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>!-+ &PS! )??P!' &,-'  ! *,&#! &! *)-+#,+' &! #!*/!#*/! ?)=#  ! &)>,$-! &!  ,
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*#)D,S! 0/#!,+' Kd: J!=#)'MG

• U6 "

2
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%&91 )!" ('01!/!1%" *#*!" )#1" 2!" "C"%0/!" $9/:2!E!"= B!" %*#'#-E "91% 2! A*-&%

)3-1! $91.91$%-*! #$#)(/&,-! !% &1)-"%*&!22!= 61 !>!%? &2" F(1(G$&!1%? )3-1! :#*%?

)3-1! $922#F9*#%&91 -1&'!*"&%#&*! #'!$ H*#1I9&"  ! J2#1) KL7 M57M8 7!11!"N !%

O&!**! L!2 P9*#2 KL7 M57M8 Q9*)!#-EN )#1" 2! $#)*! )- $9;!1$#)*!/!1% )! 3
%+0"!"= L3#-%*! :#*%? $!" %*#'#-E )!/!-*!1% !1 2&!1 #'!$ 2!" :*9F2(/#%&,-!" )!"

&1)-"%*&!2" !% )!" #$%!-*" (%#%&,-!" )#1" -1 $#)*! $91%*#$%-!2? %!2" ,-! PQL8;

P&""&2! RC"%!/"? 2# LJ8? S+#2!" 8&* RC"%!/" 9- !1$9*! 2! B56R KB!1%*! 5#%&9;

1#2 )36%-)!" R:#%&#2!"N= B! /#1-"$*&% # )91$ :9-* F-% )! "C1%+(%&"!* 23!1"!/F2!

)!" $91%*&F-%&91" ,-! .3#& :- #::9*%!* D $! %+0/! )! *!$+!*$+! ,-3!"% 2# $#;

*#$%(*&"#%&91 )!" ('01!/!1%" *#*!" )#1" 2!" "C"%0/!" $9/:2!E!"? ,-3!22!" "9&!1%

/(%+9)929@&,-!" 9- :2-" #1$*(!" )#1" )!" :*9.!%" &1)-"%*&!2"=
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)9/#&1!" )3#::2&$#%&91 $91$!*1#1% 2# "T*!%( )! A91$%&911!/!1% "91% %*0" (%!1;
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 )*#"&"$+), '% +-,%!.+' /'+

*0%!)/'+ /1'+%$*"%$),

/102.,'*',%+ &"&'+

 ! "#$%& '( )$'*+%,-.%$/

 !"#$%&! '& #()!& )& '( *+)"'$%(,$+- )",($''"& )(-% '( %.$,& ). *(-.%#!$, &%,

&- /!&*$&! '$&. $-)$%/&-%(0'& (1- )& )"2&'+//&! .- #+-,&3,& /!"#$% &, &4#(#& )&

'( !&#5&!#5& %.! '6&%,$*(,$+- )6"27-&*&-,% !(!&%8

9+-%$)"!+-% .-& 2(!$(0'& ('"(,+$!& X )& )$*&-%$+- d (2&# .-& )&-%$," )& /!+:

0(0$'$," ; <=> h0? .-& @+-#,$+- /+%$,$2& %#('($!& φ : R
d → R &, &-1- .-

%&.$' S %#('($!&8 A&% )$B"!&-,&% #+*/+%(-,&% )& X %&!+-, -+,"&% /(! '( %.$,&

X = (X1, X2, ..., Xd)8 A( @+-#,$+- φ &%, %.//+%"& )",&!*$-$%,& &, $-)"/&-)(-,&

). ,&*/%8 9&''&:#$ !&/!"%&-,& /(! &3&*/'& .- #+)& )& #('#.' -.*"!$C.& &-,!"&%:

%+!,$&%8 9& ,D/& )& *+)7'& &%, ,!7% E"-"!(' &, &%, -+,(**&-, .,$'$%" )(-% )&

-+*0!&.%&% (//'$#(,$+-%? #+**& )(-% '&% !"@"!&-#&% FGHI? FJKLI? FGI? FMKI? FNJI &,

FJHJI8 A( %+!,$& )& '( @+-#,$+- φ? )"1-$& /(! Y = φ(X)? &%, %.//+%"& ('"(,+$!&?
)&  <= $-#+--.& g &, )& )$*&-%$+- 18 O+,+-% C.& '& #(% )&% /!+#&%%.% %,+:
#5(%,$C.&% -6&-,!& /(% )(-% '& #()!& )& #& *+)7'& &, -6&%, )+-# /(% ,!($," )(-%

#& *(-.%#!$,8 9& %.P&, &%, -"(-*+$-% (#,.&''&*&-, (-('D%" )(-% '& #()!& )6.-&

,57%& QORSTU<VT C.& P& #+:&-#()!& &- #+''(0+!(,$+- (2&# '6WOSWT S&--&%

;X+$!? /(! &3&*/'&? (!,$#'& Y )& '(  (!,$& WWW #+-,&-(-, .-& %"'&#,$+- )& /.0'$:

#(,$+-%>8 Z&% !&#5&!#5&% %+-, &%%&-,$&''&*&-, @+#('$%"&% %.! '6&%,$*(,$+- )& )&.3

C.(-,$,"% )6$-,"![, )& '( %+!,$& Y \

] '( /!+0(0$'$," P = P (φ(X) > S) )& )"/(%%&*&-, )6.- %&.$' S /(! '( %+!,$&

Y 8

] '& α:C.(-,$'& qα )& '( 2(!$(0'& Y )"1-$ /(! α =
∫ qα

−∞
g(y)dy

<$B"!&-,&% ,&#5-$C.&% )6&%,$*(,$+- )& C.(-,$'& &, )& /!+0(0$'$," +-, "," )"2&'+/:

/"&% '+!%C.& '& 0.)E&, )& %$*.'(,$+-% N )$%/+-$0'& &%, /&. $*/+!,(-, /(! !(//+!,

^ '( /!+0(0$'$," ^ &%,$*&!? #6&%, ^ )$!& '+!%C.& P < 1
N
8 Z&% #+''(0+!(,&.!% &, *+$:

*[*& (2+-% !")$E" .- ",(, )& '6(!, )&% ,&#5-$C.&% )& %$*.'(,$+- )6"27-&*&-,%

!(!&%? C.$ &%, &- #+.!% )& !"2$%$+-? (1- )& ,&-,&! )& !"/+-)!& ^ '( C.&%,$+- %.$:

2(-,& \ _`.&''& &%, '( *",5+)& )6&%,$*(,$+- )6"27-&*&-,% !(!&% '( *$&.3 ()(/,"&

(. /!+0'7*& ,!($," a_8 O+.% (2+-% "E('&*&-, /.0'$" )&% #+*/(!($%+-% )& !"%.':
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 ! " #$ "%&'(! %)*" #!*" (+!, %-($ ./012 3('" 3!, %-'(%4,$&$* "', ($"  $-5*%6'$" #$

"%&'(! %)*" #+784*$&$* " ,!,$"9 :$" "$- %)*" "'%8!* $" 3,)3)"$* '* ;,$< ;%(!*

#$ -$ 3!*),!&! #$" &7 5)#$" #+$" %&! %)* #$ 3,);!;%(% 7" <!%;($"9 =*>*2 '*$

"?* 54"$ ),%@%*!($ ")'" <),&$ #$ 6'$" %)*"A,73)*"$" $ 3$,&$  !* '*$ "7($- %)*

#$" &7 5)#$" #+784*$&$* " ,!,$" !#!3 7" B '* &)#4($ φ #)**7 $" 3,)3)"7 B (!

>* #$ -$ -5!3% ,$9

 !" #$%&'()*)+,( -'& .%)/,-'& -0'&)+.*)+,( -0%123

('.'()& $*$'&

:$" &7 5)#$" #+$" %&! %)* #+784*$&$* " ,!,$" 3$'8$*  )' #+!;),# C ,$ -(!"A

"7$" $* 4 @,!*#$" -! 7@),%$" -% 7$" -%A#$"")'" $ #78$()337$" #!*" ($" "$- %)*"

"'%8!* $" D

E ($" &7 5)#$" #$ "%&'(! %)* #+784*$&$* " ,!,$"2

E ($"  $-5*%6'$" " ! %" %6'$"2

E ($"  $-5*%6'$" #+$" %&! %)* ;!"7$" "', #$" !33,)F%&! %)*" 3!,!&7 ,%6'$"

%""'$" #$" 7 '#$" #$ >!;%(% 72

E ($" !33,)-5$" <)*#7$" "', (! -!,!- 7,%"! %)* #+'* &)#4($ #$ "';" % ' %)* #$

(! <)*- %)* φ9

 !"! #$%&'()*$+ ,$ +(-*./0(1' ,2345'$-$'0+ 6/6$+

 !"#$%&'  $("&)*+,-$

G*$ &!*%4,$ "%&3($ #+$" %&$, P $" #+' %(%"$, ($" &7 5)#$" H)* $AI!,() -)&&$

*) !&&$* #!*" ($" ,7<7,$*-$" .JKL12 .MN12 .JK/12 .JOO12 .JNM12 $ .LK19 :$ 3,%*-%3$

#$ -$(($"A-% $" #$ @7*7,$, N 7-5!* %(()*" %*#73$*#!* " $ %#$* %6'$&$* #%" ,%A

;'7" P%9%9#9Q X1, ...,XN "$()* (! RST h0 $ #+78!('$, ($" 7-5!* %(()*"2 $* "), %$ #$

(! <)*- %)* φ2 φ(X1), ..., φ(XN)9 :! 3,);!;%(% 7 P $" !()," $" %&7$ 3!, D

P̂
CMC =

1

N

N∑

i=1

1φ(Xi)>S PJ9JQ

)U 1φ(Xi)>S 3,$*# 3)', 8!($', 1 "% φ(Xi) > S $ 0 "% -$ *+$" 3!" ($ -!"9 :! -)*8$,A

@$*-$ #$ (+$" %&! $', $" !""',7$ 3!, (! ()% #$" @,!*#" *)&;,$"9 G* %*#%-! $',

3)""%;($ #$ (+$V-!-% 7 #$ (+$" %&! %)* 3!, &7 5)#$ H)* $AI!,() $" #)**7$ 3!,

")* $,,$', ,$(! %8$2 #7>*%$ -)&&$ ($ ,!33), $* ,$ (+7-!, A ?3$ $ (! &)?$**$ #$

(+$" %&! %)*9 :+$,,$', ,$(! %8$ #$ (+$" %&! %)* H)* $AI!,() "+$F3,%&$ $* <)*- %)*

#$ P 3!, D

σ
P̂CMC

P
=

1√
N

√
P− P2

P
PJ9OQ

:),"6'$ (+784*$&$* $" ,!,$2 (! 3,);!;%(% 7 P  $*# 8$," 0 $ )* );"$,8$ 3!,

-)*"76'$* D

lim
P→0

σ
P̂CMC

P
= lim

P→0

1√
NP

= +∞ PJ9KQ

R)', $" %&$, '*$ 3,);!;%(% 7 P #$ (+),#,$ #$ 10−4
!8$- '*$ $,,$', ,$(! %8$ #$

10%2 106 7-5!* %(()*" ")* ,$6'%"2 -$ 6'% $" ")'8$* ,7#5%;% )%,$ $*  $&3" #$

-!(-'(2 #!*" (! 3,! %6'$2 &!(@,7 (! "%&3(%-% 7 #$ &%"$ $* 3(!-$ #$ (!  $-5*%6'$9
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 !"! #$%&'()*)+,( -'& .%)/,-'& -0'&)+.*)+,( -0%12('.'()& $*$'&

 !"#$%&'() *&!"+,'-

 !" #$%"&!#%'(" )'*+$" #,- *.%/01") 20!%"34#&$0 ")% $5.6/#!%'$$0!!#7" 15'*3

+0&%#!6" 0, '*+0&%#!6" )#*+$'!7 89:; 60**" "-+$'<,. 1#!) $") #&%'6$") =>>>?@

=AB?@ =>BC?@ =DC?@ =>C?@ =>E?@ =F>?@ =>A? "% =GG?H I5'1." 1'&"6%&'6" 1" $5'*+0&%#!6" )#*3

+$'!7 ")% 1" 7.!.&"& $") .6/#!%'$$0!) X1, ...,XN #("6 ,!" JKL #,-'$'#'&" h 6#+#M$"

1" 7.!.&"& 1") .6/#!%'$$0!) %"$) <," φ(X) > SH I" 6/#!7"*"!% 1" 1"!)'%. 1" %'&#7"

1") .6/#!%'$$0!) ")% +&') "! 60*+%" 1#!) $5")%'*#%",& 1" +&0M#M'$'%. "! #N0,%#!%

,! +0'1)H I5")%'*#%",& 9: 1" +&0M#M'$'%. P̂
IS
")% 10!!. +#& $5.<,#%'0! ),'(#!%" O

P̂
IS =

1

N

N∑

i=1

1φ(Xi)>S

h0(Xi)

h(Xi)
8>HD;

I" %"&*" P̂
IS
")% ,! ")%'*#%",& !0! M'#'). 1" $# +&0M#M'$'%. PH :# (#&'#!6" )5"-3

+&'*" #$0&) 1" $# *#!'P&" ),'(#!%"

V ar
(
P̂
IS
)
=

V ar
(
1φ(X)>Sw(X)

)

N
8>HF;

#("6 w(X) = h0(X)
h(X)

H I# (#&'#!6" 1" P̂IS
1.+"!1 Q0&%"*"!% 1, 6/0'- 1" h(.)H :'

h ")% M'"! 6/0')'"@ $5")%'*#%",& 15'*+0&%#!6" )#*+$'!7 +",% #(0'& ,!" (#&'#!6"

%&P) Q#'M$" 60!%&#'&"*"!% #,- *.%/01") 20!%"34#&$0 "% '!("&)"*"!%H I50MN"6%'Q

1" $5'*+0&%#!6" )#*+$'!7 ")% 1" *'!'*')"& $# (#&'#!6" 1" $5")%'*#%'0! "% '$ ")%@

+#& 60!).<,"!%@ +0))'M$" 1" 1.R!'& ,!" 1"!)'%. #,-'$'#'&" 0+%'*#$" <,' *'!'*')"

V ar
(
P̂
IS
)
H 40**" $") (#&'#!6") )0!% 1") <,#!%'%.) +0)'%'(")@ $# 1"!)'%. #,-'3

$'#'&" 0+%'*#$" hopt ")% 1.%"&*'!." "! #!!,$#!% $# (#&'#!6" 1#!) $5.<,#%'0! >HFH

I# 1"!)'%. hopt )5"-+&'*" #$0&)@ 60**" 1.6&'% 1#!) $5#&%'6$" =BC?@ 1" $# *#!'P&"

),'(#!%" O

hopt =
1φ(X)>Sh0

P
8>HS;

I# 1"!)'%. #,-'$'#'&" 0+%'*#$" hopt@ "! &#')0! 1, Q#'% <,5"$$" 1.+"!1" 1" $# +&0M#3

M'$'%. &"6/"&6/." P@ !5")% 10!6 +#) ,%'$')#M$" "! +&#%'<,"H T.#!*0'!)@ hopt +",%

U%&" '!%.&"))#!%" +0,& 1.%"&*'!"& ,!" JKL #,-'$'#'&" 15.6/#!%'$$0!!#7" "V6#6"H

K") 6/#!7"*"!%) 1" 1"!)'%.) 1" %W+" 6/#!7"*"!% 15.6/"$$"@ %&#!)$#%'0! 0, X

M#)" 15"-+0!"!%'#$ %Y')%'!7@ 60**" 1.6&'%") 1#!) $") #&%'6$") =BS? "% =FZ?@ )0!%

+#& #'$$",&) %&P) "V6#6") 1#!) 6"&%#'!) 6#) +#&%'6,$'"&) 1" Q0!6%'0! φH K#!) $"

6#) 7.!.&#$@ ,!" +&06.1,&" '%.&#%'(" ")% !.6"))#'&" +0,& 1.%"&*'!"& ,!" 1"!)'%.

#,-'$'#'&" "V6#6"H 4"$$"36' +",% U%&" #++$'<,." ),& $") +#&#*P%&") 15,!" Q#*'$$"

1" 1"!)'%.) 60**" 1#!) $" 6#) 1" $# *.%/01" 1" 6&0))3"!%&0+W 1#!) $") &.Q.&"!6")

=>BF? "% =BZ?@ 0, M'"! ),& 1") ")%'*#%",&) X !0W#,- 1" 1"!)'%. 1#!) $" 6#1&"

1" $# *.%/01" T[9: 8T0!3+#&#*"%&'6 [1#+%'(" 9*+0&%#!6" :#*+$'!7; 1#!) $")

#&%'6$") =>DE?@ =>CG? "% =>CA?H I") *.%/01") +#&#*.%&'<,") &.)')%"!% *'",- X $5#,73

*"!%#%'0! 1" $# 1'*"!)'0! d 1") "!%&.") <," $") *.%/01") T[9:H 4"+"!1#!%@ $"

6/0'- 1" $# Q#*'$$" 1" 1"!)'%.) 10'% U%&" #1#+%. #,- 6#&#6%.&')%'<,") 1" $# 1"!)'%.

hopt <,' !5")% +#) 60!!," X $5#(#!6"H

 !"#$%&'() *"+,%%,'-

I# )'*,$#%'0! *,$%'3!'("#,-@ 1.6&'%" 1#!) $") #&%'6$") =SE?@ =>BD?@ =E>?@ =E?@

=D?@ =>F?@ =>D? "% =BF?@ .7#$"*"!% #++"$." '*+0&%#!6" )+$'%%'!7@ ),M)"% )'*,$#%'0!@

BZ



 !"! #$%&'()*)+,( -'& .%)/,-'& -0'&)+.*)+,( -0%12('.'()& $*$'&

 !"#!$%&'( )*$%! +',(* *#  #- !%  './(&$01 ! % #$! .2%3*4! 45! %&.'%&*$ 45! 6

/2,'$7! .'%32.'%&"#! %*#% /',%&7#(&8,!.!$% #%&(! 4'$ (! 7'4,! 4!  &.#('%&*$ 

45298$!.!$% ,',! !% 4! 4!$ &%2 4! /,*-'-&(&%2 7*$4&%&*$$!((! : ;(#%<% "#!

4!  5'%%'"#!, 4&,!7%!.!$% '# /,*-(8.! 7*./(!=! > ,2 *#4,!1 *$ (! ,2!=/,&.!

!$ #$!  #&%! 4! /,*-(8.! /(#  &./(! 1 4! .'$&8,! > 7! "#! (5!$73'?$!.!$%

4! (!#,  *(#%&*$ /!,.!%%! 4! ,2 *#4,! (! /,*-(8.! &$&%&'(: @2A$&  *$ (5!$6

 !.-(! A = {X ∈ R
d|φ(X) > S}: B5*-C!7%&D ! % 4*$7 45! %&.!, (' /,*-'-&6

(&%2 P = P (X ∈ A): B! /,&$7&/! 4! (5&./*,%'$7!  /(&%%&$0 ! % 4! 42%!,.&$!, 4! 

 #,6!$ !.-(! 4! A !% !$ #&%! 45! %&.!, P (X ∈ A) > (5'&4! 4! /,*-'-&(&%2 7*$4&6

%&*$$!((! : E*&!$% A0 = R
d ⊃ A1 ⊃ ... ⊃ An−1 ⊃ An = A1 #$!  #&%! 427,*&  '$%!

4!  *# 6!$ !.-(! 4! R
d
1 'F'$% /*#, /(# /!%&% 2(2.!$% A = An: B' /,*-'-&(&%2

,!73!,732! P /!#%  527,&,! 4! (' .'$&8,!  #&9'$%! G

P (X ∈ A) =
n∏

k=1

P (X ∈ Ak|X ∈ Ak−1) HI:JK

*L P (X ∈ Ak|X ∈ Ak−1) ! % (' /,*-'-&(&%2 "#! X ∈ Ak  '73'$% X ∈ Ak−1: M$

73*&= */%&.'( 4! !$ !.-(! Ak1 k = 0, ..., n ! % *-%!$# "#'$4 P (X ∈ Ak|X ∈ Ak−1)
= p1 *L p ! % #$! 7*$ %'$%!1 75! %6>64&,! "#'$4 %*#%! (! /,*-'-&(&%2 7*$4&%&*$6

$!((!  *$% 20'(! : B' 9',&'$7! 4! P ! % !$ !N!% .&$&.'(! 4'$ 7!%%! 7*$A0#,'%&*$1

7*..! (! 427,&9!$% (! ',%&7(! OJPQ !% ORIQ: E& (' 9',&'$7! 4! (5! %&.'%&*$ 4! 73'"#!

/,*-'-&(&%2 7*$4&%&*$$!((! ! % D'&-(!1 '(*, (5&./*,%'$7!  /(&%%&$0  !,' /(# /!,D*,6

.'$% "#! (! .2%3*4! )*$%!6+',(*: S( ! % 7*./(!=! 4! 42A$&, > (5'9'$7! (! 

!$ !.-(! Ak /*#, #$! D*$7%&*$ φ "#!(7*$"#!: M$! 9!, &*$ '4'/%'%&9! 4#  /(&%6

%&$0 ' 2%2 /,*/* 2! 4'$ (5',%&7(! ORTQ !% /!,.!% 4!  5'N,'$73&, 4! 7!%%! 4&U7#(%2:

B! .2%3*4! 4!  /(&%%&$0  *$% %,8 '4'/%2! /*#, 4! 298$!.!$% 4! /,*-'-&(&%2

&$D2,&!#,! > 10−4
!%  *$% %*#C*#, !U7'7! (*, "#! (' 4&.!$ &*$ d 4! !$%,2! ! %

&./*,%'$%!: V2'$.*&$ 1 (! -#40!% 4!  &.#('%&*$ $27!  '&,! /*#, (5'//(&7'%&*$ 4!

(5'(0*,&%3.! ! % '  !W &./*,%'$%1 '# .&$&.#. 10000 273'$%&((*$ 1 !% (! ,20('0!

4! /','.8%,! 7*,,! /*$4'$% ! % %,8  !$ &-(!: @! /(# 1 (!  /(&%%&$0 ! % !  !$6

%&!((!.!$% '4'/%2 '#= 7' *L (' 4!$ &%2 4! X ! % 0'#  &!$$!: E& 7! $5! % /' (!

7' 1 #$! %,'$ D*,.'%&*$ 4! !$%,2! H%,'$ D*,.'%&*$ 4! X* !$-('%% 42A$&! 4'$ 

(5',%&7(! OIRPQ1 4! V'%'D 42A$&! "#'$% > !((! 4'$ (5',%&7(! OIYZQ1:::K /!#%  5'92,!,

$27!  '&,!:

 !"#$% &'()#*"+,$% -$ %*,!'&"*).

@'$ 4! 7'  &./(! 4! D*$7%&*$ φ !% /*#, 4! D'.&((! # #!((! 4! 4!$ &%2

4! X 1 (! %!73$&"#! -' 2!  #, (5#%&(& '%&*$ 4! 9',&'-(! '$%&%32%&"#! 1 7*..!

75! % (! 7' 4'$ (! ,2D2,!$7! OTIQ !% OIR[Q1 *# 4! 9',&'-(! 4! 7*$%,<(! 1 4'$ (! 

,!D2,!$7! O[\Q !% O]JQ1 /!,.!%%!$% 20'(!.!$% 4! ,24#&,!1 !$  &.#('%&*$1 (' 9',&'$7!

4! (5! %&.'%!#, 4! /,*-'-&(&%2: B!#, /*%!$%&!((! #%&(& '%&*$ 4'$ #$ 7'4,! 02$2,'(

! %  !"#$"#  !"!#$%&

 !"!" #$%&'()*$+ +,-,(+,()*$+ ./$+,(0-,(1' ./234'$0$',+ 5-5$+

'%( #%)*+!,-%( (#.#!(#!,-%( /%0"%##%+# 12%(#!"%0 3- 1% 430+%0  . /034.4! !#$

P /3-0 -+ 5%- 67$ 12$)*.+#!  3+( φ(X1), ..., φ(XN)& '%( .//03)*%( (#.#!(#!,-%(

/0!+)!/. %"%+# -#! !($%( (3+#  . #*$30!% 1%( 8. %-0( %7#09"%( %#  . #*$30!% 1%(

:0.+1%( 1$8!.#!3+(&

;<



 !"! #$%&'()*)+,( -'& .%)/,-'& -0'&)+.*)+,( -0%12('.'()& $*$'&

 !"#$%& '&( )*+&,$( &-.$/0&(

 !"#$% φ(X1), ..., φ(XN) &$# '()"# *+(,-.$%"//!$' "0"0*0 *# /. 1.)".2/# Y 3 GY

/. 4!$,%"!$ *# )(5.)%"%"!$ *# Y #% MN = max(φ(X1), ..., φ(XN)) /# 6.7"6&6

*#' !2'#)1.%"!$'0 8+(1!/&%"!$ *# /. /!" *#' 6.7"6. 5#&% '+!2%#$") *# /. 6.$"9)#

'&"1.$%# :

P (MN ≤ y) = P (max(φ(X1), ..., φ(XN)) ≤ y)

= P (φ(X1) ≤ y, φ(X2) ≤ Y, ..., φ(XN) ≤ y) = (GY (y))
N

;.$' /# ,.' *+&$ (,-.$%"//!$ "0"0*3 /. /!" *#' 6.7"6. 5#&% <%)# *(%#)6"$( *9' /!)'

=&# GY #'% ,!$$&#0 8# )('&/%.% 4!$*.6#$%./ *# /. %-(!)"# *#' 1./#&)' #7%)<6#' #'%

=&#3 '!&' *#' ,!$*"%"!$' *# )(>&/.)"%( %)9' >($()./#'3 /. /!" *#' 1./#&)' #7%)<6#'

.55.)%"#$% ? &$# 4.6"//# ,!65!'(# *# %)!"' /!"' *# 5)!2.2"/"%('3 ,!66# ,#/. #'%

*(6!$%)( *.$' /#' .)%",/#' @ABC3 @DEC3 @DFC3 @BGC #% @HIC0  +"/ #7"'%# *#&7 '&"%#' *#

$!62)#' )(#/' (aN , bN)3 .1#, aN > 0 #% &$# 4!$,%"!$ *# *"'%)"2&%"!$ H0 $!$

*(>($()(# %#//#' =&# :

P

(
MN − bN

aN
≤ t

)
= GN(aN t+ bN)→ H0(t), N → +∞ JK0GL

5!&) %!&% t ∈ R3 ./!)' H0 $# 5#&% <%)# =&+&$# *"'%)"2&%"!$ *# %M5# N)(,-#%3 O&6P

2#/ !& Q#"2&// $(>.%"1#0 R#' %)!"' *"'%)"2&%"!$' 5#&1#$% #$ 4."% '# )#>)!&5#) #$

&$# '#&/# 4.6"//# 5.).6(%)"=&# : /. *"'%)"2&%"!$ >($()./"'(# *#' 1./#&)' #7%)<6#'

JO#$#)./"S#* T7%)#6# U./&# V OTU #$ .$>/."'L0 8. *"'%)"2&%"!$ OTU '# *(W$"%

*# /. 6.$"9)# '&"1.$%# :

H0(t) = exp

(
−

[
1 + ε

t− µ

σ

]− 1
ε

)

!X (µ, σ, ε)3 .1#, σ > 03 '!$% )#'5#,%"1#6#$% /#' 5.).69%)#' *# /!,./"'.%"!$3

*+(,-#//# #% *# 4!)6# *# /. *"'%)"2&%"!$ OTU0 Y$# 1#)'"!$ 6&/%"1.)"(# *# /. %-(!P

)"# *#' 1./#&)#' #7%)<6#' . (>./#6#$% (%( *(W$"# @AAC0

Z$ ,.).,%()"'# ."$'" /. *#$'"%( *# 5)!2.2"/"%( *& 6.7"6&6 *+&$ (,-.$%"//!$ "''&

*+&$# 1.)".2/# ./(.%!")#0 [(.$6!"$'3 5!&) &$ \#& *# *!$$(#' )(#//#'3 /. *(%#)P

6"$.%"!$ *# /. OTU ,!))#'5!$*.$%# $+#'% 5.' (1"*#$%#0 T$ #]#%3 "/ 4.&% '(5.)#)

#$ 2/!,' ./(.%!")#' !& 2/!,' 6.7"6.3 /#' *!$$(#' *+#$%)(#' 5&"' *(%#)6"$#) /#'

1./#&)' 6.7"6. *# ,-.,&$ *#' 2/!,'0 8. *#$'"%( OTU #'% ./!)' #'%"6(# ? 5.)%")

*# /+(,-.$%"//!$ *# ,#' 1./#&)' 6.7"6.0

R#5#$*.$%3 /# 5)!2/96# =&# $!&' (%&*"!$' . %)."% ? /+#'%"6.%"!$ *+&$# 5)!2.P

2"/"%( *# *(5.''#6#$% *# '#&"/3 ,!66# /# 5)('#$%#$% (>./#6#$% /#' .)%",/#' @BDC3

@GDC3 @KKFC #% @BAC0 ;.$' ,# ,.*)#3 /+.55)!,-# ^Z_ J^#.`' Z1#) _-)#'-!/*L #'% /.

5/&' ,!&).66#$% &%"/"'(# *.$' /#' .55/",.%"!$' 5)!5!'(#' =&# /+!$ 5#&% !2'#)1#)

*.$' /+#$'#62/# *#' !&1).>#' .M.$% 5!&) %-96# /#' 1./#&)' #7%)<6#'0  #/!$ ,#%%#

.55)!,-#3 ,!$'"*()!$' µend = sup (y ∈ R|GY (y) < 1) ≤ ∞3 /. 2!)$# '&5()"#&)#

*& '&55!)% *# GY 0 8. *#$'"%( *# /. 1.)".2/# Y 3 ,!$*"%"!$$(# ? *(5.''#) &$ '#&"/

µ3 .55)!,-# &$# *#$'"%( *# 5)!2.2"/"%( *# ^.)#%! >($()./"'(# J!& O^;3 5!&)

 !"!#$%&'!( )$#!*+ ,&-*#&./*&+"L =&.$* µ %#$* 1#)' µend0 T$ #]#%3 '" Y 1()"W#

/+(=&.%"!$ JK0GL *(1#/!55(# ,"P*#''&'3 ./!)' !$ 5#&% #$ *(*&")# :

P (Y ≤ t|Y > µ)→ H(t), µ→ µend

HK



 !"! #$%&'()*)+,( -'& .%)/,-'& -0'&)+.*)+,( -0%12('.'()& $*$'&

H(t) = 1−
(
1 + ε

t− µ

σ

)− 1
ε

 ! (µ, σ, ε) " #$ %&"'&($)*&+&#$ ,&" '-%-+.$%&" /& , (-,)"-$) #0 /12(3&,,& &$ /&

4 %+& /& ,- /)"$%)56$) # 789 -*&( σ > 0: ;) ,1 # ( ##-<$ H(t) &$ P (Y > µ)
' 6% ,- "2%)& φ(X1), ..., φ(XN)0  # &"$ -, %" (-'-5,& /1&"$)+&% ,&" =6-#$),&" &$ ,&"

'% 5-5),)$2" /& ,- *-%)-5,& -,2-$ )%& Y -6 /&,> /6 "&6), µ: ? '-%$)% /&" / ##2&"0

), 4-6$ / #( &"$)+&% ,&" /)@2%&#$" '-%-+.$%&" /& ,- 789 (µ, σ, ε) &$ /)@2%&#$&"

-''% (3&" " #$ -, %" /)"' #)5,&":

A- $32 %)& /&" *-,&6%" &B$%C+&" '&6$ C$%& -'',)=62& "-#" %22(3-#$),, ##-D& &$

' 6% /& 4-)5,&" *-,&6%" /& N 0 ( #$%-)%&+&#$ -6B $&(3#)=6&" /& ")+6,-$) #: E2-#F

+ )#"0 ,1&"$)+-$) # /&" '-%-+.$%&" (µ, σ, ε) /& ,- 789 &"$ " 6*&#$ ( +',&B&

&$ '-%4 )" '&6 '%2()"&: A %"=616# %22(3-#$),, ##-D& &"$ ' "")5,&0 (&" +2$3 /&"

"1-*.%&#$ " 6*&#$ + )#" &G(-(&" =6& ,&" $&(3#)=6&" /& ")+6,-$) #":

 !"#$%& '&( )$*+'&( '",%*-%#+(

A- $32 %)& /&" D%-#/&" /2*)-$) #" (-%-($2%)"& ,& ( +' %$&+&#$ -"H+'$ $)=6&

/& "6)$&" /& , )" /& '% 5-5),)$2"0 ( ++& (&,- &"$ /2(%)$ /-#" ,&" %242%&#(&" IJJK &$

IJLK: 916# ' )#$ /& *6& ',6" /2$-),,20 &,,& '&%+&$ /1-#-,H"&% ,- +-#).%& / #$ 6#&

"6)$& /& , )" /& '% 5-5),)$2 /2*)& /& " # ( +' %$&+&#$ 3-5)$6&, /2M#) '-% ,- , )

/&" D%-#/" # +5%&": A- $32 %)& /&" D%-#/&" /2*)-$) #" &"$ # $-++&#$ 6$),)"2&

-M# /12*-,6&% ,- ( #*&%D&#(& /& (&%$-)#" -,D %)$3+&" /1&"$)+-$) #0 ( ++& (&,-

&"$ '%2"&#$2 /-#" ,&" -%$)(,&" IJNK0 IOPQK0 ILRK0 IJSK &$ IJPK:

; )&#$ DN = J(φ(X1), ..., φ(XN)) 6#& "6)$& /& *-%)-5,&" -,2-$ )%&" )#/&B2&" '-%

N -*&( J 6#& 4 #($) # "(-,-)%& ( #$)#6& -H-#$ ' 6% &"'2%-#(& D0 &$ ,- "6)$&

-"" ()2& VN = DN − D: VN "-$)"4-)$ ,& '%)#()'& /&" D%-#/&" /2*)-$) #" -*&( 6#

$-6B ( #$)#6& I ") ,- ,)+)$& "6)*-#$& &B)"$& T

lim
N→∞

1

N
log[P (| VN |> γ)] = −I(γ) UO:VW

A1&B)"$&#(& /& (&$$& ,)+)$& )+',)=6& ' 6% /& 4 %$&" *-,&6%" /& N =6& T

P (| VN |> γ) ≈ exp (−NI(γ)) UO:OSW

A- '% 5-5),)$2 P (| VN |> γ) /2(% <$ &B' #&#$)&,,&+&#$ > +&"6%& =6& N -6D+&#$&0

> 6# $-6B =6) /2'&#/ /& γ: X&$$& -''% B)+-$) # &"$ 6# %2"6,$-$ 4 #/-+&#$-, /&

,- $32 %)& /&" D%-#/&" /2*)-$) #": ;) (&$$& ,)+)$& #1&B)"$& '-"0 -, %" P (| VN |> γ) -
6# ( +' %$&+&#$ ")#D6,)&%  6 /2(% <$ > 6#& *)$&""& ',6" %-')/& =61&B' #&#$)&,,&:

;) ,- ,)+)$& &"$ 2D-,& > 00 -, %" ,- '% 5-5),)$2 P (| VN |> γ) /2(% <$ -*&( N ',6"

,&#$&+&#$ =6& ,& $&%+& exp (−Na) -*&( a > 0: A& (-,(6, /6 $-6B I &"$ " 6*&#$

( +',&B& +-)" '&6$ C$%&  5$&#6 '-% ,& 5)-)" /6 $32 %.+& /& 7Y%$#&%FZ,,)"0 $&,

=6& /-#" ,1-%$)(,& IOJRK: 9-#" /& # +5%&6"&" ")$6-$) #"0 I ( %%&"' #/ > 6#& /)F

*&%D&#(& /& [6,,5-(\FA&)5,&%:

A- $32 %)& /&" D%-#/&" /2*)-$) #" #& '&6$ '-" C$%& -'',)=62& /)%&($&+&#$ > ,1&"$)F

+-$) # /& ,- '% 5-5),)$2 P &# '%-$)=6& (-% ,- /&#")$2 /& Y &"$ )#( ##6&  !"#$"#:

A %"=6& VN &"$ 6#& " ++& /& N *-%)-5,&" -,2-$ )%&" )/&#$)=6&"0 ,- $32 %)& /&"

D%-#/&" /2*)-$) #" '&6$ #2-#+ )#" C$%& 6$),& ' 6% &"$)+&% /&" 5 %#&" /& *-F

%)-$) # /& ,- '% 5-5),)$2 P (| VN |> γ): A- (-%-($2%)"-$) # /& ,- /2*)-$) # /16#

&"$)+-$&6% ] #$&FX-%, &"$ 6# &B&+',& /)%&($ /& (& (-" '-%$)(6,)&%:

JP



 !"! #$%&'()*)+,( -'& .%)/,-'& -0'&)+.*)+,( -0%12('.'()& $*$'&

 !"!# $%&'()*+%, -.%,/)01/)2( 31,4%, ,+5 -%, 166527)018

/)2(, 615104/5)*+%, ),,+%, -%, 4/+-%, -% 913):)/4

 !"#$%!"#

 !"#$%!"# & '()*$%+,-./ !(/+( "+0'12'0'*3 #+*4-/)56 7(8)+.*8) /1.) 0+)

1(*',0+) 9:;<=6 9:<=6 9>?= +* 9@;=6 )-.* /+) 10A-('*4B+) 177(-C'B1.* 01 (8A'-. 0'B'*+

/+ /8D1'001.,+ -E φ(X) > S /1.) 0F+)71,+ /+) +.*(8+) X6 /+ B1.'G(+ 71(1B8H

*('IJ+K L+) B8*4-/+) )-.* )-JM+.* J*'0')8+)6 .-*1BB+.* /1.) 0+ /-B1'.+ /+ 01

N12'0'*8 /+) B1*8('1JCK O-J( 1770'IJ+( ,+**+ 7(-,8/J(+6 01 OP /+ X /-'* Q*(+

A1J))'+..+6 ,+.*(8+ +* (8/J'*+K %' ,+ .F+)* 71) 0+ ,1)6 J.+ *(1.)D-(B1*'-. /+)

+.*(8+) &*(1.)D-(B1*'-. /+ "-)+.201**6 /+ R1*1DKKK5 )F1MG(+ .8,+))1'(+K R-J) )J7H

7-)+(-.) 71( 01 )J'*+ IJ+ X +)* J.+ /+.)'*8 A1J))'+..+6 ,+.*(8+ +* (8/J'*+K S+)

B8*4-/+)  !"#$%!"# 'B7-)+.*6 +. 7(+B'+( 0'+J6 /+ /8*+(B'.+( 0+ 7-'.* /+

/8D1'001.,+ 0+ 70J) 7(-2120+ /1.) 0F+)71,+ /+) +.*(8+)K L+01 ,-((+)7-./ 1J 7-'.*

/+ 01 )J(D1,+ 0'B'*+ /+ /8D1'001.,+ S − φ(X) = 0 /1.) 0F+)71,+ /+) +.*(8+)6 131.*
J.+ /')*1.,+ B'.'B10+ 1M+, 0F-('A'.+K L+ 7-'.* .-BB8 β +)* /-., /8N.' 71( T

β = argmin
x

|| X || &:K::5

)-J) 01 ,-.*(1'.*+ S − φ(X) = 0 +* -E || . || ,-((+)7-./ U 01 .-(B+ +J,0'/'+..+K
O0J)'+J() 10A-('*4B+) /F+)*'B1*'-. /+ β -.* .-*1BB+.* 8*8 7(-7-)8) /1.) 0+)

(8D8(+.,+) 9?<=6 9::;=6 9::>= +* 9;:=K

V0 D1J* +.N. 177(-,4+( 01 )J(D1,+ S − φ(X) = 0 1J 7-'.* /+ /8D1'001.,+ 0+ 70J)
7(-2120+ β U 0F1'/+ /FJ.+ /(-'*+ /1.) 0+ ,1) /+  !"# -J /FJ. 71(12-0-W/+ /1.)

0+ ,1) /+ %!"#6 *+0 IJ+ /8,('* /1.) 0F1(*,',0+ 9::=K S1 7(-212'0'*8 +)* 10-() +)*'B8+

/1.) 0+ ,1) /+  !"# 71( T

P̂
FORM = Ω(− || β ||) &:K:<5

-E Ω +)* 01 D-.,*'-. /+ (871(*'*'-. /FJ.+ OP A1J))'+..+6 ,+.*(8+ +* (8/J'*+K

S+) B8*4-/+)  !"#$%!"# (+IJ'G(+.* J. 2J/A+* N /+ )'BJ01*'-.) 7+J 'BH

7-(*1.* 7-J( -2*+.'( /+) (8)J0*1*) )1*')D1')1.*)K R81.B-'.)6 0+) /'X8(+.*+) 43H

7-*4G)+) /+  !"#$%!"# (+./+.* ,+00+)H,' 7+J (-2J)*+) 1JC .-.H0'.81('*8) /+

01 D-.,*'-. φ 1'.)' IJ+ /1.) 0+) ,1) -E 0+) +.*(8+) /+ 01 D-.,*'-. φ -.* J.+ D-(*+

/'B+.)'-.K P+ 70J)6 0+) ,1(1,*8(')*'IJ+) /+ hopt 7+JM+.* 8A10+B+.* '.YJ+.,+( 01

7(8,')'-. /+ 0F+)*'B1*'-. /-..8+ 71(  !"#$%!"#K

&'() *+,-.'(/

SF'/8+ )-J)HZ1,+.*+ /+ 0F8,41.*'00-..1A+ /+ 0'A.+) -J 0'.+ )1B70'.A &S%56 /8H

,('*+ /1.) 0+) 1(*',0+) 9[\=6 9@]= +* 9:^:=6 +)* /FJ*'0')+( /+) 0'A.+) 70J*_* IJFJ.

8,41.*'00-..1A+ 1081*-'(+ 7-J( +)*'B+( 0+) +.*(8+) X IJ' 12-J*'))+.* U φ(X) > SK

P+ B1.'G(+ 8IJ'M10+.*+ U  !"#$%!"#6 7-J( 1770'IJ+( ,+**+ 7(-,8/J(+6 01
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 ! "#$%&$'("$ A1(X
−1) $&) *+,%- &./ R $) *+0$%* *$ X−1 = (X2, X3, ..., Xd)1

2$& $%&$'("$& &-'-"3-/$& 4 A1 0$.5$%) 6)/$ *+,%-& 03/ /300 /) 4 %#-'0 /)$ 7.$""$
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∫
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=

∫
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)- % φ 3,% *$ /+*.-/$ "$ % '(/$ *#300$"& 4 φ1 O% @/3%* % '(/$ *$ '+)= *$&
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7.$" 8 .0"$ *$ '+)= *$& ' *+"-&3)- % /+*.-)$ $) +8=3%)-"" %%3@$ $&) 3*30)+ 3.

0/ ("?'$ 8 %&-*+/+1
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 ! "#$%%$ $&' %( )*+$,&*-, )# ./-0%1+$ 2 3* d > 104 %( +5'6-)$ *+.-/'(,7$

&.%*''*,8 $' %( +5'6-)$ *+.-/'(,7$ &(+.%*,8 -.'*+*&5$ .(/ 7/-&&9$,'/-.:4

/5&*&'$,' &-#;$,' +*$#< (#< =-/'$& )*+$,&*-,&! >-#/ )$& =(*0%$& )*+$,&*-,&4

'-#'$& %$& '$76,*?#$& &-,' ()(.'5$&!

@! "#$% $&' %$ 0#)8$' N )$ &*+#%('*-,& )*&.-,*0%$ 2 3* N > 10004 %$& +5'6-)$&
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$# +!" +0%,,2! 3$2 )% +$"'*#( hi+1F +$"'*#( %&/*)*%*2$ !,#*4%)$ +$ #*2%1$ ,!&2 )$

'$&*) Si+1 > Si> G" *#(2%"#  $ ,2! $''&' H&'@&0C  $ @&$ )$ '$&*)  !&2%"# +(,%''$

SF )0%)1!2*#34$ %-!&#*# C )0$'#*4%#*!" +$ )% +$"'*#( %&/*)*%*2$ !,#*4%)$ +$ #*2%1$

,!&2 )$ '$&*) S $# C )0$'#*4%#*!" +$ P> ?% +(D"*#*!" +$' '$&*)' Si '0$I$ #&$ C

)0%*+$ +$ ρA@&%"#*)$' +$' ( 3%"#*))!"'  !&2%"#'> ?$' +(#%*)' +$ )0%)1!2*#34$ '!"#

+( 2*#' +%"' )$' (#%,$' '&*9%"#$'> J!&2 +$' 2%*'!"' +$ '*4,)* *#(F )0%)1!2*#34$ $'#

,2('$"#( ,!&2 &" $'#*4%#$&2 C "!B%&/ 1%&''*$"' 4%*' +0%&#2$' #B,$' +$ "!B%&/

,$&9$"# K#2$  !"'*+(2('>

;> 8!*# k = 1 $# ρ ∈ [0, 1]

L> M("(2$2 )$' ( 3%"#*))!"' X
(k)
1 , ...,X

(k)
N '$)!" )% JNO hk−1 $# %,,)*@&$2 )%

P!" #*!" φ ,!&2 +(#$24*"$2 Y
(k)
1 = φ(X

(k)
1 ), ..., Y

(k)
N = φ(X

(k)
N )

Q> G'#*4$2 )$ ρA@&%"#*)$ $4,*2*@&$ qk = min(S, Y
(k)
⌊ρN⌋)

R> G'#*4$2 Ik =
1
kN

∑k

j=1

∑N

i=1 1φ(X
(j)
i )≥qk

h0(X
(j)
i )

hj−1(X
(j)
i )

S> T$##2$ C H!&2 )0$'#*4%#$&2 C "!B%&/ +$ +$"'*#( ,%2 U

hk(X) =
1

kNIk det (Bk)

k∑

j=1

N∑

i=1

wj(X
(j)
i )Kd

(
B−1

k

(
X−X

(j)
i

))
VL>;.

!W Kd $'# &"$ JNO 1%&''*$""$ +$ +*4$"'*!" d %9$ &"$ 4!B$""$ "&))$ $#

+$ 4%#2* $ +$  !9%2*%" $ *+$"#*#(> ?$ #$24$ Bk = diag(b1k, ..., b
d
k) $'# &"$

4%#2* $ +*%1!"%)$ +!"# )$'  !$X *$"#' ,$&9$"# K#2$ !,#*4*'(' ,%2 )$  2*#Y2$

6T78G V6'B4,#!#* T$%" 7"#$12%#$+ 8@&%2$ G22!2. #$) @&$ +( 2*# +%"' )$'

2(P(2$" $' :;QR= $# :RZ=> ?$' ,!*+' wj '!"# +(D"*' ,%2 wj = 1φ≥qk
h0

hj−1
>

Z> 8* qk < SF k ← k + 1F 2$#!&2 C )0(#%,$ L +$ )0%)1!2*#34$>

[> G'#*4$2 )% ,2!-%-*)*#( 2$ 3$2 3($ P̂
NAIS = 1

N

N∑

i=1

1
φ(X

(k)
i )>S

h0(X
(k)
i )

hk−1(X
(k)
i )

?0%,,2! 3$ @&$ "!&' %9!"' ,2!,!'($ ,$24$# +!" +0(#$"+2$ )0%,,)* %-*)*#( +$

)0%)1!2*#34$ +( 2*# +%"' )$' %2#* )$' :;RQ= $# :;<\=> ?% 9%)$&2 ρ $'# D/($ ,%2 )0&#*A

)*'%#$&2 $# *"]&$" $ )% 9*#$''$ +$  !"9$21$" $ +$ )0%)1!2*#34$> J!'$2 ρ = 0.9 $'#

'!&9$"# &"  3!*/ ,$2#*"$"# #$) @&$  $)% $'# ,2('$"#( +%"' )0%2#* )$ :^S=F !W &"$

9$2'*!" +$ )0%)1!2*#34$ %+%,#($ C )0$'#*4%#*!" +$ @&%"#*)$ $'# (1%)$4$"# ,2!,!A

'($> ?% D1&2$ L>; ,2('$"#$ )0$'#*4%#*!" +0&" (1−10−5)A@&%"#*)$ +%"' )$  %' '*4,)$

!W X $'# &"$ +$"'*#( 1%&''*$""$F  $"#2($ $# 2(+&*#$F +$ +*4$"'*!" 1> N$ "!4A

-2$&/ 2('&)#%#' +$ '*4&)%#*!"' '!"# %"%)B'(' +%"' )% 2(P(2$" $ :^S=F %*"'* @&$ +$'

 %' +$ '*4&)%#*!"' %,,)* %#*P' ,)&'  !4,)$/$' $# +$'  !4,%2%*'!"' %9$ +0%&#2$'

4(#3!+$' +0$'#*4%#*!">

Q\
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 !"#$%  !" # $%&'()* +% )(,-.% hi +% /0-/.1,()23% 4567 819, /0%')(3-)(1& +09&

(1− 10−5):;9-&)(/% +09&% +%&'()* .-9''(%&&%< =%&),*% %) ,*+9()%< +% +(3%&'(1& 1!

 !" #$% &'% ()*+'% &' +),'$-. &' &'+%)/0

>0-/.1,()23% 4567 ;9% &19' -?1&' 8,181'* +-&' /- '%=)(1& 8,*=*+%&)% - *.-/%:

3%&) *)* -+-8)* -9 =-' +% /0%')(3-)(1& +% /(.&%' +% &(?%-9@ +% +%&'()* AB(&(393

C1/93% 7%) %& -&./-('D +-&' /% =-+,% +% /0-,)(=/% E"F"G! H& %I%)< /1,';9% /- '1,)(% Y

+% /- J1&=)(1& φ %') 39/)(+(3%&'(1&&%//%< (/ %') (&)*,%''-&) +% =-,-=)*,('%, =%//%:=(

8-, +%' /(.&%' +% &(?%-9@! K% =-' +% L.9,% %') &1)-33%&) 8,*'%&) +-&' 9& =1+%

+% =-/=9/ +% ,%)13M*% +0*)-.%' +% /-&=%9,' '8-)(-9@ +*?%/188* N /0O4HP5! >-

81'()(1& +% ,%)13M*% %') -/1,' +*L&(% 8-, 2 =11,+1&&*%'! >- 8,1M/*3-)(;9% +% /-

=-,-=)*,('-)(1& +%' /(.&%' +% &(?%-9 819, /%' *?Q&%3%&)' ,-,%' %') %& J-() -''%R

8%9 ),-()*% +% 3-&(Q,% .*&*,-/%! >%' 8-,-.,-82%' '9(?-&)' ,*'93%&) /0-88,1=2%

;9% &19' -?1&' 3('% %& 8/-=%!

 !"!# $%&'()(*'

>- /(.&% +% &(?%-9 t +*L&(% 8-, L(t) (''9% +09&% ?-,(-M/% 39/)(+(3%&'(1&&%//%

Y ∈ R
r
< +% S$T g< %') +1&&*% 8-, /0*;9-)(1& '9(?-&)% U

L(t) = {y ∈ R
r : g(y) ≥ t} A ! D

819, t ≥ 0! >- J1&=)(1& +% +('),(M9)(1& +%' /(.&%' +% &(?%-9@ +% g %') =-,-=)*,('*%

8-, 9&% -88/(=-)(1& ǫ -?%= /%' 8,1M-M(/()*' )%//%' ;9% U

ǫ : [0, sup g] → [0, 1]

t →
∫

L(t)

g(y)dy = P (y ∈ L(t)) = α

5(&'(< /- /(.&% +% &(?%-9 L(t) =1,,%'81&+-&) -9 &(?%-9 t +% /- +%&'()* g %') /-

,*.(1& +% '9,J-=% 3(&(3-/% +% 8,1M-M(/()* α! K%,)-(&%' =1&+()(1&' +% ,*.9/-,()*

'1&) )19) +% 3V3% &*=%''-(,%' %) +*=,()%' +-&' /%' -,)(=/%' E""FG %) E""WG! H&

8,-)(;9%< /01MX%=)(J %') +0%')(3%,< 819, 9&% ?-/%9, +% 8,1M-M(/()* α< /- /(.&% +%

&(?%-9 L(t) -''1=(*%! >09)(/('-)(1& +% /0-/.1,()23% 4567 +%?(%&) +1&= (&)*,%''-&)%

/1,';9% α 8,%&+ +%' ?-/%9,' 8,1=2%' +% 1!

YZ
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 !"#$% #$# % &'()* ()+, -. /)0,.' -. ,)1. 2 3+24 2, 5+-. -. 5 /52/ -. 4.(+*"6.

7 /8 )-. -. 104 ')*2/ ()+,' 9:;<  ! .( -. 106 ')*2/ ()+,' =+,(. > 4/+ "!? 3+24

-)@64.,(.' 1 /.24' -. 34+" ")/)(6' α Aα = 0.95 ., "/.2? α = 0.99 ., 1.4(? α =
0.999 ., 4+20. .( α = 0.99999 ., (24B2+)'.!$

 !"! #$%&'%()

C, .'()* (.24 t̂ -)( D3/20E),D -. t? 3+24 .'()*.4 2,. /)0,. -. ,)1. 2 L(t) -.
34+" ")/)(6 α? .'( -6F,) 3 4 /. αEB2 ,()/. -. / 1 4) "/.  /6 (+)4. g(φ(X))$ G 
-.,')(6 g .'( ),5+,,2. * )' .//. 3.2( H(4.  334+5I6. 3 4 2, .'()* (.24 7 ,+J 2K

-. -.,')(6$ G+4'B2. / 34+" ")/)(6 α ,8.'( 3 ' 4 4.? /.' *6(I+-.' =+,(.E> 4/+

'+,( .L5 5.'$ ;/ '2L(  /+4' -. 06,64.4 -.' 65I ,()//+,' φ(Xi)? i = 1, ..., N ? .(

-8.'()*.4 / -.,')(6 7 ,+J 2K ĝ -. 5.' 65I ,()//+,'$ G8.'()* (.24 t̂ -. / /)0,. -.

,)1. 2 L(t) -. 34+" ")/)(6 α .'(  /+4' -6F,) 3 4 /. αEB2 ,()/. -.' 65I ,()//+,'

ĝ(φ(Xi))? i = 1, ..., N $ >.( .'()* (.24 ,8.'( 3 ' F "/. /+4'B2. / 34+" ")/)(6 α .'(

M )"/.$ 9+2'  1+,' 34+3+'6 - ,' /8 4()5/. NOPOQ -8 - 3(.4 / 34+56-24. -654)(. 7

/ '.5()+, #$#  F, -8+"(.,)4 2, .'()* (.24 .L5 5. -. L(t)  1.5 2, ,+*"4. /)*)(6

-865I ,()//+,'$ C, .K.*3/. -8 33/)5 ()+, .'( -+,,6 - ,' / F024. #$# 3+24 2,

5+-. -. 5 /52/ -. 4.(+*"6. -86( 0.' -. / ,5.24' '3 () 2K$

 !" #$%&'$()*+$& ,$ %$(-$%(-$

G8 *6/)+4 ()+, 34+3+'6. 3.4*.( -82()/)'.4 /8 /0+4)(I*. 9:;< -. * ,)R4. .LE

5 5.$ 96 ,*+),'? 5.((.  334+5I. 3.2( H(4. 3.4M.5()+,,6.$ &, .@.(? /. 5 /52/  5(2./

-. / * (4)5. Bk -. /8.'()* (.24 7 ,+J 2K -. -.,')(6? 7 /8 )-. -2 54)(R4. :=;<&?

,8.'( 3 ' +3()* /$ C,. .K34.'')+, -. / 1 4) ,5. +3()* /. - ,' 5I B2. -)*.,E

')+, .'( -+,,6. - ,' /8 4()5/. NOSTQ? * )' ,8.'( 3 ' 5 /52/ "/. ., 34 ()B2.$ U.'

 334+5I.' -8+3()*)' ()+, 3 4 *6(4)B2. 3+244 ).,( -+,5  *6/)+4.4 /8.'()* ()+,

-. / 1 4) ,5. * )' )/ M 2-4 )( 164)F.4 ') /. 0 ), ., * ()R4. -. 3465)')+, -8.'()* E

()+,? 3+24 / 34+" ")/)(6 4.5I.45I6. .'( '2L' ,( 3 4 4 33+4( 7 /8 20*.,( ()+, -.

/ 5+*3/.K)(6 -. 5 /52/$

G8 /0+4)(I*. 9:;< .'( .''.,().//.*.,(  33/)5 "/. 7 -.' 5 ' -. M )"/.' -)*.,')+,'

Ad < 10!$ C,. 465.,(.  334+5I.? -654)(. - ,' / 46M64.,5. NOPVQ? *H/ ,( 9:;<

.( *6(I+-. -. B2 ') =+,(.E> 4/+? 3.4*.( /865I ,()//+,, 0. 2,)B2.*.,( - ,' 2,

'+2'E.'3 5. -. R
d
.(  *6/)+4. -+,5 /. (4 )(.*.,( -.' 5 ' 7 M+4(.' -)*.,')+,'$

SP



 !"! #$%&'$()*+$& ,$ %$(-$%(-$

 !""! #$$%&'(! $&)%%#*" +"%! #,-.*&%-! !/ .# '&)$.#/" 0 )/! #/#.12! 3! 2!/2*4*5

.*"-6 7/ !8!"9 .!2 :#%*#4.!2 .!2 $.)2 */;)!/"!29 3! ,#/*<%! =.&4#.!9 2)% .# 2&%"*!

3) '&3! 3! '#.'). /! .! 2&/" $#2 "&)>&)%2 3#/2 .# ?&/! 3! @&/'"*&//!,!/" 3!

.A-:</!,!/" %#%! 3A*/"-%+"6

B#/2 .! '#2 &C .# @&/'"*&/ φ !2" "%<2 '&D"!)2! !/ "!,$2 3! '#.').9 .A)"*.*2#"*&/ 3!2

"!'(/*E)!2 3! ,-"#,&3<.! '&)$.-!2 #:!' .A!2"*,#"*&/ $#% *,$&%"#/'! 2#,$.*/=

$!)" 2A#:-%!% "%<2 */"-%!22#/"!6 F/ #%"*'.! &C >! 2)*2 '&#)"!)% :*!/" 3A+"%! #''!$"-

2)% '!""! "(-,#"*E)! 3#/2 .# %!:)! 0 '&,*"- 3! .!'")%! G"%)'")%#. G#@!"1 HIJ K:&*%

#%"*'.! I 3! .# L#%"*! MMM '&/"!/#/" )/! 2-.!'"*&/ 3! $)4.*'#"*&/2N6 O! /&,4%!

3A-'(#/"*..&/2 3! .# @&/'"*&/ φ %-!..!,!/" -:#.)-2 !2" #.&%2 @&%"!,!/" 3*,*/)-

3A)/ @#'"!)% #..#/" 3! P 0 QR9 2#/2 3-=%#3#"*&/ 3! .# E)#.*"- 3A!2"*,#"*&/6  !"

#%"*'.! $%&$&2! -=#.!,!/" $.)2*!)%2 *//&:#"*&/26 7/ !8!"9 .! '&)$.#=! *,$&%"#/'!

2#,$.*/= !" S%*=!#=! # -"- %-#.*2- $&)% .A#.=&%*"(,! TUMG ,#*2 -=#.!,!/" $&)%

.A#.=&%*"(,! 3A*,$&%"#/'! 2#,$.*/= &$"*,*2- $#% '%&225!/"%&$19 $&)% 3!2 $%&4#5

4*.*"-2 */@-%*!)%!2 0 10−3
6 B! $.)29 0 .A#*3! 3!2 $%&$%*-"-2 2"#"*2"*E)!2 3) S%*=!#=!9

)/ */"!%:#..! 3! '&/V#/'! 2)% .# $%&4#4*.*"- !2"*,-! # -"- 3-"!%,*/-6 7/V/9 .#

'#%#'"-%*2#"*&/ 3! .# $#%" 3A!%%!)% 3)! #) ,-"#,&3<.!9 $%-2!/"! 3#/2 .A!%%!)% */5

(-%!/"! 0 .A!2"*,#"*&/ 3A)/! $%&4#4*.*"-9 # -=#.!,!/" -"- #$$%&'(-!6  !2 %-2)."#"2

$%&,!""!)%2 3&*:!/" +"%! '&/V%,-2 2)% 3!2 '#2 '&,$.!W!2 0 @&%"! 3*,!/2*&/6
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 !"#$%&' (

 )*%&$+,%$)*- ", ./0'1)##'2'*% .'

1" 2/%!).' .3$2#)&%"*4' -#1$%%$*5

 !" #$%&'()*%+'$

 !" #!$%&'()!" *! "+,'##'&- .&# /#/ */0!,.++/!" *1&" ,!" 1&&/!" 23 !& +%4"'()!

!# */$5'#!" *1&" ,615#'$,! 789:; !# $.&&1'""!&# )& 0/5'#1<,! !"".5 = ,6%!)5! 1$#)!,,!;

$.>>! ,! >.&#5!&# ,!" 5/?/5!&$!" 79@:; 79:; 7A:; 7@2:; 7BB:; 7BC: !# 7@A:D E!,,!"F$' ".&#

#5G" !H$1$!" +.)5 !"#'>!5 *!" +5.<1<','#/" *6/0G&!>!&#" 515!" ")5 *!" ?.&$#'.&"

φ &.& ,'&/1'5!" !# = ?.5#! *'>!&"'.&; $! ()' !"# )& 1#.)# !& +51#'()! +15 51++.5#

1)I >/#%.*!" *6'>+.5#1&$! "1>+,'&-D J/1&>.'&"; ,.5"()! ,6.& 1++,'()! ,1 >/F

#%.*! *6'>+.5#1&$! "+,'##'&-; ,! &.><5! *! "'>),1#'.&" &/$!""1'5!" +.)5 .<#!&'5

)&! !"#'>1#'.& K1<,! +!)# "610/5!5 5/*%'<'#.'5!D E6!"# +.)5().' ,! $.)+,1-! *!"

#!$%&'()!" *! "+,'##'&- 10!$ *!" >.*G,!" 5/*)'#" !"# )&! 1++5.$%! ()' !"# *! +,)"

!& +,)" /#)*'/!D

 ! "+,'##'&- +!)# /-1,!>!&# "610/5!5 $.>+,!I! = 5/-,!5 *1&" *!" $1" 5/1,'"#!"D

 1 >'"! !& +,1$! *6)&! 1++5.$%! = <1"! *! >/#1>.*G,! 1K& *! */#!5>'&!5 *!"

5/-,1-!" !H$1$!" *) +151>/#51-! *) "+,'##'&- !"# 1$#)!,,!>!&# !& $.)5" *! 5/0'F

"'.& L5/0'"'.& >'&!)5!M *1&" )&! 5!0)! = $.>'#/ *! ,!$#)5!D E!# 1,-.5'#%>! !"#

+5/"!&#/ = ,1 ")'#! *! $!##! "!$#'.&D N, $.&"'"#! !& ,6.+#'>'"1#'.& *!" +151>G#5!"

*) "+,'##'&- L&'0!1) *! ()1&#',!; #1',,! *! ,6/$%1&#',,.&;DDDM 1K& *! >'&'>'"!5 ,1

015'1&$! *! ,6!"#'>1#!)5 *! +5.<1<','#/; = ,61'*! *! O5'-!1-!D E!" 5/"),#1#" +!5F

>!##!&# *! +5.+."!5 )&! 5!$.>>1&*1#'.& *! 5/-,1-! 1*1+#/ = )& $1" -/&/51, *!

"'>),1#'.&D

P1&" ,! $1*5! *! #5.'" $.,,1<.51#'.&"; !& '&#!5&!; 10!$ *!" .5-1&'">!" /#1#'()!" .)

*!" !&#5!+5'"!"; ,! "+,'##'&- 1 !&K& +!5>'" *! 5/+.&*5! 1)I ()!"#'.&" *! "/$)5'#/

!# *! K1<','#/ ()' "6/#1'!&# +5/"!&#/!"D Q! *5!""!51' *.&$ )& <',1& *! $!" 1$#'0'#/"

>/,1&# = ,1 ?.'" 5!$%!5$%! !# 1++,'$1#'.& ()' .&# 1<.)#' 1)I #5.'" +)<,'$1#'.&"

")'01&#!" R 7SB:; 7@@9: !# 7@39:D

A9



 !"! #$%&'%( )( &*(+,-.',(/0 )*-.120,'34( +1&-,,-3%

 !" #$%&'%( )( &*(+,-.',(/0 )*-.120,'34( +1&-,5

,-3%

 !"!# $%&'(%)*+,+-.*

 ! "#$%&$"! '( )"*$++$%, - .+. '.&#$+ #-"$'!/!%+ '-%) *- )!&+$0% 123212 4-%)

*! &-) 05 X )($+ (%! '!%)$+. '! "#06-6$*$+. ,-())$!%%!7 *8-*,0#$+9/! '! )"*$++$%,

-'-"+-+$: "#.)!%+. '-%) *- #.:.#!%&! ;3<= "!(+ )! #.)(/!# '! *- /-%$>#! )($?-%+!

-@% '8!)+$/!# P (φ(X) > S) = P (X ∈ A) -?!& (% 6(',!+ '! )$/(*-+$0%) /-A$B
/(/ Nmax C

1) D0$!%+ k = 07 j = 0 !+ Nused = 0 *! 6(',!+ '! )$/(*-+$0%) (+$*$).!)2

4.@%$# *!) ?-*!(#) '( %0/6#! '8.&9-%+$**0%) N 7 '( E(-%+$*! β7 '! *- :0#&!

'8-,$+-+$0% ζ !+ '( %0/6#! '8-""*$&-+$0%) '( %0F-( Napp2

2) G.%.#!# N .&9-%+$**0%) X
(0)
1 , ...,X

(0)
N '! h07 "($) *!) .&9-%+$**0%) &0##!)"0%B

'-%+) φ(X
(0)
1 ), ..., φ(X

(0)
N )2  ! "-#-/>+#! Nused !)+ /$) H I0(# '! *- /-%$>#!

)($?-%+! Nused = Nused +N 2

3) J)+$/!# *! βBE(-%+$*! q(0) '! φ(X
(0)
1 ), ..., φ(X

(0)
N )2

4) K-%+ E(! q(k) < S !+ Nused < Nmax C

a) L!/"*-&!# *!) )$/(*-+$0%)7 +!**!) E(! {X(k)
i | φ(X(k)

i ) < q(k)} "-# '!)
.&9-%+$**0%) (%$:0#/./!%+ &90$)$) -?!& #!"*-&!/!%+ "-#/$ {X(k)

i | φ(X(k)
i ) >

q(k)}7 "($) %0//!# &!) %0(?!-(A .&9-%+$**0%) Z0
1, ...,Z

0
N

b) M0(# j = 1 H Napp7 !)+$/!# *!) .&9-%+$**0%) Z
j
1, ...,Z

j
N -?!& C

Zj =

{
Zj−1+ζN (0d,Id)√

1+ζ2
)$ φ(Z

j−1+ζN (0d,Id)√
1+ζ2

) > q(k)

Zj−1
)$%0%

c) M0)!# X
(k+1)
l = Z

Napp

l ∀l = 1, ..., N !+ !)+$/!# *! βBE(-%+$*! q(k+1)
'!

φ(X
(k+1)
1 ), ..., φ(X

(k+1)
N )

d) M0)!# k = k + 1 !+ /!++#! H I0(# *- ?-*!(# Nused -?!& Nused = Nused +
N ×Napp

5) J)+$/!# *- "#06-6$*$+. #!&9!#&9.! -?!& C

P̂
AST = (1− β)k × 1

Nmax −Nused

Nmax−Nused∑

i=1

1
φ(X

(k)
i )>S

D$ *! 6(',!+ '! )$/(*-+$0%) !)+ -++!$%+ -?-%+ E(! q(k) < S7 0% &0%)$'>#! E(! *!

)"*$++$%, .&90(! '-%) *8!)+$/-+$0% '! *- "#06-6$*$+.2

 !"!" $%&,/+ 0)1 /2.-3 0) &,4,%(+4,5) 0,*1 '6)7/,/-+( 0)

'6-%&.4+,*/) 1&'-++-*5

N0//! %0() *8-?0%) ?( '-%) *- )!&+$0% "#.&.'!%+!7 "*()$!(#) "-#-/>+#!)

'0$?!%+ O+#! #.,*.) "-# *8(+$*$)-+!(# "0(# (% #.)(*+-+ '! )$/(*-+$0% "!#+$%!%+ C

•  ! "#$%&! '()*+,"-.  #"/ N 0

 !) E(-%+$*!) q(k) )0%+ !% !P!+ /$!(A !)+$/.) )$7 H &9-E(! $+.#-+$0%7 *!

%0/6#! '8.&9-%+$**0%) N !)+ $/"0#+-%+7 /-$) (%! +#0" ,#-%'! ?-*!(# '! N

#.'($+ *! %0/6#! '8.+-"!) $%+!#/.'$-$#!) "0))$6*!) !+ -(,/!%+! *! 6(',!+

'! )$/(*-+$0%) %.&!))-$#!2
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 !"! #$%&'%( )( &*(+,-.',(/0 )*-.120,'34( +1&-,,-3%

•  ! "#$%&' ! β(

 ! "# $#"%&' (% β %)* *'+, -#!."%/ "# 0+1$%'2%10% (& ),"!**!12 ,%&* 1% ,#)

3*'% #**%!1*% #$#1* "45,&!)%6%1* (& .&(2%* (% )!6&"#*!+1)7 8 "4!1$%')%/ )!

"# $#"%&' (% β %)* *'+, -+'*%/ "%) 9&#1*!"%) q(k) )%'+1* 6#" %)*!65) ,+&' &1

1+6.'% N (450:#1*!""+1) (+1157

•  $ )*+,! -.$/'&$&'*% -# %*0$# ζ(

 ! "% 1+6.'% (% *'#1)!*!+1) '%-&)5%) %)* !6,+'*#1*/ 0%"# )!21!;% 9&% "% ,#<

'#6=*'% ζ # &1% $#"%&' *'+, -+'*% %* !1$%')%6%1*7

• 1! %*23+! -.$44 ',$&'*% -# %*0$# Napp(

 ! Napp %)* *'+, -#!."%/ "%) 50:#1*!""+1) )+1* (5,%1(#1*) %* "4%)*!6#*!+1 ,#'

),"!**!12 ,%&* 3*'% .!#!)57 >#1) "% 0#) 0+1*'#!'%/ (% 1+&$%#&? 50:#1*!""+1)

)+1* 2515'5)/ 636% )! "%) 50:#1*!""+1) )+1* (5@A !1(5,%1(#1*)/ 0% 9&! 14#65<

"!+'% ,#) "4%)*!6#*!+17

B% 0+6,'+6!) %1*'% 0%) (!C5'%1*) ,#'#6=*'%) %)* 0+6,"%?% A *'+&$%' 636% (#1)

(%) 0#) )!6,"%)7

 !"! #$$%&'() $%&$&*+)

D+1)!(5'+1) "# )!6&"#*!+1 1&65'!9&% (4&1 0#) *%)* '%,'5)%1*#*!- )&' "%9&%" +1

0:%'0:% A '52"%' "%) *%0:1!9&%) (% ),"!**!12 #(#,*#*!-7 E1% -+10*!+1 .+F*% 1+!'%

,%&* #!1)! 3*'% (5;1!%7 B%) ,#'#6=*'%) α = [N, β, ζ,Napp] )+1* "%) %1*'5%) (%

0%""%<0! %* "# )+'*!% 0+''%),+1(#1*% %)* &1 !1(!0% (% ,%'-+'6#10% )0#"#!'% s7 >#1)

"% 0#) (& ),"!**!12/ s %)* "4%''%&' '%"#*!$% (% "# ,'+.#.!"!*5 (4%)*!6#*!+17 B%) ,#<

'#6=*'%) α )+1* )&,,+)5) #,,#'*%1!' A &1 %1)%6."% .+'15 F7 B% ,'+."=6% (%

'52"#2% +,*!6#" ,%&* 3*'% -+'6#"!)5 (% "# 6#1!='% )&!$#1*% G

α̂ = argmin
α∈F

s(α). HI7JK

D% ,'+."=6% %)* 0+6,"%?% 0#' "# )%&"% !1-+'6#*!+1 (!),+1!."% %)* "# $#"%&' (%

"# ,%'-+'6#10% +.*%1&% %1 0%'*#!1%) $#"%&') (% α7 B# 65*:+(+"+2!% ,'+,+)5%

&*!"!)% "% 6+(="% (% L'!2%#2% #;1 (4#,,'+?!6%' "# -+10*!+1 !10+11&% '%"!#1* "%)

,#'#6=*'%) α %* "% 0'!*='% (% ,%'-+'6#10% s(·)7 B# ,'+05(&'% MNO HMP0!%1*

N"+.#" O,*!6!Q#*!+1K (50'!*% (#1) "# '5-5'%10% RSTU/ %)* %1)&!*% %6,"+V5% ,+&'

%?,"+'%' "4%),#0% (%) ,#'#6=*'%) 9&! ,+&''#!* #.+&*!' A &1 6%!""%&' 0'!*='% (%

,%'-+'6#10%)/ 04%)*<A<(!'% A &1% ,"&) -#!."% %''%&' '%"#*!$% %* (+10 A &1 6%!""%&'

'52"#2% (% α7

B# )*'#*52!% %)* (+10 "# )&!$#1*%7  +!* m &1 1+6.'% (% $#"%&') (% ,#'#6=*'%)

α/ ,+&' "%)9&%""%) "4%''%&' '%"#*!$% (& ),"!**!12 %)* 0+11&%7 D%* %1)%6."% %)* 1+*5

Am = {α1, ..., αm}7 B%) %''%&') '%"#*!$%) 0+''%),+1(#1*%) )+1* #))%6."5%) (#1) "%
$%0*%&' (% (!6%1)!+1 m/ sm = [s(α1), ..., s(αm)]

T
7 M1 )% .#)#1* )&' 0%**% 0+11#!)<

)#10% !1!*!#"%/ "% L'!2%#2%/ (5;1! (#1) "# '5-5'%10% RWSU/ ,%'6%* (% 0+1)*'&!'% &1

6+(="% #,,'+0:5 Ŝ (% "# -+10*!+1 .+F*% 1+!'%/ '%"!#1* α %* s/ %1 "# 6+(5"!)#1* ,#'

&1 ,'+0%))&) 2#&))!%1 S(·)7 E1 (%) #$#1*#2%) (& L'!2%#2% %)* )# 0#,#0!*5 A %)*!6%'
"450#'*<*V,% σ̂ (% "4%''%&' (% ,'5(!0*!+1/ 04%)*<A<(!'% "% 1!$%#& (% 0+1;#10% "!5 A Ŝ7

B%) #"2+'!*:6%) (4+,*!6!)#*!+1 .#)5) )&' "% L'!2%#2% ,%'6%**%1* (4#.+&*!' A &1

0+6,'+6!) %1*'% '%0:%'0:% "+0#"% H,'=) (% "4+,*!6&6K %* '%0:%'0:% 2"+.#"% H,+<

)!*!+1 (#1) "4%),#0% (%) ,#'#6=*'%) +X "4!10%'*!*&(% (& 6+(="% '5(&!* %)* -+'*%K/

0+66% 0%"# %)* ,'+,+)5 (#1) "4#'*!0"% RSYU7 E1% (% 0%) )*'#*52!%) %)* "# ,'+05<
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 !"! #$%&'%( )( &*(+,-.',(/0 )*-.120,'34( +1&-,,-3%

 !"# $%&' (")()*+#  ,-* ., "+/+"#-0# 1234' 5!# .6)- (#!7  +0"8"#  # ., 9,-8:"#

*!8;,-7# <

=> $0?,-78..)--#" m ;,.#!"*  # (,",9:7"#* α' ()!" 0,.0!.#" Am #7 sm>

3> %+-+"#" .# 9) :.#  # @"8A#,A# ,**)08+ Am #7 sm>

B> C+7#"98-#" smmin = min
i=1,...,m

{s(αi)}>

D> $*789#" α̂m+1 = argmax
α∈F

EI(α, smmin, Ŝ, σ̂)>

E> FG)!7#" α̂m+1 H Am #7 s (αm+1) H sm>

2> I8 m > mmax' "#7)!"-#" s
m
min 0)99# +7,-7 ., *).!78)- )(789,.#>

I8-)-' "#7)!" H .6+7,(# 3 ,;#0 m← m+ 1>

J# ("8-08(# A+-+",.  # 0#7 ,.A)"87?9# 87+",78/ #*7  # "#9(.,0#" .# (")K.:9#  6)(78L

98*,78)-  8M08.# H "+*)! "#  8"#07#9#-7 NB>=O' (," !-# )(7898*,78)- "+(+7+# ,;#0

!-# /)-078)- (.!* *89(.# -)99+#  !"#$%#& '(")*+#(#,% NEI' H .6+7,(# DO'  )-7

.6#P("#**8)- #*7  )--+# (," <

EI(α, smmin, Ŝ, σ̂) =
(
smmin − Ŝ(α)

)
Ω

(
smmin − Ŝ(α)

σ̂(α)

)

+ σ̂(α)ω

(
smmin − Ŝ(α)

σ̂(α)

)
, NB>3O

)Q ω #7 Ω *)-7 "#*(#078;#9#-7 .,  #-*87+  # (")K,K8.87+ #7 ., /)-078)-  # "+(,"78L

78)-  6!-# .)8 -)"9,.#> R#77# /)-078)- #*7 (#! 0)S7#!*# H +;,.!#" 0," #..# 89(.85!#

., ("+ 8078)-  ! @"8A#,A# #7 *, ;,"8,-0#> $..# (#!7  )-0 (.!* /,08.#9#-7 T7"# )(L

7898*+# H 0?,5!# +7,(#  # ., (")0+ !"# (," !- ,.A)"87?9# ,!P8.8,8"#> C,-* -)*

7#*7*' .6,.A)"87?9# CUV$RW' (")()*+  ,-* ., "+/+"#-0# 12=4' , +7+ !78.8*+> %"X0#

,! 0"87:"# EI' (.!*8#!"* ()*878)-* 0,- 8 ,7#*  # .6#*(,0#  #* (,",9:7"#* *)-7 ,8-*8

#P(.)"+#* #7 .6)(789!9  #* (#"/)"9,-0#* #*7 ,.)"*  +7#"98-+ ()!" .# 0,*  6,((.8L

0,78)- 0)-*8 +"+> J# 0"87:"#  6,""T7  # ., (")0+ !"# $%& #*7 mmax #7 0)""#*()- 

,! K! A#7 ,..)!+ ()!" .6+;,.!,78)-  # ., K)Y7# -)8"# "#.8,-7 (,",9:7"#* #7 0"87:"#

 # (#"/)"9,-0#*> C6,!7"#* 0"87:"#*  6,""T7 ,!",8#-7 (! T7"# !78.8*+* 0)99#  #*

*#!8.* *!" .#* ;,.#!"* *!00#**8;#*  ! 9,P89!9  # .6EI' H .6+7,(# D' 0)99# 0#.,

#*7 .# 0,*  ,-* .6,"780.# 1=BZ4>

 !"!# $%&'()*)&

[)!* ,;)-* 7#*7+ -)7"# ,((")0?# *!"  #* 0,* 7#*7* #7 +A,.#9#-7  #* 0) #*

 # *89!.,78)-> J# K! A#7 A.)K,.  # *89!.,78)-* , +7+ \P+ H 500000 +0?,-78..)-*

()!"  #* (")K,K8.87+* #*789+#* ;,"8,-7 #-7"# 10−4
#7 10−7

> J#* "+A.,A#* 5!8 (#"L

9#77#-7  6)K7#-8"  #* #*789,7#!"* #M0,0#*  # (")K,K8.87+ ,;#0 .# *(.8778-A *)-7

("+08*+*  ,-* .# 7,K.#,! B>=> R#* "+*!.7,7* "#0)!(#-7' (," #P#9(.#' .#* ("+0)-8*,L

78)-* ,;,-0+#*  ,-* .6,"780.# 13E4' *!" .# (,",9:7"#  # 5!,-78.#> J#* (,",9+7",A#*

*!8;,-7* (#!;#-7 ,8-*8 *#";8"  # K,*#  #  +(,"7 ,\-  # K+-+\08#"  6!-# !78.8*,78)-

*,78*/,8*,-7#  ! *(.8778-A' ()!"  #* /)-078)-* φ 7":*  8;#"*#*> &- (#!7 -+,-9)8-*

#-*!87# ,9+.8)"#" 0# (,",9+7",A#' ,! 0,* (," 0,*' ()!"  898-!#" .6#""#!" "#.,L

78;#  # 9,-8:"# )(789,.#' K8#- 5!# 0#., -# *)87 (,* 7)!G)!"* ()**8K.#  ,-*  #*

0,* 8- !*7"8#.*> ]- ,"780.# *!" 0#77# 7?+9,785!# #*7 ,07!#..#9#-7 "#.! ,(":* !-#

("#98:"# "+;8*8)-  ,-* ., "#;!# -#./01/./%2  ,3/,##)/,3 4 526%#( 507#%2>
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 ! ! "##$%&'(%)* +( ,-.+$)##+/+*( ,+0 (+&1*%23+0 ,+ 0#$%((%*4 #)35 $6'-5)0#'(%'$+ +( $' ,-7+*0+

 !"!#$%"&' N Napp α β

(&)*##!+,!%-*+' ./0112331114 ./254 .16/0216504 .1671216804

 !"#$ /63 9 (&)*##!+,!%-*+' ,& ":;<!;& ,= '><-%%-+;6

 ! "##$%&'(%)* +( ,-.+$)##+/+*( ,+0 (+&1*%23+0

,+ 0#$%((%*4 #)35 $6'-5)0#'(%'$+ +( $' ,-7+*0+

?! %&)@+-A=& ,& '><-%%-+; +*=' ! >&"#-' ,& ":>*+,"& B ,-C:"&+%&' A=&'%-*+'

#!D&="&' &+ %&"#& ,& ':)="-%: &% ,& E!F-<-%:2 >*':&' >!" ,&' *";!+-'#&' :%!%-A=&'

*= ,&' &+%"&>"-'&'6 G&' :%=,&' *+% !F*=%- !=H 3 !"%-)<&' .31/42 .IJ4 KL*-" !"%-)<& 5
,& <!  !"%-& MMM )*+%&+!+% =+& ':<&)%-*+ ,& >=F<-)!%-*+'N &% .33/42 ,*+% ,&=H '*+%

"!>-,&#&+% ":'=#:' ,!+' <&' '&)%-*+' '=-L!+%&'6

 ! !" #$%$&'(%)*$')+, -. /$ &+//)*)+, -(0%)*1*$'.//)'.

?& 31 O:L"-&" P11I2 =+ '!%&<<-%& !)%-O )*##&")-!< M"-,-=# &% =+ '!%&<<-%& "=''&

-+!)%-O '*+% &+%":' &+ )*<<-'-*+ F-&+ A=& <&=" )*+E;="!%-*+ +& '&#F<!-% >!' >"*Q

>-)& B =+ %&< :L$+&#&+%2 )*##& )&<! &'% &H><-A=: ,!+' <R!"%-)<& .7046 ?R-#>!)%

! +*%!##&+% :%: B <R*"-;-+& ,& <! >"*>!;!%-*+ ,& +*#F"&=H ,:F"-' ,*+% <! ><=Q

>!"% '*+% )!>!F<&' &% "-'A=&+% ,R&+,*##!;&" ,R!=%"&' '!%&<<-%&' &+ *"F-%&6 S+

)*<<!F*"!%-*+ !L&) <& GTSU2 +*=' +*=' '*##&' ,&#!+,:' )*##&+% !#:<-*"&"

<! >":)-'-*+ ,& <R&'%-#!%-*+ ,& <! >"*F!F-<-%: ,& )*<<-'-*+ &+%"& =+ ,:F"-' &% =+

'!%&<<-%&6 G&<! ! &+ >"!%-A=& ,&=H -+%:"V%' #!D&="'6 S+ &C&%2 <! ,-#-+=%-*+ ,&

<R-+)&"%-%=,& '=" <! >"*F!F-<-%: >&"#&% ,& ":,=-"& <& "-'A=& ,& )*<<-'-*+2 #!-' :;!Q

<&#&+% ,R!<<*+;&" <! ,=":& ,& L-& ,R=+ '!%&<<-%&2 &+ !++=<!+%2 >!" &H&#><&2 ,&'

#!+*&=L"&' ,R:L-%&#&+% ,& ,:F"-' A=- +& '&"!-&+% >!' +:)&''!-"&'6 ?R!>>"*)@&

A=& +*=' !L*+' >"*>*':& &'% F!':& '=" <& '><-%%-+;6

?R-+)&"%-%=,& '=" <! >*'-%-*+ -+-%-!<& ,R=+ *FD&% '>!%-!< &'% ,*++:& >!" =+&  WX

;!=''-&++& B 7 ,-#&+'-*+' K3 ,-#&+'-*+' >*=" <! >*'-%-*+ &% 3 ,-#&+'-*+' >*="
<! L-%&''&N6 ?! #*Y&++& ,& <! >*'-%-*+ -+-%-!<& &'% ,:)"-%& ,!+' <&' Z%[*Q<-+&' &<&Q

#&+%'Z O*="+-' >!" <& T\(]W KT*"%@ ]#&"-)!+ ]&"*'>!)& W&O&+'& G*##!+,N6

?! %"!D&)%*-"& ,& <R*FD&% &'% &+'=-%& >"*>!;:&2 '=" =+& )&"%!-+& ,=":&2 B <R!-,& ,&

<R*=%-< ,& >"*>!;!%-*+ ,& %"!D&)%*-"& ,R*FD&%' '>!%-!=H U^ 5 KU-#><-E&, ^&+&"!<

 &"%="F!%-*+'N2 ,:L&<*>>: :;!<&#&+% >!" <& T\(]W6 G& )*,& &'% ,:%&"#-+-'%&

&% <! >*'-%-*+ ,R=+ *FD&% B =+ -+'%!+% ,*++: +& ,:>&+, ,*+) A=& ,& <R-+)&"%-%=,&

'=" <! >*'-%-*+ -+-%-!<&6 S+ !>><-A=!+% )&%%& >"*):,="& B ,&=H *FD&%' '>!%-!=H2 *+

>&=% O!)-<&#&+% &'%-#&" <! >"*F!F-<-%: A=& <&=" ,-'%!+)& "&<!%-L& '*-% -+O:"-&="& B

=+ )&"%!-+ '&=-<6

?&' %&)@+-A=&' ,& %Y>& -#>*"%!+)& '!#><-+; >!"!#:%"-A=& *= +*+ >!"!#:%"-A=&

+& '*+% >!' &_)!)&' >*=" &'%-#&" =+& >"*F!F-<-%: ,& )*<<-'-*+ ,:F"-'Q'!%&<<-%& !L&)

)&%%& #*,:<-'!%-*+6 S+ &C&%2 >*=" <! ,&+'-%: ,R-#>*"%!+)&2 ,-C:"&+%&' O!#-<<&' ,&

 WX *+% :%: %&'%:&' &% *>%-#-':&' >!" )"*''Q&+%"*>Y2 #!-' '!+' ":'=<%!%6 W& #V#&2

<R!<;*"-%@#& T]MU +R&'% >!' &_)!)&2 ,= O!-% ,& <! ,-#&+'-*++!<-%: ,= >"*F<$#&

Kd > 10N6 ?! %&)@+-A=& ,& '><-%%-+; &'% ,*+) >!"O!-%&#&+% !,!>%:&2 )*##& <&
#*+%"& <&' ":'=<%!%' '=-L!+%'6 ?& )!' ,& )*<<-'-*+ )@*-'- &'% >":'&+%: ,!+' <! E;="&

/632 ,!+' <!A=&<<& ,&=H `*+&' ,& )*+a-% *+% =+& -+a=&+)& '=" <! >"*F!F-<-%: ,R=+
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 ! ! "##$%&'(%)* +( ,-.+$)##+/+*( ,+0 (+&1*%23+0 ,+ 0#$%((%*4 #)35 $6'-5)0#'(%'$+ +( $' ,-7+*0+

 !"#$%  !" # $%&'()*+,%( -. -/0%,1 (* -. 1&*(22,*(3 &,41, 5.( 2(.% -,1*&4)( %(2&*,6(!

7/*8+-(1 9+:0%( -( 1,:.2&*,+41 ;1*,:&*,+4 -( 2& <%+0&0,2,*/ ;%%(.% %(2&*,6(

7+4*(=>&%2+ 100000 8.3 10−4 0.10
 !"#$%&'()! 10000 8.1 10−4 0.42
*+),##,"- 10000 8.5 10−4 0.20

 !"#$ ./0 1 2345)#'# 67$4#,8'#,!" 6$ +(!9'9,),#3 6$ :!)),4,!"/

#$) :'4/

;' 6,4#'":$ 6$ :!)),4,!" $4# <=3$ > 108?#($4/ ;' #'9)$ ./0 +(34$"#$ )7$4#,8'#,!" 6$
)' +(!9'9,),#3 6$ :!)),4,!" !9#$"5$ +!5( )' #$:@",A5$ 67,8+!(#'":$ 4+),##,"- $#B $"

-5,4$ 6$ (3C3($":$B +!5( )$4 83#@!6$4  !"#$%&'()!/ ;' #$:@",A5$ 6$ 4+),##,"- $4#

#(?4 $D:':$ 9,$" A5$ )' C!":#,!" φ 4!,# $" C',# +'(#,:5),?($8$"# "!" ),"3',($/ &$)'

$=+),A5$ +!5(A5!, )$4 '5#($4 83#@!6$4 67$4#,8'#,!" 673E?"$8$"#4 ('($4 #$4#3$4 "$

4!"# +'4 +$(#,"$"#$4/ &$##$ 3#56$ +!5((',# 'E!,( 5" ,8+':# 45( )$4 !+3('#,!""$)4

65 &FG* A5, 45(E$,))$"# )$4 4'#$)),#$4 -3(34 +'( :$# !(-'",48$/ ;7,8+)38$"#'#,!"

6$ #$:@",A5$4 +'(#,:5)',($4 +!5( $4#,8$( 5"$ +(!9'9,),#3 6$ :!)),4,!"B $4# $" :!5(4

6$ (3H$=,!" 6'"4 )$4 :'4 !I )$ 4'#$)),#$ $# )$ 639(,4 !"# 5"$ C',9)$ E,#$44$ ($)'#,E$/

 ! !" #$%&'(%&)* +, -( ./)0(0&-&%1 +, 2)--&$&)* ,* ,$.(2,

(1/&,* *)* 2)*%/3-1

 ',"#$",( 5"$ 6,4#'":$ 6$ 43+'('#,!" 8,",858 $"#($ 6$5= 'E,!"4 6'"4 )7$4%

+':$ '3(,$" $4# $44$"#,$) 6'"4 )$ 8'"'-$8$"# 65 #('<: '3(,$"/ &$##$ $=,-$":$

$4# -3"3(')$8$"# -'('"#,$ 6'"4 )7$4+':$ :!"#(J)3B +'( )$4 :!"#(J)$5(4 '3(,$"4 A5,

,8+!4$"# '5= 'E,!"4 6$ E!)$( > :$(#',"4 ",E$'5= 67')#,#56$ !5 45( :$(#',"4 :'+4/
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a b s t r a c t

In this article, we propose a nonparametric adaptive importance sampling (NAIS) algorithm

to estimate rare event quantile. Indeed, Importance Sampling (IS) is a well-known adapted

random simulation technique. It consists in generating random weighted samples from an

auxiliary distribution rather than the distribution of interest. The optimization of this aux-

iliary distribution is often very difficult in practice. First, we review how to define the opti-

mal auxiliary density of IS for quantile estimation in the general case and then propose a

nonparametric method based on Gaussian kernel density estimator to approach the opti-

mal auxiliary density that does not assume an initial PDF guess. This method is then finally

applied to theoretical cases to demonstrate the efficiency of the proposed NAIS algorithm

and on the quantile estimation of the temperature of a forest fire detection simulator.

Ó 2012 Elsevier B.V. All rights reserved.

1. Introduction

Estimating rare event probability and quantile with a good accuracy is an important source of interest in reliability and
safety. Different methods have been investigated for this purpose like splitting or sampling. Importance splitting [1–4] also
called subset simulation [5–10] is a valuable algorithm to estimate both rare events and quantiles. It does not suffer much of
the curse of dimensionality but the algorithm parameters are not always easy to set. Importance sampling [11–15] is also a
well-known technique that consists in generating random weighted samples from an auxiliary distribution rather than the
distribution of interest. It is easy to implement but the main issue of this algorithm is the determination of a valuable aux-
iliary distribution. Rare event quantiles can also be estimated via controlled sampling and regression meta-models [16]. Line
sampling is also widely employed in structural reliability problems for estimating very small probabilities with a reduced
number of simulations [17–21]. Extreme value theory [22,23] finally deals with the extreme deviations from probability dis-
tributions and is often used for assessing risk in finance or meteorology domain. Well-known strategies in computer exper-
iment community that consists in using a surrogate model can also help for rare event estimation process [24–26].

In this article, we focus on importance sampling algorithm that is a widely used variance reduction simulation technique.
The main idea of IS is to generate weighted samples from an auxiliary probability density function (PDF) rather than the dis-
tribution of interest. The IS quantile and probability estimation variance can be greatly reduced with respect to a general
Monte Carlo estimate. A major difficulty of IS is the selection of an efficient auxiliary distribution function from which pseu-
dorandom numbers are generated since a wrong choice of auxiliary distribution leads to worse estimations than Monte Carlo
simulations. Parametric sampling distributions, if available at all, are often inadequate for high-dimensional integrals over
irregular regions. One possible remedy is to use a nonparametric importance sampling to estimate the unknown optimal
sampling function. This kind of approach is notably proposed in [27–31] for expectation estimation but not for quantile
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estimation. In this article, we generalize this method for quantile estimation and also propose an improvement of the usual
NAIS technique since the initial auxiliary PDF guess is no more necessary in this article NAIS version. When the sampling
dimension is too large, one can also use the nonparametric partial importance sampling algorithm which applies nonpara-
metric importance sampling to a certain subspace [29].

In this article, we review the fundamentals of IS technique and define the optimal IS auxiliary density for quantile esti-
mation. We then propose an innovative nonparametric adaptive importance sampling algorithm for quantile estimation
without any hypothesis on the initial PDF contrary to the algorithms presented in [27,28,30]. The performances of the pro-
posed NAIS algorithm for rare quantile estimation are then applied to different test cases.

2. Importance sampling

2.1. Monte Carlo method

In this section, we review the fundamentals of IS technique for quantile estimation. We consider a black box input–output
system / with / : R

d ! R a continuous scalar function. This system has a d-dimensional random input X with a PDF
f : Rd ! R and a 1-dimensional output Y = /(X). We assume in this article that Y is also a random variable with probability
density g. In this article, we focus on the general case where we want to estimate the a-quantile qa of the variable Y. We
propose to define the quantile qa with the following equation:

a ¼
Z þ1

qa

gðyÞdy ð1Þ

This definition is a transposition of the quantile definition for continuous random variables to the complementary cumula-
tive distribution function (CCDF) of Y instead of cumulative distribution function (CDF). One relevant way to estimate qa is to
use Monte-Carlo techniques [32,33]. One determines an estimator of the CCDF G(y) (also called survival function or reliabil-
ity function) of Y which is defined in the following way:

GðyÞ ¼
Z

R

1fzPyggðzÞdz ¼
Z

R
d

1f/ðxÞPygf ðxÞdx ð2Þ

Then, one generates in practice a set of N independent and identically distributed samples of X, (X1, . . . ,XN) and applies the
function / to these samples to determine a set of samples (Y1, . . . ,YN) that follows the PDF g of Y. The Monte Carlo estimator
of the CCDF bGMC of Y is given by:

bGMCðyÞ ¼ 1

N

XN

i¼1

1fY iPyg ð3Þ

The Monte Carlo estimator of the a-quantile of the variable Y is thus:

q̂MC
a ¼ supfy; bGMCðyÞ > ag ð4Þ

This estimator can be refined with interpolation and smoothing methods [34].
In statistics, the accuracy of an estimator is expressed in term of asymptotic variance in the case of unbiased estimators

that satisfies a central limit theorem. The study of the estimate variance alone is not sufficient to assess the performance of
the estimate since one has also to consider its bias. In the following of the article, we will consequently present the theoret-
ical value of the target quantiles if available or a valuable estimation based on Monte Carlo method over a high number of
simulations, the mean estimated target quantiles and their variance for the different methods.

It can be shown that the variance of bGMCðyÞ depends on N and on the theoretical CCDF G(y). The variance of bGMCðyÞ rel-
atively to the PDF f is given by:

Varf ðbGMCðyÞÞ ¼ Varð1fY iPygÞ
N

ð5Þ

The random variables 1fY iPyg are independent and identically distributed and follow a Bernoulli distribution with parameter
p = G(y). The variance of this Bernoulli distribution is given by p(1 ÿ p). The variance of bGMCðyÞ is thus given by

Varf ðbGMCðyÞÞ ¼ GðyÞð1ÿ GðyÞÞ
N

ð6Þ

We can find in [35,36] that q̂MC
a has the following asymptotic expansion:

q̂MC
a ¼ qa þ

að1ÿ aÞffiffiffiffi
N

p
g2ðqaÞ

nþ Oð1=NÞ ð7Þ

where n follows a standard normal distribution. This formulation gives the limit of the quantile estimate, its asymptotic nor-
mality and its asymptotic variance. The quantile variance is then larger when a low quantile is estimated since g(qa)? 0.
Monte-Carlo techniques are clearly not adapted to estimate such low expectations.
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2.2. Basics of importance sampling

The objective of IS is thus to reduce the estimation variance of bGMCðYÞ without increasing N. The idea is to generate the
samples X1, . . . ,XN from an auxiliary PDF h and then estimate G in the following way:

bGISðyÞ ¼ 1

N

XN

i¼1

1fY iPyg
f ðXiÞ
hðX iÞ

¼ 1

N

XN

i¼1

1f/ðXiÞPyg
f ðXiÞ
hðX iÞ

ð8Þ

The auxiliary PDF h must be chosen with care. The PDF h must be positive when f is positive, and its tail must be sufficiently
heavy with respect to the tail of f in order to have an estimate with finite variance.

The IS estimator of the a-quantile of the variable Y is then defined by:

q̂IS
a ¼ supfy; bGISðyÞ > ag ð9Þ

The term bGIS is an unbiased estimator of G since:

EhðbGISðyÞÞ ¼ 1

N

XN

i¼1

Z

R
d

1f/ðxiÞPyg
f ðxiÞ
hðxiÞ

hðxiÞdxi ¼
Z

R
d

1f/ðxÞPygf ðxÞdx ¼ GðyÞ ð10Þ

with Eh the expected value operator relatively to the PDF h. The variance of bGIS is estimated by:

VarhðbGISðyÞÞ ¼ Varhð1f/ðXÞPygwðXÞÞ
N

ð11Þ

with wðXÞ ¼ f ðXÞ
hðXÞ. One can then obtain

VarhðbGISðyÞÞ ¼ 1

N

Z

R
d

12
f/ðxÞPygwðxÞ2hðxÞdxÿ GðyÞ2

� �
ð12Þ

¼ 1

N
ðEhð1f/ðXÞPygwðXÞ2Þ ÿ GðyÞ2Þ ð13Þ

The quantile estimates follow a normal distribution because of the central limit theorem. The variance of this normal distri-
bution is given when N?1 by

1

g2ðqaÞ

Z

R
d

1f/ðxÞPqagf
2ðxÞ

hðxÞ dxÿ a2

� �

(see [16]). The variance of IS estimate depends strongly on the choice of h and also depends on N. If h is well adapted to the
considered case, then the IS estimate variance can be very low. Conversely, if h is not well-chosen to the estimation of G(y)
and qa, the IS estimate results can have a higher variance than Monte Carlo estimate. The IS estimate with the lower variance
is obtained with the IS optimal auxiliary density defined in the following section.

2.3. IS optimal auxiliary density

The IS optimal auxiliary density hopt is the auxiliary PDF that minimizes the variance VarhðbGISðyÞÞ. Since variances are non-
negative quantities, the lower possible bound of a variance is thus zero. IS optimal auxiliary density hopt can be determined
by cancelling the variance in Eq. (13)

1

N
ðEhopt ð1f/ðXÞPygwðXÞ2Þ ÿ GðyÞ2Þ ¼ 0 ð14Þ

We have thus the following expression:

Ehopt 1f/ðXÞPyg
f ðXÞ2

hoptðXÞ2

 !
¼ GðyÞ2 ð15Þ

and consequently

Ehopt 1f/ðXÞPyg
f ðXÞ2

hoptðXÞ2GðyÞ2

 !
¼ 1 ð16Þ

With hopt defined with the following equation,

hoptðxÞ ¼
1f/ðxÞPygf ðxÞ

GðyÞ ð17Þ
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the relation Eq. (16) is verified. Consequently, the PDF hopt implies a zero variance estimate and as such the optimal choice of
density. The auxiliary PDF hopt depends unfortunately on G(y) which is the unknown quantity that we try to estimate. The
PDF hopt is thus unusable in practice.

However, this approach is difficult to implement directly for quantile estimation because the variance of quantile depends
on g2(qa). The derivative of g at qa is not explicit and annealing the quantile variance is thus not useful theoretically. Nev-
ertheless, using Eq. (17), a simple and practically feasible alternative, is to choose the following optimal IS auxiliary density
to estimate the a-quantile qa:

hoptðxÞ ¼
1f/ðxÞPqagf ðxÞ

a
ð18Þ

This auxiliary density is often suggested in different articles [15,16] without further theoretical justification but based on the
similarity with Eq. (17). In the following, our objective is thus to determine an IS auxiliary density that approaches the opti-
mal density hopt to estimate the quantile qa and also allows an easy generation of random numbers. Different parametric
methods exist but are not in the scope of this article. We propose a new nonparametric algorithm using a mixture of Gauss-
ian kernels Kd [37] to determine an estimated IS optimal density ^hopt for quantile estimation in the following section.

3. Nonparametric adaptive importance sampling (NAIS) for quantile estimation

In this sectionwe present a new nonparametric adaptive importance sampling algorithm to estimate the a-quantile qa of Y.
The objective of the proposed NAIS technique is to approximate IS optimal auxiliary density with Gaussian kernel function.
The principle is to apply IS algorithm from an initial auxiliary PDF g0 that is not optimal. The simplest case is of course to
choose g0 = f when one has no idea of an efficient initial distribution. This is an important advance on NAIS since the main
articles [27,38,28,29,31] on NAIS assume that the distribution g0 is able to generate at least some rare events. It is not obvi-
ously the case in practice. The proposed NAIS algorithm is thus the following:

(1) Set k = 0 and g0 = f, and define parameters Nk, c and kmax

(2) Generate Nk random numbers X
ðkÞ
1 ; . . . ;X

ðkÞ
Nk

from PDF gk.
(3) Estimate the CCDF G by

bGNAIS
k ðyÞ ¼ 1

mkþ1

Xk

j¼0

XNj

i¼1

1f/ðxðjÞ
i
ÞPyg

f ðxðjÞi Þ
gjðxðjÞi Þ

ð19Þ

wheremkþ1 ¼Pk
j¼0Nk. Taking in account all the previous samples enables to obtain a more efficient and stable kernel density

estimate. The IS estimator of the a-quantile of the variable Y is then obtained with:

q̂NAIS
a;k ¼ sup y; bGNAIS

k ðyÞ > a
n o

ð20Þ

In practice, q̂NAIS
a;k is easily performed considering the samples / X

ðkÞ
1

� �
; . . . ;/ X

ðkÞ
Nk

� �
with a weight respectively equal to

f X
ðkÞ
1

ÿ �

gk X
ðkÞ
1

ÿ � ; . . . ;
f X

ðkÞ
Nk

� �

gk X
ðkÞ
Nk

� �

(4) Estimate the parameter c by c ¼ min q̂NAIS
a;k ; ckq

� �
where the term ckq is the q-quantile of the unweighted samples

/ X
ðkÞ
1

� �
; . . . ;/ X

ðkÞ
Nk

� �
. We then set

wkðxÞ ¼
1f/ðxÞ>cgf ðxÞ

gkðxÞ
ð21Þ

to approximate the optimal IS density defined in Eq. (18).
How to select the samples that will be used to estimate the new sampling PDF at the following step? In this article, we use
the quantile ckq to determine these samples. The samples that are potentially interesting to determine qa are located above
qa. Unfortunately, at the start of algorithm, very few samples are above qa, and thus it is not possible to determine a valuable
sampling PDF with them. For that purpose, the definition of ckq increases the number of samples that will be taken into ac-
count to estimate the sampling PDF at the following step. This approach is inspired from Cross-entropy optimization of
importance sampling technique defined in [39–41].

(5) Define the PDF gk+1 with

gkþ1ðxÞ ¼
1

mkþ1
bGNAIS

k ðcÞdetðBkþ1Þ

Xk

j¼0

XNj

i¼1

wj x
ðjÞ
i

� �
Kd Bÿ1

kþ1 xÿ x
ðjÞ
i

� �� �
ð22Þ

where Kd is standard d-dimensional Gaussian function with zero mean and a diagonal covariance matrix

Bkþ1 ¼ diag b
1
kþ1; . . . ; b

d
kþ1

� �
. During the convergence, the PDF gk+1 has to become close to the optimal sampling density de-

J. Morio / Simulation Modelling Practice and Theory 27 (2012) 76–89 79



fined in Eq. (18). The PDF gk+1 is thus defined by similarity with this density. Indeed, by definition of the weightw in Eq. (21),
the term

1

mkþ1 detðBkþ1Þ
Xk

j¼0

XNj

i¼1

wj x
ðjÞ
i

� �
Kd Bÿ1

kþ1 xÿ x
ðjÞ
i

� �� �

is a weighted kernel approximation of function 1{/(x)> c}f(x). The variable bGNAISðcÞ enables gk+1 to be a PDF and is an estimation
of probability P(/(X) > c). Equivalent definitions of NAIS PDF can be found in [27–29] for probability estimation.
The adapted bandwidth in each dimension is optimized according to the AMISE (asymptotic Mean integrated Square Error)
criterion [32,42]. As noticed in [43], when estimating a probability density function, the standard kernel estimator is efficient
for densities that are not far from Gaussian in shape, but it can perform very poorly when the shape is far from Gaussian,
especially, near the PDF tail. In that case, more efficient kernels have been described in [44].

(6) If k < kmax, return to the stage (2) of the algorithm and set k = k + 1.
(7) Estimate the CCDF G with the samples at iteration kmax

bGNAISðyÞ ¼ 1

mkþ1

Xkmax

j¼0

XNj

i¼1

1f/ðxðjÞ
i
ÞPyg

f x
ðjÞ
i

� �

gj x
ðjÞ
i

� � ð23Þ

Another alternative to estimate the CCDF G is also given by

bGNAISðyÞ ¼ 1

Nkmax

XNkmax

i¼1

1f/ðxðkmax Þ
i

ÞPyg

f x
ðkmaxÞ
i

� �

gkmax
x
ðkmaxÞ
i

� � ð24Þ

Both CCDF estimators are efficient in the proposed algorithm. The IS estimator of the a-quantile of the variable Y is then ob-
tained with:

q̂NAIS
a ¼ supfy; bGNAISðyÞ > ag ð25Þ

In the first steps of the algorithm, it is probable that ckq < q̂NAIS
a;k if q̂NAIS

a;k is an extreme quantile. At iteration k, The samples

X
ðjÞ
i , j = 1, . . . ,k that have a strictly positive weight in the definition of PDF gk+1 are above ckq after application of /. Conse-

quently, the PDF gk+1 with function / generates samples / X
ðkþ1Þ
1

� �
; . . . ;/ X

ðkþ1Þ
Nkþ1

� �
at iteration k + 1 that are above ckq. By def-

inition, the q-quantile ckþ1
q of / X

ðkþ1Þ
1

� �
; . . . ;/ X

ðkþ1Þ
Nkþ1

� �
is then greater than ckq. The parameter c increases consequently during

NAIS convergence.
When ckq becomes greater than q̂NAIS

a;k , that is, when the NAIS convergence has been reached, then the samples XðjÞ
i j = 1, . . . ,k

that have a strictly positive weight in the sampling PDF gk+1 are above q̂NAIS
a;k after application of /. The PDF gk+1 with function

/ generates samples / X
ðkþ1Þ
1

� �
; . . . ;/ X

ðkþ1Þ
Nkþ1

� �
at iteration k + 1 that are above q̂NAIS

a;k . By definition, the q-quantile ckþ1
q of sam-

ples / X
ðkþ1Þ
1

� �
; . . . ;/ X

ðkþ1Þ
Nkþ1

� �
is then greater than q̂NAIS

a;kþ1. The parameter c is then equal to q̂NAIS
a;kþ1.

The value of q is set by the user and influences the convergence speed of the algorithm. A discussion about the value of q
is given in Section 4.1.1.

Convergence of NAIS has notably been studied in [28,27]. NAIS algorithm has always been used to estimate probability. In
the proposed version of this algorithm, we show that it is possible to estimate a quantile with accuracy. Moreover, the func-
tion g0 is initially equal to the density f. In the algorithm proposed by [27], the pdf g0 is set by the user in order to generate
rare events, that is, to generate samples xi so that /(xi) > qa. If no sample or only very few samples are above the threshold,
the NAIS algorithm cannot be used or furnish wrong estimation of quantiles and probabilities. In realistic situations, it is
nearly impossible to find a valuable initial PDF and consequently the NAIS algorithm is not efficient. It is no more the case
with the proposed version since one estimates the quantile qa step by step. One does not try to directly generate samples
that are above qa. Indeed we iteratively generate samples that are above c. It is an easier task than before since one has
c 6 qa. At each iteration, the value of c increases until it reaches qa. This principle enables to estimate quantile when one
has not any knowledge of an efficient initial PDF for X.

The termination criterion of the proposed algorithm is a maximum number of iterations kmax because of simulation pur-
poses. Indeed, one wants to simulate with a constant number of total simulations whatever the value of kmax. One can also
choose an alternative termination criterion based on the convergence evaluation of the NAIS algorithm. In the previous sec-
tion, the asymptotic properties of the classical IS estimates have been exposed and one would have expected that these prop-
erties would have been used to build a termination criterion. In the adaptive context, the asymptotic behavior of the estimate
is much more involved and as such cannot be used to build a termination criterion. However, one can propose for instance to
stop the NAIS algorithm once a reliable and stable estimate of the quantile of interest is obtained. If q̂NAIS

a;kÿ1 and q̂NAIS
a;k are

respectively the NAIS qa estimate at iteration k ÿ 1 and k, a possible termination criterion is:
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q̂NAIS
a;kÿ1 ÿ q̂NAIS

a;k

q̂NAIS
a;k

�����

����� < b ð26Þ

where b is predefined by the user. If the successive quantile estimates do not change, the algorithm is stopped. This termi-
nation criterion enables to reduce the required total number of simulations for a studied case. Since the total number of sim-
ulations varies then from a trial to another, it can be difficult to compare the NAIS results with other different methods.

4. Application on simple test cases

In the previous section, we have presented the principle of the NAIS algorithm. In the following, we propose to apply NAIS
algorithm to simple cases in order to evaluate the performances of the algorithm and the influence of the parametersq andNk.

4.1. One-dimensional Gaussian PDF

First, we consider a very simple case where the random variable X follows a one-dimensional Gaussian PDF f with zero
mean and a variance equal to 1, N(0,1). The function / is the identity function so that Y = X. We try to estimate with NAIS
different quantile values of Y. The NAIS method is applied with the following parameters:

� g0 = f is a Gaussian PDF with zero mean and a variance equal to 1.
� The sampling sizes are set so that N0 = N1 = . . . = N9 = 1000.
� kmax is set to 9 in this toy example so that the total number of simulations is equal to 10,000. Nevertheless, depending on
the value of Ni and q, the NAIS convergence can be reached before the iteration kmax.

� q is set to 0.1.

The Table 1 gives different mean a-quantile estimations of Y with NAIS algorithm. Each quantile estimation has been re-
peated 100 times and then an average has been computed. When it deals about rare event quantile estimation, one also de-
fines the relative deviation of an estimate by the ratio between its standard deviation and its estimated mean or the
theoretical quantile value if the true quantile is known. The theoretical values are also presented in the Table 1. All the cho-
sen quantiles are well estimated with NAIS in mean when they are compared to the theory. The q̂NAIS

a relative deviation is also
low even for the 10ÿ7-quantile. The Fig. 1 shows the evolution of the PDF gk obtained with the NAIS algorithm for the esti-
mation of 10ÿ5-quantile. From the PDF g0 which is not adapted to the estimation of rare quantile, the NAIS algorithm enables
us to update the sampling PDF at each iteration in order to approximate the optimal auxiliary density hopt. The PDF g10 is
indeed a valuable approximation of hopt. The Figs. 2 and 3 show the different sample histograms generated throughout
the different NAIS iterations. The intermediate values of ckq and q̂NAIS

a;k are also given.
To reduce the computation time, one should be interested to not recycle the samples of previous iterations in the NAIS

process. This approach is not efficient and raises some issues during the NAIS convergence. In Fig. 4, we present a conver-
gence problem that can occur when sample recycling of previous NAIS iterations is not performed. The diversity of the sam-
ple population decreases during the NAIS convergence and does not estimate a valuable quantile. The 10ÿ5-quantile is
estimated in that case to 3.87 with a 12.9% relative deviation.

Nonparametric importance sampling always comes with increased computational burden that is why we also provide
runtime execution. On a standard PC, NAIS algorithm takes about 6 s to deliver one quantile estimation with 10,000 simu-
lations whatever the value of awhereas it takes 0.005 s to generate 10,000 Monte Carlo simulations and estimate a quantile.
Consequently, if the function / does not require a large execution runtime and it is the case when / is the identity function,
generating a lot of Monte Carlo simulations can be more efficient than NAIS.

4.1.1. Influence of the q parameter

In this section, we propose to analyze the influence of parameter q on NAIS quantile estimation in the case presented in
the previous section. In Table 2, we vary the value q and compare the 10ÿ5-quantile estimate for q = {0.01,0.05,
0.1,0.2,0.3,0.5,0.7,0.9}. In Table 3, we present the NAIS quantile estimation at different iterations for two values of q. If
the value q is too large, the NAIS convergence is not reached and an underestimated quantile value is determined. It is con-
firmed in Fig. 5 where we estimate experimentally the number of iterations needed to reach convergence in function of q.
We assume in that case that convergence is reached with the criterion given in Eq. (26) with b = 0.05. Low values q are able
to estimate valuable quantile with a low relative deviation of the estimation in this simple case but can lead to instability
when one considers more difficult cases. A trade-off between stability and performances has to be done to choose an efficient

Table 1

Estimation of different a-quantiles with 10,000 NAIS simulations for a one-dimensional Gaussian PDF.

a 0.1 0.05 0.01 10ÿ3 10ÿ5 10ÿ7

Theoretical quantile value 1.28 1.64 2.33 3.09 4.26 5.20

q̂NAISa
1.28 1.64 2.33 3.09 4.27 5.20

NAIS relative deviation 0.5% 0.3% 0.2% 0.1% 0.09% 0.09%
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value q. From our experience, a valuable q value is q = 0.1 since it does not require a high number of simulations but also
reaches convergence with a good confidence. Knowing the value of a and q, an efficient rule of thumb to determine the num-
ber of necessary iterations kmax is given by:

qkmaxþ1 > a ð27Þ
It is due to the iterative use of the q-quantile in the expression of c in the NAIS algorithm. It gives a minimum iteration num-
ber where we can hope that the convergence has been reached.

4.1.2. Influence of the Nk parameter

In this section, we propose to analyze the influence of the number of samples Nk on NAIS quantile estimation proposed in
Section 4.1 while keeping the total number of simulations constant and equal to 10,000. In that case, the value of kmax is then
varied depending on the value of Nk and is thus equal to 10;000

Nk
ÿ 1. In Table 4, we vary the value Nk and compare the 10ÿ5-

quantile estimate for Nk = {100,200,500,1000,2000,5000}. If the value Nk is too large, there are not enough iterations of the
NAIS algorithm to reach convergence and quantile is underestimated. If a too low value Nk is considered, valuable quantile
estimate can be determined. In the same way as the parameter q, too few samples at each iteration can lead to instability.
From our experience, relevant values of q and Nk for the algorithm efficiency are q = 0.9 and Nk = 1000. If one considers a high
number of samples Nk, then the parameter q can be slightly increase to reach convergence so that at least 100 samples XðkÞ

i ,
i = 1, . . . ,Nk be over the new threshold c at iteration k + 1. Conversely, if one considers a low number of samples Nk, then the
parameter q should be decrease to reach convergence.

4.2. Weibull distribution

In this section, we apply NAIS algorithm to estimate quantiles of a Weibull distribution with scale parameter k = 1 and
shape parameter k = 2. The kernel density estimator is still based on normal distributions and not adapted to the Weibull
distribution. The NAIS method is applied with the following parameters:

� g0 = f is a Weibull PDF with scale parameter k = 1 and shape parameter k = 2.
� The sampling sizes are set so that N0 = N1 = . . . = N9 = 1000.
� kmax is set to 9 so that the total number of simulations is equal to 10,000.
� q is set to 0.1.

The Table 5 presents the results obtained with NAIS algorithm. Even if the density kernel shape is not adapted to Weibull
distribution, the NAIS algorithm gives some interesting results.

The density kernel in auxiliary sampling PDF tail must be sufficiently heavy with respect to the tail of f in order to obtain
valuable results. If it is not the case, the NAIS algorithm is not efficient as any parametric importance sampling methods are
with an unadapted auxiliary density. The standard kernel estimator is efficient for densities that are not far from Gaussian in
shape, but it can perform very poorly when the shape is far from Gaussian, especially, near the boundaries. In that case, more
efficient kernels have been described in [44] and can be applied when Gaussian kernels are not valuable.

4.3. Multidimensional cases

4.3.1. Test case with multidimensional function

In the following section, we consider the case where X = (X1,X2, . . . ,X5) follows a multidimensional Gaussian PDF with
mean (0,0,0,0,0) and a covariance matrix equal to I5, the identity matrix of R5. The function / is given by the following func-
tion called Ackley function:
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Fig. 1. The estimated optimal IS density gi with a mixture of Gaussian kernels for i = 0, . . . ,10 adapted to the estimation of the 10ÿ5-quantile for a one-

dimensional Gaussian PDF.
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Y ¼ /ðXÞ ¼ ÿ20 exp ÿ0:2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

d

Xd

i¼1
X2

i

r !
ÿ exp

1

d

Xd

i¼1

cosð2pXiÞ
 !

þ 20þ e ð28Þ

This function is nonlinear because of the cosinus function which also implies several local maxima and one global maximum
on (0,0,0,0,0). The effective dimension is 5 but the interactions between inputs are very low. The local maxima imply dis-
joint failure modes that are difficult to cope with in parametric modelisation. We then estimate different rare quantiles of the
random variable Y with NAIS algorithm. We have applied NAIS algorithm with the following parameters:
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Fig. 2. Sample histograms and intermediate parameter values with NAIS algorithm adapted to the estimation of the 10ÿ5-quantile for a one-dimensional

Gaussian PDF.
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Fig. 3. Sample histograms and intermediate parameter values with NAIS algorithm adapted to the estimation of the 10ÿ5-quantile for a one-dimensional

Gaussian PDF.
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Fig. 4. Convergence problem when recycling of samples is not performed.

Table 2

Estimation of 10ÿ5-quantiles with 10,000 NAIS simulations with different values of q for a one-dimensional Gaussian PDF.

q 0.01 0.05 0.1 0.2 0.3 0.5 0.7 0.9

q̂NAISa
4.26 4.27 4.27 4.27 4.16 3.16 1.94 0.31

Relative deviation 0.5% 0.2% 0.1% 0.1% 2.3% 2.9% 2.3% 11.5%
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� the initial PDF g0 = f.
� kmax is set to 9.
� The sampling sizes are set so that N0 = N1 = . . . = N9 = 1000.
� q is set to 0.1.

The Table 6 gives the a-quantile estimations on 100 repetitions with NAIS algorithm. Even in a multidimensional case, the
NAIS relative deviation estimation is low and the different estimations are not biased. A significant Monte Carlo simulation
has been performed in order to evaluate NAIS convergence. Gaussian kernel enables us to well approximate the IS optimal
auxiliary density. On a standard PC, NAIS algorithm takes about 32 s to estimate a quantile with 10,000 simulations of the
function /. As previously stated, the computation burden of nonparametric algorithm can be an issue when the function / is
simple to simulate. In Tables 7 and 8, we show the 10ÿ5-quantile estimation for different values of q and Nk parameters. In
Table 9, we also present the evolution of NAIS quantile estimate during the process for two value of q. In Fig. 6, we finally
present the required number of iterations to reach convergence. Same conclusions as in Sections 4.1.2 and 4.1.1 can be
drawn.

4.3.2. Effect of dimension on NAIS estimation

In this section, we propose to study the influence of the problem dimension on the NAIS estimation. Let us consider the
simple case where the d-dimensional input X = (X1,X2, . . . ,Xd) follows a d-dimensional Gaussian PDF with zero mean and a

Table 3

Evolution of the quantile estimate during the iteration process for two values of q.

Iteration

number

0 1 2 3 4 5 6 7 8 9

c for q = 0.1 1.29

(3.5%)

2.34

(3.6%)

3.02

(5.1%)

3.39

(8.3%)

3.71

(6.7%)

4.01

(2.2%)

4.23

(1.7%)

4.26

(0.3%)

4.27

(0.1%)

4.27

(0.1%)

c for q = 0.5 0 (1893%) 0.67

(8.9%)

1.17

(4.7%)

1.57

(3.8%)

1.90

(2.9%)

2.19

(2.1%)

2.48

(2.4%)

2.72

(2.6%)

2.95

(2.6%)

3.16

(2.8%)
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Fig. 5. Evaluation of the necessary number of iterations to reach NAIS convergence in function of the value of q.

Table 4

Estimation of 10ÿ5-quantiles with 10,000 NAIS simulations with different values of Nk for a one-dimensional Gaussian PDF.

Nk 100 200 500 1000 3000 5000

q̂NAISa
4.27 4.27 4.27 4.26 3.07 2.37

Relative deviation 0.5% 0.1% 0.1% 0.1% 3.8% 66%

Table 5

Estimation of different a-quantiles with 10,000 NAIS simulations for a Weibull PDF with k = 1 and k = 2.

a 0.1 0.05 0.01 10ÿ3 10ÿ5 10ÿ7

Theoretical quantile value 1.52 1.73 2.14 2.62 3.39 4.01

q̂NAISa
1.52 1.73 2.14 2.62 3.39 4.00

NAIS relative deviation 0.2% 0.2% 0.2% 0.1% 0.1% 0.9%
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covariance matrix equal to 1
d
Id. The output Y is simply given by Y ¼Pd

i¼1Xi. We then estimate the 10ÿ5-quantile of Y using
NAIS algorithm for different values d with 10,000 simulations. This quantile is theoretically constant whatever the value of d
and equal to 4.26. The results given by NAIS are presented in Table 10. One of the NAIS limits is the impact of problem
dimension on the algorithm performances. When d > 9, applying NAIS with 10,000 simulations is not efficient because of
the difficulty to obtain a valuable nonparametric sampling density with few samples. This conclusion is inherent to NAIS
algorithms [29]. In that case, a higher number of samples has to be considered to obtain valuable estimations. A recent ap-
proach proposed in [29] based on sensitivity analysis of the inputs is a solution to this problem.

Table 6

Estimation of different a-quantiles with NAIS and Monte Carlo simulations for a multidimensional case.

a q̂MC
a with N = 106 MC relative deviation

with N = 106 (%)
q̂NAISa with N = 104 NAIS relative deviation

with N = 104 (%)

0.1 6.49 0.03 6.49 0.7

0.05 6.89 0.03 6.90 0.5

0.01 7.64 0.05 7.63 0.5

10ÿ3 8.46 0.1 8.44 0.5

10ÿ5 9.70 0.6 9.67 0.5

10ÿ7 10.26 3.2 10.6 0.8

Table 7

Estimation of 10ÿ5-quantiles with 10,000 NAIS simulations with different values of q for a multidimensional case.

q 0.01 0.05 0.1 0.2 0.3 0.5 0.7 0.9

q̂NAISa
9.66 9.69 9.68 9.66 9.66 9.67 6.66 4.52

Relative deviation 0.5% 0.5% 0.6% 0.5% 0.7% 0.6% 1.6% 1.5%

Table 8

Estimation of 10ÿ5-quantiles with 10,000 NAIS simulations with different values of Nk for a multidimensional case.

Nk 100 200 500 1000 3000 5000

q̂NAISa
9.47 9.64 9.69 9.65 9.67 9.67

Relative deviation 3% 2% 1% 0.4% 0.2% 1%

Table 9

Evolution of the quantile estimate during the iteration process for two values of q.

Iteration

number

0 1 2 3 4 5 6 7 8 9

q̂NAISa;k for q = 0.1 6.48

(1.1%)

9.16

(3.6%)

9.65

(0.7%)

9.66

(0.7%)
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(0.8%)

9.66

(0.6%)

9.66

(0.6%)

9.66

(0.6%)

9.67

(0.7%)

9.66

(0.6%)

q̂NAISa;k for q = 0.5 5.08

(0.8%)

6.19

(1.0%)
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(0.9%)
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Fig. 6. Necessary number of iterations to reach NAIS convergence in function of the value of q.
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5. Application on onboard sensor orientation analysis for fire forest detection simulator

A simulation platform / has been developed at ONERA that enables the estimation of forest fire temperature T from space
vehicles [45] with infrared images. In this article, we focus on the case where three satellites with a geocentric orbit that load
onboard an infrared sensor try to detect a forest fire start. The infrared sensor is assumed to be able to point different regions
of the Earth from its orbit. We call, in the following, position, the region of the Earth that is pointed by the sensor. The ability
for a sensor to detect a forest fire will depend on the distance between the position pointed by the sensor and the forest fire,
the point angle of the sensor, the weather conditions (clouds, wind, etc.). For that purpose, we model with 7 independent
random inputs X this uncertainty in the simulation platform. These 7 random inputs are given by:

� Distance between the position pointed by the sensor and the forest fire (correlated Gaussian PDF in 2 dimensions).
� Point angle of the sensor (correlated Gaussian PDF in 2 dimensions).
� Weather conditions: temperature, radiance, and absorption (independent Gaussian PDF in 3 dimensions).

The forest fire risk is then evaluated with jT ÿ T0j = /(X) where T is the temperature estimated by the simulator and T0 the
real temperature for a given scenario. If T is strongly greater than T0, there is a high risk of forest fire. If T is significantly lower
than T0, it means that the sensors are not able to estimate a valuable temperature. Both cases are of interest to analyze the
performances of the simulation and the risks on the populations. Nevertheless, most of the time when jT ÿ T0j > S, it is nearly
always due to T > T0.

The initial PDF of each parameter X is either Gaussian or exponential PDF. The output of the simulation platform jT ÿ T0j is
assumed to be a random variable with PDF g. In Fig. 7, we present the density estimation of g with a mixture of Gaussian
kernels on 10,000 samples of jT ÿ T0j. We also present in Table 11 the total Sobol indices [46,47] estimated on a surrogate
model of function / based on a neural network. Sobol indices enable to perform global sensitivity analysis of complex
numerical models by calculating variance-based importance measures of the input variables. All the 7 inputs have a signif-
icant influence on the output. The effective dimension of the problem is thus also 7 because the Sobol indices’cross-terms are
non-negligible.

In Table 12, we present the mean quantile estimation on 10 repetitions obtained for 10,000 NAIS simulations with q = 0.1
and Nk = 1000. The same kind of results is presented in Table 12 for 10,000 Monte Carlo simulations. We also propose to com-
pare these results with two different parametric adaptive importance sampling algorithms based on cross-entropy (CE) [39–
41] optimization and on Stochastic Approximation (AS) and stationary points [15]. We propose to use a Gaussian parametric
sampling PDF N(l,R) where l is the mean vector andR is the covariance matrix in both cases. As stated in [15,39], one has to
determine the parameter l⁄ so that:

� l⁄ minimizes the Kullback–Leibler distance between N(l,R) and hopt in the case of cross-entropy optimization. One has
thus:

l�
CE ¼ argmin

l
ðKðhopt;Nðl;RÞÞ ð29Þ

where K is the Kullback–Leibler distance.
� l⁄ minimizes the variance of the weighted CCDF estimate. One has thus:

l�
AS ¼ argmin

l
ðVarNðl;RÞðbGISðyÞÞÞ ð30Þ

In Table 12, we also present the results obtained for 10,000 parametric IS simulations optimized with CE and AS algo-
rithm. With the same number of samples, NAIS algorithm seems to give valuable results when compared to Monte Carlo
or parametric importance sampling. Monte Carlo method underestimates rare quantile because not enough samples are gen-
erated. Parametric importance sampling is not very efficient since it is difficult to find a good parametric model of input aux-
iliary importance sampling PDF. CE and AS give similar results as NAIS with a higher number of samples. To obtain these
results, the parametric models considered in CE and AS have to well-fit the importance sampling optimal auxiliary PDF
which is not known a priori and implies a greater number of samples than NAIS when the chosen parametric models is
not exactly adapted.

Runtime execution for a quantile estimation is in fact nearly the same whatever the chosen methods. Indeed, 11 s is nec-
essary to generate a value of jT ÿ T0j from the simulation platform / for a set of inputs. To generate the 10,000 input–output

Table 10

Estimation of 10ÿ5-quantiles with 10,000 NAIS simulations for different values d.

d 2 3 4 5 6 7 8 9 10 11 15

q̂NAISa
4.26 4.27 4.27 4.26 4.26 4.26 4.26 4.27 4.05 3.5 3.2

Relative deviation 0.2% 0.2% 0.2% 0.2% 0.3% 0.5% 0.6% 5.1% 9.8% 12.5% 18.7%
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simulations, it requires consequently about 30 h. The sampling method runtime execution is consequently negligible (5 s for
parametric methods CE and AS and 35 s for NAIS) and each method requires similarly the same computation time.

6. Conclusion

In this article, we have described a NAIS algorithm for rare quantile estimation. Its purpose is to iteratively approach the
IS optimal auxiliary density with a mixture of Gaussian kernels. In this paper, we generalize NAIS algorithm to quantile esti-
mation and also propose an approach that does not rely on an initial guess of g0. First, we reviewed the principle of IS and
then described the process of this algorithm. We finally applied this new NAIS algorithm to different one-dimensional and
multidimensional test cases. The NAIS results are compared with Monte Carlo simulations and showed great improvement
since the nonparametric density fitted efficiently the optimal auxiliary density.

A limit of NAIS algorithm is the impact of the curse of dimensionality on runtime execution when the input X have a too
high dimension. Nevertheless, a recent approach proposed in [29] can be a solution to this problem. NAIS final sampling den-
sity can also be used to determine a valuable parametric density family which would be more efficient in a high dimension.

A potential perspective to this work is the improvement of NAIS bandwidth estimation. Indeed, it is currently estimated
with the AMISE criterion which is not an optimal method for adaptive importance sampling. Considering a cross-entropy
optimization of NAIS bandwidth could improve the general performances of the algorithm.
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Fig. 7. Kernel density estimation of the output jT ÿ T0j over 10,000 samples.

Table 11

Mean of first and total Sobol indice estimations over 100 retrials with 50,000 Monte Carlo simulations.

Input 1 2 3 4 5 6 7

First Sobol indices 0.10 0.08 0.07 0.09 0.03 0.08 0.05

Total Sobol indices 0.25 0.21 0.24 0.33 0.21 0.22 0.30

Table 12

Estimation of different a-quantiles with MC, NAIS, CE and AS in the case of fire detection simulator. The computation time required for all the methods is about

30 h.

a q̂MC
a with

N = 104
MC relative

deviation with

N = 104 (%)

q̂NAISa with

N = 104
NAIS relative

deviation with

N = 104 (%)

q̂CEa with

N = 104
CE relative

deviation with

N = 104 (%)

q̂ASa with

N = 104
AS relative

deviation with

N = 104 (%)

0.1 33.3 0.4 33.2 0.8 33.3 0.7 33.3 0.6

0.05 37.5 0.5 37.4 0.4 37.3 0.7 37.4 0.8

0.01 46.4 0.7 46.6 0.6 46.6 0.7 46.6 0.6

10ÿ3 56.5 1.2 57.2 0.3 57.4 2.2 57.3 2.3

10ÿ5 62.1 4.2 66.4 0.7 67.3 6.2 67.1 5.6

10ÿ7 62.1 4.2 80.7 1.2 79.3 8.1 79.7 7.6

88 J. Morio / Simulation Modelling Practice and Theory 27 (2012) 76–89



References

[1] P. L’Ecuyer, V. Demers, B. Tuffin, Splitting for rare event simulation, in: Proceeding of the 2006 Winter Simulation Conference, 2006, pp. 137–148.
[2] F. Cerou, A. Guyader, Adaptive particle techniques and rare event estimation, in: Proceedings of ESAIM Conference, vol. 19, 2007, pp. 65–72.
[3] J. Morio, R. Pastel, F. Le Gland, An overview of importance splitting for rare event simulation, European Journal of Physics 31 (2010) 1295–1303.
[4] F. Cerou, P. Del Moral, T. Furon, A. Guyader, Rare event simulation for a static distribution, INRIA report 6792, 2009, pp. 1–18.
[5] S.K. Au, J.L. Beck, Estimation of small failure probabilities in high dimensions by subset simulations, Probabilistic Engineering Mechanics 16 (4) (2001)

263–277.
[6] S.K. Au, J.L. Beck, Subset simulation and its application to seismic risk based on dynamic analysis, Journal of Engineering Mechanics 129 (8) (2001) 1–

17.
[7] S.K. Au, Reliability-based design sensitivity by efficient simulation, Computers and Structures 83 (2005) 1048–1061.
[8] S.K. Au, Z.H. Wang, S.M. Lo, Compartment fire risk analysis by advanced Monte Carlo simulation, Probabilistic Engineering Mechanics 29 (9) (2007)

2381–2390.
[9] L. Katafygiotis, S.H. Cheung, A two-stage subset simulation-based approach for calculating the reliability of inelastic structural systems subjected to

gaussian random excitations, Computers Methods in Applied Mechanics and Engineering 194 (12–16) (2005) 1581–1595.
[10] L. Katafygiotis, S.H. Cheung, Application of spherical subset simulation method and auxiliary domain method on a benchmark reliability study,

Structural Safety 29 (2007) 194–207.
[11] M. Denny, Introduction to importance sampling in rare-event simulations, European Journal of Physics (2001) 403–411.
[12] P.H. Borcherds, Importance sampling: an illustrative introduction, European Journal of Physics (2000) 405–411.
[13] T. Booth, J. Hendricks, Importance estimation in forward Monte-Carlo calculations, Nuclear Technology/Fusion 9 (1984) 90–100.
[14] I. Beichl, F. Sullivan, The importance of importance sampling, Computing in Science and Engineering Approximating the Permanent via Importance

Sampling with Application to the Dimer Covering Problem (1999) 71–73.
[15] D. Egloff, M. Leippold, Quantile estimation with adaptive importance sampling, The Annals of Statistics 38 (2010) 1244–1278.
[16] C. Cannamela, J. Garnier, B. Iooss, Controlled stratification for quantile estimation, Annals of Applied Stats 2 (4) (2008) 1554–1580.
[17] P.S. Koutsourelakis, H.J. Pradlwarter, G.I. Schueller, Reliability of sructures in high dimensions, Part I: Algorithms and application, Probabilistic

Engineering Mechanics 19 (2004) 409–417.
[18] H.J. Pradlwarter, M.F. Pellissetti, C.A. Schenk, G.I. Schueller, A. Kreis, S. Fransen, A. Calvi, M. Klein, Realistic and efficient reliability estimation for

aerospace structures, Computer Methods in Applied Mechanics and Engineering 194 (2005) 1597–1617.
[19] H.J. Pradlwarter, G.I. Schueller, P.S. Koutsourelakis, D.C. Charmpis, Application of line sampling simulation method to reliability benchmark problems,

Structural Safety 29 (2007) 208–221.
[20] G.I. Schueller, H.J. Pradlwarter, P.S. Koutsourelakis, A critical appraisal of reliability estimation procedures for high dimensions, Probabilistic

Engineering Mechanics 19 (2004) 463–474.
[21] G.I. Schueller, H.J. Pradlwarter, Benchmark study on reliability estimation in higher dimensions of structural systems – an overview, Structural Safety

29 (3) (2007) 167–182.
[22] J. Pickands, Statistical inference using extreme order statistics, Annals of Statistics 3 (1975) 119–131.
[23] S.G. Coles, An Introduction to Statistical Modeling of Extreme Values, Springer, New York, 2001.
[24] J. Bect, D. Ginsbourger, L. Li, V. Picheny, E. Vazquez, Sequential design of computer experiments for the estimation of a probability of failure, Statistics

and Computing 22 (3) (2012) 773–793.
[25] V. Picheny, D. Ginsbourger, O. Roustant, R.T. Haftka, N.H. Kim, Adaptive designs of experiments for accurate approximation of target regions, Journal of

Mechanical Design 132 (7) (2010) 1–9.
[26] P. Ranjan, D. Bingham, G. Michailidis, Sequential experiment design for contour estimation from complex computer codes, Technometrics 50 (4)

(2008) 527–541.
[27] P. Zhang, Nonparametric importance sampling, Journal of the American Statistical Association 91 (434) (1996) 1245–1253.
[28] J.C. Neddermeyer, Computationally efficient nonparametric importance sampling, Journal of the American Statistical Association 104 (2009) 788–802.
[29] J.C. Neddermeyer, Non-parametric partial importance sampling for financial derivative pricing, Quantitative Finance (2010) 1469–7696.
[30] J. Morio, How to approach the importance sampling density, European Journal of Physics 31 (2010) 41–48.
[31] J. Morio, Nonparametric adaptive importance sampling of the probability estimation of launcher impact position, Reliability Engineering and System

Safety 96 (1) (2011) 178–183.
[32] B. Silverman, Density estimation for statistics and data analysis, in: Monographs on Statistics and Applied Probability, Chapman and Hall, London,

1986.
[33] C. Robert, G. Casella, Monte Carlo Statistical Methods, Springer, New York, 2005.
[34] T. Dielman, C. Lowry, R. Pfaffenberger, A comparison of quantile estimators, Communications in Statistics – Simulation and Computation 23 (1994)

355–371.
[35] H.A. David, Order Statistics, Wiley, New York, 1981.
[36] B.C. Arnold, N. Balakrishnan, H.N. Nagaraja, A First Course in Order Statistics, Wiley Interscience, New York, 1992.
[37] S. Barber, All of statistics: a concise course in statistical inference, Journal of the Royal Statistical Society Series A 168 (1) (2005) 261.
[38] Y.B. Kim, D.S. Roh, M.Y. Lee, Nonparametric adaptive importance sampling for rare event simulation, in: Proceedings of the Winter Simulation

Conference, Orlando, USA, vol. 1, 2000, pp. 767–772.
[39] T.H. de Mello, R.Y. Rubinstein, Rare Event Estimation for Static Models via Cross-Entropy and Importance Sampling, John Wiley, New York, 2002.
[40] R.Y. Rubinstein, Optimization of computer simulation models with rare events, European Journal of Operations Research 99 (1997) 89–112.
[41] R. Rubinstein, The cross-entropy method for combinatorial and continuous optimization, Methodology and Computing in Applied Probability 2 (1999)

127–129.
[42] I.K. Glad, N.L. Hjort, N.G. Ushakov, Mean-squared error of kernel estimators for finite values of the sample size, Journal of Mathematical Sciences 146

(2007) 5977–5983.
[43] M.P. Wand, J.S. Marron, D. Ruppert, Transformations in density estimation, Journal of the American Statistical Association 86 (1991) 343–361.
[44] A. Charpentier, A. Oulidi, Beta kernel quantile estimators of heavy-tailed loss distributions, Statistics and Computing 20 (1) (2009) 35–55.
[45] J. Morio, F. Muller, Onboard sensor orientation analysis with Kriging method, Acta Astronautica 2–3 (2009) 374–381.
[46] A. Saltelli, S. Tarantola, K.-S. Chan, A quantitative model-independent method for global sensitivity analysis of model output, Technometrics 41 (1999)

39–56.
[47] A. Saltelli, Making best use of model evaluation to compute sensitivity indices, Computer Physics Communication 145 (2002) 280–297.

J. Morio / Simulation Modelling Practice and Theory 27 (2012) 76–89 89



 !"#$%&' (

)#%$*$+"%$,- ,. $-%'&"/%$-0 #"&%$/1'

+2+%'* .,& &"&' '3'-% '+%$*"%$,-4 56

7,&$,4 86 5"/9:'*"&%4 76

;"1'+<'-% "-< 56 7"&="%4

 !"#$%&%'!(&) *%&%'+%',+ &(- .&%&

/(&)0+'+4 (>?@4 A,16 BB4 ##6 ??CD?(E

 !



 !



Computational Statistics and Data Analysis 66 (2013) 117–128

Contents lists available at SciVerse ScienceDirect

Computational Statistics and Data Analysis

journal homepage: www.elsevier.com/locate/csda

Optimisation of interacting particle systems for rare
event estimation

Jérôme Morio a,∗, Damien Jacquemart a,b, Mathieu Balesdent a, Julien Marzat a

a Onera - The French Aerospace Lab, BP 80100, 91123 Palaiseau Cedex, France
b INRIA Rennes, ASPI Applications of Interacting Particle Systems to Statistics Campus de Beaulieu, 35042 Rennes, France

a r t i c l e i n f o

Article history:

Received 29 October 2012

Received in revised form 19 March 2013

Accepted 25 March 2013

Available online 1 April 2013

Keywords:

Rare event

Probability

Interacting particle system

Optimisation

Hyperparameter

Surrogate model

Input–output model

Kriging

a b s t r a c t

The interacting particle system (IPS) is a recent probabilistic model proposed to estimate
rare event probabilities for Markov chains. The principle of IPS is to apply alternatively
selection andmutation stages to a set of initial particles in order to estimate probabilities or
quantiles more accurately than with usual estimation techniques. The practical issue of IPS
is the tuning of a parameter in the selection stage. Kriging-based optimisation strategywith
a low simulation cost is thus proposed in order tominimise the probability estimate relative
error. The efficiency of the proposed strategy is demonstrated on different test cases.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Rare event estimation has become a large area of research in the reliability engineering and system safety domain.
Importance sampling and importance splitting are the most well-known rare event simulation techniques for time-
dependent complex systems. Importance sampling (Glynn and Iglehart, 1989; Juneja and Shahabuddin, 2001) consists in
changing the initial probability distribution so that the rare event appearsmore frequently. The determination of an efficient
auxiliary sampling density is far from obvious and often requires an optimisation stage and also some a priori knowledge
of the complex system. For a general Markov process with continuous state space, there does not seem to be a method that
determines an efficientmeasure of importance sampling, because of the very broad variety of instances that can be involved.
It is thus difficult to apply importance sampling in realistic cases for Markov processes with continuous state space.

The idea of importance splitting (also called subset simulation, subset sampling or sequential Monte Carlo) is to express
the sought probability as a product of conditional probabilities that can be estimated within a reasonable computation
time. These probability estimates are obtained by applying several stages of selection/mutation on an interacting particle
population. The particles most likely to reach the rare event are duplicated (mutation stage) and the others are killed
(selection stage). Particle filter algorithms also consider the same principles: the particles that suit best the observations are
duplicated and the others are killed. This idea has been first proposed in a physical context in 1951 (Kahn and Harris, 1951),
and numerous variants have been worked out since. Many particle models such as sampling branching models, excursion
space exploration, branching particle systems, or related multi-level techniques have been proposed based on importance
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sampling and splitting approaches. A detailed review of these algorithms is available in Del Moral and Lezaud (2006) and
Del Moral (2004).

Interacting particle system (IPS) (Del Moral and Garnier, 2006) is considered here. It is a relatively new algorithm that
improves the estimation of rare event probabilities based on evolutionary principles and importance sampling method.
IPS is indeed equivalent to an importance splitting algorithm where the interacting particles have a resampling weight.
The selection/mutation stages in IPS are nevertheless applied at different times of the Markov process evolution, unlike
importance splitting where selection/mutation stages are carried out on the whole Markov trajectories. IPS can thus
be interesting when compared to importance splitting if simulating the whole Markov trajectories is time-consuming.
Moreover, an efficient IPS sampling weight can be determined through the definition of a selection function, whereas it
is not the case for importance sampling. The theoretical efficiency of this approach has been demonstrated notably in Del
Moral and Garnier (2006), Carmona et al. (2009) and Carmona and Crépey (2010) for the estimation of a rare event on a
Markov chain at a finite time. The first application of interacting particle systems in the context of rare events arose in
optical fibre communication (Garnier and Del Moral, 2006). Nevertheless, the practical applicability of IPS highly depends
on the tuning of a hyperparameter which strongly influences the IPS convergence. Unfortunately, an initial guess of its value
is not accessible for realistic applications such as in industrial cases.

The main existing tools for tuning hyperparameters are cross-validation and its variants (k-fold cross-validation, leave-
one-out cross-validation, generalised cross-validation; see Golub et al., 1979). Cross-validation may be used to assess the
performance level for a given value of the hyperparameter vector and then an optimisation procedure may be called upon
to find the best tuning for these hyperparameters. In Kohavi and John (1995) and Hutter et al. (2007), such approaches
have been exploited via a discretisation of the hyperparameter space. Bayesian networks have also been advocated in Pavón
et al. (2008), by considering previous simulation runs as prior knowledge. Various other techniques have been employed
for tuning purpose, such as Monte Carlo simulations (Gold and Sollich, 2003), neural networks (Korniyenko et al., 2006) or
evolutionary algorithms (Powell, 2002; Lin et al., 2008). In particular, the use of genetic algorithms should be mentioned
with applications in control design (Varsek et al., 1993) or reliability assessment (Gen and Yun, 2006). Nevertheless, these
approaches reveal to be computationally intensive, since they require a large exploration of the hyperparameter space. This
may be prohibitive when the evaluation of the method performance is achieved via costly computer simulations, and even
more when the number of those simulations is limited.

Kriging-based global optimisation (Santner et al., 2003) is employed here to provide optimal values of the
hyperparameters at a limited computational cost. For example, these tools have been successfully applied to the optimal
tuning of fault detection strategies in Marzat et al. (2010). The present paper reports the application of this strategy to
the tuning of IPS algorithm, which does not seem to have been addressed in the literature so far. The principle of IPS is
first presented and the impact of its tuning parameter on probability estimation is described on a simple case. Section 3 is
devoted to the presentation of the automatic tuning methodology. Finally, the proposed optimisation strategy is applied in
Section 4 on a realistic case of aircraft conflict probability estimation with very promising results.

2. Interacting particle system

2.1. General problem of rare event estimation

Rare event estimation can be characterised by a threshold exceedance of a real Markovian functional at deterministic
time n. Consider a Markov chain (Xn)n∈N with state space E ⊂ R

d. It is assumed that the initial law P(X0 ∈ dx) and the
transitions kernels P(Xj ∈ dx′, Xj−1 = x) for j = 1, . . . , n, have a density with respect to the Lebesgue measure, denoted by
π0(x0) and πj(xj|xj−1). Hence, the density of the random trajectory (X0, . . . , Xn) of the chain is given by

Qn(x0, x1, . . . , xn) = π0(x0)

n∏

j=1

πj(xj|xj−1). (1)

The probability of interest is denoted by Pn(A) and defined by

Pn(A) = P{V (Xn) ∈ A}, (2)

where V is a function from E to R. Over the last few years, different algorithms (Bucklew, 2004; Cérou et al., 2006) have been
proposed to estimate the probability Pn(A)when this probability is rare (<10−4). Emphasis is put here on the IPS algorithm
(Del Moral and Garnier, 2006; Carmona et al., 2009; Carmona and Crépey, 2010), which is one of the most efficient to solve
this kind of problem. The following section reviews its principle.

2.2. Principle

For a discrete-time process, importance sampling algorithms (Bucklew, 2004) can help sampling rare events and improve
the probability estimation in terms of variance. They consist in generating random weighted samples from an auxiliary
distribution rather than the distributions of interest πj. Nevertheless, in most cases, the studied system is sufficiently
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complicated so that it is impossible for the user to determine properly a valuable auxiliary sampling distribution. Importance
splitting (Cérou et al., 2006, 2005; Jasra et al., 2008; Carvalho and Lopes, 2007; Voutilainen and Kaipio, 2005) is another rare
event estimation method. Its principle is to express the sought probability as a product of conditional probabilities that can
be estimated within a reasonable computation time. However, it is not very adapted to the estimation of rare event in finite
time. From past experience, IPS and splitting performances are generally similar.

The idea of IPS is to select and favour, at each iteration time j = 1, . . . , n, the Markov chains that are more likely to reach

the rare set A. The IPS algorithm consists in a set of N paths (X
(i)
j )1≤j≤n, i = 1, 2, . . . ,N . The initial generation is a set of N

samples X
(1)
0 , . . . , X

(N)
0 independently generated from the initial distribution of the chain π0. The trajectories are updated

from j to j + 1 to advantage the ones that can potentially reach the rare event A. The IPS algorithm is performed in two
steps. First, the selection stage consists in choosing with replacement N paths according to an empirical weighted measure

built with a function Gj that depends on X
(1)
0:j , . . . , X

(N)
0:j where X

(i)
0:j is the vector (X

(i)
0 , X

(i)
1 , . . . , X

(i)
j ). The function Gj has to be

positive and favours the paths that are more likely to reach the rare set. Secondly, the mutation stage consists in applying
the Markov transition kernel πj+1 to the trajectory evolution. The complete algorithm is presented in the following:

(i) Set j = 0. Define the sample size N and the positive weight functions Gj. Initialise weights toW
(1)
0 = · · · = W

(N)
0 = 1.

(ii) Sample independently X
(1)
0 , . . . , X

(N)
0 from law π0. A set of N particles (X

(i)
0 ,W

(i)
0 ), i = 1, . . . ,N , can be formed.

(iii) Estimate the normalising constant

ηj =
1

N

N∑

i=1

Gj(X
(i)
0:j ).

(iv) Choose independently N paths according to the empirical distribution

µj(dX̃, dW̃ ) =
1

Nηj

N∑

i=1

Gj(X
(i)
0:j )δ

(
X
(i)
j
,W

(i)
j

)(dX̃, dW̃ ).

The selected particles are denoted by (X̃
(i)
j , W̃

(i)
j ) for i = 1, . . . ,N .

(v) For i = 1, . . . ,N , the particle (X̃
(i)
j , W̃

(i)
j ) is transformed into (X

(i)
j+1,W

(i)
j+1) in the following way:

X̃
(i)
j →

πj+1

X
(i)
j+1,

where the mutation are performed independently, and

W
(i)
j+1 = W̃

(i)
j ×

(
Gj(X̃0:j)

)−1

.

(vi) If j < n, then go back to stage (iii).
(vii) Estimate Pn(A) ≈ p̂IPS with

p̂IPS =
n−1∏

j=1

ηj ×
(

1

N

N∑

i=1

1A(X
(i)
n )
(
(W (i)

n )
−1
)
)
.

The IPS probability estimate is unbiased as demonstrated in Del Moral and Garnier (2006). The original paper Del Moral
and Garnier (2006) also proposes to use one of the two following weighted functions Gj, written here with respect to the
present paper problem formulation:

G
β

j (X0:j) = exp(βV (Xj)) for some β > 0, (3)

and

Gαj (X0:j) = exp(α(V (Xj)− V (Xj−1))) for some α > 0. (4)

The functionGαj often gives better results (DelMoral andGarnier, 2006) in practice and the functionG
β

j will not be considered

in the following. Note that using these functions does not require to store the whole trajectories X
(i)
0:j in memory but only

X
(i)
j or X

(i)
j−1 at each step.

IPS optimal tuning is nevertheless needed when one uses the functions G
β

j or Gαj . In general, for two different probability
estimations on the same Markov chain, the performance of IPS algorithm is different for the same values of α (or β).
So, although asymptotic variance expression can be computed (Del Moral and Garnier, 2006), optimal values of these
parameters depend on the unknown probability to estimate.

2.3. Application and tuning problem

Let us consider the following toy case. TheMarkov chain considered is the Gaussian randomwalk Xj+1 = Xj+Wj+1 where
the Wj=1,...,n are i.i.d. (independent and identically distributed) Gaussian random variables with zero mean and variance 1
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a b

Fig. 1. IPS probability estimate mean and relative error for different values of α and P{Xn > 30}.

a b

Fig. 2. IPS probability estimate mean and relative error for different values of α and P{Xn > 45}.

and with X0 = 0. One assumes in the following that n = 16 and one wants to estimate P{Xn > 30}. The IPS algorithm with
weight function given in Eq. (4) is applied for different values of α and with N = 2 · 104 particles. These estimations have
been repeated 50 times to determine IPS estimatemean and relative error where the IPS relative error is defined by the ratio
between IPS estimate standard deviation and IPS estimate mean. Fig. 1(a) shows the IPS probability estimate mean, and the
relative error is given in Fig. 1(b). The theoretical probability is 3.18 · 10−14. The IPS algorithm converges to the theoretical
probability even if there is a high variability of the IPS results depending on the value ofα. Moreover, the choice ofα depends
on the sought probability. Indeed, the same experiments have been performed to estimate P{Xn > 45}. As shown in Fig. 2,
the optimal parameter α is equal to 2.75, which means the tuning of α is only valuable for a given probability estimation. A
wrong choice for this value could thus lead to erroneous results. In very simple cases, it is possible to determine theoretically
the optimal value ofα as shown in DelMoral and Garnier (2006) such as the Gaussian randomwalk. Nevertheless, in realistic
situations, it is not possible to determine the optimal valueα for the IPS algorithm and it is difficult to use IPS efficiently since
it can lead to a strong misestimation. In industrial applications, it is not possible to sample as manyMarkov chains as in this
simple case to tune the parameter α. It is thus necessary to use an efficient optimisation algorithm with a low simulation
cost. In the following, one proposes an optimisation methodology to determine valuable values of the IPS hyperparameter
α at a relatively low computation cost.

3. Optimal determination of hyperparameters

The method proposed to determine an optimal IPS hyperparameter is based on design and analysis of computer
experiments (DACE) methods. The objectives of DACE are as follows:

• to reduce the uncertainty in the experimental area, Gramacy and Lee (2009).
• to find extrema, Jones et al. (1998).
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• to find contours, Ranjan et al. (2008).
• to find boundaries that are contours with large gradients, Banerjee and Gelfand (2006).

In this article, simulation is used to estimate the most efficient hyperparameter α of the IPS system being simulated, that
is, the hyperparameter α that gives the lowest IPS relative error. A recent and efficient DACE method is considered for
minimising the IPS relative error.

Consider the numerical simulation of a representative test case on which IPS to be tuned is applied. One can define a
black-box function where the hyperparameter value α is an input that should return as an output a scalar performance
index s. In the case of IPS, s is the IPS probability relative error. IPS probability relative error is defined by the ratio between
IPS estimate standard deviation and IPS estimate mean. s is computed by repetitive estimations of the probability given by
the IPS model. The hyperparameter α is only assumed to belong to a known bounded set F. The tuning problem could then
be formalised as the search for the optimal hyperparameter such that

α̂ = argmin
α∈F

s(α). (5)

This is a difficult problem, since the only available information is the performance value at sampled locations of α. The
proposed tuning methodology uses a Kriging model to approximate the unknownmapping from the hyperparameter space
F to the performance criterion s(·). The so-called Efficient Global Optimization (EGO) algorithm (see Jones et al., 1998) is
then employed to explore areas of the hyperparameter space thatmight lead to best performance and finally find an optimal
tuning. The proposed strategy is now detailed.

Consider that a small number, m, of possible α tunings have already been experimented, resulting in the set Am =
{α1, . . . , αm}. The corresponding performance indices are gathered in the m-dimensional vector sm = [s(α1), . . . , s(αm)]

T.
Based on this initial knowledge, Kriging (Matheron, 1963) makes it possible to build a surrogate model Ŝ of the black-
box function between α and s, by modelling it as a Gaussian process S(·) with mean function mean (·) and covariance
function cov (·, ·) (Lefebvre et al., 1996). One of the advantage of Kriging is the ability to estimate the variance σ̂ 2 of the
prediction error, that is the confidence level on the surrogate model Ŝ. Kriging-based optimisation algorithms achieve
a trade-off between local search (near the best known optimum) and global search (locations where the uncertainty on
the surrogate is strong) (Jones, 2001). One of these strategies is the EGO procedure (Jones et al., 1998), which proceeds as
follows:

(i) Samplem hyperparameter values α to compute Am and sm.
(ii) Fit a Kriging model on Am and sm.
(iii) Find smmin = mini=1,...,m {s(αi)}.
(iv) Find α̂m+1 = argmaxα∈F EI(α, smmin, Ŝ, σ̂ ).
(v) Append α̂m+1 to Am and s (αm+1) to sm.
(vi) Ifm > mmax, return smmin as the minimum relative error found.

Else, go to Step (ii) with m← m+ 1.

Theworking principle of this iterative algorithm is to replace the initial intractable optimisation problem (5) by the repeated
optimisation of a much lighter function called the Expected Improvement (EI at Step (iv)), whose closed-form expression is
defined by Schonlau (1997)

EI(α, smmin, Ŝ, σ̂ ) =
∫ sm

min

−∞

[
smmin − Ŝ

]
h
[̂
S
]
d̂S, (6)

where h
[̂
S
]
is the distribution of Ŝ. EI assumes that this distribution is a Gaussian distribution with the estimated

mean Ŝ and a standard deviation equal to the estimated predictor standard deviation σ̂ . The previous equation then
becomes

EI(α, smmin, Ŝ, σ̂ ) =
(
smmin − Ŝ(α)

)
Ψ

(
smmin − Ŝ(α)

σ̂ (α)

)
+ σ̂ (α)ψ

(
smmin − Ŝ(α)

σ̂ (α)

)
, (7)

in whichψ andΨ are respectively the probability density and cumulative distribution functions of the normal distribution.
This function is computationally light, since it only involves the Kriging linear prediction and standard deviation. It could
thus be optimised at each step via an auxiliary algorithm to be chosen (in our experiments, DIRECT Jones et al., 1993 was
used). Thanks to the guidance of this sampling criterion, several optimal candidate points are explored iteratively, which
provides in the end a set of appropriate hyperparameters α for the application considered. The stopping condition of EGO is
mmax, which is the budget allotted for the black-box evaluations (it could also be expressed in terms of computation time).
Note that other stopping criteria could also be considered, such as a thresholds on the successive maximum values of EI
obtained at Step (iv) (Schonlau, 1997).

Computation cost in simulation time or in IPS generated trajectories are highly correlated since the Kriging optimisation
computation time can be neglected when compared to IPS simulation one. Considering time or IPS generated trajectories
for computation cost is equivalent. The computational cost C in IPS generated trajectories of the proposed Kriging-based IPS
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Table 1

General results of hyperparameter α optimisation on a toy case.

αmin smmin (%)

Average result 1.93 21.3

Worst result 2.01 23.5

Best result 1.92 18.8

can be derived in the following way. Indeed, there is mmax Kriging evaluations of s with the proposed strategy. Moreover,
each estimation of the relative error s requires nrep repetitive IPS estimations with N particles. The computational cost in IPS
generated trajectories is then simply given by the following equation:

C = mmax × nrep × N. (8)

In the following, two IPS runs have thus the same computation cost if the same number of IPS particle trajectories are
generated. The parameter nrep has been set to 50 for the different simulation cases but it can be decreased for computational
reasons in realistic complex situations.Moreover, the proposed setF is defined as [0, 10] in the simulation cases. This interval
is well-adapted to general situations, although low probabilities (Pn(A) < 10−20) or small Markov chain length (n < 5)may
require an expansion of the set F.

4. Application of the proposed strategy

In this section, we apply themethodology proposed in the previous section to a toy case and a realistic situation of aircraft
conflict.

4.1. Toy case

The toy case described in Section 2.3 is considered with the optimisation strategy described in Section 3. The numberm
of initial values of α where the IPS relative error is estimated is set to 5 in order to decrease the computation cost. These
values are determined using random Latin Hypercube Sampling (LHS) (McKay et al., 1979). The numbermmax of authorisedα
samples is 15. The relative error s and the probability mean estimate are estimated with nrep = 50 repetitive estimations of
the probability of interest. An example of IPS relative error optimisation is given in Fig. 3. In this case, the algorithm finds an
IPS minimum relative error equal to 22% obtained for αmin = 1.96 where s(αmin) = smmin. This tuning value is very efficient
and a low computation effort has been required to determine this approximated optimum. It is thus an improvement for
the users of IPS algorithm since an initial guess of α is not obvious. We repeated this optimisation 20 times with different
initial LHS and estimated the average, worst and best performances of the optimisation strategy in Table 1. In the worst case
of these 20 repetitions, the IPS relative error obtained with the proposed tuning is lower than 25%.

It is also interesting to compare the results given by single runs of IPSwithout using the proposed Kriging based approach
butwith a large number of particles to keep the computational cost constant. In these IPS single run simulations, the number
of particles is set to mmax × N = 3 · 105. The number of repeated simulations to estimate the probability and its relative
error is kept to nrep = 50. The corresponding probability and relative error estimate are given in Fig. 4. If the initial choice
of α is included in the interval [1.15; 2.45], that is, if the chosen value of α is not too far from its optimum value, then it is
better in terms of relative error to consider IPS simulations with a high number of particles than the proposed Kriging-based
IPS optimisation. For other values of α, the algorithm proposed in this article is more efficient.

4.2. Aircraft trajectory model

A model for computing conflict probability estimation between two aircraft is presented in this section. It is based on
realisticmeasurements (Paielli and Field, 1998) of 9500 aircraft flying at 29000 ft over a period of 20min following a straight
line, with a constant nominal speed of 10 nmi/min (nmi = nautical miles) (Jacquemart and Morio, 2013).

An aircraft trajectory is modelled by a 2-dimensional stochastic process in discrete time defined by

Xj+1 = Xj + vh+
√
hσ h

j Wn,

where Xj is the position of the aircraft at time j, v is a two-dimensional speed vector, h is the discretisation time step, σ h
j is

a squared correlation matrix and Wj is a standard two-dimensional Gaussian random variable. The initial position error is
given by X0 ∼ N (0,Λ0), for a given covariance matrixΛ0.

The cross-correlation between the along-track and cross-track errors is small enough to be considered as null. The vertical
position error can be negligible (Paielli and Erzberger, 1997) when compared to along-track and cross-track position errors,
which is why the trajectory model considered is two-dimensional. Let us define Xj = (Xa

j , X
c
j ) the aircraft position at time

j with Xa
j the along-track aircraft position and X c

j the cross-track aircraft position. If it is assumed that the aircraft has a
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Fig. 3. Evolution of the IPS relative error during the optimisation of hyperparameter α with the EGO procedure. (Blue curves: Ŝ; green curves: Ŝ± σ̂ ; black
points: the current design; red points: new proposed samples.) (For interpretation of the references to colour in this figure legend, the reader is referred

to the web version of this article.)

constant speed v in a coordinate systemwhere the abscissa axis is parallel to aircraft trajectory, and taking into account the
independence between the along-track and cross-track errors, one has

{
Xa
j+1 = Xa

j + vh+
√
hga(jh)W a

j

X c
j+1 = X c

j +
√
hgc(jh)W c

j ,
(9)
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a b

Fig. 4. IPS probability estimate mean and relative error for different values of α, P{Xn > 30} and 300000 IPS particles.

where h is the discretisation step andW a
j etW c

j are two independent standard one-dimensional Gaussian random variables,
with initial conditions

{
Xa
0 ∼ N (0, ν20,a)

X c
0 ∼ N (0, ν20,c).

(10)

The initial conditions are experimentally set to Jacquemart and Morio (2013)

ν0,a = ν0,c = ν0 = 0.333. (11)

The functions ga and gc are defined as

ga(x) =
√
2(r2a x+ raν0), (12)

and

gc(x) =
√
2(2p2x3 + 3pqx2 + (2pν0 + q2)x+ 2qν0x) (13)

with x ∈ R
+ and ra = 0.233, p = 0.0068 and q = 0.328 (Jacquemart and Morio, 2013).

Now, if the speed vector has an angle θ with an horizontal axis, the aircraft position is obtained by applying a rotation
matrix of angle θ . One has then

Xj+1 = Xj + Rθ

(
vh
0

)
+
√
hRθ

(
ga(jh) 0

0 gc(jh)

)
Wj, (14)

with Rθ =
(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
. The term X0 is defined by

X0 = Rθ

(
ν0,a 0
0 ν0,c

)
W0, (15)

whereW0 is the 2-dimensional standard Gaussian random variable.

4.2.1. Conflict probability between aircraft

If one considers two aircraft indexed by 1, 2, the two following stochastic processes define the aircraft trajectories:





X1
j+1 = X1

j + Rθ1

(
v1h
0

)
+
√
hRθ1

(
ga(jh) 0

0 gc(jh)

)
W 1

j

X2
j+1 = X2

j + Rθ2

(
v2h
0

)
+
√
hRθ2

(
ga(jh) 0

0 gc(jh)

)
W 2

j .

(16)

The process to be studied is the distance between the two aircraft defined by

Dj = ‖X1
j − X2

j ‖, j ∈ {0, . . . , n}. (17)
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Fig. 5. (a) Top view of a sample of the two aircraft trajectory. (b) Associated separation distance.

a b

Fig. 6. IPS probability estimate mean and relative error for different values of α.

where n is set in the proposed case to n = 200 which is equivalent to a period of 20 min. The probability of interest in this
application is

P(∃j ∈ {0, . . . , n},Dj < δ), (18)

where δ is a specified distance threshold. For instance, setting δ as the sum of the two semi-wingspans of the aircraft
corresponds to the probability of collision. When one talks about conflict probability, δ is set to 8 nmi in this article. Fig. 5
shows a sample of a couple of trajectories with a selected flight plan. The problem defined in Eq. (18) is not exactly the same
as the one described in Section 2.1 but can bemodified to fit in this formalism. The idea is to introduce theminimumprocess
Mj of the Markov chain Dj before time j,

Mj = min
l=0,...,j

Dl.

The chainMj is not Markovian. It is thus necessary to apply IPS algorithm on the process Sj

Sj = (X1
j , X

2
j ,Mj), (19)

which is Markovian and then to estimate the probability P(Mn < δ) since

P(Mn < δ) = P(∃j ∈ {0, . . . , n},Dj < δ).

The IPS algorithm with weight function given in Eq. (4) is applied for different values of α and with N = 2 · 104 particles
to estimate the probability P(Mn < δ). These estimations have been repeated 50 times to determine IPS estimate mean and
relative error s. Fig. 6(a) shows the IPS probability estimate mean and IPS relative error is given in Fig. 6(b). The probability
estimated with a 5 · 106 Monte Carlo simulations is equal to 0.6 · 10−6, to be used as a reference value. The IPS algorithm
converges to this probability even if there is a high variability of the IPS results depending on the value of α. A wrong choice
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Fig. 7. Evolution of the IPS relative error during the optimisation of hyperparameter α for a realistic case of aircraft conflict with the EGO procedure. (Black

points: the current design; red points: new proposed samples.) (For interpretation of the references to colour in this figure legend, the reader is referred

to the web version of this article.)

of this value could lead to erroneous results andmoreover only a very small interval of α values gives valuable results. In this
realistic case of aircraft conflict, it is impossible to determine theoretically an optimal value of α for the IPS algorithmwhich
may reduce its applicability. If one uses the α optimisation strategy described in Section 3, one can obtain the results given
in Fig. 7. The number m of initial values of α, where the IPS relative error is estimated, is 5 and they are determined using
random LHS. The numbermmax of authorised α samples is still equal to 15. In this case, the algorithm finds an IPS minimum
relative error equal to 51% obtained for αmin = 0.91. This tuning value is thus very efficient. We repeated this optimisation
20 times with different initial LHS and estimated the average, worst and best performance of the optimisation strategy in
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Table 2

General results of hyperparameter α optimisation on a realistic aircraft conflict.

αmin smmin (%)

Average result 0.89 59

Worst result 1.02 70

Best result 0.93 47

a b

Fig. 8. IPS probability estimate mean and relative error for different values of α and 300000 IPS particles.

Table 2. In the worst case of these 20 repetitions, the IPS relative error obtained with the proposed tuning is lower than 70%.
It is the best result one can obtain with the IPS method for such a low probability estimate and this limited number N of
trajectory simulations. The only way to reduce the estimate relative error is no more the improvement of the α tuning but
the increase of N .

The results given by single runs of IPS without using the proposed Kriging-based approach but with a large number of
particles can be compared. The computational cost is also kept constant. In these IPS single run simulations, the number of
particles is set tommax × N = 3 · 105. The number of repeated simulations to estimate the probability and its relative error
is kept equal to nrep = 50. The corresponding probability and relative error estimate are given in Fig. 8. If the initial choice
of α is included in the interval [0.5; 1.3], then it is better in terms of relative error to consider IPS simulations with a high
number of particles than the proposed Kriging-based IPS optimisation. For other values of α, the algorithm proposed in this
article is more efficient.

5. Conclusion

In this article, a Kriging-based strategy for estimating the optimal IPS hyperparameter has been proposed. This tuning is
an issue since it is very complicated to determine a priori efficient values for α. This is no more the case with the proposed
method that enables a practical use of IPS since it does not require a high simulation cost. This algorithm has been applied
successfully to the Gaussian random walk and to a realistic case of aircraft conflict estimation. A possible perspective to
this work is the ability to modify the value of α during the IPS process in order to improve the estimation accuracy. For
that purpose, there exist some alternative adaptive IPS models based on adaptive resampling procedures (Del Moral et al.,
2012;Wolters, 2012). The idea is to use a sequence of weighted approximations up to the first time the product of sampling
weights induce some degenerate estimate with respect to some criteria such as weight variance or entropy. It would be thus
very interesting to connect the Kriging-IPS algorithm with these more classical resampling procedures.

Another perspective of this approach is to take into account the simulation error. The number of repetitions to estimate s
has been set to 50 in this article. Thus, the estimation of relative error is relatively accurate and taking simulation error into
accountwill not change the results of this article. Nevertheless, if onewants to reduce the number of repetitions to estimate s
for computation time reason, it becomes necessary to consider the simulation error in the Krigingmodel. Mean and standard
deviation of the relative error are still available since the relative error is estimated with Monte-Carlo estimations. The use
of the Kriging model with noisy simulations has been reviewed in Picheny et al. (in press).
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Critical probability estimation is of major interest in safety and reliability applications. In

this article, we focus on a black-box model with multidimensional random input X and one

random output Y. We consider the estimation of probability P that Y exceeds a threshold S.

We assume that the random input X follows a multidimensional parametric density with

parameters d and thus the probability P will depend on the values of d. In this paper, we

analyze the sensitivity of the critical probability P to the model parameters d. We propose

a methodology that estimates Sobol indices with low computation cost. This strategy

enables us to determine which statistical parameters have a great influence on the value

of the probability and require a valuable determination. The last part of this article applies

the proposed technique on a realistic case of missile collateral damage estimation.

Ó 2011 Elsevier B.V. All rights reserved.

1. Introduction

Simulation and computing take a larger part in the dimensioning of real systems. In this article, we focus on rare failure
probability estimation of a black-box model. This estimation is performed with Monte Carlo simulations or with more
adapted techniques like importance sampling or importance splitting. These algorithms assume that the input PDF (proba-
bility density function) parameters (such as the mean and the variance in the case of Gaussian input density) are perfectly
known and well-determined. It is of course not always the case in realistic situations. In this article, we propose to analyze
the influence of the uncertainty of input density parameters on a failure probability estimation. It is an original and impor-
tant issue in reliability and safety since it is often of major interest to determine which input density parameters have to be
well estimated in order to not bias the probability estimation. Similar approaches have been proposed in the case of local
sensitivity method with importance splitting [1–3], extreme value theory [4,5], fault tree [6,7] or probability bounding [8,9].

For that purpose, we propose a method to estimate Sobol indices of the input PDF parameters that characterizes their
influence on the rare event probability. Even if rare event estimation and global sensitivity method are generally well-
known, their combined use in this article is not very developed in the scientific literature [10,11]. The main difficulty of sen-
sitivity analysis methods is the high required number of samples generated with the simulation code in order to obtain an
accurate estimation. The approach proposed in this article requires some samples to estimate the failure probability for a set
of input density parameters. Then, the sensitivity analysis does not need the generation of new samples which is another
innovative aspect of this article.

In this article, we describe the problem statement and propose a three stage methodology to analyze the sensitivity of a
rare probability estimation to the uncertainty of input density parameters. Sobol indices of each input density parameter are
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then determined to rank their different influences. The last part of the article concerns the application of this approach on
missile collateral damage probability estimation.

2. Problem statement

In this section, we propose to analyze the general context of the proposed study. We consider a black-box system / mod-
eled by a continuous scalar function / : Rd ! R. The input of this function is a d-dimensional random variable
X = (X(1),X(2), . . . ,X(d)) that follows a probability density function f and the output is defined by the variable Y such as Y = /

(X). Each random variable X(i) follows a PDF fi(di) with di, a set of PDF parameters. The PDF parameter di is for instance the
variance of a Gaussian PDF. Without any lack of generality, we will suppose to simplify the notation in the following that
each input PDF only depends on one parameter.

In this paper, we focus on the estimation of a failure probability P(/(X) > S) = P with S a threshold. A simple way to esti-
mate this probability is to consider Monte Carlo methods [12–16]. For that purpose, one generates independent and iden-
tically distributed samples X1, . . ., XN from the PDF f and then estimates the probability with

PMC ¼ 1

N

XN

i¼1

1/ðXiÞ>S ð1Þ

where 1/ðXiÞ>S is equal to 1 if /(Xi) > S and 0 otherwise. When S has a high value, the probability is low and cannot be accu-
rately estimated with Monte Carlo. The estimate relative deviation is indeed too important in this case. Alternative methods
such as importance sampling (IS) method [17–25] or importance splitting (ISp) [26–29] can be used.

Inmany situations, the PDFmodel and its parameters are uncertain but are assumed constant to simplify the problem. This
situation is of course not realistic. In this paper, we assume that the PDF of parameter di is defined by gi. The PDF gi can be for
instance a uniform random variable on the interval [hdii ÿ ci, hdii + ci] where hdii is the mean parameter of di and where ci is
experimentally determined or also a Gaussian PDF with mean parameter hdii and a variance parameter vi. This uncertainty
has an influence on the probability estimation and consequently the probability P depends on the value of d1, d2, . . ., dd.

Nevertheless, in order to estimate Sobol indices of d1, d2, . . ., dd, all these parameters have to be independent. It is indeed a
sine qua none condition for Sobol indice estimation. This is of course a limit of the proposed approach since it is not always
true for every kind of densities. As in every application of Sobol indices, it is thus necessary to be careful that this indepen-
dence assumption is valid, otherwise Sobol indice estimations are not valuable. Contrary to the usual application of Sobol
indices, the X(i) components are not required to be independent but have to be described by PDF with independent
parameters.

In this paper, we propose a methodology to study the influence of (d1,d2, . . . ,dd) on the probability P with a low compu-
tation cost.

3. Sensitivity analysis of model parameters on a failure probability

It consists in analyzing the influence of the input PDF parameters di on the value of the probability P. The proposed strat-
egy is the following:

� Determine an efficient sampling density h to estimate P for a fixed value of (d1,d2, . . . ,dd). One can notably choose that
(d1,d2, . . . ,dd) = (hd1i,hd2i, . . . , hddi). hopt is theoretically defined with:

hopt ¼
1/ðXÞ>Sf ðXÞ

Pðhd1i; hd2i; . . . ; hddiÞ
ð2Þ

The PDF hopt cannot be derived since it depends on the unknown probability P. Nevertheless rare event methods enable to
generate samples according to efficient sampling PDF h that approximates the PDF hopt. The more h is close to hopt, the
more efficient is the rare event algorithm. At the end of this stage, we can obtain a set of N samples X1, . . ., XN generated
from h and estimate the probability bPðhd1i; hd2i; . . . ; hddiÞ.

� Estimate the probability depending on the value of the model parameters di with importance sampling thanks to the fol-
lowing equation:

bPðd1; . . . ; ddÞ ¼
1

N

XN

i¼1

1/ðXiÞ>S

fd1 ;...;dd ðX iÞ
hðXiÞ

ð3Þ

where the term fd1 ;...;dd means that f depends on d1, . . ., dd. One has thus determined a direct link between probability esti-
mate bP and model parameters d1, . . ., dd.

� Make a sensitivity analysis with, for instance, Sobol indices to determine which density parameters are the most influ-
ential on the value of bP . If the variation of a model parameter di gives a large variation of the value bP , then bP is very sen-
sitive to di. A ranking of the different input density parameters can then be obtained and one can determine which input
density parameters have to be accurately estimated to have confidence in the model.

These stages are analyzed in detail in the following of the article.
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4. Determining an efficient sampling PDF to estimate P

The value of (d1,d2, . . . ,dd) is firstly set to (hd1i, hd2i, . . . ,hddi). Then, when one wants to estimate a probability P, a very sim-
ple method is to use Monte Carlo simulations using Eq. (1). Knowing the true probability P that (/(X) > S), the relative devi-
ation

r
PMC

PMC is defined by

rPMC

PMC
¼ 1ffiffiffiffi

N
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P ÿ P2

p

P
ð4Þ

The Monte Carlo estimate relative deviation tends to +1when one focuses on rare event estimation, that is when P? 0 for a
given sample-size N. Monte Carlo techniques are consequently not adapted to such estimation. The optimal sampling density
hopt to estimate P is theoretically defined by Eq. (2). Only one sample generated with this density hopt is sufficient to obtain a
zero-variance estimator of P but since it depends on the unknown probability P, it cannot be used directly. Nevertheless, if
one determines a density that approaches the optimal density hopt and also allows an easy generation of random numbers,
the probability P is then efficiently estimated. There are two main methods to estimate rare event probability: importance
sampling (IS) and importance splitting (ISp). Both methods are described in the following.

4.1. Importance sampling

Let us define wðXÞ ¼ f ðXÞ
hðXÞ. The idea of IS is to generate samples X1, . . ., XN from an auxiliary PDF h and then estimate P in the

following way:

PIS ¼ 1

N

XN

i¼1

1/ðXiÞ>SwðXiÞ ð5Þ

The variance of PIS is estimated by:

VarðPISÞ ¼ Varð1/ðXÞ>SwðXÞÞ
N

ð6Þ

The auxiliary PDF hmust be chosen with care. The PDF hmust be positive when f is positive because of the condition of abso-
lute continuity, and its tail must be sufficiently heavy with respect to the tail of f in order to have an estimate with finite
variance. The variance of IS estimate depends notably on the choice of h. If h is well-chosen, then the IS estimate variance
can be very low. Conversely, if h is not adapted to the estimation, the IS estimate results can have a higher variance than
Monte-Carlo estimate. A lot of methods are available to estimate a valuable sampling PDF h and are notably described in
different references [17–24,30–33]. Non parametric importance sampling, cross-entropy optimization, sequential Monte
Carlo samplers, exponential tilting have notably been investigated. They consist most of the time in an optimization algo-
rithm. The PDF h can be notably estimated within a parametric PDF family or derived with nonparametric kernel density
estimator. Efficient IS often involves adaptive and recursive estimation. Since it is not the objective of this article to compare
the different importance sampling optimization algorithm, one will only consider cross-entropy and nonparametric impor-
tance sampling in order to determine the PDF h.

Once a valuable sampling PDF h to estimate the probability P has been determined, it is then possible to generate N sam-
ples X1, . . ., XN that follow the density h and estimate the probability bPðhd1i; hd2i; . . . ; hddiÞ with Eq. (3).

4.2. Importance splitting

Importance splitting is an alternative to importance sampling that is often well adapted to very rare events. In importance
splitting, the underlying distribution is not modified. There is no change of the probability laws driving the model but an
acceleration of the rate of occurrence of the rare event is performed by duplicating the promising samples.

Let us define

A ¼ fx 2 Rdj/ðxÞ > Sg ð7Þ

One has consequently P(X 2 A) = P(/(X) > S) = P. The principle of ISp is to iteratively estimate supersets of the set A and then
to estimate P(X 2 A) with conditional probabilities.

Let us define A0 ¼ R
d � A1 � � � � � Anÿ1 � An ¼ A, a decreasing sequence of Rd subsets with smallest element A = An. They

can be defined with

Ak ¼ fx 2 Rdj/ðxÞP Skg

for k = 1, . . ., n with an increasing sequence of thresholds

S1 6 � � � 6 Snÿ1 6 Sn ¼ S
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The probability P(X 2 A) can be then rewritten in the following way:

PðX 2 AÞ ¼
Yn

k¼1

PðX 2 AkjX 2 Akÿ1Þ

where P(X 2 AkjX 2 Akÿ1) is the probability that X 2 Ak knowing that X 2 Akÿ1. An optimal choice of the sequence Ak, k = 0 . . . n

is given when P(X 2 AkjX 2 Akÿ1) = p, where p is a constant, that is when all the conditional probabilities are equal. The var-
iance of P(X 2 A) is indeed minimized in this configuration as shown in [34,35]. Consequently, if each P(X 2 AkjX 2 Akÿ1) is
well estimated, then the probability P(X 2 A) is estimated more accurately with ISp than with a direct estimation by Monte
Carlo simulations. Defining the Ak sequence and generating samples with conditional densities are still a domain of research.
At the end of importance splitting, one has obtained a set of N samples X1, . . ., XN that follow a PDF h.

We propose in the following to analyse the different stages of the algorithm ISp to estimate P(/(X) > S) = P(X 2 A).

(1) Set k = 0.
(2) Generate N0 samples X0

1; . . . ;X
0
N0

from f.
(3) Estimate S1 as the a-quantile of samples /ðX0

1Þ; . . . ;/ðX
0
N0
Þ.

(4) While Sk+1 < S, do
(a) Set k = k + 1.
(b) Generate Nk samples Xk

1; . . . ;X
k
Nk

from fk, the density of X restricted to the set Ak ¼ fx 2 Rdj/ðxÞP Skg. Unfortu-
nately, generating directly independent samples from the fk conditional densities is in most cases impossible as
they are usually unknown. A f-reversible Markovian kernel can be used to generate new samples with density
fk [36,26].

(c) Estimate Sk+1 as the a-quantile of samples /ðXk
1Þ; . . . ;/ðX

k
Nk
Þ.

(5) Estimate the probability with

PISp ¼ ð1ÿ aÞk � 1

Nk

XNk

i¼1

1
/ðXk

i
Þ>S

The sampling PDF h can be then defined as a sum of weighted Dirac measures over the samples Xk
i . It is then possible to gen-

erate N samples X1, . . ., XN that follow the density h and estimate the probability bPðhd1i; hd2i; . . . ; hddiÞ with Eq. (3). Kernel
density estimator or histogram over the samples Xi can also be used but are not required.

5. From probability estimation to sensitivity analysis

5.1. Principle

Let us define d = (d1,d2, . . . ,dd) and hdi = (hd1i, hd2i, . . . , hddi). With importance sampling or splitting, one can thus determine
a set of N samples X1, . . ., XN that follows a PDF h to estimate P(hdi) with:

bPðhdiÞ ¼ 1

N

XN

i¼1

1/ðXiÞ>SwðXiÞ ð8Þ

Since one has used a valuable rare event technique to determine h, h is efficient to estimate P(hdi) with a reasonable variance
but is it still the case to estimate P(d) for every combination of d? If h is an efficient PDF to estimate P(hdi), it means that most
of the samples X1, . . ., XN fall into the set A defined in Eq. (7). The set A is completely independent from the values of d since it
only depends on the properties of the function /. Consequently, the samples X1, . . ., XN generated from h can still be used to
estimate P(d). The value of P(d) can be estimated with:

bPðdÞ ¼ 1

N

XN

i¼1

1/ðXiÞ>S

fdðXiÞ
hðXiÞ

ð9Þ

The validity of this probability estimation depends on the variability of the parameters d1, d2, . . ., dd and on their impact for P.
It is thus necessary to verify with caution if bP approaches well P with Eq. (9). The following examples gives some numerical
examples of how to use Eq. (9) to estimate probabilities.

5.2. Example on simple cases

In this section, we propose to analyse the efficiency of the methodology proposed at the previous sections in order to esti-
mate a probability. We consider the case where X is a simple Gaussian PDF with zero mean and a standard deviation equal to
r and try to estimate the probability P(X > 5). We firstly set r to 1 and apply a rare event algorithm to determine a valuable
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sampling PDF h to estimate P(X > 5). For that purpose, we propose to use Non parametric Adaptive Importance Sampling
(NAIS) algorithm proposed in [21,37] and cross-entropy (CE) optimization [38,22,39] with 10,000 samples. Other importance
sampling optimizations could be used (see Section 4.1) and may give better results than NAIS or CE depending on the con-
sidered case. The objective of this article is not to compare importance sampling methods but the choice of NAIS and CE is
reasonable considering that they are among the most well-known IS optimization. Then, we generate 10,000 samples from
the PDF h obtained with NAIS and with CE and then estimate the probability P(X > 5). To evaluate the influence of r on the
probability, we also estimate P(X > 5) with Eq. (9) for different values of r without regenerating any samples.

In Fig. 1, we present the PDF h obtained with NAIS and the optimal sampling PDF for different values of r. The optimal
sampling PDF can be plotted since we know the value of theoretical probability P(X > 5). In Table 1, we present the estima-
tion of P(X > 5) for different values of r with the samples generated with PDF h. These probabilities are compared to the the-
oretical ones PTh(X > 5). One can notice that the probabilities are well estimated with a low relative deviation if r < 3,
otherwise the estimated probability is not correct. Indeed, NAIS and CE sampling PDF have been set with r = 1; if r > 3,
the distribution tail is too heavy when compared to NAIS and CE sampling PDF. NAIS and CE sampling PDF are thus not effi-
cient in that case with only 10,000 samples. To improve the estimation, more samples have to be drawn or NAIS and CE sam-
pling PDF have to be updated to better perform this estimation. NAIS algorithm takes about 7 s on a standard PC to deliver
one estimation with 10,000 samples, CE takes about 2 s, whereas it takes 0.005 second to generate 10,000 Monte Carlo
simulations.

We also consider the case where X = (X1,X2, . . . ,X5) follows a multidimensional Gaussian PDF with mean 0 and a covari-
ance matrix equal to aI5 with I5 the identity matrix of R5. The function / is given by the following function called Ackley
function:

Y ¼ /ðXÞ ¼ ÿ20 exp ÿ0:2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

d

Xd

i¼1

X2
i

vuut
0

@

1

Aÿ exp
1

d

Xd

i¼1

cosð2pXiÞ
 !

þ 20þ e ð10Þ

We then applied the same methodology as previously described for IS to estimate P(/(X) > 9.5). Indeed, we set a to 1 and
apply NAIS algorithm and CE optimization to determine a valuable sampling PDF hwith 10,000 samples. We finally generate
10,000 samples from the PDF h obtained with NAIS and with CE and then estimate the probability P(/(X) > 9.5). In Table 2,
we present the estimation of P(/(X) > 9.5) for different values of a with the samples generated with PDF h. These probabil-
ities are compared with the ones obtained with 106 Monte Carlo simulations PMC(/(X) > 9.5). If a > 2, NAIS and CE sampling
PDF are not efficient with only 10,000 samples. NAIS and CE sampling PDF have been determined for a = 1. When parameter
a varies too much, the NAIS and CE sampling PDF are not adapted. To improve the estimation, more samples have to be
drawn or NAIS and CE sampling PDF have to be updated to better perform this estimation. NAIS algorithm takes about
40 s on a standard PC to deliver one estimation with 10,000 samples, CE takes about 12 s, whereas it takes 0.05 s to generate
10,000 Monte Carlo simulations.

The proposed technique estimates probabilities at low cost when some input PDF parameters vary. We show on simple
examples that it can be very efficient as soon as the probability does not vary too much for a set of input parameters. It is
hard to determine a priori if the probability estimate will be efficient or not. Nevertheless, one can notice that if estimated
probability bPðd1; d2; . . . ; ddÞ stays in the interval ½10ÿ3bPðhd1i; hd2i; . . . ; hddiÞ;103bPðhd1i; hd2i; . . . ; hddiÞ�, the probability is very
efficiently estimated. If it is no more the case, the probability estimates can then be biased. In realistic situations, it is con-
sequently necessary to check how the probability to be estimated varies with different sets of input PDF parameters through
random simulations.
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Fig. 1. Optimal sampling density for different values of standard deviation r and NAIS sampling PDF h in black.
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Instead of hdi, one can choose a value dmin that makes the probability P(d) less rare so that Monte Carlo estimation tech-
niques could be used. This would ease the estimation of P(d) but, in the same way as before, it is difficult to ensure that the
probability to be estimated will not be biased for other values of d, that is, to ensure that bPðd1; d2; . . . ; ddÞ stays in the interval
½10ÿ3bPðdminÞ;103bPðdminÞ�. In real case, one often knows the mean value of d and its variation band. It is thus more logical to
focus on the estimation of P(hdi) than on the estimation of P(dmin).

5.3. Functional interpretation

Since our objective is to study the influence of d1, . . ., dd on bP , one can rewrite Eq. (3) in the following way

bP ¼ Cðd1; . . . ; ddÞ ð11Þ

where C is a continuous scalar function C : Rd ! R. The d variables d1, . . ., dd are the inputs of this function C. Each input di
follows a PDF gi.

6. Sensitivity analysis of failure probability bP

The role of sensitivity analysis is to determine the influence of the parameters (d1, . . . ,dd) on the probability estimate bP .
Consequently, we focus on the estimation of Sobol indices to determine this influence [40–43,14,44,45]. Indeed, in the gen-
eral case of a nonlinear model C, one can estimate the influence of the model inputs by using a decomposition of C in ele-
mentary functions:

bP ¼ Cðd1; . . . ddÞ ¼ C0 þ
Xd

i¼1

CiðdiÞ þ
X

16i<j6d

Cijðdi; djÞ þ . . .þ C1...dðd1; . . . ; ddÞ ð12Þ

where C is assumed to be integrable, C0 is a constant and
Z

Iik

Ci1 ;...is ðdi1 ; . . . ; dis Þddik ¼ 0

is true "k = 1 . . . s and for {i1, . . . , is} # {1, . . . ,d} where Iik is the support of density gik
. If the inputs di are random and inde-

pendent, one can obtain the well-known ANOVA decomposition:

Table 1

Mean estimation of P(X > 5) with NAIS and CE algorithm for different values of the standard deviation r of Gaussian PDF X over 100 retrials.

r PTh(X > 5) bPNAISðX > 5Þ (relative deviation) bPCEðX > 5Þ (relative deviation)

0.7 4.6 � 10ÿ13 4.6 � 10ÿ13 (1.5%) 4.7 � 10ÿ13 (15.2%)

0.8 2.1 � 10ÿ10 2.1 � 10ÿ10 (1.2%) 2.1 � 10ÿ10 (11.3%)

0.9 1.4 � 10ÿ8 1.4 � 10ÿ8 (1.0%) 1.3 � 10ÿ8 (10.7%)

1 2.9 � 10ÿ7 2.9 � 10ÿ7 (0.8%) 2.9 � 10ÿ7 (7.8%)

1.1 2.7 � 10ÿ6 2.7 � 10ÿ6 (0.7%) 2.7 � 10ÿ6 (13.5%)

1.2 1.5 � 10ÿ5 1.5 � 10ÿ5 (0.8%) 1.5 � 10ÿ5 (15.2%)

1.3 6 � 10ÿ5 6.0 � 10ÿ5 (1.0%) 6.0 � 10ÿ5 (17.0%)

1.5 4.3 � 10ÿ4 4.2 � 10ÿ4 (2%) 4.4 � 10ÿ4 (22.1%)

2 6.2 � 10ÿ3 5.9 � 10ÿ3 (5.3%) 6.3 � 10ÿ3 (27.8%)

3 4.7 � 10ÿ2 4.2 � 10ÿ2 (10%) 4.6 � 10ÿ2 (29.3%)

5 0.16 9.4 � 10ÿ2 (15%) 1.5 � 10ÿ1 (30.8%)

10 0.31 0.15 (16%) 0.27 (30.1%)

Table 2

Estimation of P(/(X) > 9.5) with NAIS and CE algorithm for different values of the covariance matrix aR of multidimensional Gaussian PDF X.

a PMC(/(X) > 9.5) (relative deviation) PNAIS(X > 9.5) (relative deviation) PCE(X > 9.5) (relative deviation)

0.7 1.5 � 10ÿ7 (244%) 7.2 � 10ÿ8 (2.5%) 7.6 � 10ÿ8 (13.2%)

0.8 1.1 � 10ÿ6 (102%) 7.1 � 10ÿ7 (2.1%) 7.3 � 10ÿ7 (12.5%)

0.9 6.0 � 10ÿ6 (35%) 4.2 � 10ÿ6 (1.2%) 4.1 � 10ÿ6 (8.9%)

1 2.1 � 10ÿ5 (32%) 1.7 � 10ÿ5 (0.8%) 1.6 � 10ÿ5 (7.8%)

1.1 6.5 � 10ÿ5 (9.4%) 5.5 � 10ÿ5 (0.8%) 5.5 � 10ÿ5 (8.6%)

1.2 1.7 � 10ÿ4 (6%) 1.5 � 10ÿ4 (1.0%) 1.4 � 10ÿ4 (8.9%)

1.3 3.9 � 10ÿ4 (4.5%) 3.2 � 10ÿ4 (1.3%) 3.3 � 10ÿ4 (10.2%)

1.5 1.4 � 10ÿ3 (2.7%) 1.2 � 10ÿ3 (1.7%) 1.2 � 10ÿ3 (17.2%)

2 1.0 � 10ÿ2 (0.9%) 9.8 � 10ÿ2 (3.3%) 1.2 � 10ÿ2 (25.3%)

3 7.0 � 10ÿ2 (0.3%) 7.5 � 10ÿ2 (6.8%) 7.2 � 10ÿ2 (22.8%)

5 0.29 (0.1%) 0.20 (10.5%) 0.25 (27.5%)

10 0.68 (0.004%) 0.50 (15.2%) 0.61 (30.2%)

J. Morio / Simulation Modelling Practice and Theory 19 (2011) 2244–2255 2249



VarðbPÞ ¼ V ¼
Xd

i¼1

V i þ
X

16i<j6d

V ij þ . . .þ V1...d

with

V i ¼ VarðEðbP jdiÞÞ
V ij ¼ VarðEðbP jdi; djÞÞ ÿ V i ÿ V j

V ijk ¼ VarðEðbPjdi; dj; dkÞÞ ÿ V i ÿ V j ÿ Vk ÿ V ij ÿ V ik ÿ V jk

. . .

with E the mathematical expectation. One can then define the Sobol sensitivity indices at first order Si for the variable di with

Si ¼
V i

V
¼ VarðEðbP jdiÞÞ

VarðbPÞ

Sensitivity indices at second order can also be derived relatively to the variables di and dj:

Sij ¼
V ij

V

The interpretation of the sensitivity indices is easy since they vary between 0 and 1 and their sum is equal to 1. If Si is close to
1, then the variable di has a great influence on bP . When the number of variables d increases, the number of Sobol indices
increases exponentially and thus, the estimation of all these indices is impossible. For that purpose, total sensitivity indices
ST i are then introduced for each variable di:

ST i ¼
X

k#i

Sk

where #i represents all the sets of indices that contain i. For instance, if d = 3, one has then:

ST1 ¼ S1 þ S12 þ S13 þ S132

The Sobol indices are then often estimated with Monte Carlo methods [41,43]. The main difficulty of Sobol indice estimation
is often the too high number of generated samples to obtain an accurate estimation (convergence rate in

ffiffiffiffi
N

p
where N is the

sample size). It is notably the case when the simulation code is time consuming. 10,000 samples are often necessary for the
estimation of one Sobol indice with a relative deviation of about 10%. The use of deterministic quasi Monte Carlo sequence
(for instance LPs Sobol sequences) can reduce the number of required samples to estimate Sobol indices [46]. Another meth-
od of Sobol indice estimation is to consider FAST algorithm [47,48] based on Fourier transformwhich is relatively more accu-
rate than Monte Carlo and can be applied to total sensitivity indice estimation.r-LHS sampling [49] has also been proposed to
estimate first order Sobol indices.

In the proposed application, with a set of variables d1, . . ., dd, it is very simple to estimate the probability bP and thus, the
number of required samples is not an issue and Monte Carlo methods can be used. Once the Sobol indices have been deter-
mined, it is then very simple to determine which input PDF parameters d1, . . ., dd are the most influential on the probability
estimation.

7. Application

7.1. Missile simulation

We consider in this article a missile that is 6.55 m long and weighs 1100 kg. It is a supersonic stand-off missile powered
by a liquid-fuel ramjet. It flies at Mach 2 to Mach 3, with a range between 100 km and 350 km depending on flight profile.
This missile is modeled with a continuous black-box computer code /with seven independent inputs X and one output D = /

(X) where D is the target distance. It takes about 2 s on a standard PC to compute the value D knowing X. The inputs of this
black-box simulation code are the following:

� Plane inertial measurement unit in position and speed (four inputs).
� Missile inertial measurement unit in position and speed (three inputs).

These seven inputs X(i) follow a Gaussian PDF with 0 mean and a standard deviation equal to di. The PDF parameter di is
assumed to be random and follow a uniform PDF on the interval [0.1,1].

The output of the simulation code D is the target distance and is consequently a random variable. The Fig. 2 shows the
target distance PDF estimated with kernel density estimator for three different sets of input PDF parameters (d1, . . . ,dd).
The differences between these 3 PDF shows that the input PDF parameters (d1, . . . ,dd) have a nonnegligible influence on
the target distance D.
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7.2. Sobol indice estimation of a failure probability

In this subsection, we focus on the probability estimation P(D > 4.5) = P(/(X) > 4.5) and try to evaluate the influence of the
input PDF parameter uncertainties on this probability. We firstly set all the input PDF parameters di to <di> = 0.55. For this set
of parameters, one can determine an efficient sampling PDF h to estimate the probability P(D > 4.5). This PDF has been ob-
tained with NAIS. The Fig. 3 presents the density of D with Gaussian kernel estimator when the samples X1, . . . ,XN

(N = 10,000) are generated with h. Then using Eq. (8), one estimates the probability that bPðD > 4:5Þ ¼ 0:0106 with hdii = 0.55
"i = 1 . . . 7. One determines with Eq. (9) the value of bPðD > 4:5Þ for every set of di values. For instance, if di = 0.1 "i, one has
bPðD > 4:5Þ ¼ 0:0052 and if di = 1 "i one gets that bPðD > 4:5Þ ¼ 0:0133. The value of bPðD > 4:5Þ depends of course on the va-
lue of di. NAIS algorithm takes about 6 h on a standard PC to deliver one estimation with 10,000 samples; whatever the cho-
sen sampling method, the computation time is relatively the same.

In Fig. 4, one shows 100 estimations of P(D > 4.5) obtained with 103 simulations and NAIS algorithm for different random
values of input PDF parameters without using Eq. (9) but directly the simulation code /. The probability stays in the interval
proposed at the end of Section 5.2 and consequently, we can assume that the probabilities given with Eq. (9) are not biased.

In the following, we propose to rank the influence of parameters di on the value of bPðD > 4:5Þ with Sobol indices as pro-
posed in Section 6. The Tables 3 and 4 present the mean estimations of first order and total Sobol indices over 100 retrials
with 50,000 Monte Carlo simulations. The standard deviation of the estimations is also provided. The 7 input PDF parameters
do not contribute equally to the probability variability. The parameters d5 and d1 have the highest Sobol indices in this case.
Consequently, it is necessary to well estimate their values since a misestimation will cause a high variation of the probability
P. The other input PDF parameters are less influential on the probability at first order.

The same study has been done for the probability P(D > 7). One determines a valuable sampling PDF to estimate P(D > 7)
with NAIS when <di> = 0.55 "i = 1 . . . 7. Then, using the same methodology as previously described, one estimates that
bPðD > 7Þ ¼ 9:410ÿ7 with <di> = 0.55 "i = 1 . . . 7. Thanks to Eq. (9), if di = 0.1 "i, one has bPðD > 7Þ ¼ 1:310ÿ8 and if di = 1 "i

one gets that bPðD > 7Þ ¼ 7:810ÿ6. The value of bPðD > 7Þ depends of course on di. In Fig. 5, one shows 100 NAIS estimations
of P(D > 7) obtained with 104 simulations for different random values of input PDF parameters without using Eq. (9) but di-
rectly the simulation code /. The probability stays in the interval proposed at the end of Section 5.2 and consequently, the
probabilities given with Eq. (9) will probably not be biased.

In the following, we then rank the influence of parameters di on the value of bPðD > 7Þwith Sobol indices. The Tables 5 and
6 present the mean estimations of first order and total Sobol indices over 100 retrials with 50,000 Monte Carlo simulations.
Parameters d6 and d5 are the most influent input PDF parameters on P(D > 7). The most influent input PDF parameters depend
on the estimated probability. For instance, P(D > 4.5) is sensitive to d1 but it is not case for P(D > 7).

In this section, we have shown that input PDF parameters are clearly influential on the probability estimate. Moreover a
rank of their degree of influence is provided through Sobol indice estimation.

7.3. Simulation with other realistic PDF

To evaluate the influence of the PDF model on the probability estimation, one has modified the PDF of the inputs in the
previous example described in Section 7.1. We now assume that the different input parameters follow a Gumbel distribution.
These seven inputs X(i) follow a Gumbel PDF with location parameter:

ðl1 ¼ 0:22;l2 ¼ 0:18;l3 ¼ ÿ0:16;l4 ¼ 0:15;l5 ¼ 0:02;l6 ¼ ÿ0:07;l7 ¼ 0:05Þ

and a scale parameter equal to di. The PDF parameter di is assumed to be random and follow a uniform PDF on the interval
[0.5,2]. The considered distribution is asymmetric and has a heavier tail than Gaussian distribution.
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Fig. 2. Probability density function of target distance estimated with 10,000 Monte Carlo simulations for different sets of input PDF parameters.
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We estimate the probability P(D > 7). In the same way we previously described, one determines a valuable sampling PDF
to estimate P(D > 7) with NAIS when hdii = 1.25 "i = 1 . . . 7. Then, using the same methodology as previously described, one
estimates that bPðD > 7Þ ¼ 6:710ÿ5 with hdii = 1.25 "i = 1 . . . 7. Thanks to Eq. (9), if di = 0.5 "i, one has bPðD > 7Þ ¼ 8:2:10ÿ7 and
if di = 2 "i one gets that bPðD > 7Þ ¼ 2:110ÿ4. The value of bPðD > 7Þ depends of course on di. In Fig. 6, one shows 100 NAIS
estimations of P(D > 7) obtained with 104 simulations for different random values of input PDF parameters without using
Eq. (9) but directly the simulation code /. The probability stays in the interval proposed at the end of Section 5.2.

In the following, we then rank the influence of parameters di on the value of bPðD > 7Þwith Sobol indices. The Tables 7 and
8 present the mean estimations of first order and total Sobol indices over 100 retrials with 50,000 Monte Carlo simulations.
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Fig. 3. Probability density function of target distance estimated with 10,000 samples generated from h.
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Fig. 4. 100 estimations of P(D > 4.5) for different random sets of input PDF parameters.

Table 3

Mean of first order Sobol indice estimations over 100 retrials with 50,000 Monte

Carlo simulations.

Sobol indices Value Standard deviation

S1 0.15 0.01

S2 0.09 0.008

S3 0.018 0.01

S4 0.023 0.002

S5 0.31 0.01

S6 0.06 0.004

S7 0.07 0.003
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Parameters d6 and d5 are the most influent input PDF parameters on P(D > 7). These results are not too far from those
obtained with Gaussian distributions. Indeed, the scale parameters di of Gumbel distribution are directly linked to the

Table 4

Mean of Total Sobol indice estimations over 100 retrials with 50,000 Monte Carlo

simulations.

Sobol indices Value Standard deviation

ST1
0.22 0.01

ST2
0.19 0.01

ST3
0.09 0.01

ST4
0.09 0.02

ST5
0.38 0.02

ST6
0.14 0.01

ST7
0.11 0.01
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Fig. 5. 100 estimations of P(D > 7) for different random set of input PDF parameters.

Table 5

Mean of first order Sobol indice estimations over 100 retrials with 50,000 Monte

Carlo simulations.

Sobol indices Value Standard deviation

S1 0.06 0.007

S2 0.05 0.008

S3 0.03 0.006

S4 0.023 0.003

S5 0.18 0.008

S6 0.30 0.01

S7 0.04 0.005

Table 6

Mean of total Sobol indice estimations over 100 retrials with 50,000 Monte Carlo

simulations.

Sobol indices Value Standard deviation

ST1
0.22 0.01

ST2
0.13 0.01

ST3
0.07 0.01

ST4
0.05 0.01

ST5
0.38 0.02

ST6
0.42 0.02

ST7
0.13 0.01
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distribution variance and thus, similar behavior on sensitivity analysis of a rare event are determined when the scale param-
eter, in the case of Gumbel distribution, or the variance parameter, in the case of Gaussian distribution, are random.

The efficiency of some rare event estimation methods depend on the tail behavior of the target distribution. In this article,
we show that if a valuable sampling PDF is determined, the proposed methodolgy can be applied.

8. Conclusion

In this article, we have proposed an original methodology to analyze the influence of the input PDF parameter variability
on a rare failure probability. The proposed method based on the estimation of a standard probability and on Sobol indices has
been described in the case of a general problem where the model is a black-box system. The last part of this article concerns
the application of this algorithm on the estimation of missile collateral damage probability. We firstly show that it is impor-
tant to estimate input PDF parameters since they influence strongly the value of the output model probability. Moreover, a
rank of the influence of the PDF parameters on the probability estimate can be obtained with Sobol indices.
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Fig. 6. 100 estimations of P(D > 7) for different random set of input PDF parameters.

Table 7

Mean of first order Sobol indice estimations over 100 retrials with 50,000 Monte

Carlo simulations.

Sobol indices Value Standard deviation

S1 0.08 0.01

S2 0.12 0.01

S3 0.015 0.005

S4 0.020 0.001

S5 0.22 0.01

S6 0.24 0.005

S7 0.12 0.005

Table 8

Mean of total Sobol indice estimations over 100 retrials with 50,000 Monte Carlo

simulations.

Sobol indices Value Standard deviation

ST1
0.12 0.01

ST2
0.22 0.02

ST3
0.12 0.02

ST4
0.13 0.01

ST5
0.32 0.03

ST6
0.35 0.01

ST7
0.09 0.01
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a b s t r a c t

In this article, collision probability between aircraft in uncontrolled airspace is estimated. For that pur-

pose, a large database of aircraft trajectories in the vicinity of Saint-Cyr-l’Ecole airfield (France) is consid-

ered and maps of probability collision from simulated aircraft are then estimated. Since the collision

between aircraft is a rare event, we applied an importance splitting estimation technique rather than

crude Monte Carlo simulations to reduce the variance of the probability estimation. In this study, we

demonstrate the high local variability of collision probability in uncontrolled airspace and conclude on

the difficulty to set general probability requirements.

Ó 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Maintaining a specific minimum separation distance between

two aircraft to avoid collisions is mandatory in air traffic manage-

ment (ATM). This safety rule is generally guaranteedby the air traffic

control (ATC) that demands aircraft to fly at set levels or level bands,

on defined routes or in certain directions. The aircraft positions are

also well-known thanks to transponder and radar. Collision or sep-

aration loss statistics are consequently easily evaluated. The collec-

tion and analysis of data on hazardous air traffic management

incidents have also been an important task to determine issues

and improve ATM (Brooker, 2005; Leva et al., 2009). ATMmodelling

and simulation in controlled airspace (Kirkland et al., 2004; Shang-

wen andMing-hua, 2010;Wang et al., 2010; Irvine, 2001) have been

widely discussed in the literature. Based on these results, regula-

tions have been set. On the contrary, when one considers uncon-

trolled airspace, it is difficult to evaluate the collision or separation

loss risk with confidence. Indeed, the aircraft number, position and

routes are neither knownnor recorded. There is thus currently a spe-

cific need to estimate the probability of collisionor separation loss in

uncontrolled airspace.

For that purpose,wehave obtained a 170 trajectory database of air-

craft in uncontrolled airspace (class G airspace) over Saint-Cyr-l’Ecole,

France, airfield. In this article, our objective is thus to estimate collision

or separation loss probabilitywith this trajectory database over the re-

gion of Saint-Cyr-l’Ecole in simulation. It will provide an overview of

the mean collision risk in the general case and of its local variability.

This type of study could be interesting for regulatory purposes about

the integrationofunmannedaircraft intouncontrolledairspace (Allou-

che, 2000; Ostwald andHershey, 2007; Asmat et al., 2006; Kochender-

fer et al., 2008b; Kochenderfer et al., 2008a). The effect of their

integrationonaircraft safety is ahardquestion to answer since the cur-

rent safety conditions in uncontrolled airspace is not well

characterized.

This paper presents the general context of airspace class and then

details the aeronautical issue near Saint-Cyr-l’Ecole airfield. It de-

scribes the trajectory database that will be used in simulation and

how collision probabilities are derived. As Monte Carlo (Mikhailov,

1999; Sobol, 1994; Robert and Casella, 2005) simulations are not

accurate enough to estimate rare event probabilities with an afford-

able simulation, using importance splitting algorithm (Cerou et al.,

2008; Cerou and Guyader, 2007; L’Ecuyer et al., 2006; Glasserman

et al., 1996; Morio et al., 2010) is suggested and based on the recur-

sive estimation of conditional probabilities. The final section of this

article is dedicated to collision probability analysis over Saint-Cyr-

l’Ecole.

2. Context

This section describes airspace class and flight rules that are fol-

lowed by the aircraft in the trajectory database. The flight situation

in the vicinity of Saint-Cyr-l’Ecole airfield is then presented.
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2.1. Flight rules and airspace class

2.1.1. Flight rules

Two different flight rule sets coexist currently in airspace (Thom

and Godwin, 2007): the visual flight rules (VFR) and the instru-

mental flight rules (IFR). VFR are a set of regulations which allow

a pilot to operate an aircraft in weather conditions generally clear

enough to allow the pilot to maintain ground in sight and see

where the aircraft is going. The weather conditions are supposed

to be sufficient to sense and avoid potential collisions with other

aircraft. IFR permit an aircraft to operate in instrument meteoro-

logical conditions (IMC), which have much lower weather mini-

mums than VFR. In this article, all the aircraft trajectories that

are considered in the database follow the VFR rules. VFR flights

are operated in the case of visual weather conditions (VMC).

VMC are characterized by an horizontal visibility above 5–8 km

depending on the flight height and down to 1.5 km in uncontrolled

airspace at altitude below 3000 feet. The distance to the clouds in

VMC conditions is equal or greater than 1500 m in horizontal plan

and 300 m vertically. Flight is also permitted in uncontrolled air-

space below 3000 feet just outside the clouds.

2.1.2. Airspace class

There are two different types of airspace: controlled and uncon-

trolled airspace. In controlled airspace, ATC has the authority to

control air traffic, the level of which varies with the different air-

space classes. Controlled airspace is established mainly for two dif-

ferent reasons:

� high traffic density areas (for instance, near airfields)

� IFR traffic under ATC guidance

Controlled airspace (class A–E airspace) usually exists in the

immediate vicinity of major airfields, where aircraft are carrying

out procedures for departures, approaches and transit routes.

In uncontrolled airspace (class F, G airspace), ATC service is

unnecessary or cannot be provided for practical reasons. ATC does

not exercise any executive authority in uncontrolled airspace, but

may provide basic information services to aircraft in radio contact.

Flight in uncontrolled airspace will typically be under VFR in the

studied case. Aircraft operating under IFR should not expect sepa-

ration from other traffic. In most countries, it is common to provide

uncontrolled airspace in areas where significant air transport or

military activity is not expected. Each national aviation authority

determines how it uses the airspace classifications in its airspace

design. Indeed, Fig. 1 presents the different kinds of airspace class

in France.

All the aircraft in the trajectory database operate in a class G air-

space. More precisely, a class G airspace is an uncontrolled airspace

where the ATC clearance is not required, the separation is not pro-

vided, and traffic information is provided if possible. In France,

class G airspaces are either located below flight level 115 and

above flight level 660.

2.2. Saint-Cyr-l’Ecole airfield

Saint-Cyr-l’Ecole airfield is a French airfield located at 21 km

southwest from Paris, France in the territory of Saint-Cyr-l’Ecole

town (Yvelines). International Civil Aviation Organization (ICAO)

code of this airfield is LFPZ. Its geographic coordinates are

48°4803700 North, 2°0402400 East. Its elevation above mean sea level

is 113 m and the airfield area is 80 ha. The airfield has two runways

in grass of direction 11L/29R and 11R/29L and with respective

dimensions 890 � 100 m2 and 867 � 60 m2. Fig. 2a and b shows

Saint-Cyr-l’Ecole location on a France map and an aerial photogra-

phy of Saint-Cyr-l’Ecole airfield. Visual Approach Charts (VAC)

maps for visual landing and visual approach at Saint-Cyr-l’Ecole

airfield are provided in Figs. 3 and 4.

Fig. 5 presents the public airfields (plane icons) in Saint-Cyr-

l’Ecole airfield surroundings. The different ICAO codes correspond

to Toussus-le-Noble (LFPN), Velizy-Villacoublay (LFPV), Chave-

nay-Villepreux (LFPX) and Beynes-Thivernal (LFPF). This airfield

network is located at less than 5 flight minutes away from Saint-

Cyr-l’Ecole airfield with significant traffic from one airfield to an-

other. Green tags with ICAO code LFPZSNOR, LFPZSER, LFPZSNL,

and LFPZWES describe the entry and the exit points of Saint-Cyr-

l’Ecole airfield. The entry point of the airfield is located at 1100 feet

and the exit points at 1500 feet. One can also notice that a VOR

(VHF Omnidirectional Radio range) station is located near Tous-

sus-le-Noble airfield and implies a locally higher traffic density.

The following section focuses more precisely on the description

of the aircraft database and details how the probability estimates

are computed by simulation.

3. Flight simulation and collision probability estimation

In this section, we propose to present the aircraft trajectory data-

base thatwill be used extensively in this article and thenwe present

a specific statistical technique to estimate collision probabilities.

Fig. 1. French airspace description (Flight information region (FIR), Upper flight information region (UIR), TMA (Terminal Maneuvring Area), LTA (Lower Traffic Area), UTA

(Upper Traffic Area), CTR (Contol Traffic Region) and FL (Flight Level)).
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3.1. Trajectory database

In a class G airspace, aircraft number, position and routes are not

known and collected. It is quite impossible to estimate collision

probabilities with confidence in a class G airspace. For that purpose,

170 aircraft flight trajectories over Saint-Cyr-l’Ecole airfield in class

G airspacewere collected via GPS during year 2010. The aircraft that

havebeenused toobtain thisdatabasewereRobinDR-400andRobin

DR-221. During the 169 h of flight, aircraft positions are updated

every 11 s. It is consequently an important database that can give

an overview of collision probabilities over Saint-Cyr-l’Ecole area.

Fig. 6 presents the 170 trajectory positions of the database.We focus

more precisely on Saint-Cyr-l’Ecole country in Fig. 7 to estimate col-

lision probabilities. The trajectory database is adapted to this esti-

mation since all the trajectories take off or land at Saint-Cyr-l’Ecole

airfield. Thus, the density of trajectories in this country is very high

and one may think that reliable probability estimates can be found.

A 3D view of the trajectories is proposed in Fig. 8. A mean trajectory

lasts about 1 h, takes off and lands at Saint-Cyr-l’Ecole airfield, has a

meanheight of 458 m. All the trajectories follow the rules applicable

in a classGairspaceand followthe rules of visual landingand takeoff

applied at Saint-Cyr-l’Ecole airfield.

3.2. Collision probability estimation

The objective of this article is to estimate collision probabilities

in a class G airspace. This is obtained by determining the probabil-

ity that the separation between aircraft be lower than S meters.

For that purpose, we propose to simulate days of flight traffic

around Saint-Cyr-l’Ecole airfield. The number of flight movements

(takeoff or landing) around Saint-Cyr-l’Ecole airfield is set to 500

per day in agreement with the statistics available for this airfield.

The number of takeoffs and landings are assumed to be equal.

Thus, the variable N of flights is set to 250.

The sampling density f represents the density of aircraft takeoffs

during a day function of day hours. It is illustrated in Fig. 9. There

are two peaks during a day (one at 10 am and one at 3 pm) and the

density of aircraft takeoffs decreases at midday. A sample histo-

gram of this PDF is given in Fig. 10 to evaluate the number of

movements at the different moments of a day. It is a realistic mod-

el of the traffic density at Saint-Cyr-l’Ecole airfield.

3.3. Monte Carlo methods

Monte Carlo methods are classical tools for probability estima-

tion. Monte Carlo simulation of safety relevant air traffic scenarios

have already been used to evaluate for systemic accident (Stroeve

et al., 2009). Monte Carlo methods can be applied in the following

way to estimate the collision probabilities around Saint-Cyr-l’Ecole

airfield:

(1) Generate N aircraft simulations over Saint-Cyr-l’Ecole. An

aircraft simulation i is defined by a random departure time

Ti, i = 1, . . . ,N that follows the PDF f and a trajectory. The tra-

jectory is chosen with a uniform law in the 170 real trajec-

tory database. Since the simulated aircraft follows exactly

the real chosen trajectory with the same speed and the same

position, the position of each aircraft is exactly known dur-

ing all the simulation process.

(2) Estimate the minimum distance dij between aircraft i and j

during the simulation process. This distance is a function

of the departure time of aircraft i and j. It can be expressed

as dij = /(Ti,Tj) with / : R
2 ! R a continuous function.

(3) Estimate, during the simulation time, the number C of con-

flicts between aircraft, that is the number of times the dis-

tance dij for all i, and with j > i is lower than S. Let us

define H as the number of simulated flight hours. The prob-

ability that the separation between aircraft be lower than S

per flight hour is given by the ratio PMC ¼ C
H
.

Unfortunately, this estimator is not efficient because the target

probability is rare. Indeed, the relative deviation of the estimator

PMC is given by the ratio
r
PMC

PMC with rPMC , the standard deviation of

PMC. Knowing the true probability P, one has

Fig. 2. Location of Saint-Cyr-l’Ecole (a) and aerial photography of Saint-Cyr-l’Ecole airfield (b). Credits given to Google Maps and Geoportail.fr
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rPMC

PMC
¼ 1ffiffiffiffi

N
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P ÿ P2

p

P
ð1Þ

Considering rare event probability estimation, that is when P

takes low values, one has

lim
P!0

rPMC

PMC
¼ lim

P!0

1ffiffiffiffiffiffiffi
NP

p ¼ þ1 ð2Þ

The relative deviation of Monte Carlo estimation is very

important. This leads to the conclusion that Monte Carlo methods

are not adapted to rare event probability estimation and thus not

suited to collision probability estimation. To overcome these

difficulties, a recent advanced method to estimate rare event

probabilities is derived and applied to the case of collision

probability.

Fig. 3. VAC map of visual landing at Saint-Cyr-l’Ecole airfield.
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3.4. Importance splitting for collision probability estimation

We consider a very efficient but not well-known algorithm

called importance splitting (ISp). ISp is an alternative to Monte Car-

lo methods. We firstly propose to present the principle of impor-

tance splitting and then to implement it to the case of collision

probability estimation.

3.4.1. Principle

Let us define the two-dimensional departure time random vec-

tor eT ¼ ðT i; T jÞ of aircraft i and j. If one considers the set

Aij ¼ feT 2 R2jdij
< Sg, the density on the set Aij represents the

probability that the distance between aircraft i and j be lower than

S. The objective of this article is to determine the probability on the

Fig. 4. VAC map of visual approach at Saint-Cyr-l’Ecole airfield.
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set A =
S

i=1 . . .N, j> iA
ij. We propose to estimate independently the

probability on the set Aij and determine the probability on the

set A without taking in account the potential correlation between

the sets Aij. This assumption is realistic since the aircraft follow

their routes in the simulation in an independent manner. The

principle of ISp is to estimate iteratively supersets of the set Aij

and then to estimate PðeT 2 AijÞ with conditional probabilities.

Let us define Aij
0 ¼ R

2 � Aij
1 � � � � � Aij

nÿ1 � Aij
n ¼ Aij, a decreasing

sequence of R2 subsets with smallest element Aij ¼ Aij
n. The proba-

bility PðeT 2 AijÞ can be then rewritten in the following way :

PðeT 2 AijÞ ¼
Yn

k¼1

P eT 2 Aij
k

���eT 2 Aij
kÿ1

� �

Fig. 5. Other airfields in the surroundings of Saint-Cyr-l’Ecole airfield.
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Fig. 6. The 170 aircraft trajectories of database plotted in longitude and latitude.
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Fig. 7. Trajectory database positions in longitude and latitude in the vicinity of

Saint-Cyr-l’Ecole.
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Fig. 8. Trajectory database positions in longitude, latitude and height (in meters) in

the vicinity of Saint-Cyr-l’Ecole.

Fig. 9. Density of aircraft takeoffs during a day at Saint-Cyr-l’Ecole airfield.

1000 J. Morio et al. / Safety Science 50 (2012) 995–1004



where P eT 2 Aij
k

���eT 2 Aij
kÿ1

� �
is the probability that eT 2 Aij

k knowing

that eT 2 Aij
kÿ1. An optimal choice of the sequence Aij

k ; k ¼ 0 . . .n is gi-

venwhenP eT 2 Aij
k

���eT 2 Aij
kÿ1

� �
¼ p, wherep is a constant, that iswhen

all the conditional probabilities are equal. The variance of P eT 2 Aij
� �

is indeed minimized in this configuration as shown in (Lagnoux,

2006; Cerou et al., 2006). Consequently, if each P eT 2 Aij
k

���eT 2 Aij
kÿ1

� �

is well estimated, then the probability PðeT 2 AijÞ is estimated more

accurately with ISp than with a direct estimation by Monte Carlo.

The subset Aij
k sequence is easily evaluated in the following way.

Indeed, it can be defined with Aij
k ¼ feT 2 R2jdij

< Skg for k = 1 . . . n

with S = Sn < Snÿ1 < . . . < Sk < . . . < S1. Determining the sequence Aij
k

is equivalent to choose some values for Sk, with k = 1 . . . n. One

has presented in this subsection how to estimate the probability

that the distance between aircraft i and j be lower than S. In the fol-

lowing, we propose to explain how this algorithm is implemented

and how the target probability is estimated.

3.4.2. Implementation

The different stages of the algorithm ISp to estimate P(dij < S)

are analyzed here.

(1) Set k = 0, f0 = f � f and N0 = N.

(2) Generate Nk aircraft simulations over Saint-Cyr-l’Ecole with

departure times eT ðkÞ
1 ; . . . ; eT ðkÞ

Nk
generated from fk, the condi-

tional density of eT when eT is restricted to the set Aij
k . Since

fk is not always easily sampled from in practice, one can

use the Metropolis–Hastings algorithm to generate new

departure times (Tierney, 1994; Roberts et al., 1997).

(3) Estimate the a-quantile qðkÞ
a of the samples/ eT ðkÞ

1

� �
; . . . ;/ eT ðkÞ

Nk

� �

and set Skþ1 ¼ q
ðkÞ
a .

(4) Determine the subset Aij
kþ1 with Aij

kþ1 ¼ feT 2 R2jdij
< Skþ1g

and the conditional density fk+1. By definition of quantile,

one has P eT 2 Aij
kþ1

���eT 2 Aij
k

� �
¼ cste ¼ 1ÿ a.

(5) If Sk+1 > S, set k = k + 1 and go back to stage (2) of the algo-

rithm. Otherwise, set k = k + 1 and estimate the probability

that the distance between aircraft i and j be lower than Swith

Pij ¼ ð1ÿ aÞk � 1

Nk

XNk

i¼1

1
/ eT ðkÞ

i

ÿ �
<S

where 1
/ eT ðkÞ

i

ÿ �
<S

is equal to 1 if / eT ðkÞ
i

� �
< S and 0 otherwise.

The collision probability per flight hour is given by the ratio

PISp ¼
XN

i¼1

XN

j¼iþ1

Pij

H
ð3Þ

In the algorithm, the parameters Nk are set by the user and in most

cases so that Nk = Nwhatever the value of k. The variance of the esti-

mate has been shown to be lower than the Monte Carlo estimate

variance for rare events and its convergence has been deeply ana-

lyzed in (Cerou et al., 2008; Cerou and Guyader, 2007; L’Ecuyer

et al., 2006). In the following section, we propose to apply this algo-

rithm to estimate accurate collision probabilities between aircraft

in class G airspace over Saint-Cyr-l’Ecole airfield.

4. Results

In this section, we propose to analyze the collision or separation

loss probability results. Firstly, we focus on separation loss proba-

bility estimates by flight hour in the simulation. Then, one derives

spatial collision probability map in order to characterize the spatial

variability of the probability estimate. We finally make the synthe-

sis of these results by raising some limits that has to be taken into

account in order to improve probability estimates.

4.1. Overall results

We have applied Monte Carlo simulations and importance split-

ting algorithm described in the previous sections in order to eval-

uate the probability that the distance between two aircraft be

lower than S meters by hour of flight. Table 1 presents the estima-

tion results obtained for H = 100,000 h of simulated flight with
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Fig. 10. Histogram of aircraft takeoffs during a day at Saint-Cyr-l’Ecole airfield.

Table 3

Collision and separation loss probability estimates with Monte Carlo and importance

splitting simulations with a high number of flight movements (N = 1000).

Distance S (m) PMC (relative error) PISp (relative error)

10 4.510ÿ8 (152%) 4.210ÿ8 (65%)

50 6.210ÿ7 (77%) 4.210ÿ7 (42%)

100 9.610ÿ5 (54%) 9.210ÿ5 (29%)

200 3.810ÿ4 (37%) 3.610ÿ4 (23%)

500 6.110ÿ2 (10%) 6.210ÿ2 (12%)

Table 2

Collision and separation loss probability estimates with Monte Carlo and importance

splitting simulations with a low number of flight movements (N = 100).

Distance S (m) PMC (relative error) PISp (relative error)

10 0 (?%) 4.210ÿ11 (97%)

50 0 (?%) 4.210ÿ10 (51%)

100 7.310ÿ8 (143%) 9.210ÿ8 (42%)

200 1.710ÿ8 (87%) 3.610ÿ8 (38%)

500 6.310ÿ5 (54%) 6.210ÿ5 (25%)

Table 1

Collision and separation loss probability estimates with Monte Carlo and importance

splitting simulations for about 100,000 h of simulated flight (N = 250).

Distance S (m) PMC (relative error) PISp (relative error)

10 0 (?%) 3.210ÿ10 (92%)

50 0 (?%) 5.710ÿ9 (53%)

100 1.510ÿ8 (122%) 3.810ÿ8 (38%)

200 7.510ÿ7 (78%) 7.810ÿ7 (33%)

500 1.410ÿ4 (42%) 1.510ÿ4 (28%)
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Monte Carlo and importance splitting simulations. These estimates

have been obtained over 100 retrials that also allow us to compute

the estimation relative error.

The estimated probabilities are very low which explains why

Monte Carlo simulations are not adapted to such estimations.

Monte Carlo methods are notably not able to generate randomly

events where the distance between two aircraft be lower than

10 m. On the contrary, importance splitting can evaluate rare event

with a valuable relative deviation.

ESSAR4 assumes that maximum tolerable probability of ATM di-

rectly contributing to a severe accident (mostly collisions) of a com-

mercial air transport aircraft of 1.55 � 10ÿ8 accidents per controlled

flight hour (Eurocontrol, 2001). It seems that in the class G airspace

over Saint-Cyr-l’Ecole the collision probability is lower than in con-

trolled airspace because the air traffic is less dense. When the

threshold S increases, the probability is of course higher. Neverthe-

less evenwith thehigher threshold S = 500 m, theprobability is low-

er than 10ÿ3 event per hour of flight.

In fact, these probabilities are directly linked to traffic densities.

Indeed, we show in Table 2, that if we consider a lower number of

flight movements at Saint-Cyr-l’Ecole airfield N = 100 for the same

H = 100,000 h of simulated flight, the separation loss probabilities

decrease non-linearly. On the contrary, as shows in Table 3, if the

number of movements increases to reach N = 1000, the separation

loss probabilities strongly increase. The airfield surroundings are

saturated by aircraft and consequently the mean distance between

each aircraft decreases and involves a high separation loss proba-

bility. The knowledge of the air traffic density over a region is thus

very important to obtain valuable probability results.

The simulation results give an order of the collision and separa-

tion loss probabilities one can expect in a class G airspace. These

levels could be used to set minimum safety requirements in class

G airspace.

4.2. Maps of collision probabilities

In this section, we propose to evaluate the separation loss prob-

ability in function of the aircraft position. For that purpose, we use

the simulation results obtained at the previous section and keep

for each separation loss, their exact spatial position. It is thennot dif-

ficult to estimate the separation loss probability per flight hour and

per surface unity.We present in Fig. 11, amap of themean probabil-

ity over 100 retrials that the distance between two aircraft be lower

than 50 m by hour of flight obtained with importance splitting.

The most dangerous sectors over Saint-Cyr-l’Ecole are in the

vicinity of the field and the airfield pattern. It is no wonder since

there is a high traffic density in this sector and that consequently

increases the risk of separation loss. When no color has been set

in map, it means that no separation loss has been encountered dur-

ing the simulation in this area. As we can notice, there are many

sectors with a very low risk of separation loss. One can conclude

that there is a high variability of separation loss probability in

function of the considered region. This fact has to be taken into ac-

count to draw general conclusions for separation loss probability in

class G airspace.

In Fig. 12a–c, we present the separation loss maps for different

flight levels. At low flight level, the separation loss probability is

high only near Saint-Cyr-l’Ecole airfield and this risk is low in the

other areas. At higher level flight, the separation loss probability

is high in the different directions required to land and to take off

from Saint-Cyr-l’Ecole airfield.

4.3. Limits of the simulation results

The simulation results obtained in the previous sections give an

overview of the separation loss probabilities in the vicinity of

Saint-Cyr-l’Ecole. Nevertheless, one has to qualify these estima-

tions since, as in every simulation modelling (Brooker, 2006), sev-

eral assumptions have been made:

� The pilot in the loop is not taken in account. Indeed, some sep-

aration losses between aircraft in class G airspace will be avoid

by their pilots (Graham and Orr, 1970). VFR conditions are

assumed in the simulation. Thus, there is a non-negligible prob-

ability that a pilot can see that other aircraft is at a low distance

from his own aircraft and decides to change his direction to

avoid a possible conflict. The probability estimates found in this

article could be then decreased by this factor.

� The potential air traffic involved by other airfields is not consid-

ered. The number of aircraft in flight over Saint-Cyr-l’Ecole is

maybe slightly greater than the one we consider.

� we have not introduced uncertainties in the trajectory database.

Indeed, a simulated aircraft follow exactly the position and

speed defined in the trajectory database. It could be interesting

to develop a valuable model to add uncertainties on the aircraft

positions and speed to increase the variety of the aircraft trajec-

tories. In the same time, it will also reduce the impact of the tra-

jectory database and of its genericity for probability estimation.

It is difficult to evaluate quantitatively the impact of these

assumptions on the separation loss probability estimation in class

G airspace.

Fig. 11. Map of collision probability estimates with importance splitting over Saint-Cyr-l’Ecole region. The color scale depends on the logarithm of the probability. (For

interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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5. Conclusion

In this article, we proposed to estimate the separation loss prob-

ability estimation in uncontrolled class G airspace. For that pur-

pose, we have built a trajectory database over Saint-Cyr-l’Ecole

and computed a simulation to estimate these probabilities. It en-

ables us to estimate separation loss probabilities in class G airspace

near Saint-Cyr-l’Ecole and then to analyze their spatial variability.

What are the practical implications of this research? As statis-

tics of collision or separation loss are hard to compute by experi-

ence in uncontrolled airspace, these simulation results give a first

idea of the safety probability one can expect in this type of air-

space. Collision or separation loss risks in uncontrolled airspace

are not very significant in the considered case and it seems that

it is not mandatory to increase the safety requirements in uncon-

trolled airspace. An interesting area of research is also the integra-

tion of UAV (Unmanned Aerial Vehicle) in uncontrolled airspace.

The obtained results show that UAV could be integrated safely in

some sectors of uncontrolled airspace. Indeed the risk of collision

between an UAV and an aircraft would be relatively low in uncon-

trolled airspace unless near airfields where the risk can be quite

higher than in other sectors.

Because of the high spatial variability of the estimated probabil-

ities, it would be interesting to make a same study in other regions

where the air traffic is potentially significant. Tourist regions, (the

Loire valley, France) or regions where air control monitoring is pro-

vided (the Mediterranean area, South of Sicily, Italy) can be of

interest in that case.

Fig. 12. Map of collision probability estimates with importance splitting in the vicinity of Saint-Cyr-l’Ecole. (Same color scale as in Fig. 11.) (For interpretation of the

references to color in this figure legend, the reader is referred to the web version of this article.)

J. Morio et al. / Safety Science 50 (2012) 995–1004 1003



Acknowledgements

This work is supported financially by DGA (Direction Générale

de l’Armement). The authors are thankful to J. Cornu (Onera), A.

Delloye (DGA), S. Mérit (Onera) R. Pastel (Onera), H. Piet-Lahanier

(Onera), N. Tessaud (DGA) and A. Vergne for fruitful discussions

and the two anonymous reviewers for their valuable remarks.

References

Allouche, M., 2000. The integration of UAVs in airspace. Air Space Europe 2, 101–
104.

Asmat, J., Rhodes, B., Umansky, J., Villavicencio, C., Yunas, A., Donohue, G., Lacher, A.,
2006. UAS safety: unmanned aerial collision avoidance system (UCAS). In:
Systems and Information Engineering Design Symposium 2006, IEEE, pp. 43–49.

Brooker, P., 2005. Reducing mid-air collision risk in controlled airspace: lessons
from hazardous incidents. Safety Science 43, 715–738.

Brooker, P., 2006. Air traffic management accident risk. Part 1: The limits of realistic
modelling. Safety Science 44, 419–450.

Cerou, F., Del Moral, P., Furon, T., Guyader, A., 2008. Rare event simulation for a
static distribution, RESIM. pp. 107–115.

Cerou, F., Del Moral, P., Le Gland, F., Lezaud, P., 2006. Genetic genealogical models in
rare event analysis. INRIA Report 1797, 1–30.

Cerou, F., Guyader, A., 2007. Adaptive particle techniques and rare event estimation.
ESAIM. pp. 65–72.

Eurocontrol, 2001. Risk assessment and mitigation in ATM. Eurocontrol Safely
Regulatory Requirement. ESARR4 1.0.

Glasserman, P., Heidelberger, P., Shahabuddin, P., Zajic, T., 1996. Splitting for rare
event simulation: analysis of simple cases. In: Proceeding of the 1996 Winter
Simulation Conference, pp. 302–308.

Graham, W., Orr, R., 1970. Separation of air traffic by visual means: an estimate of
the effectiveness of the see-and-avoid doctrine. Proceedings of the IEEE 58,
337–361.

Irvine, R., 2001. A simplified approach to conflict probability estimation. In: Digital
Avionics Systems, 2001. DASC. The 20th Conference, vol. 2, pp. 7F5/1–7F5/12.

Kirkland, I.D.L., Caves, R.E., Humphreys, I.M., Pitfield, D.E., 2004. An improved
methodology for assessing risk in aircraft operations at airports, applied to
runway overruns. Safety Science 42, 891–905.

Kochenderfer, M., Espindle, L., Griffith, J., Kuchar, J., 2008a. A Bayesian approach to
aircraft encounter modeling. In: AIAA Guidance, Navigation and Control
Conference and Exhibit, 2008, GNCC, pp. 1–21.

Kochenderfer, M., Espindle, L., Griffith, J., Kuchar, J., 2008b. Encounter modeling for
sense and avoid development. In: Integrated Communications, Navigation and
Surveillance Conference, 2008. ICNS 2008, pp. 1–10.

Lagnoux, A., 2006. Rare event simulation. Probability in the Engineering and
Informational science 20, 45–66.

L’Ecuyer, P., Demers, V., Tuffin, B., 2006. Splitting for rare event simulation. In:
Proceeding of the 2006 Winter Simulation Conference, pp. 137–148.

Leva, M.C., Ambroggi, M.D., Grippa, D., Garis, R.D., Trucco, P., StrSter, O., 2009.
Quantitative analysis of ATM safety issues using retrospective accident data:
the dynamic risk modelling project. Safety Science 47, 250–264.

Mikhailov, G.A., 1999. Parametric Estimates by the Monte Carlo Method. VSP,
Utrecht (NED).

Morio, J., Pastel, R., Le Gland, F., 2010. An overview of importance splitting for rare
event simulation. European Journal of Physics 31, 1295–1303.

Ostwald, P., Hershey, W., 2007. Helping Global Hawk fly with the rest of US. In:
Integrated Communications, Navigation and Surveillance Conference, 2007.
ICNS ’07, pp. 1–11.

Robert, C.P., Casella, G., 2005. Monte Carlo Statistical Methods. Springer, New York.
Roberts, G., Gelman, A., Gilks, W., 1997. Weak convergence and optimal scaling of

random walk Metropolis algorithms. The Annals of Applied Probability 7, 110–
120.

Shang-wen, Y., Ming-hua, H., 2010. Estimation of air traffic longitudinal conflict
probability based on the reaction time of controllers. Safety Science 48, 926–
930.

Sobol, I.M., 1994. A Primer for the Monte Carlo Method. CRC Press, Boca Raton, FL.
Stroeve, S.H., Blom, H.A., Bakker, G.B., 2009. Systemic accident risk assessment in air

traffic by monte carlo simulation. Safety Science 47, 238–249.
Thom, T., Godwin, P., 2007. The Air Pilot’s Manual: Aviation Law And Meteorology.

Air Pilot Publisher Ltd., Cranfield, England.
Tierney, L., 1994. Markov chains for exploring posterior distributions. Annals of

Statistics 22, 1701–1762.
Wang, W., Jiang, X., Xia, S., Cao, Q., 2010. Incident tree model and incident tree

analysis method for quantified risk assessment: an in-depth accident study in
traffic operation. Safety Science 48, 1248–1262.

1004 J. Morio et al. / Safety Science 50 (2012) 995–1004



 !"#$%&' (

)&$*$+*,-".'/ "/"#%$0' $1#2&%"+3'

."1#4$+* "4*2&$%!1. 52& &"&' '0'+%

'.%$1"%$2+6  !"#$!#"%&  %'(!)6 78

9"4'./'+%6 :8 72&$2 "+/ :8 7"&;"%6

<=>?6 @248 AA6 ##8 >,>=

 !



 !



Structural Safety 44 (2013) 1–10 

Contents lists available at SciVerse ScienceDirect 

Structural Safety 

j o u r n a l h o m e p a g e : w w w . e l s e v i e r . c o m / l o c a t e / s t r u s a f e 

Kriging-based adaptive Importance Sampling algorithms for rare event estimation 

Mathieu Balesdent * , J ́er ̂  ome Morio, Julien Marzat 
Onera – The French Aerospace Lab, F-91123 Palaiseau, France 

a r t i c l e i n f o 

Article history: 

Received 29 May 2012 

Received in revised form 25 April 2013 

Accepted 25 April 2013 

Keywords: 

Surrogate model 

Importance Sampling 

Rare event estimation 

Input–output function 

Kriging 

a b s t r a c t 

Very efficient sampling algorithms have been proposed to estimate rare event probabilities, such as Impor- 

tance Sampling or Importance Splitting. Even if the number of samples required to apply these techniques 

is relatively low compared to Monte-Carlo simulations of same efficiency, it is often difficult to implement 

them on time-consuming simulation codes. A joint use of sampling techniques and surrogate models may 

thus be of use. In this article, we develop a Kriging-based adaptive Importance Sampling approach for rare 

event probability estimation. The novelty resides in the use of adaptive Importance Sampling and conse- 

quently the ability to estimate very rare event probabilities (lower than 10 −3 ) that have not been considered 

in previous work on similar subjects. The statistical properties of Kriging also make it possible to compute a 

confidence measure for the resulting estimation. Results on both analytical and engineering test cases show 

the efficiency of the approach in terms of accuracy and low number of samples. 
c © 2013 Elsevier Ltd. All rights reserved. 

1. Introduction 

This paper focuses on the joint use of adaptive sampling tech- 
niques and surrogate models to estimate probability of rare events 
for costly input–output functions φ(.) that can represent, for instance, 
a simulation code. We assume that an important computation time 
is required to simulate output samples of φ(.) so that the number 
of calls should be minimum. We propose here a strategy to avoid 
the evaluation of the function φ by replacing it by a surrogate model 

( φ( . ) → ̂  φ ( . )). The problem under study is to detect whether the out- 
put of φ exceeds a given threshold S . In this case, in order to efficiently 
build the surrogate of the expensive function with a minimal number 

of evaluations, the surrogate model ˆ φ ( . ) does not need to be the ex- 
act representation of φ(.) [ 1 , 2 ]. Indeed, if 1 φ(.) > S and 1 ˆ φ( . ) >S 

take the 

same values over the input space, the estimated probability will be 

the same with φ(.) or ˆ φ ( . ). 
Importance Sampling is a well-known adapted random simulation 

technique [ 3 ]. It consists in generating random weighted samples 
from an auxiliary distribution rather than the distribution of inter- 
est. The optimization of this auxiliary distribution is often difficult in 
practice, yet it can be made adaptively. This procedure often requires 
more than 10,000 evaluations of the function φ(.) to be efficient. The 
aim of the paper is thus to present a methodology combining an Im- 
portance Sampling probability estimator with a surrogate model for 
estimating very rare event probabilities (say 10 −6 to 10 −10 ). To this 
end, we propose to develop a Kriging-based methodology derived 
from [ 1 , 2 , 4 ] to adaptive Importance Sampling techniques. We select 

* Corresponding author. Tel.: + 33 180386608. 

E-mail address: mathieu.balesdent@onera.fr (M. Balesdent). 

two adaptive Importance Sampling algorithms: Cross-Entropy opti- 
mization [ 5 , 6 ] and an improved version of non parametric adaptive 
Importance Sampling [ 7 , 8 ]. 

2. Rare event estimation 

2.1. Context 

Consider a d -dimensional random vector X with a probability 
density function (pdf) h 0 and the need to estimate the probability 
that P ( φ( X ) > S ) with φ, a continuous “input–output” scalar function 
φ : R d → R and S a threshold. The function φ simply represents the 
input–output system in a considered application domain. We assume 
here that φ( X ) is a random variable. A simple way to estimate this 
probability is to consider Monte Carlo methods [ 9 –13 ]. For that pur- 
pose, one generates independent and identically distributed samples 
X 1 ,..., X N from the pdf h 0 and then estimates the probability with 

ˆ P 
MC 

= 
1 

N 

N 
∑ 

i= 1 

1 φ( X i ) >S , (1) 

where 1 φ( X i ) >S is equal to 1 if φ( X i ) > S and 0 otherwise. The relative 

deviation of the Monte Carlo estimator ˆ P 
MC 

is given by the ratio 
σ
ˆ P 
M C 

ˆ P 
MC with σ

ˆ P 
M C , the standard deviation of ˆ P 

M C 
. Knowing the true 

probability P that ( φ( X ) > S ), one has 

σ
ˆ P 
M C 

ˆ P 
M C 

= 
1 

√ 
N 

√ 
P − P 2 

P 
. (2) 

0167-4730/ $ - see front matter c © 2013 Elsevier Ltd. All rights reserved. 

http://dx.doi.org/10.1016/j.strusafe.2013.04.001 



2 M. Balesdent et al. / Structural Safety 44 (2013) 1–10 

Considering the case of rare event probability estimation, for which P 
takes low values, one has 

lim 
P→ 0 

σ
ˆ P 
M C 

ˆ P 
M C 

= lim 
P→ 0 

1 
√ 
NP 

= +∞ . (3) 

Relative deviation of the Monte Carlo estimation is very high and 
thus, one can conclude that Monte Carlo methods are not well suited 
to rare event probability estimation. Different alternatives to Monte 
Carlo can be considered, such as Importance Sampling [ 3 , 7 , 14 –19 ], 
Importance Splitting [ 20 –26 ] or Extreme Value Theory [ 27 –32 ]. An 
adaptive version of Importance Sampling techniques is considered 
here. 

2.2. Adaptive Importance Sampling 

2.2.1. Principle of Importance Sampling 

The objective of Importance Sampling (IS) is to reduce the variance 

of the Monte Carlo estimator ˆ P 
M C 

without increasing the number of 
samples N [ 3 , 14 , 19 ]. The main idea is to generate the samples X 1 , ..., X N 

with an auxiliary density h and to introduce a weight in the probability 

estimate. The IS probability estimate ˆ P 
IS 
is then given by 

ˆ P 
IS 

= 
1 

N 

N 
∑ 

i= 1 

1 φ( X i ) >S 
h 0 ( X i ) 

h ( X i ) 
. (4) 

The term ˆ P 
IS 
is an unbiased estimate of the probability P . Its variance 

is given by the following equation, 

Var 

(

ˆ P 
IS 

)

= 
Var 

(

1 φ( X ) >S w ( X ) 
)

N 
, (5) 

with w( X) = 
h 0 ( x) 
h ( x) 

. The variance of ˆ P 
IS 
strongly depends on the choice 

of h . If h is well-chosen, the Importance Sampling estimate has then 
a much smaller variance than the Monte-Carlo estimate. The objec- 
tive of Importance Sampling is to decrease the estimation variance 
and one can thus define an optimal IS auxiliary density that mini- 

mizes Var ( ̂  P 
IS 
). Since variances are non-negative quantities, the opti- 

mal auxiliary density h opt is determined by canceling the variance in 
Eq. (5) . It is well-known that h opt is then defined as [ 33 ] 

h opt = 
1 φ( x ) >S h 0 

P 
. (6) 

The optimal auxiliary density h opt depends unfortunately on the 
probability P that one tries to estimate and is not exploitable in prac- 
tice. Nevertheless, h opt can be useful to determine an efficient sam- 
pling pdf. Indeed, a valuable sampling auxiliary pdf h will be close to 
the pdf h opt according to a given criterion. Optimizing the auxiliary 
sampling pdf is then necessary. For this purpose, two algorithms are 
described in the following sections. 

2.2.2. Cross-Entropy optimization of Importance Sampling auxiliary 

density 

Let us define h ( ·, λ), a family of densities indexed by a parameter 
vector λ∈ 1where 1 is the multidimensional space of pdf parameters. 
The parameter vector λ is, for instance, the mean and the variance in 
the case of Gaussian densities. The objective of Importance Sampling 
with Cross-Entropy (CE) is to determine the parameter vector λopt 

that minimizes the Kullback–Leibler divergence between h ( ·, λopt ) 
and h opt [ 5 , 6 ]. The value of λopt is thus obtained as follows 

λopt = argmin 
λ

{

D ( h opt , h ( ·, λ) ) 
}

, (7) 

where the notation x opt = argmin 
x 

{ f ( x) } stands for the value of x that 

minimizes f ( x ) and D is the Kullback–Leibler divergence defined be- 
tween two densities p and q by 

D ( q, p ) = 

∫ 

R d 
q ( x ) ln ( q ( x ) ) dx −

∫ 

R d 
q ( x ) ln ( p ( x ) ) dx . (8) 

For example, h ( ·, λ) can be chosen in the parameterized Gaussian 
density family, that gives (if φ : R → R ): 

h ( x, λ) = 
1 

√ 
2 πλ1 

exp 

( 

− ( x − λ2 ) 
2 

2 λ2 1 

) 

, (9) 

with λ = [ λ1 , λ2 ]. Determining λopt with Eq. (7) is not obvious since it 
depends on the unknown pdf h opt . In fact, it can be shown [ 5 ] that Eq. 
(7) is equivalent to 

λopt = argmax 
λ

{

E 
[

1 φ( X ) >S ln ( h ( X, λ) ) 
]}

, (10) 

where E defines the expectation operator. In fact, one does not focus 
directly on Eq. (10) but proceeds iteratively to estimate λopt with an 
iterative sequence of thresholds, 

q 0 < q 1 < q 2 < · · · < q k < · · · ≤ S, (11) 

chosen adaptively using quantile definition. 
At iteration k , the value λk −1 is available and one maximizes in 

practice 

λk = argmax 
λ

1 

N 

N 
∑ 

i= 1 

1 φ( X i ) >γk 

h 0 ( X i ) 

h ( X i , λk−1 ) 
ln ( h ( X i , λ) ) . (12) 

where the samples X 1 , ..., X N are generated with h ( ·, λk −1 ). The prob- 

ability ˆ P 
CE 

is then estimated with Importance Sampling at the last 
iteration. The Cross-Entropy optimization algorithm for Importance 
Sampling density is 

(1) k = 1, consider h 0 and set ρ ∈ [0, 1]; 
(2) Generate the population X 1 , ···, X N according to the pdf h ( ·, 

λk −1 ) (or h 0 ( ·) if k = 1) and apply the function φ in order to 
have Y 1 = φ( X 1 ), . . . , Y N = φ( X N ); 

(3) Compute the empirical ρ-quantile q k = min ( S , Y ⌊ ρN ⌋ ), where 
⌊ a ⌋ denotes the largest integer that is smaller than or equal to 
a ; 

(4) Optimize the parameters of the auxiliary pdf family as 

λk = argmax 
λ

{ 

1 

N 

N 
∑ 

i= 1 

[

1 φ( X i ) >q k 

h 0 ( X i ) 

h ( X i , λk−1 ) 
ln [ h ( X i , λ) ] 

]

} 

; 

(5) If q k < S , k ← k + 1, go to Step 2; 

(6) Estimate the probability ˆ P 
CE 
( φ( X > S)) = 

1 
N 

∑ N 
i= 1 1 φ( X i ) >S 

h 0 ( X i ) 
h ( X i ,λk−1 ) 

. 

In Step 1, ρ is a parameter which has to be set carefully. Typical 
value of ρ according to [ 34 ] can be chosen in [0.9, 0.99]. Choosing a 
high value of ρ reduces the number of CE iterations but weakens the 
quality of the final auxiliary pdf. Contrariwise, a relatively low value 
of ρ allows to better estimate h ( ·, λk ) but implies a more important 
number of iterations. For more details about CE mechanisms, one can 
refer to [ 5 ]. 

2.2.3. Non parametric adaptive Importance Sampling 

The objective of Non parametric adaptive Importance Sampling 
(NAIS) technique [ 7 , 8 ] is to approximate the IS optimal auxiliary den- 
sity given in Eq. (6) with a kernel function (for example a Gaussian 
kernel function). NAIS does not require the choice of a pdf family and 
is thus more flexible than a parametric model. Its iterative principle 
is relatively similar to CE optimization and can be described by the 
following steps. 
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(1) k = 1 and set ρ ∈ [0, 1]; 

(2) Generate the population X 
( k) 
1 , . . . , X 

( k) 
N according to the 

pdf h k −1 , apply the function φ in order to have Y ( k) 1 = 

φ( X 
( k) 
1 ) , . . . , Y 

( k) 
N = φ( X 

( k) 
N ); 

(3) Compute the empirical ρ-quantile q k = min ( S, Y 
( k) 
⌊ ρN⌋ ); 

(4) Estimate I k = 
1 
kN 

∑ k 
j= 1 

∑ N 
i= 1 1 φ( X i ) ≥q k 

h 0 ( X i ) 
h j−1 ( X i ) 

; 

(5) Update the Gaussian kernel sampling pdf with 

h k ( X ) = 
1 

kN I k det ( B k ) 

k 
∑ 

j= 1 

N 
∑ 

i= 1 

w j 

(

X 
( j ) 
i 

)

K d 

(

B −1 
k ×

(

X − X 
( j ) 
i 

))

, (13) 

where K d ( X ) is, for example, the standard d -dimensional Gaus- 
sian function with zero mean and covariance identity matrix, 

B k is a diagonal covariance matrix B k = diag ( b 1 k 
2 
, ..., b d k 

2 
) and 

w j = 1 
φ( X 

( j) 
i ) ≥q k 

h 0 ( X 
( j) 
i ) 

h j−1 ( X 
( j) 
i ) 

. For example, if φ : R d → R , K d ( B 
−1 
k ×

( X − X 
( j) 
i )) = 

∏ d 
l= 1 

1 √ 
2 πb l k 

exp ( − ( X l −X 
( j) 
li ) 

2 

2 b l k 
2 ) . 

The coefficients of matrix B k are optimized according to the 
Asymptotic Mean Integrated Square Error (AMISE) criterion 
[ 9 , 35 ]. A valuable B k matrix minimizes the mean integrated 
square error between the kernel density of the samples and 
the true density of the samples. Even if the true density of the 
samples is not available, it is possible to derive an asymptotic 
estimate of this error when N → ∞ . 

(6) If q k < S , k ← k + 1, go to Step 2; 

(7) Estimate the probability ˆ P 
NAIS 

( φ( X > S)) = 

1 
N 

∑ N 
i= 1 1 φ( X ( k) i ) >S 

h 0 ( X 
( k) 
i ) 

h k−1 ( X 
( k) 
i ) 

. 

The use of Importance Sampling optimization with NAIS or CE of- 
ten requires about 10,000 calls to φ. These algorithms are thus not 
implementable for very time-consuming simulation codes. We will 
show that the use of a surrogate model can greatly reduce this com- 
putational burden. 

2.2.4. Metamodel-based rare event probability estimators 

Being able to build an efficient surrogate model, which allows to 
reduce the number of calls to the expensive input–output function 
while keeping a good accuracy, is a key point in rare event probability 
estimation. A great number of methods have been proposed and com- 
pared in recent years. A survey of the different metamodel methods 
can be found in [ 36 ]. In this section, we present the main surrogate 
models that have already been combined with Importance Sampling 
or Monte Carlo estimators. Classical deterministic surrogate mod- 
els such as polynomials, splines have been tested and compared to 
Neural Networks and First Order Reliability Method (FORM) [ 37 –39 ]. 
Polynomial Chaos has been associated with Monte Carlo sampling to 
estimate failure probabilities [ 40 ]. Support Vector Machines have also 
been employed to estimate domains of failure [ 41 ] and coupled to a 
rare event estimator such as subset sampling [ 42 ]. 

Kriging method [ 43 –45 ] presents some advantages in rare event 
probability estimation. Indeed, this surrogate model is based on a 
Gaussian process, which allows to estimate the variance of the pre- 
diction error and consequently to define a confidence domain of the 
surrogate model. This indicator can be directly used to refine the 
model, i.e., to choose new points where the real function should be 
evaluated so as to improve the accuracy of the model. Kriging has 
been extensively used with classical Monte Carlo estimator [ 4 ], Im- 
portance Sampling method [ 1 , 2 , 39 ] or Subset Simulation [ 46 –48 ]. We 
will detail the Kriging theory in the next section. How to update the 
Kriging model is a key point and different strategies have been pro- 
posed [ 1 , 49 , 50 ] to exploit its probabilistic properties to evaluate a 

Fig. 1. Kriging model and corresponding confidence interval. 

minimal number of points on the real expensive input–output func- 
tion. A numerical comparison of different Kriging-based methods to 
estimate a probability of failure can be found in [ 51 ]. 

3. Adaptation of Kriging-based surrogate model to adaptive 

Importance Sampling 

3.1. Kriging theory 

Kriging [ 43 , 44 , 52 ] is a statistical surrogate model that can be used 
to approximate the input–output function φ on its input space X ⊂ R d . 
It only requires a small initial Design Of Experiments (DOE) with p 
samples, Z = { Z 1 , . . . , Z p } , Z ∈ X p , for which the function values have 
been computed and stored into φp = [ φ( Z 1 ), ..., φ( Z p )] 

T . The Kriging 
model consists of a Gaussian process Φ( ·) that is expressed, for any 
input vector X ∈ X , as 

8 ( X ) = m ( X ) + ζ ( X ) , (14) 

where the mean function m ( ·) is an optional regression model esti- 
mated from available data (polynomial in X , for example) and ζ ( ·) 
is a zero-mean Gaussian process with covariance function cov( ·, ·). 
Since the actual covariance function is unknown in practice, it can be 
modeled as 

cov ( ζ ( Z i ) , ζ ( Z j ) ) = σ2 
ζ Corr ( Z i , Z j ) , (15) 

where σ2 
ζ is the process variance and Corr( ·, ·) is a parametric corre- 

lation function. A classical choice for this correlation function is 

Corr ( Z i , Z j ) = exp 

( 

−
d 

∑ 

l= 1 

θl 
∣

∣Z il − Z jl 
∣

∣

p l 

) 

, (16) 

where the parameters 0 < p l ≤2 reflect the smoothness of the inter- 
polation (2 is the smoothest), while the θ l are scale factors that can 
be estimated, e.g., by maximum likelihood [ 44 ]. 

Kriging provides an optimal unbiased linear predictor at any X ∈ X 

as 

ˆ φ ( X, Z ) = m ( X ) + r ( X, Z ) T R 
−1 ( Z ) ( φp ( Z ) − m p ( Z ) ) , (17) 

where 
 
 
 

 
 

R | ij ( Z ) = Corr ( Z i , Z j ) 
r ( X, Z ) = [ Corr ( X, Z 1 ) , . . . , Corr ( X, Z p ) ] 

T 

m p ( Z ) = [ m ( Z 1 ) , . . . , m ( Z p ) ] 
T 

. (18) 

Moreover, using Gaussian processes makes it possible to compute 
confidence intervals for the prediction (17) through the variance 

ˆ σ
2 
( X, Z ) = σ2 

ζ

(

1 − r ( X, Z ) T R 
−1 ( Z ) r ( X, Z ) 

)

. (19) 

This ability to quantify the prediction uncertainty will be further ex- 
ploited in Section 3.3 to find lower and upper bounds for the probabil- 
ity estimate. An illustration of Kriging interpolation and correspond- 
ing confidence interval is given in Fig. 1 . 
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3.2. Adaptation of Kriging surrogate model to adaptive Importance 

Sampling techniques 

3.2.1. Methodology 

At the l th iteration, let us denote Z = { Z 1 , ..., Z p } the current DOE 
used to build the Kriging surrogate model, X l the population gener- 
ated by the auxiliary pdf, ˜ X l the population of uncertain points such 
that 

˜ X l = 

{

X i ∈ X l | E 
(

ˆ φ ( X i , Z ) 

)

− k l ˆ σ ( X i , Z ) < q l < E 

(

ˆ φ ( X i , Z ) 

)

+ k l ˆ σ ( X i , Z ) 

}

, (20) 

with k l a parameter determining the confidence level of the surrogate 
model (e.g. , k l = 1.96 corresponds to a confidence level of 95%). ˜ X l are 
supposed to be the points that can be potentially misclassified (i.e., 
their estimations are above the threshold while the true values φ( ̃  X l ) 
are below or vice versa ). Consequently, in order to accurately compute 
the auxiliary density (intermediate iterations) or the estimation of 
the probability (final iteration), one has to check whether E ( φ( ̃  X l )) 
exceeds the current threshold q l (or S for the final iteration). This is 
achieved by adding new sampled points in the current DOE in order 
to improve the surrogate model. The strategy used to choose these 
points is detailed in the next section. 

Since we use an adaptive Importance Sampling method, we have 
to define a metamodel not only for the threshold S but also for each 
of the intermediary quantiles. Defining a metamodel with using k S 
at each iteration of the Importance Sampling is not a good strategy 
because it requires to compute on φ many points for defining very 
accurately intermediary thresholds which do not intervene directly 
in the probability calculation. In order to adapt the accuracy of the 
metamodel to the adaptive versions of Importance Sampling, we have 
chosen to define for each iteration, k as a function of the current ρ- 
quantile q and S the threshold that defines the probability to estimate: 
P ( φ( X ) > S), so that at the l th iteration of the adaptive Importance 
Sampling method, we have: 

k l = k S 
q l 

S 
. (21) 

This heuristics allows us to reduce at the minimum the number of 
points to evaluate on φ at the intermediary iterations and to have an 
accuracy of k S = 1.96 (95%) for the probability estimation at the final 
iteration of the algorithm. 

3.2.2. Sampling strategy 

As in [ 1 , 49 , 50 ], we use the intrinsic properties of Kriging to define 
a refinement strategy that requires a minimum number of evaluation 
points to build the surrogate model. 

The new point appended to the DOE at the k th iteration should 
be the one that best characterizes the uncertain population. Let 
AN ( Z, z , ̃  X k ) be the criterion quantifying the improvement of the 
global uncertainty of ˜ X k by appending z to the current DOE Z . It 
holds 

z ∗ = argmax 
z ∈ R d 

(

AN 
(

Z, z , ̃  X k 
))

= argmax 
z ∈ R d 

 
 
 

 
 

Card ( ̃ X k ) 
∑ 

i= 1 

[ 
ˆ σ

(

˜ X i , Z 
)

− ˆ σ
(

˜ X i , Z, z 
)] 

 
 
 

 
 

, (22) 

with 

• ˆ σ ( ̃  X , Z), the standard deviation of the prediction in ˜ X correspond- 
ing to the Kriging model built from the current DOE Z , 

• ˆ σ ( ̃  X , Z, z ) the standard deviation of the prediction in ˜ X corre- 
sponding to the Kriging model built from the extended DOE { Z, z } , 

• Card ( ̃  X k ), the number of points present in the uncertain popula- 
tion ˜ X k . 

Fig. 2. Top: criterion AN (opposite of the), center: relative standard deviation of each 

point, and bottom: surrogate model. 

3.2.2.1. Determination of ˆ σ ( ̃  X , Z) and ˆ σ ( ̃  X , Z, z ) From Section 3.1 , 
we have 

r ( X, Z ) = [ Corr ( X, Z 1 ) , . . . , Corr ( X, Z p ) ] 
T 
, (23) 

R ( Z ) = 

 

 
 
 

Corr ( Z 1 , Z 1 ) · · · Corr ( Z p , Z 1 ) 
. . . 

. . . 
. . . 

Corr ( Z p , Z 1 ) · · · Corr ( Z p , Z p ) 

 

 
 
 , (24) 

and we also recall that the prediction variance (19) is 

ˆ σ
(

˜ X i , Z 

)2 
= ˆ σ

2 

ζ

[

1 − r 
(

˜ X i , Z 

)T 
R 

−1 ( Z ) r 
(

˜ X i , Z 

)

]

, (25) 

with the process variance that can be estimated by maximum- 
likelihood as 

ˆ σ
2 

ζ = 
( φp ( Z ) − m p ( Z ) ) T R −1 ( Z ) ( φp ( Z ) − m p ( Z ) ) 

Card ( Z ) 
. (26) 

Similarly, ˆ σ ( ̃  X i , Z, z ) can be expressed as follows 

ˆ σ
(

˜ X i , Z, z 
)2 

= ˆ σ
2 

ζ ′ 

[

1 − r ′ 
(

˜ X i , Z, z 
)T 

R 
′−1 ( Z, z ) r ′ 

(

˜ X i , Z, z 
)

]

, (27) 

with 

r ′ ( X, Z, z ) = 

[ 

r ( X, Z ) T Corr ( X, z ) 
] T 

, (28) 

R 
′ ( Z, z ) = 

 

 
 
 
 
 

Corr ( Z 1 , Z 1 ) · · · Corr ( Z p , Z 1 ) Corr ( Z p , z ) 
. . . 

. . . 
. . . 

. . . 
Corr ( Z p , Z 1 ) · · · Corr ( Z p , Z p ) Corr ( Z p , z ) 
Corr ( z , Z 1 ) · · · · · · Corr ( z , z ) 

 

 
 
 
 
 

. (29) 

Since φ( z ) is unknown, we propose to approximate ˆ σ ζ ′ by ˆ σ ζ , which 
is the estimated process standard deviation for the DOE Z . The error 
induced by this approximation is expected to be small when Card ( Z) 
is large enough. This standard deviation may also be assumed to be 
known and kept constant [ 53 ]. 

The criterion AN allows us to determine the points with the biggest 
influence on the total standard deviation of the uncertain set. CMA-ES 
[ 54 ] is used to optimize AN , since it may be non linear and present 
local optima ( Fig. 2 ). This auxiliary optimization strategy has been 
exploited in [ 2 , 49 ] in a similar context. In order to get the Kriging 
parameters for the DOE Z , we use the DACE toolbox [ 55 ]. 

The sampling process is included in the initial adaptive Importance 
Sampling algorithms (Step 2 of the CE and adaptive NAIS algorithms): 

2-1 Build a Kriging model from the current DOE Z , 
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Table 1 

Results obtained for l = 6. 

E ( P ) σ ( P ) / E ( P ) (%) N1 N LHS N2 E ( Ŵ) 

CE with Kriging 4.4 × 10 −3 24 600 20 36 1.1 × 10 −4 

NAIS with Kriging 4.4 × 10 −3 21 748 20 122 2.1 × 10 −5 

AK-MCS 4.4 × 10 −3 ? 10 6 126 

MC REF 4.4 × 10 −3 10 6 

Equivalent MC – 122 

points 

3.9 × 10 −3 149 122 122 

CE without Kriging 4.4 × 10 −3 24 601 601 

NAIS without 

Kriging 

4.3 × 10 −3 19 750 750 

Table 2 

Results obtained for l = 7. 

E ( P ) σ ( P ) / E ( P ) (%) N1 N LHS N2 E ( Ŵ) 

CE with Kriging 2.2 × 10 −3 28.2 1200 20 48 3.0 × 10 −5 

NAIS with Kriging 2.1 × 10 −3 17 893 20 127 1.2 × 10 −5 

AK-MCS 2.2 × 10 −3 ? 10 6 96 

MC REF 2.2 × 10 −3 10 6 10 6 

Equivalent MC – 127 

points 

2.8 × 10 −3 174 127 127 

CE without Kriging 2.2 × 10 −3 24 1200 1200 

NAIS without 

Kriging 

2.2 × 10 −3 18 887 887 

Table 3 

Results obtained for the Rastrigin function. 

E ( P ) σ ( P ) / E ( P ) (%) N1 N LHS N2 E ( Ŵ) 

CE with Kriging 7.4 × 10 −2 21 903 20 188 5.4 × 10 −4 

NAIS with Kriging 7.4 × 10 −2 26 784 20 200 6.3 × 10 −4 

AK-MCS 7.4 × 10 −2 ? 6 × 10 4 416 

MC REF 7.3 × 10 −2 10 6 10 6 

Equivalent MC – 200 

points 

7.3 × 10 −2 27 200 200 

CE without Kriging 7.4 × 10 −2 19 903 903 

NAIS without 

Kriging 

7.3 × 10 −2 24 792 792 

2-2 Predict ˆ φ ( X 1 , Z) , . . . , ̂  φ ( X N , Z) using the surrogate model, 
compute the confidence domain and determine ˜ X , 

2-3 While Card ( ̃  X ) 6= 0 
2-3-1 Optimize the criterion AN with using CMA-ES to find z *, 
2-3-2 Evaluate φ( z *) and add it to the current DOE, N ← N + 1 
2-3-3 Reestimate the parameters of the Kriging model from 

the new DOE, 

2-3-4 Predict ˆ φ ( X 1 , Z) , . . . , ̂  φ ( X N , Z) again, compute the con- 
fidence domain and compute ˜ X . 

An illustration of the AN criterion is displayed in Fig. 2 for a given 
uncertain set of points. The top figure represents the opposite of AN , 
which is used during the optimization, and the star indicates the 
location of the optimal point. In the central figure, the different bars 
represent the standard deviation of the estimated points. Finally, in 
the bottom figure, the green curve stands for the true (but unknown) 
function, the red curve stands for the Kriged function and the blue 
curve stands for the confidence interval. We can see here that this 
mono-dimensional example has a current DOE of four points: { 1.5, 
2.5, 3.1, 3.5 } and nine points have been generated using the current 
pdf: { 0, 0.8, 1, 1.2, 2, 2.8, 3.2, 4, 5 } . The criterion favors sampling in 
areas with a high density of uncertain points. In the bottom figure, the 
φ function is extrapolated below x = 1.5 and above x = 3.5. The ”flat”
behavior of the kriged estimate in these domains is due to the chosen 
regression model m as defined in Eq. (14) which has been taken as 
zero order polynomial in this case. 

3.3. Estimation of relative error induced by the use of the surrogate 

model 

Once the Importance Sampling algorithms have converged, all the 
points stay at a distance from the threshold equal to at least k σ . 
Consequently, we can bound the error generated by the use of the 
surrogate model for the probability estimation to 1 − F −1 ( k ), where F is 
the cumulative distribution function of the reduced centered normal 
law (which pdf is defined by p N ( x) = 

1 √ 
2 π

exp ( − x 2 

2 )). More precisely, 

let d j be the distance between the estimation ˆ φ ( X j ) and the threshold 
S . We define: 

α j = 
d j 

ˆ σ ( X j , Z ) 
, (30) 

the ratio between the standard deviation of the predicted point X j and 
its distance from the threshold S . Let P j = 1 − F −1 ( αj ) the probability 
of misclassification, i.e., the probability that the prediction is above 
the threshold while the true value is underneath (and vice versa ). Un- 
certainty induced by the Kriging model on the estimated probability 
is 

ˆ P Krig = 
1 

M 

M 
∑ 

w= 1 

 

 
1 

N 

N 
∑ 

j= 1 

1 ( X j ) 
h 0 ( X j ) 

h k−1 ( X j ) 

 

 , (31) 

with 1( X j ) a coefficient that takes the value 1 with a probability P j 

and 0 with probability 1 − P j if 
ˆ φ ( X j ) > S, and M the number of runs 

used to compute the Monte Carlo estimate ˆ P Krig . Similarly, it takes the 
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value 0 with probability P j and 1 with probability 1 − P j if 
ˆ φ ( X j ) < S. 

Its expression is 

1 ( X j ) = XOR 

(

B ( P j , 1 − P j ) , 1 ˆ φ( X j ) >S 

)

, (32) 

where B( P j , 1 − P j ) is the Bernoulli distribution indexed on P j . Finally, 
the relative part of the IS estimator error due to the Kriging model is 

Ŵ = σ

(

ˆ P Krig 
)

, (33) 

with σ the standard deviation of the estimator defined in Eq. (31) . 
This estimator allows us to define a 95% confidence interval for the 
Kriged probability estimation using 

[ P IS − 1 . 96 Ŵ, P IS + 1 . 96 Ŵ] . (34) 

This interval, defined with Ŵ, has to be distinguished with the total 
confidence interval of the IS probability estimate. Indeed, Ŵ defines 
only the IS estimator error due to the Kriging model and does not take 
into account the inherent error of the IS estimator. 

The probability and the confidence interval on the IS estimator 
error due to the Kriging model for 10 estimations of the IS algorithm 

is given for the aerospatial test case in Fig. 8 . 

4. Results 

Before applying the Kriging-based adaptations of the Cross- 
Entropy and adaptive NAIS algorithms to an aerospace industrial case, 
we propose to test the new algorithms on several academic cases 
proposed in [ 4 , 39 , 56 , 57 ]. These cases have been proposed in order to 
evaluate the efficiency of different surrogate-based techniques cou- 
pled with classical Monte Carlo and non adaptive Importance Sam- 
pling methods. In particular, we compare the proposed algorithms to 
AK-MCS proposed in [ 4 ]. Note that the comparison with AK-MCS in 
terms of standard deviation of the estimator was not possible due to 
the lack of the standard deviation value in [ 4 ]. 

4.1. Benchmark of analytical test cases 

The different test cases of the benchmark have been transformed 
with respect to their original formulations in order to apply the pro- 
posed adaptive methods. To this end, the analytical problems have 
been modified for threshold-exceeding probability estimation. For all 
the results presented here, N 1 stands for the total number of points 
used by estimators, N LHS is the number of points used in the initial 
sampling by LHS (Latin Hypercube Sampling), and N 2 is the number 
of points that are actually evaluated using the true function φi . A hun- 
dred estimations have been generated for each of the cases in order 
to compute the standard deviation of the estimators. An expensive 
Monte Carlo estimation has been achieved in order to find the refer- 
ence probability. Furthermore, for comparison sake, a second Monte 
Carlo, with a simulation budget equivalent to the maximal number 
of points evaluated by Kriging CE or ANAIS, has also been performed. 
All the random variables present in the test cases are considered as 
uncorrelated. 

4.1.1. Four-branch system 

The first test case consists in a four-branch system. The input space 
is X = R 2 . The input variables are distributed according to a normal 
distribution N (0 2 , I 2 ). 

S 1 = 10 , (35) 

X ∼ N ( 0 2 , I 2 ) , (36) 

Fig. 3. Four-branch system. 

φ1 ( X 1 , X 2 ) = min 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

7 − 0 . 1 ( X 1 − X 2 ) 
2 + 

X 1 + X 2 √ 
2 

7 − 0 . 1 ( X 1 − X 2 ) 
2 −

X 1 + X 2 √ 
2 

10 − ( X 1 − X 2 ) −
1 

√ 
2 

10 − ( X 2 − X 1 ) −
1 

√ 
2 

. (37) 

In this formulation, l is a parameter that can be equal to 6 or 7. The 
function φ1 and the threshold S 1 are given in Fig. 3 . The results ob- 
tained for this test case are given in Tables 1 and 2 . An example of 
sampling function evolution for NAIS algorithm is described in Figs. 
4 and 5 . These figures show the adaptation of the sampling distribu- 
tion in order to generate samples in the threshold exceedance area. 
The number of samples per iteration is equal to 200 for CE and 250 
for NAIS. Concerning CE, the average number of required iterations 
is equal to 3 for l = 6 and 6 for l = 7. Concerning NAIS, the average 
number of required iterations is equal to 3 for l = 6 and 3.5 for l = 7. 

For these two test cases, we can see that the adaptive Cross- 
Entropy method coupled with Kriging metamodel allows to divide 
by 2 and 3 the computational cost compared to AK-MCS. Moreover, 
the value of E ( Ŵ) is very low compared to the probability to estimate, 
that indicates a good confidence in the estimation. This is confirmed 
by comparing the probability found by CE and NAIS to the true proba- 
bility found by MC with 10 6 simulations. The coefficient of variation of 
CE is relatively higher than NAIS, that can be explained by the choice 
of parametrized pdf family (here two-dimensional normal density 
function) that is less appropriate to multimodal regions ( Fig. 5 ). Nev- 
ertheless, this coefficient is still relatively low. 

4.1.2. Rastrigin function 

The second test case is the Rastrigin function, which is often used 
to test global optimization algorithms, due to its highly multimodal 
characteristics. The input space is X = R 2 and the input variables are 
distributed according to a normal distribution N (0 2 , I 2 ). The function 
φ2 and the threshold S 2 are displayed in Fig. 6 . The results obtained 
for this test case are given in Table 3 . 

S 2 = 20 , (38) 

X ∼ N ( 0 2 , I 2 ) , (39) 

φ2 ( X 1 , X 2 ) = 

2 
∑ 

i= 1 

(

X 
2 
i − 5 cos ( 2 πX i ) 

)

. (40) 

For this test case again, we can see that both adaptive CE and NAIS 
coupled with Kriging metamodel allow to divide by 2 the computa- 
tional cost compared to AK-MCS. The values of E ( Ŵ) are higher than 
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Fig. 4. Sampling function evolution (NAIS). 

Fig. 5. Sampling function evolution (CE). 

in the first case, but the probability found by CE and NAIS is again 
very close to the true probability found by MC and is equal to the one 
found by AK-MCS. Concerning this test case, the average number of 
required iterations is equal to 3 for CE and 2 for NAIS. The number of 
samples per iteration is equal to 300 for CE and 400 for NAIS. 

4.1.3. Nonlinear oscillator 

4.1.3.1. Description The last academic test case is a one-degree- 
of-freedom nonlinear oscillator. This example has been used in 

[ 38 , 58 , 59 ]. The input space is X = R 6 and the different variables 
are distributed according to 6 Gaussian distributions with different 
means and standard deviations: 

S 3 = 10 , (41) 

X = [ c 1 , c 2 , r, m, t 1 , F 1 ] 
T [ N (1 , 0 . 1) , N (0 . 1 , 0 . 01) , 

N (1 , 0 . 05) , N (0 . 5 , 0 . 05) , N (1 , 0 . 2) , N (1 , 0 . 2) ] 
T , (42) 
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Table 4 

Results obtained for the nonlinear oscillator function. 

E ( P ) σ ( P ) / E ( P ) (%) N1 N LHS N2 E ( Ŵ) 

CE with Kriging 2.8 × 10 −2 21 1200 60 55 1.6 × 10 −4 

NAIS with Kriging 2.9 × 10 −2 30 339 60 92 2.5 × 10 −4 

AK-MCS 2.8 × 10 −2 ? 7 × 10 4 58 

MC REF 2.8 × 10 −2 10 6 10 6 

Equivalent MC – 92 

points 

2.7 × 10 −2 65 92 92 

CE without Kriging 2.8 × 10 −2 21 1200 1200 

NAIS without 

Kriging 

2.9 × 10 −2 29 302 302 

Table 5 

Results obtained for the booster fallout zone estimation with S = 650 m. 

S = 650 m E ( P ) σ ( P ) / E ( P ) (%) N1 N LHS N2 E ( Ŵ) 

CE with Kriging 1.9 ×10 −5 18 6000 40 192 1.8 ×10 −7 

NAIS with Kriging 2.0 ×10 −5 14 5080 40 466 1.0 ×10 −7 

MC REF 1.9 ×10 −5 1e8 1e8 

Equivalent MC – 466 

points 

Not accessible Not defined 466 466 

CE without Kriging 1.9 ×10 −5 17 6000 6000 

NAIS without 

Kriging 

1.9 ×10 −5 14 5100 5100 

Table 6 

Results obtained for the booster fallout zone estimation with S = 720 m. 

S = 720 m E ( P ) σ ( P ) / E ( P ) (%) N1 N LHS N2 E ( Ŵ) 

CE with Kriging 2.1 × 10 −7 28 7500 40 248 1.7 × 10 −9 

NAIS with Kriging 2.1 × 10 −7 13 9000 40 500 1 × 10 −9 

MC REF 2.1 × 10 −7 1e9 1e9 

Equivalent MC – 500 

points 

Not accessible Not defined 500 500 

CE without Kriging 2.1 × 10 −7 27 7500 7500 

NAIS without 

Kriging 

2.1 × 10 −7 14 8980 8980 

Fig. 6. Rastrigin function. 

φ2 ( c 1 , c 2 , m, r, t 1 , F 1 ) = 10 − 3 r + 

∣

∣

∣

∣

∣

2 F 1 
c 1 + c 2 

sin 

( 
√ 
c 1 + c 2 

m 

t 1 
2 

) ∣
∣

∣

∣

∣

. (43) 

The results obtained for this test case are given in Table 4 . 
For this test case, the results of adaptive CE coupled with Kriging 

metamodel are very close to the ones obtained with AK-MCS. More- 
over, the average number of required iterations (respectively number 
of samples per iteration) is equal to 4 for CE (respectively 300) and 2 
for NAIS (respectively 150). 

4.1.4. Synthesis 

The adaptive version of Importance Sampling globally allows to 
estimate the probability of rare event with less points than AK-MCS. 
Unfortunately, the performed comparisons with AK-MCS have been 
performed with incomplete information because the coefficient of 
variation of AK-MCS is not provided is the reference paper [ 4 ]. 

For each of the test cases, the empiric mean of the estimated prob- 
ability is very close to the ”true” probability found by extensive Monte 
Carlo. The value of the estimator E ( Ŵ) is always much lower than the 
probability, which provides a good level of confidence to the obtained 
results. This comparison points out the advantages of Kriging-based 
adaptive Importance Sampling methods to estimate rare event prob- 
ability with respect to AK-MCS, traditional IS and MCS method. 

Simulations with using only CE and NAIS (without Kriging) have 
also been performed. It can therefore be seen that the proposed ap- 
proach requires significantly less sampled points than the standard 
algorithms while maintaining the same performance level. In the next 
section, we analyze the efficiency of the proposed strategies on a real- 
world aerospace application case. 

4.2. Estimation of launch vehicle booster fallout zone 

4.2.1. Presentation of the case study 

Spatial launch vehicle fall-back safety zone estimation is a very 
important problem in space application since the consequence of a 
mistake can be dramatic for the populations. We consider in this 
article a solid rocket booster that is the first stage of a launch vehicle. 
Its mass is about 35,000 kg and the launch point is at 112 km height 
with a slope of 15 ◦. At the end of its mission, the rocket booster falls 
into the sea at some distance of a predicted position. Similar models 
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Fig. 7. Booster fallout zone and threshold. 

have already been analyzed in [ 60 ]. 
The launch vehicle stage fall-back is thus modeled as an input–

output function φ with a vector X of four Gaussian inputs and one out- 
put Y = φ( X ), representing the distance between the estimated launch 
stage fall-back position and the predicted one. In this case study, 
we aim at estimating the probability that the distance to the pre- 
dicted impact position exceeds 0.65 km: P 1 ( φ( X ) > 0.65) and 0.72 km: 
P 2 ( φ( X ) > 0.72). Several components of X can thus influence its impact 
position: 

• Meteorological conditions (two inputs). The wind variations dur- 
ing the fall-back can influence the impact position. 

• Launch vehicle mass (one input). The mass of the different parts 
of the launch vehicle is also slightly random during the fall-back. 

• The slope angle between the vertical axis and the velocity vector 
(one input) ( Fig. 7 ). 

4.2.2. Results 

The results obtained for the two series estimations are given in 
Tables 5 and 6 . A hundred estimations have been generated for each 
of the cases in order to compute the standard deviation of the esti- 
mators. 

For each case, the estimated probabilities are very close to the true 
ones, obtained via Monte Carlo with a very long computation time. 
The Kriging-based versions of the algorithms allow to divide the com- 
putation cost of CE by 26 for the two cases and the computation cost 
of NAIS by 10 for the first case and 16 for the second one. This way, the 
Kriging-based adaptive versions of CE and NAIS allow to greatly im- 
prove the efficiency of these algorithms and make it possible to apply 
this algorithm with very restricted simulation budget (a few hun- 
dred samples). The equivalent MC estimations with analog bugdets 
as Kriging-based versions of CE and ANAIS have not converged be- 
cause the simulation budget is too restricted to sample a point above 
the thresholds with the initial pdf. 

The number of samples per iteration is equal to 1500 for CE and 
1000 for NAIS. Concerning CE, the average number of required itera- 
tions is equal to 4 for S = 650 m and 5 for S = 720 m. Concerning NAIS, 
the average number of required iterations is equal to 5 for S = 650 m 

and 9 for S = 720 m. 
Fig. 8 shows an example of the estimator behavior for 11 estima- 

tions of the second test case probability using adaptive CE method. 
For nine of the 11 estimations, the probability found on the Kriging- 
based model is equal to the probability found while evaluating the 
real function. Furthermore, for the two other cases, the estimated 
probability is always located in the 95% confidence interval defined 

Fig. 8. Estimated probability on Kriging model and real function, and confidence in- 

terval of approximation error due to the use of Kriging model. 

by E ( Ŵ). This illustrates the consistency of the proposed confidence 
interval of approximation error due to the use of Kriging model. 

5. Conclusions 

A new method combining Kriging surrogate models with adaptive 
Importance Sampling algorithms has been proposed for estimating 
the probability of rare events. The proposed scheme requires very 
few samples, making this method suitable for time-consuming sim- 
ulation codes. Moreover, the statistical properties of Kriging have 
permitted the definition of a confidence interval for the probabil- 
ity estimate, which is a noticeable feature. The performance of the 
Kriging-based adaptive Importance Sampling approach has been il- 
lustrated and compared on analytical test-cases from the literature. 
A realistic aeronautical example has also been presented to show 

the feasibility and accuracy of the method. These promising results 
should now be confirmed on complex, high-dimensional problems 
that cannot be addressed previously due to computational cost. 
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