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❚❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ❜❛r②♦♥✐❝ ♣❤②s✐❝s ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ❞✐s❝ ❣❛❧❛①✐❡s ❛❧❧♦✇s t♦

st✉❞② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts✱ t❤❡ ♣❤②s✐❝❛❧ st❛t❡ ♦❢ t❤❡ ❣❛s ❛♥❞ t❤❡ st❛r

❢♦r♠❛t✐♦♥✳

❚❤❡ ♣r❡s❡♥t ✇♦r❦ ❛✐♠s ❛t ✐♥✈❡st✐❣❛t✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ r♦❧❡ ♦❢ t❤❡ ❝♦❧❞ ❛♥❞ ❞❡♥s❡ ♠♦❧❡❝✲

✉❧❛r ♣❤❛s❡✱ ✇❤✐❝❤ ❝♦✉❧❞ ♣❧❛② ❛ r♦❧❡ ♦❢ ❣❛s r❡s❡r✈♦✐r ✐♥ t❤❡ ♦✉t❡r ❣❛❧❛①② ❞✐s❝s✱ ✇✐t❤ ❧♦✇ st❛r

❢♦r♠❛t✐♦♥ ❡✣❝✐❡♥❝②✳

❆❢t❡r ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❣❛❧❛①✐❡s ✇✐t❤ ❛ ❢♦❝✉s ♦♥ s♣✐r❛❧ ❣❛❧❛①✐❡s✱ t❤❡✐r ✐♥t❡rst❡❧❧❛r ♠❡❞✐✉♠

❛♥❞ ❞②♥❛♠✐❝❛❧ ❡✈♦❧✉t✐♦♥✱ ✇❡ r❡✈✐❡✇ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ ❤②❞r♦❞②♥❛♠✐❝❛❧ ♥✉♠❡r✐❝❛❧ s✐♠✉✲

❧❛t✐♦♥s ❛♥❞ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❜❛r②♦♥✐❝ ♣❤②s✐❝s✳ ❲❡ t❤❡♥ ♣r❡s❡♥t t❤❡ s✐♠✉❧❛t✐♦♥s ✇❡

♣❡r❢♦r♠❡❞✳ ❚❤❡s❡ ✐♥❝❧✉❞❡ ❝♦♦❧✐♥❣ t♦ ❧♦✇ t❡♠♣❡r❛t✉r❡s✱ ❛♥❞ ❛ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❝♦♠♣♦✲

♥❡♥t✳ ❲❡ ❡s♣❡❝✐❛❧❧② t❡st t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ✐♥ s✐♠✉❧❛t✐♦♥s

✇✐t❤ s❡✈❡r❛❧ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✱ ❛♥❞ ✜♥❞ t❤❛t t❤❡ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❛❧❧♦✇s ✐♥ ❛❧❧ ❝❛s❡s

s♦♠❡ s❧♦✇ st❡❧❧❛r ❢♦r♠❛t✐♦♥ t♦ ♦❝❝✉r ✐♥ t❤❡ ♦✉t❡r ❞✐s❝✱ ✇✐t❤ ❛♥ ❡✛❡❝t ♦♥ t❤❡ ✈❡rt✐❝❛❧ str✉❝t✉r❡

♦❢ t❤❡ ❞✐s❝ t❤❛t ✐s s❡♥s✐t✐✈❡ t♦ t❤❡ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝②✳ ▼♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ✐s t❤❡r❡❢♦r❡ ❛❜❧❡

t♦ ♣❧❛② t❤❡ r♦❧❡ ♦❢ ❣❛s r❡s❡r✈♦✐r ✐♥ ❡①t❡r♥❛❧ ♣❛rts ♦❢ s♣✐r❛❧ ❣❛❧❛①✐❡s✱ ✇❤✐❝❤ ❛❝❝r❡t❡ ❣❛s ❢r♦♠

❝♦s♠✐❝ ✜❧❛♠❡♥ts ❛❧❧ ❛❧♦♥❣ t❤❡✐r ❧✐✈❡s✳
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◆♦tr❡ tr❛✈❛✐❧ s❡ ❝♦♥❝❡♥tr❡ s✉r ❧❡ rô❧❡ ❞❡ ❧❛ ♣❤❛s❡ ♠♦❧é❝✉❧❛✐r❡ ❢r♦✐❞❡ ❡t ❞❡♥s❡ ❞❛♥s ❧✬é✈♦❧✉t✐♦♥

❞❡s ❣❛❧❛①✐❡s s♣✐r❛❧❡s✳ ❈❡tt❡ ♣❤❛s❡ ♣❡✉t ❥♦✉❡r ❧❡ rô❧❡ ❞❡ rés❡r✈♦✐r ❞❡ ❣❛③ à ❢❛✐❜❧❡ t❛✉① ❞❡

❢♦r♠❛t✐♦♥ st❡❧❧❛✐r❡ ❞❛♥s ❧❡s ♣❛rt✐❡s ❡①t❡r♥❡s ❞❡s ❞✐sq✉❡s✳

❆♣rès ✉♥❡ ♣rés❡♥t❛t✐♦♥ ❣é♥ér❛❧❡ ❞❡s ♣r♦♣r✐étés ❞❡s ❣❛❧❛①✐❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡s ❣❛❧❛①✲

✐❡s s♣✐r❛❧❡s✱ ❧❡✉r ♠✐❧✐❡✉① ✐♥t❡rst❡❧❧❛✐r❡ ❡t ❧❡✉r é✈♦❧✉t✐♦♥ ❞②♥❛♠✐q✉❡✱ ♥♦✉s ♣❛ss♦♥s ❡♥ r❡✈✉❡ ❧❡s

s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❤②❞r♦❞②♥❛♠✐q✉❡s ❝♦♥t❡♠♣♦r❛✐♥❡s ❡t ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ♣❤②s✐q✉❡

❜❛r②♦♥✐q✉❡✳ ◆♦✉s ♣rés❡♥t♦♥s ❡♥s✉✐t❡ ❧❛ sér✐❡ ❞❡ s✐♠✉❧❛t✐♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ❡✛❡❝t✉é❡s✳ ❈❡s

s✐♠✉❧❛t✐♦♥s ✐♥❝❧✉❡♥t ❞✉ r❡❢r♦✐❞✐ss❡♠❡♥t ❥✉sq✉✬à ❜❛ss❡ t❡♠♣ér❛t✉r❡✱ ❡♥ ♣r❡♥❛♥t ♥♦t❛♠♠❡♥t

❡♥ ❝♦♠♣t❡ ❞❡ ❧✬❤②❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡✳ ◆♦✉s t❡st♦♥s ❡♥ ♣❛rt✐❝✉❧✐❡r ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧✬❤②❞r♦❣è♥❡

♠♦❧é❝✉❧❛✐r❡ ❞❛♥s ❞❡s s✐♠✉❧❛t✐♦♥s ❛✈❡❝ ❞✐✛ér❡♥t❡s ❡✣❝❛❝✐tés ❞❡ rétr♦❛❝t✐♦♥s é♥❡r❣ét✐q✉❡ st❡❧✲

❧❛✐r❡✱ ❡t ♦❜t❡♥♦♥s q✉❡ ❧❡ ❞✐❤②❞r♦❣è♥❡ ♣❡r♠❡t ❞❛♥s t♦✉s ❧❡s ❝❛s ✉♥❡ ❢❛✐❜❧❡ ❢♦r♠❛t✐♦♥ ❞✬ét♦✐❧❡s

❞❛♥s ❧❡s ♣❛rt✐❡s ❡①t❡r♥❡s ❞❡s ❞✐sq✉❡s✳ ▲❡s ❞✐sq✉❡s ❣❛③❡✉① ♦♥t ❞❡ ♣❧✉s t❡♥❞❛♥❝❡ à s✬é♣❛✐ss✐r à

❣r❛♥❞s r❛②♦♥s ❞✉ ❢❛✐t ❞❡ ❧❛ rétr♦❛❝t✐♦♥ st❡❧❧❛✐r❡ r❡♥❢♦r❝é❡ ♣❛r ❧❛ ♣rés❡♥❝❡ ❞❡ ❞✐❤②❞r♦❣è♥❡✳

▲✬❤②❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡ ♣❡✉t ❞♦♥❝ ❥♦✉❡r ❧❡ rô❧❡ ❞❡ rés❡r✈♦✐r ❞❡ ♠❛t✐èr❡ ❜❛r②♦♥✐q✉❡ ❞❛♥s

❧❡s ♣❛rt✐❡s ❡①t❡r♥❡s ❞❡s ❣❛❧❛①✐❡s s♣✐r❛❧❡s q✉✐ ❛❝❝rèt❡♥t ❞✉ ❣❛③ ♣❛r ❧❡s ✜❧❛♠❡♥ts ❝♦s♠✐q✉❡s t♦✉t
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▲❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♣❡r♠❡tt❡♥t ❞❡ t❡st❡r ❞❡s ❤②♣♦t❤ès❡s s✉r ❧❛ ♣❤②s✐q✉❡ ♥♦♥

❧✐♥é❛✐r❡ ❡♥ ❥❡✉ ❞❛♥s ❧❛ ❢♦r♠❛t✐♦♥ ❡t ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❣❛❧❛①✐❡s✳ ●râ❝❡ ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡s

♣♦ss✐❜✐❧✐tés ❞❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❡t ❧✬é❧❛❜♦r❛t✐♦♥ ❞✬❛❧❣♦r✐t❤♠❡s ❡✣❝❛❝❡s ♣♦✉r tr❛✐t❡r ❧❛ ❣r❛✈✲

✐t❛t✐♦♥ ❡t ❧✬❤②❞r♦❞②♥❛♠✐q✉❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ s✐♠✉❧❡r ❞❡ ♠✐❡✉① ❡♥ ♠✐❡✉① ❧✬é✈♦❧✉t✐♦♥ ❞❡s

❣❛❧❛①✐❡s✳ ▲❡s ❧✐♠✐t❛t✐♦♥s ❡♥ rés♦❧✉t✐♦♥ s♣❛t✐❛❧❡ ❡t ♠❛ss✐q✉❡ ♥é❝❡ss✐t❡♥t ❝❡♣❡♥❞❛♥t ❞✬✉t✐❧✐s❡r

❞❡s ♠ét❤♦❞❡s ❞✐t❡s ✧s♦✉s✲❣r✐❧❧❡✧ ♣♦✉r tr❛✐t❡r ❧❡s ❞ét❛✐❧s ❞❡ ❧❛ ♣❤②s✐q✉❡ ❞✉ ❣❛③✳ ▲❡ ❝❛r❛❝tèr❡

♣❤é♥♦♠é♥♦❧♦❣✐q✉❡ ❞❡ ❝❡s ♠ét❤♦❞❡s ❡st ❛❝❝❡♥t✉é ♣❛r ❧❡s ✐♥❝❡rt✐t✉❞❡s ❝♦♥❝❡r♥❛♥t ♥♦t❛♠♠❡♥t

❧❛ ♣❤②s✐q✉❡ ❞❡ ❧❛ ❢♦r♠❛t✐♦♥ ❞❡s ét♦✐❧❡s ❡t ❧✬✐♠♣❛❝t ❞❡ ❝❡tt❡ ❢♦r♠❛t✐♦♥ ❞✬ét♦✐❧❡s s✉r ❧❡ ❣❛③

❡♥✈✐r♦♥♥❛♥t✳

❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ♣❛rt✐❝✉❧✐èr❡♠❡♥t à ❧✬✐♠♣❛❝t ❞❡ ❧✬✐♥❝❧✉s✐♦♥ ❞✬❤②✲

❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡ ❡t ❞✉ r❡❢r♦✐❞✐ss❡♠❡♥t ❞✉ ❣❛③ s✉❜séq✉❡♥t s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❣❛❧❛①✐❡s s♣✐✲

r❛❧❡s✳ ◆♦✉s ✉t✐❧✐s♦♥s ✉♥ ❝♦❞❡ ❞❡ t②♣❡ ❚r❡❡❙P❍ q✉✐ tr❛✐t❡ ❧❡s ❝♦♠♣♦s❛♥t❡s st❡❧❧❛✐r❡s✱ ❣❛③❡✉s❡s✱

❡t ❧❛ ♠❛t✐èr❡ ♥♦✐r❡ ❝♦♠♠❡ ❞❡s ♣❛rt✐❝✉❧❡s✳

▲✬❤②❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡ s❡ ❢♦r♠❡ s✉rt♦✉t s✉r ❧❛ ♣♦✉ss✐èr❡ ✐♥t❡rst❡❧❧❛✐r❡ ❞ès ❧♦rs q✉✬✉♥❡

❢❛✐❜❧❡ q✉❛♥t✐té ❞❡ ❣r❛✐♥s ❞❡ ♣♦✉ss✐èr❡ ❡st ♣rés❡♥t❡✱ ❡t ❡st ❞✐ss♦❝✐é ♣❛r ❧❡ r❛②♦♥♥❡♠❡♥t ✉❧tr❛✲

✈✐♦❧❡t✱ ♥♦t❛♠♠❡♥t ❝❡❧✉✐ ✐ss✉ ❞❡s ❥❡✉♥❡s ét♦✐❧❡s ♠❛ss✐✈❡s✳ ■❧ ♣❡✉t êtr❡ ♣r♦té❣é ❞❡ ❝❡ r❛②♦♥✲

♥❡♠❡♥t s♦✐t ♣❛r ❧✬❡✛❡t ❞❡ ✧❜♦✉❝❧✐❡r✧ ❞❡ ❧❛ ♣♦✉ss✐èr❡ q✉✐ ❛❜s♦r❜❡ ❧❡ r❛②♦♥♥❡♠❡♥t✱ s♦✐t ♣❛r s❛

♣r♦♣r❡ ♣r♦t❡❝t✐♦♥ ✱ ❧❡s ♠♦❧é❝✉❧❡s ❞❡ ❞✐❤②❞r♦❣è♥❡ ❞❡ ❝❡rt❛✐♥❡s ré❣✐♦♥s ♣♦✉✈❛♥t ❛❜s♦r❜❡r s✉✛✲

✐s❛♠♠❡♥t ❞❡ r❛②♦♥♥❡♠❡♥t ♣♦✉r q✉❡ s❡ ♠❛✐♥t✐❡♥♥❡ ❞❡ ❧✬❤②❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡ ❞❛♥s ❞✬❛✉tr❡s

ré❣✐♦♥s✱ ❝♦♠♠❡ à ❧✬✐♥tér✐❡✉r ❞✬✉♥ ♥✉❛❣❡ ❞❡♥s❡ ❞❡ ❣❛③✳ ▲❛ ♣rés❡♥❝❡ ❞✬❤②❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡

❞é♣❡♥❞ ❞♦♥❝ ❞❡ ❧❛ q✉❛♥t✐té ❞❡ ♣♦✉ss✐èr❡ ♣rés❡♥t❡ ❡t ❞❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞✉ ❣❛③ ❞❡ s❡ ♣r♦té❣❡r

❧✉✐✲♠ê♠❡ ❞✉ r❛②♦♥♥❡♠❡♥t ✉❧tr❛✲✈✐♦❧❡t✳ ◆♦✉s ✉t✐❧✐s♦♥s ✉♥❡ r❡❝❡tt❡ s❡♠✐✲❛♥❛❧②t✐q✉❡ ♣♦✉r ❞ét❡r✲

♠✐♥❡r ❧❛ ❢r❛❝t✐♦♥ ❞✬❤②❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❛ ❞❡♥s✐té ❞✉

❣❛③✱ ❞❡ ❧❛ ♠ét❛❧❧✐❝✐té ❡t ❞✉ ✢✉① ✉❧tr❛✲✈✐♦❧❡t ❛♠❜✐❛♥t✳ ❈❡ ✢✉① ❡st ❡st✐♠é ♣❛r ❧❛ s♦♠♠❛t✐♦♥ ❞❡s

❝♦♥tr✐❜✉t✐♦♥s ❞❡s ét♦✐❧❡s ❥❡✉♥❡s ❢♦r♠é❡s ❛✉ ❝♦✉rs ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥✳

▲❡ ❣❛③ r❡❢r♦✐❞✐ ♣❡✉t s❡ ❝♦♥❞❡♥s❡r ❡t ❢♦r♠❡r ❞❡s ét♦✐❧❡s✱ ❝❡ q✉✐ ❛❣✐t ❡♥ r❡t♦✉r s✉r ❧❡ ❣❛③✱ ❡♥

♣❛rt✐❝✉❧✐❡r ♣❛r ❧❡s ❡①♣❧♦s✐♦♥s ❞❡ s✉♣❡r♥♦✈❛❡✳ ◆♦✉s ♣r❡♥♦♥s ❡♥ ❝♦♠♣t❡ ❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t ❧✐é

à ❧✬❤②❞r♦❣è♥❡✱ ❧✬❤é❧✐✉♠ ❡t ❝❡rt❛✐♥s ♠ét❛✉① ❛✉✲❞❡❧à ❞❡ ✶✵ ✵✵✵ ❑ ♣❛r ❧✬✐♥t❡r♠é❞✐❛✐r❡ ❞❡ t❛✉①

❞❡ r❡❢r♦✐❞✐ss❡♠❡♥t t❛❜✉❧és ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❡t ❞❡ ❧❛ ♠ét❛❧❧✐❝✐té✳ ❊♥✲❞❡ss♦✉s ❞❡

✶✵ ✵✵✵ ❑✱ ♥♦✉s ♣r❡♥♦♥s ❡♥ ❝♦♠♣t❡ ❧❡ r❡❢r♦✐❞✐ss❡♠❡♥t ❧✐é à ❝❡rt❛✐♥s ♠ét❛✉① ❝♦♥t❡♥✉s ❞❛♥s

❧❡ ♠✐❧✐❡✉ ✐♥t❡rst❡❧❧❛✐r❡ ❝❛r ✐❧s s♦♥t r❡❥❡tés ♣❛r ❧❡s s✉♣❡r♥♦✈❛❡✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❛✉ss✐ ❧❡ r❡✲

✈✐✐



✈✐✐✐

❢r♦✐❞✐ss❡♠❡♥t ❧✐é à ❧✬❤②❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡✱ ❡♥ ✐♥❝❧✉❛♥t ❧❡s ❝♦♥tr✐❜✉t✐♦♥s ❞❡s ❝♦❧❧✐s✐♦♥s ❛✈❡❝ ❧❡s

❛t♦♠❡s ❞✬❤②❞r♦❣è♥❡✱ ❞✬❤é❧✐✉♠✱ ❡t ❧❡s ❛✉tr❡s ♠♦❧é❝✉❧❡s ❞❡ ❞✐❤②❞r♦❣è♥❡✳ ▲❛ ❢♦r♠❛t✐♦♥ ❞✬ét♦✐❧❡s

❡st ♠♦❞é❧✐sé❡ ♣❛r ✉♥❡ ♠ét❤♦❞❡ st♦❝❤❛st✐q✉❡✱ ❡t ❧❛ rétr♦❛❝t✐♦♥ é♥❡r❣ét✐q✉❡ ❞❡s s✉♣❡r♥♦✈❛❡ ❞❡

t②♣❡ ■■ ❡st ❛♣♣❧✐q✉é❡ s♦✉s ❢♦r♠❡ ❝✐♥ét✐q✉❡ ❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s s✐♠✉❧❛t✐♦♥s✳

◆♦✉s ❢❛✐s♦♥s ✈❛r✐❡r ❧✬✐♠♣♦rt❛♥t ❞❡ ❧❛ rétr♦❛❝t✐♦♥ é♥❡r❣ét✐q✉❡ ❞❡s s✉♣❡r♥♦✈❛❡✳ ◆♦✉s ét✉✲

❞✐♦♥s t♦✉t ❞✬❛❜♦r❞ ❞❡s s✐♠✉❧❛t✐♦♥s ❞❡ ❣❛❧❛①✐❡s s♣✐r❛❧❡s s❛♥s ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❞✬❤②❞r♦❣è♥❡

♠♦❧é❝✉❧❛✐r❡✳ ◆♦✉s ✐♠♣♦s♦♥s ✉♥ ❣r❛❞✐❡♥t ❞❡ ♠ét❛❧❧✐❝✐té ❞❛♥s ❧❡ ❣❛③ ❛✜♥ ❞❡ r❡♣r♦❞✉✐r❡ ❧❡s ♦❜s❡r✲

✈❛t✐♦♥s ❞❡ ♣r♦✜❧s ❞❡ ♠ét❛❧❧✐❝✐té✳ ▲❡ ❣❛③ ❡st ❞✬❛✉t❛♥t ♣❧✉s ❤étér♦❣è♥❡✱ ❛✈❡❝ ❞❡s ♣✐❝s ❞❡ ♠❛ss❡s

✈♦❧✉♠✐q✉❡✱ ❞❛♥s ❧❡s ♣❛rt✐❡s ❝❡♥tr❛❧❡s q✉❡ ❧❛ rétr♦❛❝t✐♦♥ ❡st ❢❛✐❜❧❡✳ ❊♥ ♣rés❡♥❝❡ ❞❡ rétr♦❛❝t✐♦♥✱

❧❛ ❢♦r♠❛t✐♦♥ ❞✬ét♦✐❧❡s ❞❛♥s ❧❡s ré❣✐♦♥s ❞❡♥s❡s ❧✐♠✐t❡ ❧❛ ♠❛ss❡ ✈♦❧✉♠✐q✉❡ ♠❛①✐♠❛❧❡ ❞✉ ❣❛③ ❡t

ré❣✉❧❡ ❞♦♥❝ ❛✉ss✐ ❧❛ ❢♦r♠❛t✐♦♥ ❞✬ét♦✐❧❡s✳ ▲❡s ♣❛rt✐❡s ❡①t❡r♥❡s✱ ♣❛✉✈r❡s ❡♥ ♠ét❛✉①✱ s♦♥t ❡❧❧❡s

❞✐✛✉s❡s ❝❛r ♣❡✉ r❡❢r♦✐❞✐❡s✱ ❡t ❢♦r♠❡♥t très ♣❡✉ ❞✬ét♦✐❧❡s✳

◆♦✉s ♦❜s❡r✈♦♥s q✉❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧✬❤②❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r✱ ♣♦✉r

t♦✉t❡s ❧❡s ✐♥t❡♥s✐tés ❞❡ rétr♦❛❝t✐♦♥ st❡❧❧❛✐r❡✱ ✉♥❡ ❢❛✐❜❧❡ ❢♦r♠❛t✐♦♥ ❞✬ét♦✐❧❡s ❞❛♥s ❧❡s ♣❛rt✐❡s

❡①t❡r♥❡s ❞❡s ❞✐sq✉❡s✱ ré❣✐♦♥s ♣❛✉✈r❡s ❡♥ ♠ét❛✉① ❡t ❞♦♥❝ ♣❡✉ s✉s❝❡♣t✐❜❧❡s ❞✬êtr❡ ❛ss❡③ r❡❢r♦✐❞✐❡s

♣♦✉r ❢♦r♠❡r ❞❡s ét♦✐❧❡s ❡♥ ❧✬❛❜s❡♥❝❡ ❞✉ r❡❢r♦✐❞✐ss❡♠❡♥t ❧✐é à ❧✬❤②❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡✳ ❈❡

rés✉❧t❛t ❡st ❝♦❤ér❡♥t ❛✈❡❝ ❞❡ ré❝❡♥t❡s ♦❜s❡r✈❛t✐♦♥s ❞❡ r❛②♦♥♥❡♠❡♥t ✉❧tr❛✲✈✐♦❧❡t ❞❛♥s ❧❡s ♣❛rt✐❡s

❡①t❡r♥❡s ❞❡ ❝❡rt❛✐♥❡s ❣❛❧❛①✐❡s s♣✐r❛❧❡s✳ ◆♦✉s r❡❧✐♦♥s ❧❡ t❛✉① ❞❡ ❢♦r♠❛t✐♦♥ ❞✬ét♦✐❧❡s s✉r❢❛❝✐q✉❡

à ❧❛ ♠❛ss❡ s✉r❢❛❝✐q✉❡ ❞❡ t♦✉t ❧❡ ❣❛③ ♦✉ ❞❡ ❧❛ ♣❛rt✐❡ ❞✬❤②❞r♦❣è♥❡ ❛t♦♠✐q✉❡ ♦✉ ♠♦❧é❝✉❧❛✐r❡✱

❡t ♦❜t❡♥♦♥s ✉♥❡ ♠❡✐❧❧❡✉r❡ ❝♦rré❧❛t✐♦♥ ❛✈❡❝ ❧❡ ❣❛③ ♠♦❧é❝✉❧❛✐r❡ s❡✉❧✱ ❝♦♠♠❡ ♦❜s❡r✈é ❞❛♥s ❞❡s

ét✉❞❡s ❞❡ ❣❛❧❛①✐❡s ♣r♦❝❤❡s✳ ▲❛ ❝♦rré❧❛t✐♦♥ ❡st ♠❡✐❧❧❡✉r❡ ❡♥ ♣rés❡♥❝❡ ❞❡ rétr♦❛❝t✐♦♥ st❡❧❧❛✐r❡

❝❛r ❧❡ ❣❛③ ❡st ❛❧♦rs ♠♦✐♥s ❤étér♦❣è♥❡ ❡♥ ♠❛ss❡ ✈♦❧✉♠✐q✉❡✳

▲❛ ❢♦r♠❛t✐♦♥ st❡❧❧❛✐r❡ ❛❝❝❡♥t✉é❡ ♣❛r ❧✬❤②❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡ ❞❛♥s ❧❡s ♣❛rt✐❡s ❡①t❡r♥❡s

✐♥✢✉❡ s✉r ❧❛ str✉❝t✉r❡ ✈❡rt✐❝❛❧❡ ❞✉ ❞✐sq✉❡✳ ▲❛ rétr♦❛❝t✐♦♥ ❞❡s s✉♣❡r♥♦✈❛❡ ♣r♦✈♦q✉❡ ❧✬é♣❛✐s✲

s✐ss❡♠❡♥t ❞✉ ❞✐sq✉❡ à ❣r❛♥❞s r❛②♦♥s✱ ❞✬❛✉t❛♥t ♣❧✉s q✉❡ ❧❛ rétr♦❛❝t✐♦♥ ❡st ✐♠♣♦rt❛♥t❡✳

▲❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣❡✉✈❡♥t êtr❡ s❡♥s✐❜❧❡s ❛✉① ♠ét❤♦❞❡s ✉t✐❧✐sé❡s ♣♦✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥

❞❡ ❧❛ ♣❤②s✐q✉❡ ❜❛r②♦♥✐q✉❡✳ ◆♦✉s ♣rés❡♥t♦♥s q✉❡❧q✉❡s ✈❛r✐❛t✐♦♥s ❞❛♥s ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡

❧❛ ❢♦r♠❛t✐♦♥ ❞✬ét♦✐❧❡s ❡t ❧❛ rétr♦❛❝t✐♦♥ st❡❧❧❛✐r❡✳ ▲✬ét❛t ♣❤②s✐q✉❡ ❞✉ ❣❛③ ❡st ❛✛❡❝té ♣❛r ❞❡s

❝❤❛♥❣❡♠❡♥ts t❡❧s q✉❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ s❡✉✐❧ ❞❡ ♠❛ss❡ ✈♦❧✉♠✐q✉❡ à ♣❛rt✐r ❞✉q✉❡❧ ❧❡ ❣❛③ ♣❡✉t

❢♦r♠❡r ❞❡s ét♦✐❧❡s✳

▲❡s rés✉❧t❛ts ❞❡s s✐♠✉❧❛t✐♦♥s s✉❣❣èr❡♥t q✉❡ ❧❛ ♣rés❡♥❝❡ ❞✬❤②❞r♦❣è♥❡ ♠♦❧é❝✉❧❛✐r❡ ♣❡✉t ❥♦✉❡r

✉♥ rô❧❡ ❞❛♥s ❧❡ ❝②❝❧❡ ❜❛r②♦♥✐q✉❡ ❡♥ ❛❝❝✉♠✉❧❛♥t ❞✉ ❣❛③ ❛❝❝rété ❞❛♥s ❧❡s ♣❛rt✐❡s ❡①t❡r♥❡s ❞❡s

❞✐sq✉❡s✳



✐①

❚❤❛♥❦s

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❋r❛♥ç♦✐s❡ ❈♦♠❜❡s ❢♦r ❤❛✈✐♥❣ ❛❧❧♦✇❡❞ ♠❡ t♦ ✇♦r❦ ♦♥ t❤✐s s✉❜❥❡❝t ❛♥❞

❢♦r ❤❡r ❣r❡❛t ❛✈❛✐❧❛❜✐❧✐t②✱ ❇❡♥❥❛♠✐♥ ▲✬❍✉✐❧❧✐❡r ❢♦r ❤❛✈✐♥❣ ❤❡❧♣❡❞ ✐♥ ♠❛♥② ❝♦♠♣✉t✐♥❣ ❞❡t❛✐❧s

❛♥❞ ❢♦r ❛ ♥✐❝❡ ♦✣❝❡ s❤❛r✐♥❣ ❢♦r t✇♦ ②❡❛rs✱ P❤✐❧✐♣♣❡ ❙❛❧♦♠é ❢♦r ♠❛♥② ❝♦♥✈❡rs❛t✐♦♥s ❛♥❞ ❛ ❧♦t

♦❢ ❛❞✈✐❝❡✱ ❨✈❡s ❘❡✈❛③ ❢♦r ❤✐s ♣r❡❝✐♦✉s ❤❡❧♣ ♦♥ ●❛❞❣❡t✱ ▼❛①✐♠❡ ❇♦✐s✱ ▼❛rt✐♥ ❙tr✐♥❣❡r ❛♥❞

❇❡♥♦ît ❙é♠❡❧✐♥ ❢♦r ❤❡❧♣❢✉❧ ❝♦♥✈❡rs❛t✐♦♥s ❛❜♦✉t ♠② ✇♦r❦✱ ❆❧❛✐♥ ❈♦✉❧❛✐s ❢♦r s❛✈✐♥❣ ♠② ❯❜✉♥t✉

❛❢t❡r ❛ ❞❡✲✐♥st❛❧❧❛t✐♦♥ ♦❢ P②t❤♦♥✱ ❆♥t♦✐♥❡ ❘❛❞✐❣✉❡t✱ ▼❛ë✈❛ ▼✐❧❛♥✱ ❏♦♥❛t❤❛♥ ❋r❡✉♥❞❧✐❝❤ ❛♥❞

❈❤❛r❧è♥❡ ▲❡❢è✈r❡ t❤❛t ✇❡r❡ ❢r✐❡♥❞❧② ♦✣❝❡✲♠❛t❡s ❞✉r✐♥❣ t❤❡s❡ ②❡❛rs✳ ❚❤❛♥❦ ②♦✉ t♦ ♠❛♥②

♦t❤❡r ▲❊❘▼❆ ♣❡♦♣❧❡ s✉❝❤ ❛s ▼✐❝❤❡❧ ❈❛✐❧❧❛t ♦r ❏❡❛♥♥❡ ❚r❡✉tt❡❧ ❢♦r ♣❧❡❛s❛♥t ❧✉♥❝❤❡s✱ ❛♥❞ t♦

t❤❡ ♥✐❝❡ ▲❊❘▼❆ ❛❞♠✐♥✐str❛t✐✈❡ st❛✛ ❢♦r t❤❡✐r ❡✣❝✐❡♥❝②✳

❚❤❛♥❦ ②♦✉ t♦ ♠② ❢r✐❡♥❞s✱ ❡s♣❡❝✐❛❧❧② ❆❧✐❝❡ ❋❛❣❛r❞✱ ❆✉❞r❡② Pr♦✉st✱ ▼❛tt❤❡✇ ▲❡❡✱ ■rè♥❡

❇❛❧♠ès✱ ❘é♠✐ Pr♦✈✐❧❧❡ ❛♥❞ ❆❞❡❧✐♥❡ P♦♥s✱ ❛♥❞ t♦ ♠② ❢❛♠✐❧② ❢♦r ❤❛✈✐♥❣ s✉♣♣♦rt❡❞ ♠❡✳

❚❤❡ ✜rst ❝❤❛♣t❡rs ♦❢ t❤✐s t❤❡s✐s ✇❡r❡ ♣❛rt❧② ✐♥s♣✐r❡❞ ❢r♦♠ t❤❡ r❡❛❞✐♥❣ ♦❢ ❛ ❢❡✇ t❡①t ❜♦♦❦s✿

❇✐♥♥❡② ✫ ❚r❡♠❛✐♥❡ ✭✷✵✵✽✮❀ ▼♦ ❡t ❛❧✳ ✭✷✵✶✵✮❀ ❉r❛✐♥❡ ✭✷✵✶✶✮✳
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✶ ●❛❧❛①✐❡s✿ ❛♥ ♦✈❡r✈✐❡✇ ✶
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✷ ❙♣✐r❛❧ ❣❛❧❛①✐❡s ✶✸

✶ ❚❤❡ ■❙▼ ♦❢ s♣✐r❛❧ ❣❛❧❛①✐❡s✿ ❝♦♥t❡♥t✱ ♣❤②s✐❝s ❛♥❞ st❛r ❢♦r♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
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✶✳✹ ❇❛r②♦♥✐❝ ❚✉❧❧②✲❋✐s❤❡r ▲❛✇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✺ ▼❛tt❡r✲❡♥❡r❣② ❝♦♥t❡♥t ❛♥❞ ❜❛r②♦♥✐❝ ❝♦♥t❡♥t ♦❢ t❤❡ ❯♥✐✈❡rs❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✻ ❙♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❣❛❧❛①✐❡s ✐♥ t❤❡ ✷❞❋●❘❙ s✉r✈❡② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✼ ❈♦❧♦✉r✲♠❛❣♥✐t✉❞❡ ❞✐❛❣r❛♠ ♦❢ ❣❛❧❛①✐❡s ✐♥ t❤❡ ❙❉❙❙ s✉r✈❡② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✶ ●▼❈ ❝♦♠♣❧❡① ✐♥ t❤❡ P❡rs❡✉s ❛r♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✷ ❊♥❡r❣② ❧❡✈❡❧s ♦❢ ❍2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✸ ❈♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✹ ❈♦♠♣✐❧❛t✐♦♥ ♦❢ ♦❜s❡r✈❛t✐♦♥s ♦❢ s✉r❢❛❝❡ ❙❋❘ ✈s ❍■✰❍2 s✉r❢❛❝❡ ❞❡♥s✐t② ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✺ ❙✉r❢❛❝❡ ❙❋❘ ✈s ❍■✰❍2✱ ❍■ ❛♥❞ ❍2 ❣❛s s✉r❢❛❝❡ ❞❡♥s✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✻ ▼✺✶ ♦❜s❡r✈❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛✈❡❧❡♥❣t❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✼ ❙❝❤❡♠❛t✐❝ ③♦♥❡s ♦❢ st❛❜✐❧✐t② ♦r ✉♥st❛❜✐❧✐t② ❢♦r ♣❡rt✉r❜❛t✐♦♥s ✐♥ ❛ ❞✐s❝ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✶ ●❛s ❞❡♥s✐t② ♠❛♣s ♦❢ s✐♠✉❧❛t✐♦♥s ❛t ❞✐✛❡r❡♥t s❝❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✷ ◗✉❛❞✲tr❡❡ ✭✐♥ ✷ ❞✐♠❡♥s✐♦♥s✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✸ ❈✉❜✐❝ s♣❧✐♥❡ s♦❢t❡♥✐♥❣ ❦❡r♥❡❧ ❛♥❞ ♣♦t❡♥t✐❛❧ ♦❢ ❛ ♣♦✐♥t ♠❛ss ❢♦r ❞✐✛❡r❡♥t ♣♦t❡♥t✐❛❧s ✸✼

✸✳✹ ❊✉❧❡r✐❛♥ ✈s ▲❛❣r❛♥❣✐❛♥ ❞✐s❝r❡t✐s❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✺ ❙❝❤❡♠❛t✐❝ ✈✐❡✇ ♦❢ ❛♥ ❙P❍ ❦❡r♥❡❧ ✈♦❧✉♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✻ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❛ ❞❡♥s❡ ❣❛s ❝❧♦✉❞ ✐♥ ❛ s✉♣❡rs♦♥✐❝ ✢♦✇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✶ P❡❛♥♦✲❍✐❧❜❡rt ❝✉r✈❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✷ ❙❝❤❡♠❛t✐❝ ✈✐❡✇ ♦❢ ✐♥❞✐✈✐❞✉❛❧ t✐♠❡✲st❡♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✸ ❙❝❤❡♠❛t✐❝ r❡❛rr❛♥❣❡♠❡♥t ♦❢ ♣❛rt✐❝❧❡s ✐♥ ♠❡♠♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✹ ❚✇♦✲❧❡✈❡❧ s②st❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✹✳✺ ■♥❞✐✈✐❞✉❛❧ ❝♦♦❧✐♥❣ ❝✉r✈❡s ♦❢ ♠❡t❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
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✹✳✻ ❈♦♦❧✐♥❣ ❝✉r✈❡s ♦❢ ♠❡t❛❧s ❢♦r ❞✐✛❡r❡♥t ❞❡♥s✐t✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✹✳✼ ❈♦♦❧✐♥❣ ❝✉r✈❡s ♦❢ ❙✉t❤❡r❧❛♥❞ ✫ ❉♦♣✐t❛ ✭✶✾✾✸✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✹✳✽ ❋✉❧❧ ❝♦♦❧✐♥❣ ❝✉r✈❡s ❢♦r ♠❡t❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✹✳✾ ▲♦✇ ❞❡♥s✐t✐❡s ❝♦❧❧✐s✐♦♥❛❧ ❝♦♦❧✐♥❣ r❛t❡s ♦❢ ❍2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✹✳✶✵ ❈♦♦❧✐♥❣ r❛t❡ ♦❢ ❍2 ❢♦r ❞✐✛❡r❡♥t ❍2 ♠❛ss ❢r❛❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✹✳✶✶ ❈♦♦❧✐♥❣ r❛t❡ ♦❢ ❍2 ❢♦r ❞✐✛❡r❡♥t ❤②❞r♦❣❡♥ ♥✉❝❧❡✐ ❞❡♥s✐t✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✹✳✶✷ ▲❚❊ ❝♦♦❧✐♥❣ r❛t❡s ♦r ❍2 ❛♥❞ ❍❉ ♣❡r ♠♦❧❡❝✉❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✹✳✶✸ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♦❧✐♥❣ r❛t❡s ♦❢ ❍2 ❛♥❞ ❍❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✹✳✶✹ ❚♦t❛❧ ❝♦♦❧✐♥❣ r❛t❡s ❢♦r ❚< 104❑ ❢♦r ❞✐✛❡r❡♥t ♠❡t❛❧❧✐❝✐t✐❡s ❛♥❞ ❍2 ♠❛ss ❢r❛❝t✐♦♥s ✼✶

✺✳✶ ■♥✐t✐❛❧ r♦t❛t✐♦♥ ❝✉r✈❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✺✳✷ ■♥✐t✐❛❧ s✉r❢❛❝❡ ❞❡♥s✐t✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✺✳✸ ■♥✐t✐❛❧ ❣❛s ❞❡♥s✐t② ♠❛♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✺✳✹ ●❛s ❞❡♥s✐t② ♠❛♣s ❢♦r αfb = 0% ❛♥❞ αfb = 1% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✺✳✺ ●❛s ❞❡♥s✐t② ♠❛♣s ❢♦r αfb = 10% ❛♥❞ αfb = 40% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✺✳✻ ❚✐♠❡ ❋♦✉r✐❡r ❛♥❛❧②s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✺✳✼ ❚❡♠♣❡r❛t✉r❡✲❞❡♥s✐t② ❤✐st♦❣r❛♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✺✳✽ ❚❡♠♣❡r❛t✉r❡✲❞❡♥s✐t② ❤✐st♦❣r❛♠s ✇✐t❤ ❍2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✺✳✾ ●❧♦❜❛❧ ❍2 ♠❛ss ❢r❛❝t✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✺✳✶✵ ❙✉r❢❛❝❡ ❞❡♥s✐t✐❡s ♦❢ ❣❛s ❝♦♠♣♦♥❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✺✳✶✶ ●❛s ❞❡♥s✐t② ♠❛♣s ✇✐t❤ ❍2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✺✳✶✷ ❚❡♠♣❡r❛t✉r❡✲❞❡♥s✐t② ❤✐st♦❣r❛♠s ✇✐t❤ ❍2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✺✳✶✸ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❝♦❧❞ ❣❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✺✳✶✹ ❍②❞r♦❣❡♥ ♥✉❝❧❡✐ ♥✉♠❜❡r ❞❡♥s✐t②✲❣❛❧❛❝t♦❝❡♥tr✐❝ r❛❞✐✉s ❤✐st♦❣r❛♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✺✳✶✺ ●❧♦❜❛❧ st❛r ❢♦r♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✺✳✶✻ ❙t❛r ❢♦r♠❛t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r❛❞✐✉s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✺✳✶✼ ❙✉r❢❛❝❡ ❞❡♥s✐t✐❡s ♦❢ ♥❡✇ st❛rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✺✳✶✽ ❙✉r❢❛❝❡ ❞❡♥s✐t✐❡s ♦❢ ❛❧❧ st❛rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✺✳✶✾ ❑✲❙ ❞✐❛❣r❛♠s ❢♦r αfb = 0% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✺✳✷✵ ❑✲❙ ❞✐❛❣r❛♠s ❢♦r αfb = 10% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✺✳✷✶ ❙✉r❢❛❝❡ ❞❡♥s✐t✐❡s ♦❢ ❣❛s ❝♦♠♣♦♥❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✺✳✷✷ ❱❡rt✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ❣❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✺✳✷✸ ❋r❛❝t✐♦♥ ♦❢ ❣❛s ❜❡②♦♥❞ ✶ ❦♣❝ ❢r♦♠ t❤❡ ❞✐s❝ ♣❧❛♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✺✳✷✹ ❱❡rt✐❝❛❧ ♠❛ss ♣r♦✜❧❡ ❛t ❧❛r❣❡ r❛❞✐✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✺✳✷✺ ●❧♦❜❛❧ st❛r ❢♦r♠❛t✐♦♥ ❢♦r ❞✐✛❡r❡♥t r❡s♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
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✺✳✷✻ ●❧♦❜❛❧ ❍2 ♠❛ss ❢r❛❝t✐♦♥s ❢♦r ❞✐✛❡r❡♥t r❡s♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✺✳✷✼ ❍②❞r♦❣❡♥ ♥✉❝❧❡✐ ♥✉♠❜❡r ❞❡♥s✐t② P❉❋s ❢♦r ❞✐✛❡r❡♥t r❡s♦❧✉t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✺✳✷✽ ●❛s ❞❡♥s✐t② ♠❛♣s ❢♦r ❛ ❤✐❣❤ ❞❡♥s✐t② t❤r❡s❤♦❧❞ ❢♦r st❛r ❢♦r♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✺✳✷✾ ❍②❞r♦❣❡♥ ♥✉❝❧❡✐ ♥✉♠❜❡r ❞❡♥s✐t②✲❣❛❧❛❝t♦❝❡♥tr✐❝ r❛❞✐✉s ❤✐st♦❣r❛♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✺✳✸✵ ●❧♦❜❛❧ st❛r ❢♦r♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✺✳✸✶ ●❛s ❞❡♥s✐t② ♠❛♣s ❢♦r ❞✐✛❡r❡♥t ❢❡❡❞❜❛❝❦ ♠❡t❤♦❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✺✳✸✷ ●❧♦❜❛❧ st❛r ❢♦r♠❛t✐♦♥ ❢♦r ❞✐✛❡r❡♥t ❢❡❡❞❜❛❝❦ ♠❡t❤♦❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✺✳✸✸ ❚❡♠♣❡r❛t✉r❡✲❞❡♥s✐t② ❤✐st♦❣r❛♠ ❢♦r ❞✐✛❡r❡♥t ❢❡❡❞❜❛❝❦ ♠❡t❤♦❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

❇✳✶ P❛rt ✶ ♦❢ ❢✉♥❝t✐♦♥s ❣r❛♣❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

❇✳✷ P❛rt ✷ ♦❢ ❢✉♥❝t✐♦♥s ❣r❛♣❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
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❈❤❛♣t❡r ✶

●❛❧❛①✐❡s✿ ❛♥ ♦✈❡r✈✐❡✇

●❛❧❛①✐❡s ❝❛♥ ❜❡ ❧♦♦s❡❧② ❞❡✜♥❡❞ ❛s ❣r❛✈✐t❛t✐♦♥❛❧❧② ❜♦✉♥❞ ♦❜❥❡❝ts ❝♦♥t❛✐♥✐♥❣ ♠❛♥② st❛rs✱

❢r♦♠ ❛ ❧♦✇❡r ❜♦✉♥❞ ❛t ∼ 105 st❛rs ❢♦r t❤❡ s♠❛❧❧❡r ❣❛❧❛①✐❡s✱ ❜❡❧♦✇ t❤❡ ∼ 106 st❛rs ✐♥ t❤❡

❧❛r❣❡st st❡❧❧❛r ❝❧✉st❡rs ✭s✉❜str✉❝t✉r❡s ♦❢ ❣❛❧❛①✐❡s✮✱ t♦ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ ∼ 1012 st❛rs ✭❇✐♥♥❡②

✫ ❚r❡♠❛✐♥❡ ✷✵✵✽✮✳ ❚❤❡② ✇❡r❡ ♣r♦✈❡❞ t♦ ❜❡ ❡①tr❛❣❛❧❛❝t✐❝ ♦❜❥❡❝ts ♦♥❧② ✐♥ t❤❡ ✶✾✷✵s✱ ✇❤❡♥

❊❞✇✐♥ ❍✉❜❜❧❡ ❝❛❧❝✉❧❛t❡❞ ❞✐st❛♥❝❡s ♦❢ ❛ ❢❡✇ ❝❧♦s❡ ❣❛❧❛①✐❡s ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❈❡♣❤❡✐❞

st❛rs ✭❍✉❜❜❧❡ ✶✾✷✻✮✳ ❖❜s❡r✈❛t✐♦♥s ♦❢ ✐♥❝r❡❛s✐♥❣ r❡s♦❧✉t✐♦♥ ❛♥❞ ✐♥ ❛ ✈❛st r❛♥❣❡ ♦❢ ✇❛✈❡❧❡♥❣t❤s

❤❛✈❡ t❤❡♥ ❛❧❧♦✇❡❞ t♦ ❞❡r✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r ♦✇♥ ❣❛❧❛①②✱ t❤❡ ▼✐❧❦② ❲❛②✱ ❛♥❞ t♦ ❡①♣❧♦r❡ t❤❡

❞✐✈❡rs✐t② ♦❢ s✐③❡s✱ s❤❛♣❡s ❛♥❞ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❣❛❧❛①✐❡s ✐♥ t❤❡ ❧♦❝❛❧ ✉♥✐✈❡rs❡ ❛♥❞ ❛❧s♦ ❛t

❧❛r❣❡r ❞✐st❛♥❝❡s✱ ♠❡❛♥✐♥❣✱ ❞✉❡ t♦ t❤❡ ✜♥✐t❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✱ ❛t ❡❛r❧✐❡r t✐♠❡s ♦❢ t❤❡ ❯♥✐✈❡rs❡✳

✶ ❉✐✈❡rs✐t② ❛♥❞ s❝❛❧✐♥❣ ❧❛✇s ❢♦❧❧♦✇❡❞ ❜② ❣❛❧❛①✐❡s

✶✳✶ ●❛❧❛①② ❝❧❛ss✐✜❝❛t✐♦♥s

❍✉❜❜❧❡ ♣r♦♣♦s❡❞ ❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❣❛❧❛①✐❡s✱ ♦r✐❣✐♥❛❧❧② ❡①♣r❡ss✐♥❣ ✇❤❛t ❤❡ t❤♦✉❣❤t ✇❛s ❛

t✐♠❡ ❡✈♦❧✉t✐♦♥✱ ❢r♦♠ t❤❡ ❧❡❢t ♦❢ ❋✐❣✉r❡ ✶✳✶ t♦ ♦♥❡ ♦❢ t❤❡ ❡♥❞s ♦❢ t❤❡ ❜r❛♥❝❤❡s ♦♥ t❤❡ r✐❣❤t✳

❚❤✐s ❝❧❛ss✐✜❝❛t✐♦♥ ❞✐st✐♥❣✉✐s❤❡s ❣❛❧❛①✐❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♠♦r♣❤♦❧♦❣②✳

❚❤❡ ❣❛❧❛①✐❡s ❛t t❤❡ ❧❡❢t ♦❢ t❤❡ s❡q✉❡♥❝❡ ❛r❡ ❡❧❧✐♣t✐❝❛❧ ❣❛❧❛①✐❡s✱ ❡①❤✐❜✐t✐♥❣ s♠♦♦t❤ ❡❧❧✐♣s♦✐❞❛❧

✐s♦♣❤♦t❡s ✭❝♦♥t♦✉rs ♦❢ s❛♠❡ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss✮✳ ❚❤❡② ❛r❡ s♦rt❡❞ ❛s ❊♥✬s✱ ✇✐t❤ n ❣r♦✇✐♥❣ ❛s

t❤❡ ✐s♦♣❤♦t❡s ❛r❡ ♠♦r❡ ❡❧♦♥❣❛t❡❞✳ n ✐s t❤❡ ❝❧♦s❡st ✐♥t❡❣❡r t♦ 10(1− b

a
)✱ ✇✐t❤ a t❤❡ s❡♠✐♠❛❥♦r

❛①✐s ❛♥❞ b t❤❡ s❡♠✐♠✐♥♦r ❛①✐s ♦❢ t❤❡ ✐s♦♣❤♦t❡s✳ ❆ s♣❤❡r✐❝❛❧ ❣❛❧❛①② ✐s t❤✉s ❛♥ ❊✵✱ ❛♥❞ t❤❡

❝❧❛ss✐✜❝❛t✐♦♥ ❣♦❡s ✉♣ t♦ t❤❡ ♠♦st ❡❧♦♥❣❛t❡❞ ❡❧❧✐♣t✐❝❛❧s ♦❜s❡r✈❡❞✱ ❊✼✬s✳

❖♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ r❡s✐❞❡ s♣✐r❛❧ ❣❛❧❛①✐❡s✱ ❜❛rr❡❞ ✭❡✳❣✳ ❙❇❛✮ ♦r ♥♦t ✭❡✳❣✳

❙❛✮✳ ❙♣✐r❛❧ ❣❛❧❛①✐❡s ❤❛✈❡ ♠♦st ♦❢ t❤❡✐r st❛rs ✐♥ ❛ t❤✐♥ ❞✐s❦✱ ✇✐t❤ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❤❡✐❣❤t ♠✉❝❤

s♠❛❧❧❡r t❤❡♥ t❤❡✐r ❝❤❛r❛❝t❡r✐st✐❝ r❛❞✐❛❧ ❧❡♥❣t❤✱ s✉♣♣♦rt❡❞ ❛❣❛✐♥st ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ❜②

t❤❡ r♦t❛t✐♦♥ ♦❢ t❤❡ st❛rs ❛r♦✉♥❞ t❤❡ ❝❡♥t❡r✳ ❚❤❡② ♦❢t❡♥ ♣r❡s❡♥t ❛ st❡❧❧❛r ❝❡♥tr❛❧ s♣❤❡r♦✐❞❛❧

✏❜✉❧❣❡✑ ❝♦♠♣♦♥❡♥t✳ ■♥ t❤❡ ❍✉❜❜❧❡ s❡q✉❡♥❝❡✱ s♣✐r❛❧ ❣❛❧❛①✐❡s ❛r❡ s❡♣❛r❛t❡❞ ✐♥t♦ ❛✱ ❜ ❛♥❞ ❝

t②♣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❧❛t✐✈❡ s✐③❡ ♦❢ t❤❡ ❜✉❧❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❞✐s❝✱ ❛♥❞ ❤♦✇ t✐❣❤t❧② ✇♦✉♥❞

✶
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❋✐❣✉r❡ ✶✳✶✿ ❍✉❜❜❧❡ ❙❡q✉❡♥❝❡✳ ❋r♦♠ ❛♥ ✐♠❛❣❡ ❝r❡❛t❡❞ ❜② ◆❆❙❆ ❛♥❞ ❊❙❆✳

t❤❡ s♣✐r❛❧ ❛r♠s ❛r❡✳ ❙❛ ❣❛❧❛①✐❡s ❤❛✈❡ ❛ ❧❛r❣❡ ❜✉❧❣❡ t♦ ❞✐s❝ r❛t✐♦ ❛♥❞ t✐❣❤t❧② ✇♦✉♥❞ s♣✐r❛❧

❛r♠s✱ ✇❤✐❧❡ t②♣❡s ❜ ❛♥❞ ❝ ❤❛✈❡ ♣r♦❣r❡ss✐✈❡❧② s♠❛❧❧❡r ❜✉❧❣❡ t♦ ❞✐s❦ r❛t✐♦s ❛♥❞ ♠♦r❡ ❧♦♦s❡❧②

✇♦✉♥❞ ❛r♠s✳ ❆❜♦✉t ❤❛❧❢ ♦❢ ♦❜s❡r✈❡❞ ❞✐s❝ ❣❛❧❛①✐❡s ❤❛✈❡ ❛ ❝❡♥tr❛❧ ❜❛r ❝♦♠♣♦♥❡♥t✳

▲❡♥t✐❝✉❧❛r ❣❛❧❛①✐❡s✱ ❙✵s✱ ❛r❡ ✐♥t❡r♠❡❞✐❛t❡ ❣❛❧❛①✐❡s ✐♥s♦❢❛r ❛s t❤❡② ❤❛✈❡ ❛ st❡❧❧❛r ❞✐s❝ ✇✐t❤

♣♦ss✐❜❧❡ s♣✐r❛❧ ❛r♠s ❛♥❞ ❜❛rs✱ ❜✉t ❝♦♥t❛✐♥ ✈❡r② ❧✐tt❧❡ ❣❛s ❛♥❞ ❤❛✈❡ ❛ ♠♦r❡ ❞♦♠✐♥❛♥t ❜✉❧❣❡

t❤❛♥ ❞✐s❝ ❣❛❧❛①✐❡s✳ ❚❤❡② ❛r❡ ♠❛✐♥❧② ❢♦✉♥❞ ✐♥ ❝❧✉st❡rs ♦❢ ❣❛❧❛①✐❡s✳

❉✇❛r❢ ❣❛❧❛①✐❡s ♦r ❣❛❧❛①✐❡s ♦❢ ❡❧❧✐♣s♦✐❞❛❧ ♦r ✐rr❡❣✉❧❛r s❤❛♣❡s t❤❛t ❤❛✈❡ ❛ ❢❛✐♥t ❧✉♠✐♥♦s✐t②✱

❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤✐s ❝❧❛ss✐✜❝❛t✐♦♥ ✐♥ ✐ts ♦r✐❣✐♥❛❧ ✈❡rs✐♦♥✳ ❆ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❞✇❛r❢ ❣❛❧❛①✲

✐❡s r❡s❡♠❜❧❡ ❡❧❧✐♣t✐❝❛❧s ❡①❝❡♣t t❤❛t t❤❡② ❤❛✈❡ ❧♦✇❡r ♠❛ss❡s✳ ❆♠♦♥❣st t❤❡ ❡❧❧✐♣t✐❝❛❧ s❤❛♣❡❞

❞✇❛r✈❡s✱ t❤❡ ❧✐❣❤t❡r ♦♥❡s ✇✐t❤ ❛♥ ❛❧♠♦st s♣❤❡r✐❝❛❧ s❤❛♣❡ ❤❛✈❡ ❜❡❡♥ ❝❛❧❧❡❞ ❞✇❛r❢ s♣❤❡r♦✐❞❛❧s✳

❋✐♥❛❧❧②✱ s♦♠❡ ❣❛❧❛①✐❡s ❛r❡ ❝❛❧❧❡❞ ✏♣❡❝✉❧✐❛r✑ ❣❛❧❛①✐❡s ❜❡❝❛✉s❡ ♦❢ t❤❡✐r ✉♥✐q✉❡ s❤❛♣❡ t❤❛t

♠❛❦❡s ✐t ✐♠♣♦ss✐❜❧❡ t♦ ❛ttr✐❜✉t❡ t❤❡♠ ❛ ❍✉❜❜❧❡ t②♣❡✳ ❚❤❡ ❆♥t❡♥♥❛❡ ✭◆●❈ ✹✵✸✽ ❛♥❞ ✹✵✸✾✮

❛r❡ s✉❝❤ ❣❛❧❛①✐❡s✳ P❡❝✉❧✐❛r ❣❛❧❛①✐❡s ❛r❡ t❤♦✉❣❤t t♦ ♦❢t❡♥ ❜❡ t❤❡ r❡s✉❧t ♦❢ ♠❡r❣❡rs ❜❡t✇❡❡♥

❣❛❧❛①✐❡s✳ ❚❤❡ t✐❞❛❧ ❢♦r❝❡s ❡①♣❧❛✐♥ ❧♦♥❣ t❛✐❧s t❤❛t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✐♥ s♦♠❡ ♦❢ t❤❡s❡ ❣❛❧❛①✐❡s✳

❖t❤❡r ♠♦r♣❤♦❧♦❣✐❝❛❧ ❝❧❛ss✐✜❝❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✳ ❞❡ ❱❛✉❝♦✉❧❡✉rs ✭✶✾✼✹✮ ✐♥s❡rt❡❞

s✉❜✲❝❛t❡❣♦r✐❡s ✐♥ t❤❡ s♣✐r❛❧ ❜r❛♥❝❤❡s ♦❢ t❤❡ ❍✉❜❜❧❡ s❡q✉❡♥❝❡✱ s✉❝❤ ❛s ❙❜❝✱ ❛♥❞ ❡①t❡♥❞❡❞ t❤❡

❝❧❛ss✐✜❝❛t✐♦♥ t♦ ❙❞ t②♣❡s ❛♥❞ ✐rr❡❣✉❧❛r ❣❛❧❛①✐❡s✱ ❧❛❝❦✐♥❣ ❛♥② ❝❧❡❛r s②♠♠❡tr②✱ ❜✉t t❤❛t ❝❛♥

❜❡ ❛❞❞❡❞ ♦♥ t❤❡ r✐❣❤t ♦❢ t❤❡ s❡q✉❡♥❝❡ ❛s ❛♥ ❡①t❡♥s✐♦♥ t♦ ♥♦r♠❛❧ s♣✐r❛❧s ♦r ❜❛rr❡❞ s♣✐r❛❧s ✐❢

t❤❡② ❝♦♥t❛✐♥ ❛ ❜❛r✲❧✐❦❡ ❝♦♠♣♦♥❡♥t✳ ❚❤❡ ❞❡ ❱❛✉❝♦✉❧❡✉rs ❝❧❛ss✐✜❝❛t✐♦♥ ❛ttr✐❜✉t❡s ❛ ♥✉♠❜❡r

❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❜✉❧❣❡ t♦ ❞✐s❦ r❛t✐♦✱ ❢r♦♠ −6 ❢♦r ❡❧❧✐♣t✐❝❛❧s✱ t♦ 10 ❢♦r ✐rr❡❣✉❧❛r ❣❛❧❛①✐❡s✳

■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❝❧❛ss✐❢② ❣❛❧❛①✐❡s ✐♥ t❡r♠s ♦❢ ♦t❤❡r ♣r♦♣❡rt✐❡s✳ P❤♦t♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s✱

s✉❝❤ ❛s ❧✉♠✐♥♦s✐t②✱ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss ♦r ❝♦❧♦✉r ❝❛♥ ❜❡ ✉s❡❞✳ ❚❤❡ ❣❛s ❢r❛❝t✐♦♥ ♦r t❤❡ st❛r
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❢♦r♠❛t✐♦♥ r❛t❡ ❝❛♥ ❛❧s♦ s❡r✈❡ ❛s ❛ ❜❛s✐s ❢♦r ❝❧❛ss✐✜❝❛t✐♦♥s✳ ❲❤✐❧❡ ✐t ✐s ♥♦ ❧♦♥❣❡r t❤♦✉❣❤t

t❤❛t ❣❛❧❛①✐❡s ❡✈♦❧✈❡ ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❍✉❜❜❧❡ s❡q✉❡♥❝❡ t♦ ♦♥❡ ♦❢ ✐ts ❡♥❞ ❞✉r✐♥❣

t❤❡✐r ❧✐❢❡ t✐♠❡✱ t❤❡ s❡q✉❡♥❝❡ ✭♦r t❤❡ ❞❡ ❱❛✉❝♦✉❧❡✉rs ❝❧❛ss✐✜❝❛t✐♦♥✮ ✐s st✐❧❧ ✉s❡❢✉❧ t♦ s❡♣❛r❛t❡

♠♦r♣❤♦❧♦❣✐❝❛❧ ❝❧❛ss❡s✱ ❛♥❞ ❜❡❝❛✉s❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s s✉❝❤ ❛s t❤❡ ❝♦❧♦✉r ♦r ♥❡✉tr❛❧ ❤②❞r♦❣❡♥

❢r❛❝t✐♦♥ ✈❛r② s②st❡♠❛t✐❝❛❧❧② ❛❧♦♥❣ ✐t ❛s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✶✳✷✳

❋✐❣✉r❡ ✶✳✷✿ ❈♦❧♦✉r ❛♥❞ ♥❡✉tr❛❧ ❤②❞r♦❣❡♥ ♠❛ss ❢r❛❝t✐♦♥ ❢♦r ❣❛❧❛①✐❡s ♦❢ ❞✐✛❡r❡♥t t②♣❡s✱ ❢r♦♠

❘♦❜❡rts ✫ ❍❛②♥❡s ✭✶✾✾✹✮✳

✶✳✷ ❙♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❡❧❧✐♣t✐❝❛❧ ❣❛❧❛①✐❡s

✶✳✷✳✶ ❇❛r②♦♥✐❝ ❝♦♥t❡♥t

❊❧❧✐♣t✐❝❛❧ ❣❛❧❛①✐❡s ❤❛✈❡ st❡❧❧❛r ♠❛ss❡s ❢r♦♠ ∼ 106 ▼⊙ ❢♦r ❞✇❛r❢ ❡❧❧✐♣t✐❝❛❧s✱ t♦ ∼ 1012 ▼⊙

❢♦r t❤❡ ♠♦st ♠❛ss✐✈❡ ❡❧❧✐♣t✐❝❛❧s ✐♥ t❤❡ ❝❡♥tr❡ ♦❢ ❣❛❧❛①② ❝❧✉st❡rs✳ ❚❤❡✐r ♣❤♦t♦♠❡tr✐❝ ❝♦❧♦✉r ✐s

r❡❞✱ ✐♥❞✐❝❛t✐♥❣ ♦❧❞ st❡❧❧❛r ♣♦♣✉❧❛t✐♦♥s✳ ❚❤❡② ❝♦♥t❛✐♥ ❧✐tt❧❡ ❝♦❧❞ ❣❛s✱ ❛❧t❤♦✉❣❤ s♦♠❡ s♠❛❧❧ ❣❛s

❞✐s❝s ❛r❡ ♣r❡s❡♥t ✐♥ s♦♠❡ ❡❧❧✐♣t✐❝❛❧ ❣❛❧❛①✐❡s✳ ❉✐✛✉s❡ ❤♦t ✭107 ❑✮ ❣❛s ✐s ♦❜s❡r✈❡❞ ✐♥ ❳✲r❛②✿ ✐t

❢♦r♠s ❝♦r♦♥❛❡ ❛r♦✉♥❞ ❡❧❧✐♣t✐❝❛❧s ✭❡✳❣✳ ❋❛❜❜✐❛♥♦ ✶✾✽✾✮✳

✶✳✷✳✷ ❙t❡❧❧❛r ❞❡♥s✐t② ♣r♦✜❧❡s

❖♥❡ ♦❢ t❤❡ ❜❡st ✜ts t♦ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s✉r❢❛❝❡✲❜r✐❣❤t♥❡ss ♣r♦✜❧❡s I(R)✱ t❤❡ s✉r❢❛❝❡

❜r✐❣❤t♥❡ss ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡♠✐♠❛❥♦r ❛①✐s R ♦❢ t❤❡ ✐s♦♣❤♦t❡s ♦❢ ❡❧❧✐♣t✐❝❛❧s✱ ✐s t❤❡ ❙érs✐❝

♣r♦✜❧❡ ✭❙❡rs✐❝ ✶✾✻✽✮✿

I(R) = I(0) exp

[

−βn
(

R

Re

)1/n
]

✭✶✳✶✮

✇❤❡r❡ ■✭✵✮ ✐s t❤❡ ❝❡♥tr❛❧ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss✱ Re ✐s t❤❡ ❡✛❡❝t✐✈❡ r❛❞✐✉s✱ ✐✳❡✳ t❤❡ r❛❞✐✉s ❡♥❝❧♦s✐♥❣

❤❛❧❢ ♦❢ t❤❡ t♦t❛❧ ❧✉♠✐♥♦s✐t②✱ βn ✐s ❛ ❝♦❡✣❝✐❡♥t t❤❛t ♠✉st ❜❡ ❞❡t❡r♠✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ❢r♦♠ Re



✹ ❈❍❆P❚❊❘ ✶✳ ●❆▲❆❳■❊❙✿ ❆◆ ❖❱❊❘❱■❊❲

❛♥❞ n ✐s t❤❡ ❙érs✐❝ ✐♥❞❡①✳ ❚❤❡ st❡❡♣♥❡ss ♦❢ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss ♣r♦✜❧❡s ✐♥s✐❞❡ Re ✐♥❝r❡❛s❡s

✇✐t❤ n✳ n = 4 ❛♥❞ βn = 7.67 ❣✐✈❡ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥s✐t② ♣r♦✜❧❡ ♦❢ ❣✐❛♥t ❡❧❧✐♣t✐❝❛❧s ♦❜s❡r✈❡❞ ❜②

❞❡ ❱❛✉❝♦✉❧❡✉rs ✭✶✾✹✽✮ ✭t❤❡ ✏R

1

4 ❧❛✇✑✮✳ ❚❤❡ ❙érs✐❝ ✐♥❞❡① ♦❢ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❙érs✐❝ ♣r♦✜❧❡ ✐s

❢♦✉♥❞ t♦ ❞❡❝r❡❛s❡ ❢r♦♠ n ≃ 10 ❢♦r t❤❡ ♠♦st ❧✉♠✐♥♦✉s ❡❧❧✐♣t✐❝❛❧s t♦ n ≃ 0.5 ❢♦r ❢❛✐♥t ❞✇❛r❢

❡❧❧✐♣t✐❝❛❧s✳

✶✳✷✳✸ ❙❤❛♣❡s ❛♥❞ ❦✐♥❡♠❛t✐❝ ♣r♦♣❡rt✐❡s

❙t❛rs ✐♥ ❡❧❧✐♣t✐❝❛❧ ❣❛❧❛①✐❡s ❛r❡ ♠❛✐♥❧② s✉♣♣♦rt❡❞ ❛❣❛✐♥st ❝♦❧❧❛♣s❡ ❜② t❤❡✐r r❛♥❞♦♠ ♠♦t✐♦♥✱

✇✐t❤ ✈❛r✐❛t✐♦♥s ❢♦❧❧♦✇✐♥❣ t❤❡✐r s❤❛♣❡ t❤❛t ♠❛② ❞❡✈✐❛t❡ s❧✐❣❤t❧② ❢r♦♠ ❡❧❧✐♣s♦✐❞s✿ ✏❜♦①②✑ ♦♥❡s✱

✐✳❡✳ ❣❛❧❛①✐❡s ✇❤♦s❡ ✐s♦♣❤♦t❡s r❡s❡♠❜❧❡ ❛ ♣❛r❛❧❧❡❧❡♣✐❞❛❧ ❜♦①✱ ❛r❡ ❛❧♠♦st ✉♥✐q✉❡❧② s✉♣♣♦rt❡❞

❜② r❛♥❞♦♠ ♠♦t✐♦♥s ✇❤✐❧❡ ✏❞✐s❝②✑ ❣❛❧❛①✐❡s✱ ✐✳❡✳ ❣❛❧❛①✐❡s t❤❛t ❛r❡ ❛ ❧✐tt❧❡ ✢❛t✱ ❛r❡ ❛❧s♦ ♣❛rt❧②

s✉♣♣♦rt❡❞ ❜② r♦t❛t✐♦♥✱ ✇❤✐❝❤ ✢❛tt❡♥s t❤❡♠ ✭❡✳❣✳ ❑♦r♠❡♥❞② ✫ ❇❡♥❞❡r ✶✾✾✻✮✳ ❊❧❧✐♣t✐❝❛❧s ❤❛✈❡

❛❧s♦ ❜❡❡♥ ❞✐✈✐❞❡❞ ✐♥t♦ ✏s❧♦✇ r♦t❛t♦rs✑ ❛♥❞ ✏❢❛st r♦t❛t♦rs✑ ❜② ❊♠s❡❧❧❡♠ ❡t ❛❧✳ ✭✷✵✵✼✮ ✇❤♦

st✉❞✐❡❞ t❤❡ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ st❡❧❧❛r s♣❡❝✐✜❝ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ✐♥ ❝❡♥tr❛❧ r❡❣✐♦♥s ♦❢ ❛ s❛♠♣❧❡

♦❢ ❧♦❝❛❧ ❡❧❧✐♣t✐❝❛❧ ❣❛❧❛①✐❡s✳

✶✳✷✳✹ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣❧❛♥❡

❚❤❡ ❦✐♥❡♠❛t✐❝ ♦❢ ❡❧❧✐♣t✐❝❛❧s ✐s ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡✐r ♣❤♦t♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s✳ ❚❤❡ ❤✐❣❤❡r t❤❡

❝❡♥tr❛❧ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥ ✐s✱ t❤❡ ❜r✐❣❤t❡r ❛♥❞ ❧❛r❣❡r ❛♥ ❡❧❧✐♣t✐❝❛❧ ✐s✳ ❋❛❜❡r ✫ ❏❛❝❦s♦♥ ✭✶✾✼✻✮

❞❡r✐✈❡❞ t❤❡ ❋❛❜❡r✲❏❛❝❦s♦♥ ❧❛✇ r❡❧❛t✐♥❣ t❤❡ ❝❡♥tr❛❧ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥ σ0 t♦ t❤❡ ❧✉♠✐♥♦s✐t② L✿

L ∝ σβ0 , with β ∼ 4 ✭✶✳✷✮

✇❤✐❧❡ ❛♥♦t❤❡r r❡❧❛t✐♦♥✱ t❤❡ ❉n✲σ r❡❧❛t✐♦♥ r❡❧❛t❡s ❝❡♥tr❛❧ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥ t♦ s✐③❡✳ ■♥ ❢❛❝t✱

t❤❡ ❧♦❣❛r✐t❤♠s ♦❢ t❤❡ ❡✛❡❝t✐✈❡ r❛❞✐✉s✱ ♦❢ t❤❡ ♠❡❛♥ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss ✐♥s✐❞❡ t❤❡ ❡✛❡❝t✐✈❡ r❛❞✐✉s

❛♥❞ ♦❢ t❤❡ ❝❡♥tr❛❧ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❝♦♦r❞✐♥❛t❡s ✈❛r✐❛❜❧❡s ♦❢ ❛ ❢✉♥❞❛♠❡♥t❛❧

♣❧❛♥❡ ♦♥ ✇❤✐❝❤ ❡❧❧✐♣t✐❝❛❧s ❢❛❧❧ ✇✐t❤ ❛ s♠❛❧❧❡r s❝❛tt❡r✳

✶✳✸ ❙♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ s♣✐r❛❧ ❣❛❧❛①✐❡s

✶✳✸✳✶ ❇❛r②♦♥✐❝ ❝♦♥t❡♥t

❙♣✐r❛❧ ❣❛❧❛①✐❡s ❤❛✈❡ ❧♦✇❡r st❡❧❧❛r ♠❛ss❡s t❤❛♥ ❡❧❧✐♣t✐❝❛❧s✱ ❣♦✐♥❣ ✉♣ t♦ ❛ ❢❡✇ ∼ 1011 ▼⊙✳

❚❤❡② ❤❛✈❡ ❛ ❝♦❧❞ ❣❛s ❢r❛❝t✐♦♥ ✭t❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❛ss ♦❢ ❝♦❧❞ ❣❛s t♦ t❤❡ ♠❛ss ♦❢ ❝♦❧❞ ❣❛s

❛♥❞ st❛rs✮ t❤❛t ❣♦❡s ❢r♦♠ ❛ ❢❡✇ ♣❡r❝❡♥t ❢♦r ❙❛ ❣❛❧❛①✐❡s t♦ ∼ 80% ❢♦r ❧♦✇ ♠❛ss✴❧♦✇ s✉r❢❛❝❡

❜r✐❣❤t♥❡ss ❣❛❧❛①✐❡s ✭▼❝●❛✉❣❤ ✫ ❞❡ ❇❧♦❦ ✶✾✾✼✮✳ ❚❤❡ ✐♥t❡rst❡❧❧❛r ♠❡❞✐✉♠ ❛♥❞ t❤❡ ❜❛r ❛♥❞

s♣✐r❛❧ str✉❝t✉r❡s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✷✳



✶✳ ❉■❱❊❘❙■❚❨ ❆◆❉ ❙❈❆▲■◆● ▲❆❲❙ ❋❖▲▲❖❲❊❉ ❇❨ ●❆▲❆❳■❊❙ ✺

✶✳✸✳✷ ❙t❡❧❧❛r ❞❡♥s✐t② ♣r♦✜❧❡s

❚❤❡ s✉r❢❛❝❡ st❡❧❧❛r ❞❡♥s✐t② ♣r♦✜❧❡s ♦❢ s♣✐r❛❧ ❣❛❧❛①✐❡s ❝❛♥ ✉s✉❛❧❧② ❜❡ ✜tt❡❞ ❜② ❛ ❞❡❝♦♠♣♦✲

s✐t✐♦♥ ✐♥t♦ ❛ ❝❡♥tr❛❧ s♣❤❡r♦✐❞❛❧ ❝♦♠♣♦♥❡♥t ✇✐t❤ ❛ ❙érs✐❝ ♣r♦✜❧❡ ❛♥❞ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞✐s❝✿

I(R) = I(0) exp

(

−
(

R

Rd

))

✭✶✳✸✮

✇❤❡r❡ I(0) ✐s t❤❡ ❝❡♥tr❛❧ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss✱ ❛♥❞ Rd ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ r❛❞✐✉s t❤❛t ❝❛♥ ❣♦

❢r♦♠ 1 ❦♣❝ t♦ 50 ❦♣❝ ❢♦r ❣✐❛♥t ❧♦✇ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss ❣❛❧❛①✐❡s ✭❡✳❣✳ ❞❡ ❏♦♥❣ ✶✾✾✻✮✳

❱❡rt✐❝❛❧ ♣r♦✜❧❡s ❝❛♥ ❜❡ ✜tt❡❞ ❜② ❧❛✇s t❤❛t ❞❡❝r❡❛s❡ ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠

t❤❡ ❞✐s❝ ♣❧❛♥❡ ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ♣❧❛♥❡✱ ❛♥❞ ✇✐t❤ ❝❡♥tr❛❧ ✈❛r✐❛t✐♦♥s✳ ■♥ ♠♦st ❞✐s❝s s❡❡♥ ❡❞❣❡✲

♦♥✱ t✇♦ ❝♦♠♣♦♥❡♥ts ✇✐t❤ ❛❜♦✉t t❤❡ s❛♠❡ r❛❞✐❛❧ s❝❛❧❡ ❧❡♥❣t❤s ❜✉t ❞✐✛❡r❡♥t s❝❛❧❡ ❤❡✐❣❤ts ❝❛♥

❜❡ ❞✐st✐♥❣✉✐s❤❡❞✿ ❛ t❤✐♥ ❞✐s❝ ♦❢ ②♦✉♥❣ st❛rs ✇✐t❤ ❛ s❝❛❧❡ ❤❡✐❣❤t ♦❢ ❛ ❢❡✇ ❤✉♥❞r❡❞s ♦❢ ♣❛rs❡❝s

❛♥❞ ❛ t❤✐❝❦ ❞✐s❝ ♦❢ ♦❧❞❡r st❛rs ✇✐t❤ ❛ s❝❛❧❡ ❤❡✐❣❤t ≃ 1 ❦♣❝✳

✶✳✸✳✸ ❘♦t❛t✐♦♥ ❝✉r✈❡s

❘♦t❛t✐♦♥ ❝✉r✈❡s r❡♣r❡s❡♥t t❤❡ ❝✐r❝✉❧❛r ✈❡❧♦❝✐t②✱ t❤❡ s♣❡❡❞ ♦❢ ❛ ❜♦❞② ✐♥ ❛ ❝✐r❝✉❧❛r ♦r❜✐t✱

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❣❛❧❛❝t♦❝❡♥tr✐❝ r❛❞✐✉s✳ ❈✐r❝✉❧❛r ✈❡❧♦❝✐t✐❡s ❛r❡ ✉s✉❛❧❧② ♦❜t❛✐♥❡❞ ❢r♦♠ s♣❡❝✲

tr♦s❝♦♣② ♦❢ ❍■■ r❡❣✐♦♥s ❡♠✐ss✐♦♥ ❧✐♥❡s ✭❝♦♠✐♥❣ ❢r♦♠ ✐♦♥✐s❡❞ r❡❣✐♦♥s ❛r♦✉♥❞ ②♦✉♥❣ ❤♦t st❛rs✮

♦r s♣❡❝tr♦s❝♦♣② ♦❢ t❤❡ ✷✶ ❝♠ ❡♠✐ss✐♦♥ ❧✐♥❡ ♦❢ ❍■✱ ❛ss✉♠✐♥❣ t❤❛t ②♦✉♥❣ st❛rs ❛♥❞ ❝♦❧❞ ❣❛s

❤❛✈❡ ❛❧♠♦st ❝✐r❝✉❧❛r ♦r❜✐ts✳ ❚❤❡ ❝♦❧❞ ♥❡✉tr❛❧ ❍■ ❣❛s ❡①t❡♥❞s ♠✉❝❤ ❜❡②♦♥❞ t❤❡ st❛r ❢♦r♠✐♥❣

❞✐s❝✱ ❛❧❧♦✇✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ❝✐r❝✉❧❛r ✈❡❧♦❝✐t✐❡s ❢❛r ❛✇❛② ❢r♦♠ t❤❡ ❝❡♥tr❡ ♦❢ ❣❛❧❛①✐❡s✱

t✇♦ ♦r ♠♦r❡ t✐♠❡s t❤❡ r❛❞✐✉s ♦❢ t❤❡ st❡❧❧❛r ❞✐s❝✳

❚❤❡ r♦t❛t✐♦♥ ❝✉r✈❡s ✉s✉❛❧❧② ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❡❛t✉r❡s✿

✕ ◆❡❛r t❤❡ ❝❡♥tr❡✱ ❝✐r❝✉❧❛r ✈❡❧♦❝✐t② r✐s❡s ❧✐♥❡❛r❧② ✇✐t❤ r❛❞✐✉s✱ ❛s ❢♦r ❛ s♦❧✐❞ r♦t❛t✐♦♥ ✭❢♦r

✇❤✐❝❤ t❤❡ ❛♥❣✉❧❛r s♣❡❡❞ Ω(R) ✐s ❝♦♥st❛♥t ❛♥❞ t❤❡ ❝✐r❝✉❧❛r ✈❡❧♦❝✐t②RΩ(R) t❤✉s ✐♥❝r❡❛s❡s

❧✐♥❡❛r❧② ✇✐t❤ r❛❞✐✉s✮✳

✕ ❚❤❡ ❝✐r❝✉❧❛r ✈❡❧♦❝✐t② r❡❛❝❤❡s ❛ ♣❧❛t❡❛✉ ✐♥st❡❛❞ ♦❢ ❞❡❝r❡❛s✐♥❣ ❛t ❧❛r❣❡ r❛❞✐✐✳ ❚❤❡ ♠❛①✐♠❛❧

r♦t❛t✐♦♥ s♣❡❡❞s r❛♥❣❡s ❢r♦♠ & 50 ❦♠✴s t♦ ≃ 300 ❦♠✴s✳

❚❤❡ ❧❛tt❡r ♣♦✐♥t✱ r❡✈❡❛❧❡❞ ✐♥ t❤❡ ✶✾✼✵s ❜② ♦❜s❡r✈❛t✐♦♥s ♦❢ ✐♦♥✐s❡❞ ❣❛s ✭❘✉❜✐♥ ❡t ❛❧✳ ✶✾✼✽✱

✶✾✽✵✮ ❛♥❞ t❤❡ ✷✶ ❝♠ ❤②❞r♦❣❡♥ ❧✐♥❡ ✭❇♦s♠❛ ✶✾✼✽✮✱ ♣♦s❡s ❛ ♣r♦❜❧❡♠ ✐❢ ♦♥❧② ♦❜s❡r✈❡❞ ♠❛ss ✐s

t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ✐❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❧❛✇ ✐s tr✉st❡❞ ❛t t❤❡ ❣❛❧❛❝t✐❝ s❝❛❧❡✳ ■♥❞❡❡❞✱ ✐❢ ♠♦st

♦❢ t❤❡ ♠❛ss ✐s ✐♥ st❛rs✱ ♦✉ts✐❞❡ ♦❢ t❤❡ st❡❧❧❛r ❞✐s❝✱ t❤❡ ❝✉r✈❡ s❤♦✉❧❞ ❢❛❧❧ ❛s

√

GM

R
✱ ✇❤❡r❡ M ✐s

t❤❡ st❡❧❧❛r ♠❛ss✳ ❋✐❣✉r❡ ✶✳✸ s❤♦✇s t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ♣r♦✜❧❡s ♦❢ st❛rs ❛♥❞ ❣❛s ✐♥ t✇♦ ❡①❛♠♣❧❡

❣❛❧❛①✐❡s ✇✐t❤ ❤✐❣❤ ♦r ❧♦✇ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss❡s✱ ❛♥❞ t❤❡ t✇♦ r♦t❛t✐♦♥ ❝✉r✈❡s ❞❡❞✉❝❡❞ ❢r♦♠ ✷✶

❝♠ ♦❜s❡r✈❛t✐♦♥s✱ ✇✐t❤ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❞✉❡ t♦ t❤❡ ❜❛r②♦♥✐❝ ❝♦♠♣♦♥❡♥ts ✭t❤❡ st❡❧❧❛r ❜✉❧❣❡ ❛♥❞

❞✐s❝ ❤❛✈✐♥❣ ❜❡❡♥ ❞❡❝♦♠♣♦s❡❞✮ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥

❢r♦♠ t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t✐❡s✳ ❚❤❡ t♦t❛❧ ❝✐r❝✉❧❛r ✈❡❧♦❝✐t② ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ♦❜s❡r✈❡❞ ❜❛r②♦♥✐❝

♠❛ss ✐s s✐❣♥✐✜❝❛♥t❧② ❜❡❧♦✇ t❤❡ ♦❜s❡r✈❡❞ ❝✐r❝✉❧❛r s♣❡❡❞ ❝✉r✈❡✱ ❛t ❧❛r❣❡ r❛❞✐✐ ♦r ❛❧♠♦st ❛❧❧ r❛❞✐✐

❢♦r r❡s♣❡❝t✐✈❡❧② t❤❡ ❤✐❣❤ ❛♥❞ ❧♦✇ s✉r❢❛❝❡ ❜r✐❣❤t♥❡ss ❣❛❧❛①✐❡s✳ ❚❤❡ ♦❜s❡r✈❡❞ ❞✐s❝r❡♣❛♥❝② ✐s



✻ ❈❍❆P❚❊❘ ✶✳ ●❆▲❆❳■❊❙✿ ❆◆ ❖❱❊❘❱■❊❲

✉s✉❛❧❧② ❛ttr✐❜✉t❡❞ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ✐♥✈✐s✐❜❧❡ ❝♦♠♣♦♥❡♥t t❤❛t ❞♦❡s ♥♦t r❛❞✐❛t❡ ❜✉t ✐s

s✉❜❥❡❝t t♦ ❣r❛✈✐t❛t✐♦♥ ❛♥❞ ❝❛❧❧❡❞ ❞❛r❦ ♠❛tt❡r✳ ❖❜s❡r✈❛t✐♦♥s ♦❢ ♠❛♥② ✢❛t r♦t❛t✐♦♥ ❝✉r✈❡s

❤❛✈❡ ❜r♦✉❣❤t ❛♥ ✐♥❝r❡❛s✐♥❣ ❜♦❞② ♦❢ ♣r♦♦❢ ❢♦r ❞❛r❦ ♠❛tt❡r ✐♥ s♣✐r❛❧ ❣❛❧❛①✐❡s✳

❋✐❣✉r❡ ✶✳✸✿ ❚♦♣ r♦✇✿ s✉r❢❛❝❡ ❞❡♥s✐t② ♣r♦✜❧❡ ♦❢ st❛rs ✭❜❧✉❡ ❝✐r❝❧❡s✮ ❛♥❞ ♥❡✉tr❛❧ ❤②❞r♦❣❡♥ ✭❣r❡❡♥

❝✐r❝❧❡s✮✳ ❇♦tt♦♠ r♦✇✿ ❘♦t❛t✐♦♥ ❝✉r✈❡s ✇✐t❤ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ♦❜s❡r✈❡❞

❝♦♠♣♦♥❡♥ts✿ ❣❛s ✭❞♦tt❡❞ ❧✐♥❡✮✱ st❡❧❧❛r ❜✉❧❣❡ ✭❞❛s❤✲❞♦tt❡❞ ❧✐♥❡✮✱ st❡❧❧❛r ❞✐s❝ ✭❞❛s❤❡❞ ❧✐♥❡✮✱ ❛♥❞

t❤❡ t♦t❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ ♦❜s❡r✈❡❞ ❜❛r②♦♥✐❝ ♠❛tt❡r ✭❜❧❛❝❦ s♦❧✐❞ ❧✐♥❡✮✳ ❋✐❣✉r❡ ❢r♦♠ ❋❛♠❛❡②

✫ ▼❝●❛✉❣❤ ✭✷✵✶✷✮✳

❍♦✇❡✈❡r✱ s♦♠❡ ❛❧t❡r♥❛t✐✈❡s t♦ ❞❛r❦ ♠❛tt❡r ❤❛✈❡ ❜❡❡♥ s✉❣❣❡st❡❞✳ ❖♥❡ ♦❢ t❤❡♠ ✐s ▼♦❞✲

✐✜❡❞ ◆❡✇t♦♥✐❛♥ ❉②♥❛♠✐❝s ✭▼❖◆❉✮✱ ✐♥tr♦❞✉❝❡❞ ❜② ▼✐❧❣r♦♠ ✐♥ ✶✾✽✸ ✭▼✐❧❣r♦♠ ✶✾✽✸❝✱❛✱❜✮✳

❆❝❝♦r❞✐♥❣ t♦ ❤✐s ♠♦❞✐✜❡❞ ◆❡✇t♦♥✬s ❧❛✇ ✭♦r ♠♦❞✐✜❡❞ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡

✈❡rs✐♦♥✮✱ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥✴❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞ ❢❡❧t ❜② ❛ ❜♦❞② ❞✐✛❡rs ❢r♦♠ t❤❡ ◆❡✇t♦♥✐❛♥ ♦♥❡

✐♥ t❤❡ ✏❧♦✇ ❛❝❝❡❧❡r❛t✐♦♥ r❡❣✐♠❡✑✱ ✐❡ ❛r♦✉♥❞ ❛♥❞ ❜❡❧♦✇ ❛♥ ❛❝❝❡❧❡r❛t✐♦♥ s❝❛❧❡ a0 ≃ 10−10 ♠/s2✱

t❤❛t ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❝❡♥tr✐♣❡t❛❧ ❛❝❝❡❧❡r❛t✐♦♥s ❢❡❧t ❜② st❛rs ✐♥ ❣❛❧❛①✐❡s✳ ❚❤❡ ❣r❛✈✐t❛t✐♦♥❛❧

✜❡❧❞ ❢♦r ❧♦✇ ❛❝❝❡❧❡r❛t✐♦♥s ❜❡❝♦♠❡s
√
gNa0✱ ✇❤❡r❡ gN ✐s t❤❡ ◆❡✇t♦♥✐❛♥ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞ ❛♥❞

t❤✉s ❞♦❡s ♥♦t ❢❛❧❧ ❛s
1

r2
✱ ❜✉t ❛s

1

r
✱ ♠❛❦✐♥❣ t❤❡ ❝✐r❝✉❧❛r s♣❡❡❞ ❝♦♥st❛♥t ✇✐t❤ r❛❞✐✉s ❢♦r ❧❛r❣❡

r❛❞✐✐✳ ▼❖◆❉ ❝❛♥ ✜t r♦t❛t✐♦♥ ❝✉r✈❡s ✐♥ ❞❡t❛✐❧s ❛♥❞ ✐s s✉❝❝❡ss❢✉❧ ❛s ❛ r✉❧❡ ❛t t❤❡ ❣❛❧❛❝t✐❝ s❝❛❧❡✱

❜✉t ✐t ❡♥❝♦✉♥t❡rs s♦♠❡ ♣r♦❜❧❡♠s ❛t ❝❧✉st❡rs s❝❛❧❡ ❛♥❞ ❜✉✐❧❞✐♥❣ ❛ s❛t✐s❢②✐♥❣ ❝♦rr❡s♣♦♥❞✐♥❣



✷✳ ●❆▲❆❳■❊❙ ■◆ ❆ ❈❖❙▼❖▲❖●■❈❆▲ ❈❖◆❚❊❳❚ ✼

❝♦✈❛r✐❛♥t t❤❡♦r② ❛♥❛❧♦❣♦✉s t♦ ●❡♥❡r❛❧ ❘❡❧❛t✐✈✐t② ✐s st✐❧❧ ❛ ♣r♦❜❧❡♠✳

✶✳✸✳✹ ❚❤❡ ❚✉❧❧②✲❋✐s❤❡r ❧❛✇

❚❤❡ ❧✉♠✐♥♦s✐t② ♦❢ ❞✐s❝ ❣❛❧❛①✐❡s ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡✐r ♠❛①✐♠❛❧ ❝✐r❝✉❧❛r

s♣❡❡❞ Vmax✳ ❚✉❧❧② ✫ ❋✐s❤❡r ✭✶✾✼✼✮ ❢♦✉♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♦♣t✐❝❛❧ ❧✉♠✐♥♦s✐t②

❛♥❞ t❤❡ ♠❛①✐♠❛❧ r♦t❛t✐♦♥ s♣❡❡❞ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ♥❡✉tr❛❧ ❤②❞r♦❣❡♥ ✷✶ ❝♠

❡♠✐ss✐♦♥ ❧✐♥❡✿

L ∝ V N
max ✭✶✳✹✮

❚❤❡ ❡①♣♦♥❡♥t N ❛♥❞ t❤❡ s❝❛tt❡r ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦❧♦✉r ❜❛♥❞ ✐♥ ✇❤✐❝❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ ✐s

♠❛❞❡✳ ❚❤❡ ❡①♣♦♥❡♥t ✐♥❝r❡❛s❡s ❢♦r ❧♦♥❣❡r ✇❛✈❡❧❡♥❣t❤s✱ ❢r♦♠ ≃ 3 ✐♥ t❤❡ B ❜❛♥❞ t♦ ≃ 4 ✐♥ t❤❡

r❡❞❞❡r K ❜❛♥❞ ❛♥❞ t❤❡ s❝❛tt❡r ❞✐♠✐♥✐s❤❡s ✇✐t❤ ✇❛✈❡❧❡♥❣t❤✳ ❚❤✐s r❡❧❛t✐♦♥ ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡

❋❛❜❡r✲❏❛❝❦s♦♥ r❡❧❛t✐♦♥ ❢♦r ❡❧❧✐♣t✐❝❛❧ ❣❛❧❛①✐❡s✳

❚❤❡ ❚✉❧❧②✲❋✐s❤❡r r❡❧❛t✐♦♥ ♠❛② r❛t❤❡r ❜❡ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❜❛r②♦♥✐❝ ♠❛ss ❛♥❞ ❝✐r❝✉❧❛r

s♣❡❡❞✳ ❆s st❡❧❧❛r ♣♦♣✉❧❛t✐♦♥s r❛❞✐❛t❡ ❞✐✛❡r❡♥t❧② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦❧♦✉r ❜❛♥❞✱ t❤❡ ♠❛ss t♦

❧✐❣❤t r❛t✐♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❜❛♥❞ ❛♥❞ ✇❤❡♥ ❛❞❞✐♥❣ t❤❡ ♦❜s❡r✈❡❞ ♠❛ss ♦❢ ❣❛s t♦ t❤❡ st❡❧❧❛r

♠❛ss ✐♥❢❡rr❡❞ ❢r♦♠ ❧✉♠✐♥♦s✐t② ✐♥ ♥❡❛r ✐♥❢r❛r❡❞ ❜❛♥❞s ✭tr❛❝❦✐♥❣ t❤❡ ❜✉❧❦ ♦❢ t❤❡ st❡❧❧❛r ♠❛ss✮✱

✐t ✐s ❛❝t✉❛❧❧② ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ ❛ ❜❛r②♦♥✐❝ ♠❛ss Mb ✈s ❝✐r❝✉❧❛r s♣❡❡❞ t✐❣❤t❡r r❡❧❛t✐♦♥✱ t❤❡

❇❛r②♦♥✐❝ ❚✉❧❧②✲❋✐s❤❡r ❘❡❧❛t✐♦♥ ✭▼❝●❛✉❣❤ ❡t ❛❧✳ ✷✵✵✵✮✿

Mb ∝ V 4
max ✭✶✳✺✮

❚❤✐s ❧❛✇ ❛♣♣❧✐❡s ♦✈❡r ❛ r❛♥❣❡ ♦❢ ✜✈❡ ❞❡❝❛❞❡s ✐♥ ❜❛r②♦♥✐❝ ♠❛ss ✇✐t❤ ❛ ❧✐♠✐t❡❞ s❝❛tt❡r ❛s

s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✶✳✹✳

✷ ●❛❧❛①✐❡s ✐♥ ❛ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥t❡①t

✷✳✶ Λ❈❉▼ ♠♦❞❡❧ ❛♥❞ t❤❡ ❜❛r②♦♥✐❝ ❜✉❞❣❡t

✷✳✶✳✶ ❈♦s♠♦❧♦❣② ❛♥❞ t❤❡ Λ❈❉▼ ♠♦❞❡❧

▼♦st ❝♦s♠♦❧♦❣✐❝❛❧ ♠♦❞❡❧s r❡❧② ♦♥ ●❡♥❡r❛❧ ❘❡❧❛t✐✈✐t② ✭❊✐♥st❡✐♥ ✶✾✶✻✮✱ ❛♥❞ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧

♣r✐♥❝✐♣❧❡ t❤❛t st❛t❡s t❤❛t✱ ♦♥ ❧❛r❣❡ s❝❛❧❡s✱ t❤❡ ✉♥✐✈❡rs❡ ✐s ❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ✐s♦tr♦♣✐❝✳ ❚❤❡

❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s ❧✐♥❦ t❤❡ ❣❡♦♠❡tr② ♦❢ s♣❛❝❡t✐♠❡ t♦ t❤❡ ♠❛tt❡r✲❡♥❡r❣② ❝♦♥t❡♥t✱ t❤❡ ❣❡♦♠❡tr②

❜❡✐♥❣ ❡♥❝❛♣s✉❧❛t❡❞ ✐♥ ❛ ❣❡♥❡r✐❝ ♠❡tr✐❝✳ ❲❤❡♥ ✉s✐♥❣ t❤❡ ❋r✐❡❞♠❛♥♥✲▲❡♠❛îtr❡✲❘♦❜❡rts♦♥✲

❲❛❧❦❡r✱ ❛ ♠❡tr✐❝ t❤❛t ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s t❤❛t s❛t✐s✜❡s ✐s♦tr♦♣② ❛♥❞

❤♦♠♦❣❡♥❡✐t② ❛♥❞ ✐♥✈♦❧✈❡s ❛ s❝❛❧❡ ❢❛❝t♦r a(t)✱ ❛♥❞ ✇❤❡♥ ❞❡s❝r✐❜✐♥❣ t❤❡ ♠❛tt❡r✲❝♦♥t❡♥t ❛s ❛♥

✐s♦tr♦♣✐❝ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ✢✉✐❞ ♦❢ ❞❡♥s✐t② ρ ❛♥❞ ♣r❡ss✉r❡ P ✱ ♦♥❡ ❣❡ts ❡q✉❛t✐♦♥s t❤❛t ❝❛♥ ❜❡



✽ ❈❍❆P❚❊❘ ✶✳ ●❆▲❆❳■❊❙✿ ❆◆ ❖❱❊❘❱■❊❲

❋✐❣✉r❡ ✶✳✹✿ ❇❛r②♦♥✐❝ ❚✉❧❧②✲❋✐s❤❡r ▲❛✇ ✭Vf ✐s t❤❡ ♦✉t❡r ❞✐s❝ ✈❡❧♦❝✐t②✳✮✳ ❉❛t❛ ♣♦✐♥ts ❛r❡

❣❛❧❛①✐❡s ✇❤♦s❡ ❜❛r②♦♥✐❝ ♠❛ss ✐s ❞♦♠✐♥❛t❡❞ ❜② ❣❛s ✭❧✐❣❤t ❜❧✉❡ ♣♦✐♥ts✮ ♦r st❛rs ✭❞❛r❦ ❜❧✉❡

♣♦✐♥ts✮✳ ❋✐❣✉r❡ ❢r♦♠ ❋❛♠❛❡② ✫ ▼❝●❛✉❣❤ ✭✷✵✶✷✮ ✉s✐♥❣ ✈❛❧✉❡s ❢r♦♠ ▼❝●❛✉❣❤ ✭✷✵✵✺✱ ✷✵✶✶✮✳

❛rr❛♥❣❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

(

ȧ

a

)2

=
8πG

3
ρ− kc2

a2
+

Λc2

3
✭✶✳✻✮

ä

a
= −4πG

3

(

ρ+
3P

c2

)

+
Λc2

3
✭✶✳✼✮

✇❤❡r❡ k ✐s t❤❡ ❝✉r✈❛t✉r❡ s✐❣♥❛t✉r❡ ❛♥❞ Λ ✐s ♥❛♠❡❞ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t✳ H(t) =
ȧ

a
✱

t❤❡ r❛t❡ ❛t ✇❤✐❝❤ t❤❡ ❯♥✐✈❡rs❡ ❡①♣❛♥❞s✱ ✐s ♥❛♠❡❞ t❤❡ ❍✉❜❜❧❡ ❝♦♥st❛♥t ❛s ❍✉❜❜❧❡ ✭✶✾✷✾✮

♠❛❞❡ t❤❡ ✜rst ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❯♥✐✈❡rs❡ st✉❞②✐♥❣ t❤❡ r❡❝❡ss✐♦♥ ♦❢ ❞✐st❛♥t

❣❛❧❛①✐❡s ❛♥❞ ❞❡r✐✈❡❞ ❛ ✜rst ❡st✐♠❛t❡ ♦❢ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡ H0 ♦❢ t❤❡ ❝♦♥st❛♥t✳

❆ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ρ ✐♥t♦ t❤❡ ♠❛tt❡r ❞❡♥s✐t② ρm ∝ a−3 ❛♥❞ t❤❡ r❛❞✐❛t✐♦♥ ❞❡♥s✐t②

ρr ∝ a−4 ❣✐✈❡s ❢♦r t❤❡ ✜rst ❡q✉❛t✐♦♥✿

H2(t) = H2
0

[

Ωr,0

(

a

a0

)4

+Ωm,0

(

a

a0

)3

+Ωk,0

(

a

a0

)2

+ΩΛ,0

]

✭✶✳✽✮

✇❤❡r❡ Ωr,0 =
ρr,0
ρc,0

✱ Ωm,0 =
ρm,0

ρc, 0
✱ ρc,0 =

3H2
0

8πG
✱ Ωk,0 = −kc

2

H2
0

✱ ❛♥❞ ΩΛ,0 =
Λc2

3H2
0

✳ Ωr,0 ✐s

♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞ t♦ Ωm,0 ❛♥❞ ΩΛ,0✳

❚❤❡ ❝✉rr❡♥t❧② ♣r❡❢❡rr❡❞ ♠♦❞❡❧✱ t❤❛t ✜ts ✈❡r② ✇❡❧❧ ✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ❛♥❞

✇❤♦s❡ ♣❛r❛♠❡t❡rs ❛r❡ ❡s♣❡❝✐❛❧❧② ✇❡❧❧ ❝♦♥str❛✐♥❡❞ ❜② t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❈♦s♠✐❝ ▼✐❝r♦✇❛✈❡

❇❛❝❦❣r♦✉♥❞ ✭❈▼❇✮ ❜② t❤❡ ❲▼❆P ♠✐ss✐♦♥ ✭❡✳❣✳ ❑♦♠❛ts✉ ❡t ❛❧✳ ✷✵✶✶✮ ❛♥❞ t❤❡ r❡❝❡♥t P❧❛♥❝❦
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♠✐ss✐♦♥ ✭P❧❛♥❝❦ ❈♦❧❧❛❜♦r❛t✐♦♥ ❡t ❛❧✳ ✷✵✶✸✮✱ ✐s t❤❡ Λ❈❉▼ ♠♦❞❡❧✱ ✐♥ ✇❤✐❝❤ t❤❡ ✉♥✐✈❡rs❡ ❤❛s ❛

✢❛t ❣❡♦♠❡tr② ✭k = 0✮✱ ❛♥❞ ✐s ❝✉rr❡♥t❧② ❝♦♠♣♦s❡❞ ♦❢✿

✕ ❛❜♦✉t t✇♦ t❤✐r❞s ♦❢ ✏❞❛r❦ ❡♥❡r❣②✑✿ ΩΛ,0 = 0.683

✕ ❛❜♦✉t ♦♥❡ q✉❛rt❡r ♦❢ ✏❈♦❧❞ ❉❛r❦ ▼❛tt❡r✑ ✭❈❉▼✮✿ ΩCDM,0 = 0.268

✕ ♦♥❧② ❛ ❢❡✇ ♣❡r❝❡♥t ♦❢ ♦r❞✐♥❛r② ♠❛tt❡r ♥❛♠❡❞ ✐♥ t❤✐s ❢r❛♠❡✇♦r❦ ✏❜❛r②♦♥✐❝ ♠❛tt❡r✑

✭t❤♦✉❣❤ ✐♥❝❧✉❞✐♥❣ ❡❧❡❝tr♦♥s✮✿ Ωb,0 = 0.049

❚❤❡ ✈❛❧✉❡s ❝♦♠❡ ❢r♦♠ t❤❡ ✷✵✶✸ r❡s✉❧ts ♦❢ t❤❡ P❧❛♥❝❦ ♠✐ss✐♦♥✳ ❚❤❡ ♠❛tt❡r ❝♦♥tr✐❜✉t✐♦♥

Ωm,0 t♦ t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ❯♥✐✈❡rs❡ ✐s t❤✉s ❞✐✈✐❞❡❞ ✐♥t♦ Ωm,0 = ΩCDM,0 +Ωb,0✳

❉❛r❦ ❡♥❡r❣②✱ ❡♥❝❛♣s✉❧❛t❡❞ ✐♥ t❤✐s ♠♦❞❡❧ ✐♥ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t Λ ✐♥ t❤❡ ❡q✉❛t✐♦♥s

♦❢ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❯♥✐✈❡rs❡✱ ❤❛s ❜❡❡♥ ✐♥❢❡rr❡❞ ❢r♦♠ ♦❜s❡r✈❛t✐♦♥s ♦❢ ❞✐st❛♥t

s✉♣❡r♥♦✈❛❡ ♦❢ t②♣❡ ■❛✱ t❤❛t s❤♦✇❡❞ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❯♥✐✈❡rs❡ ✐s ❛❝❝❡❧❡r❛t✐♥❣ ✭❘✐❡ss

❡t ❛❧✳ ✶✾✾✽❀ P❡r❧♠✉tt❡r ❡t ❛❧✳ ✶✾✾✽✮✳ ■t ❛❝ts ❛s ❛ ✢✉✐❞ ♦❢ ♥❡❣❛t✐✈❡ ♣r❡ss✉r❡✱ t❤✉s ❛❧❧♦✇✐♥❣ ❢♦r

❡①♣❛♥s✐♦♥✱ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦s♠♦❧♦❣✐❝❛❧ ❝♦♥st❛♥t ✐s s✉✣❝✐❡♥t ❢♦r t❤❡ ❡①♣❛♥s✐♦♥ t♦ ❜❡

❛❝❝❡❧❡r❛t✐♥❣✳ ■ts ♥❛t✉r❡ r❡♠❛✐♥s ❛ ♠②st❡r②✳

❈♦❧❞ ❞❛r❦ ♠❛tt❡r ✐s ♣♦st✉❧❛t❡❞ ❛s ❛ ♥♦♥✲❜❛r②♦♥✐❝ ❝♦❧❧✐s✐♦♥❧❡ss ♠❡❞✐✉♠ ✇✐t❤ ♥♦ ❡❧❡❝tr♦♠❛❣✲

♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥ ❜✉t ❛ ❣r❛✈✐t❛t✐♦♥❛❧ r♦❧❡✳ ■t ✐s ♥❡❡❞❡❞ ❛t ❣❛❧❛❝t✐❝ ❛♥❞ ❣❛❧❛①② ❝❧✉st❡rs s❝❛❧❡s

t♦ ❡①♣❧❛✐♥ t❤❡ ♦❢t❡♥ ♦❜s❡r✈❡❞ ✢❛t♥❡ss ♦❢ r♦t❛t✐♦♥ ❝✉r✈❡s ✐♥❝♦♠♣❛t✐❜❧❡ t♦ ❛ ◆❡✇t♦♥✐❛♥ ❣r❛✈✐✲

t❛t✐♦♥ ❢♦r t❤❡ ♦❜s❡r✈❡❞ ♠❛ss ✭❛s s❡❡♥ ✐♥ ✶✳✸✳✸✮✱ ❛♥❞ t♦ ❡①♣❧❛✐♥ t❤❡ ♠❛ss ♦❢ ❣❛❧❛①✐❡s ♦r ❝❧✉st❡rs

✐♥❢❡rr❡❞ ❢r♦♠ ❧❡♥s✐♥❣ ❛♥❞ t❤❛t ❛r❡ ❛❧s♦ ✐♥❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦❜s❡r✈❡❞ ♠❛tt❡r ❛♥❞ ●❡♥❡r❛❧

❘❡❧❛t✐✈✐t②✳ ■t ✐s ❛❧s♦ ❛ss✉♠❡❞ t♦ ❛❧❧♦✇ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ str✉❝t✉r❡s t♦ ❜❡ q✉✐❝❦ ❡♥♦✉❣❤ s♦ t❤❛t

t❤❡ ❞❡♥s✐t② ✢✉❝t✉❛t✐♦♥s ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ t❡♠♣❡r❛t✉r❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ❈▼❇ ❝❛♥ ❣✐✈❡ r✐s❡

t♦ ❝✉rr❡♥t ❣❛❧❛①✐❡s ✐♥ ❛ t✐♠❡ ♦❢ 13.7 ●②r✱ t❤❡ ❡st✐♠❛t❡❞ ❛❣❡ ♦❢ t❤❡ ❯♥✐✈❡rs❡ ✐♥ t❤✐s ❝♦s♠♦✲

❧♦❣✐❝❛❧ ♠♦❞❡❧✳ ❈❉▼ ✐s t❤♦✉❣❤t t♦ ❝♦❧❧❛♣s❡ ✜rst✱ ✇❤✐❧❡ ✐♥ t❤❡ ❤♦t ❜❛r②♦♥✲♣❤♦t♦♥ ♣❧❛s♠❛✱ t❤❡

❜❛r②♦♥s ❛r❡ ♣r❡✈❡♥t❡❞ ❢r♦♠ ❝♦❧❧❛♣s✐♥❣ ❜② t❤❡ ♣r❡ss✉r❡ ♦❢ ♣❤♦t♦♥s✳ ❆s t❤❡ ❯♥✐✈❡rs❡ ❡①♣❛♥❞s

❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ♣❧❛s♠❛ ❣♦❡s ❞♦✇♥✱ ♣r♦t♦♥s r❡❝♦♠❜✐♥❡ ✇✐t❤ ❡❧❡❝tr♦♥s✱ ♣❤♦t♦♥s

❛r❡ ♥♦✇ ♥♦ ❧♦♥❣❡r s❝❛tt❡r❡❞ ❜② ❢r❡❡ ❡❧❡❝tr♦♥s ❛♥❞ ❝❛♥ ♣r♦♣❛❣❛t❡ ❢r❡❡❧② ✭❣✐✈✐♥❣ r✐s❡ t♦ t❤❡

❈▼❇✮✱ ❛♥❞ t❤❡ ❜❛r②♦♥✐❝ ♠❛tt❡r ❝❛♥ ♥♦✇ ❝♦❧❧❛♣s❡ ✐♥ t❤❡ ❛❧r❡❛❞② ❢♦r♠❡❞ ❞❛r❦ ♠❛tt❡r ✇❡❧❧s✳

❆ ♥✉♠❜❡r ♦❢ ❞❡t❡❝t✐♦♥ ❡①♣❡r✐♠❡♥ts✱ ❛ss✉♠✐♥❣ s♦♠❡ ❡♥❡r❣② r❛♥❣❡ ❢♦r ❞❛r❦ ♠❛tt❡r ♣❛rt✐❝❧❡s✱

❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❜✉t t❤❡② ❤❛✈❡ st✐❧❧ ♥♦t ❣✐✈❡♥ ❛♥② ❝❧❡❛r ❞❡t❡❝t✐♦♥✳

❲❤✐❧❡ t❤✐s ♠♦❞❡❧ ✐♥✈♦❧✈❡s t✇♦ ❝♦♠♣♦♥❡♥ts ✇❤♦s❡ ♥❛t✉r❡ ✐s ♥♦t ❞❡t❡r♠✐♥❡❞✱ ✐t ✐s ❛♥ ❡✛❡❝✲

t✐✈❡ ❢r❛♠❡✇♦r❦ t♦ r❡♣r♦❞✉❝❡ ♦❜s❡r✈❛t✐♦♥s✳

✷✳✶✳✷ ▼✐ss✐♥❣ ❜❛r②♦♥s

❚❤❡ ❢r❛❝t✐♦♥ ♦❢ 4.6% ❢♦r t❤❡ ❜❛r②♦♥s ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❈▼❇ ♣♦✇❡r s♣❡❝tr✉♠ ❛♥❛❧②s✐s✱

✐s ❛❧s♦ ♣r❡❞✐❝t❡❞ ❜② ♣r✐♠♦r❞✐❛❧ ♥✉❝❧❡♦s②♥t❤❡s✐s✱ ❛♥❞ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ▲②♠❛♥α ♦❜s❡r✈❛t✐♦♥s

❛t ❛ r❡❞s❤✐❢t z ≃ 3✳ ❍♦✇❡✈❡r✱ ❛t ❧♦✇ r❡❞s❤✐❢t✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❜❛r②♦♥✐❝ ❜✉❞❣❡t

♣❡r❢♦r♠❡❞ ✐♥ ❋✉❦✉❣✐t❛ ❡t ❛❧✳ ✭✶✾✾✽✮ ❛♥❞ ✉♣❞❛t❡❞ ✐♥ ❋✉❦✉❣✐t❛ ✫ P❡❡❜❧❡s ✭✷✵✵✹✮✱ ♦♥❧② ∼
10% ♦❢ t❤❡s❡ ❜❛r②♦♥s ❛r❡ tr✉❧② ♦❜s❡r✈❡❞ ✐♥ ❣❛s ❛♥❞ st❛rs✱ ✐♥ ❣❛❧❛①✐❡s ♦r ❣❛❧❛①② ❝❧✉st❡rs✳

❚❤❡ r❡st ✐s ♠♦r❡ s♣❡❝✉❧❛t✐✈❡✳ ❆ ❢r❛❝t✐♦♥ ♦❢ 25% t♦ 40% ✐s t❤♦✉❣❤t t♦ ❜❡ ✐♥ ❛ ❲❛r♠ ❍♦t



✶✵ ❈❍❆P❚❊❘ ✶✳ ●❆▲❆❳■❊❙✿ ❆◆ ❖❱❊❘❱■❊❲

■♥t❡r❣❛❧❛❝t✐❝ ▼❡❞✐✉♠✱ ❛ ✈❡r② ❞✐✛✉s❡ ♠❡❞✐✉♠ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❝♦r♦♥❛❡ ❛r♦✉♥❞ ❣❛❧❛①✐❡s ♦r

✜❧❛♠❡♥ts✳ ❚❤❡ ❲❍■▼ ❤❛s ♥♦t ❜❡❡♥ ❝♦♥✈✐♥❝✐♥❣❧② ♦❜s❡r✈❡❞ ②❡t✳ ▲❡❤♥❡r ❡t ❛❧✳ ✭✷✵✵✼✮ ❡st✐♠❛t❡s

❢r♦♠ ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ▲②α ❢♦r❡st ❛t ❧♦✇ r❡❞s❤✐❢t t❤❛t ✐t ❝♦✉❧❞ ❝♦♥st✐t✉t❡ & 20% ♦❢ t❤❡

❜❛r②♦♥✐❝ ❢r❛❝t✐♦♥✱ ❛♥❞ s♦♠❡ ♦t❤❡r ❡st✐♠❛t❡s ♦❢ 30 − 40% ❝♦♠❡ ❢r♦♠ r❡s✉❧ts ♦❢ ♥✉♠❡r✐❝❛❧

s✐♠✉❧❛t✐♦♥s ✭❡✳❣✳ ❉❛✈é ❡t ❛❧✳ ✷✵✵✶✮✳

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦s❡♥ ❡st✐♠❛t✐♦♥✱ ∼ 50% ♦❢ ❜❛r②♦♥s ❛r❡ ♥♦t ❛❝❝♦✉♥t❡❞ ❢♦r✳ ❚❤✐s ❧❡❛✈❡s

r♦♦♠ ❢♦r ♣♦t❡♥t✐❛❧ ❜❛r②♦♥✐❝ ❞❛r❦ ♠❛tt❡r✱ ♣♦ss✐❜❧② ✐♥ t❤❡ ♦✉t❡r ♣❛rts ♦❢ ❣❛❧❛❝t✐❝ ❞✐s❝s ✭❡✳❣✳

P❢❡♥♥✐❣❡r ❡t ❛❧✳ ✶✾✾✹❀ P❢❡♥♥✐❣❡r ✫ ❈♦♠❜❡s ✶✾✾✹✮✳ ❈♦❧❞ ❞❡♥s❡ ❣❛s ❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧② ❜❡ t♦♦

❞✐✣❝✉❧t t♦ ♦❜s❡r✈❡✱ ✐❢ ✐t r❛❞✐❛t❡s ✈❡r② ❧✐tt❧❡ ♦r ✐♥ ❞✐✣❝✉❧t❧② ♦❜s❡r✈❛❜❧❡ ✇❛✈❡❧❡♥❣t❤s✱ ♦r ✐❢ ✐t

❤❛s ❛ t♦♦ ❧✐tt❧❡ ✈♦❧✉♠❡ ✜❧❧✐♥❣ ❢❛❝t♦r✳
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❋✐❣✉r❡ ✶✳✺✿ ❙❝❤❡♠❛t✐❝ ♠❛tt❡r✲❡♥❡r❣② ❝♦♥t❡♥t ♦❢ t❤❡ ❯♥✐✈❡rs❡ r❡s♣❡❝t✐♥❣ t❤❡ P❧❛♥❝❦ ♣r♦✲

♣♦rt✐♦♥s ✭t♦♣✮ ❛♥❞ s♣❡❝✉❧❛t✐✈❡ ❜❛r②♦♥✐❝ ❝♦♥t❡♥t ❞❡r✐✈❡❞ ❢r♦♠ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ s✐♠✉❧❛t✐♦♥s

✭❜♦tt♦♠✮✳

✷✳✷ ❖r❣❛♥✐s❛t✐♦♥ ♦❢ ❣❛❧❛①✐❡s ❛t ✈❛r✐♦✉s s❝❛❧❡s

✷✳✷✳✶ ❈❧✉st❡rs ❛♥❞ ❣r♦✉♣s

❙♦♠❡ ❣❛❧❛①✐❡s ❛r❡ ♦❜s❡r✈❡❞ t♦ ❜❡ ❣❛t❤❡r❡❞ ✐♥ ❣r❛✈✐t❛t✐♦♥❛❧❧② ❜♦✉♥❞ ❡♥s❡♠❜❧❡s ♦❢ s❡✈❡r❛❧

♦r ♠❛♥② ❣❛❧❛①✐❡s✱ r❡s♣❡❝t✐✈❡❧② ❣r♦✉♣s ♦r ❝❧✉st❡rs✱ ✇✐t❤ ❛♥ ❛r❜✐tr❛r② ❞✐✈✐❞✐♥❣ ❧✐♥❡✱ t❤❡ r❡st

❜❡✐♥❣ ✏✜❡❧❞✑ ❣❛❧❛①✐❡s✱ r❡❧❛t✐✈❡❧② ✐s♦❧❛t❡❞✳

❚❤❡ ❣r♦✉♣ ♦❢ ❣❛❧❛①✐❡s t♦ ✇❤✐❝❤ t❤❡ ▼✐❧❦② ❲❛② ❜❡❧♦♥❣s ✐s ❝❛❧❧❡❞ t❤❡ ▲♦❝❛❧ ●r♦✉♣✳ ■ts

s✐③❡ ✐s ♦❢ ♦r❞❡r ♦❢ 1▼♣❝✳ ❚❤❡ ▼✐❧❦② ❲❛② ❛♥❞ ❆♥❞r♦♠❡❞❛ ✭▼✸✶✮ ❛r❡ ✐ts t✇♦ ♠♦r❡ ♠❛ss✐✈❡

♠❡♠❜❡rs✱ ❛♥❞ ♠♦st ♦❢ t❤❡ ♦t❤❡r ♠❡♠❜❡rs ❛r❡ s❛t❡❧❧✐t❡s ♦❢ t❤❡s❡ t✇♦ ❣❛❧❛①✐❡s✳ ❚❤❡ t✇♦ ❧❛r❣❡st

s❛t❡❧❧✐t❡s ♦❢ t❤❡ ▼✐❧❦② ❲❛② ❛r❡ ✐rr❡❣✉❧❛r ❣❛❧❛①✐❡s ❞✐sr✉♣t❡❞ ❜② t❤❡✐r ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ▼✐❧❦②

❲❛②✿ t❤❡ ❙♠❛❧❧ ❛♥❞ ▲❛r❣❡ ▼❛❣❡❧❧❛♥✐❝ ❈❧♦✉❞s ✭❙▼❈ ❛♥❞ ▲▼❈✮✳ ❚❤❡s❡ t✇♦ s❛t❡❧❧✐t❡s ❝♦♥t❛✐♥

❣❛s ✇❤✐❧❡ ❛❧❧ t❤❡ ♦t❤❡r s❛t❡❧❧✐t❡s ♦❢ t❤❡ ▼✐❧❦② ❲❛② ❛r❡ s♦ ❢❛r ♦❜s❡r✈❡❞ t♦ ❜❡ ❣❛s✲❢r❡❡ ❞✇❛r❢

s♣❤❡r♦✐❞❛❧s✳ ❆♥❞r♦♠❡❞❛ ❤❛s ❛ st❛r✲❢♦r♠✐♥❣ s♣✐r❛❧ s❛t❡❧❧✐t❡✱ ▼✸✸✱ ❛♥❞ ❞✇❛r❢ ❡❧❧✐♣t✐❝❛❧s ❛♥❞



✸✳ ❙❖▼❊ ❙❚❆❚■❙❚■❈❆▲ P❘❖P❊❘❚■❊❙ ✶✶

s♣❤❡r♦✐❞❛❧s ❛s ♦t❤❡r s❛t❡❧❧✐t❡s✳

❈❧✉st❡rs ❝❛♥ ❝♦♥t❛✐♥ ❛s ♠❛♥② ❛s t❤♦✉s❛♥❞s ♦❢ ❣❛❧❛①✐❡s✱ ❡①t❡♥❞✐♥❣ ♦✈❡r s❡✈❡r❛❧ ▼♣❝✳ ❚❤❡

❝❧♦s❡st ❝❧✉st❡r ❢r♦♠ t❤❡ ▼✐❧❦② ❲❛② ✐s t❤❡ ❱✐r❣♦ ❝❧✉st❡r✳ ❯s✉❛❧❧②✱ ♦♥❡ ✈❡r② ♠❛ss✐✈❡ ❡❧❧✐♣t✐❝❛❧

❣❛❧❛①② ✐s ❢♦✉♥❞ ❛t t❤❡ ❝❡♥tr❡ ♦❢ ❝❧✉st❡rs✳ ❖t❤❡r ❣❛❧❛①✐❡s ❡✈♦❧✈❡ ❛r♦✉♥❞ ✐t✱ ✇✐t❤ ❛ ❤✐❣❤ ✈❡❧♦❝✐t②

❞✐s♣❡rs✐♦♥ ♦❢ ❛r♦✉♥❞ 1000 ❦♠✴s✳ ❙♦♠❡ ❤♦t ✭∼ 107 ❑✮ ✐♥tr❛✲❝❧✉st❡r ❣❛s ✐s ♦❜s❡r✈❡❞ ✐♥ ❳✲r❛②✳

✷✳✷✳✷ ▲❛r❣❡✲s❝❛❧❡ str✉❝t✉r❡s

❆t ❧❛r❣❡r s❝❛❧❡s✱ ❣❛❧❛①✐❡s ❛r❡ ❢♦✉♥❞ t♦ ❧✐❡ ♦♥ ❛ ❝♦s♠✐❝ ✇❡❜✱ ❛s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✶✳✻✳

❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❛♥ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❯♥✐✈❡rs❡ ❞r✐✈❡♥ ❜② t❤❡ ❝♦✉♥t❡r❛❝t✐♥❣ ❡✛❡❝ts ♦❢

❣r❛✈✐t② ❛♥❞ ❡①♣❛♥s✐♦♥✿ ✐♥ s✉❝❤ ❛ s✐t✉❛t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ❞❡♥s✐t② ✢✉❝t✉❛t✐♦♥s✱ ♦✈❡r❞❡♥s❡ r❡❣✐♦♥s

❝♦❧❧❛♣s❡ ✇❤✐❧❡ ✉♥❞❡r❞❡♥s❡ r❡❣✐♦♥s ❜❡❝♦♠❡ ❡①♣❛♥❞✐♥❣ ✈♦✐❞s✳ ❚❤❡s❡ ✈♦✐❞s ✇✐❧❧ ❜❡ s❡♣❛r❛t❡❞ ❜②

t❤❡ ❝♦❧❧❛♣s❡❞ ♠❛tt❡r t❤❛t ✇✐❧❧ t❛❦❡ t❤❡ ❛s♣❡❝t ♦❢ s❤❡❡ts✱ ❧✐♥❡s ♦r ♥♦❞❡s ❜❡t✇❡❡♥ t❤❡ ✈♦✐❞s✳

❋✐❣✉r❡ ✶✳✻✿ ❙♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❣❛❧❛①✐❡s ✭❡❛❝❤ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❜❧❛❝❦ ❞♦t✮ ✐♥ t❤❡ ✷❞❋●❘❙

s✉r✈❡②✳ ❋✐❣✉r❡ ❢r♦♠ P❡❛❝♦❝❦ ❡t ❛❧✳ ✭✷✵✵✶✮✳

✸ ❙♦♠❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s

✸✳✶ ❇✐♠♦❞❛❧✐t②

❲❡ s❛✇ ✐♥ ✶✳✶ ✭s❡❡ ❋✐❣✉r❡ ✶✳✷✮ t❤❛t ❡❧❧✐♣t✐❝❛❧ ❣❛❧❛①✐❡s ❛r❡ r❡❞❞❡r ❛♥❞ ❝♦♥t❛✐♥ ❧❡ss ❣❛s t❤❛♥

s♣✐r❛❧s✳ ●❛❧❛①② s✉r✈❡②s ❤❛✈❡ s❤♦✇♥ ❛ ❜✐♠♦❞❛❧✐t② ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝♦❧♦✉rs ❛♥❞ ♠❛❣♥✐t✉❞❡s

♦❢ ❣❛❧❛①✐❡s ✐♥ t❤❡ ❧♦❝❛❧ ❯♥✐✈❡rs❡✳ ❋✐❣✉r❡ ✶✳✼ s❤♦✇s t❤❛t t✇♦ ♠❛✐♥ ♣♦♣✉❧❛t✐♦♥s ♦❢ ❣❛❧❛①✐❡s ❝❛♥

❜❡ ❞✐st✐♥❣✉✐s❤❡❞✿ ❛ r❡❞ ❛♥❞ ❛ ❜❧✉❡ s❡q✉❡♥❝❡✳ ❚❤❡ r❡❞ s❡q✉❡♥❝❡ ❝♦♥s✐sts ♠❛✐♥❧② ♦❢ ❡❧❧✐♣t✐❝❛❧s

❜❡✐♥❣ ❣❛s ♣♦♦r ❛♥❞ t❤✉s ❤❛✈✐♥❣ ♠♦st❧② ♦❧❞ st❛rs ❡♠✐tt✐♥❣ ✐♥ r❡❞ ✇❛✈❡❧❡♥❣t❤s✱ ❛♥❞ t❤❡ ❜❧✉❡

s❡q✉❡♥❝❡ ♦❢ s♣✐r❛❧ ❣❛❧❛①✐❡s ❤❛✈✐♥❣ ❛ ❤✐❣❤❡r ❣❛s ❢r❛❝t✐♦♥ ❛♥❞ t❤✉s ♦♥❣♦✐♥❣ st❛r ❢♦r♠❛t✐♦♥ t❤❛t

♠❛❦❡s t❤❡♠ ❛♣♣❡❛r ❜❧✉❡r✳ ❚❤❡ ❤✐❣❤❡r ♠❛ss❡s r❡❛❝❤❡❞ ❜② ❡❧❧✐♣t✐❝❛❧s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡

♣r❡❢❡rr❡❞ s❝❡♥❛r✐♦ ♦❢ str✉❝t✉r❡ ❢♦r♠❛t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ ❣❛❧❛①✐❡s ❡①♣❡r✐❡♥❝❡ ❛ ✈❛r②✐♥❣
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♥✉♠❜❡r ♦❢ ♠❡r❣❡rs ❞✉r✐♥❣ t❤❡✐r ❧✐❢❡t✐♠❡s✱ ✇❤✐❝❤ t❡♥❞ t♦ ✐♥❝r❡❛s❡ t❤❡✐r ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥✱

❤❡♥❝❡ t❤❡✐r s♣❤❡r♦✐❞❛❧ ❝♦♠♣♦♥❡♥t✱ ❛♥❞ ❤❡❛t t❤❡✐r ❣❛s✳ ❚❤❡ ♠♦st ♠❛ss✐✈❡ ❡❧❧✐♣t✐❝❛❧s ✇♦✉❧❞

t❤✉s ❜❡ t❤❡ ♣r♦❞✉❝t ♦❢ ♥✉♠❡r♦✉s ♠❡r❣❡rs✳

❋✐❣✉r❡ ✶✳✼✿ ❈♦❧♦✉r✲♠❛❣♥✐t✉❞❡ ❞✐❛❣r❛♠ ♦❢ ❣❛❧❛①✐❡s ✐♥ t❤❡ ❙❉❙❙ s✉r✈❡②✳ ❋✐❣✉r❡ ❢r♦♠ ❇❛❧❞r②

❡t ❛❧✳ ✭✷✵✵✹✮✳

✸✳✷ ❉❡♣❡♥❞❡♥❝❡ ♦♥ ❡♥✈✐r♦♥♠❡♥t

❚❤❡ st❛t✐st✐❝❛❧ ♠♦r♣❤♦❧♦❣✐❡s ♦❢ ❣❛❧❛①✐❡s ❛r❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡✐r ❡♥✈✐r♦♥♠❡♥t✿ ❡❧❧✐♣t✐❝❛❧s

❛♥❞ ❧❡♥t✐❝✉❧❛rs ❛r❡ ❢♦✉♥❞ ✐♥ ❛ ❤✐❣❤❡r ❢r❛❝t✐♦♥ ✐♥ ❝❧✉st❡rs ♦❢ ❣❛❧❛①✐❡s✳ ❚❤❡✐r ♥✉♠❜❡r ❢r❛❝t✐♦♥ ✐s

✉♣ t♦ ∼ 80% ✐♥ ❝❧✉st❡rs✱ ❝♦♠♣❛r❡❞ t♦ ∼ 30% ✐♥ t❤❡ ✜❡❧❞✳ ●❛❧❛①✐❡s ✐♥ ❝❧✉st❡rs ❛r❡ ❛❧s♦ ❢♦✉♥❞

t♦ ❜❡ ♦♥ ❛✈❡r❛❣❡ ♠♦r❡ ♠❛ss✐✈❡✱ ❧❡ss ❣❛s✲r✐❝❤ ❛♥❞ r❡❞❞❡r ✭❡✳❣✳ ❑❛✉✛♠❛♥♥ ❡t ❛❧✳ ✷✵✵✹❀ ❇❛❧❞r②

❡t ❛❧✳ ✷✵✵✻✮✳ ❚❤❡ ❤✐❣❤❡r ❢r❛❝t✐♦♥ ♦❢ ❡❧❧✐♣t✐❝❛❧s ✐♥ ❝❧✉st❡rs ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❤✐❣❤❡r

♠❡r❣❡r r❛t❡ ✐♥ ❣r♦✉♣s t❤❛t ❤✐❡r❛r❝❤✐❝❛❧❧② ❢♦r♠ ❣❛❧❛①② ❝❧✉st❡rs✳ ❘❛♠✲♣r❡ss✉r❡ str✐♣♣✐♥❣ ♦❢ t❤❡

❝♦❧❞ ❣❛s ♦❢ s♣✐r❛❧ ❣❛❧❛①✐❡s ❡♥t❡r✐♥❣ ❛ ❝❧✉st❡r ❜② ✐♥tr❛ ❝❧✉st❡r ❣❛s ❝❛♥ ❡①♣❧❛✐♥ t❤❡✐r ❧♦✇ ❣❛s

❢r❛❝t✐♦♥ ❛♥❞ r❡❞ ❝♦❧♦✉r ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ r❡❝❡♥t st❛r ❢♦r♠❛t✐♦♥✳



❈❤❛♣t❡r ✷

❙♣✐r❛❧ ❣❛❧❛①✐❡s

❉✐s❝ ❣❛❧❛①✐❡s ❛r❡ t❤♦✉❣❤t t♦ ❛❝q✉✐r❡ t❤❡✐r t❤✐♥ ❞✐s❝ s❤❛♣❡ ❞✉❡ t♦ t❤❡ ❞✐ss✐♣❛t✐✈❡ ♣r♦♣❡rt②

♦❢ ❣❛s✳ ❚❤❡ ❞✐ss✐♣❛t✐♦♥ ❝❛✉s❡s ❧♦ss ♦❢ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥ ❛♥❞ t❤❡ ❣❛s s❡tt❧❡s ✐♥ ❛ ✢❛t ❞✐s❝

♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠✱ t❤❡ st❛t❡ ♦❢ ❧♦✇❡st ❡♥❡r❣② ❢♦r s✉❝❤ ❛ s②st❡♠ ✐♥

✇❤✐❝❤ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ tr❛♥s❢❡r ✐s ♥♦t ✈❡r② ❡✣❝✐❡♥t✳ ❚❤❡ ■♥t❡r✲❙t❡❧❧❛r ▼❡❞✐✉♠ ✭■❙▼✮ ♦❢

❞✐s❝ ❣❛❧❛①✐❡s ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ❛ ♠✉❧t✐♣❤❛s❡ ♠❡❞✐✉♠✱ ❛s ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❙t❛r

❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❡♠♣✐r✐❝❛❧❧② r❡❧❛t❡❞ t♦ t❤❡ ❣❛s ❝♦♥t❡♥t✳ ❲❡ ✇✐❧❧ t❤❡♥ ♣r❡s❡♥t s♦♠❡ ❛s♣❡❝ts ♦❢

t❤❡ ✐♥st❛❜✐❧✐t✐❡s t❤❛t ❣✐✈❡ r✐s❡ t♦ t❤❡ ♠♦r♣❤♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s ♦❢ ❞✐s❝ ❣❛❧❛①✐❡s✿ ❜❛rs ❛♥❞ s♣✐r❛❧

❛r♠s✳

✶ ❚❤❡ ■❙▼ ♦❢ s♣✐r❛❧ ❣❛❧❛①✐❡s✿ ❝♦♥t❡♥t✱ ♣❤②s✐❝s ❛♥❞ st❛r ❢♦r♠❛✲

t✐♦♥

❚❤❡ ■❙▼ ♦❢ ❣❛❧❛①✐❡s ✐s ❝♦♠♣♦s❡❞ ♦❢ ❣❛s✱ r❛❞✐❛t✐♦♥ ❛♥❞ ❞✉st ❣r❛✐♥s✳ ❲❡ ✇✐❧❧ ✜rst ♣r❡s❡♥t

t❤❡s❡ ❝♦♠♣♦♥❡♥ts ✇✐t❤ ❛ ❢♦❝✉s ♦♥ t❤❡ ♠♦❧❡❝✉❧❛r ❣❛s ♣❤❛s❡✱ ❛♥❞ t❤❡♥ ❞❡t❛✐❧ s♦♠❡ ❛s♣❡❝ts ♦❢

st❛r ❢♦r♠❛t✐♦♥✳

✶✳✶ ❈♦♠♣♦s✐t✐♦♥ ❛♥❞ ♣❤❛s❡s

✶✳✶✳✶ ❉✉st

❉✉st ❣r❛✐♥s ❛r❡ s♦❧✐❞ ♣❛rt✐❝❧❡s ❝♦♠♣♦s❡❞ ♦❢ ❤❡❛✈② ❡❧❡♠❡♥ts ✇✐t❤ ✈❛r②✐♥❣ s✐③❡s✱ ♠❛✐♥❧②

❜❡❧♦♥❣✐♥❣ t♦ t❤❡ r❛♥❣❡ 0.01❂0.2 ➭♠✱ ♠✐①❡❞ ✇✐t❤ t❤❡ ✐♥t❡rst❡❧❧❛r ❣❛s✳ ■t ✇❛s ❤✐st♦r✐❝❛❧❧②

❞✐s❝♦✈❡r❡❞ ❜② ✐ts ♦❜s❝✉r❛t✐♦♥ ❡✛❡❝ts ♦♥ st❛r❧✐❣❤t✳ ❉❡s♣✐t❡ ✐ts ❧♦✇ ♠❛ss ❝♦♥tr✐❜✉t✐♦♥ ✕t❤❡

♠❛ss ♦❢ ❞✉st ✐s t②♣✐❝❛❧❧② ♦♥❧② 1% ♦❢ t❤❡ t♦t❛❧ ♠❛ss ♦❢ t❤❡ ■❙▼ ✐♥ ❛ ❞✐s❝ ❣❛❧❛①②✕ ✐t ❛❧s♦ ❤❛s

❛♥ ✐♠♣❛❝t ♦♥ t❤❡ t❤❡r♠❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ■❙▼ ❜② ❝♦♦❧✐♥❣ t❤r♦✉❣❤ ✐♥❢r❛r❡❞ ❡♠✐ss✐♦♥ ❛♥❞

❤❡❛t✐♥❣ t❤r♦✉❣❤ ♣❤♦t♦❡❧❡❝tr✐❝ ❡✛❡❝t ♦♥ t❤❡ ❣r❛✐♥s✱ ❛♥❞ ♦♥ ♠♦❧❡❝✉❧❡ ❢♦r♠❛t✐♦♥ ❜② ❛❞s♦r♣t✐♦♥

♦❢ ❛t♦♠s ♦♥ t❤❡ ❣r❛✐♥s✳

✶✸
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✶✳✶✳✷ ❘❛❞✐❛t✐♦♥

❘❛❞✐❛t✐♦♥ ✐♥ t❤❡ ■❙▼ ♦❢ ❞✐s❝ ❣❛❧❛①✐❡s ❝♦♠♣r✐s❡s ❝♦s♠✐❝ r❛②s ❛♥❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥✳

❈♦s♠✐❝ r❛②s ❛r❡ ✐♦♥s ❛♥❞ ❡❧❡❝tr♦♥s ✇✐t❤ ❛ ❧❛r❣❡ ❦✐♥❡t✐❝ ❡♥❡r❣② t❤❛t ♠❛❦❡s t❤❡♠ ✈❡r②

r❡❧❛t✐✈✐st✐❝✳ ❚❤❡✐r ♦r✐❣✐♥ ✭♦r ♠♦r❡ ❡①❛❝t❧② t❤❡ ✇❛② t❤❡② ❛❝q✉✐r❡ t❤✐s ❧❛r❣❡ ❡♥❡r❣②✮ ✐s ❛ ♠❛tt❡r

♦❢ ❞❡❜❛t❡✳ ❚❤❡ ♠❛✐♥ ♠❡❝❤❛♥✐s♠ ♠✉st ❤♦✇❡✈❡r ❜❡ t❤r♦✉❣❤ s❤♦❝❦s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ s✉♣❡r♥♦✈❛❡

r❡♠♥❛♥ts ✭❇❡❧❧ ✶✾✼✽❀ ❇❧❛♥❞❢♦r❞ ✫ ❖str✐❦❡r ✶✾✼✽✮✳

❊❧❡❝tr♦♠❛❣♥❡t✐❝ r❛❞✐❛t✐♦♥ ✐♥ t❤❡ ■❙▼ ❡♥❝♦♠♣❛ss❡s ♣❤♦t♦♥s ✇✐t❤ ❛ ✈❛r✐❡t② ♦❢ ♦r✐❣✐♥s ❛♥❞

❢r❡q✉❡♥❝✐❡s✿ st❛rs ❡♠✐t r❛❞✐❛t✐♦♥ ❢r♦♠ t❤❡ ✐♥❢r❛r❡❞ t♦ t❤❡ ❯❱❀ ✐♦♥s✱ ❛t♦♠s ♦r ♠♦❧❡❝✉❧❡s ✐♥

t❤❡ ■❙▼ ❡♠✐t ❧✐♥❡✲r❛❞✐❛t✐♦♥s ✇✐t❤ ❢r❡q✉❡♥❝✐❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r ❡♥❡r❣② s♣❡❝tr❛❀ ❞✉st ❣r❛✐♥s

❤❡❛t❡❞ ❜② st❛r❧✐❣❤t r❡✲❡♠✐t t❤❡ r❛❞✐❛t✐♦♥ t❤❡r♠❛❧❧② ✐♥ t❤❡ ✐♥❢r❛r❡❞❀ ❤♦t ✐♦♥✐s❡❞ ❣❛s ❣✐✈❡s

♣❧❛❝❡ t♦ ❜r❡♠sstr❛❤❧✉♥❣ r❛❞✐❛t✐♦♥✱ ♦❢t❡♥ ❢r♦♠ ❡❧❡❝tr♦♥s ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ✐♦♥s ❛♥❞ ❧♦s✐♥❣ ♣❛rt

♦❢ t❤❡✐r ❡♥❡r❣② ❣✐✈❡♥ t♦ ❛ ♣❤♦t♦♥ ✐♥ t❤❡ ❳✲r❛②s ❢r❡q✉❡♥❝✐❡s❀ r❡❧❛t✐✈✐st✐❝ ❡❧❡❝tr♦♥s ❝❛♥ ❡♠✐t

r❛❞✐♦ r❛❞✐❛t✐♦♥ ❜② t❤❡ s②♥❝❤r♦tr♦♥ ❡✛❡❝t ❞✉❡ t♦ ♠❛❣♥❡t✐❝ ✜❡❧❞s❀ ❛♥❞ s♦♠❡ ❣❛♠♠❛ r❛②s ❝❛♥

❜❡ ♣r♦❞✉❝❡❞ ✐♥ ♥✉❝❧❡❛r tr❛♥s✐t✐♦♥s ♦r π0 ❞❡❝❛②s✳ ❆ ❣✐✈❡♥ ❣❛❧❛①② ♠❛② r❡❝❡✐✈❡ ❡❧❡❝tr♦♠❛❣✲

♥❡t✐❝ r❛❞✐❛t✐♦♥ ❞✉❡ t♦ ♦t❤❡r ❣❛❧❛①✐❡s✳ ❆ ❜❛❝❦❣r♦✉♥❞ ❝♦♠♠♦♥ t♦ ❛❧❧ ❣❛❧❛①✐❡s ✐s t❤❡ ❈♦s♠✐❝

▼✐❝r♦✇❛✈❡ ❇❛❝❦❣r♦✉♥❞ ✜❡❧❞✱ ❡♠✐tt❡❞ ❞✉r✐♥❣ t❤❡ ❧❛st ♠♦♠❡♥ts ♦❢ s❝❛tt❡r✐♥❣ ♦❢ ❡❧❡❝tr♦♥s ❜②

♣r♦t♦♥s ❜❡❢♦r❡ r❡❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❤②❞r♦❣❡♥ ❛t♦♠s ✐♥ t❤❡ ❡❛r❧② ✉♥✐✈❡rs❡✳ ❚❤✐s ❜❛❝❦❣r♦✉♥❞ ❤❛s

❛ t❡♠♣❡r❛t✉r❡ ❝❧♦s❡ t♦ 3❑ ✐♥ t❤❡ ❧♦❝❛❧ ❯♥✐✈❡rs❡✱ ❛♥❞ ✐s t❤✉s ❛t r❛❞✐♦ ❢r❡q✉❡♥❝②✳

✶✳✶✳✸ ●❛s

❚❤❡ ❣❛s ✐s ♦❜s❡r✈❡❞ t♦ ❜❡ ✐♥ s❡✈❡r❛❧ ♣❤❛s❡s ✇✐t❤ ❝❤❛r❛❝t❡r✐st✐❝ t❡♠♣❡r❛t✉r❡s✱ ❞❡♥s✐t✐❡s

❛♥❞ ✐♦♥✐s❛t✐♦♥ ♦r ♠♦❧❡❝✉❧❡ ❝♦♥t❡♥t ✭❡✳❣✳ ▼❝❑❡❡ ✫ ❖str✐❦❡r ✶✾✼✼❀ ❈♦① ✷✵✵✺❀ ❑r✉♠❤♦❧③ ❡t ❛❧✳

✷✵✵✾❛✮✳ ❚❤❡ ❝♦❧❞❡st ❣❛s ✐s ♠❛✐♥❧② ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ❢♦r♠ ❛♥❞ ❜❡❝♦♠❡s ♠❛✐♥❧② ❛t♦♠✐❝ ❛♥❞

t❤❡♥ ♠❛✐♥❧② ✐♦♥✐s❡❞ ✐❢ ✐t ✐s ❤❡❛t❡❞ ✉♣✳ ❚❤❡ ❞✐✛❡r❡♥t ♣❤❛s❡s ✭♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢r♦♠ ❉r❛✐♥❡

✭✷✵✶✶✮✮ ❛r❡✿

✕ ❚❤❡ ❍♦t ■♦♥✐s❡❞ ▼❡❞✐✉♠ ✭♦r ❝♦r♦♥❛❧ ❣❛s✮ t❤❛t ❤❛s ❛ t❡♠♣❡r❛t✉r❡ & 105.5 ❑ ❛♥❞ ❛

♥✉♠❜❡r ❞❡♥s✐t② ∼ 10−3 ❝♠−3✳ ■t ❤❛s ❜❡❡♥ ❤❡❛t❡❞ ❜② s✉♣❡r♥♦✈❛❡ ❡①♣❧♦s✐♦♥s ♦r st❡❧❧❛r

✇✐♥❞s✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✐♥ ❯❱ ❛♥❞ ❳ r❛② ❡♠✐ss✐♦♥✱ ♦r r❛❞✐♦ s②♥❝❤r♦tr♦♥ ❡♠✐ss✐♦♥✳

✕ ❚❤❡ ❲❛r♠ ■♦♥✐s❡❞ ▼❡❞✐✉♠ ✭❲■▼✮ ❛♥❞ t❤❡ ❍■■ r❡❣✐♦♥s t❤❛t ❤❛✈❡ ❛ t❡♠♣❡r❛t✉r❡

∼ 104 ❑ ❛♥❞ ♥✉♠❜❡r ❞❡♥s✐t✐❡s ✐♥ t❤❡ r❛♥❣❡ 0.3✕104 ❝♠−3✳ ❍■■ r❡❣✐♦♥s ❤❛✈❡ ❜❡❡♥

♣❤♦t♦✐♦♥✐s❡❞ ❜② ❯❱ r❛❞✐❛t✐♦♥ ❢r♦♠ ②♦✉♥❣ ♠❛ss✐✈❡ st❛rs✳ ❚❤❡② ❝❛♥ ❜❡ ✐♥ t❤❡ ❢♦r♠ ♦❢

❞❡♥s❡ ✐♦♥✐s❡❞ ❝❧♦✉❞s ♥❡❛r ②♦✉♥❣ st❛rs✱ ♦r ♠♦r❡ ❞✐✛✉s❡ ❣❛s ❜❡t✇❡❡♥ ❝❧♦✉❞s✳ ❚❤❡ ❲■▼

❡♥❝♦♠♣❛ss❡s ❧♦✇✲❞❡♥s✐t② ♣❤♦t♦✐♦♥✐s❡❞ r❡❣✐♦♥s✳

✕ ❚❤❡ ❲❛r♠ ◆❡✉tr❛❧ ▼❡❞✐✉♠ t❤❛t ❤❛s ❛ t❡♠♣❡r❛t✉r❡ ∼ 5000❑ ❛♥❞ ❛ ♥✉♠❜❡r ❞❡♥s✐t②

∼ 0.6 ❝♠−3✳

✕ ❚❤❡ ❈♦❧❞ ◆❡✉tr❛❧ ▼❡❞✐✉♠ t❤❛t ❤❛s ❛ t❡♠♣❡r❛t✉r❡ ∼ 100❑ ❛♥❞ ❛ ♥✉♠❜❡r ❞❡♥s✐t②

∼ 30 ❝♠−3✳ ❚❤❡ ❲❛r♠ ❛♥❞ ❈♦❧❞ ◆❡✉tr❛❧ ▼❡❞✐❛ ❝♦♥s✐st ♠❛✐♥❧② ♦❢ ❛t♦♠✐❝ ❤②❞r♦❣❡♥ ❛♥❞

❛r❡ ♦❜s❡r✈❡❞ ❢♦r ❡①❛♠♣❧❡ t❤r♦✉❣❤ t❤❡ ❍■ ✷✶ ❝♠ ❧✐♥❡✳



✶✳ ❚❍❊ ■❙▼ ❖❋ ❙P■❘❆▲ ●❆▲❆❳■❊❙✿ ❈❖◆❚❊◆❚✱ P❍❨❙■❈❙ ❆◆❉ ❙❚❆❘ ❋❖❘▼❆❚■❖◆✶✺

✕ ❚❤❡ ▼♦❧❡❝✉❧❛r ▼❡❞✐✉♠ t❤❛t ❝❛♥ ❜❡ s❡♣❛r❛t❡❞ ✐♥ t✇♦ s✉❜✲❝❛t❡❣♦r✐❡s✿ t❤❡ ❞✐✛✉s❡

♠♦❧❡❝✉❧❛r ❣❛s ✇✐t❤ ❛ t❡♠♣❡r❛t✉r❡ ∼ 50❑ ❛♥❞ ❛ ♥✉♠❜❡r ❞❡♥s✐t② ∼ 100 ❝♠−3✱ ❛♥❞

t❤❡ ❞❡♥s❡ ♠♦❧❡❝✉❧❛r ❣❛s ✇✐t❤ ❛ t❡♠♣❡r❛t✉r❡ ∼ 10❑ − 50❑ ❛♥❞ ❛ ♥✉♠❜❡r ❞❡♥s✐t②

∼ 1× 103 ❝♠−3 − 1× 106 ❝♠−3✳

❚❤❡ ▼♦❧❡❝✉❧❛r ▼❡❞✐✉♠ ❉❡♥s❡ ♠♦❧❡❝✉❧❛r ❣❛s✱ ✐✳❡✳ ❣❛s ✐♥ ♠♦❧❡❝✉❧❛r ❝❧♦✉❞s✱ ✐s ✐ts❡❧❢ ✈❡r②

❤❡t❡r♦❣❡♥❡♦✉s✳ ▼♦❧❡❝✉❧❛r ❝❧♦✉❞s ❛r❡ ✐♥❞❡❡❞ ♦r❣❛♥✐s❡❞ ✐♥ ●✐❛♥t ▼♦❧❡❝✉❧❛r ❈❧♦✉❞s ✭●▼❈s✮

♦❢t❡♥ t❤❡♠s❡❧✈❡s ❣r♦✉♣❡❞ ✐♥ ❝♦♠♣❧❡①❡s✱ ❛♥❞✱ ✐♥s✐❞❡ t❤❡ ●▼❈s✱ st❛r✲❢♦r♠✐♥❣ ❝❧✉♠♣s ❝❛♥ ❜❡

❢♦✉♥❞✱ ❤❛✈✐♥❣ ❞❡♥s✐t② ♣❡❛❦s ♥❛♠❡❞ ♠♦❧❡❝✉❧❛r ❝♦r❡s✳ ❈❧♦✉❞s ❤❛✈✐♥❣ ❛❜♦✉t t❤❡ s❛♠❡ ❞❡♥s✐t②

❛s ●▼❈s ❜✉t ❛ ❧♦✇❡r ♠❛ss ❝❛♥ ❜❡ ❝❛❧❧❡❞ ❉❛r❦ ❈❧♦✉❞s✱ ❛♥❞ ❝❛♥ ❝♦♠❡ ✐♥ ❝♦♠♣❧❡①❡s ❛s ✇❡❧❧✳

❚❤❡ ✈❛r✐♦✉s s✐③❡s✱ ❞❡♥s✐t✐❡s ❛♥❞ ♠❛ss❡s ♦❢ t❤❡s❡ s②st❡♠s ❛r❡ ✐♥❞✐❝❛t❡❞ ✐♥ ❚❛❜❧❡ ✷✳✶✱ t❛❦✐♥❣

✈❛❧✉❡s ❢r♦♠ ❉r❛✐♥❡ ✭✷✵✶✶✮✱ ❛♥❞ ❛♥ ❡①❛♠♣❧❡ ♦❢ ●▼❈ ❝♦♠♣❧❡① ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✷✳✶✳

❉❡♥♦♠✐♥❛t✐♦♥ ❙✐③❡ ❬♣❝❪ ♥H ❬❝♠−3❪ ▼❛ss ❬▼⊙❪

●▼❈ ❈♦♠♣❧❡① ✷✺✕✷✵✵ ✺✵✕✸✵✵ 105✕106.8

❉❛r❦ ❈❧♦✉❞ ❈♦♠♣❧❡① ✹✕✷✺ 102✕103 103✕104.5

●▼❈ ✷✕✷✵ 103✕104 103✕105.3

❉❛r❦ ❈❧♦✉❞ ✵✳✸✕✻ 102✕104 ✺✕✺✵✵

❙t❛r✲❢♦r♠✐♥❣ ❈❧✉♠♣ ✵✳✷✕✷ 104✕105 10✕103

❈♦r❡ ✵✳✵✷✕✵✳✹ 104✕106 0.3✕102

❚❛❜❧❡ ✷✳✶✿ ❈❛t❡❣♦r✐❡s ♦❢ ♠♦❧❡❝✉❧❛r ❝❧♦✉❞s ❛♥❞ ❝♦♠♣❧❡①❡s✳ ❋r♦♠ ❉r❛✐♥❡ ✭✷✵✶✶✮✳

✶✳✷ ▼♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥

✶✳✷✳✶ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦❧❡❝✉❧❡

❚❤❡ ❍2 ♠♦❧❡❝✉❧❡ ❝♦♥s✐sts ♦❢ t✇♦ ❍ ♥✉❝❧❡✐ ❜♦✉♥❞ t♦❣❡t❤❡r ❜② ❛ ❝♦✈❛❧❡♥t ❜♦♥❞✳ ■t ❤❛s ❡①❝✐t❡❞

st❛t❡s t❤❛t ❝❛♥ ❜❡ ❞✉❡ t♦ ✐ts ❡❧❡❝tr♦♥✐❝ st❛t❡ ♦r t♦ ✈✐❜r❛t✐♦♥ ♦r r♦t❛t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✳

❚❤❡ ✜rst ❛❝❝❡ss✐❜❧❡ ❡①❝✐t❡❞ ❡❧❡❝tr♦♥✐❝ st❛t❡ ✐s ✇❡❧❧ ❛❜♦✈❡ t❤❡ ❣r♦✉♥❞ st❛t❡✿ ❛t 11.2 ❡❱

❢r♦♠ ✐t✱ s♦ ✐t ✐s ✈❡r② ❧✐tt❧❡ ♣♦♣✉❧❛t❡❞ ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ♣❤❛s❡ ♦❢ t❤❡ ■❙▼ ♦❢ s♣✐r❛❧ ❣❛❧❛①✐❡s✳

❚❤❡ ❡♥❡r❣② ♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ❝❛♥ ❝❤❛♥❣❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛t♦♠s ❛♥❞

t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✳ ❚❤❡ t✇♦ ❍ ♥✉❝❧❡✐ ❝❛♥ ✐♥❞❡❡❞ ✈✐❜r❛t❡ ✇✐t❤ r❡s♣❡❝t

t♦ ❡❛❝❤ ♦t❤❡r✱ ♦r r♦t❛t❡ ❛r♦✉♥❞ ❛ s②♠♠❡tr② ❛①✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ✐♥t❡r♥✉❝❧❡❛r ❛①✐s✳ ❚❤❡

♠♦❧❡❝✉❧❡ t❤✉s ❤❛s ❡♥❡r❣② ❧❡✈❡❧s t❤❛t ❝❛♥ ❜❡ ❧❛❜❡❧❧❡❞ ❜② ❛ q✉❛♥t✉♠ r♦t❛t✐♦♥❛❧ ♥✉♠❜❡r J ❛♥❞ ❛

✈✐❜r❛t✐♦♥❛❧ ♥✉♠❜❡r v ❛♥❞ ❝❛♥ ❡①♣❡r✐❡♥❝❡ r♦✲✈✐❜r❛t✐♦♥❛❧ tr❛♥s✐t✐♦♥s✱ ✐✳❡✳ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥

st❛t❡s ♦❢ ❞✐✛❡r❡♥t J ❛♥❞✴♦r v✳ ■♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ❤❛r♠♦♥✐❝✲♦s❝✐❧❧❛t♦r ❡♥❡r❣② s♣❡❝tr✉♠

❛♥❞ ❛ r✐❣✐❞✲r♦t♦r r♦t❛t✐♦♥ s♣❡❝tr✉♠✱ t❤❡ t♦t❛❧ r♦✈✐❜r❛t✐♦♥❛❧ ❡♥❡r❣② ✐♥ t❤❡ ❡❧❡❝tr♦♥✐❝ st❛t❡ q

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

Eq(v, J) = Vq(r0) + hν0(v +
1

2
) +BvJ(J + 1) ✭✷✳✶✮
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vLSR = -90 to -25 km s-1

Beam

❋✐❣✉r❡ ✷✳✶✿ ●▼❈ ❝♦♠♣❧❡① ✐♥ t❤❡ P❡rs❡✉s ❛r♠✳ ▼❛♣ ♦❜t❛✐♥❡❞ ❢r♦♠ ❈❖ ❡♠✐ss✐♦♥✳ ❋♦r t❤❡

❡st✐♠❛t❡❞ ❞✐st❛♥❝❡ ♦❢ ✸✳✺ ❦♣❝✱ t❤❡ ❤❡✐❣❤t ❛♥❞ ✇✐❞t❤ ♦❢ t❤❡ ♣❧♦t ❛r❡ r❡s♣❡❝t✐✈❡❧② ∼ 80 ♣❝ ❛♥❞

∼ 90 ♣❝✳ ❋✐❣✉r❡ ❢r♦♠ ❯♥❣❡r❡❝❤ts ❡t ❛❧✳ ✭✷✵✵✵✮✳

✇❤❡r❡ r0 ✐s t❤❡ ❞✐st❛♥❝❡ ♠✐♥✐♠✐③✐♥❣ Vq✱ t❤❡ ❡✛❡❝t✐✈❡ ♣♦t❡♥t✐❛❧ ❣♦✈❡r♥✐♥❣ t❤❡ ✐♥t❡r♥✉❝❧❡❛r s❡♣❛✲

r❛t✐♦♥ ✐♥ t❤❡ ❡❧❡❝tr♦♥✐❝ st❛t❡ q ✭r0 = 0.741 ✐♥ t❤❡ ❣r♦✉♥❞ ❡❧❡❝tr♦♥✐❝ st❛t❡✮✱ ν0 ✐s t❤❡ ✈✐❜r❛t✐♦♥❛❧

❢r❡q✉❡♥❝② ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✱ ❛♥❞ Bv ✐s t❤❡ ✏r♦t❛t✐♦♥ ❝♦♥st❛♥t✑ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡

✈✐❜r❛t✐♦♥❛❧ st❛t❡✳ ■♥ t❤❡ ❣r♦✉♥❞ ❡❧❡❝tr♦♥✐❝ st❛t❡✱ hν0 = 0.52 ❡❱ ❛♥❞ Bv = 7.4 ♠❡❱ ✭♥✉♠❡r✐❝❛❧

✈❛❧✉❡s ❢r♦♠ ❍✉❜❡r ✫ ❍❡r③❜❡r❣ ✭✶✾✼✾✮✮✳ ❆s t❤❡ ♠♦❧❡❝✉❧❡ ✐s s②♠♠❡tr✐❝✱ ✐t ❤❛s ❛ ♥✉❧❧ ♣❡r♠❛✲

♥❡♥t ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t✳ ❚❤❡ ❛❧❧♦✇❡❞ r❛❞✐❛t✐✈❡ tr❛♥s✐t✐♦♥s ❛r❡ t❤✉s ♦♥❧② q✉❛❞r✉♣♦❧❡

♦♥❡s✱ t❤❛t ❝♦rr❡s♣♦♥❞ t♦ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ st❛t❡s ✇✐t❤ ∆J = 0✱ +2 ♦r −2✳ ❚❤♦s❡ tr❛♥s✐✲

t✐♦♥s ❤❛✈❡ ♣r♦❜❛❜✐❧✐t✐❡s t❤❛t ❛r❡ ♠✉❝❤ ❧♦✇❡r t❤❛♥ t❤❡ ❞✐♣♦❧❛r ♦♥❡s ✐♥ ♥♦♥✲s②♠♠❡tr✐❝ ❞✐❛t♦♠✐❝

♠♦❧❡❝✉❧❡s✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ r❡❧❛t✐✈❡ ✈❛❧✉❡s ♦❢ ν0 ❛♥❞ B0✱ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ t❤❡ ❣r♦✉♥❞ ❡❧❡❝✲

tr♦♥✐❝ st❛t❡ ❝♦♥s✐sts ♦❢ ✈✐❜r❛t✐♦♥❛❧ ❧❡✈❡❧s ✇✐t❤ s✉❜ r♦t❛t✐♦♥❛❧ ❧❡✈❡❧s ❢♦r ❡❛❝❤ ✈✐❜r❛t✐♦♥❛❧ ❧❡✈❡❧✱

❛s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✷✳
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0

4.5

11.2

12.3

14.7

E [eV]

internuclear
distance [A]

v=0

v=1

v=2 J=0,1,2,...

H(1s)+H(1s)

H(1s)+H(2s,2p)

0.74
1.03

1.29

❋✐❣✉r❡ ✷✳✷✿ ●r♦✉♥❞ ❡❧❡❝tr♦♥✐❝ ❧❡✈❡❧✱ t✇♦ ✜rst ❛❝❝❡ss✐❜❧❡ ❡❧❡❝tr♦♥✐❝ ❧❡✈❡❧s ❛♥❞ t❤❡✐r r♦✈✐❜r❛t✐♦♥❛❧

s✉❜✲❧❡✈❡❧s✳ ❚❤❡ st❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐ss♦❝✐❛t❡❞ ❍ ❛t♦♠s ✇✐t❤ ❡❧❡❝tr♦♥s ✐♥ ❡✐t❤❡r t❤❡

❣r♦✉♥❞ ❡❧❡❝tr♦♥✐❝ st❛t❡ ✶s ♦r ♦♥❡ ♦❢ t❤❡ ✜rst ❡❧❡❝tr♦♥✐❝ st❛t❡s ✷s ❛♥❞ ✷♣ ✭❜♦t❤ ♦❢ s❛♠❡ ❡♥❡r❣②✮

❛r❡ ✐♥❞✐❝❛t❡❞✳

✶✳✷✳✷ ❋♦r♠❛t✐♦♥

❚❤❡ r❡❛❝t✐♦♥ ❍ ✰ ❍ → ❍2 ✐s ❡①♦t❤❡r♠✐❝✿ ❢♦r t✇♦ ❍ ❛t♦♠s ❡❛❝❤ ✐♥ t❤❡ ❣r♦✉♥❞ ❡❧❡❝tr♦♥✐❝

st❛t❡✱ t❤❡ r❡❛❝t✐♦♥ ❧✐❜❡r❛t❡s ✹✳✺ ❡❱ ✭❛s ❝❛♥ ❜❡ s❡❡♥ ♦♥ ❋✐❣✉r❡ ✷✳✷✮✱ t❤❛t ♠✉st ❜❡ ❝❛rr✐❡❞ ♦✛

❢♦r t❤❡ ♠♦❧❡❝✉❧❡ t♦ ❜❡ ❧❡❢t ✐♥ ❛ ❜♦✉♥❞ st❛t❡✳

●❛s✲P❤❛s❡ ❢♦r♠❛t✐♦♥ ❚✇♦ ❍ ❛t♦♠s ❛♣♣r♦❛❝❤✐♥❣ ❡❛❝❤ ♦t❤❡r ❤❛✈❡ ❛ ✈❡r② s♠❛❧❧ ♣r♦❜❛❜✐❧✐t②

♦❢ ❢♦r♠✐♥❣ ❛♥ ❍2 ♠♦❧❡❝✉❧❡ ❜❡❝❛✉s❡ t❤❡ s②♠♠❡tr② ❢♦r❜✐❞s ❞✐♣♦❧❛r r❛❞✐❛t✐♦♥ ❢r♦♠ r❡♠♦✈✐♥❣

❡♥❡r❣② ❢r♦♠ t❤❡ s②st❡♠✱ ❧❡❛✈✐♥❣ ♦♥❧② q✉❛❞r✉♣♦❧❡ tr❛♥s✐t✐♦♥s ✇❤♦s❡ r❛t❡ ✐s ✈❡r② ❧♦✇ t♦ ❣❡t r✐❞
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♦❢ t❤❡ ❡①❝❡ss ♦❢ ❡♥❡r❣②✳ ❆♥♦t❤❡r ❍ ❛t♦♠ ❝❛♥ t❛❦❡ ♦✛ t❤✐s ❡♥❡r❣② ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ t❤r❡❡✲❜♦❞②

r❡❛❝t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤r❡❡ ❍ ❛t♦♠s✱ ❜✉t t❤❡ r❛t❡ ❢♦r t❤r❡❡✲❜♦❞② r❡❛❝t✐♦♥s ✐s ✈❡r② ❧♦✇ ❛t t❤❡

❞❡♥s✐t✐❡s ♦❢ t❤❡ ■❙▼✳

❍2 ❝❛♥ ❛❧s♦ ❢♦r♠ t❤r♦✉❣❤ ❛ r❡❛❝t✐♦♥ ✇✐t❤ ❍− ✭❢♦r♠❡❞ ❜② ❍✰❡− → ❍−✰ hν✮✱ ✇✐t❤

t❤❡ ❞❡t❛❝❤❡❞ ❡❧❡❝tr♦♥ ✐♥ ❍−✰❍ → ❍2✰ ❡− ❝❛rr②✐♥❣ ♦✛ t❤❡ ❡♥❡r❣②✳ ❍− ✐s ❤♦✇❡✈❡r ❧✐tt❧❡

❛❜✉♥❞❛♥t ✐♥ t❤❡ ■❙▼ ❜❡❝❛✉s❡ ✐t ✐s q✉✐❝❦❧② ❞❡str♦②❡❞ ❜② r❡❛❝t✐♦♥s ✇✐t❤ ♣♦s✐t✐✈❡ ✐♦♥s ♦r ❜②

♣❤♦t♦❞❡t❛❝❤♠❡♥t ✭ ❍−✰ hν → ❍ ✰ ❡− ✮✳ ❚❤❡ ❢♦r♠❛t✐♦♥ t❤r♦✉❣❤ H− ✐s t❤❡ ♠❛✐♥ ♦♥❡ ✐♥ t❤❡

❡❛r❧② ❯♥✐✈❡rs❡ ✭❡✳❣✳ ●❛❧❧✐ ✫ P❛❧❧❛ ✶✾✾✽✮✳

❉✉st✲❝❛t❛❧②s❡❞ ❢♦r♠❛t✐♦♥ ❆s s♦♦♥ ❛s ❞✉st ✐s ♣r❡s❡♥t✱ ❍2 ❢♦r♠s ❞♦♠✐♥❛♥t❧② ❜② ❛❞s♦r♣t✐♦♥

♦♥ ❞✉st ❣r❛✐♥s ❛s ❞❡s❝r✐❜❡❞ ✐♥ ●♦✉❧❞ ✫ ❙❛❧♣❡t❡r ✭✶✾✻✸✮❀ ❍♦❧❧❡♥❜❛❝❤ ✫ ❙❛❧♣❡t❡r ✭✶✾✼✶✱ ❡✳❣✳✮✳

❆♥ ❍ ❛t♦♠ ❝❛♥ ✐♥❞❡❡❞ ❜❡❝♦♠❡ ❜♦✉♥❞ t♦ t❤❡ s✉r❢❛❝❡ ♦❢ ❛ ❣r❛✐♥✱ ❞✐✛✉s❡ ♦♥ ✐t ✉♥t✐❧ ✐t ❜❡❝♦♠❡s

♠♦r❡ str♦♥❣❧② ❜♦✉♥❞ ❛♥❞ tr❛♣♣❡❞ ❛t ❛ ❣✐✈❡♥ ♣♦s✐t✐♦♥✳ ■❢ ❛ ♥❡✇ ❍ ❛t♦♠ t❤❛t ❛rr✐✈❡s ♦♥

t❤❡ ❣r❛✐♥ ♠❡❡ts t❤❡ ✜rst ❛t♦♠ ❜❡❢♦r❡ ❜❡✐♥❣ tr❛♣♣❡❞ ✐ts❡❧❢✱ t❤❡ t✇♦ ❛t♦♠s ❝❛♥ ❢♦r♠ ❛♥ ❍2

♠♦❧❡❝✉❧❡✱ ❧✐❜❡r❛t✐♥❣ ❡♥❡r❣② t❤❛t ✇✐❧❧ ✉♥❜✐♥❞ t❤❡ ♠♦❧❡❝✉❧❡ ❢r♦♠ t❤❡ ❞✉st ❣r❛✐♥ ❛♥❞ ❜❡ ♣❛rt❧②

❣✐✈❡♥ t♦ t❤❡ ❞✉st ❣r❛✐♥✳ ❆s ❞✉st ✐s ♠❛❞❡ ♦❢ ♠❡t❛❧s✱ t❤❡ r❛t❡ ♦❢ ❍2 ❢♦r♠❛t✐♦♥ t❤✉s ❞❡♣❡♥❞s

♦♥ ♠❡t❛❧❧✐❝✐t②✳

✶✳✷✳✸ P❤♦t♦❞✐ss♦❝✐❛t✐♦♥

❍2 ❝❛♥ ❜❡ ❞✐ss♦❝✐❛t❡❞ ❜② ▲②♠❛♥✲❲❡r♥❡r ♣❤♦t♦♥s✱ ✐✳❡✳ ♣❤♦t♦♥s ✇✐t❤ ❡♥❡r❣② ✐♥ t❤❡ r❛♥❣❡

♦❢ ✶✶✳✷ t♦ ✶✸✳✻ ❡❱ ✭❤✐❣❤❡r ❡♥❡r❣② ♣❤♦t♦♥s ❜❡✐♥❣ ♠♦r❡ ❧✐❦❡❧② t♦ ✐♦♥✐s❡ ❍ ❛t♦♠s ❛s t❤❡ ❝♦rr❡✲

s♣♦♥❞✐♥❣ ❝r♦ss s❡❝t✐♦♥ ✐s ❧❛r❣❡r✮✱ t❤❛t ❝❛♥ ♠❛❦❡ t❤❡ ♠♦❧❡❝✉❧❡ r❡❛❝❤ ❛♥ ❡❧❡❝tr♦♥✐❝❛❧❧② ❡①❝✐t❡❞

st❛t❡✳ ❉❡✲❡①❝✐t❛t✐♦♥ t❤❡♥ r❡s✉❧ts ✐♥ ❛ ❞✐ss♦❝✐❛t✐♦♥ ✇✐t❤ ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ∼ 15%✱ ✇❤❡♥ t❤❡

♠♦❧❡❝✉❧❡ ❞❡❝❛②s ✐♥t♦ t❤❡ ✈✐❜r❛t✐♦♥❛❧ ❝♦♥t✐♥✉✉♠ ♦❢ t❤❡ ❣r♦✉♥❞ ❡❧❡❝tr♦♥✐❝ st❛t❡ ✭✐✳❡✳ ✐♥ ❛♥

✉♥❜♦✉♥❞ st❛t❡ ❛❜♦✈❡ ✹✳✺ ❡❱ ❢r♦♠ t❤❡ ❣r♦✉♥❞ ❡♥❡r❣② st❛t❡✮ ❛♥❞ ❣❡ts q✉✐❝❦❧② ❞✐ss♦❝✐❛t❡❞✳

✶✳✷✳✹ ❙❤✐❡❧❞✐♥❣

❍2 ♠♦❧❡❝✉❧❡s ❝❛♥ ❜❡ ♣r♦t❡❝t❡❞ ❢r♦♠ s✉❝❤ r❛❞✐❛t✐♦♥ ✐❢ t❤❡② ❛r❡ s❤✐❡❧❞❡❞ ❜② ❞✉st ❣r❛✐♥s✱ ❍

❛t♦♠s ♦r ❜② ♦t❤❡r ❍2 ♠♦❧❡❝✉❧❡s✳ ❆ r❡❣✐♦♥ ✐s s❤✐❡❧❞❡❞ ✐❢ ✐t ✐s s✉rr♦✉♥❞❡❞ ❜② ❡♥♦✉❣❤ ♠❡❞✐✉♠

❛❜s♦r❜✐♥❣ t❤❡ r❛❞✐❛t✐♦♥ ❛t t❤❡ ✇❛✈❡❧❡♥❣t❤s t❤❛t ❞✐ss♦❝✐❛t❡ ❍2✳ ❘❡❣✐♦♥s ♦❢ ♣r❡❞♦♠✐♥❛♥t❧②

♠♦❧❡❝✉❧❛r ❣❛s ❛r❡ t❤✉s ❞❡♥s❡✱ ❛❧❧♦✇✐♥❣ ❢♦r s✉✣❝✐❡♥t s❤✐❡❧❞✐♥❣✱ ❛♥❞ s✉rr♦✉♥❞❡❞ ❜② P❤♦t♦✲

❉✐ss♦❝✐❛t✐♦♥ ❘❡❣✐♦♥s ✭P❉❘s✮ ✐♥ ✇❤✐❝❤ t❤❡ ❣❛s ✐s ♠♦st❧② ❛t♦♠✐❝ ✭❍♦❧❧❡♥❜❛❝❤ ✫ ❚✐❡❧❡♥s ✶✾✾✾✱

❡✳❣✳✮✳ ❙❡❧❢✲s❤✐❡❧❞✐♥❣ ♦❢ ❍2 ✐s ❛♥ ❡✣❝✐❡♥t ♣r♦❝❡ss ✭❉r❛✐♥❡ ✫ ❇❡rt♦❧❞✐ ✶✾✾✻❀ ❲♦❧❝♦tt✲●r❡❡♥ ❡t ❛❧✳

✷✵✶✶✱ ❡✳❣✳✮✱ ♦❝❝✉rr✐♥❣ ❛t ❧♦✇ ❝♦❧✉♠♥ ❞❡♥s✐t✐❡s ❝♦♠♣❛r❡❞ t♦ ♦t❤❡r ♠♦❧❡❝✉❧❡s ❧✐❦❡ ❈❖✳

✶✳✷✳✺ ❖❜s❡r✈❛t✐♦♥s ♦❢ ❍2 ✐♥ t❤❡ ■❙▼

❆❜s♦r♣t✐♦♥ ✐♥ t❤❡ ▲②♠❛♥✲❲❡r♥❡r ❯❱ ❜❛♥❞s ✐♥ t❤❡ s♣❡❝tr❛ ♦❢ st❛rs ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ❢r♦♠

s♣❛❝❡ ✭t❤❡ ❊❛rt❤ ❛t♠♦s♣❤❡r❡ ❜❡✐♥❣ ❛❧♠♦st ♦♣❛q✉❡ t♦ ❯❱ r❛❞✐❛t✐♦♥✮ ✭❡✳❣✳ ❙♣✐t③❡r ❡t ❛❧✳ ✶✾✼✹❀



✶✳ ❚❍❊ ■❙▼ ❖❋ ❙P■❘❆▲ ●❆▲❆❳■❊❙✿ ❈❖◆❚❊◆❚✱ P❍❨❙■❈❙ ❆◆❉ ❙❚❆❘ ❋❖❘▼❆❚■❖◆✶✾

❘❛❝❤❢♦r❞ ❡t ❛❧✳ ✷✵✵✷✮✳ ❚❤❡ ✈✐❜r❛t✐♦♥❛❧ ❧✐♥❡s ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✐♥ ❞❡♥s❡ ♠♦❧❡❝✉❧❛r ❣❛s ❡①❝✐t❡❞

❜② s❤♦❝❦s✱ ♦r ✐♥ P❉❘s ✭❡✳❣✳ ❙❤✉❧❧ ✫ ❇❡❝❦✇✐t❤ ✶✾✽✷✮✳ ❚❤❡② ❛r❡ ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ♥✉❝❧❡✐ ♦❢

❛❝t✐✈❡ ❣❛❧❛①✐❡s ♦r st❛r❜✉rst ❣❛❧❛①✐❡s ✭❤❛✈✐♥❣ ❛ ♣❛rt✐❝✉❧❛r❧② ❤✐❣❤ st❛r ❢♦r♠❛t✐♦♥ r❛t❡✮ ❜❡❝❛✉s❡

♦❢ ❯❱ ♣✉♠♣✐♥❣✱ ✐✳❡✳ t❤❡ ❡①❝✐t❛t✐♦♥ t♦ ❛♥ ❡①❝✐t❡❞ ❡❧❡❝tr♦♥✐❝ st❛t❡ ❢♦❧❧♦✇❡❞ ❜② ❞❡✲❡①❝✐t❛t✐♦♥

✐♥ ❛ ✈✐❜r❛t✐♦♥❛❧ ❡①❝✐t❡❞ st❛t❡ ♦❢ t❤❡ ❣r♦✉♥❞ ❡❧❡❝tr♦♥✐❝ ❧❡✈❡❧ ❛♥❞ s✉❜s❡q✉❡♥t ❝❛s❝❛❞❡✲❧✐❦❡ ❞❡✲

❡①❝✐t❛t✐♦♥ ✐♥t♦ t❤❡ ❧♦✇❡r ✈✐❜r❛t✐♦♥❛❧ ❧❡✈❡❧✳ ❘♦t❛t✐♦♥❛❧ ❧✐♥❡s ❤❛✈❡ ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ❛ ♥✉♠❜❡r

♦❢ ❡♥✈✐r♦♥♠❡♥ts✱ ✜rst ✐♥ ❛ P❉❘✱ t❤❡ ❖r✐♦♥ ❇❛r ❜② P❛r♠❛r ❡t ❛❧✳ ✭✶✾✾✶✮✳

❚❤❡ ❍2 ❛❜✉♥❞❛♥❝❡ ✐s ❤♦✇❡✈❡r ✈❡r② ♦❢t❡♥ ❞❡❞✉❝❡❞ ❢r♦♠ ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ❈❖ ♠♦❧❡❝✉❧❡

✭❡✳❣✳ ❉✐❝❦♠❛♥ ❡t ❛❧✳ ✶✾✽✻❀ ❙♦❧♦♠♦♥ ❡t ❛❧✳ ✶✾✾✼✮✱ t❤❛t ✐s ❛ss✉♠❡❞ t♦ tr❛❝❡ ❍2 r❡❧✐❛❜❧②✱ ❡①❝❡♣t

✐♥ ❧♦✇ ♠❡t❛❧❧✐❝✐t② r❡❣✐♦♥s ✭✇❤❡r❡ t❤❡r❡ ✐s ❧✐tt❧❡ ❈❖ ❛♥❞ ✐ts r❡❧❛t✐✈❡ ❛❜✉♥❞❛♥❝❡ t♦ ❍2 ✐s ♥♦t

✇❡❧❧ ❝♦♥str❛✐♥❡❞✮✳ ❚❤❡ ❈❖ ♠♦❧❡❝✉❧❡ ✐s ♥♦t s②♠♠❡tr✐❝ ❛♥❞ ❤❛s ❛ J = 1✕0 tr❛♥s✐t✐♦♥ ✇✐t❤ ❛

❝♦rr❡s♣♦♥❞✐♥❣ t❡♠♣❡r❛t✉r❡ ♦❢ ♦♥❧② ✺ ❑✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ❡❛s✐❧② ♦❜s❡r✈❛❜❧❡ ✐♥ ❡♠✐ss✐♦♥✳ ❚❤❡

♠❛ss ♦❢ ♠♦❧❡❝✉❧❛r ❝❧♦✉❞s ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡✐r ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥

❜② t❤❡ st✉❞② ♦❢ t❤❡ J = 1✕0 ❡♠✐ss✐♦♥ ♦❢ ❈❖ ❛♥❞ t❤❡ ✉s❡ ♦❢ t❤❡ ❱✐r✐❛❧ t❤❡♦r❡♠✳

✶✳✸ ❈♦♦❧✐♥❣ ❛♥❞ ❤❡❛t✐♥❣ ✐♥ t❤❡ ■❙▼

❚❤❡ ■❙▼ ❣❛s ❝❛♥ ❜❡ ❤❡❛t❡❞ ❛♥❞ ❝♦♦❧❡❞ ❜② ❛❞✐❛❜❛t✐❝ ❝♦♥tr❛❝t✐♦♥ ♦r ❡①♣❛♥s✐♦♥✱ s❤♦❝❦s ❢r♦♠

s✉♣❡r♥♦✈❛❡ ❡①♣❧♦s✐♦♥s✱ ❛♥❞ ❜② ❛ ♥✉♠❜❡r ♦❢ ♦t❤❡r ♣r♦❝❡ss❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ✐ts t❡♠♣❡r❛t✉r❡✱

✐♦♥✐s❛t✐♦♥ st❛t❡✱ r❛❞✐❛t✐♦♥ ❞✉❡ t♦ ❡①t❡r♥❛❧ s♦✉r❝❡s ♦r ✐♥t❡r♥❛❧ s♦✉r❝❡s s✉❝❤ ❛s ②♦✉♥❣ ♠❛ss✐✈❡

st❛rs✱ ❛♥❞ ❝❤❡♠✐❝❛❧ ❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ ♠❡t❛❧ ❢r❛❝t✐♦♥ ✐♥ t❤❡ ❣❛s ♣❤❛s❡ ✐s ❝♦rr❡❧❛t❡❞ ✇✐t❤

st❛r ❢♦r♠❛t✐♦♥✱ t❤r♦✉❣❤ t❤❡ ❡♥r✐❝❤♠❡♥t ❜② st❡❧❧❛r ✇✐♥❞s ♦r s✉♣❡r♥♦✈❛❡ ❡①♣❧♦s✐♦♥s✱ ❛♥❞ ✇✐t❤

♣♦ss✐❜❧❡ ✐♥✢♦✇s ♦❢ ❡①tr❛❣❛❧❛❝t✐❝ ♠❡t❛❧✲♣♦♦r ❣❛s✳

✶✳✸✳✶ ❍❡❛t✐♥❣

❍❡❛t✐♥❣ ♣r♦❝❡ss❡s ✭s❡❡ ❡✳❣✳ ❉❛❧❣❛r♥♦ ✫ ▼❝❈r❛② ✶✾✼✷✮ ✐♥❝❧✉❞❡ ♣❤♦t♦✐♦♥✐s❛t✐♦♥✱ ✐♥ ✇❤✐❝❤

t❤❡ ❡①❝❡ss ❡♥❡r❣② ♦❢ ❛ ❋❛r✲❯❱ ✭❋❯❱✮ ♣❤♦t♦♥ ✭❢♦r ❡①❛♠♣❧❡ ❛ ✷✵ ❡❱ ♣❤♦t♦♥ ✐♦♥✐③✐♥❣ ❛ ❍ ❛t♦♠

✇✐t❤ ❛ ✶✸✳✻ ❡❱ ✐♦♥✐s❛t✐♦♥ ❡♥❡r❣②✮ ✐s tr❛♥s❢❡rr❡❞ ✐♥t♦ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ❡s❝❛♣✐♥❣ ❡❧❡❝tr♦♥

t❤❛t ❞✐str✐❜✉t❡s ✐t t♦ t❤❡ s✉rr♦✉♥❞✐♥❣ ❣❛s ❜② ❝♦❧❧✐s✐♦♥s✳ ❆ s✐♠✐❧❛r ♣❤♦t♦❡❧❡❝tr✐❝ ❤❡❛t✐♥❣ ♦❝❝✉rs

♦♥ ❞✉st ❣r❛✐♥s ♦r ❧❛r❣❡ ♠♦❧❡❝✉❧❡s ✭P♦❧②❝②❝❧✐❝ ❆r♦♠❛t✐❝ ❍②❞r♦❝❛r❜♦♥s P❆❍s✮✿ ❡❧❡❝tr♦♥s ❝❛♥

❜❡ ♣✉❧❧❡❞ ♦✉t ❢r♦♠ ❞✉st ❣r❛✐♥s ♦r P❆❍s ❤✐t ❜② ❡♥❡r❣❡t✐❝ ♣❤♦t♦♥s✳ ❈♦s♠✐❝ r❛②s ❛♥❞ ❳✲r❛②s

❝❛♥ ❛❧s♦ ❤❡❛t t❤❡ ❣❛s ❜② ✐♦♥✐s✐♥❣ ♠♦❧❡❝✉❧❡s ♦r ❛t♦♠s✳

✶✳✸✳✷ ❈♦♦❧✐♥❣

❘❛❞✐❛t✐✈❡ ❝♦♦❧✐♥❣✱ ✐✳❡✳ r❛❞✐❛t✐♦♥ ❧♦ss ❞✉❡ t♦ t❤❡ ❡s❝❛♣❡ ♦❢ ♣❤♦t♦♥s ❢r♦♠ t❤❡ ■❙▼ ❣❛s

✐♥❝❧✉❞❡s ❧✐♥❡ ❝♦♦❧✐♥❣ ❜② ❛t♦♠s✱ ✐♦♥s ♦r ♠♦❧❡❝✉❧❡s✳ ▲✐♥❡✲❝♦♦❧✐♥❣ ✐s ❞✉❡ t♦ t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❛

♣❤♦t♦♥ t❤❛t ❛❧❧♦✇s t♦ ❣♦ ❢r♦♠ ❛♥ ❡♥❡r❣② st❛t❡ ❞♦✇♥ t♦ ❛ ❧♦✇❡r ❡♥❡r❣② st❛t❡✳ ❚❤❡ ❡♥❡r❣②

s♣❡❝tr✉♠ ❞❡♣❡♥❞s ♦♥ t❤❡ ❡❧❡❝tr♦♥✐❝ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❛t♦♠s ♦r ♠♦♥♦✲❛t♦♠✐❝ ✐♦♥s ❜✉t ❝❛♥ ❛❧s♦

❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛ ✇❤♦❧❡ ♠♦❧❡❝✉❧❡ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ r♦t❛t✐♦♥ ♦r ✈✐❜r❛t✐♦♥
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❡♥❡r❣② ❧❡✈❡❧s ♦❢ ❞✐❛t♦♠✐❝ ♠♦❧❡❝✉❧❡s✳ ❚❤❡ ❡①❝✐t❛t✐♦♥ t♦ ❛ ❤✐❣❤ ❡♥❡r❣② ❧❡✈❡❧ ❝❛♥ ❜❡ ❞✉❡ t♦

❝♦❧❧✐s✐♦♥s✳

❈♦❧❧✐s✐♦♥❛❧ ❡①❝✐t❛t✐♦♥ ✐s ❛ ❝♦♦❧✐♥❣ ♣r♦❝❡ss ❜❡❝❛✉s❡ ❡①❝✐t❡❞ ❛t♦♠s ♦r ✐♦♥s ♠❛❦❡ tr❛♥s✐t✐♦♥s

❜❛❝❦ t♦ ❧♦✇❡r ❡♥❡r❣② st❛t❡s ❜② ❡♠✐tt✐♥❣ ♣❤♦t♦♥s✳ ❆t ❧♦✇ t❡♠♣❡r❛t✉r❡s✱ ❢r♦♠ ∼ 10 ❑ t♦

∼ 104 ❑✱ ❧✐♥❡ ❝♦♦❧✐♥❣ ✐s ❞♦♠✐♥❛t❡❞ ❜② ♠♦❧❡❝✉❧❡s ❛♥❞ ❛ ❢❡✇ ♠❡t❛❧s ✭✐♥ ❛t♦♠✐❝ ♦r ✐♦♥✐s❡❞

❢♦r♠✮✳ ❆r♦✉♥❞ 104 ❑✱ t❤❡ ❞♦♠✐♥❛♥t ❝♦♦❧✐♥❣ ♣r♦❝❡ss ✐s ❤②❞r♦❣❡♥ ▲②α ❡♠✐ss✐♦♥ ❞✉❡ t♦ ❝♦❧✲

❧✐s✐♦♥❛❧ ❡①❝✐t❛t✐♦♥✳ ❇❡t✇❡❡♥ 105 ❛♥❞ 107 ❑✱ ❝♦♦❧✐♥❣ ✐s ❞♦♠✐♥❛t❡❞ ❜② ❝♦❧❧✐s✐♦♥❛❧ ❡①❝✐t❛t✐♦♥

♦❢ ❛ ❢❡✇ ♠❡t❛❧ ❛t♦♠s ♦r ✐♦♥s✱ ♠❛✐♥❧② ❜② t❤❡ ❡❧❡❝tr♦♥s ♣r♦✈✐❞❡❞ ❜② t❤❡ ✐♦♥✐s❛t✐♦♥ ♦❢ ❤②❞r♦✲

❣❡♥✳ ❘❡❝♦♠❜✐♥❛t✐♦♥ ✐s ❛❧s♦ ❛ ❝♦♦❧✐♥❣ ♣r♦❝❡ss ❜❡❝❛✉s❡ ✐t r❡♠♦✈❡s t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡

r❡❝♦♠❜✐♥✐♥❣ ❡❧❡❝tr♦♥ ❢r♦♠ t❤❡ ❣❛s✱ ❛♥❞ s♦ ✐s ❝♦❧❧✐s✐♦♥❛❧ ✐♦♥✐s❛t✐♦♥✱ ❜❡❝❛✉s❡ ♣❛rt ♦❢ t❤❡ ❦✐♥❡t✐❝

❡♥❡r❣② ✐s ✉s❡❞ ❢♦r t❤❡ ✐♦♥✐s❛t✐♦♥✳

❆t ❧❛r❣❡r t❡♠♣❡r❛t✉r❡s✱ ❛❜♦✈❡ 107 ❑✱ t❤❡ ❝♦♦❧✐♥❣ ✐s ❞♦♠✐♥❛t❡❞ ❜② ❜r❡♠sttr❛❤❧✉♥❣✿ ❢r❡❡

❡❧❡❝tr♦♥s ❛r❡ ❜r❛❦❡❞ ❜② ✐♦♥s ❛♥❞ t❤❡ ❧♦st ❡♥❡r❣② ❡s❝❛♣❡s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ♣❤♦t♦♥✳

❚❤❡ ✈♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡ ♦r ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ ♣❧❛s♠❛s ✭❤❛✈✐♥❣ ❛ t❡♠♣❡r❛t✉r❡ ❛❜♦✈❡

104 ❑✮ ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞ ❢♦r ❞✐✛❡r❡♥t ♠❡t❛❧❧✐❝✐t✐❡s ❜② ❙✉t❤❡r❧❛♥❞ ✫ ❉♦♣✐t❛ ✭✶✾✾✸✮❀ ❙❝❤✉r❡

❡t ❛❧✳ ✭✷✵✵✾✱ ❡✳❣✳✮✳ ❋✐❣✉r❡ ✷✳✸ s❤♦✇s t❤❡ ❞❡t❛✐❧❡❞ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❝♦♦❧✐♥❣ ♣r♦❝❡ss❡s ❢♦r ❤②❞r♦❣❡♥

❛♥❞ ❤❡❧✐✉♠ ❝♦♦❧✐♥❣✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♦❧✐♥❣ r❛t❡ ♦❜t❛✐♥❡❞ ❢♦r ❞✐✛❡r❡♥t ♠❡t❛❧❧✐❝✐t✐❡s✳
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❋✐❣✉r❡ ✷✳✸✿ ▲❡❢t✿ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❝♦♦❧✐♥❣ ♣r♦❝❡ss❡s t♦ t❤❡ t♦t❛❧ ❝♦♦❧✐♥❣ ❞✉❡ t♦ ❤②✲

❞r♦❣❡♥ ❛♥❞ ❤❡❧✐✉♠ ❢r♦♠ ❑❛t③ ❡t ❛❧✳ ✭✶✾✾✻✮✳ ❘✐❣❤t✿ ❝♦♦❧✐♥❣ ❝✉r✈❡s ❢♦r ❞✐✛❡r❡♥t ♠❡t❛❧❧✐❝✐t✐❡s✱

✇✐t❤ t❤❡ ✈❛r✐♦✉s ❞♦♠✐♥❛♥t ❝♦♦❧✐♥❣ s♣❡❝✐❡s ✐♥❞✐❝❛t❡❞ ✭●♥❛t ✫ ❙t❡r♥❜❡r❣ ✷✵✵✼✮✳

✶✳✹ ❙t❛r ❢♦r♠❛t✐♦♥ ✐♥ s♣✐r❛❧ ❣❛❧❛①✐❡s

✶✳✹✳✶ ❊st✐♠❛t✐♦♥s ♦❢ st❛r ❢♦r♠❛t✐♦♥ r❛t❡s

■♥ ❣❛❧❛①✐❡s ✇❤❡r❡ st❛rs ❝❛♥♥♦t ❜❡ ✐♥❞✐✈✐❞✉❛❧❧② r❡s♦❧✈❡❞✱ t❤❡ ❙t❛r ❋♦r♠❛t✐♦♥ ❘❛t❡ ✭❙❋❘✮

❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ♦❜s❡r✈❛t✐♦♥s r❡❧②✐♥❣ ♦♥ ♠❛ss✐✈❡ s❤♦rt✲❧✐✈❡❞ ②♦✉♥❣
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st❛rs ✭❑❡♥♥✐❝✉tt ✶✾✾✽✮✿

✕ ❚❤❡ ❯❱ ❧✉♠✐♥♦s✐t② ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡s❡ ②♦✉♥❣ ♠❛ss✐✈❡ s❤♦rt✲❧✐✈❡❞ st❛rs✱ s♦ ✐t ❣✐✈❡s

❛ ❣♦♦❞ ❡st✐♠❛t❡ ♦❢ r❡❝❡♥t st❛r ❢♦r♠❛t✐♦♥✱ ✇✐t❤ ❛ ♠✐♥✐♠❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ♣r❡✈✐♦✉s

st❛r ❢♦r♠❛t✐♦♥ ❤✐st♦r②✳

✕ ▼❛ss✐✈❡ ②♦✉♥❣ st❛rs ❤❛✈❡ ❤♦t ✐♦♥✐s❡❞ ❛t♠♦s♣❤❡r❡s t❤❛t r❛❞✐❛t❡ ✐♥ ❍α✳ ❚❤❡ ❍α ❡♠✐ss✐♦♥

✐s t❤✉s ❛ ❣♦♦❞ tr❛❝❡r ♦❢ st❛rs ②♦✉♥❣❡r t❤❛♥ ❛r♦✉♥❞ ✶✵ ▼②r✳ ❋♦r ❤✐❣❤ r❡❞s❤✐❢t ❣❛❧❛①✐❡s✱

t❤❡ ❍α r❡❞s❤✐❢t❡❞ ❧✐♥❡ ❢❛❧❧s ♦✉ts✐❞❡ t❤❡ ♦♣t✐❝❛❧ ✇❛✈❡❧❡♥❣t❤s ✇❤❡♥ ♦❜s❡r✈❡❞✱ s♦ ♦t❤❡r

❧✐♥❡s s✉❝❤ ❛s t❤❡ ♦①②❣❡♥ ❖■■ ❧✐♥❡s ❛r❡ ♦❢t❡♥ ✉s❡❞ t♦ tr❛❝❡ st❛r ❢♦r♠❛t✐♦♥✳

✕ ❉✉st ❛❜s♦r❜s t❤❡ ❯❱ ❧✐❣❤t ❡♠✐tt❡❞ ❜② ②♦✉♥❣ st❛rs ❛♥❞ r❡❡♠✐ts ✐t ✐♥ t❤❡ ❢❛r ✐♥❢r❛r❡❞✳ ❋❛r

✐♥❢r❛r❡❞ ♦❜s❡r✈❛t✐♦♥s ❝❛♥ t❤❡r❡❢♦r❡ ❣✐✈❡ ❛♥ ✐♥❞✐❝❛t✐♦♥ ♦❢ st❛r ❢♦r♠❛t✐♦♥ r❛t❡s✳ ❚❤❡② ❝❛♥

❜❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ♦t❤❡r ♦❜s❡r✈❛t✐♦♥s t♦ ❛❝❝♦✉♥t ❢♦r ❛❧❧ t❤❡ st❛r ❢♦r♠❛t✐♦♥ ♦❝❝✉rr✐♥❣

✐♥ ❛ ❣❛❧❛①②✳

❉❡❞✉❝✐♥❣ t❤❡ ❙❋❘ ❢r♦♠ t❤❡ ❧✐❣❤t ❞✉❡ t♦ ②♦✉♥❣ ♠❛ss✐✈❡ st❛rs✱ ♦r ✐♦♥✐s❛t✐♦♥ ♣r♦❝❡ss❡s

♦❝❝✉rr✐♥❣ ✐♥ t❤❡✐r ❛t♠♦s♣❤❡r❡s r❡q✉✐r❡s t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛♥ ■♥✐t✐❛❧ ▼❛ss ❋✉♥❝t✐♦♥ ✭■▼❋✮✳

❚❤❡ ■▼❋ φ ✐s s✉❝❤ t❤❛t φ(m)dm r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ❢r❛❝t✐♦♥ ♦❢ st❛rs ❢♦r♠❡❞ ✇✐t❤ ❛ ♠❛ss

❜❡t✇❡❡♥ m ❛♥❞ m+ dm✳ ❙❛❧♣❡t❡r ✭✶✾✺✺✮ ❞❡❞✉❝❡❞ ❛♥ ✐♥✐t✐❛❧ ♠❛ss ❢✉♥❝t✐♦♥ ❢r♦♠ ♦❜s❡r✈❛t✐♦♥s

✐♥ t❤❡ s♦❧❛r ♥❡✐❣❤❜♦✉r❤♦♦❞✳ ❍❡ ❢♦✉♥❞ φ(m) ∝ m−2.35 ❢♦r st❛rs ✐♥ t❤❡ ♠❛ss r❛♥❣❡ 0.4 ▼⊙ ≤
m ≤ 10 ▼⊙✳ ❙♦♠❡ ♦t❤❡r ■▼❋s ❤❛✈❡ ❜❡❡♥ ❞❡r✐✈❡❞✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❙❝❛❧♦ ✭✶✾✽✻✮ ■▼❋✱ ♦r t❤❡

❑r♦✉♣❛ ✭✷✵✵✷✮ ■▼❋✱ t❤❛t ❤❛✈❡ s❧♦♣❡s r❡❧❛t✐✈❡❧② ❝❧♦s❡ t♦ t❤❡ ❙❛❧♣❡t❡r s❧♦♣❡ ❢♦r ♠❛ss✐✈❡ st❛rs

❜✉t ❡①t❡♥❞ t❤❡ ❣❧♦❜❛❧ ♠❛ss r❛♥❣❡ ❛♥❞ ❜r❡❛❦ t❤❡ ♣♦✇❡r✲❧❛✇ ✐♥t♦ ❞✐✛❡r❡♥t ♣❛rts ♦❢ ❞✐✛❡r❡♥t

s❧♦♣❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♠❛ss r❛♥❣❡✱ ✇✐t❤ s❧✐❣❤t ✈❛r✐❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t✇♦✳ ❚❤❡s❡ t✇♦ ■▼❋s

❛r❡ ✏t♦♣✲❤❡❛✈②✑✱ ♠❡❛♥✐♥❣ t❤❛t ♠♦r❡ ❤✐❣❤ ♠❛ss st❛rs ❛r❡ ❢♦r♠❡❞ t❤❛♥ ❢♦r t❤❡ ❙❛❧♣❡t❡r ■▼❋✳

■♥ ❛❧❧ t❤❡s❡ ■▼❋s✱ t❤❡ ♠❛ss ✐s ❞♦♠✐♥❛t❡❞ ❜② ❧♦✇ ♠❛ss st❛rs✳

✶✳✹✳✷ ❙t❛r ❢♦r♠❛t✐♦♥ ❧❛✇s

◆✉♠❡r♦✉s ❛tt❡♠♣ts ♦❢ r❡❧❛t✐♥❣ t❤❡ ❙❋❘ t♦ t❤❡ ❣❛s ♣r♦♣❡rt✐❡s ❤❛✈❡ ❜❡❡♥ ♠❛❞❡✳ ❙❝❤♠✐❞t

✭✶✾✺✾✮ ✜rst ♣r♦♣♦s❡❞ t❤❡ ❙❝❤♠✐❞t ❧❛✇ ✉s✐♥❣ ♦❜s❡r✈❛t✐♦♥s ♦❢ ❧♦❝❛❧ ❣❛s ❝❧♦✉❞s✿

ρSFR ∝ ρNgas ✭✷✳✷✮

❚❤✐s r❡❧❛t❡s t❤❡ ✈♦❧✉♠❡ ❙❋❘ ρSFR t♦ t❤❡ ✈♦❧✉♠❡ ❞❡♥s✐t② ♦❢ ❣❛s ρgas✳ ❙❝❤♠✐❞t ❢♦✉♥❞ N ≃ 2✳

❑❡♥♥✐❝✉tt ✭✶✾✾✽✮ ♦❜s❡r✈❡❞ ❛ s❛♠♣❧❡ ♦❢ ♥❡❛r❜② s♣✐r❛❧s ❛♥❞ st❛r❜✉rsts ❣❛❧❛①✐❡s ❛♥❞ ♦❜t❛✐♥❡❞

❛s t❤❡ ❜❡st ✜t ❢♦r t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s✉r❢❛❝❡ ❙❋❘ ΣSFR ❛♥❞ t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ♦❢ ❣❛s

Σgas✿

ΣSFR = (2.5± 0.7)× 10−4

(

Σgas

M⊙ pc−2

)N

M⊙ yr−1kpc−2 ✭✷✳✸✮

✇✐t❤ N = 1.4 ± 0.15✳ ❚❤✐s ✐♥✈♦❧✈❡❞ t❤❡ ❛✈❡r❛❣❡ s✉r❢❛❝❡ ❞❡♥s✐t✐❡s ❛♥❞ ❙❋❘s ♦❢ ❣❛❧❛①✐❡s✳

❚❤❛♥❦s t♦ t❤❡ ✐♥❝r❡❛s✐♥❣ r❡s♦❧✉t✐♦♥ ♦❢ ♦❜s❡r✈❛t✐♦♥s t❤❛t ✐s ❛❝❤✐❡✈❛❜❧❡✱ ✐t ✐s ♥♦✇ ♣♦ss✐❜❧❡ t♦

♦❜s❡r✈❡ t❤❡ ❙❋❘ ❛♥❞ s✉r❢❛❝❡ ❞❡♥s✐t② ❛t s✉❜✲❣❛❧❛❝t✐❝ s❝❛❧❡s✳ ❇✐❣✐❡❧ ❡t ❛❧✳ ✭✷✵✵✽✮ ♦❜s❡r✈❡❞ ❛

s❛♠♣❧❡ ♦❢ ❧♦❝❛❧ ❣❛❧❛①✐❡s ✇✐t❤ ♦❜s❡r✈❛t✐♦♥❛❧ ❜✐♥ s✐③❡s ♦❢ 750 ♣❝ × 750 ♣❝✳ ❚❤❡② ✜♥❞ t❤❛t t❤❡
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❙❋❘ ❝♦rr❡❧❛t❡s ✇❡❧❧ ✇✐t❤ ❣❛s ❞❡♥s✐t② ❛t s✉r❢❛❝❡ ❞❡♥s✐t✐❡s ❧❛r❣❡❣❡r t❤❛♥ 10M⊙/pc
2 ✇✐t❤ ❛

s❧♦♣❡ ♦❢ ≃ 1 ✇❤✐❧❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢❛✐❧s ❛t ❧♦✇❡r ❞❡♥s✐t✐❡s ❛♥❞ t❤❡ s❧♦♣❡ ✐s s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r

✭s❡❡ ❋✐❣✉r❡ ✷✳✹✮✳

❋✐❣✉r❡ ✷✳✹✿ ❈♦♠♣✐❧❛t✐♦♥ ♦❢ ♦❜s❡r✈❛t✐♦♥s ♦❢ s✉r❢❛❝❡ ❙❋❘ ✈s ❍■✰❍2 ❣❛s s✉r❢❛❝❡ ❞❡♥s✐t②✳ ❈♦❧♦✉r✲

✜❧❧❡❞ ❝♦♥t♦✉rs s❤♦✇ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ ♦❜s❡r✈❛t✐♦♥s ♦❢ ✼✺✵ ♣❝ sq✉❛r❡❞ r❡❣✐♦♥s ✐♥ ❧♦❝❛❧ ❞✐s❝

❣❛❧❛①✐❡s ❜② ❇✐❣✐❡❧ ❡t ❛❧✳ ✭✷✵✵✽✮✳ ❋✐❣✉r❡ ❢r♦♠ ❇✐❣✐❡❧ ❡t ❛❧✳ ✭✷✵✵✽✮✳

❇② s❡♣❛r❛t✐♥❣ ❣❛s ❜❡t✇❡❡♥ ❛t♦♠✐❝ ❛♥❞ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥✱ ❇✐❣✐❡❧ ❡t ❛❧✳ ✭✷✵✵✽✮ ✜♥❞ t❤❡

❤✐❣❤ ❞❡♥s✐t② ③♦♥❡ ✐s ♦❝❝✉♣✐❡❞ ❜② ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ✇❤♦s❡ ❞❡♥s✐t② ❝♦rr❡❧❛t❡s ✇❡❧❧ ✇✐t❤ t❤❡

❙❋❘✱ ✇❤✐❧❡ t❤❡ ❧♦✇ ❞❡♥s✐t② ✐s ♦❝❝✉♣✐❡❞ ❜② ❛t♦♠✐❝ ❤②❞r♦❣❡♥✱ ✇✐t❤ ❛ ♣♦♦r ❝♦rr❡❧❛t✐♦♥ ✇✐t❤

❙❋❘ ✭s❡❡ ❋✐❣✉r❡ ✷✳✺✮✳

✶✳✹✳✸ ❙t❛r ❢♦r♠❛t✐♦♥ tr✐❣❣❡r ❛♥❞ r❡❣✉❧❛t✐♦♥

❙t❛rs ❛r❡ ❢♦r♠❡❞ ✐♥ t❤❡ ❞❡♥s❡st ♣❛rts ♦❢ ♠♦❧❡❝✉❧❛r ❝❧♦✉❞s✳ ❚❤❡ ♠♦st ♦❜✈✐♦✉s tr✐❣❣❡r ❢♦r

♠♦❧❡❝✉❧❛r ❝❧♦✉❞ ❢♦r♠❛t✐♦♥ ✐s ❣r❛✈✐t❛t✐♦♥❛❧ ✐♥st❛❜✐❧✐t②✿ ❝♦❧❧❛♣s✐♥❣ ❣❛s ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❢♦r♠

st❛rs ✇❤❡♥ ✐ts ❞❡♥s✐t② ❜❡❝♦♠❡s ❤✐❣❤ ❡♥♦✉❣❤✳ ❖t❤❡r ♣r♦❝❡ss❡s s✉❝❤ ❛s s✉♣❡r♥♦✈❛❡ ❡①♣❧♦s✐♦♥s

❝❛♥ s❤♦❝❦ ❣❛s t♦ ❤✐❣❤ ❞❡♥s✐t✐❡s✱ ❛❧❧♦✇✐♥❣ ❢♦r t❤❡ ❣❛s t♦ ❝♦♦❧ ❛♥❞ ❢♦r♠ st❛rs✳ ●❛s t❤❛t ❡♥t❡rs

❞❡♥s✐t② ❢❡❛t✉r❡s s✉❝❤ ❛s s♣✐r❛❧ ❛r♠s ❝❛♥ ❛❧s♦ ❜❡ ❝♦♠♣r❡ss❡❞ ❛♥❞ ❣✐✈❡ r✐s❡ t♦ st❛r ❢♦r♠❛t✐♦♥✱

❛s ♦❜s❡r✈❛t✐♦♥s s❡❡♠ t♦ ✐♥❞✐❝❛t❡ ✭s❡❡ ✷✳✶✮✳

❙t❛r ❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ r❡❣✉❧❛t❡❞ ❜② s✉♣❡r♥♦✈❛❡ ❡①♣❧♦s✐♦♥s t❤❛t ❞✐sr✉♣t ♠♦❧❡❝✉❧❛r ❝❧♦✉❞s✱

♦r t✉r❜✉❧❡♥❝❡ t❤❛t st❛❜✐❧✐s❡s t❤❡ ❣❛s ❛❣❛✐♥st ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡✱ ❜✉t ♠❛♥② ✉♥❝❡rt❛✐♥t✐❡s

r❡♠❛✐♥ ♦♥ t❤❡ st❛r ❢♦r♠❛t✐♦♥ ♣r♦❝❡ss ✐ts❡❧❢ ❛♥❞ ✇❤❛t ✐♥✢✉❡♥❝❡s ✐t t❤❡ ♠♦st✳ ❚❤❡ s❛♠❡
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❋✐❣✉r❡ ✷✳✺✿ ❋r♦♠ ❧❡❢t t♦ r✐❣❤t✿ s✉r❢❛❝❡ ❙❋❘ ✈s ❍■✰❍2✱ ❍■ ❛♥❞ ❍2 ❣❛s s✉r❢❛❝❡ ❞❡♥s✐t②✳ ❘❡s✉❧ts

♦❜t❛✐♥❡❞ ❢r♦♠ ♦❜s❡r✈❛t✐♦♥s ♦❢ ✼✺✵ ♣❝ sq✉❛r❡❞ r❡❣✐♦♥s ✐♥ ✼ ❧♦❝❛❧ ❞✐s❝ ❣❛❧❛①✐❡s ❜② ❇✐❣✐❡❧ ❡t ❛❧✳

✭✷✵✵✽✮✳

♣r♦❝❡ss❡s t❤❛t ❛r❡ t❤♦✉❣❤t t♦ ❧✐♠✐t ✐t ❝❛♥ ❛❧s♦ ❡♥❤❛♥❝❡ ✐t✿ ❛s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ s✉♣❡r♥♦✈❛❡

❝❛♥ ❛❧s♦ tr✐❣❣❡r st❛r ❢♦r♠❛t✐♦♥✱ ❛♥❞ t✉r❜✉❧❡♥❝❡ ✐s ❛❧s♦ t❤♦✉❣❤t t♦ ♣❧❛② ❛ tr✐❣❣❡r✐♥❣ r♦❧❡ ✭❡✳❣✳

▼❝❑❡❡ ✫ ❖str✐❦❡r ✷✵✵✼✮✳

✷ ■♥st❛❜✐❧✐t✐❡s✱ ❜❛rs ❛♥❞ s♣✐r❛❧ str✉❝t✉r❡

✷✳✶ ❖❜s❡r✈❛t✐♦♥s

✷✳✶✳✶ ❙♣✐r❛❧ ❛r♠s

❖♣t✐❝❛❧ ♦❜s❡r✈❛t✐♦♥s ♦❢ s♦♠❡ ❣❛❧❛①✐❡s s❤♦✇ ✇❡❧❧ ❞❡✜♥❡❞ s♣✐r❛❧ ❛r♠s ✭♦❢t❡♥ t✇♦✮ ❣♦✐♥❣ ❢r♦♠

t❤❡ ❝❡♥tr❡ t♦ t❤❡ ❡①t❡r♥❛❧ ♣❛rts✳ ❚❤❡s❡ ❣❛❧❛①✐❡s ❛r❡ ❝❛❧❧❡❞ ❣r❛♥❞✲❞❡s✐❣♥ ❣❛❧❛①✐❡s✳ ❖❜s❡r✈❛t✐♦♥s

✐♥ s❡✈❡r❛❧ ✇❛✈❡❧❡♥❣t❤s ✭s❡❡ ❋✐❣✉r❡ ✷✳✻ ❢♦r t❤❡ ❡①❛♠♣❧❡ ♦❢ ▼✺✶✮ s❤♦✇ t❤❛t s♣✐r❛❧ ❛r♠s ❛r❡

♣r❡s❡♥t ❢♦r ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❣❛❧❛①✐❡s ✭❞❡ ❱❛✉❝♦✉❧❡✉rs ❡t ❛❧✳ ✶✾✾✶❀ ❇✉t❛ ✫ ❈♦♠❜❡s

✶✾✾✻✱ ❡✳❣✳✮✿

✕ t❤❡ ♦❧❞ st❛rs ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♥❡❛r ✐♥❢r❛r❡❞❀

✕ t❤❡ ②♦✉♥❣ st❛rs ❡♠✐tt✐♥❣ t❤❡ ❜✉❧❦ ♦❢ ♦♣t✐❝❛❧ ❧✐❣❤t ❛♥❞ ❛❧s♦ ♦❜s❡r✈❡❞ ❜② t❤❡ ❍α ❡♠✐ss✐♦♥

✐♥ t❤❡✐r ❤♦t ❛t♠♦s♣❤❡r❡s❀

✕ ♥❡✉tr❛❧ ❤②❞r♦❣❡♥ ❣❛s ♦❜s❡r✈❡❞ ❜② t❤❡ r❛❞✐♦ ✷✶ ❝♠ ❡♠✐ss✐♦♥ ❧✐♥❡ ♦❢ ❤②❞r♦❣❡♥❀

✕ ♠♦❧❡❝✉❧❛r ❣❛s ♦❜s❡r✈❡❞ t❤r♦✉❣❤ t❤❡ r❛❞✐♦ ❈❖ r♦t❛t✐♦♥❛❧ ❡♠✐ss✐♦♥✳

❙♦♠❡ ❞✉st ❧❛♥❡s ❛r❡ ♦❜s❡r✈❡❞ ✭❜② t❤❡✐r ♦❜s❝✉r❛t✐♦♥ ♦♥ ♦♣t✐❝❛❧ ✐♠❛❣❡s ♦r ❜② t❤❡✐r ✐♥❢r❛r❡❞

❡♠✐ss✐♦♥✮ ✐♥ t❤❡ ✐♥s✐❞❡ ♦❢ t❤❡ ❛r♠s✱ ✐♥❞✐❝❛t✐♥❣ ❛ ❝♦♠♣r❡ss✐♦♥ ♦❢ t❤❡ ■❙▼ ✐♥ t❤❡s❡ r❡❣✐♦♥s✳

❙♦♠❡ ♦t❤❡r ❦✐♥❞s ♦❢ s♣✐r❛❧ ❣❛❧❛①✐❡s ♥❛♠❡❞ ✢♦❝❝✉❧❡♥t ❣❛❧❛①✐❡s ❛♣♣❡❛r ❣❧♦❜❛❧❧② ❛s s♣✐r❛❧❧✐♥❣

❜✉t ✇✐t❤♦✉t ❤❛✈✐♥❣ ❛r♠s ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ✐♥♥❡r r❡❣✐♦♥s t♦ t❤❡ ♦✉ts✐❞❡✳ ❚❤❡ ❛r♠s s❡❡♠ t♦ ❜❡

❞✉❡ t♦ ❞✐✛❡r❡♥t✐❛❧ r♦t❛t✐♦♥ ♦❢ ②♦✉♥❣ st❡❧❧❛r r❡❣✐♦♥s ✭❡✳❣✳ ●❡r♦❧❛ ✫ ❙❡✐❞❡♥ ✶✾✼✽✮✳
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❋✐❣✉r❡ ✷✳✻✿ ▼✺✶ ✭❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s ◆●❈ ✺✶✾✹✮ ♦❜s❡r✈❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛✈❡❧❡♥❣t❤s✳ ■ts ❝♦♠✲

♣❛♥✐♦♥ ◆●❈ ✺✶✾✺ ✐s ✈✐s✐❜❧❡ ✐♥ t❤❡ t♦♣ ❧❡❢t ❝♦r♥❡r ♦❢ t❤❡ t♦♣ r♦✇ ♣✐❝t✉r❡s✳ ❚♦♣ ❧❡❢t ♣✐❝t✉r❡✿

♦♣t✐❝❛❧ ✐♠❛❣❡ ❢r♦♠ t❤❡ ❍✉❜❜❧❡ ❙♣❛❝❡ ❚❡❧❡s❝♦♣❡ ✇✐t❤ ❛♥ ❡♠♣❤❛s✐s ♦♥ t❤❡ ❍α ❇❛❧♠❡r ❧✐♥❡

❛t ✻✺✻ ♥♠ ✭♣✐♥❦ ❢❡❛t✉r❡s✮ ❛♥❞ t❤❡ ♥❡❛r✲✐♥❢r❛r❡❞ ■ ❜❛♥❞ ❛t ✽✵✵ ♥♠✳ ❈r❡❞✐ts✿ ❙✳ ❇❡❝❦✇✐t❤

✭❙❚❙❝■✮✱ ❍✉❜❜❧❡ ❍❡r✐t❛❣❡ ❚❡❛♠✱ ✭❙❚❙❝■✴❆❯❘❆✮✱ ❊❙❆✱ ◆❆❙❆✳ ❆❞❞✐t✐♦♥❛❧ Pr♦❝❡ss✐♥❣ ❜②

❘♦❜❡rt ●❡♥❞❧❡r✳ ❚♦♣ ♠✐❞❞❧❡ ✜❣✉r❡✿ ♥❡❛r✲✐♥❢r❛r❡❞ ✭✸✳✻ µ♠✮ ✐♠❛❣❡ ❢r♦♠ t❤❡ ■❘❆❈ ✐♥str✉✲

♠❡♥t ♦❢ ❙♣✐t③❡r✳ ■♠❛❣❡ ❛❞❛♣t❡❞ ❢r♦♠ ❇✉t❛ ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❚♦♣ r✐❣❤t ✜❣✉r❡✿ s✉♣❡r✐♠♣♦s❡❞

♦♣t✐❝❛❧ ✐♠❛❣❡ ✭✐♥ ❜r✐❣❤t ❜❧✉❡✮ ❛♥❞ ❞✐str✐❜✉t✐♦♥ ♦❢ ❍■ ❣❛s ✭❞❛r❦❡r ❜❧✉❡✮ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❍■

✷✶ ❝♠ ❧✐♥❡✳ ■♠❛❣❡ ❝♦✉rt❡s② ♦❢ ◆❘❆❖✴❆❯■ ❛♥❞ ❏✉❛♥ ▼✳ ❯s♦♥✳ ❇♦tt♦♠ r♦✇✿ ▼♦❧❡❝✉❧❛r ❣❛s

❞✐str✐❜✉t✐♦♥ ✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ❈❖ ❡♠✐ss✐♦♥✱ ❢r♦♠ ❘❡❣❛♥ ❡t ❛❧✳ ✭✷✵✵✶✮✳

✷✳✶✳✷ ❇❛rs

❆ ❤✐❣❤ ❢r❛❝t✐♦♥ ♦❢ ❧♦❝❛❧ ❞✐s❝ ❣❛❧❛①✐❡s ❛r❡ ♦❜s❡r✈❡❞ t♦ ❜❡ ❜❛rr❡❞✱ ∼ 70% ✇❤❡♥ ♦❜s❡r✈❡❞ ✐♥

t❤❡ ♥❡❛r ✐♥❢r❛r❡❞ H ❜❛♥❞ ✭❡✳❣✳ ❊s❦r✐❞❣❡ ❡t ❛❧✳ ✷✵✵✵✮✳ ❚❤❡ ▼✐❧❦② ❲❛② ✐ts❡❧❢ ✐s ❜❛rr❡❞✱ ❛♥❞ s♦

❛r❡ ✐ts t✇♦ ❧❛r❣❡st ✭❛♥❞ ✐rr❡❣✉❧❛r✮ ❝♦♠♣❛♥✐♦♥s✱ t❤❡ ❙▼❈ ❛♥❞ ▲▼❈✳ ❇❛rs ❛r❡ ❧❛r❣❡r ❝♦♠♣❛r❡❞

t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ❞✐s❝ ✐♥ ❣❛❧❛①✐❡s ♦❢ t②♣❡ ❙❛ t❤❛♥ ✐♥ ❙❜✬s ♦r ❙❝✬s✳ ❚❤❡✐r ✐s♦♣❤♦t❡s ❛r❡ t②♣✐❝❛❧❧②

✐♥t❡r♠❡❞✐❛t❡ s❤❛♣❡s ❜❡t✇❡❡♥ ❡❧❧✐♣s❡s ❛♥❞ r❡❝t❛♥❣❧❡s✱ ✇✐t❤ ❛ ❣❡♥❡r❛❧❧② s✐❣♥✐✜❝❛♥t ❡❧♦♥❣❛t✐♦♥✳

❚❤❡② ❡①❤✐❜✐t ❞✉st ❧❛♥❡s ♦♥ t❤❡✐r ❧❡❛❞✐♥❣ s✐❞❡ ✭✇❤❡r❡ ✏❧❡❛❞✐♥❣✑ r❡❢❡rs t♦ t❤❡ r♦t❛t✐♦♥✮✱ ❛♥❞

♦❢t❡♥ s♦♠❡ ②♦✉♥❣ st❛rs ♥❡❛r t❤❡ t✐♣s ♦❢ t❤❡ ❜❛r✳
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✷✳✷ ▲♦❝❛❧ ✐♥st❛❜✐❧✐t②

❉✐s❝s ❛r❡ ❧♦❝❛❧❧② st❛❜✐❧✐s❡❞ ❛❣❛✐♥st ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ❜② ❡✐t❤❡r ♣r❡ss✉r❡ ✐♥ t❤❡ ❝❛s❡

♦❢ ❣❛s ❞✐s❝s✱ ♦r ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ st❡❧❧❛r ❞✐s❝s✳ ❚❤✐s st❛❜✐❧✐s❛t✐♦♥ ♦❝❝✉rs

❢♦r ♣❡rt✉r❜❛t✐♦♥s ❤❛✈✐♥❣ ❛ s❝❛❧❡ ❧♦✇❡r t❤❛♥ t❤❡ ❏❡❛♥s ❧❡♥❣t❤ λJ ✭❏❡❛♥s ✶✾✵✷✮✱ ❣r❛✈✐t❛t✐♦♥❛❧

❝♦❧❧❛♣s❡ ❜❡✐♥❣ t❤❡ ✇✐♥♥✐♥❣ ♣r♦❝❡ss ❛❜♦✈❡ t❤✐s s❝❛❧❡✳ ❚❤✐s ❧❡♥❣t❤ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛ ♥✉♠❜❡r

♦❢ ♠❡t❤♦❞s✿ ❜② ✉s✐♥❣ ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ✢✉✐❞ ❡q✉❛t✐♦♥s✱ ❜② ❝♦♠♣❛r✐♥❣ ❝♦✉♥t❡r❛❝t✐♥❣

❢♦r❝❡s✱ ♦r ❜② ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡ t✐♠❡s❝❛❧❡s ✐♥✈♦❧✈❡❞ ✭❙❝❤❛②❡ ✷✵✵✹✮✳ ❋♦r ❛ ❣❛s❡♦✉s ♠❡❞✐✉♠✱ ❛

r❡❣✐♦♥ ♦❢ s✐③❡ L ✐s st❛❜❧❡ ❛❣❛✐♥st ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ✐❢ t❤❡ s♦✉♥❞ ❝r♦ss✐♥❣ t✐♠❡s❝❛❧❡ ts =
L

cs
✱

✇✐t❤ cs t❤❡ s♦✉♥❞ s♣❡❡❞✱ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ❞②♥❛♠✐❝❛❧ t✐♠❡s❝❛❧❡ tdyn✳ ❋♦r ❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢

✈♦❧✉♠❡ ❞❡♥s✐t② ρ✱ tdyn ∝ 1√
Gρ

✱ s♦ ts < tdyn ✐❢ L < λJ,vol ✇✐t❤✿

λJ,vol =
cs√
Gρ

✭✷✳✹✮

❋♦r t❤✐♥ ❞✐s❝s✱ st✉❞✐❡s ✐♥ t❡r♠s ♦❢ t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ❛r❡ ♦❢ s♣❡❝✐❛❧ ✐♥t❡r❡st✳ ❚❤❡ ❞②♥❛♠✐❝❛❧

t✐♠❡ ❢♦r ❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ s✐③❡ L ❛♥❞ s✉r❢❛❝❡ ❞❡♥s✐t② Σ ✐s tdyn ∝
√

L

GΣ
✱ ✇❤✐❝❤ s❡ts ❛♥♦t❤❡r

❏❡❛♥s ❧❡♥❣t❤✿

λJ,surf =
c2s
GΣ

✭✷✳✺✮

❋♦r st❛rs✱ r❡♣❧❛❝✐♥❣ t❤❡ s♦✉♥❞ s♣❡❡❞ ❜② t❤❡ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥ σ ✭✐✳❡✳ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡

r❛♥❞♦♠ ♠♦t✐♦♥s ♦❢ st❛rs ❛❝t ❧✐❦❡ ❛ ♣r❡ss✉r❡✮✱ ♦♥❡ ❣❡ts✿

λJ,vol =
σ√
Gρ

✭✷✳✻✮

λJ,surf =
σ2

GΣ
✭✷✳✼✮

❖♥ ❧❛r❣❡r s❝❛❧❡s✱ ❞✐s❝s ❛r❡ st❛❜✐❧✐s❡❞ ❜② ❞✐✛❡r❡♥t✐❛❧ r♦t❛t✐♦♥ t❤❛t ❝♦✉♥t❡r❛❝ts ❧♦❝❛❧ ❝♦❧❧❛♣s❡

❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ ♣❡rt✉r❜❛t✐♦♥s✱ ❧❛r❣❡r t❤❛♥ ❛ ❝r✐t✐❝❛❧ ❧❡♥❣t❤ λcrit ✭❚♦♦♠r❡ ✶✾✻✹✮✳ ❈♦♥s❡r✈❛t✐♦♥

♦❢ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ✐♥❞❡❡❞ ♠❛❦❡s ♣❡rt✉r❜❛t✐♦♥s r♦t❛t❡ ❛r♦✉♥❞ t❤❡✐r ♦✇♥ ❝❡♥tr❡s✱ ❛❞❞✐♥❣

t♦ t❤❡ s✉♣♣♦rt ❛❣❛✐♥st ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥❛t✉r❛❧ t✐♠❡s❝❛❧❡ ✐s t❤❡

❡♣✐❝②❝❧✐❝ ♣❡r✐♦❞✱ tdyn =
2π

κ
✱ ✐♥✈♦❧✈✐♥❣ t❤❡ ❡♣✐❝②❝❧✐❝ ❢r❡q✉❡♥❝② κ ♦❢ r❛❞✐❛❧ ♦s❝✐❧❧❛t✐♦♥s✳ ❚❤✐s

s❡ts✿

λcrit =
4π2GΣ

κ2
✭✷✳✽✮

■♥ t❤✐s ✭s✐♠♣❧❡✮ ❛♥❛❧②s✐s✱ ♣❡rt✉r❜❛t✐♦♥s ❛r❡ t❤✉s ✉♥st❛❜❧❡ ♦♥❧② ✐❢ t❤❡② ❤❛✈❡ s✐③❡s L s✉❝❤

t❤❛t λJ,surf < L < λcrit ✭s❡❡ ❋✐❣✉r❡ ✷✳✼✮✳

■❢ t❤❡ ❏❡❛♥s ❧❡♥❣t❤ ✐s ❧❛r❣❡r t❤❛♥ λcrit✱ ♣❡rt✉r❜❛t✐♦♥s ♦❢ ❛❧❧ s❝❛❧❡s ✇✐❧❧ ❜❡ st❛❜❧❡✳ ❚❤✐s ✐s

t❤❡ ❝❛s❡ ✐❢
csκ

2πGΣ
> 1✱ ✇❤✐❝❤ ✐s ❞✐✛❡r❡♥t ❜② ❥✉st ❛ ❢❛❝t♦r ✷ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❚♦♦♠r❡ ❝r✐t❡r✐♦♥✿

Q =
csκ

πGΣ
> 1 for stability ✭✷✳✾✮
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stabilised by:
pressure (gas)
random motion
(stars)

unstable stabilised by
differential rotation

J crit
λ perturbation

scale
λ

❋✐❣✉r❡ ✷✳✼✿ ❙❝❤❡♠❛t✐❝ ③♦♥❡s ♦❢ st❛❜✐❧✐t② ♦r ✉♥st❛❜✐❧✐t② ❢♦r ♣❡rt✉r❜❛t✐♦♥s ✐♥ ❛ ❞✐s❝✳

❆❣❛✐♥✱ t❤✐s ❝r✐t❡r✐♦♥ ❢♦r ❛ st❡❧❧❛r ❞✐s❝ ✐s✿

Q =
σκ

πGΣ
> 1 for stability ✭✷✳✶✵✮

❋♦r ❞✐s❝s ❝♦♠♣♦s❡❞ ♦❢ ❜♦t❤ st❛rs ❛♥❞ ❣❛s✱ s♦♠❡ ❡✛❡❝t✐✈❡ ❚♦♦♠r❡✲❧✐❦❡ ❝r✐t❡r✐❛ ❤❛✈❡ ❜❡❡♥

♣r♦♣♦s❡❞ ✭❡✳❣✳ ❏♦❣ ✫ ❙♦❧♦♠♦♥ ✶✾✽✹✮✳

✷✳✸ ◆❛t✉r❡ ♦❢ ❜❛rs ❛♥❞ s♣✐r❛❧ str✉❝t✉r❡

❙♣✐r❛❧ str✉❝t✉r❡ ✐s ♦❜s❡r✈❡❞ ♦♥❧② ✐♥ ❣❛❧❛①✐❡s ❝♦♥t❛✐♥✐♥❣ ❝♦❧❞ ❣❛s✳

❲❤✐❧❡ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ✢♦❝❝✉❧❡♥t ❣❛❧❛①✐❡s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❧♦❝❛❧ ✐♥st❛❜✐❧✐t✐❡s t❤❛t

❤❛✈❡ ❥✉st ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛♥❞ t❤❛t ❛r❡ s❤❡❛r❡❞ ❜② ❞✐✛❡r❡♥t✐❛❧ r♦t❛t✐♦♥✱ t❤❡ ♥❛t✉r❡ ❛♥❞ ❣❡♥✲

❡r❛t✐♦♥ ♦❢ ❣r❛♥❞✲❞❡s✐❣♥ s♣✐r❛❧ ❛r♠s ✐s ♠♦r❡ ♣r♦❜❧❡♠❛t✐❝✳ ■❢ t❤❡ ❛r♠s ✇❡r❡ ♠❛t❡r✐❛❧ ❛r♠s✱ ✐t

❝❛♥ ✐♥❞❡❡❞ ❜❡ s❤♦✇♥ t❤❛t ❞✐✛❡r❡♥t✐❛❧ r♦t❛t✐♦♥ ✇♦✉❧❞ ✇✐♥❞ t❤❡♠ ✉♣ ♠✉❝❤ ♠♦r❡ t✐❣❤t❧② t❤❛♥

✇❤❛t ✐s ♦❜s❡r✈❡❞✱ ✐♥ ❛ ❝♦✉♣❧❡ ♦❢ ●②rs ✭❡✳❣✳ ❇✐♥♥❡② ✫ ❚r❡♠❛✐♥❡ ✷✵✵✽✮✳

▲✐♥❞❜❧❛❞ ✭✶✾✻✸✮ ✜rst s✉❣❣❡st❡❞ t❤❛t s♣✐r❛❧ ❛r♠s ❝♦✉❧❞ ❜❡ ❛ ♣❛tt❡r♥ r♦t❛t✐♥❣ ❛s ❛ s♦❧✐❞ ❜♦❞②✱

✇✐t❤ ❛ ✉♥✐❢♦r♠ ❛♥❣✉❧❛r s♣❡❡❞ Ωp✳ P❛rt✐❝❧❡s ♦❢ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② Ω ✐♥ ♥❡❛r❧② ❝✐r❝✉❧❛r ♦r❜✐ts

❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s ❤❛✈✐♥❣ ❛ r❛❞✐❛❧ ♦s❝✐❧❧❛t✐♦♥ ♦❢ ❢r❡q✉❡♥❝② κ✳ ■♥ ❣❡♥❡r❛❧✱ Ω < κ < 2Ω✳

❚❤❡② ❝❛♥ r❡s♦♥❛t❡ ✇✐t❤ t❤❡ s♣✐r❛❧ ♣❡rt✉r❜❛t✐♦♥ ✐❢ t❤❡✐r ♦r❜✐ts ❛r❡ ❝❧♦s❡❞ ✐♥ ❛ r❡❢❡r❡♥❝❡ ❢r❛♠❡

r♦t❛t✐♥❣ ❛t Ωp✱ ✐✳❡✳ ✐❢ Ω − Ωp =
nκ

m
✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ ❝❛s❡s ❛r❡ Ω = Ωp✱ ✏❝♦r♦t❛t✐♦♥✑✱

Ω−Ωp =
κ

2
✱ ✏✐♥♥❡r ▲✐♥❞❜❧❛❞ r❡s♦♥❛♥❝❡✑ ✭❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢♦r♠ ♦❢ Ω✱ t❤❡✐r ❝❛♥ ❜❡ t✇♦ ✐♥♥❡r

▲✐♥❞❜❧❛❞ r❡s♦♥❛♥❝❡s✮✱ ❛♥❞ Ω− Ωp =
−κ
2

✱ ✏♦✉t❡r ▲✐♥❞❜❧❛❞ r❡s♦♥❛♥❝❡✑✳

❙♣✐r❛❧ ❛r♠s ❛r❡ t❤♦✉❣❤t t♦ ❜❡ ❞❡♥s✐t② ✇❛✈❡s ✭▲✐♥ ✫ ❙❤✉ ✶✾✻✹✮ t❤❛t ❝❛♥ ❜❡ ❛♠♣❧✐✜❡❞

❜② ❛ ✏s✇✐♥❣ ❛♠♣❧✐✜❡r✑ ♠❡❝❤❛♥✐s♠✱ ✐✳❡✳ ❜② r❡✢❡❝t✐♦♥s ♦❢ ✇❛✈❡ ♣❛❝❦❡ts ♦♥ r❡s♦♥❛♥❝❡s ✭♦♥❡

✐♥♥❡r ▲✐♥❜❧❛❞ r❡s♦♥❛♥❝❡ ❛♥❞ ❝♦r♦t❛t✐♦♥ r❡s♦♥❛♥❝❡✮ t❤❛t✱ t♦❣❡t❤❡r ✇✐t❤ ❞✐✛❡r❡♥t✐❛❧ r♦t❛t✐♦♥✱

♠❛❦❡ t❤❡ ✇❛✈❡ ❛♠♣❧✐t✉❞❡ ❣r♦✇ ✭❡✳❣✳ ●♦❧❞r❡✐❝❤ ✫ ▲②♥❞❡♥✲❇❡❧❧ ✶✾✻✺❀ ❚♦♦♠r❡ ✶✾✽✶✮✳ ❍♦✇❡✈❡r

st✉❞✐❡s s❤♦✇ t❤❛t s✉❝❤ ✇❛✈❡s ❛r❡ ❞❛♠♣❡❞ ✐♥ ❛ ❝♦✉♣❧❡ ♦❢ ❣❛❧❛❝t✐❝ r♦t❛t✐♦♥s✳ ❙♣✐r❛❧ ❛r♠s ✇♦✉❧❞

t❤✉s ❜❡ tr❛♥s✐❡♥t❧② ❡①❝✐t❡❞ ❜② ♣❡rt✉r❜❛t✐♦♥s s✉❝❤ ❛s t❤❡ t✐❞❛❧ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ❛♥♦t❤❡r ❣❛❧❛①②

✭❡✳❣✳ ❚♦♦♠r❡ ✶✾✽✶✮✱ ❛s s❡❡♠s t♦ ❜❡ t❤❡ ❝❛s❡ ♦❢ ▼✺✶✱ ♦r ❜② ❜❛rs✳
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✷✳✹ ❙❡❝✉❧❛r ❡✈♦❧✉t✐♦♥

■♥t❡r♥❛❧ ❡✈♦❧✉t✐♦♥ ✐s t❤♦✉❣❤t t♦ ♣❧❛② ❛ ♠❛❥♦r r♦❧❡ ♦♥ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ ♠♦r♣❤♦❧♦❣② ♦❢

❞✐s❝ ❣❛❧❛①✐❡s ♦♥ ❧♦♥❣ t✐♠❡ s❝❛❧❡s✳

❙♣✐r❛❧ ❛r♠s ❛r❡ ❛❧♠♦st ♦♥❧② ♦❜s❡r✈❡❞ ❛s ❜❡✐♥❣ tr❛✐❧✐♥❣✱ ✐✳❡✳ ❛s ❜❡✐♥❣ s❡❡♠✐♥❣❧② ❞r❛❣❣❡❞ ❜②

t❤❡ ❞✐s❝ r♦t❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❛❜✐❧✐t② ♦❢ tr❛✐❧✐♥❣ ❛r♠s t♦ tr❛♥s❢❡r ❛♥❣✉❧❛r

♠♦♠❡♥t✉♠ ❛✇❛② ❢r♦♠ t❤❡ ❝❡♥tr❡ ✭❡✳❣✳ ▲②♥❞❡♥✲❇❡❧❧ ✫ ❑❛❧♥❛❥s ✶✾✼✷✮✱ ❛❧❧♦✇✐♥❣ ❣❛❧❛①✐❡s t♦

❧♦✇❡r t❤❡✐r ❡♥❡r❣②✳

❇❛rs✱ ❜② t❤❡✐r ❛❝t✐♦♥ ♦♥ t❤❡ ❣❛s ❞✐s❝✱ ❝❛♥ ❣❡♥❡r❛t❡ s♣✐r❛❧ ❛r♠s ✐♥ s♦♠❡ ❝❛s❡s ✇❤❡r❡ ✐♥♥❡r

▲✐♥❞❜❧❛❞ r❡s♦♥❛♥❝❡s ❛r❡ ♣r❡s❡♥t ❛♥❞ ♠❛❦❡ t❤❡ st❛❜❧❡ ♦r❜✐ts ✐♥ t❤❡ ❜❛r r❡❣✐♦♥ r♦t❛t❡ ❜② ✾✵◦

❛t ❡❛❝❤ r❡s♦♥❛♥❝❡✱ ❜❡✐♥❣ ❡❧❧✐♣s❡s ✇✐t❤ ❛ ♠❛❥♦r ❛①✐s ❡✐t❤❡r ♣❛r❛❧❧❡❧ t♦ t❤❡ ❜❛r ♠❛❥♦r ❛①✐s ♦r

♣❡r♣❡♥❞✐❝✉❧❛r t♦ ✐t✳ ❆s t❤❡ ♦r❜✐ts ♦❢ t❤❡ ❣❛s ✕❛ ❝♦❧❧✐s✐♦♥❛❧ ♠❡❞✐✉♠✕ ❝❛♥ ♥♦t ❝r♦ss✱ ❛ s♣✐r❛❧❧✐♥❣

♣❛tt❡r♥ ✐s ❝r❡❛t❡❞✳ ❍♦✇❡✈❡r✱ t❤❡ ❛♣♣❛r❡♥t ❧✐♥❦ ❜❡t✇❡❡♥ ❜❛rs ❛♥❞ s♣✐r❛❧ ❛r♠s ✐♥ s♦♠❡ ❣r❛♥❞✲

❞❡s✐❣♥ s♣✐r❛❧ ❣❛❧❛①✐❡s ❝♦✉❧❞ s♦♠❡t✐♠❡s ❜❡ ❛♥ ✐❧❧✉s✐♦♥✱ ❛s r❡✈❡❛❧❡❞ ❜② t❤❡ ♦❢t❡♥ ❧♦✇❡r s♣❡❡❞

♦❢ t❤❡ s♣✐r❛❧ ❛r♠s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❜❛rs ✭❡✳❣✳ ❙❡❧❧✇♦♦❞ ✫ ❙♣❛r❦❡ ✶✾✽✽✮✳ ❇❛rs ❝❛♥ ❜❡ ❡❛s✐❧②

❞❡str♦②❡❞✳ ❙❤♦❝❦❡❞ ❣❛s ✐♥ t❤❡ ❜❛r r❡❣✐♦♥ ❝❛♥ ❧♦s❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❛♥❞ ✢♦✇ t♦✇❛r❞s t❤❡

❝❡♥tr❡ ♦❢ t❤❡ ❣❛❧❛①② ✭❡✳❣✳ ❇♦✉r♥❛✉❞ ❡t ❛❧✳ ✷✵✵✺✮✱ ❝r❡❛t✐♥❣ ❛ ❝❡♥tr❛❧ ♠❛ss ❛❝❝✉♠✉❧❛t✐♦♥ t❤❛t

✇✐❧❧ ❧❡❛❞ t♦ ❝❤❛♦t✐❝ ♦r❜✐ts ❛♥❞ ❞❡str✉❝t✐♦♥ ♦❢ t❤❡ ❜❛r✳ ❆ ❜❛r ❝❛♥ ❜❡ ❢♦r♠❡❞ ❛❣❛✐♥ ❞✉❡ t♦

❡①t❡r♥❛❧ ❣❛s ❛❝❝r❡t✐♦♥ ✭❡✳❣✳ ❇♦✉r♥❛✉❞ ✫ ❈♦♠❜❡s ✷✵✵✷✮✳ ❆ ❣❛❧❛①② ❝♦✉❧❞ t❤✉s ❡①♣❡r✐❡♥❝❡

s❡✈❡r❛❧ ♣❤❛s❡s ♦❢ ❜❛r ❢♦r♠❛t✐♦♥ ❛♥❞ ❞❡str✉❝t✐♦♥✳

❋✐♥❛❧❧②✱ ✈❡rt✐❝❛❧ r❡s♦♥❛♥❝❡s ✐♥ ❜❛rs ❝❛♥ ❧❡❛❞ t♦ t❤❡ ❜✉❝❦❧✐♥❣ ✐♥st❛❜✐❧✐t② t❤❛t ❝❛♥ ♠❛❦❡

❜❛rs ❛♣♣❡❛r ❛s ♣❡❛♥✉t✲s❤❛♣❡❞ ✭❈♦♠❜❡s ❡t ❛❧✳ ✶✾✾✵✮✱ ❝r❡❛t✐♥❣ ❛ ♣s❡✉❞♦✲❜✉❧❣❡✱ ✐✳❡✳ ❛ str✉❝t✉r❡

r❡s❡♠❜❧✐♥❣ ❛ ♥♦r♠❛❧ ❝❡♥tr❛❧ ❜✉❧❣❡✱ ❜✉t ❞✐✛❡r✐♥❣ ❜② t❤❡ ❦✐♥❡♠❛t✐❝s ♦❢ t❤❡ st❛rs ✭t❤❡ s✉♣♣♦rt

❜② r♦t❛t✐♦♥ ❝♦♠♣❛r❡❞ t♦ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥ ❜❡✐♥❣ ❤✐❣❤❡r ✐♥ ♣s❡✉❞♦✲❜✉❧❣❡s t❤❛♥ ✐♥ ❜✉❧❣❡s✮✱

t❤❡ ❞❡♥s✐t② ♣r♦✜❧❡ ❛♥❞ t❤❡ ❝♦❧♦✉r✳ Ps❡✉❞♦✲❜✉❧❣❡s ❛r❡ ❢r❡q✉❡♥t❧② ♦❜s❡r✈❡❞ ✐♥ s♣✐r❛❧ ❣❛❧❛①✐❡s

✭❡✳❣✳ ❑♦r♠❡♥❞② ✫ ❑❡♥♥✐❝✉tt ✷✵✵✹✮



✷✽ ❈❍❆P❚❊❘ ✷✳ ❙P■❘❆▲ ●❆▲❆❳■❊❙



❈❤❛♣t❡r ✸

❙✐♠✉❧❛t✐♦♥s ♦❢ ❣❛❧❛①✐❡s

❙✐♠✉❧❛t✐♦♥s ♦❢ ❣❛❧❛①✐❡s ❤❛✈❡ ♠❛❞❡ ❝♦♥s✐❞❡r❛❜❧❡ ♣r♦❣r❡ss ✐♥ r❡s♦❧✉t✐♦♥ ❛♥❞ s♦♣❤✐st✐❝❛t✐♦♥

♦✈❡r t❤❡ ♣❛st ❞❡❝❛❞❡s✱ ❞✉❡ t♦ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣✉t❡r ♣♦✇❡r✱ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ❝❛♥ ❝♦♠♣✉t❡

❣r❛✈✐t❛t✐♦♥❛❧ ❛♥❞ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡s ❜♦t❤ ♠♦r❡ ❡✣❝✐❡♥t❧② ❛♥❞ ❛❝❝✉r❛t❡❧②✱ ❛♥❞ ❛❞✈❛♥❝❡s

✐♥ ♠♦❞❡❧s ♦❢ ❜❛r②♦♥✐❝ ♣❤②s✐❝s✳ ❚❤❡ ❛✐♠ ♦❢ s✐♠✉❧❛t✐♦♥s ✐s t♦ t❡st ❤②♣♦t❤❡s❡s ❛t ✈❛r✐♦✉s s❝❛❧❡s✱

❢♦r ♥♦♥✲❧✐♥❡❛r ❝♦♠♣❧❡① ♣r♦❝❡ss❡s t❤❛t ❝❛♥♥♦t ❜❡ st✉❞✐❡❞ ❛♥❛❧②t✐❝❛❧❧②✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ❛❢t❡r ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❡t② ♦❢ t②♣❡s ♦❢ s✐♠✉❧❛t✐♦♥s ❛✐♠✐♥❣ ❛t

st✉❞②✐♥❣ ❣❛❧❛①✐❡s✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ❛❧❣♦r✐t❤♠s ✉s❡❞ t♦ s✐♠✉❧❛t❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❞✐✛❡r❡♥t

❝♦♠♣♦♥❡♥ts ♦❢ ❣❛❧❛①✐❡s✿ ❝♦❧❞ ❞❛r❦ ♠❛tt❡r ✭❛ss✉♠❡❞ t♦ ❜❡ ❛ ❝♦❧❧✐s✐♦♥❧❡ss ✢✉✐❞✮✱ st❛rs ❛♥❞ ❣❛s✱

❛♥❞ t❤❡♥ ♣r❡s❡♥t ❤♦✇ ❜❛r②♦♥✐❝ ♣❤②s✐❝s ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ s✐♠✉❧❛t✐♦♥s✳

✶ ❉✐✛❡r❡♥t t②♣❡s ♦❢ s✐♠✉❧❛t✐♦♥s

✶✳✶ ❈♦s♠♦❧♦❣✐❝❛❧ s✐♠✉❧❛t✐♦♥s

❙♦♠❡ s✐♠✉❧❛t✐♦♥s ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ ❣❛❧❛①② ❢♦r♠❛t✐♦♥ ❛♥❞ ❡✈♦❧✉t✐♦♥ ♦♥ ❝♦s♠♦❧♦❣✐❝❛❧

s❝❛❧❡s✱ st❛rt✐♥❣ ❢♦r ❡①❛♠♣❧❡ ✇✐t❤ ✐♥✐t✐❛❧ ❞❡♥s✐t② ✢✉❝t✉❛t✐♦♥s ♦❢ ❞❛r❦ ♠❛tt❡r ✐♥ ♣❡r✐♦❞✐❝ ❜♦①❡s✱

❛❧❧♦✇✐♥❣ t❤❡ st✉❞② t❤❡ ❤✐❡r❛r❝❤✐❝❛❧ ❢♦r♠❛t✐♦♥ ♦❢ ❞❛r❦ ♠❛tt❡r ❤❛❧♦❡s ✭❡✳❣✳ ◆❛✈❛rr♦ ❡t ❛❧✳ ✶✾✾✼❀

❙♣r✐♥❣❡❧ ❡t ❛❧✳ ✷✵✵✺✮ ✇✐t❤ ♣♦ss✐❜❧❡ ♣♦st✲♣r♦❝❡ss✐♥❣ t♦ tr② t♦ ♠❛t❝❤ t❤❡ ❜❛r②♦♥✐❝ ♠❛tt❡r ❞✐str✐✲

❜✉t✐♦♥ t♦ t❤❡ ❈❉▼ ❞✐str✐❜✉t✐♦♥✳ ■❢ ❣❛s ✐s ❛❧s♦ s✐♠✉❧❛t❡❞ ✭❡✳❣✳ ❙♣r✐♥❣❡❧ ❡t ❛❧✳ ✷✵✵✽✮✱ t❤❡ ❣❛❧❛①②

❢♦r♠❛t✐♦♥ ♣r♦❝❡ss ✐ts❡❧❢ ❝❛♥ ❜❡ ❜❡tt❡r st✉❞✐❡❞ ✐♥ t❤❡ ❝♦s♠✐❝ ❞❛r❦ ♠❛tt❡r ✇❡❜✱ ✐♥❝❧✉❞✐♥❣ t❤❡

✐♥t❡r❛❝t✐♦♥s ♦❢ ❣❛❧❛①✐❡s ✇✐t❤ t❤❡ ✐♥t❡r❣❛❧❛❝t✐❝ ♠❡❞✐✉♠ ❜② ❣❛s ❛❝❝r❡t✐♦♥ ♦r ♦✉t✢♦✇s✱ ♠❡r❣❡rs

♦r t✐❞❛❧ ✐♥t❡r❛❝t✐♦♥s ♦❢ ❣❛❧❛①✐❡s✱ ♦r t❤❡ ❡✛❡❝ts ♦❢ r❛♠✲♣r❡ss✉r❡ str✐♣♣✐♥❣ ✐♥ ❣❛❧❛①② ❝❧✉st❡rs✳

❚❤♦s❡ s✐♠✉❧❛t✐♦♥s ✉s✉❛❧❧② ❤❛✈❡ ❛ ❧♦✇ r❡s♦❧✉t✐♦♥ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❞❛r❦ ♠❛tt❡r ❤❛❧♦❡s

❛♥❞ ❣❛❧❛①✐❡s✱ ❜✉t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣❡r❢♦r♠ ✏③♦♦♠✑ s✐♠✉❧❛t✐♦♥s ✭❡✳❣✳ ◆❛✈❛rr♦ ✫ ❲❤✐t❡ ✶✾✾✹❀

❙❡♠❡❧✐♥ ✫ ❈♦♠❜❡s ✷✵✵✺✮✱ ✐✳❡✳ t♦ r❡✲s✐♠✉❧❛t❡ ❛ ③♦♥❡ ♦❢ ❛ s✐♠✉❧❛t✐♦♥ ❜♦① ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡❞

r❡s♦❧✉t✐♦♥ ✇❤✐❧❡ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞②♥❛♠✐❝❛❧ ❡✛❡❝ts ♦❢ t❤❡ ❡①t❡r✐♦r ♦❢ t❤❡ r❡✲s✐♠✉❧❛t❡❞

③♦♥❡✳

✷✾
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✶✳✷ ●❛❧❛❝t✐❝ s❝❛❧❡ s✐♠✉❧❛t✐♦♥s

❖t❤❡r s✐♠✉❧❛t✐♦♥s✱ ❧✐❦❡ t❤❡ ♦♥❡s ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ✐♥ t❤✐s t❤❡s✐s✱ ❢♦❝✉s ♦♥ ✐s♦❧❛t❡❞ ❣❛❧❛①✐❡s✱

♦r ♦♥ ❛ ❝♦✉♣❧❡ ♦❢ ❣❛❧❛①✐❡s s♦ ❛s t♦ st✉❞② ❣❛❧❛①② ✐♥t❡r❛❝t✐♦♥s✳ ❚❤❡ ❤②♣♦t❤❡s✐s t❤❛t t✐❞❛❧

✐♥t❡r❛❝t✐♦♥ ✇❛s t❤❡ ♦r✐❣✐♥ ♦❢ ♣❛tt❡r♥s s✉❝❤ ❛s ❜r✐❞❣❡s ❜❡t✇❡❡♥ ❝❧♦s❡ ❣❛❧❛①✐❡s ❛♥❞ t❛✐❧s ✇❛s ✐♥

❢❛❝t ♦♥❡ ♦❢ t❤❡ ♠♦t✐✈❛t✐♦♥s ❢♦r t❤❡ ✜rst s✐♠✉❧❛t✐♦♥s ♦❢ ❣❛❧❛①✐❡s✳ ❍♦❧♠❜❡r❣ ✭✶✾✹✶✮ s✐♠✉❧❛t❡❞ ❛

s②st❡♠ ♦❢ t✇♦ ❣❛❧❛①✐❡s ✉s✐♥❣ ❧✐❣❤t ❜✉❧❜s✱ ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❛♥❛❧♦❣♦✉s ❞❡❝❧✐♥❡ ♦❢ t❤❡ ❧✐❣❤t ✢✉①

❛♥❞ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡ ✇✐t❤ ❞✐st❛♥❝❡✳ ●❛❧❛①✐❡s ✇❡r❡ t❤❡♥ s✐♠✉❧❛t❡❞ ❢♦r s♦♠❡ t✐♠❡ ✇✐t❤ st❡❧❧❛r

♣❛rt✐❝❧❡s ❝♦♥s✐❞❡r❡❞ ❛s t❡st ♣❛rt✐❝❧❡s ✭♥❡❣❧❡❝t✐♥❣ s❡❧❢✲❣r❛✈✐t②✮ ❢♦r ❝♦♠♣✉t❛t✐♦♥❛❧ s♣❡❡❞ ❞✉❡ t♦

t❤❡ ❧✐♠✐t❡❞ ❝❛❧❝✉❧❛t✐♦♥ ♣♦✇❡rs ✭❡✳❣✳ ❚♦♦♠r❡ ✫ ❚♦♦♠r❡ ✶✾✼✷✮✳ ❋❛st ❛❧❣♦r✐t❤♠s ❢♦r ❣r❛✈✐t②

❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❤②❞r♦❞②♥❛♠✐❝s ✭❞❡t❛✐❧❡❞ ❧❛t❡r ✐♥ t❤✐s ❝❤❛♣t❡r✮✱ ❛♥❞ ✐♥❝r❡❛s❡❞ ❝♦♠♣✉t❡r

♣♦✇❡r ❤❛s ❛❧❧♦✇❡❞ ❢♦r s❡❧❢✲❣r❛✈✐t② t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ ❛♥❞ ❢♦r ❣❛s t♦ ❜❡ ✐♥❝❧✉❞❡❞✳

■♥❞✐✈✐❞✉❛❧ ❣❛❧❛①✐❡s ❛r❡ ♥♦✇ ♦❢t❡♥ ♠♦❞❡❧❧❡❞ ✇✐t❤ ❛ ❈❉▼ ❤❛❧♦✳

❙✐♠✉❧❛t✐♦♥s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❣❛❧❛①✐❡s ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ s✐♠♣❧❡r t♦ ♣❡r❢♦r♠ t❤❛♥

❝♦s♠♦❧♦❣✐❝❛❧ ♦♥❡s ❛♥❞ ♦❢ ❛❧❧♦✇✐♥❣ ❢♦r ❛ ❤✐❣❤ s♣❛t✐❛❧ ❛♥❞ ♠❛ss r❡s♦❧✉t✐♦♥✳ Pr♦❜❧❡♠s s✉❝❤ ❛s

t❤❡ ♣❤②s✐❝❛❧ st❛t❡ ♦❢ t❤❡ ■❙▼✱ ✐ts ❝❤❡♠✐str②✱ st❛r ❢♦r♠❛t✐♦♥✱ ♦r ❞②♥❛♠✐❝❛❧ ❡✈♦❧✉t✐♦♥ ❜② s❡❝✉❧❛r

♣r♦❝❡ss❡s ❝❛♥ ❜❡ ❡❛s✐❧② st✉❞✐❡❞✳

❋✐♥❛❧❧②✱ s♦♠❡ s✐♠✉❧❛t✐♦♥s ❛✐♠✐♥❣ ❛t ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ st❛r ❢♦r♠❛t✐♦♥ ♣r♦❝❡ss ✉s✐♥❣ ❛ ❤✐❣❤

r❡s♦❧✉t✐♦♥✱ ✇❤✐❧❡ ❝♦♥s✐❞❡r✐♥❣ ❞②♥❛♠✐❝❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❛ ❣❛❧❛❝t✐❝ ❞✐s❝✱ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜②

s✐♠✉❧❛t✐♥❣ ❣❛s ✐♥ ❛♥ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧ ❞✉❡ t♦ st❛rs✱ ✇✐t❤ ♣♦ss✐❜❧❡ r♦t❛t✐♥❣ s♣✐r❛❧ ❛r♠s✱ ❛♥❞ ❛

❈❉▼ ❤❛❧♦ ✭❡✳❣✳ ❉♦❜❜s ✫ ❇♦♥♥❡❧❧ ✷✵✵✽✮✳ ❙♦♠❡ r❡✲s✐♠✉❧❛t✐♦♥s ♦❢ ❣❛s ❝❧♦✉❞s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞

✭❇♦♥♥❡❧❧ ❡t ❛❧✳ ✷✵✶✸✮✳

❊①❛♠♣❧❡s ♦❢ ❤②❞r♦❞②♥❛♠✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛t ❞✐✛❡r❡♥t s❝❛❧❡s ❝❛♥ ❜❡ s❡❡♥ ♦♥ ✜❣✉r❡ ✸✳✶✳

❋✐❣✉r❡ ✸✳✶✿ ●❛s ❞❡♥s✐t② ♠❛♣s ♦❢ s✐♠✉❧❛t✐♦♥s ❛t ❞✐✛❡r❡♥t s❝❛❧❡s✳ ▲❡❢t✿ ❙P❍ str✉❝t✉r❡ ❢♦r♠❛t✐♦♥

s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ●❛s♦❧✐♥❡ ✭❲❛❞s❧❡② ❡t ❛❧✳ ✷✵✵✹✮✳ ✹✵✵ ▼♣❝ × ✹✵✵ ▼♣❝ × ✹✵ ▼♣❝ s❧✐❝❡✳

❈r❡❞✐ts✿❏❛♠❡s ❲✳ ❲❛❞s❧❡②✳ ▼✐❞❞❧❡✿ ❙P❍ ♠❡r❣❡r s✐♠✉❧❛t✐♦♥ ✉s✐♥❣ ●❛❞❣❡t✲✷ ✭❙♣r✐♥❣❡❧ ✷✵✵✺✮✳

❋✐❣✉r❡ ❡①tr❛❝t❡❞ ❢r♦♠ ✭❉✐ ▼❛tt❡♦ ❡t ❛❧✳ ✷✵✵✺✮✳ ❘✐❣❤t✿ ❆▼❘ s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ❞✐s❝ ❣❛❧❛①②

s✐♠✐❧❛r t♦ t❤❡ ▲▼❈ ✉s✐♥❣ ❘❆▼❙❊❙✳ ▼♦st r❡✜♥❡❞ r❡❣✐♦♥s ❛r❡ r❡s♦❧✈❡❞ ✇✐t❤ ❝❡❧❧s ♦❢ ✇✐❞t❤

✵✳✽ ♣❝✳ ❇♦① s✐③❡✿ ✹ ❦♣❝ × ✼ ❦♣❝✳ ❋✐❣✉r❡ ❢r♦♠ ❇♦✉r♥❛✉❞ ❡t ❛❧✳ ✭✷✵✶✵✮✳



✷✳ ❙■▼❯▲❆❚■◆● ❙❚❆❘❙ ❆◆❉ ❉❆❘❑ ▼❆❚❚❊❘ ❉❨◆❆▼■❈❙ ✸✶

✷ ❙✐♠✉❧❛t✐♥❣ st❛rs ❛♥❞ ❞❛r❦ ♠❛tt❡r ❞②♥❛♠✐❝s

❲❤❡t❤❡r ❛ s②st❡♠ ✐s ❝♦❧❧✐s✐♦♥❛❧ ♦r ♥♦t ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ r❡❧❛①❛t✐♦♥

t✐♠❡ trelax ♦❢ t❤❡ s②st❡♠ ✕ t❤❡ t✐♠❡ ❢♦r ✇❤✐❝❤ ❛ ♣❛rt✐❝❧❡ ❤❛s ✐♥t❡r❛❝t❡❞ ❣r❛✈✐t❛t✐♦♥❛❧❧② ✇✐t❤

❡♥♦✉❣❤ ♦t❤❡r ♣❛rt✐❝❧❡s t♦ ❧♦s❡ ♠❡♠♦r② ♦❢ ✐ts ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✕ t♦ r❡❧❡✈❛♥t t✐♠❡ s❝❛❧❡s s✉❝❤

❛s t❤❡ ❝r♦ss✐♥❣ t✐♠❡✱ tcross✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ ✐♥ ✇❤✐❝❤ ❛ ❜♦❞② ❝r♦ss❡s t❤❡ s②st❡♠✳ ❆

♣♦ss✐❜✐❧✐t② t♦ q✉❛♥t✐❢② trelax ✐s t♦ st✉❞② t❤❡ ❞❡✈✐❛t✐♦♥s ❡♥❝♦✉♥t❡rs ✇✐❧❧ ❝❛✉s❡ ✇❤❡♥ ❛ ❜♦❞② ♦❢

✈❡❧♦❝✐t② v ❝r♦ss❡s t❤❡ s②st❡♠✱ ❛♥❞ t♦ ❞❡✜♥❡ t❤✐s t✐♠❡ ❛s t❤❡ ♦♥❡ ❢♦r ✇❤✐❝❤ t❤❡ ✈❡❧♦❝✐t② ❝❤❛♥❣❡√
∆v2 ❜❡❝♦♠❡s ❡q✉❛❧ t♦ t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❜♦❞②✳

❋♦r ❛ s②st❡♠ ♦❢ N ❜♦❞✐❡s✱ s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛①❛t✐♦♥ t✐♠❡✿

trelax =
N

8 lnΛ
tcross ✭✸✳✶✮

✇❤❡r❡ ln Λ ✐s t❤❡ ❈♦✉❧♦♠❜ ❧♦❣❛r✐t❤♠✿ ln Λ = ln

(

bmax

bmin

)

✳ bmax ❛♥❞ bmin ❛r❡ t❤❡ ♠❛①✐♠❛❧ ❛♥❞

♠✐♥✐♠❛❧ ✐♠♣❛❝t ♣❛r❛♠❡t❡rs ♦❢ ❡♥❝♦✉♥t❡rs✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ln Λ ∼ lnN ✭❡✳❣✳ ❇✐♥♥❡② ✫

❚r❡♠❛✐♥❡ ✷✵✵✽✮✳ ❋♦r ❛ t②♣✐❝❛❧ ❣❛❧❛①② ❝♦♥t❛✐♥✐♥❣ 1011 st❛rs✱ t❤✐s ❣✐✈❡s trelax ≫ tcross✳

▼♦r❡♦✈❡r✱ ❢♦r ❛ ❣❛❧❛①② ♦❢ r❛❞✐✉s R ❛♥❞ ♠❛ss M ✱ t❤❡ ❝r♦ss✐♥❣ t✐♠❡ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ ≃ R

vc
✱

✇❤❡r❡ vc ✐s t❤❡ ❝✐r❝✉❧❛r ✈❡❧♦❝✐t② vc =

√

GM

R
✳ R ✐s ❣❡♥❡r❛❧❧② ♦❢ t❤❡ ♦r❞❡r ♦❢ ❛ ❢❡✇ t❡♥t❤s ♦❢

❦♣❝✱ ✇❤✐❧❡ vc ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ 100 ❦♠✴s✳ ❚❤✐s ❣✐✈❡s ❛ ❝r♦ss✐♥❣ t✐♠❡ ≃ 1

10

❦♣❝

❦♠✴s
≃ 1

100
tHubble✱

✇❤❡r❡ tHubble = 10
❦♣❝/h

❦♠✴s
✐s t❤❡ ❍✉❜❜❧❡ t✐♠❡ ✭h ✐s t❤❡ ❍✉❜❜❧❡ ♣❛r❛♠❡t❡r✮✱ t❤❛t ❣✐✈❡s ❛♥

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❛❣❡ ♦❢ t❤❡ ❯♥✐✈❡rs❡ ✭❙♣r✐♥❣❡❧ ✷✵✵✾✮✳ ❋♦r ❣❛❧❛①✐❡s✱ ❛s trelax ≫ tcross ❜②

♠✉❝❤ ♠♦r❡ t❤❛♥ t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✱ ♦♥❡ t❤✉s ❛❧s♦ ❤❛s trelax ≫ tHubble✳ ❙t❛rs ✐♥ ❣❛❧❛①✐❡s

t❤✉s ❜❡❤❛✈❡ ❝♦❧❧✐s✐♦♥❧❡ss❧② ♦✈❡r t❤❡ ❛❣❡ ♦❢ t❤❡ ❯♥✐✈❡rs❡ ❛♥❞ s❤♦✉❧❞ ❜❡ tr❡❛t❡❞ ❛❝❝♦r❞✐♥❣❧② ✐♥

♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳ ❙❡❧❧✇♦♦❞ ✭✷✵✶✸✮ ❞✐s❝✉ss❡s r❡❧❛①❛t✐♦♥ ✐♥ s✐♠✉❧❛t✐♦♥s ♦❢ st❡❧❧❛r ❞✐s❝s✳

✷✳✶ ❚❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ s②st❡♠

❙t❛rs ♦r ❈❉▼ ♣❛rt✐❝❧❡s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ st❛t✐st✐❝❛❧❧② ❛s ❝♦❧❧✐s✐♦♥❧❧❡ss ✢✉✐❞s ❜② ✉s✐♥❣ ❛

❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ f s✉❝❤ t❤❛t f(x, v, t) d3x d3v ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ✐♥

t❤❡ ♣❤❛s❡✲s♣❛❝❡ ✈♦❧✉♠❡ d3xd3v ❛t t✐♠❡ t✱ ❛♥❞ t❤❛t ✐s ♥♦r♠❛❧✐s❡❞ ❜②✿

∫

fd3xd3v = 1 ✭✸✳✷✮

❚❤❡ ♠❛ss ❞❡♥s✐t② ✐s✿

ρ = Nm

∫

fd3v ✭✸✳✸✮

✇✐t❤ ◆ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❛♥❞ m t❤❡ ✭❛✈❡r❛❣❡✮ ♠❛ss ♦❢ ❛ ♣❛rt✐❝❧❡✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢

❝♦❧❧✐s✐♦♥s✱ t❤❡ ▲✐♦✉✈✐❧❧❡ t❤❡♦r❡♠ ❡♥s✉r❡s ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❝❝✉♣✐❡❞ ❜② ❛ ❝♦♥st❛♥t
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♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ ♣❤❛s❡✲s♣❛❝❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❢♦r t❤❡

❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ f ✿
∂f

∂t
+
∂(fẇ)

∂w
= 0 ✭✸✳✹✮

✇❤❡r❡ w = (x,v)✳
∂

∂w
✐s ❛ ❣❡♥❡r❛❧✐s❡❞ ❞✐✈❡r❣❡♥❝❡ ❛♥❞ fẇ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ str❡❛♠✐♥❣

✈❡❧♦❝✐t② ✐♥ ♣❤❛s❡✲s♣❛❝❡✳ ❚❤❡ s②st❡♠ ♦❢ ❜♦❞✐❡s ✐s ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❡r♠ ✐♥ t❤❡

❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ s✐♠♣❧✐✜❡❞ ✉s✐♥❣ t❤❡ ❍❛♠✐❧t♦♥ ❡q✉❛t✐♦♥s q̇ = ∂H
∂p

❛♥❞ ṗ = −∂H
∂q ✱ ✇❤❡r❡ q = x ❛♥❞ p = mv✳ ❖♥❡ ♦❜t❛✐♥s t❤❡ ❈♦❧❧✐s✐♦♥❧❡ss ❇♦❧t③♠❛♥♥ ❊q✉❛t✐♦♥✱

t❤❛t✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✱ ❢♦r♠s t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥ s②st❡♠ t❤❛t ❛❝❝♦✉♥ts ❢♦r

t❤❡ ❞②♥❛♠✐❝❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✿

∂f

∂t
+ v · ∂f

∂x
− ∂φ

∂x
· ∂f
∂v

= 0 ✭✸✳✺✮

△φ = 4πGNm

∫

fd3v ✭✸✳✻✮

✷✳✷ ❆❧❣♦r✐t❤♠s ❢♦r ❝♦❧❧✐s✐♦♥❧❡ss ❞②♥❛♠✐❝s

❙♦❧✈✐♥❣ t❤✐s ❱❧❛s♦✈✲P♦✐ss♦♥ s②st❡♠ ♦❢ ✐♥t❡❣r❛❧ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ✻

♣❤❛s❡ s♣❛❝❡ ❝♦♦r❞✐♥❛t❡s ✐♥ ✸❉ ✭✸ ❢♦r ♣♦s✐t✐♦♥ ❛♥❞ ✸ ❢♦r ✈❡❧♦❝✐t②✮ ✐s ❛ ❝❤❛❧❧❡♥❣❡✳ ❆ ♣♦ss✐❜✐❧✐t②

✐s t♦ ❝♦♥s✐❞❡r tr✉❧② t❤❡ s②st❡♠ ❛s ❛ ✻ ❞✐♠❡♥s✐♦♥❛❧ ✢✉✐❞ ❛♥❞ t♦ s♦❧✈❡ t❤❡ ❡q✉❛t✐♦♥s ♦♥ ❛ ✻

❞✐♠❡♥s✐♦♥❛❧ ❣r✐❞ ✭❡✳❣✳ ❨♦s❤✐❦❛✇❛ ❡t ❛❧✳ ✷✵✶✸✮✱ ♦r ♦♥ ❛ ❝♦❧❞ ✸❉ ♠❛♥✐❢♦❧❞ ✭❆❜❡❧ ❡t ❛❧✳ ✷✵✶✷✮✱

❜✉t t❤❡ ❝♦❞❡s ✉s✐♥❣ t❤❡s❡ ♠❡t❤♦❞s r✉♥ s❧♦✇❧②✳ ❙✉❝❤ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❛❧r❡❛❞② st❛rt❡❞ ❜❡✐♥❣

r✉♥ t❤❛♥❦s t♦ t❤❡ ✐♥❝r❡❛s❡❞ ❝♦♠♣✉t❡r ♣♦ss✐❜✐❧✐t✐❡s✳

❚❤❡ t✇♦ ♠❛✐♥ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞s ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧s r❡❧② ♦♥ ❛ s❛♠♣❧✐♥❣

♦❢ t❤❡ s②st❡♠✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ❧♦✇❡r ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❛♥❞ ❛❞✈❛♥❝✐♥❣ t❤❡✐r ♣♦s✐t✐♦♥s ❛♥❞

✈❡❧♦❝✐t✐❡s ✐♥ t✐♠❡✱ ✉s✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡s ✐♥ ❛ ✇❛② s♣❡❝✐✜❝ t♦ ❡❛❝❤

♠❡t❤♦❞✳ ■t ❝❛♥ ✐♥❞❡❡❞ ❜❡ s❤♦✇♥ ✭❡✳❣✳ ❇✐♥♥❡② ✫ ❚r❡♠❛✐♥❡ ✷✵✵✽✮ t❤❛t t❤❡ ❱❧❛s♦✈✲P♦✐ss♦♥

s②st❡♠ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ✉s✐♥❣ ❛ ▼♦♥t❡✲❈❛r❧♦ s❛♠♣❧✐♥❣ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ t❤❛t ❛♠♦✉♥ts

t♦ ❝♦♥s✐❞❡r✐♥❣ ❛ s②st❡♠ ♦❢ N ❜♦❞✐❡s ✭◆ ≪ N∗ ❢♦r ❛ s②st❡♠ ♦❢ N∗ st❛rs ❢♦r ❡①❛♠♣❧❡✮ ❛♥❞

❢♦❧❧♦✇✐♥❣ t❤❡✐r tr❛❥❡❝t♦r✐❡s ✉s✐♥❣ ❍❛♠✐❧t♦♥✐❛♥ ❞②♥❛♠✐❝s✱ ✐✳❡✳ ❜② s♦❧✈✐♥❣ ❢♦r ❡❛❝❤ ❜♦❞② t❤❡

s②st❡♠ ♦❢ ❡q✉❛t✐♦♥✿

ẋ = v ✭✸✳✼✮

v̇ = −m∇φ ✭✸✳✽✮

●r❛✈✐t❛t✐♦♥ ✐s ❛ ❧♦♥❣✲r❛♥❣❡ ❢♦r❝❡✱ ♠❛❦✐♥❣ ✐t ✈❡r② ❞✐✣❝✉❧t t♦ ❤❛♥❞❧❡ ♥✉♠❡r✐❝❛❧❧② ❛s t❤❡

❢♦r❝❡ ❛❝t✐♥❣ ♦♥ ♦♥❡ ♣❛rt✐❝❧❡ ❞❡♣❡♥❞s ♦♥ ❛❧❧ t❤❡ ♦t❤❡r ♣❛rt✐❝❧❡s✳ ❉✐r❡❝t ❢♦r❝❡ s✉♠♠❛t✐♦♥ ✐s

t❤❡ ♦♥❧② ❡①❛❝t ♠❡t❤♦❞ ❜✉t ❝❛♥ ❜❡ ✈❡r② t✐♠❡ ❛♥❞ ♠❡♠♦r② ❝♦♥s✉♠✐♥❣✳ ❋♦r N ♣❛rt✐❝❧❡s✱ t❤❡

♥✉♠❜❡r ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡s t♦ ❝♦♠♣✉t❡ ❛t ❡❛❝❤ st❡♣ ♦❢ ❛ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✐s t❤❡ ♥✉♠❜❡r

♦❢ ♣❛✐rs ♦❢ ♣❛rt✐❝❧❡s✱
N(N − 1)

2
✱ ✇❤✐❝❤ ❢♦r ❧❛r❣❡ ♥✉♠❜❡rs ♦❢ ♣❛rt✐❝❧❡s s❝❛❧❡s ❛s N2✳ ❚❤❡

❝♦♠♣✉t❛t✐♦♥ ❝❛♥ ❜❡ ❡♥❝♦❞❡❞ ✐♥ ❤❛r❞✇❛r❡ ✐♥ s♣❡❝✐❛❧✲♣✉r♣♦s❡ ❞❡✈✐❝❡s s✉❝❤ ❛s ●❘❆P❊ ✭❡✳❣✳



✷✳ ❙■▼❯▲❆❚■◆● ❙❚❆❘❙ ❆◆❉ ❉❆❘❑ ▼❆❚❚❊❘ ❉❨◆❆▼■❈❙ ✸✸

▼❛❦✐♥♦ ✫ ❋✉♥❛t♦ ✶✾✾✸✮✱ ✇❤✐❧❡ s♦♠❡ ❛❧❣♦r✐t❤♠s ✇✐t❤ ❛ ❜❡tt❡r s❝❛❧✐♥❣✱ t②♣✐❝❛❧❧② N lnN ✱ ❤❛✈❡

❜❡❡♥ ❞❡✈❡❧♦♣❡❞✱ tr②✐♥❣ t♦ ❦❡❡♣ ❛ r❡❛s♦♥❛❜❧❡ ❛❝❝✉r❛❝②✳ ■♥ ❚r❡❡ ♠❡t❤♦❞s ✭❇❛r♥❡s ✫ ❍✉t ✶✾✽✻✮✱

❢♦r❝❡s ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❣r♦✉♣✐♥❣ ♦❢ ❞✐st❛♥t ♣❛rt✐❝❧❡s✱ ✇❤✐❧❡ ✐♥ t❤❡ P❛rt✐❝❧❡ ▼❡s❤ ♠❡t❤♦❞

✭❡✳❣✳ ❍♦❝❦♥❡② ✫ ❊❛st✇♦♦❞ ✶✾✽✶✮✱ t❤❡ ❢♦r❝❡s ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣♦t❡♥t✐❛❧ ❝♦rr❡s♣♦♥❞✐♥❣

t♦ t❤❡ ❞❡♥s✐t② ♦♥ ❛ s♣❛t✐❛❧ ♠❡s❤ ♣✉t ♦♥t♦ t❤❡ ♣❛rt✐❝❧❡s✳

❚❤✐s s❛♠♣❧✐♥❣ t♦ ❛ ❧♦✇❡r ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s t❤❛♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ✐♥tr♦❞✉❝❡s s♦♠❡

♥♦✐s❡ ❜✉t ✇✐❧❧ ❜❡ ❛❝❝✉r❛t❡ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦❞✐❡s N ✐s s✉❝❤ t❤❛t t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ r❡♠❛✐♥s

❧❛r❣❡r t❤❛♥ t❤❡ t✐♠❡✲s❝❛❧❡s ♦❢ ✐♥t❡r❡st✳ ❚❤❡ ♠✐♥✐♠❛❧ ❛♣♣r♦❛❝❤ ♦❢ ❜♦❞✐❡s ♠✉st ❜❡ t❛❦❡♥ ❝❛r❡

♦❢ ❛s t❤❡ ❢❡✇❡r ❜♦❞✐❡s t❤❡r❡ ❛r❡✱ t❤❡ ❧❡ss s♠♦♦t❤ t❤❡ ♣♦t❡♥t✐❛❧ ❝r❡❛t❡❞ ❜② ❛❧❧ t❤❡ ❜♦❞✐❡s ✇✐❧❧

❜❡✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❡♥❝♦✉♥t❡rs✳ ❆ s♦❢t❡♥✐♥❣ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢

♣❛rt✐❝❧❡s ♠✉st t❤❡r❡❢♦r❡ ❜❡ ✐♥tr♦❞✉❝❡❞❀ ✐t ❤❛s t♦ ❜❡ ✐♥❝r❡❛s❡❞ ✇❤❡♥ t❤❡r❡ ❛r❡ ❢❡✇❡r ♣❛rt✐❝❧❡s✳

❋♦r ♠❡s❤ ❝♦❞❡s✱ t❤❡ s♦❢t❡♥✐♥❣ ♦❝❝✉rs ❛t t❤❡ ❝❡❧❧ s✐③❡✱ ✇❤✐❧❡ ❢♦r ♣✉r❡ ◆✲❜♦❞② ♠❡t❤♦❞s✱ ❛

s♦❢t❡♥✐♥❣ ❧❡♥❣t❤ ✐s ❡①♣❧✐❝✐t❧② ✐♥tr♦❞✉❝❡❞✳

✷✳✷✳✶ P❛rt✐❝❧❡ ▼❡s❤ ❛♥❞ ✈❛r✐❛t✐♦♥s

■♥ ♣❛rt✐❝❧❡ ♠❡s❤ ❝♦❞❡s✱ s♣❛❝❡ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ❝❡❧❧s ✭✉s✉❛❧❧② ❝✉❜❡s ❢♦r ✸❉ s✐♠✉❧❛t✐♦♥s✮✳ ❚❤❡

❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡s t❤❛t ❛♣♣❧② t♦ ♣❛rt✐❝❧❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜②✿

✶✳ ❈♦♠♣✉t✐♥❣ t❤❡ ♠❛ss ❞❡♥s✐t② ♦♥ t❤❡ ❣r✐❞❀

✷✳ ❯s✐♥❣ t❤✐s ♠❛ss ❞❡♥s✐t② t♦ ♦❜t❛✐♥ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ ❜② s♦❧✈✐♥❣ t❤❡ P♦✐ss♦♥

❡q✉❛t✐♦♥❀

✸✳ ❈❛❧❝✉❧❛t✐♥❣ t❤❡ ❢♦r❝❡s ♦♥ t❤❡ ❣r✐❞ ❢r♦♠ t❤❡ ♣♦t❡♥t✐❛❧❀

✹✳ ❊①tr❛♣♦❧❛t✐♥❣ t❤❡ ❢♦r❝❡s t♦ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡s✳

❚❤❡ ♠❛ss ❞❡♥s✐t② ✐s ❝♦♠♣✉t❡❞ ❢♦r ❡❛❝❤ ❝❡❧❧ ✉s✐♥❣ ❛ ✏♣❛rt✐❝❧❡ t♦ ❝❡❧❧✑ ♠❛ss ❛ss✐❣♥♠❡♥t✳

❊❛❝❤ ♣❛rt✐❝❧❡ ✐s ❣✐✈❡♥ ❛ ✏s❤❛♣❡✑✱ ✐✳❡✳ ❛ ♠❛ss ❞✐str✐❜✉t✐♦♥ ✐♥ s♣❛❝❡✱ ❛♥❞ t❤❡ ❞❡♥s✐t② ♦❢ ❛

❣✐✈❡♥ ❝❡❧❧ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ s✉♠♠✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ♣❛rt✐❝❧❡s ✇❤♦s❡ ❡①t❡♥s✐♦♥ ♦✈❡r❧❛♣s

✇✐t❤ t❤❡ ❝❡❧❧✳ ❚❤❡ s✐♠♣❧❡st ❛ss✐❣♥♠❡♥t s❝❤❡♠❡ ✐s t❤❡ ◆❡❛r❡st ●r✐❞ P♦✐♥t s❝❤❡♠❡ ✐♥ ✇❤✐❝❤

t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ ♣❛rt✐❝❧❡ ✐s ❛ ❉✐r❛❝ ❢✉♥❝t✐♦♥✱ ❛ss✐❣♥✐♥❣ ✐ts ♠❛ss t♦ t❤❡ s♦❧❡ ❝❡❧❧ t❤❛t

❡♥❝❧♦s❡s t❤❡ ♣❛rt✐❝❧❡✳ ■t ✐s ❛❧♠♦st ♥❡✈❡r ✉s❡❞ ❜❡❝❛✉s❡ ✐t s✉♣♣r❡ss❡s ❛❧❧ s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥

❜❡❧♦✇ t❤❡ ❝❡❧❧ s✐③❡ ❛♥❞ ✐♥❞✉❝❡s ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡ ❛♣♣❧✐❡❞ t♦ ❛ ♣❛rt✐❝❧❡

✇❤❡♥ t❤❡ ♣❛rt✐❝❧❡ ❝❤❛♥❣❡s ❝❡❧❧✳ ▼♦r❡ s♦♣❤✐st✐❝❛t❡❞ s❝❤❡♠❡s ❛❧❧♦✇ ❢♦r ❛ ♠♦r❡ ♣r❡❝✐s❡ ❞❡♥s✐t②

✜❡❧❞ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❛❧s♦ ❢♦r t❤❡ ❢♦r❝❡✱ ❛♥❞ ♣♦ss✐❜❧② ✐ts ❞❡r✐✈❛t✐✈❡s✱ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s✿

✕ ■♥ t❤❡ ❈❧♦✉❞ ✐♥ ❈❡❧❧ s❝❤❡♠❡✱ ❛ ♣❛rt✐❝❧❡ ♠❛ss ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦✈❡r ❛ ❝✉❜❡ ♦❢ t❤❡

s❛♠❡ s✐③❡ ♦❢ ❛ ❝❡❧❧✱ ❝❡♥tr❡❞ ♦♥ t❤❡ ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥✱ t❤✉s ♦✈❡r❧❛♣♣✐♥❣ ✇✐t❤ 23 = 8 ❝❡❧❧s

✐♥ ✸❉✳ ❚❤❡ ❢♦r❝❡ ✐s t❤❡♥ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s✳

✕ ■♥ t❤❡ ❚r✐❛♥❣✉❧❛r ❙❤❛♣❡❞ ❈❧♦✉❞ s❝❤❡♠❡✱ ❛ ♣❛rt✐❝❧❡ ♠❛ss ✐s ❞✐str✐❜✉t❡❞ ♦✈❡r ❛ ❝✉❜❡ ♦❢

✇✐❞t❤ t✇✐❝❡ ❧❛r❣❡r t❤❛♥ ❛ ❝❡❧❧ ✇✐❞t❤✱ ✇✐t❤ ❛ s❤❛♣❡ ❢✉♥❝t✐♦♥ t❤❛t ❞❡❝r❡❛s❡s ❧✐♥❡❛r❧② ✇✐t❤

t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥ ❛♥❞ t❤❛t ♦✈❡r❧❛♣s ✇✐t❤ 33 = 27 ❝❡❧❧s ✐♥ ✸❉✳ ❚❤❡

❢♦r❝❡ ❛♥❞ ✐ts ✜rst ❞❡r✐✈❛t✐✈❡ ❛r❡ ❝♦♥t✐♥✉♦✉s✳
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❚❤❡ ♣♦t❡♥t✐❛❧ ✐s ♦❢t❡♥ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ❞❡♥s✐t②✱ ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥

❜❡t✇❡❡♥ t❤❡ ❞❡♥s✐t② ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ t❤❛t ❛♣♣❧✐❡s t♦ t❤❡ ♣r♦❜❧❡♠ ✭❞❡♣❡♥❞✐♥❣ ❡s♣❡❝✐❛❧❧② ♦♥ t❤❡

❝❤♦s❡♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮✳ ❚❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡ ✜❡❧❞ ✐s t❤❡♥ ♦❜t❛✐♥❡❞ ❡✐t❤❡r ✜rst❧② ✐♥ t❤❡

❋♦✉r✐❡r s♣❛❝❡ ❜❡❢♦r❡ ❜❡✐♥❣ r❡✈❡rs❡❧② ❋♦✉r✐❡r tr❛♥s❢♦r♠❡❞✱ ♦r ❢r♦♠ ❛ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡

♦♥ t❤❡ r❡❛❧ ♣♦t❡♥t✐❛❧ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ r❡✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ❋♦✉r✐❡r ♣♦t❡♥t✐❛❧✳

❋♦r❝❡s ❛r❡ ✜♥❛❧❧② ❡①tr❛♣♦❧❛t❡❞ t♦ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡s✱ ✉s✐♥❣ ❢♦r t❤✐s t❤❡ s❛♠❡ s❤❛♣❡

❢✉♥❝t✐♦♥ ❛s ❢♦r t❤❡ ❞❡♥s✐t② ✜❡❧❞ ❝♦♠♣✉t❛t✐♦♥✱ ✇❤✐❝❤ ❡♥s✉r❡s ♠♦♠❡♥t✉♠ ❝♦♥s❡r✈❛t✐♦♥✳

■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ s♦❧✈❡ ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ ✐♥ r❡❛❧ s♣❛❝❡✱ ✇✐t❤♦✉t r❡s♦rt✐♥❣ t♦ ❋♦✉r✐❡r

tr❛♥s❢♦r♠s✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❞❡♥s✐t② ✜❡❧❞ ❛s ♣r❡✈✐♦✉s❧②✱ ❜② st❛rt✐♥❣

✇✐t❤ ❛ tr✐❛❧ ♣♦t❡♥t✐❛❧ ❛♥❞ ✐t❡r❛t✐♥❣ t♦ ✜♥❞ ❛ ♣♦t❡♥t✐❛❧ ✜❡❧❞ t❤❛t s❛t✐s✜❡s ❛ ✜♥✐t❡✲❞✐✛❡r❡♥❝❡

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✳ ❊rr♦rs ❛r❡ q✉✐❝❦❧② ❡❧✐♠✐♥❛t❡❞ ♦♥ t❤❡ s❝❛❧❡ ♦❢ ❛ ❢❡✇

❣r✐❞ ❝❡❧❧s✱ ❜✉t ❛ ♠✉❝❤ ❤✐❣❤❡r ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✐s ♥❡❡❞❡❞ ❢♦r ❧♦♥❣✲r❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s✳ ❚♦

s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ♠✉❧t✐❣r✐❞ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞✿ t❤❡ ✐t❡r❛t✐♦♥ ✐s ❞♦♥❡ q✉✐❝❦❧② ♦♥ ❧♦✇

r❡s♦❧✉t✐♦♥ ❣r✐❞ ❛♥❞ ✐s t❤❡♥ r❡✜♥❡❞ ♦♥ ❤✐❣❤❡r ❛♥❞ ❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ❣r✐❞s✳ ❚❤❡ ❆❘❚ ❝♦❞❡

✭❑r❛✈ts♦✈ ❡t ❛❧✳ ✶✾✾✼✮✱ ▼▲❆P▼ ❝♦❞❡ ✭❑♥❡❜❡ ❡t ❛❧✳ ✷✵✵✶✮ ❛♥❞ ❘❆▼❙❊❙ ❝♦❞❡ ✭❚❡②ss✐❡r ✷✵✵✷✮

✉s❡ t❤✐s ❛♣♣r♦❛❝❤✳

■♠♣r♦✈❡♠❡♥ts ❚❤❡ P▼ s❝❤❡♠❡ ✐s q✉✐❝❦ ❛♥❞ s✐♠♣❧❡ ❜✉t t❤❡ s♣❛t✐❛❧ ❢♦r❝❡ r❡s♦❧✉t✐♦♥ ✐s

❧✐♠✐t❡❞ t♦ ❛❜♦✉t t❤❡ ❝❡❧❧ s✐③❡✱ ✇❤✐❝❤ ♣♦s❡s ❛ s❡r✐♦✉s ♣r♦❜❧❡♠ ❢♦r s✐♠✉❧❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❤✐❣❤❧②

❝❧✉st❡r❡❞ ❛r❡❛s✳ ❚❤❡s❡ ❞❡♥s❡ r❡❣✐♦♥s ❝❛♥ ❞✐✣❝✉❧t② ❜❡ tr❡❛t❡❞ ✇✐t❤ t❤❡ ❞❡s✐r❡❞ r❡s♦❧✉t✐♦♥

❜❡❝❛✉s❡ t❤❡ ❝❡❧❧ s✐③❡ ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ s♠❛❧❧ ❡✈❡r②✇❤❡r❡✱ ❞❡♠❛♥❞✐♥❣ ❛ ❧♦t ♦❢ ♠❡♠♦r② ❛♥❞ t✐♠❡✱

❛♥❞ ❝r❡❛t✐♥❣ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ❞✉❡ t♦ ✉♥♣❤②s✐❝❛❧ t✇♦✲❜♦❞② r❡❧❛①❛t✐♦♥ ✐♥ ♣♦♦r❧② ♣♦♣✉❧❛t❡❞

r❡❣✐♦♥s t❤❛t ✇♦✉❧❞ ❜❡ ♦✈❡r✲r❡s♦❧✈❡❞✳

❙♦♠❡ r❡✜♥❡❞ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞ t♦ ✐♥❝r❡❛s❡ t❤❡ r❡s♦❧✉t✐♦♥ ♦♥❧② ✐♥ ❛r❡❛s ♦❢ ✐♥t❡r❡st✿

✕ ■♥ t❤❡ P❛rt✐❝❧❡✲P❛rt✐❝❧❡ P▼ s❝❤❡♠❡ ✭❍♦❝❦♥❡② ✫ ❊❛st✇♦♦❞ ✶✾✽✶✮✱ ♦r P3▼ s❝❤❡♠❡✱ s❤♦rt✲

r❛♥❣❡ ❢♦r❝❡s ✭✐♥s✐❞❡ ❛ ❝❡❧❧✮ ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❞✐r❡❝t s✉♠♠❛t✐♦♥✳ ■t ♠❛❦❡s t❤❡ ❞②♥❛♠✐❝

r❛♥❣❡ ❤✐❣❤❡r✱ ❜✉t ❝❛♥ ❜❡ s❧♦✇ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❤✐❣❤ ❝❧✉st❡r✐♥❣✱ ✐❢ ♥✉♠❡r♦✉s ♣❛rt✐❝❧❡s ❛r❡

✐♥ t❤❡ s❛♠❡ ❝❡❧❧✳ ❈♦✉❝❤♠❛♥ ✭✶✾✾✶✮ ❤❛s ❞❡✈❡❧♦♣♣❡❞ ❛♥ ❛❞❛♣t✐✈❡ P3▼✱ ❆P3▼✱ r❡✜♥✐♥❣

❝❧✉st❡r❡❞ r❡❣✐♦♥s r❡❝✉rs✐✈❡❧② ✇✐t❤ ❤✐❡r❛r❝❤✐❝❛❧ ❣r✐❞s ❛♥❞ ✉s✐♥❣ ❛ ❧♦❝❛❧ P▼ ❛❧❣♦r✐t❤♠ t♦

s♣❡❡❞ ✉♣ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳

✕ ■♥ t❤❡ ❚r❡❡✲P▼ s❝❤❡♠❡✱ t❤❡ ♣♦t❡♥t✐❛❧ ✐s s♣❧✐t ✐♥t♦ ❛ ❧♦♥❣✲r❛♥❣❡ ♣♦t❡♥t✐❛❧ ❝♦♠♣✉t❡❞ ✇✐t❤

❛ P▼ ❛❧❣♦r✐t❤♠✱ ❛♥❞ ❛ s❤♦rt✲r❛♥❣❡ ♣♦t❡♥t✐❛❧ ❝♦♠♣✉t❡❞ ✇✐t❤ ❛ ❚r❡❡ ❛❧❣♦r✐t❤♠ ✭❞❡t❛✐❧❡❞

✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✮✳

✕ ■♥ t❤❡ ❆❞❛♣t✐✈❡ ▼❡s❤ ❘❡✜♥❡♠❡♥t s❝❤❡♠❡ ✭♦r ❆▼❘ s❝❤❡♠❡✮✱ t❤❡ ❣r✐❞ ✐s r❡✜♥❡❞ ✉s✐♥❣

s✉❜✲❣r✐❞s ✐♥ ❝❧✉st❡r❡❞ r❡❣✐♦♥s✱ s♦ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ ❛ ❝❡❧❧ ✐s r♦✉❣❤❧② ❝♦♥✲

st❛♥t ❛♥❞ r❡❧❛t✐✈❡❧② ❧♦✇✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❤♦✇❡✈❡r ❝♦♠♣❧❡① ❛♥❞ t❤❡r❡ ✐s ❛♥ ❛♠❜✐❣✉✐t②

♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ s❡❝♦♥❞❛r② ❣r✐❞s ❧♦❝❛t✐♦♥s✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❢♦r ❡①❛♠♣❧❡ ✉s❡❞ ❜② ❆❘❚

❑r❛✈ts♦✈ ❡t ❛❧✳ ✭✶✾✾✼✮✱ ❘❆▼❙❊❙ ✭❚❡②ss✐❡r ✷✵✵✷✮ ♦r ❊◆❩❖ ✭❖✬❙❤❡❛ ❡t ❛❧✳ ✷✵✵✹✮✳

❆♥♦t❤❡r ❞r❛✇❜❛❝❦ ♦❢ t❤❡ P▼ s❝❤❡♠❡ ✐s t❤❛t ✐t ✐♥❞✉❝❡s ❢♦r❝❡ ❡rr♦rs ✇✐t❤ ♣r❡❢❡rr❡❞ ❞✐r❡❝✲

t✐♦♥s✳
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✷✳✷✳✷ ❚r❡❡ ❛❧❣♦r✐t❤♠

❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ tr❡❡ ❝♦❞❡s ✐s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❢♦r❝❡ ♦♥ ❛ ♣❛rt✐❝❧❡ ❜② ❛ ♠✉❧t✐♣♦❧❡

❡①♣❛♥s✐♦♥ ❜❛s❡❞ ♦♥ ❛ ❤✐❡r❛r❝❤✐❝❛❧ ❣r♦✉♣✐♥❣ ♦❢ ♣❛rt✐❝❧❡s✳ ❚❤✐s ❤✐❡r❛r❝❤✐❝❛❧ ❣r♦✉♣✐♥❣✱ t❤❡ ❚r❡❡✱

❝❛♥ ❜❡ ❞♦♥❡ ❜② ❛ r❡❝✉rs✐✈❡ s♣❧✐tt✐♥❣ ♦❢ s♣❛❝❡ ♣❡r❢♦r♠❡❞ ✉♥t✐❧ t❤❡ ✜♥❛❧ r❡❣✐♦♥s ❝♦♥t❛✐♥ ♦♥❧②

♦♥❡ ♣❛rt✐❝❧❡✳ ❚❤❡ r♦♦t ♥♦❞❡ ♦❢ t❤❡ ❚r❡❡ ❝♦♥s✐sts ♦❢ ❛❧❧ t❤❡ ♣❛rt✐❝❧❡s✱ ❛♥❞ ❜r❛♥❝❤❡s ❧❡❛❞ t♦

s✉❜✲♥♦❞❡s ❝♦♥t❛✐♥✐♥❣ s✉❜✲❣r♦✉♣s ♦❢ ♣❛rt✐❝❧❡s✱ t❤❡s❡ ♥♦❞❡s ❜❡✐♥❣ ❞✐✈✐❞❡❞ ❢✉rt❤❡r ❛♥❞ ❢✉rt❤❡r

✉♥t✐❧ t❤❡ ✏❧❡❛✈❡s✑ ♦❢ t❤❡ ❚r❡❡ t❤❛t ❝♦♥t❛✐♥ ♦♥❧② ♦♥❡ ♣❛rt✐❝❧❡✳ ■♥ t❤❡ ❇❛r♥❡s✲❍✉t ❛❧❣♦r✐t❤♠

✭❇❛r♥❡s ✫ ❍✉t ✶✾✽✻✮✱ ❛ ❝✉❜❡ ❝♦♥t❛✐♥✐♥❣ ❛❧❧ t❤❡ ♣❛rt✐❝❧❡s ✐s r❡❝✉rs✐✈❡❧② s♣❧✐t ✐♥ ✽✳ ❆ ◗✉❛❞✲❚r❡❡

✭t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ✷❉✮ ✐s r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✸✳✷✳

❚♦ ❝♦♠♣✉t❡ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡ ♦♥ ♦♥❡ ♣❛rt✐❝❧❡✱ t❤❡ ❚r❡❡ ✐s ✇❛❧❦❡❞ ❞♦✇♥ ❢r♦♠ t❤❡

r♦♦t ♥♦❞❡ ✭❝♦♥t❛✐♥✐♥❣ ❛❧❧ t❤❡ ♣❛rt✐❝❧❡s✮ ✐♥ ✐ts ❞✐✛❡r❡♥t ❜r❛♥❝❤❡s✱ st♦♣♣✐♥❣✱ ❢♦r ❛ ❣✐✈❡♥ ❜r❛♥❝❤✱

✇❤❡♥ ❛♥ ❛❝❝✉r❛❝② ❝r✐t❡r✐♦♥ ✐s s❛t✐s✜❡❞✱ ❜❛s✐❝❛❧❧② ✇❤❡♥ t❤❡ r❛t✐♦ ♦❢ t❤❡ s♣❛t✐❛❧ ❡①t❡♥s✐♦♥ ♦❢

t❤❡ ❚r❡❡ s✉❜✲❞♦♠❛✐♥ t♦ ✐ts ❞✐st❛♥❝❡ t♦ t❤❡ ♣❛rt✐❝❧❡ ❢❛❧❧s ❜❡❧♦✇ ❛ ❝❡rt❛✐♥ ✈❛❧✉❡✳ ❚❤✐s r❛t✐♦✱ ♦r

♦♣❡♥✐♥❣ ❛♥❣❧❡ θ✱ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❤♦✇ t❤❡ ❞✐st❛♥t ♥♦❞❡ ✐s s❡❡♥ ❢r♦♠ t❤❡ ♣❛rt✐❝❧❡✳ ■❢ t❤❡

❛♥❣❧❡ ✐s ❜❡❧♦✇ t❤❡ s❡❧❡❝t❡❞ t❤r❡s❤♦❧❞✱ t❤❡ s✉♠ ♦❢ t❤❡ ❢♦r❝❡s ❞✉❡ t♦ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❛rt✐❝❧❡s ♦❢

t❤❡ ♥♦❞❡ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✉s✐♥❣ ❛ ♠✉❧t✐♣♦❧❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s✱

tr✉♥❝❛t❡❞ ❛t ❛ ❝❤♦s❡♥ ♦r❞❡r✳ ❚❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ ❛t ♣♦s✐t✐♦♥ r ❞✉❡ t♦ ❛ ❣r♦✉♣ ♦❢

♣❛rt✐❝❧❡s ❛t xi ♦❢ ♠❛ss❡s mi✱ t♦t❛❧ ♠❛ss M ✱ ❛♥❞ ❝❡♥tr❡ ♦❢ ♠❛ss ❛t s ✐s✿

φ(r) = −GΣi
mi

|r− xi|
✭✸✳✾✮

= −G
[

M

|r− s| +
1

2

(r− s)TQ(r− s)

|r− s|5
]

+ o(

( |s− x|
|r− s|

)2

) ✭✸✳✶✵✮

✇❤❡r❡ ✐♥❞❡① T ✐♥❞✐❝❛t❡s ❛ tr❛♥s♣♦s❡ ♦♣❡r❛t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r (r− s)✱ ❛♥❞ Q ✐s t❤❡ q✉❛❞r✉♣♦❧❡

t❡♥s♦r✿

Qij = Σkmk

[

3(s− xk)i(s− xk)j − δij |s− xk|2
]

✭✸✳✶✶✮

▼♦st ♦❢ t❤❡ t✐♠❡✱ ❡✐t❤❡r ♦♥❧② ♠♦♥♦♣♦❧❡s ❛r❡ ❦❡♣t✱ ♦r ❛❧s♦ q✉❛❞r✉♣♦❧❡s✳

■♥ ❝❛s❡ θ ✐s t♦♦ ❤✐❣❤✱ t❤❡ ♥❡①t ♥♦❞❡s ✐♥ t❤❡ tr❡❡ ❛r❡ r❡❝✉rs✐✈❡❧② ❝♦♥s✐❞❡r❡❞ ✉♥t✐❧ t❤❡

❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❢♦r ❡❛❝❤ s✉❜✲♥♦❞❡ ❛♥❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❛❧❧ ♣❛rt✐❝❧❡s ❤❛✈❡ ❜❡❡♥

t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳

❚r❡❡ ❝♦❞❡s ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♥♦t s❡tt✐♥❣ ❛ ❧✐♠✐t ❢♦r ❞②♥❛♠✐❝ r❛♥❣❡✱ ❝♦♥tr❛r✐❧② t♦ ❛

♠❡s❤ ✇✐t❤ ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ ❝❡❧❧s✳ ❚❤❡ ✏♠❡s❤✑ ❤❡r❡ ✭✐✳❡✳ t❤❡ ❝✉❜❡s ♦❢ t❤❡ ❚r❡❡✱ ❡♠♣t② ❝✉❜❡s

♥♦t ❜❡✐♥❣ st♦r❡❞✮ ❛❞❛♣t t♦ t❤❡ ❝❧✉♠♣✐♥❣✳ ❚❤❡ ❢♦r❝❡ ❛❝❝✉r❛❝② ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣❧② ♠♦♥✐t♦r❡❞

❜② t❤❡ t❤r❡s❤♦❧❞ ♦♣❡♥✐♥❣ ❛♥❣❧❡✱ ❛♥❞ ❝❛♥ ❜❡ ❛❞❥✉st❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥❡❡❞s✳ ❋✐♥❛❧❧②✱ tr❡❡

❝♦❞❡s ❛❧❧♦✇ ❢♦r ♣r♦❜❧❡♠s ♦❢ ❛♥② ❣❡♦♠❡tr② t♦ ❜❡ st✉❞✐❡❞✱ ✇✐t❤♦✉t r✐s❦✐♥❣ t❤❛t ♣❛rt✐❝❧❡s ❧❡❛✈❡

❛ ✜①❡❞ ♠❡s❤✳

❚r❡❡ ❝♦❞❡ s❝❛❧✐♥❣ ✐s ✐♥ N lnN ❛♥❞ ❞❡♣❡♥❞s ♦♥❧② ✇❡❛❦❧② ♦♥ t❤❡ ❝❧✉st❡r✐♥❣✱ ❜✉t t❤❡② ❛r❡ ❛

❧✐tt❧❡ s❧♦✇❡r t❤❛♥ P▼ ❝♦❞❡s✳ ❚❤✐s ✐s ♠♦❞✉❧❛t❡❞ ❜② t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝♦♠♣✉t✐♥❣ ❢♦r❝❡s ♦♥❧②

❢♦r ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t✐♠❡✲✐♥t❡❣r❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ ✐♥❞✐✈✐❞✉❛❧ t✐♠❡✲st❡♣s✱ ❝♦♥tr❛r✐❧②

t♦ P▼ ❝♦❞❡s t❤❛t r❡q✉✐r❡ t❤❡ ✇❤♦❧❡ ❢♦r❝❡ ✜❡❧❞ t♦ ❜❡ ❝♦♠♣✉t❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❢♦r❝❡ ❛♣♣❧②✐♥❣
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❋✐❣✉r❡ ✸✳✷✿ ◗✉❛❞✲tr❡❡ ✭✐♥ ✷ ❞✐♠❡♥s✐♦♥s✮✳ ❋♦r ❛ t❤r❡s❤♦❧❞ ♦♣❡♥✐♥❣ ❛♥❣❧❡ θ✱ ✐❢ θ1 < θ < θ2✱

t❤❡ ♥♦❞❡ s❡❡♥ ✇✐t❤ ❛♥ ❛♥❣❧❡ θ2 ✇✐❧❧ ❜❡ ♦♣❡♥❡❞ ❛♥❞ t❤❡ ❢♦r❝❡ ✇✐❧❧ ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ✹

❝♦rr❡s♣♦♥❞✐♥❣ ❧❡❛✈❡s ♦❢ t❤❡ tr❡❡✱ ✇❤✐❧❡ ❛ ♠✉❧t✐♣♦❧❡ ❡①♣❛♥s✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡

❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♥♦❞❡ s❡❡♥ ✇✐t❤ ❛♥ ❛♥❣❧❡ θ1✳

t♦ ❛ r❡str✐❝t❡❞ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✳ ❆♥♦t❤❡r ❞r❛✇❜❛❝❦ ♦❢ ❚r❡❡ ♠❡t❤♦❞s ✐s t❤❛t t❤❡② ❞♦

♥♦t ♠❛♥✐❢❡st❧② ❝♦♥s❡r✈❡ ♠♦♠❡♥t✉♠ ❜❡❝❛✉s❡ ♦❢ ❡rr♦rs ❞✉❡ t♦ t❤❡ tr✉♥❝❛t✐♦♥ ♦❢ ♠✉❧t✐♣♦❧❡

❡①♣❛♥s✐♦♥s✳

❆ ❞✐✛❡r❡♥t ✉s❡ ♦❢ t❤❡ tr❡❡ ❝♦♥str✉❝t✐♦♥ ❢♦r ❢♦r❝❡ ❝♦♠♣✉t❛t✐♦♥ ✐s ♠❛❞❡ ✐♥ t❤❡ ❋❛st ▼✉❧t✐♣❧❡

▼❡t❤♦❞ ✭❉❡❤♥❡♥ ✷✵✵✷✮✱ ✐♥ ✇❤✐❝❤ t❤❡ ❢♦r❝❡s ❛r❡ ❝♦♠♣✉t❡❞ s②♠♠❡tr✐❝❛❧❧② ❢♦r ❡❛❝❤ ♣❛✐r ♦❢

✐♥t❡r❛❝t✐♥❣ ♥♦❞❡s✱ ❡♥s✉r✐♥❣ t❤❡r❡❢♦r❡ ♠♦♠❡♥t✉♠ ❝♦♥s❡r✈❛t✐♦♥✳ ❚❤❡ ❝♦❞❡ ✐s ✈❡r② ❢❛st✱ s❝❛❧✐♥❣

❛s N ✱ ❜✉t ✐t ❞♦❡s ♥♦t ✇♦r❦ ❛s ✇❡❧❧ ❛s t❤❡ tr❡❡ ❝♦❞❡ ❢♦r ✐♥❞✐✈✐❞✉❛❧ t✐♠❡✲st❡♣s✱ ❛♥❞ ✐s ❞✐✣❝✉❧t

t♦ ♣❛r❛❧❧❡❧✐s❡ ❡✣❝✐❡♥t❧② ♦♥ ♠❡♠♦r② ❞✐str✐❜✉t❡❞ ♠❛❝❤✐♥❡s✳

❋♦r❝❡ s♦❢t❡♥✐♥❣ ❋♦r ◆✲❜♦❞② t❡❝❤♥✐q✉❡s ✭❞✐r❡❝t s✉♠♠❛t✐♦♥ ♦r ❚r❡❡ ❝♦❞❡s✮✱ t❤❡ s♦❢t❡♥✐♥❣

♥❡❝❡ss❛r② t♦ ❛✈♦✐❞ ❛♥② ❝♦❧❧✐s✐♦♥❛❧ ❜❡❤❛✈✐♦✉r ✐s ❞♦♥❡ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ❛ ♣♦✐♥t ♠❛ss

m✱ φ(r) = −Gm
r

❜② ❛ ♣♦t❡♥t✐❛❧ t❤❛t ✇✐❧❧ ♥♦t ❜❡❝♦♠❡ ✐♥✜♥✐t❡ ❢♦r s♠❛❧❧ ❞✐st❛♥❝❡s✳ ❚❤❡ ♠♦st

♥❛t✉r❛❧ ❝❤♦✐❝❡ ✐s t❤❡ P❧✉♠♠❡r s♦❢t❡♥✐♥❣✿

φ(r) = − Gm√
r2 + ǫ2

✭✸✳✶✷✮

✇❤❡r❡ ǫ ✐s t❤❡ s♦❢t❡♥✐♥❣ ❧❡♥❣t❤✱ ❜✉t t❤✐s ❢♦r♠ ♦❢ ♣♦t❡♥t✐❛❧ ❤❛s t❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ ❞✐✛❡r✐♥❣

❢r♦♠ t❤❡ ◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧ ❛t ❛❧❧ ❞✐st❛♥❝❡s✱ ✇❤✐❝❤ ✐♥tr♦❞✉❝❡s ❛ s②st❡♠❛t✐❝ ❡rr♦r✳ ❆ ❜❡tt❡r

♣♦ss✐❜✐❧✐t② ✐s t♦ ♠♦❞✐❢② t❤❡ ♣♦t❡♥t✐❛❧ ♦♥❧② ❛t s♠❛❧❧ ❞✐st❛♥❝❡s ✇❤❡r❡ r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠s ♦❝❝✉r✳

❖♥❡ r❡♣❧❛❝❡s t❤❡ ❞❡♥s✐t② ♦❢ ❛ ♣♦✐♥t ♠❛ss ρ(r) = mδ(r) ❜② ρ(r) = mW (
r

h
)✱ ✇❤❡r❡ h ✐s ❛

s♦❢t❡♥✐♥❣ ❧❡♥❣t❤ ♣❛r❛♠❡t❡r ❛♥❞ W ✐s ❛ ✜♥✐t❡✲s✉♣♣♦rt s♦❢t❡♥✐♥❣ ❦❡r♥❡❧ ✭s♦ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧

✐s ◆❡✇t♦♥✐❛♥ ❛t ❧❛r❣❡ ❞✐st❛♥❝❡s✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s♣❧✐♥❡ ❦❡r♥❡❧ ✭s❡❡ ❧❡❢t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✸✳✸✮ ✐s
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t❤❡ ♠♦st ♦❢t❡♥ ✉s❡❞ ❦❡r♥❡❧✿

W (u) =



















1− 6u2 + 6u3, ✐❢ u <
1

2

2(1− u3), ✐❢
1

2
≤ u < 1

0 ✐❢ u ≥ 1

✭✸✳✶✸✮

❚❤❡ ❛ss♦❝✐❛t❡❞ ♣♦t❡♥t✐❛❧ ❤❛s ❛ ✜♥✐t❡ ✈❛❧✉❡ ❛t r = 0 ❝♦♥tr❛r✐❧② t♦ t❤❡ ◆❡✇t♦♥✐❛♥ ♦♥❡✱ ❛♥❞

❜❡❝♦♠❡s ◆❡✇t♦♥✐❛♥ ❛t u = 1✳ ■t ✐s r♦✉❣❤❧② ❡q✉✐✈❛❧❡♥t t♦ ❛ P❧✉♠♠❡r ♣♦t❡♥t✐❛❧ ✐❢ h = 2.8ǫ

✭s❡❡ r✐❣❤ ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✸✳✸✮✳

0.0 0.2 0.4 0.6 0.8 1.0
u

0.0

0.5

1.0

1.5

2.0

2.5

3.0

W

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
u

3.0

2.5

2.0

1.5

1.0

0.5

φ

❋✐❣✉r❡ ✸✳✸✿ ▲❡❢t✿ ❈✉❜✐❝ s♣❧✐♥❡ s♦❢t❡♥✐♥❣ ❦❡r♥❡❧✳ ❘✐❣❤t✿ ♣♦t❡♥t✐❛❧ ♦❢ ❛ ♣♦✐♥t ♠❛ss ❢♦r ❛

◆❡✇t♦♥✐❛♥ ♣♦t❡♥t✐❛❧ ✭❞♦tt❡❞ ❧✐♥❡✮✱ ❛ P❧✉♠♠❡r ♣♦t❡♥t✐❛❧ ✇✐t❤ s♦❢t❡♥✐♥❣ ǫ =
1

2.8
✭❞❛s❤❡❞ ❧✐♥❡✮

❛♥❞ ✉s✐♥❣ t❤❡ ❝✉❜✐❝ s♣❧✐♥❡ ✇✐t❤ h = 1 ✭s♦❧✐❞ ❧✐♥❡✮

✷✳✸ ❚✐♠❡ ✐♥t❡❣r❛t✐♦♥

❲❡ ❤❛✈❡ s♦ ❢❛r ♣r❡s❡♥t❡❞ t❤❡ ✇❛② ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡s ❛r❡ ❝♦♠♣✉t❡❞✳ ❚♦ s♦❧✈❡ ❢♦r t❤❡

♠♦t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s✱ t❤❡ t✐♠❡ ✐s ❞✐s❝r❡t✐s❡❞ ✐♥t♦ t✐♠❡✲st❡♣s✱ ✉♣❞❛t✐♥❣ ✈❡❧♦❝✐t② ❛♥❞ ♣♦s✐t✐♦♥

✉s✐♥❣ t❤❡ ❢♦r❝❡ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ r❡♣❡❛t✐♥❣ t❤❡ ♣r♦❝❡ss ✇✐t❤ t❤❡ ✉♣❞❛t❡❞ s♣❛t✐❛❧ r❡♣❛rt✐t✐♦♥

♦❢ ♣❛rt✐❝❧❡s✳

❚♦ ❝♦♥s❡r✈❡ ❡♥❡r❣② ❛♥❞ ♣❤❛s❡✲s♣❛❝❡ ✈♦❧✉♠❡ ❛s ✐♠♣♦s❡❞ ❜② t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❡✈♦❧✉t✐♦♥✱

❛♥ ❛❞❡q✉❛t❡ t✐♠❡ ✐♥t❡❣r❛t♦r ❤❛s t♦ ❜❡ ❝❤♦s❡♥✱ ❛ s②♠♣❧❡❝t✐❝ ✐♥t❡❣r❛t♦r✱ ❤❛✈✐♥❣ ❛ ♠❛♣♣✐♥❣ ❜❡✲

t✇❡❡♥ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❧❛st t✐♠❡✲st❡♣ ❛♥❞ t❤❡ ♣r❡s❡♥t t✐♠❡✲st❡♣ t❤❛t ❤❛s ❛ ✉♥✐t② ❏❛❝♦❜✐❛♥

❞❡t❡r♠✐♥❛♥t✳ ❚❤❡ ♠♦st str❛✐❣❤t❢♦r✇❛r❞ ❡①♣❧✐❝✐t ❊✉❧❡r s❝❤❡♠❡ ❛♥❞ t❤❡ ❘✉♥❣❡✲❑✉tt❛ ✐♥t❡✲

❣r❛t✐♦♥ s❝❤❡♠❡ ❞♦ ♥♦t s❛t✐s❢② t❤✐s ❝♦♥❞✐t✐♦♥✱ ❛♥❞ ❛❝❝✉♠✉❧❛t❡ ❡rr♦rs ❛t ❡❛❝❤ t✐♠❡✲st❡♣✳ ❚❤❡

♠♦st ✉s❡❞ s②♠♣❧❡❝t✐❝ ✐♥t❡❣r❛t♦r ✐s t❤❡ ❑✐❝❦✲❉r✐❢t✲❑✐❝❦ s❡❝♦♥❞ ♦r❞❡r ✐♥t❡❣r❛t♦r ✭❛♥❛❧♦❣♦✉s t♦

❛ ✏❧❡❛♣✲❢r♦❣✑ ✐♥t❡❣r❛t♦r✮✳ ❆ ❑✐❝❦ tr❛♥s❢♦r♠❛t✐♦♥ ❛❞✈❛♥❝❡s ✈❡❧♦❝✐t✐❡s ✇❤✐❧❡ ❦❡❡♣✐♥❣ ♣♦s✐t✐♦♥s

✜①❡❞✱ ❛♥❞ ❛ ❉r✐❢t tr❛♥s❢♦r♠❛t✐♦♥ ❛❞✈❛♥❝❡s ♣♦s✐t✐♦♥s ✇❤✐❧❡ ❦❡❡♣✐♥❣ ✈❡❧♦❝✐t✐❡s ✜①❡❞✳ ❱❡❧♦❝✐t✐❡s
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v ❛♥❞ ♣♦s✐t✐♦♥s x ❛r❡ t❤✉s ✉♣❞❛t❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

v
t+
∆t

2 = vt −∇φt∆t
2

✭✸✳✶✹✮

xt+∆t = xt + v
t+
∆t

2 ∆t ✭✸✳✶✺✮

vt+∆t = v
t+
∆t

2 −∇φt+∆t∆t

2
✭✸✳✶✻✮

❚❤✐s ✐♥t❡❣r❛t♦r ✐s ✉s❡❞ ❜② ●❛❞❣❡t✲✷ ✇✐t❤ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ ♦✉r s✐♠✉❧❛t✐♦♥s✳

✸ ❙✐♠✉❧❛t✐♥❣ ❣❛s ❞②♥❛♠✐❝s

❚❤❡ ❣❛s ♦❢ t❤❡ ■❙▼ ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❤②s✐❝❛❧ ❛s✲

s✉♠♣t✐♦♥s t❤❛t ❛r❡ ♠❛❞❡✳ ■t ✐s ✉s✉❛❧❧② ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦❧❧✐s✐♦♥❛❧ ✢✉✐❞✱ ❜✉t s♦♠❡t✐♠❡s ❛s ❛

❝❧♦✉❞② ❤❡t❡r♦❣❡♥❡♦✉s ♠❡❞✐✉♠✳ ❲❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ❧❛tt❡r ❜r✐❡✢② ❛♥❞ t❤❡♥ ❞❡t❛✐❧ ❊✉❧❡r✐❛♥

❛♥❞ ▲❛❣r❛♥❣✐❛♥ ❛❧❣♦r✐t❤♠s ❝♦♠♠♦♥❧② ✉s❡❞ t♦ ♠♦❞❡❧ ❛ ❝♦♥t✐♥✉♦✉s ■❙▼✳

✸✳✶ ❙t✐❝❦② ♣❛rt✐❝❧❡ ❛❧❣♦r✐t❤♠

❚❤❡ st✐❝❦② ♣❛rt✐❝❧❡ s❝❤❡♠❡ ✭❡✳❣✳ ❇r❛❤✐❝ ✶✾✼✼❀ ▲❡✈✐♥s♦♥ ✫ ❘♦❜❡rts ✶✾✽✶✮✱ ❛✐♠s ❛t ❜❡✐♥❣

❛ r❡❛❧✐st✐❝ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ❛♥❞ ♥♦♥ t❤❡r♠❛❧ ■❙▼✳ P❛rt✐❝❧❡s r❡♣r❡s❡♥t ❣❛s

❝❧♦✉❞s ❛♥❞ ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r t❤r♦✉❣❤ ✐♥❡❧❛st✐❝ ❝♦❧❧✐s✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡② ❝❛♥ ❢♦r♠ st❛rs

♦r ❝♦❛❧❡s❝❡ ✭❡✳❣✳ ❈♦♠❜❡s ✫ ●❡r✐♥ ✶✾✽✺✮✱ ❢♦r♠✐♥❣ ❛ ✇❤♦❧❡ ♠❛ss s♣❡❝tr✉♠✳ ❚❤❡ ✈❡❧♦❝✐t②

❞✐s♣❡rs✐♦♥ ♦❢ ♣❛rt✐❝❧❡s ❞✐✛❡rs ❢r♦♠ t❤❡ t❤❡r♠❛❧ s♦✉♥❞ s♣❡❡❞✳

✸✳✷ ❍②❞r♦❞②♥❛♠✐❝s ❛❧❣♦r✐t❤♠s

❚❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ❝♦❧❧✐s✐♦♥❛❧ ❣❛s ✢✉✐❞ ♦❢ ❞❡♥s✐t② ρ✱ ♣r❡ss✉r❡ P ❛♥❞

s♣❡❝✐✜❝ ❡♥❡r❣② ✭✐♥t❡r♥❛❧ ❡♥❡r❣② ♣❡r ✉♥✐t ♠❛ss✮ u ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❝♦♥t✐♥✉✐t②✱ ❊✉❧❡r ❛♥❞ ❡♥❡r❣②

❡q✉❛t✐♦♥✿

∂ρ

∂t
+∇ · (ρv) = 0 ✭✸✳✶✼✮

∂v

∂t
+ v · ∇v = −∇P

ρ
−∇φ ✭✸✳✶✽✮

∂u

∂t
+ v · ∇u+

P

ρ
∇ · v = H− C ✭✸✳✶✾✮

❚❤❡ ✜rst ❡q✉❛t✐♦♥ ❛❝❝♦✉♥ts ❢♦r ♠❛ss ❝♦♥s❡r✈❛t✐♦♥✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥ ❢♦r

❛ ✢✉✐❞ s✉❜♠✐tt❡❞ t♦ ❛ ❣r❛✈✐t❛t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ φ✱ ❛♥❞ t❤❡ t❤✐r❞ ♦♥❡ ❞❡s❝r✐❜❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢

t❤❡ s♣❡❝✐✜❝ ❡♥❡r❣② ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣♦ss✐❜❧❡ s♦✉r❝❡ ❛♥❞ s✐♥❦ t❡r♠s ❢♦r ❤❡❛t✿ r❡s♣❡❝t✐✈❡❧② H
❛♥❞ C✳
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❚❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❝❧♦s❡❞ ❜② ❛♥ ❡q✉❛t✐♦♥ ♦❢ st❛t❡✳ ❋♦r ❛♥ ✐❞❡❛❧ ❣❛s ♦❢ ❝♦♥st❛♥t

r❛t✐♦ ♦❢ s♣❡❝✐✜❝ ❤❡❛t ❛t ❝♦♥st❛♥t ♣r❡ss✉r❡ t♦ s♣❡❝✐✜❝ ❤❡❛t ❛t ❝♦♥st❛♥t ✈♦❧✉♠❡ γ✱ ♦♥❡ ❝❛♥ ✇r✐t❡✿

P = (γ − 1)ρu ✭✸✳✷✵✮

❚❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ❛t ❛ ✜①❡❞ ♣♦✐♥t ✐♥ s♣❛❝❡✳ ■❢ ♦♥❡ ✇✐s❤❡s

t♦ ❢♦❧❧♦✇ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♣r♦♣❡rt✐❡s ♦❢ ❛ ✢✉✐❞ ❡❧❡♠❡♥t ♠♦✈✐♥❣ ❛❧♦♥❣ ✇✐t❤ t❤❡ ✢✉✐❞✱ t❤❡

❛❞❡q✉❛t❡ ❞❡r✐✈❛t✐✈❡ ✐s t❤❡ ❝♦♥✈❡❝t✐✈❡ ❞❡r✐✈❛t✐✈❡ d
dt =

∂
∂t +v ·∇✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t②✱

✈❡❧♦❝✐t② ❛♥❞ s♣❡❝✐✜❝ ❡♥❡r❣② ♦❢ t❤✐s ❡❧❡♠❡♥t ❛r❡ t❤✉s✿

dρ

dt
+ ρ∇ · v = 0 ✭✸✳✷✶✮

dv

dt
= −∇P

ρ
−∇φ ✭✸✳✷✷✮

du

dt
+
P

ρ
∇ · v = H− C ✭✸✳✷✸✮

❚❤❡ ♠❛✐♥ ❛❧❣♦r✐t❤♠s ❢♦r ❤②❞r♦❞②♥❛♠✐❝s ✉s❡ ❡✐t❤❡r ❛ ❊✉❧❡r✐❛♥✱ ❡✐t❤❡r ❛ ▲❛❣r❛♥❣✐❛♥ ❞❡✲

s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✢✉✐❞✳ ■♥ t❤❡ ❊✉❧❡r✐❛♥ ✈✐❡✇✱ s♣❛❝❡ ✐s ❞✐s❝r❡t✐③❡❞ ❛♥❞ ✇❤❛t ✐s ❢♦❧❧♦✇❡❞ ✐♥ t✐♠❡

✐s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✈❡❧♦❝✐t②✱ ❞❡♥s✐t②✱ ♣r❡ss✉r❡ ❛♥❞ ❡♥❡r❣② ❛t ✜①❡❞ s♣❛t✐❛❧ ♣♦✐♥ts✱ ✇❤✐❧❡ ✐♥ t❤❡

▲❛❣r❛♥❣✐❛♥ ✈✐❡✇✱ ♠❛ss ✐s ❞✐s❝r❡t✐③❡❞✿ ♦♥❡ ❝♦♥s✐❞❡rs ❝♦♥❝❡♣t✉❛❧ s♠❛❧❧ ✢✉✐❞ ❡❧❡♠❡♥ts ♦❢ ❛♥

✐♥✜♥✐t❡s✐♠❛❧ ♠❛ss✱ ❛♥❞ ❢♦❧❧♦✇s t❤❡✐r ✈❡❧♦❝✐t②✱ ❞❡♥s✐t②✱ ♣r❡ss✉r❡ ❛♥❞ ❡♥❡r❣② ❛s t❤❡② ♠♦✈❡ ✇✐t❤

t❤❡ ✢✉✐❞ ✭s❡❡ ❋✐❣✉r❡ ✸✳✹✮✳

❋✐❣✉r❡ ✸✳✹✿ ▲❡❢t✿ ❊✉❧❡r✐❛♥ ✈♦❧✉♠❡ ❞✐s❝r❡t✐s❛t✐♦♥ s❝❤❡♠❡ ✉s❡❞ ❜② ♠❡s❤ ❛❧❣♦r✐t❤♠s✳ ❊❛❝❤

❝❡❧❧ ❤❛s ❛tt❛❝❤❡❞ ♣r♦♣❡rt✐❡s ✭❞❡♥s✐t②✱ ✈❡❧♦❝✐t②✱ ✐♥t❡r♥❛❧ ❡♥❡r❣②✳✳✳✮✳ ❘✐❣❤t✿ ▲❛❣r❛♥❣✐❛♥ ♠❛ss

❞✐s❝r❡t✐s❛t✐♦♥ ✉s❡❞ ❜② t❤❡ ❙P❍ ❛❧❣♦r✐t❤♠✳ ❊❛❝❤ ♣♦✐♥t ♠❛ss ❤❛s ❛tt❛❝❤❡❞ ♣r♦♣❡rt✐❡s✳

✸✳✷✳✶ ●r✐❞ ❝♦❞❡s

❚❤❡ ❝♦♥t✐♥✉✐t②✱ ❊✉❧❡r ❛♥❞ ❡♥❡r❣② ❡q✉❛t✐♦♥s ❝❛♥ ❛❧❧ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠✿

∂q

∂t
+∇ · F = 0 ✭✸✳✷✹✮

✇❤❡r❡ q ✐s t❤❡ ♠❛ss ❞❡♥s✐t② ρ✱ ❧✐♥❡❛r ♠♦♠❡♥t✉♠ ♣❡r ✉♥✐t ♠❛ss ρv✱ ♦r ❡♥❡r❣② ♣❡r ✉♥✐t ♠❛ss

u +
ρv2

2
❛♥❞ F ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✢✉①✳ ■♥ ❣r✐❞ ❝♦❞❡s✱ t❤❡ ✢✉✐❞ ❞②♥❛♠✐❝❛❧ ❡q✉❛t✐♦♥s ❛r❡
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❞✐s❝r❡t✐③❡❞ ❛t t❤❡ ❝❡❧❧ s❝❛❧❡✱ ❛♥❞ ❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✢✉①❡s ✐s ❝❛rr✐❡❞ ♦✉t ❜❡t✇❡❡♥ ❛❞❥❛❝❡♥t

❝❡❧❧s✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✈❛r② ✐♥ t❤❡ ❡①❛❝t ✇❛② t❤❡ ✢✉①❡s ❛r❡ ❝♦♠♣✉t❡❞✳ ▼❛♥② ❝♦❞❡s ✉s❡

t❤❡ ●♦❞✉♥♦✈ s❝❤❡♠❡✱ ✐♥ ✇❤✐❝❤ t❤❡ ✢✉①❡s ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘✐❡♠❛♥♥

♣r♦❜❧❡♠ ❢♦r ❡❛❝❤ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t✇♦ ❝❡❧❧s✱ ✇❤✐❝❤ ❡♥s✉r❡s ❡①❛❝t t♦t❛❧ ❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ✐♥

t❤❡ ❝❛s❡ ✇❤❡r❡ ♥♦ ❣r❛✈✐t② ✐s ✐♥❝❧✉❞❡❞ ✭❡✳❣✳ ❚❡②ss✐❡r ✷✵✵✷✮✳ ▼❡s❤ ❝♦❞❡s ❛r❡ t❤✉s ✇❡❧❧ ❞❡s✐❣♥❡❞

t♦ tr❡❛t s❤♦❝❦s ❡✣❝✐❡♥t❧②✳

❖♥❡ ♦❢ t❤❡✐r ❞r❛✇❜❛❝❦s ✐s t❤❛t ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ✐s ♥♦t ❡♥❢♦r❝❡❞ ✭❡✳❣✳ ❲❛❞s❧❡② ❡t ❛❧✳

✷✵✵✽✮✳ ❆ ♥✉♠❡r✐❝❛❧ tr✉♥❝❛t✐♦♥ ❡rr♦r ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❡❧❧ ✇✐❞t❤ ♠❛❦❡s t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛

✢✉✐❞ ❞✐✛❡r ✐❢ t❤❡ s❛♠❡ ✈❡❧♦❝✐t② ✐s ❛❞❞❡❞ ❡✈❡r②✇❤❡r❡✳ ❚❤✐s ✉♥✇❛♥t❡❞ ❡✛❡❝t ❝❛♥ ❤♦✇❡✈❡r ❜❡

r❡❞✉❝❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥✳

✸✳✷✳✷ ❙P❍

❙♠♦♦t❤❡❞ ♣❛rt✐❝❧❡ ❤②❞r♦❞②♥❛♠✐❝s ✇❛s ✐♥❞❡♣❡♥❞❡♥t❧② ❞❡✈❡❧♦♣❡❞ ❜② ▲✉❝② ✭✶✾✼✼✮ ❛♥❞ ●✐♥✲

❣♦❧❞ ✫▼♦♥❛❣❤❛♥ ✭✶✾✼✼✮✳ ❚❤❡ ✢✉✐❞ ✐s tr❡❛t❡❞ ✐♥ ❛ ▲❛❣r❛♥❣✐❛♥ ✇❛②✱ ❜② ❛ ❢✉rt❤❡r st❡♣ ❝♦♠♣❛r❡❞

t♦ t❤❡ ♦r✐❣✐♥❛❧ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠❛❧✐s♠ t❤❛t ✐s t❤❡ s❛♠♣❧✐♥❣ ♦❢ t❤❡ ✢✉✐❞ ❜② ♣♦✐♥t ♠❛ss❡s ❛❝t✐♥❣

❛s ❛ s❡t ♦❢ ❞✐s❝r❡t❡ tr❛❝❡r ♣❛rt✐❝❧❡s✳ ❚❤❡ ❞❡♥s✐t② ❛t t❤❡ ♣♦✐♥t ♠❛ss ❧♦❝❛t✐♦♥s ✐s ❞♦♥❡ ❜② ❛ ❧♦❝❛❧

❛✈❡r❛❣❡ ♦♥ ♥❡✐❣❤❜♦✉r✐♥❣ ♣❛rt✐❝❧❡s✳ ❆ ♥✉♠❜❡r ♦❢ ❚r❡❡❙P❍ ❝♦❞❡s✱ ✉s✐♥❣ t❤❡ ❚r❡❡ ❛❧❣♦r✐t❤♠ t♦

❝♦♠♣✉t❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡s✱ ❛s ❣❛s ❛r❡ tr❡❛t❡❞ ❛s ♣❛rt✐❝❧❡s ✐♥ ❙P❍✱ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✿

❍❡r♥q✉✐st ✫ ❑❛t③ ✭✶✾✽✾✮ ✜rst ❝♦♠❜✐♥❡❞ t❤❡ t✇♦ ♠❡t❤♦❞s✱ ❛♥❞ ♠♦r❡ r❡❝❡♥t ❝♦❞❡s s✉❝❤ ❛s

●❛❞❣❡t✲✷ ✭❙♣r✐♥❣❡❧ ✷✵✵✺✮ ♦r ●❛s♦❧✐♥❡ ✭❖✬❙❤❡❛ ❡t ❛❧✳ ✷✵✵✹✮✳

❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ ❛ ❦❡r♥❡❧ ✐♥t❡r♣♦❧❛t✐♦♥✳ ❆♥ ✐♥t❡r♣♦❧❛t❡❞ ✈❡rs✐♦♥ ♦❢ ❛♥② ✜❡❧❞

A(r) ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✉s✐♥❣ ❛ ❝♦♥✈♦❧✉t✐♦♥ ✇✐t❤ ❛ ❦❡r♥❡❧ W (r, h)✿

〈A(r)〉 =
∫

A(r′)W (r− r′, h) dr′ ✭✸✳✷✺✮

✇✐t❤ h t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✇✐❞t❤ ♦❢ t❤❡ ❦❡r♥❡❧✱ ❝❛❧❧❡❞ t❤❡ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤✳ ❚❤❡ ❦❡r♥❡❧ ♠✉st

❜❡ ♥♦r♠❛❧✐s❡❞ t♦ ✉♥✐t② ✭
∫

W (r, h) dr = 1✮ ❛♥❞ r❡❞✉❝❡ t♦ ❛ ❉✐r❛❝ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❧✐♠✐t

h → 0✳ ■t ✐s r❡q✉✐r❡❞ t♦ ❜❡ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ❢♦r ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❝♦♥s❡r✈❛t✐♦♥✱ ❛♥❞

t♦ ❤❛✈❡ ❛ ❤✐❣❤ ♦r❞❡r ♦❢ ✐♥t❡r♣♦❧❛t✐♦♥✳

❚❤❡ ♠♦st ✉s❡❞ ❦❡r♥❡❧ ✐s t❤❡ s❛♠❡ ❝✉❜✐❝ s♣❧✐♥❡ ❦❡r♥❡❧ ❛s ♦❢t❡♥ ✉s❡❞ ❢♦r ❣r❛✈✐t❛t✐♦♥❛❧

s♦❢t❡♥✐♥❣ ✭s❡❡ ❡q✉❛t✐♦♥ ✸✳✶✸✮✱ ♣r♦♣♦s❡❞ ❢♦r ❙P❍ ✐♥t❡r♣♦❧❛t✐♦♥ ❜② ▼♦♥❛❣❤❛♥ ✫ ▲❛tt❛♥③✐♦

✭✶✾✽✺✮✳ ■t ✐s ❛ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ ❦❡r♥❡❧ ♥♦r♠❛❧✐s❡❞ t♦ ✉♥✐t② ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✱ ✐✳❡✳
∫

W (r, h)4πr2 dr = 1✱ ✇✐t❤ ❛ ❤✐❣❤ ♦r❞❡r ♦❢ ✐♥t❡r♣♦❧❛t✐♦♥✳ ❙t❛rt✐♥❣ ✇✐t❤ t❤❡ ❧♦✇❡st ♦r❞❡r

❦❡r♥❡❧✱ t❤❡ ❉✐r❛❝ ❦❡r♥❡❧✱ ✐t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♣❡r❢♦r♠✐♥❣ ❢♦✉r s✉❝❝❡ss✐✈❡ ❝♦♥✈♦❧✉t✐♦♥s ✇✐t❤

❛ ❞♦♦r ❢✉♥❝t✐♦♥✱ ❜② s❝❛❧✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❦❡r♥❡❧ t♦ ❤❛✈❡ t❤❡ ❞❡s✐r❡❞ s✉♣♣♦rt ❛♥❞ ❜② ✜♥❛❧❧②

♥♦r♠❛❧✐③✐♥❣ ✐t t♦ ✉♥✐t②✳

■❢ t❤❡ ✜❡❧❞ A ✐s ❦♥♦✇♥ ♦♥❧② ❛t ❝❡rt❛✐♥ ♣♦✐♥ts ri t❤❛t ❤❛✈❡ ❛♥ ❛ss♦❝✐❛t❡❞ ♠❛ss mi ❛♥❞ ❛

❞❡♥s✐t② ρi✱ ❛♥❞ s♦ ❛♥ ❛ss♦❝✐❛t❡❞ ✈♦❧✉♠❡ ❡❧❡♠❡♥t
mi

ρi
✱ ♦♥❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✐♥t❡❣r❛❧ ❜② ❛♥

✐♥t❡r♣♦❧❛t❡❞ s✉♠♠❛t✐♦♥ ♦♥ t❤❡ ✈❛❧✉❡s Ai = A(ri) ❜② r❡♣❧❛❝✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ❜② ❛ s✉♠♠❛t✐♦♥✱
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✇✐t❤ t❤❡ r❡♣❧❛❝❡♠❡♥t dr 7→ mi

ρi
✿

〈A(r)〉 ≃
∑

j

mj

ρj
AjW (r− rj, hi) ✭✸✳✷✻✮

✇❤❡r❡ t❤❡ s✉♠♠❛t✐♦♥ ✐s ♦♥ ❛ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ✜♥✐t❡✲s✉♣♣♦rt ❦❡r♥❡❧✱

t❤❡s❡ ♣❛rt✐❝❧❡s ❜❡✐♥❣ ❝❛❧❧❡❞ t❤❡ ♥❡✐❣❤❜♦✉rs ♦❢ ♣❛rt✐❝❧❡ i✳ ❚❤❡✐r ♥✉♠❜❡r ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡

♦❢ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤✳

❚❤❡ ❞❡♥s✐t② ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❡st✐♠❛t❡❞ ❛t ❛♥② ♣♦s✐t✐♦♥ ❜②✿

ρ(r) =
∑

j

mjW (r− rj, h), ✭✸✳✷✼✮

❛♥❞ ❝❛♥ ❜❡ ✐♥ ♣❛rt✐❝✉❧❛r ❡st✐♠❛t❡❞ ❛t t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ s❛♠♣❧✐♥❣ ♣❛rt✐❝❧❡s✳ ▼❛ss ❝♦♥s❡r✲

✈❛t✐♦♥ ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❢✉❧✜❧❧❡❞✳ ❋✐❣✉r❡ ✸✳✺ s❤♦✇s ❛ s❝❤❡♠❛t✐❝ ❙P❍ ❦❡r♥❡❧ ✈♦❧✉♠❡ ❛r♦✉♥❞ ❛

♣❛rt✐❝❧❡ i✳

h i

i

j

ijr

❋✐❣✉r❡ ✸✳✺✿ ❙❝❤❡♠❛t✐❝ ✈✐❡✇ ♦❢ ❛♥ ❙P❍ ❦❡r♥❡❧ ✈♦❧✉♠❡ ♦❢ r❛❞✐✉s hi ❛r♦✉♥❞ ❛ ♣❛rt✐❝❧❡ i✳ rij

✐s t❤❡ ❧❡♥❣t❤ ♦❢ rij = ri − rj ❚❤❡ ❞❡♥s✐t② ρi ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡ s✉♠♠❛t✐♦♥ ♦❢ t❤❡ ♠❛ss❡s ♦❢

♣❛rt✐❝❧❡s ✐♥s✐❞❡ t❤❡ ✈♦❧✉♠❡✱ ✇❡✐❣❤t❡❞ ❜② t❤❡ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥ W ✳

❚❤❡ ♦t❤❡r ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✕ t❤❡ ❊✉❧❡r ❛♥❞ ❡♥❡r❣② ❡q✉❛t✐♦♥s ✕ ❝❛♥ ❜❡ ❞✐s✲

❝r❡t✐s❡❞ ❛♥❞ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ s♣❡❝✐✜❝

❡♥❡r❣②✱ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❦❡r♥❡❧ ✐♥t❡r♣♦❧❛t✐♦♥✳ ❚❤❡r❡ ✐s ❛ ♥✉♠❜❡r ♦❢ ❝❤♦✐❝❡s ❢♦r t❤❡

❡①❛❝t ✇❛② t❤❡ ❞✐s❝r❡t✐s❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✳ ❚❤❡ −∇P
ρ

t❡r♠ ✐♥ t❤❡ ❊✉❧❡r ❡q✉❛t✐♦♥ ✐s ♦❢t❡♥

s②♠♠❡tr✐s❡❞ s♦ ❛s t♦ ♦❜t❛✐♥ ❛♥t✐s②♠♠❡tr✐❝ ❢♦r❝❡s ❜❡t✇❡❡♥ t✇♦ ♣❛rt✐❝❧❡s ❛♥❞ ❝♦♥s❡r✈❡ ♠♦✲

♠❡♥t✉♠✳ ❯s✐♥❣
∇P
ρ

= ∇
(

P

ρ

)

+
P

ρ2
∇ρ ❛♥❞ ❛ s②♠♠❡tr✐s❡❞ ❦❡r♥❡❧ ❢♦r t✇♦ ♣❛rt✐❝❧❡s i ❛♥❞ j

Wij =
1

2
(W (|rij|, hi) +W (|rij|, hj))✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✇r✐t❡✿

dvi

dt
= −

N
∑

j=1

mj

(

Pi

ρ2i
+
Pj

ρ2j

)

∇iWij ✭✸✳✷✽✮

❛♥❞✱ ✇✐t❤♦✉t ❝♦♥s✐❞❡r✐♥❣ s♦✉r❝❡ ♦r s✐♥❦ t❡r♠s ✐♥ t❤❡ ❡♥❡r❣② ❡q✉❛t✐♦♥✱ ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦

✇r✐t❡✿

dui
dt

=
1

2

N
∑

j=1

mj

(

Pi

ρ2i
+
Pj

ρ2j

)

vij · ∇iWij ✭✸✳✷✾✮
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❖t❤❡r s②♠♠❡tr✐s❛t✐♦♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ✇r✐t✐♥❣ ❢♦r ❡①❛♠♣❧❡
∇P
ρ

=
2
√
P

ρ
∇
√
P ✭❡✳❣✳

▼♦♥❛❣❤❛♥ ✶✾✾✷✮✳

❆rt✐✜❝✐❛❧ ✈✐s❝♦s✐t② ❙✉❝❤ ❛♥ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ r❡❧✐❡s ♦♥ ❞✐✛❡r❡♥t✐❛❧ ✢✉✐❞ ❡q✉❛t✐♦♥s ✇❤♦s❡

✈❛❧✐❞✐t② ❜r❡❛❦s ❞♦✇♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ s❤♦❝❦s✳ ■♥ ❞✐s❝♦♥t✐♥✉♦✉s s❤♦❝❦ r❡❣✐♦♥s✱ t❤❡ ✐♥t❡❣r❛❧ ❢♦r♠

♦❢ t❤❡ ❡q✉❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞✳ ❲✐t❤♦✉t ❛♥② ❛❞❞✐t✐♦♥ t♦ t❤❡ ❞✐s❝r❡t✐s❡❞ ❡q✉❛t✐♦♥s✱ ❙P❍ ✇♦✉❧❞

♠✐ss t❤❡ ❞✐ss✐♣❛t✐♦♥ ♦❢ ❦✐♥❡t✐❝ ❡♥❡r❣② ✐♥t♦ t❤❡r♠❛❧ ❡♥❡r❣② ❜② ♠✐❝r♦♣❤②s✐❝s ✐♥ t❤❡s❡ r❡❣✐♦♥s✳

❚❤❡r❡❢♦r❡✱ ❛♥ ❛rt✐✜❝✐❛❧ ✈✐s❝♦s✐t② ✐s ✐♥tr♦❞✉❝❡❞ t♦ ❣❡♥❡r❛t❡ ❞✐ss✐♣❛t✐♦♥ ❞✉❡ t♦ s❤♦❝❦s ❛♥❞

s♣r❡❛❞ t❤❡ s❤♦❝❦ ♦♥ ❛ r❡s♦❧✈❛❜❧❡ ❧❛②❡r✱ ✐✳❡✳ t✇♦ ♦r t❤r❡❡ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤s✱ ♠❛❦✐♥❣ t❤❡ ✉s❡

♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❝♦rr❡❝t ✐♥ t❤❡s❡ r❡❣✐♦♥s✳ ❚❤✐s ❛rt✐✜❝✐❛❧ ✈✐s❝♦s✐t② ✐s

♣✉t ❛s ❛ ❢r✐❝t✐♦♥ ❢♦r❝❡ t❤❛t ❞❛♠♣s t❤❡ r❡❧❛t✐✈❡ ♠♦t✐♦♥s ♦❢ ♣❛rt✐❝❧❡s✿

dvi

dt

∣

∣

∣

∣

visc

= −
N
∑

j=1

mjΠij∇iW ij , ✭✸✳✸✵✮

✇❤❡r❡ Πij ≥ 0 ✐s ❛♥ ❛rt✐✜❝✐❛❧ ✈✐s❝♦s✐t② t❡♥s♦r t❤❛t ✐s ♥♦♥✲③❡r♦ ♦♥❧② ✇❤❡♥ ♣❛rt✐❝❧❡s ❛♣♣r♦❛❝❤

❡❛❝❤ ♦t❤❡r✳

❚❤❡ ❡①❛❝t ❝❤♦✐❝❡ ❢♦r t❤❡ ✈✐s❝♦s✐t② ❢♦r♠ ❛♥❞ ♣❛r❛♠❡tr✐s❛t✐♦♥ ✈❛r②✳ ❚❤❡ ❝♦❞❡ ●❛❞❣❡t✲✷ ✇❡

✉s❡ ❢♦r ♦✉r s✐♠✉❧❛t✐♦♥s t❛❦❡s ❛ ♣❛r❛♠❡tr✐s❛t✐♦♥ ❢r♦♠ ▼♦♥❛❣❤❛♥ ✭✶✾✾✼✮ t❤❛t ✐♥✈♦❧✈❡s ❛ ✏s✐❣♥❛❧

✈❡❧♦❝✐t②✑ vsigij = ci + cj − 3wij ✇❤❡r❡ wij =
vij · rij
|rij |

✭❢r♦♠ ❛♥ ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ❘✐❡♠❛♥♥

♣r♦❜❧❡♠✮ ✐♥ t❤❡ ❝❛s❡ ♣❛rt✐❝❧❡s ❛♣♣r♦❛❝❤ ❡❛❝❤ ♦t❤❡r✳ wij = 0 ♦t❤❡r✇✐s❡✳ Πij t❛❦❡s t❤❡ ❢♦r♠✿

Πij = −α
2

(ci + cj − 3wij)wij

ρij
✭✸✳✸✶✮

✇❤❡r❡ α ≃ 0.5 − 1.0✳ ρij ✐s t❤❡ ❛r✐t❤♠❡t✐❝ ♠❡❛♥ ♦❢ t❤❡ ❞❡♥s✐t✐❡s ♦❢ ♣❛rt✐❝❧❡s i ❛♥❞ j✳ ▼✉❧✲

t✐♣❧✐❝❛t✐♦♥ ❜② wij ✐♥ Πij ❡♥s✉r❡s t❤❡ ✈✐s❝♦s✐t② ✈❛♥✐s❤❡s ❢♦r r✐❣✐❞ ❜♦❞② r♦t❛t✐♦♥✳ ❚❤✐s ✈❡rs✐♦♥

♣r❡✈❡♥ts ✈❡r② ❧❛r❣❡ ✈✐s❝♦✉s ❛❝❝❡❧❡r❛t✐♦♥s ❢r♦♠ ♦❝❝✉rr✐♥❣✳ ▼♦r❡♦✈❡r✱ ❛ ✈✐s❝♦s✐t② ❧✐♠✐t❡r ✐s

❛❞❞❡❞ ❢♦❧❧♦✇✐♥❣ ❇❛❧s❛r❛ ✭✶✾✾✺✮ ❛♥❞ ❙t❡✐♥♠❡t③ ✭✶✾✾✻✮✱ s♦ ❛s t♦ r❡❞✉❝❡ t❤❡ ❛rt✐✜❝✐❛❧ ✈✐s❝♦s✐t②

✐♥ s❤❡❛r ✢♦✇s✳

❆s t❤❡ ❛✐♠ ♦❢ t❤✐s ❛rt✐✜❝✐❛❧ ✈✐s❝♦s✐t② ✐s t♦ ❝♦♥✈❡rt s♦♠❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ✐♥t♦ t❤❡r♠❛❧ ❡♥❡r❣②✱

t❤❡ ❞❡❝r❡❛s❡ ✐♥ ❦✐♥❡t✐❝ ❡♥❡r❣② ❞✉❡ t♦ t❤❡ ✈✐s❝♦✉s ❢♦r❝❡ ✐s ❡①❛❝t❧② ❜❛❧❛♥❝❡❞ ❜② ❛♥ ✐♥❝r❡❛s❡ ✐♥

t❤❡r♠❛❧ ❡♥❡r❣②✿

dui
dt

=
1

2

N
∑

j=1

mjΠijvij · ∇iW ij , ✭✸✳✸✷✮

❛♥❞ t❤❡ t♦t❛❧ ❡♥❡r❣② ✐s t❤✉s ❝♦♥s❡r✈❡❞✳

❊♥❡r❣② ♦r ❡♥tr♦♣② ✐♥t❡❣r❛t✐♦♥ ■❢ t❤❡ ✐♥t❡r♥❛❧ ❡♥❡r❣② ✐s ✐♥t❡❣r❛t❡❞✱ ❍❡r♥q✉✐st ✭✶✾✾✸✮

s❤♦✇❡❞ t❤❛t ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❡♥tr♦♣② ❝❛♥ ❜❡ ✈✐♦❧❛t❡❞ ✭❢♦r ❛❞✐❛❜❛t✐❝ ✢♦✇s ✐♥ ✇❤✐❝❤ ♥♦ ❡♥tr♦♣②

s❤♦✉❧❞ ❜❡ ❣❡♥❡r❛t❡❞✮✳ ❲✐t❤♦✉t ❛♥② ❝♦♦❧✐♥❣ ✐♥❝❧✉❞❡❞✱ t❤❡ ❡♥tr♦♣② ❝❛♥ ❞✐♠✐♥✐s❤✱ ✇❤✐❝❤ ✐s ♥♦t

♣❤②s✐❝❛❧✳
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❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✐s t♦ ❢♦❧❧♦✇ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛♥ ❡♥tr♦♣② ❢✉♥❝t✐♦♥ r❛t❤❡r t❤❛♥ t❤❡

✐♥t❡r♥❛❧ ❡♥❡r❣②✳ ❖♥❡ ❝❛♥ ✉s❡✿

A =
P

ργ
✭✸✳✸✸✮

✇✐t❤ γ t❤❡ ❛❞✐❛❜❛t✐❝ ✐♥❞❡① ♦❢ t❤❡ ❣❛s✱ ❡q✉❛❧ t♦
5

3
❢♦r ❛ ♠♦♥♦✲❛t♦♠✐❝ ❣❛s✳ ❋♦r ❛♥ ❛❞✐❛❜❛t✐❝

✢♦✇✱ t❤✐s ❢✉♥❝t✐♦♥ ✐s ❝♦♥st❛♥t ❛♥❞ ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ t❤❡ s♣❡❝✐✜❝ ❡♥tr♦♣② s ✶✳

❚❤✐s ❡♥tr♦♣② ❢✉♥❝t✐♦♥✱ t❤❛t ✇✐❧❧ ❜❡ ❤❡r❡❛❢t❡r ❝❛❧❧❡❞ s✐♠♣❧② ❡♥tr♦♣②✱ ✇✐❧❧ ❤❛✈❡ ❛♥ ❡✈♦❧✉t✐♦♥

❞✉❡ ♦♥❧② t♦ t❤❡ ❛rt✐✜❝✐❛❧ ✈✐s❝♦s✐t② ✭✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♦t❤❡r ❝♦♦❧✐♥❣ ♦r ❤❡❛t✐♥❣ t❡r♠s✮✿

dAi

dt
=

1

2

γ − 1

ργ−1
i

N
∑

j=1

mjΠijvij · ∇iW ij ✭✸✳✸✹✮

❆s t❤✐s ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ t❤❡ ❡♥tr♦♣② ❝❛♥ ♦♥❧② ❣r♦✇ ✐♥ t✐♠❡✳ ❚❤❡ ✐♥t❡r♥❛❧ ❡♥❡r❣② ❝❛♥ ❜❡

♦❜t❛✐♥❡❞ ❢r♦♠✿

ui =
Ai

γ − 1
ργ−1 ✭✸✳✸✺✮

❍❡r♥q✉✐st ✭✶✾✾✸✮ ❤♦✇❡✈❡r s❤♦✇❡❞ t❤❛t ✐❢ t❤❡ ❡♥tr♦♣② ✐s ✐♥t❡❣r❛t❡❞✱ t❤❡ t♦t❛❧ ❡♥❡r❣② ✐s ♥♦t

♥❡❝❡ss❛r✐❧② ❝♦♥s❡r✈❡❞✱ ♣r♦❜❧❡♠s ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❛❞❛♣t✐✈❡ ❜❡❤❛✈✐♦✉r ♦❢ ❙P❍✱ ❢r♦♠ ♥❡❣❧❡❝t❡❞

t❡r♠s ❞✉❡ t♦ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤s ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✳

❈♦♥s❡r✈❛t✐✈❡ ❢♦r♠ ❆ ❜❡tt❡r ✇❛② ♦❢ s♦❧✈✐♥❣ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ ✢✉✐❞ ✐♥ ❛ ❝♦♥s❡r✈❛t✐✈❡

♠❛♥♥❡r ✐s t♦ ✇r✐t❡ ❛ ▲❛❣r❛♥❣✐❛♥ ❢♦r t❤❡ ❣❛s ❛♥❞ t♦ ❞❡r✐✈❡ ❛ ❞✐s❝r❡t✐s❡❞ ❊✉❧❡r ❡q✉❛t✐♦♥ ❢r♦♠

✐t✳ ❆s t❤❡ ❡q✉❛t✐♦♥ ✇✐❧❧ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛ ▲❛❣r❛♥❣✐❛♥✱ ❡♥❡r❣② ❛♥❞ ♠♦♠❡♥t✉♠ ❝♦♥s❡r✈❛t✐♦♥

✇✐❧❧ ❛✉t♦♠❛t✐❝❛❧❧② ❜❡ ❡♥❢♦r❝❡❞✳ ❙♣r✐♥❣❡❧ ✫ ❍❡r♥q✉✐st ✭✷✵✵✷✮ ♣r❡s❡♥t s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ❛♥❞

✉s❡ ✐♥ t❤❡ ●❛❞❣❡t✲✷ ❝♦❞❡✳ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r N ♣❛rt✐❝❧❡s ✭✇✐t❤ ♥♦ s❡❧❢✲❣r❛✈✐t② ❛❞❞❡❞ ❤❡r❡✮

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

L(q, q̇) = 1

2

N
∑

i=1

miṙ
2
i −

1

γ − 1

N
∑

i=1

miAiρ
γ−1
i ✭✸✳✸✻✮

✇❤❡r❡ q = (r1, ..., rN , h1, ..., hN )✳ ❚❤❡ Ai ❛r❡ t❤❡ s♣❡❝✐✜❝ ❡♥tr♦♣② ♦❢ ♣❛rt✐❝❧❡s✳

❇② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥str❛✐♥ts φi ❡①♣r❡ss✐♥❣ t❤❛t t❤❡ ♠❛ss ✐♥ ❛ ❦❡r♥❡❧ ✈♦❧✉♠❡ ✐s

❞❡♠❛♥❞❡❞ t♦ ❡q✉❛❧ ❛ ❝♦♥st❛♥t MSPH✱ ✐✳❡✳✿

φi =
4

3
πh3i ρi −MSPH = 0, ✭✸✳✸✼✮

✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ ❛ ❞✐s❝r❡t✐s❡❞ ❊✉❧❡r ❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❡q✉❛t✐♦♥s✿

d

dt

∂L
∂q̇i

− ∂L
∂q̇i

=

N
∑

j=1

λj
∂φj
∂qj

✭✸✳✸✽✮

✶✳ ■♥❞❡❡❞✱ ❛♣♣❧②✐♥❣ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝❛❧ ✐❞❡♥t✐t② du = Tds +
P

ρ2
dρ t♦ ❛♥ ✐s♦❧❛t❡❞ ✐❞❡❛❧ ❣❛s ❤❛✈✐♥❣

P = (γ − 1)ρu✱ u =
kT

µ(γ − 1)
✇✐t❤ µ t❤❡ ♠❡❛♥ ♣❛rt✐❝❧❡ ✇❡✐❣❤t✱ ♦♥❡ ✜♥❞s ds =

k

µ(γ − 1)

dA

A
✳
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✇❤❡r❡ t❤❡ λj ❛r❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs✳ ❚❤❡② ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ♦♥❡ ❤❛❧❢ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❛♥❞

✐♥s❡rt❡❞ ✐♥ t❤❡ ♦t❤❡r ❤❛❧❢ s♦ ❛s t♦ ♦❜t❛✐♥✿

d~vi
dt

= −
N
∑

j=1

mj

[

fi
Pi

ρ2i
∇iWij(hi) + fj

Pj

ρ2j
∇iWij(hj)

]

, ✭✸✳✸✾✮

✇✐t❤ t❤❡ fi ❞❡✜♥❡❞ ❛s✿

fi =

[

1 +
hi
3ρi

∂ρi
∂hi

]−1

✭✸✳✹✵✮

✸✳✷✳✸ ▼❛✐♥ ❞✐✛❡r❡♥❝❡s

❙✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s t❤❛t ❝❛♥ ❛r✐s❡ ✐♥ t❤❡ r❡s✉❧ts ♦❢ s✐♠✉❧❛t✐♦♥s ♣❡r❢♦r♠❡❞ ❡✐t❤❡r ✇✐t❤

❣r✐❞ ❝♦❞❡s ♦r ❙P❍ ❝♦❞❡s ❝♦♥❝❡r♥ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ❛♥❞ ✢✉✐❞ ♠✐①✐♥❣✳

●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ❆s ♣r❡✈✐♦✉s❧② s❛✐❞✱ ❣r✐❞ ❝♦❞❡s ❞♦ ♥♦t ❡♥s✉r❡ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡✳ ❚❤✐s

❝❛♥ ❢♦r ❡①❛♠♣❧❡ ❤❛✈❡ ❛♥ ✐♠♣❛❝t ♦♥ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❤✐❣❤ ✈❡❧♦❝✐t② str❡❛♠s ♦❢ ❣❛s ❛❝❝r❡t✐♥❣

♦♥t♦ ❣❛❧❛①✐❡s✱ ♦r ♦♥ s✐♠✉❧❛t✐♦♥s ♦❢ ❣❛❧❛①② ❝❧✉st❡rs ✐♥ ✇❤✐❝❤ ❣❛❧❛①✐❡s ❝❛♥ ❤❛✈❡ ❧❛r❣❡ ✈❡❧♦❝✐t✐❡s

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❡♥tr❡ ♦❢ ♠❛ss ♦❢ t❤❡ ❝❧✉st❡r✳ ❚❤❡ ❧❛❝❦ ♦❢ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ❝❛♥ ❝❤❛♥❣❡

t❤❡✐r ✐♥t❡r♥❛❧ ❞②♥❛♠✐❝s✳

❋❧✉✐❞ ♠✐①✐♥❣ ❆ ♣r♦❜❧❡♠ ❢♦r ❙P❍ ✐♥ ✐ts ✏♥♦r♠❛❧✑ ✈❡rs✐♦♥ ✭✇❡ ✉s❡❞ s✉❝❤ ❛ ✈❡rs✐♦♥ ✐♥ ♦✉r

s✐♠✉❧❛t✐♦♥s✮ ❝♦♥❝❡r♥s t❤❡ ♠✐①✐♥❣ ♦❢ ❞✐✛❡r❡♥t ✢✉✐❞s✳ ❲❤✐❧❡ ❣r✐❞ ❝♦❞❡s ♥❛t✉r❛❧❧② ♠✐① ✢✉✐❞s ❛t

t❤❡ ❝❡❧❧ ❧❡✈❡❧✱ ❙P❍ ❝♦♥s✐sts ♦❢ ♣❛rt✐❝❧❡s ❤❛✈✐♥❣ t❤❡✐r ♦✇♥ ✐❞❡♥t✐t②✱ ❛♥❞ ❛♥ ❛rt❡❢❛❝t ♦❢ ❙P❍ ✐s ❛

s♣✉r✐♦✉s ♥✉♠❡r✐❝❛❧ ✏s✉r❢❛❝❡ t❡♥s✐♦♥✑ t❤❛t ♣r❡✈❡♥ts t✇♦ ✢✉✐❞s ❢r♦♠ ♠✐①✐♥❣✳ ❚❤✐s ✐s r❡❧❛t❡❞ t♦

t❤❡ ✐♥❝❛♣❛❝✐t② ♦❢ ❙P❍ t♦ ♣r♦❞✉❝❡ ❡♥tr♦♣② ✇❤❡♥ ♠✐①✐♥❣ ♦❝❝✉rs ✭❙♣r✐♥❣❡❧ ✷✵✶✵❜✮✱ ❝♦♥tr❛r✐❧②

t♦ ♠❡s❤ ❝♦❞❡s t❤❛t ❣❡♥❡r❛t❡ ❡♥tr♦♣② ✇❤❡♥ ❛✈❡r❛❣❡s ❛r❡ ♠❛❞❡ ❛t ❡❛❝❤ t✐♠❡✲st❡♣✳

❚❤✐s ✢✉✐❞ ♠✐①✐♥❣ ✐s t✐❣❤t❧② r❡❧❛t❡❞ t♦ t✇♦ ✐♥st❛❜✐❧✐t✐❡s t❤❛t ❛r❡ ♦❢t❡♥ ✉s❡❞ ❛s t❡sts ❢♦r

❤②❞r♦❞②♥❛♠✐❝❛❧ ❝♦❞❡s✿ t❤❡ ❑❡❧✈✐♥✲❍❡❧♠♦❧t③ ✐♥st❛❜✐❧✐t② ❛♥❞ t❤❡ ❘❛②❧❡✐❣❤✲❚❛②❧♦r ✐♥st❛❜✐❧✐t②✳

❚❤❡ ❑❡❧✈✐♥✲❍❡❧♠♦❧t③ ✐♥st❛❜✐❧✐t② ♦❝❝✉rs ✇❤❡♥ t❤❡r❡ ✐s ❛ ✈❡❧♦❝✐t② s❤❡❛r ❛t t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥

t✇♦ ❞✐✛❡r❡♥t ✢✉✐❞s ✭♦❢ ❞✐✛❡r❡♥t ❞❡♥s✐t✐❡s✱ t❡♠♣❡r❛t✉r❡✳✳✳✮✳ ❚❤❡ ✢✉✐❞s ✐♥t❡r✲♣❡♥❡tr❛t❡ ❛t t❤❡

✐♥t❡r❢❛❝❡s✱ ❝r❡❛t✐♥❣ ✇❛✈❡✲❧✐❦❡ s♣❛t✐❛❧ ♣❛tt❡r♥s✳ ❚❤❡ ❘❛②❧❡✐❣❤✲❚❛②❧♦r ✐♥st❛❜✐❧✐t② ♦❝❝✉rs ✇❤❡♥

❛ ✢✉✐❞ ✐s ❛❝❝❡❧❡r❛t❡❞ ❜② ❛ ❧❡ss ❞❡♥s❡ ✢✉✐❞✱ ♦r ✇❤❡♥ ✐t ✐s ❞✐s♣❧❛❝❡❞ ❜② t❤❡ ❧❡ss ❞❡♥s❡ ✢✉✐❞✳

❙✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ ❞❡♥s❡ ❣❛s ❝❧♦✉❞ ♠♦✈✐♥❣ s✉♣❡rs♦♥✐❝❛❧❧② r❡❧❛t✐✈❡❧②

t♦ ❛ ❧❡ss ❞❡♥s❡ ❜✉❧❦ ✢♦✇ ✇❛s s❤♦✇♥ ❜② ❆❣❡rt③ ❡t ❛❧✳ ✭✷✵✵✼✮ ✭s❡❡ ❋✐❣✉r❡ ✸✳✻✮✳ ❚❤❡ ❑❡❧✈✐♥✲

❍❡❧♠♦❧t③ ✐♥st❛❜✐❧✐t② s❤♦✉❧❞ ❣r❛❞✉❛❧❧② ❞❡str♦② t❤❡ ❞❡♥s❡ ❝❧♦✉❞ ❜② ♠✐①✐♥❣ ✐t ✇✐t❤ t❤❡ ✐♥❝♦♠✐♥❣

✢✉✐❞ ❢r♦♠ ✐ts s✉r❢❛❝❡ t♦ ✐ts ✐♥s✐❞❡ ♣❛rts✱ ❜✉t ❙P❍ ❝♦❞❡s ❞♦ ♥♦t s❤♦✇ t❤✐s ❜❡❤❛✈✐♦✉r✳ ❚❤❡

❝❧♦✉❞ r❡♠❛✐♥s ✇❤✐❧❡ ✐t ❤❛s ❧♦♥❣ ❝♦rr❡❝t❧② ❜❡❡♥ ❞❡str♦②❡❞ ✐♥ ❣r✐❞ ❝♦❞❡s✳

❙♦♠❡ ❛tt❡♠♣ts ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ s♦ ❛s t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✳ ❋♦r ❡①❛♠♣❧❡✿

✕ Pr✐❝❡ ✭✷✵✵✽✮ ❛♥❞ ❲❛❞s❧❡② ❡t ❛❧✳ ✭✷✵✵✽✮ s✉❣❣❡st❡❞ t♦ ❛❞❞ ❛♥ ❛rt✐✜❝✐❛❧ ❤❡❛t ❝♦♥❞✉❝t✐♦♥

❛t ❝♦♥t❛❝t ❞✐s❝♦♥t✐♥✉✐t✐❡s✱ s✐♠✐❧❛r❧② t♦ t❤❡ ❛rt✐✜❝✐❛❧ ✈✐s❝♦s✐t②✳ ❚❤❡ s❝❤❡♠❡ ✐s ❤♦✇❡✈❡r



✸✳ ❙■▼❯▲❆❚■◆● ●❆❙ ❉❨◆❆▼■❈❙ ✹✺

❋✐❣✉r❡ ✸✳✻✿ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❛ ❞❡♥s❡ ❣❛s ❝❧♦✉❞ ✐♥ ❛ s✉♣❡rs♦♥✐❝ ✢♦✇✳ ❚♦♣ r♦✇✿ ❙✐♠✉❧❛t✐♦♥ ✇✐t❤

t❤❡ ❙P❍ ❝♦❞❡ ●❛❞❣❡t✲✷✳ ❇♦tt♦♠ r♦✇✿ ❙✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ♠❡s❤ ❝♦❞❡ ❊♥③♦✳ ❋✐❣✉r❡ ❡①tr❛❝t❡❞

❢r♦♠ ❆❣❡rt③ ❡t ❛❧✳ ✭✷✵✵✼✮✳

❞✐✣❝✉❧t t♦ t✉♥❡ s♦ t❤❛t ❛rt✐✜❝✐❛❧ ❤❡❛t ❝♦♥❞✉❝t✐♦♥ ♦❝❝✉rs ♦♥❧② ✇❤❡♥ t❤❡r❡ s❤♦✉❧❞ ❜❡

s♦♠❡ ♠✐①✐♥❣✳

✕ ❆ s❝❤❡♠❡ ✐♥s♣✐r❡❞ ❜② t❤❡ ❞❡♥s✐t② ❡st✐♠❛t❡s ♦❢ ❘✐t❝❤✐❡ ✫ ❚❤♦♠❛s ✭✷✵✵✶✮ ❤❛s ❜❡❡♥

♣r♦♣♦s❡❞ ❜② ❘❡❛❞ ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❚❤❡② ✉s❡ ❛ ✈❡r② ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦✉rs ❛♥❞ t❤✉s

❛ st❡❡♣❡r ❦❡r♥❡❧ s♦ t❤❛t t❤❡ ✏❝❧✉♠♣✐♥❣✑ ✐♥st❛❜✐❧✐t② ❞♦❡s ♥♦t ♦❝❝✉r✳ ❚❤✐s ✐♥st❛❜✐❧✐t② ✐s

❞✉❡ t♦ t❤❡ ❛❧♠♦st ✢❛t ❦❡r♥❡❧ s❤❛♣❡ ❢♦r s♠❛❧❧ s❡♣❛r❛t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s✱ ♠❛❦✐♥❣ ♣r❡ss✉r❡

❣r❛❞✐❡♥ts ✈❡r② s♠❛❧❧ ❛♥❞ t❡♥❞✐♥❣ t♦ ❣r♦✉♣ ♣❛rt✐❝❧❡s t♦❣❡t❤❡r ❛rt✐✜❝✐❛❧❧②✳ ❚❤✐s ✈❡r② ❧❛r❣❡

♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦✉rs s❧♦✇s ❞♦✇♥ t❤❡ ❝♦❞❡✳

✕ ❆❜❡❧ ✭✷✵✶✶✮ s✉❣❣❡st❡❞ t♦ ❝❤❛♥❣❡ t❤❡ ❞✐s❝r❡t✐s❛t✐♦♥ ♦❢ t❤❡ ❙P❍ ❡q✉❛t✐♦♥s ✐♥ ❤✐s r♣❙P❍

✈❡rs✐♦♥ ♦❢ ●❛❞❣❡t✲✷✱ ❡✈❛❧✉❛t✐♥❣ t❤❡ ♣r❡ss✉r❡ ❢♦r❝❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧♦❝❛❧ ♣r❡ss✉r❡✳

❚❤❡ ❝♦❞❡ ♥❡❡❞s ❤♦✇❡✈❡r t♦ ❜❡ r✉♥ ✇✐t❤ ❛ s♣❡❝✐❛❧❧② ✜♥❡ r❡s♦❧✉t✐♦♥ ❢♦r ❡♥❡r❣② t♦ ❜❡

❝♦♥s❡r✈❡❞✳

✕ ❚❤❡ r❡❝❡♥t ❛tt❡♠♣t ❜② ❍♦♣❦✐♥s ✭✷✵✶✸✮✱ ✏♣r❡ss✉r❡✲❡♥tr♦♣② ❙P❍✑✱ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❙P❍

✐♠♣❧❡♠❡♥t❡❞ ❜② ✉s✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ ●❛❞❣❡t✲✷✱ ❝❤❛♥❣❡s ✇❤✐❝❤ ❙P❍ ❡q✉❛t✐♦♥s ❛r❡

❝♦♥s✐❞❡r❡❞ ✇❤✐❧❡ ✐♥t❡r❡st✐♥❣❧② r❡t❛✐♥✐♥❣ t❤❡ ❝♦♥s❡r✈❛t✐✈❡ ▲❛❣r❛♥❣✐❛♥ str✉❝t✉r❡✳ ❚❤❡

❝♦❞❡ ❤❛s ♥♦ ❛♣♣❛r❡♥t ❞r❛✇❜❛❝❦ s♦ ❢❛r✳

■♥ ♦✉r s✐♠✉❧❛t✐♦♥s ♦❢ ❞✐s❝ ❣❛❧❛①✐❡s✱ ✇❡ ✉s❡❞ ❙P❍ ✐♥ ✐ts ♥♦r♠❛❧ ✈❡rs✐♦♥ ✭✇✐t❤ ♥♦ ❛tt❡♠♣t

t♦ ❧♦✇❡r t❤❡ ❛rt✐✜❝✐❛❧ s✉r❢❛❝❡ t❡♥s✐♦♥✮✱ ❛s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s❝s ✐s ♥♦t ❧✐❦❡❧② t♦ ❜❡ ✈❡r②

s❡♥s✐t✐✈❡ t♦ t❤✐s ♣r♦❜❧❡♠✿ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥② ❤♦t ❛♠❜✐❡♥t ♠❡❞✐✉♠ ✇✐t❤ r❡s♣❡❝t

t♦ ✇❤✐❝❤ ❞❡♥s❡ ❝❧✉♠♣s ✇♦✉❧❞ ❤❛✈❡ ❛ ❧❛r❣❡ ✈❡❧♦❝✐t② ❞✐✛❡r❡♥❝❡✳
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✸✳✷✳✹ ❍②❜r✐❞ ❝♦❞❡s

❙♦♠❡ ❤②❜r✐❞ ❝♦❞❡s ✭✏❤②❜r✐❞✑ ✐s ❤❡r❡ ✉s❡❞ ❢♦r t❤❡ tr❡❛t♠❡♥t ♦❢ ❣❛s✮ tr② t♦ ❝♦♠❜✐♥❡ t❤❡

▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❊✉❧❡r✐❛♥ ❛♣♣r♦❛❝❤❡s s♦ ❛s t♦ ❦❡❡♣ t❤❡ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ ❜♦t❤ ♠❡t❤♦❞s✱

♣❛rt✐❝✉❧❛r❧② t❤❡ ✢✉✐❞ ♠✐①✐♥❣ ♦❢ ♠❡s❤ ❝♦❞❡s ❛♥❞ t❤❡ ●❛❧✐❧❡❛♥ ✐♥✈❛r✐❛♥❝❡ ♦❢ ❙P❍ ❝♦❞❡s✳

❚❤❡ ✐❞❡❛ ♦❢ t❤❡s❡ ❝♦❞❡s ✐s ♦❢t❡♥ t♦ ❤❛✈❡ ❝❡❧❧s t❤❛t ❜❡❤❛✈❡ ❛s ♣❛rt✐❝❧❡s✱ ✐✳❡✳ t❤❛t ❝❛♥ ♠♦✈❡

❛❧♦♥❣ ✇✐t❤ t❤❡ ✢✉✐❞✳ ❊❛r❧② ❛tt❡♠♣ts ♦❢ ✉s✐♥❣ s✉❝❤ ♠❡t❤♦❞s ❢❛❝❡❞ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ t❤❡ ❞✐s✲

t♦rt✐♦♥ ♦❢ ❝❡❧❧s ✭❡✳❣✳ ●♥❡❞✐♥ ✶✾✾✺❀ P❡♥ ✶✾✾✽✮✳ ❍♦✇❡✈❡r ✐♥ t❤❡ ❆r❡♣♦ ❝♦❞❡ ✭❙♣r✐♥❣❡❧ ✷✵✶✵❛✮✱ t❤❡

❝❡❧❧s ❛r❡ ❜✉✐❧t ❜② ❛♥ ♦♣t✐♠✐s❡❞ t❡ss❡❧❛t✐♦♥ ❛t ❡❛❝❤ t✐♠❡✲st❡♣✱ s♦ t❤❛t t❤❡② ❤❛✈❡ ❛ s✐♠♣❧❡ s❤❛♣❡✱

✇✐t❤ ❛ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ❡❞❣❡s✱ ❛♥❞ ❛s ✏r♦✉♥❞✑ ❛s ♣♦ss✐❜❧❡✳ ❈♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ ●❛❞❣❡t✲✷

❛♥❞ ❆r❡♣♦✱ ✇✐t❤ t❤❡ s❛♠❡ ❜❛r②♦♥✐❝ ♣❤②s✐❝s ✐♥❝❧✉❞❡❞✱ ❤❛✈❡ s❤♦✇♥ ❞✐✛❡r❡♥❝❡s ✐♥ ❢♦r ❡①❛♠♣❧❡

t❤❡ s✐③❡s✱ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❛♥❞ ❡♥tr♦♣② ♦❢ ❣❛s ❞✐s❝s ❢♦r♠❡❞ ✐♥ ❝♦s♠♦❧♦❣✐❝❛❧ s✐♠✉❧❛t✐♦♥s

✭❑❡r❡➨ ❡t ❛❧✳ ✷✵✶✷✮✱ s❤❡❞❞✐♥❣ s♦♠❡ ❞♦✉❜t ♦♥ t❤❡ ✈❛❧✐❞✐t② ♦❢ ♥♦r♠❛❧ ❙P❍ s✐♠✉❧❛t✐♦♥s✳

✹ ■♠♣❧❡♠❡♥t✐♥❣ ❛str♦♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s

❲❡ ♣r❡s❡♥t ❤❡r❡ ❤♦✇ s♦♠❡ ❛str♦♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s✱ ❜② ✇❤✐❝❤ ✇❡ ♠❡❛♥ ♣r♦❝❡ss❡s t❤❛t ❛r❡

♦t❤❡r t❤❛♥ ❣r❛✈✐t❛t✐♦♥❛❧ ♦r ❤②❞r♦❞②♥❛♠✐❝❛❧✱ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ s✐♠✉❧❛t✐♦♥s ♦❢ ❣❛❧❛①✐❡s✳

❚❤❡ ❧✐♠✐t❡❞ ♣♦✇❡r ♦❢ ❝❛❧❝✉❧❛t✐♦♥ ♣r❡✈❡♥ts ✉s ❢r♦♠ tr❡❛t✐♥❣ ♣r♦❝❡ss❡s ✐♥ ❛ ❢✉❧❧② ❞❡t❛✐❧❡❞ ✇❛②✳

▼♦r❡♦✈❡r✱ t❤❡s❡ ♣r♦❝❡ss❡s ❛r❡ st✐❧❧ ♥♦t ✈❡r② ✇❡❧❧ ✉♥❞❡rst♦♦❞✱ ✇❤✐❝❤ ♠❛❦❡s ❛ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧

❛♣♣r♦❛❝❤ ♥❡❝❡ss❛r②✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ❙P❍ ❝♦❞❡s✱ ❛s t❤❡ ❝♦❞❡ ✇❡ ✉s❡❞ ❢♦r

♦✉r s✐♠✉❧❛t✐♦♥s✳

✹✳✶ ❙t❛r ❢♦r♠❛t✐♦♥

❚❤❡ r❡s♦❧✉t✐♦♥ ♦❢ s✐♠✉❧❛t✐♦♥s ❛t ❣❛❧❛❝t✐❝ ♦r ❡①tr❛ ❣❛❧❛❝t✐❝ s❝❛❧❡s ✐s ✐♥ ♣❛rt✐❝✉❧❛r ❢❛r t♦♦

✐♥s✉✣❝✐❡♥t t♦ ❛❧❧♦✇ ❢♦r t❤❡ st✉❞② ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ st❛rs✳

❙t❛r ❢♦r♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❝❛♥ ✐♥✈♦❧✈❡ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ♥❡✇ ♣✉r❡❧② st❡❧❧❛r ♣❛rt✐❝❧❡s✱ ♦r

✐♥✈♦❧✈❡ ❤②❜r✐❞ ♣❛rt✐❝❧❡s ✭✐♥ ❙P❍ ❝♦❞❡s✮ ❝♦♥t❛✐♥✐♥❣✱ ❛t ❧❡❛st ❢♦r ❛ ✇❤✐❧❡✱ ❛ ♣❛rt ♦❢ ❣❛s ❛♥❞ ❛

♣❛rt ♦❢ st❡❧❧❛r ♠❛tt❡r✳ ❙t❛r ❢♦r♠❛t✐♦♥ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛s ❡✐t❤❡r ❝♦♥t✐♥✉♦✉s ✭♣❛rt✐❝✉❧❛r❧② ✐♥

❤②❜r✐❞ s❝❤❡♠❡s✮✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❛ ❢r❛❝t✐♦♥ ♦❢ ❣❛s ✐s ♥❡❝❡ss❛r✐❧② ❝♦♥✈❡rt❡❞ ✐♥t♦ st❛rs ❛t ❡❛❝❤

t✐♠❡✲st❡♣ ✭❞❡♣❡♥❞✐♥❣ ❤♦✇❡✈❡r ♣♦t❡♥t✐❛❧❧② ♦♥ s♦♠❡ ❝♦♥❞✐t✐♦♥s ♦♥ ❣❛s ♣❛rt✐❝❧❡s✮ ♦r st♦❝❤❛st✐❝✱

✐♥ ✇❤✐❝❤ ❝❛s❡ ❣❛s ♣❛rt✐❝❧❡s ❤❛✈❡ ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝r❡❛t✐♥❣ s♦♠❡ st❡❧❧❛r ♠❛ss ❛t ❡❛❝❤ t✐♠❡✲st❡♣✱

❡✐t❤❡r t✐❡❞ t♦ t❤❡♠ ✐♥ ❤②❜r✐❞ s❝❤❡♠❡s✱ ♦r t❛❦✐♥❣ t❤❡ ❢♦r♠ ♦❢ ❛ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡✳ ❈♦♥t✐♥✉♦✉s

s❝❤❡♠❡s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ♠❛✐♥❧② ✐♥ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❧♦✇❡r ♥✉♠❜❡rs ♦❢ ♣❛rt✐❝❧❡s t❤❛♥ ✇❤❛t ✐s

♥♦✇ ❛❝❤✐❡✈❛❜❧❡✱ t❤❡✐r ❛❞✈❛♥t❛❣❡ ❜❡✐♥❣ t♦ r❡❞✉❝❡ t❤❡ ❛❝❝✐❞❡♥t❛❧ t✐♠❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❙❋❘ ✐♥

st♦❝❤❛st✐❝ s❝❤❡♠❡s ❢♦r ❧♦✇ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✳

❚❤❡r❡ ❛r❡ ♦❢t❡♥ s♦♠❡ s❡❧❡❝t✐♦♥ ❝r✐t❡r✐❛ ❢♦r ❛ ❣❛s ♣❛rt✐❝❧❡ ✭♦r ❣❛s ❝❡❧❧ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠❡s❤

❝♦❞❡s✮ t♦ ❜❡ ❛❧❧♦✇❡❞ t♦ ♣❛rt✐❝✐♣❛t❡ ✐♥ t❤❡ st❛r ❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ ✐s t❤❛t

t❤❡ ❞❡♥s✐t② ♠✉st ❜❡ ❛❜♦✈❡ ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞✳ ❚❤✐s ❛✐♠s ❛t r❡♣r♦❞✉❝✐♥❣ t❤❡ ✭♦❢t❡♥ s✉r❢❛❝❡✮
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❞❡♥s✐t② t❤r❡s❤♦❧❞s ♦❜s❡r✈❡❞ ✐♥ ❞✐s❝ ❣❛❧❛①✐❡s✳ ❖t❤❡r ❝r✐t❡r✐❛ ❝❛♥ ❜❡ t❤❛t t❤❡ ♣❛rt✐❝❧❡ ♠✉st

❜❡ ✐♥ ❛ ❝♦♥✈❡r❣✐♥❣ ✢♦✇✱ t❤❛t ✐t ♠✉st ❜❡ ❏❡❛♥s ✉♥st❛❜❧❡ ✭t❤✐s ❝r✐t❡r✐♦♥ ✐s ❤♦✇❡✈❡r ❞❡♣❡♥❞❡♥t

♦♥ t❤❡ r❡s♦❧✉t✐♦♥ ❛♥❞ t❤✉s ♣♦t❡♥t✐❛❧❧② ♣r♦❜❧❡♠❛t✐❝ ✭❡✳❣✳ ❙t✐♥s♦♥ ❡t ❛❧✳ ✷✵✵✻✮✮✱ ♦r t❤❛t ✐ts

t❡♠♣❡r❛t✉r❡ ♠✉st ❜❡ ❜❡❧♦✇ ❛ ♠❛①✐♠✉♠ t❡♠♣❡r❛t✉r❡ ✭t❤✐s ✐s ❢♦r ❡①❛♠♣❧❡ ✉s❡❞ t♦ ❢♦r❜✐❞ st❛r

❢♦r♠❛t✐♦♥ ✐♥ ❞❡♥s❡ ❣❛s ❤❡❛t❡❞ ❜② s✉♣❡r♥♦✈❛❡✮✳

❚❤❡ st❛r ❢♦r♠❛t✐♦♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛✐♠s ♠♦st ♦❢ t❤❡ t✐♠❡ ❛t r❡♣r♦❞✉❝✐♥❣ ❛ ❙❝❤♠✐❞t ❧❛✇

❜❡t✇❡❡♥ t❤❡ ✈♦❧✉♠❡ ❞❡♥s✐t✐❡s ♦❢ st❛rs ρ∗ ❛♥❞ ❣❛s ρg ✭❙❝❤♠✐❞t ✶✾✺✾✮✿

dρ∗
dt

= Cρng ✭✸✳✹✶✮

✇✐t❤ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ❝❤♦s❡♥ ✐♥❞❡① n✳

■♥ t❤❡ ❤②❜r✐❞ ❝♦♥t✐♥✉♦✉s st❛r ❢♦r♠❛t✐♦♥ s❝❤❡♠❡ ♦❢ ▼✐❤♦s ✫ ❍❡r♥q✉✐st ✭✶✾✾✹✮✱ t❤❡ ❣❛s

♠❛ss Mg ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❤②❜r✐❞ ♣❛rt✐❝❧❡ ✐s ❢♦r ❡①❛♠♣❧❡ r❡❞✉❝❡❞ ❛t ❡❛❝❤ t✐♠❡✲st❡♣ ❜②✿

Ṁg

Mg
= −Cρ1/2g ✭✸✳✹✷✮

s♦ ❛s t♦ r❡❝♦✈❡r ❛ ❙❝❤♠✐❞t ❧❛✇ ✇✐t❤ ❛♥ ✐♥❞❡① n =
3

2
✳

■♥ st♦❝❤❛st✐❝ s❝❤❡♠❡s✱ ❣❛s ♣❛rt✐❝❧❡s ❤❛✈❡ ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝♦♥✈❡rt✐♥❣ s♦♠❡ ♦❢ t❤❡✐r ♠❛ss

✐♥t♦ st❡❧❧❛r ♠❛ss ✭❦❡❡♣✐♥❣ t❤❡ st❡❧❧❛r ♣❛rt t✐❡❞ t♦ t❤❡ ❣❛s ♣❛rt✐❝❧❡ ✐♥ ❤②❜r✐❞ s❝❤❡♠❡s✱ ♦r ❢r❡❡✐♥❣

✐t✮✳ ❆ ❝♦♠♠♦♥❧② ✉s❡❞ ♣r♦❜❛❜✐❧✐t② ✐s✿

p∗ =
mg

m∗

(

1− e−c∗∆t/t∗
)

✭✸✳✹✸✮

✇❤❡r❡mg ✐s t❤❡ ❣❛s ♠❛ss ♦❢ t❤❡ ♣❛rt✐❝❧❡✱m∗ t❤❡ ❝r❡❛t❡❞ st❡❧❧❛r ♠❛ss✱ ❛♥❞ t∗ ✐s ❛ st❛r ❢♦r♠❛t✐♦♥

t✐♠❡ t❤❛t ✐s ♦❢t❡♥ t❛❦❡♥ ❛s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞②♥❛♠✐❝❛❧ t✐♠❡ tdyn =

√

3π

32Gρ
✳ c∗ ✐s t❤❡♥

t❤❡ st❛r ❢♦r♠❛t✐♦♥ ❡✣❝✐❡♥❝② ♣❡r ❞②♥❛♠✐❝❛❧ t✐♠❡✱ ♦❢t❡♥ s❡t ❜❡t✇❡❡♥ 0.01 ❛♥❞ 0.1 s♦ ❛s t♦

r❡♣r♦❞✉❝❡ ♦❜s❡r✈❛t✐♦♥s ♦❢ ❙❋❘s✳ ❚❤❡ ❝r❡❛t❡❞ st❡❧❧❛r ♠❛ss m∗ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ ❝♦♥st❛♥t✳

❑❛t③ ✭✶✾✾✷✮ s❡t ✐t t♦ ❛ t❤✐r❞ ♦❢ t❤❡ ♣❛r❡♥t ❣❛s ♣❛rt✐❝❧❡s t❤❛t ❤❛❞ ✈❛r✐♦✉s ♠❛ss❡s ✭❞❡♣❡♥❞✐♥❣ ♦♥

t❤❡ ♠❛ss ❣❛✐♥❡❞ t❤r♦✉❣❤ st❡❧❧❛r ❣❛s ♠❛ss ❧♦ss✮✳ m∗ ✐s ②❡t ♦❢t❡♥ t❛❦❡♥ ❛s ❛ ❝♦♥st❛♥t ✭❙♣r✐♥❣❡❧

✫ ❍❡r♥q✉✐st ✷✵✵✸❀ ❙t✐♥s♦♥ ❡t ❛❧✳ ✷✵✵✻✱ ❡✳❣✳✮ s♦ ❛s t♦ ❛✈♦✐❞ ❡✛❡❝ts ♦❢ ♠❛ss s❡❣r❡❣❛t✐♦♥✳

■♥ ❤②❜r✐❞ ♣❛rt✐❝❧❡s s❝❤❡♠❡s✱ t❤❡ ♣❛rt✐❝❧❡s ❢❡❡❧ ❛♥❞ ❝♦♥tr✐❜✉t❡ t♦ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡s

♦♥❧② t❤r♦✉❣❤ t❤❡✐r ❣❛s ♠❛ss✳ ❚❤❡ ❝♦♥✈❡rs✐♦♥ t♦ ❛ ❢✉❧❧② st❡❧❧❛r ♣❛rt✐❝❧❡✱ t❤❛t ✇✐❧❧ ❜❡ ♦♥❧②

s✉❜❥❡❝t❡❞ t♦ ❣r❛✈✐t② ❛♥❞ ♥♦ ❧♦♥❣❡r t♦ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡s✱ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛❧❣♦r✐t❤♠✿ t❤❡

♣❛rt✐❝❧❡ ❝❛♥ ❜❡ ❝♦♥✈❡rt❡❞ ✐♥t♦ ❛ st❡❧❧❛r ♣❛rt✐❝❧❡ ♦♥❝❡ ✐ts st❡❧❧❛r ♠❛ss ❢r❛❝t✐♦♥ ❤❛s r❡❛❝❤❡❞ ❛

t❤r❡s❤♦❧❞ ✭95% ♦❢ t❤❡ ♣❛rt✐❝❧❡ ♠❛ss ✐♥ ✭▼✐❤♦s ✫ ❍❡r♥q✉✐st ✶✾✾✹✮✮✱ t❤❡ r❡st ♦❢ t❤❡ ❣❛s ❜❡✐♥❣

❞✐str✐❜✉t❡❞ t♦ t❤❡ ♥❡✐❣❤❜♦✉rs✱ ♦r ♦♥❝❡ t❤❡r❡ ✐s ❡♥♦✉❣❤ st❡❧❧❛r ♠❛ss ✇❤❡♥ ❛❞❞✐♥❣ t❤❡ st❡❧❧❛r

♠❛ss❡s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣ ❤②❜r✐❞ ♣❛rt✐❝❧❡s ✭❡✳❣✳ ❙❡♠❡❧✐♥ ✫ ❈♦♠❜❡s ✷✵✵✷✮✳ ❚❤❡s❡

❛❧❣♦r✐t❤♠s ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❦❡❡♣✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❝♦♥st❛♥t✱ ❛♥❞ t❤❡r❡❢♦r❡

♥♦t ✐♥❝r❡❛s✐♥❣ t❤❡ ❈P❯ t✐♠❡ ♥❡❡❞❡❞ t♦ ❡✈♦❧✈❡ t❤❡ ❝♦❞❡ ✐❢ s❡✈❡r❛❧ st❡❧❧❛r ♣❛rt✐❝❧❡s ❛r❡ ❢♦r♠❡❞

♦✉t ♦❢ ♦♥❡ ❣❛s ♣❛rt✐❝❧❡ ✐♥ st♦❝❤❛st✐❝ s♣❛✇♥✐♥❣ s❝❤❡♠❡s✳ ❚❤❡② ❛❧s♦ t❡♥❞ t♦ ❜❡ ♠♦r❡ ❛❜❧❡

t♦ r❡♣r♦❞✉❝❡ str♦♥❣ st❛r ❢♦r♠❛t✐♦♥ ✐♥ ❣❛❧❛①② ♠❡r❣❡rs ✭▼✐❤♦s ✫ ❍❡r♥q✉✐st ✶✾✾✹✮✳ ❍♦✇❡✈❡r✱
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t❤❡② ❦✐♥❡♠❛t✐❝❛❧❧② ❝♦✉♣❧❡ t❤❡ st❛rs ✇✐t❤ ❣❛s✱ ✇❤✐❧❡ t❤❡② s❤♦✉❧❞ ❡✈♦❧✈❡ s❡♣❛r❛t❡❧②✱ ❣❛s ❢❡❡❧✐♥❣

❞✐ss✐♣❛t✐✈❡ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡s ❛♥❞ st❡❧❧❛r ♣❛rt✐❝❧❡s ❜❡❤❛✈✐♥❣ ✐♥ ❛ ❝♦❧❧✐s✐♦♥❧❡ss ♠❛♥♥❡r✳

✹✳✷ ❙t❡❧❧❛r ❢❡❡❞❜❛❝❦

✹✳✷✳✶ ❊♥❡r❣② ❢r♦♠ s✉♣❡r♥♦✈❛❡ ❡①♣❧♦s✐♦♥s

❚❤❡ ♠♦st ❝♦♠♠♦♥❧② ✐♠♣❧❡♠❡♥t❡❞ ❢♦r♠ ♦❢ st❡❧❧❛r ❢❡❡❞❜❛❝❦ ✐s t❤❡ ❡♥❡r❣② ❡✛❡❝t ♦❢ ❝♦r❡✲

❝♦❧❧❛♣s❡ s✉♣❡r♥♦✈❛❡ ✭❙◆■■✮ ♦♥ t❤❡ ❣❛s✳ ■♠♣❧❡♠❡♥t✐♥❣ t❤✐s ❢❡❡❞❜❛❝❦ ✇❛s ✐♥✐t✐❛❧❧② ♣❛rt❧② ♠♦✲

t✐✈❛t❡❞ ❜② ✐ts ♣♦t❡♥t✐❛❧ ❞❡str✉❝t✐✈❡ ❡✛❡❝t ♦♥ ❧♦✇ ♠❛ss ❣❛❧❛①✐❡s ❝r❡❛t❡❞ ✐♥ ❛ t♦♦ ❧❛r❣❡ ♥✉♠❜❡r

✐♥ s✐♠✉❧❛t✐♦♥s✱ ❛♥❞ ✐ts ❝❛♣❛❝✐t② t♦ r❡♠♦✈❡ s♦♠❡ ❧♦✇ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ♠❛t❡r✐❛❧ ❢r♦♠ t❤❡

❝❡♥tr❛❧ ♣❛rts ♦❢ ❞✐s❝ ❣❛❧❛①✐❡s✱ s♦ ❛s t♦ ♦❜t❛✐♥ ❞✐s❝s ♦❢ s✐③❡s ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❜❡ ❝♦♥s✐st❡♥t

✇✐t❤ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ ❡✛❡❝t ♦♥ st❛r ❢♦r♠❛t✐♦♥ ✐s ❝♦♠♣❧❡①✿ ✐t ❝❛♥ ❧✐♠✐t st❛r ❢♦r♠❛t✐♦♥ ❜②

♣r❡✈❡♥t✐♥❣ ✐t t♦ ♦❝❝✉r ✐♥ r❡❣✐♦♥s ❛✛❡❝t❡❞ ❜② t❤❡ s✉♣❡r♥♦✈❛❡ ❤❡❛t✐♥❣✱ ❜✉t ❝❛♥ ❛❧s♦ tr✐❣❣❡r ✐t

❜② ❝r❡❛t✐♥❣ ❞❡♥s❡ s❤♦❝❦ r❡❣✐♦♥s t❤❛t ❝❛♥ ❜❡ ❝♦♦❧❡❞ ❡✣❝✐❡♥t❧②✳

❈♦r❡✲❝♦❧❧❛♣s❡ s✉♣❡r♥♦✈❛❡ ❛r❡ ♠❛ss✐✈❡ st❛rs > 8 ▼⊙ t❤❛t ❡①♣❧♦❞❡ ❛❢t❡r ❛❜♦✉t 10 ▼②r✳

❚❤❡ ❡①❛❝t ❢r❛❝t✐♦♥ ♦❢ ❡♥❡r❣② t❤❛t ✐s ❣✐✈❡♥ t♦ t❤❡ ■❙▼ r❛t❤❡r t❤❛♥ ❜❡✐♥❣ r❛❞✐❛t❡❞ ❛✇❛② ✐s ♥♦t

✇❡❧❧ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ✐s ❛ ♣❛r❛♠❡t❡r t❤❛t ✐s ♦❢t❡♥ s❡t s♦ ❛s t♦ r❡♣r♦❞✉❝❡

♦❜s❡r✈❛t✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❙❋❘✳

❚❤❡ ❢❡❡❞❜❛❝❦ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ t❤❡r♠❛❧ ✇❛②✱ ❜② ❣✐✈✐♥❣ ✐♥t❡r♥❛❧ ❡♥❡r❣② t♦ ❣❛s

♣❛rt✐❝❧❡s✱ ♦r ✐♥ ❛ ❦✐♥❡t✐❝ ✇❛②✱ ❜② ❣✐✈✐♥❣ t❤❡♠ ✈❡❧♦❝✐t② ❦✐❝❦s✳

■❢ t❤❡ ❡♥❡r❣② ✐s ❛❞❞❡❞ t❤❡r♠❛❧❧②✱ ❛s ✐t ✐s ❧✐❦❡❧② t♦ ❜❡ ❣✐✈❡♥ t♦ ❣❛s ♣❛rt✐❝❧❡s ✐♥ ❞❡♥s❡ r❡❣✐♦♥s✱

❝❧♦s❡ t♦ t❤❡ st❛r ❢♦r♠❛t✐♦♥ r❡❣✐♦♥✱ t❤❡ ❡♥❡r❣② ✇✐❧❧ ❜❡ r❛❞✐❛t❡❞ ❛✇❛② q✉✐❝❦❧② ❜② t❤❡ ✐♠♣♦rt❛♥t

❝♦♦❧✐♥❣ ♦❢ t❤❡ ❣❛s✱ ♠❛❦✐♥❣ t❤❡ ❢❡❡❞❜❛❝❦ ✐♥❡✣❝✐❡♥t✳ ❲❤❛t ✐s ♦❢t❡♥ ❞♦♥❡ ✐s ❢♦r❜✐❞❞✐♥❣ ♣❛rt✐❝❧❡s

t♦ ❝♦♦❧ ❢♦r s♦♠❡ t✐♠❡✱ s♦ ❛s t♦ ❡✛❡❝t✐✈❡❧② ♣r❡✈❡♥t ❢✉rt❤❡r st❛r ❢♦r♠❛t✐♦♥ ✐♥ ❤❡❛t❡❞ ❣❛s ❛♥❞ t♦

❣✐✈❡ t❤❡ ♣❛rt✐❝❧❡s t✐♠❡ t♦ tr❛♥s❢❡r t❤❡✐r ✐♥t❡r♥❛❧ ❡♥❡r❣② ✐♥t♦ ❦✐♥❡t✐❝ ❡♥❡r❣② t♦ t❤❡✐r ♥❡✐❣❤❜♦✉rs

✭❡✳❣✳ ●❡rr✐ts❡♥ ✶✾✾✼❀ ❚❤❛❝❦❡r ✫ ❈♦✉❝❤♠❛♥ ✷✵✵✵✮✳ ❚❤❡ st♦♣♣✐♥❣ ❝❛♥ ❜❡ ❡♥s✉r❡❞ ❢♦r ❛ ❣✐✈❡♥

❛♠♦✉♥t ♦❢ t✐♠❡✱ ♦❢t❡♥ ∼ 10 − 30 ▼②r✱ ♦r ❝❛♥ ❧❛st ❢♦r ❛ t✐♠❡ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ❧♦❝❛❧

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣❛s ❛♥❞ ♦❢ ❛ ♠♦❞❡❧ ♦❢ t❤❡ ❙◆■■ ❡①♣❧♦s✐♦♥ ❡✈♦❧✉t✐♦♥✱ ❛s ✐♥ t❤❡ ❜❧❛st✇❛✈❡

r❡❝✐♣❡ ✭▼❝❑❡❡ ✫ ❖str✐❦❡r ✶✾✼✼✮✱ ❛s t❡st❡❞ ❜② ❙t✐♥s♦♥ ❡t ❛❧✳ ✭✷✵✵✻✮✳

❚❤❡ ❡♥❡r❣② ❝❛♥ ❛❧s♦ ❜❡ ❛❞❞❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ✈❡❧♦❝✐t② ❦✐❝❦s✳ ◆❛✈❛rr♦ ✫ ❲❤✐t❡ ✭✶✾✾✸✮ tr②

t✇♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✿ t❤❡ ✏❡♥❡r❣②✑ ❛♥❞ ✏♠♦♠❡♥t✉♠✑ s❝❤❡♠❡s✿

✕ ■♥ t❤❡ ✏❡♥❡r❣②✑ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❛ ✈❡❧♦❝✐t② ❦✐❝❦ ✐s ❛❞❞❡❞ t♦ ♥❡✐❣❤❜♦✉r✐♥❣ ❣❛s ♦❢ ❛ ♥❡✇

st❡❧❧❛r ♣❛rt✐❝❧❡ s♦ t❤❛t t❤❡ t♦t❛❧ ❡♥❡r❣② ✐s ♣r♦♣❡r❧② ❛✉❣♠❡♥t❡❞ ❜② t❤❡ ❣✐✈❡♥ s✉♣❡r♥♦✈❛❡

❡♥❡r❣②✳ ❍♦✇❡✈❡r✱ t❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ ❛✛❡❝t❡❞ ❣❛s ♣❛rt✐❝❧❡s ♣♦✐♥t ♥❡❝❡ss❛r✐❧② ❛✇❛② ❢r♦♠ t❤❡

st❡❧❧❛r ♣❛rt✐❝❧❡✱ ✇❤✐❝❤ ❝❤❛♥❣❡s s✐❣♥✐✜❝❛♥t❧② t❤❡ ✈❡❧♦❝✐t② ❞✐str✐❜✉t✐♦♥✱ r❡✈❡rs✐♥❣ ♥❡❝❡s✲

s❛r✐❧② ❛ ❝♦♥✈❡r❣✐♥❣ ✢♦✇ ✐♥t♦ ❛ ❞✐✈❡r❣✐♥❣ ♦♥❡ ✭❛t ❧❡❛st ❥✉st ❛❢t❡r t❤❡ ❡♥❡r❣② ✐♥❥❡❝t✐♦♥✮✳

✕ ■♥ t❤❡ ✏♠♦♠❡♥t✉♠✑ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤❡ ❢❡❡❞❜❛❝❦ ❡♥❡r❣② Efeedbacki ❛ttr✐❜✉t❡❞ t♦ ❛ ❣❛s

♣❛rt✐❝❧❡ i ♦❢ ♠❛ssmi ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ✈❡❧♦❝✐t② ❦✐❝❦ vi r❛❞✐❛❧❧② ❛✇❛② ❢r♦♠ t❤❡ st❡❧❧❛r

♣❛rt✐❝❧❡✱ ✇✐t❤ ❛ ✈❛❧✉❡ ❞❡t❡r♠✐♥❡❞ ❜② Efeedbacki =
1

2
miv

2
i ✳ ❚❤✐s ❦✐❝❦ ✈❡❧♦❝✐t② ✐s s✐♠♣❧②



✹✳ ■▼P▲❊▼❊◆❚■◆● ❆❙❚❘❖P❍❨❙■❈❆▲ P❘❖❈❊❙❙❊❙ ✹✾

❛❞❞❡❞ t♦ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❣❛s ♣❛rt✐❝❧❡✱ ❛♥❞ ❛s t❤❡ ✈❡❝t♦rs ❤❛✈❡ ♥♦ r❡❛s♦♥ ♦❢ ❜❡✐♥❣

❝♦✲❧✐♥❡❛r✱ t❤❡ t♦t❛❧ ❢❡❡❞❜❛❝❦ ❡♥❡r❣② ✇✐❧❧ ♥♦t ❜❡ ❡①❛❝t❧② ❛❞❞❡❞✳

❆s ♣❛rt✐❝❧❡s ❛✛❡❝t❡❞ ❜② ❦✐♥❡t✐❝ ❢❡❡❞❜❛❝❦ ❛r❡ ♦❢t❡♥ ✐♥ ❞❡♥s❡ r❡❣✐♦♥s✱ t❤❡② ❛r❡ ❧✐❦❡❧② t♦ ❜❡

q✉✐❝❦❧② ❜r❛❦❡❞ ❜② t❤❡ ❛rt✐✜❝✐❛❧ ✈✐s❝♦s✐t② ♦❢ ❙P❍✳ ❙♦♠❡ ❛tt❡♠♣ts ♦❢ ❞❡❝♦✉♣❧✐♥❣ t❤❡♠ ❢r♦♠

❤②❞r♦❞②♥❛♠✐❝s ❢♦r ❛ ✇❤✐❧❡ ✭s✐♠✐❧❛r❧② t♦ t❤❡ ❝♦♦❧✐♥❣ s❤✉tt✐♥❣✲♦✛ ❢♦r t❤❡r♠❛❧ ❢❡❡❞❜❛❝❦✮ ❤❛✈❡

❛❧s♦ ❜❡❡♥ ♠❛❞❡ ✭❡✳❣✳ ❙♣r✐♥❣❡❧ ✫ ❍❡r♥q✉✐st ✷✵✵✸✮✳

❲❤❡t❤❡r t❤❡ ❡♥❡r❣② ✐s ❛❞❞❡❞ ✐♥ ❛ t❤❡r♠❛❧ ♦r ❦✐♥❡t✐❝ ✇❛② ♦r ❜♦t❤✱ t❤❡ ❢❡❡❞❜❛❝❦ ❡♥❡r❣②

❢r♦♠ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡s ❝❛♥ ❜❡ r❡❧❡❛s❡❞ ✐♥ ♦♥❡ st❡♣ ♦r ❣r❛❞✉❛❧❧②✱ ✐♥❥❡❝t✐♥❣ t❤❡ t♦t❛❧ ❞❡s✐r❡❞

❢❡❡❞❜❛❝❦ ❡♥❡r❣② ✐♥ s❡✈❡r❛❧ t✐♠❡✲st❡♣s✳

❊①♣❧♦s✐♦♥s ♦❢ ❙◆■❛ ❝❛♥ ❛❧s♦ ❜❡ ✐♥❝❧✉❞❡❞ ✭❡✳❣✳ ❙t✐♥s♦♥ ❡t ❛❧✳ ✷✵✵✻✮✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ❞❡❧❛②

❜❡t✇❡❡♥ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛ st❡❧❧❛r ♣❛rt✐❝❧❡ ❛♥❞ t❤❡ ❡①♣❧♦s✐♦♥s ♦❢ ❙◆■❛✱ tr②✐♥❣ t♦ ♠✐♠✐❝ t❤❡

t✐♠❡ ♥❡❡❞❡❞ ❢♦r ❝♦♥✈❡rs✐♦♥ ✐♥t♦ ❙◆■❛✳

▼♦st ♦❢ ♦✉r s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ r✉♥ ✇✐t❤ ❦✐♥❡t✐❝ ❢❡❡❞❜❛❝❦ ✐♥ ✐ts ✏♠♦♠❡♥t✉♠✑ ✈❡rs✐♦♥✳

❲❡ ❤❛✈❡ ♥♦t ✐♥❝❧✉❞❡❞ ❢❡❡❞❜❛❝❦ ❢r♦♠ ❙◆■❛ s♦ ❢❛r✳

✹✳✷✳✷ ❙t❡❧❧❛r ♠❛ss ❧♦ss ❛♥❞ ♠❡t❛❧ ❡♥r✐❝❤♠❡♥t

❙t❛rs ♦❢ ✈❛r✐♦✉s ♠❛ss❡s ❧♦s❡ ♠❛ss✱ ✐♥ ❡①♣❧♦s✐♦♥s ❢♦r s✉♣❡r♥♦✈❛❡✱ ♦r ✐♥ ❝♦♥t✐♥✉♦✉s ✇✐♥❞s

❢♦r ❧♦✇ ♠❛ss st❛rs ✭❜❡❢♦r❡ t❤❡② ❜❡❝♦♠❡ ✇❤✐t❡ ❞✇❛r✈❡s✮✳ ❘❡❝②❝❧❡❞ ❣❛s ❝❛♥ ❤❡❧♣ s✉st❛✐♥ st❛r

❢♦r♠❛t✐♦♥ ❜② ♣r♦✈✐❞✐♥❣ ❛♥ ✐♥t❡r♥❛❧ ✏❣❛s s♦✉r❝❡✑ ✐♥ ❣❛❧❛①✐❡s✱ ❛♥❞ ✐♠♣❛❝ts t❤❡ ♠❡t❛❧❧✐❝✐t② ♦❢

t❤❡ ✐♥t❡rst❡❧❧❛r ❣❛s ❛s t❤❡ ❤❡❛✈② ❡❧❡♠❡♥ts ❝♦♥t❡♥t ♦❢ t❤❡ r❡❝②❝❧❡❞ ❣❛s ❤❛s ❜❡❡♥ ✐♥❝r❡❛s❡❞ ❜②

✐ts t✐♠❡ ❛s ❛ ♣❛rt ♦❢ ❛ st❛r✳ ❚❤✐s ✐♥❝r❡❛s❡ ✐♥ ♠❡t❛❧❧✐❝✐t② ✐s ✐♠♣♦rt❛♥t t♦ ❞❡t❡r♠✐♥❡ ♣r❡❝✐s❡❧②

t❤❡ ❝♦♦❧✐♥❣ ✉♥❞❡r❣♦♥❡ ❜② t❤❡ ❣❛s✳

❚❤❡ ♠♦st ❝♦♠♠♦♥❧② st❡❧❧❛r ♠❛ss ❛♥❞ ♠❡t❛❧❧✐❝✐t② ❢❡❡❞❜❛❝❦ t❤❛t ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥

s✐♠✉❧❛t✐♦♥s ✐s ❢r♦♠ ❙◆■■✳ ▲♦✇ ♠❛ss st❛rs ❛❧s♦ ❧♦s❡ ♠❛ss ✐♥ ❛ ❣r❛❞✉❛❧ ♠❛♥♥❡r ❞✉r✐♥❣ t❤❡✐r

❧✐❢❡✲t✐♠❡✳ ❚❤✐s ♠❛ss ❝❛♥ ❜❡ ❣✐✈❡♥ t♦ t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣ ❣❛s ♦❢ st❡❧❧❛r ♣❛rt✐❝❧❡ t✐♠❡✲st❡♣ ❛❢t❡r

t✐♠❡✲st❡♣ ✭❏✉♥❣✇✐❡rt ❡t ❛❧✳ ✷✵✵✶✮✳ ❆s ♠❡t❛❧s ♣r♦❞✉❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛❣❡ ♦❢ st❛rs✱ s♦♠❡

st❡❧❧❛r ♣♦♣✉❧❛t✐♦♥ ♠♦❞❡❧s ❛r❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ ✇❤❛t ♠❛ss ♦❢ ✇❤✐❝❤ ❤❡❛✈② ❡❧❡♠❡♥ts ❛r❡

r❡t✉r♥❡❞ t♦ t❤❡ ✐♥t❡rst❡❧❧❛r ❣❛s ❛t ❛ ❣✐✈❡♥ t✐♠❡ ✭❡✳❣✳ ❲✐❡rs♠❛ ❡t ❛❧✳ ✷✵✵✾❀ ❘❡✈❛③ ❡t ❛❧✳ ✷✵✵✾❛✮✳

✹✳✷✳✸ ❘❛❞✐❛t✐♦♥ ♣r❡ss✉r❡

❆♥♦t❤❡r ❢❡❡❞❜❛❝❦ ♠❡❝❤❛♥✐s♠ ✐s t❤❡ ♣r❡ss✉r❡ ❡♥❡r❣❡t✐❝ ❯❱ ♣❤♦t♦♥s ❡♠✐tt❡❞ ❜② ②♦✉♥❣

♠❛ss✐✈❡ st❛rs ❡①❡rt ♦♥ ❞✉st ❣r❛✐♥s t❤❛t ❝❛♥ tr❛♥s❢❡r ♠♦♠❡♥t✉♠ t♦ t❤❡ ❣❛s✳ ❙♦♠❡ ❝♦❞❡s t❛❦❡

t❤✐s ♣r❡ss✉r❡ ✐♥t♦ ❛❝❝♦✉♥t✱ ✇❤✐❝❤ str♦♥❣❧② ❡♥❤❛♥❝❡ t❤❡ ❢❡❡❞❜❛❝❦ r❡❧❛t❡❞ t♦ st❛r ❢♦r♠❛t✐♦♥

✭❡✳❣✳ ❍♦♣❦✐♥s ❡t ❛❧✳ ✷✵✶✶❀ ❆❣❡rt③ ❡t ❛❧✳ ✷✵✶✷✮✳
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✹✳✸ ❈♦♦❧✐♥❣ ❛♥❞ ❤❡❛t✐♥❣ ♦❢ t❤❡ ■❙▼

✹✳✸✳✶ ❈♦♦❧✐♥❣ ❛♥❞ ❤❡❛t✐♥❣ ❢r♦♠ ♠✐❝r♦s❝♦♣✐❝ ♣r♦❝❡ss❡s

❈♦♦❧✐♥❣ ❛♥❞ ❤❡❛t✐♥❣ ❛r❡ ❡♥❝❛♣s✉❧❛t❡❞ ✐♥ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ✈♦❧✉♠❡ r❛t❡ ♦❢

❡♥❡r❣② ❧♦ss ♦r ❣❛✐♥❡❞ ❜② t❤❡ ❣❛s ❞❡♣❡♥❞✐♥❣ ♦♥ ✐ts ❝❤❡♠✐❝❛❧ ❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ✐ts t❡♠♣❡r❛t✉r❡✳

❚❛❜✉❧❛t❡❞ ❝♦♦❧✐♥❣ r❛t❡s ❛r❡ ♦❢t❡♥ ✉s❡❞✿ t❤❡② ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡♦r❡t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s ♦❢

❞✐✛❡r❡♥t ♠✐❝r♦s❝♦♣✐❝ ♣r♦❝❡ss❡s ❛s t❤❡ ♦♥❡s ♠❡♥t✐♦♥❡❞ ✐♥ ✶✳✸ ♦❢ ❈❤❛♣t❡r ✷✳ ❙♦♠❡ ❝♦❞❡s ❝❛♥

✉s❡ ❞❡t❛✐❧❡❞ ❝♦♦❧✐♥❣ r❛t❡s t❤❛t ❞❡♣❡♥❞ ♦♥ t❤❡ ❡①❛❝t ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣❛s✱ ❢♦r ❡①❛♠♣❧❡ ✇✐t❤

t❤❡ ♣❛❝❦❛❣❡ ❈❧♦✉❞② ✭❋❡r❧❛♥❞ ❡t ❛❧✳ ✶✾✾✽✮✳

■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ✉s❡ ❛♥ ❡✛❡❝t✐✈❡ ❡q✉❛t✐♦♥ ♦❢ st❛t❡ t❤❛t ❞✐r❡❝t❧② s❡ts t❤❡ t❡♠♣❡r❛t✉r❡ ❢♦r

❛ ❣✐✈❡♥ ❞❡♥s✐t②✱ ❜❛s❡❞ ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ t❡♠♣❡r❛t✉r❡ ❣❛s s❤♦✉❧❞ ❤❛✈❡ ❞✉❡ t♦ t❤❡ ❝♦♥s✐❞❡r❡❞

❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❜❛❝❦❣r♦✉♥❞ r❛❞✐❛t✐♦♥✱ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤❡❛t✐♥❣ ❛♥❞ ❝♦♦❧✐♥❣ ♣r♦❝❡ss❡s

✭❚❡②ss✐❡r ❡t ❛❧✳ ✷✵✶✵❀ ❇♦✉r♥❛✉❞ ❡t ❛❧✳ ✷✵✶✵✮✳ ■♥ ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s ♦❢ str♦♥❣ s❤♦❝❦s✱ s✉❝❤ ❛

s❝❤❡♠❡ ♠❛② ❤♦✇❡✈❡r ♥♦t tr❡❛t ❛❝❝✉r❛t❡❧② t❤❡ t❤❡r♠❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❛s✳

✹✳✹ ▼♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❢♦r♠❛t✐♦♥ ❛♥❞ ❞❡str✉❝t✐♦♥

▼♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❢♦r♠❛t✐♦♥ ❛♥❞ ❞❡str✉❝t✐♦♥ ❛r❡ tr❛❝❦❡❞ ✐♥ s♦♠❡ s✐♠✉❧❛t✐♦♥s ✭❡✳❣✳

●♥❡❞✐♥ ❡t ❛❧✳ ✷✵✵✾❀ ❉♦❜❜s ✫ ❇♦♥♥❡❧❧ ✷✵✵✽❀ ❈❤r✐st❡♥s❡♥ ❡t ❛❧✳ ✷✵✶✷❜✮✳

❚❤❡ ❢♦r♠❛t✐♦♥ ❛♥❞ ❞❡str✉❝t✐♦♥ r❛t❡s ❧✐♥❦❡❞ t♦ r❡s♣❡❝t✐✈❡❧② ❞✉st ❛♥❞ ❋❯❱ r❛❞✐❛t✐♦♥ ❛♥❞

❝♦s♠✐❝ r❛②s ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ❍2

♠♦❧❡❝✉❧❡s ❛s ✐♥ ❇❡r❣✐♥ ❡t ❛❧✳ ✭✷✵✵✹✮✿

dnH2

dt
= Rgrn(H)n− [ζcr + ζdiss(N(H2), AV )]nH2

✭✸✳✹✹✮

✇❤❡r❡ n(H) ✐s t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ❍ ❛t♦♠s✱ n ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ❤②❞r♦❣❡♥

♥✉❝❧❡✐✱ ❛♥❞ Rgr ❞❡♣❡♥❞s ♦♥ t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❍2 ❢♦r♠❛t✐♦♥ ♦♥ ❣r❛✐♥s✳

ζcr ❛♥❞ ζdiss(0) ❛r❡ t❤❡ ❞✐ss♦❝✐❛t✐♦♥ r❛t❡s ❞✉❡s t♦ r❡s♣❡❝t✐✈❡❧② ❝♦s♠✐❝ r❛②s ❛♥❞ ❋❯❱ ♣❤♦t♦♥s✱

N(H2) ✐s t❤❡ ❍2 ❝♦❧✉♠♥ ❞❡♥s✐t② ❛♥❞ AV t❤❡ ✈✐s✉❛❧ ❡①t✐♥❝t✐♦♥✳ ❚❤❡ ♠❛✐♥ ❞✐ss♦❝✐❛t✐♦♥ ♣r♦❝❡ss

✐s ♣❤♦t♦❞✐ss♦❝✐❛t✐♦♥ ✭❡①❝❡♣t ✐♥ r❡❣✐♦♥s ✇❤❡r❡ AV ✐s ✈❡r② ❧❛r❣❡✮✳ ■ts ❡①♣r❡ss✐♦♥ ✐s ♦❢t❡♥ t❛❦❡♥

❢r♦♠ ❉r❛✐♥❡ ✫ ❇❡rt♦❧❞✐ ✭✶✾✾✻✮ ❛s ❜❡✐♥❣✿

ζdiss(N(H2), AV ) = fshield(NH2
)fdustζdiss(0) ✭✸✳✹✺✮

✇❤❡r❡ fshield ❛❝❝♦✉♥ts ❢♦r ❍2 s❡❧❢✲s❤✐❡❧❞✐♥❣✱ fdust ❢♦r ❞✉st ❛❜s♦r♣t✐♦♥✱ ❛♥❞ ζdiss ✐s t❤❡ ♣❤♦t♦❞✐s✲

s♦❝✐❛t✐♦♥ r❛t❡ ❢♦r ✉♥s❤✐❡❧❞❡❞ ❍2✳ fshield ✐s ❣✐✈❡♥ ❜② ❉r❛✐♥❡ ✫ ❇❡rt♦❧❞✐ ✭✶✾✾✻✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢

N(H2)✳ ❙♦♠❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤✐s ❝♦❧✉♠♥ ❞❡♥s✐t② t❤❛t ♣❧❛②s ❛ ♠❛❥♦r

r♦❧❡ ✐♥ t❤❡ s❤✐❡❧❞✐♥❣✳ ❲♦❧❝♦tt✲●r❡❡♥ ❡t ❛❧✳ ✭✷✵✶✶✮ ❞❡t❛✐❧ ❛ ♥✉♠❜❡r ♦❢ ✇❛②s ✐t ❝❛♥ ❜❡ ❡st✐♠❛t❡❞✳

❖t❤❡r s❝❤❡♠❡s✱ ❛s t❤❡ ♦♥❡ ✇❡ ✉s❡❞ ❛♥❞ ✇✐❧❧ ❞❡t❛✐❧ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✱ ❞♦ ♥♦t ❢♦❧❧♦✇

t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❍2✱ ❜✉t r❛t❤❡r ❞❡t❡r♠✐♥❡ ✇❤❛t ❡q✉✐❧✐❜r✐✉♠ ❢r❛❝t✐♦♥ ✐t s❤♦✉❧❞ ❤❛✈❡

❞❡♣❡♥❞✐♥❣ ♦♥ ✐ts ♣❤②s✐❝❛❧ ♣❛r❛♠❡t❡rs✳
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✹✳✺ ■♠♣♦rt❛♥❝❡ ♦❢ r❡s♦❧✉t✐♦♥

❚❤❡ ❡✛❡❝t ♦❢ ❜❛r②♦♥✐❝ ♣❤②s✐❝s r❡❝✐♣❡s ❝❛♥ ❜❡ s❡♥s✐t✐✈❡ t♦ r❡s♦❧✉t✐♦♥✳ ❆♥ ✐♥❝r❡❛s❡❞ r❡s✲

♦❧✉t✐♦♥ ✭s♣❛t✐❛❧ ❛♥❞✴♦r ♠❛ss✮ t❡♥❞s t♦ ✐♥❝r❡❛s❡ t❤❡ ♠❛①✐♠✉♠ ❞❡♥s✐t✐❡s r❡❛❝❤❡❞ ❜② t❤❡ ❣❛s✱

✇❤✐❝❤✱ ❛s t❤❡ ❝♦♦❧✐♥❣ ❡✣❝✐❡♥❝② ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞❡♥s✐t② ✭sq✉❛r❡❞✮✱ ✐♥❝r❡❛s❡s t❤❡ ❝♦♦❧✐♥❣

♦❢ t❤❡ ❣❛s ❛♥❞ ✐ts ❛❜✐❧✐t② t♦ ❢♦r♠ st❛rs✳ ▼♦r❡♦✈❡r✱ ✐♥ st❛r ❢♦r♠❛t✐♦♥ r❡❝✐♣❡s ✇❤♦s❡ ❡✣❝✐❡♥❝②

✐♥❝r❡❛s❡s ✇✐t❤ ❞❡♥s✐t②✱ ❛s ❢♦r ♠♦st ♦❢ t❤❡ ✉s❡❞ r❡❝✐♣❡s✱ ❛♥ ✐♥❝r❡❛s❡❞ r❡s♦❧✉t✐♦♥ ✇✐❧❧ ❧❡❛❞ t♦

♠♦r❡ st❛r ❢♦r♠❛t✐♦♥✳ ❚❤✐s ❝❛♥ ❤♦✇❡✈❡r ❜❡ ❝♦✉♥t❡r❜❛❧❛♥❝❡❞ ❜② t❤❡ ✐♥❝r❡❛s❡❞ ❡♥❡r❣❡t✐❝ st❡❧❧❛r

❢❡❡❞❜❛❝❦✳ ❚❤✐s ❢❡❡❞❜❛❝❦✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✐ts ❡①❛❝t ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ❝❛♥ ✐ts❡❧❢ str♦♥❣❧② ❞❡♣❡♥❞

♦♥ t❤❡ ❛❞♦♣t❡❞ r❡s♦❧✉t✐♦♥✳

▼♦st ♦❢ t❤❡ t✐♠❡✱ ♣❛r❛♠❡t❡rs ✉s❡❞ ✐♥ r❡❝✐♣❡s ❛r❡ t❤✉s t✉♥❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡s♦❧✉t✐♦♥✱

s♦ ❛s t♦ r❡❝♦✈❡r ♦❜s❡r✈❡❞ r❡s✉❧ts✱ ❧✐❦❡ ❛♥ ❛✈❡r❛❣❡ ❙❋❘✳ ❚❤❡ t❤r❡s❤♦❧❞ ❞❡♥s✐t② ♦❢t❡♥ ❝♦♥s✐❞❡r❡❞

✐♥ st❛r ❢♦r♠❛t✐♦♥ ✐s ❢♦r ❡①❛♠♣❧❡ ✐♥❝r❡❛s❡❞ ✐❢ t❤❡ r❡s♦❧✉t✐♦♥ ✐s ✐♥❝r❡❛s❡❞✳

❆ s♣❡❝✐❛❧ ❝♦♥❝❡r♥ ✐s t♦ r❡s♦❧✈❡ t❤❡ ❏❡❛♥s ❧❡♥❣t❤✴♠❛ss✱ t❤❛t ❞❡t❡r♠✐♥❡ t❤❡ s❝❛❧❡ ❛t ✇❤✐❝❤

❛ ❣❛s ❝❧♦✉❞ ❜❡❝♦♠❡s ❣r❛✈✐t❛t✐♦♥❛❧❧② ✉♥st❛❜❧❡✳ ❇❛t❡ ✫ ❇✉r❦❡rt ✭✶✾✾✼✮ s❤♦✇ t❤❛t ❢♦r ❙P❍

s✐♠✉❧❛t✐♦♥s✱ ❛ ♣♦♦r r❡s♦❧✉t✐♦♥ ♦❢ t❤✐s ❧❡♥❣t❤✴♠❛ss ❝❛♥ ❧❡❛❞ t♦ ♥✉♠❡r✐❝❛❧ ❛rt❡❢❛❝ts t❤❛t ❞❡♣❡♥❞

❝❧♦s❡❧② ♦❢ t❤❡ r❡❧❛t✐✈❡ ✈❛❧✉❡s ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ s♦❢t❡♥✐♥❣ ǫ ❛♥❞ ❤②❞r♦❞②♥❛♠✐❝❛❧ s♠♦♦t❤✐♥❣

❧❡♥❣t❤ h✳ ❋♦r s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❛ ✜①❡❞ ǫ✱ h ✐s ♦❢t❡♥ ❛❧❧♦✇❡❞ t♦ ✈❛r② ❛♥❞ t♦ ❜❡ ♣♦t❡♥t✐❛❧❧②

❧♦✇❡r t❤❛♥ ǫ✱ ❡s♣❡❝✐❛❧❧② ✐♥ s❝❤❡♠❡s ❧✐❦❡s t❤❡ ♦♥❡ ✉s❡❞ ✐♥ ●❛❞❣❡t✲✷✱ ✐♥ ✇❤✐❝❤ t❤❡ ♠❛ss ✐♥ ❛

s♠♦♦t❤✐♥❣ ❦❡r♥❡❧ ✈♦❧✉♠❡ ✐s r❡q✉✐r❡❞ t♦ ❜❡ ❝♦♥st❛♥t✳ ❚❤❡ s♠❛❧❧❡r ǫ ✐s✱ t❤❡ ❤✐❣❤❡r ❣r❛✈✐t❛t✐♦♥❛❧

❢♦r❝❡s ❝❛♥ ❜❡ ❛t s♠❛❧❧ ❞✐st❛♥❝❡s✱ ✇❤✐❧❡ t❤❡ s♠❛❧❧❡r h ❝❛♥ ❜❡✱ t❤❡ ❤✐❣❤❡r ♣r❡ss✉r❡ ❢♦r❝❡s ❝❛♥ ❜❡

✭❜② ♠❡❛♥s ♦❢ ❤✐❣❤❡r ♣r❡ss✉r❡ ❣r❛❞✐❡♥ts✮✳ ■❢ t❤❡ ❏❡❛♥s ❧❡♥❣t❤ ✐s ♥♦t ✇❡❧❧ r❡s♦❧✈❡❞✱ ǫ > h ❝♦✉❧❞

❧❡❛❞ t♦ ❛rt✐✜❝✐❛❧❧② ♣r❡ss✉r❡ s✉♣♣♦rt❡❞ ❣❛s ❝❧♦✉❞s✱ ✇❤✐❧❡ t❤❡ ❝♦♥tr❛r② ❝♦✉❧❞ ❧❡❛❞ t♦ ❛rt✐✜❝✐❛❧

❢r❛❣♠❡♥t❛t✐♦♥✳ ❋♦r ●❛❞❣❡t✲✷✱ ✉s✐♥❣ ❛ ✈❛r✐❛❜❧❡ s♦❢t❡♥✐♥❣ ❧❡♥❣t❤ ǫ ✕✇❤✐❝❤ ✇♦✉❧❞ ❛❧❧♦✇ t♦ ❤❛✈❡

❛♥ ❛❞❛♣t✐✈❡ r❡s♦❧✉t✐♦♥ ❢♦r ❜♦t❤ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❛♥❞ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡s ❛♥❞ t♦ ❦❡❡♣ ǫ = h✕

r❡q✉✐r❡s ❛ ❝♦♠♣❧❡① ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝♦❞❡ s♦ ❛s t♦ ♣r❡s❡r✈❡ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❡♥❡r❣②

✭■❛♥♥✉③③✐ ✫ ❉♦❧❛❣ ✷✵✶✶✮✳ ❙❝❤❛②❡ ✫ ❉❛❧❧❛ ❱❡❝❝❤✐❛ ✭✷✵✵✽✮ ✉s❡ ❛♥ ❡✛❡❝t✐✈❡ ❡q✉❛t✐♦♥ ♦❢ st❛t❡ ❛t

❤✐❣❤ ❞❡♥s✐t✐❡s t❤❛t ♠❛❦❡s t❤❡ ❏❡❛♥s ♠❛ss ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❞❡♥s✐t②✱ ✇❤✐❧❡ ❍♦♣❦✐♥s ❡t ❛❧✳ ✭✷✵✶✶✮

t❛❦❡ ❛ ❞❡♥s✐t②✲❞❡♣❡♥❞❡♥t ♣r❡ss✉r❡ ✢♦♦r t♦ ❡♥s✉r❡ t❤❡ ❏❡❛♥s ❧❡♥❣t❤ ✐s r❡s♦❧✈❡❞✱ ❛♥❞ ❇♦✉r♥❛✉❞

❡t ❛❧✳ ✭✷✵✶✵✮ ✉s❡ ❛ t❡♠♣❡r❛t✉r❡ ✢♦♦r ❛t ❤✐❣❤ ❞❡♥s✐t✐❡s✳
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❈❤❛♣t❡r ✹

■♥tr♦❞✉❝✐♥❣ ❜❛r②♦♥✐❝ ♣❤②s✐❝s ✐♥

●❛❞❣❡t✲✷

❲❡ t♦♦❦ ●❛❞❣❡t✲✷ ✭❙♣r✐♥❣❡❧ ✷✵✵✺✮ ✉s❡❞ ❛s ❛ ❚r❡❡❙P❍ ❝♦❞❡ t♦ ♣❡r❢♦r♠ ♦✉r s✐♠✉❧❛t✐♦♥s ♦❢

❞✐s❝ ❣❛❧❛①✐❡s✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡ ✇❤❛t ✇❡ ♠♦❞✐✜❡❞ ♦r ❛❞❞❡❞ t♦ t❤❡ ♣✉❜❧✐❝ ✈❡rs✐♦♥

♦❢ ●❛❞❣❡t✲✷ t❤❛t ❝♦♥t❛✐♥s ♦♥❧② t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ❛♥❞ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡s✳

❆❢t❡r s♦♠❡ ❝♦♠♠❡♥ts ❛❜♦✉t ♣❛r❛❧❧❡❧✐s❛t✐♦♥ ❛♥❞ t✐♠❡✲st❡♣s✱ ✇❡ ❞❡t❛✐❧ ❤♦✇ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢

♣❛rt✐❝❧❡s ✐s ❡①❛❝t❧② ❝❛rr✐❡❞ ♦✉t✱ ❛♥❞ t❤❡♥ ♣r❡❝✐s❡ ♦✉r tr❡❛t♠❡♥t ♦❢ ❝♦♦❧✐♥❣✱ ❝♦♠♣✉t❛t✐♦♥ ♦❢

t❤❡ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❢r❛❝t✐♦♥✱ st❡❧❧❛r ❢♦r♠❛t✐♦♥ ❛♥❞ ❢❡❡❞❜❛❝❦✳

✶ ❙♦♠❡ s♣❡❝✐✜❝ ❢❡❛t✉r❡s ♦❢ ●❛❞❣❡t✲✷

✶✳✶ P❛r❛❧❧❡❧✐s❛t✐♦♥

●❛❞❣❡t✲✷ ✐s ❛♥ ▼P■ ❝♦❞❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❝♦❞❡ ✐s r✉♥ ♦♥ ♠✉❧t✐♣❧❡ ❝♦r❡s ✭✏t❛s❦s✑✮

✕❡❛❝❤ t❛s❦ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✕ t❤❛t ❡①❝❤❛♥❣❡ ♠❡ss❛❣❡s s♦ ❛s t♦ ✉s❡

t❤❡ r❡q✉✐r❡❞ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ♦t❤❡r t❛s❦s t♦ ❛❞✈❛♥❝❡ t❤❡ ❝♦❞❡✳

❙♣❛❝❡ ✐s ❞✐s❝r❡t✐s❡❞ ✉s✐♥❣ ❛ P❡❛♥♦✲❍✐❧❜❡rt ❝✉r✈❡✱ ❛ s♣❛❝❡✲✜❧❧✐♥❣ ❝✉r✈❡ ✭s❡❡ ❋✐❣✉r❡ ✹✳✶✮✱ ❛♥❞

❛ ♣❛rt✐❝❧❡ ✐s ❛ss♦❝✐❛t❡❞ t♦ ❛ ❝❧♦s❡ ♣♦✐♥t ♦❢ t❤✐s ❝✉r✈❡✳ ❚❤✐s s♣❛❝❡✲✜❧❧✐♥❣ ❝✉r✈❡ ✐♥t❡r❡st✐♥❣❧②

♣r❡s❡r✈❡s ❧♦❝❛❧✐t②✿ ♣♦✐♥ts t❤❛t ❛r❡ ❝❧♦s❡ ✐♥ ✸❉ s♣❛❝❡ ❛r❡ ❛❧s♦ ❝❧♦s❡ ❛❧♦♥❣ t❤❡ ❝✉r✈❡✳ ❙♣❛t✐❛❧

❞♦♠❛✐♥s ❛r❡ ♦❜t❛✐♥❡❞ ❜② s♣❧✐tt✐♥❣ t❤✐s ❝✉r✈❡ ✐♥t♦ ❛s ♠❛♥② ♣❛rts ❛s t❛s❦s✱ ❛♥❞ ✐♥ ❛ ✇❛② t❤❛t

♦♣t✐♠✐s❡s t❤❡ ✇♦r❦✲❧♦❛❞ ❜❛❧❛♥❝❡✳ ❇❛s✐❝❛❧❧②✱ ❝❧✉st❡r❡❞ r❡❣✐♦♥s ❢♦r ✇❤✐❝❤ t❤❡ ❢♦r❝❡ ❝♦♠♣✉t❛t✐♦♥

✇✐❧❧ ❜❡ ❧♦♥❣ ✭❝♦♠♣❛r❡❞ t♦ ❞✐✛✉s❡ r❡❣✐♦♥s✮ ❛r❡ s♣❧✐t ✐♥ ❛ ✜♥❡r ♠❛♥♥❡r✳ ❆♥♦t❤❡r ✐♥t❡r❡st ♦❢

t❤✐s ❝✉r✈❡ ✐s t❤❛t ✐ts s♣❧✐tt✐♥❣ ❝❛♥ ❜❡ ❡❛s✐❧② ❞♦♥❡ s♦ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❞♦♠❛✐♥s ❛r❡ t❤❡ s❛♠❡

❞♦♠❛✐♥s t❤❛t ❛r❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ s✐♠♣❧❡ r❡❝✉rs✐✈❡ ♦❝t✲tr❡❡ s♣❛t✐❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ t❤❛t ✐s ✉s❡❞

✭❲❛rr❡♥ ✫ ❙❛❧♠♦♥ ✶✾✾✺✮✳ ❆ ❣✐✈❡♥ t❛s❦ ✇✐❧❧ t❤✉s ❤❛✈❡ ♣❛rt✐❝❧❡s t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ♥♦❞❡s ♦❢

t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ tr❡❡✳

❊❛❝❤ t❛s❦ ❜✉✐❧❞s ❛ t♦♣✲❧❡✈❡❧ tr❡❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ♥♦❞❡s ❛t ❤✐❣❤❡r ❧❡✈❡❧s t❤❛♥ t❤❡ ♦♥❡ ✐t

✺✸
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❝♦♥t❛✐♥s✳ ■❢ ❛ ♣❛rt✐❝❧❡ ♥❡❡❞s ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞ ✉♥✐q✉❡❧② ♦♥ ❛♥♦t❤❡r t❛s❦✱ ✐t ✐s ❡①♣♦rt❡❞

t♦ t❤❡ ♦t❤❡r t❛s❦✱ t❤❡ ❞❡s✐r❡❞ ❝♦♠♣✉t❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❧♦❝❛❧❧② ♦♥ t❤✐s ♦t❤❡r t❛s❦ ✉s✐♥❣ t❤❡

❧♦❝❛❧ ❞❛t❛ ✭t❤✐s ❝❛♥ ❜❡ ❛ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦r ❛ ❞❡♥s✐t② ♦r ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡

❝♦♠♣✉t❛t✐♦♥✮✱ ❛♥❞ t❤❡ ♣❛rt✐❝❧❡ ✐s ✐♠♣♦rt❡❞ ❜❛❝❦ t♦ ✐ts t❛s❦✳

❋✐❣✉r❡ ✹✳✶✿ P❡❛♥♦✲❍✐❧❜❡rt ❝✉r✈❡ ✐♥ ✸❉ ✭t♦♣ r♦✇✮ ❛♥❞ ✷❉ ✭❜♦tt♦♠ r♦✇✮✳ ❋✐❣✉r❡ ❢r♦♠ ❙♣r✐♥❣❡❧

✭✷✵✵✺✮✳

✶✳✷ ■♥❞✐✈✐❞✉❛❧ t✐♠❡✲st❡♣s

❚❤❡ ❝♦❞❡ ✉s❡s ✐♥❞✐✈✐❞✉❛❧ t✐♠❡✲st❡♣s s♦ t❤❛t t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ ✐s ♦♣t✐♠✐s❡❞✱ ❢♦❝✉s✐♥❣ ♦♥

t❤❡ ✉♣❞❛t✐♥❣ ♦❢ ❝❧✉st❡r❡❞ r❡❣✐♦♥s ✇✐t❤♦✉t ✇❛st✐♥❣ t✐♠❡ ✇✐t❤ ❧♦✇ ❛❝❝❡❧❡r❛t✐♦♥✴❞✐✛✉s❡ r❡❣✐♦♥s

t❤❛t ❝❛♥ ❜❡ tr❡❛t❡❞ ✇✐t❤ ❧♦♥❣❡r t✐♠❡✲st❡♣s✳ ❚✐♠❡✲st❡♣s ❛r❡ ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ ❛ ❝r✐t❡r✐♦♥ ♦♥

s♦❢t❡♥✐♥❣ ❧❡♥❣t❤ ǫi ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ ai ♦❢ ❛ ♣❛rt✐❝❧❡ i✿

∆ti =

√

2ηǫ

|ai|
✭✹✳✶✮

✇❤❡r❡ η ✐s ❛♥ ❛❝❝✉r❛❝② ♣❛r❛♠❡t❡r ✇❡ ❦❡♣t ❛t ✵✳✵✷✺ ❛s ✐♥ t❤❡ ❞❡❢❛✉❧t ●❛❞❣❡t✲✷ ♣❛r❛♠❡tr✐s❛t✐♦♥✳

P♦✇❡r ❡t ❛❧✳ ✭✷✵✵✸✮ s❤♦✇❡❞ t❤✐s ❝❤♦✐❝❡ ♦❢ t✐♠❡✲st❡♣ ❣✐✈❡s r♦❜✉st r❡s✉❧ts✳ ❋♦r ❣❛s ♣❛rt✐❝❧❡s✱ t❤❡

t✐♠❡✲st❡♣ ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ ∆ti ❛♥❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❈♦✉r❛♥t ❝r✐t❡r✐♦♥✿

∆tCourant
i = C

hi
maxj vsig ij

✭✹✳✷✮

✇❤❡r❡ C ✐s ❛♥♦t❤❡r ❛❝❝✉r❛❝② ♣❛r❛♠❡t❡r ❛♥❞ hi ✐s t❤❡ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❛rt✐❝❧❡ i✱ vsig ij

✐s t❤❡ s✐❣♥❛❧ ✈❡❧♦❝✐t② ❜❡t✇❡❡♥ i ❛♥❞ ❛ ♥❡✐❣❤❜♦✉r j✳

■♥ t❤❡ ✈❡rs✐♦♥ ♦❢ t❤❡ t✐♠❡✲✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ✇❡ ✉s❡❞ ❢♦r ♦✉r s✐♠✉❧❛t✐♦♥s✱ ♣❛rt✐❝❧❡s ❛r❡

s②♥❝❤r♦♥✐s❡❞✿ t❤❡② ❛❧❧ ❤❛✈❡ t✐♠❡✲st❡♣s t❤❛t ❛r❡ ❡q✉❛❧ t♦ t❤❡ s♠❛❧❧❡r ♦♥❡ ♠✉❧t✐♣❧✐❡❞ ❜② ❛

♣♦✇❡r ♦❢ t✇♦✱ ❛♥❞ ❝❛♥ ✐♥❝r❡❛s❡ t❤❡✐r t✐♠❡✲st❡♣ ♦♥❧② ✐❢ ✐t s②♥❝❤r♦♥✐s❡s t❤❡♠ ✇✐t❤ t❤❡ ♣❛rt✐❝❧❡s
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t❤❛t ❤❛✈❡ t❤❡ ❞❡s✐r❡❞ ❧❛r❣❡r t✐♠❡✲st❡♣ ✭t❤✐s ♠❛❦❡s t❤❡♠ ❤❛✈❡ t♦ ✇❛✐t t♦ ✐♥❝r❡❛s❡ t❤❡✐r t✐♠❡✲

st❡♣✮✳ ❚❤✐s ✇❛②✱ t❤❡ ❦✐❝❦ ♦♣❡r❛t✐♦♥s ✐♥✈♦❧✈❡ ❛ ❧❛r❣❡r ❢r❛❝t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s ❡❛❝❤ t✐♠❡ t❤❡②

❤❛♣♣❡♥✱ ✇❤✐❝❤ ♦♣t✐♠✐s❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡✳ ❚❤✐s s②♥❝❤r♦♥✐s❛t✐♦♥ s❝❤❡♠❡ ✐s r❡♣r❡s❡♥t❡❞

♦♥ ❋✐❣✉r❡ ✹✳✷✳

StepsK K K K K K K1 2 3 4 5 6 7

❋✐❣✉r❡ ✹✳✷✿ ❙❝❤❡♠❛t✐❝ ✈✐❡✇ ♦❢ ✐♥❞✐✈✐❞✉❛❧ t✐♠❡✲st❡♣s✳ ✸ ♣❛rt✐❝❧❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✸ ❧✐♥❡s

✭s♦❧✐❞✱ ❞❛s❤❡❞ ❛♥❞ ❞♦tt❡❞✮✳ ❚❤❡ Kn ❛r❡ ❦✐❝❦ ♦♣❡r❛t✐♦♥s✳ ■❢ t❤❡ ♣❛rt✐❝❧❡ ❝♦❞❡❞ ❜② ❛ s♦❧✐❞ ❧✐♥❡

✇❛♥ts t♦ ✐♥❝r❡❛s❡ ✐ts t✐♠❡✲st❡♣ t♦ t❤❡ ♥❡①t ❧❛r❣❡r t✐♠❡✲st❡♣ ❛t K4✱ ✐t ❤❛s t♦ ✇❛✐t ✉♥t✐❧ K5 s♦

❛s t♦ ❜❡ s②♥❝❤r♦♥✐s❡❞ ✇✐t❤ ♣❛rt✐❝❧❡s t❤❛t ❤❛✈❡ t❤✐s ❧❛r❣❡r t✐♠❡✲st❡♣✳

✷ ❈♦❞❡ st❡♣s ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ❛❞❞✐t✐♦♥s ❛♥❞ ❝❤❛♥❣❡s

❲❡ ❞❡t❛✐❧ ❤❡r❡ t❤❡ st❡♣s ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ t❤❡ ❛❞❞✐t✐♦♥s ✇❡ ♠❛❞❡✳ ❆ ❣r❛♣❤ r❡♣r❡✲

s❡♥t✐♥❣ ❢✉♥❝t✐♦♥s ❛♥❞ ❝❛❧❧s ✐s s❤♦✇♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳

✷✳✶ ■♥✐t✐❛❧✐s❛t✐♦♥

❚❤❡ ❝♦❞❡ ✜rst ♣❡r❢♦r♠s s♦♠❡ ✐♥✐t✐❛❧✐s❛t✐♦♥ st❡♣s✳ ❚❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥ ❝❛❧❧s ❜❡❣r✉♥ t❤❛t

✐ts❡❧❢ ❝❛❧❧s ✐♥✐t✳ ❚❤❡ t✇♦ ❧❛tt❡r ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡✐r s✉❜❢✉♥❝t✐♦♥s✿

✕ ❘❡❛❞ t❤❡ ♣❛r❛♠❡t❡rs ✜❧❡ ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✜❧❡✭s✮✱ s❡t t❤❡ ✐♥t❡r♥❛❧ ✉♥✐ts ❛♥❞ ❝♦♥✈❡rt

t❤❡ ✐♥♣✉t ✐♥t♦ ✐♥t❡r♥❛❧ ✉♥✐ts ✐❢ ♥❡❡❞❡❞✳

✕ P❡r❢♦r♠ ❛♥ ✐♥✐t✐❛❧ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥✳

✕ ❇✉✐❧❞ ❛♥ ✐♥✐t✐❛❧ tr❡❡✳

✕ ❙❡t ✉♣ t❤❡ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤s ♦❢ ❣❛s ♣❛rt✐❝❧❡s✳

✕ ❘❡❛❞ t❤❡ ❝♦♦❧✐♥❣ r❛t❡s ❞❛t❛ ❛t ✈❛r✐♦✉s t❡♠♣❡r❛t✉r❡s ✇❡ st♦r❡❞ ✐♥ ❛ ❝♦✉♣❧❡ ♦❢ ✜❧❡s ❛♥❞

✐♥✐t✐❛❧✐s❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✳

✷✳✷ ▼❛✐♥ ❧♦♦♣

❚❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥ t❤❡♥ ❝❛❧❧s r✉♥ t❤❛t ❝♦♥t❛✐♥s t❤❡ ✐t❡r❛t✐♦♥ ♦♥ t✐♠❡✲st❡♣s✳
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✷✳✷✳✶ ❉r✐❢t

❚❤❡ t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ✐s ❞♦♥❡ ✇✐t❤ ✐♥❞✐✈✐❞✉❛❧ t✐♠❡✲st❡♣s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♣❛rt✐❝❧❡s

✇✐t❤ ❧♦♥❣ t✐♠❡✲st❡♣s ❤❛✈❡ ❛ ❞r✐❢t ♦♣❡r❛t✐♦♥ ❞♦♥❡ ✐♥ ❛ ❢r❛❝t✐♦♥❛❧ ♠❛♥♥❡r✱ ♦✈❡r s❡✈❡r❛❧ s✉❝❝❡s✲

s✐✈❡ ✐t❡r❛t✐♦♥s✱ ✇✐t❤♦✉t ❜❡✐♥❣ ❦✐❝❦❡❞✱ s♦ t❤❛t t❤❡ ♣❛rt✐❝❧❡s t❤❛t ❛r❡ ❦✐❝❦❡❞ ✐♥✲❜❡t✇❡❡♥ ❤❛✈❡

❛❝❝❡❧❡r❛t✐♦♥s ❝♦♠♣✉t❡❞ ✇✐t❤ ❛❧❧ t❤❡ ❞r✐❢t❡❞ ♣♦s✐t✐♦♥s✳

◆❡①t ❑✐❝❦ t✐♠❡ ❞❡t❡r♠✐♥❛t✐♦♥ ❚❤❡ ♥❡①t t✐♠❡ tnext kick ❛t ✇❤✐❝❤ s♦♠❡ ♣❛rt✐❝❧❡s ✇✐❧❧ ❜❡

❦✐❝❦❡❞ ✐s ✜rst ❞❡t❡r♠✐♥❡❞✳ tnext kick ✐s t❤❡ s♠❛❧❧❡st ❡♥❞✐♥❣ ♣♦✐♥t ♦❢ t✐♠❡✲st❡♣s✳

❉r✐❢t ♦♣❡r❛t✐♦♥ ❚❤❡ ❝♦❞❡ t❤❡♥ ❞r✐❢ts ❛❧❧ t❤❡ ♣❛rt✐❝❧❡s t♦ t❤✐s t✐♠❡✱ ✐✳❡✳ ✉♣❞❛t❡s t❤❡✐r

♣♦s✐t✐♦♥✱ ❛♥❞✱ ❢♦r ❣❛s ♣❛rt✐❝❧❡s✱ ❛❧s♦ t❤❡✐r ♣r❡❞✐❝t❡❞ ✈❡❧♦❝✐t②✱ ❞❡♥s✐t②✱ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤ ❛♥❞

♣r❡ss✉r❡✳ ❆t st❛rt ✉♣ t❤✐s ❞r✐❢t ✐s ♥♦t ❛♣♣❧✐❡❞✳ ❚❤❡ ❝♦❞❡ st❛rts ✭❛♥❞ ❡♥❞s✮ ✇✐t❤ ❛ ❑✐❝❦

♦♣❡r❛t✐♦♥ ♦♥ ❤❛❧❢ ❛ t✐♠❡✲st❡♣ ♦❢ ❡❛❝❤ ♣❛rt✐❝❧❡✳

❲✐t❤ tcurr t❤❡ ❝✉rr❡♥t ❝♦❞❡ t✐♠❡ ❛♥❞ ∆tdrift = tnext kick − tcurr✱ ❢♦r ❛ ♣❛rt✐❝❧❡ i t❤❛t ❤❛s

st❛rt❡❞ ✐ts t✐♠❡✲st❡♣ ♦❢ ❧❡♥❣t❤ ∆ti ❛t tbegi ❛♥❞ ✇✐❧❧ ✜♥✐s❤ ✐t ❛t t✐♠❡ tendi ✭tbegi ≤ tcurr ❛♥❞

tendi = tbegi +∆ti ≥ tnext kick✮✿

✕ ❚❤❡ ♣♦s✐t✐♦♥ xi ✐s ✉♣❞❛t❡❞ ❜②✿

xi
tnext kick = xi

tcurr + vi

tbegi+
∆ti
2 ∆tdrift ✭✹✳✸✮

✕ ❚❤❡ ♣r❡❞✐❝t❡❞ ✈❡❧♦❝✐t② vpi ♦❢ ❛ ❣❛s ♣❛rt✐❝❧❡ ✭✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❤②❞r♦❞②♥❛♠✐❝❛❧

❢♦r❝❡s✮ ✐s ♦❜t❛✐♥❡❞ ❜②✿

vpi
tnext kick = vpi

tcurr + ai
tbegi∆tdrift ✭✹✳✹✮

✕ ❚❤❡ ❞❡♥s✐t② ρi ✐s ✉♣❞❛t❡❞ ❜②✿

ρtnext kick

i = ρtcurri e−∇·v
tbegi∆tdrift ✭✹✳✺✮

✭❚❤✐s ❝♦♠❡s ❢r♦♠ t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥ ✇r✐tt❡♥ ✐♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❢r♦♠✳✮

✕ ❚❤❡ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤ hi ✐s ✉♣❞❛t❡❞ ❛❝❝♦r❞✐♥❣❧② ❜②✿

htnext kick

i = htcurri e

1

3
∇·v

tbegi∆tdrift
✭✹✳✻✮

s♦ ❛s t♦ ❝♦♥s❡r✈❡ ❛ ❝♦♥st❛♥t ♠❛ss ✐♥ ❛ s♠♦♦t❤✐♥❣ ✈♦❧✉♠❡✳

✕ ❚❤❡ ♣r❡ss✉r❡ Pi ✐s ✉♣❞❛t❡❞ ❜②✿

P tnext kick

i =






A

tbegi + tendi
2

i +
dA

dt

tbegi
(tnext kick −

tbegi + tendi
2

)






ργi tnext kick

✭✹✳✼✮

❚❤❡ ❡♥tr♦♣✐❡s✱ ❛s ❢♦r ✈❡❧♦❝✐t✐❡s✱ ❛r❡ ✐♥❞❡❡❞ ❦♥♦✇♥ ❛t ♠✐❞ t✐♠❡✲st❡♣s✳ ❚❤❡ t✐♠❡ ❞✐✛❡r❡♥❝❡

♦♥ ✇❤✐❝❤ t❤✐s ❧❛st ✉♣❞❛t❡ ✐s ❝❛rr✐❡❞ ♦✉t ❝❛♥ t❤✉s ❧♦❣✐❝❛❧❧② ❜❡ ♥❡❣❛t✐✈❡ ✐♥ ❝❛s❡ t❤❡ ❡♥❞✐♥❣

♣♦✐♥t ♦❢ t❤❡ ❞r✐❢t ✐s ❛♥t❡r✐♦r t♦ t❤❡ ♠✐❞✲♣♦✐♥t ♦❢ t❤❡ ♣❛rt✐❝❧❡ t✐♠❡✲st❡♣✳
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❚❤❡ s♦♦♥ t♦ ❜❡ ❦✐❝❦❡❞ ♣❛rt✐❝❧❡s ❛r❡ ♥❛♠❡❞ ✏❛❝t✐✈❡ ♣❛rt✐❝❧❡s✑✳ ❚❤❡ ❝✉rr❡♥t ❝♦❞❡ t✐♠❡ tcurr

✐s ✉♣❞❛t❡❞ t♦ tnext kick✳

❚❤❡ ✏s♥❛♣s❤♦t✑ ✜❧❡s ❛r❡ ✇r✐tt❡♥ ❛t ♣r❡✲s❡t t✐♠❡s ♦r ❛t ❝♦♥st❛♥t t✐♠❡ ✐♥t❡r✈❛❧✳ ❚♦ st✉❞②

♦✉r s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❛❞❞❡❞ t❤❡ ♦✉t♣✉t ♦❢ s♦♠❡ ✉s❡❢✉❧ ❞❛t❛ ❜❧♦❝❦s ✐♥ t❤❡ s♥❛♣s❤♦t ✜❧❡s ❛♠♦♥❣st

✇❤✐❝❤ t❤❡ ❞❛t❡ ♦❢ ❝r❡❛t✐♦♥ ♦❢ st❡❧❧❛r ♣❛rt✐❝❧❡s ❛♥❞ t❤❡ ❍2 ❢r❛❝t✐♦♥ ✐♥ ❣❛s ♣❛rt✐❝❧❡s✳

❆s t❤❡ s♥❛♣s❤♦t ✇r✐t✐♥❣ t✐♠❡s ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦✐♥❝✐❞❡ ✇✐t❤ tnext kick✱ t❤❡ ❝♦❞❡ ♠❛②

❞r✐❢t ♣❛rt✐❝❧❡s ✐♥ t✇♦ st❡♣s✱ ♦♥❡ t♦ r❡❛❝❤ t❤❡ s♥❛♣s❤♦t ✇r✐t✐♥❣ t✐♠❡✱ ❛♥❞ ♦♥❡ t♦ r❡❛❝❤ tnext kick✳

❋♦r ♦✉r ❞✐s❝ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❛❞❞❡❞ t❤❡ ✇r✐t✐♥❣ ♦❢ t❤❡ s♣❛t✐❛❧ ❋♦✉r✐❡r ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❞✐s❝

❞❡♥s✐t② ❛t ❝♦♥st❛♥t s♠❛❧❧❡r t✐♠❡✲st❡♣s t❤❛♥ ♦✉r s♥❛♣s❤♦t ✇r✐t✐♥❣ t✐♠❡✲st❡♣s ✭t❤❡ t✐♠❡✲st❡♣s

♦❢ t❤✐s ❛♥❛❧②s✐s ❤❛❞ t♦ ❜❡ ❝♦♥st❛♥t s♦ ❛s t♦ ♣❡r❢♦r♠ ❛ t✐♠❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡♠ ✐♥ ❛

♣♦st✲r✉♥ ❛♥❛❧②s✐s✮✳ ❲❡ t❤✉s ❛❞❞❡❞ ❛ ♣♦t❡♥t✐❛❧ ❛❞❞✐t✐♦♥❛❧ s♣❧✐tt✐♥❣ ♦❢ t❤❡ ❞r✐❢t t♦ ♣❡r❢♦r♠ t❤❡

❋♦✉r✐❡r ❛♥❛❧②s✐s ❛♥❞ ✇r✐t❡ ✐t ✐♥ ❛♥ ♦✉t♣✉t ✜❧❡✳

❚❤❡ ❝♦❞❡ t❤❡♥ ✇r✐t❡s t✐♠✐♥❣ ❞✐❛❣♥♦st✐❝s ❛t t❤❡ ❝✉rr❡♥t t✐♠❡ tcurr✳

✷✳✷✳✷ ❙t❛r ❢♦r♠❛t✐♦♥

❚❤❡ ❢✉♥❝t✐♦♥ st❛r❴❢♦r♠❛t✐♦♥ ❢♦r♠s st❡❧❧❛r ♣❛rt✐❝❧❡s ♦✉t ♦❢ ❛❝t✐✈❡ ❣❛s ♣❛rt✐❝❧❡s✳ ❚❤❡ st❛r

❢♦r♠❛t✐♦♥ ✐s st♦❝❤❛st✐❝✿ ✐❢ ❛ ♣❛rt✐❝❧❡ s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥s ♦♥ ✐ts ❞❡♥s✐t②✱ ✈❡❧♦❝✐t② ❞✐✈❡r❣❡♥❝❡

❛♥❞ t❡♠♣❡r❛t✉r❡✱ ❛ r❛♥❞♦♠ ♥✉♠❜❡r r ✐s ❞r❛✇♥ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ❛♥❞ t❤❡ ♣❛rt✐❝❧❡ ✉♥❞❡r❣♦❡s

st❛r ❢♦r♠❛t✐♦♥ ✐❢ r ≤ p✱ ✇✐t❤ p t❤❡ ♣r♦❜❛❜✐❧✐t② ✉s❡❞ t♦ ❢♦r♠ st❛rs✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥

❢♦r ❣❡♥❡r❛t✐♦♥ ♦❢ r❛♥❞♦♠ ♥✉♠❜❡rs ❛s t❤❡ ♦♥❡ ✉s❡❞ ❡❧s❡✇❤❡r❡ ✐♥ t❤❡ ❝♦❞❡✱ t❤✐s ❢✉♥❝t✐♦♥ ❜❡✐♥❣

❞❡s✐❣♥❡❞ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ t❛s❦s✳

❆ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡ ✐s ❣✐✈❡♥ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♣❛r❡♥t ❣❛s ♣❛rt✐❝❧❡✱ ❛s ✇❡❧❧

❛s ✐ts ❞❡♥s✐t② ❛♥❞ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤ t❤❛t ✇✐❧❧ ❜♦t❤ ❜❡ ✉s❡❞ ❢♦r st❡❧❧❛r ❢❡❡❞❜❛❝❦✳ ■t ✐s ❣✐✈❡♥

t❤❡ s❛♠❡ ❚r❡❡ ✏❢❛t❤❡r✑ ❛s ✐ts ♣❛r❡♥t ❣❛s ♣❛rt✐❝❧❡ s♦ t❤❛t ✐❢ t❤❡ ❚r❡❡ ✐s ♥♦t r❡✲❜✉✐❧t✱ ✐t ✇✐❧❧ ❜❡

♣r♦♣❡r❧② ❞②♥❛♠✐❝❛❧❧② ❦✐❝❦❡❞✳

❚❤❡ ♥❡✇ ♣❛rt✐❝❧❡s ❛r❡ st♦r❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❛❧r❡❛❞② ❡①✐st✐♥❣ ♣❛rt✐❝❧❡s ♦♥ ❡❛❝❤ t❛s❦✱ ❛♥❞

t❤❡② ❛r❡ ❣✐✈❡♥ ❛ ✉♥✐q✉❡ ✐❞❡♥t✐✜❡r ✭❛❢t❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡s

♦♥ ❡❛❝❤ t❛s❦✮✳

■❢ s♦♠❡ ❣❛s ♣❛rt✐❝❧❡s ❛r❡ ❝♦♠♣❧❡t❡❧② ❝♦♥✈❡rt❡❞ ✐♥t♦ st❡❧❧❛r ♣❛rt✐❝❧❡s✱ ✇❡ ❛❞❞❡❞ ❛ ❢✉♥❝t✐♦♥

r❡❛rr❛♥❣❡❴♣❛rt✐❝❧❡❴s❡q✉❡♥❝❡ t❤❛t ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❜❡❢♦r❡ t❤❡ ♥❡①t ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥✱

❜❡❝❛✉s❡ s✉❝❤ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ r❡q✉✐r❡s t❤❡ ♣❛rt✐❝❧❡s t♦ ❜❡ ♦r❞❡r❡❞ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s ❜❧♦❝❦ ♦❢

❣❛s ♣❛rt✐❝❧❡s ✜rst ❛♥❞ t❤❡♥ ♦t❤❡r ♣❛rt✐❝❧❡s✳ ❚❤❡ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ t❤✐s r❡❛rr❛♥❣❡♠❡♥t ✐s s❤♦✇♥

♦♥ ❋✐❣✉r❡ ✹✳✸✳

✷✳✷✳✸ ❆❝❝❡❧❡r❛t✐♦♥ ❝♦♠♣✉t❛t✐♦♥

❚❤❡ ❝♦❞❡ t❤❡♥ ❝♦♠♣✉t❡s t❤❡ ❛❝❝❡❧❡r❛t✐♦♥s✱ ❛♥❞ t❤❡ ❡♥tr♦♣② ❣❛✐♥ ❣❡♥❡r❛t❡❞ ❜② ✈✐s❝♦s✐t②

✉s✐♥❣ t❤❡ ✉♣❞❛t❡❞ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡s✳ ◆❡✇❧② ❢♦r♠❡❞ st❡❧❧❛r ♣❛rt✐❝❧❡s ❛r❡ ♥♦t ✐♥✈♦❧✈❡❞

✐♥ ❙P❍ ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡✐r ❛❝❝❡❧❡r❛t✐♦♥ ✐s ♣✉r❡❧② ❣r❛✈✐t❛t✐♦♥❛❧✳
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Gas

DM Disc B Stars

Gas DM Disc B Stars

❋✐❣✉r❡ ✹✳✸✿ ❙❝❤❡♠❛t✐❝ r❡❛rr❛♥❣❡♠❡♥t ♦❢ ♣❛rt✐❝❧❡s ✐♥ ♠❡♠♦r② ✇❤❡♥ s♦♠❡ ❣❛s ♣❛rt✐❝❧❡s ❛r❡

❝♦♠♣❧❡t❡❧② ❝♦♥✈❡rt❡❞ ✐♥t♦ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡s✳ P❛rt✐❝❧❡s ❛r❡ st♦r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r t②♣❡✿

❣❛s✱ ❞❛r❦ ♠❛tt❡r✱ ❞✐s❝✱ ❜✉❧❣❡✱ ❛♥❞ ♥❡✇ st❛rs ✭t❤❡ st❡❧❧❛r ♣❛rt✐❝❧❡s ❝r❡❛t❡❞ ❞✉r✐♥❣ ❛ s✐♠✉❧❛t✐♦♥

❛♥❞ ♥❛♠❡❞ ✧st❛rs✧ ♦♥ t❤❡ ✜❣✉r❡✮✳

❆ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♠❛❞❡ ✐❢ ♥❡❡❞❡❞✱ ✐✳❡✳ ✐❢ ❛ ❝r✐t❡r✐♦♥ ♦❢ ❢r❡q✉❡♥❝② ♦❢ ❞♦♠❛✐♥

❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ tr❡❡ ✉♣❞❛t❡s ✐s ♠❡t✳ ■❢ ❛ ❞♦♠❛✐♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✱ t❤❡ tr❡❡

✇✐❧❧ ❜❡ ✉♣❞❛t❡❞✳

❚❤❡ ❛❝❝❡❧❡r❛t✐♦♥s ♦❢ t❤❡ ❛❝t✐✈❡ ♣❛rt✐❝❧❡s ❛r❡ t❤❡♥ ❝♦♠♣✉t❡❞✿

✕ ❚❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ❜② ❡✐t❤❡r ❜✉✐❧❞✐♥❣ ❛ ♥❡✇ tr❡❡ ✐❢ ❛ ♥❡✇ ❞♦♠❛✐♥

❞❡❝♦♠♣♦s✐t✐♦♥ ❤❛s ❜❡❡♥ ♠❛❞❡✱ ♦r ❜② ✉s✐♥❣ t❤❡ ❞②♥❛♠✐❝❛❧❧② ✉♣❞❛t❡❞ tr❡❡ ❝♦♠♣✉t❡❞

✐♥ t❤❡ ❧❛st ❦✐❝❦ ♦♣❡r❛t✐♦♥✳ ❚❤❡ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡s ❛r❡ ❛❝t✐✈❡ ❛♥❞ ❤❛✈❡ t❤✉s t❤❡✐r

❣r❛✈✐t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥ ❝♦♠♣✉t❡❞✳

✕ ❚❤❡ ❞❡♥s✐t② ❛♥❞ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤ ❛r❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ❛♥ ✐t❡r❛t✐♦♥ t❤❛t ❛✐♠s ❛t ♠❛❦✐♥❣

t❤❡ ♠❛ss ✐♥ ❛ s♦❢t❡♥✐♥❣ ❦❡r♥❡❧ ✈♦❧✉♠❡ ❝♦♥st❛♥t✳ Pr❡ss✉r❡ ♦❢ ❣❛s ♣❛rt✐❝❧❡s ✐s ❝♦♠♣✉t❡❞✱

❛♥❞ s♦ ❛r❡ t❤❡ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡ ❛♥❞ ❡♥tr♦♣② ❝❤❛♥❣❡✳ ❲❡ ❤❛✈❡ ❛❞❞❡❞ t❤❡ ❝♦♠♣✉✲

t❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❞❡♥s✐t②✱ ♥❡❡❞❡❞ ❢♦r t❤❡ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❢r❛❝t✐♦♥✱ ✐♥ t❤❡

❢✉♥❝t✐♦♥ t❤❛t ❝♦♠♣✉t❡s t❤❡ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡s✳

✷✳✷✳✹ ❙◆■■ ❢❡❡❞❜❛❝❦ ❝♦♠♣✉t❛t✐♦♥

❚❤❡ ❢✉♥❝t✐♦♥ ❝♦♠♣✉t❡❴s♥❢❡❡❞❜❛❝❦ ❞✐str✐❜✉t❡s ❢❡❡❞❜❛❝❦ ❡♥❡r❣② ❢r♦♠ ❙◆■■ t♦ t❤❡ ♥❡✐❣❤✲

❜♦✉rs ♦❢ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡s✳ ❙♦ ❛s t♦ ❛❧✇❛②s ✐♥♣✉t t❤❡ s❛♠❡ ❡♥❡r❣②✱ ✇❡ ❝♦♠♣✉t❡ ❛ s♠♦♦t❤✐♥❣

❧❡♥❣t❤ ❢♦r ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡s✱ ✇✐t❤♦✉t t❛❦✐♥❣ ❛ ♣♦ss✐❜❧❡ r❡♠♥❛♥t ❣❛s ♣❛rt✐❝❧❡ ✐♥t♦ ❛❝❝♦✉♥t

✭t❤❡ ❧❛tt❡r r❡str✐❝t✐♦♥ ✐s ❥✉st ❢♦r s✐♠♣❧✐❝✐t②✱ ❛s ✇❡ ♠❛✐♥❧② ✉s❡❞ ❦✐♥❡t✐❝ ❢❡❡❞❜❛❝❦ ✇✐t❤ ✈❡❧♦❝✐t②

❦✐❝❦s ❣✐✈❡♥ ❛❧♦♥❣ t❤❡ ❧✐♥❡ ❥♦✐♥✐♥❣ ❛ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡ ❛♥❞ ❛ ♥❡✐❣❤❜♦✉r✐♥❣ ❣❛s ♣❛rt✐❝❧❡✮✳ ❚❤✐s

✇❛②✱ t❤❡ ✇❡✐❣❤t✐♥❣ ❜② t❤❡ s♠♦♦t❤✐♥❣ ❦❡r♥❡❧ ✐s ♣r♦♣❡r❧② ♥♦r♠❛❧✐s❡❞✳ ❚❤❡ ✈❡❧♦❝✐t② ❦✐❝❦ ✇✐❧❧ ❜❡

❛❞❞❡❞ ❞✉r✐♥❣ t❤❡ ❦✐❝❦ ♦♣❡r❛t✐♦♥✳

✷✳✷✳✺ ❑✐❝❦✱ ❍2 ❢r❛❝t✐♦♥ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝♦♦❧✐♥❣

◆❡✇ t✐♠❡✲st❡♣s ❝♦♠♣✉t❛t✐♦♥ ❆❢t❡r s♦♠❡ ❡♥❡r❣② st❛t✐st✐❝s ♣❡r❢♦r♠❡❞ ✇✐t❤ ❛ ♣r❡✲s❡t t✐♠❡

✐♥t❡r✈❛❧✱ t❤❡ ❝♦❞❡ ❞❡t❡r♠✐♥❡s t❤❡ ♥❡✇ t✐♠❡✲st❡♣s ❢♦r t❤❡ ♣❛rt✐❝❧❡s ✇❤♦s❡ ❝✉rr❡♥t t✐♠❡✲st❡♣

❡♥❞s ❛t tnext kick✱ ✉s✐♥❣ t❤❡✐r ♥❡✇❧② ❝♦♠♣✉t❡❞ ❛❝❝❡❧❡r❛t✐♦♥s ❛♥❞ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤s ❛♥❞ s✐❣♥❛❧

✈❡❧♦❝✐t✐❡s ❢♦r ❣❛s ♣❛rt✐❝❧❡s✳



✷✳ ❈❖❉❊ ❙❚❊P❙ ❆◆❉ ■▼P▲❊▼❊◆❚❊❉ ❆❉❉■❚■❖◆❙ ❆◆❉ ❈❍❆◆●❊❙ ✺✾

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✈❡❧♦❝✐t② ❦✐❝❦ ❢r♦♠ ❙◆■■ ❢❡❡❞❜❛❝❦ ✇✐t❤♦✉t s❧♦✇✐♥❣ ❞♦✇♥ t❤❡ ❝♦❞❡

✐s tr✐❝❦② ❜❡❝❛✉s❡ t❤❡ s✐❣♥❛❧ ✈❡❧♦❝✐t② ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡s ❧♦♦♣✳

❯♣❞❛t✐♥❣ ✐t ♣r♦♣❡r❧② ✇♦✉❧❞ r❡q✉✐r❡ ❛♥♦t❤❡r ❙P❍ ❧♦♦♣ ♦♥ ❣❛s ♣❛rt✐❝❧❡s✳ ❲❡ tr✐❡❞ ❛ ✈❡r②

s✐♠♣❧❡ ❛❞❞✐t✐♦♥❛❧ t✐♠❡ ❧✐♠✐t❡r ❢♦r ♣❛rt✐❝❧❡s t❤❛t ❛r❡ ❛✛❡❝t❡❞ ❜② ❢❡❡❞❜❛❝❦✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡

t❤❡ ❢❡❡❞❜❛❝❦ ❦✐❝❦ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ♠❛①✐♠❛❧ s✐❣♥❛❧ ✈❡❧♦❝✐t②✱ ✇❡ r❡♣❧❛❝❡ t❤❡ ♠❛①✐♠❛❧ s✐❣♥❛❧

✈❡❧♦❝✐t② ❜② t❤❡ ❢❡❡❞❜❛❝❦ ❦✐❝❦ ✐♥ t❤❡ ❈♦✉r❛♥t t✐♠❡ ❧✐♠✐t❡r ♦❢ ✹✳✷✳ ❚❤✐s ✇❛②✱ ❛ ❧❛r❣❡ ❢❡❡❞❜❛❝❦

❦✐❝❦ ❝❛♥ r❡❞✉❝❡ t❤❡ t✐♠❡✲st❡♣ ♦❢ ❛ ❣❛s ♣❛rt✐❝❧❡✳

❑✐❝❦ ♦♣❡r❛t✐♦♥ ❚❤❡ ❑✐❝❦ ♦♣❡r❛t✐♦♥ ❢♦r t❤♦s❡ ♣❛rt✐❝❧❡s ✐s t❤❡♥ ♣❡r❢♦r♠❡❞✳

❚❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ ♣❛rt✐❝❧❡s t❛❦✐♥❣ ♣❛rt ✐♥ t❤❡ ❑✐❝❦ ❛r❡ ✉♣❞❛t❡❞ ❜②✿

vi

tcurr+
∆tnewi

2 = vi

tcurr−
∆toldi

2 + ai
tcurr ∆tnewi

+∆toldi
2

✭✹✳✽✮

✇✐t❤ ∆toldi t❤❡ ♦❧❞ t✐♠❡✲st❡♣ ❛♥❞ ∆tnewi
t❤❡ ♥❡✇❧② ❞❡t❡r♠✐♥❡❞ t✐♠❡✲st❡♣ ♦❢ t❤❡ ♣❛rt✐❝❧❡ i✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ✇❡ ✉s❡ ❦✐♥❡t✐❝ s✉♣❡r♥♦✈❛ ❢❡❡❞❜❛❝❦✱ ✇❡ ❛❞❞ t❤❡ ✈❡❧♦❝✐t② ❞✉❡ t♦ t❤❡

❢❡❡❞❜❛❝❦ t♦ t❤❡ ❛✛❡❝t❡❞ ♣❛rt✐❝❧❡s✳

❚❤❡ ♣r❡❞✐❝t❡❞ ✈❡❧♦❝✐t✐❡s ♦❢ ❣❛s ♣❛rt✐❝❧❡s ❛r❡ ✉♣❞❛t❡❞ ✉s✐♥❣ t❤❡s❡ ♥❡✇❧② ❝♦♠♣✉t❡❞ ✈❡❧♦❝✐✲

t✐❡s✿

vpi
tcurr = vi

tcurr+
∆tnewi

2 − ai
tcurr ∆tnewi

2
✭✹✳✾✮

❍2 ❢r❛❝t✐♦♥ ❝♦♠♣✉t❛t✐♦♥ ❲❡ ❝♦♠♣✉t❡ t❤❡ ❍2 ❢r❛❝t✐♦♥ ♦❢ ❣❛s ♣❛rt✐❝❧❡s ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥

♠❛❦❡❴❤✷✳ ❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❞♦♥❡ ❜❡❢♦r❡ t❤❡ ❑✐❝❦ ♦♣❡r❛t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ❑✐❝❦ ❤❛s

♥♦ ❡✛❡❝t ♦♥ ✐t✳ ❆s ✐t ♠✉st ❜❡ ❞♦♥❡ ❛❢t❡r t❤❡ ❞❡♥s✐t② ❣r❛❞✐❡♥t ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞✱ ✇❡ ✐♥s❡rt❡❞

✐t ✐♥ t❤✐s ❧♦♦♣ ♦♥ ♣❛rt✐❝❧❡s ❢♦r ❝♦♠♠♦❞✐t②✳ ❚❤✐s ✐s ❞♦♥❡ ❜❡❢♦r❡ t❤❡ ❝♦♦❧✐♥❣✱ s♦ t❤❛t t❤❡ ❍2

❢r❛❝t✐♦♥ ❤❛s ❜❡❡♥ ♣r♦♣❡r❧② ✉♣❞❛t❡❞ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦♦❧✐♥❣ r❛t❡s✳

❊♥tr♦♣② ✉♣❞❛t❡✱ ❝♦♦❧✐♥❣ ❚❤❡ ❝♦❞❡ t❤❡♥ ✉♣❞❛t❡s t❤❡ ❡♥tr♦♣② A ♦❢ ❣❛s ♣❛rt✐❝❧❡s✳ ❚❤✐s ✐s

❞♦♥❡ ❛t t❤✐s ♣♦✐♥t ♦❢ t❤❡ ❝♦❞❡✱ ✇✐t❤ t❤❡ s❛♠❡ ♥❡✇❧② ♦❜t❛✐♥❡❞ t✐♠❡✲st❡♣ ❛s t❤❡ ♦♥❡ ✇✐t❤ ✇❤✐❝❤

t❤❡ ✈❡❧♦❝✐t② ✐s ✉♣❞❛t❡❞✳ ❚❤✐s ✇❛②✱ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♦t❤❡r ❝♦♦❧✐♥❣ ♦r ❤❡❛t✐♥❣ ♣r♦❝❡ss❡s t❤❛♥

t❤❡ ❤❡❛t✐♥❣ r❡❧❛t❡❞ t♦ ❛rt✐✜❝✐❛❧ ✈✐s❝♦s✐t②✱ t❤❡ ❝❤❛♥❣❡ ✐♥ ✐♥t❡r♥❛❧ ❡♥❡r❣② ❡①❛❝t❧② ❜❛❧❛♥❝❡s t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛♥❣❡ ✐♥ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❚❤❡ ✉♣❞❛t❡ ✐s ❞♦♥❡ ❜②✿

A
tcurr+

∆tnewi

2
i = A

tcurr−
∆toldi

2
i +

dAi

dt

tcurr ∆tnewi
+∆toldi
2

✭✹✳✶✵✮

■❢ ✇❡ ✉s❡ t❤❡ ❝♦♦❧✐♥❣ ✇❡ ❤❛✈❡ ❛❞❞❡❞✱ ✇❡ ✉♣❞❛t❡ t❤❡ ❡♥tr♦♣② ✐♥ ❛ ♠♦❞✐✜❡❞ ♠❛♥♥❡r✳ ❚❤❡

❢✉♥❝t✐♦♥ ❝♦♦❧❴❡✈❛❧✉❛t❡ ❡✈❛❧✉❛t❡s t❤❡ ❡♥tr♦♣② ❧♦ss ❞✉❡ t♦ ❝♦♦❧✐♥❣ ❜② t❤❡ ❛t♦♠✴✐♦♥✴♠♦❧❡❝✉❧❡

♣r♦❝❡ss❡s ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞✳ ■t ❝♦♠♣✉t❡s t❤❡ ❝♦♦❧✐♥❣ r❛t❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t❡♠♣❡r❛t✉r❡✱

♠♦❧❡❝✉❧❛r ❝♦♥t❡♥t ❛♥❞ ♠❡t❛❧❧✐❝✐t② ♦❢ ❛ ❣❛s ♣❛rt✐❝❧❡✳ ❚❤❡ ❝♦♦❧✐♥❣ r❛t❡s ❛r❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤

✐♥t❡r♣♦❧❛t✐♦♥ ✉s✐♥❣ ❧♦♦❦✉♣ t❛❜❧❡s✱ ❛♥❛❧②t✐❝ ✜ts ♦r ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ❢♦r ❧♦✇

t❡♠♣❡r❛t✉r❡ ♠❡t❛❧ ❝♦♦❧✐♥❣✳
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❲❡ ✉s❡ ❛ s❡♠✐✲✐♠♣❧✐❝✐t s❝❤❡♠❡ ✐♥ ❝❛s❡ t❤❡ t♦t❛❧ ❡♥tr♦♣② ❝❤❛♥❣❡ ✕s✉♠♠✐♥❣ t❤❡ ❣❛✐♥ ❢r♦♠

✈✐s❝♦s✐t② ❤❡❛t✐♥❣ ❛♥❞ t❤❡ ❧♦ss ❢r♦♠ t❤❡ ❛❞❞❡❞ ❝♦♦❧✐♥❣✕ ❡①❝❡❡❞s ❛ t❡♥t❤ ♦❢ t❤❡ ❡♥tr♦♣② ✭✇❤✐❝❤

❛♠♦✉♥ts t♦ ✇❤❡♥ t❤❡ ❝♦♦❧✐♥❣ t✐♠❡ ✐s ❧❡ss t❤❛♥ t❡♥ t✐♠❡s t❤❡ t✐♠❡✲st❡♣✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♥❡✇

❡♥tr♦♣② ✐s ♦❜t❛✐♥❡❞ ❜② ❛♥ ✐t❡r❛t✐✈❡ s❝❤❡♠❡✳

✸ ❘❛❞✐❛t✐✈❡ ❝♦♦❧✐♥❣

❲❡ ✜rst ♣r❡s❡♥t s♦♠❡ ❜❛s✐❝s ♦❢ ❧✐♥❡✲❝♦♦❧✐♥❣ ✇❡ ✉s❡ t♦ ❝♦♠♣✉t❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ♠❡t❛❧s✱

❍2 ❛♥❞ ❍❉ ❜❡❧♦✇ 104 ❑✱ ❛♥❞ t❤❡♥ ♣r❡s❡♥t t❤❡s❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♦❧✐♥❣ ✉s❡❞

❛❜♦✈❡ 104 ❑✳

✸✳✶ ▲✐♥❡ ❝♦♦❧✐♥❣

❙♣❡❝✐❡s ✇✐t❤ s❡✈❡r❛❧ ❡♥❡r❣② ❧❡✈❡❧s ❝❛♥ ❝❤❛♥❣❡ ❧❡✈❡❧ ❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s ♦r r❛❞✐❛t✐♦♥✳ ❈♦❧❧✐s✐♦♥s

✇✐t❤ s♣❡❝✐❡s ♦❢ t❤❡ s❛♠❡ ♠❡❞✐✉♠✱ ✇❤❡t❤❡r t❤❡② ❛r❡ ❡❧❛st✐❝ ♦r ♥♦t✱ ❞♦ ♥♦t ♠❛❦❡ t❤❡ ❣❛s ❧♦s❡ ❛♥②

❡♥❡r❣② ❣❧♦❜❛❧❧②✳ ❘❛❞✐❛t✐♦♥✱ ✐♥ ❝❛s❡s ✐♥ ✇❤✐❝❤ t❤❡ ♠❡❞✐✉♠ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ♦♣t✐❝❛❧❧② t❤✐♥✱

❝❛♥ ❤♦✇❡✈❡r r❡♠♦✈❡ s♦♠❡ ❡♥❡r❣② ❢r♦♠ t❤❡ ❣❛s ❜② ❡s❝❛♣✐♥❣✳ ❲❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r st✐♠✉❧❛t❡❞

❡♠✐ss✐♦♥ ♦r ❛❜s♦r♣t✐♦♥✳

❚❤❡ ✈♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡ ❞✉❡ t♦ ❛ s②st❡♠ ♦❢ N ❧❡✈❡❧s ♦❢ ♣♦♣✉❧❛t✐♦♥s n1...nN ✭♥✉♠❜❡r

❞❡♥s✐t✐❡s ✐♥ ❝♠−3 ♦❢ s✉♠ ♥tot✮ ❛♥❞ ❡♥❡r❣✐❡s E1...EN ✐s t❤❡ r❛t❡ ♦❢ ❡s❝❛♣✐♥❣ r❛❞✐❛t✐♦♥ ❞✉❡ t♦

❛❧❧ t❤❡ tr❛♥s✐t✐♦♥s ✭❛❧❧ t❤❡ ❧✐♥❡s ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞ ❛s ♦♣t✐❝❛❧❧② t❤✐♥ ❤❡r❡✮✿

Λ =
∑

1≤i<j≤N

njAji(Ej − Ei) ✭✹✳✶✶✮

✇❤❡r❡ Aji ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ s♣♦♥t❛♥❡♦✉s ❞❡✲❡①❝✐t❛t✐♦♥ ❢r♦♠ ❧❡✈❡❧ j t♦ ❧❡✈❡❧ i ♣❡r ✉♥✐t t✐♠❡

✭✐♥ s−1✮✳

❆s s♣❡❝✐❡s ❝❛♥ ❜❡ ❞❡✲❡①❝✐t❡❞ ❜② r❛❞✐❛t✐♦♥✱ ✐t ✐s ♥♦t ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡

♣♦♣✉❧❛t✐♦♥s ♦❢ ❡♥❡r❣② ❧❡✈❡❧s ✉s✐♥❣ t❤❡✐r ❇♦❧t③♠❛♥♥ ✈❛❧✉❡✱ ❛s t❤❡② ✇♦✉❧❞ ❤❛✈❡ ✐♥ t❤❡ ❝❛s❡ ♦❢

▲♦❝❛❧ ❚❤❡r♠❛❧ ❊q✉✐❧✐❜r✐✉♠ ✭▲❚❊✮✿

nBi = ntot
gie

−
Ej − Ei

kT

Z
✭✹✳✶✷✮

✇❤❡r❡ gi ✐s t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❧❡✈❡❧ i ❛♥❞ ❩ ✐s t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✿

Z =
N
∑

i=1

gie
−
Ei

kT ✭✹✳✶✸✮

❋♦r ❧♦✇ ❞❡♥s✐t✐❡s ♦❢ t❤❡ ❝♦❧❧✐❞✐♥❣ s♣❡❝✐❡s✱ t❤❡ ❤✐❣❤ ❡♥❡r❣② ❧❡✈❡❧s ❛r❡ ✐♥❞❡❡❞ ♥♦t ❛s ♦❝❝✉♣✐❡❞✱

❛s t❤❡✐r ❞❡♣♦♣✉❧❛t✐♦♥ ❜② s♣♦♥t❛♥❡♦✉s ❡♠✐ss✐♦♥ ♦❢ r❛❞✐❛t✐♦♥ ✐s ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ♦r ❣r❡❛t❡r

t❤❛♥ t❤❡✐r ❞❡♣♦♣✉❧❛t✐♦♥ ❜② ❝♦❧❧✐s✐♦♥s✳ P♦♣✉❧❛t✐♦♥s ♦❢ ❡❛❝❤ ❡♥❡r❣② ❧❡✈❡❧ ❤❛✈❡ t♦ ❜❡ ❝♦♠♣✉t❡❞✳
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❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❞❡t❛✐❧❡❞ ❜❛❧❛♥❝✐♥❣ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣♦♣✉❧❛t✐♦♥s✳ ❚❤✐s

♣r✐♥❝✐♣❧❡ st❛t❡s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ tr❛♥s✐t✐♦♥s t♦ ❛ ❣✐✈❡♥ ❡♥❡r❣② ❧❡✈❡❧ ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r

♦❢ tr❛♥s✐t✐♦♥s ❢r♦♠ t❤❛t ❧❡✈❡❧ t♦ ♦t❤❡rs ♣❡r ✉♥✐t t✐♠❡ ❛♥❞ ✈♦❧✉♠❡✱ ✐✳❡✳ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❛♥

❡♥❡r❣② ❧❡✈❡❧ ❡q✉❛❧s ✐ts ❞❡♣♦♣✉❧❛t✐♦♥ ❜② ✉♥✐t t✐♠❡ ❛♥❞ ✈♦❧✉♠❡✳ ❋♦r ❛ ❧❡✈❡❧ i✱ t❤✐s ❞❡t❛✐❧❡❞

❜❛❧❛♥❝❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

ni
∑

i

Pi→j =
∑

j

njPj→i for i 6= j ✭✹✳✶✹✮

✇❤❡r❡ ni ✐s t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ♣❛rt✐❝❧❡s ✐♥ ❧❡✈❡❧ ✐✱ ❛♥❞ Pi→j ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ tr❛♥s✐t✐♦♥

❢r♦♠ ❧❡✈❡❧ i t♦ ❧❡✈❡❧ j ❜② ✉♥✐t t✐♠❡ ✭✐♥ s−1✮✳ ❚❤✐s ♣r♦❜❛❜✐❧✐t② ❝❛♥ ❜❡ t❤❡ ❊✐♥st❡✐♥ ❝♦❡✣❝✐❡♥t

❢♦r s♣♦♥t❛♥❡♦✉s ❡♠✐ss✐♦♥ A ♦r t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝♦❧❧✐s✐♦♥❛❧ tr❛♥s✐t✐♦♥s ❢r♦♠ ❧❡✈❡❧ i t♦ j✳ ■♥ t❤❡

❝❛s❡ ♦❢ ❝♦❧❧✐s✐♦♥s ✇✐t❤ ❛ s♣❡❝✐❡s X ✭❤②❞r♦❣❡♥ ❛t♦♠s ♦r ❡❧❡❝tr♦♥s ❢♦r ❡①❛♠♣❧❡✮ t❤✐s ♣r♦❜❛❜✐❧✐t②

✐s✿

P coll
i→j = nXγ

X
ij ≡ nX < vσXij >= nX

∫ ∞

0
vσXij f(v)d

3v ✭✹✳✶✺✮

✇❤❡r❡ γXij ✐s ❛ ❝♦❧❧✐s✐♦♥ ❝♦❡✣❝✐❡♥t ✭✐♥ ❝♠3 s−1✮✱ σXij ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❧❧✐s✐♦♥ ❝r♦ss✲s❡❝t✐♦♥

✭✐♥ ❝♠2✮ ❛♥❞ f ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ✈❡❧♦❝✐t② v✳

❚✇♦✲❧❡✈❡❧ s♣❡❝✐❡s ❚❤❡ ❝❛s❡ ♦❢ ❛ t✇♦✲❧❡✈❡❧ s♣❡❝✐❡s X ✐s ✉s❡❢✉❧ t♦ ❡①❤✐❜✐t ❞❡✈✐❛t✐♦♥s ❢r♦♠

t❤❡ ❇♦❧t③♠❛♥♥ ❞✐str✐❜✉t✐♦♥✳ ■❢ X✱ ✇✐t❤ ❡♥❡r❣② ❧❡✈❡❧s 1 ❛♥❞ 2 ♦❢ ♣♦♣✉❧❛t✐♦♥s n1 ✭❧♦✇❡r ❧❡✈❡❧✮

❛♥❞ n2 ✭✉♣♣❡r ❧❡✈❡❧✮✱ ❡①♣❡r✐❡♥❝❡s ❝♦❧❧✐s✐♦♥s ✇✐t❤ ❛ s♣❡❝✐❡s ❨ t❤❛t ♠❛❦❡s ✐t ❝❤❛♥❣❡ ♦❢ ❡♥❡r❣②

❧❡✈❡❧ ✇✐t❤ r❛t❡s γY12 ❛♥❞ γY21 ✭s❡❡ ❋✐❣✉r❡ ✹✳✹✮✱ t❤❡ ❞❡t❛✐❧❡❞ ❜❛❧❛♥❝❡ ♣r✐♥❝✐♣❧❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

dn2
dt

|coll−exc −
dn2
dt

|coll−deexc −A21n2 = 0 ✭✹✳✶✻✮

γY12n1nY − γY21n2nY −A21n2 = 0 ✭✹✳✶✼✮

✇❤❡r❡ A21 ✐s t❤❡ ❊✐♥st❡✐♥ ❝♦❡✣❝✐❡♥t ❢♦r s♣♦♥t❛♥❡♦✉s ❡♠✐ss✐♦♥✳ ❆s γY12 = γY21
g2
g1
e
−
E2 − E1

kT

✭✉s✐♥❣ t❤❡ ❞❡t❛✐❧❡❞ ❜❛❧❛♥❝❡ ♣r✐♥❝✐♣❧❡ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ r❛❞✐❛t✐♦♥✮✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛t✐♦ ♦❢

♣♦♣✉❧❛t✐♦♥s ✐s✿

n2
n1

=
g2
g1

e−(E2−E1)/kT

1 +
A21

γY21nY

✭✹✳✶✽✮

❆ ❝r✐t✐❝❛❧ ❞❡♥s✐t② ❢♦r t❤❡ s♣❡❝✐❡s ❨ ❝❛♥ t❤✉s ❜❡ ❞❡✜♥❡❞ ❛s✿

ncrit =
A21

γY21
✭✹✳✶✾✮

■❢ nY ≫ ncrit✱ t❤❡ ♣♦♣✉❧❛t✐♦♥s r❛t✐♦ r❡❞✉❝❡s t♦ t❤❡ ❇♦❧t③♠❛♥♥ r❛t✐♦✱ ✇❤✐❧❡ ✐❢ nY . ncrit✱

t❤❡ ❞❡♣♦♣✉❧❛t✐♦♥ ♦❢ ❧❡✈❡❧ ✷ ✇✐❧❧ ❜❡ ❞✉❡ ♠❛✐♥❧② t♦ r❛❞✐❛t✐♦♥✱ ❧❡❛❞✐♥❣ t♦ ❛ r❡❞✉❝❡❞ ❤✐❣❤❡r ❧❡✈❡❧

♣♦♣✉❧❛t✐♦♥✳
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E

E
1

2

E
n
2

A
21

n
1

γ
12

n γ
21

n
Y

Y

Y

Y

❋✐❣✉r❡ ✹✳✹✿ ❊♥❡r❣② ❧❡✈❡❧s ✇✐t❤ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ❡①❝✐t❛t✐♦♥ ❛♥❞ ❞❡✲❡①❝✐t❛t✐♦♥ ❜② ❝♦❧❧✐s✐♦♥s ♦r

s♣♦♥t❛♥❡♦✉s r❛❞✐❛t✐♦♥✳

✸✳✷ ❈♦♦❧✐♥❣ ❜② ♠❡t❛❧s ✉♥❞❡r ✶✵4 ❑

❋♦❧❧♦✇✐♥❣ ▼❛✐♦ ❡t ❛❧✳ ✭✷✵✵✼✮✱ ✇❡ ❝♦♠♣✉t❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ❛ ❢❡✇ ♠❡t❛❧s ❜❡❧♦✇ 104 ❑✿

✐♦♥✐s❡❞ ❝❛r❜♦♥ ❈■■✱ ♥❡✉tr❛❧ ♦①②❣❡♥ ❖■✱ ✐♦♥✐s❡❞ s✐❧✐❝✐✉♠ ❙✐■■ ❛♥❞ ✐♦♥✐s❡❞ ✐r♦♥ ❋❡■■✳ ❚❤❡s❡

❛r❡ t❤❡ ♠♦st ❛❜✉♥❞❛♥t ❤❡❛✈② ❛t♦♠s r❡❧❡❛s❡❞ ❜② st❛rs ✐♥ t❤❡ ■❙▼ ❛♥❞ t❤✉s ❛r❡ t❤❡ ♠❛✐♥

✐♥❣r❡❞✐❡♥ts ❢♦r ❝♦♦❧✐♥❣✳ ❙◆■■s ❡①♣❡❧ ♠♦st❧② ♦①②❣❡♥ ❛♥❞ ❝❛r❜♦♥✱ ❛♥❞ s✉♣❡r♥♦✈❛❡ ♦❢ t②♣❡ ■❛

❡①♣❡❧ s✐❧✐❝♦♥ ❛♥❞ ✐r♦♥✳ ❈❛r❜♦♥✱ s✐❧✐❝♦♥ ❛♥❞ ✐r♦♥ ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♠♣❧❡t❡❧② ✐♦♥✐s❡❞ ❛s ❛

❯❱ ❜❛❝❦❣r♦✉♥❞ ❜❡❧♦✇ ✶✸✳✻ ❡❱ ❡s❝❛♣❡s ❛❜s♦r♣t✐♦♥ ❢r♦♠ ♥❡✉tr❛❧ ❤②❞r♦❣❡♥ ❛♥❞ ❝❛♥ ✐♦♥✐③❡ t❤❡s❡

♠❡t❛❧s t❤❛t ❤❛✈❡ ❛ ✜rst ✐♦♥✐s❛t✐♦♥ ♣♦t❡♥t✐❛❧ ❜❡❧♦✇ ✶✸✳✻ ❡❱✳ ❖①②❣❡♥ ✐s ♠❛✐♥❧② ♥❡✉tr❛❧ ❛s ✐ts

✜rst ✐♦♥✐s❛t✐♦♥ ❡♥❡r❣② ✐s ❛t ✶✸✳✻✷ ❡❱✳

❋♦r ❡❛❝❤ s♣❡❝✐❡s✱ ✇❡ s♦❧✈❡ ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ ❡q✉❛t✐♦♥s ❡q✉❛❧✐s✐♥❣ t❤❡ ❞❡✲

♣♦♣✉❧❛t✐♦♥s ❛♥❞ ♣♦♣✉❧❛t✐♦♥s ♦❢ ❡♥❡r❣② ❧❡✈❡❧s✱ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❝♦♥s❡r✈❛t✐♦♥

♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✳ ❈♦❧❧✐s✐♦♥s ✇✐t❤ ❤②❞r♦❣❡♥ ❛t♦♠s ❛♥❞ ❡❧❡❝tr♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✳

❚❤❡ ❝♦❧❧✐s✐♦♥ r❛t❡s ❛♥❞ ❊✐♥st❡✐♥ ❝♦❡✣❝✐❡♥ts ❛r❡ t❛❦❡♥ ❢r♦♠ ❍♦❧❧❡♥❜❛❝❤ ✫ ▼❝❑❡❡ ✭✶✾✽✾✮ ❛♥❞

❙❛♥t♦r♦ ✫ ❙❤✉❧❧ ✭✷✵✵✻✮✳

❲❡ ✇r✐t❡ t❤❡ s②st❡♠s ♦❢ ❡q✉❛t✐♦♥s ❛♥❞ s♦❧✈❡ t❤❡♠ ❡✐t❤❡r ❛♥❛❧②t✐❝❛❧❧② ❢♦r ❈■■ ❛♥❞ ❙✐■■✱ ♦r

♥✉♠❡r✐❝❛❧❧② ❢♦r ❖■ ❛♥❞ ❋❡■■✳

❈❛r❜♦♥ ❛♥❞ s✐❧✐❝✐✉♠ ❚❤❡ ❈■■ s②st❡♠ ✐s ♠♦❞❡❧❧❡❞ ❛s ❛ t✇♦✲❧❡✈❡❧ s②st❡♠ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t

t❤❡ ✜♥❡ str✉❝t✉r❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ t✇♦ st❛t❡s✱ s♦ ✇❡ ❤❛✈❡✿

{

n1 + n2 = ntot

− n1nHγ
H
12 − n1neγ

e
12 + n2nHγ

H
21 + n2neγ

e
21 + n2A21 = 0

✭✹✳✷✵✮

❚❤❡ ❙✐■■ s②st❡♠ ❛❧s♦ ❝♦♥s✐sts ♦❢ t✇♦ ❧❡✈❡❧s✱ s♦ t❤❡ ❡q✉❛t✐♦♥ s②st❡♠ ✐s t❤❡ s❛♠❡ ❛s ❢♦r ❈■■

✭✇✐t❤ t❤❡ ❝♦❡✣❝✐❡♥ts s♣❡❝✐✜❝ t♦ s✐❧✐❝✐✉♠✮✳

❖①②❣❡♥ ❛♥❞ ✐r♦♥ ❖■ ❛♥❞ ❋❡■■ ❛r❡ ♠♦❞❡❧❧❡❞ ✇✐t❤ ✺ ❡♥❡r❣② ❧❡✈❡❧s✳ ❲❡ ✇r✐t❡ t❤❡ ❡q✉❛t✐♦♥

s②st❡♠s ✇✐t❤ t❤❡ r❡❧❡✈❛♥t tr❛♥s✐t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛♥❞ s♦❧✈❡ t❤❡♠ ♥✉♠❡r✐❝❛❧❧② t♦ ❝♦♠♣✉t❡ t❤❡

❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s✳

❲❡ ❝❤♦♦s❡ t❤❡ s❛♠❡ ❛❜✉♥❞❛♥❝❡s ❛s ✐♥ ❙✉t❤❡r❧❛♥❞ ✫ ❉♦♣✐t❛ ✭✶✾✾✸✮ ✭s♦❧❛r ❛❜✉♥❞❛♥❝❡s

❛♥❞ ♣r✐♠♦r❞✐❛❧ r❛t✐♦s✮ ❢♦r t❤❡ ♠❡t❛❧s ✇❡ ❝♦♥s✐❞❡r ❤❡r❡✳ ❆s t❤❡② ❞✐❞✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡



✸✳ ❘❆❉■❆❚■❱❊ ❈❖❖▲■◆● ✻✸

❛❜✉♥❞❛♥❝❡s ❛r❡ s♦❧❛r ❢♦r ❛ ♠❡t❛❧❧✐❝✐t② Z = [Fe/H] = log10
nFe
nH

− log10
nFe
nH

|⊙ ❢r♦♠ ✵ t♦

✵✳✺✱ ♣r✐♠♦r❞✐❛❧ ❢♦r Z ≤ −1✱ ❛♥❞ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣r✐♠♦r❞✐❛❧ ❛♥❞ s♦❧❛r ✈❛❧✉❡s ❢♦r

−1 ≤ Z ≤ 0✳ ❚❤❡ r❛t✐♦s ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✸✳✷✳

❋❡ ❖ ❙✐ ❈

❙♦❧❛r log10
n
nH

✲✹✳✸✸ ✲✸✳✵✼ ✲✹✳✹✺ ✲✸✳✹✹

Pr✐♠♦r❞✐❛❧ log10
n
nH

✲✹✳✸✸ ✲✷✳✺✼ ✲✹✳✵✺ ✲✸✳✹✹

❲❡ t❛❦❡ ❛ ✜①❡❞ ❧♦✇ ❡❧❡❝tr♦♥✐❝ ❢r❛❝t✐♦♥ ♦❢ ✭
ne−

nH
= 10−5✮✱ ❛ss✉♠✐♥❣ t❤❡ ❝♦❧❞ ❣❛s ✐s q✉❛s✐

♥❡✉tr❛❧✳

❚❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ ❝❛r❜♦♥✱ ✐r♦♥ ❛♥❞ s✐❧✐❝✐✉♠ st❛rt s❛t✉r❛t✐♥❣ ❢♦r ❞❡♥s✐t✐❡s ♦❢

104 − 105❝♠−3✱ ✇❤✐❝❤ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❤✐❣❤❡st ❞❡♥s✐t✐❡s ✇❡ ❝❛♥ ❤❛✈❡✱

s♦ t❤❡ ✈♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞❡♥s✐t②✱ ♥♦t t♦ ✐ts sq✉❛r❡✳ ❲❡ r❡♣r❡s❡♥t

♦♥ ❋✐❣✉r❡ ✹✳✺ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦♦❧✐♥❣ r❛t❡s ❢♦r s♦❧❛r ❛❜✉♥❞❛♥❝❡s ❛♥❞ nH = 1❝♠−3✱ ❛♥❞ ♦♥

❋✐❣✉r❡ ✹✳✻ t❤❡ ✈♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡ ❢♦r ✈❛r✐♦✉s ❞❡♥s✐t✐❡s ❢♦r ❛ s♦❧❛r ♠❡t❛❧❧✐❝✐t②✳ ❲❡ s♦❧✈❡ t❤❡

❡q✉❛t✐♦♥s ✐♥ t❤❡ ❝♦❞❡ ❞✐r❡❝t❧②✳ ❲❡ ♥♦t❡ t❤❛t ❛s ✇❡ ❤❛✈❡ ❛❧❧ t❤❡ ❞❛t❛ t♦ s♦❧✈❡ ❢♦r ♣♦♣✉❧❛t✐♦♥s

✐♥ ❞✐✛❡r❡♥t r❡❣✐♠❡s✱ ❛♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✇♦✉❧❞ ❜❡ t♦ ✇r✐t❡ t❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s ❢♦r ✐♥❞✐✈✐❞✉❛❧

♠❡t❛❧s ❛s ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❤✐❣❤ ❞❡♥s✐t② ▲❚❊ r❡❣✐♠❡ ❛♥❞ t❤❡ ❧♦✇ ❞❡♥s✐t② r❡❣✐♠❡

✭✐♥ t❤❡ s♣✐r✐t ♦❢ ✇❤❛t ✐s ❞♦♥❡ ❢♦r t❤❡ ❍2 ❝♦♦❧✐♥❣ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✮ ❢♦r ✇❤✐❝❤ ✇❡ ❝❛♥ ♦❜t❛✐♥

❛♥❛❧②t✐❝ ✜ts✳

101 102 103 104

T [K]

10-31

10-30

10-29

10-28

10-27

10-26

10-25

Λ
 [

e
rg

 c
m
−3

 s
−1

]

FeII
OI
SiII
CII
tot

❋✐❣✉r❡ ✹✳✺✿ ❱♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡s ♦❢ ♠❡t❛❧s ❢♦r s♦❧❛r ❛❜✉♥❞❛♥❝❡s✱ nH = 1❝♠−3 ❛♥❞
ne
nH

= 10−5
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101 102 103 104

T [K]

10-32

10-30

10-28

10-26

10-24

10-22

10-20

10-18

10-16

10-14

10-12

10-10

10-8

Λ
 [

e
rg

 c
m
−3

 s
−1

]

nH=1cm−3

102 cm−3
104 cm−3

106 cm−3
108 cm−3

1010 cm−3

❋✐❣✉r❡ ✹✳✻✿ ❱♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡ ❢♦r ❛ s♦❧❛r ♠❡t❛❧❧✐❝✐t② ❛♥❞ ✐♥❝r❡❛s✐♥❣ ❞❡♥s✐t✐❡s✳ ❚❤❡ ❞❛s❤❡❞

❧✐♥❡s ❛r❡ n2HΛ(nH = 1❝♠−3) ❢♦r nH = 102❝♠−3 ❛♥❞ nH = 104❝♠−3 ✭✐♥ t❤❡ ❝♦❧♦✉r ❝♦rr❡✲

s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❧❡✈❡❧s ♣♦♣✉❧❛t✐♦♥s✮✳ ❚❤✐s

❛♣♣r♦①✐♠❛t✐♦♥ st❛rts ❜r❡❛❦✐♥❣ ❞♦✇♥ ❛t nH = 104❝♠−3

✸✳✸ ❈♦♦❧✐♥❣ ♦❢ ❍✱ ❍❡ ❛♥❞ ♠❡t❛❧s ❛❜♦✈❡ ✶✵4 ❑

❲❡ ✉s❡ t❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s ❝♦♠♣✉t❡❞ ❜② ❙✉t❤❡r❧❛♥❞ ✫ ❉♦♣✐t❛ ✭✶✾✾✸✮ ❢♦r ❛♥ ♦♣t✐❝❛❧❧②

t❤✐♥ ♣❧❛s♠❛ ✐♥ ❝♦❧❧✐s✐♦♥❛❧ ✐♦♥✐s❛t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ✭❈■❊✮✳ ❚❤❡s❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s ✐♥❝❧✉❞❡ ❝♦♦❧✐♥❣

❞✉❡ t♦ ❍✱ ❍❡ ❛♥❞ ♠❡t❛❧s✱ ❢♦r ❞✐✛❡r❡♥t ♠❡t❛❧❧✐❝✐t✐❡s✳ ❉✐✛❡r❡♥t ❝♦♦❧✐♥❣ ♣r♦❝❡ss❡s ✭❝♦❧❧✐s✐♦♥❛❧

❡①❝✐t❛t✐♦♥✱ r❡❝♦♠❜✐♥❛t✐♦♥ ❛♥❞ ✐♦♥✐s❛t✐♦♥✱ ❢r❡❡✲❢r❡❡ r❛❞✐❛t✐♦♥ ♦r ❜r❡♠sstr❛❤❧✉♥❣✮✱ ❛♥❞ ❤❡❛t✐♥❣

♣r♦❝❡ss❡s ✭♣❤♦t♦✐♦♥✐s❛t✐♦♥ r❛❞✐❛t✐♦♥ ❛♥❞ ❈♦♠♣t♦♥ ❤❡❛t✐♥❣✮ ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥

♦❢ t❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s✳

❚❤❡ ❢✉♥❝t✐♦♥s t❛❦❡♥ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ t❛❜❧❡s ♦❢ ❙✉t❤❡r❧❛♥❞ ✫ ❉♦♣✐t❛ ✭✶✾✾✸✮ ❛r❡ ♣❧♦tt❡❞

♦♥ ❋✐❣✉r❡ ✹✳✼✳ ❋♦r ✐♥t❡r♠❡❞✐❛t❡ ♠❡t❛❧❧✐❝✐t✐❡s✱ ✇❡ ✉s❡❞ ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♥ ♠❡t❛❧❧✐❝✐t②✳

❚❤❡ ❢✉❧❧ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s ❢♦r ❛ ❣❛s ✇✐t❤ ❤②❞r♦❣❡♥ ♦♥❧② ✐♥ ❛t♦♠✐❝ ❢♦r♠ ✐s ♦❜t❛✐♥❡❞ ❜②

❝♦♠❜✐♥✐♥❣ t❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ ♠❡t❛❧ ❛❜✉♥❞❛♥❝❡s t♦ ❣❡t ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s

❢r♦♠ 10 ❑ t♦ 108.5 ❑ ❛♥❞ ❛r❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✹✳✽ ❢♦r nH = 1❝♠−3✳

✸✳✹ ❈♦♦❧✐♥❣ ❜② ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥

❚♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♦❧✐♥❣ ❞✉❡ t♦ ❍2✱ ✇❡ ✉s❡ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ●❧♦✈❡r ✫ ❆❜❡❧ ✭✷✵✵✽✮✱ r❡♠✐✲

♥✐s❝❡♥t ♦❢ ❍♦❧❧❡♥❜❛❝❤ ✫ ▼❝❑❡❡ ✭✶✾✼✾✮✳ ❚❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥ ✐s ✇r✐tt❡♥ ❛s ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥

❜❡t✇❡❡♥ t❤❡ ▲❚❊ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ ❢♦r ❧♦✇ ❞❡♥s✐t✐❡s✳

ΛH2
= nH2

ΛH2,LTE

1 +
ΛH2,LTE

Λn→0

✭✹✳✷✶✮
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❋✐❣✉r❡ ✹✳✼✿ ❱♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡s ♥♦r♠❛❧✐s❡❞ ❜② n2H,0 ✇✐t❤ nH,0 = 1❝♠−3 ♦❢ ❙✉t❤❡r❧❛♥❞ ✫

❉♦♣✐t❛ ✭✶✾✾✸✮ ❢♦r ❞✐✛❡r❡♥t ♠❡t❛❧❧✐❝✐t❡s Z = [Fe]/[H]
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❋✐❣✉r❡ ✹✳✽✿ ❋✉❧❧ ❝♦♦❧✐♥❣ ❝✉r✈❡s ♦❢ ♠❡t❛❧s ❛t ❞✐✛❡r❡♥t ♠❡t❛❧❧✐❝✐t✐❡s ❢♦r ♥H❂✶❝♠
−3✳

✇✐t❤ ΛH2,LTE t❤❡ ▲❚❊ ❝♦♦❧✐♥❣ r❛t❡ ♣❡r ❍2 ♠♦❧❡❝✉❧❡ ✐♥ ❡r❣ s−1 ❛♥❞✿

ΛH2,n→0 =
∑

k

ΛH2,knk ✭✹✳✷✷✮

✇❤❡r❡ ΛH2,k ✐s t❤❡ ❝♦♦❧✐♥❣ r❛t❡ ✐♥ ❡r❣ ❝♠3 s−1 ✭♥♦r♠❛❧✐s❡❞ ❜② n2H,0 ✇✐t❤ nH,0 = 1❝♠−3✮ ❞✉❡

t♦ ❝♦❧❧✐s✐♦♥s ♦❢ ❍2 ✇✐t❤ t❤❡ s♣❡❝✐❡s k ❛♥❞ nk ✐s t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ t❤❡ s♣❡❝✐❡s k✳ ❋♦r ❧♦✇

❞❡♥s✐t✐❡s✱ t❤✐s r❡❞✉❝❡s t♦ Λn→0 ❛♥❞ ❢♦r ❤✐❣❤ ❞❡♥s✐t✐❡s✱ t♦ ΛH2,LTE✳

❆s t❤❡ ❍2 ♠♦❧❡❝✉❧❡ ✐s s②♠♠❡tr✐❝✱ t❤❡ ❛❧❧♦✇❡❞ tr❛♥s✐t✐♦♥s ❛r❡ q✉❛❞r✉♣♦❧❡ ♦♥❡s ✇✐t❤ ∆J =
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0 ± 2✳ ❚❤❡ ▲❚❊ ❝♦♦❧✐♥❣ r❛t❡ ♣❡r ♠♦❧❡❝✉❧❡ ✐s✿

ΛH2,LTE =
∑

i<j,∆J=0,±2

fjAji(Ej − Ei) ✭✹✳✷✸✮

✇❤❡r❡ fj ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ♠♦❧❡❝✉❧❡s ✐♥ t❤❡ ❡♥❡r❣② ❧❡✈❡❧ j✿

fj =
gje

−
Ej − E0

kT

Z
✭✹✳✷✹✮

✇✐t❤ E0 t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ❣r♦✉♥❞ st❛t❡✱ ❛♥❞ gj t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❧❡✈❡❧ j✳

❚❤❡r❡ ✐s ❛ r♦t❛t✐♦♥❛❧ ❞❡❣❡♥❡r❛❝② (2J + 1)✱ ✇✐t❤ J t❤❡ r♦t❛t✐♦♥ q✉❛♥t✉♠ ♥✉♠❜❡r ♦❢ t❤❡

❡♥❡r❣② ❧❡✈❡❧ ✐♥ q✉❡st✐♦♥✱ ❛♥❞ ❛♥♦t❤❡r ❢❛❝t♦r✱ 2S+1✱ ❞✉❡ t♦ ♥✉❝❧❡❛r s♣✐♥s t❤❛t ❝❛♥ ❜❡ ♣❛r❛❧❧❡❧

✭✏♦rt❤♦✲❤②❞r♦❣❡♥✑✱ S = 1✮ ♦r ❛♥t✐✲♣❛r❛❧❧❡❧ ✭✏♣❛r❛✲❤②❞r♦❣❡♥✑✱ S = 0✮✳ ❚❤✐s ❢❛❝t♦r ✐s ✸ ❢♦r

♦rt❤♦✲❤②❞r♦❣❡♥✱ ❛♥❞ t♦ ✶ ❢♦r ♣❛r❛✲❤②❞r♦❣❡♥✳ ❲❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ ▲❚❊ ❝♦♦❧✐♥❣ r❛t❡ ♣❡r ♠♦❧❡❝✉❧❡

✉s✐♥❣ ❡♥❡r❣✐❡s ❛♥❞ ❊✐♥st❡✐♥ ❝♦❡✣❝✐❡♥ts ❢♦r t❤❡ ❛❧❧♦✇❡❞ tr❛♥s✐t✐♦♥s ❢r♦♠ t❤❡ ❈❧♦✉❞② ♣❛❝❦❛❣❡

✭❋❡r❧❛♥❞ ❡t ❛❧✳ ✶✾✾✽✮✳

❚❤❡ ▲❚❊ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❝♦rr❡❝t ♦♥❧② ❢♦r ❤✐❣❤ ❞❡♥s✐t✐❡s t❤❛t ❛r❡ ♥♦t r❡❛❝❤❡❞ ✐♥ ♦✉r

s✐♠✉❧❛t✐♦♥s✳ ❲❡ ✉s❡❞ t❤❡ ai ❝♦❡✣❝✐❡♥ts ♦❢ ●❧♦✈❡r ✫ ❆❜❡❧ ✭✷✵✵✽✮ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢

t❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥ ❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s ✇✐t❤ t❤❡ s♣❡❝✐❡s X ❢♦r ❧♦✇ ❞❡♥s✐t✐❡s✿

log ΛH2,X =
∑

i

ai(log T3)
i ✭✹✳✷✺✮

✇❤❡r❡ T3 = T/1000 ❛♥❞ ΛH2,X ✐s ✐♥ ❡r❣✴❝♠3✴s✳

❲❡ ❛ss✉♠❡❞ ❍2 ❝♦♦❧✐♥❣ ❜❡❧♦✇ ✶✵4 ❑ t❛❦❡s ♣❧❛❝❡ ✐♥ ❛♥ ❛❧♠♦st ♥❡✉tr❛❧ ♠❡❞✐✉♠ ❛♥❞ t❤✉s

❝♦♥s✐❞❡r❡❞ ❝♦❧❧✐s✐♦♥s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❡❝✐❡s✿ ♦t❤❡r ❍2 ♠♦❧❡❝✉❧❡s✱ ❍ ❛t♦♠s ❛♥❞ ❍❡ ❛t♦♠s✳

❈♦❧❧✐s✐♦♥s ✇✐t❤ ❍ ❛t♦♠s ❛r❡ ♦❢t❡♥ t❤❡ ♦♥❧② ♦♥❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✭❡✳❣✳ ●❛❧❧✐ ✫ P❛❧❧❛ ✶✾✾✽✮✱

❤♦✇❡✈❡r✱ ❝♦❧❧✐s✐♦♥s ✇✐t❤ ❍2 ❛♥❞ ❍❡ ♠❛❦❡ ❛ s✐❣♥✐✜❝❛♥t ❝♦♥tr✐❜✉t✐♦♥ ❛♥❞✱ ❛s ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥

❞❡s❝r✐❜✐♥❣ ♠❡❞✐❛ ✇✐t❤ ❛ ❧❛r❣❡ ❢r❛❝t✐♦♥ ♦❢ ❍2 ❝♦♠♣❛r❡❞ t♦ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❍ ❛t♦♠s✱ t❛❦✐♥❣ ✐♥t♦

❛❝❝♦✉♥t t❤❡ ❝♦❧❧✐s✐♦♥s ✇✐t❤ ❍2 ❛♥❞ ❍❡ ✐s ♥❡❝❡ss❛r② t♦ ❝♦♠♣✉t❡ ❝♦♦❧✐♥❣ t❤❛t ✇♦✉❧❞ ♦t❤❡r✇✐s❡

❜❡ ③❡r♦ ✐♥ r❡❣✐♦♥s ♣♦♦r ✐♥ ❛t♦♠✐❝ ❤②❞r♦❣❡♥✳

❚❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥ ✇❡ ✉s❡ ✐♥ t❤❡ ❝♦❞❡ ✐s✿

ΛH2
= nH2

ΛH2,LTE

1 +
ΛH2,LTE

nHΛH2,H + nH2
ΛH2,H2

+ nHeΛH2,He

✭✹✳✷✻✮

✇❤❡r❡ ΛH2,LTE ✐s t❤❡ ▲❚❊ ❝♦♦❧✐♥❣ r❛t❡ ♣❡r ❍2 ♠♦❧❡❝✉❧❡✱ ✐♥ erg s−1✱ ❛♥❞ ΛH2,H✱ ΛH2,H2
❛♥❞

ΛH2,He✱ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✾✱ ❛r❡ t❤❡ ❧♦✇ ❞❡♥s✐t② ♥♦r♠❛❧✐s❡❞ ❝♦♦❧✐♥❣ r❛t❡s ✐♥ erg cm3 s−1

❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s ✇✐t❤ r❡s♣❡❝t✐✈❡❧② ❍✱ ❍2 ❛♥❞ ❍❡✳ ❲❡ ♣❧♦t t❤✐s ❝♦♦❧✐♥❣ r❛t❡ ✐♥ ❋✐❣✉r❡ ✹✳✶✶

❢♦r ❛ ❤②❞r♦❣❡♥ ♥✉❝❧❡✐ ♥✉♠❜❡r ❞❡♥s✐t②✱ nHnucl
= nH + 2nH2

✱ ♦❢ ✶ ❝♠−3✱ ❛♥❞ ❞✐✛❡r❡♥t ♠❛ss

r❛t✐♦s ♦❢ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ♦✈❡r t❤❡ t♦t❛❧ ❤②❞r♦❣❡♥ ❝♦♠♣♦♥❡♥t✳ ■♥ ❋✐❣✉r❡ ✹✳✶✵✱ ✇❡ ♣❧♦t t❤❡

❝♦♦❧✐♥❣ r❛t❡ ♣❡r ♠♦❧❡❝✉❧❡ ✭✇✐t❤♦✉t t❤❡ ♣r❡✲❢❛❝t♦r nH2
✐♥ ✹✳✷✻✮ ❢♦r ❛ ♠❛ss ❢r❛❝t✐♦♥ fH2

= 0.1

❛♥❞ ❞✐✛❡r❡♥t t♦t❛❧ ❤②❞r♦❣❡♥ ♥✉❝❧❡✐ ❞❡♥s✐t✐❡s✱ s♦ ❛s t♦ s❤♦✇ t❤❡ ✉t✐❧✐t② ♦❢ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥✳



✸✳ ❘❆❉■❆❚■❱❊ ❈❖❖▲■◆● ✻✼

101 102 103 104

T [K]

10-31

10-30

10-29

10-28

10-27

10-26

10-25

10-24

10-23

10-22

10-21

Λ
 [

e
rg

 c
m

3
 s
−1

]

ΛH2H2

ΛH2He

ΛH2H

❋✐❣✉r❡ ✹✳✾✿ ◆♦r♠❛❧✐s❡❞ ✈♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡s ♦❢ ❍2 ❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s ✇✐t❤ ❍ ❛t♦♠s✱ ❍2

♠♦❧❡❝✉❧❡s ❛♥❞ ❍❡ ❛t♦♠s ✭r❡s♣❡❝t✐✈❡❧② ΛH2,H✱ ΛH2,H2
❛♥❞ ΛH2,He✮✳

101 102 103 104

T [K]

10-31

10-30

10-29
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10-27

10-26

10-25

10-24

10-23

10-22

10-21

Λ
 [

e
rg

 c
m
−3

 s
−1

]

fH2
=1

fH2
=0.1

fH2
=0.01

❋✐❣✉r❡ ✹✳✶✵✿ ❱♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡s ♦❢ ❍2 ❢♦r ❛ ❤②❞r♦❣❡♥ ♥✉❝❧❡✐ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ✶ ❝♠ −3

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡ ❢♦r ❞✐✛❡r❡♥t ❍2 t♦ t♦t❛❧ ❤②❞r♦❣❡♥ ♠❛ss r❛t✐♦s fH2
✳ ❋♦r ❤✐❣❤

❢r❛❝t✐♦♥s ♦❢ ❍2✱ ❛♥❞ ❛t ❞❡♥s✐t✐❡s ❢♦r ✇❤✐❝❤ t❤❡ ❝♦♦❧✐♥❣ r❛t❡ ❞❡♣❡♥❞s ♦♥ ❝♦❧❧✐s✐♦♥s✱ t❤❡ ❝♦♦❧✐♥❣

❝❛♥ ❜❡❝♦♠❡ s❧✐❣❤t❧② ♠♦r❡ ✐♠♣♦rt❛♥t ❥✉st ❜❡❧♦✇ ✶✵4 ❑ ❛s t❤❡ ♠❛ss ❢r❛❝t✐♦♥ ✐s r❡❞✉❝❡❞✱ ❜❡❝❛✉s❡

t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❝♦❧❧✐s✐♦♥s ✇✐t❤ ❛t♦♠✐❝ ❤②❞r♦❣❡♥ ❞♦♠✐♥❛t❡s ✐♥ t❤✐s ❞♦♠❛✐♥ ♦❢ t❡♠♣❡r❛t✉r❡s✳
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]

ΛLTE

nHnucl
=1cm−3

nHnucl
=102 cm−3

nHnucl
=104 cm−3

❋✐❣✉r❡ ✹✳✶✶✿ ❈♦♦❧✐♥❣ r❛t❡s ♦❢ ❍2 ♣❡r ❍2 ♠♦❧❡❝✉❧❡ ❢♦r ❛ ♠❛ss ❢r❛❝t✐♦♥ fH2
= 0.1 ❛♥❞ ❞✐✛❡r❡♥t

❤②❞r♦❣❡♥ ♥✉❝❧❡✐ ❞❡♥s✐t✐❡s ❝♦❞❡❞ ❜② ❝♦❧♦✉r✳ ❈♦❧♦✉r❡❞ s♦❧✐❞ ❧✐♥❡s ❛r❡ t❤❡ ✐♥t❡r♣♦❧❛t❡❞ ❝♦♦❧✐♥❣

❢✉♥❝t✐♦♥ ♣❡r ♠♦❧❡❝✉❧❡✱ t❤❡ ❜❧❛❝❦ s♦❧✐❞ ❧✐♥❡ ✐s t❤❡ ♠❛①✐♠❛❧ ▲❚❊ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡ ❞♦tt❡❞

❧✐♥❡s ❛r❡ t❤❡ ❧♦✇ ❞❡♥s✐t✐❡s ❛♣♣r♦①✐♠❛t✐♦♥s✳ ❋♦r ❧♦✇ nHnucl
✱ t❤❡ ❝♦♦❧✐♥❣ r❛t❡ ♣❡r ♠♦❧❡❝✉❧❡ ✐s

s✐❣♥✐✜❝❛♥t❧② ❧♦✇❡r t❤❛♥ t❤❡ ▲❚❊ ♦♥❡✱ ✇❤✐❧❡ ❢♦r nHnucl
> 102 ❝♠−3✱ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♠✉st ❜❡

✉s❡❞ s♦ ❛s ♥♦t t♦ ♦✈❡r❡st✐♠❛t❡ t❤❡ ❝♦♦❧✐♥❣✳

✸✳✺ ❈♦♦❧✐♥❣ ❜② ❍❉

❉❡s♣✐t❡ ✐ts ❧♦✇❡r ❛❜✉♥❞❛♥❝❡ t❤❛♥ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥✱ t❤❡ ♠♦❧❡❝✉❧❡ ❍❉ ❝❛♥ ❤❡❧♣ ❝♦♦❧ t❤❡

❣❛s ❜❡❝❛✉s❡ ♦❢ ✐ts ♣❡r♠❛♥❡♥t ❡❧❡❝tr✐❝ ❞✐♣♦❧❡✳ ❋♦r ❍❉ ❞✐♣♦❧❛r tr❛♥s✐t✐♦♥s ∆J = + − 1 ❤❛✈❡

str♦♥❣❡r ♣r♦❜❛❜✐❧✐t✐❡s t❤❛♥ q✉❛❞r✉♣♦❧❡ ♦♥❡s ♦❢ ❍2 ❛♥❞ ♠❛❦❡ t❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥ ❜② ♠♦❧❡❝✉❧❡

♠✉❝❤ ❧❛r❣❡r ✭t❤❡ ▲❚❊ ❝♦♦❧✐♥❣ r❛t❡s ♣❡r ♠♦❧❡❝✉❧❡ ❛r❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✹✳✶✷✮✳

❲❡ ✉s❡❞ ❞❛t❛ ❢r♦♠ ❆❜❣r❛❧❧ ❡t ❛❧✳ ✭✶✾✽✷✮ ❡①t❡♥❞❡❞ t♦ ❤✐❣❤❡r r♦t❛t✐♦♥❛❧ ❧❡✈❡❧s ✭♣r✐✈❛t❡

❝♦♠♠✉♥✐❝❛t✐♦♥✮ t♦ ❝♦♠♣✉t❡ t❤❡ ▲❚❊ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥ ✐♥ ❛ s✐♠✐❧❛r ✇❛② t❤❛♥ ❢♦r ❍2✳
✶

❋♦r ❧♦✇ ❞❡♥s✐t✐❡s✱ ✇❡ t♦♦❦ t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ▲✐♣♦✈❦❛ ❡t ❛❧✳ ✭✷✵✵✺✮✳ ❚❤✐s ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥ t❛❦❡s

✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦❧❧✐s✐♦♥s ♦❢ ❍❉ ✇✐t❤ ❍ ❛t♦♠s ❛♥❞ ♦♥❧② ❞✐♣♦❧❛r tr❛♥s✐t✐♦♥s✱ ✇❤✐❝❤ ✐s ❥✉st✐✜❡❞

❜② t❤❡✐r ♠✉❝❤ ❧❛r❣❡r ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❝♦♦❧✐♥❣ t❤❛♥ q✉❛❞r✉♣♦❧❡ ♦♥❡s✳ ❚❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥

♦❢ ▲✐♣♦✈❦❛ ❡t ❛❧✳ ✭✷✵✵✺✮ ✐s ✈❛❧✐❞ ❢♦r ❛ ❤②❞r♦❣❡♥ ❛t♦♠ ❞❡♥s✐t② ❜❡t✇❡❡♥ ✶ ❝♠−3 ❛♥❞ 108 ❝♠−3✳

❲❡ ❤❛✈❡ ❞❡♥s✐t✐❡s ❧♦✇❡r t❤❛♥ ✶ ❝♠−3 ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥s✱ s♦ ✇❡ ❢♦❧❧♦✇❡❞ ●❧♦✈❡r ✫ ❆❜❡❧ ✭✷✵✵✽✮

❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥ ✐s s✐♠♣❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❍ ❛t♦♠s ❞❡♥s✐t② ❢♦r ❧♦✇

❞❡♥s✐t✐❡s✱ s♦ t❤❛t t❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥ ✭♣❡r ♠♦❧❡❝✉❧❡✮ ✐s s✐♠♣❧② nHΛ(nH = 1cm−3)✳

✶✳ ❈♦♥tr✐❜✉t✐♦♥s ❢r♦♠ ❤✐❣❤ ❡♥❡r❣② ❧❡✈❡❧s ♣❧❛② ❛ ♥♦t✐❝❡❛❜❧❡ r♦❧❡ ❛t ❤✐❣❤ ❞❡♥s✐t✐❡s ❢♦r t❡♠♣❡r❛t✉r❡s ❢r♦♠

❛r♦✉♥❞ 103 ❑ t♦ 104 ❑✳ ❆s ✐♥ ❈♦♣♣♦❧❛ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ✇❡ ✐♥❞❡❡❞ ♥♦t✐❝❡ ♦✉r ▲❚❊ ❢✉♥❝t✐♦♥ ✐s s❧✐❣❤t❧② ❤✐❣❤❡r ❢♦r

t❡♠♣❡r❛t✉r❡s ❛❜♦✈❡ 700 ❑✱ ❛s ✇❡ ✉s❡❞ t❤❡ s❛♠❡ ❞❛t❛✱ t❤❛♥ ▲✐♣♦✈❦❛ ❡t ❛❧✳ ✭✷✵✵✺✮ t❤❛t ❞♦ ♥♦t ✐♥❝❧✉❞❡ ❛s ♠❛♥②

tr❛♥s✐t✐♦♥s✳
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ΛH2 ,LTE

ΛHD,LTE

❋✐❣✉r❡ ✹✳✶✷✿ ▲❚❊ ❝♦♦❧✐♥❣ r❛t❡s ♣❡r ♠♦❧❡❝✉❧❡ ❢♦r ❍2 ❛♥❞ ❍❉✳ ❍❉ ❤❛s ❛ ❤✐❣❤❡r ❝♦♦❧✐♥❣ r❛t❡

❜❡❝❛✉s❡ ♦❢ ✐ts ❛❧❧♦✇❡❞ ❞✐♣♦❧❡ tr❛♥s✐t✐♦♥s✳

❲❡ ✇r✐t❡✱ ❛s ❢♦r ❍2✿

ΛHD =
ΛHD,LTE

1 +
ΛHD,LTE

Λn→0

✭✹✳✷✼✮

✇❤✐❝❤ ♣r❡✈❡♥ts ❡rr♦rs ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥ ❢♦r ❤✐❣❤ ❞❡♥s✐t✐❡s ✭♠♦r❡ t❤❛♥

104 ❝♠−3 ✷✮✳

■♥ ♦✉r ♣r❡s❡♥t s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❤❛✈❡ s❡t xHD = 10−5xH2
❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ ❝❛♥♥♦t ❣♦

❜❡❧♦✇ ✶✵✵ ❑ s♦ t❤❡ ❍❉ ❝♦♦❧✐♥❣ ❤❛s ♥♦ ✐♥✢✉❡♥❝❡✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ♦♥ ❋✐❣✉r❡ ✹✳✶✸✱ ❜✉t ✐t ✇♦✉❧❞

❤❛✈❡ ❛♥ ✐♠♣❛❝t ✐♥ ♦t❤❡r ❝♦♥❞✐t✐♦♥s✳

✸✳✻ ❚♦t❛❧ ❝♦♦❧✐♥❣

❚❤❡ t♦t❛❧ ✈♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡ ✇❡ ✉s❡ ✐s✿

Λtot = ΛH2
+ Λmet ✭✹✳✷✽✮

✇❤❡r❡ Λmet ✐s t❤❡ ✈♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡ ❞✉❡ t♦ ♠❡t❛❧s✱ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢

❛t♦♠✐❝ ❤②❞r♦❣❡♥ ✭❛s ✇❡ ❞✐❞ ♥♦t ✐♥❝❧✉❞❡ ❝♦♦❧✐♥❣ ❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s ❜❡t✇❡❡♥ ❍2 ❛♥❞ ♠❡t❛❧s✮✳

❚❤✐s ✈♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✹ ❢♦r ❛ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ❤②❞r♦❣❡♥

♥✉❝❧❡✐ ♦❢ 1❝♠−3✱ ❞✐✛❡r❡♥t ♠❡t❛❧❧✐❝✐t✐❡s ❛♥❞ ❍2 ❣❛s ♠❛ss ❢r❛❝t✐♦♥s✳ ❆ s♠❛❧❧ ❣❛s ♠❛ss ❢r❛❝t✐♦♥

♦❢ ❍2 ❝❛♥ s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡ t❤❡ ❝♦♦❧✐♥❣ ❜❡t✇❡❡♥ 103❑ ❛♥❞ 104❑✳

✷✳ ❚❤✐s ✇♦✉❧❞ ❛❧s♦ ♣r❡✈❡♥t ❡rr♦rs ❢♦r ❧♦✇ t❡♠♣❡r❛t✉r❡s ✭❢r♦♠ log T = 1 t♦ log T = 1.6✱ ❜❡❧♦✇ ♦✉r t❡♠♣❡r✲

❛t✉r❡ ✢♦♦r✮ ❢♦r ✇❤✐❝❤ t❤❡ ▲✐♣♦✈❦❛ ❡t ❛❧✳ ✭✷✵✵✺✮ ✜t ✐s ♥♦t ✈❛❧✐❞ ❛♥❞ ❣✐✈❡s ❛ str♦♥❣❡r ❝♦♦❧✐♥❣ t❤❛♥ t❤❡ ♠❛①✐♠❛❧

▲❚❊ ♦♥❡✳



✼✵ ❈❍❆P❚❊❘ ✹✳ ■◆❚❘❖❉❯❈■◆● ❇❆❘❨❖◆■❈ P❍❨❙■❈❙ ■◆ ●❆❉●❊❚✲✷

101 102 103 104

T [K]

10-34

10-33

10-32

10-31

10-30

10-29

10-28

10-27

10-26

10-25

10-24

10-23

10-22

10-21

Λ
 [

e
rg

 c
m
−3

 s
−1

]

ΛHD, xHD=10
−3xH2

ΛHD, xHD=10
−4xH2

ΛHD, xHD=10
−5xH2

ΛH2

❋✐❣✉r❡ ✹✳✶✸✿ ❱♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡s ❢♦r nHnucl
= 1❝♠−3✱ ❢♦r ❛ ❍2 ♠❛ss ❢r❛❝t✐♦♥ ♦❢ ✵✳✶ ✭xH2

❂✵✳✵✺✮

❛♥❞ ❞✐✛❡r❡♥t ❍❉ ❛❜✉♥❞❛♥❝❡s✳

✸✳✼ ❆❧❣♦r✐t❤♠ ❢♦r ❝♦♦❧✐♥❣

❚❤❡ ✐♥t❡rst❡❧❧❛r ❣❛s ❝♦♠♣♦♥❡♥t ✐s ♠♦❞❡❧❧❡❞ ❛s ❛♥ ✐❞❡❛❧ ❣❛s ✇✐t❤ ❛♥ ❛❞✐❛❜❛t✐❝ ✐♥❞❡① γ =
5

3
t❤❛t ✇❡ ❦❡❡♣ ✜①❡❞✳

❈♦♦❧✐♥❣ ✐♥ t❤❡ ❡♥tr♦♣② ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❡❝✐✜❝ ❡♥tr♦♣② Ai ♦❢

❛ ♣❛rt✐❝❧❡ i ✐s ❣♦✈❡r♥❡❞ ❜②✿

dAi

dt
= −γ − 1

ργi
Λ(ρi, Ti) +

1

2

N
∑

j=1

mjΠijvij .∇iW ij ✭✹✳✷✾✮

✇❤❡r❡ Λ ✐s t❤❡ ✈♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡ ✐♥ erg cm−3 s−1 ✭t❤❡ s✉♠ ♦❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❞❡s❝r✐❜❡❞

❛❜♦✈❡✮ ❛♥❞ Πij ✐s t❤❡ ❛rt✐✜❝✐❛❧ ✈✐s❝♦s✐t② t❡♥s♦r✳

❙❡♠✐✲✐♠♣❧✐❝✐t t✐♠❡✲✐♥t❡❣r❛t✐♦♥ ❆s t❤❡ ❝♦♦❧✐♥❣ t✐♠❡ ❝❛♥ ❜❡ ❧♦✇❡r t❤❛♥ t❤❡ t✐♠❡✲st❡♣s✱

✇❡ ✉s❡ ❛ s❡♠✐✲✐♠♣❧✐❝✐t ❝♦♦❧✐♥❣ s❝❤❡♠❡ ✸ t♦ st❛❜✐❧✐s❡ t❤❡ r❡s♦❧✉t✐♦♥✳ ❲❡ s♦❧✈❡ ✐t❡r❛t✐✈❡❧② t❤❡

✐♠♣❧✐❝✐t ❡q✉❛t✐♦♥✿

Ai(t+ dt) = Ai(t) +

(

− γ − 1

ρi(t)γ
Λ(ρi(t), Ti(t+ dt)) +

1

2

N
∑

j=1

mjΠijvij .∇iW ij



 dt ✭✹✳✸✵✮

✇❤❡r❡ dt ✐s t❤❡ t✐♠❡✲st❡♣✳

✸✳ ✇❡ ❦❡❡♣ t❤❡ ❞❡♥s✐t② ❝♦♥st❛♥t✱ s♦ ✐t ✐s ❛♥ ✐s♦❝❤♦r✐❝ s❝❤❡♠❡
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T [K]

30

29

28

27

26

25
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lo
g
10
(Λ

 /
 [

e
rg

 c
m
−3

s−
1
])

Z=-3

102 103 104

T [K]

Z=-1

102 103 104

T [K]

Z=0

fH2
=1

fH2
=0.1

fH2
=0.01

fH2
=0

❋✐❣✉r❡ ✹✳✶✹✿ ❱♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡s ❢♦r ❞✐✛❡r❡♥t ♠❡t❛❧❧✐❝✐t✐❡s ❛♥❞ ❍2 ❣❛s ♠❛ss ❢r❛❝t✐♦♥s ❢♦r nHnucl
= 1 ❝♠ −3✳
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❚❡♠♣❡r❛t✉r❡ ❞❡r✐✈❛t✐♦♥ ❢r♦♠ ❡♥tr♦♣② ❆s A =
P

ργ
❛♥❞✱ ❢♦r ❛♥ ✐❞❡❛❧ ❣❛s✿

P =
ρkT

µmp
✭✹✳✸✶✮

✇❤❡r❡ mp ✐s t❤❡ ♣r♦t♦♥ ♠❛ss ❛♥❞ µ✱ t❤❡ ♠❡❛♥ ♠♦❧❡❝✉❧❛r ✇❡✐❣❤t✱ ✐s✿

µ =
∑

i

xi
mi

mp
✭✹✳✸✷✮

✇✐t❤ xi t❤❡ ♥✉♠❜❡r ❢r❛❝t✐♦♥ ♦❢ t❤❡ s♣❡❝✐❡s i✱ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❡♠♣❡r❛t✉r❡ ❛♥❞ s♣❡❝✐✜❝

❡♥tr♦♣② ✐s✿

T =
µmpρ

γ−1

k
A ✭✹✳✸✸✮

❋♦r ❛ ❣❛s ❝♦♠♣♦s❡❞ ♦❢ ❛t♦♠✐❝ ❛♥❞ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❛♥❞ ❤❡❧✐✉♠✱ ♥❡❣❧❡❝t✐♥❣ t❤❡ ♠❡t❛❧s

❝♦♥tr✐❜✉t✐♦♥✿

µ =
4

1 +

(

3− 4
nH2

nHnucl

+ 4
ne−

nHnucl

)

X

✭✹✳✸✹✮

✇❤❡r❡ nHnucl
✐s t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ❤②❞r♦❣❡♥ ♥✉❝❧❡✐ ❛♥❞ X ✐s t❤❡ ❤②❞r♦❣❡♥ ♥✉❝❧❡✐ ♠❛ss

❢r❛❝t✐♦♥ t❤❛t ✇❡ s❡t t♦ ✵✳✼✻✳

❲❡ ❞♦ ♥♦t ❝♦♠♣✉t❡ t❤❡ ✐♦♥✐s❛t✐♦♥ ❢r❛❝t✐♦♥
ne−

nHnucl

✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❲❡ ❛ss✉♠❡ t❤❡ ❣❛s ✐s

q✉❛s✐ ♥❡✉tr❛❧ ❜❡❧♦✇ 104 ❑✳ ❆❜♦✈❡ t❤❛t t❡♠♣❡r❛t✉r❡✱ ✇❡ ❛ss✉♠❡ t❤❡r❡ ✐s ♥♦ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥

❛♥❞ t❤❡ ❣❛s ✐s ❢✉❧❧② ✐♦♥✐s❡❞ ✭❍+ ❛♥❞ ❍❡2+✮✳ ❊❧❡❝tr♦♥✐❝ ♥❡✉tr❛❧✐t② t❤❡♥ ✐♠♣♦s❡s ♥✉♠❜❡rs ♦❢

❡❧❡❝tr♦♥s✱ ❍ ❛♥❞ ❍❡ ✐♦♥s r❡❧❛t❡❞ ❜② Ne− = NH+ + 2NHe2+ ✱ ✇❤✐❝❤ ❣✐✈❡s ❛ ♠♦❧❡❝✉❧❛r ✇❡✐❣❤t✿

µ =
4

3 + 5X
✭✹✳✸✺✮

µ ❜❡✐♥❣ ❤✐❣❤❡r ❢♦r ❛ ♥❡✉tr❛❧ ❣❛s t❤❛♥ ❢♦r ❛♥ ✐♦♥✐s❡❞ ♦♥❡✱ t❤❡ t❡♠♣❡r❛t✉r❡ ♦❜t❛✐♥❡❞ ❝♦♥✲

s✐❞❡r✐♥❣ t❤❡ ❣❛s ✐s ♥❡✉tr❛❧ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❣❛s ✐s ❢✉❧❧② ✐♦♥✐s❡❞✳

❲❡ s✐♠♣❧② s❡t t♦ 104 ❑ t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ❣❛s ✐♥ t❤❡ ❡♥tr♦♣② r❛♥❣❡ ❢♦r ✇❤✐❝❤ t❤❡ t❡♠✲

♣❡r❛t✉r❡ ❛ss✉♠✐♥❣ ❛ ♥❡✉tr❛❧ ❣❛s ✐s ❛❜♦✈❡ 104 ❑ ❜✉t t❤❡ t❡♠♣❡r❛t✉r❡ ❛ss✉♠✐♥❣ ❛ ❢✉❧❧② ✐♦♥✐s❡❞

♦♥❡ ✐s ❛❜♦✈❡ ✐t✳

✹ ❍2 ❢r❛❝t✐♦♥

❆s ♦✉r ❣♦❛❧ ✇❛s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠♦❧❡❝✉❧❛r ❛❜✉♥❞❛♥❝❡✱ ❜✉t ✇✐t❤♦✉t ❛ ❞❡t❛✐❧❡❞ ❝❤❡♠✐❝❛❧

s❝❤❡♠❡✱ ✇❡ ❧♦♦❦❡❞ ❢♦r ❛ s✐♠♣❧❡ ✇❛② ♦❢ ♦❜t❛✐♥✐♥❣ ❛ r❡❛❧✐st✐❝ ♠❛ss ❢r❛❝t✐♦♥ ♦❢ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣❛s ❛♥❞ ✐ts ❡♥✈✐r♦♥♠❡♥t✳

❑r✉♠❤♦❧③ ❡t ❛❧✳ ✭✷✵✵✽✱ ✷✵✵✾❜✮❀ ▼❝❑❡❡ ✫ ❑r✉♠❤♦❧③ ✭✷✵✶✵✮ ❤❛✈❡ ❞❡r✐✈❡❞ ❛ s✐♠♣❧❡ ❛♥❛❧②t✐❝

❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♠❛ss ❢r❛❝t✐♦♥ fH2
✭r❛t✐♦ ♦❢ t❤❡ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ♠❛ss ♦♥ t❤❡ t♦t❛❧

❤②❞r♦❣❡♥ ♥✉❝❧❡✐ ♠❛ss✮ ❢♦r ❛ t✇♦✲♣❤❛s❡ ❡q✉✐❧✐❜r✐✉♠✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❍2 s❡❧❢✲s❤✐❡❧❞✐♥❣ ❛♥❞

❞✉st s❤✐❡❧❞✐♥❣✳ ❲❡ ❢♦❧❧♦✇ t❤✐s ❛♣♣r♦❛❝❤ ✐♥ ✇r✐t✐♥❣✿

fH2
≃ 1− 3

4

s

1 + 0.25s
✭✹✳✸✻✮
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✇✐t❤✿

s =
ln(1 + 0.6χ+ 0.01χ2)

0.6τC
✭✹✳✸✼✮

fH2
✐s s❡t t♦ ③❡r♦ ✇❤❡♥ s > 2✳

✕ χ ✐s ❛ s❝❛❧❡❞ ❯❱ r❛❞✐❛t✐♦♥ ✜❡❧❞ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ▲②♠❛♥✲❲❡r♥❡r ❞✐ss♦❝✐❛t✐♥❣ ✜❡❧❞

♦✈❡r t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢ ❤②❞r♦❣❡♥ ♥✉❝❧❡✐✳ χ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s t❤❡ r❡❧❛t✐✈❡ ✐♠♣♦rt❛♥❝❡

♦❢ ❞✉st ❝♦♠♣❛r❡❞ t♦ ❍2 ✐♥ t❤❡ s❤✐❡❧❞✐♥❣ ✭❑r✉♠❤♦❧③ ❡t ❛❧✳ ✷✵✵✾❜✮✿ ❢♦r ❤✐❣❤ r❛❞✐❛t✐♦♥

✜❡❧❞s t❤❡r❡ ✐s ✐♥❞❡❡❞ ❧✐tt❧❡ ❍2 s♦ t❤❡ s❤✐❡❧❞✐♥❣ ✐s ♣r❡❞♦♠✐♥❛♥t❧② ❞✉❡ t♦ ❞✉st✱ ✇❤✐❧❡ ❢♦r

❧♦✇ r❛❞✐❛t✐♦♥ ✜❡❧❞s t❤❡ ❤✐❣❤❡r ❢r❛❝t✐♦♥ ♦❢ ❍2 ♠❛❦❡s s❡❧❢✲s❤✐❡❧❞✐♥❣ ✐♠♣♦rt❛♥t✳

✕ τC ✐s t❤❡ ❞✉st ♦♣t✐❝❛❧ ❧❡♥❣t❤✿

τC =
Σσd
µH

✭✹✳✸✽✮

✕ Σ ✐s ❛ ❝♦❧✉♠♥ ❞❡♥s✐t② Σ = ρL ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❧♦❝❛❧ s❝❛❧❡ ❤❡✐❣❤t✿ L =
ρ

|∇ρ| ✳ ❲❡

❝♦♠♣✉t❡ (∇ρ)i✱ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♣❛rt✐❝❧❡ i ❜②✿

ρi(∇ρ)i =
∑

j

mj(ρj − ρi)∇iW (rij , hi) ✭✹✳✸✾✮

❚❤❡ s❝❛❧❡ ❤❡✐❣❤t t❛❦❡s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ✐♥t♦ ❛❝❝♦✉♥t✿ ✐t ✐♥❝r❡❛s❡s ✇✐t❤

❞❡♥s✐t② ❜✉t ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ ✐ts ❣r❛❞✐❡♥t✱ s♦ ✐t ✐s ❧♦✇❡r ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧❛r❣❡

❣r❛❞✐❡♥ts ❡♥❝♦✉♥t❡r❡❞ ♦♥ t❤❡ ♦✉t❡r ♣❛rts ♦❢ ❞❡♥s✐t② ❢❡❛t✉r❡s ❧✐❦❡ ❝❧✉♠♣s ♦r s♣✐r❛❧

❛r♠s✳ ■t ✐s t❤✉s ✇❡❧❧ ❛❞❛♣t❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦❧✉♠♥ ❞❡♥s✐t② ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡

s❤✐❡❧❞✐♥❣ ❢r♦♠ r❛❞✐❛t✐♦♥✱ ❛♥❞ ✐♥t❡r❡st✐♥❣❧② ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ r❡s♦❧✉t✐♦♥ ❛s ♠✉❝❤

❛s ♦t❤❡r ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤s s♦♠❡t✐♠❡s ✉s❡❞ ❢♦r t❤❡ s❛♠❡ ♣✉r♣♦s❡✱ s✉❝❤ ❛s t❤❡

s♠♦♦t❤✐♥❣ ❧❡♥❣t❤✳

✕ σd ✐s s❡t✱ ✉s✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ ▼✐❧❦② ❲❛② ✈❛❧✉❡✱ t♦✿

σd = Z ′10−21 cm2 ✭✹✳✹✵✮

✇✐t❤ Z ′ t❤❡ ♠❡t❛❧❧✐❝✐t② ✇❡ ♥♦r♠❛❧✐s❡ ❜② t❤❡ s♦❧❛r ♠❡t❛❧❧✐❝✐t②✿

Z ′ =
nFe/nH
nFe/nH|⊙

✭✹✳✹✶✮

✕ µH ✐s t❤❡ ♠❡❛♥ ♠❛ss ♣❡r ❍ ♥✉❝❧❡✉s✳

❲❡ ❛♣♣❧② t❤✐s ❡①♣r❡ss✐♦♥ ♦❢ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ♠❛ss ❢r❛❝t✐♦♥ t♦ ❡❛❝❤ ❣❛s ♣❛rt✐❝❧❡✳

❆s ✇❡ ✇❛♥t t♦ t♦ ✉s❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ♥❡✇ st❡❧❧❛r ❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❞✐s❝✱ t❤❡ χ ✐s

❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛ ♣r♦①② ❢♦r t❤❡ r❛❞✐❛t✐♦♥ ✜❡❧❞ ❢r♦♠ ♥❡✇ st❛rs G✳ ❲❡ ❛ss✉♠❡ st❛rs ✇✐t❤ ❛❣❡

✐♥❢❡r✐♦r t♦ ✶✵ ▼②r r❛❞✐❛t❡ ✐♥ t❤❡ ▲②♠❛♥✲❲❡r♥❡r ❜❛♥❞ ❛♥❞ ❝❛♥ ❞✐ss♦❝✐❛t❡ t❤❡ ❍2 ♠♦❧❡❝✉❧❡s✳

❲❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r t❤❛t ♦❧❞❡r st❛rs r❛❞✐❛t❡ ✐♥ t❤✐s ❜❛♥❞✱ s♦ t❤❡② ❞♦ ♥♦t ❤❛✈❡ ❛♥② ❡✛❡❝t ♦♥

t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❍2 ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥s✳ ❲❡ t❛❦❡ χ ∝ G

nHnuclei
✱ ✇✐t❤ ❛ t✉♥❛❜❧❡ s❝❛❧✐♥❣ ❢❛❝t♦r✳

❚❤❡ r❛❞✐❛t✐♦♥ ✢✉① ♣r♦❞✉❝❡❞ ❜② st❛rs ❞❡❝r❡❛s❡s ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ r t♦ ❛ st❛r ✐♥
1

r2
✱ ❛s t❤❡

❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞✳ ❲❡ ✐♥s❡rt t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✢✉① r❡❝❡✐✈❡❞ ❢r♦♠ st❛rs ②♦✉♥❣❡r t❤❛♥
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✶✵ ▼②r ❜② ♦♥❡ ❣❛s ♣❛rt✐❝❧❡ ✐♥ t❤❡ ●❛❞❣❡t✲✷ ❣r❛✈✐t❛t✐♦♥❛❧ tr❡❡ ❢✉♥❝t✐♦♥s✱ ❛s ✐t ✐s s✐♠✐❧❛r t♦

❝♦♠♣✉t✐♥❣ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡ ❞✉❡ t♦ t❤❡ ②♦✉♥❣ st❛rs ♦♥❧② ❛♥❞ ❝❛♥ ❜❡ ❡❛s✐❧② ❞♦♥❡ ❜②

❛❞❞✐♥❣ ❛ r❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s r❡♣r❡s❡♥t✐♥❣ t❤✐s ❝♦♥tr✐❜✉t✐♦♥ ♦♥❧②✳

❚❤✐s ❛♣♣r♦❛❝❤ ✐s s✐♠♣❧❡ ❛♥❞ ✇♦✉❧❞ r❡q✉✐r❡ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♦❜t❛✐♥❡❞

♠❛ss ❢r❛❝t✐♦♥s ❢♦r s✐♠✉❧❛t✐♦♥s ❞✐r❡❝t❧② ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ ♦❜s❡r✈❛t✐♦♥s✳ ❲❤❛t ✇❡ ✇❛♥t❡❞ ✇❛s

t♦ ❤❛✈❡ ❛ r❡❛s♦♥❛❜❧❡ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❢r❛❝t✐♦♥ t❤❛t ✇❛s ❛❧❧♦✇❡❞ t♦ ❝❤❛♥❣❡ ❢♦r ❡❛❝❤ ♣❛rt✐❝❧❡✱

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❛❧❛①✐❡s✱ ❛♥❞ t❤❡r❡❢♦r❡ ❦❡♣t t❤✐s ♠❡t❤♦❞✳

✺ ❙t❛r ❢♦r♠❛t✐♦♥

■♥ t❤❡ st♦❝❤❛st✐❝ st❛r ❢♦r♠❛t✐♦♥ ❛♣♣r♦❛❝❤ ✭❑❛t③ ✶✾✾✷✮ t❤❛t ✇❡ ✉s❡✱ ❣❛s ♣❛rt✐❝❧❡s t❤❛t

s❛t✐s❢② s❡❧❡❝t✐♦♥ r✉❧❡s ❧✐st❡❞ ❜❡❧♦✇ ✐♥ t❤✐s s❡❝t✐♦♥ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❛❜✐❧✐t② ♦❢ s♣❛✇♥✐♥❣

❛ st❡❧❧❛r ♣❛rt✐❝❧❡ ❜② t✐♠❡✲st❡♣ ∆t✿

p∗ =
mg

m∗

(

1− e−c⋆∆t/t⋆
)

✭✹✳✹✷✮

♠❡❛♥✐♥❣ t❤❛t ❣❛s ♣❛rt✐❝❧❡ ♦❢ ♠❛ss mg ❝❛♥ s♣❛✇♥ ❛ st❛r ♣❛rt✐❝❧❡ ♦❢ ♠❛ss m∗ ✇✐t❤ t❤✐s ♣r♦❜✲

❛❜✐❧✐t② ❛t ❡❛❝❤ t✐♠❡✲st❡♣✱ t❤❡ ♠❛ss ♦❢ t❤❡ ❣❛s ♣❛rt✐❝❧❡ ❜❡✐♥❣ t❤❡♥ r❡❞✉❝❡❞ ❜② m∗✱ ✉♥t✐❧ t❤❡r❡

✐s ♥♦ ♠♦r❡ ♠❛ss ✐♥ t❤❡ ❣❛s ♣❛rt✐❝❧❡✳ ❲❡ ✉s❡❞ t❤❡ ❢r❡❡✲❢❛❧❧ t✐♠❡ tff =

√

3π

32Gρ
❢♦r t⋆ ✐♥ ♠♦st

♦❢ ♦✉r s✐♠✉❧❛t✐♦♥s✳

❚❤❡ ♥✉♠❜❡r ♦❢ Ng→⋆ ♦❢ st❛r ♣❛rt✐❝❧❡s ❝r❡❛t❡❞ ❜② ❣❛s ♣❛rt✐❝❧❡ ✐s ❛ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥

❛ ❣♦♦❞ ♠❛ss ❛♥❞ t✐♠❡ r❡s♦❧✉t✐♦♥ ♦❢ st❛r ❢♦r♠❛t✐♦♥ ❛♥❞ ❈P❯ ❝♦st✿ ✐❢ s❡✈❡r❛❧ st❡❧❧❛r ♣❛rt✐❝❧❡s

❛r❡ ❝r❡❛t❡❞ ❢r♦♠ ❛ s✐♥❣❧❡ ❣❛s ♣❛rt✐❝❧❡✱ st❛r ❢♦r♠❛t✐♦♥ ✇✐❧❧ ❜❡ s♠♦♦t❤❡r✱ t❡♠♣♦r❛❧❧② ❜❡tt❡r

r❡s♦❧✈❡❞✱ ❜✉t t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❝❛♥ ✐♥❝r❡❛s❡ s✐❣♥✐✜❝❛♥t❧②✱ ✇❤✐❝❤ s❧♦✇s ❞♦✇♥ t❤❡

❝♦❞❡✳ ❲❡ ❢♦❧❧♦✇ ❙♣r✐♥❣❡❧ ✫ ❍❡r♥q✉✐st ✭✷✵✵✸✮ t❤❛t t❛❦❡ ❛ ♥✉♠❜❡r ♦❢ 4 st❛r ♣❛rt✐❝❧❡s ❝r❡❛t❡❞

❜② ❣❛s ♣❛rt✐❝❧❡✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Ng→⋆ ✐s ❣r❡❛t❡r t❤❛♥ ♦♥❡✱ ✇❡ ♥♦t❡ t❤❛t t❤✐s s♣❛✇♥✐♥❣ s❝❤❡♠❡ ✐♠♣❧✐❡s

t❤❛t ❣❛s ♣❛rt✐❝❧❡s ✇✐❧❧ ❤❛✈❡ ❞✐✛❡r❡♥t ♠❛ss❡s✱ ❡✐t❤❡r t❤❡ ✐♥✐t✐❛❧ mg✱ ♦r ❛ s♠❛❧❧❡r ♠✉❧t✐♣❧❡

♦❢
mg

Ng→⋆
✳ ❚❤❡ ❞❡♥s✐t② ❛♥❞ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤ ❛r❡ ❝♦♠♣✉t❡❞ ❜② ●❛❞❣❡t✲✷ s♦ t❤❛t t❤❡ ♠❛ss

❝♦♥t❛✐♥❡❞ ✐♥ ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s hi ✐s ✜①❡❞✱ hi ❜❡✐♥❣ t❤❡ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❛rt✐❝❧❡ i✱

❛♥❞ ✇❡ s❧✐❣❤t❧② ♠♦❞✐✜❡❞ t❤❡ ❛❧❣♦r✐t❤♠ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞✐✛❡r❡♥t ♠❛ss❡s✱ s♦ t❤❛t t❤✐s

♠❛ss ❝♦♥❞✐t✐♦♥ ✐s st✐❧❧ s❛t✐s✜❡❞✳ ❚❤❡ ✐♠♣❛❝t ✐s ♠✐♥♦r✱ ✐t ♠❛❦❡s t❤❡ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤ s❧✐❣❤t❧②

❤✐❣❤❡r ❢♦r ❛ ❣✐✈❡♥ ❞❡♥s✐t② ✐❢ ❧♦✇ ♠❛ss ❣❛s ♣❛rt✐❝❧❡s ❛r❡ ❛♠♦♥❣st t❤❡ ♥❡✐❣❤❜♦✉rs✳ ■t ✐s ♠♦r❡

✉s❡❢✉❧ ✐❢ ✇❡ ✇❛♥t t♦ ♠♦♥✐t♦r ♣r❡❝✐s❡❧② t❤❡ ❢❡❡❞❜❛❝❦ ❡♥❡r❣② t❤❛t ✐s ❣✐✈❡♥ t♦ t❤❡ ♥❡✐❣❤❜♦✉rs

✭t❤✐s ✇❛s t❤❡ ✐♥✐t✐❛❧ ♠♦t✐✈❛t✐♦♥ ❢♦r s✉❝❤ ❛ ❝❤❛♥❣❡✮✳

❲❡ ✉s❡ ❝♦♠♠♦♥ s❡❧❡❝t✐♦♥ r✉❧❡s ❢♦r t❤❡ ♣❛rt✐❝❧❡s t❤❛t ❛r❡ ❛❧❧♦✇❡❞ t♦ s♣❛✇♥ st❛rs✿

✕ ❚❤❡② ♠✉st ❤❛✈❡ ❛ ❞❡♥s✐t② ❤✐❣❤❡r t❤❛♥ ❛ t❤r❡s❤♦❧❞ nHmin✳ ❲❡ s❡t nHmin = 10−1cm3

❢♦r ♠♦st ♦❢ ♦✉r s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ t❤r❡s❤♦❧❞ ❝❛♥ ❜❡ ✐♥❝r❡❛s❡❞ t♦ ❛❧❧♦✇ ❢♦r ❛♥ ■❙▼ ✇✐t❤

♠♦r❡ ❞❡♥s✐t② str✉❝t✉r❡s✱ ❜✉t ✐❢ ✐t ✐s t♦♦ ❤✐❣❤✱ t❤❡ ♠❛ss r❡s♦❧✉t✐♦♥ ♠✉st ❜❡ ✐♥❝r❡❛s❡❞ ❢♦r

t❤❡ ❏❡❛♥s ♠❛ss t♦ st✐❧❧ ❜❡ r❡s♦❧✈❡❞✳
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✕ ❚❤❡② ♠✉st ❤❛✈❡ ❛ t❡♠♣❡r❛t✉r❡ ❧♦✇❡r t❤❛♥ ❛ ♠❛①✐♠✉♠ t❡♠♣❡r❛t✉r❡ Tmax✳ ❲❡ ✉s❡

Tmax = 30 000 ❑✱ ✇❤✐❝❤ ❤❛♣♣❡♥s ♥♦t t♦ ❜❡ s❡❧❡❝t✐✈❡ ❛s ♦♥❧② ❛ ❢❡✇ ❞✐✛✉s❡ ♣❛rt✐❝❧❡s ❝❛♥

r❡❛❝❤ t❤❡s❡ t❡♠♣❡r❛t✉r❡s ✐♥ ♠♦st ♦❢ ♦✉r s✐♠✉❧❛t✐♦♥s t❤❛t ✉s❡ ❦✐♥❡t✐❝ ❙◆■■ ❢❡❡❞❜❛❝❦✳

✕ ❚❤❡② ♠✉st ❜❡ ✐♥ ❛ ❝♦♥✈❡r❣✐♥❣ ✢♦✇ ✭∇.v < 0✮✳

❲❡ ♥♦t❡ t❤❛t ✉s✐♥❣ ❛ ❝♦♥st❛♥t ✈❛❧✉❡ ❢♦r t⋆ ✐♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ❧❛✇ ✭✇❤✐❝❤ ❛♠♦✉♥ts t♦

❝♦♥s✐❞❡r✐♥❣ ❛ ❙❝❤♠✐❞t ❧❛✇ ✇✐t❤ ❛♥ ❡①♣♦♥❡♥t n = 1✮ ❝❛♥ ❣✐✈❡ ❛ ❤✐❣❤❧② ❤❡t❡r♦❣❡♥❡♦✉s ❣❛s

♠❡❞✐✉♠✱ s✐♠✐❧❛r❧② t♦ ✇❤❛t ✐s ❛❝❤✐❡✈❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ t❤r❡s❤♦❧❞ ❞❡♥s✐t② ❢♦r st❛r ❢♦r♠❛t✐♦♥✱

❜❡❝❛✉s❡ ❛s t❤❡ ❙❋❘ ✐s ♣r♦♣♦rt✐♦♥❛❧ ♦♥❧② t♦ t❤❡ ❞❡♥s✐t② ❛♥❞ ♥♦t ✐ts sq✉❛r❡✱ ❤✐❣❤ ❞❡♥s✐t② ♣❡❛❦s

❝❛♥ ❞❡✈❡❧♦♣✳

✻ ❙✉♣❡r♥♦✈❛ ❢❡❡❞❜❛❝❦

❆s st❡❧❧❛r ♣❛rt✐❝❧❡s ✉s✉❛❧❧② ❤❛✈❡ ❛ ♠✉❝❤ ❧❛r❣❡r ♠❛ss t❤❛♥ ✐♥❞✐✈✐❞✉❛❧ st❛rs✱ t❤❡② ❛r❡ ❝♦♥✲

s✐❞❡r❡❞ ❛s r❡♣r❡s❡♥t✐♥❣ ❛ ✇❤♦❧❡ st❡❧❧❛r ♣♦♣✉❧❛t✐♦♥✳ ❆ss✉♠✐♥❣ ❛♥ ■▼❋ t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤

❢r❛❝t✐♦♥ ❛r❡ ❡①♣❡❝t❡❞ t♦ ❡①♣❧♦❞❡ ❛s ❙◆■■✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❡♥❡r❣② r❡❧❡❛s❡❞ ❛t ♦r

❛❢t❡r t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛ st❡❧❧❛r ♣❛rt✐❝❧❡✳ ■❢ ✇❡ t❛❦❡ ❛♥ ■▼❋ ψ(M) ✕s✉❝❤ t❤❛t ψ(M)dM ✐s t❤❡

♥✉♠❜❡r ♦❢ st❛rs ♦❢ ♠❛ss ❜❡t✇❡❡♥M ❛♥❞M +dM✕ t❤❡ s✉♣❡r♥♦✈❛❡ ❡♥❡r❣② r❡❧❡❛s❡❞ ❜② ❢♦r♠❡❞

st❡❧❧❛r ♠❛ss ✐s✿

ǫSN =

∫

❙◆ ♠❛ss r❛♥❣❡
ψ(M) dM

∫

❢✉❧❧ ♠❛ss r❛♥❣❡
Mψ(M) dM

ESN ✭✹✳✹✸✮

✇❤❡r❡ ESN ✐s t❤❡ ❡♥❡r❣② r❡❧❡❛s❡❞ ❜② ♦♥❡ s✉♣❡r♥♦✈❛✳ ❲❡ ❝♦♥s✐❞❡r ❛ s✉♣❡r♥♦✈❛ ❡①♣❧♦s✐♦♥

r❡❧❡❛s❡s t❤❡ ❝❛♥♦♥✐❝❛❧ ✈❛❧✉❡ ESN = 1051erg✳

❆ ❢r❛❝t✐♦♥ αfb ♦❢ t❤✐s ❡♥❡r❣② ✐s ❣✐✈❡♥ t♦ t❤❡ ■❙▼✱ ✇❤✐❧❡ t❤❡ r❡st ✐s r❛❞✐❛t❡❞ ❛✇❛②✳ ❊❛❝❤ ♥❡✇

st❡❧❧❛r ♣❛rt✐❝❧❡ ♦❢ ♠❛ss m⋆ ✇✐❧❧ t❤✉s ✐♥♣✉t ❛♥ ❡♥❡r❣② Einput = αfbǫSNm⋆✳ ❲❡ ❝♦♥s✐❞❡r t❤❛t

♦♥❡ ❙◆■■ ❡①♣❧♦❞❡s ❢♦r ✶✵✵M⊙ t❤❛t ❛r❡ ❢♦r♠❡❞✱ ✇❤✐❝❤ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❢r❛❝t✐♦♥s ♦❜t❛✐♥❡❞

❢r♦♠ ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥✐t✐❛❧ ♠❛ss ❢✉♥❝t✐♦♥s ✭s✉❝❤ ❛s ❛ ❙❛❧♣❡t❡r ■▼❋ ✇✐t❤ s❧♦♣❡ −✷✳✸✺ ❛♥❞

❧♦✇❡r ❛♥❞ ✉♣♣❡r ❧✐♠✐ts ♦❢ ✵✳✶ ❛♥❞ ✹✵ M⊙✱ ✇✐t❤ st❛rs ♠♦r❡ ♠❛ss✐✈❡ t❤❛♥ ✽ M⊙ ❝♦♥s✐❞❡r❡❞ t♦

❜❡ s✉♣❡r♥♦✈❛❡✮✱ s♦ ✇❡ ❤❛✈❡ ǫSN = 1049erg/M⊙✳

❲❡ ✉s❡ t❤❡ ✏♠♦♠❡♥t✉♠✑ ✈❡rs✐♦♥ ♦❢ ❦✐♥❡t✐❝ ❢❡❡❞❜❛❝❦ ✭◆❛✈❛rr♦ ✫ ❲❤✐t❡ ✶✾✾✸✮✳ ❊❛❝❤

♥❡✐❣❤❜♦✉r i ♦❢ ❛ ♥❡✇ st❛r ♣❛rt✐❝❧❡ 0 r❡❝❡✐✈❡s ❛♥ ❡♥❡r❣② ✇❡✐❣❤t❡❞ ❜② ✐ts ❞✐st❛♥❝❡ t♦ t❤❡ ♥❡✇

st❡❧❧❛r ♣❛rt✐❝❧❡✿

Ei =
W (|ri0|, h0)

∑

♥❣❜ ❦W (|rk0|, h0)
Einput ✭✹✳✹✹✮

s♦ t❤❛t t❤❡ s✉♠ ♦❢ t❤❡ ❡♥❡r❣✐❡s ❣✐✈❡♥ t♦ t❤❡ ♥❡✐❣❤❜♦✉rs ✐s Einput✳ ■❢ t❤❡ ♥❡✇❧② ❝r❡❛t❡❞ st❡❧❧❛r

♣❛rt✐❝❧❡ ❤❛s ❧❡❢t ❛ r❡♠♥❛♥t ❣❛s ♣❛rt✐❝❧❡✱ ♥♦ ❢❡❡❞❜❛❝❦ ❡♥❡r❣② ✐s ❣✐✈❡♥ t♦ t❤❡ r❡♠♥❛♥t✳ ❲❡

r❡❝♦♠♣✉t❡ t❤❡ s♠♦♦t❤✐♥❣ ❧❡♥❣t❤ ❛♥❞ ♥❡✐❣❤❜♦✉rs ❧✐st ❛t t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡✱

❝♦♥s✐❞❡r✐♥❣ ♦♥❧② t❤❡ ♥❡✐❣❤❜♦✉r✐♥❣ ❣❛s t❤❛t ❤❛s ♥♦t ❜❡❡♥ t✉r♥❡❞ ✐♥t♦ st❛rs ✭❛♥❞ ♥♦t ❝♦♥s✐❞❡r✐♥❣

❛ ♣♦ss✐❜❧❡ ❣❛s ♣❛rt✐❝❧❡ r❡♠♥❛♥t ❛t t❤❡ ❡①❛❝t ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡✮✳ ❚❤❡r❡❢♦r❡
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t❤❡ s✉♠ ♦❢ t❤❡ ❢r❛❝t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❦❡r♥❡❧s ✐s ✐♥❞❡❡❞ ✉♥✐t②✱ ❛♥❞ t❤❡ ♠❛ss ♦❢ t❤❡ ❣❛s ❛✛❡❝t❡❞

❜② ❡❛❝❤ s✉♣❡r♥♦✈❛ ❡①♣❧♦s✐♦♥ ✐s ❛ ❝♦♥st❛♥t✳

❚❤❡ ♥❡✐❣❤❜♦✉rs ❛r❡ ❣✐✈❡♥ ❛ ✈❡❧♦❝✐t② ❦✐❝❦

√

2Ei

mi
✱ ❞✐r❡❝t❡❞ ❛❧♦♥❣ t❤❡ ❧✐♥❡ ❥♦✐♥✐♥❣ t❤❡ st❡❧❧❛r

♣❛rt✐❝❧❡ ❛♥❞ t❤❡ ♥❡✐❣❤❜♦✉r✱ ❛♥❞ ❛✇❛② ❢r♦♠ t❤❡ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡✳

❚❤❡ ♥✉♠❜❡r Ng→⋆ ♦❢ st❡❧❧❛r ♣❛rt✐❝❧❡s ❝r❡❛t❡❞ ♦✉t ♦❢ ♦♥❡ ❣❛s ♣❛rt✐❝❧❡ ❤❛s ❛♥ ✐♥✢✉❡♥❝❡ ♦♥

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢❡❡❞❜❛❝❦ ❡♥❡r❣②✳ ❋❡❡❞❜❛❝❦ ❡♥❡r❣② ✐s ♠♦r❡ ❣r❛❞✉❛❧❧② ✐♥♣✉t ❢♦r ❛ ❧❛r❣❡r

Ng→⋆✳

❱❛r✐❛t✐♦♥s ❲❡ tr✐❡❞ ❛ ❝♦✉♣❧❡ ♦❢ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ❡①❛❝t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❙◆■■ ❢❡❡❞❜❛❝❦✳

❲❡ ♣r❡❢❡rr❡❞ ❦❡❡♣✐♥❣ t❤❡ s✐♠♣❧❡ ❛♣♣r♦❛❝❤ ♦❢ ❦✐♥❡t✐❝ ❢❡❡❞❜❛❝❦ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ ✈❡rs✐♦♥ ✇❡

❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ❜✉t ✇❡ ❜r✐❡✢② ♠❡♥t✐♦♥ t❤❡ ❛tt❡♠♣ts ❤❡r❡✿

✕ ❚❤❡r♠❛❧ ❢❡❡❞❜❛❝❦ ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥ ♦✉r ❝♦❞❡✳ ❲❡ ❤❛✈❡ ❛ t✉♥❛❜❧❡ t✐♠❡ ❞✉r✐♥❣ ✇❤✐❝❤ t❤❡

❝♦♦❧✐♥❣ ♦❢ ♣❛rt✐❝❧❡s ❛✛❡❝t❡❞ ❜② ❢❡❡❞❜❛❝❦ ✐s t✉r♥❡❞ ♦✛✱ ❛❧❧♦✇✐♥❣ t❤❡ ♣❛rt✐❝❧❡s t♦ tr❛♥s❢❡r

❦✐♥❡t✐❝ ❡♥❡r❣② t♦ ♦t❤❡rs r❛t❤❡r t❤❛♥ ❜❡✐♥❣ s✐♠♣❧② ❝♦♦❧❡❞ ❜② t❤❡ str♦♥❣ ❝♦♦❧✐♥❣ ✐♥ ❞❡♥s❡

st❛r ❢♦r♠✐♥❣ r❡❣✐♦♥s✳

✕ ❲❡ ✐♠♣❧❡♠❡♥t❡❞ ❛ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❞❡❝♦✉♣❧✐♥❣ ❢♦r ♣❛rt✐❝❧❡s ❛✛❡❝t❡❞ ❜② ❢❡❡❞❜❛❝❦✱ ❢♦❧✲

❧♦✇✐♥❣ ❙♣r✐♥❣❡❧ ✫ ❍❡r♥q✉✐st ✭✷✵✵✸✮✳ ❆ ❦✐❝❦❡❞ ♣❛rt✐❝❧❡ ❞♦❡s ♥♦t ❢❡❡❧ ♥♦r ❝♦♥tr✐❜✉t❡ t♦

❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡s ❢♦r ❛ ✇❤✐❧❡✱ ✉♥t✐❧ ❛ t✉♥❛❜❧❡ ❛♠♦✉♥t ♦❢ t✐♠❡ ❤❛s ♣❛ss❡❞ ♦r t❤❡

❞❡♥s✐t② ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❤❛s ❢❛❧❧❡♥ ❜❡❧♦✇ ❛ t❤r❡s❤♦❧❞✳ ❚❤✐s ✐♥❝r❡❛s❡s s✐❣♥✐✜❝❛♥t❧② t❤❡

❡✛❡❝t ♦❢ ❢❡❡❞❜❛❝❦✱ ❛s ❣❛s ♣❛rt✐❝❧❡s ❛r❡ ♥♦t ❜r❛❦❡❞ ❜② t❤❡ ❛rt✐✜❝✐❛❧ ✈✐s❝♦s✐t② ❢♦r❝❡ ❢♦r ❛

✇❤✐❧❡✱ ❛❧❧♦✇✐♥❣ t❤❡♠ t♦ ❣♦ ❢✉rt❤❡r ❛✇❛② ❢r♦♠ t❤❡ ❞✐s❝ ♣❧❛♥❡ ✐♥ ♦✉r ❞✐s❝ s✐♠✉❧❛t✐♦♥s✳

✕ ❚❤❡ ❡✣❝✐❡♥❝② ♦❢ ❛ s✐♠♣❧❡ ❦✐♥❡t✐❝ ❢❡❡❞❜❛❝❦ ✐s ❡s♣❡❝✐❛❧❧② r❡❞✉❝❡❞ ✐♥ ❞❡♥s❡ r❡❣✐♦♥s ❜❡❝❛✉s❡

♦❢ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ✇❤✐❝❤ ✇❡ ✐♥♣✉t ❡♥❡r❣② t♦ ❛❧❧ t❤❡ ❣❛s ♣❛rt✐❝❧❡s ✐♥ ❛ s♠♦♦t❤✐♥❣

❦❡r♥❡❧✳ ❚♦ ❛✈♦✐❞ str♦♥❣ ❝❧✉♠♣✐♥❣ ✹✱ ✇❡ t❤❡r❡❢♦r❡ ✐♠♣❧❡♠❡♥t❡❞ ❛ s❝❤❡♠❡ ✐♥ ✇❤✐❝❤ ❛

❝♦♥st❛♥t ♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦✉rs ♦❢ ❛ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡ ❛r❡ ❦✐❝❦❡❞ ✭♦r ❤❡❛t❡❞✮✳ ❚❤❡

♥❡✐❣❤❜♦✉rs ❛r❡ ❛❧❧ ❣✐✈❡♥ t❤❡ s❛♠❡ s✉✐t❛❜❧❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❜❡✐♥❣ ❝❤♦s❡♥ p =
Nfeedback

Nngb

✇❤❡r❡ Nfeedback ✐s t❤❡ ❞❡s✐r❡❞ ♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦✉rs ❛✛❡❝t❡❞ ❜② ❢❡❡❞❜❛❝❦ ❛♥❞ Nngb ✐s

t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✐❣❤❜♦✉rs✳ ■♥ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ s♠♦♦t❤✐♥❣ ❦❡r♥❡❧ ❝♦♥t❛✐♥s ❢❡✇❡r

♥❡✐❣❤❜♦✉rs t❤❛♥ Nfeedback✱ ❛❧❧ t❤❡ ♥❡✐❣❤❜♦✉rs ❛r❡ ❛✛❡❝t❡❞ ❜② ❢❡❡❞❜❛❝❦✳ ❚❤✐s s❝❤❡♠❡

r❡q✉✐r❡s ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥ st❡♣s✳

✕ ❲❡ ❛❧s♦ tr✐❡❞ t♦ ✐♥❝r❡❛s❡ t❤❡ ❢❡❡❞❜❛❝❦ str❡♥❣t❤ ✭❧✐♠✐t❡❞ t♦ t❤❡ ♠❛①✐♠✉♠ ❡♥❡r❣② ♦❢

1051 ❡r❣ ♣❡r ❙◆✮ ❢♦r ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡s ❜♦r♥ ✐♥ ❛ s♣❡❝✐❛❧❧② ❞❡♥s❡ r❡❣✐♦♥✳ ■♥ ❛ s✐♠♣❧❡

✐♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤❡ ❢❡❡❞❜❛❝❦ str❡♥❣t❤ ✇❛s ♠✉❧t✐♣❧✐❡❞ ❜② t✇♦ ❢♦r ♣❛rt✐❝❧❡s ❤❛✈✐♥❣ ❛

❞❡♥s✐t② ❛❜♦✈❡ ❛ t❤r❡s❤♦❧❞ ❣✐✈❡♥ ❛s ❛ ♣❛r❛♠❡t❡r t♦ t❤❡ ❝♦❞❡✳

✕ ❋✐♥❛❧❧②✱ ✇❡ tr✐❡❞ t♦ ✐♥♣✉t ❢❡❡❞❜❛❝❦ ❜♦t❤ t❤❡r♠❛❧❧② ❛♥❞ ❦✐♥❡t✐❝❛❧❧②✳ ❚❤✐s ❝❛♥ ❧❡❛❞ t♦ ❛

r❡❞✉❝❡❞ ❢❡❡❞❜❛❝❦ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ♣❛rt✐❝❧❡s ❤❛✈❡ t❤❡✐r ❝♦♦❧✐♥❣ st♦♣♣❡❞ ❛♥❞ ❛r❡ ❞❡❝♦✉✲

✹✳ t❤❛t ❝❛♥ ❜❡ ✈❡r② ❈P❯ ❝♦♥s✉♠✐♥❣ ❛♥❞ ❝❛♥ ❧❡❛❞ t♦ ❛ q✉❡st✐♦♥❛❜❧❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ✐❢ t♦♦ ❤✐❣❤

❞❡♥s✐t✐❡s ❛r❡ r❡❛❝❤❡❞✱ t❤❡ ❏❡❛♥s ❧❡♥❣t❤✴♠❛ss ❛r❡ ❢❛r ❢r♦♠ r❡s♦❧✈❡❞ ❛♥❞ t❤❡ ❙P❍ ❦❡r♥❡❧ ❧❡❛❞s t♦ ❛ ♣♦t❡♥t✐❛❧

♥✉♠❡r✐❝❛❧ ❛rt❡❢❛❝t✉❛❧ ❝❧✉♠♣✐♥❣ ✐♥st❛❜✐❧✐t②



✻✳ ❙❯P❊❘◆❖❱❆ ❋❊❊❉❇❆❈❑ ✼✼

♣❧❡❞ ❢r♦♠ ❤②❞r♦❞②♥❛♠✐❝s ❞✉r✐♥❣ t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ t✐♠❡✳ ■♥❞❡❡❞✱ ✐❢ ❤❡❛t❡❞ ♣❛rt✐❝❧❡s

❛r❡ ❛❧s♦ ❤②❞r♦❞②♥❛♠✐❝❛❧❧② ❞❡❝♦✉♣❧❡❞✱ t❤❡✐r ✐♥t❡r♥❛❧ ❡♥❡r❣② ❝❛♥ ♥♦t ❜❡ tr❛♥s❢❡rr❡❞ t♦

♦t❤❡r ♣❛rt✐❝❧❡s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❦✐♥❡t✐❝ ❡♥❡r❣② ❜❡❝❛✉s❡ t❤❡ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡s t❡♠✲

♣♦r❛r✐❧② ❡①❝❧✉❞❡ t❤❡ ❞❡❝♦✉♣❧❡❞ ♣❛rt✐❝❧❡s✳ ❖♥❝❡ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ❡♥❞s✱ ✐❢ t❤❡ ❝♦♦❧✐♥❣ ✐s

t✉r♥❡❞ ♦♥ ❛t t❤❡ s❛♠❡ t✐♠❡ ♦r r❛♣✐❞❧②✱ t❤❡ t❤❡r♠❛❧ ❢❡❡❜❞❛❝❦ ✇✐❧❧ ❜❡ r❡♥❞❡r❡❞ ♣♦♦r❧②

❡✣❝✐❡♥t ❛s t❤❡ ❝♦♦❧✐♥❣ ✇✐❧❧ q✉✐❝❦❧② ❧♦✇❡r t❤❡ ✐♥t❡r♥❛❧ ❡♥❡r❣② ♦❢ ♣❛rt✐❝❧❡s✳
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❈❤❛♣t❡r ✺

❙✐♠✉❧❛t✐♦♥s

❲❡ ♣❡r❢♦r♠❡❞ s✐♠✉❧❛t✐♦♥s ♠❛✐♥❧② ❛✐♠✐♥❣ ❛t t❡st✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥

❝♦♦❧✐♥❣ ❛♥❞ ❙◆■■ ❢❡❡❞❜❛❝❦ ♦♥ st❛r ❢♦r♠❛t✐♦♥ ✐♥ ❞✐s❝ ❣❛❧❛①✐❡s✱ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ✇❡ ❞❡s❝r✐❜❡❞

✐♥ ❧❛st ❝❤❛♣t❡r✳ ■♥ t❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r✱ ✇❡ ✜rst ❞❡s❝r✐❜❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇❡ ✉s❡❞ ❛♥❞

t❤❡♥ s❤♦✇ ♦✉r r❡s✉❧ts ♦♥ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② ❛♥❞ t❤❡ ✐♠♣❛❝t ♦❢ ♠♦❧❡❝✉❧❛r

❤②❞r♦❣❡♥ ✐♥❝❧✉s✐♦♥✳ ❚❤❡ ❧❛st s❡❝t✐♦♥ ❞❡s❝r✐❜❡s ❛ ❢❡✇ ✈❛r✐❛t✐♦♥s ✐♥ r❡s♦❧✉t✐♦♥✱ ❞✐s❝ ♣❛r❛♠❡t❡rs✱

♦r st❛r ❢♦r♠❛t✐♦♥ ❛♥❞ ❢❡❡❞❜❛❝❦ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

✶ ■♥✐t✐❛❧ ❈♦♥❞✐t✐♦♥s

❲❡ ❣❡♥❡r❛t❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇✐t❤ ❛ ❝♦❞❡ ✇❡ ❤❛✈❡ ❛❞❛♣t❡❞ s♦ t❤❛t ✐t ✉s❡s ❣r❛✈✐t❛t✐♦♥

❛♥❞ ❤②❞r♦❞②♥❛♠✐❝s r♦✉t✐♥❡s ♦❢ ●❛❞❣❡t✲✷ ❢♦r ❝♦♥s✐st❡♥❝② ✇✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥s✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❛ ❣✐❛♥t ❙❜ ❣❛❧❛①② ❝♦♥s✐st✐♥❣ ♦❢ st❡❧❧❛r ❛♥❞ ❣❛s❡♦✉s ❞✐s❝s✱ ❛ st❡❧❧❛r

❜✉❧❣❡ ❛♥❞ ❛ ❈❉▼ ❤❛❧♦✳

✶✳✶ ❉❡♥s✐t② ♣r♦✜❧❡s

●❛s❡♦✉s ❛♥❞ st❡❧❧❛r ❞✐s❝s ❚❤❡ ❣❛s❡♦✉s ❛♥❞ st❡❧❧❛r ❞✐s❝s ❢♦❧❧♦✇ ▼✐②❛♠♦t♦✲◆❛❣❛✐ ❞❡♥s✐t②

♣r♦✜❧❡s ✭▼✐②❛♠♦t♦ ✫ ◆❛❣❛✐ ✶✾✼✺✮✳ ❚❤✐s ♣r♦✜❧❡ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐s②♠♠❡tr✐❝

♣♦t❡♥t✐❛❧✱ ✐♥ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✿

ΦMN(R, z) = − GM
(

R2 + (a+
√
z2 + b2)2

)1/2
✭✺✳✶✮

✇❤❡r❡ M ✐s t❤❡ t♦t❛❧ ♠❛ss ❛♥❞ a ❛♥❞ b ❛r❡ s❝❛❧❡ ❧❡♥❣t❤s t❤❛t ❛❧❧♦✇ ❢♦r ❛ ✈❛r②✐♥❣ ❞❡❣r❡❡ ♦❢

✢❛tt❡♥✐♥❣✿ ❢♦r a = 0✱ t❤✐s ♣♦t❡♥t✐❛❧ r❡❞✉❝❡s t♦ t❤❡ s♣❤❡r✐❝❛❧❧② s②♠♠❡tr✐❝ P❧✉♠♠❡r ♣♦t❡♥t✐❛❧✱

✇❤✐❧❡ ❢♦r b = 0✱ ✐t r❡❞✉❝❡s t♦ t❤❡ ❛①✐s②♠♠❡tr✐❝ ❑✉③♠✐♥ ♣♦t❡♥t✐❛❧ ❢♦r ❛♥ ✐♥✜♥✐t❡❧② t❤✐♥ ❞✐s❝✳

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛ss ❞❡♥s✐t②✱ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥✱ ✐s✿

ρg(R, z) =
b2M

4π

aR2 + (a+ 3
√
z2 + b2)(a+

√
z2 + b2)2

(

R2 + (a+
√
z2 + b2)2

)5/2
(z2 + b2)3/2

✭✺✳✷✮

✼✾
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rh ad hd rb ag hg

✐♥ ❦♣❝ ✶✷ ✺ ✵✳✺ ✶ ✶✶✳✽ ✵✳✷

❚❛❜❧❡ ✺✳✶✿ ❙❜ ❣❛❧❛①② ♣❛r❛♠❡t❡rs

❙t❡❧❧❛r ❜✉❧❣❡ ❛♥❞ ❞❛r❦ ♠❛tt❡r ❤❛❧♦ ❚❤❡ s♣❤❡r✐❝❛❧ st❡❧❧❛r ❜✉❧❣❡ ❛♥❞ ❞❛r❦ ♠❛tt❡r ❤❛❧♦

❤❛✈❡ P❧✉♠♠❡r ❞❡♥s✐t② ♣r♦✜❧❡s✱ ✇❤✐❝❤ ❛r❡ ✐♥ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✿

ρb(r) =
3M

4πrc

1
(

1 + r2

r2c

)5/2
✭✺✳✸✮

❆❧❧ t❤❡ ♠❛ss❡s ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤s ❛r❡ s♣❡❝✐✜❡❞ ✐♥ ❚❛❜❧❡ ✺✳✶✳ ❲❡ ✉s❡ ❛ t♦t❛❧ ♦❢

✶ ✷✵✵ ✵✵✵ ♣❛rt✐❝❧❡s ✇✐t❤ ✹✵✵ ✵✵✵ ♣❛rt✐❝❧❡s ♦❢ ❡❛❝❤ t②♣❡✿ ❣❛s✱ st❛rs✱ ❛♥❞ ❞❛r❦ ♠❛tt❡r✳ ❚❤❡

♠❛ss❡s ♦❢ ♣❛rt✐❝❧❡s t❤❛t ❢♦❧❧♦✇ ❛r❡ s❤♦✇♥ ♦♥ ❚❛❜❧❡ ✺✳✷✳

✶✳✷ ❱❡❧♦❝✐t✐❡s

●❛s❡♦✉s ❛♥❞ st❡❧❧❛r ❞✐s❝s ❚❤❡ r❛❞✐❛❧ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ ❞✐s❝s ✐s ❞❡r✐✈❡❞ ❢r♦♠✿

σr(r) =
3.36GQΣ(r)

κ(r)
✭✺✳✹✮

✇✐t❤ Q t❤❡ ❚♦♦♠r❡ ♣❛r❛♠❡t❡r t❤❛t ✇❡ s❡t t♦ Q = 1 ❢♦r ❜♦t❤ ❞✐s❝s✱ Σ t❤❡ t♦t❛❧ s✉r❢❛❝❡ ❞❡♥s✐t②

❛♥❞ κ t❤❡ ❡♣✐❝②❝❧✐❝ ❢r❡q✉❡♥❝② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ t♦t❛❧ ♣♦t❡♥t✐❛❧ Φ ❜②✿

κ2(R) =
∂2Φ

∂R2
|z=0 +

3

R

∂Φ

∂R
|z=0 ✭✺✳✺✮

❚❤❡ ❛③✐♠✉t❤❛❧ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠✿

σθ(R)

σr(R)
=

κ(R)

2Ω(R)
✭✺✳✻✮

✇✐t❤ Ω t❤❡ ❝✐r❝✉❧❛r ❢r❡q✉❡♥❝② ♦❜t❛✐♥❡❞ ❜②✿

Ω2(R) =
1

R

∂Φ

∂R
|z=0 ✭✺✳✼✮

❚❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❡rs✐♦♥ ✐s s❡t ❜② ❛ss✉♠✐♥❣ ❛♥ ✐s♦t❤❡r♠❛❧ ❡q✉✐❧✐❜r✐✉♠ ✭❡✳❣✳ ❇✐♥♥❡② ✫

❚r❡♠❛✐♥❡ ✷✵✵✽✮✿

σz(R) =
√

2πGhΣ(R) ✭✺✳✽✮

❲❡ ✉s❡ t❤❡ ❣r❛✈✐t❛t✐♦♥ ❛♥❞ ❤②❞r♦❞②♥❛♠✐❝s r♦✉t✐♥❡s ♦❢ ●❛❞❣❡t✲✷ t♦ ♦❜t❛✐♥ t❤❡ ❢♦r❝❡s ❛❝t✐♥❣

♦♥ ♣❛rt✐❝❧❡s✳ ❚❤❡ ❝✐r❝✉❧❛r ✈❡❧♦❝✐t② ♦❢ ❞✐s❝ ♣❛rt✐❝❧❡s ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡s❡ ❛❝❝❡❧❡r❛t✐♦♥s

❛♥❞ ❛♥ ❛s②♠♠❡tr✐❝ ❞r✐❢t ❝♦rr❡❝t✐♦♥ ✐s ❛❞❞❡❞ t♦ ❤❛✈❡ ❛ ♠♦r❡ r❡❛❧✐st✐❝ ✈❡❧♦❝✐t② ♣r♦✜❧❡✳

❚❤❡ ▼✐②❛♠♦t♦✲◆❛❣❛✐ ♣r♦✜❧❡s ❛r❡ ❝❤♦s❡♥ ❜❡❝❛✉s❡ t❤❡ ❛ss♦❝✐❛t❡❞ ♣♦t❡♥t✐❛❧ ✐s ❛♥❛❧②t✐❝ ❛♥❞

t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥s ❝❛♥ t❤✉s ❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞✱ ❜✉t r❡❧❛①❛t✐♦♥ ♠❛❦❡s t❤❡ ♣r♦✜❧❡s

q✉✐❝❦❧② ❡①♣♦♥❡♥t✐❛❧✳
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❇✉❧❣❡ ❛♥❞ ❞❛r❦ ♠❛tt❡r ❤❛❧♦ ❚❤❡ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ❝♦♠♣♦♥❡♥ts ✐s

❞❡r✐✈❡❞ ❢r♦♠ ♦♥❡ ♦❢ t❤❡ ❏❡❛♥s ❡q✉❛t✐♦♥s ❢♦r ❛ ♥♦♥✲r♦t❛t✐♥❣ s♣❤❡r✐❝❛❧ s②st❡♠ ✇✐t❤ ❛♥ ✐s♦tr♦♣✐❝

✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥✳ ❚❤❡ ❞✐s♣❡rs✐♦♥s σ2i (r) ✇❤❡r❡ i ✐s ♦♥❡ ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ❛r❡ t❤✉s✿

σ2i (r) =
1

ρ(r)

∫ ∞

r
ρ(u)

∂φ

∂u
du ✭✺✳✾✮

❚❤❡ ✈❡❧♦❝✐t② ❝✉r✈❡ ❢♦r t❤✐s ❛♥❛❧②t✐❝ ♠♦❞❡❧✱ ✇✐t❤ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❝♦♠♣♦✲

♥❡♥ts✱ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✶✳ ❚❤❡ r♦t❛t✐♦♥ ✐s ❞✉❡ ♠❛✐♥❧② t♦ t❤❡ st❡❧❧❛r ❝♦♠♣♦♥❡♥ts ♥❡❛r t❤❡

❝❡♥tr❡ ♦❢ t❤❡ ❣❛❧❛①②✱ ❛♥❞ t♦ ❞❛r❦ ♠❛tt❡r ❛t ❧❛r❣❡ r❛❞✐✐✳
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❋✐❣✉r❡ ✺✳✶✿ ■♥✐t✐❛❧ r♦t❛t✐♦♥ ❝✉r✈❡✳ ❚♦♣ s♦❧✐❞ ✭❜❧✉❡✮ t❤✐❝❦ ❧✐♥❡✿ t♦t❛❧ r♦t❛t✐♦♥ ❝✉r✈❡✳ ❉❛s❤❡❞

✭♣✉r♣❧❡✮ ❧✐♥❡✿ ❜✉❧❣❡✳ ❉♦tt❡❞ ✭❣r❡❡♥✮ ❧✐♥❡✿ st❡❧❧❛r ❞✐s❝✳ ❉❛s❤✲❞♦t ✭❣r❡❡♥✮ ❧✐♥❡✿ ❣❛s✳ ❙♦❧✐❞ ✭r❡❞✮

❧✐♥❡✿ ❞❛r❦ ♠❛tt❡r ❤❛❧♦

✶✳✸ ❘❡s♦❧✉t✐♦♥

❚❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s s❤♦✉❧❞ ✐❞❡❛❧❧② ❜❡ t❤❡ ❧❛r❣❡st ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ ❛ ❣♦♦❞ ♠❛ss r❡s♦✲

❧✉t✐♦♥✱ ✇❤✐❝❤ ❛❧❧♦✇s t❤❡ ❏❡❛♥s ♠❛ss t♦ ❜❡ ✇❡❧❧ r❡s♦❧✈❡❞✳ ❲❡ r✉♥ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ✶ ✷✵✵ ✵✵✵

✐♥✐t✐❛❧ ♣❛rt✐❝❧❡s✿ ❛ t❤✐r❞ ❛r❡ ❣❛s ♣❛rt✐❝❧❡s✱ ❛ t❤✐r❞ ❛r❡ st❡❧❧❛r ♣❛rt✐❝❧❡s ❛♥❞ ❛ t❤✐r❞ ❛r❡ ❞❛r❦

♠❛tt❡r ♣❛rt✐❝❧❡s✳ ❚❛❜❧❡ ✺✳✷ s❤♦✇s t❤❡ ♣❛rt✐❝❧❡ ♠❛ss❡s ✇❡ ❤❛✈❡ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ♦✉r

❣❛❧❛①② ♠♦❞❡❧ t❤❛t ✇✐❧❧ ❜❡ ❞❡t❛✐❧❡❞ ✐♥ ✶✳ ◆❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡s ❤❛✈❡ ❛ ♠❛ss mnew ∗ =
mg

Ng→⋆

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛r❛♠❡t❡r Ng→⋆✱ t❤❡ ♥✉♠❜❡r ♦❢ st❡❧❧❛r ♣❛rt✐❝❧❡s ♣r♦❞✉❝❡❞ ♦✉t ♦❢ ♦♥❡ ❣❛s

♣❛rt✐❝❧❡✳ ❲❡ t②♣✐❝❛❧❧② ❝❤♦s❡ Ng→⋆ = 4 ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥s✱ ❢♦❧❧♦✇✐♥❣ ❙♣r✐♥❣❡❧ ✫ ❍❡r♥q✉✐st

✭✷✵✵✸✮✱ ❛s ❛ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ ❛ ❣♦♦❞ t✐♠❡ r❡s♦❧✉t✐♦♥ ❢♦r st❛r ❢♦r♠❛t✐♦♥ ❛♥❞ ❈P❯ ❝♦st✳

❚❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ s♦❢t❡♥✐♥❣ ❧❡♥❣t❤ ǫ ❞❡♣❡♥❞s ♦♥ t❤✐s ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✿ ❛ t♦♦ s♠❛❧❧

✈❛❧✉❡ ❢♦r ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥tr♦❞✉❝❡s ✉♥♣❤②s✐❝❛❧ t✇♦✲❜♦❞② r❡❧❛①❛t✐♦♥ ✐♥ ♠❡❞✐❛

t❤❛t ❛r❡ ❝♦❧❧✐s✐♦♥❧❡ss ✭st❡❧❧❛r ❝♦♠♣♦♥❡♥ts ♦❢ ❣❛❧❛①✐❡s ❛♥❞ ❞❛r❦ ♠❛tt❡r ❤❛❧♦❡s✮✱ ✇❤✐❧❡ ❛ t♦♦

❧❛r❣❡ ♦♥❡ ❞❡❝r❡❛s❡s t❤❡ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ❜② ✏❜❧✉rr✐♥❣✑ ❞❡♥s✐t② ❢❡❛t✉r❡s ❛♥❞ ❞♦❡s ♥♦t ❛❧❧♦✇
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❋✐❣✉r❡ ✺✳✷✿ ■♥✐t✐❛❧ s✉r❢❛❝❡ ❞❡♥s✐t✐❡s✳ ❉♦tt❡❞ ❧✐♥❡✿ ❣❛s✳ ❉❛s❤❡❞ ❧✐♥❡✿ st❛rs✳

ǫ ♠DM ♠⋆ ♠g

[pc] ❬▼⊙❪ ❬▼⊙❪ ❬▼⊙❪

✶✵✵ ✸✳✼ 105 ✶✳✹ ✶✵5 ✷✳✺ ✶✵4

❚❛❜❧❡ ✺✳✷✿ ❘❡s♦❧✉t✐♦♥✿ ❣r❛✈✐t❛t✐♦♥❛❧ s♦❢t❡♥✐♥❣ ❛♥❞ ♣❛rt✐❝❧❡ ♠❛ss❡s✳

t❤❡ ❏❡❛♥s ❧❡♥❣t❤ t♦ ❜❡ ❣r❛✈✐t❛t✐♦♥❛❧❧② r❡s♦❧✈❡❞✳ ●r❛✈✐t❛t✐♦♥❛❧ s♦❢t❡♥✐♥❣ ❧❡♥❣t❤s ǫ ❛r❡ ✉s✉❛❧❧②

t❛❦❡♥ ❛s s❝❛❧✐♥❣ ✇✐t❤ t❤❡ ♠❡❛♥ ✐♥t❡r✲♣❛rt✐❝❧❡ ❞✐st❛♥❝❡✱ t❤❡r❡❢♦r❡ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s

t♦ t❤❡ ♣♦✇❡r 1
3 ❢♦r ❛ ✸✲❞✐♠❡♥s✐♦♥❛❧ s✐♠✉❧❛t✐♦♥✳ ❲❡ t❛❦❡ ❛ s♦❢t❡♥✐♥❣ ❧❡♥❣t❤ ǫ = 100 ♣❝ ❢♦r

❛❧❧ ♣❛rt✐❝❧❡ t②♣❡s✳ ❚❤✐s ♣❛rt✐❝✉❧❛r ✈❛❧✉❡ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♦♣t✐♠✉♠ ❢♦✉♥❞ ✐♥ t❤❡ ●❛❧▼❡r

s✐♠✉❧❛t✐♦♥s ✭❡❣ ❉✐ ▼❛tt❡♦ ❡t ❛❧✳ ✷✵✵✼✮ ✇❤✐❝❤ t♦♦❦ t❡♥ t✐♠❡s ❧❡ss ♣❛rt✐❝❧❡s ❢♦r ❛ s♦❢t❡♥✐♥❣ ♦❢

✷✽✵ ♣❝✳ ❚❤❡ ●❛❧▼❡r s✐♠✉❧❛t✐♦♥s ✇❡r❡ ✐s♦t❤❡r♠❛❧✱ ❛t 104 ❑✱ ❛♥❞ s✐♥❝❡ ❤❡r❡ t❤❡ t❡♠♣❡r❛t✉r❡

r❡❛❝❤❡s ❞♦✇♥ t♦ ✶✵✵ ❑✱ ✇❡ t❛❦❡ ❛ s♦❢t❡♥✐♥❣ ❧❡♥❣t❤ t❤❛t ✐s ❛ ❧✐tt❧❡ ✐♥❢❡r✐♦r t♦ t❤❡ ❝✉❜✐❝ r♦♦t✱

✇❤✐❧❡ st✐❧❧ ❛❧❧♦✇✐♥❣ ❢♦r ❛♥ ❡✣❝✐❡♥t ❝♦♠♣✉t❛t✐♦♥ ♦♥ ❛ ❢❡✇ t❡♥s ♦❢ ❝♦♠♣✉t✐♥❣ ❝♦r❡s✳

✶✳✹ ❘❡❧❛①❛t✐♦♥ ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

■❢ ✇❡ st❛rt s✐♠✉❧❛t✐♦♥s ❞✐r❡❝t❧② ❢r♦♠ t❤✐s ♣♦✐♥t✱ t❤❡ ✐♥✐t✐❛❧ ❧✐tt❧❡ ❞❡♣❛rt✉r❡ ❢r♦♠ ❡q✉✐❧✐❜r✐✉♠

❞✉❡ t♦ t❤❡ ✐♥❡①❛❝t ❛♥❛❧②t✐❝ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s♣❤❡r✐❝❛❧ ❛♥❞ ❞✐s❝ ❝♦♠♣♦♥❡♥ts ✇✐❧❧ ❣✐✈❡ r✐s❡ t♦

❛♥ ❛♥♥✉❧✉s ✐♥st❛❜✐❧✐t②✿ ❝♦♥❝❡♥tr✐❝ ❛♥♥✉❧✐ ❣r♦✇ ❢r♦♠ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❞✐s❝s t♦ t❤❡✐r ❡❞❣❡s ❢♦r

❛ ✇❤✐❧❡✱ ✉♥t✐❧ t❤❡ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥s ❤❛✈❡ ❛❞❥✉st❡❞ t❤❡♠s❡❧✈❡s✳ ❲❡ t❤✉s ❢✉rt❤❡r ♣r❡♣❛r❡

t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❜② ❧❡tt✐♥❣ t❤❡ ❣❛❧❛①② ❡✈♦❧✈❡ ❢♦r ✸✵✵ ▼②r ✇✐t❤ ♦♥❧② ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡s

✐♥❝❧✉❞❡❞ ❢♦r ❛♥② t②♣❡ ♦❢ ♣❛rt✐❝❧❡s✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ st❛rt t❤❡ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❞②♥❛♠✐❝❛❧❧②

r❡❧❛①❡❞ ❞✐s❝s✳

❚❤❡ ✐♥✐t✐❛❧ s✉r❢❛❝❡ ❞❡♥s✐t✐❡s ♦❢ ❣❛s ❛♥❞ st❛rs ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✷✱ ❛♥❞ ❛ s♥❛♣s❤♦t ♦❢

t❤❡ ❣❛s ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✺✳✸✳
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❋✐❣✉r❡ ✺✳✸✿ ■♥✐t✐❛❧ ❞❡♥s✐t② ♠❛♣ ♦❢ t❤❡ ❣❛s ❞✐s❝✳ ❚❤❡ ❜♦① s✐③❡ ✐s ❬✹✵ ❦♣❝ ① ✹✵ ❦♣❝❪✳ ❉♦♥❡ ✇✐t❤

t❤❡ ✈✐s✉❛❧✐s❛t✐♦♥ s♦❢t✇❛r❡ ❙P▲❆❙❍ ✭Pr✐❝❡ ✷✵✵✼✮✳

✷ ❋❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② ✈❛r✐❛t✐♦♥ ✐♥ ♠❡t❛❧✲❝♦♦❧✐♥❣ ♦♥❧② s✐♠✉❧❛✲

t✐♦♥s

❆s ✇❡ ❤❛✈❡ ♥♦t s♦ ❢❛r ✐♠♣❧❡♠❡♥t❡❞ ❛♥② ❣❛s ❝❤❡♠✐❝❛❧ ❡♥r✐❝❤♠❡♥t ❜② st❛rs✱ ✇❡ ❛ss✉♠❡❞

t❤❡r❡ ✐s ❛ ♠❡t❛❧❧✐❝✐t② ❣r❛❞✐❡♥t ✐♥ t❤❡ ❣❛s ❞✐s❝✳ ❲❡ t❛❦❡ ❛ ❝❡♥tr❛❧ ♠❡t❛❧❧✐❝✐t② Z = [Fe/H] s✉❝❤

t❤❛t Z(R = 0) = Z⊙ + 0.5 ❛♥❞ ❛ss✉♠❡ t❤❡ ♠❡t❛❧❧✐❝✐t② ❞❡❝r❡❛s❡s ♦❢ ✶ ❞❡① ♣❡r ✶✵ ❦♣❝✿

Z(R) = Z(R = 0)− R[kpc]

10
✭✺✳✶✵✮

✇❤❡r❡ R ✐s t❤❡ ❝②❧✐♥❞r✐❝❛❧ r❛❞✐✉s✳

❲❡ ✜rst ♣r❡s❡♥t ❛ r❛♥❣❡ ♦❢ s✐♠✉❧❛t✐♦♥s ✐♥ ✇❤✐❝❤ ✇❡ s❡t s♦♠❡ st❛r ❢♦r♠❛t✐♦♥ ♣❛r❛♠❡t❡rs✿

✕ ❚❤❡ st❛r ❢♦r♠❛t✐♦♥ ❡✣❝✐❡♥❝② ♣❡r ❢r❡❡✲❢❛❧❧ t✐♠❡ c⋆ ✐♥ t❤❡ ❙❝❤♠✐❞t ❧❛✇ dρ∗
dt = − c∗

tff
ρg ✐s

s❡t t♦ c⋆ = 0.1✳

✕ ❚❤❡ ♥✉♠❜❡r ❞❡♥s✐t② t❤r❡s❤♦❧❞ ❢♦r st❛r ❢♦r♠❛t✐♦♥ nHmin ✐s s❡t t♦ nHmin = 10−1 ❝♠3✳

✕ ❚❤❡ ♥✉♠❜❡r ♦❢ st❛rs s♣❛✇♥❡❞ ❜② ❣❛s ♣❛rt✐❝❧❡ Ng→⋆ ✐s s❡t t♦ Ng→⋆ = 4✳

❲❡ s❡t t❤❡ ✐♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡ t♦ 100 ❑ t❤r♦✉❣❤♦✉t t❤❡ ❣❛s ❞✐s❝ ❛♥❞ ❢♦r❜✐❞ t❤❡ t❡♠♣❡r❛✲

t✉r❡ ❢r♦♠ ❜❡✐♥❣ ❧♦✇❡r ❞✉r✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥✳

❲❡ ✜rst ♣❡r❢♦r♠ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ♥♦ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥✱ ✇✐t❤ ✈❛r②✐♥❣ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥✲

❝✐❡s αfb✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ 1051 ❡r❣ t❤❛t ✐s ✐♥♣✉t t♦ t❤❡ s✉rr♦✉♥❞✐♥❣ ❣❛s ❢♦r

t❤❡ ❡①♣❧♦s✐♦♥ ♦❢ ♦♥❡ ❙◆■■✳ ❲❡ ❤❛✈❡ ❢♦✉r ❞✐✛❡r❡♥t ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✿ ❡✐t❤❡r ♥♦ ❢❡❡❞❜❛❝❦

✭αfb = 0✮✱ αfb = 1%✱ αfb = 10% ♦r αfb = 40%✳

✷✳✶ ●❛s ❛♥❞ st❛rs ❞✐s❝s

❙✉r❢❛❝❡ ❞❡♥s✐t② ♠❛♣s ♦❢ t❤❡ ❣❛s ❞✐s❝s ❢♦r t❤❡s❡ r✉♥s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡s ✺✳✹ ❛♥❞ ✺✳✺ ❛t

t❤r❡❡ s✐♠✉❧❛t✐♦♥ t✐♠❡s✿ ✵✳✺ ●②r✱ ✶ ●②r ❛♥❞ ✸ ●②r✳
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❋✐❣✉r❡ ✺✳✹✿ Pr♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❣❛s ❞❡♥s✐t② ❛❢t❡r ✵✳✺ ●②r✱ ✶ ●②r ❛♥❞ ✸ ●②r ♦❢ ❡✈♦❧✉t✐♦♥✳ ❇♦①

s✐③❡s ❛r❡ ❬✸✵ ❦♣❝ ① ✸✵ ❦♣❝❪ ❢♦r ❢❛❝❡✲♦♥ ✈✐❡✇s ❛♥❞ ❬✸✵ ❦♣❝ ① ✷✵ ❦♣❝❪ ❢♦r ❡❞❣❡✲♦♥ ✈✐❡✇s✳ ❊❛❝❤

r♦✇ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② ✐♥❞✐❝❛t❡❞ ♦♥ t❤❡ t♦♣✳ ❚❤❡ ❝♦❧✉♠♥ ✐♥t❡❣r❛t❡❞ ❞❡♥s✐t②

s❝❛❧❡ ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ♣❧♦ts✳
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αfb=10% αfb=40%

❋✐❣✉r❡ ✺✳✺✿ Pr♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❣❛s ❞❡♥s✐t② ❛❢t❡r ✵✳✺ ●②r✱ ✶ ●②r ❛♥❞ ✸ ●②r ♦❢ ❡✈♦❧✉t✐♦♥✳ ❇♦①

s✐③❡s ❛r❡ ❬✸✵ ❦♣❝ ① ✸✵ ❦♣❝❪ ❢♦r ❢❛❝❡✲♦♥ ✈✐❡✇s ❛♥❞ ❬✸✵ ❦♣❝ ① ✷✵ ❦♣❝❪ ❢♦r ❡❞❣❡✲♦♥ ✈✐❡✇s✳ ❊❛❝❤

r♦✇ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② ✐♥❞✐❝❛t❡❞ ♦♥ t❤❡ t♦♣✳ ❚❤❡ ❝♦❧✉♠♥ ✐♥t❡❣r❛t❡❞ ❞❡♥s✐t②

s❝❛❧❡ ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ♣❧♦ts✳
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❚❤❡ ❣❛s ❝❛♥ r❡❛❝❤ s♠❛❧❧❡r ✈❛❧✉❡s ♦❢ ❧♦❝❛❧ ✈♦❧✉♠❡ ❞❡♥s✐t② ✇❤❡♥ ❢❡❡❞❜❛❝❦ ✐s ✐♥❝❧✉❞❡❞✱ ❛s st❛r

❢♦r♠❛t✐♦♥ ✐♥ ❞❡♥s❡ r❡❣✐♦♥s ✐♥♣✉ts s♦♠❡ ❡♥❡r❣② ✐♥ t❤❡ ❣❛s ❛♥❞ ♣r❡✈❡♥ts ✐t ❢r♦♠ ❣❡tt✐♥❣ ❞❡♥s❡r✳

❚❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❝❤❛♥❣✐♥❣ t❤❡ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② ❛r❡ ✈✐s✐❜❧❡ ♦♥ t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ♠❛♣s✿

✕ ❋♦r t❤❡ r✉♥ ✇✐t❤♦✉t ❢❡❡❞❜❛❝❦✱ t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡ ❣❛❧❛①② ❡①❤✐❜✐ts ❛ str♦♥❣ ❞❡♥s✐t②

❝♦♥tr❛st ♦♥ t❤❡ s♥❛♣s❤♦ts ❛t ✵✳✺ ●②r ❛♥❞ ✶ ●②r✱ ♠❛♥② s♠❛❧❧ ❝❧✉♠♣s ❛♥❞ t❤✐♥ s♣✐r❛❧❧✐♥❣

✜❧❛♠❡♥ts ❝❛♥ ❜❡ s❡❡♥✳

✕ ❋♦r ❛ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② αfb = 1%✱ ♦♥❧② ❛ ❢❡✇ ❝❧✉♠♣s ❝❛♥ ❜❡ s❡❡♥✳ ❙♣✐r❛❧ str✉❝t✉r❡s

❛r❡ ❛❧s♦ s♠♦♦t❤❡r✳

✕ ❋♦r αfb = 10% ❛♥❞ αfb = 40%✱ ♥♦ ❝❧❡❛r ❝❧✉♠♣s ❝❛♥ ❜❡ s❡❡♥✳

❆ ❝❡♥tr❛❧ t❤✐♥ ❜❛r ✐s ❢♦r♠❡❞ ✐♥ ❛❧❧ t❤❡ ❝❛s❡s✳ ❆❢t❡r ✸ ●②r✱ t❤❡ ❜❛r ✐s st✐❧❧ ❝❧❡❛r❧② ✈✐s✐❜❧❡

❢♦r t❤❡ ❤✐❣❤❡r ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s αfb = 10% ❛♥❞ αfb = 40%✱ ❜✉t ✐s ❧❡ss ♦❜✈✐♦✉s ♦t❤❡r✇✐s❡✱

❜❡❝❛✉s❡ t❤❡ ❝❡♥tr❛❧ ♣❛rts ❤❛✈❡ ❜❡❡♥ ❞❡♣❧❡t❡❞ ❢r♦♠ ❣❛s ❜② st❛r ❢♦r♠❛t✐♦♥✳ ❚❤✐s ❜❛r ✐s ✈✐s✐❜❧❡

✐♥ ②♦✉♥❣ st❛rs✱ ❛s ✇✐❧❧ ❜❡ s❡❡♥ ✐♥ ♥❡①t s❡❝t✐♦♥✳ ❚❤❡ st❡❧❧❛r ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤

αfb = 1% ✐s s❤♦✇♥ ♦♥ t❤❡ t♦♣ r♦✇ ♦❢ ❋✐❣✉r❡ ✺✳✶✽✳

❋♦✉r✐❡r ❛♥❛❧②s✐s ♦❢ t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ■t ✐s ♣♦ss✐❜❧❡ t♦ ❛♥❛❧②s❡ q✉❛♥t✐t❛t✐✈❡❧② t❤❡

♣❛tt❡r♥s ✭❜❛rs✱ s♣✐r❛❧ ❛r♠s✮ ❛♥❞ t❤❡✐r s♣❡❡❞ ❜② ❋♦✉r✐❡r ❛♥❛❧②s❡s ✭❡✳❣✳ ❇♦✉r♥❛✉❞ ✫ ❈♦♠❜❡s

✷✵✵✷✮✳ ❲❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝♦❞❡ ❛ s♣❛t✐❛❧ ❋♦✉r✐❡r ❛♥❛❧②s✐s ❡✈❡r② ✶ ▼②r✳ ❲❡ ❞❡❝♦♠♣♦s❡ t❤❡

s✉r❢❛❝❡ ❞❡♥s✐t② Σ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

Σ(r, θ) = Σ0(r) +
∑

m

[am(r) cos(mθ) + bm(r) sin(mθ)] ✭✺✳✶✶✮

✇❤❡r❡ t❤❡ am ❛♥❞ bm ❝♦❡✣❝✐❡♥ts ❢♦r r❛❞✐✉s ❜✐♥s ❛r❡ ❝♦♠♣✉t❡❞ ❜②✿

am(r) = 2

∫ 2π

0
µ(r, θ) cos(mθ) dθ ✭✺✳✶✷✮

bm(r) = 2

∫ 2π

0
µ(r, θ) sin(mθ) dθ ✭✺✳✶✸✮

❲❡ ♥♦r♠❛❧✐s❡ t❤❡ ❝♦❡✣❝✐❡♥ts ❜② Σ(r)✱ ✇r✐t✐♥❣✿ Am(r) =
am(r)

Σ(r)
❛♥❞ Bm(r) =

bm(r)

Σ(r)

❛♥❞ ✇❡ t❤❡♥ ❝♦♠♣✉t❡ Cm(r) =
√

A2
m(r) +B2

m(r)✳ ❚❤❡ ♣❤❛s❡ ♦❢ t❤❡ ♠♦❞❡ m ✐s ❞❡✜♥❡❞ ❜②

φm(r) = arctan

(

am(r)

bm(r)

)

✳ ❆ t✐♠❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ Cm(r)eiφm(r) ❣✐✈❡s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝

❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ♠♦❞❡ m ❛t r❛❞✐✉s r✳

❲❡ ❛r❡ ❡s♣❡❝✐❛❧❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ m = 2 ♠♦❞❡ ✭❜❛r ♦r t✇♦✲❛r♠s s♣✐r❛❧

♣❛tt❡r♥s✮✳ ❲❡ r❡♣r❡s❡♥t ♦♥ ❋✐❣✉r❡ ✺✳✻ t❤❡ r❡s✉❧t ♦❢ t❤✐s t✐♠❡ ❋♦✉r✐❡r ❛♥❛❧②s✐s ❢♦r t❤❡ ❝❛s❡

αfb = 1%✳ ❚❤❡ ❛♥❛❧②s✐s ✐s ♣❡r❢♦r♠❡❞ ❢r♦♠ ❛ s✐♠✉❧❛t✐♦♥ t✐♠❡ t = 0.5 ●②r t♦ t = 2.5 ●②r✱

❛❧❧♦✇✐♥❣ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ❣❛s❡♦✉s ❛♥❞ st❡❧❧❛r ❜❛rs ✐♥ t❤✐s ♣❡r✐♦❞✳

✷✳✷ ❚❤❡r♠❛❧ st❛t❡ ♦❢ t❤❡ ❣❛s

❋✐❣✉r❡ ✺✳✼ s❤♦✇s t❤❡ s♣❡❝✐✜❝ ❡♥❡r❣②✲♥✉♠❜❡r ❞❡♥s✐t② ❤✐st♦❣r❛♠s ❛❢t❡r ✵✳✺ ●②r ♦❢ ❡✈♦❧✉t✐♦♥✱

❛ t✐♠❡ ❛t ✇❤✐❝❤ ❣❛s❡♦✉s ❞✐s❝s ❛r❡ ❛❝t✐✈❡❧② ❢♦r♠✐♥❣ st❛rs ✐♥ ❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥s✳
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Gas

❋✐❣✉r❡ ✺✳✻✿ ❘❡s✉❧ts ♦❢ t❤❡ t✐♠❡ ❋♦✉r✐❡r ❛♥❛❧②s✐s ♦❢ t❤❡ m = 2 ❝♦♠♣♦♥❡♥t ♣❡r❢♦r♠❡❞ ❜❡t✇❡❡♥

t = 0.5 ●②r ❛♥❞ t = 2.5 ●②r✳ ❚❤❡ ❜❛r r♦t❛t✐♦♥ s♣❡❡❞ ✐s ❢♦✉♥❞ t♦ ❜❡ ωbar❂✸✶ ❦♠✴s✴❦♣❝✳

❊s♣❡❝✐❛❧❧② ❢♦r t❤❡ st❡❧❧❛r ❝♦♠♣♦♥❡♥t✱ ❛ ❧❛❣❣✐♥❣ ♣❛tt❡r♥ ✭s♣✐r❛❧ ❛r♠s✮ ❝❛♥ ❜❡ s❡❡♥ ❛t

ω❂✷✵ ❦♠✴s✴❦♣❝✳

❖♥ t❤❡ t♦♣ ❛♥❞ r✐❣❤t ♦❢ ❡❛❝❤ ♣❧♦t✱ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ✭P❉❋s✮

♦❢ r❡s♣❡❝t✐✈❡❧② ❤②❞r♦❣❡♥ ♥✉❝❧❡✐ ♥✉♠❜❡r ❞❡♥s✐t② ❛♥❞ t❡♠♣❡r❛t✉r❡ ❛r❡ s❤♦✇♥✳ ❚❤❡ ❢r❛❝t✐♦♥

♦❢ ❣❛s ❛t ❚ ≃ 104 ❑ ✐♥❝r❡❛s❡s ✇✐t❤ ❢❡❡❞❜❛❝❦✱ ✇❤✐❧❡ t❤❡ ❝♦❧❞ ❞❡♥s❡ ❣❛s ❢r❛❝t✐♦♥ ❞❡❝r❡❛s❡s✳

❖♥ t❤❡ ❞❡♥s✐t② P❉❋s ♦♥❡ ❝❛♥ s❡❡ t❤❛t ❣❛s r❡❛❝❤❡s s♠❛❧❧❡r ♠❛①✐♠✉♠ ❞❡♥s✐t✐❡s ❢♦r ❤✐❣❤❡r

❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s ❛♥❞ t❤❡r❡ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣❧② ❤✐❣❤ ❢r❛❝t✐♦♥ ♦❢ ❞✐✛✉s❡ ❣❛s✳ ■♥ t❤❡ ❧♦✇

❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② r✉♥s✱ ❛ s✐❣♥✐✜❝❛♥t ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❞❡♥s❡ ❣❛s ❤❛s ❛ t❡♠♣❡r❛t✉r❡ ❝❧♦s❡ t♦

t❤❡ ♠✐♥✐♠✉♠✿ t❤✐s ✐s t❤❡ ❞❡♥s❡ ❣❛s ♦❢ t❤❡ ❝❡♥tr❛❧ ♣❛rts✱ s✉❜❥❡❝t t♦ ♠❡t❛❧✲❧✐♥❡ ❝♦♦❧✐♥❣✳ ❚❤❡

❢r❛❝t✐♦♥ ❞❡❝r❡❛s❡s ❢♦r ❤✐❣❤❡r ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞✐ss✐♣❛t✐♦♥ ♦❢ ❡♥❡r❣② ❜②

❢❡❡❞❜❛❝❦✱ ♠❛❦✐♥❣ t❤❡ ❞❡♥s❡st ❣❛s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ✇❛r♠❡r✳ ■❢ t❤❡ ❣❛s ✐s ❤❡❛t❡❞ ❜② ♣r❡ss✉r❡

❢♦r❝❡s✱ ✈✐s❝♦✉s s❤♦❝❦s ♦r ❢❡❡❞❜❛❝❦✱ ✐ts t❡♠♣❡r❛t✉r❡ ❞♦❡s ♥♦t r❡❛❝❤ t❡♠♣❡r❛t✉r❡s ♠✉❝❤ ❜❡②♦♥❞

✶✵ 4❑ ❜❡❝❛✉s❡ ♦❢ t❤❡ str♦♥❣❡r ❍✱ ❍❡✱ ❛♥❞ ♠❡t❛❧s ❝♦♦❧✐♥❣ ✐t ✉♥❞❡r❣♦❡s ❛❜♦✈❡✳

❚❤❡ ❞✐❛❣♦♥❛❧ ❜r❛♥❝❤❡s ♦❜s❡r✈❡❞ ♦♥ t❤❡ ❧❡❢t ♦❢ ❡❛❝❤ ♣❧♦t ❛❝❝♦✉♥t ❢♦r ❣❛s t❤❛t✱ ❛✇❛② ❢r♦♠

t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❞✐s❝✱ ✐s s✉❜❥❡❝t t♦ ✈❡r② ❧✐tt❧❡ ❝♦♦❧✐♥❣ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♠❡t❛❧❧✐❝✐t② ❣r❛❞✐❡♥t✱ ❛♥❞

t❤✉s ❝♦♦❧s ❞♦✇♥ ❛❞✐❛❜❛t✐❝❛❧❧②✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱ ❛ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❝♦♦❧✐♥❣ ♦♥❧② ❛❜♦✈❡ 104 ❑

❛♥❞ ❛ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② ♦❢ 10% ❤❛s t❤❡ t❡♠♣❡r❛t✉r❡✲❞❡♥s✐t② ❤✐st♦❣r❛♠ ♦❢ ❋✐❣✉r❡ ✺✳✽✳ ❚❤❡

❞❡♥s❡st ❣❛s ❧✐❡s ❛t 104 ❑✳
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nH [cm−3 ]
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αfb=0%

run 0.5 Gyr

10-6 10-4 10-2 100 102 104

nH [cm−3 ]

102

103

104

T
 [

K
]

αfb=1%

run 0.5 Gyr

10-6 10-4 10-2 100 102 104

nH [cm−3 ]

102

103

104

T
 [

K
]

αfb=10%

run 0.5 Gyr

10-6 10-4 10-2 100 102 104

nH [cm−3 ]

102

103

104

T
 [

K
]

αfb=40%

run 0.5 Gyr

❋✐❣✉r❡ ✺✳✼✿ ❚❡♠♣❡r❛t✉r❡✲❞❡♥s✐t② ❤✐st♦❣r❛♠s ♦❢ t❤❡ ❣❛s ❛❢t❡r ✵✳✺ ●②r ♦❢ ❡✈♦❧✉t✐♦♥ ❢♦r t❤❡

❞✐✛❡r❡♥t ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✳ ❚❤❡ ✷❉ ❤✐st♦❣r❛♠s ❛♥❞ ♠❛r❣✐♥❛❧ ✶❉ ❤✐st♦❣r❛♠s ❛r❡ ❛❧❧ ♠❛ss

✇❡✐❣❤t❡❞ ❛♥❞ ♥♦r♠❛❧✐s❡❞ t♦ ✉♥✐t②✳

10-6 10-4 10-2 100 102 104

nH [cm−3 ]

102

103

104

T
 [

K
]

αfb=10%

run 0.5 Gyr

❋✐❣✉r❡ ✺✳✽✿ ❚❡♠♣❡r❛t✉r❡✲❞❡♥s✐t② ❤✐st♦❣r❛♠s ♦❢ t❤❡ ❣❛s ❛❢t❡r ✵✳✺ ●②r ♦❢ ❡✈♦❧✉t✐♦♥ ❢♦r ❛ r✉♥

✇✐t❤ αfb = 10% ❜✉t ♥♦ ❝♦♦❧✐♥❣ ❜❡❧♦✇ 104 ❑✳ ❚❤❡ ✷❉ ❤✐st♦❣r❛♠s ❛♥❞ ♠❛r❣✐♥❛❧ ✶❉ ❤✐st♦❣r❛♠s

❛r❡ ♠❛ss ✇❡✐❣❤t❡❞ ❛♥❞ ♥♦r♠❛❧✐s❡❞ t♦ ✉♥✐t②✳
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✸ ❙✐♠✉❧❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ ❍2

❲❡ ♥♦✇ st✉❞② t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❍2 ♦♥ t❤❡ ❣❛s ♣❤②s✐❝❛❧ st❛t❡✱ st❛r ❢♦r♠❛t✐♦♥

❛♥❞ str✉❝t✉r❡ ♦❢ t❤❡ ❞✐s❝s✳ ❲❡ t❛❦❡ t❤❡ s❛♠❡ ♠❡t❛❧❧✐❝✐t② ❣r❛❞✐❡♥t✱ st❛r ❢♦r♠❛t✐♦♥ ♣❛r❛♠❡t❡rs

❛♥❞ t❡♠♣❡r❛t✉r❡ ✢♦♦r t❤❛♥ t❤❡ ♦♥❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❧❛st s❡❝t✐♦♥✳

❚❤❡ t❡♠♣❡r❛t✉r❡ ✢♦♦r ✇❡ ❛♣♣❧② ✐s ♠♦r❡ ❡①❛❝t❧② ❛ s♣❡❝✐✜❝ ❡♥❡r❣② ✢♦♦r✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦

❛ t❡♠♣❡r❛t✉r❡ ♦❢ ✶✵✵ ❑ ❢♦r ♣✉r❡❧② ❛t♦♠✐❝ ❣❛s✱ ❛♥❞ ❣♦✐♥❣ ✉♣ t♦ ✶✽✻ ❑ ❢♦r ❣❛s ✇✐t❤ ❤②❞r♦❣❡♥

♣r❡s❡♥t ♦♥❧② ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ❢♦r♠✳ ●❛❞❣❡t✲✷ ✉s❡s t❤❡ s♣❡❝✐✜❝ ❡♥tr♦♣② t♦ ❡✈♦❧✈❡ t❤❡ ❣❛s

✭♥♦t❛❜❧② t♦ ❝♦♠♣✉t❡ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡s✮✳ ❚❤✐s s♣❡❝✐✜❝ ❡♥tr♦♣② A ✐s s✉❝❤ t❤❛t A ∝ T

µ
✱

✇✐t❤ T t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ µ t❤❡ ♠❡❛♥ ♠♦❧❡❝✉❧❛r ✇❡✐❣❤t✳ ❆t ❛ ❣✐✈❡♥ s✐♠✉❧❛t✐♦♥ t✐♠❡✱ t❤❡

s♣❡❝✐✜❝ ❡♥tr♦♣✐❡s ♦♥❧② ❛r❡ ❦♥♦✇♥✱ ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❡ t❡♠♣❡r❛t✉r❡s ♥❡❡❞❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡

❛❞❡q✉❛t❡ ✈♦❧✉♠❡ ❝♦♦❧✐♥❣ r❛t❡ ✇✐t❤ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ✸✳✼ ♦❢ ❈❤❛♣t❡r ✹✳

✸✳✶ ❍2 ❢r❛❝t✐♦♥

❲❡ ✜rst s❡t t❤❡ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② t♦ αfb = 1% ❛♥❞ t✉♥❡ t❤❡ χ ❢❛❝t♦r ✐♥ t❤❡ ❍2 ❢r❛❝t✐♦♥

s♦ t❤❛t ✇❡ ✜♥❞ ❛ ❣❧♦❜❛❧ ❍2 ❢r❛❝t✐♦♥ t❤❛t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦❜s❡r✈❛t✐♦♥s ✇❤✐❧❡ ❤❛✈✐♥❣ ❡♥♦✉❣❤

♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❢r❛❝t✐♦♥ t♦ st✉❞② ✐ts ❡✛❡❝ts✳ ❖✉r ♠❡t❛❧❧✐❝✐t② ❣r❛❞✐❡♥t ✐♠♣❧✐❡s t❤❛t ❍2

✇✐❧❧ t❡♥❞ t♦ ❜❡ ❧❡ss ♣r❡s❡♥t ✐♥ t❤❡ ♦✉t❡r ♣❛rts ♦❢ t❤❡ ❣❛❧❛①② ✇❤❡r❡ t❤❡ ♠❡t❛❧❧✐❝✐t② ❛♥❞ ❞✉st

❛❜✉♥❞❛♥❝❡ ❛r❡ ❧♦✇ ❛♥❞ t❤❡ ❣❛s ✐s ❧❡ss s❤✐❡❧❞❡❞ ❢r♦♠ ▲②♠❛♥✲❲❡r♥❡r r❛❞✐❛t✐♦♥✳ ❍♦✇❡✈❡r✱

t❤✐s ✐s ❝♦♠♣❡♥s❛t❡❞ ❜② t❤❡ ❧♦✇❡r st❛r ❢♦r♠❛t✐♦♥ r❛t❡ ✐♥ t❤❡s❡ r❡❣✐♦♥s✱ ✇❤✐❝❤ ❞❡❝r❡❛s❡s t❤❡

❛♠❜✐❡♥t ▲②♠❛♥✲❲❡r♥❡r ❧✉♠✐♥♦s✐t②✳ ❲❡ ♣❧♦t t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ♠❛ss ❢r❛❝t✐♦♥ ♦❢ ❍2 ✐♥

❋✐❣✉r❡ ✺✳✾ ❢♦r ❢♦✉r ❞✐✛❡r❡♥t ❯❱ ✢✉① s❝❛❧✐♥❣ ❢❛❝t♦rs✳

❚❤❡ ❣❧♦❜❛❧ ♠❛ss ❢r❛❝t✐♦♥ ✜rst ❞❡❝r❡❛s❡s ✇✐t❤ t✐♠❡ ❜❡❝❛✉s❡ ♥❡✇ st❛rs ❛r❡ ❢♦r♠❡❞ ❛♥❞

❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❞✐ss♦❝✐❛t✐♥❣ r❛❞✐❛t✐♦♥ ✜❡❧❞ ❛♥❞ ❜❡❝♦♠❡s st❛❜❧❡ ✇❤❡♥ t❤❡ ❙❋❘ ❜❡❝♦♠❡s

❛❧♠♦st ♥✉❧❧ ✭s❡❡ t❤❡ s♦❧✐❞ ❧✐♥❡ ♦❢ ❋✐❣✉r❡ ✺✳✶✺ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❛s ♠❛ss✮✳ ❋✐❣✉r❡ ✺✳✶✵

s❤♦✇s t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ♦❢ ❍2 ❛♥❞ ❛t♦♠✐❝ ❤②❞r♦❣❡♥ ❣❛s ❍■ ❛❢t❡r ✵✳✺ ●②r ♦❢ ❡✈♦❧✉t✐♦♥ ❢♦r

t❤❡ ❝❛s❡ χ × 50 t❤❛t ✇❡ ❝❤♦♦s❡✳ ❙✉❝❤ ❛ s✉r❢❛❝❡ ❞❡♥s✐t② ♣r♦✜❧❡ ✐s s✐♠✐❧❛r t♦ s♦♠❡ ♦❜s❡r✈❡❞

♣r♦✜❧❡s ♦❢ ❧♦❝❛❧ ❣❛❧❛①✐❡s ❞❡s❝r✐❜❡❞ ✐♥ ❨♦✉♥❣ ✫ ❙❝♦✈✐❧❧❡ ✭✶✾✾✶✮✱ ❛♥❞ ♠♦r❡ r❡❝❡♥t❧② ✐♥ ❇✐❣✐❡❧

❡t ❛❧✳ ✭✷✵✵✽✮✳

✸✳✷ ●❛s ♣❤②s✐❝❛❧ st❛t❡

●❛s ❞✐s❝ ❋✐❣✉r❡ ✺✳✶✶ s❤♦✇s t❤❡ ❛s♣❡❝t ♦❢ t❤❡ ❞✐s❝ ❢♦r αfb = 1% ❛t t❤❡ s❛♠❡ s✐♠✉❧❛t✐♦♥

❡♣♦❝❤s t❤❛♥ ✐♥ ❋✐❣✉r❡ ✺✳✹✱ ✇❤♦s❡ s❡❝♦♥❞ ❝♦❧✉♠♥ ✐s t❤❡ s✐♠✉❧❛t✐♦♥ ❢♦r t❤❡ s❛♠❡ ❢❡❡❞❜❛❝❦

❡✣❝✐❡♥❝② ❜✉t ✇✐t❤♦✉t ❍2✳

❈♦♦❧✐♥❣ ❜② ♠❡t❛❧s ✐♥ t❤❡ ♣✉r❡❧② ❍■ s✐♠✉❧❛t✐♦♥ ♦r ♠❛✐♥❧② ❜② ❍2 ✐♥ t❤❡ ♥♦✇ ❍2 ❞♦♠✐♥❛t❡❞

❝❡♥tr❛❧ ♣❛rt ♠❛❦❡ t❤✐s r❡❣✐♦♥ s✐♠✐❧❛r ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s ✐♥ t❤❡ ♦✉t❡r

♣❛rts ♦❢ t❤❡ ❣❛❧❛①② ❢♦r ✇❤✐❝❤ ♠❡t❛❧✲❧✐♥❡ ❝♦♦❧✐♥❣ ✐s ♣♦♦r❧② ❡✣❝✐❡♥t ❜❡❝❛✉s❡ ♦❢ ♦✉r ❛ss✉♠❡❞

♠❡t❛❧❧✐❝✐t② ❣r❛❞✐❡♥t✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❣❛s r❡♠❛✐♥s ❞✐✛✉s❡ ✇✐t❤ ♥♦ ♦t❤❡r ❝♦♦❧✐♥❣ ♣r♦❝❡ss❡s✱ ❜✉t
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❋✐❣✉r❡ ✺✳✾✿ ●❧♦❜❛❧ ❍2 ♠❛ss ❢r❛❝t✐♦♥ ✈❡rs✉s t✐♠❡ ❢♦r αfb = 1%✳ ❚❤❡ ❯❱ ✢✉① ✐♥❝r❡❛s❡s ❢r♦♠
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❋✐❣✉r❡ ✺✳✶✵✿ ❘❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ♦❢ ❍2✱ ❛t♦♠✐❝ ❣❛s ❍■ ❛♥❞ t♦t❛❧ ❤②❞r♦❣❡♥

❣❛s ❛❢t❡r ✵✳✺ ●②r ❢♦r αfb = 1% ❛♥❞ t❤❡ s❡❧❡❝t❡❞ ❯❱ s❝❛❧✐♥❣ ❢❛❝t♦r✳

t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❍2 ❛❧❧♦✇s t❤❡ ❣❛s t♦ ❜❡ ❝❧✉♠♣✐❡r✿ ✇❡ s❡❡ ❞❡♥s✐t② ❢❡❛t✉r❡s t❤❛t ✇❡r❡ ❛❜s❡♥t

✐♥ t❤❡ ♣✉r❡❧② ❛t♦♠✐❝ s✐♠✉❧❛t✐♦♥✳ ❚❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ♦❢ ❍2 ✐s ❛❧s♦ ♣❧♦tt❡❞✳ ■t ✐♥❞❡❡❞ ❢♦❧❧♦✇s

t❤❡ ❞❡♥s✐t② ❢❡❛t✉r❡s ♦❢ t❤❡ ❣❛s✿ t❤❡ ❝❧✉♠♣s ❛♥❞ ✜❧❛♠❡♥t❛r② str✉❝t✉r❡s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❍2 ❣❛s✳

❚❤❡ ❍■ ❣❛s ❤❛s ❛ s♠♦♦t❤❡r s✉r❢❛❝❡ ❞❡♥s✐t② ❛♥❞ ❡①t❡♥❞s ❢✉rt❤❡r ❛✇❛② ❢r♦♠ t❤❡ ❞✐s❝ ♣❧❛♥❡✳

❚❤❡ ❝❡♥tr❛❧ ♣❛rts ❛r❡ ♠♦st❧② ❞❡♣❧❡t❡❞ ❢r♦♠ ❍■✳

❚❤❡r♠❛❧ st❛t❡ ❚❤❡ t❡♠♣❡r❛t✉r❡✲♥✉♠❜❡r ❞❡♥s✐t② ❤✐st♦❣r❛♠s ♦❢ ❋✐❣✉r❡ ✺✳✶✷ ❛♥❞ t❤❡

♠❛r❣✐♥❛❧ P❉❋s s❤♦✇ ❤✐❣❤❡r ❢r❛❝t✐♦♥s ♦❢ ❣❛s ✐♥ t❤❡ ❝♦❧❞ ❞❡♥s❡ ♣❤❛s❡ t❤❛♥ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣



✸✳ ❙■▼❯▲❆❚■❖◆❙ ■◆❈▲❯❉■◆● ❍2 ✾✶

0.5 Gyr 1 Gyr 3 Gyr

0.5 Gyr 1 Gyr 3 Gyr

0.5 Gyr 1 Gyr 3 Gyr

[kpc]
20

0
-20

-5
5

0
Ga

s
H 2

HI

❋✐❣✉r❡ ✺✳✶✶✿ Pr♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❣❛s ❞❡♥s✐t② ✭t♦♣ r♦✇✮✱ ❍2 ❞❡♥s✐t② ✭♠✐❞❞❧❡ r♦✇✮ ❛♥❞ ❍■ ❞❡♥s✐t②

✭❜♦tt♦♠ r♦✇✮ ❛❢t❡r ✵✳✺ ●②r✱ ✶ ●②r ❛♥❞ ✸ ●②r ♦❢ ❡✈♦❧✉t✐♦♥✳ ❇♦① s✐③❡s ❛r❡ ❬✸✵ ❦♣❝ ① ✸✵ ❦♣❝❪

❢♦r ❢❛❝❡✲♦♥ ✈✐❡✇s ❛♥❞ ❬✸✵ ❦♣❝ ① ✶✵ ❦♣❝❪ ❢♦r ❡❞❣❡✲♦♥ ✈✐❡✇s✳ ❚❤❡ ❝♦❧✉♠♥ ✐♥t❡❣r❛t❡❞ ❞❡♥s✐t②

s❝❛❧❡ ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ♣❧♦ts✳



✾✷ ❈❍❆P❚❊❘ ✺✳ ❙■▼❯▲❆❚■❖◆❙

❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s ✇✐t❤♦✉t ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥✳ ❚❤❡r❡ ✐s ♥♦ ❝❧❡❛r ❞✐❛❣♦♥❛❧ ❜r❛♥❝❤ ❜❡❝❛✉s❡

t❤❡r❡ ✐s s♦♠❡ ❡✣❝✐❡♥t ❝♦♦❧✐♥❣ ✐♥ t❤❡ ✇❤♦❧❡ ❞✐s❝✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t✇♦ ♠❛ss ❝♦♥❝❡♥tr❛t✐♦♥s ❛t

❧♦✇ t❡♠♣❡r❛t✉r❡s ✐s ❞✉❡ t♦ ♦✉r ❛❞♦♣t❡❞ t❤r❡s❤♦❧❞ ✐♥ s♣❡❝✐✜❝ ❡♥❡r❣②✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ❛

t❡♠♣❡r❛t✉r❡ ♦❢ ✶✵✵ ❑ ❢♦r ❣❛s t❤❛t ✐s ❛t♦♠✐❝✱ ❛♥❞ t♦ ❛ t❡♠♣❡r❛t✉r❡ ∼✷✵✵ ❑ ❢♦r ❣❛s t❤❛t ✐s

❢✉❧❧② ♠♦❧❡❝✉❧❛r✳ ❚❤❡ ❞❡♥s❡st ❣❛s ✐s ♠♦st❧② ✐♥ t❤❡ ♠♦❧❡❝✉❧❛r ❢♦r♠✱ t❤❡r❡❢♦r❡ ❝♦♥❝❡♥tr❛t✐♥❣ ❛t

t❤✐s s❡❝♦♥❞ t❡♠♣❡r❛t✉r❡✳ ❲❡ ❛❧s♦ s❡❡✱ ❛s ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ✇✐t❤♦✉t ❛♥② ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥✱

❛ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❣❛s ❛t ❛ t❡♠♣❡r❛t✉r❡ ♦❢ ❛❜♦✉t ✶✵4 ❑✳

10-6 10-4 10-2 100 102 104

nH [cm−3 ]
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T
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K
]

αfb=0%

run 0.5 Gyr

10-6 10-4 10-2 100 102 104

nH [cm−3 ]
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T
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K
]

αfb=1%

run 0.5 Gyr

10-6 10-4 10-2 100 102 104

nH [cm−3 ]

102

103

104

T
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K
]

αfb=10%

run 0.5 Gyr

10-6 10-4 10-2 100 102 104

nH [cm−3 ]

102

103

104

T
 [

K
]

αfb=40%

run 0.5 Gyr

❋✐❣✉r❡ ✺✳✶✷✿ ❚❡♠♣❡r❛t✉r❡✲❞❡♥s✐t② ❤✐st♦❣r❛♠s ♦❢ t❤❡ ❣❛s ✐♥ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❍2 ❛❢t❡r ✵✳✺ ●②r

♦❢ ❡✈♦❧✉t✐♦♥ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✳ ❚❤❡ ✷❉ ❤✐st♦❣r❛♠s ❛♥❞ ♠❛r❣✐♥❛❧ ✶❉

❤✐st♦❣r❛♠s ❛r❡ ❛❧❧ ♠❛ss ✇❡✐❣❤t❡❞ ❛♥❞ ♥♦r♠❛❧✐s❡❞ t♦ ✉♥✐t②✳

●❛s ♣❤❛s❡s ❲❡ s❡♣❛r❛t❡ t❤❡ ❣❛s ✐♥ t✇♦ r❛♥❣❡s ♦❢ t❡♠♣❡r❛t✉r❡s✱ ❜❡❧♦✇ ❛♥❞ ❛❜♦✈❡ 1000 ❑✳

❲❡ st✉❞② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥s ♦❢ ❝♦❧❞ ❛♥❞ ✇❛r♠ ❣❛s ✭❣❛s ❧②✐♥❣ ❜❡❧♦✇ ♦r ❛❜♦✈❡ t❤✐s

t❤r❡s❤♦❧❞✮ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝②✱ ❛♥❞ ✇✐t❤ ♦r ✇✐t❤♦✉t t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❝♦♦❧✐♥❣

❜② ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥✳ ❚❤❡ ♠❛❥♦r✐t② ♦❢ st❛r ❢♦r♠❛t✐♦♥ ❤❛♣♣❡♥s ✐♥ t❤❡ ✜rst ●②rs ✐♥ ❛❧❧ t❤❡

s✐♠✉❧❛t✐♦♥s ✭❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② ✐s ❧♦✇ ❛♥❞ st❛rs ❢♦r♠ q✉✐❝❦❧②✮✱ s♦ ✇❡ ❢♦❝✉s

♦♥ t❤✐s ♣❡r✐♦❞ ❛♥❞ ♣❧♦t t❤❡ ❝♦❧❞ ❣❛s ❢r❛❝t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ♦♥ ❋✐❣✉r❡ ✺✳✶✸ ❢♦r t✇♦

❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✳ ❆❧❧ t❤❡ ❣❛s ✐s ✐♥✐t✐❛❧❧② ✐♥ t❤❡ ❝♦❧❞ ♣❤❛s❡✳ ❋♦r ❛ ❣✐✈❡♥ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝②✱



✹✳ ❘❊❙❯▲❚❙ ❖◆ ❙❚❆❘ ❋❖❘▼❆❚■❖◆ ✾✸

t❤❡ ❝♦❧❞ ❣❛s ♣❤❛s❡ r❡♣r❡s❡♥ts ❛ ♠✉❝❤ ❤✐❣❤❡r ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❣❛s ✐❢ ❍2 ❝♦♦❧✐♥❣ ✐s t❛❦❡♥ ✐♥t♦

❛❝❝♦✉♥t✳ ❲✐t❤♦✉t ❍2✱ st❛rs ❛r❡ ❢♦r♠❡❞ ❢r♦♠ ✇❛r♠❡r ❛♥❞ ♠♦r❡ ❞✐✛✉s❡ ❣❛s✱ r❡❞✉❝✐♥❣ t❤❡ st❛r

❢♦r♠❛t✐♦♥ ❡✣❝✐❡♥❝②✳ ❋❡❡❞❜❛❝❦ ❞❡❝r❡❛s❡s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❝♦❧❞ ❣❛s✿ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ❣✐✈❡♥ t♦

♣❛rt✐❝❧❡s ✐♥ ❞❡♥s❡ st❛r ❢♦r♠✐♥❣ r❡❣✐♦♥s ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ t❤❡r♠❛❧ ❡♥❡r❣② ❜② ♣r❡ss✉r❡ ❢♦r❝❡s

❛♥❞ ✈✐s❝♦s✐t②✱ ❛❧❧ t❤❡ ♠♦r❡ ❛s t❤❡ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② ✐s ❤✐❣❤✳
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αfb=1%

 
αfb=10%

 

❋✐❣✉r❡ ✺✳✶✸✿ ❋r❛❝t✐♦♥ ♦❢ ❝♦❧❞ ❣❛s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❢♦r t✇♦ ❞✐✛❡r❡♥t ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s

αfb = 1% ❛♥❞ αfb = 10%✳ ❙♦❧✐❞ ❧✐♥❡s✿ ✇✐t❤ ❍2✳ ❉❛s❤❡❞ ❧✐♥❡s✿ ✇✐t❤♦✉t ❍2✳

❱♦❧✉♠❡ ❞❡♥s✐t② ✈s r❛❞✐✉s ❆s ✇❡ ❛r❡ ❡s♣❡❝✐❛❧❧② ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✐♥❣ t❤❡ st❛t❡ ♦❢ t❤❡

❣❛s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❣❛❧❛❝t♦❝❡♥tr✐❝ r❛❞✐✉s✱ ✇❡ ♣❧♦t t❤❡ ❤✐st♦❣r❛♠s ♦❢ ❣❛s ❞❡♥s✐t② ✈❡rs✉s r❛❞✐✉s

✐♥ ❋✐❣✉r❡ ✺✳✶✹ ❢♦r t❤❡ ❛t♦♠✐❝ ❛♥❞ ♠♦❧❡❝✉❧❛r s✐♠✉❧❛t✐♦♥s✱ ❛❢t❡r ✵✳✺ ●②r ♦❢ ❡✈♦❧✉t✐♦♥✳ ❚❤❡ ❣❛s

❡①❤✐❜✐ts ❞❡♥s✐t② ♣❡❛❦s ❛t ❧❛r❣❡r r❛❞✐✐ ❛♥❞ ❤❛s ❛ ♠❡❛♥ ❤✐❣❤❡r ❞❡♥s✐t② ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❍2✱

✇✐t❤ ❣❛s ❞❡♥s❡r t❤❛♥ t❤❡ st❛r ❢♦r♠❛t✐♦♥ t❤r❡s❤♦❧❞ ❡✈❡♥ ❛t ❧❛r❣❡ r❛❞✐✐✳ ❚❤❡ ❡✛❡❝t ✐s ❡s♣❡❝✐❛❧❧②

✈✐s✐❜❧❡ ❢♦r ❧♦✇ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✱ ❜✉t ✐s ❛❧s♦ ✈✐s✐❜❧❡ ❢♦r ❤✐❣❤ ❢❡❡❞❜❛❝❦ r✉♥s✿ ❛ s♠❛❧❧ ❢r❛❝t✐♦♥

♦❢ t❤❡ ❣❛s ❤❛s ❞❡♥s✐t✐❡s ❤✐❣❤❡r t❤❛♥ t❤❡ t❤r❡s❤♦❧❞ ❢♦r st❛r ❢♦r♠❛t✐♦♥ ❡✈❡♥ ❛t ❧❛r❣❡ r❛❞✐✐✳

✹ ❘❡s✉❧ts ♦♥ st❛r ❢♦r♠❛t✐♦♥

✹✳✶ ●❛s ♠❛ss ❞❡♣❧❡t✐♦♥ ❛♥❞ t♦t❛❧ ❙❋❘

❚❤❡ ❡✛❡❝t ♦❢ ❍2 ❝♦♦❧✐♥❣ ♦♥ t❤❡ st❛r ❢♦r♠❛t✐♦♥ ❡✣❝✐❡♥❝② ✐s ✈✐s✐❜❧❡ ✐♥ ❋✐❣✉r❡ ✺✳✶✺ ❛♥❞

❋✐❣✉r❡ ✺✳✶✻✳

❲❡ ♣❧♦t ✐♥ ❋✐❣✉r❡ ✺✳✶✺ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ♠❛ss ♦❢ ❣❛s ♣r❡s❡♥t ✐♥ t❤❡ s✐♠✉❧❛✲

t✐♦♥s✳ ❆❧❧ t❤❡ ❣❛s ✐s ♦r✐❣✐♥❛❧❧② ✐♥ t❤❡ ❞✐s❝ ❜✉t ❝❛♥ ❧❡❛✈❡ ✐t ✉♥❞❡r t❤❡ ❡✛❡❝t ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧

❤❡❛t✐♥❣ ♦r st❡❧❧❛r ❢❡❡❞❜❛❝❦✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ t✐♠❡ ♦❢ ❝♦♥s✉♠♣t✐♦♥ ♦❢ t❤❡ ❣❛s ✐♥❝r❡❛s❡s ✇✐t❤

❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② ❜❡❝❛✉s❡ ♦❢ t❤❡ ♠♦❞❡r❛t✐♥❣ ❡✛❡❝t ♦❢ ❢❡❡❞❜❛❝❦ ♦♥ ❣❛s ❞❡♥s✐t②✱ r❡❣✉❧❛t✐♥❣
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❋✐❣✉r❡ ✺✳✶✹✿ ❍②❞r♦❣❡♥ ♥✉❝❧❡✐ ♥✉♠❜❡r ❞❡♥s✐t②✲❣❛❧❛❝t♦❝❡♥tr✐❝ r❛❞✐✉s ❤✐st♦❣r❛♠s ❛❢t❡r ✵✳✺ ●②r

♦❢ ❡✈♦❧✉t✐♦♥✳ ❋♦r ❡❛❝❤ ♣❧♦t✱ t❤❡ t♦♣ s✉❜♣❧♦t ✐s ❛ r✉♥ ✇✐t❤ ♥♦ ❍2 ❛♥❞ t❤❡ ❜♦tt♦♠ ♣❧♦t ❛ r✉♥

✇✐t❤ ❍2✳ ❍♦r✐③♦♥t❛❧ ❜❧❛❝❦ ❞❛s❤❡❞ ❧✐♥❡✿ t❤r❡s❤♦❧❞ ❞❡♥s✐t② ❢♦r st❛r ❢♦r♠❛t✐♦♥✳

st❛r ❢♦r♠❛t✐♦♥✱ ❛♥❞ t❤❡ ❝✉r✈❡s ❤❛✈❡ ✐♥❝r❡❛s✐♥❣ ❤♦r✐③♦♥t❛❧ ❛s②♠♣t♦t❡s ②✲✈❛❧✉❡s✳ ❚❤✐s ✐s ❞✉❡

t♦ ❣❛s ❡①♣❡❧❧❡❞ ❢r♦♠ t❤❡ ❞✐s❝✱ ❛♥❞ ❛❧s♦ t♦ t❤❡ ✐♥❛❜✐❧✐t② ♦❢ t❤❡ ❣❛s t♦ r❡❛❝❤ t❤❡ st❛r ❢♦r♠❛t✐♦♥

t❤r❡s❤♦❧❞✳ ❚❤❡ ❣❛s ✐♥ t❤❡ ♦✉t❡r ♣❛rts ♦❢ t❤❡ ❞✐s❝ r❡♠❛✐♥s ❞✐✛✉s❡ ✇✐t❤ ❛❧♠♦st ♥♦ st❛r ❢♦r♠❛t✐♦♥

✐♥ ❛❧❧ ❝❛s❡s✱ ❛s t❤❡ ❧♦✇❡r ❛❜✉♥❞❛♥❝❡ ♦❢ ♠❡t❛❧s ❞♦❡s ♥♦t ❛❧❧♦✇ t❤❡ ❣❛s t♦ ❝♦♦❧ ❞♦✇♥ ❡♥♦✉❣❤

t♦ ❢♦r♠ st❛rs✳ ❚❤❡ ❞❡♣❧❡t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❣❛s ❞❡❝r❡❛s❡s ✇❤❡♥ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❝♦♦❧✐♥❣ ✐s

✐♥❝❧✉❞❡❞ ❢♦r ❛❧❧ t❤❡ ❝♦♥s✐❞❡r❡❞ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✳ ❚❤❡ t♦t❛❧ ❙❋❘ ✐s ❛❧s♦ s❤♦✇♥✳

✹✳✷ ❙❋❘ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r❛❞✐✉s

❍❛✈✐♥❣ ✐♥s❡rt❡❞ t❤❡ ❢♦r♠❛t✐♦♥ t✐♠❡ ♦❢ st❛rs ✐♥ ♦✉r s✐♠✉❧❛t✐♦♥ ♦✉t♣✉ts✱ ✇❡ ❝❛♥ tr❛❝❦ st❛r

❢♦r♠❛t✐♦♥ s♣❛t✐❛❧❧②✳ ❖✉r ♦✉t♣✉ts ❛r❡ t❡♠♣♦r❛❧❧② s♣❛❝❡❞ ❜② ✶✵ ▼②r✳ ❲❡ ❞❡✜♥❡ t❤❡ ❙❋❘ ❛s

❜❡✐♥❣ t❤❡ ♠❛ss ♦❢ st❛rs ❢♦r♠❡❞ ❞✉r✐♥❣ ✶✵ ▼②r ❞✐✈✐❞❡❞ ❜② t❤✐s t✐♠❡✱ ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ t❤❡ st❛r
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❋✐❣✉r❡ ✺✳✶✺✿ ❚♦♣✿ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❛s❡♦✉s ♠❛ss ♦❢ t❤❡ ❣❛❧❛①②✳ ❇♦tt♦♠✿ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❙❋❘s ✭❞❡✜♥❡❞ ❛s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❧❡❢t ❝✉r✈❡s✮✳ ❋♦r ❜♦t❤ ♣❧♦ts✱ s♦❧✐❞ ❧✐♥❡s

❛r❡ ❢♦r r✉♥s ✇✐t❤ ❍2 ❛♥❞ ❞❛s❤❡❞ ❧✐♥❡s ❢♦r r✉♥s ✇✐t❤♦✉t ❍2✳

❢♦r♠❛t✐♦♥ r❛t❡s ♦❜t❛✐♥❡❞ ❢r♦♠ ♦❜s❡r✈❛t✐♦♥s ✐♥ ❍α✳ ❲❡ ♣❧♦t t❤❡ ❝✉♠✉❧❛t✐✈❡ ❙❋❘ ❛✈❡r❛❣❡❞ ♦♥

t❤❡ ✜rst ●②r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r❛❞✐✉s ❢♦r t❤❡s❡ t✇♦ s✐♠✉❧❛t✐♦♥s ❛♥❞ ♦t❤❡r ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s

✐♥ ❋✐❣✉r❡ ✺✳✶✻✱ ❛♥❞ ✇❡ s❡❡ t❤❛t ❛❜♦✉t t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ st❛r ❢♦r♠❛t✐♦♥ ♦❝❝✉rs ✐♥ t❤❡ ❝❡♥tr❛❧

♣❛rts✱ ❜✉t ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ st❛rts ♣❧❛②✐♥❣ ❛ r♦❧❡ ❛t ❧❛r❣❡ r❛❞✐✐✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ♦❝❝✉rs ❛t

❛ ❧❛r❣❡r r❛❞✐✉s ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ♥♦ ❢❡❡❞❜❛❝❦✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❛❧r❡❛❞②

❤✐❣❤ ❝❧✉♠♣✐♥❣ ✐♥ ❝❡♥tr❛❧ ♣❛rts ♦❢ t❤❡ ❞✐s❝✱ ♠❛❦✐♥❣ st❛r ❢♦r♠❛t✐♦♥ ✈❡r② ❡✣❝✐❡♥t ❡✈❡♥ ✇✐t❤♦✉t

❍2✳

✹✳✸ ❙t❡❧❧❛r ❞✐s❝s

❋✐❣✉r❡ ✺✳✶✼ s❤♦✇s t❤❡ ♣r♦❥❡❝t❡❞ ❞❡♥s✐t② ♦❢ st❛rs ❢♦r♠❡❞ s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s✐♠✉✲

❧❛t✐♦♥ ❢♦r αfb = 1%✿ t❤❡ ❞✐s❝ ♦❢ ♥❡✇ st❛rs ✐s ♠♦r❡ ❡①t❡♥❞❡❞ ✐❢ ✇❡ ✐♥❝❧✉❞❡ ❍2✳ ❚❤❡r❡ ✐s ❛ ❢❡✇

st❡❧❧❛r ❝❧✉♠♣s✱ ❛♥❞ ❛❧s♦ ❛ ✈❡r② ❝❧❡❛r st❡❧❧❛r ❜❛r t❤❛t ✐s ♠❛✐♥t❛✐♥❡❞ ✐♥ t❤❡ st❡❧❧❛r ❝♦♠♣♦♥❡♥t

❛❢t❡r ❛ ❢❡✇ ●②rs ✐♥ ❜♦t❤ ❝❛s❡s✳ ❈❧✉♠♣s ♦❢ ②♦✉♥❣ st❛rs ❝❛♥ ❜❡ s❡❡♥ ♦♥ t❤❡ ❞❡♥s✐t② ♠❛♣s✿
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❋✐❣✉r❡ ✺✳✶✻✿ ❈✉♠✉❧❛t✐✈❡ st❛r ❢♦r♠❛t✐♦♥ r❛t❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❣❛❧❛❝t♦❝❡♥tr✐❝ r❛❞✐✉s✱ ❛✈❡r❛❣❡❞

♦♥ t❤❡ ✜rst ●②r✳ ❙♦❧✐❞ ❧✐♥❡s✿ r✉♥ ✇✐t❤ ❍2✳ ❉❛s❤❡❞ ❧✐♥❡s✿ r✉♥ ✇✐t❤♦✉t ❍2

t❤❡② ❢♦❧❧♦✇ t❤❡ ❣❛s ❝❧✉♠♣s✳ ❚❤❡s❡ st❡❧❧❛r ❝❧✉♠♣s ❣r❛❞✉❛❧❧② ❧♦s❡ ❡♥❡r❣② ❛♥❞ ❛r❡ ❡✈❡♥t✉❛❧❧②

❛❜s♦r❜❡❞ ❜② t❤❡ ❝❡♥tr❛❧ ❜❛r✳ ❆❢t❡r ✸ ●②r ♦❢ ❡✈♦❧✉t✐♦♥✱ ❛ ♣❡❛♥✉t✲s❤❛♣❡❞ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❜❛r

❝❛♥ ❜❡ s❡❡♥ ♦♥ ❡❞❣❡✲♦♥ ✈✐❡✇s ♦❢ ②♦✉♥❣ st❛rs ✐♥ ❜♦t❤ ❝❛s❡s✳

❚❤❡ ♥❡✇ st❛rs ❛r❡ ♦♥❧② ❛ s♠❛❧❧ ♠❛ss ❢r❛❝t✐♦♥ ♦❢ t❤❡ t♦t❛❧ st❛rs ✭❛t ♠♦st 16% ✐❢ ❛❧❧ t❤❡

❣❛s ✇❡r❡ t✉r♥❡❞ ✐♥t♦ st❛rs✮✳ ❖♥ ❋✐❣✉r❡ ✺✳✶✽✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦t❛❧ st❡❧❧❛r ❝♦♠♣♦♥❡♥ts ❛r❡

s❤♦✇♥✿ ♦❧❞ ❞✐s❝ ❛♥❞ ❜✉❧❣❡ st❛rs ❛♥❞ ♥❡✇ st❛rs✳ ❚❤❡② ❛r❡ s✐♠✐❧❛r ✐♥ ❜♦t❤ r✉♥s✳

✹✳✹ ❑❡♥♥✐❝✉tt✲❙❝❤♠✐❞t ❞✐❛❣r❛♠s

❲❡ ❢✉rt❤❡r st✉❞② t❤❡ st❛r ❢♦r♠❛t✐♦♥ ❜② ❞r❛✇✐♥❣ ❑❡♥♥✐❝✉tt✲❙❝❤♠✐❞t ✭❑❙✮ ❞✐❛❣r❛♠s r❡♣r❡✲

s❡♥t✐♥❣ t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ♦❢ ❙❋❘ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❣❛s s✉r❢❛❝❡ ❞❡♥s✐t②✳ ❆s ✇❡ ❛r❡ ❧✐♠✐t❡❞

✐♥ ♠❛ss r❡s♦❧✉t✐♦♥ ❢♦r st❛r ❢♦r♠❛t✐♦♥ ✭st❡❧❧❛r ♣❛rt✐❝❧❡s ♦❢ ❛ ✜①❡❞ ♠❛ss ♦❢ ∼ 104 ▼⊙ ❛r❡ ❝r❡❛t❡❞

st♦❝❤❛st✐❝❛❧❧②✱ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t❧② ❢r♦♠ s♦♠❡ s♠♦♦t❤ st❛r ❢♦r♠❛t✐♦♥✮✱ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛

s✐❣♥✐✜❝❛♥t ❛♠♦✉♥t ♦❢ ❞❛t❛ t♦ st✉❞②✱ ✇❡ ❛❞❞ ❞❛t❛ ♣♦✐♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✺✵ s♥❛♣s❤♦ts✱ ❢r♦♠

t❂✷✵✵ ▼②r t♦ t❂✼✵✵ ▼②r✳

❲❡ ✉s❡ ❛ ♣♦❧❛r ❣r✐❞ ✇✐t❤ ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♥R ♦❢ ❜✐♥s ✐♥ ❝②❧✐♥❞r✐❝❛❧ r❛❞✐✉s R ❛♥❞ ❛ ❣✐✈❡♥

♥✉♠❜❡r ♥θ ♦❢ ❜✐♥s ✐♥ ❛③✐♠✉t❤❛❧ ❛♥❣❧❡ θ ✭♥R❂✹✵ ❛♥❞ ♥θ❂✷✵ ❢♦r t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡✮✳

❯s✐♥❣ t❤✐s ❦✐♥❞ ♦❢ ❣r✐❞ ❛❧❧♦✇s ❢♦r ❛ ♠♦r❡ ✉♥✐❢♦r♠ s✐❣♥❛❧✴♥♦✐s❡ r❡♣❛rt✐t✐♦♥ t❤❛♥ ✇✐t❤ ❛♥

♦rt❤♦❣♦♥❛❧ ❣r✐❞✱ ❛♥❞ ♦♣t✐♠✐③❡s t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇ st❛rs ♣❡r ❝❡❧❧✳

❖♥ ❋✐❣✉r❡s ✺✳✶✾ ❛♥❞ ✺✳✷✵✱ ✇❡ ❤❛✈❡ ♣❧♦tt❡❞ ❑❙ ❞✐❛❣r❛♠s ❢♦r s✐♠✉❧❛t✐♦♥s ✇✐t❤♦✉t ❢❡❡❞❜❛❝❦✱

❛♥❞ ✇✐t❤ ❞✐✛❡r❡♥t ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✳ ❚❤❡s❡ ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ❆❣❡rt③ ❡t ❛❧✳ ✭✷✵✶✷✮ ♣❧♦ts

♦❢ ❛③✐♠✉t❤❛❧❧② ❛✈❡r❛❣❡❞ ❑❙ ❞✐❛❣r❛♠s ♦❢ ❞✐s❝ ❣❛❧❛①✐❡s ❢♦r ❞✐✛❡r❡♥t ❢❡❡❞❜❛❝❦ ✐♥t❡♥s✐t✐❡s✳ ❱❡r②

s✐♠✐❧❛r❧②✱ ✇❡ ♦❜s❡r✈❡ ❛ ❣❧♦❜❛❧ ❞✐♠✐♥✉t✐♦♥ ♦❢ t❤❡ ❙❋❘ s✉r❢❛❝❡ ❞❡♥s✐t② ✇❤❡♥ ✇❡ ✐♥❝r❡❛s❡ t❤❡
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❋✐❣✉r❡ ✺✳✶✼✿ Pr♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ st❛rs ❢♦r♠❡❞ ❞✉r✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥s ❛❢t❡r ✵✳✺ ●②r✱

✶ ●②r ❛♥❞ ✸ ●②r ♦❢ ❡✈♦❧✉t✐♦♥✳ ❚♦♣ r♦✇✿ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② αfb = 1% ❛♥❞ ♥♦ ❍2✳ ❇♦tt♦♠

r♦✇✿ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② αfb = 1% ❛♥❞ ❍2✳

❢❡❡❞❜❛❝❦ str❡♥❣t❤✳ ❚❤❡ ✜❣✉r❡ q✉❛♥t✐✜❡s ❤♦✇✱ ♦♥ ❛✈❡r❛❣❡✱ ❢♦r t❤❡ s❛♠❡ ❣❛s s✉r❢❛❝❡ ❞❡♥s✐t✐❡s✱

t❤❡ ❙❋❘ ✐s ❧♦✇❡r ✇✐t❤ ❤✐❣❤❡r ❢❡❡❞❜❛❝❦✳ ❚❤❡ ❢❡❡❞❜❛❝❦ ♠❛❦❡s t❤❡ ❣❛s ♠♦r❡ ❞✐✛✉s❡ ❛♥❞ ❞❡str♦②s

❝❧✉♠♣s✳ ❚✇♦ ❝❡❧❧s ❝♦♥t❛✐♥✐♥❣ t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ ❣❛s ❜✉t ❞✐✛❡r❡♥t ❢r❛❝t✐♦♥s ♦❢ ❞✐✛✉s❡ ❣❛s

✭❝❡❧❧s ❛r❡ ❧❛r❣❡r t❤❛♥ t❤❡ ❝❧✉♠♣s s✐③❡✮✱ ✇✐❧❧ ❤❛✈❡ ❞✐✛❡r❡♥t st❛r ❢♦r♠❛t✐♦♥ ❡✣❝✐❡♥❝②✳ ❚❤✐s ❛❧s♦

❡①♣❧❛✐♥s t❤❡ s♠❛❧❧❡r s❝❛tt❡r ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❢❡❡❞❜❛❝❦✿ ❛s t❤❡ ❣❛s ✐s ♠♦r❡ ❤♦♠♦❣❡♥❡♦✉s✱

t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ s✉r❢❛❝❡ ❞❡♥s✐t✐❡s ♦❢ ❙❋❘ ❛♥❞ ❣❛s ✐s ❜❡tt❡r ❞❡t❡r♠✐♥❡❞✳

■♥ ❋✐❣✉r❡s ✺✳✶✾ ❛♥❞ ✺✳✷✵✱ ❧✐♥❡s ♦❢ ❝♦♥st❛♥t ❣❛s ❞❡♣❧❡t✐♦♥ t✐♠❡ ❛r❡ ✐♥❞✐❝❛t❡❞✳ ❚❤❡ ❣❛s

❞❡♣❧❡t✐♦♥ t✐♠❡ ✐s ❞❡✜♥❡❞ ❛s tdep =
ΣGas

ΣSFR
✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❤✐❣❤ ❙❋❘ ❛♥❞ ❣❛s s✉r❢❛❝❡

❞❡♥s✐t② r❡❣✐♦♥s ♦❢ t❤❡ ❣❛❧❛①✐❡s ❤❛✈❡ ❛ ❞❡♣❧❡t✐♦♥ t✐♠❡ ❛s ❧♦✇ ❛s ❛ ❢❡✇ ❤✉♥❞r❡❞s ♦❢ ▼②rs ✐♥ t❤❡

s✐♠✉❧❛t✐♦♥s ✇✐t❤ ♥♦ ♦r ❧✐tt❧❡ ❢❡❡❞❜❛❝❦✱ ✇❤✐❧❡ t❤❡ ❧♦✇ ❙❋❘ ❛♥❞ ❞❡♥s✐t② r❡❣✐♦♥s ❤❛✈❡ ❞❡♣❧❡t✐♦♥

t✐♠❡s ✉♣ t♦ ✶✵ ●②r✳ ❚❤❡ ♦✉t❡r ♣❛rts ♦❢ t❤❡ ❞✐s❝ ✇✐t❤ ❛ ❧♦✇ s✉r❢❛❝❡ ❞❡♥s✐t② ❢♦r♠ st❛rs ♠✉❝❤

❧❡ss ❡✣❝✐❡♥t❧② t❤❛♥ t❤❡ ❝❡♥tr❛❧ ♣❛rts✳
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❋✐❣✉r❡ ✺✳✶✽✿ Pr♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ ❛❧❧ t❤❡ st❛rs ❛❢t❡r ✵✳✺ ●②r✱ ✶ ●②r ❛♥❞ ✸ ●②r ♦❢

❡✈♦❧✉t✐♦♥✳ ❚♦♣ r♦✇✿ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② αfb = 1% ❛♥❞ ♥♦ ❍2✳ ❇♦tt♦♠ r♦✇✿ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝②

αfb = 1% ❛♥❞ ❍2✳

❲❡ ❛❧s♦ s❡❡ ❛ ❞✐✛❡r❡♥❝❡ ❢♦r ❧♦✇ s✉r❢❛❝❡ ❞❡♥s✐t✐❡s ❜❡t✇❡❡♥ ❛t♦♠✐❝ ❛♥❞ ♠♦❧❡❝✉❧❛r s✐♠✉❧❛✲

t✐♦♥s✳ ❚❤❡ ❙❋❘ ✐s ✈❛r②✐♥❣ ♠♦r❡ ❧✐♥❡❛r❧② ✇✐t❤ ♠♦❧❡❝✉❧❛r ❣❛s t❤❛♥ ✇✐t❤ ❛t♦♠✐❝ ❣❛s✳ ❆♥❞ t❤❡

❧♦✇ s✉r❢❛❝❡ ❞❡♥s✐t② r❡❣✐♦♥s ❢♦r♠ st❛rs ♠♦r❡ ❡✣❝✐❡♥t❧② ✇✐t❤ ♠♦❧❡❝✉❧❛r ❣❛s✳ ❚❤✐s ✐s ❡①♣❧❛✐♥❡❞

❜② t❤❡ ❢❛❝t t❤❛t ❍2 ❝♦♦❧✐♥❣ ❛❧❧♦✇s t❤❡ ❣❛s t♦ ❜❡ ❧♦❝❛❧❧② ❞❡♥s❡r✳ ■t ❡s♣❡❝✐❛❧❧② ❛❧❧♦✇s ✐t t♦ ❜❡

♠♦r❡ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ t❤❡ ❞✐s❝ ♣❧❛♥❡ ❛s ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ t❤❡ ❡❞❣❡✲♦♥ ♣r♦❥❡❝t✐♦♥s✳ ❚❤❡♥ t❤❡

❣❛s ✐s ❞❡♥s❡r ✐♥ ✈♦❧✉♠✐❝ ❞❡♥s✐t②✱ ❛♥❞ ❢♦r♠s st❛rs ♠♦r❡ ❡✣❝✐❡♥t❧②✱ ❛t ❛ ❣✐✈❡♥ s✉r❢❛❝❡ ❞❡♥s✐t②✳

❋♦r s✐♠✉❧❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ ❍2✱ t❤❡ ❙❋❘ ✐s s❤♦✇♥ s❡♣❛r❛t❡❧② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛t♦♠✐❝ ❛♥❞

♠♦❧❡❝✉❧❛r ❝♦♠♣♦♥❡♥ts✱ ♦♥ t❤❡ ❜♦tt♦♠ ♦❢ ❋✐❣✉r❡s ✺✳✶✾ ❛♥❞ ✺✳✷✵✳ ❚❤❡ ❛t♦♠✐❝ ❤②❞r♦❣❡♥ s✉r❢❛❝❡

❞❡♥s✐t② ✐s ❝♦♥✜♥❡❞ t♦ ❧♦✇ ✈❛❧✉❡s ❢♦r ♦✉r ❣❛❧❛①✐❡s ❛♥❞ t❤❡ ❙❋❘✲❍■ ❞✐❛❣r❛♠s s❤♦✇ ❛ ❧❛r❣❡ s❝❛tt❡r

❜❡❝❛✉s❡ ❍■ ✐s t♦♦ ❞✐✛✉s❡ t♦ tr❛❝❦ t❤❡ st❛r ❢♦r♠✐♥❣ ❣❛s✳ ❚❤❡ ❢❛❝t t❤❛t ❍2 ✐s ❛ ❜❡tt❡r tr❛❝❡r ♦❢

st❛r ❢♦r♠❛t✐♦♥ ✐s ❛❧s♦ ❢♦✉♥❞ ✐♥ ♦❜s❡r✈❛t✐♦♥s ♦❢ ♥❡❛r❜② ❣❛❧❛①✐❡s ✭❡✳❣✳ ❇✐❣✐❡❧ ❡t ❛❧✳ ✷✵✵✽✮✳
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❋✐❣✉r❡ ✺✳✶✾✿ ❑✲❙ ❞✐❛❣r❛♠s ❢♦r r✉♥s ✇✐t❤♦✉t ❢❡❡❞❜❛❝❦✳ ❚♦♣ r♦✇✿ s✐♠✉❧❛t✐♦♥ ✇✐t❤♦✉t ❍2✳ ❇♦tt♦♠ r♦✇✿ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❍2✳ ▲❡❢t✿ ❙❋❘ ✈s

t♦t❛❧ ❤②❞r♦❣❡♥ ❣❛s s✉r❢❛❝❡ ❞❡♥s✐t②✳ ▼✐❞❞❧❡✿ ❙❋❘ ✈s t❤❡ ❍■ ♦♥❧② s✉r❢❛❝❡ ❞❡♥s✐t②✳ ❘✐❣❤t✿ ❙❋❘ ✈s t❤❡ ❍2 s✉r❢❛❝❡ ❞❡♥s✐t②✳
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❋✐❣✉r❡ ✺✳✷✵✿ ❑✲❙ ❞✐❛❣r❛♠s ❢♦r r✉♥s ✇✐t❤ ❛ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② αfb = 10%✳ ❚♦♣ r♦✇✿ s✐♠✉❧❛t✐♦♥ ✇✐t❤♦✉t ❍2✳ ❇♦tt♦♠ r♦✇✿ s✐♠✉❧❛t✐♦♥ ✇✐t❤

❍2✳ ▲❡❢t✿ ❙❋❘ ✈s t♦t❛❧ ❤②❞r♦❣❡♥ ❣❛s s✉r❢❛❝❡ ❞❡♥s✐t②✳ ▼✐❞❞❧❡✿ ❙❋❘ ✈s t❤❡ ❍■ ♦♥❧② s✉r❢❛❝❡ ❞❡♥s✐t②✳ ❘✐❣❤t✿ ❙❋❘ ✈s t❤❡ ❍2 s✉r❢❛❝❡ ❞❡♥s✐t②✳
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✹✳✺ ●❛s ❞❡♥s✐t② ♣r♦✜❧❡ ✈❛r✐❛t✐♦♥

❚❤❡ ❣❛❧❛①✐❡s ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❤❛✈❡ ❛ r❛t❤❡r ❧♦✇ ❣❛s s✉r❢❛❝❡ ❞❡♥s✐t②✳ ❲❡ ❛❧s♦ r✉♥ s✐♠✲

✉❧❛t✐♦♥s ✇✐t❤ s♠❛❧❧❡r ❝❤❛r❛❝t❡r✐st✐❝ r❛❞✐✐✱ ❛♥❞ t❤❡r❡❢♦r❡ ❤✐❣❤❡r s✉r❢❛❝❡ ❞❡♥s✐t✐❡s✳ ❋✐❣✉r❡ ✺✳✷✶

❞✐s♣❧❛②s t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ❢♦r ❛ ▼✐②❛♠♦t♦✲◆❛❣❛✐ ❣❛s r❛❞✐✉s rg ♦❢ ✸✳✻ ❦♣❝✳ ❚❤❡ tr❛♥s✐t✐♦♥

r❛❞✐✉s ❜❡t✇❡❡♥ ❍2 ❞♦♠✐♥❛t❡❞ ❛♥❞ ❍■ ❞♦♠✐♥❛t❡❞ r❡❣✐♦♥s✱ t❤❡ r❛❞✐✉s ❛t ✇❤✐❝❤ ΣH2
= ΣHI✱

❤❛s t❤❡♥ ❛ ✈❛❧✉❡ s✐♠✐❧❛r t♦ t❤❡ ❛✈❡r❛❣❡ ♦❜s❡r✈❡❞ ❜② ❇✐❣✐❡❧ ✫ ❇❧✐t③ ✭✷✵✶✷✮ ✭t❤❡✐r ❛✈❡r❛❣❡ ✈❛❧✉❡

❢♦r ♥❡❛r❜② s♣✐r❛❧ ❣❛❧❛①✐❡s ♦❜s❡r✈❛t✐♦♥s ✐s ✶✹ ▼⊙✴♣❝
2✮✳ Pr❡✈✐♦✉s ❣❛❧❛①✐❡s ❜❡❧♦♥❣ t♦ t❤❡ ❧♦✇❡r

s✉r❢❛❝❡ ❞❡♥s✐t② ❣r♦✉♣ ♦❜s❡r✈❡❞ ❜② ❇✐❣✐❡❧ ✫ ❇❧✐t③ ✭✷✵✶✷✮✳

❚❤❡ ❡✛❡❝t ♦❢ ❍2 ❝♦♦❧✐♥❣ ✐s r❡❞✉❝❡❞ ✐♥ t❤❡s❡ ❣❛❧❛①✐❡s ✇✐t❤ ❤✐❣❤❡r s✉r❢❛❝❡ ❞❡♥s✐t②✱ s✐♥❝❡ ❛

❧❛r❣❡r ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❣❛s ❜❡❧♦♥❣ t♦ t❤❡ ❝❡♥tr❛❧ r❡❣✐♦♥s✱ ✇✐t❤ ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t st❛r ❢♦r♠❛t✐♦♥

t❤❛♥ t❤❡ ♦✉t❡r ♣❛rts✳ ❍2 ❝♦♦❧✐♥❣ ✐s ♠♦r❡ ✐♠♣♦rt❛♥t ✇❤❡♥ t❤❡r❡ ✐s ♠♦r❡ ❣❛s ✐♥ t❤❡ ♠❡t❛❧ ♣♦♦r

♦✉t❡r r❡❣✐♦♥s✳
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R [kpc]
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❋✐❣✉r❡ ✺✳✷✶✿ ❘❛❞✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ♦❢ ❍2✱ ❛t♦♠✐❝ ❣❛s ❍■ ❛♥❞ t♦t❛❧ ❤②❞r♦❣❡♥

❣❛s ❛❢t❡r ✶✵✵ ▼②r ❢♦r αfb = 40% ❛♥❞ ❛ χ× 500 ❯❱ s❝❛❧✐♥❣ ❢❛❝t♦r✳

✺ ❱❡rt✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ❞✐s❝

❚❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❤❛s ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ ✈❡rt✐❝❛❧ str✉❝t✉r❡ ♦❢

t❤❡ ❞✐s❝✱ ✜rst❧② ❜❡❝❛✉s❡ t❤❡ ❝♦❧❞ ❛♥❞ ❞❡♥s❡ ❣❛s ❝♦♥❝❡♥tr❛t❡s ✐♥ t❤❡ ❞✐s❝ ♠✐❞❞❧❡ ♣❧❛♥❡✱ ❛♥❞

s❡❝♦♥❞❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♠♣❛❝t ♦❢ ❣❛s ❝❧✉♠♣✐♥❣ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢❡❡❞❜❛❝❦ ❡♥❡r❣②✳

✭❈❤r✐st❡♥s❡♥ ❡t ❛❧✳ ✷✵✶✷❜✱❛✮ ✐♥❝❧✉❞❡ ♥♦♥✲❡q✉✐❧✐❜r✐✉♠ ❢♦r♠❛t✐♦♥ ♦❢ ❍2✱ s❡❧❢✲s❤✐❡❧❞✐♥❣ ❛♥❞

❞✉st s❤✐❡❧❞✐♥❣ ♦❢ ❜♦t❤ ❍■ ❛♥❞ ❍2 ✐♥ ❣❛❧❛①✐❡s ❡①tr❛❝t❡❞ ❢r♦♠ ❝♦s♠♦❧♦❣✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛♥❞

❡①♣❧♦r❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✐♥❝❧✉❞✐♥❣ ❍2 ❢♦r♠❛t✐♦♥✱ ❢♦r ❛ ✜①❡❞ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝②✳ ❙✐♠✐❧❛r❧② t♦

t❤❡✐r r❡s✉❧ts✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❍2 ♠❛❦❡s t❤❡ ♦✉t❡r ♣❛rts ♦❢ ❞✐s❝s ❞❡♥s❡r✳

❍2 ❝♦♦❧✐♥❣ ❛❧s♦ ❡♥❛❜❧❡s t❤❡ ❣❛s t♦ ❜❡ ♠♦r❡ ❡✣❝✐❡♥t❧② ❡①♣❡❧❧❡❞ ❢r♦♠ t❤❡ ♣❧❛♥❡✱ s✐♥❝❡ t❤❡
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❋✐❣✉r❡ ✺✳✷✷✿ ❱❡rt✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ❣❛s✳ ❋✐rst r♦✇✿ ❝❤❛r❛❝t❡r✐st✐❝ ❣❛s ❤❡✐❣❤t ③1/2 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❣❛❧❛❝t♦❝❡♥tr✐❝ r❛❞✐✉s ❛❢t❡r ✵✳✺ ●②r ♦❢

❡✈♦❧✉t✐♦♥✳ ❙❡❝♦♥❞ r♦✇✿ ❢r❛❝t✐♦♥ ♦❢ ❣❛s ❜❡②♦♥❞ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❤❡✐❣❤t✳ ❚❤✐r❞ r♦✇✿ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥✳ ❙♦❧✐❞ ❧✐♥❡s✿ r✉♥s ✇✐t❤ ❍2✳

❉❛s❤❡❞ ❧✐♥❡s✿ r✉♥s ✇✐t❤♦✉t ❍2

✳
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❋✐❣✉r❡ ✺✳✷✸✿ ❋r❛❝t✐♦♥ ♦❢ ❣❛s ❜❡②♦♥❞ ✶ ❦♣❝ ❢r♦♠ t❤❡ ❞✐s❝ ♣❧❛♥❡✳ ❙♦❧✐❞ ❧✐♥❡s ❛r❡ r✉♥s ✇✐t❤ ❍2

❛♥❞ ❞❛s❤❡❞ ♦♥❡s ❛r❡ r✉♥s ✇✐t❤♦✉t ❍2✳ ❇❧✉❡ ❧✐♥❡s✿ ♥♦ ❢❡❡❞❜❛❝❦✳ ●r❡❡♥ ❧✐♥❡s✿ αfb = 10% ✱ ❘❡❞

❧✐♥❡s✿ αfb = 40%

✳
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αfb=40% with H2

αfb=40% without H2

❋✐❣✉r❡ ✺✳✷✹✿ ❱❡rt✐❝❛❧ ♠❛ss ♣r♦✜❧❡ ♦❢ t❤❡ ❞✐s❝ ❢♦r r❛❞✐✐ ❘ > ✶✺ ❦♣❝ ❢♦r r✉♥s ✇✐t❤ αfb = 40%✳

❙♦❧✐❞ ❧✐♥❡✿ r✉♥ ✇✐t❤ ❍2✳ ❉❛s❤❡❞ ❧✐♥❡✿ r✉♥ ✇✐t❤♦✉t ❍2✳ ❚❤❡ t✇♦ ✈❡rt✐❝❛❧ ❧✐♥❡s ♠❛r❦ t❤❡

❝❤❛r❛❝t❡r✐st✐❝ ✈❡rt✐❝❛❧ ❤❡✐❣❤ts ③1/2✳

❢❡❡❞❜❛❝❦ ❤❛s ❛ str♦♥❣❡r ❡✛❡❝t ✐♥ ❞❡♥s❡ r❡❣✐♦♥s✿ ✐♥ ♦✉r ❢❡❡❞❜❛❝❦ s❝❤❡♠❡✱ ♣❛rt✐❝❧❡s ❣❡t ✈❡❧♦❝✐t②

❦✐❝❦s ✇❡✐❣❤t❡❞ ❜② t❤❡ ❙P❍ ❦❡r♥❡❧✱ s♦ t❤❛t t❤❡ ❦✐❝❦s ❛r❡ ❧❛r❣❡r ❢♦r ♣❛rt✐❝❧❡s ❝❧♦s❡r t♦ t❤❡ ♥❡✇

st❡❧❧❛r ♣❛rt✐❝❧❡s✳ ❲❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ✈❛r✐♦✉s ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✱ ❤❡❧♣✐♥❣ t♦
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❝❤❡❝❦ t❤✐s ❡✛❡❝t✳ ❋✐❣✉r❡ ✺✳✷✸ s❤♦✇s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❣❛s t❤❛t ✐s ❡①♣❡❧❧❡❞ ❢✉rt❤❡r t❤❛♥ ✶ ❦♣❝ ❢r♦♠

t❤❡ ❞✐s❝ ✭♦r r❛❞✐❛❧❧② ❢✉rt❤❡r t❤❛♥ ✻✵ ❦♣❝ ❢r♦♠ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❣❛❧❛①②✮✿ ✇✐t❤♦✉t ❢❡❡❞❜❛❝❦✱ t❤❡

❣❛s ✐s ♦♥❧② ❣r❛✈✐t❛t✐♦♥❛❧❧② ❤❡❛t❡❞ ❛♥❞ t❤❡ ❡✛❡❝t ♦❢ ❞❡♥s❡r ❣❛s ❛♥❞ ❤✐❣❤❡r ❝❧✉♠♣✐♥❣ ❢❛❝t♦r ❞✉❡

t♦ ❍2 ♠❛❦❡s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❣❛s ❧❡❛✈✐♥❣ t❤❡ ❞✐s❝ s♠❛❧❧❡r t❤❛♥ ❢♦r ❛ ♣✉r❡❧② ❛t♦♠✐❝ ❤②❞r♦❣❡♥

❣❛s✳ ❍♦✇❡✈❡r✱ ✇✐t❤ ❢❡❡❞❜❛❝❦✱ t❤❡r❡ ✐s ❛ ❤✐❣❤❡r ❢r❛❝t✐♦♥ ♦❢ ❣❛s ♦✉ts✐❞❡ t❤❡ ❞✐s❝ ✇❤❡♥ ❍2

✐s ✐♥❝❧✉❞❡❞✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ❤✐❣❤❡r ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❣❛s ♠❛❦❡s t❤❡ ❢❡❡❞❜❛❝❦ ♠♦r❡

❡✣❝✐❡♥t✳ ■♥ ♦✉r s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❡✛❡❝t ✐s ❡s♣❡❝✐❛❧❧② str✐❦✐♥❣ ✐♥ t❤❡ ♦✉t❡r ♣❛rts ♦❢ ❞✐s❝s ✇❤❡♥

❍2 ❢♦r♠❛t✐♦♥ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ ❛s t❤❡ ✈❡rt✐❝❛❧ r❡st♦r✐♥❣ ❢♦r❝❡ ✐s ❧♦✇❡r t❤❡r❡✳

❲❡ ❝❤❡❝❦❡❞ t❤❛t t❤❡ ✈❡rt✐❝❛❧ ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❜♦t❤ ❛ ♠♦r❡ ❝♦♥❝❡♥✲

tr❛t❡❞ ❞✐s❝ ❛♥❞ ❛ ❤✐❣❤❡r ❢r❛❝t✐♦♥ ♦❢ ❣❛s ❧❡❛✈✐♥❣ t❤❡ ❞✐s❝✳ ❋✐❣✉r❡ ✺✳✷✹ s❤♦✇s t❤❡ ✈❡rt✐❝❛❧ ♠❛ss

♣r♦✜❧❡ ♦❢ t❤❡ ❣❛s ❛t ❧❛r❣❡ r❛❞✐✐ ❢♦r αfb = 40%✿ t❤❡ ❣❛s ✐s ♠♦r❡ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ t❤❡ ❞✐s❝ ♣❧❛♥❡✱

❜✉t t❤❡ ❞✐str✐❜✉t✐♦♥ ❤❛s ❤✐❣❤❡r ❞❡♥s✐t② ✏t❛✐❧s✑ ✇❤❡♥ ♠♦r❡ ❡✣❝✐❡♥t ❢❡❡❞❜❛❝❦ ✐♥ ❞❡♥s❡r r❡❣✐♦♥s

❛❧❧♦✇s t❤❡ ❣❛s t♦ ❜❡ ❡①♣❡❧❧❡❞ ❢r♦♠ t❤❡ ❞✐s❝✳ ❋✐❣✉r❡ ✺✳✷✹ s❤♦✇s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❤❡✐❣❤t ③1/2

♦❢ t❤❡ ❣❛s✱ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❞✐s❝ ♣❧❛♥❡ ❢♦r ✇❤✐❝❤ t❤❡ ❞❡♥s✐t② ❡q✉❛❧s ❤❛❧❢ ♦❢ t❤❡ ❝❡♥tr❛❧

❞❡♥s✐t②✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r❛❞✐✉s ❢♦r t❤❡ ✈❛r✐♦✉s s✐♠✉❧❛t✐♦♥s✳ ❊s♣❡❝✐❛❧❧② ❛t ❧❛r❣❡ r❛❞✐✐✱ t❤❡

❝❤❛r❛❝t❡r✐st✐❝ ❤❡✐❣❤t ✐s ❧♦✇❡r ❢♦r s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❍2 ❢♦r ❛❧❧ ❢❡❡❞❜❛❝❦s ❛s ❍2 ❝♦♥❝❡♥tr❛t❡s

t❤❡ ❣❛s ✐♥ t❤❡ ♠✐❞❞❧❡ ♣❧❛♥❡✳ ❚❤❡ ❢r❛❝t✐♦♥ ♦❢ ❣❛s ❜❡②♦♥❞ t❤✐s ❤❡✐❣❤t ❤♦✇❡✈❡r ✐♥❝r❡❛s❡s ✇✐t❤

t❤❡ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② ❛t ❧❛r❣❡ r❛❞✐✐ ✇❤❡♥ ❍2 ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ ❛s ❣❛s ✐s t❤❡♥ ❡✣❝✐❡♥t❧②

❡①♣❡❧❧❡❞ ❜② ❢❡❡❞❜❛❝❦✳ ❲✐t❤♦✉t ❢❡❡❞❜❛❝❦✱ s♦♠❡ ❞✐✛❡r❡♥❝❡ r❡♠❛✐♥s✱ ♣r♦❜❛❜❧② ❞✉❡ t♦ ❣r❛✈✐t❛✲

t✐♦♥❛❧ ❤❡❛t✐♥❣ ♣r♦❞✉❝❡❞ ❜② ❛ ❤✐❣❤❡r ❝❧✉♠♣✐♥❣✳ ❲❡ s❡❡ ✐♥❞❡❡❞ ❛ s❧✐❣❤t ❞✐✛❡r❡♥❝❡ ✐♥ ✈❡rt✐❝❛❧

✈❡❧♦❝✐t② ❞✐s♣❡rs✐♦♥✳

■♥ ♦✉r s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❍2 ❣❛s ❞✐s❝ r❡♠❛✐♥s ✈❡r② t❤✐♥✱ ❛s ❝❛♥ ❜❡ s❡❡♥ ♦♥ ❋✐❣✉r❡ ✺✳✶✶✳ ❚❤❡

t❤✐❝❦ ❞✐s❝s t❤❛t ❛r❡ ♦❜t❛✐♥❡❞ ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ ❛t♦♠✐❝ ❤②❞r♦❣❡♥✱ ❜❡❝❛✉s❡ t❤❡ ❞❡♥s✐t② ✐s t♦♦

❧♦✇ ❢♦r ❍2 s❤✐❡❧❞✐♥❣ t♦ ❜❡ ❡✣❝✐❡♥t✳ ❙♦♠❡ ♦❜s❡r✈❛t✐♦♥s ❤♦✇❡✈❡r ✐♥❞✐❝❛t❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤✐❝❦

❍2 ❞✐s❝s✱ ❢♦r ❡①❛♠♣❧❡ ✐♥ ▼✺✶ ✭P❡t② ❡t ❛❧✳ ✷✵✶✸✮✳ ❖✉r r❡s✉❧t ♦♥ t❤❡ t❤✐♥♥❡ss ♦❢ t❤❡ ♠♦❧❡❝✉❧❛r

❤②❞r♦❣❡♥ ❞✐s❝ ❝♦✉❧❞ ❝❤❛♥❣❡ ✐♥ s✐♠✉❧❛t✐♦♥s ♦❢ ❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ✐♥ ✇❤✐❝❤ ❝❧✉♠♣s ❝♦✉❧❞ ❜❡ ❛❧❧♦✇

t♦ ❢♦r♠ ❢✉rt❤❡r ❛✇❛② ❢r♦♠ t❤❡ ❞✐s❝ ♣❧❛♥❡✳

✻ ❱❛r✐❛t✐♦♥s ♦❢ ♣❛r❛♠❡t❡rs ♦r ❜❛r②♦♥✐❝ ♣❤②s✐❝s ♠❡t❤♦❞s

■♥ t❤✐s ❧❛st s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ✈❛r✐❛t✐♦♥s ❛r♦✉♥❞ t❤❡ ❢♦r♠❡r s✐♠✉❧❛t✐♦♥s✳ ❙✐♠✉❧❛t✐♦♥s

❛r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ❛❞♦♣t❡❞ ♠♦❞❡❧s ❛♥❞ ❛❧❣♦r✐t❤♠s✳

✻✳✶ ❘❡s♦❧✉t✐♦♥

❲❡ r❛♥ s✐♠✉❧❛t✐♦♥s ✇✐t❤ t✇✐❝❡ ❛s ♠❛♥② ❛♥❞ t✇✐❝❡ ❛s ❢❡✇ ♣❛rt✐❝❧❡s ✭❝❤❛♥❣✐♥❣ t❤❡ ♥✉♠❜❡r

♦❢ ❛❧❧ ♣❛rt✐❝❧❡s✿ ❣❛s✱ st❛rs ❛♥❞ ❞❛r❦ ♠❛tt❡r✮ ❢♦r ❛ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② αfb = 10%✳ ❚❤❡ s♦❢t❡♥✐♥❣

❧❡♥❣t❤ ✐s ✉s✉❛❧❧② t❛❦❡♥ ❛s✿

ǫ ∝ N−1/3 ✭✺✳✶✹✮



✻✳ ❱❆❘■❆❚■❖◆❙ ❖❋ P❆❘❆▼❊❚❊❘❙ ❖❘ ❇❆❘❨❖◆■❈ P❍❨❙■❈❙ ▼❊❚❍❖❉❙ ✶✵✺

✇✐t❤ N t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✳ ❚❤✐s ♠❛❦❡s ✐t ❝❤❛♥❣❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❤❛♥❣❡ ✐♥ ♠❡❛♥

✐♥t❡r✲♣❛rt✐❝❧❡ ❞✐st❛♥❝❡✳ ❲❡ t❤✉s ✉s❡❞ ǫ = 130 ♣❝ ❢♦r t❤❡ ❧♦✇✲r❡s♦❧✉t✐♦♥ r✉♥ ❛♥❞ ǫ = 80 ♣❝ ❢♦r

t❤❡ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ r✉♥✳ ❲❡ ❦❡❡♣ ❛❧❧ t❤❡ st❛r ❢♦r♠❛t✐♦♥ ♣❛r❛♠❡t❡rs ❝♦♥st❛♥t✳

❲❡ r❡♣r❡s❡♥t ♦♥ ❋✐❣✉r❡ ✺✳✷✺ t❤❡ ❣❛s ♠❛ss ❞❡♣❧❡t✐♦♥ ❛♥❞ ❙❋❘ ❢♦r t❤❡ ❞✐✛❡r❡♥t r✉♥s✳ ▼♦r❡

st❛rs ❛r❡ ❢♦r♠❡❞ ✇❤❡♥ ✇❡ ✐♥❝r❡❛s❡ t❤❡ r❡s♦❧✉t✐♦♥✳ ❲❡ ❤❛✈❡ ♥♦t ❛❞❛♣t❡❞ t❤❡ st❛r ❢♦r♠❛t✐♦♥

❡✣❝✐❡♥❝② ♣❡r ❢r❡❡✲❢❛❧❧ t✐♠❡ c∗✱ ✇❤✐❝❤ ♠❛①✐♠✐s❡s t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t r✉♥s✳
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❋✐❣✉r❡ ✺✳✷✺✿ ▲❡❢t✿ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❛s❡♦✉s ♠❛ss ♦❢ t❤❡ ❣❛❧❛①② ❢♦r αfb = 10%✳ ❘✐❣❤t✿ ❡✈♦❧✉t✐♦♥

♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❙❋❘s ✭❞❡✜♥❡❞ ❛s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❧❡❢t ❝✉r✈❡s✮✳ ❋♦r ❜♦t❤ ♣❧♦ts✱ s♦❧✐❞

❧✐♥❡s ❛r❡ ❢♦r r✉♥s ✇✐t❤ ❍2 ❛♥❞ ❞❛s❤❡❞ ❧✐♥❡s ❢♦r r✉♥s ✇✐t❤♦✉t ❍2✳

❲❡ ♣❧♦t ♦♥ ❋✐❣✉r❡ ✺✳✷✻ t❤❡ ❣❧♦❜❛❧ ❍2 ♠❛ss ❢r❛❝t✐♦♥ ❢♦r t❤❡s❡ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ♣❛r❛♠❡t❡rs

♦❢ t❤❡ ❍2 ❢r❛❝t✐♦♥ r❡❝✐♣❡ ❛r❡ t❤❡ s❛♠❡ ❢♦r ❛❧❧ s✐♠✉❧❛t✐♦♥s✳ ❲❡ s❡❡ t❤❡ ❢r❛❝t✐♦♥ ✐♥❝r❡❛s❡s ✇✐t❤

❞❡❝r❡❛s✐♥❣ r❡s♦❧✉t✐♦♥✳ ❚❤✐s ❝❛♥ ❜❡ ♣❛rt❧② ❞✉❡ t♦ t❤❡ s❧✐❣❤t❧② r❡❞✉❝❡❞ ❙❋❘ ✇❤❡♥ r❡s♦❧✉t✐♦♥

❞❡❝r❡❛s❡s✱ ❛♥❞ ❛❧s♦ t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦❧✉♠♥ ❞❡♥s✐t②✳ ❋♦r ❤✐❣❤ r❡s♦❧✉t✐♦♥ r✉♥s ❤❛✈✐♥❣

❧♦✇❡r s♠♦♦t❤✐♥❣ ❧❡♥❣t❤s✱ t❤✐s ❝♦❧✉♠♥ ❞❡♥s✐t②✱ ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡

❞❡♥s✐t② ❝♦♠♣✉t❡❞✱ ✐s s♠❛❧❧❡r t❤❛♥ ❢♦r ❧♦✇ r❡s♦❧✉t✐♦♥ r✉♥s✳ ❆s ❍2 ✐s ❧❡ss s❤✐❡❧❞❡❞✱ ✐ts ❢r❛❝t✐♦♥

✐s r❡❞✉❝❡❞✳

❚❤❡ ♥✉♠❜❡r ❞❡♥s✐t② P❉❋s ❢♦r r✉♥s ❡✐t❤❡r ✇✐t❤♦✉t ❛♥② ❍2 ♦r ✇✐t❤ ❍2✱ ❦❡❡♣✐♥❣ t❤❡ s❛♠❡

♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❍2 ❢r❛❝t✐♦♥ r❡❝✐♣❡ ❛s ✐♥ ♦✉r ✜❞✉❝✐❛❧ s✐♠✉❧❛t✐♦♥✱ ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✺✳✷✼✳

❚❤❡② ❛r❡ s✐♠✐❧❛r ❢♦r ❛❧❧ t❤❡ r❡s♦❧✉t✐♦♥s✳

✻✳✷ ❚❤r❡s❤♦❧❞ ❞❡♥s✐t② ❢♦r st❛r ❢♦r♠❛t✐♦♥

❚❤❡ t❤r❡s❤♦❧❞ ❞❡♥s✐t② ❢♦r st❛r ❢♦r♠❛t✐♦♥ ❤❛s ❛ str♦♥❣ ✐♠♣❛❝t ♦♥ t❤❡ ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥

♦❢ t❤❡ ❣❛s✳ ■❢ t❤✐s t❤r❡s❤♦❧❞ ✐s ❛✉❣♠❡♥t❡❞✱ ❣❛s r❡❛❝❤❡s ❤✐❣❤❡r ❞❡♥s✐t✐❡s t❤❛♥ ✐❢ ✐t ✇❡r❡ ❛❧❧♦✇❡❞

t♦ ❜❡ ❝♦♥✈❡rt❡❞ ✐♥t♦ st❛rs s♦♦♥❡r✱ ❛♥❞ t❤❡ ♦❜t❛✐♥❡❞ ■❙▼ ❝❛♥ ❜❡ ♠✉❝❤ ♠♦r❡ ❤❡t❡r♦❣❡♥❡♦✉s✳

❲❤✐❧❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ ✈❡r② ❧❛r❣❡ ♣❛rt✐❝❧❡ ♥✉♠❜❡r ❛♥❞ ♠❛② ❜❡ s✉❜❥❡❝t t♦ r❡s♦❧✉t✐♦♥ ❛rt❡❢❛❝ts✱

✇❡ ♣❡r❢♦r♠ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❛ t❤r❡s❤♦❧❞ ❞❡♥s✐t② ✶✵✵ t✐♠❡s ❤✐❣❤❡r t❤❛♥ ♦✉r ✜❞✉❝✐❛❧ ♦♥❡✿ ✇❡ s❡t

nHmin = 10 ❝♠−3 ❛♥❞ ♦❜t❛✐♥ t❤❡ s✉r❢❛❝❡ ❞❡♥s✐t② ♠❛♣s s✉❝❤ ❛s t❤❡ ♦♥❡s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✺✳✷✽✳
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❋✐❣✉r❡ ✺✳✷✼✿ ❍②❞r♦❣❡♥ ♥✉❝❧❡✐ ♥✉♠❜❡r ❞❡♥s✐t② P❉❋s ✭♠❛ss✲✇❡✐❣❤t❡❞ ❛♥❞ ♥♦r♠❛❧✐s❡❞ t♦ ✉♥✐t②✮✳

▲❡❢t✿ r✉♥s ✇✐t❤ ♥♦ ❍2✳ ❘✐❣❤t✿ r✉♥s ✇✐t❤ ❍2.

❚❤❡ ❣❛s ✐s ✐♥❞❡❡❞ ✈❡r② ❝♦♥tr❛st❡❞ ✐♥ ❞❡♥s✐t②✱ ❛s ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ♦♥ ❋✐❣✉r❡ ✺✳✷✾✳

❲❡ ♦❜s❡r✈❡ t❤❛t✱ ❛❢t❡r ❛ ❢❡✇ ●②rs✱ ♠♦r❡ ♦❢ t❤❡ t♦t❛❧ ❣❛s ✐s ❞❡♣❧❡t❡❞ ❢♦r t❤❡ ❝❛s❡ ✇✐t❤♦✉t

❢❡❡❞❜❛❝❦ ♦r ✇✐t❤ ❛ ❧♦✇ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② αfb = 1% t❤❛♥ ✇✐t❤ ♦✉r ✜❞✉❝✐❛❧ t❤r❡s❤♦❧❞ nHmin =

10−1 ❝♠−3 ✭s❡❡ ❋✐❣✉r❡ ✺✳✸✵ ❝♦♠♣❛r❡❞ t♦ ❋✐❣✉r❡ ✺✳✶✺✮✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❤✐❣❤❡r ❝❧✉♠♣✐♥❣

❡✣❝✐❡♥❝② ❛♥❞ ❛❧s♦ ♣♦ss✐❜❧② t♦ t❤❡ ❧♦✇❡r ❡✛❡❝t ♦❢ st❡❧❧❛r ❢❡❡❞❜❛❝❦ ✐♥ ✈❡r② ❞❡♥s❡ r❡❣✐♦♥s ❢♦r

t❤❡ ❝❛s❡ αfb = 1%✳ ❍♦✇❡✈❡r✱ t❤❡ ❞❡♣❧❡t✐♦♥ ✐s ❧♦✇❡r ❢♦r t❤❡ t✇♦ ❤✐❣❤ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝②

❝❛s❡s✱ ❜❡❝❛✉s❡ t❤❡ ❣❛s r❡❛❝❤❡s ❞❡♥s✐t✐❡s ❤✐❣❤ ❡♥♦✉❣❤ ❢♦r st❛r ❢♦r♠❛t✐♦♥ ♠♦r❡ ❞✐✣❝✉❧t❧②✱ ❛♥❞

✐s str♦♥❣ ❡♥♦✉❣❤ t♦ ❧♦✇❡r t❤❡ ❞❡♥s✐t② ❜❡❧♦✇ t❤❡ st❛r ❢♦r♠❛t✐♦♥ t❤r❡s❤♦❧❞✳ ❚❤❡ ❙❋❘s ♦♥

t❤❡ r✐❣❤t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✺✳✸✵ ❡①❤✐❜✐t ♣❡❛❦s ❤✉♥❞r❡❞s ♦❢ ▼②rs ❛❢t❡r t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡

s✐♠✉❧❛t✐♦♥s✱ ❝♦♥tr❛r✐❧② t♦ ✇❤❛t ✇❛s ♦❜s❡r✈❡❞ ❢♦r ❛ ❧♦✇❡r t❤r❡s❤♦❧❞ ❢♦r st❛r ❢♦r♠❛t✐♦♥ ✭s❡❡

✜❣✉r❡ ✺✳✶✺✮✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ r❡❛❝❤ ❞❡♥s✐t✐❡s ❤✐❣❤❡r t❤❛♥ t❤❡

t❤r❡s❤♦❧❞ s♦ ❛s t♦ ❢♦r♠ st❛rs✳ ❚❤❡ ❙❋❘ ♣❡❛❦s ❤❛♣♣❡♥ ❛❧❧ t❤❡ ❧❛t❡r ❛s t❤❡ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝②
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❋✐❣✉r❡ ✺✳✷✽✿ Pr♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❣❛s ❞❡♥s✐t② ❛t t❂✵✳✺ ●②r ❢♦r r✉♥s ✇✐t❤ nHmin = 10 ❝♠−3✳

❇♦① s✐③❡s ❛r❡ ❬✸✵ ❦♣❝ ① ✸✵ ❦♣❝❪✳

✐s ❤✐❣❤❡r✱ ❜❡❝❛✉s❡ ✐♥ ❤✐❣❤ ❢❡❡❞❜❛❝❦ ❝❛s❡s✱ t❤❡ ❧✐tt❧❡ ✐♥✐t✐❛❧ ❛♠♦✉♥t ♦❢ st❛r ❢♦r♠❛t✐♦♥ ♣r❡✈❡♥ts

t❤❡ ❣❛s ♠♦r❡ ❡✣❝✐❡♥t❧② ❢r♦♠ ❝❧✉♠♣✐♥❣✳

✻✳✸ ❘❡❝✐♣❡ ❢♦r ❢❡❡❞❜❛❝❦

❆s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ ✻ ♦❢ ❈❤❛♣t❡r ✹✱ ✇❡ tr✐❡❞ s❡✈❡r❛❧ t❡❝❤♥✐q✉❡s t♦ ✐♥♣✉t ❡♥❡r❣② ❢r♦♠ ❙◆■■

❡①♣❧♦s✐♦♥s t♦ t❤❡ s✉rr♦✉♥❞✐♥❣ ❣❛s ♦❢ ♥❡✇ st❡❧❧❛r ♣❛rt✐❝❧❡s✳

❲❡ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ♦❢ ♦✉r s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❛ ❦✐♥❡t✐❝ ❢❡❡❞❜❛❝❦ ♦❢ ❡✣❝✐❡♥❝② αfb =

10% ❛♥❞ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ t♦ t✇♦ s✐♠✉❧❛t✐♦♥s ✇✐t❤ t❤❡ s❛♠❡ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝② ❛♥❞ t❤❡

s❛♠❡ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❢r❛❝t✐♦♥ ❜✉t ♦t❤❡r ❢❡❡❞❜❛❝❦

♠❡t❤♦❞s✳

❆ s✐♠✉❧❛t✐♦♥ ✐s r✉♥ ✇✐t❤ ❣❛s ♣❛rt✐❝❧❡s ❞②♥❛♠✐❝❛❧❧② ❞❡❝♦✉♣❧❡❞ ❢♦r ❛t ♠♦st ✶✵ ▼②r ♦♥❝❡

t❤❡② ❛r❡ ❣✐✈❡♥ ❛ ✈❡❧♦❝✐t② ❦✐❝❦✳ ❚❤❡② ❝❛♥ ❜❡ r❡✲❝♦✉♣❧❡❞ ❡✐t❤❡r ♦♥❝❡ t❤✐s t✐♠❡ ❤❛s ♣❛ss❡❞ ♦r

♦♥❝❡ t❤❡✐r ❞❡♥s✐t② ❤❛s ❜❡❝♦♠❡ ❧♦✇❡r t❤❛♥ 10−1 ❝♠3 ✭❢♦❧❧♦✇✐♥❣ ❙♣r✐♥❣❡❧ ✫ ❍❡r♥q✉✐st ✭✷✵✵✸✮✮✳

❆ s♥❛♣s❤♦t ✐s s❤♦✇♥ ♦♥ t❤❡ ♠✐❞❞❧❡ ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✺✳✸✶✳



✶✵✽ ❈❍❆P❚❊❘ ✺✳ ❙■▼❯▲❆❚■❖◆❙

10-3

10-1

101

103

n
H
 [

cm
−3

]

αfb=1%

0 5 10 15 20 25 30 35 40
R [kpc]

10-3

10-1

101

103

n
H
 [

cm
−3

]

10-3

10-1

101

103

n
H
 [

cm
−3

]

αfb=40%

0 5 10 15 20 25 30 35 40
R [kpc]

10-3

10-1

101

103

n
H
 [

cm
−3

]
❋✐❣✉r❡ ✺✳✷✾✿ ❍②❞r♦❣❡♥ ♥✉❝❧❡✐ ♥✉♠❜❡r ❞❡♥s✐t②✲❣❛❧❛❝t♦❝❡♥tr✐❝ r❛❞✐✉s ❤✐st♦❣r❛♠s ❛❢t❡r ✵✳✺ ●②r
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❋✐❣✉r❡ ✺✳✸✵✿ ▲❡❢t✿ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❛s❡♦✉s ♠❛ss ♦❢ t❤❡ ❣❛❧❛①②✳ ❘✐❣❤t✿ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❙❋❘s ✭❞❡✜♥❡❞ ❛s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❧❡❢t ❝✉r✈❡s✮✳ ❋♦r ❜♦t❤ ♣❧♦ts✱ s♦❧✐❞ ❧✐♥❡s

❛r❡ ❢♦r r✉♥s ✇✐t❤ ❍2 ❛♥❞ ❞❛s❤❡❞ ❧✐♥❡s ❢♦r r✉♥s ✇✐t❤♦✉t ❍2✳

❆♥♦t❤❡r s✐♠✉❧❛t✐♦♥ ✐s r✉♥ ✇✐t❤ ❛ t❤❡r♠❛❧ ❢❡❡❞❜❛❝❦ ✇✐t❤ ❝♦♦❧✐♥❣ st♦♣♣❡❞ ❢♦r 30 Myr ❡❛❝❤

t✐♠❡ ❛ ♣❛rt✐❝❧❡ ✐s ❛✛❡❝t❡❞ ❜② ❢❡❡❞❜❛❝❦✳ ❆ s♥❛♣s❤♦t ✐s s❤♦✇♥ ♦♥ t❤❡ r✐❣❤t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✺✳✸✶✳

❚❤❡ ❣❛s ♠❛ss ❞❡♣❧❡t✐♦♥ ❛♥❞ ❙❋❘s ❛r❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✺✳✸✷✳ ❚❤❡ st❛r ❢♦r♠❛t✐♦♥ ✐s

s❡♥s✐t✐✈❡ t♦ t❤❡ ❛❞♦♣t❡❞ ♠❡t❤♦❞✳ ❇♦t❤ t❤❡ ❞❡❝♦✉♣❧✐♥❣ ❝❛s❡ ❛♥❞ t❤❡r♠❛❧ ❝❛s❡ ❛r❡ ♠♦r❡

❡✣❝✐❡♥t ❛t ♣r❡✈❡♥t✐♥❣ ❝❧✉♠♣✐♥❣ ❧❡❛❞✐♥❣ t♦ st❛r ❢♦r♠❛t✐♦♥ t❤❛♥ ♦✉r ✜❞✉❝✐❛❧ s❝❤❡♠❡✳

❲❡ ❛❧s♦ ♥♦t✐❝❡ t❤❛t ♦✉r s❝❤❡♠❡✱ ✇❤✐❧❡ ✐♠♣❛❝t✐♥❣ t❤❡ st❛r ❢♦r♠❛t✐♦♥ ✐❢ t❤❡ ❢❡❡❞❜❛❝❦ ❡✣✲

❝✐❡♥❝② ✐s ♠♦❞✐✜❡❞✱ ❦❡❡♣s t❤❡ ❣❛s ❞②♥❛♠✐❝❛❧❧② ❝♦♦❧❡r t❤❛♥ ♦t❤❡r s❝❤❡♠❡s✳ ❚❤❡ ❣❛s ❞✐s❝ ✇❡

♦❜t❛✐♥ ❢♦r t❤❡s❡ ♦t❤❡r ♠❡t❤♦❞s ❛r❡ ♠♦r❡ s✐♠✐❧❛r t♦ t❤❡ st❡❧❧❛r ❞✐s❝s ✇❡ ❤❛✈❡ s❤♦✇♥✳ ■♥ t❤❡

❞❡❝♦✉♣❧✐♥❣ ❝❛s❡✱ ♠❛♥② ❣❛s ♣❛rt✐❝❧❡s ❛r❡ ❞❡❝♦✉♣❧❡❞ ❢r♦♠ ❤②❞r♦❞②♥❛♠✐❝s ❛♥❞ t❤❡r❡❢♦r❡ ❞♦ ♥♦t
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❋✐❣✉r❡ ✺✳✸✷✿ ▲❡❢t✿ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❛s❡♦✉s ♠❛ss ♦❢ t❤❡ ❣❛❧❛①②✳ ❘✐❣❤t✿ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❙❋❘s ✭❞❡✜♥❡❞ ❛s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❧❡❢t ❝✉r✈❡s✮✳ ❋♦r ❜♦t❤ ♣❧♦ts✱ s♦❧✐❞ ❧✐♥❡s

❛r❡ ❢♦r r✉♥s ✇✐t❤ ❍2 ❛♥❞ ❞❛s❤❡❞ ❧✐♥❡s ❢♦r r✉♥s ✇✐t❤♦✉t ❍2✳

❡①♣❡r✐❡♥❝❡ ❤②❞r♦❞②♥❛♠✐❝❛❧ ❢♦r❝❡s ❛♥❞ ✈✐s❝♦s✐t② ✇❤✐❧❡ ✐♥ t❤❡ t❤❡r♠❛❧ ❢❡❡❞❜❛❝❦ ❝❛s❡✱ ♣❛rt✐❝❧❡s

❛✛❡❝t❡❞ ❜② ❢❡❡❞❜❛❝❦ ❤❛✈❡ ❛ ❤✐❣❤ ♣r❡ss✉r❡ ❢♦r ❛ ✇❤✐❧❡✳ ❚❤❡ t❡♠♣❡r❛t✉r❡✲❞❡♥s✐t② ❞✐❛❣r❛♠ ♦♥

❋✐❣✉r❡ ✺✳✸✸ s❤♦✇s t❤❡ ❞❡♥s❡ ❣❛s ✐s ♣❛rt❧② ✐♥ ❛ ❤♦t ♣❤❛s❡✱ ❛❜♦✈❡ 104 ❑✱ ✇❤✐❧❡ ✐♥ ♦✉r ✜❞✉❝✐❛❧

❦✐♥❡t✐❝ ❢❡❡❞❜❛❝❦ s❝❤❡♠❡✱ ❞❡♥s❡ ❣❛s ✇❛s ♠♦st❧② ❝♦❧❞ ✭s❡❡ t❤❡ ❜♦tt♦♠✲❧❡❢t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✺✳✼✮✳

❚❤✐s ❤♦t ❣❛s ✐s t❤❡ ❣❛s ❛✛❡❝t❡❞ ❜② ❢❡❡❞❜❛❝❦ ❛♥❞ t❤❛t ❤❛s ✐ts ❝♦♦❧✐♥❣ st♦♣♣❡❞✳ ❚❤❡ ❤✐❣❤

♣r❡ss✉r❡ r❡❞✉❝❡s t❤❡ ❝❧✉♠♣✐♥❣ ♦❢ t❤❡ ❣❛s✱ ❤❡♥❝❡ t❤❡ s♠♦♦t❤❡r ❛s♣❡❝t✳
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❋✐❣✉r❡ ✺✳✸✸✿ ❚❡♠♣❡r❛t✉r❡✲❞❡♥s✐t② ❤✐st♦❣r❛♠ ♦❢ t❤❡ ❣❛s ✐♥ s✐♠✉❧❛t✐♦♥ ✇✐t❤ ❍2 ❛❢t❡r ✵✳✺ ●②r

♦❢ ❡✈♦❧✉t✐♦♥ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✳ ❚❤❡ ✷❉ ❤✐st♦❣r❛♠s ❛♥❞ ♠❛r❣✐♥❛❧ ✶❉

❤✐st♦❣r❛♠s ❛r❡ ♠❛ss ✇❡✐❣❤t❡❞ ❛♥❞ ♥♦r♠❛❧✐s❡❞ t♦ ✉♥✐t②✳



❈❤❛♣t❡r ✻

❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

❚♦ ❡①♣❧♦r❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❜❛r②♦♥✐❝ ♣❤②s✐❝s ♦♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ s♣✐r❛❧ ❞✐s❝s✱ ✇❡ ❤❛✈❡ ✐♠✲

♣❧❡♠❡♥t❡❞ s♦♠❡ ♠♦❞❡❧s ❛♥❞ ❛❧❣♦r✐t❤♠s ❢♦r ❝♦♦❧✐♥❣✱ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥

❢r❛❝t✐♦♥✱ st❛r ❢♦r♠❛t✐♦♥ ❛♥❞ ❙◆■■ ❢❡❡❞❜❛❝❦ ✐♥ ●❛❞❣❡t✲✷✳

❚❤❡ ❝♦♦❧✐♥❣ ❢✉♥❝t✐♦♥s ✇❡ ✉s❡ ✐♥❝❧✉❞❡ ❝♦♦❧✐♥❣ ❜② ♠❡t❛❧s✱ ❢♦r t❡♠♣❡r❛t✉r❡s ❛s ❧♦✇ ❛s ✶✵✵ ❑✱

❛♥❞ ❝♦♦❧✐♥❣ ❜② ❍2 ❞✉❡ t♦ ❝♦❧❧✐s✐♦♥s ✇✐t❤ ❍✱ ❍❡ ❛♥❞ ♦t❤❡r ❍2 ♠♦❧❡❝✉❧❡s✳ ❚❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢

t❤❡ ❍2 ❞❡♥s✐t② ✐s ✐♥s♣✐r❡❞ ❜② t❤❡ ✇♦r❦ ♦❢ ❑r✉♠❤♦❧③ ❡t ❛❧✳ ✭✷✵✵✽✱ ✷✵✵✾❜✮❀ ▼❝❑❡❡ ✫ ❑r✉♠❤♦❧③

✭✷✵✶✵✮✱ ✉s✐♥❣ t❤❡ st❡❧❧❛r ❯❱ ✢✉① ❢r♦♠ ②♦✉♥❣ st❛rs✳ ❙t❛r ❢♦r♠❛t✐♦♥ ✐s ❞♦♥❡ ✇✐t❤ ❛ st♦❝❤❛st✐❝

♠❡t❤♦❞✱ ❛♥❞ ♦✉r ✜❞✉❝✐❛❧ ❢❡❡❞❜❛❝❦ ❢r♦♠ ❙◆■■ ✐s ❞♦♥❡ ❜② ✐♠♣♦s✐♥❣ ✈❡❧♦❝✐t② ❦✐❝❦s t♦ ♣❛rt✐❝❧❡s

s✉rr♦✉♥❞✐♥❣ ♥❡✇❧② ❢♦r♠❡❞ st❡❧❧❛r ♣❛rt✐❝❧❡s✳ ❚❤❡ ❡①❛❝t ♠♦❞❡❧s ❝❤♦s❡♥ ❢♦r ❜❛r②♦♥✐❝ ♣❤②s✐❝s ✐s

❢♦✉♥❞ t♦ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ t❤❡ ♣❤②s✐❝❛❧ st❛t❡ ♦❢ t❤❡ ❣❛s ❛♥❞ st❛r ❢♦r♠❛t✐♦♥✳

❚❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❦✐♥❡t✐❝ ❢❡❡❞❜❛❝❦ ✇❛s ✈❛r✐❡❞ ✐♥ s✐♠✉❧❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ ❝♦♦❧✐♥❣ ❜②

❛t♦♠✐❝✴✐♦♥✐s❡❞ ❣❛s ❛♥❞✴♦r ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥✳ ❲❡ ✜♥❞ t❤❛t ✐♥❝❧✉❞✐♥❣ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥

❛❧❧♦✇s s♦♠❡ s❧♦✇ st❛r ❢♦r♠❛t✐♦♥ t♦ ♦❝❝✉r ✐♥ t❤❡ ❧♦✇ ♠❡t❛❧❧✐❝✐t② ♦✉t❡r ♣❛rts ♦❢ ❣❛❧❛①✐❡s ❢♦r

❛❧❧ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s✳ ❈♦rr❡❧❛t✐♥❣ ❙❋❘ ❛♥❞ ❣❛s s✉r❢❛❝❡ ❞❡♥s✐t②✱ ✐t ✐s ❢♦✉♥❞ t❤❛t ♠♦❧❡❝✉❧❛r

❣❛s ✐s ❛ ♠✉❝❤ ❜❡tt❡r tr❛❝❡r ♦❢ st❛r ❢♦r♠❛t✐♦♥ t❤❛♥ ❛t♦♠✐❝ ❣❛s✱ ❛s ✐s ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ♥❡❛r❜②

❣❛❧❛①✐❡s✳

▼♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ✐♥✢✉❡♥❝❡s t❤❡ ✈❡rt✐❝❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ❞✐s❝s✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡r❡ ✐s

s♦♠❡ str♦♥❣ st❡❧❧❛r ❢❡❡❞❜❛❝❦✿ ❍2 ♠❛❦❡s t❤❡ ❣❛s ♠♦r❡ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ❧❛②❡r ♦❢ t❤❡

❞✐s❝ ♣❧❛♥❡✱ ❜✉t t❤❡ ❣❛s ✐s ❛❧s♦ ♠♦r❡ s✉s❝❡♣t✐❜❧❡ ♦❢ ❜❡✐♥❣ ❡❥❡❝t❡❞ ❢❛r ❢r♦♠ t❤❡ ❞✐s❝✱ ❞✉❡ t♦ t❤❡

❤✐❣❤❡r ❡✣❝✐❡♥❝② ♦❢ ❢❡❡❞❜❛❝❦ ✐♥ ❤✐❣❤ ❞❡♥s✐t② r❡❣✐♦♥s✳ ❚❤✐s ❣✐✈❡s r✐s❡ t♦ t❤✐❝❦ ❣❛s ❞✐s❝s✳

■❢ ❣❛s ✐s ❛❝❝r❡t❡❞ ❜② t❤❡ ♦✉t❡r ❞✐s❝s✱ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ♠❛② ❤❡❧♣ st♦r❡ s♦♠❡ ❝♦❧❞ ❣❛s ✇✐t❤

❛ ❧♦✇ st❛r ❢♦r♠❛t✐♦♥ ❡✣❝✐❡♥❝②✳ ■t ✐s t❤✉s ✐♥t❡r❡st✐♥❣ t♦ ♣❡r❢♦r♠ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❡✐t❤❡r s♦♠❡

❣❛s ❛❝❝r❡t✐♦♥✱ ♦r ✐s♦❧❛t❡❞ ❞✐s❝ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❛ ✈❛r②✐♥❣ ❢r❛❝t✐♦♥ ♦❢ ❣❛s ✐♥ t❤❡ ❡①t❡r♥❛❧ ❞✐s❝✳

❲❡ ❛r❡ ❝✉rr❡♥t❧② ♣✉rs✉✐♥❣ t❤✐s s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t②✳ ❲❡ ❝❤❛♥❣❡ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❣❛s ✐♥ t❤❡ ♦✉t❡r

❞✐s❝ ❛♥❞ st✉❞② t❤❡ ♣♦ss✐❜❧❡ ✐♠♣❛❝t ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❞✐s❝ ❛♥❞ st❛r ❢♦r♠❛t✐♦♥✳ ❚❤❡ ❣❛s

❢r❛❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❞❛r❦ ♠❛tt❡r ❝❛♥ ✐♥❞❡❡❞ ❜❡ ♠♦❞✐✜❡❞ ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ s❛♠❡ r♦t❛t✐♦♥

❝✉r✈❡✱ ✉s✐♥❣ t❤❡ ❞❡❣❡♥❡r❛❝② ❜❡t✇❡❡♥ ❣❛s ❛♥❞ ❞❛r❦ ♠❛tt❡r t❤❛t ❛❧❧♦✇s ❢♦r ❛ ❤✐❣❤ ❢r❛❝t✐♦♥ ♦❢
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✷✵✵✶✮✳ ❘❡✈❛③ ❡t ❛❧✳ ✭✷✵✵✾❜✮ st✉❞✐❡❞ t❤❡ ❡✛❡❝t ♦❢ ❛❞❞✐t✐♦♥❛❧ ❞❛r❦ ❜❛r②♦♥s t♦ t❤❡ ♠♦r♣❤♦❧♦❣②

❛♥❞ ❞②♥❛♠✐❝s ♦❢ ❞✐s❝s ❜✉t ✇✐t❤♦✉t ❞❡t❛✐❧❡❞ ❝♦♦❧✐♥❣ ❛♥❞ ✇✐t❤♦✉t st❡❧❧❛r ❢❡❡❞❜❛❝❦✳ ■t ✐s ❛❧s♦

♣♦ss✐❜❧❡ t♦ st✉❞② t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❣❛s ❢r❛❝t✐♦♥ ♦♥ t❤❡ ❞②♥❛♠✐❝❛❧ st❛t❡ ♦❢

t❤❡ ❞✐s❝s✱ ❡s♣❡❝✐❛❧❧② ♦♥ r❡s♦♥❛♥❝❡s ✉s✐♥❣ ❛ s♣❡❝tr❛❧ ❛♥❛❧②s✐s ♦❢ tr❛❥❡❝t♦r✐❡s ❜❛s❡❞ ♦♥ ❇✐♥♥❡②
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❣❛❧❛①② ♠♦❞❡❧s✿ ❛ s❡♠✐✲❛♥❛❧②t✐❝

tr❡❛t♠❡♥t ♦❢ t❤❡ ♠♦❧❡❝✉❧❛r ❝♦♠♣♦♥❡♥t

❙♦♠❡ ♦❢ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✹ ❤❛✈❡ ❜❡❡♥ s✉❜♠✐tt❡❞ t♦ ❆&❆✱ ❤tt♣✿✴✴❛r①✐✈✳
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❆❜str❛❝t

❘❡❝❡♥t ✇♦r❦ ✐♥ ❣❛❧❛①② ❢♦r♠❛t✐♦♥ ❤❛s ❡♥❧✐❣❤t❡♥❡❞ t❤❡ ✐♠♣♦rt❛♥t r♦❧❡ ♦❢ ❜❛r②♦♥ ♣❤②s✐❝s✱

t♦ s♦❧✈❡ t❤❡ ♠❛✐♥ ♣r♦❜❧❡♠s ❡♥❝♦✉♥t❡r❡❞ ❜② t❤❡ st❛♥❞❛r❞ t❤❡♦r② ❛t t❤❡ ❣❛❧❛❝t✐❝ s❝❛❧❡✱ s✉❝❤ ❛s

t❤❡ ❣❛❧❛①② st❡❧❧❛r ♠❛ss ❢✉♥❝t✐♦♥s✱ ♦r t❤❡ ♠✐ss✐♥❣ s❛t❡❧❧✐t❡s ♣r♦❜❧❡♠✳ ❚❤❡ ♣r❡s❡♥t ✇♦r❦ ❛✐♠s

❛t ✐♥✈❡st✐❣❛t✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ r♦❧❡ ♦❢ t❤❡ ❝♦❧❞ ❛♥❞ ❞❡♥s❡ ♠♦❧❡❝✉❧❛r ♣❤❛s❡✱ ✇❤✐❝❤ ❝♦✉❧❞ ♣❧❛②

❛ r♦❧❡ ♦❢ ❣❛s r❡s❡r✈♦✐r ✐♥ t❤❡ ♦✉t❡r ❣❛❧❛①② ❞✐s❝s✱ ✇✐t❤ ❧♦✇ st❛r ❢♦r♠❛t✐♦♥ ❡✣❝✐❡♥❝②✳ ❚❤r♦✉❣❤

❚r❡❡❙P❍ s✐♠✉❧❛t✐♦♥s✱ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❝♦♦❧✐♥❣ t♦ ❧♦✇ t❡♠♣❡r❛t✉r❡s✱ ❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢

t❤❡ ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥ ❝♦♠♣♦♥❡♥t✱ s❡✈❡r❛❧ ❢❡❡❞❜❛❝❦ ❡✣❝✐❡♥❝✐❡s ❛r❡ st✉❞✐❡❞✱ ❛♥❞ r❡s✉❧ts ♦♥

t❤❡ ❣❛s ♠♦r♣❤♦❧♦❣② ❛♥❞ st❛r ❢♦r♠❛t✐♦♥ ❛r❡ ♦❜t❛✐♥❡❞✳ ■t ✐s s❤♦✇♥ t❤❛t ♠♦❧❡❝✉❧❛r ❤②❞r♦❣❡♥

❛❧❧♦✇s s♦♠❡ s❧♦✇ st❛r ❢♦r♠❛t✐♦♥ t♦ ♦❝❝✉r ✐♥ t❤❡ ♦✉t❡r ♣❛rts ♦❢ t❤❡ ❞✐s❝s✳ ❚❤✐s ❞❡♥s❡ ❛♥❞

q✉✐❡s❝❡♥t ♣❤❛s❡ ♠✐❣❤t ❜❡ ❛ ✇❛② t♦ st♦r❡ ❛ s✐❣♥✐✜❝❛♥t ❢r❛❝t✐♦♥ ♦❢ ❞❛r❦ ❜❛r②♦♥s✱ ✐♥ ❛ r❡❧❛t✐✈❡❧②

❧♦♥❣ t✐♠❡✲s❝❛❧❡✱ ✐♥ t❤❡ ❝♦♠♣❧❡t❡ ❜❛r②♦♥✐❝ ❝②❝❧❡✱ ❝♦♥♥❡❝t✐♥❣ t❤❡ ❣❛❧❛①② ❞✐s❝s t♦ ❤♦t ❣❛s❡♦✉s

❤❛❧♦❡s ❛♥❞ t♦ t❤❡ ❝♦s♠✐❝ ✜❧❛♠❡♥ts✳
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●❛❧❧✐✱ ❉✳ ✫ P❛❧❧❛✱ ❋✳ ✶✾✾✽✱ ❆✫❆✱ ✸✸✺✱ ✹✵✸

●❡r♦❧❛✱ ❍✳ ✫ ❙❡✐❞❡♥✱ P✳ ❊✳ ✶✾✼✽✱ ❆♣❏✱ ✷✷✸✱ ✶✷✾

●❡rr✐ts❡♥✱ ❏✳ P✳ ❊✳ ✶✾✾✼✱ P❤❉ t❤❡s✐s✱ ✱ ●r♦♥✐♥❣❡♥ ❯♥✐✈❡rs✐t②✱ t❤❡ ◆❡t❤❡r❧❛♥❞s✱ ✭✶✾✾✼✮

●✐♥❣♦❧❞✱ ❘✳ ❆✳ ✫ ▼♦♥❛❣❤❛♥✱ ❏✳ ❏✳ ✶✾✼✼✱ ▼◆❘❆❙✱ ✶✽✶✱ ✸✼✺

●❧♦✈❡r✱ ❙✳ ❈✳ ❖✳ ✫ ❆❜❡❧✱ ❚✳ ✷✵✵✽✱ ▼◆❘❆❙✱ ✸✽✽✱ ✶✻✷✼

●♥❛t✱ ❖✳ ✫ ❙t❡r♥❜❡r❣✱ ❆✳ ✷✵✵✼✱ ❆♣❏❙✱ ✶✻✽✱ ✷✶✸

●♥❡❞✐♥✱ ◆✳ ❨✳ ✶✾✾✺✱ ❆♣❏❙✱ ✾✼✱ ✷✸✶

●♥❡❞✐♥✱ ◆✳ ❨✳✱ ❚❛ss✐s✱ ❑✳✱ ✫ ❑r❛✈ts♦✈✱ ❆✳ ❱✳ ✷✵✵✾✱ ❆♣❏✱ ✻✾✼✱ ✺✺

●♦❧❞r❡✐❝❤✱ P✳ ✫ ▲②♥❞❡♥✲❇❡❧❧✱ ❉✳ ✶✾✻✺✱ ▼◆❘❆❙✱ ✶✸✵✱ ✶✷✺

●♦✉❧❞✱ ❘✳ ❏✳ ✫ ❙❛❧♣❡t❡r✱ ❊✳ ❊✳ ✶✾✻✸✱ ❆♣❏✱ ✶✸✽✱ ✸✾✸

❍❡r♥q✉✐st✱ ▲✳ ✶✾✾✸✱ ❆♣❏✱ ✹✵✹✱ ✼✶✼

❍❡r♥q✉✐st✱ ▲✳ ✫ ❑❛t③✱ ◆✳ ✶✾✽✾✱ ❆♣❏❙✱ ✼✵✱ ✹✶✾

❍♦❝❦♥❡②✱ ❘✳ ❲✳ ✫ ❊❛st✇♦♦❞✱ ❏✳ ❲✳ ✶✾✽✶✱ ❈♦♠♣✉t❡r ❙✐♠✉❧❛t✐♦♥ ❯s✐♥❣ P❛rt✐❝❧❡s

❍♦❡❦str❛✱ ❍✳✱ ✈❛♥ ❆❧❜❛❞❛✱ ❚✳ ❙✳✱ ✫ ❙❛♥❝✐s✐✱ ❘✳ ✷✵✵✶✱ ▼◆❘❆❙✱ ✸✷✸✱ ✹✺✸

❍♦❧❧❡♥❜❛❝❤✱ ❉✳ ✫ ▼❝❑❡❡✱ ❈✳ ❋✳ ✶✾✼✾✱ ❆♣❏❙✱ ✹✶✱ ✺✺✺
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❍♦❧❧❡♥❜❛❝❤✱ ❉✳ ✫ ▼❝❑❡❡✱ ❈✳ ❋✳ ✶✾✽✾✱ ❆♣❏✱ ✸✹✷✱ ✸✵✻

❍♦❧❧❡♥❜❛❝❤✱ ❉✳ ✫ ❙❛❧♣❡t❡r✱ ❊✳ ❊✳ ✶✾✼✶✱ ❆♣❏✱ ✶✻✸✱ ✶✺✺

❍♦❧❧❡♥❜❛❝❤✱ ❉✳ ❏✳ ✫ ❚✐❡❧❡♥s✱ ❆✳ ●✳ ●✳ ▼✳ ✶✾✾✾✱ ❘❡✈✐❡✇s ♦❢ ▼♦❞❡r♥ P❤②s✐❝s✱ ✼✶✱ ✶✼✸

❍♦❧♠❜❡r❣✱ ❊✳ ✶✾✹✶✱ ❆♣❏✱ ✾✹✱ ✸✽✺

❍♦♣❦✐♥s✱ P✳ ❋✳ ✷✵✶✸✱ ▼◆❘❆❙✱ ✹✷✽✱ ✷✽✹✵

❍♦♣❦✐♥s✱ P✳ ❋✳✱ ◗✉❛t❛❡rt✱ ❊✳✱ ✫ ▼✉rr❛②✱ ◆✳ ✷✵✶✶✱ ▼◆❘❆❙✱ ✹✶✼✱ ✾✺✵

❍✉❜❜❧❡✱ ❊✳ ✶✾✷✾✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡✱ ✶✺✱ ✶✻✽

❍✉❜❜❧❡✱ ❊✳ P✳ ✶✾✷✻✱ ❆♣❏✱ ✻✹✱ ✸✷✶

❍✉❜❡r✱ ❑✳ ✫ ❍❡r③❜❡r❣✱ ●✳ ✶✾✼✾✱ ▼♦❧❡❝✉❧❛r s♣❡❝tr❛ ❛♥❞ ♠♦❧❡❝✉❧❛r str✉❝t✉r❡✱ ▼♦❧❡❝✉❧❛r ❙♣❡❝✲

tr❛ ❛♥❞ ▼♦❧❡❝✉❧❛r ❙tr✉❝t✉r❡ ◆♦✳ ✈♦❧✳ ✹ ✭❱❛♥ ◆♦str❛♥❞✮

■❛♥♥✉③③✐✱ ❋✳ ✫ ❉♦❧❛❣✱ ❑✳ ✷✵✶✶✱ ▼◆❘❆❙✱ ✹✶✼✱ ✷✽✹✻

❏❡❛♥s✱ ❏✳ ❍✳ ✶✾✵✷✱ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥ P❤✐❧♦s♦♣❤✐❝❛❧ ❚r❛♥s❛❝t✐♦♥s ❙❡r✐❡s ❆✱ ✶✾✾✱ ✶

❏♦❣✱ ❈✳ ❏✳ ✫ ❙♦❧♦♠♦♥✱ P✳ ▼✳ ✶✾✽✹✱ ❆♣❏✱ ✷✼✻✱ ✶✶✹

❏✉♥❣✇✐❡rt✱ ❇✳✱ ❈♦♠❜❡s✱ ❋✳✱ ✫ P❛❧♦✉➨✱ ❏✳ ✷✵✵✶✱ ❆✫❆✱ ✸✼✻✱ ✽✺

❑❛t③✱ ◆✳ ✶✾✾✷✱ ❆♣❏✱ ✸✾✶✱ ✺✵✷

❑❛t③✱ ◆✳✱ ❲❡✐♥❜❡r❣✱ ❉✳ ❍✳✱ ✫ ❍❡r♥q✉✐st✱ ▲✳ ✶✾✾✻✱ ❆♣❏❙✱ ✶✵✺✱ ✶✾

❑❛✉✛♠❛♥♥✱ ●✳✱ ❲❤✐t❡✱ ❙✳ ❉✳ ▼✳✱ ❍❡❝❦♠❛♥✱ ❚✳ ▼✳✱ ❡t ❛❧✳ ✷✵✵✹✱ ▼◆❘❆❙✱ ✸✺✸✱ ✼✶✸

❑❡♥♥✐❝✉tt✱ ❏r✳✱ ❘✳ ❈✳ ✶✾✾✽✱ ❆❘❆✫❆✱ ✸✻✱ ✶✽✾

❑❡r❡➨✱ ❉✳✱ ❱♦❣❡❧s❜❡r❣❡r✱ ▼✳✱ ❙✐❥❛❝❦✐✱ ❉✳✱ ❙♣r✐♥❣❡❧✱ ❱✳✱ ✫ ❍❡r♥q✉✐st✱ ▲✳ ✷✵✶✷✱ ▼◆❘❆❙✱ ✹✷✺✱

✷✵✷✼

❑♥❡❜❡✱ ❆✳✱ ●r❡❡♥✱ ❆✳✱ ✫ ❇✐♥♥❡②✱ ❏✳ ✷✵✵✶✱ ▼◆❘❆❙✱ ✸✷✺✱ ✽✹✺

❑♦♠❛ts✉✱ ❊✳✱ ❙♠✐t❤✱ ❑✳ ▼✳✱ ❉✉♥❦❧❡②✱ ❏✳✱ ❡t ❛❧✳ ✷✵✶✶✱ ❆♣❏❙✱ ✶✾✷✱ ✶✽

❑♦r♠❡♥❞②✱ ❏✳ ✫ ❇❡♥❞❡r✱ ❘✳ ✶✾✾✻✱ ❆♣❏✱ ✹✻✹✱ ▲✶✶✾

❑♦r♠❡♥❞②✱ ❏✳ ✫ ❑❡♥♥✐❝✉tt✱ ❏r✳✱ ❘✳ ❈✳ ✷✵✵✹✱ ❆❘❆✫❆✱ ✹✷✱ ✻✵✸

❑r❛✈ts♦✈✱ ❆✳ ❱✳✱ ❑❧②♣✐♥✱ ❆✳ ❆✳✱ ✫ ❑❤♦❦❤❧♦✈✱ ❆✳ ▼✳ ✶✾✾✼✱ ❆♣❏❙✱ ✶✶✶✱ ✼✸

❑r♦✉♣❛✱ P✳ ✷✵✵✷✱ ❙❝✐❡♥❝❡✱ ✷✾✺✱ ✽✷

❑r✉♠❤♦❧③✱ ▼✳ ❘✳✱ ▼❝❑❡❡✱ ❈✳ ❋✳✱ ✫ ❚✉♠❧✐♥s♦♥✱ ❏✳ ✷✵✵✽✱ ❆♣❏✱ ✻✽✾✱ ✽✻✺
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❑r✉♠❤♦❧③✱ ▼✳ ❘✳✱ ▼❝❑❡❡✱ ❈✳ ❋✳✱ ✫ ❚✉♠❧✐♥s♦♥✱ ❏✳ ✷✵✵✾❛✱ ❆♣❏✱ ✻✾✸✱ ✷✶✻

❑r✉♠❤♦❧③✱ ▼✳ ❘✳✱ ▼❝❑❡❡✱ ❈✳ ❋✳✱ ✫ ❚✉♠❧✐♥s♦♥✱ ❏✳ ✷✵✵✾❜✱ ❆♣❏✱ ✻✾✸✱ ✷✶✻

▲❡❤♥❡r✱ ◆✳✱ ❙❛✈❛❣❡✱ ❇✳ ❉✳✱ ❘✐❝❤t❡r✱ P✳✱ ❡t ❛❧✳ ✷✵✵✼✱ ❆♣❏✱ ✻✺✽✱ ✻✽✵

▲❡✈✐♥s♦♥✱ ❋✳ ❍✳ ✫ ❘♦❜❡rts✱ ❏r✳✱ ❲✳ ❲✳ ✶✾✽✶✱ ❆♣❏✱ ✷✹✺✱ ✹✻✺

▲✐♥✱ ❈✳ ❈✳ ✫ ❙❤✉✱ ❋✳ ❍✳ ✶✾✻✹✱ ❆♣❏✱ ✶✹✵✱ ✻✹✻

▲✐♥❞❜❧❛❞✱ ❇✳ ✶✾✻✸✱ ❙t♦❝❦❤♦❧♠s ❖❜s❡r✈❛t♦r✐✉♠s ❆♥♥❛❧❡r✱ ✷✷✱ ✺

▲✐♣♦✈❦❛✱ ❆✳✱ ◆úñ❡③✲▲ó♣❡③✱ ❘✳✱ ✫ ❆✈✐❧❛✲❘❡❡s❡✱ ❱✳ ✷✵✵✺✱ ▼◆❘❆❙✱ ✸✻✶✱ ✽✺✵

▲✉❝②✱ ▲✳ ❇✳ ✶✾✼✼✱ ❆❏✱ ✽✷✱ ✶✵✶✸

▲②♥❞❡♥✲❇❡❧❧✱ ❉✳ ✫ ❑❛❧♥❛❥s✱ ❆✳ ❏✳ ✶✾✼✷✱ ▼◆❘❆❙✱ ✶✺✼✱ ✶

▼❛✐♦✱ ❯✳✱ ❉♦❧❛❣✱ ❑✳✱ ❈✐❛r❞✐✱ ❇✳✱ ✫ ❚♦r♥❛t♦r❡✱ ▲✳ ✷✵✵✼✱ ▼◆❘❆❙✱ ✸✼✾✱ ✾✻✸

▼❛❦✐♥♦✱ ❏✳ ✫ ❋✉♥❛t♦✱ ❨✳ ✶✾✾✸✱ P❆❙❏✱ ✹✺✱ ✷✼✾

▼❝●❛✉❣❤✱ ❙✳ ❙✳ ✷✵✵✺✱ ❆♣❏✱ ✻✸✷✱ ✽✺✾

▼❝●❛✉❣❤✱ ❙✳ ❙✳ ✷✵✶✶✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✶✵✻✱ ✶✷✶✸✵✸

▼❝●❛✉❣❤✱ ❙✳ ❙✳ ✫ ❞❡ ❇❧♦❦✱ ❲✳ ❏✳ ●✳ ✶✾✾✼✱ ❆♣❏✱ ✹✽✶✱ ✻✽✾

▼❝●❛✉❣❤✱ ❙✳ ❙✳✱ ❙❝❤♦♠❜❡rt✱ ❏✳ ▼✳✱ ❇♦t❤✉♥✱ ●✳ ❉✳✱ ✫ ❞❡ ❇❧♦❦✱ ❲✳ ❏✳ ●✳ ✷✵✵✵✱ ❆♣❏✱ ✺✸✸✱ ▲✾✾

▼❝❑❡❡✱ ❈✳ ❋✳ ✫ ❑r✉♠❤♦❧③✱ ▼✳ ❘✳ ✷✵✶✵✱ ❆♣❏✱ ✼✵✾✱ ✸✵✽

▼❝❑❡❡✱ ❈✳ ❋✳ ✫ ❖str✐❦❡r✱ ❊✳ ❈✳ ✷✵✵✼✱ ❆❘❆✫❆✱ ✹✺✱ ✺✻✺

▼❝❑❡❡✱ ❈✳ ❋✳ ✫ ❖str✐❦❡r✱ ❏✳ P✳ ✶✾✼✼✱ ❆♣❏✱ ✷✶✽✱ ✶✹✽

▼✐❤♦s✱ ❏✳ ❈✳ ✫ ❍❡r♥q✉✐st✱ ▲✳ ✶✾✾✹✱ ❆♣❏✱ ✹✸✼✱ ✻✶✶

▼✐❧❣r♦♠✱ ▼✳ ✶✾✽✸❛✱ ❆♣❏✱ ✷✼✵✱ ✸✼✶

▼✐❧❣r♦♠✱ ▼✳ ✶✾✽✸❜✱ ❆♣❏✱ ✷✼✵✱ ✸✽✹

▼✐❧❣r♦♠✱ ▼✳ ✶✾✽✸❝✱ ❆♣❏✱ ✷✼✵✱ ✸✻✺

▼✐②❛♠♦t♦✱ ▼✳ ✫ ◆❛❣❛✐✱ ❘✳ ✶✾✼✺✱ P❆❙❏✱ ✷✼✱ ✺✸✸
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