥ ✜❡❧❞ ❛r✐t❤♠❡t✐❝✳ ■❢ ❢♦r t❤❡ ❡①t❡♥s✐♦♥ ✜❡❧❞ Fqk t❤❡ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ ❤❛s t❤❡

❢♦r♠ k = 2a3b t❤❡♥ ♦♣❡r❛t✐♦♥s ✐♥ t❤✐s ❡①t❡♥s✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❡✣❝✐❡♥t❧② s✐♥❝❡ t❤✐s

✜❡❧❞ ❝❛♥ ❜❡ ❜✉✐❧t ✉♣ ❛s ❛ t♦✇❡r ♦❢ ❡①t❡♥s✐♦♥ ✜❡❧❞s✱

Fq ⊂ Fqd1 ⊂ Fqd2 ⊂ Fqd1 ⊂ ........ ⊂ Fqdk

✇❤❡r❡ t❤❡ it❤ ✐t❡r❛t✐♦♥ ✜❡❧❞ Fqi ✐s ♦❜t❛✐♥✐♥❣ ❜② ❛❞❥♦✐♥✐♥❣ ❛ r♦♦t ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ xdi/di−1+βi

❢♦r s♦♠❡ βi ∈ Fqdi−1 ✳

✸✳ ❈❤♦♦s❡ r ✇✐t❤ ❧♦✇❡r ❍❛♠♠✐♥❣ ✇❡✐❣❤t✳ ■♥ ♦♥❡ ✐t❡r❛t✐♦♥ ♦❢ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠✱ ✐❢ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❜✐t ♦❢ r ✐s 1 t❤❡♥ ✇❡ ♣❡r❢♦r♠ t❤❡ ❛❞❞✐t✐♦♥ ❛♥❞ t❤❡ ❞♦✉❜❧✐♥❣ ♣❛rts ♦❢ t❤❡

❛❧❣♦r✐t❤♠ ✇❤✐❧❡ ♦♥❧② t❤❡ ❞♦✉❜❧❡ ♣❛rt ✐s ♣❡r❢♦r♠❡❞ ✐❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✐t ♦❢ r ✐s 0✳ ❚❤❡♥

t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ q✉✐❝❦❧② ❜② s❦✐♣♣✐♥❣ ♠❛♥② ❛❞❞✐t✐♦♥ st❡♣s ✐❢ r ❤❛s ❛ ❧♦✇❡r

❍❛♠♠✐♥❣ ✇❡✐❣❤t✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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✶✳✸✳✹ ❙❡❝✉r✐t② ❛♥❞ ❡✣❝✐❡♥❝② ♦❢ ♣❛✐r✐♥❣✲❜❛s❡❞ ♣r♦t♦❝♦❧s

❆ ♣❛✐r✐♥❣✲❜❛s❡❞ ♣r♦t♦❝♦❧ ✇✐❧❧ ❜❡ s❡❝✉r❡ ✐❢ t❤❡ ❞✐s❝r❡t❡ ❧♦❣❛r✐t❤♠ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❣r♦✉♣s

E(Fq) ❛♥❞ F⋆
qk

❛r❡ ❜♦t❤ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ✐♥❢❡❛s✐❜❧❡✳ ❚❤❡ ❜❡st ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ t❤❡ ❞✐s❝r❡t❡

❧♦❣❛r✐t❤♠ ♣r♦❜❧❡♠ ✐♥ ✜♥✐t❡ ✜❡❧❞ ✐s t❤❡ ✐♥❞❡① ❝❛❧❝✉❧✉s ✇❤✐❝❤ ❤❛s s✉❜❡①♣♦♥❡♥t✐❛❧ ❝♦♠♣❧❡①✐t② ❬✹✹❪

✇❤❡r❡❛s t❤❡ P♦❧❧❛r❞ r❤♦ ❛❧❣♦r✐t❤♠ ❬✻✺❪ ✐s t❤❡ ❜❡st ❛❧❣♦r✐t❤♠ ❢♦r ❞✐s❝r❡t❡ ❧♦❣❛r✐t❤♠ ❝♦♠♣✉t❛t✐♦♥

♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ r✉♥✲t✐♠❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ❝✉rr❡♥t ♠✐♥✐♠✉♠ ❧❡✈❡❧s ♦❢ s❡❝✉r✐t②

r❡q✉✐r❡❞ ✐s r > 2160 ❛♥❞ qk > 21024✳ ❚❤❡ r❛t✐♦ ♦❢ t❤❡s❡ s✐③❡s ✐s log(qk)
log(r)

= k · ρ✳ ❚❤❡ ✈❛❧✉❡ ρ

♠❡❛s✉r❡s t❤❡ ❜❛s❡ ✜❡❧❞ s✐③❡ r❡❧❛t✐✈❡ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ♣r✐♠❡✲♦r❞❡r s✉❜❣r♦✉♣ ♦♥ t❤❡ ❝✉r✈❡✳ ■♥

❣❡♥❡r❛❧✱ ❝✉r✈❡s ✇✐t❤ s♠❛❧❧ ρ ✈❛❧✉❡s ❛r❡ ❞❡s✐r❛❜❧❡ ✐♥ ♦r❞❡r t♦ s♣❡❡❞ ✉♣ ❛r✐t❤♠❡t✐❝ ♦♥ t❤❡ ❡❧❧✐♣t✐❝

❝✉r✈❡✳ ❙✉✐t❛❜❧❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❢♦r ♣❛✐r✐♥❣✲❜❛s❡❞ ❝r②♣t♦❣r❛♣❤② ❛r❡ ❝❛❧❧❡❞ ♣❛✐r✐♥❣✲❢r✐❡♥❞❧②✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✐s ♠♦r❡ ♣r❡❝✐s❡✳

❉❡✜♥✐t✐♦♥ ✶✼✳ ❬✸✵✱ ❉❡✜♥✐t✐♦♥ ✷✳✸❪ ❆♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq ✐s ❝❛❧❧❡❞

♣❛✐r✐♥❣ ❢r✐❡♥❞❧② ✐❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s

✶✳ ❚❤❡r❡ ✐s ❛ ♣r✐♠❡ r >
√
q ❞✐✈✐❞✐♥❣ ♯E(Fq)

✷✳ ❚❤❡ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ ♦❢ E ✇✐t❤ r❡s♣❡❝t t♦ r ✐s ❧❡ss t❤❛♥ log2(r)/8

❚❤❡ ♣❛♣❡r ♦❢ ❋r❡❡♠❛♥ ❡t ❛❧✳ ❬✸✵❪ ✐s ❛ ❣♦♦❞ r❡❢❡r❡♥❝❡ t♦ ❧❡❛r♥ ❛❜♦✉t ❤♦✇ t♦ ❣❡♥❡r❛t❡ ♦r❞✐♥❛r②

❡❧❧✐♣t✐❝ ❝✉r✈❡s s✉✐t❛❜❧❡ ❢♦r ♣❛✐r✐♥❣ ❜❛s❡❞ ❝r②♣t♦❣r❛♣❤②✳ ❋✐♥❛❧❧② ✇❡ s✉♠♠❛r✐s❡ ✐♥ t❛❜❧❡ ✶✳✶ t❤❡

♣❛r❛♠❡t❡rs r❡❝♦♠♠❡♥❞❡❞ ❢♦r r ❛♥❞ qk ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❡❝✉r✐t② ❧❡✈❡❧ ❬✻✹❪✳

❚❛❜❧❡ ✶✳✶ ✕ ❇✐t s✐③❡s ♦❢ ❝✉r✈❡s ♣❛r❛♠❡t❡rs ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡s t♦ ♦❜t❛✐♥

❝♦♠♠♦♥❧② ❞❡s✐r❡❞ ❧❡✈❡❧s ♦❢ s❡❝✉r✐t②✳

❙❡❝✉r✐t② ❇✐t ❧❡♥❣t❤ ♦❢ ❇✐t ❧❡♥❣t❤ ♦❢ k k

❧❡✈❡❧ r qk ρ ≈ 1 ρ ≈ 2

80 160 960− 1280 6− 8 3− 4

128 256 3000− 5000 12− 20 6− 10

192 384 8000− 10000 20− 26 10− 13

256 512 14000− 18000 28− 36 14− 18

❚❤❡ ❡✣❝✐❡♥t ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣❛✐r✐♥❣s ❞❡♣❡♥❞s ✐♥ ♣❛rt ♦♥ t❤❡ ♠♦❞❡❧ ❝❤♦s❡♥ ❢♦r t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳

P❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❤❛s ❜❡❡♥ ❞♦♥❡ s✉❝❝❡ss✐✈❡❧② ✐♥ ❬✷✶✱

✹✺❪ ❛♥❞ ❬✶❪✳ ❚❤❡ r❡❝❡♥t r❡s✉❧ts ♦♥ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ✉s✐♥❣ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ♦❢ ❲❡✐❡rstr❛ss ❢♦r♠

❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✽✱ ✶✾❪✳ ❘❡❝❡♥t❧② ✐♥ ❬✼✻❪✱ ❲❛♥❣ ❡t ❛❧✳ ❤❛✈❡ ❝♦♠♣✉t❡❞ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ♦♥ ❏❛❝♦❜✐

q✉❛rt✐❝ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✉s✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ❧❛✇✳ P❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥

♦♥ ❍❡ss✐❛♥ ❢♦r♠ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✼❪ ❛♥❞ ✐♥ ❬✽✵❪ ❢♦r ❙❡❧♠❡r ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝

❝✉r✈❡s✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❈❤❛♣✐tr❡ ❉❊❯❳

❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ ❡❧❧✐♣t✐❝

❝✉r✈❡s ♦❢ ❏❛❝♦❜✐ ❢♦r♠s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❚❛t❡ P❛✐r✐♥❣ ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥

❝✉r✈❡s ❛♥❞ t❤❡ s♣❡❝✐❛❧ ❏❛❝♦❜✐ q✉❛rt✐❝ ❡❧❧✐♣t✐❝ ❝✉r✈❡s Y 2 = dX4 +Z4 ♦✈❡r ✜❡❧❞s ♦❢ ❧❛r❣❡ ❝❤❛r❛❝✲

t❡r✐st✐❝ p ♥♦t ❝♦♥❣r✉❡♥t t♦ 3 ♠♦❞✉❧♦ 4✳

❲❡ ✉s❡ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ❧❛✇ ♦❢ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s t♦ ♦❜t❛✐♥

t❤❡ ✜rst ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦r t❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ✐♥ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ✐♥ t❤✐s ❝❛s❡✳ ❋♦r

♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ❡✈❡♥ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡✱ ✇❡ ❞❡✜♥❡ ❛♥❞ ✉s❡ t❤❡ q✉❛❞r❛t✐❝ t✇✐st ♦❢ t❤✐s

❝✉r✈❡ t♦ ♦❜t❛✐♥ ❡✣❝✐❡♥t ❢♦r♠✉❧❛s ✐♥ t❤❡ ❞♦✉❜❧✐♥❣ ❛♥❞ ❛❞❞✐t✐♦♥ st❛❣❡s ✐♥ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠✳

▼♦r❡♦✈❡r✱ ❢♦r ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ ❞✐✈✐s✐❜❧❡ ❜② 4 ♦♥ t❤❡ s♣❡❝✐❛❧ ❏❛❝♦❜✐

q✉❛rt✐❝ ❡❧❧✐♣t✐❝ ❝✉r✈❡ Y 2 = dX4+Z4✱ ✇❡ ❞❡✜♥❡ ❛♥❞ ✉s❡ ✐ts q✉❛rt✐❝ t✇✐st t♦ ♦❜t❛✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡

r❡s✉❧t ✇✐t❤ r❡s♣❡❝t t♦ ❲❡✐❡rstr❛ss ❝✉r✈❡s ❬✶✾❪✳ ❖✉r r❡s✉❧t ✐s ❛t t❤❡ s❛♠❡ t✐♠❡ ❛♥ ✐♠♣r♦✈❡♠❡♥t

♦❢ ❛ ♣r❡✈✐♦✉s r❡s✉❧t ♦♥ t❤✐s ❝✉r✈❡ ❬✼✻❪ ❛♥❞ ✐s t❤❡r❡❢♦r❡✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❜❡st r❡s✉❧t t♦

❞❛t❡ ♦♥ ♣❛✐r✐♥❣s ❝♦♠♣✉t❛t✐♦♥ ❛♠♦♥❣ ❛❧❧ ❝✉r✈❡s ✇✐t❤ q✉❛rt✐❝ t✇✐sts✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r

❝♦♥st✐t✉t❡❞ ❛♥ ❛rt✐❝❧❡ ✇✐t❤ ❙✳ ❉✉q✉❡s♥❡ ❬✷✻❪

❚❤❡ ❝❤❛♣t❡r ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ s❡❝t✐♦♥s ✿ ■♥ s❡❝t✐♦♥ ✷✳✶✱ ✇❡ ✜rst ❧♦♦❦ ❢♦r ▼✐❧❧❡r✬s ❢✉♥❝t✐♦♥ ♦♥

❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s ✉s✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ❧❛✇ ❛♥❞ t❤❡♥ ❝♦♠♣✉t❡

t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ♦♥ t❤✐s ❝✉r✈❡✳ ❙❡❝t✐♦♥ ✷✳✷ ♣r❡s❡♥ts t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ♦♥ t❤❡

❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ✉s✐♥❣ ❛♥ ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ ❲❡✐❡rstr❛ss ❝✉r✈❡s✳ ❋✐♥❛❧❧②

✇❡ ✉s❡ ❛ ♣❛✐r✐♥❣ ❢r✐❡♥❞❧② ❝✉r✈❡ t♦ ✐♠♣❧❡♠❡♥t ♦✉r r❡s✉❧t ✐♥ s❡❝t✐♦♥ ✷✳✸✳

✷✳✶ P❛✐r✐♥❣ ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s

✷✳✶✳✶ ❚❤❡ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s

❆♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❢♦r♠ ♦✈❡r ❛ ♥♦♥ ❜✐♥❛r② ✜❡❧❞ Fq ✐s ❞❡✜♥❡❞ ❜②

Ea :

{
x2 + y2 = 1

ax2 + z2 = 1
✇❤❡r❡ a ❜❡❧♦♥❣s t♦ Fq ❛♥❞ a(a− 1) 6= 0✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✶ P❛✐r✐♥❣ ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s ✷✼

❚❤❡ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡ Ea ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✐♥ t❤❡ ❲❡✐❡rstr❛ss ❢♦r♠

y2 = x(x − 1)(x − a)✳ ❚❤❡ ❛✣♥❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ✉♥✐✜❡❞ ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ✐s ❣✐✈❡♥ ✐♥ ❬✶✺❪ ❜②

(x3, y3, z3) = (x1, y1, z1) + (x2, y2, z2) s✉❝❤ t❤❛t ✿

x3 =
x1y2z2 + y1z1x2

y22 + z21x
2
2

, y3 =
y1y2 − x1z1x2z2

y22 + z21x
2
2

, z3 =
z1z2 − ax1y1x2y2

y22 + z21x
2
2

❙❡❡ ❬✶✺✱ ✷✾❪ ❢♦r ❢✉rt❤❡r r❡s✉❧ts ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s✳ ❆♥ ❛✣♥❡ ♣♦✐♥t (x, y, z) ♦♥ ❛ ❏❛❝♦❜✐

✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♣r♦❥❡❝t✐✈❡ ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s ✭❳ ✿ ❨ ✿ ❩ ✿ ❚✮

s❛t✐s❢②✐♥❣
{
X2 + Y 2 = T 2

aX2 + Z2 = T 2

❛♥❞ (x, y, z) = (X/T, Y/T, Z/T ) ✇✐t❤ T 6= 0✳ ❚❤❡ ♥❡❣❛t✐✈❡ ♦❢ (X : Y : Z : T ) ✐s (−X : Y : Z :

T )✳ ❚❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t P0 = (0, 1, 1) ✐s r❡♣r❡s❡♥t❡❞ ❜② (0 : 1 : 1 : 1)✳ ❇② s❡tt✐♥❣ T = 0 ✇❡

❣❡t ❢♦✉r ♣♦✐♥ts ❛t ✐♥✜♥✐t② ✿ Ω1 = (1 : s : t : 0)✱ Ω2 = (1 : s : −t : 0)✱ Ω3 = (1 : −s : t : 0) ❛♥❞

Ω4 = (1 : −s : −t : 0) ✇❤❡r❡ 1 + s2 = 0 ❛♥❞ a+ t2 = 0✳

✷✳✶✳✷ ❊✣❝✐❡♥t ❣r♦✉♣ ❧❛✇ ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s✳

❚❤❡ ✜rst ❢♦r♠✉❧❛s ❢♦r ❛❞❞✐t✐♦♥ ❧❛✇ ♦♥ ♣♦✐♥ts ♦❢ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s ❣✐✈❡♥ ❜② ❈❤✉❞✲

♥♦✈s❦② ❛♥❞ ❈❤✉❞♥♦✈s❦② ✐♥ ❬✶✺❪ ✉s❡❞ ♣r♦❥❡❝t✐✈❡ ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐♥❛t❡s✳ ■♥ ❬✹✶❪✱ ❍✐s✐❧ ❡t ❛❧✳

✐♠♣r♦✈❡❞ t❤❡s❡ ❢♦r♠✉❧❛s ❜② r❡♣r❡s❡♥t✐♥❣ ♣♦✐♥ts ❛s ❛ s❡①t✉♣❧❡t (X : Y : Z : T : XY : ZT ) ❛s

❢♦❧❧♦✇s ✿

❚❤❡ s✉♠ ♦❢ t❤❡ ♣♦✐♥ts r❡♣r❡s❡♥t❡❞ ❜② (X1 : Y1 : Z1 : T1 : U1 : V1) ❛♥❞ (X2 : Y2 : Z2 : T2 : U2 : V2)

✇❤❡r❡ U1 = X1Y1 ❀ V1 = Z1T1 ❛♥❞ U2 = X2Y2 ❀ V2 = Z2T2 ✐s t❤❡ ♣♦✐♥t (X3 : Y3 : Z3 : T3 : U3 : V3)

s✉❝❤ t❤❛t ✿

X3 = X1T1Y2Z2 + Y1Z1X2T2,

Y3 = Y1T1Y2T2 −X1Z1X2Z2,

Z3 = Z1T1Z2T2 − aX1Y1X2Y2,

T3 = T 2
1 Y

2
2 + Z2

1X
2
2 ,

U3 = X3Y3,

V3 = Z3T3.

✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠ ✿

E := X1Z2;F := Y1T2;G := Z1X2;H := T1Y2; J := U1V2;K := V1U2;

X3 := (H + F )(E +G)− J −K;Y3 := (H + E)(F −G)− J +K;

Z3 := (V1 − aU1)(U2 + V2) + aJ −K;T3 := (H +G)2 − 2K;U3 := X3Y3;V3 := Z3T3✳

❚❤✐s ♣♦✐♥t ❛❞❞✐t✐♦♥ ❝♦sts 11m1 + 1s1 + 2mc✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✶ P❛✐r✐♥❣ ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s ✷✽

❚❤❡ ❞♦✉❜❧✐♥❣ ♦❢ t❤❡ ♣♦✐♥t r❡♣r❡s❡♥t❡❞ ❜② (X1 : Y1 : Z1 : T1 : U1 : V1) ✐s t❤❡ ♣♦✐♥t (X3 : Y3 : Z3 :

T3 : U3 : V3) s✉❝❤ t❤❛t ✿

X3 = 2X1Y1Z1T1,

Y3 = −Z2
1T

2
1 − aX2

1Y
2
1 + 2(X2

1Y
2
1 + Y 4

1 ),

Z3 = Z2
1T

2
1 − aX2

1Y
2
1 ,

T3 = Z2
1T

2
1 + aX2

1Y
2
1 ,

U3 = X3Y3,

V3 = Z3T3.

✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠ ✿ E := V 2
1 ;F := U2

1 ;G := aF ;T3 := E +G;Z3 := E −G;Y3 := 2(F + Y 4
1 )−

T3;X3 := (U1 + V1)
2 − E − F ;U3 := X3Y3;V3 := Z3T3✳

❚❤✐s ♣♦✐♥t ❞♦✉❜❧✐♥❣ ❝♦sts 2m1 + 5s1 + 1mc✳

❲❡ ♣r❡s❡♥t ❛ ✈❡r✐✜❝❛t✐♦♥ s❝r✐♣t ✐♥ t❤❡ ❙❛❣❡ ❝♦♠♣✉t❡r ❛❧❣❡❜r❛ s②st❡♠ ❬✼✷❪ ✐♥ ❛♣♣❡♥❞✐① ✳✶✳

✷✳✶✳✸ ◗✉❛❞r❛t✐❝ t✇✐st ♦❢ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s✳

Pr♦♣♦s✐t✐♦♥ ✾✳ ▲❡t t❤❡ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡ Ea ❞❡✜♥❡❞ ❛s ✐♥ s❡❝t✐♦♥ ✷✳✶✳✶✳ ❆ q✉❛❞r❛t✐❝

(t = 2) t✇✐st ♦❢ Ea ♦✈❡r t❤❡ ❡①t❡♥s✐♦♥ Fqk/2 ♦❢ Fq ✭❦ ❡✈❡♥✮ ✐s t❤❡ ❝✉r✈❡

{
δ2x2 + y2 = 1

aδ2x2 + z2 = 1

❲❤❡r❡ {1, δ} ✐s t❤❡ ❜❛s✐s ♦❢ Fqk ❛s ❛ Fqk/2✲✈❡❝t♦r s♣❛❝❡ ❛♥❞ δ2 ∈ Fqk/2✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳ ▲❡t Ea,δ ♦✈❡r Fqk/2 ❜❡ ❛ q✉❛❞r❛t✐❝ t✇✐st ♦❢ Ea✳ ❚❤❡ Fqk ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥

Ea,δ ❛♥❞ Ea ✐s ❣✐✈❡♥ ❜②

ψ : Ea,δ → Ea

(x, y, z) 7→ (δx, y, z)

✷✳✶✳✹ ●❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ❧❛✇

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ✜♥❞ t❤❡ ❢✉♥❝t✐♦♥ hP1,P2 ✇✐t❤ ❞✐✈✐s♦r Div(hP1,P2) = (P1) +

(P2)− (P1+P2)− (P0)✳ ❋♦r t❤✐s✱ ✇❡ ♣r♦✈✐❞❡ ♠♦r❡ ❞❡t❛✐❧s t♦ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡

❣r♦✉♣ ❧❛✇ ✿ ❚❤r❡❡ ♣♦✐♥ts P1, P2, P3 ♦❢ t❤❡ ❝✉r✈❡ ✇✐❧❧ s✉♠ t♦ ③❡r♦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦✉r ♣♦✐♥ts

P0, P1, P2, P3 ❛r❡ ❝♦♣❧❛♥❛r✳ ❚❤❡ ♥❡❣❛t✐♦♥ ♦❢ ❛ ♣♦✐♥t P1 ✐s ❣✐✈❡♥ ❛s t❤❡ r❡s✐❞✉❛❧ ✐♥t❡rs❡❝t✐♦♥ ♦❢

t❤❡ ♣❧❛♥❡ t❤r♦✉❣❤ P1 ❝♦♥t❛✐♥✐♥❣ t❤❡ t❛♥❣❡♥t ❧✐♥❡ t♦ t❤❡ ❝✉r✈❡ ❛t P0✳ ❙❡❡ ❬✺✻❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

▲❡t P : fP1,P2(x, y, z) = 0 ❜❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡ ❞❡✜♥❡❞ ❜② t❤❡ ♣♦✐♥ts P1, P2 ❛♥❞ P0✳ ■❢

P1 = P2 t❛❦❡ fP1,P1 t♦ ❜❡ t❤❡ t❛♥❣❡♥t ♣❧❛♥❡ t♦ t❤❡ ❝✉r✈❡ ❛t P1 ♣❛ss✐♥❣ t❤r♦✉❣❤ P0✳ ❚❤❡ ♣❧❛♥❡

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✶ P❛✐r✐♥❣ ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s ✷✾

P ✐♥t❡rs❡❝ts Ea ❛t −(P1 + P2) = −P3✳ ❚❤❡♥ Div(fP1,P2) = (P1) + (P2) + (−P3) + (P0) − (Ω)

✇❤❡r❡ Ω = (Ω1) + (Ω2) + (Ω3) + (Ω4) ✐s ❛ r❛t✐♦♥❛❧ ❞✐✈✐s♦r✳

▲❡t P ′ : gP3(x, y, z) = 0 ❜❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ −P3 ❛♥❞ ❝♦♥t❛✐♥✐♥❣ t❤❡

t❛♥❣❡♥t ❧✐♥❡ t♦ t❤❡ ❝✉r✈❡ ❛t P0✳ ❚❤❡ ♣❧❛♥❡ P ′ ✐♥t❡rs❡❝ts t❤❡ ❝✉r✈❡ Ea ❛t t❤❡ ♣♦✐♥t P3✳ ❚❤❡♥

Div(gP3) = (P3) + 2(P0) + (−P3)− (Ω)✳ ❉❡✜♥❡

hP1,P2 =
fP1,P2

gP3

t❤❡♥

Div(hP1,P2) = (P1) + (P2)− (P1 + P2)− (P0)

❚❤❡♦r❡♠ ✶✶✳ ❚❤❡ ❢✉♥❝t✐♦♥s fP1,P2 ❛♥❞ gP3 ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

fP1,P2(x, y, z) = αx+ β(y − 1) + γ(z − 1)

✇✐t❤ ✿

α =

{
(z2 − 1)(y1 − 1)− (y2 − 1)(z1 − 1) ✐❢P1 6= P2,

x1(−a(y1 − 1) + z1 − 1) ✐❢P1 = P2.

β =

{
x2(z1 − 1)− x1(z2 − 1) ✐❢P1 6= P2,

y1(z1 − 1) ✐❢P1 = P2

γ =

{
x1(y2 − 1)− x2(y1 − 1) ✐❢P1 6= P2,

−z1(y1 − 1) ✐❢P1 = P2.

❛♥❞

gP3(x, y, z) = (z3 − 1)(y − 1) + (1− y3)(z − 1).

Pr♦♦❢ ✶✳ ✳

✶✳ ▲❡t fP1,P2(x, y, z) = αx + βy + γz + θ = 0 ❜❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡ P✳ ❇❡❝❛✉s❡ P0 =

(0, 1, 1) ∈ P ✇❡ ❤❛✈❡ θ = −β − γ✳ ❚❤✉s fP1,P2(x, y, z) = αx+ βy + γz − β − γ✳
■❢ P1 ❛♥❞ P2 ❛r❡ ❞✐✛❡r❡♥t t❤❡♥ ❜② ❡✈❛❧✉❛t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛t t❤❡ ♣♦✐♥ts P1 ❛♥❞ P2 ✇❡

♦❜t❛✐♥ t✇♦ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ α✱ β ❛♥❞ γ ✿

αx1 + β(y1 − 1) + γ(z1 − 1) = 0

αx2 + β(y2 − 1) + γ(z2 − 1) = 0

✇✐t❤ t❤❡ s♦❧✉t✐♦♥s

α =

∣∣∣∣∣
y1 − 1 z1 − 1

y2 − 1 z2 − 1

∣∣∣∣∣✱ β =

∣∣∣∣∣
z1 − 1 x1

z2 − 1 x2

∣∣∣∣∣ ✱ γ =

∣∣∣∣∣
x1 y1 − 1

x2 y2 − 1

∣∣∣∣∣
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✷✳✶ P❛✐r✐♥❣ ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s ✸✵

■❢ P1 = P2 6= P0 t❤❡♥ t❤❡ t❛♥❣❡♥t ❧✐♥❡ t♦ t❤❡ ❝✉r✈❡ ❛t P1 ✐s ❝♦❧❧✐♥❡❛r t♦ t❤❡ ✈❡❝t♦r

(y1z1,−x1z1,−ax1y1) = (x1, y1, 0)∧(ax1, 0, z1)✳ ❚❤✉s ♦♥❡ ❝❛♥ t❛❦❡ x1(−a(y1−1)+z1−1), y1(z1−
1),−z1(y1 − 1)) = (α, β, γ) ❛s ❛ ♥♦r♠❛❧ ✈❡❝t♦r t♦ t❤❡ ♣❧❛♥❡✳

✷✳ ❆ss✉♠❡ t❤❛t P ′ : gP3(x, y, z) = ax + by + cz + d = 0 ❛♥❞ P3 = (x3, y3, z3)✳ ❚❤❡ t❛♥❣❡♥t ❧✐♥❡

t♦ t❤❡ ❝✉r✈❡ ❛t P0 ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡s y = 1 ❛♥❞ z = 1✳ ❚❤✉s P0 ❛♥❞ ♦♥❡ ❛r❜✐tr❛r②

♣♦✐♥t (1, 1, 1) ♦♥ t❤❡ ❧✐♥❡ ❜❡❧♦♥❣ t♦ t❤❡ ♣❧❛♥❡ P ′✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t a = 0 ❛♥❞ b = −c − d s✉❝❤

t❤❛t gP3(x, y, z) = c(−y+z)+d(−y+1)✳ ❇❡❝❛✉s❡ P3 = (x3, y3, z3) ❜❡❧♦♥❣s t♦ t❤❡ ♣❧❛♥❡✱ ✇❡ ❤❛✈❡

c = d(−y3+1)/(y3− z3) ❛♥❞ ❜② r❡♣❧❛❝✐♥❣ t❤✐s ✈❛❧✉❡ ♦❢ c ✐♥ gP3(x, y, z) = c(−y+ z)+ d(−y+1)

✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

✷✳✶✳✺ ❚❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ✉s❡ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ❧❛✇ t♦ ❝♦♠♣✉t❡

♣❛✐r✐♥❣s✳ ❲❡ ❛ss✉♠❡ t❤❛t k ✐s ❡✈❡♥✳ ▲❡t (xQ, yQ, zQ) ∈ Ea,δ(Fqk/2)✳ ❚✇✐st✐♥❣ (xQ, yQ, zQ) ✇✐t❤

δ ❡♥s✉r❡s t❤❛t t❤❡ s❡❝♦♥❞ ❛r❣✉♠❡♥t ♦❢ t❤❡ ♣❛✐r✐♥❣ ✐s ♦♥ Ea(Fqk) ❛♥❞ ✐s ♦❢ t❤❡ ❢♦r♠ Q =

(δxQ, yQ, zQ)✱ ✇❤❡r❡ xQ, yQ ❛♥❞ zQ ❛r❡ ✐♥ Fqk/2 ✳ ❙✐♥❝❡ t❤❡ ♣♦✐♥t Q ✐s ✜①❡❞ ❞✉r✐♥❣ t❤❡ ❛❞❞✐t✐♦♥

❛♥❞ t❤❡ ❞♦✉❜❧✐♥❣ st❡♣ ✐♥ ▼✐❧❧❡r ❛❧❣♦r✐t❤♠✱ ✐t ✇✐❧❧ ❜❡ ♠❛✐♥t❛✐♥❡❞ ✐♥ ❛✣♥❡ ❝♦♦r❞✐♥❛t❡s✳

❆❞❞✐t✐♦♥ st❡♣ ✿ P1 + P2 = P3✳ ❇② t❤❡♦r❡♠ ✶✶✱

hP1,P2(δxQ, yQ, zQ) =
αxQδ + β(yQ − 1) + γ(zQ − 1)

(z3 − 1)yQ + (1− y3)zQ + (y3 − z3)
=

zQ − 1

(z3 − 1)yQ + (1− y3)zQ + (y3 − z3)

(
α

xQ
zQ − 1

δ + β
yQ − 1

zQ − 1
+ γ

)

❚♦ ♦❜t❛✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ✐♥ ♣r♦❥❡❝t✐✈❡ ❝♦♦r❞✐♥❛t❡s X✱ Y ✱ Z ❛♥❞ T ✱ ✇❡ s❡t

xi =
Xi

Ti
✱ yi =

Yi

Ti
❛♥❞ zi =

Zi

Ti
❀ i = 1, 2, 3. ❚❤❡ ❢✉♥❝t✐♦♥ ❜❡❝♦♠❡s ✿

hP1,P2(δxQ, yQ, zQ) =

T3(zQ − 1)

(
α′

xQ
zQ − 1

δ + β′ yQ−1

zQ−1
+ γ′

)

T1T2 [(Z3 − T3)yQ + (T3 − Y3)zQ + (Y3 − Z3)]

=
T3(zQ − 1) (α′M1δ + β′N1 + γ′)

T1T2 [(Z3 − T3)yQ + (T3 − Y3)zQ + (Y3 − Z3)]

✇❤❡r❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉✐✈❛❧❡♥ts α′, β′ ❛♥❞ γ′ ♦❢ α, β ❛♥❞ γ ❛r❡

α′ = (Z2 − T2)(Y1 − T1)− (Y2 − T2)(Z1 − T1)
β′ = X2(Z1 − T1)−X1(Z2 − T2)
γ′ = X1(Y2 − Z2)−X2(Y1 − T1)

M1 =
xQ

zQ−1
✱ N1 =

yQ−1

zQ−1
✳ ❖❜s❡r✈❡ t❤❛t

T3(zQ − 1)

T1T2[(Z3 − T3)yQ + (T3 − Y3)zQ + (Y3 − Z3)]
∈ Fqk/2 s♦

✐t ❝❛♥ ❜❡ ❞✐s❝❛r❞❡❞ ✐♥ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ s✐♥❝❡ t❤❡ ✜♥❛❧ ♦✉t♣✉t ♦❢ ▼✐❧❧❡r ❧♦♦♣ ✐s r❛✐s❡❞ t♦ t❤❡

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✶ P❛✐r✐♥❣ ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s ✸✶

♣♦✇❡r (qk − 1)/r ❛♥❞ qk/2 − 1 ✐s ❛ ❢❛❝t♦r ♦❢ (qk − 1)/r s✐♥❝❡ k ✐s ❡✈❡♥✳ ❚❤✉s ✇❡ ♦♥❧② ❤❛✈❡ t♦

❡✈❛❧✉❛t❡

(α′M1)δ + β′N1 + γ′

❙✐♥❝❡ Q = (δxQ, yQ, zQ) ✐s ✜①❡❞ ❞✉r✐♥❣ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥✱ t❤❡ q✉❛♥t✐t✐❡s M1 ❛♥❞ N1 ❝❛♥ ❜❡

♣r❡❝♦♠♣✉t❡❞ ✐♥ Fqk/2 ✳ ❊❛❝❤ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ α′ ❜② M1 ∈ Fqk/2 ❛♥❞ β
′ ❜② N1 ∈ Fqk/2 ❝♦sts

k
2
m1✳ ❈♦♠♣✉t✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts α′✱ β′ ❛♥❞ γ′ r❡q✉✐r❡s 6m1 ❛♥❞ t❤❡ ♣♦✐♥t ❛❞❞✐t✐♦♥ ✐♥ s✉❜s❡❝t✐♦♥

✷✳✶✳✶ r❡q✉✐r❡s 11m1+1s1+2mc✳ ❚❤✉s t❤❡ ♣♦✐♥t ❛❞❞✐t✐♦♥ ❛♥❞ ▼✐❧❧❡r ✈❛❧✉❡ ❝♦♠♣✉t❛t✐♦♥ r❡q✉✐r❡ ❛

t♦t❛❧ ♦❢ 1mk+(k+17)m1+1s1+2mc✳ ❚❤❡ ♣♦✐♥t P2 ✐s ♥♦t ❝❤❛♥❣❡❞ ❞✉r✐♥❣ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥

✭✐t ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❜❛s❡ ♣♦✐♥t ✐♥ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠✮ ❛♥❞ ❝❛♥ ❜❡ ❣✐✈❡♥ ✐♥ ❛✣♥❡ ❝♦♦r❞✐♥❛t❡s

✐✳❡✳ T2 = 1✳ ❆♣♣❧②✐♥❣ s✉❝❤ ❛ ♠✐①❡❞ ❛❞❞✐t✐♦♥ r❡❞✉❝❡s t❤❡ ❝♦st t♦ 1mk + (k+16)m1 +1s1 +2mc✳

❉♦✉❜❧✐♥❣ st❡♣ ✿ 2P1 = P3✳ ❇② t❤❡♦r❡♠ ✶✶✱

hP1,P1(δxQ, yQ, zQ) =
x1(−a(y1 − 1) + z1 − 1)xQδ + y1(z1 − 1)(yQ − 1)− z1(y1 − 1)(zQ − 1)

(z3 − 1)yQ + (1− y3)zQ + (y3 − z3)
=

x1(−a(y1 − 1) + z1 − 1)xQδ + y1(z1 − 1)(yQ − 1)− z1(y1 − 1)(zQ − 1)

(z3 − 1)yQ + (1− y3)zQ + (y3 − z3)
=

(zQ − 1)(x1(−a(y1 − 1) + z1 − 1))
xQ

zQ − 1
δ + y1(z1 − 1)

yQ
zQ − 1

− z1(y1 − 1)

(z3 − 1)yQ + (1− y3)zQ + (y3 − z3)

■♥ ♣r♦❥❡❝t✐✈❡ ❝♦♦r❞✐♥❛t❡s t❤❡ ❢✉♥❝t✐♦♥ ❜❡❝♦♠❡s ✿

hP1,P1(δxQ, yQ, zQ) =

T3(zQ − 1)

(
α′
1

xQ
zQ − 1

δ + β′
1

yQ
zQ − 1

− γ′1)
)

T 3
1 [(Z3 − T3)yQ + (T3 − Y3)zQ + (Y3 − Z3)]

=
T3(zQ − 1)

T 3
1 [(Z3 − T3)yQ + (T3 − Y3)zQ + (Y3 − Z3)]

(α′
1M2δ + β′

1N2 − γ′1)
.

❲❤❡r❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❡q✉✐✈❛❧❡♥ts α′, β′ ❛♥❞ γ′ ♦❢ α, β ❛♥❞ γ ❛r❡

α′
1 = X1(−a(Y1 − T1) + Z1 − T1)
β′
1 = Y1(Z1 − T1)
γ′1 = Z1(Y1 − T1)

M2 = 2a
xQ

zQ − 1
❛♥❞ N2 = a

yQ
zQ − 1

✳❚❤❡ ❢❛❝t t❤❛t
T3(zQ − 1)

T 3
1 [(Z3 − T3)yQ + (T3 − Y3)zQ + (Y3 − Z3)]

∈
Fqk/2 ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡✱ s✉❝❤ t❤❛t t❤✐s t❡r♠ ❝❛♥ ❜❡ ❞✐s❝❛r❞❡❞ t❤❛♥❦s t♦ t❤❡ ✜♥❛❧ ❡①♣♦♥❡♥t✐✲

❛t✐♦♥✳ ❚❤✉s ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❡✈❛❧✉❛t❡

(α′

1M2)δ + β′

1N2 − γ′1

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✷ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✸✷

❆❣❛✐♥ t❤❡ q✉❛♥t✐t✐❡sM2 ❛♥❞ N2 ❛r❡ ♣r❡❝♦♠♣✉t❡❞ ✐♥ Fqk/2 ✳ ◆♦t❡ t❤❛t ❡❛❝❤ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s

α′
1M2 ❛♥❞ β

′
1N2 ❝♦sts

k
2
m1✳ ❈♦♠♣✉t✐♥❣ α′

1✱β
′
1 ❛♥❞ γ

′
1 r❡q✉✐r❡s 3m1 ❛♥❞ t❤❡ ♣♦✐♥t ❞♦✉❜❧✐♥❣ ❢r♦♠

s✉❜s❡❝t✐♦♥ ✷✳✶✳✶ r❡q✉✐r❡s 2m1+5s1+1mc✳ ❚❤✉s t❤❡ ♣♦✐♥t ❞♦✉❜❧✐♥❣ ❛♥❞ ▼✐❧❧❡r ✈❛❧✉❡ ❝♦♠♣✉t❛t✐♦♥

r❡q✉✐r❡ ❛ t♦t❛❧ ♦❢ 1mk + 1sk + (k + 5)m1 + 5s1 + 1mc✳

✷✳✶✳✻ ❈♦♠♣❛r✐s♦♥ ♦❢ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥❢r♦♥t ♦✉r r❡s✉❧ts t♦ ♦t❤❡r r❡s✉❧ts ✐♥ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ ❝✉r✈❡s

✇✐t❤ ❛ q✉❛❞r❛t✐❝ t✇✐st✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ r❡s✉❧ts ✐s ❣✐✈❡♥ ✐♥ t❛❜❧❡ ✷✳✶✳ ❚❤✐s ❝♦♠♣❛r✐s♦♥ s❤♦✇

❚❛❜❧❡ ✷✳✶ ✕ ❈♦♠♣❛r✐s♦♥s ♦❢ ♦✉r ♣❛✐r✐♥❣ ❢♦r♠✉❧❛s ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❢❛st❡st ❢♦r♠✉❧❛s✳

❈✉r✈❡s ❉♦✉❜❧✐♥❣ ▼✐①❡❞ ❆❞❞✐t✐♦♥

❲❡✐❡rstr❛ss✭❛❂✵✮❬✶✾❪ 1mk + 1sk + (k + 2)m1 + 7s1 + 1mc 1mk + (k + 10)m1 + 2s1

❚✇✐st❡❞ ❊❞✇❛r❞s ❬✶❪ 1mk + 1sk + (k + 6)m1 + 5s1 + 2mc 1mk + (k + 12)m1 + 1ma

❏❛❝♦❜✐ q✉❛rt✐❝❬✼✻❪ 1mk + 1sk + (k + 4)m1 + 8s1 + 1mc 1mk + (k + 16)m1 + 1s1 + 4mc

❚❤✐s ✇♦r❦ 1mk + 1sk + (k + 5)m1 + 5s1 + 1mc 1mk + (k + 16)m1 + 1s1 + 2mc

t❤❛t ♦✉r ❢♦r♠✉❧❛s ✐♥ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s ❛r❡ ❡✣❝✐❡♥t ❛♥❞

❝♦♠♣❡t✐t✐✈❡ ✇✐t❤ ♦t❤❡rs ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❜✉t ♥♦t s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r✳

✷✳✷ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4

✷✳✷✳✶ ❚❤❡ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡

❆ ❏❛❝♦❜✐ q✉❛rt✐❝ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq ✐s ❞❡✜♥❡❞ ❜② ❛♥ ❡q✉❛t✐♦♥

Ed,α : y2 = dx4 + 2αx2 + 1

✇✐t❤ ❞✐s❝r✐♠✐♥❛♥t△ = 256d(α2−d)2 6= 0✳ ■♥ ❬✾❪ ❇✐❧❧❡t ❛♥❞ ❏♦②❡ ♣r♦✈❡❞ t❤❛t ✐❢ E : y2 = x3+ax+b

❤❛s ❛ r❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ♦r❞❡r 2 ❞❡♥♦t❡❞ (θ, 0) t❤❡♥ E ✐s ❜✐✲r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❏❛❝♦❜✐

q✉❛rt✐❝ ✿

Y 2 = dX4 − 2δX2Z2 + Z4

✇❤❡r❡ d = −(3θ2 + 4a)/16 ❛♥❞ δ = 3θ/4✳ ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❢♦❝✉s

♦✉r ✐♥t❡r❡st ♦♥ t❤❡ s♣❡❝✐❛❧ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡ Ed : Y 2 = dX4 + Z4 ❜❡❝❛✉s❡ t❤✐s ❝✉r✈❡ ❤❛s

✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s s✉❝❤ ❛s q✉❛rt✐❝ t✇✐st ✇❤✐❝❤ ❝♦♥tr✐❜✉t❡ t♦ ❛♥ ❡✣❝✐❡♥t ❝♦♠♣✉t❛t✐♦♥ ♦❢

♣❛✐r✐♥❣✳ ❚❤❡ ❛✣♥❡ ♠♦❞❡❧ ♦❢ t❤✐s ❝✉r✈❡ ✐s y2 = dx4 + 1 ✇✐t❤ (x, y) = (X
Z
, Y
Z2 )✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✷ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✸✸

❋✐❣✉r❡ ✷✳✶ ✕ ❚❤❡ ❏❛❝♦❜✐ q✉❛rt✐❝ y2 = 5x4 + 1 ♦✈❡r R✳

❚❤❡ s♣❡❝✐❛❧ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡ Ed ✐s ❜✐r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❲❡✐❡rstr❛ss ❝✉r✈❡

E : y2 = x3 − 4dx ✉s✐♥❣ t❤❡ ♠❛♣s

ϕ





(0 : 1 : 1) 7−→ O

(0 : −1 : 1) 7−→ (0, 0)

(X : Y : Z) 7−→
(
2 (Y+Z2)

X2 , 4Z(Y+Z2)
X3

) ;ϕ−1





O 7−→ (0 : 1 : 1)

(0, 0) 7−→ (0 : −1 : 1)

(x, y) 7−→ (2x : 2x3 − y2 : y)

✷✳✷✳✷ ●r♦✉♣ ❧❛✇ ♦♥ t❤❡ ❝✉r✈❡ Y 2 = dX4 + Z4✳

❍❡r❡ ✇❡ s♣❡❝✐❛❧✐s❡ ❢♦r♠✉❧❛s ❢♦r ♣♦✐♥t ❞♦✉❜❧✐♥❣ ❛♥❞ ♣♦✐♥t ❛❞❞✐t✐♦♥ ♦♥ t❤❡ ❝✉r✈❡ Ed ❢r♦♠ t❤❡

❢♦r♠✉❧❛s ♦♥ t❤❡ ❛✣♥❡ ♠♦❞❡❧ ❣✐✈❡♥ ✐♥ ❬✹✷❪✳ ❚❤❡ ❢♦r♠✉❧❛s ♦❜t❛✐♥❡❞ ❛r❡ ♥❡✇s ❛♥❞ ✇✐❧❧ ❡♥❛❜❧❡ ✉s✱

t♦❣❡t❤❡r ✇✐t❤ ♣❛✐r✐♥❣s ❢♦r♠✉❧❛s✱ t♦ ♦❜t❛✐♥ ❡✣❝✐❡♥t r❡s✉❧ts ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣❛✐r✐♥❣s✳ ❚❤❡

♣♦✐♥t ❛❞❞✐t✐♦♥ (x3, y3) = (x1, y1) + (x2, y2) ♦♥ t❤❡ ❛✣♥❡ ♠♦❞❡❧ ♦❢ Ed ✐s ❣✐✈❡♥ ❜② ✿

x3 =
x21 − x22

x1y2 − y1x2
, y3 =

(x1 − x2)2
(x1y2 − y1x2)2

(y1y2 + 1 + dx21x
2
2)− 1.

❇② r❡♣❧❛❝✐♥❣ x1 ❜②
X1

Z1
✱ x2 ❜②

X2

Z2
✱ y1 ❜②

Y1

Z2
1
✱ y2 ❜②

Y2

Z2
2
✱ x3 =

X3

Z3
❛♥❞ y3 ❜②

Y3

Z2
3
❛ s✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥

②✐❡❧❞s t♦

X3 = X2
1Z

2
2 − Z2

1X
2
2

Z3 = X1Z1Y2 −X2Z2Y1

Y3 = (X1Z2 −X2Z1)
2(Y1Y2 + (Z1Z2)

2 + d(X1X2)
2)− Z2

3

❚❤❡ ♣♦✐♥t ❞♦✉❜❧✐♥❣ (x3, y3) = 2(x1, y1) ♦♥ t❤❡ ❛✣♥❡ ♠♦❞❡❧ ♦❢ Ed ✐s ❣✐✈❡♥ ❜② ✿

x3 =
2y1

2− y21
x1, y3 =

2y1
2− y21

(
2y1

2− y21
− y1

)
− 1.

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✷ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✸✹

❇② r❡♣❧❛❝✐♥❣ x1 ❜② X1

Z1
✱ y1 ❜② Y1

Z2
1
✱ x3 ❜② X3

Z3
❛♥❞ y3 ❜② Y3

Z2
3
✱ ❛ s✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ ②✐❡❧❞s t♦ ✿

X3 = 2X1Y1Z1

Z3 = Z4
1 − dX4

1

Y3 = 2Y 4
1 − Z2

3

❲❡ ♣r❡s❡♥t ❛ ✈❡r✐✜❝❛t✐♦♥ s❝r✐♣t ✐♥ t❤❡ ❙❛❣❡ ❝♦♠♣✉t❡r ❛❧❣❡❜r❛ s②st❡♠ ❬✼✷❪ ✐♥ ❛♣♣❡♥❞✐① ✳✷✳

✷✳✷✳✸ ◗✉❛rt✐❝ t✇✐sts ♦❢ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡s

❚♦ ♦❜t❛✐♥ t❤❡ t✇✐st ♦❢ t❤❡ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ❜② Y 2 = dX4 + Z4✱ ✇❡ ✉s❡ t❤❡ ❜✐✲

r❛t✐♦♥❛❧ ♠❛♣s ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✶ ❛♥❞ t❤❡ t✇✐st ♦❢ ❲❡✐❡rstr❛ss ❝✉r✈❡s ❞❡✜♥❡❞ ✐♥ ♣r♦♣♦s✐t✐♦♥

✼ ♣❛❣❡ ✶✾✳ ❲❡ ❛ss✉♠❡ t❤❛t k ✐s ❞✐✈✐s✐❜❧❡ ❜② 4✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳ ❆ q✉❛rt✐❝ t✇✐st ♦❢ t❤❡ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡ Y 2 = dX4+Z4 ♦✈❡r t❤❡ ❡①t❡♥s✐♦♥

Fqk/4 ♦❢ Fq ✐s t❤❡ ❝✉r✈❡

Ed,ω : Y 2 = dω4X4 + Z4

✇❤❡r❡ ω ∈ Fqk ✐s s✉❝❤ t❤❛t ω2 ∈ Fqk/2 ✱ ω3 ∈ Fqk\Fqk/2 ❛♥❞ ω4 ∈ Fqk/4✳

❚❤❛t ✐s ④✶✱ ω✱ ω2✱ ω3⑥ ✐s ❛ ❜❛s✐s ♦❢ Fqk ❛s ❛ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r Fqk/4✳

Pr♦♣♦s✐t✐♦♥ ✶✷✳ ▲❡t Ed,ω ♦✈❡r Fqk/4 ❜❡ ❛ t✇✐st ♦❢ Ed✳ ❚❤❡ Fqk ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ Ed,ω ❛♥❞

Ed ✐s ❣✐✈❡♥ ❜②

ψ : Ed,ω → Ed

(X : Y : Z) 7→
(
X
ω2 : Y

ω6 : Z
ω3

)

✷✳✷✳✹ ❚❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥

❲❛♥❣ ❡t ❛❧✳ ✐♥ ❬✼✻❪ ❝♦♥s✐❞❡r❡❞ ♣❛✐r✐♥❣s ♦♥ ❏❛❝♦❜✐ q✉❛rt✐❝s ❛♥❞ ❣❛✈❡ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡✲

t❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ❧❛✇✳ ❲❡ ✉s❡ ❛ ❞✐✛❡r❡♥t ✇❛②✱ ♥❛♠❡❧② ❜✐✲r❛t✐♦♥❛❧ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❏❛❝♦❜✐

q✉❛rt✐❝ ❝✉r✈❡s ❛♥❞ ❲❡✐❡rstr❛ss ❝✉r✈❡s✱ ♦❢ ♦❜t❛✐♥✐♥❣ t❤❡ ❢♦r♠✉❧❛s✳ ❲❡ s♣❡❝✐❛❧✐s❡ t♦ t❤❡ ♣❛rt✐❝✉❧❛r

❝✉r✈❡s Ed : Y
2 = dX4+Z4 t♦ ♦❜t❛✐♥ ❜❡tt❡r r❡s✉❧ts ❢♦r t❤❡s❡ ✉♣ t♦ 26% ✐♠♣r♦✈❡♠❡♥t ❝♦♠♣❛r❡❞

t♦ r❡s✉❧ts ✐♥ ❬✼✻❪✳

●✐✈❡♥ t✇♦ ♣♦✐♥ts P1 = (x1, y1) ❛♥❞ P2 = (x2, y2) ♦♥ t❤❡ ❲❡✐❡rstr❛ss ❝✉r✈❡ E s✉❝❤ t❤❛t

P3 = (x3, y3) = P1 + P2✱ ❝♦♥s✐❞❡r R = (X1, Y1, Z1)✱ S = (X2, Y2, Z2) ❛♥❞ (X3, Y3, Z3) =

(X1, Y1, Z1)+(X2, Y2, Z2) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥ts ♦♥ t❤❡ ❥❛❝♦❜✐ q✉❛rt✐❝ Ed✳ ❚♦ ❞❡r✐✈❡ t❤❡ ▼✐❧❧❡r

❢✉♥❝t✐♦♥ hR,S(X, Y, Z) ❢♦r Ed✱ ✇❡ ✜rst ✇r✐t❡ t❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ hP1,P2(x, y) ♦♥ t❤❡ ❲❡✐❡rstr❛ss

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✷ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✸✺

❝✉r✈❡ E✳ ❚❤❡♥ ❜② ✉s✐♥❣ t❤❡ ❜✐r❛t✐♦♥❛❧ ❡q✉✐✈❛❧❡♥❝❡ ✇❡ ❤❛✈❡ hR,S(X, Y, Z) = hP1,P2(ϕ(X, Y, Z))✳

❚❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ hP1,P2(x, y) ❢♦r t❤✐s ❲❡✐❡rstr❛ss ❝✉r✈❡ ✐s

hP1,P2(x, y) =
y − λx− α
x− x3

❲❤❡r❡ λ =
y2 − y1
x2 − x1

✐❢ P1 6= P2 ❛♥❞ λ =
3x21 − 4d

2y1
✐❢ P1 = P2 ❛♥❞ α = y1− λx1✳ ❆s ❡①♣❧❛✐♥❡❞ ❛t

t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥✱ t❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❏❛❝♦❜✐ q✉❛rt✐❝ Ed : Y
2 = dX4 + Z4 ✐s

❣✐✈❡♥ ❜② hR,S(X, Y, Z) = hP1,P2(ϕ(X, Y, Z))✳ ❲❡ ❤❛✈❡ ✿

hR,S(X, Y, Z) =
4X2

3X
2

2X2
3 (Y + Z2)− 2X2(Y3 + Z2

3)

(
ZY + Z3

X3
− 1

2
λ

(
Y + Z2

X2

)
− α

4

)

✇❤❡r❡

λ =





−2X3
1Z2(Y2 + Z2

2) + 2X3
2Z1(Y1 + Z2

1)

X1X2[−X2
1 (Y2 + Z2

2) +X2
2 (Y1 + Z2

1)]
✐❢ P1 6= P2,

Y1 + 2Z2
1

X1Z1

✐❢ P1 = P2

❛♥❞

α =





−4(Y1 + Z2
1)(Y2 + Z2

2)(Z2X1 − Z1X2)

X1X2[−X2
1 (Y2 + Z2

2) +X2
2 (Y1 + Z2

1)]
✐❢ P1 6= P2

−2Y1(Y1 + Z2
1)

X3
1Z1

✐❢ P1 = P2

❘❡♠❛r❦ ✽✳ ■t ✐s s✐♠♣❧❡ t♦ ✈❡r✐❢② t❤❛t ♦✉r ❢♦r♠✉❧❛ ♦❜t❛✐♥❡❞ ❜② ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✐s ❡①❛❝t❧②

t❤❡ s❛♠❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❜② ❲❛♥❣ ❡t ❛❧✳ ✐♥ ❬✼✻❪ ✉s✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣

❧❛✇✳

■♥❞❡❡❞✱ ❜② s❡tt✐♥❣ x1 =
X1

Z1
✱ x2 =

X2

Z2
✱ y1 =

Y1

Z2
1
❛♥❞ y2 =

Y2

Z2
2
✐♥ t❤❡✐r ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ♦❜t❛✐♥❡❞ ❢♦r

t❤❡ ❝✉r✈❡ Ed,a : y2 = dx4 + 2ax + 1 ✭❜② t❛❦✐♥❣ a = 0✮✱ ✇❡ ❣❡t ❡①❛❝t❧② t❤❡ s❛♠❡ r❡s✉❧t t❤❛t ✇❡

❢♦✉♥❞ ❛❜♦✈❡✳

✷✳✷✳✺ ❙✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥

❇② ✉s✐♥❣ t✇✐st t❡❝❤♥✐q✉❡ ❛s ❡①♣❧❛✐♥❡❞ ❡❛r❧✐❡r✱ t❤❡ ♣♦✐♥t Q ✐♥ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥

❝❛♥ ❜❡ ❝❤♦s❡♥ t♦ ❜❡
(

XQ

ω2 :
YQ

ω6 :
ZQ

ω3

)
♦r (xQω, yQ, 1) ✐♥ ❛✣♥❡ ❝♦♦r❞✐♥❛t❡s ✇❤❡r❡ XQ✱ YQ✱ ZQ✱ xQ

❛♥❞ yQ ❛r❡ ✐♥ Fqk/4 ✳ ❚❤✉s

hR,S(xQω, yQ, 1) =
2X2

3x
2
Qω

2

X2
3 (yQ + 1)− x2Qω2(Y3 + Z2

3)

(
−1

2
λ

(
yQ + 1

x2Qω
4

)
ω2 +

(
yQ + 1

x3Qω
4

)
ω − α

4

)

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✷ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✸✻

❲r✐t❡ −α
4
= A

D
❛♥❞ −1

2
λ = B

D
t❤❡♥

hR,S(xQω, yQ, 1) =
2X2

3x
2
Qω

2D−1

X2
3 (yQ + 1)− x2Qω2(Y3 + Z2

3)

(
B

(
yQ + 1

x2Qω
4

)
ω2 +D

(
yQ + 1

x3Qω
4

)
ω + A

)

❲❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t
2X2

3x
2
Qω2

D(X2
3 (yQ+1)−x2

Qω2(Y3+Z2
3 ))
∈ Fqk/2 s♦ ✐t ❝❛♥ ❜❡ ❞✐s❝❛r❞❡❞ ✐♥ ♣❛✐r✐♥❣ ❝♦♠♣✉✲

t❛t✐♦♥ t❤❛♥❦s t♦ t❤❡ ✜♥❛❧ ❡①♣♦♥❡♥t✐❛t✐♦♥✳ ❚❤✉s ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❡✈❛❧✉❛t❡

hR,S(xQω, yQ, 1) = B

(
yQ + 1

x2Qω
4

)
ω2 +D

(
yQ + 1

x3Qω
4

)
ω + A

❙✐♥❝❡ Q = (xQω, yQ, 1) ✐s ✜①❡❞ ❞✉r✐♥❣ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥✱ t❤❡ q✉❛♥t✐t✐❡s
yQ+1

x3
Qω4 ❛♥❞

yQ+1

x2
Qω4 ❝❛♥

❜❡ ♣r❡❝♦♠♣✉t❡❞ ✐♥ Fqk/4 ✳ ◆♦t❡ t❤❛t ❡❛❝❤ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s D
(

yQ+1

x3
Qω4

)
❛♥❞ B

(
yQ+1

x2
Qω4

)
❝♦sts

k
4
m✳

❘❡♠❛r❦ ✾✳ ❲❡ ❝❛♥ ✉s❡ t❤❡ ❢❛❝t t❤❛t ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ h := hR,S t❤❡ t❡r♠ ω3 ✐s ❛❜s❡♥t ❛♥❞

A ∈ Fq✳ ❚❤✉s ✐♥ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠✱ t❤❡ ❝♦st ♦❢ t❤❡ ♠❛✐♥ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐♥ Fqk ✐s ♥♦t 1M ❜✉t(
1
k
+ 1

2

)
M ❛ss✉♠✐♥❣ t❤❛t s❝❤♦♦❧❜♦♦❦ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s ✉s❡❞✳

❇✉t ✐❢ ✇❡ ❛r❡ ✉s✐♥❣ ♣❛✐r✐♥❣ ❢r✐❡♥❞❧② ✜❡❧❞s✱ t❤❡ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ ✇✐❧❧ ❜❡ ♦❢ t❤❡ ❢♦r♠ k = 2i3j✳

❚❤❡♥ ✇❡ ❢♦❧❧♦✇ ❬✹✾❪ ❛♥❞ t❤❡ ❝♦st ♦❢ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦r ❛ sq✉❛r✐♥❣ ✐♥ t❤❡ ✜❡❧❞ Fqk ✐s 3i5j ♠✉❧t✐✲

♣❧✐❝❛t✐♦♥s ♦r sq✉❛r✐♥❣ ✐♥ Fq ✉s✐♥❣ ❑❛r❛ts✉❜❛ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❡t❤♦❞✳ ■♥ t❤✐s ❝❛s❡✱ ✐♥ ▼✐❧❧❡r✬s

❛❧❣♦r✐t❤♠✱ t❤❡ ❝♦st ♦❢ t❤❡ ♠❛✐♥ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐♥ Fqk ✐s
(

7·3i−25j+2i−23j

3i5j

)
mk✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s

λ′ st❛♥❞s ❢♦r 1
k
+ 1

2
♦r 7·3i−25j+2i−23j

3i5j
✳

■♥❞❡❡❞ t❤❡ ♠❛✐♥ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐♥ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠ ✐s ♦❢ t❤❡ ❢♦r♠ f · h ✇❤❡r❡ f ❛♥❞ h ❛r❡ ✐♥

Fqk ✳ ❙✐♥❝❡ Fqk ✐s ❛ Fqk/4✲✈❡❝t♦r s♣❛❝❡ ✇✐t❤ ❜❛s✐s ④✶✱ ω✱ ω2✱ ω3⑥✱ f ❛♥❞ h ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

f = f0+f1ω+f2ω
2+f3ω

3 ❛♥❞ h = h0+h1ω+h2ω
2+h3ω

3 ✇✐t❤ fi ❛♥❞ hi ✐♥ Fqk/4✱ i = 0, 1, 2, 3✳

❍♦✇❡✈❡r ✐♥ ♦✉r ❝❛s❡ h3 = 0✱ h0 ∈ Fq ❛♥❞ k = 2i3j✳

❙❝❤♦♦❧❜♦♦❦ ♠❡t❤♦❞ ✿ ❆ ❢✉❧❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ f.h ❝♦sts k2 ♠✉❧t✐♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ❜❛s❡ ✜❡❧❞ Fq

✉s✐♥❣ s❝❤♦♦❧❜♦♦❦ ♠❡t❤♦❞✳ ❇✉t t❤❛♥❦s t♦ t❤❡ ♣❛rt✐❝✉❧❛r ❢♦r♠ ♦❢ h0 ❛♥❞ h3✱ ❡❛❝❤ ♦❢ t❤❡ ♠✉❧t✐♣❧✐✲

❝❛t✐♦♥s fi · h0 ❝♦sts k
4
❛♥❞ ❡❛❝❤ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s fi · h1✱ fi · h2 ❝♦sts k2

16
✱ i = 0, 1, 2, 3✳ ❚❤❡♥

✜♥❛❧ ❝♦st ♦❢ t❤❡ ♣r♦❞✉❝t f · h ✐♥ t❤❡ ❜❛s❡ ✜❡❧❞ Fq ✐s 8k2

16
+ 4k

4
= k2

2
+ k✳ ❋✐♥❛❧❧② t❤❡ r❛t✐♦ ♦❢ t❤❡

❝♦st ✐♥ t❤✐s ❝❛s❡ ❜② t❤❡ ❝♦st ♦❢ t❤❡ ❣❡♥❡r❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s
k2

2
+k

k2
= 1

2
+ 1

k
✳

❑❛r❛ts✉❜❛ ♠❡t❤♦❞ ✿ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ f · h ✐s ❞♦♥❡ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ t❤r❡❡ ♣r♦❞✉❝ts ✿

u = (f0 + f1ω)(h0 + h1ω) ✇❤✐❝❤ ❝♦sts 2i−23j + 2(3i−25j)✱ v = (f2 + f3ω)(h2 + h3ω) ✇❤✐❝❤ ❝♦sts

2(3i−25j) ❛♥❞ w = (f0 + f2 + (f1 + f3)ω)(h0 + h2 + (h1 + h3)ω) ✇❤✐❝❤ ❝♦sts 3(3i−25j)✳ ❚❤❡ ✜♥❛❧

❝♦st ✐s t❤❡♥ 7 · 3i−25j + 2i−23j✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✷ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✸✼

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ❝♦♠♣✉t❡ A✱ B ❛♥❞ D✳ ■♥ t❤❡ ✇♦r❦ ♦❢ ❍✐s✐❧ ❡t ❛❧✳ ❬✹✷❪✱ t❤❡r❡

❛r❡ ❞✐✛❡r❡♥t ❢♦r♠✉❧❛s ✐♥ ❛✣♥❡ ✈❡rs✐♦♥ ❢♦r s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❚❤❡② ✉s❡❞ ♦♥❡ ♦❢ t❤❡♠ t♦

✐♠♣r♦✈❡ ♣♦✐♥t ❛❞❞✐t✐♦♥ ❛♥❞ ♣♦✐♥t ❞♦✉❜❧✐♥❣✳ ❚❤❡s❡ ✐♠♣r♦✈❡❞ ❢♦r♠✉❧❛s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❜② ❲❛♥❣

❡t ❛❧✳ t♦ ❝♦♠♣✉t❡ ♣❛✐r✐♥❣s✳ ❇✉t ✐♥ ♦✉r ❝❛s❡ ✇❡ ♦❜t❛✐♥❡❞ ♦✉r ❢♦r♠✉❧❛s ❢r♦♠ ❛ ❞✐✛❡r❡♥t ❛✣♥❡

✈❡rs✐♦♥✳ ❋♦r ❡✣❝✐❡♥❝② t❤❡ ♣♦✐♥t ✐s r❡♣r❡s❡♥t❡❞ ❜② (X : Y : Z : X2 : Z2) ✇✐t❤ Z 6= 0✳ ❲❡

♣r❡s❡♥t t❤❡ ✜rst t✐♠❡ t❤❛t t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s ✉s❡❞ ✇❤❡♥ d 6= 1✳ ❚❤✉s ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♣♦✐♥ts

P1 = (X1 : Y1 : Z1 : U1 : V1) ❛♥❞ P2 = (X2 : Y2 : Z2 : U2 : V2) ✇❤❡r❡ Ui = X2
i ✱ Vi = Z2

i ✱ i = 1, 2 ✳

❘❡♠❛r❦ ✶✵✳ ◆♦t❡ t❤❛t ✐❢ X2 ❛♥❞ Z2 ❛r❡ ❦♥♦✇♥ t❤❡♥ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❢♦r♠ XZ ❝❛♥ ❜❡ ❝♦♠✲

♣✉t❡❞ ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛ ((X+Z)2−X2−Z2)/2✳ ❚❤✐s ❛❧❧♦✇s t❤❡ r❡♣❧❛❝❡♠❡♥t ♦❢ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥

❜② ❛ sq✉❛r✐♥❣ ♣r❡s✉♠✐♥❣ ❛ sq✉❛r✐♥❣ ❛♥❞ t❤r❡❡ ❛❞❞✐t✐♦♥s ❛r❡ ♠♦r❡ ❡✣❝✐❡♥t✳ ❚❤❡ ♦♣❡r❛t✐♦♥s ❝♦♥✲

❝❡r♥❡❞ ✇✐t❤ t❤✐s r❡♠❛r❦ ❛r❡ ❢♦❧❧♦✇❡❞ ❜② ∗ ✐♥ t❛❜❧❡s ✷✳✸ ❛♥❞ ✷✳✷✳

✷✳✷✳✻ P♦✐♥t ❞♦✉❜❧✐♥❣ ❛♥❞ ▼✐❧❧❡r ✐t❡r❛t✐♦♥

❲❤❡♥ P1 = P2✱ ✇❡ ❤❛✈❡ A = Y1(Y1 + Z2
1) ✱ D = 2X3

1Z1 ❛♥❞ B = −X2
1 (Y1 + 2Z2

1)✳ ❚❤❡

❝♦♠♣✉t❛t✐♦♥ ♦❢ A✱ B✱ D ❛♥❞ t❤❡ ♣♦✐♥t ❞♦✉❜❧✐♥❣ ❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ t❛❜❧❡ ✷✳✷

✇✐t❤ 4m1 + 6s1 + 1mc ♦r 3m1 + 7s1 + 1mc ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡♠❛r❦ ✶✵✳

❚❛❜❧❡ ✷✳✷ ✕ ❈♦♠❜✐♥❡❞ ❢♦r♠✉❧❛s ❢♦r ❞♦✉❜❧✐♥❣ ❛♥❞ ▼✐❧❧❡r ✈❛❧✉❡ ❝♦♠♣✉t❛t✐♦♥✳

Operations V alues Cost

U := U2

1
U = X4

1
1s1

V := V 2

1
V = Z4

1
1s1

Z3 := V − dU Z3 = Z4

1
− dX4

1
1md

E := ((X1 + Z1)
2 − U1 − V1)/2 ∗ E = X1Z1 1m1 ♦r 1s1

D := 2U1E D = 2X3

1
Z1 1m1

A := (2Y1 + V1)
2/4− U A = Y1(Y1 + Z2

1
) 1s1

B := −U1(Y1 + 2V1) B = −X2

1
(Y1 + 2Z2

1
) 1m1

X3 := 2EY1 X3 = 2X1Y1Z1 1m1

V3 := Z2

3
V3 = Z2

3
1s1

Y3 := 2V − Z3 Y3 = dX4

1
+ Z4

1
= Y 2

1
✲

Y3 := 2Y 2

3
− V3 Y3 = 2Y 4

1
− Z2

3
1s1

U3 := X2

3
U3 = X2

3
1s1

❚♦t❛❧ ❝♦st ✿ 4m1 + 6s1 + 1mc ♦r 3m1 + 7s1 + 1mc

❚❤✉s t❤❡ ♣♦✐♥t ❞♦✉❜❧✐♥❣ ❛♥❞ ▼✐❧❧❡r ✈❛❧✉❡ ❝♦♠♣✉t❛t✐♦♥ r❡q✉✐r❡ ❛ t♦t❛❧ ♦❢ λ′mk + 1sk + (k
2
+

4)m1 + 6s1 + 1mc ♦r λ′mk + 1sk + (k
2
+ 3)m1 + 7s1 + 1mc✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✷ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✸✽

✷✳✷✳✼ P♦✐♥t ❛❞❞✐t✐♦♥ ❛♥❞ ▼✐❧❧❡r ✐t❡r❛t✐♦♥

❲❤❡♥ P1 6= P2 ✇❡ ❤❛✈❡ A = (Y1 + Z2
1)(Y2 + Z2

2)(Z1X2 − Z2X1)✱

D = X1X2[−X2
1 (Y2 + Z2

2) +X2
2 (Y1 + Z2

1)] ❛♥❞ B = X3
1Z2(Y2 + Z2

2)−X3
2Z1(Y1 + Z2

1)✳

❯s✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ t❛❜❧❡ ✷✳✸ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ A✱ B✱ D ❛♥❞ t❤❡ ♣♦✐♥t ❛❞❞✐t✐♦♥ ❝❛♥ ❜❡

❞♦♥❡ ✐♥ 18m1 + 5s1 + 1mc ♦r 12m1 + 11s1 + 1mc ❛❝❝♦r❞✐♥❣ t♦ r❡♠❛r❦ ✶✵✳ ❆♣♣❧②✐♥❣ ♠✐①❡❞

❛❞❞✐t✐♦♥✭Z2 = 1✮✱ t❤✐s ❝♦st ✐s r❡❞✉❝❡❞ t♦ 15m1+4s1+1mc ♦r 12m1+7s1+1mc✳ ❚❤✉s t❤❡ ♣♦✐♥t

❛❞❞✐t✐♦♥ ❛♥❞ ▼✐❧❧❡r ✈❛❧✉❡ ❝♦♠♣✉t❛t✐♦♥ r❡q✉✐r❡ ❛ t♦t❛❧ ♦❢ λ′mk +1sk +
(
k
2
+ 15

)
m1 +4s1 +1mc

♦r λ′mk + 1sk +
(
k
2
+ 12

)
m1 + 7s1 + 1mc✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✷ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✸✾

❚❛❜❧❡ ✷✳✸ ✕ ❈♦♠❜✐♥❡❞ ❢♦r♠✉❧❛s ❢♦r ❛❞❞✐t✐♦♥ ❛♥❞ ▼✐❧❧❡r ✈❛❧✉❡ ❝♦♠♣✉t❛t✐♦♥✳

Operations V alues Cost

U := Y1 + V1 U = Y1 + Z2

1
✲

V := Y2 + V2 V = Y2 + Z2

2
✲

R := ((X1 + Z2)
2 − U1 − V2)/2 ✯ R = Z2X1 1m1

S := ((X2 + Z1)
2 − U2 − V1)/2 ✯ S = Z1X2 1m1

A := S −R A = Z1X2 − Z2X1 ✲

A := AV A = (Y2 + Z2

2
)(Z1X2 − Z2X1) 1m1

A := AU A = (Y1 + Z2

1
)(Y2 + Z2

2
)(Z1X2 − Z2X1) 1m1

U := U2U U = X2

2
(Y1 + Z2

1
) ✲

V := U1V V = X2

1
(Y2 + Z2

2
) 1m1

B := RV − SU B = X3

1
Z2(Y2 + Z2

2
)−X3

2
Z1(Y1 + Z2

1
) 2m1

D := ((X1 +X2)
2 − U1 − U2)/2 ✯ D = X1X2 1m1 ♦r 1s1

E := dD2 E = d(X1X2)
2 1md + 1s1

D := D(U − V ) D = X1X2[−X2

1
(Y2 + Z2

2
) +X2

2
(Y1 + Z2

1
)] 1m1

X3 := (R+ S)(R− S) X3 = X2

1
Z2

2
− Z2

1
X2

2
1m1

W1 := ((X1 + Z1)
2 − U1 − V1)/2 ✯ W1 = X1Z1 1m1 ♦r 1s1

W2 := ((X2 + Z2)
2 − U2 − V2)/2 ✯ W2 = X2Z2 1m1 ♦r 1s1

Z3 := W1Y2 −W2Y1 Z3 = X1Z1Y2 −X2Z2Y1 2m1

U := Y1Y2 U = Y1Y2 1m1

V := ((Z1 + Z2)
2 − V1 − V2)/2 ✯ V = Z1Z2 1m1 ♦r 1s1

V := V 2 + E V = (Z1Z2)
2 + d(X1X2)

2 1s1

E := (R− S)2 E = (X1Z2 −X2Z1)
2 1s1

U3 := X2

3
U3 = X2

3
1s1

V3 := Z2

3
V3 = Z2

3
1s1

Y3 := E(U + V )− V3 Y3 = (X1Z2 −X2Z1)
2(Y1Y2 + (Z1Z2)

2+

d(X1X2)
2)− Z2

3
1m1

❚♦t❛❧ ❝♦st ✿ 18m1 + 5s1 + 1mc ♦r 12m1 + 11s1 + 1mc

✷✳✷✳✽ ❈♦♠♣❛r✐s♦♥

❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ r❡s✉❧ts ✐s s✉♠♠❛r✐③❡❞ ✐♥ t❛❜❧❡ ✷✳✹ ❛♥❞ t❛❜❧❡ ✷✳✺✳ ❚❤❡s❡ ❝♦♠♣❛r✐s♦♥s ❛r❡

♠❛❞❡ ❢♦r t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ❛♥❞ ❝✉r✈❡s ✇✐t❤ ❛ q✉❛rt✐❝ t✇✐st✳

■♥ t❛❜❧❡ ✷✳✹✱ ✇❡ ❛ss✉♠❡ t❤❛t ❙❝❤♦♦❧❜♦♦❦ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❡t❤♦❞ ✐s ✉s❡❞✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t ❛♥

❡①❛♠♣❧❡ ♦❢ ❝♦♠♣❛r✐s♦♥ ✐♥ t❤❡ ❝❛s❡s k = 8 s✐♥❝❡ t❤✐s ✈❛❧✉❡ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ ❢♦r

❝r②♣t♦❣r❛♣❤✐❝ ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡♥ ❛ q✉❛rt✐❝ t✇✐st ✐s ✉s❡❞✳

❘❡♠❛r❦ ✶✶✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t m1 = s1 = mc ❛♥❞ k = 8 t❤❡♥ ❢♦r t❤❡ ❞♦✉❜❧✐♥❣ st❡♣ t❤❡ t♦t❛❧

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✷ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✹✵

❚❛❜❧❡ ✷✳✹ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ ♦✉r ♣❛✐r✐♥❣ ❢♦r♠✉❧❛s ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❢❛st❡st ❢♦r♠✉❧❛s ✇✐t❤ ❛♥

❡①❛♠♣❧❡ ✉s✐♥❣ ❙❝❤♦♦❧❜♦♦❦ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❡t❤♦❞✳

❈✉r✈❡s ❉♦✉❜❧✐♥❣ ▼✐①❡❞ ❆❞❞✐t✐♦♥

❲❡✐❡rstr❛ss✭❜❂✵✮❬✶✾❪ 1mk + 1sk + (k
2
+ 2)m1 + 8s+ 1mc 1mk + (k

2
+ 9)m1 + 5s1

❏❛❝♦❜✐ q✉❛rt✐❝✭❛❂✵✮❬✼✻❪ 1mk + 1sk + (k
2
+ 5)m1 + 6s1 1mk + (k

2
+ 16)m1 + 1s1+

1mc

❚❤✐s ✇♦r❦ ( 1
k
+ 1

2
)mk + 1sk + (k

2
+ 3)m1+ ( 1

k
+ 1

2
)mk + (k

2
+ 12)m1+

7s1 + 1mc 7s1 + 1mc

❊①❛♠♣❧❡ ✿ k = 8

❲❡✐❡rstr❛ss✭❜❂✵✮❬✶✾❪ 98m1 + 16s1 + 1mc 77m1 + 5s1

❏❛❝♦❜✐ q✉❛rt✐❝ ✭❛❂✵✮❬✼✻❪ 101m1 + 14s1 84m1 + 1s1 + 1mc

❚❤✐s ✇♦r❦ 75m1 + 15s1 + 1mc 57m1 + 6s1 + 1mc

❝♦sts ❛r❡ 115m1✱ 115m1 ❛♥❞ 91m1 ❢♦r ❲❡✐❡rstr❛ss ❝✉r✈❡✱ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡ ✭❛❂✵✮❬✼✻❪ ❛♥❞

t❤✐s ✇♦r❦ r❡s♣❡❝t✐✈❡❧②✳ ❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ ✐♥ t❤✐s ✇♦r❦ ❛ t❤❡♦r❡t✐❝❛❧ ❣❛✐♥ ♦❢ 21% ✇✐t❤ r❡s♣❡❝t

t♦ ❲❡✐❡rstr❛ss ❝✉r✈❡s ❛♥❞ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡s✳ ❙✐♠✐❧❛r❧② ❢♦r t❤❡ ❛❞❞✐t✐♦♥ st❡♣ ✇❡ ♦❜t❛✐♥ ❛

t❤❡♦r❡t✐❝❛❧ ❣❛✐♥ ♦❢ 22% ❛♥❞ 26% ♦✈❡r ❲❡✐❡rstr❛ss ❛♥❞ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡s r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s

t❤❡♦r❡t✐❝❛❧ ❣❛✐♥ ✐♥❝r❡❛s❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✈❛❧✉❡ ♦❢ k✱ s❡❡ t❛❜❧❡ ✷✳✹✳

■♥ t❛❜❧❡ ✷✳✺✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝♦sts ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ❑❛r❛ts✉❜❛ ♠❡t❤♦❞ ✐s ✉s❡❞ ❢♦r ❝✉r✈❡s

✇✐t❤ k = 2i3j✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ♦❢ ❝♦♠♣❛r✐s♦♥ ✐♥ t❤❡ ❝❛s❡s k = 8 ❛♥❞ k = 16 s✐♥❝❡

t❤❡s❡ ✈❛❧✉❡s ❛r❡ t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ ❢♦r ❝r②♣t♦❣r❛♣❤✐❝ ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡♥ ❛ q✉❛rt✐❝ t✇✐st ✐s

✉s❡❞✳

❘❡♠❛r❦ ✶✷✳ ❲❡ ❛ss✉♠❡ ❛❣❛✐♥ t❤❛t m1 = s1 = mc✳ ❋♦r k = 8 ❛♥❞ ❢♦r t❤❡ ❞♦✉❜❧✐♥❣ st❡♣ ✇❡

♦❜t❛✐♥ ❛ t❤❡♦r❡t✐❝❛❧ ❣❛✐♥ ♦❢ 6% ♦✈❡r ❲❡✐❡rstr❛ss ❝✉r✈❡s ❛♥❞ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡s ✭❛❂✵✮❬✼✻❪✳

❚❤✐s t❤❡♦r❡t✐❝❛❧ ❣❛✐♥ ✐♥❝r❡❛s❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✈❛❧✉❡ ♦❢ k✳ ❲❤❡♥ k = 16 t❤❡ ❣❛✐♥ ✐s 8% ❜♦t❤ ❢♦r

t❤❡ ❛❞❞✐t✐♦♥ ❛♥❞ ❞♦✉❜❧✐♥❣ st❡♣ ♦✈❡r ❲❡✐❡rstr❛ss ❝✉r✈❡s✳ ❚❤❡ ✐♠♣r♦✈❡♠❡♥t ✐s 13% ✐♥ ❛❞❞✐t✐♦♥

st❡♣ ♦✈❡r ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡s✱ s❡❡ t❛❜❧❡ ✷✳✺✳

❘❡♠❛r❦ ✶✸✳ ❚❤❡ s❡❝✉r✐t② ❛♥❞ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ♣❛✐r✐♥❣✲❜❛s❡❞ s②st❡♠s r❡q✉✐r❡s ✉s✐♥❣ ♣❛✐r✐♥❣✲

❢r✐❡♥❞❧② ❝✉r✈❡s✳ ❚❤❡ ❏❛❝♦❜✐ ♠♦❞❡❧s ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s st✉❞✐❡❞ ✐♥ t❤✐s ✇♦r❦ ❛r❡ ✐s♦♠♦r♣❤✐❝ t♦

❲❡✐❡rstr❛ss ❝✉r✈❡s✳ ❚❤✉s ✇❡ ❝❛♥ ♦❜t❛✐♥ ♣❛✐r✐♥❣ ❢r✐❡♥❞❧② ❝✉r✈❡s ♦❢ s✉❝❤ ♠♦❞❡❧s ✉s✐♥❣ t❤❡ ❝♦♥✲

str✉❝t✐♦♥ ❣✐✈❡♥ ❜② ●❛❧❜r❛✐t❤ ❡t ❛❧✳❬✸✸❪ ♦r ❜② ❋r❡❡♠❛♥ ❡t ❛❧✳❬✸✵❪✳ ❙♦♠❡ ❡①❛♠♣❧❡s ♦❢ ♣❛✐r✐♥❣

❢r✐❡♥❞❧② ❝✉r✈❡s ♦❢ ❏❛❝♦❜✐ q✉❛rt✐❝ ❢♦r♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✼✻❪✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✷✳✸ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ✹✶

❚❛❜❧❡ ✷✳✺ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ ♦✉r ♣❛✐r✐♥❣ ❢♦r♠✉❧❛s ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❢❛st❡st ❢♦r♠✉❧❛s ✇✐t❤ ❛♥

❡①❛♠♣❧❡ ✉s✐♥❣ ❑❛r❛ts✉❜❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❡t❤♦❞✳

❈✉r✈❡s ❉♦✉❜❧✐♥❣ ▼✐①❡❞ ❆❞❞✐t✐♦♥

❲❡✐❡rstr❛ss✭❜❂✵✮❬✶✾❪ 1mk + 1sk + (k
2
+ 2)m1 + 8s1 + 1mc 1mk + (k

2
+ 9)m1 + 5s1

❏❛❝♦❜✐ q✉❛rt✐❝✭❛❂✵✮❬✼✻❪ 1mk + 1sk + (k
2
+ 5)m1 + 6s1 1mk + (k

2
+ 16)m1 + 1s1+

1mc

❚❤✐s ✇♦r❦
(

7·3i−25j+2i−23j

3i5j

)
mk + 1sk+

(
7·3i−25j+2i−23j

3i5j

)
mk+

(k
2
+ 3)m1 + 7s1 + 1mc (k

2
+ 12)m1 + 7s1 + 1mc

❊①❛♠♣❧❡ ✶ ✿ k = 8

❲❡✐❡rstr❛ss✭❜❂✵✮❬✶✾❪ 33m1 + 35s1 + 1mc 40m1 + 5s1

❏❛❝♦❜✐ q✉❛rt✐❝ ✭❛❂✵✮❬✼✻❪ 36m1 + 33s1 84m1 + 1s1 + 1mc

❚❤✐s ✇♦r❦ 30m1 + 34s1 + 1mc 39m1 + 7s1 + 1mc

❊①❛♠♣❧❡ ✷ ✿ k = 16

❲❡✐❡rstr❛ss✭❜❂✵✮❬✶✾❪ 91m1 + 89s1 + 1mc 98m1 + 5s1

❏❛❝♦❜✐ q✉❛rt✐❝ ✭❛❂✵✮❬✼✻❪ 94m1 + 87s1 105m1 + 1s1 + 1mc

❚❤✐s ✇♦r❦ 78m1 + 88s1 + 1mc 87m1 + 7s1 + 1mc

✷✳✸ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢❛♠✐❧❧② ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ♦❢ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ 8 ❞❡s❝r✐❜❡❞ ✐♥

❬✼✸❪ t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❚❛t❡ ♣❛✐r✐♥❣✳ ❚❤✐s ❢❛♠✐❧❧② ♦❢ ❝✉r✈❡s ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ✿

r = 82x4 + 108x3 + 54x2 + 12x+ 1

p = 379906x6 + 799008x5 + 705346x4 + 333614x3 + 88945x2 + 12636x+ 745

❋♦r x = 24000000000010394✱ t❤❡ ✈❛❧✉❡s ♦❢ r✱ q ❛♥❞ t❤❡ ❝✉r✈❡ ❝♦❡✣❝✐❡♥t d ❛r❡ ✿

r = 27205632000047130716160030618261401480840452517707677193482845476

817,

p = 726011672004446604951703464791789328991217313776602768811505320697

58156754787842298703647640196322590069,

d = 4537572950027791280948146654948683306195108211103767305071908254359

8847971742401436689779775122701618793,

t = −1133568000001472850432000637893917136092090964291460,

❲❡ ♠❛❞❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✇✐t❤ ▼❛❣♠❛ s♦❢t✇❛r❡✱ ❱✷✳✶✺✲✸✱ ❬✶✷❪ r✉♥♥✐♥❣ ♦♥ ❛ ▲✐♥✉① ▲✉❜✉♥t✉ ♦♥

❛ ✻✹✲❜✐t P❈ ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝s ✶✳✵✵ ●❍❩ ❛♥❞ ✺ ●❇ ♦❢ ❘❆▼✳ ❚❤❡ ❝♦❞❡ ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥

♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ✐s ❣✐✈❡♥ ✐♥ ❛♣♣❡♥❞✐① ✳✸✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❈❤❛♣✐tr❡ ❚❘❖■❙

❈♦♠♣✉t❛t✐♦♥ ♦❢ ❆t❡ ♣❛✐r✐♥❣ ❛♥❞ ✐ts

✈❛r✐❛t✐♦♥s ♦♥ t❤❡ ❏❛❝♦❜✐ q✉❛rt✐❝

❡❧❧✐♣t✐❝ ❝✉r✈❡ Y 2 = dX4 + Z4

❙✐♥❝❡ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣❛✐r✐♥❣✲❜❛s❡❞ ❝r②♣t♦❣r❛♣❤②✱ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ▼✐❧❧❡r ❛❧❣♦r✐t❤♠✱

t❤❡ ♠❛✐♥ t♦♦❧ ✐♥ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥✱ ❤❛s ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ✐♠♣r♦✈❡❞✳ ❖♥❡ ✇❛② t♦ ❞♦ t❤✐s ✐s

❜❛s❡❞ ♦♥ s❤♦rt❡♥✐♥❣ t❤❡ ❧♦♦♣ ❧❡♥❣t❤ ✐♥ t❤✐s ❛❧❣♦r✐t❤♠ t❤❛t ❧❡❛❞s✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❲❡✐❧ ❛♥❞ ❚❛t❡

♣❛✐r✐♥❣s✱ t♦ ♦t❤❡r ♣❛✐r✐♥❣s s✉❝❤ ❛s ✿ ✲t❤❡ ❊t❛✲♣❛✐r✐♥❣ ❬✹❪ ♦♥ ❝❡rt❛✐♥ s✉♣❡rs✐♥❣✉❧❛r ❡❧❧✐♣t✐❝ ❝✉r✈❡s✱

✲ ❆t❡ ❛♥❞ t✇✐st❡❞ ❆t❡ ♣❛✐r✐♥❣s t❤❛t ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❊t❛✲♣❛✐r✐♥❣ ❜✉t ❝❛♥ ❜❡ ✉s❡❞

❡✣❝✐❡♥t❧② ✇✐t❤ ♦r❞✐♥❛r② ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹✵❪✳ ■♥ ❬✼✹❪✱ ❱❡r❝❛✉t❡r❡♥ ✐♥tr♦❞✉❝❡❞ t❤❡

❝♦♥❝❡♣t ♦❢ ♦♣t✐♠❛❧ ♣❛✐r✐♥❣s t❤❛t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r ♦❢ ❜❛s✐❝ ▼✐❧❧❡r✬s

✐t❡r❛t✐♦♥s✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡s❡ ❞✐✛❡r❡♥t ♣❛✐r✐♥❣s ❤❛s ❜❡❡♥ ❞♦♥❡ ❜② ❈♦st❡❧❧♦ ❡t ❛❧✳ ✐♥ ❬✶✾❪

✐♥ t❤❡ ❝❛s❡ ♦❢ ❲❡✐❡rstr❛ss ❝✉r✈❡s✳

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ❛ ♣♦rt✐♦♥ ✇❛s ❞❡✈♦t❡❞ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ♦♥ t❤❡

❏❛❝♦❜✐ q✉❛rt✐❝ Y 2 = dX4 + Z4✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❡①t❡♥❞ t❤❡s❡ r❡s✉❧ts t♦ ❆t❡ ♣❛✐r✐♥❣ ❛♥❞ ✐ts

✈❛r✐❛t✐♦♥s✱ ♥❛♠❡❧② t❤❡ t✇✐st❡❞ ❆t❡ ❛♥❞ ♦♣t✐♠❛❧ ♣❛✐r✐♥❣s✳ ❖✉r r❡s✉❧ts s❤♦✇ t❤❛t ❛♠♦♥❣ ❦♥♦✇♥

❝✉r✈❡s ✇✐t❤ q✉❛rt✐❝ t✇✐sts✱ t❤❡ ❏❛❝♦❜✐ ♠♦❞❡❧ Y 2 = dX4 + Z4 ♦✛❡rs t❤❡ ❜❡st ♣❡r❢♦r♠❛♥❝❡s ❢♦r

t❤❡s❡ ❞✐✛❡r❡♥t ♣❛✐r✐♥❣s✳ ❚❤❡ ❝❤❛♣t❡r ✐s ❞✐✈✐❞❡❞ ❛s ❢♦❧❧♦✇s ✿ ❚❤❡ ✜rst s❡❝t✐♦♥ ✐♥tr♦❞✉❝❡s ❆t❡

♣❛✐r✐♥❣ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥s✳ ■♥ s❡❝t✐♦♥ ✸✳✷✱ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ❛♥❞ r❡✇r✐t❡ t❤❡

❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ❢♦r ❆t❡ ♣❛✐r✐♥❣✳ ❙❡❝t✐♦♥ ✸✳✷✳✹ ✐s ❞❡✈♦t❡❞ t♦ ❛ ❝♦♠♣❛r❛t✐✈❡ st✉❞② ♦❢ t❤❡s❡

♣❛✐r✐♥❣s ♦♥ t❤❡ ❝✉r✈❡s ♦❢ ❏❛❝♦❜✐ ❛♥❞ ❲❡✐❡rstr❛ss ❢♦r♠s✳ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ❣❡♥❡r❛t❡ ❛ ♣❛✐r✐♥❣

❢r✐❡♥❞❧② ❝✉r✈❡ ♦❢ t❤✐s ❏❛❝♦❜✐ ❢♦r♠ t♦ ✐♠♣❧❡♠❡♥t ❜♦t❤ ❆t❡ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ♣❛✐r✐♥❣s✳

✸✳✶ ❆t❡ ♣❛✐r✐♥❣ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② ❞❡✜♥❡ ❆t❡ ♣❛✐r✐♥❣ ❛♥❞ t❤❡ t✇✐st❡❞ ❆t❡ ♣❛✐r✐♥❣✳ ❚❤❡ r❡s✉❧ts ✐♥ t❤✐s

s❡❝t✐♦♥ ❛r❡ ✈❡r② ✇❡❧❧ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❛rt✐❝❧❡ ♦❢ ❍❡ss ❡t ❛❧✳ ❬✹✵❪✳ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝

❝✉r✈❡ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✱ r ❛ ❧❛r❣❡ ♣r✐♠❡ s✉❝❤ t❤❛t r | ♯E(Fq) ❛♥❞ ❧❡t k ❜❡ t❤❡ ❡♠❜❡❞❞✐♥❣

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✸✳✶ ❆t❡ ♣❛✐r✐♥❣ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥s ✹✸

❞❡❣r❡❡ ♦❢ E ✇✐t❤ r❡s♣❡❝t t♦ r✳ ❚❤❡ s❡t ♦❢ r−t❤ r♦♦ts ♦❢ ✉♥✐t② ✐♥ F⋆
qk

✐s ❞❡♥♦t❡❞ µr✳ ❲❡ r❡❝❛❧❧

t❤❛t fn,R t❤❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ❞✐✈✐s♦r

Div(fn,R) = n(P )− n(P0)

▲❡t πq ❜❡ t❤❡ ❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠ ❞❡✜♥❡❞ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✹ ♣❛❣❡ ✶✼✳ ❉❡♥♦t❡ t t❤❡ tr❛❝❡

♦❢ t❤❡ ❋r♦❜❡♥✐✉s✳ ❇② ✉s✐♥❣ ♣r♦♣♦s✐t✐♦♥s ✸ ❛♥❞ ✹ ❛♥❞ t❤❡ ❢❛❝t t❤❛t πq s❛t✐s✜❡s ✐t ❝❤❛r❛❝t❡r✐st✐❝

♣♦❧②♥♦♠✐❛❧ ✭ ❈❛②❧❡② ❍❛♠✐❧t♦♥ t❤❡♦r❡♠✮✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ✿

π2
q − tπq + q = 0

❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ tr❛❝❡ t ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠ ❛♥❞ t❤❡ ❣r♦✉♣ ♦r❞❡r ✐s ❣✐✈❡♥

❜② ❬✼✼✱ ❚❤❡♦r❡♠ ✹✳✸❪ ✿

♯E(Fq) = q + 1− t

❚❤❡ ❋r♦❜❡♥✐✉s ❡♥❞♦♠♦r♣❤✐s♠ πq ❤❛s ❡①❛❝t❧② t✇♦ ❡✐❣❡♥✈❛❧✉❡s✳ ■♥❞❡❡❞✱ ✉s✐♥❣ t❤❡ ▲❛❣r❛♥❣❡ t❤❡✲

♦r❡♠ ✐♥ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❣r♦✉♣ (F⋆
q,×)✱ ✐t ✐s ❝❧❡❛r t❤❛t 1 ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡✳ ❲❡ t❤❡♥ ✉s❡

t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ t♦ ❝♦♥❝❧✉❞❡ t❤❛t q ✐s t❤❡ ♦t❤❡r ♦♥❡✳ ❚❤✐s ❡♥❛❜❧❡s t♦ ❝♦♥s✐❞❡r

P ∈ G1 = E(Fq)[r]∩ ❑❡r(πq − [1]) = E(Fq)[r] ❛♥❞ Q ∈ G2 = E(Fq)[r]∩ ❑❡r(πq − [q])✳

❆t❡ ♣❛✐r✐♥❣

❉❡✜♥✐t✐♦♥ ✶✽✳ ✭❆t❡ ♣❛✐r✐♥❣✮ ❚❤❡ r❡❞✉❝❡❞ ❆t❡ ♣❛✐r✐♥❣ ✐s t❤❡ ♠❛♣ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

eA : G2 ×G1 → µr

(Q,P ) 7→ fT,Q(P )
qk−1

r

✇❤❡r❡ T = t− 1✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❆t❡ ♣❛✐r✐♥❣✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐ts r❡❧❛t✐♦♥ ✇✐t❤

t❤❡ ❚❛t❡ ♣❛✐r✐♥❣✳ ❚❤✐s r❡❧❛t✐♦♥ ♠❛❦❡s s❡♥s❡ t♦ ❞❡✜♥✐t✐♦♥ ✶✽ ✿ ❆t❡ ♣❛✐r✐♥❣ ✐s ❛ ♣♦✇❡r ♦❢ t❤❡ ❚❛t❡

♣❛✐r✐♥❣ ❛♥❞ t❤❡r❡❢♦r❡ ✐s ❛ ♣❛✐r✐♥❣✳

❚❤❡♦r❡♠ ✶✷✳ ❬✹✵❪ ▲❡t N = gcd(T k − 1, qk − 1) ❛♥❞ T k − 1 = LN ✳ ❲❡ ❤❛✈❡

✕ eT (Q,P )
LN = eA(Q,P )

rc ✇❤❡r❡ eT (Q,P ) ✐s t❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ❛♥❞ ✇❤❡r❡ c =
∑k−1

i=0 T
k−1−iqi ≡

kqk−1 ♠♦❞ r✳

✕ ❢♦r r ∤ L✱ ❆t❡ ♣❛✐r✐♥❣ eA✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✳

■♥❞❡❡❞ t❤❡ ❝❤♦✐❝❡ ♦❢ G1 ❛♥❞ G2 ❛❧❧♦✇s t♦ s❤♦✇ t❤❛t ❆t❡ ♣❛✐r✐♥❣ ✐s ❛ ♣♦✇❡r ♦❢ t❤❡ ❚❛t❡

♣❛✐r✐♥❣✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ N = gcd(T k − 1, qk − 1) ❡♥s✉r❡s t❤❛t N ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ r ✇❤✐❝❤ ❞✐✈✐❞❡s

qk − 1✳ ■♥ ❢❛❝t ♦❜s❡r✈❡ t❤❛t s✐♥❝❡ r ✐s ❛ ❞✐✈✐s♦r ♦❢ ♯E(Fq) = q − T ✇❡ ❤❛✈❡ q ≡ T ♠♦❞ r✱

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✸✳✶ ❆t❡ ♣❛✐r✐♥❣ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥s ✹✹

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t qk ≡ T k ♠♦❞ r✳ s♦ r ❞✐✈✐❞❡s T k − 1 ❛♥❞ qk − 1 ❛♥❞ t❤✉s ✐s ❛ ❞✐✈✐s♦r ♦❢ N ✱

t❤❡ ❣r❡❛t❡st ❝♦♠♠♦♥ ❞✐✈✐s♦r ♦❢ T k − 1 ❛♥❞ qk − 1✳ ❚❤✉s ✇❡ ❤❛✈❡ fN,Q(P )
qk−1
N = fr,Q(P )

qk−1
r

❜② ♣r♦♣♦s✐t✐♦♥ ✽ ♣❛❣❡ ✷✶✳ ❖❜s❡r✈❡ t❤❛t ✉♣ t♦ ♣♦✇❡r qk−1
N

t❤❡ ❢✉♥❝t✐♦♥s fL
N,Q ❛♥❞ fLN,Q ❛r❡

❡q✉❛❧ s✐♥❝❡ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ❞✐✈✐s♦rs s✉❝❤ t❤❛t fN,Q(P )
qk−1
N = eT (Q,P ) ✳ ❘❛✐s✐♥❣ t♦ t❤❡

♣♦✇❡r LN ✇❡ ♦❜t❛✐♥ eT (Q,P )
LN❂fLN,Q(P )

(qk−1)❂ fTk−1,Q(P )
(qk−1)❂ fTk,Q(P )

(qk−1). ❚❤❡ ❧❛st

❡q✉❛❧✐t② ✐s tr✉❡ ❜❡❝❛✉s❡ T kQ = Q✳ ◆♦✇ ❜❡❝❛✉s❡ fij,Q = f j
i,Qfj,iQ = f i

j,Qfi,jQ✱ Q ∈ ❑❡r(πq − [q])✱

q ≡ T ♠♦❞ r ❛♥❞ fT,T iQ(P ) = fT,πi
q(Q)(P ) = πi

q(fT,Q(P )) = fT,Q(P )
qi ✱ ✇❡ ❤❛✈❡ fTk,Q(P )

L(qk−1)❂

fT,Q(P )
Tk−1×fT,TQ(P )

Tk−2× .......×fT,Tk−1Q(P ) ❂ fT,Q(P )
Tk−1×fT,Q(P )Tk−2q× .......×f qk−1

T,Q (P )

❂ f c
T,Q(P ) ✇❤❡r❡ c =

∑k−1
i=0 T

k−1−iqi ≡∑k−1
i=0 q

k−1−iqi ≡ kqk−1 ♠♦❞ r✳ ◆♦✇ ✇❡ ❝❛♥ ✇r✐t❡ N = rs

❢♦r s♦♠❡ ✐♥t❡❣❡r r s✉❝❤ t❤❛t eT (Q,P )
Lsc−1

= eA(Q,P )✳ ❆ ♠♦r❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ♣r♦♦❢ ❝❛♥ ❜❡

❢♦✉♥❞ ✐♥ ❬✹✵❪✳

❘❡♠❛r❦ ✶✹✳ ❚❤❡ ❚❛t❡ ♣❛✐r✐♥❣ ✐s ❞❡✜♥❡❞ ♦♥ G1 × E(Fqk)✱ ✇❤✐❧❡ ❆t❡ ♣❛✐r✐♥❣ ✐s ❞❡✜♥❡❞ ♦♥

G2 × G1 ✇✐t❤ G2 ⊆ E(Fqk)✳ ❚❤✐s ♠❡❛♥s t❤❛t ❞✉r✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ▼✐❧❧❡r ❛❧❣♦r✐t❤♠ ✐♥

❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥✱ t❤❡ ♣♦✐♥t ❛❞❞✐t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ❛♥ ❡①t❡♥s✐♦♥ ✜❡❧❞ ♦❢ Fq ✇❤❡r❡❛s

✐t ✇❛s ♣❡r❢♦r♠❡❞ ✐♥ Fq ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❚❛t❡ ♣❛✐r✐♥❣✳ ❆s t❤❡ ❛r✐t❤♠❡t✐❝ ♦✈❡r Fqk ✐s ♠✉❝❤

♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ t❤❡ ❛r✐t❤♠❡t✐❝ ♦✈❡r Fq✱ ❡❛❝❤ st❡♣ ♦❢ ❆t❡ ♣❛✐r✐♥❣ ✐s ♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ t❤❡

❚❛t❡ ♣❛✐r✐♥❣✳ ❍♦✇❡✈❡r t❤❡ ▼✐❧❧❡r ❧♦♦♣ ❧❡♥❣t❤ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❆t❡ ♣❛✐r✐♥❣ ✐s log2(T ) ✇❤✐❝❤ ✐s ❧❡ss

✭❣❡♥❡r❛❧❧② t❤❡ ❤❛❧❢✮ t❤❛♥ log2(r)✱ t❤❡ ❧♦♦♣ ❧❡♥❣t❤ ❢♦r t❤❡ ❚❛t❡ ♣❛✐r✐♥❣✳

❖❜s❡r✈❡ t❤❛t ✐❢ ❆t❡ ♣❛✐r✐♥❣ ✇❡r❡ ❞❡✜♥❡❞ ♦♥ G1 × G2✱ t❤❡♥ ✐t ✇✐❧❧ ❜❡ ❢❛st❡r t❤❛♥ t❤❡ ❚❛t❡

♣❛✐r✐♥❣ s✐♥❝❡ ✐ts ▼✐❧❧❡r ❧♦♦♣ ❧❡♥❣t❤ ✇✐❧❧ ❜❡ ❛♣♣r♦①✐♠❛t❡❧② ❤❛❧✈❡❞✳ ❚❤✐s r❡♠❛r❦ ②✐❡❧❞s t♦ t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t✇✐st❡❞ ❆t❡ ♣❛✐r✐♥❣ ❬✹✵❪✳

❉❡✜♥✐t✐♦♥ ✶✾✳ ✭❚❤❡ t✇✐st❡❞ ❆t❡ ♣❛✐r✐♥❣✮ ❆ss✉♠❡ t❤❛t E ❤❛s ❛ t✇✐st ♦❢ ❞❡❣r❡❡ δ ❛♥❞ m =

gcd(k, δ)✳ ▲❡t e = k/m ❛♥❞ Te = T e ♠♦❞ r✱ t❤❡♥ t❤❡ r❡❞✉❝❡❞ t✇✐st❡❞ ❆t❡ ♣❛✐r✐♥❣ ✐s ❞❡✜♥❡❞ ❛s

❢♦❧❧♦✇s ✿

eTe : G1 ×G2 → µr

(P,Q) 7→ fTe,P (Q)
qk−1

r

❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❆t❡ ♣❛✐r✐♥❣✱ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❡♥s✉r❡s t❤❛t eTe ✐s ❛ ♣❛✐r✐♥❣✳

❚❤❡♦r❡♠ ✶✸✳ ❬✹✵❪

✕ eT (P,Q)
LN = eTe(P,Q)

rc ✇❤❡r❡ eT (P,Q) ✐s t❤❡ ❚❛t❡ ♣❛✐r✐♥❣✱ ✇❤❡r❡ c =
∑m−1

i=0 T e(m−1−i)qei ≡
mqe(m−1) ♠♦❞ r✳

✕ ❢♦r r ∤ L✱ t❤❡ t✇✐st❡❞ ❆t❡ ♣❛✐r✐♥❣ eTe ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✳

❘❡♠❛r❦ ✶✺✳ ❚❤❡ r❡❞✉❝❡❞ ❚❛t❡ ❛♥❞ t✇✐st❡❞ ❆t❡ ♣❛✐r✐♥❣s ❛r❡ ❞❡✜♥❡❞ ♦♥ G1×E(Fqk) ❛♥❞ G1×G2

r❡s♣❡❝t✐✈❡❧②✳ ❙♦ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ❝♦♠♣❧❡①✐t② ❢♦r ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ▼✐❧❧❡r ❛❧❣♦r✐t❤♠ ❜✉t t❤❡

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✸✳✶ ❆t❡ ♣❛✐r✐♥❣ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥s ✹✺

▼✐❧❧❡r ❧♦♦♣ ♣❛r❛♠❡t❡r ✐s T e ♠♦❞ r ❢♦r t❤❡ r❡❞✉❝❡❞ t✇✐st❡❞ ❆t❡ ♣❛✐r✐♥❣ ❛♥❞ r ❢♦r t❤❡ ❚❛t❡ ♣❛✐r✐♥❣✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ t✇✐st❡❞ ❆t❡ ♣❛✐r✐♥❣ ✇✐❧❧ ❜❡ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ r❡❞✉❝❡❞ ❚❛t❡ ♣❛✐r✐♥❣ ♦♥❧②

❢♦r ❝✉r✈❡s ✇✐t❤ tr❛❝❡ t s✉❝❤ t❤❛t T e ♠♦❞ r ✐s s✐❣♥✐✜❝❛t✐✈❡❧② ❧❡ss t❤❛♥ r✳

❖♣t✐♠❛❧ ♣❛✐r✐♥❣s✳

❚❤❡ r❡❞✉❝t✐♦♥ ♦❢ ▼✐❧❧❡r✬s ❧♦♦♣ ❧❡♥❣t❤ ✐s ❛♥ ✐♠♣♦rt❛♥t ✇❛② t♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢

♣❛✐r✐♥❣s✳ ❚❤❡ ❧❛t❡st ✇♦r❦ ✐s ❛ ❣❡♥❡r❛❧✐③❡❞ ♠❡t❤♦❞ t♦ ✜♥❞ t❤❡ s❤♦rt❡st ❧♦♦♣ ✇❤❡♥ ♣♦ss✐❜❧❡✱ ✇❤✐❝❤

❧❡❛❞s t♦ t❤❡ ❝♦♥❝❡♣t ♦❢ ♦♣t✐♠❛❧ ♣❛✐r✐♥❣ ❬✼✹❪✳ ■♥❞❡❡❞✱ ♦❜s❡r✈❡ t❤❛t ✐❢ k ✐s t❤❡ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡

✇✐t❤ r❡s♣❡❝t t♦ r✱ t❤❡♥ r|qk − 1 ❜✉t r ∤ qi − 1 ❢♦r ❛♥② 1 ≤ i < k✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t r|Φk(q)

✇❤❡r❡ Φk ✐s t❤❡ k − th ❝②❝❧♦t♦♠✐❝ ♣♦❧②♥♦♠✐❛❧✳ ❙✐♥❝❡ T ≡ q ♠♦❞ r ✇❤❡r❡ T = t − 1✱ ✇❡ ❤❛✈❡

r|Φk(T )✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r ❆t❡−i ♣❛✐r✐♥❣✱ ✇❤✐❝❤ ✐s ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ❆t❡ ♣❛✐r✐♥❣

✇✐t❤ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ fTi,Q ✇❤❡r❡ Ti ≡ qi ♠♦❞ r✱ t❤❡♥

r|Φk/g(Ti), ✇❤❡r❡ g = gcd(i, k)

s♦ t❤❛t t❤❡ ♠✐♥✐♠❛❧ ✈❛❧✉❡ ❢♦r Ti ✐s r
1/ϕ(k/g) ✭✇❤❡r❡ ϕ ✐s t❤❡ ❊✉❧❡r✬s t♦t✐❡♥t ❢✉♥❝t✐♦♥✮ ❛♥❞ t❤❡

❧♦✇❡st ❜♦✉♥❞ ✐s r1/ϕ(k)✱ ♦❜t❛✐♥❡❞ ❢♦r g = 1✳ ❲❡ t❤❡♥ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ ♦♣t✐♠❛❧

♣❛✐r✐♥❣✱ t❤✐s ✐s ❛ ♣❛✐r✐♥❣ t❤❛t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✐♥ t❤❡

▼✐❧❧❡r ❧♦♦♣✳

❉❡✜♥✐t✐♦♥ ✷✵✳ ❬✼✹❪ ▲❡t e : G1 ×G2 −→ GT ❜❡ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡✱ ❜✐❧✐♥❡❛r ♣❛✐r✐♥❣ ✇✐t❤ |G1| =
|G2| = |GT | = r✱ ✇❤❡r❡ t❤❡ ✜❡❧❞ ♦❢ ❞❡✜♥✐t✐♦♥ ♦❢ GT ✐s Fqk ✳ e ✐s ❝❛❧❧❡❞ ❛♥ ♦♣t✐♠❛❧ ♣❛✐r✐♥❣ ✐❢

✐t ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✇✐t❤ ❛❜♦✉t ❛t ♠♦st (log2r)/ϕ(k) + ε(k) ▼✐❧❧❡r ✐t❡r❛t✐♦♥s✱ ✇❤❡r❡ ε(k) ✐s ❧❡ss

t❤❛♥ log2k✳

❚❤❡ ❧♦✇❡st ❜♦✉♥❞ ✐s ❛tt❛✐♥❡❞ ❢♦r s❡✈❡r❛❧ ❢❛♠✐❧✐❡s ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠

❣✐✈❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ♦♣t✐♠❛❧ ♣❛✐r✐♥❣✳

❚❤❡♦r❡♠ ✶✹✳ ❬✼✹✱ ❚❤❡♦r❡♠ ✹❪ ▲❡t E ❜❡ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r Fq✳ ❚❤❡ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡

✇✐t❤ r❡s♣❡❝t t♦ ❛ ❧❛r❣❡ ✐♥t❡❣❡r r ❞✐✈✐❞✐♥❣ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❣r♦✉♣ ♯E(Fq) ✐s ❞❡♥♦t❡❞ k✳ ▲❡t λ = mr

❜❡ ❛ ♠✉❧t✐♣❧❡ ♦❢ r s✉❝❤ t❤❛t r ∤ m ❛♥❞ ✇r✐t❡ λ =
∑l

i=0 ciq
i✳ ❘❡♠❡♠❜❡r hR,S ✐s t❤❡ ❢✉♥❝t✐♦♥ ✇✐t❤

❞✐✈✐s♦r Div(hR,S) = (R)+ (S)− (S+R)− (P∞) ✇❤❡r❡ R ❛♥❞ S ❛r❡ t✇♦ ❛r❜✐tr❛r② ♣♦✐♥ts ♦♥ t❤❡

❡❧❧✐♣t✐❝ ❝✉r✈❡ E✳ ■❢ si =
∑l

j=i cjq
j✱ t❤❡ ♠❛♣ eo : G2 ×G1 → µr ❞❡✜♥❡❞ ❛s

(Q,P ) 7−→
(

l∏

i=0

f qi

ci,Q
(P ) ·

l−1∏

i=0

h[si+1]Q,[ciqi]Q(P )

) qk−1
r

❞❡✜♥❡s ❛ ❜✐❧✐♥❡❛r ♣❛✐r✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣❛✐r✐♥❣ ✐s ♥♦♥ ❞❡❣❡♥❡r❛t❡ ✐❢

mkqk 6= ((qk − 1)/r) ·
l∑

i=0

iciq
i−1 ♠♦❞ r.

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✸✳✷ ❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✹✻

■♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ t♦ ♣r♦✈✐❞❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ♦♣t✐♠❛❧ ♣❛✐r✐♥❣ ♦♥

❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡s ♦❢ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ 8✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ♣❛✐r✐♥❣s

❢♦❧❧♦✇s t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❛s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❆t❡ ♣❛✐r✐♥❣✳

✸✳✷ ❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✇r✐t❡ ❢♦r♠✉❧❛s ❢♦r ♣♦✐♥t ❛❞❞✐t✐♦♥ ❛♥❞ t❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ❢♦r ❆t❡ ♣❛✐r✐♥❣

❝♦♠♣✉t❛t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s ♣❛✐r✐♥❣✱ t❤❡ ♣♦✐♥t ❛❞❞✐t✐♦♥ ❛♥❞ ♣♦✐♥t ❞♦✉❜❧✐♥❣

❛r❡ ♣❡r❢♦r♠❡❞ ✐♥ Fqk ✳ ❇✉t t❤❛♥❦s t♦ t❤❡ t✇✐st ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ♣♦✐♥ts
(
Xi

ω2 : Yi

ω6 : Zi

ω3

)
✇❤❡r❡

Xi✱ Yi ❛♥❞ Zi ❜❡❧♦♥❣ t♦ Fqk/4 ✱ i = 1, 2, 3✳ ❲❡ ❛❧s♦ ❦♥♦✇ t❤❛t ✐♥ ❆t❡ ♣❛✐r✐♥❣ t❤❡ ♣♦✐♥t P ✐s ✜①❡❞

❞✉r✐♥❣ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❤❛s ✐ts ❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ ❜❛s❡ ✜❡❧❞ Fq✳ ❚❤✉s t❤✐s ♣♦✐♥t ❝❛♥ ❜❡ t❛❦❡♥

✐♥ ❛✣♥❡ ❝♦♦r❞✐♥❛t❡s (xP , yP , 1)✳

✸✳✷✳✶ P♦✐♥t ❛❞❞✐t✐♦♥ ❛♥❞ ♣♦✐♥t ❞♦✉❜❧✐♥❣ ♦♥ Ed ❢♦r ❆t❡ ♣❛✐r✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✇r✐t❡ ❢♦r♠✉❧❛s ❢♦r ♣♦✐♥t ❞♦✉❜❧✐♥❣ ❛♥❞ ♣♦✐♥ts ❛❞❞✐t✐♦♥ ♦♥ t❤❡ ❝✉r✈❡ Ed

❢r♦♠ t❤♦s❡ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✷ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✇✐t❤ t❤❡ ❞✐✛❡r❡♥❝❡ t❤❛t t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢

♣♦✐♥ts ❤❛✈❡ t❤❡ ❢♦r♠
(
Xi

ω2 : Yi

ω6 : Zi

ω3

)
✇❤❡r❡ Xi✱ Yi ❛♥❞ Zi ❜❡❧♦♥❣ t♦ Fqk/4 ✱ i = 1, 2, 3✳

❉♦✉❜❧✐♥❣✳
(
X3

ω2
:
Y3
ω6

:
Z3

ω3

)
= 2

(
X1

ω2
:
Y1
ω6

:
Z1

ω3

)
s✉❝❤ t❤❛t

X3 = 2X1Y1Z1

Z3 = Z4
1 − dX4

1ω
4

Y3 = 2Y 4
1 − Z2

3

❆❞❞✐t✐♦♥✳
(
X3

ω2
:
Y3
ω6

:
Z3

ω3

)
=

(
X1

ω2
:
Y1
ω6

:
Z1

ω3

)
+

(
X2

ω2
:
Y2
ω6

:
Z2

ω3

)
s✉❝❤ t❤❛t

X3 = X2
1Z

2
2 − Z2

1X
2
2

Z3 = X1Z1Y2 −X2Z2Y1

Y3 = (X1Z2 −X2Z1)
2(Y1Y2 + (Z1Z2)

2 + dω4(X1X2)
2)− Z2

3

✸✳✷✳✷ ❚❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ❢♦r ❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed

❚❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ❏❛❝♦❜✐ q✉❛rt✐❝ Ed : Y
2 = dX4 + Z4 ✐s ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✹ ✿

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✸✳✷ ❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✹✼

hR,S(X, Y, Z) =
4X2

3X
2

2X2
3 (Y + Z2)− 2X2(Y3 + Z2

3)

(
ZY + Z3

X3
− 1

2
λ

(
Y + Z2

X2

)
− α

4

)

✇❤❡r❡

λ =





−2X3
1Z2(Y2 + Z2

2) + 2X3
2Z1(Y1 + Z2

1)

X1X2[−X2
1 (Y2 + Z2

2) +X2
2 (Y1 + Z2

1)]
✐❢ P1 6= P2

Y1 + 2Z2
1

X1Z1

✐❢ P1 = P2

❛♥❞

α =





−4(Y1 + Z2
1)(Y2 + Z2

2)(Z2X1 − Z1X2)

X1X2[−X2
1 (Y2 + Z2

2) +X2
2 (Y1 + Z2

1)]
✐❢ P1 6= P2

−2Y1(Y1 + Z2
1)

X3
1Z1

✐❢ P1 = P2✳

❲❡ ❢♦❧❧♦✇ t❤❡ ♥♦t❛t✐♦♥s ♦❢ s❡❝t✐♦♥ ✷✳✷✳✺ ❜② s❡tt✐♥❣ −α
4
=
A

D
❛♥❞ −1

2
λ =

B

D
✳ ❲❤❡♥ ✇❡ r❡♣❧❛❝❡

(Xi : Yi : Zi) ❜②

(
Xi

ω2
:
Yi
ω6

:
Zi

ω3

)
❛♥❞ (X, Y, Z) ❜② (xP , yP , 1)✱ ❛ ❝❛r❡❢✉❧❧② ❝❛❧❝✉❧❛t✐♦♥ ②✐❡❧❞s t♦ ✿

hR,S(xP , yP , 1) =
2X2

3x
2
P

Dω4[X2
3 (yP + 1)− x2P (Y3 + Z2

3)]

(
B
(

yP+1
x2
P

)
ω3 + Aω +D

(
(yP+1)ω4

x3
P

))

❚❤❡ ❢❛❝t♦rs A✱ B ❛♥❞ D ❛r❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❚❛t❡ ♣❛✐r✐♥❣ ❜✉t ✇✐t❤ t❤❡

♠❛✐♥ ❞✐✛❡r❡♥❝❡ t❤❛t ❢♦r ❆t❡ ♣❛✐r✐♥❣ t❤❡② ❛r❡ ✐♥ Fqk/4 ✳ ❚❤❡ ❛❞❞✐t✐♦♥ ❛♥❞ ❞♦✉❜❧✐♥❣ ❢♦r♠✉❧❛s ❢♦r(
Xi

ω2
:
Yi
ω6

:
Zi

ω3

)
✇❤❡r❡ Xi✱ Yi ❛♥❞ Zi ❜❡❧♦♥❣ t♦ Fqk/4 ✱ i = 1, 2, 3 ❝❧❡❛r❧② s❤♦✇ t❤❛tX2

3 ❛♥❞ Y3+Z
2
3

❛r❡ ❛❧s♦ ✐♥ Fqk/4 s✉❝❤ t❤❛t
2X2

3x
2
P

Dω4[X2
3 (yP + 1)− x2P (Y3 + Z2

3)]
∈ Fqk/4 ✳ ❚❤❡♥ ✐t ❝❛♥ ❜❡ ❞✐s❝❛r❞❡❞

✐♥ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ t❤❛♥❦s t♦ t❤❡ ✜♥❛❧ ❡①♣♦♥❡♥t✐❛t✐♦♥✳ ❚❤✉s ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❡✈❛❧✉❛t❡

hR,S(xP , yP , 1) = B

(
yP + 1

x2P

)
ω3 + Aω + (Dω4)

(
(yP + 1)

x3P

)

❙✐♥❝❡ P = (xP , yP , 1) ✐s ✜①❡❞ ❞✉r✐♥❣ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥✱ t❤❡ q✉❛♥t✐t✐❡s
(yP + 1)

x3P
❛♥❞

(yP + 1)

x2P

❝❛♥ ❜❡ ♣r❡❝♦♠♣✉t❡❞ ♦♥❝❡ ❢♦r ❛❧❧ st❡♣s✳ ◆♦t❡ t❤❛t ❡❛❝❤ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s (Dω4)

(
(yP + 1)

x3P

)

❛♥❞ B

(
yP + 1

x2P

)
❝♦sts

k

4
m1✳

❘❡♠❛r❦ ✶✻✳ ❲❡ ❝❛♥ ✉s❡ t❤❡ ❢❛❝t t❤❛t ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ h := hR,S t❤❡ t❡r♠ ω2 ✐s ❛❜s❡♥t✳

■♥ t❤✐s ❝❛s❡✱ ✐♥ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠✱ t❤❡ ❝♦st ♦❢ t❤❡ ♠❛✐♥ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐♥ Fqk ✐s ♥♦t 1mk ❜✉t

(3/4)mk ✐❢ ✇❡ ✉s❡ s❝❤♦♦❧❜♦♦❦ ♠❡t❤♦❞ ❛♥❞ ✐s (8/9)mk ✐❢ ✇❡ ✉s❡ ❑❛r❛ts✉❜❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤

♣❛✐r✐♥❣ ❢r✐❡♥❞❧② ❝✉r✈❡s✱ ✐✳❡ k = 2i3j✳

■♥❞❡❡❞ t❤❡ ♠❛✐♥ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐♥ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠ ✐s ♦❢ t❤❡ ❢♦r♠ f · h ✇❤❡r❡ f ❛♥❞ h ❛r❡ ✐♥

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✸✳✷ ❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✹✽

Fqk ✳ ❙✐♥❝❡ Fqk ✐s ❛ Fqk/4✲✈❡❝t♦r s♣❛❝❡ ✇✐t❤ ❜❛s✐s ④✶✱ ω✱ ω2✱ ω3⑥✱ f ❛♥❞ h ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

f = f0+ f1ω+ f2ω
2+ f3ω

3 ❛♥❞ h = h0+h1ω+h2ω
2+h3ω

3 ✇✐t❤ fi ❛♥❞ hi ✐♥ Fqk/4✱ i = 0, 1, 2, 3

❛♥❞ h2 = 0✳

❙❝❤♦♦❧❜♦♦❦ ♠❡t❤♦❞ ✿ ❆ ❢✉❧❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ f.h ✐♥ Fqk ❝♦sts k2 ♠✉❧t✐♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ❜❛s❡ ✜❡❧❞

Fq ✉s✐♥❣ s❝❤♦♦❧❜♦♦❦ ♠❡t❤♦❞✳ ❇✉t t❤❛♥❦s t♦ t❤❡ ❢❛❝t t❤❛t h2 = 0✱ ❡❛❝❤ ♦❢ t❤❡ 12 ♠✉❧t✐♣❧✐❝❛t✐♦♥s

fi ·hi ❝♦sts k2

16
m1✱ i = 0, 1, 2, 3✳ ❚❤❡♥ t❤❡ t♦t❛❧ ❝♦st ♦❢ t❤❡ ♣r♦❞✉❝t f ·h ✐s 12k2

16
m1❂

3k2

4
m1✳ ❋✐♥❛❧❧②

t❤❡ r❛t✐♦ ♦❢ t❤❡ ❝♦st ✐♥ t❤✐s ❝❛s❡ ❜② t❤❡ ❝♦st ♦❢ t❤❡ ❣❡♥❡r❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s
3k2

4

k2
= 3

4
✳

❑❛r❛ts✉❜❛ ♠❡t❤♦❞ ✿ ■❢ ✇❡ ❛r❡ ✉s✐♥❣ ♣❛✐r✐♥❣ ❢r✐❡♥❞❧② ❝✉r✈❡s✱ ✐✳❡ k = 2i3j✱ t❤❡♥ ❛ ❢✉❧❧ ♠✉❧t✐✲

♣❧✐❝❛t✐♦♥ f.h ✐♥ Fqk ❝♦sts 3i5j ♠✉❧t✐♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ❜❛s❡ ✜❡❧❞ Fq✳ ■♥ ♦✉r ❝❛s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥

♦❢ f · h ✐s ❞♦♥❡ ❜② ❝♦♠♣✉t✐♥❣✱ ❛ss✉♠✐♥❣ h2 = 0✱ t❤❡ t❤r❡❡ ♣r♦❞✉❝ts ✿ u = (f0 + f1ω)(h0 + h1ω)

✇❤✐❝❤ ❝♦sts 3(3i−25j)✱ v = (f2 + f3ω)(h2 + h3ω) ✇❤✐❝❤ ❝♦sts 2(3i−25j) ❛♥❞ w = (f0 + f2 + (f1 +

f3)ω)(h0 + h2 + (h1 + h3)ω) ✇❤✐❝❤ ❝♦sts 3(3i−25j)✳ ❚❤❡ ✜♥❛❧ ❝♦st ✐s t❤❡♥ 8 · 3i−25jm1 ❛♥❞ t❤❡

r❛t✐♦ ❣✐✈❡s 8/9✳

❘❡♠❛r❦ ✶✼✳ ❙✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ❢♦r ❆t❡ ♣❛✐r✐♥❣ ❛r❡ t❤❡ s❛♠❡ ❛s ❢♦r

❚❛t❡ ♣❛✐r✐♥❣✱ t❤❡s❡ ❝♦❡✣❝✐❡♥ts ❛♥❞ ♣♦✐♥ts ♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ✐t

✇❛s ❞♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✇✐t❤ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ t❤❛t ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❞♦♥❡ ✐♥ Fqk/4✳

✸✳✷✳✸ ❈♦st ♦❢ ❆t❡ ❛♥❞ ❖♣t✐♠❛❧ P❛✐r✐♥❣ ♦♥ Ed

■♥ ❚❛❜❧❡ ✸✳✶ ❛♥❞ ❚❛❜❧❡ ✸✳✷✱ ✇❡ s✉♠♠❛r✐s❡ ❛♥❞ ❝♦♠♣❛r❡ t❤❡ ❝♦sts ❢♦r ♦♥❡ ✐t❡r❛t✐♦♥ ❢♦r ❜♦t❤

❆t❡ ❛♥❞ ♦♣t✐♠❛❧ ❆t❡ ♣❛✐r✐♥❣s ♦♥ t❤❡ ❏❛❝♦❜✐ ❝✉r✈❡ Ed : Y
2 = dX4 + Z4 ❛♥❞ ♦♥ t❤❡ ❲❡✐❡rstr❛ss

❝✉r✈❡Wd : y
2 = x3−4dx✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t t❤❡s❡ ❝♦sts ✐♥ t❤❡ ❝❛s❡s ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ♦❢ ❡♠❜❡❞❞✐♥❣

❞❡❣r❡❡s 8 ❛♥❞ 16✳

■♥ ❚❛❜❧❡ ✸✳✶ ✇❡ ❛ss✉♠❡ t❤❛t ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ♠❛❞❡ ✐♥ Fqk ✉s✐♥❣ s❝❤♦♦❧❜♦♦❦ ♠❡t❤♦❞✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✸✳✷ ❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✹✾

P❛✐r✐♥❣s ❉♦✉❜❧✐♥❣ ▼✐①❡❞ ❆❞❞✐t✐♦♥

❆t❡✭◗✱P✮ 1mk + 1sk + 2me + 8se+ 1mk + 9me + 5se + 2em1

❲❡✐❡rstr❛ss ✭❜❂✵✮❬✶✾❪ 2em1 + 1mc

❆t❡✭◗✱P✮ 3/4mk + 1sk + 3me + 7se+ 3/4mk + 12me + 7se+

✭❚❤✐s ✇♦r❦✮ 2em1 + 1mc 2em1 + 1mc

❊①❛♠♣❧❡ ✶ k = 8 m1 = s1 = mc k = 8 m1 = s1 = mc

❆t❡✭◗✱P✮

❲❡✐❡rstr❛ss ✭❜❂✵✮❬✶✾❪ 112m1 + 24s1 + 1mc 137m1 109m1 + 10s1 119m1

❚❤✐s ✇♦r❦ 99m1 + 22s1 + 1mc 122m1 107m1 + 14s1 + 1mc 122m1

❊①❛♠♣❧❡ ✷ k = 16 m1 = s1 = mc k = 16 m1 = s1 = mc

❆t❡✭◗✱P✮

❲❡✐❡rstr❛ss ✭❜❂✵✮❬✶✾❪ 464m1 + 48s1 + 1mc 513m1 438m1 + 20s1 458m1

❚❤✐s ✇♦r❦ 410m1 + 44s1 + 1mc 455m1 430m1 + 28s1 + 1mc 459m1

❚❛❜❧❡ ✸✳✶ ✕ ❈♦♠♣❛r✐s♦♥s ♦❢ ❆t❡ ❛♥❞ ♦♣t✐♠❛❧ ❆t❡ ♣❛✐r✐♥❣s ❢♦r♠✉❧❛s ♦♥ ❏❛❝♦❜✐ q✉❛rt✐❝ ❛♥❞

❲❡✐❡rstr❛ss ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✉s✐♥❣ ❙❝❤♦♦❧❜♦♦❦ ♠❡t❤♦❞

■♥ ❚❛❜❧❡ ✸✳✷ ✇❡ ❛ss✉♠❡ t❤❛t ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ♠❛❞❡ ✐♥ Fqk ✉s✐♥❣ ❑❛r❛ts✉❜❛ ♠❡t❤♦❞✳

P❛✐r✐♥❣s ❉♦✉❜❧✐♥❣ ▼✐①❡❞ ❆❞❞✐t✐♦♥

❆t❡✭◗✱P✮ 1mk + 1sk + 2me + 8se + 2em1 + 1mc 1mk + 9me + 5se + 2em1

❲❡✐❡rstr❛ss ✭❜❂✵✮❬✶✾❪

❆t❡✭◗✱P✮ 8/9mk + 1sk + 3me + 7se+ 8/9mk + 12me + 7se+

✭❚❤✐s ✇♦r❦✮ 2em1 + 1mc 2em1 + 1mc

❊①❛♠♣❧❡ ✶ k = 8 m1 = s1 = mc k = 8 m1 = s1 = mc

❆t❡✭◗✱P✮ 37m1 + 51s1 + 1mc 89m1 58m1 + 15s1 73m1

❲❡✐❡rstr❛ss ✭❜❂✵✮❬✶✾❪

❆t❡✭◗✱P✮ ❚❤✐s ✇♦r❦ 37m1 + 48s1 + 1mc 85m1 64m1 + 21s1 + 1mc 86m1

❊①❛♠♣❧❡ ✷ k = 16 m1 = s1 = mc k = 16 m1 = s1 = mc

❆t❡✭◗✱P✮ 107m1 + 153s1 + 1mc 261m1 170m1 + 45s1 215m1

❲❡✐❡rstr❛ss ✭❜❂✵✮❬✶✾❪

❆t❡✭◗✱P✮❚❤✐s ✇♦r❦ 107m1 + 144s1 + 1mc 252m1 188m1 + 63s1 + 1mc 252m1

❚❛❜❧❡ ✸✳✷ ✕ ❈♦♠♣❛r✐s♦♥s ♦❢ ❆t❡ ❛♥❞ ♦♣t✐♠❛❧ ❆t❡ ♣❛✐r✐♥❣s ❢♦r♠✉❧❛s ♦♥ ❏❛❝♦❜✐ q✉❛rt✐❝ ❛♥❞

❲❡✐❡rstr❛ss ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✉s✐♥❣ ❑❛r❛ts✉❜❛ ♠❡t❤♦❞

❘❡♠❛r❦ ✶✽✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t m1 = s1 = mc ❛♥❞ ❙❝❤♦♦❧❜♦♦❦ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❡t❤♦❞ ✐s ✉s❡❞

t❤❡♥ ❢♦r ❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ✇❡ ♦❜t❛✐♥ ✐♥ t❤✐s ✇♦r❦ ❛ t❤❡♦r❡t✐❝❛❧ ❣❛✐♥ ♦❢ 11% ✇✐t❤ r❡s♣❡❝t

t♦ ❲❡✐❡rstr❛ss ❝✉r✈❡s ❢♦r t❤❡ ❞♦✉❜❧✐♥❣ st❡♣✳ ❚❤❡ ✐♠♣r♦✈❡♠❡♥t ✐s 4% ✇❤❡♥ ❑❛r❛ts✉❜❛ ♠❡t❤♦❞ ✐s

✉s❡❞✳ ❖✉r ❛❞❞✐t✐♦♥ st❡♣ ✐s ♥♦t ❜❡tt❡r✳ ❙❡❡ ❚❛❜❧❡ ✸✳✶ ❛♥❞ ❚❛❜❧❡ ✸✳✷✳

✸✳✷✳✹ ❈♦♠♣❛r✐s♦♥

▲❡t ✉s ♥♦✇ ❝♦♠♣❛r❡ ❞✐✛❡r❡♥t ♣❛✐r✐♥❣s ♦♥ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡s ❛♥❞ ❲❡✐❡rstr❛ss ❡❧❧✐♣t✐❝

❝✉r✈❡s ✇✐t❤ q✉❛rt✐❝ t✇✐sts✳ ❊s♣❡❝✐❛❧❧② ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣❡r❛t✐♦♥ ❝♦✉♥ts ❢♦r t❤❡ ❚❛t❡✱ t✇✐st❡❞

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✸✳✷ ❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ Ed : Y
2 = dX4 + Z4 ✺✵

❆t❡✱ ❆t❡ ❛♥❞ ♦♣t✐♠❛❧ ❆t❡ ♣❛✐r✐♥❣s ✐♥ ❛ ❢✉❧❧ ❧♦♦♣ ♦❢ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠✱ ❜❛s❡❞ ♦♥ t❤❡ ❢❛st❡st

♦♣❡r❛t✐♦♥s ❝♦✉♥ts s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡s ✷✳✹✱ ✷✳✺✱ ✸✳✶ ❛♥❞ ✸✳✷✳ ❲❡ s✉♣♣♦s❡ t❤❛t ✇❡ ❛r❡ ✐♥ t❤❡

❝♦♥t❡①t ♦❢ ♦♣t✐♠✐③❡❞ ♣❛✐r✐♥❣ s✉❝❤ t❤❛t ✇❡ ❝❛♥ r❡str✐❝t❡❞ ♦✉rs❡❧✈❡s t♦ t❤❡ ❝♦st ♦❢ t❤❡ ❞♦✉❜❧✐♥❣

st❡♣✳ ■♥❞❡❡❞✱ ✐♥ t❤✐s ❝❛s❡ r ✐s ❝❤♦s❡♥ t♦ ❤❛✈❡ ❛ ❧♦✇❡r ❍❛♠♠✐♥❣ ✇❡✐❣❤t s✉❝❤ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥

✐♥ ▼✐❧❧❡r ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❞♦♥❡ q✉✐❝❦❧② ❜② s❦✐♣♣✐♥❣ ♠❛♥② ❛❞❞✐t✐♦♥ st❡♣s✳ ❋♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s

✇✐t❤ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡s k = 8✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣❛r❛♠❡t❡rs ❢♦r 112 ❜✐ts ❛♥❞ 128 ❜✐ts s❡❝✉r✐t②

❧❡✈❡❧✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✇✐t❤ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡s k = 16 ❛t 128 ❜✐ts ❛♥❞ 192 ❜✐ts

s❡❝✉r✐t② ❧❡✈❡❧s✳ ❚❤❡s❡ ✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ s❡❧❡❝t❡❞ s✉❝❤ t❤❛t ✇❡ ♦❜t❛✐♥ ❛♣♣r♦①✐♠❛t❡❧② t❤❡ s❛♠❡

s❡❝✉r✐t② ❧❡✈❡❧ ❜♦t❤ ✐♥ t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r t❤❡ ❜❛s❡ ✜❡❧❞ Fq ❛♥❞ ✐♥ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡

❣r♦✉♣ ♦❢ t❤❡ ✜♥✐t❡ ✜❡❧❞ Fqk ✳

❋♦r t❤❡s❡ ♣❛r❛♠❡t❡rs ✇❡ ❣✐✈❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s ✐♥ t❤❡ ❜❛s❡ ✜❡❧❞ ❢♦r ❛❧❧ t❤❡

▼✐❧❧❡r ✐t❡r❛t✐♦♥s✳ ❋♦r t❤❡ ▼✐❧❧❡r ❧♦♦♣ ✐♥ ❆t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❛✈❡r❛❣❡ tr❛❝❡

t ∼ √q✳ ❋♦r t❤❡ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ✸✳✸✱ ✇❡ ❛ss✉♠❡ t❤❛t m1 = s1 = mc✳ ❚❤❡ r♦✇s ✇✐t❤ ❛❜❜r❡✈✐❛t✐♦♥

❑❛r ♠❡❛♥s t❤❛t t❤❡ ✈❛❧✉❡s ✐♥ t❤❡s❡ r♦✇s ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❑❛r❛ts✉❜❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❡t❤♦❞

✇❤❡r❡❛s t❤❡ r♦✇s st❛rt❡❞ ✇✐t❤ ❙❝♦ ♠❡❛♥s t❤❛t t❤❡ ✈❛❧✉❡s ✐♥ t❤❡s❡ r♦✇s ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣

s❝❤♦♦❧❜♦♦❦ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠❡t❤♦❞✳ ❲ ❛♥❞ ❏ st❛♥❞ ❢♦r ❲❡✐❡rstr❛ss ❬✶✾❪ ❛♥❞ ❏❛❝♦❜✐ ❡❧❧✐♣t✐❝ ✭t❤✐s

✇♦r❦✮ ❝✉r✈❡s ♠♦❞❡❧s r❡s♣❡❝t✐✈❡❧②✱ s✐♥❝❡ t❤✐s ✇♦r❦ ✐s t❤❡ ✜rst t❤❛t ♣r❡s❡♥t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢

❆t❡ ♣❛✐r✐♥❣ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥s ♦♥ ❏❛❝♦❜✐ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳

❚❛t❡ t✇✐st❡❞ ❆t❡ ❆t❡ ❖♣t✐♠❛❧ ❆t❡

P❛r❛♠❡t❡rs ❙❡❝✳ ❆r✐t❤✳ ❲ ❏ ✭❚❤✐s ❲ ❏ ✭❚❤✐s ❲ ❏ ✭❚❤✐s ❲ ❏ ✭❚❤✐s

❧❡✈❡❧s ✐♥ Fqk ❬✶✾❪ ✇♦r❦✮ ❬✶✾❪ ✇♦r❦✮ ❬✶✾❪ ✇♦r❦✮ ❬✶✾❪ ✇♦r❦✮

k = 8, r ≈ 2224

q ≈ 2336 112

❑❛r✳ ✶✺✹✺✻ ✶✹✸✸✻ ✷✸✶✽✹ ✷✶✺✵✹ ✶✹✾✺✷ ✶✹✹✹✽ ✹✾✽✹ ✹✽✶✻

❙❝♦✳ ✷✺✼✻✵ ✷✵✸✽✹ ✸✽✻✹✵ ✸✵✺✼✻ ✷✸✵✶✻ ✷✵✹✾✻ ✼✻✼✷ ✻✽✸✷

k = 8, r ≈ 2256

q ≈ 2384 128

❑❛r✳ ✶✼✻✻✹ ✶✻✸✽✹ ✷✻✹✾✻ ✷✹✺✼✻ ✶✼✵✽✽ ✶✻✺✶✷ ✺✻✾✻ ✺✺✵✹

❙❝♦✳ ✷✾✹✹✵ ✷✸✷✾✻ ✹✹✶✻✵ ✸✹✾✹✹ ✷✻✸✵✹ ✷✸✹✷✹ ✽✼✻✽ ✼✽✵✽

k = 16, r ≈ 2256

q ≈ 2320 128

❑❛r✳ ✹✻✸✸✻ ✹✶✹✼✷ ✶✶✺✽✹✵ ✶✵✸✻✽✵ ✹✶✼✻✵ ✹✵✸✷✵ ✽✸✺✷ ✽✵✻✹

❙❝♦✳ ✶✵✺✷✶✻ ✼✻✺✹✹ ✷✻✸✵✹✵ ✶✾✶✸✻✵ ✽✷✵✽✵ ✼✷✽✵✵ ✶✻✹✶✻ ✶✹✺✻✵

k = 16, r ≈ 2384

q ≈ 2480 192

❑❛r✳ ✻✾✺✵✹ ✻✷✷✵✽ ✶✼✸✼✻✵ ✶✺✺✺✷✵ ✻✷✻✹✵ ✻✵✹✽✵ ✶✷✺✷✽ ✶✷✵✾✻

❙❝♦✳ ✶✺✼✽✷✹ ✶✶✹✽✶✻ ✸✾✹✺✻✵ ✷✽✼✵✹✵ ✶✷✸✶✷✵ ✶✵✾✷✵✵ ✷✹✻✷✹ ✷✶✽✹✵

❚❛❜❧❡ ✸✳✸ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❝♦st ♦❢ t❤❡ ✈❛r✐♦✉s ▼✐❧❧❡r ❛❧❣♦r✐t❤♠s ❢♦r ♣❛✐r✐♥❣s ♦♥ ❏❛❝♦❜✐

q✉❛rt✐❝ ❝✉r✈❡s ❛♥❞ ❲❡✐❡rstr❛ss ❝✉r✈❡s ✿ s1 = m1 = mc

❋r♦♠ t❤❡ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ✸✳✸ ✇❡ ❞r❛✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥ ✿ ❚❤❡ ❞✐✛❡r❡♥t ♣❛✐r✐♥❣s

❝♦♠♣✉t❡❞ ✐♥ t❤✐s ✇♦r❦ ❛r❡ ❛❧✇❛②s ❢❛st❡r ✐♥ t❤❡ ❏❛❝♦❜✐ q✉❛rt✐❝ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

❲❡✐❡rstr❛ss ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳ ❚❤❡ ❣❛✐♥ ♦❜t❛✐♥❡❞ ✐s ✉♣ t♦ 27% ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❡t❤♦❞ ✉s❡❞

❢♦r ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛♥❞ t❤❡ s❡❝✉r✐t② ❧❡✈❡❧✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✸✳✸ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①❛♠♣❧❡ ✺✶

✸✳✸ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①❛♠♣❧❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢❛♠✐❧❧② ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ♦❢ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ 8 ❞❡s❝r✐❜❡❞

✐♥ ❬✼✸❪ t♦ ✈❡r✐❢② ♦✉r ❢♦r♠✉❧❛s ❛♥❞ t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❚❛t❡✱ ❆t❡ ❛♥❞ ♦♣t✐♠❛❧ ❆t❡ ♣❛✐r✐♥❣s✳ ❚❤✐s

❢❛♠✐❧❧② ♦❢ ❝✉r✈❡s ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ✿

r = 82x4 + 108x3 + 54x2 + 12x+ 1,

q = 379906x6 + 799008x5 + 705346x4 + 333614x3 + 88945x2 + 12636x+ 745,

t = −82x3 − 108x2 − 54x− 8.

❋♦r x = 24000000000010394✱ t❤❡ ✈❛❧✉❡s ♦❢ r✱ q✱ t❤❡ tr❛❝❡ t ❛♥❞ t❤❡ ❝✉r✈❡ ❝♦❡✣❝✐❡♥t d ❛r❡ ✿

r = 27205632000047130716160030618261401480840452517707677193482845476

817,

q = 726011672004446604951703464791789328991217313776602768811505320697

58156754787842298703647640196322590069,

d = 4537572950027791280948146654948683306195108211103767305071908254359

8847971742401436689779775122701618793,

t = −1133568000001472850432000637893917136092090964291460.

❲❡ r❡❝❛❧❧ t❤❛t G1 = E(Fq)[r] ❛♥❞ G2 = E
(
Fq

)
[r]∩ ❑❡r(πq− [q])✳ ❚♦ ♦❜t❛✐♥ ❛♥ ♦♣t✐♠❛❧ ♣❛✐r✐♥❣

✐♥ t❤❡ ❏❛❝♦❜✐ q✉❛rt✐❝ ❝✉r✈❡ Ed ✇✐t❤ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ 8✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ❞❡s❝r✐❜❡❞ ❜②

❱❡r❝❛✉t❡r❡♥ ✐♥ ❬✼✹❪✳ ❆♣♣❧②✐♥❣ t❤❡ ❙❤♦rt❡st❱❡❝t♦rs✭✮ ❢✉♥❝t✐♦♥ ✐♥ ▼❛❣♠❛ ❬✶✷❪ t♦ t❤❡ ❧❛tt✐❝❡

L =




r 0 0 0

−q 1 0 0

−q2 0 1 0

−q3 0 0 1



,

✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡❝t♦r

V = [c0, c1, c2, c3] = [x, 0, 0, 3x+ 1].

❆♥ ♦♣t✐♠❛❧ ♣❛✐r✐♥❣ ✐s t❤❡♥ ❣✐✈❡♥ ❜② ✿

eo : G2 ×G1 → µr

(Q,P ) 7→
(
f 3q3+1
x,Q (P ) ·H1

) q8−1
r
,

✇❤❡r❡ H1 = (h[x]Q,[x]Q(P ) · h[x]Q,[2x]Q(P ) · h[3x]Q,[1]Q(P ))
q3 ❛♥❞ s1 = (3x+ 1)q3✳

■♥❞❡❡❞✱ t❤✐s ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✹✳ ❋r♦♠ t❤❛t t❤❡♦r❡♠ ✇❡ ❤❛✈❡ c0 =

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✸✳✸ ■♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ❊①❛♠♣❧❡ ✺✷

x, c1 = c2 = 0, c3 = 3x + 1 ❛♥❞ si =
∑3

j=i cjq
j✳ ❖❜s❡r✈❡ t❤❛t ❢♦r ♦✉r ❡①❛♠♣❧❡ s1 = s2 = s3 =

c3q
3 = (3x+ 1)q3✳ ❲❡ t❤❡♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✶✹ t♦ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

eo(Q,P ) =
(
fx,Q(P ) · f q3

3x+1,Q(P ) · h[s1]Q,[x]Q(P ) · h2[s1]Q,P∞
(P )
) q8−1

r
.

❖❜s❡r✈❡ ❛❧s♦ t❤❛t f1,Q = 1 ❛♥❞ h2[s1]Q,P∞
(P ) = 1✳ ❆❧s♦✱ h[s1]Q,[x]Q(P ) ✇✐❧❧ ❜❡ s❡♥t t♦ 1 ❞✉r✐♥❣

t❤❡ ✜♥❛❧ ❡①♣♦♥❡♥t✐❛t✐♦♥ ❜❡❝❛✉s❡ ❢r♦♠ λ = mr =
∑l

i=0 ciq
i = x+ s1✱ ✇❡ ❣❡t [s1]Q+ [x]Q = P∞✳

❲❡ t❤❡♥ ❛♣♣❧② t❤❡ Pr♦♣❡rt② ✼ t♦ ❡①♣r❡ss f3x+1,Q ✐♥ t❡r♠s ♦❢ fx,Q ❛s ❢♦❧❧♦✇s ✿ f3x+1,Q = f 3
x,Q ·

h[x]Q,[x]Q ·h[x]Q,[2x]Q ·h[3x]Q,[1]Q✳ ❋✐♥❛❧❧②✱ ❜② ✉s✐♥❣ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ t❤❡ ❢✉♥❝t✐♦♥ hR,S

✐s s✐♠♣❧✐✜❡❞ t♦ hR,S✳ ❲❡ ❝❛♥ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t✱ ✐❢ x ✐s ♥❡❣❛t✐✈❡ t❤❡♥ ❜② ✉s✐♥❣ t❤❡ ❞✐✈✐s♦rs ✇❡ ❝❛♥

t❛❦❡ fx,Q = 1/(f−x,Q ·h[x]Q,[−x]Q) ❛♥❞ h[x]Q,[−x]Q ✐s ❛❧s♦ s❡♥t t♦ 1 ❞✉r✐♥❣ t❤❡ ✜♥❛❧ ❡①♣♦♥❡♥t✐❛t✐♦♥✳

❲❡ r❡♠❛r❦ t❤❛t ❢♦r t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❤❛✈❡ ❧♦❣ 2(x) ≈ 54 ✐t❡r❛t✐♦♥s ♦❢ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠ ✇❤✐❝❤

✐s ❡q✉❛❧ t♦ ❧♦❣2(r)/ϕ(8)✱ ❛♥❞ t❤✐s ❛❣r❡❡ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ♦♣t✐♠❛❧ ♣❛✐r✐♥❣✳

❚❤❡ ▼❛❣♠❛ ❝♦❞❡ ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❚❛t❡✱ ❆t❡ ❛♥❞ ♦♣t✐♠❛❧ ❆t❡ ♣❛✐r✐♥❣s ✐s ❣✐✈❡♥ ✐♥

❛♣♣❡♥❞✐① ✳✺ ❛♥❞ ✐s ❛❧s♦ ❛✈❛✐❧❛❜❧❡ ❛t

❤tt♣✿✴✴✇✇✇✳♣r♠❛✐s✳♦r❣✴■♠♣❧❡♠❡♥t❛t✐♦♥✲P❛✐r✐♥❣s✲❏❛❝♦❜✐✳t①t✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❈❤❛♣✐tr❡ ◗❯❆❚❘❊

❆r✐t❤♠❡t✐❝ ♦❢ ❛ ♥❡✇ ❊❞✇❛r❞s ♠♦❞❡❧

❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❞❡❢✐♥❡❞ ♦✈❡r

❢✐♥✐t❡ ❢✐❡❧❞s

❚❤❡ ✐♥✐t✐❛❧ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✱ ✇✐t❤ ❡q✉❛t✐♦♥ x2+y2 =

c2(1+x2y2) ❞❡s❝r✐❜❡❞ ❜② ❊❞✇❛r❞s ✐♥ ❬✷✽❪ ❤❛s ❜❡❡♥ ❣❡♥❡r❛❧✐s❡❞ ❜② ❇❡r♥st❡✐♥ ❛♥❞ ▲❛♥❣❡ ✐♥ ❬✻❪ t♦

t❤❡ ♠♦❞❡❧ ❞❡✜♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥ x2+y2 = c2(1+dx2y2) ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✳ ❙❡✈❡r❛❧ ♠♦❞❡❧s

♦✈❡r ❜✐♥❛r② ✜❡❧❞s ✭s❡❡ ❬✼❪✱ ❬✽❪✱ ❬✼✾❪✮ ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜✉t ✇✐t❤♦✉t ❛♥② ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡

✐♥✐t✐❛❧ ♠♦❞❡❧✳ ■♥ ❤✐s t❤❡s✐s✱ ❉✐❛♦ ✐♥ ❬✷✸✱ ❝❤❛♣t❡r ✼❪ ✐♥tr♦❞✉❝❡❞ ❛ ♥❡✇ ❜✐♥❛r② ❊❞✇❛r❞s ♠♦❞❡❧

✇❤✐❝❤ ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❊❞✇❛r❞s ♠♦❞❡❧ ❜✉t t❤❡ ❛❞❞✐t✐♦♥ ❧❛✇ ✐s ♥♦t ❡✣❝✐❡♥t ❛♥❞

♥♦t ✉♥✐✜❡❞✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t ❛♥ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❞❡✜♥❡❞ ♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞

❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦✈❡r ✜❡❧❞s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ✷✳ ❚❤✐s ❊❞✇❛r❞s ♠♦❞❡❧ ✐s ❜✐r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t

t♦ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❊❞✇❛r❞s ♠♦❞❡❧ ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✳ ❋♦r t❤✐s✱ ✇❡ ✉s❡ t❤❡t❛ ❢✉♥❝t✐♦♥s ♦❢

❧❡✈❡❧ 4 t♦ ♦❜t❛✐♥ ❛♥ ♦❧❞ ♠♦❞❡❧ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡ t❤❛t ✇❡ ✇✐❧❧ ❝❛❧❧ ❛ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ✐♥ t❤✐s

t❤❡s✐s✳ ❚❤✐s ♠♦❞❡❧ ❡♥❛❜❧❡s ✉s t♦ ♦❜t❛✐♥ ♦✉r ♥❡✇ ❊❞✇❛r❞s ♠♦❞❡❧ ✇✐t❤ ❛ ❝♦♠♣❧❡t❡✱ ✉♥✐✜❡❞ ❛♥❞

❡✣❝✐❡♥t ❣r♦✉♣ ❧❛✇✳ ❖✈❡r ❜✐♥❛r② ✜❡❧❞s✱ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❡t✐t✐✈❡ ❢♦r♠✉❧❛s ❢♦r t❤❡ ❣r♦✉♣ ❧❛✇✳

❚❤❡ ❝❤❛♣t❡r ❜❡❣✐♥s ✐♥ s❡❝t✐♦♥ ✹✳✶ ✇✐t❤ ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ p✲❛❞✐❝ ✜❡❧❞s✳ ■♥ s❡❝t✐♦♥ ✹✳✷✱ ✇❡ r❡✈✐❡✇

t❤❡t❛ ❢✉♥❝t✐♦♥s ❛♥❞ ❘✐❡♠❛♥♥ t❤❡t❛ r❡❧❛t✐♦♥s ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s✳ ❚❤✐s ❡♥❛❜❧❡s ✉s t♦ ❞❡✜♥❡ ❛♥❞

❣✐✈❡ t❤❡ ❣r♦✉♣ ❧❛✇ ♦❢ t❤❡ ❧❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ ✐♥ s❡❝t✐♦♥ ✹✳✸✳ ❙❡❝t✐♦♥ ✹✳✹ ❢♦❝✉s❡s ♦♥ t❤❡ ❛r✐t❤♠❡t✐❝

♦❢ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ ❞❡✜♥❡❞ ♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞✳ ❚❤❡ ❝❤❛♣t❡r ❡♥❞s ✐♥ s❡❝t✐♦♥ ✹✳✺ ✐♥ ✇❤✐❝❤

✇❡ ❣✐✈❡ ❡✣❝✐❡♥t ❛♥❞ ❝♦♠♣❡t✐t✐✈❡ ❢♦r♠✉❧❛s ❢♦r ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ t❤❡ ❑✉♠♠❡r ❧✐♥❡ ♦❢ t❤❡s❡

❝✉r✈❡s✳

❆ ♣❛rt ♦❢ t❤❡ ❝♦♥t❡♥t ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❛ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ❖✉♠❛r ❉✐❛♦ ✇❤✐❝❤ ❧❡❞ t♦ t❤❡ ❛rt✐❝❧❡

❬✷✹❪✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✶ ❘❡✈✐❡✇ ♦♥ t❤❡ ✜❡❧❞ ♦❢ p−❛❞✐❝ ♥✉♠❜❡rs Qp ❛♥❞ ✐ts ❡①t❡♥s✐♦♥s ✺✹

✹✳✶ ❘❡✈✐❡✇ ♦♥ t❤❡ ✜❡❧❞ ♦❢ p−❛❞✐❝ ♥✉♠❜❡rs Qp ❛♥❞ ✐ts ❡①✲

t❡♥s✐♦♥s

❚❤✐s s❡❝t✐♦♥ ❞❡❛❧s ✇✐t❤ ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ p✲❛❞✐❝ ✜❡❧❞s✳ ❚❤❡ r❡s✉❧ts ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ ❢r♦♠

❬✷✱ ❈❤❛♣t❡r ✸❪✳ ❆♥♦t❤❡r ❣♦♦❞ r❡❢❡r❡♥❝❡ ✐s t❤❡ ❜♦♦❦ ❬✸✺❪✳

✹✳✶✳✶ ❚❤❡ ✜❡❧❞ ♦❢ p−❛❞✐❝ ♥✉♠❜❡rs ✿ Qp

❉❡✜♥✐t✐♦♥ ✷✶✳ ▲❡t a ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡ p−❛❞✐❝ ✈❛❧✉❛t✐♦♥ ♦❢ a ❞❡♥♦t❡❞ vp(a) ✐s t❤❡ ❣r❡❛t❡st

♣♦✇❡r ♦❢ p ❞✐✈✐❞✐♥❣ a✳ ❇② ❝♦♥✈❡♥t✐♦♥ vp(0) = ∞✳ ■❢ r = a/b ✐s ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r ✐ts p−❛❞✐❝
✈❛❧✉❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s vp(r) = vp(a)− vp(b)

❉❡✜♥✐t✐♦♥ ✷✷✳ ▲❡t x ❜❡ ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r✳ ❚❤❡ p−❛❞✐❝ ♥♦r♠ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

| x |p=
{
p−vp(x) ✐❢ x 6= 0

0 ✐❢ x = 0

❇✉✐❧❞✐♥❣ ✉♣ t❤❡ p−❛❞✐❝ ✜❡❧❞ Qp ❢r♦♠ t❤❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ✐s q✉✐t❡ s✐♠✐❧❛r t♦ t❤❡ ✇❛② t♦

❝♦♥str✉❝t t❤❡ r❡❛❧ ♥✉♠❜❡rs ❢r♦♠ Q✳

❉❡✜♥✐t✐♦♥ ✷✸✳ ❚❤❡ s❡t ♦❢ p−❛❞✐❝ ♥✉♠❜❡rs ❞❡♥♦t❡❞ Qp ✐s t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ Q ✉♥❞❡r t❤❡ p−❛❞✐❝
♥♦r♠✳

❚❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ Qp✱ t❤❡ s❡t ♦❢ p−❛❞✐❝ ✐♥t❡❣❡rs ✐s Zp = {x ∈ Qp, | x |p≤ 1}✳

Zp ✐s ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ ❛♥ ✐ts ✉♥✐q✉❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ ✐s

{x ∈ Qp, | x |p< 1} = pZp

❚❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ Qp ✐s t❤❡ ✜♥✐t❡ ✜❡❧❞ Fp = Zp/pZp

❉❡✜♥✐t✐♦♥ ✷✹✳ ❆♥ ❡❧❡♠❡♥t x ∈ Zp ✐s ❝❛❧❧❡❞ ❛ ❧✐❢t ♦❢ ❛♥ ❡❧❡♠❡♥t x0 ∈ Fp ✐❢ P1(x) = x0✱ ✇❤❡r❡

P1 : Zp −→ Zp/pZp ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ♣r♦❥❡❝t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ x0 ✐s t❤❡ r❡❞✉❝t✐♦♥ ♦❢ x✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ Fp ❛s ❢♦❧❧♦✇s ✿

❉❡✜♥✐t✐♦♥ ✷✺✳ ❆ ❧✐❢t ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ P (x1, .., xn) = a0 + a1x1 + ..... + anxn ∈ Fp[x1, .., xn] ✐s

t❤❡ ♣♦❧②♥♦♠✐❛❧ P (x1, .., xn) = a0 + a1x1 + ..... + anxn ∈ Zp[x1, .., xn] ✇❤❡r❡ ai ✐s t❤❡ ❧✐❢t ♦❢ ai ❀

i = 0, 1, .., n✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✷ ❚❤❡t❛ ❢✉♥❝t✐♦♥s ♦❢ ❧❡✈❡❧ ✹ ✐♥ ❞✐♠❡♥s✐♦♥ ✶ ✺✺

✹✳✶✳✷ ❋✐♥✐t❡ ❡①t❡♥s✐♦♥ ✜❡❧❞s ♦❢ Qp

▲❡t K ❜❡ ❛ ✜♥✐t❡ ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ ♦❢ Qp✳ ■t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛ ♥♦r♠ | . |K
✇❤✐❝❤ ❡①t❡♥❞s t❤❡ p−❛❞✐❝ ♥♦r♠ ♦❢ Qp✳ ❚❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ K ✐s t❤❡ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ R =

{x ∈ K, | x |K≤ 1} ✇✐t❤ t❤❡ ✉♥✐q✉❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ I = {x ∈ R, | x |K< 1}✳ ❚❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢

K ✐s t❤❡ ✜♥✐t❡ ✜❡❧❞ K = R/I✳ ■t ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ ♦❢ Fp✱ t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ Qp✳

❉❡✜♥✐t✐♦♥ ✷✻✳ ▲❡t K ❜❡ ❛ ✜♥✐t❡ ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ ♦❢ Qp✳

✶✳ ❚❤❡ ✐♥❡rt✐❛ ❞❡❣r❡❡ ♦❢ K ❞❡♥♦t❡❞ f ✐s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❡①t❡♥s✐♦♥ K ♦✈❡r Fp✳

✷✳ ❚❤❡ ❛❜s♦❧✉t❡ r❛♠✐✜❝❛t✐♦♥ ✐♥❞❡① ♦❢ K ✐s t❤❡ ✐♥t❡❣❡r e = vK(ψ(p)) ✇❤❡r❡ ψ ✐s t❤❡ ❝❛♥♦♥✐❝❛❧

❡♠❜❡❞❞✐♥❣ Z −→ Zp ❡①t❡♥❞❡❞ t♦ t❤❡ ❡♠❜❡❞❞✐♥❣ Q −→ Qp ❛s ❢♦❧❧♦✇s ψ(1/x) = 1/ψ(x)✱

❢♦r ❛❧❧ x ∈ Z ❛♥❞ vK ✐s ❛ ✈❛❧✉❛t✐♦♥ ♦♥ K✳

❚❤❡ ❛❜s♦❧✉t❡ r❛♠✐✜❝❛t✐♦♥ ✐♥❞❡① e ❛♥❞ t❤❡ ✐♥❡rt✐❛ ❞❡❣r❡❡ f ✈❡r✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥

❚❤❡♦r❡♠ ✶✺✳ ▲❡t d ❜❡ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❡①t❡♥s✐♦♥ ✜❡❧❞ K ♦✈❡r Qp✱ t❤❡♥ ✇❡ ❤❛✈❡ d = ef ✳

❉❡✜♥✐t✐♦♥ ✷✼✳ ❆ ✜♥✐t❡ ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ ♦❢ Qp ✐s ❝❛❧❧❡❞ ❛❜s♦❧✉t❡❧② ✉♥r❛♠✐✜❡❞ ✐❢ e = 1✳

■t ❢♦❧❧♦✇s ❢r♦♠ ❞❡✜♥✐t✐♦♥ ✷✼ ❛♥❞ t❤❡♦r❡♠ ✶✺ t❤❛t ❢♦r ❛ ✜♥✐t❡ ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ K ♦❢ ❞❡❣r❡❡

d ♦❢ Qp✱ t❤❡r❡ ❡①✐sts ❛♥ ✐rr❡❞✉❝✐❜❧❡ ♣♦❧②♥♦♠✐❛❧m(x) ♦❢ ❞❡❣r❡❡ d✱ ❧✐❢t ♦❢ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ♣♦❧②♥♦♠✐❛❧

♦✈❡r Fp ♦❢ ❞❡❣r❡❡ d✱ s✉❝❤ t❤❛t t❤❡ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ ♦❢ K ✐s Qpd = Zpd [x]/(m(x))✳

❉❡✜♥✐t✐♦♥ ✷✽✳ ❚❤❡ ❝❛♥♦♥✐❝❛❧ ❧✐❢t ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq ✐s ❛♥ ❡❧❧✐♣t✐❝

❝✉r✈❡ E ♦✈❡r Qq ✇❤✐❝❤ s❛t✐s✜❡s

✕ ❚❤❡ r❡❞✉❝t✐♦♥ ♦❢ E ♠♦❞✉❧♦ p ❡q✉❛❧s E✳

✕ ❚❤❡ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ ❊♥❞(E) −→ ❊♥❞(E) ✐♥❞✉❝❡❞ ❜② r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p ✐s ❛♥ ✐s♦✲

♠♦r♣❤✐s♠✳

❉❡✜♥✐t✐♦♥ ✷✾✳ ❚❤❡ ❲✐tt ✈❡❝t♦rs ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ✜♥✐t❡ ✜❡❧❞ Fq✱ q = pd✱ ❞❡♥♦t❡❞ W (Fq)

✐s ✭✐s♦♠♦r♣❤✐❝ t♦✮ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ t❤❡ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ ♦❢ ❞❡❣r❡❡ d ♦❢ Qp✳

✹✳✷ ❚❤❡t❛ ❢✉♥❝t✐♦♥s ♦❢ ❧❡✈❡❧ ✹ ✐♥ ❞✐♠❡♥s✐♦♥ ✶

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ t♦♦❧s t❤❛t ✇❡ ✇✐❧❧ ✉s❡ t♦ st✉❞② ♦✉r ♠♦❞❡❧s ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✐♥

t❤❡ ♥❡①t s❡❝t✐♦♥s✳ ❆❧❧ t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts st❛t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ▼✉♠❢♦r❞✬s

❚❛t❛ ❧❡❝t✉r❡s ✐♥ ❬✻✷❪✳ ❚❤❡ t❤❡s✐s ♦❢ ❘♦♠❛✐♥ ❈♦sss❡t ❬✶✼❪✱ ❉❛♠✐❡♥ ❘♦❜❡rt ❬✻✼❪ ❛♥❞ ❖✉♠❛r ❉✐❛♦

❬✷✸❪ ❛r❡ ❛❧s♦ ❣♦♦❞ r❡❢❡r❡♥❝❡s t♦ ✉♥❞❡rst❛♥❞ t❤❡t❛ ❢✉♥❝t✐♦♥s✳ ❲❡ st❛rt ✇✐t❤ ❛♥ ❛♥❛❧♦❣② ❜❛s❡❞ ♦♥

r❡❛❧ tr✐❣♦♥♦♠❡tr✐❝ ❢✉♥❝t✐♦♥s t♦ ✇❡❧❧ ✉♥❞❡rst❛♥❞ t❤❡t❛ ❢✉♥❝t✐♦♥s✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✷ ❚❤❡t❛ ❢✉♥❝t✐♦♥s ♦❢ ❧❡✈❡❧ ✹ ✐♥ ❞✐♠❡♥s✐♦♥ ✶ ✺✻

✹✳✷✳✶ ❆♥ ❛♥❛❧♦❣② t♦ ✉♥❞❡rst❛♥❞ t❤❡t❛ ❢✉♥❝t✐♦♥s

▲❡t t ❜❡ ❛ r❡❛❧ ♥✉♠❜❡r✳ ❲❡ ❦♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s ✿

cos(t) =
+∞∑

n=0

(−1)n t2n

(2n)!
❛♥❞ sin(t) =

+∞∑

n=0

(−1)n t2n+1

(2n+ 1)!

❚❤❡ ❢✉♥❝t✐♦♥s cos ❛♥❞ sin s❛t✐s❢② t❤❡ ❛❧❣❡❜r❛✐❝ r❡❧❛t✐♦♥s ✿

cos2(t) + sin2(t) = 1

cos(t1 + t2) = cos(t1)cos(t2)− sin(t1)sin(t2)
sin(t1 + t2) = sin(t1)cos(t2) + cos(t1)sin(t2)

❙♦✱ tr✐❣♦♥♦♠❡tr✐❝ ❢✉♥❝t✐♦♥s cos ❛♥❞ sin ❡♥❛❜❧❡ t♦ ✿

✕ ♣❛r❛♠❡tr✐s❡ t❤❡ ❝✐r❝❧❡ ✿ x2 + y2 = 1

✕ ❛❞❞ t✇♦ ♣♦✐♥ts ♦❢ t❤✐s ❝✐r❝❧❡ ❛s ❢♦❧❧♦✇s ✿ (x1, y1) + (x2, y2) = (x1x2 − y1y2, y1x2 + x1y2)

❚❤✉s✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t ❛s t❤❡ tr✐❣♦♥♦♠❡tr✐❝ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❜② s❡r✐❡s ♦❢ r❡❛❧ ❢✉♥❝t✐♦♥s ❡♥❛❜❧❡

t♦ ♣❛r❛♠❡tr✐s❡ ❛ ❝✐r❝❧❡✱ t❤❡t❛ ❢✉♥❝t✐♦♥s ✐♥ ❞✐♠❡♥s✐♦♥ ✶ ✇❤✐❝❤ ❛r❡ s❡r✐❡s ♦❢ ❝♦♠♣❧❡① ❢✉♥❝t✐♦♥s

❡♥❛❜❧❡ t♦ ♣❛r❛♠❡tr✐s❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❛♥❞ ❣✐✈❡ t❤❡ ❛❞❞✐t✐♦♥ ❧❛✇ ♦♥ t❤❡s❡ ❝✉r✈❡s✳

✹✳✷✳✷ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡t❛ ❢✉♥❝t✐♦♥s ✐♥ ❞✐♠❡♥s✐♦♥

✶

▲❡t H1 ❜❡ t❤❡ ✉♣♣❡r✲❤❛❧❢ s♣❛❝❡ ♦✈❡r C ❛♥❞ Ω ∈ H1✳ ▲❡t ΛΩ := ΩZ+Z ❜❡ ❛ ❧❛tt✐❝❡ ♦❢ C ❛♥❞

a, b ∈ Q✳

❉❡✜♥✐t✐♦♥ ✸✵✳ ❚❤❡ ❏❛❝♦❜✐ t❤❡t❛ ❢✉♥❝t✐♦♥ ✐s t❤❡ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ C×H1 ❜② ✿

θ(z,Ω) =
∑

n∈Z

exp
(
πi(n2Ω + 2nz)

)
. ✭✹✳✶✮

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡t❛ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝s ✇❤✐❝❤ ❛r❡ ♠♦r❡ ❣❡♥❡r❛❧✳

❉❡✜♥✐t✐♦♥ ✸✶✳ ❚❤❡ t❤❡t❛ ❢✉♥❝t✐♦♥ ✇✐t❤ r❛t✐♦♥❛❧ ❝❤❛r❛❝t❡r✐st✐❝s (a, b) ✐s ❛♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥

❞❡✜♥❡❞ ✐♥ C×H1 ❜② ✿

θa,b(z,Ω) =
∑

n∈Z

exp
(
iπ(n+ a)2Ω + 2iπ(n+ a)(z + b)

)
. ✭✹✳✷✮

❘❡♠❛r❦ ✶✾✳ ❚❤❡ t❤❡t❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝s ❣❡♥❡r❛❧✐s❡s t❤❡ ❏❛❝♦❜✐ t❤❡t❛ ❢✉♥❝t✐♦♥ ❜❡✲

❝❛✉s❡ θ0,0(z,Ω) = θ(z,Ω)

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s t✇♦ ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ♦❢ t❤❡t❛ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝❤❛r❛❝t❡r✲

✐st✐❝s✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✷ ❚❤❡t❛ ❢✉♥❝t✐♦♥s ♦❢ ❧❡✈❡❧ ✹ ✐♥ ❞✐♠❡♥s✐♦♥ ✶ ✺✼

Pr♦♣♦s✐t✐♦♥ ✶✸✳ ❬✻✷✱ P❛❣❡s ✶✷✶✲✶✷✹❪ ❋♦r ❛❧❧ a, b ∈ Q ❛♥❞ ❢♦r ❛❧❧ m,n ∈ Z✱ ✇❡ ❤❛✈❡ ✿

θa,b(z + Ωm+ n,Ω) = exp (−iπm(mΩ + 2z)) exp (2iπ(an− bm)) · θa,b(z,Ω) ✭✹✳✸✮

θa,b(−z,Ω) = θ−a,−b(z,Ω) = (−1)abθa,b(z,Ω) ✭✹✳✹✮

❚❤❡ ♣r♦♣❡rt② ✹✳✸ ♠❡❛♥s t❤❛t t❤❡ t❤❡t❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝s ✐s ΛΩ−♣s❡✉❞♦✲♣❡r✐♦❞✐❝✳
❚❤❡ ♣r♦♣❡rt② ✹✳✹ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✷✳ ❚❤❡ t❤❡t❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝s✱ θa,b(z,Ω)✱ ✐s ❛♥ ❡✈❡♥ ❢✉♥❝t✐♦♥ ✐❢ (−1)ab =
1 ❛♥❞ ✐s ❛♥ ♦❞❞ ❢✉♥❝t✐♦♥ ♦t❤❡r✇✐s❡✳

❉❡✜♥✐t✐♦♥ ✸✸✳ ❆ ❢✉♥❝t✐♦♥ f ∈ C ✐s ΛΩ−q✉❛s✐✲♣❡r✐♦❞✐❝ ♦❢ ❧❡✈❡❧ ℓ ∈ N⋆ ✐❢ ❢♦r ❛❧❧ z ∈ C ❛♥❞

m,n ∈ Z✱ ✇❡ ❤❛✈❡ ✿ f(z + Ωm+ n) = exp (−iℓπm2Ω− 2ℓiπmz) f(z)✳

❋♦r ❡①❛♠♣❧❡ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ❏❛❝♦❜✐ t❤❡t❛ ❢✉♥❝t✐♦♥ θ(.,Ω) ✐s q✉❛s✐✲♣❡r✐♦❞✐❝ ♦❢ ❧❡✈❡❧

1✳

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ❜② t❤❡ s❡t ♦❢ ❝♦♠♣❧❡① ❢✉♥❝t✐♦♥s ΛΩ− q✉❛s✐✲♣❡r✐♦❞✐❝ ♦❢ ❧❡✈❡❧ 4

t❤❛t ✇❡ s❤♦✉❧❞ ❞❡♥♦t❡❞ R4,Ω✳ ❆❧❧ t❤❡ r❡s✉❧ts t❤❛t ✇❡ ✇✐❧❧ st❛t❡ ❝♦♥❝❡r♥✐♥❣ R4,Ω ❛r❡ ❛❧s♦ ✈❛❧✉❛❜❧❡

❢♦r Rℓ,Ω ❢♦r ❛r❜✐tr❛r② ✐♥t❡❣❡r ℓ ≥ 3✳

❚❤❡♦r❡♠ ✶✻✳ ❬✻✷✱ ❙❡❝t✐♦♥ ■■❪ ❚❤❡ s❡t R4,Ω ✐s ❛ C−✈❡❝t♦r s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ 4✳ ❚✇♦ ❜❛s❡s

❛r❡ ❣✐✈❡♥ ❜② t❤❡t❛ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝s B4 :=
{
θ0,b(z, 4

−1ω), b ∈ 1
4
Z/Z

}
❛♥❞ B(2,2) :={

θa,b(2z,Ω), a, b ∈ 1
2
Z/Z

}
✳

❚❤❡ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s ❜❡t✇❡❡♥ B4 ❛♥❞ B(2,2) ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❑♦✐③✉♠② ❢♦r♠✉❧❛s st❛t❡❞ ✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✹✳ ❬✺✶❪ ❚❤❡ ♥♦t❛t✐♦♥s ❛r❡ t❤❡ s❛♠❡ ❛s ♣r❡✈✐♦✉s❧② st❛t❡❞✳ ❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥

t❤❡ ❜❛s❡s B4 ❛♥❞ B(2,2) ✐s ✿

θ0,b(z, 4
−1Ω) =

∑

α∈ 1
2
Z/Z

θα,2b(2z,Ω). ✭✹✳✺✮

❊①♣❧✐❝✐t❧②✱ ✐t ♠❡❛♥s t❤❛t ✐❢ ✇❡ s❡t X4b(z) = θ0,b(z, 4
−1Ω) ❢♦r b ∈ 1

4
Z/Z ❛♥❞ θ(2i)(2j)(z) :=

θi,j(2z,Ω) ❢♦r i, j ∈ 1
2
Z/Z✱ t❤❡♥ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❜❛s❡s B4 := {X0(z), X1(z), X2(z), X3(z)}

❛♥❞ B(2,2) := {θ00(z), θ01(z,Ω/4), θ10(z), θ11(z)} ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛s ✿




X0(z) = θ00(z) + θ10(z)

X1(z) = θ01(z) + θ11(z)

X2(z) = θ00(z)− θ10(z)
X3(z) = θ01(z)− θ11(z)

♦r





θ00(z) = 1
2
(X0(z) +X2(z))

θ01(z) = 1
2
(X1(z) +X3(z))

θ10(z) = 1
2
(X0(z)−X2(z))

θ11(z) = 1
2
(X1(z)−X3(z))

✭✹✳✻✮

❚❤❡s❡ r❡❧❛t✐♦♥s ✇✐❧❧ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✷✼✳

❘❡♠❛r❦ ✷✵✳ ❆❝❝♦r❞✐♥❣ t♦ ❞❡✜♥✐t✐♦♥ ✸✷✱ t❤❡ t❤❡t❛ ❢✉♥❝t✐♦♥ z 7−→ θ 1
2
, 1
2
(z) ✐s ♦❞❞ ❛♥❞ ❝♦♥s❡✲

q✉❡♥t❧② θ11(0) = 0✳ ❚❤❡r❡❢♦r❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s②st❡♠ ✹✳✻ ✇❡ ❛❧✇❛②s ❤❛✈❡ X1(0) = X3(0)✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✷ ❚❤❡t❛ ❢✉♥❝t✐♦♥s ♦❢ ❧❡✈❡❧ ✹ ✐♥ ❞✐♠❡♥s✐♦♥ ✶ ✺✽

✹✳✷✳✸ ❘✐❡♠❛♥♥ t❤❡t❛ r❡❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ ❘✐❡♠❛♥♥ t❤❡t❛ r❡❧❛t✐♦♥s t❤❛t ❣✐✈❡ ❛❧❣❡❜r❛✐❝ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡t❛

❢✉♥❝t✐♦♥s✳ ❚❤❡s❡ r❡❧❛t✐♦♥s ✇✐❧❧ ❡♥❛❜❧❡ ✉s t♦ ♦❜t❛✐♥ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ t❤❛t ✇❡ ❝❛❧❧ t❤❡ ❧❡✈❡❧ ✹ t❤❡t❛

♠♦❞❡❧ ❛♥❞ t❤❡ ❛❞❞✐t✐♦♥ ❧❛✇ ♦♥ t❤✐s ❡❧❧✐♣t✐❝ ❝✉r✈❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❡ r❡❝❛❧❧ t❤❛t 1
2
Z/Z

❝❛♥ ❜❡ s❡❡♥ ❛s ❛ s✉❜❣r♦✉♣ ♦❢ Z/4Z ✈✐❛ t❤❡ ♠❛♣ n 7−→ 4n✳ ❚♦ ❢❛❝✐❧✐t❛t❡ ♥♦t❛t✐♦♥s✱ ✇❡ s❡t ❛❣❛✐♥

θi(z) := Xi(z) := θ0,i(z, 4
−1ω) ❢♦r i ∈ Z/4Z✳

❚❤❡♦r❡♠ ✷✶✳ ❬✺✹❪ ▲❡t i, j, k ❛♥❞ l ❜❡ ✐♥ Z/4Z s✉❝❤ t❤❛t i′ = (i+ j + k+ l)/2, j′ = (i+ j− k−
l)/2, k′ = (i− j + k − l)/2 ❛♥❞ l′ = (i− j − k + l)/2 ❛r❡ ✐♥ Z/4Z✳ ▲❡t z1 ❛♥❞ z2 ❜❡ ❡❧❡♠❡♥ts ✐♥

C✳ ❚❤❡ t❤❡t❛ ❢✉♥❝t✐♦♥s ♦❢ ❧❡✈❡❧ ❢♦✉r s❛t✐s❢② ✿

∑

η∈ 1
2
Z/Z

θi+η(z1 + z2)θj+η(z1 − z2)θk+η(0)θl+η(0)

=
∑

η∈ 1
2
Z/Z

θi′+η(z1)θj′+η(z1)θk′+η(z2)θl′+η(z2) ✭✹✳✼✮

❉é♠♦♥str❛t✐♦♥✳ ✿ ❈♦♥s✐❞❡r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❬✺✹✱ ❚❤❡♦r❡♠ ✶❪ ✇❤❡♥ g = 1✳ ■❢ ✇❡ r❡♣❧❛❝❡

i+ j, i− j, k + l ❛♥❞ k − l ❜② i, j, k ❛♥❞ l✱ r❡s♣❡❝t✐✈❡❧② ❛♥❞ ❞♦ t❤❡ s❛♠❡ ❢♦r i′, j′, k′ ❛♥❞ l′✱ t❤❡♥

✇❡ ❤❛✈❡


∑

η∈ 1
2
Z/Z

χ(η)θi+η(z1 + z2)θj+η(z1 − z2)





∑

η∈ 1
2
Z/Z

χ(η)θk+η(0)θl+η(0)




=



∑

η∈ 1
2
Z/Z

χ(η)θi′+η(z1)θj′+η(z1)





∑

η∈ 1
2
Z/Z

χ(η)θk′+η(z2)θl′+η(z2)


 ✭✹✳✽✮

❚❤❡s❡ ❘✐❡♠❛♥♥ r❡❧❛t✐♦♥s ✭✹✳✽✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ ✿

∑

η,η′∈ 1
2
Z/Z

χ(η + η′)θi+η(z1 + z2)θj+η(z1 − z2)θk+η′(0)θl+η′(0)

=
∑

η,η′∈ 1
2
Z/Z

χ(η + η′)θi′+η(z1)θj′+η(z1)θk′+η′(z2)θl′+η′(z2). ✭✹✳✾✮

❚❤❡♥ ❜② s✉♠♠✐♥❣ ✉♥❞❡r ❛❧❧ ❝❤❛r❛❝t❡rs χ ♦♥ t❤❡ ❞✉❛❧ 1̂
2
Z/Z✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

❚❤❡t❛ ❢✉♥❝t✐♦♥s✱ ♦r ♠♦r❡ ♣r❡❝✐s❡❧② ❘✐❡♠❛♥♥ r❡❧❛t✐♦♥s ♦❢ t❤❡t❛ ❢✉♥❝t✐♦♥s✱ ❣✐✈❡ ❛ ♣❛r❛♠❡tr✐s❛✲

t✐♦♥ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❞❡✜♥❡❞ ♦✈❡r C✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r C ✐s ✐s♦♠♦r♣❤✐❝

t♦ ❛ t♦r✉s C/Λω✳ ❇② t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ t❤❡t❛ ❢✉♥❝t✐♦♥s✱ t❤❡ ✐s♦♠♦r♣❤✐s♠ E ≃ C/Λω ❣✐✈❡s ❛♥

❡♠❜❡❞❞✐♥❣ ✐♥t♦ t❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ P3✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ ❬✻✸✱ ♣✳ ✷✻✼❪✳ ▼♦r❡♦✈❡r✱ ❘✐❡♠❛♥♥

r❡❧❛t✐♦♥s s❛t✐s✜❡❞ ❜② t❤❡t❛ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ♦✈❡r C✳ ❇② t❤❡ ▲❡❢s❝❤❡t③ ♣r✐♥❝✐♣❧❡ ❬✼✵✱ ❙❡❝t✐♦♥

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✸ ▲❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ✺✾

✻❪✱ t❤❡s❡ r❡❧❛t✐♦♥s ❛r❡ ❛❧s♦ ✈❛❧✐❞ ♦✈❡r ❛♥② ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✳ ❇✉t

❢♦r ❝❤❛r❛❝t❡r✐st✐❝ p > 0✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ❞❡✜♥❡❞ ❜② f(x, y) = 0 ♦✈❡r ❛ ✜♥✐t❡

✜❡❧❞ Fq ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ✇❤❡r❡ q = pd ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r d✳ ❲❡ ❧✐❢t t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢

f(x, y) t♦ Zq✱ t❤❡ ✈❛❧✉❛t✐♦♥ r✐♥❣ ♦❢ Qq ✇❤✐❝❤ ✐s ❛♥ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥ ♦❢ Qp✳ ▲❡t EZq ❜❡ t❤❡

❝❛♥♦♥✐❝❛❧ ❧✐❢t ♦❢ E ♦✈❡r Zq ✭✐✳❡✳ ❊♥❞(E/Fq) ≃p ❊♥❞(E/Zq)✮✳ ❲❡ ✜① ❛♥ ❡♠❜❡❞❞✐♥❣ Qq →֒ C ❛♥❞

t❤❡ ▲❡❢s❝❤❡t③ ♣r✐♥❝✐♣❧❡ ❡♥s✉r❡s t❤❛t ❛❧❣❡❜r❛✐❝ r❡❧❛t✐♦♥s ❞❡✜♥❡❞ ♦✈❡r C ❛r❡ ❛❧s♦ ✈❛❧✐❞ ♦✈❡r ❛♥

❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ ♦❢ Qq✳ ❲❡ t❤❡♥ ✉s❡ ❛ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ p t♦ ♦❜t❛✐♥ r❡❧❛t✐♦♥s ♦✈❡r Fq✳

✹✳✸ ▲❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡✱ ✇❤✐❝❤ ✐s ✈❛❧✐❞ ♦✈❡r ❛♥②

✜❡❧❞✳ ❲❡ t❛❦❡ z2 = 0 ✐♥ ❢♦r♠✉❧❛ ✭✹✳✼✮ t♦ ♦❜t❛✐♥ t✇♦ ❡q✉❛t✐♦♥s t❤❛t ❢♦r♠ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r

P3(K)✱ t❤❛t ✇❡ ❝❛❧❧ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✭❬✻✶✱ ♣❛❣❡ ✸✺✷❪✮ ✿

E ′

λ1,λ2
:

{
X2

0 +X2
2 = λ1X1X3

X2
1 +X2

3 = λ2X0X2

✇❤❡r❡ Xu = θu(z1)✱ λ1 = (a20 + a22)/(a
2
1) ❛♥❞ λ2 = 2a21/(a0a2) ✇✐t❤ ai = Xi(0)✳

❚❤❡ ♣♦✐♥t [a0 : a1 : a2 : a3] ✐s ❝❛❧❧❡❞ t❤❡ t❤❡t❛ ♥✉❧❧ ♣♦✐♥t✳ ❚❤❡ ♥✉♠❜❡rs ai = Xi(0), i = 0, 1, 2, 3

❛r❡ ❝❛❧❧❡❞ t❤❡t❛ ❝♦♥st❛♥ts ❛♥❞ s❛t✐s❢② t❤❡ ❏❛❝♦❜✐ r❡❧❛t✐♦♥

a0a2(a
2
0 + a22) = 2a41 ✭✹✳✶✵✮

✇❤✐❝❤ ✐♠♣❧✐❡s λ1 = λ2. ❖♥❡ ❝❛♥ ❝♦♥s✐❞❡r ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶✹❪✮ t❤❡ ❝❛s❡ ✇❤❡r❡ a1 = a3 = 1 s✉❝❤

t❤❛t t❤❡ ❏❛❝♦❜✐ r❡❧❛t✐♦♥ ❜❡❝♦♠❡s

a0a2(a
2
0 + a22) = 2. ✭✹✳✶✶✮

❚❤❡ s❡t ♦❢ ♣♦✐♥ts (a0, a2) ∈ A2(K) s❛t✐s❢②✐♥❣ t❤❡ r❡❧❛t✐♦♥ a0a2(a
2
0 + a22) = 2 ✐s ❛ ❝✉r✈❡ C ❞❡✜♥❡❞

♦✈❡r K✳ ❚❤✉s ❛ K✲r❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ C ❞❡✜♥❡s ❛ ❧❡✈❡❧ ❢♦✉r t❤❡t❛ ♠♦❞❡❧ ❞❡✜♥❡❞ ♦✈❡r K✳ ❋r♦♠

♥♦✇ ♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ❛r✐t❤♠❡t✐❝ ♦♥ t❤✐s ❝✉r✈❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✜♥✐t❡ ✜❡❧❞s✳

✹✳✸✳✶ ▼♦❞❡❧s ✈❛❧✐❞ ♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞

▼♦❞❡❧s ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✳ ▲❡t Fq ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ≥ 3✳ ❈♦♥s✐❞❡r

(a0, a2) ∈ A2(Fq) s✉❝❤ t❤❛t a0a2(a
2
0+a

2
2) = 2✳ ❚❤✉s ✐♥ t❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ P3(Fq) ✇✐t❤ ❤♦♠♦❣❡✲

♥❡♦✉s ❝♦♦r❞✐♥❛t❡s [X0 : X1 : X2 : X3]✱ t❤❡ ❝✉r✈❡ ❣✐✈❡♥ ❜② Eλ : X2
0 +X2

2 = λX1X3, X
2
1 +X2

3 =

λX0X2 t♦❣❡t❤❡r ✇✐t❤ t❤❡ Fq− r❛t✐♦♥❛❧ ♣♦✐♥t [a0 : 1 : a2 : 1] ❞❡✜♥❡s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r t❤❡

✜♥✐t❡ ✜❡❧❞ Fq✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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▼♦❞❡❧s ♦✈❡r ✜❡❧❞s ♦❢ ❡✈❡♥ ❝❤❛r❛❝t❡r✐st✐❝✳ ▲❡t Fq ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ✷ ❛♥❞

W(Fq) t❤❡ r✐♥❣ ♦❢ ❲✐tt ✈❡❝t♦rs ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ Fq✱ ✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦ Zq✳ ❙♦✱ t♦ ♦❜t❛✐♥

t❤❡ ❧❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ ✐♥ ❡✈❡♥ ❝❤❛r❛❝t❡r✐st✐❝✱ ✐t s✉✣❝❡s t♦ ❝♦♠♣✉t❡ t❤❡ 2−❛❞✐❝ ✈❛❧✉❛t✐♦♥ ♦❢

t❤❡t❛ ❝♦♥st❛♥ts✳ ❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢r♦♠ ❈❛r❧s ✿

❚❤❡♦r❡♠ ✶✼✳ ❬✶✹❪

❖♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ❧✐❢t EW(Fq) ❛♥❞ ❢♦r ❛❧❧ i ∈ Z/4Z✱ ✇❡ ❤❛✈❡

a2i = α
∑

j∈Z/4Z

φ(ai+j)φ(aj)

✇❤❡r❡ φ ✐s t❤❡ ❧✐❢t ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♦❢ Fq ♦✈❡r W(Fq) ❛♥❞ α ∈ Zq ✐s ❛ ♥♦♥ ③❡r♦ ❝♦♥st❛♥t✳

❋r♦♠ t❤✐s t❤❡♦r❡♠✱ ✇❡ ❤❛✈❡ α(a0 + a2) = 1 ❛♥❞ a2 = 2αa0✳ ❆♣♣❧②✐♥❣ t❤❡ 2✲❛❞✐❝ ✈❛❧✉❛t✐♦♥✱

v2✱ t♦ ❜♦t❤ s✐❞❡s ♦❢ t❤❡s❡ r❡❧❛t✐♦♥s ✐♠♣❧✐❡s t❤❛t v2(a0) = 0 ❛♥❞ v2(a2) = 1✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts

c0 ∈ Zq ❛♥❞ c2 ∈ Zq s✉❝❤ t❤❛t a0 = c0✱ a2 = 2c2 ✇❤✐❝❤ s❛t✐s❢② t❤❡ r❡❧❛t✐♦♥ c30c2 = 1✳ ❚❤❡

❡q✉❛t✐♦♥s ♦❢ t❤❡ ❧❡✈❡❧ ❢♦✉r t❤❡t❛ ♠♦❞❡❧ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r t❤❡ ❜✐♥❛r② ✜❡❧❞ Fq ✐s ❞❡✜♥❡❞ ❛s

❢♦❧❧♦✇s ✿

Eλ :

{
X2

0 +X2
2 = λX1X3

X2
1 +X2

3 = λX0X2

, ✇❤❡r❡ λ = c20 ∈ K⋆.

❚❤❡ ✐❞❡♥t✐t② ♣♦✐♥t ✐s [c0 : 1 : 0 : 1]✳

❱❛❧✐❞ ♠♦❞❡❧ ♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞✳

❉❡✜♥✐t✐♦♥ ✸✹✳ ▲❡t Fq ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞✳ ❚❤❡♥ ❛ ❧❡✈❡❧ ❢♦✉r t❤❡t❛ ♠♦❞❡❧ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ✐♥t❡r✲

s❡❝t✐♦♥ ♦❢ t✇♦ ❡q✉❛t✐♦♥s ✿

Eλ :

{
X2

0 +X2
2 = λX1X3

X2
1 +X2

3 = λX0X2

, ✇❤❡r❡ λ = c20 + 4c22

❚❤❡ ✐❞❡♥t✐t② ♣♦✐♥t ✐s [c0 : 1 : 2c2 : 1]✳

❚❤❡ ❝♦❡✣❝✐❡♥ts c0, c2 ∈ F⋆
q s❛t✐s❢② t❤❡ r❡❧❛t✐♦♥ c0c2(c

2
0+4c22) = 1✳ ❚❤❡ s❡t ♦❢ ♣♦✐♥ts (c0, c2) ∈

A2(Fq) s❛t✐s❢②✐♥❣ t❤✐s r❡❧❛t✐♦♥ ✐s ❛ ❝✉r✈❡ C ❞❡✜♥❡❞ ♦✈❡r Fq✳ ❚❤❡ ♥✉♠❜❡r ♦❢ r❛t✐♦♥❛❧s ♣♦✐♥ts ♦❢

C ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❧❡✈❡❧ ❢♦✉r t❤❡t❛ ♠♦❞❡❧ ❞❡✜♥❡❞ ♦✈❡r Fq✳ ■♥ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s✱

t❤❡ ❝♦♥❞✐t✐♦♥ λ(λ4− 16) 6= 0 ❡♥s✉r❡s t❤❛t t❤❡ ❧❡✈❡❧ ❢♦✉r t❤❡t❛ ♠♦❞❡❧ Eλ ✐s ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡✳ ❙❡❡

✭❬✻✶✱ ♣❛❣❡ ✸✺✷❪✮ ❢♦r ❞❡t❛✐❧s✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ♠♦❞❡❧ t❤❛t ✇❡ ❝❛❧❧ ❧❡✈❡❧ ❢♦✉r t❤❡t❛ ♠♦❞❡❧ ✇❛s ✐♥tr♦❞✉❝❡❞

✐♥ ✶✾✻✻ ❜② ▼✉♠❢♦r❞ ✐♥ ♥♦♥✲❜✐♥❛r② ✜❡❧❞s ❬✻✶✱ P❛❣❡ ✸✺✷❪✳ ❖✈❡r ❜✐♥❛r② ✜❡❧❞s✱ ❈❛r❧s ❬✶✹✱ s❡❝t✐♦♥

✺✳✷❪ ♦❜t❛✐♥❡❞ t❤❡ ❧❡✈❡❧ ❢♦✉r t❤❡t❛ ♠♦❞❡❧ ❜✉t✱ ❤❡ ❞✐❞ ♥♦t st✉❞② t❤❡ ❛r✐t❤♠❡t✐❝ ♦❢ t❤✐s ♠♦❞❡❧✳

❘❡❝❡♥t❧②✱ ❉❛✈✐❞ ❑♦❤❡❧ ❬✺✵❪ st✉❞✐❡❞ t❤❡ ❛r✐t❤♠❡t✐❝ ♦❢ t❤✐s ♠♦❞❡❧ t❤❛t ❤❡ ❝❛❧❧❡❞ ❛ s♣❧✐t µ4✲♥♦r♠❛❧

❢♦r♠✱ ❜✉t ♦♥❧② ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ✷ ❛♥❞ ✉s✐♥❣ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ t❤❛♥ ✐♥ ♦✉r ❝❛s❡✳ ❆ ❝♦♠♣❛r❛t✐✈❡

st✉❞② ♦❢ ❛r✐t❤♠❡t✐❝ ♦♥ t❤❡s❡ ❝✉r✈❡s ✐s ❞♦♥❡ ✐♥ s❡❝t✐♦♥s ✹✳✹✳✹ ❛♥❞ ✹✳✺✳✸✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✸ ▲❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ✻✶

✹✳✸✳✷ ❆❞❞✐t✐♦♥ ❧❛✇ ♦♥ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧

❖✉r ❛❞❞✐t✐♦♥ ❧❛✇ ❝♦♠❡s ❢r♦♠ ❘✐❡♠❛♥♥ t❤❡t❛ r❡❧❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ✈❛❧✐❞ ♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞✳

❚❤❡♦r❡♠ ✷✷✳ ▲❡t P1 = [X0, X1, X2, X3] ❛♥❞ P2 = [Y0, Y1, Y2, Y3] ❜❡ t✇♦ ♣♦✐♥ts ♦♥ Eλ ❞❡✜♥❡❞

♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s [Z0, Z1, Z2, Z3] ♦❢ t❤❡ ♣♦✐♥t P3 s✉❝❤ t❤❛t P1+P2 = P3 ❛r❡

❣✐✈❡♥ ❜② ✿

Z0 = (X2
0Y

2
0 +X2

2Y
2
2 )− 4(c2/c0)X1X3Y1Y3

Z1 = a0(X0X1Y0Y1 +X2X3Y2Y3)− 2c2(X2X3Y0Y1 +X0X1Y2Y3)

Z2 = (X2
1Y

2
1 +X2

3Y
2
3 )− 4(c2/c0)X0X2Y0Y2

Z3 = a0(X0X3Y0Y3 +X1X2Y1Y2)− 2c2(X0X3Y1Y2 +X1X2Y0Y3)

. ✭✹✳✶✷✮

■♥ ❛♥② ✜♥✐t❡ ✜❡❧❞✱ t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❡ ♣♦✐♥t P = [X0 : X1 : X2 : X3] ✐s −P = [X0 : X3 : X2 : X1]

✭t❤❡ s❡❝♦♥❞ ❝♦♦r❞✐♥❛t❡ ❛♥❞ t❤❡ ❢♦✉rt❤ ❝♦♦r❞✐♥❛t❡ ❛r❡ ♣❡r♠✉t❡❞✮✳ ❚❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t ✐s O0 :=

[c0 : 1 : 2c2 : 1]✳

❉é♠♦♥str❛t✐♦♥✳ ✿ ❈♦♥s✐❞❡r Eλ/Zq t❤❡ ❝❛♥♦♥✐❝❛❧ ❧✐❢t ♦❢ Eλ✳ ❚❤❡♥ ❛♥ ❡q✉❛t✐♦♥ ♦❢ Eλ/Zq ✐s E
′

λ1,λ2
✳

▲❡t Zi,j = θi(z1 + z2)θj(z1 − z2)✱ δk,l = θk(0)θl(0) = akal ❛♥❞

B(i′, j′, k′, l′) =
∑

β∈ 1
2
Z/Z θi′+β(z1)θj′+β(z1)θl′+β(z2)θk′+β(z2) ✱

❚❤❡ ❡q✉❛t✐♦♥ ✭✹✳✼✮ ❧❡❛❞s t♦ ❛ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✿

(S)

{
δk,lZi,j + δk+2,l+2Zi+2,j+2 = B(i′, j′, k′, l′)
δk+2,lZi,j + δk,l+2Zi+2,j+2 = B(i′, j′, k′ + 2, l′)

❚❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ s②st❡♠ (S) ✐s det(S) = alal+2(a
2
k − a2k+2). ❚♦ ❛✈♦✐❞ ❛ ♥✉❧❧ ❞❡t❡r♠✐♥❛♥t✱

✇❡ ❝❤♦♦s❡ k /∈ {1, 3} s✐♥❝❡ a1 = a3✳ ❈r❛♠❡r✬s ♠❡t❤♦❞ t♦ s♦❧✈❡ t❤❡ s②st❡♠ (S) ❣✐✈❡s ✿

θi(z1 + z2)θj(z1 − z2) =
δk,l+2B(i′, j′, k′, l′)− δk+2,l+2B(i′, j′, k′ + 2, l′)

δk,lδk,l+2 − δk+2,l+2δk+2,l

=
akB(i′, j′, k′, l′)− ak+2B(i′, j′, k′ + 2, l′)

al(a2k − a2k+2)
. ✭✹✳✶✸✮

❲❡ ✜① k = 0 ❛♥❞ l = i+ j✳ ❚❤❡♥ ❢♦r i ∈ {0, 1, 2, 3} ✇❡ ❢❛❝t♦r✐③❡ ✭✹✳✶✸✮ ❜② a20 − a22 ✐♥ ♣r♦❥❡❝t✐✈❡

❝♦♦r❞✐♥❛t❡s t♦ ❤❛✈❡ ✿

θi(z1 + z2)θj(z1 − z2) =
a0B(i′, j′, 0, i′ + j′)− a2B(i′, j′, 2, i′ + j′)

ai+j

. ✭✹✳✶✹✮

■♥ ❡q✉❛t✐♦♥ ✭✹✳✶✹✮✱ ✐❢ ✇❡ ✜① j ❡q✉❛❧ t♦ 0, 1, 2 ❛♥❞ 3✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ ✶✻ ❢♦r♠✉❧❛s ❢♦r

i ∈ {0, 1, 2, 3} ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ❢♦✉r ❞✐✛❡r❡♥t ❢♦r♠✉❧❛s ❢♦r ❛❞❞✐t✐♦♥✳ ❍❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡

❝❛s❡ j = 0 ✇❤✐❝❤ ❣✐✈❡s t❤❡ ❛❞❞✐t✐♦♥ ❧❛✇ ❢♦r♠✉❧❛s ✐♥ ✭✹✳✶✷✮✳ ❲❡ ❝❛♥ ❢❛❝t♦r✐③❡ θ0(z1 − z2) s✐♥❝❡
✇❡ ❛r❡ ✐♥ ♣r♦❥❡❝t✐✈❡ ❝♦♦r❞✐♥❛t❡s✳ ❲❡ ♦❜t❛✐♥

θi(z1 + z2)θ0(z1 − z2) =
a0B(i′, 0, 0, i′)− a2B(i′, 0, 2, i′)

ai
✭✹✳✶✺✮
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❋♦r i ∈ {0, 1, 2, 3} ❛♥❞ r❡❝❛❧❧✐♥❣ t❤❛t ci = ai ✐❢ i 6= 2✱ ❛♥❞ 2c2 = a2✱ ✇❡ ❤❛✈❡ ✿

θ0(z1 + z2)θ0(z1 − z2) =
c0B(0, 0, 0, 0)− 2c2B(0, 0, 2, 0)

c0
,

θ1(z1 + z2)θ0(z1 − z2) =
c0B(1, 0, 0, 1)− 2c2B(1, 0, 2, 1)

c1
,

θ2(z1 + z2)θ0(z1 − z2) =
c0B(2, 0, 0, 2)− 2c2B(2, 0, 2, 2)

2c2
,

θ3(z1 + z2)θ0(z1 − z2) =
c0B(3, 0, 0, 3)− 2c2B(3, 0, 2, 3)

c3
.

■❢ l = i = 2✱ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ✭✹✳✶✺✮ ❝❛♥ ❜❡ ❢❛❝t♦r✐③❡❞ ❜② ✷ ❜❡❢♦r❡ r❡❞✉❝✐♥❣

♠♦❞✉❧♦ ✷✳ ◆❡✈❡rt❤❡❧❡ss ♦♥❡ ❝❛♥ ❛✈♦✐❞ a2 ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❜② ✉s✐♥❣ t❤❡ ❛❧t❡r♥❛t✐✈❡ r❡❧❛t✐♦♥

θi(z1 + z2)θ0(z1 − z2) =
a0B(i′, 0, 0, i′ + 2)− a2B(i′, 0, 2, i′ + 2)

ai+2

,

✇❤✐❝❤ ❣✐✈❡s

θ2(z1 + z2)θ0(z1 − z2) =
c0B(2, 0, 0, 0)− 2c2B(2, 0, 2, 0)

c0
.

❋✐♥❛❧❧② ✇❡ ❤❛✈❡ ✿

✶©





θ0(z1 + z2)θ0(z1 − z2) =
c0

(
θ20(z1)θ

2
0(z2) + θ22(z1)θ

2
2(z2)

)
− 4c2θ1(z1)θ3(z1)θ1(z2)θ3(z2)

c0
,

θ1(z1 + z2)θ0(z1 − z2) =
c0

(
θ0(z1)θ1(z1)θ0(z2)θ1(z2) + θ2(z1)θ3(z1)θ2(z2)θ3(z2)

)
−

2c2

(
θ2(z1)θ3(z1)θ0(z2)θ1(z2) + θ0(z1)θ1(z1)θ2(z2)θ3(z2)

)
,

θ2(z1 + z2)θ0(z1 − z2) =
−4c2θ0(z1)θ2(z1)θ0(z2)θ2(z2) + c0

(
θ21(z1)θ

2
1(z2) + θ23(z1)θ

2
3(z2)

)

c0
,

θ3(z1 + z2)θ0(z1 − z2) =
c0

(
θ0(z1)θ3(z1)θ0(z2)θ3(z2) + θ1(z1)θ2(z1)θ1(z2)θ2(z2)

)
−

2c2

(
θ0(z1)θ3(z1)θ1(z2)θ2(z2) + θ1(z1)θ2(z1)θ0(z2)θ3(z2)

)
.

❲❡ s❡t Zi = θi(z1 + z2), Xi = θi(z1)✱ Yi = θi(z2)✳ ❚❤❡s❡ r❡❧❛t✐♦♥s ❛r❡ ✈❛❧✐❞ ♦✈❡r Qq ❜② t❤❡

▲❡❢s❝❤❡t③ ♣r✐♥❝✐♣❧❡✳ ❚❤❡s❡ r❡❧❛t✐♦♥s ❣✐✈❡ t❤❡ t❤❡t❛ ♦❢ t❤❡ s✉♠ θi(z1 + z2) ✐♥ t❡r♠s ♦❢ θi(z1) ❛♥❞

θi(z2)✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ✐♥ ❛♥② ✜♥✐t❡ ✜❡❧❞✳

❲❡ ♣r❡s❡♥t ❛ ✈❡r✐✜❝❛t✐♦♥ s❝r✐♣t ✐♥ t❤❡ ❙❛❣❡ ❝♦♠♣✉t❡r ❛❧❣❡❜r❛ s②st❡♠ ❬✼✷❪ ✐♥ ❛♣♣❡♥❞✐① ✳✼✳

❚❤❡s❡ ❢♦r♠✉❧❛s ❛r❡ ✈❛❧✐❞ ♠♦❞✉❧♦ ❛♥② ♣r✐♠❡ p✳ ■♥ ❝❤❛r❛❝t❡r✐st✐❝ ✷✱ t❤❡ ❛❞❞✐t✐♦♥ ❧❛✇ ❢♦r♠✉❧❛s ❛r❡

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✸ ▲❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ✻✸

❣✐✈❡♥ ❜② ✿

Z0 = (X0Y0 +X2Y2)
2

Z1 = c0(X0X1Y0Y1 +X2X3Y2Y3)

Z2 = (X1Y1 +X3Y3)
2

Z3 = c0(X0X3Y0Y3 +X1X2Y1Y2)

. ✭✹✳✶✻✮

❚❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t ❜❡❝♦♠❡s 00 := [c0 : 1 : 0 : 1] ♦✈❡r ❜✐♥❛r② ✜❡❧❞s✳

❚❤❡ ❛❞❞✐t✐♦♥ ❧❛✇s ✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✻✮ ❢♦r ♥♦♥✲❜✐♥❛r② ❛♥❞ ❜✐♥❛r② ✜❡❧❞s✱ r❡s♣❡❝t✐✈❡❧②✱ ❛r❡ ❛❧s♦ ✈❛❧✐❞

❢♦r ❞♦✉❜❧✐♥❣ ✿ t❤❡② ❛r❡ ✉♥✐✜❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❝♦♦r❞✐♥❛t❡s [Z0 : Z1 : Z2 :

Z3] = 2[X0 : X1 : X2 : X3] ♦❢ t❤❡ ❞♦✉❜❧✐♥❣ ❛s ❢♦❧❧♦✇s ✿





Z0 = X4
0 +X4

2 − 4(c2/c0)X
2
1X

2
3

Z1 = c0(X
2
0X

2
1 +X2

2X
2
3 )− 4c2X0X1X2X3

Z2 = X4
1 +X4

3 − 4(c2/c0)X
2
0X

2
2

Z3 = c0(X
2
0X

2
3 +X2

1X
2
2 )− 4c2X0X1X2X3

✭✹✳✶✼✮

■♥ ❜✐♥❛r② ✜❡❧❞s✱ ❛ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ 2 ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ❢♦r ❞♦✉❜❧✐♥❣ ✿

Z0 = (X2
0 +X2

2 )
2

Z1 = c0(X
2
0X

2
1 +X2

2X
2
3 )

Z2 = (X2
1 +X2

3 )
2

Z3 = c0(X
2
0X

2
3 +X2

1X
2
2 )

. ✭✹✳✶✽✮

❲❡ r❡❝❛❧❧ t❤❛t m1, s1 ❛♥❞ mc st❛♥❞ ❢♦r t❤❡ ❝♦st ♦❢ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❛ sq✉❛r✐♥❣ ❛♥❞ ❛ ♠✉❧t✐♣❧✐✲

❝❛t✐♦♥ ❜② ❛ ❝♦♥st❛♥t✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ t❤❡ ✜♥✐t❡ ✜❡❧❞ Fq✳ ■♥ ❝❤❛r❛❝t❡r✐st✐❝ 2✱ ✇❡ ❤❛✈❡ ❛♥ ❡✣❝✐❡♥t

❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ ♣♦✐♥t ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ✭s❡❡ s❡❝t✐♦♥ ✹✳✹✳✹ ❢♦r ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♣r❡✈✐♦✉s

✇♦r❦✮✳ ❚❤❡ ❞✐✛❡r❡♥t ❝♦sts ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❤❡r❡ ❢♦r ❡✣❝✐❡♥❝②✱ t❤❡ ♣♦✐♥ts ❛r❡

r❡♣r❡s❡♥t❡❞ ❛s ❛ s❡①t✉♣❧❡t (X0 : X1 : X2 : X3 : X0X1 : X2X3)✳ ❲❡ ♣r❡s❡♥t ❛ ✈❡r✐✜❝❛t✐♦♥ s❝r✐♣t

❢♦r t❤❡ ❢♦r♠✉❧❛s ✐♥ ❛♣♣❡♥❞✐① ✳✼✳

❈♦st ♦❢ t❤❡ ♣♦✐♥t ❛❞❞✐t✐♦♥ ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s ✿ 11m1 + 8s1 + 6mc

❚❤❡ s✉♠ (Z0 : Z1 : Z2 : Z3 : U3 : V3) ♦❢ t❤❡ ♣♦✐♥ts r❡♣r❡s❡♥t❡❞ ❜② (X0 : X1 : X2 : X3 : U1 : V1)

❛♥❞ (Y0 : Y1 : Y2 : Y3 : U2 : V2) ✇❤❡r❡ U1 = X0X1 ❀ V1 = X2X3 ❛♥❞ U2 = Y0Y1 ❀ V2 = Y2Y3 ❝❛♥

❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ❚❛❜❧❡ ✹✳✶✳

❈♦st ♦❢ ♣♦✐♥t ❞♦✉❜❧✐♥❣ ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s ✿ 6m1 + 4s1 + 3mc

❚❤❡ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ❝♦st ❢♦r ❝♦♠♣✉t✐♥❣ ♣♦✐♥t ❞♦✉❜❧✐♥❣ ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✹✳✷✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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❚❛❜❧❡ ✹✳✶ ✕ ❆❧❣♦r✐t❤♠ ❛♥❞ ❝♦st ❢♦r ♣♦✐♥t ❛❞❞✐t✐♦♥✳
Operations Cost

A := X0Y0; B := X1Y1; C := X2Y2; D := X3Y3; E := A2; F := B2; 4m1 + 2s1

G := C2; H := D2; Z0 := E +G+ (2c2/c0)((B −D)2 − F −H) 3s1 + 1mc

Z2 := F +H + (2c2/c0)((A− C)2 − E −G); I := 1/2((A+B)2 − E − F ) 2s1 + 1mc

J := 1/2((C +D)2 −G−H); K := (U1 + V1)(U2 + V2)− I − J ; 1m1 + 1s1

L := (A+ C)(B +D)− I − J ; Z1 := a0(I + J)− 2c2K, 1m1 + 2mc

E := (X0 +X2)(X3 +X1)− U1 − V1;F := (Y0 + Y2)(Y3 + Y1)− U2 − V2 ❀ 2m1

G := EF − L; Z3 := c0L− 2c2G;U3 := Z0Z1; V3 := Z2Z3 3m1 + 2mc

❚♦t❛❧ ❝♦st ✿ 11m1 + 8s1 + 6mc

❚❛❜❧❡ ✹✳✷ ✕ ❆❧❣♦r✐t❤♠ ❛♥❞ ❝♦st ❢♦r ♣♦✐♥t ❞♦✉❜❧✐♥❣ ✐♥ ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✳
Operations Cost

A := X0X2;B := X1X3;C := A2;D := B2;Z0 := (λ2

1
− 4c2

2
λ1)D − 2C; 2m1 + 2s1

Z2 := (λ2

1
− 4c2

2
λ1)C − 2D;E := U1V1;F := (U1 + V1)

2 − 2E; 1m1 + 1s1 + 1mc

Z1 := c0F − 2E;U3 := Z0Z1; 1m1 + 1mc

Z3 := c0(((X0 +X1)(X3 +X2)−A−B)2 − 2E)− 4c2E;V3 := Z2Z3. 2m1 + 1s1 + 1mc

❚♦t❛❧ ❝♦st ✿ 6m1 + 4s1 + 3mc

❈♦st ♦❢ t❤❡ ♣♦✐♥t ❛❞❞✐t✐♦♥ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ 2 ✿ 7m1 + 2s1 + 2mc

❲❡ ❛❧s♦ ♦❜t❛✐♥ ✐♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ ❛♥❞ ❝♦sts ✐♥ t❤❡ ❝❛s❡ ♦❢ ❜✐♥❛r②

✜❡❧❞s ✭❚❛❜❧❡ ✹✳✸✮✳

❚❛❜❧❡ ✹✳✸ ✕ ❆❧❣♦r✐t❤♠ ❛♥❞ ❝♦st ❢♦r ♣♦✐♥t ❛❞❞✐t✐♦♥ ✐♥ ❜✐♥❛r② ✜❡❧❞s✳
Operations Cost

A := X0Y0;B := X1Y1;C := X2Y2;D := X3Y3;Z0 := (A+ C)2; 4m1 + 1s1

Z2 := (B +D)2;Z1 := c0(AB + CD);Z3 := c0(A+ C)(B +D)− Z1 3m1 + 1s1 + 2mc

❚♦t❛❧ ❝♦st ✿ 7m1 + 2s1 + 2mc

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸
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❈♦st ♦❢ ♣♦✐♥t ❞♦✉❜❧✐♥❣ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ 2 ✿ 3m1 + 6s1 + 2mc

❚❛❜❧❡ ✹✳✹ ♣r❡s❡♥t t❤❡ ❝♦st ❢♦r ♣♦✐♥t ❞♦✉❜❧✐♥❣ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ✷✳

❚❛❜❧❡ ✹✳✹ ✕ ❆❧❣♦r✐t❤♠ ❛♥❞ ❝♦st ❢♦r ♣♦✐♥t ❞♦✉❜❧✐♥❣ ✐♥ ❜✐♥❛r② ✜❡❧❞s✳
Operations Cost

A := X2

0
;B := X2

1
;C := X2

2
;D := X2

3
;Z0 := (A+ C)2;Z2 := (B +D)2; 6s1

Z1 := c0(AB + CD);Z3 := c0(A+ C)(B +D)− Z1 3m1 + 2mc

❚♦t❛❧ ❝♦st ✿ 3m1 + 6s1 + 2mc

✹✳✸✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ✇✐t❤ ♣r✐♦r ✇♦r❦

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ ♦✉r ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ✐♥ ❜✐♥❛r② ✜❡❧❞s ✇✐t❤ ♦t❤❡r ♠♦❞❡❧s ♦❢

❡❧❧✐♣t✐❝ ❝✉r✈❡s ❜❛s❡❞ ♦♥ ❝✉rr❡♥t❧② ❢❛st❡st r❡s✉❧ts ❢♦✉♥❞ ✐♥ t❤❡ ❊①♣❧✐❝✐t✲❋♦r♠✉❧❛s ❉❛t❛❜❛s❡ ❬✺❪✳

❲❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ ❝♦♥st❛♥t ✐s ❢r❡❡✱ t❤❡ ❛❞❞✐t✐♦♥ ♦❢

❚❛❜❧❡ ✹✳✺ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ ♣♦✐♥ts ♦♣❡r❛t✐♦♥s ✐♥ ❜✐♥❛r② ✜❡❧❞s

▼♦❞❡❧s ❉♦✉❜❧✐♥❣ ❆❞❞✐t✐♦♥

❍✉✛ ❬✷✷❪ 6m1 + 5s1 + 2mc 13m1 + 2s1 + 2mc

❲❡✐❡rstr❛ss 7m1 + 3s1 14m1 + 1s1

Z/4Z✲♥♦r♠❛❧ ❢♦r♠ ❬✺✵❪ 7m1 + 2s1 12m1

❍❡ss✐❛♥ 6m1 + 3s1 12m1 + 6s1

▲❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ 3m1 + 6s1 + 2mc 7m1 + 2s1 + 2mc

❇✐♥❛r② ❊❞✇❛r❞s ❬✽❪ 2m1 + 5s1 + 2mc 16m1 + 1s1 + 4mc

µ4✲♥♦r♠❛❧ ❢♦r♠ ❬✺✵❪ 2m1 + 5s1 + 2mc 7m1 + 2s1

♣♦✐♥ts ♦♥ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ❛♥❞ t❤❡ µ4✲♥♦r♠❛❧ ❢♦r♠ ♣r❡s❡♥t t❤❡ ❢❛st❡st ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s

❛♠♦♥❣ ✇❡❧❧ ❦♥♦✇♥ ♠♦❞❡❧s ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳

✹✳✸✳✹ ❙♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▲❡✈❡❧ ❋♦✉r ❚❤❡t❛ ▼♦❞❡❧

▲❡♠♠❛ ✷✸✳ ▲❡t Eλ ❜❡ t❤❡ ❧❡✈❡❧ ❢♦✉r t❤❡t❛ ♠♦❞❡❧ ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✳ ❚❤❡♥

Eλ ❤❛s ❛ r❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ♦r❞❡r 4✳

❉é♠♦♥str❛t✐♦♥✳ ▲❡t S4 ❜❡ t❤❡ ❣r♦✉♣ ♦❢ ♣❡r♠✉t❛t✐♦♥ ♦♥ {0, 1, 2, 3}✳ ▲❡t σ = (0, 1, 2, 3) ❜❡ t❤❡

❤✉❧❧ ♣❡r♠✉t❛t✐♦♥ ♦❢ S4 ❛♥❞ ❞❡♥♦t❡ ❜② H1 = 〈σ〉 t❤❡ s✉❜❣r♦✉♣ ♦❢ S4 ❣❡♥❡r❛t❡❞ ❜② σ✳ ❖❜s❡r✈❡

t❤❛t ✐❢ P = [X0 : X1 : X2 : X3] ✐s ✐♥ Eλ✱ t❤❡♥ s♦ ❛r❡ [X1 : X2 : X3 : X0], [X2 : X3 : X0 : X1] ❛♥❞

[X3 : X0 : X1 : X2]✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❛❝t✐♦♥ ♦❢ H1 ♦♥ t❤❡ ♣♦✐♥ts ♦❢ Eλ ❣✐✈❡♥ ❜② ✿ σ([X0 : X1 :

X2 : X3]) = [Xσ(0) : Xσ(1) : Xσ(2) : Xσ(3)]✳ ❯♥❞❡r t❤✐s ❛❝t✐♦♥✱ 4 ❞✐✈✐❞❡s t❤❡ ♦r❞❡r ♦❢ Eλ✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✸ ▲❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ✻✻

❖✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✱ ❛♣❛rt ❢r♦♠ t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t O0 = [c0 : 1 : 2c2 : 1]✱ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛

♠♦❞❡❧ ❤❛s 3 ♣♦✐♥ts ♦❢ ♦r❞❡r 2 ♥❛♠❡❧② ✿ Õ0 = [−c0 : 1 : −2c2 : 1], O1 := [2c2 : 1 : c0 : 1] ❛♥❞ Õ1 :=

[−2c2 : 1 : −c0 : 1]. ❚❤❡ ❢♦✉r ♣♦✐♥ts ♦❢ ♦r❞❡r 4 ❛r❡ A1 := [1 : 2c2 : 1 : c0], Ã1 := [−1 : 2c2 :

−1, c0], A2 := [1 : c0 : 1 : 2c2] ❛♥❞ Ã2 := [−1 : c0 : −1 : 2c2]. ▲❡t P = [X0 : X1 : X2 : X3] ❜❡ ❛

♣♦✐♥t ♦♥ ❧❡✈❡❧ 4✲t❤❡t❛ ♠♦❞❡❧ Eλ✱ t❤❡ ❛❝t✐♦♥s ♦❢ t❤❡s❡ r❛t✐♦♥❛❧s ♣♦✐♥ts ♦❢ ♦r❞❡r 2 ❛♥❞ 4 ❛r❡ ✿

P +O0 = [X0 : X1 : X2 : X3] , P + Õ0 = [−X0 : X1 : −X2 : X3] ,

P +O1 = [X2 : X3 : X0 : X1] , P + Õ1 = [−X2 : X3 : −X0 : X1] ,

P + A1 = [X1 : X2 : X3 : X0] , P + Ã1 = [−X1 : X2 : −X3 : X0] ,

P + A2 = [X3 : X0 : X1 : X2] , P + Ã2 = [−X3 : X0 : −X1 : X2] .

❚❤❡s❡ ❢♦r♠✉❧❛s ❣✐✈❡ ✿ P + σi(O0) = σi(P ) ❛♥❞ P + τ i(O0) = τ i(P )✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ❞❡❞✉❝❡

t❤❛t σ(P ) + σ(Q) = P +Q+ 2σ(O0) ❛♥❞ σ(P )− σ(Q) = P −Q✳

❈♦♠♣❧❡t❡♥❡ss ♦❢ ❣r♦✉♣ ❧❛✇s✳ ❆ ❝♦♠♣❧❡t❡ ❣r♦✉♣ ❧❛✇ ♠❡❛♥s t❤❛t ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡

❛❞❞✐t✐♦♥ ♦❢ ❛❧❧ ♣❛✐rs ♦❢ ✐♥♣✉t✳ ❚❤✐s ♣r♦♣❡rt② ✐s ✉s❡❞ t♦ ❛✈♦✐❞ s♦♠❡ ❡①❝❡♣t✐♦♥❛❧ ♣r♦❝❡❞✉r❡ ❛tt❛❝❦

♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❝r②♣t♦s②st❡♠s ❬✹✻❪✳ ▲❡t Eλ ❜❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ♥♦♥✲❜✐♥❛r② Fq✳

▲❡♠♠❛ ✷✹✳ ▲❡t P = [X0 : X1 : X2 : X3] ❜❡ ❛ ♣♦✐♥t ♦♥ Eλ✳ ■❢ Xi = 0✱ t❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ P ✐♥

t❤❡ ❢♦r♠ σj([0 : 1 : ±
√
±ελ : ±ε]) ❢♦r s♦♠❡ j ∈ {0, 1, 2, 3} ✇❤❡r❡ ε =

√
−1✳

❉é♠♦♥str❛t✐♦♥✳ ✿ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t X0 = 0✳ ■❢ ✇❡ ❤❛✈❡ Xj = 0

❢♦r j 6= 0 t❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❝✉r✈❡✱ ✇❡ ♦❜t❛✐♥ P = [0 : 0 : 0 : 0] /∈ P3✳

❚❤❡r❡❢♦r❡ Xj 6= 0 ❢♦r j 6= 0✳ ❆ss✉♠❡ ❛❧s♦ t❤❛t X1 6= 0✱ t❤❡♥ X2
2 = λX1X3 ❛♥❞ X2

1 + X2
3 = 0

♦r ❡q✉✐✈❛❧❡♥t❧② X3 = ±
√
−1X1 ❛♥❞ X2

2 = ±
√
−1λX2

1 ✳ ❚❤❡♥ ♦✈❡r ♣r♦❥❡❝t✐✈❡ s♣❛❝❡✱ ✇❡ ❤❛✈❡

P = σ0([0 : 1 : ±
√
±ελ : ±ε])✳ ❋✐♥❛❧❧②✱ ✐t ♠❡❛♥s t❤❛t ✐❢ Xi = 0 ❛♥❞ Xi+1 6= 0 ✇❡ ❤❛✈❡

P = σi([0 : 1 : ±
√
±ελ : ±ε])

❚❤❡♦r❡♠ ✷✺ ✭❈♦♠♣❧❡t❡♥❡ss✮✳ ❚❤❡ ❣r♦✉♣ ❧❛✇ ♦♥ Eλ ❞❡✜♥❡❞ ♦✈❡r Fq ✐s ❝♦♠♣❧❡t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s ✐♥ Fq ✿

✭✶✮ −1 ✐s ♥♦t ❛ sq✉❛r❡ ✐♥ Fq✱ ♦r

✭✷✮
√
−1λ ✐s ♥♦t ❛ sq✉❛r❡ ✐♥ Fq

❉é♠♦♥str❛t✐♦♥✳ ✿ ❋♦r t❤❡ ✜rst ♣❛rt✱ ❛ss✉♠❡ t❤❛t t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❞♦ ♥♦t ❤♦❧❞✱ ✐✳❡✳ ε =
√
−1 ∈ Fq

❛♥❞ α =
√
ελ1 ∈ Fq✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡r❡ ❛r❡ t✇♦ ♣♦✐♥ts P1, P2 ∈ Eλ s✉❝❤ t❤❛t ✇❡ ❝❛♥

♥♦t ❛❞❞ P1 ❛♥❞ P2✳ ▲❡t P1 = [0 : 1 : ±
√
±ελ : ε] ❜❡ ❛ ♣♦✐♥t ❣✐✈❡♥ ❜② ❧❡♠♠❛ ✷✹ ❛♥❞ ❝♦♥s✐❞❡r

t❤❡ ♣♦✐♥ts P2 = [±c0ε : 1 : ±2c2ε : ±1] ✳ ❇② ❢♦r♠✉❧❛s ✐♥ ❡q✉❛t✐♦♥ ✭✹✳✶✷✮✱ t❤❡ ❝♦♦r❞✐♥❛t❡ Z2

♦❢ P1 + P2 ✐s ❡q✉❛❧ t♦ ③❡r♦ ❜✉t Z2
1 + Z2

3 ✐s ♥♦t ③❡r♦✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❝✉r✈❡✳

❍❡♥❝❡ t❤❡ ❣r♦✉♣ ❧❛✇ ✐s ♥♦t ❝♦♠♣❧❡t❡✳ ❚❤❡ ❝♦♥✈❡rs❡ ✐s s✐♠♣❧❡✳ ■♥❞❡❡❞✱ ❛ss✉♠❡ t❤❛t ♦♥❡ ♦❢ t❤❡

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✹ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✻✼

❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ t❤❡♦r❡♠ ❤♦❧❞s✳ ❚❤❡♥ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❝♦♦r❞✐♥❛t❡s Z0, Z1, Z2 ❛♥❞ Z3 ♦❢ t❤❡

s✉♠ P1 + P2 s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❝✉r✈❡✳ ❚❤❡ ♦♥❧② ♣♦✐♥t ✭s✉♠✮ t❤❛t ♠✉st ❜❡ r❡♠♦✈❡❞ ✐s

[0 : 0 : 0 : 0]✱ ❜✉t ❛❝❝♦r❞✐♥❣ t♦ ❧❡♠♠❛ ✷✹ ❛♥❞ ❜② ❤②♣♦t❤❡s✐s✱ t❤❡ s✉♠ ♦❢ ♣♦✐♥ts ❝❛♥ ♥♦t ❣✐✈❡ t❤✐s

♣♦✐♥t✳ ❙♦ t❤❡ ❣r♦✉♣ ❧❛✇ ✐s ❝♦♠♣❧❡t❡✳

❚❤❡ ✜rst s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡♦r❡♠ ✷✺ ❤♦❧❞s ✇❤❡♥ Fq ✐s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ≥ 3 s✉❝❤ t❤❛t

q ≡ 3 mod 4. ◆♦t✐❝❡ t❤❛t ❛❧❧ ♣♦✐♥ts ♦❢ t❤❡ ❢♦r♠ σi([±c0ε : 1 : ±2c2ε : ±1]) ❣✐✈❡♥ ❜② t❤❡♦r❡♠

✷✺ ❤❛✈❡ ❛♥ ❡✈❡♥ ♦r❞❡r✱ s✐♥❝❡ t❤❡✐r ❝♦♦r❞✐♥❛t❡s ❛r❡ ❣✐✈❡♥ ❜② ❝✉r✈❡ ❝♦♥st❛♥ts✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞ ✭✐♥❝❧✉❞✐♥❣ ❜✐♥❛r② ✜❡❧❞s✮✱ t❤❡ ❛❞❞✐t✐♦♥ ❧❛✇ ♦♥ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ Eλ ✐s

❝♦♠♣❧❡t❡ ✐♥ ❛ s✉❜❣r♦✉♣ ♦❢ ♦❞❞ ♦r❞❡r✳

✹✳✹ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s

■♥ ❬✷✽❪✱ ❊❞✇❛r❞s ❣❛✈❡ ❛ ♥♦r♠❛❧ ❢♦r♠ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❞❡✜♥❡❞ ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s ✇✐t❤

❛♥ ✉♥✐✜❡❞ ❛❞❞✐t✐♦♥ ❧❛✇✳ ❋r♦♠ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ Eλ ❡❧❧✐♣t✐❝ ❝✉r✈❡✱ ✇❡ ❞❡r✐✈❡ ❛♥ ❊❞✇❛r❞s

♠♦❞❡❧ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ✇❤✐❝❤ ✐s ❜✐r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❊❞✇❛r❞s

♠♦❞❡❧ ♦❢ ❬✷✽❪ ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✳

✹✳✹✳✶ ❊q✉❛t✐♦♥ ♦❢ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧

❚❤❡♦r❡♠ ✷✻✳ ❚❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ Eλ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq ✐s ✷✲✐s♦❣❡♥♦✉s t♦ ❛♥

❡❧❧✐♣t✐❝ ❝✉r✈❡ ✇✐t❤ ❡q✉❛t✐♦♥ ✿ Eλ : 1 + x2 + y2 + x2y2 = λ2xy ✇✐t❤ t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t O0 :=

(2c2/c0, 1)✱ ❛♥❞ λ(λ
4 − 16) 6= 0✳

❉é♠♦♥str❛t✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ♠❛♣

φ : Eλ → Eλ
[X0 : X1 : X2 : X3] 7−→ (x, y) = (X2/X0, X3/X1).

❚❤❡♥ ✇❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t

1 + x2 = λ
X1X3

X2
0

❛♥❞ y2 + 1 = λ
X0X2

X2
1

.

▼✉❧t✐♣❧② t❤❡ ❛❜♦✈❡ t✇♦ ❡q✉❛t✐♦♥s t♦ ❤❛✈❡ (x2 + 1)(1 + y2) = λ2xy✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Eλ : 1+x2+ y2+x2y2 = λ2xy✳ φ ♠❛♣s [c0 : 1 : 2c2 : 1] t♦ O0 := (2c2/c0, 1) ✇❤✐❝❤ ❜❡❝♦♠❡s (0, 1)

♦✈❡r ❜✐♥❛r② ✜❡❧❞s✳

❚❤❡♦r❡♠ ✷✼✳ ❚❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ Eλ✱ ✇✐t❤ t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t O0 := (2c2/c0, 1) ❞❡✜♥❡❞ ♦✈❡r ❛

♥♦♥✲❜✐♥❛r② ✜❡❧❞ ✐s ❜✐r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❊❞✇❛r❞s ♠♦❞❡❧✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✹ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✻✽

❉é♠♦♥str❛t✐♦♥✳ ✿ ❈♦♥s✐❞❡r t❤❡ ♠❛♣ ✿

ϕ : Eλ → Ec

(x, y) 7−→
(
x+ 1

x− 1
,
1 + y

1− y

)

(2c2/c0, 1) 7−→ (0, 1)

ϕ ♠❛♣s t❤❡ ❝✉r✈❡ Eλ t♦ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ Ec : x
2 + y2 = c2(1 + x2y2)✱ ✇❤❡r❡ c =

c0 − 2c2
c0 + 2c2

✳

❚❤❡ ❢♦❧♦✇✐♥❣ ❙❛❣❡ s❝r✐♣t ❤❡❧♣s ❢♦r ✈❡r✐✜❝❛t✐♦♥ ✿

❘✳❁❝✵✱❝✷✱①✱②❃❂◗◗❬❪

❊✶❂❝✵✯❝✷✯✭①❫✷✰②❫✷✰✶✰①❫✷✯②❫✷✮✲✭❝✵❫✷✰✹✯❝✷❫✷✮✯①✯②

❙❂❘✳q✉♦✭❬❊✶❪✮

❳❂✭①✰✶✮✴✭①✲✶✮

❨❂✭✶✰②✮✴✭✶✲②✮

❝❂✭❝✵✲✷✯❝✷✮✴✭❝✵✰✷✯❝✷✮

❋❂❳❫✷✰❨❫✷✲❝❫✷✯✭✶✰❳❫✷✯❨❫✷✮

❙✭♥✉♠❡r❛t♦r✭❋✮✮❂❂✵

❘❡♠❛r❦ ✷✽✳ ❚❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ Eλ ❡♥❥♦②s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♦❢ s②♠♠❡tr② ❧✐❦❡ t❤❡ ✇❡❧❧

❦♥♦✇♥ ❊❞✇❛r❞s ♠♦❞❡❧ ♦❢ ❬✷✽❪ ✿ ■❢ t❤❡ ♣♦✐♥t (x, y) ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Eλ✱ t❤❡♥ s♦ ✐s (y, x)✳

❆❝❝♦r❞✐♥❣ t♦ r❡♠❛r❦ ✷✽✱ ❚❤❡♦r❡♠s ✷✻ ❛♥❞ ✷✼✱ ✇❡ ❤❛✈❡ t❤✐s ❞❡✜♥✐t✐♦♥ ✿

❉❡✜♥✐t✐♦♥ ✸✺✳ ❆♥ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq ✐s ❣✐✈❡♥ ❜②

t❤❡ ❡q✉❛t✐♦♥ ✿

Eλ : 1 + x2 + y2 + x2y2 = λ2xy.

✇✐t❤ t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t O0 := (2c2/c0, 1) ❛♥❞ ✇❤❡r❡ λ = c20 + 4c22 s❛t✐s✜❡s λ(λ4 − 16) 6= 0

❚❤❡♦r❡♠ ✷✾✳ ❚❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ Eλ ❞❡✜♥❡❞ ♦✈❡r Fq ✐s ♥♦♥✲s✐♥❣✉❧❛r ✐❢ λ(λ4 − 16) 6= 0✳

❉é♠♦♥str❛t✐♦♥✳ ✿ ❚❤✐s ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ♥♦♥ s✐❣✉❧❛r✐t② ♦❢ t❤❡ ❧❡✈❡❧ ✹

t❤❡t❛ ♠♦❞❡❧✳

❆♣❛rt ❢r♦♠ t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t O0 := (2c2/c0, 1)✱ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ Eλ : 1+x2+y2+x2y2 =

λxy ❤❛s t❤r❡❡ 2−t♦rs✐♦♥ r❛t✐♦♥❛❧s ♣♦✐♥ts ✿ P2 = (1/γ, 1), P3 = (−γ,−1) ❛♥❞ P4 = (−1/γ,−1)✱
✇❤❡r❡ γ = 2c2/c0✳ ❚❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ Eλ ❛❧s♦ ❤❛s ❢♦✉r 4✲t♦rs✐♦♥ ♣♦✐♥ts ✇❤✐❝❤ ❛r❡ r❛t✐♦♥❛❧s ♦✈❡r

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✹ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✻✾

❋✐❣✉r❡ ✹✳✶ ✕ ❚❤❡ ❊❞✇❛r❞s ❝✉r✈❡ 1 + x2 + y2 + x2y2 = 5xy ♦✈❡r R✳

Fq ✿ Q1 = (1, γ), Q2 = (1, 1/γ), Q3 = (−1,−γ) ❛♥❞ Q4 = (−1,−1/γ)✳ ❚❤❡ ❛❝t✐♦♥s ♦❢ r❛t✐♦♥❛❧s

♣♦✐♥ts ♦❢ ♦r❞❡r 2 ❛♥❞ 4 ❛r❡ ✿

(x, y) +O = (x, y), (x, y) + P2 = (1/x, 1/y)

(x, y) + P3 = (−x,−y), (x, y) + P4 = (−1/x,−1/y)
(x, y) +Q1 = (1/y, x), (x, y) +Q2 = (y, 1/x)

(x, y) +Q3 = (−1/y,−x), (x, y) +Q4 = (−y,−1/x)

,

❘❡♠❛r❦ ✸✵✳ ■❢ Fq ✐s ❛ ❜✐♥❛r② ✜❡❧❞✱ t❤❡♥ P3 = O✱ P4 = P2✱ Q3 = Q1 ❛♥❞ Q4 = Q2✳ ❚❤❡ ♥✉♠❜❡r

♦❢ r❛t✐♦♥❛❧s ♣♦✐♥ts ♦❢ Eλ ✐s t❤❡♥ ❞✐✈✐s✐❜❧❡ ❜② 4✳

✹✳✹✳✷ ❇✐r❛t✐♦♥❛❧ ❡q✉✐✈❛❧❡♥❝❡ ✇✐t❤ ❲❡✐❡rstr❛ss ♠♦❞❡❧s

❚❤❡♦r❡♠ ✸✶✳ ▲❡t Eλ : 1+x2+ y2+x2y2 = λ2xy ❜❡ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞

♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ≥ 0✳

✭✶✮ ✐❢ p 6= 2✱ t❤❡♥ Eλ ✐s ❜✐r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❛ ❝✉❜✐❝ ❲❡✐❡rstr❛ss ♠♦❞❡❧ ❀

✭✷✮ ✐❢ p = 2✱ t❤❡♥ Eλ ✐s ❜✐r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❲❡✐❡rstr❛ss ♠♦❞❡❧ v2+uv = u3+1/λ4✳

❉é♠♦♥str❛t✐♦♥✳ ✿ ❚❤❡♦r❡♠ ✷✼ ❣✐✈❡s t❤❡ ❜✐r❛t✐♦♥❛❧ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ Eλ : 1 + x2 + y2 +

x2y2 = λxy ❛♥❞ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❊❞✇❛r❞s ♠♦❞❡❧ X2 + Y 2 = c2(1 + X2Y 2)✳ ❚❤✐s ✇❡❧❧ ❦♥♦✇♥

❊❞✇❛r❞s ♠♦❞❡❧ ✐s ❜✐r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ q✉❛rt✐❝ Z2 = c2X4 − (c4 + 1)X2 + c2✳ ❙❡tt✐♥❣

X = 2c(u − c4 − 1)/v ❛♥❞ Z = −c + uX2/(2c)✱ t❤❡ q✉❛rt✐❝ Z2 = c2X4 − (c4 + 1)X2 + c2 ✐s

❜✐r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝✉❜✐❝ ❲❡✐❡rstr❛ss ♠♦❞❡❧ v2 = u3− (1+ c4)u2− 4c4u+4c4(1+ c4)✳

❚❤✐s ♣r♦✈❡s ✭✶✮✳

❋♦r ✜❡❧❞s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 2✱ t❤❡ ❜✐r❛t✐♦♥❛❧ ♠❛♣ ❛♥❞ ✐ts ✐♥✈❡rs❡ ❜❡t✇❡❡♥ ❊❞✇❛r❞s ♠♦❞❡❧ ❛♥❞

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✹ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✼✵

❲❡✐❡rstr❛ss ♠♦❞❡❧ ❛r❡

(u, v) 7−→ (x, y) =

(
1

λu
,

λ2v + 1

λ2u+ λ2v + 1

)
❛♥❞ (0, 1) 7→ [0 : 1 : 0]

(x, y) 7−→ (u, v) =

(
1

λx
,
λy + x(y + 1)

λ2x(y + 1)

)
❛♥❞ [0 : 1 : 0] 7→ (0, 1).

✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢ ✭s❡❡ ❛❧s♦ ❬✷✸✱ ♣✳ ✻✺❪✮✳

❈♦r♦❧❧❛r② ✸✷ ✭j−■♥✈❛r✐❛♥t✮✳ ❚❤❡ j−■♥✈❛r✐❛♥t ♦❢ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ Eλ ❞❡✜♥❡❞ ♦✈❡r ❛ ✜♥✐t❡

✜❡❧❞ Fq ✐s

j =
((c40 − 4c30c2 + 8c20c

2
2 + 16c0c

3
2 + 16c42)(c

4
0 + 4c30c2 + 8c20c

2
2 − 16c0c

3
2 + 16c42))

3

(c2c0(c0 − 2c2)(c0 + 2c2)(c20 + 4c22))
4 .

✐❢ Fq ✐s ❛ ♥♦♥✲❜✐♥❛r② ✜❡❧❞ ❛♥❞ t❤❡ j−■♥✈❛r✐❛♥t ✐s j = λ4 ✐❢ Fq ✐s ❛ ❜✐♥❛r② ✜❡❧❞✳

❉é♠♦♥str❛t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t Fq ✐s ❛ ♥♦♥✲❜✐♥❛r② ✜❡❧❞✳ ❚❤❡ j−■♥✈❛r✐❛♥t ♦❢ t❤❡ ❲❡✐❡rstr❛ss

♠♦❞❡❧ v2 = u3 − (1 + c4)u2 − 4c4u+ 4c4(1 + c4) ♦✈❡r Fq ✐s ✿

jW = 24
((c4 − 2c3 + 2c2 + 2c+ 1)(c4 + 2c3 + 2c2 − 2c+ 1))

3

(c(c− 1)(c+ 1)(c2 + 1))4
.

❙✐♥❝❡ c = (c0 − 2c2)/(c0 + 2c2)✱ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳ ◆♦t✐❝❡

t❤❛t t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ j ✐s ❞❡✜♥❡❞ ♠♦❞✉❧♦ ❛♥② ♣r✐♠❡ p✱ t❤❡♥ j ✐s ❞❡✜♥❡❞ ♦✈❡r ✜❡❧❞s ♦❢ ❛♥②

❝❤❛r❛❝t❡r✐st✐❝✳ ❖✈❡r ✜❡❧❞s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 2✱ ✇❡ ❤❛✈❡ j mod 2 = (c0/c2)
4 = λ4 ✇❤✐❝❤ ✐s t❤❡

j−■♥✈❛r✐❛♥t ♦❢ ❲❡✐❡rstr❛ss ♠♦❞❡❧ v2 + uv = u3 + 1/λ4 ✐♥ t❤❡♦r❡♠ ✸✶✳

✹✳✹✳✸ ❆❞❞✐t✐♦♥ ♦♥ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧

■♥ ❬✷✸❪✱ ❉✐❛♦ ✉s❡s ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ♦♥ t❤❡ ❦♥♦✇♥ ❊❞✇❛r❞s ♠♦❞❡❧ ❬✷✽❪ t♦ ❞❡❞✉❝❡ ❛♥ ❛❞❞✐t✐♦♥

♦♥ ❤✐s ❜✐♥❛r② ❊❞✇❛r❞s ♠♦❞❡❧✳ ❖✈❡r ❜✐♥❛r② ✜❡❧❞s✱ t❤❡ ❛❞❞✐t✐♦♥ ❧❛✇ ✐♥ ❬✷✸✱ ❚❤❡♦r❡♠ ✼✳✹❪ ✐s ♥♦t

✉♥✐✜❡❞ ❛♥❞ ♥♦t ❡✣❝✐❡♥t✳ ❍♦✇❡✈❡r✱ t♦ ❤❛✈❡ ❛♥ ✉♥✐✜❡❞ ❛♥❞ ♠♦r❡ ❡✣❝✐❡♥t ❛❞❞✐t✐♦♥ ❧❛✇ ❢♦r♠✉❧❛s

✇❡ ✉s❡ t❤❡ ❛❞❞✐t✐♦♥ ❧❛✇ ♦♥ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✇❡ ❤❛✈❡ ✿

❚❤❡♦r❡♠ ✸✸✳ ▲❡t (x1, y1) ❛♥❞ (x2, y2) ❜❡ t✇♦ ♣♦✐♥ts ♦❢ Eλ✳ ❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ s✉♠ (x3, y3) =

(x1, y1) + (x2, y2) ❛r❡ ❣✐✈❡♥ ❜② ✿

(x3, y3) =(
c0(x1 + y1x2y2)− 2c2(y1 + x1x2y2)

c0(y2 + x1y1x2)− 2c2(x2 + x1y1y2)
,
c0(x1x2 + y1y2)− 2c2(x1y2 + y1x2)

c0(1 + x1y1x2y2)− 2c2(x1y1 + x2y2)

)
.
. ✭✹✳✶✾✮

❚❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❡ ♣♦✐♥t ✐s −(x1, y1) = (x1, 1/y1) ❛♥❞ t❤❡ ♥❡✉tr❛❧ ❡❧❡♠❡♥t ✐s O0 := (2c2/c0, 1)✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✹ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✼✶

❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❡ ❛❞❞✐t✐♦♥ ❧❛✇ ♦♥ ♥❡✇ ❊❞✇❛r❞s ♠♦❞❡❧ Eλ ❜② t❤✐s s❛❣❡ s❝r✐♣t ❬✼✷❪ ✿

❘✳❁❝✵✱❝✷✱①✶✱②✶✱①✷✱②✷❃ ❂ ◗◗❬❪

❊✶ ❂ ❝✵✯❝✷✯✭①✶❫✷ ✰ ②✶❫✷ ✰ ✶ ✰ ①✶❫✷✯②✶❫✷✮ ✲

✭❝✵❫✷ ✰ ✹✯❝✷❫✷✮✯①✶✯②✶

❊✷ ❂ ❝✵✯❝✷✯✭①✷❫✷ ✰ ②✷❫✷ ✰ ✶ ✰ ①✷❫✷✯②✷❫✷✮ ✲

✭❝✵❫✷ ✰ ✹✯❝✷❫✷✮✯①✷✯②✷

❙ ❂ ❘✳q✉♦✭❬❊✶✱❊✷❪✮

◆①✸ ❂ ❝✵✯✭①✶ ✰ ②✶✯①✷✯②✷✮ ✲ ✷✯❝✷✯✭②✶ ✰ ①✶✯①✷✯②✷✮

❉①✸ ❂ ❝✵✯✭②✷ ✰ ①✶✯②✶✯①✷✮ ✲ ✷✯❝✷✯✭①✷ ✰ ①✶✯②✶✯②✷✮

◆②✸ ❂ ❝✵✯✭①✶✯①✷ ✰ ②✶✯②✷✮ ✲ ✷✯❝✷✯✭①✶✯②✷ ✰ ②✶✯①✷✮

❉②✸ ❂ ❝✵✯✭✶ ✰ ①✶✯①✷✯②✶✯②✷✮ ✲ ✷✯❝✷✯✭①✶✯②✶ ✰ ①✷✯②✷✮

①✸ ❂ ◆①✸✴❉①✸❀ ②✸ ❂ ◆②✸✴❉②✸

❊✸ ❂ ❝✵✯❝✷✯✭①✸❫✷ ✰ ②✸❫✷ ✰ ✶ ✰ ①✸❫✷✯②✸❫✷✮ ✲

✭❝✵❫✷ ✰ ✹✯❝✷❫✷✮✯①✸✯②✸

❙✭♥✉♠❡r❛t♦r✭❊✸✮✮ ❂❂ ✵

❖✈❡r ✜❡❧❞s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 2✱ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ s✉♠ ♦❢ t✇♦ ♣♦✐♥ts ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛

r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ 2 ✿

(x1, y1) + (x2, y2) =

(
x1 + y1x2y2
y2 + x1y1x2

,
x1x2 + y1y2
1 + x1y1x2y2

)
. ✭✹✳✷✵✮

❘❡♠❛r❦ ✸✹✳ ❆❞❞✐t✐♦♥ ❣r♦✉♣ ❧❛✇ ✐s ✉♥✐✜❡❞ ♦✈❡r ❛♥② ✜❡❧❞s✱ ✐✳❡✳ ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ❛r❡ ❛❧s♦ ✈❛❧✐❞

❢♦r ♣♦✐♥t ❞♦✉❜❧✐♥❣✳ ❚❤❡ ♣♦✐♥t ❞♦✉❜❧✐♥❣ ❢♦r♠✉❧❛s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s ✿

2(x1, y1) =

(
c0x1(1 + y21)− 2c2y1(1 + x21)

c0y1(1 + x21)− 2c2x1(1 + y21)
,
c0(x

2
1 + y21)− 4c2x1y1

c0(1 + x21y
2
1)− 4c2x1y1

)
. ✭✹✳✷✶✮

❖✈❡r ❜✐♥❛r② ✜❡❧❞s✱ t❤❡ ❢♦r♠✉❧❛s ✭✹✳✷✵✮ ♦r ✭✹✳✷✶✮ ❣✐✈❡ t❤❡ ❞♦✉❜❧✐♥❣ ❢♦r♠✉❧❛s ✿

2(x1, y1) =

(
x1(1 + y1)

2

y1(1 + x1)2
,
(x1 + y1)

2

(1 + x1y1)2

)
. ✭✹✳✷✷✮

❆❝❝♦r❞✐♥❣ t♦ t❤❡♦r❡♠s ✷✺ ❛♥❞ ✷✻✱ t❤❡ ❛❞❞✐t✐♦♥ ❧❛✇ ♦♥ ❊❞✇❛r❞s ♠♦❞❡❧ Eλ ✐s ❝♦♠♣❧❡t❡ ♦✈❡r

❛♥② s✉❜❣r♦✉♣ ♦❢ Eλ ♦❢ ♦❞❞ ♦r❞❡r✳

❊①♣❧✐❝✐t ❢♦r♠✉❧❛s

❆✣♥❡ ❝♦♦r❞✐♥❛t❡s✳ ▲❡t (x1, y1) ❛♥❞ (x2, y2) ❜❡ t✇♦ ♣♦✐♥ts ♦♥ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ Eλ :

1 + x2 + y2 + x2y2 = λ2xy ❞❡✜♥❡❞ t❤❡ ✜❡❧❞ Fq✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ❝♦♠♣✉t❡ t❤❡ s✉♠

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✹ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✼✷

(x3, y3) = (x1, y1) + (x2, y2)✱ ✇❤❡♥ ✐t ✐s ❞❡✜♥❡❞ ✿

A = x1·y1;B = x2·y2;C = x1 + y1·B;D = y1 + x1·B;E = y2 + x2·A;
F = x2 + y2·A;G = A+B;H = (x1 + y2)·(x2 + y1)−G;
I = (x1 + y1)·(x2 + y2)−H; J = 1 + A·B; x3 = (c0·C − 2c2·D)/(c0·E − 2c2·F );
y3 = (c0·H − 2c2·I)/(c0·J − 2c2·G)

❚❤❡s❡ ❢♦r♠✉❧❛s ❝♦st 2I+9m1+8mc ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s ❛♥❞ 2I+5m1 ♦✈❡r ❜✐♥❛r② ✜❡❧❞s✱ ✇❤❡r❡

I ✐s t❤❡ ❝♦sts ♦❢ ❛ ✜❡❧❞ ✐♥✈❡rs✐♦♥✳ ❘❡♠❛r❦ t❤❛t✱ t❤❡ ♦♣♣♦s✐t❡ ♦❢ ❛ ♣♦✐♥t ❝♦sts 1 ✐♥✈❡rs✐♦♥ ✇❤✐❝❤

✐s t♦♦ ❡①♣❡♥s✐✈❡✳ ◆❡✈❡rt❤❡❧❡ss t❤❡ s✉♠ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ♣♦✐♥ts (x1, y1) ❛♥❞ (x2, y2)

❤❛✈❡ t❤❡ s❛♠❡ ❝♦♠♣❧❡①✐t②✳ ■♥❞❡❡❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ❝♦♠♣✉t❡s t❤❡ ❞✐✛❡r❡♥❝❡ (x4, y4) =

(x1, y1)− (x2, y2)✱ ✐❢ ✐t ✐s ❞❡✜♥❡❞ ✿

(x4, y4) =(
c0(x1y2 + y1x2)− 2c2(x1x2 + y1y2)

c0(1 + x1y1x2y2)− 2c2(x1y1 + x2y2)
,
c0(y1 + x1x2y2)− 2c2(x1 + y1x2y2)

c0(y2 + x1y1x2)− 2c2(x2 + x1y1y2)

)
.

✭✹✳✷✸✮

❲❡ r❡tr✐❡✈❡ t❤❡ ❡✐❣❤t ♣♦❧②♥♦♠✐❛❧s ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ s✉♠ ✿ F1 = x1 + y1x2y2, F2 = y1 +

x1x2y2, F3 = y2+x1y1x2, F4 = x2+x1y1y2, F5 = x1x2+y1y2, F6 = x1y2+y1x2, F7 = 1+x1y1x2y2

❛♥❞ F8 = x1y1 + x2y2✳ ❚❤❡r❡❢♦r❡ ❢♦r♠✉❧❛s ✭✹✳✶✾✮ ❛♥❞ ✭✹✳✷✸✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s ✿

(x1, y1) + (x2, y2) =

(
c0F1 − 2c2F2

c0F3 − 2c2F4

,
c0F5 − 2c2F6

c0F7 − 2c2F8

)
,

(x1, y1)− (x2, y2) =

(
c0F6 − 2c2F5

c0F7 − 2c2F8

,
c0F2 − 2c2F1

c0F3 − 2c2F4

)
.

Pr♦❥❡❝t✐✈❡ ❝♦♦r❞✐♥❛t❡s✳ ■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ ❡♠❜❡❞s t❤❡ ❝✉r✈❡ Eλ ✐♥ P2 ❜② s❡tt✐♥❣ t❤❡

♥❡✇ ❝♦♦r❞✐♥❛t❡ t = xy✳ ❋♦r ❡✣❝✐❡♥❝② r❡❛s♦♥ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s✉♠ ❛♥❞ ❞♦✉❜❧✐♥❣ ♦❢

♣♦✐♥ts✱ ❲❡ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❍✐s✐❧ ❡t ❛❧✳ ✐♥ ❬✹✸❪ ❜② ✉s✐♥❣ t❤❡ ❡①t❡♥❞❡❞ ♣r♦❥❡❝t✐✈❡ ❝♦♦r❞✐✲

♥❛t❡s [X : Y : Z : T ] ✐♥ P3 ✇❤❡r❡ x = X/Z, y = Y/Z, t = T/Z, T = XY/Z ❛♥❞ Z 6= 0✳ ❚❤❡

♣r♦❥❡❝t✐✈❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ❝✉r✈❡ ✐♥ P3 ✐s t❤❡♥ Z2 +X2 + Y 2 + T 2 = λ2TZ✳

❆❞❞✐t✐♦♥ ♦❢ ♣♦✐♥ts✳

❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ s✉♠ [X3 : Y3 : Z3 : T3] = [X1 : Y1 : Z1 : T1] + [X2 : Y2 : Z2 : T2] ❛r❡ ✿

X3 = (X1Z2 + Y1T2)(Z1Z2 + T1T2)

Y3 = (X1X2 + Y1Y2)(Z1Y2 +X2T1)

Z3 = (Z1Z2 + T1T2)(Z1Y2 +X2T1)

T3 = (X1Z2 + Y1T2)(X1X2 + Y1Y2)

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✹ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✼✸

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ X3 ❝♦sts 5m1 ✿X1Z2, Y1T2, Z1Z2 ❛♥❞ T1T2✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❢♦❧❧♦✇s ❢♦r

Y3✳ ❚❤✐s ❡♥❛❜❧❡s t❤❡ ❝♦st ♦❢ Z3 ❛♥❞ T3 t♦ ❜❡ 1m1 ❡❛❝❤✱ s✐♥❝❡ t❤❡✐r ❢❛❝t♦rs ❛r❡ ❛❧r❡❛❞② ❝♦♠♣✉t❡❞

✐♥ X3 ❛♥❞ Y3✳ ❚❤❡ t♦t❛❧ ❝♦st ♦❢ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ t✇♦ ♣♦✐♥ts ✐s 12m1

❉♦✉❜❧✐♥❣ ♦❢ ❛ ♣♦✐♥t✳

❚❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❞♦✉❜❧✐♥❣ [X3 : Y3 : Z3 : T3] = 2[X1 : Y1 : Z1 : T1] ❛r❡ ✿

X3 = (X1Z1 + Y1T1)(Z1 + T1)
2

Y3 = (Y1Z1 +X1T1)(X1 + Y1)
2

Z3 = (Y1Z1 +X1T1)(Z1 + T1)
2

T3 = (X1Z1 + Y1T1)(X1 + Y1)
2

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ X3 ❝♦sts 3m1 + 1s1 ✿X1Z1, T1Y1, (X1 + Y1)
2 ❛♥❞ t❤❡ ♠❛✐♥ ♣r♦❞✉❝t✳ ❚❤❡

s❛♠❡ ❛r❣✉♠❡♥t ❢♦❧❧♦✇s ❢♦r Y3✳ ❚❤✐s ❡♥❛❜❧❡s t❤❡ ❝♦st ♦❢ Z3 ❛♥❞ T3 t♦ ❜❡ 1m1 ❡❛❝❤✱ s✐♥❝❡ t❤❡✐r

❢❛❝t♦rs ❛r❡ ❛❧r❡❛❞② ❝♦♠♣✉t❡❞ ✐♥ X3 ❛♥❞ Y3✳ ❚❤❡ t♦t❛❧ ❝♦st ♦❢ t❤❡ ❞♦✉❜❧✐♥❣ ✐s 8m1 + 2s1✳

✹✳✹✳✹ ❈♦♠♣❛r✐s♦♥ ♦❢ ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ♦♥ ❧❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ ❛♥❞

❊❞✇❛r❞s ♠♦❞❡❧s ✇✐t❤ ♦t❤❡r ♠♦❞❡❧s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ ♦✉r ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ✐♥ ❜✐♥❛r② ✜❡❧❞s ✇✐t❤ ♦t❤❡r ♠♦❞❡❧s ♦❢

❡❧❧✐♣t✐❝ ❝✉r✈❡s ❜❛s❡❞ ♦♥ t❤❡ ❢❛st❡st r❡s✉❧ts ♦❢ ❊①♣❧✐❝✐t✲❋♦r♠✉❧❛s ❉❛t❛❜❛s❡ ❬✺❪✳ ❘❡❝❛❧❧ t❤❛t m1, s1

❛♥❞ mc ❛r❡ t❤❡ ❝♦st ♦❢ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ sq✉❛r❡ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ ❝♦♥st❛♥t✱ r❡s♣❡❝t✐✈❡❧②✱

♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ ❝♦♥st❛♥t ✐s ❢r❡❡✱

❚❛❜❧❡ ✹✳✻ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ ♣♦✐♥ts ♦♣❡r❛t✐♦♥s ✐♥ ❜✐♥❛r② ✜❡❧❞s

▼♦❞❡❧s ❉♦✉❜❧✐♥❣ ❆❞❞✐t✐♦♥

❍✉✛ ♦❢ ❬✷✷❪ 6m1 + 5s1 + 2mc 13m1 + 2s1 + 2mc

❲❡✐❡rstr❛ss 7m1 + 3s1 14m1 + 1s1

❖✉r ❊❞✇❛r❞s ♠♦❞❡❧ 8m1 + 2s1 12m1

Z/4Z✲♥♦r♠❛❧ ❢♦r♠ ❬✺✵❪ 7m1 + 2s1 12m1

❍❡ss✐❛♥ 6m1 + 3s1 12m1 + 6s1

▲❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ 3m1 + 6s1 + 2mc 7m1 + 2s1 + 2mc

❇✐♥❛r② ❊❞✇❛r❞s 2m1 + 5s1 + 2mc 16m1 + 1s1 + 4mc

µ4✲♥♦r♠❛❧ ❢♦r♠ ❬✺✵❪ 2m1 + 5s1 + 2mc 7m1 + 2s1

t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ♣♦✐♥ts ♦♥ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ❛♥❞ t❤❡ µ4✲♥♦r♠❛❧ ❢♦r♠ ♣r❡s❡♥t t❤❡ ❢❛st❡st

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✺ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ ❑✉♠♠❡r ❧✐♥❡ ✼✹

❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ❛♠♦♥❣ ✇❡❧❧ ❦♥♦✇♥ ♠♦❞❡❧s ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳ ❚❤✐s ❛❧s♦ ♠❡❛♥s t❤❛t t❤❡ ❧❡✈❡❧

✹ t❤❡t❛ ♠♦❞❡❧ ♦✛❡rs ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡s ✐♥ s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛❧❣♦r✐t❤♠s t❤❛t ♣❡r❢♦r♠ ♠❛♥②

❛❞❞✐t✐♦♥s ✿ ❋♦r ❡①❛♠♣❧❡ t❤❡ ▼♦♥t❣♦♠❡r②✬s ❧❛❞❞❡r✱ ❛❞❞✐t✐♦♥ ❝❤❛✐♥ ♠❡t❤♦❞ ❛♥❞ ✜①❡❞ ❜❛s❡ ♣♦✐♥t

♠❡t❤♦❞s s✉❝❤ ❛s ❨❛♦✬s ♠❡t❤♦❞ ❛♥❞ ❊✉❝❧✐❞❡❛♥ ♠❡t❤♦❞✳ s❡❡ ❬✷✱ ❈❤❛♣t❡r ✶✸❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s

❛❜♦✉t t❤❡s❡ ❛❧❣♦r✐t❤♠s✳

✹✳✺ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ ❑✉♠♠❡r ❧✐♥❡

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❑✉♠♠❡r ❧✐♥❡ KE ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ E ✐s t❤❡ s✐♥❣✉❧❛r ♣r♦❥❡❝t✐✈❡ ❝✉r✈❡

♦❜t❛✐♥❡❞ ❜② q✉♦t✐❡♥t✐♥❣ E ❜② t❤❡ ✐♥✈❡rs❡ ❛✉t♦♠♦r♣❤✐s♠ ❛❝t✐♥❣ ♦♥ ✐t✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡

❑✉♠♠❡r ❧✐♥❡ ✐s s✐♠♣❧② t❤❡ s❡t ♦❢ ❝♦♦r❞✐♥❛t❡s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❛❦✐♥❣ ✐♥✈❡rs❡s✳ ❆♥ ✐♠♠❡❞✐❛t❡

❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡ ❣r♦✉♣ ❧❛✇ ♦♥ E ❞♦❡s ♥♦t ✐♥❞✉❝❡ ❛ ❣r♦✉♣ ❧❛✇ ♦♥ t❤❡ ❑✉♠♠❡r ❧✐♥❡✱

s✐♥❝❡ ✇❡ ❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤ ❛ ♣♦✐♥t ❛♥❞ ✐ts ♦♣♣♦s✐t❡✳ ❇✉t ❣✐✈❡♥ t✇♦ ♣♦✐♥ts P ❛♥❞ Q✱ ♦♥❡ ❝❛♥

❝♦♠♣✉t❡ P+Q ✐❢ P−Q ✐s ❦♥♦✇♥✳ ❚❤✐s ❦✐♥❞ ♦❢ ♦♣❡r❛t✐♦♥ ✐s ❝❛❧❧❡❞ ❛ ♣s❡✉❞♦ ❛❞❞✐t✐♦♥ ♦r ❞✐✛❡r❡♥t✐❛❧

❛❞❞✐t✐♦♥✳ ■t ❤❛s ♠❛♥② ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❝r②♣t♦❣r❛♣❤② ✿ ❡✣❝✐❡♥t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣♦✐♥ts✱

❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛t✐♦♥✱ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ t❤❡t❛ ❢✉♥❝t✐♦♥s✳ ■♥ t❤❡ ♥❡①t

s❡❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ❝♦♠♣✉t❡ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ ❜♦t❤ t❤❡ ❧❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ ❛♥❞ ♦✉r ❊❞✇❛r❞s

♠♦❞❡❧ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳

✹✳✺✳✶ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ ❑✉♠♠❡r ❧✐♥❡ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳ ▲❡t

Fq ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t Eλ ❜❡ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ♦❢ ♦r❞✐♥❛r② ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❞❡✜♥❡❞ ♦✈❡r

Fq✳ ▲❡t P = [X0 : X1 : X2 : X3] ❜❡ ❛ ♣♦✐♥t ♦♥ Eλ✱ t❤❡ ♦♣♣♦s✐t❡ ♦❢ P ✐s [X0 : X3 : X2 : X1]✳ ❚❤❡

s❡t {X0, X2, X1 + X3} ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ ♦♣♣♦s✐t❡✳ ❉❡♥♦t❡ W1 = X1 + X3✱ t❤❡♥

❛♥ ❡q✉❛t✐♦♥ ♦❢ ❑✉♠♠❡r ❧✐♥❡ ✐♥ ♥♦♥✲❜✐♥❛r② ✜❡❧❞s ✐s

KEλ
: W 2

1 =
2

λ
(X2

0 +X2
2 ) + λX0X2,

❛♥❞ ✐s

W 2
1 = λX0X2

♦✈❡r ❜✐♥❛r② ✜❡❧❞s✳ ❚❤❡ ❛❞❞✐t✐♦♥ ♦♥ Eλ ❞♦❡s ♥♦t ✐♥❞✉❝❡ ❛♥ ❛❞❞✐t✐♦♥ ❧❛✇ ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❑✉♠♠❡r ❧✐♥❡✱ s✐♥❝❡ ✇❡ ❝❛♥ ♥♦t ❞✐st✐♥❣✉✐s❤ ❛ ♣♦✐♥t ❛♥❞ ✐ts ♦♣♣♦s✐t❡✱ ❜✉t ♦♥❡ ❝❛♥ ❞❡✜♥❡ ❛

❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ ❑✉♠♠❡r ❧✐♥❡✳ ▲❡t P = [X0 : X1 : X2 : X3] ❛♥❞ Q = [Y0 : Y1 : Y2 : Y3]

❜❡ t✇♦ ♣♦✐♥ts ♦♥ Eλ ❛♥❞ ❧❡t P + Q = [Z0 : Z1 : Z2 : Z3], P − Q = [T0 : T1 : T2 : T3]

❛♥❞ 2P = [U0 : U1 : U2 : U3]✳ ❋♦r ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ❞♦✉❜❧✐♥❣ ✇❡ ❡①♣r❡ss

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✺ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ ❑✉♠♠❡r ❧✐♥❡ ✼✺

t❤❡ ❝♦♦r❞✐♥❛t❡s Z0, Z2 ❛♥❞ U0, U2 ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ X0, X2, T0, T2 ❛♥❞ X0, X2✱

r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❤❛✈❡ ✿




Z0 = (X2
0Y

2
0 +X2

2Y
2
2 )− 4(c2/c0)X1X3Y1Y3

Z1 = c0(X0X1Y0Y1 +X2X3Y2Y3)− 2c2(X2X3Y0Y1 +X0X1Y2Y3)

Z2 = (X2
1Y

2
1 +X2

3Y
2
3 )− 4(c2/c0)X0X2Y0Y2

Z3 = c0(X0X3Y0Y3 +X1X2Y1Y2)− 2c2(X0X3Y1Y2 +X1X2Y0Y3)



T0 = (X2
0Y

2
0 +X2

2Y
2
2 )− 4(c2/c0)X1X3Y1Y3

T1 = c0(X0X1Y0Y3 +X2X3Y2Y1)− 2c2(X2X3Y0Y3 +X0X1Y2Y1)

T2 = (X2
1Y

2
3 +X2

3Y
2
1 )− 4(c2/c0)X0X2Y0Y2

T3 = c0(X0X3Y0Y1 +X1X2Y3Y2)− 2c2(X0X3Y3Y2 +X1X2Y0Y1)





U0 = X4
0 +X4

2 − 4(c2/c0)X
2
1X

2
3

U1 = c0(X
2
0X

2
1 +X2

2X
2
3 )− 4c2X0X1X2X3

U2 = X4
1 +X4

3 − 4(c2/c0)X
2
0X

2
2

U3 = c0(X
2
0X

2
3 +X2

1X
2
2 )− 4c2X0X1X2X3

❆ str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ❡❛s② ❝❛❧❝✉❧❛t✐♦♥✱ ✇❤✐❧❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❝✉r✈❡✱ ❣✐✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✳

❲❡ ♣r❡s❡♥t ❛ ✈❡r✐✜❝❛t✐♦♥ s❝r✐♣t ✐♥ t❤❡ ❙❛❣❡ ❝♦♠♣✉t❡r ❛❧❣❡❜r❛ s②st❡♠ ❬✼✷❪ ✐♥ ❛♣♣❡♥❞✐① ✳✽✳
{
Z0 = T0

Z2 =
c20−4c22
c0c2

X0Y0·X2Y2 − T2
, ✭✹✳✷✹✮

{
U0 = (1− 4c0c

3
2)(X

2
0 +X2

2 )
2 − 2X2

0X
2
2

U2 =
1−4c0c32
c02c22

X2
0 ·X2

2 − 2c20c
2
2(X

2
0 +X2

2 )
2
, ✭✹✳✷✺✮

❚❤❡ ❝♦st ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ✐s 3m1 + 1mc ✿ ■♥❞❡❡❞✱ t❤❡ ♣♦✐♥ts P = [X0 : X1 : X2 : X3]✱

Q = [Y0 : Y1 : Y2 : Y3] ❛♥❞ P − Q = [T0 : T1 : T2 : T3] ❛r❡ ❦♥♦✇♥✳ ❙♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Z0 ✐s

❢r❡❡ ❛♥❞ Z2 r❡q✉✐r❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ t❤r❡❡ ♣r♦❞✉❝ts A = X0 ·Y0, B = X2 ·Y2✱ C = A ·B
❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ ❝♦♥st❛♥t

c20−4c22
c0c2
·C✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤✱ t❤❡ ❝♦st

♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❞♦✉❜❧✐♥❣ ❢♦r ❝♦♠♣✉t✐♥❣ U0 ❛♥❞ U2 ✐s 1m1 + 3s1 + 3mc✳ ■♥❞❡❡❞ ✇❡ ♥❡❡❞ t❤❡

t❤r❡❡ sq✉❛r✐♥❣s A = X2
0 , B = X2

2 , C = (A + B)2✱ ♦♥❧② ♦♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ D = A · B ❛♥❞ t❤❡

t❤r❡❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❜② ❝♦♥st❛♥ts (1− 4c0c
3
2) · C,

1−4c0c32
c02c22

·D ❛♥❞ (2c20c
2
2) · C✳

❖✈❡r ❜✐♥❛r② ✜❡❧❞s✱ ❢♦r♠✉❧❛s ✭✹✳✷✹✮ ❛♥❞ ✭✹✳✷✺✮ ❛r❡

{
Z0 = T0

Z2 = c0
c2
X0Y0·X2Y2 + T2

, ✭✹✳✷✻✮

{
U0 = (X2

0 +X2
2 )

2

U2 = 1
c02c22

X2
0 ·X2

2

, ✭✹✳✷✼✮

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✺ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ ❑✉♠♠❡r ❧✐♥❡ ✼✻

❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ✐♥ ❜✐♥❛r② ✜❡❧❞s ❝♦st 3m1 + 1mc ✿ ■♥❞❡❡❞ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡

❡①♣❧❛✐♥❡❞ ❡❛r❧✐❡r ✐♥ t❤❡ ❝❛s❡ ♦❢ ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✳ ❚❤✉s ✇❡ ❤❛✈❡ t❤❡ t❤r❡❡ ♠✉❧t✐❧♣✐❝❛t✐♦♥s A =

X0 · Y0, B = X2 · Y2✱ C = A · B ❛♥❞ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤ ❛ ❝♦♥st❛♥t c0
c2
· C✳

❙✐♠✐❧❛r❧② t❤❡ ❝♦st ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❞♦✉❜❧✐♥❣ ✐s 1M+3S+1m✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥

♦❢ A = X2
0 , B = X2

2 , C = (A+B)2✱ D = A ·B ❛♥❞ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ ❝♦♥st❛♥t 1
c02c22

X2
0 ·D✳

◆♦t✐❝❡ t❤❛t✱ ♠♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❛❧s♦ ❢♦❝✉s ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ ❢✉♥❝t✐♦♥sWi ❢♦r

i = 3, 5✱ ✇❤✐❝❤ ❣✐✈❡ t❤❡ ❛❞❞✐t✐♦♥ ❧❛✇ ♦♥ t❤❡ ❑✉♠♠❡r ❧✐♥❡ KEλ
: W 2 =

2

λ
(X2

0 +X2
2 ) + λX0X2,✳

❋✐♥❛❧❧② ✇❡ ❤❛✈❡ ✿

W3 = W1·W2·
(
c0(X0·Y0 +X2·Y2)− 2c2(X0Y2 +X2Y0)

)
−W4

W5 =
c0

c20 + 4c22
(c20 − 4c22)(X

2
0 +X2

2 )·(W 2
1 − 2c0c2(X

2
0 +X2

2 ))

✇❤❡r❡ W1 = X1 +X3,W2 = Y1 + Y3,W3 = Z1 + Z3,W4 = T1 + T3 ❛♥❞ W5 = U1 + U3✳

❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ❝♦st 6m1+3mc ❛♥❞ 2m1+4s1+5mc ♦♣❡r❛t✐♦♥s ❢♦r ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ❛♥❞

❞♦✉❜❧✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✱ ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✳ ❖✈❡r ❜✐♥❛r② ✜❡❧❞s✱ t❤❡s❡ ❝♦sts ❛r❡ 5m1+2mc ❛♥❞

2m1 + 4s1 + 2mc ❢♦r ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ❛♥❞ ❞♦✉❜❧✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✳

✹✳✺✳✷ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ ♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞

▲❡t Eλ ❜❡ t❤❡ ❊❞✇❛r❞s ♠♦❞❡❧ ❛♥❞ ❧❡t (x, y) ❜❡ ❛ ♣♦✐♥t ♦♥ Eλ✳ ❚❤❡ ✜rst ❝♦♦r❞✐♥❛t❡ ♦❢

❛ ♣♦✐♥t (x, y) ♦♥ Eλ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ♥❡❣❛t✐♦♥ ❛❝t✐♦♥✳ ❲❡ ❈♦♥s✐❞❡r t❤❡ ♣♦✐♥ts (xi, yi)

♦♥ Eλ ❢♦r i = 1, 2, 3, 4 s✉❝❤ t❤❛t (x3, y3) = (x1, y1) + (x2, y2), (x4, y4) = (x1, y1) − (x2, y2)

❛♥❞ (x5, y5) = 2(x1, y1)✳ ❆s ✐♥ s❡❝t✐♦♥ ✹✳✺✳✶✱ ♦✉r ❣♦❛❧ ✐s t♦ ❡①♣r❡ss x3 ✐♥ t❡r♠ ♦❢ x1, x2, x4

❛♥❞ x5 ✐♥ t❡r♠s ♦❢ x1✳ ❲❡ r❡❝❛❧❧ t❤❛t x1 = X2/X0, y1 = X3/X1 ✱ x2 = Y2/Y0, y2 = Y3/Y1✱

x3 = Z2/Z0, y3 = Z3/Z1✱ x4 = T2/T0, y4 = T3/T1 ❛♥❞ x5 = U2/U0, y5 = U3/U1 ❆ ❞✐r❡❝t

❝♦♠♣✉t❛t✐♦♥ ❢r♦♠ ❢♦r♠✉❧❛s ✭✹✳✷✹✮ ❛♥❞ ✭✹✳✷✺✮ ❣✐✈❡✱ ✐❢ t❤❡② ❛r❡ ❞❡✜♥❡❞ ✿

x3 + x4 =
(c20 − 4c22)x1x2

c0c2[1 + x21x
2
2 − 4c0c32(1 + x21 + x22 + x21x

2
2)]
, ✭✹✳✷✽✮

x5 =
(1− 4c0c

3
2)x

2
1 − 2c40c

4
2(1 + x21)

2

c20c
2
2[(1− 4c0c23)(1 + x21)

2 − 2x21]
. ✭✹✳✷✾✮

❚♦ ❛✈♦✐❞ ✐♥✈❡rs✐♦♥s ✐♥ ❛✣♥❡ ❝♦♦r❞✐♥❛t❡s✱ ❧❡t xi = Xi/Zi ❢♦r i = 1, 2, 3, 4, 5 ✇❤❡r❡ [X : Z]

♣❛r❛♠❡tr✐③❡s t❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ P1✳ ❖✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞s✱ ❢♦r♠✉❧❛s ✭✹✳✷✽✮ ❛♥❞ ✭✹✳✷✾✮ ❜❡❝♦♠❡ ✿

{
X3 = (c20 − 4c22)X1X2Z1Z2Z4 −X4B

Z3 = Z4B
✭✹✳✸✵✮

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✺ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ ❑✉♠♠❡r ❧✐♥❡ ✼✼

✇❤❡r❡ B = Z2
1Z

2
2 +X2

1X
2
2 − 4c0c

3
2(Z

2
1Z

2
2 +X2

1Z
2
2 +X22Z2

1 +X2
1X

2
2 )

{
X5 = (1− 4c0c

3
2)X

2
1Z

2
1 − 2c40c

4
2(Z

2
1 +X2

1 )
2

Z5 = c20c
2
2[(1− 4c0c

3
2)(Z

2
1 +X2

1 )
2 − 2X2

1Z
2
1 ]

. ✭✹✳✸✶✮

❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ [X3 : Z3] ❝♦sts 8m1 + 4s1 + 1mc ✿ Z1Z2, X1Z2, X2Z1, X1X2✱ t❤❡✐r sq✉❛r❡s

❛♥❞ t❤❡ t✇♦ ♣r♦❞✉❝ts X1X2 ·Z1Z2 ·Z4✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ❝❛♥

❜❡ r❡❞✉❝❡❞ t♦ 6m1 + 4s1 + 1c ✐❢ Z4 = 1✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ [X5 : Z5] ❝♦sts 1m1 + 2s1 + 3mc ✿

X1Z1, (X1 + Z1)
2 − 2x1Z1, (X1Z1)

2✳

❙✐♠✐❧❛r❧②✱ ♦✈❡r ✜❡❧❞s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 2✱ ❢♦r♠✉❧❛s ✭✹✳✷✽✮ ❛♥❞ ✭✹✳✷✾✮ ❜❡❝♦♠❡ ✿

{
X3 = c0X1X2Z1Z2Z4

Z3 = Z4Z
2
1Z

2
2 +X2

1X
2
2

, ✭✹✳✸✷✮

{
X5 = X2

1Z
2
1

Z5 = c20c
2
2(Z1 +X1)

4)
. ✭✹✳✸✸✮

❚❤❡ ❢♦r♠✉❧❛ ✭✹✳✸✷✮ ❝♦sts 6m1 + 2s1 + 1mc ✿ Z1Z2, X1X2✱ t❤❡✐r sq✉❛r❡s ❛♥❞ t❤❡ t✇♦ ♣r♦❞✉❝ts

X1X2 · Z1Z2 · Z4✳ ■❢ Z4 = 1 t❤❡♥ t❤❡ ❢♦r♠✉❧❛ ✭✹✳✸✷✮ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ 4m1 + 2s1 + 1mc✳

❚❤❡ ❢♦r♠✉❧❛ ✭✹✳✸✸✮ ❝♦sts 1m1 + 3s1 + 1mc ✿ X1Z1, (X1 + Z1)
2, ((X1 + Z1)

2)2✳

❋♦r♠✉❧❛s ✭✹✳✸✷✮ ❝♦rr❡s♣♦♥❞ t♦ ❙t❛♠ ❬✼✶❪ ❢♦r♠✉❧❛s ❛♥❞ ❢♦r♠✉❧❛s ✭✹✳✸✸✮ ❝♦rr❡s♣♦♥❞ t♦ ●❛✉❞r②

❛♥❞ ▲✉❜✐❝③ ❢♦r♠✉❧❛s ❬✸✹❪✳

✹✳✺✳✸ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ ♣r❡✈✐♦✉s ✇♦r❦ ♦♥ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥

❖✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✱ ❇r✐❡r ❛♥❞ ❏♦②❡ ❬✶✸❪ ❣❡♥❡r❛❧✐③❡ t❤❡ ✐❞❡❛ ♦❢ ▼♦♥t❣♦♠❡r② ❬✻✵❪ ♦♥

❣❡♥❡r❛❧ ❲❡✐❡rstr❛ss ♠♦❞❡❧ v2 = u3+ b2u+ b6✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ❬✶✸❪ ✉s❡s 6m1+2s1+2mc ♣❡r ❜✐ts

❢♦r ❛ s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✐✳❡✳ ♠✉❧t✐♣❧② ❛ ♣♦✐♥t ♦♥ ❑✉♠♠❡r ❧✐♥❡ ❜② ❛ s❝❛❧❛r✳ ❚❤❡ ❜❡st ❦♥♦✇♥

❢♦r♠✉❧❛ ✭s❡❡ t❛❜❧❡ ✹✳✼✮ ✉s❡s 3m1 + 6s1 + 3mc ♣❡r ❜✐ts ❛♥❞ ✐s ❞✉❡ t♦ ●❛✉❞r② ❛♥❞ ▲✉❜✐❝③ ✐♥ ❬✸✹❪

♦♥ ❑✉♠♠❡r ♠♦❞❡❧ ♦❢ ▲❡❣❡♥❞r❡ ❢♦r♠ v2 = u(u− 1)(u− b)✳ ❖✉r ❢♦r♠✉❧❛ ❝♦sts 4m1 + 3s1 + 4mc

♦♥ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧✳ ❙♦✱ ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✱ ✐❢ ✇❡ ❛ss✉♠❡ ✐♥ t❤❡ ✇♦rs❡ ❝❛s❡ t❤❛t

s1 = m1 = mc t❤❡♥ ♦✉r ❢♦r♠✉❧❛ ❢♦r t❤❡ ❧❡✈❡❧ ❢♦✉r t❤❡t❛ ♠♦❞❡❧ ❛♥❞ t❤♦s❡ ♦❢ ●❛✉❞r② ❛♥❞ ▲✉❜✐❝③

❬✸✹❪ ❛r❡ t❤❡ ❜❡st ❢♦r♠✉❧❛s t♦ ❞❛t❡ ❢♦r ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥✳

❖✈❡r ❜✐♥❛r② ✜❡❧❞s✱ t❤❡ ❜❡st ❦♥♦✇♥ ❢♦r♠✉❧❛ ✭s❡❡ t❛❜❧❡ ✹✳✽✮ ❞✉❡ t♦ ❑♦❤❡❧ ❬✺✵❪✱ ❝♦sts 4m1 +

4s1 + 2mc✳ ❖✉r ❢♦r♠✉❧❛ r❡q✉✐r❡s 4m1 + 3s1 + 2mc ♦♥ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ❛♥❞ ✐s s❧✐❣❤t❧②

❢❛st❡r t❤❛♥ t❤❡ ❑♦❤❡❧✬s s♣❧✐t µ4✲♥♦r♠❛❧ ❢♦r♠ ❬✺✵❪✳ ❚❤❡ ❢♦r♠✉❧❛s ♦♥ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ❛r❡

t❤❡ ❜❡st t♦ ❝♦♠♣✉t❡ ♦♥ ❑✉♠♠❡r ❧✐♥❡ ♦✈❡r ❜✐♥❛r② ✜❡❧❞s✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✹✳✺ ❉✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ ❑✉♠♠❡r ❧✐♥❡ ✼✽

❚❛❜❧❡ ✹✳✼ ✕ ❈♦♠♣❛r✐s♦♥s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s

♠♦❞❡❧ ❞✐✛❡r❡♥t✐❛❧ ❞♦✉❜❧✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ❚♦t❛❧

▼♦♥t❣♦♠❡r② ❬✻✵❪ 2m1 + 2s1 + 1mc 3m1 + 2s1 5m1 + 4s1 + 1mc

❲❡✐❡rstr❛ss 4m1 + 3s1 + 2mc 6m1 + 2s1 + 2mc 10m1 + 5s1 + 4mc

❖✉r ❊❞✇❛r❞s ♠♦❞❡❧ 1m1 + 2s1 + 3mc 6m1 + 4s1 + 1mc 7m1 + 6s1 + 4mc

●❛✉❞r② ❛♥❞ ▲✉❜✐❝③ ❬✸✹❪ 4s1 + 2mc 2m1 + 2s1 + 1mc 2m1 + 6s1 + 3mc

▲❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ 1m1 + 3s1 + 3mc 3m1 + 1mc 4m1 + 3s1 + 4mc

❚❛❜❧❡ ✹✳✽ ✕ ❈♦♠♣❛r✐s♦♥s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦✈❡r ❜✐♥❛r② ✜❡❧❞s

♠♦❞❡❧ ❞✐✛❡r❡♥t✐❛❧ ❞♦✉❜❧✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ❚♦t❛❧

❲❡✐❡rstr❛ss ♦❢ ❬✼✶❪ 1m1 + 3s1 + 1mc 4m1 + 1s1 5m1 + 4s1 + 1mc

❇✐♥❛r② ❊❞✇❛r❞s ♦❢ ❬✽❪ 1m1 + 3s1 + 1mc 4m1 + 1s1 + 1mc 5m1 + 4s1 + 2mc

❍✉✛ ♦❢ ❬✷✷❪ 1m1 + 3s1 + 1mc 4m1 + 2s1 5m1 + 5s1 + 1mc

❊❞✇❛r❞s ♠♦❞❡❧ ♦❢ ❬✼✾❪ 1m1 + 4s1 + 1mc 4m1 + 2s1 5m1 + 6s1 + 1mc

●❛✉❞r② ❛♥❞ ▲✉❜✐❝③ ❬✸✹❪ 1m1 + 3s1 + 1mc 3m1 + 2s1 4m1 + 5s1 + 1mc

µ4✲♥♦r♠❛❧ ❢♦r♠ ❬✺✵❪ 4m1 + 4s1 + 2mc

▲❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ 1m1 + 3s1 + 1mc 3m1 + 1mc 4m1 + 3s1 + 2mc

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✉s❡❞ t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ❧❛✇ t♦ ♦❜t❛✐♥ ❡✣❝✐❡♥t ❛♥❞

❝♦♠♣❡t✐t✐✈❡ ❢♦r♠✉❧❛s ✐♥ t❤❡ ❞♦✉❜❧✐♥❣ ❛♥❞ ❛❞❞✐t✐♦♥ st❡♣s ✐♥ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠ ❢♦r ❚❛t❡ ♣❛✐r✐♥❣

❝♦♠♣✉t❛t✐♦♥ ♦♥ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳ ❲❡ ✉s❡ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤✱ ♥❛♠❡❧② ❛♥

✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ❲❡✐❡rstr❛ss ♠♦❞❡❧ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❛♥❞ t❤❡ s♣❡❝✐❛❧ ❏❛❝♦❜✐ q✉❛rt✐❝ ❡❧❧✐♣t✐❝

❝✉r✈❡ Y 2 = dX4 + Z4 t♦ ♦❜t❛✐♥ t❤❡ ▼✐❧❧❡r ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ t❤✐s q✉❛rt✐❝ t♦ ❝♦♠♣✉t❡ t❤❡

❚❛t❡ ♣❛✐r✐♥❣✱ ❆t❡ ♣❛✐r✐♥❣ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥s ♦♥ t❤✐s ❝✉r✈❡✳ ❖✉r r❡s✉❧ts ♦♥ t❤✐s ❝✉r✈❡ ❛♣♣❡❛r

t♦ ❜❡ t❤❡ ♠♦st ❡✣❝✐❡♥t ❛♠♦♥❣ ❝✉r✈❡s ✇✐t❤ q✉❛rt✐❝ t✇✐sts✳ ❲❡ ✜♥❛❧❧② ✉s❡ t❤❡ t❤❡♦r② ♦❢ t❤❡t❛

❢✉♥❝t✐♦♥s t♦ ♦❜t❛✐♥ ❛ ♥❡✇ ❊❞✇❛r❞s ♠♦❞❡❧ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞✳

❆♥ ✐♥t❡r♠❡❞✐❛t❡ ♠♦❞❡❧✱ ❝❛❧❧❡❞ ❧❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧✱ ✐s ✉s❡❞✳ ❲❡ st✉❞② t❤❡ ❛r✐t❤♠❡t✐❝ ♦❢ t❤❡s❡

❝✉r✈❡s✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ❣r♦✉♣ ❧❛✇✱ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❘✐❡♠❛♥♥ r❡❧❛t✐♦♥s ♦❢ t❤❡t❛ ❢✉♥❝t✐♦♥s✱ ✐s

❝♦♠♣❧❡t❡ ❛♥❞ ✉♥✐✜❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❛❞❞✐t✐♦♥ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ✷ ❛♥❞ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥

♦♥ t❤❡ ❑✉♠♠❡r ❧✐♥❡s ♦❢ t❤❡s❡s ❝✉r✈❡s ❛r❡ ❝♦♠♣❡t✐t✐✈❡✳

❆t t❤❡ ❡♥❞ ♦❢ t❤✐s ✇♦r❦✱ s♦♠❡ q✉❡st✐♦♥s r❡♠❛✐♥ ♦♣❡♥ ❛♥❞ ❝❛♥ ❞✐r❡❝t❡❞ ✉s ❢♦r ❢✉t✉r❡ ✇♦r❦ ✿

✶✳ ■♥✈❡st✐❣❛t❡ ♣❛✐r✐♥❣s ❝♦♠♣✉t❛t✐♦♥ ♦♥ ♦✉r ♥❡✇ ❊❞✇❛r❞s ♠♦❞❡❧ ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❛♥❞ t❤❡

❧❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ ✉s✐♥❣ ▼✐❧❧❡r✬s ❛❧❣♦r✐t❤♠✳

✷✳ ❈♦♠♣❧❡t❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣❛✐r✐♥❣s ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ✷ ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✉s✐♥❣ t❤❡t❛

❢✉♥❝t✐♦♥s✳

✸✳ ■♥✈❡st✐❣❛t❡ ❊❧❧✐♣t✐❝ ❈✉r✈❡ ▼❡t❤♦❞ ❢❛❝t♦r✐③❛t✐♦♥ ❜❛s❡❞ ♦♥ ♦✉r ♥❡✇ ❊❞✇❛r❞s ♠♦❞❡❧ ♦❢

❡❧❧✐♣t✐❝ ❝✉r✈❡s✳

✹✳ ❋✐♥❞ ❛ s❡t ♦❢ ❝♦♠♣❧❡t❡ ❛❞❞✐t✐♦♥ ❣r♦✉♣ ❧❛✇ ♦♥ t❤❡ ♥❡✇ ♠♦❞❡❧s✳

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



❇✐❜❧✐♦❣r❛♣❤✐❡

❬✶❪ ❆r❡♥❡✱ ❈✳✱ ▲❛♥❣❡✱ ❚✳✱ ◆❛❡❤r✐❣✱ ▼✳ ❡t ❘✐t③❡♥t❤❛❧❡r✱ ❈✳ ❋❛st❡r ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡

❚❛t❡ ♣❛✐r✐♥❣✳ ❉❛♥s ✿ ❏♦✉r♥❛❧ ♦❢ ♥✉♠❜❡r t❤❡♦r② ✈♦❧✳ ✶✸✶✭✺✮✱ ♣♣✳ ✽✹✷✲✽✺✼ ✭✷✵✶✶✮✳

❬✷❪ ❆✈❛♥③✐✱ ❘✳ ❡t ❛❧✳ ❍❛♥❞❜♦♦❦ ♦❢ ❊❧❧✐♣t✐❝ ❛♥❞ ❍②♣❡r❡❧❧✐♣t✐❝ ❝✉r✈❡ ❈r②♣t♦❣r❛♣❤②✳ ❉❛♥s ✿

❉✐s❝r❡t❡ ▼❛t❤✳ ❆♣❧❧✐✳ ❈❤❛♣♠❛♥ ❛♥❞ ❍❛❧❧ ✭✷✵✵✻✮✳

❬✸❪ ❇❛❧❛s✉❜r❛♠❛♥✐❛♥✱ ❘✳ ❡t ❑♦❜❧✐t③✱ ◆✳ ❚❤❡ ✐♠♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❤❛s s✉❜✲

❡①♣♦♥❡♥t✐❛❧ ❞✐s❝r❡t❡ ❧♦❣ ♣r♦❜❧❡♠ ✉♥❞❡r t❤❡ ▼❡♥❡③❡s✲❖❦❛♠♦t♦✲❱❛♥st♦♥❡ ❛❧❣♦r✐t❤♠✳ ❉❛♥s ✿

❏♦✉r♥❛❧ ♦❢ ❈r②♣t♦❧♦❣② ✈♦❧✳ ✶✶ ✱ ♣♣✳ ✶✹✶✲✶✹✺ ✭✶✾✾✽✮✳

❬✹❪ ❇❛rr❡t♦✱ P✳ ❙✳ ▲✳ ▼✳✱ ●❛❧❜r❛✐t❤✱ ❙✳❉✱ ❖❤❊✐❣❡❛rt❛✐❣❤✱ ❈✳ ❡t ❙❝♦tt✱ ▼✳ ❊✣❝✐❡♥t

♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦♥ s✉♣❡rs✐♥❣✉❧❛r ❛❜❡❧✐❛♥ ✈❛r✐❡t✐❡s✳ ❉❛♥s ✿ ❉❡s✐❣♥s✱ ❈♦❞❡s ❛♥❞ ❈r②♣✲

t♦❣r❛♣❤② ✈♦❧✳ ✹✷✭✸✮✱ ♣♣✳ ✷✸✾✲✷✼✶ ✭✷✵✵✼✮✳

❬✺❪ ❇❡r♥st❡✐♥✱ ❉✳ ❡t ▲❛♥❣❡✱ ❚✳ ❊①♣❧✐❝✐t✲❢♦r♠✉❧❛❡ ❞❛t❛❜❛s❡✳ ❉❛♥s ✿ ❤ t t ♣✿ ✴✴ ✇ ✇ ✇✳ ❤ ② ♣ ❡
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❬✼✼❪ ❲❛s❤✐♥❣t♦♥✱ ▲✳❈✳ ❊❧❧✐♣t✐❝ ❈✉r✈❡s✱ ◆✉♠❜❡r ❚❤❡♦r② ❛♥❞ ❈r②♣t♦❣r❛♣❤②✳ ❉❛♥s ✿ ❉✐s❝r❡t❡
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✼✼✵✼✻✼✼✶✾✸✹✽✷✽✹✺✹✼✻✽✶✼ ❀
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❋♣✷❁s✸❃✿❂❊①t❡♥s✐♦♥❋✐❡❧❞❁❋♣✱①⑤①❫✷✲✷❃❀

❋♣✽❁❲❃✿❂❊①t❡♥s✐♦♥❋✐❡❧❞❁❋♣✷✱②⑤②❫✹✲s✸❃❀
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★❊❲t ♠♦❞ r❀
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❝✿❂★❊❲t✴r❀

❝✿❂✶✾✸✼✹✹✵✺✺✻✵✵✻✶✷✵✹✺✺✹✸✹✹✹✸✷✺✵✽✶✵✷✶✺✻✵✺✸✹✹✺✼✸✵✹✹✹✹
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✴✴❡①t❡♥❞❡❞ ♣r♦❥❡❝t✐✈❡ ♣♦✐♥t ♦♥ t❤❡ ❏❛❝♦❜✐ ❢♦r♠

❳✶✿❂✷✯P❲❬✶❪❀

❨✶✿❂✷✯P❲❬✶❪❫✸✲P❲❬✷❪❫✷❀

❩✶✿❂P❲❬✷❪❀

❯✶✿❂❳✶❫✷ ❀

❱✶✿❂❩✶❫✷❀

r❡t✉r♥❬❳✶✱❨✶✱❩✶✱❯✶✱❱✶❪❀

❡♥❞ ❢✉♥❝t✐♦♥❀
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✴✴✸✲✉♣❧❡ ❘✭❳✶✱❨✶✱❩✶✮ ❛♥❞ ❙✭❳✷✱❨✷✱❩✷✮ ✐♥ ❋♣✱

✴✴ t❤✐s ❢✉♥❝t✐♦♥ ❝♦♠♣✉t❡s

✴✴ ❘✰❙✭❳✸✱❨✸✱❩✸✮ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ ❤❴④❘✱❙⑥✭◗✮

❯✿❂❘❬✷❪✰❘❬✺❪❀

❱✿❂❙❬✷❪✰❙❬✺❪❀

❘✶✿❂❙❬✸❪✯❘❬✶❪❀

❙✶✿❂❘❬✸❪✯❙❬✶❪❀

❆✿❂❙✶✲❘✶❀

❆✿❂❆✯❱❀

❆✿❂❆✯❯❀

❯✿❂❙❬✹❪✯❯❀

❱✿❂❘❬✹❪✯❱❀

❇✿❂❘✶✯❱✲❙✶✯❯❀

❉✿❂❘❬✶❪✯❙❬✶❪❀

❊✿❂❞✯❉❫✷❀

❉✿❂❉✯✭❯✲❱✮❀

❳✸✿❂✭❘✶✰❙✶✮✯✭❘✶✲❙✶✮❀

❲✶✿❂❘❬✶❪✯❘❬✸❪❀

❲✷✿❂❙❬✶❪✯❙❬✸❪❀

❩✸✿❂❲✶✯❙❬✷❪✲❲✷✯❘❬✷❪❀

❯✿❂❘❬✷❪✯❙❬✷❪❀

❱✿❂❘❬✸❪✯❙❬✸❪❀

❱✿❂❱❫✷✰❊❀

❊✿❂✭❘✶✲❙✶✮❫✷❀
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❯✸✿❂❳✸❫✷❀

❱✸✿❂❩✸❫✷❀

❨✸✿❂❊✯✭❯✰❱✮✲❱✸❀

▼✿❂✭◗❬✷❪✰✶✮ ✴ ✭◗❬✶❪❫✸✯❲❫✹✮❀

◆✿❂✭◗❬✷❪✰✶✮ ✴ ✭◗❬✶❪❫✷✯❲❫✹✮❀

❍✿❂❆✰❉✯▼✯❲✰❇✯◆✯❲❫✷❀

❆❉❉✿❂❬❳✸✱❨✸✱❩✸✱❯✸✱❱✸✱❍❪❀

r❡t✉r♥ ❆❉❉❀

❡♥❞ ❢✉♥❝t✐♦♥❀

❈♦✉♣❧❛❣❡❚❛t❡✿❂❢✉♥❝t✐♦♥✭❘ ✱❙✮❀

❢✿❂❋♣✷✦✶❀

❚✿❂❘❀

✐✿❂❋❧♦♦r✭▲♦❣✭✷✱r✮✮✲✶❀

s✐✿❂■♥ts❡q✭r✱✷✮❀

✇❤✐❧❡ ✐ ❣❡ ✵ ❞♦

❤✿❂❉♦✉❜❧✐♥❣✭❚✱❙✮❀

❢✿❂❤❬✻❪✯❢❫✷❀

❚✿❂❬❤❬✶❪✱❤❬✷❪✱❤❬✸❪✱❤❬✹❪✱❤❬✺❪❪❀

✐❢ s✐❬✐✰✶❪ ❡q ✶ t❤❡♥

❤✿❂❆❞❞✐t✐♦♥✭❘ ✱❚✱❙✮❀

❢✿❂❤❬✻❪✯❢❀

❚✿❂❬❤❬✶❪✱❤❬✷❪✱❤❬✸❪✱❤❬✹❪✱❤❬✺❪❪❀

❡♥❞ ✐❢❀

✐✿❂✐✲✶❀

❡♥❞ ✇❤✐❧❡❀

❢✿❂❢❫✭✭✭♣❫✽✮✲✶✮ ❞✐✈ r✮❀

r❡t✉r♥ ❢❀

❡♥❞ ❢✉♥❝t✐♦♥❀

❡✶✿❂❈♦✉♣❧❛❣❡❚❛t❡✭P✱◗✮❀

❡✷✸✿❂❈♦✉♣❧❛❣❡❚❛t❡✭P✷✸✱◗✮❀

■s❩❡r♦✭❡✷✸✲❡✶❫✷✸✮❀

❡✷✹✿❂❈♦✉♣❧❛❣❡❚❛t❡✭P✱◗✷✸✮❀

■s❩❡r♦✭❡✷✹✲❡✶❫✷✸✮❀
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✴✴✴✴✴✴P❛r❛♠❡t❡rs

♣✿❂✼✷✻✵✶✶✻✼✷✵✵✹✹✹✻✻✵✹✾✺✶✼✵✸✹✻✹✼✾✶✼✽✾✸✷✽✾✾✶✷✶✼✸✶✸✼✼✻✻✵✷✼✻✽✽✶✶✺✵✺✸✷✵✻✾✼✺✽✶✺✻✼✺✹

✼✽✼✽✹✷✷✾✽✼✵✸✻✹✼✻✹✵✶✾✻✸✷✷✺✾✵✵✻✾❀

r✿❂✷✼✷✵✺✻✸✷✵✵✵✵✹✼✶✸✵✼✶✻✶✻✵✵✸✵✻✶✽✷✻✶✹✵✶✹✽✵✽✹✵✹✺✷✺✶✼✼✵✼✻✼✼✶✾✸✹✽✷✽✹✺✹✼✻✽✶✼ ❀

❛✿❂✸✻✸✵✵✺✽✸✻✵✵✷✷✷✸✸✵✷✹✼✺✽✺✶✼✸✷✸✾✺✽✾✹✻✻✹✹✾✺✻✵✽✻✺✻✽✽✽✸✵✶✸✽✹✹✵✺✼✺✷✻✻✵✸✹✽✼✾✵✼✽✸✼✼✸✾✸✾

✷✶✶✹✾✸✺✶✽✷✸✽✷✵✵✾✽✶✻✶✷✾✺✵✸✺❀

t✿❂✲✶✶✸✸✺✻✽✵✵✵✵✵✶✹✼✷✽✺✵✹✸✷✵✵✵✻✸✼✽✾✸✾✶✼✶✸✻✵✾✷✵✾✵✾✻✹✷✾✶✹✻✵❀

❚r✿❂t✲✶❀

❞✿❂✲❛✴✹❀

❋♣✿❂❋✐♥✐t❡❋✐❡❧❞✭♣✮❀

❊❲✿❂❊❧❧✐♣t✐❝❈✉r✈❡✭❬❋♣✦✭❛✮✱❋♣✦✵❪✮❀✴✴❊❧❧✐♣t✐❝ ❝✉r✈❡ ✐♥ ❲❡✐❡rstr❛ss ❢♦r♠ ❞❡❢✐♥❡❞ ♦✈❡r ❋♣✴✴

❋♣✷❁s✸❃✿❂❊①t❡♥s✐♦♥❋✐❡❧❞❁❋♣✱①⑤①❫✷✲✷❃❀

❋♣✽❁❲❃✿❂❊①t❡♥s✐♦♥❋✐❡❧❞❁❋♣✷✱②⑤②❫✹✲s✸❃❀

❊❲t✿❂❊❧❧✐♣t✐❝❈✉r✈❡✭❬❋♣✷✦✭❛✯s✸✮✱❋♣✷✦✵❪✮❀ ✴✴✴✴✴✴✴❚❤❡ t✇✐st ♦❢ ❊❲ ❞❡❢✐♥❡❞ ♦✈❡r ❋♣✷✴✴✴✴

❊❲✽✿❂❊❧❧✐♣t✐❝❈✉r✈❡✭❬❋♣✽✦✭❛✮✱❋♣✽✦✵❪✮❀ ✴✴✴✴✴❚❤❡ ❝✉r✈❡ ❊❲ ❞❡❢✐♥❡❞ ♦✈❡r ❋♣✽✴✴✴✴✴✴✴✴✴✴

✴✴✴❙❡❛r❝❤✐♥❣ ❢♦r P ♦❢ ♦r❞❡r r ♦♥ ❲❡✐❡rtr❛ss s✉❝❤ t❤❛t t❤❡ ❢r♦❜❡♥✐✉s ✐s ✶✴✴✴✴

★❊❲ ♠♦❞ r❀ ✴✴✴✴✴✴❚❤❡ ♦r❞❡r ♦❢ ❊❲ ✐s ❡①❛❝t❧② ❞✐✈✐s✐❜❧❡ ❜② r✴✴✴✴

✉✿❂ ★❊❲ ✴r❀

✉✿❂✷✻✻✽✻✵✽✵✵✵✵✵✷✸✶✶✺✹✻✼✵✹✵✵✵✺✵✵✺✻✺✶✵✹✵✾✵❀

P✶✿❂✉✯❘❛♥❞♦♠✭❊❲✮❀ ✴✴✴✴✴✴P ✐s ❛ ♣♦✐♥t ♦❢ ♦r❞❡r r ♦♥ ❊❲✴✴✴✴✴✴✴

✴✴P♦✐♥t ◗❘ ♦❢ ♦r❞❡r r ♦♥ ❊✭❋♣✽✮ s✉❝❤ t❤❛t ❭♣✐✭◗❘✮❂♣✯◗❘✴✴✴✴✴✴✴✴✴✴✴

❘❘✿❂❘❛♥❞♦♠✭❊❲t✮❀

②②✿❂★❊❲t ✴r❀

②②✿❂✶✾✸✼✹✹✵✺✺✻✵✵✻✶✷✵✹✺✺✹✸✹✹✹✸✷✺✵✽✶✵✷✶✺✻✵✺✸✹✹✺✼✸✵✹✹✹✹✽

✾✾✽✻✷✼✼✻✹✸✸✵✾✹✶✶✶✸✶✸✼✵✻✾✶✷✾✹✺✾✻✺

✹✷✶✼✻✸✸✷✷✼✺✽✼✾✽✾✹✾✽✷✹✻✸✼✷✹✻✵✺✻✹✽✻✺✸✹✸✸✵✶✸✾✽✾✺✵✷✾✻✵✵✺✼✽✽✽✽✹✻✻❀

◗❘❘✿❂②②✯❘❘❀

✴✴✴✴✴✴◗❘❘ ✐s ❛ ♣♦✐♥t ♦❢ ♦r❞❡r r ❛♥❞ ✇❡ s❡♥❞ ✐t t♦ ❊❲ ♦♥ ❋♣✽ t♦ ❛♣♣❧② t❤❡ ❋r♦❜❡♥✐✉s ✴✴✴

①✶✿❂◗❘❘❬✶❪✯❲❫✭✲✷✮❀

②✶✿❂◗❘❘❬✷❪✯❲❫✭✲✸✮❀

✴✴ ✭①✶✱②✶✮ ✐s ❛ ♣♦✐♥t ♦❢ ❊❲✽ ❞❡❢✐♥❡❞ ♦♥ ❋♣✽ ❛♥❞ ✇❡ t❛❦❡ t❤❡ ❢r♦❜❡♥✐✉s✴✴✴✴

①✿❂①✶❫♣❀

②✿❂②✶❫♣❀

❉✶✿❂❊❲✽✦❬①✱②❪❀
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❊❲✽✦❬◗❘❬✶❪❫♣✱◗❘❬✷❪❫♣❪✲♣✯◗❘❀

❲❡✐❡rstr❛sst♦❥❛❝♦❜✐✿❂❢✉♥❝t✐♦♥✭◗❘✮❀

✴✴tr❛♥s❢♦r♠ ❛♥ ❛❢❢✐♥❡ ♣♦✐♥t ♦♥ t❤❡ ✇❡✐❡rstr❛ss ❢♦r♠
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②◗✿❂◗❬✷❪❀
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◗◗✿❂❬①◗✱②◗✱✶✱✉◗✱✈◗❪❀
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❜✐♥✿❂■♥ts❡q✭① ✱✷✮❀

◗◗✿❂❬①◗✱②◗✱✶✱✉◗✱✈◗❪❀

❚✿❂◗◗❀

❢♦r ✐✿❂★❜✐♥✲✷ t♦ ✵ ❜② ✲✶ ❞♦

❤✿❂❉♦✉❜❧✐♥❣✭❚ ✱❙✮❀

❚✿❂❬❤❬✶❪✱❤❬✷❪✱❤❬✸❪✱❤❬✹❪✱❤❬✺❪❪❀

❢✿❂❤❬✻❪✯❢❫✷❀

✐❢ ❜✐♥❬✐✰✶❪ ❡q ✶ t❤❡♥

❤✿❂❆❞❞✐t✐♦♥✭❚✱◗◗ ✱❙✮❀

❚✿❂❬❤❬✶❪✱❤❬✷❪✱❤❬✸❪✱❤❬✹❪✱❤❬✺❪❪❀

❢✿❂❤❬✻❪✯❢❀

❡♥❞ ✐❢❀

❡♥❞ ❢♦r❀

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✳✻ ❆❞❞✐t✐♦♥ ❧❛✇ ❢♦r♠✉❧❛s ♦♥ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧ ✶✵✽

❤✶✿❂❤❤❢✉♥❝t✐♦♥✭①✱①✱◗◗✱◗◗✱❙✱❊❲✽✮❀

❤✷✿❂❤❤❢✉♥❝t✐♦♥✭①✱✷✯①✱◗◗✱◗◗✱❙✱❊❲✽✮❀

❤✸✿❂❤❤❢✉♥❝t✐♦♥✭✸✯①✱✶✱◗◗✱◗◗✱❙✱❊❲✽✮❀

❍✶✿❂✭❤✶✯❤✷✯❤✸✮❫✭♣❫✸✮❀

❤✹✿❂❤❤❢✉♥❝t✐♦♥✭s✶✱①✱◗◗✱◗◗✱❙✱❊❲✽✮❀

❤✺✿❂❤❤❢✉♥❝t✐♦♥✭s✶✱✵✱◗◗✱◗◗✱❙✱❊❲✽✮❀

❍✷✿❂❤✹❀

❢✿❂✭❢❫✭✸✯♣❫✸✰✶✮✯❍✶✯❍✷✮❫✭■♥t❡❣❡rs✭✮✦✭✭♣❫✽✲✶✮✴r✮✮❀

r❡t✉r♥✭❢✮❀

❡♥❞ ❢✉♥❝t✐♦♥❀

❡✶✿❂❆t❡✭◗✱P✮❀

❡P✷✸✿❂❆t❡✭◗✱P✷✸✮❀

■s❩❡r♦✭❡P✷✸✲❡✶❫✷✸✮❀

❡◗✷✸✿❂❆t❡✭◗✷✸✱P✮❀

■s❩❡r♦✭❡◗✷✸✲❡✶❫✷✸✮❀

✳✻ ❆❞❞✐t✐♦♥ ❧❛✇ ❢♦r♠✉❧❛s ♦♥ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧

❚❤❡ ❘✐❡♠❛♥♥ t❤❡t❛ ❢♦r♠✉❧❛s ❣✐✈❡ ✶✻ r❡❧❛t✐♦♥s t❤❛t ❛r❡ ❝❧❛ss✐✜❡❞ ❛❝❝♦r❞✐♥❣ t♦ j✳ ❘❡♠✐♥❞

t❤❛t c0 = a0, c2 = a2/2 = θ2(0)/2 ❛♥❞ a3 = a1 = 1✳ ▲❡t K ❜❡ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ≥ 0 ❛♥❞

❧❡t c0, c2 ∈ K⋆ ❛♥❞ ❧❡t Eλ : X2
0 +X2

2 = λX1X3, X
2
1 +X2

3 = λX0X2 ❜❡ t❤❡ ❧❡✈❡❧ 4✲t❤❡t❛ ♠♦❞❡❧

❞❡✜♥❡❞ ♦✈❡r ✜❡❧❞ K✳ ❚❤❡ ❛r✐t❤♠❡t✐❝ ✭❛❞❞✐t✐♦♥ ❛♥❞ ❞♦✉❜❧✐♥❣✮ ♦♥ Eλ ✐s ❣✐✈❡♥ ❜② ❢♦❧❧♦✇✐♥❣ t❤❡t❛

❢♦r♠✉❧❛ ✿

θi(z1 + z2)θj(z1 − z2) =
akB(i′, j′, k′, l′)− ak+2B(i′, j′, k′ + 2, l′)

al
.

❚❤✐s ❢♦r♠✉❧❛ ❣✐✈❡ 4× 4 ❢♦r♠✉❧❛s t❤❛t ❣✐✈❡ 4 ❡q✉✐✈❛❧❡♥t ❣r♦✉♣ ❧❛✇s ♦♥ Eλ1,λ2 ✳ ❚❤❡ 4 ❣r♦✉♣ ❧❛✇s

❢♦r♠✉❧❛s ❛r❡ ✿

θi(z1 + z2)θ0(z1 − z2) =
a0B(i′, 0, 0, i′)− a2B(i′, 0, 2, i′)

ai
,

θi(z1 + z2)θ1(z1 − z2) =
a0B(i′, 1, 0, i′ + 1)− a2B(i′, 1, 2, i′ + 1)

ai+1

,

θi(z1 + z2)θ2(z1 − z2) =
a0B(i′, 2, 0, i′ + 2)− a2B(i′, 2, 2, i′ + 2)

ai+2

,

θi(z1 + z2)θ3(z1 − z2) =
a0B(i′, 3, 0, i′ + 3)− a2B(i′, 3, 2, i′ + 3)

ai+3

.

❉♦❝t♦r❛t✿ ❈❛❧❝✉❧ ❞❡s ❈♦✉♣❧❛❣❡s ❡t ❆r✐t❤♠ét✐q✉❡ ❞❡s ❈♦✉r❜❡s ❊❧❧✐♣t✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ✳ ❊✳❋❖❯❖❚❙❆ ❝©■❘▼❆❘ ✷✵✶✸



✳✼ ❙❛❣❡ ✈❡r✐✜❝❛t✐♦♥✿ ❆❞❞✐t✐♦♥ ❛♥❞ ❞♦✉❜❧✐♥❣ ♦❢ ♣♦✐♥ts ♦♥ ▲❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ ✶✵✾

❚❤❡ ✜rst t✇♦ ❢♦r♠✉❧❛s ❤❛✈❡ ❜❡❡♥ ❛❧r❡❛❞② ❡①♣❧❛✐♥❡❞✳ ❲❡ ❞❡❛❧ ❤❡r❡ ❜② t❤❡ t❤✐r❞ ❛♥❞ t❤❡ ❢♦✉rt❤

❢♦r♠✉❧❛s✳

✸©





θ0(z1 + z2)θ2(z1 − z2) =
c0θ0(z1)θ2(z1)θ1(z2)θ3(z2)− c2

(
θ21(z1)θ

2
1(z2) + θ23(z1)θ

2
3(z2)

)

c2
,

θ1(z1 + z2)θ2(z1 − z2) = c0

(
θ0(z1)θ3(z1)θ1(z2)θ2(z2) + θ1(z1)θ2(z1)θ0(z2)θ3(z2)

)

−2c2
(
θ0(z1)θ3(z2)θ0(z2)θ3(z2) + θ1(z1)θ2(z1)θ1(z2)θ2(z2)

)
,

θ2(z1 + z2)θ2(z1 − z2) =
c0

(
θ20(z1)θ

2
2(z2) + θ22(z1)θ

2
0(z2)

)
− 4c2θ1(z1)θ3(z1)θ1(z2)θ3(z2)

c0
,

θ3(z1 + z2)θ2(z1 − z2) = c0

(
θ0(z1)θ1(z1)θ2(z2)θ3(z2) + θ2(z1)θ3(z1)θ0(z2)θ1(z2)

)

−2c2
(
θ0(z1)θ1(z1)θ0(z2)θ1(z2) + θ2(z1)θ3(z1)θ2(z2)θ3(z2)

)
.

✹©





θ0(z1 + z2)θ3(z1 − z2) = c0

(
θ0(z1)θ3(z1)θ0(z2)θ1(z2) + θ1(z1)θ2(z1)θ2(z2)θ3(z2)

)

−2c2
(
θ0(z1)θ3(z1)θ2(z2)θ3(z2) + θ1(z1)θ2(z1)θ0(z2)θ1(z2)

)
,

θ1(z1 + z2)θ3(z1 − z2) =
c0

(
θ20(z1)θ

2
1(z2) + θ22(z1)θ

2
3(z2)

)
− 4c2θ1(z1)θ3(z1)θ0(z2)θ2(z2)

c0
,

θ2(z1 + z2)θ3(z1 − z2) = c0

(
θ0(z1)θ1(z1)θ1(z1)θ2(z2) + θ2(z1)θ3(z1)θ0(z2)θ3(z2)

)

−2c2
(
θ0(z1)θ1(z1)θ0(z2)θ3(z2) + θ2(z1)θ3(z1)θ1(z2)θ2(z2)

)
,

θ3(z1 + z2)θ3(z1 − z2) =
c0θ0(z1)θ2(z1)θ1(z2)θ3(z2)− c2

(
θ21(z1)θ

2
0(z2) + θ23(z1)θ

2
2(z2)

)

c2
.

✳✼ ❙❛❣❡ ✈❡r✐✜❝❛t✐♦♥ ✿ ❆❞❞✐t✐♦♥ ❛♥❞ ❞♦✉❜❧✐♥❣ ♦❢ ♣♦✐♥ts ♦♥

▲❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧

❚❤✐s s❛❣❡ s❝r✐♣t ✈❡r✐✜❡s t❤❛t ❛❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ❛r❡ ✈❛❧✐❞✳

✴✴✴✴✴✴✴✴✴❆❞❞✐t✐♦♥ ❢♦r♠✉❧❛s ❛♥❞ ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ❧❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧✴✴✴✴✴✴✴✴✴✴

❘✳❁❝✵✱❝✷✱❳✵✱❳✶✱❳✷✱❳✸✱❨✵✱❨✶✱❨✷✱❨✸❃ ❂ ◗◗❬❪

❧❜❞ ❂ ❝✵❫✷ ✰ ✹✯❝✷❫✷❀

▲❇ ❂ ♥✉♠❡r❛t♦r✭❧❜❞ ✲✶✴✭❝✵✯❝✷✮✮

❊✶ ❂ ♥✉♠❡r❛t♦r✭❳✵❫✷ ✰ ❳✷❫✷ ✲ ❧❜❞✯❳✶✯❳✸✮❀

❊✷ ❂ ♥✉♠❡r❛t♦r✭❳✶❫✷ ✰ ❳✸❫✷ ✲ ❧❜❞✯❳✵✯❳✷✮

❋✶ ❂ ♥✉♠❡r❛t♦r✭❨✵❫✷ ✰ ❨✷❫✷ ✲ ❧❜❞✯❨✶✯❨✸✮❀

❋✷ ❂ ♥✉♠❡r❛t♦r✭❨✶❫✷ ✰ ❨✸❫✷ ✲ ❧❜❞✯❨✵✯❨✷✮

❙ ❂ ❘✳q✉♦✭❬❊✶✱❊✷✱❋✶✱❋✷✱▲❇❪✮
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✳✼ ❙❛❣❡ ✈❡r✐✜❝❛t✐♦♥✿ ❆❞❞✐t✐♦♥ ❛♥❞ ❞♦✉❜❧✐♥❣ ♦❢ ♣♦✐♥ts ♦♥ ▲❡✈❡❧ ✹ t❤❡t❛ ♠♦❞❡❧ ✶✶✵

❩✵ ❂ ✭❳✵❫✷✯❨✵❫✷ ✰ ❳✷❫✷✯❨✷❫✷✮ ✲ ✹✯✭❝✷✴❝✵✮✯❳✶✯❳✸✯❨✶✯❨✸

❩✶ ❂ ❝✵✯✭❳✵✯❳✶✯❨✵✯❨✶ ✰ ❳✷✯❳✸✯❨✷✯❨✸✮ ✲ ✷✯❝✷✯✭❳✷✯❳✸✯❨✵✯❨✶ ✰ ❳✵✯❳✶✯❨✷✯❨✸✮

❩✷ ❂ ✭❳✶❫✷✯❨✶❫✷ ✰ ❳✸❫✷✯❨✸❫✷✮ ✲ ✹✯✭❝✷✴❝✵✮✯❳✵✯❨✵✯❳✷✯❨✷

❩✸ ❂ ❝✵✯✭❳✵✯❳✸✯❨✵✯❨✸ ✰ ❳✶✯❳✷✯❨✶✯❨✷✮ ✲ ✷✯❝✷✯✭❳✵✯❳✸✯❨✶✯❨✷ ✰ ❳✶✯❳✷✯❨✵✯❨✸✮

●✶ ❂ ❩✵❫✷ ✰ ❩✷❫✷ ✲ ❧❜❞✯❩✶✯❩✸❀ ●✷ ❂ ❩✶❫✷ ✰ ❩✸❫✷ ✲ ❧❜❞✯❩✵✯❩✷

❙✭♥✉♠❡r❛t♦r✭●✶✮✮ ❂❂ ✵❀ ❙✭♥✉♠❡r❛t♦r✭●✷✮✮ ❂❂ ✵

❯✶❂❳✵✯❳✶❀ ❱✶❂❳✷✯❳✸❀ ❯✷❂❨✵✯❨✶❀ ❱✷❂❨✷✯❨✸

❆❂❳✵✯❨✵❀ ❇❂❳✶✯❨✶❀ ❈❂ ❳✷✯❨✷❀ ❉❂❳✸✯❨✸❀ ❊❂❆❫✷ ❀ ❋❂❇❫✷

●❂❈❫✷❀ ❍❂❉❫✷❀ ❩✵❂❊✰●✰✭✭✷✯❝✷✮✴❝✵✮✯✭✭❇✲❉✮❫✷✲❋✲❍✮❀

❩✷❂❋✰❍✰✭✭✷✯❝✷✮✴❝✵✮✯✭✭❆✲❈✮❫✷✲❊✲●✮❀ ■❂✭✶✴✷✮✯✭✭❆✰❇✮❫✷✲❊✲❋✮❀
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                     VU :                                                                                         VU : 

         Le Directeur de Thèse                                                Le Responsable de l'Écol e Doctorale 
                 (Nom et Prénom) 

             
                                                                                                         
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                              VU pour autorisation de soutenance 
 

                                              Rennes, le  

 
Le Président de l'Université de Rennes 1 

 

 
              Guy CATHELINEAU 

 
 

                           VU  après soutenance pour autorisation de publicati on :  
 

                                    Le Président  d e  Jury,  
                                                                                                            (Nom et Prénom) 



❘❊❙❯▼❊

❆❧♦rs q✉✬✐♥✐t✐❛❧❡♠❡♥t ✉t✐❧✐sés ♣♦✉r rés♦✉❞r❡ ❧❡ Pr♦❜❧è♠❡ ❞✉ ▲♦❣❛r✐t❤♠❡ ❉✐s❝r❡t ✭❉▲P✮ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡ ♣♦✐♥ts
❞✬✉♥❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ ❬✽❪✱ ❬✺❪✱ ❧❡s ❝♦✉♣❧❛❣❡s s♦♥t très à ❧❛ ♠♦❞❡ ❡♥ ❝r②♣t♦❣r❛♣❤✐❡ ❝❡s ❛♥♥é❡s ❝❛r ✐❧s ♣❡r♠❡tt❡♥t ❞❡
❝♦♥str✉✐r❡ ❞❡ ♥♦✉✈❡❛✉① ♣r♦t♦❝♦❧❡s ❝r②♣t♦❣r❛♣❤✐q✉❡s ❬✸❪✱ ❬✼❪✱ ❬✶❪✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ ❝❛❧❝✉❧ ❡✣❝❛❝❡ ❞✉ ❝♦✉♣❧❛❣❡ ❞é♣❡♥❞
❞❡ ❧✬❛r✐t❤♠ét✐q✉❡ ❞✉ ♠♦❞è❧❡ ❞❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ ❝❤♦✐s✐ ❡t ❞✉ ❝♦r♣s s✉r ❧❡q✉❡❧ ❝❡tt❡ ❝♦✉r❜❡ ❡st ❞é✜♥✐❡✳ ❉❛♥s ❝❡tt❡
t❤ès❡✱ ♥♦✉s ❝❛❧❝✉❧♦♥s ❧❡ ❝♦✉♣❧❛❣❡ s✉r ❞❡✉① ♠♦❞è❧❡s ❞❡ ❏❛❝♦❜✐ ❞❡ ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ♣✉✐s ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❡t
ét✉❞✐♦♥s ❧✬❛r✐t❤♠ét✐q✉❡ ❞✬✉♥ ♥♦✉✈❡❛✉ ♠♦❞è❧❡ ❞✬❊✇❛r❞s ❞❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡s ❞é✜♥✐ ❡♥ t♦✉t❡s ❝❛r❛❝tér✐st✐q✉❡s✳ P❧✉s
♣ré❝✐sé♠❡♥t✱ ◆♦✉s ✉t✐❧✐s♦♥s ❧✬✐♥t❡r♣rét❛t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ❣r♦✉♣❡ s✉r ❧✬✐♥t❡rs❡❝t✐♦♥ ❞❡s q✉❛❞r✐q✉❡s ❞❡
❏❛❝♦❜✐ ♣♦✉r ♦❜t❡♥✐r ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✱ ❧❡s ❢♦r♠✉❧❡s ❡①♣❧✐❝✐t❡s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ▼✐❧❧❡r ♣♦✉r ❧❡
❝❛❧❝✉❧ ❞✉ ❝♦✉♣❧❛❣❡ ❞❡ ❚❛t❡ s✉r ❝❡tt❡ ❝♦✉r❜❡✳ P♦✉r ✉♥ ❝❛❧❝✉❧ ❞❡ ❝♦✉♣❧❛❣❡ ❛✈❡❝ ✉♥ ❞❡❣ré ❞❡ ♣❧♦♥❣❡♠❡♥t ♣❛✐r✱ ♥♦✉s
❞é✜♥✐ss♦♥s ❧❛ t♦r❞✉❡ q✉❛❞r❛t✐q✉❡ ♣♦✉r ♦❜t❡♥✐r ❞❡s ét❛♣❡s ❞❡ ❞♦✉❜❧❡♠❡♥t ❡t ❞✬❛❞❞✐t✐♦♥ ❡✣❝❛❝❡s ❞❛♥s ❧✬❛❧❣♦r✐t❤♠❡
❞❡ ▼✐❧❧❡r✳ ❊♥s✉✐t❡ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥ ✐s♦♠♦r♣❤✐s♠❡ ❡♥tr❡ ❧❛ q✉❛rt✐q✉❡ s♣é❝✐❛❧❡ ❞❡ ❏❛❝♦❜✐ Ed : Y 2 = dX4 + Z4 ❡t
❧❡ ♠♦❞è❧❡ ❞❡ ❲❡✐❡rstr❛ss ♣♦✉r ♦❜t❡♥✐r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ▼✐❧❧❡r ♥é❝❡ss❛✐r❡ ❛✉ ❝❛❧❝✉❧ ❞✉ ❝♦✉♣❧❛❣❡ ❞❡ ❚❛t❡✳ P♦✉r ✉♥
❞❡❣ré ❞❡ ♣❧♦♥❣❡♠❡♥t ❞✐✈✐s✐❜❧❡ ♣❛r 4✱ ♥♦✉s ❞é✜♥✐ss♦♥s ❧❛ t♦r❞✉❡ ❞✬♦r❞r❡ 4 ❞❡ ❝❡tt❡ ❝♦✉r❜❡ ♣♦✉r ♦❜t❡♥✐r ✉♥ rés✉❧t❛t
♠❡✐❧❧❡✉r ❞✉ ❝❛❧❝✉❧ ❞✉ ❝♦✉♣❧❛❣❡ ❞❡ ❚❛t❡ ♣❛r r❛♣♣♦rt ❛✉① ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s s♦✉s ❢♦r♠❡ ❞❡ ❲❡✐❡rstr❛ss✳ ◆♦tr❡ rés✉❧t❛t
❛♠é❧✐♦r❡ ❡♥ ♠ê♠❡ t❡♠♣s ❧❡s ❞❡r♥✐❡rs rés✉❧t❛ts ♦❜t❡♥✉s s✉r ❝❡tt❡ ❝♦✉r❜❡ ❬✾❪✳ ❈❡ rés✉❧t❛t ❡st ❞♦♥❝ ❧❡ ♠❡✐❧❧❡✉r ❝♦♥♥✉
à ❝❡ ❥♦✉r✱ à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞✉ ❝♦✉♣❧❛❣❡ ❞❡ ❚❛t❡ s✉r ❧❡s ❝♦✉r❜❡s ♣♦ssé❞❛♥t ❞❡s t♦r❞✉❡s ❞✬♦r❞r❡
4✳ ❊♥ ✷✵✵✻✱ ❍❡ss ❡t ❛❧✳ ✐♥tr♦❞✉✐s❡♥t ❞❛♥s ❬✻❪ ❧❡ ❝♦✉♣❧❛❣❡ ❆t❡✱ q✉✐ ❡st ✉♥❡ ✈❡rs✐♦♥ ❛♠é❧✐♦ré❡ ❞✉ ❝♦✉♣❧❛❣❡ ❞❡ ❚❛t❡✳
◆♦✉s ❝❛❧❝✉❧♦♥s ❝❡ ❝♦✉♣❧❛❣❡ ❡t s❡s ✈❛r✐❛♥t❡s s✉r ❧❛ ♠ê♠❡ q✉❛rt✐q✉❡✳ ◆♦✉s ② ♦❜t❡♥♦♥s ❡♥❝♦r❡ ❞❡s rés✉❧t❛ts ♠❡✐❧❧❡✉rs✳
◆♦tr❡ tr♦✐s✐è♠❡ ❝♦♥tr✐❜✉t✐♦♥ ❡st ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥ ♥♦✉✈❡❛✉ ♠♦❞è❧❡ ❞✬❊❞✇❛r❞s ❞❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ ❞✬éq✉❛t✐♦♥
1 + x2 + y2 + x2y2 = λxy✳ ❈❡ ♠♦❞è❧❡ ❡st ♦r❞✐♥❛✐r❡ s✉r ❧❡s ❝♦r♣s ❞❡ ❝❛r❛❝tér✐st✐q✉❡ ✷ ❡t ♥♦✉s ♠♦♥tr♦♥s q✉✬✐❧ ❡st
❜✐r❛t✐♦♥♥❡❧❧❡♠❡♥t éq✉✐✈❛❧❡♥t ❛✉ ♠♦❞è❧❡ ♦r✐❣✐♥❛❧ ❞✬❊❞✇❛r❞s x2 + y2 = c2(1 + x2y2) ❬✹❪ ❡♥ ❝❛r❛❝t❡r✐st✐q✉❡ ❞✐✛ér❡♥t❡
❞❡ ✷✳ P♦✉r ❝❡ ❢❛✐t✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ t❤é♦r✐❡ ❞❡s ❢♦♥❝t✐♦♥s t❤êt❛ ❡t ✉♥ ♠♦❞è❧❡ ✐♥t❡r♠é❞✐❛✐r❡ q✉❡ ♥♦✉s ❛♣♣❡❧♦♥s
♠♦❞è❧❡ t❤êt❛ ❞❡ ♥✐✈❡❛✉ 4✳ ◆♦✉s ✉t✐❧✐s♦♥s ❧❡s r❡❧❛t✐♦♥s ❞❡ ❘✐❡♠❛♥♥ ❞❡s ❢♦♥❝t✐♦♥s t❤êt❛ ♣♦✉r ét✉❞✐❡r ❧✬❛r✐t❤♠ét✐q✉❡
❞❡ ❝❡s ❞❡✉① ❝♦✉r❜❡s✳ ◆♦✉s ♦❜t❡♥♦♥s ❞✬✉♥❡ ♣❛rt ✉♥❡ ❧♦✐ ❞❡ ❣r♦✉♣❡ ❝♦♠♣❧èt❡✱ ✉♥✐✜é❡ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❝♦♠♣ét✐t✐✈❡ ❡♥
❝❛r❛❝tér✐st✐q✉❡ ✷ ❡t ❞✬❛✉tr❡ ♣❛rt ♥♦✉s ♣rés❡♥t♦♥s ❧❡s ♠❡✐❧❧❡✉r❡s ❢♦r♠✉❧❡s ❞✬❛❞❞✐t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ s✉r ❧❡ ♠♦❞è❧❡ t❤êt❛
❞❡ ♥✐✈❡❛✉ ✹✳

❆❇❙❚❘❆❈❚

❲❤✐❧❡ ✜rst ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ❉✐s❝r❡t❡ ▲♦❣❛r✐t❤♠ Pr♦❜❧❡♠ ✭❉▲P✮ ✐♥ t❤❡ ❣r♦✉♣ ♦❢ ♣♦✐♥ts ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❬✽❪✱ ❬✺❪✱
❜✐❧✐♥❡❛r ♣❛✐r✐♥❣s ❛r❡ ♥♦✇ ✉s❡❢✉❧ t♦ ❝♦♥str✉❝t ♠❛♥② ♣✉❜❧✐❝ ❦❡② ♣r♦t♦❝♦❧s ❬✸❪✳ ❚❤❡ ❡✣❝✐❡♥❝② ♦❢ ♣❛✐r✐♥❣s ❝♦♠♣✉t❛t✐♦♥
❞❡♣❡♥❞s ♦♥ t❤❡ ❛r✐t❤♠❡t✐❝ ♦❢ t❤❡ ♠♦❞❡❧ ❝❤♦s❡♥ ❢♦r t❤❡ ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❛♥❞ ♦❢ t❤❡ ❜❛s❡ ✜❡❧❞ ✇❤❡r❡ t❤❡ ❝✉r✈❡ ✐s ❞❡✜♥❡❞✳
■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❝♦♠♣✉t❡ ❛♥❞ ✐♠♣❧❡♠❡♥t ♣❛✐r✐♥❣s ♦♥ ❡❧❧✐♣t✐❝ ❝✉r✈❡s ♦❢ ❏❛❝♦❜✐ ❢♦r♠s ❛♥❞ ✇❡ st✉❞② t❤❡ ❛r✐t❤♠❡t✐❝
♦❢ ❛ ♥❡✇ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❞❡✜♥❡❞ ♦✈❡r ❛♥② ✜♥✐t❡ ✜❡❧❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❲❡ ✉s❡ t❤❡ ❣❡♦♠❡tr✐❝
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ❧❛✇ ♦❢ ❏❛❝♦❜✐ ✐♥t❡rs❡❝t✐♦♥ ❝✉r✈❡s t♦ ♦❜t❛✐♥ t❤❡ ✜rst ❡①♣❧✐❝✐t ❢♦r♠✉❧❛s ❢♦r t❤❡ ▼✐❧❧❡r
❢✉♥❝t✐♦♥ ✐♥ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ✐♥ t❤✐s ❝❛s❡✳ ❋♦r ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ❡✈❡♥ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡✱ ✇❡ ❞❡✜♥❡
❛♥❞ ✉s❡ t❤❡ q✉❛❞r❛t✐❝ t✇✐st ♦❢ t❤✐s ❝✉r✈❡ t♦ ♦❜t❛✐♥ ❡✣❝✐❡♥t ❢♦r♠✉❧❛s ✐♥ t❤❡ ❞♦✉❜❧✐♥❣ ❛♥❞ ❛❞❞✐t✐♦♥ st❛❣❡s ✐♥ ▼✐❧❧❡r✬s
❛❧❣♦r✐t❤♠✳ ▼♦r❡♦✈❡r✱ ❢♦r ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ ❡♠❜❡❞❞✐♥❣ ❞❡❣r❡❡ ❞✐✈✐s✐❜❧❡ ❜② 4 ♦♥ t❤❡ s♣❡❝✐❛❧ ❏❛❝♦❜✐ q✉❛rt✐❝
❡❧❧✐♣t✐❝ ❝✉r✈❡ Ed : Y 2 = dX4 + Z4✱ ✇❡ ❞❡✜♥❡ ❛♥❞ ✉s❡ ✐ts q✉❛rt✐❝ t✇✐st t♦ ♦❜t❛✐♥ ❛ ❜❡st r❡s✉❧t ✇✐t❤ r❡s♣❡❝t t♦
❲❡✐❡rstr❛ss ❝✉r✈❡s ❬✷❪✳ ❖✉r r❡s✉❧t ✐s ❛t t❤❡ s❛♠❡ t✐♠❡ ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❛ r❡s✉❧t r❡❝❡♥t❧② ♦❜t❛✐♥❡❞ ♦♥ t❤✐s ❝✉r✈❡
❬✾❪✱ ❛♥❞ ✐s t❤❡r❡❢♦r❡✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❜❡st r❡s✉❧t t♦ ❞❛t❡ ♦♥ ❚❛t❡ ♣❛✐r✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ❛♠♦♥❣ ❛❧❧ ❝✉r✈❡s ✇✐t❤
q✉❛rt✐❝ t✇✐sts✳ ■♥ ✷✵✵✻✱ ❍❡ss ❡t ❛❧✳ ✐♥tr♦❞✉❝❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ❆t❡ ♣❛✐r✐♥❣ ❬✻❪ ✇❤✐❝❤ ✐s ❛♥ ✐♠♣r♦✈✐♥❣ ✈❡rs✐♦♥ ♦❢ t❤❡
❚❛t❡ ♣❛✐r✐♥❣✳ ❲❡ ❡①t❡♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤✐s ♣❛✐r✐♥❣ ❛♥❞ ✐ts ✈❛r✐❛t✐♦♥s t♦ t❤❡ ❝✉r✈❡ Ed✳ ❆❣❛✐♥ ♦✉r t❤❡♦r❡t✐❝❛❧
r❡s✉❧ts s❤♦✇ t❤❛t t❤✐s ❝✉r✈❡ ♦✛❡rs t❤❡ ❜❡st ♣❡r❢♦r♠❛♥❝❡s ❝♦♠♣❛r❛t✐✈❡❧② t♦ ♦t❤❡r ❝✉r✈❡s ✇✐t❤ q✉❛rt✐❝ t✇✐sts✱ ❡s♣❡❝✐❛❧❧②
❲❡✐❡rtr❛ss ❝✉r✈❡s✳ ❆s ❛ t❤✐r❞ ❝♦♥tr✐❜✉t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❊❞✇❛r❞s ♠♦❞❡❧ ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ✇✐t❤ ❡q✉❛t✐♦♥
1 + x2 + y2 + x2y2 = λxy✳ ❚❤✐s ♠♦❞❡❧ ✐s ♦r❞✐♥❛r② ♦✈❡r ❜✐♥❛r② ✜❡❧❞s ❛♥❞ ✇❡ s❤♦✇ t❤❛t ✐t ✐s ❜✐r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❊❞✇❛r❞s ♠♦❞❡❧ x2 + y2 = c2(1 + x2y2) ♦❢ ❬✹❪ ♦✈❡r ♥♦♥✲❜✐♥❛r② ✜❡❧❞s✳ ❋♦r t❤✐s✱ ✇❡ ✉s❡ t❤❡ t❤❡♦r②
♦❢ t❤❡t❛ ❢✉♥❝t✐♦♥s t♦ ♦❜t❛✐♥ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ♠♦❞❡❧ t❤❛t ✇❡ ❝❛❧❧ t❤❡ ❧❡✈❡❧ 4 t❤❡t❛ ♠♦❞❡❧✳ ❲❡ st✉❞② t❤❡ ❛r✐t❤♠❡t✐❝
♦❢ t❤❡s❡ ❝✉r✈❡s✱ ✉s✐♥❣ ❘✐❡♠❛♥♥ r❡❧❛t✐♦♥s ♦❢ t❤❡t❛ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❣r♦✉♣ ❧❛✇s ❛r❡ ❝♦♠♣❧❡t❡✱ ✉♥✐✜❡❞✱ ❡✣❝✐❡♥t ❛♥❞ ❛r❡
♣❛rt✐❝✉❧❛r❧② ❝♦♠♣❡t✐t✐✈❡ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ✷✳ ❖✉r ❢♦r♠✉❧❛s ❢♦r ❞✐✛❡r❡♥t✐❛❧ ❛❞❞✐t✐♦♥ ♦♥ t❤❡ ❧❡✈❡❧ ❢♦✉r t❤❡t❛ ♠♦❞❡❧ ♦✈❡r
❜✐♥❛r② ✜❡❧❞s ❛r❡ t❤❡ ❜❡st t♦ ❞❛t❡ ❛♠♦♥❣ ✇❡❧❧ ❦♥♦✇♥ ♠♦❞❡❧s ♦❢ ❡❧❧✐♣t✐❝ ❝✉r✈❡s✳

✶


