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Théoremes asymptotiques pour les équations de
Boltzmann et de Landau

Résumeé. Nous nous intéressons dans cette these a la théorie cinétique et aux systémes
de particules dans le cadre des équations de Boltzmann et Landau. Premiérement,
nous étudions la dérivation des équations cinétiques comme des limites de champ
moyen des systémes de particules, en utilisant le concept de propagation du chaos.
Plus précisément, nous étudions les probabilités chaotiques sur I’espace de phase de ces
systemes de particules : la sphére de Boltzmann, qui correspond a l’espace de phase
d’un systeme de particules qui évolue conservant le moment et ’énergie ; et la sphere de
Kac, correspondant a un systeme de particules qui conserve seulement 1’énergie. Ensuite,
nous nous intéressons a la propagation du chaos, avec des estimations quantitatives et
uniforme en temps, pour les équations de Boltzmann et Landau. Deuxieémement, nous
étudions le comportement asymptotique en temps grand des solutions de I’équation de
Landau.

Mots-clés. théorie cinétique ; systemes de particules; équation de Landau; équation de
Boltzmann ; processus a sauts; limite de champ moyen ; chaos ; chaos entropique ; Fisher
chaos ; propagation du chaos; entropie; théoréme central limite ; retour a 1’équilibre ;
convergence exponentielle ; trou spectral ; hypodissipativité ; molécules maxwelliennes ;
potentiels durs; collisions rasantes.

Asymptotic theorems for Boltzmann and Landau
equations

Abstract. This thesis is concerned with kinetic theory and many-particle systems in
the setting of Boltzmann and Landau equations. Firstly, we study the derivation of
kinetic equation as mean field limits of many-particle systems, using the concept of
propagation of chaos. More precisely, we study chaotic probabilities on the phase space
of such particle systems : the Boltzmann’s sphere, which corresponds to the phase space
of a many-particle system undergoing a dynamics that conserves momentum and energy ;
and the Kac’s sphere, which corresponds to the energy conservation only. Then we are
concerned with the propagation of chaos, with quantitative and uniform in time estimates,
for Boltzmann and Landau equations. Secondly, we study the long-time behaviour of
solutions to the Landau equation.

Keywords. kinetic theory ; many-particle system ; Landau equation ; Boltzmann equa-
tion; jump process; mean field limit ; chaos; entropic chaos; Fisher chaos; propagation
of chaos; entropy ; central limit theorem ; relaxation to equilibrium ; exponential conver-
gence ; spectral gap ; hypodissipativity ; maxwellian molecules ; hard potentials; grazing
collisions.
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Introduction générale

Considérons un systéme composé d'un grand nombre de particules (ou plus gé-
néralement d’éléments) que nous supposons toujours identiques. Alors la description
d’un tel systeme consisterait a étudier les trajectoires de toutes ses particules au cours
du temps, ce qui est inacessible dii au grand nombre de particules en jeu. Une autre
fagon d’étudier ce systéme serait de remplacer la description microscopique par une
description macroscopique, c’est-a-dire, considérer seulement les observables du systeme
(les quantités que I'on peut effectivement mesurer).

La théorie cinétique propose un niveau de description intermédiaire, le niveau méso-
scopique, dans lequel nous nous intéressons au comportement typique d’une particule
plutét qu’a I'analyse detaillée de chacune. Dans cette description statistique, I'inconnue
est la densité de probabilité d’une particule dans son espace d’état. Ainsi ’objectif de la
théorie cinétique est de simplifier la description d’un systeme de particules, en fournissant
un nouveau modele qui préserve les informations physiques intéressantes du systéme.

En résumant, nous avons les différents niveaux de description :

Echelle microscopique description compléte du systéme, les inconnues sont I'état de
toutes les particules (lois de Newton).

Echelle mésoscopique description statistique, I'inconnue est la fonction de distribu-
tion d’une particule (équations de Boltzmann, de Landau, de Vlasov, etc).

Echelle macroscopique description macroscopique, les inconnues sont les observables
du systeme, tel la densité, vitesse moyene, temperature (équations de Navier-Stokes,
d’Euler).

Cette these s’insere dans le contexte de la théorie cinétique et des systémes de
particules, dans lequel nous nous intéressons a deux types de probléemes :

— obtention des modeles cinétiques a partir de systemes de particules, ce qui
correspond au passage du niveau microscopique au niveau mésoscopique ;

— étude qualitative et quantitative des modeles cinétiques.

Plus précisément, la premiere partie est consacrée a la dérivation d’équations ciné-
tiques en utilisant les concepts des limite de champ moyen et de la propagation du chaos,
pour les modeles de Landau et Boltzmann. La deuxiéme partie est consacrée a 1’étude
du retour vers 1’équilibre pour 1’équation cinétique de Landau spatialement homogene.
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1 Limite de champ moyen et propagation du chaos

Nous présentons le probleme du passage du niveau microscopique au niveau mésosco-
pique. Nous présenterons dans un premier temps deux problémes historiques importants
et nous discuterons ensuite des concepts de limite de champ moyen et propagation du
chaos.

Problémes historiques et approche de Kac

Concernant la dérivation des modeles cinétiques, il existe deux problemes ouverts
importants et difficiles a résoudre en théorie cinétique :

— Dériver rigoureusement 1’équation de Boltzmann inhomogeéne en espace a partir
d’un systeme de particules évoluant selon les lois de Newton. La bonne échelle
pour ce probléme est connue, c’est la limite de Boltzmann-Grad (ou limite a
faible densité), voir [41]. Ce probléme a été résolue partiellement (pour des temps
courts) par Lanford [51].

— Dériver rigoureusement 1’equation de Vlasov-Poisson (particules intéragissant a
travers le potentiel coulombien) & partir d’un systéme de particules évoluant selon
les lois de Newton. La bonne échelle pour ce probleme est une limite de champ
moyen. Ce probléeme a été résolue dans le cas des potentiels réguliers par Braun
et Hepp [10] et Dobrushin [31], pour des potentiels singuliers par Hauray et Jabin
[45, 44], mais le cas du potentiel coulombien reste encore ouvert.

Dans son célebre article sur les fondations de la théorie cinetique, Kac [49] propose
un probleme plus simple :

— Dériver rigoureusement 1’équation de Boltzmann homogéne en espace a partir
d’un systéme de particules qui suit une évolution donné par un processus de
Markov (plus précisément un processus a sauts). Nous avons encore ici une limite
de champ moyen. Le probleme a été résolue par Kac [49] pour un modeéle simplifié
unidimensionelle (modele de Kac). Cette aproche peut étre utilisée pour d’autres
équations cinétiques, comme par exemple pour I’équation de Landau homogene
qui est etudié dans le Chapitre 3.

Pour étudier ce probleme Kac introduit rigoureusement la notion de chaos (voir
définition 1), qui apparait déja dans les travaux de Boltzmann sou le nom de « stoss-
zahlansatz » (chaos moléculaire), et étudie la propagation du chaos. Ensuite il montre
comment on obtient ’équation cinétique limite a partir de la propriété de propagation
du chaos. En outre, comme dans ce cadre le systéme de particules et I’équation cinétique
limite sont dissipatifs, Kac pose la question de relier leur comportement asymptotique.
Ce programme est connu aujourd’hui sous le nom de « Programme de Kac ».

Le systéeme a N particules

Essayons maintenant de formaliser le probleme. On considére un espace polonais
E et on note P(E) l'espace de mesures de probabilité sur E. On note aussi Psym (E™)
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’espace de mesures de probabilités symétriques sur EYV, plus précisément, on dit que
FN ¢ P(EN) est symétrique si

Vo € Cy(EN), / oy dFN :/ pdFN
EN EN
pour toute permutation o de {1,..., N}, ou l'on note
VZ=(z,...,2y) € EN o = 0(Zs) = P(25(1)s - - 1 Za(N))-

Pour FN € Py (EN) et un entier 1 < ¢ < N, on note F}¥ ou Ily(FY) € P(E") la (-ieme
marginale de FV définie par
EN = / N
EN—¢

ce qui veut dire, plus précisément,
Ve Cy(EY, / pdF) = / 0 ® 1800 gpN.
jol EN

Considérons un systéme de N particules dont chacune est décrite par sa variable
d’état z € E, ou F représente 'espace de configurations admissibles. Typiquement, z
représente la position de la particule z = x et ’espace de configuration est un domaine
E = Q c R?%; ou z représente la vitesse de la particule z = v et E = R?%; ou encore
z représente le couple position et vitesse z = (z,v) et E = Q X R?. Un systéeme de N
particules est donc décrit par la variable

ZN = (21, 29, ..., 2n) € EV.

Supposons de plus que les particules sont indistinguables, ainsi le systéme est invariant
par permutation des indices et donc

ZN = (21,252,.--,ZN) € EN/GNa

ou Sy est I'espace de permutations de {1,..., N}.

Considérons pour la suite un temps d’observation T" > 0 et supposons que le systéme
de particules soit décrit par une équation d’évolution : pour tout ¢ € [0, 7], nous avons

ZN(t) : solution d’une équation d’évolution sur EV /S y. (1)
Dans le cas d’un systéme stochastique, nous pouvons aussi le décrire en utilisant la
densité de probabilité FN(t) € Psym(EY) correspondant a la loi de la variable aléatoire

ZN(t) € EN /Sy, ainsi pour tout ¢ € [0, 7],

FN(t) : solution d'une équation d’évolution sur Py, (E™). (2)
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Le modeéle cinétique limite

Nous souhaitons établir une description statistique du systéme dans la limite ou
le nombre de particules tend vers 'infini. Pour que cette question ait un sens, il faut
que le probléeme soit observé a la bonne échelle et aussi identifier un objet limite.
Plus précisément, nous allons nous intéresser & des « limites de champ moyen » qui
correspondent au cas ou l'action de chaque particule du systéme est de 'ordre O(1/N),
mais que I’action moyenne est de I'ordre O(1). Les objets qui décrivent le systéme limite
sont soit une densité de probabilité f € P(F) décrivant la distribution de particules, soit
un processus stochastique Z € E (de loi f) décrivant le comportement d’une particule
typique.

Pour tout ZV = (z1,...,2x) € EV on peut définir la mesure empirique par

uY BN - P(E)

| (3)
N N . _
s s DI

Pour obtenir la convergence du systeme de N particules vers le modele cinétique limite
associé, nous pouvons montrer que, pout tout ¢ € [0, 7], il existe f(t) € P(E) tel que

,ugN(t) — f(t) faiblement dans P(F) lorsque N — oo, (4)

ou encore,
FN(t) — f(t) faiblement dans P(E) lorsque N — co. (5)

Les convergences (4) et (5) montrent que la distribution moyenne des particules converge
vers une distribution typique. En revanche, (4) ne marche que dans le cas déterministe
et avec seulement I'information (5) on peut ne pas étre capable d’identifier la limite.

Une autre fagon de procéder est d’utiliser ’approche proposé par Kac [49], en utilisant
la notion de chaos et propagation du chaos. L’idée de cette notion est : une variable
aléatoire ZV est chaotique si elle est une variable aléatoire de coordonnées indépendantes
dans 'asymptotique N — oc.

Définition 1 (Chaos). Soient f € P(F) et une suite des mesures de probabilités
(FN)Nen+ € Psym(EN). On dit que FV est f-chaotique (ou f-Kac chaotique) si pour
tout entier positive £ fixé, on a

FZN — f®¢ faiblement dans P(EE) lorsque N — oo, (6)

olt B}V est la f-itme marginale de FV. On rappelle que la convergence faible dans P(E*)
est donnée par la convergence des intégrales contre des fonctions continues bornées
o € Cy(E").

On remarque que la propiété de chaos (6) implique les convergences (4) et (5). De
plus, la convergence (6) pour tout ¢ € N* est équivalente a (6) pour £ = 2, le point clé
étant ’hypothese de symétrie (voir [70]).



1. LIMITE DE CHAMP MOYEN ET PROPAGATION DU CHAOS 5

Avec cette notion, nous pouvons obtenir 1’équation cinétique limite associée au
systeme de N particules en démontrant la propagation du chaos, ce qui consiste a
prouver

F™N(0) est f(0)-chaotique implique FN(t) est f(t)-chaotique.

Proposons une autre formulation du chaos. Si F¥ € Py (EY) est la loi de ZV €
EN /&y, alors la loi de pfy € P(E) est FY € P(P(E)) donnée par

v € Cy(P(E)) LL@;NMFNMm:iéN@m%ﬁFNMZW- (7)
Pour tout f € P(E) on définit la mesure de probabilité §; € P(P(E)) par
veeGPE) [ @)isdp) = o)) 8)

Le chaos (6) est équivalent &

FN —~§;  faiblement dans P(P(FE)) lorsque N — oo. 9)

Nous pouvons aussi nous intéresser a des versions quantitatives du chaos, plus
précisément obtenir des estimations du type

(FY = 124 0)| < CO)e(N),

pour tout ¢ € Cy(E*) avec ||| < 1, pour une constante C'(¢) > 0 dépendant possiblement
de ¢ et une fonction constructive e(N) — 0 quand N — oo. Bien siir, une autre possibilité
serait de remplacer le membre de gauche de la derniere equation par une distance sur
I’espace des probabilités, comme par exemple les distances de Wasserstein.

Dans cette thése nous nous intéressons aux limites de champ moyen et a la propagation
du chaos avec des applications aux modeles de Landau et Boltzmann, présentés ci-dessous.
Premierement, nous étudions les familles de mesures de probabilités chaotiques sur la
sphere de Boltzmann, qui est I'espace de phase associé aux systemes de N particules des
modeles de Landau et Boltzmann (plus généralement, c’est I'espace de phase associé a un
systéme de N particules conservant la quantité de mouvement et 1'énergie). On applique
ensuite ces résultats au modele de Boltzmann pour démontrer la propagation du chaos
entropique. Deuxiemement nous étudions les propriétés de chaos et chaos entropique
dans la sphére de Kac, I'espace de phase associé au modele de Kac (simplification du
modele de Boltzmann) qui conserve seulement ’énergie. Finalement, nous étudions la
propagation du chaos pour le modele de Landau.
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2 Retour vers I’équilibre

Une caractéristique physique tres importante prédite par Boltzmann, lorsqu’il in-
troduit son équation, est le phénomeéne de retour vers 1’état d’équilibre, qui a pour
motivation de donner une base mathématique au second principe de la thermodyna-
mique. Ce probleme a été résolu par le celebre théoréme-H de Boltzmann. Nous nous
intéressons bien siir & ce phénomene pour d’autres équations cinétiques.

Le théoréme-H comporte deux parties. D’une part, I’existence d’une fonctionnelle de
Lyapunov, qui dans le cas de ’équation de Boltzmann est ’entropie ou fonctionelle H
(opposé de « l'entropie physique ») définie par, pour une densité de probabilité f,

H(f)i= [ flogs.

D’autre part, les extrema de cette fonctionnelle sont atteints par les distributions
maxwelliennes (gaussiennes). On conjecture ainsi que la solution converge vers ’équilibre
quand ¢t — oc.

L’étude du retour a 1’équilibre consiste donc a prouver cette convergence (dans un
certain sens a préciser). On s’intéresse aussi & quantifier la vitesse de convergence.
Usuellement, on peut utiliser différentes méthodes :

— On peut prouver qu’il y a vraiment convergence vers ’équilibre a partir des
arguments de compacité. Ces arguments sont non constructives et ne donnent
donc aucune information sur la vitesse de convergence.

— On peut utiliser des techniques de linéarisation. On étudie 'opérateur linéarisé
(autour de 1’équilibre) ce qui peut nous permettre d’obtenir une vitesse de
convergence exponentielle et ot \g est le trou spectral de l'opérateur linéarisé.
En revanche, cette méthode ne donne une estimation de la vitesse de convergence
que dans un certain voisinage de ’équilibre, quand les termes linéaires dominent
les termes non linéaires. Cela nous pose donc le probléme d’estimer le temps pour
que la solution entre dans ce voisinage.

— On peut utiliser des méthodes d’entropie. Cela consiste a obtenir des inégalités
fonctionnelles entre la dissipation d’entropie et ’entropie relative a 1’équilibre ce
qui implique le retour vers 1’équilibre (mésuré par I'entropie relative) et donne
une vitesse de convergence qui dépend de I’'inégalité obtenue auparavant. Par
exemple, si cette inégalité est linéaire (Conjecture de Cercignani) on obtient une
vitesse exponentielle (voir [27] pour une revue sur cette conjecture).

Dans cette thése nous nous intéressons a 1’étude du retour vers ’équilibre quantifié
pour I’équation de Landau spatialement homogene. Nous obtenons une vitesse de
convergence exponentielle en utilisant la deuxiéme approche décrite ci-dessus initié par
[65] : nous obtenons d’abord le trou spectral dans divers espaces de Banach & poids
(par une méthode de [42]), ensuite on couple ce résultat avec des estimations du temps
nécéssaire pour que la solution entre dans le bon voisinage (en utilisant des résultats
quantifiés sur le retour a 1’équilibre de [29]).
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3 Modeles cinétiques et systemes de particules

Nous présentons les sytémes de particules et leurs modeles cinétiques associés étudiés
dans cette these.

Equation de Boltzmann

L’équation de Boltzmann est une équation cinétique modélisant un gaz raréfié hors
équilibre, dérivée par Boltzmann [9] et Maxwell [56]. L’inconnue est une fonction de
distribution positive f = f(¢,z,v) > 0 qui représente la densité de particules a 'instant
t € Ry, & la position z € Q C R?, avec vitesse v € RY. L’équation est donnée par (c.f.
[22, 76])

Of+v-Vaf =Qu(f, f).

L’opérateur de transport v -V, décrit la trajectoire libre en ligne droite des particules qui
n’intéragissent pas. De plus, 'opérateur de collision de Boltzmann ()5 est un opérateur
bilinéaire agissant seulement sur la variable de vitesse v, ce qui représente I’hypothese
de collisions localisés en espace, et s’écrit

Qolg.0) = [, Blo=v.o)(of = g.f) dv. do. (10)

ou nous utilisons dorenavant la notation g, = g(v}), g« = g(v«), [/ = f(V') et f = f(v).
Les vitesses avant (v,v,) et aprés (v, v,) collision vérifient

;o Vvl | — vy
v = o

2 2

11

U,_v—i—v* [v — vy (11)
2 2

ce qui est une paramétrisation possible d’une collision élastique
/ /
{ UV + U, =V + Vs
2 12 2 2
W7+ 0u]” = [v]” + v

Nous considérons par la suite le cas ou la densité des particules ne dépend pas de la
position f = f(t,v), obtenant ainsi [’équation de Boltzmann homogéne en espace

{ of =Qp(f, [)
Jii=0 = fo-

Les caractéristiques de l’intéraction entre particules sont prises en compte dans
le noyau de collision positif B(v — vy, 0) > 0. Grace a des considérations physiques,
nous supposons que le noyau dépend seulement de la vitesse relative |v — v,| et cos =
o - (v—wvy)/|v—vs| (nous renvoyons a [76] pour plus de détails). Nous considérons des
noyaux de collision de la forme

B(Jv — vs|,cos0) = T'(Jv — vs|)b(cos §), (13)

(12)

ou I' et b sont des fonctions positives. Nous présentons ici deux types de noyau :
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— Les intéractions a courte portée sont modélisées par un noyau de collision de
spheres dures
B(|v — vi],co80) = Clv —vy|, C>0. (14)

— Les intéractions a longue portée sont modélisées par des noyaux de collision
dérivés des potentiels d’interactions

Ulr)=Cr=*, s>-2,
ou r représente la distance entre particules. Ils vérifient

s—2d+2
R N (15)
et

sin?=2 0 b(cos 6) ~ Co0 7", Cy>0, ve(0,2). (16)

Notons avec ces hypothéses la singularité de b proche de 0, ce qui implique que la
fonction b n’est pas intégrable. Une hypothese simplificatrice, connue sous le nom
de troncature angulaire de Grad, est de supposer b intégrable.

Usuellement nous appelons potentiels durs pour v > 0, molécules maxwelliennes
quand v = 0 et potentiels mous lorsque v < 0. Pour chaque cas nous parlons aussi
de noyau de collision sans troncature pour b satisfaisant (16) ou avec troncature
de Grad pour b € L.

En considérant une fonctions test ¢ = ¢(v), on obtient les formulations faibles

,Q(f. fpdv
K (17)

1
= */ I(|v — vi]) bcos 0)(@l + ¢ — s — @) fuf do dvs dv
2 JRdxRdxgd-1
ou encore
[, Q. Dede
R4
1

=3 I(Jv —vi]) b(cos 0) (@ + &' — @i — @) (fif' = fof) do v, dv.
R xRd xSd—1 (18)

On déduit de (17), formellement, que ’équation de Boltzmann homogene (12) conserve
la masse, la quantité de mouvement et 1’énergie, en particulier on a

d
%/Rd fo= /RdQB(fvf)SO:O pour o(v) = 1’1)"1427 (19)

et les fonctions ¢(v) = 1,v, [v|? sont appelées invariants de collision. D’autre part, on

obtient que ’entropie définie par

H(f)= [ flog f



3. MODELES CINETIQUES ET SYSTEMES DE PARTICULES 9

est décroissante. En effet, formellement, en prenant ¢ = log f dans (18), la dissipation
de l'entropie Dp(f) := — % H(f) vérifie

=2 _ o oL
=1 fotmi i C(|v — vi|) b(cos 0) (fif' — fof)log i

Si une distribution f vérifie Dg(f) = 0, alors log f est une combinaison linéaire des
invariants de collision, ce qui implique que tout équilibre est une distribution maxwellienne

Dp(f) do dv, dv >0, (20)

- |v7u\2
p 2T

:upfvuf,Tf ('U) = (27TT)d/2e 9

ou py > 0 est la densité, uy € R? est la vitesse moyenne et T' 't > 0 la température
associées a f, définies par

1 1
= , uf = — vf, T:—/ v —ul?f,
P /Rdf 1= 0 Jea®? 1= dpy vt

Ceci est le celebre théoréeme-H de Boltzmann. On espére donc qu’une solution f(¢,-) de
I'équation de Boltzmann converge vers I'équilibre maxwellien p,, ., 1, associé lorsque
t — +o0.

Equation de Landau

L’équation de Landau est un modeéle cinétique utilisé pour la modélisation de plasmas.
Elle décrit I’évolution de la densité de particules f = f(¢,z,v) dans I'espace de phase des
positions et vitesses. Ici la variable ¢t € R, représente le temps, = € Q C R? la position
et v € R la vitesse. L’équation est donnée par (c.f. [76])

8tf+v'v$f:QL(faf)'

Comme dit avant, I'opérateur de transport v -V, décrit la trajectoire libre des particules
qui ne collisionent pas. L’opérateur de collision de Landau @), est bilinéaire et n’agit
que sur la variable de vitesse v (comme pour 'opérateur de Boltzmann décrit ci-dessus)
et est donné par

Quig. ) =0 [ a(v = 0) (9.0f = Dyg.1) du. (21)

ou par la suite nous utilisons la convention de sommation des indices et les notations
g« = g(vs), 8j9* = av*j.g(v*)a 8jf = avjf(v) et f= f(v).

Dans cette theése, nous considérons seulement le cas ou la densité de particules vérifie
f = f(t,v), c’est-a-dire est indépendante de la position x, ce qui nous donne [’équation
de Landau homogéne en espace

{ of =Qr(f. f) (22)

Jit=0 = Jo-
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La matrice a est positive, symétrique et dépend de l'intéraction entre les particules.
Si les particules intéragissent selon un potentiel (voir [76] pour plus d’informations)

Ur)=Cr=*, C>0,s>2,

alors nous avons
Zi % 2

aij(z) = A2"FI(z),  Ti(z) = 65 — |22

(23)

avec 7 = (s — 2d + 2)/s et une constante A > 0. Par analogie avec 1’équation de
Boltzmann, nous appelons potentiels durs le cas v > 0, molécules maxwelliennes quand
~v = 0, potentiels mous pour —d < v < 0 et potentiel coulombien lorsque v = —d.

L’équation de Landau a été derivée par Landau (voir [52, 23]) par une approche
phénoménologique. Plus tard, 'opérateur de Landau a été justifié comme un cas limite
de 'opérateur de Boltzmann, voir [26, 1, 25, 73], dans la limite de collisions rasantes
(voir ci-dessous).

Limite de collisions rasantes. Nous appelons collision rasante une collision dans
laquelle 'angle de déviation est proche de zéro. La limite de collisions rasantes consiste a
rendre toutes les collision rasantes. Plus précisément, en considérant une suite de noyaux
de collision B. avec € — 0, on dit que la partie angulaire b, (13) se concentre sur les
collisions rasantes si :

V6 >0, SUPge[gy,x] be(cos ) — 0 quand £ — 0,
(24)
Asz/d be(cos0)(1 — cosf)do — A >0 quand £ — 0.
§d—1
Dans cette limite 'opérateur de Boltzmann associé a B, tend vers I'opérateur de Landau.

En définissant les nouvelles quantités
bi(2) = Ojaij = —A(d = D)zil2|",  c(2) = 9yai; = —Ad = 1)(v +d) =", (25)
nous pouvons réécrire opérateur de Landau (21) de la fagon suivante
Qr(g, f) = (aij * 9)0if — (c* g)f. (26)

On considére maintenant une fonction test ¢ = ¢(v) et en intégrant cette fonction
contre I'opérateur de Landau, on obtient les formulations faibles

[autrneds == [[ | asto-v) (B =28 050 - 0500 s v o
(21)

ou encore

/Rd QL(f, flpdv = ;//Rded aij (v — ) (0ijp + 0ijox) [ fv dvy dv

(28)
* //Rded bi(v — v )(9ip — Dipx) [ [ v dv.
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On voit aisément que I’équation de Landau homogene (22) conserve, au moins formel-
lement, la masse, la quantité de mouvement et 1’énergie. En effet, de (27)-(28) et de
a;j(2)z = 0 grace a (23), on déduit

c(z:i/Rd f‘P:/Rd Qu(f.fleg=0  pour  (v)=1[vf. (29)

En outre, on obtient que ’entropie définie par

H(f):= [ flog f

est décroissante. En effet, formellement, en prenant ¢ = log f dans (27) on a que la

dissipation de Ientropie D(f) := —%H (f) vérifie
DD =5 [l oo = (5= 752) (5= 252) htman =0 o

car la matrice a est positive. Il s’en suit que tout équilibre est une distribution maxwel-
lienne
P _lv—ul?
fpu,r (V) = @yt T

pour p > 0, u € R? et T > 0. Ceci est la version Landau du celebre théoreme-H de
Boltzmann présenté ci-dessus (pour plus d’informations voir [29, 74]). Ainsi on s’attend
a ce qu'une solution f(t,-) de I’équation de Landau converge vers ’équilibre maxwellien
oy, Ty lOTsque £ — +00, ou py représente la densité, uy la vitesse moyenne et T la
température associées a f, données par

1 1
= , up = — vf, T:—/ v —ul%f,
pr=[ 4 pf/Rdf 1= a7 Jualo

et ces quantités sont définies par la donnée initiale fy grace aux propriétés conservées
(29).

Modele de Kac-Boltzmann : systemes de particules

On présente un modele de systeme de particules décrit par un processus de Markov et
pour lequel la limite de champ moyen attendue est ’équation de Boltzmann spatialement
homogene.

Considérons un systeme de N particules en dimension d > 2 décrit par les vitesses

V = (vi,...,vy) € R¥ et un noyau de collision B(|z|,cosf) = I'(|z|)b(cos @) comme
défini dans (13). Alors le processus est donné par [57, 49, 62, 12, 63] :

— pour tout ¢’ # j', on choisit un temps aléatoire de collision T'(I'(Jvy — v;/|)) gréce

a une loi exponentielle de parametre I'(Jv;; — vjr|) ; ensuite on prend le temps
minimal T et le couple (v;,vj) qui subira une collision tel que

T =T @ (i = v])) = min T(C(Joir = vyr)),
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— on choisit o € STt € R? avec la loi b(cos ), ol

(vi — vy)

0;; =0 -
cost; =o T

— apres la collision, le nouvel état du systeme est

! / /
Vii=(v1,. v, 05, UN)

ol les vitesses post-colisionnelles v; et v; sont données par

v +v; v — vy v v vy — vy
1);:12]4‘ 12]0’ U;:ZZJ_ ZQJJ. (31)

On obtient par itération le processus de Markov associé (VtN )t>0 sur RN Par
contre, en considérant les quantités conservées dans les collisions, ce processus admet
des sous-varietés de R qui sont invariantes, et donc le processus peut étre restreint &
ces sous-varietés (voir ci-dessous pour plus de détails).

On effectue un changement d’échelle ¢t — ¢/N pour que le nombre d’intéractions
dans un intervalle de temps fini soit d’ordre O(1) et on note f/ la loi de V}V. L’équation
d’évolution pour f est appelée l’équation maitresse de Kac-Boltzmann et donnée par,
dans sa formulation duale,

O <ftNa (/7> = <ftNa Ag(p> (32)
pour toute fonction test ¢ € Cy(R), ott pour tout V = (vq,...,vn) € R™ on a
Ag ZII‘ lvi — vj]) / L b(cos 0;5) (gogj — <p) do (33)

avec la notation ¢}; = o(V};) et ¢ = o(V) € Cy(R™).
Ce processus de collision est invariant par permutation de vitesses et satisfait la
conservation microscopique de la quantité de mouvement et de 1’énergie

U7/Z+U;' = v; + vy, ’vz|2+ |vj|2 |UZ|2+ |’U]|2

Par conséquent, si la loi initiale est une probabilité symétrique fév € Psym(RdN ) la
solution de 1’équation maitresse f7 I’est aussi pour tout temps. De plus, I’évolution
conserve la quantité de mouvement

al N al N

fuw# (5 0) = e ()
o 2 N ol 2 N
/RdN<P<kZ::1vk > df; Z/IRstz?(kZ::llvkl ) dfy’-

et I’énergie
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Grace aux quantités conservées lors d’une collision élastique (quantité de mouvement
et énergie), le processus peut étre restreint a la sous-varieté suivante de RN

1 1 Y
SN(M,E) = {V:(vl,...,fuN)eRdN‘NE:vk:M, N§:|vk—M\2:5} (34)
k=1 k=1

pour M € R? et £ € R,.. Sans perte de généralité, nous considérons le cas M =0, £ = d
et nous notons Sév =SV (0,d). Ces espaces sont appelés sphéres de Boltzmann.

Remarque 2. Le systéme de particules introduit par Kac [49], appelé modele de Kac, est
une simplification unidimensionelle du processus décrit ci-dessus. Dans ce cas les vitesses
scalaires changent de la fagon suivante apreés une collision

! .
v; = v;cos 0 + vjsinf,
!/

; = —visinf + v; cos,

(35)

et nous avons seulement la conservation de 'énergie |v}|? + |v;.|2 = |vi|? + |vj|%. La
sous-variété invariante associée a ce processus est donc la sphere S := S¥=1(v/N) (en
supposant encore sans perte de généralité £ = d = 1), aussi appelé sphére de Kac.

La différence entre considérer le processus sur RV ou sur le sous-espace invariant

Sév réside dans 1’étude du comportement asymptotique des solutions en temps grand. En
effet, ’évolution du processus est decouplée dans les differents sous espaces SN (M, € )
pour des valeurs différentes de M et £. Dans chacun de ces sous-espaces, le processus
de Markov de N particules admet une mesure invariante 4V unique et constante. Par
contre, lorsque le processus est considéré dans R
invariantes.

on a un nombre infini de mesures

Modele de Kac-Landau : systemes de particules

Maintenant, on présente un modele de systéme de particules dont 1’état est décrit
par ses vitesses, et pour lequel la limite de champ moyen attendue est ’équation de
Landau spatialement homogéne.

Pour tout ¢ = 1,..., N, on considere les variables aléatoires (X/):>0 & valeurs dans
R? vérifiant ’équation suivante

N N

dXi = V2 S o(X) - xFydz)t + 2 > Ob(X] - XF) dt (36)
VN i N o
ki ki

ot, pour tout 1 <i < N et i < k, Z* = B"* sont N(N — 1)/2 mouvements browniens
indépendants & valeurs dans R?, et les autres termes sont anti-symétrique, i.e. Zf "t =
—Bz’k. La fonction symétrique o est donnée par a(z) = o(z)o*(z) ou la matrice a est
définie dans (23) et b dans (25).
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En considérant £ la loi du processus XY = (X},..., X}¥) définit ci-dessus, on
obtient I’équation maitresse de Kac-Landau donnée par, dans sa formulation duale,
(. 0) = (A% ) (37)
pour toute fonction test ¢ = (V) € CZ(R), ot pour tout V = (vy,...,vy) € RW
avec vy = (Ug,a)1<a<d € R?, on a
1N
Ag N Z “(Vip — v]@)
. (38)
Z —v;) : (Vi + Vi — Vip — Vi),

Ici on utilise la notation, pour deux matrices de dimension d X d,

d

= Z AaﬂBaﬁa

a,B=1
et
Vip = (avi,agp(v))lgagm vij(p (avz aa vj, 590( ))1§a,6§d'

Ce processus est aussi invariant par permutation des vitesses, conserve la quantité
de mouvement et 1’énergie

al N al N
/Rng)(kz:lvk) dfy :/RngO(kZlvk) dfy’

al 2 N _ al 2 dN
AdN¢<;|vk|>dft —Ade<]§1|vk|> i

On en déduit que, comme dans le cas du modele de Kac-Boltzmann, ce processus peut
étre considéré dans R ou dans la sphére de Boltzmann Sév .

L’équation maitresse (37) est établie dans le chapitre 3, en appliquant la limite des
collisions rasantes & I’équation maitresse Kac-Boltzmann (32). Cette équation a été aussi
introduite par Balescu et Prigorine dans les années 1950 (voir [50]), et est aussi étudiée
dans [50, 58].

4 Chapitre 1 : Chaos quantitative et qualitative sur la

sphére de Boltzmann

Dans ce chapitre nous nous intéressons aux suites de probabilités chaotiques sur la
sphéere de Boltzmann Sév (34). Nous rappelons que cet espace est ’espace de phase d’un
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systeme de N particules décrit par ses vitesses et qui suit un processus conservant la
quantité de mouvement et 1’énergie.

Une premiere question est savoir s’il existe des suites chaotiques sur la sphere de
Boltzmann et comment les caractériser. Dans le contexte du modele de Kac (simplification
en dimension d = 1 du modele de Kac-Boltzmann, voir remarque 2) et de la sphere de Kac
Sy =8V ~1(v/N), Kac [49] a I'idée de construire une suite des probabilités chaotiques &
partir de la tensorisation d’une probabilité f € P(R), centrée et de variance unitaire,
qui est ensuite restreinte a S,]CV . Cette idée vient du fait que, si I’on considere la mesure
produite f®V alors par la loi de grands nombres fo:l v,% ~ N presque stirement par
rapport & f&V, donc cette mesure est concentrée sur S,]CV et la restriction a S,]CV ne devrait
pas changer beaucoup. Cela a été demontré par Kac [49] pour des probabilités f € P(R)
régulieres. Ce résultat a été étendu pour une classe plus générale de probabilités f € P(R)
par Carlen, Carvalho, Le Roux, Loss et Villani dans [12], de plus ils introduisent la notion
de chaos entropique (définition 3) et montre que cette mesure tensorisée et restreinte a
la sphere de Kac est aussi entropie chaotique. Plus récemment, Hauray et Mischler [46]
démontrent des versions quantitatives du chaos, introduisent la notion de Fisher-chaos
(en utilisant I'information de Fisher, voir définition 3) et montrent la relation entre ces
différents types de chaos.

En utilisant cette idée dans notre cadre, pour f € P(RY) telle que

/Rdvf(dv):O of /Rd [ f(dv) = d,

on définit la mesure de probabilité F¥ € Pysyn(S) comme la tensorisation de f
renstreinte a la sphére de Boltzmann, donnée par
fEN

FN .= [f®N]3N

S 39
B fsgf®Nd7N (39)

ott vV est la probabilité uniforme sur 8113\7 .

Nous considérons aussi deux notions de chaos plus forte que la définition 1, le
chaos entropique introduit dans [12] et le Fisher chaos introduit dans [46]. Etant donné
f € P(R%) on définit I'entropie relative de f par rapport a 7, la mesure gaussienne
v(v) = (2m)~ Y% exp(—|v|?/2) de méme quantité de mouvement et énergie que f, par

daf

H = hlog h dr, h=—

(f17) = [ hloghdr i

si f est absolument continue par rapport a vy et H(f|y) = +o0o sinon. De fagon analogue
on définit I'information de Fisher relative de f par rapport a - par

daf

16k = [ IVioghP dy,  h=""

R4 dry

si f est absolument continue par rapport a v et I(f|y) = +oc sinon. Pour FV € Py (SE)
on définit ’entropie relative de FV par rapport a vV par

(40)

(41)

dFN

F (42)

H(FN]/Y) = /SN W loghV dy™,  hN =
B
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et I'information de Fisher relative de FV par rapport a vV par

N| N N |2 N N dFN
IFNY) = [ Vavlogh™ Py, nY = O (43)
B

ol Vgn est le gradient par rapport a la sphere de Boltzmann Sév , i.e. la partie du
gradient usuel dans R qui est tangente & Sév . Dans le cas ott FV n’est pas absolument
continue par rapport & vV, on pose H(FN|yY) = 400 et I(FN|yV) = +o0.

On définit

Définition 3. Soit une suite de mesures de probabilités (FV)yen+ € Psym(SE ) qui est
f-chaotique pour un f € P(R9).

(1) On dit que FV est f-entropie chaotique si

. 1

lim — H(FYyY) = H(f]).

N—oo

(2) On dit que FV est f-Fisher chaotique si

lim < I(FY ) = 1(7).

N—oo

Nous démontrons ainsi le résultat suivant (voir Theorem 1.18 et Theorem 1.19) :
Théoréme 4. Soit f € Pg N LP(RY) avec p > 1. Alors, on peut construire une suite de
mesures de probabilité (FN)nene € Psym(SE), ou FN := [f®N]Sév est contruite par la
tensorisation de f et la restriction a la sphére de Boltzmann, tel que :

(i) FN est f-chaotique, de plus on a une estimation quantitative.
(ii) FN est f-entropie chaotique, de plus on a une estimation quantitative.

Un autre résultat est le lien entre les différents types de chaos (voir Theorem 1.24) :
Théoréme 5. Soient f € P(R?) et (GN)nens € Poym(S§) tel que TL(GN) — f
faiblement dans P(RY) lorsque N — oo. Alors

(i) Si H(fly) < oo et imn_yoo o H(GN YY) = H(f|y), alors FN est f-chaotique.
(ii) Si I(flv) < oo et imn_yoo & I(GN YY) = I(f|7), alors FN est f-chaotique.

Le théoreme 4 montre qu’il existe des suites de probabilités chaotiques sur la sphere
de Boltzmann et, en outre, donne une fagon de les construire. Nous pouvons donc nous
demander s’il existe d’autres suites chaotiques différentes des FV construits dans le

Théoréeme 4 et comment les caractériser. Le théoréeme suivant donne une réponse (voir
Theorem 1.31) :

Théoréme 6. Soit (GY)nen+ € Psym(SE ). Supposons que G est f-chaotique, pour
f € P(RY), et aussi que

1 1
M,(IIL(GN) < C, k> 6, ¥ H(GNeN) < ¢, ~ I(GNe) < ¢,

ot M}, denote le moment d’ordre k.
Alors GV est f-entropie chaotique et, de plus, on a une estimation quantitative.
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Ensuite nous nous intéressons a ’application de ces résultats au modele de Boltzmann
présenté ci-dessus (équation cinétique limite (12) et équation maitresse du systéme de
particules (32)). Nous démontrons la propagation quantitative du chaos entropique pour
I'équation de Boltzmann homogene (12) avec molécules maxwelliennes sans troncature

(16) (voir Theorem 1.8) :

Théoréme 7. Soient fo € Pg N LP(RY), pour p > 1, et FY¥ := [f(j@N]Ssz € Poym(SY)
construite comme dans le théoréme 4. Considérons (fi)i>o0 la solution de ’équation de
Boltzmann homogéne (12) avec molécules mazwelliennes sans troncature (16) associée d la
donnée initiale fo, et (FN)i>o la solution de ’équation maitresse de Kac-Boltzmann (32)
avec molécules mazwelliennes sans troncature (16) associée d la donnée initiale FY.
Alors, FN est f;-entropie chaotique uniformément en temps. De plus on a lestimation

1 -
sup NH(FtNWN) — H(fily)| <ON~*
£>0

pour une constante C' > 0 et un 6 > 0 constructifs.

Ce résultat se base sur les théoremes 4 et 6, ainsi que sur le résultat de propagation
du chaos quantitative pour 1’équation de Boltzmann avec molécules maxweliennes sans
troncature [62].

5 Chapitre 2 : Chaos et chaos entropique dans le modele
de Kac sans moments de grand ordre

Dans ce chapitre nous nous intéressons aux propriétés de chaos et chaos entropique
(définition 3) dans le cadre du modele de Kac (voir remarque 2).

Comme mentionné avant, on montre dans Kac [49] que la suite de probabilités définie
par la tensorisation et restriction a la sphére de Kac d’une probabilité f € P(R) (assez
réguliere) centrée et de variance égal a 1, plus précisément
FEN

FN .= [foN =
[f ]S}g’ fS}g’ fON dgN

o € Py (SY), (44)
est f-chaotique, ott 0¥ dénote la mesure de probabilité uniforme sur S,JCV . Plus tard,
Carlen, Carvalho, Le Roux, Loss et Villani [12] étendent ce résultat pour une classe plus
large de probabilités : pour f € P(R) (centrée et de variance 1) avec moment d’ordre 4
fini et telle que f € LP(R) pour un p > 1. Ensuite, encore sous ’hypothése du moment
d’ordre 4 fini, [12] montre ce résultat pour d’autres familles de probabilités en utilisant
des résultats de stabilité. Finalement, tous ces résultat sont aussi démontrés au sens
entropique (chaos entropique).
Ce résultat est basé sur des estimations sur la quantité

AGOEY

o N do, &N = probabilité uniforme sur S¥1(r), (45)
SN=1(r)
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qui sont obtenues comme consequence du Théoreme Central Limite, d’ou la condition du
moment d’ordre 4 fini. Par contre, le TCL usuel n’est pas suffisant pour ces estimations
et [12] établit une version locale du TCL en norme L ce qui permet d’obtenir des
estimations asymptotiques précises sur ZV(f;r), point clé pour montrer que FVN (44)
est f-chaotique.

L’objectif de ce chapitre est de relaxer ’hypotheése du moment d’ordre 4 fini et
d’étendre les résultats présentés ci-dessus.

Tout d’abord, on s’attend a ce que dans le cadre de cette généralisation on doive
travailler avec la convergence stable (au lieu de la convergence vers la gaussienne du
TCL classique). Ainsi, on établit une version locale du TCL stable en norme L avec
des estimations fines pour le terme résiduel (voir Theorem 2.12) :

Théoréme 8. Soit g € P(R) N LP(R) pour un p > 1. On suppose g dans le domaine
naturel d’attraction (NDA) de Y508, pour un o >0, f et 1 < o < 2, et que g a un
moment fini d’ordre k > 0. On définit

1

1, 1 ~ itx
ox(@) = Nig™ (Nia) et tpap(@) = 5= [ Tras(@)eds.

0l Yg,a,8 €st la densité de probabilité d’un processus stable, i.e.
Voa,8(§) = exp (= o|¢|* {1 + ipsign(£) tan(am/2)} ).

Alors, pour N assez grand, on a

HgN - 70,06,,6’”]400 < G(N)7 (46)

pour une fonction constructive e(N) — 0 lorsque N — oo qui dépend des données de
[’énonce.

Ce résultat est basé sur des techniques de Fourier developpées par Goudon, Junca et
Toscani [40].

Avec ce théoreme nous pouvons construire des suites de probabilités chaotiques,
comme demontré dans le résultat suivant (voir Theorem 2.13) :

Théoréme 9. Soit f € P(R) N LP(R) pour unp > 1, et [p 2 f(x)dx = 1. Soit

VT
v = [ vty (47

et supposons que I/f(:c) oy Cgx?@ pour une constante Cg >0 et 1 < a < 2.
x o0
Alors la famille de tensorisation et restriction de f, c’est-a-dire, FN = [f®N]S}sz €
Poym(SY), définie dans (44), est f-chaotique. En outre, F est f-entropie chaotique.

Ensuite, on montre la propriété de stabilité suivante (voir Theorem 2.16) :
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Théoreme 10. Considérons f satisfaisant les mémes hypothéses que dans le théoréme 9,
FN = [f®N]S)sz et supposons de plus f € L®(R). Soit (GN)nen+ € Psym(SF) tel que

N| N
lim L(G F7)

N—oo N =0

Alors GV est f-chaotique et, de plus, est f-entropie chaotique.

On cl6t ce chapitre avec une approche différente au résultat de stabilité, en utilisant
I'information de Fisher. Ce résultat caractérise une classe de famille de probabilités
entropie chaotique (voir Theorem 2.18) :

Théoréme 11. Soit (GY)nen € Paym(SF) tel que GV soit f-chaotique, pour un
f € P(R). Supposons qu’il existe une constante Cg >0 et 1 < a < 2 tel que

N
[y m@ENdy) x Csat (48)

Nz

uniformément en N, et que

H(GN|oN) I(GN|o™)
K — = << 49
< C, ~ <C (49)
pour tout N.

Alors GV est f-entropie chaotique.

6 Chapitre 3 : Propagation du chaos pour I’équation de
Landau homogene avec molécules maxwelliennes

Comme expliqué précédemment, un probléme important en théorie cinétique est de
dériver rigoureusement 1’équation de Boltzmann inhomogene en espace a partir d’un
systéeme de particules suivant les loi de Newton. De la méme facon, un autre probléme
important est de dériver I’équation de Landau inhomogene. Ceci est une question ouverte
mais 1’échelle correcte est connue : c’est la limite a couplage faible, voir [8] pour plus
d’informations.

Nous proposons dans ce chapitre d’utiliser I’approche de Kac, c’est a dire suivre le «
Programme de Kac », et d’obtenir rigoureusement 1’équation de Landau homogene en
espace avec molécules maxwelliennes (22) comme la limite de champ moyen du modele de
Kac-Landau avec molécules maxwelliennes (37). Pour cela nous étudions la propagation
du chaos et du chaos entropique pour ce modele. De plus, nous démontrons le retour a
I’équilibre pour I’équation maitresse de Kac-Landau (37). Nous considérons le processus a
N particules (36)-(37) dans le sous-espace invariant, c’est-a-dire la spheére de Boltzmann
SE (34).

Avant de présenter notre contribution, nous introduisons quelques résultats connus.
Le travail de Fontbona, Guérin et Méléard [37] considére un processus de diffusion non
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linéaire avec un bruit blanc qui a une interprétation en termes d’equation aux derivées
partielles correspondant a ’équation de Landau homogene. Ensuite, ils construisent un
systeme de IV particules qui converge dans la limite N — oo vers ce processus de diffusion
non linéaire, cette preuve est en temps fini et ils obtiennent un taux de convergence
quantitative pour la distance de Wasserstein Ws. Plus tard, Fournier [38], avec le méme
type d’approche, obtient un meilleur taux de convergence, encore en temps fini. Il faut
remarquer que le systéme de particules utilisé dans ces deux travaux est différent de
(36)-(37), en particulier leur systéme ne satisfait pas la conservation microscopique de
I’énergie et donc le processus ne peut pas étre considéré sur la sphere de Boltzmann
(seulement sur R*V).

La stratégie est d’utiliser la méthode de consistence-stabilité devellopée par Mischler,
Mouhot et Wennberg [62, 63]. En considérant les semi-groupes associés a 1’équation
maitresse et & 1’équation limite (de champ moyen), cette méthode réduit le probleme de
propagation du chaos a des estimations de consistence et de stabilité des ces semi-groupes
et leurs générateurs associés.

Nous démontrons la propagation du chaos et du chaos entropique uniformément en
temps ainsi que la convergence vers 1’équilibre des solutions du systemes de particules
(voir Theorem 3.14, Theorem 3.15 et Theorem 3.31) :

Théoréme 12. Soient fo € P(RY) assez requlicre et FYY € Pyym(SE) telle que FY¥
soit fo-chaotique. On considére (fi)i>0 solution de l’équation de Landau homogéne avec

molécules mazwelliennes (22) et (FN)i>o solution de I’équation maitresse de Kac-Landau
avec molécules mazwelliennes (37). Alors on a :

(i) N est fi-chaotique uniformément en temps et on a une estimation quantitative.

(ii) FtN est fi-entropie chaotique uniformément en temps et on a une estimation
quantitative.

(i) FtN converge vers vV lorsque t — 0o et on a une estimation quantitative indépen-
dante du nombre N de particules.

7 Chapitre 4 : Convergence exponentielle vers 1’équilibre
pour I’équation de Landau homogene

Dans ce chapitre nous nous intéressons a la convergence des solutions de I’équation
de Landau homogene avec potentiels durs (22) vers 1’équilibre. Comme deja presenté
dans (29), cette équation satisfait la conservation de la masse, de la quantité de mouve-
ment et de I’énergie. En outre, on a le Théoreme-H qui nous dit que 1’équilibre est une
distribution maxwelienne caracterisée par la donnée initiale fy. On rappelle I’équation
de Landau homogene (en dimension d = 3)

fit=0 = fo,

avec

Qulg. ) =0 [ a(v = 0) (9.0,f = Dyg.1) do. (51)
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On considere, sans perte de généralité, seulement le cas d’une donnée initiale fo =
fo(v), v € R3, vérifiant

/ f0:17 / vf():()v / ’U‘Zf():g’
R3 R3 R3

et 1’équilibre associé (de méme masse, quantité de mouvement et énergie),

2
[v]

p(v) = (e%w-

On linéarise ’équation autour de ’équilibre u, avec une perturbation
f=n+h,

ainsi h = h(t,v) vérifie

{ Oth = Lh + Q(h, h), (52)
ho = fo—
ou l'opérateur linéarisé de Landau L est donné par

Lh = Q(u,h) + Q(h, ) (53)

= (aij * )0y f — (cx p) f + (aij * £)Oyp — (c* f)p.

Grace aux quantités conservéés (29), le noyau de l'opérateur L est de dimension 5 et
donné par (voir [24, 43, 2, 64, 66])

N (L) = Vect{p, vipt, vaps, vsps, |v[* 1} (54)

Mentionnons quelques résultats connus concernant le retour a 1’équilibre. Premiere-
ment, considérons 1’équation linéarisée

{ dh = Lh, (55)

h\t:O == h(].
Notons D(h) la forme de Dirichlet associé & —L, plus précisément
D(h) i= (~Lh, B 212 ::/ (=R
R3

En calculant cette quantité on obtient

D) =5 ([ oo {0 W) =0 h) HOy (™ W) =0y (s ) e do 2 0,
2 JJr3xRrs

ce qui implique que L est négatif et son spectre est inclus dans R_. Plus précisément,
d’apres les travaux de Degond et Lemou [24], Guo [43], Mouhot et Strain [66], Baranger et
Mouhot [2], dans le cas de I’équation de Landau homogene avec potentiels durs v € (0, 1]
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et molécules maxwelliennes v = 0 (voir (23)), il existe une constante constructive A\g > 0
(appelée trou spectral) telle que

D) > NollklBa 12y F €N (56)

) 9
Cela implique un retour exponentiel vers I’équilibre pour I’équation linéarisée (55), plus
précisément
2/ —1/2 —Aot
VEZ 0, Who € L2(uV?), by = TWhollauvvzy < €0 llho = TWhollpago172), (57)
ou II représente la projection sur N (L) (54). Cette approche nous donne une vitesse de
convergence exponentielle mais seulement dans un certain voisinage de I’équilibre.

Une autre approche possible est d’étudier directement 1’équation non linéaire (50),
en établissant des inégalités fonctionnelles entre I'entropie relative définie par

H(fl) = [ F1o8(f/1)

et la production d’entropie D(f) définie dans (30). En effet, Desvillettes et Villani [29]
montrent qu’il existe des constantes d1,ds > 0 telles que

D(f) > min {8, H(f|1), 52H (fn) "} (58)

ce qui implique, pour I’équation (50), le retour a 1’équilibre avec taux de convergence
polynomial
Ve >0, | fi—plp <O+ (59)

Remarque 13. Dans le cas de molécules maxwelliennes v = 0, Desvilletes et Villani [29]
montre I'inégalité linéaire suivante

D(f) = o H(flp), (60)

pour une constante constructive dy > 0. Cela implique un retour exponentiel en entropie
relative et en distance L'

Vt>0, H(filp) < e ™ H(folp) = |fe—pllp < Ce ™2 (61)

L’inégalité (60) est une réponse positive a la Conjecture de Cercignani (dans le cadre de
I’équation de Landau), pour plus d’informations voir [27].

Notre objectif dans ce chapitre est de démontrer la convergence exponentielle des
solutions de I’équation de Landau homogene (50) vers I’équilibre, dans le cas de potentiels
durs v € (0,1] (23). Nous démontrons (voir Theorem 4.1) :

Théoréme 14. Soit fy € L%_H;(]RS) pour un & > 0. Alors, pour toute solution faible
(ft)e>0 de Uéquation de Landau homogéne avec potentiels durs (50), il existe une constante
C > 0 telle que

1fr — pll 1 sy < Ce™ ™,

oti \g est le trou spectral de opérateur linéarisé £ dans L*(u=/?) (57).
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La stratégie pour montrer ce théoreme est :

(1) Des nouvelles estimations de trou spectral pour 'opérateur linéarisé de Landau £
dans des espaces de Banach LP avec poids polynomial et exponentiel. Ces nouvelles
estimations sont basées sur la méthode d’extension de l’espace fonctionnelle pour
lequel on a un trou spectral, méthode developpée par Gualdani, Mischler et Mouhot
[42]. Plus précisément, a partir du trou spectral de £ dans un « petit espace »
L2(/f1/ 2) (ce qui correspond & un espace L? avec un poids exponentiel), nous
démontrons en utilisant leur méthode le trou spectral dans des espaces « plus larges
» LP avec poids (voir théoréeme ci-dessous).

(2) La théorie de Cauchy pour ’équation (non linéaire) de Landau homogene dans le
cas des potentiels durs developpée par Desvillettes et Villani [29].

(3) Le couplage entre la théorie linéaire et non linéaire : pour des temps petits, on
utilise le retour polynomial donné par (59); ensuite, quand la solution entre dans
un certain voisinage de 1’équilibre, nous utilisons le retour exponentiel donné par les
nouvelles estimation de la théorie linéaire (1).

Cette méthode a été introduite par Mouhot [65] pour prouver le retour exponentiel
pour I’équation de Boltzmann homogene avec potentiels durs. Plus récemment, la méme
approche a été utilisée par Gualdani, Mischler et Mouhot [42] pour prouver la convergence
exponentielle vers I’équilibre pour ’équation de Boltzmann inhomogene avec spheres
dures dans le tore.

Le point (1) ci-dessus est donné par le résultat suivant (voir Theorem 4.3) :

Théoréme 15. On considére l'opérateur de Landau linéarisé L (53) avec potentiels durs
(v € (0,1]), p € [1,2] et un poid m polynomial ou exponentiel. Alors, il existe C > 0 telle
que

Vt >0, Vhe LP(m), |[le“h —TIh| Lo(m) < Ce |k — TR Lo(m),

ot \g est le trou spectral de lopérateur linéarisé £ dans L*>(u=?) (57) et I est la
projection sur N'(L) (54).

8 Liste de travaux rassemblés dans la thése

Les chapitres de ce manuscrit sont composés des travaux suivants :

— Chapitre 1 : article [19], soumis aux Annales de ’Institut Henri Poincaré -
Probabilités et Statistique.

— Chapitre 2 : article [20], écrit en collaboration avec Amit Einav et paru a Eletronic
Journal of Probability.

— Chapitre 3 : article [18], prépublication.
— Chapitre 4 : article [17], prépublication.
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Chapitre 1

Quantitative and qualitative
Kac’s chaos on the Boltzmann’s
sphere

ABSTRACT. We investigate the construction of chaotic probability measures on the
Boltzmann’s sphere, which is the state space of the stochastic process of a many-particle
system undergoing a dynamics preserving energy and momentum.

Firstly, based on a version of the local Central Limit Theorem (or Berry-Esseen
theorem), we construct a sequence of probabilities that is Kac chaotic and we prove
a quantitative rate of convergence. Then, we investigate a stronger notion of chaos,
namely entropic chaos introduced in [12], and we prove, with quantitative rate, that this
same sequence is also entropically chaotic.

Furthermore, we investigate more general class of probability measures on the
Boltzmann’s sphere. Using the HWI inequality we prove that a Kac chaotic probability
with bounded Fisher’s information is entropically chaotic and we give a quantitative
rate. We also link different notions of chaos, proving that Fisher’s information chaos,
introduced in [46], is stronger than entropic chaos, which is stronger than Kac’s chaos. We
give a possible answer to [12, Open Problem 11] in the Boltzmann’s sphere’s framework.

Finally, applying our previous results to the recent results on propagation of chaos
for the Boltzmann equation [62], we prove a quantitative rate for the propagation of
entropic chaos for the Boltzmann equation with Maxwellian molecules.

1.1 Introduction

1.1.1 Motivation

In his celebrated paper [49], Kac introduced the notion of propagation of chaos in
order to connect a stochastic process of a system of N identical particles undergoing
binary collisions to its mean field equation.

27
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Our interest in this paper is to investigate chaotic distributions supported by the
phase space of the stochastic process of the N-particle system as we shall explain. We
refer to [12] for a detailed introduction on this topic and on Kac’s paper [49].

Consider a system of N identical particles of mass p > 0 such that its evolution is
described by a jump process with binary collisions that preserves energy and momentum.
Let us denote by ¢, 7 the particles undergoing the collision, with pre-collisional velocities
Vi, V5 € R? and post-collisional velocities vy, vj € R%. We have then the conservation of
momentum

pvi + pvi = pu; + puj,
and the conservation of energy

P2, P s2 __ P2 2
5\%\ + 5\”;’ = §|Uz" + §|Uj| .

If the system has initial energy & = %Zij\il plvi|> € Ry and initial momentum
M =pm= Zi]\;l pv; € R, then both energy and momentum will be unchanged under
the dynamics. The phase space of this process is then the manifold SN (v€,m) ¢ R¥

defined by
N av | 1o 2 >
SN(VE,m) = {V:(vl,...,vN)ER ’2;:1p|vi\ =¢, iEZIpvi:pm},

which is the intersection of a sphere of radius \/2£/p and a hyperplane. This space
SN (VE,m) is in fact a sphere in R¥ of dimension d(N—1)—1 with radius /2 /p — |m[2/N
and center (m,...,m)/v/N. We remark that we need |m|> < 2NE/p in order to
SN (VE,m) be non empty.

Now choosing units such that the mass p of each particle is equal to 2, the total
value of kinetic energy is dIN and, without loss of generality, choosing m = 0, the state
space of this dynamics is

N N
Sy = SN (VdN,0) = {V = (v1,...,vN) € RdN‘ Z|Ui|2 = dN, Zvi = 0} (1.1)
i=1 i=1

and we shall call the manifold Sév the Boltzmann’s sphere.

An example of this kind of dynamics is the space homogeneous Boltzmann model that
we shall explain. Given a pre-collisional system of velocities V = (vy,...,vy) € R¥V
and a collision kernel (for more information on the collision kernel we refer to [76, 62])

B(z,cos0) =T'(|z])b(cos ), (1.2)

for some nonnegative functions I' and b, the process is:
— for any ' # j’, pick a random time T'(I'(Juy — v;r|)) of collision accordingly to an
exponential law of parameter I'(|vy — vj|) and choose the minimum time 77 and
the colliding pair (v;,v;) such that

71 = T (jo; = vy1)) = min (L (Juw vy ),
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— draw o € S € R? according to the law b(cos 0;;), with

V; — U4
coslij =0 - (7”,
lv; — vy
— after collision the new velocities become
* * *
Vii= (v, 07, 05, oN)

where the post-collisional velocities v; and v} are given by

U%:UijLUj ’Ui—vj|0_ U*_UZ‘—F’U]'_‘UZ'—UHO_.
! 2 2 ' J 2 2

= (1.3)
Iterating this construction we built then the associated Markov process (V;);>0 on
RN The equation of the associated law is given by, after a rescaling of time, (see [62])

1 *
aGY = InGY = < Z/SH [N (V) — G (V)] B(vi —vjl.cos)do (1.4)

1<J

with initial data G{Y and where Vii = (v1,...,0f,...,v},...,un). This equation is
known as the master equation.

Associated to this process, we have the (limit) spatially homogeneous Boltzmann
equation [62, 63, 76]

Ocf(t,v) = /

Rd xSd—1

B(jo — wl, cos) (f(w') f (o) = f(w)[(0)) dwdo (1.5)

with initial data f(0,-) = fo and where the post-collisional velocities v* and w* are
obtained by (1.3).

We shall highlight here the models we consider in the last part of this work (see
Theorem 1.8 below), and we refer to [76] for more details concerning the collision kernel.
Assuming a collision kernel B derived from inverse-power law interaction potentials

o(r) = pmh s> 9

we have that the collision kernel has the form

B(z, cos0) = |2" bcos), ~ = 3—(2d1_1), (1.6)
S —

where the function b is locally smooth and has a nonintegrable singularity
sin?=2 0 b(cos ) ~go Co0 17, v €(0,2), Cyp > 0. (1.7)

In the particular case of three dimensions d = 3, we have v = (s — 5)/(s — 1) and
v =2/(s —1). If we replace the angular collision kernel b by a locally integrable one, we
speak of cutoff collision kernels (or Grad’s cutoff).
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We shall consider in this work the case of Maxwellian molecules, in which the collision
kernel does not depend on the relative velocity, i.e. v = 0 in (1.6). We consider the
general assumption

B(|v — wl|,cosf) = b(cos ),

™ 1.8
Va>0, / b(cos 0) (1 — cos )*T1/* sin? 20 df < +oo. (18)
0

This is the same assumption made in [62], since in Theorem 1.8 we use their results.
Remark that (1.8) includes the true Maxwellian molecules (or Maxwellian molecules
without cutoff) in dimension d = 3, when v =0, v = 1/2 and

B(z,cos0) = b(cosf),  b(cos) ~gg Cp 072 (d=3). (1.9)

Also, it includes the Grad’s cutoff Maxwellian molecules, when the singularity is removed,
B(z,cos6) = b(cosh), / b(cos ) sin? 20 df < +oc. (1.10)
0

Some results in Theorem 1.8 will consider the general assumption (1.8) and others the
cutoff Maxwellian molecules (1.10).

The program set by Kac in [49] was to investigate the behavior of solutions of the
mean field equation (1.5) in terms of the behaviour of the solutions of the master equation
(1.4). Moreover, the notion of propagation of chaos introduced by Kac means that if
the initial distribution G{)’ is fo-chaotic (Definition 1.1 below) then, for all ¢ > 0, the
solution G¥ of (1.4) is f;-chaotic, where f; is the solution of (1.5). For more information
on this topic we refer to the recent results of Mischler, Mouhot and Wennberg [62, 63].

This paper is inspired by the works of Carlen, Carvalho, Le Roux, Loss and Villani
[12] and also of Hauray and Mischler [46], which investigate chaotic probabilities on the
usual sphere in RY with radius v/N (also called Kac’s sphere). This sphere is the phase
space of Kac’s model, which is a one-dimensional simplification, introduced in [49], of
the model presented above, with energy conservation only.

The novelty here is that we investigate chaotic probability sequences in the Boltz-
mann’s sphere Sl]gv C R4 and, furthermore, we prove quantitative rates of chaos
convergence. Moreover, we apply our results to the Boltzmann equation with true
Maxwellian molecules to prove quantitative propagation of entropic chaos.

1.1.2 Definitions and main results

Let E be a Polish space, then we shall denote by P(F) the space of Borel probability
measures on F. Furthermore, through this paper, on the space EV we will only consider
symmetric measures, more precisely, we say that GV € P(EY) is symmetric if for all
¢ € Cy(EN) we have

(pdGN = / Po dGN7
EN EN
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for any permutation o of {1,..., N}, and where

Po = SO(VU) = @(Ua(l)a s 7U0'(N))7

for V= (vy,...,uny) € EN.
For GN € P(EY) and a integer ¢ € [1, N] we denote by G (or II,(GY)) the
(-marginal of GV, defined by

Vo € Cy(EY), / 0dGY = / 0 ®18WN=0 gGN.
Et EN

We shall use through the paper the same notation to represent a probability measure
and its density with respect to the Lebesgue measure.

We can now give the notion of chaos formalized by Kac in [49], we also refer to [70]
for an introduction on this topic with a probabilistic approach and to [60] for a short
survey.

Definition 1.1 (Kac’s chaos). Consider f € P(FE). We say that GY ¢ P(EY) is
f-chaotic (or f-Kac chaotic), if for each fixed positive integer ¢, Gév converges to f® in
the sense of measures in P(EY) when N goes to infinity, i.e. if for all ¢ € Cy(E?),

lim gpdGéV:/ @ df®*. (1.11)
Et Et

N—oo

In fact, it is well known that we need condition (1.11) to hold for only one £ > 2 (see
for instance [70]).

We also introduce the Monge-Kantorovich-Wasserstein (MKW) distance and for
more information about it we refer to [78]. Consider an integer ¢ and p € [1,00), we
define then the space

P,(EY) = {Ff € P(EY); My(F') := /Z | X|PdFY(X) < oo}.
E
Then, for F*,G* € P,(E*) we define the MKW distance between F* and G* by

1/p
W, (F',GY) =  inf </ 4o (X, YV d X,Y) , 1.12
n V= i o e, e e (V)7 d(X,Y) (1.12)
where TI(F¢,G*) is the set of transfer plan between F* and G*, which is the set of
probabilty measures on Ef x E¢ with marginals F* and G* respectively, and where we
define the distace dpe as

l
VX = (l‘l,...,ﬂfg),y = (yla--'ayf) € Ee, dEZ(va) = ZdE(l”z,yz)

=1

In the paper we will use the Euclidean distance in E = R?, i.e. dg(z;, ;) = |2; — y;| for
all z;,y; € E. More precisely, we shall use

VigePi®R),  Wilfg)= nf [ e yldnay)
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and

1/2
VigEPARY,  Walfig)= it ([ o-yfdney)
ﬂ-EH(fzg) Rd XRd
Moreover, for FY GV € P(S5) we shall use in the definition of W,(FY G¥) the
Euclidean distance inherited from R4, which means that for X,Y € Sl]gv we shall use
dsév(X,Y) =|X-Y|.

Let v be the Gaussian probability measure on RY, y(v) = (27)~%2e~P*/2 and
p € P(RY). We define the relative entropy of u with respect to v by
dp
H = log —d 1.13
(1) /Rd 0g 5 i (1.13)

if 1 is absolutely continuous with respect to -y, otherwise H (uly) = +oo.
Moreover, for GV € P(Sév ) we define the relative entropy with respect to vV, the
uniform probability measure on Sév , by

H(GY4Y) -—/ 1 4G el (1.14)
y) = s og o . .

We shall now define a stronger notion of chaos, namely the entropic chaos introduced
in [12].

Definition 1.2 (Entropic chaos). We say that the sequence GV € P(SE) is entropically
f-chaotic, for some f € P(R?), if GV is f-chaotic in Kac’s sense (Definition 1.1) and

lim - H(GY YY) = H(fl) (1.15)

N—oo
with H(f|y) < oc.
Finally, with these definitions at hand we can state the main results of the paper.

Theorem 1.3. For any f € Pg(R%) N LP(R?) with 1 < p < oo, there erists a sequence
of probability measures FN := [f®N]3g € P(SY), contructed by conditioning the N-fold
tensorization of f to the Boltzmann’s sphere, such that

(i) FN is f-chaotic. More precisely, for any £ > 1 fived there exists a constant
C = C() > 0 such that for N > £+ 1 we have

C .

Wi (EY, f%) < N

(ii) FN is entropically f-chaotic. More precisely, there exists a constant C > 0 such

that )
—~ H(FN YY) = H(fly)| <

i
N VN
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Let us now define the relative Fisher’s information of a probability measure p € P(R%)
with respect to v by
dp
1 = Vlog —
h = [ |V10e %
and, as we did for entropy, we also define for GV & P(Sév ) the relative Fisher’s
information with respect to 4V by

2
du, (1.16)

2
dG™, (1.17)

dgN
I(GN YN ::/ Vslog ——
(@) = [ |Vslos Gy

where Vs stands for the gradient on the Boltzmann’s sphere, i.e. the component of the
usual gradient in R4 that is tangent to the sphere Sév .

We define then another stronger notion of chaos, the Fisher’s information chaos, in
an analogous way of Definition 1.2.

Definition 1.4 (Fisher’s information chaos). We say that the sequence GV € P(S§) is
Fisher’s information f-chaotic, for some f € P(R?), if GV is f-chaotic in Kac’s sense
(Definition 1.1) and

lim - 1(GYY) = 1(fl)

N—o0

with I(f|y) < oc.

Remark 1.5. The Fisher’s information chaos is introduced in [46] in a weaker way, which
is in fact equivalent to Definition 1.4 thanks to Theorem 1.6.

Next, we may compare as follows the several notions of chaos:

Theorem 1.6. Consider G € P(S§), with k-th order moment My(GY) bounded, for
some k > 6, and suppose that GY — f in P(R?).
Then, each assertion listed below implies the further one:
(i) NTU(GN YY) = I(fly), with I(flv) < oc.
(ii) N=YI(GN|yN) is bounded and GV is f-chaotic in Kac’s sense.
(i) N"VH(GN YY) — H(f|y), with H(f|y) < co.

(iv) GN is f-chaotic in Kac’s sense.

As a consequence, in Definition 1.2 of the entropic chaos and in Definition 1.4 of
Fisher’s information chaos, we only need the convergence of the first marginal, i.e.
GY — f, instead of the convergence of all marginals. Hence, this theorem asserts that
Fisher’s information chaos implies entropic chaos, which in turns implies chaos (or Kac’s
chaos). Furthermore, we prove a quantitative rate for the implication (i) = ().

Another main result of the paper is a possible answer to [12, Open Problem 11] in
the setting of Boltzmann’s sphere given in Theorem 1.7. First of all, let us state the
problem. For GV € P(S§) and f € Pg(R%) N LP(RY) with p > 1, consider the following
two conditions:

) 1
I&flOONH(GNHf@N]SJBV) =0, (1.18)
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and
Ve eN, lim H(GY|f®) =0, (1.19)
N—o0

where [f®V] sy is the probability measure constructed in Theorem 1.3. In the Kac’s

sphere setting (i.e. SY~1(v/N) instead of S§), [12] proved that condition (1.19) holds
when G¥ is the conditioned tensor product GV = [f®V] sy- As discussed in [12],

conditions (1.15), (1.18) and (1.19) really mean that G is "strongly" close to f®V, not
only in the weak measure sense for marginals as in Kac’s chaos. In view of this, they
formulated the following problem.

Problem 1 ([12, Open Problem 11]). Does condition (1.18) imply condition (1.19) ?
More generally, does condition (1.19) hold for a larger and easily recognized class
of chaotic sequences, larger than those contructed by means of conditioning tensor
products 7

We give a partial answer to Problem 1 in the following theorem.

Theorem 1.7. Consider GV € P(S§) such that GV is f-chaotic, for some f € P(R?),
and suppose that

1
M(GY) < C k>2, S I(GYpY) <C.

Suppose further that f € L™®(R?%) and f(vi) > exp(—alvi|?) for some constant a > 0.
Then for any fived ¢, there exists a constant C = C(d, £, || f|| L=, Mi(GY, f)) > 0 such
that for all N > £+ 1 we have

H(GF |55 < CWi(GY, fo4)0EdR),

where 0(¢, d, k) is constructive and depends on £, d and k. As a consequence, H(GY|f®%) —
0 as N — oo and condition (1.19) holds.

This theorem exhibes a class of chaotic sequences in the Boltzmann’s sphere that
satisfy condition (1.19). At a first sight, the hypotheses needed on GV and f to (1.19)
be true may seen stronger than the conditioned tensor product, in which case [12] proved
that (1.19) holds (as said above). However, as remarked in [12, 46], the conditioned
tensor product assumption is not propagated along time by the Boltzmann equation but
the assumptions needed in Theorem 1.7 may be. It is indeed true for the Boltzmann
equation with Maxwellian molecules (see point (iv) of Theorem 1.8 below for a precise
statement), hence, in this setting, the assumptions in Theorem 1.7 are natural, which
gives a satisfying answer to the second question on Problem 1 in the Maxwellian case.

The interest here is that, as already remarked in [12, 62, 46], a natural step on Kac’s
program would be to study the propagation of conditions (1.15) or (1.18) or (1.19) (which
are stronger than Kac’s chaos) under the master equation (1.4). As explained above,
as a consequence of Theorem 1.7, the propagation of (1.19) holds true for Maxwellian
molecules. We continue the investigation of these issues in Theorem 1.8 below, proving
also the propagation of entropic chaos (1.15) and (1.18).
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We can apply our previous results to the Boltzmann equation for Maxwellian
molecules. Some of the results concern assumption (1.8), i.e. Maxwellian molecules with
and without cutoff, others concern only the Grad’s cutoff Maxwellian molecules (1.10).
Thanks to the work on propagation of chaos of [62], we can establish the following
theorem.

Theorem 1.8. Let fo € P(R?) and G} ¢ P(SY). Consider then, for all t > 0, the
solution G of the Boltzmann master equation (1.4) with Maxzellian molecules ((1.8)
or (1.10)) associated to the initial condition GYY, and the solution f, of the limiting
Boltzmann equation (1.5) with Mazellian molecules ((1.8) or (1.10)) associated to the
initial data fy.
Then we have
(i) Let (1.10) be in force. Consider fo € Pg N LP(RY) for p > 1. If GY is entropically
fo-chaotic, then for all t >0, G is entropically f;-chaotic, more precisely

Jim = H(GE [v7) = H(filv).
(ii) Let (1.8) be in force. Consider fo € Pg(RY) with I(fo|y) < co. If GY = | (?N]Sév €

P(Sl]gv) as in Theorem 1.8, then, for allt > 0, G is entropically fi-chaotic. More

precisely, for any
48

7d + 6)2(5d + 24)
there exists a constant C := C(€) > 0 such that

€<(

1 —e
sup |— H(GY YY) — H(fily)| < CN™“.
an | N

(iii) Let (1.10) be in force. Consider fo € Pg N L>®(R?) and fo(v1) > exp(—alvi|? + B)
for a >0 and B € R. If G satisfies condition (1.18)

. 1
]\}gnooNH(G(J)V|[ (?N]sg) =0,

then, for allt > 0, GY also satisfies condition (1.18)

. 1
A}EPOONH(G?[H ?N]sg) = 0.
(iv) Let (1.10) be in force. Consider fo € Pg N L¥(RY) and fo(vi) > exp(—alvi|? + B)
for a >0, B €R. Consider also G{Y that is fo-chaotic and has My(I1;(GY')) and
N=Y(GY|N) finite, for some k > 2.
Then, for allt > 0, GY satisfies condition (1.19)

Ve eN, lim H (I, (GM)| 2% = 0.
N—oo
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Theorem 1.8 improves the results of [62] where Kac’s chaos is established with a rate
but entropic chaos is proved without any rate. Indeed, point (i) here is proved in [62]
and point (i) gives a quantitative propagation of entropic chaos. Moreover, point (i)
answers a question of [62, Remark 7.11] and point (iv) is a consequence of Theorem 1.7
as said above.

It is worth mentioning that point (i) was proved in [62] for both the Maxwellian
molecules with cutoff (1.10) and the hard spheres case (which corresponds to the collision
kernel B(z,cosf) = |z|). The proof of point (iii) also shows that (iii) is valid for hard
spheres, indeed the proof is based on the fact that (1.15) and (1.18) are equivalent under
some hypotheses on f (see Theorem 1.25) and these properties are also propagated
along time in the hard spheres case (propagation of L>°, moments and lower Maxwellian
bounds, see e.g. [76] and the references therein). However, the results (ii) and (iv) are
valid only for the Maxwellian case, the reason behind this is that a key ingredient of the
proof is the propagation of the Fisher’s information bound, and such property is only
know to hold for Maxwellian molecules.

1.1.3 Strategy

We construct a probability on Sl]gv based on tensorization and conditioning of some
probabilty measure on R%. To this purpose, we use an explicit formula for the marginals
of the uniform probablity on S5 and a version of the local Central Limit Theorem (also
known as Berry-Esseen), which is the cornerstone of the proof.

In order to study more general probabilities on the Boltzmann’s sphere, we use an
interpolation-type inequality, relating entropy, Fisher’s information and the 2-MKW
distance, called HWTI inequality from [67, 53, 78], to show that Kac chaotic probabilities
with finite Fisher’s information are entropically chaotic.

Finally, the application of our results to the Boltzmann equation is based on recent
results of propagation of chaos from [62] and on the relations of different notions of
measuring chaos from the work [46].

1.1.4 Previous works

In [49] it is proved that the N-fold tensorization of a smooth probability on R
conditioned to the Kac’s sphere, i.e. the usual sphere S¥~1(y/N), is Kac chaotic. Then,
the work [12] extends this result to a more general class of probabilities on R, introduces
the notion of entropic chaos and also proves that the N-fold tensorization conditioned
to the Kac’s sphere is entropically chaotic. Furthermore, the recent work [46] gives
quantitative rates of the results before, introduces the notion of Fisher’s information
chaos and links these three notions of chaos.

1.1.5 Organization of the paper

In Section 1.2 we shall study the uniform probability measure on Sév . In Section 1.3
we construct a chaotic distribution on Boltzmann’s sphere based on a probability measure
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on R?. Furthermore we prove a quantitative chaos convergence rate and we prove point (%)
of Theorem 1.3. Then, in Section 1.4 we investigate the entropic and Fisher’s information
chaos. First, we study the entropic chaos for the probability distribution built before in
Section 1.3 and we prove point (i) of Theorem 1.3. Then, we link these three notions
of chaos and investigate a more general class of probability measures on Sév , proving
Theorem 1.6 and Theorem 1.7. Finally, in Section 1.5 we use our previous results to
prove Theorem 1.8.

Acknowledgements. The author would like to thank S. Mischler and C. Mouhot for
their constant encouragement, fruitful discussions and careful reading of this paper.
The author also thanks M. Hauray for discussions on the representation of Fisher’s
information on the Boltzmann’s sphere and A. Einav for discussions on integration over
Boltzmann’s spheres. Finally, the author thanks the referees for helpful suggestions.

1.2 Uniform probability measure

Consider V = (v1,...,vny) € R r ¢ R, and z € RY. We define the sphere
N N
SN(r, z) = {V = (v1,...,0N) € RdN’ va =r? Zvi = z}.
=1 =1

We denote by %{YZ the uniform probability measure on SY(r,z). We recall that
S = SN(VdN,0) is the Boltzmann sphere and we denote by v := 'yyd—N o 1ts uniform

probability measure. Moreover, we also denote by S"~!(r) € R™ the usual sphere of
dimension n — 1 and radius r, S"~! := S"~1(1) and by ‘S”*” its measure. We can easily
compute the measure of SV (r, z) by

d(N—1)—1

[

‘SN(T, Z)’ _ ‘Sd(N—l)—l’ <r2 _ N>+ ’ , (120)

For V = (v1,...,vn) € R¥, we shall use through the paper the notation Vy =
(v1,...,v) € R¥ Vin = (Ve41,.-.,UN) € RIN=0 and V, = Zle v; € Re,
We begin with the following result of a change of variables, proved in Appendix 1.A.1.

Lemma 1.9. Consider V € SN(r, z). We can make a change of coordinates (v1, ... ,vn) —
(u1,...,un) in the following way

1
uy = —= (1 +---+v
N m“ v)

U =

(1.21)

— (v 4+ — k , 1<k<N-1,
k(k+1)(v1 U — Kk Ukt1) <k<
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such that the Jacobian is equal to one, |ui|® + -+ |un|?> = [v1|*> + -+ + |un|? and

2

2 2 G

’U1|2+"'+‘UN|2:7"2 lur|*+ -+ |uny-1|* =7 A
%

U17a+"‘+rUN,a:Za Zia

u = ,
N,Ot \/N

With these definitions and notations at hand we can study some properties of the
uniform probability measure vV on Sév . We remark that these estimates can also be
obtained using correlation operators on the Boltzmann’s sphere as in Carlen, Carvalho
and Loss [14].

(1.22)
1 <a<d.

Lemma 1.10. We have the following properties
(i) for any £ < N — 1 the £-marginal of ¥ is given by v (dVy) = v (Vy) AV, with

72 d(N—£—1)—2
SAUN—C—1)—1 N AN —|V|? — 5 2
o= |t | L.
|SAN=D)-1] (N —0)3 (dN) V-1

where dVy = dv; . .. dvy is the Lebesque measure on R,
(ii) the moments of yév are uniformly bounded in N, more precisely, for k > 1 we have
Mk(’yév) < Capye, where Cqyp o depends on d, k and £.

Before the proof, we refer to [35] where a Fubini-like theorem on S (r, z) is proved,
which yields a generalization of (1.23) for the /-marginal of ’y,{YZ.

Proof. Let us split the proof.
(i) We can define ng by

1 1 N

e = o i (Layan — Loy ). BY () =V eR™N V| <r, 3 ui=2},
84 |

where foz is the normalization constant so that the integral of 'yf,\fz is one.

Consider ¢ € C(R¥), for £ < N — 1, then

<1B£V(r)’ P 1N_é>

- /]Rd;v 1|V2‘2+|V2,N|2§T2 1\7£+W+1+"-+UN=Z (Vo) dVedVy N

= R (‘O(w) </]Rd(NIZ) 1|V€,N|2§"'2_|V£|21’Ug+1+“‘+1)1\1=z—‘_/g dw7N) dw

d(N—£—1)

e Z—V 2 2
=/W o (Vo) [BIN )| <r2—|ve12—’ Y ) dvy,
+
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where [BUYN—=¢=1| is the measure of the unit ball in dimension d(N — ¢ — 1). We deduce
then that the ¢-marginal of 7, denoted by Hg(’y,{\fz), is given by

r,2)

— d(N—0—1)
1 d L, |z — V| 2
Ny el dN—=1)| [,.2 _ v 2 _ 12— Velr
‘Ed(Nfzfl)’ ) e AN —t1)-2
:ijzd(N—é—l)r re — |V - .

d(N—£—1)—2

d(N—£-1)—-1 _
B s Y (P ) 1
7z, N-t ),

and in the particular case 2 = dN, z =0
‘Sd(NfEfl)fl‘
N _

HZ(’VN) =% = N
VdN,0

N—¢ N

N ._ 7N :
Now we shall compute Z* := Z Va0 with

d(N—0—1)—2

V. 2 2
<dN—|W2— )\/_'g) av,.  (1.25)

N _ Sd(N—Z—l)—l’ (dN)l/z/

Rat

We start by the integral

d(N—0—1)—2

1/ |2 2
A= an - vz - WV dvy,
R4 N -/ N

with the changement of variable (1.21)-(1.22) (replacing N by ¢), with the notation
U=Up1 = (uy,...,us—1) and & = uy to simplify, we obtain
d(N—£—-1)—2

N
A= (dN P - W) * Ude.
R4 N —/ n

Changing U to spherical coordinates in dimension d(¢ — 1), we have

d(N—0—1)—2

o0 N D)
A= d(t—1)—1 ( N — 2 — 2) d(t—1)—1
/Rd/o S [{dN = p" = 37—l N p dpdzx

d(N—£—1)—2

_1-1, [ N 2 11—
:|Sd(f 1) 1|\/0 (/Rd <dN_p2_N_£’x|2>+ dﬂf) pd(é 1) ldp

(1.26)
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Looking first to the integral over R? we obtain, changing z to spherical coordinates in
dimension d,

d(N—£—1)—2

N P
_ 2 2
B = /]Rd (dN p €|x| >+ dz

~ N d(Nflzfl)72
= \SCH!/O (dN S €y2)+ y*tdy,

and after some computations we get

SA-1| /N — g\ ¥/2 AN-0-2 1 dN—-1)—2 a2
p=E (A av -2 [a-p™

2 N
A(N—L—1)—2 _
sy (N_g)dﬁ N p2)d<N—2£>—2 F(%%—l F(%jtl)
S LS Y e S N R ,
5 N F(d(Ngl)2+%+2

Plugging this expression in (1.26) we get

A= |Sd(€—1)—1|

91 v — @2 T (A=F=2 )T (42 4 1)
- (%)
0 d(N—0)—2
X / (AN —p?) 7 p D ap,
0
and we can compute the last integral

d(N—0)—2

C ::/ (AN —p?), 2 piD-1g,
0

e T ()
2 r (d(N—Z)—2 L ode-n-2 2)

)

2
r (d(N—ZZ—l)) r (%) r (d(N—e)

) 0\ d(€2—1)>
JCORC
and using the fact that
ISP = 22 (1.27)
I'(3)

we have

i BN
ZN = [si-0-1| (dN)“= (M) , (1.28)
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then we conclude by plugging (1.28) in (1.24).
(i) Let k > 1 be a even integer. We have then to compute M(v}")

d
Sd(NfEfl)fl‘ ( N )5
k. N _ ‘ N—t
/Rdzz Vel" v (Vi) dVe = |Sd(N*1)*1| N AN_1)_2

(dN)= (1.29)

. d(N—0—1)—2
V 2
< [ il (an - v - 1 v,
Rat N - g +

As in the proof of (i), we use the change of coordinates (1.21)-(1.22), then to simplify

we denote U = Uy—1 = (uy,...,up—1) and z = uy. Hence we can compute the integral
- d(N—0—1)—2
V 2
A= [l (N - v - av;
R4 N -/ N
X N d(N—t—1)—2
_ 2 2\ 2 g2 2 2
_/Rde (1012 + [f?) (dN U2 = —lal )+ dU dz.

With another change of coordinates, U to spherical coordinates in dimension d(¢ — 1), x
also to spherical coordinates in dimension d we have

d(N—£—1)—2

00 00 E N 2
Ay = ‘Sd(éfl)*l‘ ’Sdfl‘/ / <p2 n y2> > (dN e y2) D=1y =14 4
0 Jo N—-07 ),
- - d(N—€—1)—2
<C ‘Sd(ﬁ—l)—l‘ ‘Sd—l‘/ ok / (dN P N yz) 2 g dy b ple--1 g,
- - d(N—f—1)—2
L C ‘Sd(f—l)—l’ ‘Sd—l‘/ / S (dN 2 N yz) 2 Y=ty b pde=n-14,
0 0 N —/ I

=1 + I>.

For the first term we have (already computed in (i))

v
) T

y /OO(dN - p2)7d(N_2[)_2pd(£—1)—1+k dp
0

I = % ‘Sd(éfl)fl‘ ’qu‘ (

_ 1 ‘Sd(z_n—l‘ ‘Sd—l‘ (N - 5>g r (%) r (%)
2 N dIN=0)
r(“F)

gy () (22

X §(dN) 2 r (d(N—21)+k)
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In the same way, we can compute the second term to get
N -y ST (M) (45
N ) r (d(N—2£)+k>
. /o (AN — g2 i g
dik d(N—¢—1) d+k
N-—n\7T T ( 2 ) r (T)
N ) T (d(N—2£)+k;)

A(N—0)+k d(e—1)
% %(dN) T : ( FQ(d(N)211;+(Ic) - )

Plugging this two estimates in (1.29) we obtain after some simplifications

I ’Sdél HSd 1’<

_ % ’Sd(ﬂ—l)—l‘ ‘Sd—1’ (

d
Sd(N—Z—l)—l % 2
Mi(vg') < ”Sd(N—l)—1|‘ (d( d(N)—21)—2 (I + 1I2)

)
[ (dN=D\ p (de=1)+k [ (dN-D\ p(dtk
< (dN)gr (S(Nz1)+2) I‘(<d(£zl)>) + (dN)gF <S(Nzl)+2) F((Zi)) .

Using the fact that for k£ even we have

F(n k)_ n+k—-2) (n+k—4)“'72zr<n>

2 "2 2 2

2115(n+k 2)(n+k—4)-'~nr(n),

k/2 terms

we conclude that

(dN)?
AN 1) +k—2Jd(N —1)+k—4]-- [d(N — 1)]

x ([d(0 = 1)+ k= 2)[d(C = 1) + & — 4] [d(¢ — 1)]

My(v') <

)
1

44d+k—mu+k—4y~@
(dN)

NI

(A= 1)+ k=2 = 1)+ k=4 [d(=1)]  (1.30)
+md+k—2xd+k—4y~d)
27 ([d(¢ = 1)+ k — 2][d(¢ = 1) + k — 4] - [d(¢ — 1))

+%d+k—2ﬂd+k—4y~d)
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where Cg 1, ¢ depends only on d, k and /.
We proved then a uniform bound in N for k even. If k is odd we use |v|F <
lv|*~1 4 |v|*+1 with the last estimate to conclude.
O

Now, using this explicit formula for wév computed above, we prove that vV is -
chaotic, where ~ is the Gaussian probability measure in R%, i.e. y(v) = (27)~%/?2 e~ lol?/2,
for v € R%. The proof presented here is an adaptation of [30], where it is proved that
the uniform probability measure on the sphere S"~!(y/n) C R" is 7i-chaotic, with
v1(x) = (27)"Y/2 ¢7**/2 the one-dimensional Gaussian measure.

Lemma 1.11. The sequence of probability measures v~ € P(Sév) is y-chaotic, more
precisely, for any integer € such that d¢ < d(N — 2) — 3 we have

(0 +2) +2
N <2 :

Proof. Let ¢ be an even integer. Then we have

‘Sd(N—E—l)—l‘ . T (W)

[SIN-D-1] T & F(d(NJq))

() (1G4

By the explicit formula of 'yév in Lemma 1.10 we obtain

dN

d B A(N—f—1)—2
v_ (%) (1-02) () (1_!‘/15\2_ Vi )
+

T e AN dN ~ dN(N — )

Since ’yév and v®¢ are probability densities, the L' norm of their difference can be
computed in the following way

N
y
(SR P 2/W (7& - 1) ¥®fdvy, (1.31)
+

and we shall denote

0 = (5 )ghmm

~e =\
with ) . A(N—0—1)—2
1vel? \4 Ve :
h = 1-— —
(Ve) :i= e ( IN T AN(N 1)),
and

A= (1= (-1 ),
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We obtain that

VP AN —f—-1) -2 Vi|? 145
logh(Ve) = 5~ + 2 log | 1= N ~ an(N =0
Vi|*  d(N—£—1)-2 Vel
< N 2
S + 2 log |1 N |

and since the function a(z) = z/2 4 [(d(N — £ —1) —2)/2]log(1l — z/dN) has a maximum
for z = d({ + 1) + 2, we deduce

d(€+1)+2+d(N—£—1)—210g(1_d(€+1)+2>,

<
log h(V) < 2 2 dN

(1.32)

for d¢ < d(N —1) — 3.
On the other hand, for the quantity A, we have

(d(t+1)+2)/2 .
dit+1)+2 B 2]

(d(e+1)+2)/2 1 2z d
< —
_/0 og <1 dN) €T

:_d(N—€2— 1)—210g(1_ d(EJ;Jir)JrQ) B d(€+21)+27
(1.33)

again for d¢ < d(N —1) — 3.
Combining (1.32) and (1.33) we obtain

log |:h(‘/g) (1 - W) A] <0

and then

MY

(1_ d(€+1)+2> 7% )
dN 7T Ns
which implies
N - d(l+1)+2
®¢ T dN —d({{+1)-2
Plugging this expression in (1.31) we deduce

2d(0+ 1) + 4
N _ o

which is valid if ¢ is even.
Finally, if ¢ is odd, then £ 4 1 is even and we shall write

a(e+2) +2
N (41
< e ="l < 2080y 2

¢
lve" = 7*l

for d¢ < d(N — 2) — 3, which concludes the proof.
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1.3 Chaotic sequences in Kac’s sense

In this section, inpired by the work [12], we shall construct a chaotic sequence of
probability measures on the Boltzmann’s sphere based on the tensorization of some
suitable probability f on R? and conditioning to Sév . We shall give a quantitative rate
of the chaos convergence, proving a precise version of point (¢) in Theorem 1.3.

First of all, we define

ZN(f;TvZ):/

- )f®Nd'Yw]~\,/z’ and Z;V(f;hz):/ Wd%{vz’ (1.34)

SN(r,z)

for r € Ry and z € R? and we shall investigate their asymptotic behaviour. We remark
that, since v*V is constant on SV (r, z), we have

Z .
va(f; T, z) = Ni'é;;’ ?)

and we shall study in the sequel only the behaviour of Z} (f;r, z).
Define the space Py (R?) := {f € P(RY); My(f) := [ |v|*fdv < oo}, for some k > 1.
Let us consider f € Pg(R?%) N LP(R?), for some p > 1, a probability measure that verifies

/ vf(v)dv =0, / v f(v)dv = E1y,
Rd Rd

(1.35)
/ w2 f(v)dv = dE = E, / (Jof2 = E)2f(v) dv = 52,
R4 Rd

where I, is the d-dimensional identity matrix.

1.3.1 Preliminary results

Before study the asymptotic behaviour of Z);, we shall state some preliminary results
that will be useful in the sequel.

Consider (V) en+ a sequence of random variables i.i.d. in R? with same law f, then
the law of the couple (Vi, V%) is

h(v,u) = f(0) Syppz € P(R? x Ry). (1.36)
Moreover, we have the following lemma.

Lemma 1.12. The random variable Sy := Z;-V:l(Vj, V;[?) has law s™ (z,u) dzdu with

[5Y (v, 2)|

ZN(f7 \/’Ea Z)a
(o) e

Z,u) =

where z € R and u € Ry.
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Proof. Let ¢ € Cy(R? x R, ), with the change of coordinates (1.21)-(1.22) v — u, we
have

E [so (Ele Vi, fjl \Vj|2>

N N
=/Wso (zvj,zw) fENav
j=1 j=1

N
= | (JNUN,Z |uj|2) fENaU.

J=1

Denoting 2 = Zé\;l |uj|2 and splitting the integral, the last equation is equal to

// o(VNuy,r® + |uy|?) {‘SdN D=1 ’/d(N bl ®Ndaf(N_1)_1}duNdr

where a]’"{l is the uniform probability measure on S"~!(R). Making the change of
coordinates w = r? + |uy|? and z = vV Nuy, we obtain

gd(N—1)— 1( w_|z2>‘
o ®Nd d(N—-1)—-1 dz d
/0 Rd(p(z’w) 2<w 1/2 Nd/2 /Sd(N 1)- 1( _lz2 >f Vw=|z?/N s

- [ ¢tz ‘SNW’/Z)‘ Zy(f5Vw,2)  dzdw,
0 JRrd 2 (w ]IV7I> Nd/2

from which we conclude. O

Since Sy is the summation of independent random variables, its law’s density is also
given by
Nz u) = WV (2, u), (1.37)

S

and we deduce from the lemma above

1/2
2 (u— %) / N2 RN (2 4)

ZN(fiVu,2) = SN (v, 7)) (1.38)
Lemma 1.13. If f € Py (R?) then h € Pi(RH).
Proof. Let y = (v,u) € R™! with v € R? and u € R. Then we have
Lot bydy= [ (1P + uP) 50)8mp dodu
<O ([ ol swyav s [ o sy dz)
from which we conclude. O

Lemma 1.14. Suppose f € LP(RY) for some p > 1. Then h*? € LI(RI*1) if
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(i) ford=1: 1<q<pandq<erl

(ii) ford=2: q<p
(iii) ford >3: if f € Ls(R?) (s >0), for ¢ < p and

_(@d=2)(p=1)+sp
(d—2)(p—1)+s

Proof. We compute first h*?(v,u) with v,v’ € R and u, v’ € R.

h*2(v,u) = /Rd/Rh(v — v u—u)h( ) du'dv’

= /Rd flo=2") f(o') {/R 5u—u’:v—v’|25u’:|v’2du,} dv'
= /Rd flo=2") f(V') Sy py—rrp—porp dV'.

Moreover, we have

> 1.

J

u=|v—v’|2—|v

/|2 — 5u:2|%—v’|2+#'

Then we can compute the L9 norm of h*?,

fule
=/Rd/

h*2 (v, u) ’q dv du

dv du

f(v—v')f(v’)&z I o2 AV’
Rd

g

(a-1)/q 1/q
(L eposse @) ([ 0= 50006, o a )| o
Rd R ’5—”’ =27 R |3-v[=5-"

(1.39)

where we used Holder’s inequality.

We look to the integral over ¢, using w = § — v’
Ra lwP=g-Lf =
where we changed to polar coordinates and then, with z = 2
/ 5 |Sd 1’ L(d=2)/2 g,
e o=y 12 @ ~3-1£

(1.40)

B (e
) 2 4 '

Therefore we obtain, plugging (1.40) in (1.39) and using Fubbini,

fule
_ q—1
Sdfll U ‘1}’2 (d—2)/2
< _ \aq Y] ’ I B /
7/]]{‘1 Rdf(v ) f(v") {/R[ 5 (2 1 5u:2’%71}/’2+$du dv dv
Sd 1‘1 1 2)(g—1)
Tor kel

flo=)f()dvd =:A

h*2 (v, u) ‘q dv du
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Now we have the cases d=1,d =2 and d > 3:

(i) d = 1. Splitting the expression, we have

_ )4
AS/ flv=v) fl dv dv’ +/ / (v =) f(v)dv dv’
[g—vil<t [5 = ReJR

For the last estimate we have Tp < || f||%% <|If H%Cf, (because ¢ < p and f is a probability

measure), and for the first term we use Holder’s inequality

) (p—a)/p a/p
/ _ \P AV /
T < (/];v/]gl ’%_v/’(q—l)p/(p—q) dvdv) </|gv’|§1 flo =) f(') dvdv) .

Then, the first integral converges if (¢ — 1)p/(p — ¢) < 1, which give us 77 < C||f||%§, if

2p
< —.
4 p+1
(i) d = 2. In this case we have
181 Nido do!
< o /Rd/Rd (v — ") f(v')dv dv
_er 1 R 1

IFI7

175

(iii) d = 3. We have, using w = v — v and u =’

Sd 1‘1 1
/Rd/Rd

|Sd 1|q 1

291 2(d—2)(Q—1) /Rd/Rd [ = u[ @D f(w)? f(u)idw du

gd-1 q—1 o
< 2‘(61_1)4(1_1){20 (/Rd ]w|(d 2)(g—1) Flw)? dw) ( . F(u)? du) }

< CIAILal SN,

(d—2)(q—1)
flv =29 f(0")dv dov'

where we have used |w — u|(@™2@ 1) < ¢ (!w|(d_2)(q_1) + |u|(d_2)(q_1)> and m = (d —
2)(¢—1).
Finally, we have ||f]|%, < ||f||%, and with the hypothesis f € L’ N Ly, we have
[ fllpa < oo form=s(p—q)/(p—1) and ¢ < p (see Lemma 1.34 in Appendix 1.A.2),
more precisely for
_[@d=2)p-1+sp

C d-2)(p—1) +s > L
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1.3.2 Asymptotic behaviour of 7},

In this section we shall study the behaviour of Z), when N goes to infinity. First of
all, let us state a version of the Central Limit Theorem, also known as Berry-Esseen
type theorem, which is the main ingredient of the proof of the asymptotic of Z} in
Theorem 1.17. The proof of the CLT presented here is a slightly adaptation of [46,
Theorem 4.6] (see also [12, Theorem 27]).

Theorem 1.15 (Central Limit Theorem). Let g € P3(RP”) such that, for some integer
k> 1, we have g** € LP(RD) for some p > 1. Moreover, assume that
/ xg(z)dr =0, / (r®z)g(x)de = Ip, / lz]3g(x)de < C3.  (1.41)
RD RD RD
Then there exists a constant C = C(D,p,||g**||») > 0 and N(k,p) such that for all
N > N(k,p) we have

lgw — 7] on(@) — (@) < <
gN — Y||Lee = Sup [gN\T) — Y T)| =~ —F—,
zeRD \/N

where gy (x) = NP/2g*N(\/Nz) is the normalized N -convolution power of g.

In the sequel we will need the following lemma, and we refer again to [12, Proposition
26] and [46, Lemma 4.8] for its proof.

Lemma 1.16. (i) Consider g € P3(RP) satisfying (1.41). Then, there exists 6 € (0,1)
such that ,
Ve B(0,6) (&) < e A

(
(ii) Consider g € P(RP) N LP(RP) for 1 < p < oo. For any & > 0 there exists
r(0) = k(M3 (9), llgllLr, 0) € (0,1) such that

sup [g(§)] < #(9).
§>6

Proof of Theorem 1.15. We remark that
N N
@ =3(22) . wO=7(7)

We have ¢g** € L' N LP, for p € (1, 00], and then by the Hausdorff-Young inequality we

deduce that (g**) = (§)* lies in LP' N L>® with p’ € (1, 00]. Furthermore, gy (£) € L' for
any N > kp'. Hence we shall use the inverse Fourier transform to write

ow(e) = (@] = @n) | [ @n(e) - 7(6)) de]
R (1.42)
D ~

<@n)? [ lan(e) -7 de
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Spliting the last integral in low and high frequencies, we obtain

Lo lov© -3@lde< [ lav(@ldet [ o) ds

an(€) —7(6)| d
+ /|£< P GERGIES
::TI+T2+T37

for some 4 € (0,1).
For the first term, we write

fi= /|£|>\F6 (\/gﬁ> ‘N d = A /|n|>5 [9(n)\ n

N/k—p
< NP2 <sup |§(17)'“!> [ dn
>4 In|>d

< ND/2R(5)N/k7p’ Ch, xk Hp’

g

where § € (0,1) is given by Lemma 1.16-(i) and x(J) is given by Lemma 1.16-(ii) applied
to g** (because we have supposed only g** € LP). We get the same estimate for the
second term, then we obtain that there exists a constant C' = C(D, p, ||g**||») such that

C
+Ty < —.
! 2= VN
Finally, for the third term we have
19N (6) =7 .13
T5 = s a7 dE
*7 Je<vns €12 d

and we can estimate

gn(€) A _ 1 [g&/VN)N —3(¢/VN)"|

€1° RS €/VNI?
_ 1 [g¢/VN) -A(/VN)| = N T )
N G x kz:%g(ﬁ/ )"3(&/VN)
Moreover, point (i) in Lemma 1.16 implies
N-1 N-1 k|§\2 (N—k—=1)|¢|? le|?
> G(E/VN)A(E/VN)NTED < 3T e e T T < NeT
k=0 k=0

Hence, we obtain

IA
2

Ty < — (sup 1900 = 300 /Ne S e de
PENeE Y |77|3

(M3(g) + M3(v)) Cp,

~
N

IN

2~
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and we finish the proof gathering the estimates of T3, T» and T3 togheter with (1.42).
O

With these results we are able to state the following theorem about the asymptotic
behaviour of ZY.

Theorem 1.17. Consider f € Pg(R?) N LP(RY), with p > 1, satisfying (1.35). Then we
have
d(N—1)—2

_V2d  (dAN)T T e
ESd/2 (7«2 )d(N21)2 _

Zn(f37,2)

l\)‘ﬁw l\)‘%

_ 2 e
N

2|2 r2 — NE)?
8 leXp <_2|8’N = 222N) >+O(1/‘/N>]

and in the particular case v> = dN and z = 0, we have

_ 2
0501 5 o4 o]

Proof. Let us introduce
gv,u) = SEV2R(EY?0, E + Tu) € P(RIT),

with v € R? and u € R. Since h lies in P3(R%*!) by Lemma 1.13 and h*? € LI(RI+1)
for some ¢ € (1, p) thanks to Lemma 1.14, we have g € P3(R%!) and ¢*? € L9(R1).
Moreover g verifies (by construction)

Lovswdy=0. [ (@) dy =L,
Rd+1 Rd+1

where 1,1 is the identity matrix in dimension d + 1.
We can now apply Theorem 1.15 to g, which implies that there exists C' > 0 and Ny
such that for all N > Ny,

sup  [gn(v,u) —y(v,u)] < —=,
(v,u)ERIXR N

where gy (v,u) = N@HD/2g*N(\/Ny, /Nu) is the normalized N-convolution power of g,
with
g N (VNv,VNu) = £ Y2 p*N(£V2/Nu, NE + vV Nu),

and ) ,
ef‘vl /2 efu /2

W) = a7 (gm 2

is the Gaussian measure in dimension d + 1 (recall that we have v € R? and u € R). It
follows that

. u)S;lﬂgde (v, u) N2 Y svN J| = VN N@2

(1.43)

yolg—d/? (5_1/2]\7_1/% u—NE)‘ C xle—d?
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Gathering (1.43) and (1.38) we obtain

IN(f;r,2)

L\ 1/2
2N (- ) U pegmar lexp (_ 22 (12— NE)?

|SN(T, z)\ N(d+1)/2 (27r)(d+1)/2

Using (1.20) we have

a2 (2 12 \? -
Zn(f5r z)=2N (7’ NQ) 7"2—ﬁ
> ‘Sd(N—l)—1’ N N

d(N—1)—1
-2 E—lg—d/? 1
N@HD/2 (27)@+1)/2

2|2 r2 — NE)?
8 [eXp <_2|S|N_( 2221\7) >+0(1/\/N)].

Thanks to the formula
o/ 2

n—1| __
= T

and to Stirling’s formula,

an+b—1

[ (an+0b) =V2r(an)” 2 e ™ (1+0(1/n)),

we have
r (d(N2_ 1)) — Vo (dN) T S e (1 o1 Y)
and then
r2 d(N—1)—2 AN
2 7 N)” =z 2
ZN(fsr,2) = \/32 ‘ 2clN (d ) d2(N—1)—2 ‘ 22
REEN@mMT ) (ol T e
-5
2P (- NEY
X [exp(—ng— SIN +O(1/\/N) ,

which implies for the case 2 = dN and z = 0

_ 2
Zy(f; VAN, 0) = Eglg [eXp (‘W) o (1/\@)] |
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1.3.3 Conditioned tensor product

Consider now
N QN f®N N
F g = —
sy = ngivan.o)
the restriction of the N-fold tensor of f to the Boltzmann’s sphere Sg , where f verifies
(1.35) with E' = d, more precisely with

E= [1ff =,

i.e. f has the same second order moment that .

We have then the following theorem, which is a precise version of point (i) in
Theorem 1.3.

Theorem 1.18. Consider f € Pg(R?) N LP(RY), with p > 1. Then, the sequence of
probability measure FN € P(SY) defined by FN = [f®N]S§1 is f-chaotic.

More precisely, for any fixed £ there exists a constant C := C(£) > 0 such that for
N >/ +1 we have

C
N @t N fot
WiEY 1) < IR = 1 <
Proof. With the notation V = (vy,...,vyN) € RNV, = (vi)1<i<e> Von = (Vi) ep1<i<n

and V; = Zle v;, we have from the definition of FV

Ny SENVAN (V)
FAY) = (i VN, 0)
fet 1 fON— N
= e (V) 7 VAN.0) ~an=t (Vew) 7" (dV).

We recall that vV = fyyw 0 and we have

7%70(6“/) = ’Yé\f(dvé) Viv/;]i_w Z(dVZ,N>
where z = — Zle vi =—V;. Wefix £>1and N > ¢+ 1, then we have

FN) = [ Y0 dVi

RA(N—£)
7 (Vo)

fe° / N—¢
— v, Vi dvi
’YW( " Z(f; VAN, 0) JsN—t (/AN [V;P.2) 7®N_£( K’N)V\/dN—\Velz,z( o)

f®Nf€

I gy D (BN R )
N Zy(f; /AN, 0) ‘
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Let us first compute the ratio betwenn Z_, and ZY, by Theorem 1.17 we have

o ) d(N—£—1)—2 _d(N—£)
2

Ziy_y (£ VAN = Vi, - (d(N—0)" > ¢
= dN_L-1)2 (dN-|Vy[2)
2

ZﬁV(f;\/diN;(]) (dN_‘wP_%)f (&
|Vel? (de — [Ve?)? _
X [exp <_25(N—£) - 222(N—€)> +O(N 1/2)] .

Using the later expression with Lemma 1.10 one obtains

o ) R
— e2
FEJ\T(VZ) = W(Vf) AN=—t=1)=2  |v,2

2 e 2

(anv - Vef2 - §25)

\45 (dl — |Vy[*)? _
. [eXp <_25(N—€) TSN — ) +0(N 1/2)]

‘Sd(N—é—l)—l‘ (dN . |Ne_

l
|Sd(N*1)*1| d(N—1)—2 ( )
2

N
= 145 (dl — |Vi[2)? )
= ot [exp (‘25(1\7_6) N QEQ(N_€)> +O(N 1/2)] 1

X

7,12
dN— |V 2= 50

‘Sd(N—é—l)—l‘ (d(N B E))d(N_ZQ_I)_Q N d/2 ) %
x ’Sd(N—l)—l‘ (dN)d(N;1)72 N _ /¢ (2me) 2 .
Since "
N
we have
EN (V) = £2(V) 07 (Vi) 05 (Va) (1.44)
with

O PO R U Ry f
e [exp< T R S| EFNRT

PO S NC ) S P
2= |Sd(N—1)—1| (dN>d(N—21)—2 (2me) 2 .

(1.45)

Thanks to Stirling’s formula again, we obtain

’Sd(N—Z—l)—1’

dl
dN\ 2 i N B
|Szi(JV—1)—1|_<27T> (1+O(N )), 03 =1+ O(N7h).
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Moreover we can easily see by (1.45) that [|62V]| ;. < C uniformly in N, and

0 (Vo) = 1] = 6 (Vo) — L py<r + 107 (Vo) = 11>k

|Ve[? (a¢ — Vi)
<2g(z\ﬁ—@ + 222(N€—e)> +0(1/VN)

Vel®
Lyvi<r+CppLvizr

R? R vil*
<C < +=+0 (1/‘/N)> Lyi<r + i Lvezr,

N N RY
(1.46)
for some R > 0 and b > 0.
Finally, choosing R = N/8 and b = 4 one has
T P [
< (07 =)oy f®£HL1 +I(67" ~ 1)f®€HL1
C
< = f®€ L+ f®£ f®€ L
150 s f” Iy + \ﬁH Iy
< Cct
< Il + ﬁ”fHL% + ﬁ”fHL%'
O]

1.4 Entropic and Fisher’s information chaos

We recall that in the Subsection 1.1.2 we defined the relative entropy and relative
Fisher’s information of a probability measure. Moreover, we defined stronger notions of
chaos, namely the entropic chaos in Definition 1.2 and the Fisher’s information chaos in
Definition 1.4. We prove in this section precise versions of point (ii) in Theorem 1.3,
Theorem 1.6 and Theorem 1.7.

1.4.1 Entropic chaos for the conditioned tensor product

We shall study now the entropic chaoticity of the probability measure F» = [f®N]on sy

with quantitative rate in the following theorem, which is a precise version of point (i)
of Theorem 1.3.

Theorem 1.19. Let f € Pg(RY)NLP(RY) for some p > 1 verify [vf =0 and [ |v|?f = d.
Then, the sequence of probabilities FN := [f®N]SN € P(SY) is entropically f-chaotic.
More precisely, there exists C' > 0 such that we have

~ HEY ™) = H(f]y)| <

EL
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Proof. We write

dFN
H(FN|HN) (logd N) dFN

-5 s
1 f®N N
7N/N (l &2 F0)7®N> aF

L

log = )dFl —Nlongv(f;de,O).

Thanks to the assumptions on f, we can use Theorem 1.17 to obtain

;H(FNWN):/R (logf> dF{Y + O(1/N).

Using (1.44)-(1.45) we have F{¥ (v) = 0¥ (v) 0 (v) f(v) or more precisely

2
[v]? _ o*

FY¥ () = £(0) (55 0 (V) ) (14 0(1/) = 0% (0) £(0),
and then

FHERS = s = [ @ =11 (e ) voam.

We estime now the first term of the right-hand side, denoted by T',
7)< [ 6% =11 f logldv-+ [ [0¥ ~ 11 f log | do
Rd R

g/ |9N—1yf0(1+|u\2)du+/ 0N — 1| f|log f| dv
R4 Rd
=:T1 + Ts.

We recall that (already computed in equation (1.46))

for some k > 0 and R > 0. Then, for the first term we have

i< [ 16V - s <1+|v|2>+/BC 0% — 11 £ (14 [of?)

2 4
(’; nEL }) 1715+ e (Mi(F) + Miso()
.G
=N

where we have chosen R = NY/8 and k = 4.
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For the last term T3, define A > 1 and Bg = {v € R?; |v| < R}, then we have
Tl < [ 1Y 15 log 1+ [ 1Y =111 |og fI 172
Br B¢
N N
# oo 07 U om A taspeat [ 16% 117 og 11 e

N
+/Bg 6N — 1 £ [log fl 1o s -
Now we compute each one of this five terms. First, we deduce that
- R2+R4+ 1 / £ l1og | R? R* 1
J— —_— —_— O =
S\NITN TR eI = TN TR C

For the second term, we use that f|log f| < fA+P/2 < fP/AP=D/2 gver {f > A, |v] >
R}, and then

1A%

To2l < Jom1i73

Using f|log f| < f|log A| over {1 < f < A,|v| > R} for the third one, we obtain

log A
‘T273’ < Og

Mi(f).

Thanks to f |log f| < f|v|? < flv|™*2/R™ over {e1"" < f <1,|v| > R}, we get

1m m+2 (f)

Finally, by f|log f| < 4V/f < 4e” 2/2 over {0<f<e —lof? ,|v| > R}
’TQA‘ < CefR

Putting togheter all this terms, we have

N NTUN Aw-D/2 T Rk

<Y

— ’\/>
choosing AP~1/2 = Rk R = N1/8 | =6 and m = 4.
We have then |T'| < C N=1/2 and we conclude plugging it in (1.47).

2 4 1 P log A M,,
|T2|§<R+R+>C + ”f”“’ 408 Mk(f)+7+2(f)+Ce_R
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1.4.2 Relations between the different notions of chaos

First of all, we start with the following lemma and we refer to [12, 46, 59] and the
references therein for a proof.

Lemma 1.20. For all probabilities p,v € P(Z) on a locally compact metric space, we

have
H(pulv) = sup {/ godu—log(/ ewdy>}
peCy(z) Uz z

= sup /gpd,u.
@GCb(Z),fZeruzl Z

The following theorem is an adaptation of [12, Theorem 17], where the same result
is proved for probability measures on the usual sphere S¥~1(/N) in RV,

Theorem 1.21. Consider g € Pg(R%) N LP(RY), for some p € (1,00], where g satisfies
fvg =0 and [ |v|?g =d. Consider GV a probability measure on Sév such that for some
positive integer £, we have Gév — 7 in P(R¥) when N goes to infinity.

Then, we have

1 B0y < Tim inf N| [ ,©N

- < — .

eH(m\g )—I%nﬁl?ofNH<G | {g ]SJBV
Proof. Let fix a function ¢ := ¢(v1,...,v) € Cp(R%) such that

/ ef g%t =1, H(m|g®%) < / pdmg+¢ (1.48)
Rat Rat

for some ¢ > 0, which is possible thanks to Lemma 1.20. We introduce the function

P(v1, ..y 0N) = 0(V1, 5 00) o+ PVt 1y - -5 Ume),

where m is the integer part of N/¢, i.e. N =m{ + r with 0 <r < ¢ — 1. Thanks again
to Lemma 1.20 we have

1 N QN 1 N 1 [ RN
NH(G y[g }sg)ZN [ 2GN@V) o /SNe d[g ]Sg :
B B

For the first term of the right-hand side, using the symmetry of GV and the conver-
gence of its f-marginal, we have

1 N _m N 1
N SéV(DG (dV)—N/Rd[gOdGZ mz Rdzgﬁdﬂ'g.

We note that the second term of the right-hand side can be written in the following

wa
Y 1 QN
/ e®d {g®N] = —/ e® (g) dy™
sy SY T Zp(g:;VaN,0) Jsy - \7
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since
[ g®N} _ g*N N

¥ Zn(g:VaN.0) |
Applying Theorem 1.17 and thanks to [|v|? g = d we get

Zh(g; VAN, 0) = ‘6( +0(1/VN)),

where 3(g) is given by (1.35) applied to g, and then

1
lim ( log Zy (g; VN, 0)> 0. (1.49)
N—oo \ N
For the other term, denoting v = (v1,...,Vm¢), W = (Vmet1,-..,0N) and W =

Ume4+1 + - -+ + 0N, we write

g\ &N
/ @ () N
SN (VdN,0) Y
A(N—r—1)—2

|Sd(Nfr71)71’ (dN — |w’2 — ]‘VL_‘QT) 2 N % g Qr
N /Rdr |SAV-1)| (dN)% <N - 7”) <’Y>

/Se»m(\/m w)( ry@é ) d’y /dN—\w\z,—E) dw

where the integral in dw have to be taken over the region

{w e R¥ |dN — |w|? — |@[?/(¢m) > 0}.

We recognize that the last integral is equal to Z/, (e“" g®% VAN —w|?, —w) (where
Z!. is a multi-dimensional version of Z, obtained replacing N by m/¢) and by Theorem

1.17 we have
z (eso ®t.  JdN — \wP,—u—))

(e )M _dem

m 2 e 2

=0(1) x (dN e NG e_LW
—|w _W)

and using (1.27), we get

g ®N Iw\2 g ®r
/ e? () N =C e” () dw
SN (VdN,0) Y Rdr 0%

— O(1) x (2m)%/? /Rdr 9% dw = O(1).
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With these estimates at hand, we can deduce

1 g ®N
liminf | —— log/ e® () d'yN >0
N—00 N SN (VdN ,0) y
and together with (1.49) we obtain

o1 N[ ®N 1 1 ®¢
_ > > — .
hmlan H(G"| {g }Sé\’) 2 7 /Rdegodm Z 7 H(mlg®") — ¢

N—oo

Since ¢ is arbitrary, we can conclude letting € — 0.
O

Our aim now is to give an analogous result of Theorem 1.21 for the Fisher’s informa-
tion. However the strategy here is different, it is not based on the asymptotic behaviour
of Zj like before, but on a geometric approach following [46], where this analogous
result is proved in the Kac’s sphere setting. To this purpose, firstly we shall present
some results to conclude with the Theorem 1.23.

Consider W = (wq,...,wy) € RN and V = (vq,...,vN) € S§, where we recall that
Vi = (Vi,a)1<a<d, Wi = (Wia)i1<a<d € R? for all 1 < i < N.

Let P, be the projection on the hyperplane {X € RV ; Zfil x; = 0}, then it can
be computed in the following way

d €N €N
BW=W-=2 (W' |e§\> Bk

a=1

where e = (eq, ..., eq) € R with e, = (0ap)1<p<d € R?. Since |eY| = /N we obtain
1
PhW:W—N;(W-eg)eg. (1.50)

Moreover, the projection P, on the sphere {X € R® ; S™N |22 = dN} is given by

w

PW = VdN —.
W

(1.51)

Hence the projection Ps on the Boltzmann’s sphere Sl]gv can be computed as the compo-
sition of the others, i.e. Ps = Ps o Pj, more precisely

PsW = (P, 0 P,)W

P
— van W
[PLW| (1.52)
W — %Zgzl(w : eg) eaN

W= LS (W ey el

= VdN

I
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or in coordinates, for 1 < j < N and 1 < 3 < d,

VAN 1 X
(PsW);p = wig—— Y wrg| . 1.53
P T e\ N (159

Consider V € Sév and a smooth function F' defined on Sév . Then the gradient Vj,
on {X e R ; "N 2, = 0} is (recall that V stands for the usual gradient on R%)

N d
ViF(V)=VF(V) - % SN 0w F(V) el
i=1 a=1

Moreover, the gradient V, on the sphere {X € R® : SN |2|2 = dN} is given by

VF(V)=VF({V) - <|VV| : VF(V)) IK\

Combining them we can compute the gradient on Sl]gv , which is given by

VeF(V) = VaF(V) — (|¥| - th(V)> “‘;
1 N d
—VF(V) = =3 > 0, F(V)el
= a? N 4 N y (1.54)
S LEG TS ) St BRAICR] e
1 N d %
=VE(V) -+ YN 0 F(V)el —[V-VE(V)] Ve
i=1 a=1

since e -V = 3N v; o = 0 because V € Sf.

Let ® be a smooth vector field on R, which written in composants is ®(V) =
(®1(V),...,on(V)) with ®;(V) = (®;1(V),...,P;4(V)) for 1 <i < N. We denote by
divs the divergence on Sév , then it can be computed in the following way

N d
divg (I) Z Z S(I)] 5 €58,

where e; 5 = (010p+) (1<k<N)(1<y<d) € RV, Using (1.54) and after some simplifications
we obtain

N d
diVSCIJ(V):div@(V)—NZZZ@}lBQ) V)_ZZV V&, (V |V7‘62

Jj=1p=1:i=1 j=1p8=1

(1.55)
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Lemma 1.22. Consider o function F' and a vector field ®, smooth enough, defined on
Sl]gv. Then the following integration by parts formula on Sg holds

/ {VSF(V) LBV + F(V) divs B(V) — W FOV)B(V) - v} N (V) = 0.
Sg

Proof. The proof presented here is an adaptation of [46, Lemma 4.16]. Let x be a
smooth function with compact support on R, and define for V € R

(V) :=x(IPaV]) (F o Ps)(V) (® 0 Ps)(V).

We can compute div¢(V) and after some simplifications using the formulae for the
projections (1.50) and (1.52), the gradient (1.54) and the divergence (1.55) on Si we
get

div o(V) = %\YD F(PsV) PsV - &(PsV)

X(|PnV|) Vs F(PsV) -

1.56
V] (159
) VAN
X(|PnV]) F(PsV) divs ®(PsV) .
[PV |
Integrating (1.56) we get

X (1P V1)
F(PsV)PsV - ®(PsV) =————=dV
oy TESV) PV - 2(PsV) = =

VAN

+/RdN VsF(PsV) - ®(PsV) + F(PsV) divs ®(PsV)| X(IPAV]) 751 BV

dvV = 0.
Using the change of coordinates V

= (1)1,...,1)]\[) - U =
Lemma 1.9 and then the variables w =
the last expression is equal to

d(N—1)—1 g\ 252
Pl B (-5
R4

2 =
o 2 ) /8 vy TNV - 0(V) dz dw

w,z

vVdN
d(N-1)—1 9\ =2
s (,, _Z0) 7
R4 2Nd/2 w

(u1,...,uy) given by
N1 |ui|? and 2 = vV Nuy, we obtain that

/sw(w ; [VsF(PsV) - ®(PsV) + F(PsV) divs ®(PsV)| dyly } Y (M) _ VAN
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and then we get

d(N-1)-2 s 22
z|2 : X( ° N)d p
//Rd dN zaw /SN

D I (o e (A R o
R N S

=0.

Since we have

) A(N—1)—2
2 2
Fhe-5) 7 (o ) -
R
d(N—1)—3
—[d(N—1)—1]/°°/ NEA R
e W=y X (o= | dzdw,

we obtain the result

AN -1)—1

N F(V)®(V) - V} dyN (V) =0.

/SN {VSF(V) - B(V) + F(V)divs ®(V) —

O]

With these results at hand we are able to state the following theorem, which is the
Fisher’s information version of Theorem 1.21 and the proof is an adaptation of [46,
Theorem 4.15].

Theorem 1.23. Consider GV a probability measure on 5113\7 such that for some positive
integer €, we have GY — my in P(R%) when N goes to infinity.

Then, we have

1 1
LY < Tim i N N
ey ™) < lninf 5 Gy T).

Y

Proof. Let us denote GV =: gNV4N. Using [46] we have the following representation
formula

LGN y™) = /8N Vslog g™ 2™ dy™

B

P 2
= sup / <V3 loggN - P — —| 4| ) gN d’yN
PeC} (RINRIN) JSE

and we obtain by Lemma 1.22

d(N-1)-1 , (V)2
I(GN YY) = sup /N <(dN) (V) -V —divg ®(V) — ‘(4)’> g™ dy".
@ECZ} (RdN;RdN) S

(1.57)
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Furthermore for 7, we have, also from [46],

2
I(me|y®) = sup / («p Vi —dive — @) .
PECE (RIE;RA) SR

Let us fix € > 0 and choose ¢ such that

2
= I(mg|y®* —5<Z/ ( d1v<p|4|>7rg

Denote N =gl +r, 0 <r </, and define Viy = (Vp.1,..., Vi 4, Vi). Choosing (V) :=
(e(Ve1),- -y 0(Vig),0) € CLRIN; RIN) we obtain from (1.57) and the symmetry of GV

dN

— _ 2
24 (d(N D=L o) Ve - aiv (v - 20 ) e (avy + Y,

SIG RN =+ [ (CZ(N_”” (Vi) - Vi — divs B(Viy) — W) G (dVy)

with
1 1 v
R(N) = >N N OvisPhp dw(avi,aWk,ﬁ)Ui,ﬁvk,B Gy (dVy).

The last expression is bounded if V¢ decreases rapidly enough at infinity. Hence, passing
to the limit we obtain

N _lel®
l}vnlgéf I(GN Y™ E/ ( —dive 1 )m

E I(me]y®h) — e,

| \/

| \/

and we conclude letting € — 0. O

We can prove now precise versions of implications (i) = (ii) and (ii) = (iv) of
Theorem 1.6 as follows.

Theorem 1.24. Consider G € P(SY) such that GY — f in P(RY). We have the
following properties:

1
(i) If H(f|y) < oo and A}im NH(GNWN) = H(f|y), then GV is f-Kac’s chaotic.
—00
(ii) If I(f|y) < oo and A}im %I(GNWN) = I(f|y), then GV is f-Kac’s chaotic.
—00

Proof. Let us fix £ € N*. Since G — f in P(R%) we know by [70, Proposition 2.2] that
GV is tight. Then there exists a subsequence GV and 7, € P(R%) such that Gy g~y
in P(R%¥), when N’ goes to infinity (and in particular m = f).
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(i) By Theorem 1.21 we have
L H(my®) < lipinf - HGY' |WY) = H(f19)
l ¢ ~ N'—oo N! ’

Since we also have the reverse inequality by superadditivity of the entropy functional,
we obtain

" /
H(m|y®) ~ tH(f) = [ melog T ¢ [ flos?
®L
:/mlogg—/mlog‘f@%
Y v

=0

which implies 7, = f® a.e. on {f®¢ > 0}, since the function z + zlog z — z + 1 is equal
to 0 in z = 1. Thanks to 7, f® € P(R¥), we obtain

/ Ty = 1.
{ret>0} {re¢>0}

It follows that m, = f®¢ a.e on R%, so the whole sequence Gév converges to f® and
thus GV is f-chaotic.

(7i) The proof of point (ii) being similar, thanks to Theorem 1.23 and the superadditivity
of the Fisher’s information [11], we skip it.
O

Recall another notion of entropic chaos stated in (1.18), as proposed in [12, Theorem
9 and Open Problem 11] and [62, Remark 7.11], for GV € P(S§) and f € Pg N LP(RY)
with p > 1, we consider the following property

lim %H(GN\[f@’N]Sg) =0. (1.58)

N—o0

Let us now investigate the relation between condition (1.58) and the entropic chaos
(Definition 1.2) in the following result, which shows that, under some assumptions on f,
they are equivalent.

Theorem 1.25. Let f € Pg(R?) N L2(RY) and GV € P(SY) such that GY — f.
Suppose further that f(v1) > exp(—alv1|? + B) for some a > 0 and 3 € R. Then the
following asserstions are equivalent:

(i) Jim - H (GN|[F*N)gy) = 0;

(i) Jim < H(GVDY) = H(fl)
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Remark 1.26. We remark that both conditions (i) and (ii) imply that GV is f-chaotic.
Indeed, in [12, Theorem 19] is proved that (i) implies the f-chaoticity of GV in the
Kac’s sphere framework, the generalization to the Boltzmann’s sphere case is straight-
forward. Finally, the fact that condition (i) implies that GV is f-chaotic follows from
Theorem 1.24.

Proof. Denote GN =: ¢V~yN and FN = [f®N]Sév =: fNAN . Then we write

N
N Ny _ 9 N 5. N N\ N 5. N
H(G" |y )—/SN<10ng>g dry +/SN(10gf ) g™ dy
B B
= H(GV|[/*N]gp) + / log f&N dGN — / log /®N dGN — log Zy(f; VAN, 0)

- H(GNHf@N]Sé\’) + N/Rd logfdG{V + g(log2w+ 1) —log Z\ (f; JdW, 0)
(1.59)

using the symmetry of G, the explicit formula for y*V and the fact that My(GY) = dN.
Since Ms(f) = d, we obtain

S HE ) = H(fh) =  HG5y) + [ (G = 1)log f = < log Ziy(7: VN, 0).
R4 N
The third term of the right-hand side goes to 0 as N — oo thanks to Theorem 1.17.
Hence we only need to prove that the second term of the right-hand side vanishes as
N — oo, which implies that (i) is equivalent to (ii).
With the assumptions on f we obtain |log f| < log||f|lze + alv]? + 8 < C1(1 + |[v]?).
Consider R > 1 and we have

1 1
1+v2 <—/ ul* —i——/ v f < R4
/|U|>R< o) < g [T [ T <€

Let xr be a smooth function such that 0 < xg < 1, xr(v) =1 for |v| < Rand xgr(v) =0
for |[u] > R+ 1. We can split the integral to be estimated in the following way

LG =progs= [ xa(GY = Nlogs + [ (1= x)(@ = flogf.  (1.60)
Rd ]Rd ]Rd

Let us show first that H(GY) = [ GY log GY is bounded. If we assume condition
(ii) then N~1H(GN|yY) is bounded. On the other hand, if we assume (i), from (1.59)
we have

1 1 dN 1
~ HGYY™) < = H(GY[[f*]sy)Hog| | 1+ (log 2m+1)— < log Zy(f; VN, 0),

and again N~1H(G"™|y") is bounded. Moreover, we obtain thanks to [3] that

HGN N
(@) < o 1ED)
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for some C' > 0 and can write
N
v
(G ) = HGY ) + [10s 167

which is bounded thanks to the explicit computation of V{V in Lemma 1.10 and to the
Lemma 1.11. We deduce, since H(GY|y) = H(GV) + d(log 27 + 1)/2, that H(GY) is
bounded either if we assume (i) or (7).

Then, for the first term of (1.60), since x g log f is a bounded function, G} converges
weakly to f in P(R?) and H(GY) is bounded, we obtain that [xr(GY — f)log f — 0
as N — oo. For the second term of (1.60) we write (recall that [(1+ [v[)GY =1+d =

S+ )
[ =@ = plogs| < ¢ [ =)@+ PG + £)

R4
< C1CR™M + Ci(1+d) — Oy /d r(1+ WGV
R

The function yg(1 + |v|?) being bounded and continuous, we know that [yg(1l +
[v2)(GY — f) — 0 as N — co. Thus passing to the limit in the last expression we obtain

/Rd(l—XR)(Gjlv—f)logf‘ §0102R_4+Cl(1+d)—01/ (xr)(1+[v*)f

lim sup
R4

N—oo

< 2C102R74

which concludes the proof letting R — oo.
O

Remark 1.27. In the setting of the Kac’s sphere (usual sphere SV =1 (v/N)), we find in [12,
Theorem 21] a proof of (i) implies (ii) without the assumption f(v1) > exp(—alv1|? + 3).
We can adapt it to our case in the following way.

Proof of (i) = (i1). We write from (1.59) and for 6 > 0

1 1
— H(GNYN) < —
v HGT ) < &
Since log(f + &) is a bounded function thanks to f € L*, H(GY) is bounded and
GY — f in P(R?) we have [log(f +0)GY — [log(f +6) f as N — oo . We can pass
to the limit N — oo to obtain
1 d
lim sup i H(GY4Y) < /log(f +0) f+ 5(10g27r +1).

N—oo

H(GN|[f*N]sy) + /log(f +6)GY + g(log%r +1) - % log Zy(f; VN, 0).

Now letting § — 0, by dominated convergence we obtain

1 d
limsupNH(GN\’yN) < /flogf+ 5(10g27r +1) = H(f]),

N—o00
and we conclude with this estimate togheter with
1
H < liminf — H(GN |5
(fly) < liminf - H(G™ |y™)

from Theorem 1.21. O
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1.4.3 On a more general class of chaotic probabilities

In the subsection 1.4.1 we have constructed a particular probability measure on
Sév that is entropically chaotic. Hence, a natural question is whether it is true for a
more general class of probabilities on the Boltzmann’s sphere. Theorem 1.31, which is a
precise version of (i7) = (7i7) in Theorem 1.6, gives an answer with a quantitative rate.

First of all, let us present some results concerning different forms of measuring chaos
that will be useful in te sequel.

Lemma 1.28. Consider f, g € P(RY) and FN,GN € P(R™). Let us define My,(F,G) :=
My (F) + Mp(G).
For any k > 2 we have

- fe—

Mi(f, g) ™D Wy(f, g) %D (1.61)

Nleo

W2(fag) S 2

and

1 k—2
N N N N 2(k—1) N N 2(k—1)
Wa(FY,GY) _ o (Mk(F ,G )) (Wl(F ,G )> . (1.62)

JN N N

The proof of Lemma 1.28 come from [62, Lemma 4.1] for (1.61) and (1.62) is a simple
generalization of (1.61) to the case of N variables.

We denote by Wi the MKW distance (1.12) defined with a bounded distance in R¢,
more precisely, for all f, g € P1(R%),

Wi(f,g) = wei‘?(ﬁf,g) /Rded min{|z — y|, 1} 7(dz, dy).

Consider GV € P(R™N) and f € P(R%). We define then GV, §; € P(P(RY)) by, for all
S Cb(P(Rd))v

AN . N N N_iN d
Jopy 20 G () = [ () GV (@), W= P,

L ®(0)55(dp) = o(5).
P(RY)

Furthermore, WV stands for the Wasserstein distance on P(P(R?)). More precisely, for
some distance D on P(R?) we define

Yu,v € P(P(RY), Wp(u,v):= inf

D(f,g)dn(f,g).
”EH(M,V)/P(Rd)XP(Rd) (f,9)dr(f,9)

In the particular case of GV and 0y we have GV, df) = {GN & dr} and then

Wp (GY,57) = /RdN DY, 1) GN(aV). (1.64)

We have the following result from [46].
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Lemma 1.29. Consider f,g € P(R?) and FN,GN € P(S}). Let us define My(F,G) :=
My(F) + M(G).

(i) For any k > 2 we have

Wa(f,9) < 2% My(f,9)F Wi(f, )27 (1.65)
and
WQ(FN7GN) % Mk(FN,GN) % Wl(FN,GN) %_%
TgZ < N N . (1.66)

(i) For any 0 < oy < 1/(d+1) and k > d(a7' —d — 1)~" there exists a constant
C :=C(d,a1,k) > 0 such that

~ . 1 aq
Wip, (GN,65) < CM(GY, )V (W1<Gév,f®2>+N> : (1.67)

(iii) For any 0 < as < 1/d" and k > d'(ag ' — d')~", with d' := max(d,2), there exists a
constant C := C(d, ag, k) > 0 such that
My(f)7*
Noz
The equations (1.65) and (1.66) come from [46, Lemmas 2.1 and 2.2], and (1.67)-(1.68)
are proved in [46, Theorem 1.2].

WL(GN, £ = Wy, (G, 6p)| < € (1.68)

As a consequence of Lemma 1.29 we have the following result.

Lemma 1.30. Consider GN € P(S§) and f € P(RY) such that My(GY) and My(f)
are finite, for k > 2. Let us denote My, := My(GY) + My (f).

Then for any 0 < a; < 1/(d+1) and aq < k(dk +d + k)™, 0 < ag < 1/d" and
as < k(d'k +d)~t, with d := max(d,?2), there erists a constant C := C(d, k, a1, az)
such that

WQ(GN, f®N)
VN
Proof. First of all, we remark that N~ M(GY) is equivalent to My(GY) since GV is
symmetric. Then, using Lemma 1.29 we have

Wl(GN,f®N)>§

ol
Ealle

1,
< OME (Wi(GY, f52) + N-1 4 N2)

_1
WQ(GN, f®N k

) < 92 Aqh
< 2: K

el

1
2

1 % ~
<25 M} (cM’“(f)k + Wiy, (GN,af)>

Sl

<2oMf (N 4 (Wi(GY, %) + N_l)on)%

where we have used successively (1.66), (1.68) and (1.67), with a1 and «y defined as
above.
O
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We can now state a precise version of (i) = (i¢7) in Theorem 1.6.

Theorem 1.31. Consider GV € P(Sl]gv). Moreover we suppose that GV is f-chaotic,
for some f € P(RY), and also that

MUE) <O k26 CHER) <O, L IGVY) < G

Then GV is entropically f-chaotic. More precisely, there exists C = C(Cy, Cy, C3) >
0 and for any B < (k —2)[4(dk +d + k)]™! a constant C' := C'(B) such that

N N
¥ HG )~ H ()| < 0 (VV(Gmf@” + cwﬁ) .

Proof. First of all, thanks to Theorem 1.21 (with g = v and ¢ = 1) we have
< — <
H(fly) < liminf = H(G" ™) < Oy
and thanks to Theorem 1.23
. N N
< — <
I(fly) < liminf = I(GT ™) < Cs,

which implies that I(f) < oo. Indeed, I(f|y) = I(f) + Ma(f) — 2d, from which we
conclude.

Furthermore, since I(f) < C, f lies in LP(R?) for some p > 1 by Sobolev embeddings.
Moreover My (f) < oo for some k > 6 since My(GY) is bounded and GY¥ — f weakly
in P(R?%). We have then all the conditions on f to construct FV = [f oN | satisfying
Theorems 1.18 and 1.19. %

Let us denote
f®N

:ZN(JC;\/W,O)7

and we compute the relative Fisher’s information with respect to vV

N _. pNoN

el
N N

1

TN ) =

where we recall that Vs is the tangent component to the sphere Sév of the usual gradient
V in R™V, Since |[VsfV|? < |VfV|?, let us compute the usual gradient of fV

VAV N VN
o :;\ s

(f\lﬁo Z’sz cofict figre IN
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where f; = f(v;).
We can return to the Fisher’s information to obtain

N
*I(FNW N / ‘Vf ‘

1 Isz s . N
N sy Zn(f; VdN, N,0) Z Jim1 fixr-- fndy

A

Vo, f1I7 Zn_1(f; — 1], —v1)

= d'y{v.
R f1 ZN(f;\/dN,O)
In the proof of Theorem 1.18 we computed the quantity
Zy_1(f; VAN — 012, —v1) N

vy) =07 (v v
Zn(f; VAN, 0) () (o)
with ]6’{\7(01)] < C'. Now, we use the fact that

— P —v) 1 Iy (VAN — ol -

Zn(f; VdN,0) v(v1) 7% (f; VAN, 0)
to obtain )
Vo,
NI(FN\ M) < /Rd| ffﬁ' 67 (v1) dvy < C. (1.69)

Since Sl]gv has positive Ricci curvature (because it has positive curvature), by [78,
Theorem 30.22] and [53] the following HWT inequalities hold

N| N N N N
H(FN YY) — H(GY|yY) 5\/ (FNyN) Wo(FY, G
HGNWN) = H(FN YY) < S IGN 3N W (FN, GY).

Remark 1.32. In the original HWI inequality, the 2-MKW distance is defined with the
geodesic distance on Sl]gv , however here we use on Sév the Euclidean distance inherited
from RV, Fortunately, these distance are equivalent, hence the HWT inequality holds
in our case adding a factor 7/2 on the right-hand side.

Multiplying both sides by 1/N we obtain

1 1 N FN N
(GN‘ ) FN| ™ G hl G .
N N 2 N VN

Since N~ (FN|yY) and N~1I(GYN|yV) are bounded, we deduce

(1.70)

[\

\V)

N N
¥ HES ) — GNP < 0 PR (1.7)
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Finally, we write
N HG ™) =~ H(f)| < | HGY W) - HENPY)
N —|N N
1
+| HEYR™) - H(fln)

and thanks to the later estimate (1.71) with the triangle inequality for the first term of
the right-hand side and Theorem 1.19 for the second one, we obtain

N f®N N foN
W2(G\/];7f )+W2(F¢aﬁf )+\/1N>' (1.72)

Now we have to estimate the second term of the right-hand side. Hence, thanks to
Lemma 1.30 we have

N QN 1, 1_1
LT ﬁf ) < oM} (Wi, fo)o 4 N~ 4 N7 )7 F

and from Theorem 1.18 we have W1 (FYY, f®2) < Wy (FJ, f%2) < CN~Y2, which yields

Y HE Y - B < (

N

=

WoF™, f*N) b (y—ar/2 o y—a2)?
T < C'M; (N +N )
with oy < k(dk + d + k)~'. We conclude putting this last estimate in (1.72). O

We give a possible answer to [12, Open problem 11] in the Boltzmann’s sphere
framework, which is a precise version of Theorem 1.7.

Theorem 1.33. Consider G € P(S) such that GV is f-chaotic, for some f € P(R?),
and suppose that

1
M (GN) < C, k> 2, ~ IGNYM) < C. (1.73)
Suppose further that
feL®®RY)  and  f(v1) = exp(—alvi]’) (1.74)

for some constant a > 0.
Then for any fized ¢, there exists a constant C = C(d, ¢, || f||ze, Mx(GY), N"HI(GN|yN)) >
0 such that for all N > £+ 1 we have

H(GF |55 < CW(GY, fo4)0EdR),

where 0(¢,d, k) = k[dl(k + 3) + 2k + 4]~1. As a consequence, H(GY|f®*) — 0 when
N — oo and condition (1.19) holds.
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As discussed in the introduction just after Theorem 1.7, assumptions (1.73)-(1.74) of
Theorem 1.33 are natural in the case of Maxwellian molecules since they are propagated
in time. However, the conditioned tensor product assumption can be made at initial
time for the Boltzmann model but it is not propagated. As a consequence of this
theorem, we shall obtain that condition (1.19) is propagated under the master equation
for Maxwellian molecules (see point (iv) of Theorem 1.8 below).

Proof of Theorem 1.33. We write
H(GY|f%) = [HGY h™) — HF* ™) + [(GY = 1) logr™
+ [~ G tog £
=Ty +Tr + Ts.

Let us split the proof in several steps.

Step 1. For the first term we use the HWI inequality on R% [67],

Ty = H(GY' [v®") = H(f'W®) < IGY &) Wa(GY, f59).

Let us first show that the Fisher’s information I(GY|y®%) is bounded thanks to
N7(GN|yN) < C. Thanks to [3, Example 2] (see also [16] for related inequalities)
there exists some constant C’ > 0 such that

LGP oo LGYY).
/ - N
We write then
2
1GY ) = [ V105Gl = Vioga|” G
(1.75)
=16 + [ [2Alogad + [Viog ] Y,
and then we deduce that

1GY) <16 ) + [ [281055 + [V 10g2)" ]G (1.76)

is bounded thanks to explicit computation of 'yév in Lemma 1.10. We conclude that
I(GY|7®*) is bounded since M>(GY) = d¢ and writing

I(GY'W®) = 1(GY) +/ [2810g 7% + [V1ogy 2] Gff
= I(GY) + My(GY) — 2d¢ = 1(G}) — de.

(1.77)

Moreover, we have thanks to Lemma 1.28 applied for G, 2 e P(R%)

Wa(GY, £51) < CMU(GY, £5) 00 Wa(GY, £24) 77,
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where M (GY, f®) := M(GN) + My (f®*). We conclude then
1 l

Ty < C My(GY, fo1) 70 Wy (GY, o) D, (1.78)

Step 2. Let us denote by Bp the ball centered at origin with radius R > 0 on R%, by Bg
its complementary and let v = (vy,...,v,) € R¥. Since logy®* = —(d/2)log 27 — |v|?/2,
we can write

1 1
=y [ el [ (e
2 /By 2 B,

The function ¢(v) = |v]? lies in Lip(Bg) with ||[V| 1 (p,) = 2R. We obtain then

[ —app<or sw | o -

lllLip(pg) <1

<R s {/ S(F% — Gév)} (1.79)

||¢||Lip(RdZ)

= 2RW; (G, f¥Y),

where the last equality comes from the duality form for the W; distance (see for instance
[78]). Next we write

1 M (GN f®€)
R _ aNYI|2 < ®L Ny 1k 22k
J, 5= GO < g [ G @O =SEES— so)

Choosing R such that (1.79) is equal to (1.80) we get
Ty < 2558 M (GY, 754 7T Wi (G, 1241, (1.81)
Step 3. Finally, let us investigate the third term 73. We write
Ty= [ (1= G)log £ 4 [ (1 = GY)log £, (1.82)
Br B,
For the first integral in (1.82) we have, since f € L> and f®(v) > e,
[, (% = @108 £ < (108l oy +0B) 17" = G sy

Let g = f® — G} and consider a mollifier p., i.e. p-(v) = e ¥p(c~1v), p € CZ(R%)
with p >0, [ p=1 and supp p C By. Then we have

HQHLl(BR) < llg = PeHLl(BR) + g *pe — gHLl(BR)'
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For the first term we obtain

19 # pell 1) = /BR {/ pe(w — )| | fZ4(v) — GY (v)) dv} dw

9l WG £2) [
R

C
= gdi+1

IN

RUWL(GY, £2).
Moreover, for the second one we have
lg % o= = gll 1) < IVl <& (VS0 + IVl

By Theorem 1.23, we have I(f®¢|7®f) < C and then we deduce that ||V f®¢||;1 is finite.
Moreover, the boundness of I(GY) (see (1.76)) implies that [|[VGY || 1 is also finite. We
have then

C

172 = G | p1(py) < WRCM Wi(GY', f¥) + Ce

< CR#2 Wy(GY, fo)ae,

where we have optimized ¢.
For the second integral in (1.82) we have

Mk(Gévu f®£)

/ (% — G log f24 < Llog || fl| oo RF
By

We conclude then, optimizing in R,

Mk(GéV> f®£)

T; < C (01 R?) Rate Wy(GYY, f2%) e + 0]
3 < Og||f||Loo(BR)+a Gy, f97) + Clog || fl| 70 2P

k
< CWy(GY, o),

(1.83)
Finally, gathering (1.78), (1.81) and (1.83), we obtain

H(G1f*) < ¢ (Wl(GéV,fw)?@—QU + WG, FP R 4 Wl(cy,fw)damM)
< CWy(GY, fo0 T

where C' = C(d, £, || fl|ze, Mi(GY'), N“ I(GV |4™Y)).

1.5 Application to the Boltzmann equation

We can apply our results to the spatially homogeneous Boltzmann equation (equations
(1.5) and (1.4) in Section 1.1) with true Maxwellian molecules (1.8).
We prove now Theorem 1.8.
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Proof of Theorem 1.8 (i). We found the proof in [62, Theorem 7.10]. O

Proof of Theorem 1.8 (ii). First of all, from [62, Theorem 5.1], for all t > 0, GY is
fi-chaotic. Now, we split the proof in several steps.

Step 1. Let G be built as in Theorem 1.18, i.e. GYY = [f(?N]Sév, which is possible since
fo € Pg(R?) and I(fo|y) is finite. We know from [62, Lemma 7.4] that for all ¢ > 0
the normalized Fisher’s information N~'I(G|yV) is bounded since N~ I(GN|yV) <
N7Y(GY|¥YN) and the later one is bounded by construction (see equation (1.69)).
Moreover, Mg(I11(GJ')) is bounded by construction, thus for all ¢t > 0, Mg(II;(GY)) is
also bounded thanks to [62, Lemma 5.3] .

We can then apply Theorem 1.31 to GJ¥ (taking G = GI¥ and f = f; in the notation
of that theorem) and we obtain that for any 3 < (k — 2)[4(dk + d + k)] ™! there exists
C’ = C'(B) such that

W- GN RN
CHE ) - H(ftm\ <cc (ﬂmf) + N—ﬁ) . (1.84)

We have then to estimate the first term of the right-hand side and we shall use the
result of propagation of chaos proved in [62].

Step 2. Thanks to the result of propagation of chaos in [62, Theorems 5.1 and 5.2] we
have, for s > 2 4 d/4,

sup [0a(GE) = £, < € Wi (G860, (1.9

where we recall that GJ, 6s, € P(P(R?)) are defined in (1.63) and Wy, (@év,éfo) in
(1.64), more precisely

Wi, (@év,éfo) = /RdN Wa(uif, fo) G (dV).

We recall that we want to estimate the first term of the right-hand side of (1.84) and
we shall explain how we can obtain it from (1.85). On the one hand, for the right-hand
side of (1.85) we shall obtain a estimate of the type

Wi, (éév,éf()) <C [1/1/1(1—12((;[1)\f)7 ggz) —|—N*92]01

since we can estimate W1 (Tla(GY), f&?) from Theorem 1.18. On the other hand, for the
left-hand side of (1.85), we shall deduce an estimate like
1
VN

to be able to conclude.

03

Wa(GY, £2N) < O (G — 122,
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Step 3. First of all, we deduce from (1.65) in Lemma 1.29,

el

AN 20k AN 3
Wir, (GO 75]“0) < 23Mk WW1 (GO vdfo)
Then, thanks to (1.67) in Lemma 1.29 we obtain

==

1
2

~ 1 1, e
Wi (G8,85,) < 22 (Conttf (TG, 15 + 1))

and using Theorem 1.18, which tell us W1(II2(G{), f&?) < ON~Y2 we deduce

@q 1

Wi, (G, 05,) < Cay N™F(G75), (1.86)

where we recall that oy < k(dk +d + k)~ L.

Step 4. Thanks to [46, Lemma 2.1] applied to IIr(GY) and f%* € P(R??), for any
s> d/2 (with d > 2) there exists C' := C(d, s) such that

2k
2d+2ks

W 2d
Wi(I(GY), f7%) < OMi(IIa(GY), %) a2 =

I (GY) — 22

Furthermore, from Lemma 1.30 we obtain that there exists a constant C' := C(d, k, a1, )
such that

WZ(Gé\fﬂ ?N) % Ti7 N R2\ o —a —a %7%
T S CMk’ <W1(H2(Gt ), t ) 1 +N ! +N 2) .

Finally, gathering these two estimates with (1.85) and (1.86) we obtain that there exists
C := CO(d, s, a1, az, Mi(fo), Mp(II1(GY))) such that

WQ(G?[? t®N)
VN

=
=

<C (N*O‘?(ﬁ)(%*%) + N~ 4 N_OQ) (1 87)

< ON~,

Hatm) G 1)
af S
d+ ks 2 k

<( k—2 )2 k
2(dk +d+k)) d+ks

where

€

_ ( k—2 >2 4k
2k +d+k)) dk+4d + 8k
using oy < k(dk+d+k)~! and s > 2 + d/4 from (1.85). We conclude taking k¥ = 6 and

gathering (1.87) with (1.84).
O



78 CHAPITRE 1. KAC’S CHAOS ON THE BOLTZMANN’S SPHERE

Proof of Theorem 1.8 (iii). The proof is a consequence of points (i) and Theorem 1.25.
Since we have fy € Pg N L>®(R?), fo(v1) > exp(—alvi|? + ) and

.1
A}gnooNH(GéVH (?N]sg) =0,

Theorem 1.25 implies that G{) is entropically fy-chaotic. Moreover, for all + > 0 the
solution f; is bounded by below by a Maxwellian, i.e. fi(v1) > exp(—alv|? + 3) for
@ >0 and 3 € R, and also lies in Pg N L>®(R%) (see for example [76] and the references
therein). By point (i), for all ¢ > 0 the solution GJ¥ is entropically f;-chaotic, then
applying once more Theorem 1.25 we deduce that

.1
]\}gnm N H(GY|| t®N]sg) =0.

O]

Proof of Theorem 1.8 (iv). The proof is a consequence of Theorem 1.33. From the
assumptions on fy and G{, we conclude by Theorem 1.33 that G} satisfies condition
(1.19)

: Ny | R0\ _
VEeN, A}flooH(Hf(Go )fo™) =0.

As already said in Step 1 of the proof of point (iv) of Theorem 1.8, for all ¢ > 0,
the normalized Fisher’ information N~1I(G¥ |yV) is bounded, as well as My, (IT1(G)).
Furthermore, for all t > 0, we have f; € L>(R?) and f;(v;) > exp(—alvi|? + /3) for some
a > 0and 3 € R (see point (i) above). Hence, using once more Theorem 1.33, we
conclude that for all t > 0, G¥ satisfies condition (1.19)

VeeEN, lim H (I, (GM)| &5 = 0.
N—o0

1.A Auxiliary results

We prove here some auxiliary results used in Section 1.2 and Section 1.3.

1.A.1 Change of variables

We present the proof of Lemma 1.9 in Section 1.2.

Proof of Lemma 1.9. Thanks to (1.21) we have

) 1 N ) N—-1 N
lun| =~ Z|vz| "‘QZZW'%’
i=1

i=1 j>i



1.A. AUXILIARY RESULTS 79

and, for 1 <k < N —1,

k-1 k
lug|? = k:+1 (Zv1\2+222v1 v]—I—kQ\ka]z—Qka, ka).

=1 j>1

We deduce from these estimates that |u|? + --- + |uy|? =: I + Iy with

N1
1

I: 2 7’2

1 E:(k(kJrl §:|k| k+1|vk+1|>+ E\U\

and

N-1 1 k-1 & 1 N-1 N
IZZZLE:l (k(k+1)i§:z k+1sz vk+1>—Ni§: ; ]

N-—1
k=1

First of all, looking to I; we easily see that |vx|? appears only in Ay_; and Ay, so
its coefficient is (N — 1)/N + 1/N = 1. For m such that 2 < m < N — 1, |v,|* appears

in A1, Am, ..., Ay_1 and Ay, hence its coefficient is given by
N-1
m—1 1 1
—_— + —+—==1.
m JZ;H jG+1) N

The coefficient of |v1|? is the same of |vz|? since there is no Ag. We conclude then
= o1 * + -+ Jon ]

We can compute I in the same way. For 1 < m < N — 1, v,,, - vy appears only in
By_1 and By, so its coefficient is —1/N + 1/N = 0. Moreover, for 1 <m <p < N —1,

U, - Vp appears in By,_1, By, ..., By_1 and By, hence its coefficient is given by
N-1
1 1 1
——+ —+ —==0.
p Jz:;, plp+1) N

Finally, we conclude that |uy |24 - +|un|? = [v1[* 4+ +|on]? = r? and uy = z/VN
follows easily from (1.21).

The last point to prove is that the Jacobien is equal to one. To simplify we consider
d = 1, the general case being the same. Consider the matrix My that represents
the linear application in (1.21), i.e. Myu = v, where u = (u1,...,uy) € RY and
v=(vy,...,uy) € RN,
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We claim that det(Mpy) = 1. Indeed we have

1 1
o w0 0
1 1 2
V6 V6 V6
My = : : . 0
S S 1 __ N1
(N—-1)N V(N-1)N V(IN-1)N
1 1
and it can be written in the form My = Dy Ayn with a diagonal matrix Dy,
NG 1 -1 0 - 0
1 .
NG 1 1 =2
MN — i . : . .. 0
JIN-DN 1 ««v v 1 —(N-1)
v )\ 1

Let us prove the claim by recurrence. For N = 2 is clear that det(Dz) = 1/2 and
det(Az) = 2, which implies det(Mz) = 1. Then, supposing that det(Mpy_1) = 1 we have

N-2
det(MN_l) = <k1;[1 \/k(klj—i— 1) X \/(]Vl_ 1)) det(AN_l) =1 (1.88)

since det(Dy_1) is easily computed. Moreover, we have the following relation det(Ay) =
N det(An—1). Hence we deduce that

det(My) = (H m 1 )det<AN)
:<NH2 VR SV | )Ndet(A |
HVER+YD T VJIN-DN T VN N1

=1

thanks to (1.88), which concludes the proof of the claim.

1.A.2 Regularity lemma

Lemma 1.34. Let f € P(R?). Suppose f € LP N Ly(R?) for p > 1 and s > 0. Then
f € LL(RY) with g < p and m = s(p—q)(p — 1).

Proof. Let us compute the LI norm of f,

1918 = [ @+ o)™ fo) o

gc(/ o+ [ ] S qdv)
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For the first term we have || f[|%, < ||f]|%, and for the second one we obtain

/M v)?dv < (/\v\m’“/r 1) f( )(q o)r/(r— 1) </f )1/7"

by Holder’s inequality for some r > 1 and 0 < a < ¢. Now choosing r = p/a and
choosing « such that (¢ — a)r/(r —1) =1, ie. a =p(qg—1)/(p — 1) we obtain

[ s ([ )" ()

Finally, choosing m = s(p — q)/(p — 1) we conclude with

1718, < € (L1 + LIS 2/ @D | /D).






Chapitre 2

Chaos and entropic chaos in
Kac’s model without high
moments

ABSTRACT. In this paper we present a new local Lévy Central Limit Theorem, showing
convergence to stable states that are not necessarily the Gaussian, and use it to find new
and intuitive entropically chaotic families with underlying one-particle function that has
moments of order 2a, with 1 < o < 2. We also discuss a lower semi continuity result for
the relative entropy with respect to our specific family of functions, and use it to show a
form of stability property for entropic chaos in our settings.

2.1 Introduction

One of the most influential equations in the kinetic theory of gases, describing the
evolution in time of the distribution function of a dilute gas, is the so-called Boltzmann
equation. While widely used, the Boltzmann equation poses two fundamental questions
in Kinetic Theory, pertaining to the spatially homogeneous case: The validity of the
equation and the rate of convergence to equilibrium in it.

In his 1956 paper, [49], Kac attempted to give a partial solution to these two problems.
Kac introduced a many-particle model, consisting of N indistinguishable particle with
one dimensional velocities, undergoing binary collision and constrained to the energy
sphere S¥~1(v/N), which we will call 'the Kac’s sphere’. Kac’s evolution equation is
given by

OFN (vi,...,on) =—N{I - Q)Fn (v1,...,vN), (2.1)
where Fy represents the probability density function of the N particles, and the gain
term () is given by

1 2 2m
QF (t,01,...,08) = %N(N_l);/() Ft, 01, 00), . 05(0), ... ux) db,

(2.2)

83
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with
v;(0) = v cos(0) + v;sin(f), v;(0) = —v;sin(6) + vj cos(h). (2.3)

Motivated by Boltzmann’s ’Stosszahlansatz’ assumption, Kac defined the concept of
Chaoticity (what he called 'the Boltzmann property’ in his paper) which measures the
asymptotic independence of a finite, fixed, number of particles, as the number of total
particles goes to infinity. In its modern variant the definition of chaoticity is:

Definition 2.1. Let X be a Polish space. A family of symmetric probability measures
on XN, {uN} nen, is called p—chaotic, where y is a probability measure on X, if for
any k € N

lim TIj, (un) = u®, (2.4)
N—oo
where IT; () is the k—th marginal of uy and the limit is in the weak topology.

In the context of Kac’s work, the symmetric family of measures under investigation
is supported on Kac’s sphere and is given by uy = Fydo!, where do?V is the uniform
probability measure on Kac’s sphere. The limit measure p is absolutely continuous with
respect to the Lebesgue measure on R with a probability density function f. We say that
the family {Fy}ycy is f—chaotic in that particular setting. As an interesting remark,
we note that it is known, see for instance [70], that it is enough to check the marginals
for kK = 1,2 in order to conclude chaoticity.

Using a beautiful combinatorial argument, Kac showed that the property of chaoticity
propagates with his evolution equation, i.e. if {Fn (0,v1,...,vn)} yey 1S fo—chaotic
then the solution to equation (2.1), {Fy (¢,v1,...,VN)} yey I8 fi—chaotic, where f;
solves a caricature of the Boltzmann equation.

While Kac’s model is not entirely realistic (as it doesn’t conserve momentum) and
his limit equation wasn’t the Boltzmann equation, the ideas presented in his paper were
powerful enough that McKean managed to extend them to the d—dimensional case (see
[57]). Under similar condition to those presented by Kac, McKean construct a similar
N —particle model from which the real spatially homogeneous Boltzmann equation arose
as mean field limit for many cases. We will not discuss this model in this work, and refer
the interested reader to [15, 35, 57] for more information.

Giving a partial answer to the validation of the Boltzmann equation, Kac set out to
try and find a partial solution to the rate of convergence as well. Using his linear model
he conjectured that the rate of convergence to equilibrium in the natural L? norm would
be exponential, with a rate that is independent of the number of particles (the so-called
spectral gap problem). While this proved to be true eventually, it is easy to see that for
very natural chaotic families the norm of the initial datum depends very strongly on N -
exponentially so, making the possibility of taking a limit impossible. This effect is due
to the multiplicative nature of the L? norm and the definition of chaoticity.

A different kind of ’distance’ was needed, one that respects the property of chaoticity.
To that end the concept of the relative entropy was invoked.
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Definition 2.2. Given two probability measures, i, v, on a Polish space X, we define
the relative entropy of p with respect to v, H(ulv), as

H(ulv) = /X hlog hdv, (2.5)

where h = %, and H(p|v) = oo if p is not absolutely continuous with respect to v.

Definition 2.3. Given a probability density function Fy on Kac’s sphere we define the
entropy of Fn to be

Hy(Fy)=H (FngN\dgN) — /le(m) Fy log Fxdo™. (2.6)

The reason for this choice of a distance functional lies with the so-called extensivity
property of the entropy: In a very intuitive way, we’d like to think that 'nice’ f—chaotic
families behave like Fy ~ f®V, as such

Hy(Fy) =~ N/ f(v)log (f(v)) dv, (2.7)
R 7(v)

where  is the standard Gaussian on R, giving a linear dependence in N, instead of

an exponential one. This intuition was defined formally in [12], where the authors

investigated the entropy functional on the Kac’s sphere:

Definition 2.4. A symmetric y—chaotic family of probability measures on Kac’s sphere,
{uN} nens is called entropically chaotic if

lim —HN (MN ’dUN)

m ~ = H (ul), (2.8)

where do? is the uniform probability measure on Kac’s sphere and H (u|7) is the relative
entropy of u and y(v)dv.

As before, in the setting of Kac’s model we use the measures puy = FydoN and
p = f(x)dzr, and say that {Fn}ycy is f—entropically chaotic if (2.8) is satisfied. The
concept of entropic chaoticity is much stronger than that of chaoticity as it involves the
correlation between arbitrary number of particles. This was shown to be true in [12]
and we will verify it in our particular setting as well later on in this paper.

At this point we’d like to mention that the notion of chaoticity, and the use of a
rescaled relative entropy between two measures on XV and its connection to the relative
entropy of the limit measures, doesn’t solely lie in the realm of Kac’s Model. Indeed, in
[6] the authors have investigated propagation of chaos for the mean field Gibbs measure
with potential F' using exactly such ideas and a type of lower semi continuity result for
the relative entropy.

Of particular interest to the study of chaoticity, and entropic chaoticity, are special
measures that are obtained by a tensorising a measure, u, on R, and restricting the
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tensor product to Kac’s sphere. In our particular study, much like that of [12], we’ll be
interested in measures on Kac’s sphere with probability density function

. f®N (Ul, e .UN)

Fy (viy...,oN) = Zn (f,ﬁ) ,

(2.9)

where f is a probability density function on R and the so-called normalisation function,
Zn (f,7), is defined by

Zx (for) = / SN AN (2.10)
SN=1(r)

with do¥ the uniform probability measure on S¥~!(r). In what follows we will call

probability density functions Fy of the form (2.9) conditioned tensorisation of f. It is

worth to mention that Kac himself considered such functions, and have shown that they

are chaotic when f has very strong integrability conditions.

The question of whether or not conditioned tensorisation of the function f is well
defined rests heavily on the concentration of the tensorised measure f®V on Kac’s sphere.
The main technical tool that is required is a local central limit theorem that shows
exactly how Zx(f,r) behaves asymptotically, for any r > 0. In [12], the authors have
managed to prove that:

Theorem 2.5. Let f be a probability density on R such that f € LP(R) for some p > 1,
Jr2?f(z) =1 and [z 2*f(z)dz < co. Then

_ (u=N)?
2 e 2Nz2

VNS |SN-1[ 7 | V2r

ZN(f,Vu) =

+Av(w) |, (2.11)

where 2 = [p vt f(v)dv — 1 and sup,|An(u)] — 0.
N—o0
The above approximation yielded more than just an explanation to why our definition

is appropriate. Once proven, the above easily proves the following, which can also be
found in [12]:

Theorem 2.6. Let f be a probability density on R such that f € LP(R) for some p > 1,
Jr2?f(z) =1 and [y 2t f(x)dx < co. Then the family of conditioned tensorisation of f,
given by (2.9), is f—chaotic. Moreover, it is f—entropically chaotic.

We’d like to mention at this point that the above theorems were extended to to
McKean’s model by the first author in [19].

The appearance of the fourth moment of the function f in Theorem 2.5 shouldn’t
be too surprising: As we’re trying to measure fluctuation of the random variable
Ky = Zi]il VZ-2 from its mean, N, a useful quantity to consider is the variance of Ky,
pertaining to the fourth moment of the underlying function f. This, however, is not a
necessary condition to be able to obtain the desired concentration result. In this work we
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will consider families of conditioned tensorisation of a function f, where the underlying
generating function f has moment of order 2a, with 1 < a < 2.

The main approximation theorem of this paper, one that extends Theorem 2.5 and
lies at the heart of many subsequent proofs, relies on concepts related to a—stable
processes. We will introduce them at this point so we’ll be able to state our main results.

Definition 2.7. A random variable U is said to be a—stable for 0 < o < 2, o # 1 if

i=1 Xi
1
na
has the same probability distribution function as U, where X; are independent copies of
U. Equivalently, the characteristic function of U is of the form

e (€) = Sl co(5) (i€ g an ) (2.12)

with Cg > 0, p,g>0and p+q=1.

In the above, and what is to follow, we have used the convention

2(6) = [ e pla)de, (2.13)

for the characteristic function, @, of a probability density ¢. It is also worth to mention
that some books, including Feller’s, refer to above definition as strict stability.

Remark 2.8. Equation (2.12) can be rewritten in the form
Yo (€) = oI (HHBsen(Etan 57, (2.14)

where

(3 —
a:CS-OMCOS<W2a>>O,B:p—q.

We will use both forms in accordance to the situation.

Definition 2.9. The Domain of Attraction (in short, DA) of v, 4 g is the set of all real
random variables X such that there exist sequences {ay}, cry > 0 and {b,},.y € R such
that "y

==l b, — U, (2.15)

an, n—oo

where X; are independent copies of X, U is the real random variable with characteristic
function 4, o3 and the limit is to be understood in the weak sense. Equivalently, one can
prove that the DA of v, o g is the set of all real random variables X, whose characteristic

function @Z satisfies

n (zz ((i) e tbn€ _ 1) =2 —o|¢]* <1 + i0sgn(&) tan (7?;)) , (2.16)

where {an}, cy and {b,},y are sequences as in (2.15) (See [36]).
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Definition 2.10. The Natural Domain of Attraction (in short, NDA) of v, 3 is the
subset of the DA of 7, , s for which a,, = na and b, = 0 are applicable as a sequences
in (2.15).

Definition 2.11. The Fourier Domain of Attraction (in short, FDA) of v, s is the
set of all real random variables X whose characteristic function 1 satisfies

99 = 1- ol (1+idsen(e) tan () ) + 0u(6) (217)

where 77{2‘(5) € L™ and 77‘%(5) ;ﬁ 0. The function 7y, is called the reminder function of 12
_>

The general local Lévy central limit theorem we prove in this paper the following:

Theorem 2.12. Let g be the probability density function of a random real variable X .
Assume that g € LP(R) for some p > 1 and g is in the NDA of Yy, for some o >0,
and 1 < a < 2. Assume in addition that g has finite moment of some order. Define

gn(z) = ég"‘N (Néx),

and
1

Yoap®) = 5 [ Fnas©cde. (218)
Then, for any positive sequence {fn}y_,o, that converges to zero as N goes to infinity,
any T >0 and N large enough we have that

UNB?\‘]

1 _ _
HgN _'Ya,a,,BHOO < Cg,a <N“(1 - ]2V+T+¢T(/8N))N q+e 2

(2.19)
o 2. 27X
4y (8) + 2005 (14 82 ta? (5 ) — e (),
where
(1) Cg.a > 0 is a constant depending only on g, its moments and .
(ii) q can be chosen to be the Holder conjugate of min(2,p).
(iii) ¢r satisfies
¢r(2) _
z—0 mz-w ’
[ng ()]

(i) ng is the reminder function of g, defined in Definition 2.11, and wy(B) = sup; <

|lz|*

Section 2.3, where we prove the above theorem, also provides simple condition to
check when a probability density function is in the NDA of some 7, .3 as well as a
simplified case of the general theorem, one we will use in most of our applications.
Theorem 2.12 will allow us to show that:
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Theorem 2.13. Let f be a probability density such that f € LP for some p > 1 and
[2?f(z)dx = 1. Let

V’ y J y y *
—\/7

family of conditioned tensorisation of f, given by (2.9), is f—chaotic. Moreover, it is
f—entropically chaotic.

As a special case, one has that

Theorem 2.14. Let f be a probability density such that f € LP for some p > 1 and
[2?f(z)dx = 1. Assume in addition that

/(@) =

2300 |x‘1+204’

(2.21)

for some 1 < a <2 and D > 0. Then the family of conditioned tensorisation of f, given
by (2.9), is f—chaotic. Moreover, it is f—entropically chaotic.

The family of conditioned tensorisation of a function f,
vy = Fndo?, (2.22)

where Fy is given by (2.9), plays an important role on Kac’s sphere as an ’attractor of
chaoticity’ The first clue to this is the following distorted lower semi continuity property:

Theorem 2.15. Let f be a probability density such that f € LP for some p > 1 and

[2?f(z)dx = 1. Let
VB
ve(w) Z/ﬁy“f(y)dy

and assume that v¢(x) oy Cs2®>=® for some Cg > 0 and 1 < a < 2. Let uy be a
x (o0}
symmetric probability measure on Kac’s sphere such that for some k € N

We(pn) = Hs (2.23)

where y, is a probability measure on R*. Then, we find that
(i) Hl(,UN) — I () = p and

.. Hy(unlvN)
< _ .
H(plf) < liminf N (2.24)

where H(u|f) is the relative entropy between p and the measure f(v)dv
(ii) For any § > 0 we have that

H ®k
lim inf () > A(pelf hmsup/ log (f(v) +6) dIl; (un) (v)

+ [Tog (5 it~ 1—f|v|2du (®),

(2.25)

2
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where vy is given by (2.22).

Theorem 2.15 is the key to proving the following stability property of entropic
chaoticity:

Theorem 2.16. Let f be a probability density such that f € LP for some p > 1 and
[2?f(z)dx = 1. Let

vi(z) = / y' f(y)dy

and assume that vg(x) oy Csz*=% for some Cs > 0 and 1 < a < 2. Assume in addition
r—00

that f € L>(R). Then, if {un} ey @5 a family of symmetric probability measures on
Kac’s sphere and
. H(pn|vn)
lim —MENIEN)
Ngnoo N
where vy is given by (2.22), we have that uy is f—chaotic. Moreover, uy is f—entropically
chaotic.

=0, (2.26)

A different approach to the stability problem involves the concept of the relative
Fisher information functional on R, I, and on Kac’s sphere, Iy:

Definition 2.17. Given two probability measures, u, v on R, we define the relative
Fisher information of u with respect to v, I(ulv), as

/x 2
I(uly) = /R ’hh((x))‘ dv(z) —4/R|;i\/h(x)\2dy(x), (2.27)

where h = %, and I(p|v) = oo if p is not absolutely continuous with respect to v.
Given two probability measures, py, vy on Kac’s sphere, we define the relative Fisher
information of ux with respect to vy, In(un|vN), as

B [Vsh|?
Do) = o T

dv, (2.28)

where h = i‘;x , and In(un|vn) = oo if py is not absolutely continuous with respect to

vn. Here Vg denotes the components of the usual gradient on RY that is tangential to
Kac’s sphere.

Theorem 2.18. Let {un} ey be a family of symmetric probability measures on Kac’s
sphere that is f—chaotic. Assume that there exists Cg > 0 and 1 < o < 2 such that

ve 4 2—«
/ vidIly (pN)(v1) S Csx (2.29)
uniformly in N, and that
Hy (pn|o™) In(pn|o™)
<C <C 2.30
N - N - (2.30)

for all N. Then un is f—entropically chaotic.
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The presented work is structured as follows: In Section 2.2 we will present some
preliminaries to the work, including known results on the normalisation function and
marginals of probability measures on Kac’s sphere. Section 2.3 will be focused on proving
the newly found local Lévy Central Limit Theorem, described in Theorem 2.12, as well
as giving a particular version of it (with additional conditions). While we will use it in
Section 2.4 where we will prove Theorems 2.13 and 2.14, Section 2.3 is interesting in
its own right. As such, we present it in a self contained way (referring to definitions
presented in the introduction) in hope for it to be accessible to people who are not
familiar with Kac’s model. In Section 2.5 we will discuss the lower semi continuity
property of processes of our type (Theorem 2.15) and prove the stability theorems,
Theorems 2.16 and 2.18. Once all the proofs are done, Section 2.6 will give more details
about the spectral gap problem, the entropy method, Cercignani’s many body conjecture
and explain the connection between it and the presented work. Section 2.7 will see
closing remarks for our work, including some connection between the current work and
Cercignani’s many body conjecture, while the Appendix will discuss a quantitative
Lévy type approximation theorem, and include some additional computation that would
otherwise encumber the presentation of our paper.

Lastly, we’d like to mention some references for topics that we’ve touched here.
For more information about the Boltzmann equation we refer the interested reader to
[21, 62, 77, 76]. For more information about Kac’s and McKean Model, the spectral gap
problem and the related Entropy method and Cercignani’s many body conjecture we refer
the interested reader to [3, 13, 14, 12, 19, 34, 35, 33, 46, 48, 49, 51, 54, 57, 62, 77]. For
more information about propagation of chaos, from view points of Analysis, Probability
and PDE, we refer the interested reader to [4, 5, 6, 12, 19, 32, 33, 46, 62, 70|, and
for more information about the roles of central limit theorem in the study of Kac-like
equation we refer the interested reader to [5, 40, 55].

Acknowledgements. The authors would like to thank Clément Mouhot and Stéphane
Mischler for fruitful discussions, constant encouragements and support, as well as
enlightening remarks about the manuscript.

2.2 Preliminaries

2.2.1 The normalisation function

As discussed in the introduction, the normalisation function, Zy (f,/r), plays an
important role in the proofs of chaoticity and entropic chaoticity of distribution families
of the form

foN

~ zv (1 VN)

In this short subsection we will give a probabilistic interpretation to it, as well as explain
why it is well defined under simple conditions on f.

Fy
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Lemma 2.19. Let f be a probability density function for the real random variable V.
Then

2h*N
) (2.31)
ISN=1|r72—

Zy (f,Vr) =

where h be the associated probability density function for the real random variable V2
and h*N is the N—th iterated convolution of h.

Proof for the above lemma can be found in [12, 34], yet we present it here for
completion.

Proof. Denote by Sy = fil V2 the sum of independent copies of the real random
variable V2. For any function ¢ € Cj, (RN ), depending only on r = \/Zﬁil v? we find

that
N
EQPZ/NSO ZU’LQ Hi]ilf(vi)dm...dv]v:
R’ =1

57 [T et ( Ly TS ) ar =187 [ 2 (g dr

On the other hand

Ep = / ) sn(r dr—2/ ro(r sN( )d

Since the above is valid for any ¢ we conclude that

A known fact from probability theory states that the density function for Sy, sy, is
given by

sv(u) = W™ (u)

where h*"V is the N—th iterated convolution of h. This completes the proof. O

Remark 2.20. It is easy to see that probability density function h, associated to the
probability density function f as described in the above lemma, is given by

h(u) = 2Vu (2.32)

fVa+H(=vaE)
0 u<0
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As such, using the convexity of ¢ — t7 for any ¢ > 1, we find that if in addition f € LP(R)
then

/h(u)”/du < ;/OOO F)Y +f(—\/77)p/du _ /}R Fz)

f(x)” ,
S /[_1 1] xp/_l +/Rf($)p dx (233)
» v dx Ea »
<( [ sepa) ([ —G) T+ [ s@pas [ @,
(—1,1] N >1 f<1

where p’ < p. Choosing 1 < p’ < % we find h € L¥ (R), showing that h itself gains
extra integrability properties in this case. This will serve us later on in Section 2.4.

2.2.2 Marginals on Kac’s sphere

By its definition, chaoticity depends strongly on understanding how finite marginal
on Kac’s sphere behave. In particular, in our presented cases, we’ll be interested to find
a simple formula for the k—th marginal of probability measures of the form Fydo®. To
do that we state the following simple lemma, whose proof we’ll omit, but can be found
in [34]:

Lemma 2.21. Let Fy be an integrable function on S¥=1(r), then

N ISV 2 J 2
/SN_l()FNd’JT - [SN-T] 7AN—2/ r _sz‘
r i=1

FNdaij dvy ... dvj,

\/ ’"2—25:1 vi2

N—j—2
2

+

where g4+ = max(g,0) for a function g.
Using the above lemma, one can easily show the following:
Lemma 2.22. Given a distribution function Fn on Kac’s sphere, then the probability

density function of the k—th marginal of the probability measure Fxdo™ is given by

N—k—2
|SN—k—1| 1 2

k
Hk(FN)(Ulv"'vvk): |SN—1| NM (N_ZUZZ>
2 i=1 +

(2.34)
N—k

Fyd
/SN—k—l(\/TZZf_lv?) N U\/TQ—ZZ:IUI%
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Next we show a simple condition for chaoticity, one we will use later on in Section
2.4:

Lemma 2.23. Let {Fy}ycy be a family of distribution functions on Kac’s sphere.
Assume that there exists a distribution function f, on R, such that

lim Hk(FN) (Ul,...,’l)k) = f®k (’Ul,...,'l}k) (235)

N—o0

pointwise for all k € N. Then

lim “Hk(FN) Vi, o) = fF (01, Uk)‘

N—oo

pey =0 (2.36)

for all k € N, and n particular {Fn} ey @5 f—chaotic.

The proof for this (and a more general statement) can be found in [33]. Since the
proof is very simple we will add it here, for completion.

Proof. Let k € N be fixed. Define gy = I, (Fy) + f©*. By assumption (2.35) we know
that

lim gy =2f% =g,
N—o00

pointwise and since |y (Fy) — f®*| < gn, and

/gN(vl,...,vk)dvl...dvk:/ g (vi,...,05)dvy ...dog
Rk Rk

for all N, we can use the generalised dominated convergence theorem to conclude
(2.36). O

2.3 Lévy type local Central Limit Theorem

This section’s purpose is the introduce a new local Lévy type central limit theorem,
one that will help us in our investigation of families of conditioned tensorisation of a
function f, extending results presented in [12]. The bulk of the work is inspired from
[12] and [40] though there are some significant changes on which we will remark.

We start this section with an important technical theorem, taken from [40], which
plays a crucial role in the proof of our local central limit theorem. The fact that it only
works in R will affect the lower semi-continuity property, discussed in Section 2.5. At
this point we advice the reader to review the definition of a—stability, DA, NDA, FDA
of V5.0, given in Definition 2.7, 2.9, 2.10, 2.11, as well as Remark 2.8 and equation
(2.18).

Theorem 2.24. For any 9s,a, we have that the NDA equals the FDA.

Due to its importance, we will present a full proof for this theorem. The proof relies
on the following technical lemma (again, taken from [40]):
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Lemma 2.25. Let g : R\{0} — R be a continuous function that satisfies limy, o g (£) =
0 for any x € R\ {0}. Then lim,_,og(z) = 0.

We leave the proof to the Appendix, and show how one can prove Theorem 2.24
using it.

Proof of Theorem 2.24. We start with the easy direction. Assume that 1Z is in the FDA
of Yg.a,3- We have that
+ nn (é) .
na

n (IZ <ni> — 1) =-—n- U‘Sa (1 + i3sgn (ni) tan (7;0()
= —ol¢]” (1 + ifsgn(§) tan (m>> + |€] - ! <”“>

£
1
2 < é‘ )O[?
-
nao
concluding the desired result.
Conversely, assume that v is in the NDA of v, , 3 and define

N—

€)= 5 — 1+ olel* 1+ iBsgn(e) tan () ).

We have that for any & # 0

K (i) 1 ~ (& . T
5 65k o imen () o

neo

Q—

n

Defining ¢(&) = 76(7\5“) we find that ¢ is continuous on R\ {0} and
g <£1> =20
na /) Mo

for any £ # 0. A simple modification of Lemma 2.25 proves that lim¢_,o g(£) = 0. This

also shows, since 7 is continuous, that % is bounded around ¢ = 0. For |¢| > ¢ we have

e (€
e < g+ (1o ()
< —=+o0 1+ ,8 tan | — )
g =0 e (72
proving that ) ¢ L, and the result follows. O

¢l

Theorem 2.24 gives us a very convenient approximation for the characteristic function
of any real random variable in the NDA of 7, g o, one we will use quite strongly.

Next, we’re like to find some simple conditions for when a real random variable
belongs to the NDA of v, 3 4. This is given by a theorem from Feller’s book, [36]:
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Theorem 2.26. Let F' be a probability distribution function of a real random variable,
X, that has zero mean, and let 1 < o < 2. Denote by

pia) = [ yFy). (2.37)
If
(i)
w(x) e 22 L(z), (2.38)
L(tz)

where L is slowly varying (i.e.

(i)

o o 1 for anyt>0).

1— F(x) N
1— F(z) + F(—z) avs0 " (2.3
Feo) |
1—F(CC)+F(—3:) :c—)ooq
(iii) There exists a sequence {an},cn > 0 such that
mlan) o (2.40)

Then X is in the DA of Yog,ap.q With {an},cy found in (iii) and b, = 0.

Remark 2.27. Tt is worth mentioning that a similar, less restrictive theorem, holds in the
case 0 < a < 1. Since we will not use it in this work, we decided to exclude it from this
section. For more information we refer the interested reader to [36].

Remark 2.28. Of particular interest to us are the following cases:
— If in condition (7) of Theorem 2.26 one has that L(x) o Cs then the sequence

— 00

1
an:na

will be suitable for condition (#ii) of the same theorem.

— If the probability distribution function, F'(x), is supported in [k, c0) for some
k € R then condition (i) of Theorem 2.26 is immediately satisfied with p =1
and ¢ = 0.

We now turn our attention to the proof of Theorem 2.12. The main idea of the
proof is to evaluate the supremum of the difference between the probability density
functions using inversion formula and their characteristic functions. An integral will
emerge, one we will have to divide into two domains: frequencies that are close to zero,
and frequencies that are ’far’ from zero. The domain of frequencies that are almost zero
will be taken care of by requiring that the characteristic function would be in the NDA
of some stable distribution. The other frequencies will be dealt with presently:
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Theorem 2.29. Let g be a probability density function on R such that

Ey = / lz|*g(x)dx < oo, (2.41)

R
for some X\ >0, and
H(g) = / g(x) log g(x)dz < oo. (2.42)
R

Then for any B > 0, there exists n = n (8, H(g),E\) > 0 such that if |§| > [ then
1g(¢)] <1—mn. Moreover, given T > 0 one can get the estimation

GOl <1 - BT +:(8), (2.43)

for B < By small enough, where gﬁ@ — 0.
B—0

Remark 2.30. The proof of the first part of the above theorem, to be presented shortly,
is very similar to the proof found in [12]. The novelty of our approach manifests itself in
(2.43), where an explicit distance from 1 is given. The surprising part is that to show
this estimation no new machinery is required, only an intermediate approximation.

Proof. For a given £ € R we can find a z € R such that
(&)l = g(&)e ™.
By the definition of the Fourier transform, and the fact that g(0) = 1, we have that
36 = [ g@)e e =1~ [ g@) (1 - H) da.
R R

Since |g| is real we find that
91 =1~ [ gla) (1 cos (@ + 2)¢)) do
R

(2.44)
<1- [ gla) (1= cos((@+2)¢)) do

for any measurable set B.
Define:
Bsr ={x € [-R,R] |1 —cos ((z + z)§) < 6},

where ¢ and R are to be specified later. From its definition, and (2.44), we conclude that

geI<1- [ 9(a) (1 = cos (¢ +2)6)) da

[-R,R\Bs r

<1- 5/ g(z)dz.
[-R,R\Bs,r

Next we notice that « € B; r if and only if z € [~ R, R] and

(2.45)

|(z + )€ + 2mk| < arccos(1 — 9)
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for some k € Z. Since arccos(1 — ) < v/26 we conclude that if x € B; g then, for some

ke,
x — (5 — z)‘ < \’/5276 (2.46)

We denote by I the closed intervals centred in % — z, with radius \I/TQF' Since the

distance between the centres of any two [—s is at least %, while the length of each

interval is at most %, if we pick § < %, we conclude that the intervals Iy —s are mutually
disjoint.

From (2.46) we see that the set Bj g is contained in a union of I —s.
Let n be the number of k € Z such that % — z € [-R, R]. All such k—s, but possibly

the biggest and smallest k, satisfy that [2”(@' D! , %’“] C [-R, R]. Thus,
1)

B w(k—1) 27k
-2 G =g ) <2k

With |-| denoting the Lebesgue measure, we conclude that

|Bsr| <n- @<(f+é’>\/ﬁ<}%<1+;ﬁ)\/ﬁ (2.47)

At this point we will use the entropy and moment conditions on ¢ to connect between
the known value |B; r| and the desired value [p . g(z)dz. To do that we will use the
relative entropy (see Definition 2.5) and the following known inequality:

2H (plv)
w(B) < ) (2.48)
tog (1+ 5457 )
where 1 and v are regular probability measure on R and B is a measurable set.
Define

X[-R,R] (z)g(x) X[-R,R] ()
du(z) = —————F—"—=dz, dv(zr)=—""r-—"dz. 2.49
(=) Ji-r,r 9(@)dz (=) 2R (2.49)
We have that %(l‘) = —21}X[‘R R](( ))d(;) nd
[-R,R]

L ) 2Rg(z) g() .
H(ulv) = /[—RR log (f[ R.R] g(x)dx) f[_RyR]g(:z)da:d

1
=log(2R) — log </[R,R] g(x)da:) + m /[R,R] g(z)logg(x)dx  (2.50)
<log(2R) — log (1 - }Egi> + _1& /g(x)| log g(z)|dz.
RA

We have used the fact that

1 E\
dzl—/ dx 1——/ Ag(z)dr > 1 — =2, 2.51
/[R,R]gu) v e L (25D
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We will now turn our attention to the term [ g(z)[log(g(x))|dz. For any positive function

¥ (x), we have that

Thus, for any measurable set A we have that

[ s@ogg(@)dz = [ g@)ogvia)dr+ [ gla) =~ [ via)de

when the right hand side is finite. Choosing ¢ (z) = e~lo and A = {g < 1} we find that

/ g(x)log g(x)dz| = —/ g(x)log g(x)
g<t g<t (2.52)
< / lz[*g(x)dax — / g(z)dx + Y(z)dr < Ex+ Cly.
9<1 g<1 g<1
where C = [4(z)dz. Since
[ s@ogo(@)| = H(g)~2 [ ala)log gla)de.
9
we conclude that
E H(g)+2E)\ +2C
H(ulv) < log(2R) — log <1 - R;) + 1) 2 (2.53)
R
Together with (2.47) and (2.48) we find that
2log(2R) — 2log ( — %) + —2H(g)1+_4g+40*
W(Bsp) < 2 (2.54)

H(g)+2E>\+2C>\
1_7

log | 1+

log(2R) log( —ﬁ
1
27

(1+%5)v2s

Next, we notice that

_ _ _@ _
/[_RyR}\B&Rg@)dx—(/[_Rﬂg(x)dx)m RRI\Bsw) = (1= 33 ) (1= n(Bsw)

which, along with (2.45) and (2.54) gives us the following control:

B, 2log(2R) — 2log (1 - £3) + %
gel<1-s-(1-23) |1~ 055

log(2R)— log(lf H(g)+2E)‘+20)‘

log |1+ (it 1_7

27

i
RB
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At this point we can choose R and § < % appropriately. For any 7 > 0 we choose
§ = % and R = —log 8 we find that for 8 going to zero

2log(2R) — 21log (1 — %) + 2H(9)+4§A+4(JA

A
1 o

7 By H(g9)+2E)+2Cy
log(2R) log(l R/\)+717ﬁ

R)\
log | 1+ L0+ 5)VD

PR COY f Gl A :
g g log(—log(3)) log(—log(ﬂ))(l—%)
N (—1log(B))
log 1——1
(—log(8)*
27 log(— log(8)) (1+O (W) +O(l 1 (5))(11_ 1 )))
log | 1+ — S

\/551+%_ QTF\/EB%

log(B)
- 2log (— log(6)) ~ _ 2log(~log(P))
loo (1 — _log(=108(8)) log(8) ) | (_mg(—log(ﬁplog(m)
o8 ( VasE(+o@losd))) o Vast

~

) tlog (— log(8))
~Tog(B) — 21og (~ loa() log (— 1o(B))) 50

Thus,
GO <1- 8% +¢.-(8),
¢+ (8)

where Eiiss Q)O' ]

Before we present the proof for Theorem 2.12, we state the next simple lemma, whose
proof we leave to the appendix. A similar argument can be found in [40].

Lemma 2.31. Let g be the characteristic function of a random real variable X that is
in the NDA of ¥s.a,8. Then there exists By > 0 such that for all |§| < By we have that

[§(6)] < e~ 75" (2.56)

Proof of Theorem 2.12. We start by noticing that

e =g" (Af)

and from the inversion formula for characteristic functions (see [36]) we have that 7, 4 3
is the characteristic function of v, o 3.

Since g € L'(R) N LP(R) we conclude that g € L (R) for any 1 < p’ < p. Thus, its
characteristic function belongs to some L?(R) for some ¢ > 1. One can choose ¢ to be
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the Holder conjugate of min(2,p). For any N > ¢ we have that

[ < 13127 [ (<5 )1 < N all < o

@

This implies that we can use the inversion formula for g: For any = € R:
(&) s @) < 5= [187 (<1 ) ~ Anas(e)lde
N cap()] = o NI ) " oas
=50 17" ()~ (57 e
. 2.57)
o ()
21 Jie|<py N o7 |
1

bor [ 0 (S e o [ el
2m Jigmannk T ANz N R

:Il+IQ+I3.

The partition in (2.57) corresponds to the near to/far from zero discussed earlier. We
wil start with estimating [.

Since g is in the NDA of v, o 3, Theorem 2.24 assures us that g is in the FDA of
Yo, and there exists a reminder function, 7,4, such that

(&) = Vo,0,8(E)] = [ng(E)] + [m,(E)]; (2.58)
with
@)l < 2026 (14 5P e () (2.59)
when |£| < £ for some small 5; > 0. Thus,
|/g\(C) - ﬁma,ﬂ(gﬂ a ) 2 B
i PSRt < (o) 2055 (14 8 () (260)

for N large enough such that Sy < 5;.

Next, we see that
n{ € ~ £
o (Né ~Tras v

¢ ¢ (2.61)
<1 (<5) ~Fres (57! ,;)’A(NJ' e ()11
Picking N such that z\lf% < BN < Bo from Lemma 2.31 we find that
N—
_ ok|§]* _o(N—k—1)|¢]*
H'Yo B( >|N1k< e 2N . N
z:: ( ) “ Z (2.62)
U(N 1)|E|a a|g\°‘

<Ne =@ ~<Ne i,
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when N > 2. Combining (2.60), (2.61) and (2.62) we see that

I <

o) 2 (L P () [y
[§]<BNNa

27 N (2.63)

< € (wy(Br) + 2085 (14 P ean? (1)),

where C = fR\£|“6_#df. Next, we estimate Is.

The expression I3 is connected to Theorem 2.29, and as such we need to check that
its conditions are satisfied. From the conditions given in the statement of our theorem,
we know that there exists A > 0 such that E) < oo, following the notations of Theorem
2.29. We only need to show that H(g) < co. Indeed, since g € LP(R) for some p > 1 we
have that

[ s@hogg@lde =~ [ gl logg(a)de+ | ga)logg(a)de.

g<1 g=>1

We already showed in the proof of Theorem 2.29 that — fg<1 g(z)log g(x)dr < 0o, and
since we can always find C}, > 0 such that logz < Cppr for x > 1 we conclude that

g(x)log g(z)dx < Cyp|lgll} » g < 00,
o1 (R)

showing that H(g) < oo. Thus, for any 7 > 0 and for 5 small enough we have that

13(6)] < 1= B2 + ¢.(8),

11, 0s(T)
Wlth 524»7— ﬂ—_>(>)0

Using the above, we conclude that

1

Na R Nt ) v
_ /|§>5N’g(€)|Nd§ < g (1 — ]2V+ + ¢T(/8N)) HgH%q(R) ) (264)

I, —
2 21

Lastly, we need to estimate I3, which is the simplest of the three integrals. Indeed

1 _O'Nﬂ%
3= — ) e—alﬁ\adéf < € / ) e_ﬂ%ldg
21 Jig|>pyNa 2r  Jig>ByNa (2.65)
O'NBR‘I
<De "2,
1 _olkg”® .. . .
where D = 5- [pe” 2 d{. Combining (2.63), (2.64) and (2.65) yields the desired
result. O

Remark 2.32. 1t is clear that if {Sx} ¢y is chosen such that it goes to zero and

,8]2V+TN — 00
N—oo
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then €,(NV), defined in the above theorem, goes to zero as N goes to infinity, and we
have an explicit rate to how fast it does it. A different method to undertake here is to
pick By small enough that all the steps of the proof the theorem work, and get that

oNﬂg‘

1
IN — Yo,0,8 0o = Vg, a — Mo T\ P0 a e
[ loo < Coa| No(L= 8577 + 7 (B0))¥ 1 +e 2

g (Bo) + 2088 (1 + 32 tan? <”20‘)) )

ThuS
lim su — < lim (wq(By) + 2088 1—}—/32t n? ())) =0
IN sup ”gN 'Ya,oz,ﬂ”oo > 501 B ( g( 0) 0 ( a 5 R

proving the desired convergence, but losing the explicit N dependency!

An immediate corollary of Theorem 2.12 is the following:

Theorem 2.33. Let g be the probability density function of a random real variable X .
Assume that g € L¥ (R) for some p' > 1 and

(1) [ |alg(x)dz < ox.

(2) pg(z) - Csz*™“ for some Cs >0 and 1 < a < 2 where
r—00

g () = / " Po(y)dy.

(3)

where G(z) = [*__ g(y)dy.
Then, for any positive sequence {Bn} ey that converges to zero as N goes to infinity
and satisfies
BYTN — oo, (2.66)

N—oo

for some 7 > 0 and for N large enough, we have that

z—NE
N fYO',ayﬁ Né Cg’a 1 2T N_q/
sup|g (1:) - T | < T Na (1 — PN + ¢T(BN))

g N N (2.67)

oNB%

e o) + 2085 (14 87102 (T2 ) ~=

where
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(i) o= Csga=gy cos (%), B=p—a.
(it) E = [pxg(x)d.

(77i) Cyo > 0 is a constant depending only on g, its moments and o.

(iv) q' can be chosen to be the Holder conjugate of min(2,p').
(v) ¢ satisfies
. dr(z)
ilg% |z|2+T

(vi) n(€) is the reminder function of e=%“EG(¢), defined in Definition 2.11, and wy,(B) =

In(z)|
supmgﬁ ‘33|a .

Under the condition (2.66) and the conclusions (i) — (vi) one finds that

9

li N)=0.
NTOOGT( ) 0

Proof. We start by defining go(z) = g(z+FE). Clearly go € LP'(R) and [ |x|go(z)dz < oo.
If we will be able to show that gg is in the NDA of ~, g, then, using Theorem 2.12, we
can conclude that

N
sup|g*V (Nix + NE) B 70',0(,51(.%')‘ - e ( \ )’
’ Na Na

as ggN(z) = ¢*V(z + NE), and the desired result follows.
We only have to prove that gg is in the appropriate NDA. To do that we will use
Theorem 2.26. From its definition we know that gy has zero mean. Clearly

1-— Go(.T)
1= Go(@) + Go(—z) 2= "
Go(—x)

1— Go(z) + Go(—z) = ©

with Go(z) = [Z g0(y)dy, as Go(z) = G(z + E).
Next, we see that

x +E +E x+FE

fgo (@) = [ yPgo(y)dy = / y2g(y)dy — 2E yg(y)dy + E? / g9(y)dy.
—x —x+F —x+F —x+F

The first term is bounded between p4(z — E) and pg(x + E) and as such behaves like
Cgx®~“ as = goes to infinity. The rest of the terms have a limit as x goes to infinity,
implying that

figo () ~ Cg®™.
All the conditions of Theorem 2.26 are satisfied (see Remark 2.28), with ¢ and  given
by (i), and the proof is complete. O

Before we end this section we’d like to mention that with additional conditions on g,
the estimation on €,, defined in Theorem 2.33, can become more explicit. This will be
done via an explicit estimation for w,(£). Such estimation can be found in [40], yet the
additional conditions are very restrictive. As it is still of interest we will provide some
information on the matter in the Appendix.
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2.4 Chaoticity and entropic chaoticity for families with
unbounded fourth moment

The study of the chaoticity and entropic chaoticity of probability density functions,
{F~} nens on Kac’s sphere that are obtained by conditioning a tensorisation of a one
particle function, f (equation (2.9)), is intimately connected to the asymptotic behaviour
of the normalisation function Zy (f,r) at all r, and not only its value at r = /N.
Formula (2.31) for the normalisation function, presented in Section 2.2, and the local
central limit theorem we proved in Section 2.3 provide us with the necessary tools to
find the desired behaviour.

Theorem 2.34. Let f be the probability density function of a random real variable V
such that f € LP(R) for some p > 1 and let

Assume that

/ 22 f(x)dz = FE < oco.
R

and v¢(x) o Csz*~“ for some Cg >0 and 1 < a < 2. Then

1 1

Na Na

Yo,a,1 (IA{E)
g,x, = N
sup| N (z) — No )| o fd) (2.68)

where impy_00 €(N) =0, 0 = 0528_—6‘8 cos (%) and h is the probability density function

of the random variable V2. Moreover, €(IN) can be bound by e-(N), given in Theorem
2.33, with 1 the reminder function of e *h.
In addition,

2y (V) = — szt (o (;VNE) ), 26)

’SN_I‘T¥ Na a

where sup, |An(u)] — 0.

N—o00
Proof. We start by noticing that (2.69) follows immediately from (2.31) and (2.68).
Next, we will show that the conditions of Theorem 2.33 are satisfied by h, concluding
inequality (2.68), and the estimation for (V).
As was mentioned before, the function h is given by

2\
0 <0

F(VE)+f(—Vm)
h(z) = {+ x>0
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and h € L (R) for some p' > 1 when f € LP(R) with p > 1 (see Remark 2.20). Moreover,
for any k > 0

[ lel*h(@)de = [ faf**f (@)da.

from which we conclude that
/ |z|h(z)dz = / zh(z) = E < oc.
R R

By its definition

T

() = [ Ph)dy = vy(@) . Coa*,

—x T—00

and recalling Remark 2.28, we conclude that if H is the probability distribution function
of V2 then for any x > 0
1—H(x)
1—-H(z)+ H(—x)
H(-x) _
1—H(z)+ H(-z)
Thus, all the condition of Theorem 2.33 are satisfied by h with the appropriate o, o and
£ =1, and the proof is complete. ]

=1

Remark 2.35. A couple of remarks:

— As was discussed in the introduction: the finiteness of the fourth moment of f
guarantees a normal local central limit theorem. When f lacks that condition, a
thing that manifests itself via the function v¢(z) in the above theorem, there is
still something that can be said and our local central limit theorem comes into
play by replacing the Gaussian with the stable laws.

— The parameter [ represents the skewness of the stable distribution. In general
B € [—1,1] and the closer it is to 1, the more right skewed the distribution is. The
closer it gets to —1, the more left skewed the distribution is. Since our probability
density function A is supported on the positive real line, it is not surprising that
we got that 8 must be 1!

We are now ready to prove Theorems 2.13 and 2.14.
Proof of Theorem 2.13. Due to the given information on f, we see that it satisfies all
the conditions of Theorem 2.34, and as such for any finite kK € R

N—k—2

ISV T2 2 (f, VT)

_ (N—Qk)l (%,m <7"(;V(]_Vk;1k)> + )\N_k(r)> , (2.70)

for some o = C'Sggiiol‘g cos (%¥) and Ay_j such that

en—k = sup|An_g(r)] — 0.
r N—o0
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Using Lemma 2.22 with Fy = ) we find that

reN
Zn(£.VN)
N—k—2
’Skafl‘ (N _ Zk: 0.2)+ 2 ZN—k (f, N — Z?:l 022)
N 2y (7.VY)

~f®k (Ul, e ,Uk) .

i (FN) (v1, ..., 05) =

Combining this with (2.70) yields

=SR2
17"7“71< 2is 1Z)+)\N k(N 2110)
Hk(FN)(vl,...,uk):< N )" (N—k)a
N =k Vo1 (0) + Ay (V) (2.71)
fEk (vl""’vk)XZlevaN(vl"“’vk)v

where x4 is the characteristic function of the set A. By its definition, given in (2.18),
and the properties of 75 o 3, we know that v, 4,1 is bounded and continuous on R. As
such, along with the conditions on Ay_; and Ay, we conclude that

Hk(FN) (Ulv"'vvk’) N:Zo f®k(U1,...,Uk),

pointwise. Using Lemma 2.23 we obtain that {Fx} .y is f—chaotic.
Next we turn our attention to the entropic chaos. Using symmetry, (2.70) and (2.71)
we find that
1

zy (£.VN)
_ N/ T, (Fi)(v1) log (f(v1)) doy — log <
R

Hy(F) = 5 Jos gy £ 0 (727 o™ =105 (2 (5.VV))

2 (Yo,0,1(0) + An (V)
ISPV-IN TS

f(v1)log f(v1)dvy

:N(N) /\F’Yam((N)>+/\N1(N—U%)

N -1 ~VN Yo,0,1(0) + An(N)
—log (2\/7?(707%1( )+ AN (N (1 +0 (&))) ( - ;) log N + glog (2me) .

S

where we have used the fact that |SN _1] = 27

I(

) and an asymptotic approximation for

w|Z

the Gamma function.
We have that

171)% 2
Yo,a,1 ((N—l)é) + An-1 (N - Ul)

Y,0,1(0) + AN (N)
H'Ya,a,lnoo +en—1
’YO',Oé,l(O) —EN

< 2l ) 0 iog o) € L' w)

| f(v1)log f(v1)]

f(v1)[log f(v1)|
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for N large enough. Combining this with the fact that {II;(Fx)}ycy converges to f
pointwise, we can use the dominated convergence theorem to conclude that

. Hy(F log2m +1
lim Hn(Fn) = / f(v1)log f(vy)dvy + 8IS H(fl|v), (2.72)
N—o0 N R 2
and the proof is complete. O

Proof of Theorem 2.14. It is easy to see that the condition f(x) ~ Irll% for some
r—00

1< a<?2and D > 0 implies that

vi(z)

Thus, with the added information given in the theorem we know that f satisfies the
conditions of Theorem 2.13, and we conclude the desired result. [

D

~Y
r—o00 2 — v

22—«

Remark 2.36. Theorem 2.14 gives rise to many, previously unknown, entropically chaotic
families, determined mainly by a simple growth condition. An explicit example to such
family is the one generated by the function

V2
AR D)

2.5 Lower semi continuity and stability property

As discussed in Section 2.1, the concept of entropic chaoticity is much stronger than
that of normal chaoticity. This is due to the inclusion of all correlation information and
an appropriate rescaling of the relative entropy. In this section we will show that the
rescaled entropy is a good form of distance, one that is stable under certain conditions.

The first step we must make, inspired by [12], is a form of lower semi continuity
property for the relative entropy on Kac’s sphere, expressed in Theorem 2.15. To begin
with, we mention that in [12], the authors proved the following:

Theorem 2.37. Let f be a probability density function on R such that f € LP(R) for
some p > 1. Assume in addition that

/Rx2f(x)dx =1, /R:U[lf(az)d:c < 00.

_ N _ eV : ’
Denote by dvy = Fydo", where Fy = Zx (V) restricted to Kac’s sphere and let
{un}nen e a family of symmetric probability measures on Kac’s sphere such that for

some k € N we have that
Hp(un) —  p.

N—oo

Then

®k
7}[ (Mk|f ) < lim inf 7HN('MN|VN).

k N—oo N (2.73)
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Note that due to the so-called Csiszar-Kullback-Leibler-Pinsker inequality ([68]) one
has that
I = vl < \2H (), (2.74)

showing that (2.73) gives a stronger result than an L' convergence. We will use this
theorem as a motivation for our lower semi continuity property, as well as in the particular
case of

f(z) =~(z), dvy = Fydo™ =do¥,
where ~y(z) is the standard Gaussian.

Before we begin the proof of Theorem 2.15 we point out the obvious difference
between the k = 1 and k£ > 1 cases. This is due to the fact that the proof relies heavily
on our approximation theorem, Theorem 2.34, which is valid only in one dimension. The
higher dimension case needs to be tackled differently, unlike the proof of Theorem 2.37,
where the higher dimension case is proven in a very similar way.

The proof of Theorem 2.15 follows ideas presented in [12], with some modification to
our current discussion.

Proof of Theorem 2.15. We start by noticing that since Cj (Rko) can be considered

a subspace of Cj, (Rk> whenever kg < k, the weak convergence condition on Iy (un)
implies that
Lo (k) = ko = Lio (18)-

In particular we find that II; (uy) converges weakly to p = Iy (ug).
Next, we recall a duality formula for the relative entropy (see [53] for instance, for the

compact case):
H(ulv) = sup {/Lpd,u — log (/ e“"du)} . (2.75)
el

Given € > 0 we can find ¢, € Cp(R) such that

/ e%(“)f(v)dv =1
R

and
H(ulf) < [ peo)dn() + 5. (2.76)
We can find a compact set K. C R such that
W) S g o 1O S S
Let n. € C.(R) be such that
0<ne<1, mnex =1,

and define o(v) = ne(v)@e(v). Clearly ¢ € C.(R), |¢| < |p.| and
€

H(ul) < [ p@di(0) +2 el () + 5

</Rg0(v)du(v)—l—e. (2.77)
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Also,
|/Re“0(”)f(v)dv — /Re“"ﬁ(”)f(v)dm < 2elleellos /Kg f(v)dv < e. (2.78)

For any N € N, define ¢y (v1,...,08) = S, o(v;) € Cy (RN). Plugging ¢y as a
candidate in (2.75), in the setting of Kac’s sphere, and using symmetry we find that

1
Hy(pnlvn) > N/R<p(v1)dﬂ1(uzv)(vl) —log (ZN(f\/N) /SN_I(\/N)

= N/ p(v1)dI (pn)(v1) — log M — Nloga
R Zy (£,VN) ’

s (o) |

where a = [ e#(*) f(v)dv. Since f satisfies the conditions of Theorem 2.34, so does the
probability density function % f. Denoting by E = % Jr v2e#() f(v)dv we find that

ZN (%; \/N> Yoi1,a,1 <N]:/]L1\¥[E> + 61(N)
ZNn(f,VN) N Yo,a,1 (0) + €2(NV) ’ (2.79)

for some 0,01, and {€;(N)},_; 5 that go to zero as N goes to infinity. Since 74, o1 is
the defined as the inverse Fourier transform of an L! function we know that

lwl‘iinoo Yor,a,1(z) = 0.

Thus,

08 (10101 (3242 ) +ai (V)
liminf | — - > 0. 2.
ks N =0 (2:50)

Together with the fact that

lim (_log (’Yma,l(](\)[) + GQ(N))> o,

N—oo

the weak convergence of II; (un) and (2.77), we find that

lim inf 7HN ()

N—oo

> /R p(v)du(v) —log(1+ )
> H(plf) — e —log(1 +¢),

(2.81)

where we have used (2.78) to conclude that |a — 1| < e. Since € was arbitrary, (7) is
proved.
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In order to show (i), we notice that

Hy(pnlvn) = /le(\/N) log (Fiﬁl N) duy = Hy(pnlo™) — /le(\/N) log (Fv) dpy

= Hy(uloe™) = N [ log (f(v0)) dili () +log (2 (£, V).

Thus, for any 6 > 0,

lim inf Anlpnlvw) + limsup/ log (f(v1) 4 0) dILy (i)
N—o00 N—oo JR
. (2.82)
. . ~Hy(un|o?) log(2m) +1
> liminf — )
N—o0 N 2
where we have used the fact that limy_ys log( 2w ](Vf\/ﬁ)) = fk’g@; )H, shown in the

proof of Theorem 2.13. From Theorem 2.37 we know that

N ®k
lim int 2N (ko )Z H (pe|y )’
N—o00 N k
and since
N N @k
H (k| f2F) = H(pg|v®%) + | Jos | 7z | di
f®
k (log(2m) + vzdu (v)
= (el — HUECDE S [ og (5(0) aute
we get the desired result from (2.82). O

We will now prove our first stability result, Theorem 2.16. Again, the ideas presented
here are motivated by [12].

Proof of Theorem 2.16. We start with the simple observation that if {11} ycy is @ family
of symmetric probability measures on Kac’s sphere then {IIj(n)} yep is a tight family,
for any k£ € N. Indeed, given k£ € N we can find my,ry € N such that

N =myk+ry,

where 0 < ry < k. We have that

v ({5 ) < s (55

1 ko N 2k
< 4 d < < —
~ myR? /SNl(\/N> (; UZ) BN = myR2 ~ R?’
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proving the tightness.
Since {II1pin} ey is tight, we can find a subsequence, {H1 (,U,Nkj)} . to any subse-
J

quence {I11 (un,)}jcn, that converges to a limit. Denote by x the weak limit of such
one subsequence. Using (2.24) we conclude that

HN’“j (MN’%|VN’%)
Ny,

J

H(k|f) < liminf =0, (2.83)
J]—00

due to condition (2.26). Thus, k = f(v)dv, and since k was an arbitrary weak limit, we

conclude that all possible weak limit points must be f(v)dv. Since the weak topology

on P(R) is metrisable we conclude that

Mi(un) = f(o)do = p.

We will show that the convergence is actually in L' with the weak topology.
As an intermediate step in the proof of Theorem 2.15 we have shown that

Hpulon) = Hipulo™) = N [ 1og (£(01)) dITs () (v1)

(2.84)
+log (2w (f,VN)).

Using condition (2.26), the fact that limy_, Zy (];V\/N) = —10g(22” )+1, and the fact that

f € L*(R) we conclude that there exists C' > 0, independent of N, such that for any
0>0

H(pun|on)

NIN) < ¢ 4 tog (1, + ) (2.85)

The inequality

a (H’“WN”H’“(UN)) < o Hn(pn|o™)
k - N
proven in [3] and valid for any £ > 1 and N > k, implies that

H (M) (0™ ) < 28 (C -+ log (1 f1le) + ). (2.86)

forallk e N, N > k and § > 0.
Similar to the proof of Theorem 2.15, one can easily see that

O'N
(1)) = 8 (o) + [ s (5 a2

. . . N _ 7®N N . e1s
where v is the standard Gaussian. Since do”* = Zn (V) do®', and ~ is a probability
density with finite fourth moment, one can employ similar theorems to those presented

here and find that

k_Zf: UiQ k 2
I (o™) (v1, -, v) _ \/T’Y(\/ijl> +AN-k (N_k_zz:l”])
N —k

Y (o1, -, 0R) 1+ v () Xty
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where sup,, [An_x(u)] e 0 and Ay (N) e 0 (see [12] for more details). As such,

CAD N [Vlle + supy sup, [An—k(w)|
/Rk log (W dlTg(pn) < log [ max N7 - ,

N>k 1+1an)\N(N)
which, together with (2.86) and (2.87) shows that

H (T(pn)ly®*) < 2k (C +log (|| f]l0) + ) + D,

for some C,D > 0 independent of N, and § > 0. Thus, {IIxun}ycy has bounded
relative entropy with respect to v®* and we can apply the Dunford-Pettis compactness
theorem and conclude that the densities of {IIx(un)} ey form a relatively compact
set in L'(R*) with the weak topology. Since this is true for all k, and we know that
{1 (pn)} yen converge weakly (in the measure sense) to u, with density function f(v),
we conclude that for any ¢ € L>°(R) we have that

/ ¢(v)dIly (pn )( N%O / (2.88)

In particular, since f € L>°(R) and f > 0 we have that for any 6 > 0

/log v) 4+ 6) dIl; (un)( %oo/log 0) f(v)dv. (2.89)

Combining (2.89), (2.26) with the fact that II; () converges to f(v)dv, we find that if
{Hk (,uNJ)} Ly converges weakly to kp, then by (2.25)
J

o | FOK
H(k]lf) g/Rlog(f(v)—i—é)f(v)dv—/Rlog (F@) F(0)do (2.90)

where we have used the fact that [p v2du(v) = [ v2f(v)dv = 1. Using the dominated
convergence theorem to take J to zero shows that H(xg|f®*) = 0, and so

Kk = fOF (v1,...,v5)dvy ... dvg.

Much like {IIy (1N )} yens since {Hg(pun)} yey is tight we can always find weak limits
for some subsequences of it. We have just proved that all possible weak limits of
subsequences of {II;(un)} ey are f@F, from which we conclude that

M (pn) — 5,

N—oo

showing the chaoticity. It is worth to note that we actually proved more than the above:
we have proved convergence in L'(RF) with the weak topology.

Going back to (2.84), and using (2.26), (2.89) and the known limit of M

find that

we

log(2m) + 1

5 (2.91)

lim sup M / log (f(v) 4+ 0) f(v)dv +

N—oo
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Taking J to zero we conclude that

H N
limsupM < H(fl|y)- (2.91)
N—o0 N
Since the inequality
. Hy(pn|oN)
1 f———>>H
im inj ~ > H(f|)
follows from Theorem 2.37, we see that
. Hy(un|o™)
1 = H 2.
Jim AN (Fh), (2.90)
proving the entropic chaoticity and completing the proof. ]

The last proof of this section will involve the second ’closeness’ criteria, associated
with the Fisher information functional, and given by Theorem 2.18. The proof is similar
to those appearing in [46] and [19] with appropriate modifications. The proof will rely
heavily on tools from the field of Optimal Transportation.

Proof of Theorem 2.18. The first step of the proof will be to show that conditions (2.29)
and (2.30) imply that the marginal limit, f, satisfies the conditions of Theorem 2.13.

We start by showing that f € LP(R) for some p > 1. In [46] the authors have
presented a lower semi continuity result for the relative Fisher Information, from which
we conclude that

N
N—o0

1) = [ e —a [ rw)Pkas

(2.91)

Denoting by

we see that
I(f):I(f]'y)+2—/ﬂ§112f(v)dv<C+2—/Rv2f(v)dv<oo,

as f is a weak limit of IT; (ux ), implying that

/ V2 f(v)dv <liminf [ v2dIl (un)(v) = 1.

R2 N—oo JR

We conclude that /f € H'(R) and using a Sobolev embedding theorem we find that

Vf € L*¥(R). Thus, since f is also in L'(R), we have that f € LP(R) for all p > 1.
The next step will be to show that condition (2.29) implies a uniform bound for the

1+ a moment of IT; (uy), i.e.

Lol e dm ) (o) < €, (2.92)
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for some C' > 0, independent of N. This will show that

/ Vi f(v)dv = lim | v?dI(uy)(v) =1, (2.93)
R N—oo JR
as well as

/ o[ f(0)dv < Tim inf / o[ () (0) < C. (2.94)

To prove (2.92) we notice that

[t et n) = s [ o et ) o)
= % /Ooo o (/;i vidI(py) (v1) + /;x v%dH(MN)(vl)> dx (2.95)
= oy e ([ e - [ otan(u ) de

Using condition (2.29) we know that for any ¢ > 0 we can find R > 0, such that for any
|z| > R and any N € N

VT

(1—€)Coa® ™ < / AT () (v1) < (1+ €)Cga~® (2.96)

In addition, for any probability measure pu on R we have that
X
/ vidp(v) < 2zt (2.97)
—X

Combining (2.95), (2.96) and (2.97) we conclude that

2-a 1

105 (1L + 92" — (1-0) /; Zi) _C

/ oy | () (v1) < S-a <32R°‘+1
R
(2.98)

for a choice of 0 < € < 1.

Lastly, we want to show that vy, defined in Theorem 2.13, satisfies the appropriate
growth condition.

Since I (un) converges to f weakly, we have that for any lower semi continuous
function, ¢, that is bounded from below,

/ $(0) (v)dv < liinf [ o(vr)dIls (1) (01). (2.99)

Similarly, if ¢ is upper semi continuous and bounded from above then

/ $(v) f(v)dv > lim sup / (v))dTT; (ex) (01). (2.100)

N—oo
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Choosing ¢(v) = U4X(_\/§’\/§) (v) and ¢(v) = v4x[_ﬁ7\/a(v) respectively, and using
condition (2.29) proves that

Ve 2
j— ~ —Q
@)= [* ez Cor®,
and we can conclude that f satisfies the conditions of Theorem 2.13. This implies that
. o foN . o N
the function Fy = Zn (VN is well defined, and as usual we denote vy = Fydo'".

In(vnlo™)
N

Next, we will show that is uniformly bounded in N. Denoting by V the
normal gradient on RV and by Vg its tangential component to Kac’s sphere we find that

[VsFn|? 1 [VFEN?

N < N
/SNWN) T S V) f () N
IR S FCH N
_;ZN (£.VN) /SN—I(\/ZV) Flog) =vizd (vi)do (2.101)
_N |SN72‘ (N — U%)% ZN-1 <f - U1) . ‘f/(vl)|2dv1
B SNNTE zv(fvN)  fl)

where we have used Lemma 2.21, and the definition of the normalisation function. Using
the asymptotic behaviour of Zy (f,/r) from Theorem 2.34 we conclude that

) ooy (N = o?
In(vn|o™) < N \a [ ool ( Na ) v o) ‘f/(vl)Pd
< (% 5 vl (2.102)

N —1 Yo,0,1(0) + AN (N) f(v1)
< CI(f) < Ch,

for C7 > 0, independently of N.
At this point we’d like to invoke the HWI inequality, a strategy that was first proved
to be successful in this context in [46] and [62]. In our settings we find that

T /

H(,LLN’JN) I/N|0' 5 MN‘U—N W2 MN?VN
T
< —\/In(vN|on)Walpn, vN),

where W stands for the quadratic Wasserstein distance with distance function induced
from the quadratic distance function on R¥:

(2.103)
H(vy|o™) = H(un|o™)

[\

Wi(un,vy) = inf

2
- d ) )
mell(un,vN) /SNl(\/ﬁ)ng1<\/N)|x y| 7r<37 y)

where II(un,vN), the space of pairing, is the space of all probability measures on
SV-1 (\/ N) x SN—1 (\/ N) with marginal py and vy respectively.
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The reason we are allowed to use the HWI inequality follows from the fact that
Kac’s sphere has a positive Ricci curvature. Moreover, in the original statement of the
HWI inequality, the quadratic Wasserstein distance is taken with the quadratic geodesic
distance, yet, fortunately for us, it is equivalent to the normal distance on R, hence the
factor 7 that appears in (2.103). For more information about the Wasserstein distance
and the HWI inequality, we refer the interested reader to [78].

Combining (2.103) with the boundness of the rescaled relative Fisher information of

pn and vy with respect to o', we conclude that
H Ny H N 4%
N N VN

for some C' > 0.

The next step of the proof is to show that the first marginals of uy and vy have
some joint bounded moment of order [ > 2, uniformly in N. This will help us give a
quantitative estimation to the quadratic Wasserstein distance. Indeed, using several
results from [46], one can show the following estimation:

<W1 (HQ(KN), f®2> n N1p1> (2.105)

[SIE
~|

WQ(K;]\U f®N)
VN

where (1 and p; are positive constants that depends only on [ > 2, Ky is a probability
measure on Kac’s sphere, f is a probability measure on R and

1
l

< (1B,

B = /R ’U1|ldH1(/€N)(U1) + /R ’U1|lf(’01)d’01 < o

We have already shown that {II;(1n)} yey has a uniformly bounded moment of order
1+ a. Using (2.71) from the proof of Theorem 2.13, we find that

.2
1+ N \= Yol <1NZ1) + An—1 (N — ) .
*dIl (2 / o b1
/R |1 | 1(vn)(v1) (N — 1) <V ot (0 F A (V) lo1 |12 £ (v1)dvy

for some 0 > 0, 1 < a < 2 and Ay_g, Ay with

suplv-a(u)] =5 0, An(N) = 0.

Thus, along with (2.94), we conclude that

/R o1 |'" YT (v ) (v1) < C, (2.106)

for some C' > 0.
Defining

M = [ oo ) 0) + [ ] o o) (o)

(2.107)
+/R |v1|1+°‘f(v1)dv1 < 00
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and combining (2.104), (2.105), and the triangle inequality for the Wasserstein distance,
leads us to conclude that

H Ny H N e 1 \2 =
Hlenlo ) (”]]VJ“ )|gc~Mlia[<W1 (M), 157 + ) v

N NPt
- 1 \3 1=
+ (Wl (HZ(VN),f ) + ]\m) .

As TIx(vy), Ha(vy) and f®2 all have unit second moment (for any N), the Wasserstein
distance is equivalent to weak topology with respect to them. Since {un}ycy and
{vN}yen are f—chaotic, we conclude that

W1 (HQ(/J/N), f®2) N:>>o 0, W1 (Hg(lﬁv), f®2) — O,

N—oo
implying that
plying N N
H(pnlo™)  H(vn|o™)
N—oo N N

We are almost ready to conclude the proof. Before we do, we use the lower semi continuity
of the entropy, discussed in Theorem 2.37, to see that

| =0. (2.109)

N
H(fly) < liminfM <C < oo.
N—oo
Thus,
H(uylo™) H(uylo™)  Hvylo™)
——— — 2l < - |
N N N (2.110)
HM — H(f]y)| — 0
N " N—oo
where we have used (2.109) and Theorem 2.13, completing proof. O

Remark 2.38. We'd like to point out that following the above proof, one can see that
condition (2.29), giving us a uniform asymptotic behaviour for the fourth moments of
the first marginals of {4} ycn, can be replaced with the conditions that f satisfies
the conditions of Theorem 2.13, and the first marginals of {{n} ycy have a uniformly
bounded k—th moment, for some k > 2. This gives us a different approach to the
stability problem, expressed with the Fisher information functional, one that assumes
less information on the first marginals, but more conditions on the marginal limit.

2.6 Connections to the trend to equilibrium in Kac’s model
and Cercignani’s conjecture
The study of the conditioned tensorisation of a function f is closely related to the

problem of finding the rate of convergence to equilibrium in Kac’s Model. In this section
we will outline some of the history, and recent results, dealing with this subject.
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Recall that Kac’s model have managed to show validity (in some sense) for the
spatially homogenous Boltzmann equation. Kac hoped to use his simple model to infer
quantitative rate of convergence to equilibrium in Boltzmann equation, as a limit of his
'master’ equation. He started by noticing that his evolution equation, (2.1), is ergodic,
with an equilibrium state represented by the constant function 1. As such, for any fixed
N, one can easily see that

lim FN (t,?}l,...,UN) = 1,
t—o00
for any solution to Kac’s equation, Fy(t,v1,...,vx). The rate of convergence to

equilibrium under the L? norm is determined by the spectral gap

(o, NI = Q)¢) 12(sn-1(v))

Ay = inf | ¢ is symmetric , o € L? (SNfl (\/N)), pl1l

HSOH;(SNA(\/N))

Kac’s conjectured that
A =liminf Ay > 0,
N—o00

resulting in an exponential convergence to equilibrium, for any fixed N, with a rate that
is independent with the number of particles.

The spectral gap problem remained open until 2000, when a series of papers by authors
such as Janversse, Maslen, Carlen, Carvahlo, Loss and Geronimo gave a satisfactory
positive answer to the conjecture, even in McKean’s model (see [48, 54, 13, 15] for more
details). However, the L? norm is catastrophic when dealing with chaotic families and
in this setting attempts to pass to the limit in the number of particles is futile. Indeed,
one can easily find a chaotic family, {Fn} ycy, such that

1EN g2 > OV,

where C' > 1 (for example, the conditioned tensorisation of a function f we discussed so
extensively in this paper!).

As was mentioned in the introduction, the next ’distance’ to be considered was the
entropy

HN FN :/ FNlogFNdJN.
() SN-1(VN)

In an attempt to imitate the idea behind the spectral gap method, one can define the
entropy production to be the minus of the formal derivation of the entropy under Kac’s
evolution equation

d
DN(FN) = —%HN(FN) = <10g _FN7 N(I — Q)FN>L2(SN*1(\/N)) 5 (2111)
The appropriate ’spectral gap’ will be given by
FN = inf DN(FN)

Fn HN(FN)
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and the appropriate conjecture is: Can one find a positive constant, C' > 0, such that
I'y>C

for all N. This problem is called Cercignani’s many body conjecture, named after a
similar conjecture posed for the real Boltzmann equation in [21]. If there exists such a
C, we have that

Hy(Fn(t)) < e”“ Hy(Fx(0))

then, hoping the entropic chaoticity propagates with time, one can divide by N and take
a limit as N to find that

H(fily) < e “*H(folv)- (2.112)

This, along with a known inequality on H (f|7y) gives an exponential rate of decay towards
the equilibrium.

Unfortunately, in general, Cercignani’s many body conjecture is false. The first hint
to it was revealed in [77] where Villani managed to prove that

9
Iy > — .
N=N_1

Villani has conjectured that I'y = O (%), which was proven to be essentially true by
the second author. In [34] (and later on in [35] for McKean’s model) the second author
extended the normal local central limit theorem, Theorem 2.5, to the case where the
underlying generating function, f, also varies with N. In particular, the second author
showed that:

Theorem 2.39. Let 0 <n <1 and oy = ﬁ Define

fN(U):5NMﬁ(U)+(1_5N>M2(1+5N)(U);

02

where M, (v) = < Qi"a Then
_ (u=N)?
9 e 2N2?V

VNS SN 1wtz | V2

where Y2 = m — 1 and sup, |An(u)] e 0. Moreover, using the same notation

as (2.9) with f replaced by fn, one finds that there exists Cyy > 0, depending only on 1’
such that Du(F c

'y < ~(F) < 17//

Hy (FN) N7

(2.114)

for0<n <mn.

The above theorem poses an interesting insight: The family constructed in Theorem
2.39 has two peculiar properties:
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(i)
3

4
dv=—"
/R” In@ldv = o) vt ™

so the fourth moment condition unbounded in some sense in this example.
(ii) Fn is M1—chaotic yet limpy_,o0 w exists but doesn’t equal H (M;\’y)!
2 2

This insinuates that moments of the limit function, as well as entropic chaoticity, may be
very important to the validity of Cercignani’s many body conjecture. This is one reason
that prompted us to try and investigate the conditioned tensorisation of a function
f that has an unbounded fourth moment. While we have attained some answers, we
believe that there is much more that can be discovered.

2.7 Final remarks

While Kac’s model, chaoticity and entropic chaoticity, and Cercignani’s many body
conjecture are far from being completely understood and resolved, we hope that our
paper has shed some light on the interplay between the moments of a generating function
and its associated tensorised measure, restricted to Kac’s sphere. As an epilogue, we
present here a few remarks about our work, along with associated questions we’ll be
interested in investigating next.

— One fundamental problem we’re very interested in is finding conditions under
which Cercignani’s many body conjecture is valid. While our work showed that
the requirement of a bounded fourth moment is not a major issue for chaoticity
and even entropic chaoticity, we still believe that the fourth moment plays an
important role in the conjecture. At the very least, due to its probabilistic
interpretation as a measurement of deviation from the sphere, we believe that
the fourth moment will be needed for an initial positive answer to the conjecture.

— The following was communicated to us by Clément Mouhot: Using a Talagrand
inequality, one can show that if the family of functions {Gxn} vy, restricted to
the sphere, satisfies a Log-Sobolev inequality that is uniform in N, one has that

lim 7H(FN Gw)

N—oo N =0

implies that limy_ oo (IIx(Fn) — Ik (Gn)) = 0. Our stability result, Theorem
2.16, gives many examples where the function G doesn’t satisfy any Log-Sobolev
inequality (due to how the underlying function behaves), but we still get equality
of marginal. Moreover, we actually get that F) is entropically chaotic! The
connection between the limit of the ’distance’

H(Fn|GnN)

d(Fn,Gn) = N

and the convergence of marginals is still not understood fully.
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— We’ll be interested to know if one can find an easy criteria for which we can
evaluate quantitatively the convergence of h*V (appearing in Theorem 2.34)
without relying on the reminder function. This will allow for possibilities to
extend the work done by the second author in [34, 35] and allow the underlying
generating function, f, to rely on N as well. While we present such quantitative
estimation in the Appendix, we found them to be unusable while trying to deal
with concrete examples.

2.A Additional proofs

In this section of the appendix we will present several proofs of technical items we
thought would only hinder the flow of the paper.

Proof of Lemma 2.25. Assume that the conclusion is false. We can find a sequence
xn, — 0, x, # 0, and an €y > 0 such that

n—oo
|g(xn)| > €0-

Due to continuity, we can find d; > 0 such that for any x € [z1, 21 + d;i] we have

Denote n1 =1, z, =21 and § =ny - 21 = 21.

Since x,, converges to zero and is non zero, we can find x, such that 0 < zy, < %1 Let

ng = [571} + 1 > 2, where [-] is the lower integer part function. We may assume that
2

Tk, < di and conclude that
&1 < noxp, <&+ xky, <&+ ndy.

Next, we can find dy such that no(zg, +d2) < & +nidi. We may also assume that da is
small enough so that = € [xy,, Tk, + do] implies

€0
> —.
9(2)] =

Denoting by & = naxy,, we notice that [£2, & + nada] C [€1, &1 + nidi] and the closed
intervals are non empty.

We continue by induction. Assume we found n;, k; € N, n; >4, andd; >0fori=1,...,j
such that & = n;xy, satisfies

&, & + nidi] C [&i—1,&i—1 + ni—1di—1]

and for any x € [&;, & + n;d;] we have that
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We find zy, , such that zy,_, % and define n; = L:jﬂ} +12>j41. Assuch, we
have that

§ < njp1xr, <&+, <&+ ngdg,
where the last inequality is valid since we can pick xg, , < n;d;. We can find d;11 such
that nj1(2r,,, +djy1) < & +njd; and for any = € [z, Tx;,, + djt1]

€0
> —.
9(@)| = 5

Denoting &;+1 = nj12;,, gives us the interval with the desired properties.
Since we have a nested sequence of non-empty closed intervals in R we know that the
intersection of all of them must be non-empty. Thus, there exists x € [&;, & + n;d;] for
all 4 € N. Moreover, by construction
x €0
Z) > 2
‘g (71i>‘ -2

which contradicts the assumption that lim,_, g (£) = 0 for any = # 0. O
The next result we will prove, is Lemma 2.31:

Proof of Lemma 2.51. Since g is in the NDA of ~, o 3 we conclude that g is actually in
the FDA of v, 3, due to Theorem 2.24. Thus, there exists 71, with mE) ¢ L>*(R) and

HE
(&)
1€]* ¢=0

such that
36 = 1~ olgl" (1+issen(©) 1an () ) +m ()
= ¢ (@1 (2)) 4 () +mae),

where 12(§) has the same properties as 11(£). We conclude that

1G] < e 4 [ (&) + ()] < 1= o€l + Im(E)] + [m(E)] + [3(E)):

where n3(§) has the same properties as 1;(§).
Let 5y > 0 be such that if |{] < S5y

(@) + m(©)] + Insfe)] < 25
For any |£| < p one has that
TGIESE AN

completing the proof. O
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2.B Quantitative Approximation Theorem.

An item of great importance in Kinetic Theory, and our problem in particular, is
quantitative estimation of errors. Our local Lévy Central Limit Theorem involves such
an estimation, yet it is dependent on the function

where 7 is the reminder function of a probability density function g in the NDA of some
Yo,a,8- In some cases one can find explicit estimation for the behaviour of 7 near zero,
and get a better quantitative estimation on the error term €(N). Such conditions are
explored in [40] and we will satisfy ourselves by mentioning them, but providing no
proof.

Definition 2.40. Let 6 > 0. The Fourier Domain of Attraction of order ¢ of v, g is
the subset of the FDA of 7, 4 g such that the reminder function, 7, satisfies

n(6)]
€l

< Clep,

for some C' > 0.

Clearly the FDAs of order § are nested sets, all contained in the FDA. Also, if g is
in the FDA of order 0 of 7,4, then we can replace w(f3), defined in Theorem 2.12 by
C3° and get an explicit estimation to the error term e(N)!.

The following is a variant of a theorem appearing in [40] that gives sufficient conditions
to be in the FDA of order ¢ of some v, 4 g:

Theorem 2.41. Let g be a probability density on R that has zero mean. Let 1 < o < 2
and 0 < <2 —« be given. Then if

/Iw\“”Ig(w) — Yoa,8()|dz < 00 (2.115)
R

for some 0 >0 and B € [-1,1], g is in the FDA of order 6 of Yg,a,3-



Chapitre 3

Propagation of chaos for the
spatially homogeneous Landau
equation with Maxwellian
molecules

ABSTRACT. We prove a quantitative propagation of chaos, uniformly in time, for
the spatially homogeneous Landau equation in the case of Maxwellian molecules. We
improve the results of Fontbona, Guérin and Méléard [37] and Fournier [38] where the
propagation of chaos is proved for finite time.

3.1 Introduction

An important open problem in kinetic theory is to derive Boltzmann equation from
a many-particle system undergoing Newton’s laws of dynamics. The correct scaling limit
for this is the so-called Boltzmann-Grad or low density limit, see Grad [41]. The best
result is Lanford [51] who proved the limit for short times (see also Illner and Pulvirenti
[47] and Gallagher, Saint-Raymond and Texier [39]).

Kac [49] proposed to derive the spatially homogeneous Boltzmann equation from a
many-particle Markov process, performing a mean-field limit. The program set by Kac
in [49] was then to investigate the behavior of solutions of the mean-field equation in
terms of the behaviour of the solutions of the master equation, i.e. the equation for the
law of the many-particle process. We refer to Mischler and Mouhot [62] for a detailed
introduction on Kac’s program and for recent important results.

In the same way, we would like to derive rigorously another equation from kinetic
theory, the Landau equation, from a many-particle system described by Newton’s laws.
It is an open problem, but the correct scalling to this is also known, the weak-coupling
limit, and we refer to Bobylev, Pulvirenti and Saffirio [8] and the references therein for
more information on this topic and partial results. We do not pursue this problem here.

125



126 CHAPITRE 3. PROPAGATION OF CHAOS FOR THE LANDAU EQUATION

Instead, in this work, we shall use the approach described above introduced by Kac
[49]. Hence, we shall introduce a N-particle Markov process (see section 3.2.3) from
which we derive the spatially homogeneous Landau equation in the mean-field limit.
The N-particle process used here is obtained by means of the grazing collisions limit
applied to the N-particle master equation for the Boltzmann model. We should mention
that the N-particle master equation introduced here was, in fact, originally proposed
by Balescu and Prigogine in the 1950’s (see [50] and references therein); and it is also
studied by Kiessling and Lancelloti [50] and Miot, Pulvirenti and Saffirio [58] (both in
the Coulomb case).

Let us briefly explain how we can prove the mean-field limit with the approach
proposed by Kac. Consider the probability density FtN associated to the Landau N-
particle system and its evolution equation, i.e. the master equation (section 3.2.3).
Integrating this equation over all variables but the first, we obtain an evolution equation
for the first marginal IT;(F}Y) that depends on the second marginal TIy(F}Y). If the
second marginal of the probability density was the 2-fold tensorization of a one-particle
probability f;, then f; would satisfy the Landau equation (section 3.2.2). However,
even if at initial time we start with an N-fold tensor probability F~(0) = f(0)®¥, this
property can not be satisfied at later time because there are interactions between the
particles. Kac suggested then that the chaos property (see definition below (3.1)), which
is weaker than tensorization, could be propagated in time, which in turns would prove
the mean-field limit.

3.1.1 Known results

Before giving our main results let us present known results concerning the propagation
of chaos for the Landau equation for maxwellian molecules.

The work of Fontbona, Guérin and Méléard [37] consider nonlinear diffusion processess
driven by a white noise that have an interpretation in terms of PDEs corresponding to
the Landau equation. They construct an N-particle system that converges, in the limit
N — 0o and in finite time, to the nonlinear process and, moreover, obtain quantitative
convergence rates in Wasserstein distance Ws. Then Fournier [38], with the same
probabilistic interpretation, improves the rate of convergence of [37].

We should mention that the Landau master equation introduce in this work (section
3.2.3) differs from the master equation associated to the N-particle process in [37, 38],
see remark 3.2.

3.1.2 Main results

Consider a Polish space E, we shall denote by P(E) the space of probability measures
on E. We denote by Psym(EY) the space of symmetric probabilities on EVV. We say
that a symmetric probablity FV € Psym(EN ) is f-chaotic (or Kac chaotic), for some
probability f € P(FE), if for all £ € N* we have

FN — f® when N — oo, (3.1)
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where F¥ = II,(F) is the £-th marginal of F¥ and the convercence has to be understood
in weak sense on P(Ee), i.e. the convergence of integral against continuous and bounded
functions ¢ € Cb(EZ). In this paper we are interested in quantitave rates of convergence,
more precisely we shall investigate estimates of the type, for any ¢ € F®¢ with F C Cy(E)
and ||| Foe <1,

(FY = 1%, 0)| < C0)2(),

with a constant C'(¢) possibly depending on ¢ and a function e(N) — 0 when N — 0.
Another possibility is to replace the left-hand side of the last equation by some distance
on the space of probabilities, as for exemple the Wasserstein distance, Wy (F, KN , f®£).

The many-particle process can be considered in R*Y and then its law FV is a
symmetric probality measure on R*V, however, thanks to the conservation laws, the
process can be restricted to some submanifold of RV, In our case, the dynamics of
the many-particle process conserves momentum and energy (see section 3.2 for details),
which implies that the process can be restricted to

1 N
SN(EM) = {V—(vl,...,v e R . Z”UZ MQ—E,N;W—M}

(3.2)
where £ > 0 and M € R%. We consider through the paper, without loss of generality,
the case M = 0, we denote SV (&) := SV (&€,0) and call these submanifolds Boltzmann’s
spheres.

Initial data

Considering the process in S¥(€), we shall need an initial data Fj¥ € Psyn (SN (E))
that is fo-chaotic for some fo € P(R?). This problem was studied in [19], where it
is proven that for some (regular enough) probability measure f € P(R?), with zero
momentum M = [vf = 0 and energy & = [|v|>f, we can construct a propability
measure FV € Py, (SV(€)) that is f-chaotic (and also entropically f-chaotic, see
section 3.5 for the definition), by tensorization of f and restriction to the Boltzmann’s
sphere SV (£). We shall denote this probability measure by

feN N
SN (&) o fSN(g) f®N d"}/N v

FN — U@N} (3.3)

where vV is the uniform probability measure on SV (&).

We can now state our main results in a simplified version.

Theorem 3.1. Consider fy € P(R?Y), with zero momentun and energy &, and also

= [fENgn ) € Poyn (SN (E)). Let fi be the solution of the Landau equation (see
(3.13)) with mztzal data fo and F} the solution of the Landau master equation (see
(3.32)) with initial data FJ.
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(1) (Theorems 3.14 and 3.15) Then, for all N € N* we have

wi (BN, £2N)
sup ————= < g1(N),
>0 N

where €1 is a polynomial function and e1(N) — 0 as N — oo.
(2) (Theorem 3.31) Then for all N € N* we have

L HEN ) - H(fth/)‘ < e2(N),

sup N

>0
where €9 is a polynomial function e2(N) — 0 as N — oo, H(f|y) denotes the relative
entropy of f; with respect to vy, the centered Gaussian probability measure in R with
energy £, and H(FN|yN) denotes the relative entropy of F}¥ with respect to vV (see
Section 3.5).

3.1.3 Strategy

The main idea is to use the consistency-stability method developped by Mischler,
Mouhot and Wennberg in [62, 63]. Consider the semigroups associated to the evolution
of the N-particle system and the limit mean-field equation, this method reduces the
problem of propagation of chaos to proving consistency and stability estimates for these
semigroups. First of all, we need to introduce the Landau master equation, which is
derived by the asymptotics of grazing collisions from the Boltzmann master equation.
Then, with the Landau master equation and the limit Landau equation at hand, we can
investigate the estimates needed to apply the consistency-stability method and prove
the propagation of chaos.

3.1.4 Organization of the paper

Section 3.2 is devoted to deduce a N-particle stochastic process modeling the Landau
dynamics and to present the limit Landau equation. In Section 3.3 we present the
consistency-satability method, with some adaptations, developped by Mischler, Mouhot
and Wennberg in [62, 63]. In Section 3.4 we apply the method presented before to the
Landau model in order to prove the propagation of chaos with quantitative rate and
uniformly in time. Finally, in Section 3.5 we prove a quantitative propagation of entropic
chaos.

Acknowledgements. The author would like to thank Stéphane Mischler and Clément
Mouhot for suggesting the subject, their encouragement and fruitful discussions.

3.2 The Landau model

Our aim in this section is to present the N-particle system and the limit mean-field
equation corresponding to Landau model. The limit Landau equation is well known and
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we shall present it in the Subsection 3.2.2. Furthermore, in Subsection 3.2.3 we deduce
a master equation for the N-particle system corresponding to Landau.

Fisrt of all, we present the Boltzmann model, with its master equation and limit
equation, which will be very useful in the sequel since Boltzmann and Landau equations
are linked by the asymptotics of grazing collision that we shall explain in details later.

3.2.1 The Boltzmann model

We present here the Boltzmann model, with the limit mean field equation and the
master equation. The spatially homogeneous Boltzmann equation [76, 62] is given by,

for f = f(t,v),
of=Q(f, f) (3.4)

with the collision operator given by

Qo f) = [ Bllo—v.l.cost) (g()S () = g0 f(0) dvedo. (35)

R x§d-1

and where the post-collisional velocities v' and v, are given by

, Ut ve | — vy ;o vt vl |u—
v = o v, = - o

(3.6)

2 2 ’ * 2 2

and cosf = o - (v —vy)/|v — vil.

We assume that the collision kernel B satisfies B(|z|, cosf) = I'(|z|)b(cos #) (for more
information on the collision kernel we refer to [76]) for some nonnegative functions I' and
b. When the interaction potential is proportional to r~*, where r denotes the distance
between particles, then we have

(z)) = |2]",  sin®260b(cosf) ~ CpH 17" when 6 ~ 0,

with v = (s —2d+2) /s, for some constant C; > 0 and some fixed v € (0,2). For example,
in the 3-dimensional case we have v = 2/s.

In this work we are concerned with the case of true Mazwellian molecules v = 0
(which corresponds to s = 2d — 2), we shall then consider through the paper the following
assumption :

B(Jv — w]|, cos @) = b(cos 0),

3.7
/d . b(cos 0)(1 — cos0)° 4 do < +00, Va > 0. (3.7)
Sd—

We remark that in this case we have [gu—1b(cosf)do = oo but [gu—1 b(cos@)(1 —
cosf) do < oo.

Another possible way to describe the pre and post-collisional velocities is the w-
representation

V=0 — (0= v, ww, VL=v+ 0 —v)w, weST (3.8)
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which gives us
Qu(r.0) = [, Bllo=vlw) (JS0) = F(0)f(0)) dv. do

with B(z,w) = |2[7by() and « the angle formed by z and w, and the following relation

holds
o ”_v*—2< ”_“>w. (3.9)

= w7
[0 = v [0 = v

Let us now present the many-particle model [57, 49, 62, 12, 63]. Given a pre-collisional
system of velocities V = (vy,...,vy) € R¥ and a collision kernel B(|z|,cos6) =
I'(|z])b(cos #), the process is: for any i’ # j', pick a random time T(I'(jvy — vj])) of
collision accordingly to an exponential law of parameter I'(Jvy — vj|) and choose the
minimum time 77 and the colliding pair (v;,v;); draw o € S¥~1 C R according to
the law b(cos 0;;), with cos0;; = o - (v; — v;)/|v; — vj|; after collision the new velocities

become V}; = (v1,...,v},...,v},...,vy) with
vi+vj | — vyl vit+v; v —
v£:12j+22]0, v3:12j—12ja. (3.10)

Iterating this construction we built then the associated Markov process (V;):>0 on
RN, As explained in the introduction, we can also consider this process on SV (€).
Then, after a rescaling of time, the master equation is given in dual form by [62, 63],

at<FtNa<p> — <FtN,G]Bycp> (311)
where
1 N
Bo=-— i — U g I
Gpy = N ijz_lf(‘vz vJ])/Sdil b(cos 0;5) ((pzj Sp) do (3.12)

with the shorthand notation ¢j; = ¢(V};) and p = (V) € Cy(RY). We shall consider
the case of Maxwellian molecules, i.e. I'(|z|]) = 1 and b(cos §) satisfying (3.7).

3.2.2 Limit equation

We present here the limit spatially homogeneous Landau equation for maxwellian
molecules and some of its basic properties, for more information we refer to [76, 74, 73].

The Landau equation is a kinetic model in plasma physics that describes the evolution
of the density f of a gas in the phase space of all positions and velocities of particles.
Assuming that the density function does not depend on the position, we obtain the
spatially homogeneous Landau equation in the form

Of =QL(f, f) (3.13)
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where f = f(t,v) is the density of particles with velocity v at time ¢, v € R% and t € RT.
The Landau operator is given by

Qr(g, f) = 0; {/Rd aij(v — i) (g(v+)0j f (v) — 0;9(vs) f (V) dv*} ; (3.14)

where here and below we shall use the convention of implicit summation over indices.
Moreover, the matrix a is nonnegative, symmetric and depends on the interaction
between particles. If two particles interact with a potential proportional to 1/7%, where
r denotes their distance, then we have

ZiZj

aij(z) = A2 (z),  Ti(2) = 6ij — 2|2

with v = (s — 2d + 2)/s and some constant A > 0. As for the Boltzmann equation, we
consider the case of Maxwellian molecules v = 0, i.e.

aij () = ATy (2). (3.15)
We also define
bi(z) = 0jai; = —A(d — 1)z, c(z) = 0jja;5; = —3A(d — 1), (3.16)
and we denote B
a;j = ayj * f, by =b;*x f, c=cx* f.
Hence, we can write the Landau equation in another form
O f = a;;0;;f — cf. (3.17)
Moreover, let ¢(v) be a test function, then we have the following weak forms

Vi Wl
Tz

JQus.pe == [dvdv. £f.aw - ( ) (Ve-Vee)  (33)

[ @utt pe =5 [dvdv. ffeaso - )@ + Gie))
+ /dv dvy f i bi(v — vi) (0o — (0ip)«)-

This equation satisfies the conservation of mass, momentum and energy. Moreover,
the entropy H(f) = | flog f is nonincreasing, indeed taking ¢ = log f we obtain

d i V*f*) | (Vf Y

1
gt ==y [ £t =) (7 =25 (5 -7

since @ is nonnegative, which is the Landau version of the H-theorem of Boltzmann. For
more information we refer to [74].

The Landau equation was introduce by Landau in 1936. Later it was proven that
the Landau equation can be obtained as a limit of the Boltzmann equation when grazing
collisions prevail (see [26, 1, 25, 73] and the references therein for more details).

(3.19)

) dvdv, <0, (3.20)
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3.2.3 Master equation

We derive a master equation for the Landau model. It is based on [73] where they
use the grazing collisions limit to pass from Boltzmann to Landau limit equations (see
also [26, 1, 25]). Since we know the master equation for the Boltzmann model (3.11), we
shall perform the grazing collisions limit to obtain a master equation for Landau model.
As explained in the introduction, the master equation we derive here (see (3.32)) is the
same introduced by Balescu and Prigorine in the 1950’s, and it is also studied in the
works [50, 58].

Grazing collisions

We present here the grazing collision limit as in [73]. Consider the true Maxwellian
molecules collision kernel b satisfying (3.7). We say that b. concentrates in grazing
collision if:

\V/GO > 0, Sup9>90 bE(COS 6) ;5) 0

(3.21)
Aez/ be(cos0)(1 — cosf) do — A > 0.
d—1 e—0

For the sake of simplicity, to derive the Landau master equation in this section, we
suppose the dimension d = 3 to perfom the computations, the other cases being the
same.

From (3.9), using a spherical coordinate system (in dimension d = 3) with axis v — vy,

we have
v — v
o= cosf+ (cosph+singi)sinf.
v — vy
Moreover we have |(v — v,,w)| = |[v — vi| sin(A/2). Finally we can write the operator in

the following way (see [73])

Qs(f,f) = /%dcb /”da [ dv O~ 11, (3.22)

with ((0) = sin?20b(cosf). In this case, we can rewrite (3.21) and say that (.
concentrates in grazing collisions if for all 89 > 0

SUPg>g, C(0) =0 when & —0

an g (3.23)
.2
AE::§/ sin §Ca(9)d0—>A<oo when ¢ — 0.
0

Let us consider then the Boltzmann master equation (3.11)-(3.12), using the form of
(3.22), that is

(GEo)(V Z/ d9< 0)(#ij — #)-
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In this equation, we take a second order Taylor expansion of gogj and obtain

(Vi = V)T D*[VI(V); = V)

N | —

P(Vip) = ¢lV) =DelVI(V; — V) +
+O(IV ~ V)

(3.24)

With the incoming and outgoing velocities V' and V}; (see (3.10)), we have

V;'j—V:(0,...,0,1}'—Ui,O,...,O,v’~—vj,O,...,O).

i

In (3.24), Dp[V] and D?p[V] are given by

DolV] = (Vig(V))1<icn»  DolV] = (vizjso(v))lgi,jSN

where V;p = <6vi,a‘»0)1<a<3 and ij(p = (&,Mﬁvmcp) < g<s Now we substitute V; =V
in (3.24) and we get

P(V5) — 9(V) =Vig(V) (0} — 1) + Vyo(V) (0 — )
+ 5 { TRV~ 0 + VoV, — v’

3.25
V2V (0] — )W) — 0y) + V2p(V) () — v) (o) — 7)) .
FOV, - V),
Finally, using (3.10) and (3.8) with v; and v;, one obtains
e(Vi) — (V) = = (vi — vj,w)(Vig — Vjp,w) (=T1)
+ o (s = vy, { Ve + Vio — Vo - Vi) (ww) (=T) (3.5)

+0 (|vl — v;|?sin® g) :

For each pair of particules ¢ and j, in the orthonormal basis {IZ’:ZJ| , ﬁ, ;}, one has
iV

v, 0 ; 0
w= ’ZE_Z‘ sin§+(cos¢h—|—sin¢i)cos§

and then, using the fact that linear combinations of cos ¢ and sin ¢ vanish when integrated
over ¢, we can compute the contribution of 77 integrated over ¢
2 . 9 2]
- do(vi — vj,w)(Vip — Vip,w) = —2msin 2 (vi —vj, Vig — Vjp).

Now we have to compute the integral of T5 over ¢, we denote

>‘04,3 = {avi,a 61)1‘,5(10 + avj,aavj,ﬁgp - avi,a 61)7‘,590 - a'Uj,a avi,ﬁ 90}/2
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and in the same orthonormal basis, we compute

O 2w
A = |v; — vj|* sin® 5/ dpAapwatg.
0

Again, linear combinations of cos ¢ and sin ¢ vanish, which implies

o (2 0 ] 0
A=|v; — Uj|2 sin? = / do (/\11 sin? = 4 Aag cos® ¢ cos® = + A3 sin® ¢ cos? )
2 Jo 2 2 2) (g.97)

0 A 0 0 A 0 0
= 27|v; — vj|2 ()\11 sin B + % cos? — 2 sin’ B + % cos? B sin? 2)

and we remark that the first coefficient is of order greater than 2 in 6.

We introduce I,5(v; — v;) the projection over the orthogonal space of |v and

the dominat term of (3.27) when 6 — 0 is

v\’

50
v — vj|2 sin? §Ha5(vi —vj)Aap

or in matricial notation

0
m|v; — vj|* sin? iﬂ(vi —vj):

Finally, we obtain

27 0
do(p (V) =—= T sin? 3 (2(vi — vj), Vi — V)

2 2

0
+Z|v — v;|*sin? 51’[(1}1 —vj) (Vuw + ijgo - ijgo - Vj%go) (3.28)
+0 (|vZ — ;20" A 1) +0 (\Uz —v;20° A 1) .

Consider now the Boltzmann master equation with kernel (. satisfying the grazing
collisions (3.23) and plug (3.28) in it, we obtain then

GY S 7r/2d9 0 L 2721 :
B¥Y = N ]z_:l 0 C( )5 0 d’(%j‘#’)
/2 T 0
N Z/ 48 G-(6) { = sin® 5 (2(us = ). Vi — V)
) 22 (3.29)
T o0
+ i = v;[? sin® (v =) - (VESO + Vo = Vip - Vg‘%‘%@)

+0 <|vl —v;20* A 1) +0 (|v, —20° A 1) }
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This can be written in the following way

GRe = = i T W/zdﬁ sin2€§ (0) (=2|v; — v ‘QM) (Vip — Vi)
BY = N = 2 Jo g o€ i Jj v; — ]|2 i 4
1 N L RPNy 2 2 2
+ ﬁ — 5/0 df sin § QE(G) |Ui - U]| H(Ul ) (Vu@ + V VUQO - ij@)
1 XL 2 - .
+szz_:1 ) d9<g(0) (O (\vi—vj| 0 /\1>+O<’Ui—1}j| 0 /\1))

(3.30)
As in [73], the last term converges to 0 when € — 0. Then we have, using (3.23) and
the definition of the functions a (3.15) and b (3.16), when € — 0

G — L Z oA — 0P (vip Vi)

Z] 1 |’U7, ]|2

Z Alv; — ’U]’ (vi — vj) : (Vugo + VJZJ’('O o ViQJ'(P N ijigo)
hi=1 (3.31)
b i) 190 Vj QD)

vi— ;) : (Ve + Ve — Ve - Vip) = GY¢

and that defines the Landau generator G¥. Finally, we derive the following Landau
master equation

AT = (546 0) = & [ 3 b= ) (Vo= Ve av)

i,7=1

1 N
“ov ] 2 alvi=vg): (Vi + Vige = Ve = Vi) i (dV)
1,)=
(3.32)
Remark 3.2. In the paper [37], the Landau equation is studied with a probabilistic

approach. In particular they prove that the following process associated to a N-particle
system, for ¢ = 1, ..., N,
i \/> i k i,k i k
dX; = \ﬁz o(X! — XF)dBy +—be XF)dt, (3.33)

where B** are N2 independant R%valued Brownian motions, converges to the process

X, = Xo+ V2 / / W (dy, ds) + 2 / / b(X, —y)Pu(dy)ds  (3.34)
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where P; is the law of V; and W is a white noise in space-time. Moreover the process
(3.34) is associated to the spatially homogeneous Landau equation with the coefficients
aap(z) = (00%),5(2) and ba(z) := dpaap(z). Then, the Kolmogorov equation of (3.33)
is, for a test function ¢ : R — R and where f{V represents the law of X,

at<ftN7 >: (ftNaGN >

N —Yj i VY tN
12;1 [ b= ) (Vig(V) = Vo(V)) £ (@V) )

+ N Z /RdN a(v; —vj) - (VizisO(V) + Vij(p(V)) ftN(dV).

In [38], instead of the process (3.34) it was used a similar process with only N independent
Brownian motion, i.e. replacing B** by B' in (3.34), and it gives the same master
equation (3.35). We remark that this equation differs from (3.32) by the terms >, ,; a(v; —

v)) : (~V2¢p - V3e).
Now, in order to obtain a N-particle SDE associated to (3.31)-(3.32), we shall modify

(3.34). Consider then, for i = 1,..., N, Révalued random variables (X})>o satisfying
the following equation

\f

Vi=1,...,N dX!=
Nl

Z (X} — Xk)dZ”“+ ZbXZ XFydt  (3.36)
ksél k;éz

where, for all 1 <i < N and i < k, Z"¥ = B"* are N(N — 1)/2 independent R%valued
Brownian motions and the other terms are anti-symmetric Z"' = —BI"*. As in (3.34),
we have a(z) = 0(z)0*(z) and o is symmetric (recall that a also is), i.e. o(—2) = o(z).
We can rewrite (3.36), let X = (X*',..., X"V) we have the following equation

where p = (p1,...,unN) is given by

92 N
Vi=1,...,NVX = (X ..., XV)eR¥W (X _——E X' —
? ) ) ) ( Y Y )e Y :u‘( ) N b(

moreover, W; is constitued of the N(N — 1)/2 independent Brownian motion, more
precisely

2,N N—1),N
B¥N, .. IOy

N(N—1)/2 1,2 LN 23
Wt:(Wt17'-'7Wt( )/):(Bt 7Bt 7Bt

P g ey

ie. fori <k, Bz’k = W with a = (i — 1)(N —i/2) + k —i. Finally, ¥ : R —
MNyN(N_l)/Q(Md7d(Rd)) is given by, forall 1 <i < N, 1 < g < N(N —1)/2 and



3.3. THE CONSISTENCY-STABILITY METHOD FOR THE LANDAU EQUATION 137

X =(Xx'..., XxV)eRW,
~Zo(xi - x*); B=NE-kEN 1<k <i-1,
(BX)is=q 2o -X%; (i-1)(N-§+1<p<i(N=) k=p-(-1)(N-5)+i,

0; otherwise.

Indeed, multipliying the ith-row of 3(X) by dW; we obtain

N
2 . .
Z _xM B+ Y2 Y o(xP— X*yaBit = Z — X%y dzi*,
\/Nk =i+1 k:;é
{2

which corresponds to the first term on the right-hand side of (3.36).
Consider a test function ¢ : R — R and f}¥ the law of X;, then the Kolmogorov
equation of (3.37) is

0(fN 6y == 3 [ b= vy) - (Vi) £ (av)

) (V26— V2 N
P> [ atvi=v): (V3o = V30) £ (@),
and using the symmetry property of a and anti-symmetry of b we obtain (3.32).

3.3 The consistency-stability method for the Landau equa-
tion

In this section we present the method develloped in [62, 63] with some modifications,
in order to be able to apply it later to the Landau equation in section 3.4.

3.3.1 Abstract framework

Consider a polish space E and we shall denote by P(FE) the space of probability
measures on E. Consider also EV and the space of symmetric probability measures
Py (EY), more precisely, we say that F¥ € P(EY) is symmetric if for all ¢ € Cy(EYN)

we have that
|oedry = [ oo dr®,
EN EN
for any permutation o of {1,..., N}, and where
Po = QD(VU) = SO(UU(I)a s 7UU(N))7

for V.= (vi,...,vy) € BN,
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We then consider a N-particle system with initial probability density Fi¥ € Psym(EYN)
and its evolution equation in dual form, for all p € Cy(E™Y),

o (FY,¢) = (FN,cNp). (3.38)

It generates a linear semigroup denoted by S : F¥ +— F/N. Moreover, we define the
dual semigroup T}V by

Vo e C(EY), VEN € Pym(BY),  (TV(9), FY) = (¢, S (F™)) (3.39)
and its generator GV by.
Vo e CyEYN),  dp=GVo. (3.40)

At the level of the limit (mean field) equation, we consider a initial probability
density fy € P(FE) and the equation

Ofe = Q(f1)- (3.41)

We also define its semigroup Si° : fo — fi. Then, we define the pullback semigroup
Tp° by
Vo e C(P(E)), YfeP(E),  TV[@)(f) = 2(S7()) (3.42)

and its generator G*° by
Vo e C,(P(E)), 0P = G>O. (3.43)

We define some applications relating this objetcs. The function 7} : EN/&y — P(E)
is defined by, where & denotes the group of permutations of {1,..., N},

1N
(V) =l = v > 6y, (3.44)
i=1
and pdY is called the empirical measure associated to V. The application 7 : Cy(P(E)) —
Cy(EN) is given by
VV e BN, VO € Cy(P(E)),  md[@(V):=d(uy)). (3.45)
The application 7} : Py (EY) — P(P(E)) is
VFY € Pym(EY), V& € Cy(P(E)),
(mp(EY). @) = (FY.x(@)) = [ @)Y av),
EN

where the first bracket is the duality P(P(E)) <> C,(P(E)) and the second one is the
duality Psym(EY) <+ Cp(EYN). Finally, the application RY : Co(EN) — Co(P(E)) is
defined by

(3.46)

Vo e Cy(EN), VfeP(E),
RY[A() = (o f5N) = [ eV s o)+ f(dow),

EN

(3.47)
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in the sequel we will denote Rf; = RYyp] for ¢ € Cy(E*). The functions Rf; are the

"polynomials" on the space P(F), we will see later (exemple 3.8) that they are continuous

in the sense of Definitions 3.5 and 3.6, where we develop a differential calculus on P(E).
For a given weight function m : E — R, we define the N-particle weight function

N
WV = (01, on) € BN, MYV ::%Zm(vi):m{y,m):Mm(u{y). (3.48)
=1

Definition 3.3. For a given weight function mg : £ — R we define the subspaces of
probabilities

Pg :={f € P(E); (f,mg) < oo}
and the corresponding bounded sets, for a € (0, 00),

BPg, :={f € Pg; (f,mg) <a}.

For a given constraint function mg : £ — R such that (f, mg) is well defined for
any f € Pg and a given space of constraints Rg C RP, we define, for any r € Rg, the
constrained subsets

Pg.:={f € Pg; (f,mg) =r},
and the corresponding bounded constrained subsets
BPg oy :={f €BPgq; (f,mg) =r}.
and the corresponding space of increments

IPg:={g— f; Are Rgs.t. g,f € Pgr}.

We shall consider a distance distg defined on the whole space Pg or such that there
is a Banach space G D ZPg endowed with a norm || - ||g such that distg is defined for
any r € Rg on Pg,, by for any f,g € Pg,

distg(g, f) = llg — flig-

Definition 3.4. We say that two spaces F and Pg, endowed with the norm || - ||z and
the distance distg inherited from the norm || - ||g, are in duality if

VfigeG,VoeF  [g— f.o) <distg(g, f)ellr (3.49)

Definition 3.5. Consider two metric spaces le and 52, some weight function A : Q] —
R* and n € (0,1]. We denote by C’R’"(gl; Ga2) the (weighted) space of functions with
n-Holder regularity, that is functinos S : G — G such that there exists a constant C' > 0

VfgeG, distg(S(f).S(g) < CAg,f) distg, (f,9)". (3.50)

where A(g, f) = max{A(9), A(f)}.
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We define then a higher order differential calculus.

Definition 3.6. Consider two normed spaces G; and Gs, two metric spaces C71 and C72
such that @ Gi C Gi, some weight function A : G, — [1,00) and 7 € (0,1]. We denote by

c 77(91, G») the (weighted) space of functions two times continuously differentiable from
G1 to Gs, and such that the 2th derivative satisfies some weighted n-Holder regularity
(in the sense of Definition 3.5).

More precisely, these are functions S : G — Q~2 continuous, such that there exists
maps (for j = 1,2) D’S : G — L£7(G1,Go) , where £7(G1,Go) is the space of j-multilinear
applications from Gy to G, and there exists some constants C; > 0, so that we have for
all fa g€ lev

15(9) = S(H)llg, < Co Mg, ) llg — FII,
(DS[f1.g = Fllg, < Ci Mg, ) llg — FIIL,
18(9) = S(f) — (DS[f],9 = Fllg, < Ca Mg, ) llg — FII5™, -
[(%s1f1.60 - %), < Cshta P g~ rim, 7Y
2
Hs<g> =S(H) =S (DS (g = HPY| < Carla H)llg - FIGT
=1 G2
where ng,m € [n, 1]. o
We define then the seminorms on Ci’”(gl; Go)
I(DS[f), )l I(D2S[f), (h, 1))l
S] 10 = u _— 2 S 2.0 = u 2
Sloyes= s TR 0 Bl e T
and ||s< )= S
S| o = _ Gz
Slegm = S0 Ko, D Tlg — 718
||s<g> —8(f) = (DS[fl,9 - Pllg
S| im = 2
Bleyn = o o Al — F15
" |sta) = st =2 (DS (0 - D),
2 i= Su .
AT o Mg, f) g — FI5

Finally we combine these seminorms into

HS”cia’? = [S]C?\ﬂio + [S]C}\v’il + [S]Ci’” + [S]C}\’O + [5]0[2\0

This differential calculus holds for composition, more precisely for U € Cﬁ;j (Q]; 52)

and V € Cﬁj(g}; G3) we have S = Voll € C’i’gs (G1;Gs3) for some appropriate weight
function Ag and exposant ns. We now state the following lemma
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Lemma 3.7. Let G; be normed spaces and 5, be metric spaces for i = 1,2,3, such
that é, — 5, C G;. Consider U € C’i’n N C’k(lﬂn)/s N 0%(2*’7)/3(51; 52), with n € (0,1],
andV € 02’1(52; 53) Then the composition function S =YV ol € C’i;? N C}X},(H%)/g N
02’352*")/3(51; g},) and we have

DS|[f] = DVIU(f)] o DU[f],
D*S[f] = D*V[U(f)] o (DU[f] ® DU[f]) + DVU([)] o D*U]f].

More precisely, the following estimates hold

[S]Cx,um)/s < V]eoa [U]CX,@M)/:% ;
Sleso < Moo Ul cno.

A

[8]01,2(1+2n)/3 < [V]Cq,o [U]C}\,(Hm;)/s + [V]Cm [u]éﬁ,(2+n)/3 3
A

[Sle2p < Vlgro Mgzo + Vigao Ulgao,

A2

[Slezg < Vlero Ulgzn + Vlgzo Ugrarzns

A3

+2 V2o Ulgro U] gravanss + V]2 [U]:é?\,mn)/s :

Proof of Lemma 3.7. Let f,g € G, and f.ge Go.
By Definition 3.6 with I/ € 02 nﬂC (142n)/3 CO’(2+W)/3(§1; gz) and V € 02’1(g~2; 63)

we have
U(g) —U(f) = (DUfl,g = f) + Rulg, f)
9 22 9 (3.52)
U(g) —U(f) = (DU[f),g — f) + (DUIf], (9 — )®*) + REy(9, )
with
lt(g) =U(Nllg, < Ulgom Mg, )9 = flig (3.53)
DUl 9= Mg, < Ulgro Mg, ) llg = flig, (3.54)
149, Dllg, < WUerm Mg: )l = Fllg™ (3.55)
I(DUlf), (o - NP, < [u}ci,o A, Pllg - FI5™ (3.56)
IRE(9, Nllg, < Wlean Mg, ) llg - g™, (3.57)
where, for simplicity, we denote g = (2 +17)/3 and m = (1 + 27)/3.
Similarly we have for V,
V(@) = V(f) = (DVIfl.g — F) + R)(@. )
(3.58)

V() = V() = (DVIfl,5— )+ (D*VIf1, (5 - [)*?) + B33, /)
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with

I(D*V

IAIA

INIA

IN

Vigoa 13— Flig,
Viero 13— Flig,
View g — Flig,
Vo 13— Fle,

_ 7119
Vig2a g = Flig,-

Using these estimates we can compute for S =V o U, then we obtain first thanks to

(3.59) and (3.53)

1S(g) =

AN

v (Ulg) -
v ]cm lt4(g) —
01 Ul gomo Mg, Nllg = flG;

which implies [S]Co @tz < Veoa U], 0.24m)/3-

We also have, using (3.58) and (3. 52)

8(9)—8(f)

from which we deduce (DS|[f],g — f) =

(3.54),

VU,

UHllg,

{DS[1:9 = f) llgs < VIgwo [{DULf], 9 = F) llg,

which yields [S] 1.0 < [V]owo [U] 1,
A A

< Wlewo Mg ADllg = I,

Therefore, we obtain using (3.60), (3.61), (3.55) and (3.53),

1S(9) = S(f) = (DS[fl,.9 = Hlg,
I(DVIUD). Bialg. ), + IR @U().UD)g,
% ]010 HRM(Q f)”g2
v

IN

IN A

]010 [ ] 1771

Since 1 + 11 =2n9 =1+ (1 +2n)/3 and A > 1, the last inequality implies

[5]01,(1+2n)/3 < [V]Cl,o [U]Cl,<1+2n)/3 + [V]Cl,l [u]éo,(2+n)/3-
A A

A2

Ve U(g) -
Mg, f)llg = fllgr™ +

UHIg,

+ Wlens W2on Al

() + R U(9),U(f))
DU(f],g— )+ Riy(g, )})

DVU(f)l, ((DU[f], g — f))) and, by (3.60) and

2 lg = FlIge
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Finally, from (3.58) and (3.52), we have

S(g) ~ S(f) =V U(g)) ~ V WU(f))
(DVIU(D).U(g) —U()) + {DVIUD]. (Ulg) ~UD) ™) + B3 (U(9).U()

U
(DVIU(P), ((DULf), g - £)+ (DULS], (9 — HP?) + RY(9. £)))
<D2v (Du g—f>+Rb(gjf>)®2>

),

which yields

(D?81f1,9 — 1)) = (DY, (DUl 9 = D))
+ (DU, (DULTg— 1))

Hence we obtain, with (3.60), (3.62), (3.56) and (3.54),

[(D2s1.9 - D),
(DULf) (9= )|, + Moz (DU~ DI,

Mero Mezo A lg = FIE™ + Weso (Uero AW g — FI2)

<[V]CLO [U]ciyo + [V]gz0 [M]éi,o) A |lg — f||;1r(1+2n)/3,

< Voo

IN

IN

which gives [8]02,0 < [V}CI,O [U]Ci’o + [V]Cz,o [U]é{l\,o.

A2
Now, for the last estimate we obtain

18(9) = S(H) — (DSIfl.g — 1)~ (D*Sf1. (9 = )
< |(pvius), Bite. 1), + | (DPVHL (Rito 1))
+2H<D2 ) (<Dumg H e Rita. 1)),

+metoumnl,

Gs
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and using the equations (3.59) to (3.63) and (3.53) to (3.57), it gives
1S(9) = S(f) = (DS[fl,g = f) = (D*S[f), (g — N)*?)

B9, D], + Wleao [ Blta 1),

+2[Vleao IKDULF 9 = Dllg, | Blula. D), + Wleaa [Ul9) ~U(Dg,
< Vlero Mleza Mg, ) llg = flig)”

+ Vezo Ugm Mg: ) llg = Flig™

+2[Vigzo Ulro Ul grm Mg £)* llg = Fllg™ ™

+ Mes Mo Mg, £)* g = FIigy

Since 1 +n1 +n0 =319 =2+ n < 2+ 211, we deduce

I,
< Vlgio

[8]02,17 < [V]Cl,o [U]Ci,n + [V]CQ,O [U]é}\,awm/a

A3
+ 2 [V]Cz,o [U]C}\*O [U]C}\,(Hzn)/s + [V]Cz,l [Z/{Fé;)\,(2+n)/3 .
]

Ezample 3.8. Consider the pair F and Pg in duality (Definition 3.4) where F C Cy(E),
and consider ¢ = @1 X --- x ¢y € F®'. Then the application Rf; defined in (3.47) is
C*1(Pg;R). Consider f,g € Pg, then we have thanks to the multilinearity of Ré (62, 63]
that

|RL(9) = RE(P)] < Cllel maqoy llg = Flg,
IDRLIf)(g — )| < Ellelzame g = flo,

(L —
()~ BL(H) - DELIA — 1] < T lronsays g — 1
L4 —
02110~ )7 < D ol ronagmyes o - 113
|RL(g) = RL(F) = DRY[f1(9 — f) = D*RL[fl(g — /)|
00 —1)(¢—2)

IN

)
2 llpl o queye-s lg = F13,

where we define

H‘PH]—'@’J@(LOO)Z*J' =

(H%‘JI“'H%HI 11 H<PkHL°°)-

max
i1,...,i; distincts in [1,] htin i
yeen by

Since we shall need endow the subspaces of probability measures in Definition 3.3 with
metrics, let us give useful examples. We denote by P, (Rd) the space of probabilities with
finite moments up to order p, more precisely P,(R?) := {f € P(R?) ; (|v|?, f) < oo}.
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Definition 3.9 (Monge-Kantorovich-Wasserstein distance). For f, g € P,(R?) we define
the distance

WP(f g):= inf / dist(z, y)? m(dx, d
p(fg) = dnb ] e U@ ) T (de, dy)

where TI(f, g) is the set of probability measures on R% x R? with marginals f and g
respectively.

In a analogous way, we also define, for u, v € P(P(R%)) and a distance D over P(R),
the distance

Wip(p,v) = inf

D(f,q) n(df,d
e[ ey P9 (00

where II(1, v) denotes the set of probabillity measures on P(RY) x P(R?) with marginals
wand v.

Definition 3.10 (Fourier based distances). For f, g € P4(R?) we define the distance
gl sup O 306 .
£cRe |§’

which is well defined if f and g have equal moments up to order s — 1 if s is a integer or
|'s] if not. We denote by H~° the space associated to this norm.

Definition 3.11 (General Fourier based distances). Let k € N* and set

mg = |7J‘k, mg = (’Ua)aNd, |Oé| S ]{Z —1
and
v = (v, .. 057, a=(ag,...,aq)
and we define
f(e
vrehs Il = Ifls = s LEL e 0m)
cerd €]

We extend the above norm to M} (R?) in the following way. First we define for f €
M} [(R%) and a € N%, |a| < k — 1 the moment

Mulf] = /]Rd v® f(dv).

For a fixed smooth function with compact support xy € C>°(R%) such that xy = 1 over
{¢€ € RY,[¢] < 1}, we define then

My[f1(€) = x(ﬁ)( > Ma[f]iT(—z‘)'a').

laf <k—1

We define then the norm
Il o= 1 = Ml flle + D IMa[f]l;

la|<k—1

(&)
g[* -

where as above |k, := sup;
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3.3.2 Abstract theorem
We state the assumptions of our abstract theorem 3.13.

Assumption (A1) (N-particle system). The semigroup 7Y and its generator GV are
well defined on Cy(E"™) and are invariant under permutation so that F}Y is well defined.
Moreover, we assume that the following conditions hold:

(i) Conservation constraint: There exists a constraint function mg, : £ — R” and a
subset Rg, C R” such that defining the set

Eyn:= {V € EN; </’L57mg1> € Rgl}

there holds
vVt >0, supthN C En.

(ii) Propagation of integral moment bound: There exists a weight function mg,, a time
T € (0,00] and a constant C’g o > 0, possibly depending on mg,, but not on IV,
such that

VN1 sup (BN, MY, ) <G
t>0 L

(3.65)

g1

Assumption (A2) (Nonlinear semigroup). Consider a probability space Pg, as in
Definition 3.3, associated to some function mg, and a constraint function m;, and
endowed with the metric induced from G;. For some § € (0, 1] and some a € (0,00), we
have for any a € (a, o) :

(i) The nonlinear semigroup is well defined Sp° : BPg, o — BPg, 4, which is §-Holder
continuous locally uniformly in time, in the sense that for any 7 € (0,00) there
exists C; > 0 such that

1)
Vf,g9 € BPg, 4 sup [157°g — S fllg, < Crllg — fllg, -
0<t<r

(ii) The application @ is bounded and d-Holder continuous from BPg, , into Gi.

With (A2) we have the following lemma [62, Lemma 2.11] (see also [63, Lemma 2.9])

Lemma 3.12. Assume (A2). For any a € (a,0) the pullback semigroup T7° defined
by
Vf€BPg,, ®cCy(BPg,), T[0)(f) = o (SN(f))

is a Cy-semigroup of contractions on the Banach space Cy(BPg o(E)).
Its generator G* is an unbounded linear operator on Cy(BPg,) with domain
Dom(G®°) containing C’;’n(Bnga). On the latter space, it is defined by the formula

V& € C)"(BPga), V[ € BPga, (G¥®)(f):= (DD[f],Q(f)). (3.66)
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Assumption (A3) (Convergence of the generators). Let Pg, , mg,, Rg, be such as intro-
duced in (A2). Define a weight function 1 < mg < Cmg, and then the corresponding

weight A1 (f) := < f, mfgl>.
We assume that there exist a function €(N) going to 0 as N — oo and 7 € (0, 1]
such that for all ® € Ci’ln(Pghr; R) we have

(2, (6 mw —mnG>) @

mgl

< .
roy = (“I’]cxﬁpglm;m + [q’]Ci’f(Pgl,r;R)>
(3.67)

Assumption (A4) (Differential stability). We assume that the flow
2, 1,(142n)/3 ~ ~0,(24+1)/3
Sfo S CA: N CAQ( m/ N CA2( n/ (PQLY? Pg2),

for any r € Rg,, and that there exists C{° > 0 such that

oo
sup [ (121 cs0mn + 5220 cens + [SFlozo + [STI2y0 ) dt < O, (369
2 2

reRg, Ao Az

where Pg, is the same probability space as Pg, but endowed with the norm associated
1

to some Banach space Gy D Gy, with Ay = Aj and 7 is the same as in (A3).

Assumption (A5) (Weak stability). We assume that, for some probability space Pg,
associated to a weight function mg,, a constraint mg,, a set of contraints Rg, and a
distance distg,, for any a > 0 there exists a constant C'2® > 0 such that for any r € Rg,,

vag € BPQ&(I,N igg diStg:s (S?O(f)7 S?O(g)) < CE?O diStg?, (f7 g) . (3'69)

Theorem 3.13 (Abstract theorem). Let us consider a family of N-particle initial
conditions FJ' € Psym(EYN) and the solution associated F{¥ = SN(F{). Consider also a
one-particle initial condition fy € P(E) and the solution associated fi = S5°(fo). Assume
that (A1)-(A2)-(A3)-(A4)-(A5) hold for some spaces Pg,, G; and F;, i =1,2,3, and
where G; and F; are in duality.

Then there exists a constant C € (0,00) such that for any N,¢ € N, with N > 2/,
and for any ¢ = 1 @ --- @ @y € F2, F 1= F1 N Fo N F3 we have

sup (S (RE) — (572 o017

I 00 00
<C lN HSDHLD“ + Cmgl C4 E(N) ¢ H(pH]-‘ég’?'@(LOO)Z—S + CE) ¢ H<,0||]:3®(L00)Z—1 W17g3 (ﬂ'gFévvéfo)

(3.70)
As a consequence, if F{¥ is fo-chaotic the propagation of chaos holds.
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Proof of Theorem 3.13. We split the term (3.70) in three parts :
(SN (FY) = (87°(f0)®N L p 01V
< (SN, o 21N — (SMEY) RE o) (=)
+ | (B, TN (R o 1)) — (Y ,<T°°Rf>ouv>\ (= T)
+ (B, (T RL) 0 ) = ((S2°(F0))* )| (=: T3)
and we evaluate each of them.

Step 1. For the first term 77, a classical combinatorial trick (see [70] and [63, Lemma
2.14]) implies

252”80HL°°(E14)

— N

Step 2. For the term 75, we have the following identity

T <

td
TNy — NI = —/ yr — [T, 7y T)ds
:/0 ths (GNT('N —WNGOO)TSOOCZS
and then for any ¢t > 0
T [T (0N, SR (MY, )GV ry - G T RL)| ds
0

Si;§< mo, ,SN(F} )>/0 H(M,ibvgl)*l[GNﬁN—WNGoo] TSOORfoHLoo(IEN)dS (3.71)

< o 0o Pl oo pt
> Cm91 E(N) rzlfligl/o ([T R ]Cl n(Pgl ~R) + {TS R‘P} Ci’f(PgLr;R)) ds,

thanks to (A1)-(i) and (A3).
Furthermore we know that the application TSOO(R‘;,) = Rf; 0 ,5%° and by assumption
(A4) the semigroup

5% e ey A BB Pg L Pg,).

Moreover, with ¢ € F$¢ we have Rf; € C%1(Pg,;R) (see example 3.8). Finally, by
Lemma 3.7 we obtain that

TR(RG) € Oy n Oy 7 n o™ (Pg, i R)
2

with

TOORZ} < ||IRY || g2 . Sp° + [S%°)2
|: s Tl Cll\’3(1+2")(Pg1,r;R) = || cpHC' (Pg,iR) [ t ]011\12(1+2’7)/3(Pg1,r;13g2) [ t ]CR§2+W)/3(P91,rSP92) )

2

oo pl 4 0o 0012
7R }CQS(P o S IR, (1712000, ey + 1T e 000, b )
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From assumption (A4), A = A}/(?’) and the estimate of ||RéH02»1 in example 3.8, we
can deduce, plugging the last estimate on (3.71),

Ty < Crng, C5°e(N) * 1ol 73 (po0ye-s- (3.72)

Step 3. For the third term T3 we deduce, thanks to the assumption (A5) and the fact
that Rf; e C%(Pg,;R) for ¢ € FY,

Ty = (B, RO(S () — RL(S7°(fo)) )
< B o iy (FD - distay (S5 (). 57°(fo)) (3.73)
< L ll ez C3° (Fy' distgy () fo) ) -

By the definition of the Wasserstein distance

Va,8 € P(Pg)  Wig(a,8) = e%lr(lfg)/P  distg,(f.9) (df. dg)
T Q, g4 XxPgy

with II(«, ) the set of probability measures over Pg, x Pg, with marginals o and
respectively. Taking § = dy,, the set II(a, ) = {a ® 64, } has only one element and we
obtain, with a = ngéV,

Wia(eNFN 6, )= inf // dista. (£, ) (df. d

1,65 (mp Fy fo) retleNEN 670 ] oo, xPg, gs(f,9)m(df,dg)
= [ dista,(f.0) T (dF) 85, (do)

Py xPos (3.74)

_ / distg, (f, fo) 7 FN (df)
ng
:/EN distg, (uf), fo) Fo' (dV).

where we have used the definition of & (see subsection 3.3.1) in the last equality. We
conclude then plugging this estimate on (3.73).
O]

3.4 Application to the Landau equation

In this section we will use the consistency-stability method presented in the Section
3.3 to show the propagation of chaos for the Landau equation for maxwellian molecules.
To prove some estimates for the Landau equation we will prove first the same estimates
for the Boltzmann equation (as in [62]) with a collisional kernel satisfying the grazing
collisions (3.21). Then passing to the limit we will recover the same results for Landau.

Our main theorems are:
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Theorem 3.14. Consider a N -particle initial condition F € Peym(R¥™) and, for
all t > 0, the associated solution of the N-particle Landau dynamics FYN = SN (FJ).
Consider also a one-particle initial condition fo € Po(RY), with zero momentum [vfo =0
and energy [ |v]?fo =: € € (0,00), and the associated solution of the limit (mean-field)
Landau equation f, = SP°(fo). Suppose further that there exists & € (0,00) such that

1
supp F¥ C {V e R, N Z lug]? < 80} . (3.75)
i=1
Then, for ¢ € N*, for all

p=p1®op e F Fim {0 RIS RS Jplls = [ (1410106 & < oo
we have, for any N > 24,

sup [(S¥ (F3") = (57 () ™Y 0|

t>0

<C lN ol Lee + Cf NH‘P”]—'3®(L°°)Z—3 + C57 L@l g(roeye— Wl,Wz(TrgF({Vafsfo)] .

As a consequence, if FJ¥ is fo-chaotic the third term of the right-hand side goes to 0
when N — 0o, which implies the propagation of chaos.

Theorem 3.15. Consider the same framework of Theorem 3.14. Assume moreover
that fo € Pg(RY) N LP(R?) for some p > 1 and let FY¥ = [f(()gN]SN(g) € Pym (SN ()
(observe that (3.75) is satisfied for this choice of initial data with & = £ ). Then it holds:

(1) For all 0 < e < 9[(7d + 6)*(d + 9)] ™!, there exists a constant Ce > 0 such that

Wl(FtNa ?N

sup ) <C.N"-

>0 N
(2) For allt >0, for all N € N*

‘Ifl(FtNy -N)
<

N

for a polynomial rate p(t) — 0 as t — oo and where v is the uniform probability

measure on SN (E).

Remark 3.16. This theorem also holds (with different quantitative rates) for other choices
of initial data Fj¥ that are fo-chaotic. In particular, if we consider fy € Po(R%) with
compact support and Fi¥ = (?N € Psym(RdN ).

The proof of Theorem 3.14 relies on the proof of assumptions (A1)-(A2)-(A3)-
(A4)-(A5), with a suitable choice of spaces, and then on the application of Theorem 3.13.

Furthermore, we shall prove Theorem 3.15 using Theorem 3.14 and some results from
[46, 62, 19].
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3.4.1 Proof of assumption Al

Consider the N-particle SDE (3.36)-(3.37). Since b and o are Lipschitz, existence
and uniqueness hold by standard arguments (see [69, Chapter 5]). Hence it defines a
semigroup T}V, we can then define its generator G = G (given by (3.31)-(3.32)) and
its dual semigroup S}, as explained in section 3.3.

We have the following lemma.

Lemma 3.17. The dynamics of the N-particle system (3.32) conserves momentum and
energy, more precisely there holds, for all t > 0,

N N
/RdN % (; vm) FN@V) = /RdN © (; vi,a> FN(dV), ac{l,...,d}

and
/W @ (IVP) FN(@dV) = /W @ (|V\2) FN(@dV).

Remark 3.18. We can easily observe during the proof that if we consider the N-particle
system of Remark 3.2 with generator G’ (3.35), which is different from the system we
considered here (3.32), we have conservation of energy

N N
2 <ftNaZ|Ui|2> = <ftN»G§VZ|Ui|2> =0,
i=1 =1

however this is not true for all functions ¢ = (]V|?). Then, Lemma 3.19, which is a
consequence os this lemma, does not hold for the N-particle system of Remark 3.2.

Proof of Lemma 3.17. Let us prove the second equality (energy conservation), the proof
of the first one (momentun conservation) being similar. Consider the Landau master
equation (3.32) and (V) = ¢(]V|?) smooth enough, we have then

Vie(VP) = (uaeVP), = 28 (VI)u

and, for i # 7,
Doy Doy sV 2) = 4"V s a5
8o, 00,5 P (IVP) = 4" (IV P)viavip + 2¢'(IV*)dag.

Denoting ¢’ = ¢'(|V]?) and ¢” = ¢"(|V|?) for simplicity, we obtain

(Viie + Vi = Ve = Vip)ap = 49'6ap + 40" (Viavip + vj.avjs — ViaVjp — Vjais)
= 4900 + 49" (vi — vj)a(vi — vj) -
Therefore we have
b(vr — v)(Vap (V) — Vip(IVI)) = —2lui — 037 (0 — v5) - 26/ (V) (01 — )

(3.76)
= —4¢ ([V[*)|vi — v 7*2
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and 2 2 2 2
a(vi —v;) + (Vo + Vi — Visp — Vi) =
d
= |v; — v;]7 Z { []vz — ;260 — (Vi — V})alv; — vj)g} 4¢'80p
a,f=1

+ [Jvi = 03205 = (v = vj)a(v: — v;)5] 4" (v = v;)a(v: — vj)ﬁ}

=:|v; —v;| {11 + T }.

Computing 77 we have

d
Ty =4¢" > ||vi — 0?00 — (vi — v)a(vi — v;)8| dap
2 [ ) (3.77)

= SSDIIU’L' - ’Uj’27
and computing 75

d
Ty =4¢" > [|Ui — 0 *(vi = vj)a(vi — vj)30ap — (Vi — v;)a(vi — Uj)?a}
O‘vﬁ:]-

d 2 (3.78)
= 4" {Iw — vt = [Z(Uz‘ - Uj)i] }

=0.
Gathering (3.76), (3.77) and (3.78) we obtain

—_

b(vi — v) (Vi — V) + ~a(v; —v;) : (Vi + V3o — Vie — Vip)
|7+2 (3-79)

= o

= —4¢ v — v + 5890/ vi — v;
=0,

which implies, for all ¢t > 0,

[V B @) = [ovid B av). (350

Lemma 3.19. Consider FY¥ such that
1
supp de c{VeR™, MM V)= N Z lvi|? < &}
i=1

Then there holds

vVt >0, suppFY c{VeR¥, MN(V) <&}
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Proof of Lemma 3.19. Tt is a consequence of Lemma 3.17, with ¢(|V|?) = Livesne,-
Consider a mollifier p, for n > 0, i.e. p,(z) =n~1p(n~'z), with p € C(R), p > 0 and
supp p C B1, and define ¢, = p, * ¢. Using Lemma 3.17 we have, for all n and for all
t>0,

N _ N
Lo B @)= [ o BN @),

Passing to the limit n — 0 we obtain

/RdN Lypsne Fy (dV) = /RdN Liyjzsne, Fo' (dV) = 0.
O

Lemma 3.20. Consider ¥ such that <de, M,ﬁv> < C} for k> 2. Then there holds

il;%) <FtN, M,iv> < Ck.

Proof of Lemma 3.20. Consider Ft]\[’6 the solution of the Boltzmann N-particle system
(3.11)-(3.12) with grazing collisions (3.21). Then from [62, Lemma 5.3], we obtain the
desired result for FtN’6 with a constant independent of e. We conclude passing to the
grazing collisions limit € — 0. 0

Consider the constraint function mg, : R = R, x R%, mg, (v) = (Jv|?,v) with the

set of constraints Rg, : {(r,7) € Ry x R% |7|?> <7 < &}. Then Lemma 3.19 proves

(A1i). Moreover, Lemma 3.20 proves (A1lii) with the weight function mg, (v) := (v)% =

(1+ [v]?)? for all v € R,
3.4.2 Proof of assumption A2

Let us define the spaces of probabilities (and the corresponding bounded, constrained
and increments subsets, see Definition 3.3)

Pg, == {f € P(R); Ms(f) < oo},
and, for r € Rg,, more precisely r = (r,7) = (r,r1,...,74), the constrained space
Pg,r = 1{f €Pg,; (f,|v]*) =7, (f,v)) =rifori=1,...,d}.
We define then the for some a € (0,00) the bounded set
BPg, o :={f € Pg;; Ms(f) < a},
and, for any r € Rg,, the bounded constrained set
BPg, ax = {f € BPg,a; (f.|v]*) =71, (f,v;)) =r; fori=1,...,d}.

We endow these spaces with the distance distg, associated with the norm ||-||g, = |- |2
(see definitions 3.10 and 3.11).
We have the following lemma.
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Lemma 3.21. Let fo, g0 € Po(R?) with same momentum, i.e. (fo,v) = (go,v), and
consider the solutions fi, g+ of Landau equation (3.13)-(3.14). Then

Sup‘ft—gtb < |f0_90|2- (3-81)
t>0

Remark 3.22. Let us mention that this result can be found in [74] proving uniqueness for
the Landau equation for maxwellian molecules. There the author indicates that we can
prove it using the known result for the Boltzmann equation for maxwellian molecules
from [72] and then passing to the limit of grazing collisions.

Proof of Lemma 3.21. Let us split the prove in two steps. First we prove the lemma for
the Boltzmann equation then we recover the result for Landau equation passing to the
limit of grazing collisions.

Step 1. We shall prove the deasired result for the Boltzmann equation with true
Maxwellian molecules. This result is prove in [72, 62], but we write it for completeness.

Consider the solutions ff and ¢f of Boltzmann equation (3.4)-(3.5) with initial data
fo and gg respectively. Denote d° := ¢° — f¢ and s° := ¢+ f¢, then the equation satisfied
for d is

1
K = 3 |Qpe(s", &) + Qpe(d, ).
Performing the Fourier transform ([7]) and denoting D® = d°, S¢ = §°, we have

[DE(§+)S€(§) L DEEDSET) e
2 2

aD©) = [ belo-8) <5>] do

where ¢+ = &H87 e — &0 anq £ = ¢/,
We recall that b, is not integrable so we perform the following cut-off, which will be
relaxed in the end,

/Sdil bf(cr . é)da = K, bf = b€1|0‘26(K)’ (3.82)

for some function & such that 6(K) — 0 as K — 400, so that b. = b 4+ bC. In [72, 62],
we observe that the remainder term

DE(§7)S5(§7) | De(§7)S° (€

Rf(g)::/ (€7)5°(€7) (€7)5°(€M)

C "
Sd_lbe(a'f)l 9 + )

—D(g)| do

verifies, for any & € RY, |RE(&)| < rK|€|2, where r& — 0 as K — oo, and X depends
on the second order moments of d and s. Indeed, using that D(0) = J¢, D(0) = 0 for all
i, S(0) = 2, supy,<|¢ |0, 0;D(n)| and supy,<i¢| [0, 0;D(n)| are bounded thanks to the
bounds on the second order moments of d and s, there holds

|DF(67)S%(67) + D*(£7)S°(€7) — 2D°(¢)]
< |SSENID(ET) = DE(E)] + [D*()I1S7(£7) — S7(0)| + [ D(£7)]|S5(™))]
< Cl¢*(1 — cos0)/2,
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and we conclude since b¥ (cos 8)(1 — cos §)/2

Using that [|S®||s < 2, we have

is integrable.

d|D()] | . |D()] ()| Ko A (aed L i X
@ g2 TR S 2R e (52@/Sd1"6 (- (1EF+ 1€ ‘)d">”€
with ) .

EP=5(1+0-6), EP=50-0-¢).

One obtains

d|D=©) | |D*(e)] D)
— K K
TR gz SR e e

and by a Gronwall’s lemma one deduces

Dj D¢
iy 1EOL _ (IDBE
£ER ’§| £€Rd |f’
Relaxing the cut-off K — oo one proves
|ff = gtl2 < 1fo — gol- (3.83)

Step 2. Since (3.83) does not depend on € and the solution of the Boltzmann equation
fi converges towards the solution of the Landau equation f; (see [73]) when ¢ — 0, we
obtain the desired result.

O

Therefore we have that the Landau semigroup S° is C%!(Pg,; Pg,) and (A2)-i is
proved.

To prove (A2)-ii we use [62, Lemma 5.5], valid for the Boltzmann operator with
grazing collisions Qg ¢, which says that there exists C' > 0 and ¢ € (0, 1] such that for
any f,g € BPg, or we have

QB.:(f, f) — QBc(9.9)]2 < CIf — gl5,

with a constant C' that does not depend on €. Finally, passing to the limit of grazing
collisions € — 0, we have that Q. — Q. We prove then (A2)-ii also for the Landau
equation.

3.4.3 Proof of assumption A3

Let Ai(f) := (f,mg,) with the weight m{ (v) := (v)*, where we recall that mg, =
(v)8, and then consider the generator GV of the Landau master equation (3.32).
Then we have the following lemma, which proves (A3).
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Lemma 3.23. For all ® € ﬂrERgl Ci’"

1

(Pg, r;R) there exists C > 0 such that

<& up @]

H(Mnff%)l (GNWN — TI'NGOO) ) ey SV S

Ol (Pg, riR) * (3.84)

Proof of Lemma 3.23. The application R¥?Y — Pg,, V s ug is of class C*! with (see
[63, Lemma 5.4])

1
Dia (1)) = Nacﬁvi

1
8zoz ’LB(/’LV) Nagfﬁ(s‘/z

(3.85)

and for 7 # 7, mJB( Ny =o.
Let ® € C’A’ln(Pgl,R), so RN — R, V s ®(ulY) is also C?". Indeed, let ¢ = D®[ud)]
and we have

O, o (2(u3))) = (D[], Doy 117 ) = (D[], Navmé )= 6a¢(vi)

%, o, () = (DR, Naia o) + D[ (Navmaw o)

782 ﬁ¢(vl) N2 D2 [ ] (avz a6U178U1 ,35 ) °
We compute

(GNaND)(V) = GN@(MJ )

d
= Z S ba(vi = 1)) [Bus (@) = By, (@(u)]
z,] la=1
1 d
Zl 3 caalvi =0y 08 s ) + 07, B
zy «

_agz om'Uj 5(1)(/,Lg) - 8’3]‘&,1)1' B@(/Lg)}

1 1
Nmzwzlb“ ) | 3 0a6(03) = - 0ad(0y)
N d 1
w2 Bzﬁ 0) | R0 + 22 s0w)| (= 1)
1,] o,p=
N d
N S aas [NQD%[ Y1 (Our,0 001, O, 500, )
1,7=1 a,f=1

1 1
g DPR] (B, 8000, ,00,) = 223 D[] (00,80, 00,00, )] (= I).
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For the first term we have

d
= [ 3 balo = 0 [0a0(0) — 006(02)) i (do)pad (de)
a=1

d
+§/ / > aas(v — v |02 56(0) + 02 p(vs)| i (dv)pd (do.)

a,f=1
=(Qr(), ), 0) = (Qr(uy pyy ), D[y ]) = (7N G>®)(V),

thanks to Lemma 3.12. For the second one, we deduce that there exists C' > 0 depending
on d such that

1] < D200l ) (91,80 B0,

1 N
2
vz 2 =il
ij=1

since |aqs(v; —vj)| < |v; — v;]?. We conclude then

C 1 N
N S
1,]=

ce N

< N [(I)]Ci’lo(Pgl,r;R) Mm91 (V)

and therefore we prove (3.84).

3.4.4 Proof of assumption A4

In the same way of the subsection 3.4.2, we will use here the Boltzmann equation and
then perform the asymptotics of grazing collisions to prove the results for the Landau
equation.

We define the following equations, denoting by @ the symmetrized version of the

Landau operator Qr, (3.14), i.e. Q(f,9) = [Qr(f,9) + Qr(g, f)]/2,

of= Q((ﬂ f))7 f|’t0 = fo,
81&9:@9;97 glt=0 = 40,
Oth =2Q(f, h), hli=o = go — fo, (3.86)

8{& = 2Q(fa u) + Q(ha h)a u|t=0 = Oa
and the new variables
d::g_fa 3::g+f7 WZ:g—f—h, w::g_.f—h_ua
which satisfy

8td: Q(S)d)u d|t:0 :go_f07
Q(h,d), wli=o0 = 0, (3.87)
Q
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Lemma 3.24. Consider fy,go € Pg,r, r € Rg,, and the solutions fi,g¢, hy of (3.86)-
(3.87). There exists A1 € (0,00) that for any n € [2/3,1], there exists Cy such that we

have
ge — fily < Cpe” NE ML (fo + 90)Y3 (g0 — fol2,

(3.88)
|hely < Cp e AMMENL(fo + g0) /3 g0 — fol2.

Proof of Lemma 3.2/. We split the proof into two steps. Again, we shall first prove the
lemma for Boltzmann equation with a kernel satisfying the grazing collisions, which is
proved in [62], and then passing to the limit of grazing collisions we prove the same
result for the Landau equation.

Step 1. Let us denote by @), the symmetrized version of the Boltmann operator @p .

(3.5) with kernel be satisfying (3.21), L.e. Q=(f,9) = [@B(f,9) + QBe(9, /)]/2.
Consider the solutions ff, g; and hj of

ath:Q&‘(fgva)a fs‘t:():an
g = Q:=(9%,9%),  g°l=0 = 9o, (3.89)
athE - 2Q€(f57 h€)7 hs‘t:() =4go — f07
and define d° := ¢ — f¢ which satisfies (where s° := ¢ + )
8td(S = Qe(saa da)a d€|t=0 =90 — f(]'

As in Lemma 3.21 we denote D° = d° and S¢ = 5°. Define Df = Df — My[d] (see
definition 3.11). Then the equation safisfied for D* is

0:D* = Qc(D*, 5°) = O Mu[d] = Qc(D*, 5°) + Q= (Ma[d°), 5°) — Ma[Q:(d", 57)].
From [62, Lemma 5.6] we know that, for any ¢ € RY,

\Qe(/%[da], 5°) — Mu[Qe (&, 5%)]

< CIE* T IML[fF - o7l

laf<3

and also, from [71, Theorem 8.1], that there are constants C,d > 0 such that for all ¢ > 0

> IMalff =gl < Ce® Y7 |Malfo — goll.

laf<3 o <3

Then, following [62] and performing the same cut-off as in the proof of lemma 3.21,
we have that

d|Df] | |DF] D] Ko ) (16 4 1612
g TR S (sup |£|4> (sup L 0 (41 + € r)da)

£€Rd £cRd

(3.90)
+Ce™ (Z |Malfo — 90”) + |R§‘-

4
<3 €l
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where the remainder term

RE@©) = [

gd—1

(0 &) |;DA(ENSEE) + 5DFE)S7(ET) ~ D(E)| do

satisfies, for any ¢ € R4, |RE(¢)| < rEi€*, with KX — 0 as K — oo, and rX depends
on the fourth order moments of d and s. Indeed, we have

|D*(67)S°(67) + DE(¢7)S°(¢F) — 2D(€)]
<[SEDNND(ET) = DEET) + IDYONNS(ET) — S°(0)] + [D*(E7)1S°(67)]
< Clef*(1 — cos )2,

where we use that V?D(O) = 0 for all multi-index [a| < 3 and, for |a| = 4, supy,<j¢| V?D(n)
and sup|,<|¢| VES(n) are bounded thanks to the bounds on the fourth moment of d and
s. As in lemma 3.21, the claim follows since b¢ (cos 8)(1 — cos #)'/? is integrable.

We denote

(1 + (o 5)2) do

| =

o K & (16414 4 [4—14 _ Ki_ ¢
A= [ e & (€ 1) do = [ (o)
and we compute

/\K—K:—% Sdilbf(g-g) (1_(0.5)2>do
T —% [ 0028 (1 (0 8?) do = —X € (-0,0)

3 e (=00,
e—0

One can now apply Gronwall’s lemma to obtain

D5l _ oe—ro)e | D) e~ — Px—K)t
sup <e 'k sup — +C M,[fo — g
eera [§]1 ecrd [€]* (;3' o= ol K—-Agk—96

+7,,K 1 — e()‘K_K)t
‘ K-k '

Then relaxing the cut-off K — oo and choosing 0 < A\ < min(§, \.) one has (remark that
A depends on ¢)

sup | D |
cerd €[4

< Ce M (Sup | Dj| i Z |Ma[fo _g()”) . (3.91)

EERd |€’4 Ia‘§3
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Using a standard interpolation argument [62], one obtains

l9— fly <lg—f— Mulg - f\2+C(ZIMg f)

o <3

<|lg = f = Malf — gll3i 19 — F = Malg — I + (ZMa[g—fH)

o <3

< C Mu(fo+ go) e~ M2,
(3.92)
Finally one concludes by writing

1
|Qf—fts‘2 < ‘gt fe ’?7 lgt — -

(3.93)
< Oy e UmmAt M4(f0 +90)3 190 — foll

where we have used the last estimate (3.92), lemma 3.21 and the fact that Ms(fo +
90) " < My(fo + go)'/? for n € [2/3,1] . For hy one has the same computations.

Step 2. Let us now deduce the result for solutions f; and g¢; of the Landau equation.
Coming back to (3.91) and choosing 0 < A\; < min(J, \), where A\, — X € (0,00) as
e — 0, we recover (3.93) with the exponent A\; with does not depend on e. Hence,
passing to the limit € — 0, we have ¢ — f¢* — g — f and then

g0 — fil2 < Cye” NN (fo + 0) % g0 — fol3-

Rigorously, we write

lgt — fela < gt — gil2 + | fr — fil2 + |9t — fil2,

then for the third term on the right-hand side we use (3.93) with exponent A\; that does
not depend on ¢, and for the other two terms we use that g; weakly converges towards
g in L' (see Villani [73]), hence |g; — g5|2 — 0 when ¢ — 0 and we deduce

9t — fela < Cype” BTN (o + g0)' g0 — fols.
]

Lemma 3.25. Consider fo,g90 € Pg, r, v € Rg,, and the solutions f;, gi, hi, wi and uy
of (3.86) and (3.87). There exists \1 € (0,00) that for any n € [2/3,1], there exists Cy,
such that we have

lge — fr — el < Cp e TDNENL (Fo + 90) Y2 g0 — fols ™"

(3.94)
gl < Cp e BMMENL(fo + g0) 3 g0 — fols "

Proof of Lemma 8.25. Let us split the proof into two steps.

Step 1. As in Lemma 3.24, we consider (). the symmetrized version of the Boltmann
operator Qg and the solutions ff, ¢g;i and hf of (3.89).
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Consider also uj solution of
O = 2Qu(f%,uF) + Qo(h, 1), uflimo = O, (3.95)
and define w® := ¢ — f¢ — h® which satisfies
Ow® = Q(s°,w®) + Q:(h%, d°), w¢=0 = 0.

First of all, we remark that w; has moments equals to zero up to order 3. Indeed, let
us prove that, for a € N¢,

Via| <3, Ma(wi) = /dva Wi () dv = 0. (3.96)
R

Following [62, Lemma 5.8] we know that for maxwellian molecules the c-moment of
the Boltzmann operator Qg (g, h) is a sum of terms given by the product of moments
of g and h, then we obtain

d
Vel <3, £Ma(wf) = Z Ao, 3 Mﬂ(wf)Ma B (s3) + Z aoa,BM,B(ht) a— B(dt)
BLla B<a
(3.97)
and we deduce that

d
Vla| <3, —Ma(wf) = > dap Ma(wf)Ma—s(s7) (3.98)
BLa

because for all || < 1 we have M, (hf) = M,(d;) = 0. We conclude (3.96) by the fact
that wg = 0. Therefore |w|4 is well defined and we do not need to "take-off the moments
of w".

Let us denote QF = &° and H® = he. We perform then the same cut-off as in Lemmas
3.21 and 3.24 and we have the following equation for wy

41 | 0]
ai e TR e

1 o (1 EDNSEED] |, 1Q5(ED)IIS (€M)
- bE (o -
<z [0 5>< g T e ) =
1 K o (HEEDIND(E)] | [H(E)]D(ET)] _
+ 2§Seu]1£i /Sd 1 be (o -¢) < HE + HE ) (=:1T7)
|RE]
g%
(3.99)

where the remainder term

. /d_l b (0-€) [Q°(7)S7(€7) + QF(€7)S7(€™) + HE(€F)DA(¢7) + HE(€T)DA(¢M)] do

K —
RE© =5 [



162 CHAPITRE 3. PROPAGATION OF CHAOS FOR THE LANDAU EQUATION

satisfies, for any ¢ € R4, |RE(¢)| < rEi€*, with 7K — 0 as K — oo, and rX depends
on moments of order 4 of d, s, h and w. To see this, we argue as in lemma 3.24, using
that w® has vanishing moments up to order 3, see (3.96).

We compute first T using the fact that ||S¢[|, <2

Q2 (€| K &\ (16+14 L 16— 14
Ty < (5;5 A )S&@/Sdl V(&) (1E71* +1€71*) do

125 (€)|
< Ak sup .
cerd [N

where Ak is the same that in the proof of lemma 3.24. Next, we compute Th

|HE ()] |D=(¢)] K, 2 r&%s?)
T b . 5 T Ty
2§<§5§ P )(S;‘ﬂ@ P >§S@/Sd—l S ’f)( g ) v

< iloldily sup [ 0 (1-0-€)do
¢eRd

Sdfl
< A e VAN (fo 4 g0) 7 [hololdols

where we have used the estimates of lemmas 3.21 and 3.24, and A, is defined in (3.21).
After these computations we obtain

A O] ()
di jen TR e SR T

and by Gronwall’s lemma

0]

£eRd |§|4

+ A e~ (=t My(fo+ go)l_n |do|é+77 + Tf

< Ao My(fo+ go) ™" |do| " < K~ —(1—nA

o (1 ;j“?‘“) |
— AK

Finally, we conclude by relaxing the cut-off parameter K' — oo and choosing (1-n)\ €
(0, Ac) where \; is the same that in lemma 3.24, therefore we have

e (=X _ ewm)

(3.100)

Wi, < CypAce”TPM N (fo + g0) ™ [go — fola - (3.101)
We obtain the same estimation for u;.

Step 2. Consider the solutions f, g and h of (3.86) .

Let us choose A such that 0 < (1—n)\; < A, where \. = X € (0,00) as ¢ — 0. Then
we recover (3.101) with the exponent A\; with does not depend on e. Hence, passing to
the limit ¢ — 0, we have ¢° — f — h® — g — f — h (grazing collisions limit), and in the
right-hand side of (3.101) we have A, — A > 0 (see (3.21)). Then

gt — fr — hila < Cy Ae™ NN (Fo 4+ g0) Y3 g0 — fols ™.
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Lemma 3.26. Consider fo,g0 € Pg, r, r € Rg,, and the solution vy of (3.87). There
exists A\ € (0,00) such that for any n € [2/3,1], there exists C,, such that we have

96 = fe = he = relg < Coe MM (fo + g0)'% g0 — fol3 (3.102)
Proof of Lemma 3.26. We prove the lemma in two steps.

Step 1. Consider the solutions ¢f, ff and hf of (3.89) and u§ solution of (3.95). Define
Vi = g7 — ff — hi — uy that satisfies

at¢€ = QS(SE, 1/)6) + Qs(hsvws) + Qs(usv da)) ¢€’t=0 - 0
First of all, let us prove that ¢); has moments equals to zero up to order 5, more
precisely, for o € N9,

Via| <5, Ma(t) = /Rd v Y (v) dv = 0. (3.103)

In fact, as in the proof of Lemma 3.25, we can compute the c-moment of

d € € € € €
V]a| <5, @Ma(@bt) = Z Qa,B M,@(@Z)t)Ma—ﬁ(St) + Z Qa,B Mﬂ(ht)Ma—ﬂ(wt)

BLa BLa
+ Y a,p Mp(rf) Mo p(d;).
BLa
(3.104)
Since . ;
V]a| <2, Mo (hS) = M (d5) = 0,
o] < 2, Ma(h) = Ma(d) 5105
Vial <3, Mo(wy) = Mq(rf) =0,
we deduce that
d 1> & (>
Vla| <5, —Ma(Vf) = 3 aaps Ms(yf) Ma—p(s7) (3.106)

BLa

and we conclude thanks to 19 = 0. Then |¢|g is well defined.
Denoting W¢ = 4)° and U® = 4°, we perform the same cut-off as in lemmas 3.21, 3.24
and 3.25, and it gives the following equation for 1y

dEE)] ()
a g e
1 o o (TTEEDISTE)] | )8 (ED)] |
Sg i A 9( e HE )da =1
1 o o (HEEDEE)] | IHEEOI (D) N
PRIy 9( e e )d“ =T
1 o o (JUHEDIDE)] | U= EID(ED) N
+ 2§S£Ié?i~/8d1 bs (U f) < |€’6 + ‘£|6 )dO’ (— Tg)
IRK
e
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where the remainder term

2/ WE(EF)SE(E7) + WE(E7)S7(EF) + HE (€M) (€7)
+ Hs(f‘)ﬂa(éﬂ + US(EN)De(e7) + Uf(g—)Df(y)}da (3.108)

satisfies, for any & € RY, |RE(&)| < rK|¢|, with rX — 0 as K — oo, and X depends on

moments of order 6 of d, s, h, w, u and . It easily follows arguing as in lemmas 3.24
and 3.26, using (3.106) and the bounds of moments of order 6.
We compute first T using the fact that ||S¢||, <2

ye N N
1< sup L s [ 08§ (164 + 16 1) do

EeRd £€Rd
g,E
o sup 0L
£cRe |§’
Let us analyze ay,
~ 1
ar = [ @ (EPHIEF)do= [ (o8 (1430 &) do

and we compute

aK—K:—/Sdl b (o é)(4/3)( (0 &) do

R

A1 2 _
o e b(o - §)m (1 — (o 5)2) do =: —ae € (—00,0)

—— —a € (—00,0).
e—0

Next, we compute Th
|H(&)] Q9] A1 (e Pl |t \§+\4r£—|2>
T d
2§<§5§ €[2 )(5’5@ GE )5‘5@@1 b (- 8)3 (\a e T femee )
~ 1 ~ ~
< hilldily swp [ (o &5 (1€714+ 16 F) do

< Bre” VMM (fo + g0) " holyldols T

where we have used the estimates of lemmas 3.21 and 3.25. We compute Sx

gi= [ 005 (€1 +1EP)do

2
:/gm Koy (1-0-&do— [ 103 (1~ (0-&) do
LA
2
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with A > 0 (see (3.21)), A > 0 and we have the same estimate for T3.
After these computations we obtain

4] )] (&)
i jge TR e SRR e

+ 28" XN (fo + g0) 7 |dol5 T 4 K

and by Gronwall’s lemma

[94(6)) 1— oy (e (ImMAL _ glax—K)t w1 = elax—FK)t
< 208k M. M do |5 1-e™ )
;glgl € = Br Ma(fo+go) " |dol3 K an (1A 4! o

We conclude by relaxing the cut-off parameter X' — oo and choosing (1-n)A € (0, &.),
therefore we have

4516 < Cy Ace™ PN My(fo + go) '~ |dof5 . (3.109)

Step 2. Consider the solutions f, g, h and r of (3.86) .

Let us choose A; such that 0 < (1 — )\ < &, where a. — a € (0,00) as € — 0.
Then we recover (3.109) with the exponent A; with does not depend on €. Hence, passing
to the limit ¢ — 0, we have ¢ — f¢ — h® —u® — g — f — h — u (grazing collisions limit),
and in the right-hand side of (3.109) we have A. — A. Then

lgr — fr — he — ri|e < Cn/_\ef(lfn)ht My(fo + 90)1/3 |90 — fo\é—m-

Therefore the semigroup of the Landau equation

Sfo e Ci’: N C}X7(1+2n)/3 N 0272(2—“7)/3 (Pgl,l‘; sz)v

2

where Pg, is defined as Pg, but endowed with the distance associated to the norm
Il llg, = | - |6, with Ao(f) := My(f)Y3 = A1(f)'/3. Moreover there exists a constant
C4 > 0 such that one has

sup /0 ([sgo]ci,; + [5501201,0) dt < Cu, (3.110)

reRg, Ao

which proves (A4).
Remark 3.27. In fact, we can deduce that

o
sup /0 <[S’f°]q1\,(1+2n)/3 + [S’fo]éo,(2+n)/3 + [Sfo]clz\,o + [550]31,0) dt < Cy.
2 2

reRg, Ao Az

However, coming back to the proof of Theorem 3.13 and from the proof of (A3) (3.84),
where we need only [®]c2,0 instead of [®]c1,n +[P]o20, we remark that (3.110) is sufficient.
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3.4.5 Proof of assumption A5

We define the space of probability measures Pg, := Po(R?) = {f € P(R%); My(f) <
oo}, the constraint function mg,(v) = ([v|?,v) and Rg, = {(r,7) € Ry x R% r < &}.
Then we define for a € (0, 00), the bounded set

BPQ:S,G = {f € Pg3; MQ(f) < a},
the constrained bounded set

BPg, ar = {f € BPg,a; {f,|v]*) =7, (f,v;) fori=1,...d},

endowed with the distance distg, = Ws. The following lemma proves (A5) with
F3 = Lip(R%).

Lemma 3.28. Let fy, go have the same momentum and energy, and consider f; = S{°(fo),
gt = S°(g0) theirs respective solutions of the Landau Mazwell equation. Then

iggWﬂft,gt) < Wa(fo, 90)- (3.111)

Proof of Lemma 3.28. Consider f;, g; the solutions of the Boltzmann equation with ker-
nel b, satisfying the grazing collisions (3.21) and with initial data fy and go, respectively.
We know from [71] that

sup Wal(fe, g;) < Wa(fo, 90)

We know also that [73] ff converges weakly in L' to a weak solution f; of the Landau
equation (grazing collisions limit). Moreover, both equations conserve energy so we have,
for all €

J i@ = [lswydo= [ 1o fw)de

Using the fact that the Wasserstein distance W5 is equivalent to the weak convergence
in P(R?) plus the second order momentum convergence [78], we obtain

Wafes 9t) < Walfe, fi) + Wa(fi, gi) + Walge, 97)

and then, passing to the limit & — 0, we have Wa(fy, ff) — 0, Wa(gs, 95) — 0 and

i1>110) Wa(ft, 9t) < Wa( fo, 90)-

3.4.6 Proof of Theorem 3.15

The proof is a consequence of Theorem 3.14, some results on differents forms of
measuring chaos from [46], quantitative estimates on the chaoticity of initial data from
[19].
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Proof of Theorem 3.15 (1). Thanks to Theorem 3.14, taking ¢ = 2, we have for all
¢ = ¢1 @ pg € F? that

[(T2(FY) = £72,0) |
sup
>0 ol 7

< (W (nSFF55) + 1)

where we recall that ||¢||7 = [(14]¢]%)|¢(€)|. Then we observe that, for # > 0, applying
Cauchy-Schwarz inequality,

Jorllz = [ (L+1€1)A + €Y 1B1OI(1 +[€P) 2 de
) 1/2 1/2
<o fa+eprriaor) (faren )

The first integral in the right-rand side is the norm ||¢1|| g6+~ and the second one is finite
if 2r > d. We have then H® C F for s > 6 + d/2 which implies

up |t (5Y) - 122

1
<C (WWQ (7B FY, 05 ) + > . (3.112)

H-s N

Let us denote My, = My(Io(FN)) + My (f2?). Thanks to [46], for any 0 < a <
k(dk + d + k)~! there exists C := C(«,d, s, M) such that

Wy (FtNa ?N)
N

N

< () - 7

ak o
d+ks + N) 7
which implies with (3.112)

Wl(FtN7 PN)

_ak _a
T SO (W) B SN #E £ NTE). (3.113)

Now, we have just to estimate the first term of the right-hand side of (3.112).
We have from [19, Proof of Theorem 8] that for any 0 < 3 < (7d + 6)~! there exists
C = C(p) such that
WLWZ(WgFON,(SfO) < CN—P,

We assumed that Mg(fo) is finite, which implies by contruction that Mg(Ia(FJ)) is also
finite. Then, for all ¢ > 0 we have Mg(f;) finite (see [74]) and Me(ITo(F}Y)) also finite
(see Lemma 3.20). We can conclude gathering the last equation with (3.113), k = 6 and
s> 6+d/2. O

Using this result, we can prove the second part of the theorem following [62].

Proof of Theorem 3.15 (2). We split the expression into

Wi (EN ) _ Wi (FN, £2N) " Wi (v®N ,4N)

N N N +W1(ft,'}/),
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where ~ is the equilibrium Gaussian probability with zero momentum and energy
& = [|v|’dy. For the first term we have from point (1) that for all € < 9[(7d+6)?(d-+9)]~*
there exists C, such that
Wy (F th t®N) -
————= < CN"°¢
N <
The second term can be estimated by [19, Theorem 18]

QN N
Wl(fy » Y )§0N797

for some 6 > . For the third term, thanks to [74, Theorem 6] we have

Wi(fe,y) < |(fi — 7))l < Ce™™.

for contants C' > 0 and A > 0. Finally, putting togheter these estimates it follows
W (F th ’YN)
N

Moreover, consider k) the Radon-Nicodym derivative of F}¥ with respect to ', i.e.
hY = dF} /dvyN. Thanks to [50], for all N € N* and ¢ > 0, it holds

< CLUN 4 M), (3.114)

1B = 1l L2 gsn (g).ayny < €AY = 23 (6) ay)

where A\; > 0. Since ¥ = [fgaN]SN(g) and fo € Pg(RY), it is possible to bound the
right-hand side by
1ho" — Ul 25 (my a0y < AV,

with A > 1 that depends on fy. Hence we deduce, with ¢ : R¥N — R,

Wi(FN,AN) = sup G(dFN —dy™)
6l go,1 <1 /RN

N
< /Rde; |vj] ]dFN - va‘

< NEWV2 WY — Ul pisve),ar™)
< NEWV2 RN — U2 s (e),ay)»
which implies
N
Define N(t) by N(t) := At (2log A)~! for some § > 0. Then, choosing (3.114) for

N > N(t) and (3.115) for N < N(t) it yields, for all N € N* and ¢ > 0,
Wi (FtN’ ’YN) <
— N =

< ANe=Mt, (3.115)

p(t) := min {c; (N(t)’g + e*”) ,e?t} 7

with a polynomial funtion p(t) — 0 as t — oc.
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3.5 Entropic chaos

We can define the master equation (3.32) on R4 or SV (€) thanks to the conservation
of momentum and energy, hence for g% € Pyym(R¥Y) and fV € Py (SN (€)) we have

a(g0) = (gV.GNy), Ve GRY) (3.116)
o (fNoe) = (fN.GYe),  VoeCHSNE)), (3.117)

where GV is given by (3.32).

Suppose that ¢g" is abolutely continous with respect to the Lebesgue measure (and
we still denote by ¢"V its Radon-Nikodym derivative). Taking 1) = log ¢ in (3.116), we
obtain an equation for the entropy of gV, i.e. H(g"V) := Jran gNlog gV dV,

d N N 1 VigN ngN VigN ngN N
%Ang logg dV:—ﬁ Z/l\&d]v a(Ui—Uj) ( N N . ~ 7 g dVSO,
27-7

g 9 g [
(3.118)
since a is nonnegative.

Considering now fV absolutely continuous with respect to 'V, the uniform probability
measure on SV (€), and denoting by h"V := dfV /dy" its derivative, we want to obtain

the equation satisfied for the relative entropy of fV with respect to vV, given by
H(fN ) ::/ hN log BV dyN. (3.119)
SN

For this purpose we could take ¢ = log h"Y in (3.117), but we have to give a meaning to
VAN for a function A"V defined on SV. B
Let us consider A a function on SV(£) and we define h on R by

V—M(V))’

dN
&) vV e RV, (3.120)

(V) = V) n(M(V) 1 (€

where E(V) = N2 SN jv; = M(V) ]2, M(V) = N~ 2N | v; and the functions p and 7
are smooth.

Denoting by Vgn the gradient with respect to SV (&) and by V| the gradient with
respect to its orthogonal space (S™V)+, we can decompose the gradient on R4

Vravh =V h+ Venh = (Vipn) h+ pnVsnh = (VL log(pn)) h+ pn Venh. (3.121)

For h we can compute VJL eR? for 1 <i<N, as

Vih = (a h

. = (Vgpanh - e; )
Vi, )1§a§d ( RaNTY* Cia

1<a<d

where (€;,0);8 = 0ij0as € RN, Hence by (3.121), for all 1 <i < N and all 1 < a < d,

By b= (V1 log(pn) - €i0) b+ pn (Vsvh - eiq).
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Now, observing that (V| log(pn) - (ei,a — €j.a))i<a<d is proportional to (v; — v;) and
using that a(z)z = 0 for all z € R%, we can evaluate the expression

a(vi—vy) (Vi = V;h)-(Vih = V;h) = (o0)” a(vi—=0;)(Vsnh=V swh)-(Vsnh=V snh),

where we define
Venh = (VSNh-em)lsagd. (3.122)

Since we have the following Fubini-like theorem for Boltzmann’s spheres (see [35, 19])

[ otewnamaw a(n(e X1 ) av

_ (/ﬂwRdB(p(gm(M)) de/\/l) (/SN(g) A(h) va> ;

for some functions A and B, thanks to (3.118) with h = k™ and h = gV, we obtain the
equation for the relative entropy H(fV|y"),

(3.123)

d
— / RN log K™Y dyN
dt SN (&)
N N N N
Z/ s VSZNh B VSJI_Vh . VSzNh B vS]Nh hNdeN
SN (& i) hN hN LN KNV
= —D (FN> <0,
(3.124)
and DV is called the entropy-production functional. This implies
1
*H (FY Iy +/ N FY 8=NH(F5VWN). (3.125)

Moreover for the limit equation we have [74]

S0 o= e (5. (5 %)

and then for the relative entropy H(f|v) = [(f/v)log(f/v)v(dv), we obtain

(i) + [ DU ds = H(fl). (3.126)

We are able now to prove the following result, which will be useful in the sequel.

Lemma 3.29. If FV is f-chaotic, then

.1 NI N el N N
< — < — .
H(fly) < l}vrglgof N H(FY|vY) and D(f) < lﬁlo%f]\f DY (F™Y)
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Proof of Lemma 3.29. The lower semicontinuity property of the relative entropy is
proved in [19, Theorem 21], thus we prove only the second inequality.
Let us denote Vi3 = V] — Vg, VS{\Q = VS{V — ngw and for all z,y, z € R? we denote

a(z)xzy = (a(2)x) - y. Since a is nonnegative, considering a function ¢ : R?¢ — RY, we
have

a(vr — vz) (V12 log f1f2 — (g) (Vu log f1fa — i) >0,

which gives the following representation for D(f),

D(f):* sup // a(vi — va) {(V1210gf1f2)90—} f1.f2 dvy dvg

p:R2d R4

5 sup //{ ~Via - (a(v1 — v2)p) — a(v1 — ve) B2 } J1f2 dvy dvg

go :R2d—Rd

where fi = f(v1) and fo = f(vs). Let € > 0 and choose ¢ = ¢(v1,v2) : R? — R? such
that

)—e< = //{ —Via(a(vy —v2)p )—CL(’Ul—Ug) }flfgdvldvg

For the N-particle entropy-production D” defined in (3.124), we have by symmetry

_ VenhY  Venh VenhY  Venh
;fDN(FN):N(N 1)1/8Na(v1_02)< syt Vsy )( sy Vsy )hNd,yN

N2 2 hN hN hN hN
N(N -1
= (]\]—Q)D{\é(FN)a

and then lim infy oo N"LDV(FN) > liminfy oo DY (FY). For @ : RIN 5 R e C’l},
we have, with FV = pN~N,

1
DN(FN) = 5 /SN a(vr —v2)Vgn log AN - Viglog h™ Y dy™
— 1 N N N
=5, 5w /SN a(vr — va) (Vg loghN® — 0D /4) BN dy
zlsup / a(vy —v2)V Nth)d’}/N—/ (vl—vg)@h]\ld N
2 ¢ Uswy 512 SN 4 '

Choosing ®(V') = ¢(v1,v2) we obtain, using (3.122),

1 1
DN(FN) > 5/ a(vy —vg)VslzxghNapd’yN - §/SN a(vy — v2) %hNd’yN
Ly Vnh N — 22 pN gy N
Z 5 Z svh™ - [(era = e2a) Gap(vr —v2) pp] dy™ — 5 | a(vr —v2) == T dy
a,f=
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We need an integration by parts formula for the first term on the right-hand side, thanks
o [19, Lemma 22], for a function A and a vector field ¥, we have
d(N-1)-1

/SN {VSNA(V) - U(V)+ A(V) divgy U(V) — —

AV) (V) - v} N (V) =0,
with

divgy U (V) =div¥(V

N d N .
Z Z i s Uis(V) =SS Vv 5 22 (3.128)
14

j=1p=1

Z\H

Taking ¥ (V) = (e1,0 — €2,0) aag(vl — v2) pp we obtain

/SN VenhY - (e1,0 — €2,0) anp(vi — v2) g dy™

d(N

—1)—1
— /SN hN diVSN [(61704 — 6270[) OB ng] d’}/N + d]V) /SN hN aap PB (61706 — 62706) . Vd"}/N.

Since (1,4 — €2,4) - V = (V1,0 — V2,a), When performing the summation o, 8 =1 to d in
the second term of the right-hand side of last equation, we obtain

/SN WV a(vy — vg)(v] — v2) pdyY =

For the first term, thanks to (3.128),

d

Z - RN divgn [(e1,0 — €2,0) Gap P35] dy™
a,B=1

_/ Via - (a(vy — v2) @) BN dyN

- Z Mz/ {v1 Vi(aas 9p) +v2 - Valaas 9p)} (V1.0 — v2.0) BV dy™
a,f=1

Getting back to (3.127) with last expression, we split the integral over (vi,v2)
and SN(vi,vp) = {(v3,...,vn) € RUN=2: vV ¢ SN yse that |V|? = EN and
fSN(UwQ) rN dyN = FY, which yields

1 1
DY(FN) > —5/ Via - (a(vy — v2) @) ¥ (v1,v9) dvy dvg — = // a(vy — v2) % FN (v1,v9) dvy duy

1
+O<N> Z //{m Vi(aas ) +v2 - Valaas ©5)} (Via — v2a) Fy' (v1,v2) dvg dvs.
a,f=1

(3.129)
Passing to the limit N — oo, since Fj' — f®2 we obtain

lim inf DY(FY) > ;/{—vm - (a(vr — v2)0) — a(v1 — UQ)Z} Fufoduvydvy > D(f)—e

and we conclude letting € go to 0.



3.5. ENTROPIC CHAOS 173

We define the Fisher information of G € P(R%) that is absolutely continuous with
respect to the Lebesgue measure by

L ’deNGP
I(G) := /RdN eV,

Moreover, for a probability measure F' € P(S™V(€)) absolutely continuous with respect
to vV, we define the relative Fisher’s information by

I(F]y™) = /SN(S) o h=gw (3.130)

where Vgn stands for the gradient on SN (E).
We can now give the following result.

Lemma 3.30. Let F' € Py, (SN(E)) with finite relative Fisher information I(F|yY).
For all t > 0 consider the solution F of the Landau master equation (3.32). Then we

have
I(FN YY) < I(EY ).

Proof of Lemma 3.50. Denote hY = dFYN JdyN and, for all t> O,Nhiv = dF}N /dvyN.
Consider h}¥ defined on R given by (3.120) and define then ¥ = h)¥.Z a solution of
(3.116), where . is the Lebesgue measure on R, Following [62, Lemma 7.4], we claim
that is enough to prove that
=N |Vgan by |? / |Vgan 1| =N
f— — < — = .
I(EN) : /R WAV S [ Ry = 1)

Indeed, this equation, (3.121), (3.123) and the conservation of momentum and energy
yield

N |2
B (p(€), n(M)) d€ dM) ( /S - W dny>

N2 B
By asam) ([ Vi o) —nip)

I(FN) = |V log(pn)|* + (/R

+xRd

< |V log(pn)|* + (/R vey By

+ xR
which implies, dropping the time independent terms,
I(EN YY) < I(EFY Iy™).

Now, let Ft{\; € Pym(SN(€)) be the solution of the Boltzmann master equation
(3.11)-(3.12) with collision kernel b, satisfying the grazing collisions assumptions (3.21)
and initial datum FYY € Payyn (SV(€)). Then we have from [62, Lemma 7.4], for all ¢ > 0,

where I, F’tj\é € Pyym(R) are constructed as before.
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Since ﬁtj\é weakly converges towards ﬁ’tN when € — 0 and the Fisher information
functional is weakly lower semicontinuous, we obtain

I(EN) < lim iéqff(ﬁgi_) < I(F])
e— ’

and that concludes the proof.
O

Now, with the definitions of relative entropy (3.119), relative Fisher information
(3.130) and the notion of entropic chaos, described below, we are able to state our main
theorem of this section, concerning the propagation of entropic chaos.

Let FN be a sequence of probability measures SV (&) such that F{¥ weakly converges
to f in measure sense, for some f € P(R%). We say that FV is entropically f-chaotic if

H(FN|yN)
N N—

— H(f]7). (3.131)

For more information on entropic chaos we refer to [12, 46, 19].

Theorem 3.31. Let fy € P(R?) and F¥ € Psym (SN (E)) that is fo-chaotic. Consider
then, for all t > 0, the solution F{¥ of the Landau master equation (3.32) with initial
condition FJ, and the solution f; of the limit Landau equation (3.13)-(3.14) with initial
data fy.

Then we have

1. If Y is entropically fo-chaotic, then for allt > 0 E}N is entropically f;-chaotic,
more precisely

1
NH(FtN|7N) — H(fily) as N — oo

2. Consider fy € Pg(R) with I(foly) < oo and FY = [f(j@N]SN(g) € Pym (SN (E)).
Then, for allt >0, F}N is entropically f;-chaotic, more precisely, for any 0 < & <
18[5(7d + 6)2(d + 9)] ! there exists a constant C := C(g) such that

1 _
sup NH(FtNWN) — H(fi|y)| <CN™*.
>0

3. Consider fo € P(R?) with I(foly) < oo and FY' = | (()X)N]SN(g) € Py (SN (£)).
Then for all N it holds

1
S HEN ) < plo)

for some polynomial function p(t) — 0 ast — oo.
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Proof of Theorem 3.31 (1). The idea is from [62]. Using (3.125), (3.126) and the entropic
chaoticity at initial time, one has

HY )+ [ 3 DYED ds = 5 HOE )

o Hloh) = HUil + [ DG ds

By Lemma 3.29 one also has
igint (1Y) + [ DY EN as) 2 () + [ D a
N—o00 N

and we can conclude with these two last equations togheter with Lemma 3.29.
O

Proof of Theorem 3.31 (2). From Lemma 3.30 we know that, for all¢ > 0, N~ I(FN|4V) <
N~Y(F{|4N) and the later one is bounded by construction, we deduce then that the nor-
malized relative Fisher’s information N~1I(F/N|y"V) is bounded. Since the limit Landau
equation for maxwellian molecules propagates moments and the Fisher’s information’s
bound [74, 75], we have, for all t > 0, Mg(f;) and I(f¢|y) bounded.
We can then apply [19, Theorem 31] to N and we obtain that for any 3 < (7d+6)~*
there exists C’ = C’(3) such that
N QN
3 HE ) = )| < 0 (P 4 ).

We have then to estimate the first term of the right-hand side. From [46], the following
estimation holds,

1/10 2/5
WZ(Fth ?N) < C MG(FtN7 ft®N) Wl(FtN7 I?N) 132
P ) < o ) UL (3.132)

where Mg(EN, fEN) = Me(EN) + Mg(f2Y). We observe that N~ Mg(EN, fEV) is
bounded since N~ Mg(f&N) = Mg(f;), N~*Mg(FN) < C N~*Mg(FL) by Lemma 3.20
and N~'Mg(FY) is bounded by construction, thanks to the assumption Mg(fy) finite.
Finally, Theorem 3.15 and last equation (3.132) imply that for any e < 9[(7d+6)?(d+
9)]7! and any 8 < (7d + 6)~! there exists a positive constant C' = C|(¢, 3) such that

N HEN DY) = ()| < 0 (N2 4 N 7). (313

which concludes the proof.
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Proof of Theorem 3.31 (3). By the HWI inequality [78, Theorem 30.21], for all ¢ > 0,
we have

H(ENY) _ 7w [IE N Wa(FY )
N =2 N JN
From Lemma 3.30 we have N 'I(FN|yYN) < N7(FN|yN) < C for some constant

C > 0 independent of N, by construction. Moreover, thanks to Lemma 3.20 and (3.132)
we deduce

Wa(FN, AN Wi (EN 4N\
< (C )
v N - N

Gathering these two estimates with point (2) in Theorem 3.15 it follows

2/5
H(FtN”yN) Hrl(FtN ,}/N)
< _— <
N <0 N <p(®),

for a polynomial function p(t) — 0 as t — oc.
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Chapitre 4

Exponential convergence to
equilibrium for the homogeneous
Landau equation

ABSTRACT. This paper deals with the long time behaviour of solutions to the spatially
homogeneous Landau equation with hard potentials . We prove an exponential in time
convergence towards the equilibrium, improving results of Desvillettes and Villani. Our
approach is based on new spectral gap estimates for the linearized Landau operator in
weighted (polynomial or stretched exponential) LP-spaces.

4.1 Introduction and main results

This work deals with the asymptotic behaviour of solutions to the spatially homo-
geneous Landau equation for hard potentials. It is well known that these solutions
converge towards the Maxwellian equilibrium when time goes to infinity and we are
interested in quantitative rate of convergence.

On the one hand, in the case of Maxwellian molecules, Villani [74] and Desvillettes-
Villani [29] prove a linear functional inequality betwenn the entropy and entropy pro-
duction by constructive methods, from which one deduces an exponential convergence
(with quantitave rate) of the solution to the Landau equation towards the Maxwellian
equilibrium in relative entropy, which in turn implies an exponential convergence in
L!-distance (thanks to the Csiszar-Kullback-Pinsker inequality). This kind of linear
functional inequality entropy-entropy production is known as Cercignani’s Conjecture in
Boltzmann and Landau theory, for more details and a review of results we refer to [27].

On the other hand, in the case of hard potentials, Desvillettes-Villani [29] proves a
functional inequality for entropy-entropy production that is not linear, from which one
obtains a polynomial convergence of solutions towards the equilibrium, again in relative
entropy, which implies the same type of convergence in L'-distance.

Before going further on details of existing results and on the contributions of the

179



180 CHAPITRE 4. EXPONENTIAL CONVERGENCE FOR THE LANDAU EQUATION

present work, we shall introduce in a precise manner the problem addressed here. In
kinetic theory, the Landau equation is a model in plasma physics that describes the
evolution of the density in the phase space of all positions and velocities of particles.
Assuming that the density function does not depend on the position, we obtain the
spatially homogeneous Landau equation in the form

atF = Q(FvF)
{ﬂho— A (4.1)

where F = F(t,v) > 0 is the density of particles with velocity v at time ¢, v € R? and
t € R*. The Landau operator () is a bilinear operator given by

Q«kF%:@/‘mﬂv—m)muﬁF—F@quw, (4.2)
R3

where here and below we shall use the convention of implicit summation over repeated
indices and we use the shorthand G. = G(vs), 0;Gx = 0,,,G(vs), F' = F(v) and
0 F' = 0y, F(v).

The matrix a is nonnegative, symmetric and depends on the interaction between
particles. If two particles interact with a potential proportional to 1/r*, where r denotes
their distance, a is given by (see for instance [76])

VU4
aij(v) = [v[1? (515 - |v|§> : (4.3)

with 7 = (s — 4)/s. We call hard potentials if v € (0, 1], Maxwellian molecules if v = 0,
soft potentials if v € (—3,0) and Coulombian potential if v = —3. Through this paper
we shall consider the case of hard potentials v € (0, 1].

The Landau equation conserves mass, momentum and energy, indeed, at least
formally, for any test function ¢ we have (see e.g. [73])

1 o, F  0O;F,
o Q(F, F)p(v)dv = 2 Jasm a;j(v — v FF, (F ~F ) (05 — 0jps) dv du,
from which we deduce
[aEPpe) =0 for ) = Lo, (4.4)

Moreover, the entropy H(F') = [ F'log F is nonincreasing, indeed, at least formally, since
a;j is nonnegative we have the following inequality for D(F") the entropy production,
d

D(F): = —— H(F)

1 OF  0uF.\ (O;F 0,.F,
i FFE,a;;(v—uv,) [ — — —
2Aww aij (v ”(F F;><F F,

It follows that any equilibrium is a Maxwellian distribution

(4.5)

> dv dv, > 0.

P _lv—ul?
Ppur(V) = We o,
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for some p > 0, u € R? and T > 0. This is the Landau version of the famous Boltzmann’s
H-theorem (for more details we refer to [29, 74] again), from which the solution F(¢,-)
of the Landau equation is expected to converge towards the Maxwellian i), up Ty
when t — +o00, where pp is the density of the gas, ur the mean velocity and Tr the
temperature, defined by

1 1 9
pr= [ F). we == [oF@). Tr= o [lo-uF)
p 3p
and these quantities are defined by the initial datum Fy thanks to the conservation
properties of the Landau operator (4.4).
We may only consider the case of initial datum Fy satisfying

Fo(v)dv = 1, / vFp(v) dv = 0, / 0[2 Fy(v) dv = 3, (4.6)
R3 R3 R3

the general case being reduced to (4.6) by a simple change of coordinates (see [29]).
Then, we shall denote p(v) = (2r)~3/2¢1**/2 the standard Gaussian distribution in R3,
which corresponds to the Maxwellian with p =1, v =0 and T' =1, i.e. the Maxwellian
with same mass, momentum and energy of Fy (4.6).

We linearize the Landau equation around pu, with the perturbation

F=p+f,

hence the equation satisfied by f = f(¢,v) takes the form

of =Lf+Qf.f), (4.7)

with initial datum fo defined by fy = Fy — i, and where the linearized Landau operator
L is given by
Lf=Q,[)+QUfn) (4.8)

Furthermore, from the conservations properties (4.4), we observe that the null space of
L has dimension 5 and is given by (see e.g. [24, 43, 2, 64, 66])

N(L) = Span{p, vip, vap, vap, |v*u}. (4.9)

4.1.1 Known results

We present here existing results concerning spectral gap estimates for the linearized
operator and convergence to equilibrium for the nonlinear equation.

For any weight function m = m(v) (m : R3 — RT) we define the weighted Lebesgue
space LP(m), for p € [1,400], associated to the norm

1 lzr@my = llmfllze,
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and the weighted Sobolev spaces W*P(m) for s € N, associated to the norm

1/p
1 lrmy = (Z ||aafuip(m)) . ifpe[L,+00),

|lal<s

I fllwsoe (m) = max 10 f || oo (m)-

We denote by D the Dirichlet form associated to —L,
D(f) = (—LF. F)gauervey = [(~EDF

and we say that f € N(£)*, where V(L) denotes the nullspace of £, if f is of the form
f = f —1If, where II denotes the projection onto the null space.

We can now state the existing results on the spectral gap of £. The spectral gap
inequality for the linearized Landau operator for hard potentials v € (0, 1],

D(f) > N ey Y €N(L) (4.10)

for some contructive constant Ay > 0, was proven by Baranger-Mouhot [2].
In the case of hard and soft potentials v € (—3, 1], Mouhot [64] proved the following
result

DF) 2 20 {1 s yrrzrvy + 1 F Bayorsmaorny ). Y EN@S (411)

Furthermore, Guo [43], by nonconstructive arguments, and later Mouhot-Strain [66],
by constructive arguments, proved a spectral gap inequality for an anisotropic norm
for the linearized Landau operator (in all cases: hard, soft and Coulombien potentials)
v e [_37 1]’

D(f) > NllfIZ, YV feNL)", (4.12)

with the anisotropic norm || - ||, defined by
112 = 110) 2 PoV FI 32172y + @) O 2T = PV 1[0 12y F @) D2 F 132

v

where P, denotes the projection onto the v-direction, more precisely P,g = (ﬁ . g) 0k

We also have from [43], the reverse inequality
D(f) < CallfIZ, ¥ feN(EL)" (4.13)

which, toghether with (4.12), imply a spectral gap for £ in L?(u~/?) if and only if
v+22>0.

Summarizing the results (4.10), (4.11) and (4.12) , for v € [0, 1] there is a constructive
constant \g > 0 such that

VE>0,Vfe L (u ), e —Tfll gy < e N F =Tl a2y, (4.14)
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where II denotes the projection onto N'(L), the null space of £ given by (4.9).

Another approach is to study directly the nonlinear equation, establishing functional
inequalities for the entropy production D(F'). The entropy production inequality for the
(nonlinear) Landau operator for maxwellian molecules v = 0

D(F) > b H(F|n), VF € Ly, (R%) :={G € L"(®); pg = 1,ug = 0,Tg = 1};
(4.15)
for some explicit constant dg, was proven by Desvillettes-Villani [29] and Villani [74].
Here H(F|u) := [ F'log(F/u) denotes the relative entropy of F' with respect to u, and
this inequality implies an exponential decay to the equilibrium p. Taking F' = u+ ef,
they also deduce a degenerated spectral gap inequality for the linearized Landau operator
for y =0,

D(f) 2 8|1V flIFag 2y VIENKL)" (4.16)

In the case of hard potentials v € (0, 1], Desvillettes-Villani [29] proved the following
entropy-entropy production inequality, for some explicit 61,2 > 0,

D(F) > min {6 H(F|p), SH(F|u) 72} VF € Lo, (RY), (4.17)

which implies a polynomial decay to equilibrium (see theorem 4.16 for more details).

As we can see above, the result (4.17) tell us that any solution to the Landau equation
converges to the equilibrium in polynomial time, and from the spectral gap estimate
for the linearized operator (4.14), if the solution lies in some suitable neighborhood
of the equilibrium, the convergence is exponential in time. One could then expect to
prove an exponential convergence to equilibrium combining these to results : for small
times one uses (4.17), then for large times, when the solution enters in the appropriated
neighborhood of the equilibrium in L?(x~'/?)-norm, one uses (4.14). However, the
spectral gap for the linearized operator holds in L?(x~'/?) and the Cauchy theory [28]
for the nonlinear Landau equation is constructed in L'-spaces with polynomial weight,
which means that to apply the strategy above, starting from some initial datum in
weighted L'-space, one would need the appearance of the L? (u_l/ 2)-norm of any solution
in positive time to be able to use (4.14), and this is not known to be true (one does not
know even if the L?(p~'/?)-norm is propagated). Hence, in order to be able to connect
the linearized theory with the nonlinear theory, we need to enlarge the functional space
of spectral gap estimates for the linearized operator L.

Our goal in this paper is to prove an exponential in time convergence of solutions to
the Landau equation towards the equilibrium and our strategy is based on (1) new spectral
gap estimates for the linearized Landau operator £ in various LP-spaces with polynomial
and streched exponential weight, (2) the well-known Cauchy theory for the nonlinear
equation, using the appearance of L!- moments and (3) the strategy of connecting the
linearized theory with the nonlinear one, presented in the above paragraph.



184 CHAPITRE 4. EXPONENTIAL CONVERGENCE FOR THE LANDAU EQUATION

4.1.2 Statement of the main result

Let us state our main result, which proves an exponential decay to equilibrium for
the spatially homogeneaous Landau equation with hard potentials.

Theorem 4.1 (Exponential decay to equilibrium). Let v € (0,1] and a nonnegative
Fy € LY((v)2%9) for some 6 > 0, satisfying (4.6). Then, for any solution (F;);>o to
the spatially homogeneous Landau equation (4.1) with initial datum Fy, there exists a
constant C > 0 such that

V>0,  |F—pllp < Ce
where \g is the spectral gap (4.14) of the linearized operator £ on L*(u~1/?).

As mentioned above, in the case of hard potentials v € (0, 1], a polynomial decay to
equilibrium was proven by Desvillettes and Villani [29] and in the case of maxwellian
molecules v = 0 an exponential decay to equilibrium was proven by Villani [74] and
also by Desvillettes and Villani [29]. The proof of theorem 4.1 relies on coupling the
polynomial decay from [29] for small times and the exponential decay for the linearized
operator in weighte LP-spaces from theorem 4.3 for large times, when the linearized
dynamics is dominant. This method was first used by Mouhot [65] where is proved the
exponential decay to equilibrium for the spatially homogeneous Boltzmann equation for
hard potentials. Later, the same approach was used by Gualdani, Mischler and Mouhot
[42] to prove the exponential decay to the equilibrium for the inhomogeneous Boltzmann
equation for hard spheres on the torus.

4.1.3 Organization of the paper

We start Section 4.2 presenting some properties of the linearized equation and then
we state and prove the spectral gap extension theorem (Theorem 4.14), which is a key
ingredient of the proof of the main theorem. Finally, in Section 4.3, we prove estimates
for the (nonlinear) Landau operator and then prove theorem 4.1.

Acknowledgements. We would like to thank Stéphane Mischler and Clément Mouhot
for enlightened discussions and their encouragement.

4.2 The linearized equation
We define (see e.g. [28, 73, 74]) in 3-dimension the following quantities
bi(z) = 0jaij(2) = =227 zi,  c(z) = Oijaij(2) = —2(y +3) |2[7. (4.18)
Hence, we can rewrite the Landau operator (4.2) in the following way

Q(G, F) = (ai; x G)0; F — (c + G)F = d[(aij * G)O; F — (b; x G)F). (4.19)
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We also denote -
aij(v) = aij* p,  bi(v) =b;xp, c(v) =c*p. (4.20)

Furthermore we have the following results concerning a;;(v).

Lemma 4.2. The following properties hold:

(a) The matriz a(v) has a simple eigenvalue ¢1(v) > 0 associated with the eigenvector v
and a double eigenvalue l3(v) > 0 associated with the eigenspace v. Moreover,

f(v) = ( (7 7o) ) ol (o - w)dw
1
2

ly(v) = /]R3 (1 |w[’ ) lw|[" 2 (v — w) dw.

When |v| — +oo we have

[

l1(v) ~ 2[v]?
la(v) ~ [u]1*2.
If v € (0,1] there exists £y > 0 such that, for all v € R3, min{f;(v),f2(v)} > £p.
(b) The function a;;j is smooth, for any multi-index 3 € N3

0%ai;(v)| < Cg(v)7 271

and
aij(V)&i&5 = L1(0)|Pé|* + () |(1 — Py)E|?,
aij(v)vivy; = (v)|v]?,

where P, is the projection on v, i.e.
v\ v
Py = (g : ) v
o]/ vl
(c) We have
ai;(v) = 2/ [v — ve| 2 (vy) do, and  bi(v) = —l1(v) v,
R3
Proof. We just give the proof of item (c) since (a) comes from [24, Propositions 2.3 and

2.4, Corollary 2.5] and (b) is [43, Lemma 3].
Hence, for item (¢) we write

ai; (v Z / ai;i (v — v p(vy) dos.

Using (4.3) we obtain that

2

3
Z.
ai(z) =Y |21 <1 — |z"|2> = 2|z|7F?
=1




186 CHAPITRE 4. EXPONENTIAL CONVERGENCE FOR THE LANDAU EQUATION

and then

aii(v) =2 R3 "U - v*"y+2/‘(v*) dv,.

Moreover, we compute

bi(0) = (0015 + 1) (0) = (i + ) (0) = = [ ais(0 = v)on; () o,

and using that a;;(2)z; = 0 we obtain

bi(w) == [ aij(0 = v v ulv.) do.

= [ o0} (0 = vog) o — v2) do
R

== ([, auento = v)dv. ) v, = a5 (0)e; = ~a(0)
O

Using the form (4.19) of the operator @), we decompose the linearized Landau operator
L defined in (4.8) as £ = Ag + By, where we define

Aof == Q(f. 1) = (aij x f)dijp — (c* fp,

Bof = Qu, f) = (aij * p)0ij f — (c* p)f.
Consider a smooth nonnegative function x € C°(R?) such that 0 < x(v) < 1, x(v) = 1
for [v| <1 and x(v) = 0 for |v| > 2. For any R > 1 we define xg(v) := x(R™v) and
in the sequel we shall consider the function My g, for some constant M > 0. Then, we
make the final decomposition of the operator £ as £ = A + B with

A= .A()—I—MXR, B := By — Mxr, (4.22)

(4.21)

where M and R will be chosen later (see lemma 4.7).

Let us now make our assumptions on the weight functions m = m(v). We define the
polynomial weight, for all p € [1,400),

m = (v)*,  with k > max{y(1 — 1/p), v+ 2} + 3(1 — 1/p) (4.23)

and the abcissa

amp = 2[(y +3)(1 = 1/p) — kI, if y=0, (4.24)
A, p 1= —00, if v € (0,1]. '
Moreover, we define the exponential weight, for p € [1,+00),
. , r>0, if s € (0,2),
m = exp (r{v)®), with { O<’r<%, if s =2, (4.25)
and we define the abcissa, for all cases,
U p 1= —00. (4.26)

We are able know to state the following result that extends to various weighted
LP-spaces the spectral gap estimate known to hold on L?(u~1/2) as presented in (4.14).
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Theorem 4.3 (Spectral gap estimates). Let v € [0,1], p € [1,2], a weight function
m = m(v) satisfying (4.23) or (4.25) and their respectives abscissa am gy, given by
(4.24) or (4.26). Consider the linearized Landau operator (4.8), then for any positive
A < min{o, |amp| + 0} there exists Cy > 0 such that

Vt>0,VfeLP(m), € f =Tl ogmy < Cae M |f = TLf || o omy. (4.27)

where 11 is the projection onto the null space of L (defined in (4.9)), and Xg > 0 is the
spectral gap of £ in L*(u=Y?) given by (4.14).

Remark 4.4. As we can see in the defition of a,,, (4.24) and (4.26), we conclude that:

1. If v € [0,1] and m is the streched exponential weight (4.25) or if v € (0, 1] and m
is the polynomial weight (4.23), then A = )¢ since @y, = —o0.

2. If y = 0 and m = (v)* is the polynomial weight (4.23), then A = Xg if k is
big enough such that ap,, = 2[(y + 3)(1 — 1/p) — k] < —Ao, otherwise A =
2[k—(v+3)(1—-1/p)] +0.

This theorem extends the spectral gap to weighted LP spaces using a method devel-
opped by Gualdani, Mischler and Mouhot [42] (see theorem 4.14 below) for Boltzmann
and Fokker-Planck equations (see also Mischler and Mouhot [61] for other results on
Fokker-Planck equations).

4.2.1 Hypodissipativity properties

In this subsection we shall investigate the hypodissipativity in LP(m) spaces of the
operator B defined in (4.22) in order to prove assumption (i) of theorem 4.14. Before
proving the desired result in lemma 4.7, we give the following lemma that will be useful
in the sequel.

Lemma 4.5. Let Jo(v) = [s |v — w|*pu(w) dw, for 0 < a < 3, and denote My () :=
[ |v|*w. Then it holds:

(a) Jo(v) =1.
(b) Jo(v) < |v|* + Muy(p), for 0 < a < 1.
(c) Ja(v) < |v|* + Mo(p)®/?, for 1 < a < 2.

(d) Ja(v) = [v]? + Ma(p).
(e) Jo(v) < |v|® 4+ 10%4v|*2 + My(pu)®/4, for 2 < a < 3.
Remark 4.6. As we will see in the proof of lemma 4.7, the important point here is that,

for all 0 < o < 3, the dominant part of the upper bound of J, has coefficient 1.

Proof. Ttems (a) and (d) are evident. For (b) we see that |[v — w|® < |v|* 4+ |w|* and it
implies Jq(v) < |v|* + My (). To prove item (c) we use a/2 < 1 and Jensen’s inequality
to write

1a0) < ([ o=t = (bl 5 M) < i+ 2
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Finally, item (e) can be proven in the same way as (d). Firstly, for a = 4 explicit
computation gives Jy(v) = |v|* + 10[v|?> + My(r). Then, from a/4 < 1 and Jensen’s
inequality we obtain

7o) < ([ o= wttutan) " = (bl + 1002 + 1)

< Jo|® + 1094 |0|*% 4 My ()"
L]

With the help of the result above, we are able to state the hypodissipativity result
for B.

Lemma 4.7. Let v € [0,1], p € [1,400) and consider a weight function m = m(v)
satisfying (4.23) or (4.25) with the corresponding definitions of the abcissa (4.24) or
(4.26), respectively. Then, for any a > amp we can choose M and R large enough such
that the operator B — a is dissipative in LP(m).

Proof. We split the proof into four steps.

Step 1. Let us denote ®'(z) = |2|P~!sign(z) and consider the equation

Oif = Bf = Bof — Mxrgf.

For all 1 < p < 400, we have

L1 vy = UFIESE }/ B (129

= 76 { [ Bon)@ (P2~ [0t) (10}
with, from (4.21) and (4.19),
[Gap@ gy = [asou 8/ (syme = [eme |gP

Let us denote h = m?f, for some # to be chosen later. For the first term, using
'(f) = @' (h)m~ 9P~V we have

= /dz‘jaz‘j(hmfa)q)/(h) mp )
= —/8j(hm_9)8i (C_Lijq),(h)mp+9(1_p)>

= —/aj(hm_g)&ij&; (@’(h)mpw(l—p)) _ /Oj(hm_e)gj (I,/(h)mp+9(1—p)
=:T11 + T1s.
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We also have
0 (hm )0, (@' (Rymr+00-0)
= (p — 1)8;h0;h mP1=9) |pP=2 4

_p—1)

[p+6(1—p)]
p

then, since a;; is simmetric , it follows
Th=—(p—1) / 1 0ihd;h mP1=0) [P
4 [20@;1) - 1} / i;0,;md; (|h[P) mP(=0—1
+0p— 0p — 1) [ aydumdmm? =02 .
Performing an integration by parts, we obtain
Th=—(p—1) /aijaihajhmP@*") ||P=?
+61(p.6) [ Bomm? =01
+ 01(p, 9)/@ij3ijm mPU=0=1 P

+ 02(p, 0)/aij8imajmmp(1—9)—2 B

where

0,md () 10!

3;(|h|P)3;m mPI=O=L _a[p — 8(p — 1)]9;md;m mPI=0=2 | P,

(4.29)

o(p,0) :=1-20(1—1/p), d2(p,0) :=61(p,0)[p(1 —0)— 1] +0[p—6(p—1)]. (4.30)

For th term Tj9 we have
Tio = — /3j(hm_9)l_)j <I>’(h)mp+9(1—p)
= — /@h@’(hﬂ% mp(l—e) + Q/hél(h)gja]mmp(l—e)—l

_ 1 /aj(|h,p)[3j mP1=0) | g/gjajmmp(l—(?)—l P
p

1 _
_ 7/Emp(1_0) |h|p+/bj8jmmp(1_9)_1|h]p.
p

Gathering (4.29) and (4.31) one obtains

(4.31)

[Ban® m? =~ 1) [aom® Hosom® pyme 211072+ [ o pale)m? |17

(4.32)
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with

_ O _ Om 0;
Ompo = 01(p,0) (aij ;nm> + d2(p, 9) (az’j w:n ]m>

+ (1+61(p,0)) (bi &m) + (1 - 1) é,

m p

m

(4.33)

where 0; and 2 are defined by (4.30).
Let us now split the proof into two steps, corresponding to the polynomial weight
(4.23) and to the streched exponential weight (4.25).

Step 2 : Polynomial weight. Consider m = (v)* defined in (4.23). On the one hand, we

have

oym B 9 017771 o;m

= kv;(v)~ = k? (2] -
m vi(v)~”, m m ooy
ai]ﬁm =055 k(v) 7 + k(k — 2)vv;(v)

Hence, from the definitions (4.18)-(4.20) and lemma 4.2 we obtain

i ai{,;m = (8i5133) k(v) ™ + (@igvgvy) k(k = 2)(v) ™ (4.34)

= a;; k(v) 7% + 6(v) k(k — 2)Jv]*(v) %,

where we recall that the eigenvalue ¢1(v) > 0 is defined in lemma 4.2. Moreover, arguing
exactly as above we obtain

0, 2m om

iy O O (@) Koy = (o) R ol () (4.35)
and also, using the fact that b;(v) = —¢;(v)v; from lemma 4.2,
_ 9 3 _
bi 7;” = 01 (v)v; kv (0) "2 = —€1.(v) K|v|2 (o) 2. (4.36)

On the other hand, from item (c) of lemma 4.2 and definitions (4.18)-(4.20) we
obtain that

aji = 2Jy42(v) and ¢ = —-2(y+ 3)J(v), (4.37)
where J, is defined in lemma 4.5. It follows from (4.33)—(4.37) that
Pimpo(v) = 61(p, 0) 2k Jy42(0)(v) 7 + 81(p, 0) k(k — 2) £1(v) [v[*(v) ™"
4 8a(p O K 4 (0) o2 0) 0 — (1 B OIE OO WE0) 2 (g
1
+2(v+3) (1 - p) I.(0).

Since ¢1(v) ~ 2(v)Y and Ju(v) ~ (v)* when |[v| — +o00 by lemmas 4.2 and 4.5, the
dominant terms in (4.38) are the first, fourth and fifth one, all of order (v)?.
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For p € (1, +00) we choose 6 = p/[2(p — 1)], then &1 (p,0) = 0, da(p, 0) = p?/[4(p — 1)]
and

2

Cunpol) = T B 1 0) b (0) ™ = 60 2 0) 2 426 +3) (1= ) 10).

Using lemma 4.5 to bound J,, we obtain that ¢, , 9(v) < @, pe(v) where

Pmpo(v) ~  =2k(0)7+2(y+3)(1 - 1/p)(v).

|v]—+00

Hence it yields, since k > (v + 3)(1 — 1/p) from (4.23),

Pmpo(v) o~ =2[k—(y+3)(1-1/p)] ——— k. <0, ify=0,
|v]—+o0 |v|—+00
Pmpo(v) ~ =2[k—(y+3)(1-1/p)(v)? —— —o0, if7y€(0,1].
|v| =00 [v|—=+o0
(4.39)

If p =1, for all 6, we have §;(1,0) = 1 and d2(1,60) = 0 which gives
Pm,1,6(v) = 2kJy2(0)(0) 2 + k(k = 2)A(0) v (0) ™ = 2k (v) o] (v) 7,

and the dominant terms are the first and last one, both of order (v)?. Using lemma 4.5
to bound J,42, we have ¢, 1,6(v) < @m1,0(v) where

Pmao(v) ~ 2k —4k(v)? = —2k(v)7.

|v]—+o0

Then we obtain, since k£ > 0 from (4.23),

Omi0(v) ~ -2k —— 2k, ify=0,
|v| =00 [v]—=+o00 (4 40)
Om10(0) ~ —2k(v)Y —— —o0, if vy € (0,1]. :
[v|—+o00 |v]—+o0

Step 3 : Exponential weight. We consider now m = exp(r(v)®) given by (4.25). In this
case we have
oym 59 Omoym 4 9 25—4

- = rsv;(v)* %, i = 157 v;v;(v) ,

a..
i T _ 7“$<’U>S_25ij + ’I”S(S _ 2)’0@"Uj<’0>8_4 + 7“282’[)Z"Uj<’0>28_4.

m

It follows from last equation that

Oijm

aij — = = (0ijaij) rs(v)* 2 + (agjvivg) rs(s — 2)(0)* 1+ (agowg) rs*(0)> 1 (4.41)
= a5 rs()* 2+ 01 (v) rs(s — 2) o2 () + £y (v) 1282 v (v) 2T,
where we used lemma 4.2,
iy OO () 220 = ) P (14)

m m
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and also, using the fact that b;(v) = —¢1(v)v; ,

b 2 —b1(v)v; rsvi(v)* T = Ly (v) rsfo* (v)* 2 (4.43)
m

Gathering togheter (4.33), (4.41), (4.42) and (4.43), and thanks to lemma 4.2, it
yields

Pmpa(t) = 01(p,0) 2r T a(v) ) 24 01(p,0) rs(s — 2)1 (v) o] (v)
+01(p,0) PSP () P 0)P T+ 62 (p,0) PSP )0 P) Ty

~ [+ 818 rsa P (o) 2 + 20y +3) (1= ) 10)

where we recall that J, is given in lemma 4.5.
Let us choose § = 0 for all cases p € [1,+00). Then 6;(p,0) =1, d2(p,0) =p—1 and

Pmpo(v) = 2rs Ty 12(0)(0)° 7 + rs(s — 2)01 (v)]o* (v) T + prPs®ly (v) o] ()7

1
sl (0) o] (0)* 2 + 2(y + 3) (1 _ p) (),

(4.45)
and we recall that ¢;(v) ~ 2(v)Y and J,(v) ~ (v)® when |v| = 400 by lemmas 4.2 and
4.5.

If 0 < s < 2, the dominant terms in (4.45) is the fourth one, of order (v)7**. Then
we obtain the asymptotic behaviour

Ompo(v) A~ —drs()t —— —o00 (4.46)
|v]—+o0 |v]—+o0
since s +v > 0. If s = 2, the dominant terms in (4.45) are the first, third and fourth
one, all of order (v)7™2. Hence, using lemma 4.5 to bound J,42 and lemma 4.2, we have
Omp,0(V) < @mpo(v) where the asymptotic behaviour of ¢ is given by

Pmpo(v) ~  dr(2pr —1) (v)"T? ——— —00 (4.47)
|v]—+o00 |v|—+00
since r < 1/(2p) from (4.25).

Remark 4.8. We could also, for p € (1,400), chose 8 = p/[2(p — 1)] as we did for the
polynomial weight. This would not change anything for 0 < s < 2, however for the case
s = 2 we would obtain

2p2r2
~ v+2
Pmp,6(v) o] > 400 (p 1 7“) (v)

which goes to —oo when |v| — 400 if 7 < 2(p — 1)/p?, modifiyng then the conditions
on r defined in (4.25). Using these two computations, a more general condition on r

defined in (4.25) in the case s = 2 would be r < max {%, 2(’;;1) }
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Step 4. Finally, gathering steps 1, 2 and 3, for any p € [1, +00), for any a > a, p, thanks
to the asymptotic behaviour (4.39)-(4.40)-(4.46)-(4.47), we can choose M and R large
enough such that ¢, 9(v) — Mxg(v) < a for all v € R3. It follows that the operator
B—a=By— Mxgr — a is dissipative in LP(m) for all a > ay,p, and we have, for all
f e Lr(m),

1S5 FllLo(my < €1 £l Lo (m)- (4.48)
Indeed, from (4.28) and (4.32) we obtain

iy < ~0=1) [ asditm )2, 2\ 4 [ (o = Mocaym? 1
< /(Som,p,e - MXR)mp‘f‘p
< a/mp\flp

which yields (4.48).

4.2.2 Regularization properties

We are now interested in regularization properties of the operator A and the iterated
convolutions of ASg to prove assumptions (ii) and (7i7) of theorem 4.14. Let us recall
the operator A defined in (4.22),

Ag = Aog + Mxrg = (aij x 9)0iju — (¢ * g)p + M xRg,

for M and R large enough chosen before.
Thanks to the function xg, for any ¢ € [1,4+00), p > ¢ and any weight function my,
we have

IMXRY| La(mo) < Cllxrmom™ | oa/e—a 9]l Lo my < CllgllLom): (4.49)

from which we deduce that Mxgr € B(LP(m), L1(mg)).
Let us now focus on regularization estimates for the operator Ag. First of all we give
the following result, which will be useful in the sequel.

Lemma 4.9. Let v € [0,1] and 3 € N3 be a multindex such that |5] < 2. Then
105 (aij*g)(0)] < () 2109l L1 (yr+2)  and  [9p(aizxg)(0)] S (W) 2 g] L pyrea-iay
Proof. First of all, we write dz(a;; * g) = a;; * 03g and then
[(aij * 9pg)(v)| < /|aij(v — v,)||039+| dv.
For « € [0,1] we have |a;j(v — v.)| < |v — 0,772 < C{v)772(v,)7+2, which yields

|(aij * 959) (0)] S (V)7 21089 L1 ((0yr+2)-
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Finally, writing d5(ai; * g) = 9gas; * g and using |9za;;(v — v,)| < v — v, 721l <
B\Lij Bij Bij
(0)12=181 (9, )7+2=18 from lemma 4.2 and because v + 2 — || > 0, it follows

|(Opaij * g)(v)| S /(1))“27'5‘@*)“27"3‘!9*! dve S (0)72 P gl L puyrra-isny,
which finishes the proof. O

Lemma 4.10. Let vy € [0,1] and p € [1,+0o0]. Then we have

I AoglLr(m) < Cu (||g||L1((v)’Y+2) + HgHL1(<v>’Y)) : (4.50)
As a consequence, Ay € B(LP(m)) and
[ Aogll e (m) < Cullgll L m)-
Proof. For the first inequality, we write
1 Aogll Lrm) < [[(aij * 9)0ijpall Lo(my + 11 * g)pll Lo (m)-
For the first term, using lemma 4.9, we compute
I(ais * 9)0i 1l oy < C NI ((yr2) /<v>(”+2)p!5z‘ju(v)\p m” (v) dv
< Cy ||g||1£1(<v>v+2)-
Arguing in the same way, we also obtain
e 9l ) < C gl sy [ (7Pl P (w) do
< Cu ||9||]£1(<1,>w)7

which completes the proof of the first inequality of the lemma.
Then we compute, for some o > 0 and using Hoélder’s inequality,

(r—1)/p
HgHLl(<v>’Y+2) S (/<U>Up/(p1)) HgHLp(<v>w+2+o')

< Cllgll e (yr+2+oys

if o > 3(1—1/p). This implies that || Aog||Lr(m) < CullgllLr(m) since & > y+2+3(1-1/p)
when m = (v)¥ satisfies (4.23) or m = ") satisfies (4.25). O

Corollary 4.11. Letp € [2,+00]. Then A € B(LP(m), L*(u~'/?)) and for any a > am,
we have

”ASB(t)||35(Lp(m)7L2(M71/2)) < Che®.
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Proof. From lemma 4.10 and equation (4.49) it follows that A € ZB(LP(m), L?(u~'/?))
for all p € [2,400]. Then we compute using lemma 4.7,

IASE®) fll 2172y < WA z(ro o), 22u-172)) ISBE) Fll Lo @my < Ce® | fll Lo )

which concludes the proof. O

Let us denote my = e"” with r € (0,1/4), then L2(u~Y/2) C Li(my) for any
I1<qg<2.

Lemma 4.12. There exists C > 0 such that for all 1 <p < 2,

185 Fl2(mey < Ct2672) € | flliopmeys ¥t >0, (4.51)

As a consequence, for all 1 < p < 2 and m satisfying (4.23) or (4.25), for any a’ > a we
have

1(ASE)2(0) fll 2u-rsy < Ce” N fliopmys ¥t >0, (4.52)

Proof of Lemma 4.12. Consider the equation 0;f = Bf. Then from (4.28) and (4.32)
we have

d
5 i By = = [@i0stmon)2mof) + [ (omoza — Mxymis?

From lemma 4.2 there exists ¢y > 0 such that a;;&§; > lo|€|>. We obtain

3 B < ~to [19m0f)P+ [(pmoan = Mxmdf®  (4.53)
The weight function mg satisfies (4.25), then Lemma 4.7 holds, more precisely

1SB(E) fll Le(mo) < €N flLeeme): V> 0. (4.54)

6/5, 1 14/5

with g = mgof we

Applying Nash’s inequality in 3-dimension: ||g||2, < c1[[Vgll;% gl /2

obtain

i ImofIY lmo 7 < [ 19 mof)P

Putting togheter last inequality with (4.55), it follows

1d 10/3 —4/3
5 71122 < —C NI ) 117 ey + 12 o (4.55)

Les us denote x(t) := || f(t )||L2 (mp) and Y(t) == [ f(D)ll 21 (me), then we have the following
inequality @(t) < —Cyz(t)®3y(t)~*? + 2ax(t). From (4.54) we have y(t) < yo and then

#(t) < —Cra(t)Pyy % + 2aa(t).
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If 7o < Cyo by (4.54) we have x(t) < Ceyg. If g is such that zg > [C]/4alyo then

z(t) < C(yo_4/3t)_3/2, and we obtain

_3
1S5(E) £l L2(me) < Ct™ 5™ || £l L1 (mo) -

Using Riesz-Thorin interpolation theorem to Sp(t) which acts from L? — L? with
estimate (4.54) and from L' — L? with the estimate above, we obtain (4.51).

Let us prove now (4.52). From lemma 4.10 and equation (4.49) we have the following
estimates, for any p € [1, +0o0],

IAGl 2172y S 1191122 (o) A9l e (mo) < N9l 2o (m)- (4.56)

Hence, by (4.56) and (4.51), for 1 < p < 2, it follows

1

_3(1_1)
IASE®) £l 2(u-172) S I1SBE) FllL2(me) St 2(572) e || £l oo (4.57)

Computing the convolution of ASp(t) we have

t
[(AS8) 2O l2u1r2) S [ IASs(t = 5)AS(6) 122y ds
t
S [ 155t = 9)485(5) 12
t
S [ =5 0D et A4S () 1 ds
0

t
< [t =) 3672 a9 S5 (5) | oy dis

3(1_1

< [ (=) 3G 5)entt=s) cos | g1 ds

where we have used sucessively (4.56), (4.51), (4.56), lemma 4.7 and the fact that
(Z- %) > 0 for 1 < p < 2. Hence for all ¢ > 0 we have H(ASB)*Q(t)H'%(Lp(m)’L2(u—l/2)) N

et, for any o’ > a (where a > ay,, is fixed in lemma 4.7).

O]

4.2.3 Abstract theorem

We shall present in this subsection an abstract theorem from [42, 61], which will be
used to prove theorem 4.3.

Let us introduce some notation before state the theorem. Consider two Banach
spaces (X, | - ||x) and (Y, | - ||y). We denote by ZA(X,Y) the space of bounded linear
operators from X to Y and by || - || 5(x,y) its operator norm. Moreover we write ¢ (X,Y)
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the space of closed unbounded linear operators from X to Y with dense domain. When
X =Y we simply denote B(X) = (X, X) and €(X) = (X, X).

Given a Banach space X and a operator A : X — X, we denote Sy(t) or e the
semigroup generated by A. We also denote NV(A) its null space, dom(A) its domain,
Y(A) its spectrum and R(A) its range. Recall that for any z in the resolvent set
p(A) := C\ X(A), the operator A — z is invertible, moreover the resolvent operator
(A —2)71 € B(X) and its range equals dom(A). An eigenvalue ¢ € $(A) is isolated if

YA N{zeC; |z=¢& <r}={¢} for some r > 0.

Then for an isolated eigenvalue £ we define the associated spectral projector IIx ¢ € ZA(X)

by
1

Oy ¢ = —f/ (A—2)"tdz with0 <+ <7 (4.58)
’ 2 J)z—gl=r

If moreover the algebraic eigenspace R(Ilz¢) is finite dimensional, we say that £ is a
discrete eigenvalue and write £ € 34(A).

Definition 4.13. Let X7, X5 and X3 be Banach spaces and S; € L' (R, (X1, X5)),
Sy € LY (R, B(Xs, X3)). We define the convolution Sy x Sy € L (R, B(X1, X3)) by

t
VES0,  SexSi(t) = / S(5)S1(t — s) ds.
0
IfX;=Xo=Xs5and S =S = Sy, we define S! = S and $* = S« S*(™1 for all
n > 2.

We can now state a the following theorem from [42, Theorem 2.13].

Theorem 4.14. Let E and £ be Banach spaces such that E C £ is dense with continuous
embedding. Consider the operators L € € (E), L € €(£) with L = L and a € R.
Assume that :

(1) L generates a semigroup e'* on E, L — a is hypodissipative on R(Id — 11 ,) and
S(L)NA, ={&, ..., & C Ba(L) (dinstinct discrete eigenvalues)
(2) There are A,B € € (&) such that L = A+ B, with the corresponding restrictions A
and B on E, somen € N* and some constant C, > 0 such that
(i) B — a is hypodissipative on &;
(ii) A€ B(E) and A € B(E);

(iii) we have

1(ASB)™ ()| e,y < Cae™.
Then L is hypodissipative on € and we have

k
Sc(t) =Y Se(t)gyg, <Ot e™, (4.59)

J=1

Vit >0,

B(E)

where C! > 0 is an explicit constant depending on the constants from the assumptions.
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This theorem permets us to enlarge the space of the spectral estimates of a given
operator. More precisely, the knowledge of the spectral information in the "small space"
(1) permet us to extend this information to a "big space" (4.59). Hence, the strategy
to prove theorem 4.3 is to consider F = LQ(,u_l/ 2), in which space the spectral gap
is known to hold (assumption (1)), and prove assumptions (2i), (2ii) and (2iii) with
E = LP(m) to obtain spectral gap estimates in £ applying theorem 4.14.

4.2.4 Proof of theorem 4.3

With the results of subsections 4.2.1 and 4.2.2 and theorem 4.14 we are able to prove
the spectral gap for the linearized Landau operator.

Let £ = Lz(u_l/z), in which space we already know the spectral gap (4.14), and
E = LP(m), for any p € [1,2] and m satisfying (4.23) or (4.25). We consider the
decomposition £ = A+ B as in (4.22). For any a > a,yp, the operator B — a is
hypodissipative in £ from lemma 4.7 (assumption (i) of theorem 4.14); A € A(€) and
A € A(E) from lemma 4.10 and equation (4.49) (assumption (i7) of theorem 4.14).
Hence we only need to prove assumption (ii7) to conclude applying theorem 4.14.

We split the proof in different cases.

Case p = 2. First of all, in this case we have E C £. Moreover, ASg(t) € A(E, E) with
exponential decay rate from corollary 4.11, which proves assumption (¢ii) with n = 1.

Case p € [1,2). Here E C € and from lemma 4.12 we have (ASg)*?(t) € #(&, E) with
exponential decay rate, which gives assumption (iii) with n = 2.
4.3 Proof of the main result
Let us consider the Landau operator (4.19)
Q(g, h) = (aij * 9)0ijh — (c* g)h.

We shall prove some estimates for the nonlinear operator @) before proving the theo-
rem 4.1.

Proposition 4.15. Let v € [0,1] and p € [1,+00]. Then

1Q(g, M)l Le(m) S 19Nl L wyr+2) 1055l o (mgoyr+2y + L9l L1 oy 1l 2o (o)

Proof. We write

1Q(g; M)l Lo (m) < [I(aij * 9)0izhllLemy + I(c* 9Pl Lr(m)-

Thanks to lemma 4.9

[(aij * 9)0iPl Loy S Nl L (wyr+2) 103 Pl Lo (o) r+2)
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Moreover, by lemma 4.9 one obtains, since ¢ = 9;ja;; and [(c * g)(v)| < C{v)7 gl L1 ((v)7)5

[(e* g)hllLeemy S Mgty 12l Lo (miw)ys

and the proof is complete.
O

The proof of theorem 4.1 relies on known results by Desvillettes and Villani [28, 29]
corcerning the polynomial decay rate to equilibrium, togheter with the spectral estimates
from theorem 4.3 and some estimates on the nonlinear operator from 4.15. We follow
the strategy of [65].

Let us first summarize the results on the Cauchy theory for the Landau equation
with hard potentials.

Theorem 4.16 ([28] (Theorems 3, 6 and 7) and [29] (Theorem 8)). Let v € (0, 1].

1. if Fy € L*((v)?%9) for some 6 > 0, then there exists a weak solution F to (4.1)
such that :

(a) for all to > 0, F € C*([to, +00); S(R3)).
(b) for all to > 0, all integer k > 0 and all > 0, there exists C, > 0 such that

sup || F(t, )| g (vyey < Cto-
t>to

2. let F be any weak solution of (4.1) with initial datum Fy € L' ((v)?) satisfying the
decay of energy, then for all ty > 0 and all 8 > 0, there is a constant Cy, > 0 such
that

sup [[F'(t, )| 1 ¢wyey < Cho-
t>1o

3. if F is a smooth solution of (4.1) (in the sense of (1a)), then for allt > 0 there is
C > 0 such that

F,
H(F)|p) = / Fylog “tdv < C(1+ )72/
RS I
Corollary 4.17. For all tg > 0 and all £ > 0, there exists Cy, > 0 such that

1
Vit > to, 12 = pill L1 quyey < Cro(L+1) 2.

Proof. Let us fixe some tg > 0. First of all, from theorem 4.16 and the Csiszar-Kullback-
Pinsker inequality (see e.g. [78, Remark 22.12])

IF = pllr < O\ H(F|p),

vVt >0, |Fy — pllpr < C(A+1)77,

Then, using the bounds of theorem 4.16 and Holder’s inequality we obtain

we obtain

1/2 1/2 -5
Vi>to,  F = plleny S = sl e 1 Fr = pllh" < Cp(1+1) 2.
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Proof of Theorem 4.1. Let Fy = 1+ fo and consider the equation

oaf = LF+Q(f,[)
{f|t0 = fo- (4.60)

Since Fp has same mass, momentum and energy than u, we have Il fy = 0 and for all
t > 0, thanks to the conservation of these quantities, we also have IIf; = 0.

Lemma 4.18. Consider m = (v)* satisfying (4.23). There exists € > 0 such that, if the
solution f of (4.60) satisfies

vt >0, [ fellrgyey <
with ¢ :== v+ 4+ k, and if
Vit >0, 1fell zra oy < C,
then there is C' > 0 such that
Vit >0, fellr ey < Ce™ M N foll ptoyrys

where A > 0 is given by theorem 4.3.

Proof of lemma 4.18. By Duhamel’s formula for the solution of (4.60), we write,
fo= o+ [ CIEQU £ ds
0
Using theorem 4.3 and proposition 4.15, one deduces
1 fell o my < 1€ foll Lo (my + /Ot 1€ 2Q(fs, £)l Lo (m) ds
<ol + [ e-Mt—S)\rQ(fs,fswLp(m) ds
P ollzmy + € [ e (U fullzsgu s lastnioy

+ 1 fsll 21 qoyr+2) 1935 fsll Lo (m v+2)) ds.

For LP(m) = L'({v)*) we obtain (recall that k > ~ + 2 from (4.23))

ilzscosy < € Wollony + € [ € (Ul ol llzsores

(4.61)
+ ”fSHLl W+2)||azgszL1 ’y+2+k)> ds.

Let us recall the following interpolation inequalities

lgliZ2 < Ngllztllgllzee < Ngllzellgllgrsra,

gl < glizellgl za, (4.62)
190l 21 (yey S Ngllpzyatry, i 7> 3/2.
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Using the third equation of (4.62) with g = 0%fs and r = 2, and then first and second
equations of (4.62) with g = (v)¢fs, it yields

1/4 1/2
1045 Fll s oty S IEalEat oy 175 araen ey 1l ey

Gathering last inequality with (4.61) it follows

Iilisom < € Wolusgmy + € [ XM feloagu olls opony ds
+0 [ NNl 515 ,)||fs|r;,/§/2+l( o sl e
e M| foll L1 oy +C(6+61/4)/0 e M| £l 1 oy ds

using the hypotheses of the lemma and k& > ~ + 2.
Denoting x(t) := || fil| L1((wy») and €1 = C(e+€'/*) we obtain the following differential
inequality

t
z(t) < e Mz(0) + 61/ e M=) () ds,
0

and arguing as in [65, Lemma 4.5], if z(0) and ¢; are small enough we obtain, for all
t >0, z(t) < CeMz(0), ie.

[ fell L gyry < C'e At||f0”L1 yk)-
L]

We can now complete the proof of theorem 4.1. From corollary 4.17 we pick tg > 0
such that

Vit > to, 1F2 = pllpryey = Lfell ey <

where € is chosen in lemma 4.18. From theorem 4.16-(2) we have that, for all ¢ > ¢,
I fell o oyey < NEF gagyey + Nl magyey < €. We can then apply lemma 4.18 to f
starting from tg, then

Vit > to, 1 = il iy = el niqpey < Ce M frollpr ey < C"e™,

which completes the proof.
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