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❘❡♠❡r❝✐❡♠❡♥ts

❏❡ t✐❡♥s t♦✉t ❞✬❛❜♦r❞ à r❡♠❡r❝✐❡r très ❝❤❛❧❡✉r❡✉s❡♠❡♥t ♠❡s ❞❡✉① ❞✐r❡❝t❡✉rs ❞❡ t❤ès❡✱ ❧❡
Pr♦❢❡ss❡✉r ●✐❧❜❡rt ❙❛♣♦rt❛ ❡t ❧❡ ❉♦❝t❡✉r ❈❤r✐st✐❛♥❡ ●✉✐♥♦t ♣♦✉r ❧❡✉r s♦✉t✐❡♥✱ ❧❡✉r ❞✐s♣♦✲
♥✐❜✐❧✐té ❡t ❧✬❛✐❞❡ ♣ré❝✐❡✉s❡ q✉✬✐❧s ♠✬♦♥t ❛♣♣♦rté❡ t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡tt❡ t❤ès❡✳ ▲✬✐♥térêt q✉✬✐❧s
♦♥t ♣♦rté à ♠♦♥ tr❛✈❛✐❧ ❡t ❧❛ ❝♦♥✜❛♥❝❡ q✉✬✐❧s ♠✬♦♥t ❛❝❝♦r❞é❡ ♠✬♦♥t ♣❡r♠✐s ❞❡ ♠✬é♣❛♥♦✉✐r
❞✉r❛♥t ❝❡s tr♦✐s ❛♥♥é❡s ❛❣ré❛❜❧❡s ❡t ♣❛ss✐♦♥♥❛♥t❡s✳ ❏❡ t✐❡♥s à ❧❡✉r ❛❞r❡ss❡r✱ ❛✐♥s✐ q✉✬❛✉①
Pr♦❢❡ss❡✉rs ❍❡r✈é ❆❜❞✐ ❡t ❆rt❤✉r ❚❡♥❡♥❤❛✉s✱ t♦✉t❡ ♠❛ r❡❝♦♥♥❛✐ss❛♥❝❡ ♣♦✉r ❧❡✉rs ❝♦♥s❡✐❧s
❡t ❧❡s ❝♦♥♥❛✐ss❛♥❝❡s st❛t✐st✐q✉❡s q✉✬✐❧s ♠✬♦♥t ♣❡r♠✐s ❞✬❛❝q✉ér✐r ❛✐♥s✐ q✉❡ ❧❡ t❡♠♣s ♣ré❝✐❡✉①
q✉✬✐❧s ♠✬♦♥t ❝♦♥s❛❝ré✱ ♠ê♠❡ à ♣❧✉s ❞❡ ✽ ✵✵✵ ❦♠ ❞❡ ❞✐st❛♥❝❡✳ ❚r❛✈❛✐❧❧❡r à ❧❡✉r ❝ôté ❛ été
✉♥❡ ❝❤❛♥❝❡ ❡t ✉♥ ré❡❧ ♣❧❛✐s✐r✳

❏❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t très s✐♥❝èr❡♠❡♥t ❧❡s Pr♦❢❡ss❡✉rs P❤✐❧✐♣♣❡ ❇❡ss❡ ❡t ❘♦❜❡rt ❙❛❜❛✲
t✐❡r q✉✐ ♠✬♦♥t ❢❛✐t ❧✬❤♦♥♥❡✉r ❞✬❛❝❝❡♣t❡r ❞✬êtr❡ ❧❡s r❛♣♣♦rt❡✉rs ❞❡ ❝❡ tr❛✈❛✐❧✳ ❏❡ ❧❡s r❡♠❡r❝✐❡
♣♦✉r ❧❡ t❡♠♣s q✉✬✐❧s ♦♥t ❛❝❝♦r❞é à ❧❛ r❡❧❡❝t✉r❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t ❡t ♣♦✉r ❧✬✐♥térêt q✉✬✐❧s ❧✉✐
♦♥t ❛❝❝♦r❞é✳

❯♥ ❣r❛♥❞ ♠❡r❝✐ ❛✉ Pr♦❢❡ss❡✉r ❏❡❛♥✲❋r❛♥ç♦✐s ❩❛❣✉r② ♣♦✉r ❧❡ ré❡❧ ❡♥t❤♦✉s✐❛s♠❡ ❞♦♥t ✐❧
❛ t♦✉❥♦✉rs ❢❛✐t ♣❛rt ❡t ♣♦✉r s❡s ♣ré❝✐❡✉① ❝♦♥s❡✐❧s ❡t ✉♥ ❣r❛♥❞ ♠❡r❝✐ à t♦✉t❡ s♦♥ éq✉✐♣❡✱ ❡♥
♣❛rt✐❝✉❧✐❡r ❙✐❣r✐❞✱ ❈é❞r✐❝✱ ❚❛♦✉✜❦✱ ❱✐♥❝❡♥t ❡t ❈❤r✐st✐❛♥❡ ♣♦✉r ❧❡✉r ❣❡♥t✐❧❧❡ss❡ ❡t ❧❡✉r ❛✐❞❡✳

❏❡ t✐❡♥s à r❡♠❡r❝✐❡r ❝❤❛❧❡✉r❡✉s❡♠❡♥t ❚❖❯❚❊ ❧✬éq✉✐♣❡ ❞✉ ❈❊✳❘✳■✳❊✳❙✳ ♣♦✉r ❧❡✉r s♦✉✲
t✐❡♥✱ ❧❡✉r ❣❡♥t✐❧❧❡ss❡ ❡t ♣♦✉r ❝❡s q✉❛tr❡ ❛♥♥é❡s ❞❡ ❜♦♥❤❡✉r ♣❛ssé❡s à ❧❡✉r ❝ôtés✳ ❯♥ ❣r❛♥❞
♠❡r❝✐ à ❏✉❧✐❡ ▲❛tr❡✐❧❧❡✱ ❊♠♠❛♥✉❡❧❧❡ ▼❛✉❣❡r ❡t ❧❛ ♣❡t✐t❡ ❞❡r♥✐èr❡ ❋ré❞ér✐q✉❡ ❙♦♣♣❡❧s❛ ♣♦✉r
❧❡ ♣❧❛✐s✐r q✉✬❡❧❧❡s ♠✬♦♥t ❞♦♥♥é à ✈❡♥✐r tr❛✈❛✐❧❧❡r t♦✉s ❧❡s ❥♦✉rs à ❧❡✉rs ❝ôtés✳

❊t ♣✉✐s à ❝ôté ❞❡ ❝❡❧❛ ✐❧ ② ❛ ❧❡s ❛♠✐✭❡✮s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❙❛♥❞r❛✱ ❊♠✐❧✐❡✱ ❍❛♥♥❛✱ ❏✉❧✐❡
❡t ❈❧❛✉❞❡ q✉✐ ♦♥t t♦✉❥♦✉rs ❝r✉ ❡♥ ♠♦✐ ❡t ♠✬♦♥t s♦✉t❡♥✉ ♠❛❧❣ré ❧❛ ❞✐st❛♥❝❡✳ ❉❡s ❛♠✐✲
t✐és ❧♦♥❣✉❡s ❡t s✐♥❝èr❡s q✉✐ s♦♥t ✉♥❡ ✈r❛✐❡ s♦✉r❝❡ ❞✬é♥❡r❣✐❡ ❛✉ q✉♦t✐❞✐❡♥✳ ❉❡s ❛♠✐✭❡✮s ❡t
❜✐❡♥ ♣❧✉s✳✳✳ ▼❡r❝✐ à P✐❡rr❡✲❍❛❦✐♠ ♣♦✉r s♦♥ s♦✉t✐❡♥ ❛✉ q✉♦t✐❞✐❡♥✱ ♠❡r❝✐ ❞❡ ♠✬❛✈♦✐r ♣❡r♠✐s
❞✬❛✈❛♥❝❡r ❡t ❞❡ ♠❡ ❞é♣❛ss❡r ❝❤❛q✉❡ ❥♦✉r ✉♥ ♣❡✉ ♣❧✉s✳

▼❡s ♣❡♥sé❡s ❧❡s ♣❧✉s ♣r♦❢♦♥❞❡s ✈♦♥t à ♠❛ ❢❛♠✐❧❧❡✱ ♠❛ ❣r❛♥❞✲♠èr❡✱ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r à
♠❡s ♣❛r❡♥ts q✉✐ s♦♥t ✉♥❡ ✈r❛✐❡ s♦✉r❝❡ ❞❡ ❜♦♥❤❡✉r✱ ♠❛ ♣❧✉s ❣r❛♥❞❡ ✜❡rté ❡t ❧❛ r❛✐s♦♥ ❞❡ ❝❡s
❛❜♦✉t✐ss❡♠❡♥ts✳

❚♦✉t❡s ❧❡s ♣❡rs♦♥♥❡s q✉❡ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡ ❝r♦✐s❡r ❡t q✉✐ ♠✬♦♥t ❡♥t♦✉ré❡s ❞✉r❛♥t ❝❡s
tr♦✐s ❛♥♥é❡s ♠✬♦♥t ♣❡r♠✐s ❞❡ ♣❛ss❡r ❞❡s ♠♦♠❡♥ts ❢♦r♠✐❞❛❜❧❡s ❡t ❞✬❛♣♣ré❝✐❡r ❝❤❛q✉❡ ❥♦✉r
❧❛ ❝❤❛♥❝❡ q✉❡ ❥✬❛✈❛✐s ❞✬êtr❡ ❛✉ss✐ ❜✐❡♥ ✧t♦♠❜é❡✧✳ ▼❡r❝✐ à t♦✉t❡s ❝❡s ♣❡rs♦♥♥❡s ♣♦✉r ❧❡✉r
❣❡♥t✐❧❧❡ss❡✱ ❧❡✉r ❤✉♠✐❧✐té ❡t ❧❡✉r s✐ ❣r❛♥❞ s❛✈♦✐r q✉✐ ♠✬❛ t♦✉❥♦✉rs ✐♠♣r❡ss✐♦♥♥é✳✳✳
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❘és✉♠é

▲❡s ♥♦✉✈❡❧❧❡s t❡❝❤♥♦❧♦❣✐❡s ❞é✈❡❧♦♣♣é❡s ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ❣é♥é✲

t✐q✉❡ ♦♥t ♣❡r♠✐s ❞❡ ❣é♥ér❡r ❞❡s ❜❛s❡s ❞❡ ❞♦♥♥é❡s ❞❡ très ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✱ ❡♥ ♣❛rt✐❝✉❧✐❡r

❞❡ ❙✐♥❣❧❡ ◆✉❝❧❡♦t✐❞❡ P♦❧②♠♦r♣❤✐s♠s ✭❙◆Ps✮✱ ❝❡s ❜❛s❡s ét❛♥t s♦✉✈❡♥t ❝❛r❛❝tér✐sé❡s ♣❛r ✉♥

♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❧❛r❣❡♠❡♥t s✉♣ér✐❡✉r ❛✉ ♥♦♠❜r❡ ❞✬✐♥❞✐✈✐❞✉s✳ ▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ tr❛✈❛✐❧

❛ été ❞❡ ❞é✈❡❧♦♣♣❡r ❞❡s ♠ét❤♦❞❡s st❛t✐st✐q✉❡s ❛❞❛♣té❡s à ❝❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s ❞❡ ❣r❛♥❞❡

❞✐♠❡♥s✐♦♥ ❡t ♣❡r♠❡tt❛♥t ❞❡ sé❧❡❝t✐♦♥♥❡r ❧❡s ✈❛r✐❛❜❧❡s ❧❡s ♣❧✉s ♣❡rt✐♥❡♥t❡s ❛✉ r❡❣❛r❞ ❞✉

♣r♦❜❧è♠❡ ❜✐♦❧♦❣✐q✉❡ ❝♦♥s✐❞éré✳ ❉❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡ tr❛✈❛✐❧✱ ✉♥ ét❛t ❞❡ ❧✬❛rt ♣ré✲

s❡♥t❡ ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ♥♦♥ s✉♣❡r✈✐sé❡s ❡t s✉♣❡r✈✐sé❡s ♣♦✉r ✷

❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ❡t ♣❧✉s✳ ❉❛♥s ❧❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡✱ ❞❡✉① ♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s ❞❡ sé❧❡❝t✐♦♥

❞❡ ✈❛r✐❛❜❧❡s ♥♦♥ s✉♣❡r✈✐sé❡s ❞❡ t②♣❡ ✧s♣❛rs❡✧ s♦♥t ♣r♦♣♦sé❡s ✿ ❧❛ ●r♦✉♣ ❙♣❛rs❡ Pr✐♥❝✐♣❛❧

❈♦♠♣♦♥❡♥t ❆♥❛❧②s✐s ✭●❙P❈❆✮ ❡t ❧✬❆♥❛❧②s❡ ❞❡s ❈♦rr❡s♣♦♥❞❛♥❝❡s ▼✉❧t✐♣❧❡s s♣❛rs❡ ✭❆❈▼

s♣❛rs❡✮✳ ❱✉❡s ❝♦♠♠❡ ❞❡s ♣r♦❜❧è♠❡s ❞❡ ré❣r❡ss✐♦♥ ❛✈❡❝ ✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ ❣r♦✉♣ ▲❆❙❙❖ ❡❧❧❡s

❝♦♥❞✉✐s❡♥t à ❧❛ sé❧❡❝t✐♦♥ ❞❡ ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s q✉❛♥t✐t❛t✐✈❡s ❡t q✉❛❧✐t❛t✐✈❡s✱ r❡s♣❡❝t✐✈❡♠❡♥t✳

▲❛ tr♦✐s✐è♠❡ ♣❛rt✐❡ ❡st ❝♦♥s❛❝ré❡ ❛✉① ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❙◆Ps ❡t ❞❛♥s ❝❡ ❝❛❞r❡✱ ✉♥❡ ♠é✲

t❤♦❞❡ s♣é❝✐✜q✉❡ ❞❡ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s✱ ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✱ ❡st ♣rés❡♥té❡✳ ❊♥✜♥✱ ❧❛

q✉❛tr✐è♠❡ ♣❛rt✐❡ ♣rés❡♥t❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❝❡s ♠ét❤♦❞❡s s✉r ✉♥ ❥❡✉ ❞❡ ❞♦♥♥é❡s ré❡❧❧❡s

❞❡ ❙◆Ps ❛✜♥ ❞✬ét✉❞✐❡r ❧✬✐♥✢✉❡♥❝❡ ♣♦ss✐❜❧❡ ❞✉ ♣♦❧②♠♦r♣❤✐s♠❡ ❣é♥ét✐q✉❡ s✉r ❧✬❡①♣r❡ss✐♦♥

❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❛✉ ♥✐✈❡❛✉ ❞✉ ✈✐s❛❣❡ ❝❤❡③ ❞❡s ❢❡♠♠❡s ❛❞✉❧t❡s✳ ▲❡s ♠ét❤♦❞❡s ❞é✈❡✲

❧♦♣♣é❡s ♦♥t ❞♦♥♥é ❞❡s rés✉❧t❛ts ♣r♦♠❡tt❡✉rs ré♣♦♥❞❛♥t ❛✉① ❛tt❡♥t❡s ❞❡s ❜✐♦❧♦❣✐st❡s✱ ❡t q✉✐

♦✛r❡♥t ❞❡ ♥♦✉✈❡❧❧❡s ♣❡rs♣❡❝t✐✈❡s ❞❡ r❡❝❤❡r❝❤❡s ✐♥tér❡ss❛♥t❡s✳

▼♦ts ❝❧és ✿ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s✱ ❆❈P s♣❛rs❡✱ ❆❈▼✱ ❙◆P✲❙◆P ✐♥t❡r❛❝t✐♦♥s✱ ré❣r❡ss✐♦♥

❧♦❣✐q✉❡✱ ♠ét❤♦❞❡s ♠✉❧t✐❜❧♦❝s✱ ♠ét❤♦❞❡s s♣❛rs❡ ♥♦♥ s✉♣❡r✈✐sé❡s✳

✼





❆❜str❛❝t

◆❡✇ t❡❝❤♥♦❧♦❣✐❡s ❞❡✈❡❧♦♣❡❞ r❡❝❡♥t❧② ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❣❡♥❡t✐❝ ❤❛✈❡ ❣❡♥❡r❛t❡❞ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧

❞❛t❛❜❛s❡s✱ ❡s♣❡❝✐❛❧❧② ❙◆Ps ❞❛t❛❜❛s❡s✳ ❚❤❡s❡ ❞❛t❛❜❛s❡s ❛r❡ ♦❢t❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ♥✉♠✲

❜❡r ♦❢ ✈❛r✐❛❜❧❡s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥

✇❛s t♦ ❞❡✈❡❧♦♣ ❛♣♣r♦♣r✐❛t❡ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s t♦ ❛♥❛❧②s❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛✱ ❛♥❞ t♦

s❡❧❡❝t t❤❡ ♠♦st ❜✐♦❧♦❣✐❝❛❧❧② r❡❧❡✈❛♥t ✈❛r✐❛❜❧❡s✳

■♥ t❤❡ ✜rst ♣❛rt✱ ■ ♣r❡s❡♥t t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt t❤❛t ❞❡s❝r✐❜❡s ✉♥s✉♣❡r✈✐s❡❞ ❛♥❞ s✉♣❡r✲

✈✐s❡❞ ✈❛r✐❛❜❧❡s s❡❧❡❝t✐♦♥ ♠❡t❤♦❞s ❢♦r t✇♦ ♦r ♠♦r❡ ❜❧♦❝❦s ♦❢ ✈❛r✐❛❜❧❡s✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ■

♣r❡s❡♥t t✇♦ ♥❡✇ ✉♥s✉♣❡r✈✐s❡❞ ✧s♣❛rs❡✧ ♠❡t❤♦❞s✿ ●r♦✉♣ ❙♣❛rs❡ Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t ❆♥❛✲

❧②s✐s ✭●❙P❈❆✮ ❛♥❞ ❙♣❛rs❡ ▼✉❧t✐♣❧❡ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❆♥❛❧②s✐s ✭❙♣❛rs❡ ▼❈❆✮✳ ❈♦♥s✐❞❡r❡❞

❛s r❡❣r❡ss✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ❛ ❣r♦✉♣ ▲❆❙❙❖ ♣❡♥❛❧✐③❛t✐♦♥✱ t❤❡s❡ ♠❡t❤♦❞s ❧❡❛❞ t♦ s❡❧❡❝t

❜❧♦❝❦s ♦❢ q✉❛♥t✐t❛t✐✈❡ ❛♥❞ q✉❛❧✐t❛t✐✈❡ ✈❛r✐❛❜❧❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t❤✐r❞ ♣❛rt ✐s ❞❡✈♦t❡❞ t♦

✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❙◆Ps✳ ❆ ♠❡t❤♦❞ ❡♠♣❧♦②❡❞ t♦ ✐❞❡♥t✐❢② t❤❡s❡ ✐♥t❡r❛❝t✐♦♥s ✐s ♣r❡s❡♥t❡❞✿

t❤❡ ❧♦❣✐❝ r❡❣r❡ss✐♦♥✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛st ♣❛rt ♣r❡s❡♥ts ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ♦♥ ❛

r❡❛❧ ❙◆Ps ❞❛t❛s❡t t♦ st✉❞② t❤❡ ♣♦ss✐❜❧❡ ✐♥✢✉❡♥❝❡ ♦❢ ❣❡♥❡t✐❝ ♣♦❧②♠♦r♣❤✐s♠ ♦♥ ❢❛❝✐❛❧ s❦✐♥

❛❣✐♥❣ ✐♥ ❛❞✉❧t ✇♦♠❡♥✳ ❚❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ❣❛✈❡ r❡❧❡✈❛♥t r❡s✉❧ts t❤❛t ❝♦♥✜r♠❡❞ t❤❡

❜✐♦❧♦❣✐st✬s ❡①♣❡❝t❛t✐♦♥s ❛♥❞ t❤❛t ♦✛❡r❡❞ ♥❡✇ r❡s❡❛r❝❤ ♣❡rs♣❡❝t✐✈❡s✳

❑❡②✇♦r❞s✿ ❢❡❛t✉r❡ s❡❧❡❝t✐♦♥✱ s♣❛rs❡ P❈❆✱ ▼❈❆✱ ❙◆P✲❙◆P ✐♥t❡r❛❝t✐♦♥s✱ ❧♦❣✐❝ r❡❣r❡ss✐♦♥✱

♠✉❧t✐❜❧♦❝❦s ♠❡t❤♦❞s✱ ✉♥s✉♣❡r✈✐s❡❞ s♣❛rs❡ ♠❡t❤♦❞s✳

✾





❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

■♥tr♦❞✉❝t✐♦♥ ✷✾

◆♦t❛t✐♦♥s ❡t r❛♣♣❡❧s ✸✸

✶ ▼ét❤♦❞❡s s♣❛rs❡s s✉♣❡r✈✐sé❡s ❡t ♥♦♥ s✉♣❡r✈✐sé❡s ✿ ét❛t ❞❡ ❧✬❛rt ✸✼

✶✳✶ ▼ét❤♦❞❡s s♣❛rs❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✶✳✶✳✶ ▼ét❤♦❞❡s ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✶✳✶✳✶✳✶ ❘é❣r❡ss✐♦♥ r✐❞❣❡ ❡t ▲❆❙❙❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✶✳✶✳✶✳✷ ❘é❣✉❧❛r✐s❛t✐♦♥ ❡❧❛st✐❝ ♥❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✶✳✶✳✷ ▲❡s ❆❈P ❙♣❛rs❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✶✳✶✳✷✳✶ ❙❈♦❚▲❆❙❙ ❞❡ ❏♦❧❧✐✛❡ ❡t ❛❧✳ ❬✷✵✵✸❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✶✳✶✳✷✳✷ ❙♣❛rs❡ P❈❆ ❞❡ ❩♦✉ ❡t ❛❧✳ ❬✷✵✵✻❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✶✳✶✳✷✳✸ ❙♣❛rs❡ P❈❆✲r❙❱❉ ❞❡ ❙❤❡♥ ❛♥❞ ❍✉❛♥❣ ❬✷✵✵✽❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✶✳✶✳✸ ▼ét❤♦❞❡s P▲❙ ❡t ❙♣❛rs❡ P▲❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✶✳✶✳✸✳✶ ▼ét❤♦❞❡ P▲❙ ✿ P❛rt✐❛❧ ▲❡❛st ❙q✉❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✶✳✶✳✸✳✷ ❙♣❛rs❡ P▲❙✲❙❱❉ ❞❡ ▲ê ❈❛♦ ❡t ❛❧✳ ❬✷✵✵✽❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✶✳✶✳✸✳✸ ❙♣❛rs❡ P▲❙ ❞❡ ❈❤✉♥❣ ❛♥❞ ❑❡❧❡s ❬✷✵✶✵❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
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✶✳✷✳✶ ❊st✐♠❛t❡✉r ❣r♦✉♣ ▲❆❙❙❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✶✳✷✳✷ ❊st✐♠❛t❡✉r ❙♣❛rs❡ ❣r♦✉♣ ▲❆❙❙❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵
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✶✳✷✳✸ ❘●❈❈❆ ✿ ❘❡❣✉❧❛r✐③❡❞ ●❡♥❡r❛❧✐③❡❞ ❈❛♥♦♥✐❝❛❧ ❈♦rr❡❧❛t✐♦♥ ❆♥❛❧②s✐s ✳ ✼✵

✶✳✷✳✹ ❙●❈❈❆ ✿ ❙♣❛rs❡ ●❡♥❡r❛❧✐③❡❞ ❈❛♥♦♥✐❝❛❧ ❈♦rr❡❧❛t✐♦♥ ❆♥❛❧②s✐s ✳ ✳ ✳ ✳ ✼✺

✷ ◆♦✉✈❡❧❧❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐❜❧♦❝s s♣❛rs❡ ♥♦♥ s✉♣❡r✈✐sé❡s ✼✾
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✷✳✶✳✶ ❙❱❉ s✉r ✉♥❡ ♠❛tr✐❝❡ str✉❝t✉ré❡ ♣❛r ❜❧♦❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✷✳✶✳✷ Pr♦♣r✐étés ❞❡ ❧❛ ❙❱❉ s✉r ✉♥❡ ♠❛tr✐❝❡ str✉❝t✉ré❡ ♣❛r ❜❧♦❝s ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✷✳✶✳✸ ❆❈P ❝♦♠♠❡ ✉♥❡ ❙❱❉ ❞✬✉♥❡ ♠❛tr✐❝❡ str✉❝t✉ré❡ ♣❛r ❜❧♦❝s ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✷✳✶✳✹ ❙❱❉ ❣é♥ér❛❧✐sé❡ ♦✉ ●❙❱❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✷✳✶✳✺ Pr♦♣r✐étés ❞❡ ❧❛ ●❙❱❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✷✳✶✳✻ ●❙❱❉ ❛♣♣❧✐q✉é❡ à ✉♥❡ ♠❛tr✐❝❡ str✉❝t✉ré❡ ♣❛r ❜❧♦❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✷✳✶✳✼ Pr♦♣r✐étés ❞✬✉♥❡ ●❙❱❉ ❛♣♣❧✐q✉é❡ à ✉♥❡ ♠❛tr✐❝❡ str✉❝t✉ré❡ ♣❛r ❜❧♦❝s ✽✸

✷✳✶✳✽ ❆♥❛❧②s❡ ❞❡s ❝♦rr❡s♣♦♥❞❛♥❝❡s ❝♦♠♠❡ ●❙❱❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✷✳✶✳✾ ❉❡ ❧✬❛♥❛❧②s❡ ❞❡s ❝♦rr❡s♣♦♥❞❛♥❝❡s à ❧✬❛♥❛❧②s❡ ❞❡s ❝♦rr❡s♣♦♥❞❛♥❝❡s
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✷✳✶✳✶✵ ●❙❱❉ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡ t②♣❡ ré❣r❡ss✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
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✷✳✸ ❆♥❛❧②s❡ ❞❡s ❈♦rr❡s♣♦♥❞❛♥❝❡s ▼✉❧t✐♣❧❡s ❙♣❛rs❡ ✭❆❈▼ s♣❛rs❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
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✸✳✷✳✸ ■❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s ✐♥tér❡ss❛♥t❡s ✿ ❛❧❣♦r✐t❤♠❡ ❧♦❣✐❝❋❙ ✳ ✳ ✳ ✶✶✾

✸✳✷✳✹ ▼❡s✉r❡ ❞❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ✐❞❡♥t✐✜é❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
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✹ ❆♣♣❧✐❝❛t✐♦♥ s✉r ❞❡s ❞♦♥♥é❡s ❣é♥ét✐q✉❡s ❞❡ ❜✐♦♣✉❝❡s ✶✸✶
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✹✳✶✳✹ ❱❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s ✿ ❙✐♥❣❧❡ ◆✉❝❧❡♦t✐❞❡ P♦❧②♠♦r♣❤✐s♠s ✭❙◆Ps✮ ✳ ✳ ✶✸✻
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✹✳✹✳✶✳✷ ❉ét❡❝t✐♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺

✹✳✹✳✷ ■♥t❡r❛❝t✐♦♥s ❜✐♦❧♦❣✐q✉❡s r❛♣♣♦rté❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾

✹✳✹✳✸ ❙②♥t❤ès❡ ❞❡s rés✉❧t❛ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶

✹✳✺ ■♥té❣r❛t✐♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞❛♥s ❧❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐❜❧♦❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶

✹✳✺✳✶ ❆♣♣r♦❝❤❡ ♠✉❧t✐❜❧♦❝s ♥♦♥ s✉♣❡r✈✐sé❡ ✿ ❆❈▼ ❙♣❛rs❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶

✹✳✺✳✷ ❆♣♣r♦❝❤❡ ♠✉❧t✐❜❧♦❝s s✉♣❡r✈✐sé❡ ✿ ❘●❈❈❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s ✶✼✾

❇✐❜❧✐♦❣r❛♣❤✐❡ ✶✽✹

▲✐st❡ ❞❡s ♣✉❜❧✐❝❛t✐♦♥s ✶✾✾

▲✐st❡ ❞❡s ❝♦♠♠✉♥✐❝❛t✐♦♥s ✷✵✶

❆♥♥❡①❡s ✷✵✼

❆ P❡❛✉ ❡t ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ✷✵✼

❆✳✶ ❉❡s❝r✐♣t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✼

❆✳✷ ❱✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❡t ❢❛❝t❡✉rs ✐♥✢✉❡♥ç❛♥t ❧✬❛s♣❡❝t ❝✉t❛♥é ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✾

❆✳✷✳✶ ❱✐❡✐❧❧✐ss❡♠❡♥t ✐♥tr✐♥sèq✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✾

❆✳✷✳✷ P❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✵

❇ ❇❛s❡s ❞❡ ❧❛ ❣é♥ét✐q✉❡ ✷✶✸

❈ Prés❡♥t❛t✐♦♥ ❞❡ ❧✬ét✉❞❡ ❙❯✳❱■✳▼❆❳ ❡t ♣ré✲tr❛✐t❡♠❡♥ts ❞❡s ❞♦♥♥é❡s ré❛✲

❧✐sés ❡♥ ❛♠♦♥t ❞❡ ❧❛ t❤ès❡ ✷✷✶

✶✹
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❈✳✶ Prés❡♥t❛t✐♦♥ ❞❡ ❧✬ét✉❞❡ ❙❯✳❱■✳▼❆❳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✶

❈✳✷ ❈❛❧❝✉❧ ❞❡s s❝♦r❡s ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✸

❈✳✸ ●é♥♦t②♣❛❣❡ ❡t ❝♦♥trô❧❡ q✉❛❧✐té ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✹

❈✳✸✳✶ ●é♥♦t②♣❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✹

❈✳✸✳✷ ❈♦♥trô❧❡ ❞❡ q✉❛❧✐té ❞✉ ❣é♥♦t②♣❛❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✺

❈✳✹ ❙tr❛t✐✜❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✼

❉ P❛❝❦❛❣❡s ❘ ✷✸✶

❊ ❉é♠♦♥str❛t✐♦♥s ✷✸✸

❊✳✶ ❉é♠♦♥str❛t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✷✽✮ ♣❛❣❡ ✺✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✸

❊✳✷ ❉é♠♦♥str❛t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✷✳✽✮ ♣❛❣❡ ✽✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✺

❋ P✉❜❧✐❝❛t✐♦♥s ✷✸✼

❋✳✶ P✉❜❧✐❝❛t✐♦♥ ♣❛r✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸✼

❋✳✷ P✉❜❧✐❝❛t✐♦♥ à s♦✉♠❡ttr❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹✺

✶✺
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✶✻



▲✐st❡ ❞❡s t❛❜❧❡❛✉①

✶✳✶ ❉♦♥♥é❡s ❝❛♥❝❡r ❞❡ ❧❛ ♣r♦st❛t❡ ✿ t❛❜❧❡❛✉ ❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ♣ré❞✐❝t❡✉rs✳ ✳ ✹✼

✶✳✷ ❉♦♥♥é❡s ❝❛♥❝❡r ❞❡ ❧❛ ♣r♦st❛t❡ ✿ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✶ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ❚❡♠♣s ✭❡♥ s❡❝♦♥❞❡s✮ ❡t ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ♥é❝❡ss❛✐r❡s à ❧❛

❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✈❛❧❡✉rs ❞❡ λ ♣♦✉r ❧✬❆❈P s♣❛rs❡

❡t ❧❛ ●❙P❈❆✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✷✳✷ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ✧▲♦❛❞✐♥❣s✧ ❡t ✈❛r✐❛♥❝❡s ♦❜t❡♥✉s ❛✈❡❝ ❆❈P✱ ❆❈P s♣❛rs❡

❡t ●❙P❈❆ s✉r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❞✐♠❡♥s✐♦♥s ♣♦✉r ✻ ❞❡s ✷✺ ♦❧✐❣♦✲é❧é♠❡♥ts

❛♥❛❧②sés✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✷✳✸ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ❚❡♠♣s ✭❡♥ s❡❝♦♥❞❡s✮ ❡t ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ♥é❝❡ss❛✐r❡s à

❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✈❛❧❡✉rs ❞❡ λ ♣♦✉r ❧✬❆❈▼ s♣❛rs❡✳✶✵✸

✷✳✹ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ✧▲♦❛❞✐♥❣s✧ ❡t ✈❛r✐❛♥❝❡ ♦❜t❡♥✉s ❛✈❡❝ ❧✬❆❈▼ ❡t ❧✬❆❈▼

s♣❛rs❡ s✉r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✸✳✶ ❉♦♥♥é❡s ♠②♦❝❛r❞❡ ✿ t❛✉① ❞❡ ♠❛✉✈❛✐s ❝❧❛ss❡♠❡♥t ✭❡♥ ✪✮ ♣♦✉r ❧❡s ✼ ♠ét❤♦❞❡s

t❡sté❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻

✹✳✶ ❈♦❡✣❝✐❡♥ts ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡ P❡❛rs♦♥ ❡♥tr❡ ❧❡s s❝♦r❡s ♦❜t❡♥✉s à ❧✬❛✐❞❡ ❞❡s

❝✐♥q ♠ét❤♦❞❡s ❞❡ ❝❛❧❝✉❧ ♣♦✉r ❧❡s tr♦✐s s❝♦r❡s ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ✿ ❆❈P✱ ❆❈▼✱

♣r♦❝ tr❛♥sr❡❣✱ ♣r♦❝ ♣r✐♥q✉❛❧✱ ❛♣♣r♦❝❤❡ P▲❙✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

✹✳✷ ❉♦♥♥é❡s ❙◆Ps ✿ ✧▲♦❛❞✐♥❣s✧ ❡t ✐♥❡rt✐❡ ♦❜t❡♥✉s ❛✈❡❝ ❆❈▼ ❡t ❆❈▼ s♣❛rs❡

s✉r ❧❡s q✉❛tr❡ ♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s ♣♦✉r ❧❡s q✉❛tr❡ ♣r❡♠✐❡rs ❙◆Ps ♣ré✲

sé❧❡❝t✐♦♥♥és ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

✶✼



▲■❙❚❊ ❉❊❙ ❚❆❇▲❊❆❯❳

✹✳✸ ❈♦❞❛❣❡ ❞❡s ❙◆Ps ❡♥ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s ♣♦✉r ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹

✶✽



❚❛❜❧❡ ❞❡s ✜❣✉r❡s

✶✳✶ ■❧❧✉str❛t✐♦♥ ❡♥ ✷✲❞✐♠❡♥s✐♦♥s ❞❡ ❧❛ ❣é♦♠étr✐❡ r✐❞❣❡ ✭♣❡t✐ts ♣♦✐♥t✐❧❧és ♥♦✐rs✮✱

▲❆❙❙❖ ✭♣♦✐♥t✐❧❧és ❜❧❡✉s✱ ❢♦r♠❡ ❞❡ ❧♦s❛♥❣❡✮ ❡t ❡❧❛st✐❝ ♥❡t ♣♦✉r α = 0.5

✭❝♦✉r❜❡ ❝♦♥t✐♥✉❡ r♦✉❣❡✮✳ ❊❧❛st✐❝ ♥❡t ❡st ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ▲❆❙❙❖ ❡t r✐❞❣❡✱

✐❧ ② ❛ ❞❡s s✐♥❣✉❧❛r✐tés ❛✉ s♦♠♠❡t ❡t ❧❡s ❜♦r❞s s♦♥t ❝♦♥✈❡①❡s✳ ▲❛ ❝♦♥✈❡①✐té

✈❛r✐❡ ❛✈❡❝ α ✭✜❣✉r❡ t✐ré❡ ❞❡ ❩♦✉ ❬✷✵✵✺❪✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✶✳✷ ❉♦♥♥é❡s ❝❛♥❝❡r ❞❡ ❧❛ ♣r♦st❛t❡ ✿ ❞✐❛❣r❛♠♠❡s ❞❡ ❞✐s♣❡rs✐♦♥ ✭❡♥ ❛♥❣❧❛✐s✱ ✧s❝❛t✲

t❡r ♣❧♦ts✧✮✳ ▲❛ ♣r❡♠✐èr❡ ❧✐❣♥❡ ❝♦rr❡s♣♦♥❞ à ❧❛ ✈❛r✐❛❜❧❡ à ❡①♣❧✐q✉❡r✱ ❧❡s ❛✉tr❡s

❧✐❣♥❡s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ♣ré❞✐❝t❡✉rs✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✶✳✸ ❉♦♥♥é❡s ❞✉ ❝❛♥❝❡r ❞❡ ❧❛ ♣r♦st❛t❡ ✿ ❝❤❡♠✐♥ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ❞❡ ❧❛ ré❣r❡ss✐♦♥

r✐❞❣❡ ✭à ❣❛✉❝❤❡✮✱ ❞✉ ▲❆❙❙❖ ✭❛✉ ❝❡♥tr❡✮ ❡t ❞❡ ❧✬❡❧❛st✐❝ ♥❡t ♣♦✉r α = 0.5 ✭à

❞r♦✐t❡✮✳ ▲❡s tr❛✐ts ❡♥ ♣♦✐♥t✐❧❧és r♦✉❣❡s r❡♣rés❡♥t❡♥t ❧❛ ✈❛❧❡✉r ❞✉ λ ♦♣t✐♠❛❧

❝❛❝✉❧é ♣❛r ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡✳ ▲❡s ✈❛r✐❛❜❧❡s q✉✐ ♥❡ s♦♥t ♣❛s à ③ér♦ ♣♦✉r ❝❡tt❡

✈❛❧❡✉r ❞❡ λ s♦♥t sé❧❡❝t✐♦♥♥é❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✶✳✹ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ♣é♥❛❧✐s❛t✐♦♥s ✧s♦❢t t❤r❡s❤♦❧❞✐♥❣✧ ✭❡♥ ♣♦✐♥t✐❧❧és r♦✉❣❡s✮

❡t ✧❤❛r❞ t❤r❡s❤♦❧❞✐♥❣✧ ✭❡♥ ❜❧❡✉✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✶✳✺ ❘❡♣rés❡♥t❛t✐♦♥ ❞✬✉♥ ♠♦❞è❧❡ ❘●❈❈❆ ✧♥♦✉✈❡❛✉ ♠♦❞❡ ❆✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✷✳✶ ❙❱❉ s✉r ✉♥❡ ♠❛tr✐❝❡ X str✉❝t✉ré❡ ♣❛r ❜❧♦❝s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✷✳✷ ❉ét❛✐❧s ❞❡ ❧❛ ♠❛tr✐❝❡ Q ❞❛♥s ❧❛ ❙❱❉ ♣❛r ❜❧♦❝s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✷✳✸ ❈♦♠♣♦s✐t✐♦♥ ❞✉ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❞❡s ❝r❛❜❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✷✳✹ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ✈❛r✐❛♥❝❡ ♦❜t❡♥✉ ♣❛r

❆❈P ♣♦✉r ❧❡s ♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✶✾
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✷✳✺ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ❝r❛❜❡s s✉r ❧❡ ♣r❡♠✐❡r ♣❧❛♥ ✭❆❈P✮✳ ✳ ✳ ✳ ✾✷

✷✳✻ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ➱✈♦❧✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ❡♥ ❢♦♥❝t✐♦♥

❞✉ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ λ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✷✳✼ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ➱✈♦❧✉t✐♦♥ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❝✉♠✉❧é ❞❡ ✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡ ❡♥

❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ λ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✷✳✽ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s s✉r ❧❡ ♣r❡♠✐❡r ♣❧❛♥ ✭●❙P❈❆✮

♣♦✉r λ = 5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✷✳✾ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ✈❛r✐❛❜❧❡s s✉r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❞✐♠❡♥✲

s✐♦♥s ❞❡ ❧✬❆❈▼✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✷✳✶✵ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ➱✈♦❧✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ♠♦❞❛❧✐tés sé❧❡❝t✐♦♥♥é❡s ❡♥ ❢♦♥❝t✐♦♥

❞✉ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ λ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✷✳✶✶ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ➱✈♦❧✉t✐♦♥ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ ❝✉♠✉❧é ❡♥ ❢♦♥❝t✐♦♥ ❞✉

♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ λ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✷✳✶✷ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ✈❛r✐❛❜❧❡s s✉r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❞✐♠❡♥✲

s✐♦♥s ❞❡ ❧✬❆❈▼ s♣❛rs❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✸✳✶ ❘és❡❛✉ ❞✬✐♥t❡r❛❝t✐♦♥s ♣♦✉r ❧❡ ❣è♥❡ MC1R ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ ❧❛ ❜❛s❡ ❞❡

❞♦♥♥é❡s ❇✐♦●❘■❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✸✳✷ ❘és❡❛✉ ❞✬✐♥t❡r❛❝t✐♦♥s ♣♦✉r ❧❡ ❣è♥❡ MC1R ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ ❧❛ ❜❛s❡ ❞❡

❞♦♥♥é❡s ❙❚❘■◆● ✭❢✉❝❤s✐❛ ✿ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡s ❧✐❡♥s ♣❛r ❡①♣ér✐❡♥❝❡s ré❛❧✐✲

sé❡s✱ r♦✉❣❡ ✿ ❢✉s✐♦♥ ❞❡ ❣è♥❡s✱ ❜❧❡✉ ✿ ❝♦✲♦❝✉rr❡♥❝❡✱ ♥♦✐r ✿ ❝♦✲❡①♣r❡ss✐♦♥✱ ✈❡rt ✿

✐♥❢♦r♠❛t✐♦♥s ❝♦♥t❡♥✉❡s ❞❛♥s ❧❡s ❜❛s❡s ❞❡ ❞♦♥♥é❡s✱ ✈❡rt ❢♦♥❝é ✿ ❣è♥❡s ✈♦✐s✐♥s✱

✈❡rt ❛♥✐s ✿ ❡①♣❧♦r❛t✐♦♥ ❞❡ t❡①t❡✱ ✈✐♦❧❡t ✿ ❤♦♠♦❧♦❣✐❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

✸✳✸ ❆r❜r❡ ❧♦❣✐q✉❡ r❡♣rés❡♥t❛♥t ❧✬❡①♣r❡ss✐♦♥ ❜♦♦❧é❡♥♥❡ (X1 ∧Xc
2)∧ [(X3 ∧X4)∨

(X5 ∧ (Xc
3 ∨X6))] ✭❞✬❛♣rès ❘✉❝③✐♥s❦✐ ❡t ❛❧✳ ❬✷✵✵✸❪✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✸✳✹ ▼♦✉✈❡♠❡♥ts ❛❞♠✐ss✐❜❧❡s ❞❛♥s ❧✬❛r❜r❡ ❧♦❣✐q✉❡ ♣♦✉r ❧✬❡①♣r❡ss✐♦♥ ❧♦❣✐q✉❡ L =

(S11 ∧ Sc
21 ∨ S32)✳ ▲✬❛r❜r❡ ❞❡ ❞é♣❛rt ❡st ❛✉ ❝❡♥tr❡✳ ▲❡s ❧❡ttr❡s ❜❧❛♥❝❤❡s s✉r

❢♦♥❞ ♥♦✐r r❡♣rés❡♥t❡♥t ❧❡ ❝♦♥❥✉❣✉é ❞❡ ❧❛ ✈❛r✐❛❜❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✷✵
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✸✳✺ ❉♦♥♥é❡s ♠②♦❝❛r❞❡ ✿ ■♠♣♦rt❛♥❝❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞ét❡❝té❡s ♣❛r ré❣r❡ss✐♦♥

❧♦❣✐q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

✸✳✻ ❉♦♥♥é❡s ♠②♦❝❛r❞❡ ✿ ❝♦✉r❜❡s ❘❖❈ ❞❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s t❡sté❡s✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻

✸✳✼ ❉♦♥♥é❡s ♠②♦❝❛r❞❡ ✿ ❆r❜r❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❜t❡♥✉ ♣❛r ❧❛ ♠ét❤♦❞❡ ❈❆❘❚✳ ✳ ✶✷✽

✸✳✽ ❉♦♥♥é❡s ♠②♦❝❛r❞❡ ✿ ❆r❜r❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❜t❡♥✉ ♣❛r ❧❛ ♠ét❤♦❞❡ ❈❍❆■❉✳ ✶✷✾

✹✳✶ ❊❝❤❡❧❧❡ ♣❤♦t♦❣r❛♣❤✐q✉❡ ❞❡ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t à ✻ ♥✐✈❡❛✉① ✭❛❞❛♣té❡ ❞❡ ▲❛r✲

♥✐❡r ❡t ❛❧✳ ❬✶✾✾✹❪✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸

✹✳✷ ❘❡♣rés❡♥t❛t✐♦♥ ❞✉ ♣♦❧②♠♦r♣❤✐s♠❡ ❞✬✉♥ ♥✉❝❧é♦t✐❞❡ ❡♥tr❡ ✷ ✐♥❞✐✈✐❞✉s✳ ▲❛ ♠♦✲

❧é❝✉❧❡ ❞✬❆❉◆ ❞❡ ❧✬✐♥❞✐✈✐❞✉ ✶ ❞✐✛èr❡ ❞❡ ❝❡❧❧❡ ❞❡ ❧✬✐♥❞✐✈✐❞✉ ✷ ♣❛r ✉♥ s❡✉❧

♥✉❝❧é♦t✐❞❡ ✭♣♦❧②♠♦r♣❤✐s♠❡ ❈✴❚✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻

✹✳✸ ❘❡❝♦❞❛❣❡ ❞❡s ✈❛r✐❛❜❧❡s ❙◆Ps ❡♥ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

✹✳✹ ❉♦♥♥é❡s ❞❡ ❙◆Ps ✿ ❈♦❡✣❝✐❡♥ts ❞❡ ❝❤❛q✉❡ ❙◆P ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞❡

ré❣✉❧❛r✐s❛t✐♦♥ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♣❤é♥♦t②♣❡s ❞❛♥s ❧❛ ré❣r❡ss✐♦♥ ❡❧❛st✐❝ ♥❡t✳ ✳ ✳ ✶✸✾

✹✳✺ ❉✐str✐❜✉t✐♦♥ ❞✉ ✲❧♦❣10 ❞❡s ✈❛❧❡✉rs ♣ ❞❡s ❙◆Ps ❞❛♥s ❧✬❛♣♣r♦❝❤❡ ✉♥✐✈❛r✐é❡

✭❡♥ ♥♦✐r✮ ❡t ❝❡❧❧❡s ❞❡s ❙◆Ps ❝♦♥s❡r✈és ❛♣rès ❧❛ ♣ré✲sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t ✭❡♥

❜♦r❞❡❛✉①✮ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

✹✳✻ ❋réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ♣♦✉r ❧❡ ♣❤é♥♦✲

t②♣❡ ✧r✐❞❡s✧ ❛✈❛♥t ✭❡♥ ♥♦✐r✮ ❡t ❛♣rès sé❧❡❝t✐♦♥ ✭❡♥ r♦✉❣❡✮ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡

❞❡ ❣❛✉❝❤❡✮ ❡t ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❛✈❛♥t✴❛♣rès

sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡ ❞❡ ❞r♦✐t❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

✹✳✼ ❋réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ♣♦✉r ❧❡ ♣❤é♥♦✲

t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧ ❛✈❛♥t ✭❡♥ ♥♦✐r✮ ❡t ❛♣rès sé❧❡❝t✐♦♥ ✭❡♥ r♦✉❣❡✮ ❡❧❛st✐❝

♥❡t ✭❣r❛♣❤❡ ❞❡ ❣❛✉❝❤❡✮ ❡t ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps

❛✈❛♥t✴❛♣rès sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡ ❞❡ ❞r♦✐t❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

✹✳✽ ❋réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡

✧❧❡♥t✐❣✐♥❡s✧ ❛✈❛♥t ✭❡♥ ♥♦✐r✮ ❡t ❛♣rès sé❧❡❝t✐♦♥ ✭❡♥ r♦✉❣❡✮ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡

❞❡ ❣❛✉❝❤❡✮ ❡t ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❛✈❛♥t✴❛♣rès

sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡ ❞❡ ❞r♦✐t❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸
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✹✳✾ ❋réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡

✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧ ❛✈❛♥t ✭❡♥ ♥♦✐r✮ ❡t ❛♣rès sé❧❡❝t✐♦♥ ✭❡♥ r♦✉❣❡✮ ❡❧❛st✐❝

♥❡t ✭❣r❛♣❤❡ ❞❡ ❣❛✉❝❤❡✮ ❡t ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps

❛✈❛♥t✴❛♣rès sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡ ❞❡ ❞r♦✐t❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✹

✹✳✶✵ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡s ❙◆Ps sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ❡♥ ❢♦♥❝✲

t✐♦♥ ❞❡ ❧❡✉rs ❝♦♦r❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ♣♦✉r ❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

✹✳✶✶ ❘é♣❛rt✐t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s s✉r ❧❡ ♣r❡♠✐❡r ♣❧❛♥ ❢❛❝t♦r✐❡❧ ❞❡ ❧✬❆❈▼ ❞❡s ❙◆Ps

♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼

✹✳✶✷ ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❞✉ ♣r❡♠✐❡r ❛①❡ ❞❡

❧✬❆❈▼ ♣♦✉r ❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽

✹✳✶✸ ❊✈♦❧✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ♣❛r ❆❈▼ s♣❛rs❡ ❡♥ ❢♦♥❝t✐♦♥

❞✉ ♣❛r❛♠ètr❡ λ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵

✹✳✶✹ ❊✈♦❧✉t✐♦♥ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ ❝✉♠✉❧é ❛✈❡❝ ❆❈▼ s♣❛rs❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉

♣❛r❛♠ètr❡ λ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵

✹✳✶✺ ❉✐str✐❜✉t✐♦♥ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ❢♦✐s ♦ù ✉♥❡ ✈❛r✐❛❜❧❡ ❡st sé❧❡❝t✐♦♥♥é❡ ♣❛r

❆❈▼ s♣❛rs❡ à ❧❛ s✉✐t❡ ❞✬✉♥ ❜♦♦tstr❛♣ à ✶✵✵ ✐tér❛t✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✷

✹✳✶✻ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s s✉r ❧❡ ♣r❡♠✐❡r ♣❧❛♥ ❞❡ ❧✬❆❈▼ ❞❡s ❙◆Ps sé❧❡❝✲

t✐♦♥♥és ♣❛r ❆❈▼ s♣❛rs❡ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♣❤é♥♦t②♣❡s ✭❡♥ r♦✉❣❡✱ ❧❡s ✐♥❞✐✈✐❞✉s

❛✈❡❝ ✉♥ s❝♦r❡ ❛❥✉sté é❧❡✈é✱ ❡♥ ❜❧❡✉✱ ❝❡✉① ❛✈❡❝ ✉♥ s❝♦r❡ ❛❥✉sté ❢❛✐❜❧❡✮✳ ✳ ✳ ✳ ✳ ✶✺✹

✹✳✶✼ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s r❛♣♣♦rts ❞❡ ❝♦rré❧❛t✐♦♥ ❡♥tr❡ ❧❡s ❙◆Ps sé❧❡❝t✐♦♥♥és ♣❛r

❆❈▼ s♣❛rs❡ ❡t ❧❡ ♣r❡♠✐❡r ❛①❡ ❞❡ ❧✬❆❈▼ s♣❛rs❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs ❝♦♦r✲

❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ♣♦✉r ❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✺

✹✳✶✽ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ❙◆Ps ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❛✉ ♣r❡♠✐❡r ❛①❡ ❞❡ ❧✬❆❈▼

s♣❛rs❡ ♣♦✉r ❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

✹✳✶✾ ❘é♣❛rt✐t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ♠♦❧é❝✉❧❛✐r❡s ❞❡s ❣è♥❡s ❛✈❛♥t sé❧❡❝t✐♦♥ ♣❛r ❆❈▼

s♣❛rs❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✹✳✷✵ ❘é♣❛rt✐t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ♠♦❧é❝✉❧❛✐r❡s ❞❡s ❣è♥❡s ❛♣rès sé❧❡❝t✐♦♥ ♣❛r ❆❈▼

s♣❛rs❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾
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✹✳✷✶ ❘●❈❈❆ s✉r ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ✿ s❝❤é♠❛ ❢❛❝t♦r✐❡❧ ✰ ♠♦❞❡ ❘✐❞❣❡✳ ✳ ✳ ✳ ✳ ✶✻✶

✹✳✷✷ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s

❞❡ ❙◆Ps ✭❣è♥❡s✮ ❡t ❝❤❛❝✉♥ ❞❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s ❞❛♥s ❧❛ ❘●❈❈❆ ❡♥ ❢♦♥❝✲

t✐♦♥ ❞❡ ❧❡✉rs ❝♦♦r❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷

✹✳✷✸ ❙♦rt✐❡ ❞✉ ♣r♦❣r❛♠♠❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❛✈❡❝ ❧❡ ❧♦❣✐❝✐❡❧ ❘ ♣♦✉r ❧❡s ✺

♣r❡♠✐èr❡s ✐♥t❡r❛❝t✐♦♥s ♦❜t❡♥✉❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻

✹✳✷✹ ■♠♣♦rt❛♥❝❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ♦❜t❡♥✉❡s ✭❱■▼✮ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ✳ ✳ ✶✻✼

✹✳✷✺ ❘és❡❛✉ ❞✬✐♥t❡r❛❝t✐♦♥s ♣r♦té✐q✉❡s ❝♦♥♥✉❡s ❡♥tr❡ ❣è♥❡s ❛✈❛♥t sé❧❡❝t✐♦♥ ♣❛r

❆❈▼ s♣❛rs❡ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ à ♣❛rt✐r ❞❡ ❧❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❙❚❘■◆●✳✶✻✾

✹✳✷✻ ❘és❡❛✉ ❞✬✐♥t❡r❛❝t✐♦♥s ♣r♦té✐q✉❡s ❝♦♥♥✉❡s ❡♥tr❡ ❣è♥❡s ❛♣rès sé❧❡❝t✐♦♥ ♣❛r

❆❈▼ s♣❛rs❡ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ à ♣❛rt✐r ❞❡ ❧❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❙❚❘■◆●✳✶✼✵

✹✳✷✼ ❚❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❝♦♥s✐❞éré ❞❛♥s ❧✬❆❈▼ s♣❛rs❡ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥ ♣♦✉r ❧❡

♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

✹✳✷✽ ➱✈♦❧✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ♣❛r ❆❈▼ s♣❛rs❡ ✭❛✈❡❝ ✐♥✲

t❡r❛❝t✐♦♥s✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ λ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✸

✹✳✷✾ ➱✈♦❧✉t✐♦♥ ❞✉ ✪ ❞✬✐♥❡rt✐❡ ♦❜t❡♥✉ ❛✈❡❝ ❆❈▼ s♣❛rs❡ ✭❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s✮ ❡♥

❢♦♥❝t✐♦♥ ❞❡ λ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✸

✹✳✸✵ ❘●❈❈❆ s✉r ❙◆Ps ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ ✿ s❝❤é♠❛

❢❛❝t♦r✐❡❧ ✰ ♠♦❞❡ ❘✐❞❣❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✻

✹✳✸✶ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s

❞❡ ❙◆Ps ❡t ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❞❛♥s ❧❛ ❘●❈❈❆ s❛♥s ✭✜❣✉r❡ ❞❡ ❣❛✉❝❤❡✮ ❡t

❛✈❡❝ ✭✜❣✉r❡ ❞❡ ❞r♦✐t❡✮ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡

✧r✐❞❡s✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✼

❆✳✶ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞✬✉♥❡ ❝♦✉♣❡ ❞❡ ♣❡❛✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✼

❆✳✷ ❈♦✉❝❤❡s ❞❡ ❧❛ ♣❡❛✉ ❛tt❡✐♥t❡s ♣❛r ❧❡s ❯❱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r ❧♦♥❣✉❡✉r ❞✬♦♥❞❡

✭t✐ré❡ ❞❡ ●♦r❛❧❝③②❦ ❛♥❞ ❲❡rt③ ❬✷✵✵✾❪✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✶
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❚❆❇▲❊ ❉❊❙ ❋■●❯❘❊❙

❇✳✶ ❘❡♣rés❡♥t❛t✐♦♥ ❞✬✉♥❡ ♣♦rt✐♦♥ ❞❡ ❧❛ ♠♦❧é❝✉❧❡ ❞✬❆❉◆✳ ▲❡s ♥✉❝❧é♦t✐❞❡s s♦♥t

❛♣♣❛r✐és s✉✐✈❛♥t ❧❡✉r ❝♦♠♣❧é♠❡♥t❛r✐té✳ ▲❡s ❞❡✉① séq✉❡♥❝❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s

s✬❡♥tr❡❧❛❝❡♥t ♣♦✉r ❢♦r♠❡r ✉♥❡ ❞♦✉❜❧❡ ❤é❧✐❝❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✹

❇✳✷ P❛ss❛❣❡ ❞❡s tr✐♣❧❡ts ❞❡ ♥✉❝❧é♦t✐❞❡s à ❧❛ ♣r♦té✐♥❡✳ ❆✳ ▲❛ séq✉❡♥❝❡ ❞✬❆❉◆

✐♥✐t✐❛❧❡✳ ❇✳ ▲❛ séq✉❡♥❝❡ s♦✉s ❢♦r♠❡ ❞✬❆❘◆ ✿ ❡❧❧❡ ❝♦♠♠❡♥❝❡ ♣❛r ✉♥ tr✐♣❧❡t

❞✬✐♥✐t✐❛❧✐s❛t✐♦♥ ✭❆❯●✮ ❡t ✜♥✐ ♣❛r ✉♥ tr✐♣❧❡t st♦♣ ✭❯❆❆✮✳ ❈✳ ▲❡ ❝♦❞❡ ❣é♥ét✐q✉❡

q✉✐ ♣❡r♠❡t ❧❡ ♣❛ss❛❣❡ ❞❡ ❧✬❆❘◆ ❡♥ ❛❝✐❞❡s ❛♠✐♥és✳ ❉✳ ▲❡s ❛❝✐❞❡s ❛♠✐♥és s♦♥t

❛ss❡♠❜❧és ❡♥ ♣r♦té✐♥❡ s✉✐✈❛♥t ❧✬♦r❞r❡ ❝♦❞é ♣❛r ❧✬❆❉◆✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✻

❇✳✸ ❈❛rt❡ ❣é♥ét✐q✉❡ ❝❡♥tré❡ s✉r ❧❡ ❣è♥❡ ❆♣♦❊✦ ❞✉ ❝❤r♦♠♦s♦♠❡ ✶✾ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✻

❇✳✹ ▲❡s ❝❤r♦♠♦s♦♠❡s ❝❤❡③ ❧✬❤♦♠♠❡✳ ❆✳ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ✷✸ ♣❛✐r❡s ❞❡ ❝❤r♦♠♦✲

s♦♠❡s ❞✉ ❣é♥♦♠❡ ❤✉♠❛✐♥ ❀ ♥✉♠ér♦tés ♣❛r t❛✐❧❧❡ ❞é❝r♦✐ss❛♥t❡✳ ❇✳ ❊♥ ❤❛✉t✱ ❧❡s

❝❤r♦♠♦s♦♠❡s ♣❛r❡♥t❛✉①✱ ❡t ❡♥ ❜❛s✱ ❧❡s ✹ ❝♦♠❜✐♥❛✐s♦♥s ♣♦ss✐❜❧❡s ♣♦✉r ❢♦r♠❡r
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❇✳✺ ❆✳ ❊①❡♠♣❧❡ ❞❡ ♠✉t❛t✐♦♥ ✭❡♥ ♥♦✐r✮ ✐♥t❡r✈❡♥❛♥t s✉r ✉♥ ❝❤r♦♠♦s♦♠❡ ♣❛r❡♥t❛❧

tr❛♥s♠✐s✳ ❇✳ ❊①❡♠♣❧❡ ❞❡ tr♦✐s r❡❝♦♠❜✐♥❛✐s♦♥s ❝❤r♦♠♦s♦♠✐q✉❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✽

❇✳✻ ❘❡♣rés❡♥t❛t✐♦♥ ❡♥tr❡ ✶✾✾✻ ❡t ✷✵✵✹ ❞❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ ❞é❜✐t ❞❡ séq✉❡♥ç❛❣❡
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❇✳✼ ❈❤r♦♠❛t♦❣r❛♠♠❡ ❞❡ séq✉❡♥ç❛❣❡ s✉r ✷✼ ♥✉❝❧é♦t✐❞❡s✱ ❞♦♥t ✉♥ ❙◆P ❤étér♦③②✲
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❈✳✶ ❈❛❧❝✉❧ ❞✉ s❝♦r❡ ❞❡ r✐❞❡s ✭❡♥tr❡ ✵ ❡t ✶✵✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✸

❈✳✷ ❈❛❧❝✉❧ ❞✉ s❝♦r❡ ❞❡ r❡❧â❝❤❡♠❡♥t ✭❡♥tr❡ ✵ ❡t ✶✵✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✹

❈✳✸ ❈❛❧❝✉❧ ❞✉ s❝♦r❡ ❞❡ ❧❡♥t✐❣✐♥❡s ✭❡♥tr❡ ✵ ❡t ✶✵✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✹

❈✳✹ ❈❛rt❡ ❣é♥ét✐q✉❡ à ♣❛rt✐r ❞❡ ❜✐♦♣✉❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✽

❈✳✺ ❙tr❛t✐✜❝❛t✐♦♥ ✿ ■❞❡♥t✐✜❝❛t✐♦♥s s✉❝❝❡ss✐✈❡s ❞❡s ✐♥❞✐✈✐❞✉s ✧❛t②♣✐q✉❡s✧ à ❧✬❛✐❞❡

❞❡ ❞❡✉① ❆❈Ps ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✽

✷✹



▲✐st❡ ❞❡s ❛❜ré✈✐❛t✐♦♥s
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❆■❈ ❆❦❛ï❦❡✬s ■♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
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■♥tr♦❞✉❝t✐♦♥

❉❡♣✉✐s q✉❡❧q✉❡s ❛♥♥é❡s ❧❛ ❣é♥♦♠✐q✉❡ ❛ été ❜♦✉❧❡✈❡rsé❡ ❣râ❝❡ à ❞❡s ♦✉t✐❧s t❡❝❤♥♦❧♦❣✐q✉❡s

ré❝❡♠♠❡♥t ❝♦♠♠❡r❝✐❛❧✐sés ✿ ❧❡s ♣✉❝❡s ❞❡ ❣é♥♦t②♣❛❣❡✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡s ♣✉❝❡s ❝♦♥♥❛ît ✉♥

❡ss♦r ❝r♦✐ss❛♥t ❝❛r ❡❧❧❡s ♣❡r♠❡tt❡♥t ❞❡ ❝r✐❜❧❡r ❡t ❞❡ ♠❡s✉r❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❡♥✉❡ ♥♦♥

♣❧✉s ❞❛♥s ✶✱ ✷✱ ♦✉ ✶✵ ❣è♥❡s ♠❛✐s ❞❛♥s ❧❡s ✷✺ ✵✵✵ ❣è♥❡s ❞✉ ❣é♥♦♠❡✳ ❙♦✉✈❡♥t ✉t✐❧✐sé❡s ❞❛♥s ❧❡

❞♦♠❛✐♥❡ ❞❡ ❧❛ ❝❛♥❝ér♦❧♦❣✐❡✱ ❝❡s ♥♦✉✈❡❛✉① s✉♣♣♦rts ♦♥t ♣❡r♠✐s ❞❡ ❝❛r❛❝tér✐s❡r ❡t ❞✬❛♥❛❧②s❡r

❞✐✛ér❡♥ts ♣r♦❝❡ss✉s ❜✐♦❧♦❣✐q✉❡s ❡t ❜✐♦♣❤②s✐q✉❡s ❢♦♥❞❛♠❡♥t❛✉①✳

▲❡ ❈❊✳❘✳■✳❊✳❙✳ ♠è♥❡ ❞❡♣✉✐s ✷✵✵✷ ✉♥❡ sér✐❡ ❞✬ét✉❞❡s s✉r ❧❡s r❡❧❛t✐♦♥s q✉✐ ❧✐❡♥t ❧❡ ♣♦❧②✲

♠♦r♣❤✐s♠❡ ❣é♥ét✐q✉❡ ❛✉① ❝❛r❛❝tér✐st✐q✉❡s ❡t à ❧✬❡①♣r❡ss✐♦♥ ❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é✳ ❯♥❡

❛♣♣r♦❝❤❡ ✧❣è♥❡s ❝❛♥❞✐❞❛ts✧ ❛ ❞✬❛❜♦r❞ été ❛❞♦♣té❡ ❡t ❞✐✛ér❡♥ts ❣è♥❡s ♦♥t été ét✉❞✐és ✭❊❧❢❛✲

❦✐r ❡t ❛❧✳ ❬✷✵✵✾❪✱ ▲❛tr❡✐❧❧❡ ❡t ❛❧✳ ❬✷✵✵✾❪✱ ▲❛tr❡✐❧❧❡ ❡t ❛❧✳ ❬✷✵✶✶❪✱▲❡ ❈❧❡r❝ ❡t ❛❧✳ ❬✷✵✶✷❪✱ ❊③③❡❞✐♥❡

❡t ❛❧✳ ❬✷✵✶✷❪✱ ❏❞✐❞ ❡t ❛❧✳ ❬✷✵✶✸❪✮✳ ❊♥ ✷✵✶✵ ✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❣é♥♦♠❡ ❡♥t✐❡r ❛ été ♠✐s❡

❡♥ ♣❧❛❝❡✳ ▲❡s ♣✉❝❡s ❞❡ ❣é♥♦t②♣❛❣❡ ♦♥t été ✉t✐❧✐sé❡s ❡t ❞❡s ❛♥❛❧②s❡s ❙◆P ♣❛r ❙◆P ♦♥t été

ré❛❧✐sé❡s✳ ▲❡s ♣r❡♠✐❡rs rés✉❧t❛ts ♦♥t ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ♣✉❜❧✐❝❛t✐♦♥ ❡♥ ✷✵✶✷ ✭▲❡ ❈❧❡r❝ ❡t ❛❧✳

❬✷✵✶✷❪✮✳ ❈❡s ❛♥❛❧②s❡s ✧❝❧❛ss✐q✉❡s✧ ❞❡ ❞♦♥♥é❡s ●❲❆❙ ✭●❡♥♦♠❡ ❲✐❞❡ ❆ss♦❝✐❛t✐♦♥ ❙t✉❞②✮

♣❡r♠❡tt❡♥t ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❧❡s ❡✛❡ts ❧❡s ♣❧✉s ✐♠♣♦rt❛♥ts✳ ❈❡♣❡♥❞❛♥t ❧❡s ❡✛❡ts ♣❧✉s

♠♦❞érés ♠❛✐s ❝♦♠❜✐♥és ❞❡ ❣è♥❡s ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ♠✐s ❡♥ é✈✐❞❡♥❝❡✳ ❉✐✛ér❡♥t❡s ❛♣♣r♦❝❤❡s

♣❡✉✈❡♥t êtr❡ ❡♥✈✐s❛❣é❡s ♣♦✉r ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❝❡t ❡✛❡t ♠✉❧t✐❢❛❝t♦r✐❡❧✳ ❯♥❡ ❛♣♣r♦❝❤❡ ♥♦♥

s✉♣❡r✈✐sé❡ q✉✐ ✈✐s❡ à str✉❝t✉r❡r ❡t rés✉♠❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❡♥✉❡ ❞❛♥s ❧❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s

❝♦♠♠❡ ❧✬❆❈P ✭❆♥❛❧②s❡ ❡♥ ❈♦♠♣♦s❛♥t❡s Pr✐♥❝✐♣❛❧❡s✮ ❡t ❧✬❆❈▼ ✭❆♥❛❧②s❡ ❞❡s ❈♦rr❡s♣♦♥✲

❞❛♥❝❡s ▼✉❧t✐♣❧❡s✮✱ ♦✉ ✉♥❡ ❛♣♣r♦❝❤❡ s✉♣❡r✈✐sé❡ à ✈✐sé❡ ❡①♣❧✐❝❛t✐✈❡ t❡❧❧❡s q✉❡ ❧❡s ♠ét❤♦❞❡s

❞❡ ré❣r❡ss✐♦♥✳

✷✾
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❉❛♥s ❝❡ ❝♦♥t❡①t❡ ❞❡ ❞♦♥♥é❡s ❞❡ très ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥ ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❡st ❧❛r✲

❣❡♠❡♥t s✉♣ér✐❡✉r ❛✉ ♥♦♠❜r❡ ❞✬✐♥❞✐✈✐❞✉s✱ ❧❡ ♣r♦❜❧è♠❡ s♣é❝✐✜q✉❡ ❞❡ ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s

s❡ ♣♦s❡ ❡t ♥é❝❡ss✐t❡ ✉♥❡ ❛♣♣r♦❝❤❡ ♣❛rt✐❝✉❧✐èr❡✳ ▲❡s ❞❡✉① ❛♣♣r♦❝❤❡s ❡♥✈✐s❛❣é❡s s♦♥t ❛❞❛♣té❡s

à ❝❡ ❝♦♥t❡①t❡✳ ▲❡ ❜✉t ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❡st ❞✬✉t✐❧✐s❡r ❞❡s ♠ét❤♦❞❡s ♥♦♥ s✉♣❡r✈✐sé❡s

♣é♥❛❧✐sé❡s✱ ❝✬❡st✲à✲❞✐r❡ ✧s♣❛rs❡✧✱ t❡❧❧❡s q✉❡ ❧✬❆❈P s♣❛rs❡✱ ❛✜♥ ❞❡ sé❧❡❝t✐♦♥♥❡r ❧❡s ✈❛r✐❛❜❧❡s

❧❡s ♣❧✉s ♣❡rt✐♥❡♥t❡s ❞❛♥s ❧❡ ♣r♦❜❧è♠❡ ♣♦sé✳ ▲❡s ✈❛r✐❛❜❧❡s ❝♦♥s✐❞éré❡s ❞❛♥s ❝❡tt❡ t❤ès❡ ét❛♥t

❝❛té❣♦r✐❡❧❧❡s ♦♥ ❛♣♣❧✐q✉❡r❛ ✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ ❞❡ t②♣❡ ❣r♦✉♣ ▲❆❙❙❖ à ❧✬❆❈▼ ❞❛♥s ❧❡ ❜✉t

❞✬♦❜t❡♥✐r ✉♥❡ ✈❡rs✐♦♥ ♣❛r❝✐♠♦♥✐❡✉s❡ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ❡t ❞❡ s✐♠♣❧✐✜❡r ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s

rés✉❧t❛ts✳ ❯♥❡ ❢♦✐s ❧✬❛♣♣r♦❝❤❡ ❡①♣❧♦r❛t♦✐r❡ ré❛❧✐sé❡ ✉♥❡ ❛♣♣r♦❝❤❡ ❡①♣❧✐❝❛t✐✈❡ ❡st ❡♥✈✐s❛❣é❡✳

▲❡s ❞♦♥♥é❡s ♣♦✉✈❛♥t êtr❡ str✉❝t✉ré❡s ♣❛r ❜❧♦❝s✱ ❞❡s ♠ét❤♦❞❡s t❡❧❧❡s q✉❡ ❧❛ ❘❡❣✉❧❛r✐③❡❞

●❡♥❡r❛❧✐③❡❞ ❈❛♥♦♥✐❝❛❧ ❈♦rr❡❧❛t✐♦♥ ❆♥❛❧②s✐s ✭❘●❈❈❆✮ ♦✉ ❞❡s ré❣r❡ss✐♦♥s ❣r♦✉♣ ▲❆❙❙❖

♣❡✉✈❡♥t êtr❡ ✉t✐❧✐sé❡s✳ ❘é♣♦♥❞r❡ à ❧✬♦❜❥❡❝t✐❢ ❡st ❞✬❛✉t❛♥t ♣❧✉s ❞✐✣❝✐❧❡ q✉❡✱ ❞❛♥s ❧❛ ♠❛❥♦✲

r✐té ❞❡s ❝❛s✱ ❝✬❡st ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ♣❧✉s✐❡✉rs ❣è♥❡s q✉✐ ♣❡r♠❡t ❞✬❡①♣❧✐q✉❡r ✉♥ ♣❤é♥♦♠è♥❡

♣ré❝✐s✳ ■❧ ❢❛✉t ♣♦✉r ❝❡❧❛ ❝♦♥s✐❞ér❡r ❞❡s ♠ét❤♦❞❡s ❞❡ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s t❡❧❧❡ q✉❡ ❧❛

ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❡t ✐♥té❣r❡r ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛✉① ❞❡✉① ❛♣♣r♦❝❤❡s ♣r♦♣♦sé❡s✳ ❯♥❡ ❢♦✐s

❧❡s s✐❣♥❛✉① ✭❣è♥❡s✮ ✐♥tér❡ss❛♥ts ✐❞❡♥t✐✜és✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞✬❛♣♣♦rt❡r ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥

❜✐♦❧♦❣✐q✉❡ ❛✜♥ ❞❡ ♠❡s✉r❡r ❧❛ ♣❡rt✐♥❡♥❝❡ ❞❡s rés✉❧t❛ts ♣❛r r❛♣♣♦rt ❛✉ ♣r♦❜❧è♠❡ ❜✐♦❧♦❣✐q✉❡

❝♦♥s✐❞éré✳ ▲✬✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ❧❡s ❜✐♦❧♦❣✐st❡s ❡t ❧❡✉r ❝♦♥tr✐❜✉t✐♦♥ ❞❛♥s ❝❡ tr❛✈❛✐❧ ❡st ✐♥❞✐s✲

♣❡♥s❛❜❧❡ ♣♦✉r ✈❛❧✐❞❡r ❧❡s ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s ❡t ❝♦♠♣r❡♥❞r❡ ❧❡s ♣r♦❝❡ss✉s ❜✐♦❧♦❣✐q✉❡s

♠✐s ❡♥ ❡①❡r❣✉❡ ❣râ❝❡ à ❝❡s ❛♣♣r♦❝❤❡s✳

▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ tr❛✈❛✐❧ ❞❡ r❡❝❤❡r❝❤❡ ❡st ❞♦♥❝ ❞❡ ❞é✈❡❧♦♣♣❡r ❞❡ ♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s st❛✲

t✐st✐q✉❡s ♥é❝❡ss❛✐r❡s à ❧✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❣é♥ét✐q✉❡s ❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❞❡ ❞♦♥♥é❡s

❞❡ ❙◆Ps ❛✜♥ ❞✬ét✉❞✐❡r ❧✬✐♥✢✉❡♥❝❡ ❞✉ ♣♦❧②♠♦r♣❤✐s♠❡ ❣é♥ét✐q✉❡ s✉r ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❡t

❧✬❡①♣r❡ss✐♦♥ ❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é✱ ❛✐♥s✐ q✉❡ ❞✬✐♥t❡r❛❣✐r ❛✈❡❝ ❞❡s ❜✐♦❧♦❣✐st❡s ❛✜♥ ❞✬✐♥t❡r✲

♣rét❡r ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❡t ❧❡s ♣✐st❡s ❜✐♦❧♦❣✐q✉❡s ❡♥✈✐s❛❣é❡s✳

▲❛ t❤ès❡ ❡st ❝♦♠♣♦sé❡ ❞❡ q✉❛tr❡ ♣❛rt✐❡s ✿

▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❝♦♥s✐❞èr❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❞❛♥s ❧❡ ❝❛s s✉♣❡r✲

✈✐sé ❡t ♥♦♥ s✉♣❡r✈✐sé✳ ❯♥ ét❛t ❞❡ ❧✬❛rt ❞❡ ♣❧✉s✐❡✉rs ♠ét❤♦❞❡s ♣❛r❝✐♠♦♥✐❡✉s❡s ✭✧s♣❛rs❡✧✮

✸✵
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❡①✐st❛♥t❡s ❡st ré❛❧✐sé ❞❛♥s ❧❡ ❝❛s ✉♥✐❜❧♦❝ ✭❝♦♥t❡①t❡ ❡①♣❧♦r❛t♦✐r❡ ♥♦♥ s✉♣❡r✈✐sé✮ ♦ù ✉♥❡ ♣ré✲

s❡♥t❛t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs ✈❡rs✐♦♥s ✧s♣❛rs❡✧ ❞❡ ❧✬❆❈P ❡st ré❛❧✐sé❡ ❀ ❧❡ ❝❛s à ✷ ❜❧♦❝s ✭❝♦♥t❡①t❡

s✉♣❡r✈✐sé✮ ❛✈❡❝ ✉♥❡ ♣rés❡♥t❛t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs ✈❡rs✐♦♥s ✧s♣❛rs❡✧ ❞❡ ❧❛ ré❣r❡ss✐♦♥ P▲❙ ❀ ❡t ❧❡

❝❛s à K ❜❧♦❝s ✭❝♦♥t❡①t❡ s✉♣❡r✈✐sé ♠✉❧t✐❜❧♦❝s✮ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❛ ♠ét❤♦❞❡ ❣r♦✉♣ ▲❆❙❙❖ ❡t

s❛ ✈❡rs✐♦♥ s♣❛rs❡ ✭❙●▲✮✱ ❛✐♥s✐ q✉❡ ❧❛ ❘●❈❈❆ ❡t s❛ ✈❡rs✐♦♥ s♣❛rs❡ ✭❙●❈❈❆✮✳

▲❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ tr❛✐t❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❞❛♥s ❧❡ ❝❛❞r❡ ♥♦♥ s✉✲

♣❡r✈✐sé ❞❡ ❞♦♥♥é❡s q✉❛♥t✐t❛t✐✈❡s str✉❝t✉ré❡s ♣❛r ❜❧♦❝s ❛✐♥s✐ q✉❡ ❞❡ ❞♦♥♥é❡s ❝❛té❣♦r✐❡❧❧❡s✳

❉❡✉① ♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s s♦♥t ♣r♦♣♦sé❡s✳ ▲❛ ♣r❡♠✐èr❡✱ ♥♦♠♠é❡ ●❙P❈❆✱ ❡st ✉♥❡ ♠ét❤♦❞❡

❞✬❡①♣❧♦r❛t✐♦♥ ♣❛r❝✐♠♦♥✐❡✉s❡ ❞❡ ❞♦♥♥é❡s q✉❛♥t✐t❛t✐✈❡s str✉❝t✉ré❡s ♣❛r ❜❧♦❝s✳ ❊❧❧❡ ♣❡r♠❡t ❧❛

sé❧❡❝t✐♦♥ ❞❡ ❣r♦✉♣❡s ❞❡ ✈❛r✐❛❜❧❡s q✉❛♥t✐t❛t✐✈❡s s✉r ❝❤❛❝✉♥ ❞❡s ❛①❡s✳ ▲❛ ❞❡✉①✐è♠❡✱ ♥♦♠♠é❡

❆❈▼ s♣❛rs❡✱ ❡st ✉♥❡ ♠ét❤♦❞❡ ❞✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ♣❛r❝✐♠♦♥✐❡✉s❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ❞♦♥✲

♥é❡s s♦♥t ❝❛té❣♦r✐❡❧❧❡s ♠❛✐s ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t str✉❝t✉ré❡s ♣❛r ❜❧♦❝s✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉①

♠ét❤♦❞❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❞❛♥s ❧❡ ❝❛s s✉♣❡r✈✐sé✱ ❝❡s ❞❡✉① ♠ét❤♦❞❡s ♥❡ ♣❡r♠❡tt❡♥t

♣❛s ✉♥❡ sé❧❡❝t✐♦♥ ❣❧♦❜❛❧❡ ♠❛✐s ✉♥❡ sé❧❡❝t✐♦♥ ❛①❡ ♣❛r ❛①❡ q✉✐ ❢❛❝✐❧✐t❡ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s

rés✉❧t❛ts✳

▲❛ tr♦✐s✐è♠❡ ♣❛rt✐❡ ♣rés❡♥t❡ ❧✬✐♥térêt ❞❡ ❞ét❡❝t❡r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ♣♦❧②♠♦r♣❤✐s♠❡s✱

❡t ❞❡✉① ❛♣♣r♦❝❤❡s ❞✐✛ér❡♥t❡s s♦♥t ❞é❝r✐t❡s✳ ▲❛ ♣r❡♠✐èr❡ ❡st ✉♥❡ ❛♣♣r♦❝❤❡ ❜✐♦❧♦❣✐q✉❡ ❜❛sé❡

s✉r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❞é❥à ❝♦♥♥✉❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ❡t st♦❝❦é❡s ❞❛♥s ❞❡s ❜❛s❡s ❞❡ ❞♦♥♥é❡s

❛❝❝❡ss✐❜❧❡s✳ ❊❧❧❡ ♣❡r♠❡t ❞✬❛✈♦✐r ✉♥❡ ✈✐s✐♦♥ ❣❧♦❜❛❧❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❝♦♥♥✉❡s ❡t ❞❡s ✈♦✐❡s

❜✐♦❧♦❣✐q✉❡s ✐♥tér❡ss❛♥t❡s q✉✐ ❡♥ r❡ss♦rt❡♥t✳ ▲❛ ❞❡✉①✐è♠❡ ❡st ✉♥❡ ❛♣♣r♦❝❤❡ st❛t✐st✐q✉❡✳ ▲❛

❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❙◆Ps ❡st ♣♦ss✐❜❧❡ ❣râ❝❡ à ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ q✉✐ ❡st ❡①♣❧✐✲

❝✐té❡ ❞❛♥s ❝❡tt❡ tr♦✐s✐è♠❡ s❡❝t✐♦♥✳

❊♥✜♥✱ ❧❛ q✉❛tr✐è♠❡ ♣❛rt✐❡ ♣rés❡♥t❡ ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❝❡s ♠ét❤♦❞❡s s✉r ❞❡s ❞♦♥♥é❡s

❣é♥ét✐q✉❡s ré❡❧❧❡s ✭❙◆Ps✮✳ ❯♥❡ ♣rés❡♥t❛t✐♦♥ ❞✉ ❝♦♥t❡①t❡ ❞❡ ❧✬ét✉❞❡ ❡t ❞❡s ♣ré✲tr❛✐t❡♠❡♥ts

❡✛❡❝t✉és ❡st ré❛❧✐sé❡✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ✉♥❡ ❛♣♣r♦❝❤❡ ❡①♣❧♦r❛t♦✐r❡ ✉t✐❧✐s❛♥t ❧❡s ♥♦✉✲

✈❡❧❧❡s ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s ❡st ❝♦♥s✐❞éré❡ ♣✉✐s ✉♥❡ ❛♣♣r♦❝❤❡ s✉♣❡r✈✐sé❡ ❡st ré❛❧✐sé❡✳ ▲❡s

✐♥t❡r❛❝t✐♦♥s s♦♥t ❡♥s✉✐t❡ ❞ét❡❝té❡s ❡t ♣r✐s❡s ❡♥ ❝♦♠♣t❡ ♣❛r ❧❛ s✉✐t❡ ❞❛♥s ❧❡s ❞✐✛ér❡♥t❡s ❛♣✲

✸✶
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♣r♦❝❤❡s✳ ▲❡s rés✉❧t❛ts s♦♥t ❝♦♠♣❛rés à ❧✬❛✐❞❡ ❞❡ ❝r✐tèr❡s ❜✐♦❧♦❣✐q✉❡s ❡t ❞❡s ✐♥t❡r♣rét❛t✐♦♥s

s♦♥t ♣r♦♣♦sé❡s ❣râ❝❡ à ❧❛ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡s ❜✐♦❧♦❣✐st❡s✳

◆♦✉s ❝♦♥❝❧✉r♦♥s ❝❡ tr❛✈❛✐❧ ♣❛r ✉♥ ❜✐❧❛♥ ❡t ❞❡s ♣❡rs♣❡❝t✐✈❡s ❞❡ tr❛✈❛✐❧ ❢✉t✉r✳

✸✷



◆♦t❛t✐♦♥s ❡t r❛♣♣❡❧s

▲❡s ♠❛tr✐❝❡s s♦♥t ❞és✐❣♥é❡s ♣❛r ❞❡s ❧❡ttr❡s ♠❛❥✉s❝✉❧❡s à ❝❛r❛❝tèr❡s ❣r❛s ✭❡①❡♠♣❧❡ ✿ X✮✱

❧❡s ✈❡❝t❡✉rs ♣❛r ❞❡s ❧❡ttr❡s ♠✐♥✉s❝✉❧❡s à ❝❛r❛❝tèr❡s ❣r❛s ✭❡①❡♠♣❧❡ ✿ q✮✱ ❧❡s é❧é♠❡♥ts ❞❡s

✈❡❝t❡✉rs ❡t ❞❡s ♠❛tr✐❝❡s ♣❛r ❞❡s ❧❡ttr❡s ♠✐♥✉s❝✉❧❡s ❡♥ ✐t❛❧✐q✉❡ ❛✈❡❝ ❧❡s ✐♥❞✐❝❡s ❛♣♣r♦♣r✐és

s✐ ♥é❝❡ss❛✐r❡ ✭❡①❡♠♣❧❡ ✿ xi,j ❡st ✉♥ é❧é♠❡♥t ❞❡ X✮✳ ▲✬♦♣ér❛t❡✉r ❞✉ s✐❣♥❡ ❡st ❞é♥♦té sign()✳

▲❛ ♠❛tr✐❝❡ ✐❞❡♥t✐té ❡st ❞é✜♥✐❡ ♣❛r I✱ ❧❡ ✈❡❝t❡✉r ❝♦❧♦♥♥❡ r❡♠♣❧✐ ❞❡ ❝❤✐✛r❡s ✉♥s ♣❛r ✶✳ ▲❡

r❛♥❣ ❞✬✉♥❡ ♠❛tr✐❝❡ ❡st ♥♦té rank✭✮✱ ❧❛ tr❛♥s♣♦sé❡ ❞✬✉♥❡ ♠❛tr✐❝❡T ✱ ❡t ❧✬✐♥✈❡rs❡−1✳ ❆♣♣❧✐q✉é

à ✉♥❡ ♠❛tr✐❝❡ ❝❛rré❡✱ ❧✬♦♣ér❛t❡✉r ❞✐❛❣♦♥❛❧❡✱ ♥♦té diag()✱ ♣r❡♥❞ ❧❡s é❧é♠❡♥ts ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡

❞❡ ❧❛ ♠❛tr✐❝❡ ❡t ❧❡s st♦❝❦❡ ❞❛♥s ✉♥ ✈❡❝t❡✉r ❝♦❧♦♥♥❡ ❀ ❧♦rsq✉✬✐❧ ❡st ❛♣♣❧✐q✉é à ✉♥ ✈❡❝t❡✉r✱

❧✬♦♣ér❛t❡✉r diag st♦❝❦❡ ❧❡s é❧é♠❡♥ts ❞✉ ✈❡❝t❡✉r s✉r ❧❛ ❞✐❛❣♦♥❛❧❡ ❞✬✉♥❡ ♠❛tr✐❝❡✳ ▲✬♦♣ér❛t❡✉r

tr❛❝❡ ❞é♥♦té tr() ❝❛❧❝✉❧❡ ❧❛ s♦♠♠❡ ❞❡s é❧é♠❡♥ts ❞✐❛❣♦♥❛✉① ❞✬✉♥❡ ♠❛tr✐❝❡ ❝❛rré❡✳

▲❛ ♥♦r♠❡ L1 ❡st ♥♦té❡ ||.||1 ❡t ❞é✜♥✐❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

||x||1 =
I∑

i=1

|xi| ✭✶✮

▲❛ ♥♦r♠❡ L2 ❡st ♥♦té❡ ||.||2 ❡t ❞é✜♥✐❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

||x||2 =
√
xxT =

(
I∑

i=1

|xi|2
)1/2

✭✷✮

▲❛ ♥♦r♠❡ L2 W✲❣é♥ér❛❧✐sé❡ ❡st ♥♦té❡ ||.||W ❡t ❞é✜♥✐❡ ❝♦♠♠❡ s✉✐t ✿

||x||W =
√
xWxT ✭✸✮

❛✈❡❝ W ✉♥❡ ♠❛tr✐❝❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡✳

✸✸
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P♦✉r t♦✉t❡s ♠❛tr✐❝❡s A ❡t B ❝❛rré❡s✱ ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ❞❡ ❧❛ tr❛❝❡ s♦♥t ✈ér✐✜é❡s

✭❙❝❤♦tt ❬✷✵✵✺❪✮ ✿

Pr♦♣r✐été ✶✳

tr(A+B) = tr(A) + tr(B) ✭✹✮

Pr♦♣r✐été ✷✳

tr(AB) = tr((AB)T ) = tr(BTAT ) = tr(BA) ✭✺✮

Pr♦♣r✐été ✸✳ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❧❛ ♣r♦r✐été ✷ ♣♦✉r B❂AT

tr(AAT ) = tr(ATA) ✭✻✮

▲❡ ♣r♦❞✉✐t st❛♥❞❛r❞ ❡♥tr❡ ♠❛tr✐❝❡s ❡st ❞é♥♦té ♣❛r ✉♥❡ s✐♠♣❧❡ ❥✉①t❛♣♦s✐t✐♦♥ ♦✉ ♣❛r ×
q✉❛♥❞ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ❧✬❡①♣❧✐❝✐t❡r ✭❡①❡♠♣❧❡ ✿ XY = X×Y ❡st ❧❡ ♣r♦❞✉✐t ❞❡s ♠❛tr✐❝❡s

X ❡t Y✮✳ ▲❡s ♠❛tr✐❝❡s ❞❡ r❛♥❣✲1 s♦♥t ♥♦té❡s X(1) ❡t ❧❡s ♠❛tr✐❝❡s ❞❡ r❛♥❣✲L ♥♦té❡s X(L)✳ ❙✐

❧❡s ❞♦♥♥é❡s s♦♥t str✉❝t✉ré❡s ❡♥ K t❛❜❧❡s ❞❡ ❞♦♥♥é❡s r❡❝✉❡✐❧❧✐❡s s✉r ❧❡s ♠ê♠❡s ♦❜s❡r✈❛t✐♦♥s✱

❝❤❛q✉❡ t❛❜❧❡ ❡st ❛♣♣❡❧é❡ ✉♥ ❜❧♦❝✳ ▲❡s ❞♦♥♥é❡s ❞❡ ❝❤❛q✉❡ ❜❧♦❝ s♦♥t st♦❝❦é❡s ❞❛♥s ✉♥❡ ♠❛tr✐❝❡

r❡❝t❛♥❣✉❧❛✐r❡ ❞❡ ❞✐♠❡♥s✐♦♥ I × J[k] ♥♦té❡ X[k] ✭❡♥ ❣é♥ér❛❧ ❝❡♥tré❡ ré❞✉✐t❡✮✱ ♦ù I ❡st ❧❡

♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❡t J[k] ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❝♦❧❧❡❝té❡s s✉r ❧❡s ♠ê♠❡s ♦❜s❡r✈❛t✐♦♥s

♣♦✉r ❧❛ k✲è♠❡ t❛❜❧❡✳ ▲❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ ✈❛r✐❛❜❧❡s ❡st ❛♣♣❡❧é J ✭i.e✱ J =
K∑
k=1

J[k]✮✳ ▲❡s

❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s s♦♥t ❝♦♥s✐❞érés ❝♦♠♠❡ ❞❡s s♦✉s✲♠❛tr✐❝❡s ❞❡ ♠❛tr✐❝❡s ♣❧✉s ❧❛r❣❡s ❡t s♦♥t

r❡♣rés❡♥tés ❡♥tr❡ ❝r♦❝❤❡ts✱ sé♣❛rés ♣❛r ❞❡s ❜❛rr❡s ✈❡rt✐❝❛❧❡s✳ P❛r ❡①❡♠♣❧❡✱ ❧❡s K ❜❧♦❝s X[k]✱

❝❤❛❝✉♥ ❞❡ ❞✐♠❡♥s✐♦♥s I ❧✐❣♥❡s ♣❛r J[k] ❝♦❧♦♥♥❡s✱ s♦♥t ❝♦♥❝❛té♥és ❞❛♥s ✉♥❡ ♠❛tr✐❝❡ ♥♦té❡

X ❞❡ ❞✐♠❡♥s✐♦♥s I × J ✿

X =
[
X[1]| . . . |X[k]| . . . |X[K]

]
✭✼✮

❉❡ ♣❧✉s✱ ❛♣♣❧✐q✉é à ✉♥❡ ♠❛tr✐❝❡ str✉❝t✉ré❡ ♣❛r ❜❧♦❝s✱ ❧✬♦♣ér❛t❡✉r diag✭✮ ♣r♦❞✉✐t ✉♥❡ ♠❛✲

tr✐❝❡ ❝❛rré❡ ❜❧♦❝ ❞✐❛❣♦♥❛❧❡✳

Pr♦♣r✐étés ❞❡s ❞ér✐✈é❡s ❞❡ ♠❛tr✐❝❡s

❙✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧❛ ♠❛tr✐❝❡ X ❡t ❞❡s ♠❛tr✐❝❡s A ❡t B✱ ❝❛rré❡s✱ ❝♦♥st❛♥t❡s ❡t ✐♥❞é♣❡♥❞❛♥t❡s

❞❡ X✱ ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s s♦♥t ✈ér✐✜é❡s ✭▼❛❣♥✉s ❛♥❞ ◆❡✉❞❡❝❦❡r ❬✶✾✽✽❪✱ P❡t❡rs❡♥ ❛♥❞

P❡❞❡rs❡♥ ❬✷✵✵✻❪✮ ✿
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Pr♦♣r✐été ✹✳
∂ tr(X)

∂X
=

tr(∂X)

∂X
✭✽✮

Pr♦♣r✐été ✺✳
∂ tr(XTX)

∂X
= 2X ✭✾✮

Pr♦♣r✐été ✻✳
∂ tr(AX)

∂X
=

∂ tr(XA)

∂X
= AT ✭✶✵✮

Pr♦♣r✐été ✼✳
∂ tr(AXB)

∂X
= ATBT ✭✶✶✮

▲♦rsq✉❡ q✉✬✉♥❡ ❢♦♥❝t✐♦♥ ♥✬❡st ♣❛s ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ ✉♥ ♣♦✐♥t✱ ♦♥ ❝❛❧❝✉❧❡ ❛❧♦rs ❧❡ s♦✉s✲

❣r❛❞✐❡♥t✱ ♥♦té ∂✱ q✉✐ ❣é♥ér❛❧✐s❡ ❧❛ ❞ér✐✈é❡ ❞❡ ❢♦♥❝t✐♦♥s ♥♦♥ ❞✐✛ér❡♥t✐❛❜❧❡s✳ ▲❡s s♦✉s✲❣r❛❞✐❡♥ts

s♦♥t ❣é♥ér❛❧❡♠❡♥t ✉t✐❧✐sés ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬ét✉❞❡ ❞❡ ❢♦♥❝t✐♦♥s ❝♦♥✈❡①❡s ♦✉ ❞✬♦♣t✐♠✐s❛t✐♦♥

❝♦♥✈❡①❡✳

Pr♦♣r✐été ✽✳ ▲❡ s♦✉s✲❣r❛❞✐❡♥t ❞❡ ❧❛ ♥♦r♠❡ L2 ‖w‖2✱ ❛✈❡❝ w ✉♥ ✈❡❝t❡✉r ∈ R
J ✈❛✉t ✿

∂ ‖w‖2 =





w
‖w‖2

s✐ w 6= 0

∈ {z| ‖z‖2 ≤ 1} s✐ w = 0

✭✶✷✮

❛✈❡❝ z ✉♥ ✈❡❝t❡✉r ∈ R
J ✳

❉é❝♦♠♣♦s✐t✐♦♥ ❡♥ ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s

▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s ❛ ❞❡ très ♥♦♠❜r❡✉s❡s ❛♣♣❧✐❝❛t✐♦♥s ✉t✐❧❡s ❡♥ st❛✲

t✐st✐q✉❡s ♠✉❧t✐✈❛r✐é❡s ✭●r❡❡♥❛❝r❡ ❬✶✾✽✹❪✱ ❏❡ss✉♣ ❛♥❞ ❙♦r❡♥s❡♥ ❬✶✾✾✹❪✱ ❙tr❛♥❣ ❬✷✵✵✸❪✱ ❆❜❞✐

❬✷✵✵✼❪✱ ❨❛♥❛✐ ❡t ❛❧✳ ❬✷✵✶✶❪✱ ●♦❧✉❜ ❛♥❞ ❱❛♥ ▲♦❛♥ ❬✷✵✶✷❪✮✳ ❚♦✉t❡ ♠❛tr✐❝❡ X ❞❡ r❛♥❣ L✱ ❞❡

❞✐♠❡♥s✐♦♥s I × J ✱ ♣❡✉t êtr❡ ❞é❝♦♠♣♦sé❡ ❡♥ tr♦✐s ♠❛tr✐❝❡s P✱ ∆∆∆✱ Q ❝♦♠♠❡ s✉✐t ✿

X = P∆∆∆QT , ✭✶✸✮

♦ù P ✭I × L✮ ❡t Q ✭J × L✮ s♦♥t ♦rt❤♦♥♦r♠❛❧❡s ✭✭✐✳❡✳✱ ❝❤❛q✉❡ ❝♦❧♦♥♥❡ ❛ ✉♥❡ ♥♦r♠❡ ❞❡ ✶✱

❡t ❞❡✉① ❝♦❧♦♥♥❡s ❞✐✛ér❡♥t❡s s♦♥t ♦rt❤♦❣♦♥❛❧❡s✮ ❡t ∆∆∆ ✭L×L✮ ❡st ✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ ♦ù
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◆❖❚❆❚■❖◆❙ ❊❚ ❘❆PP❊▲❙

❝❤❛❝✉♥ ❞❡ s❡s é❧é♠❡♥ts δj ✭j = 1, . . . , L✮ ❡st ❛♣♣❡❧é ✈❛❧❡✉r s✐♥❣✉❧✐èr❡✳ ▲❡s ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s

s♦♥t ❧❡s r❛❝✐♥❡s ❝❛rré❡s ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡s ♠❛tr✐❝❡s XTX ❡t XXT ✳ ❖♥ ♣♦s❡ F❂P∆∆∆✱

❧❡s ❈♦♠♣♦s❛♥t❡ Pr✐♥❝✐♣❛❧❡s ✭❈Ps✮✱ ❡♥ ❛♥❣❧❛✐s ✧❢❛❝t♦r s❝♦r❡s✧✱ ❡t Q ❧❡s ✧❧♦❛❞✐♥❣s✧ ❝♦rr❡s✲

♣♦♥❞❛♥ts✱ ♦✉ ✈❡❝t❡✉rs ♣r♦♣r❡s ✭❙❛♣♦rt❛ ❬✷✵✵✻❪✮✳
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❈❤❛♣✐tr❡ ✶

▼ét❤♦❞❡s s♣❛rs❡s s✉♣❡r✈✐sé❡s ❡t ♥♦♥

s✉♣❡r✈✐sé❡s ✿ ét❛t ❞❡ ❧✬❛rt

❉❛♥s ❞❡ ♥♦♠❜r❡✉① ❞♦♠❛✐♥❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❡♥ ❜✐♦❧♦❣✐❡✱ ❧❡s ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡ ♠✉❧t✐✲

✈❛r✐é❡✱ ❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧❡s ♠ét❤♦❞❡s ❞❡ ré❣r❡ss✐♦♥✱ s❡ s♦♥t ré✈é❧é❡s très ✉t✐❧❡s ♣♦✉r

❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ ❧✐❡♥s é✈❡♥t✉❡❧s ❡♥tr❡ ✉♥ ♦✉ ♣❧✉s✐❡✉rs ❢❛❝t❡✉rs ❡t ✉♥ ♣❤é♥♦♠è♥❡ ❞✬✐♥térêt

t❡❧s q✉❡ ❧❛ s✉r✈❡♥✉❡ ❞✬✉♥❡ ♠❛❧❛❞✐❡ ♦✉ ❧❛ ✈❛❧❡✉r ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❜✐♦❧♦❣✐q✉❡ ♣❛r ❡①❡♠♣❧❡✳ ❈❡s

♠ét❤♦❞❡s ♣❡r♠❡tt❡♥t ❞❡ ✧♠♦❞é❧✐s❡r✧ ❧❡ ♣❤é♥♦♠è♥❡ ét✉❞✐é✳ ❚♦✉t❡❢♦✐s ✉♥❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛✲

r✐❛❜❧❡s ❡st s♦✉✈❡♥t ♥é❝❡ss❛✐r❡ ❛✉ ♣ré❛❧❛❜❧❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧♦rsq✉❡ ❧✬♦♥ ❞✐s♣♦s❡ ❞✬✉♥ ♥♦♠❜r❡

❞❡ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s J ✐♠♣♦rt❛♥t ♣♦✉r ♠♦❞é❧✐s❡r ❧❛ ✈❛r✐❛❜❧❡ ❞✬✐♥térêt✳ ▲❡ ❜✉t ❞❡ ❝❡tt❡

sé❧❡❝t✐♦♥ ❡st ❡♥ ❣é♥ér❛❧ ❞✬❛♠é❧✐♦r❡r ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❝❛✉s❛❧✐té ❡♥tr❡ ❧❡s

❞❡s❝r✐♣t❡✉rs ❡t ❧❛ ✈❛r✐❛❜❧❡ à ♣ré❞✐r❡✱ ♦✉ ❡♥❝♦r❡ ❞✬❛♠é❧✐♦r❡r ❧❛ q✉❛❧✐té ❞❡ ❧❛ ♣ré❞✐❝t✐♦♥✳

❉❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❝❡tt❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ♣❧✉s✐❡✉rs ❛♣♣r♦❝❤❡s s♦♥t ❡♥✈✐s❛❣❡❛❜❧❡s✳ ▲❛

♣r❡♠✐èr❡ ❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡ ♣❛r sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s

✭❞❡ t②♣❡ ✧❜❛❝❦✇❛r❞✧✱ ✧❢♦r✇❛r❞✧✱ ✧st❡♣✇✐s❡✧✱ ✳✳✳✮ ❡♥ ♠✐♥✐♠✐s❛♥t ❞❡s ❝r✐tèr❡s ♣é♥❛❧✐sés ✭❈♣✱

❆■❈✱ ❇■❈✮✳ ❉❡ ♥♦♠❜r❡✉① ❝r✐tèr❡s ❞❡ ❝❤♦✐① ❞❡ ♠♦❞è❧❡s ♦♥t été ♣r♦♣♦sés ♣♦✉r ❧❛ ré❣r❡ss✐♦♥

❧✐♥é❛✐r❡ ♠✉❧t✐♣❧❡✳ ❊♥ ♣r❛t✐q✉❡✱ ❧❡s ❝r✐tèr❡s ❧❡s ♣❧✉s ✉t✐❧✐sés s♦♥t ❧❛ st❛t✐st✐q✉❡ ❞✉ ❋ ❞❡ ❋✐s❤❡r

♣♦✉r ❝♦♠♣❛r❡r ❞❡s séq✉❡♥❝❡s ❞❡ ♠♦❞è❧❡s ❡♠❜♦✐tés ❀ ❧❡ ❘2 q✉✐ ❝r♦ît à ♠❡s✉r❡ ❞❡ ❧✬✐♥tr♦❞✉❝✲

t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❞❛♥s ❧❡ ♠♦❞è❧❡ ❡t q✉✐ ♣❡✉t s❡r✈✐r à ❝♦♠♣❛r❡r ❞❡✉① ♠♦❞è❧❡s ❛✈❡❝ ❧❡ ♠ê♠❡

♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❀ ❧❡ ❈♣ ❞❡ ▼❛❧❧♦✇s ❬✶✾✼✸❪ q✉✐ ❡st ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡rr❡✉r q✉❛❞r❛✲

t✐q✉❡ ♠♦②❡♥♥❡ ❞❡ ♣ré✈✐s✐♦♥ ❀ ❧❡ ✧❆❦❛ï❦❡✬s ■♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐♦♥ ✭❆■❈✮✧ ✭❆❦❛✐❦❡ ❬✶✾✼✹❪✮ q✉✐

r❡♣rés❡♥t❡ ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❡ ❜✐❛✐s✱ ❞✐♠✐♥✉❛♥t ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❧✐❜r❡s✱
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❡t ❧❛ ♣❛r❝✐♠♦♥✐❡ ✭✐✳❡✳✱ ❧❛ ✈♦❧♦♥té ❞❡ ❞é❝r✐r❡ ❧❡s ❞♦♥♥é❡s ❛✈❡❝ ❧❡ ♣❧✉s ♣❡t✐t ♥♦♠❜r❡ ❞❡ ♣❛✲

r❛♠ètr❡s ♣♦ss✐❜❧❡s✮ ❀ ❧❡ ✧❇❛②❡s✐❛♥ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥ ✭❇■❈✮✧ ✭❙❛✇❛ ❬✶✾✼✽❪✮ q✉✐ ✈✐s❡ ❧❛

sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s st❛t✐st✐q✉❡♠❡♥t s✐❣♥✐✜❝❛t✐✈❡s ❞❛♥s ❧❡ ♠♦❞è❧❡ ❀ ♦✉ ❡♥❝♦r❡ ❧❡ P❘❊❙❙ ❞❡

❆❧❧❡♥ ✭❆❧❧❡♥ ❬✶✾✼✶❪✮✱ q✉✐ ❡st ✉♥ ❛✉tr❡ t②♣❡ ❞❡ ❝r✐tèr❡ ✐ss✉ ❞❡ ❧❛ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡✱ ❛♣♣❡❧é

❛✉ss✐ ▲❡❛✈❡ ❖♥❡ ❖✉t ✭▲❖❖✮ q✉✐ ♣❡r♠❡t ❞❡ ❝♦♠♣❛r❡r ❧❡s ❝❛♣❛❝✐tés ♣ré❞✐❝t✐✈❡s ❞❡ ❞❡✉①

♠♦❞è❧❡s✳ ▲♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s J ❡st ❣r❛♥❞✱ ✐❧ ❡st ❞✐✣❝✐❧❡ ❞❡ ♣♦✉✈♦✐r ❡①♣❧♦r❡r

t♦✉s ❧❡s ♠♦❞è❧❡s ♣♦ss✐❜❧❡s ❛✜♥ ❞❡ sé❧❡❝t✐♦♥♥❡r ✧❧❡ ♠❡✐❧❧❡✉r✧ ❛✉ s❡♥s ❞❡ ❧✬✉♥ ❞❡s ❝r✐tèr❡s

❝✐tés ❝✐✲❞❡ss✉s✳ P♦✉r ♣❛❧❧✐❡r ❝❡ ♣r♦❜❧è♠❡✱ ❞✐✛ér❡♥t❡s str❛té❣✐❡s ✭q✉✐ ❞♦✐✈❡♥t êtr❡ ❝❤♦✐s✐❡s

❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬♦❜❥❡❝t✐❢ r❡❝❤❡r❝❤é ❡t ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ J✮ ♦♥t été ♣r♦♣♦sé❡s✳ ▲❡s ♠ét❤♦❞❡s

❞❡ t②♣❡ ♣❛s à ♣❛s ❝♦♥s✐st❡♥t à ❝♦♥s✐❞ér❡r ❞✬❛❜♦r❞ ✉♥ ♠♦❞è❧❡ ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ✉♥ ❝❡rt❛✐♥

♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s✱ ♣✉✐s ♣r♦❝è❞❡♥t ♣❛r é❧✐♠✐♥❛t✐♦♥ ♦✉ ❛❥♦✉t s✉❝❝❡ss✐❢ ❞❡ ✈❛✲

r✐❛❜❧❡s✳ ▲❛ ♠ét❤♦❞❡ ❛s❝❡♥❞❛♥t❡ ✭❢♦r✇❛r❞ s❡❧❡❝t✐♦♥✮ ❝♦♥s✐st❡ à ❛❥♦✉t❡r ✉♥❡ ✈❛r✐❛❜❧❡ ✭❧❛ ♣❧✉s

s✐❣♥✐✜❝❛t✐✈❡✮ ❛✉ ♠♦❞è❧❡ à ❝❤❛q✉❡ ♣❛s✱ ❧❛ ♣r♦❝é❞✉r❡ s✬❛rrêt❛♥t ❧♦rsq✉❡ t♦✉t❡s ❧❡s ✈❛r✐❛❜❧❡s

s♦♥t ✐♥tr♦❞✉✐t❡s ❞❛♥s ❧❡ ♠♦❞è❧❡✳ ▲❛ ♠ét❤♦❞❡ ❞❡s❝❡♥❞❛♥t❡ ✭❜❛❝❦✇❛r❞ ❡❧✐♠✐♥❛t✐♦♥✮ ❞é♠❛rr❡

❞✉ ♠♦❞è❧❡ ❝♦♠♣❧❡t ❡t à ❝❤❛q✉❡ ét❛♣❡ é❧✐♠✐♥❡ ❞✉ ♠♦❞è❧❡ ❧❛ ✈❛r✐❛❜❧❡ ❧❛ ♠♦✐♥s s✐❣♥✐✜❝❛t✐✈❡✳

❊♥✜♥✱ ❧❛ ♠ét❤♦❞❡ st❡♣✇✐s❡ ❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝❡s ❞❡✉① ♠ét❤♦❞❡s ❡t ✐♥tr♦❞✉✐t ✉♥❡

ét❛♣❡ ❞✬é❧✐♠✐♥❛t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❛♣rès ❝❤❛q✉❡ ét❛♣❡ ❞❡ sé❧❡❝t✐♦♥✳ ❈❡♣❡♥❞❛♥t ❧♦rsq✉❡ J ❡st

❣r❛♥❞ ❧❛ ♠ét❤♦❞❡ ❞❡s❝❡♥❞❛♥t❡ ❡st ✐♥❡①♣❧♦✐t❛❜❧❡ ✈♦✐r❡ ✐♠♣♦ss✐❜❧❡ s✐ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s

J ❡st s✉♣ér✐❡✉r ❛✉ ♥♦♠❜r❡ ❞✬✐♥❞✐✈✐❞✉s I✳ ▲♦rsq✉❡ J > I✱ ❧✬❡st✐♠❛t❡✉r ❞❡s ♠♦✐♥❞r❡s ❝❛rrés

♦r❞✐♥❛✐r❡s ♥✬❡①✐st❡ ♣❛s ❡t ♦♥ s❡ r❡tr♦✉✈❡ ❞❛♥s ✉♥ ❝❛s ❞❡ ♠✉❧t✐❝♦❧✐♥é❛r✐té✳ ❉❡s ♠ét❤♦❞❡s

t❡❧❧❡s q✉❡ ❧❛ ré❣r❡ss✐♦♥ r✐❞❣❡ ♦✉ P❛rt✐❛❧ ▲❡❛st ❙q✉❛r❡s ✭P▲❙✮ ♣❡r♠❡tt❡♥t ✉♥❡ ré❞✉❝t✐♦♥ ❞❡

❞✐♠❡♥s✐♦♥ t♦✉t ❡♥ ❝♦♥s❡r✈❛♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s ✈❛r✐❛❜❧❡s✱ ❝❡ q✉✐ ❡st s♦✉✈❡♥t ♣❡rç✉ ❝♦♠♠❡ ✉♥

❛✈❛♥t❛❣❡✳ ❈❡♣❡♥❞❛♥t ❞❛♥s ❞❡s ❝♦♥t❡①t❡s ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥ ✭J ≫ I✮✱ ❞❡ t❡❧❧❡s ❝♦♠❜✐♥❛✐✲

s♦♥s ❞❡✈✐❡♥♥❡♥t ✐♥✐♥t❡r♣rét❛❜❧❡s✳

P♦✉r ② r❡♠é❞✐❡r ✉♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❞❡s ❛❧❣♦r✐t❤♠❡s ♣❧✉s ré❝❡♥ts

❛♣♣❡❧és ✧s♣❛rs❡✧✳ ■❧s ♣❡r♠❡tt❡♥t ❧❛ sé❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡s ♣❛r ♣é♥❛❧✐s❛t✐♦♥ ❡t ré❣✉❧❛r✐s❛t✐♦♥

✭r✐❞❣❡✱ ▲❆❙❙❖✱ ❡❧❛st✐❝ ♥❡t✮ ❡♥ ♣r♦❞✉✐s❛♥t ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ✧s♣❛rs❡✧ ❞❡ ✈❛r✐❛❜❧❡s✱ ❝✬❡st✲

à✲❞✐r❡ ❛✈❡❝ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❝♦❡✣❝✐❡♥t ♥✉❧s✳ ▲❡s ♠ét❤♦❞❡s t❡❧❧❡s q✉❡ ▲❆❙❙❖✱ ❡❧❛st✐❝

♥❡t ♦✉ s♣❛rs❡ P▲❙ ♣❡r♠❡tt❡♥t ❞❡ ❝ré❡r ❞❡ ❧❛ ♣❛r❝✐♠♦♥✐❡ ❞❛♥s ❧❡s rés✉❧t❛ts ❛✜♥ ❞❡ ❢❛❝✐❧✐t❡r
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❧❡✉r ✐♥t❡r♣rét❛t✐♦♥✳ ▲❡s ♠ét❤♦❞❡s q✉✐ s❡r♦♥t ♣rés❡♥té❡s ❡t ✉t✐❧✐sé❡s t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡

♠❛♥✉s❝r✐t s♦♥t ❡♥ ❣r❛♥❞❡ ♣❛rt✐❡ ❜❛sé❡s s✉r ❝❡s ❛❧❣♦r✐t❤♠❡s✳ ▲❡s ❛❧❣♦r✐t❤♠❡s ❞❡ sé❧❡❝t✐♦♥

♣❛r ♣é♥❛❧✐s❛t✐♦♥ s✬✉t✐❧✐s❡♥t s✉rt♦✉t ❞❛♥s ❧❡ ❝❛s s✉♣❡r✈✐sé ✭ré❣r❡ss✐♦♥ ♠✉❧t✐♣❧❡✮ ♠❛✐s ❝♦♠♠❡

❝❡rt❛✐♥❡s ♠ét❤♦❞❡s ♥♦♥ s✉♣❡r✈✐sé❡s t❡❧❧❡s q✉❡ ❧✬❆❈P ❡t ❧✬❆❈▼ ♣❡✉✈❡♥t êtr❡ ✈✉❡s ❝♦♠♠❡

✉♥ ♣r♦❜❧è♠❡ ❞❡ t②♣❡ ré❣r❡ss✐♦♥✱ ❝❡s ❛❧❣♦r✐t❤♠❡s ♣❡✉✈❡♥t s✬❛♣♣❧✐q✉❡r✳

▲❛ ♣r❡♠✐èr❡ ❣r❛♥❞❡ ♣❛rt✐❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❝♦♥s❛❝ré❡ ❛✉① ♠ét❤♦❞❡s ✧s♣❛rs❡✧ ❡♥ ré✲

❣r❡ss✐♦♥ ❧✐♥é❛✐r❡✱ ♣✉✐s ❞❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s ♣♦✉r ❞❡s ❞♦♥♥é❡s ✉♥✐❜❧♦❝ ✭✉♥ s❡✉❧ ❜❧♦❝

❞❡ ❞♦♥♥é❡s X✮ ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ♥♦♥ s✉♣❡r✈✐sé ✭♣❛♥♦r❛♠❛ ❞❡ ♣❧✉s✐❡✉rs ✈❡rs✐♦♥s ❞❡ ❧✬❆❈P

s♣❛rs❡✮✳ P❛r ❧❛ s✉✐t❡ ♥♦✉s ♥♦✉s ♣❧❛❝❡r♦♥s ❞❛♥s ❧❡ ❝❛s s✉♣❡r✈✐sé ♣♦✉r ❧✬❛♥❛❧②s❡ ❞❡ ✷ ❜❧♦❝s

❞❡ ✈❛r✐❛❜❧❡s ✭✉♥ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s X ❡t ✉♥ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡✭s✮ à ❡①♣❧✐q✉❡r✮ ❡t

✉♥❡ ♣rés❡♥t❛t✐♦♥ ❞❡ ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞❡ ré❣r❡ss✐♦♥ P▲❙ ❞❛♥s ❧❡✉r ✈❡rs✐♦♥ ✧s♣❛rs❡✧ s❡r❛

ré❛❧✐sé❡✳

❉❛♥s ❝❡rt❛✐♥s ❞♦♠❛✐♥❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❡♥ ❜✐♦❧♦❣✐❡ ❡t ❡♥ ❣é♥♦♠✐q✉❡✱ ❧❡s ❞♦♥♥é❡s ❞❡ très

❣r❛♥❞❡s ❞✐♠❡♥s✐♦♥s ♣❡✉✈❡♥t êtr❡ str✉❝t✉ré❡s ♣❛r ❜❧♦❝s ✭❜❧♦❝s ❞❡ ❣è♥❡s✱ ❜❧♦❝s ❞❡ ♣r♦té✐♥❡s✱

❜❧♦❝s ❞❡ ❙◆Ps✱ ❡t❝✮✳ ■❧ ❡st ❞♦♥❝ ✐♠♣♦rt❛♥t ❞❡ s❛✈♦✐r ❝♦♠♠❡♥t tr❛✐t❡r ❝❡s ❞♦♥♥é❡s✱ ❧❡s

❛♥❛❧②s❡r ❛✐♥s✐ q✉❡ ❞❡ sé❧❡❝t✐♦♥♥❡r ❞❡s ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ♣♦✉r ❢❛❝✐❧✐t❡r ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s

rés✉❧t❛ts✳ P♦✉r ❝❡ ❢❛✐r❡✱ ❧❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❞é❞✐é❡ ❛✉① ♠ét❤♦❞❡s ❞✐t❡s

✧s♣❛rs❡✧ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ❞♦♥♥é❡s s♦♥t à ♣r✐♦r✐ str✉❝t✉ré❡s ♣❛r ❜❧♦❝s✱ ♣♦✉r ✸ ❜❧♦❝s ♦✉ ♣❧✉s✳

❯♥❡ ♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ ré❣r❡ss✐♦♥ ❣r♦✉♣ ▲❆❙❙❖ ❡t ❞❡ s❛ ✈❡rs✐♦♥ ✧s♣❛rs❡✧ ❡st ré❛❧✐sé❡ ❞❛♥s

❧❡ ❝❛❞r❡ ❞✬✉♥❡ ré❣r❡ss✐♦♥ ❛✈❡❝ ✉♥❡ s❡✉❧❡ ✈❛r✐❛❜❧❡ à ❡①♣❧✐q✉❡r✱ ❡t ✉♥❡ ♠ét❤♦❞❡ ♠✉❧t✐❜❧♦❝s

✭❘●❈❈❆✮ ♣♦✉✈❛♥t ❝♦♥s✐❞ér❡r K ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ✭K > 3✮ ❡st ♣rés❡♥té❡ ❞❛♥s s❛ ✈❡rs✐♦♥

st❛♥❞❛r❞ ❡t ✧s♣❛rs❡✧✳

✶✳✶ ▼ét❤♦❞❡s s♣❛rs❡

✶✳✶✳✶ ▼ét❤♦❞❡s ❞❡ ré❣✉❧❛r✐s❛t✐♦♥

❙♦✐t ✉♥ ♠♦❞è❧❡ ❧✐♥é❛✐r❡ ❝❧❛ss✐q✉❡ à J ♣ré❞✐❝t❡✉rs x1, ...,xJ ✳ ▲❛ ré♣♦♥s❡ ♣ré❞✐t❡ ♣❛r ✉♥

t❡❧ ♠♦❞è❧❡ ♣r❡♥❞ ❛❧♦rs ❧❛ ❢♦r♠❡ ✿

ŷ = β̂0 +

J∑

j=1

β̂jxj , ✭✶✳✶✮
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♦ù ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ ré❣r❡ss✐♦♥ β̂j ❡t ❧✬♦r❞♦♥♥é❡ à ❧✬♦r✐❣✐♥❡ β̂0 s♦♥t ❡st✐♠és ♣❛r ❧❡ ❝r✐tèr❡

✉s✉❡❧ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ✭●❛✉ss ❬✶✽✺✺❪✮ ✿

β̂ββ = argmin
βββ

‖y −Xβββ‖22, ✭✶✳✷✮

❝✬❡st✲à✲❞✐r❡ ❡♥ r❡❝❤❡r❝❤❛♥t ❧❡s βββ q✉✐ ♠✐♥✐♠✐s❡♥t ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ❡♥tr❡ ❧❡s ✈❛❧❡✉rs ♣ré✲

❞✐t❡s ❡t ❧❡s ✈❛❧❡✉rs ♦❜s❡r✈é❡s✳ ▲❛ ♣ré❝✐s✐♦♥ ❞❡ ❝❡s ❡st✐♠❛t❡✉rs ét❛♥t ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡

❞✬♦❜s❡r✈❛t✐♦♥s ❡t ❞❡ ❧❛ ♠❛tr✐❝❡ X✱ ✐❧ ❞❡✈✐❡♥t ❝❧❛✐r q✉❡ ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♣ré❞✐❝t❡✉rs J

❡st ❣r❛♥❞✱ ❞❡s ♣r♦❜❧è♠❡s ❞❡ s✉r✲❛❥✉st❡♠❡♥t s✉r✈✐❡♥♥❡♥t✳

✶✳✶✳✶✳✶ ❘é❣r❡ss✐♦♥ r✐❞❣❡ ❡t ▲❆❙❙❖

❯♥❡ s♦❧✉t✐♦♥ ❛✉ ♣r♦❜❧è♠❡ ❞❡ s✉r❛❥✉st❡♠❡♥t ❝♦♥s✐st❡ à ♣é♥❛❧✐s❡r ❧❡s t❡r♠❡s ❞✉ ♠♦❞è❧❡

❡♥ ❝♦♥s✐❞ér❛♥t s♦✐t ✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ ❞❡ ♥♦r♠❡ L2 ✭ré❣r❡ss✐♦♥ r✐❞❣❡✱ ❍♦❡r❧ ❛♥❞ ❑❡♥♥❛r❞

❬✶✾✽✽❪✮✱ s♦✐t ✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ ❞❡ ♥♦r♠❡ L1 ✭ré❣r❡ss✐♦♥ ▲❆❙❙❖✱ ❚✐❜s❤✐r❛♥✐ ❬✶✾✾✻❪✮ ✿

β̂ββ
ridge

λ = argmin
βββ

‖y −Xβββ‖22 + λ‖βββ‖22, ❛✈❡❝ ‖βββ‖22 =
J∑

j=1

β2
j ✭✶✳✸✮

β̂ββ
LASSO

λ = argmin
βββ

‖y −Xβββ‖22 + λ‖βββ‖1, ❛✈❡❝ ‖βββ‖1 =
J∑

j=1

|βj |. ✭✶✳✹✮

❖♥ ❝♦♥s✐❞èr❡ ❧❛ ré♣♦♥s❡ y ❝❡♥tré❡ ❡t ❧❛ ♠❛tr✐❝❡ X st❛♥❞❛r❞✐sé❡ ✭♠♦②❡♥♥❡ ♥✉❧❧❡✱ ✈❛r✐❛♥❝❡

é❣❛❧❡ à ✶✮ ❝❛r ♦♥ ♣❡r❞ ❧❛ ♣r♦♣r✐été ❞✬✐♥✈❛r✐❛♥❝❡ ♣❛r ❝❤❛♥❣❡♠❡♥t ❞✬é❝❤❡❧❧❡ ❞ès q✉❡ ❧✬♦♥

❛❜❛♥❞♦♥♥❡ ❧❡s ♠♦✐♥❞r❡s ❝❛rrés ♦r❞✐♥❛✐r❡s✳

❊♥ ♣rés❡♥❝❡ ❞❡ ♠✉❧t✐❝♦❧✐♥é❛r✐té✱ ❧❛ ré❣r❡ss✐♦♥ ré❣✉❧❛r✐sé❡ ❞❡ t②♣❡ r✐❞❣❡ ♣❡r♠❡t ❞❡

♠❡✐❧❧❡✉r❡s ♣ré❞✐❝t✐♦♥s q✉❡ ❧❡ ♠♦❞è❧❡ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ♦r❞✐♥❛✐r❡s ✭❖r❞✐♥❛r② ▲❡❛st ❙q✉❛r❡s

✭❖▲❙✮✮ ❝❧❛ss✐q✉❡✱ ❣râ❝❡ à ✉♥ ♠❡✐❧❧❡✉r ❝♦♠♣r♦♠✐s ❡♥tr❡ ❜✐❛✐s ❡t ✈❛r✐❛♥❝❡✳ ▲✬éq✉❛t✐♦♥ ✭✶✳✸✮

♣❡✉t s✬é❝r✐r❡ ❝♦♠♠❡ ❧❛ s♦♠♠❡ ❞❡s ❝❛rrés ❞❡s rés✐❞✉s ♣é♥❛❧✐sé❡ ✭P❡♥❛❧✐③❡❞ ❘❡s✐❞✉❛❧ ❙✉♠ ♦❢

❙q✉❛r❡s ✭P❘❙❙✮✮ ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿

PRSS(βββridge) = (y −Xβββ)T (y −Xβββ) + λ‖βββ‖22 ✭✶✳✺✮

= yTy − 2βββTXTy +βββTXTXβββ + λβββTβββ,

✹✵
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♣♦✉r λ > 0✳ ■❧ ❡①✐st❡ ❞♦♥❝ ✉♥❡ s♦❧✉t✐♦♥ ✉♥✐q✉❡ ✭❍♦❡r❧ ❛♥❞ ❑❡♥♥❛r❞ ❬✷✵✵✵❪✮ q✉❡ ❧✬♦♥ ♦❜t✐❡♥t

❡♥ ❝❛❧❝✉❧❛♥t ❧❛ ❞ér✐✈é❡ ❞❡ P❘❙❙✭βββridge✮ ♣❛r r❛♣♣♦rt à βββ ✿

∂

∂βββ
(yTy) = 0 ✭✶✳✻✮

∂

∂βββ
(−2βββTXTy) = −2XTβββ ✭✶✳✼✮

∂

∂βββ
(βββTXTXβββ) = 2XTXβββ ✭✶✳✽✮

∂

∂βββ
(λβββTβββ) = 2λβββ ✭✶✳✾✮

❆✐♥s✐ ♦♥ ♦❜t✐❡♥t ✿

∂PRSS(βββridge)

∂βββridge
= −2XTβββ + 2XTXβββ + 2λβββ ✭✶✳✶✵✮

= −2XT (y −Xβββ) + 2λβββ. ✭✶✳✶✶✮

▲❛ s♦❧✉t✐♦♥ ❞❡ P❘❙❙✭βββridge✮ ❡st ❞♦♥❝ ♦❜t❡♥✉❡ ❡♥ ❛♥♥✉❧❛♥t ❧❛ ❞ér✐✈é❡✳

∂PRSS(βββridge)

∂βββridge
= 0 ⇔ −2XT (y −Xβββ) + 2λβββ = 0 ✭✶✳✶✷✮

⇔ −2XTy + 2XTXβββ + 2λβββ = 0

⇔ βββ(XTX+ λI) = XTy

⇔ βββ
ridge
λ = (XTX+ λI)−1XTy ✭s✐ ❧✬✐♥✈❡rs❡ ❡①✐st❡✮

▲❛ s♦❧✉t✐♦♥ ❡st ✐♥❞❡①é❡ ♣❛r ❧❡ ♣❛r❛♠ètr❡ λ q✉✐ ❝♦♥trô❧❡ ❧❛ ré❣✉❧❛r✐s❛t✐♦♥✳ ❆✐♥s✐ ♣♦✉r ❝❤❛q✉❡

λ ✐❧ ② ❛ ✉♥❡ s♦❧✉t✐♦♥✳ ▲♦rsq✉❡ λ t❡♥❞ ✈❡rs ✵✱ ♦♥ ♦❜t✐❡♥t ❧❛ s♦❧✉t✐♦♥ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés✱ s✐

❡❧❧❡ ❡①✐st❡✱ ❧♦rsq✉✬✐❧ t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✱ ♦♥ ♦❜t✐❡♥t ✉♥ βββ
ridge
λ ♥✉❧✳

▲❡ ❝❤♦✐① ❞✉ λ ♣❡✉t êtr❡ ❢❛✐t ❞❡ ♣❧✉s✐❡✉rs ❢❛ç♦♥s✳ ❉❛♥s ❧❡✉r ❛rt✐❝❧❡✱ ❍♦❡r❧ ❛♥❞ ❑❡♥♥❛r❞

❬✶✾✼✵❪ tr❛❝❡♥t βββridge
λ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ λ ❡t ❝❤♦✐s✐ss❡♥t ❧❡ λ ♣♦✉r ❧❡q✉❡❧ ❧❡s ❝♦❡✣❝✐❡♥ts s♦♥t à

♣❡✉ ♣rès st❛❜❧❡s✳ ❈❡tt❡ ♠ét❤♦❞❡ ♥♦♥ ♦❜❥❡❝t✐✈❡ ❛ s♦✉✈❡♥t été ❝r✐t✐q✉é❡✳ ❯♥❡ ❛✉tr❡ ♣♦ss✐❜✐❧✐té

❝♦♥s✐st❡ à ❡st✐♠❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté ❞❢ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

df = tr
(
X
(
XTX+ λW−

)−1
XT
)

✭✶✳✶✸✮

♦ù W = diag(|βββridge
λ,j |) ❡t W− ✐♥❞✐q✉❡ ✉♥❡ ♣s❡✉❞♦✲✐♥✈❡rs❡✳ ▲❛ ♣r❛t✐q✉❡ st❛♥❞❛r❞ ❝♦♥s✐st❡

❞és♦r♠❛✐s à ✉t✐❧✐s❡r ❧❛ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ ❞❡ ❝❤❡r❝❤❡r ❧❛ ✈❛❧❡✉r ❞❡ λ q✉✐

✹✶
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♠✐♥✐♠✐s❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡✳ ❙✐ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥ ❧❡ ♣❡r♠❡t✱ ✐❧ s❡r❛ ❞é❝♦✉♣é

❡♥ ❞❡✉① ✿ ✉♥ ❡♥s❡♠❜❧❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ❡t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ t❡st✳ ▲✬❛♣♣r♦❝❤❡ ❞❡ ✈❛❧✐❞❛t✐♦♥

❝r♦✐sé❡ K✲❢♦❧❞ ✭K✲❢♦❧❞ ❝r♦ss ✈❛❧✐❞❛t✐♦♥✮ ❧❛ ♣❧✉s ❝♦♠♠✉♥❡ ❡st ❡♥ q✉❛tr❡ ét❛♣❡s ✿

✐✮ P❛rt✐t✐♦♥♥❡r ❧✬❡♥s❡♠❜❧❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡ T ❡♥ K ❣r♦✉♣❡s ❞❡ ♠ê♠❡ ❞✐♠❡♥s✐♦♥ ✭K = 10

❡st très s♦✉✈❡♥t ❡♠♣❧♦②é✱ ▼❝▲❛❝❤❧❛♥ ❡t ❛❧✳ ❬✷✵✵✺❪✮✳ ❖♥ s✉♣♣♦s❡ T = (T1, T2, . . . , TK)✱

✐✐✮ P♦✉r ❝❤❛q✉❡ k = 1, 2, . . . ,K✱ ❛❥✉st❡r ❧❡ ♠♦❞è❧❡ f̂
(λ)
−k (x) à ❧✬❡♥s❡♠❜❧❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡

❡♥ ❡①❝❧✉❛♥t ❧❡ k✲è♠❡ ❣r♦✉♣❡✱

✐✐✐✮ ❈❛❧❝✉❧❡r ❧❡s ✈❛❧❡✉rs ❛❥✉sté❡s ♣♦✉r ❧❡s ♦❜s❡r✈❛t✐♦♥s ❝♦♥t❡♥✉❡s ❞❛♥s ❧✬é❝❤❛♥t✐❧❧♦♥ ❝♦♥s✐✲

❞éré✱

✐✈✮ ❈❛❧❝✉❧❡r ❧✬❡rr❡✉r ❞❡ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ♣♦✉r ❧❡ k✲❢♦❧❞ ✿

(CVError)
(λ)
k = |Tk|−1

∑

(x,y)∈Tk

(y − f̂
(λ)
−k (x))

2, ✭✶✳✶✹✮

❛✈❡❝ |Tk| ❧❡ ❝❛r❞✐♥❛❧ ❞❡ ❧✬❡♥s❡♠❜❧❡ Tk✳
▲✬❡rr❡✉r ❣❧♦❜❛❧❡ ❞❡ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ❡st ❡♥s✉✐t❡ ❞é✜♥✐❡ ❝♦♠♠❡ ✿

(CVError)
(λ) = K−1

K∑

k=1

(CVError)
(λ)
k . ✭✶✳✶✺✮

▲❡ λ sé❧❡❝t✐♦♥♥é ❡st ❝❡❧✉✐ q✉✐ ♠✐♥✐♠✐s❡ (CVError)
(λ) ❡t ✐❧ ❡st ♥♦té λ∗✳ ▲❡ ♠♦❞è❧❡ ❝❤♦✐s✐

f̂ (λ∗)(x) ❡st ❝❛❧❝✉❧é s✉r ❧❛ t♦t❛❧✐té ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ❡t ❧✬❡rr❡✉r ❡st ❝❛❧❝✉❧é❡ ❡♥

❛♣♣❧✐q✉❛♥t f̂ (λ∗)(x) s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ t❡st✳

❘❡♠❛rq✉❡ ❙✐ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥ ♥❡ ♣❡r♠❡t ♣❛s ❞✬✉t✐❧✐s❡r ❧❛ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ K✲❢♦❧❞✱

♣❧✉s✐❡✉rs s♦❧✉t✐♦♥s s♦♥t ♣♦ss✐❜❧❡s✳ ▲❛ ♣r❡♠✐èr❡ ♠ét❤♦❞❡ ✭✧t❡sts❡t ✈❛❧✐❞❛t✐♦♥✧✮ ❝♦♥s✐st❡ à ❞✐✲

✈✐s❡r ❧✬é❝❤❛♥t✐❧❧♦♥ ❞❡ t❛✐❧❧❡ I ❡♥ é❝❤❛♥t✐❧❧♦♥ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ❡t é❝❤❛♥t✐❧❧♦♥ ❞❡ t❡st✳ ▲❡ ♠♦❞è❧❡

❡st ❜ât✐ s✉r ❧✬é❝❤❛♥t✐❧❧♦♥ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ❡t ✈❛❧✐❞é s✉r ❧✬é❝❤❛♥t✐❧❧♦♥ ❞❡ t❡st✳ ▲❛ s❡❝♦♥❞❡ ♣♦ss✐✲

❜✐❧✐té ❡st ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ▲❖❖✳ ❈❡tt❡ ♠ét❤♦❞❡ ❡st ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❧❛ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡

K✲❢♦❧❞ ♦ù K = I✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧✬♦♥ ❛♣♣r❡♥❞ s✉r ✭I − 1✮ ♦❜s❡r✈❛t✐♦♥s ♣✉✐s ♦♥ ✈❛❧✐❞❡ ❧❡

♠♦❞è❧❡ s✉r ❧❛ Iè♠❡ ♦❜s❡r✈❛t✐♦♥ ❡t ❧✬♦♥ ré♣èt❡ ❝❡tt❡ ♦♣ér❛t✐♦♥ I ❢♦✐s✳

▲❛ ré❣r❡ss✐♦♥ r✐❞❣❡ ♣❡r♠❡t ❞❡ ❝♦♥t♦✉r♥❡r ❧❡s ♣r♦❜❧è♠❡s ❞❡ ❝♦❧✐♥é❛r✐té ♠ê♠❡ ❡♥ ♣rés❡♥❝❡

❞✬✉♥ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞❡ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s ✭J > I✮✳ ❈❡♣❡♥❞❛♥t ❡❧❧❡ ❝♦♥s❡r✈❡ t♦✉s

✹✷
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❧❡s ♣ré❞✐❝t❡✉rs ❞❛♥s ❧❡ ♠♦❞è❧❡ ❝❡ q✉✐ ♣❡✉t r❡♥❞r❡ ❞✐✣❝✐❧❡ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts✳

❉✬❛✉tr❡s ❛♣♣r♦❝❤❡s ♣❛r ré❣✉❧❛r✐s❛t✐♦♥ ♣❡r♠❡tt❡♥t é❣❛❧❡♠❡♥t ✉♥❡ sé❧❡❝t✐♦♥✱ ❝✬❡st ❧❡ ❝❛s ❞❡

❧❛ ré❣r❡ss✐♦♥ ▲❡❛st ❆❜s♦❧✉t❡ ❙❤r✐♥❦❛❣❡ ❛♥❞ ❙❡❧❡❝t✐♦♥ ❖♣❡r❛t♦r ✭▲❆❙❙❖✮✳ ❈♦♥tr❛✐r❡♠❡♥t à

❧❛ ré❣r❡ss✐♦♥ r✐❞❣❡✱ ❧❛ ré❣r❡ss✐♦♥ ▲❆❙❙❖ ♣❡r♠❡t ❧❛ sé❧❡❝t✐♦♥ ❛✉t♦♠❛t✐q✉❡ ❞❡s ✈❛r✐❛❜❧❡s ❡♥

✐♠♣♦s❛♥t ❧❛ ♥✉❧❧✐té ❞❡ ❝❡rt❛✐♥s ❝♦❡✣❝✐❡♥ts s❡❧♦♥ ❧❡s ✈❛❧❡✉rs ❞✉ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥

λ✳ ❊❧❧❡ ❝♦rr❡s♣♦♥❞ à ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞✬✉♥ ❝r✐tèr❡ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ❛✈❡❝ ✉♥❡ ♣é♥❛❧✐té ❞❡

t②♣❡ L1 ✭❡t ♥♦♥ ♣❧✉s L2 ❝♦♠♠❡ ❞❛♥s ❧❛ ré❣r❡ss✐♦♥ r✐❞❣❡✮✳ ▲❛ ❢♦♥❝t✐♦♥ ♦♣t✐♠✐sé❡ ❡st ❧✬❡rr❡✉r

❡♠♣✐r✐q✉❡ ♠❡s✉ré❡ ♣❛r ‖y −Xβββ‖22 à ❧❛q✉❡❧❧❡ ♦♥ ❛❥♦✉t❡ ✉♥ t❡r♠❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥✱ λ‖βββ‖1✱
❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ♥♦r♠❡ L1 ❞❡ βββ ♣♦♥❞éré❡ ♣❛r ✉♥ ♣❛r❛♠ètr❡ λ ♣♦s✐t✐❢✳ ❙✐ λ = 0✱ ♦♥

r❡tr♦✉✈❡ ❧✬❡st✐♠❛t❡✉r ❞❡s ♠♦✐♥❞r❡s ❝❛rrés✱ q✉❛♥❞ ✐❧ ❡①✐st❡✱ ♦ù ❛✉❝✉♥ ❝♦❡✣❝✐❡♥t ♥✬❡st ♥✉❧ ❡t

♣❛r ❝♦♥séq✉❡♥t ❛✉❝✉♥❡ sé❧❡❝t✐♦♥ ♥✬❡st ré❛❧✐sé❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ♣❧✉s ❧❛ ✈❛❧❡✉r ❞❡ λ ❡st é❧❡✈é❡✱

♣❧✉s ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦❡✣❝✐❡♥ts ♥✉❧s ❛✉❣♠❡♥t❡✳ ▲❛ s♦❧✉t✐♦♥ ♦❜t❡♥✉❡ ❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ▲❆❙❙❖

❡st ❞✐t❡ ♣❛r❝✐♠♦♥✐❡✉s❡ ✭✧s♣❛rs❡✧ ❡♥ ❛♥❣❧❛✐s✮ ❝❛r ❡❧❧❡ ❝♦♠♣♦rt❡ ❜❡❛✉❝♦✉♣ ❞❡ ❝♦❡✣❝✐❡♥ts

♥✉❧s✳ ▲✬éq✉❛t✐♦♥ ✭✶✳✹✮ ♣❡✉t s✬é❝r✐r❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

PRSS(βββlasso) = (y −Xβββ)T (y −Xβββ) + λ‖βββ‖1. ✭✶✳✶✻✮

❈♦♥tr❛✐r❡♠❡♥t à ❧❛ ré❣r❡ss✐♦♥ r✐❞❣❡✱ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ ❢♦r♠❡ ❛♥❛❧②t✐q✉❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ β̂ββ
lasso

λ

❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✳ ■❧ ❢❛✉t ❛❧♦rs ✉t✐❧✐s❡r ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ q✉❛❞r❛t✐q✉❡ ❝❛r

❝✬❡st ✉♥ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ❝♦♥✈❡①❡✳ ❙✐ ❧✬♦♥ ❝♦♥str✉✐t ❧❡ ❝❤❡♠✐♥ ❞❡ s♦❧✉t✐♦♥s ❞✉ ✈❡❝✲

t❡✉r βββ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ λ✱ ♦♥ s✬❛♣❡rç♦✐t q✉✬✐❧ ❡st ❧✐♥é❛✐r❡ ♣❛r ♠♦r❝❡❛✉①✳ ❆✐♥s✐✱ ♦♥

♣❡✉t ❝♦♥str✉✐r❡ ✉♥❡ s✉✐t❡ ❞❡ J + 1 ✈❛❧❡✉rs ❝r♦✐ss❛♥t❡s ❞❡ λ0 = 0 < λ1 < · · · < λJ t❡❧❧❡

q✉❡ β̂ββ
lasso

λ0
s♦✐t ❧✬❡st✐♠❛t❡✉r ❞❡s ♠♦✐♥❞r❡s ❝❛rrés✱ β̂ββ

lasso

λ1
❛✐t ❡①❛❝t❡♠❡♥t ✉♥ ❝♦❡✣❝✐❡♥t ♥✉❧✱

β̂ββ
lasso

λ2
❞❡✉① ❝♦❡✣❝✐❡♥ts ♥✉❧s✱ ❡t❝✳ ❥✉sq✉✬à β̂ββ

lasso

λJ
é❣❛❧ ❛✉ ✈❡❝t❡✉r ♥✉❧✳ ▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡

❝❡tt❡ s✉✐t❡ ❞❡ ✈❛❧❡✉rs ❞❡ λ ❡t ❞❡s βββ ❝♦rr❡s♣♦♥❞❛♥ts s❡ ❢❛✐t ♣❛r ❧✬❛❧❣♦r✐t❤♠❡ ✶ ▲❡❛st ❆♥❣❧❡

❘❡❣r❡ss✐♦♥ ✭▲❆❘❙✮ ♣r♦♣♦sé ♣❛r ❊❢r♦♥ ❡t ❛❧✳ ❬✷✵✵✹❪ ❡t ✐♠♣❧é♠❡♥té ❞❛♥s ❧❡ ♣❛❝❦❛❣❡ ✧❣❧♠♥❡t✧

✭❋r✐❡❞♠❛♥ ❡t ❛❧✳ ❬✷✵✶✵❪✮ ❞✉ ❧♦❣✐❝✐❡❧ ❘ ✭❘ ❉❡✈❡❧♦♣♠❡♥t ❈♦r❡ ❚❡❛♠ ❬✷✵✵✽❪✮✳

▲❡ ▲❆❙❙❖ ♣rés❡♥t❡ t♦✉t❡❢♦✐s ❞❡s ✐♥❝♦♥✈é♥✐❡♥ts ❞❛♥s ♣❧✉s✐❡✉rs s✐t✉❛t✐♦♥s ✿

✶✳ ❉❛♥s ❧❡ ❝❛s J ≫ I ✭♥♦♠❜r❡ ❞❡ ♣ré❞✐❝t❡✉rs s✉♣ér✐❡✉r ❛✉ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s✮✱ ❧❡

▲❆❙❙❖ ♥❡ sé❧❡❝t✐♦♥♥❡ q✉❡ I ♣ré❞✐❝t❡✉rs ❛✉ ♠❛①✐♠✉♠✳
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❆❧❣♦r✐t❤♠ ✶ ❆❧❣♦r✐t❤♠❡ ▲❆❘❙

■♥✐t✐❛❧✐s❛t✐♦♥✳ ❈♦♠♠❡♥❝❡r ❛✈❡❝ t♦✉s ❧❡s ❝♦❡✣❝✐❡♥ts βj é❣❛✉① à ✵✳

❊t❛♣❡ ✶✳ ❚r♦✉✈❡r ❧❡ ♣ré❞✐❝t❡✉r xj ❧❡ ♣❧✉s ❝♦rré❧é à y✳

❊t❛♣❡ ✷✳ ❆✉❣♠❡♥t❡r ❧❡ βj ❞❛♥s ❧❡ s❡♥s ❞✉ s✐❣♥❡ ❞❡ ❧❛ ❝♦rré❧❛t✐♦♥ ❛✈❡❝ y✳ Pr❡♥❞r❡ ❝♦♠♠❡
rés✐❞✉s r = y− ŷ✳ ❙✬❛rrêt❡r ❧♦rsq✉❡ ❞✬❛✉tr❡s ♣ré❞✐❝t❡✉rs xk s♦♥t ❛✉t❛♥t ❝♦rré❧és à r q✉❡
xj ✳

❊t❛♣❡ ✸✳ ❆✉❣♠❡♥t❡r ✭βj , βk✮ ❞❛♥s ❧❡✉r ❞✐r❡❝t✐♦♥ ❝♦♥❥♦✐♥t❡ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ❥✉sq✉✬à
❝❡ q✉✬✉♥ ❛✉tr❡ ♣ré❞✐❝t❡✉r xm s♦✐t ❛✉ss✐ ❝♦rré❧é ❛✈❡❝ ❧❡ rés✐❞✉ r✳

❊t❛♣❡ ✹✳ ❈♦♥t✐♥✉❡r ❥✉sq✉✬à ❝❡ q✉❡ t♦✉s ❧❡s ♣ré❞✐❝t❡✉rs s♦✐❡♥t ❞❛♥s ❧❡ ♠♦❞è❧❡✳

✷✳ ❙✐ ✉♥ ❣r♦✉♣❡ ❝♦♥t✐❡♥t ❞❡s ♣ré❞✐❝t❡✉rs très ❝♦rré❧és ❡♥tr❡ ❡✉①✱ ❧❡ ▲❆❙❙❖ t❡♥❞ à sé✲

❧❡❝t✐♦♥♥❡r ✉♥✐q✉❡♠❡♥t ✉♥ s❡✉❧ ♣ré❞✐❝t❡✉r ❞❛♥s ❧❡ ❣r♦✉♣❡ ❡t ❝❡ ♣ré❞✐❝t❡✉r ❡st ✉♥

♣ré❞✐❝t❡✉r q✉❡❧❝♦♥q✉❡ ❞✉ ❣r♦✉♣❡✳

✶✳✶✳✶✳✷ ❘é❣✉❧❛r✐s❛t✐♦♥ ❡❧❛st✐❝ ♥❡t

❯♥❡ s♦❧✉t✐♦♥ ♣r♦♣♦sé❡ ♣❧✉s ré❝❡♠♠❡♥t ♣❛r ❩♦✉ ❛♥❞ ❍❛st✐❡ ❬✷✵✵✺❪ ❝♦♥s✐st❡ à ✉t✐❧✐s❡r

✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❝♦♥✈❡①❡ ❞❡s ré❣r❡ss✐♦♥s r✐❞❣❡ ❡t ▲❆❙❙❖ ❛✜♥ ❞❡ ♣❛❧❧✐❡r ❧❡s ❧✐♠✐t❛t✐♦♥s ❞✉

▲❆❙❙❖✳ ▲✬❡st✐♠❛t❡✉r ❡❧❛st✐❝ ♥❡t ❡st ❞❡ ❧❛ ❢♦r♠❡ ✿

β̂ββ
elasticnet

= argmin
βββ

L(λ1, λ2,βββ), ✭✶✳✶✼✮

♦ù ✿

L(λ1, λ2,βββ) = ‖y −Xβββ‖22 + λ2‖βββ‖22 + λ1‖βββ‖1 ✭✶✳✶✽✮

= ‖y −Xβββ‖22 + α‖βββ‖22 + (1− α)‖βββ‖1,

❛✈❡❝ α =
λ2

(λ1 + λ2)
✱ ‖βββ‖22 ❡t ‖βββ‖1 ❞é✜♥✐s ❝♦♠♠❡ ❡♥ ✭✶✳✸✮ ❡t ✭✶✳✹✮✳ ❋✐①❡r α à ✵✳✺ r❡✈✐❡♥t à

❞♦♥♥❡r ❛✉t❛♥t ❞✬✐♠♣♦rt❛♥❝❡ à ❧❛ ❝♦♥tr❛✐♥t❡ L1 q✉✬à ❧❛ ❝♦♥tr❛✐♥t❡ L2✳

▲❡s ❞❡✉① ♣❛r❛♠ètr❡s ❞❡ ré❣✉❧❛r✐s❛t✐♦♥✱ λ1 ❡t λ2✱ ♣❡r♠❡tt❡♥t ❞✬✉♥❡ ♣❛rt ❧❛ sé❧❡❝t✐♦♥ ❞❡

✈❛r✐❛❜❧❡s ❡t ❞✬❛✉tr❡ ♣❛rt ❞✬❛✉t♦r✐s❡r ❞❛♥s ❧❡ ❝❛s I 6 J ✱ ❧❛ sé❧❡❝t✐♦♥ ❞❡ ♣❧✉s ❞❡ I ✈❛r✐❛❜❧❡s✳

▲❡ ▲❆❙❙❖ ❡st ❞♦♥❝ ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r λ2 = 0 ❞❡ ❧✬❡❧❛st✐❝ ♥❡t✱ ❡t ❧❛ r✐❞❣❡ ❝❡❧✉✐ ♦ù λ1 = 0✳ ▲❛

s♦❧✉t✐♦♥ ❡❧❛st✐❝ ♥❡t ❡st ❧✐♥é❛✐r❡ ♣❛r ♠♦r❝❡❛✉①✳ ❙✐ λ2 ❡st ✜①é✱ ✉♥ ❛❧❣♦r✐t❤♠❡ ♥♦♠♠é ▲❡❛st

❆♥❣❧❡ ❘❡❣r❡ss✐♦♥✲❊❧❛st✐❝ ◆❡t ✭▲❆❘❙✲❊◆✮ rés♦✉t ❡✣❝❛❝❡♠❡♥t t♦✉t ❧❡ ❝❤❡♠✐♥ ❞❡ s♦❧✉t✐♦♥
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❞❡ ❧✬❡❧❛st✐❝ ♥❡t✳ ■❧ ❡st ❜❛sé s✉r ❧✬❛❧❣♦r✐t❤♠❡ ▲❆❘❙ ❞❡ ❊❢r♦♥ ❡t ❛❧✳ ❡①♣❧✐❝✐té ♣ré❝é❞❡♠♠❡♥t✳

❙❡✉❧s ❧❡s ❝♦❡✣❝✐❡♥ts ♥♦♥✲♥✉❧s s♦♥t ❝♦♥s❡r✈és à ❝❤❛q✉❡ ét❛♣❡ ❞✉ ▲❆❘❙✲❊◆✳ ▲✬❛❧❣♦r✐t❤♠❡

❝♦♥✈❡r❣❡ ❣é♥ér❛❧❡♠❡♥t r❛♣✐❞❡♠❡♥t✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❛♥s ❧❡ ❝❛s ♦ù J ≫ I✳

▲❛ ✜❣✉r❡ ✶✳✶ ♣rés❡♥t❡ ❧✬✐❧❧✉str❛t✐♦♥ ❡♥ ✷✲❞✐♠❡♥s✐♦♥s ❞❡ ❧❛ ❣é♦♠étr✐❡ ❞❡ ❧❛ ré❣r❡ss✐♦♥

r✐❞❣❡✱ ▲❆❙❙❖ ❡t ❡❧❛st✐❝ ♥❡t ❞❛♥s ❧❡ ❝❛s ♦ù α = 0.5✳ ▲❡s s✐♥❣✉❧❛r✐tés q✉❡ ❧✬♦♥ ♦❜s❡r✈❡ ❛✉①

s♦♠♠❡ts ♣♦✉r ❧❡ ▲❆❙❙❖ ❡t ❧✬❡❧❛st✐❝ ♥❡t ♣❡r♠❡tt❡♥t ❧❛ s♣❛rs✐té ✭sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❛✈❡❝

❝♦❡✣❝✐❡♥ts ♥✉❧s✮✳ ❈❡ q✉❡ ❧✬♦♥ ♥❡ r❡tr♦✉✈❡ ♣❛s ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ré❣r❡ss✐♦♥ r✐❞❣❡ ❝❛r ❛✉❝✉♥

❝♦❡✣❝✐❡♥t ♥✬❡st ♠✐s à ③ér♦✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡s ❜♦r❞s s♦♥t ❝♦♥✈❡①❡s ❡t ❝❡tt❡ ❝♦♥✈❡①✐té ✈❛r✐❡ ❡♥

❢♦♥❝t✐♦♥ ❞✉ α ❝❤♦✐s✐ ❞❛♥s ❧✬❡❧❛st✐❝ ♥❡t✳

❋✐❣✉r❡ ✶✳✶ ✕ ■❧❧✉str❛t✐♦♥ ❡♥ ✷✲❞✐♠❡♥s✐♦♥s ❞❡ ❧❛ ❣é♦♠étr✐❡ r✐❞❣❡ ✭♣❡t✐ts ♣♦✐♥t✐❧❧és ♥♦✐rs✮✱
▲❆❙❙❖ ✭♣♦✐♥t✐❧❧és ❜❧❡✉s✱ ❢♦r♠❡ ❞❡ ❧♦s❛♥❣❡✮ ❡t ❡❧❛st✐❝ ♥❡t ♣♦✉r α = 0.5 ✭❝♦✉r❜❡ ❝♦♥t✐♥✉❡
r♦✉❣❡✮✳ ❊❧❛st✐❝ ♥❡t ❡st ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ▲❆❙❙❖ ❡t r✐❞❣❡✱ ✐❧ ② ❛ ❞❡s s✐♥❣✉❧❛r✐tés ❛✉
s♦♠♠❡t ❡t ❧❡s ❜♦r❞s s♦♥t ❝♦♥✈❡①❡s✳ ▲❛ ❝♦♥✈❡①✐té ✈❛r✐❡ ❛✈❡❝ α ✭✜❣✉r❡ t✐ré❡ ❞❡ ❩♦✉ ❬✷✵✵✺❪✮✳

▲❡ ❝❤♦✐① ❞❡s ♣❛r❛♠ètr❡s λ1 ❡t λ2 ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬❡❧❛st✐❝ ♥❡t ❡st ❢❛✐t ♣❛r ✈❛❧✐❞❛t✐♦♥

❝r♦✐sé❡✳ ❉❡s ✈❛❧❡✉rs ❞❡ ✭λ1✱ λ2✮ s♦♥t ❜❛❧❛②é❡s s✉r ✉♥❡ ❣r✐❧❧❡✱ ❡t ♣♦✉r ❝❤❛q✉❡ ♣♦✐♥t✱ ✉♥❡

✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ❡st ré❛❧✐sé❡ ❛✜♥ ❞❡ tr♦✉✈❡r ❧❡ ❝♦✉♣❧❡ ✭λ1✱ λ2✮ ♠✐♥✐♠✐s❛♥t ❧✬❡rr❡✉r ❞❡

♣ré❞✐❝t✐♦♥✳

✹✺
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❊①❡♠♣❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥

▲❡s ❞♦♥♥é❡s ♣r♦✈✐❡♥♥❡♥t ❞✬✉♥❡ ét✉❞❡ s✉r ❧❡ ❝❛♥❝❡r ❞❡ ❧❛ ♣r♦st❛t❡ ✭❙t❛♠❡② ❡t ❛❧✳ ❬✶✾✽✾❪✮ q✉✐ ❛

❡①❛♠✐♥é ❧❛ ❝♦rré❧❛t✐♦♥ ❡♥tr❡ ❧❡ ♥✐✈❡❛✉ ❞✬❛♥t✐❣è♥❡ s♣é❝✐✜q✉❡ ❞❡ ❧❛ ♣r♦st❛t❡ ✭♣r♦st❛t❡ s♣❡❝✐✜❝

❛♥t✐❣❡♥ ✿ P❙❆✮ ❡t ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ♠❡s✉r❡s ❝❧✐♥✐q✉❡s ❝❤❡③ ❧❡s ❤♦♠♠❡s s✉r ❧❡ ♣♦✐♥t ❞❡

r❡❝❡✈♦✐r ✉♥❡ ♣r♦st❛t❡❝t♦♠✐❡ r❛❞✐❝❛❧❡✳ ▲❡s ❞♦♥♥é❡s ♦♥t été ❛♥❛❧②sé❡s ♣❛r ❚✐❜s❤✐r❛♥✐ ❬✶✾✾✻❪

❡t ❩♦✉ ❛♥❞ ❍❛st✐❡ ❬✷✵✵✺❪✳ ▲❡s ✾✼ ♣❛t✐❡♥ts s♦♥t ❞é❝r✐ts ❛✉ ♠♦②❡♥ ❞❡ ✽ ✈❛r✐❛❜❧❡s ❝❧✐♥✐q✉❡s ✿

✶✳ ❧❡ ❧♦❣❛r✐t❤♠❡ ❞✉ ✈♦❧✉♠❡ ❞❡ ❧❛ t✉♠❡✉r ✭❧❝❛✈♦❧✮✱

✷✳ ❧❡ ❧♦❣❛r✐t❤♠❡ ❞✉ ♣♦✐❞s ❞❡ ❧❛ ♣r♦st❛t❡ ✭❧✇❡✐❣❤t✮✱

✸✳ ❧✬â❣❡✱

✹✳ ❧❡ ❧♦❣❛r✐t❤♠❡ ❞✉ t❛✉① ❞✬❤②♣❡r♣❧❛s✐❡ ❜é♥✐❣♥❡ ❞❡ ❧❛ ♣r♦st❛t❡ ✭❧❜♣❤✮✱

✺✳ ❧✬✐♥✈❛s✐♦♥ ❞❡s ✈és✐❝✉❧❡s sé♠✐♥❛❧❡s✱ ré♣♦♥s❡ ♦✉✐✴♥♦♥ ✭❙❱■✮✱

✻✳ ❧❡ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ ♣é♥étr❛t✐♦♥ ❝❛♣s✉❧❛✐r❡ ✭▲❈P✮✱

✼✳ ❧❡ s❝♦r❡ ❞❡ ●❧❡❛s♦♥ ✭❣❧❡❛s♦♥✮ ❡t

✽✳ ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ●❧❡❛s♦♥ ❣r❛❞❡ ✹✴✺ ✭♣❣❣✹✺✮✳

▲❛ ✈❛r✐❛❜❧❡ s✈✐ ❡st ✉♥❡ ✈❛r✐❛❜❧❡ ❜✐♥❛✐r❡ ❡t ❧❛ ✈❛r✐❛❜❧❡ ❣❧❡❛s♦♥ ❡st ✉♥❡ ✈❛r✐❛❜❧❡ ❝❛té❣♦r✐❡❧❧❡✳

▲❡ ❜✉t ❞❡ ❧✬ét✉❞❡ ❡st ❞❡ ♣ré❞✐r❡ ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ y ét❛♥t ❧❡ ❧♦❣❛r✐t❤♠❡ ❞❡ P❙❆ ✭❧♣s❛✮✳

▲❛ ✜❣✉r❡ ✶✳✷ ♣rés❡♥t❡ ❧❡s ❞✐❛❣r❛♠♠❡s ❞❡ ❞✐s♣❡rs✐♦♥ ❞❡s ✈❛r✐❛❜❧❡s ✭r❡♣rés❡♥t❛♥t ❧❡s

❣r❛♣❤✐q✉❡s ♣♦✉r ❝❤❛q✉❡ ♣❛✐r❡ ❞❡ ✈❛r✐❛❜❧❡s✮✳ ◗✉❡❧q✉❡s ❝♦rré❧❛t✐♦♥s ❛✈❡❝ ❧♣s❛ s♦♥t é✈✐❞❡♥t❡s

✭❧❝❛✈♦❧ ♣❛r ❡①❡♠♣❧❡✮ ♠❛✐s ✉♥ ❜♦♥ ♠♦❞è❧❡ ♣ré❞✐❝t✐❢ ♥❡ ♣❡✉t êtr❡ ❝♦♥str✉✐t s✉r ❧❛ s✐♠♣❧❡

❛♥❛❧②s❡ ❞❡ ❝❡tt❡ ♠❛tr✐❝❡✳

▲❛ ♠❛tr✐❝❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❧❡s ♣ré❞✐❝t❡✉rs ❡st ❞♦♥♥é ❞❛♥s ❧❛ t❛❜❧❡ ✶✳✶ ❡t ♣ré✲

s❡♥t❡ ❞❡ ❢♦rt❡s ❝♦rré❧❛t✐♦♥s✳ P❛r ❡①❡♠♣❧❡✱ ❧❝❛✈♦❧ ❡t ❧❝♣ s♦♥t ❢♦rt❡♠❡♥t ❧✐é❡s à ❧❛ ✈❛r✐❛❜❧❡

ré♣♦♥s❡ ❧♣s❛ ❡t ❛✈❡❝ ❝❤❛❝✉♥❡ ❞❡s ❛✉tr❡s ✈❛r✐❛❜❧❡s✳ ■❧ ❢❛✉❞r❛ ❞♦♥❝ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s

❡✛❡ts ❝♦♥❥♦✐♥t❡♠❡♥t ♣♦✉r ♠❡ttr❡ ❡♥ ❡①❡r❣✉❡ ❞❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❡t ❧❡s

♣ré❞✐❝t❡✉rs✳ ❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❞❛♥s ❩♦✉ ❛♥❞ ❍❛st✐❡ ❬✷✵✵✺❪✱ ❧❡s ♣ré❞✐❝t❡✉rs ♦♥t été

st❛♥❞❛r❞✐sés ✭✈❛r✐❛♥❝❡ ✉♥✐t❛✐r❡✮ ❡t ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❛ été sé♣❛ré ❞❡ ♠❛♥✐èr❡ ❛❧é❛t♦✐r❡ ❡♥

✉♥ ❡♥s❡♠❜❧❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ✭✻✼ ♣❛t✐❡♥ts✮ ❡t ✉♥ ❡♥s❡♠❜❧❡ t❡st ✭✸✵ ♣❛t✐❡♥ts✮✳

✹✻
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❋✐❣✉r❡ ✶✳✷ ✕ ❉♦♥♥é❡s ❝❛♥❝❡r ❞❡ ❧❛ ♣r♦st❛t❡ ✿ ❞✐❛❣r❛♠♠❡s ❞❡ ❞✐s♣❡rs✐♦♥ ✭❡♥ ❛♥❣❧❛✐s✱ ✧s❝❛t✲
t❡r ♣❧♦ts✧✮✳ ▲❛ ♣r❡♠✐èr❡ ❧✐❣♥❡ ❝♦rr❡s♣♦♥❞ à ❧❛ ✈❛r✐❛❜❧❡ à ❡①♣❧✐q✉❡r✱ ❧❡s ❛✉tr❡s ❧✐❣♥❡s ❝♦rr❡s✲
♣♦♥❞❡♥t ❛✉① ♣ré❞✐❝t❡✉rs✳

❚❛❜❧❡ ✶✳✶ ✕ ❉♦♥♥é❡s ❝❛♥❝❡r ❞❡ ❧❛ ♣r♦st❛t❡ ✿ t❛❜❧❡❛✉ ❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ♣ré❞✐❝t❡✉rs✳

❧❝❛✈♦❧ ❧✇❡✐❣❤t ❛❣❡ ❧❜♣❤ s✈✐ ❧❝♣ ❣❧❡❛s♦♥ ♣❣❣✹✺
❧❝❛✈♦❧ ✶✱✵✵✵

❧✇❡✐❣❤t ✵✱✸✵✵ ✶✱✵✵✵
❛❣❡ ✵✱✷✽✻ ✵✱✸✶✼ ✶✱✵✵✵
❧❜♣❤ ✵✱✵✻✸ ✵✱✹✸✼ ✵✱✷✽✼ ✶✱✵✵✵
s✈✐ ✵✱✺✾✸ ✵✱✶✽✶ ✵✱✶✷✾ ✲✵✱✶✸✾ ✶✱✵✵✵
❧❝♣ ✵✱✻✾✷ ✵✱✶✺✼ ✵✱✶✼✸ ✲✵✱✵✽✾ ✵✱✻✼✶ ✶✱✵✵✵

❣❧❡❛s♦♥ ✵✱✹✷✻ ✵✱✵✷✹ ✵✱✸✻✻ ✵✱✵✸✸ ✵✱✸✵✼ ✵✱✹✼✻ ✶✱✵✵✵
♣❣❣✹✺ ✵✱✹✽✸ ✵✱✵✼✹ ✵✱✷✼✻ ✲✵✱✵✸✵ ✵✱✹✽✶ ✵✱✻✻✸ ✵✱✼✺✼ ✶✱✵✵✵

✹✼



✶✳✶✳ ▼➱❚❍❖❉❊❙ ❙P❆❘❙❊

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ✉♥❡ ❡st✐♠❛t✐♦♥ ♣❛r ❧❡s ♠♦✐♥❞r❡s ❝❛rrés ❛ été ré❛❧✐sé❡ s✉r ❧✬❡♥✲

s❡♠❜❧❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡✳ ▲❡ ♣ré❞✐❝t❡✉r ❧❝❛✈♦❧ ♣rés❡♥t❡ ❧✬❡✛❡t ❧❡ ♣❧✉s ❢♦rt✱ ❛✐♥s✐ q✉❡ s✈✐ ❡t

❧✇❡✐❣❤t✳ ▲✬❡rr❡✉r ♠♦②❡♥♥❡ ❞❡ ♣ré❞✐❝t✐♦♥ s✉r ❧✬❡♥s❡♠❜❧❡ t❡st ✈❛✉t ✵✳✺✹✺✳ P❛r ❧❛ s✉✐t❡ ❧❛ ré✲

❣r❡ss✐♦♥ r✐❞❣❡✱ ❧❡ ▲❆❙❙❖ ❡t ❧✬❡❧❛st✐❝ ♥❡t ♦♥t été ❛♣♣❧✐q✉és ❛✉ ❥❡✉ ❞❡ ❞♦♥♥é❡s✳ P♦✉r ❝❤❛❝✉♥❡

❞❡ ❝❡s ♠ét❤♦❞❡s ✉♥ ♣❛r❛♠ètr❡ λ ❡st à ❞ét❡r♠✐♥❡r✳ ❈❡❧✉✐✲❝✐ ❡st ❝❤♦✐s✐ ❡♥ ♠✐♥✐♠✐s❛♥t ❧✬❡rr❡✉r

❞❡ ♣ré❞✐❝t✐♦♥ ❡st✐♠é❡ ❝❛❧❝✉❧é❡ ♣❛r ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ✶✵✲❢♦❧❞✳ ▲❛ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ❡st ❡✛❡❝✲

t✉é❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ❡t ❧✬❡♥s❡♠❜❧❡ t❡st ♣❡r♠❡t ❞❡ ❥✉❣❡r ❞❡ ❧❛ ♣❡r❢♦r♠❛♥❝❡ ❞✉

♠♦❞è❧❡ sé❧❡❝t✐♦♥♥é✳ ▲❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝❡s ♠ét❤♦❞❡s ♦♥t été ❝♦♠♣❛ré❡s ❞❛♥s ❧❛ t❛❜❧❡ ✶✳✷✳

▲❡s ❞❡✉① ❞❡r♥✐èr❡s ❧✐❣♥❡s ❞❡ ❧❛ t❛❜❧❡ ❢♦✉r♥✐ss❡♥t ❧✬❡rr❡✉r ♠♦②❡♥♥❡ ❞❡ ♣ré❞✐❝t✐♦♥ ❡t ❧✬é❝❛rt

t②♣❡ ❡st✐♠é s✉r ❧✬❡♥s❡♠❜❧❡ t❡st✳

❚❛❜❧❡ ✶✳✷ ✕ ❉♦♥♥é❡s ❝❛♥❝❡r ❞❡ ❧❛ ♣r♦st❛t❡ ✿ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s✳

▼♦✐♥❞r❡s ❊❧❛st✐❝
❝❛rrés ❘✐❞❣❡ ▲❛ss♦ ♥❡t P❈❘ P▲❙

✭❧♥t❡r❝❡♣t✮ ✷✱✹✽✵ ✷✱✹✺✷ ✷✱✺✼✵ ✷✱✹✽✷ ✷✱✺✷✸ ✷✱✺✶✷
❧❝❛✈♦❧ ✵✱✻✽✵ ✵✱✹✹✷ ✵✱✺✻✺ ✵✱✺✵✸ ✵✱✺✼✵ ✵✱✹✸✻

❧✇❡✐❣❤t ✵✱✸✵✺ ✵✱✷✺✻ ✵✱✶✾✾ ✵✱✷✶✺ ✵✱✸✷✸ ✵✱✸✻✵
❛❣❡ ✲✵✱✶✹✶ ✲✵✱✵✹✾ ✵✱✵✵✵ ✵✱✵✵✵ ✲✵✱✶✺✸ ✲✵✱✵✷✶
❧❜♣❤ ✵✱✷✶✵ ✵✱✶✼✶ ✵✱✵✷✾ ✵✱✵✽✸ ✵✱✷✶✻ ✵✱✷✹✸
s✈✐ ✵✱✸✵✺ ✵✱✷✸✽ ✵✱✶✶✺ ✵✱✶✼✸ ✵✱✸✷✷ ✵✱✷✺✾
❧❝♣ ✲✵✱✷✽✽ ✲✵✱✵✵✶ ✵✱✵✵✵ ✵✱✵✵✵ ✲✵✱✵✺✵ ✵✱✵✽✺

❣❧❡❛s♦♥ ✲✵✱✵✷✶ ✵✱✵✹✷ ✵✱✵✵✵ ✵✱✵✵✵ ✵✱✷✷✽ ✵✱✵✵✻
♣❣❣✹✺ ✵✱✷✻✼ ✵✱✶✸✼ ✵✱✵✶✻ ✵✱✵✵✼ ✲✵✱✵✻✸ ✵✱✵✵✽

❊rr❡✉r ❚❡st ✵✱✺✽✻ ✵✱✺✹✻ ✵✱✹✾✹ ✵✱✺✵✺ ✵✱✺✷✻ ✵✱✻✺✻
❊❝❛rt✲t②♣❡ ✵✱✶✽✹ ✵✱✶✻✺ ✵✱✶✺✾ ✵✱✶✻✺ ✵✱✶✷✶ ✵✱✶✽✵

▲❛ ✜❣✉r❡ ✶✳✸ ♣rés❡♥t❡ ❧❡ ❝❤❡♠✐♥ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ❞❡ ❧❛ ré❣r❡ss✐♦♥ r✐❞❣❡✱ ▲❆❙❙❖ ❡t ❡❧❛st✐❝

♥❡t✳ ▲❛ ré❣r❡ss✐♦♥ r✐❞❣❡ ♥❡ ❢❛✐t ❛✉❝✉♥❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s✱ ❡❧❧❡s s♦♥t ❞♦♥❝ t♦✉t❡s ❞❛♥s ❧❡

♠♦❞è❧❡ ✜♥❛❧ ✭✈♦✐r t❛❜❧❡ ✶✳✷✮✳ ▲❡ ▲❆❙❙❖ ❡t ❡❧❛st✐❝ ♥❡t r❡t✐❡♥♥❡♥t ❧❡s ✈❛r✐❛❜❧❡s ❧❝❛✈♦❧✱ ❧✇❡✐❣t❤✱

❧❜♣❤✱ s✈✐ ❡t ♣❣❣✹✺ ❞❛♥s ❧❡ ♠♦❞è❧❡ ✜♥❛❧✳ ▲✬❡❧❛st✐❝ ♥❡t ❡st ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❛ ré❣r❡ss✐♦♥

r✐❞❣❡ q✉✐ ♥✬é❝❛rt❡ ❛✉❝✉♥❡ ✈❛r✐❛❜❧❡✱ ❡t ❧❡ ▲❆❙❙❖✳ ▲✬❛✈❛♥t❛❣❡ ❞❡s ♠ét❤♦❞❡s ❞❡ sé❧❡❝t✐♦♥

♣❛r ♣é♥❛❧✐s❛t✐♦♥ ▲❆❙❙❖ ❡t ❡❧❛st✐❝ ♥❡t rés✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉✬❡❧❧❡s ré❛❧✐s❡♥t ✉♥❡ sé❧❡❝t✐♦♥

❞❡ ✈❛r✐❛❜❧❡s ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ ❞é♣❛rt ❡♥ ✜①❛♥t ❝❡rt❛✐♥s ❝♦❡✣❝✐❡♥ts à ③ér♦ ❢❛❝✐❧✐t❛♥t ❛❧♦rs

❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts✳

✹✽
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❋✐❣✉r❡ ✶✳✸ ✕ ❉♦♥♥é❡s ❞✉ ❝❛♥❝❡r ❞❡ ❧❛ ♣r♦st❛t❡ ✿ ❝❤❡♠✐♥ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ❞❡ ❧❛ ré❣r❡ss✐♦♥
r✐❞❣❡ ✭à ❣❛✉❝❤❡✮✱ ❞✉ ▲❆❙❙❖ ✭❛✉ ❝❡♥tr❡✮ ❡t ❞❡ ❧✬❡❧❛st✐❝ ♥❡t ♣♦✉r α = 0.5 ✭à ❞r♦✐t❡✮✳ ▲❡s
tr❛✐ts ❡♥ ♣♦✐♥t✐❧❧és r♦✉❣❡s r❡♣rés❡♥t❡♥t ❧❛ ✈❛❧❡✉r ❞✉ λ ♦♣t✐♠❛❧ ❝❛❝✉❧é ♣❛r ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡✳
▲❡s ✈❛r✐❛❜❧❡s q✉✐ ♥❡ s♦♥t ♣❛s à ③ér♦ ♣♦✉r ❝❡tt❡ ✈❛❧❡✉r ❞❡ λ s♦♥t sé❧❡❝t✐♦♥♥é❡s✳

❉❡s ♠ét❤♦❞❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡ ♣r♦❥❡❝t✐♦♥ s✉r ❝♦♠♣♦s❛♥t❡s ♦rt❤♦❣♦♥❛❧❡s ♦♥t

é❣❛❧❡♠❡♥t été ré❛❧✐sé❡s✳ ▲❛ ré❣r❡ss✐♦♥ P▲❙ ✭q✉✐ s❡r❛ ♣rés❡♥té❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✶✳✶✳✸✳✶✮

❡t ❧❛ ré❣r❡ss✐♦♥ s✉r ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s✳ ▲❛ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ❛ ♣❡r♠✐s ❞❡ r❡t❡♥✐r ✼

❝♦♠♣♦s❛♥t❡s ♣♦✉r ❧❛ ré❣r❡ss✐♦♥ ❡♥ ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s ✭♦♥ ♥❡ ré❞✉✐t ♣❛s ❜❡❛✉❝♦✉♣

❧❛ ❝♦♠♣❧❡①✐té ♣❛r r❛♣♣♦rt ❛✉ ♠♦❞è❧❡ ✐♥✐t✐❛❧✮ ❡t ✷ ❝♦♠♣♦s❛♥t❡s ♣♦✉r ❧❛ P▲❙✳ ▲❡s rés✉❧t❛ts

♦❜t❡♥✉s s❡ s✐t✉❡♥t ❞❛♥s ❧❡s ❝♦❧♦♥♥❡s ✺ ❡t ✻ ❞❡ ❧❛ t❛❜❧❡ ✶✳✷✳ ❈❡s ❞❡✉① ♠ét❤♦❞❡s ♦♥t t❡♥❞❛♥❝❡

à ♣r♦❞✉✐r❡ ❞❡s rés✉❧t❛ts s✐♠✐❧❛✐r❡s à ❧❛ ré❣r❡ss✐♦♥ r✐❞❣❡✳ ❉❡✉① ❛✉tr❡s ♠♦❞è❧❡s ♦♥t é❣❛❧❡♠❡♥t

été ♦❜t❡♥✉s ♣❛r ❞❡s ♠ét❤♦❞❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❢♦r✇❛r❞ ❡t ❜❛❝❦✇❛r❞✳ ▲❡s rés✉❧t❛ts

♥❡ s♦♥t ♣❛s ♣rés❡♥tés ✐❝✐ ♠❛✐s ❧❡s ❞❡✉① ♠♦❞è❧❡s sé❧❡❝t✐♦♥♥és ❞♦♥♥❡♥t ❡①❛❝t❡♠❡♥t ❧❡s ♠ê♠❡s

rés✉❧t❛ts ❡t s♦♥t ♣❧✉s ♣❛r❝✐♠♦♥✐❡✉① q✉❡ ❧❡ ♠♦❞è❧❡ ✐♥✐t✐❛❧✳

✹✾
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✶✳✶✳✷ ▲❡s ❆❈P ❙♣❛rs❡

❖♥ ♣❡✉t ❛♣♣r♦❝❤❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡ ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ♥♦♥ s✉♣❡r✈✐sé

♣❛r ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ré❞✉❝t✐♦♥ ❞❡ ❞✐♠❡♥s✐♦♥✱ t❡❧❧❡ q✉❡ ❧✬❆♥❛❧②s❡ ❡♥ ❈♦♠♣♦s❛♥t❡s Pr✐♥❝✐✲

♣❛❧❡s ✭❆❈P✮ ❞❛♥s s❛ ✈❡rs✐♦♥ ♣é♥❛❧✐sé❡✱ ♦✉ ✧s♣❛rs❡✧✳ ❊♥ ❆❈P✱ ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ♣r✐♥❝✐♣❛❧❡

❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ❞é♣❛rt ✭❙❛♣♦rt❛ ❬✷✵✵✻❪✮✳ ▲✬✐♥t❡r✲

♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ❡st ❞♦♥❝ ❞✐✣❝✐❧❡ ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✳

❉❡s t❡❝❤♥✐q✉❡s ❞✬❆❈P ❛✈❡❝ r♦t❛t✐♦♥ s♦♥t s♦✉✈❡♥t ✉t✐❧✐sé❡s ❛✜♥ ❞✬❛✐❞❡r à ❧✬✐♥t❡r♣rét❛t✐♦♥

❞❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s ✭❏♦❧❧✐✛❡ ❬✶✾✾✺❪✮✱ t❡❧❧❡ q✉❡ ❧❛ r♦t❛t✐♦♥ ✈❛r✐♠❛① ✭❑❛✐s❡r ❬✶✾✺✽❪✮✳

▲❡ ❜✉t ❞❡ ❝❡tt❡ t❡❝❤♥✐q✉❡ ❡st ❞❡ tr♦✉✈❡r ❞❡s ✧❧♦❛❞✐♥❣s✧ s♣é❝✐✜q✉❡s ❞❡s ❛①❡s ❡t ♣❧✉s s✐♠♣❧❡s

❞✬✐♥t❡r♣rét❛t✐♦♥ ✭❚❤✉rst♦♥❡ ❬✶✾✹✼❪✱ ❈❛tt❡❧❧ ❬✶✾✼✽❪✱ ❆❜❞✐ ❬✷✵✵✸❪✮✳ ❱✐♥❡s ❬✷✵✵✵❪✱ ♣❛r ❡①❡♠♣❧❡✱

❝♦♥s✐❞èr❡ ❧❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s ❡t r❡str❡✐♥t ❧❡s ✧❧♦❛❞✐♥❣s✧ à ♣r❡♥❞r❡ ✉♥ ♣❡t✐t ❡♥✲

s❡♠❜❧❡ ❞❡ ✈❛❧❡✉rs ♣r♦❝❤❡s ❞❡ ✵✱ ✶ ♦✉ ✲✶✳ ❈❡♣❡♥❞❛♥t ❧❛ str✉❝t✉r❡ ♦❜t❡♥✉❡ ♥❡ ❝♦♥t✐❡♥t ♣❛s

❞❡ ❝♦❡✣❝✐❡♥ts ❡①❛❝t❡♠❡♥t à ③ér♦✳ ❯♥❡ ❛❧t❡r♥❛t✐✈❡ ❛ ❛❧♦rs été ♣r♦♣♦sé❡ ♣❛r ❞❡ ♥♦♠❜r❡✉①

❛✉t❡✉rs ✿ ❧✬❆❈P s♣❛rs❡✳ ▲❡ ❜✉t ❞❡ ❧✬❆❈P s♣❛rs❡ ❡st ❞✬♦❜t❡♥✐r ❞❡s ❝♦♠♣♦s❛♥t❡s ❢❛❝✐❧❡♠❡♥t

✐♥t❡r♣rét❛❜❧❡s ❡♥ ✐♠♣♦s❛♥t ✉♥❡ ❝♦♥tr❛✐♥t❡ à ❧✬❆❈P ♣♦✉r ♦❜t❡♥✐r ❞❡s ❝♦♠♣♦s❛♥t❡s ❛✈❡❝ ❞❡s

✧❧♦❛❞✐♥❣s s♣❛rs❡✧ ✭♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞❡ ✧❧♦❛❞✐♥❣s✧ ♥✉❧s✮✳ ◆♦✉s ❞é✈❡❧♦♣♣❡r♦♥s ✐❝✐ ♣❧✉s✐❡✉rs

❛♣♣r♦❝❤❡s ❞❡ ❧❛ ✈❡rs✐♦♥ ♣é♥❛❧✐sé❡ ❞❡ ❧✬❆❈P ❀ ❝❡❧❧❡ ❞❡ ❏♦❧❧✐✛❡ ❡t ❛❧✳ ❬✷✵✵✸❪✱ ❝❡❧❧❡ ❞❡ ❩♦✉ ❡t ❛❧✳

❬✷✵✵✻❪ ❡t ❡♥✜♥ ❝❡❧❧❡ ❞❡ ❙❤❡♥ ❛♥❞ ❍✉❛♥❣ ❬✷✵✵✽❪✳

✶✳✶✳✷✳✶ ❙❈♦❚▲❆❙❙ ❞❡ ❏♦❧❧✐✛❡ ❡t ❛❧✳ ❬✷✵✵✸❪

▲✬✐❞é❡ ♣r✐♥❝✐♣❛❧❡ ❞❡ ❧❛ ✧s♣❛rs✐✜❝❛t✐♦♥✧ ❡♥ ❆❈P ❡st ❞❡ ❝❤♦✐s✐r ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s

❞❡s ✈❛r✐❛❜❧❡s ♠❡s✉ré❡s q✉✐ ♠❛①✐♠✐s❡♥t s✉❝❝❡ss✐✈❡♠❡♥t ❧❛ ✈❛r✐❛♥❝❡✱ ❝♦♠♠❡ ❡♥ ❆❈P✱ ♠❛✐s

❡♥ ✐♠♣♦s❛♥t ❞❡s ❝♦♥tr❛✐♥t❡s s✉♣♣❧é♠❡♥t❛✐r❡s q✉✐ ✈♦♥t s❛❝r✐✜❡r ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❛✉ ❜é♥é✜❝❡

❞❡ ❧✬✐♥t❡r♣rét❛❜✐❧✐té✳ ▲❛ ❝♦♥tr❛✐♥t❡ s✉♣♣❧é♠❡♥t❛✐r❡ ✐♠♣♦s❡ ✉♥❡ ❜♦r♥❡ s✉r ❧❛ s♦♠♠❡ ❞❡s

✈❛❧❡✉rs ❛❜s♦❧✉❡s ❞❡s ✧❧♦❛❞✐♥❣s✧ s✉r ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡✳ ❈♦♥tr❛✐r❡♠❡♥t à ❧❛ r♦t❛t✐♦♥✱ ❝❡tt❡

t❡❝❤♥✐q✉❡ ♣❡r♠❡t ❞❡ ✜①❡r ❞❡s ✧❧♦❛❞✐♥❣s✧ ❡①❛❝t❡♠❡♥t à ③ér♦✳ ❙♦✐t X ✉♥❡ ♠❛tr✐❝❡ I × J ✱

♦ù I ❡t J s♦♥t ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲✬❆❈P

❝❤❡r❝❤❡ ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s Xqj ✭j = 1, . . . , J✮ ❞❡s ✈❛r✐❛❜❧❡s ✐♥✐t✐❛❧❡s ❞❡ X✱ ❞❡ s♦rt❡

✺✵



✶✳✶✳ ▼➱❚❍❖❉❊❙ ❙P❆❘❙❊

q✉❡ ❧❛ ✈❛r✐❛♥❝❡ s♦✐t ♠❛①✐♠❛❧❡ ✿

qT
j (X

TX)qj , ✭✶✳✶✾✮

s♦✉s ❧❛ ❝♦♥tr❛✐♥t❡ ✿

qT
j qj = 1. ✭✶✳✷✵✮

▲❛ ♠ét❤♦❞❡ ❙✐♠♣❧✐✜❡❞ ❈♦♠♣♦♥❡♥t ❚❡❝❤♥✐q✉❡✲▲❆❙❙❖ ✭❙❈♦❚▲❆❙❙✮ ♣r♦♣♦sé❡ ♣❛r ❏♦❧✲

❧✐✛❡ ❡t ❛❧✳ ❬✷✵✵✸❪ ré❛❧✐s❡ ❝❡tt❡ ♠❛①✐♠✐s❛t✐♦♥ s♦✉s ❧❛ ❝♦♥tr❛✐♥t❡ s✉♣♣❧é♠❡♥t❛✐r❡ ✿

J∑

k=1

|qjk| ≤ t, ✭✶✳✷✶✮

♣♦✉r ✉♥ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ t✱ ♦ù qjk ❡st ❧❡ k✲è♠❡ é❧é♠❡♥t ❞✉ ✈❡❝t❡✉r qj (j = 1, ..., J)✳

▲❡ rés✉❧t❛t ♦❜t❡♥✉ ❞é♣❡♥❞r❛ ❞♦♥❝ ❞✉ ❝❤♦✐① ❞✉ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ t✳ ❊♥ ❡✛❡t ✿

• ∀t ≥
√
J ✱ ♦♥ r❡tr♦✉✈❡ ❧✬❆❈P✱

• ∀t ≤ 1✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ s♦❧✉t✐♦♥ ❡t✱

• ♣♦✉r t = 1✱ ✉♥ s❡✉❧ ❝♦❡✣❝✐❡♥t ♥♦♥ ♥✉❧ qjk ♣♦✉r ❝❤❛q✉❡ j✳

❖♥ ❝❤❡r❝❤❡ ❛❧♦rs t✱ t❡❧ q✉❡ 1 < t <
√
J ❡♥ ❢❛✐s❛♥t ❞é❝r♦îtr❡ t ❞❡♣✉✐s

√
J ✳ ❈❡tt❡ ♠ét❤♦❞❡ ♣ré✲

s❡♥t❡ ❝❡♣❡♥❞❛♥t q✉❡❧q✉❡s ✐♥❝♦♥✈é♥✐❡♥ts ❝❛r ❧❡ ❝❤♦✐① ❞❡ t✱ ❡ss❡♥t✐❡❧ ❞❛♥s ❝❡tt❡ ♠ét❤♦❞❡✱ ❡st

très ❞é❧✐❝❛t✳ P❛r ❛✐❧❧❡✉rs ❧❡ ♣r♦❜❧è♠❡ ♣♦sé ♥✬ét❛♥t ♣❛s ❝♦♥✈❡①❡✱ ❧✬♦❜t❡♥t✐♦♥ ❞✬✉♥ ♠❛①✐♠✉♠

❣❧♦❜❛❧ ♥✬❡st ♣❛s é✈✐❞❡♥t❡ ❡t ✐♥❞✉✐t ❞❡s t❡♠♣s ❞❡ ❝❛❧❝✉❧ très é❧❡✈és✳

✶✳✶✳✷✳✷ ❙♣❛rs❡ P❈❆ ❞❡ ❩♦✉ ❡t ❛❧✳ ❬✷✵✵✻❪

▲❛ ♠ét❤♦❞❡ ♣r♦♣♦sé❡ ♣❛r ❩♦✉ ❡t ❛❧✳ ❬✷✵✵✻❪ ❛❜♦r❞❡ ❧✬❆❈P s♣❛rs❡ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡

❞❡ ré❣r❡ss✐♦♥ ♣é♥❛❧✐sé❡✳ ❖♥ s✉♣♣♦s❡ X ❝❡♥tré❡✳ ❖♥ ✉t✐❧✐s❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ✈❛❧❡✉rs s✐♥✲

❣✉❧✐èr❡s ❞❡ X ✭❙✐♥❣✉❧❛r ❱❛❧✉❡ ❉❡❝♦♠♣♦s✐t✐♦♥ ✭❙❱❉✮✮✳

❆❈P ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡ ré❣r❡ss✐♦♥

▲✬❆❈P ♣❡✉t êtr❡ ✈✉❡ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡ ré❣r❡ss✐♦♥✳ ❈❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ♣r✐♥❝✐♣❛❧❡

❞✬✉♥❡ ❆❈P ❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ❞é♣❛rt✳ ❖♥ ❝♦♥s✐❞èr❡

❧❛ ❙❱❉ ❞❡ X✳ ❙❛❝❤❛♥t q✉❡ ❧❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s s♦♥t ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ✈❛r✐❛❜❧❡s

✺✶



✶✳✶✳ ▼➱❚❍❖❉❊❙ ❙P❆❘❙❊

✭❞♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts s♦♥t ❧❡s ✧❧♦❛❞✐♥❣s✧✮✱ ♦♥ s♦✉❤❛✐t❡ r❡tr♦✉✈❡r ❧❡s ✈❛❧❡✉rs ❞❡ ❝❡s ✧❧♦❛❞✐♥❣s✧✳

▲❡s ❡st✐♠❛t❡✉rs ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ♦r❞✐♥❛✐r❡s β̂ββ s♦♥t ♦❜t❡♥✉s ❡♥ ♠✐♥✐♠✐s❛♥t ❧❡ ♣r♦❜❧è♠❡

s✉✐✈❛♥t ✿

β̂ββ = argmin
βββ

‖fℓ −Xβββ‖22 ✭✶✳✷✷✮

❛✈❡❝ fℓ ét❛♥t ❧❛ ℓ✲è♠❡ ❝♦♠♣♦s❛♥t❡ ♣r✐♥❝✐♣❛❧❡✳ ▲❛ s♦❧✉t✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r ✿

β̂ββ = (XTX)−1XT fℓ ✭✶✳✷✸✮

❉❛♥s ❧❡ ❝❛s ❞❡ ❞♦♥♥é❡s ❞❡ très ❣r❛♥❞❡s ❞✐♠❡♥s✐♦♥s✱ rank(X) < J ✳ ❖♥ ❝♦♥s✐❞èr❡ ❛❧♦rs ❧❛

♠❛tr✐❝❡ ♣s❡✉❞♦✲✐♥✈❡rs❡ ❞❡ ▼♦♦r❡✲P❡♥r♦s❡ X+ ❞é✜♥✐❡ ♣❛r ✿

X+ = Q∆∆∆+PT ✭✶✳✷✹✮

♦ù ∆∆∆+ ✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ ❝♦♥t❡♥❛♥t ❧✬✐♥✈❡rs❡ ❞❡s é❧é♠❡♥ts ♥♦♥✲♥✉❧s ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ ❞❡

∆∆∆✳ ▲✬❡①♣r❡ss✐♦♥ ✭✶✳✷✸✮ ❞❡✈✐❡♥t ✿

β̂ββ = X+fℓ ✭✶✳✷✺✮

❙❛❝❤❛♥t q✉❡ QTQ = I✱ ♦♥ ♣❡✉t ❡♥ ❞é❞✉✐r❡ q✉❡ ❧❡ ✈❡❝t❡✉r QTqℓ ❡st ❧❛ ℓ−è♠❡ ❝♦❧♦♥♥❡

❞❡ ❧❛ ♠❛tr✐❝❡ ✐❞❡♥t✐té ❞❡ ❞✐♠❡♥s✐♦♥ L× L✱ s✐ qℓ ❡st ❧❡ ℓ✲è♠❡ ❧♦❛❞✐♥❣✳

❆✐♥s✐ QTqℓ = [0, . . . , 1, . . . , 0]T ❞❡ ❞✐♠❡♥s✐♦♥ L× 1✳ ❙❛❝❤❛♥t q✉❡ X = P∆∆∆QT ✿

Xq1 = P∆∆∆QTqℓ ✭✶✳✷✻✮

= FQTqℓ

= F




0
✳✳✳
1
✳✳✳
0



= fi

▲❛ s♦❧✉t✐♦♥ ❞❡✈✐❡♥t ✿

β̂ββ = X+fℓ ✭✶✳✷✼✮

= X+Xqℓ

= qℓ.

❆✐♥s✐✱ ❧❡ ℓ✲è♠❡ ❧♦❛❞✐♥❣ qℓ ♣❡✉t êtr❡ r❡tr♦✉✈é ❡♥ ré❣r❡ss❛♥t ❧❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s s✉r

❧❡s J ✈❛r✐❛❜❧❡s ❝❛r ❝❤❛q✉❡ ❝♦❧♦♥♥❡ ❞❡ F ❡st ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡s J ✈❛r✐❛❜❧❡s✳ ❆✐♥s✐ ❧❛

✺✷
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❙❱❉ ❡t ❞♦♥❝ ❧✬❆❈P ♣❡✉✈❡♥t ❡✛❡❝t✐✈❡♠❡♥t êtr❡ ✈✉❡s ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡ t②♣❡ ré❣r❡ss✐♦♥✳

❱❡rs✐♦♥ s♣❛rs❡ ❞❡ ❧✬❆❈P

▲❛ ❙♣❛rs❡ Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t ❆♥❛❧②s✐s ✭❙P❈❆✮ ❞é✜♥✐❡ ♣❛r ❩♦✉ ❡t ❛❧✳ ❬✷✵✵✻❪ ✉t✐❧✐s❡ ❧❡

❢❛✐t q✉❡ ❧✬❆❈P ♣✉✐ss❡ êtr❡ ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡ ré❣r❡ss✐♦♥ ♣♦✉r ✐♥tr♦❞✉✐r❡

✉♥❡ ♣é♥❛❧✐té ❞❡ t②♣❡ ❡❧❛st✐❝ ♥❡t ❞❛♥s ❧❡ ❝r✐tèr❡ ❞❡ ré❣r❡ss✐♦♥ ✭✶✳✷✷✮✳ ❈❡❧❛ ♣❡r♠❡t ❞❡ ♣r♦✲

❞✉✐r❡ ❞❡ ❧❛ s♣❛rs✐té ❛✉ ♥✐✈❡❛✉ ❞❡s ✧❧♦❛❞✐♥❣s✧ ❡t ❞✬♦❜t❡♥✐r ❞❡s ❝♦♠♣♦s❛♥t❡s ♣❧✉s ❢❛❝✐❧❡♠❡♥t

✐♥t❡r♣rét❛❜❧❡s✳ ▲❡ ❝r✐tèr❡ ❞❡ ❧❛ ❙P❈❆ s✬é❝r✐t ✿

β̂ββ = argmin
βββ

‖Zi −Xβββ‖22 + λ1‖βββ‖22 + λ2‖βββ‖1, ✭✶✳✷✽✮

❛✈❡❝ Zi = Xqi✳ ❖♥ ❞é✈❡❧♦♣♣❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿

‖Zi −Xβββ‖22 + λ1‖βββ‖22 + λ2‖βββ‖1 = ‖Xqi −Xβββ‖22 + λ1‖βββ‖22 + λ2‖βββ‖1 ✭✶✳✷✾✮

= (qi −βββ)TXTX(qi −βββ) + λ1‖βββ‖22 + λ2‖βββ‖1.

▲✬❛❧❣♦r✐t❤♠❡ ❙P❈❆ ❡st ❞é❝r✐t ❝♦♠♠❡ ❧✬❛❧❣♦r✐t❤♠❡ ✷✳

❆❧❣♦r✐t❤♠ ✷ ❆❧❣♦r✐t❤♠❡ ❙P❈❆ ❞❡ ❩♦✉ ❡t ❛❧✳ ❬✷✵✵✻❪

■♥✐t✐❛❧✐s❛t✐♦♥✳ P♦s❡r A = Q[, 1 : k]✱ ❧❡s ✧❧♦❛❞✐♥❣s✧ ❞❡s k ♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐✲
♣❛❧❡s✳

❊t❛♣❡ ✷✳ P♦✉r A = [α1, . . . , αk] ✜①é✱ rés♦✉❞r❡ ❧❡ ♣r♦❜❧è♠❡ ❡❧❛st✐❝ ♥❡t s✉✐✈❛♥t ♣♦✉r
j = 1, . . . , J ✿

βββj = argmin
βββ

(αj −βββ)TXTX(αj −βββ) + λ1‖βββ‖22 + λ2‖βββ‖1 ✭✶✳✸✵✮

❊t❛♣❡ ✸✳ P♦✉r B = [β1, . . . , βj ] ✜①é✱ ❝❛❧❝✉❧❡r ❧❛ ❙❱❉ ❞❡ XTXB = P∆∆∆QT ❡t ♣♦s❡r
A = PQT ✳

❊t❛♣❡ ✹✳ ❘é♣ét❡r ❧❡s ét❛♣❡s ✷ ❡t ✸ ❥✉sq✉✬à ❝♦♥✈❡r❣❡♥❝❡✳

◆♦r♠❛❧✐s❛t✐♦♥✳ q̂j =
βj
‖βj‖

, ♣♦✉r j = 1, . . . , k✳

▲❡s ♣❛r❛♠ètr❡s λ1 ❡t λ2 s♦♥t ❞❡s ♣❛r❛♠ètr❡s ❞❡ ré❣✉❧❛r✐s❛t✐♦♥✳ ▲♦rsq✉❡ I > J ✱ λ1 = 0

♣❡✉t êtr❡ ❧❡ ❝❤♦✐① ♣❛r ❞é❢❛✉t ❝❛r ✉♥❡ ré❣✉❧❛r✐s❛t✐♦♥ ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡ ét❛♥t ❞♦♥♥é q✉❡ ♥♦✉s

♥❡ ♥♦✉s ♣❧❛ç♦♥s ♣❛s ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❡t s✉♣ér✐❡✉r à ❝❡❧✉✐ ❞❡s ✐♥❞✐✈✐❞✉s✳
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❉❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ λ1 ❡st ✉♥ ♥♦♠❜r❡ ♣♦s✐t✐❢ ❡t ♣❡t✐t ♣♦✉r s✉r♠♦♥t❡r ❧❡s ♣r♦❜❧è♠❡s ❞❡

❝♦❧✐♥é❛r✐té ❞❛♥s ❧❛ ♠❛tr✐❝❡ X✳ ❊♥ ♣r✐♥❝✐♣❡✱ ♣❧✉s✐❡✉rs ✈❛❧❡✉rs ❞❡ λ2 ♣❡✉✈❡♥t êtr❡ t❡sté❡s s✉❝✲

❝❡ss✐✈❡♠❡♥t ♣♦✉r ❛✐❞❡r ❛✉ ❝❤♦✐① ❞❡s ♣❛r❛♠ètr❡s ❞❡ ré❣❧❛❣❡ ♣✉✐sq✉❡ ❧✬❛❧❣♦r✐t❤♠❡ ❝✐✲❞❡ss✉s

❝♦♥✈❡r❣❡ r❛♣✐❞❡♠❡♥t✳ ▲✬❛❧❣♦r✐t❤♠❡ ▲❆❘❙✲❊◆ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥❡ séq✉❡♥❝❡ ❞✬❛♣♣r♦①✐✲

♠❛t✐♦♥ ✧s♣❛rs❡✧ ❞❡ ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ♣r✐♥❝✐♣❛❧❡ ❡t ❧❡s ✈❛❧❡✉rs ❞❡ λ2 ❝♦rr❡s♣♦♥❞❛♥t❡s✳

P❛r ❝♦♥séq✉❡♥t✱ ❧❡ λ2 ❝❤♦✐s✐ s❡r❛ ❝❡❧✉✐ q✉✐ ❞♦♥♥❡ ✉♥ ❜♦♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❛ ✈❛r✐❛♥❝❡ ❡t ❧❛

✧s♣❛rs✐té✧✳ ❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❛❧♦rs ❞❡ ✜①❡r ❝❡rt❛✐♥s ✧❧♦❛❞✐♥❣s✧ à ③ér♦ ❛✜♥ ❞❡ ré❞✉✐r❡ ❧❡

♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s ❡t ❢❛❝✐❧✐t❡r ❛✐♥s✐ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s ✧s♣❛rs❡✧

rés✉❧t❛♥t❡s✳

Pr♦♣r✐étés ❡t ✈❛r✐❛♥❝❡ ❛❥✉sté❡

❊♥ ❆❈P✱ ❧❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s ♥❡ s♦♥t ♣❛s ❝♦rré❧é❡s ❡t ❧❡s ✧❧♦❛❞✐♥❣s✧ s♦♥t ♦rt❤♦✲

❣♦♥❛✉①✳ ❊♥ ❡✛❡t s✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧❛ ❙❱❉ ❞❡ X = FQT ❛✈❡❝ QTQ = I ❡t Σ = XTX ❧❛

♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞❡ X✱ ♦♥ ❛ ❛❧♦rs F = XQ ❡t FTF = QTXTXQ = QTΣ q✉✐ ❡st

❞♦♥❝ ❞✐❛❣♦♥❛❧❡✳ ❆✐♥s✐ ❧❡s ❝♦♠♣♦s❛♥t❡s s♦♥t ♥♦♥ ❝♦rré❧é❡s ❡t ❧❡s ❧♦❛❞✐♥❣s s♦♥t ♦rt❤♦❣♦♥❛✉①✳

❉❛♥s ❧❡ ❝❛s ❞❡ ❧✬❆❈P ❛✈❡❝ r♦t❛t✐♦♥ ♣❛r ❡①❡♠♣❧❡✱ ♦♥ ❛ Qr♦t = XB = XQT = FT ❛✈❡❝ T

❧❛ ♠❛tr✐❝❡ ❞❡ r♦t❛t✐♦♥✱ ❛❧♦rs BTB = TTQTQT = TTT = I s✐ ❧❛ r♦t❛t✐♦♥ ❡st ♦rt❤♦❣♦♥❛❧❡✳

P❛r ❛✐❧❧❡✉rs✱ QT
r♦tQr♦t = TTQQT = TT∆∆∆2T q✉✐ ❡st ♥♦♥ ❞✐❛❣♦♥❛❧❡✳ ▲❛ ♣r♦♣r✐été ❞❡ ♥♦♥

❝♦rré❧❛t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s ♥✬❡st ❞♦♥❝ ♣❛s s❛t✐s❢❛✐t❡ ❞❛♥s ❝❡ ❝❛s ❧à✳ ▲❛ s✐♠✉❧t❛♥é✐té ❞❡ ❝❡s

♣r♦♣r✐étés ❡st ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧✬❆❈P ❡t ♥❡ ♣❡✉t ❞♦♥❝ ♣❛s êtr❡ r❡tr♦✉✈é❡ ❡♥ ❆❈P s♣❛rs❡✳

❏♦❧❧✐✛❡ ❡t ❛❧✳ ❬✷✵✵✸❪ ❛②❛♥t ❢♦r❝é ❧✬♦rt❤♦❣♦♥❛❧✐té ❞❡s ✧❧♦❛❞✐♥❣s✧ ♣♦✉r ❧❛ ♠ét❤♦❞❡ ❙❝♦❚▲❆❙❙✱

❧❛ ♣r♦♣r✐été ❞❡ ♥♦♥ ❝♦rré❧❛t✐♦♥ ❛ ❛❧♦rs été s❛❝r✐✜é❡✳ ▲❛ ❙P❈❆ ♥✬✐♠♣♦s❡ ❛✉❝✉♥❡ ❞❡s ❞❡✉①

♣r♦♣r✐étés✳ ❙✐ Ẑ ❞és✐❣♥❡ ❧❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s ♠♦❞✐✜é❡s ✭✧s♣❛rs❡✧✮ ❛❧♦rs ❧❛ ✈❛r✐❛♥❝❡

t♦t❛❧❡ ❡①♣❧✐q✉é❡ ♣❛r Ẑ ❡st tr(ẐT Ẑ) q✉✐ ❡st ❝❡♣❡♥❞❛♥t tr♦♣ ♦♣t✐♠✐st❡ s✐ ❧❡s Ẑ s♦♥t ❝♦rré❧é❡s✳

❩♦✉ ❡t ❛❧✳ ❬✷✵✵✻❪ ♦♥t ♣r♦♣♦sé ✉♥❡ ♥♦✉✈❡❧❧❡ ❢♦r♠✉❧❡ ♣♦✉r ❝❛❧❝✉❧❡r ❧❛ ✈❛r✐❛♥❝❡ t♦t❛❧❡ ❡①♣❧✐✲

q✉é❡ ♣❛r Ẑ q✉✐ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❧❡s X✳ ■❧s ✉t✐❧✐s❡♥t ❧❛ ré❣r❡ss✐♦♥ ♣❛r

♣r♦❥❡❝t✐♦♥ ❛✜♥ ❞❡ s✉♣♣r✐♠❡r ❧❛ ❞é♣❡♥❞❛♥❝❡ ❧✐♥é❛✐r❡ ❡♥tr❡ ❧❡s ❝♦♠♣♦s❛♥t❡s ❝♦rré❧é❡s✳ ❖♥

♣♦s❡ Ẑj.1,...,j−1 ❧❡s rés✐❞✉s ❛♣rès ❛❥✉st❡♠❡♥t ❞❡ Ẑj s✉r Ẑ1, . . . , Ẑj−1✱ ❝✬❡st✲à✲❞✐r❡ ✿

Ẑj.1,...,j−1 = Ẑj −Hj.1,...,j−1Ẑj , ✭✶✳✸✶✮

♦ù Hj.1,...,j−1 ❡st ❧❛ ♠❛tr✐❝❡ ❞❡ ♣r♦❥❡❝t✐♦♥ ❞❡ {Zi}j−1
i ✳ ❆❧♦rs ❧❛ ✈❛r✐❛♥❝❡ ❛❥✉sté❡ ❞❡ Ẑj ❡st

✺✹
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∥∥∥Ẑj.1,...,j−1

∥∥∥
2

2
❡t ❧❛ ✈❛r✐❛♥❝❡ t♦t❛❧❡ ❡①♣❧✐q✉é❡ ❡st ❞é✜♥✐❡ ❝♦♠♠❡

k∑

j=1

∥∥∥Ẑj.1,...,j−1

∥∥∥
2

2
✳

✶✳✶✳✷✳✸ ❙♣❛rs❡ P❈❆✲r❙❱❉ ❞❡ ❙❤❡♥ ❛♥❞ ❍✉❛♥❣ ❬✷✵✵✽❪

▲❛ ❙♣❛rs❡ Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t ❆♥❛❧②s✐s ✈✐❛ ❙❱❉ ré❣✉❧❛r✐sé❡ ✭❙P❈❆✲r❙❱❉✮ ❞é✈❡❧♦♣✲

♣é❡ ♣❛r ❙❤❡♥ ❛♥❞ ❍✉❛♥❣ ❬✷✵✵✽❪ ❡st ✉♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ❞❡ ❧✬❆❈P ♣é♥❛❧✐sé❡✳ ❊❧❧❡ ✉t✐❧✐s❡ ❧❡

❧✐❡♥ ❡♥tr❡ ❧✬❆❈P ❡t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s ❞✬✉♥❡ ♠❛tr✐❝❡ ❛✜♥ ❞✬❡①tr❛✐r❡

❞❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s ❡♥ rés♦❧✈❛♥t ✉♥ ♣r♦❜❧è♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ♠❛tr✐❝❡ ❞❡ r❛♥❣

✐♥❢ér✐❡✉r ❞é❝♦✉❧❛♥t ❞❡s tr❛✈❛✉① ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ ♠❛tr✐❝✐❡❧❧❡ ❞❡ ❊❝❦❛rt ❛♥❞ ❨♦✉♥❣ ❬✶✾✸✻❪✮✳

❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ♣ré❝é❞❡♠♠❡♥t✱ X ❡st ✉♥❡ ♠❛tr✐❝❡ ❞❡ r❛♥❣ L ❛✈❡❝ X = P∆∆∆QT

♦ù P ✭I × L✮ ❡t Q ✭J × L✮ s♦♥t ♦rt❤♦♥♦r♠❛❧❡s ❡t ∆∆∆ ✭L × L✮ ❡st ❧❛ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡

❞❡s ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s✳ ❖♥ ♣♦s❡ F❂P∆∆∆ ❧❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s ❡t Q ❧❡s ✧❧♦❛❞✐♥❣s✧

❝♦rr❡s♣♦♥❞❛♥ts✳

❆♣♣r♦①✐♠❛t✐♦♥ ♣❛r ✉♥❡ ♠❛tr✐❝❡ ❞❡ r❛♥❣ ✐♥❢ér✐❡✉r

❯♥❡ ❞❡s ♣r♦♣r✐étés ✐♠♣♦rt❛♥t❡s ❞❡ ❧❛ ❙❱❉ ❡st q✉✬❡❧❧❡ ♣❡r♠❡t ✉♥❡ ❜♦♥♥❡ r❡❝♦♥st✐t✉t✐♦♥

❞❡ ❧❛ ♠❛tr✐❝❡ ♦r✐❣✐♥❛❧❡ ✭❡♥ t❡r♠❡s ❞❡s ♠♦✐♥❞r❡s ❝❛rrés✮ ♣❛r ✉♥❡ ♠❛tr✐❝❡ ❞❡ r❛♥❣ ✐♥❢ér✐❡✉r

✭❍✐❣❤❛♠ ❬✶✾✽✽❪✮✳ ▲❛ ♠❡✐❧❧❡✉r❡ ♠❛tr✐❝❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣ ✶ X(1) ❞❡ X ❡st ❧❛ s♦❧✉t✐♦♥

❞✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ s✉✐✈❛♥t ✿

argmin
X(1)

∥∥∥X−X(1)
∥∥∥
2

2
= argmin

X(1)

(
tr
(
(X−X(1))T (X−X(1))

))
✭✶✳✸✷✮

♦ù

X(1) ≡ δ1p1q
T
1 = f1q

T
1 ✭✶✳✸✸✮

▲❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡tt❡ é❣❛❧✐té ❡st ❢♦✉r♥✐❡ ❡♥ ❛♥♥❡①❡ ❊✳

▲❡s ♠❡✐❧❧❡✉r❡s ♠❛tr✐❝❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣ ✶ ♣♦✉r ❧❡s ❝♦♠♣♦s❛♥t❡s s✉✐✈❛♥t❡s

♣❡✉✈❡♥t êtr❡ ♦❜t❡♥✉❡s ❞❡ ♠❛♥✐èr❡ séq✉❡♥t✐❡❧❧❡ ✈✐❛ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣ ✶ ❞❡s ♠❛tr✐❝❡s

rés✐❞✉❡❧❧❡s✳ ▲❡s ♣❛✐r❡s ✭δkpk,qk✮✱ k > 1✱ ❢♦✉r♥✐ss❡♥t ❧❡s ♠❡✐❧❧❡✉r❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡ r❛♥❣ ✶

❞❡s ♠❛tr✐❝❡s rés✐❞✉❡❧❧❡s ❝♦rr❡s♣♦♥❞❛♥t❡s✳ P❛r ❡①❡♠♣❧❡✱ δ2p2q
T
2 ❡st ❧❛ ♠❡✐❧❧❡✉r❡ ❛♣♣r♦①✐♠❛✲

t✐♦♥ ❞❡ r❛♥❣✲✶ ❞❡ ❧❛ ♣r❡♠✐èr❡ ♠❛tr✐❝❡ ❞é✢❛té❡ X⊥1 = X− δ1p1q
T
1 ✳ X

⊥1 ❡st ❧❡ ❝♦♠♣❧é♠❡♥t

✺✺
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♦rt❤♦❣♦♥❛❧ ❞❡ X ❡t s✐ ❧❛ ♠ê♠❡ ♣r♦❝é❞✉r❡ ❡st ré♣été❡ s✉r X⊥1 ✱ ❧❡ ♣r❡♠✐❡r ✈❡❝t❡✉r s✐♥❣✉❧✐❡r

❞❡ X⊥1 s❡r❛ ❧❡ s❡❝♦♥❞ ❞❡ ❧❛ ♠❛tr✐❝❡ X✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ♠❛tr✐❝❡s ❞❡ r❛♥❣ ✐♥❢ér✐❡✉r ♣❡✉t

êtr❡ ❣é♥ér❛❧✐sé❡ ❛✉ r❛♥❣✲L✳ ▲❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ❞❡✈✐❡♥t ❛❧♦rs ✿

argmin
X(L)

∥∥∥X−X(L)
∥∥∥
2

2
= argmin

X(L)

(
tr
(
(X−X(L))T (X−X(L))

))
✭✶✳✸✹✮

❡t ❧❛ s♦❧✉t✐♦♥ ❡st ✿

X(L) ≡
L∑

ℓ=1

δℓpℓq
T
ℓ ≡

L∑

ℓ=1

fℓq
T
ℓ , ✭✶✳✸✺✮

❛✈❡❝ X(L) ❧❛ ♠❛tr✐❝❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣✲L ❧❛ ♣❧✉s ♣r♦❝❤❡ ❞❡ X✳ ❯♥❡ ❞é♠♦♥str❛t✐♦♥

✭♣♦✉r ❧❛ ♥♦r♠❡ L− 2 ❡st ♣r♦♣♦sé❡ ❞❛♥s ●♦❧✉❜ ❛♥❞ ❱❛♥ ▲♦❛♥ ❬✶✾✽✸❪ à ❧❛ ♣❛❣❡ ✼✷✳

❙❱❉ ré❣✉❧❛r✐sé❡

❉❛♥s ❧❡ ❝❛s ❞❡ ❞♦♥♥é❡s ❞❡ ❣r❛♥❞❡s ❞✐♠❡♥s✐♦♥s✱ ❧❡ ♥♦♠❜r❡ ❞❡ ✧❧♦❛❞✐♥❣s✧ ♥♦♥ ♥✉❧s ❡st

très é❧❡✈é ❡t ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts r❡st❡ ❞✐✣❝✐❧❡✳ ❯♥❡ s♦❧✉t✐♦♥ à ❝❡ ♣r♦❜❧è♠❡ ❡st

❞✬✐♥tr♦❞✉✐r❡ ❞❡ ❧❛ ✧s♣❛rs✐té✧ ❛✜♥ ❞✬é❧✐♠✐♥❡r ❝❡rt❛✐♥s ✧❧♦❛❞✐♥❣s✧✳ ❙❤❡♥ ❛♥❞ ❍✉❛♥❣ ❬✷✵✵✽❪ ♦♥t

❛❞❛♣té ❧❛ ❙❱❉ ♣♦✉r ❝❛❧❝✉❧❡r ❞❡s ♠❛tr✐❝❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣ ✐♥❢ér✐❡✉r ❞✬✉♥❡ ♠❛tr✐❝❡

s♦✉s ❞✐✈❡rs❡s ❝♦♥tr❛✐♥t❡s ✐♥tr♦❞✉✐s❛♥t ❞❡s ♣é♥❛❧✐tés✳ ▲❛ ❙❱❉ ♣❡✉t êtr❡ ♣❡rç✉❡ ❝♦♠♠❡ ✉♥

♣r♦❜❧è♠❡ ❞❡ t②♣❡ ré❣r❡ss✐♦♥✱ ❛✐♥s✐ ♣♦✉r ❝ré❡r ❞❡ ❧❛ ✧s♣❛rs✐té✧ s✉r ❧❡s ✧❧♦❛❞✐♥❣s✧ q✱ ✉♥

s❡✉✐❧❧❛❣❡ ❡st ✐♠♣♦sé s✉r ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ ré❣r❡ss✐♦♥ ❣râ❝❡ à ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ♣é♥❛❧✐s❛t✐♦♥

❞❛♥s ❧❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ✭✶✳✸✷✮✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ ✈❡❝t❡✉r ❞❡s ✧❧♦❛❞✐♥❣s✧ q ❞♦✐t êtr❡

❞❡ ❧♦♥❣✉❡✉r ✉♥✐t❛✐r❡ ❛✜♥ ❞✬♦❜t❡♥✐r ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ✉♥✐q✉❡✳ ❈❡tt❡ ❝♦♥tr❛✐♥t❡ r❡♥❞ ✉♥❡

❛♣♣❧✐❝❛t✐♦♥ ❞✬✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ s✉r q ✐♥❛♣♣r♦♣r✐é❡✳ P♦✉r s✉r♠♦♥t❡r ❝❡tt❡ ❞✐✣❝✉❧té✱ ♦♥ réé❝r✐t

fqT = f̃ q̃T ✱ ♦ù f̃ ❡t q̃ s♦♥t ❞❡s ✈❡rs✐♦♥s ré✲é❝❤❡❧♦♥♥é❡s ❞❡ f ❡t q t❡❧s q✉❡ f̃ = δp̃ ❛✈❡❝ p̃

❞❡ ❧♦♥❣✉❡✉r ✉♥✐t❛✐r❡ ❡t q̃ ❧✐❜r❡ ❞❡ t♦✉t❡ ❝♦♥tr❛✐♥t❡ ❞❡ ♥♦r♠❡✳ ▲❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥

❞❡✈✐❡♥t ✿

argmin
f̃ ,q̃

∥∥∥X− f̃ q̃T
∥∥∥
2

2
+ Pλ(q̃) ✭✶✳✸✻✮

♦ù Pλ(q̃) ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ❡t λ ❡st ✉♥ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥✳

▲❛ ❢♦♥❝t✐♦♥ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ✜①❡ ❝❡rt❛✐♥s é❧é♠❡♥ts ❞❡ q̃ à ③ér♦✱ ❝❡ q✉✐ ♣r♦❞✉✐t ❞❡ ❧❛ ✧s♣❛r✲

s✐té✬ ❛✉ s❡✐♥ ❞❡s ✧❧♦❛❞✐♥❣s✧ ❡t ❞❡s ✈❛r✐❛❜❧❡s s♦♥t s✉♣♣r✐♠é❡s✳ ▲✬❛❧❣♦r✐t❤♠❡ ♣❡r♠❡tt❛♥t ❞❡

rés♦✉❞r❡ ❧❡ ♣r♦❜❧è♠❡ ✭✶✳✸✻✮ ❡st ✉♥ ❛❧❣♦r✐t❤♠❡ ✐tér❛t✐❢ q✉✐ ♠✐♥✐♠✐s❡
∥∥∥X− f̃ q̃T

∥∥∥
2

2
+ Pλ(q̃)

✺✻
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❡♥ ❢♦♥❝t✐♦♥ ❞❡ f̃ ❡t q̃ s♦✉s ❧❛ ❝♦♥tr❛✐♥t❡ ‖f̃‖2 = δ✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♣♦✉r q̃ ✜①é✱ ❧❡

f̃ s♦❧✉t✐♦♥ ❞❡ ✭✶✳✸✻✮ ❡st ✿

f̃ = Xq̃/‖Xq̃‖2. ✭✶✳✸✼✮

❆ ♣rés❡♥t✱ ♣♦✉r ✉♥ f̃ ✜①é✱ ♦♥ réé❝r✐t ‖X− f̃ q̃T ‖22 + Pλ(q̃) ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

‖X− f̃ q̃T ‖22 + Pλ(q̃) =

I∑

i=1

J∑

j=1

(xij − f̃iq̃j)
2 +

J∑

j=1

Pλ(|q̃j |) ✭✶✳✸✽✮

=

J∑

j=1

(
I∑

i=1

(xij − f̃iq̃j)
2 + Pλ(|q̃j |)

)

❖♥ ♣❡✉t ❞♦♥❝ ♦♣t✐♠✐s❡r ❝❤❛❝✉♥❡ ❞❡s ❝♦♠♣♦s❛♥t❡s sé♣❛ré♠❡♥t✳ ❊♥ ❞é✈❡❧♦♣♣❛♥t ❧❡ ❝❛rré ❡t

s❛❝❤❛♥t q✉❡
∑I

i=1 f̃
2
i = δ2✱ ♦♥ ♦❜t✐❡♥t ✿

I∑

i=1

(xij − f̃iq̃j)
2 =

I∑

i=1

x2ij − 2
I∑

i=1

xij f̃iq̃j +
I∑

i=1

f̃2
i q̃

2
j ✭✶✳✸✾✮

=

I∑

i=1

x2ij − 2(XT f̃)j q̃j + δ2q̃2j

❆✐♥s✐ ❧❡ q̃j ♦♣t✐♠❛❧ ♠✐♥✐♠✐s❡ δ2q̃2j −2(XT f̃)j q̃j+Pλ(|q̃j |) ❡t ❞é♣❡♥❞ ❞✉ ❝❤♦✐① ❞❡ Pλ✳ ▲❛ ♣é♥❛✲

❧✐té ♣❡✉t êtr❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ♣é♥❛❧✐s❛t✐♦♥ ▲❆❙❙❖✱ ✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ ✐♠♣❧✐q✉❛♥t ✉♥ s❡✉✐❧❧❛❣❡

❞♦✉① ✭✧s♦❢t t❤r❡s❤♦❧❞✐♥❣✧✮ ♦✉ ❢♦rt ✭✧❤❛r❞ t❤r❡s❤♦❧❞✐♥❣✧✮✳ ❈❡s ❞❡✉① ❞❡r♥✐❡rs s❡✉✐❧❧❛❣❡s s♦♥t

❞é✜♥✐s ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

Pλ(x)
hard =

{
0 s✐ |x| ≤ λ
x s✐ |x| > λ

✭✶✳✹✵✮

Pλ(x)
soft =





0 s✐ |x| < λ
x− λ s✐ x ≥ λ
x+ λ s✐ x ≤ −λ

✭✶✳✹✶✮

❡t ♣rés❡♥tés ❞❛♥s ❧❛ ✜❣✉r❡ ✶✳✹✳ ❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❧❡ q̃ ♠✐♥✐♠✐s❛♥t ✭✶✳✸✻✮ ❡st ♦❜t❡♥✉ ❡♥ ❛♣♣❧✐✲

q✉❛♥t ✉♥❡ rè❣❧❡ ❞❡ s❡✉✐❧❧❛❣❡ hλ ❛✉ ✈❡❝t❡✉r XT f̃ ❝♦♠♣♦s❛♥t❡ ♣❛r ❝♦♠♣♦s❛♥t❡✳

✺✼
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❋✐❣✉r❡ ✶✳✹ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ♣é♥❛❧✐s❛t✐♦♥s ✧s♦❢t t❤r❡s❤♦❧❞✐♥❣✧ ✭❡♥ ♣♦✐♥t✐❧❧és r♦✉❣❡s✮
❡t ✧❤❛r❞ t❤r❡s❤♦❧❞✐♥❣✧ ✭❡♥ ❜❧❡✉✮✳

▲✬❛❧❣♦r✐t❤♠❡ ✐tér❛t✐❢ ❙P❈❆✲r❙❱❉ ❡st ❧✬❛❧❣♦r✐t❤♠❡ ✸✳

❆❧❣♦r✐t❤♠ ✸ ❆❧❣♦r✐t❤♠❡ sP❈❆✲r❙❱❉

■♥✐t✐❛❧✐s❛t✐♦♥✳ ❆♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ❙❱❉ s✉r X ♣♦✉r ♦❜t❡♥✐r ❧❛ ♠❡✐❧❧❡✉r❡ ❛♣♣r♦①✐♠❛t✐♦♥
❞❡ r❛♥❣✲✶ ❞❡ X✱ ❛✈❡❝ f∗q∗ ♦ù ‖f∗‖2 = δ ❡t ‖q∗‖2 = 1✳ ❖♥ ♣♦s❡ q̃old = q∗ ❡t f̃old = f∗✳

■tér❛t✐♦♥✳

❛✮ q̃new = hλ(X
T f̃old)✱

❜✮ f̃new =
Xq̃new

‖Xq̃new‖2
✳

❘é✐tér❛t✐♦♥✳ ❖♥ ré♣èt❡ ❧✬ét❛♣❡ ✷ ❡♥ r❡♠♣❧❛ç❛♥t p̃old ❡t q̃old ♣❛r p̃new ❡t q̃new ❥✉q✉✬à
❝♦♥✈❡r❣❡♥❝❡✳

❙t❛♥❞❛r❞✐s❛t✐♦♥✳ ❖♥ st❛♥❞❛r❞✐s❡ q̃new ✜♥❛❧ ✿ q = q̃new/‖q̃new‖2 ❧❡s ♥♦✉✈❡❛✉① ✧❧♦❛❞✐♥❣s
s♣❛rs❡✧✳

✺✽
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■❧ ❡st ❞é✜♥✐ s❡✉❧❡♠❡♥t ♣♦✉r ❞❡s ✈❡❝t❡✉rs ❞❡ ❞✐♠❡♥s✐♦♥ ✶✳ P♦✉r ♦❜t❡♥✐r ❧❡s ✧❧♦❛❞✐♥❣s

s♣❛rs❡✧ s✉r ❧❡s ❞✐♠❡♥s✐♦♥s > 1✱ ✐❧ ❢❛✉t ❛♣♣❧✐q✉❡r ❝❡t ❛❧❣♦r✐t❤♠❡ s✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡

r❛♥❣✲✶ ❞❡s ♠❛tr✐❝❡s rés✐❞✉❡❧❧❡s✳ ▲✬❛❧❣♦r✐t❤♠❡ ♥❡ ❢❛✐t ✐♥t❡r✈❡♥✐r q✉❡ ❧❛ ♠❛tr✐❝❡ Q✱ ❧❛ ♠é✲

t❤♦❞❡ ❡st ❞♦♥❝ ❛♣♣❧✐❝❛❜❧❡ ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ❞❡ ❞♦♥♥é❡s ❞❡ très ❣r❛♥❞❡s ❞✐♠❡♥s✐♦♥s ✭J ≫ I✮

❡t ❧❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡st r❡❧❛t✐✈❡♠❡♥t ❝♦✉rt✳

Pr♦♣r✐étés ❡t ✈❛r✐❛♥❝❡ ❛❥✉sté❡

▲❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s s✬❡✛❡❝t✉❡ ❛①❡ ♣❛r ❛①❡✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ♣ré❝é❞❡♠♠❡♥t✱

❧❡s ♣r♦♣r✐étés ❞❡ ♥♦♥ ❝♦rré❧❛t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s ❡t ❧✬♦rt❤♦❣♦♥❛❧✐té ❞❡s ✧❧♦❛❞✐♥❣s✧ s♦♥t

♣❡r❞✉❡s ❡♥ ❆❈P s♣❛rs❡✳ ❙❤❡♥ ❛♥❞ ❍✉❛♥❣ ❬✷✵✵✽❪ ❞♦♥♥❡♥t ✉♥❡ ♥♦✉✈❡❧❧❡ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛

✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡ ♣❛r ❧❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s ❡♥ ré♣♦♥s❡ à ❧❛ ♣❡rt❡ ❞❡ ❝❡s ♣r♦♣r✐étés✳

❖♥ ❝♦♥s✐❞èr❡ Qk = [q1, . . . ,qk] ❧❛ ♠❛tr✐❝❡ ❞❡s k ♣r❡♠✐❡rs ✧❧♦❛❞✐♥❣s s♣❛rs❡✧ ❡t Xk ❧❛

♣r♦❥❡❝t✐♦♥ ❞❡ X s✉r ❧❡ s♦✉s ❡s♣❛❝❡ k✲❞✐♠❡♥s✐♦♥♥❡❧ ❝réé ♣❛r ❧❡s k ♣r❡♠✐❡rs ✧❧♦❛❞✐♥❣s s♣❛rs❡✧

t❡❧❧❡s q✉❡

Xk = XQk(Q
T
kQk)

−1QT
k . ✭✶✳✹✷✮

▲❛ ✈❛r✐❛♥❝❡ t♦t❛❧❡ ❡①♣❧✐q✉é❡ ♣❛r ❧❡s k ♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s ❡st tr(XT
kXk) ❡t ❧❛ ✈❛r✐❛♥❝❡

❛❥✉sté❡ ❞❡ ❧❛ k✲è♠❡ ❝♦♠♣♦s❛♥t❡

tr(XT
kXk)− tr(XT

k−1Xk−1). ✭✶✳✹✸✮

❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ❞é✜♥✐r ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❝✉♠✉❧é ❞❡ ✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡ ✭❈✉♠✉❧❛t✐✈❡ P❡r✲

❝❡♥t❛❣❡ ♦❢ ❊①♣❧❛✐♥❡❞ ❱❛r✐❛♥❝❡ ✭❈P❊❱✮✮♣❛r ❧❡s ♣r❡♠✐èr❡s k ❈Ps ❝♦♠♠❡ ét❛♥t

tr(XT
kXk)/ tr(X

TX). ✭✶✳✹✹✮

▲❡ ❈P❊❱ ♣❡✉t êtr❡ ✉t✐❧✐sé ♣♦✉r ❞ét❡r♠✐♥❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥t❡s ♥é❝❡ss❛✐r❡s✳

✶✳✶✳✸ ▼ét❤♦❞❡s P▲❙ ❡t ❙♣❛rs❡ P▲❙

P❧❛ç♦♥s✲♥♦✉s à ♣rés❡♥t ❞❛♥s ✉♥ ❝❛❞r❡ très ❣é♥ér❛❧ ❞❡ ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡ ❞❡s ❞♦♥♥é❡s

❞❛♥s ✉♥ ❝♦♥t❡①t❡ s✉♣❡r✈✐sé ♣❡r♠❡tt❛♥t ❞✬ét✉❞✐❡r ❧✬❡✛❡t ❞✬✉♥ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s ♦❜s❡r✈é❡s s✉r

❧❡s ♠ê♠❡s ✐♥❞✐✈✐❞✉s s✉r ✉♥ ❜❧♦❝ ❞✬✉♥❡ ♦✉ ♣❧✉s✐❡✉rs ✈❛r✐❛❜❧❡s ré♣♦♥s❡s✳

✺✾
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▲❛ ré❣r❡ss✐♦♥ P▲❙ ✭P❛rt✐❛❧ ▲❡❛st ❙q✉❛r❡s✮ ♣r♦♣♦sé❡ ♣❛r ❲♦❧❞ ❡t ❛❧✳ ❬✶✾✽✸❪✱ ♣❡✉t êtr❡

✉t✐❧✐sé❡ ❞❛♥s ❝❡ ❝♦♥t❡①t❡ ✭♣♦✉r ✉♥❡ ♣r❡s❡♥t❛t✐♦♥ s②♥t❤❡t✐q✉❡ ❡t ❤✐st♦r✐q✉❡ ✈♦✐r ❚❡♥❡♥❤❛✉s

❬✶✾✾✽❪✮✳ ❊❧❧❡ ♣❡r♠❡t ❞❡ r❡❧✐❡r ✉♥ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s à ❡①♣❧✐q✉❡rX✱ à ✉♥ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s ❡①♣❧✐✲

❝❛t✐✈❡s Y ❡t ❝❡✱ ♠ê♠❡ ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❣r❛♥❞❡s ❞✐♠❡♥s✐♦♥s ✭J > I✮✳ ❖♥ ♦❜✲

t✐❡♥t ❧❡s ❝♦♠♣♦s❛♥t❡s P▲❙ ♣❛r ❛♣♣❧✐❝❛t✐♦♥ s✉❝❝❡ss✐✈❡ ❞❡ ❧✬❛♥❛❧②s❡ ❢❛❝t♦r✐❡❧❧❡ ✐♥t❡r✲❜❛tt❡r✐❡s

❞❡ ❚✉❝❦❡r ❬✶✾✺✽❪✳ ▲✬❛❧❣♦r✐t❤♠❡ ◆♦♥❧✐♥❡❛r ■t❡r❛t✐✈❡ P❆rt✐❛❧ ▲❡❛st ❙q✉❛r❡s ✭◆■P❆▲❙✮ ♣❡r♠❡t

❧❡ tr❛✐t❡♠❡♥t ❞❡ ❞♦♥♥é❡s ♠❛♥q✉❛♥t❡s✳ ▲❛ ♠ét❤♦❞❡ ◆■P❆▲❙✱ ❞é✈❡❧♦♣♣é❡ ♣❛r ❲♦❧❞ ❬✶✾✻✻❪✱

♣❡r♠❡t ❞✬ét✉❞✐❡r ✉♥ s❡✉❧ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s ✭K❂✶✮✳ ❊❧❧❡ ❝♦♥❞✉✐t à ❧✬❛♥❛❧②s❡ ❡♥ ❝♦♠♣♦s❛♥t❡s

♣r✐♥❝✐♣❛❧❡s ❧♦rsq✉✬✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ❞♦♥♥é❡ ♠❛♥q✉❛♥t❡✱ ❡t ❢♦♥❝t✐♦♥♥❡ é❣❛❧❡♠❡♥t ❧♦rsq✉✬✐❧ ②

❡♥ ❛✳

✶✳✶✳✸✳✶ ▼ét❤♦❞❡ P▲❙ ✿ P❛rt✐❛❧ ▲❡❛st ❙q✉❛r❡s

▲❛ ré❣r❡ss✐♦♥ P▲❙ ✭❲♦❧❞ ❡t ❛❧✳ ❬✶✾✽✸❪✱ ❲♦❧❞ ❡t ❛❧✳ ❬✷✵✵✶❪✮ ♣❡r♠❡t ❞❡ ♠♦❞é❧✐s❡r ❧❛ ❧✐❛✐s♦♥

❡♥tr❡ ✉♥ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s à ❡①♣❧✐q✉❡r Y ❡t ✉♥ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s X ✭❚❡♥❡♥❤❛✉s

❬✶✾✾✽❪✮✳ ▲❛ ♠ét❤♦❞❡ ❝♦♥s✐st❡ à r❡♠♣❧❛❝❡r ✉♥❡ ♠❛tr✐❝❡ ❞❡s ❞♦♥♥é❡s ♣ré❞✐❝t✐✈❡s X ♣❛r ✉♥❡

♥♦✉✈❡❧❧❡ ♠❛tr✐❝❡✱ ❞ér✐✈é❡ ❞❡ X✱ q✉❡ ❧✬♦♥ ❞és✐❣♥❡ ♣❛r T✱ ❝♦♠♣r❡♥❛♥t ❧❡ ♠ê♠❡ ♥♦♠❜r❡ ❞❡

❧✐❣♥❡s ✭♦❜s❡r✈❛t✐♦♥s✮ q✉❡ X✱ ♠❛✐s ✉♥ ♥♦♠❜r❡ ❞❡ ❝♦❧♦♥♥❡s H très ✐♥❢ér✐❡✉r à J ✳ ❖♥ ✐♠♣♦s❡✱

❞❡ ♣❧✉s✱ q✉❡ ❧❡s ❝♦❧♦♥♥❡s ❞❡ ❧❛ ♠❛tr✐❝❡ T s♦✐❡♥t ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s ❞❡s ✈❛r✐❛❜❧❡s

❞✬♦r✐❣✐♥❡✳ ❙♦✉s ❢♦r♠❡ ♠❛tr✐❝✐❡❧❧❡✱ ❧❛ r❡❧❛t✐♦♥ ♣❡✉t s✬é❝r✐r❡ T = XW ❛✈❡❝ W ❧❛ ♠❛tr✐❝❡

✭J × H✮ ❞❡s ❝♦❡✣❝✐❡♥ts ❞é✜♥✐ss❛♥t ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s✳ T ❡st ❞♦♥❝ ✉♥❡ ♥♦✉✈❡❧❧❡

♠❛tr✐❝❡ ❞❡ ❝♦♠♣♦s❛♥t❡s ♦rt❤♦❣♦♥❛❧❡s ❞♦♥t ❧❡s ❝♦❧♦♥♥❡s th s♦♥t ♦❜t❡♥✉❡s ♣❛r ❝♦♠❜✐♥❛✐s♦♥

❧✐♥é❛✐r❡ ❞❡s ✈❛r✐❛❜❧❡s ❞✬♦r✐❣✐♥❡✳ ▲❡ ❝❛❧❝✉❧ ❞❡s ❝♦♠♣♦s❛♥t❡s T s❡ ❢❛✐t ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡s

✈❛r✐❛❜❧❡s à ♣ré❞✐r❡ Y✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❝❤❡r❝❤❡ à ❡✛❡❝t✉❡r ✉♥❡ ❞♦✉❜❧❡ ♠♦❞é❧✐s❛t✐♦♥

❝♦rr❡s♣♦♥❞❛♥t ❛✉① ❞❡✉① r❡❧❛t✐♦♥s ✿

X = TAT +E ✭✶✳✹✺✮

Y = TBT + F

❛✈❡❝ A ✭J ×H✮ ❡t B ✭Q×K✮ ❧❡s ♠❛tr✐❝❡s ❞❡s ✧❧♦❛❞✐♥❣s✧ t❡❧❧❡s q✉❡ ❧❡✉rs ❝♦❧♦♥♥❡s s♦✐❡♥t✱

r❡s♣❡❝t✐✈❡♠❡♥t ✿
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ah = XT
h−1th/(t

T
h th) ✭✶✳✹✻✮

bh = YT
h−1th/(t

T
h th)

❡t E ✭I × J✮ ❡t ❋ ✭I ×Q✮✱ s♦✐❡♥t ❧❡s ♠❛tr✐❝❡s ❞❡s rés✐❞✉s ❛ss♦❝✐é❡s à ❧❛ ♣ré❞✐❝t✐♦♥ ❞❡ X

❡t ❞❡ Y✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ h = 1, . . . , H✳

❙✉✐✈❛♥t ❧❡ t②♣❡ ❞❡ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❝♦♥s✐❞éré❡✱ ♦♥ ♣❛r❧❡r❛ ❞❡ ré❣r❡ss✐♦♥ P▲❙✶ ✭✉♥❡ s❡✉❧❡

✈❛r✐❛❜❧❡ y à ❡①♣❧✐q✉❡r✮ ❡t ❞❡ ré❣r❡ss✐♦♥ P▲❙✷ ✭♣❧✉s✐❡✉rs ✈❛r✐❛❜❧❡s à ❡①♣❧✐q✉❡r✮✳

❘é❣r❡ss✐♦♥ P▲❙✶

▲❛ ré❣r❡ss✐♦♥ P▲❙✶ ❝♦♥s✐st❡ à r❡❧✐❡r ✉♥❡ s❡✉❧❡ ✈❛r✐❛❜❧❡ à ❡①♣❧✐q✉❡r y à ✉♥ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s

❡①♣❧✐❝❛t✐✈❡s X✳ ▲❡ t❛❜❧❡❛✉ X ❡st ❝♦♠♣♦sé ❞❡ J ❝♦❧♦♥♥❡s ♥♦té❡s xj ✱ ❝❡♥tré❡s ❡t ré❞✉✐t❡s✳

▲✬❛❧❣♦r✐t❤♠❡ ❞❡ ❧❛ P▲❙✶ ❞é❜✉t❡ ♣❛r ❧❛ r❡❝❤❡r❝❤❡ ❞❡ m ❝♦♠♣♦s❛♥t❡s ♦rt❤♦❣♦♥❛❧❡s th = Xah

❜✐❡♥ ❡①♣❧✐❝❛t✐✈❡s ❞❡ ❧❡✉r ♣r♦♣r❡ ❜❧♦❝ ❡t ❝♦rré❧é❡s à y✳ ✭▲❡ ♥♦♠❜r❡m ❡st ♦❜t❡♥✉ ♣❛r ✈❛❧✐❞❛t✐♦♥

❝r♦✐sé❡✳✮ P♦✉r ❝❡ ❢❛✐r❡✱ ♣♦✉r ❝❤❛q✉❡ h = 1, . . . ,m✱ ♦♥ r❡❝❤❡r❝❤❡ ❞❡s ❝♦♠♣♦s❛♥t❡s th = Xah

♠❛①✐♠✐s❛♥t ❧❡ ❝r✐tèr❡

Cov(Xah,y) ✭✶✳✹✼✮

s♦✉s ❧❛ ❝♦♥tr❛✐♥t❡ ‖ah‖ = 1 ❡t s♦✉s ❝♦♥tr❛✐♥t❡ ❞✬♦rt❤♦❣♦♥❛❧✐té ❡♥tr❡ th ❡t ❧❡s ❝♦♠♣♦s❛♥t❡s

♣ré❝é❞❡♥t❡s t1, . . . , th−1✳

❉❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s ✉♥❡ ré❣r❡ss✐♦♥ ❞❡ y s✉r ❧❡s ❝♦♠♣♦s❛♥t❡s P▲❙ th ❡st ré❛❧✐sé❡

❡t ❧❛ ré❣r❡ss✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ X ❡st ❡①♣r✐♠é❡✳

❘é❣r❡ss✐♦♥ P▲❙✷

▲❛ ré❣r❡ss✐♦♥ P▲❙✷ ❝♦♥s✐st❡ à r❡❧✐❡r ✉♥ ❜❧♦❝ Y ❝♦♥t❡♥❛♥t Q ✈❛r✐❛❜❧❡s à ❡①♣❧✐q✉❡r à ✉♥

❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s X✳ ▲✬❛❧❣♦r✐t❤♠❡ ❞❡ ❧❛ P▲❙✷ ❞é❜✉t❡ ♣❛r ❧❛ r❡❝❤❡r❝❤❡ ❞❡ m

❝♦♠♣♦s❛♥t❡s ♦rt❤♦❣♦♥❛❧❡s th = Xah ❡tm ❝♦♠♣♦s❛♥t❡s uh = Ybh✱ ❜✐❡♥ ❝♦rré❧é❡s ❡♥tr❡ ❡❧❧❡s

❡t ❡①♣❧✐❝❛t✐✈❡s ❞❡ ❧❡✉r ♣r♦♣r❡ ❜❧♦❝✳ P♦✉r ❝❡ ❢❛✐r❡✱ ♣♦✉r ❝❤❛q✉❡ h = 1, . . . ,m✱ ♦♥ r❡❝❤❡r❝❤❡

❞❡s ❝♦♠♣♦s❛♥t❡s th = Xah ❡t uh = Ybh ♠❛①✐♠✐s❛♥t ❧❡ ❝r✐tèr❡

Cov(Xah,Ybh) ✭✶✳✹✽✮
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s♦✉s ❞❡s ❝♦♥tr❛✐♥t❡s ❞❡ ♥♦r♠❡ ❡t ❞✬♦rt❤♦❣♦♥❛❧✐té ❡♥tr❡ th ❡t ❧❡s ❝♦♠♣♦s❛♥t❡s ♣ré❝é❞❡♥t❡s

t1, . . . , th−1✳ ❉❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s ✉♥❡ ré❣r❡ss✐♦♥ ❞❡ Y s✉r ❧❡s ❝♦♠♣♦s❛♥t❡s P▲❙ th ❡st

ré❛❧✐sé❡ ❡t ❧❛ ré❣r❡ss✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ X ❡st ❡①♣r✐♠é❡✳

❈❤♦✐① ❞✉ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥t❡s P▲❙

▲❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥t❡s P▲❙ ❡st ❣é♥ér❛❧❡♠❡♥t ❞ét❡r♠✐♥é ♣❛r ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡✳ ❖♥

❞é✜♥✐t ♣♦✉r ❧❛ h✲è♠❡ ❝♦♠♣♦s❛♥t❡ ❧❡s ❝r✐tèr❡s ❞✉ P❘❊❞✐❝t✐♦♥ ❙✉♠ ♦❢ ❙q✉❛r❡s ✭P❘❊❙❙✮ ❡t

❞✉ ❘❡s✐❞✉❛❧ ❙✉♠ ♦❢ ❙q✉❛r❡s ✭❘❙❙✮ ♣❛r ❧❡s ❢♦r♠✉❧❡s s✉✐✈❛♥t❡s ✿

PRESSh =
I∑

i=1

(yi − ŷh(−i))
2, ✭✶✳✹✾✮

❛✈❡❝ ŷh(−i) ❧❛ ♣ré✈✐s✐♦♥ ❞❡ yi à ♣❛rt✐r ❞✉ ♠♦❞è❧❡ à h ❝♦♠♣♦s❛♥t❡s ❡st✐♠é s❛♥s ❧✬♦❜s❡r✈❛t✐♦♥ i✳

❖♥ ❝❤♦✐s✐t ❞♦♥❝ h t❡❧ q✉❡ P❘❊❙❙h s♦✐t ❧❡ ♣❧✉s ♣❡t✐t ♣♦ss✐❜❧❡✳ P❛r ❛✐❧❧❡✉rs✱

RSSh =

I∑

i=1

(yi − ŷhi)
2, ✭✶✳✺✵✮

❛✈❡❝ ŷhi ❧❛ ♣ré✈✐s✐♦♥ ❞❡ yi à ♣❛rt✐r ❞✉ ♠♦❞è❧❡ ❡st✐♠é à h ❝♦♠♣♦s❛♥t❡s✳

❖♥ ❞é✜♥✐t ❧❡ ♣♦✉✈♦✐r ♣ré❞✐❝t✐❢ ❞❡ ❧❛ h✲è♠❡ ❝♦♠♣♦s❛♥t❡ ♣❛r ✿

Q2
h = 1− PRESSh

RSSh−1
❛✈❡❝ RSS0 =

I∑

i=1

(yi − ȳ)2. ✭✶✳✺✶✮

❖♥ ♣❡✉t ✜♥❛❧❡♠❡♥t ♠❡s✉r❡r ❧❡ ♣♦✉✈♦✐r ♣ré❞✐❝t✐❢ ❞✉ ♠♦❞è❧❡ ♣❛r ❧❡ ❝r✐tèr❡ ✿

Q2 = 1−
H∏

h=1

PRESSh

RSSh−1
. ✭✶✳✺✷✮

▲❛ ré❣r❡ss✐♦♥ P▲❙ ♣❡r♠❡t ❞❡ ❢❛✐r❡ ❢❛❝❡ ❛✉ ♣r♦❜❧è♠❡ ♦ù J ✭♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s✮ ≫ I

✭♥♦♠❜r❡ ❞✬✐♥❞✐✈✐❞✉s✮✱ ❝❡♣❡♥❞❛♥t ❡❧❧❡ ♥✬❡✛❡❝t✉❡ ♣❛s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s✱ ❛❧♦rs q✉❡

❞❛♥s ✉♥ ❝♦♥t❡①t❡ ❞❡ ❞♦♥♥é❡s ❞❡ très ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✱ ✐❧ ② ❛ ✉♥❡ ❢♦rt❡ ♣r♦❜❛❜✐❧✐té q✉✬✉♥

❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ♥❡ s♦✐❡♥t ♣❛s ✐♠♣❧✐q✉é❡s ❞❛♥s ❧❡ ♣❤é♥♦♠è♥❡ ét✉❞✐é ♦✉ ❡♥❝♦r❡ q✉❡

❜❡❛✉❝♦✉♣ ❞❡ ✈❛r✐❛❜❧❡s s♦✐❡♥t ❝♦rré❧é❡s ❡♥tr❡ ❡❧❧❡s✳ ■❧ s❡r❛✐t ❛❧♦rs é✈✐❞❡♠♠❡♥t ♣❧✉s ✐♥tér❡ss❛♥t

❞✬❡✛❡❝t✉❡r ✉♥❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❛✉♣❛r❛✈❛♥t✳

✶✳✶✳✸✳✷ ❙♣❛rs❡ P▲❙✲❙❱❉ ❞❡ ▲ê ❈❛♦ ❡t ❛❧✳ ❬✷✵✵✽❪

▲❛ ✈❡rs✐♦♥ ♣é♥❛❧✐sé❡ ❞❡ ❧❛ P▲❙ ♣r♦♣♦sé❡ ♣❛r ▲ê ❈❛♦ ❡t ❛❧✳ ❬✷✵✵✽❪ ❝♦♠❜✐♥❡ ❧✬✐♥té❣r❛t✐♦♥

❡t ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s s✐♠✉❧t❛♥é♠❡♥t✳ ❯♥❡ ❢♦♥❝t✐♦♥ ❞❡ ✧s❡✉✐❧❧❛❣❡ ❞♦✉①✧ ❡t ✉♥❡ ❙❱❉
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s♦♥t ❝♦♠❜✐♥é❡s à ❧❛ P▲❙✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ✉♥❡ ❜rè✈❡ ✐♥tr♦❞✉❝t✐♦♥ ❞✉ ♣r✐♥❝✐♣❡ ❞❡

❧✬❛♣♣r♦❝❤❡ P▲❙✲❙❱❉ ❡st ❡①♣♦sé❡ ✭❛✉ss✐ s♦✉✈❡♥t ❛♣♣❡❧é❡ P▲❙ ❝♦rr❡❧❛t✐♦♥ ❡♥ ✐♠❛❣❡r✐❡ ❝éré✲

❜r❛❧❡✱ ❝❢✳ ❑r✐s❤♥❛♥ ❡t ❛❧✳ ❬✷✵✶✶❪✮ ❛✜♥ ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧✬❛♣♣r♦❝❤❡ s♣❛rs❡ P▲❙ ❞é✜♥✐❡

♣❛r ▲ê ❈❛♦ ❡t ❛❧✳ ❬✷✵✵✽❪✳

❖♥ ❝♦♥s✐❞èr❡ X ❧❛ ♠❛tr✐❝❡ ❞❡s ♣ré❞✐❝t❡✉rs ❡t Y ❧❛ ♠❛tr✐❝❡ I × Q ❞❡s ✈❛r✐❛❜❧❡s à ❡①✲

♣❧✐q✉❡r✳ ◆♦✉s r❡♣r❡♥♦♥s ✐❝✐ ❧❡s ♠ê♠❡ ♥♦t❛t✐♦♥s q✉❡ ❝❡❧❧❡s ❞é✜♥✐❡s ❞❛♥s ❧❛ ♣❛rt✐❡ ♥♦t❛t✐♦♥s

♣♦✉r ❞é✜♥✐r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s ❛✈❡❝ M = P∆∆∆QT ♦ù P ✭I × L✮ ❡t

Q ✭I × L✮ s♦♥t ♦rt❤♦♥♦r♠❛❧❡s ❡t ∆∆∆ ✭L × L✮ ❡st ✉♥❡ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡

❧❡s ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s s♦♥t ❧❡s r❛❝✐♥❡s ❝❛rré❡s ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡s ♠❛tr✐❝❡s MTM ❡t

MMT ✳ ▲❡s ❝♦❧♦♥♥❡s ❞❡ P ❡tQ ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ✧❧♦❛❞✐♥❣s✧ P▲❙ ❞❡X ❡tY s✐M = XTY✳

P▲❙✲❙❱❉ ❡t ❙P▲❙✲❙❱❉

❊♥ P▲❙✲❙❱❉ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❙❱❉ ❞❡ M = XTY ❡st ré❛❧✐sé❡ ✉♥❡ s❡✉❧❡ ❢♦✐s✱ ❡t ♣♦✉r

❝❤❛q✉❡ ❞✐♠❡♥s✐♦♥ h✱ M ❡st ❞✐r❡❝t❡♠❡♥t ❞é✢❛té❡ ♣❛r s❛ ♠❛tr✐❝❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣✲✶

✭Mh = Mh−1 − δhphq
T
h ✮✳ ❈♦♠♠❡ ♣ré❝é❞❡♠♠❡♥t é♥♦♥❝é ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ✶✳✶✳✷✳✸✱ ❙❤❡♥

❛♥❞ ❍✉❛♥❣ ❬✷✵✵✽❪ ♦♥t ♣r♦♣♦sé ✉♥❡ ❛♣♣r♦❝❤❡ s♣❛rs❡ P❈❆ ✉t✐❧✐s❛♥t ❧❛ ❙❱❉ ❞❡M = P∆∆∆QT ❡t

❡♥ ♣é♥❛❧✐s❛♥t ❧❡s ✧❧♦❛❞✐♥❣s✧ qj ❞❡ ❧✬❆❈P✳ ▲❛ ❙P▲❙✲❙❱❉ s✬❛♣♣✉✐❡ s✉r ❧✬❛❧❣♦r✐t❤♠❡ ❞é✈❡❧♦♣♣é

♣❛r ❙❤❡♥ ❛♥❞ ❍✉❛♥❣ ❬✷✵✵✽❪ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❛ ♣é♥❛❧✐s❛t✐♦♥ ❝♦♠♠❡ ✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ ❞❡ t②♣❡

✧s❡✉✐❧❧❛❣❡ ❞♦✉①✧✳ ❉❛♥s ❧❡ ❝❛s ♣ré❝✐s ❞❡ ❧❛ ❙P▲❙✲❙❱❉✱ ❧✬✐♠♣♦rt❛♥t ❡st ❞❡ ♣♦✉✈♦✐r ♣é♥❛❧✐s❡r à

❧❛ ❢♦✐s ❧❡s ✈❡❝t❡✉rs ✧❧♦❛❞✐♥❣s✧ pj ❡t qj ❛✜♥ ❞❡ ré❛❧✐s❡r ✉♥❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❞❛♥s ❧❡s ❞❡✉①

❜❧♦❝s ❞❡ ❞♦♥♥é❡s ❡♥ ♠ê♠❡ t❡♠♣s✳ ❯♥❡ ♣r♦♣r✐été ✐♠♣♦rt❛♥t❡ ❞❡ ❧❛ P▲❙ ❡st ❧✬✐♥t❡r♣rét❛❜✐❧✐té

❞❡s ✧❧♦❛❞✐♥❣s✧ ❝♦♠♠❡ ♠❡s✉r❡ r❡❧❛t✐✈❡ ❞❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ✈❛r✐❛❜❧❡s ❞❛♥s ❧❡ ♠♦❞è❧❡ ✭❲♦❧❞

❡t ❛❧✳ ❬✷✵✵✹❪✮✳ ▲❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ❞❡✈✐❡♥t ❛❧♦rs ✿

argmin
p,q

‖M− pqT ‖2F + Pλ1(p) + Pλ2(q). ✭✶✳✺✸✮

❛✈❡❝ Pλ ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ✧s❡✉✐❧❧❛❣❡ ❞♦✉①✧ ❝♦♠♠❡ ❞é✜♥✐❡ ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ✭✶✳✹✶✮✳

✻✸
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❈❡ ♣r♦❜❧è♠❡ ♣❡✉t s❡ rés♦✉❞r❡ ❞❡ ♠❛♥✐èr❡ ✐tér❛t✐✈❡ ❡♥ r❡♠♣❧❛ç❛♥t X ♣❛r M ❞❛♥s ❧❡s

ét❛♣❡s ❞✬✐tér❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞é✜♥✐ ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ✶✳✶✳✷✳✸ ✿

q♥❡✇ = Pλ1(M
T
h−1p♦❧❞) ✭✶✳✺✹✮

p♥❡✇ = Pλ2(Mh−1q♦❧❞) ✭✶✳✺✺✮

▲✬❛❧❣♦r✐t❤♠❡ ❙♣❛rs❡ P❛rt✐❛❧ ▲❡❛st ❙q✉❛r❡s ✭❙P▲❙✮ ❞ét❛✐❧❧é ❝✐✲❛♣rès ✭❛❧❣♦r✐t❤♠❡ ✹✮ ❡st

❜❛sé s✉r ❧✬❛❧❣♦r✐t❤♠❡ P▲❙ ✐♥tr♦❞✉✐t ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ✶✳✶✳✸✳✶ ❡t s✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❞é✲

❝♦♠♣♦s✐t✐♦♥ ❙❱❉ ❞❡ M ♣♦✉r ❝❤❛q✉❡ ❞✐♠❡♥s✐♦♥✳ ❉❛♥s ❧❡ ❝❛s ♦ù ✐❧ ♥✬② ❛ ♣❛s ❞❡ ❝♦♥tr❛✐♥t❡

❆❧❣♦r✐t❤♠ ✹ ❆❧❣♦r✐t❤♠❡ ❙P▲❙✲❙❱❉

■♥✐t✐❛❧✐s❛t✐♦♥✳ X0 = X Y0 = Y P♦✉r h = 1, ..., H ✿

➱t❛♣❡ ✶✳ ❖♥ ♣♦s❡ Mh−1 = XT
h−1Yh−1

➱t❛♣❡ ✷✳ ❖♥ ❞é❝♦♠♣♦s❡ Mh−1 ❡t ♦♥ ❡①tr❛✐t ❧❛ ♣r❡♠✐èr❡ ♣❛✐r❡ ❞❡ ✈❡❝t❡✉rs s✐♥❣✉❧✐❡rs
p♦❧❞ = ph ❡t q♦❧❞ = qh

➱t❛♣❡ ✸✳ ❏✉sq✉✬à ❝♦♥✈❡r❣❡♥❝❡ ❞❡ p♥❡✇ ❡t q♥❡✇ ✿

✐✳ p♥❡✇ = Pλ2(Mh−1q♦❧❞)✱ ♥♦r♠❛❧✐s❛t✐♦♥ ❞❡ p♥❡✇

✐✐✳ q♥❡✇ = Pλ1(Mh−1p♦❧❞)✱ ♥♦r♠❛❧✐s❛t✐♦♥ ❞❡ q♥❡✇

✐✐✐✳ p♦❧❞ = p♥❡✇ ❡t q♦❧❞ = q♥❡✇

➱t❛♣❡ ✹✳
th = Xh−1p♥❡✇/p

T
♥❡✇p♥❡✇

✇h = Yh−1q♥❡✇/q
T
♥❡✇q♥❡✇

➱t❛♣❡ ✺✳
ah = Xh−1th/t

T
h th

bh = Yh−1th/t
T
h✇h

➱t❛♣❡ ✻✳
Xh = Xh−1 − th❛

T
h

Yh = Yh−1 − th❜
T
h

❞❡ s♣❛rs✐té ✭λ1 = λ2 = 0✮✱ ♦♥ ♦❜t✐❡♥t ❛❧♦rs ❧❡s ♠ê♠❡s rés✉❧t❛ts q✉❡ ❞❛♥s ✉♥❡ P▲❙ ❝❧❛ss✐q✉❡✳

❈❤♦✐① ❞❡s ♣❛r❛♠ètr❡s ❞❡ ♣é♥❛❧✐s❛t✐♦♥

▲❡s ❞❡✉① ♣❛r❛♠ètr❡s ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ✭λ1 ❡t λ2✮ ♣❡✉✈❡♥t êtr❡ ❝❤♦✐s✐s s✐♠✉❧t❛♥é♠❡♥t ❡♥ ❝❛❧✲

❝✉❧❛♥t ❧✬❡rr❡✉r ❞❡ ♣ré❞✐❝t✐♦♥ ❘♦♦t ▼❡❛♥ ❙q✉❛r❡❞ ❊rr♦r Pr❡❞✐❝t✐♦♥ ✭❘▼❙❊P✮ ♣❛r ✈❛❧✐❞❛t✐♦♥

❝r♦✐sé❡ ✭K✲❢♦❧❞ ❝r♦ss ✈❛❧✐❞❛t✐♦♥✮✱ ❝❡ ♣♦✉r ❝❤❛q✉❡ ❞✐♠❡♥s✐♦♥ h✳ ▲♦rs ❞✉ ❝❛❧❝✉❧ ✧♦♣t✐♠❛❧✧

✻✹
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❞❡s ♣❛r❛♠ètr❡s ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ❡♥ ♦♣t✐♠✐s❛♥t ❧❡ ♣♦✉✈♦✐r ♣ré❞✐❝t✐❢ ❞✉ ♠♦❞è❧❡✱ ✐❧ s❡ ♣❡✉t

q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s r❡st❛♥t❡s s♦✐t ❡♥❝♦r❡ tr♦♣ é❧❡✈é ♣♦✉r ♣❡r♠❡ttr❡ ❛✉① ❡①♣❡rts ❞✉

❞♦♠❛✐♥❡ ❞✬✐♥t❡r♣rét❡r ❝♦rr❡❝t❡♠❡♥t ❧❡s rés✉❧t❛ts✳ P♦✉r ② r❡♠é❞✐❡r ▲ê ❈❛♦ ❡t ❛❧✳ ❬✷✵✵✽❪ ♣r♦✲

♣♦s❡♥t ❞❡ ✜①❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦❡✣❝✐❡♥ts ♥♦♥ ♥✉❧s ❞❛♥s ❝❤❛❝✉♥ ❞❡s ✈❡❝t❡✉rs ❞❡s ✧❧♦❛❞✐♥❣s✧

ph ❡t qh✱ ♣♦✉r ❝❤❛q✉❡ ❞✐♠❡♥s✐♦♥✱ ❛✜♥ ❞❡ ré♣♦♥❞r❡ ❞❡ ♠❛♥✐èr❡ ♣❧✉s ♣ré❝✐s❡ ❛✉① ❜❡s♦✐♥s ❞❡s

❡①♣❡rts ❞❛♥s ❧❡ ❝❛s ❞❡ ❞♦♥♥é❡s ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✳

✶✳✶✳✸✳✸ ❙♣❛rs❡ P▲❙ ❞❡ ❈❤✉♥❣ ❛♥❞ ❑❡❧❡s ❬✷✵✶✵❪

❈♦♥tr❛✐r❡♠❡♥t à ❧❛ s♣❛rs❡ P▲❙ ❞é✜♥✐t ♣❛r ▲ê ❈❛♦ ❡t ❛❧✳ ❬✷✵✵✽❪✱ ❈❤✉♥❣ ❛♥❞ ❑❡❧❡s ❬✷✵✶✵❪

✐♠♣♦s❡♥t ❧❛ s♣❛rs✐té ❞✉r❛♥t ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡s ✈❡❝t❡✉rs ❞✐r❡❝t❡✉rs✱ ❛✜♥ ❞❡ ♣r♦❞✉✐r❡ ❞❡s

✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ❞é♣❡♥❞❛♥t ❞✬✉♥ ♥♦♠❜r❡ ré❞✉✐t ❞❡ ♣ré❞✐❝t❡✉rs ✭❈❤✉♥❣ ❛♥❞ ❑❡❧❡s ❬✷✵✶✵❪✮✳

❖♥ ❝♦♥s✐❞èr❡ ❧❛ ♠❛tr✐❝❡X ❞❡s ♣ré❞✐❝t❡✉rs✱ ❧❛ ♠❛tr✐❝❡Y ❞❡s ✈❛r✐❛❜❧❡s ré♣♦♥s❡s ❡t ❧❛ ♠❛tr✐❝❡

W ❞❡ ❞✐♠❡♥s✐♦♥ J ×H ✭1 ≤ H ≤ min(I, J)✮ ❞❡s ✈❡❝t❡✉rs ❞✐r❡❝t❡✉rs✳ ▲✬♦❜❥❡❝t✐❢ ♣r✐♥❝✐♣❛❧

❞❡ ❧❛ P▲❙ ❡st ❞❡ tr♦✉✈❡r ❝❡s ✈❡❝t❡✉rs ❞✐r❡❝t❡✉rs✳ ▲❡ h✲è♠❡ ✈❡❝t❡✉r ❞✐r❡❝t❡✉r wh ❡st ♦❜t❡♥✉

❡♥ rés♦❧✈❛♥t ❧❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ s✉✐✈❛♥t ✿

argmax
w

wTMw, ✭✶✳✺✻✮

ss❝✳ wTw = 1 ❡t wT❙XXŵℓ = 0 ℓ = 1, . . . , k − 1

❛✈❡❝ M = XTYYTX ❡t ❙XX ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞❡s ♣ré❞✐❝t❡✉rs✳

▲❛ ❙P▲❙ ❞é✈❡❧♦♣♣é❡ ♣❛r ❈❤✉♥❣ ❛♥❞ ❑❡❧❡s ❬✷✵✶✵❪ ✐♥tr♦❞✉✐t ✉♥❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡ ❞❛♥s

❧❛ P▲❙ ❡♥ rés♦❧✈❛♥t ❧❡ ♣r♦❜❧è♠❡ ❞❡ ♠✐♥✐♠✐s❛t✐♦♥ s✉✐✈❛♥t✱ ❛✉ ❧✐❡✉ ❞❡ ❧❛ ❢♦r♠✉❧❡ ♦r✐❣✐♥❛❧❡ ❞❡

❧❛ P▲❙ ✭✶✳✺✻✮ ✿

argmin
w

(
−kwTMw + (1− k)(❝−w)TM(c−w) + λ1‖c‖1 + λ2‖c‖2

)
, ✭✶✳✺✼✮

s♦✉s ❧❛ ❝♦♥tr❛✐♥t❡ wTw = 1✱ ♦ù M = XTYYTX✳

▲❛ ♣é♥❛❧✐té L1 ✐♠♣♦s❡ ❧❛ s♣❛rs✐té à ✉♥ ✈❡❝t❡✉r ❞✐r❡❝t❡✉r c ♣r♦❝❤❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ✐♥✐t✐❛❧❡

w✳ ▲❛ ♣é♥❛❧✐s❛t✐♦♥ L2 ♣❡r♠❡t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛ s✐♥❣✉❧❛r✐té ❞❡ ❧❛ ♠❛tr✐❝❡ M✳ ▲✬✐♥✲

tr♦❞✉❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ k ♣❡r♠❡t ❞❡ ❝♦♥trô❧❡r ❧❛ ♣❛rt✐❡ ❝♦♥❝❛✈❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ wTMw✳

▲❡ ♣♦✐❞s w s❡r❛ ❞♦♥♥é ♣❛r ❧❡ c ♦♣t✐♠❛❧ ✭♣♦✉r ❧❛ rés♦❧✉t✐♦♥ ❡♥ c ❡t ❡♥ w✮✳
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❉❛♥s ❧❡ ❝❛s ♦ù c = w✱ ♦♥ r❡tr♦✉✈❡ ❧❡ ♣r♦❜❧è♠❡ ❞✉ ❙❈♦❚▲❆❙❙ ❞❡ ❏♦❧❧✐✛❡ ❡t ❛❧✳ ❬✷✵✵✸❪

✭s❡❝t✐♦♥ ✶✳✶✳✷✳✶✮✱ k ét❛♥t ♣♦s✐t✐❢ ✐❧ ♥✬❛ ❛✉❝✉♥❡ ✐♥✢✉❡♥❝❡ s✉r ❧✬♦♣t✐♠✉♠✱ ♠♦❞✉❧♦ ❧❛ ♣é♥❛❧✐té

s✉r ❧❛ ♥♦r♠❡ L2 q✉✐ s❡r❛ ✉t✐❧❡ ♣♦✉r ❞ét❡r♠✐♥❡r ❧❛ s♦❧✉t✐♦♥ ✭❡♥ ♣r❛t✐q✉❡✱ ♦♥ ♣r❡♥❞r❛ λ2 = 0✱

❝❡ q✉✐ s✉♣♣r✐♠❡r❛ ❝❡tt❡ ❞✐✛ér❡♥❝❡✮✳ ▲❛ rés♦❧✉t✐♦♥ ❞❡ ✭✶✳✺✼✮ s❡ ❢❛✐t ❞❡ ♠❛♥✐èr❡ ✐tér❛t✐✈❡ ❡t

❛❧t❡r♥❛t✐✈❡♠❡♥t à c ♦✉ w ✜①é✱ ❜✐❡♥ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦❜❥❡❝t✐❢ ❛✐t ✉♥ t❡r♠❡ ❝♦♥❝❛✈❡ ♥♦♥ ♥✉❧

♠❛✐s ❝♦♥s✐❞éré ❝♦♠♠❡ ♥é❣❧✐❣❡❛❜❧❡ q✉❛♥❞ k ❡st ♣❡t✐t✳ ❆ c ✜①é✱ ❧✬♦♣t✐♠✐s❛t✐♦♥ ❡♥ w ♣❡✉t

s✬é❝r✐r❡ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❛✉① ♠♦✐♥❞r❡s ❝❛rrés ❛✈❡❝ ❝♦♥tr❛✐♥t❡s✱ q✉✐ s❡ rés♦✉t à ❧✬❛✐❞❡

❞❡s ♠✉❧t✐♣❧✐❝❛t❡✉rs ❞❡ ▲❛❣r❛♥❣❡✳ ❆ w ✜①é✱ ❝❡ ♣r♦❜❧è♠❡ ❡st éq✉✐✈❛❧❡♥t à ❝❡❧✉✐ ❞❡ ❧✬❡❧❛st✐❝

♥❡t ✭❩♦✉ ❛♥❞ ❍❛st✐❡ ❬✷✵✵✺❪✮ ❡t ♣❡✉t êtr❡ rés♦❧✉ ❡✣❝❛❝❡♠❡♥t ✈✐❛ ❧✬❛❧❣♦r✐t❤♠❡ ▲❆❘❙ ❞é❝r✐t

s❡❝t✐♦♥ ✶✳✶✳✶ ✭❊❢r♦♥ ❡t ❛❧✳ ❬✷✵✵✹❪✮✳ ❙✐ ❧❛ ré♣♦♥s❡ Y ❡st ✉♥✐✈❛r✐é❡✱ ❧❛ s♦❧✉t✐♦♥ ❞❡ ✭✶✳✺✼✮ ❡st

✉♥ ✈❡❝t❡✉r ❞✐r❡❝t❡✉r à s❡✉✐❧❧❛❣❡ ❞♦✉① ✿

ĉ =

(
|Z| − λ1

2

)

+

sign(Z), ✭✶✳✺✽✮

❛✈❡❝ Z = XTY/‖XTY‖ ❡t (x)+ = max(0, x)✳

❈❤♦✐① ❞❡s ♣❛r❛♠ètr❡s ❞❡ ♣é♥❛❧✐s❛t✐♦♥

❇✐❡♥ q✉❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ✭✶✳✺✼✮ ♥♦✉s ❧❛✐ss❡ ♣❡♥s❡r q✉✬✐❧ ② ❛✐t q✉❛tr❡ ♣❛r❛♠ètr❡s

❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ✭k✱ λ1✱ λ2✱ H✮✱ ✐❧ ♥✬② ❛ ❡♥ ré❛❧✐té ❡♥ ❙P▲❙ q✉❡ ❞❡✉① ♣❛r❛♠ètr❡s ❝❧és à

❞ét❡r♠✐♥❡r ✿ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ λ1 ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥t❡s à ❝♦♥s❡r✈❡r H✳

▲♦rsq✉❡ Y ❡st ✉♥✐✈❛r✐é❡✱ ❧❛ s♦❧✉t✐♦♥ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ k✳ P♦✉r Y ♠✉❧t✐✈❛r✐é❡✱ ❧❡ ❝❤♦✐①

❞✬✉♥ k < 1/2 ♣❡r♠❡t ❞✬é✈✐t❡r ❧❡s ♣r♦❜❧è♠❡s ❞❡ s♦❧✉t✐♦♥ ❧♦❝❛❧❡✳ ❈❡♣❡♥❞❛♥t ♣❧✉s✐❡✉rs ✈❛❧❡✉rs

❞❡ k ♣❡✉✈❡♥t êtr❡ t❡sté❡s✳ P❛r ❛✐❧❧❡✉rs✱ s✐ ♦♥ ❢❛✐t t❡♥❞r❡ λ2 ✈❡rs ❧✬✐♥✜♥✐✱ ❧❛ s♦❧✉t✐♦♥ ♥❡

❞é♣❡♥❞r❛ q✉❡ ❞❡ λ1✳ ■❧ ❢❛✉t ❞♦♥❝ tr♦✉✈❡r ❞❡s ❝r✐tèr❡s ❞❡ ❝❤♦✐① ♣♦✉r ❞ét❡r♠✐♥❡r λ1 ❡t H✳ ❙✐

❧✬♦♥ ❝♦♥s✐❞èr❡ ✉♥ ✈❡❝t❡✉r ❞✐r❡❝t❡✉r à s❡✉✐❧❧❛❣❡ ❞♦✉① w̃ ✿

w̃ =

(
|ŵ| − η max

1≤i≤I
|ŵi|

)
I

(
|ŵ| ≥ η max

1≤i≤I
|ŵi|

)
sign(ŵ), 0 ≤ η ≤ 1. ✭✶✳✺✾✮

■❝✐✱ η ❥♦✉❡ ❧❡ rô❧❡ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ λ1 ❞❛♥s ❧❛ ❢♦r♠✉❧❡ ✭✶✳✺✽✮✳ ▲❡ ♣❛r❛♠ètr❡ η

❡st sé❧❡❝t✐♦♥♥é ♣❛r ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ♣♦✉r ❝❤❛q✉❡ ✈❡❝t❡✉r ❞✐r❡❝t❡✉r✳ ❊♥ r❡✈❛♥❝❤❡✱ ✐❧ ♥✬② ❛

♣❛s ❞❡ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ♣♦✉r ❝❤❛❝✉♥ ❞❡ ❝❡s ✈❡❝t❡✉rs ♣♦✉r ❞❡s r❛✐s♦♥s ❞❡ t❡♠♣s

❞❡ ❝❛❧❝✉❧✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ♥❡ ♣❡r♠❡t ♣❛s ❞❡ ❞ét❡r♠✐♥❡r ✉♥ ♠✐♥✐♠✉♠ ✉♥✐q✉❡ ♣♦✉r ❧❡ ❝r✐tèr❡
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❞❡ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ❝❛r ❞✐✛ér❡♥t❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ❞❡s ✈❡❝t❡✉rs ❞✐r❡❝t❡✉rs

♣❡✉✈❡♥t ♠❡♥❡r à ❧❛ ♠ê♠❡ ♣ré❞✐❝t✐♦♥ Y✳ ▲❡ ❝❤♦✐① ❞✉ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥t❡s H ❡st q✉❛♥t

à ❧✉✐ ❞ét❡r♠✐♥é ♣❛r ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ❝♦♠♠❡ ❞❛♥s ❧❛ P▲❙ ♦r✐❣✐♥❛❧❡✳

✶✳✷ ▼ét❤♦❞❡s ♠✉❧t✐❜❧♦❝s

❉❛♥s ❞❡ ♥♦♠❜r❡✉① ❞♦♠❛✐♥❡s ❞✬❛♣♣❧✐❝❛t✐♦♥✱ ❝♦♠♠❡ ❡♥ ❜✐♦❧♦❣✐❡✱ ❡♥ ❣é♥ét✐q✉❡ ♦✉ ❡♥❝♦r❡

❡♥ ♥❡✉r♦s❝✐❡♥❝❡s✱ ❧❡ ❝❛s ❞❡ ❞♦♥♥é❡s ❡①♣❧✐❝❛t✐✈❡s ♦r❣❛♥✐sé❡s ❡♥ ❜❧♦❝s ❡st s♦✉✈❡♥t r❡♥❝♦♥tré✳

❈❡s ❞♦♥♥é❡s ♣❡✉✈❡♥t êtr❡ ❝♦♥s✐❞éré❡s ❝♦♠♠❡K ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡sX[1], . . . ,X[K]✱ ♦ù ❝❤❛q✉❡

❜❧♦❝X[k] ✭❛✈❡❝ k = 1, . . . ,K✮ r❡♣rés❡♥t❡ ✉♥ ❥❡✉ ❞❡ pk ✈❛r✐❛❜❧❡s ♦❜s❡r✈é❡s s✉r ❧❡ ♠ê♠❡ ❥❡✉ ❞❡

I ✐♥❞✐✈✐❞✉s✳ ▲♦rsq✉❡ ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❡st ✉♥✐q✉❡✱ ❞❡s ♠ét❤♦❞❡s ❞❡ ré❣r❡ss✐♦♥ ♠✉❧t✐❜❧♦❝s

t❡❧❧❡ q✉❡ ❧❛ ré❣r❡ss✐♦♥ ❣r♦✉♣ ▲❆❙❙❖ ♣❡✉✈❡♥t êtr❡ ✉t✐❧✐sé❡s✳ ❈❡tt❡ ♠ét❤♦❞❡ ❡st ♣rés❡♥té❡

❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡ ❛✐♥s✐ q✉❡ s❛ ✈❡rs✐♦♥ ♣é♥❛❧✐sé❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧✬♦♥ s♦✉❤❛✐t❡r❛✐t ❢❛✐r❡

❞❡ ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❛✉ s❡✐♥ ❞✉ ❜❧♦❝✳

▲✬ét✉❞❡ ❞❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❞❡✉① ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ✭s❛♥s ❝♦♥s✐❞ér❡r ❞❡ ♠❛♥✐èr❡ ❡①♣❧✐❝✐t❡

❞❡ ✈❛r✐❛❜❧❡ à ❡①♣❧✐q✉❡r✮ ♣❡✉t êtr❡ ré❛❧✐sé❡ à ❧✬❛✐❞❡ ❞✬✉♥❡ ❛♥❛❧②s❡ ❝❛♥♦♥✐q✉❡ ❞❡s ❝♦rré❧❛t✐♦♥s

✭❈❛♥♦♥✐❝❛❧ ❈♦rr❡❧❛t✐♦♥ ❆♥❛❧②s✐s ✭❈❈❆✮✮✳ ❈❡♣❡♥❞❛♥t ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s

♣❛r ❡①❡♠♣❧❡✱ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ✭❣è♥❡s✱ ❙◆Ps✱ ❡①♣r❡ss✐♦♥ ❞❡ ❣è♥❡s✮ ❡st ❣é♥ér❛❧❡♠❡♥t

s✉♣ér✐❡✉r ❛✉ ♥♦♠❜r❡ ❞✬✐♥❞✐✈✐❞✉s ❡t ❧❛ ❈❈❆ ♥❡ ♣❡✉t êtr❡ ✉t✐❧✐sé❡ ❞✐r❡❝t❡♠❡♥t✳ ❯♥❡ ✈❡rs✐♦♥

ré❣✉❧❛r✐sé❡ ❛ ❞♦♥❝ été ♣r♦♣♦sé❡ ✭●♦♥③á❧❡③ ❡t ❛❧✳ ❬✷✵✵✾❪✮✳

❉❛♥s ❧❡ ❝❛s ♦ù ❧✬♦♥ s♦✉❤❛✐t❡ ét✉❞✐❡r ❧❡s ❧✐❡♥s ❡♥tr❡ ♣❧✉s✐❡✉rs ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ♦❜s❡r✈é❡s

s✉r ❧❡ ♠ê♠❡ ❡♥s❡♠❜❧❡ ❞✬✐♥❞✐✈✐❞✉s ✭tr♦✐s ♦✉ ♣❧✉s✮✱ ❚❡♥❡♥❤❛✉s ❛♥❞ ❚❡♥❡♥❤❛✉s ❬✷✵✶✶❪ ♦♥t

♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡ ♥♦♠♠é❡ ✧❘❡❣✉❧❛r✐③❡❞ ●❡♥❡r❛❧✐③❡❞ ❈❛♥♦♥✐❝❛❧ ❈♦rr❡❧❛t✐♦♥ ❆♥❛❧②s✐s✧

✭❘●❈❈❆✮ q✉✐ ❝♦♠❜✐♥❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞❡s ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ♠✉❧t✐❜❧♦❝s ✭♠❛①✐✲

♠✐s❛t✐♦♥ ❞❡ ❝r✐tèr❡s ❜✐❡♥ ❞é✜♥✐s✮ ❡t ❧❛ ✢❡①✐❜✐❧✐té ❞❡ ❧❛ P▲❙ P❛t❤ ♠♦❞❡❧✐♥❣ ✭P▲❙✲P▼✮ ✭❧✬✉t✐❧✐✲

s❛t❡✉r ❞é❝✐❞❡ q✉❡❧s ❜❧♦❝s s♦♥t ❝♦♥♥❡❝tés ❡t ❧❡sq✉❡❧s ♥❡ ❧❡ s♦♥t ♣❛s✮ ♣r♦♣♦sé❡ ♣❛r ❲♦❧❞ ❬✶✾✽✺❪✱

▲♦❤♠ö❧❧❡r ❬✶✾✽✾❪✱❑rä♠❡r ❬✷✵✵✼❪ ❡t ❱✐♥③✐ ❬✷✵✶✵❪✳ ❯♥ ❞❡s ♣♦✐♥ts ♣r✐♥❝✐♣❛✉① ❞❡ ❝❡tt❡ ♠ét❤♦❞❡✱

❡t q✉✐ ❧❛ ❞✐✛ér❡♥❝✐❡ ❞✬❛✉tr❡s ♠ét❤♦❞❡s ❜❛sé❡s s✉r ❧❛ ♠❛①✐♠✐s❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ❞❡ ❝♦rré✲

❧❛t✐♦♥s ♦✉ ❡♥❝♦r❡ ❞❡ ❢♦♥❝t✐♦♥s ❞❡ ❝♦rré❧❛t✐♦♥s ❡t ❝♦✈❛r✐❛♥❝❡s✱ r❡♣♦s❡ s✉r ❧❡ ❢❛✐t q✉❡ t♦✉s

✻✼
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❧❡s ❜❧♦❝s ♥❡ s♦♥t ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❝♦♥♥❡❝tés✳ ▲❛ ❘●❈❈❆ ❡t s❛ ✈❡rs✐♦♥ s♣❛rs❡ ❙●❈❈❆

✭sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❛✉ s❡✐♥ ❞❡s ❜❧♦❝s✮ s♦♥t ♣rés❡♥té❡s s❡❝t✐♦♥s ✶✳✷✳✸ ❡t ✶✳✷✳✹✳

✶✳✷✳✶ ❊st✐♠❛t❡✉r ❣r♦✉♣ ▲❆❙❙❖

▲✬❡st✐♠❛t❡✉r ❣r♦✉♣ ▲❆❙❙❖✱ ✐♥tr♦❞✉✐t ♣❛r ❨✉❛♥ ❛♥❞ ▲✐♥ ❬✷✵✵✺❪ ❡st ✉♥❡ ❡①t❡♥s✐♦♥ ❞✉

▲❆❙❙❖ ♣♦✉r ❧❛ sé❧❡❝t✐♦♥ ❞❡ ❣r♦✉♣❡s ❞❡ ✈❛r✐❛❜❧❡s ❞❛♥s ❧❡ ❝❛s ♦ù ✉♥❡ s❡✉❧❡ ✈❛r✐❛❜❧❡ ré♣♦♥s❡

❡st à ❡①♣❧✐q✉❡r✳ ■❧ ❝♦♥s✐❞èr❡ ❧❡ ♣r♦❜❧è♠❡ ❣é♥ér❛❧ ❞❡ ré❣r❡ss✐♦♥ ❛✈❡❝ ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ♣é♥❛❧✐té

ét❛♥t ✉♥ ✐♥t❡r♠é❞✐❛✐r❡ ❡♥tr❡ ❧❛ ♣é♥❛❧✐té L1 ✉t✐❧✐sé❡ ❞❛♥s ❧❡ ▲❆❙❙❖ ❡t ❧❛ ♣é♥❛❧✐té L2 ✉t✐❧✐sé❡

❡♥ ré❣r❡ss✐♦♥ r✐❞❣❡ ♣♦✉r ❧❛ sé❧❡❝t✐♦♥ ❞❡ ❣r♦✉♣❡s ❞❡ ✈❛r✐❛❜❧❡s✳

❙♦✐t y ✉♥❡ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ I×1✱ ❡t X ✉♥❡ ♠❛tr✐❝❡ ❞❡ ✈❛r✐❛❜❧❡s q✉❛♥t✐t❛t✐✈❡s ❝♦♠♣♦sé❡

❞❡ K s♦✉s✲♠❛tr✐❝❡s X[k]✱ k = 1, ...,K✱ ❝❤❛❝✉♥❡ ❞❡ ❞✐♠❡♥s✐♦♥s I × J[k]✱ ❛✈❡❝ J[k] ❧❡ ♥♦♠❜r❡

❞❡ ✈❛r✐❛❜❧❡s ❞❛♥s ❧❡ ❣r♦✉♣❡ k✳ ❖♥ ❞é✜♥✐t β[k]✱ ❧❡ ✈❡❝t❡✉r ❞❡ ❝♦❡✣❝✐❡♥ts ❞❡ ❧♦♥❣✉❡✉r J[k]✱

k = 1, ...,K✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❡ ♣r♦❜❧è♠❡ ❣é♥ér❛❧ ❞❡ ré❣r❡ss✐♦♥ ❛✈❡❝ K ❣r♦✉♣❡s ✿

y =

K∑

k=1

X[k]βββ[k] + εεε ✭✶✳✻✵✮

♦ù εεε ❧❡ t❡r♠❡ ❞✬❡rr❡✉r✳ ➱t❛♥t ❞♦♥♥é❡s ❞❡s ♠❛tr✐❝❡s ❞é✜♥✐❡s ♣♦s✐t✐✈❡s W[1], . . . ,W[K]✱ ❧✬❡s✲

t✐♠❛t❡✉r ❣r♦✉♣ ▲❆❙❙❖ ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ✿
∥∥∥∥∥y −

K∑

k=1

X[k]βββ[k]

∥∥∥∥∥

2

W

+ λ

K∑

k=1

‖βββ[k]‖W[k]
✭✶✳✻✶✮

♦ù λ ≥ 0 ❡st ❧❡ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥✳ ❖♥ r❛♣♣❡❧❧❡ q✉❡ ‖.‖W ❡st ❧❛ ♥♦r♠❡ L2 W✲

❣é♥ér❛❧✐sé❡ ❞é✜♥✐❡ ❝♦♠♠❡ s✉✐t ✿

‖x‖W =
√
xWxT ✭✶✳✻✷✮

■❧ ② ❛ ♣❧✉s✐❡✉rs ❝❤♦✐① ♣♦ss✐❜❧❡s ♣♦✉r ❧❛ ♠❛tr✐❝❡ W✳ ❉❛♥s ❨✉❛♥ ❛♥❞ ▲✐♥ ❬✷✵✵✺❪✱ ❧❡✉r ❝❤♦✐①

s✬❡st ♣♦rté s✉r W[k] = J[k]I✳ ▲❡ ❣r♦✉♣ ▲❆❙❙❖ ♣❡✉t ❛❧♦rs s✬é❝r✐r❡ ✿

min
βββ

∥∥∥∥∥y −
K∑

k=1

X[k]βββ[k]

∥∥∥∥∥

2

2

+ λ
K∑

k=1

√
J[k]‖βββ[k]‖2, ✭✶✳✻✸✮

▲❡ ♠✐♥✐♠✉♠ ❡st ♦❜t❡♥✉ ❧♦rsq✉❡ ❧❛ ❞ér✐✈é❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❡st ♥✉❧❧❡✳ ❈❡♣❡♥❞❛♥t ❧❛ ♥♦r♠❡

L2 ♥✬❡st ♣❛s ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ ✵✳ ◆♦✉s ♣♦✉✈♦♥s ❞♦♥❝ ✉t✐❧✐s❡r ❧❡s ❝♦♥❞✐t✐♦♥s ❞✬♦♣t✐♠❛❧✐té ❞❡

✻✽
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❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r ♣♦✉r ❧✬♦♣t✐♠✐s❛t✐♦♥ ❝♦♥✈❡①❡ ✭❑✉❤♥ ❛♥❞ ❚✉❝❦❡r ❬✶✾✺✶❪✮✳ ❖♥ ♦❜t✐❡♥t

❛❧♦rs ✿

−XT
[k](y −Xβββ) = λ

√
J[k]s[k], k = 1, . . . ,K ✭✶✳✻✹✮

❛✈❡❝ −XT
[k](y −Xβββ) ❧❡ ❣r❛❞✐❡♥t ❞❡ ‖y −Xβββ‖22 ❡t ♦ù ❝❤❛q✉❡ s[k] ∈ ∂‖βββ[k]‖2✱ ❝✬❡st✲à✲❞✐r❡✱

s[k] =





βββ[k]/‖βββ[k]‖2 s✐ βββ[k] 6= 0

{z ∈ R
J[k] : ‖z‖2 ≤ 1} s✐ βββ[k] = 0

✭✶✳✻✺✮

❆✐♥s✐ ✉♥❡ ❝♦♥❞✐t✐♦♥ ♥é❝❡ss❛✐r❡ ❡t s✉✣s❛♥t❡ ♣♦✉r q✉❡ βββ s♦✐t s♦❧✉t✐♦♥ ❞❡ ✭✶✳✻✸✮ ❡st ❧❛ s✉✐✈❛♥t❡ ✿

−XT
[k](y −Xβββ) =λ

√
J[k]

βββ[k]

‖βββ[k]‖2
s✐ βββ[k] 6= 0 ✭✶✳✻✻✮

∥∥∥−XT
[k](y −Xβββ)

∥∥∥
2
≤ λ

√
J[k] s✐ βββ[k] = 0

✭✶✳✻✼✮

❆✐♥s✐✱ s✐ βββ[k] = 0 ✿
∥∥∥−XT

[k](y −Xβββ)
∥∥∥
2
≤ λ

√
J[k]✳ ❊♥ r❡✈❛♥❝❤❡✱ s✐ βββ[k] 6= 0✱ ❛❧♦rs ✿

βββ[k] =

(
XT

[k]X[k] −
λ
√

J[k]

‖Sk‖

)

+

S[k], ✭✶✳✻✽✮

♦ù

S[k] = XT
[k](y −

∑

j 6=k

X[j]βββ[j]) ✭✶✳✻✾✮

= XT
[k](y −Xβββ−[k]), ✭✶✳✼✵✮

❛✈❡❝ βββ−[k] = (βββT
[1], . . . ,βββ

T
[k−1], 0

T ,βββT
[k+1], . . . ,βββ

T
[K])✳

❙✐ ❞❡ ♣❧✉s✱ X[k] ❡st ♦rt❤♦♥♦r♠❛❧❡ ✭XT
[k]X[k] = I✮✱ ❛❧♦rs ❧❛ s♦❧✉t✐♦♥ ❞❡ ✭✶✳✻✻✮ s✬é❝r✐t ✿

βββ[k] =

(
1−

λ
√

J[k]

‖Sk‖

)

+

S[k]. ✭✶✳✼✶✮

▲❛ s♦❧✉t✐♦♥ ❞❡ ✭✶✳✻✸✮ ♣❡✉t êtr❡ ♦❜t❡♥✉❡ ❡♥ ❛♣♣❧✐q✉❛♥t ❞❡ ♠❛♥✐èr❡ ✐tér❛t✐✈❡ ✭✶✳✼✶✮ à

k = 1, . . . ,K✳ ▲✬❛❧❣♦r✐t❤♠❡ ❡st très st❛❜❧❡ ❡t ❝♦♥✈❡r❣❡ r❛♣✐❞❡♠❡♥t ♠❛✐s ❧❡s t❡♠♣s ❞❡ ❝❛❧✲

❝✉❧s ❛✉❣♠❡♥t❡♥t ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❝♦♥s✐❞éré❡s ❝r♦ît✳ ▲❡s ♣r♦❣r❛♠♠❡s s♦♥t

✉t✐❧✐s❛❜❧❡s ❡t ❞✐s♣♦♥✐❜❧❡s s✉r ❘ ❞❛♥s ❧❡ ♣❛❝❦❛❣❡ ✧❣r♣❧❛ss♦✧ ✭▼❡✐❡r ❬✷✵✶✸❪✮✳

✻✾



✶✳✷✳ ▼➱❚❍❖❉❊❙ ▼❯▲❚■❇▲❖❈❙

▲❡ ❣r♦✉♣ ▲❆❙❙❖ ❛❣✐t ❞♦♥❝ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❧❡ ▲❆❙❙❖ ♠❛✐s ❛✉ s❡✐♥ ❞✉ ❣r♦✉♣❡ ✿

❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ λ✱ ✉♥ ❣r♦✉♣❡ ❡♥t✐❡r ❞❡ ♣ré❞✐❝t❡✉rs s♦rt✐r❛ ❞✉ ♠♦❞è❧❡✳ ❉❛♥s ❧❡

❝❛s ♦ù K = 1 ✭✉♥ s❡✉❧ ❣r♦✉♣❡ ❞❡ ✈❛r✐❛❜❧❡s✮✱ ♦♥ r❡tr♦✉✈❡ ❧❡ ▲❆❙❙❖✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ ❣r♦✉♣

▲❆❙❙❖ ♥❡ ♣r♦❞✉✐t ♣❛s ❞❡ s♣❛rs✐té ❛✉ s❡✐♥ ❞✬✉♥ ❣r♦✉♣❡✳ ❊♥ ❡✛❡t✱ s✐ ✉♥ ❣r♦✉♣❡ ❞❡ ♣❛r❛♠ètr❡s

❡st ♥♦♥ ♥✉❧✱ ❝❤❛q✉❡ ♣❛r❛♠ètr❡ ❞✉ ❣r♦✉♣❡ s❡r❛ ♥♦♥ ♥✉❧✳ P♦✉r ❝ré❡r ❞❡ ❧❛ s♣❛rs✐té ❛✉ s❡✐♥

❞✬✉♥ ❣r♦✉♣❡ ❡t ❛✉ ♥✐✈❡❛✉ ✐♥❞✐✈✐❞✉❡❧✱ ✉♥❡ ♣é♥❛❧✐té ♣❧✉s ❣é♥ér❛❧❡✱ ❧❛ s♣❛rs❡ ❣r♦✉♣ ▲❆❙❙❖✱ ❛

été ♣r♦♣♦sé❡ ♣❛r ❙✐♠♦♥ ❡t ❛❧✳ ❬✷✵✶✸❪✱ ❧❡ ❜✉t ét❛♥t ❞❡ sé❧❡❝t✐♦♥♥❡r ❞❡s ❣r♦✉♣❡s ❞❡ ✈❛r✐❛❜❧❡s

❡t ❞❡s ♣ré❞✐❝t❡✉rs ❛✉ s❡✐♥ ❞❡ ❝❡s ❣r♦✉♣❡s✳

✶✳✷✳✷ ❊st✐♠❛t❡✉r ❙♣❛rs❡ ❣r♦✉♣ ▲❆❙❙❖

❉❛♥s ❧❡ ❝❛s ❞❡ ❞♦♥♥é❡s ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✱ ❧❛ ♠ét❤♦❞❡ ❙♣❛rs❡ ●r♦✉♣ ▲❆❙❙❖ ✭❙●▲✮

♣❡r♠❡t ✉♥❡ sé❧❡❝t✐♦♥ ❞❡ ♣ré❞✐❝t❡✉rs ❛✉ s❡✐♥ ❞❡s ❣r♦✉♣❡s ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥és✳ ▲❡ ❝r✐tèr❡

❡st ❧❡ s✉✐✈❛♥t ✿

min
βββ

1

2n
‖Y −

K∑

k=1

X[k]βββ[k]‖2 + (1− α)λ
K∑

k=1

√
J[k]‖βββ[k]‖2 + αλ‖βββ‖1 ✭✶✳✼✷✮

♦ù α ∈ ❬✵✱✶❪ ❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❝♦♥✈❡①❡ ❞❡s ♣é♥❛❧✐tés ▲❆❙❙❖ ❡t ❣r♦✉♣ ▲❆❙❙❖ ✭♣♦✉r

α = 0 ♦♥ r❡tr♦✉✈❡ ❧❛ ♣é♥❛❧✐té ❣r♦✉♣ ▲❆❙❙❖✱ ❡t ♣♦✉r α = 1✱ ❝❡❧❧❡ ❞✉ ▲❆❙❙❖✮✳ ▲❡ ✈❡❝t❡✉r

βββ = (βββ[1], ...,βββ[K]) ❡st ❧❡ ✈❡❝t❡✉r ❡♥t✐❡r ❞❡s ♣❛r❛♠ètr❡s✳ ❈❡tt❡ ♣é♥❛❧✐s❛t✐♦♥ ❡st ♣r♦❝❤❡ ❞❡

❝❡❧❧❡ ❞❡ ❧✬❡❧❛st✐❝ ♥❡t ❝♦♠♠❡♥té❡ s❡❝t✐♦♥ ✶✳✶✳✶ ♠❛✐s ❞✐✛èr❡ ❞✉ ❢❛✐t q✉❡ ❧❛ ♣é♥❛❧✐té ‖.‖2 ♥✬❡st

♣❛s ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ ✵✱ ❛✐♥s✐ ❞❡s ❣r♦✉♣❡s ❡♥t✐❡rs s♦♥t ♠✐s à ③ér♦✳ ▲✬❡①♣r❡ss✐♦♥ ✭✶✳✼✷✮✱ q✉✐

❡st ✉♥❡ s♦♠♠❡ ❞❡ ❢♦♥❝t✐♦♥s ❝♦♥✈❡①❡s✱ ❡st ❞♦♥❝ ❝♦♥✈❡①❡✳ ■❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡ q✉❡

❧✬♦♥ ♦❜t✐❡♥t à ❧✬❛✐❞❡ ❞❡s éq✉❛t✐♦♥s ❞✉ s♦✉s✲❣r❛❞✐❡♥t✳ ❙✐♠♦♥ ❡t ❛❧✳ ❬✷✵✶✸❪ ♦♥t ♣r♦♣♦sé ✉♥

❛❧❣♦r✐t❤♠❡ ❡✣❝❛❝❡ ❞✉ ❣r❛❞✐❡♥t ✭✧❛❝❝❡❧❡r❛t❡❞ ❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✧✮ ♣♦✉r ❛❥✉st❡r

❧❡ ♠♦❞è❧❡✳ ▲❡s ♣r♦❣r❛♠♠❡s ❡t ❧❡s ❛❧❣♦r✐t❤♠❡s s♦♥t ❞✐s♣♦♥✐❜❧❡s ❞❛♥s ❧❡ ♣❛❝❦❛❣❡ ✧❙●▲✧ ❞✉

❧♦❣✐❝✐❡❧ ❘ ✭◆♦❛❤ ❡t ❛❧✳ ❬✷✵✶✸❪✮✳

✶✳✷✳✸ ❘●❈❈❆✿ ❘❡❣✉❧❛r✐③❡❞ ●❡♥❡r❛❧✐③❡❞ ❈❛♥♦♥✐❝❛❧ ❈♦rr❡❧❛t✐♦♥ ❆♥❛❧②s✐s

❆✜♥ ❞✬❛♥❛❧②s❡r ❧❡s ❧✐❡♥s ❡♥tr❡ ♣❧✉s✐❡✉rs ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ✭tr♦✐s ♦✉ ♣❧✉s✮ ♦❜s❡r✈é❡s s✉r

❧❡ ♠ê♠❡ ❡♥s❡♠❜❧❡ ❞✬✐♥❞✐✈✐❞✉s✱ ❚❡♥❡♥❤❛✉s ❛♥❞ ❚❡♥❡♥❤❛✉s ❬✷✵✶✶❪ ♦♥t ♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡

♥♦♠♠é❡ ❘●❈❈❆ ✭❘❡❣✉❧❛r✐③❡❞ ●❡♥❡r❛❧✐③❡❞ ❈❛♥♦♥✐❝❛❧ ❈♦rr❡❧❛t✐♦♥ ❆♥❛❧②s✐s✮ q✉✐ ♣❡r♠❡t
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❞❡ tr♦✉✈❡r ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s t❡❧❧❡s q✉❡ ✿ ❧❡s ❝♦♠♣♦s❛♥t❡s ❞✉ ❜❧♦❝

❡①♣❧✐q✉❡♥t ❝♦rr❡❝t❡♠❡♥t ❧❡✉r ♣r♦♣r❡ ❜❧♦❝✱ ❡t q✉❡ ❧❡s ❝♦♠♣♦s❛♥t❡s ❞❡s ❜❧♦❝s ❝♦♥♥❡❝tés s♦✐❡♥t

très ❝♦rré❧é❡s✳ ❈❡tt❡ ♠ét❤♦❞❡ ✈✐s❡ à ❡①tr❛✐r❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ♣❛rt❛❣é❡ ♣❛r ❧❡s K ❜❧♦❝s ❞❡

✈❛r✐❛❜❧❡s✱ ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞✬✉♥ ❣r❛♣❤❡ ❞❡ ❝♦♥♥❡①✐♦♥s ❡♥tr❡ ❧❡s ❜❧♦❝s ❞ét❡r♠✐♥é à ♣r✐♦r✐✳

❉❛♥s ✉♥ ❝♦♥t❡①t❡ ❞❡ ❞♦♥♥é❡s ❞❡ très ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✱ ♦✉ ❡♥ ♣rés❡♥❝❡ ❞❡ ♠✉❧t✐❝♦❧✐♥é❛✲

r✐té ❡♥tr❡ ❧❡s ❜❧♦❝s✱ ❧❡s ♠ét❤♦❞❡s ❜❛sé❡s s✉r ❧❛ ❝♦rré❧❛t✐♦♥ ❝♦♥❞✉✐s❡♥t à ❞❡ ❢❛✉ss❡s r❡❧❛t✐♦♥s

❡♥tr❡ ❧❡s ❜❧♦❝s✳ ❈❡❧❛ ❞♦♥♥❡ ✉♥❡ ✐♠♣r❡ss✐♦♥ ❞❡ ❧✐❡♥s ❡♥tr❡ ❞❡s ❜❧♦❝s q✉✐ s✬❛✈èr❡♥t ♥❡ ♣❛s êtr❡

✈❛❧✐❞❡s ❧♦rsq✉✬✐❧s s♦♥t ❡①❛♠✐♥és ♦❜❥❡❝t✐✈❡♠❡♥t✳ ▲❛ ❘●❈❈❆ ❝♦♥st✐t✉❡ ✉♥❡ ✈❡rs✐♦♥ ré❣✉❧❛✲

r✐sé❡ ❞❡ ❞✐✈❡rs❡s ♠ét❤♦❞❡s ❜❛sé❡s s✉r ❧❛ ❝♦rré❧❛t✐♦♥ ❡t r❡♥❞ ♣♦ss✐❜❧❡ ❧✬❛♥❛❧②s❡ ❞❡ ❜❧♦❝s ❞❡

❞♦♥♥é❡s ♠❛❧ ❝♦♥❞✐t✐♦♥♥és✳ ❊❧❧❡ ♣❡r♠❡t ❧❛ ♠✐s❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥ ❝♦♥t✐♥✉✉♠ ❡♥tr❡ ❧❡s ❝r✐tèr❡s

❜❛sés s✉r ❧❛ ❝♦rré❧❛t✐♦♥ ❡t ❧❛ ❝♦✈❛r✐❛♥❝❡✳

❖♥ ❝♦♥s✐❞èr❡ K ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s X[1], . . . ,X[K]✱ ✉♥❡ ♠❛tr✐❝❡ ❞❡ ✧❞❡s✐❣♥✧ ✭❝♦♥❝❡♣t✐♦♥

❞❡s ❧✐❡♥s ❡♥tr❡ ❜❧♦❝s✮ C = ckj ✭❛✈❡❝ ckj = 1 s✐ ❧❡s ❜❧♦❝s X[k] ❡t X[j] s♦♥t ❧✐és✱ ✵ s✐♥♦♥✮

q✉✐ ❢❛✐t ♦✣❝❡ ❞❡ ❣r❛♣❤❡ ❞❡ ❝♦♥♥❡①✐♦♥s ❡♥tr❡ ❜❧♦❝s✱ ✉♥❡ ❢♦♥❝t✐♦♥ g ❡t ❞❡s ❝♦♥st❛♥t❡s ❞❡

ré❣✉❧❛r✐s❛t✐♦♥ τ1, . . . , τK ❝♦♠♣r✐s❡s ❡♥tr❡ ✵ ❡t ✶✳ ▲❛ ❘●❈❈❆ ❡st ❞é✜♥✐❡ ❝♦♠♠❡ ❧❡ ♣r♦❜❧è♠❡

❞✬♦♣t✐♠✐s❛t✐♦♥ s✉✐✈❛♥t ✿

argmax
a1,...,aK

K∑

k,j=1,k 6=j

ckjg
(
Cov(X[k]a[k],X[j]a[j])

)
✭✶✳✼✸✮

s♦✉s ❝♦♥tr❛✐♥t❡ τk‖a[k]‖2 + (1− τk)Var(X[k]a[k]) = 1, k = 1, . . . ,K.

❉❛♥s ❝❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥✱ g ♣❡✉t êtr❡ ❞é✜♥✐❡ ❝♦♠♠❡ ❧✬✐❞❡♥t✐té✱ g(x) = x ✭s❝❤é♠❛

❞❡ ❍♦rst ♣r♦♣♦sé ❞❛♥s ❑rä♠❡r ❬✷✵✵✼❪✮✱ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡✱ g(x) = |x| ✭s❝❤é♠❛ ❝❡♥tr♦ï❞❡

♣r♦♣♦sé ❞❛♥s ❲♦❧❞ ❬✶✾✽✺❪✮ ♦✉ ❡♥❝♦r❡ ❧❛ ❢♦♥❝t✐♦♥ ❝❛rré❡✱ g(x) = x2 ✭s❝❤é♠❛ ❢❛❝t♦r✐❡❧ ❞é❝r✐t

❞❛♥s ▲♦❤♠ö❧❧❡r ❬✶✾✽✾❪✮✳ ▲❡ s❝❤é♠❛ ❞❡ ❍♦rst ♣é♥❛❧✐s❡ ❧❛ ❝♦rré❧❛t✐♦♥ ♥é❣❛t✐✈❡ ❡♥tr❡ ❧❡s ❝♦♠✲

♣♦s❛♥t❡s ❛❧♦rs q✉❡ ❧❡s s❝❤é♠❛s ❝❡♥tr♦ï❞❡ ❡t ❢❛❝t♦r✐❡❧ ♣rés❡♥t❡♥t ❞❡s ❛❧t❡r♥❛t✐✈❡s ♣❡r♠❡tt❛♥t

à ❞❡✉① ❝♦♠♣♦s❛♥t❡s ❞✬êtr❡ ❝♦rré❧é❡s ♥é❣❛t✐✈❡♠❡♥t✳ ▲❡ ✈❡❝t❡✉r ak ❢❛✐t ré❢ér❡♥❝❡ ❛✉ ✈❡❝t❡✉r

❞❡s ♣♦✐❞s ❡①t❡r♥❡s ❡t ❧❡ ✈❡❝t❡✉r y[k] = X[k]a[k] à ❧❛ ❝♦♠♣♦s❛♥t❡ ❡①t❡r♥❡ ✭q✉✐ rés✉♠❡ ❧❡

❜❧♦❝✮✳ ▲❛ ❝♦♠♣♦s❛♥t❡ ✐♥t❡r♥❡ ✭q✉✐ t✐❡♥t ❝♦♠♣t❡ ❞❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❜❧♦❝s✮ ❡st ❞é✜♥✐❡ ❞❡ ❧❛
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♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

z[k] =
∑

j 6=k

ekjy[k]. ✭✶✳✼✹✮

▲❡s ♣♦✐❞s ✐♥t❡r♥❡s ekj s♦♥t ❝❤♦✐s✐s ♣❛r♠✐ ❧❡s tr♦✐s s❝❤é♠❛s ♣rés❡♥tés ♣ré❝é❞❡♠♠❡♥t ✿

❍♦rst : ekj = ckj ✭✶✳✼✺✮

❈❡♥tr♦ï❞❡ : ekj = ckj sign(Cor(y[j],y[k]))

❋❛❝t♦r✐❡❧ : ekj = ckj Cov(y[j],y[k]).

▲❡s éq✉❛t✐♦♥s ❞❡ st❛t✐♦♥♥❛r✐té s♦♥t ♦❜t❡♥✉❡s ❡♥ ❛♥♥✉❧❛♥t ❧❡s ❞ér✐✈é❡s ❞✉ ▲❛❣r❛♥❣✐❡♥ ❛ss♦❝✐é

❛✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ✭✶✳✼✸✮ ✭❚❡♥❡♥❤❛✉s ❛♥❞ ❚❡♥❡♥❤❛✉s ❬✷✵✶✶❪ ♣✳✷✺✾✮✳ ❖♥ ♦❜t✐❡♥t

❛❧♦rs ❧❛ s♦❧✉t✐♦♥ s✉✐✈❛♥t❡ ✿

ak =

[
τkI+ (1− τk)

1
IX

T
[k]X[k]

]−1
XT

[k]z[k]√
zT[k]X[k]

[
τkI+ (1− τk)

1
IX

T
[k]X[k]

]−1
XT

[k]z[k]

. ✭✶✳✼✻✮

❈❤♦✐① ❞✉ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ τ

▲❡s ♣♦✐❞s ❡①t❡r♥❡s ❞é♣❡♥❞❡♥t ❞✉ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ τ ❝❤♦✐s✐✳ ▲❛ t❡r♠✐♥♦❧♦❣✐❡ s✉✐✲

✈❛♥t❡ ❡st ✐♥s♣✐ré❡ ❞❡ ❧✬❛♣♣r♦❝❤❡ P▲❙ ✭❚❡♥❡♥❤❛✉s ❡t ❛❧✳ ❬✷✵✵✺❪✮ ✿ ❧❛ s✐t✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t

à τk = 0 ❡st ❛♣♣❡❧é❡ ✧♠♦❞❡ ❇✧✱ ❝❡❧❧❡ ❝♦rr❡s♣♦♥❞❛♥t à τk = 1 ❡st ❛♣♣❡❧é ✧♥♦✉✈❡❛✉ ♠♦❞❡

❆✧ ❡t ❝❡❧❧❡ ♦ù 0 < τk < 1 ❡st ❛♣♣❡❧é ✧♠♦❞❡ ❘✐❞❣❡✧✳

Pr❡♥♦♥s ❧❡ ❝❛s ♦ù τk = 0 ✭♠♦❞❡ ❇✮✳ ▲❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❞❡✈✐❡♥tVar(X[k]a[k]) = 1

❡t ❧✬éq✉❛t✐♦♥ ❞❡ st❛t✐♦♥♥❛r✐té s✬é❝r✐t ✿

a[k] = I
1
2

[
zT[k]X[k]

(
XT

[k]X[k]

)−1
XT

[k]z[k]

]− 1
2 (

XT
[k]X[k]

)−1
XT

[k]z[k]. ✭✶✳✼✼✮

❈❡ ✈❡❝t❡✉r ❞❡s ♣♦✐❞s ❡①t❡r♥❡s a[k] ❡st ♣r♦♣♦rt✐♦♥♥❡❧ ❛✉ ✈❡❝t❡✉r ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡ ré❣r❡ss✐♦♥

❞❛♥s ❧❛ ré❣r❡ss✐♦♥ ♠✉❧t✐♣❧❡ ❞❡ z[k] s✉r X[k]✳ ❊♥ r❡✈❛♥❝❤❡✱ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ s♦✉❧✐❣♥❡r q✉✬❡♥

r❛✐s♦♥ ❞❡ ❧✬✐♥✈❡rs✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ✐♥tr❛❜❧♦❝✱ ❧❡ ❝❛❧❝✉❧ ❞✉ ✈❡❝t❡✉r ❞❡s ♣♦✐❞s

❡①t❡r♥❡s ♥❡ ♣❡✉t êtr❡ ❛♣♣❧✐q✉é à ✉♥ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s ♠❛❧ ❝♦♥❞✐t✐♦♥♥é✳

❉❛♥s ❧❡ ❝❛s ♦ù τk = 1 ✭♥♦✉✈❡❛✉ ♠♦❞❡ ❆✮✱ ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❞❡✈✐❡♥t

‖a[k]‖ = 1 ❡t ❧✬éq✉❛t✐♦♥ ❞❡ st❛t✐♦♥♥❛r✐té s✬é❝r✐t ✿

a[k] = XT
[k]z[k]/‖XT

[k]z[k]‖. ✭✶✳✼✽✮

✼✷
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▲❛ ❝♦♠♣♦s❛♥t❡ ❡①t❡r♥❡ y[k] = X[k]a[k] ❡st ❧❛ ♣r❡♠✐èr❡ ❝♦♠♣♦s❛♥t❡ P▲❙ ❞❛♥s ❧❛ ré❣r❡ss✐♦♥

P▲❙ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ✐♥t❡r♥❡ z[k] s✉r ❧❡ ❜❧♦❝ X[k]✳ ❉❛♥s ❧❡ ✧♠♦❞❡ ❆✧ ♦r✐❣✐♥❛❧ ❞❡ ❧✬❛♣♣r♦❝❤❡

P▲❙✱ ❧❡s ♣♦✐❞s ❡①t❡r♥❡s s♦♥t ❝❛❧❝✉❧és ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ ❞❛♥s ✭✶✳✼✽✮ ♠❛✐s ♥♦r♠❛❧✐sé❡

❞❡ ♠❛♥✐èr❡ à ❝❡ q✉❡ ❧✬❡①♣r❡ss✐♦♥ y[k] = X[k]a[k] s♦✐t st❛♥❞❛r❞✐sé❡✳ ▲❡ ✧♥♦✉✈❡❛✉ ♠♦❞❡ ❆✧

ré❞✉✐t ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ❞❡ ❧✬✐♥tr❛❜❧♦❝ à ❧✬✐❞❡♥t✐té✱ ❝❡ q✉✐ ❡st très ✉t✐❧❡ ♣♦✉r ❞❡s

❞♦♥♥é❡s ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥ ❝❛r ✐❧ é✈✐t❡ ❧✬✐♥✈❡rs✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ ✐♥tr❛❜❧♦❝✳

▲♦rsq✉❡ ❧✬✉t✐❧✐s❛t❡✉r ✈❡✉t ❢❛✈♦r✐s❡r ❧❛ st❛❜✐❧✐té ✭✈❛r✐❛♥❝❡ é❧❡✈é❡✮ ❝♦♠♣❛ré❡ à ❧❛ ❝♦rré❧❛✲

t✐♦♥✱ τ = 1 ❡st ❧❡ ❝❤♦✐① ♥❛t✉r❡❧✳ ❙✐ ❡♥ r❡✈❛♥❝❤❡ ✐❧ ✈❡✉t ❞♦♥♥❡r ❧❛ ♣r✐♦r✐té à ❧❛ ❝♦rré❧❛t✐♦♥

❡♥tr❡ y[k] = X[k]a[k] ❡t ❧❡s ❝♦♠♣♦s❛♥t❡s ✈♦✐s✐♥❡s✱ ❛❧♦rs τk = 0 ❡st ❧❡ ❝❤♦✐① ❧❡ ♣❧✉s ❛♣♣r♦♣r✐é✳

P♦✉r ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❛ ✈❛r✐❛♥❝❡ ❡t ❧❛ ❝♦rré❧❛t✐♦♥✱ ❧❡ ♣❛r❛♠ètr❡ τk ♣❡✉t êtr❡ ❞ét❡r♠✐♥é

à ❧✬❛✐❞❡ ❞❡ ❧❛ ❢♦r♠✉❧❡ ❞❡ ❙❝❤ä❢❡r ❛♥❞ ❙tr✐♠♠❡r ❬✷✵✵✺❪✳ ❈❡tt❡ ❡st✐♠❛t✐♦♥ ❛✉t♦♠❛t✐q✉❡ ❞✉

♣❛r❛♠ètr❡ ♣❡r♠❡t ❞❡ s❡ r❛♣♣r♦❝❤❡r ❞✉ ❝r✐tèr❡ ❞❡ ❝♦rré❧❛t✐♦♥ ♠ê♠❡ ❡♥ ❝❛s ❞❡ ❢♦rt❡ ♠✉❧t✐✲

❝♦❧✐♥é❛r✐té ♦✉ ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❡st ❧❛r❣❡♠❡♥t s✉♣ér✐❡✉r ❛✉ ♥♦♠❜r❡ ❞✬✐♥❞✐✈✐❞✉s✳

❆❧❣♦r✐t❤♠❡ ❘●❈❈❆

■❧ ♥✬② ❛ ♣❛s ❞❡ s♦❧✉t✐♦♥ ❛♥❛❧②t✐q✉❡ ❛✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ✭✶✳✼✸✮✳ ❯♥ ❛❧❣♦r✐t❤♠❡ à

❝♦♥✈❡r❣❡♥❝❡ ♠♦♥♦t♦♥❡ ❜❛sé s✉r ❧❛ ♠♦❞✐✜❝❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ P▲❙ ❞❡ ❲♦❧❞ ❬✶✾✽✺❪ ❛ été

♣r♦♣♦sé ♣❛r ❚❡♥❡♥❤❛✉s ❛♥❞ ❚❡♥❡♥❤❛✉s ❬✷✵✶✶❪ ✭❛❧❣♦r✐t❤♠❡ ✺✮ ❡t ❡st ❞é❝r✐t ❝✐✲❛♣rès✳

❈❡♣❡♥❞❛♥t✱ ❧✬❛❧❣♦r✐t❤♠❡ ♣r♦♣♦sé ❝♦♠♣♦rt❡ ❞❡✉① ❧✐♠✐t❛t✐♦♥s ✿

✶✳ ■❧ ♥✬❡①✐st❡ ❛✉❝✉♥❡ ♣r❡✉✈❡ q✉❡ ❧✬❛❧❣♦r✐t❤♠❡ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ♣♦✐♥t ✜①❡✱

✷✳ ■❧ ♥✬❡①✐st❡ ❛✉❝✉♥❡ ❣❛r❛♥t✐❡ q✉❡ ❧✬❛❧❣♦r✐t❤♠❡ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ♦♣t✐♠✉♠ ❣❧♦❜❛❧✳

❘❡♣rés❡♥t❛t✐♦♥ ❣r❛♣❤✐q✉❡ ❞❡ ❧❛ ❘●❈❈❆

❊♥ ❘●❈❈❆✱ ❧❡s ❝♦♥✈❡♥t✐♦♥s ❣r❛♣❤✐q✉❡s s♦♥t s✐♠✐❧❛✐r❡s à ❝❡❧❧❡s ❞❡ ❧❛ P▲❙✲P❛t❤ ♠♦❞❡❧✐♥❣✳

❈❤❛q✉❡ ❜❧♦❝ X[k] ❡st r❡♣rés❡♥té ♣❛r ✉♥❡ ❡❧❧✐♣s❡ ❡t ❝❤❛q✉❡ ✈❛r✐❛❜❧❡ ♣❛r ✉♥ r❡❝t❛♥❣❧❡✳ ▲❡s

❡❧❧✐♣s❡s ❝♦♥t✐❡♥♥❡♥t ❧❡s ♥♦♠s ❞❡s ❜❧♦❝s✱ ❡t ❧❡s r❡❝t❛♥❣❧❡s ❝♦♥t✐❡♥♥❡♥t ❧❡s ♥♦♠s ❞❡s ✈❛r✐❛❜❧❡s✳

❈❤❛q✉❡ ✈❛r✐❛❜❧❡ ❡st r❡❧✐é❡ à s♦♥ ❜❧♦❝ ♣❛r ✉♥❡ ✢è❝❤❡✳ P♦✉r ❧❡ ✧♥♦✉✈❡❛✉ ♠♦❞❡ ❆✧ ✭τk = 1✮✱ ❧❛

✢è❝❤❡ ✈❛ ❞❡ ❧✬❡❧❧✐♣s❡ ✈❡rs ❧❡ r❡❝t❛♥❣❧❡ ♣♦✉r s②♠❜♦❧✐s❡r ❧❡ ❢❛✐t q✉❡ ❝❤❛q✉❡ ♣♦✐❞s ❡①t❡r♥❡ ❡st

❝❛❧❝✉❧é ♣❛r ré❣r❡ss✐♦♥ s✐♠♣❧❡ ❞❡s ✈❛r✐❛❜❧❡s ❞✉ ❜❧♦❝ s✉r ❧❛ ❝♦♠♣♦s❛♥t❡ ❞✉ ❜❧♦❝ ✐♥t❡r♥❡ ✭✈♦✐r

✜❣✉r❡ ✶✳✺✮✳ P♦✉r ❧❡ ✧♠♦❞❡ ❇✧ ✭τk = 0✮✱ ❧❛ ✢è❝❤❡ ♣❛rt ❞✉ r❡❝t❛♥❣❧❡ ❡t ✈❛ ✈❡rs ❧✬❡❧❧✐♣s❡ ♣♦✉r

✼✸
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❆❧❣♦r✐t❤♠ ✺ ❆❧❣♦r✐t❤♠❡ P▲❙ ♣♦✉r ❧❛ ❘●❈❈❆

■♥✐t✐❛❧✐s❛t✐♦♥✳

✶✳ ❈❤♦✐① ❛r❜✐tr❛✐r❡ ❞❡s ✈❛❧❡✉rs ✐♥✐t✐❛❧❡s ❞❡s K ✈❡❝t❡✉rs ã0[1], . . . , ã
0
[K]✳

✷✳ ❈❛❧❝✉❧ ❞❡s ✈❡❝t❡✉rs ❞❡s ♣♦✐❞s ❡①t❡r♥❡s ♥♦r♠❛❧✐sés ✿

a0[k] =
[τkI+ (1− τk)

1
IX

T
[k]X[k]]

−1ã0[k]√
(ã0[k])

T [τkI+ (1− τk)
1
IX

T
[k]X[k]]−1ã0[k]

.

P♦✉r s = 1, . . . , ❥✉sq✉✬à ❝♦♥✈❡r❣❡♥❝❡
P♦✉r k = 1, . . . ,K

❈❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ✐♥t❡r♥❡ X[k]✳
❈❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ✐♥t❡r♥❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ s❝❤é♠❛ ❝❤♦✐s✐ ✿

zs[k] =
∑

j<k

ckjwCov(X[k]a
s
[k],X[j]a

s+1
[j] )X[j]a

s+1
[j]

+
∑

j>k

ckjw[Cov(X[k]a
s
[k],X[j]a

s
[j])]X[j]a

s
[j].

w(x) = 1 ♣♦✉r ❧❡ s❝❤é♠❛ ❞❡ ❍♦rst✱ ① ♣♦✉r ❧❡ s❝❤é♠❛ ❢❛❝t♦r✐❡❧ ❡t sign(x) ♣♦✉r ❧❡ s❝❤é♠❛
❝❡♥tr♦ï❞❡✳

❈❛❧❝✉❧ ❞✉ ✈❡❝t❡✉r ❞❡s ♣♦✐❞s ❡①t❡r♥❡s ♣♦✉r ❧❡ ❜❧♦❝ X[k]✳ ❈❛❧❝✉❧ ❞✉ ✈❡❝t❡✉r ❞❡s
♣♦✐❞s ❡①t❡r♥❡s ✿

as+1
[k] =

[τkI+ (1− τk)
1
IX

T
[k]X[k]]

−1XT
[k]z

s
[k]√

(zs[k])
TX[k][τkI+ (1− τk)

1
IX

T
[k]X[k]]−1XT

[k]z
s
[k]

.

s②♠❜♦❧✐s❡r ❧❡ ❢❛✐t q✉❡ ❧❡ ✈❡❝t❡✉r ❞❡s ♣♦✐❞s ❡①t❡r♥❡s ♣♦✉r ✉♥ ❜❧♦❝ ❡st ❝❛❧❝✉❧é ♣❛r ré❣r❡ss✐♦♥

♠✉❧t✐♣❧❡ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❞✉ ❜❧♦❝ ✐♥t❡r♥❡ s✉r ❧❡s ✈❛r✐❛❜❧❡s ❞✉ ❜❧♦❝✳ ❊♥✜♥ ♣♦✉r ❧❡ ✧♠♦❞❡

❘✐❞❣❡✧✱ ❧❡s ❞♦✉❜❧❡s ✢è❝❤❡s s♦♥t ✉t✐❧✐sé❡s ♣♦✉r s②♠❜♦❧✐s❡r ❧❛ ❝♦♥t✐♥✉✐té ❡♥tr❡ ❧❡ ✧♥♦✉✈❡❛✉

♠♦❞❡ ❆✧ ❡t ❧❡ ✧♠♦❞❡ ❇✧✳ ❉❡✉① ❜❧♦❝s ❝♦♥♥❡❝tés s♦♥t r❡❧✐és ♣❛r ✉♥❡ ❧✐❣♥❡✳ ▲❛ ✜❣✉r❡ rés✉❧t❛♥t❡

♦❜t❡♥✉❡ ❡st ❛♣♣❡❧é❡ ✉♥ ♠♦❞è❧❡✳ ❉❡✉① s♦✉s✲♠♦❞è❧❡s s♦♥t é❣❛❧❡♠❡♥t ❝♦♥s✐❞érés ✿ ❧❡ ♠♦❞è❧❡

❡①t❡r♥❡ ❝♦♥❝❡r♥❡ ❧❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❡s ✈❛r✐❛❜❧❡s ❞❡s ❜❧♦❝s ❡t ❧❛ ❝♦♠♣♦s❛♥t❡ ❞❡ ❧❡✉r ❜❧♦❝✱

❡t ❧❡ ♠♦❞è❧❡ ✐♥t❡r♥❡ q✉✐ t✐❡♥t ❝♦♠♣t❡ ❞❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❡s ❝♦♠♣♦s❛♥t❡s ❞✉ ❜❧♦❝✳

✼✹
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❋✐❣✉r❡ ✶✳✺ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞✬✉♥ ♠♦❞è❧❡ ❘●❈❈❆ ✧♥♦✉✈❡❛✉ ♠♦❞❡ ❆✧✳

✶✳✷✳✹ ❙●❈❈❆✿ ❙♣❛rs❡ ●❡♥❡r❛❧✐③❡❞ ❈❛♥♦♥✐❝❛❧ ❈♦rr❡❧❛t✐♦♥ ❆♥❛❧②s✐s

▲❡s ❞♦♥♥é❡s ❜✐♦♠é❞✐❝❛❧❡s✱ s♦♥t ❝♦♥♥✉❡s ♣♦✉r êtr❡ ❞❡s ♠❡s✉r❡s ♣❛r❝✐♠♦♥✐❡✉s❡s✳ ❆✜♥ ❞❡

t❡♥✐r ❝♦♠♣t❡ ❞❡ ❝❡tt❡ ♣❛r❝✐♠♦♥✐❡ ❡t ❞✬❛♠é❧✐♦r❡r ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ❘●❈❈❆✱ ✉♥❡

s♦❧✉t✐♦♥ ❡st ❞✬✐❞❡♥t✐✜❡r ❧❡s s♦✉s✲❡♥s❡♠❜❧❡s ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❝❤❛q✉❡ ❜❧♦❝ q✉✐ s♦♥t ✐♠♣❧✐q✉és

❞❛♥s ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡s ❜❧♦❝s ❝♦♥♥❡❝tés✳ ❈❡tt❡ ét❛♣❡ ❞❡ sé❧❡❝t✐♦♥ ♣❡✉t êtr❡ ♦❜t❡♥✉❡ ❡♥

❛❥♦✉t❛♥t✱ ❞❛♥s ❧❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ❘●❈❈❆✱ ✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ ✧s♣❛rs❡✧✳ ❯♥❡ t❡❧❧❡

ét❛♣❡ ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❡st ♦❜t❡♥✉❡ ❡♥ ❛♣♣❧✐q✉❛♥t ✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ L1 s✉r ❧❡s ✈❡❝✲

t❡✉rs ❞❡s ♣♦✐❞s ❡①t❡r♥❡s a[1], . . . ,a[K] q✉✐ ✐♥❞✉✐t ✉♥ ♠♦❞è❧❡ ❘●❈❈❆ ✧s♣❛rs❡✧ ❞♦♥♥❛♥t ❧✐❡✉

à ❧❛ ❙♣❛rs❡ ●❡♥❡r❛❧✐③❡❞ ❈❛♥♦♥✐❝❛❧ ❈♦rr❡❧❛t✐♦♥ ❆♥❛❧②s✐s ✭❙●❈❈❆✮ ♣rés❡♥té❡ ❞❛♥s ❧❡ ♣❛♣✐❡r

s♦✉♠✐s ❞❡ ❚❡♥❡♥❤❛✉s ❡t ❛❧✳ ❬✷✵✶✸❪✳

❖♥ ❝♦♥s✐❞èr❡ ❧❛ ❘●❈❈❆ ❛✈❡❝ t♦✉s ❧❡s τk é❣❛✉① à ✶✱ ❝❡ q✉✐ s✐❣♥✐✜❡ q✉❡ ❧❡s ❝♦♥tr❛✐♥t❡s

s♦♥t ❛♣♣❧✐q✉é❡s s✉r ❧❛ ❧♦♥❣✉❡✉r ❞❡s a[k]✳ ❯♥ ♣é♥❛❧✐s❛t✐♦♥ L1 ❡st ❛♣♣❧✐q✉é❡ à a[1], . . . ,a[K]

❝❡ q✉✐ ❝♦♥❞✉✐t ❛✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ s✉✐✈❛♥t ✿

argmax
a[1],...,a[K]

K∑

k,j=1,k 6=j

ckjg
(
Cov(X[k]a[k],X[j]a[j])

)
✭✶✳✼✾✮

ss❝✳
∥∥a[k]

∥∥
2
= 1 ❡t ‖a[k]‖1 ≤ sk, k = 1, . . . ,K.
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▲❛ s♦❧✉t✐♦♥ ❛✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ✭✶✳✼✾✮ ❡st ❞❡ ❧❛ ❢♦r♠❡ ✿

a[k] =
S(1IX

T
[k]z[k], λ1k)

‖S(1IXT
[k]z[k], λ1k)‖2

, ✭✶✳✽✵✮

♦ù

z[k] =

K∑

k,j=1,k 6=j

ckjw(
1

I
aT[k]X

T
[k]X[j]a[j])X[j]a[j] ✭✶✳✽✶✮

❛✈❡❝

z[k] =





K∑

k,j=1,k 6=j

ckjX[j]a[j] ♣♦✉r ❧❡ s❝❤é♠❛ ❞❡ ❍♦rst

K∑

k,j=1,k 6=j

ckj sign[Cov(X[k]a[k],X[j]a[j])]X[j]a[j] ♣♦✉r ❧❡ s❝❤é♠❛ ❢❛❝t♦r✐❡❧

K∑

k,j=1,k 6=j

ckj sign[Cov(X[k]a[k],X[j]a[j])]X[j]a[j] ♣♦✉r ❧❡ s❝❤é♠❛ ❝❡♥tr♦ï❞❡

✭✶✳✽✷✮

S ❡st ❧✬♦♣ér❛t❡✉r ❞❡ s❡✉✐❧❧❛❣❡ ❞♦✉① t❡❧ q✉❡ S(a, λ) = sign(a)max(0, |a|−λ) ❡t λ1k ❡st ❝❤♦✐s✐

❞❡ t❡❧❧❡ ♠❛♥✐èr❡ q✉❡ ‖a[k]‖1 ≤ sk✳

❊♥ ❝♦♥s✐❞ér❛♥t ❧✬éq✉❛t✐♦♥ ✭✶✳✽✵✮✱ ❧✬❛❧❣♦r✐t❤♠❡ ✻ ✐tér❛t✐❢ ❛ été ♣r♦♣♦sé ♣❛r ❚❡♥❡♥❤❛✉s ❡t

❚❡♥❡♥❤❛✉s ❛✜♥ ❞❡ ré♣♦♥❞r❡ ❛✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ✭✶✳✼✾✮✳ ▲❛ ❝♦♥✈❡r❣❡♥❝❡ ♠♦♥♦t♦♥❡

❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❡st ❣❛r❛♥t✐❡ ♣❛r ❧❡ ❢❛✐t q✉❡ ✿

K∑

k,j=1;k 6=j

ckjg
(
Cov(X[k]a

s
[k],X[j]a

s
[j])
)
≤

K∑

k,j=1;k 6=j

ckjg
(
Cov(X[k]a

s+1
[k] ,X[j]a

s+1
[j] )

)
✭✶✳✽✸✮

❈❡t ❛❧❣♦r✐t❤♠❡ ❡st très st❛❜❧❡ ❡t ❛tt❡✐♥t ❣é♥ér❛❧❡♠❡♥t ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❛✉ ❜♦✉t ❞❡

q✉❡❧q✉❡s ✐tér❛t✐♦♥s✳ P❛r ❛✐❧❧❡✉rs✱ ✐❧ ♣❡r♠❡t é❣❛❧❡♠❡♥t ❞❡ tr❛✐t❡r ❢❛❝✐❧❡♠❡♥t ❧❡s ❞♦♥♥é❡s

♠❛♥q✉❛♥t❡s ❡♥ é❝❛rt❛♥t ❧❡s é❧é♠❡♥ts ♠❛♥q✉❛♥ts ❞❛♥s ❧❡ ❝❛❧❝✉❧ ❞❡s ♣r♦❞✉✐ts s❝❛❧❛✐r❡s✳ ❆ ❧❛

✜♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡✱ ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❡st ♦❜t❡♥✉❡ ♣❛r ❜❧♦❝✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❝❛❧❝✉❧❡r ♣❧✉✲

s✐❡✉rs ❝♦♠♣♦s❛♥t❡s ♦rt❤♦❣♦♥❛❧❡s ♣♦✉r ❝❤❛q✉❡ ❜❧♦❝ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ t❡❝❤♥✐q✉❡ ❞❡ ❞é✢❛t✐♦♥✳

▲❡s ♠❛tr✐❝❡s rés✐❞✉❡❧❧❡s s♦♥t ❝❛❧❝✉❧é❡s ♣❛r ré❣r❡ss✐♦♥ ❞❡s ❜❧♦❝s ♦r✐❣✐♥❛✉① s✉r ❧❛ ❝♦♠♣♦s❛♥t❡

❞✉ ♣ré❝é❞❡♥t ❜❧♦❝✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❝♦♠♣♦s❛♥t❡s ♣❛r ❜❧♦❝ ♣❡✉t ❛✉ss✐ ✈❛r✐❡r ❞✬✉♥ ❜❧♦❝ à ❧✬❛✉tr❡

❡♥ ❝❤♦✐s✐ss❛♥t ❞❡ ♥❡ ♣❛s ❞é✢❛t❡r t♦✉s ❧❡s ❜❧♦❝s✳

✼✻
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❆❧❣♦r✐t❤♠ ✻ ❆❧❣♦r✐t❤♠❡ ❙♣❛rs❡ ●❡♥❡r❛❧✐③❡❞ ❈❛♥♦♥✐❝❛❧ ❈♦rr❡❧❛t✐♦♥ ❆♥❛❧②s✐s

■♥✐t✐❛❧✐s❛t✐♦♥✳

✶✳ K ❜❧♦❝s X[1], . . . ,X[K]✱ K ❝♦♥tr❛✐♥t❡s L1 s1, . . . , sK ✱ ✉♥❡ ♠❛tr✐❝❡ ❞❡ ❞❡s✐❣♥ C✳

✷✳ ❈❤♦✐① ❛r❜✐tr❛✐r❡ ❞❡s K ✈❡❝t❡✉rs ♥♦r♠❛❧✐sés a0[1], . . . ,a
0
[K]✳

P♦✉r s = 1, . . . , ❥✉sq✉✬à ❝♦♥✈❡r❣❡♥❝❡
P♦✉r k = 1, . . . ,K

❈❛❧❝✉❧ ❞❡s ❝♦♠♣♦s❛♥t❡s ✐♥t❡r♥❡s

zs[k] =
k−1∑

k=1

ckjwCov(X[k]a
s
[k],X[j]a

s+1
[j] )X[j]a

s+1
[j]

+

K∑

j=k+1

ckjw[Cov(X[k]a
s
[k],X[j]a

s
[j])]X[j]a

s
[j].

❈❛❧❝✉❧ ❞✉ ✈❡❝t❡✉r ❞❡s ♣♦✐❞s ❡①t❡r♥❡s

as[k] =
S(1IX

T
[k]z[k], λ1k)

‖S(1IXT
[k]z[k], λ1k)‖2

♦ù S ❡st ❧✬♦♣ér❛t❡✉r ❞❡ s❡✉✐❧❧❛❣❡ ❞♦✉① ❞é✜♥✐t ♣❧✉s ❤❛✉t✱ ❡t λ1k = 0 s✐ ‖as[k]‖1 ≤ sk ♦✉
λ1k ❝❤♦✐s✐ ❞❡ s♦rt❡ q✉❡ ‖as[k]‖1 = sk✳

❙t❛❜✐❧✐té ❞❡ ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s

❆ ❝❤❛q✉❡ ét❛♣❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡✱ ❞✐✛ér❡♥t❡s ✈❛r✐❛❜❧❡s s♦♥t sé❧❡❝t✐♦♥♥é❡s✳ ▲❛ ♣❡r❢♦r♠❛♥❝❡

♣ré❞✐❝t✐✈❡ ♣❡✉t êtr❡ ❛ss♦❝✐é❡ à ✉♥ ✐♥❞✐❝❛t❡✉r ❞❡ st❛❜✐❧✐té ♦✉ ❛✉ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s q✉✐

❝♦♥tr✐❜✉❡♥t à ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡s ❝♦♠♣♦s❛♥t❡s✳ P♦✉r é✈❛❧✉❡r ❧❛ st❛❜✐❧✐té ❞❡s sé❧❡❝t✐♦♥s✱

❧✬✐♥❞✐❝❛t❡✉r ❋❧❡✐ss✬k ❞é✜♥✐ ❞❛♥s ❋❧❡✐ss ❬✶✾✼✶❪ ♣❡✉t êtr❡ ✉t✐❧✐sé✳ P♦✉r ❝❤❛q✉❡ ✈❛r✐❛❜❧❡✱ ❧❡

♥♦♠❜r❡ ❞❡ ❢♦✐s ♦ù ❧❛ ✈❛r✐❛❜❧❡ ❡st sé❧❡❝t✐♦♥♥é❡ ♦✉ ♥♦♥ ❛✉ ❝♦✉rs ❞❡ ✶✵ ✐tér❛t✐♦♥s ❡st ❡♥r❡❣✐stré✳

❈❡s ❢réq✉❡♥❝❡s s♦♥t rés✉♠é❡s ❞❛♥s ❧❡ s❝♦r❡ ❞❡ ❋❧❡✐ss✬k q✉✐ ❡st ✉♥❡ ♠❡s✉r❡ ❞✬❛❝❝♦r❞ ❡♥tr❡

❧❡s ✶✵ ✐tér❛t✐♦♥s✳ ▲❡ s❝♦r❡ ❡st t♦✉❥♦✉rs ✐♥❢ér✐❡✉r à ✶✱ ❡t ♣❧✉s ❧❛ ✈❛❧❡✉r ❞❡ k ❡st é❧❡✈é❡✱

♣❧✉s ❧❡ ♠♦❞è❧❡ ❡st st❛❜❧❡✳ ❉❡s ❡①❡♠♣❧❡s ❞✬❛♣♣❧✐❝❛t✐♦♥ s♦♥t ♣rés❡♥tés ❞❛♥s ❧❡ ♣❛♣✐❡r s♦✉♠✐s

❞❡ ❚❡♥❡♥❤❛✉s ❡t ❛❧✳ ❬✷✵✶✸❪✳

✼✼
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❈❤❛♣✐tr❡ ✷

◆♦✉✈❡❧❧❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐❜❧♦❝s

s♣❛rs❡ ♥♦♥ s✉♣❡r✈✐sé❡s

▲❡s ❛♣♣r♦❝❤❡s ♥♦♥ s✉♣❡r✈✐sé❡s ♣❡r♠❡tt❡♥t ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡s ❞♦♥♥é❡s ❡t ❧✬❛♥❛❧②s❡ ❞❡

❧✐❡♥s ♣♦ss✐❜❧❡s ❡♥tr❡ ❧❡s ✈❛r✐❛❜❧❡s✳ ❉❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❞♦♥♥é❡s ❣é♥ét✐q✉❡s✱ ❝❡s ❛♣♣r♦❝❤❡s s♦♥t

s♦✉✈❡♥t ✉t✐❧✐sé❡s ❞❛♥s ✉♥ ❜✉t ❡①♣❧♦r❛t♦✐r❡✳ ❉❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❧✬❆❈P ❡t✴♦✉ ❞❡ ❧❛ ❙❱❉ à

❞❡s ❞♦♥♥é❡s ❞❡ ❣è♥❡ ❞✬❡①♣r❡ss✐♦♥ ♦♥t été ♣✉❜❧✐é❡s ♣❛r ❡①❡♠♣❧❡ ❞❛♥s ❆❧t❡r ❡t ❛❧✳ ❬✷✵✵✵❪✱

❍♦❧t❡r ❡t ❛❧✳ ❬✷✵✵✵❪✱ ❍♦❧t❡r ❡t ❛❧✳ ❬✷✵✵✶❪✱ ❘❛②❝❤❛✉❞❤✉r✐ ❡t ❛❧✳ ❬✷✵✵✵❪✱ ❚r♦②❛♥s❦❛②❛ ❡t ❛❧✳

❬✷✵✵✶❪ ✱ ❨❡✉♥❣ ❛♥❞ ❘✉③③♦ ❬✷✵✵✶❪ ❡t ❨❡✉♥❣ ❡t ❛❧✳ ❬✷✵✵✷❪✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❛✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ❞❡ ❞♦♥♥é❡s ❞❡ très

❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥ ❧❛ ♥♦t✐♦♥ ❞❡ ✧s♣❛rs✐té✧ ❡st très ✐♠♣♦rt❛♥t❡ ♣♦✉r ❢❛❝✐❧✐t❡r ❧✬✐♥t❡r♣rét❛✲

t✐♦♥ ❞❡s rés✉❧t❛ts✳ ❉❛♥s ❧❡ ❝❛s ❞❡ ❧✬❆❈P ♣❧✉s✐❡✉rs ✈❡rs✐♦♥s ♣é♥❛❧✐sé❡s ♦♥t été ❞é✈❡❧♦♣♣é❡s✳

❈❡♣❡♥❞❛♥t ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ❞♦♥♥é❡s s♦♥t str✉❝t✉ré❡s ♣❛r ❜❧♦❝s✱ ❛✉❝✉♥❡ ♠ét❤♦❞❡ ♥♦♥

s✉♣❡r✈✐sé❡ ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ♥✬❛✈❛✐t ❡♥❝♦r❡ été ♣r♦♣♦sé❡✳ ▲❛ ♠ét❤♦❞❡ ●❙P❈❆ ❛

été ❞é✈❡❧♦♣♣é❡ ❛✉ ❝♦✉rs ❞❡ ❝❡ tr❛✈❛✐❧ ❞❡ t❤ès❡ ❛✜♥ ❞❡ ♣❡r♠❡ttr❡ ❧❛ sé❧❡❝t✐♦♥ ❞❡ ❜❧♦❝s ❞❡

✈❛r✐❛❜❧❡s q✉❛♥t✐t❛t✐✈❡s ❞❛♥s ❧❡ ❝❛s ♥♦♥ s✉♣❡r✈✐sé✳ ❈❡tt❡ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ ❡st ✉♥❡ ❡①t❡♥✲

s✐♦♥ ❞❡ ❧❛ ❙P❈❆✲r❙❱❉ ❞❡ ❙❤❡♥ ❛♥❞ ❍✉❛♥❣ ❬✷✵✵✽❪ ✭✈♦✐r s❡❝t✐♦♥ ✶✳✶✳✷✳✸✮ ♣♦✉r ❧❡ ❝❛s ♦ù ❧❡s

❞♦♥♥é❡s s♦♥t str✉❝t✉ré❡s ♣❛r ❜❧♦❝s✳

❉❛♥s ❧❡ ❝❛s ❞❡ ❞♦♥♥é❡s q✉❛❧✐t❛t✐✈❡s ❧✬❆❈▼ ❡st très ❢réq✉❡♠♠❡♥t ✉t✐❧✐sé❡ ♣♦✉r ❡①♣❧♦r❡r

❧❡s ❧✐❡♥s ❡♥tr❡ ❧❡s ✈❛r✐❛❜❧❡s✳ ❈❡♣❡♥❞❛♥t ❛✉❝✉♥❡ ✈❡rs✐♦♥ ✧s♣❛rs❡✧ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ♥✬❛✈❛✐t

été ❞é✈❡❧♦♣♣é❡ à ❝❡ ❥♦✉r✳ ▲✬❆❈▼ ét❛♥t ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❧✬❆❈P ♣♦✉r ❞❡s ❜❧♦❝s ❞❡ ✈❛✲

r✐❛❜❧❡s ✐♥❞✐❝❛tr✐❝❡s✱ ✉♥❡ ✈❡rs✐♦♥ ✧s♣❛rs❡✧ ❞❡ ❧✬❆❈▼ ✭❧✬❆❈▼ s♣❛rs❡✮ ❡st ♣r♦♣♦sé❡ ❞❛♥s ❝❡

✼✾
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❝❤❛♣✐tr❡ ❝♦♠♠❡ ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ●❙P❈❆✳ ❊❧❧❡ ♣❡r♠❡t ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s

q✉❛❧✐t❛t✐✈❡s ❡t ❢❛❝✐❧✐t❡ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛✈❡❝ ❧✬❆❈▼✳ ❈❡s ❞❡✉① ♥♦✉✈❡❧❧❡s

♠ét❤♦❞❡s s♦♥t ♣rés❡♥té❡s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❡t ❧❡✉r ✉t✐❧✐té ❡t ♣❡rt✐♥❡♥❝❡ s❡r♦♥t ❞é♠♦♥tré❡s

à ♣❛rt✐r ❞✬❡①❡♠♣❧❡s ✐❧❧✉str❛t✐❢s✳ ▲❡ ❝♦♥t❡①t❡ ♠✉❧t✐❜❧♦❝s ét❛♥t ❧❛ ❝❧é ❞❡ ❝❡s ❞❡✉① ❞é✈❡❧♦♣♣❡✲

♠❡♥ts✱ ❞❡s r❛♣♣❡❧s ❡t ❞❡s ♥♦t✐♦♥s s✉r ❧❡s ❞♦♥♥é❡s ♠✉❧t✐❜❧♦❝s s♦♥t ♣rés❡♥tés ❛✉ ♣ré❛❧❛❜❧❡

❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ q✉✐ s✉✐t✳

✷✳✶ ❘❛♣♣❡❧s

✷✳✶✳✶ ❙❱❉ s✉r ✉♥❡ ♠❛tr✐❝❡ str✉❝t✉ré❡ ♣❛r ❜❧♦❝s

◗✉❛♥❞ X ❡st ❝♦♠♣♦sé❡ ❞❡ K s♦✉s✲♠❛tr✐❝❡s ✭✈♦✐r ♣❛rt✐❡ ♥♦t❛t✐♦♥s ❡q✉❛t✐♦♥ ✭✼✮✮✱ ✐❧ ❡st

♣♦ss✐❜❧❡ ❞✬é❝r✐r❡ ❧❛ ❙❱❉ ♣❛r ✧❜❧♦❝s✧ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

X =
[
X[1]| . . . |X[k]| . . . |X[K]

]
✭✷✳✶✮

=
[
P∆∆∆QT

[1]| . . . |P∆∆∆QT
[k]| . . . |P∆∆∆QT

[K]

]

= P∆∆∆
[
QT

[1]| . . . |QT
[k]| . . . |QT

[K]

]
,

♦ù Q =
[
QT

[1]| . . . |QT
[k]| . . . |QT

[K]

]T
❧❛ ♠❛tr✐❝❡ ❞❡s ✈❡❝t❡✉rs s✐♥❣✉❧✐❡rs ❛✈❡❝ QT

[k] ❧❡s s♦✉s✲

♠❛tr✐❝❡s✱ ❝❤❛❝✉♥❡ ❞❡ ❞✐♠❡♥s✐♦♥s L×J[k] ✭✈♦✐r ✜❣✉r❡ ✷✳✶✮✳ ▲❡s ♠❛tr✐❝❡s P ❡t∆∆∆ ♥❡ s♦♥t ♣❛s

str✉❝t✉ré❡s ♣❛r ❜❧♦❝s✳ ◗✉❛♥❞ ❧❡s ❜❧♦❝s X[1], . . .X[K] s♦♥t ❝♦♥st✐t✉és ❞✬✉♥❡ s❡✉❧❡ ✈❛r✐❛❜❧❡

✭❝♦❧♦♥♥❡✮✱ ❧❛ ❙❱❉ s✉r ❧❛ ♠❛tr✐❝❡ ♣❛r ❜❧♦❝ ❡st é❝r✐t❡ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❧❛ ❙❱❉✳ ■❧

❡st ✐♠♣♦rt❛♥t ✐❝✐ ❞❡ s♦✉❧✐❣♥❡r q✉❡ ❧❡s s♦✉s✲❜❧♦❝s ♥❡ s♦♥t ♣❛s ♦❜t❡♥✉s à ♣❛rt✐r ❞❡s ✈❡❝t❡✉rs

♣r♦♣r❡s ❞✬❛✉tr❡s s♦✉s✲❜❧♦❝s✳ ▲❛ ❙❱❉ ✐❝✐ ❡st s✐♠♣❧❡♠❡♥t ❞é❝♦♠♣♦sé❡ s✉r ❧❡s ❝♦❧♦♥♥❡s ❡♥

❢♦♥❝t✐♦♥s ❞❡ ❣r♦✉♣❡s ✭❜❧♦❝s ❞❡ ❝♦❧♦♥♥❡s✮ ❞é✜♥✐s à ♣r✐♦r✐✳

❋✐❣✉r❡ ✷✳✶ ✕ ❙❱❉ s✉r ✉♥❡ ♠❛tr✐❝❡ X str✉❝t✉ré❡ ♣❛r ❜❧♦❝s✳

✽✵
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✷✳✶✳✷ Pr♦♣r✐étés ❞❡ ❧❛ ❙❱❉ s✉r ✉♥❡ ♠❛tr✐❝❡ str✉❝t✉ré❡ ♣❛r ❜❧♦❝s

❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❛ ❙❱❉ ♣❡r♠❡t ❛✉ss✐ ❧❛ ♠❡✐❧❧❡✉r❡ r❡❝♦♥st✐t✉t✐♦♥ ❞❡ r❛♥❣ ✐♥❢ér✐❡✉r ❞❡ ❧❛

♠❛tr✐❝❡ ♦r✐❣✐♥❛❧❡ str✉❝t✉ré❡ ♣❛r ❜❧♦❝s✳ ▲❛ ♠❡✐❧❧❡✉r❡ ♠❛tr✐❝❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣ ✶X(1)

❞❡ X ❡st ❧❛ s♦❧✉t✐♦♥ ❛✉ ♣r♦❜❧è♠❡ ✭✶✳✸✷✮ ❞é✜♥✐ ❡♥ s❡❝t✐♦♥ ✶✳✶✳✷✳✸✳ ▼❛✐s s❡❧♦♥ ❧❛ ♣r♦♣r✐été ✷

❞✉ ❝❤❛♣îtr❡ ♥♦t❛t✐♦♥s✱ ♦♥ ♣❡✉t é❝r✐r❡
∥∥X−X(1)

∥∥2
2
❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

∥∥∥X−X(1)
∥∥∥
2

2
= tr

(
(X− f1q

T
1 )

T (X− f1q
T
1 )
)

✭✷✳✷✮

= ‖X‖22 − 2 tr
(
q1f

T
1 X

)
+ δ21

= ‖X‖22 − 2

K∑

k=1

tr
(
q1,[k]f

T
1 X[k]

)
+ δ21 ,

♦ù qT
1❂✭q1,[1]✱✳ ✳ ✳ ✱q1,[k]✱✳ ✳ ✳ ✱q1,[K])

T ❡st ❧❛ ♣r❡♠✐èr❡ ❧✐❣♥❡ ❞❡ QT ❛✈❡❝ q1,[k] ✉♥ ✈❡❝t❡✉r ❞❡

❞✐♠❡♥s✐♦♥ J[k]×1 ✭✈♦✐r ✜❣✉r❡ ✷✳✷✮✳ ▲❡s ♠❛tr✐❝❡s q1,[k]q
T
1,[k] ❡t q1,[k]f

T
1 X[k] s♦♥t ❞❡s ♠❛tr✐❝❡s

J[k] × J[k]✳

❋✐❣✉r❡ ✷✳✷ ✕ ❉ét❛✐❧s ❞❡ ❧❛ ♠❛tr✐❝❡ Q ❞❛♥s ❧❛ ❙❱❉ ♣❛r ❜❧♦❝s✳

✷✳✶✳✸ ❆❈P ❝♦♠♠❡ ✉♥❡ ❙❱❉ ❞✬✉♥❡ ♠❛tr✐❝❡ str✉❝t✉ré❡ ♣❛r ❜❧♦❝s

▲✬❆❈P ♣❡✉t êtr❡ ❞é✜♥✐❡ à ♣❛rt✐r ❞✬✉♥❡ ❙❱❉ ❛✈❡❝ F❂P∆∆∆ ❧❛ ♠❛tr✐❝❡ ❞❡s ❝♦♠♣♦s❛♥t❡s

♣r✐♥❝✐♣❛❧❡s ❡t Q ❧❛ ♠❛tr✐❝❡ ❞❡s ✧❧♦❛❞✐♥❣s✧✳ ▲♦rsq✉❡ X ❡st str✉❝t✉ré❡ ❡♥ K ❜❧♦❝s✱ ❧✬❆❈P ❞❡

X ♣❡✉t êtr❡ ❞é✜♥✐❡ ❝♦♠♠❡ ❧❛ ❙❱❉ s✉r ✉♥❡ ♠❛tr✐❝❡ ♣❛r ❜❧♦❝s ✭❝❢✳ s❡❝t✐♦♥ ✷✳✶✳✶✮ ❛✈❡❝ ✿

X =
[
X[1]| . . . |X[k]| . . . |X[K]

]
✭✷✳✸✮

= P∆∆∆
[
QT

[1]| . . . |QT
[k]| . . . |QT

[K]

]

= F
[
QT

[1]| . . . |QT
[k]| . . . |QT

[K]

]
.
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❉❛♥s ❝❡ ❝❛s✱ ❧❛ ♠❛tr✐❝❡ ❞❡s ✧❧♦❛❞✐♥❣s✧ ❡st Q =
[
QT

[1]| . . . |QT
[k]| . . . |QT

[K]

]T
❛✈❡❝ QT

[k] ✉♥ ❜❧♦❝

❞❡ ❞✐♠❡♥s✐♦♥s L× J[k]✱ ❡t F = P∆∆∆ ❧❛ ♠❛tr✐❝❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s✳

✷✳✶✳✹ ❙❱❉ ❣é♥ér❛❧✐sé❡ ♦✉ ●❙❱❉

▲❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ✈❛❧❡✉rs s✐♥❣✉❧✐èr❡s ❣é♥ér❛❧✐sé❡ ●❙❱❉ ✭●❡♥❡r❛❧✐③❡❞ ❙✐♥❣✉❧❛r ❱❛❧✉❡

❉❡❝♦♠♣♦s✐t✐♦♥✮ ❣é♥ér❛❧✐s❡ ❧❛ ❙❱❉ ❡♥ ✐♥tr♦❞✉✐s❛♥t ❧❡s ❝♦♥tr❛✐♥t❡s s✉✐✈❛♥t❡s ✿

X = P∆∆∆QT ❛✈❡❝ PTMP = QTWQ = I. ✭✷✳✹✮

▲❛ ♠❛tr✐❝❡M ❡st ✉♥❡ ♠❛tr✐❝❡ ♣♦s✐t✐✈❡ ❞é✜♥✐❡ ❞❡ ❞✐♠❡♥s✐♦♥s I×I r❡♣rés❡♥t❛♥t ❧❡s ❝♦♥tr❛✐♥t❡s

✐♠♣♦sé❡s s✉r ❧❡s ❧✐❣♥❡s ❞❡ X ✭▲❡❜❛rt ❡t ❛❧✳ ❬✶✾✼✼❪✱ ●r❡❡♥❛❝r❡ ❬✶✾✽✹❪✱ ❆❜❞✐ ❬✷✵✵✼❪✮✳ ❙✐ M

❡st ❞✐❛❣♦♥❛❧❡✱ ❧❡s é❧é♠❡♥ts ❞❡ M s♦♥t ❛♣♣❡❧és ❧❡s ♠❛ss❡s✳ ▲❛ ♠❛tr✐❝❡ W ❡st ✉♥❡ ♠❛tr✐❝❡

❞é✜♥✐❡ ♣♦s✐t✐✈❡ ❞❡ ❞✐♠❡♥s✐♦♥s J × J r❡♣rés❡♥t❛♥t ❧❡s ❝♦♥tr❛✐♥t❡s ✐♠♣♦sé❡s s✉r ❧❡s ❝♦❧♦♥♥❡s

❞❡ X✳ ❙✐ W ❡st ❞✐❛❣♦♥❛❧❡✱ ❧❡s é❧é♠❡♥ts ❞❡ W s♦♥t ❛♣♣❡❧és ❧❡s ♣♦✐❞s✳

✷✳✶✳✺ Pr♦♣r✐étés ❞❡ ❧❛ ●❙❱❉

❚♦✉t ❝♦♠♠❡ ❧❛ ❙❱❉✱ ❧❛ ●❙❱❉ ♣❡r♠❡t ❧❛ ♠❡✐❧❧❡✉r❡ r❡❝♦♥st✐t✉t✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡ ♦r✐❣✐♥❛❧❡

♣❛r ✉♥❡ ♠❛tr✐❝❡ ❞❡ r❛♥❣ ✐♥❢ér✐❡✉r❡✳ ▲❛ ♠❡✐❧❧❡✉r❡ ♠❛tr✐❝❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣ ✶ ❞❡ X

❡st ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞✉ ❝❛rré ♣♦♥❞éré ❞❡ ❧❛ ♥♦r♠❡ W✲❣é♥ér❛❧✐sé❡ ♣♦♥❞éré❡

♣❛r ❧❡s ♠❛ss❡s M ✿

argmin
X(1)

∥∥∥X−X(1)
∥∥∥
2

W
= argmin

X(1)

(
tr
(
M1/2(X−X(1))W(X−X(1))TM1/2

))
, ✭✷✳✺✮

♦ù

X(1) ≡ δ1p1q
T
1 = f1q

T
1 . ✭✷✳✻✮

▲❛ ❞é♠♦♥str❛t✐♦♥ ❡st ❢♦✉r♥✐❡ ❡♥ ❛♥♥❡①❡ ❊✳

✷✳✶✳✻ ●❙❱❉ ❛♣♣❧✐q✉é❡ à ✉♥❡ ♠❛tr✐❝❡ str✉❝t✉ré❡ ♣❛r ❜❧♦❝s

❖♥ ♣❡✉t é❝r✐r❡ ❧❛ ●❙❱❉ ♣❛r ❜❧♦❝s q✉❛♥❞ ❧❛ ♠❛tr✐❝❡X ❡st str✉❝t✉ré❡ ❡♥K ❜❧♦❝s✳ ❉❛♥s ❝❡

❝❛s ♦♥ r❡tr♦✉✈❡ ❧✬❡①♣r❡ss✐♦♥ ✭✷✳✹✮ ♠❛✐s ❛✈❡❝M ✉♥❡ ♠❛tr✐❝❡ I×I✱Q =
[
QT

[1]| . . . |QT
[k]| . . . |QT

[K]

]T

❡t W ✉♥❡ ♠❛tr✐❝❡ J × J ❞é✜♥✐❡ ♣♦s✐t✐✈❡ q✉✐ ♣❡✉t êtr❡ é❝r✐t❡ s♦✉s ❧❛ ❢♦r♠❡ ✿

W = diag
([

WT
[1]| . . . |WT

[k]| . . . |WT
[K]

])
, ✭✷✳✼✮
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❛✈❡❝ W[k] ❞❡ ❞✐♠❡♥s✐♦♥s J[k] × J[k] ❡t W ✉♥❡ ♠❛tr✐❝❡ ❜❧♦❝ ❞✐❛❣♦♥❛❧❡ ❞♦♥t ❧❡s ❜❧♦❝s s♦♥t

❝♦♥❢♦r♠❡s à ❝❡✉① ❞❡ ❧❛ ♠❛tr✐❝❡ Q✳

✷✳✶✳✼ Pr♦♣r✐étés ❞✬✉♥❡ ●❙❱❉ ❛♣♣❧✐q✉é❡ à ✉♥❡ ♠❛tr✐❝❡ str✉❝t✉ré❡ ♣❛r
❜❧♦❝s

❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❞❛♥s ✷✳✶✳✺✱ ❧❛ ♠❡✐❧❧❡✉r❡ ♠❛tr✐❝❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣ ✶

X(1) ❞❡ X str✉❝t✉ré❡ ♣❛r ❜❧♦❝s ❡st ❧❛ s♦❧✉t✐♦♥ ❛✉ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ✭✷✳✺✮✳ ❈❡♣❡♥❞❛♥t

à ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ✭❊✳✾✮ ❡①♣❧✐❝✐té❡ ❡♥ ❛♥♥❡①❡✱ ❧✬❡①♣r❡ss✐♦♥
∥∥X−X(1)

∥∥2
W

♣❡✉t s✬é❝r✐r❡

❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❜❧♦❝s ✭❞é✜♥✐s à ♣r✐♦r✐✮ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

∥∥∥X−X(1)
∥∥∥
2

W
= tr

(
M

1
2 (X−X(1))W(X−X(1))TM

1
2

)
✭✷✳✽✮

= ‖X‖2W − 2δ tr(M
1
2pqTWXTM

1
2 ) + δ2

= ‖X‖2W − 2δ

K∑

k=1

tr(M
1
2p1q

T
1,[k]W[k]X

T
[k]M

1
2 ) + δ2,

♦ù qT
1❂✭q1,[1]✱✳ ✳ ✳ ✱q1,[k]✱✳ ✳ ✳ ✱q1,[K])

T ❧❛ ♣r❡♠✐èr❡ ❧✐❣♥❡ ❞❡ QT ❛✈❡❝ q1,[k] ✉♥ ✈❡❝t❡✉r ❞❡ ❞✐✲

♠❡♥s✐♦♥ J[k] × 1✳ ❈❡tt❡ é❝r✐t✉r❡ ❡st très ✉t✐❧❡ ❡♥ ✈✉❡ ❞❡ s♦♥ ✉t✐❧✐s❛t✐♦♥ ❞❛♥s ❧❡s ♠ét❤♦❞❡s

s♣❛rs❡ q✉✐ s❡r♦♥t ❞é✜♥✐❡s ♣❛r ❧❛ s✉✐t❡✳

✷✳✶✳✽ ❆♥❛❧②s❡ ❞❡s ❝♦rr❡s♣♦♥❞❛♥❝❡s ❝♦♠♠❡ ●❙❱❉

▲✬❛♥❛❧②s❡ ❞❡s ❝♦rr❡s♣♦♥❞❛♥❝❡s ❡st ✉♥❡ ♠ét❤♦❞❡ st❛t✐st✐q✉❡ ❞❡ ✈✐s✉❛❧✐s❛t✐♦♥ ❞✬❛ss♦❝✐❛✲

t✐♦♥s ❡♥tr❡ ❧✐❣♥❡s ❡t ❝♦❧♦♥♥❡s ❞✬✉♥❡ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ N ❞❡ ❞✐♠❡♥s✐♦♥s I × J ✳ N ❡st

✉♥❡ ♠❛tr✐❝❡ ❞❡ ♥♦♠❜r❡s ♣♦s✐t✐❢s ✭♦♥ s✉♣♣♦s❡ q✉✬❛✉❝✉♥❡ ❧✐❣♥❡ ♦✉ ❝♦❧♦♥♥❡ ♥✬❡st ❡♥t✐èr❡♠❡♥t

♥✉❧❧❡✮✳ ❖♥ ❞é✜♥✐t X ❝♦♠♠❡ ❧❛ ♠❛tr✐❝❡ ❞é❞✉✐t❡ ❞❡ N t❡❧❧❡ q✉❡ ✿

X =
1

I
N. ✭✷✳✾✮

❖♥ ❞é✜♥✐t ✿

• r = X✶ ❧❡ ✈❡❝t❡✉r ❞❡s ♣r♦♣♦rt✐♦♥s ♠❛r❣✐♥❛❧❡s ❞❡s ❧✐❣♥❡s

• c = XT✶ ❧❡ ✈❡❝t❡✉r ❞❡s ♣r♦♣♦rt✐♦♥s ♠❛r❣✐♥❛❧❡s ❞❡s ❝♦❧♦♥♥❡s

• Dr = diag(r)
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• Dc = diag(c)✳

P♦✉r ❧❛ ●❙❱❉ ❞❡ X = X − r❝T s♦✉s ❧❡s ❝♦♥tr❛✐♥t❡s M ❡t W ♦♥ ♣♦s❡ M = Dr
−1 ❡t

W = Dc
−1✳ ❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❧❛ ●❙❱❉ ❞❡ X ❡st ✿

X = P∆∆∆QT ❛✈❡❝ PTDr
−1P = QTDc

−1Q = I. ✭✷✳✶✵✮

▲❛ ♠❛tr✐❝❡ ❞❡s ❝♦♦r❞♦♥♥é❡s ❞❡s ♣r♦✜❧s ❧✐❣♥❡s F ❡t ❞❡s ❝♦♦r❞♦♥♥é❡s ❞❡s ♣r♦✜❧s ❝♦❧♦♥♥❡s G

s♦♥t✱ r❡s♣❡❝t✐✈❡♠❡♥t ✿

F = Dr
−1P∆∆∆ ✭✷✳✶✶✮

G = Dc
−1Q∆∆∆.

✷✳✶✳✾ ❉❡ ❧✬❛♥❛❧②s❡ ❞❡s ❝♦rr❡s♣♦♥❞❛♥❝❡s à ❧✬❛♥❛❧②s❡ ❞❡s ❝♦rr❡s♣♦♥❞❛♥❝❡s
♠✉❧t✐♣❧❡s

❙✉♣♣♦s♦♥s ❧❡ t❛❜❧❡❛✉ ♦r✐❣✐♥❛❧ ❞❡ ❞♦♥♥é❡s ❝❛té❣♦r✐❡❧❧❡s ❞❡ ❞✐♠❡♥s✐♦♥s I × J ✳ ▲✬❆❈▼

❝♦♥✈❡rt✐t ❧❡s ✈❛r✐❛❜❧❡s ❝❛té❣♦r✐❡❧❧❡s ❡♥ ♠❛tr✐❝❡ ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞✐❝❛tr✐❝❡s ♦ù ❧❡s ❞♦♥♥é❡s ❝❛té✲

❣♦r✐❡❧❧❡s ♦♥t été r❡❝♦❞é❡s ❡♥ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s✳ ❙✐ ❧❛ k✲è♠❡ ✈❛r✐❛❜❧❡ ♣♦ssè❞❡ J[k] ❝❛té❣♦r✐❡s✱

❧❛ ♠❛tr✐❝❡ ✐♥❞✐❝❛tr✐❝❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ❛✉r❛ J =

K∑

k=1

J[k] ❝♦❧♦♥♥❡s✳ ❆✐♥s✐✱ ❧✬❆❈▼ ❡st ♦❜t❡♥✉❡

♣❛r ✉♥❡ ❛♥❛❧②s❡ ❞❡s ❝♦rr❡s♣♦♥❞❛♥❝❡s st❛♥❞❛r❞ s✉r ❞❡s ❜❧♦❝s ❞❡ ♠❛tr✐❝❡s ✐♥❞✐❝❛tr✐❝❡s✳ ▲❛

sP❈❆✲r❙❱❉ ❞é✜♥✐❡ ❡♥ s❡❝t✐♦♥ ✶✳✶✳✷✳✸ ♣❡✉t ❛❧♦rs êtr❡ ét❡♥❞✉❡ ❛✉ ❝❛s ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞✐❝❛✲

tr✐❝❡s str✉❝t✉ré❡s ♣❛r ❜❧♦❝s ♣♦✉r ♣❡r♠❡ttr❡ ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬❆❈▼✳

✷✳✶✳✶✵ ●❙❱❉ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡ t②♣❡ ré❣r❡ss✐♦♥

❈♦♥s✐❞ér♦♥s ❧❛ ●❙❱❉ ❞❡ X ❛✈❡❝ F = P∆∆∆ ❧❛ ♠❛tr✐❝❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s✳

▲❡s ❡st✐♠❛t❡✉rs ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ♦r❞✐♥❛✐r❡s β̂ββ s♦♥t ♦❜t❡♥✉s ❡♥ ♠✐♥✐♠✐s❛♥t ❧❛ ♥♦r♠❡

W✲❣é♥ér❛❧✐sé❡✱ s♦✉s ❧❡s ❝♦♥tr❛✐♥t❡s ❞❡ ♠❛ss❡s M ✿

β̂ββ = argmin
β

‖f1 −Xβββ‖2W . ✭✷✳✶✷✮

▲❛ s♦❧✉t✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r ✿

β̂ββ = X+
WMf1, ✭✷✳✶✸✮

❛✈❡❝ X+
W = Q∆∆∆+

WPT = (XTMX)−1WXT ✳

✽✹



✷✳✶✳ ❘❆PP❊▲❙

❙❛❝❤❛♥t q✉❡ QTWQ = I✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ QTWq1 ❡st ❧❛ ♣r❡♠✐èr❡ ❝♦❧♦♥♥❡ ❞❡ ❧❛ ♠❛tr✐❝❡

✐❞❡♥t✐té ❞❡ ❞✐♠❡♥s✐♦♥s L × L✳ ❆✐♥s✐ QTWq1 = [1, 0, . . . , 0]T ❡st ✉♥ ✈❡❝t❡✉r ❞❡ ❞✐♠❡♥s✐♦♥

L× 1✳ ❆ ♣❛rt✐r ❞❡ X = P∆∆∆QT ✱ ♦♥ ♦❜t✐❡♥t ✿

XWq1 = P∆∆∆QTWq1 ✭✷✳✶✹✮

= FQTWq1

= F



1
✳✳✳
0


 = f1.

▲❛ s♦❧✉t✐♦♥ ❞❡✈✐❡♥t ✿

β̂ββ = X+
WMf1 ✭✷✳✶✺✮

= X+
WMXWq1

= Q∆∆∆+
WPTMP∆∆∆QTWq1

= Q∆∆∆+
W∆∆∆QTWq1

= q1.

❖♥ ❡♥ ❝♦♥❝❧✉t ❛❧♦rs q✉❡ ❧❡s ✧❧♦❛❞✐♥❣s✧ q1 ♣❡✉✈❡♥t êtr❡ r❡tr♦✉✈és ❡♥ ré❣r❡ss❛♥t ❧❡s ❝♦♠♣♦✲

s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s s✉r ❧❡s J ✈❛r✐❛❜❧❡s✳

✷✳✶✳✶✶ ●❙❱❉ ré❣✉❧❛r✐sé❡

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❛✉ ♣❛r❛❣r❛♣❤❡ ✶✳✶✳✷✳✸✱ ❧❛ ❙❱❉ ♣❡✉t êtr❡ ré❣✉❧❛r✐sé❡ ❝❛r ❡❧❧❡

♣❡✉t êtr❡ ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡ ré❣r❡ss✐♦♥✳ ▲❛ ●❙❱❉ ♣♦✉✈❛♥t é❣❛❧❡♠❡♥t êtr❡

❝♦♥s✐❞éré❡ ❞❡ ❧❛ s♦rt❡✱ ❡❧❧❡ ♣❡✉t é❣❛❧❡♠❡♥t êtr❡ ré❣✉❧❛r✐sé❡✳ ❖♥ ❝♦♥s✐❞èr❡ f̃ ❡t q̃ ❞❡ ❧❛ ♠ê♠❡

♠❛♥✐èr❡ q✉❡ ♣ré❝é❞❡♠♠❡♥t✳ ❉❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ❧❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ♣❡✉t s✬é❝r✐r❡ ✿

argmin
f̃ ,q̃

∥∥∥X− f̃ q̃T
∥∥∥
2

W
+ Pλ(q̃), ✭✷✳✶✻✮

❛✈❡❝ W ✉♥❡ ♠❛tr✐❝❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡✱ Pλ(q̃) ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ❡t λ ✉♥ ♣❛r❛♠ètr❡

❞❡ ♣é♥❛❧✐s❛t✐♦♥✳ ❖♥ ♣❡✉t ❛❧♦rs é❝r✐r❡ ✿
∥∥∥X− f̃ q̃T

∥∥∥
2

W
+ Pλ(q̃) = ‖X‖2W − 2 tr(M

1
2 f̃ q̃TWXTM

1
2 ) ✭✷✳✶✼✮

+ tr(M
1
2 f̃ q̃TWq̃f̃TM

1
2 ) + Pλ(q̃)

= ‖X‖2W − 2 tr(M
1
2 f̃ q̃TWXTM

1
2 ) + δ2 tr(q̃TWq̃) + Pλ(q̃).

✽✺



✷✳✷✳ ▼➱❚❍❖❉❊ ●❘❖❯P ❙P❆❘❙❊ P❈❆ ✭●❙P❈❆✮

▲♦rsq✉❡ ❧❡s ❞♦♥♥é❡s s♦♥t ❞✐✈✐sé❡s ❡♥ K ❣r♦✉♣❡s✱ ❝❤❛❝✉♥ ❞❡ ❝❛r❞✐♥❛❧ J[k]✱ ❨✉❛♥ ❛♥❞ ▲✐♥

❬✷✵✵✺❪ ♦♥t ♣r♦♣♦sé ❧❛ ♣é♥❛❧✐s❛t✐♦♥ ❣r♦✉♣ ▲❆❙❙❖ ♣♦✉r ❝ré❡r ❞❡ ❧❛ ✧s♣❛rs✐té✧ ❛✉ ♥✐✈❡❛✉ ❞❡s

❜❧♦❝s✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❡ ♣r♦❜❧è♠❡ ❣é♥ér❛❧ ❞❡ ré❣r❡ss✐♦♥ ❛✈❡❝ K ❣r♦✉♣❡s ✿

y =
K∑

k=1

X[k]βββ[k] + εεε, ✭✷✳✶✽✮

♦ù y ❡st ✉♥ ✈❡❝t❡✉r I × 1✱ εεε ❧❡ t❡r♠❡ ❞✬❡rr❡✉r✱ X[k] ❧❛ ♠❛tr✐❝❡ ❞❡ ❞✐♠❡♥s✐♦♥s I × J[k] ❝♦r✲

r❡s♣♦♥❞❛♥t ❛✉ k✲è♠❡ ❜❧♦❝✱ ❡t βββ[k] ✉♥ ✈❡❝t❡✉r ❞❡ ❝♦❡✣❝✐❡♥ts ❞❡ ❧♦♥❣✉❡✉r J[k]✱ k = 1, . . . ,K✳

➱t❛♥t ❞♦♥♥é❡s ❞❡s ♠❛tr✐❝❡s ❞é✜♥✐❡s ♣♦s✐t✐✈❡s W[1], . . . ,W[K]✱ ❧✬❡st✐♠❛t❡✉r ❣r♦✉♣ ▲❆❙❙❖

❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ✿
∥∥∥∥∥y −

K∑

k=1

X[k]βββ[k]

∥∥∥∥∥

2

W

+ λ
K∑

k=1

∥∥∥βββ[k]

∥∥∥
W[k]

, ✭✷✳✶✾✮

♦ù λ ≥ 0 ❡st ❧❡ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❧✬❡①♣r❡ss✐♦♥ ❞❡✈✐❡♥t ✿
∥∥∥∥∥y −

K∑

k=1

X[k]q[k]

∥∥∥∥∥

2

W

+ λ
K∑

k=1

∥∥q[k]

∥∥
W[k]

, ✭✷✳✷✵✮

♦ù
∥∥q[k]

∥∥
W[k]

=
√

qT
[k]W[k]q[k] ✭✈♦✐r éq✉❛t✐♦♥ ✭✷✳✼✮✮✳

❉❛♥s ❧❡s ♣❛r❛❣r❛♣❤❡s s✉✐✈❛♥ts✱ ❧❡s ❞❡✉① ♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s ❞✉r❛♥t ❝❡ tr❛✲

✈❛✐❧ ❞❡ t❤ès❡ s♦♥t ♣rés❡♥té❡s ✿ ❧❛ ●❙P❈❆ ♣♦✉r ❧❛ sé❧❡❝t✐♦♥ ❞❡ ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s q✉❛♥t✐t❛t✐✈❡s

❡t ❧✬❆❈▼ s♣❛rs❡ ♣♦✉r ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s q✉❛❧✐t❛t✐✈❡s ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ♥♦♥ s✉♣❡r✈✐sé✳

✷✳✷ ▼ét❤♦❞❡ ●r♦✉♣ ❙♣❛rs❡ P❈❆ ✭●❙P❈❆✮

✷✳✷✳✶ ❉é✜♥✐t✐♦♥

❙♦✐t X ✉♥❡ ♠❛tr✐❝❡ I × J ❞❡ ✈❛r✐❛❜❧❡s q✉❛♥t✐t❛t✐✈❡s ❞✐✈✐sé❡ ❡♥ K s♦✉s✲♠❛tr✐❝❡s X[k]✱

k = 1, ...,K ❝♦♠♠❡ ❞é✜♥✐ ❡♥ ✭✼✮✳ ▲❛ ❙❱❉ ❞❡ X ❡st ❞é✜♥✐❡ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❞❛♥s

❧❛ ♣❛rt✐❡ ♥♦t❛t✐♦♥s✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❡ ♣r♦❜❧è♠❡ ✭✷✳✶✻✮ ♣❡✉t êtr❡ é❝r✐t ❞❡ ❧❛ ♠❛♥✐èr❡

s✉✐✈❛♥t❡ ✿

argmin
(f̃ ,q̃)

∥∥∥X− f̃ q̃T
∥∥∥
2

2
+ Pλ(q̃) = argmin

(f̃ ,q̃)

(
tr
(
(X− f̃ q̃T )T (X− f̃ q̃T )

)
+ Pλ(q̃)

)
. ✭✷✳✷✶✮

✽✻
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▲❛ ❢♦♥❝t✐♦♥ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ét❛♥t ❛❞❞✐t✐✈❡✱ Pλ(q̃) =
K∑
k=1

Pλ(q̃[k])✱ ❛✐♥s✐ ❞✬❛♣rès ✭✷✳✶✼✮ ✿

argmin
f̃ ,q̃

(
‖X‖22 − 2

K∑

k=1

tr(XT
[k]f̃ q̃

T
[k]) +

K∑

k=1

δ2 tr(q̃T
[k]q̃[k]) +

K∑

k=1

Pλ(q̃[k])

)
. ✭✷✳✷✷✮

P♦✉r tr♦✉✈❡r ❧❛ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡ ❛✉ ♣r♦❜❧è♠❡ ❞❡ ♠✐♥✐♠✐s❛t✐♦♥✱ ✉♥ ❛❧❣♦r✐t❤♠❡ ✐tér❛t✐❢ ❡st

✉t✐❧✐sé s♦✉s ❧❛ ❝♦♥tr❛✐♥t❡ ‖f̃‖2 = ‖δp̃‖2 = δ ✭❝❛r ‖p̃‖2 = 1✮ ✳

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♣♦✉r q̃ ✜①é✱ ♥♦✉s ❝❤❡r❝❤♦♥s ❧❡ f̃ q✉✐ ♠✐♥✐♠✐s❡ ❧❡ ♣r♦❜❧è♠❡✳ ■❧

♣❡✉t êtr❡ ♦❜t❡♥✉ ♣❛r ✿

f̃ = Xq̃/ ‖Xq̃‖2 . ✭✷✳✷✸✮

P❛r ❧❛ s✉✐t❡✱ ♣♦✉r f̃ ✜①é✱ ♦♥ ❝❤❡r❝❤❡ q̃✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ♠✐♥✐♠✐s❛t✐♦♥ ✭✷✳✷✷✮ ❞❡✈✐❡♥t ✿

argmin
q̃

(
‖X‖22 − 2

K∑

k=1

tr(XT
[k]f̃ q̃

T
[k]) +

K∑

k=1

δ2 tr(q̃T
[k]q̃[k]) +

K∑

k=1

Pλ(q̃[k])

)
. ✭✷✳✷✹✮

▲❡ t❡r♠❡ ‖X‖22 ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ q̃ ❡t ❧❡s ❝♦♠♣♦s❛♥t❡s q̃ ♣❡✉✈❡♥t êtr❡ ♦♣t✐♠✐sé❡s sé♣❛ré✲

♠❡♥t✳ ❆✐♥s✐ ❧❡ q̃[k] ♦♣t✐♠❛❧ ♠✐♥✐♠✐s❡ ✿

R(q̃[k]) = δ2 tr(q̃T
[k]q̃[k])− 2 tr(XT

[k]f̃ q̃
T
[k]) + Pλ(q̃[k]). ✭✷✳✷✺✮

❡t ❞é♣❡♥❞ ❞❡ ❧❛ ❢♦r♠❡ ❞✉ Pλ(.) ❝❤♦✐s✐✳

▲❡s ❞♦♥♥é❡s s♦♥t str✉❝t✉ré❡s ♣❛r ❜❧♦❝s✱ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ Pλ ❝❤♦✐s✐❡ ❡st ❞♦♥❝

❧❛ ♣é♥❛❧✐s❛t✐♦♥ ❣r♦✉♣ ▲❆❙❙❖ ❞é❝r✐t❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✶✳✻✸✮✳ ❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❧❡ q[k] ❝❤❡r❝❤é

♠✐♥✐♠✐s❡ ✿

R(q̃[k]) = δ2 tr(q̃T
[k]q̃[k])− 2 tr(XT

[k]f̃ q̃
T
[k]) + λ

∥∥q̃[k]

∥∥
2
. ✭✷✳✷✻✮

P❛r s♦✉❝✐ ❞❡ ❧✐s✐❜✐❧✐té ♦♥ ♣♦s❡ ✿

u(q̃[k]) = δ2 tr(q̃T
[k]q̃[k])− 2 tr(XT

[k]f̃ q̃
T
[k]) ✭✷✳✷✼✮

v(q̃[k]) = λ
∥∥q̃[k]

∥∥
2
.

❊t ❛✐♥s✐ R(q̃[k]) = u(q̃[k]) + v(q̃[k])✳ ▼✐♥✐♠✐s❡r R(q̃[k]) r❡✈✐❡♥t ❞♦♥❝ à ♠✐♥✐♠✐s❡r ❝❤❛q✉❡

é❧é♠❡♥t ❞❡ ❧❛ s♦♠♠❡ ✭❝✬❡st✲à✲❞✐r❡ ❧❡s ❢♦♥❝t✐♦♥s u ❡t v✮✳ ▲❡ ♠✐♥✐♠✉♠ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❡st

✽✼
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♦❜t❡♥✉ ❧♦rsq✉❡ s❛ ❞ér✐✈é❡ ❡st ♥✉❧❧❡✳ ▲❛ ❢♦♥❝t✐♦♥ u ❡st ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ ✵ ✭❧❡ ❣r❛❞✐❡♥t ♥♦té

∇u ♣❡✉t ❛❧♦rs êtr❡ ❝❛❧❝✉❧é✮ ❝❡ q✉✐ ♥✬❡st ♣❛s ❧❡ ❝❛s ♣♦✉r ❧❛ ❢♦♥❝t✐♦♥ v✳ ❊♥ ❡✛❡t✱ ❧❛ ♥♦r♠❡ L2

♥✬ét❛♥t ♣❛s ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ ✵✱ ❝✬❡st ❧❡ s♦✉s✲❣r❛❞✐❡♥t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ v ❡♥ q̃[k]✱ ♥♦té ∂v(q̃[k])✱

q✉✐ ❡st ❝❛❧❝✉❧é✳ ▲❡ ♠✐♥✐♠✉♠ ❝❤❡r❝❤é ❡st ❞♦♥❝ s♦❧✉t✐♦♥ ❞❡ ✿ ∇u(q̃[k]) + ∂v(q̃[k]) = 0✳ ❉✬❛♣rès

❧❡s ♣r♦♣r✐étés ✺ ❡t ✻ ❞é✜♥✐❡s ❞❛♥s ❧❛ ♣❛rt✐❡ ♥♦t❛t✐♦♥s ♦♥ ♦❜t✐❡♥t ✿

∇u(q̃[k]) = 2δ2q̃[k] − 2XT
[k]f̃ . ✭✷✳✷✽✮

▲✬éq✉❛t✐♦♥ ✭✷✳✷✽✮ ét❛♥t ❧❡ rés✉❧t❛t ❞❡ ❧❛ ❙❱❉✱ ❧❡s s♦❧✉t✐♦♥s ♦♣t✐♠❛❧❡s ❝♦rr❡s♣♦♥❞❡♥t à

q = q1 ❡t f = f1✳ ❊♥ ❝♦♥❝❧✉s✐♦♥✱ à ♣❛rt✐r ❞❡ ❝❡ rés✉❧t❛t ❡t ❞❡ ❧❛ ♣r♦♣r✐été ✽✱ ♦♥ ❡♥ ❞é❞✉✐t

q✉❡ ✿

s✐ q1,[k] 6= ✵

2δ21q̃1,[k] − 2XT
[k]f̃1 + λ

q1,[k]∥∥q1,[k]

∥∥
2

= 0, ✭✷✳✷✾✮

s✐ q1,[k] = ✵ ∥∥∥2XT
[k]f1

∥∥∥
2
≤ λ. ✭✷✳✸✵✮

▲❡s ❡①♣r❡ss✐♦♥s ✭✷✳✷✾✮ ❡t ✭✷✳✸✵✮ ♣❡✉✈❡♥t s✬é❝r✐r❡ ✿

XT
[k]f̃1 = δ21q̃1,[k] +

λ

2

q̃1,[k]∥∥q̃1,[k]

∥∥
2

✭✷✳✸✶✮

∥∥∥XT
[k]f̃1

∥∥∥
2
≤ λ

2
✭✷✳✸✷✮

❊♥ ❝♦♠❜✐♥❛♥t ✭✷✳✸✶✮ ❡t ✭✷✳✸✷✮✱ ♦♥ ♦❜t✐❡♥t q✉❡ ❧❡ ♠✐♥✐♠✉♠ ❡st ❞❡ ❧❛ ❢♦r♠❡ ✿

q̃1,[k] =


1− λ

2δ21

1∥∥∥XT
[k]f̃1

∥∥∥
2




+

XT
[k]f̃1 ✭✷✳✸✸✮

♦ù

(x)+ =

{
x ✐❢ x ≥ 0

0 ✐❢ x < 0
✭✷✳✸✹✮

▲❛ rè❣❧❡ ❞❡ s❡✉✐❧❧❛❣❡ ❤λ ♣❡✉t êtr❡ ❞é✜♥✐❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

hλ(y) =

(
1− λ

2δ21

1

‖y‖2

)

+

y, ✭✷✳✸✺✮

❛✈❡❝ y = XT
[k]f̃1✳

✽✽
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✷✳✷✳✷ ❆❧❣♦r✐t❤♠❡

▲✬❛❧❣♦r✐t❤♠❡ ❞❡ ❧❛ ●❙P❈❆ ❡st ❞é❝r✐t ❝✐✲❛♣rès ✭❛❧❣♦r✐t❤♠❡ ✼✮ ✿

❆❧❣♦r✐t❤♠ ✼ ❆❧❣♦r✐t❤♠❡ ●❙P❈❆

■♥✐t✐❛❧✐s❛t✐♦♥ ✭❊t❛♣❡ ✶✮ ✿ ❆♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ❙❱❉ à X ❡t ♦❜t❡♥t✐♦♥ ❞❡ ❧❛ ♠❡✐❧❧❡✉r❡
❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣ ✶ ❞❡ X δpq = fq ❛✈❡❝ p ❡t q ❞❡s ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s✳
❖♥ ✜①❡ q̃s = q1 ❡t f̃ s = δ1p1✳

■tér❛t✐♦♥ ✭❊t❛♣❡ ✷✮ ✿

❛✮ q̃s+1 =
[
q̃s+1
1,[1], . . . , q̃

s+1
1,[K]

]
=
[
hλ(X

T
[1]f̃

s), . . . , hλ(X
T
[K]f̃

s)
]
❀

❜✮ f̃ s+1 ❂X[k]q̃
s+1/

∥∥X[k]q̃
s+1
∥∥
2

❘é✐tèr❡r ❧✬ét❛♣❡ ✷ ❡♥ r❡♠♣❧❛ç❛♥t f̃ s ❡t q̃s ♣❛r f̃ s+1 ❡t q̃s+1 ❥✉sq✉✬à ❝♦♥✈❡r❣❡♥❝❡✳

❙t❛♥❞❛r❞✐s❛t✐♦♥ q̃s+1 ✜♥❛❧❡ ❞é✜♥✐❡ ❝♦♠♠❡ q❂q̃s+1/
∥∥q̃s+1

∥∥
2
❝♦rr❡s♣♦♥❞ ❛✉ ✧❧♦❛❞✐♥❣

s♣❛rs❡✧ ✈♦✉❧✉✳

▲❡ ❝r✐tèr❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❛♥s ❧✬ét❛♣❡ ❞❡ ré✐tér❛t✐♦♥ ❡st ❧❡ s✉✐✈❛♥t ✿

∥∥∥f̃ s+1 − f̃ s
∥∥∥ < err ✭✷✳✸✻✮

∥∥q̃s+1 − q̃s
∥∥ < err

❛✈❡❝ ✉♥❡ ♠❛r❣❡ ❞✬❡rr❡✉r ✭err✮ ✜①é❡ ♣❛r ❧✬✉t✐❧✐s❛t❡✉r ✭❞❛♥s ❧✬❡①❡♠♣❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥ ♦♥ ❝❤♦✐✲

s✐r❛ err = 10−4✮✳ ▲✬❛❧❣♦r✐t❤♠❡ ❝♦♥✈❡r❣❡ ❛ss❡③ r❛♣✐❞❡♠❡♥t ❡♥ ♣r❛t✐q✉❡✳ ❙✐ ♦♥ ✜①❡ λ = 0

❞❛♥s ❧✬❛❧❣♦r✐t❤♠❡ ❝✐✲❞❡ss✉s✱ ❧✬ét❛♣❡ ✷❛ r❡✈✐❡♥t à ❢❛✐r❡ qs+1 = XT f s ❡t ❧✬❛❧❣♦r✐t❤♠❡ ❞❡✈✐❡♥t

❧✬❛❧❣♦r✐t❤♠❡ ❜✐❡♥ ❝♦♥♥✉ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ❛❧t❡r♥és ♣♦✉r ❝❛❧❝✉❧❡r ❧❛ ❙❱❉✳ ■❧ ❝♦♥✈❡r❣❡ ❛❧♦rs

❡♥ ✉♥❡ s❡✉❧❡ ✐tér❛t✐♦♥✳ ▲❛ ♣r♦❝é❞✉r❡ ✐tér❛t✐✈❡ ❞❡ ❧❛ ●❙P❈❆ ❡st ❞é✜♥✐❡ ♣♦✉r ❞❡s ✈❡❝t❡✉rs

✉♥✐❞✐♠❡♥s✐♦♥♥❡❧s ❡t ❡st ✉t✐❧✐sé❡ ♣♦✉r ♦❜t❡♥✐r ❧❡ ♣r❡♠✐❡r ✈❡❝t❡✉r ✧s♣❛rs❡✧ ❞❡s ✧❧♦❛❞✐♥❣s✧ q1✳

▲❡s ✧❧♦❛❞✐♥❣s s♣❛rs❡✧ s✉✐✈❛♥ts qi ✭i > 1✮ ♣❡✉✈❡♥t êtr❡ ♦❜t❡♥✉s séq✉❡♥t✐❡❧❧❡♠❡♥t ✈✐❛ ✉♥❡

❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣ ✶ ❞❡s ♠❛tr✐❝❡s ❞❡s rés✐❞✉s✳ ❯♥ ❡①❡♠♣❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ●❙P❈❆

❡st ♣rés❡♥té ❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✳

✽✾
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✷✳✷✳✸ ❊①❡♠♣❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥

▲✬❡①❡♠♣❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ●r♦✉♣ ❙♣❛rs❡ P❈❆ ❝♦♥❝❡r♥❡ ✉♥ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s s✉r

❞❡s ❝r❛❜❡s ❜❧❡✉s✳ ▲❡s ❝r❛❜❡s ❜❧❡✉s ♦♥t ✉♥❡ ✈❛❧❡✉r ❝♦♠♠❡r❝✐❛❧❡ ✐♠♣♦rt❛♥t❡ ❡♥ ❈❛r♦❧✐♥❡

❞✉ ◆♦r❞ ❡t ❧✬❛♣♣❛r❡♥❝❡ ❞❡s ❝r❛❜❡s ♠❛❧❛❞❡s ❞❛♥s ❧❛ ré❣✐♦♥ s♣é❝✐✜q✉❡ ❞❡ P❛♠❧✐❝♦ ❘✐✈❡r ❡st

❞❡✈❡♥✉❡ ♣ré♦❝❝✉♣❛♥t❡ ❞❡♣✉✐s ✶✾✽✻✳ ●❡♠♣❡r❧✐♥❡ ❡t ❛❧✳ ❬✶✾✾✷❪ ♦♥t ❢❛✐t ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡ str❡ss

❡♥✈✐r♦♥♥❡♠❡♥t❛❧ ❛✛❛✐❜❧✐ss❛✐t ❧❡✉r ♦r❣❛♥✐s♠❡ ❝❡ q✉✐ ❡♠♣ê❝❤❛✐t ❧❡✉r ré♣♦♥s❡ ✐♠♠✉♥✐t❛✐r❡

❞✬é❧✐♠✐♥❡r ❧✬✐♥❢❡❝t✐♦♥ ❝❛✉sé❡ ♣❛r ✉♥❡ ❜❛❝tér✐❡ ✭❝❤✐t✐♥♦❝❧❛st✐❝ ❜❛❝t❡r✐❛✮✳ ❈❡tt❡ ❜❛❝tér✐❡ ❛ été

❝♦♥s✐❞éré❡ ❝♦♠♠❡ ét❛♥t ❧❛ ❝❛✉s❡ ❞❡s ❧és✐♦♥s ❝♦♠♣r✐s❡s ❡♥tr❡ ✺ ❡t ✷✺ ♠♠ ❞❛♥s ❧❡✉r ❝❛r❛♣❛❝❡✳

❆✜♥ ❞❡ ❞ét❡r♠✐♥❡r s✐ ❝❡tt❡ ♠❛❧❛❞✐❡ ❞❡s ❝r❛❜❡s ét❛✐t ❞✐r❡❝t❡♠❡♥t ❧✐é❡ ❛✉① t❛✉① ❞✬♦❧✐❣♦✲

é❧é♠❡♥ts tr♦✉✈és ❞❛♥s ❧❡✉r ❝♦r♣s✱ ❞❡s t✐ss✉s ❞❡ ❜r❛♥❝❤✐❡s✱ ❤é♣❛t♦♣❛♥❝ré❛s ❡t ❞❡s ♠✉s❝❧❡s ♦♥t

été ♣ré❧❡✈és s✉r ✹✽ ❝r❛❜❡s ❞♦♥t ✶✻ ❝r❛❜❡s s❛✐♥s ✈❡♥❛♥t ❞✬❆❧❜❡♠❛r❧❡ ❙♦✉♥❞✱ ✶✻ ❝r❛❜❡s s❛✐♥s

✈❡♥❛♥t ❞❡ P❛♠❧✐❝♦ ❘✐✈❡r ❡t ❡♥✜♥ ✶✻ ❝r❛❜❡s ♠❛❧❛❞❡s ✈❡♥❛♥t ❞❡ P❛♠❧✐❝♦ ❘✐✈❡r✳ ▲❛ ✜❣✉r❡ ✷✳✸

✐❧❧✉str❡ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❞✉ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s✳ ❱✐♥❣t✲❝✐♥q ♦❧✐❣♦✲é❧é♠❡♥ts ✐ss✉s ❞❡s tr♦✐s

t✐ss✉s ♦♥t été ❛♥❛❧②sés ♣♦✉r ❝❤❛❝✉♥ ❞❡s ❝r❛❜❡s✳ ▲❡ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❡st ❝♦♠♣♦sé ❞❡

I = 48 ♦❜s❡r✈❛t✐♦♥s ✭❝r❛❜❡s✮ ❡t J = 75 ✈❛r✐❛❜❧❡s q✉❛♥t✐t❛t✐✈❡s ✭✷✺ ❜❧♦❝s ❞✬♦❧✐❣♦✲é❧é♠❡♥ts

❛♥❛❧②sés s✉r ✸ t✐ss✉s ❞✐✛ér❡♥ts✮✳ ▲❡s ❞♦♥♥é❡s s♦♥t ♥❛t✉r❡❧❧❡♠❡♥t str✉❝t✉ré❡s ♣❛r ❜❧♦❝s ✿

✷✺ ❜❧♦❝s ❞❡ ✸ ✈❛r✐❛❜❧❡s s✉r ✹✽ ❝r❛❜❡s✳

❋✐❣✉r❡ ✷✳✸ ✕ ❈♦♠♣♦s✐t✐♦♥ ❞✉ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❞❡s ❝r❛❜❡s✳
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❋✐❣✉r❡ ✷✳✹ ✕ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ✈❛r✐❛♥❝❡ ♦❜t❡♥✉ ♣❛r
❆❈P ♣♦✉r ❧❡s ♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ✉♥❡ ❆❈P ❛ été ré❛❧✐sé❡ s✉r ❝❡s ❞♦♥♥é❡s ❛✜♥ ❞✬❡①♣❧♦r❡r ❧❡s

❧✐❡♥s ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ✈❛r✐❛❜❧❡s ❡t ❞❡ ✈✐s✉❛❧✐s❡r ❧❛ ré♣❛rt✐t✐♦♥ ❞❡s ❝r❛❜❡s ❡♥ ❢♦♥❝t✐♦♥

❞❡ ❧❡✉r ♣r♦✈❡♥❛♥❝❡ ❡t ❞❡ ❧❡✉r ét❛t ❞❡ s❛♥té✳ ❙❡✉❧❡s ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s s♦♥t

❝♦♥s✐❞éré❡s ✭rè❣❧❡ ❞✉ ❝♦✉❞❡✱ ✈♦✐r ✜❣✉r❡ ✷✳✹✮✳ ▲❛ ✜❣✉r❡ ✷✳✺ r❡♣rés❡♥t❡ ❧❛ ré♣❛rt✐t✐♦♥ ❞❡s

❝r❛❜❡s s✉r ❧❡ ♣r❡♠✐❡r ♣❧❛♥ ✭❡♥ ❜❧❡✉✱ ❧❡s ❝r❛❜❡s s❛✐♥s ❞✬❆❧❜❡♠❛r❧❡ ❙♦✉♥❞✱ ❡♥ ✈❡rt ❧❡s ❝r❛❜❡s

s❛✐♥s ❞❡ P❛♠❧✐❝♦ ❘✐✈❡r ❡t ❡♥ r♦✉❣❡ ❧❡s ❝r❛❜❡s ♠❛❧❛❞❡s ❞❡ P❛♠❧✐❝♦ ❘✐✈❡r✮✳ ▲❡ ♣r❡♠✐❡r

❛①❡ ♦♣♣♦s❡ ❧❡s ❝r❛❜❡s ❞✬❆❧❜❡♠❛r❧❡ ❙♦✉♥❞ ❛✉① ❝r❛❜❡s ♠❛❧❛❞❡s ❞❡ P❛♠❧✐❝♦ ❘✐✈❡r✳ ❈❡tt❡

❞✐♠❡♥s✐♦♥ ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧✐é❡ ❛✉ t❛✉① ❞✬♦❧✐❣♦✲é❧é♠❡♥ts ❝♦♥t❡♥✉s ❞❛♥s ❧❡s ♣♦✉♠♦♥s

✭❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧❡ ❝✉✐✈r❡✮✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❡s ❝r❛❜❡s ❞✬❆❧❜❡♠❛r❧❡ ❙♦✉♥❞ s❡

❞✐st✐♥❣✉❡♥t ❞❡s ❝r❛❜❡s ♠❛❧❛❞❡s ❞❡ P❛♠❧✐❝♦ ❘✐✈❡r ♣❛r ✉♥ ❢♦rt t❛✉① ❞✬♦❧✐❣♦✲é❧é♠❡♥ts ❝✉✐✈r❡

❞❛♥s ❧❡s ♣♦✉♠♦♥s ❡t ✉♥ ❢❛✐❜❧❡ t❛✉① ❞❡s ❛✉tr❡s ♦❧✐❣♦✲é❧é♠❡♥ts✳

▲❡ ❞❡✉①✐è♠❡ ❛①❡ ♦♣♣♦s❡ ❧❡s ❝r❛❜❡s s❛✐♥s ❞❡ P❛♠❧✐❝♦ ❘✐✈❡r ✭❝♦rré❧❛t✐♦♥ ♣♦s✐t✐✈❡ à ❧✬❛①❡ ✷✮

❛✉① ❛✉tr❡s✳ ▲❡s ✈❛r✐❛❜❧❡s q✉✐ ❝♦rr❡s♣♦♥❞❡♥t ❛✉① t❛✉① ❞✬♦❧✐❣♦✲é❧❡♠❡♥ts ♣♦t❛ss✐✉♠ ❡t ♠❛❣♥é✲

s✐✉♠ ✭❝♦rré❧❛t✐♦♥ ♣♦s✐t✐✈❡✮ ❛✐♥s✐ q✉❡ ❝❛❞✐✉♠ ✭❝♦rré❧❛t✐♦♥ ♥é❣❛t✐✈❡✮ s♦♥t ❧❡s ♣❧✉s ❝♦♥tr✐❜✉✲
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t✐✈❡s ❞❡ ❝❡tt❡ ❞✐♠❡♥s✐♦♥✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❡s ❝r❛❜❡s s❛✐♥s ❞❡ P❛♠❧✐❝♦ ❘✐✈❡r s❡ ❞✐st✐♥❣✉❡♥t

❞❡s ❛✉tr❡s ♣❛r ✉♥ ❢♦rt t❛✉① ❞✬♦❧✐❣♦✲é❧é♠❡♥ts ♣♦t❛ss✐✉♠ ❡t ♠❛❣♥és✐✉♠ ❡t ♣❛r ✉♥ ❢❛✐❜❧❡ t❛✉①

❞✬♦❧✐❣♦✲é❧é♠❡♥t ❝❛❞✐✉♠✳

❋✐❣✉r❡ ✷✳✺ ✕ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ❝r❛❜❡s s✉r ❧❡ ♣r❡♠✐❡r ♣❧❛♥ ✭❆❈P✮✳

P❛r ❧❛ s✉✐t❡✱ ❧✬❆❈P s♣❛rs❡ ❞❡ ❩♦✉ ❡t ❛❧✳ ❬✷✵✵✻❪ ❡t ❧❛ ●❙P❈❆ ♦♥t été ré❛❧✐sé❡s s✉r ❝❡

t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❛✜♥ ❞❡ sé❧❡❝t✐♦♥♥❡r ❞❡s ✈❛r✐❛❜❧❡s ❡t ❞❡s ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ✭❝✬❡st✲à✲❞✐r❡

❞❡s ♦❧✐❣♦✲é❧é♠❡♥ts✮✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ s✉r ❝❤❛❝✉♥ ❞❡s ❛①❡s✳ P❧✉s✐❡✉rs ✈❛❧❡✉rs ❞✉ ♣❛r❛♠ètr❡ ❞❡

♣é♥❛❧✐s❛t✐♦♥ λ ✭❝♦♠♣r✐s❡s ❡♥tr❡ ✵ ❡t ✶✵✮ ♦♥t été t❡sté❡s ♣♦✉r ❧❛ ●❙P❈❆ ❡t ❧❡s ❞❡✉① ✈❛❧❡✉rs

λ1 ❡t λ2 ♣♦✉r ❧✬❆❈P s♣❛rs❡ ♦♥t été ❝❤♦✐s✐❡s ❞❡ ♠❛♥✐èr❡ à ❝❡ q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s

sé❧❡❝t✐♦♥♥é❡s ♣❛r ❛①❡ ❝♦rr❡s♣♦♥❞❡ à ❝❡❧✉✐ ❞❡ ❧❛ ●❙P❈❆ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ✈❛❧❡✉rs ❞✉ λ✳

▲❛ t❛❜❧❡ ✷✳✶ ♣rés❡♥t❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s s✉r ❧❛ ♣r❡♠✐èr❡ ❡t ❧❛ ❞❡✉①✐è♠❡

❝♦♠♣♦s❛♥t❡✱ ❧❡ t❡♠♣s ✭❈P❯ ❚✐♠❡ ❡♥ s❡❝♦♥❞❡s✮ ❡t ❧❡ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ✭♣♦✉r ❧✬❡♥s❡♠❜❧❡

❞❡s ❞❡✉① ♣r❡♠✐èr❡s ❈Ps✮ ♥é❝❡ss❛✐r❡s à ❧✬❛❧❣♦r✐t❤♠❡ ♣♦✉r ❝♦♥✈❡r❣❡r✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r

❞❡ λ ✭❝♦♠♣r✐s❡s ❡♥tr❡ ✵ ❡t ✶✵✮✳
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▲✬❛❧❣♦r✐t❤♠❡ ❝♦♥✈❡r❣❡ q✉❡❧ q✉❡ s♦✐t ❧❛ ✈❛❧❡✉r ❞❡ λ ❡t ❝♦♠♠❡ ❛tt❡♥❞✉✱ ❧❡ t❡♠♣s ♠✐s

♣♦✉r ❝♦♥✈❡r❣❡r ❡st ♣❧✉s ✐♠♣♦rt❛♥t ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ❡st é❧❡✈é✳ ▲❡ t❡♠♣s ❞❡

❝♦♥✈❡r❣❡♥❝❡ ❡st ♣❧✉s ❧♦♥❣ ♣♦✉r ❧✬❆❈P s♣❛rs❡ q✉❡ ♣♦✉r ❧❛ ●❙P❈❆ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ✈❛❧❡✉rs

❞❡ λ✳ ❈❡❝✐ ♣r♦✉✈❡ ❧✬❡✣❝❛❝✐té ❞❡ ❝❡tt❡ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡✳

❚❛❜❧❡ ✷✳✶ ✕ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ❚❡♠♣s ✭❡♥ s❡❝♦♥❞❡s✮ ❡t ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ♥é❝❡ss❛✐r❡s à ❧❛
❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✈❛❧❡✉rs ❞❡ λ ♣♦✉r ❧✬❆❈P s♣❛rs❡ ❡t ❧❛ ●❙P❈❆✳

❱❛❧❡✉rs ❞❡ λ ✵ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵
◆❜ ✈❛r✳ ❈P✶ ✼✺ ✼✺ ✼✷ ✻✻ ✺✼ ✹✷ ✸✾ ✸✸ ✷✶ ✾ ✻
◆❜ ✈❛r✳ ❈P✷ ✼✺ ✼✷ ✻✵ ✹✺ ✸✻ ✷✶ ✶✽ ✸ ✸ ✵ ✵
❈P❯ ❚✐♠❡
❙P❈❆ ✵✳✷✻ ✵✳✷✻ ✵✳✷✹ ✵✳✷✵ ✶✶✳✵✽ ✷✳✷✵ ✷✳✹✹ ✵✳✻✷ ✵✳✹✵ ✵✳✵✹ ✵✳✵✻

❈P❯ ❚✐♠❡
●❙P❈❆ ✵✳✵✷ ✵✳✶✵ ✵✳✵✽ ✵✳✶✵ ✵✳✶✻ ✵✳✶✹ ✵✳✷✷ ✵✳✵✽ ✵✳✵✽ ✵✳✵✹ ✵✳✵✹

◆♦♠❜r❡ ✐tér❛t✐♦♥s
s✉r ✷ ❈Ps ✷ ✸✸ ✸✷ ✹✵ ✺✼ ✺✵ ✽✶ ✸✵ ✷✻ ✶✶ ✶✻
✭●❙P❈❆✮

▲❡s ✜❣✉r❡s ✷✳✻ ❡t ✷✳✼ ♣rés❡♥t❡♥t ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ❡t ❧❡

♣♦✉r❝❡♥t❛❣❡ ❝✉♠✉❧é ❞❡ ✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡ ✭❈P❊❱✮ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛✲

t✐♦♥ ♣♦✉r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❞✐♠❡♥s✐♦♥s✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ P❧✉s ❧❛ ✈❛❧❡✉r ❞✉ λ ❡st é❧❡✈é❡✱

♠♦✐♥s ✐❧ ② ❛ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s✳ ❖♥ ♦❜s❡r✈❡ ✉♥ ❧é❣❡r ❝♦✉❞❡ s✉r ❧❛ ✜❣✉r❡ ✷✳✻ ♣♦✉r

λ = 4, 5✳ ❙✉r ❧❛ ♣r❡♠✐èr❡ ❞✐♠❡♥s✐♦♥✱ ✺✶ ✈❛r✐❛❜❧❡s s♦♥t ❝♦♥s❡r✈é❡s✱ ❡t ❈P❊❱= 21, 61%✱ ❡t

s✉r ❧❛ ❞❡✉①✐è♠❡✱ ✸✵ ✈❛r✐❛❜❧❡s s♦♥t ❝♦♥s❡r✈é❡s✱ ❡t ❈P❊❱= 29, 46%✳ ❙✐ ♦♥ ❛✉❣♠❡♥t❡ ❧❛ ✈❛✲

❧❡✉r ❞✉ λ à ✺✱ ✹✷ ✈❛r✐❛❜❧❡s s♦♥t ❝♦♥s❡r✈é❡s s✉r ❧❛ ♣r❡♠✐èr❡ ❞✐♠❡♥s✐♦♥ ♣♦✉r ✉♥ ❈P❊❱ é❣❛❧

à ✷✵✱✺✸✪ ❡t ✷✶ ✈❛r✐❛❜❧❡s s♦♥t ❝♦♥s❡r✈é❡s s✉r ❧❛ ❞❡✉①✐è♠❡ ♣♦✉r ✉♥ ❈P❊❱ é❣❛❧ à ✷✼✱✼✸✪✳

❆✜♥ ❞❡ tr♦✉✈❡r ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ❡t ❧❛ ♣❡rt❡ ❞❡

♣♦✉r❝❡♥t❛❣❡ ❝✉♠✉❧é ❞❡ ✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡✱ ♥♦✉s ❝❤♦✐s✐r♦♥s λ = 5 q✉✐ é❧✐♠✐♥❡ ♣r❡sq✉❡ ❧❛

♠♦✐t✐é ❞❡s ✈❛r✐❛❜❧❡s s✉r ❧❛ ♣r❡♠✐èr❡ ❝♦♠♣♦s❛♥t❡ ❡t ♣❧✉s ❞✉ t✐❡rs s✉r ❧❛ ❞❡✉①✐è♠❡✱ t♦✉t ❡♥

❝♦♥s❡r✈❛♥t ✉♥ ❈P❊❱ ♣r♦❝❤❡ ❞✉ ❈P❊❱ ❞❡ ❞é♣❛rt ✭♣♦✉r λ = 0✱ ❈P❊❱= 26, 03% ♣♦✉r ❧❛

♣r❡♠✐èr❡ ❞✐♠❡♥s✐♦♥✱ ❡t ❈P❊❱= 38, 53% ♣♦✉r ❧❛ ❞❡✉①✐è♠❡✮✳ ▲❡ λ ❛✉r❛✐t é❣❛❧❡♠❡♥t ♣✉ êtr❡

❝❤♦✐s✐ ❞❡ ♠❛♥✐èr❡ ♣❧✉s ♦❜❥❡❝t✐✈❡ ♣❛r ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ✭✶✵✲❢♦❧❞ ♣❛r ❡①❡♠♣❧❡✮ ❞❡ ❧❛ ♠ê♠❡

♠❛♥✐èr❡ q✉❡ ❞❛♥s ❙❤❡♥ ❛♥❞ ❍✉❛♥❣ ❬✷✵✵✽❪✳
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❋✐❣✉r❡ ✷✳✻ ✕ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ➱✈♦❧✉t✐♦♥
❞✉ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ❡♥
❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ λ✳

❋✐❣✉r❡ ✷✳✼ ✕ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ➱✈♦❧✉t✐♦♥
❞✉ ♣♦✉r❝❡♥t❛❣❡ ❝✉♠✉❧é ❞❡ ✈❛r✐❛♥❝❡ ❡①♣❧✐✲
q✉é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛✲
❧✐s❛t✐♦♥ λ✳

❋✐❣✉r❡ ✷✳✽ ✕ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s s✉r ❧❡ ♣r❡♠✐❡r ♣❧❛♥ ✭●❙P❈❆✮
♣♦✉r λ = 5✳
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▲❛ ✜❣✉r❡ ✷✳✽ ♠♦♥tr❡ q✉❡ ♠❛❧❣ré ❧✬é❧✐♠✐♥❛t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s ✈❛r✐❛❜❧❡s s✉r ❧❡s ❞❡✉① ♣r❡✲

♠✐èr❡s ❝♦♠♣♦s❛♥t❡s ❞❡ ❧❛ ●❙P❈❆ ❧❡s ❝r❛❜❡s s♦♥t ❡♥❝♦r❡ ❜✐❡♥ ❞✐st✐♥❝ts ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r

♣r♦✈❡♥❛♥❝❡✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❡s ✈❛r✐❛❜❧❡s ❝♦♥s❡r✈é❡s ❛♣rès ●❙P❈❆ s♦♥t ♣❡rt✐♥❡♥t❡s ❡t

♣♦✉rr❛✐❡♥t ❡①♣❧✐q✉❡r ✉♥ ❧✐❡♥ ♣♦ss✐❜❧❡ ❡♥tr❡ ❧❛ ♠❛❧❛❞✐❡ ❡t ❧❡ t❛✉① ❞❡ ❝❡rt❛✐♥s ♦❧✐❣♦✲é❧é♠❡♥ts

st♦❝❦és ❞❛♥s ❧❡s t✐ss✉s ❞❡s ❝r❛❜❡s✳ ❊♥ r❡✈❛♥❝❤❡ ♦♥ ♣❡r❞ ❡♥ ♣♦✉✈♦✐r ❞✐s❝r✐♠✐♥❛♥t s✉r ❧❡

❞❡✉①✐è♠❡ ❛①❡ ❝❛r ✉♥ ♣❧✉s ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ❛ été s✉♣♣r✐♠é✳ ▲❛ ❞✐s❝r✐✲

♠✐♥❛t✐♦♥ ❡♥tr❡ ❧❡s ❝r❛❜❡s s❛✐♥s ❡t ♠❛❧❛❞❡s ❞❡ P❛♠❧✐❝♦ r✐✈❡r ❡st ♠♦✐♥s ✢❛❣r❛♥t❡ q✉❡ ❞❛♥s

❧✬❆❈▼ st❛♥❞❛r❞✳ ❙✐ ♦♥ ❝❤♦✐s✐t ✉♥❡ ✈❛❧❡✉r ❞❡ λ ♣❧✉s ❜❛ss❡✱ ✸✱✺ ❛✉ ❧✐❡✉ ❞❡ ✺ ♣❛r ❡①❡♠♣❧❡✱

❛❧♦rs ✸✾ ✈❛r✐❛❜❧❡s s♦♥t ❝♦♥s❡r✈é❡s s✉r ❧❡ ❞❡✉①✐è♠❡ ❛①❡ ❡t ❧❛ ❞✐s❝r✐♠✐♥❛t✐♦♥ ❞❡s ❝r❛❜❡s s❛✐♥s

❡t ♠❛❧❛❞❡s ❡st ♣❛r❢❛✐t❡✳ ▲❡ ❝❤♦✐① ❞✉ λ ❞é♣❡♥❞ ❞♦♥❝ ❞✉ ❜✉t r❡❝❤❡r❝❤é✳

▲❡ t❛❜❧❡❛✉ ✷✳✷ rés✉♠❡ ❡t ❝♦♠♣❛r❡ ❧❡s ✧❧♦❛❞✐♥❣s✧ ❡t ❧❡s ✈❛r✐❛♥❝❡s ♦❜t❡♥✉s à ❧✬❛✐❞❡ ❞❡

❧✬❆❈P✱ ❞❡ ❧✬❆❈P s♣❛rs❡ ❞❡ ❩♦✉ ❡t ❛❧✳ ❬✷✵✵✻❪ ❡t ❞❡ ❧❛ ●❙P❈❆ ♣♦✉r ❧❡s ✻ ❜❧♦❝s ❞✬♦❧✐❣♦✲é❧é♠❡♥ts

❞♦♥t ❧❡s ✹ ❝✐tés ♣ré❝é❞❡♠♠❡♥t ✭✧❝✉✐✈r❡✧✱ ✧❝❛❞✐✉♠✧✱ ✧♣♦t❛ss✐✉♠✧ ❡t ✧♠❛❣♥és✐✉♠✧✮✳ P♦✉r

❧✬❆❈P s♣❛rs❡✱ ♦♥ ✜①❡ λ = 0 ❡t λ1 = (0, 01; 0, 2) ❞❡ ♠❛♥✐èr❡ à ❝❡ q✉❡ ❝❤❛q✉❡ ❛♣♣r♦①✐♠❛t✐♦♥

✧s♣❛rs❡✧ ❡①♣❧✐q✉❡ à ♣❡✉ ♣rès ❧❛ ♠ê♠❡ ♣❛rt ❞❡ ✈❛r✐❛♥❝❡ q✉❡ ❧❡s ❝♦♠♣♦s❛♥t❡s ❞❛♥s ❧✬❆❈P

❝❧❛ss✐q✉❡✳ P♦✉r ❧❛ ●❙P❈❆✱ ❧❡ λ ❡st ✜①é à ✺✳ ▲✬❆❈P s♣❛rs❡ ♥❡ sé❧❡❝t✐♦♥♥❡ q✉❡ ❝❡rt❛✐♥❡s

✈❛r✐❛❜❧❡s✱ s❛♥s t❡♥✐r ❝♦♠♣t❡ ❞❡ ❧✬❛♣♣❛rt❡♥❛♥❝❡ ❞❡s ✈❛r✐❛❜❧❡s ❛✉ ❜❧♦❝ ❝♦rr❡s♣♦♥❞❛♥t ❝❛r

❡❧❧❡ ♥❡ ❝♦♥s✐❞èr❡ ♣❛s ❧❡s str✉❝t✉r❡s ♣❛r ❜❧♦❝s ❝♦♥tr❛✐r❡♠❡♥t à ❧❛ ●❙P❈❆✳ ▲✬❆❈P s♣❛rs❡

✐❞❡♥t✐✜❡ ❝♦rr❡❝t❡♠❡♥t ❧❡s ✈❛r✐❛❜❧❡s ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐✈❡s tr♦✉✈é❡s ❞❛♥s ❧✬❆❈P ♣♦✉r ❧❡s ❞❡✉①

♣r❡♠✐èr❡s ❞✐♠❡♥s✐♦♥s✳ ▲❛ ●❙P❈❆ sé❧❡❝t✐♦♥♥❡ ❧❡ ❜❧♦❝ ❡♥t✐❡r ❞❡ ✈❛r✐❛❜❧❡s ❝♦rr❡s♣♦♥❞❛♥t ❡t

✜①❡ ❧❡s ❛✉tr❡s à ③ér♦✳ ▲❛ ✈❛r✐❛♥❝❡ ❛❥✉sté❡ ❡st q✉❛s✐♠❡♥t ❧❛ ♠ê♠❡ ♣♦✉r ❧❡s ✸ ♠ét❤♦❞❡s ♠❛✐s

❧❛ ●❙P❈❆ ♣r♦❞✉✐t ❞❡s ✧❧♦❛❞✐♥❣s s♣❛rs❡✧ ❝❡ q✉✐ ❢❛❝✐❧✐t❡ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❡t ❧❛ ✈✐s✉❛❧✐s❛t✐♦♥

❞❡s rés✉❧t❛ts✳ ▲❡s rés✉❧t❛ts ❞❡ ❧❛ ●❙P❈❆ r❡❝♦✉♣❡♥t ❝❡✉① ❞❡ ❧✬❆❈P s♣❛rs❡ ♠❛✐s ❞❡s ❜❧♦❝s ❞❡

✈❛r✐❛❜❧❡s ❡♥t✐❡rs s♦♥t s✉♣♣r✐♠és✱ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ ❢❛❝✐❧✐t❡r ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ❡t ❞❡

✈✐s✉❛❧✐s❡r ♣❧✉s r❛♣✐❞❡♠❡♥t ❧❡s ♦❧✐❣♦✲é❧é♠❡♥ts ✭❡t ♥♦♥ ♣❧✉s ✉♥✐q✉❡♠❡♥t ❝❡rt❛✐♥❡s ♠♦❞❛❧✐tés✮

♣♦t❡♥t✐❡❧❧❡♠❡♥t ❧✐és à ❧❛ ♠❛❧❛❞✐❡ ❞❡s ❝r❛❜❡s ❜❧❡✉s✳
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❚❛❜❧❡ ✷✳✷ ✕ ❉♦♥♥é❡s ❝r❛❜❡s ✿ ✧▲♦❛❞✐♥❣s✧ ❡t ✈❛r✐❛♥❝❡s ♦❜t❡♥✉s ❛✈❡❝ ❆❈P✱ ❆❈P s♣❛rs❡ ❡t
●❙P❈❆ s✉r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❞✐♠❡♥s✐♦♥s ♣♦✉r ✻ ❞❡s ✷✺ ♦❧✐❣♦✲é❧é♠❡♥ts ❛♥❛❧②sés✳

❆❈P ❆❈P s♣❛rs❡ ●❙P❈❆
❱❛r✐❛❜❧❡ ❈♦♠♣ ✶ ❈♦♠♣ ✷ ❈♦♠♣ ✶ ❈♦♠♣ ✷ ❈♦♠♣ ✶ ❈♦♠♣ ✷
P♦✉♠♦♥✳❆❧ ✵✱✶✾✺ ✲✵✱✵✹✼ ✵✱✸✵✻ ✵✱✵✵✵ ✵✱✷✼✼ ✵✱✵✵✵
❍❡♣❛t♦♣❛♥❝r❡❛s✳❆❧ ✵✱✶✷✹ ✲✵✱✵✺✶ ✵✱✵✵✵ ✵✱✵✵✵ ✵✱✶✼✹ ✵✱✵✵✵
▼✉s❝❧❡✳❆❧ ✵✱✶✻✾ ✲✵✱✵✷✷ ✵✱✶✶✵ ✲✵✱✵✵✻ ✵✱✷✹✷ ✵✱✵✵✵
P♦✉♠♦♥✳❆s ✵✱✶✽✺ ✲✵✱✵✷✷ ✵✱✸✾✼ ✵✱✵✵✵ ✵✱✷✵✼ ✵✱✵✵✵
❍❡♣❛t♦♣❛♥❝r❡❛s✳❆s ✵✱✶✷✼ ✲✵✱✶✶✸ ✵✱✵✺✹ ✵✱✵✵✵ ✵✱✶✷✶ ✵✱✵✵✵
▼✉s❝❧❡✳❆s ✵✱✶✶✼ ✵✱✶✵✾ ✵✱✵✻✼ ✵✱✵✽✹ ✵✱✶✶✺ ✵✱✵✵✵
P♦✉♠♦♥✳❈❞ ✵✱✵✵✸ ✲✵✱✷✹✶ ✵✱✵✵✵ ✲✵✱✷✼✸ ✵✱✵✵✵ ✲✵✱✸✼✸
❍❡♣❛t♦♣❛♥❝r❡❛s✳❈❞ ✲✵✱✶✵✽ ✲✵✱✷✶✻ ✲✵✱✵✽✷ ✲✵✱✶✹✷ ✵✱✵✵✵ ✲✵✱✹✽✻
▼✉s❝❧❡✳❈❞ ✲✵✱✵✶✶ ✲✵✱✶✵✽ ✲✵✱✵✽✽ ✲✵✱✶✸✵ ✵✱✵✵✵ ✲✵✱✷✹✹
P♦✉♠♦♥✳❈✉ ✲✵✱✶✽✹ ✲✵✱✵✷✷ ✲✵✱✷✾✶ ✵✱✵✵✵ ✲✵✱✶✺✼ ✲✵✱✷✷✽
❍❡♣❛t♦♣❛♥❝r❡❛s✳❈✉ ✲✵✱✶✸✵ ✲✵✱✵✽✺ ✲✵✱✶✸✸ ✵✱✵✵✵ ✲✵✱✶✶✸ ✲✵✱✷✸✾
▼✉s❝❧❡✳❈✉ ✲✵✱✶✷✵ ✲✵✱✶✾✵ ✵✱✵✵✵ ✲✵✱✷✼✸ ✲✵✱✵✾✾ ✲✵✱✸✻✺
P♦✉♠♦♥✳▼❣ ✵✱✶✶✵ ✵✱✷✶✻ ✵✱✵✼✺ ✵✱✸✽✸ ✵✱✵✻✻ ✵✱✸✵✷
❍❡♣❛t♦♣❛♥❝r❡❛s✳▼❣ ✵✱✶✶✹ ✵✱✶✻✷ ✵✱✵✷✶ ✵✱✵✼✺ ✵✱✵✽✸ ✵✱✷✶✸
▼✉s❝❧❡✳▼❣ ✵✱✶✼✼ ✲✵✱✶✶✻ ✵✱✵✷✹ ✲✵✱✵✹✶ ✵✱✶✸✶ ✵✱✵✹✶
P♦✉♠♦♥✳P ✵✱✵✽✸ ✵✱✵✼✷ ✵✱✵✵✵ ✵✱✵✵✵ ✵✱✵✵✵ ✵✱✵✵✵
❍❡♣❛t♦♣❛♥❝r❡❛s✳P ✲✵✱✵✺✶ ✵✱✷✸✼ ✵✱✵✵✵ ✵✱✹✵✾ ✵✱✵✵✵ ✵✱✵✵✵
▼✉s❝❧❡✳P ✲✵✱✶✵✵ ✵✱✷✶✷ ✲✵✱✵✷✵ ✵✱✶✺✹ ✵✱✵✵✵ ✵✱✵✵✵

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳

◆❜ ✈❛r✐❛❜❧❡s
sé❧❡❝t✐♦♥♥é❡s ✼✺ ✼✺ ✹✼ ✹✹ ✹✷ ✷✶
❱❛r✐❛♥❝❡
❛❥✉sté❡ ✭✪✮ ✷✻✱✵✸ ✶✷✱✺✵ ✶✺✱✼✵ ✾✱✸✵ ✷✵✱✺✸ ✼✱✷✵
❱❛r✐❛♥❝❡
❝✉♠✉❧é❡ ✭✪✮ ✷✻✱✵✸ ✸✽✱✺✸ ✶✺✱✼✵ ✷✺✱✵✵ ✷✵✱✺✸ ✷✼✱✼✸

❆❧ ✿ ❆❧✉♠✐♥✐✉♠✱ ❆s ✿ ❆rs❡♥✐❝✱ ❈❞ ✿ ❈❛❞✐✉♠✱ ❈✉ ✿ ❈✉✐✈r❡✱ ▼❣ ✿ ▼❛❣♥❡s✐✉♠✱ P ✿ P❤♦s♣❤♦r❡

✾✻
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✷✳✸ ❆♥❛❧②s❡ ❞❡s ❈♦rr❡s♣♦♥❞❛♥❝❡s ▼✉❧t✐♣❧❡s ❙♣❛rs❡ ✭❆❈▼
s♣❛rs❡✮

▲✬❆❈▼ ❡st ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❧✬❆❈P ♣♦✉r ❞❡s ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞✐❝❛tr✐❝❡s✱ ❝✬❡st

♣♦✉rq✉♦✐ ❧✬❆❈▼ s♣❛rs❡ ✐♥tr♦❞✉✐t❡ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❡st ❞é✜♥✐❡ ❝♦♠♠❡ ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡

❧❛ ●❙P❈❆ ❡t ❧❡ ♣r♦❜❧è♠❡ ✭✷✳✷✶✮ ♣❡✉t êtr❡ ❣é♥ér❛❧✐sé ♣♦✉r ❧✬❆❈▼ s♣❛rs❡ ✿

argmin
(f̃ ,q̃)

∥∥∥X− f̃ q̃T
∥∥∥
2

W
+ Pλ(q̃) ✭✷✳✸✼✮

❛✈❡❝ ✉♥❡ ♥♦r♠❡ W✲❣é♥ér❛❧✐sé❡ s♦✉s ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♠❛ss❡ M✳

✷✳✸✳✶ ❉é✜♥✐t✐♦♥

❙✉♣♣♦s♦♥s ✉♥❡ ♠❛tr✐❝❡ I ×K ❞❡ ✈❛r✐❛❜❧❡s ❝❛té❣♦r✐❡❧❧❡s✳ ▲❡ t❛❜❧❡❛✉ ❞✐s❥♦♥❝t✐❢ ❝♦♠♣❧❡t

❝♦rr❡s♣♦♥❞❛♥t N ❡st ❝♦♥st✐t✉é ❞❡ K s♦✉s✲♠❛tr✐❝❡s ✭♦✉ ❜❧♦❝s✮ ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞✐❝❛tr✐❝❡s N[k]✱

k = 1, . . . ,K✱ ❝❤❛❝✉♥❡ ❞❡ ❞✐♠❡♥s✐♦♥s I×J[k]✳ ▲❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ ♠♦❞❛❧✐tés ❡st J =
K∑

k=1

J[k]✳

❙é❧❡❝t✐♦♥♥❡r ✉♥❡ ❝♦❧♦♥♥❡ ❞❡ ❧❛ t❛❜❧❡ ♦r✐❣✐♥❛❧❡ ✭✈❛r✐❛❜❧❡s ❝❛té❣♦r✐❡❧❧❡s✮ r❡✈✐❡♥t à sé❧❡❝t✐♦♥✲

♥❡r ✉♥ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞✐❝❛tr✐❝❡s ❞❛♥s ❧❡ t❛❜❧❡❛✉ ❞✐s❥♦♥❝t✐❢ ❝♦♠♣❧❡t✳ ❈✬❡st ♣♦✉rq✉♦✐

❧❛ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ ♥♦♠♠é❡ ❆❈▼ s♣❛rs❡ ♣❡✉t êtr❡ ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡

❧❛ ♠ét❤♦❞❡ ♣ré❝é❞❡♠♠❡♥t ♣rés❡♥té❡ ✭●❙P❈❆✮ ❞❛♥s ❧❡ ❝❛s ❞❡ ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞✐❝❛✲

tr✐❝❡s✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❛ ●❙❱❉ ♣♦✉r ❞❡s ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞✐❝❛tr✐❝❡s✱ ❝♦♠♠❡ ❞é✜♥✐❡ ❞❛♥s

❧✬éq✉❛t✐♦♥ ✭✷✳✹✮✳ ❙♦✐t X ❧❛ ♠❛tr✐❝❡ ❞é✜♥✐❡ ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ✷✳✶✳✽✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❡

♣r♦❜❧è♠❡ ✭✷✳✸✼✮ ♣❡✉t êtr❡ é❝r✐t ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

argmin
(f̃ ,q̃)

∥∥∥X− f̃ q̃T
∥∥∥
2

W
+ Pλ(q̃) ❛✈❡❝ f̃TMf̃ = q̃TWq̃ = 1, ✭✷✳✸✽✮

❡t s♦✉s ❧❡s ❝♦♥tr❛✐♥t❡s ❞❡ ♠❛ss❡ M ♦♥ ♦❜t✐❡♥t ✿

argmin
(f̃ ,q̃)

(
tr
(
M

1
2 (X− f̃ q̃T )W(X− f̃ q̃T )TM

1
2

)
+ Pλ(q̃)

)
= ✭✷✳✸✾✮

argmin
f̃ ,q̃

(
‖X‖2W − 2 tr(M

1
2 f̃ q̃TWXTM

1
2 ) + δ2 tr(q̃TWq̃) + Pλ(q̃)

)
.

✾✼



✷✳✸✳ ❆◆❆▲❨❙❊ ❉❊❙ ❈❖❘❘❊❙P❖◆❉❆◆❈❊❙ ▼❯▲❚■P▲❊❙ ❙P❆❘❙❊ ✭❆❈▼ ❙P❆❘❙❊✮

▲❛ ❢♦♥❝t✐♦♥ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ét❛♥t ❛❞❞✐t✐✈❡✱ Pλ(q̃) =
K∑

k=1

Pλ(q̃[k]) ❡t ❧❡ ♣r♦❜❧è♠❡ ❞❡✈✐❡♥t ✿

argmin
f̃ ,q̃

(
‖X‖2W − 2

K∑

k=1

tr(M
1
2 f̃ q̃T

[k]W[k]X
T
[k]M

1
2 ) +

K∑

k=1

δ2 tr(q̃T
[k]W[k]q̃[k]) +

K∑

k=1

Pλ(q̃[k])

)
.

✭✷✳✹✵✮

P♦✉r tr♦✉✈❡r ❧❛ s♦❧✉t✐♦♥ ❛✉ ♣r♦❜❧è♠❡ ❞❡ ♠✐♥✐♠✐s❛t✐♦♥✱ ❧❡ ♠ê♠❡ ♣r✐♥❝✐♣❡ ❞✬❛❧❣♦r✐t❤♠❡

✐tér❛t✐❢ q✉❡ ❝❡❧✉✐ ❞❡ ❧❛ ●❙P❈❆ ❡st ❛♣♣❧✐q✉é✱ s♦✉s ❧❛ ❝♦♥tr❛✐♥t❡ q✉❡ p̃TMp̃ = 1✳ ❉❛♥s ✉♥

♣r❡♠✐❡r t❡♠♣s✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❡ ♣r♦❜❧è♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ s♦✉s p̃ ♣♦✉r q̃ ✜①é✳ ▲❡ p̃ ♠✐♥✐♠❛❧

❡st ♦❜t❡♥✉ ♣❛r ✿

p̃ = Xq̃/ ‖Xq̃‖W . ✭✷✳✹✶✮

❆ ♣rés❡♥t✱ s✐ ♦♥ ♦♣t✐♠✐s❡ s♦✉s q̃ ♣♦✉r p̃ ✜①é✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ♠✐♥✐♠✐s❛t✐♦♥ ✭✷✳✹✵✮ ♣❡✉t

s✬é❝r✐r❡ ✿

argmin
q̃

(
‖X‖2W +

K∑

k=1

(
δ2 tr(q̃T

[k]W[k]q̃[k])− 2 tr(M
1
2 f̃ q̃T

[k]W[k]X
T
[k]M

1
2 ) + Pλ(q̃[k])

))
.

✭✷✳✹✷✮

▲❡ t❡r♠❡ ‖X‖2W ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ q̃✱ ❧✬♦♣t✐♠✐s❛t✐♦♥ ♣❡✉t s❡ ❢❛✐r❡ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡s

❝♦♠♣♦s❛♥t❡s q̃✳ ❆✐♥s✐✱ ❧❡ q̃[k] ♦♣t✐♠❛❧ ♠✐♥✐♠✐s❡ ✿

R(q̃) = δ2 tr(q̃T
[k]W[k]q̃[k])− 2 tr(M

1
2 f̃ q̃T

[k]W[k]X
T
[k]M

1
2 ) + Pλ(q̃[k]), ✭✷✳✹✸✮

❡t ❞é♣❡♥❞ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ Pλ(.) ❝❤♦✐s✐❡✳ ▲❡s ❞♦♥♥é❡s s♦♥t str✉❝t✉ré❡s ❡♥ ❜❧♦❝s✱ ❧❛ ❢♦♥❝t✐♦♥

❞❡ ♣é♥❛❧✐té Pλ ❝❤♦✐s✐❡ ❡st ❝❡❧❧❡ ❞✉ ❣r♦✉♣ ▲❆❙❙❖ ❞é❝r✐t❡ ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ✶✳✷✳✷ ✿

Pλ(q̃) =
K∑

k=1

Pλ(q̃[k]) =
K∑

k=1

λ
∥∥q̃[k]

∥∥
W[k]

. ✭✷✳✹✹✮

❊♥ ❝♦♥❝❧✉s✐♦♥✱ q[k] ❞♦✐t ♠✐♥✐♠✐s❡r ✿

R(q̃[k]) = δ2 tr(q̃T
[k]W[k]q̃[k])− 2 tr(M

1
2 f̃ q̃T

[k]W[k]X
T
[k]M

1
2 ) + λ

∥∥q̃[k]

∥∥
W[k]

. ✭✷✳✹✺✮

❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ♣♦✉r ❧❛ ●❙P❈❆✱ ♦♥ ♣♦s❡ ✿

u(q̃[k]) = δ2 tr(q̃T
[k]W[k]q̃[k]) ✭✷✳✹✻✮

l(q̃[k]) = −2 tr(M
1
2 f̃ q̃T

[k]W[k]X
T
[k]M

1
2 )

v(q̃[k]) = λ
∥∥q̃[k]

∥∥
W[k]

.

✾✽
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❆✐♥s✐ R(q̃[k]) = u(q̃[k]) + l(q̃[k]) + v(q̃[k]) ❡t ❞♦♥❝ ♠✐♥✐♠✐s❡r R(q̃[k]) à ♠✐♥✐♠✐s❡r ❝❤❛q✉❡

é❧é♠❡♥t ❞❡ ❧❛ s♦♠♠❡ ✭❝✬❡st✲à✲❞✐r❡ ❧❡s ❢♦♥❝t✐♦♥s u✱ l ❡t v✮✳ ▲❡ ♠✐♥✐♠✉♠ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❡st

♦❜t❡♥✉ ❧♦rsq✉❡ s❛ ❞ér✐✈é❡ ❡st ♥✉❧❧❡✳ ▲❡s ❢♦♥❝t✐♦♥s u ❡t l s♦♥t ❞✐✛ér❡♥t✐❛❜❧❡s ❡♥ ✵ ♠❛✐s ❝❡

♥✬❡st ♣❛s ❧❡ ❝❛s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ v ét❛♥t ❞♦♥♥é q✉❡ ❧❛ ♥♦r♠❡ W✲❣é♥ér❛❧✐sé❡ ♥❡ ❧✬❡st ♣❛s ❡♥

✵✳ ❈✬❡st ❞♦♥❝ ❧❡ s♦✉s✲❣r❛❞✐❡♥t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ v ❡♥ q̃[k] q✉✐ ❡st ❝❛❧❝✉❧é✳ ▲❡ ♠✐♥✐♠✉♠ ❝❤❡r❝❤é

❡st ❞♦♥❝ s♦❧✉t✐♦♥ ❞❡ ✿ ∇u(q̃[k]) +∇l(q̃[k]) + ∂v(q̃[k]) = 0✳

❉✬❛♣rès ❧❛ ♣r♦♣r✐été ✷ ♦♥ ❛ q✉❡

l(q̃[k]) = −2 tr
(
M

1
2 f̃ q̃T

[k]W[k]X
T
[k]M

1
2

)
✭✷✳✹✼✮

= −2 tr
(
M

1
2X[k]W[k]q̃[k]f̃

TM
1
2

)

❡t ❛✈❡❝ ❧❛ ♣r♦♣r✐été ✻ ❝✐té❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ♥♦t❛t✐♦♥s ♣❛❣❡ ✸✸✱ ♦♥ ♦❜t✐❡♥t ✿

∇l(q̃[k]) = −2
(
M

1
2X[k]W[k]

)T (
f̃TM

1
2

)T
✭✷✳✹✽✮

= −2
(
W[k]X

T
[k]M

1
2

)(
M

1
2 f̃
)

= −2W[k]X
T
[k]Mf̃ .

P❛r ❛✐❧❧❡✉rs

∇u(q̃[k]) = 2δ2W[k]q̃[k]. ✭✷✳✹✾✮

▲❡s éq✉❛t✐♦♥s ✭✷✳✹✽✮ ❡t ✭✷✳✹✾✮ ét❛♥t ❧❡s rés✉❧t❛ts ❞❡ ❧❛ ●❙❱❉✱ ❧❡s s♦❧✉t✐♦♥s ♦♣t✐♠❛❧❡s s♦♥t

q = q1 ❡t f = f1✳ ❊♥ ❝♦♥❝❧✉s✐♦♥✱ à ♣❛rt✐r ❞❡ ❝❡ rés✉❧t❛t ❡t ❞❡ ❧❛ ♣r♦♣r✐été ✽✱ ♦♥ ❡♥ ❞é❞✉✐t

q✉❡ ✿

s✐ q1,[k] 6= ✵

− 2W[k]X
T
[k]Mf̃1 + 2δ21W[k]q̃1,[k] + λW[k]

q̃1,[k]∥∥q̃1,[k]

∥∥
W[k]

= 0 ✭✷✳✺✵✮

❡t s✐ q1,[k] = ✵ ∥∥∥−2W[k]X
T
[k]Mf̃1

∥∥∥
W[k]

≤ λW[k]. ✭✷✳✺✶✮

✾✾
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▲❡s ❡①♣r❡ss✐♦♥s ✭✷✳✺✵✮ ❡t ✭✷✳✺✶✮ ♣❡✉✈❡♥t s✬é❝r✐r❡ ✿

W[k]X
T
[k]Mf̃1 = δ21W[k]q̃1,[k] +

λ

2

W[k]q̃1,[k]∥∥q̃1,[k]

∥∥
W[k]

✭✷✳✺✷✮

∥∥∥W[k]X
T
[k]Mf̃1

∥∥∥
W[k]

≤ λ

2
W[k]. ✭✷✳✺✸✮

❖♥ ♦❜t✐❡♥t ❛❧♦rs ✿

XT
[k]Mf̃1 = δ21q̃1,[k] +

λ

2

q̃1,[k]∥∥q̃1,[k]

∥∥
W[k]

✭✷✳✺✹✮

∥∥∥XT
[k]Mf̃1

∥∥∥
W[k]

≤ λ

2
. ✭✷✳✺✺✮

❊♥ ❝♦♠❜✐♥❛♥t ✭✷✳✺✹✮ ❡t ✭✷✳✺✺✮ ❧❡ ♠✐♥✐♠✉♠ ❝❤❡r❝❤é ❡st ❞❡ ❧❛ ❢♦r♠❡ ✿

q̃1,[k] =


1− λ

2

1∥∥∥XT
[k]Mf̃1

∥∥∥
W[k]




+

1

δ21
XT

[k]Mf̃1, ✭✷✳✺✻✮

❛✈❡❝

(x)+ =

{
x ✐❢ x ≥ 0

0 ✐❢ x < 0.
✭✷✳✺✼✮

❯♥❡ rè❣❧❡ ❞❡ s❡✉✐❧❧❛❣❡ ❤λ ♣❡✉t êtr❡ ❞é✜♥✐❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

hλ(y) =

(
1− λ

2

1

‖y‖W[k]

)

+

1

δ2
y ✭✷✳✺✽✮

❛✈❡❝ y = XT
[k]Mf̃1✳

❉❛♥s ❧❡ ❝❛s ❞❡ ❧✬❆❈▼ ✿

M = Dr
−1 W = Dc

−1. ✭✷✳✺✾✮

▲❛ ♥♦r♠❡ W✲❣é♥ér❛❧✐sé❡ ♣❡✉t ❛❧♦rs êtr❡ é❝r✐t❡ ✿

‖X‖W =
√
MXWXT ✭✷✳✻✵✮

=

√
Dr

−1XDc
−1XT .

✶✵✵
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❆✐♥s✐ ❧❛ ♥♦r♠❡
∥∥∥XT

[k]Mf1

∥∥∥
W[k]

✈❛✉t
∥∥∥XT

[k]Dr
−1f1

∥∥∥
Dc

−1
[k]

❡t ❧❛ s♦❧✉t✐♦♥ ❡①♣❧✐❝✐t❡ ❛✉ ♣r♦✲

❜❧è♠❡ ❞❡ ♠✐♥✐♠✐s❛t✐♦♥ ❞❡✈✐❡♥t ✿

q̃1,[k] =


1− λ

2

1∥∥∥XT
[k]Dr

−1f̃1

∥∥∥
Dc

−1
[k]




+

1

δ21
XT

[k]Dr
−1f̃1. ✭✷✳✻✶✮

✷✳✸✳✷ ❆❧❣♦r✐t❤♠❡

▲✬❛❧❣♦r✐t❤♠❡ ❞❡ ❧✬❆❈▼ s♣❛rs❡ ✭❛❧❣♦r✐t❤♠❡ ✽✮ ❡st ❞é✜♥✐t ❝♦♠♠❡ s✉✐t ✿

❆❧❣♦r✐t❤♠ ✽ ❆❧❣♦r✐t❤♠❡ ❆❈▼ s♣❛rs❡ ♦✉ ❙♣❛rs❡ ▼✉❧t✐♣❧❡ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❆♥❛❧②s✐s
✭❙▼❈❆✮

■♥✐t✐❛❧✐s❛t✐♦♥ ✭➱t❛♣❡ ✶✮ ✿ ❆♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ●❙❱❉ s✉r X✳ ❈❛❧❝✉❧ ❞❡ ❧❛ ♠❡✐❧❧❡✉r❡
❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣ ✶ ❞❡ X δpq = fq ♦ù p ❡t q ❞❡s ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s✳
❖♥ ♣♦s❡ qs = q1 ❡t f s = δ1p1✳
■tér❛t✐♦♥ ✭➱t❛♣❡ ✷✮ ✿

❛✮ qs+1 =
[
hλ(X

T
[1]f

s), . . . , hλ(X
T
[J ]f

s)
]
❀

❜✮ f s+1 ❂X[k]q̃
s+1/

∥∥X[k]q̃
s+1
∥∥
W

❘é✐tér❡r ➱t❛♣❡ ✷ ❡♥ r❡♠♣❧❛ç❛♥t f s ❡t qs ♣❛r f s+1 ❡t qs+1 ❥✉sq✉✬à ❝♦♥✈❡r❣❡♥❝❡
❙t❛♥❞❛r❞✐s❛t✐♦♥ ✿ qs+1 ✜♥❛❧ ❡st ❞é✜♥✐t ❝♦♠♠❡ ét❛♥t q❂qs+1 ✴

∥∥qs+1
∥∥
W

❡t ❡st ❧❡
✧❧♦❛❞✐♥❣ s♣❛rs❡✧ ✈♦✉❧✉✳

▲❡s ✈❡❝t❡✉rs ✧s♣❛rs❡✧ s✉✐✈❛♥ts qi ✭i > 1✮ s♦♥t ♦❜t❡♥✉s ♣❛r ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ r❛♥❣ ✶ ❞❡s

♠❛tr✐❝❡s rés✐❞✉❡❧❧❡s✳

✶✵✶
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✷✳✸✳✸ ❊①❡♠♣❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥

❯♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ❡st ♣rés❡♥té❡ ✐❝✐ s✉r ✉♥ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❜✐❡♥ ❝♦♥♥✉ ❞❡

✷✼ r❛❝❡s ❞❡ ❝❤✐❡♥s✱ ❞é❝r✐t❡s ❛✉ ♠♦②❡♥ ❞❡ ✻ ✈❛r✐❛❜❧❡s q✉❛❧✐t❛t✐✈❡s ✭❚❡♥❡♥❤❛✉s ❬✷✵✵✼❪✮✳ ❖♥

♣♦s❡ X ❧❛ ♠❛tr✐❝❡ ❞❡s ❞♦♥♥é❡s ❞❡ ❞✐♠❡♥s✐♦♥s 27 × 6✳ ▲❡ t❛❜❧❡❛✉ ❞✐s❥♦♥❝t✐❢ ❝♦rr❡s♣♦♥❞❛♥t

❡st ❝♦♥st✐t✉é ❞❡ ✻ ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞✐❝❛tr✐❝❡s ❛✈❡❝ ✉♥ t♦t❛❧ ❞❡ ✶✻ ♠♦❞❛❧✐tés✱ s♦✐t ❞❡

❞✐♠❡♥s✐♦♥s 27× 16✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ✉♥❡ ❆❈▼ ❛ été ré❛❧✐sé❡ s✉r ❝❡s ❞♦♥♥é❡s ❛✜♥

❞✬❡①♣❧♦r❡r ❧❡s ❧✐❡♥s ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ✈❛r✐❛❜❧❡s ❡t ❝❡✉① ❡♥tr❡ ❧❡s ✐♥❞✐✈✐❞✉s✳ ❙❡✉❧❡s ❧❡s ❞❡✉①

♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s s♦♥t ❝♦♥s✐❞éré❡s✳ ▲❛ ✜❣✉r❡ ✷✳✾ r❡♣rés❡♥t❡ ❧❡s ✈❛r✐❛❜❧❡s ✭♠♦❞❛❧✐tés

❞❡s ✈❛r✐❛❜❧❡s✮ s✉r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❞✐♠❡♥s✐♦♥s ❞❡ ❧✬❆❈▼✳

❋✐❣✉r❡ ✷✳✾ ✕ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ✈❛r✐❛❜❧❡s s✉r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❞✐♠❡♥✲
s✐♦♥s ❞❡ ❧✬❆❈▼✳

❙✉r ❧✬❛①❡ ✶✱ ❧❡s ❝♦♥tr✐❜✉t✐♦♥s ❧❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s s♦♥t ❝❡❧❧❡s ❞❡s ♠♦❞❛❧✐tés ❧✐é❡s à

❧✬❛✛❡❝t✐♦♥ ❡t à ❧❛ t❛✐❧❧❡✳ ❖♥ ✈♦✐t q✉❡ ❝❡t ❛①❡ ❞✐s❝r✐♠✐♥❡ ❧❡s ❝❤✐❡♥s très ❛✛❡❝t✉❡✉① ❡t ♣❡t✐ts

✭à ❞r♦✐t❡✮ ❞❡s ♣❡✉ ❛✛❡❝t✉❡✉① ❡t ❣r❛♥❞s ✭à ❣❛✉❝❤❡✮✳ ❖♥ ♣❡✉t ❡♥ ❞é❞✉✐r❡ q✉❡ ❧❡s ❝❤✐❡♥s ❞❡

♣❡t✐t❡ t❛✐❧❧❡ ♦♥t t❡♥❞❛♥❝❡ à êtr❡ ♣❧✉s ❛✛❡❝t✉❡✉① q✉❡ ❝❡✉① ❞❡ ❣r❛♥❞❡ t❛✐❧❧❡✳ ❙✉r ❧✬❛①❡ ✷✱ ❧❡s

✶✵✷
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❝♦♥tr✐❜✉t✐♦♥s ❧❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s s♦♥t ❝❡❧❧❡s ❞✉ ♣♦✐❞s ❞❡ ❧❛ ✈é❧♦❝✐té ❡t ❞❡ ❧❛ t❛✐❧❧❡✳ ▲✬❛①❡

❞✐s❝r✐♠✐♥❡ ❧❡s ❝❤✐❡♥s ❧é❣❡rs✱ ♣❡t✐ts ❡t ❧❡♥ts ✭❡♥ ❤❛✉t✮ ❞❡ ❝❡✉① q✉✐ s♦♥t ❧♦✉r❞s ❡t ❞❡ t❛✐❧❧❡

♠♦②❡♥♥❡ ❡t r❛♣✐❞❡s ✭❡♥ ❜❛s✮✳ ▲❡s ❝❤✐❡♥s ❧é❣❡rs s♦♥t ❞♦♥❝ ♣❧✉s s♦✉✈❡♥t ❞❡s ❝❤✐❡♥s ❞❡ ♣❡t✐t❡

t❛✐❧❧❡ ♠❛✐s q✉✐ s♦♥t ♣❧✉s ❧❡♥ts q✉❡ ❧❡s ❝❤✐❡♥s ♣❧✉s ❧♦✉r❞s✳ ▲❡s ♠♦❞❛❧✐tés ❧✐é❡s à ❧✬❛❣r❡ss✐✈✐té

❡t ❧✬✐♥t❡❧❧✐❣❡♥❝❡ ♥❡ s♦♥t ♣❛s ❜✐❡♥ r❡♣rés❡♥té❡s s✉r ❝❡s ❞❡✉① ♣r❡♠✐èr❡s ❞✐♠❡♥s✐♦♥s✳

❯♥❡ ❛♣♣r♦❝❤❡ ❝♦♠♣❛r❛t✐✈❡ ❡♥tr❡ ❧✬❆❈▼ ❡t ❧✬❆❈▼ s♣❛rs❡ ❡st ♣rés❡♥té❡ s✉r ❧❡s ❞❡✉① ♣r❡✲

♠✐èr❡s ❝♦♠♣♦s❛♥t❡s✳ P❧✉s✐❡✉rs ✈❛❧❡✉rs ❞✉ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ λ ♦♥t été t❡sté❡s ♣♦✉r

❧✬❆❈▼ s♣❛rs❡ ✭❝♦♠♣r✐s❡s ❡♥tr❡ ✵ ❡t ✵✱✺✮✳ ▲❛ t❛❜❧❡ ✷✳✸ ♣rés❡♥t❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝✲

t✐♦♥♥é❡s s✉r ❧❛ ♣r❡♠✐èr❡ ❡t ❧❛ ❞❡✉①✐è♠❡ ❝♦♠♣♦s❛♥t❡✱ ❧❡ t❡♠♣s ✭❈P❯ ❚✐♠❡ ❡♥ s❡❝♦♥❞❡s✮ ❡t

❧❡ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ✭♣♦✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞❡✉① ♣r❡♠✐èr❡s ❈Ps✮ ♥é❝❡ss❛✐r❡s à ❧✬❛❧❣♦r✐t❤♠❡

♣♦✉r ❝♦♥✈❡r❣❡r✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ λ✳ ▲✬❛❧❣♦r✐t❤♠❡ ❝♦♥✈❡r❣❡ très r❛♣✐❞❡♠❡♥t✳

▲❡s ✜❣✉r❡s ✷✳✶✵ ❡t ✷✳✶✶ ♣rés❡♥t❡♥t✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ♠♦❞❛❧✐tés

sé❧❡❝t✐♦♥♥é❡s ❡t ❝❡❧✉✐ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ ❝✉♠✉❧é ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ré❣✉✲

❧❛r✐s❛t✐♦♥ λ ❝❤♦✐s✐ ❞❛♥s ❧✬❆❈▼ s♣❛rs❡✳ ❊♥ ♣♦✐♥t✐❧❧és✱ ❧❡ rés✉❧t❛t ❞❡ ❧✬❆❈▼✳ P♦✉r λ = 0, 25✱

✽ ♠♦❞❛❧✐tés s♦♥t sé❧❡❝t✐♦♥♥é❡s s✉r ❧❡ ♣r❡♠✐❡r ❛①❡ ❡t ❈P❊❱= 23, 03%✳ ❆ ♣❛rt✐r ❞❡ ❝❡tt❡

✈❛❧❡✉r ❞❡ λ✱ ❧❡ ❈P❊❱ ❞é❝r♦✐t ❢♦rt❡♠❡♥t✳ ◆♦✉s ✜①❡r♦♥s ❞♦♥❝ λ à ✵✱✷✺ ♣♦✉r ❧❛ s✉✐t❡ ❞❡ ❧✬❛♥❛✲

❧②s❡✳ ▲❡ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ ❡st r❡♣rés❡♥té à t✐tr❡ ✐♥❞✐❝❛t✐❢ ét❛♥t ❞♦♥♥é q✉✬✐❧ ♥✬❛ ♣❛s ❧❛

♠ê♠❡ s✐❣♥✐✜❝❛t✐♦♥ q✉✬❡♥ ❆❈P ✭✐♥❢♦r♠❛t✐♦♥ r❡❞♦♥❞❛♥t❡ ❧♦rs ❞❡ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✉ t❛❜❧❡❛✉

❞❡ ❇✉rt q✉✐ s♦✉s✲❡st✐♠❡ ❛❧♦rs ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞♦♥♥é✮✳ ▲❛ s❡✉❧❡ ❝♦♥s✐❞ér❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡

✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ♣❡✉t ❛❧♦rs êtr❡ s✉✣s❛♥t s✐ ❧✬✉t✐❧✐s❛t❡✉r à ✉♥❡ ✐❞é❡ à ♣r✐♦r✐ ❞✉ ♥♦♠❜r❡

❞❡ ✈❛r✐❛❜❧❡s q✉✬✐❧ s♦✉❤❛✐t❡ ❝♦♥s❡r✈❡r✳

❚❛❜❧❡ ✷✳✸ ✕ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ❚❡♠♣s ✭❡♥ s❡❝♦♥❞❡s✮ ❡t ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ♥é❝❡ss❛✐r❡s à ❧❛
❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✈❛❧❡✉rs ❞❡ λ ♣♦✉r ❧✬❆❈▼ s♣❛rs❡✳

❱❛❧❡✉rs ❞❡ λ ✵ ✵✳✶ ✵✳✷ ✵✳✷✺ ✵✳✸ ✵✳✹ ✵✳✺
◆❜ ✈❛r✳ ❈P✶ ✶✻ ✶✻ ✶✶ ✽ ✺ ✷ ✵
◆❜ ✈❛r✳ ❈P✷ ✶✻ ✶✻ ✻ ✻ ✻ ✸ ✵

◆♦♠❜r❡ ✐tér❛t✐♦♥s
s✉r ✷ ❈Ps ✵✳✵✷ ✵✳✵✻ ✵✳✵✹ ✵✳✵✻ ✵✳✵✻ ✵✳✵✷ ✵✳✵✷

❈P❯ ❚✐♠❡ ✷ ✶✵✻ ✼✶ ✼✼ ✻✵ ✼ ✷

✶✵✸



✷✳✸✳ ❆◆❆▲❨❙❊ ❉❊❙ ❈❖❘❘❊❙P❖◆❉❆◆❈❊❙ ▼❯▲❚■P▲❊❙ ❙P❆❘❙❊ ✭❆❈▼ ❙P❆❘❙❊✮

❋✐❣✉r❡ ✷✳✶✵ ✕ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ➱✈♦❧✉✲
t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ♠♦❞❛❧✐tés sé❧❡❝t✐♦♥✲
♥é❡s ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛✲
❧✐s❛t✐♦♥ λ✳

❋✐❣✉r❡ ✷✳✶✶ ✕ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ➱✈♦❧✉✲
t✐♦♥ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ ❝✉♠✉❧é ❡♥
❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ λ✳

❋✐❣✉r❡ ✷✳✶✷ ✕ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ✈❛r✐❛❜❧❡s s✉r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❞✐✲
♠❡♥s✐♦♥s ❞❡ ❧✬❆❈▼ s♣❛rs❡✳

✶✵✹



✷✳✸✳ ❆◆❆▲❨❙❊ ❉❊❙ ❈❖❘❘❊❙P❖◆❉❆◆❈❊❙ ▼❯▲❚■P▲❊❙ ❙P❆❘❙❊ ✭❆❈▼ ❙P❆❘❙❊✮

▲❛ ✜❣✉r❡ ✷✳✶✷ r❡♣rés❡♥t❡ ❧❡s ✈❛r✐❛❜❧❡s s✉r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❞✐♠❡♥s✐♦♥s ❞❡ ❧✬❆❈▼

s♣❛rs❡✳ ▲❡s ✈❛r✐❛❜❧❡s ❞♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts s♦♥t ♥✉❧s ♥❡ s♦♥t ♣❛s r❡♣rés❡♥té❡s s✉r ❧❛ ✜❣✉r❡✳ ▲❡

t❛❜❧❡❛✉ ✷✳✹ ♣rés❡♥t❡ ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ✧❧♦❛❞✐♥❣s✧ ♦❜t❡♥✉s ❛✈❡❝ ❧✬❆❈▼ ❡t ❧✬❆❈▼ s♣❛rs❡✳

▲✬❆❈▼ s♣❛rs❡ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ♣❛r ❛①❡✱ t♦✉t ❡♥

❝♦♥s❡r✈❛♥t ✉♥ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ ❝✉♠✉❧é é❧❡✈é ✭❧❡s ✈❛r✐❛❜❧❡s ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐✈❡s ❞❛♥s

❧✬❆❈▼ s♦♥t ❝❡❧❧❡s ♠❛❥♦r✐t❛✐r❡♠❡♥t ❝♦♥s❡r✈é❡s ❞❛♥s ❧✬❆❈▼ s♣❛rs❡✮✳ ❆ ♣❛rt✐r ❞❡ ❧❛ t❛❜❧❡ ✷✳✹

❡t ❞❡ ❧❛ ✜❣✉r❡ ✷✳✶✷ ♦♥ r❡♠❛rq✉❡ q✉❡ ❧❛ t❛✐❧❧❡✱ ❧❡ ♣♦✐❞s ❡t ❧✬❛✛❡❝t✐♦♥ s♦♥t ❧❡s ✈❛r✐❛❜❧❡s ❧❡s

♠✐❡✉① r❡♣rés❡♥té❡s s✉r ❧✬❛①❡ ✶ ❞❛♥s ❧✬❆❈▼ ❡t ❝❡ s♦♥t ❝❡❧❧❡s q✉✐ s♦♥t ❝♦♥s❡r✈é❡s s✉r ❧✬❛①❡

✶ ♣❛r ❧✬❆❈▼ s♣❛rs❡✳ ❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ s✉r ❧✬❛①❡ ✷✱ ❧❡ ♣♦✐❞s ❡t ❧❛ r❛♣✐❞✐té s♦♥t ❧❡s ♣❧✉s

❝♦♥tr✐❜✉t✐✈❡s ❞❛♥s ❧✬❆❈▼ ❡t s♦♥t ❧❡s s❡✉❧❡s ❝♦♥s❡r✈é❡s ❞❛♥s ❧✬❆❈▼ s♣❛rs❡✳

❚❛❜❧❡ ✷✳✹ ✕ ❉♦♥♥é❡s ❝❤✐❡♥s ✿ ✧▲♦❛❞✐♥❣s✧ ❡t ✈❛r✐❛♥❝❡ ♦❜t❡♥✉s ❛✈❡❝ ❧✬❆❈▼ ❡t ❧✬❆❈▼ s♣❛rs❡
s✉r ❧❡s ❞❡✉① ♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s✳

❆❈▼ ❆❈▼ s♣❛rs❡
❱❛r✐❛❜❧❡ ❈P✶ ❈P ✷ ❈P✶ ❈P ✷
❣r❛♥❞ ✲✵✱✸✻✶ ✵✱✵✼✶ ✲✵✱✸✽✾ ✵✱✵✵✵
♠♦②❡♥ ✵✱✷✽✵ ✵✱✷✽✼ ✵✱✷✷✻ ✵✱✵✵✵
♣❡t✐t ✵✱✷✾✶ ✲✵✱✹✵✵ ✵✱✸✾✵ ✵✱✵✵✵
❧❡❣❡r ✵✱✸✶✻ ✲✵✱✸✽✾ ✵✱✸✻✽ ✲✵✱✷✺✻
❧♦✉r❞ ✲✵✱✵✹✼ ✵✱✸✾✵ ✲✵✱✵✼✺ ✵✱✹✺✶
tr❡s❧♦✉r❞ ✲✵✱✷✾✹ ✲✵✱✷✶✺ ✲✵✱✸✵✺ ✲✵✱✹✼✾
❧❡♥t ✵✱✵✺✾ ✲✵✱✸✽✸ ✵✱✵✵✵ ✲✵✱✺✻✶
r❛♣✐❞❡ ✵✱✷✷✹ ✵✱✷✺✻ ✵✱✵✵✵ ✵✱✷✽✷
tr❡s r❛♣✐❞❡ ✲✵✱✸✵✸ ✵✱✶✺✻ ✵✱✵✵✵ ✵✱✸✷✽
♠♦② ✐♥t❡❧❧✐❣❡♥t ✵✱✶✼✸ ✵✱✶✺✼ ✵✱✵✵✵ ✵✱✵✵✵
♣❡✉ ✐♥t❡❧❧✐❣❡♥t ✲✵✱✶✹✺ ✲✵✱✸✵✾ ✵✱✵✵✵ ✵✱✵✵✵
tr❡s ✐♥t❡❧❧✐❣❡♥t ✲✵✱✵✽✻ ✵✱✶✷✺ ✵✱✵✵✵ ✵✱✵✵✵
♣❡✉ ❛✛❡❝t✉❡✉① ✲✵✱✸✻✻ ✲✵✱✵✽✹ ✲✵✱✹✻✷ ✵✱✵✵✵
tr❡s ❛✛❡❝t✉❡✉① ✵✱✸✺✸ ✵✱✵✽✶ ✵✱✹✹✺ ✵✱✵✵✵
❛❣r❡ss✐❢ ✲✵✱✶✼✵ ✲✵✱✵✾✻ ✵✱✵✵✵ ✵✱✵✵✵
♥♦♥ ❛❣r❡ss✐❢ ✵✱✶✻✹ ✵✱✵✾✸ ✵✱✵✵✵ ✵✱✵✵✵

✪ ✐♥❡rt✐❡ ✷✽✱✶✾ ✷✷✱✽✵ ✷✸✱✵✸ ✶✼✱✹✵
✪ ✐♥❡rt✐❡
❝✉♠✉❧é ✷✽✱✶✾ ✺✵✱✾✾ ✷✸✱✵✸ ✸✾✱✾✾

▲✬❆❈▼ s♣❛rs❡ ❡st ❞♦♥❝ ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ●❙P❈❆ ♣♦✉r ❞❡s ❞♦♥♥é❡s q✉❛✲

❧✐t❛t✐✈❡s✳ ❊❧❧❡ ♣r♦❞✉✐t ❞❡ ❧❛ s♣❛rs✐té ❛✉ ♥✐✈❡❛✉ ❞❡s ✧❧♦❛❞✐♥❣s✧ ✭❛✈❡❝ ✉♥❡ ♣❡rt❡ ❢❛✐❜❧❡ ❞✉

✶✵✺



✷✳✸✳ ❆◆❆▲❨❙❊ ❉❊❙ ❈❖❘❘❊❙P❖◆❉❆◆❈❊❙ ▼❯▲❚■P▲❊❙ ❙P❆❘❙❊ ✭❆❈▼ ❙P❆❘❙❊✮

♣♦✉r❝❡♥t❛❣❡ ❞❡ ✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡✮ ❝❡ q✉✐ ❢❛❝✐❧✐t❡ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❡t ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s

❞✐✛ér❡♥ts ❛①❡s✳ ▲♦rsq✉❡ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ λ ❡st ✜①é à ✵✱ ❧❛ ●❙P❈❆ ❡t ❧✬❆❈▼

s♣❛rs❡ s♦♥t ✐❞❡♥t✐q✉❡s à ❧✬❆❈P ❡t ❧✬❆❈▼✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❝❡ q✉✐ ❞✬❛♣rès ❩♦✉ ❡t ❛❧✳ ❬✷✵✵✻❪

❡st ✉♥❡ ♣r♦♣r✐été ❡ss❡♥t✐❡❧❧❡ ❞✬✉♥❡ ✧❜♦♥♥❡✧ ♠ét❤♦❞❡ ✧s♣❛rs❡✧✳ ▲❡s ❞❡✉① ❡①❡♠♣❧❡s ❞✬❛♣♣❧✐❝❛✲

t✐♦♥ ♣rés❡♥tés ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❝♦♥❝❡r♥❡♥t ❞❡s ♣❡t✐ts ❥❡✉① ❞❡ ❞♦♥♥é❡s✱ ♠❛✐s ❝❡s ♠ét❤♦❞❡s

♣r❡♥♥❡♥t t♦✉t ❧❡✉r s❡♥s ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✱ ❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ♣❛r

❧❛ s✉✐t❡✳

✶✵✻
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✷✳✹ Pr♦♣r✐étés ❞❡ ❧❛ ●❙P❈❆ ❡t ❞❡ ❧✬❆❈▼ s♣❛rs❡

▲❡s ❞❡✉① ♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s ❛✉ ❝♦✉rs ❞❡ ❝❡tt❡ t❤ès❡ ♣♦ssè❞❡♥t ❞❡s ♣r♦✲

♣r✐étés ✐♠♣♦rt❛♥t❡s ♣♦✉r ré❛❧✐s❡r ❞❡ ❧❛ ✧s♣❛rs✐té✧ ✿

• ❙❛♥s ❛✉❝✉♥❡ ❝♦♥tr❛✐♥t❡ ❞❡ s♣❛rs✐té✱ ❧❛ ●❙P❈❆ ❡t ❧✬❆❈▼ s♣❛rs❡ r❡✈✐❡♥♥❡♥t à ré❛❧✐s❡r ✉♥❡

❆❈P ❡t ✉♥❡ ❆❈▼✱ r❡s♣❡❝t✐✈❡♠❡♥t✳

• ❈❡s ♠ét❤♦❞❡s s♦♥t ❡✣❝❛❝❡s ❞❛♥s ❧❡ ❝❛s ♦ù I ❡st ♣❡t✐t ❡t J ❡st ❣r❛♥❞✳

• ❊❧❧❡s ♣❡r♠❡tt❡♥t ❞✬é✈✐t❡r t♦✉t❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ♥♦♥ ✐♠♣♦rt❛♥t❡s✳

▲❡s ♣r♦♣r✐étés ❜❛r②❝❡♥tr✐q✉❡s ❞❡ ❧✬❆❈▼ s♦♥t ❝♦♥s❡r✈é❡s ❞❛♥s ❧✬❆❈▼ s♣❛rs❡ ♣♦✉r ❧❡s ✐♥❞✐✲

✈✐❞✉s✱ ♠❛✐s ♣❧✉s ♣♦✉r ❧❡s ✈❛r✐❛❜❧❡s ✭❝❡rt❛✐♥❡s ♠♦❞❛❧✐tés ét❛♥t ♠✐s❡s à ③ér♦✮✳ ❊♥ ❆❈P t♦✉t

❝♦♠♠❡ ❡♥ ❆❈▼✱ ❧❡s ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s ♥❡ s♦♥t ♣❛s ❝♦rré❧é❡s ❡t ❧❡s ✧❧♦❛❞✐♥❣s✧ s♦♥t

♦rt❤♦❣♦♥❛✉①✳ ❈❡s ♣r♦♣r✐étés s♦♥t ♣❡r❞✉❡s ❡♥ ❆❈P s♣❛rs❡ ❡t ❡♥ ❆❈▼ s♣❛rs❡ s✐ ❡❧❧❡s ♥❡ s♦♥t

♣❛s ❡①♣❧✐❝✐t❡♠❡♥t ✐♠♣♦sé❡s✳

❉❛♥s ❝❡s ❞❡✉① ♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s✱ ❧❛ ✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡ ♥❡ ♣❡✉t ♣❛s êtr❡ ❞é✜♥✐❡ ❞❡

❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉✬❡♥ ❆❈P ♦✉ ❡♥ ❆❈▼✳ ❉❛♥s ❧❛ ●❙P❈❆✱ ❧❛ ✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡ ❡st ❞é✜♥✐❡

❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❞❛♥s ❧❛ ❧✬❆❈P s♣❛rs❡ ❞❡ ❙❤❡♥ ❛♥❞ ❍✉❛♥❣ ❬✷✵✵✽❪✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❛

♣r♦❥❡❝t✐♦♥ ❞❡ X s✉r ❧❡ s♦✉s ❡s♣❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ k ❢♦r♠é ❞❡s k ✈❡❝t❡✉rs ❞❡ ✧❧♦❛❞✐♥❣s✧ ❞❡

❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

X[k] = XQ[k](Q
T
[k]Q[k])

−1QT
[k], ✭✷✳✻✷✮

❛✈❡❝ Q[k] ❧❛ ♠❛tr✐❝❡ ❞❡s k ♣r❡♠✐❡rs ✧❧♦❛❞✐♥❣s s♣❛rs❡✧✳ ▲❛ ✈❛r✐❛♥❝❡ t♦t❛❧❡ ❡①♣❧✐q✉é❡ ♣❛r

❧❡s k ♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s ❡st ❞é✜♥✐❡ ❝♦♠♠❡ tr(XT
[k]X[k]) ❡t ❧❛ ✈❛r✐❛♥❝❡ ❛❥✉sté❡ ♣❛r

tr(XT
[k]X[k])− tr(XT

[k−1]X[k−1])✳ ▲❡ ♣♦✉r❝❡♥t❛❣❡ ❝✉♠✉❧é ❞❡ ✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡ ✭❈P❊❱✮ ♣❛r

❧❡s k ♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s s✬é❝r✐t ✿

tr(XT
[k]X[k])/ tr(X

TX). ✭✷✳✻✸✮

P♦✉r ❧✬❆❈▼ s♣❛rs❡✱ ✉♥❡ ♣❡t✐t❡ ♠♦❞✐✜❝❛t✐♦♥ ❡st ❛♣♣♦rté❡✳ ▲✬❆❈▼ ❡st ré❛❧✐sé❡ s✉r ❞❡s

❞♦♥♥é❡s ❡♥ ❝ré❛♥t ❞❡s ❝♦❧♦♥♥❡s ❜✐♥❛✐r❡s ♣♦✉r ❝❤❛q✉❡ ✈❛r✐❛❜❧❡ ❛✈❡❝ ❧❛ ❝♦♥tr❛✐♥t❡ q✉❡ ✉♥❡

❡t ✉♥❡ s❡✉❧❡ ❞❡ ❝❡s ❝♦❧♦♥♥❡s ♣♦ssè❞❡ ❧❛ ✈❛❧❡✉r ✶✳ ❈❡ ❝♦❞❛❣❡ ❝réé ❞❡s ❞✐♠❡♥s✐♦♥s s✉♣♣❧é✲

♠❡♥t❛✐r❡s ❛rt✐✜❝✐❡❧❧❡s ❝❛r ✉♥❡ ✈❛r✐❛❜❧❡ ❝❛té❣♦r✐❡❧❧❡ ❡st ❝♦❞é❡ ♣❛r ♣❧✉s✐❡✉rs ❝♦❧♦♥♥❡s✳ P❛r

✶✵✼
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❝♦♥séq✉❡♥t✱ ❧✬✐♥❡rt✐❡ ✭❝✬❡st✲à✲❞✐r❡ ❧❛ ✈❛r✐❛♥❝❡✮ ❞❡ ❧✬❡s♣❛❝❡ s♦❧✉t✐♦♥ ❡st ❛rt✐✜❝✐❡❧❧❡♠❡♥t ❣♦♥✲

✢é❡ ❡t ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡ ❡st ❧❛r❣❡♠❡♥t s✉r❡st✐♠é ✭❆❜❞✐ ❛♥❞ ❱❛❧❡♥t✐♥

❬✷✵✵✼❪✮✳ ❉❡✉① ❝♦rr❡❝t✐♦♥s s♦♥t s♦✉✈❡♥t ✉t✐❧✐sé❡s ♣♦✉r r❡❝t✐✜❡r ❝❡s ❜✐❛✐s✳ ▲❛ ♣r❡♠✐èr❡ ❡st

❝❡❧❧❡ ❞❡ ❇❡♥③é❝r✐ ❬✶✾✼✾❪ ❡t ❧❛ ❞❡✉①✐è♠❡ ❝❡❧❧❡ ❞❡ ●r❡❡♥❛❝r❡ ❬✷✵✶✵❪✳ ❈❡s ❝♦rr❡❝t✐♦♥s t✐❡♥♥❡♥t

❝♦♠♣t❡ ❞✉ ❢❛✐t q✉❡ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ✐♥❢ér✐❡✉r❡s à 1/K ❝♦❞❡♥t ♣♦✉r ❞❡s ❞✐♠❡♥s✐♦♥s s✉♣✲

♣❧é♠❡♥t❛✐r❡s ✭❛✈❡❝ K ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❝❛té❣♦r✐❡❧❧❡s✮✳

❖♥ r❛♣♣❡❧❧❡ q✉❡ J ❡st ❧❡ ♥♦♠❜r❡ ❞❡ t♦t❛❧ ❞❡ ♠♦❞❛❧✐tés✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ✈❛r✐❛❜❧❡s ❜✐✲

♥❛✐r❡s✳ ❙✐ ♦♥ ❞é♥♦t❡ ♣❛r λℓ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ♦❜t❡♥✉❡s ♣❛r ❆❈▼✱ ❛❧♦rs ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s

❝♦rr✐❣é❡s✱ ♥♦té❡s λc
ℓ s♦♥t ♦❜t❡♥✉❡s ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

λc
ℓ =





[(
J

J − 1

)(
λℓ −

1

J

)]2
s✐ λℓ >

1

J

0 s✐ λℓ ≤
1

J
.

✭✷✳✻✹✮

❈❡tt❡ ❢♦r♠✉❧❡ ❞♦♥♥❡ ✉♥❡ ♠❡✐❧❧❡✉r❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❡①tr❛✐t❡ ❞❡ ❝❤❛q✉❡ ✈❛❧❡✉r

♣r♦♣r❡✳ ◆♦r♠❛❧❡♠❡♥t✱ ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ✈❛r✐❛♥❝❡ ❡st ❝❛❧❝✉❧é ❡♥ ❞✐✈✐s❛♥t ❝❤❛q✉❡ ✈❛❧❡✉r

♣r♦♣r❡ ♣❛r ❧❛ s♦♠♠❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ♣❡✉t êtr❡ ✉t✐❧✐sé❡ ✐❝✐✳ ❈❡♣❡♥❞❛♥t

❧✬❡st✐♠❛t✐♦♥ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ s❡r❛ tr♦♣ ♦♣t✐♠✐st❡✳

❯♥❡ ♠❡✐❧❧❡✉r❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛♥❝❡ ❛ été ♣r♦♣♦sé❡ ♣❛r ●r❡❡♥❛❝r❡ ❬✷✵✶✵❪✳ ❊❧❧❡

❝♦♥s✐st❡ à é✈❛❧✉❡r ♣❧✉tôt ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ✈❛r✐❛♥❝❡ r❡❧❛t✐❢ à ❧✬✐♥❡rt✐❡ ♠♦②❡♥♥❡ ❞❡s ❜❧♦❝s

♥♦♥✲❞✐❛❣♦♥❛✉① ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ❇✉rt ✭♦♥ r❛♣♣❡❧❧❡ q✉❡ ❧❡ t❛❜❧❡❛✉ ❞❡ ❇✉rt ❡st ❧❛ ♠❛tr✐❝❡

XTX ❞❡ ❞✐♠❡♥s✐♦♥s J×J ❛ss♦❝✐é❡ à X✮✳ ❈❡tt❡ ✈❛r✐❛♥❝❡ ♠♦②❡♥♥❡ ♥♦té❡ σ̄ ♣❡✉t êtr❡ ❝❛❧❝✉❧é❡

❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

σ̄ =
K

K − 1
×
(
∑

ℓ

λ2
ℓ −

J −K

K

)2

. ✭✷✳✻✺✮

❆✐♥s✐✱ ♣❛r ❝❡tt❡ ❛♣♣r♦❝❤❡✱ ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ s❡r❛✐t ♦❜t❡♥✉ ♣❛r ❧❡ r❛t✐♦ ✿

λc

σ̄
❛✉ ❧✐❡✉ ❞❡

λc

∑

ℓ

λc
ℓ

. ✭✷✳✻✻✮
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❈❤❛♣✐tr❡ ✸

❉ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s ❙◆P✲❙◆P

❉❛♥s ❞❡ ♥♦♠❜r❡✉① ♣r♦❜❧è♠❡s ❞❡ ré❣r❡ss✐♦♥✱ ❧❡ ♠♦❞è❧❡ ❞é✈❡❧♦♣♣é ♥❡ t✐❡♥t ❝♦♠♣t❡ q✉❡

❞❡s ❡✛❡ts ♣r✐♥❝✐♣❛✉① ✭♣ré❞✐❝t❡✉rs✮✳ ▼❛✐s s♦✉✈❡♥t✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ♣❧✉s✐❡✉rs ♣ré❞✐❝✲

t❡✉rs ♣❡✉✈❡♥t ♣r♦✈♦q✉❡r ❞❡s ❞✐✛ér❡♥❝❡s ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡✳ ❊♥ ❣é♥ét✐q✉❡✱ ❡t

♣❧✉s ♣ré❝✐sé♠❡♥t ❧♦rs ❞❡ ❧✬❛♥❛❧②s❡ ❞❡ ♣♦❧②♠♦r♣❤✐s♠❡s ♥✉❝❧é♦t✐❞✐q✉❡s ✭❡♥ ❛♥❣❧❛✐s✱ ✧❙✐♥❣❧❡

◆✉❝❧❡♦t✐❞❡ P♦❧②♠♦r♣❤✐♠s✧ ✿❙◆Ps✮✱ ❧❛ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❝❡s s✐❣♥❛✉① ❡st très

✐♠♣♦rt❛♥t❡ ✭✉♥❡ ❞é✜♥✐t✐♦♥ ❡t ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ❞❡s ❙◆Ps s♦♥t ❞♦♥♥é❡s ❛✉ ❝❤❛♣✐tr❡ ✹ ❡t ❡♥

❛♥♥❡①❡ ❇✮✳ ❊♥ ❡✛❡t✱ ❝❡rt❛✐♥s ❙◆Ps s♦♥t s✉♣♣♦sés ♠♦❞✐✜❡r ❧❡ r✐sq✉❡ ❞❡ ❞é✈❡❧♦♣♣❡r ✉♥❡ ♠❛✲

❧❛❞✐❡✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ ❡st ❣é♥ér❛❧❡♠❡♥t ♣❡✉ ♣r♦❜❛❜❧❡ q✉✬✉♥ ❙◆P ♣r✐s ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t ♣✉✐ss❡

êtr❡ à ❧✬♦r✐❣✐♥❡ ❞❡ ❧❛ s✉s❝❡♣t✐❜✐❧✐té ♦✉ ❞❡ ❧❛ rés✐st❛♥❝❡ ❞❡s ✐♥❞✐✈✐❞✉s à ❝❡rt❛✐♥❡s ♠❛❧❛❞✐❡s✳ ❊♥

r❡✈❛♥❝❤❡✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❧❡s ❙◆Ps ♣❡✉✈❡♥t ❥♦✉❡r ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧✬❛♣♣❛r✐t✐♦♥

❡t✴♦✉ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❝❡rt❛✐♥❡s ♠❛❧❛❞✐❡s✳ ▲❡s ♣r✐♥❝✐♣❛✉① ♦❜❥❡❝t✐❢s ❞❡s ét✉❞❡s ♣♦rt❛♥t

s✉r ❝❡s ❞♦♥♥é❡s ❣é♥ét✐q✉❡s s♦♥t ❞✬✐❞❡♥t✐✜❡r ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ❙◆Ps ❝♦♥❞✉✐s❛♥t à ✉♥

r✐sq✉❡ ♣❧✉s é❧❡✈é ❞❡ ❞é✈❡❧♦♣♣❡r ✉♥❡ ♠❛❧❛❞✐❡ ❡t ❞❡ ♠❡s✉r❡r ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ❝❡s ✐♥t❡r❛❝t✐♦♥s✳

❯♥❡ ♣r❡♠✐èr❡ ❛♣♣r♦❝❤❡ ❝♦♥s✐st❡ à s❡ s❡r✈✐r ❞❡s ❜❛s❡s ❞❡ ❞♦♥♥é❡s ❝♦♥s✉❧t❛❜❧❡s ❡♥ ❧✐❣♥❡

❢♦✉r♥✐ss❛♥t ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❝♦♥♥✉❡s ❡♥tr❡ ❣è♥❡s✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ♥❡

♣❡r♠❡t ♣❛s ❧❛ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s ♠❛✐s ❧✬❡①♣❧♦r❛t✐♦♥ ❡t ❧❛ ✈✐s✉❛❧✐s❛t✐♦♥ ❞❡ ❝❡❧❧❡s ❞é❥à

❝♦♥♥✉❡s ✐♠♣❧✐q✉❛♥t ❧❡s ❙◆Ps ❝♦♥s✐❞érés✳ ❈❡❧❛ ♣❡✉t ❞♦♥♥❡r ❧✐❡✉ à ❞❡s ♣❡rs♣❡❝t✐✈❡s ❞❡ r❡✲

❝❤❡r❝❤❡s ✐♥tér❡ss❛♥t❡s✳ ❉❡✉① ❞❡ ❝❡s ❜❛s❡s s♦♥t ♣rés❡♥té❡s à ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✳

❯♥❡ ❞❡✉①✐è♠❡ ❛♣♣r♦❝❤❡ ❝♦♥s✐st❡ à ❞ét❡❝t❡r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞❡ ♠❛♥✐èr❡ st❛t✐st✐q✉❡✳

■❧ ❡①✐st❡ ❞❡ ♥♦♠❜r❡✉s❡s ❛♣♣r♦❝❤❡s ❜❛sé❡s s✉r ❞❡s ♠ét❤♦❞❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✱ t❡❧❧❡s q✉❡
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❧❡s ❛r❜r❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡t ❞❡ ré❣r❡ss✐♦♥ ✭❈❧❛ss✐✜❝❛t✐♦♥ ❆♥❞ ❘❡❣r❡ss✐♦♥ ❚r❡❡ ✭❈❆❘❚✮✮

✭❇r❡✐♠❛♥ ❡t ❛❧✳ ❬✶✾✽✹❪✮✱ ❜❛❣❣✐♥❣ ✭❇r❡✐♠❛♥ ❬✶✾✾✻❪✮✱ ❧❡s ❢♦rêts ❛❧é❛t♦✐r❡s ✭❇r❡✐♠❛♥ ❬✷✵✵✶❪✮✱ ❡t

❧❡ ❙✉♣♣♦rt ❱❡❝t♦r ▼❛❝❤✐♥❡ ✭❙❱▼✮ ✭❈♦rt❡s ❛♥❞ ❱❛♣♥✐❦ ❬✶✾✾✺❪✮✱ q✉✐ ♣❡✉✈❡♥t êtr❡ ❛♣♣❧✐q✉é❡s

à ❞❡s ❞♦♥♥é❡s ❞❡ ❙◆Ps ❡t q✉✐ ♣❡r♠❡tt❡♥t ❞❡ ♠❡s✉r❡r ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ✈❛r✐❛❜❧❡s ♣r✐s❡♥t

sé♣❛ré♠❡♥t✳ ❈❡♣❡♥❞❛♥t✱ ❧❛ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ✈❛r✐❛❜❧❡s

♥✬❡st ♣❛s t♦✉❥♦✉rs ❞é❝r✐t❡ ❡①♣❧✐❝✐t❡♠❡♥t✳ ▲❡s ❛r❜r❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦♥t été ❞é✈❡❧♦♣♣és à

❧✬♦r✐❣✐♥❡ ❛✜♥ ❞❡ ❞ét❡❝t❡r ❞❡ ♠❛♥✐èr❡ ❛✉t♦♠❛t✐q✉❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ♣♦ss✐❜❧❡s ❡♥tr❡ ✈❛r✐❛❜❧❡s✳

▲❡s ♠ét❤♦❞❡s t❡❧❧❡s q✉❡ ❆✉t♦♠❛t✐❝ ■♥t❡r❛❝t✐♦♥ ❉❡t❡❝t✐♦♥ ✭❆■❉✮ ✭▼♦r❣❛♥ ❛♥❞ ❙♦♥q✉✐st

❬✶✾✻✸❪✮ ♦✉ ❡♥❝♦r❡ ❈❍❆■❉ ✭❑❛ss ❬✶✾✽✵❪✮ ❢♦♥t ♣❛rt✐❡ ❞❡s ♠ét❤♦❞❡s ❞✬❛r❜r❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥

❧❡s ♣❧✉s ❛♥❝✐❡♥♥❡s✳ ❊❧❧❡s ♣❡r♠❡tt❡♥t ❧❛ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥ ❝♦♥str✉✐s❛♥t ❞❡s ❛r❜r❡s ❞❡

❞é❝✐s✐♦♥ ♥♦♥✲❜✐♥❛✐r❡s ✭❝♦♥tr❛✐r❡♠❡♥t à ❧❛ ♠ét❤♦❞❡ ❈❆❘❚ q✉✐ ❝❛❧❝✉❧❡ ❞❡s ❛r❜r❡s ❜✐♥❛✐r❡s✮✳

❯♥ ♠ét❤♦❞❡ ❞❡ t②♣❡ ré❣r❡ss✐♦♥ ❛ été ♠✐s❡ ❛✉ ♣♦✐♥t ♣❧✉s ré❝❡♠♠❡♥t ♣♦✉r rés♦✉❞r❡ ❧❡ ♠ê♠❡

t②♣❡ ❞❡ ♣r♦❜❧è♠❡ ✿ ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ✭❘✉❝③✐♥s❦✐ ❡t ❛❧✳ ❬✷✵✵✸❪✮✳ ❊❧❧❡ t❡♥t❡ ❞✬✐❞❡♥t✐✜❡r

❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❜♦♦❧é❡♥♥❡s ❞❡ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s ♣♦✉r ❧❛ ♣ré❞✐❝t✐♦♥✱ ♣❛r ❡①❡♠♣❧❡✱ ❞❡ ❧❛

♠❛❧❛❞✐❡ ♣♦✉r ✉♥ ✐♥❞✐✈✐❞✉ ♣❛rt✐❝✉❧✐❡r✳ ❊♥ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❈❆❘❚ ♦✉ ❞✬❛✉tr❡s ♣r♦❝é❞✉r❡s

❞❡ ré❣r❡ss✐♦♥ ✭❑♦♦♣❡r❜❡r❣ ❛♥❞ ❘✉❝③✐♥s❦✐ ❬✷✵✵✺❪ ❀ ❲✐tt❡ ❛♥❞ ❋✐❥❛❧ ❬✷✵✵✶❪✮✱ ❧❛ ré❣r❡ss✐♦♥ ❧♦✲

❣✐q✉❡ ❛ ♠♦♥tré ✉♥❡ ❜♦♥♥❡ ♣❡r❢♦r♠❛♥❝❡ ❧♦rsq✉✬❡❧❧❡ ❡st ❛♣♣❧✐q✉é❡ à ❞❡s ❞♦♥♥é❡s ❞❡ ❙◆Ps

✭❙❝❤✇❡♥❞❡r ❡t ❛❧✳ ❬✷✵✵✹❪✮ ❡t ❡st ✉t✐❧✐sé❡ ❢réq✉❡♠♠❡♥t ♣♦✉r ❞ét❡❝t❡r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❙◆P✲

❙◆P ✭❘✉❝③✐♥s❦✐ ❡t ❛❧✳ ❬✷✵✵✶❪✱ ❑♦♦♣❡r❜❡r❣ ❛♥❞ ❘✉❝③✐♥s❦✐ ❬✷✵✵✺❪✱ ❋r✐ts❝❤ ❛♥❞ ■❝❦st❛❞t ❬✷✵✵✼❪✱

❈❤❡♥ ❡t ❛❧✳ ❬✷✵✶✶❪✱ ❉✐♥✉ ❡t ❛❧✳ ❬✷✵✶✷❪✮✳ ❊❧❧❡ s❡r❛ ❡①♣❧✐❝✐té❡ ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ✸✳✷ ❡t ❝♦♠✲

♣❛ré❡ ❛✉① ♠ét❤♦❞❡s ❈❍❆■❉ ❡t ❈❆❘❚ à tr❛✈❡rs ✉♥ ❡①❡♠♣❧❡ ✐❧❧✉str❛t✐❢✳

❉❡✉① ❛♣♣r♦❝❤❡s s❡r♦♥t ❞♦♥❝ ❛❜♦r❞é❡s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ✿ ❧✬❛♣♣r♦❝❤❡ ❜✐♦❧♦❣✐q✉❡ q✉✐ ✉t✐❧✐s❡

❞❡s ❜❛s❡s ❞❡ ❞♦♥♥é❡s ❢♦✉r♥✐ss❛♥t ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❞é❥à ❝♦♥♥✉❡s✱ ❡t

❧✬❛♣♣r♦❝❤❡ st❛t✐st✐q✉❡ q✉✐ ❝❤❡r❝❤❡✱ s❛♥s à ♣r✐♦r✐✱ ❞❡s ❧✐❡♥s ♣♦ss✐❜❧❡s ❡♥tr❡ ❧❡s ❣è♥❡s ♣♦✉✈❛♥t

❡①♣❧✐q✉❡r ✉♥ ♣❤é♥♦t②♣❡ ❡♥ ♣❛rt✐❝✉❧✐❡r✳
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✸✳✶ ❆♣♣r♦❝❤❡ ❜✐♦❧♦❣✐q✉❡ ✿ ✐♥t❡r❛❝t✐♦♥s ❜✐♦❧♦❣✐q✉❡s ❡t rés❡❛✉①
❝♦♥♥✉s

P❧✉s✐❡✉rs ❜❛s❡s ❞❡ ❞♦♥♥é❡s ♣rés❡♥t❛♥t ❧❡s ❧✐❡♥s ❜✐♦❧♦❣✐q✉❡s ❡①✐st❛♥ts ❡t ré♣❡rt♦r✐és

❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ♣❡✉✈❡♥t êtr❡ tr♦✉✈é❡s ❡♥ ❧✐❣♥❡✳ ▲❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❇✐♦❧♦❣✐❝❛❧ ●❡♥❡✲

r❛❧ ❘❡♣♦s✐t♦r② ❢♦r ■♥t❡r❛❝t✐♦♥ ❉❛t❛s❡ts ✭❇✐♦●❘■❉✮ ♣❛r ❡①❡♠♣❧❡✱ ❡st ✉♥❡ ❜❛s❡ ❞❡ ❞♦♥✲

♥é❡s ♣✉❜❧✐q✉❡ ❝réé❡ ❡♥ ✷✵✵✸ q✉✐ ❛r❝❤✐✈❡ ❡t ❞✐✛✉s❡ ❞❡s ❞♦♥♥é❡s s✉r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❣é✲

♥ét✐q✉❡s ❡t ♣r♦té✐q✉❡s ♣r♦✈❡♥❛♥t ❞❡ ♠♦❞è❧❡s ♦r❣❛♥✐q✉❡s ❡t ❤✉♠❛✐♥s ✭❙t❛r❦ ❡t ❛❧✳ ❬✷✵✵✻❪ ❀

✧❤tt♣ ✿✴✴✇✇✇✳t❤❡❜✐♦❣r✐❞✳♦r❣✧✮✳ ❇✐♦●❘■❉ ❞ét✐❡♥t ❛❝t✉❡❧❧❡♠❡♥t ♣❧✉s ❞❡ ✼✵✵ ✵✵✵ ✐♥t❡r❛❝t✐♦♥s

♣r♦✈❡♥❛♥t ❞❡ ❞♦♥♥é❡s à ❤❛✉t ❞é❜✐t ❡t ❞✬ét✉❞❡s ❛①é❡s s✉r ❞❡s ✐♥❞✐✈✐❞✉s✱ ❡t ♣r♦✈❡♥❛♥t ❞❡

♣❧✉s ❞❡ ✹✵ ✵✵✵ ♣✉❜❧✐❝❛t✐♦♥s✳ ▲✬✉t✐❧✐s❛t❡✉r ❡♥tr❡ ❧❡ ♥♦♠ ❞❡ ❧❛ ♣r♦té✐♥❡ ♦✉ ❞✉ ❣è♥❡ ❝❤❡r❝❤é

❡t ♣❡✉t ✈✐s✉❛❧✐s❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❝♦♥♥✉❡s ❛✈❡❝ ❝❡ ❣è♥❡ r❛♣♣♦rté❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳

❋✐❣✉r❡ ✸✳✶ ✕ ❘és❡❛✉ ❞✬✐♥t❡r❛❝t✐♦♥s ♣♦✉r ❧❡ ❣è♥❡ MC1R ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ ❧❛ ❜❛s❡ ❞❡
❞♦♥♥é❡s ❇✐♦●❘■❉✳
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▲❛ ✜❣✉r❡ ✸✳✶ ♣rés❡♥t❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ ❧❛ ✈✐s✉❛❧✐s❛t✐♦♥ ♦❜t❡♥✉❡ ❞❡s ❣è♥❡s ❡♥ ✐♥t❡r❛❝t✐♦♥

❛✈❡❝ ❧❡ ❣è♥❡ ▼❡❧❛♥♦❈♦rt✐♥ ✶ ❘❡❝❡♣t♦r ✭MC1R✮ ✐♠♣❧✐q✉é ❡♥tr❡ ❛✉tr❡ ❞❛♥s ❧❛ ♣❡❛✉ ❤✉♠❛✐♥❡✳

❆ ♣❛rt✐r ❞✉ ♥♦♠ ❞✉ ❣è♥❡✱ ♦♥ ♣❡✉t tr❛❝❡r ❧❡ rés❡❛✉ ❜✐♦❧♦❣✐q✉❡ ❞✬✐♥t❡r❛❝t✐♦♥s ❝♦♥♥✉❡s ❡t ❛✐♥s✐

✈✐s✉❛❧✐s❡r ❧❡s ❧✐❡♥s ❡♥tr❡ ❣è♥❡s✳

❯♥ ❛✉tr❡ ❡①❡♠♣❧❡ ❞❡ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❡st ❧❛ ❜❛s❡ ❙❚❘■◆● ✭❏❡♥s❡♥ ❡t ❛❧✳ ❬✷✵✵✾❪✮✳

❙❡❛r❝❤ ❚♦♦❧ ❢♦r t❤❡ ❘❡tr✐❡✈❛❧ ♦❢ ■♥t❡r❛❝t✐♥❣ ●❡♥❡s✴Pr♦t❡✐♥s ✭❙❚❘■◆●✮ ❡st ✉♥❡ ❜❛s❡ ❞❡

❞♦♥♥é❡s ❞✬✐♥t❡r❛❝t✐♦♥s ♣r♦té✐q✉❡s ❝♦♥♥✉❡s ✭✧❤tt♣ ✿✴✴str✐♥❣✲❞❜✳♦r❣✧✮✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s ❝♦♠✲

♣r❡♥♥❡♥t ❞❡s ❛ss♦❝✐❛t✐♦♥s ❞✐r❡❝t❡s ✭♣❤②s✐q✉❡s✮ ❡t ✐♥❞✐r❡❝t❡s ✭❢♦♥❝t✐♦♥♥❡❧❧❡s✮ ❀ ❡t ♣r♦✈✐❡♥♥❡♥t

❞❡ q✉❛tr❡ s♦✉r❝❡s ✿ ❧❡ ❝♦♥t❡①t❡ ❣é♥♦♠✐q✉❡✱ ❧❡s ❡①♣ér✐❡♥❝❡s à ❤❛✉t✲❞é❜✐t✱ ❧❛ ❝♦✲❡①♣r❡ss✐♦♥

❡t ❧❡s ♣ré✲r❡q✉✐s ✭❜❛s❡ ❞❡ ❝♦♥♥❛✐ss❛♥❝❡✱ ❧✐ttér❛t✉r❡ ❡t r❡❝✉❡✐❧ ❞✬✐♥❢♦r♠❛t✐♦♥s✮✳ ❙❚❘■◆● ✐♥✲

tè❣r❡ ❧❡s ❞♦♥♥é❡s ❞✬✐♥t❡r❛❝t✐♦♥s ❞❡ ❝❡s s♦✉r❝❡s ♣♦✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦r❣❛♥✐s♠❡s ✈✐✈❛♥ts✳

▲❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❝♦✉✈r❡ ❛❝t✉❡❧❧❡♠❡♥t ✺ ✷✶✹ ✷✸✹ ♣r♦té✐♥❡s ❞❡ ✶ ✶✸✸ ♦r❣❛♥✐s♠❡s✳ ❖✉tr❡

❧❡s ♣ré✈✐s✐♦♥s ✐♥t❡r♥❡s ❡t ❧❡s tr❛♥s❢❡rts✱ ❙❚❘■◆● s✬❛♣♣✉✐❡ é❣❛❧❡♠❡♥t s✉r ❞❡ ♥♦♠❜r❡✉s❡s

r❡ss♦✉r❝❡s ♠❛✐♥t❡♥✉❡s ❛✐❧❧❡✉rs t❡❧❧❡s q✉❡ P✉❜▼❡❞✱ ❇✐♦●❘■❉ ✭❞é❝r✐t ❝✐✲❞❡ss✉s✮✱ ❑②♦t♦ ❊♥✲

❝②❝❧♦♣❡❞✐❛ ♦❢ ●❡♥❡s ❛♥❞ ●❡♥♦♠❡s ✭❑❊●●✮ ❀ ❑❛♥❡❤✐s❛ ❡t ❛❧✳ ❬✷✵✵✹❪✮✱ ●❡♥❡ ❖♥t♦❧♦❣②✱ ❡t❝✳

▲❡ s✐t❡ ♣❡r♠❡t ❞❡ ❣é♥ér❡r ✉♥ rés❡❛✉ ❞✬✐♥t❡r❛❝t✐♦♥s ❝♦♥♥✉❡s ❛✉t♦✉r ❞✬✉♥ ❣è♥❡ ❞♦♥♥é ♣❛r

❧✬✉t✐❧✐s❛t❡✉r ✭❝♦♠♠❡ ♠♦♥tré ✜❣✉r❡ ✸✳✷✮✱ ♠❛✐s ♣❡r♠❡t é❣❛❧❡♠❡♥t à ❧✬✉t✐❧✐s❛t❡✉r ❞✬❡♥tr❡r ✉♥

❡♥s❡♠❜❧❡ ❞❡ ❣è♥❡s ♦✉ ❞❡ ♣r♦té✐♥❡s ❛✜♥ ❞❡ ✈✐s✉❛❧✐s❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡①✐st❛♥t❡s ❡t ❝♦♥♥✉❡s

❡♥tr❡ ❝❡✉①✲❝✐✳ ❈❤❛q✉❡ ♥♦❡✉❞ ❝♦rr❡s♣♦♥❞ à ✉♥ ❣è♥❡ ❞♦♥♥é ❡♥ ❡♥tré❡ ♣❛r ❧✬✉t✐❧✐s❛t❡✉r✳ ❈❤❛q✉❡

♥♦❡✉❞ ✭❣è♥❡✮ ♣❡✉t ♣rés❡♥t❡r ❥✉sq✉✬à ✽ ❛rêt❡s ✭❝✬❡st✲à✲❞✐r❡ ❧❡s ❧✐❡♥s ❢♦♥❝t✐♦♥♥❡❧s✮ ❧❡s r❡❧✐❛♥t

à ❞✬❛✉tr❡s ❣è♥❡s✱ ❛✈❡❝ ✉♥❡ ❝♦✉❧❡✉r ♣♦✉r ❝❤❛q✉❡ t②♣❡ ❞❡ ♣r❡✉✈❡ ✿ ❢✉❝❤s✐❛ ♣♦✉r ❧❛ ♠✐s❡ ❡♥

é✈✐❞❡♥❝❡ ❞❡s ❧✐❡♥s ♣❛r ❡①♣ér✐❡♥❝❡s ré❛❧✐sé❡s✱ r♦✉❣❡ ♣♦✉r ❧❛ ❢✉s✐♦♥ ❞❡ ❣è♥❡s✱ ❜❧❡✉ ♣♦✉r ❧❛ ❝♦✲

♦❝✉rr❡♥❝❡✱ ♥♦✐r ♣♦✉r ❧❛ ❝♦✲❡①♣r❡ss✐♦♥✱ ✈❡rt ♣♦✉r ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❝♦♥t❡♥✉❡s ❞❛♥s ❧❡s ❜❛s❡s

❞❡ ❞♦♥♥é❡s✱ ✈❡rt ❢♦♥❝é ♣♦✉r ❧❡s ❣è♥❡s ✈♦✐s✐♥s✱ ✈❡rt ❛♥✐s ♣♦✉r ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡ t❡①t❡✱ ✈✐♦❧❡t

♣♦✉r ❧✬❤♦♠♦❧♦❣✐❡✳ ▲❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❙❚❘■◆● s❡r❛ ✉t✐❧✐sé❡ ♣❛r ❧❛ s✉✐t❡ ❞❛♥s ♥♦s ❛♥❛❧②s❡s

♣♦✉r ❛♥❛❧②s❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❧✉s✐❡✉rs ❣è♥❡s✳
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❋✐❣✉r❡ ✸✳✷ ✕ ❘és❡❛✉ ❞✬✐♥t❡r❛❝t✐♦♥s ♣♦✉r ❧❡ ❣è♥❡ MC1R ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ ❧❛ ❜❛s❡ ❞❡
❞♦♥♥é❡s ❙❚❘■◆● ✭❢✉❝❤s✐❛ ✿ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡s ❧✐❡♥s ♣❛r ❡①♣ér✐❡♥❝❡s ré❛❧✐sé❡s✱ r♦✉❣❡ ✿
❢✉s✐♦♥ ❞❡ ❣è♥❡s✱ ❜❧❡✉ ✿ ❝♦✲♦❝✉rr❡♥❝❡✱ ♥♦✐r ✿ ❝♦✲❡①♣r❡ss✐♦♥✱ ✈❡rt ✿ ✐♥❢♦r♠❛t✐♦♥s ❝♦♥t❡♥✉❡s ❞❛♥s
❧❡s ❜❛s❡s ❞❡ ❞♦♥♥é❡s✱ ✈❡rt ❢♦♥❝é ✿ ❣è♥❡s ✈♦✐s✐♥s✱ ✈❡rt ❛♥✐s ✿ ❡①♣❧♦r❛t✐♦♥ ❞❡ t❡①t❡✱ ✈✐♦❧❡t ✿
❤♦♠♦❧♦❣✐❡✮✳

✸✳✷ ❆♣♣r♦❝❤❡ st❛t✐st✐q✉❡ ✿ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡

▲✬✉♥ ❞❡s ♣r✐♥❝✐♣❛✉① ♦❜❥❡❝t✐❢s ❞❛♥s ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣é♥ét✐q✉❡ ❡st ❧❛ ❝♦♥str✉❝t✐♦♥

❞❡ rè❣❧❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❝♦♠♠❡ ✿

❙■ ❧❡ ❙◆P✶ ❡st ❞❡ ❣é♥♦t②♣❡ ❤♦♠♦③②❣♦t❡ ❞❡ ré❢ér❡♥❝❡ ✭❣è♥❡ q✉✐✱ ❝❤❡③ ✉♥ ✐♥❞✐✈✐❞✉✱ ❡st

r❡♣rés❡♥té ♣❛r ❞❡✉① ❛❧❧è❧❡s ✐❞❡♥t✐q✉❡s ❞♦♥t ❧❛ ❢réq✉❡♥❝❡ ❡st ❧❛ ♣❧✉s é❧❡✈é❡✮ ❊❚ ❧❡ ❙◆P✷

❡st ❞❡ ❣é♥♦t②♣❡ ❤♦♠♦③②❣♦t❡ ✈❛r✐❛♥t ❖❯ ❧❡s ❙◆Ps ✸ ❊❚ ✹ ♥❡ s♦♥t ♣❛s ❞✉ ❣é♥♦t②♣❡

❤♦♠♦③②❣♦t❡ ❞❡ ré❢ér❡♥❝❡✱

❆▲❖❘❙ ✉♥❡ ♣❡rs♦♥♥❡ ❛ ✉♥ r✐sq✉❡ ♣❧✉s é❧❡✈é ❞❡ ❞é✈❡❧♦♣♣❡r ✉♥❡ ♠❛❧❛❞✐❡ ♣❛rt✐❝✉❧✐èr❡✳

❯♥❡ ♣r♦❝é❞✉r❡ ♠✐s❡ ❛✉ ♣♦✐♥t ♣♦✉r rés♦✉❞r❡ ❡①❛❝t❡♠❡♥t ❝❡ t②♣❡ ❞❡ ♣r♦❜❧è♠❡ ❛ été ♣r♦♣♦sé❡

♣❛r ❘✉❝③✐♥s❦✐ ❡t ❛❧✳ ❬✷✵✵✸❪ ✿ ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✳

✶✶✸
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✸✳✷✳✶ ❊①♣r❡ss✐♦♥s ❡t ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡

▲❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❡st ✉♥❡ ♠ét❤♦❞❡ ❞❡ ré❣r❡ss✐♦♥ ❛❞❛♣t❛t✐✈❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞é✈❡❧♦♣✲

♣é❡ ♣♦✉r ❡①♣❧♦r❡r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞✬♦r❞r❡ é❧❡✈é ❞❡ ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s✳ ❊❧❧❡ ❡st ❞❡st✐♥é❡

❛✉① s✐t✉❛t✐♦♥s ♦ù ❧❛ ♣❧✉♣❛rt ❞❡s ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s s♦♥t ❜✐♥❛✐r❡s✳ ➱t❛♥t ❞♦♥♥é ✉♥ ❡♥✲

s❡♠❜❧❡ ❞❡ ♣ré❞✐❝t❡✉rs ❜✐♥❛✐r❡s X ✭✈r❛✐ ❡t ❢❛✉①✱ ✵ ❡t ✶✱ ✳ ✳ ✳✮✱ ❧❡ ❜✉t ❡st ❞❡ ❝ré❡r ❞❡ ♥♦✉✈❡❛✉①

❡t ♠❡✐❧❧❡✉rs ♣ré❞✐❝t❡✉rs ❞❡ ❧❛ ré♣♦♥s❡ ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ❝❡s ♣ré❞✐❝✲

t❡✉rs ❜✐♥❛✐r❡s✳ P❛r ❡①❡♠♣❧❡✱ s✐ ❧❛ ré♣♦♥s❡ ❡st ❜✐♥❛✐r❡ ✭❝❡ q✉✐ ♥✬❡st ♣❛s ✉♥❡ ❡①✐❣❡♥❝❡ ♣♦✉r ❧❛

♠ét❤♦❞❡ ❞é❝r✐t❡ ✐❝✐✮✱ ❧❡ ❜✉t ❡st ❞✬♦❜t❡♥✐r ❞❡s rè❣❧❡s ❞❡ ❞é❝✐s✐♦♥ t❡❧❧❡s q✉❡ ✧s✐ X1,X2,X3✱ ❡t

X4 s♦♥t ✈r❛✐❡s✧ ♦✉ ✧X5 ♦✉ X6 ♠❛✐s ♣❛s X7 s♦♥t ✈r❛✐❡s✧✱ ❛❧♦rs ❧❛ ré♣♦♥s❡ ❡st ♣❧✉s s✉s❝❡♣✲

t✐❜❧❡ ❞✬êtr❡ ✶✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♥♦✉s ❡ss❛②♦♥s ❞❡ tr♦✉✈❡r ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❜♦♦❧é❡♥♥❡s

✭❧♦❣✐q✉❡s✮ ❞❡ ♣ré❞✐❝t❡✉rs ❜✐♥❛✐r❡s ❛②❛♥t ✉♥ ❢♦rt ♣♦✉✈♦✐r ♣ré❞✐❝t✐❢ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡✳

❊①♣r❡ss✐♦♥s ❧♦❣✐q✉❡s

❈❡s ❝♦♠❜✐♥❛✐s♦♥s s♦♥t ❞❡s ❡①♣r❡ss✐♦♥s ❜♦♦❧é❡♥♥❡s ❧♦❣✐q✉❡s t❡❧❧❡s q✉❡ L = (X1 ∧X2)∨Xc
3✳

▲❡s ♣ré❞✐❝t❡✉rs ét❛♥t ❜✐♥❛✐r❡s✱ ❝❤❛❝✉♥❡ ❞❡ ❝❡s ❝♦♠❜✐♥❛✐s♦♥s s❡r❛ é❣❛❧❡♠❡♥t ❜✐♥❛✐r❡✳ ❚r♦✐s

♦♣ér❛t❡✉rs ♣❡✉✈❡♥t êtr❡ r❡♥❝♦♥trés ✿ ∧ ✭❆◆❉✮✱ ∨ ✭❖❘✮ ❡t c ✭◆❖❚✮✳ Xc ❡st ❛♣♣❡❧é ❝♦♥❥✉❣✉é

❞❡ X✳ ❯♥❡ ❡①♣r❡ss✐♦♥ ❜♦♦❧é❡♥♥❡ ♣❡✉t êtr❡ ❣é♥éré❡ ❡♥ ❝♦♠❜✐♥❛♥t ❞❡ ♠❛♥✐èr❡ ✐tér❛t✐✈❡ ❞❡✉①

✈❛r✐❛❜❧❡s✱ ✉♥❡ ✈❛r✐❛❜❧❡ ❡t ✉♥❡ ❡①♣r❡ss✐♦♥ ❜♦♦❧é❡♥♥❡ ♦✉ ❞❡✉① ❡①♣r❡ss✐♦♥s ❜♦♦❧é❡♥♥❡s✱ ❝♦♠♠❡

✐♥❞✐q✉é ❞❛♥s ❧✬éq✉❛t✐♦♥ ✭✸✳✶✮ ✿

(X1 ∧Xc
2) ∧ [(X3 ∧X4) ∨ (X5 ∧ (Xc

3 ∨X6))] ✭✸✳✶✮

❈❡tt❡ éq✉❛t✐♦♥ ♣❡✉t êtr❡ ❧✉❡ ❝♦♠♠❡ ✉♥❡ ❞é❝❧❛r❛t✐♦♥ ✧❆◆❉✧✱ ❣é♥éré❡ à ♣❛rt✐r ❞❡s ❡①♣r❡s✲

s✐♦♥s (X1 ∧ Xc
2) ❡t (X3 ∧ X4) ∨ (X5 ∧ (Xc

3 ∨ X6))✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s

❡①♣r❡ss✐♦♥s ❜♦♦❧é❡♥♥❡s ♣❡r♠❡t ❞❡ r❡♣rés❡♥t❡r ✉♥❡ ❡①♣r❡ss✐♦♥ ❜♦♦❧é❡♥♥❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥

❛r❜r❡ ❜✐♥❛✐r❡✱ ❝♦♠♠❡ r❡♣rés❡♥té s✉r ❧❛ ✜❣✉r❡ ✸✳✸✳ P♦✉r ♣❧✉s ❞❡ s✐♠♣❧✐❝✐té✱ s❡✉❧ ❧✬✐♥❞✐❝❡ ❞❡

❧❛ ✈❛r✐❛❜❧❡ ❡st r❡♣rés❡♥té✳ ▲❡s ❧❡ttr❡s ❜❧❛♥❝❤❡s s✉r ❢♦♥❞ ♥♦✐r r❡♣rés❡♥t❡♥t ❧❡ ❝♦♥❥✉❣✉é ❞❡ ❧❛

✈❛r✐❛❜❧❡✳

▲❛ t❡r♠✐♥♦❧♦❣✐❡ ✭s❡♠❜❧❛❜❧❡ à ❧❛ t❡r♠✐♥♦❧♦❣✐❡ ✉t✐❧✐sé ♣❛r ❇r❡✐♠❛♥ ❡t ❛❧✳ ❬✶✾✽✹❪ ♣♦✉r ❧❡s

❛r❜r❡s ❞❡ ❞é❝✐s✐♦♥✮ ❡t ❧❡s rè❣❧❡s s✉✐✈❛♥t❡s s♦♥t ✉t✐❧✐sé❡s ♣♦✉r ❧❡s ❛r❜r❡s ❧♦❣✐q✉❡s ✿

• ▲✬❡♠♣❧❛❝❡♠❡♥t ❞❡ ❝❤❛q✉❡ é❧é♠❡♥t ✭✈❛r✐❛❜❧❡✱ ❝♦♥❥✉❣✉é ❞❡ ❧❛ ✈❛r✐❛❜❧❡✱ ♦♣ér❛t❡✉rs ∧ ❡t ∨✮

✶✶✹
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❋✐❣✉r❡ ✸✳✸ ✕ ❆r❜r❡ ❧♦❣✐q✉❡ r❡♣rés❡♥t❛♥t ❧✬❡①♣r❡ss✐♦♥ ❜♦♦❧é❡♥♥❡ (X1 ∧Xc
2)∧ [(X3 ∧X4)∨

(X5 ∧ (Xc
3 ∨X6))] ✭❞✬❛♣rès ❘✉❝③✐♥s❦✐ ❡t ❛❧✳ ❬✷✵✵✸❪✮✳

❞❛♥s ❧✬❛r❜r❡ ❡st ✉♥ ♥÷✉❞✳

• ❈❤❛q✉❡ ♥÷✉❞ ♣♦ssè❞❡ ③ér♦ ♦✉ ❞❡✉① s♦✉s ♥÷✉❞s✳

• ▲❡s ❞❡✉① s♦✉s ♥÷✉❞s ❞✬✉♥ ♥÷✉❞ s♦♥t ❛♣♣❡❧és s❡s ❡♥❢❛♥ts✱ ❧❡ ♥÷✉❞ ❧✉✐✲♠ê♠❡ ❡st ❛♣♣❡❧é

❧❡ ♣❛r❡♥t✳

• ▲❡ ♥÷✉❞ q✉✐ ♥✬❛ ♣❛s ❞❡ ♣❛r❡♥t ❡st ❛♣♣❡❧é ❧❛ r❛❝✐♥❡✳

• ▲❡s ♥÷✉❞s s❛♥s ❡♥❢❛♥t s♦♥t ❛♣♣❡❧és ❢❡✉✐❧❧❡s✳

• ▲❡s ❢❡✉✐❧❧❡s ♥❡ ♣❡✉✈❡♥t êtr❡ ♦❝❝✉♣é❡s q✉❡ ♣❛r ❞❡s ❧❡ttr❡s ♦✉ ❞❡s ❝♦♥❥✉❣✉és ✭♣ré❞✐❝t❡✉rs✮✱

t♦✉s ❧❡s ❛✉tr❡s ♥÷✉❞s s♦♥t ❞❡s ♦♣ér❛t❡✉rs ✭∧ ❡t ∨✮✳

❘é❣r❡ss✐♦♥ ❧♦❣✐q✉❡

❖♥ ❝♦♥s✐❞èr❡ X1, ...,Xk ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣ré❞✐❝t❡✉rs ❜✐♥❛✐r❡s ❡t y ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡✳ ❙✐ ♦♥

❝♦♥s✐❞èr❡ ❧❡ ❝❛s ❞✬✉♥ ❛r❜r❡ ✉♥✐q✉❡✱ ❛❧♦rs ♦♥ ♦❜t✐❡♥t ✉♥❡ ❡①♣r❡ss✐♦♥ ❧♦❣✐q✉❡ ✉♥✐q✉❡ L✳ ❙✐ ❧❛

✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❡st ❜✐♥❛✐r❡✱ s✐ L ❡st ✈r❛✐❡ ♣♦✉r ✉♥❡ ♦❜s❡r✈❛t✐♦♥✱ ❛❧♦rs ❝❡tt❡ ♦❜s❡r✈❛t✐♦♥

s❡r❛ ♥♦té❡ ✶✳ ❊♥ ♣❧✉s ❞❡ ❝❡tt❡ ❛♣♣r♦❝❤❡ ❞✬❛r❜r❡ ✉♥✐q✉❡✱ ❧❡s ❡①♣r❡ss✐♦♥s ❧♦❣✐q✉❡s ♣❡✉✈❡♥t

❛✉ss✐ ❢♦✉r♥✐r ❞❡s ♠ét❤♦❞❡s ❞✬❛r❜r❡s ♠✉❧t✐♣❧❡s ❞❛♥s ❧❡sq✉❡❧❧❡s ❞❡ ♥♦♠❜r❡✉s❡s ❡①♣r❡ss✐♦♥s
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❧♦❣✐q✉❡s Li ✭i = 1, . . . , I✮ s♦♥t ❝♦♥str✉✐t❡s ❡t ❝♦♠❜✐♥é❡s ♣❛r ❧❡ ♠♦❞è❧❡ ❧✐♥é❛✐r❡ ❣é♥ér❛❧✐sé

s✉✐✈❛♥t ✿

g (E[y]) = β0 +
I∑

i=1

βiLi, ✭✸✳✷✮

❛✈❡❝ βi✱ i = 0, ..., I✱ ❧❡s ♣❛r❛♠ètr❡s ❡t g ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❧✐❡♥✳ ❈❡ ❝❛❞r❡ ♣❡✉t ❝♦♠♣r❡♥❞r❡ ❡♥

❝♦♠♣t❡ ❧❛ ré❣r❡ss✐♦♥ ❧✐♥é❛✐r❡ (g (E[y]) = E[y]) ♦✉ ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡

✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❜✐♥❛✐r❡ ✭g (E[y]) = log (E[y]/(1− E[y]))✮✳ P♦✉r ❝❤❛q✉❡ t②♣❡ ❞❡ ♠♦❞è❧❡✱

✉♥❡ ❢♦♥❝t✐♦♥ s❝♦r❡ ❡st ❞é✜♥✐❡ ❡t ♣❡r♠❡t ❞✬é✈❛❧✉❡r ❧❛ ✧q✉❛❧✐té✧ ❞✉ ♠♦❞è❧❡ ❝♦♥s✐❞éré✳ P♦✉r ❧❛

ré❣r❡ss✐♦♥ ❧✐♥é❛✐r❡✱ ❧❡ s❝♦r❡ ♣❡✉t êtr❡ ❧❛ s♦♠♠❡ ❞❡s ❝❛rrés ❞❡s rés✐❞✉s✱ ❡t ♣♦✉r ❧❛ ré❣r❡ss✐♦♥

❧♦❣✐st✐q✉❡✱ ✐❧ ♣❡✉t ❝♦rr❡s♣♦♥❞r❡ à ❧❛ ❞é✈✐❛♥❝❡✳ ▲❡ ❜✉t ❡st ❞♦♥❝ ❞❡ tr♦✉✈❡r ❧❡s ❡①♣r❡ss✐♦♥s

❜♦♦❧é❡♥♥❡s q✉✐ ♠✐♥✐♠✐s❡♥t ❧❛ ❢♦♥❝t✐♦♥ s❝♦r❡ ❛ss♦❝✐é❡ ❛✉ ♠♦❞è❧❡✱ ❡♥ ❡st✐♠❛♥t s✐♠✉❧t❛♥é♠❡♥t

❧❡s ♣❛r❛♠ètr❡s βj ❡t ❧❡s ❡①♣r❡ss✐♦♥s ❜♦♦❧é❡♥♥❡s Lj ✳

✸✳✷✳✷ ❘❡❝❤❡r❝❤❡ ❞✉ ♠❡✐❧❧❡✉r ♠♦❞è❧❡

▲❡s ❡①♣r❡ss✐♦♥s ❧♦❣✐q✉❡s ♣❡✉✈❡♥t êtr❡ ❝♦♠♠❡ ♦♥ ❧✬❛ ✈✉✱ r❡♣rés❡♥té❡s ♣❛r ❞❡s ❛r❜r❡s

❧♦❣✐q✉❡s q✉✐ ♣❡✉✈❡♥t êtr❡ ❡♠♣❧♦②és ♣♦✉r ❣é♥ér❡r ❞❡ ♥♦✉✈❡❛✉① ❛r❜r❡s ❞❛♥s ❧❛ r❡❝❤❡r❝❤❡ ❞✉

♠❡✐❧❧❡✉r ♠♦❞è❧❡✳

▼♦✉✈❡♠❡♥ts ♣♦ss✐❜❧❡s

❈❡s ❛✉tr❡s ❛r❜r❡s ❧♦❣✐q✉❡s ♣❡✉✈❡♥t êtr❡ ❣é♥érés à ♣❛rt✐r ❞✬✉♥ ♥♦♠❜r❡ ✜♥✐ ❞✬♦♣ér❛t✐♦♥s

t❡❧❧❡s q✉❡ ❧❛ ❝r♦✐ss❛♥❝❡ ❞❡s ❜r❛♥❝❤❡s✱ ❧✬é❧❛❣❛❣❡ ❞❡s ❜r❛♥❝❤❡s ❡t ❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ❢❡✉✐❧❧❡s✳

▲❛ ✜❣✉r❡ ✸✳✹ r❡♣rés❡♥t❡ ❧❡s ❞✐✛ér❡♥ts t②♣❡s ❞❡ ♠♦✉✈❡♠❡♥ts ♣♦ss✐❜❧❡s ♣♦✉r ❧✬❡①♣r❡ss✐♦♥

❧♦❣✐q✉❡ L = (S11 ∧ Sc
21 ∨ S32)✳ ▲❡s ✈♦✐s✐♥s ❞✬✉♥ ❛r❜r❡ ❧♦❣✐q✉❡ s♦♥t ❧❡s ❛r❜r❡s q✉✐ ♣❡✉✈❡♥t

êtr❡ ❛tt❡✐♥ts à ♣❛rt✐r ❞❡ ❝❡t ❛r❜r❡ ❧♦❣✐q✉❡ ♣❛r ✉♥ s✐♠♣❧❡ ✧♠♦✉✈❡♠❡♥t✧✳ ❈♦♠♣t❡ t❡♥✉ ❞❡s

♠♦✉✈❡♠❡♥ts ♣♦ss✐❜❧❡s✱ ✉♥ ❛r❜r❡ ❧♦❣✐q✉❡ ♣❡✉t êtr❡ ❛tt❡✐♥t à ♣❛rt✐r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ❛✉tr❡

❛r❜r❡ ❧♦❣✐q✉❡ à ♣❛rt✐r ❞✬✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ♠♦✉✈❡♠❡♥ts✱ ❢❛✐s❛♥t ré❢ér❡♥❝❡ à ❧✬✐rré❞✉❝t✐❜✐❧✐té

❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❝❤❛î♥❡s ❞❡ ▼❛r❦♦✈✳

❈❡♣❡♥❞❛♥t✱ ❧❡ ♥♦♠❜r❡ ❞✬❛r❜r❡s ❧♦❣✐q✉❡s ❝♦♥str✉❝t✐❜❧❡s ♣♦✉r ✉♥ ❡♥s❡♠❜❧❡ ❞♦♥♥é ❞❡ ✈❛✲

r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s ❡st é♥♦r♠❡✱ ❡t ✐❧ ♥✬❡①✐st❡ ❛✉❝✉♥ ♠♦②❡♥ s✐♠♣❧❡ ❞❡ ❧✐st❡r t♦✉s ❧❡s ❛r❜r❡s

❧♦❣✐q✉❡s q✉✐ ❞♦♥♥❡♥t ❞❡s ♣ré❞✐❝t✐♦♥s ❞✐✛ér❡♥t❡s✳ ■❧ ❡st ❞♦♥❝ ✐♠♣♦ss✐❜❧❡ ❞❡ ♣r♦❝é❞❡r à ✉♥❡

✶✶✻
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❋✐❣✉r❡ ✸✳✹ ✕ ▼♦✉✈❡♠❡♥ts ❛❞♠✐ss✐❜❧❡s ❞❛♥s ❧✬❛r❜r❡ ❧♦❣✐q✉❡ ♣♦✉r ❧✬❡①♣r❡ss✐♦♥ ❧♦❣✐q✉❡
L = (S11 ∧ Sc

21 ∨ S32)✳ ▲✬❛r❜r❡ ❞❡ ❞é♣❛rt ❡st ❛✉ ❝❡♥tr❡✳ ▲❡s ❧❡ttr❡s ❜❧❛♥❝❤❡s s✉r ❢♦♥❞
♥♦✐r r❡♣rés❡♥t❡♥t ❧❡ ❝♦♥❥✉❣✉é ❞❡ ❧❛ ✈❛r✐❛❜❧❡✳

é✈❛❧✉❛t✐♦♥ ❡①❤❛✉st✐✈❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞✐✛ér❡♥ts ❛r❜r❡s ❧♦❣✐q✉❡s✳ P♦✉r ❝❡ ❢❛✐r❡✱ ❘✉❝③✐♥s❦✐

❡t ❛❧✳ ❬✷✵✵✹❪ ♣r♦♣♦s❡♥t ❞✬✉t✐❧✐s❡r ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝❤❡r❝❤❡ st♦❝❤❛st✐q✉❡ ✿ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡

r❡❝✉✐t s✐♠✉❧é✳

❘❡♠❛rq✉❡✳ ▲❡s ❛❧❣♦r✐t❤♠❡s ❣é♥ét✐q✉❡s ❡t ❧❡ r❡❝✉✐t s✐♠✉❧é ét❛♥t ❞❡✉① t❡❝❤♥✐q✉❡s ❞✬♦♣t✐♠✐✲

s❛t✐♦♥ tr❛✈❛✐❧❧❛♥t s✉r ❧❡s ♠ê♠❡s t②♣❡s ❞❡ ♣r♦❜❧è♠❡s✱ ❧❡s ❛❧❣♦r✐t❤♠❡s ❣é♥ét✐q✉❡s ♣♦✉rr❛✐❡♥t

êtr❡ é❣❛❧❡♠❡♥t ✉t✐❧✐sés ❞❛♥s ❝❡ ❝♦♥t❡①t❡ ✭●♦❧❞❜❡r❣ ❡t ❛❧✳ ❬✶✾✾✹❪✮✳ ■❧s ❢♦✉r♥✐ss❡♥t ❞❡s s♦❧✉✲

t✐♦♥s q✉❛s✐✲♦♣t✐♠❛❧❡s ♠❛✐s ❛✉ ♣r✐① ❞✬✉♥ t❡♠♣s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❣é♥ér❛❧❡♠❡♥t ♣❧✉s ❧♦♥❣ q✉❡

❝❡❧✉✐ ❞✉ r❡❝✉✐t s✐♠✉❧é✳

❆❧❣♦r✐t❤♠❡ ❞❡ r❡❝✉✐t s✐♠✉❧é

▲✬❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝✉✐t s✐♠✉❧é ❡st ❞é✜♥✐ s✉r ✉♥ ❡s♣❛❝❡ ❞✬ét❛t S✱ q✉✐ ❡st ✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞✬ét❛ts

✐♥❞✐✈✐❞✉❡❧s✳ ❈❤❛❝✉♥ ❞❡ ❝❡s ét❛ts r❡♣rés❡♥t❡ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❝♦♥s✐❞éré✳ ▲❡s

ét❛ts s♦♥t ❧✐és ♣❛r ✉♥ s②stè♠❡ ❞❡ ✈♦✐s✐♥❛❣❡✱ ❡t ❧✬❡♥s❡♠❜❧❡ ❞❡ ♣❛✐r❡s ✈♦✐s✐♥❡s ❞❛♥s S ❞é✜♥✐t

✶✶✼



✸✳✷✳ ❆PP❘❖❈❍❊ ❙❚❆❚■❙❚■◗❯❊ ✿ ❘➱●❘❊❙❙■❖◆ ▲❖●■◗❯❊

✉♥❡ str✉❝t✉r❡ M ❞❛♥s ❧✬❡s♣❛❝❡ S × S✳ ▲❡s é❧é♠❡♥ts ❞❡ M s♦♥t ❛♣♣❡❧és ❞❡s ♠♦✉✈❡♠❡♥ts✳

❉❡✉① ét❛ts s ❡t s✬ s♦♥t ❛❞❥❛❝❡♥ts s✬✐❧s ♣❡✉✈❡♥t êtr❡ ❛tt❡✐♥ts ♣❛r ✉♥ ✉♥✐q✉❡ ♠♦✉✈❡♠❡♥t✳

▲✬✐❞é❡ ❞❡ ❜❛s❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝✉✐t s✐♠✉❧é ❡st ❧❛ s✉✐✈❛♥t❡ ✿

✶✳ ➱t❛♥t ❞♦♥♥é ✉♥ ❝❡rt❛✐♥ ét❛t✱ ❝❤♦✐s✐r ✉♥ ♠♦✉✈❡♠❡♥t ♣❛r♠✐ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠♦✉✈❡♠❡♥ts

♣♦ss✐❜❧❡s✱ ❝❡ q✉✐ ❝♦♥❞✉✐t à ✉♥ ♥♦✉✈❡❧ ét❛t✳

✷✳ ❈♦♠♣❛r❡r ❧❡s s❝♦r❡s ❞❡ ❧✬❛♥❝✐❡♥ ❡t ❞✉ ♥♦✉✈❡❧ ét❛t✳ ❙✐ ❧❡ s❝♦r❡ ❞✉ ♥♦✉✈❡❧ ét❛t ❡st ♠✐❡✉①

q✉❡ ❧❡ s❝♦r❡ ❞❡ ❧✬❛♥❝✐❡♥ ét❛t✱ ❛❝❝❡♣t❡r ❧❡ ♠♦✉✈❡♠❡♥t✳

❙✐ ❧❡ s❝♦r❡ ❞✉ ♥♦✉✈❡❧ ét❛t ♥✬❡st ♣❛s ♠✐❡✉① q✉❡ ❧❡ s❝♦r❡ ❞❡ ❧✬❛♥❝✐❡♥ ét❛t✱ ❛❝❝❡♣t❡r ❧❡

♠♦✉✈❡♠❡♥t ❛✈❡❝ ✉♥❡ ❝❡rt❛✐♥❡ ♣r♦❜❛❜✐❧✐té✳

▲❛ ♣r♦❜❛❜✐❧✐té ❞✬❛❝❝❡♣t❛t✐♦♥ ❞é♣❡♥❞ ❞✉ s❝♦r❡ ❞❡s ❞❡✉① ét❛ts ❝♦♥s✐❞érés✱ ❡t ❞✬✉♥ ♣❛r❛♠ètr❡

q✉✐ r❡✢èt❡ à q✉❡❧ ❡♥❞r♦✐t ❞❡ ❧❛ ❝❤❛✐♥❡ ❞❡ r❡❝✉✐t ♦♥ s❡ tr♦✉✈❡ ✭❝❡ ♣❛r❛♠ètr❡ ❡st ❣é♥ér❛❧❡✲

♠❡♥t ❞és✐❣♥é ❝♦♠♠❡ ❧❛ t❡♠♣ér❛t✉r❡✮✳ P♦✉r t♦✉t❡ ♣❛✐r❡ ❞❡ s❝♦r❡s✱ s✐ ❧✬ét❛t ♣r♦♣♦sé ❛ ✉♥

s❝♦r❡ ♠♦✐♥s ❜♦♥ q✉❡ ❧❡ ♣ré❝é❞❡♥t✱ ♣❧✉s ♦♥ s❡ tr♦✉✈❡ ❧♦✐♥ ❞❛♥s ❧❛ ❝❤❛✐♥❡ ❞❡ r❡❝✉✐t✱ ♣❧✉s ❧❛

♣r♦❜❛❜✐❧✐té ❞✬❛❝❝❡♣t❛t✐♦♥ ❡st ❢❛✐❜❧❡✳ ■❧ ② ❛ ❞✐✛ér❡♥t❡s ♦♣t✐♦♥s s✉r ❧❛ ♠❛♥✐èr❡ ❞❡ ♠❡ttr❡ ❡♥

÷✉✈r❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝✉✐t ❡t ❞✬❛❥✉st❡r ❧❡s ♠♦❞è❧❡s ❧♦❣✐q✉❡s✳ ❚♦✉s ❧❡s ❛r❜r❡s s♦♥t s✐♠✉❧✲

t❛♥é♠❡♥t ❛❥✉stés ❞❛♥s ❧❡ ♠♦❞è❧❡ s✐♠✉❧t❛♥é♠❡♥t✳ ❈❡❧❛ ♥é❝❡ss✐t❡✱ ♣♦✉r ❞❡s r❛✐s♦♥s ❞❡ ❝❛❧❝✉❧✱

❞❡ ♣résé❧❡❝t✐♦♥♥❡r ❧❡ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ❞✬❛r❜r❡s t q✉✐ ♣❡✉t êtr❡ ❝❤♦✐s✐ ❛r❜✐tr❛✐r❡♠❡♥t ❣r❛♥❞

s✐ ♥♦✉s ♥✬❛✈♦♥s ❛✉❝✉♥❡ ✐❞é❡ ❛ ♣r✐♦r✐ ❞✉ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ❞✬❛r❜r❡s ✈♦✉❧✉✳ ❊♥ ♣r✐♥❝✐♣❡✱ ✉♥

❛r❜r❡ ❡st sé❧❡❝t✐♦♥♥é ❞❛♥s ❧❡ ♠♦❞è❧❡ ❧♦❣✐q✉❡ ♣✉✐s ✉♥ ♠♦✉✈❡♠❡♥t ❞❡ ❞é♣❧❛❝❡♠❡♥t ❡st ❝❤♦✐s✐

❛❧é❛t♦✐r❡♠❡♥t ♣♦✉r ❝❡t ❛r❜r❡✳ ▲❡s ♣❛r❛♠ètr❡s s♦♥t ré✲❛❥✉stés ♣♦✉r ❧❡ ♥♦✉✈❡❛✉ ♠♦❞è❧❡ ❡t ❧❡

s❝♦r❡ ❡st ❞ét❡r♠✐♥é✳ ❈❡❧✉✐✲❝✐ ❡st ❡♥s✉✐t❡ ❝♦♠♣❛ré ❛✉① s❝♦r❡s ❞❡ ❝❡✉① ❞❡s ét❛ts ♣ré❝é❞❡♥ts✱

❝♦♠♠❡ ❞é❝r✐t ♣ré❝é❞❡♠♠❡♥t✳

▲✬✉t✐❧✐s❛t✐♦♥ ❞✉ r❡❝✉✐t s✐♠✉❧é ♣❡r♠❡t ❞❡ tr♦✉✈❡r ✉♥ ♠♦❞è❧❡ ❧❡ ♣❧✉s ♣rès ❞✉ ♠❡✐❧❧❡✉r s❝♦r❡

♣♦ss✐❜❧❡✳ ❉❛♥s ❘✉❝③✐♥s❦✐ ❡t ❛❧✳ ❬✷✵✵✸❪✱ ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ ❢❡✉✐❧❧❡s ❞❛♥s ❧❡s ❛r❜r❡s ❧♦❣✐q✉❡s

❞✬✉♥ ♠♦❞è❧❡ ❡st ✉t✐❧✐sé ❝♦♠♠❡ ♠❡s✉r❡ ❞❡ ❧❛ ❝♦♠♣❧❡①✐té ❞✉ ♠♦❞è❧❡✱ q✉✬✐❧s ❛♣♣❡❧❧❡♥t ❧❛ t❛✐❧❧❡

❞✉ ♠♦❞è❧❡✳ ❊♥ r❡✈❛♥❝❤❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ ♠❡✐❧❧❡✉r❡ t❛✐❧❧❡ ❞✉ ♠♦❞è❧❡ ❡st ✐♠♣♦rt❛♥t❡✳

▲❛ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ♣❡✉t êtr❡ ✉t✐❧✐sé❡ ♣♦✉r ❝❡ ❢❛✐r❡✱ ❡t s✐ ❧❛ t❛✐❧❧❡ ❞❡s ❞♦♥♥é❡s ❧❡ ♣❡r♠❡t✱

✉♥❡ ❛♣♣r♦❝❤❡ ❡♥s❡♠❜❧❡ t❡st✴❡♥s❡♠❜❧❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ♣❡✉t êtr❡ ré❛❧✐sé❡✳

✶✶✽
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✸✳✷✳✸ ■❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s ✐♥tér❡ss❛♥t❡s ✿ ❛❧❣♦r✐t❤♠❡ ❧♦❣✐❝❋❙

❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❜✐♥❛✐r❡✱ ❧❡s ♠ét❤♦❞❡s ❞❡ t②♣❡ ❘❛♥❞♦♠ ❋♦r❡st ✭❘❋✮✱

♣❛r ❡①❡♠♣❧❡✱ ✐❞❡♥t✐✜❡♥t ❧❡s ✈❛r✐❛❜❧❡s ❡①♣❧✐q✉❛♥t ❧❡s ✐♥❞✐✈✐❞✉s ✧♠❛❧❛❞❡✧ ✭✈❛r✐❛❜❧❡ ré♣♦♥s❡

✈❛❧❛♥t ✶✮ ❝♦♠♠❡ ❧❡s ✈❛r✐❛❜❧❡s ❧❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s✳ ❈❡♣❡♥❞❛♥t ♥✐ ❧❡s ✐♥t❡r❛❝t✐♦♥s ✐♥tér❡s✲

s❛♥t❡s ♥✐ ❧❡s ❣é♥♦t②♣❡s ♣♦✉✈❛♥t ❡①♣❧✐q✉❡r ❧❡s ✐♥❞✐✈✐❞✉s ✧♠❛❧❛❞❡s✧ ♥❡ s♦♥t ❞ét❡❝tés✳ ❈❡❧❛

♣❡✉t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ ✐♥❝♦♥✈é♥✐❡♥t ♠❛❥❡✉r ♣♦✉r ❧✬❛♥❛❧②s❡ ❞❡s ❞♦♥♥é❡s ♣r♦✈❡♥❛♥t

❞✬ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣é♥ét✐q✉❡✱ ét❛♥t ❞♦♥♥é q✉❡ ❝❡ ♥❡ s♦♥t ♣❛s ❧❡s ❙◆Ps ♣r✐s ✐♥❞✐✈✐❞✉❡❧✲

❧❡♠❡♥t ♠❛✐s ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❙◆Ps q✉✐ s♦♥t s✉♣♣♦sés êtr❡ à ❧✬♦r✐❣✐♥❡ ❞❡ ♠❛❧❛❞✐❡s

❝♦♠♣❧❡①❡s✳

❙❝❤✇❡♥❞❡r ❛♥❞ ■❝❦st❛❞t ❬✷✵✵✽❪ ♦♥t ❞♦♥❝ ♣r♦♣♦sé ✉♥❡ ♣r♦❝é❞✉r❡✱ ❛♣♣❡❧é❡ ❛❧❣♦r✐t❤♠❡

❧♦❣✐❝❋❙ ✭❧♦❣✐❝ ❋❡❛t✉r❡ ❙❡❧❡❝t✐♦♥✮✱ ♣❡r♠❡tt❛♥t ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❡t ❞✬✐♥t❡r❛❝t✐♦♥s

s✉s❝❡♣t✐❜❧❡s ❞✬❡①♣❧✐q✉❡r ❧❡ ✧st❛t✉t✧ ❞✬✉♥ ✐♥❞✐✈✐❞✉✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❧✬❛❧❣♦✲

r✐t❤♠❡ ❞❡ r❡❝✉✐t s✐♠✉❧é ♣rés❡♥té ♣ré❝é❞❡♠♠❡♥t ❡t à ❧✬❛♣♣❧✐q✉❡r à ❞✐✛ér❡♥ts s♦✉s✲❡♥s❡♠❜❧❡s

❞❡s ❞♦♥♥é❡s✳ ❙❝❤✇❡♥❞❡r ❬✷✵✵✼❜❪ ♠♦♥tr❡ ❧✬❛✈❛♥t❛❣❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❧♦❣✐❝❋❙ s✉r ✉♥ ❞❡s ❛✉tr❡s

❛❧❣♦r✐t❤♠❡s ❞❡ r❡❝❤❡r❝❤❡ ✉t✐❧✐sés ❞❛♥s ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❜❛sé s✉r ❧✬❛♣♣r♦❝❤❡ ▼♦♥t❡ ❈❛r❧♦

♣❛r ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ✿ ❧❛ ▼♦♥t❡ ❈❛r❧♦ ✭▼❈✮ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✳ ❑♦♦♣❡r❜❡r❣ ❛♥❞ ❘✉❝③✐♥s❦✐

❬✷✵✵✺❪ ✉t✐❧✐s❡♥t ❝❡t ❛❧❣♦r✐t❤♠❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞♦♥♥é❡s ♥♦♥ ♣❛s ♣♦✉r tr♦✉✈❡r ❧❡ ♠❡✐❧❧❡✉r

♠♦❞è❧❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✱ ♠❛✐s ♣♦✉r ♦❜t❡♥✐r ✉♥❡ ❧❛r❣❡ ❝♦❧❧❡❝t✐♦♥ ❞❡ ♠♦❞è❧❡s ♣r❡sq✉❡

❛✉ss✐ ❜♦♥s q✉❡ ❧❡ ♠❡✐❧❧❡✉r✳ ❈❡t ❡♥s❡♠❜❧❡ ❡st ❡♥s✉✐t❡ ✉t✐❧✐sé ♣♦✉r ✐❞❡♥t✐✜❡r ❧❡s ❝♦♠❜✐♥❛✐s♦♥s

❞❡ ✈❛r✐❛❜❧❡s ❛♣♣❛r❛✐ss❛♥t s♦✉✈❡♥t ❞❛♥s ❝❡s ♠♦❞è❧❡s✳

▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ❧♦❣✐❝ ❋❡❛t✉r❡ ❙❡❧❡❝t✐♦♥ ♥é❝❡ss✐t❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡s ❡①♣r❡ss✐♦♥s

❧♦❣✐q✉❡s ❡♥ ❢♦r♠❡ ❞✐s❥♦♥❝t✐✈❡ ♥♦r♠❛❧❡ ✭❉✐s❥✉♥❝t✐✈❡ ◆♦r♠❛❧ ❋♦r♠ ✭❉◆❋✮✮✳ ▲✬❡①♣r❡ss✐♦♥

❧♦❣✐q✉❡ ❞♦♥♥é❡ ❡♥ ❡①❡♠♣❧❡ ❡st r❡❧❛t✐✈❡♠❡♥t ❢❛❝✐❧❡ à ✐♥t❡r♣rét❡r✱ ❝❡♣❡♥❞❛♥t ❝❡❧❛ ❞❡✈✐❡♥t

❞❡ ♣❧✉s ❡♥ ♣❧✉s ❝♦♠♣❧✐q✉é ❞✬✐♥t❡r♣rét❡r ❝❡ ❣❡♥r❡ ❞✬❡①♣r❡ss✐♦♥s ❧♦rsq✉✬❡❧❧❡s ❝♦♥t✐❡♥♥❡♥t ❞❡

♥♦♠❜r❡✉s❡s ✈❛r✐❛❜❧❡s✳ ❆✐♥s✐✱ ❙❝❤✇❡♥❞❡r ❛♥❞ ■❝❦st❛❞t ❬✷✵✵✽❪ ♦♥t ♣r♦♣♦sé ❞❡ ❝♦♥✈❡rt✐r ❝❡s

❡①♣r❡ss✐♦♥s ❡♥ ❉◆❋✱ q✉✐ ❡st ✉♥❡ ✧❖❘✧✲❝♦♠❜✐♥❛✐s♦♥ ❞❡ ✧❆◆❉✧✲❝♦♠❜✐♥❛✐s♦♥s✳ ▲❛ ❉◆❋

❞❡ ❧✬❛r❜r❡ ❧♦❣✐q✉❡ L = (X1 ∧Xc
2) ∧ [(X3 ∧X4) ∨ (X5 ∧ (Xc

3 ∨X6))] ❞♦♥♥é ✜❣✉r❡ ✸✳✸ ♣❛r

✶✶✾
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❡①❡♠♣❧❡✱ ❡st ❞♦♥♥é❡ ♣❛r ✿

L = (X1 ∧Xc
2) ∧ [(X3 ∧X4) ∨ (X5 ∧Xc

3) ∨ (X5 ∧X6)] ✭✸✳✸✮

= (X1 ∧Xc
2 ∧X3 ∧X4) ∨ (X1 ∧Xc

2 ∧X5 ∧Xc
3) ∨ (X1 ∧Xc

2 ∧X5 ∧X6)

▲❛ ♣r♦❝é❞✉r❡ ❞❡ ❝♦♥✈❡rs✐♦♥ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❡♥ ❉◆❋ ✭♠✐♥✐♠❛❧❡✮ ♣r♦♣♦sé❡ ♣❛r

❙❝❤✇❡♥❞❡r ❛♥❞ ■❝❦st❛❞t ❬✷✵✵✽❪ ❡st ❜❛sé❡ s✉r ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ◗✉✐♥❡✲▼❝❈❧✉s❦❡② ✭◗✉✐♥❡

❬✶✾✺✷❪ ❀ ▼❝❈❧✉s❦❡② ❬✶✾✺✻❪✮ ♠♦❞✐✜é✳

▲✬❛✈❛♥t❛❣❡ ❞❡ ❧❛ ❉◆❋ ❡st q✉❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s s♦♥t ❞✐r❡❝t❡♠❡♥t ✐❞❡♥t✐✜❛❜❧❡s ❝❛r ❡❧❧❡s

s♦♥t ❞♦♥♥é❡s ♣❛r ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ✧❆◆❉✧✳ ▲✬♦❜❥❡❝t✐❢ ✐❝✐ ❡st ❞✬✐❞❡♥t✐✜❡r t♦✉t❡s ❧❡s ✐♥t❡r✲

❛❝t✐♦♥s q✉✐ ♣❡✉✈❡♥t ❛✈♦✐r ✉♥❡ ✐♥✢✉❡♥❝❡ s✉r ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡✳ ❉❛♥s ❙❝❤✇❡♥❞❡r ❬✷✵✵✼❛❪ ✉♥

❛❧❣♦r✐t❤♠❡ ❜❛sé s✉r ❧❡ ❝❛❧❝✉❧ ♠❛tr✐❝✐❡❧ ♣♦✉r ❣é♥ér❡r ✉♥ t❡❧ ❉◆❋ ❞✬✉♥❡ ❡①♣r❡ss✐♦♥ ❧♦❣✐q✉❡

❡st ♣rés❡♥té✳ ▲✬❛❧❣♦r✐t❤♠❡ ✾ ❞❡ ❧❛ ❧♦❣✐❝❋❙ ♣❡✉t ❞♦♥❝ à ♣rés❡♥t êtr❡ ❞é✜♥✐✳

❆❧❣♦r✐t❤♠ ✾ ❆❧❣♦r✐t❤♠❡ ❧♦❣✐❝❋❙

✶✳ ❈ré❡r ✉♥ é❝❤❛♥t✐❧❧♦♥ ❜♦♦tstr❛♣ ❞❡ t❛✐❧❧❡ N à ♣❛rt✐r ❞❡s N ♦❜s❡r✈❛t✐♦♥s ❞❡ ❧✬❡♥s❡♠❜❧❡
❞❡s ✈❛r✐❛❜❧❡s ❞✬✐♥térêt✳

✷✳ ❈♦♥str✉✐r❡ ✉♥ ♠♦❞è❧❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ s✉r ❧❛ ❜❛s❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥ ❜♦♦tstr❛♣✳

✸✳ ❈♦♥✈❡rt✐r ❝❤❛q✉❡ ❡①♣r❡ss✐♦♥ ❧♦❣✐q✉❡ s♦✉s ❧❛ ❢♦r♠❡ ❉◆❋✳

✹✳ ❘é♣ét❡③ ❧❡s ét❛♣❡s ✶ à ✸✱ ❇ ❢♦✐s ✭✶✵✵ ♦✉ ✷✵✵ ❢♦✐s✮✳

❈❡rt❛✐♥❡s ✐♥t❡r❛❝t✐♦♥s ✐❞❡♥t✐✜é❡s ♣❛r ❧♦❣✐❝❋❙ s♦♥t très ✐♠♣♦rt❛♥t❡s ♣♦✉r ❧❛ ♣ré❞✐❝t✐♦♥✳

❉✬❛✉tr❡s ❡♥ r❡✈❛♥❝❤❡ ♥❡ ❧❡ s♦♥t ♣❛s ♦✉ ♣♦✉rr❛✐❡♥t ❢❛✐r❡ ♦❜str✉❝t✐♦♥ à ❧❛ ❜♦♥♥❡ ♣ré❞✐❝t✐♦♥

❞✉ st❛t✉t ❞✬✉♥❡ ♦❜s❡r✈❛t✐♦♥✳ ■❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞❡ q✉❛♥t✐✜❡r ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ❝❤❛❝✉♥❡

❞❡ ❝❡s ✐♥t❡r❛❝t✐♦♥s ♣♦t❡♥t✐❡❧❧❡♠❡♥t ✐♥tér❡ss❛♥t❡s✳

✸✳✷✳✹ ▼❡s✉r❡ ❞❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ✐❞❡♥t✐✜é❡s

▲❡s ♠♦❞è❧❡s s♦♥t ✉t✐❧✐sés ♣♦✉r ❝❛❧❝✉❧❡r ♣♦✉r ❝❤❛q✉❡ ✈❛r✐❛❜❧❡✱ ❝❤❛q✉❡ ♣❛✐r❡ ❡t ❝❤❛q✉❡

tr✐♣❧❡t ❞❡ ✈❛r✐❛❜❧❡s ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ♠♦❞è❧❡s ❞❛♥s ❧❡q✉❡❧ ❧❡s ✈❛r✐❛❜❧❡s r❡s♣❡❝t✐✈❡s ❛♣♣❛✲

r❛✐ss❡♥t ❝♦♥❥♦✐♥t❡♠❡♥t ❞❛♥s ❧❡ ♠ê♠❡ ❛r❜r❡ ❧♦❣✐q✉❡✳ ▲❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ✈❛r✐❛❜❧❡s ❧❡s ♣❧✉s

❢réq✉❡♥t❡s s♦♥t ❛❧♦rs s✉♣♣♦sé❡s êtr❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❧❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s✳ ❯♥❡ ♠❡s✉r❡ ❛♣✲

♣r♦♣r✐é❡ q✉❛♥t✐✜❡ ❞❡ ❝♦♠❜✐❡♥ ❧✬✐♥t❡r❛❝t✐♦♥ ❛♠é❧✐♦r❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ✭❱❛r✐❛❜❧❡ ■♠♣♦rt❛♥❝❡

✶✷✵
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▼❡❛s✉r❡♠❡♥t ✭❱■▼✮✮✳ ❈❡tt❡ ❛♠é❧✐♦r❛t✐♦♥ ♥❡ ❞♦✐t ♣❛s êtr❡ ❝❛❧❝✉❧é❡ s✉r ❧❡ ♠ê♠❡ ❥❡✉ ❞❡ ❞♦♥✲

♥é❡s q✉❡ ❝❡❧✉✐ ✉t✐❧✐sé ♣♦✉r ❡✛❡❝t✉❡r ❧❡s rè❣❧❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✱ ♠❛✐s s✉r ✉♥ ❥❡✉ ❞❡ ❞♦♥♥é❡s

✐♥❞é♣❡♥❞❛♥t ❝♦♥t❡♥❛♥t ❞❡ ♥♦✉✈❡❧❧❡s ♦❜s❡r✈❛t✐♦♥s✳ ▲✬❛❧❣♦r✐t❤♠❡ ❧♦❣✐❝❋❙ ❡st ✉♥ ♠♦❞è❧❡ ❞❡

ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❝♦♥str✉✐t s✉r ❧❛ ❜❛s❡ ❞✬✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ ❞♦♥♥é❡s✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s

❖✉t✲❖❢✲❇❛❣ ✭❖❖❇✮ ✭♦❜s❡r✈❛t✐♦♥s ♥❡ ✜❣✉r❛♥t ♣❛s ❞❛♥s ❧✬é❝❤❛♥t✐❧❧♦♥ ❜♦♦tstr❛♣✮ ♣❡✉✈❡♥t

êtr❡ ✉t✐❧✐sé❡s ♣♦✉r ❡st✐♠❡r ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s✳

❉❛♥s ❧❡ ❝❛s ❞✬✉♥ s❡✉❧ ❛r❜r❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ✭❱■▼✮ ♦✉ ❞✬✉♥❡ ✐♥t❡r❛❝t✐♦♥ P

❡st ❝❛❧❝✉❧é❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

V IMs✐♥❣❧❡ =
1

B
(
∑

b:P∈Lb

(Nb −N−
b ) +

∑

b:P /∈Lb

(N+
b −Nb)), ✭✸✳✹✮

❛✈❡❝ Lb ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣r❡♠✐❡rs ✐♠♣❧✐q✉❛♥ts ✐❞❡♥t✐✜és ❞❛♥s ❧❛ b✲è♠❡ ✐tér❛t✐♦♥ ❞❡ ❧♦❣✐❝❋❙✱Nb

❡st ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❖❖❇ ❞❛♥s ❧❛ b✲è♠❡ ✐tér❛t✐♦♥ q✉✐ s♦♥t ❝♦rr❡❝t❡♠❡♥t ❝❧❛ssé❡s ♣❛r

❧❡ ♠♦❞è❧❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❡t N+
b /N−

b ❡st ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❖❖❇ ❝♦rr❡❝t❡♠❡♥t

❝❧❛ssé❡s ♣❛r ❧❡ b✲è♠❡ ♠♦❞è❧❡ ❛♣rès q✉❡ P ❛✐t été ❛❥♦✉té✴ s♦rt✐ ❞✉ ♠♦❞è❧❡✳

❉❛♥s ❧❡ ❝❛s ❞✬❛r❜r❡s ♠✉❧t✐♣❧❡s✱ ✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❞✬❛❥♦✉t❡r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ à ❧✬✉♥ ❞❡s

❛r❜r❡s s❛♥s ❛♠❜✐❣✉ïté ❝❛r ✐❧ ♥✬❡st ♣❛s é✈✐❞❡♥t ❞❡ s❛✈♦✐r à q✉❡❧❧❡ ❡①♣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❧✬❛❥♦✉t❡r✳

▲❡ ♣r❡♠✐❡r ✐♠♣❧✐q✉❛♥t P ❡st ❞♦♥❝ s❡✉❧❡♠❡♥t r❡t✐ré ✭❡t ♥♦♥ ❛❥♦✉té✮ ❛✉① ♠♦❞è❧❡s✱ ❡t ❧❛

♠❡s✉r❡ ♠✉❧t✐✲❛r❜r❡ ❡st ❞ét❡r♠✐♥é❡ ♣❛r ✿ ✭❛✮ ❝❛❧❝✉❧❡r ❧❡ ♥♦♠❜r❡ Nb ❞✬♦❜s❡r✈❛t✐♦♥s ❖❖❇

❝♦rr❡❝t❡♠❡♥t ❝❧❛ssé❡s ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s B ✐tér❛t✐♦♥s✱ ✭❜✮ ❡♥❧❡✈❡r P ❞❡ t♦✉s ❧❡s ♠♦❞è❧❡s✱

✭❝✮ r❡❝❛❧❝✉❧❡r ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❖❖❇ ❝♦rr❡❝t❡♠❡♥t ❝❧❛ssé❡s ✭♠❛✐♥t❡♥❛♥t ♥♦té❡s N∗
b ✮

♣♦✉r ❝❤❛❝✉♥❡ ❞❡s B ✐tér❛t✐♦♥s✱ ✭❞✮ ❝❛❧❝✉❧ ❞❡ ✿

V IMmulti =
1

B

B∑

b=1

(Nb −N∗
b ) =

1

B

∑

b:P∈Lb

(Nb −N∗
b ) ✭✸✳✺✮

❯♥❡ ✈❛❧❡✉r é❧❡✈é❡ ❞✉ V IM s✐❣♥✐✜❡ q✉❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡ ❡st très ✐♠♣♦rt❛♥t❡✳

❊♥ r❡✈❛♥❝❤❡✱ ✉♥❡ ✈❛❧❡✉r ♣r♦❝❤❡ ❞❡ ③ér♦ s✉❣❣èr❡ q✉❡ ❧✬✐♥t❡r❛❝t✐♦♥ ♥✬❡st ♣❛s ✐♠♣♦rt❛♥t❡ ♣♦✉r

❧❛ ❝❧❛ss✐✜❝❛t✐♦♥✳

✶✷✶



✸✳✸✳ ❊❳❊▼P▲❊ ❉✬❆PP▲■❈❆❚■❖◆

✸✳✸ ❊①❡♠♣❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥

❉❡ ♥♦♠❜r❡✉s❡s ♠ét❤♦❞❡s ❞❡ ❝♦♥str✉❝t✐♦♥ ❞✬❛r❜r❡s ❞❡ ❞é❝✐s✐♦♥ ❞♦♥t ❧❡s ♠ét❤♦❞❡s ❈❆❘❚

✭❇r❡✐♠❛♥ ❡t ❛❧✳ ❬✶✾✽✹❪✮ ❡t ❈❍❆■❉ ✭❑❛ss ❬✶✾✽✵❪✮ ♣❡✉✈❡♥t s❡r✈✐r à ❧❛ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s✳

▲❛ ♣r✐♥❝✐♣❛❧❡ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❝❡s ♠ét❤♦❞❡s rés✐❞❡ ❞❛♥s ❧❡ ♣r♦❝❡ss✉s ❞❡ ❝♦♥str✉❝t✐♦♥ ❞❡

❧✬❛r❜r❡✳ ▲✬❛❧❣♦r✐t❤♠❡ ❈❆❘❚ ✭❈❧❛ss✐✜❝❛t✐♦♥ ❆♥❞ ❘❡❣r❡ss✐♦♥ ❚r❡❡✮ ❝♦♥str✉✐t ❞❡s ❛r❜r❡s ❞❡

❞é❝✐s✐♦♥ ❜✐♥❛✐r❡s ✭❝✬❡st✲à✲❞✐r❡ q✉❡ ❝❤❛q✉❡ ♥÷✉❞ ♥❡ ♣❡✉t ❛✈♦✐r q✉❡ ❞❡✉① ❜r❛♥❝❤❡s✮ ❡t ❧❡s ✈❛✲

r✐❛❜❧❡s ❝♦♥s✐❞éré❡s ♣❡✉✈❡♥t êtr❡ ❜✐♥❛✐r❡s✱ q✉❛❧✐t❛t✐✈❡s ♦✉ q✉❛♥t✐t❛t✐✈❡s✳ ▲❛ ♣r❡♠✐èr❡ ♣❤❛s❡

❞❡ ❝♦♥str✉❝t✐♦♥ ❞❡ ❧✬❛r❜r❡ ❡st ❧❛ ♣❤❛s❡ ❞✬❡①♣❛♥s✐♦♥ ré❛❧✐sé❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡

❡t ❧❡ ❝r✐tèr❡ ❞❡ s❡❣♠❡♥t❛t✐♦♥ ✉t✐❧✐sé ✭♠❡s✉r❡ ❞❡ ❧❛ ❞✐✈✐s✐♦♥✮ ❡st ❧✬✐♥❞✐❝❡ ❞❡ ●✐♥✐ ✭●✐♥✐ ❬✶✾✷✶❪✮✳

❉❛♥s ❝❡tt❡ ♣❤❛s❡✱ ♦♥ ❞é❝✐❞❡ s✐ ✉♥ ♥÷✉❞ ❡st t❡r♠✐♥❛❧✱ ♦♥ sé❧❡❝t✐♦♥♥❡ ✉♥ t❡st à ❛ss♦❝✐❡r à

✉♥ ♥÷✉❞ ❡t ♦♥ ❛✛❡❝t❡ ✉♥❡ ❝❧❛ss❡ à ✉♥❡ ❢❡✉✐❧❧❡✳ ❈❡❧❛ ♣❡r♠❡t ❞❡ ❝♦♥str✉✐r❡ ❧✬❛r❜r❡ ♠❛①✐✲

♠❛❧✳ ❆rr✐✈❡ ❡♥s✉✐t❡ ❧❛ ♣❤❛s❡ ❞✬é❧❛❣❛❣❡ ✭♣♦st✲é❧❛❣❛❣❡✮ ♣♦✉r é✈✐t❡r ❧❡ s✉r✲❛♣♣r❡♥t✐ss❛❣❡ ❞❡s

❞♦♥♥é❡s✱ q✉✐ ❝♦♥s✐st❡ à ré❞✉✐r❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬❛r❜r❡ ❝♦♠♣❧❡t✳ ▲❡s s♦✉s✲❛r❜r❡s s♦♥t ♦r❞♦♥♥és

s❡❧♦♥ ✉♥❡ séq✉❡♥❝❡ ❡♠❜♦îté❡ s✉✐✈❛♥t ❧❛ ❞é❝r♦✐ss❛♥❝❡ ❞✬✉♥ ❝r✐tèr❡ ♣é♥❛❧✐sé❡ ❞❡ ❞é✈✐❛♥❝❡ ♦✉

❞❡ t❛✉① ❞❡ ♠❛❧✲❝❧❛ssés ❡t ❧❡ s♦✉s✲❛r❜r❡ ♦♣t✐♠❛❧ ❡st sé❧❡❝t✐♦♥♥é✳ ▲✬é❧❛❣❛❣❡ ❞❡ ❧✬❛r❜r❡ s❡ ❢❛✐t

♣❛r ❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡rr❡✉r ré❡❧❧❡✱ ❡♥ ✉t✐❧✐s❛♥t ✉♥ ❡♥s❡♠❜❧❡ t❡st✳ ▲❛ ♣❤❛s❡ ❞✬é❧❛❣❛❣❡ ♣❡✉t

êtr❡ ♠♦❞✐✜é❡ ♣♦✉r ❧❡ ❝❛s ❞✬é❝❤❛♥t✐❧❧♦♥s ❞❡ ♣❧✉s ♣❡t✐t❡ t❛✐❧❧❡✱ ♦♥ ✉t✐❧✐s❡ ❛❧♦rs ❧❛ ✈❛❧✐❞❛t✐♦♥

❝r♦✐sé❡ ❝♦♠♠❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧✬❡rr❡✉r ré❡❧❧❡✳

▲❛ ♠ét❤♦❞❡ ❈❍✐✲sq✉❛r❡❞ ❆✉t♦♠❛t✐❝ ■♥t❡r❛❝t✐♦♥ ❉❡t❡❝t♦r ✭❈❍❆■❉✮ ❝♦♥s✐❞èr❡ t♦✉t t②♣❡

❞❡ ✈❛r✐❛❜❧❡s ❡t ♣❡✉t ❣é♥ér❡r ❞❡s ❛r❜r❡s ❜✐♥❛✐r❡s ♠❛✐s é❣❛❧❡♠❡♥t ♥♦♥ ❜✐♥❛✐r❡s ❝♦♥tr❛✐r❡✲

♠❡♥t à ❈❆❘❚✳ ▲✬❡♥❥❡✉ ❞❡ ❧❛ r❡❝❤❡r❝❤❡ ❞❡ ❧❛ t❛✐❧❧❡ ♦♣t✐♠❛❧❡ ❞✬✉♥ ❛r❜r❡ ❝♦♥s✐st❡ à st♦♣♣❡r

✭♣ré✲é❧❛❣❛❣❡✮ ♦✉ à ré❞✉✐r❡ ❧✬❛r❜r❡ ✭♣♦st✲é❧❛❣❛❣❡✮✳ ❈♦♥tr❛✐r❡♠❡♥t à ❈❆❘❚ q✉✐ ré❛❧✐s❡ ❞✉

♣♦st✲é❧❛❣❛❣❡✱ ❈❍❆■❉ ✈❛ é✈✐t❡r ✉♥❡ tr♦♣ ❣r❛♥❞❡ ❝r♦✐ss❛♥❝❡ ❞❡ ❧✬❛r❜r❡ ❡♥ ✜①❛♥t ✉♥❡ rè❣❧❡

❞✬❛rrêt q✉✐ ♣❡r♠❡t ❞❡ st♦♣♣❡r ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❧✬❛r❜r❡ ❧♦rs ❞❡ ❧❛ ♣❤❛s❡ ❞❡ ❝♦♥str✉❝t✐♦♥✳

P♦✉r é✈❛❧✉❡r ❧❛ ♣❡rt✐♥❡♥❝❡ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❞❛♥s ❧❛ s❡❣♠❡♥t❛t✐♦♥ ❈❍❆■❉ ✉t✐❧✐s❡ ❧❡ ❑❤✐✲✷

❞✬é❝❛rt à ❧✬✐♥❞é♣❡♥❞❛♥❝❡✳ ❖♥ ❛❝❝❡♣t❡ ❧❛ s❡❣♠❡♥t❛t✐♦♥ s✐ ❧❡ ❑❤✐✲✷ ❝❛❧❝✉❧é s✉r ✉♥ ♥÷✉❞ ❡st

s✐❣♥✐✜❝❛t✐✈❡♠❡♥t s✉♣ér✐❡✉r à ✉♥ s❡✉✐❧ t❤é♦r✐q✉❡ ❧✐é à ✉♥ r✐sq✉❡ α ✜①é✳

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❡s rés✉❧t❛ts ❡t ❧❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡ ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ s♦♥t ❝♦♠♣❛rés

à ❝❡✉① ❞❡s ❞❡✉① ♠ét❤♦❞❡s ❈❆❘❚ ❡t ❈❍❆■❉✱ ❛✐♥s✐ q✉✬à ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ ✭❇✐s❤♦♣ ❛♥❞

✶✷✷
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◆❛sr❛❜❛❞✐ ❬✷✵✵✻❪✮✱ ❧✬❛♥❛❧②s❡ ❞✐s❝r✐♠✐♥❛♥t❡ ❧✐♥é❛✐r❡ ✭❇❛r❞♦s ❬✷✵✵✶❪✮✱ à ❧❛ ♠ét❤♦❞❡ ❞✬❛❣ré❣❛✲

t✐♦♥ ❞❡ ♠♦❞è❧❡s ✿ r❛♥❞♦♠❢♦r❡st ✭❇r❡✐♠❛♥ ❬✷✵✵✶❪✮✱ ❡t ❛✉ ❙❱▼ ✭❙✉♣♣♦rt ❱❡❝t❡✉r ▼❛❝❤✐♥❡✱

❈♦rt❡s ❛♥❞ ❱❛♣♥✐❦ ❬✶✾✾✺❪✮ s✉r ✉♥ ❡①❡♠♣❧❡ ❞♦♥t ❧❡s ❞♦♥♥é❡s s♦♥t ✐ss✉❡s ❞✬✉♥❡ ❡♥q✉êt❡ ❝❛s✲

té♠♦✐♥s ✭❉❡ ▼✐❝❤❡❛✉① ❡t ❛❧✳ ❬✷✵✶✶❪✮✳ ▲❡ ❜✉t ❡st ❞✬é✈❛❧✉❡r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ r✐sq✉❡ ♣❧✉s é❧❡✈é

❞❡ s✉r✈❡♥✉❡ ❞✬✉♥ ✐♥❢❛r❝t✉s ❞✉ ♠②♦❝❛r❞❡ ❝❤❡③ ❧❡s ❢❡♠♠❡s q✉✐ ✉t✐❧✐s❡♥t ♦✉ ♦♥t ✉t✐❧✐sé ❞❡s

❝♦♥tr❛❝❡♣t✐❢s ♦r❛✉①✳ ▲✬ét✉❞❡ ❛ été ♠❡♥é❡ ❛✉♣rès ❞❡ ✶✹✾ ❢❡♠♠❡s ❛②❛♥t ❡✉ ✉♥ ✐♥❢❛r❝t✉s ❞✉

♠②♦❝❛r❞❡ ✭❝❛s✮ ❡t ✸✵✵ ❢❡♠♠❡s ♥✬❡♥ ❛②❛♥t ♣❛s ❡✉ ✭té♠♦✐♥s✮✳ ▲❡ ❢❛❝t❡✉r ❞✬❡①♣♦s✐t✐♦♥ ♣r✐♥❝✐✲

♣❛❧ ❡st ❧❛ ♣r✐s❡ ❞❡ ❝♦♥tr❛❝❡♣t✐❢s ♦r❛✉① ✭✈❛r✐❛❜❧❡ ❜✐♥❛✐r❡ ♦✉✐✴♥♦♥ ♥♦♠♠é❡ ✧❈❖✧✮✱ ❧❡s ❛✉tr❡s

❢❛❝t❡✉rs r❡❝✉❡✐❧❧✐s s♦♥t ✿

✶✳ ❧✬â❣❡ ✭✈❛r✐❛❜❧❡ ❝♦♥t✐♥✉❡✮✱

✷✳ ❧❡ ♣♦✐❞s ✭✈❛r✐❛❜❧❡ ❝♦♥t✐♥✉❡✮✱

✸✳ ❧❛ t❛✐❧❧❡ ✭✈❛r✐❛❜❧❡ ❝♦♥t✐♥✉❡✮✱

✹✳ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞❡ t❛❜❛❝ ✭✈❛r✐❛❜❧❡ ❝❛té❣♦r✐❡❧❧❡ ✵ ✿ ♥♦♥✱ ✶ ✿ ❢✉♠❡✉s❡ ❛❝t✉❡❧❧❡✱ ✷ ✿

❛♥❝✐❡♥♥❡ ❢✉♠❡✉s❡✮✱

✺✳ ❧✬❤②♣❡rt❡♥s✐♦♥ ❛rtér✐❡❧❧❡ ✭✈❛r✐❛❜❧❡ ❜✐♥❛✐r❡ ♦✉✐✴♥♦♥ ♥♦♠♠é❡ ✧❍❚❆✧✮✱

✻✳ ❧❡s ❛♥té❝é❞❡♥ts ❢❛♠✐❧✐❛✉① ❞❡ ♠❛❧❛❞✐❡s ❝❛r❞✐♦✲✈❛s❝✉❧❛✐r❡s ✭✈❛r✐❛❜❧❡ ❜✐♥❛✐r❡ ♦✉✐✴♥♦♥

♥♦♠♠é❡ ✧❆❚❈❉✧✮✳

▲❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❝❤❡r❝❤❡ ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❜♦♦❧é❡♥♥❡s ❞❡ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s✳ ❈❤❛q✉❡

✈❛r✐❛❜❧❡ ❞♦✐t ❞♦♥❝ êtr❡ tr❛♥s❢♦r♠é❡✳ ▲❡s tr♦✐s ✈❛r✐❛❜❧❡s ❝♦♥t✐♥✉❡s ✭❧✬â❣❡✱ ❧❡ ♣♦✐❞s ❡t ❧❛

t❛✐❧❧❡✮ ♦♥t été ❞✐s❝rét✐sé❡s ❡♥ ✷ ❝❧❛ss❡s ✭❞é❝♦✉♣❛❣❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠é❞✐❛♥❡✮✳ ▲❡ t❛❜❧❡❛✉

❞❡ ❞♦♥♥é❡s ❝♦♠♣♦rt❡ ❞♦♥❝ à ♣rés❡♥t ✼ ✈❛r✐❛❜❧❡s ❝❛té❣♦r✐❡❧❧❡s ❡t ❧❛ ✈❛r✐❛❜❧❡ ✧✐♥❢❛r❝t✧ ✭❝♦❞é❡

❡♥ ♦✉✐✴♥♦♥✮ q✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ ❡①♣❧✐q✉❡r✳

P♦✉r ❧❛ ♣r♦❝é❞✉r❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❞❡s ♣❛r❛♠ètr❡s ❞♦✐✈❡♥t êtr❡ ❝♦♥s✐❞érés t❡❧s q✉❡

❧❡ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ❞❡ ❜r❛♥❝❤❡s s♦✉❤❛✐té ✭✐❝✐ ✜①é à ✹ ♠❛✐s ❧❡s rés✉❧t❛ts s♦♥t ❧❡s ♠ê♠❡s

♣♦✉r ✉♥ ♥♦♠❜r❡ ♣❧✉s é❧❡✈é ❞❡ ❜r❛♥❝❤❡s✮✱ ❧❡ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ✭✜①é à ✷✵✵✮ ❡t ❧❡ ♥♦♠❜r❡

❞✬❛r❜r❡s ✭✐❝✐ ✉♥ s❡✉❧✮✳ P♦✉r ❧❛ ♠ét❤♦❞❡ ❈❍❆■❉ s❡✉❧ ❧❡ ❝r✐tèr❡ ❞✬❛rrêt st❛t✐st✐q✉❡ ♣❡✉t êtr❡

❞é✜♥✐✳ ❊♥ ❙❱▼✱ ❧✬❤②♣❡r♣❧❛♥ ♣❧❛♥ ♦♣t✐♠❛❧ ❞é♣❡♥❞ ❞❡s ♣❛r❛♠ètr❡s ❈ ✭❝♦♥st❛♥t❡ ❞✉ t❡r♠❡ ❞❡

ré❣✉❧❛r✐s❛t✐♦♥ ❞❛♥s ❧❛ ❢♦r♠✉❧❡ ❞❡ ▲❛❣r❛♥❣❡✮ ❡t ❣❛♠♠❛ ✭q✉✐ ❝♦♥trô❧❡ ❧❛ ❢♦r♠❡ ❞❡ ❧✬❤②♣❡r♣❧❛♥

❞❡ sé♣❛r❛t✐♦♥✮✳ ❆✉❝✉♥ ♣❛r❛♠ètr❡ ♥✬❡st à ✜①❡r ♣♦✉r ❧❡s ❛✉tr❡s ♠ét❤♦❞❡s ✉t✐❧✐sé❡s✳
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❋✐❣✉r❡ ✸✳✺ ✕ ❉♦♥♥é❡s ♠②♦❝❛r❞❡ ✿ ■♠♣♦rt❛♥❝❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞ét❡❝té❡s ♣❛r ré❣r❡ss✐♦♥
❧♦❣✐q✉❡✳

▲❛ ✜❣✉r❡ ✸✳✺ ♣rés❡♥t❡ ❧❡s ✶✵ ✈❛r✐❛❜❧❡s ❡t✴♦✉ ✐♥t❡r❛❝t✐♦♥s ❧❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s ♣❛r♠✐ ❧❡s

✷✸ ❞ét❡❝té❡s ♣❛r ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✳ ▲❛ ✈❛r✐❛❜❧❡ ❧❛ ♣❧✉s ✐♠♣♦rt❛♥t❡ ❡st ❧❛ ♣r✐s❡ ❞❡ ❝♦♥tr❛✲

❝❡♣t✐❢ ♦r❛❧ ♦✉ ♥♦♥✱ ❝♦♠♠❡ ❛tt❡♥❞✉✱ ❧❛ ❞❡✉①✐è♠❡ ❡st ❧❛ ✈❛r✐❛❜❧❡ t❛❜❛❝✳ ▲✬✐♥t❡r❛❝t✐♦♥ ❧❛ ♣❧✉s

✐♠♣♦rt❛♥t❡ ❡st ❝❡❧❧❡ ❡♥tr❡ ❧❡s ✈❛r✐❛❜❧❡s t❛❜❛❝ ❡t ❍❚❆✳ ❈❡s rè❣❧❡s ♣❡✉✈❡♥t s✬✐♥t❡r♣rét❡r ❞❡

❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

❙■ ♣r✐s❡ ❞❡ ❝♦♥tr❛❝❡♣t✐❢ ♦r❛❧ ❖❯ ❢✉♠❡✉r ❖❯ ✭❢✉♠❡✉r ❊❚ ❛♥té❝é❞❡♥ts ❢❛♠✐❧✐❛✉① ❞❡

♠❛❧❛❞✐❡s ❝❛r❞✐♦✲✈❛s❝✉❧❛✐r❡s✮

❆▲❖❘❙ r✐sq✉❡ ♣❧✉s é❧❡✈é ❞✬✐♥❢❛r❝t✉s ❞✉ ♠②♦❝❛r❞❡✳

▲❡s ✜❣✉r❡s ✸✳✼ ❡t ✸✳✽ ♣rés❡♥t❡♥t ❧❡s ❛r❜r❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❜t❡♥✉s ❛✈❡❝ ❧❡s ♠ét❤♦❞❡s

❈❆❘❚ ❡t ❈❍❆■❉✳ ▲❡s ✈❛r✐❛❜❧❡s ✐♠♣♦rt❛♥t❡s s♦♥t ❡①❛❝t❡♠❡♥t ❧❡s ♠ê♠❡s q✉❡ ❝❡❧❧❡s ♦❜t❡♥✉❡s

❛✈❡❝ ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❡t ❧✬♦r❞r❡ ❡st ❝♦♥s❡r✈é ✿ ✈❛r✐❛❜❧❡ ❈❖✱ ♣✉✐s t❛❜❛❝✱ ♣✉✐s ❍❚❆✳ ◗✉❛tr❡

rè❣❧❡s s♦♥t ♦❜t❡♥✉❡s ❛✈❡❝ ❈❆❘❚ ❡t ✼ ❛✈❡❝ ❈❍❆■❉✱ ❞♦♥t ❧❡s ♣r✐♥❝✐♣❛❧❡s s♦♥t ✿

✶✳ ♣r✐s❡ ❞❡ ❝♦♥tr❛❝❡♣t✐♦♥ ♦r❛❧❡ ❊❚ ❢✉♠❡✉s❡ → r✐sq✉❡ ♣❧✉s é❧❡✈é ❞✬✐♥❢❛r❝t✉s

✶✷✹
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✷✳ ♣r✐s❡ ❞❡ ❝♦♥tr❛❝❡♣t✐♦♥ ♦r❛❧❡ ❊❚ ♥♦♥ ❢✉♠❡✉s❡ ❊❚ ❍❚❆→ r✐sq✉❡ ♣❧✉s é❧❡✈é ❞✬✐♥❢❛r❝t✉s

✸✳ ♣r✐s❡ ❞❡ ❝♦♥tr❛❝❡♣t✐♦♥ ♦r❛❧❡ ❊❚ ♥♦♥ ❢✉♠❡✉s❡ ❊❚ ♣❛s ❍❚❆ → r✐sq✉❡ ❞✬✐♥❢❛r❝t✉s

♠♦✐♥❞r❡

✹✳ ♣❛s ❞❡ ❝♦♥tr❛❝❡♣t✐♦♥ ♦r❛❧❡ → r✐sq✉❡ ❞✬✐♥❢❛r❝t✉s ♠♦✐♥❞r❡

▲❛ ❧❡❝t✉r❡ ❞❡ ❧✬❛r❜r❡ ♦❜t❡♥✉ ❛✈❡❝ ❈❍❆■❉ ❡st s✐♠♣❧✐✜é❡ ❝❛r ❝❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❞❡

✈✐s✉❛❧✐s❡r ❧❡s ét❛♣❡s s✉❝❝❡ss✐✈❡s ❛✉ ❝♦✉rs ❞❡sq✉❡❧❧❡s ❧✬❛❧❣♦r✐t❤♠❡ ✐❞❡♥t✐✜❡ ❧❡s ✈❛r✐❛❜❧❡s q✉✐

♣❡r♠❡tt❡♥t ❞❡ sé♣❛r❡r ❛✉ ♠✐❡✉① ❧❡s ❞✐✛ér❡♥t❡s ❝❛té❣♦r✐❡s ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❞é♣❡♥❞❛♥t❡✳ P❛r

❡①❡♠♣❧❡✱ ❈✵ ❊❚ ❢✉♠❡✉s❡ → ✻✵✪ ❞❡ ❝❤❛♥❝❡ q✉❡ ❧✬✐♥❞✐✈✐❞✉ ❛✐t ✉♥ ✐♥❢❛r❝t✉s ❞✉ ♠②♦❝❛r❞❡✳

❆✐♥s✐ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣♦✉r ❧❡s tr♦✐s ♠ét❤♦❞❡s s❡ r❡❝♦✉♣❡♥t✳

▲❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ✭❡♥ t❡r♠❡s ❞❡ ♣ré❞✐❝t✐♦♥✮ ♦♥t été ❝♦♠♣❛✲

ré❡s à ❧✬❛✐❞❡ ❞❡ ❝♦✉r❜❡s ❘❖❈ ✭❘❡❝❡✐✈❡r ❖♣❡r❛t✐♥❣ ❈❤❛r❛❝t❡r✐st✐❝✱ ▼❡t③ ❬✶✾✼✽❪✱ ❩✇❡✐❣ ❛♥❞

❈❛♠♣❜❡❧❧ ❬✶✾✾✸❪✮ ❡st✐♠é❡s s✉r ❧✬é❝❤❛♥t✐❧❧♦♥ t❡st✳ ▲❛ ❝♦✉r❜❡ ❘❖❈ ❡st ✉♥❡ r❡♣rés❡♥t❛t✐♦♥

❣r❛♣❤✐q✉❡ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❡①✐st❛♥t❡ ❡♥tr❡ ❧❛ s❡♥s✐❜✐❧✐té ✭♣r♦❜❛❜✐❧✐té q✉❡ ❧❡ t❡st s♦✐t ♣♦s✐t✐❢ s✬✐❧

② ❛ ✐♥❢❛r❝t✉s✱ s❡ ♠❡s✉r❛♥t ❝❤❡③ ❧❡s ✧✐♥❢❛r❝t✉s✧ s❡✉❧❡♠❡♥t✮ ❡t ❧❛ s♣é❝✐✜❝✐té ❞✬✉♥ t❡st ✭♣r♦❜❛✲

❜✐❧✐té q✉❡ ❧❡ t❡st s♦✐t ♥é❣❛t✐❢ s✬✐❧ ♥✬② ❛ ♣❛s ✐♥❢❛r❝t✉s✱ s❡ ♠❡s✉r❛♥t ❝❤❡③ ❧❡s ✧♥♦♥ ✐♥❢❛r❝t✉s✧

s❡✉❧❡♠❡♥t✮ ♣♦✉r t♦✉t❡s ❧❡s ✈❛❧❡✉rs s❡✉✐❧s ♣♦ss✐❜❧❡s ✭❧❡ t❡st ❞♦♥♥❡ ✉♥ rés✉❧t❛t ♥✉♠ér✐q✉❡

❛✈❡❝ ✉♥ s❡✉✐❧ s t❡❧ q✉❡ ❧❛ ♣ré❞✐❝t✐♦♥ ❡st ♣♦s✐t✐✈❡ s✐ x > s✱ ❡t ❧❛ ♣ré❞✐❝t✐♦♥ ❡st ♥é❣❛t✐✈❡

s✐ x < s✮✳ ▲✬♦r❞♦♥♥é❡ r❡♣rés❡♥t❡ ❧❛ s❡♥s✐❜✐❧✐té ❡t ❧✬❛❜s❝✐ss❡ ❝♦rr❡s♣♦♥❞ à ❧❛ q✉❛♥t✐té ✭✶ ✲

s♣é❝✐✜❝✐té✮✳ ▲❛ ❝♦✉r❜❡ ❘❖❈ r❡❧✐❡ ❞♦♥❝ ❧❡ t❛✉① ❞❡ ✈r❛✐s ♣♦s✐t✐❢s ❛✉ t❛✉① ❞❡ ❢❛✉① ♥é❣❛t✐❢s✳

▲❛ ✜❣✉r❡ ✸✳✻ r❡♣rés❡♥t❡ ❧❛ ❝♦✉r❜❡ ❘❖❈ ❞❡s ✼ ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❝✐té❡s ♣ré❝é❞❡♠♠❡♥t✳

❖♥ r❡♠❛rq✉❡ q✉❡ ❧❛ ♣❧✉♣❛rt ❞❡s ❝♦✉r❜❡s s❡ ❝r♦✐s❡♥t✱ ❝❡ q✉✐ s✐❣♥✐✜❡ q✉✬✐❧ ♥✬② ❛ ♣❛s ❞❡ ♠é✲

t❤♦❞❡ ✉♥✐❢♦r♠é♠❡♥t ♠❡✐❧❧❡✉r❡ q✉✬✉♥❡ ❛✉tr❡✳ ❆✜♥ ❞❡ ❝♦♠♣❛r❡r ❧❡s ♠♦❞è❧❡s ♦❜t❡♥✉s✱ ❧❡s

❛✐r❡s s♦✉s ❧❛ ❝♦✉r❜❡ ❘❖❈ ✭❆r❡❛ ❯♥❞❡r ❈✉r✈❡ ✭❆❯❈✮✮ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ♠ét❤♦❞❡s ♣❡✉✈❡♥t

êtr❡ ❝❛❧❝✉❧és ✭✐♥❞✐❝❡ ❣❧♦❜❛❧ ❞❡ ❧❛ q✉❛❧✐té ❞❡ ❧❛ ♣ré❞✐❝t✐♦♥ ✈❛r✐❛♥t ❞❡ ✵✱✺ à ✶ ❀ ✵✱✺ ❞❛♥s ❧❡

❝❛s ♦ù ❧❡ ♠♦❞è❧❡ ❝❧❛ss❡ ❛✉ ❤❛s❛r❞ ❧❡s ✐♥❞✐✈✐❞✉s ❡t ✶ ♣♦✉r ✉♥❡ ♣ré❞✐❝t✐♦♥ ✐❞é❛❧❡✮✱ ❝❡♣❡♥❞❛♥t

❝❡s ✐♥❞✐❝❡s ♥❡ ♣❡r♠❡ttr❛✐❡♥t ♣❛s ❞❡ ❞♦♥♥❡r ✉♥ ♦r❞r❡ t♦t❛❧ ♣♦✉r ❝❧❛ss❡r ❧❡s ♠♦❞è❧❡s ❝❛r ❧❡s

❝♦✉r❜❡s ❘❖❈ s❡ ❝r♦✐s❡♥t✳ ◆♦✉s ❛❧❧♦♥s ❞♦♥❝ ❝♦♠♣❛r❡r ❧❡s ♠♦❞è❧❡s ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❛✉① ❞❡

♠❛✉✈❛✐s ❝❧❛ss❡♠❡♥t ❛♣♣❡❧é ▼✐s❝❧❛ss✐✜❝❛t✐♦♥ ❘❛t❡ ✭▼❈❘✮ ♦❜t❡♥✉ s✉r ❧✬❡♥s❡♠❜❧❡ t❡st✳ ▲❡s

rés✉❧t❛ts s♦♥t ♣rés❡♥tés ❞❛♥s ❧❛ t❛❜❧❡ ✸✳✶✳

✶✷✺
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❋✐❣✉r❡ ✸✳✻ ✕ ❉♦♥♥é❡s ♠②♦❝❛r❞❡ ✿ ❝♦✉r❜❡s ❘❖❈ ❞❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s t❡sté❡s✳

❚❛❜❧❡ ✸✳✶ ✕ ❉♦♥♥é❡s ♠②♦❝❛r❞❡ ✿ t❛✉① ❞❡ ♠❛✉✈❛✐s ❝❧❛ss❡♠❡♥t ✭❡♥ ✪✮ ♣♦✉r ❧❡s ✼ ♠ét❤♦❞❡s
t❡sté❡s✳

▼ét❤♦❞❡s ❚❛✉① ❞❡ ♠❛✉✈❛✐s ❝❧❛ss❡♠❡♥t
❘é❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ✷✷✱✾✻ ✪

❈❆❘❚ ✷✶✱✹✽ ✪
❈❍❆■❉ ✷✸✱✼✵ ✪

❘❛♥❞♦♠ ❋♦r❡st ✷✹✱✹✹ ✪
❘é❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ ✷✻✱✻✻ ✪

❙❱▼ ✷✷✱✾✻ ✪
❆♥❛❧②s❡ ❉✐s❝r✐♠✐♥❛♥t❡ ✷✷✱✾✻ ✪

▲❡s t❛✉① ❞❡ ♠❛✉✈❛✐s ❝❧❛ss❡♠❡♥t ♦❜t❡♥✉s s♦♥t ♣r♦❝❤❡s ♣♦✉r ❧❛ ♣❧✉♣❛rt ❞❡s ♠ét❤♦❞❡s✳

❈❆❘❚ ♣rés❡♥t❡ ❧❡ t❛✉① ❧❡ ♣❧✉s ❢❛✐❜❧❡ ❡t ❝❡✉① ♦❜t❡♥✉s ♣♦✉r ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✱ ❙❱▼✱

❈❍❆■❉ ❡t ❧✬❛♥❛❧②s❡ ❞✐s❝r✐♠✐♥❛♥t❡ s♦♥t très ♣r♦❝❤❡s✳ ▲❛ ré❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ ♣rés❡♥t❡ ❧❡

t❛✉① ❧❡ ♣❧✉s é❧❡✈é✳

✶✷✻
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▲❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣♦✉r ❝❡s ♠ét❤♦❞❡s s♦♥t ❞♦♥❝ ♣r♦❝❤❡s s✉r ❝❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s✱

♥é❛♥♠♦✐♥s ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❙◆Ps ❞❡ très ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✱ ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡

s✬❡st ❛✈éré❡ êtr❡ ♣❧✉s ♣❡r❢♦r♠❛♥t❡ ✭❙❝❤✇❡♥❞❡r ❡t ❛❧✳ ❬✷✵✵✹❪✱❈❤❡♥ ❡t ❛❧✳ ❬✷✵✶✶❪✮✳ ❊❧❧❡ s❡r❛

✉t✐❧✐sé❡ ❞❛♥s ❧❡s ❛♥❛❧②s❡s ♣rés❡♥té❡s ❛✉ ❝❤❛♣✐tr❡ ✹✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s ❙◆P✲❙◆P ♣❡✉✈❡♥t

♥é❛♥♠♦✐♥s êtr❡ ❞ét❡❝té❡s ♣❛r r❛♥❞♦♠ ❢♦r❡st ✭❲✐♥❤❛♠ ❡t ❛❧✳ ❬✷✵✶✷❪✮ q✉✐ ❝❛❧❝✉❧❡ ✉♥ ❝r✐tèr❡

❞✬✐♠♣♦rt❛♥❝❡ ♣♦✉r ❝❤❛q✉❡ ✐♥t❡r❛❝t✐♦♥✳

✶✷✼
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CO.non=0

nonfumeur=0

HTA.non=0

CO.non=1

nonfumeur=1

HTA.non=1

No infarct
99/214

Infarct   
77/66

Infarct   
62/24

No infarct
15/42

Infarct   
11/8

No infarct
4/34

No infarct
22/148
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❋✐❣✉r❡ ✸✳✽ ✕ ❉♦♥♥é❡s ♠②♦❝❛r❞❡ ✿ ❆r❜r❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❜t❡♥✉ ♣❛r ❧❛ ♠ét❤♦❞❡ ❈❍❆■❉✳
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❈❤❛♣✐tr❡ ✹

❆♣♣❧✐❝❛t✐♦♥ s✉r ❞❡s ❞♦♥♥é❡s

❣é♥ét✐q✉❡s ❞❡ ❜✐♦♣✉❝❡s

✹✳✶ ❉♦♥♥é❡s ❡t ♣ré✲tr❛✐t❡♠❡♥ts

❏✉sq✉✬à ré❝❡♠♠❡♥t ❛✉❝✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❣é♥♦♠✐q✉❡ ♥✬❛✈❛✐t s♣é❝✐✜q✉❡♠❡♥t r❡✲

❝❤❡r❝❤é ❞❡ ❧✐❡♥s ❛✈❡❝ ❧❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é✳ ❆♣rès ❛✈♦✐r ❝♦♥❞✉✐t ❞✐✛ér❡♥ts tr❛✈❛✉① ♣♦✉r

ét✉❞✐❡r ❧❡s ❞ét❡r♠✐♥❛♥ts ❞❡ ❧✬ét❛t ❝✉t❛♥é ❞❡s ✈♦❧♦♥t❛✐r❡s ❞❡ ❧❛ ❝♦❤♦rt❡ ❙❯✳❱✳■✳▼❆❳✳✱ ❧❡

❈❊♥tr❡ ❞❡ ❘❡❝❤❡r❝❤❡ ❡t ❞✬■♥✈❡st✐❣❛t✐♦♥ ❊♣✐❞é♠✐♦❧♦❣✐q✉❡ ❡t ❙❡♥s♦r✐❡❧❧❡ ✭❈❊✳❘✳■✳❊✳❙✳✮ ❛

♠✐s ❡♥ ♣❧❛❝❡ ❡♥ ✷✵✵✷ ✉♥❡ ét✉❞❡ tr❛♥s✈❡rs❛❧❡ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧✬❆ss♦❝✐❛t✐♦♥ Pr♦❥❡t

❙❯✳❱✳■✳▼❆❳✳ ✭❍❡r❝❜❡r❣ ❡t ❛❧✳ ❬✶✾✾✽❜❪✮ ❛✜♥ ❞✬✐❞❡♥t✐✜❡r ❞❡s ❣è♥❡s ✐♠♣❧✐q✉és ❞❛♥s ❧✬❡①♣r❡s✲

s✐♦♥ ❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ✭❊❧❢❛❦✐r ❡t ❛❧✳ ❬✷✵✵✾❪✱ ▲❛tr❡✐❧❧❡ ❡t ❛❧✳ ❬✷✵✵✾❪✱ ▲❛tr❡✐❧❧❡ ❡t ❛❧✳

❬✷✵✶✶❪✱ ❊③③❡❞✐♥❡ ❡t ❛❧✳ ❬✷✵✶✷❪✱ ❏❞✐❞ ❡t ❛❧✳ ❬✷✵✶✸❪✮✳ ❯♥❡ ❛♣♣r♦❝❤❡ ❣è♥❡ ❝❛♥❞✐❞❛t ❛ t♦✉t ❞✬❛❜♦r❞

été ❛❞♦♣té❡✱ ♣✉✐s ❡♥ ✷✵✶✵ ✉♥ ♣r♦❥❡t ❞❡ r❡❝❤❡r❝❤❡ ●❡♥♦♠❡ ❲✐❞❡ ❆ss♦❝✐❛t✐♦♥ ❙t✉❞② ✭●❲❆❙✮

❛ été ♠❡♥é ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❛ ❝❤❛✐r❡ ❞❡ ❇✐♦✐♥❢♦r♠❛t✐q✉❡ ❞✉ ❈♦♥s❡r✈❛t♦✐r❡ ◆❛t✐♦♥❛❧

❞❡s ❆rts ❡t ▼ét✐❡rs ✭❈◆❆▼✮ ❞♦♥t ❧❡ r❡s♣♦♥s❛❜❧❡ s❝✐❡♥t✐✜q✉❡ ❞✉ ♣r♦❥❡t ❡st ❧❡ Pr♦❢❡ss❡✉r

❏❡❛♥✲❋r❛♥ç♦✐s ❩❛❣✉r② ✭▲❡ ❈❧❡r❝ ❡t ❛❧✳ ❬✷✵✶✷❪✮✳ ▲❡s ❞♦♥♥é❡s s✉♣♣❧é♠❡♥t❛✐r❡s ♥é❝❡ss❛✐r❡s à

❝❡tt❡ ét✉❞❡ s♣é❝✐✜q✉❡ ♦♥t été ❝♦❧❧❡❝té❡s s✉r ✉♥ s♦✉s✲é❝❤❛♥t✐❧❧♦♥ ❞❡ ❢❡♠♠❡s ❞❡ ❧❛ ❝♦❤♦rt❡

❙❯✳❱■✳▼❆❳ rés✐❞❛♥t ❡♥ ■❧❡ ❞❡ ❋r❛♥❝❡ s✉r ❧❛ ♣ér✐♦❞❡ ❛✉t♦♠♥❡✴❤✐✈❡r ✷✵✵✷✲✷✵✵✸✳ ❯♥❡ ♣ré✲

s❡♥t❛t✐♦♥ ❞❡ ❧✬ét✉❞❡ ❙❯✳❱■✳▼❆❳ ❡st ré❛❧✐sé❡ ❡♥ ❧✬❛♥♥❡①❡ ❈✳✶✳ ❈❡s tr❛✈❛✉① ♦♥t ❞é❥à ❞♦♥♥é

❧✐❡✉ à ❞❡s ♣✉❜❧✐❝❛t✐♦♥s ❞é❝r✐✈❛♥t ❧❡ ♠❛tér✐❡❧ ❡t ❧❡s ♠ét❤♦❞❡s✳ ❚♦✉t❡❢♦✐s ♣♦✉r ❢❛❝✐❧✐t❡r ❧❛

❝♦♠♣ré❤❡♥s✐♦♥ ❞✉ ♠❛♥✉s❝r✐t ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❡st r❡♣r✐s❡ ❝✐✲❛♣rès✳

✶✸✶
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✹✳✶✳✶ P♦♣✉❧❛t✐♦♥

❈❡tt❡ ét✉❞❡ tr❛♥s✈❡rs❛❧❡ ❛ été ❝♦♥❞✉✐t❡ s✉r ✉♥ é❝❤❛♥t✐❧❧♦♥ ❞❡ ✺✼✵ ❢❡♠♠❡s✱ â❣é❡s ❞❡ ✹✹ à

✼✵ ❛♥s ❡♥ ✷✵✵✷ ✈✐✈❛♥t ❡♥ ré❣✐♦♥ ♣❛r✐s✐❡♥♥❡ ❡t ❛②❛♥t ❢♦✉r♥✐ ✉♥ ❝♦♥s❡♥t❡♠❡♥t é❝❧❛✐ré ✭✈♦✐r

❛♥♥❡①❡ ❈✳✶ ♣♦✉r ♣❧✉s ❞✬✐♥❢♦r♠❛t✐♦♥s✮✳ ▲❡s ❝r✐tèr❡s ❞✬✐♥❝❧✉s✐♦♥ ét❛✐❡♥t ❧✬❛❜s❡♥❝❡ ❞❡ ♣❛t❤♦❧♦✲

❣✐❡s ❞❡r♠❛t♦❧♦❣✐q✉❡s ❝♦♥♥✉❡s ❡t ❧✬❛❜s❡♥❝❡ ❞❡ ♣r♦❝é❞✉r❡s ❡st❤ét✐q✉❡s ❛♥t✐✲â❣❡ ❛✉ ♥✐✈❡❛✉ ❞✉

✈✐s❛❣❡✳ ▲❡s ♣❛rt✐❝✐♣❛♥t❡s ♦♥t été ✐♥✈✐té❡s à s✉✐✈r❡ ❞❡s ❝♦♥s✐❣♥❡s s♣é❝✐✜q✉❡s ❞❡ s♦✐♥s ❝✉t❛♥és

♥♦t❛♠♠❡♥t ❧✬✐♥t❡r❞✐❝t✐♦♥ ❞✬❛♣♣❧✐q✉❡r ❞❡s ♣r♦❞✉✐ts ❞❡ ♥❡tt♦②❛❣❡ ♦✉ ❝♦s♠ét✐q✉❡s ♣♦✉r ❧❡

✈✐s❛❣❡ ♣❡♥❞❛♥t ❧❡s ✶✷ ❤❡✉r❡s ♣ré❝é❞❛♥t ❧❛ ✈✐s✐t❡ ♣♦✉r ❧✬ét✉❞❡✳ ▲❡ ❥♦✉r ❞❡ ❧❛ ✈✐s✐t❡✱ ❡❧❧❡s ♦♥t

r❡♠♣❧✐ ✉♥ q✉❡st✐♦♥♥❛✐r❡ ❛✉t♦✲❛❞♠✐♥✐stré ❝♦♥❝❡r♥❛♥t ❧❡✉rs ❤❛❜✐t✉❞❡s ❞✬❡①♣♦s✐t✐♦♥ ❛✉ s♦❧❡✐❧

❛✉ ❝♦✉rs ❞❡ ❧❛ ✈✐❡✱ q✉❡st✐♦♥♥❛✐r❡ q✉✐ ❛ ♣❡r♠✐s ❞❡ ❝♦♥str✉✐r❡ ✉♥ s❝♦r❡ ❜❛sé s✉r ✺ ✐t❡♠s ♣♦✉r

❡st✐♠❡r ❧✬✐♥t❡♥s✐té ❞✬❡①♣♦s✐t✐♦♥ ❛✉ s♦❧❡✐❧ s✉r ❧❛ ✈✐❡ ❞❡ ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ ✭●✉✐♥♦t ❡t ❛❧✳ ❬✷✵✵✶❪✮✳

❉❡s ✐♥❢♦r♠❛t✐♦♥s ❣é♥ér❛❧❡s✱ ♣❤é♥♦t②♣✐q✉❡s ❡t ♠é❞✐❝❛❧❡s s✉r ❝❡s ❢❡♠♠❡s ♦♥t été r❡❝✉❡✐❧❧✐❡s

❛✉ ❝♦✉rs ❞✬✉♥ ✐♥t❡rr♦❣❛t♦✐r❡ ♠é❞✐❝❛❧ st❛♥❞❛r❞✐sé✳ P❛r ❧❛ s✉✐t❡✱ tr♦✐s ♣❤♦t♦❣r❛♣❤✐❡s ❤❛✉t❡

rés♦❧✉t✐♦♥ ✭✷✵✵✽ × ✸✵✸✷ ♣①✮ st❛♥❞❛r❞✐sé❡s ♦♥t été ♣r✐s❡s ♣♦✉r ❝❤❛q✉❡ ♣❛rt✐❝✐♣❛♥t❡ ✭✉♥❡ ✈✉❡

❞❡ ❢❛❝❡ ❡t ❞❡✉① ❞❡ ♣r♦✜❧✮ ❛✈❡❝ ✉♥ ❛♣♣❛r❡✐❧ ♣❤♦t♦ ♥✉♠ér✐q✉❡ ❑♦❞❛❦ ❉❙❈ ✼✻✵ ❡t ✉♥ ♦❜❥❡❝t✐❢

✶✵✺ ♠♠✳ ▲✬❛♣♣❛r❡✐❧ ❛ été ♠♦♥té s✉r ✉♥ ♠♦♥♦♣♦❞❡ ❛✈❡❝ ✉♥❡ ❝❤❛✐s❡ s♣é❝✐❛❧❡♠❡♥t ❝♦♥ç✉❡

♣♦✉r ♣❡r♠❡ttr❡ ✉♥❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❞✉ s✉❥❡t✳ ▲❡s ❝♦♥❞✐t✐♦♥s ❞✬é❝❧❛✐r❛❣❡ ♦♥t

é❣❛❧❡♠❡♥t été ♥♦r♠❛❧✐sé❡s ❛✉ ♠♦②❡♥ ❞❡ ❞❡✉① ❧❛♠♣❡s s②♠étr✐q✉❡s ❢♦✉r♥✐ss❛♥t ✉♥ s♣❡❝tr❡ ❞❡

❧✉♠✐èr❡ ❞✐✉r♥❡ ❝♦♥t✐♥✉❡✱ ♣❧❛❝é❡s à ✹✺✝❞❡ ❝❤❛q✉❡ ❝ôté ❞✉ ✈✐s❛❣❡✳ ❈❤❛q✉❡ sér✐❡ ❞❡ ♣❤♦t♦✲

❣r❛♣❤✐❡ ❛ ❡♥s✉✐t❡ été ❡①❛♠✐♥é❡ ♣❛r ✉♥ ❞❡r♠❛t♦❧♦❣✉❡ q✉✐ ❛ é✈❛❧✉é ❧❛ sé✈ér✐té ❞❡s ❞✐✛ér❡♥ts

s✐❣♥❡s ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❛✉ ♥✐✈❡❛✉ ❞✉ ✈✐s❛❣❡ ❡t ✉♥ é❝❤❛♥t✐❧❧♦♥ ❞❡ s❛♥❣ ❛ été ♣ré❧❡✈é ♣♦✉r

❧❡s ❛♥❛❧②s❡s ❣é♥ét✐q✉❡s✳

❙✉r ❧❡s ✺✼✵ ❢❡♠♠❡s ♣❛rt✐❝✐♣❛♥t à ❧✬ét✉❞❡✱ ✹✶ ♦♥t été ❡①❝❧✉❡s ❞❡ ❧✬❛♥❛❧②s❡ ♣♦✉r ❧❡s r❛✐s♦♥s

s✉✐✈❛♥t❡s ✿

• ✶✽ ♦♥t ❡✉ ✉♥❡ ✐♥t❡r✈❡♥t✐♦♥ ❡st❤ét✐q✉❡ ❞❡ r❛❥❡✉♥✐ss❡♠❡♥t ✭❞ét❡❝té❡s ❧♦rs ❞❡ ❧✬❡①❛♠❡♥

❞❡s ♣❤♦t♦❣r❛♣❤✐❡s ♣❛r ❧❡ ❞❡r♠❛t♦❧♦❣✉❡✮ ❀

• ✶✵ ét❛✐❡♥t ❞✬❛s❝❡♥❞❛♥❝❡ ♥♦♥ ❝❛✉❝❛s✐❡♥♥❡ ❀

• ✶ ❡①❝❧✉❡ ♣♦✉r ❝❛✉s❡ ❞❡ q✉❛♥t✐té ✐♥s✉✣s❛♥t❡ ❞✬❆❉◆ ❞❛♥s ❧❡ ♣ré❧è✈❡♠❡♥t ❀

• ✶✷ ❡①❝❧✉❡s ❝❛r ❧❡✉r ❆❉◆ ❛✈❛✐t été ❡♥❞♦♠♠❛❣é ❧♦rs ❞❡s ♠❛♥✐♣✉❧❛t✐♦♥s✳

▲❡s ❛♥❛❧②s❡s ❣é♥ét✐q✉❡s ♦♥t ❞♦♥❝ été ré❛❧✐sé❡s s✉r ✉♥ t♦t❛❧ ❞❡ ✺✷✾ ❢❡♠♠❡s✳

✶✸✷
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✹✳✶✳✷ ❱❛r✐❛❜❧❡s à ❡①♣❧✐q✉❡r ✿ ♣❤é♥♦t②♣❡s ❛♥❛❧②sés

▲❡s ♣❤♦t♦❣r❛♣❤✐❡s ♣r✐s❡s ♦♥t été ❡①❛♠✐♥é❡s ♣❛r ✉♥ ❞❡r♠❛t♦❧♦❣✉❡ ❡t ❧❡ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t

❛ été ❛♣♣ré❝✐é ❝❧✐♥✐q✉❡♠❡♥t à ❧✬❛✐❞❡ ❞✬✉♥❡ é❝❤❡❧❧❡ ♦r❞✐♥❛❧❡ ♣❤♦t♦❣r❛♣❤✐q✉❡ ✭✜❣✉r❡ ✹✳✶✱ ▲❛r✲

♥✐❡r ❡t ❛❧✳ ❬✶✾✾✹❪✮✳ ❙✉r ❝❡tt❡ é❝❤❡❧❧❡ à ✻ ♥✐✈❡❛✉①✱ ❝❤❛q✉❡ ♥✐✈❡❛✉ ❡st r❡♣rés❡♥té ♣❛r tr♦✐s

♣❤♦t♦❣r❛♣❤✐❡s ❞❡ ré❢ér❡♥❝❡ ❛✜♥ ❞✬✐❧❧✉str❡r ❧❛ ❞✐✈❡rs✐té ❡t ❧❛ ✈❛r✐été ❞✉ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t ✿

tr♦✉❜❧❡s ♣✐❣♠❡♥t❛✐r❡s✱ r✐❞❡s ❡t r❡❧â❝❤❡♠❡♥t✳

❋✐❣✉r❡ ✹✳✶ ✕ ❊❝❤❡❧❧❡ ♣❤♦t♦❣r❛♣❤✐q✉❡ ❞❡ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t à ✻ ♥✐✈❡❛✉① ✭❛❞❛♣té❡ ❞❡
▲❛r♥✐❡r ❡t ❛❧✳ ❬✶✾✾✹❪✮✳

❖✉tr❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ sé✈ér✐té ❞✉ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✱ ✉♥❡ sér✐❡ ❞❡ ❞♦✉③❡ s✐❣♥❡s

❝❧✐♥✐q✉❡s ✐♥❞✐✈✐❞✉❡❧s ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❛ été é✈❛❧✉é❡ ♣❛r ❧❡ ♠ê♠❡ ❞❡r♠❛t♦❧♦❣✉❡ à

❧✬❛✐❞❡ ❞✬é❝❤❡❧❧❡s ♦r❞✐♥❛❧❡s ♣❤♦t♦❣r❛♣❤✐q✉❡s ✿ ❧❡♥t✐❣✐♥❡s ✶ s✉r ❧❛ ❥♦✉❡✱ ❧❡♥t✐❣✐♥❡s s✉r ❧❡ ❢r♦♥t✱

♣♦❝❤❡s s♦✉s ❧❡s ②❡✉①✱ ❛✛❛✐ss❡♠❡♥t ❞❡ ❧✬♦✈❛❧❡ ❞✉ ✈✐s❛❣❡✱ r❡❧â❝❤❡♠❡♥t ❞❡s ♣❛✉♣✐èr❡s✱ s✐❧❧♦♥

♥❛s♦✲❣é♥✐❡♥✱ r✐❞❡s ✐♥t❡r✲s♦✉r❝✐❧✐èr❡s✱ r✐❞❡s ❞❡ ❧❛ ♣❛tt❡ ❞✬♦✐❡✱ r✐❞❡s s♦✉s ❧❡s ②❡✉①✱ r✐❞❡s ✜♥❡s

s✉r ❧❡s ❥♦✉❡s✱ r✐❞❡s ❞✬❡①♣r❡ss✐♦♥ ❥♦✉❡ ❡t r✐❞❡s ❞✉ ❝♦♥t♦✉r ❞❡ ❧❛ ❜♦✉❝❤❡✳

❆ ♣❛rt✐r ❞❡ ❝❡s ❞♦♥♥é❡s✱ tr♦✐s s❝♦r❡s ❞❡ ♣❤é♥♦t②♣❡s ♣❧✉s ❝✐❜❧és ♦♥t été ❝❛❧❝✉❧és ✿ ✉♥

s❝♦r❡ ❞❡ r✐❞❡✱ ✉♥ s❝♦r❡ ❞❡ r❡❧â❝❤❡♠❡♥t ❡t ✉♥ s❝♦r❡ ❞❡ ❧❡♥t✐❣✐♥❡s✳ ❈❡s tr♦✐s s❝♦r❡s ❞❡ sé✈ér✐té

✶✳ ▲❡s ❧❡♥t✐❣✐♥❡s ❝♦rr❡s♣♦♥❞❡♥t à ✉♥❡ ❤②♣❡r♣✐❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ♣❡❛✉ ❛✈❡❝ ✉♥ ❝♦♥t♦✉r très ❜✐❡♥ ❞é✜♥✐
❛✈❡❝ ✉♥❡ t❛✐❧❧❡ ✈❛r✐❛♥t ❞❡ q✉❡❧q✉❡s ♠✐❧❧✐♠ètr❡s à q✉❡❧q✉❡s ❝❡♥t✐♠ètr❡s ❞❡ ❞✐❛♠ètr❡s✱ ❞❡ ❝♦✉❧❡✉r ❛❧❧❛♥t ❞❡
♠❛rr♦♥ ❝❧❛✐r à ♠❛rr♦♥ ❢♦♥❝é ✭❍♦❞❣s♦♥ ❬✶✾✻✸❪✮✳ ▲❡s ❧❡♥t✐❣✐♥❡s ❛♣♣❛r❛✐ss❡♥t ❧❡ ♣❧✉s s♦✉✈❡♥t ❛♣rès ✺✵ ❛♥s ❡t
✉♥❡ ❡①♣♦s✐t✐♦♥ ❝❤r♦♥✐q✉❡ ❛✉ s♦❧❡✐❧ ✭❈❛r✐♦✲❆♥❞r❡ ❡t ❛❧✳ ❬✷✵✵✹❪✮✳

✶✸✸
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♦♥t été ❝❛❧❝✉❧és ❣râ❝❡ à ✉♥❡ ❆❈P ❡t ✉♥❡ ré❣r❡ss✐♦♥ ❧✐♥é❛✐r❡ ✭❏♦❤♥s♦♥ ❛♥❞ ❲✐❝❤❡r♥ ❬✷✵✵✷❪✮✳

▲❡s ✈❛❧❡✉rs ❞❡ ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ ♣♦✉r ❝❤❛❝✉♥ ❞❡s s❝♦r❡s ♦♥t ❡♥s✉✐t❡ été tr❛♥s❢♦r♠é❡s ♣♦✉r

êtr❡ ❝♦♠♣r✐s ❡♥tr❡ ✵ ❡t ✶✵✳ ❈❡ tr❛✈❛✐❧ ❛②❛♥t été ré❛❧✐sé ❡♥ ❛♠♦♥t ❞❡ ❧❛ t❤ès❡✱ ❧❡ ❞ét❛✐❧ ❞✉

❝❛❧❝✉❧ ❞❡s s❝♦r❡s ❡st ♣rés❡♥té ❡♥ ❛♥♥❡①❡ ❈✳✷✳

❆✜♥ ❞❡ ✈❛❧✐❞❡r ❧❡s s❝♦r❡s ♦❜t❡♥✉s ❛✈❡❝ ❆❈P✱ ♣❧✉s✐❡✉rs ♠ét❤♦❞❡s ♦♥t été ❝♦♠♣❛ré❡s

❞✉r❛♥t ❝❡tt❡ t❤ès❡ ✿ ❆❈▼✱ ♣r♦❝é❞✉r❡ tr❛♥sr❡❣ ❞✉ ❧♦❣✐❝✐❡❧ ❙❆❙ ❘©✭■♥❝ ❬✶✾✾✵❪✮✱ ♣r♦❝é❞✉r❡

♣r✐♥q✉❛❧ ❞❡ ❙❆❙ ❘©✱ ❛♣♣r♦❝❤❡ P▲❙✳ ▲❡ t❛❜❧❡❛✉ ✹✳✶ ✐♥❞✐q✉❡ ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❝♦rré❧❛t✐♦♥

❞❡ P❡❛rs♦♥ ❡♥tr❡ ❧❡s s❝♦r❡s ♦❜t❡♥✉s ♣❛r ❧❡s ✺ ♠ét❤♦❞❡s ✉t✐❧✐sé❡s✱ ♣♦✉r ❧❡s s❝♦r❡s ❞❡ r✐❞❡s✱

r❡❧â❝❤❡♠❡♥t ❡t ❧❡♥t✐❣✐♥❡s✳

❆❈P ❆❈▼ ♣r♦❝
tr❛♥sr❡❣
✭❙❆❙✮

♣r♦❝
♣r✐♥q✉❛❧
✭❙❆❙✮

❛♣♣r♦❝❤❡
P▲❙

❙❝♦r❡ ❞❡ r✐❞❡s

❆❈P ✶✳✵✵✵

❆❈▼ ✵✳✾✾✻ ✶✳✵✵✵

♣r♦❝ tr❛♥sr❡❣ ✵✳✾✽✶ ✵✳✾✼✻ ✶✳✵✵✵

♣r♦❝ ♣r✐♥q✉❛❧ ✵✳✾✾✻ ✵✳✾✾✾ ✵✳✾✼✻ ✶✳✵✵✵

❛♣♣r♦❝❤❡ P▲❙ ✵✳✾✶✺ ✵✳✾✵✹ ✵✳✾✵✶ ✵✳✾✵✻ ✶✳✵✵✵

❙❝♦r❡ ❞❡ r❡❧â❝❤❡♠❡♥t

❆❈P ✶✳✵✵✵

❆❈▼ ✵✳✾✾✸ ✶✳✵✵✵

♣r♦❝ tr❛♥sr❡❣ ✵✳✾✾✹ ✵✳✾✾✻ ✶✳✵✵✵

♣r♦❝ ♣r✐♥q✉❛❧ ✵✳✾✾✸ ✵✳✾✾✽ ✵✳✾✾✼ ✶✳✵✵✵

❛♣♣r♦❝❤❡ P▲❙ ✵✳✼✻✹ ✵✳✼✷✼ ✵✳✼✻✽ ✵✳✼✺✸ ✶✳✵✵✵

❙❝♦r❡ ❞❡ ❧❡♥t✐❣✐♥❡s

❆❈P ✶✳✵✵✵

❆❈▼ ✵✳✾✾✽ ✶✳✵✵✵

♣r♦❝ tr❛♥sr❡❣ ✵✳✾✼✼ ✵✳✾✼✻ ✶✳✵✵✵

♣r♦❝ ♣r✐♥q✉❛❧ ✶✳✵✵✵ ✵✳✾✾✽ ✵✳✾✼✼ ✶✳✵✵✵

❛♣♣r♦❝❤❡ P▲❙ ✵✳✻✾✻ ✵✳✻✼✽ ✵✳✼✹✾ ✵✳✻✾✻ ✶✳✵✵✵

❚❛❜❧❡ ✹✳✶ ✕ ❈♦❡✣❝✐❡♥ts ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡ P❡❛rs♦♥ ❡♥tr❡ ❧❡s s❝♦r❡s ♦❜t❡♥✉s à ❧✬❛✐❞❡ ❞❡s
❝✐♥q ♠ét❤♦❞❡s ❞❡ ❝❛❧❝✉❧ ♣♦✉r ❧❡s tr♦✐s s❝♦r❡s ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ✿ ❆❈P✱ ❆❈▼✱ ♣r♦❝ tr❛♥sr❡❣✱
♣r♦❝ ♣r✐♥q✉❛❧✱ ❛♣♣r♦❝❤❡ P▲❙✳

✶✸✹
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▲❡s s❝♦r❡s ❝❛❧❝✉❧és ❛✈❡❝ ❧❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ♣rés❡♥t❡♥t ✉♥❡ ❝♦rré❧❛t✐♦♥ très ❢♦rt❡

✭❧✬❛♣♣r♦❝❤❡ P▲❙ r❡st❛♥t ❧❛ ♠ét❤♦❞❡ ❧❛ ♠♦✐♥s ♣r♦❝❤❡ ❞❡s ❛✉tr❡s✮✳ ▲❡s s❝♦r❡s ❞❡ ❞é♣❛rt ❝❛❧❝✉✲

❧és ❛✈❡❝ ❧✬❆❈P ♣♦✉r ❧❡s ✸ s❝♦r❡s ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t s❡r♦♥t ❞♦♥❝ ❝♦♥s❡r✈és ✭❝♦♥s✐❞érés ❝♦♠♠❡

❧❡s tr♦✐s ♣r❡♠✐èr❡s ✈❛r✐❛❜❧❡s à ❡①♣❧✐q✉❡r✮✱ t♦✉t ❝♦♠♠❡ ❝❡❧✉✐ é✈❛❧✉é ♣❛r ❧❡ ❞❡r♠❛t♦❧♦❣✉❡ ♣♦✉r

❧❡ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t ✭❝♦♥s✐❞éré ❝♦♠♠❡ ❧❛ q✉❛tr✐è♠❡ ✈❛r✐❛❜❧❡ à ❡①♣❧✐q✉❡r✮✳ ❉❛♥s ❧❛ s✉✐t❡

❞❡s ❛♥❛❧②s❡s✱ ❧❛ ✈❛r✐❛❜❧❡ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t s❡r❛ tr❛♥s❢♦r♠é❡ ❡♥ ✈❛r✐❛❜❧❡ ❞✐❝❤♦t♦♠✐q✉❡

✭❧é❣❡r à ♠♦❞éré✱ ❣r❛❞❡s ✶ à ✸✱ ✈❡rs✉s ♠♦❞éré✴✐♠♣♦rt❛♥t à très ✐♠♣♦rt❛♥t✱ ❣r❛❞❡s ✹ à ✻✮✳

✹✳✶✳✸ ❆❥✉st❡♠❡♥t ❞❡s s❝♦r❡s s✉r ❧❡s ❝♦✈❛r✐❛❜❧❡s

▲♦rsq✉❡ ❧✬♦♥ t❡st❡ ❧✬❛ss♦❝✐❛t✐♦♥ ❡♥tr❡ ✉♥❡ ✈❛r✐❛❜❧❡ ❡t ✉♥ ♣❤é♥♦t②♣❡✱ ❞✬❛✉tr❡s ✈❛r✐❛❜❧❡s

✭❝♦✈❛r✐❛❜❧❡s✮ ♣❡✉✈❡♥t ❛✈♦✐r ✉♥❡ ✐♥✢✉❡♥❝❡ s✉r ❝❡tt❡ ❛ss♦❝✐❛t✐♦♥✳ ▲❡s ❝♦✈❛r✐❛❜❧❡s ❝♦♥♥✉❡s

❞♦✐✈❡♥t êtr❡ ♣r✐s❡s ❡♥ ❝♦♠♣t❡ ❧♦rs ❞❡s ❛♥❛❧②s❡s✳

▲❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❡st ✉♥ ♣❤é♥♦♠è♥❡ ❝♦♠♣❧❡①❡✱ r❡✢❡t ❞❡ ❞❡✉① ♣❤é♥♦♠è♥❡s ♣r✐♥✲

❝✐♣❛✉① q✉✐ s❡ s✉♣❡r♣♦s❡♥t ❡t ✐♥t❡r❛❣✐ss❡♥t ✭✈♦✐r ❛♥♥❡①❡ ❆✮ ✿ ❧❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ✐♥tr✐♥sèq✉❡

❝♦♥s✐❞éré ❝♦♠♠❡ ❣é♥ét✐q✉❡♠❡♥t ❞ét❡r♠✐♥é✱ ❡t ❧❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❡①tr✐♥sèq✉❡ ❧✐é ❛✉① ❢❛❝t❡✉rs

❡♥✈✐r♦♥♥❡♠❡♥t❛✉① ❡t ❝♦♠♣♦rt❡♠❡♥t❛✉① ✭❨❛❛r ❛♥❞ ●✐❧❝❤r❡st ❬✷✵✵✼❪✮✳ P❛r♠✐ ❧❡s ❞✐✛ér❡♥ts

❢❛❝t❡✉rs r❡s♣♦♥s❛❜❧❡s ❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❡①tr✐♥sèq✉❡✱ ❧✬❡①♣♦s✐t✐♦♥ ❛✉① r❛❞✐❛t✐♦♥s

❯❧tr❛✲❱✐♦❧❡ts ✭❯❱✮ ❡t ❧❡ t❛❜❛❣✐s♠❡ ❡♥ s♦♥t ❧❡s ♣r✐♥❝✐♣❛✉①✳ ▼❛✐s ❞✬❛✉tr❡s ❢❛❝t❡✉rs ❝♦♠♠❡

❧❡ st❛t✉t ❤♦r♠♦♥❛❧ ♦✉ ❡♥❝♦r❡ ❧✬✐♥❞✐❝❡ ❞❡ ♠❛ss❡ ❝♦r♣♦r❡❧❧❡ ♣❡✉✈❡♥t é❣❛❧❡♠❡♥t ❛✈♦✐r ✉♥❡ ✐♥✲

✢✉❡♥❝❡ ✭▼❛❧✈② ❡t ❛❧✳ ❬✷✵✵✵❪✮✳ ❆✜♥ ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡ ❧❛ ✈❛r✐❛❜✐❧✐té ❞❡s s❝♦r❡s ❧✐és à ❝❡s

❢❛❝t❡✉rs✱ ❝❤❛❝✉♥ ❞❡s s❝♦r❡s ❛ été ré❣r❡ssé s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦✈❛r✐❛❜❧❡s s✉✐✈❛♥t❡s ✿

• ❆❣❡ ✿ ✈❛r✐❛❜❧❡ ❝♦♥t✐♥✉❡ r❡♥s❡✐❣♥é❡ ❡♥ ❛♥♥é❡s ✭❡♥tr❡ ✹✹ ❡t ✼✵ ❛♥s✮

• ❙❝♦r❡ ❞✬❡①♣♦s✐t✐♦♥ ❛✉ s♦❧❡✐❧ ✿ ✈❛r✐❛❜❧❡ ❝♦♥t✐♥✉❡ ❞é✜♥✐❡ ❝♦♠♠❡ ✉♥ s❝♦r❡ ❝♦♠♣r✐s ❡♥tr❡

✵ ❡t ✶✵ ✐ss✉ ❞✬✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡ ✺ ✈❛r✐❛❜❧❡s ✭❡①♣♦s✐t✐♦♥ ✈♦❧♦♥t❛✐r❡ ❛✉ s♦❧❡✐❧✱

❡①♣♦s✐t✐♦♥ ❞✉ ❝♦r♣s ❡t✴♦✉ ❞✉ ✈✐s❛❣❡✱ ❡①♣♦s✐t✐♦♥ ❞✉r❛♥t ❧❡s ❤❡✉r❡s ❧❡s ♣❧✉s ❝❤❛✉❞❡s ❞❡

❧❛ ❥♦✉r♥é❡✱ ❛✉t♦✲é✈❛❧✉❛t✐♦♥ ❞❡ ❧✬✐♥t❡♥s✐té ❞❡ ❧✬❡①♣♦s✐t✐♦♥ ❛✉ s♦❧❡✐❧ t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❧❛

✈✐❡ ❡t ✐♠♣♦rt❛♥❝❡ ❛❝❝♦r❞é❡ ❛✉ ❜r♦♥③❛❣❡✱ ●✉✐♥♦t ❡t ❛❧✳ ❬✷✵✵✶❪✮

• ■♥❞✐❝❡ ❞❡ ▼❛ss❡ ❈♦r♣♦r❡❧❧❡ ✭■▼❈✮ ✿ ✈❛r✐❛❜❧❡ ❝♦♥t✐♥✉❡ ✭❡♥tr❡ ✶✹ ❡t ✹✷ ❦❣✴♠2✮

• ❙t❛t✉t ❤♦r♠♦♥❛❧ ✿ ✈❛r✐❛❜❧❡ ❝❛té❣♦r✐❡❧❧❡ ❡♥ ✸ ❝❧❛ss❡s ✭♥♦♥ ♠é♥♦♣❛✉sé❡✴♠é♥♦♣❛✉sé❡

s❛♥s ❚r❛✐t❡♠❡♥t ❍♦r♠♦♥❛❧ ❞❡ ❙✉❜st✐t✉t✐♦♥✴♠é♥♦♣❛✉sé❡ ❛✈❡❝ ❚r❛✐t❡♠❡♥t ❍♦r♠♦♥❛❧
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❞❡ ❙✉❜st✐t✉t✐♦♥✮

• ❙t❛t✉t t❛❜❛❣✐q✉❡ ✿ ✈❛r✐❛❜❧❡ ❝❛té❣♦r✐❡❧❧❡ ❡♥ ✸ ❝❧❛ss❡s ✭♥♦♥✲❢✉♠❡✉r✴❛♥❝✐❡♥ ❢✉♠❡✉r✴❢✉♠❡✉r

❛❝t✉❡❧✮

▲❡s rés✐❞✉s ❞❡s s❝♦r❡s ❛❥✉stés s✉r ❝❡s ❢❛❝t❡✉rs ♦♥t ❡♥s✉✐t❡ été ❝❛❧❝✉❧és ♣♦✉r ❧❡s q✉❛tr❡

♣❤é♥♦t②♣❡s ❡t s❡r♦♥t ❧❡s q✉❛tr❡ ✈❛r✐❛❜❧❡s q✉❡ ♥♦✉s s♦✉❤❛✐t❡r♦♥s ❡①♣❧✐q✉❡r ❞❛♥s ❧❛ s✉✐t❡

❞❡s ❛♥❛❧②s❡s✳ P♦✉r ❢❛❝✐❧✐t❡r ❧❛ ❧❡❝t✉r❡ ❡t ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞✉ ♠❛♥✉s❝r✐t✱ ♥♦✉s ❛♣♣❡❧❧❡r♦♥s

✧♣❤é♥♦t②♣❡s✧ ❧❡s rés✐❞✉s ❞❡s s❝♦r❡s ❛❥✉stés✳ ▲❡s s❝♦r❡s ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ♦r✐❣✐♥❛✉①

❛✐♥s✐ q✉❡ ❧❛ ✈❛r✐❛❜❧❡ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t ❡♥ ✻ ❣r❛❞❡s ♥❡ s❡r♦♥t ♣❧✉s ❝♦♥s✐❞érés✳

✹✳✶✳✹ ❱❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s ✿ ❙✐♥❣❧❡ ◆✉❝❧❡♦t✐❞❡ P♦❧②♠♦r♣❤✐s♠s ✭❙◆Ps✮

▲❡s ✺✷✾ ❢❡♠♠❡s ♦♥t été ❣é♥♦t②♣é❡s ❛✈❡❝ ❧❛ ♣✉❝❡ ■❧❧✉♠✐♥❛ ■♥✜♥✐✉♠ ❍✉♠❛♥❖♠♥✐✶✲◗✉❛❞

❝♦♥t❡♥❛♥t ✶ ✶✹✵ ✹✶✾ ♠❛rq✉❡✉rs ✭❙◆Ps✮✳ ▲❡s ❙◆Ps s♦♥t ❞❡s ✈❛r✐❛t✐♦♥s ♣♦♥❝t✉❡❧❧❡s ❞✬✉♥ s❡✉❧

♥✉❝❧é♦t✐❞❡ ✭✜❣✉r❡ ✹✳✷✮✳ ■❧s s♦♥t ré♣❛rt✐s s✉r ❧✬❡♥s❡♠❜❧❡ ❞✉ ❣é♥♦♠❡ ❤✉♠❛✐♥ ❡t ❝♦♥st✐t✉❡♥t

❧❛ ❢♦r♠❡ ❧❛ ♣❧✉s ❛❜♦♥❞❛♥t❡ ❞❡ ✈❛r✐❛t✐♦♥s ❣é♥ét✐q✉❡s✳ ▲❡✉r ♥♦♠❜r❡ ❡st ❡st✐♠é à ❡♥✈✐r♦♥ ✶✵

♠✐❧❧✐♦♥s ❡t ✐❧s r❡♣rés❡♥t❡♥t ❛✐♥s✐ ♣❧✉s ❞❡ ✾✵% ❞❡s ❞✐✛ér❡♥❝❡s ❡♥tr❡ ✐♥❞✐✈✐❞✉s ✭✈♦✐r ❆♥♥❡①❡ ❇✮✳

❋✐❣✉r❡ ✹✳✷ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞✉ ♣♦❧②♠♦r♣❤✐s♠❡ ❞✬✉♥ ♥✉❝❧é♦t✐❞❡ ❡♥tr❡ ✷ ✐♥❞✐✈✐❞✉s✳ ▲❛
♠♦❧é❝✉❧❡ ❞✬❆❉◆ ❞❡ ❧✬✐♥❞✐✈✐❞✉ ✶ ❞✐✛èr❡ ❞❡ ❝❡❧❧❡ ❞❡ ❧✬✐♥❞✐✈✐❞✉ ✷ ♣❛r ✉♥ s❡✉❧ ♥✉❝❧é♦t✐❞❡
✭♣♦❧②♠♦r♣❤✐s♠❡ ❈✴❚✮✳

❙❡✉❧s ❧❡s ❙◆Ps ♦♥t été ❝♦♥s✐❞érés ❞❛♥s ❧❛ s✉✐t❡ ❞❡s ❛♥❛❧②s❡s✳ ❆♣rès ❝♦♥trô❧❡ q✉❛❧✐té ❞✉

❣é♥♦t②♣❛❣❡✱ ❡t ❞❡s ♣r♦❝é❞✉r❡s ❞❡ ✜❧tr❛❣❡ ❡♥ ♣❧✉s✐❡✉rs ét❛♣❡s ré❛❧✐sé❡ s♦✉s P▲■◆❑ ✭P✉r❝❡❧❧

❡t ❛❧✳ ❬✷✵✵✼❪✮✱ ✼✾✺ ✵✻✸ ❙◆Ps s♦♥t r❡t❡♥✉s ♣♦✉r ✉♥ t♦t❛❧ ❞❡ ✺✶✾ s✉❥❡ts✳ ▲❡ ❞ét❛✐❧ ❞❡s ♣r♦❝é✲

✶✸✻
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❞✉r❡s ❞❡ ✜❧tr❛❣❡✱ ❞✉ ♥♦♠❜r❡ ❞❡ ❙◆Ps é❧✐♠✐♥és à ❝❤❛q✉❡ ét❛♣❡ ❛✐♥s✐ q✉❡ ❧✬❡①♣❧✐❝❛t✐♦♥ ❞❡ ❧❛

s✉♣♣r❡ss✐♦♥ ❞❡ ❝❡rt❛✐♥s ✐♥❞✐✈✐❞✉s ❞❛♥s ❧❡s ❛♥❛❧②s❡s s♦♥t ❞♦♥♥és ❡♥ ❛♥♥❡①❡ ❈✳✸✳

P❛r ❛✐❧❧❡✉rs✱ ♣♦✉r ❝♦rr✐❣❡r ❧✬é✈❡♥t✉❡❧❧❡ str❛t✐✜❝❛t✐♦♥ ❞❡ ♥♦tr❡ é❝❤❛♥t✐❧❧♦♥ ❛✉ ♥✐✈❡❛✉ ✐♥✲

t❡r❝♦♥t✐♥❡♥t❛❧✱ ❧❡s ❣é♥♦t②♣❡s ❞❡ t♦✉s ❧❡s ✐♥❞✐✈✐❞✉s ♦♥t été ❛♥❛❧②sés ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❧♦❣✐❝✐❡❧

❊■●❊◆❙❚❘❆❚ ✐ss✉ ❞❡ ❧❛ s✉✐t❡ ❊■●❊◆❙❖❋❚ ❜❛sé s✉r ✉♥❡ ❛♥❛❧②s❡ ❡♥ ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐✲

♣❛❧❡s q✉✐ ♣❡r♠❡t ❞❡ ♠♦❞é❧✐s❡r ❧❡s ❞✐✛ér❡♥❝❡s ❛♥❝❡str❛❧❡s s❡❧♦♥ ❞❡s ❛①❡s ❝♦♥t✐♥✉s ❞❡ ✈❛r✐❛t✐♦♥

✭Pr✐❝❡ ❡t ❛❧✳ ❬✷✵✵✻❪✮✳ ❈❡tt❡ ♣r♦❝é❞✉r❡ ❛ ♣❡r♠✐s ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ✶✽ ✐♥❞✐✈✐❞✉s ❛t②♣✐q✉❡s

q✉✐ ♦♥t été r❡t✐rés ♣♦✉r ❧❛ s✉✐t❡ ❞❡ ❧✬❛♥❛❧②s❡ ✭❧❡ ❞ét❛✐❧ ❞❡ ❧❛ ♣r♦❝é❞✉r❡ ❞❡ str❛t✐✜❝❛t✐♦♥ ❡st

très ✐♥tér❡ss❛♥t❡ ❡t ❡st ❞é❝r✐t❡ ❡♥ ❛♥♥❡①❡ ❈✳✹✮✳ ▲❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ✜♥❛❧❡ ♦❜t❡♥✉❡ ❡st ❞♦♥❝

❝♦♠♣♦sé❡ ❞❡ ✺✵✶ ✐♥❞✐✈✐❞✉s ❡t ❞❡ ✼✾✺ ✵✻✸ ❙◆Ps✳

✹✳✶✳✺ ❈♦❞❛❣❡ ❞❡s ❙◆Ps

▲❡s ❙◆Ps s♦♥t ❡♥ ❣é♥ér❛❧ ❜✐❛❧❧é❧✐q✉❡s ❛✈❡❝ ❞❡✉① ❞❡s q✉❛tr❡ ❜❛s❡s ❆ ✭❛❞é♥✐♥❡✮✱ ❈ ✭❝②✲

t♦s✐♥❡✮✱ ❚ ✭t❤②♠✐♥❡✮ ❡t ● ✭❣✉❛♥✐♥❡✮✳ ❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ st❛t✐st✐q✉❡✱ ✉♥ ❙◆P ♣❡✉t êtr❡

❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥❡ ✈❛r✐❛❜❧❡ ❝❛té❣♦r✐❡❧❧❡ ❛✈❡❝ tr♦✐s ♠♦❞❛❧✐tés ✿ s✐ ❧❡s ❛❧❧è❧❡s ❞❡s ❙◆Ps

s♦♥t✱ ♣❛r ❡①❡♠♣❧❡✱ ❧✬❛❞é♥✐♥❡ ❡t ❧❛ ❝②t♦s✐♥❡✱ ❧❡s ❣é♥♦t②♣❡s ♣♦ss✐❜❧❡s s♦♥t ✧❆❆✧✱ ✧❆❈✧ ❡t

✧❈❈✧✳ ❙✐ ❈ ❡st ❧✬❛❧❧è❧❡ ♠❛❥❡✉r ✭❝✬❡st✲à✲❞✐r❡ ❧✬❛❧❧è❧❡ ❧❡ ♣❧✉s ❢réq✉❡♥t✮ ❡t ❆ ❧✬❛❧❧è❧❡ ♠✐♥❡✉r✱

❛❧♦rs ✧❈❈✧ ❡st ❝♦❞é ✵ ✭❤♦♠♦③②❣♦t❡ ❞❡ ré❢ér❡♥❝❡✮✱ ✧❆❈✧ ❡st ❝♦❞é ✶ ✭❤étér♦③②❣♦t❡✮ ❡t ❡♥✜♥

✧❆❆✧ ❡st ❝♦❞é ✷ ✭❤♦♠♦③②❣♦t❡ ✈❛r✐❛♥t✮✳ ▲❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❝♦♥t✐❡♥t ❞♦♥❝ ✼✾✺ ✵✻✸ ✈❛r✐❛❜❧❡s

❝❛té❣♦r✐❡❧❧❡s ❛✈❡❝ tr♦✐s ♠♦❞❛❧✐tés ✭♦✉ ❞❡✉① s✐ ❧✬✉♥❡ ❞❡s ♠♦❞❛❧✐tés ♥✬❡st ♣❛s ♣rés❡♥t❡ ❞❛♥s ❧❛

♣♦♣✉❧❛t✐♦♥✮✳ ❈❡ ❝♦❞❛❣❡ ❡♥ ✵✱ ✶✱ ✷ ❡st s♦✉✈❡♥t r❡♥❝♦♥tré ♠❛✐s ♣❡✉t êtr❡ ❝♦♥t❡sté ❞✬✉♥ ♣♦✐♥t

❞❡ ✈✉❡ st❛t✐st✐q✉❡ ❡t ❜✐♦❧♦❣✐q✉❡ ❧♦rsq✉❡ ❝❡s ✈❛r✐❛❜❧❡s s♦♥t tr❛✐té❡s ❝♦♠♠❡ ❞❡s ✈❛r✐❛❜❧❡s

q✉❛♥t✐t❛t✐✈❡s✱ ❝✬❡st✲à✲❞✐r❡ ♥✉♠ér✐q✉❡s✱ ❞♦♥t ❧❡s ✈❛❧❡✉rs s✉✐✈❡♥t ✉♥❡ é❝❤❡❧❧❡ ❞✐s❝rèt❡ ♦✉ ♦r❞✐✲

♥❛❧❡ ✭❇❡❛t♦♥ ❡t ❛❧✳ ❬✷✵✶✸❪✮✳ ❊♥ ❡✛❡t✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ ♥♦t✐♦♥ ❞✬♦r❞r❡ ❡t✴♦✉ ❞❡ ♣r♦♣♦rt✐♦♥♥❛❧✐té

❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ♠♦❞❛❧✐tés✱ ❝✬❡st ♣♦✉rq✉♦✐ ♥♦✉s ❛✈♦♥s ❡♥✈✐s❛❣é ✉♥ ❛✉tr❡ ❝♦❞❛❣❡ ♣♦✉r

❧✬❡♥s❡♠❜❧❡ ❞❡s ❛♥❛❧②s❡s✳ ▲❡ ♣r✐♥❝✐♣❡ ❣é♥ér❛❧ ✈❛ êtr❡ ❞❡ ❝♦❞❡r ✉♥❡ ✈❛r✐❛❜❧❡ q✉❛❧✐t❛t✐✈❡ à k

♠♦❞❛❧✐tés ✭✐❝✐ ✷ ♦✉ ✸ ♠♦❞❛❧✐tés ♣♦✉r ✉♥ ❙◆P✮ ❞❛♥s ✉♥ ♠♦❞è❧❡ ❞❡ ré❣r❡ss✐♦♥ ♣❛r k ✈❛r✐❛❜❧❡s

❜✐♥❛✐r❡s Zi ✭❞✉♠♠② ✈❛r✐❛❜❧❡✮✳ ▲❛ ✈❛r✐❛❜❧❡ Zi ✈❛✉t ✶ s✐ ❡❧❧❡ ❡st ❛✉ ♥✐✈❡❛✉ i✱ ✵ s✐♥♦♥✳ ◆♦✉s

❛❧❧♦♥s ❞♦♥❝ ❝♦♥s✐❞ér❡r ✉♥ ❙◆P ❝♦♠♠❡ ét❛♥t ❧✬❡♥s❡♠❜❧❡ ❞❡ ❞❡✉① ♦✉ tr♦✐s ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s

✭✈♦✐r ✜❣✉r❡ ✹✳✸✮✳

✶✸✼
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❋✐❣✉r❡ ✹✳✸ ✕ ❘❡❝♦❞❛❣❡ ❞❡s ✈❛r✐❛❜❧❡s ❙◆Ps ❡♥ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s✳

✹✳✶✳✻ Pré✲sé❧❡❝t✐♦♥ ❞❡s ❙◆Ps

▲❡s ❙◆Ps ♣❡✉✈❡♥t s❡ r❡tr♦✉✈❡r ❛✉ s❡✐♥ ❞❡ ré❣✐♦♥s ❝♦❞❛♥t❡s ❞❡ ❣è♥❡s ✭❡①♦♥✮✱ ❞❡ ré❣✐♦♥s

♥♦♥ ❝♦❞❛♥t❡s ❞❡ ❣è♥❡s ✭✐♥tr♦♥✮✱ ♦✉ ❞❡ ré❣✐♦♥s ✐♥t❡r❣é♥✐q✉❡s✱ ❡♥tr❡ ❧❡s ❣è♥❡s✳ ❉❛♥s ❧❛ s✉✐t❡

❞❡s ❛♥❛❧②s❡s✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞❡ ♥♦✉s ❝♦♥❝❡♥tr❡r s✉r ❧❡s ❙◆Ps ✐♥tr❛❣é♥✐q✉❡s ✭s✐t✉és ❞❛♥s

❞❡s ❣è♥❡s✮ ❛✜♥ ❞❡ ♣♦✉✈♦✐r ❧♦❝❛❧✐s❡r ❞✐r❡❝t❡♠❡♥t ❧❡s ❣è♥❡s ♣♦t❡♥t✐❡❧❧❡♠❡♥t ✐♠♣❧✐q✉és ❞❛♥s

❧❡ ♣r♦❝❡ss✉s ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ♣ré❝♦❝❡✳

❙✉r ❧❡s ✼✾✺ ✵✻✸ ❙◆Ps ❝♦♥s❡r✈és ❛♣rès ❧❡ ❝♦♥trô❧❡ q✉❛❧✐té✱ ✸✻✷ ✷✷✸ ❙◆Ps s❡ s♦♥t ❛✈érés

êtr❡ ❧♦❝❛❧✐sés ❞❛♥s ✉♥ t♦t❛❧ ❞❡ ✶✺ ✶✾✽ ❣è♥❡s✳ ◆♦✉s ♥♦✉s ❢♦❝❛❧✐s❡r♦♥s s✉r ❝❡s ❙◆Ps ♣♦✉r

❧✬❡♥s❡♠❜❧❡ ❞❡s ❛♥❛❧②s❡s✳ ❯♥❡ ♣ré✲sé❧❡❝t✐♦♥ ❞❡ ❙◆Ps ❛ été ❡✛❡❝t✉é❡ ❣râ❝❡ à ❧❛ ♠ét❤♦❞❡ ❞❡

ré❣r❡ss✐♦♥ ❡❧❛st✐❝ ♥❡t✱ ❛✜♥ ❞❡ tr❛✈❛✐❧❧❡r s✉r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞♦♥♥é❡s ♣❧✉s r❡str❡✐♥t✳ ▲✬✐♥térêt

❞❡ ❧✬❛♣♣r♦❝❤❡ ♠✉❧t✐✈❛r✐é❡✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉① ❛♥❛❧②s❡s q✉✐ ♦♥t été ré❛❧✐sé❡s ❙◆P ♣❛r ❙◆P

✭❜❛tt❡r✐❡ ❞❡ t❡sts ✉♥✐✈❛r✐és✮✱ ❡st q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❙◆Ps ❞❛♥s ❧❡ ♠♦❞è❧❡

❛✐♥s✐ q✉❡ ❧❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❝❡s ❙◆Ps✳

✹✳✶✳✻✳✶ ❘és✉❧t❛ts ❞❡ ❧❛ ♣ré✲sé❧❡❝t✐♦♥

▲❛ ré❣r❡ss✐♦♥ ré❣✉❧❛r✐sé❡ ❡❧❛st✐❝ ♥❡t ❡st ❡✛❡❝t✉é❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡s ❞♦♥♥é❡s ❣é♥ét✐q✉❡s

✭❙◆Ps✮ ❝♦♠♠❡ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s ❡t ❧❡s ❞✐✛ér❡♥ts ♣❤é♥♦t②♣❡s ❞é❝r✐ts s❡❝t✐♦♥ ✹✳✶✳✸ ❡t ♣r✐s

✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t ❝♦♠♠❡ ✈❛r✐❛❜❧❡ ré♣♦♥s❡✳ ▲❛ ✜❣✉r❡ ✹✳✹ ♣❡r♠❡t ❞❡ ✈✐s✉❛❧✐s❡r ❧✬é✈♦❧✉t✐♦♥ ❞❡s

✶✸✽
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❝♦❡✣❝✐❡♥ts ❞❡ ❝❤❛q✉❡ ❙◆P ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ λ ♣♦✉r ❝❤❛❝✉♥ ❞❡s

q✉❛tr❡ ♣❤é♥♦t②♣❡s✳ ▲❛ ✈❛❧❡✉r ♦♣t✐♠❛❧❡ ❞❡ λ ✭q✉✐ ♠✐♥✐♠✐s❡ ❧✬❡rr❡✉r q✉❛❞r❛t✐q✉❡ ♠♦②❡♥♥❡✮

♥✬❛ ♣❛s ♣✉ êtr❡ ❡st✐♠é❡ à ❧✬✐ss✉❡ ❞✬✉♥❡ ♣r♦❝é❞✉r❡ ❞❡ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ✶✵✲❢♦❧❞ ❤❛❜✐t✉❡❧❧❡✳

◆♦✉s ❛✈♦♥s ❞♦♥❝ ❝❤♦✐s✐ ❞❡ ♣r❡♥❞r❡ ✉♥ λ ❝♦♥s❡r✈❛♥t ✉♥ ♥♦♠❜r❡ ❛❝❝❡♣t❛❜❧❡ ❞❡ ❙◆Ps s❡❧♦♥ ❧❡s

❜✐♦❧♦❣✐st❡s✳ ▲❡ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ❛ été ✜①é à ✵✱✵✶✹ ❛✜♥ ❞✬♦❜t❡♥✐r ❡♥tr❡ ✻✵✵ ❡t ✼✵✵

❋✐❣✉r❡ ✹✳✹ ✕ ❉♦♥♥é❡s ❞❡ ❙◆Ps ✿ ❈♦❡✣❝✐❡♥ts ❞❡ ❝❤❛q✉❡ ❙◆P ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞❡
ré❣✉❧❛r✐s❛t✐♦♥ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♣❤é♥♦t②♣❡s ❞❛♥s ❧❛ ré❣r❡ss✐♦♥ ❡❧❛st✐❝ ♥❡t✳

❙◆Ps ❡♥ ♠♦②❡♥♥❡ ♣♦✉r ❝❤❛q✉❡ ♣❤é♥♦t②♣❡✳ ❆✐♥s✐✱ ✻✺✽ ❙◆Ps ♣♦t❡♥t✐❡❧❧❡♠❡♥t ❧✐és à ❞❡s r✐❞❡s

♣❧✉s sé✈èr❡s ♦♥t été sé❧❡❝t✐♦♥♥és✱ ✼✵✵ ❙◆Ps ♣♦✉r ❧❡ r❡❧â❝❤❡♠❡♥t✱ ✻✼✵ ❙◆Ps ♣♦✉r ❧❡s ❧❡♥t✐✲

❣✐♥❡s ❡t ❡♥✜♥ ✻✹✵ ❙◆Ps ♣♦✉r ❧❡ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t ❣❧♦❜❛❧✳ ▲❛ sé❧❡❝t✐♦♥ ❞❡ ❙◆Ps ré❛❧✐sé❡

♣❛r ❧✬❛♣♣r♦❝❤❡ ❡❧❛st✐❝ ♥❡t ❛ ♣❡r♠✐s ❞❡ sé❧❡❝t✐♦♥♥❡r ❞❡s ❙◆Ps ❞✐✛ér❡♥ts ❞❡ ❝❡✉① tr♦✉✈és st❛✲

t✐st✐q✉❡♠❡♥t s✐❣♥✐✜❝❛t✐❢s ❛✈❡❝ ✉♥❡ ❛♣♣r♦❝❤❡ ✉♥✐✈❛r✐é❡✳ P❛r♠✐ ❧❡s ❙◆Ps sé❧❡❝t✐♦♥♥és✱ ❛✉❝✉♥

❙◆P ♥✬❡st ❡♥ ❝♦♠♠✉♥ ❡♥tr❡ ❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✱ ❝❡ q✉✐ s✬❛✈èr❡ ♥♦r♠❛❧ ét❛♥t ❞♦♥♥é q✉❡

❧❡s ♣❤é♥♦t②♣❡s ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ♣❤é♥♦♠è♥❡s ❜✐♦❧♦❣✐q✉❡s ❜✐❡♥ ❞✐✛ér❡♥ts ❡t ♥✬✐♠♣❧✐q✉❡♥t

✶✸✾
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♣❛s ❢♦r❝é♠❡♥t ❧❡s ♠ê♠❡s ❙◆Ps ♦✉ ❣è♥❡s✳ ◆♦✉s ét✉❞✐♦♥s ❞♦♥❝ q✉❛tr❡ ♣❤é♥♦♠è♥❡s ❞✐✛ér❡♥ts

❡t ✐❧ s❡r❛ ✉t✐❧❡ ❞❡ ♣rés❡♥t❡r ❧❡s rés✉❧t❛ts ♣♦✉r ❝❤❛❝✉♥ ❞✬❡♥tr❡ ❡✉① sé♣❛ré♠❡♥t ♣❛r ❧❛ s✉✐t❡✳

▲❡s ❙◆Ps sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ♥❡ s♦♥t ♣❛s ❢♦r❝é♠❡♥t ❝❡✉① ❞♦♥t ❧❛ ✈❛❧❡✉r ♣ ✭❡♥

❛♥❣❧❛✐s✱ ✧♣✲✈❛❧✉❡✧✮ ❞❛♥s ❧✬❛♣♣r♦❝❤❡ ✉♥✐✈❛r✐é❡ ét❛✐t ❧❛ ♣❧✉s ❢❛✐❜❧❡✳ ▲❡s ✐♥❢♦r♠❛t✐♦♥s ❛♣♣♦rté❡s

♣❛r ❧❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✈❛r✐é❡s s♦♥t ♣❧✉s r✐❝❤❡s ❡t ♣❧✉s ✐♥❢♦r♠❛t✐✈❡s✳ ▲❛ ✜❣✉r❡ ✹✳✺ ♣rés❡♥t❡ ❧❛

❞✐str✐❜✉t✐♦♥ ❞❡s ✈❛❧❡✉rs ♣ ✭♣❧✉s ❡①❛❝t❡♠❡♥t ❧❡ ✲❧♦❣10 ❞❡s ✈❛❧❡✉rs ♣ ♣❛r s♦✉❝✐ ❞❡ ❧✐s✐❜✐❧✐té✮ ❞❡s

❙◆Ps ❞❛♥s ❧✬❛♣♣r♦❝❤❡ ✉♥✐✈❛r✐é❡ ✭❡♥ ♥♦✐r✮ ❡t ❝❡❧❧❡s ❞❡s ❙◆Ps ❝♦♥s❡r✈és ❛♣rès ❧❛ ♣ré✲sé❧❡❝t✐♦♥

♣❛r ❡❧❛st✐❝ ♥❡t ✭❡♥ ❜♦r❞❡❛✉①✮ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ▲❡s ❙◆Ps sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝

♥❡t ❢♦♥t ♣❛rt✐❡ ❞❡ ❝❡✉① ❛②❛♥t ✉♥❡ ✈❛❧❡✉r ♣ ❧❡s ♣❧✉s ❢❛✐❜❧❡s ✭♠♦✐♥s ❞❡ ❙◆Ps ❞♦♥t ❧❛ ✈❛❧❡✉r

♣ ❡st s✉♣ér✐❡✉r❡ à 10−2 s♦♥t ❝♦♥s❡r✈és✮ ♠❛✐s ❧❡s ❙◆Ps ❞♦♥t ❧❛ ✈❛❧❡✉r ♣ ét❛✐t ❧❛ ♣❧✉s ♣❡t✐t❡

✭< 10−5✮ ♥✬♦♥t ♣❛s été sé❧❡❝t✐♦♥♥és✳ ▲❛ ♠ê♠❡ ❝❤♦s❡ ❡st ♦❜s❡r✈é❡ ♣♦✉r ❧❡s ❛✉tr❡s ♣❤é♥♦t②♣❡s

✭✜❣✉r❡s ♥♦♥ ♠♦♥tré❡s✮✳ ▲❡ ❢❛✐t ❞❡ ❝♦♥s✐❞ér❡r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❙◆Ps ❞❛♥s ❧❡ ♠♦❞è❧❡ ♣❡r♠❡t

❛❧♦rs ❞✬♦❜t❡♥✐r ❞❡ ♥♦✉✈❡❧❧❡s ♣✐st❡s q✉❡ ♥♦✉s ❛❧❧♦♥s ❡①♣❧♦r❡r t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳

❈❤❛q✉❡ ❙◆P ét❛♥t ❝♦♥t❡♥✉ ❞❛♥s ✉♥ ❝❤r♦♠♦s♦♠❡✱ ✐❧ ❡st ❢❛❝✐❧❡ ❞❡ ✈✐s✉❛❧✐s❡r ❧❡s ❝❤r♦♠♦✲

s♦♠❡s ♣♦t❡♥t✐❡❧❧❡♠❡♥t ✐♠♣❧✐q✉és ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡ s✐❣♥❡s ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ♣❧✉s sé✈èr❡s✳

▲❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡s ❣è♥❡s ❡t ❝❤r♦♠♦s♦♠❡s ❛ss♦❝✐és à ❝❤❛q✉❡ ❙◆P s♦♥t ❢♦✉r♥✐❡s ♣❛r ❧❛

❜❛s❡ ❞❡ ❞♦♥♥é❡s ✿ ❙✐♥❣❧❡ ◆✉❝❧❡♦t✐❞❡ P♦❧②♠♦r♣❤✐s♠ ❉❛t❛❜❛s❡ ✭❞❜❙◆P✮ ✭❙❤❡rr② ❡t ❛❧✳ ❬✷✵✵✶❪✮✳

❉❡✉① ❛♣♣r♦❝❤❡s s♦♥t ♣rés❡♥té❡s✳ ❉❛♥s ❧❛ ♣r❡♠✐èr❡ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉① ❝❤r♦♠♦s♦♠❡s

❞♦♥t ❧❡s ❙◆Ps q✉✬✐❧s ❝♦♥t✐❡♥♥❡♥t s♦♥t ❧❡s ♣❧✉s ❢réq✉❡♠♠❡♥t sé❧❡❝t✐♦♥♥és ♣❡✉ ✐♠♣♦rt❡ ❧❛ ✈❛✲

❧❡✉r ❞✉ ❝♦❡✣❝✐❡♥t ❞❡ ré❣r❡ss✐♦♥✱ ❝✬❡st ❞♦♥❝ ✉♥❡ ❛♣♣r♦❝❤❡ ❣❧♦❜❛❧❡✳ ❉❛♥s ❧❛ ❞❡✉①✐è♠❡✱ ♥♦✉s

❝♦♥s✐❞ér♦♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ❝♦♥t❡♥❛♥t ❧❡s ❙◆Ps ❞♦♥t ❧❡ s✐❣♥❛❧ ❞❛♥s ❧❛ sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t

❡st ❧❡ ♣❧✉s ❢♦rt ❡t ❞❛♥s ❝❡ ❝❛s ❝✬❡st ✉♥❡ ❛♣♣r♦❝❤❡ ❝❡♥tré❡ s✉r ❞❡s ❙◆Ps ❡♥ ♣❛rt✐❝✉❧✐❡r✳

P♦✉r ❧❛ ♣r❡♠✐èr❡ ❛♣♣r♦❝❤❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❡s ✜❣✉r❡s ✹✳✻✱ ✹✳✼✱ ✹✳✽✱ ❡t ✹✳✾✳ ❊❧❧❡s ♣ré✲

s❡♥t❡♥t✱ à ❣❛✉❝❤❡✱ ❧❛ ❢réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ❝♦rr❡s♣♦♥✲

❞❛♥ts ❡♥ ✪ ❞❛♥s ❧❛ ❜❛s❡ ❝♦♥t❡♥❛♥t ❧❡s ❙◆Ps ✐♥tr❛❣é♥✐q✉❡s ❛✈❛♥t ♣ré✲sé❧❡❝t✐♦♥ ✭❡♥ ♥♦✐r✮ ❡t

❛♣rès ♣ré✲sé❧❡❝t✐♦♥ ♣❛r ❡❧❛st✐❝ ♥❡t ✭❡♥ ❜♦r❞❡❛✉①✮✱ ❡t à ❞r♦✐t❡✱ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❡♥

✪ ❡♥tr❡ ❝❡✉① ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ❡t ❝❡✉① ❛✈❛♥t ♣ré✲sé❧❡❝t✐♦♥✳ ❈❡❧❛ ♣❡r♠❡t ❞❡

✈✐s✉❛❧✐s❡r très r❛♣✐❞❡♠❡♥t ❧❡s ❝❤r♦♠♦s♦♠❡s q✉✐ s♦♥t ♣❧✉s ❢réq✉❡♠♠❡♥t sé❧❡❝t✐♦♥♥és ✭❞✐✛é✲

r❡♥❝❡ ♣♦s✐t✐✈❡ ❞❡s ❢réq✉❡♥❝❡s✮✳
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❋✐❣✉r❡ ✹✳✺ ✕ ❉✐str✐❜✉t✐♦♥ ❞✉ ✲❧♦❣10 ❞❡s ✈❛❧❡✉rs ♣ ❞❡s ❙◆Ps ❞❛♥s ❧✬❛♣♣r♦❝❤❡ ✉♥✐✈❛r✐é❡ ✭❡♥
♥♦✐r✮ ❡t ❝❡❧❧❡s ❞❡s ❙◆Ps ❝♦♥s❡r✈és ❛♣rès ❧❛ ♣ré✲sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t ✭❡♥ ❜♦r❞❡❛✉①✮ ♣♦✉r ❧❡
♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳

❋✐❣✉r❡ ✹✳✻ ✕ ❋réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡
✧r✐❞❡s✧ ❛✈❛♥t ✭❡♥ ♥♦✐r✮ ❡t ❛♣rès sé❧❡❝t✐♦♥ ✭❡♥ r♦✉❣❡✮ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡ ❞❡ ❣❛✉❝❤❡✮ ❡t
❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❛✈❛♥t✴❛♣rès sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡
❞❡ ❞r♦✐t❡✮✳
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❙✉r ❝❡s ❣r❛♣❤✐q✉❡s ♦♥ ✈♦✐t ❛♣♣❛r❛✐tr❡ ✉♥ ✧❝❤r♦♠♦s♦♠❡ ✷✺✧ q✉✐ ❝♦rr❡s♣♦♥❞ ❡♥ ❢❛✐t à

❧✬❆❉◆ ♠✐t♦❝❤♦♥❞r✐❛❧✳ ❊♥ ❡✛❡t✱ ❡♥ ♣❧✉s ❞❡s ✷✸ ♣❛✐r❡s ❞❡ ❝❤r♦♠♦s♦♠❡s ❝♦♥t❡♥✉s ❞❛♥s ❧❡

♥♦②❛✉✱ ❧❡s ❝❡❧❧✉❧❡s ❤✉♠❛✐♥❡s ♣♦ssè❞❡♥t ❞❡ ❧✬❆❉◆ ❝♦♥t❡♥✉ ❞❛♥s ❧❡s ♠✐t♦❝❤♦♥❞r✐❡s✳ ▲❛ ♠✐✲

t♦❝❤♦♥❞r✐❡ ❡st ❧✬✉♥✐q✉❡ ❣é♥ér❛t❡✉r ❞✬é♥❡r❣✐❡ ❞❡ ♥♦s ❝❡❧❧✉❧❡s✳ ❙✐t✉é❡s ❞❛♥s ❧❡ ❝②t♦♣❧❛s♠❡

❞❡ ❝❤❛q✉❡ ❝❡❧❧✉❧❡✱ ♦♥ ♣❡✉t ❝♦♠♣❛r❡r ❧❡s ♠✐t♦❝❤♦♥❞r✐❡s à ❞❡s ✧♣✐❧❡s✧ ❝❤❛r❣é❡s ❞❡ ♣r♦❞✉✐r❡✱

st♦❝❦❡r ❡t ❞✐str✐❜✉❡r ❞❡ ❧✬é♥❡r❣✐❡ ♥é❝❡ss❛✐r❡ à ❧❛ ❝❡❧❧✉❧❡✳ ▲✬❆❉◆ ❝♦♥t❡♥✉ ❞❛♥s ❧❡s ♠✐t♦❝❤♦♥✲

❞r✐❡s ❡st tr❛♥s♠✐s ❡ss❡♥t✐❡❧❧❡♠❡♥t ♣❛r ❧❛ ♠èr❡ à ✾✾✪✱ ❝❛r ❧❡s ♠✐t♦❝❤♦♥❞r✐❡s s♦♥t s✉rt♦✉t

tr❛♥s♠✐s❡s ♣❛r ❧❡ ❝②t♦♣❧❛s♠❡ ❞❡ ❧✬♦✈♦❝②t❡✳ ❈♦♠♠❡ ❝❡t ❆❉◆ ♥✬❡st ♣❛s s♦✉♠✐s ❛✉① ❧♦✐s ❣é♥é✲

t✐q✉❡s ❞❡ ❧❛ r❡♣r♦❞✉❝t✐♦♥ s❡①✉é❡✱ ✐❧ ♥✬❡st ♣❛s ♦✉ ♣❡✉ s♦✉♠✐s ❛✉① r❡❝♦♠❜✐♥❛✐s♦♥s ❣é♥ét✐q✉❡s✳

❈❡♣❡♥❞❛♥t ❧❡ t❛✉① ❞❡ ♠✉t❛t✐♦♥ r❡st❡ r❡❧❛t✐✈❡♠❡♥t é❧❡✈é✳ ❈✬❡st ❞✬❛✐❧❧❡✉rs ♣♦✉r ❝❡s r❛✐s♦♥s

q✉❡ ❝❡t ❆❉◆ ❛ été ♣r✐✈✐❧é❣✐é ♣♦✉r ❧✬ét✉❞❡ ❞❡s ❣r❛♥❞❡s ♠✐❣r❛t✐♦♥s ❤✉♠❛✐♥❡s✳ P❛r ❛✐❧❧❡✉rs ❧❛

♣rés❡♥❝❡ ❞✬✉♥ ❆❉◆ ♣r♦♣r❡ ❞❛♥s ❧❡s ♠✐t♦❝❤♦♥❞r✐❡s ❛ ♦✉✈❡rt ✉♥❡ ♥♦✉✈❡❧❧❡ ✈♦✐❡ ❞❡ r❡❝❤❡r❝❤❡

s✉r ❧❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ✭❲❛❧❧❛❝❡ ❬✶✾✾✼❪✮✳ ■❧ ❡st ❞♦♥❝ ✐♥tér❡ss❛♥t ❞❡ ❝♦♥s❡r✈❡r ❝❡s ✐♥❢♦r♠❛t✐♦♥s

❞❛♥s ♥♦s ❛♥❛❧②s❡s✳

▲❛ ✜❣✉r❡ ✹✳✻ ♠♦♥tr❡ q✉❡ ❧❛ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ❡st s❡♠✲

❜❧❛❜❧❡ à ❝❡❧❧❡ ❛✈❛♥t sé❧❡❝t✐♦♥ à ❧✬❡①❝❡♣t✐♦♥ ❞❡s ❝❤r♦♠♦s♦♠❡s ✶✵ ❡t ✶✽ ❡♥ ♣❛rt✐❝✉❧✐❡r ❞♦♥t

❧❛ ❢réq✉❡♥❝❡ ❞❡ ❙◆Ps sé❧❡❝t✐♦♥♥és ❡st ♣❧✉s é❧❡✈é q✉❡ ❝❡ à q✉♦✐ ♦♥ ♣♦✉✈❛✐t s✬❛tt❡♥❞r❡ ✭✈♦✐r

❣r❛♣❤❡ ❞❡ ❞r♦✐t❡✮✳ ❈❡s ❝❤r♦♠♦s♦♠❡s ♣♦✉rr❛✐❡♥t ❝♦♥t❡♥✐r ♣❧✉s ❞❡ ❙◆Ps ♦✉ ❞❡ ❝♦♠❜✐♥❛✐s♦♥s

❞❡ ❙◆Ps ♣♦t❡♥t✐❡❧❧❡♠❡♥t ❧✐és à ❧✬❡①♣r❡ss✐♦♥ ❞❡ r✐❞❡s q✉❡ ❧❡s ❛✉tr❡s✳

P♦✉r ❧❡s ♣❤é♥♦t②♣❡s ✧r❡❧â❝❤❡♠❡♥t✧ ❡t ❧❡♥t✐❣✐♥❡s ❧❡s rés✉❧t❛ts s♦♥t ♠♦✐♥s ❤♦♠♦❣è♥❡s

✭✜❣✉r❡s ✹✳✼ ❡t ✹✳✽✱ r❡s♣❡❝t✐✈❡♠❡♥t✮✳ ■❧ ② ❛ ❞❡ ♥♦♠❜r❡✉s❡s ❞✐✛ér❡♥❝❡s ❞❛♥s ❧❛ ré♣❛rt✐t✐♦♥

❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ❛♣rès sé❧❡❝t✐♦♥✳ ▲❡ ❝❤r♦♠♦s♦♠❡ ✸ ❡♥ ♣❛rt✐❝✉❧✐❡r ♣♦✉r ❧❡

♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧ ✭❣r❛♣❤❡ ❞❡ ❞r♦✐t❡✮ ❡t ❧❡ ❝❤r♦♠♦s♦♠❡ ✻ ♣♦✉r ♣❤é♥♦t②♣❡ ✧❧❡♥t✐✲

❣✐♥❡s✧ ♣♦ssè❞❡♥t ♣❧✉s ❞❡ ❙◆Ps sé❧❡❝t✐♦♥♥és ♣r♦♣♦rt✐♦♥♥❡❧❧❡♠❡♥t à ❛✈❛♥t ❧❛ sé❧❡❝t✐♦♥✳ P❛r

❛✐❧❧❡✉rs✱ ✐❧ ② ❛ ✉♥❡ ♣r♦♣♦rt✐♦♥ ❞❡ ❙◆Ps ♣❧✉s ✐♠♣♦rt❛♥t❡ ❞❛♥s ❧❡ ❝❤r♦♠♦s♦♠❡ ✶✶ ❛♣rès ❧❛

sé❧❡❝t✐♦♥ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧ ✭✜❣✉r❡ ✹✳✾✮✳ ■❧ ♣♦✉rr❛ ❞♦♥❝ êtr❡ ✐♥té✲

r❡ss❛♥t ❞✬ét✉❞✐❡r ♣❧✉s ❡♥ ❞ét❛✐❧ ❧❡s ❙◆Ps sé❧❡❝t✐♦♥♥és s✉r ❝❡ ❝❤r♦♠♦s♦♠❡ ❡t ❧❡✉r ♣♦s✐t✐♦♥

❝❤r♦♠♦s♦♠✐q✉❡ ❛✜♥ ❞✬✐❞❡♥t✐✜❡r ❞❡s ❡✛❡ts ♣♦ss✐❜❧❡s ❞❡ ❣r♦✉♣❡♠❡♥t ❞❡ ❙◆Ps✳

✶✹✷
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❋✐❣✉r❡ ✹✳✼ ✕ ❋réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡
✧r❡❧â❝❤❡♠❡♥t✧ ❛✈❛♥t ✭❡♥ ♥♦✐r✮ ❡t ❛♣rès sé❧❡❝t✐♦♥ ✭❡♥ r♦✉❣❡✮ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡ ❞❡ ❣❛✉❝❤❡✮
❡t ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❛✈❛♥t✴❛♣rès sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡
❞❡ ❞r♦✐t❡✮✳

❋✐❣✉r❡ ✹✳✽ ✕ ❋réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡
✧❧❡♥t✐❣✐♥❡s✧ ❛✈❛♥t ✭❡♥ ♥♦✐r✮ ❡t ❛♣rès sé❧❡❝t✐♦♥ ✭❡♥ r♦✉❣❡✮ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡ ❞❡ ❣❛✉❝❤❡✮ ❡t
❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❛✈❛♥t✴❛♣rès sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡
❞❡ ❞r♦✐t❡✮✳
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❋✐❣✉r❡ ✹✳✾ ✕ ❋réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡
✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧ ❛✈❛♥t ✭❡♥ ♥♦✐r✮ ❡t ❛♣rès sé❧❡❝t✐♦♥ ✭❡♥ r♦✉❣❡✮ ❡❧❛st✐❝ ♥❡t ✭❣r❛♣❤❡ ❞❡
❣❛✉❝❤❡✮ ❡t ❞✐✛ér❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡ ❞❡ ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❛✈❛♥t✴❛♣rès sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t
✭❣r❛♣❤❡ ❞❡ ❞r♦✐t❡✮✳

❈❡♣❡♥❞❛♥t✱ ❧❡s ❙◆Ps ❛②❛♥t ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ ré❣r❡ss✐♦♥ ❡❧❛st✐❝ ♥❡t ❧❡s ♣❧✉s é❧❡✈és ♥❡

s♦♥t ♣❛s ❢♦r❝é♠❡♥t s✐t✉és ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ❝✐tés ♣ré❝é❞❡♠♠❡♥t✳ P♦✉r ❧❛ ❞❡✉①✐è♠❡

❛♣♣r♦❝❤❡✱ ♥♦✉s ♥♦✉s ❝♦♥❝❡♥tr❡r♦♥s s✉r ❧❛ ✜❣✉r❡ ✹✳✶✵✳ ❊❧❧❡ ♣rés❡♥t❡ ❧❛ ✈❛❧❡✉r ❞❡s ❝♦❡✣❝✐❡♥ts

❡❧❛st✐❝ ♥❡t ❞❡s ❙◆Ps sé❧❡❝t✐♦♥♥és ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs ❝♦♦r❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ♣♦✉r ❧❡s

q✉❛tr❡ ♣❤é♥♦t②♣❡s✳ ❈❤❛❝✉♥ ❞❡s ❙◆Ps ❡st ❝♦♥t❡♥✉ ❞❛♥s ✉♥ ❣è♥❡ ❧✉✐✲♠ê♠❡ s✐t✉é s✉r ✉♥

❝❤r♦♠♦s♦♠❡✳ ▲❡s ❝♦♦r❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s s♦♥t ❛✣❝❤é❡s

❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ ❞❡s ❛❜s❝✐ss❡s ❡t ❧❛ ✈❛❧❡✉r ❞✉ ❝♦❡✣❝✐❡♥t ❡❧❛st✐❝ ♥❡t ❡st ❛✣❝❤é❡ s✉r ❧✬❛①❡ ❞❡s

♦r❞♦♥♥é❡s✳ ❈❤❛q✉❡ ♣♦✐♥t r❡♣rés❡♥t❡ ✉♥ ❙◆P✳ ❉❡s ♣♦✐♥ts ❞✬✉♥❡ ♠ê♠❡ ❝♦✉❧❡✉r ❡t q✉✐ s♦♥t

♣r♦❝❤❡s s♦♥t s✐t✉és s✉r ❧❡ ♠ê♠❡ ❝❤r♦♠♦s♦♠❡✳ ❈❡tt❡ r❡♣rés❡♥t❛t✐♦♥ ❡st éq✉✐✈❛❧❡♥t❡ à ❝❡❧❧❡

❞❡s ▼❛♥❤❛tt❛♥ ♣❧♦t s♦✉✈❡♥t ✉t✐❧✐sés ❡♥ ❣é♥♦♠✐q✉❡✳

P♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ ♦♥ r❡♠❛rq✉❡ q✉❡ ❧❡s ❙◆Ps ♣rés❡♥t❛♥t ❧❡s ❝♦❡✣❝✐❡♥ts ❧❡s ♣❧✉s

é❧❡✈és s♦♥t s✐t✉és ❞❛♥s ♣❧✉s✐❡✉rs ❝❤r♦♠♦s♦♠❡s ❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧❡s ✾ ❡t ✶✻✱ ♣♦✉r ❧❡

♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧ ❞❡✉① ❝❤r♦♠♦s♦♠❡s s❡ ❞ét❛❝❤❡♥t ❞❡s ❛✉tr❡s ✿ ❧❡s ❝❤r♦♠♦s♦♠❡s ✷

❡t ✼✱ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧ ♦♥ ♦❜s❡r✈❡ ❧❡ ♠ê♠❡ ♣❤é♥♦♠è♥❡ ❞❡ ❞✐s♣❡rs✐♦♥ q✉❡ ♣♦✉r

❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ ♥é❛♥♠♦✐♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ✻ ❡t ✶✷ s♦♥t ❝❡✉① ❝♦♥t❡♥❛♥t ❧❡s ❙◆Ps
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❋✐❣✉r❡ ✹✳✶✵ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡s ❙◆Ps sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ❡♥
❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs ❝♦♦r❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ♣♦✉r ❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳

❞♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts s♦♥t ❧❡s ♣❧✉s é❧❡✈és ❡t ❡♥✜♥ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧

✉♥ ❝❤r♦♠♦s♦♠❡ ❡♥ ♣❛rt✐❝✉❧✐❡r ♣♦ssè❞❡ ✉♥ ❙◆P ❛✈❡❝ ✉♥ ❝♦❡✣❝✐❡♥t ♣❧✉s ✐♠♣♦rt❛♥t q✉❡ ❧❡s

❛✉tr❡s ✿ ❧❡ ❝❤r♦♠♦s♦♠❡ ✶✺✳ ▲❡s ❙◆Ps ♣rés❡♥t❛♥t ✉♥ ❝♦❡✣❝✐❡♥t é❧❡✈é ♥❡ s♦♥t ❞♦♥❝ ♣❛s

❝♦♥t❡♥✉s ❞❛♥s ❧❡s ♠ê♠❡s ❝❤r♦♠♦s♦♠❡s q✉❡ ❝❡✉① ✐❞❡♥t✐✜és ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ❛♣♣r♦❝❤❡✳

▲❡s ❞❡✉① ❛♣♣r♦❝❤❡s ✭❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ❙◆Ps sé❧❡❝t✐♦♥♥és ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ❡t ❧❛

ré♣❛rt✐t✐♦♥ ❞❡s ❙◆Ps ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❡✉r ❝♦❡✣❝✐❡♥t ❞❛♥s ❧❛ ré❣r❡ss✐♦♥ ❡❧❛st✐❝

♥❡t✮ ♦✉✈r❡♥t ❞♦♥❝ ❞❡✉① ✈♦✐❡s ❞✬✐♥✈❡st✐❣❛t✐♦♥ ❞✐✛ér❡♥t❡s✳ ▲❛ ♣r❡♠✐èr❡ ❡st ✐♥tér❡ss❛♥t❡ ❝❛r

♣❡r♠❡t ✉♥❡ ❛♣♣r♦❝❤❡ ❣❧♦❜❛❧❡ ❡♥ s❡ ❢♦❝❛❧✐s❛♥t s✉r ❞❡s ❝❤r♦♠♦s♦♠❡s ❞♦♥t ❧❡s ❙◆Ps q✉✬✐❧s

❝♦♥t✐❡♥♥❡♥t ♥❡ ❝♦rr❡s♣♦♥❞❡♥t ♣❛s ❛✉① s✐❣♥❛✉① ❧❡s ♣❧✉s é❧❡✈és ♠❛✐s s♦♥t ♣♦✉rt❛♥t ♣❧✉s

s♦✉✈❡♥t sé❧❡❝t✐♦♥♥és q✉❡ ❝❡ à q✉♦✐ ♦♥ ♣♦✉✈❛✐t s✬❛tt❡♥❞r❡✳ ❉❡s r❡❝❤❡r❝❤❡s ♣❧✉s ✜♥❡s s♦♥t
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❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❝♦✉rs ♣❛r ❧❡s ❜✐♦❧♦❣✐st❡s ✐♠♣❧✐q✉és s✉r ❝❡ ♣r♦❥❡t ❝♦♥❝❡r♥❛♥t ❧❛ ré❣✐♦♥ ❝❤r♦✲

♠♦s♦♠✐q✉❡ ✭❝✬❡st à ❞✐r❡ ❧❛ ♣❛rt✐❡ ❞✉ ❝❤r♦♠♦s♦♠❡✮ ❞❛♥s ❧❛q✉❡❧❧❡ s❡ tr♦✉✈❡♥t ❝❡s ❙◆Ps ♣♦✉r

t❡♥t❡r ❞❡ ❝♦♠♣r❡♥❞r❡ ♦✉ ❞✬❡①♣❧✐q✉❡r ❞❡s ❧✐❡♥s ♣♦t❡♥t✐❡❧s ❛✈❡❝ ❧❡s ♣❤é♥♦t②♣❡s ❝♦♥s✐❞érés✳ ▲❛

❞❡✉①✐è♠❡ ✈♦✐❡✱ q✉❛♥t à ❡❧❧❡ ❡st ❜❛sé❡ s✉r ❞❡s ❙◆Ps ❡♥ ♣❛rt✐❝✉❧✐❡r✳ ❊❧❧❡ ♣❡r♠❡t ❞❡ ❢♦❝❛❧✐s❡r

❧✬❛tt❡♥t✐♦♥ s✉r ❞❡s ❙◆Ps ✐s♦❧és ❞♦♥t ❧❡ s✐❣♥❛❧ ❡st ✐♠♣♦rt❛♥t✳ ❉❡s r❡❝❤❡r❝❤❡s ❞❡ ✧♣❛t❤✇❛②s✧

à ♣❛rt✐r ❞❡ ❝❡s ❙◆Ps✱ ❝✬❡st✲à✲❞✐r❡ ❞❡ ✈♦✐❡s ❞❡ s✐❣♥❛❧✐s❛t✐♦♥s ❜✐♦❧♦❣✐q✉❡s✱ s♦♥t ❡❧❧❡s ❛✉ss✐ ❡♥

❝♦✉rs ❞✬✐♥✈❡st✐❣❛t✐♦♥ ♣❛r ❧❡s ❡①♣❡rts ❞✉ ❞♦♠❛✐♥❡ ❝❛r ❡❧❧❡s ♣♦✉rr❛✐❡♥t ♣❡r♠❡ttr❡ ❞❡ s✐❣♥❛❧❡r

❞❡s ♠é❝❛♥✐s♠❡s ♠♦❧é❝✉❧❛✐r❡s ♣♦t❡♥t✐❡❧❧❡♠❡♥t ❧✐és ❛✉ ♣r♦❝❡ss✉s ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❞✉

♣❤é♥♦t②♣❡ ❝♦♥❝❡r♥é✳

✹✳✶✳✻✳✷ P❡rt✐♥❡♥❝❡ ❞❡ ❧❛ ♣ré✲sé❧❡❝t✐♦♥

❆✜♥ ❞✬ét✉❞✐❡r ❧❡s ❧✐❡♥s ❡♥tr❡ ❝❤❛❝✉♥ ❞❡s ❙◆Ps sé❧❡❝t✐♦♥♥és ♣❛r ❧❛ ré❣r❡ss✐♦♥ ❡❧❛st✐❝ ♥❡t

❡t ❧❡s ❧✐❡♥s ❡♥tr❡ ❝❡✉①✲❝✐ ❡t ❧❡s ✈❛r✐❛❜❧❡s ré♣♦♥s❡s✱ ✉♥❡ ❆❈▼ ❛ été ❡✛❡❝t✉é❡ ♣♦✉r ❝❤❛❝✉♥ ❞❡s

q✉❛tr❡ ♣❤é♥♦t②♣❡s✳ ▲❛ ✜❣✉r❡ ✹✳✶✶ r❡♣rés❡♥t❡ ❧❛ ré♣❛rt✐t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s s✉r ❧❡ ♣r❡♠✐❡r ♣❧❛♥

❢❛❝t♦r✐❡❧ ❞❡ ❧✬❆❈▼ ré❛❧✐sé❡ s✉r ❧❡s ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ▲❡s

tr✐❛♥❣❧❡s ✭❡♥ r♦✉❣❡✮ r❡♣rés❡♥t❡♥t ❧❡s ✐♥❞✐✈✐❞✉s ❞♦♥t ❧❡s rés✐❞✉s ❞✉ s❝♦r❡ ❛❥✉sté ❞❡ r✐❞❡s s♦♥t

é❧❡✈és✱ ❡t ❧❡s ♣♦✐♥ts ✭❡♥ ❜❧❡✉✮ r❡♣rés❡♥t❡♥t ❧❡s ✐♥❞✐✈✐❞✉s ❞♦♥t ❧❡s rés✐❞✉s ❞✉ s❝♦r❡ ❛❥✉sté ❞❡

r✐❞❡s s♦♥t ❢❛✐❜❧❡s✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❧❡ ♣r❡♠✐❡r ❛①❡ ❞✐s❝r✐♠✐♥❡ ♣❛r❢❛✐t❡♠❡♥t ❧❡s ✐♥❞✐✈✐❞✉s ❡♥

❢♦♥❝t✐♦♥ ❞✉ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ❈❡ q✉✐ s✐❣♥✐✜❡ q✉❡ ❧❡s ❙◆Ps sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t s♦♥t

♣❡rt✐♥❡♥ts ❡t ♣❡r♠❡tt❡♥t ❞❡ ❞✐s❝r✐♠✐♥❡r ❝♦rr❡❝t❡♠❡♥t ❧❡s ✐♥❞✐✈✐❞✉s✳ ❖♥ ♦❜s❡r✈❡ ❡①❛❝t❡♠❡♥t

❧❛ ♠ê♠❡ ❝❤♦s❡ ♣♦✉r ❧❡s tr♦✐s ❛✉tr❡s ♣❤é♥♦t②♣❡s ✭✜❣✉r❡s ♥♦♥ ♠♦♥tré❡s✮✳

▲✬ét✉❞❡ ❞❡s ❙◆Ps ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❞✉ ♣r❡♠✐❡r ❛①❡ ♣❡✉t ♥♦✉s ❞♦♥♥❡r ✉♥❡ ✐♥❢♦r♠❛t✐♦♥

s✉r ❧❡s ❙◆Ps ♣♦t❡♥t✐❡❧❧❡♠❡♥t ❧✐és à ✉♥ s❝♦r❡ é❧❡✈é ✭❧✬✐♥❢♦r♠❛t✐♦♥ ❞✐s❝r✐♠✐♥❛♥t❡ ét❛♥t s✐t✉é

s✉r ❧❡ ♣r❡♠✐❡r ❛①❡✮ ❡t ♥♦✉s ♣❡r♠❡ttr❡ ❞✬✐❞❡♥t✐✜❡r ❧❡s ❙◆Ps ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s à ❝❡tt❡

❞✐s❝r✐♠✐♥❛t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s ❡♥ ❢♦♥❝t✐♦♥ ❞✉ s❝♦r❡✳ ▲❛ ✜❣✉r❡ ✹✳✶✷ ♣rés❡♥t❡ ❧❡s ❙◆Ps ❧❡s ♣❧✉s

❝♦♥tr✐❜✉t✐❢s ❞✉ ♣r❡♠✐❡r ❛①❡ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳ ❊♥ r♦✉❣❡ ❛♣♣❛r❛✐ss❡♥t

❧❡s ❣è♥❡s ❞❛♥s ❧❡sq✉❡❧s s♦♥t ❝♦♥t❡♥✉s ❧❡s ❙◆Ps ❛ss♦❝✐és✳ P❛r s♦✉❝✐ ❞❡ ❝♦♥✜❞❡♥t✐❛❧✐té ❞❡s

rés✉❧t❛ts✱ ❧❡s ♥♦♠s ❞❡s ❙◆Ps ❡t ❞❡s ❣è♥❡s ♥✬❛②❛♥t ♣❛s ❡♥❝♦r❡ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ♣✉❜❧✐❝❛t✐♦♥

s♦♥t r❡❝♦❞és✳ ▲❡s tr♦✐s ❙◆Ps ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❞✉ ♣r❡♠✐❡r ❛①❡ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧

❛♣♣❛rt✐❡♥♥❡♥t t♦✉s ❛✉ ❣è♥❡ ●❊◆❊r✐✶✱ ❧❡ ❣è♥❡ ●❊◆❊r❡✸ ❛♣♣❛r❛✐t à tr♦✐s r❡♣r✐s❡ ♣❛r♠✐
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❋✐❣✉r❡ ✹✳✶✶ ✕ ❘é♣❛rt✐t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s s✉r ❧❡ ♣r❡♠✐❡r ♣❧❛♥ ❢❛❝t♦r✐❡❧ ❞❡ ❧✬❆❈▼ ❞❡s ❙◆Ps
♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳

❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢ ❞❡ ❧✬❛①❡ ✶ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧✱ ❧❡s ❣è♥❡s ●❊◆❊❧❡✶ ❡t

●❊◆❊❧❡✹ ❛♣♣❛r❛✐ss❡♥t à ♣❧✉s✐❡✉rs r❡♣r✐s❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧ ❡t ❡♥✜♥ ❝❡ q✉✐

❡st très ✐♥tér❡ss❛♥t ❞❡ r❡♠❛rq✉❡r ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧ ❡st q✉❡✱ ♣❛r♠✐

❧❡s ✶✵ ❙◆Ps ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❞❡ ❧✬❛①❡ ✶✱ ❧❛ ♠♦✐t✐é ❡st ❝♦♥t❡♥✉❡ ❞❛♥s ❧❡ ❣è♥❡ ●❊◆❊♣✈✶

❡t ❧✬❛✉tr❡ ❞❛♥s ❧❡ ❣è♥❡ ❙②♥❚❛①✐♥ ❇✐♥❞✐♥❣ Pr♦t❡✐♥ ✺✲▲✐❦❡ ✭STXBP5L✮✳ ❈❡ ❣è♥❡ ❛✈❛✐t ♣❛ssé

❧❡ s❡✉✐❧ ❞❡ ❇♦♥❢❡rr♦♥✐ ❧♦rs ❞❡ ❧✬❛♥❛❧②s❡ ✉♥✐✈❛r✐é❡ ré❛❧✐sé❡ ❞❛♥s ▲❡ ❈❧❡r❝ ❡t ❛❧✳ ❬✷✵✶✷❪ ❝❡ q✉✐

s♦✉❧✐❣♥❡ ❧❛ ♣❡rt✐♥❡♥❝❡ ❞❡ ❝❡tt❡ ♣ré✲sé❧❡❝t✐♦♥✳ ❉❡s r❡❝❤❡r❝❤❡s ❜✐❜❧✐♦❣r❛♣❤✐q✉❡s s✉r ❝❡s ❣è♥❡s

s♦♥t ❡♥ ❝♦✉rs ♣❛r ❧❡s ❜✐♦❧♦❣✐st❡s✳ ■❧s s✬❛✈èr❡♥t êtr❡ ✐♠♣❧✐q✉és ❞❛♥s ❧❛ ♣❡❛✉ ❡t ❧✐és à ❞❡s

♣r♦❝❡ss✉s ❜✐♦❧♦❣✐q✉❡s très ✐♥tér❡ss❛♥t ♣♦✉r ♥♦tr❡ ♣r♦❜❧é♠❛t✐q✉❡✳

✶✹✼



✹✳✶✳ ❉❖◆◆➱❊❙ ❊❚ P❘➱✲❚❘❆■❚❊▼❊◆❚❙

❋✐❣✉r❡ ✹✳✶✷ ✕ ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❞✉ ♣r❡♠✐❡r ❛①❡
❞❡ ❧✬❆❈▼ ♣♦✉r ❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳

▼❛❧❣ré ❧❛ ♣ré✲sé❧❡❝t✐♦♥ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s r❡st❛♥t ❡st ❡♥❝♦r❡ tr♦♣ é❧❡✈é ❡t ❧❡s ✐♥t❡r✲

♣rét❛t✐♦♥s r❡st❡♥t ❞✐✣❝✐❧❡s ❝❛r ❞❡ ♥♦♠❜r❡✉s❡s ✈♦✐❡s ❞✬✐♥✈❡st✐❣❛t✐♦♥s s♦♥t ♣♦ss✐❜❧❡s✳ P♦✉r ②

r❡♠é❞✐❡r ♥♦✉s ❛✉r♦♥s r❡❝♦✉rs à ❧❛ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ ❞é✈❡❧♦♣♣é❡ ❛✉ ❝♦✉rs ❞❡ ❝❡tt❡ t❤ès❡ ✿

❧✬❆❈▼ s♣❛rs❡✳ ❊①♣❧✐❝✐té❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✸✱ ❡❧❧❡ ♣❡r♠❡t ❞❡ sé❧❡❝t✐♦♥♥❡r ❞❡s ✈❛r✐❛❜❧❡s s✉r

❝❤❛❝✉♥ ❞❡s ❛①❡s ❞❡ ❧✬❆❈▼ ❡t ❞✬✐♥t❡r♣rét❡r ♣❧✉s ❢❛❝✐❧❡♠❡♥t ❧❡s rés✉❧t❛ts✳ ▲❡s rés✉❧t❛ts ❞❡

❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ s♦♥t ♣rés❡♥tés ❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✳

✶✹✽
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✹✳✷ ❆♣♣r♦❝❤❡ ♠✉❧t✐❜❧♦❝s ♥♦♥ s✉♣❡r✈✐sé❡ ✿ ❆❈▼ ❙♣❛rs❡

❆✜♥ ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❧❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❡s ♠♦❞❛❧✐tés ❞❡s ❞✐✛ér❡♥t❡s ✈❛r✐❛❜❧❡s

❛✐♥s✐ q✉✬❡♥tr❡ ❧❡s ✐♥❞✐✈✐❞✉s ❡t ❢❛❝✐❧✐t❡r ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ✉♥❡ ❆❈▼ s♣❛rs❡ ❛ été

ré❛❧✐sé❡ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♣❤é♥♦t②♣❡s s✉r ❧❡s ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t✳

✹✳✷✳✶ ❆❈▼ s♣❛rs❡ s✉r ❞♦♥♥é❡s ❞❡ ❙◆Ps

▲❡s rés✉❧t❛ts ❞❡ ❧✬❆❈▼ s♣❛rs❡ s♦♥t ♣rés❡♥tés s✉r ❧❡s q✉❛tr❡ ♣r❡♠✐❡rs ❛①❡s✳ ▲✬❆❈▼

ré❛❧✐sé❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✶✳✻✳✷ ❛ ♠♦♥tré s✉r ❧❡ ♣r❡♠✐❡r ❛①❡ ❧✬❡①✐st❛♥❝❡ ❞❡ ❞❡✉① ❣r♦✉♣❡s

❞✬✐♥❞✐✈✐❞✉s ❜✐❡♥ ❞✐st✐♥❝ts ✿ ✉♥ ❣r♦✉♣❡ ❝♦♥t❡♥❛♥t ❧❡s ✐♥❞✐✈✐❞✉s ❞♦♥t ❧❛ ✈❛❧❡✉r ❞❡s rés✐❞✉s

❞❡s s❝♦r❡s ❛❥✉stés ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❡st é❧❡✈é✱ ❡t ✉♥ ❣r♦✉♣❡ ❝♦♥t❡♥❛♥t ❧❡s ✐♥❞✐✈✐❞✉s

❛✈❡❝ ✉♥❡ ✈❛❧❡✉r ❞❡s rés✐❞✉s ❞❡s s❝♦r❡s ❛❥✉stés ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❢❛✐❜❧❡✳ ◆♦✉s ♥♦✉s

❢♦❝❛❧✐s❡r♦♥s ❛❧♦rs s✉r ❧❡s ❙◆Ps sé❧❡❝t✐♦♥♥és s✉r ❝❡ ♣r❡♠✐❡r ❛①❡ ❞❛♥s ❧✬❆❈▼ s♣❛rs❡✳

▲✬❆❈▼ s♣❛rs❡ ❛ été ré❛❧✐sé❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ré❣r❡ss✐♦♥

❡❧❛st✐❝ ♥❡t✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❡❧❧❡ ❛ été ❡✛❡❝t✉é❡ ♣♦✉r ♣❧✉s✐❡✉rs ✈❛❧❡✉rs ❞❡ λ ❝♦♠♣r✐s❡s

❡♥tr❡ ✵ ❡t ✵✱✵✶✳ ❯♥❡ ❞ét❡r♠✐♥❛t✐♦♥ ❞✉ λ ♦♣t✐♠❛❧ ❛✉r❛✐t ♣✉ êtr❡ ré❛❧✐sé❡ ♣❛r ✈❛❧✐❞❛t✐♦♥

❝r♦✐sé❡✱ ❝❡♣❡♥❞❛♥t ❧❡s t❡♠♣s ❞❡ ❝❛❧❝✉❧s ♥é❝❡ss❛✐r❡s ét❛♥t tr♦♣ ❧♦♥❣s✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞❡

❞ét❡r♠✐♥❡r ❧❡ λ ♣❛r ✉♥❡ ❛♣♣r♦❝❤❡ ✧❛❞✲❤♦❝✧✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❝♦♥s✐st❡ à é❧✐♠✐♥❡r ✉♥ ♠❛①✐♠✉♠

❞❡ ✈❛r✐❛❜❧❡s s✉r ❝❤❛❝✉♥ ❞❡s ❛①❡s t♦✉t ❡♥ ❧✐♠✐t❛♥t ❧❛ ♣❡rt❡ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ ❝✉♠✉❧é

♣❛r r❛♣♣♦rt à ❧❛ ✈❛❧❡✉r ❞❡ ❞é♣❛rt ✭λ = 0✮✳ ▲❡ ❜✉t ❡st ❞♦♥❝ ❞❡ tr♦✉✈❡r ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡

❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ❡t ❧❛ ♣❡rt❡ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ ♣❛r ✉♥❡ ❛♥❛❧②s❡

❣r❛♣❤✐q✉❡✳ ▲❡ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ ❡st r❡♣rés❡♥té ✐❝✐ ✉♥✐q✉❡♠❡♥t ❞❡ ♠❛♥✐èr❡ ✐♥❢♦r♠❛t✐✈❡

ét❛♥t ❞♦♥♥é q✉✬✐❧ ♥✬❛ ♣❛s ❧❡ ♠ê♠❡ s❡♥s q✉✬❡♥ ❆❈P✳ ▲❛ ✈❛❧❡✉r ❞❡ λ ♣❡✉t ❛❧♦rs êtr❡ ❝❤♦✐s✐❡ ❡♥

❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s q✉❡ ❧✬✉t✐❧✐s❛t❡✉r s♦✉❤❛✐t❡ ❝♦♥s❡r✈❡r ✭s✐ ❝❡❧❛ ❡st ♣♦ss✐❜❧❡✱ ❧❡

♥♦♠❜r❡ ❞❡ ❙◆Ps ♦✉ ❣è♥❡s ❡st ✐ss✉ ❞✉ ❝❤♦✐① ♦✉ ❞❡ ❧✬♦❜❥❡❝t✐❢ ❞✉ ❜✐♦❧♦❣✐st❡✮✳ ▲♦rsq✉❡ λ = 0✱

❧❡s rés✉❧t❛ts ❞❡ ❧✬❆❈▼ s♣❛rs❡ s♦♥t ❧❡s ♠ê♠❡s q✉❡ ❝❡✉① ❞❡ ❧✬❆❈▼ ✭❝❛r ❛✉❝✉♥❡ ré❣✉❧❛r✐s❛t✐♦♥

❡✛❡❝t✉é❡✮✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ ❝✉♠✉❧é ♦❜t❡♥✉ ❡♥ ❆❈▼ s♣❛rs❡ ❝♦rr❡s♣♦♥❞

à ❝❡❧✉✐ ❞❡ ❧✬❆❈▼ ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ❝♦rr❡s♣♦♥❞ ❛✉ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s

❛✉ ❞é♣❛rt✳

✶✹✾
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P♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ ❧❡ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❡st ❞♦♥❝ ❞❡ ❞✐♠❡♥s✐♦♥ ✺✵✶ ✐♥❞✐✈✐❞✉s

♣❛r ✻✺✽ ❙◆Ps✳ ▲❛ ✜❣✉r❡ ✹✳✶✸ ♣rés❡♥t❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s s✉r

❧❡s q✉❛tr❡ ♣r❡♠✐❡rs ❛①❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞✉ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ λ✱ ❡t ❧❛

✜❣✉r❡ ✹✳✶✹ ♣rés❡♥t❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡ ❝✉♠✉❧é ♣♦✉r ❝❡s ♠ê♠❡s ✈❛❧❡✉rs ❞❡

λ✳ ▲❡s ✈❛❧❡✉rs ♦❜t❡♥✉❡s ♣❛r ❆❈▼ s♦♥t s✐❣♥❛❧é❡s ❡♥ ♣♦✐♥t✐❧❧és s✉r ❝❡s ❞❡✉① ✜❣✉r❡s✳ ❙✐ ❧✬♦♥ s❡

❝♦♥❝❡♥tr❡ s✉r ❧❡ ♣r❡♠✐❡r ❛①❡✱ ♦♥ r❡♠❛rq✉❡ q✉❡ ♣♦✉r λ = 0, 004 ❧❡ ✪ ✐♥❡rt✐❡ ✈❛✉t ✵✱✹✼✪ ❡t

✹✸✼ ✈❛r✐❛❜❧❡s ✭s♦✐t ✶✹✺ ❙◆Ps✮ s♦♥t sé❧❡❝t✐♦♥♥é❡s✳ P♦✉r λ = 0, 005✱ s❡✉❧❡s ✶✺✻ ✈❛r✐❛❜❧❡s ✭s♦✐t

✺✷ ❙◆Ps✮ s♦♥t sé❧❡❝t✐♦♥♥é❡s ❡t ❧❡ ✪ ✐♥❡rt✐❡ ✈❛✉t ✵✱✹✵✪✳ ➱t❛♥t ❞♦♥♥é ❧❛ ❢❛✐❜❧❡ ❞✐✛ér❡♥❝❡

❞❡ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ✈❛r✐❛♥❝❡ ♦❜t❡♥✉ ❡♥tr❡ ❧❡s ❞❡✉① ✈❛❧❡✉rs ❞❡ λ✱ ✐❧ ❡st ♣ré❢ér❛❜❧❡ ❞❡ ❝❤♦✐s✐r

❧❛ ✈❛❧❡✉r ❞❡ λ ♣♦✉r ❧❛q✉❡❧❧❡ ✐❧ ② ❛ ❧❡ ♠♦✐♥s ❞❡ ✈❛r✐❛❜❧❡s ❝♦♥s❡r✈é❡s✱ s♦✐t λ = 0, 005✱ ♣♦✉r

s✐♠♣❧✐✜❡r ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts✳

❋✐❣✉r❡ ✹✳✶✸ ✕ ❊✈♦❧✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡
✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ♣❛r ❆❈▼ s♣❛rs❡
❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ λ ♣♦✉r ❧❡ ♣❤é✲
♥♦t②♣❡ ✧r✐❞❡s✧✳

❋✐❣✉r❡ ✹✳✶✹ ✕ ❊✈♦❧✉t✐♦♥ ❞✉ ♣♦✉r❝❡♥✲
t❛❣❡ ❞✬✐♥❡rt✐❡ ❝✉♠✉❧é ❛✈❡❝ ❆❈▼ s♣❛rs❡
❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ λ ♣♦✉r ❧❡ ♣❤é✲
♥♦t②♣❡ ✧r✐❞❡s✧✳

▲❡s ✜❣✉r❡s ♣♦✉r ❧❡s ❛✉tr❡s ♣❤é♥♦t②♣❡s ♥❡ s♦♥t ♣❛s ♠♦♥tré❡s ✐❝✐ ❝❛r ❡❧❧❡s s♦♥t très

s✐♠✐❧❛✐r❡s à ❝❡❧❧❡s ♦❜t❡♥✉❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ▲❡ λ ❝❤♦✐s✐ ❡st é❣❛❧ à ✵✱✵✵✺ é❣❛❧❡♠❡♥t✳

P♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧✱ ❧❡ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✺✵✶ ✐♥❞✐✈✐❞✉s ♣❛r

✼✵✵ ❙◆Ps✳ ❆♣rès ❆❈▼ s♣❛rs❡ ✷✷✺ ✈❛r✐❛❜❧❡s ✭s♦✐t ✼✺ ❙◆Ps✮ s♦♥t sé❧❡❝t✐♦♥♥é❡s✳ ▲❡ t❛❜❧❡❛✉

✶✺✵
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❞❡ ❞♦♥♥é❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧ ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✺✵✶ ✐♥❞✐✈✐❞✉s ♣❛r ✻✼✵ ❙◆Ps✳

▲✬❆❈▼ s♣❛rs❡ ♣❡r♠❡t ❞❡ sé❧❡❝t✐♦♥♥❡r ✶✼✹ ✈❛r✐❛❜❧❡s ✭s♦✐t ✺✽ ❙◆Ps✮✳ ❊♥✜♥ ❞❛♥s ❧❡ ❝❛s ❞✉

♣❤é♥♦t②♣❡ ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧ ❧❡ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✺✵✶ ✐♥❞✐✈✐❞✉s ×
✻✹✵ ❙◆Ps ❡t ✾✻ ✈❛r✐❛❜❧❡s ✭s♦✐t ✸✷ ❙◆Ps✮ s♦♥t sé❧❡❝t✐♦♥♥é❡s ♣❛r ❆❈▼ s♣❛rs❡✳

▲❛ r♦❜✉st❡ss❡ ❞❡s sé❧❡❝t✐♦♥s ♣❛r ❧✬❆❈▼ s♣❛rs❡ ❛ ❡♥s✉✐t❡ été t❡sté❡ ♣❛r ❜♦♦tstr❛♣ ❛✈❡❝

✉♥ λ ❝❤♦✐s✐ ♣❛r ❛♣♣r♦❝❤❡ ✧❛❞✲❤♦❝✧ ♣♦✉r ❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s ✈❛❧❛♥t ✵✱✵✵✺✳

✹✳✷✳✷ ❘♦❜✉st❡ss❡ ❞❡s sé❧❡❝t✐♦♥s ✿ ❜♦♦tstr❛♣

❆✜♥ ❞✬♦❜t❡♥✐r ✉♥❡ sé❧❡❝t✐♦♥ st❛❜❧❡ ❞❡ ✈❛r✐❛❜❧❡s✱ ✉♥ ❜♦♦tstr❛♣ ❛ été ré❛❧✐sé✳ ■❝✐ ❡♥❝♦r❡

✉♥❡ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ❛✉r❛✐t ♣✉ êtr❡ ré❛❧✐sé❡ ❛✜♥ ❞❡ ❞ét❡r♠✐♥❡r ❧❡ ❧❛♠❜❞❛ ♦♣t✐♠❛❧✳ ❈❡♣❡♥✲

❞❛♥t ♣❛r s♦✉❝✐ ❞❡ ❝♦♠♣❧❡①✐té ❛❧❣♦r✐t❤♠✐q✉❡ ❡t ❞❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧✱ ❧✬❛♣♣r♦❝❤❡ ♣❛r ❜♦♦tstr❛♣

❛ été ♣ré❢éré❡✳ ▲❡ ❜♦♦tstr❛♣ ❛ été ré❛❧✐sé ♣♦✉r B = 100 ✐tér❛t✐♦♥s ♣♦✉r ✉♥ ❧❛♠❜❞❛ é❣❛❧

à ✵✱✵✵✺ ❡t ❝❡ ♣♦✉r ❝❤❛❝✉♥ ❞❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳ ▲♦rs ❞❡ ❝❤❛q✉❡ ✐tér❛t✐♦♥✱ ❧❡s ✈❛r✐❛❜❧❡s

sé❧❡❝t✐♦♥♥é❡s s♦♥t ❝♦♠♣t❛❜✐❧✐sé❡s✳ ❖♥ ❝❛❧❝✉❧❡ ❧❡ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ❢♦✐s ♦ù ❝❤❛q✉❡ ✈❛r✐❛❜❧❡ ❛

été sé❧❡❝t✐♦♥♥é❡ ❛✉ ❝♦✉rs ❞❡s ✶✵✵ ✐tér❛t✐♦♥s✳ ❉✬❛✉tr❡s ♠ét❤♦❞❡s s✐♠✐❧❛✐r❡s à ❝❡❧❧❡✲❝✐ s♦♥t

é❣❛❧❡♠❡♥t ❡♥✈✐s❛❣❡❛❜❧❡s ✭❇❛❝❤ ❬✷✵✵✽❪✱ ▼❡✐♥s❤❛✉s❡♥ ❛♥❞ ❇ü❤❧♠❛♥♥ ❬✷✵✶✵❪✮✳ ▲❛ ✜❣✉r❡ ✹✳✶✺

♣rés❡♥t❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡s ♠♦❞❛❧✐tés ❞❡s ✈❛r✐❛❜❧❡s ❛✉ ❝♦✉rs ❞❡s

✶✵✵ ✐tér❛t✐♦♥s ♣♦✉r ❝❤❛❝✉♥ ❞❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳ ❊♥ r♦✉❣❡ ❛♣♣❛r❛✐t ❧❡ ✸è♠❡ q✉❛rt✐❧❡✳ ◆♦✉s

❛✈♦♥s ❝❤♦✐s✐ ❞❡ sé❧❡❝t✐♦♥♥❡r ❧❡s ✈❛r✐❛❜❧❡s ❞♦♥t ❧❛ ❢réq✉❡♥❝❡ ❞❡s ♠♦❞❛❧✐tés sé❧❡❝t✐♦♥♥é❡s ♣❛r

❜♦♦tstr❛♣ ❡st s✉♣ér✐❡✉r❡ à ❝❡ q✉❛rt✐❧❡✳ ◆♦✉s ❛✉r✐♦♥s ♣✉ é❣❛❧❡♠❡♥t ❣❛r❞❡r ❧❡s ✈❛r✐❛❜❧❡s sé✲

❧❡❝t✐♦♥♥é❡s ❞❛♥s ♣❧✉s ❞❡ ✺✵✪ ❞❡s ❝❛s ✭♠é❞✐❛♥❡✮ ♠❛✐s ❧❡ ❝❤♦✐① ❞✉ ✸è♠❡ q✉❛rt✐❧❡ ♥♦✉s ♣❡r♠❡t

❞✬♦❜t❡♥✐r ✉♥ ♥♦♠❜r❡ ♣❧✉s r❡str❡✐♥t ❞❡ ❙◆Ps ❝❡ q✉✐ s✐♠♣❧✐✜❡ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts

✭❡♥✈✐r♦♥ ✶✺✵ ❙◆Ps ❝♦♥s❡r✈és ❡♥ ♠♦②❡♥♥❡✮✳ P❛r ❛✐❧❧❡✉rs✱ ét❛♥t ❞♦♥♥é❡ ❧❛ ♣❛r❢❛✐t❡ ❞✐s❝r✐♠✐✲

♥❛t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s ♦❜t❡♥✉❡ ❛✈❡❝ ❧✬❆❈▼ s✉r ❧❡ ♣r❡♠✐❡r ❛①❡✱ ♥♦✉s ♥♦✉s ❝♦♥❝❡♥tr❡r♦♥s s✉r

❧❡s ❙◆Ps ❝♦♥s❡r✈és ♣❛r ❧✬❆❈▼ s♣❛rs❡ s✉r ❧❡ ♣r❡♠✐❡r ❛①❡✳

▲❡ ❜♦♦tstr❛♣ ❛ ♣❡r♠✐s ❞❡ ❝♦♥s❡r✈❡r ✶✸✽ ❙◆Ps s✉r ❧❡ ♣r❡♠✐❡r ❛①❡ ♣❛r♠✐ ❧❡s ✻✺✽ ♣ré✲

sé❧❡❝t✐♦♥♥és ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✱ ✶✺✺ ❙◆Ps ♣❛r♠✐ ❧❡s ✼✵✵ ♣ré✲sé❧❡❝t✐♦♥♥és ♣♦✉r ❧❡

♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧✱ ✶✹✺ ❙◆Ps ♣❛r♠✐ ❧❡s ✻✼✵ ♣ré✲sé❧❡❝t✐♦♥♥és ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧❧❡♥✲

t✐❣✐♥❡s✧ ❡t ❡♥✜♥ ✶✻✺ ❙◆Ps s✉r ❧❡ ♣r❡♠✐❡r ❛①❡ ♣❛r♠✐ ❧❡s ✻✹✵ ♣ré✲sé❧❡❝t✐♦♥♥és ♣♦✉r ❧❡ ♣❤é♥♦✲

t②♣❡ ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧✳ ❈❡tt❡ ét✉❞❡ ❞❡ st❛❜✐❧✐té ❛✉r❛✐t é❣❛❧❡♠❡♥t ♣✉ êtr❡ ré❛❧✐sé❡ ❧♦rs

✶✺✶
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❋✐❣✉r❡ ✹✳✶✺ ✕ ❉✐str✐❜✉t✐♦♥ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ❢♦✐s ♦ù ✉♥❡ ✈❛r✐❛❜❧❡ ❡st sé❧❡❝t✐♦♥♥é❡ ♣❛r
❆❈▼ s♣❛rs❡ à ❧❛ s✉✐t❡ ❞✬✉♥ ❜♦♦tstr❛♣ à ✶✵✵ ✐tér❛t✐♦♥s✳

❞❡ ❧❛ ♣ré✲sé❧❡❝t✐♦♥ ♣❛r ❡❧❛st✐❝ ♥❡t ❛✜♥ ❞❡ ❞♦♥♥❡r ♣❧✉s ❞❡ ♣♦✐❞s à ❧❛ sé❧❡❝t✐♦♥ ré❛❧✐sé❡✳

▲❡ t❛❜❧❡❛✉ ✹✳✷ ❡st ✉♥ t❛❜❧❡❛✉ ❝♦♠♣❛r❛t✐❢ ❞❡s ✧❧♦❛❞✐♥❣s✧ ❞❡s q✉❛tr❡ ♣r❡♠✐❡rs ❙◆Ps ❞❡

❧✬é❝❤❛♥t✐❧❧♦♥ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ ♦❜t❡♥✉s ❛✈❡❝ ❧✬❆❈▼ ❡t ❧✬❆❈▼ s♣❛rs❡ ♣♦✉r ✉♥ λ

é❣❛❧ à ✵✱✵✵✺✳ ❊♥ ❆❈▼✱ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ét❛♥t ♥✉❧ ✭λ = 0✮✱ ❛✉❝✉♥ ❙◆P ♥✬❡st

é❧✐♠✐♥é✳ ▲❡s ✧❧♦❛❞✐♥❣s✧ s♦♥t t♦✉s ♥♦♥ ♥✉❧s✳ ❊♥ r❡✈❛♥❝❤❡ ❡♥ ❆❈▼ s♣❛rs❡ ❧❡ ♣❛r❛♠ètr❡ λ

✭λ = 0, 005✮ ♣❡r♠❡t ❧❛ sé❧❡❝t✐♦♥ ❞❡ ❙◆Ps s✉r ❝❤❛❝✉♥ ❞❡s ❛①❡s ❡♥ ✜①❛♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s

✧❧♦❛❞✐♥❣s✧ ❞❡s ♠♦❞❛❧✐tés ❞✬✉♥❡ ✈❛r✐❛❜❧❡ à ③ér♦✱ ♦✉ ♥♦♥ ✭❝♦❡✣❝✐❡♥ts ❡♥ r♦✉❣❡✮✳ ▲❛ sé❧❡❝t✐♦♥

s❡ ❢❛✐t ❞♦♥❝ ❙◆Ps ♣❛r ❙◆Ps ❡♥ s✉♣♣r✐♠❛♥t ❧❡s ❜❧♦❝s ❡♥t✐❡rs ❞❡s ♠♦❞❛❧✐tés ❝♦rr❡s♣♦♥❞❛♥t❡s✳

▲❛ sé❧❡❝t✐♦♥ ❡st ❞♦♥❝ ré❛❧✐sé❡ ❜❧♦❝s ❞❡ ♠♦❞❛❧✐tés ♣❛r ❜❧♦❝s ❞❡ ♠♦❞❛❧✐tés✳ ●râ❝❡ à ❝❡tt❡

sé❧❡❝t✐♦♥ ♣❛r ❆❈▼ s♣❛rs❡✱ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ❡st s✐♠♣❧✐✜é❡ ❝❛r ❧❡ ♥♦♠❜r❡ ❞❡

❙◆Ps sé❧❡❝t✐♦♥♥és s✉r ❝❤❛q✉❡ ❛①❡ ❡st ❞✐✈✐sé ♣❛r ♣❧✉s ❞❡ ✶✵✳

✶✺✷
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❚❛❜❧❡ ✹✳✷ ✕ ❉♦♥♥é❡s ❙◆Ps ✿ ✧▲♦❛❞✐♥❣s✧ ❡t ✐♥❡rt✐❡ ♦❜t❡♥✉s ❛✈❡❝ ❆❈▼ ❡t ❆❈▼ s♣❛rs❡ s✉r
❧❡s q✉❛tr❡ ♣r❡♠✐èr❡s ❝♦♠♣♦s❛♥t❡s ♣♦✉r ❧❡s q✉❛tr❡ ♣r❡♠✐❡rs ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣♦✉r ❧❡
♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳

❆❈▼ ❆❈▼ s♣❛rs❡

❱❛r✐❛❜❧❡ ❈P✶ ❈P ✷ ❈P ✸ ❈P ✹ ❈P✶ ❈P ✷ ❈P ✸ ❈P ✹

❙◆Pr✐✶✳❈❈ ✵✱✷✼✼ ✵✱✷✺✽ ✲✵✱✶✺✾ ✵✱✶✽✾ ✵✱✶✸✸ ✲✵✱✶✷✺ ✵✱✵✵✵ ✵✱✵✵✵

❙◆Pr✐✶✳❈● ✲✵✱✶✵✽ ✲✵✱✵✻✹ ✲✵✱✵✺✸ ✲✵✱✵✾✼ ✲✵✱✵✽✵ ✵✱✵✵✼ ✵✱✵✵✵ ✵✱✵✵✵

❙◆Pr✐✶✳●● ✲✵✱✵✷✺ ✲✵✱✵✽✼ ✵✱✵✶✹ ✵✱✵✷✶ ✲✵✱✵✶✺ ✵✱✵✶✷ ✵✱✵✵✵ ✵✱✵✵✵

❙◆Pr✐✷✳❆❆ ✵✱✶✶✺ ✲✵✱✵✷✺ ✵✱✻✸✻ ✲✵✱✼✸✶ ✲✵✱✶✾✷ ✵✱✵✵✵ ✲✵✱✹✵✸ ✵✱✹✷✸

❙◆Pr✐✷✳❆● ✵✱✵✼✷ ✲✵✱✵✹✾ ✲✵✱✶✾✹ ✵✱✺✷✵ ✲✵✱✶✷✾ ✵✱✵✵✵ ✲✵✱✶✷✹ ✵✱✸✷✸

❙◆Pr✐✷✳●● ✲✵✱✸✺✶ ✵✱✶✷✺ ✲✵✱✸✻✽ ✲✵✱✸✻✵ ✵✱✷✸✺ ✵✱✵✵✵ ✵✱✷✹✵ ✲✵✱✷✹✵

❙◆Pr✐✸✳❆❆ ✵✱✶✾✶ ✲✵✱✶✺✶ ✲✵✱✵✸✶ ✵✱✵✶✻ ✲✵✱✵✹✹ ✵✱✵✶✾ ✵✱✵✵✵ ✵✱✵✵✵

❙◆Pr✐✸✳❆● ✲✵✱✶✼✸ ✵✱✷✵✹ ✵✱✵✸✸ ✵✱✵✺✵ ✵✱✵✸✷ ✲✵✱✵✷✺ ✵✱✵✵✵ ✵✱✵✵✵

❙◆Pr✐✸✳●● ✲✵✱✷✾✹ ✲✵✱✶✸✸ ✵✱✵✷✸ ✲✵✱✸✽✶ ✲✵✱✶✵✻ ✵✱✵✵✾ ✵✱✵✵✵ ✵✱✵✵✵

❙◆Pr✐✹✳❆❆ ✵✱✶✾✼ ✵✱✹✾✵ ✵✱✹✾✾ ✲✵✱✶✻✶ ✵✱✵✵✵ ✵✱✷✽✵ ✵✱✷✾✷ ✵✱✵✵✵

❙◆Pr✐✹✳❆❚ ✵✱✶✼✻ ✲✵✱✵✻✹ ✵✱✶✶✺ ✵✱✵✶✵ ✵✱✵✵✵ ✲✵✱✵✽✷ ✵✱✶✵✷ ✵✱✵✵✵

❙◆Pr✐✹✳❚❚ ✲✵✱✶✺✼ ✲✵✱✵✶✷ ✲✵✱✶✹✽ ✵✱✵✶✷ ✵✱✵✵✵ ✵✱✵✵✷ ✵✱✶✷✶ ✵✱✵✵✵

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳

◆❜ ♠♦❞❛❧✐tés
sé❧❡❝t✐♦♥♥é❡s ✶✻✸✽ ✶✻✸✽ ✶✻✸✽ ✶✻✸✽ ✶✺✻ ✾✻ ✷✶ ✶✷

❝✉♠✉❧é ✶✱✶✽ ✶✱✽✺ ✷✱✹✾ ✸✱✶✷ ✵✱✹✵ ✵✱✺✼ ✵✱✻✾ ✵✱✼✽

✹✳✷✳✸ P❡rt✐♥❡♥❝❡ ❞❡ ❧❛ sé❧❡❝t✐♦♥

❯♥❡ ❆❈▼ ❛ été ré❛❧✐sé❡ s✉r ❧❡s ❙◆Ps sé❧❡❝t✐♦♥♥és s✉r ❧❡ ♣r❡♠✐❡r ❛①❡ ♣❛r ❆❈▼ s♣❛rs❡

❛✜♥ ❞❡ ✈ér✐✜❡r q✉❡ ❧❛ ❞✐s❝r✐♠✐♥❛t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s q✉❡ ❧✬♦♥ ♦❜s❡r✈❛✐t s✉r ❧❡ ♣r❡♠✐❡r ❛①❡

❛✈❛♥t sé❧❡❝t✐♦♥ ❡st t♦✉❥♦✉rs ♣rés❡♥t❡ ❛♣rès sé❧❡❝t✐♦♥ ♣❛r ❆❈▼ s♣❛rs❡✳ ▲❛ r❡♣rés❡♥t❛t✐♦♥

❞❡s ✐♥❞✐✈✐❞✉s s✉r ❧❡ ♣r❡♠✐❡r ♣❧❛♥ ❡st ♣rés❡♥té❡ ❞❛♥s ❧❛ ✜❣✉r❡ ✹✳✶✻ ♣♦✉r ❝❤❛❝✉♥ ❞❡s q✉❛tr❡

♣❤é♥♦t②♣❡s✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❧❡ ♣r❡♠✐❡r ❛①❡ ❞✐s❝r✐♠✐♥❡ ❡♥❝♦r❡ ♣❛r❢❛✐t❡♠❡♥t ❧❡s ✐♥❞✐✈✐❞✉s

❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❤é♥♦t②♣❡s ✭❡♥ ♠❛rr♦♥✱ ✉♥ rés✐❞✉ ❞✉ s❝♦r❡ ❛❥✉sté é❧❡✈é ❡t ❡♥ ♦r❛♥❣❡✱ ✉♥

rés✐❞✉ ❞✉ s❝♦r❡ ❛❥✉sté ❢❛✐❜❧❡✮✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❡s ❙◆Ps sé❧❡❝t✐♦♥♥és ❡①♣❧✐q✉❡♥t ❡♥❝♦r❡ ❧❛

❞✐✛ér❡♥❝❡ ❞❡ sé✈ér✐té ❞❡s rés✐❞✉s ❞❡s s❝♦r❡s ❛❥✉stés ♦❜s❡r✈é❡ ❡♥tr❡ ❧❡s ✐♥❞✐✈✐❞✉s✳ ❈❡❝✐ ❡st

✶✺✸
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très ✐♥tér❡ss❛♥t ❝❛r ❝❡❧❛ s✐❣♥✐✜❡ q✉❡ ❧❛ sé❧❡❝t✐♦♥ ❞❡s ❙◆Ps ♣❛r ❆❈▼ s♣❛rs❡ ❡st ♣❡rt✐♥❡♥t❡

❡t ♥♦✉s ♣♦✉✈♦♥s ❛❧♦rs ❡①♣❧♦r❡r ♣❧✉s ❡♥ ❞ét❛✐❧s ❧❡s ❙◆Ps sé❧❡❝t✐♦♥♥és✱ ❧❡✉r ❛♣♣❛rt❡♥❛♥❝❡ ❛✉①

❣è♥❡s✱ ❛✐♥s✐ q✉✬❛✉① ❝❤r♦♠♦s♦♠❡s ❛✜♥ ❞❡ t❡♥t❡r ❞❡ tr♦✉✈❡r ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❜✐♦❧♦❣✐q✉❡ à

❝❡s rés✉❧t❛ts✳

❋✐❣✉r❡ ✹✳✶✻ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s s✉r ❧❡ ♣r❡♠✐❡r ♣❧❛♥ ❞❡ ❧✬❆❈▼ ❞❡s ❙◆Ps sé✲
❧❡❝t✐♦♥♥és ♣❛r ❆❈▼ s♣❛rs❡ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♣❤é♥♦t②♣❡s ✭❡♥ r♦✉❣❡✱ ❧❡s ✐♥❞✐✈✐❞✉s ❛✈❡❝ ✉♥
s❝♦r❡ ❛❥✉sté é❧❡✈é✱ ❡♥ ❜❧❡✉✱ ❝❡✉① ❛✈❡❝ ✉♥ s❝♦r❡ ❛❥✉sté ❢❛✐❜❧❡✮✳

❙✐ ❝♦♠♠❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ♦♥ s✬✐♥tér❡ss❡ ❛✉① ❝❤r♦♠♦s♦♠❡s ❞♦♥t ❧❡s ❙◆Ps

q✉✬✐❧s ❝♦♥t✐❡♥♥❡♥t s♦♥t ❧❡s ♣❧✉s ❢réq✉❡♠♠❡♥t sé❧❡❝t✐♦♥♥és ♦♥ r❡♠❛rq✉❡ q✉❡ ♣♦✉r ❧❡s q✉❛tr❡

♣❤é♥♦t②♣❡s ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ❡st ♣r❡sq✉❡ ❧❛ ♠ê♠❡ ❛✈❛♥t ❡t

❛♣rès sé❧❡❝t✐♦♥ ♣❛r ❆❈▼ s♣❛rs❡✳ ▲✬❆❈▼ s♣❛rs❡ ♣❡r♠❡t ❞♦♥❝ ❧✬é❧✐♠✐♥❛t✐♦♥ ❞❡ ❙◆Ps t♦✉t

❡♥ ❝♦♥s❡r✈❛♥t ❧✬✐♥❢♦r♠❛t✐♦♥ ♣r✐♥❝✐♣❛❧❡ ❝♦♥t❡♥✉❡ ❛✈❛♥t ❧❛ sé❧❡❝t✐♦♥✳ ▲❡s rés✉❧t❛ts s♦♥t s❡♠✲

❜❧❛❜❧❡s à ❝❡✉① ♦❜t❡♥✉s ❛♣rès ❧❛ ♣ré✲sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t ❡t ♦✉✈r❡♥t ❞❡s ✈♦✐❡s ❞❡ r❡❝❤❡r❝❤❡♥t

✐♥tér❡ss❛♥t❡s ❝♦♥❝❡r♥❛♥t ❧❡s ❝❤r♦♠♦s♦♠❡s ♠✐s ❡♥ ❡①❡r❣✉❡ ❝❛r ✐❧s ♥❡ ❝♦♥t✐❡♥♥❡♥t ♣❛s ❧❡s
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❙◆Ps ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❛✉ ♣r❡♠✐❡r ❛①❡✱ ❝✬❡st✲à✲❞✐r❡ ❝♦♥tr✐❜✉t✐❢s à ❧❛ ❞✐st✐♥❝t✐♦♥ ❞❡s ✐♥✲

❞✐✈✐❞✉s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣❤é♥♦t②♣❡s✳ ❊♥ ❡✛❡t s✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ à ♣rés❡♥t ❧❡s ❝❤r♦♠♦s♦♠❡s

❝♦♥t❡♥❛♥t ❧❡s ❙◆Ps ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❞✉ ♣r❡♠✐❡r ❛①❡ ❞❛♥s ❧✬❆❈▼ s♣❛rs❡ ♦♥ r❡♠❛rq✉❡

q✉❡ ❧❡ s✐❣♥❛❧ ♥✬❡st ♣❛s ❝♦♥t❡♥✉ ❞❛♥s ❧❡s ♠ê♠❡s ❝❤r♦♠♦s♦♠❡s q✉❡ ❧♦rs ❞❡ ❧✬❛♣♣r♦❝❤❡ ❞é❝r✐t❡

❝✐✲❞❡ss✉s✳

❋✐❣✉r❡ ✹✳✶✼ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s r❛♣♣♦rts ❞❡ ❝♦rré❧❛t✐♦♥ ❡♥tr❡ ❧❡s ❙◆Ps sé❧❡❝t✐♦♥♥és ♣❛r
❆❈▼ s♣❛rs❡ ❡t ❧❡ ♣r❡♠✐❡r ❛①❡ ❞❡ ❧✬❆❈▼ s♣❛rs❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs ❝♦♦r❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s
♣♦✉r ❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳

▲❛ ✜❣✉r❡ ✹✳✶✼ ♣rés❡♥t❡ ❧❛ ✈❛❧❡✉r ❞❡s r❛♣♣♦rts ❞❡ ❝♦rré❧❛t✐♦♥ ✭✈❛r✐❛♥t ❞❡ ✵ à ✶✮ ❡♥tr❡ ❧❡s

❙◆Ps ❡t ❧❡ ♣r❡♠✐❡r ❛①❡ ❞❡ ❧✬❆❈▼ s♣❛rs❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs ❝♦♦r❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ♣♦✉r

❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳ ❧❡ r❛♣♣♦rt ❞❡ ❝♦rré❧❛t✐♦♥✱ ♥♦té η2 ♣❡r♠❡t ❞✬ét✉❞✐❡r ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡

✶✺✺
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✉♥❡ ✈❛r✐❛❜❧❡ q✉❛❧✐t❛t✐✈❡ ❡t ✉♥❡ ✈❛r✐❛❜❧❡ q✉❛♥t✐t❛t✐✈❡ ✭r❛♣♣♦rt ❞é✜♥✐ ❝♦♠♠❡ ❧❛ ✈❛r✐❛♥❝❡

✐♥t❡r✲❣r♦✉♣❡ q✉✐ ❡st ❧❡ ❝❛rré ❞❡s é❝❛rts ❡♥tr❡ ❧❛ ♠♦②❡♥♥❡ ❞✉ ❣r♦✉♣❡ ❡t ❧❛ ♠♦②❡♥♥❡ ❣❧♦❜❛❧❡✱

❞✐✈✐sé ♣❛r ❧❛ ✈❛r✐❛♥❝❡ t♦t❛❧❡ q✉✐ ❡st ❧❛ s♦♠♠❡ ❞❡s ❝❛rrés ❞❡s é❝❛rts à ❧❛ ♠♦②❡♥♥❡✮✳ ▲❡s ❙◆Ps

❧❡s ♣❧✉s str✉❝t✉r❛♥ts ❞❡ ❧✬❛①❡ ✶ s♦♥t ❝❡✉① ❛✈❡❝ ✉♥ r❛♣♣♦rt ❞❡ ❝♦rré❧❛t✐♦♥ ♣r♦❝❤❡ ❞❡ ✶✳ ▲❡s

❙◆Ps ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❛✉ ♣r❡♠✐❡r ❛①❡ ❛✉r❛✐❡♥t ♣✉ é❣❛❧❡♠❡♥t êtr❡ r❡♣rés❡♥té❡s ✭♠ê♠❡s

rés✉❧t❛ts✮✳ ▲❡s ❝♦♦r❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ❞❡s ❙◆Ps ❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s s♦♥t ❛✣❝❤é❡s ❧❡

❧♦♥❣ ❞❡ ❧✬❛①❡ ❞❡s ❛❜s❝✐ss❡s ❡t ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ ❞❡s ♦r❞♦♥♥é❡s✳ ▲❡s ❙◆Ps ❧❡s

♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❛✉ ♣r❡♠✐❡r ❛①❡ ❞❡ ❧✬❆❈▼ s♣❛rs❡ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ s♦♥t s✐t✉és

s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✹✱ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧ s✉r ✉♥ ❡♥s❡♠❜❧❡ ❛ss❡③ ❤♦♠♦❣è♥❡

❞❡ ❝❤r♦♠♦s♦♠❡s ❡t ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧ s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✽✳ ▲❡s r❛♣♣♦rts ❞❡

❝♦rré❧❛t✐♦♥ ❧❡s ♣❧✉s é❧❡✈és ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧ ❝♦♥❝❡r♥❡♥t ❧❡s ❙◆Ps

s✐t✉és s✉r ❧❡s ❝❤r♦♠♦s♦♠❡s ✷ ❡t ✸✳

❯♥ ③♦♦♠ s✉r ❧❡s ❙◆Ps ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❛ été ❡✛❡❝t✉é ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♣❤é♥♦t②♣❡s

♣♦✉r ✉♥❡ ❛♣♣r♦❝❤❡ ♣❧✉s ❞ét❛✐❧❧é❡ ❞❡ ❝❡s ❙◆Ps✳ ▲❡s ❙◆Ps ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❞✉ ♣r❡♠✐❡r

❛①❡ s♦♥t ♣rés❡♥tés ✜❣✉r❡ ✹✳✶✽ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♣❤é♥♦t②♣❡s✳ ❊♥ ❣r❛s ❛♣♣❛r❛✐ss❡♥t ❧❡s ❣è♥❡s

❞é❥à ♠✐s ❡♥ ❡①❡r❣✉❡ ❧♦rs ❞❡ ❧❛ ♣ré✲sé❧❡❝t✐♦♥ ♣❛r ❡❧❛st✐❝ ♥❡t ✭✈♦✐r s❡❝t✐♦♥ ✹✳✶✳✻✳✷✮✳ ▲❡ ❣è♥❡

●❊◆❊r✐✶ ❡st ❧❡ ♣❧✉s ❝♦rré❧é ❛✉ ♣r❡♠✐❡r ❛①❡ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ ❡t ❛✈❛✐t ❞é❥à été

tr♦✉✈é ❧♦rs ❞❡ ❧❛ ♣ré✲sé❧❡❝t✐♦♥ ❡❧❛st✐❝ ♥❡t✳ ❈❡ ❣è♥❡ ❡st ❡①♣r✐♠é ❞❛♥s ❞❡ ♥♦♠❜r❡✉① ♦r❣❛♥❡s

② ❝♦♠♣r✐s ❞❛♥s ❧❛ ♣❡❛✉✳ ▲❡ ❣è♥❡ ●❊◆❊r❡✷ ❡st r❡tr♦✉✈é ♣❛r♠✐ ❧❡s ♣❧✉s ❝♦rré❧és ❛✉ ♣r❡♠✐❡r

❛①❡ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧ ❛✐♥s✐ q✉❡ ❧❡s ❣è♥❡s ●❊◆❊❧❡✶ ❡t ●❊◆❊❧❡✺ ♣♦✉r ❧❡s

✧❧❡♥t✐❣✐♥❡s✧✳ ❈❡♣❡♥❞❛♥t ❞❡ ♥♦✉✈❡❛✉① ❣è♥❡s s♦♥t ♠✐s ❡♥ ❡①❡r❣✉❡ ✭❝♦♠♠❡ ❧❡s ❣è♥❡s ●❊◆❊r❡✽

❡t s✉rt♦✉t ●❊◆❊❧❡✼ q✉✐ ❛♣♣❛r❛✐t à ♣❧✉s✐❡✉rs r❡♣r✐s❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧✮ ❡t ❧❡s

♣r❡♠✐èr❡s r❡❝❤❡r❝❤❡s ❜✐❜❧✐♦❣r❛♣❤✐q✉❡ ♠❡♥é❡s ♣❛r ❧❡s ❜✐♦❧♦❣✐st❡s s✉r ❝❡s ❣è♥❡s ♦✉✈r❡♥t ❞❡s

♣✐st❡s ✐♥tér❡ss❛♥t❡s ♣♦✉r ❧❛ s✉✐t❡ ❝❛r ❧❛ ♣❧✉♣❛rt ❞❡ ❝❡s ❣è♥❡s s♦♥t ❡①♣r✐♠és ❞❛♥s ❧❛ ♣❡❛✉ ❡t

❧✐és à ❞❡s ♠é❝❛♥✐s♠❡s ❜✐♦❧♦❣✐q✉❡s ❜✐❡♥ ♣❛rt✐❝✉❧✐❡rs✳ ❊♥✜♥ ❧❡s ❣è♥❡s ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❛✉

♣r❡♠✐❡r ❛①❡ ♣♦✉r ❧❡ ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧ s♦♥t ❧❡s ♠ê♠❡s q✉✬❛✈❛♥t ❧❛ sé❧❡❝t✐♦♥ ✿ ●❊◆❊♣✈✶

❡t STXBP5L✳ ▲❡ ❣è♥❡ STXBP5L ✭❝♦♥t❡♥✉ ❞❛♥s ❧❡ ❝❤r♦♠♦s♦♠❡ ✸✮ ét❛♥t sé❧❡❝t✐♦♥♥é ♣❛r

❧✬❆❈▼ s♣❛rs❡✱ ❡t ❝❡ ♣♦✉r ♣❧✉s✐❡✉rs ❙◆Ps✱ ❝❡❧❛ ❞♦♥♥❡ ✉♥ ♣♦✐❞s s✉♣♣❧é♠❡♥t❛✐r❡ ❛✉① rés✉❧t❛ts

❡t tr❛✈❛✉① ❡✛❡❝t✉és ♣ré❝é❞❡♠♠❡♥t s✉r ❝❡ ❣è♥❡ ❡t r❛♣♣♦rté ❞❛♥s ▲❡ ❈❧❡r❝ ❡t ❛❧✳ ❬✷✵✶✷❪✳ ❈❡s

❙◆Ps s♦♥t r❡tr♦✉✈és s✉r ❧❛ ✜❣✉r❡ ✹✳✶✼✳

✶✺✻
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❋✐❣✉r❡ ✹✳✶✽ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ❙◆Ps ❧❡s ♣❧✉s ❝♦♥tr✐❜✉t✐❢s ❛✉ ♣r❡♠✐❡r ❛①❡ ❞❡ ❧✬❆❈▼
s♣❛rs❡ ♣♦✉r ❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳

▲❛ sé❧❡❝t✐♦♥ ♣❛r ❆❈▼ s♣❛rs❡ s✬❛✈èr❡ ♣❡rt✐♥❡♥t❡ ❝❛r ❡❧❧❡ ♣❡r♠❡t ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s

t♦✉t ❡♥ ❝♦♥s❡r✈❛♥t ❧✬✐♥❢♦r♠❛t✐♦♥ ♣r✐♥❝✐♣❛❧❡ ❝♦♥t❡♥✉❡ ❞❛♥s ❧❛ ❜❛s❡ ❞❡ ❞é♣❛rt✳ ▲❡s ✜❣✉r❡s ✹✳✶✾

❡t ✹✳✷✵ ♣rés❡♥t❡♥t ❧❡s ❞✐✛ér❡♥t❡s ❢♦♥❝t✐♦♥s ♠♦❧é❝✉❧❛✐r❡s ✭❧❡s ❢♦♥❝t✐♦♥s ♠♦❧é❝✉❧❛✐r❡s ét❛♥t ❧❡s

❛❝t✐✈✐tés é❧é♠❡♥t❛✐r❡s ❞✬✉♥ ❣è♥❡ ❛✉ ♥✐✈❡❛✉ ♠♦❧é❝✉❧❛✐r❡✮ ❞❡s ❣è♥❡s ♣rés❡♥ts ❛✈❛♥t ✭✈♦✐r

✜❣✉r❡ ✹✳✶✾✮ ❡t ❛♣rès sé❧❡❝t✐♦♥ ♣❛r ❆❈▼ s♣❛rs❡ ✭✈♦✐r ✜❣✉r❡ ✹✳✷✵✮ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳

❈❡tt❡ r❡♣rés❡♥t❛t✐♦♥ ❛ été ré❛❧✐sé❡ à ♣❛rt✐r ❞❡ ❧❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❡♥ ❧✐❣♥❡ Pr♦t❡✐♥ ❆◆❛❧②s✐s

❚❍r♦✉❣❤ ❊✈♦❧✉t✐♦♥❛r② ❘❡❧❛t✐♦♥s❤✐♣s ✭P❆◆❚❍❊❘✮ q✉✐ ❡st ✉♥ s②stè♠❡ ❝♦♥ç✉ ♣♦✉r ❝❧❛ss❡r

❞❡s ♣r♦té✐♥❡s ✭❡t ❧❡✉rs ❣è♥❡s✮ ❛✜♥ ❞❡ ❢❛❝✐❧✐t❡r ❧✬❛♥❛❧②s❡ à ❤❛✉t ❞é❜✐t ✭▼✐ ❡t ❛❧✳ ❬✷✵✶✸❪ ❀

✧❤tt♣ ✿✴✴✇✇✇✳♣❛♥t❤❡r❞❜✳♦r❣✧✮✳
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▲❡s ♣r♦té✐♥❡s s♦♥t ❝❧❛ssé❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❞✐✛ér❡♥t❡s ♥♦t✐♦♥s ✿

• ❋❛♠✐❧❧❡ ❡t s♦✉s✲❢❛♠✐❧❧❡ ✿ ❧❡s ❢❛♠✐❧❧❡s s♦♥t ❞❡s ❣r♦✉♣❡s ❞❡ ♣r♦té✐♥❡s é✈♦❧✉t✐✈❡s ❝♦♥♥❡①❡s

❡t ❧❡s s♦✉s✲❢❛♠✐❧❧❡s s♦♥t ❞❡s ♣r♦té✐♥❡s ❝♦♥♥❡①❡s q✉✐ ♦♥t ❧❛ ♠ê♠❡ ❢♦♥❝t✐♦♥ ❀

• ❋♦♥❝t✐♦♥ ♠♦❧é❝✉❧❛✐r❡ ✿ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣r♦té✐♥❡ ❡❧❧❡✲♠ê♠❡ ♦✉ ❞❡s ♣r♦té✐♥❡s ❛✈❡❝

❧❡sq✉❡❧❧❡s ❡❧❧❡ ✐♥t❡r❛❣✐t ❞✐r❡❝t❡♠❡♥t ❛✉ ♥✐✈❡❛✉ ❜✐♦❝❤✐♠✐q✉❡✱ ♣❛r ❡①❡♠♣❧❡✱ ✉♥❡ ♣r♦té✐♥❡

❦✐♥❛s❡ ❀

• Pr♦❝é❞é ❜✐♦❧♦❣✐q✉❡ ✿ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣r♦té✐♥❡ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞✬✉♥ ❣r❛♥❞ rés❡❛✉

❞❡ ♣r♦té✐♥❡s q✉✐ ✐♥t❡r❛❣✐ss❡♥t ♣♦✉r ❛❝❝♦♠♣❧✐r ✉♥ ♣r♦❝❡ss✉s ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ♦✉

❧✬♦r❣❛♥✐s♠❡✱ ♣❛r ❡①❡♠♣❧❡✱ ❧❛ ♠✐t♦s❡✳

• P❛t❤✇❛② ✿ s✐♠✐❧❛✐r❡ ❛✉ ♣r♦❝❡ss✉s ❜✐♦❧♦❣✐q✉❡✱ ♠❛✐s ✉♥ ✧♣❛t❤✇❛②✧ ♣ré❝✐s❡ ❛✉ss✐ ❡①♣❧✐✲

❝✐t❡♠❡♥t ❧❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❡s ♠♦❧é❝✉❧❡s q✉✐ ✐♥t❡r❛❣✐ss❡♥t✳

▲❡s ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ✭✺✵✵ ❡♥ ♠♦②❡♥♥❡ ♣❛r ♣❤é♥♦t②♣❡✮ s♦♥t ❝♦♥s✐✲

❞érés ❝♦♠♠❡ ❧❛ ✧❜❛s❡ ❞❡ ❞é♣❛rt✧✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ♠❛❧❣ré ❧❛ sé❧❡❝t✐♦♥ ❡t ❧✬é❧✐♠✐♥❛t✐♦♥

❞❡ ✈❛r✐❛❜❧❡s ♣❛r ❆❈▼ s♣❛rs❡✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞✐✛ér❡♥t❡s ❢♦♥❝t✐♦♥s ♠♦❧é❝✉❧❛✐r❡s ré♣❡rt♦r✐é❡s

r❡st❡ ✐♥❝❤❛♥❣é ✭✈♦✐r ✜❣✉r❡s ✹✳✶✾ ❡t ✹✳✷✵✮✳ ▲❡ ♠ê♠❡ ♣❤é♥♦♠è♥❡ ❡st ♦❜s❡r✈é ♣♦✉r ❧❡s ❛✉tr❡s

♣❤é♥♦t②♣❡s ✭✜❣✉r❡s ♥♦♥ ♠♦♥tré❡s✮✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❣è♥❡s ❛ ❞✐♠✐♥✉é ❛♣rès sé❧❡❝t✐♦♥ ♣❛r ❆❈▼

s♣❛rs❡ ♠❛✐s ❧❡s ❞✐✛ér❡♥t❡s ❝❛té❣♦r✐❡s s♦♥t t♦✉❥♦✉rs r❡♣rés❡♥té❡s✳ ▲❛ sé❧❡❝t✐♦♥ ♥❡ ♣❡r♠❡t ♣❛s

❞✬✐❞❡♥t✐✜❡r ✉♥❡ ❢♦♥❝t✐♦♥ ♠♦❧é❝✉❧❛✐r❡ s♣é❝✐✜q✉❡♠❡♥t ❧✐é❡ à ✉♥ ♣❤é♥♦t②♣❡ ♠❛✐s ❝❡❧❛ s✬❡①✲

♣❧✐q✉❡ ♣❛r ❧❡ ❢❛✐t q✉❡✱ ❧❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ét❛♥t ✉♥ ♣r♦❝❡ss✉s ❝♦♠♣❧❡①❡✱ ✐❧ ✐♠♣❧✐q✉❡ ♣❧✉s✐❡✉rs

❢♦♥❝t✐♦♥s ♠♦❧é❝✉❧❛✐r❡s ❞✐✛ér❡♥t❡s ❡t ♥❡ ♣❡✉t êtr❡ ❞û à ✉♥❡ s❡✉❧❡ ❡♥ ♣❛rt✐❝✉❧✐❡r✳

P♦✉r ❞❡s r❛✐s♦♥s ❞❡ ❝♦♥✜❞❡♥t✐❛❧✐té ❞❡s rés✉❧t❛ts ❧❡s ❣è♥❡s sé❧❡❝t✐♦♥♥és ♥❡ ♣♦✉rr♦♥t ♣❛s

êtr❡ ❝✐tés ✐❝✐✱ ♠❛✐s ✉♥❡ ét✉❞❡ ❣❧♦❜❛❧❡ ♣❡✉t êtr❡ ❡✛❡❝t✉é❡✳ ❉❛♥s ❧✬❡♥s❡♠❜❧❡ ❞❡s ❣è♥❡s sé❧❡❝t✐♦♥✲

♥és ♣❛r ❆❈▼ s♣❛rs❡✱ ❞❡s ❣è♥❡s ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❞✉ ❝♦❧❧❛❣è♥❡ s♦♥t r❡tr♦✉✈és ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡

✧r❡❧â❝❤❡♠❡♥t✧ ❡t ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧✳ ▲❡ ❝♦❧❧❛❣è♥❡ ❡st ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ♣r♦té✐♥❡s ❛②❛♥t

♣♦✉r ❢♦♥❝t✐♦♥ ❞❡ ❝♦♥❢ér❡r ❛✉① t✐ss✉s ✉♥❡ rés✐st❛♥❝❡ ♠é❝❛♥✐q✉❡ à ❧✬ét✐r❡♠❡♥t✳ ▲❡s ♣r♦té✐♥❡s

♦♥t ❞♦♥❝ ❝❡rt❛✐♥❡♠❡♥t ✉♥❡ ✐♠♣♦rt❛♥❝❡ ❝❛♣✐t❛❧❡ ❞❛♥s ❧❡ ♣r♦❝❡ss✉s ❞❡ r❡❧â❝❤❡♠❡♥t ❞❡ ❧❛

♣❡❛✉✳ P♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧ ❞❡s ❣è♥❡s ❝♦❞❛♥t ❞❡s ♣r♦té✐♥❡s ♠❡♠❜r❡s ❞❡ ❧❛ ❢❛♠✐❧❧❡

❞❡s ♣r♦té✐♥❡s ❦✐♥❛s❡s ♦♥t été sé❧❡❝t✐♦♥♥és ♣❛r ❆❈▼ s♣❛rs❡✳ ❈❡ s♦♥t ❞❡s ré❝❡♣t❡✉rs ♣♦✉r

❧❡s ♠❡♠❜r❡s ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❞✉ ❢❛❝t❡✉r ❞❡ ❝r♦✐ss❛♥❝❡ é♣✐❞❡r♠✐q✉❡✳ ❉✬❛✉tr❡s ❣è♥❡s ❝♦❞❛♥t ❞❡s

♣r♦té✐♥❡s ♠❡♠❜r❡s ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❞❡s ♣r♦té✐♥❡s t②r♦s✐♥❡ ❦✐♥❛s❡ ❡①♣r✐♠é❡s ❞❛♥s ❧❡s t✐ss✉s ❛❞✐✲
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❋✐❣✉r❡ ✹✳✶✾ ✕ ❘é♣❛rt✐t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s
♠♦❧é❝✉❧❛✐r❡s ❞❡s ❣è♥❡s ❛✈❛♥t sé❧❡❝t✐♦♥
♣❛r ❆❈▼ s♣❛rs❡✳

❋✐❣✉r❡ ✹✳✷✵ ✕ ❘é♣❛rt✐t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s
♠♦❧é❝✉❧❛✐r❡s ❞❡s ❣è♥❡s ❛♣rès sé❧❡❝t✐♦♥ ♣❛r
❆❈▼ s♣❛rs❡✳

♣❡✉① ❡t ✐♥✐t✐❛♥t ❧❛ ✈♦✐❡ ❞✬❛❝t✐✈❛t✐♦♥ ❞❡ ré❝❡♣t❡✉rs ❞❡ s✉r❢❛❝❡ ♦♥t été sé❧❡❝t✐♦♥♥és✳ ❈❡s ❣è♥❡s

♣♦✉rr❛✐❡♥t êtr❡ ❧✐és à ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ t❛❝❤❡s ♣✐❣♠❡♥t❛✐r❡s ❝♦♠♠❡ ❧❡s ❧❡♥t✐❣✐♥❡s✳ ▲❡s rés✉❧t❛ts

♦❜t❡♥✉s ✭❙◆Ps sé❧❡❝t✐♦♥♥és✮ s❡♠❜❧❡♥t ❛✈♦✐r ✉♥ s❡♥s ❜✐♦❧♦❣✐q✉❡ ❝❡ q✉✐ ♥♦✉s ❝♦♥❢♦rt❡ ❞❛♥s

❧✬✐❞é❡ q✉❡ ❧✬❆❈▼ s♣❛rs❡ ♣❡r♠❡t ✉♥❡ sé❧❡❝t✐♦♥ ♣❡rt✐♥❡♥t❡ ❞❡ ✈❛r✐❛❜❧❡s✳ ▲❡s ❛♥❛❧②s❡s ❜✐♦❧♦✲

❣✐q✉❡s s♦♥t ❡♥❝♦r❡ ❡♥ ❝♦✉rs ❝❛r ❧❡s ✐♥❢♦r♠❛t✐♦♥s ♠✐s❡s ❡♥ ❡①❡r❣✉❡ ♣❛r ❝❡tt❡ sé❧❡❝t✐♦♥ s♦♥t

♥♦♠❜r❡✉s❡s ❡t ♦✉✈r❡♥t ♣❧✉s✐❡✉rs ✈♦✐❡s ❞✬✐♥✈❡st✐❣❛t✐♦♥ ✐♥tér❡ss❛♥t❡s ♣♦✉r ❧❡s ❜✐♦❧♦❣✐st❡s✱ ♥♦✲

t❛♠♠❡♥t ❞❡s ✧♣❛t❤✇❛②s✧ ❧✐és ❛✉ ♠ét❛❜♦❧✐s♠❡ é♥❡r❣ét✐q✉❡ ✭❡♥③②♠❡s ♠✐t♦❝❤♦♥❞r✐❛❧❡s✮✱ ❞❡s

✈♦✐❡s ❞❡ s✐❣♥❛❧✐s❛t✐♦♥ ♠❛♣✲❦✐♥❛s❡s ✭✐♠♣❧✐❝❛t✐♦♥ ❞❡ ❢❛❝t❡✉rs ❞❡ ❝r♦✐ss❛♥❝❡✮ ❛✐♥s✐ q✉✬✉♥❡ t♦✉t❡

♥♦✉✈❡❧❧❡ ✈♦✐❡ ré✈é❧é❡ ré❝❡♠♠❡♥t ❝♦♠♠❡ ét❛♥t ✐♠♣❧✐q✉é❡ ❞❛♥s ❧❡ r❡♥♦✉✈❡❧❧❡♠❡♥t ❝❡❧❧✉❧❛✐r❡

❡t ❧❡s ❝❡❧❧✉❧❡s s♦✉❝❤❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✱ ♦✉ ❡♥❝♦r❡ ❞❡s ♠é❝❛♥✐s♠❡s ❝❛r❜♦✲❤②❞r❛t❡s

✐♠♣❧✐q✉és ❞❛♥s ❧❡ ❝②❝❧❡ ❝❡❧❧✉❧❛✐r❡ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧✳ ▲✬ét✉❞❡ ❞❡s

✧♣❛t❤✇❛②s ❡st ✐♥tér❡ss❛♥t❡ ❝❛r ❡❧❧❡ ♣❡r♠❡t ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡s ❡✛❡ts ♣❧✉s ♠♦❞érés

♠❛✐s ❝♦♠❜✐♥és ❞❡ ❣è♥❡s ❛❣✐ss❛♥t s✉r ✉♥ ♠ê♠❡ ♠é❝❛♥✐s♠❡ ❜✐♦❧♦❣✐q✉❡ ✭❧❡ ❝♦♥t❡①t❡ ❜✐♦❧♦❣✐q✉❡

❡st ♣r✐s ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧✬❛♥❛❧②s❡✮✳
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✹✳✸ ❆♣♣r♦❝❤❡ ♠✉❧t✐❜❧♦❝s s✉♣❡r✈✐sé❡ ✿ ❘●❈❈❆

❈❡tt❡ s❡❝t✐♦♥ ❡st ❝♦♥s❛❝ré❡ à ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ❘●❈❈❆ ❞❛♥s ❧❡ ❜✉t ❞✬ét✉❞✐❡r ❡t ❞❡

♠♦❞é❧✐s❡r ❞❡s ❧✐❡♥s ♣♦ss✐❜❧❡s ❡♥tr❡ ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❡t ❧❡s ❙◆Ps à ♣❛rt✐r ❞✬✉♥❡ ❛♥❛✲

❧②s❡ s✉♣❡r✈✐sé❡ ♠✉❧t✐❜❧♦❝s✳ ❈❤❛❝✉♥ ❞❡s ❙◆Ps ❝♦♥s✐❞érés ❞❛♥s ♥♦s ❛♥❛❧②s❡s s♦♥t ❧❡s ❙◆Ps

✐♥tr❛❣é♥✐q✉❡s ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t✳ ■❧s ♣❡✉✈❡♥t ❞♦♥❝ êtr❡ r❡❣r♦✉♣és ❡♥ ❢♦♥❝✲

t✐♦♥ ❞❡ ❧❡✉r ❛♣♣❛rt❡♥❛♥❝❡ ❛✉① ❣è♥❡s✳ ❆✐♥s✐✱ ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s ❝♦♥s✐❞érés ❞❛♥s ❧❛ ❘●❈❈❆

❝♦rr❡s♣♦♥❞ à ✉♥ ❣è♥❡ ✭❝♦♥t❡♥❛♥t ❞❡s ✈❛r✐❛❜❧❡s ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t✮✱ ❡t

❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ♣r✐s❡ sé♣❛ré♠❡♥t ✭♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✱ ✧r❡❧â❝❤❡♠❡♥t✧✱ ✧❧❡♥t✐❣✐♥❡s✧ ♦✉

✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧✮ ❡st ❝♦♥t❡♥✉❡ ❞❛♥s ✉♥ ❛✉tr❡ ❜❧♦❝✳ ■❧ ② ❛ ❞♦♥❝ ❛✉t❛♥t ❞❡ ❜❧♦❝s ❞❡

❙◆Ps q✉❡ ❞❡ ❣è♥❡s✱ ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s ❝♦♥t❡♥❛♥t ❞❡s ❙◆Ps ✭♣♦✉r ✉♥ ❙◆P ❞♦♥♥é✱ ❧❡s ✈❛✲

r✐❛❜❧❡s ❞✐❝❤♦t♦♠✐q✉❡s ❛ss♦❝✐é❡s s❡r♦♥t ❝♦♥s✐❞éré❡s✮✳ ▲❡ ❜❧♦❝ ❝♦♥t❡♥❛♥t ❧❛ ✈❛r✐❛❜❧❡ à ❡①♣❧✐✲

q✉❡r ✭✉♥ ❞❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✮ ❡st r❡❧✐é à ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s ❞❡ ❙◆Ps ♠❛✐s ❧❡s ❧✐❡♥s ❡♥tr❡

❧❡s ❜❧♦❝s ❞❡ ❙◆Ps ♥❡ s♦♥t ♣❛s ❝♦♥s✐❞érés ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥✳ ❊♥ ❘●❈❈❆✱ ❧❡s ❝♦♥❞✐t✐♦♥s

❞❡ r❡♣rés❡♥t❛t✐♦♥ s♦♥t s✐♠✐❧❛✐r❡s à ❝❡❧❧❡s ❞❡ ❧❛ P▲❙✲P▼✱ ❝♦♠♠❡ ✈✉ s❡❝t✐♦♥ ✶✳✷✳✸✳ ❈❤❛q✉❡

❜❧♦❝ ❡st r❡♣rés❡♥té ♣❛r ✉♥❡ ❡❧❧✐♣s❡✱ ❡t ❝❤❛q✉❡ ✈❛r✐❛❜❧❡ ❞✉ ❜❧♦❝ ♣❛r ✉♥ r❡❝t❛♥❣❧❡✳ ❈❤❛q✉❡

✈❛r✐❛❜❧❡ ❡st ❝♦♥♥❡❝té❡ à s♦♥ ❜❧♦❝ ♣❛r ✉♥❡ ✢è❝❤❡✳ ❉❡✉① s♦✉s✲♠♦❞è❧❡s s♦♥t ❝♦♥s✐❞érés ✿ ❧❡

♠♦❞è❧❡ ❡①t❡r♥❡ q✉✐ ♠♦❞é❧✐s❡ ❧❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❡ ❜❧♦❝ ❞❡ ✈❛r✐❛❜❧❡s ❡t ❧❡s ❝♦♠♣♦s❛♥t❡s ❞✉

❜❧♦❝✱ ❡t ❧❡ ♠♦❞è❧❡ ✐♥t❡r♥❡ q✉✐ ♠❡t ❡♥ ❛✈❛♥t ❧❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❡s é❧é♠❡♥ts ❛✉ s❡✐♥ ❞✬✉♥ ❜❧♦❝✳

❖♥ r❛♣♣❡❧❧❡ q✉❡ ✻✺✽ ❙◆Ps ♦♥t été ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡

✧r✐❞❡s✧✳ ❈❡s ❙◆Ps s♦♥t ❝♦♥t❡♥✉s ❞❛♥s ✺✵✾ ❣è♥❡s ❛✉ t♦t❛❧✳ ❈❡rt❛✐♥s ❜❧♦❝s ✭✸✾✽ ♣ré❝✐sé♠❡♥t✮

♥❡ ❝♦♥t✐❡♥♥❡♥t q✉✬✉♥ s❡✉❧ ❙◆P ✭s♦✐t ❞❡✉① ♦✉ tr♦✐s ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s s❡❧♦♥ ❧❡ ♥♦♠❜r❡ ❞❡

♠♦❞❛❧✐tés ❞❡s ❙◆Ps✮✳ ▲❡ ♠♦❞è❧❡ ❝♦♥s✐❞éré ♣rés❡♥t❡ ❞❡s ❧✐❡♥s ❡♥tr❡ ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❡t

❝❤❛❝✉♥❡ ❞❡s ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❡s✳ ❈❡❧❛ r❡✈✐❡♥t à ré❛❧✐s❡r ✉♥❡ ré❣r❡ss✐♦♥ P▲❙ ❝❧❛ss✐q✉❡

s✉r ❧❛ ♣r❡♠✐èr❡ ❝♦♠♣♦s❛♥t❡ s❡✉❧❡♠❡♥t✳ ▲❡ s❝❤é♠❛ ❢❛❝t♦r✐❡❧ ❡st ✉t✐❧✐sé ❞❛♥s ❧❡s ❛♥❛❧②s❡s

❝❛r ❧❡s rés✉❧t❛ts ♥❡ s♦♥t ♣❛s très s❡♥s✐❜❧❡s ❛✉ ❝❤♦✐① ❞❡s s❝❤é♠❛s ❝❡♥tr♦✐❞❡ ♦✉ ❢❛❝t♦r✐❡❧

✭✈♦✐r ❚❡♥❡♥❤❛✉s ❛♥❞ ❚❡♥❡♥❤❛✉s ❬✷✵✶✶❪✮✳ ▲❡ ♠♦❞❡ ❘✐❞❣❡ ❛ été ❝❤♦✐s✐ ❛✜♥ ❞✬♦❜t❡♥✐r ✉♥ ❜♦♥

❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❡ ♥♦✉✈❡❛✉ ♠♦❞❡ ❆ ❡t ❧❡ ♠♦❞❡ ❇ ❝❛r ✐❧ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡s ❝♦♠♣♦s❛♥t❡s

st❛❜❧❡s ❡t ❛✉ss✐ ❝♦rré❧é❡s q✉❡ ♣♦ss✐❜❧❡ ❛✉① ❝♦♠♣♦s❛♥t❡s ❞❡s ❜❧♦❝s ❛✈❡❝ ❧❡sq✉❡❧s ❧❡ ❜❧♦❝ ❡st
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❝♦♥♥❡❝té✳ ▲❡s ✺✶✵ ❝♦♥st❛♥t❡s ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ♦♣t✐♠❛❧❡s ✭τ✮ s♦♥t ❝❛❧❝✉❧é❡s à ♣❛rt✐r ❞❡

❧❛ ❢♦r♠✉❧❡ ❞❡ ❙❝❤ä❢❡r ❛♥❞ ❙tr✐♠♠❡r ❬✷✵✵✺❪ ♠❛✐s ♥❡ s♦♥t ♣❛s ♠♦♥tré❡s ✐❝✐✳ ▲❛ ♠❛tr✐❝❡ ❞❡

✧❞❡s✐❣♥✧ ❡st ✉♥❡ ♠❛tr✐❝❡ ❞❡ ✵ ❛✈❡❝ ❞❡s ✶ s✉r ❧❛ ❞❡r♥✐èr❡ ❧✐❣♥❡ ❡t ❝♦❧♦♥♥❡✱ s❛✉❢ ❧❡ ❞❡r♥✐❡r

é❧é♠❡♥t ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ ✭ci,510 = 1 ♣♦✉r i = 1, . . . , 509 ❡t ✵ s✐♥♦♥✮✳ ▲❛ ✜❣✉r❡ ✹✳✷✶ ♣rés❡♥t❡

❧❡ ♠♦❞è❧❡ ♦❜t❡♥✉ ♣♦✉r ❝❡ ♣❤é♥♦t②♣❡ ❛✈❡❝ ✉♥ s❝❤é♠❛ ❢❛❝t♦r✐❡❧ ❡t ❧❡ ♠♦❞❡ ❘✐❞❣❡✳

❋✐❣✉r❡ ✹✳✷✶ ✕ ❘●❈❈❆ s✉r ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ✿ s❝❤é♠❛ ❢❛❝t♦r✐❡❧ ✰ ♠♦❞❡ ❘✐❞❣❡✳

▲❡s ♣♦✐❞s ❞❡ ❝❤❛❝✉♥❡ ❞❡s ✈❛r✐❛❜❧❡s ❞✬✉♥ ❜❧♦❝ s♦♥t ❞♦♥♥és ♣❛r ❧❛ ❧❡ttr❡ ✧❛✧ ❡t ❧❡s ❝♦r✲

ré❧❛t✐♦♥s ❡♥tr❡ ❧❡s ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ❡t ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ♦♥t été ❝❛❧❝✉❧é❡s ❡t t❡sté❡s ♣❛r

❜♦♦tstr❛♣ ❡t s♦♥t ❞♦♥♥é❡s ♣♦✉r ❝❤❛❝✉♥ ❞❡s ❧✐❡♥s ❡♥tr❡ ❧❡s ❜❧♦❝s ❞❡ ❙◆Ps ❡t ❧❡ ♣❤é♥♦t②♣❡✳

▲❡s ✐♥t❡r✈❛❧❧❡s ❞❡ ❝♦♥✜❛♥❝❡ ❝❛❧❝✉❧és ♣❛r ❜♦♦tstr❛♣ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ❝♦rré❧❛t✐♦♥s ré✈è❧❡♥t

q✉❡ ✺✵✸ ❞❡s ✺✵✾ ❧✐❡♥s ❡♥tr❡ ❧❡s ❜❧♦❝s ❞❡ ❙◆Ps ❡t ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ s♦♥t s✐❣♥✐✜❝❛t✐❢s✳ ❈❡❝✐

♥✬❡st ♣❛s s✉r♣r❡♥❛♥t ét❛♥t ❞♦♥♥é q✉❡ ❧❡s ❙◆Ps ♦♥t été ♣ré✲sé❧❡❝t✐♦♥♥és ❞❡ ♠❛♥✐èr❡ s✉♣❡r✲

✈✐sé❡✳ ❆✐♥s✐ ❧❡s ❧✐❡♥s s♦♥t é❣❛❧❡♠❡♥t s✐❣♥✐✜❝❛t✐❢s ❞❛♥s ❧❛ ❘●❈❈❆✳ ▲❡s ✐♥❞✐❝❡s ❞❡ q✉❛❧✐té ❞✉

♠♦❞è❧❡ ❡①t❡r♥❡ ✭❆✈❡r❛❣❡ ❱❛r✐❛♥❝❡ ❊①♣❧❛✐♥❡❞ ✭❆❱❊✮✮ ♦♥t été ❝❛❧❝✉❧és ♣♦✉r ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s

❡t ♠♦♥tr❡♥t q✉❡ ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ❡①♣❧✐q✉❡ ❝♦rr❡❝t❡♠❡♥t s♦♥ ♣r♦♣r❡ ❜❧♦❝✳ ❈❡❧❛ ♣r♦✉✈❡

q✉❡ ❧❡ r❡❣r♦✉♣❡♠❡♥t ❞❡s ❙◆Ps ♣❛r ❣è♥❡ ❛ ✉♥ s❡♥s ✭❡♥ ♣❧✉s ❞✉ s❡♥s ❜✐♦❧♦❣✐q✉❡✮✳
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▲❡s ♠ê♠❡s rés✉❧t❛ts ♦♥t été ♦❜t❡♥✉s ♣♦✉r ❧❡s ❛✉tr❡s ♣❤é♥♦t②♣❡s✳ P♦✉r ❧❡ ✧r❡❧â❝❤❡♠❡♥t✧

❧❛ ❘●❈❈❆ ❛ été ❡✛❡❝t✉é❡ s✉r ❧❡s ✼✵✵ ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ❝♦♥t❡♥✉s ❞❛♥s ✺✹✷ ❣è♥❡s ❛✉

t♦t❛❧ ❡t ❧❛ q✉❛s✐✲t♦t❛❧✐té ❞❡s ❧✐❡♥s ✭✺✸✼ s✉r ✺✹✷✮ s✬❡st ❛✈éré❡ s✐❣♥✐✜❝❛t✐✈❡ ♣❛r ❜♦♦tstr❛♣✳ P♦✉r

❧❡s ✧❧❡♥t✐❣✐♥❡s✧ ✺✷✸ ❣è♥❡s ❛✉ t♦t❛❧ ✭ré✉♥✐ss❛♥t ❧❡s ✻✼✵ ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝✲

♥❡t✮ ♦♥t été ❝♦♥s✐❞érés ❞❛♥s ❧❛ ❘●❈❈❆ ❡t ✺✶✽ ❧✐❡♥s s✉r ❧❡s ✺✷✸ s❡ s♦♥t ❛✈érés s✐❣♥✐✜❝❛t✐❢s✳

❊♥✜♥ ♣♦✉r ❧❛ ❘●❈❈❆ ❝❛❧❝✉❧é❡ s✉r ❧❡s ✻✹✵ ❙◆Ps ❝♦♥t❡♥✉s ❞❛♥s ✺✵✹ ❣è♥❡s ♣♦✉r ❧❡ ✧♣❤♦t♦✲

✈✐❡✐❧❧✐ss❡♠❡♥t✧✱ ✹✾✵ ❧✐❡♥s s✉r ✺✵✹ s❡ s♦♥t ❛✈érés s✐❣♥✐✜❝❛t✐❢s✳

■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ r❡❣❛r❞❡r ❧❡s ❣è♥❡s ❧❡s ♣❧✉s ❝♦rré❧és à ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❛✜♥ ❞❡

s✬❡♥ s❡r✈✐r ❞❡ ❜❛s❡ ❞❛♥s ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❧❛ ❘●❈❆❆ s❛♥s ✐♥t❡r❛❝t✐♦♥ ❡t ❝❡❧❧❡ q✉✐ s❡r❛

ré❛❧✐sé❡ ♣❛r ❧❛ s✉✐t❡ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s✳

❋✐❣✉r❡ ✹✳✷✷ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s
❞❡ ❙◆Ps ✭❣è♥❡s✮ ❡t ❝❤❛❝✉♥ ❞❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s ❞❛♥s ❧❛ ❘●❈❈❆ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs
❝♦♦r❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s✳

✶✻✷
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▲❛ ✜❣✉r❡ ✹✳✷✷ ♣rés❡♥t❡ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s ❞❡

❙◆Ps ✭❣è♥❡s✮ ❡t ❝❤❛❝✉♥ ❞❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s ❞❛♥s ❧❛ ❘●❈❈❆ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs ❝♦♦r✲

❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❧❡s ❝♦rré❧❛t✐♦♥s ❧❡s ♣❧✉s é❧❡✈é❡s ❝♦rr❡s♣♦♥❞❡♥t ❛✉①

❣è♥❡s s✐t✉és ❞❛♥s ❧❡s ♠ê♠❡s ❝❤r♦♠♦s♦♠❡s q✉❡ ❞❛♥s ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❡❧❛st✐❝ ♥❡t ♣♦✉r ❧❡s

♣❤é♥♦t②♣❡s ✧r✐❞❡s✧ ❡t r❡❧â❝❤❡♠❡♥t✧ ✭✈♦✐r ✜❣✉r❡ ✹✳✶✵✮✳ ▲❡ ❝❤r♦♠♦s♦♠❡ ✶✻ ♣r✐♥❝✐♣❛❧❡♠❡♥t

♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ ❡t ❧❡ ♥✉♠ér♦ ✼ ✭❛✐♥s✐ q✉❡ ❧❡s ✽ ❡t ✾✮ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡✲

♠❡♥t✧✳ P♦✉r ❧❡s ♣❤é♥♦t②♣❡s ✧❧❡♥t✐❣✐♥❡s✧ ❡t ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧ ❝❡ s♦♥t ❞❡s ❣è♥❡s s✐t✉és

❞❛♥s ❧❡s ❝❤r♦♠♦s♦♠❡s ✶✻ ❡t ✶✹✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ q✉✐ ♦♥t ✉♥❡ ❝♦rré❧❛t✐♦♥ ♣❧✉s é❧❡✈é❡ q✉❡ ❧❡s

❛✉tr❡s✳

❈❡tt❡ ét✉❞❡ ♣❛r ❘●❈❈❆ ♥✬❛ ♣❛s ❛♣♣♦rté ❞❡ ♥♦✉✈❡❛✉① rés✉❧t❛ts ét❛♥t ❞♦♥♥é q✉✬❛✉❝✉♥

❧✐❡♥ ❡♥tr❡ ❜❧♦❝s ❞❡ ❙◆Ps ♥✬❡st ❝♦♥s✐❞éré✳ ❈❡❧❛ r❡✈✐❡♥t à ré❛❧✐s❡r ✉♥❡ ré❣r❡ss✐♦♥ P▲❙ ❞❡s

❙◆Ps s✉r ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ♠❛✐s ❝❡❧❛ ♣❡r♠❡t ❞❡ ♣rés❡♥t❡r ❧❡s ❞♦♥♥é❡s s♦✉s ✉♥❡ ❛✉tr❡

❢♦r♠❡ ❡t ❞❡ ❧❡s tr❛✐t❡r ❞✐✛ér❡♠♠❡♥t ❣râ❝❡ à ✉♥❡ str✉❝t✉r❡ ♣❛r ❜❧♦❝s✳ ▲❡s ♠♦❞è❧❡s ♣rés❡♥tés

s❡r✈❡♥t ❞✬✐♥tr♦❞✉❝t✐♦♥ ❡t ♣❡✉✈❡♥t s❡r✈✐r ❛✉ ❧❡❝t❡✉r à ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡s ♠♦❞é❧✐s❛t✐♦♥s

ré❛❧✐sé❡s ❞❛♥s ❧❛ s✉✐t❡ ❞❡s ❛♥❛❧②s❡s ❛♣rès ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s✳

✹✳✹ ❉ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s

▲❡s ✐♥t❡r❛❝t✐♦♥s ❣é♥ét✐q✉❡s ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ♠♦❞✐✜❝❛t✐♦♥s ❞❛♥s ❧✬❛❝t✐♦♥ ❞✬✉♥ ❣è♥❡

✐♥❞✉✐t❡s ♣❛r ❧✬❡①♣r❡ss✐♦♥ ❞✬✉♥ ❛✉tr❡ ❣è♥❡✳ ❊❧❧❡s s♦♥t ♠✐s❡s ❡♥ é✈✐❞❡♥❝❡ ♣❛r ✉♥❡ ♦❜s❡r✈❛t✐♦♥

❞❡s ♣❤é♥♦t②♣❡s✳ P❛r ❡①❡♠♣❧❡✱ s✐ ❧❡ ♣❤é♥♦t②♣❡ ❞✬✉♥ ✐♥❞✐✈✐❞✉ ♣♦rt❛♥t ✉♥ ❙◆P ✈❛r✐❛♥t s✉r

✉♥ ♣r❡♠✐❡r ❣è♥❡ ❡st ❛❣❣r❛✈é ♦✉ ❛✉ ❝♦♥tr❛✐r❡ s❛✉✈é ♣❛r ✉♥❡ ✧♠✉t❛t✐♦♥✧ ❞✬✉♥❡ ❙◆P s✉r ✉♥

❞❡✉①✐è♠❡ ❣è♥❡✱ ❛❧♦rs ✐❧ ② ❛ ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ❣è♥❡s✳ ◆♦✉s ❛❧❧♦♥s ❞♦♥❝ ✐❝✐ t❡♥t❡r ❞❡

❞ét❡❝t❡r ❞❡ ♣♦ss✐❜❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❙◆Ps q✉✐ ♠♦❞✐✜❡r❛✐❡♥t ❧✬❡①♣r❡ss✐♦♥ ❞✉ ♣❤é♥♦t②♣❡

ét✉❞✐é✳

✹✳✹✳✶ ■♥t❡r❛❝t✐♦♥s ❙◆P✲❙◆P ♣❛r ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡

▲❡s ✐♥t❡r❛❝t✐♦♥s ❙◆P✲❙◆P s♦♥t ❝❡♥sé❡s ❡①♣❧✐q✉❡r ❧❡s ❞✐✛ér❡♥❝❡s ❡♥tr❡ ✐♥❞✐✈✐❞✉s à ❢❛✐❜❧❡

❡t à ❤❛✉t r✐sq✉❡ ❞❡ ♣rés❡♥t❡r ✉♥❡ ❝❛r❛❝tér✐st✐q✉❡ ♣❛rt✐❝✉❧✐èr❡✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ♥♦✉s ❝❤❡r✲

✶✻✸
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❝❤♦♥s à tr♦✉✈❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❙◆Ps ❡①♣❧✐q✉❛♥t ❧❛ sé✈ér✐té ❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ✭♣♦✉r

❝❤❛❝✉♥ ❞❡s s❝♦r❡s ❞❡ r✐❞❡s✱ r❡❧â❝❤❡♠❡♥t ❡t ❧❡♥t✐❣✐♥❡s✱ ❛✐♥s✐ q✉❡ ❧❡ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t ❣❧♦✲

❜❛❧✮✳ ■❧ ❡st ❞♦♥❝ ✐♥tér❡ss❛♥t ❞❡ ❝♦♥str✉✐r❡ ❞❡s rè❣❧❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞✉ t②♣❡ s✉✐✈❛♥t ✿ s✐ ❧❡

❙◆P ✶ ❡st ❧❡ ❣é♥♦t②♣❡ ❤étér♦③②❣♦t❡ ❊❚ q✉❡ ❧❡ ❙◆P ✷ ❡st ❧❡ ❣é♥♦t②♣❡ ❤♦♠♦③②❣♦t❡ ♦✉ q✉❡ ❧❡s

❙◆Ps ✸ ❡t ✹ ♥❡ s♦♥t ♣❛s ❧❡ ❣é♥♦t②♣❡ ❤♦♠♦③②❣♦t❡ ❞❡ ré❢ér❡♥❝❡✱ ❛❧♦rs ❧✬✐♥❞✐✈✐❞✉ ♣rés❡♥t❡ ✉♥

r✐sq✉❡ ♣❧✉s é❧❡✈é ❞✬❛✈♦✐r ✉♥ s❝♦r❡ ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ✐♠♣♦rt❛♥t✳ P♦✉r ❝❡ ❢❛✐r❡✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s

❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❞é✜♥✐❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✸ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ♣ré❞✐❝t✐♦♥ ❞✉ st❛t✉t ❞✬✉♥❡

✧♦❜s❡r✈❛t✐♦♥✧ ♣♦✉r ✉♥❡ ✈❛r✐❛❜❧❡ à ❡①♣❧✐q✉❡r ❜✐♥❛✐r❡✱ ♠ét❤♦❞❡ très s♦✉✈❡♥t ❡♠♣❧♦②é❡ ♣♦✉r

❧❛ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s ❙◆P✲❙◆P ✭❘✉❝③✐♥s❦✐ ❡t ❛❧✳ ❬✷✵✵✶❪✱ ❉✐♥✉ ❡t ❛❧✳ ❬✷✵✶✷❪✮✳

✹✳✹✳✶✳✶ ❈♦❞❛❣❡ ❞❡s ✈❛r✐❛❜❧❡s

❈♦❞❛❣❡ ❞❡s ❙◆Ps

▲❡s ❙◆Ps ❝♦♥s✐❞érés ❞❛♥s ❝❡tt❡ ❛♥❛❧②s❡ s♦♥t ❝❡✉① q✉✐ ♦♥t été sé❧❡❝t✐♦♥♥és ♣ré❝é❞❡♠♠❡♥t

♣❛r ❧❛ ♠ét❤♦❞❡ ❡❧❛st✐❝ ♥❡t✳ ▲❡s ❛♥❛❧②s❡s s♦♥t ré❛❧✐sé❡s s♦✉s ❘ à ❧✬❛✐❞❡ ❞✉ ♣❛❝❦❛❣❡ ❧♦❣✐❝❋❙

✭❙❝❤✇❡♥❞❡r ❬✷✵✶✸❛❪✮✳ ▲❡ ❝♦❞❛❣❡ ❞❡s ❙◆Ps ❞✐✛èr❡ q✉❡❧q✉❡ ♣❡✉ ❞❡ ❝❡❧✉✐ ✉t✐❧✐sé ❞❛♥s ❧✬❆❈▼

s♣❛rs❡✳ ❖♥ ❝♦♥s✐❞èr❡ ❧❡s tr♦✐s ❣é♥♦t②♣❡s ♣♦ss✐❜❧❡s ✿

• ❤♦♠♦③②❣♦t❡ ❞❡ ré❢ér❡♥❝❡ ✭❧❡s ✷ ❛❧❧è❧❡s s♦♥t ❧❡s ✈❛r✐❛♥ts ❧❡s ♣❧✉s ❢réq✉❡♥ts✮

• ❤étér♦③②❣♦t❡ ✭✉♥ ❞❡s ✷ ❛❧❧è❧❡s ❡st ✉♥ ✈❛r✐❛♥t ❢réq✉❡♥t✱ ❧✬❛✉tr❡ r❛r❡✮

• ❤♦♠♦③②❣♦t❡ ✈❛r✐❛♥t ✭❧❡s ✷ ❛❧❧è❧❡s s♦♥t ❞❡s ✈❛r✐❛♥ts r❛r❡s ♦✉ ❧❡s ♠♦✐♥s ❢réq✉❡♥ts✮

▲❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✱ ❡t ❞♦♥❝ ❧❡s ❢♦♥❝t✐♦♥s ❞✉ ♣❛❝❦❛❣❡ ❘✱ ♥❡ ♣❡✉✈❡♥t ❣ér❡r q✉❡ ❞❡s

♣ré❞✐❝t❡✉rs ❜✐♥❛✐r❡s✳ ▲❡s ✈❛r✐❛❜❧❡s ❝❛té❣♦r✐❡❧❧❡s ❙◆Ps ❞♦✐✈❡♥t ❞♦♥❝ êtr❡ tr❛♥s❢♦r♠é❡s ❡♥

✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s✳ ❙✐ ❧❡ ❙◆P ❡st ❝♦❞é ✶ ♣♦✉r ✧❤♦♠♦③②❣♦t❡ ❞❡ ré❢ér❡♥❝❡✧✱ ✷ ♣♦✉r ✧❤étér♦✲

③②❣♦t❡✧ ❡t ✸ ♣♦✉r ✧❤♦♠♦③②❣♦t❡ ✈❛r✐❛♥t✧✱ ❛❧♦rs ❧❛ ❢♦♥❝t✐♦♥ ✧♠❛❦❡✳❞✉♠♠②✳s♥♣✧ ❞✉ ♣❛❝❦❛❣❡

▲♦❣✐❝❋❙ ♣❡✉t êtr❡ ✉t✐❧✐sé❡ ♣♦✉r tr❛♥s❢♦r♠❡r ❝❤❛q✉❡ ❙◆P ❡♥ ✷ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s ❙◆P✳✶ ❡t

❙◆P✳✷✳ ▲❡ ❝♦❞❛❣❡ ❜✐♥❛✐r❡ ❞❡s ✈❛r✐❛❜❧❡s ❡st r❡♣rés❡♥té ❞❛♥s ❧❛ t❛❜❧❡ ✹✳✸✳

❚❛❜❧❡ ✹✳✸ ✕ ❈♦❞❛❣❡ ❞❡s ❙◆Ps ❡♥ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s ♣♦✉r ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✳

❙◆P ❙◆P✳✶ ❙◆P✳✷ ●é♥♦t②♣❡ s✉♣♣♦sé

✶ ✶ ✵ ✵ ❍♦♠♦③②❣♦t❡ ❞❡ ré❢ér❡♥❝❡

✷ ✷ ✶ ✵ ❍étér♦③②❣♦t❡

✸ ✸ ✶ ✶ ❍♦♠♦③②❣♦t❡ ✈❛r✐❛♥t

✶✻✹
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▲❡s ✈❛r✐❛❜❧❡s ♥♦♠✐♥❛❧❡s ❜✐♥❛✐r❡s ♣❡✉✈❡♥t ❡♥s✉✐t❡ êtr❡ ✉t✐❧✐sé❡s ❞❛♥s ❧✬❛❧❣♦r✐t❤♠❡ ❧♦❣✐❝❋❙

❞é❝r✐t ❡♥ s❡❝t✐♦♥ ✾ ❛✜♥ ❞✬✐❞❡♥t✐✜❡r ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ✐♥tér❡ss❛♥t❡s ❞❡ ❝❡s ✈❛r✐❛❜❧❡s ❡t ❞❡

♠❡s✉r❡r ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ❝❡s ✐♥t❡r❛❝t✐♦♥s✳

❈♦❞❛❣❡ ❞❡s ✈❛r✐❛❜❧❡s à ❡①♣❧✐q✉❡r

▲❡s ✈❛r✐❛❜❧❡s rés✐❞✉s ❞❡s s❝♦r❡s ❛❥✉stés ❞❡ r✐❞❡s✱ r❡❧â❝❤❡♠❡♥t✱ ❧❡♥t✐❣✐♥❡s ❡t ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t

s♦♥t ❞❡s ✈❛r✐❛❜❧❡s ❝❡♥tré❡s✳ ❖♥ ❝♦♥s✐❞èr❡ ✉♥ ❝♦❞❛❣❡ ❜✐♥❛✐r❡ ♣♦✉r ❛♣♣❧✐q✉❡r ♣❛r ❧❛ s✉✐t❡ ✉♥❡

ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❛✈❡❝ ✿

• ❈♦❞❛❣❡ ✧✶✧ ✿ ✐♥❞✐✈✐❞✉s ♣♦✉r ❧❡sq✉❡❧s ❧❡s ✈❛❧❡✉rs ❞❡s rés✐❞✉s s♦♥t s✉♣ér✐❡✉r❡s à ✵

✭✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ♣❧✉s ✐♠♣♦rt❛♥t✮✱

• ❈♦❞❛❣❡ ✧✵✧ ✿ ✐♥❞✐✈✐❞✉s ♣♦✉r ❧❡sq✉❡❧s ❧❡s ✈❛❧❡✉rs ❞❡s rés✐❞✉s s♦♥t ✐♥❢ér✐❡✉r❡s ♦✉ é❣❛❧❡s

à ✵ ✭✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ♠♦✐♥s ✐♠♣♦rt❛♥t✮✱

❖♥ ♦❜t✐❡♥t ♣♦✉r ❧❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s ✿

❘✐❞❡s ✷✻✻ ✐♥❞✐✈✐❞✉s s♦♥t ❝♦❞és ✶✱ ✷✸✺ s♦♥t ❝♦❞és ✵✱

❘❡❧â❝❤❡♠❡♥t ✷✺✽ ✐♥❞✐✈✐❞✉s s♦♥t ❝♦❞és ✶✱ ✷✹✸ s♦♥t ❝♦❞és ✵✱

▲❡♥t✐❣✐♥❡s ✷✷✺ ✐♥❞✐✈✐❞✉s s♦♥t ❝♦❞és ✶✱ ✷✼✻ s♦♥t ❝♦❞és ✵✱

P❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t ✶✾✾ ✐♥❞✐✈✐❞✉s s♦♥t ❝♦❞és ✶✱ ✸✵✷ s♦♥t ❝♦❞és ✵✳

✹✳✹✳✶✳✷ ❉ét❡❝t✐♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s

▲✬❛❧❣♦r✐t❤♠❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❡st ré❛❧✐sé B = 200 ❢♦✐s ❡♥ ❝♦♥s✐❞ér❛♥t ✉♥ s❡✉❧ ❛r❜r❡

❡t ✉♥ ♠❛①✐♠✉♠ ❞❡ ✷ ❢❡✉✐❧❧❡s ❞❛♥s ❧❡ ♠♦❞è❧❡ ✭❧❡s ✐♥t❡r❛❝t✐♦♥s s✐♠♣❧❡s✱ ❞♦✉❜❧❡s ❡♥tr❡ ❙◆Ps

s♦♥t ❞♦♥❝ ❝♦♥s✐❞éré❡s✮✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s tr✐♣❧❡s ♦✉ ♣❧✉s ♣❡✉✈❡♥t êtr❡ t❡sté❡s✱ ♠❛✐s ❧✬✐♥té✲

❣r❛t✐♦♥ ♣❛r ❧❛ s✉✐t❡ ❞❡ ❝❡s ✐♥t❡r❛❝t✐♦♥s ❞❛♥s ✉♥ ♠♦❞è❧❡ ♠✉❧t✐❜❧♦❝s ♣❛r ❧❛ s✉✐t❡ ♣♦✉rr❛✐t

s✬❛✈ér❡r ♣❧✉s ❝♦ût❡✉① ❡♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧✳ ❉❡ ❝❡ ❢❛✐t✱ ♥♦✉s ♥♦✉s ❧✐♠✐t♦♥s ❛✉① ✐♥t❡r❛❝t✐♦♥s

❞♦✉❜❧❡s✳

P❤é♥♦t②♣❡ ✧r✐❞❡s✧

▲✬❛❧❣♦r✐t❤♠❡ ❧♦❣✐❝❋❙ ❛ été ✉t✐❧✐sé s✉r ❧❡s ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ♣♦✉r ❧❡ ♣❤é✲

♥♦t②♣❡ ✧r✐❞❡s✧ ❡t ❧❡s ✺ ✐♥t❡r❛❝t✐♦♥s ❧❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s s♦♥t r❛♣♣♦rté❡s ❞❛♥s ❧❛ ✜❣✉r❡ ✹✳✷✸✳

✶✻✺
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❋✐❣✉r❡ ✹✳✷✸ ✕ ❙♦rt✐❡ ❞✉ ♣r♦❣r❛♠♠❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❛✈❡❝ ❧❡ ❧♦❣✐❝✐❡❧ ❘ ♣♦✉r ❧❡s ✺
♣r❡♠✐èr❡s ✐♥t❡r❛❝t✐♦♥s ♦❜t❡♥✉❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳

▲❛ s♦rt✐❡ ♦❜t❡♥✉❡ ♣❡✉t s✬é❝r✐r❡ é❣❛❧❡♠❡♥t s♦✉s ❧❛ ❢♦r♠❡ ❞✐s❥♦♥❝t✐✈❡ ♥♦r♠❛❧❡ s✉✐✈❛♥t❡ ✿

✧✭❳✸✼✻❴✷c∧❳✼✷✺❴✶✮ ∨ ✭❳✸✵❴✷c∧❳✼✷✺❴✶✮ ∨ ✭❳✸✼✻❴✷c∧❳✶✷✼✺❴✶✮ ∨ ✭❳✸✵❴✷c∧❳✶✷✼✺❴✶✮

∨ ✭❳✸✼✻❴✷c∧ ❳✽✺✻❴✷c✮ ∨ . . . ✧✳

▲✬❡①♣r❡ss✐♦♥ ✧ ✦❳✸✼✻❴✷✧ ❝♦❞❡ ♣♦✉r ✧◆❖❚✧ ❳✸✼✻❴✷✱ ✙✳❡✳ ❳✸✼✻❴✷ ❂ ✵ ❡t ✧❳✼✷✺❴✶✧

❝♦rr❡s♣♦♥❞ à ❳✼✷✺❴✶ ❂ ✶✳ ❆✐♥s✐ ❧✬❡①♣r❡ss✐♦♥ ❧♦❣✐q✉❡ ✧ ✦❳✸✼✻❴✷ ✫ ❳✼✷✺❴✶✧ s✐❣♥✐✜❡ q✉❡

s✐ ✉♥ ✐♥❞✐✈✐❞✉ ♣♦ssè❞❡ ✉♥ ❣é♥♦t②♣❡ q✉✐ ♥✬❡st ♣❛s ❤♦♠♦③②❣♦t❡ ✈❛r✐❛♥t ♣♦✉r ❧❡ ❙◆P ❳✸✼✻✱

❡t q✉✬✐❧ ♣♦ssè❞❡ ✉♥ ❣é♥♦t②♣❡ ❤♦♠♦③②❣♦t❡ ✈❛r✐❛♥t ♦✉ ❤étér♦③②❣♦t❡ ♣♦✉r ❧❡ ❙◆P ❳✼✷✺✱ ❛❧♦rs

❧✬✐♥❞✐✈✐❞✉ ❛ ✉♥❡ ♣r♦❜❛❜✐❧✐té ♣❧✉s é❧❡✈é❡ ❞❡ ♣rés❡♥t❡r ✉♥❡ ❡①♣r❡ss✐♦♥ ❞❡ r✐❞❡ sé✈èr❡✳

▲♦rsq✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ ✉♥ s❡✉❧ ❛r❜r❡ ✷✵✺ ❙◆Ps ❡t ❙◆P✲❙◆P ✐♥t❡r❛❝t✐♦♥s ♣♦t❡♥t✐❡❧❧❡✲

♠❡♥t ✐♥tér❡ss❛♥ts ❞❡ ❞❡❣ré ❞❡✉① ❛✉ ♠❛①✐♠✉♠ s♦♥t ❞ét❡❝tés✳ ▲✬✐♠♣♦rt❛♥❝❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s

✭❝❛❧❝✉❧é s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ s❝♦r❡ ♥♦♠♠é ❱■▼ ♣rés❡♥té ❛✉ ❝❤❛♣✐tr❡ ✸✮ ♣❡✉t êtr❡ r❡♣rés❡♥té❡

❝♦♠♠❡ s✉r ❧❛ ✜❣✉r❡ ✹✳✷✹✳

✶✻✻
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❋✐❣✉r❡ ✹✳✷✹ ✕ ■♠♣♦rt❛♥❝❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ♦❜t❡♥✉❡s ✭❱■▼✮ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳

❆✜♥ ❞❡ ✈ér✐✜❡r ❧❛ s✐❣♥✐✜❝❛t✐✈✐té st❛t✐st✐q✉❡ ❞❡ ❝❡s ✐♥t❡r❛❝t✐♦♥s✱ ✉♥ t❡st ❞✉ ❈❤✐✷ ❛ été

ré❛❧✐sé s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❡s ✐♥t❡r❛❝t✐♦♥s✳ P♦✉r ❝❡ ❢❛✐r❡✱ ❝❤❛q✉❡ ✐♥t❡r❛❝t✐♦♥ ❛ été ❝♦❞é❡

❝♦♠♠❡ ✉♥❡ ✈❛r✐❛❜❧❡ ❜✐♥❛✐r❡✳ ▲❛ ✈❛r✐❛❜❧❡ ✧✐♥t❡r❛❝t✐♦♥✳✶✧ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ♣r❡♠✐èr❡ ✐♥✲

t❡r❛❝t✐♦♥ ♦❜s❡r✈é❡ ❡st ❝♦❞é❡ ✶ s✐ ✉♥ ✐♥❞✐✈✐❞✉ ♣rés❡♥t❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❣é♥♦t②♣❡s ❝♦♥t❡♥✉s

❞❛♥s ❧✬✐♥t❡r❛❝t✐♦♥ ✶✱ ✵ s✐♥♦♥✳ ❖♥ ♦❜t✐❡♥t ❞♦♥❝ ✉♥ t❛❜❧❡❛✉ ❞❡ ✺✵✶×✷✵✺ ❞❡ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s✳
P❛r♠✐ ❧❡s ✷✵✺ ✐♥t❡r❛❝t✐♦♥s ❞♦✉❜❧❡s ✭❛✉ ♠❛①✐♠✉♠✮✱ ✸✺ s❡ s♦♥t ❛✈éré❡s st❛t✐st✐q✉❡♠❡♥t s✐✲

❣♥✐✜❝❛t✐✈❡s✳ ▲❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❙◆P✴❣è♥❡ ♥♦✉s ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✸✺ ✐♥t❡r❛❝t✐♦♥s ❣è♥❡✲❣è♥❡

✭❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬❛♣♣❛rt❡♥❛♥❝❡ ❞❡s ❙◆Ps ❛✉① ❣è♥❡s✮✳ ❯♥ ❞❡s ❣è♥❡s ❛♣♣❛r❛✐t ❞❛♥s ✶✺ ❞❡s ✸✺

✐♥t❡r❛❝t✐♦♥s ❡t ❧❡ ❣è♥❡ ●❊◆❊r✐✸ ❞❛♥s ✽ ❞❡s ✸✺ ✐♥t❡r❛❝t✐♦♥s✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s ❣é♥ét✐q✉❡s s♦♥t

❞❡s ✐♥t❡r❛❝t✐♦♥s ❞♦♥t ♦♥ ♥❡ ❝♦♥♥❛ît ♣❛s ❧❡ ♠é❝❛♥✐s♠❡ ♠♦❧é❝✉❧❛✐r❡ ♣♦✉r ❧❛ ♣❧✉♣❛rt✳ P♦✉r ②

r❡♠é❞✐❡r✱ ❝❡s ✐♥t❡r❛❝t✐♦♥s s♦♥t ❡♥ ❝♦✉rs ❞✬✐♥✈❡st✐❣❛t✐♦♥ ♣❛r ❧❡s ❜✐♦❧♦❣✐st❡s ❛✜♥ ❞❡ tr♦✉✈❡r

✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❜✐♦❧♦❣✐q✉❡ ❡t ❞❡s ♣✐st❡s s✉r ❞❡s ♣♦t❡♥t✐❡❧s rés❡❛✉① ❞❡ ❣è♥❡s ✭❞♦♥t ❝❡s

❞❡✉① ❞❡r♥✐❡rs q✉✐ s♦♥t ❡♥ ✐♥t❡r❛❝t✐♦♥ ❛✈❡❝ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❛✉tr❡s ❣è♥❡s✮ ❧✐és à ❧✬❡①♣r❡s✲

s✐♦♥ ❞❡s r✐❞❡s✳

✶✻✼
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P❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧

P♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧ ✷✷✵ ❙◆Ps ❡t ❙◆Ps✲✐♥t❡r❛❝t✐♦♥s ♣♦t❡♥t✐❡❧❧❡♠❡♥t ✐♥tér❡s✲

s❛♥ts ❞❡ ❞❡❣ré ❞❡✉① ❛✉ ♠❛①✐♠✉♠ ♦♥t été ❞ét❡❝tés ✭✜❣✉r❡ ♥♦♥ ♠♦♥tré❡✮✳ ▲❛ s✐❣♥✐✜❝❛t✐✈✐té

st❛t✐st✐q✉❡ ❞❡ ❝❡s ✐♥t❡r❛❝t✐♦♥s ❛ été ✈ér✐✜é❡ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ♣ré❝é❞❡♠♠❡♥t à ❧✬❛✐❞❡

❞✬✉♥ t❡st ❞✉ ❈❤✐✷ s✉r ✉♥ t❛❜❧❡❛✉ ❞❡ ✺✵✶×✷✷✵ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s✳ ✷✸ ✐♥t❡r❛❝t✐♦♥s s❡ s♦♥t

❛✈éré❡s s✐❣♥✐✜❝❛t✐✈❡s✳ P❛r♠✐ ❝❡❧❧❡s✲❝✐✱ ✉♥ ❣è♥❡ ❛♣♣❛r❛✐t ❞❛♥s ✽ ❞❡s ✷✸ ✐♥t❡r❛❝t✐♦♥s✳

P❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧

▲❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❛ ♣❡r♠✐s ❞❡ ❞ét❡❝t❡r ✷✵✾ ❙◆Ps ❡t ❙◆Ps✲✐♥t❡r❛❝t✐♦♥s ♣♦t❡♥t✐❡❧❧❡♠❡♥t

✐♥tér❡ss❛♥ts ❞❡ ❞❡❣ré ❞❡✉① ❛✉ ♠❛①✐♠✉♠ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧✳ ❆ ❧✬❛✐❞❡ ❞✬✉♥ t❡st

❞✉ ❈❤✐✷ s✉r ✉♥ t❛❜❧❡❛✉ ❞❡ ✺✵✶×✷✵✾ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s ✷✼ ✐♥t❡r❛❝t✐♦♥s s❡ s♦♥t ré✈é❧é❡s s✐✲

❣♥✐✜❝❛t✐✈❡s✳ ❯♥ ❣è♥❡ ❛♣♣❛r❛✐t ❞❛♥s ✽ ✐♥t❡r❛❝t✐♦♥s s✉r ✷✼✳

P❤é♥♦t②♣❡ ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧

❊♥✜♥ ✶✾✷ ❙◆Ps ❡t ❙◆Ps✲✐♥t❡r❛❝t✐♦♥s ♣♦t❡♥t✐❡❧❧❡♠❡♥t ✐♥tér❡ss❛♥ts ❞❡ ❞❡❣ré ❞❡✉① ❛✉ ♠❛①✐✲

♠✉♠ ♦♥t été ❞ét❡❝té❡s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧✳ ▲❛ s✐❣♥✐✜❝❛t✐✈✐té st❛t✐s✲

t✐q✉❡ ❞❡ ❝❡s ✐♥t❡r❛❝t✐♦♥s ❛ été ✈ér✐✜é❡ ❞❡ ♥♦✉✈❡❛✉ s✉r ✉♥ t❛❜❧❡❛✉ ❞❡ ✺✵✶×✶✾✷ ✈❛r✐❛❜❧❡s

❜✐♥❛✐r❡s ❡t ✶✶✶ ✐♥t❡r❛❝t✐♦♥s s❡ s♦♥t ❛✈éré❡s s✐❣♥✐✜❝❛t✐✈❡s✳ ▲❡ ❣è♥❡ ●❊◆❊♣✈✶ ❛♣♣❛r❛✐t ❞❛♥s

✹ ✐♥t❡r❛❝t✐♦♥s✳ ■❝✐ ❞❡ ♥♦♠❜r❡✉① ❣è♥❡s ❞✐✛ér❡♥ts s♦♥t ❞♦♥❝ ✐♠♣❧✐q✉és ❞❛♥s ❧❡s ✐♥t❡r❛❝t✐♦♥s✳

◆♦tr❡ ❛tt❡♥t✐♦♥ s❡ ♣♦rt❡ s✉r ❧❡s ❣è♥❡s ✐♠♣❧✐q✉és ❞❛♥s ❞❡ ♥♦♠❜r❡✉s❡s ✐♥t❡r❛❝t✐♦♥s ❝❛r

✐❧s ♣♦✉rr❛✐❡♥t êtr❡ ✐♠♣❧✐q✉és ❞❛♥s ❞❡s rés❡❛✉① ❜✐♦❧♦❣✐q✉❡s ✭✧♣❛t❤✇❛②s✧✮ ♣♦t❡♥t✐❡❧❧❡♠❡♥t

❧✐és à ❧✬❡①♣r❡ss✐♦♥ ❞❡s r✐❞❡s✳ ❈❡s ❣è♥❡s ♥❡ s♦♥t ♣❡✉t✲êtr❡ ♣❛s ❝♦rré❧és à ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡

❧♦rsq✉✬✐❧s s♦♥t ♣r✐s sé♣❛ré♠❡♥t ❞❛♥s ❧❡s ❛♥❛❧②s❡s ♠❛✐s ♣♦✉rr❛✐❡♥t s✬❡①♣r✐♠❡r ❡♥ ♣rés❡♥❝❡

❞✬❛✉tr❡s ❣è♥❡s✳ ❈✬❡st ♣♦✉rq✉♦✐ ❧❡s ✐♥t❡r❛❝t✐♦♥s st❛t✐st✐q✉❡♠❡♥t s✐❣♥✐✜❝❛t✐✈❡s ♣♦✉r ❝❤❛❝✉♥

❞❡s ♣❤é♥♦t②♣❡s s❡r♦♥t ♣r✐s❡s ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❛ s✉✐t❡ ❞❡s ❛♥❛❧②s❡s ❡♥ s❡❝t✐♦♥ ✹✳✺✳
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✹✳✹✳✷ ■♥t❡r❛❝t✐♦♥s ❜✐♦❧♦❣✐q✉❡s r❛♣♣♦rté❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡

❯♥ ❛✉tr❡ ♠♦②❡♥ ❞✬❛♥❛❧②s❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❣è♥❡s ♦✉ ❡♥tr❡ ❙◆Ps ❡st ❧✬✉t✐❧✐s❛t✐♦♥

❞❡ ❜❛s❡s ❞❡ ❞♦♥♥é❡s ré✉♥✐ss❛♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❞é❥à ❝♦♥♥✉❡s s✉r ❧❡ s✉❥❡t t❡❧❧❡s

q✉❡ ❧❡ s✐t❡ ✧❤tt♣ ✿✴✴str✐♥❣✲❞❜✳♦r❣✴✧ ✭✈♦✐r s❡❝t✐♦♥ ✸✳✶✮✳ ❆✜♥ ❞✬❛✈♦✐r ✉♥❡ ✈✐s✐♦♥ ❣❧♦❜❛❧❡ ❞❡s ✐♥✲

t❡r❛❝t✐♦♥s ❞é❥à ❝♦♥♥✉❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝

♥❡t ♦♥t été r❡♥trés ❞❛♥s ❧❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❙❚❘■◆● ♣♦✉r ❝❤❛❝✉♥ ❞❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s✳

P♦✉r ❞❡s r❛✐s♦♥s ❞❡ ❝♦♥✜❞❡♥t✐❛❧✐té ❞❡s rés✉❧t❛ts ❧❡ ♥♦♠ ❞❡s ❣è♥❡s ♥✬❛♣♣❛r❛✐t ♣❛s s✉r ❧❡s

✜❣✉r❡s ♣rés❡♥té❡s ❞❛♥s ❝❡ ❞♦❝✉♠❡♥t✳ ❈❡s ❛♥❛❧②s❡s ♦♥t ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥ r❛♣♣♦rt ✐♥t❡r♥❡ ❞❛♥s

❧❡q✉❡❧ ❧❡s ♥♦♠s ❞❡s ❣è♥❡s ❛♣♣❛r❛✐ss❡♥t ❡t ❞❡s ✐♥t❡r♣rét❛t✐♦♥s ❜✐♦❧♦❣✐q✉❡s s♦♥t ❡①♣❧✐❝✐té❡s✳

P❤é♥♦t②♣❡ ✧r✐❞❡s✧

▲❛ ✜❣✉r❡ ✹✳✷✺ ♣rés❡♥t❡ ❧❡ rés❡❛✉ ❞✬✐♥t❡r❛❝t✐♦♥s ♣r♦té✐q✉❡s ❞é❥à ❝♦♥♥✉❡s ♣♦✉r ❧✬❡♥s❡♠❜❧❡

❞❡s ✻✺✽ ❣è♥❡s ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ❙❡✉❧s ❧❡s ❣è♥❡s ❡♥

✐♥t❡r❛❝t✐♦♥ s♦♥t r❡♣rés❡♥tés✳

❋✐❣✉r❡ ✹✳✷✺ ✕ ❘és❡❛✉ ❞✬✐♥t❡r❛❝t✐♦♥s ♣r♦té✐q✉❡s ❝♦♥♥✉❡s ❡♥tr❡ ❣è♥❡s ❛✈❛♥t sé❧❡❝t✐♦♥ ♣❛r
❆❈▼ s♣❛rs❡ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ à ♣❛rt✐r ❞❡ ❧❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❙❚❘■◆●✳
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❋✐❣✉r❡ ✹✳✷✻ ✕ ❘és❡❛✉ ❞✬✐♥t❡r❛❝t✐♦♥s ♣r♦té✐q✉❡s ❝♦♥♥✉❡s ❡♥tr❡ ❣è♥❡s ❛♣rès sé❧❡❝t✐♦♥ ♣❛r
❆❈▼ s♣❛rs❡ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ à ♣❛rt✐r ❞❡ ❧❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❙❚❘■◆●✳

▲✬❛♥❛❧②s❡ ❡t ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❝❡s ✐♥t❡r❛❝t✐♦♥s ❡st ❝♦♠♣❧✐q✉é❡ ❡♥ r❛✐s♦♥ ❞✉ très ❣r❛♥❞

♥♦♠❜r❡ ❞❡ ❣è♥❡s ✐♠♣❧✐q✉és✳ ❈✬❡st ♣♦✉rq✉♦✐ ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ♣r❡♥❞ t♦✉t s♦♥ s❡♥s ❞❛♥s

✉♥ ❝♦♥t❡①t❡ ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✳ ▲❛ ♠ê♠❡ ❛♥❛❧②s❡ ❛ ❞♦♥❝ été ré❛❧✐sé❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s

❣è♥❡s sé❧❡❝t✐♦♥♥és ♣❛r ❆❈▼ s♣❛rs❡✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❣è♥❡s ét❛♥t ré❞✉✐t à ✶✸✽ ♥♦✉s ❡s♣ér♦♥s

♣♦✉✈♦✐r ✈✐s✉❛❧✐s❡r ♣❧✉s ❢❛❝✐❧❡♠❡♥t ❧❡s ✐♥t❡r❛❝t✐♦♥s✳ ▲❛ ✜❣✉r❡ ✹✳✷✻✱ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ♠ê♠❡

t②♣❡ q✉❡ ❧❛ ✜❣✉r❡ ♣ré❝é❞❡♥t❡✱ ❝♦♥❝❡r♥❡ ❧❡s ✶✸✽ ❙◆Ps sé❧❡❝t✐♦♥♥és ♣❛r ❆❈▼ s♣❛rs❡✳ ❙❡✉❧s ❧❡s

❣è♥❡s ♣rés❡♥t❛♥t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❝♦♥♥✉❡s ❛♣♣❛r❛✐ss❡♥t✳ ▲❡s ❛✉tr❡s s♦♥t ♠❛sq✉és ♣❛r s♦✉❝✐

❞❡ ❧✐s✐❜✐❧✐té✳ ▲❛ ✈✐s✉❛❧✐s❛t✐♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡st s✐♠♣❧✐✜é❡ ❡t ❧❡s ❣è♥❡s ❧❡s ♣❧✉s ❢réq✉❡♠♠❡♥t

✐♠♣❧✐q✉és ❞❛♥s ❧❡s ✐♥t❡r❛❝t✐♦♥s s♦♥t ♣❧✉s ❢❛❝✐❧❡♠❡♥t ❞ét❡❝tés✳ ◆♦✉s r❡♠❛rq✉♦♥s q✉❡ ❧❡ ♥♦②❛✉

❝❡♥tr❛❧ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡st ❝♦♥s❡r✈é ❝♦♠♠❡ s✐ ✉♥ ③♦♦♠ ❛✈❛✐t été ❡✛❡❝t✉é s✉r ❧❛ ♣❛rt✐❡

❝❡♥tr❛❧❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s✳ ❈❡❧❛ ♥♦✉s ❝♦♥❢♦rt❡ ✉♥❡ ♥♦✉✈❡❧❧❡ ❢♦✐s ❞❛♥s ❧✬✐❞é❡ q✉❡ ❧✬❆❈▼ s♣❛rs❡

ré❛❧✐s❡ ✉♥❡ sé❧❡❝t✐♦♥ ❞❡s ❙◆Ps t♦✉t ❡♥ ❝♦♥s❡r✈❛♥t ❧✬✐♥❢♦r♠❛t✐♦♥ ♣r✐♥❝✐♣❛❧❡ ❝♦♥t❡♥✉❡ ❞❛♥s

❜❛s❡ ❞❡ ❞é♣❛rt✳

▲❡ ♠ê♠❡ t②♣❡ ❞❡ r❡♣rés❡♥t❛t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s ♣❡✉t êtr❡ ré❛❧✐sé ♣♦✉r ❧❡s ♣❤é♥♦t②♣❡s

✧r❡❧â❝❤❡♠❡♥t✧✱ ✧❧❡♥t✐❣✐♥❡s✧ ❡t ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧✳ P♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧

❝❡rt❛✐♥s ❣è♥❡s ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❞✉ ❝♦❧❧❛❣è♥❡ ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ❝❡s rés❡❛✉① ❞✬✐♥t❡r❛❝t✐♦♥s✳ ❈❡❝✐
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❡st très ✐♥tér❡ss❛♥t ❝❛r ❧❡ ❝♦❧❧❛❣è♥❡ ❡st ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ♣r♦té✐♥❡s ❛②❛♥t ♣♦✉r ❢♦♥❝t✐♦♥ ❞❡

❝♦♥❢ér❡r ❛✉① t✐ss✉s ✉♥❡ rés✐st❛♥❝❡ ♠é❝❛♥✐q✉❡ à ❧✬ét✐r❡♠❡♥t✱ ❡t ❞♦♥❝ ❧✐é ❛✉ r❡❧â❝❤❡♠❡♥t ❞❡ ❧❛

♣❡❛✉✳ ■❧ s✬❛✈èr❡ q✉❡ ❧❛ ♣❧✉♣❛rt ❞❡s ❣è♥❡s sé❧❡❝t✐♦♥♥és ♣❛r ❆❈▼ s♣❛rs❡ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♣❤é✲

♥♦t②♣❡s s♦♥t ✐♠♣❧✐q✉és ❞❛♥s ❧❛ ♣❡❛✉ ❡t ♠❡tt❡♥t ❡♥ ❡①❡r❣✉❡ ❞❡s rés❡❛✉① ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡

❣è♥❡s très ✐♥tér❡ss❛♥ts q✉✐ ♦✉✈r❡♥t ❞❡ ♥♦✉✈❡❧❧❡s ♣✐st❡s ❞✬❡①♣❧♦r❛t✐♦♥ ♣♦✉r ❧❡s ❜✐♦❧♦❣✐st❡s✳

✹✳✹✳✸ ❙②♥t❤ès❡ ❞❡s rés✉❧t❛ts

▲❡s ❞❡✉① ❛♣♣r♦❝❤❡s ❞é❝r✐t❡s ♣ré❝é❞❡♠♠❡♥t ♥♦✉s ♦♥t ♣❡r♠✐s ❞✬✐❞❡♥t✐✜❡r ❞❡s ✐♥t❡r❛❝t✐♦♥s

♣♦t❡♥t✐❡❧❧❡♠❡♥t ✐♥tér❡ss❛♥t❡s✳ ❊❧❧❡s ✈♦♥t ♣❡r♠❡ttr❡ ❛✉① ❜✐♦❧♦❣✐st❡s ❞✬❡①♣❧♦r❡r ❞❡s ♣✐st❡s

♣♦✉✈❛♥t ♠❡♥❡r à ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ ♥♦✉✈❡❛✉① ❝♦♠♣❧❡①❡s ❜✐♦❧♦❣✐q✉❡s ♣♦✉✈❛♥t ❡①♣❧✐q✉❡r

❧✬❡①♣r❡ss✐♦♥ ❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é✳ P❛r♠✐ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❞ét❡❝té❡s st❛t✐st✐q✉❡♠❡♥t ❣râ❝❡

à ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✱ ✉♥❡ s❡✉❧❡ s✬❡st ❛✈éré❡ êtr❡ ❞é❥à ❝♦♥♥✉❡ ❜✐♦❧♦❣✐q✉❡♠❡♥t ✭♣♦✉r ❧❡

♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✮✳ ❖♥ ❛✉r❛✐t ♣✉ s✬❛tt❡♥❞r❡ à ❡♥ ❞é❝♦✉✈r✐r ♣❧✉s ❡♥ ❝♦♠♠✉♥ s❡✉❧❡♠❡♥t

❝❡❧❛ ♣❡✉t s✬❡①♣❧✐q✉❡r ♣❛r ❧❡ ❢❛✐t q✉❡ ❧✬✐♠♣❧✐❝❛t✐♦♥ ❞❡s ❣è♥❡s sé❧❡❝t✐♦♥♥és ♣❛r ❆❈▼ s♣❛rs❡

❞❛♥s ❧❛ ♣❡❛✉ ♥✬❛ ♣❛s ❡♥❝♦r❡ été ✐♥✈❡st✐❣✉é ❡t ❧❡s ✐♥t❡r❛❝t✐♦♥s ♥✬♦♥t ♣❛s ❡♥❝♦r❡ été ♠✐s❡s ❡♥

❡①❡r❣✉❡✳

✹✳✺ ■♥té❣r❛t✐♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞❛♥s ❧❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✲
❜❧♦❝s

❈❡tt❡ s❡❝t✐♦♥ ♣rés❡♥t❡ ❧❡s rés✉❧t❛ts ❞❡s ❛♥❛❧②s❡s ♥♦♥ s✉♣❡r✈✐sé❡s ❡t s✉♣❡r✈✐sé❡s ❡✛❡❝t✉é❡s

❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s s✐❣♥✐✜❝❛t✐✈❡s ♦❜t❡♥✉❡s ♣❛r ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✳ ❉❛♥s ✉♥

♣r❡♠✐❡r t❡♠♣s✱ ✉♥❡ ❛♥❛❧②s❡ ✧s♣❛rs❡✧ ♥♦♥ s✉♣❡r✈✐sé❡ ❛ été ❡✛❡❝t✉é❡ à ❧✬❛✐❞❡ ❞❡ ❧✬❆❈▼ s♣❛rs❡✳

✹✳✺✳✶ ❆♣♣r♦❝❤❡ ♠✉❧t✐❜❧♦❝s ♥♦♥ s✉♣❡r✈✐sé❡ ✿ ❆❈▼ ❙♣❛rs❡

▲✬ét✉❞❡ ❞❡ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❙◆Ps ✐♥tr❛✲

❣é♥✐q✉❡s ❛ ♣❡r♠✐s ❞❡ sé❧❡❝t✐♦♥♥❡r ❞❡s ✐♥t❡r❛❝t✐♦♥s s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧✐é❡s ❛✉① ♣❤é♥♦t②♣❡s

ét✉❞✐és✳ ❆✜♥ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❝❡s ✐♥t❡r❛❝t✐♦♥s ❞❛♥s ✉♥ ♠♦❞è❧❡ ❣é♥ér❛❧ ✉♥❡ ❆❈▼ s♣❛rs❡

✐♥tr♦❞✉✐s❛♥t ❧❡s ✐♥t❡r❛❝t✐♦♥s tr♦✉✈é❡s ♣♦✉r ❝❤❛❝✉♥ ❞❡s q✉❛tr❡ ♣❤é♥♦t②♣❡s ❛ été ré❛❧✐sé❡✳

▲❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞❛♥s ❧✬❆❈▼ s♣❛rs❡ ❛ été ❡♥✈✐s❛❣é❡ ❞❡ ❞❡✉① ♠❛♥✐èr❡s

✶✼✶
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❞✐✛ér❡♥t❡s✳ ▲❛ ♣r❡♠✐èr❡ ❝♦♥s✐st❡ à ❝♦♥s✐❞ér❡r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r

❡❧❛st✐❝ ♥❡t ❡t à r❛❥♦✉t❡r ❧❡s ❙◆Ps ❡♥ ✐♥t❡r❛❝t✐♦♥ ❞❛♥s ❞❡s ❣r♦✉♣❡s s✉♣♣❧é♠❡♥t❛✐r❡s✱ s❛❝❤❛♥t

q✉✬✉♥ ❣r♦✉♣❡ ❞❡ ✈❛r✐❛❜❧❡s ❙◆Ps ❝♦rr❡s♣♦♥❞ à ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❞♦♥♥é❡✳ P♦✉r ❧❡ ♣❤é♥♦t②♣❡

✧r✐❞❡s✧ ♣❛r ❡①❡♠♣❧❡✱ ❧❡ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❝♦♠♣r❡♥❞r❛✐t ✻✺✽ ❙◆Ps ✰ ✸✺ ❣r♦✉♣❡s ❞❡ ❙◆Ps

❝♦rr❡s♣♦♥❞❛♥t ❛✉① ✸✺ ✐♥t❡r❛❝t✐♦♥s s✐❣♥✐✜❝❛t✐✈❡s tr♦✉✈é❡s s❡❝t✐♦♥ ✹✳✹✳✶✳✷ ✭✈♦✐r ✜❣✉r❡ ✹✳✷✼

♣♦✉r ❧❛ ✈✐s✉❛❧✐s❛t✐♦♥ ❞✉ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s✮✳ ▲✬❆❈▼ s♣❛rs❡ ♣❡r♠❡ttr❛✐t ❧❛ sé❧❡❝t✐♦♥ ❞❡

❙◆Ps ❛✐♥s✐ q✉❡ ❞❡ ❣r♦✉♣❡s ❞❡ ❙◆Ps ❧♦rsq✉❡ ❝❡✉①✲❝✐ s♦♥t ❡♥ ✐♥t❡r❛❝t✐♦♥✳ ❈❡♣❡♥❞❛♥t ✉♥ ❙◆P

♣❡✉t êtr❡ ✐♠♣❧✐q✉é ❞❛♥s ♣❧✉s✐❡✉rs ✐♥t❡r❛❝t✐♦♥s ❡t ❞♦♥❝ ❛♣♣❛r❛✐tr❡ ❞❛♥s ♣❧✉s✐❡✉rs ❣r♦✉♣❡s

❝❡ q✉✐ ♣r♦✈♦q✉❡r❛✐t ✉♥❡ r❡❞♦♥❞❛♥❝❡ ❞❡ ♣❧✉s✐❡✉rs ❝♦❧♦♥♥❡s ❞❛♥s ❧❛ t❛❜❧❡✳

❋✐❣✉r❡ ✹✳✷✼ ✕ ❚❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❝♦♥s✐❞éré ❞❛♥s ❧✬❆❈▼ s♣❛rs❡ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥ ♣♦✉r ❧❡
♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳

▲❛ ❞❡✉①✐è♠❡ ♣♦ss✐❜✐❧✐té✱ ❝❡❧❧❡ ❝❤♦✐s✐❡ ♣♦✉r ❧❛ s✉✐t❡ ❞❡s ❛♥❛❧②s❡s✱ ❝♦♥s✐st❡ à tr❛✐t❡r ❝❤❛q✉❡

✐♥t❡r❛❝t✐♦♥ ❝♦♠♠❡ ✉♥❡ ✈❛r✐❛❜❧❡ ❜✐♥❛✐r❡✳ P♦✉r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❞♦♥♥é❡✱ ❧❛ ✈❛r✐❛❜❧❡ ❜✐♥❛✐r❡

❝♦rr❡s♣♦♥❞❛♥t❡ s❡r❛ ❝♦❞é❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

• ✶ s✐ ❧✬✐♥❞✐✈✐❞✉ ♣♦ssè❞❡ ❧❡s ❣é♥♦t②♣❡s ✐♠♣❧✐q✉és ❞❛♥s ❧✬✐♥t❡r❛❝t✐♦♥ ❝♦♥s✐❞éré❡

• ✵ s✐♥♦♥✳

P❤é♥♦t②♣❡ ✧r✐❞❡s✧

◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❞❡ ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ❞❡ ❞✐♠❡♥✲

s✐♦♥s 501 × 658 ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳ ▲❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❡t ✉♥ t❡st ❞✉ ❈❤✐✷ ♦♥t

♣❡r♠✐s ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ✸✺ ✐♥t❡r❛❝t✐♦♥s ❞♦✉❜❧❡s s✐❣♥✐✜❝❛t✐✈❡s r❡❝♦❞é❡s ❡♥ ✸✺ ✈❛r✐❛❜❧❡s
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❜✐♥❛✐r❡s✳ ▲❡ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ✜♥❛❧ ❝♦♥t✐❡♥t ❛❧♦rs ✺✵✶ ✐♥❞✐✈✐❞✉s ❡t 658+35 = 683 ✈❛r✐❛❜❧❡s

❝❛té❣♦r✐❡❧❧❡s✱ s♦✐t ✉♥ t♦t❛❧ ❞❡ ✶ ✽✷✹ ♠♦❞❛❧✐tés✳

❋✐❣✉r❡ ✹✳✷✽ ✕ ➱✈♦❧✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡
✈❛r✐❛❜❧❡s sé❧❡❝t✐♦♥♥é❡s ♣❛r ❆❈▼ s♣❛rs❡
✭❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ λ ♣♦✉r
❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳

❋✐❣✉r❡ ✹✳✷✾ ✕ ➱✈♦❧✉t✐♦♥ ❞✉ ✪ ❞✬✐♥❡rt✐❡
♦❜t❡♥✉ ❛✈❡❝ ❆❈▼ s♣❛rs❡ ✭❛✈❡❝ ✐♥t❡r❛❝✲
t✐♦♥s✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ λ ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡
✧r✐❞❡s✧✳

❙✐ ❧✬♦♥ s❡ ❝♦♥❝❡♥tr❡ s✉r ❧❡ ♣r❡♠✐❡r ❛①❡ ❞❡ ❧✬❆❈▼ s♣❛rs❡ ♦♥ r❡♠❛rq✉❡ q✉❡✱ ♣♦✉r ✉♥

λ = 0, 004✱ ✹✸✼ ✈❛r✐❛❜❧❡s ✭s♦✐t ✶✹✺ ❙◆Ps✮ s♦♥t sé❧❡❝t✐♦♥♥é❡s ✭✜❣✉r❡ ✹✳✷✽✮ ❡t ❧❡ ✪ ❞✬✐♥❡rt✐❡

✈❛✉t ✵✱✹✼✪ ✭✜❣✉r❡ ✹✳✷✾✮✳ P♦✉r λ = 0, 005✱ ✶✺✻ ✈❛r✐❛❜❧❡s ✭s♦✐t ✺✷ ❙◆Ps✮ s♦♥t sé❧❡❝t✐♦♥♥é❡s

❡t ❧❡ ✪ ❞✬✐♥❡rt✐❡ ❡st é❣❛❧ à ✵✱✹✵✪✳ ❊t❛♥t ❞♦♥♥é ❧❛ ❢❛✐❜❧❡ ❞✐✛ér❡♥❝❡ ❞❡ ♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❡rt✐❡

❡♥tr❡ ❧❡s ❞❡✉① ✈❛❧❡✉rs ❞❡ λ✱ ♥♦✉s ❝❤♦✐s✐ss♦♥s ❧❛ ✈❛❧❡✉r ❞❡ λ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❛ sé❧❡❝t✐♦♥ ❡st ❧❛

♣❧✉s ✜♥❡ ✭❝✬❡st✲à✲❞✐r❡ ❧❡ λ ♣♦✉r ❧❡q✉❡❧ ✐❧ ② ❛ ❧❡ ♣❧✉s ❞❡ ✈❛r✐❛❜❧❡s é❝❛rté❡s✮✱ s♦✐t λ = 0, 005✳

▲❛ st❛❜✐❧✐té ❞❡ ❧❛ sé❧❡❝t✐♦♥ ❛ été t❡sté❡ ♣❛r ✉♥ ❜♦♦tstr❛♣ à ✶✵✵ ✐tér❛t✐♦♥s✳ ❚♦✉t ❝♦♠♠❡ ❡♥

s❡❝t✐♦♥ ✹✳✷✳✷✱ ❧❡s ✈❛r✐❛❜❧❡s ❡t ❧❡s ✐♥t❡r❛❝t✐♦♥s ❞♦♥t ❧❛ ❢réq✉❡♥❝❡ ❞❡ sé❧❡❝t✐♦♥ ❡st s✉♣ér✐❡✉r❡ ❛✉

✸è♠❡ q✉❛rt✐❧❡ s♦♥t ❝♦♥s❡r✈é❡s✳ ❆✉ ✜♥❛❧ ✷✼ ❙◆Ps ❝♦♥t❡♥✉s ❞❛♥s ✷✷ ❣è♥❡s ❡t ✷✶ ✐♥t❡r❛❝t✐♦♥s

♦♥t été sé❧❡❝t✐♦♥♥és✳ ▲❡s ✜❣✉r❡s ♣rés❡♥t❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❝♦♥s❡r✈é❡s ❡t ❧❡ ♣♦✉r✲

❝❡♥t❛❣❡ ❝✉♠✉❧é ❞❡ ✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡ ♥❡ s❡r♦♥t ♣❛s ♠♦♥tré❡s ♣♦✉r ❧❡s ❛✉tr❡s ♣❤é♥♦t②♣❡s

❝❛r ❧❡s ❝♦✉r❜❡s ♦❜t❡♥✉❡s ♦♥t ❧❛ ♠ê♠❡ ❛❧❧✉r❡✳
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P❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧

❖♥ ❝♦♥s✐❞èr❡ ❧❡ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❞❡ ❞✐♠❡♥s✐♦♥s 501× 700 ❞❡s ❙◆Ps ♣ré✲sé❧❡❝t✐♦♥♥és ♣❛r

❡❧❛st✐❝ ♥❡t ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧ ❛✉q✉❡❧ ♦♥ ❛❥♦✉t❡ ❧❡s ✷✸ ✐♥t❡r❛❝t✐♦♥s s✐❣♥✐✜❝❛✲

t✐✈❡s ♠✐s❡♥t ❡♥ é✈✐❞❡♥❝❡ ❡t r❡❝♦❞é❡s ❡♥ ✷✸ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s✳ ▲❡ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ✜♥❛❧

❝♦♥t✐❡♥t ✺✵✶ ✐♥❞✐✈✐❞✉s ❡t 700 + 23 = 723 ✈❛r✐❛❜❧❡s ❝❛té❣♦r✐❡❧❧❡s✱ s♦✐t ✉♥ t♦t❛❧ ❞❡ ✷ ✶✷✵ ♠♦✲

❞❛❧✐tés✳ P♦✉r ❧❡s ♠ê♠❡ r❛✐s♦♥s q✉❡ ❝❡❧❧❡s ❝✐té❡s ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ♣ré❝é❞❡♥t✱ ❧❡ ♣❛r❛♠ètr❡

❞❡ ♣é♥❛❧✐s❛t✐♦♥ λ ❡st ✜①é à ✵✱✵✵✺✳ ▲❡ ❜♦♦tstr❛♣ ❛ ♣❡r♠✐s ❞❡ ❝♦♥s❡r✈❡r ✶✸ ❙◆Ps ❝♦♥t❡♥✉s

❞❛♥s ✾ ❣è♥❡s ❡t ✶✵ ✐♥t❡r❛❝t✐♦♥s✳

P❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧

P♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧ ❧❡s ✷✼ ✐♥t❡r❛❝t✐♦♥s s✐❣♥✐✜❝❛t✐✈❡s ❡t r❡❝♦❞é❡s ❡♥ ✈❛r✐❛❜❧❡s

❜✐♥❛✐r❡s ♦♥t été ❛❥♦✉té❡s ❛✉ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❞❡ ❙◆Ps ❞❡ ❞✐♠❡♥s✐♦♥s 501× 670✳ ✻✽✼ ✈❛✲

r✐❛❜❧❡s ❝❛té❣♦r✐❡❧❧❡s s♦♥t ❝♦♥s✐❞éré❡s✱ s♦✐t ✉♥ t♦t❛❧ ❞❡ ✶ ✽✾✵ ♠♦❞❛❧✐tés✳ ▲❡ ❜♦♦tstr❛♣ ❛ été

ré❛❧✐sé ♣♦✉r λ = 0, 005 ✿ ✷✹ ❙◆Ps ❝♦♥t❡♥✉s ❞❛♥s ✷✵ ❣è♥❡s ❡t ✷✹ ✐♥t❡r❛❝t✐♦♥s ♦♥t été sé❧❡❝✲

t✐♦♥♥és✳

P❤é♥♦t②♣❡ ✧♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✧

◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ t❛❜❧❡❛✉ ❞❡ ❞♦♥♥é❡s ❞❡ ❙◆Ps ❞❡ ❞✐♠❡♥s✐♦♥s 501×640 ❛✉q✉❡❧ ❧❡s ✶✶✶ ✐♥✲

t❡r❛❝t✐♦♥s ❞♦✉❜❧❡s s✐❣♥✐✜❝❛t✐✈❡s✱ r❡❝♦❞é❡s ❡♥ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s✱ ♦♥t été ❛❥♦✉té❡s✳ ▲❡ t❛❜❧❡❛✉

❞❡ ❞♦♥♥é❡s ✜♥❛❧ ❝♦♥t✐❡♥t ✺✵✶ ✐♥❞✐✈✐❞✉s ❡t 640 + 111 = 751 ✈❛r✐❛❜❧❡s ❝❛té❣♦r✐❡❧❧❡s✱ s♦✐t ✉♥

t♦t❛❧ ❞❡ ✷ ✷✸✵ ♠♦❞❛❧✐tés✳ ▲❡ ❜♦♦tstr❛♣ ré❛❧✐sé ❛✈❡❝ λ = 0, 005 ❛ r❡t❡♥✉ ✷✼ ❙◆Ps ❝♦♥t❡♥✉s

❞❛♥s ✷✺ ❣è♥❡s ❡t ✸✼ ✐♥t❡r❛❝t✐♦♥s✳

▲♦rsq✉❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s s♦♥t ♣r✐s❡s ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧✬❆❈▼ s♣❛rs❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s

sé❧❡❝t✐♦♥♥é❡s ❡st ❡♥ ♠♦②❡♥♥❡ ✻ ❢♦✐s ✐♥❢ér✐❡✉r à ❝❡❧✉✐ ♦❜t❡♥✉ ❧♦rsq✉❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ♥❡

s♦♥t ♣❛s ✐♥té❣ré❡s ❛✉ ♠♦❞è❧❡✳ ▲❡s rés✉❧t❛ts ♥❡ ♥♦✉s ♣❡r♠❡tt❡♥t ♣❧✉s ❞❡ ❞✐s❝r✐♠✐♥❡r ❧❡s

✐♥❞✐✈✐❞✉s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ sé✈ér✐té ❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ♠❛✐s ♠♦♥tr❡♥t q✉❡ ❧❡s ✈❛r✐❛❜❧❡s

sé❧❡❝t✐♦♥♥é❡s ❡①♣❧✐q✉❡♥t ❧❛ ✈❛r✐❛❜✐❧✐té ❞❡s ✐♥❞✐✈✐❞✉s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❙◆Ps

q✉✬✐❧s ♣rés❡♥t❡♥t ✭✜❣✉r❡s ♥♦♥ ♠♦♥tré❡s✮✳ ❈❡❝✐ ♣♦✉rr❛✐t s✬❡①♣❧✐q✉❡r ♣❛r ❧❡ ❢❛✐t q✉✬✐❧ ♣✉✐ss❡ ②

❛✈♦✐r ✉♥❡ ❝♦rré❧❛t✐♦♥ ❢♦rt❡ ❡♥tr❡ ❧❡s ❙◆Ps ❡t ❧❡s ✈❛r✐❛❜❧❡s ✧✐♥t❡r❛❝t✐♦♥✧✳ P♦✉r ② r❡♠é❞✐❡r
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♥♦✉s ❛✈♦♥s ❡♥✈✐s❛❣é ♣♦✉r ❞❡ ❢✉t✉rs tr❛✈❛✉① ❞❡ ré❛❧✐s❡r ❧✬❆❈▼ s♣❛rs❡ s✉r ❧❡s ❜❧♦❝s ❞❡ ❙◆Ps

❡♥ ✐♥t❡r❛❝t✐♦♥ s❛♥s ❝♦♥s✐❞ér❡r ❧❡s ❙◆Ps ❞❡ ♠❛♥✐èr❡ ✐♥❞✐✈✐❞✉❡❧❧❡✳

✹✳✺✳✷ ❆♣♣r♦❝❤❡ ♠✉❧t✐❜❧♦❝s s✉♣❡r✈✐sé❡ ✿ ❘●❈❈❆

❈❡tt❡ s❡❝t✐♦♥ ❡st ❝♦♥s❛❝ré❡ à ✉♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ ❞❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ✿

❧✬❛♣♣r♦❝❤❡ s✉♣❡r✈✐sé❡✳ ▲❡s rés✉❧t❛ts ❞❡ ❧✬❛♥❛❧②s❡ s✉♣❡r✈✐sé❡ ♠✉❧t✐❜❧♦❝s ❘●❈❈❆ ❡✛❡❝t✉é❡ ❡♥

t❡♥❛♥t ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s s✐❣♥✐✜❝❛t✐✈❡s ♦❜t❡♥✉❡s ♣❛r ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ s♦♥t ♣rés❡♥tés✳

❉❛♥s ❝❡ ❝♦♥t❡①t❡ ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s ❝♦♥s✐❞érés ❝♦rr❡s♣♦♥❞ à ✉♥ ❣è♥❡ ❝♦♥t❡♥❛♥t ❞❡s ❙◆Ps ❡t

❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❡st ❝♦♥t❡♥✉❡ ❞❛♥s ✉♥ ❛✉tr❡ ❜❧♦❝✳

▲❛ ❘●❈❈❆ ♣❡r♠❡t ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡s ❧✐❡♥s ♣♦ss✐❜❧❡s ❡♥tr❡ ❧❡s ❞✐✛ér❡♥ts ❜❧♦❝s✳ ❈♦♠♠❡

❞❛♥s ❧❛ s❡❝t✐♦♥ ✹✳✸✱ ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s ❞❡ ❙◆Ps s♦♥t ❧✐és à ❧❛ ✈❛r✐❛❜❧❡ ♣❤é♥♦t②♣❡✳ ❙✐ K ❡st

❧❡ ♥♦♠❜r❡ ❞❡ ❜❧♦❝s ❞❡ ❙◆Ps✱ ❧❛ ♠❛tr✐❝❡ ❞❡ ❞❡s✐❣♥ ✈❛✉t ci,♣❤❡♥♦ = 1 ♣♦✉r i = 1, . . . ,K

❡t ✵ s✐♥♦♥✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡s ✐♥t❡r❛❝t✐♦♥s s✐❣♥✐✜❝❛t✐✈❡s ❡♥tr❡ ❙◆Ps ✭❡t ❞♦♥❝ ❡♥tr❡ ❣è♥❡s ❡♥

❢♦♥❝t✐♦♥ ❞❡s ❙◆Ps q✉✬✐❧s ❝♦♥t✐❡♥♥❡♥t✮ ♠✐s❡s ❡♥ ❡①❡r❣✉❡ ♣❛r ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❡t ❧❡s t❡sts

❞✉ ❈❤✐✷ s❡❝t✐♦♥ ✹✳✹✳✶✳✷ s♦♥t ✐♥té❣ré❡s ❛✉ ♠♦❞è❧❡✳ ▲❡s ❣è♥❡s ❡♥ ✐♥t❡r❛❝t✐♦♥ s♦♥t r❡❧✐és ♣❛r ✉♥

tr❛✐t ❡t ❝♦♥s✐❞érés ❞❛♥s ❧❛ ♠❛tr✐❝❡ ❞❡ ❞❡s✐❣♥✳ ❙✐ ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❡st ❞ét❡❝té❡ ❡♥tr❡ ❧❡ ❙◆P ✶

❝♦♥t❡♥✉ ❞❛♥s ❧❡ ❣è♥❡ ✶ ❡t ❧❡ ❙◆P ✶✷ ❞❛♥s ❧❡ ❣è♥❡ ✹✱ ❛❧♦rs ✉♥ ❧✐❡♥ ❡st ét❛❜❧✐ ❡♥tr❡ ❧❡ ❣è♥❡ ✶

❡t ❧❡ ❣è♥❡ ✹ ❡t ❡st ♠♦❞é❧✐sé ❞❛♥s ❧❛ ♠❛tr✐❝❡ ❞❡ ❞❡s✐❣♥ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿ c1,4 = c4,1 = 1✳

P❤é♥♦t②♣❡ ✧r✐❞❡s✧

❙✉r ✺✵✾ ❣è♥❡s sé❧❡❝t✐♦♥♥és ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ ✭✈♦✐r s❡❝t✐♦♥ ✹✳✸✮✱ ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡

❡t ❞❡s t❡sts ❞✉ ❈❤✐✷ ♦♥t ♣❡r♠✐s ❞❡ ❞ét❡❝t❡r ✸✺ ✐♥t❡r❛❝t✐♦♥s s✐❣♥✐✜❝❛t✐✈❡s q✉✐ ♦♥t été ♣r✐s❡s

❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❘●❈❈❆✳ ▲❛ ♠❛tr✐❝❡ ❞❡ ❞❡s✐❣♥ ❡st ♠♦❞✐✜é❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s

✐♥t❡r❛❝t✐♦♥s ❝♦♥s✐❞éré❡s✳ P♦✉r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❧❡ ❣è♥❡ ✹ ❡t ❧❡ ❣è♥❡ ✺✵✾ ✿ c4,509 = 1 ❡t

c509,4 = 1✳ ❆ ❧✬❛✐❞❡ ❞✬✉♥ ❜♦♦tstr❛♣ à ✶✵✵ ✐tér❛t✐♦♥s✱ ✹✾✻ ❧✐❡♥s ❡♥tr❡ ❧❡s ❣è♥❡s ❡t ❧❡ ♣❤é♥♦t②♣❡

s❡ s♦♥t ❛✈érés s✐❣♥✐✜❝❛t✐❢s ❛✐♥s✐ q✉❡ ✷ ✐♥t❡r❛❝t✐♦♥s✳ ▲❡s ✐♥❞✐❝❡s ❞❡ q✉❛❧✐té ❞✉ ♠♦❞è❧❡ ♦❜t❡♥✉

♥♦✉s ✐♥❞✐q✉❡♥t q✉❡ ❧❡s ❝♦♠♣♦s❛♥t❡s ❞❡ ❝❤❛q✉❡ ❜❧♦❝ ❡①♣❧✐q✉❡♥t ❝♦rr❡❝t❡♠❡♥t ❧❡✉r ♣r♦♣r❡

❜❧♦❝ ❡t q✉❡ ❧❛ q✉❛❧✐té ❞✉ ♠♦❞è❧❡ ✐♥t❡r♥❡ ❡st s✉♣ér✐❡✉r❡ à ❝❡❧❧❡ ♦❜t❡♥✉❡ s❛♥s ✐♥t❡r❛❝t✐♦♥s✱ ❝❡

q✉✐ ét❛✐t ♣ré✈✐s✐❜❧❡ ❝♦♠♣t❡ t❡♥✉ ❞❡s ✐♥t❡r❛❝t✐♦♥s✳

✶✼✺
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▲❡s ♠ê♠❡s rés✉❧t❛ts s♦♥t ♦❜t❡♥✉s ♣♦✉r ❧❡s ❛✉tr❡s ♣❤é♥♦t②♣❡s ❛♥❛❧②sés✳ ❯♥❡ ❘●❈❈❆ ❛

été ré❛❧✐sé❡ s✉r ❧❡s ✺✹✷ ❣è♥❡s sé❧❡❝t✐♦♥♥és ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r❡❧â❝❤❡♠❡♥t✧ ✭✈♦✐r s❡❝t✐♦♥ ✹✳✸✮

❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡s ✷✸ ✐♥t❡r❛❝t✐♦♥s s✐❣♥✐✜❝❛t✐✈❡s ❞ét❡❝té❡s ♣❛r ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❡t

✉♥ t❡st ❞✉ ❈❤✐✷✳ ❆✉ ✜♥❛❧ ✺✶✺ ❧✐❡♥s s✉r ❧❡s ✺✹✷ ❡♥tr❡ ❧❡s ❣è♥❡s ❡t ❧❡ ♣❤é♥♦t②♣❡ ❛✐♥s✐ q✉❡

✹ ✐♥t❡r❛❝t✐♦♥s s✉r ❧❡s ✷✸ ét❛✐❡♥t s✐❣♥✐✜❝❛t✐❢s✳ P♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧✱ ❧❡s ✺✷✹ ❣è♥❡s

sé❧❡❝t✐♦♥♥és ♣❛r ❡❧❛st✐❝ ♥❡t ♦♥t été ❝♦♥s✐❞érés ✭✈♦✐r s❡❝t✐♦♥ ✹✳✸✮ ❡t ❧❡s ✷✼ ✐♥t❡r❛❝t✐♦♥s s✐✲

❣♥✐✜❝❛t✐✈❡s ♦♥t été ♣r✐s❡s ❡♥ ❝♦♠♣t❡✳ ❋✐♥❛❧❡♠❡♥t✱ ✺✵✹ ❧✐❡♥s s✉r ❧❡s ✺✷✹ ❡♥tr❡ ❧❡s ❣è♥❡s ❡t

❧❡ ♣❤é♥♦t②♣❡ ❡t ✻ ✐♥t❡r❛❝t✐♦♥s s✉r ❧❡s ✷✼ s❡ s♦♥t ❛✈érés s✐❣♥✐✜❝❛t✐❢s✳ ❊♥✜♥✱ ✉♥❡ ❘●❈❈❆

s✉r ✺✵✹ ❣è♥❡s sé❧❡❝t✐♦♥♥és ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧❧❡♥t✐❣✐♥❡s✧ ✭✈♦✐r s❡❝t✐♦♥ ✹✳✸✮ t❡♥❛♥t ❝♦♠♣t❡

❞❡s ✶✶✶ ✐♥t❡r❛❝t✐♦♥s s✐❣♥✐✜❝❛t✐✈❡s ❛ été ré❛❧✐sé❡ ❡t ✹✽✻ ❧✐❡♥s s✉r ❧❡s ✺✵✹ ❡♥tr❡ ❧❡s ❣è♥❡s ❡t ❧❡

♣❤é♥♦t②♣❡ ❛✐♥s✐ q✉❡ ✻ ✐♥t❡r❛❝t✐♦♥s s✉r ❧❡s ✶✶✶ s❡✉❧❡♠❡♥t ét❛✐❡♥t s✐❣♥✐✜❝❛t✐❢s✳

❋✐❣✉r❡ ✹✳✸✵ ✕ ❘●❈❈❆ s✉r ❙◆Ps ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ ✿ s❝❤é♠❛
❢❛❝t♦r✐❡❧ ✰ ♠♦❞❡ ❘✐❞❣❡✳

▲❡s rés✉❧t❛ts ♦❜t❡♥✉s s♦♥t s✉r♣r❡♥❛♥ts ❝❛r ♥♦✉s ♥♦✉s ❛tt❡♥❞✐♦♥s à ♦❜t❡♥✐r ♣❧✉s ❞❡ ❧✐❡♥s

✭✐♥t❡r❛❝t✐♦♥s✮ s✐❣♥✐✜❝❛t✐❢s ❡♥tr❡ ❧❡s ❣è♥❡s ❝♦♥s✐❞érés ❝♦♠♠❡ ét❛♥t ❡♥ ✐♥t❡r❛❝t✐♦♥ ét❛♥t ❞♦♥♥é

q✉❡ ❧❛ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s s✬❡st ❢❛✐t❡ ❞❡ ♠❛♥✐èr❡ s✉♣❡r✈✐sé❡ à ❧✬❛✐❞❡ ❞✬✉♥❡ ré❣r❡ss✐♦♥

❧♦❣✐q✉❡✳ ❉❡s ♠♦❞✐✜❝❛t✐♦♥s ❞❛♥s ❧✬♦r❞r❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❧❡s ❣è♥❡s ❡t ❧❡ ♣❤é♥♦t②♣❡ ❛✉✲

✶✼✻
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r❛✐❡♥t ♣✉ êtr❡ ♦❜s❡r✈é❡s✱ ❝❡ q✉✐ ♥✬❡st ♣❛s ❧❡ ❝❛s ✐❝✐✳ ▲❛ ✜❣✉r❡ ✹✳✸✶ r❡♣rés❡♥t❡ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡

❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s ❞❡ ❙◆Ps ❡t ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧ ❞❛♥s ❧❛ ❘●❈❈❆

s❛♥s ✭✜❣✉r❡ ❞❡ ❣❛✉❝❤❡✮ ❡t ❛✈❡❝ ✭✜❣✉r❡ ❞❡ ❞r♦✐t❡✮ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s✳ ➱t❛♥t

❞♦♥♥é ❧❡ ❢❛✐❜❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡r❛❝t✐♦♥s s✐❣♥✐✜❝❛t✐✈❡s ❞❛♥s ❧❡ ♠♦❞è❧❡✱ ❛✉❝✉♥❡ é✈♦❧✉t✐♦♥ ❞❛♥s

❧✬♦r❞r❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❣è♥❡s ❡t ♣❤é♥♦t②♣❡ ♥✬❡st ♦❜s❡r✈é❡✳ ■❧ ♣♦✉rr❛✐t êtr❡ ✐♥tér❡ss❛♥t

❞❡ ♠♦❞✐✜❡r ❧❛ str✉❝t✉r❡ ❞❡s ❜❧♦❝s ❡♥ ❝♦♥s✐❞ér❛♥t ✶ ❜❧♦❝ ❝♦♠♠❡ ✶ ❝❤r♦♠♦s♦♠❡✳ ▲❡ ❜❧♦❝

r❛ss❡♠❜❧❡r❛✐t ❞♦♥❝ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❙◆Ps ❛♣♣❛rt❡♥❛♥t à ❝❡ ❝❤r♦♠♦s♦♠❡✳ ❈❡❧❛ ❧✐♠✐t❡r❛✐t ❧❡

♥♦♠❜r❡ ❞❡ ❜❧♦❝s à ✷✸ ✭♦✉ ✷✹ ❡♥ ♣rés❡♥❝❡ ❞✬❆❉◆ ♠✐t♦❝❤♦♥❞r✐❛❧✮ ❡t ♣❡r♠❡ttr❛✐t ❞✬❛✈♦✐r ✉♥❡

❞✬✐❞é❡ ♣❧✉s ❣é♥ér❛❧❡ ❞❡s ❝❤r♦♠♦s♦♠❡s ❝♦♥t❡♥❛♥t ❞❡s ❣è♥❡s ❛②❛♥t ✉♥ ❧✐❡♥ ♣♦ss✐❜❧❡ ❛✈❡❝ ❧❡

♣❤é♥♦t②♣❡ ❝♦♥s✐❞éré✳

❋✐❣✉r❡ ✹✳✸✶ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❝❤❛❝✉♥ ❞❡s ❜❧♦❝s
❞❡ ❙◆Ps ❡t ❧❛ ✈❛r✐❛❜❧❡ ré♣♦♥s❡ ❞❛♥s ❧❛ ❘●❈❈❆ s❛♥s ✭✜❣✉r❡ ❞❡ ❣❛✉❝❤❡✮ ❡t ❛✈❡❝ ✭✜❣✉r❡ ❞❡
❞r♦✐t❡✮ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ♣♦✉r ❧❡ ♣❤é♥♦t②♣❡ ✧r✐❞❡s✧✳

❉❡s r❡❝❤❡r❝❤❡s ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡s ❜✐♦❧♦❣✐st❡s s♦♥t ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❝♦✉rs ♣♦✉r

t❡♥t❡r ❞✬❛♣♣♦rt❡r ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ❜✐♦❧♦❣✐q✉❡ ❛✉① rés✉❧t❛ts ♦❜t❡♥✉s ❛✈❡❝ ❧❛ ❘●❈❈❆✳ ▲❛

✈❡rs✐♦♥ ✧s♣❛rs❡✧ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ✭❧❛ ❙●❈❈❆✮ s❡r❛ ✉t✐❧✐sé❡ ❞❛♥s ❞❡s ❛♥❛❧②s❡s ❢✉t✉r❡s

❞❛♥s ❧❡ ❜✉t ❞❡ sé❧❡❝t✐♦♥♥❡r ❞❡s ✈❛r✐❛❜❧❡s ❛✉ s❡✐♥ ❞❡s ❜❧♦❝s ❡t ❞❡✱ ♣❡✉t✲êtr❡✱ ❢❛❝✐❧✐t❡r ❧❛

❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ♠♦❞è❧❡s ♦❜t❡♥✉s✳
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❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s

❉❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❞♦♥♥é❡s ❞❡ ❣r❛♥❞❡s ❞✐♠❡♥s✐♦♥s r❡♥❝♦♥tré❡s ❧♦rs ❞✉ tr❛✐t❡♠❡♥t ❞❡

❞♦♥♥é❡s ❣é♥ét✐q✉❡s✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧✬✐♥t❡r♣rét❛❜✐❧✐té ❞❡s rés✉❧t❛ts s❡ ♣♦s❡ ♣♦✉r ❧❡s ❜✐♦❧♦✲

❣✐st❡s✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ♠ét❤♦❞❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡s rés✉❧t❛ts

♣❛r❝✐♠♦♥✐❡✉① t♦✉t ❡♥ ❝♦♥s❡r✈❛♥t ❧✬✐♥❢♦r♠❛t✐♦♥ ♣r✐♥❝✐♣❛❧❡ ❝♦♥t❡♥✉❡ ❛✉ ❞é♣❛rt✳ ❯♥❡ ♣r❡✲

♠✐èr❡ ét❛♣❡ ❝♦♥s✐st❛✐t à ❡①♣❧♦r❡r ❧❡s ❞♦♥♥é❡s ❣râ❝❡ à ❞❡s ❛♥❛❧②s❡s ♥♦♥ s✉♣❡r✈✐sé❡s ❛✜♥ ❞❡

❝♦♠♣r❡♥❞r❡ ❡t ❞❡ ✈✐s✉❛❧✐s❡r ❧❡s ❧✐❡♥s ❡♥tr❡ ❧❡s ✈❛r✐❛❜❧❡s ❡t ❡♥tr❡ ❧❡s ✐♥❞✐✈✐❞✉s✳ ▲♦rs ❞❡ ❝❡tt❡

❛♣♣r♦❝❤❡✱ ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❛ été ✐♠♣♦rt❛♥t❡ ♣♦✉r ❧✬❡①♣❧♦✐t❛t✐♦♥ ❞❡s rés✉❧t❛ts ♣❛r

❧❡s ❡①♣❡rts ❞✉ ❞♦♠❛✐♥❡✳ ❉❡s ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞✐t❡s ✧s♣❛rs❡✧ ❡①✐st❛✐❡♥t ❞é❥à

♣♦✉r sé❧❡❝t✐♦♥♥❡r ❞❡s ✈❛r✐❛❜❧❡s q✉❛♥t✐t❛t✐✈❡s ❞❛♥s ❝❡ ❝♦♥t❡①t❡ ♠❛✐s ❛✉❝✉♥❡ ♥❡ ♣❡r♠❡tt❛✐t

❧❛ sé❧❡❝t✐♦♥ ❞❡ ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ❧♦rsq✉❡ ❧❡s ❞♦♥♥é❡s s♦♥t str✉❝t✉ré❡s ♣❛r ❜❧♦❝s ❛ ♣r✐♦r✐✳ P❛r

❛✐❧❧❡✉rs✱ ❞❛♥s ❧❡ ❝❛s s♣é❝✐✜q✉❡ ❞❡ ❧✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❝❛té❣♦r✐❡❧❧❡s ❞❡ ❙◆Ps✱ ❝❡s ♠ét❤♦❞❡s

♥❡ ♣♦✉✈❛✐❡♥t ♣❛s êtr❡ ✉t✐❧✐sé❡s ❡t ❛✉❝✉♥❡ ✈❡rs✐♦♥ ♣❛r❝✐♠♦♥✐❡✉s❡ ❞✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❝❛té✲

❣♦r✐❡❧❧❡s ♥✬❛✈❛✐t ❡♥❝♦r❡ été ♣r♦♣♦sé❡ à ❝❡ ❥♦✉r✳ ❈❡❝✐ ❛ ❞♦♥❝ ❢❛✐t ❧✬♦❜❥❡t ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t

❞❡ ❞❡✉① ♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❞❛♥s ❧❡ ❝❛s ♥♦♥ s✉♣❡r✈✐sé✳

✶✳ ❆♣♣♦rts ❞❡ ❧❛ t❤ès❡

▲❡s ❞❡✉① ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s ♣❡r♠❡tt❡♥t ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡s ❞♦♥♥é❡s ❞❡ ♠❛♥✐èr❡ sé✲

❧❡❝t✐✈❡✳ ▲❛ ♣r❡♠✐èr❡✱ ♥♦♠♠é❡ ●❙P❈❆✱ ❡st ✉♥❡ ❛❞❛♣t❛t✐♦♥ ❞❡ ❧✬❆❈P s♣❛rs❡ ♣❡r♠❡tt❛♥t ❧❛

sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s q✉❛♥t✐t❛t✐✈❡s ❛①❡ ♣❛r ❛①❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❞❡s ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s s♦♥t

❞é✜♥✐s à ♣r✐♦r✐✳ ▲❛ ❞❡✉①✐è♠❡✱ ❧✬❆❈▼ s♣❛rs❡✱ ❡st ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❧❛ ♣ré❝é❞❡♥t❡ ❞❛♥s ❧❡ ❝❛s

❞❡ ❞♦♥♥é❡s q✉❛❧✐t❛t✐✈❡s✳ ▲♦rsq✉❡ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ré❣✉❧❛r✐s❛t✐♦♥ ❡st ✜①é à ✵✱ ❧❛ ●❙P❈❆ ❡t

❧✬❆❈▼ s♣❛rs❡ r❡✈✐❡♥♥❡♥t à ré❛❧✐s❡r ✉♥❡ ❆❈P ❡t ✉♥❡ ❆❈▼✱ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❝❡ q✉✐ ❞✬❛♣rès
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❩♦✉ ❡t ❛❧✳ ❬✷✵✵✻❪ ❡st ✉♥❡ ♣r♦♣r✐été ❡ss❡♥t✐❡❧❧❡ ❞✬✉♥❡ ✧❜♦♥♥❡✧ ♠ét❤♦❞❡ ✧s♣❛rs❡✧✳ ▲❛ sé❧❡❝t✐♦♥

♥✬❡st ♣❛s ❣❧♦❜❛❧❡ ♠❛✐s ré❛❧✐sé❡ ❛①❡ ♣❛r ❛①❡✳ ❉❡s ✈❛r✐❛❜❧❡s ❝♦♥s❡r✈é❡s s✉r ✉♥ ❛①❡ ♣❡✉✈❡♥t êtr❡

é❧✐♠✐♥é❡s s✉r ✉♥ ❛✉tr❡ ❡t ✈✐❝❡ ✈❡rs❛✳ ❈❡s ♠ét❤♦❞❡s ❝ré❡♥t ❞❡ ❧❛ ♣❛r❝✐♠♦♥✐❡ ❛✉ ♥✐✈❡❛✉ ❞❡s

✧❧♦❛❞✐♥❣s✧ t♦✉t ❡♥ ❧✐♠✐t❛♥t ❧❛ ♣❡rt❡ ❞✉ ♣♦✉r❝❡♥t❛❣❡ ❞❡ ✈❛r✐❛♥❝❡ ❡①♣❧✐q✉é❡ ❝❡ q✉✐ ❢❛❝✐❧✐t❡

❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s ❛①❡s ♦❜t❡♥✉s ❡t ❧❛ ✈✐s✉❛❧✐s❛t✐♦♥ ❞❡s ❞♦♥♥é❡s✳ ➱t❛♥t ❞♦♥♥é ❧❛ ♥❛t✉r❡

❝❛té❣♦r✐❡❧❧❡ ❞❡ ♥♦s ❞♦♥♥é❡s ✭❙◆Ps✮ s❡✉❧❡ ❧✬❆❈▼ s♣❛rs❡ ❛ ♣✉ êtr❡ ❛♣♣❧✐q✉é❡ ❡t t❡sté❡✳ ❯♥❡

❆❈▼ ❛ été ré❛❧✐sé❡ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s s✉r ♥♦tr❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❞❡ ❙◆Ps ❡t ❛ ♣❡r♠✐s ❞❡

❞✐ss♦❝✐❡r ✷ ❣r♦✉♣❡s ❞✬✐♥❞✐✈✐❞✉s s✉r ❧❡ ♣r❡♠✐❡r ❛①❡ ♣rés❡♥t❛♥t ❞♦♥❝ ✉♥ ♣❛tr✐♠♦✐♥❡ ❣é♥ét✐q✉❡

♣r♦❝❤❡✳ ❯♥❡ ét✉❞❡ s✉r ❝❡s ✐♥❞✐✈✐❞✉s ❛ été ré❛❧✐sé❡ ❡t ❛ ♣❡r♠✐s ❞❡ ré✈é❧❡r q✉❡ ❧❡s ❞❡✉① ❣r♦✉♣❡s

ét❛✐❡♥t ♣❛r❢❛✐t❡♠❡♥t ❞✐s❝r✐♠✐♥és ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ sé✈ér✐té ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t

❝✉t❛♥é ✭❝❡❝✐ ét❛♥t ❧✐é à ❧❛ ♣ré✲sé❧❡❝t✐♦♥ s✉♣❡r✈✐sé❡ ré❛❧✐sé❡ ❡♥ ❛♠♦♥t✮✳ ◆é❛♥♠♦✐♥s✱ ❝❡ q✉✬✐❧

❡st ✐♥tér❡ss❛♥t ❞❡ r❡♠❛rq✉❡r ❡st q✉✬❛♣rès ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧✬❆❈▼ s♣❛rs❡ s✉r ❝❡s ❞♦♥♥é❡s✱

✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ♦♥t été é❧✐♠✐♥é❡s s✉r ❝❤❛❝✉♥ ❞❡s ❛①❡s ♠❛✐s ❧❛ ❞✐s❝r✐♠✐♥❛✲

t✐♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ❣r♦✉♣❡s ❞✬✐♥❞✐✈✐❞✉s ét❛✐t t♦✉❥♦✉rs ♣❛r❢❛✐t❡♠❡♥t ♦❜s❡r✈é❡✳ ▲✬✉t✐❧✐té ❡t

❧✬❡✣❝❛❝✐té ❞❡ ❧✬❆❈▼ s♣❛rs❡ ♦♥t ❞♦♥❝ été ♣r♦✉✈é❡s s✉r ❝❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ✿ ❧✬✐♥❢♦r♠❛t✐♦♥ ♣r✐♥✲

❝✐♣❛❧❡ ❞❡ ❞é♣❛rt ❡st ❝♦♥s❡r✈é❡✱ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s s♦♥t ♣❛r❝✐♠♦♥✐❡✉① ❡t ❧✬✐♥t❡r♣rét❛t✐♦♥

❡st s✐♠♣❧✐✜é❡✳ P❛r ❛✐❧❧❡✉rs ❧❡s ❣è♥❡s ❝♦♥t❡♥❛♥t ❧❡s ❙◆Ps ✐♠♣❧✐q✉és ❞❛♥s ❧❛ ❞✐s❝r✐♠✐♥❛t✐♦♥

❞❡s ❣r♦✉♣❡s s❡ s♦♥t ❛✈érés êtr❡ ✐♠♣❧✐q✉és ❞❛♥s ❧❛ ♣❡❛✉ ❡t ❞❛♥s ❞❡s ♠é❝❛♥✐s♠❡s ❜✐♦❧♦❣✐q✉❡s

✐♥tér❡ss❛♥ts ♣♦✉r ♥♦tr❡ ét✉❞❡✳ ▲✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ❛ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ❝♦❧❧❛❜♦✲

r❛t✐♦♥ étr♦✐t❡ ❛✈❡❝ ❧❡s ❜✐♦❧♦❣✐st❡s ❞❡ ❧✬✉♥✐té✳ ■❧s ♠è♥❡♥t ❛❝t✉❡❧❧❡♠❡♥t ❞❡s r❡❝❤❡r❝❤❡s ♣❧✉s

❛♣♣r♦❢♦♥❞✐❡s s✉r ❝❡s ❣è♥❡s ❡t s✉r ❧❡s ✈♦✐❡s ❜✐♦❧♦❣✐q✉❡s ✐♠♣❧✐q✉é❡s ❛✜♥ ❞❡ ré❛❧✐s❡r ♣❛r ❧❛

s✉✐t❡ ❞❡s t❡sts ✐♥✲✈✐tr♦✳ ❈❡s ♣r❡♠✐❡rs rés✉❧t❛ts s♦♥t ❞♦♥❝ très ❡♥❝♦✉r❛❣❡❛♥ts✳

❉❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s✱ ✉♥❡ ét✉❞❡ ❞❡ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥ ❙◆P✲❙◆P ❛ été ré❛❧✐sé❡

s✉r ♥♦s ❞♦♥♥é❡s ❣râ❝❡ à ✉♥❡ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❙◆Ps ♣❡✉✈❡♥t êtr❡ à

❧✬♦r✐❣✐♥❡ ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❝❡rt❛✐♥❡s ♠❛❧❛❞✐❡s ❡t ❧❡✉r ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❡s ❛♥❛❧②s❡s

❡st ❞♦♥❝ ✐♠♣♦rt❛♥t❡✳ ▲❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❛ ♣❡r♠✐s ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s

st❛t✐st✐q✉❡♠❡♥t s✐❣♥✐✜❝❛t✐✈❡s ❡♥tr❡ ❙◆Ps q✉✐ ♥✬❛✈❛✐❡♥t ♣❛s ❡♥❝♦r❡ été r❛♣♣♦rté❡s ❞❛♥s ❧❛

❧✐ttér❛t✉r❡✳ ▲❡s ❜✐♦❧♦❣✐st❡s ❞❡ ❧✬éq✉✐♣❡ tr❛✈❛✐❧❧❡♥t ❛❝t✉❡❧❧❡♠❡♥t s✉r ❝❡s rés✉❧t❛ts ❛✜♥ ❞❡

tr♦✉✈❡r ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❜✐♦❧♦❣✐q✉❡ ♣♦ss✐❜❧❡ ❡t ❞✬❡①♣❧♦r❡r ❞❡s ♣✐st❡s ✐♥tér❡ss❛♥t❡s q✉✐ ♥❡
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s❡r❛✐❡♥t ♣❛s ❡♥❝♦r❡ ❡①♣❧♦✐té❡s✳

❈❡s ✐♥t❡r❛❝t✐♦♥s ♦♥t été ♣r✐s❡s ❡♥ ❝♦♠♣t❡ ♣❛r ❧❛ s✉✐t❡ ❞❛♥s ✉♥ ♠♦❞è❧❡ s✉♣❡r✈✐sé ♠✉❧✲

t✐❜❧♦❝s à ❧✬❛✐❞❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❘●❈❈❆✳ ▲❡s ❙◆Ps ♦♥t été r❡❣r♦✉♣és ❞❛♥s ❞❡s ❜❧♦❝s ❡♥

❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r ❛♣♣❛rt❡♥❛♥❝❡ ❛✉① ❣è♥❡s ❡t ❧❡s ✐♥t❡r❛❝t✐♦♥s ♦♥t été ♠♦❞é❧✐sé❡s ♣❛r ❞❡s ❧✐❡♥s

r❡❧✐❛♥t ❧❡s ❜❧♦❝s ❝♦♥❝❡r♥és✳ ▲❡s ❛♥❛❧②s❡s ♥✬♦♥t ♣❛s ré✈é❧é ❞❡ ♥♦✉✈❡❧❧❡s ✈♦✐❡s ❞❡ r❡❝❤❡r❝❤❡s

♣♦t❡♥t✐❡❧❧❡♠❡♥t ✐♥tér❡ss❛♥t❡s ♠❛✐s ❡❧❧❡s ♦♥t ♣❡r♠✐s ❞✬❛❜♦r❞❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ♣r✐s❡ ❡♥

❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ ♠❛♥✐èr❡✳ ▲❡s ❙◆Ps ❛✉r❛✐❡♥t é❣❛❧❡♠❡♥t ♣✉ êtr❡ r❡✲

❣r♦✉♣és ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r ❛♣♣❛rt❡♥❛♥❝❡ ❛✉① ❝❤r♦♠♦s♦♠❡s ❝❡ q✉✐ ❛✉r❛✐t ré❞✉✐t ❧❡ ♥♦♠❜r❡

❞❡ ❜❧♦❝s à ✷✸✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ♣❡✉t ❞♦♥❝ s✬❛❞❛♣t❡r ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣r♦❜❧é♠❛t✐q✉❡ ♣♦sé❡

❡t ❞✉ ❜✉t ❞❡ ❧✬ét✉❞❡✳

✷✳ ▲✐♠✐t❛t✐♦♥s r❡♥❝♦♥tré❡s

❆✉ ❝♦✉rs ❞❡ ❝❡ tr❛✈❛✐❧ ❞❡ r❡❝❤❡r❝❤❡ ♥♦✉s ❛✈♦♥s été ❝♦♥❢r♦♥tés à ❝❡rt❛✐♥❡s ❧✐♠✐t❛t✐♦♥s

q✉✐ ♦✉✈r❡♥t ❞❡ ♥♦✉✈❡❧❧❡s ♣❡rs♣❡❝t✐✈❡s ❞❡ r❡❝❤❡r❝❤❡s✳ ❯♥❡ ❞❡ ❝❡s ❧✐♠✐t❡s ❝♦♥❝❡r♥❡ ❧❡ ❝❤♦✐①

❞✉ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥✳ ❘é❛❧✐sé ✐❝✐ à ♣❛rt✐r ❞✬✉♥❡ ❛♣♣r♦❝❤❡ ✧❛❞✲❤♦❝✧✱ ❝❡ ❝❤♦✐① ♣❡✉t

êtr❡ ❞✐s❝✉té✳ ▲❛ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ❛✉r❛✐t ♣✉ êtr❡ ♣ré❢éré❡ ✭❝❛r r❡♣♦s❛♥t s✉r ✉♥ ❝r✐tèr❡ ✜①❡

❡t ♦❜❥❡❝t✐❢✮ ♠❛✐s ❧❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ♥é❝❡ss❛✐r❡ s✬❡st ❛✈éré tr♦♣ ❧♦♥❣✳ ❯♥❡ ❞❡s ♣❡rs♣❡❝t✐✈❡s

❡♥✈✐s❛❣é❡s ❝♦♥s✐st❡ à ♦♣t✐♠✐s❡r ❧❡ ❝r✐tèr❡ ❞❡ ✈❛❧✐❞❛t✐♦♥ ❝r♦✐sé❡ ♣♦✉r ré❞✉✐r❡ ❧❡s t❡♠♣s ❞❡

❝❛❧❝✉❧s✳ ❉✬❛✉tr❡ ♣❛rt ❧❡ ♣❛r❛♠ètr❡ ❞❡ ♣é♥❛❧✐s❛t✐♦♥✱ t❡❧ q✉✬✐❧ ❛ été ❞é✜♥✐ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷✱

♣❡✉t ♣r❡♥❞r❡ ❞❡s ✈❛❧❡✉rs ❞✐✛ér❡♥t❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❛①❡s✳ ❉❛♥s ❝❡ tr❛✈❛✐❧ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐

❞❡ ❝♦♥s✐❞ér❡r ✉♥❡ s❡✉❧❡ ❡t ♠ê♠❡ ✈❛❧❡✉r ♣♦✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛①❡s ♠❛✐s ❧✬✐♥térêt ❞✬❡♥ ❝❤♦✐s✐r

♣❧✉s✐❡✉rs ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❛①❡s ♣❡✉t êtr❡ ❞✐s❝✉té ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❝♦♥t❡①t❡✳ ▲♦rsq✉❡ ❧✬♦♥ ❛ ✉♥❡

✐❞é❡ ❛ ♣r✐♦r✐ ❞✉ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s q✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ ❝♦♥s❡r✈❡r ♣❛r ❛①❡ ✭❛ ♣r✐♦r✐ s♦✉✈❡♥t

❞♦♥♥é ♣❛r ❧❡s ❜✐♦❧♦❣✐st❡s✮✱ ❧❛ ❞❡✉①✐è♠❡ ♣♦ss✐❜✐❧✐té ♣❡✉t êtr❡ ♣ré❢éré❡✳

▲✬❆❈▼ s♣❛rs❡ ❛ été ❞é✈❡❧♦♣♣é❡ ❛✜♥ ❞✬êtr❡ ✉t✐❧✐sé❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s

❞❡ ❙◆Ps✳ ❈❡♣❡♥❞❛♥t ❧❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ♥é❝❡ss❛✐r❡ à ❧✬♦❜t❡♥t✐♦♥ ❞❡ rés✉❧t❛ts ét❛♥t tr♦♣

❧♦♥❣s✱ ♥♦✉s ❛✈♦♥s été ❝♦♥tr❛✐♥ts ❞❡ ré❛❧✐s❡r ✉♥❡ ♣ré✲sé❧❡❝t✐♦♥ ✭s✉♣❡r✈✐sé❡✮ ❞❡s ❞♦♥♥é❡s ❡t ❞❡

tr❛✈❛✐❧❧❡r s✉r ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ré❞✉✐t✳ ▲❛ ré❛❧✐s❛t✐♦♥ ❞❡ ❝❡tt❡ ♣ré✲sé❧❡❝t✐♦♥ ♣❡✉t ❝❡♣❡♥❞❛♥t
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êtr❡ ❞✐s❝✉té❡ ❝❛r ❡❧❧❡ ♣❡✉t ❞♦♥♥❡r ❧✐❡✉ à ❞❡s rés✉❧t❛ts s❡♥s✐❜❧❡♠❡♥t ❜✐❛✐sés ✭✧s✉r♣❧✉s ❞✬♦♣t✐✲

♠✐s♠❡✧ ♦✉ ✧♦✈❡r✲♦♣t✐♠✐s♠✧ ❡♥ ❛♥❣❧❛✐s✮ ❡t à ❞❡s ❝♦♥❝❧✉s✐♦♥s tr♦♣ ♦♣t✐♠✐st❡s s✉r ❧✬❡✣❝❛❝✐té

❞✬✉♥❡ ♠ét❤♦❞❡ ✭❏❡❧✐③❛r♦✇ ❡t ❛❧✳ ❬✷✵✶✵❪ ❀ ▼❡❤t❛ ❡t ❛❧✳ ❬✷✵✵✹❪✮✳

✸✳ P❡rs♣❡❝t✐✈❡s

❊①t❡♥s✐♦♥s ♣♦ss✐❜❧❡s

▲✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧✬❆❈▼ s♣❛rs❡ ♣rés❡♥té❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹ ❛ été ré❛❧✐sé❡ s✉r ✉♥ ❡♥✲

s❡♠❜❧❡ ré❞✉✐t ❞✉ ❥❡✉ ❞❡ ❞♦♥♥é❡s ✐♥✐t✐❛❧✳ ❈❡♣❡♥❞❛♥t ❧❡s ♠ét❤♦❞❡s ✧s♣❛rs❡✧ ♣r❡♥♥❡♥t t♦✉t

❧❡✉r s❡♥s ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ❞❡ ❞♦♥♥é❡s ❞❡ très ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✳ ▲✬✉♥❡ ❞❡s ♣r✐♥❝✐♣❛❧❡s ♣❡rs✲

♣❡❝t✐✈❡s ❡♥✈✐s❛❣é❡ ❡st ❞♦♥❝ ❞❡ ré❞✉✐r❡ ❧❡s t❡♠♣s ❞❡ ❝❛❧❝✉❧s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❛✜♥ ❞❡ ré❛❧✐s❡r

❧✬❆❈▼ s♣❛rs❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞♦♥♥é❡s ✭❡♥✈✐r♦♥ ✽✵✵ ✵✵✵ ❙◆Ps✮✳

▲✬❆❈▼ s♣❛rs❡ ❛ été ✉t✐❧✐sé❡ ✐❝✐ ❝♦♠♠❡ ✉♥❡ ♠ét❤♦❞❡ ❞❡ sé❧❡❝t✐♦♥ ❞✬✉♥❡ ♦✉ ♣❧✉s✐❡✉rs

✈❛r✐❛❜❧❡s ❝❛té❣♦r✐❡❧❧❡s✱ ❝❡♣❡♥❞❛♥t ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ♣♦ss✐❜❧❡s ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ s♦♥t ♥♦♠✲

❜r❡✉s❡s✳ ❊♥ ❡✛❡t✱ ❡❧❧❡ ♣❡✉t êtr❡ ❣é♥ér❛❧✐sé❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ❞♦♥♥é❡s s♦♥t str✉❝t✉ré❡s ♣❛r

❜❧♦❝s ❛ ♣r✐♦r✐✳ ❈♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ●❙P❈❆✱ ❡❧❧❡ ♣❡r♠❡t ❧❛ sé❧❡❝t✐♦♥ ♦✉ ❧✬é❧✐♠✐♥❛t✐♦♥ ❞❡

❜❧♦❝s ❡♥t✐❡rs ❞❡ ✈❛r✐❛❜❧❡s ❧♦rsq✉✬✐❧s s♦♥t ❞é✜♥✐s ❛ ♣r✐♦r✐✳ ❈❡❝✐ ♣♦✉rr❛✐t s✬❛✈ér❡r ✉t✐❧❡ ❞❛♥s ❧❡

❝❛s ♦ù ♥♦✉s s♦✉❤❛✐t❡r✐♦♥s r❡❣r♦✉♣❡r ❧❡s ❙◆Ps ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r ❛♣♣❛rt❡♥❛♥❝❡ ❛✉① ❣è♥❡s

❞❛♥s ❧❛ ❜❛s❡ ❞❡ ❞é♣❛rt✳ ❉❡s ❜❧♦❝s ❡♥t✐❡rs ❞❡ ❙◆Ps✱ ❡t ❞♦♥❝ ❞❡s ❣è♥❡s✱ s❡r❛✐❡♥t é❧✐♠✐♥és s✉r

❝❤❛❝✉♥ ❞❡s ❛①❡s ❞❡ ❧✬❆❈▼ s♣❛rs❡ ❝❡ q✉✐ ❢❛❝✐❧✐t❡r❛✐t✱ à ♣❧✉s ❣r❛♥❞❡ é❝❤❡❧❧❡✱ ❧✬✐♥t❡r♣rét❛t✐♦♥

❞❡s rés✉❧t❛ts✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧✬❆❈▼ s♣❛rs❡ ♥❡ ♣❡r♠❡ttr❛✐t ♣❛s ❧❛ sé❧❡❝t✐♦♥

❛✉ s❡✐♥ ♠ê♠❡ ❞✬✉♥ ❜❧♦❝ ❝♦♥s❡r✈é à ❝❛✉s❡ ❞❡ ❧❛ ♣é♥❛❧✐s❛t✐♦♥ ❣r♦✉♣ ▲❆❙❙❖ ✉t✐❧✐sé❡ ❞❛♥s ❧✬❛❧✲

❣♦r✐t❤♠❡ ✭✈♦✐r s❡❝t✐♦♥ ✷✳✸✮✳ ❆✐♥s✐ ❛✜♥ ❞❡ ♣❡r♠❡ttr❡ ❧❛ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❛✉ s❡✐♥ ❞✬✉♥

❜❧♦❝ ✭❧✉✐✲♠ê♠❡ sé❧❡❝t✐♦♥♥é✮✱ ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ♣♦✉rr❛ êtr❡ ré❛❧✐sé❡ ❡♥ r❡♠✲

♣❧❛ç❛♥t ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣é♥❛❧✐s❛t✐♦♥ ❣r♦✉♣ ▲❆❙❙❖ ♣❛r ❧❛ s♣❛rs❡ ❣r♦✉♣ ▲❆❙❙❖ ❞é✈❡❧♦♣♣é❡

♣❛r ❙✐♠♦♥ ❡t ❛❧✳ ❬✷✵✶✸❪ ❧♦rsq✉❡ ❧❡ ❝♦♥t❡①t❡ ❡t ❧✬✐♥térêt ❜✐♦❧♦❣✐q✉❡ s✬② ♣rêt❡✳

✶✽✷



❈❖◆❈▲❯❙■❖◆ ❊❚ P❊❘❙P❊❈❚■❱❊❙

P❛r ❛✐❧❧❡✉rs ❧✬❛♣♣r♦❝❤❡ ✧s♣❛rs❡✧ ♦✛r❡ ❞❡s ♣❡rs♣❡❝t✐✈❡s ❞✬❡①t❡♥s✐♦♥ à ❞✬❛✉tr❡s ♠ét❤♦❞❡s

❞✬❛♥❛❧②s❡s ❞❡ ❞♦♥♥é❡s✱ t❡❧❧❡ q✉❡ ❧✬❆♥❛❧②s❡ ❋❛❝t♦r✐❡❧❧❡ ❞❡s ❈♦rr❡s♣♦♥❞❛♥❝❡s ▼✉❧t✐♣❧❡s ✭❆❋❈▼✮✳

▲✬❆♥❛❧②s❡ ❋❛❝t♦r✐❡❧❧❡ ❞❡s ❈♦rr❡s♣♦♥❞❛♥❝❡s ✭❆❋❈✮ ❡st ✉♥❡ ♠ét❤♦❞❡ ❢❛❝t♦r✐❡❧❧❡ q✉✐ ♥❡ ❝♦♥❝❡r♥❡

q✉❡ ❞❡✉① ❝❛r❛❝tèr❡s ✭✷ q✉❡st✐♦♥s✮ ❞✬✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ I ✐♥❞✐✈✐❞✉s✳ ▲♦rsq✉❡ ❝❡❧❧❡✲❝✐ ❡st ❝❛✲

r❛❝tér✐sé❡ ♣❛r ♣❧✉s✐❡✉rs ❝❛r❛❝tèr❡s ❞❛♥s ❝❡ ❝❛s ♦♥ ✉t✐❧✐s❡ ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❧✬❆❋❈ q✉❡ ❧✬♦♥

❛♣♣❡❧❧❡ ❧✬❆❋❈▼✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s s❡r❛✐t tr♦♣ ✐♠♣♦rt❛♥t ♣♦✉r ❡①♣❧♦✐t❡r

❢❛❝✐❧❡♠❡♥t ❧❡s rés✉❧t❛ts✱ ✐❧ ♣♦✉rr❛✐t êtr❡ ✐♥tér❡ss❛♥t ❞✬✉t✐❧✐s❡r ✉♥❡ ✈❡rs✐♦♥ ♣é♥❛❧✐sé❡ ❞❡ ❝❡tt❡

♠ét❤♦❞❡ q✉✐ ♣❡r♠❡ttr❛✐t ❞❡ sé❧❡❝t✐♦♥♥❡r ❞❡s ♠♦❞❛❧✐tés ❞❡ ✈❛r✐❛❜❧❡s ✭♦✉ ❜❧♦❝s ❡♥t✐❡rs ❞❡

♠♦❞❛❧✐tés✮ ❡t ❞❡ ❢❛❝✐❧✐t❡r ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts✳ ▲❡ t❛❜❧❡❛✉ ❞❡ ❞é♣❛rt s❡ ♣rés❡♥t❡

s♦✉✈❡♥t s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ t❛❜❧❡❛✉ ❞✐s❥♦♥❝t✐❢ ❝♦♠♣❧❡t✳ ■❧ s❡r❛✐t ❞♦♥❝ ✐♥tér❡ss❛♥t ❞✬❛❞❛♣t❡r

❧❡s ❝r✐tèr❡s s✉r ❧❡sq✉❡❧s s♦♥t ❜❛sé❡s ❧❛ ●❙P❈❆ ❡t ❧✬❆❈▼ s♣❛rs❡ ❛✜♥ ❞✬♦❜t❡♥✐r ✉♥❡ ✈❡rs✐♦♥

✧s♣❛rs❡✧ ❞❡ ❧✬❆❋❈▼✳

▲✬ét✉❞❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❙◆P✲❙◆P ❛ été ré❛❧✐sé❡ ❛✉ ♥✐✈❡❛✉ ❞❡s ❣è♥❡s ❞✉r❛♥t ❝❡ tr❛✈❛✐❧

❞❡ t❤ès❡ ♠❛✐s ❝❡tt❡ ❛♣♣r♦❝❤❡ ♣♦✉rr❛✐t êtr❡ ét❡♥❞✉❡ ❛✉ ♥✐✈❡❛✉ ❞❡s ✧♣❛t❤✇❛②s✧ ✭♦✉ ✈♦✐❡s ❞❡

s✐❣♥❛❧✐s❛t✐♦♥✮✱ ❞♦♥t ❧✬✐♥térêt ❡st ❞❡ ♣❧✉s ❡♥ ♣❧✉s é✈♦q✉é ❞❛♥s ❞❡s ét✉❞❡s ●❲❆❙ ✭❲❛♥❣ ❡t ❛❧✳

❬✷✵✵✾❪✮✳ ❈❡❧❛ ♣♦✉rr❛✐t êtr❡ ❜✐♦❧♦❣✐q✉❡♠❡♥t ✐♥tér❡ss❛♥t ❝❛r ❝❡tt❡ ❛♣♣r♦❝❤❡ ✉t✐❧✐s❡ ✉♥ ❡♥s❡♠❜❧❡

❞❡ ❙◆Ps à ❧✬✐♥tér✐❡✉r ❞❡ ❧❛ ♠ê♠❡ ✈♦✐❡ ❞❡ s✐❣♥❛❧✐s❛t✐♦♥ ❡t ♥♦♥ à ❧✬✐♥tér✐❡✉r ❞✬✉♥ ♠ê♠❡ ❣è♥❡✳

▲✬❡s♣❛❝❡ ❧♦❣✐q✉❡ ❞❡ r❡❝❤❡r❝❤❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❛✉❣♠❡♥t❡r❛✐t s❡♥s✐❜❧❡♠❡♥t ♠❛✐s ♣♦✉rr❛✐t

êtr❡ r❡str❡✐♥t ❣râ❝❡ à ❞❡s ❝r✐tèr❡s ❜✐♦❧♦❣✐q✉❡s ❜✐❡♥ ❝❤♦✐s✐s✳ ❈❡tt❡ ❛♥❛❧②s❡ ❛✉ ♥✐✈❡❛✉ ❞❡s

✧♣❛t❤✇❛②s✧ ♣♦✉rr❛✐t ♣❡r♠❡ttr❡ ❞❡ ❢♦✉r♥✐r ❞❡s ✐♥❞✐❝❛t✐♦♥s ♣ré❝✐❡✉s❡s s✉r ❞❡s ✐♥t❡r❛❝t✐♦♥s

❣é♥ét✐q✉❡s s✉s❝❡♣t✐❜❧❡s ❞❡ ♠♦❞✐✜❡r ❧❡s r✐sq✉❡s ❞❡s ♣❤é♥♦t②♣❡s ✭❉✐♥✉ ❡t ❛❧✳ ❬✷✵✶✷❪✮✳ P❛r

❛✐❧❧❡✉rs✱ ✉♥ ❛✉tr❡ ❝♦❞❛❣❡ ❞❡s ❙◆Ps ♣♦✉rr❛✐t êtr❡ t❡sté ❛✜♥ ❞❡ ❝♦♠♣❛r❡r ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s

❡♥tr❡ ❡✉①✳

❯♥❡ ♥♦t✐♦♥ ✐♠♣♦rt❛♥t❡ ♥✬❛ ♣❛s été ✐♥té❣ré❡ à ❝❡ tr❛✈❛✐❧ ♣♦✉r ❧✬✐♥st❛♥t ✿ ❝❡❧❧❡ ❞✉ ❞éséq✉✐✲

❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ✭❘❡✐❝❤ ❡t ❛❧✳ ❬✷✵✵✶❪✮✳ ▲❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❡st ❧✬❛ss♦❝✐❛t✐♦♥ ♥♦♥ ❛❧é❛t♦✐r❡

❞❡s ❛❧❧è❧❡s ❞❡ ❞❡✉① ♦✉ ♣❧✉s✐❡✉rs ❧♦❝✐ ♣♦❧②♠♦r♣❤❡s s✉r ❧❡ ♠ê♠❡ ❝❤r♦♠♦s♦♠❡✳ ■❧ ♣❡✉t êtr❡

✐♥✢✉❡♥❝é ♣❛r ❞✐✈❡rs ♣❤é♥♦♠è♥❡s ✿ ❧✐❛✐s♦♥ ❣é♥ét✐q✉❡✱ t❛✉① ❞❡ r❡❝♦♠❜✐♥❛✐s♦♥✱ ❤étér♦❣é♥é✐té

s♣❛t✐❛❧❡ ❞❡s ♣❤é♥♦♠è♥❡s ❞❡ r❡❝♦♠❜✐♥❛✐s♦♥✱ ❡t❝✳ ▲❡s ❙◆Ps ♣❡✉✈❡♥t êtr❡ ❝♦rré❧és à ❝❛✉s❡ ❞❡

❝❡ ❞éséq✉✐❧✐❜r❡✳ ▲❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥s ❝❤❡r❝❤❡♥t ❧❡s ❛ss♦❝✐❛t✐♦♥s ❞✐r❡❝t❡s ❡t ✐♥❞✐r❡❝t❡s

✶✽✸



❈❖◆❈▲❯❙■❖◆ ❊❚ P❊❘❙P❊❈❚■❱❊❙

❛✈❡❝ ❧❡ ♣❤é♥♦t②♣❡ ❡♥ q✉❡st✐♦♥✳ ❉❛♥s ❧❡s ❛♥❛❧②s❡s ❞❡ ❢♦rêts ❛❧é❛t♦✐r❡s ✭❘❛♥❞♦♠ ❋♦r❡st✮✱ ❧❛

❝♦rré❧❛t✐♦♥ ❡♥tr❡ ✉♥ ❙◆P ✧à r✐sq✉❡✧ ❡t ✉♥ ❙◆P ❡♥ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ♣❡✉t ♠❡♥❡r à

✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧✬✐♠♣♦rt❛♥❝❡ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ♣♦✉r ✉♥ ❙◆P ✧à r✐sq✉❡ ré❡❧✧✳ P♦✉r ♣❛❧❧✐❡r ❝❡

♣r♦❜❧è♠❡✱ ▼❡♥❣ ❡t ❛❧✳ ❬✷✵✵✾❪ ♦♥t ♣r♦♣♦sé ✉♥❡ ❛♣♣r♦❝❤❡ ❝♦♥s✐st❛♥t à sé❧❡❝t✐♦♥♥❡r ❧❡s ❙◆Ps

❡♥ éq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ♣♦✉r ❧✬❛♥❛❧②s❡✳ ■❧s ❡①♣❧♦r❡♥t ❞❡s ♠ét❤♦❞❡s ❛❧t❡r♥❛t✐✈❡s ❞❡ tr❛✐t❡♠❡♥t

❞❡s ❞♦♥♥é❡s ❡♥ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ♠♦❞✐✜❛♥t ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❝ré❛t✐♦♥ ❞❡s ❛r❜r❡s ❞❛♥s

❧❡s ❢♦rêts ❛❧é❛t♦✐r❡s✳ ▲❡s rés✉❧t❛ts ♦❜t❡♥✉s s♦♥t ♠❡✐❧❧❡✉rs ❧♦rsq✉✬✐❧ ❡①✐st❡ ✉♥ ❞éséq✉✐❧✐❜r❡ ❞❡

❧✐❛✐s♦♥ ❡♥tr❡ ❧❡s ❙◆Ps✳ ❈❡s t❡❝❤♥✐q✉❡s s♦♥t ❝❡♣❡♥❞❛♥t ❧✐♠✐té❡s ❞❛♥s ❧❡ ♥♦♠❜r❡ ❞❡ ❙◆Ps

q✉✬❡❧❧❡s ♣❡✉✈❡♥t tr❛✐t❡r✳ ▲❛ ❝♦♥s✐❞ér❛t✐♦♥ ❞❡ ❝❡s ❞éséq✉✐❧✐❜r❡s ♣♦✉rr❛✐❡♥t ❞♦♥❝ êtr❡ ♣r✐s ❡♥

❝♦♠♣t❡ ❞❛♥s ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❛✜♥ ❞✬❛♠é❧✐♦r❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ❞❛♥s

❧❡ ❝❛s ❞✬❛♥❛❧②s❡ ❞❡ ❙◆Ps ❝❛♥❞✐❞❛ts ♣❛r ❡①❡♠♣❧❡ ✭❜❛s❡ ❞❡ ❞♦♥♥é❡s ré❞✉✐t❡✮✳

❆♣♣❧✐❝❛t✐♦♥s

❇✐❡♥ q✉❡ ❧❛ ●❙P❈❆ ♥✬❛✐t ♣✉ êtr❡ ❛♣♣❧✐q✉é❡ s✉r ♥♦s ❞♦♥♥é❡s ✭❝❛r ❝❛té❣♦r✐❡❧❧❡s✮ ❝❡tt❡

♠ét❤♦❞❡ ♣❡✉t ❛✈♦✐r ✉♥❡ ✉t✐❧✐té ❞❛♥s ❧❡ tr❛✐t❡♠❡♥t ❞❡ ❞♦♥♥é❡s ❞✬❡①♣r❡ss✐♦♥ ❞❡ ❣è♥❡s✳ ▲❡s

✈❛r✐❛❜❧❡s ❝♦♥s✐❞éré❡s ❞❛♥s ❝❡ ❝❛s ét❛♥t q✉❛♥t✐t❛t✐✈❡s✱ ❡❧❧❡s ♣♦✉rr❛✐❡♥t êtr❡ r❡❣r♦✉♣é❡s ❡♥

❢♦♥❝t✐♦♥ ❞❡ ❧✬❛♣♣❛rt❡♥❛♥❝❡ ❞❡s ❣è♥❡s ❛✉① ❝❤r♦♠♦s♦♠❡s ♣❛r ❡①❡♠♣❧❡ ❡t ❧❛ ●❙P❈❆ ♣❡r✲

♠❡ttr❛✐t ✉♥❡ sé❧❡❝t✐♦♥ ❞❡ ❜❧♦❝s ❞❡ ❣è♥❡s ❡t ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡ ❝❧✉st❡rs ❞❡ ❣è♥❡s ✉t✐❧❡s à ❧❛

❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❝❡rt❛✐♥s ♣❤é♥♦♠è♥❡s ❜✐♦❧♦❣✐q✉❡s✳

P❛❝❦❛❣❡ ❘ ❡t ♣✉❜❧✐❝❛t✐♦♥s

❯♥ ❛rt✐❝❧❡ ♣rés❡♥t❛♥t ❧❡s ❞❡✉① ♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s ✭●❙P❈❆ ❡t ❆❈▼ s♣❛rs❡✮ ✐❧❧✉stré❡s

♣❛r ❞❡s ❡①❡♠♣❧❡s ✈❛ êtr❡ s♦✉♠✐s ❛✉ ❥♦✉r♥❛❧ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝s ✫ ❉❛t❛ ❆♥❛❧②s✐s

✭❈❙❉❆✮ ❡t ✉♥ ♣❛❝❦❛❣❡ ❘ ♣❡r♠❡tt❛♥t ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡s ❞❡✉① ♠ét❤♦❞❡s ② s❡r❛ ❛tt❛❝❤é ❡t

s♦✉♠✐s ❛✉ ❈❘❆◆ ✭❛rt✐❝❧❡ ❡♥ ❝♦✉rs ❞❡ ✜♥❛❧✐s❛t✐♦♥ ♣rés❡♥té ❡♥ ❛♥♥❡①❡ ❋✳✷✮✳ P❛r ❛✐❧❧❡✉rs ❧❡s

rés✉❧t❛ts ♦❜t❡♥✉s ❛✈❡❝ ❧✬❆❈▼ s♣❛rs❡ s♦♥t ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❝♦✉rs ❞✬❛♥❛❧②s❡ ♣❛r ❧❡s ❜✐♦❧♦❣✐st❡s

❞❡ ❧✬éq✉✐♣❡ ❡t ❢❡r♦♥t ❧✬♦❜❥❡t ❞✬✉♥❡ ♣✉❜❧✐❝❛t✐♦♥ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❛ ♠ét❤♦❞❡ s❡r❛ ♣rés❡♥té❡ ❡t

❞❡s ✐♥t❡r♣rét❛t✐♦♥s ❜✐♦❧♦❣✐q✉❡s ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡s s❡r♦♥t ♣r♦♣♦sé❡s✳

✶✽✹



❇✐❜❧✐♦❣r❛♣❤✐❡

❆❜❞✐✱ ❍✳ ✭✷✵✵✸✮✳ ❋❛❝t♦r r♦t❛t✐♦♥s ✐♥ ❢❛❝t♦r ❛♥❛❧②s❡s✳ ❊♥❝②❝❧♦♣❡❞✐❛ ❢♦r ❘❡s❡❛r❝❤ ▼❡t❤♦❞s

❢♦r t❤❡ ❙♦❝✐❛❧ ❙❝✐❡♥❝❡s✳ ❙❛❣❡ ✿ ❚❤♦✉s❛♥❞ ❖❛❦s✱ ❈❆✱ ♣❛❣❡s ✼✾✷✕✼✾✺✳

❆❜❞✐✱ ❍✳ ✭✷✵✵✼✮✳ ❙✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭s✈❞✮ ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡✲

❝♦♠♣♦s✐t✐♦♥ ✭❣s✈❞✮✳ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ♠❡❛s✉r❡♠❡♥t ❛♥❞ st❛t✐st✐❝s✱ ♣❛❣❡s ✾✵✼✕✾✶✷✳

❆❜❞✐✱ ❍✳ ❛♥❞ ❱❛❧❡♥t✐♥✱ ❉✳ ✭✷✵✵✼✮✳ ▼✉❧t✐♣❧❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛♥❛❧②s✐s✳ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢

▼❡❛s✉r❡♠❡♥t ❛♥❞ ❙t❛t✐st✐❝s✱ ♣❛❣❡s ✻✺✶✕✻✺✼✳

❆❦❛✐❦❡✱ ❍✳ ✭✶✾✼✹✮✳ ❆ ♥❡✇ ❧♦♦❦ ❛t t❤❡ st❛t✐st✐❝❛❧ ♠♦❞❡❧ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ❆✉t♦♠❛t✐❝ ❈♦♥tr♦❧✱

■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥✱ ✶✾✭✻✮ ✿✼✶✻✕✼✷✸✳

❆❧❧❡♥✱ ❉✳ ✭✶✾✼✶✮✳ ▼❡❛♥ sq✉❛r❡ ❡rr♦r ♦❢ ♣r❡❞✐❝t✐♦♥ ❛s ❛ ❝r✐t❡r✐♦♥ ❢♦r s❡❧❡❝t✐♥❣ ✈❛r✐❛❜❧❡s✳

❚❡❝❤♥♦♠❡tr✐❝s✱ ✶✸✭✸✮ ✿✹✻✾✕✹✼✺✳

❆❧t❡r✱ ❖✳✱ ❇r♦✇♥✱ P✳ ❖✳✱ ❛♥❞ ❇♦tst❡✐♥✱ ❉✳ ✭✷✵✵✵✮✳ ❙✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ❣❡♥♦♠❡✲

✇✐❞❡ ❡①♣r❡ss✐♦♥ ❞❛t❛ ♣r♦❝❡ss✐♥❣ ❛♥❞ ♠♦❞❡❧✐♥❣✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢

❙❝✐❡♥❝❡s✱ ✾✼✭✶✽✮ ✿✶✵✶✵✶✕✶✵✶✵✻✳

❇❛❝❤✱ ❋✳ ❘✳ ✭✷✵✵✽✮✳ ❇♦❧❛ss♦ ✿ ♠♦❞❡❧ ❝♦♥s✐st❡♥t ❧❛ss♦ ❡st✐♠❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ❜♦♦tstr❛♣✳

■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✺t❤ ✐♥t❡r♥❛t✐♦♥❛❧ ❝♦♥❢❡r❡♥❝❡ ♦♥ ▼❛❝❤✐♥❡ ❧❡❛r♥✐♥❣✱ ♣❛❣❡s ✸✸✕✹✵✳

❆❈▼✳

❇❛r❞♦s✱ ▼✳ ✭✷✵✵✶✮✳ ❆♥❛❧②s❡ ❞✐s❝r✐♠✐♥❛♥t❡✱ ❡❞✳ ❉✉♥♦❞✱ P❛r✐s✳

❇❡❛t♦♥✱ ❉✳✱ ❋✐❧❜❡②✱ ❋✳✱ ❛♥❞ ❆❜❞✐✱ ❍✳ ✭✷✵✶✸✮✳ ■♥t❡❣r❛t✐♥❣ ♣❛rt✐❛❧ ❧❡❛st sq✉❛r❡s ❝♦rr❡❧❛t✐♦♥

❛♥❞ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛♥❛❧②s✐s ❢♦r ♥♦♠✐♥❛❧ ❞❛t❛✳ ■♥ ❆❜❞✐✱ ❍✳ ❛♥❞ ❈❤✐♥✱ ❲✳❲✳ ❛♥❞ ❊s♣♦s✐t♦

❱✐♥③✐✱ ❱✳ ❡t ❛❧✳✱ ◆❡✇ P❡rs♣❡❝t✐✈❡s ✐♥ P❛rt✐❛❧ ▲❡❛st ❙q✉❛r❡s ❛♥❞ ❘❡❧❛t❡❞ ▼❡t❤♦❞s✳

✶✽✺



❇■❇▲■❖●❘❆P❍■❊

❇❡♥③é❝r✐✱ ❏✳ ✭✶✾✼✾✮✳ ❙✉r ❧❡ ❝❛❧❝✉❧ ❞❡s t❛✉① ❞✬✐♥❡rt✐❡ ❞❛♥s ❧✬❛♥❛❧②s❡ ❞✬✉♥ q✉❡st✐♦♥♥❛✐r❡✱

❛❞❞❡♥❞✉♠ ❡t ❡rr❛t✉♠ à ❬❜✐♥✳ ♠✉❧t✳❪✳ ❈❛❤✐❡rs ❞❡ ❧✬❆♥❛❧②s❡ ❞❡s ❉♦♥♥é❡s✱ ✹✭✸✮ ✿✸✼✼✕✸✼✽✳

❇✐s❤♦♣✱ ❈✳ ▼✳ ❛♥❞ ◆❛sr❛❜❛❞✐✱ ◆✳ ▼✳ ✭✷✵✵✻✮✳ P❛tt❡r♥ r❡❝♦❣♥✐t✐♦♥ ❛♥❞ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣✱

✈♦❧✉♠❡ ✶✳ s♣r✐♥❣❡r ◆❡✇ ❨♦r❦✳

❇r❡✐♠❛♥✱ ▲✳ ✭✶✾✾✻✮✳ ❇❛❣❣✐♥❣ ♣r❡❞✐❝t♦rs✳ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣✱ ✷✹✭✷✮ ✿✶✷✸✕✶✹✵✳

❇r❡✐♠❛♥✱ ▲✳ ✭✷✵✵✶✮✳ ❘❛♥❞♦♠ ❢♦r❡sts✳ ▼❛❝❤✐♥❡ ❧❡❛r♥✐♥❣✱ ✹✺✭✶✮ ✿✺✕✸✷✳

❇r❡✐♠❛♥✱ ▲✳✱ ❋r✐❡❞♠❛♥✱ ❏✳✱ ❖❧s❤❡♥✱ ❘✳ ❆✳✱ ❡t ❛❧✳ ✭✶✾✽✹✮✳ ❈❧❛ss✐✜❝❛t✐♦♥ ❛♥❞ r❡❣r❡ss✐♦♥ tr❡❡s✳

❲❛❞s✇♦rt❤ ❛♥❞ ❇r♦♦❦s✱ ▼♦♥t❡r❡②✱ ❈❆✳

❈❛r✐♦✲❆♥❞r❡✱ ▼✳✱ ▲❡♣r❡✉①✱ ❙✳✱ P❛✐♥✱ ❈✳✱ ❡t ❛❧✳ ✭✷✵✵✹✮✳ P❡r✐❧❡s✐♦♥❛❧ ✈s✳ ❧❡s✐♦♥❛❧ s❦✐♥ ❝❤❛♥❣❡s

✐♥ s❡♥✐❧❡ ❧❡♥t✐❣♦✳ ❏♦✉r♥❛❧ ♦❢ ❝✉t❛♥❡♦✉s ♣❛t❤♦❧♦❣②✱ ✸✶✭✻✮ ✿✹✹✶✕✹✹✼✳

❈❛tt❡❧❧✱ ❘✳ ❇✳ ✭✶✾✼✽✮✳ ❚❤❡ s❝✐❡♥t✐✜❝ ✉s❡ ♦❢ ❢❛❝t♦r ❛♥❛❧②s✐s ✐♥ ❜❡❤❛✈✐♦r❛❧ ❛♥❞ ❧✐❢❡ s❝✐❡♥❝❡s✳

P❧❡♥✉♠ ♣r❡ss ◆❡✇ ❨♦r❦✳

❈❤❡♥✱ ❈✳ ❈✳✱ ❙❝❤✇❡♥❞❡r✱ ❍✳✱ ❑❡✐t❤✱ ❏✳✱ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ▼❡t❤♦❞s ❢♦r ✐❞❡♥t✐❢②✐♥❣ s♥♣ ✐♥t❡r✲

❛❝t✐♦♥s ✿ ❛ r❡✈✐❡✇ ♦♥ ✈❛r✐❛t✐♦♥s ♦❢ ❧♦❣✐❝ r❡❣r❡ss✐♦♥✱ r❛♥❞♦♠ ❢♦r❡st ❛♥❞ ❜❛②❡s✐❛♥ ❧♦❣✐st✐❝

r❡❣r❡ss✐♦♥✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❇✐♦❧♦❣② ❛♥❞ ❇✐♦✐♥❢♦r♠❛t✐❝s✱ ■❊❊❊✴❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥✱

✽✭✻✮ ✿✶✺✽✵✕✶✺✾✶✳

❈❤✉♥❣✱ ❉✳ ❛♥❞ ❑❡❧❡s✱ ❙✳ ✭✷✵✶✵✮✳ ❙♣❛rs❡ ♣❛rt✐❛❧ ❧❡❛st sq✉❛r❡s ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r ❤✐❣❤ ❞✐♠❡♥✲

s✐♦♥❛❧ ❞❛t❛✳ ❙t❛t✐st✐❝❛❧ ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ●❡♥❡t✐❝s ❛♥❞ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣②✱ ✾✭✶✮✳

❈♦❧❧✐♥s✱ ❋✳✱ ▲❛♥❞❡r✱ ❊✳✱ ❘♦❣❡rs✱ ❏✳✱ ❡t ❛❧✳ ✭✷✵✵✹✮✳ ❋✐♥✐s❤✐♥❣ t❤❡ ❡✉❝❤r♦♠❛t✐❝ s❡q✉❡♥❝❡ ♦❢ t❤❡

❤✉♠❛♥ ❣❡♥♦♠❡✳ ◆❛t✉r❡✱ ✹✸✶✭✼✵✶✶✮ ✿✾✸✶✕✾✹✺✳

❈♦♦♣❡r✱ ❉✳ ❛♥❞ ❑r❛✇❝③❛❦✱ ▼✳ ✭✶✾✾✸✮✳ ❍✉♠❛♥ ❣❡♥❡ ♠✉t❛t✐♦♥✳ ❇✐♦s s❝✐❡♥t✐✜❝ ♣✉❜❧✐s❤❡rs

❖①❢♦r❞s❤✐r❡✳ ❯❑✳

❈♦rt❡s✱ ❈✳ ❛♥❞ ❱❛♣♥✐❦✱ ❱✳ ✭✶✾✾✺✮✳ ❙✉♣♣♦rt✲✈❡❝t♦r ♥❡t✇♦r❦s✳ ▼❛❝❤✐♥❡ ❧❡❛r♥✐♥❣✱ ✷✵✭✸✮ ✿✷✼✸✕

✷✾✼✳

❉❡ ▼✐❝❤❡❛✉①✱ P✳✱ ❉r♦✉✐❧❤❡t✱ ❘✳✱ ❛♥❞ ▲✐q✉❡t✱ ❇✳ ✭✷✵✶✶✮✳ ▲❡ ❧♦❣✐❝✐❡❧ ❘ ✿ ▼❛îtr✐s❡r ❧❡ ❧❛♥❣❛❣❡

❊✛❡❝t✉❡r ❞❡s ❛♥❛❧②s❡s st❛t✐st✐q✉❡s✳ ❙♣r✐♥❣❡r✳

✶✽✻
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❉✐♥✉✱ ■✳✱ ▼❛❤❛s✐r✐♠♦♥❣❦♦❧✱ ❙✳✱ ▲✐✉✱ ◗✳✱ ❡t ❛❧✳ ✭✷✵✶✷✮✳ ❙♥♣✲s♥♣ ✐♥t❡r❛❝t✐♦♥s ❞✐s❝♦✈❡r❡❞ ❜②

❧♦❣✐❝ r❡❣r❡ss✐♦♥ ❡①♣❧❛✐♥ ❝r♦❤♥✬s ❞✐s❡❛s❡ ❣❡♥❡t✐❝s✳ P❧♦❙ ♦♥❡✱ ✼✭✶✵✮ ✿❡✹✸✵✸✺✳

❉r❛②✱ ❙✳ ❛♥❞ ❉✉❢♦✉r✱ ❆✳✲❇✳ ✭✷✵✵✼✮✳ ❚❤❡ ❛❞❡✹ ♣❛❝❦❛❣❡ ✿ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ❞✉❛❧✐t② ❞✐❛❣r❛♠

❢♦r ❡❝♦❧♦❣✐sts✳ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝❛❧ ❙♦❢t✇❛r❡✱ ✷✷✭✹✮ ✿✶✕✷✵✳

❊❝❦❛rt✱ ❈✳ ❛♥❞ ❨♦✉♥❣✱ ●✳ ✭✶✾✸✻✮✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♦♥❡ ♠❛tr✐① ❜② ❛♥♦t❤❡r ♦❢ ❧♦✇❡r

r❛♥❦✳ Ps②❝❤♦♠❡tr✐❦❛✱ ✶✭✸✮ ✿✷✶✶✕✷✶✽✳

❊❢r♦♥✱ ❇✳✱ ❍❛st✐❡✱ ❚✳✱ ❏♦❤♥st♦♥❡✱ ■✳✱ ❛♥❞ ❚✐❜s❤✐r❛♥✐✱ ❘✳ ✭✷✵✵✹✮✳ ▲❡❛st ❛♥❣❧❡ r❡❣r❡ss✐♦♥✳ ❚❤❡

❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s✱ ✸✷✭✷✮ ✿✹✵✼✕✹✾✾✳

❊❧❢❛❦✐r✱ ❆✳✱ ❊③③❡❞✐♥❡✱ ❑✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❋✉♥❝t✐♦♥❛❧ ♠❝✶r✲❣❡♥❡ ✈❛r✐❛♥ts ❛r❡

❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥❝r❡❛s❡❞ r✐s❦ ❢♦r s❡✈❡r❡ ♣❤♦t♦❛❣✐♥❣ ♦❢ ❢❛❝✐❛❧ s❦✐♥✳ ❏♦✉r♥❛❧ ♦❢ ■♥✈❡st✐❣❛t✐✈❡

❉❡r♠❛t♦❧♦❣②✱ ✶✸✵✭✹✮ ✿✶✶✵✼✕✶✶✶✺✳

❊③③❡❞✐♥❡✱ ❑✳✱ ▼❛✉❣❡r✱ ❊✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ❡t ❛❧✳ ✭✷✵✶✷✮✳ ❋r❡❝❦❧❡s ❛♥❞ s♦❧❛r ❧❡♥t✐❣✐♥❡s ❤❛✈❡ ❞✐❢✲

❢❡r❡♥t r✐s❦ ❢❛❝t♦rs ✐♥ ❝❛✉❝❛s✐❛♥ ✇♦♠❡♥✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❆❝❛❞❡♠② ♦❢ ❉❡r♠❛t♦❧♦❣②

❛♥❞ ❱❡♥❡r❡♦❧♦❣②✳

❋❛❧✉s❤✱ ❉✳✱ ❙t❡♣❤❡♥s✱ ▼✳✱ ❛♥❞ Pr✐t❝❤❛r❞✱ ❏✳ ✭✷✵✵✸✮✳ ■♥❢❡r❡♥❝❡ ♦❢ ♣♦♣✉❧❛t✐♦♥ str✉❝t✉r❡

✉s✐♥❣ ♠✉❧t✐❧♦❝✉s ❣❡♥♦t②♣❡ ❞❛t❛ ✿ ❧✐♥❦❡❞ ❧♦❝✐ ❛♥❞ ❝♦rr❡❧❛t❡❞ ❛❧❧❡❧❡ ❢r❡q✉❡♥❝✐❡s✳ ●❡♥❡t✐❝s✱

✶✻✹✭✹✮ ✿✶✺✻✼✕✶✺✽✼✳

❋❧❡✐ss✱ ❏✳ ✭✶✾✼✶✮✳ ▼❡❛s✉r✐♥❣ ♥♦♠✐♥❛❧ s❝❛❧❡ ❛❣r❡❡♠❡♥t ❛♠♦♥❣ ♠❛♥② r❛t❡rs✳ Ps②❝❤♦❧♦❣✐❝❛❧

❜✉❧❧❡t✐♥✱ ✼✻✭✺✮ ✿✸✼✽✳

❋r✐❡❞♠❛♥✱ ❏✳✱ ❍❛st✐❡✱ ❚✳✱ ❛♥❞ ❚✐❜s❤✐r❛♥✐✱ ❘✳ ✭✷✵✶✵✮✳ ❘❡❣✉❧❛r✐③❛t✐♦♥ ♣❛t❤s ❢♦r ❣❡♥❡r❛❧✐③❡❞

❧✐♥❡❛r ♠♦❞❡❧s ✈✐❛ ❝♦♦r❞✐♥❛t❡ ❞❡s❝❡♥t✳ ❏♦✉r♥❛❧ ♦❢ st❛t✐st✐❝❛❧ s♦❢t✇❛r❡✱ ✸✸✭✶✮ ✿✶✳

❋r✐ts❝❤✱ ❆✳ ❛♥❞ ■❝❦st❛❞t✱ ❑✳ ✭✷✵✵✼✮✳ ❈♦♠♣❛r✐♥❣ ❧♦❣✐❝ r❡❣r❡ss✐♦♥ ❜❛s❡❞ ♠❡t❤♦❞s ❢♦r ✐❞❡♥✲

t✐❢②✐♥❣ s♥♣ ✐♥t❡r❛❝t✐♦♥s✳ ■♥ ❇✐♦✐♥❢♦r♠❛t✐❝s r❡s❡❛r❝❤ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t✱ ♣❛❣❡s ✾✵✕✶✵✸✳

❙♣r✐♥❣❡r✳

●❛✉ss✱ ❈✳ ❋✳ ✭✶✽✺✺✮✳ ▼ét❤♦❞❡ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ✿ ♠é♠♦✐r❡s s✉r ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s

♦❜s❡r✈❛t✐♦♥s✳ ▼❛❧❧❡t✲❇❛❝❤❡❧✐❡r✳

✶✽✼
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●❡♠♣❡r❧✐♥❡✱ P✳✱ ▼✐❧❧❡r✱ ❑✳✱ ❲❡st✱ ❚✳✱ ❡t ❛❧✳ ✭✶✾✾✷✮✳ Pr✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s✱ tr❛❝❡

❡❧❡♠❡♥ts✱ ❛♥❞ ❜❧✉❡ ❝r❛❜ s❤❡❧❧ ❞✐s❡❛s❡✳ ❆♥❛❧②t✐❝❛❧ ❈❤❡♠✐str②✱ ✻✹✭✾✮ ✿✺✷✸❆✕✺✸✷❆✳

●✐❜❜s✱ ❘✳✱ ❇❡❧♠♦♥t✱ ❏✳✱ ❍❛r❞❡♥❜♦❧✱ P✳✱ ❡t ❛❧✳ ✭✷✵✵✸✮✳ ❚❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❤❛♣♠❛♣ ♣r♦❥❡❝t✳

◆❛t✉r❡✱ ✹✷✻✭✻✾✻✽✮ ✿✼✽✾✕✼✾✻✳

●✐♥✐✱ ❈✳ ✭✶✾✷✶✮✳ ▼❡❛s✉r❡♠❡♥t ♦❢ ✐♥❡q✉❛❧✐t② ♦❢ ✐♥❝♦♠❡s✳ ❚❤❡ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✱

✸✶✭✶✷✶✮ ✿✶✷✹✕✶✷✻✳

●♦❧❞❜❡r❣✱ ❉✳✱ ❈♦rr✉❜❧❡✱ ❱✳✱ ●❛♥❛s❝✐❛✱ ❏✳✲●✳✱ ❡t ❛❧✳ ✭✶✾✾✹✮✳ ❆❧❣♦r✐t❤♠❡s ❣é♥ét✐q✉❡s ✿ ❡①♣❧♦✲

r❛t✐♦♥✱ ♦♣t✐♠✐s❛t✐♦♥ ❡t ❛♣♣r❡♥t✐ss❛❣❡ ❛✉t♦♠❛t✐q✉❡✳ ❆❞❞✐s♦♥✲❲❡s❧❡② ❋r❛♥❝❡✳

●♦❧✉❜✱ ●✳ ❍✳ ❛♥❞ ❱❛♥ ▲♦❛♥✱ ❈✳ ❋✳ ✭✶✾✽✸✮✳ ▼❛tr✐① ❝♦♠♣✉t❛t✐♦♥s✳ ❏♦❤♥s ❍♦♣❦✐♥s ❯♥✐✈❡rs✐t②✱

Pr❡ss✱ ❇❛❧t✐♠♦r❡✱ ▼❉✱ ❯❙❆✳

●♦❧✉❜✱ ●✳ ❍✳ ❛♥❞ ❱❛♥ ▲♦❛♥✱ ❈✳ ❋✳ ✭✷✵✶✷✮✳ ▼❛tr✐① ❝♦♠♣✉t❛t✐♦♥s✱ ✈♦❧✉♠❡ ✸✳ ❏❍❯ Pr❡ss✳

●♦♥③á❧❡③✱ ■✳✱ ❉é❥❡❛♥✱ ❙✳✱ ▼❛rt✐♥✱ P✳✱ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❍✐❣❤❧✐❣❤t✐♥❣ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥

❤❡t❡r♦❣❡♥❡♦✉s ❜✐♦❧♦❣✐❝❛❧ ❞❛t❛ t❤r♦✉❣❤ ❣r❛♣❤✐❝❛❧ ❞✐s♣❧❛②s ❜❛s❡❞ ♦♥ r❡❣✉❧❛r✐③❡❞ ❝❛♥♦♥✐❝❛❧

❝♦rr❡❧❛t✐♦♥ ❛♥❛❧②s✐s✳ ❏♦✉r♥❛❧ ♦❢ ❇✐♦❧♦❣✐❝❛❧ ❙②st❡♠s✱ ✶✼✭✵✷✮ ✿✶✼✸✕✶✾✾✳

●♦r❛❧❝③②❦✱ ❘✳ ❛♥❞ ❲❡rt③✱ ❑✳ ✭✷✵✵✾✮✳ ❙❦✐♥ ♣❤♦t♦♣r♦t❡❝t✐♦♥ ❜② ❝❛r♦t❡♥♦✐❞s✳ ■♥ ❈❛r♦t❡♥♦✐❞s✱

♣❛❣❡s ✸✸✺✕✸✻✷✳ ❙♣r✐♥❣❡r✳

●r❡❡♥❛❝r❡✱ ▼✳ ✭✷✵✶✵✮✳ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❛♥❛❧②s✐s ✐♥ ♣r❛❝t✐❝❡✳ ❈❤❛♣♠❛♥ ❛♥❞ ❍❛❧❧✴❈❘❈✳

●r❡❡♥❛❝r❡✱ ▼✳ ❏✳ ✭✶✾✽✹✮✳ ❚❤❡♦r② ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛♥❛❧②s✐s✳

●✉✐♥♦t✱ ❈✳✱ ▼❛❧✈②✱ ❉✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ❡t ❛❧✳ ✭✷✵✵✶✮✳ ❙✉♥ ❡①♣♦s✉r❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ❣❡♥❡r❛❧ ❛❞✉❧t

♣♦♣✉❧❛t✐♦♥ ✐♥ ❢r❛♥❝❡✳ ❙❦✐♥ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t✕P❡r❝❡♣t✐♦♥ ❛♥❞ ♣r♦t❡❝t✐♦♥✳ ✶✵❡ ❝♦♥❣rès ❞❡

❧✬❊❆❉❱✱ ▼✉♥✐❝❤✱ ♣❛❣❡s ✶✵✕✶✹✳

❍❛r❞②✱ ●✳ ❍✳ ✭✶✾✵✽✮✳ ▼❡♥❞❡❧✐❛♥ ♣r♦♣♦rt✐♦♥s ✐♥ ❛ ♠✐①❡❞ ♣♦♣✉❧❛t✐♦♥✳ ❙❝✐❡♥❝❡✱ ✷✽✭✼✵✻✮ ✿✹✾✕

✺✵✳

❍❡r❝❜❡r❣✱ ❙✳✱ ●❛❧❛♥✱ P✳✱ Pr❡③✐♦s✐✱ P✳✱ ❡t ❛❧✳ ✭✶✾✾✽❛✮✳ ❇❛❝❦❣r♦✉♥❞ ❛♥❞ r❛t✐♦♥❛❧❡ ❜❡❤✐♥❞ t❤❡ s✉✳

✈✐✳ ♠❛① st✉❞②✱ ❛ ♣r❡✈❡♥t✐♦♥ tr✐❛❧ ✉s✐♥❣ ♥✉tr✐t✐♦♥❛❧ ❞♦s❡s ♦❢ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛♥t✐♦①✐❞❛♥t

✶✽✽
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✈✐t❛♠✐♥s ❛♥❞ ♠✐♥❡r❛❧s t♦ r❡❞✉❝❡ ❝❛r❞✐♦✈❛s❝✉❧❛r ❞✐s❡❛s❡s ❛♥❞ ❝❛♥❝❡rs✳ s✉♣♣❧❡♠❡♥t❛t✐♦♥

❡♥ ✈✐t❛♠✐♥❡s ❡t ♠✐♥❡r❛✉① ❛♥t✐♦①②❞❛♥ts st✉❞②✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ❢♦r ❱✐t❛♠✐♥ ❛♥❞

◆✉tr✐t✐♦♥ ❘❡s❡❛r❝❤✱ ✻✽✭✶✮ ✿✸✕✷✵✳

❍❡r❝❜❡r❣✱ ❙✳✱ Pr❡③✐♦s✐✱ P✳✱ ❇r✐❛♥ç♦♥✱ ❙✳✱ ❡t ❛❧✳ ✭✶✾✾✽❜✮✳ ❆ ♣r✐♠❛r② ♣r❡✈❡♥t✐♦♥ tr✐❛❧ ✉s✐♥❣

♥✉tr✐t✐♦♥❛❧ ❞♦s❡s ♦❢ ❛♥t✐♦①✐❞❛♥t ✈✐t❛♠✐♥s ❛♥❞ ♠✐♥❡r❛❧s ✐♥ ❝❛r❞✐♦✈❛s❝✉❧❛r ❞✐s❡❛s❡s ❛♥❞

❝❛♥❝❡rs ✐♥ ❛ ❣❡♥❡r❛❧ ♣♦♣✉❧❛t✐♦♥ ✿ t❤❡ s✉✳ ✈✐✳ ♠❛① st✉❞②✖❞❡s✐❣♥✱ ♠❡t❤♦❞s✱ ❛♥❞ ♣❛rt✐❝✐♣❛♥t

❝❤❛r❛❝t❡r✐st✐❝s✳ ❈♦♥tr♦❧❧❡❞ ❈❧✐♥✐❝❛❧ ❚r✐❛❧s✱ ✶✾✭✹✮ ✿✸✸✻✕✸✺✶✳

❍✐❣❤❛♠✱ ◆✳ ❏✳ ✭✶✾✽✽✮✳ ▼❛tr✐① ♥❡❛r♥❡ss ♣r♦❜❧❡♠s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❯♥✐✈❡rs✐t② ♦❢ ▼❛♥❝❤❡st❡r

❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✳

❍♦❞❣s♦♥✱ ❈✳ ✭✶✾✻✸✮✳ ❙❡♥✐❧❡ ❧❡♥t✐❣♦✳ ❆r❝❤✐✈❡s ♦❢ ❉❡r♠❛t♦❧♦❣②✱ ✽✼✭✷✮ ✿✶✾✼✕✷✵✼✳

❍♦❡r❧✱ ❆✳ ❛♥❞ ❑❡♥♥❛r❞✱ ❘✳ ✭✶✾✼✵✮✳ ❘✐❞❣❡ r❡❣r❡ss✐♦♥ ✿ ❇✐❛s❡❞ ❡st✐♠❛t✐♦♥ ❢♦r ♥♦♥♦rt❤♦❣♦♥❛❧

♣r♦❜❧❡♠s✳ ❚❡❝❤♥♦♠❡tr✐❝s✱ ✶✷✭✶✮ ✿✺✺✕✻✼✳

❍♦❡r❧✱ ❆✳ ❛♥❞ ❑❡♥♥❛r❞✱ ❘✳ ✭✶✾✽✽✮✳ ❘✐❞❣❡ r❡❣r❡ss✐♦♥✱ ✐♥ ❵❡♥❝②❝❧♦♣❡❞✐❛ ♦❢ st❛t✐st✐❝❛❧ s❝✐❡♥❝❡s✬✱

✈♦❧✳ ✽✳

❍♦❡r❧✱ ❆✳ ❊✳ ❛♥❞ ❑❡♥♥❛r❞✱ ❘✳ ❲✳ ✭✷✵✵✵✮✳ ❘✐❞❣❡ r❡❣r❡ss✐♦♥ ✿ ❜✐❛s❡❞ ❡st✐♠❛t✐♦♥ ❢♦r ♥♦♥♦r✲

t❤♦❣♦♥❛❧ ♣r♦❜❧❡♠s✳ ❚❡❝❤♥♦♠❡tr✐❝s✱ ✹✷✭✶✮ ✿✽✵✕✽✻✳

❍♦❧t❡r✱ ◆✳ ❙✳✱ ▼❛r✐t❛♥✱ ❆✳✱ ❈✐❡♣❧❛❦✱ ▼✳✱ ❡t ❛❧✳ ✭✷✵✵✶✮✳ ❉②♥❛♠✐❝ ♠♦❞❡❧✐♥❣ ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥

❞❛t❛✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s✱ ✾✽✭✹✮ ✿✶✻✾✸✕✶✻✾✽✳

❍♦❧t❡r✱ ◆✳ ❙✳✱ ▼✐tr❛✱ ▼✳✱ ▼❛r✐t❛♥✱ ❆✳✱ ❡t ❛❧✳ ✭✷✵✵✵✮✳ ❋✉♥❞❛♠❡♥t❛❧ ♣❛tt❡r♥s ✉♥❞❡r❧②✐♥❣ ❣❡♥❡

❡①♣r❡ss✐♦♥ ♣r♦✜❧❡s ✿ s✐♠♣❧✐❝✐t② ❢r♦♠ ❝♦♠♣❧❡①✐t②✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢

❙❝✐❡♥❝❡s✱ ✾✼✭✶✺✮ ✿✽✹✵✾✕✽✹✶✹✳

❍✉ss♦♥✱ ❋✳✱ ❏♦ss❡✱ ❏✳✱ ▲❡✱ ❙✳✱ ❡t ❛❧✳ ✭✷✵✶✸✮✳ ❋❛❝t♦▼✐♥❡❘ ✿ ▼✉❧t✐✈❛r✐❛t❡ ❊①♣❧♦r❛t♦r② ❉❛t❛

❆♥❛❧②s✐s ❛♥❞ ❉❛t❛ ▼✐♥✐♥❣ ✇✐t❤ ❘✳ ❘ ♣❛❝❦❛❣❡ ✈❡rs✐♦♥ ✶✳✷✹✳

■♥❝✱ ❙✳ ■✳ ✭✶✾✾✵✮✳ ❙❆❙✴❙❚❆❚ ✉s❡r✬s ❣✉✐❞❡✳

❏❞✐❞✱ ❘✳✱ ❊③③❡❞✐♥❡✱ ❑✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ❡t ❛❧✳ ✭✷✵✶✸✮✳ ▼❝✶r ♠❛❥♦r ✈❛r✐❛♥ts ❛r❡ ❛ r✐s❦ ❢❛❝t♦r ♦❢

s❧❡❡♣ ❧✐♥❡s ✐♥ ❝❛✉❝❛s✐❛♥ ✇♦♠❡♥✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❆❝❛❞❡♠② ♦❢ ❉❡r♠❛t♦❧♦❣② ❛♥❞

❱❡♥❡r❡♦❧♦❣②✳

✶✽✾
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❏❡❧✐③❛r♦✇✱ ▼✳✱ ●✉✐❧❧❡♠♦t✱ ❱✳✱ ❚❡♥❡♥❤❛✉s✱ ❆✳✱ ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❖✈❡r✲♦♣t✐♠✐s♠ ✐♥ ❜✐♦✐♥❢♦r♠❛✲

t✐❝s ✿ ❛♥ ✐❧❧✉str❛t✐♦♥✳ ❇✐♦✐♥❢♦r♠❛t✐❝s✱ ✷✻✭✶✻✮ ✿✶✾✾✵✕✶✾✾✽✳

❏❡♥s❡♥✱ ▲✳✱ ❑✉❤♥✱ ▼✳✱ ❙t❛r❦✱ ▼✳✱ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ❙tr✐♥❣ ✽✖❛ ❣❧♦❜❛❧ ✈✐❡✇ ♦♥ ♣r♦t❡✐♥s ❛♥❞ t❤❡✐r

❢✉♥❝t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥s ✐♥ ✻✸✵ ♦r❣❛♥✐s♠s✳ ◆✉❝❧❡✐❝ ❆❝✐❞s ❘❡s❡❛r❝❤✱ ✸✼✭s✉♣♣❧ ✶✮ ✿❉✹✶✷✕

❉✹✶✻✳

❏❡ss✉♣✱ ❊✳ ❛♥❞ ❙♦r❡♥s❡♥✱ ❉✳ ❈✳ ✭✶✾✾✹✮✳ ❆ ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ s✐♥❣✉❧❛r

✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ♠❛tr✐①✳ ❙✐❛♠ ❏♦✉r♥❛❧ ♦♥ ▼❛tr✐① ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱

✶✺✭✷✮ ✿✺✸✵✕✺✹✽✳

❏♦❤♥s♦♥✱ ❘✳ ❛♥❞ ❲✐❝❤❡r♥✱ ❉✳ ✭✷✵✵✷✮✳ ❆♣♣❧✐❡❞ ♠✉❧t✐✈❛r✐❛t❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s✱ ✈♦❧✉♠❡ ✺✳

Pr❡♥t✐❝❡ ❤❛❧❧ ❯♣♣❡r ❙❛❞❞❧❡ ❘✐✈❡r✱ ◆❏✳

❏♦❧❧✐✛❡✱ ■✳✱ ❚r❡♥❞❛✜❧♦✈✱ ◆✳✱ ❛♥❞ ❯❞❞✐♥✱ ▼✳ ✭✷✵✵✸✮✳ ❆ ♠♦❞✐✜❡❞ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t t❡❝❤✲

♥✐q✉❡ ❜❛s❡❞ ♦♥ t❤❡ ❧❛ss♦✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ●r❛♣❤✐❝❛❧ ❙t❛t✐st✐❝s✱ ✶✷✭✸✮ ✿✺✸✶✕

✺✹✼✳

❏♦❧❧✐✛❡✱ ■✳ ❚✳ ✭✶✾✾✺✮✳ ❘♦t❛t✐♦♥ ♦❢ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ✿ ❝❤♦✐❝❡ ♦❢ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥str❛✐♥ts✳

❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ❙t❛t✐st✐❝s✱ ✷✷✭✶✮ ✿✷✾✕✸✺✳

❑❛✐s❡r✱ ❍✳ ❋✳ ✭✶✾✺✽✮✳ ❚❤❡ ✈❛r✐♠❛① ❝r✐t❡r✐♦♥ ❢♦r ❛♥❛❧②t✐❝ r♦t❛t✐♦♥ ✐♥ ❢❛❝t♦r ❛♥❛❧②s✐s✳ Ps②✲

❝❤♦♠❡tr✐❦❛✱ ✷✸✭✸✮ ✿✶✽✼✕✷✵✵✳

❑❛♥❡❤✐s❛✱ ▼✳✱ ●♦t♦✱ ❙✳✱ ❑❛✇❛s❤✐♠❛✱ ❙✳✱ ❡t ❛❧✳ ✭✷✵✵✹✮✳ ❚❤❡ ❦❡❣❣ r❡s♦✉r❝❡ ❢♦r ❞❡❝✐♣❤❡r✐♥❣

t❤❡ ❣❡♥♦♠❡✳ ◆✉❝❧❡✐❝ ❆❝✐❞s ❘❡s❡❛r❝❤✱ ✸✷✭s✉♣♣❧ ✶✮ ✿❉✷✼✼✕❉✷✽✵✳

❑❛ss✱ ●✳ ✭✶✾✽✵✮✳ ❆♥ ❡①♣❧♦r❛t♦r② t❡❝❤♥✐q✉❡ ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ ❧❛r❣❡ q✉❛♥t✐t✐❡s ♦❢ ❝❛t❡❣♦r✐❝❛❧

❞❛t❛✳ ❆♣♣❧✐❡❞ ❙t❛t✐st✐❝s✱ ♣❛❣❡s ✶✶✾✕✶✷✼✳

❑♦♦♣❡r❜❡r❣✱ ❈✳ ❛♥❞ ❘✉❝③✐♥s❦✐✱ ■✳ ✭✷✵✵✺✮✳ ■❞❡♥t✐❢②✐♥❣ ✐♥t❡r❛❝t✐♥❣ s♥♣s ✉s✐♥❣ ♠♦♥t❡ ❝❛r❧♦

❧♦❣✐❝ r❡❣r❡ss✐♦♥✳ ●❡♥❡t✐❝ ❊♣✐❞❡♠✐♦❧♦❣②✱ ✷✽✭✷✮ ✿✶✺✼✕✶✼✵✳

❑♦♦♣❡r❜❡r❣✱ ❈✳ ❛♥❞ ❘✉❝③✐♥s❦✐✱ ■✳ ✭✷✵✶✷✮✳ ▲♦❣✐❝❘❡❣ ✿ ▲♦❣✐❝ ❘❡❣r❡ss✐♦♥✳ ❘ ♣❛❝❦❛❣❡ ✈❡rs✐♦♥

✶✳✺✳✸✳

✶✾✵
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❑rä♠❡r✱ ◆✳ ✭✷✵✵✼✮✳ ❆♥❛❧②s✐s ♦❢ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛ ✇✐t❤ ♣❛rt✐❛❧ ❧❡❛st sq✉❛r❡s ❛♥❞ ❜♦♦s✲

t✐♥❣✳ P❤❉ t❤❡s✐s✱ ❚❯ ❇❡r❧✐♥✳

❑r✐s❤♥❛♥✱ ❆✳✱ ❲✐❧❧✐❛♠s✱ ▲✳✱ ▼❝■♥t♦s❤✱ ❆✳✱ ❡t ❛❧✳ ✭✷✵✶✶✮✳ P❛rt✐❛❧ ❧❡❛st sq✉❛r❡s ✭♣❧s✮ ♠❡t❤♦❞s

❢♦r ♥❡✉r♦✐♠❛❣✐♥❣ ✿ ❛ t✉t♦r✐❛❧ ❛♥❞ r❡✈✐❡✇✳ ◆❡✉r♦✐♠❛❣❡✱ ✺✻✭✷✮ ✿✹✺✺✕✹✼✺✳

❑✉❤♥✱ ❍✳ ❲✳ ❛♥❞ ❚✉❝❦❡r✱ ❆✳ ❲✳ ✭✶✾✺✶✮✳ ◆♦♥❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡

s❡❝♦♥❞ ❇❡r❦❡❧❡② s②♠♣♦s✐✉♠ ♦♥ ♠❛t❤❡♠❛t✐❝❛❧ st❛t✐st✐❝s ❛♥❞ ♣r♦❜❛❜✐❧✐t②✱ ✈♦❧✉♠❡ ✺✳ ❈❛❧✐✲

❢♦r♥✐❛✳

▲ê ❈❛♦✱ ❑✳✲❆✳✱ ❘♦ss♦✉✇✱ ❉✳✱ ❘♦❜❡rt✲●r❛♥✐é✱ ❈✳✱ ❡t ❛❧✳ ✭✷✵✵✽✮✳ ❆ s♣❛rs❡ ♣❧s ❢♦r ✈❛r✐❛❜❧❡

s❡❧❡❝t✐♦♥ ✇❤❡♥ ✐♥t❡❣r❛t✐♥❣ ♦♠✐❝s ❞❛t❛✳ ●❡♥❡t✐❝s ❛♥❞ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣②✱ ✼✭✶✮ ✿✸✺✳

▲❛♥❞❡r✱ ❊✳✱ ▲✐♥t♦♥✱ ▲✳✱ ❇✐rr❡♥✱ ❇✳✱ ❡t ❛❧✳ ✭✷✵✵✶✮✳ ■♥✐t✐❛❧ s❡q✉❡♥❝✐♥❣ ❛♥❞ ❛♥❛❧②s✐s ♦❢ t❤❡

❤✉♠❛♥ ❣❡♥♦♠❡✳ ◆❛t✉r❡✱ ✹✵✾✭✻✽✷✷✮ ✿✽✻✵✕✾✷✶✳

▲❛r♥✐❡r✱ ❈✳✱ ❖rt♦♥♥❡✱ ❏✳✲P✳✱ ❱❡♥♦t✱ ❆✳✱ ❡t ❛❧✳ ✭✶✾✾✹✮✳ ❊✈❛❧✉❛t✐♦♥ ♦❢ ❝✉t❛♥❡♦✉s ♣❤♦t♦❞❛♠❛❣❡

✉s✐♥❣ ❛ ♣❤♦t♦❣r❛♣❤✐❝ s❝❛❧❡✳ ❇r✐t✐s❤ ❏♦✉r♥❛❧ ♦❢ ❉❡r♠❛t♦❧♦❣②✱ ✶✸✵✭✷✮ ✿✶✻✼✕✶✼✸✳

▲❛tr❡✐❧❧❡✱ ❏✳✱ ❊③③❡❞✐♥❡✱ ❑✳✱ ❊❧❢❛❦✐r✱ ❆✳✱ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ▼❝✶r ❣❡♥❡ ♣♦❧②♠♦r♣❤✐s♠ ❛✛❡❝ts s❦✐♥

❝♦❧♦r ❛♥❞ ♣❤❡♥♦t②♣✐❝ ❢❡❛t✉r❡s r❡❧❛t❡❞ t♦ s✉♥ s❡♥s✐t✐✈✐t② ✐♥ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❢r❡♥❝❤ ❛❞✉❧t

✇♦♠❡♥✳ P❤♦t♦❝❤❡♠✐str② ❛♥❞ ♣❤♦t♦❜✐♦❧♦❣②✱ ✽✺✭✻✮ ✿✶✹✺✶✕✶✹✺✽✳

▲❛tr❡✐❧❧❡✱ ❏✳✱ ❊③③❡❞✐♥❡✱ ❑✳✱ ❊❧❢❛❦✐r✱ ❆✳✱ ❡t ❛❧✳ ✭✷✵✶✶✮✳ P♦❧②♠♦r♣❤✐s♠❡s ❞✉ ♠❝✶r ❡t ♣❤♦✲

t♦✈✐❡✐❧❧✐ss❡♠❡♥t ❞✉ ✈✐s❛❣❡✳ ■♥ ❆♥♥❛❧❡s ❞❡ ❞❡r♠❛t♦❧♦❣✐❡ ❡t ❞❡ ✈é♥éré♦❧♦❣✐❡✱ ✈♦❧✉♠❡ ✶✸✽✱

♣❛❣❡s ✸✽✺✕✸✽✾✳ ❊❧s❡✈✐❡r✳

▲❡ ❈❧❡r❝✱ ❙✳✱ ▲✐♠♦✉✱ ❙✳✱ ❈♦✉❧♦♥❣❡s✱ ❈✳✱ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ●❡♥♦♠❡✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉❞② ♦❢ ❛

r❛♣✐❞ ♣r♦❣r❡ss✐♦♥ ❝♦❤♦rt ✐❞❡♥t✐✜❡s ♥❡✇ s✉s❝❡♣t✐❜✐❧✐t② ❛❧❧❡❧❡s ❢♦r ❛✐❞s ✭❛♥rs ❣❡♥♦♠❡✇✐❞❡

❛ss♦❝✐❛t✐♦♥ st✉❞② ✵✸✮✳ ❏♦✉r♥❛❧ ♦❢ ■♥❢❡❝t✐♦✉s ❉✐s❡❛s❡s✱ ✷✵✵✭✽✮ ✿✶✶✾✹✕✶✷✵✶✳

▲❡ ❈❧❡r❝✱ ❙✳✱ ❚❛✐♥❣✱ ▲✳✱ ❊③③❡❞✐♥❡✱ ❑✳✱ ❡t ❛❧✳ ✭✷✵✶✷✮✳ ❆ ❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉❞② ✐♥

❝❛✉❝❛s✐❛♥ ✇♦♠❡♥ ♣♦✐♥ts ♦✉t ❛ ♣✉t❛t✐✈❡ r♦❧❡ ♦❢ t❤❡ st①❜♣✺❧ ❣❡♥❡ ✐♥ ❢❛❝✐❛❧ ♣❤♦t♦❛❣✐♥❣✳

❏♦✉r♥❛❧ ♦❢ ■♥✈❡st✐❣❛t✐✈❡ ❉❡r♠❛t♦❧♦❣②✱ ✶✸✸✭✹✮ ✿✾✷✾✕✾✸✺✳

▲❡❜❛rt✱ ▲✳✱ ▼♦r✐♥❡❛✉✱ ❆✳✱ ❛♥❞ ❚❛❜❛r❞✱ ◆✳ ✭✶✾✼✼✮✳ ❚❡❝❤♥✐q✉❡ ❞❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ st❛t✐st✐q✉❡ ✿

▼❡t❤♦❞❡s ❡t ❧♦❣✐❝✐❡❧s ♣♦✉r ❧✬❛♥❛❧②s❡ ❞❡s ❣r❛♥❞s t❛❜❧❡❛✉①✳ ❉✉♥♦❞✳

✶✾✶
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▲✐❛✇✱ ❆✳ ❛♥❞ ❲✐❡♥❡r✱ ▼✳ ✭✷✵✵✷✮✳ ❈❧❛ss✐✜❝❛t✐♦♥ ❛♥❞ r❡❣r❡ss✐♦♥ ❜② r❛♥❞♦♠❢♦r❡st✳ ❘ ◆❡✇s✱

✷✭✸✮ ✿✶✽✕✷✷✳

▲✐♠♦✉✱ ❙✳✱ ❈♦✉❧♦♥❣❡s✱ ❈✳✱ ❍❡r❜❡❝❦✱ ❏✳✱ ❡t ❛❧✳ ✭✷✵✶✵✮✳ ▼✉❧t✐♣❧❡✲❝♦❤♦rt ❣❡♥❡t✐❝ ❛ss♦❝✐❛t✐♦♥

st✉❞② r❡✈❡❛❧s ❝①❝r✻ ❛s ❛ ♥❡✇ ❝❤❡♠♦❦✐♥❡ r❡❝❡♣t♦r ✐♥✈♦❧✈❡❞ ✐♥ ❧♦♥❣✲t❡r♠ ♥♦♥♣r♦❣r❡ss✐♦♥

t♦ ❛✐❞s✳ ❏♦✉r♥❛❧ ♦❢ ■♥❢❡❝t✐♦✉s ❉✐s❡❛s❡s✱ ✷✵✷✭✻✮ ✿✾✵✽✕✾✶✺✳

▲✐♠♦✉✱ ❙✳✱ ▲❡ ❈❧❡r❝✱ ❙✳✱ ❈♦✉❧♦♥❣❡s✱ ❈✳✱ ❡t ❛❧✳ ✭✷✵✵✾✮✳ ●❡♥♦♠❡✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉❞② ♦❢ ❛♥

❛✐❞s✲♥♦♥♣r♦❣r❡ss✐♦♥ ❝♦❤♦rt ❡♠♣❤❛s✐③❡s t❤❡ r♦❧❡ ♣❧❛②❡❞ ❜② ❤❧❛ ❣❡♥❡s ✭❛♥rs ❣❡♥♦♠❡✇✐❞❡

❛ss♦❝✐❛t✐♦♥ st✉❞② ✵✷✮✳ ❏♦✉r♥❛❧ ♦❢ ■♥❢❡❝t✐♦✉s ❉✐s❡❛s❡s✱ ✶✾✾✭✸✮ ✿✹✶✾✕✹✷✻✳

▲♦❤♠ö❧❧❡r✱ ❏✳ ✭✶✾✽✾✮✳ ▲❛t❡♥t ✈❛r✐❛❜❧❡ ♣❛t❤ ♠♦❞❡❧✐♥❣ ✇✐t❤ ♣❛rt✐❛❧ ❧❡❛st sq✉❛r❡s✳ P❤②s✐❝❛✲

❱❡r❧❛❣ ❍❡✐❞❡❧❜❡r❣✳

▼❛❣♥✉s✱ ❏✳ ❘✳ ❛♥❞ ◆❡✉❞❡❝❦❡r✱ ❍✳ ✭✶✾✽✽✮✳ ▼❛tr✐① ❞✐✛❡r❡♥t✐❛❧ ❝❛❧❝✉❧✉s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s ✐♥

st❛t✐st✐❝s ❛♥❞ ❡❝♦♥♦♠❡tr✐❝s✳

▼❛❧❧♦✇s✱ ❈✳ ✭✶✾✼✸✮✳ ❙♦♠❡ ❝♦♠♠❡♥ts ♦♥ ❝♣✳ ❚❡❝❤♥♦♠❡tr✐❝s✱ ✶✺✭✹✮ ✿✻✻✶✕✻✼✺✳

▼❛❧✈②✱ ❉✳✱ ●✉✐♥♦t✱ ❈✳✱ Pr❡③✐♦s✐✱ P✳✱ ❡t ❛❧✳ ✭✷✵✵✵✮✳ ❊♣✐❞❡♠✐♦❧♦❣✐❝ ❞❡t❡r♠✐♥❛♥ts ♦❢ s❦✐♥

♣❤♦t♦❛❣✐♥❣ ✿ ❜❛s❡❧✐♥❡ ❞❛t❛ ♦❢ t❤❡ s✉✳ ✈✐✳ ♠❛①✳ ❝♦❤♦rt✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❆❝❛❞❡♠②

♦❢ ❉❡r♠❛t♦❧♦❣②✱ ✹✷✭✶✮ ✿✹✼✕✺✺✳

▼❝❈❧✉s❦❡②✱ ❊✳ ✭✶✾✺✻✮✳ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ ❜♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ❇❡❧❧ ❙②st❡♠ ❚❡❝❤♥✐❝❛❧ ❏♦✉r♥❛❧✱

✸✺ ✿✶✹✶✼✕✶✹✹✹✳

▼❝▲❛❝❤❧❛♥✱ ●✳✱ ❉♦✱ ❑✳✲❆✳✱ ❛♥❞ ❆♠❜r♦✐s❡✱ ❈✳ ✭✷✵✵✺✮✳ ❆♥❛❧②③✐♥❣ ♠✐❝r♦❛rr❛② ❣❡♥❡ ❡①♣r❡ss✐♦♥

❞❛t❛✱ ✈♦❧✉♠❡ ✹✷✷✳ ❲✐❧❡②✳ ❝♦♠✳

▼❡❤t❛✱ ❚✳✱ ❚❛♥✐❦✱ ▼✳✱ ❛♥❞ ❆❧❧✐s♦♥✱ ❉✳ ✭✷✵✵✹✮✳ ❚♦✇❛r❞s s♦✉♥❞ ❡♣✐st❡♠♦❧♦❣✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s

♦❢ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❢♦r ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❜✐♦❧♦❣②✳ ◆❛t✉r❡ ❣❡♥❡t✐❝s✱ ✸✻✭✾✮ ✿✾✹✸✕✾✹✼✳

▼❡✐❡r✱ ▲✳ ✭✷✵✶✸✮✳ ❣r♣❧❛ss♦ ✿ ❋✐tt✐♥❣ ✉s❡r s♣❡❝✐✜❡❞ ♠♦❞❡❧s ✇✐t❤ ●r♦✉♣ ▲❛ss♦ ♣❡♥❛❧t②✳ ❘

♣❛❝❦❛❣❡ ✈❡rs✐♦♥ ✵✳✹✲✸✳

▼❡✐♥s❤❛✉s❡♥✱ ◆✳ ❛♥❞ ❇ü❤❧♠❛♥♥✱ P✳ ✭✷✵✶✵✮✳ ❙t❛❜✐❧✐t② s❡❧❡❝t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧

❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t② ✿ ❙❡r✐❡s ❇ ✭❙t❛t✐st✐❝❛❧ ▼❡t❤♦❞♦❧♦❣②✮✱ ✼✷✭✹✮ ✿✹✶✼✕✹✼✸✳

✶✾✷
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▼❡♥❣✱ ❨✳ ❆✳✱ ❨✉✱ ❨✳✱ ❈✉♣♣❧❡s✱ ▲✳ ❆✳✱ ❡t ❛❧✳ ✭✷✵✵✾✮✳ P❡r❢♦r♠❛♥❝❡ ♦❢ r❛♥❞♦♠ ❢♦r❡st ✇❤❡♥

s♥♣s ❛r❡ ✐♥ ❧✐♥❦❛❣❡ ❞✐s❡q✉✐❧✐❜r✐✉♠✳ ❇▼❈ ❜✐♦✐♥❢♦r♠❛t✐❝s✱ ✶✵✭✶✮ ✿✼✽✳

▼❡t③✱ ❈✳ ❊✳ ✭✶✾✼✽✮✳ ❇❛s✐❝ ♣r✐♥❝✐♣❧❡s ♦❢ r♦❝ ❛♥❛❧②s✐s✳ ■♥ ❙❡♠✐♥❛rs ✐♥ ♥✉❝❧❡❛r ♠❡❞✐❝✐♥❡✱

✈♦❧✉♠❡ ✽✱ ♣❛❣❡s ✷✽✸✕✷✾✽✳ ❊❧s❡✈✐❡r✳

▼❡②❡r✱ ❉✳✱ ❉✐♠✐tr✐❛❞♦✉✱ ❊✳✱ ❍♦r♥✐❦✱ ❑✳✱ ❡t ❛❧✳ ✭✷✵✶✷✮✳ ❡✶✵✼✶ ✿ ▼✐s❝ ❋✉♥❝t✐♦♥s ♦❢ t❤❡

❉❡♣❛rt♠❡♥t ♦❢ ❙t❛t✐st✐❝s ✭❡✶✵✼✶✮✱ ❚❯ ❲✐❡♥✳ ❘ ♣❛❝❦❛❣❡ ✈❡rs✐♦♥ ✶✳✻✲✶✳

▼✐✱ ❍✳✱ ▼✉r✉❣❛♥✉❥❛♥✱ ❆✳✱ ❛♥❞ ❚❤♦♠❛s✱ P✳ ✭✷✵✶✸✮✳ P❛♥t❤❡r ✐♥ ✷✵✶✸ ✿ ♠♦❞❡❧✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥

♦❢ ❣❡♥❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ ♦t❤❡r ❣❡♥❡ ❛ttr✐❜✉t❡s✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♣❤②❧♦❣❡♥❡t✐❝ tr❡❡s✳ ◆✉❝❧❡✐❝

❆❝✐❞s ❘❡s❡❛r❝❤✱ ✹✶✭❉✶✮ ✿❉✸✼✼✕❉✸✽✻✳

▼♦r❣❛♥✱ ❏✳ ❛♥❞ ❙♦♥q✉✐st✱ ❏✳ ✭✶✾✻✸✮✳ Pr♦❜❧❡♠s ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ s✉r✈❡② ❞❛t❛✱ ❛♥❞ ❛ ♣r♦♣♦s❛❧✳

❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝❛❧ ❆ss♦❝✐❛t✐♦♥✱ ✺✽✭✸✵✷✮ ✿✹✶✺✕✹✸✹✳

◆♦❛❤✱ ❙✳✱ ❋r✐❡❞♠❛♥✱ ❏✳✱ ❚r❡✈♦r✱ ❍✳✱ ❡t ❛❧✳ ✭✷✵✶✸✮✳ ❙●▲ ✿ ❋✐t ❛ ●▲▼ ✭♦r ❝♦① ♠♦❞❡❧✮ ✇✐t❤ ❛

❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❧❛ss♦ ❛♥❞ ❣r♦✉♣ ❧❛ss♦ r❡❣✉❧❛r✐③❛t✐♦♥✳ ❘ ♣❛❝❦❛❣❡ ✈❡rs✐♦♥ ✶✳✶✳

◆♦✈❡♠❜r❡✱ ❏✳✱ ❏♦❤♥s♦♥✱ ❚✳✱ ❇r②❝✱ ❑✳✱ ❡t ❛❧✳ ✭✷✵✵✽✮✳ ●❡♥❡s ♠✐rr♦r ❣❡♦❣r❛♣❤② ✇✐t❤✐♥ ❡✉r♦♣❡✳

◆❛t✉r❡✱ ✹✺✻✭✼✷✶✽✮ ✿✾✽✕✶✵✶✳

P❡t❡rs❡♥✱ ❑✳ ❇✳ ❛♥❞ P❡❞❡rs❡♥✱ ▼✳ ❙✳ ✭✷✵✵✻✮✳ ❚❤❡ ♠❛tr✐① ❝♦♦❦❜♦♦❦✳

Pr✐❝❡✱ ❆✳✱ P❛tt❡rs♦♥✱ ◆✳✱ P❧❡♥❣❡✱ ❘✳✱ ❡t ❛❧✳ ✭✷✵✵✻✮✳ Pr✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❛♥❛❧②s✐s ❝♦rr❡❝ts

❢♦r str❛t✐✜❝❛t✐♦♥ ✐♥ ❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳ ◆❛t✉r❡ ●❡♥❡t✐❝s✱ ✸✽✭✽✮ ✿✾✵✹✕✾✵✾✳

Pr✐t❝❤❛r❞✱ ❏✳✱ ❙t❡♣❤❡♥s✱ ▼✳✱ ❛♥❞ ❉♦♥♥❡❧❧②✱ P✳ ✭✷✵✵✵✮✳ ■♥❢❡r❡♥❝❡ ♦❢ ♣♦♣✉❧❛t✐♦♥ str✉❝t✉r❡

✉s✐♥❣ ♠✉❧t✐❧♦❝✉s ❣❡♥♦t②♣❡ ❞❛t❛✳ ●❡♥❡t✐❝s✱ ✶✺✺✭✷✮ ✿✾✹✺✕✾✺✾✳

P✉r❝❡❧❧✱ ❙✳✱ ◆❡❛❧❡✱ ❇✳✱ ❚♦❞❞✲❇r♦✇♥✱ ❑✳✱ ❡t ❛❧✳ ✭✷✵✵✼✮✳ P❧✐♥❦ ✿ ❛ t♦♦❧ s❡t ❢♦r ✇❤♦❧❡✲❣❡♥♦♠❡

❛ss♦❝✐❛t✐♦♥ ❛♥❞ ♣♦♣✉❧❛t✐♦♥✲❜❛s❡❞ ❧✐♥❦❛❣❡ ❛♥❛❧②s❡s✳ ❚❤❡ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥

●❡♥❡t✐❝s✱ ✽✶✭✸✮ ✿✺✺✾✕✺✼✺✳

◗✉✐♥❡✱ ❲✳ ✭✶✾✺✷✮✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ s✐♠♣❧✐❢②✐♥❣ tr✉t❤ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧

▼♦♥t❤❧②✱ ✺✾✭✽✮ ✿✺✷✶✕✺✸✶✳

✶✾✸
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❘ ❉❡✈❡❧♦♣♠❡♥t ❈♦r❡ ❚❡❛♠ ✭✷✵✵✽✮✳ ❘ ✿ ❆ ▲❛♥❣✉❛❣❡ ❛♥❞ ❊♥✈✐r♦♥♠❡♥t ❢♦r ❙t❛t✐st✐❝❛❧ ❈♦♠✲

♣✉t✐♥❣✳ ❘ ❋♦✉♥❞❛t✐♦♥ ❢♦r ❙t❛t✐st✐❝❛❧ ❈♦♠♣✉t✐♥❣✱ ❱✐❡♥♥❛✱ ❆✉str✐❛✳ ■❙❇◆ ✸✲✾✵✵✵✺✶✲✵✼✲✵✳

❘❛❜❡✱ ❏✳✱ ▼❛♠❡❧❛❦✱ ❆✳✱ ▼❝❊❧❣✉♥♥✱ P✳✱ ❡t ❛❧✳ ✭✷✵✵✻✮✳ P❤♦t♦❛❣✐♥❣ ✿ ♠❡❝❤❛♥✐s♠s ❛♥❞ r❡♣❛✐r✳

❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❆❝❛❞❡♠② ♦❢ ❉❡r♠❛t♦❧♦❣②✱ ✺✺✭✶✮ ✿✶✕✶✾✳

❘❛②❝❤❛✉❞❤✉r✐✱ ❙✳✱ ❙t✉❛rt✱ ❏✳ ▼✳✱ ❛♥❞ ❆❧t♠❛♥✱ ❘✳ ❇✳ ✭✷✵✵✵✮✳ Pr✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❛♥❛❧②s✐s

t♦ s✉♠♠❛r✐③❡ ♠✐❝r♦❛rr❛② ❡①♣❡r✐♠❡♥ts ✿ ❛♣♣❧✐❝❛t✐♦♥ t♦ s♣♦r✉❧❛t✐♦♥ t✐♠❡ s❡r✐❡s✳ ■♥ P❛❝✐✜❝

❙②♠♣♦s✐✉♠ ♦♥ ❇✐♦❝♦♠♣✉t✐♥❣✳ P❛❝✐✜❝ ❙②♠♣♦s✐✉♠ ♦♥ ❇✐♦❝♦♠♣✉t✐♥❣✱ ♣❛❣❡ ✹✺✺✳ ◆■❍ P✉❜❧✐❝

❆❝❝❡ss✳

❘❡✐❝❤✱ ❉✳ ❊✳✱ ❈❛r❣✐❧❧✱ ▼✳✱ ❇♦❧❦✱ ❙✳✱ ❡t ❛❧✳ ✭✷✵✵✶✮✳ ▲✐♥❦❛❣❡ ❞✐s❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❤✉♠❛♥

❣❡♥♦♠❡✳ ◆❛t✉r❡✱ ✹✶✶✭✻✽✸✹✮ ✿✶✾✾✕✷✵✹✳

❘✉❝③✐♥s❦✐✱ ■✳✱ ❑♦♦♣❡r❜❡r❣✱ ❈✳✱ ❛♥❞ ▲❡❇❧❛♥❝✱ ▼✳ ✭✷✵✵✸✮✳ ▲♦❣✐❝ r❡❣r❡ss✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠✲

♣✉t❛t✐♦♥❛❧ ❛♥❞ ●r❛♣❤✐❝❛❧ ❙t❛t✐st✐❝s✱ ✶✷✭✸✮ ✿✹✼✺✕✺✶✶✳

❘✉❝③✐♥s❦✐✱ ■✳✱ ❑♦♦♣❡r❜❡r❣✱ ❈✳✱ ❛♥❞ ▲❡❇❧❛♥❝✱ ▼✳ ✭✷✵✵✹✮✳ ❊①♣❧♦r✐♥❣ ✐♥t❡r❛❝t✐♦♥s ✐♥ ❤✐❣❤✲

❞✐♠❡♥s✐♦♥❛❧ ❣❡♥♦♠✐❝ ❞❛t❛ ✿ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ❧♦❣✐❝ r❡❣r❡ss✐♦♥✱ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s✳ ❏♦✉r♥❛❧

♦❢ ▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧②s✐s✱ ✾✵✭✶✮ ✿✶✼✽✕✶✾✺✳

❘✉❝③✐♥s❦✐✱ ■✳✱ ❑♦♦♣❡r❜❡r❣✱ ❈✳✱ ▲❡❇❧❛♥❝✱ ▼✳ ▲✳✱ ❡t ❛❧✳ ✭✷✵✵✶✮✳ ❙❡q✉❡♥❝❡ ❛♥❛❧②s✐s ✉s✐♥❣ ❧♦❣✐❝

r❡❣r❡ss✐♦♥✳ ●❡♥❡t✐❝ ❊♣✐❞❡♠✐♦❧♦❣②✱ ✷✶✭✶✮ ✿❙✻✷✻✕❙✻✸✶✳

❙❛❣❡✱ ❊✳✱ ●✐r❛r❞✱ P✳✲▼✳✱ ❛♥❞ ❋r❛♥❝❡s❝♦♥✐✱ ❙✳ ✭✷✵✶✷✮✳ ❯♥r❛✈❡❧❧✐♥❣ ✉✈❛✲✐♥❞✉❝❡❞ ♠✉t❛❣❡♥❡s✐s✳

P❤♦t♦❝❤❡♠✐❝❛❧ ✫ P❤♦t♦❜✐♦❧♦❣✐❝❛❧ ❙❝✐❡♥❝❡s✱ ✶✶✭✶✮ ✿✼✹✕✽✵✳

❙❛♣♦rt❛✱ ●✳ ✭✷✵✵✻✮✳ Pr♦❜❛❜✐❧✐tés✱ ❛♥❛❧②s❡s ❞❡s ❞♦♥♥é❡s ❡t st❛t✐st✐q✉❡s✳ ❊❞✐t✐♦♥s ❚❡❝❤♥✐♣✳

❙❛✇❛✱ ❚✳ ✭✶✾✼✽✮✳ ■♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐❛ ❢♦r ❞✐s❝r✐♠✐♥❛t✐♥❣ ❛♠♦♥❣ ❛❧t❡r♥❛t✐✈❡ r❡❣r❡ss✐♦♥ ♠♦✲

❞❡❧s✳ ❊❝♦♥♦♠❡tr✐❝❛ ✿ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❊❝♦♥♦♠❡tr✐❝ ❙♦❝✐❡t②✱ ♣❛❣❡s ✶✷✼✸✕✶✷✾✶✳

❙❝❤ä❢❡r✱ ❏✳ ❛♥❞ ❙tr✐♠♠❡r✱ ❑✳ ✭✷✵✵✺✮✳ ❆ s❤r✐♥❦❛❣❡ ❛♣♣r♦❛❝❤ t♦ ❧❛r❣❡✲s❝❛❧❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

❡st✐♠❛t✐♦♥ ❛♥❞ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ❢✉♥❝t✐♦♥❛❧ ❣❡♥♦♠✐❝s✳ ❙t❛t✐st✐❝❛❧ ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ●❡♥❡t✐❝s

❛♥❞ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣②✱ ✹✭✶✮ ✿✸✷✳

✶✾✹
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❙❝❤♦r❦✱ ◆✳✱ ❋❛❧❧✐♥✱ ❉✳✱ ❛♥❞ ▲❛♥❝❤❜✉r②✱ ❏✳ ✭✷✵✵✵✮✳ ❙✐♥❣❧❡ ♥✉❝❧❡♦t✐❞❡ ♣♦❧②♠♦r♣❤✐s♠s ❛♥❞ t❤❡

❢✉t✉r❡ ♦❢ ❣❡♥❡t✐❝ ❡♣✐❞❡♠✐♦❧♦❣②✳ ❈❧✐♥✐❝❛❧ ●❡♥❡t✐❝s✱ ✺✽✭✹✮ ✿✷✺✵✕✷✻✹✳

❙❝❤♦tt✱ ❏✳ ❘✳ ✭✷✵✵✺✮✳ ▼❛tr✐① ❛♥❛❧②s✐s ❢♦r st❛t✐st✐❝s✳

❙❝❤✇❡♥❞❡r✱ ❍✳ ✭✷✵✵✼❛✮✳ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ ❜♦♦❧❡❛♥ ❡①♣r❡ss✐♦♥s ✉s✐♥❣ ♠❛tr✐① ❛❧❣❡❜r❛✳ ❚❡❝❤✲

♥✐❝❛❧ r❡♣♦rt✱ ❙❋❇ ✹✼✺✱ ❉❡♣❛rt♠❡♥t ♦❢ ❙t❛t✐st✐❝s✱ ❚❯ ❉♦rt♠✉♥❞ ❯♥✐✈❡rs✐t②✳

❙❝❤✇❡♥❞❡r✱ ❍✳ ✭✷✵✵✼❜✮✳ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❣❡♥♦t②♣❡ ❛♥❞ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❞❛t❛✳ P❤❉

t❤❡s✐s✱ ❉❡♣❛rt♠❡♥t ♦❢ ❙t❛t✐st✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ ❉♦rt♠✉♥❞✳

❙❝❤✇❡♥❞❡r✱ ❍✳ ✭✷✵✶✸❛✮✳ ❧♦❣✐❝❋❙ ✿ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❙◆P ■♥t❡r❛❝t✐♦♥s✳ ❘ ♣❛❝❦❛❣❡ ✈❡rs✐♦♥

✶✳✷✽✳✶✳

❙❝❤✇❡♥❞❡r✱ ❍✳ ✭✷✵✶✸❜✮✳ ❧♦❣✐❝❋❙ ✿ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❙◆P ■♥t❡r❛❝t✐♦♥s✳ ❘ ♣❛❝❦❛❣❡ ✈❡rs✐♦♥

✶✳✷✽✳✶✳

❙❝❤✇❡♥❞❡r✱ ❍✳ ❛♥❞ ■❝❦st❛❞t✱ ❑✳ ✭✷✵✵✽✮✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ s♥♣ ✐♥t❡r❛❝t✐♦♥s ✉s✐♥❣ ❧♦❣✐❝ r❡❣r❡s✲

s✐♦♥✳ ❇✐♦st❛t✐st✐❝s✱ ✾✭✶✮ ✿✶✽✼✕✶✾✽✳

❙❝❤✇❡♥❞❡r✱ ❍✳✱ ❩✉❝❦♥✐❝❦✱ ▼✳✱ ■❝❦st❛❞t✱ ❑✳✱ ❡t ❛❧✳ ✭✷✵✵✹✮✳ ❆ ♣✐❧♦t st✉❞② ♦♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢

st❛t✐st✐❝❛❧ ❝❧❛ss✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡s t♦ ♠♦❧❡❝✉❧❛r ❡♣✐❞❡♠✐♦❧♦❣✐❝❛❧ ❞❛t❛✳ ❚♦①✐❝♦❧♦❣② ▲❡tt❡rs✱

✶✺✶✭✶✮ ✿✷✾✶✕✷✾✾✳

❙❤❡♥✱ ❍✳ ❛♥❞ ❍✉❛♥❣✱ ❏✳ ✭✷✵✵✽✮✳ ❙♣❛rs❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ✈✐❛ r❡❣✉❧❛r✐③❡❞ ❧♦✇

r❛♥❦ ♠❛tr✐① ❛♣♣r♦①✐♠❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ❛♥❛❧②s✐s✱ ✾✾✭✻✮ ✿✶✵✶✺✕✶✵✸✹✳

❙❤❡rr②✱ ❙✳✱ ❲❛r❞✱ ▼✳✲❍✳✱ ❑❤♦❧♦❞♦✈✱ ▼✳✱ ❡t ❛❧✳ ✭✷✵✵✶✮✳ ❞❜s♥♣ ✿ t❤❡ ♥❝❜✐ ❞❛t❛❜❛s❡ ♦❢ ❣❡♥❡t✐❝

✈❛r✐❛t✐♦♥✳ ◆✉❝❧❡✐❝ ❆❝✐❞s ❘❡s❡❛r❝❤✱ ✷✾✭✶✮ ✿✸✵✽✕✸✶✶✳

❙✐♠♦♥✱ ◆✳✱ ❋r✐❡❞♠❛♥✱ ❏✳✱ ❍❛st✐❡✱ ❚✳✱ ❡t ❛❧✳ ✭✷✵✶✸✮✳ ❆ s♣❛rs❡✲❣r♦✉♣ ❧❛ss♦✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠✲

♣✉t❛t✐♦♥❛❧ ❛♥❞ ●r❛♣❤✐❝❛❧ ❙t❛t✐st✐❝s✱ ✷✷✭✷✮ ✿✷✸✶✕✷✹✺✳

❙✐♥❣✱ ❚✳✱ ❙❛♥❞❡r✱ ❖✳✱ ❇❡❡r❡♥✇✐♥❦❡❧✱ ◆✳✱ ❡t ❛❧✳ ✭✷✵✵✺✮✳ ❘♦❝r ✿ ✈✐s✉❛❧✐③✐♥❣ ❝❧❛ss✐✜❡r ♣❡r❢♦r✲

♠❛♥❝❡ ✐♥ r✳ ❇✐♦✐♥❢♦r♠❛t✐❝s✱ ✷✶✭✷✵✮ ✿✼✽✽✶✳

✶✾✺
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❙t❛♠❡②✱ ❚✳✱ ❑❛❜❛❧✐♥✱ ❏✳✱ ▼❝◆❡❛❧✱ ❏✳✱ ❡t ❛❧✳ ✭✶✾✽✾✮✳ Pr♦st❛t❡ s♣❡❝✐✜❝ ❛♥t✐❣❡♥ ✐♥ t❤❡ ❞✐❛❣♥♦✲

s✐s ❛♥❞ tr❡❛t♠❡♥t ♦❢ ❛❞❡♥♦❝❛r❝✐♥♦♠❛ ♦❢ t❤❡ ♣r♦st❛t❡✳ ✐✐✳ r❛❞✐❝❛❧ ♣r♦st❛t❡❝t♦♠② tr❡❛t❡❞

♣❛t✐❡♥ts✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❯r♦❧♦❣②✱ ✶✹✶✭✺✮ ✿✶✵✼✻✕✶✵✽✸✳

❙t❛r❦✱ ❈✳✱ ❇r❡✐t❦r❡✉t③✱ ❇✳✱ ❘❡❣✉❧②✱ ❚✳✱ ❡t ❛❧✳ ✭✷✵✵✻✮✳ ❇✐♦❣r✐❞ ✿ ❛ ❣❡♥❡r❛❧ r❡♣♦s✐t♦r② ❢♦r

✐♥t❡r❛❝t✐♦♥ ❞❛t❛s❡ts✳ ◆✉❝❧❡✐❝ ❆❝✐❞s ❘❡s❡❛r❝❤✱ ✸✹✭s✉♣♣❧ ✶✮ ✿❉✺✸✺✕❉✺✸✾✳

❙tr❛♥❣✱ ●✳ ✭✷✵✵✸✮✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❧✐♥❡❛r ❛❧❣❡❜r❛✳ ❙■❆▼✳

❚❡❛♠✱ ❚✳ ❋✳ ❙✳ P✳ ✭✷✵✵✾✮✳ ❈❍❆■❉ ✿ ❈❍✐✲sq✉❛r❡❞ ❆✉t♦♠❛t❡❞ ■♥t❡r❛❝t✐♦♥ ❉❡t❡❝t✐♦♥✳ ❘

♣❛❝❦❛❣❡ ✈❡rs✐♦♥ ✵✳✶✲✶✳

❚❡♥❡♥❤❛✉s✱ ❆✳ ❛♥❞ ●✉✐❧❧❡♠♦t✱ ❱✳ ✭✷✵✶✸✮✳ ❘●❈❈❆ ✿ ❘●❈❈❆ ❛♥❞ ❙♣❛rs❡ ●❈❈❆ ❢♦r ♠✉❧t✐✲

❜❧♦❝❦ ❞❛t❛ ❛♥❛❧②s✐s✳ ❘ ♣❛❝❦❛❣❡ ✈❡rs✐♦♥ ✷✳✵✳

❚❡♥❡♥❤❛✉s✱ ❆✳✱ P❤✐❧✐♣♣❡✱ ❈✳✱ ●✉✐❧❧❡♠♦t✱ ❱✳✱ ❡t ❛❧✳ ✭✷✵✶✸✮✳ ❱❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ❢♦r ❣❡♥❡r❛❧✐③❡❞

❝❛♥♦♥✐❝❛❧ ❝♦rr❡❧❛t✐♦♥ ❛♥❛❧②s✐s✳ ❇✐♦st❛t✐st✐❝s✳

❚❡♥❡♥❤❛✉s✱ ❆✳ ❛♥❞ ❚❡♥❡♥❤❛✉s✱ ▼✳ ✭✷✵✶✶✮✳ ❘❡❣✉❧❛r✐③❡❞ ❣❡♥❡r❛❧✐③❡❞ ❝❛♥♦♥✐❝❛❧ ❝♦rr❡❧❛t✐♦♥

❛♥❛❧②s✐s✳ Ps②❝❤♦♠❡tr✐❦❛✱ ✼✻✭✷✮ ✿✷✺✼✕✷✽✹✳
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✻✽✭✶✮ ✿✹✾✕✻✼✳

❩♦✉✱ ❍✳ ✭✷✵✵✺✮✳ ❙♦♠❡ ♣❡rs♣❡❝t✐✈❡s ♦❢ s♣❛rs❡ st❛t✐st✐❝❛❧ ♠♦❞❡❧✐♥❣✳ P❤❉ t❤❡s✐s✱ ❈✐t❡s❡❡r✳

❩♦✉✱ ❍✳ ❛♥❞ ❍❛st✐❡✱ ❚✳ ✭✷✵✵✺✮✳ ❘❡❣✉❧❛r✐③❛t✐♦♥ ❛♥❞ ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ✈✐❛ t❤❡ ❡❧❛st✐❝ ♥❡t✳

❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧ ❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t② ✿ ❙❡r✐❡s ❇ ✭❙t❛t✐st✐❝❛❧ ▼❡t❤♦❞♦❧♦❣②✮✱ ✻✼✭✷✮ ✿✸✵✶✕

✸✷✵✳

❩♦✉✱ ❍✳✱ ❍❛st✐❡✱ ❚✳✱ ❛♥❞ ❚✐❜s❤✐r❛♥✐✱ ❘✳ ✭✷✵✵✻✮✳ ❙♣❛rs❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s✳ ❏♦✉r♥❛❧

♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ●r❛♣❤✐❝❛❧ ❙t❛t✐st✐❝s✱ ✶✺✭✷✮ ✿✷✻✺✕✷✽✻✳

❩✇❡✐❣✱ ▼✳ ❍✳ ❛♥❞ ❈❛♠♣❜❡❧❧✱ ●✳ ✭✶✾✾✸✮✳ ❘❡❝❡✐✈❡r✲♦♣❡r❛t✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ✭r♦❝✮ ♣❧♦ts ✿ ❛

❢✉♥❞❛♠❡♥t❛❧ ❡✈❛❧✉❛t✐♦♥ t♦♦❧ ✐♥ ❝❧✐♥✐❝❛❧ ♠❡❞✐❝✐♥❡✳ ❈❧✐♥✐❝❛❧ ❝❤❡♠✐str②✱ ✸✾✭✹✮ ✿✺✻✶✕✺✼✼✳



▲✐st❡ ❞❡s ♣✉❜❧✐❝❛t✐♦♥s

P❛r✉❡ ✭❛♥♥❡①❡ ❋✳✶✮

▲❡ ❈❧❡r❝✱ ❙✳✱ ❚❛✐♥❣✱ ▲✳✱ ❊③③❡❞✐♥❡✱ ❑✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ▲❛❜✐❜✱ ❚✳✱ ❈♦✉❧♦♥❣❡s✱ ❈✳✱ ❇❡r♥❛r❞✱ ❆✳✱

▼❡❧❛❦✱ ❙✳✱ ❈❛r♣❡♥t✐❡r✱ ❲✳✱ ▼❛❧✈②✱ ❉✳✱ ❏❞✐❞✱ ❘✳✱ ●❛❧❛♥✱ P✳✱ ❍❡r❝❜❡r❣✱ ❙✳✱ ▼♦r✐③♦t✱ ❋✳✱ ●✉✐✲

♥♦t✱ ●✳✱ ❚s❝❤❛❝❤❧❡r✱ ❊✳✱ ❩❛❣✉r② ❏✳✲❋✳ ✭✷✵✶✸✮✳ ❆ ❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉❞② ✐♥ ❈❛✉❝❛s✐❛♥

✇♦♠❡♥ ♣♦✐♥ts ♦✉t ❢♦r ❛ r♦❧❡ ♦❢ t❤❡ ❙❚❳❇P✺▲ ❣❡♥❡ ✐♥ ❢❛❝✐❛❧ ♣❤♦t♦❛❣❡✐♥❣✳ ❏♦✉r♥❛❧ ♦❢ ■♥✈❡s✲

t✐❣❛t✐✈❡ ❉❡r♠❛t♦❧♦❣②✱ ✶✸✸✱ ♣✳✾✷✾✲✾✸✺✳

❆ s♦✉♠❡ttr❡ ✭❛♥♥❡①❡ ❋✳✷✮

❇❡r♥❛r❞✱ ❆✳✱ ❆❜❞✐✱ ❍✳✱ ❚❡♥❡♥❤❛✉s✱ ❆✳✱ ●✉✐♥♦t✱ ❈✳✱ ❙❛♣♦rt❛✱ ●✳ ❙♣❛rs❡ Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t

❆♥❛❧②s✐s ❢♦r ♠✉❧t✐❜❧♦❝❦s ❞❛t❛ ❛♥❞ ✐ts ❡①t❡♥s✐♦♥ t♦ ❙♣❛rs❡ ▼✉❧t✐♣❧❡ ❈♦rr❡s♣♦♥❞❡♥❝❡✳ ❈♦♠✲

♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝s ✫ ❉❛t❛ ❆♥❛❧②s✐s✳

❆ s♦✉♠❡ttr❡

❇❡r♥❛r❞✱ ❆✳✱ ●❛r❞✐♥✐❡r✱ ❙✳✱ ▼❛❧❧❡t ❞❡ ❈❤❛✉♥②✱ ❊✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ❙t❛♥❡r✱ ▲✳✱ ❈♦r♥❡tt❡✱ ❋✳✱

Pr♦ss✱ ◆✳✱ ▼❡t③❣❡r✱ ❉✳✱ ❚❡♥❡♥❤❛✉s✱ ▼✳✱ ❚s❝❤❛❝❤❧❡r✱ ❊✳✱ ●✉✐♥♦t✱ ❈✳✱ ▼♦r✐③♦t✱ ❋✳ ❊✛❡❝ts ♦❢

❛ ✻✲❞❛② ✹✲❤♦✉r s❧❡❡♣ r❡str✐❝t✐♦♥ ♣r♦t♦❝♦❧ ♦♥ ❜✐♦♣❤②s✐❝❛❧ s❦✐♥ ♣r♦♣❡rt✐❡s ✐♥ ❤❡❛❧t❤② ✇♦♠❡♥✳

❙❦✐♥ ❘❡s❡❛r❝❤ ❛♥❞ ❚❡❝❤♥♦❧♦❣②✳

✶✾✾



▲■❙❚❊ ❉❊❙ P❯❇▲■❈❆❚■❖◆❙

✷✵✵



▲✐st❡ ❞❡s ❝♦♠♠✉♥✐❝❛t✐♦♥s

❈♦♠♠✉♥✐❝❛t✐♦♥s ♦r❛❧❡s

❈♦♥❣rès ✐♥t❡r♥❛t✐♦♥❛✉①

❇❡r♥❛r❞✱ ❆✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ●❛r❞✐♥✐❡r✱ ❙✳✱ ❈♦r♥❡tt❡✱ ❋✳ ✱ ▼❛❧❧❡t ❞❡ ❈❤❛✉♥②✱ ❊✳ ✱ Pr♦ss✱ ◆✳✱

❙t❛♥❡r✱ ▲✳✱ ▼❡t③❣❡r✱ ❉✳✱ ❚❡♥❡♥❤❛✉s✱ ▼✳✱ ▼♦r✐③♦t✱ ❋✳✱ ❚s❝❤❛❝❤❧❡r✱ ❊✳✱ ●✉✐♥♦t✱ ❈✳ ❊✛❡❝t ♦❢

❝❤r♦♥✐❝ s❧❡❡♣ ❞❡♣r✐✈❛t✐♦♥ ♦♥ s❦✐♥ st❛t✉s ✐♥ ❤❡❛❧t❤② ②♦✉♥❣ ✇♦♠❡♥✳ ✶✹t❤ ❆♣♣❧✐❡❞ ❙t♦❝❤❛st✐❝

▼♦❞❡❧s ❛♥❞ ❉❛t❛ ❆♥❛❧②s✐s ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ✭❆❙▼❉❆✮✱ ✼✲✶✵ ❥✉✐♥ ✷✵✶✶✱ ❘♦♠❡✱ ■t❛✲

❧✐❡✳ ❘és✉♠é ✿ ❈❉❘❖▼✳

▲❡❝❧❡r❝✱ ❙✳✱ ❚✐❛♥❣✱ ▲✳✱ ❇❡r♥❛r❞✱ ❆✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ❊③③❡❞✐♥❡✱ ❑✳✱ ▼❛❧✈②✱ ❉✳✱ ❏❞✐❞✱ ❘✳✱ ●❛✲

❧❛♥✱ P✳✱ ❍❡r❝❜❡r❣✱ ❙✳✱ ❩❛❣✉r②✱ ❏✳✲❋✳✱ ❚s❝❤❛❝❤❧❡r✱ ❊✳✱ ●✉✐♥♦t✱ ❈✳ ❆ ❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥

st✉❞② ♦♥ ✺✷✵ ❛❞✉❧t ❈❛✉❝❛s✐❛♥ ✇♦♠❡♥ ✐❞❡♥t✐✜❡s ❛ ❣❡♥❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❢❛❝✐❛❧ ♣❤♦t♦❛❣❡✐♥❣✳

✹✶st ❆♥♥✉❛❧ ▼❡❡t✐♥❣ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❙♦❝✐❡t② ❢♦r ❉❡r♠❛t♦❧♦❣✐❝❛❧ ❘❡s❡❛r❝❤ ✭❊❙❉❘✮✱ ✼✲✶✵

s❡♣t❡♠❜r❡ ✷✵✶✶✱ ❇❛r❝❡❧♦♥❡✱ ❊s♣❛❣♥❡✳ ❘és✉♠é ✿ ❏♦✉r♥❛❧ ♦❢ ■♥✈❡st✐❣❛t✐✈❡ ❉❡r♠❛t♦❧♦❣② ✷✵✶✶✱

✶✸✶ ✿❙✺✷✱ ✸✵✼✳

▼♦r✐③♦t✱ ❋✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ●❛r❞✐♥✐❡r✱ ❙✳✱ ❙t❛♥❡r✱ ❙✳✱ ●✉✐♥♦t✱ ❈✳✱ ❇❡r♥❛r❞✱ ❆✳✱ P♦r❝❤❡r♦♥✱ ❆✳✱

❚s❝❤❛❝❤❧❡r✱ ❊✳ ❊✛❡❝ts ♦❢ ♣❛rt✐❛❧ s❧❡❡♣ ❞❡♣r✐✈❛t✐♦♥ ♦♥ ❢❛❝❡ ❛♣♣❡❛r❛♥❝❡ ❛♥❞ ♦♥ s❦✐♥ ♣r♦♣❡r✲

t✐❡s✳ ✹✶st ❆♥♥✉❛❧ ▼❡❡t✐♥❣ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❙♦❝✐❡t② ❢♦r ❉❡r♠❛t♦❧♦❣✐❝❛❧ ❘❡s❡❛r❝❤ ✭❊❙❉❘✮✱

✼✲✶✵ s❡♣t❡♠❜r❡ ✷✵✶✶✱ ❇❛r❝❡❧♦♥❡✱ ❊s♣❛❣♥❡✳ ❘és✉♠é ✿ ❏♦✉r♥❛❧ ♦❢ ■♥✈❡st✐❣❛t✐✈❡ ❉❡r♠❛t♦❧♦❣②

✷✵✶✶✱ ✶✸✶ ✿❙✻✶✱ ✸✻✺✳

✷✵✶



▲■❙❚❊ ❉❊❙ ❈❖▼▼❯◆■❈❆❚■❖◆❙

❇❡r♥❛r❞✱ ❆✳✱ ❙❛♣♦rt❛✱ ●✳✱ ●✉✐♥♦t✱ ❈✳ ❙♣❛rs❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ❢♦r ♠✉❧t✐❜❧♦❝❦

❞❛t❛ ❛♥❞ ✐ts ❡①t❡♥s✐♦♥ t♦ s♣❛rs❡ ♠✉❧t✐♣❧❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛♥❛❧②s✐s✳ ✷✵t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡✲

r❡♥❝❡ ♦♥ ❈❖▼P❯❚❆❚■❖◆❆▲ ❙❚❆❚■❙❚■❈❙ ✭❈♦♠♣st❛t ✷✵✶✷✮✱ ✷✼✲✸✶ ❛♦ût ✷✵✶✷✱ ▲✐♠❛ss♦❧✱

❈❤②♣r❡✳ ❆❜str❛❝t ✿ Pr♦❝❡❡❞✐♥❣s✱ ♣✳✾✾✲✶✵✻✳

❇❡r♥❛r❞✱ ❆✳✱ ●✉✐♥♦t✱ ❈✳✱ ❙❛♣♦rt❛✱ ●✳ ❆ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ s♣❛rs❡ P❈❆ t♦ ♠✉❧t✐♣❧❡ ❝♦rr❡s♣♦♥✲

❞❡♥❝❡ ❛♥❛❧②s✐s✳ ✺t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦❢ t❤❡ ❊❘❈■▼❲● ♦♥ ❈♦♠♣✉t✐♥❣ ✫ ❙t❛t✐st✐❝s✱

✶✲✸ ❞é❝❡♠❜r❡ ✷✵✶✷✱ ❖✈✐❡❞♦✱ ❊s♣❛❣♥❡✳ ❘és✉♠é ✿ Pr♦❣r❛♠ ❛♥❞ ❆❜str❛❝ts✱ ♣✳✸✸✳

▲❡❝❧❡r❝✱ ❙✳✱ ❚✐❛♥❣✱ ▲✳✱ ❊③③❡❞✐♥❡✱ ❑✳✱ ❇❡r♥❛r❞✱ ❆✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ▼❛❧✈②✱ ❉✳✱ ❏❞✐❞✱ ❘✳✱ ●❛❧❛♥✱

P✳✱ ❍❡r❝❜❡r❣✱ ❙✳✱ ▼♦r✐③♦t✱ ❋✳✱ ●✉✐♥♦t✱ ❈✳✱ ❚s❝❤❛❝❤❧❡r✱ ❊✳✱ ❩❛❣✉r②✱ ❏✳✲❋✳ ❆ ❣❡♥♦♠❡✲✇✐❞❡ ❛♣✲

♣r♦❛❝❤ t♦ s❦✐♥ ❛❣❡✐♥❣✳ ■♥t❡r♥❛t✐♦♥❛❧ ■♥✈❡st✐❣❛t✐✈❡ ❉❡r♠❛t♦❧♦❣② ✭■❉❉ ✷✵✶✸✮✱ ✽✲✶✶ ♠❛✐ ✷✵✶✸✱

❊❞✐♠❜♦✉r❣✱ ❊❝♦ss❡✳

❈♦♥❣rès ♥❛t✐♦♥❛✉①

❇❡r♥❛r❞✱ ❆✳ ❉é✈❡❧♦♣♣❡♠❡♥t ❞❡ ♠ét❤♦❞❡s st❛t✐st✐q✉❡s ♣♦✉r ❧❡ tr❛✐t❡♠❡♥t ❞❡ ❞♦♥♥é❡s ❣é♥♦✲

♠✐q✉❡s✳ ✹è♠❡ ❘❡♥❝♦♥tr❡s ❞❡s ❏❡✉♥❡s ❙t❛t✐st✐❝✐❡♥s✱ ✺✲✾ s❡♣t❡♠❜r❡ ✷✵✶✶✱ ❆✉ss♦✐s✱ ❋r❛♥❝❡✳

❇❡r♥❛r❞✱ ❆✳✱ ❚❡♥❡♥❤❛✉s✱ ❆✳✱ ❩❛❣✉r②✱ ❏✳✲❋✳✱ ❙❛♣♦rt❛✱ ●✳✱ ●✉✐♥♦t✱ ❈✳ ▼ét❤♦❞❡s ♠✉❧t✐❜❧♦❝s

♣♦✉r ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ ❣è♥❡s ❛ss♦❝✐és ❛✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❝❤❡③ ✺✵✷ ❢❡♠♠❡s ❈❛✉❝❛✲

s✐❡♥♥❡s ❛❞✉❧t❡s✳ ❳❳❳❳■❱❡ ❏♦✉r♥é❡s ❞❡ ❙t❛t✐st✐q✉❡✱ ✷✶✲✷✺ ♠❛✐ ✷✵✶✷✱ ❇r✉①❡❧❧❡s✱ ❇❡❧❣✐q✉❡✳

❘és✉♠é ✿ Pr♦❣r❛♠♠❡ ❞❡s ❥♦✉r♥é❡s✱ ♣✳✺✸✳

▼♦r✐③♦t✱ ❋✳✱ ❇❡r♥❛r❞✱ ❆✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ●❛r❞✐♥✐❡r✱ ❙✳✱ P♦r❝❤❡r♦♥✱ ❆✳✱ ❙t❛♥❡r✱ ▲✳✱ ●✉✐♥♦t✱ ❈✳✱

❚s❝❤❛❝❤❧❡r✱ ❊✳ ❊✛❡ts ❞❡ ❧❛ ♣r✐✈❛t✐♦♥ ♣❛rt✐❡❧❧❡ ❞❡ s♦♠♠❡✐❧ s✉r ❧✬❛♣♣❛r❡♥❝❡ ❞✉ ✈✐s❛❣❡ ❡t s✉r

❧❡s ♣r♦♣r✐étés ❜✐♦♣❤②s✐q✉❡s ❝✉t❛♥é❡s✳ ❏♦✉r♥é❡s ❉❡r♠❛t♦❧♦❣✐q✉❡s ❞❡ P❛r✐s✱ ✶✶✲✶✺ ❞é❝❡♠❜r❡

✷✵✶✷✱ P❛r✐s✱ ❋r❛♥❝❡✳ ❘és✉♠é ✿ ❆♥♥❛❧❡s ❞❡ ❉❡r♠❛t♦❧♦❣✐❡ ❡t ❞❡ ❱é♥éré♦❧♦❣✐❡ ✷✵✶✷✱ ✶✸✾ ❍♦rs

s❡r✐❡ ✸ ✿ ❇✷✹✼✱ ♣✳✷✽✼✳

✷✵✷
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▲❡❝❧❡r❝✱ ❙✳✱ ❚❛✐♥❣✱ ▲✳✱ ❇❡r♥❛r❞✱ ❆✳✱ ▲❛tr❡✐❧❧❡✱ ❏✳✱ ❊③③❡❞✐♥❡✱ ❑✳✱ ▼❛❧✈②✱ ❉✳✱ ❏❞✐❞✱ ❘✳✱ ●❛❧❛♥✱

P✳✱ ❍❡r❝❜❡r❣✱ ❙✳✱ ❩❛❣✉r②✱ ❏✳✲❋✳✱ ❚s❝❤❛❝❤❧❡r✱ ❊✳✱ ●✉✐♥♦t✱ ❈✳ ■❞❡♥t✐✜❝❛t✐♦♥ ❞✬✉♥ ❣è♥❡ ❛ss♦❝✐é

❛✉ ♣❤♦t♦✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ♣❛r ❛♥❛❧②s❡ ❣é♥♦♠✐q✉❡ ✭●❲❆❙✮ ❝❤❡③ ✺✷✵ ❢❡♠♠❡s ❈❛✉❝❛✲

s✐❡♥♥❡s ❛❞✉❧t❡s✳ ❏♦✉r♥é❡s ❉❡r♠❛t♦❧♦❣✐q✉❡s ❞❡ P❛r✐s✱ ✶✶✲✶✺ ❞é❝❡♠❜r❡ ✷✵✶✷✱ P❛r✐s✱ ❋r❛♥❝❡✳

❘és✉♠é ✿ ❆♥♥❛❧❡s ❞❡ ❉❡r♠❛t♦❧♦❣✐❡ ❡t ❞❡ ❱é♥éré♦❧♦❣✐❡ ✷✵✶✷✱ ✶✸✾ ❍♦rs s❡r✐❡ ✸ ✿ ❇✶✽✶✱ ♣✳✶✹✶✳

❇❡r♥❛r❞✱ ❆✳✱ ●✉✐♥♦t✱ ❈✳✱ ❙❛♣♦rt❛✱ ●✳ ❆♥❛❧②s❡ ❡♥ ❈♦♠♣♦s❛♥t❡s Pr✐♥❝✐♣❛❧❡s ❙♣❛rs❡ ♣♦✉r ❞♦♥✲

♥é❡s ♠✉❧t✐❜❧♦❝s ❡t ❡①t❡♥s✐♦♥ à ❧✬❆♥❛❧②s❡ ❞❡s ❈♦rr❡s♣♦♥❞❛♥❝❡s ▼✉❧t✐♣❧❡s ❙♣❛rs❡✳ ❳❳❳❳❱❡

❏♦✉r♥é❡s ❞❡ ❙t❛t✐st✐q✉❡✱ ✷✼✲✸✶ ♠❛✐ ✷✵✶✸✱ ❚♦✉❧♦✉s❡✱ ❋r❛♥❝❡✳ ❘és✉♠é ✿ Pr♦❣r❛♠♠❡ ❞❡s ❥♦✉r✲

♥é❡s✱ ♣✳✻✷✳

P♦st❡rs

❇❡r♥❛r❞✱ ❆✳✱ ❚❡♥❡♥❤❛✉s✱ ❆✳✱ ❩❛❣✉r②✱ ❏✳✲❋✳✱ ❙❛♣♦rt❛✱ ●✳✱ ●✉✐♥♦t✱ ❈✳ ▼ét❤♦❞❡s ♠✉❧t✐❜❧♦❝s

♣♦✉r ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡ ❣è♥❡s ❛ss♦❝✐és ❛✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❝❤❡③ ✺✵✷ ❢❡♠♠❡s ❈❛✉❝❛✲

s✐❡♥♥❡s ❛❞✉❧t❡s✳ ✶✷è♠❡ ❏♦✉r♥é❡s ❋r❛♥❝♦♣❤♦♥❡s ❞✬❊①tr❛❝t✐♦♥ ❡t ●❡st✐♦♥ ❞❡s ❈♦♥♥❛✐ss❛♥❝❡s

✭❊●❈✬✷✵✶✷✮✱ ✸✶ ❥❛♥✈✐❡r ❛✉ ✸ ❢é✈r✐❡r ✷✵✶✷✱ ❇♦r❞❡❛✉①✱ ❋r❛♥❝❡✳ ❉❛♥s ✿ ❘❡✈✉❡ ❞❡s ◆♦✉✈❡❧❧❡s

❚❡❝❤♥♦❧♦❣✐❡s ❞❡ ❧✬■♥❢♦r♠❛t✐♦♥ ✭❘◆❚■ ❊✳✷✸✮✱ ✭●✉② ▼❡❧❛♥ç♦♥✱ ❇r✉♥♦ P✐♥❛✉❞✱ ❨✈❡s ▲❡❝❤❡✲

✈❛❧❧✐❡r✱ ❡❞✐t♦rs✮✱ ■❙❇◆ ✾✼✽ ✷ ✼✵✺✻ ✽✸✶✵ ✽✱ ❊❞✐t✐♦♥ ❍❡r♠❛♥✱ P❛r✐s✱ ♣✳✺✺✺✲✺✺✻✳

✷✵✸
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✷✵✹



❆♥♥❡①❡s

✷✵✺





❆♥♥❡①❡ ❆

P❡❛✉ ❡t ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é

❆✳✶ ❉❡s❝r✐♣t✐♦♥

▲❛ ♣❡❛✉ ❡st ✉♥❡ ❡♥✈❡❧♦♣♣❡ q✉✐ ♣r♦tè❣❡ ❧✬✐♥❞✐✈✐❞✉✳ ❈❡t ♦r❣❛♥❡ s❡ ❝♦♠♣♦s❡ ❞❡ tr♦✐s

❝♦✉❝❤❡s ✿ ❧✬é♣✐❞❡r♠❡ ✭❝♦✉❝❤❡ s✉♣ér✐❡✉r❡✮✱ ❧❡ ❞❡r♠❡ ❡t ❧✬❤②♣♦❞❡r♠❡✳ ▲❛ r❡♣rés❡♥t❛t✐♦♥ s❝❤é✲

♠❛t✐q✉❡ ❞❡ ❧❛ ❝♦✉♣❡ ❞❡ ♣❡❛✉ ♣rés❡♥té❡ ✜❣✉r❡ ❆✳✶ ❡st t✐ré❡ ❞❡

✧❤tt♣ ✿✴✴✇✇✇✳❡st❤❡t✐q✉❡✳q❝✳❝❛✴s❡r✈✐❝❡s❴❢r✴♣❡❛✉✴s❝❤❡♠❛❴♣❡❛✉✳❤t♠❧✧✳

❋✐❣✉r❡ ❆✳✶ ✕ ❘❡♣rés❡♥t❛t✐♦♥ s❝❤é♠❛t✐q✉❡ ❞✬✉♥❡ ❝♦✉♣❡ ❞❡ ♣❡❛✉

▲✬é♣✐❞❡r♠❡ ❡st ❝♦♥st✐t✉é ❞❡ ❦ér❛t✐♥♦❝②t❡s✱ ❞❡ ♠é❧❛♥♦❝②t❡s ❡t ❞❡ ❝❡❧❧✉❧❡s ❞❡ ▲❛♥❣❡r❤❛♥s✳

✷✵✼
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▲❡s ❦ér❛t✐♥♦❝②t❡s s♦♥t ♣rés❡♥ts ❞❛♥s t♦✉t❡s ❧❡s ❝♦✉❝❤❡s ✿ ❞❡ ❧❛ ❝♦✉❝❤❡ ❜❛s❛❧❡✱ ③♦♥❡ ❞❡ ♠✉❧✲

t✐♣❧✐❝❛t✐♦♥ ❞❡ ❝❡s ❝❡❧❧✉❧❡s✱ ❛✉① ❝♦✉❝❤❡s ❧❡s ♣❧✉s s✉♣❡r✜❝✐❡❧❧❡s✳ ▲❡s ❦ér❛t✐♥♦❝②t❡s ♠✐❣r❡♥t

♣r♦❣r❡ss✐✈❡♠❡♥t ✈❡rs ❧❛ s✉r❢❛❝❡✱ ❝❡ ♣❤é♥♦♠è♥❡ ét❛♥t ❛❝❝♦♠♣❛❣♥é ❞✬✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ ❞❡

❧❡✉r ❝♦♠♣♦s✐t✐♦♥ ♣♦✉r ❛❜♦✉t✐r à ❧❛ ❝♦✉❝❤❡ ❝♦r♥é❡✳ ▲❛ ❝♦✉❝❤❡ ❝♦r♥é❡ ❡st ❝♦♥st✐t✉é❡ ❞❡ ❝❡❧✲

❧✉❧❡s ❡♥t✐èr❡♠❡♥t ❦ér❛t✐♥✐sé❡s s❛♥s ♥♦②❛✉①✱ sé♣❛ré❡s ❧❡s ✉♥❡s ❞❡s ❛✉tr❡s ♣❛r ❞❡s ❧✐♣✐❞❡s✳ ❊♥

s✉r❢❛❝❡✱ ❧❡s ❝❡❧❧✉❧❡s ❞❡ ❧❛ ❝♦✉❝❤❡ ❝♦r♥é❡ ♣❡r❞❡♥t ❧❡✉r ❛❞❤ér❡♥❝❡ ♣✉✐s t♦♠❜❡♥t ✭♣❤é♥♦♠è♥❡

❞❡ ❞❡sq✉❛♠❛t✐♦♥✮✳ ▲❡s ♠é❧❛♥♦❝②t❡s s♦♥t ✉♥✐q✉❡♠❡♥t s✐t✉és ❞❛♥s ❧❛ ❝♦✉❝❤❡ ❜❛s❛❧❡✳ ❈❡s ❝❡❧✲

❧✉❧❡s ♦♥t ✉♥❡ ❢♦r♠❡ ét♦✐❧é❡✱ ❧❡✉rs ❞❡♥❞r✐t❡s ét❛♥t ❡♥ ❝♦♥t❛❝t ❛✈❡❝ ❧❡s ❦ér❛t✐♥♦❝②t❡s ❞❡ ❧❡✉r

✈♦✐s✐♥❛❣❡✳ ❊❧❧❡s ❢❛❜r✐q✉❡♥t ❞❡ ❧❛ ♠é❧❛♥✐♥❡ s♦✉s ❧❛ ❢♦r♠❡ ❞❡ ♣❡t✐ts ❣r❛✐♥s ✭❧❡s ♠é❧❛♥♦s♦♠❡s✮

q✉✐ ♠✐❣r❡♥t ❞❛♥s ❧❡s ❞❡♥❞r✐t❡s ❡t ♣é♥ètr❡♥t ❞❛♥s ❧❡s ❦ér❛t✐♥♦❝②t❡s✳ ▲❡s ❝❡❧❧✉❧❡s ❞❡ ▲❛♥✲

❣❡r❤❛♥s✱ q✉✐ s♦♥t ♣rés❡♥t❡s ❞❛♥s t♦✉t❡s ❧❡s ❝♦✉❝❤❡s ❞❡ ❧✬é♣✐❞❡r♠❡✱ ❢♦r♠❡♥t ✉♥ rés❡❛✉ ❞❡

❝❡❧❧✉❧❡s ét♦✐❧é❡s r❡❧✐é❡s ❡♥tr❡ ❡❧❧❡s ❛②❛♥t ❧❛ ❝❛♣❛❝✐té ❞❡ ❝❛♣t❡r t♦✉t❡ s✉❜st❛♥❝❡ étr❛♥❣èr❡✳

❈❡s ❝❡❧❧✉❧❡s ❥♦✉❡♥t ✉♥ rô❧❡ ❞❛♥s ❧✬✐♥✢❛♠♠❛t✐♦♥ ❝✉t❛♥é❡ ❡t ❞❛♥s ❧❛ ❢♦♥❝t✐♦♥ ✐♠♠✉♥✐t❛✐r❡✳

▲❡ ❞❡r♠❡ ❝♦♥t✐❡♥t ❞❡s ✜❜r❡s ❞❡ ❝♦❧❧❛❣è♥❡ ❡t ❞❡s ✜❜r❡s é❧❛st✐q✉❡s✱ ❞✐✛ér❡♥t❡s ❝❡❧❧✉❧❡s ❞♦♥t

❧❡s ✜❜r♦❜❧❛st❡s✱ ❞❡s ✈❛✐ss❡❛✉① ❞❡ ♣❡t✐t ❞✐❛♠ètr❡✱ ❡t ❞❡s ♥❡r❢s ✧❧✐❜r❡s✧ ❡t ❞❡s ♥❡r❢s r❡❧✐és

à ❞✐✛ér❡♥ts ❝♦r♣✉s❝✉❧❡s s❡♥s♦r✐❡❧s✳ ▲✬❤②♣♦❞❡r♠❡ ❡st ✉♥❡ ❝♦✉❝❤❡ ❣r❛✐ss❡✉s❡ ♦ù s❡ tr♦✉✈❡♥t

✈❛✐ss❡❛✉① ❡t ♥❡r❢s✳

▲❛ ♣❡❛✉ ❛ss✉r❡ ❞✐✛ér❡♥t❡s ❢♦♥❝t✐♦♥s ✿

• ❯♥❡ ❢♦♥❝t✐♦♥ ❞✬é❝❤❛♥❣❡s ❡♥ ✐♥t❡r✈❡♥❛♥t ❞❛♥s ❧❛ ré❣✉❧❛t✐♦♥ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❝♦r♣♦r❡❧❧❡✳

• ❯♥❡ ❢♦♥❝t✐♦♥ s❡♥s♦r✐❡❧❧❡ ♣❛r ❧❡ ❜✐❛✐s ❞❡ ❞✐✈❡rs ré❝❡♣t❡✉rs ✭❝❤❛❧❡✉r✱ ❢r♦✐❞✱ t♦✉❝❤❡r✱ ❞♦✉❧❡✉r

❡t ♣r✉r✐t✮✳

• ❯♥❡ ❢♦♥❝t✐♦♥ ♠ét❛❜♦❧✐q✉❡✱ ❞♦♥t ❧❛ s②♥t❤ès❡ ❞❡ ❧❛ ✈✐t❛♠✐♥❡ ❉✷ s♦✉s ❧✬❛❝t✐♦♥ ❞❡s ❯❧tr❛✲

❱✐♦❧❡ts ❇ ✭❯❱❇✮ ❞❛♥s ❧❛ ♣❛rt✐❡ ♣r♦❢♦♥❞❡ ❞❡ ❧✬é♣✐❞❡r♠❡✳

• ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬❛✉t♦✲ré♣❛r❛t✐♦♥ ✭❝✐❝❛tr✐s❛t✐♦♥✮ ❡t ❞❡ ré❣✉❧❛t✐♦♥ ❞❡ ❧❛ t❡♥❡✉r ❡♥ ❡❛✉ ✿ ❡❧❧❡

❧✐♠✐t❡ ❧❡s r✐sq✉❡s ❞❡ ❞és❤②❞r❛t❛t✐♦♥ ❡t ❝♦♥st✐t✉❡ ✉♥❡ ❜❛rr✐èr❡ ❡✣❝❛❝❡ ❢❛❝❡ ❛✉① ❛❣r❡ss✐♦♥s

❡①t❡r♥❡s✳

• ❯♥❡ ❢♦♥❝t✐♦♥ ❞❡ s♦✉♣❧❡ss❡ ❡t ❞✬é❧❛st✐❝✐té ✿ ❧✬é♣✐❞❡r♠❡ ❡st ♣❡✉ é❧❛st✐q✉❡✱ s♦♥ rô❧❡ ét❛♥t

❞❡ ♣r♦té❣❡r ❧❡s ❝♦✉❝❤❡s ♣r♦❢♦♥❞❡s✳ ▲❛ ❝♦✉❝❤❡ ❜❛s❛❧❡ q✉✐ sé♣❛r❡ ❧✬é♣✐❞❡r♠❡ ❞✉ ❞❡r♠❡ ❡st

♦♥❞✉❧é❡ ❝❡ q✉✐ ♣❡r♠❡t ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❧❛ ♣❡❛✉ ❥✉sq✉✬❛✉

✷✵✽
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❞❡r♠❡✳ ❈❡tt❡ ❝♦✉❝❤❡ s✬❛♣❧❛t✐t ♣r♦❣r❡ss✐✈❡♠❡♥t ❛✈❡❝ ❧✬â❣❡ ✿ ❡❧❧❡ ❞❡✈✐❡♥t ♣❧❛t❡ ✈❡rs ✻✵✲✼✵ ❛♥s

❛❝❝♦♠♣❛❣♥❛♥t ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧✬é♣❛✐ss❡✉r ❞❡ ❧✬é♣✐❞❡r♠❡ ❡t ✉♥❡ ♣❡rt❡ ❞✬é❧❛st✐❝✐té ❡t ❞❡

s♦✉♣❧❡ss❡✳

• ❯♥❡ ❢♦♥❝t✐♦♥ ❞❡ ♣r♦t❡❝t✐♦♥ ❝♦♥tr❡ ❧❡s ❛❣r❡ss✐♦♥s ❡①tér✐❡✉r❡s ✿ ❛✉① ❛❣r❡ss✐♦♥s ♠é❝❛♥✐q✉❡s✱

❝❤✐♠✐q✉❡s ❡t ♠✐❝r♦❜✐❡♥♥❡s✱ ❛✉ r❛②♦♥♥❡♠❡♥t s♦❧❛✐r❡ ❡t à ❧❛ ❝❤❛❧❡✉r✳ ▲❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❤♦t♦✲

♣r♦t❡❝t✐♦♥ ❡t ❞❡ ❜r♦♥③❛❣❡ ♣❡✉t êtr❡ rés✉♠é❡ ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿ s♦✉s ❧✬❛❝t✐♦♥ ❞❡s r❛②♦♥s

s♦❧❛✐r❡s ❧✬é♣✐❞❡r♠❡ s✬é♣❛✐ss✐t✱ ❡t ❧❡s ♠é❧❛♥♦❝②t❡s ❢❛❜r✐q✉❡♥t ❧❡s ♠é❧❛♥♦s♦♠❡s ✭♣❤é♥♦♠è♥❡

❞❡ ❜r♦♥③❛❣❡✮ ✲ ❧❛ q✉❛❧✐té ❡t ❧❛ q✉❛♥t✐té ❞❡ ♠é❧❛♥✐♥❡ ❞é♣❡♥❞❛♥t ❞❡s ✐♥❞✐✈✐❞✉s ✭❢❛❝t❡✉r

❣é♥ét✐q✉❡✮✳ ▲❡s ❞❡♥❞r✐t❡s ❞❡s ♠é❧❛♥♦❝②t❡s ❥♦✉❡♥t ✉♥ rô❧❡ ❞❡ ♣❛r❛s♦❧ ❡♥ ♣r♦té❣❡❛♥t ❧❡s

♥♦②❛✉① ❞❡s ❦ér❛t✐♥♦❝②t❡s ❞❡ ❧❛ ❝♦✉❝❤❡ ❜❛s❛❧❡✳

❆✳✷ ❱✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❡t ❢❛❝t❡✉rs ✐♥✢✉❡♥ç❛♥t ❧✬❛s♣❡❝t ❝✉✲
t❛♥é

▲❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❡st ✉♥ ♣r♦❝❡ss✉s ♣❧✉r✐❢❛❝t♦r✐❡❧ ❝♦♠♣❧❡①❡✱ q✉✐ ❞é❝♦✉❧❡ ❞❡ ❞❡✉①

♣r♦❝❡ss✉s ✿ ❧❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝❤r♦♥♦❧♦❣✐q✉❡ ❡♥❝♦r❡ ❛♣♣❡❧é ✐♥tr✐♥sèq✉❡ ♣♦✉✈❛♥t êtr❡ ❝♦♥s✐✲

❞éré ❝♦♠♠❡ ♣r♦❣r❛♠♠é ❣é♥ét✐q✉❡♠❡♥t q✉✐ t♦✉❝❤❡ ❧✬❡♥s❡♠❜❧❡ ❞✉ r❡✈êt❡♠❡♥t ❝✉t❛♥é✱ ❡t ❧❡

✈✐❡✐❧❧✐ss❡♠❡♥t ❛❝t✐♥✐q✉❡ ❧✐é à ❧✬❛❝t✐♦♥ ♥é❢❛st❡ ❞❡s r❛②♦♥s ✉❧tr❛✈✐♦❧❡ts ❛✉ ♥✐✈❡❛✉ ❞❡s ③♦♥❡s

❝✉t❛♥é❡s ❡①♣♦sé❡s✳ ▲❛ ♠é♥♦♣❛✉s❡ ❝❤❡③ ❧❛ ❢❡♠♠❡ ❛❝❝❡♥t✉❡ ❧❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❡♥ r❛✐s♦♥ ❞❡s

♠♦❞✐✜❝❛t✐♦♥s ❞✉ st❛t✉t ❤♦r♠♦♥❛❧✳

❆✳✷✳✶ ❱✐❡✐❧❧✐ss❡♠❡♥t ✐♥tr✐♥sèq✉❡

▲❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ✐♥tr✐♥sèq✉❡ ❡st r❡s♣♦♥s❛❜❧❡ ❞❡ ♥♦♠❜r❡✉s❡s ♠♦❞✐✜❝❛t✐♦♥s é♣✐❞❡r♠✐q✉❡s

♣❛r♠✐ ❧❡sq✉❡❧❧❡s ✿ ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ ♣❡❛✉ ❧✐é❡ à ✉♥ ❛♣❧❛t✐ss❡♠❡♥t ❞❡ ❧❛

❥♦♥❝t✐♦♥ ❞❡r♠♦é♣✐❞❡r♠✐q✉❡ ❡t ✉♥❡ ♣❡rt❡ ❞❡s ❡①♣❛♥s✐♦♥s ❞❡r♠✐q✉❡s✱ ❡t ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡

❧❛ t❡♥❡✉r ❡♥ ❧✐♣✐❞❡s✱ ❞✉ ♥♦♠❜r❡ ❞❡ ♠é❧❛♥♦❝②t❡s ❡t ❞❡ ❝❡❧❧✉❧❡s ❞❡ ▲❛♥❣❡r❤❛♥s✳ ▲❡ ❞❡r♠❡

s✬❛tr♦♣❤✐❡ ❛✉ss✐ ❛✈❡❝ ❧✬â❣❡ ✿ ❧❡ ♥♦♠❜r❡ ❡t ❧❛ t❛✐❧❧❡ ❞❡s ✜❜r♦❜❧❛st❡s ❞❡r♠✐q✉❡s ❞✐♠✐♥✉❡♥t✱

❧❡s ✜❜r❡s é❧❛st✐q✉❡s s♦♥t ❛❧téré❡s ❡t ♦♥ ❝♦♥st❛t❡ ❡♥tr❡ ❛✉tr❡s ❝❤♦s❡s ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡

❧❛ ♠✐❝r♦✈❛s❝✉❧❛r✐s❛t✐♦♥ ❞❡r♠✐q✉❡✳ ▲❡s ♠❛♥✐❢❡st❛t✐♦♥s ❝❧✐♥✐q✉❡s ♠❛❥❡✉r❡s ❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t

❝✉t❛♥é ❝❤r♦♥♦❧♦❣✐q✉❡ ❝♦♥❝❡r♥❡♥t ❧❛ ❢♦r♠❛t✐♦♥ ❞❡ r✐❞❡s ❡t ❧❛ ♣❡rt❡ ❞✬é❧❛st✐❝✐té✳ ▲❡s ♠❛♥✐❢❡s✲

t❛t✐♦♥s ❝❧✐♥✐q✉❡s ❞✉ ♣❤♦t♦✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❢♦♥t ❛♣♣❛r❛îtr❡ ✉♥❡ ♣❡❛✉ é♣❛✐ss✐❡✱ r✉❣✉❡✉s❡✱
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❥❛✉♥âtr❡ ❡t ❤②♣❡r❧❛①❡✳ ❖♥ ♥♦t❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ r✐❞✉❧❡s ♣✉✐s ❞❡ r✐❞❡s ♣r♦❢♦♥❞❡s✱ ❞❡s té❧❛♥✲

❣✐❡❝t❛s✐❡s ✭❛tt❡✐♥t❡s ✈❛s❝✉❧❛✐r❡s ❛✉ ♥✐✈❡❛✉ ❞✉ ❞❡r♠❡✮✱ ❞❡s t❛❝❤❡s ♣✐❣♠❡♥t❛✐r❡s té♠♦✐♥s ❞❡s

❛❧tér❛t✐♦♥s ❞❡s ♠é❧❛♥♦❝②t❡s✱ ❡t ✉♥❡ ❤②♣❡r♣❧❛s✐❡ sé❜❛❝é❡ ❝♦♥st✐t✉é❡ ❞❡ ♠✉❧t✐♣❧❡s ♣❛♣✉❧❡s

❥❛✉♥❡s✱ ♠♦❧❧❡s✱ ♦♠❜✐❧✐q✉é❡s ❡♥ ❧❡✉r ❝❡♥tr❡✳ ▲❡ ✈✐❡✐❧❧✐ss❡♠❡♥t ❤♦r♠♦♥❛❧ ❡st ❧✉✐ ❛✉ss✐ r❡s✲

♣♦♥s❛❜❧❡ ❞❡ ♠♦❞✐✜❝❛t✐♦♥s ❝✉t❛♥é❡s ✿ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ ♣❡❛✉✱ ❞✉ ❝♦♥t❡♥✉ ❡♥

❝♦❧❧❛❣è♥❡ ❞❡r♠✐q✉❡✱ ❞❡ ❧❛ ♣r♦❧✐❢ér❛t✐♦♥ ❞❡s ❦ér❛t✐♥♦❝②t❡s ❡t ❞❡s ✜❜r♦❜❧❛st❡s✱ ❞❡ ❧❛ ✈❛s❝✉✲

❧❛r✐s❛t✐♦♥ ❝✉t❛♥é❡✱ ❞❡ ❧✬❤②❞r❛t❛t✐♦♥ ❝✉t❛♥é❡ ❡t ❞❡ ❧❛ s❡❝rét✐♦♥ sé❜❛❝é❡✳ ❈❡s ♠♦❞✐✜❝❛t✐♦♥s

s♦♥t ❞♦♥❝ ♣r♦❝❤❡s ❞❡s ❝♦♥séq✉❡♥❝❡s ❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝❤r♦♥♦❧♦❣✐q✉❡ ❡t ❞✐✛ér❡♥t❡s ❞❡ ❝❡❧❧❡s

❞✉ ♣❤♦t♦✈✐❡✐❧❧✐ss❡♠❡♥t✳

❆✳✷✳✷ P❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t

▼♦❞✐✜❝❛t✐♦♥s ❤✐st♦❧♦❣✐q✉❡ ❡t ❝❧✐♥✐q✉❡ ❞❡ ❧❛ ♣❡❛✉ ❧♦rs ❞✉ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t

▲❡ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t s❡ s✉♣❡r♣♦s❡ ❛✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ✐♥tr✐♥sèq✉❡ ❡t ❡♥❣❡♥❞r❡ é❣❛❧❡♠❡♥t

❞❡s ♠♦❞✐✜❝❛t✐♦♥s ❞❡ ❧✬é♣✐❞❡r♠❡ ❡t ❞✉ ❞❡r♠❡✳ ▲✬é♣✐❞❡r♠❡ ❞❡✈✐❡♥t ✐rré❣✉❧✐❡r✱ ♣❛r❢♦✐s ❛tr♦✲

♣❤✐é✱ ♣❛r❢♦✐s ❤②♣❡r♣❧❛s✐q✉❡✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❝❡❧❧✉❧❡s ❞❡ ❧❛♥❣❡r❤❛♥s ❞✐♠✐♥✉❡ t❛♥❞✐s q✉❡ ❧❡

♥♦♠❜r❡ ❞❡ ♠é❧❛♥♦❝②t❡s ❤②♣❡r♣❧❛s✐q✉❡ ❛✉❣♠❡♥t❡✳ ▲❡ t✐ss✉ ❝♦♥❥♦♥❝t✐❢ ❞❡r♠✐q✉❡ ❡st ❛❧téré✳

▲❛ ♠✐❝r♦✈❛s❝✉❧❛r✐s❛t✐♦♥ ❡st ❞ét❡r✐♦ré❡ ✭♣❡rt❡ ❞❡s ♣❧❡①✉s ♣❛♣✐❧❧❛✐r❡s ❛✈❡❝ ❛♣❧❛t✐ss❡♠❡♥t ❞❡s

❝rêt❡s ♣❛♣✐❧❧❛✐r❡s ♠❛✐s é❣❛❧❡♠❡♥t ✈❛✐ss❡❛✉① ❞✐❧❛tés ❡t é❧❛r❣✐s ❞❛♥s ❧❡ ❞❡r♠❡ ♣❛♣✐❧❧❛✐r❡ ❡t

❧❡ ❞❡r♠❡ ♠♦②❡♥✮✳ ▲❡ ❝♦❧❧❛❣è♥❡ ❞✐♠✐♥✉❡ ❡t ❧❡ t✐ss✉ é❧❛st✐q✉❡ ❞②str♦♣❤✐q✉❡ s✬❛❝❝✉♠✉❧❡✳ ▲❡

♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é s❡ ❝❛r❛❝tér✐s❡ ❛❧♦rs ♣❛r ✉♥❡ ♣❡❛✉ ♣❧✉s é♣❛✐ss❡ ✭é❧❛st♦s❡ s♦❧❛✐r❡✮✱

r✉❣✉❡✉s❡✱ ❥❛✉♥âtr❡ ❡t ❤②♣❡r❧❛①❡✳ ❉❡s r✐❞✉❧❡s✱ ♣✉✐s ❞❡s r✐❞❡s ♣r♦❢♦♥❞❡s ❛♣♣❛r❛✐ss❡♥t✱ ❞❡s té✲

❧❛♥❣✐❡❝t❛s✐❡s ✭r❡✢❡t ❞❡s ❛❧tér❛t✐♦♥s ✈❛s❝✉❧❛✐r❡s ❛✉ ♥✐✈❡❛✉ ❞✉ ❞❡r♠❡✮✱ ❞❡ t❛❝❤❡s ♣✐❣♠❡♥t❛✐r❡s

❡♥❝♦r❡ ❛♣♣❡❧é❡s ❧❡♥t✐❣✐♥❡s ✭té♠♦✐♥s ❞❡s ❛❧tér❛t✐♦♥s ❞❡s ♠é❧❛♥♦❝②t❡s✮✱ ❡t ✉♥❡ ❤②♣❡r♣❧❛s✐❡

sé❜❛❝é❡ ❝♦♥st✐t✉é❡ ❞❡ ♠✉❧t✐♣❧❡s ♣❛♣✉❧❡s ❥❛✉♥❡s✱ ♠♦❧❧❡s✱ ♦♠❜✐❧✐q✉é❡s ❡♥ ❧❡✉r ❝❡♥tr❡ ❡t ❞❡

❦ér❛t♦s❡s ❛❝t✐♥✐q✉❡s✱ ❝♦♥s✐❞éré❡s ❝♦♠♠❡ ❞❡s ❧és✐♦♥s ♣ré❝❛♥❝ér❡✉s❡s✳

▼é❝❛♥✐s♠❡s ❜✐♦❧♦❣✐q✉❡s ❧✐és ❛✉ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t

▲✬❡①♣♦s✐t✐♦♥ ❛✉① r❛❞✐❛t✐♦♥s ❯❱ ❡st ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ❧❡ ♣r✐♥❝✐♣❛❧ ❢❛❝t❡✉r r❡s♣♦♥s❛❜❧❡ ❞✉

✈✐❡✐❧❧✐ss❡♠❡♥t ❡①tr✐♥sèq✉❡✳ ❊❧❧❡ ✈❛ êtr❡ à ❧✬♦r✐❣✐♥❡ ❞✬✉♥❡ ❢♦rt❡ ♣r♦❞✉❝t✐♦♥ ❞✬❊❘❖✦ q✉✐ ♠❡t✲

tr❛ à ♠❛❧ ❧❡s ❞é❢❡♥s❡s ❛♥t✐♦①②❞❛♥t❡s ❞❡ ❧❛ ♣❡❛✉ ✭❘❛❜❡ ❡t ❛❧✳ ❬✷✵✵✻❪ ❀ ❙❛❣❡ ❡t ❛❧✳ ❬✷✵✶✷❪ ❀ ❨❛❛r
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❛♥❞ ●✐❧❝❤r❡st ❬✷✵✵✼❪✮✳ ❙❡✉❧❡♠❡♥t ✺ à ✶✵✪ ❞✉ r❛②♦♥♥❡♠❡♥t ❯❱❇ ❛tt❡✐♥t ❧❛ s✉r❢❛❝❡ t❡rr❡str❡

♣❛r r❛♣♣♦rt à ✾✵✪ ❞❡s ❯❧tr❛✲❱✐♦❧❡ts ❆ ✭❯❱❆✮ ♠❛✐s ✐❧ ❡st ❧❡ ♣❧✉s é♥❡r❣ét✐q✉❡✳ ■❧ ♣é♥ètr❡

♣r✐♥❝✐♣❛❧❡♠❡♥t ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬é♣✐❞❡r♠❡ ♦ù ✐❧ ✐♥❞✉✐t ❞✐r❡❝t❡♠❡♥t ❞❡s ❞♦♠♠❛❣❡s ❆❉◆ ✭❞✐✲

♠èr❡s ❝②❝❧♦❜✉t❛♥❡ ❡t ❧❡s ♣❤♦t♦♣r♦❞✉✐ts ✻✲✹✮ ❞❛♥s ❧❡s ❦ér❛t✐♥♦❝②t❡s ❡t ❧❡s ♠é❧❛♥♦❝②t❡s✳ ▲❡

r❛②♦♥♥❡♠❡♥t ❯❱❆✱ ❜✐❡♥ q✉❡ ♠♦✐♥s é♥❡r❣ét✐q✉❡✱ ❡st r❡❝♦♥♥✉ ♣♦✉r êtr❡ é❣❛❧❡♠❡♥t ❢♦rt❡♠❡♥t

✐♠♣❧✐q✉é ❞❛♥s ❧❡ ♣❤♦t♦✲✈✐❡✐❧❧✐ss❡♠❡♥t✳ ■❧ ♣é♥ètr❡ ♣❧✉s ♣r♦❢♦♥❞é♠❡♥t q✉❡ ❧❡s ❯❱❇ ❞❛♥s ❧❛

♣❡❛✉ ❡t ♣❡✉t ❛tt❡✐♥❞r❡ ❧❡ ❞❡r♠❡ ♣r♦❢♦♥❞ ❡t ❧❡ t✐ss✉ s♦✉s ❝✉t❛♥é ✭❋✐❣✉r❡ ❆✳✷✮✳

❋✐❣✉r❡ ❆✳✷ ✕ ❈♦✉❝❤❡s ❞❡ ❧❛ ♣❡❛✉ ❛tt❡✐♥t❡s ♣❛r ❧❡s ❯❱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r ❧♦♥❣✉❡✉r ❞✬♦♥❞❡
✭t✐ré❡ ❞❡ ●♦r❛❧❝③②❦ ❛♥❞ ❲❡rt③ ❬✷✵✵✾❪✮
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❆♥♥❡①❡ ❇

❇❛s❡s ❞❡ ❧❛ ❣é♥ét✐q✉❡

▲❡ ✈✐✈❛♥t ✿ ♣r♦té✐♥❡s ❡t ❆❉◆

▲❡s ♣r♦té✐♥❡s s♦♥t ❞❡s ♠♦❧é❝✉❧❡s ❝♦♠♣❧❡①❡s q✉✐ ✐♥t❡r✈✐❡♥♥❡♥t ❞❛♥s t♦✉s ❧❡s ♠é❝❛♥✐s♠❡s

♠♦❧é❝✉❧❛✐r❡s ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞✉ ✈✐✈❛♥t✳ ❊❧❧❡s s♦♥t s②♥t❤ét✐sé❡s ♣❛r

❧❡s ❝❡❧❧✉❧❡s ❡t ♣❡✉✈❡♥t ❛✈♦✐r ❞❡s ❢♦♥❝t✐♦♥s très ❞✐✈❡rs❡s ✿ ❡♥③②♠❡s ♣♦✉r ❝❛t❛❧②s❡r ❧❡s ré❛❝✲

t✐♦♥s ❜✐♦❝❤✐♠✐q✉❡s✱ ❤♦r♠♦♥❡s ♣♦✉r s❡r✈✐r ❞❡ ♠❡ss❛❣❡rs ❞❛♥s ❧✬♦r❣❛♥✐s♠❡✱ ❛♥t✐❝♦r♣s ♣♦✉r ❧❛

❞é❢❡♥s❡ ✐♠♠✉♥✐t❛✐r❡✱ ❡t ❜✐❡♥ ❞✬❛✉tr❡s ❢♦r♠❡s q✉✬✐❧❧✉str❡♥t ❧❡s ❜❛s❡s ❞❡ ❞♦♥♥é❡s ❛❝t✉❡❧❧❡s ♦ù

♣❧✉s✐❡✉rs ❝❡♥t❛✐♥❡s ❞❡ ♠✐❧❧✐❡rs ❞❡ ♣r♦té✐♥❡s s♦♥t ❞é❥à r❡❝❡♥sé❡s✳ ❊❧❧❡s ❥♦✉❡♥t ❞♦♥❝ ✉♥ rô❧❡

❞❛♥s ♥♦tr❡ ❛s♣❡❝t ♣❤②s✐q✉❡✱ ♥♦s r✐sq✉❡s ❞❡ ❝♦♥tr❛❝t❡r ❞❡s ♠❛❧❛❞✐❡s ❡t ❧❛ ré♣♦♥s❡ ❞❡ ♥♦tr❡

❝♦r♣s ❛✉① st✐♠✉❧✐ r❡♥❝♦♥trés ❞❛♥s ❧✬❡♥✈✐r♦♥♥❡♠❡♥t✳ ❯♥❡ ♣r♦té✐♥❡ ❡st ✉♥❡ ❝❤❛î♥❡ ❝♦♠♣♦sé❡

❞❡ ♠♦❧é❝✉❧❡s ♣❧✉s ♣❡t✐t❡s✱ ❛♣♣❡❧é❡s ❛❝✐❞❡s ❛♠✐♥és✱ ❞♦♥t ❧✬♦r❞r❡ ❞✬❛❣❡♥❝❡♠❡♥t ✈❛ ❞ét❡r♠✐♥❡r

❧❛ str✉❝t✉r❡ ❡t ❧❛ ❢♦♥❝t✐♦♥ ❛✉ s❡✐♥ ❞❡ ❧✬♦r❣❛♥✐s♠❡✳ ❈❡ ✧❝♦❧❧✐❡r ❞❡ ♣❡r❧❡s✧ ✈❛ ❞❡ q✉❡❧q✉❡s

❛❝✐❞❡s ❛♠✐♥és ❞❛♥s ❧❡ ❝❛s ❞❡ ♣❡t✐ts ♣❡♣t✐❞❡s à ♣❧✉s✐❡✉rs ♠✐❧❧✐❡rs ♣♦✉r ❧❡s ♣❧✉s ❣r♦ss❡s ♣r♦✲

té✐♥❡s✳ ❈❤❡③ ❧✬❤♦♠♠❡ ❡t ❧❡s ♠❛♠♠✐❢èr❡s✱ ✐❧ ② ❛ ✈✐♥❣t ❛❝✐❞❡s ❛♠✐♥és ❞❡ ❜❛s❡✳ P♦✉r ❢❛❜r✐q✉❡r

✉♥❡ ♣r♦té✐♥❡✱ ❧❛ ❝❡❧❧✉❧❡ ❛ ❜❡s♦✐♥ ❞✬✉♥❡ ♣❛rt ❞❡s ❛❝✐❞❡s ❛♠✐♥és ❡t ❞✬❛✉tr❡ ♣❛rt ❞✬✉♥ s❝❤é♠❛

❞✬❛ss❡♠❜❧❛❣❡✳ ▲❡s ❛❝✐❞❡s ❛♠✐♥és ♣r♦✈✐❡♥♥❡♥t ❞❡ ❧✬❛❧✐♠❡♥t❛t✐♦♥ ♦✉ s♦♥t ♥é♦s②♥t❤ét✐sés✳ ▲❡✉r

❡♥❝❤❛î♥❡♠❡♥t ❛✉ s❡✐♥ ❞❡ ❧❛ ♣r♦té✐♥❡ ❡st q✉❛♥t à ❧✉✐ ❞✐❝té ♣❛r ❧✬✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡✳ ❈❡tt❡

✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡ ❡st ❝♦♥st✐t✉é❡ ❞✬✉♥❡ ♠♦❧é❝✉❧❡ ❜✐❡♥ ♣❛rt✐❝✉❧✐èr❡✱ ❧✬❆❝✐❞❡ ❉és♦①②r✐❜♦✲

◆✉❝❧é✐q✉❡ ✭❆❉◆✮✳

✷✶✸



❙tr✉❝t✉r❡ ♠♦❧é❝✉❧❛✐r❡ ❞❡ ▲✬❆❉◆

▲✬❆❉◆ ❡st ✉♥❡ très ❧♦♥❣✉❡ séq✉❡♥❝❡ ❞❡ ♣❡r❧❡s ❛♣♣❡❧é❡s ♥✉❝❧é♦t✐❞❡s✱ q✉✐ s♦♥t ❞❡ q✉❛tr❡

♥❛t✉r❡s ✿ ❆❞é♥✐♥❡✱ ❚❤②♠✐♥❡✱ ❈②t♦s✐♥❡ ❡t ●✉❛♥✐♥❡ ✭♦✉ ❆✱ ❚✱ ● ❡t ❈✮✳ ❆✉ ❞é❜✉t ❞❡s ❛♥♥é❡s

✺✵✱ ❞❡✉① ❞é❝♦✉✈❡rt❡s ♠❛❥❡✉r❡s ♦♥t ♣❡r♠✐s ❞❡ ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ s❛ str✉❝t✉r❡ ♠♦❧é❝✉❧❛✐r❡✳

▲❛ ♣r❡♠✐èr❡✱ ♠❡♥é❡ ♣❛r ❈❤❛r❣❛✛✱ ❛ ♠♦♥tré q✉❡ q✉❡❧ q✉❡ s♦✐t ❧✬❡s♣è❝❡ ❞♦♥t ♦♥ ❡①tr❛✐t ❧✬❆❉◆✱

❧❡s q✉❛♥t✐tés ❞❡ ♥✉❝❧é♦t✐❞❡s ❆ ❡t ❈ s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t é❣❛❧❡s à ❝❡❧❧❡s ❞❡ ❚ ❡t ●✳ ❙❡✉❧ ❧❡

r❛♣♣♦rt ✭❆✰❚✮✴✭❈✰●✮ ❡st s✉s❝❡♣t✐❜❧❡ ❞❡ ❝❤❛♥❣❡r ❞✬✉♥❡ ❡s♣è❝❡ à ❧✬❛✉tr❡✳ ▲❛ s❡❝♦♥❞❡ ♠❡♥é❡

♣❛r ❋r❛♥❦❧✐♥ ❛ ♠♦♥tré ♣❛r ❞✐✛r❛❝t✐♦♥ ❞❡ r❛②♦♥s ❳ q✉❡ ❧✬❆❉◆ ❞❡✈❛✐t ❛✈♦✐r ✉♥❡ str✉❝t✉r❡

❤é❧✐❝♦ï❞❛❧❡✳ ❈❡❝✐ ♣❡r♠✐t ✜♥❛❧❡♠❡♥t à ❲❛ts♦♥ ❡t ❈r✐❝❦ ❞✬❡♥tr❡✈♦✐r q✉❡ ❧✬❆❉◆ ét❛✐t ❝♦♠♣♦sé❡

❞❡ ❞❡✉① séq✉❡♥❝❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s ❞❡ ♥✉❝❧é♦t✐❞❡s ✭❆ <=> ❚ ❡t ❈ <=> ●✮ ❡♥tr❡❧❛❝é❡s

❛✉ s❡✐♥ ❞✬✉♥❡ ❞♦✉❜❧❡ ❤é❧✐❝❡ ✭✜❣✉r❡ ❇✳✶✮✳ ❖♥ ❛ ❞♦♥❝ ❝♦♠♠❡♥❝é à ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ s❡s

♣r♦♣r✐étés ✿ ❞✬✉♥ ❝ôté✱ ❡❧❧❡ st♦❝❦❡ ❧❡ ♣❛tr✐♠♦✐♥❡ ❣é♥ét✐q✉❡✱ ❡t ❞❡ ❧✬❛✉tr❡✱ ❡❧❧❡ ❡♥ ♣❡r♠❡t ❞❡s

❝♦♣✐❡s r❛♣✐❞❡s ❡t r♦❜✉st❡s ❞✉r❛♥t ❧❡s ♣❤❛s❡s ❞❡ ré♣❧✐❝❛t✐♦♥ ❝❡❧❧✉❧❛✐r❡ ✭♠✐t♦s❡✮✳ ❙❛ str✉❝t✉r❡

st❛❜❧❡ ♣❡r♠❡t ❞❡ ♠✐♥✐♠✐s❡r ❧❡s ❡rr❡✉rs ❞❡ ❝♦♣✐❡s t♦✉t ❡♥ ❧❛✐ss❛♥t ✉♥❡ ♣❧❛❝❡ à ❧✬é✈♦❧✉t✐♦♥✳

❋✐❣✉r❡ ❇✳✶ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞✬✉♥❡ ♣♦rt✐♦♥ ❞❡ ❧❛ ♠♦❧é❝✉❧❡ ❞✬❆❉◆✳ ▲❡s ♥✉❝❧é♦t✐❞❡s s♦♥t
❛♣♣❛r✐és s✉✐✈❛♥t ❧❡✉r ❝♦♠♣❧é♠❡♥t❛r✐té✳ ▲❡s ❞❡✉① séq✉❡♥❝❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s s✬❡♥tr❡❧❛❝❡♥t
♣♦✉r ❢♦r♠❡r ✉♥❡ ❞♦✉❜❧❡ ❤é❧✐❝❡✳

✷✶✹



▲✬❆❉◆✱ s✉♣♣♦rt ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡

❊♥ ✐♥❢♦r♠❛t✐q✉❡✱ ❝❤❛q✉❡ ♥♦♠❜r❡ ❡♥t✐❡r ❡st ❝♦❞é ❡♥ ♠é♠♦✐r❡ s✉r ✽ ❜✐ts ❞❡ ✈❛❧❡✉rs ❜✐♥❛✐r❡s

✵ ♦✉ ✶✳ ❉❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡✱ ❡♥ ❣é♥ét✐q✉❡✱ ❧❡s ✷✵ ❛❝✐❞❡s ❛♠✐♥és ❞✐✛ér❡♥ts s♦♥t ❝♦❞és ❞❛♥s

❧✬❆❉◆ s✉r ✸ ♥✉❝❧é♦t✐❞❡s ❞❡ ✈❛❧❡✉rs ❆✱ ❚✱ ● ♦✉ ❈✳ ❈❡tt❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ s✬❛♣♣❡❧❧❡ ❧❡ ❝♦❞❡

❣é♥ét✐q✉❡✱ ❡t ♣❡r♠❡t ❞✬❡♥tr❡✈♦✐r ❧❡ ♣r❡♠✐❡r rô❧❡ ❞❡ ❧✬❆❉◆ ✿ êtr❡ ❧❛ ♠é♠♦✐r❡ ❞✉ ✈✐✈❛♥t✳

▲✬❆❉◆ ❝♦rr❡s♣♦♥❞ ❞♦♥❝ à ✉♥❡ très ❧♦♥❣✉❡ séq✉❡♥❝❡ ❞❡ tr✐♣❧❡ts ❞❡ ♥✉❝❧é♦t✐❞❡s ❞♦♥t ❧❛

❧❡❝t✉r❡ ❞❛♥s ✉♥ s❡♥s ♣❛rt✐❝✉❧✐❡r ❞❡ ❝❡rt❛✐♥❡s ré❣✐♦♥s ❝♦❞❡ ❧✬❛ss❡♠❜❧❛❣❡ ❞✬❛❝✐❞❡s ❛♠✐♥és ❡♥

♣r♦té✐♥❡s✳ ❈❡s ré❣✐♦♥s ❝♦❞❛♥t❡s s♦♥t ❛♣♣❡❧é❡s ❧❡s ❣è♥❡s ✭✜❣✉r❡ ❇✳✷✮✳ ❈❤❡③ ❧✬❤♦♠♠❡✱ ♦♥ ❡♥

❝♦♠♣t❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ✷✵ ✵✵✵ à ✷✺ ✵✵✵✳ ▼❛✐s ♣❛r❛❞♦①❛❧❡♠❡♥t✱ ✐❧s ♥❡ r❡♣rés❡♥t❡♥t q✉❡ ✶✳✺✪

❞❡s ✸ ♠✐❧❧✐❛r❞s ❞❡ ♥✉❝❧é♦t✐❞❡s ❞❡ ❧✬❆❉◆ ❤✉♠❛✐♥ ✭▲❛♥❞❡r ❡t ❛❧✳ ❬✷✵✵✶❪ ❀ ❱❡♥t❡r ❡t ❛❧✳ ❬✷✵✵✶❪ ❀

❈♦❧❧✐♥s ❡t ❛❧✳ ❬✷✵✵✹❪✮✳

P♦✉r ❧❡ ♠♦♠❡♥t✱ ♦♥ ♥❡ ❝♦♠♣r❡♥❞ q✉❡ ♣❛rt✐❡❧❧❡♠❡♥t ❧❡ rô❧❡ ❞❡s ✈❛st❡s ré❣✐♦♥s ✐♥t❡r❣é✲

♥✐q✉❡s✳ ▲❡s ♣❧✉s ❝♦♥♥✉❡s r❡st❡♥t ❧❡s ♣r♦♠♦t❡✉rs ❀ ❞❡s ré❣✐♦♥s ré❣✉❧❛tr✐❝❡s q✉❡ ❧✬♦♥ tr♦✉✈❡

❡♥ ❛♠♦♥t ❞❡s ❣è♥❡s ❡t s✉r ❧❡sq✉❡❧❧❡s ❞❡s ♣r♦té✐♥❡s ❞✐t❡s ✧ré❣✉❧❛tr✐❝❡s✧ ♣❡✉✈❡♥t s❡ ✜①❡r✳

❊❧❧❡s ♣❡r♠❡tt❡♥t à ❧❛ ❝❡❧❧✉❧❡ ❞❡ ❝♦♥trô❧❡r ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s✳ ❈❡ ♥✐✈❡❛✉ ❞✬❡①♣r❡ss✐♦♥

❞é♣❡♥❞ ❣é♥ér❛❧❡♠❡♥t ❞❡ ❝♦♥❞✐t✐♦♥s ❡♥✈✐r♦♥♥❡♠❡♥t❛❧❡s ♣❛rt✐❝✉❧✐èr❡s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡✱

❧❡s st✐♠✉❧✐ r❡ç✉s ♣❛r ❧❛ ❝❡❧❧✉❧❡✱ ❧❡ t✐ss✉ ❞❛♥s ❧❡q✉❡❧ s❡ tr♦✉✈❡ ❧❛ ❝❡❧❧✉❧❡✱ ♦✉ ❧❡ st❛❞❡ ❞❡ ❞é✈❡✲

❧♦♣♣❡♠❡♥t ❞❡ ❧✬♦r❣❛♥✐s♠❡✳

❖r❣❛♥✐s❛t✐♦♥ ❞❡ ❧✬❆❉◆

▲✬❡♥s❡♠❜❧❡ ❞❡s ❣è♥❡s ❞✬✉♥ ✐♥❞✐✈✐❞✉ ❡st ré♣❛rt✐ s✉r ♣❧✉s✐❡✉rs ♠♦❧é❝✉❧❡s ❞✬❆❉◆ ❞❛♥s ❧❛

❝❡❧❧✉❧❡✱ ❝❤❛❝✉♥❡ s♦✉s ❧❛ ❢♦r♠❡ ❝♦♠♣❛❝t❡ ❞❡ ❝❤r♦♠♦s♦♠❡✳ ▲❛ ♣♦s✐t✐♦♥ ❞✬✉♥ ❣è♥❡ ❡st ❞♦♥❝

s♣é❝✐✜é❡ ♣❛r ❧❡ ❝❤r♦♠♦s♦♠❡ ❛✉q✉❡❧ ✐❧ ❛♣♣❛rt✐❡♥t ❡t ♣❛r ❧❛ ❞✐st❛♥❝❡ ❡♥ ♥✉❝❧é♦t✐❞❡s q✉✐

sé♣❛r❡ ❧❡ ❞é❜✉t ❞✉ ❝❤r♦♠♦s♦♠❡ ❞✉ ❞é❜✉t ❞✉ ❣è♥❡ ✭✜❣✉r❡ ❇✳✸✮✳ ❈❡tt❡ ❞✐st❛♥❝❡ ❡st ❡①♣r✐♠é❡

❡♥ ♣❛✐r❡s ❞❡ ❜❛s❡s ✭❜❛s❡ ♣❛✐rs ✭❜♣✮✮ ✿ ✶❜ ♣♦✉r ✶ ♥✉❝❧é♦t✐❞❡✱ ✶ ❑✐❧♦ ❜❛s❡ ✭❑❜✮ ♣♦✉r ✶✵✵✵

♥✉❝❧é♦t✐❞❡s ❡t ✶ ▼✐❧❧✐♦♥ ❜❛s❡ ✭▼❜✮ ♣♦✉r ✶✵✻ ♥✉❝❧é♦t✐❞❡s✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ❝❤r♦♠♦s♦♠❡s ❞✬✉♥

✐♥❞✐✈✐❞✉✱ ❞♦♥❝ ❧✬❡♥s❡♠❜❧❡ ❞❡ s❡s ❣è♥❡s✱ ❢♦r♠❡ s♦♥ ❣é♥♦♠❡✳ ❉❛♥s ❧✬❡①❡♠♣❧❡✱ ▲❡ ❣è♥❡ ❞é❜✉t❡

à ♣❡✉ ♣rès à ✺✵ ✶✵✶ ▼❜ ❡t ✜♥✐ à ✺✵ ✶✵✺ ▼❜ ✿ ✐❧ ❢❛✐t ❞♦♥❝ ✹ ❑❜ s♦✐t ✹ ✵✵✵ ♥✉❝❧é♦t✐❞❡s✳

✷✶✺



❋✐❣✉r❡ ❇✳✷ ✕ P❛ss❛❣❡ ❞❡s tr✐♣❧❡ts ❞❡ ♥✉❝❧é♦t✐❞❡s à ❧❛ ♣r♦té✐♥❡✳ ❆✳ ▲❛ séq✉❡♥❝❡ ❞✬❆❉◆
✐♥✐t✐❛❧❡✳ ❇✳ ▲❛ séq✉❡♥❝❡ s♦✉s ❢♦r♠❡ ❞✬❆❘◆ ✿ ❡❧❧❡ ❝♦♠♠❡♥❝❡ ♣❛r ✉♥ tr✐♣❧❡t ❞✬✐♥✐t✐❛❧✐s❛t✐♦♥
✭❆❯●✮ ❡t ✜♥✐ ♣❛r ✉♥ tr✐♣❧❡t st♦♣ ✭❯❆❆✮✳ ❈✳ ▲❡ ❝♦❞❡ ❣é♥ét✐q✉❡ q✉✐ ♣❡r♠❡t ❧❡ ♣❛ss❛❣❡ ❞❡
❧✬❆❘◆ ❡♥ ❛❝✐❞❡s ❛♠✐♥és✳ ❉✳ ▲❡s ❛❝✐❞❡s ❛♠✐♥és s♦♥t ❛ss❡♠❜❧és ❡♥ ♣r♦té✐♥❡ s✉✐✈❛♥t ❧✬♦r❞r❡
❝♦❞é ♣❛r ❧✬❆❉◆✳

❋✐❣✉r❡ ❇✳✸ ✕ ❈❛rt❡ ❣é♥ét✐q✉❡ ❝❡♥tré❡ s✉r ❧❡ ❣è♥❡ ❆♣♦❊✦ ❞✉ ❝❤r♦♠♦s♦♠❡ ✶✾
✳

✷✶✻



▲✬❆❉◆✱ s✉♣♣♦rt ❞❡ ❧✬❤éré❞✐té

▲❡ ❣é♥♦♠❡ ❤✉♠❛✐♥ ❡st ❞✐♣❧♦ï❞❡ ❝❛r ✐❧ ❡st ❝♦♠♣♦sé ❞❡ ✷✷ ♣❛✐r❡s ❞❡ ❝❤r♦♠♦s♦♠❡s ❛✉t♦✲

s♦♠✐q✉❡s ❡t ❞✬✉♥❡ ♣❛✐r❡ ❞❡ ❝❤r♦♠♦s♦♠❡s s❡①✉❡❧s ✭❳❳ ♣♦✉r ❧❡s ❢❡♠♠❡s ❡t ❳❨ ♣♦✉r ❧❡s

❤♦♠♠❡s✮✳ ▲♦rs ❞❡ ❧❛ r❡♣r♦❞✉❝t✐♦♥✱ ❝❤❛q✉❡ ♣❛r❡♥t tr❛♥s♠❡t à s❡s ❡♥❢❛♥ts ✉♥❡ ✈❡rs✐♦♥ ❤❛✲

♣❧♦ï❞❡ ❞❡ s♦♥ ❣é♥♦♠❡ ❀ ❝✬❡st✲à✲❞✐r❡ ✉♥ ❝❤r♦♠♦s♦♠❡ ❞❡ ❝❤❛❝✉♥❡ ❞❡ s❡s ✷✸ ♣❛✐r❡s✳ ▲❡ ❣é♥♦♠❡

❞❡ ❧✬❡♥❢❛♥t ❡st ❡♥s✉✐t❡ ❢♦r♠é ♣❛r ❧✬✉♥✐♦♥ ❞❡s ❝❤r♦♠♦s♦♠❡s ♣❛r❡♥t❛✉① tr❛♥s♠✐s ✭✜❣✉r❡ ❇✳✹✮✳

❋✐❣✉r❡ ❇✳✹ ✕ ▲❡s ❝❤r♦♠♦s♦♠❡s ❝❤❡③ ❧✬❤♦♠♠❡✳ ❆✳ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡s ✷✸ ♣❛✐r❡s ❞❡ ❝❤r♦♠♦✲
s♦♠❡s ❞✉ ❣é♥♦♠❡ ❤✉♠❛✐♥ ❀ ♥✉♠ér♦tés ♣❛r t❛✐❧❧❡ ❞é❝r♦✐ss❛♥t❡✳ ❇✳ ❊♥ ❤❛✉t✱ ❧❡s ❝❤r♦♠♦s♦♠❡s
♣❛r❡♥t❛✉①✱ ❡t ❡♥ ❜❛s✱ ❧❡s ✹ ❝♦♠❜✐♥❛✐s♦♥s ♣♦ss✐❜❧❡s ♣♦✉r ❢♦r♠❡r ❧❡s ❡♥❢❛♥ts✳

❆❉◆ ✿ ❙✉♣♣♦rt ❞❡ ❧✬é✈♦❧✉t✐♦♥

❉✉r❛♥t ❧❛ ♣r♦❞✉❝t✐♦♥ ❞❡s ❣❛♠èt❡s✱ ❞❡✉① t②♣❡s ❞❡ ♠♦❞✐✜❝❛t✐♦♥s ❞❡ ❧✬❆❉◆ ♣❡✉✈❡♥t s✉r✈❡♥✐r✱

❝ré❛♥t ❛✐♥s✐ ✉♥❡ ✈❛r✐❛❜✐❧✐té ❞❛♥s ❧❡s ❣è♥❡s tr❛♥s♠✐s à ❧❛ ❣é♥ér❛t✐♦♥ s✉✐✈❛♥t❡ ✿

• ▲❡s ♠✉t❛t✐♦♥s ❀ ❞❡s é✈é♥❡♠❡♥ts très r❛r❡s ❞✬❡rr❡✉r ❞❛♥s ❧❡ ♣r♦❝❡ss✉s ❞❡ ❝♦♣✐❡ ❞❡ ❧✬❆❉◆✳

P❛r ❡①❡♠♣❧❡✱ ✉♥ ♥✉❝❧é♦t✐❞❡ ❆ ❞✬✉♥❡ séq✉❡♥❝❡ ♣❡✉t êtr❡ s✉❜st✐t✉é ♣❛r ✉♥ ♥✉❝❧é♦t✐❞❡ ❈

✭✜❣✉r❡ ❇✳✺✳❆✮✳

• ▲❡s r❡❝♦♠❜✐♥❛✐s♦♥s ❀ ✉♥ ❜r❛ss❛❣❡ ❞❡s ❝❤r♦♠♦s♦♠❡s ♣❛r❡♥t❛✉① r❡❣r♦✉♣és ❡♥ ♣❛✐r❡s ❛✉

♠♦♠❡♥t ❞❡ ❧❛ ♠é✐♦s❡✳ ❉❛♥s ❧❛ ♣r❛t✐q✉❡✱ ✉♥ ♣❛r❡♥t ♥❡ tr❛♥s♠❡t ♣❛s à s❛ ❞❡s❝❡♥❞❛♥❝❡ ✉♥

❝❤r♦♠♦s♦♠❡ ❡♥t✐❡r ❞❡ ❝❤❛q✉❡ ♣❛✐r❡✱ ♠❛✐s ♣❧✉tôt ✉♥ ❝❤r♦♠♦s♦♠❡ ❤②❜r✐❞❡ ✭✜❣✉r❡ ❇✳✺✳❇✮✳

✷✶✼



❋✐❣✉r❡ ❇✳✺ ✕ ❆✳ ❊①❡♠♣❧❡ ❞❡ ♠✉t❛t✐♦♥ ✭❡♥ ♥♦✐r✮ ✐♥t❡r✈❡♥❛♥t s✉r ✉♥ ❝❤r♦♠♦s♦♠❡ ♣❛r❡♥t❛❧
tr❛♥s♠✐s✳ ❇✳ ❊①❡♠♣❧❡ ❞❡ tr♦✐s r❡❝♦♠❜✐♥❛✐s♦♥s ❝❤r♦♠♦s♦♠✐q✉❡s✳

▲❡ ♣♦❧②♠♦r♣❤✐s♠❡ ❣é♥ét✐q✉❡

▲❡s ♠✉t❛t✐♦♥s q✉✐ ♣❡✉✈❡♥t ❛♣♣❛r❛îtr❡ s✉r ✉♥ ❝❤r♦♠♦s♦♠❡ ✈♦♥t ♣❡✉ à ♣❡✉ s❡ ❞✐✛✉s❡r ❞❛♥s

❧❛ ♣♦♣✉❧❛t✐♦♥ ❛✈❡❝ ❧❡s ❣é♥ér❛t✐♦♥s s✉❝❝❡ss✐✈❡s✱ s✉rt♦✉t ❝❡❧❧❡s ❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ✧❛✈❛♥✲

t❛❣❡ sé❧❡❝t✐❢✧✳ ❈❡rt❛✐♥s ✈❛r✐❛♥ts ❞❡✈✐❡♥♥❡♥t ♣❛rt❛❣és ♣❛r ❞❡ ♥♦♠❜r❡✉① ✐♥❞✐✈✐❞✉s ❛❧♦rs q✉❡

❞✬❛✉tr❡s ❞✐s♣❛r❛✐ss❡♥t✳ ▲❡s s✐t❡s ❞✉ ❣é♥♦♠❡ ♦ù s❡ ❝♦♥❝❡♥tr❡♥t ❧❡s ❞✐✛ér❡♥❝❡s ❣é♥ét✐q✉❡s

❡♥tr❡ ✐♥❞✐✈✐❞✉s ❞✬✉♥❡ ♠ê♠❡ ♣♦♣✉❧❛t✐♦♥ s♦♥t ❧❡s ♣♦❧②♠♦r♣❤✐s♠❡s✳ ❖♥ ❡st✐♠❡ à ❧✬❤❡✉r❡ ❛❝✲

t✉❡❧❧❡ q✉✬✐❧s r❡♣rés❡♥t❡♥t ✶✪ ❞✉ ❣é♥♦♠❡ ❤✉♠❛✐♥✳ ▲❡s ❞✐✛ér❡♥t❡s ❢♦r♠❡s q✉❡ ❧❡s séq✉❡♥❝❡s

❞✬❆❉◆ ♣r❡♥♥❡♥t ❛✉ ♥✐✈❡❛✉ ❞❡ ❝❡s ♣♦❧②♠♦r♣❤✐s♠❡s s♦♥t ❧❡s ❛❧❧è❧❡s✳ ❯♥ ♣♦❧②♠♦r♣❤✐s♠❡ ❡st

❜✐❛❧❧è❧✐q✉❡ ❧♦rsq✉✬✐❧ ♣♦ssè❞❡ ❞❡✉① ❛❧❧è❧❡s ❞✐st✐♥❝ts ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥✳ ▲♦rsq✉❡ ❝❡ ♥♦♠❜r❡

❡st ♣❧✉s ❣r❛♥❞✱ ❧❡ ♣♦❧②♠♦r♣❤✐s♠❡ ❡st ♠✉❧t✐❛❧❧è❧✐q✉❡✳

▲✬❤♦♠♠❡✱ ♣♦ssé❞❛♥t ❞❡✉① ❝♦♣✐❡s ❞❡ ❝❤❛q✉❡ ❝❤r♦♠♦s♦♠❡✱ ❛ ❞♦♥❝ ❞❡✉① ❛❧❧è❧❡s ❛✉ ♥✐✈❡❛✉

❞❡ ❝❤❛q✉❡ ♣♦❧②♠♦r♣❤✐s♠❡ ✿ ❝✬❡st s♦♥ ❣é♥♦t②♣❡✳ ❙✐ ❧❡s ❞❡✉① ❛❧❧è❧❡s s♦♥t ✐❞❡♥t✐q✉❡s✱ ✐❧ ❡st

❤♦♠♦③②❣♦t❡✱ ❞❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡✱ ✐❧ ❡st ❤étér♦③②❣♦t❡✳ Pr❡♥♦♥s ✉♥ ❡①❡♠♣❧❡ ✿ ✐♠❛❣✐♥♦♥s

❞❛♥s ✉♥❡ ♣♦♣✉❧❛t✐♦♥✱ ❧❡s ❛❧❧è❧❡s ❆ ❡t ❛ ♦❜s❡r✈és ♣♦✉r ✉♥ ♣♦❧②♠♦r♣❤✐s♠❡ ❜✐❛❧❧è❧✐q✉❡ ❞♦♥♥é✳

❙✐ ✉♥ ✐♥❞✐✈✐❞✉ ❞❡ ❝❡tt❡ ♣♦♣✉❧❛t✐♦♥ ♣♦ssè❞❡ ❞❡✉① ❛❧❧è❧❡s ✐❞❡♥t✐q✉❡s✱ s♦♥ ❣é♥♦t②♣❡ ❡st ❛❧♦rs

❆❆ ♦✉ ❛❛✱ ❡t ✐❧ ❞♦♥❝ ❡st ❤♦♠♦③②❣♦t❡✳ ▼❛✐s s✐ ❧✬✐♥❞✐✈✐❞✉ ♣♦ssè❞❡ ❞❡✉① ❛❧❧è❧❡s ❞✐✛ér❡♥ts✱ s♦♥

❣é♥♦t②♣❡ ❡st ❆❛ ❡t ✐❧ ❡st ❞♦♥❝ ❤étér♦③②❣♦t❡✳

✷✶✽



❉❛♥s ❧❛ ♣r❛t✐q✉❡✱ ✐❧ ❡①✐st❡ ❞✐✛ér❡♥ts t②♣❡s ❞❡ ♣♦❧②♠♦r♣❤✐s♠❡s✱ ❝♦rr❡s♣♦♥❞❛♥t à ❞✐✛é✲

r❡♥ts t②♣❡s ❞✬❛❧tér❛t✐♦♥s ❤ér✐t❛❜❧❡s ❞❡ ❧✬❆❉◆✳ ❖♥ ♣❡✉t ❝✐t❡r ♣❛r ❡①❡♠♣❧❡ ❧❡s ♠✐❝r♦s❛t❡❧❧✐t❡s ❀

❞❡s séq✉❡♥❝❡s ❞✬❆❉◆ ❢♦r♠é❡s ♣❛r ❧❛ ré♣ét✐t✐♦♥ ❝♦♥t✐♥✉❡ ❞✬✉♥ ♠♦t✐❢ ❞❡ q✉❡❧q✉❡s ♥✉❝❧é♦t✐❞❡s✳

❖♥ ❡♥ tr♦✉✈❡ ❡♥✈✐r♦♥ ✉♥ t♦✉s ❧❡s ✸ à ✶✵ ❑❜ ✭❈♦♦♣❡r ❛♥❞ ❑r❛✇❝③❛❦ ❬✶✾✾✸❪✮✳ ❈❡ t②♣❡ ❞❡

♣♦❧②♠♦r♣❤✐s♠❡ ❡st ❣é♥ér❛❧❡♠❡♥t ♠✉❧t✐❛❧❧è❧✐q✉❡ ❝❛r ❧❡ ♥♦♠❜r❡ ❞❡ ré♣ét✐t✐♦♥s ♣❡✉t ❜❡❛✉✲

❝♦✉♣ ✈❛r✐❡r ❞✬✉♥ ✐♥❞✐✈✐❞✉ à ✉♥ ❛✉tr❡✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ♣❧✉tôt à ✉♥

t②♣❡ ♣❛rt✐❝✉❧✐❡r ❞❡ ♣♦❧②♠♦r♣❤✐s♠❡s ✿ ❧❡s ❙✐♥❣❧❡ ◆✉❝❧é♦t✐❞❡ P♦❧②♠♦r♣❤✐s♠❡ ✭❙◆P✮✳ ❈❡ s♦♥t

❧❡s ✈❛r✐❛t✐♦♥s ❞✉ ❣é♥♦♠❡ ❧❡s ♣❧✉s ❢réq✉❡♠♠❡♥t r❡♥❝♦♥tré❡s ❡t ❧❡s ♠✐❡✉① ré♣❛rt✐❡s ✿ ♦♥ ❡♥

r❡tr♦✉✈❡ ❞❛♥s t♦✉s ❧❡s ❣è♥❡s✱ ♣r♦♠♦t❡✉rs✱ ré❣✐♦♥s ✐♥t❡r❣é♥✐q✉❡s✱ ❡t❝✳ ■❧s ❝♦rr❡s♣♦♥❞❡♥t à ❞❡

s✐♠♣❧❡s ♠✉t❛t✐♦♥s ♦ù ✉♥ ♥✉❝❧é♦t✐❞❡ ❛ été s✉❜st✐t✉é ♣❛r ✉♥ ❛✉tr❡ ✭❡① ✿ ❆ ❂❃ ❚✮✳ ❖♥ ❡st✐♠❡

❞❡ ♥♦s ❥♦✉rs q✉✬✐❧ ❡①✐st❡ ✶✵ ♠✐❧❧✐♦♥s ❞❡ ❙◆P à tr❛✈❡rs ❧❡ ❣é♥♦♠❡ ❤✉♠❛✐♥ ✭●✐❜❜s ❡t ❛❧✳ ❬✷✵✵✸❪✮✱

❝✬❡st✲à✲❞✐r❡ ✉♥ t♦✉s ❧❡s ✸✵✵ ♥✉❝❧é♦t✐❞❡s ❡♥ ♠♦②❡♥♥❡✳ ❈❡s ✶✵ ♠✐❧❧✐♦♥s s✉✣s❡♥t à ❝❛♣t✉r❡r

✾✵✪ ❞❡ ❧❛ ❞✐✈❡rs✐té ❣é♥ét✐q✉❡ ♦❜s❡r✈é❡ ❝❤❡③ ❧✬❤♦♠♠❡✳ ▲❡s ✶✵✪ q✉✐ r❡st❡♥t ❝♦rr❡s♣♦♥❞❡♥t

❛✉① ♠✐❝r♦s❛t❡❧❧✐t❡s ♦✉ à ❞❡s ✈❛r✐❛t✐♦♥s r❛r❡s ❡t ❞✐✈❡rs❡s q✉✐ ❝♦♠♣❧❡①✐✜❡♥t ❧❡✉r ét✉❞❡✳ ❈❡s

❙◆P✱ très ♥♦♠❜r❡✉① ❡t ✉♥✐❢♦r♠é♠❡♥t ré♣❛rt✐s s✉r t♦✉t ❧❡ ❣é♥♦♠❡✱ ❝♦♥st✐t✉❡♥t ❞❡ ♥♦s ❥♦✉rs

❧❡ ♠❛rq✉❡✉r ❣é♥ét✐q✉❡ ❞❡ ♣ré❞✐❧❡❝t✐♦♥ ❞❛♥s ❧❡s ét✉❞❡s ❞❡ ♣♦♣✉❧❛t✐♦♥s ❤✉♠❛✐♥❡s✳ P♦✉r ✉♥❡

r❡✈✉❡ s✉r ❧❡s ❙◆P✱ ♦♥ ♣❡✉t s❡ ré❢ér❡r à ❧✬❛rt✐❝❧❡ ❞❡ ❙❝❤♦r❦ ❡t ❛❧✳ ❬✷✵✵✵❪✳

❙éq✉❡♥ç❛❣❡ ❞❡ ❧✬❆❉◆

❚♦✉t❡ ❧❛ ❣é♥ét✐q✉❡ ♠♦❞❡r♥❡ r❡♣♦s❡ ❛✈❛♥t t♦✉t s✉r ♥♦tr❡ ❝❛♣❛❝✐té à ♦❜s❡r✈❡r ❧❡s ❞♦♥♥é❡s

❣é♥ét✐q✉❡s✳ ❖♥ ♦❜t✐❡♥t ❧❡s séq✉❡♥❝❡s ❞✬❆❉◆ ❞✬✉♥ ✐♥❞✐✈✐❞✉ ♣❛r séq✉❡♥ç❛❣❡✳ ■❧ ❛ été ✐♥✲

✈❡♥té ❡♥ ✶✾✼✺ ✐♥❞é♣❡♥❞❛♠♠❡♥t ♣❛r ❧✬éq✉✐♣❡ ❞❡ ●✐❧❜❡rt✱ ❛✉① ➱t❛ts✲❯♥✐s✱ ❡t ❝❡❧❧❡ ❞❡ ❙❛♥❣❡r✱

❡♥ ●r❛♥❞❡✲❇r❡t❛❣♥❡ ✿ t♦✉t❡s ❞❡✉① ❣r❛t✐✜é❡s ❞✉ ♣r✐① ◆♦❜❡❧ ❡♥ ✶✾✽✵✳ ❆✈❡❝ ❧❡s ❛♥♥é❡s✱ ❧❡s

♣r♦❣rès ré❛❧✐sés ❞❛♥s ❧❡s t❡❝❤♥✐q✉❡s ❞❡ ❜✐♦❧♦❣✐❡ ♠♦❧é❝✉❧❛✐r❡ ♦♥t ♣❡r♠✐s ❞✬❛✉❣♠❡♥t❡r ❝♦♥s✐✲

❞ér❛❜❧❡♠❡♥t ❧❡s ❞é❜✐ts t♦✉t ❡♥ ré❞✉✐s❛♥t ❧❡s ❝♦ûts✳ ▲❡s ✈♦❧✉♠❡s ❞❡ ❞♦♥♥é❡s séq✉❡♥❝és ♦♥t

❛✐♥s✐ été ❞é♠✉❧t✐♣❧✐és ✭✜❣✉r❡ ❇✳✻✮✳ P♦✉r ♣r❡✉✈❡✱ ❡♥ ✷✵✵✸✱ ❧❡ ❣é♥♦♠❡ ❤✉♠❛✐♥ ❛ été ❝♦♠✲

♣❧èt❡♠❡♥t séq✉❡♥❝é ♣❛r ❧❡ ❝♦♥s♦rt✐✉♠ ♣✉❜❧✐❝ ✐♥t❡r♥❛t✐♦♥❛❧ ❍✉♠❛♥ ●❡♥♦♠❡ Pr♦❥❡❝t ❡t ❧❛

s♦❝✐été ♣r✐✈é❡ ❈❡❧❡r❛ ❣❡♥♦♠✐❝s✳ ▲❡s ✸ ♠✐❧❧✐❛r❞s ❞❡ ♥✉❝❧é♦t✐❞❡s ♦♥t été r❡♥❞✉ ❞✐s♣♦♥✐❜❧❡s

à ❧❛ ❝♦♠♠✉♥❛✉té s❝✐❡♥t✐✜q✉❡ à tr❛✈❡rs ❞❡ ♥♦♠❜r❡✉s❡s ❜❛s❡s ❞❡ ❞♦♥♥é❡s✱ ❞♦♥t ●❡♥❇❛♥❦

✭✧❤tt♣ ✿✴✴✇✇✇✳♥❝❜✐✳♥❧♠✳♥✐❤✳❣♦✈✴✧✮✳

✷✶✾



❋✐❣✉r❡ ❇✳✻ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❡♥tr❡ ✶✾✾✻ ❡t ✷✵✵✹ ❞❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ ❞é❜✐t ❞❡ séq✉❡♥ç❛❣❡
❡t ❞❡ ❧❛ ❜❛✐ss❡ ❞❡s ❝♦ûts

▲❡s ❙◆P ét❛♥t ❞❡s ♠❛rq✉❡✉rs ♣r✐✈✐❧é❣✐és✱ ❜❡❛✉❝♦✉♣ ❞✬❛tt❡♥t✐♦♥ ❡st ♣♦rté❡ ❛✉ ❣é♥♦t②✲

♣❛❣❡✱ ❞♦♥t ❧❡ ❜✉t ❡st ❞✬♦❜t❡♥✐r ❧❡s ❞❡✉① ❛❧❧è❧❡s ❞✬✉♥ ✐♥❞✐✈✐❞✉ ❛✉ ♥✐✈❡❛✉ ❞❡ ❝❡rt❛✐♥s ❙◆P

❝♦♥♥✉s✱ ❝✬❡st✲à✲❞✐r❡ ❧❡ ❣é♥♦t②♣❡ ✭✜❣✉r❡ ❇✳✼✮✳ ❆ ❧✬❤❡✉r❡ ❛❝t✉❡❧❧❡✱ ❞❡s s♦❝✐étés ❝♦♠♠❡ ■❧❧✉✲

♠✐♥❛ ❡t ❆✛②♠❡tr✐① ♣r♦♣♦s❡♥t ❞❡s ♣✉❝❡s ♣❡r♠❡tt❛♥t ❞✬♦❜t❡♥✐r ❢❛❝✐❧❡♠❡♥t ❧❡s ❣é♥♦t②♣❡s ❞❡

♣❧✉s✐❡✉rs ❞✐③❛✐♥❡s ❞✬✐♥❞✐✈✐❞✉s s✉r ♣❧✉s✐❡✉rs ❝❡♥t❛✐♥❡s ❞❡ ♠✐❧❧✐❡rs ❞❡ ❙◆P à tr❛✈❡rs t♦✉t ❧❡

❣é♥♦♠❡✱ s❛♥s ♣♦✉r ❛✉t❛♥t ❛✈♦✐r ❜❡s♦✐♥ ❞❡ séq✉❡♥❝❡r s②sté♠❛t✐q✉❡♠❡♥t ❧❡s ✸ ♠✐❧❧✐❛r❞s ❞❡

♥✉❝❧é♦t✐❞❡s✳

❋✐❣✉r❡ ❇✳✼ ✕ ❈❤r♦♠❛t♦❣r❛♠♠❡ ❞❡ séq✉❡♥ç❛❣❡ s✉r ✷✼ ♥✉❝❧é♦t✐❞❡s✱ ❞♦♥t ✉♥ ❙◆P ❤étér♦✲
③②❣♦t❡ ✭❚✴●✮✳

✷✷✵



❆♥♥❡①❡ ❈

Prés❡♥t❛t✐♦♥ ❞❡ ❧✬ét✉❞❡ ❙❯✳❱■✳▼❆❳

❡t ♣ré✲tr❛✐t❡♠❡♥ts ❞❡s ❞♦♥♥é❡s

ré❛❧✐sés ❡♥ ❛♠♦♥t ❞❡ ❧❛ t❤ès❡

❈✳✶ Prés❡♥t❛t✐♦♥ ❞❡ ❧✬ét✉❞❡ ❙❯✳❱■✳▼❆❳

▲✬ét✉❞❡ ❙❯✳❱■✳▼❆❳ ✭❛❝r♦♥②♠❡ ♣♦✉r ✧❙❯♣♣❧é♠❡♥t❛t✐♦♥ ❡♥ ❱■t❛♠✐♥❡s ❡t ▼✐♥ér❛✉①

❆♥t✐♦❳②❞❛♥ts✧✮ ❡st ✉♥❡ ét✉❞❡ é♣✐❞é♠✐♦❧♦❣✐q✉❡ ❞✬✐♥t❡r✈❡♥t✐♦♥ ♥✉tr✐t✐♦♥♥❡❧❧❡ q✉✐ s✬❡st ✐♥té✲

r❡ssé❡ ❛✉① ❣r❛♥❞❡s ♣❛t❤♦❧♦❣✐❡s ❝❤r♦♥✐q✉❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡s ♣❛②s ✐♥❞✉str✐❛❧✐sés✱ ré❛❧✐sé❡

à ❧✬é❝❤❡❧♦♥ ♥❛t✐♦♥❛❧ ✭❍❡r❝❜❡r❣ ❡t ❛❧✳ ❬✶✾✾✽❜❪ ❀ ❍❡r❝❜❡r❣ ❡t ❛❧✳ ❬✶✾✾✽❛❪✮✳ ▲❡s s✉❥❡ts ♦♥t été

r❡❝r✉tés s✉r ✉♥❡ ❜❛s❡ ❞❡ ✈♦❧♦♥t❛r✐❛t ❡♥ ❢♦♥❝t✐♦♥ ❞✉ s❡①❡✱ ❡t ❞❡ ❝❡rt❛✐♥❡s ✈❛r✐❛❜❧❡s ✭❝❛té❣♦r✐❡

s♦❝✐♦✲♣r♦❢❡ss✐♦♥♥❡❧❧❡✱ ❝♦♠♣♦rt❡♠❡♥t ✈✐s à ✈✐s ❞✉ t❛❜❛❝✱ ❧✐❡✉ ❞✬❤❛❜✐t❛t✐♦♥✮ ♣❡r♠❡tt❛♥t ❞✬❛♣✲

♣r♦❝❤❡r ❧❛ ❝♦♥st✐t✉t✐♦♥ ❞❡ ❧❛ ❝♦❤♦rt❡ ❞❡ ❝❡❧❧❡ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡ ❢r❛♥ç❛✐s❡✳ ▲✬♦❜❥❡❝t✐❢

♣r✐♥❝✐♣❛❧ ❞❡ ❧✬ét✉❞❡ ❙❯✳❱■✳▼❆❳ ✭✶✾✾✹✲✷✵✵✷✮ ét❛✐t ❞❡ ♠❡s✉r❡r ❧✬✐♠♣❛❝t ❞✬✉♥❡ s✉♣♣❧é♠❡♥✲

t❛t✐♦♥ ❡♥ ✈✐t❛♠✐♥❡s ❡t ♠✐♥ér❛✉① ❛♥t✐♦①②❞❛♥ts s✉r ❧✬✐♥❝✐❞❡♥❝❡ ❞❡s ❝❛♥❝❡rs ❡t ❞❡s ♠❛❧❛❞✐❡s

❝❛r❞✐♦✲✈❛s❝✉❧❛✐r❡s✳ ▲✬ét✉❞❡ ré❛❧✐sé❡ ét❛✐t r❛♥❞♦♠✐sé❡ ❡♥ ❞♦✉❜❧❡ ❛✈❡✉❣❧❡✱ t❡st❛♥t ❧✬❡✛❡t ❞✬✉♥❡

s✉♣♣❧é♠❡♥t❛t✐♦♥ ❥♦✉r♥❛❧✐èr❡ ❡♥ ♠✐♥ér❛✉① ❡t ✈✐t❛♠✐♥❡s ❛♥t✐♦①②❞❛♥ts à ❞❡s ❞♦s❡s ♥✉tr✐t✐♦♥✲

♥❡❧❧❡s ✕ ✶ à ✸ ❢♦✐s ❧❡s ❛♣♣♦rts ♥✉tr✐t✐♦♥♥❡❧s r❡❝♦♠♠❛♥❞és ✈❡rs✉s ♣❧❛❝❡❜♦✳ ▲✬❛ttr✐❜✉t✐♦♥

❞✉ tr❛✐t❡♠❡♥t ét❛✐t str❛t✐✜é❡ s✉r ❧❡ s❡①❡✱ ❧✬â❣❡✱ ❧❡ t❛❜❛❣✐s♠❡ ❡t ❧❡ ❧✐❡✉ ❞❡ rés✐❞❡♥❝❡✳ ▲❡

♥♦♠❜r❡ ❞❡ s✉❥❡ts ♥é❝❡ss❛✐r❡ ❛ été ❡st✐♠é ❡♥tr❡ ✶✷ ✺✵✵ ❡t ✶✺ ✵✵✵ s❡❧♦♥ ❧❡s ❞✐✛ér❡♥t❡s ❤②♣♦✲

t❤ès❡s ❡♥✈✐s❛❣é❡s✳ ▲❡s tr♦✐s ♣r✐♥❝✐♣❛✉① ❝r✐tèr❡s ❞❡ ❥✉❣❡♠❡♥t ét❛✐❡♥t ❧❛ ♠♦rt❛❧✐té ❣é♥ér❛❧❡✱

❧✬✐♥❝✐❞❡♥❝❡ ❞❡ ❝❛♥❝❡rs t♦✉s s✐t❡s ❝♦♥❢♦♥❞✉s ❡t ❧✬✐♥❝✐❞❡♥❝❡ ❞❡s ♠❛❧❛❞✐❡s ❝❛r❞✐♦✈❛s❝✉❧❛✐r❡s ✐s✲

✷✷✶



❈✳✶✳ P❘➱❙❊◆❚❆❚■❖◆ ❉❊ ▲✬➱❚❯❉❊ ❙❯✳❱■✳▼❆❳

❝❤é♠✐q✉❡s✳ ▲✬♦❜❥❡❝t✐❢ ❞❡ ❧✬ét✉❞❡ ❙❯✳❱■✳▼❆❳ ét❛✐t é❣❛❧❡♠❡♥t ❞❡ ♣ré❝✐s❡r ❧❡s r❡❧❛t✐♦♥s ❡♥tr❡

❛❧✐♠❡♥t❛t✐♦♥ ❡t s❛♥té✳ ▲✬ét✉❞❡ ❛ été ❛♣♣r♦✉✈é❡ ♣❛r ❧❡ ❝♦♠✐té ❞✬ét❤✐q✉❡ ♣♦✉r ❧❡s ét✉❞❡s

s✉r ❧✬❤♦♠♠❡ ✭❈♦♠✐té ❈♦♥s✉❧t❛t✐❢ ❞❡ Pr♦t❡❝t✐♦♥ ❞❡s P❡rs♦♥♥❡s ❞❛♥s ❧❛ ❘❡❝❤❡r❝❤❡ ❇✐♦♠é❞✐✲

❝❛❧❡ ✭❈❈PP❘❇✮ ♥♦✼✵✻✮ ❞❡ P❛r✐s✲❈♦❝❤✐♥✱ ❡t ❧❛ ❈♦♠♠✐s✐♦♥ ◆❛t✐♦♥❛❧❡ ❞❡ ❧✬■♥❢♦r♠❛t✐q✉❡ ❡t

❞❡s ▲✐❜❡rtés ✭❈◆■▲✮ ✭♥♦✸✸✹✻✹✶✮ q✉✐ ✐♠♣❧✐q✉❡ q✉❡ t♦✉t❡s ❧❡s ✐♥❢♦r♠❛t✐♦♥s ♠é❞✐❝❛❧❡s s♦♥t

❝♦♥✜❞❡♥t✐❡❧❧❡s ❡t ❛♥♦♥②♠❡s✳

▲✬✐♥❝❧✉s✐♦♥ ❞❡s s✉❥❡ts ❛❞✉❧t❡s ✈♦❧♦♥t❛✐r❡s ❞❛♥s ❧✬ét✉❞❡ ❛ ❝♦♠♠❡♥❝é ❡♥ ♦❝t♦❜r❡ ✶✾✾✹✳

❙✉✐t❡ à ✉♥❡ ❝❛♠♣❛❣♥❡ ♠✉❧t✐♠é❞✐❛ ♠❡♥é❡ ❞❡ ♠❛rs à ❥✉✐♥ ✶✾✾✹ ✼✾ ✾✼✻ ❝❛♥❞✐❞❛ts s❡ s♦♥t ❞é✲

❝❧❛rés ✈♦❧♦♥t❛✐r❡s✳ ❯♥ ♠❛✐❧✐♥❣ ❝♦♥t❡♥❛♥t ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ❞ét❛✐❧❧é s✉r ❧✬ét✉❞❡ ❙❯✳❱■✳▼❆❳✱

✶✺ ❝❛♣s✉❧❡s ❞✉ tr❛✐t❡♠❡♥t✱ ✉♥ q✉❡st✐♦♥♥❛✐r❡ ❡t ✉♥❡ ❞❡♠❛♥❞❡ ❞❡ ❝♦♥s❡♥t❡♠❡♥t é❝❧❛✐ré ♦♥t

été ❡♥✈♦②és à ❝❤❛❝✉♥ ❞❡s ❝❛♥❞✐❞❛ts✳ ❙❡✉❧❡♠❡♥t ✶✴✹ ❞❡s ❞♦ss✐❡rs ✭♥❂✷✶ ✹✽✶✮ ♦♥t été ❝♦r✲

r❡❝t❡♠❡♥t r❡♥s❡✐❣♥és ❡t r❡♥t♦✉r♥és✳ P♦✉r êtr❡ ❞é✜♥✐t✐✈❡♠❡♥t é❧✐❣✐❜❧❡s✱ ❧❡s s✉❥❡ts ❞❡✈❛✐❡♥t

êtr❡ ❞❛♥s ❧❛ tr❛♥❝❤❡ ❞✬â❣❡ ❞é✜♥✐❡✱ s♦✐t ❬✸✺✲✻✵❪ ♣♦✉r ❧❡s ❢❡♠♠❡s ❡t ❬✹✺✲✻✵❪ ♣♦✉r ❧❡s ❤♦♠♠❡s✱

s❡ ❞é❝❧❛r❡r ♥❡ ♣❛s êtr❡ ❛tt❡✐♥t ❞❡ ♣❛t❤♦❧♦❣✐❡ sé✈èr❡ q✉✐ ♣✉✐ss❡ r❡str❡✐♥❞r❡ ❧❡✉r ♣❛rt✐❝✐♣❛✲

t✐♦♥ ♣❡♥❞❛♥t ❧❛ ❞✉ré❡ ❞❡ ❧✬ét✉❞❡✱ ♥❡ ♣r❡♥❞r❡ ❛✉❝✉♥ s✉♣♣❧é♠❡♥t ❝♦♥t❡♥❛♥t ❞❡s ✈✐t❛♠✐♥❡s

♦✉ ♠✐♥ér❛✉① ét✉❞✐és✱ ♥❡ ♠❛♥✐❢❡st❡r ❛✉❝✉♥❡ ✐♥q✉✐ét✉❞❡ ♦✉ rét✐❝❡♥❝❡ à s❡ ❝♦♥❢♦r♠❡r ❛✉①

❝♦♥tr❛✐♥t❡s ❞✉ ♣r♦t♦❝♦❧❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r à r❡❝❡✈♦✐r ✉♥ ♣❧❛❝❡❜♦✱ ❡t ♥✬❡①♣r✐♠❡r ❛✉❝✉♥❡ ♠♦t✐✲

✈❛t✐♦♥ ❛♠❜✐❣✉ë ♦✉ ❝♦♠♣♦rt❡♠❡♥t ♦❜s❡ss✐♦♥♥❡❧ ❝♦♥❝❡r♥❛♥t ❧✬❛❧✐♠❡♥t❛t✐♦♥ ❡t ❧❛ s❛♥té✳ ❆♣rès

✈ér✐✜❝❛t✐♦♥ ❞❡s ❝r✐tèr❡s ❞✬✐♥❝❧✉s✐♦♥ ✶✹ ✹✶✷ ♦♥t été r❡t❡♥✉s✳ ❊♥ ré❛❧✐té✱ s❡✉❧s ✶✸ ✵✶✼ s✉❥❡ts

♦♥t été ✐♥❝❧✉s ❡♥tr❡ ♦❝t♦❜r❡ ✶✾✾✹ ❡t ❛✈r✐❧ ✶✾✾✺✳ P❛r♠✐ ❡✉①✱ ✷✼✵ s✉❥❡ts ✭✷✪ ❀ ❞♦♥t ✶✶✺ ❞❛♥s

❧❡ ❣r♦✉♣❡ ❛♥t✐♦①②❞❛♥t ❡t ✶✺✺ ❞❛♥s ❧❡ ❣r♦✉♣❡ ♣❧❛❝❡❜♦✮ ♦♥t r♦♠♣✉ ❧❡✉r ❝♦♥s❡♥t❡♠❡♥t ❧❡ ❥♦✉r

❞❡ ❧✬❡♥rô❧❡♠❡♥t ❛✉ s❡✐♥ ❞❡ ❧❛ ❝♦❤♦rt❡ ♦✉ ❞❛♥s ❧❡s ✸ ❥♦✉rs q✉✐ ♦♥t s✉✐✈✐✳ ❚♦✉t ❛✉ ❧♦♥❣ ❞❡

❧✬ét✉❞❡✱ ❞❡s ❞♦♥♥é❡s ❝❧✐♥✐q✉❡s ❡t ❜✐♦❧♦❣✐q✉❡s ♦♥t été ❝♦❧❧❡❝té❡s ❛✜♥ ❞❡ ♣♦✉✈♦✐r ✈ér✐✜❡r ❧❛

❝♦♠♣❧✐❛♥❝❡ ❞❡s s✉❥❡ts à ❧❛ s✉♣♣❧é♠❡♥t❛t✐♦♥ ❡t ❞✬é✈❛❧✉❡r ❧❡✉r ét❛t ❞❡ s❛♥té✳ ❯♥❡ ❢♦✐s ♣❛r ❛♥✱

✉♥ ❡①❛♠❡♥ ❝❧✐♥✐q✉❡ ♦✉ ❜✐♦❧♦❣✐q✉❡ ✭❡♥ ❛❧t❡r♥❛♥❝❡✮ ❛ été ré❛❧✐sé ♣❛r ❧❡s éq✉✐♣❡s ♠é❞✐❝❛❧❡s

❞❡ ❙❯✳❱■✳▼❆❳✳ ❈❤❛q✉❡ ♣❛rt✐❝✐♣❛♥t ❞❡✈❛✐t ❝❤♦✐s✐r ♣❛r♠✐ ✉♥❡ ❞❡s ✻✺ ♣r✐♥❝✐♣❛❧❡s ✈✐❧❧❡s ❢r❛♥✲

ç❛✐s❡s ♣♦✉r ré❛❧✐s❡r s❛ ✈✐s✐t❡ ❛♥♥✉❡❧❧❡✳ ❊♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈✐❧❧❡✱ ❧❛ ✈✐s✐t❡ ❛✈❛✐t ❧✐❡✉ s♦✐t ❞❛♥s

✉♥ ❝❡♥tr❡ ❞❡ ♠é❞❡❝✐♥❡ ♣ré✈❡♥t✐✈❡ s♦✐t ❞❛♥s ✉♥❡ ❞❡s ❞❡✉① ✉♥✐tés ♠♦❜✐❧❡s ❙❯✳❱■✳▼❆❳ q✉✐

s✐❧❧♦♥♥❛✐❡♥t ❧❛ ❋r❛♥❝❡✳ ▲♦rs ❞✉ ❜✐❧❛♥ ❝❧✐♥✐q✉❡✱ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ t❡sts ❞❡ ❞é♣✐st❛❣❡ ❞❡s

❝❛♥❝❡rs ét❛✐❡♥t ré❛❧✐sés ✭r❡❝❤❡r❝❤❡ ❞❡ s❛♥❣ ❞❛♥s ❧❡s s❡❧❧❡s✱ ♠❛♠♠♦❣r❛♣❤✐❡ ♣♦✉r ❧❡s ❢❡♠♠❡s

✷✷✷



❈✳✷✳ ❈❆▲❈❯▲ ❉❊❙ ❙❈❖❘❊❙ ❉❊ ❱■❊■▲▲■❙❙❊▼❊◆❚

❞❡ ♣❧✉s ❞❡ ✺✵ ❛♥s✱ ❢r♦tt✐s ❝❡r✈✐❝❛❧ ♣♦✉r ❧❡s ❢❡♠♠❡s ♥✬❡♥ ❛②❛♥t ♣❛s ❡✉ ❞❛♥s ❧✬❛♥♥é❡✳ ✳ ✳ ✮✱ ❛✐♥s✐

q✉✬✉♥ é❧❡❝tr♦❝❛r❞✐♦❣r❛♠♠❡✱ ✉♥❡ ♠❡s✉r❡ ❞❡ ❧❛ ♣r❡ss✐♦♥ ❛rtér✐❡❧❧❡✱ ✉♥ ❡①❛♠❡♥ ❝❧✐♥✐q✉❡ ❡t ❞❡s

♠❡s✉r❡s ❛♥t❤r♦♣♦♠étr✐q✉❡s✳ ❊♥ ❝❛s ❞✬❛♥♦♠❛❧✐❡ ❛✉① t❡sts ❞❡ ❞é♣✐st❛❣❡✱ ✉♥ ❝♦♥t❛❝t s❡ ❢❛✐s❛✐t

❛✈❡❝ ❧❡s str✉❝t✉r❡s ❞❡ s♦✐♥s ❡♥ ❝❤❛r❣❡ ❞❡s s✉❥❡ts ❛✜♥ ❞✬❛ss✉r❡r ❧❡ s✉✐✈✐ ❞❡s ✐♥✈❡st✐❣❛t✐♦♥s

❝♦♠♣❧é♠❡♥t❛✐r❡s ❡t ❞♦❝✉♠❡♥t❡r ❧❡s ❞✐❛❣♥♦st✐❝s✳ ▲♦rs ❞✉ ❜✐❧❛♥ ❜✐♦❧♦❣✐q✉❡✱ ✉♥ ♣ré❧è✈❡♠❡♥t ❧❡

♠❛t✐♥ à ❥❡✉♥ ❞❡ ✸✺ ♠❧ ❞❡ s❛♥❣ ét❛✐t ré❛❧✐sé ❛✜♥ ❞✬❡✛❡❝t✉❡r ❞✐✛ér❡♥ts ❞♦s❛❣❡s ✭❜êt❛✲❝❛r♦tè♥❡✱

rét✐♥♦❧✱ ✈✐t❛♠✐♥❡ ❈✱ ✈✐t❛♠✐♥❡ ❊✱ ③✐♥❝ ❡t sé❧é♥✐✉♠ sér✐q✉❡s✱ ❤é♠♦❣❧♦❜✐♥❡✱ ❣❧②❝é♠✐❡✱ ✐♦❞✉r✐❡✱

❝❤♦❧❡stér♦❧ t♦t❛❧✱ tr✐❣❧②❝ér✐❞❡s✱ ❛♣♦❧✐♣♦♣r♦té✐♥❡s ❆✶ ❡t ❇✮✳ ❉❡ ♣❧✉s✱ t♦✉s ❧❡s é✈é♥❡♠❡♥ts ❧✐és

à ❧❛ s❛♥té ét❛✐❡♥t r❡❝✉❡✐❧❧✐s ❝❤❛q✉❡ ♠♦✐s✳ ❚♦✉t❡s ❧❡s ❝♦♥s✉❧t❛t✐♦♥s ❡t ❤♦s♣✐t❛❧✐s❛t✐♦♥s ét❛✐❡♥t

❛✐♥s✐ ❛♥❛❧②sé❡s ❡t ♦♥t ❢❛✐t ❧✬♦❜❥❡t ❞✬✐♥✈❡st✐❣❛t✐♦♥s ❞ét❛✐❧❧é❡s ♣❛r ❧❡s ♠é❞❡❝✐♥s ❞❡ ❧✬éq✉✐♣❡

❙❯✳❱■✳▼❆❳ ❛✜♥ ❞❡ ❞♦❝✉♠❡♥t❡r ❝❡s é✈é♥❡♠❡♥ts ♠é❞✐❝❛✉①✳

❈✳✷ ❈❛❧❝✉❧ ❞❡s s❝♦r❡s ❞❡ ✈✐❡✐❧❧✐ss❡♠❡♥t

▲❡ s❝♦r❡ ❞❡ r✐❞❡s ❛ été ❝❛❧❝✉❧é ❝♦♠♠❡ ✐♥❞✐q✉é ✜❣✉r❡ ❈✳✶✳

❋✐❣✉r❡ ❈✳✶ ✕ ❈❛❧❝✉❧ ❞✉ s❝♦r❡ ❞❡ r✐❞❡s ✭❡♥tr❡ ✵ ❡t ✶✵✮

✷✷✸



❈✳✸✳ ●➱◆❖❚❨P❆●❊ ❊❚ ❈❖◆❚❘Ô▲❊ ◗❯❆▲■❚➱

▲❡ s❝♦r❡ ❞❡ r❡❧â❝❤❡♠❡♥t ❛ été ❝❛❧❝✉❧é ❝♦♠♠❡ s✉✐t ✭✈♦✐r ✜❣✉r❡ ❈✳✷✮ ✿

❋✐❣✉r❡ ❈✳✷ ✕ ❈❛❧❝✉❧ ❞✉ s❝♦r❡ ❞❡ r❡❧â❝❤❡♠❡♥t ✭❡♥tr❡ ✵ ❡t ✶✵✮

▲❡ s❝♦r❡ ❞❡ ❧❡♥t✐❣✐♥❡s ❛ été ❝❛❧❝✉❧é ❝♦♠♠❡ s✉✐t ✭✈♦✐r ✜❣✉r❡ ❈✳✸✮ ✿

❋✐❣✉r❡ ❈✳✸ ✕ ❈❛❧❝✉❧ ❞✉ s❝♦r❡ ❞❡ ❧❡♥t✐❣✐♥❡s ✭❡♥tr❡ ✵ ❡t ✶✵✮

❈✳✸ ●é♥♦t②♣❛❣❡ ❡t ❝♦♥trô❧❡ q✉❛❧✐té

❈✳✸✳✶ ●é♥♦t②♣❛❣❡

▲❡s ✐♥❞✐✈✐❞✉s ♦♥t été ❣é♥♦t②♣é❡s ❛✈❡❝ ❧❛ ♣✉❝❡ ■❧❧✉♠✐♥❛ ■♥✜♥✐✉♠ ❍✉♠❛♥❖♠♥✐✶✲◗✉❛❞

❝♦♥t❡♥❛♥t ✶ ✶✹✵ ✹✶✾ ♠❛rq✉❡✉rs ✭❙◆Ps✮✳ ▲✬❆❉◆ ❣é♥♦♠✐q✉❡ ✭✷✺✵ ♥❣✮ ❛ été ❛♠♣❧✐✜é✱ ❢r❛❣✲

♠❡♥té✱ ❞é♥❛t✉ré ❡t ❤②❜r✐❞é s✉r ❧❛ ♣✉❝❡ ♣❡♥❞❛♥t ❛✉ ♠♦✐♥s ✶✻ ❤❡✉r❡s à ✹✽✝❈✳ ▲❡s ❢r❛❣♠❡♥ts

❤②❜r✐❞és ❞❡ ♠❛♥✐èr❡ ♥♦♥ s♣é❝✐✜q✉❡ ♦♥t été é❧✐♠✐♥és ❛♣rès ❧❛✈❛❣❡ ❡t ❧❡s ❙◆Ps r❡st❛♥ts ♦♥t

été ❧❛❜❡❧❧✐sés ♣❛r ✢✉♦r❡s❝❡♥❝❡ ♣❛r ❡①t❡♥s✐♦♥ ❞✬✉♥❡ s✐♠♣❧❡ ❜❛s❡ ❡t ❡♥s✉✐t❡ ❧✉s ❛✈❡❝ ✉♥ s❝❛♥♥❡r

■❙❝❛♥ ✭■❧❧✉♠✐♥❛✮✳ ▲❡s ✐♥t❡♥s✐tés ❞❡ ✢✉♦r❡s❝❡♥❝❡ ♦♥t ❡♥s✉✐t❡ été ♥♦r♠❛❧✐sé❡s ❡t ❧✬✐♥❢ér❡♥❝❡

❞❡s ❙◆Ps ❛ été ❡✛❡❝t✉é❡ à ❧✬❛✐❞❡ ❞✉ ❧♦❣✐❝✐❡❧ ●❡♥♦♠❡❙t✉❞✐♦ ✭✈ ✶✳✻✳✸ ❀ ■❧❧✉♠✐♥❛✮✳
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❈✳✸✳✷ ❈♦♥trô❧❡ ❞❡ q✉❛❧✐té ❞✉ ❣é♥♦t②♣❛❣❡

❙❡✉❧s ❧❡s ❙◆Ps ♦♥t été ❝♦♥s✐❞érés ❞❛♥s ❧❛ s✉✐t❡ ❞❡s ❛♥❛❧②s❡s ❧❡s 91 706 ❈♦♣② ◆✉♠❜❡r

❱❛r✐❛t✐♦♥s ✭❈◆❱s✮ ❛②❛♥t été é❝❛rtés✳ ❉❡ ♣❧✉s✱ 2 182 ❙◆Ps s❡ s✐t✉❛♥t s✉r ❧❡ ❝❤r♦♠♦s♦♠❡

❨ ♦♥t été ❡①❝❧✉s✱ ❧❛ ♣♦♣✉❧❛t✐♦♥ ét❛♥t ❝♦♠♣♦sé❡ ✉♥✐q✉❡♠❡♥t ❞❡ ❢❡♠♠❡s✳ P❛r ❧❛ s✉✐t❡✱ ✉♥

✜❧tr❛❣❡ ❞❡s ❞♦♥♥é❡s ❡♥ tr♦✐s ét❛♣❡s ❛ été ré❛❧✐sé ✿

• ❆♥❛❧②s❡ ❇❡❛❞❙t✉❞✐♦ ✿ ▲❡s ❞♦♥♥é❡s ❜r✉t❡s ✐ss✉❡s ❞✉ ❣é♥♦t②♣❛❣❡ ♦♥t été ❛♥❛❧②sé❡s

à ❧✬❛✐❞❡ ❞✉ ❧♦❣✐❝✐❡❧ ■❧❧✉♠✐♥❛ ❇❡❛❞❙t✉❞✐♦ ✈✸✳✶ ❡t ✜❧tré❡s s❡❧♦♥ ♣❧✉s✐❡✉rs ♣❛r❛♠ètr❡s✳

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❧❡s ❣é♥♦t②♣❡s s♦♥t ❛ttr✐❜✉és ❞✬❛♣rès ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦✉r♥✐❡

♣❛r ■❧❧✉♠✐♥❛ ❣é♥éré❡ s✉r ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❝❛✉❝❛s✐❡♥♥❡✳ ❈❡tt❡ ét❛♣❡ ❛ss✉r❡ ❧❛ r♦❜✉s✲

t❡ss❡ ❞❡s ❣é♥♦t②♣❡s ❛ttr✐❜✉és✳ ❊♥s✉✐t❡✱ ❧❡s ✐♥❞✐✈✐❞✉s ❛✈❡❝ ✉♥ ✧❝❛❧❧ r❛t❡✧ ✭♣♦✉r❝❡♥t❛❣❡

❞❡ ❙◆Ps ❣é♥♦t②♣és ♣❛r ✐♥❞✐✈✐❞✉✮ ✐♥❢ér✐❡✉r à 95% s♦♥t é❧✐♠✐♥és✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧❡s

❙◆Ps ❛✈❡❝ ✉♥ ✧❝❛❧❧ ❢r❡q✉❡♥❝②✧ ✭♣♦✉r❝❡♥t❛❣❡ ❞✬✐♥❞✐✈✐❞✉s ❣é♥♦t②♣és ♣❛r ❙◆P✮ ✐♥❢é✲

r✐❡✉r à 99% ♦♥t été r❡✲❝❧❛ss✐✜és✳ ❆♣rès ❧❛ r❡✲❝❧❛ss✐✜❝❛t✐♦♥✱ ❧❡s ✐♥❞✐✈✐❞✉s ❛✈❡❝ ✉♥ ✧❝❛❧❧

r❛t❡✧ ✐♥❢ér✐❡✉r à 98% ♦♥t été s✉♣♣r✐♠és✳ ❆✐♥s✐ ♥❡✉❢ ♣❛rt✐❝✐♣❛♥t❡s ♦♥t ❞û êtr❡ é❝❛r✲

té❡s ❞❡ ❧❛ s✉✐t❡ ❞❡s ❛♥❛❧②s❡s✱ ré❞✉✐s❛♥t ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥ à ✺✷✵ ❢❡♠♠❡s✳ ▲❡s

ét❛♣❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♣❡✉✈❡♥t ✐♥❞✉✐r❡ ❞❡s ❡rr❡✉rs ❞❛♥s ❧✬❛ttr✐❜✉t✐♦♥ ❞❡s ❣é♥♦t②♣❡s

é✈✐t❛❜❧❡s ❡♥ s✉✐✈❛♥t ❧❛ ♣r♦❝é❞✉r❡ ♠✐s❡ ❡♥ ♣❧❛❝❡ ♣❛r ■❧❧✉♠✐♥❛✳ ❈❡tt❡ ♣r♦❝é❞✉r❡ ♣❡r✲

♠❡t ❞✬é✈❛❧✉❡r ❧❛ q✉❛❧✐té ❞❡ ❧❛ r❡✲❝❧❛ss✐✜❝❛t✐♦♥ s❡❧♦♥ ❞✐✛ér❡♥ts ❝r✐tèr❡s q✉✐ ♣❡✉✈❡♥t

êtr❡ ❝♦rr✐❣és ♠❛♥✉❡❧❧❡♠❡♥t s✐ ♥é❝❡ss❛✐r❡✳ ❊♥✜♥✱ ❧❡s ❙◆Ps ❛✈❡❝ ✉♥ ✧❝❛❧❧ ❢r❡q✉❡♥❝②✧

✐♥❢ér✐❡✉r à 98% ✭✐✳❡✳ ✉♥ t❛✉① ❞❡ ❞♦♥♥é❡s ♠❛♥q✉❛♥t❡s ❃2%✮ ♦♥t été ❡①❝❧✉s✱ s♦✐t ✺✻

✹✼✾ ❙◆Ps✳ ▲✬❡♥s❡♠❜❧❡ ❞❡ ❝❡s ét❛♣❡s ❛ss✉r❡ ❞❡s ❞♦♥♥é❡s ❞❡ ❣é♥♦t②♣❛❣❡ ✜❛❜❧❡s ❛✈❡❝

♣❡✉ ❞❡ ❞♦♥♥é❡s ♠❛♥q✉❛♥t❡s✳ ❈❡tt❡ ♠ét❤♦❞❡ ❛ été ✉t✐❧✐sé❡ s✉r ♥♦s ❞♦♥♥é❡s ❡t ❞❛♥s

❞❡ ♥♦♠❜r❡✉s❡s ét✉❞❡s ✭▲❡ ❈❧❡r❝ ❡t ❛❧✳ ❬✷✵✵✾❪✱ ▲✐♠♦✉ ❡t ❛❧✳ ❬✷✵✵✾❪✱ ▲✐♠♦✉ ❡t ❛❧✳ ❬✷✵✶✵❪✮✳

• ❊q✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ✿ ▲❛ ❧♦✐ ❞❡ ❍❛r❞②✲❲❡✐♥❜❡r❣ ♣♦st✉❧❡ q✉❡ ❧❛ ❞✐✈❡rs✐té

❣é♥ét✐q✉❡ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ s❡ ♠❛✐♥t✐❡♥t ❡t t❡♥❞ ✈❡rs ✉♥ éq✉✐❧✐❜r❡ st❛❜❧❡ ❞❡s ❢réq✉❡♥❝❡s

❞❡s ❛❧❧è❧❡s ❡t ❞❡s ❣é♥♦t②♣❡s ❛✉ ❝♦✉rs ❞❡s ❣é♥ér❛t✐♦♥s ✭❲❡✐♥❜❡r❣ ❬✶✾✵✽❪✱ ❍❛r❞② ❬✶✾✵✽❪✮✳

❈❡t éq✉✐❧✐❜r❡ ❡st ♦❜s❡r✈é s✐ ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s s♦♥t r❡s♣❡❝té❡s ✿ ❧❛ ♣♦♣✉❧❛t✐♦♥

ét✉❞✐é❡ ❡st ❞❡ t❛✐❧❧❡ ✐♥✜♥✐❡ ❀ ❛❜s❡♥❝❡ ❞❡ ♠✐❣r❛t✐♦♥✱ ♠✉t❛t✐♦♥ ❡t sé❧❡❝t✐♦♥ ❀ ❧❛ ♣❛♥♠✐①✐❡

✭r❡♥❝♦♥tr❡ ❛❧é❛t♦✐r❡ ❞❡s ✐♥❞✐✈✐❞✉s✮ ❡t ❧❛ ♣❛♥❣❛♠✐❡ ✭r❡♥❝♦♥tr❡ ❛❧é❛t♦✐r❡ ❞❡s ❣❛♠èt❡s✮✳
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❉❛♥s ❝❡ ❝❛s ❞✬éq✉✐❧✐❜r❡✱ ♣♦✉r ✉♥ ❙◆P ❜✐✲❛❧❧é❧✐q✉❡ a1/a2 ♦ù fa1 ❡st ❧❛ ❢réq✉❡♥❝❡ ❞❡

❧✬❛❧❧è❧❡ a1 ❡t fa2 = (1− fa1) ❡st ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧✬❛❧❧è❧❡ a2✱ ❛❧♦rs ✿

✲ ❧❛ ❢réq✉❡♥❝❡ ❞✉ ❣é♥♦t②♣❡ ❤♦♠♦③②❣♦t❡ a1/a1 ❡st ❞❡ fa21✱

✲ ❧❛ ❢réq✉❡♥❝❡ ❞✉ ❣é♥♦t②♣❡ ❤étér♦③②❣♦t❡ a1/a2 ❡st ❞❡ 2fa1fa2✱

✲ ❧❛ ❢réq✉❡♥❝❡ ❞✉ ❣é♥♦t②♣❡ ❤♦♠♦③②❣♦t❡ a2/a2 ❡st ❞❡ fa22✳

❊♥ ♣r❛t✐q✉❡✱ ❝❡tt❡ ❧♦✐ ❡st ❜✐❡♥ r❡s♣❡❝té❡✱ ❡t ✉♥ é❝❛rt à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣

❞❛♥s ✉♥ ❣r♦✉♣❡ ❞❡ ♣❛t✐❡♥ts ♣♦✉r ✉♥ ❙◆P ❞♦♥♥é s✉❣❣èr❡ ✉♥ ❡✛❡t ❜✐♦❧♦❣✐q✉❡✱ t❛♥❞✐s

q✉✬✉♥❡ ❞é✈✐❛t✐♦♥ ❞❛♥s ✉♥ ❣r♦✉♣❡ ❝♦♥trô❧❡ s✉❣❣èr❡ ❣é♥ér❛❧❡♠❡♥t ✉♥❡ ❡rr❡✉r ❞❡ ❣é✲

♥♦t②♣❛❣❡✳ ▲❛ ❞é✈✐❛t✐♦♥ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ❍❛r❞②✲❲❡✐♥❜❡r❣ ❛ été é✈❛❧✉é❡ ♣♦✉r ❝❤❛q✉❡

❙◆P ❞❛♥s ❝❤❛q✉❡ ❣r♦✉♣❡ ❡♥ ❝♦♠♣❛r❛♥t ❧❛ ré♣❛rt✐t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ❣é♥♦t②♣✐q✉❡s

♦❜s❡r✈é❡s ❡t ❞❡s ❢réq✉❡♥❝❡s ❣é♥♦t②♣✐q✉❡s t❤é♦r✐q✉❡s ❡♥ ✉t✐❧✐s❛♥t ✉♥ t❡st st❛t✐st✐q✉❡

❡①❛❝t ✭❲✐❣❣✐♥t♦♥ ❡t ❛❧✳ ❬✷✵✵✺❪✮✳ ▲❡s ❙◆Ps ❞é✈✐❛♥t ❞❡ ❝❡t éq✉✐❧✐❜r❡ ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥

❝♦♥trô❧❡ ✭♣❁✶✵−3✮ ♦♥t été ❡①❝❧✉s✱ s♦✐t ✸ ✽✻✻ ❙◆Ps✳

• ❙◆Ps ❞❡ ❢❛✐❜❧❡ ❢réq✉❡♥❝❡ ✿ ▲✬é❧✐♠✐♥❛t✐♦♥ ❞❡s ❙◆Ps ❞❡ ❢❛✐❜❧❡ ❢réq✉❡♥❝❡ ❡st ✉♥❡

ét❛♣❡ ❝❧❛ss✐q✉❡ ❞✉ ❝♦♥trô❧❡ q✉❛❧✐té ❛ss✉r❛♥t ❧❛ ✜❛❜✐❧✐té ❞❡s ❞♦♥♥é❡s ❞❡ ❣é♥♦t②♣❛❣❡

❡t ❢❛❝✐❧✐t❛♥t ❧✬❛♥❛❧②s❡ st❛t✐st✐q✉❡ ♣♦stér✐❡✉r❡✳ ▲❡s ❙◆Ps ❞♦♥t ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❧✬❛❧❧è❧❡

♠✐♥❡✉r ❡st ✐♥❢ér✐❡✉r❡ à 1% ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣❧♦❜❛❧❡ ♦♥t ❞♦♥❝ été é❧✐♠✐♥és✱ s♦✐t ✉♥

t♦t❛❧ ❞❡ ✶✾✶ ✶✷✸ ❙◆Ps✳

❊♥ ❝♦♥❝❧✉s✐♦♥✱ ♥♦✉s ❛✈♦♥s ❛♣♣❧✐q✉é ❧❡s s❡✉✐❧s st❛♥❞❛r❞s ❞❡ ❝♦♥trô❧❡ q✉❛❧✐té à s❛✈♦✐r ✿

• ❞♦♥♥é❡s ♠❛♥q✉❛♥t❡s ♣❛r ✐♥❞✐✈✐❞✉ ✿ ✐♥❢ér✐❡✉r à ✷✪ ✭s✉♣♣r❡ss✐♦♥ ❞❡ ✾ ✐♥❞✐✈✐❞✉s✮ ❀

• ❞♦♥♥é❡s ♠❛♥q✉❛♥t❡s ♣❛r ♠❛rq✉❡✉r ✿ ✐♥❢ér✐❡✉r à ✷✪ ✭s✉♣♣r❡ss✐♦♥ ❞❡ ✺✻ ✹✼✾ ❙◆Ps✮ ❀

• s❡✉✐❧ ❛✉ t❡st ❞✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ♣❛r ♠❛rq✉❡✉r ✿ ♣✈❛❧✉❡ < 5.10−3 ✭s✉♣♣r❡s✲

s✐♦♥ ❞❡ ✸ ✽✻✻ ❙◆Ps✮ ❀

• ❢réq✉❡♥❝❡ ❛❧❧é❧✐q✉❡ ♠✐♥❡✉r❡ ♣❛r ♠❛rq✉❡✉r ✿ ✐♥❢ér✐❡✉r à ✶✪ ✭s✉♣♣r❡ss✐♦♥ ❞❡ 191 123 ❙◆Ps✮✳

P❛r ❛✐❧❧❡✉rs✱ ✉♥❡ ❞❡s ✺✷✵ ❢❡♠♠❡s r❡st❛♥t❡s s✬❡st ♣rés❡♥té❡ ❛✈❡❝ ✉♥ ❧é❣❡r ❢♦♥❞ ❞❡ t❡✐♥t

✉♥✐✜❛♥t ❧♦rs ❞❡ ❧❛ ♣r✐s❡ ♣❤♦t♦❣r❛♣❤✐q✉❡✳ ▲❛ ❝♦✉❧❡✉r ❞❡ s❛ ♣❡❛✉ ét❛♥t ♠❛sq✉é❡✱ ❧❡s ❧❡♥t✐❣✐♥❡s

♥✬♦♥t ♣✉ êtr❡ ❛♣♣ré❝✐é❡s ♣❛r ❧❡ ❞❡r♠❛t♦❧♦❣✉❡✳ ■❧ ❛ été ❞é❝✐❞é ❞❡ ❧✬é❝❛rt❡r ❞❡ t♦✉t❡s ❧❡s

❛♥❛❧②s❡s✳ ▲❡s ❞♦♥♥é❡s ❣é♥ét✐q✉❡s ❞♦♥t ♥♦✉s ❞✐s♣♦s♦♥s ❝♦♥❝❡r♥❡♥t ❛❧♦rs ♥ ❂ ✺✵✶ ❢❡♠♠❡s

✷✷✻
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❝❛✉❝❛s✐❡♥♥❡s ❣é♥♦t②♣é❡s s✉r ✼✾✺ ✵✻✸ ❙◆Ps ✭t❛❜❧❡❛✉ ✜♥❛❧ ❞❡ ❞✐♠❡♥s✐♦♥ 501 × 795 063✮✳

❈❡tt❡ ♣r♦❝é❞✉r❡ ❞❡ ✜❧tr❛❣❡ ❡♥ ♣❧✉s✐❡✉rs ét❛♣❡s✱ ré❛❧✐sé❡ s♦✉s P▲■◆❑ ✭P✉r❝❡❧❧ ❡t ❛❧✳ ❬✷✵✵✼❪✮

❛♠è♥❡ ✜♥❛❧❡♠❡♥t à r❡t❡♥✐r ✼✾✺ ✵✻✸ ❙◆Ps s✉r ✺✶✾ s✉❥❡ts✳

❈✳✹ ❙tr❛t✐✜❝❛t✐♦♥

❊♥ ❣é♥ét✐q✉❡ ❧❛ str❛t✐✜❝❛t✐♦♥ ❞és✐❣♥❡ ✉♥ ♣❤é♥♦♠è♥❡ ❞❡ ✧❞✐✛ér❡♥❝✐❛t✐♦♥✧ ❞û à ❞❡s ♣❤é✲

♥♦♠è♥❡s ❞❡ ♠✐❣r❛t✐♦♥s ❛♥❝❡str❛❧❡s✳ ❈❡s ❞✐✛ér❡♥❝❡s ♣❡✉✈❡♥t êtr❡ ♦❜s❡r✈é❡s à ❧✬é❝❤❡❧❧❡ ❝♦♥t✐✲

♥❡♥t❛❧❡ ♠❛✐s ❛✉ss✐ à ❝❡❧❧❡ ❞❡ ♣❛②s ✈♦✐s✐♥s ❝♦♠♠❡ ❡♥ ❊✉r♦♣❡ ✭✜❣✉r❡ ❈✳✹✱ ◆♦✈❡♠❜r❡ ❡t ❛❧✳

❬✷✵✵✽❪✮✳ ▲❛ ✜❣✉r❡ ❈✳✹ ❡st ✉♥ ❡①❡♠♣❧❡ ❞❡ ❝❛rt❡ ❣é♥ét✐q✉❡ ❛✈❡❝ ❧❡s ♣r♦✜❧s ❣é♥ét✐q✉❡s ❞❡s

❊✉r♦♣é❡♥s✳ ❈❤❛q✉❡ ♣♦♣✉❧❛t✐♦♥ ❡st r❡♣rés❡♥té❡ ♣❛r ✉♥❡ ❝♦✉❧❡✉r s♣é❝✐✜q✉❡✱ ♣❛r ❡①❡♠♣❧❡

♦r❛♥❣❡ ♣â❧❡ ♣♦✉r ❧❡s ❢r❛♥ç❛✐s ❡t r♦s❡ ♣â❧❡ ♣♦✉r ❧❡s ❛♥❣❧❛✐s✮✳ ▲❛ ré♣❛rt✐t✐♦♥ ❞❡s ❝♦✉❧❡✉rs s✉r

❝❡tt❡ ❝❛rt❡ ✭❧❡s ❞✐✛ér❡♥t❡s ♣♦♣✉❧❛t✐♦♥s✮ ❝♦rr❡s♣♦♥❞ ❞❡ ❢❛ç♦♥ s♣❡❝t❛❝✉❧❛✐r❡ à ❧❛ ❝❛rt❡ ❣é♦✲

❣r❛♣❤✐q✉❡ ❞❡ ❧✬❊✉r♦♣❡✳ ❈❡s ♣r♦✜❧s ✐❧❧✉str❡♥t ❧✬❤✐st♦✐r❡ ❞❡ ❞é♣❧❛❝❡♠❡♥t ❞❡ ❧✬❍♦♠♦ s❛♣✐❡♥s

s✉r ❧❛ ♣❧❛♥èt❡✳ ▲❡s ❞✐✛ér❡♥❝❡s ❞❛♥s ❧❡s ❛s♣❡❝ts à ❧❛ ❢♦✐s ♣❤②s✐q✉❡s ❡t ❝✉❧t✉r❡❧❧❡s rés✉❧t❡♥t

❞❡ ❧✬❛❞❛♣t❛t✐♦♥ ❞❡ ❝❡s ♣♦♣✉❧❛t✐♦♥s ❛✉ ❝❧✐♠❛t ❡t à ❧❛ ❣é♦❣r❛♣❤✐❡✳

P♦✉r ❝♦rr✐❣❡r ❧✬é✈❡♥t✉❡❧❧❡ str❛t✐✜❝❛t✐♦♥ ❞❡ ♥♦tr❡ é❝❤❛♥t✐❧❧♦♥ ❛✉ ♥✐✈❡❛✉ ✐♥t❡r❝♦♥t✐♥❡♥t❛❧✱

❧❡s ❣é♥♦t②♣❡s ❞❡ t♦✉s ❧❡s ✐♥❞✐✈✐❞✉s ♦♥t été ❛♥❛❧②sés ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❧♦❣✐❝✐❡❧ ❊■●❊◆❙❚❘❆❚

✐ss✉ ❞❡ ❧❛ s✉✐t❡ ❊■●❊◆❙❖❋❚ ❜❛sé s✉r ✉♥❡ ❛♥❛❧②s❡ ❡♥ ❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s q✉✐ ♣❡r♠❡t ❞❡

♠♦❞é❧✐s❡r ❧❡s ❞✐✛ér❡♥❝❡s ❛♥❝❡str❛❧❡s s❡❧♦♥ ❞❡s ❛①❡s ❝♦♥t✐♥✉s ❞❡ ✈❛r✐❛t✐♦♥ ✭Pr✐❝❡ ❡t ❛❧✳ ❬✷✵✵✻❪✮✳

P♦✉r ❝❡ ❢❛✐r❡✱ ✉♥ ❥❡✉ ❞❡ ✸✷✽ ❙◆Ps ✐♥❢♦r♠❛t✐❢s ❞❡ ❧✬♦r✐❣✐♥❡ ❛♥❝❡str❛❧❡ ✭✐♥❞❡① ❞❡ ✜①❛t✐♦♥ ❋❙❚✦

❃✵✱✷✮ ❞✬❛♣rès ❧❡s ❞♦♥♥é❡s P❡r❧❡❣❡♥ ❡t ❞✐st❛♥ts ❞❡ ♣❧✉s ❞❡ ✺▼❜ ✭❛✜♥ ❞✬é✈✐t❡r ❧❡ ❞éséq✉✐❧✐❜r❡

❞❡ ❧✐❛✐s♦♥✮ ❡st sé❧❡❝t✐♦♥♥é ♣♦✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ✺✶✾ ❢❡♠♠❡s ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥✳ ▲❡s ❣é♥♦t②♣❡s

❞❡s ✐♥❞✐✈✐❞✉s ♥♦♥ ❛♣♣❛r❡♥tés ✐ss✉s ❞❡s ♣♦♣✉❧❛t✐♦♥s ❞✉ ♣r♦❥❡t ❍❛♣▼❛♣ s♦♥t é❣❛❧❡♠❡♥t

✐♥❝❧✉s ❞❛♥s ❧✬❛♥❛❧②s❡ ❛✜♥ ❞❡ sé♣❛r❡r ❛✉ ♠✐❡✉① ❧❡s ✐♥❞✐✈✐❞✉s s❡❧♦♥ ❧❡✉r ♦r✐❣✐♥❡ ❝♦♥t✐♥❡♥t❛❧❡

❡t ❡①❝❧✉r❡ ❝❡✉① ❞✬♦r✐❣✐♥❡ ♥♦♥ ❡✉r♦♣é❡♥♥❡✳ ▲❡s ❞❡✉① ♣r❡♠✐èr❡s ♣❛ss❡s ❞✬❊■●❊◆❙❚❘❆❚ ♦♥t

♣❡r♠✐s ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ✶✽ ✐♥❞✐✈✐❞✉s ❛t②♣✐q✉❡s q✉✐ ♦♥t été r❡t✐rés ♣♦✉r ❧❛ s✉✐t❡ ❞❡

❧✬❛♥❛❧②s❡ ✭✜❣✉r❡ ❈✳✺✮✳

✷✷✼
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❋✐❣✉r❡ ❈✳✹ ✕ ❈❛rt❡ ❣é♥ét✐q✉❡ à ♣❛rt✐r ❞❡ ❜✐♦♣✉❝❡s

❋✐❣✉r❡ ❈✳✺ ✕ ❙tr❛t✐✜❝❛t✐♦♥ ✿ ■❞❡♥t✐✜❝❛t✐♦♥s s✉❝❝❡ss✐✈❡s ❞❡s ✐♥❞✐✈✐❞✉s ✧❛t②♣✐q✉❡s✧ à ❧✬❛✐❞❡
❞❡ ❞❡✉① ❆❈Ps

✷✷✽
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❉❡ ♣❧✉s✱ ❧❡ ❧♦❣✐❝✐❡❧ ❙❚❘❯❈❚❯❘❊ ✈✷✳✷ ❜❛sé s✉r ❧❛ ♣❤②❧♦❣é♥✐❡ ❛ é❣❛❧❡♠❡♥t été ✉t✐❧✐sé ❡t

❛ ♣❡r♠✐s ❞✬✐❞❡♥t✐✜❡r ✹ ✐♥❞✐✈✐❞✉s ❛t②♣✐q✉❡s ❞é❥à ✐♥❝❧✉s ❞❛♥s ❧❡s ✶✽ ✐♥❞✐✈✐❞✉s ♣ré❝é❞❡♠♠❡♥t

é❝❛rtés✳ ✭Pr✐t❝❤❛r❞ ❡t ❛❧✳ ❬✷✵✵✵❪✱ ❋❛❧✉s❤ ❡t ❛❧✳ ❬✷✵✵✸❪✮✳
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❆♥♥❡①❡ ❉

P❛❝❦❛❣❡s ❘

▲✬❡♥s❡♠❜❧❡ ❞❡s ❛♥❛❧②s❡s ♣rés❡♥té❡s ❞❛♥s ❧❡ ♠❛♥✉s❝r✐t ❛ été ré❛❧✐sé à ❧✬❛✐❞❡ ❞✉ ❧♦❣✐❝✐❡❧

❘✳ ▲❡s ♣r♦❣r❛♠♠❡s ❞❡s ❞❡✉① ♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s ✿ ●❙P❈❆ ❡t ❆❈▼ s♣❛rs❡

✭✈♦✐r ❝❤❛♣✐tr❡ ✷✮ ♦♥t été é❝r✐s ❡t ♠✐s s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ ♣❛❝❦❛❣❡ ❘ q✉✐ s❡r❛ s♦✉♠✐s très

♣r♦❝❤❛✐♥❡♠❡♥t ❛✉ ❈❘❆◆ ✭❚❤❡ ❈♦♠♣r❡❤❡♥s✐✈❡ ❘ ❆r❝❤✐✈❡ ◆❡t✇♦r❦✮✳ ▲❡s ❞❡✉① ❢♦♥❝t✐♦♥s

❝♦rr❡s♣♦♥❞❛♥t❡s s❡ ♥♦♠♠❡♥t ✧●❙P❈❆✧ ❡t ✧❙▼❈❆✧✳

▲❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ♠ét❤♦❞❡s ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✱ ❈❆❘❚ ❡t ❈❍❆■❉ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✸ ❛

été ré❛❧✐sé❡ à ❧✬❛✐❞❡ ❞❡ tr♦✐s ♣❛❝❦❛❣❡s ❘ ✿ ❧❡ ♣❛❝❦❛❣❡ ✧❧♦❣✐❝❋❙✧ ✭❙❝❤✇❡♥❞❡r ❬✷✵✶✸❛❪✮ ♣♦✉r ❧❛

ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✱ ❧❛ ♣❛❝❦❛❣❡ ✧r♣❛rt✧ ✭❚❤❡r♥❡❛✉ ❡t ❛❧✳ ❬✷✵✶✸❪✮ ♣♦✉r ❧❛ ♠ét❤♦❞❡ ❈❆❘❚ ❡t ❧❡

♣❛❝❦❛❣❡ ✧❈❍❆■❉✧ ✭❚❡❛♠ ❬✷✵✵✾❪✮✱ ❝♦♥t❡♥❛♥t ❧❛ ❢♦♥❝t✐♦♥ ✧❝❤❛✐❞✧✱ ♣♦✉r ❧❛ ♠ét❤♦❞❡ ❈❍❆■❉✳

❈❡rt❛✐♥❡s ❢♦♥❝t✐♦♥s ❞✉ ♣❛❝❦❛❣❡ ✧❧♦❣✐❝❋❙✧ ✉t❧✐sé❡s ❞❛♥s ♥♦s ❛♥❛❧②s❡s s♦♥t ❞ét❛✐❧❧é❡s ♣❛r ❧❛

s✉✐t❡✳ ▲❛ ♠ét❤♦❞❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ ❛ été ❛♣♣❧✐q✉é❡ à ❧✬❛✐❞❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ✧❣❧♠✧ ❞✉

♣❛❝❦❛❣❡ ✧st❛ts✧ ❞❡ ❘✱ ❧❛ r❛♥❞♦♠ ❢♦r❡st à ❧✬❛✐❞❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ✧r❛♥❞♦♠❋♦r❡st✧ ❞✉ ♣❛❝❦❛❣❡

♣♦rt❛♥t ❧❡ ♠ê♠❡ ♥♦♠ ✭▲✐❛✇ ❛♥❞ ❲✐❡♥❡r ❬✷✵✵✷❪✮✱ ❧❛ ♠ét❤♦❞❡ ❙❱▼ ❛✈❡❝ ❧❛ ❢♦♥❝t✐♦♥ ✧s✈♠✧

❞❡ ❧❛ ❧✐❜r❛✐r✐❡ ✧❡✶✵✼✶✧ ✭▼❡②❡r ❡t ❛❧✳ ❬✷✵✶✷❪✮✱ ❡t ❧✬❛♥❛❧②s❡ ❞✐s❝r✐♠✐♥❛♥t❡ ❧✐♥é❛✐r❡ à ♣❛rt✐r ❞❡ ❧❛

❢♦♥❝t✐♦♥ ✧❧❞❛✧ ❞❡ ❧❛ ❧✐❜r❛✐r✐❡ ✧▼❆❙❙✧ ✭❱❡♥❛❜❧❡s ❛♥❞ ❘✐♣❧❡② ❬✷✵✵✷❪✮✳ ▲❡s ❝♦✉r❜❡s ❘❖❈ ♦♥t

été tr❛❝é❡ à ♣❛rt✐r ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t❡♥✉❡s ❞❛♥s ❧❡ ♣❛❝❦❛❣❡ ✧❘❖❈❘✧ ✭❙✐♥❣ ❡t ❛❧✳ ❬✷✵✵✺❪✮✳

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹✱ ❧❛ ré❣r❡ss✐♦♥ ❡❧❛st✐❝ ♥❡t ❛ été ré❛❧✐sé❡ à ❧✬❛✐❞❡ ❞✉ ♣❛❝❦❛❣❡ ✧❣❧♠♥❡t✧

✭❋r✐❡❞♠❛♥ ❡t ❛❧✳ ❬✷✵✶✵❪✮ ❡t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ♣♦rt❛♥t ❧❡ ♠ê♠❡ ♥♦♠✳ ▲❡ ♣❛❝❦❛❣❡ ✧❋❛❝t♦▼✐♥❡❘✧

❝♦♠♣r❡♥❛♥t ❧❛ ❢♦♥❝t✐♦♥ ✧▼❈❆✧ ❛ ♣❡r♠✐s ❞❡ ❝❛❧❝✉❧❡r ❧❡s ❆♥❛❧②s❡s ❞❡s ❈♦rr❡s♣♦♥❞❛♥❝❡s

▼✉❧t✐♣❧❡s ✭❍✉ss♦♥ ❡t ❛❧✳ ❬✷✵✶✸❪✮✱ ❡t ❧❡ ♣❛❝❦❛❣❡ ✧❛❞❡✹✧ ❧❡s r❛♣♣♦rts ❞❡ ❝♦rré❧❛t✐♦♥s ❣râ❝❡

✷✸✶



à ❧❛ ❢♦♥❝t✐♦♥ ✧❞✉❞✐✳❛❝♠✧ ✭❉r❛② ❛♥❞ ❉✉❢♦✉r ❬✷✵✵✼❪✮✳ ▲❛ ❘●❈❈❆ ❞♦♥t ❧❡s rés✉❧t❛ts s♦♥t

♣rés❡♥tés s❡❝t✐♦♥ ✹✳✸ ❛ été ré❛❧✐sé❡ ❣râ❝❡ ❛✉ ♣❛❝❦❛❣❡ ✧❘●❈❈❆✧ ❡t à ❧❛ ❢♦♥❝t✐♦♥ ❞✉ ♣❛❝❦❛❣❡

♣♦rt❛♥t ❧❡ ♠ê♠❡ ♥♦♠ ✭❚❡♥❡♥❤❛✉s ❛♥❞ ●✉✐❧❧❡♠♦t ❬✷✵✶✸❪✮✳ ▲❡s ✐♥t❡r✈❛❧❧❡s ❞❡ ❝♦♥✜❛♥❝❡ ♦♥t

été ❝❛❧❝✉❧és à ❧✬❛✐❞❡ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ♥✬ét❛♥t ♣❛s ❡♥❝♦r❡ ✐♥❝♦r♣♦ré❡ ❞❛♥s ❧❡ ♣❛❝❦❛❣❡✳

▲❛ ❞ét❡❝t✐♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s ✭✈♦✐r s❡❝t✐♦♥ r❡❢❞❡t❡❝t✐♥t❡r✮ ❛ été ♣♦ss✐❜❧❡ ❣râ❝❡ ❛✉ ♣❛✲

❝❦❛❣❡ ✧❧♦❣✐❝❋❙✧ ✭❙❝❤✇❡♥❞❡r ❬✷✵✶✸❛❪✮ q✉✐ s✬✐♥st❛❧❧❡ à ♣❛rt✐r ❞❡s ❝♦♠♠❛♥❞❡s s✉✐✈❛♥t❡s ✿

❃ s♦✉r❝❡✭✧❤tt♣✿✴✴❜✐♦❝♦♥❞✉❝t♦r✳♦r❣✴❜✐♦❝▲✐t❡✳❘✧✮

❃ ❜✐♦❝▲✐t❡✭✧❧♦❣✐❝❋❙✧✮

▲❡ ❝♦❞❛❣❡ ❞❡s ❙◆Ps ❞é❝r✐t ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ✹✳✹✳✶✳✶ ❞✉ ❝❤❛♣✐tr❡ ✹ ❛ été ré❛❧✐sé ❣râ❝❡

à ❧❛ ❢♦♥❝t✐♦♥ ✧♠❛❦❡✳s♥♣✳❞✉♠♠②✧ ❞✉ ♣❛❝❦❛❣❡ ✧❧♦❣✐❝❋❙✧ ✭❙❝❤✇❡♥❞❡r ❬✷✵✶✸❜❪✮✳ ❊❧❧❡ ♣❡r♠❡t

❞❡ tr❛♥s❢♦r♠❡r ❧❡s ❙◆Ps ❡♥ ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s✳ P❛r ❧❛ s✉✐t❡✱ ♣♦✉r ❛❝❝é❧ér❡r ❧❛ r❡❝❤❡r❝❤❡ ❞❡s

♠❡✐❧❧❡✉rs ♠♦❞è❧❡s ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡s✱ s❡✉❧❡♠❡♥t ✉♥ ♣❡t✐t ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ❡st ✉t✐❧✐sé

❞❛♥s ❧❡ r❡❝✉✐t s✐♠✉❧é ❣râ❝❡ à ❧❛ ❢♦♥❝t✐♦♥ ✧❧♦❣r❡❣✳❛♥♥❡❛❧✳❝♦♥tr♦❧✧ ❞✉ ♣❛❝❦❛❣❡ ✧▲♦❣✐❝❘❡❣✧

✭❑♦♦♣❡r❜❡r❣ ❛♥❞ ❘✉❝③✐♥s❦✐ ❬✷✵✶✷❪✮✳ ❊♥✜♥ ❧❛ sé❧❡❝t✐♦♥ ♣❛r ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡ ❡st ❡✛❡❝t✉é❡

❣râ❝❡ à ❧❛ ❢♦♥❝t✐♦♥ ✧❧♦❣✐❝❋❙✧ s✉✐✈❛♥t❡ ✿

❃ ❧♦❣✳♦✉t❁✲❧♦❣✐❝❋❙✭❜✐♥✳s♥♣s✱❇❂✷✵✱ ♥❧❡❛✈❡s❂✷✱ ❛♥♥❡❛❧✳❝♦♥tr♦❧❂♠②✳❛♥♥❡❛❧✮

❛✈❡❝ ❜✐♥✳s♥♣s ❧❛ t❛❜❧❡ ❝♦♥t❡♥❛♥t ❧❡s ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s ❝❛❧❝✉❧é❡s à ❧✬❛✐❞❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥

✧♠❛❦❡✳s♥♣✳❞✉♠♠②✧ ✭❝❤❛q✉❡ ❝♦❧♦♥♥❡ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ✈❛r✐❛❜❧❡ ❜✐♥❛✐r❡✱ ❝❤❛q✉❡ ❧✐❣♥❡ à ✉♥❡

♦❜s❡r✈❛t✐♦♥✮✱ ❇ ❧❡ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s✱ ♥❧❡❛✈❡s ❧❡ ♥♦♠❜r❡ ❞❡ ❜r❛♥❝❤❡s q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡

✭✷ ❜r❛♥❝❤❡s ❞❛♥s ♥♦tr❡ ❝❛s✮✱ ❛♥♥❡❛❧✳❝♦♥tr♦❧ ❧❛ ❧✐st❡ ❝♦♥t❡♥❛♥t ❧❡s ♣❛r❛♠ètr❡s ♣♦✉r ❧❡ r❡❝✉✐t

s✐♠✉❧é ✭❧✐st❡ ♦❜t❡♥✉❡ ❣râ❝❡ à ❧❛ ❢♦♥❝t✐♦♥ ♣ré❝é❞❡♥t❡ ✧❧♦❣r❡❣✳❛♥♥❡❛❧✳❝♦♥tr♦❧✧✮✳ ▲✬✐♠♣♦rt❛♥❝❡

❞❡s ✐♥t❡r❛❝t✐♦♥s r❡♣rés❡♥té❡ ❞❛♥s ❧❛ ✜❣✉r❡ ✹✳✷✹ ❡st ♦❜t❡♥✉❡ ❣râ❝❡ à ❧❛ ❝♦♠♠❛♥❞❡ ✿

❃ ♣❧♦t✭❧♦❣✳♦✉t✮

▲❡s ❛✉tr❡s r❡♣rés❡♥t❛t✐♦♥s ❣r❛♣❤✐q✉❡s✱ t❡❧❧❡s q✉❡ ❧❡s ❤✐st♦❣r❛♠♠❡s ♦✉ ❧❡s ✜❣✉r❡ ❞❡ t②♣❡

✧♠❛♥❤❛tt❛♥ ♣❧♦t✧ ♦♥t été ré❛❧✐sé❡s ❣râ❝❡ à ❞❡s ❢♦♥❝t✐♦♥s ❘ ❞❡ ❜❛s❡ ✭❝♦♠♠❡ ❧❛ ❢♦♥❝t✐♦♥

✧❤✐st✧✮ ❡t ♠♦❞✐✜é❡s s❡❧♦♥ ❧❡ t②♣❡ ❞❡ ❞♦♥♥é❡s ❝♦♥s✐❞éré❡s ❡t ❧❛ r❡♣rés❡♥t❛t✐♦♥ ✈♦✉❧✉❡✳

✷✸✷



❆♥♥❡①❡ ❊

❉é♠♦♥str❛t✐♦♥s

❊✳✶ ❉é♠♦♥str❛t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✳✷✽✮ ♣❛❣❡ ✺✺

❉é♠♦♥str❛t✐♦♥✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡s ♠♦✐♥❞r❡s ❝❛rrés ♣❡r♠❡t ❞❡ tr♦✉✈❡r ✉♥❡ ♠❛tr✐❝❡ ❞✬❛♣♣r♦①✐✲

♠❛t✐♦♥ ❞❡ r❛♥❣ ✐♥❢ér✐❡✉r X(1) ❞✬✉♥❡ ♠❛tr✐❝❡ ❞♦♥♥é❡ X✳ ❖♥ ♣❡✉t ❧❡ ❢♦r♠✉❧❡r ❞❡ ❧❛ ♠❛♥✐èr❡

s✉✐✈❛♥t❡ ✿

argmin
X(1)∈RI×J ,q∈RJ

‖X−X(1)‖22 t❡❧ q✉❡ pTp = ✶ ❡t qTq = ✶. ✭❊✳✶✮

▲❛ ♠❛tr✐❝❡ X(1) ❡st ❞❡ ❧❛ ❢♦r♠❡ pδqT = fqT ❡t ❧✬♦♥ ✈❡✉t ❞ét❡r♠✐♥❡r ❧❡ p ❡t q ♦♣t✐♠❛❧

s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ✭❊✳✶✮✳ ▲✬❡①♣r❡ss✐♦♥
∥∥X−X(1)

∥∥2
2
❡st é❣❛❧❡ à ✿

∥∥∥X−X(1)
∥∥∥
2

2
= tr

(
(X−X(1))T (X−X(1))

)
✭❊✳✷✮

= tr(XTX−XTX(1) −X(1)TX+X(1)TX(1))

= tr(XTX)− 2 tr(X(1)TX) + tr(X(1)TX(1))

= ‖X‖22 − 2 tr(qfTX) + tr(qfT fqT )

= ‖X‖22 − 2δ tr(qpTX) + δ2 tr(qpTpqT )

= ‖X‖22 − 2δ tr(qpTX) + δ2

❝❛r qTq = ✶ ❡t pTp = ✶ ❞♦♥❝ fT f = δ2pTp = δ2 ✳ ❙✉♣♣♦s♦♥s α ❡t γ ∈ R ❧❡s ♠✉❧t✐♣❧✐❝❛t❡✉rs

❞❡ ▲❛❣r❛♥❣❡ ❀ ❧❡ ❧❛❣r❛♥❣✐❡♥ ♣❡✉t ❛❧♦rs êtr❡ é❝r✐t ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

L(p,q, α, γ) =
∥∥∥X−X(1)

∥∥∥
2

2
+ α(pTp− 1) + γ(qTq− 1) ✭❊✳✸✮

= ‖X‖22 − 2δ tr(qpTX) + δ2 + α(pTp− 1) + γ(qTq− 1)

✷✸✸



❊✳✶✳ ❉➱▼❖◆❙❚❘❆❚■❖◆ ❉❊ ▲✬➱◗❯❆❚■❖◆ ✭✶✳✷✽✮ P❆●❊ ✺✺

❊♥ ✜①❛♥t ❝❤❛q✉❡ ❞ér✐✈é❡ à ③ér♦✱ ♦♥ ♦❜t✐❡♥t ✿

∂L
∂p

= −2δXq+ 2αp = 0 ⇒ δXq = αp ✭❊✳✹✮

∂L
∂q

= −2δXTp+ 2γq = 0 ⇒ δXTp = γq

❈❡♣❡♥❞❛♥t✱ q✉❛♥❞ X ❡st ♠✉❧t✐♣❧✐é❡ à ❞r♦✐t❡ ❡t à ❣❛✉❝❤❡ ♣❛r ✉♥ ✈❡❝t❡✉r✱ ❧❛ ♠❛tr✐❝❡ ❞❡✈✐❡♥t

✉♥❡ ♠❛tr✐❝❡ ❞❡ r❛♥❣ ✶✳

δXq = αp ⇔ δpδqTq = αp ✭❊✳✺✮

⇔ δ2p = αp

⇔ δ2 = α

❡t

δXTp = γq ⇔ δqδpTp = γq ✭❊✳✻✮

⇔ δ2q = γq

⇔ δ2 = γ

❆✐♥s✐✱ ♦♥ ♣❡✉t réé❝r✐r❡ ✭❊✳✹✮ ✿

Xq = δp ❛✈❡❝ pTp = ✶ ✭❊✳✼✮

XTp = δq ❛✈❡❝ qTq = ✶

❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉❡ (δ,p,q) ❞♦✐t êtr❡ ✉♥ tr✐♣❧❡t s✐♥❣✉❧✐❡r ❞❡ X ❛✈❡❝ δ ✉♥❡ ✈❛❧❡✉r s✐♥❣✉❧✐èr❡✱

p ✉♥ ✈❡❝t❡✉r s✐♥❣✉❧✐❡r ❣❛✉❝❤❡ ❡t q ✉♥ ✈❡❝t❡✉r s✐♥❣✉❧✐❡r ❞r♦✐t✳ P♦✉r ♦❜t❡♥✐r ❧❡ ♠✐♥✐♠✉♠ ❞❡
∥∥X−X(1)

∥∥2
2
✱ δ ❞♦✐t êtr❡ ❧❛ ✈❛❧❡✉r s✐♥❣✉❧✐èr❡ ❧❛ ♣❧✉s ❣r❛♥❞❡✳ ▲❡ tr✐♣❧❡t s✐♥❣✉❧✐❡r s❡r❛ ❝❡❧✉✐

❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ♣❧✉s ❣r❛♥❞❡ ✈❛❧❡✉r s✐♥❣✉❧✐èr❡ ✿ p = p1 ❡t q = q1✱ ❛✈❡❝ X(1) = δ1p1q
T
1
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tr✐❝❡ ❞❡ r❛♥❣ ✶ X(1) ♣❡✉t êtr❡ réé❝r✐t s♦✉s ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡ ✿

argmin
X(1)∈RI×J ,q∈RJ

∥∥∥X−X(1)
∥∥∥
2

W
❛✈❡❝ pTMp = ✶ ❡t qTWq = ✶. ✭❊✳✽✮

▲❛ ♠❛tr✐❝❡ X(1) ❡st ❞❡ ❧❛ ❢♦r♠❡ fqT ❡t ❧✬♦♥ s♦✉❤❛✐t❡ ♦❜t❡♥✐r ❧❡ f ❡t ❧❡ q ♦♣t✐♠❛❧✱ s♦❧✉t✐♦♥s

❞✉ ♣r♦❜❧è♠❡ ✭❊✳✽✮✳ ▲✬❡①♣r❡ss✐♦♥
∥∥X−X(1)

∥∥2
W

✈❛✉t ✿

∥∥∥X−X(1)
∥∥∥
2

W
= tr

(
M

1
2 (X−X(1))W(X−X(1))TM

1
2

)
✭❊✳✾✮

= tr
(
M

1
2 (XW −X(1)W)(X−X(1))TM

1
2

)

= tr
(
M

1
2 (XWXT −XWX(1)T −X(1)WXT +X(1)WX(1)T )M

1
2

)

= tr
(
M

1
2 (XWXT − 2X(1)WXT +X(1)WX(1)T )M

1
2

)

= tr
(
M

1
2XWXTM

1
2 − 2M

1
2X(1)WXTM

1
2 +M

1
2X(1)WX(1)TM

1
2

)

= tr(M
1
2XWXTM

1
2 )− 2 tr(M

1
2X(1)WXTM

1
2 ) + tr(M

1
2X(1)WX(1)TM

1
2 )

= ‖X‖2W − 2 tr(M
1
2pδqTWXTM

1
2 ) + tr(M

1
2pδqTWqδpTM

1
2 )

= ‖X‖2W − 2δ tr(M
1
2pqTWXTM

1
2 ) + δ2 tr(M

1
2ppTM

1
2 )

= ‖X‖2W − 2δ tr(M
1
2pqTWXTM

1
2 ) + δ2.

❝❛r pTMp = ✶ ❡t qTWq = ✶✳ ❙✉♣♣♦s♦♥s α ❡t γ ∈ R ❧❡s ♠✉❧t✐♣❧✐❝❛t❡✉rs ❞❡ ▲❛❣r❛♥❣❡ ❀

❛❧♦rs ❧❡ ❧❛❣r❛♥❣✐❡♥ s✬é❝r✐t ✿

L(p,q, α, γ) =
∥∥∥X−X(1)

∥∥∥
2

W
+ α(pTMp− 1) + γ(qTWq− 1) ✭❊✳✶✵✮

= ‖X‖2W − 2δ tr(M1/2pqTWXTM1/2) + δ2

+ α(pTp− 1) + γ(qTq− 1).

❙✐ ❧✬♦♥ ✜①❡ ❧❡s ❞ér✐✈é❡s à ③ér♦ ✿

∂L
∂p

= −2δMXWq+ 2αMp = 0 ⇒ δMXWq = αMp ✭❊✳✶✶✮

∂L
∂q

= −2δWXTMp+ 2γWq = 0 ⇒ δWXTMp = γWq
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δMXWq = αMp ⇔ δMpδqTWq = αMp ✭❊✳✶✷✮

⇔ δ2Mp = αMp

⇔ δ2 = α

❡t

δWXTMp = γWq ⇔ δWqδpTMp = γWq ✭❊✳✶✸✮

⇔ δ2Wq = γWq

⇔ δ2 = γ

❖♥ ❛ ❛❧♦rs ✿

Xq = δp ❛✈❡❝ pTp = ✶ ✭❊✳✶✹✮

XTp = δq ❛✈❡❝ qTq = ✶
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A Genome-Wide Association Study in Caucasian
Women Points Out a Putative Role of the
STXBP5L Gene in Facial Photoaging
Sigrid Le Clerc1,11, Lieng Taing1,11, Khaled Ezzedine2,3, Julie Latreille4,12, Olivier Delaneau1,5, Toufik Labib1,
Cédric Coulonges1, Anne Bernard4,12, Safa Melak1, Wassila Carpentier6, Denis Malvy2,7, Randa Jdid4,12,
Pilar Galan2, Serge Hercberg2,8, Frederique Morizot4,12, Christiane Guinot4,9,12, Erwin Tschachler4,10,11,12

and Jean F. Zagury1,11

A genome-wide association study (GWAS) was conducted on 502 French middle-aged Caucasian women to
identify genetic factors that may affect skin aging severity. A high-throughput Illumina Human Omni1-Quad
beadchip was used. After single-nucleotide polymorphism (SNP) quality controls, 795,063 SNPs remained for
analysis purposes. Possible stratification was first examined using the Eigenstrat method, and then the relation-
ships between genotypes and four skin aging indicators (global photoaging, lentigines, wrinkles, and sagging)
were investigated separately by linear regressions adjusted on age, smoking habits, lifetime sun exposure,
hormonal status, and the two main Eigen vectors. One signal passed the Bonferroni threshold (P¼ 1.53� 10� 8)
and was significantly associated with global photoaging. It was also correlated with the wrinkling score and the
sagging score. According to HapMap, this SNP, rs322458, was in linkage disequilibrium (LD) with intronic SNPs of
the STXBP5L gene, which is expressed in the skin. In addition, it was also in LD with another SNP that increases the
expression of the FBXO40 gene in the skin. These two genes, which were not previously described in the context
of aging, may constitute good candidates for the investigation of molecular mechanisms of skin photoaging.

Journal of Investigative Dermatology advance online publication, 6 December 2012; doi:10.1038/jid.2012.458

INTRODUCTION
Similar to other organs, skin ages owing to passage of time.
Skin aging is influenced both by inherited intrinsic factors and
by extrinsic or environmental factors, such as chronic UV
exposure and smoking (Malvy et al., 2000; Yaar and Gilchrest,

2007). Intrinsic aging is an ineluctable process and is due to
the genetically determined natural degeneration of the cell
functioning and loss of extracellular matrix with age (Yaar and
Gilchrest, 1990). Its clinical phenotype on the skin is mainly
characterized by fine wrinkles and dry, thin, and pale skin
(Fisher et al., 2002; Makrantonaki and Zouboulis, 2007).

The main factor responsible for extrinsic aging of the skin is
UVR. UV-induced skin aging or photoaging is defined as the
premature occurrence of signs of aging on the skin, and
presents with characteristic morphological changes of both the
epidermal and dermal compartments (Rabe et al., 2006; Yaar
and Gilchrest, 2007). A number of hereditary phenotypic
features influence the severity of photoaging, most notably
skin color (Kligman and Kligman, 1999; Malvy et al., 2000),
and skin phototype (Fitzpatrick, 1988). Individuals with dark
phototypes (III–IV) commonly exhibit more ‘‘hypertrophic
responses’’ such as deep wrinkling, coarseness, and lenti-
gines, whereas fair phototype individuals (I–II) generally show
fewer wrinkles with epidermal atrophy, focal depigmentation,
as well as dysplastic changes, such as actinic keratosis,
nonmelanoma, and melanoma skin cancers (Rabe et al.,
2006; Yaar and Gilchrest, 2007; Puizina-Ivié, 2008).

Up to now, the exploration of the genes affecting skin aging
has remained limited to MC1R gene (Elfakir et al., 2010;
Suppa et al., 2011), or to genes involved in genetic
pathologies with accelerated skin aging (Rooryck et al.,
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2008; Soufir et al., 2010). A candidate gene approach
has previously established associations between MC1R gene
variants, particularly loss-of-function variants, with an
increased risk of severe photoaging (Elfakir et al., 2010). In
addition, a few studies conducted in twin cohorts have
explored the associations between environmental factors,
skin aging, and gene expression (Plomin et al., 1994; Shekar
et al., 2005, 2006; Christensen et al., 2009).
To unravel new genetic associations with skin aging in a

systematic way, we have undertaken a genome-wide study on
a well-defined sample of Caucasian women from the SU.VI.-
MAX (SUpplémentation en VItamines et Minéraux Anti-
oXydants (Antioxidant Vitamin and Mineral Supplementation))
cohort (Hercberg et al., 2004). To the best of our knowledge,
no genome-wide association study (GWAS) targeting skin
aging in middle-aged women of European-derived ancestry
has been previously reported.

RESULTS
Using the Illumina HumanOmni1-Quad BeadChips, we con-
ducted a GWAS by testing associations between single-
nucleotide polymorphisms (SNPs) and global skin photoaging
on a large sample of French middle-aged women from
the SU.VI.MAX cohort. After the various quality-control tests
(see Materials and Methods), 795,063 genotyped SNPs were
available for 502 women.
Table 1 describes the sample of women according to the

severity of photoaging. We also computed the correlations
between the age and the outcome variables (Table 2). We
found that the correlations with age were all statistically
significant (Po0.0001): 0.56 for the grade of photoaging,
0.61 for the score of wrinkling and the score of sagging, and
0.27 for the score of lentigines. Similarly, the correlations
between the grade of photoaging and the other outcome
variables were also statistically significant (Po0.0001): 0.78
for the score of wrinkling, 0.66 for the score of sagging, and
0.31 for the score of lentigines; the correlation between the
score of wrinkling and the score of sagging reached 0.71
(Po0.0001; Table 2).
Our core association analysis focused on genotypic associa-

tions obtained using linear regressions, after correction
for stratification and nongenetic skin aging factors. Figure 1
presents the distribution of the P-values obtained for each SNP
along the chromosomes (Manhattan plot). One SNP located
on the chromosome 3 (locus 3q13.33), rs322458, passed the
Bonferroni threshold (6.28� 10�8) with P¼1.53�10�8.
According to HapMap, this SNP is in linkage disequilibrium
(LD) with five SNPs positioned in intronic regions of the
STXBP5L gene (rs470647, rs612545, rs617332, rs645045, and
rs1795413), and with two intergenics SNPs (rs377374 and
rs450614; Figure 2). A more refined analysis suggested that
the effect was likely recessive. Indeed, when regrouping the
individuals according to their grade of skin photoaging,
the frequency of the homozygous rs3224587-AA genotype
was clearly inversely proportional with photoaging
severity (Figure 3): from 28% of homozygous subjects among
grade 1 to 4% among grade 5. To further investigate the
rs322458 SNP, we assessed its putative impact on each

phenotype: lentigines, wrinkling, and sagging. No relationship
was found with the lentigines score (P¼ 0.63), whereas
significant links were found with wrinkling and sagging scores
(respectively, P¼ 5.6�10�5 and P¼1.76� 10�4).

Moreover, bioinformatics databases were investigated for
possible associations between SNPs and mRNA expression,
regulation (splicing, polyadenylation, and miRNA), and also
for putative transcription binding sites. According to Genevar
(Nica et al., 2011), the genotype rs470647-AA (rs470647 is in
LD with the rs322458; see Figure 2) increases the expression
in skin of a neighboring gene, FBXO40 (P¼6�10�4;
Figure 4). The rs470647 SNP and FBXO40 are at a distance
of 683kb.

To further investigate other possible associations, we also
computed all the haplotypes based on two SNPs derived from
both STXBP5L and FBXO40 genes. Only three haplotypes
were strongly associated with photoaging (Figure 4) and they
implicated the rs322458 SNP. These haplotypes involved
one exonic SNP and one 30-untranslated region of the
STXBP5L gene (respectively, rs17740066, P¼6.27�10�9

and rs6782033, P¼3.96� 10�9), and one intronic SNP
of the FBXO40 gene (rs6775899, P¼ 9.52�10� 10). The
rs17740066 and rs6782033 SNPs were in partial LD with
rs322458 (D0

¼1); in other words, the G allele frequency of
rs322458 SNP was identical with that of the haplotypes GG
(rs322458–rs17740066) and GA (rs322458–rs6782033). Inter-
estingly, the rs17740066 SNP corresponds to the Val855Ile
protein variation and rs6782033 SNP corresponds to a
putative binding site for a miRNA (hsa-mir-892b; Figure 4).
There was no LD between the two SNPs, rs6775899
and rs322458 (r2¼0.014 and D0

¼ 0.2). However, the GA
haplotype (rs322458–rs6775899) also exhibited a significant
P-value (P¼9.52�10�10), suggesting it might also be a
haplotype of interest.

DISCUSSION
We have described here a GWAS investigating possible
associations between SNPs and global skin photoaging. This
research yielded an association for the rs322458 SNP con-
nected to the STXBP5L gene with severity of skin photoaging,
the rs322458-AA genotype being inversely linked with the
severity of skin aging. This SNP was also associated with the
wrinkle and sagging scores that are defined independently
from the grade of photoaging, but it was not associated with
the lentigines score, suggesting that: (1) its role in photoaging
does not include pigmentary disorders; and (2) molecular
mechanisms might be shared by sagging and wrinkling.
According to the HapMap database, this SNP is also poly-
morphic in the Asian and African populations, and thus it
would also be worth investigating these populations. As for
any GWAS, additional genetic studies will be needed to affirm
this association.

Another alias for STXBP5L is LLGL4, as it is homologous to
the Lethal giant larvae (Lgl) drosophila gene (Katoh and
Katoh, 2004). The protein coded by STXBP5L contains five
WD40 repeats (or b-transducin repeats) and a C-terminal
syntaxin-binding (STXB) domain. Lgl regulates epithelial
polarity and, when mutated, may lead to tumor-like
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phenotype development. According to bioinformatics analysis
(UniProt, 2011), STXBP5L seems to be implicated in vesicle
trafficking and could have a role in exocytosis ( (Katoh and
Katoh, 2004; UniProt, 2011). Interestingly, STXBP5L has
previously been associated with liver fibrosis risk in
Caucasians and with chronic hepatitis C infection (Li et al.,

2009). STXBP5L is expressed in several tissues, including the
skin (Safran et al., 2010), and is also expressed in lung
carcinoid and germ cell tumors (Katoh and Katoh, 2004).

Bioinformatics database exploration pointed out the
possible role of the SNP rs322458 in the skin expression of
a neighboring gene, FBXO40. Haplotype analysis of the

Table 1. Description of the population according to photoaging severity

Photoaging severity

Grade 1 Grade 2 Grade 3 Grade 4 Grade 5/6 1

N¼ 43 N¼ 86 N¼174 N¼ 150 N¼49 Total, N¼ 502 P-value of test

Age (years) 50.1±4.22 54.1±5.0 56.8±5.5 60.9±5.6 62.6±5.2 57.6±6.4 o0.00013

Lifetime sun exposure (score) 5.3±3.4 5.1±3.5 5.2±3.6 5.5±3.5 5.5±3.5 5.3±3.5 0.843

BMI classification 0.494

Normal 28 (8.4)5 57 (17.0) 121 (36.1) 94 (28.1) 35 (10.4) 335 (66.7)

Overweight 9 (7.4) 19 (15.6) 37 (30.3) 45 (36.9) 12 (9.8) 122 (24.3)

Obese 6 (13.3) 10 (22.2) 16 (35.6) 11 (24.5) 2 (4.4) 45 (9.0)

Hormonal status o0.00014

Nonmenopausal 27 (28.7) 24 (25.5) 32 (34.0) 9 (9.6) 2 (2.2) 94 (18.7)

Menopausal with HRT 9 (3.4) 40 (15.3) 98 (37.4) 92 (35.1) 23 (8.8) 262 (52.2)

Menopausal without HRT 7 (4.8) 22 ( 15.1) 44 (30.1) 49 (33.6) 24 (16.4) 146 (29.1)

Smoking habits 0.614

Never 23 (8.0) 45 (15.7) 100 (35.0) 86 (30.1) 32 (11.2) 286 (57.0)

Former smoker 15 (9.3) 34 (21.3) 50 (31.2) 47 (29.5) 14 (8.7) 160 (31.9)

Current smoker 5 (8.9) 7 (12.5) 24 ( 42.8) 17 (30.4) 3 (5.4) 56 (11.1)

Eye color 0.214

Blue/gray 14 (10.3) 18 (13.2) 50 (36.8) 36 (26.5) 18 (13.2) 136 (27.2)

Green/hazel/brown/black 28 (7.8) 68 (18.7) 122 (33.6) 114 (31.4) 31 (8.5) 363 (72.8)

Hair color at 20 years 0.084

Blond/red 4 (3.7) 20 (18.6) 40 (37.0) 28 (25.9) 16 (14.8) 108 (21.6)

Light and dark brown/black 38 (9.7) 66 (16.9) 132 (33.8) 122 (31.2) 33 (8.4) 391 (78.4)

Skin color without tanning 0.784

Fair 35 (9.0) 65 (16.8) 136 (35.0) 113 (29.2) 39 (10.0) 388 (77.8)

Dark 7 (6.3) 21 (18.9) 36 (32.4) 37 (33.3) 10 (9.0) 111 (22.2)

History of facial freckles 0.404

No 25 (8.5) 55 (18.7) 104 (35.4) 87 (29.6) 23 (7.8) 294 (58.9)

Yes 17 (8.3) 31 (15.1) 68 (33.2) 63 (30.7) 26 (12.7) 205 (41.1)

Suntan intensity 0.714

None/slight/light 23 (7.7) 49 (16.3) 101 (33.7) 96 (32.0) 31 (10.3) 300 (60.1)

Dark/very dark 19 (9.5) 37 (18.6) 71 (35.7) 54 (27.2) 18 (9.0) 199 (39.9)

Sunburn event frequency 0.744

None/rare 28 (7.8) 61 (17.0) 123 (34.4) 113 (31.6) 33 (9.2) 358 (71.7)

Frequent/constant 14 (9.9) 25 (17.7) 49 (34.8) 37 (26.2) 16 (11.4) 141 (28.3)

Abbreviations: BMI, body mass index; HRT, hormonal replacement therapy.
1As a single woman had grade 6, she had been grouped with grade 5 individuals.
2Mean ±SD.
3Analysis of variance (ANOVA) test.
4The w2 test.
5Frequency and (%): because of possible missing values, the sum of the cell frequencies can be smaller than the total indicated in the top of the columns.
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STXBP5L and FBXO40 gene region also revealed positive
signals (PB10� 9), bringing up a second hypothesis in which
rs3322458 G allele in the dominant mode, possibly in
combination with other alleles, might be implicated in the
phenotype.
FBXO40 encodes a protein characterized by a 40 amino-

acid F-box motif. This gene is expressed specifically in the
muscle (Ye et al., 2007), may function as a regulator involved
in the postnatal myogenesis (Ye et al., 2007), and has a role in
muscle hypertrophy (Shi et al., 2011). F-box proteins are
involved in the SCF (Skp, Cullin, F-box containing) complex,
known to act as protein–ubiquitin ligases (Skowyra et al.,
1997), and a recent study demonstrated that the SCF–F-box40
complex prevented skeletal muscle hypertrophy by limiting
the IGF1 pathway in the muscle (Shi et al., 2011).
Both STXBP5L and FBXO40 were not known before for any

skin function. How could they affect skin aging? FBXO40 is
linked with the IGF1 pathway known for its role in inflamma-
tion, and its direct link with myogenesis could also explain its
impact on wrinkling and sagging severity. Knowing that

Table 2. Correlation coefficients between age and
outcome variables

Age
Score of
wrinkling

Score of
sagging

Score of
lentigines

Grade of
photoaging

Age 1 0.61 0.61 0.27 0.56

Score of
wrinkling

1 0.71 0.31 0.78

Score of
sagging

1 0.26 0.66

Score of
lentigines

1 0.31

Grade of
photoaging

1

8 rs322458

Bonferroni

cutoff7

6

5

4

–
lo

g
1

0
(P

)

3

2

1

1 2 3 4 5 6 7 8 9

1
0

1
1

1
2

1
3

1
4

1
5

1
6

1
7

1
8

1
9

2
0

2
1

2
2 x

Chromosome

Figure 1. Manhattan plot of the association study with the photoaging score.

Distribution of � log10(P) obtained for the associations tested between the

genotypes and skin photoaging, according to Larnier’s scale, along the human

chromosomes (Manhattan plot).

rs6782033
rs6782025

STOP

rs17740066

rs17249244

rs1795413

0 0.2 0.4 0.6 0.8 1

r
2

rs645045

rs617332
rs612545

rs470647
ATG

rs450614
rs322458*
rs377314

Figure 2. Genetic map of the STXBP5L gene. The single-nucleotide

polymorphisms (SNPs) in high linkage disequilibrium (LD) with the SNP

rs322458 are in red, and the exonic SNPs genotyped in the study are in black.

The LD map (providing the r2 coefficient between SNPs) is given below the

genetic map. The SNP rs322458 is flagged with an asterisk (*).

100%

90%

80%

70%

60%

50%

40%

30%

20%

10%

0%
I II III

Photoaging grades

IV V

GG

AG

AA

G
e

n
o

ty
p

e
 d

is
tr

ib
u

ti
o

n

Figure 3. Distribution of the rs322458 genotypes in function of the

photoaging severity.

Non synonymous

mutation

STXBP5L

GG

G

G
P=9.52×10–10

A

A

P=6.27×10–9

P=3.69×10–9

POLQ FBXO40

rs
32

24
58

rs
17

74
00

66
rs

67
82

02
5

rs
67

75
89

9

miRNA fixation

(putative)

Intronic

mutation

Figure 4. Haplotype analysis. All the two-single-nucleotide polymorphism

(SNP) haplotypes of the region were computed using the Shape-IT software.

Associations were computed, and the figure presents the three best signals

obtained, which all involve the SNP rs322458.

S Le Clerc et al.
Genome-Wide Association Study on Skin Aging

4 Journal of Investigative Dermatology



photoaging is intimately associated with the occurrence of
dysplastic skin changes, such as actinic keratosis as well
as nonmelanoma and melanoma skin cancer, it is striking to
see that STXBP5L has been linked to cancer (Katoh and
Katoh, 2004; Li et al., 2009). Therefore, the search for gene
polymorphisms involved in photoaging may also help to
identify risk factors for skin carcinogenesis.

MATERIALS AND METHODS
Study design and population
A cross-sectional study was conducted to investigate skin aging

in the context of the SU.VI.MAX cohort, a longitudinal cohort study,

conducted in French middle-aged adults (Hercberg et al., 1998). The

protocol was approved by the Hospital Medicals Ethics Committee of

Paris-Cochin (CCPPRB no. 706) and the ‘‘Commission Nationale de

l’Informatique et des Libertés’’ (CNIL no. 334641). The study was

conducted according to the Declaration of Helsinski Principles. All

participants gave their written, informed consent. The SU.VI.MAX

cohort included 13,017 volunteers who were representative of the

French adult middle-aged population for most sociodemographic

features (Hercberg et al., 2004).

This study was conducted in the autumn/winter of 2002–2003. All

women living in the Paris area were requested to participate in this

research. Among them (n¼ 2,257), 570 women, aged 44–70 years,

agreed to take part in this study and provided informed consent.

The participants were asked to follow specific skin care instructions;

notably, application of detergents or cosmetics to the face was not

authorized for at least 12hours before the study visit. On the day

of the visit, they were first asked to complete a self-administered

questionnaire related to lifetime sun exposure behavior. Subse-

quently, three standardized, high-resolution digital images

(2,008� 3,032 pixels) of the face were taken for each participant

(one frontal view of the face and one of each profile), using a Kodak

DCS 760 digital camera with a 105mm camera lens (Kodak, Paris,

France). The camera was mounted on a monopod and a specifically

developed chair was used to allow standardized positions of the

camera with respect to the face. Lighting conditions were standar-

dized by means of two symmetrical lamps, which provided a

continuous daylight spectrum, placed at 451 to each side of the face.

Finally, a blood sample was collected for genetic analysis.

Assessment of skin aging features
The facial photographs was examined for each woman by a

dermatologist, and the severity of global skin photoaging was rated

using a six-grade ordinal scale (Larnier et al., 1994), each grade being

depicted by three reference photographs that illustrate the diversity

and range of pigmentation disorders, wrinkling, and sagging. In

addition, the severity of 12 age-related skin features was also

assessed on forehead and on cheeks using specific ordinal

photographic scales (Morizot et al., 2002).

Outcome variables: phenotypes analyzed
The primary outcome variable is the global photoaging grade (1–6)

and the secondary outcomes variables are the three independent

scores: wrinkling, sagging, and lentigines scores. On the basis of the

12 age-related skin features, the global severity of wrinkling, sagging,

and solar lentigines was estimated by three scores built using principal

component analysis and linear regression methods (Jobson, 1992).

Then, each individual’s score values were transformed to fit a range

between 0 and 10.

The solar lentigines score is computed as follows: 1.25� severity

on cheeksþ 1.25� severity on forehead (with grade 0¼ 0, grade

1¼ 1, grade 2¼ 2, grade 3¼ 3, and grade 43¼ 4 for each skin area).

The sagging score is based on four features: 0.87 when presence of

bags under the eyesþ 0.78� severity of nasolabial fold (with grade

o3¼ 1, grade 3¼ 2, grade 4¼ 3, and grade 44¼ 4)þ 0.93�

severity of tissue slackeningþ 1.07� severity of drooping eyelids

(with grade o3¼ 1, grade 3¼ 2, and grade 43¼ 3 for the two

preceding features). Finally, the wrinkling score is computed using the

six remaining features: � 0.64þ 0.42� severity of wrinkles above

the upper lip (with grade 0¼ 0, grade 1¼ 1, grade 2¼ 2, grade 3¼ 3,

and grade 4¼ 4)þ 0.64� severity of wrinkles under the eyes (with

grade o3¼ 0, grade 3¼ 1, grade 4¼ 2, and grade 5¼ 3)þ 0.70�

severity of fine lines on cheek (with grade 0¼ 0, grade 1¼ 1, and

grade 2¼ 2)þ 0.44� severity of furrows between eyebrowsþ 0.54�

severity of crow’s feetþ 1.06� severity of coarse wrinkles on cheek

(with grade o2¼ 0, grade 2¼ 1, grade 3¼ 2, grade 4¼ 3, and grade

5¼ 4 for the three preceding features).

Covariables used for the statistical analysis: general and
phenotypic data
To focus more specifically on the genetic factors affecting skin aging,

several characteristics known to affect aging had to be taken into

account: age (in years), body mass index (BMI; in kgm� 2), smoking

habits (never, former, and current), and hormonal status (nonmeno-

pausal, menopausal with hormone replacement therapy, and meno-

pausal without hormone replacement therapy). BMI was categorized

as underweight/normal (BMI o25kgm� 2), overweight

(25pBMIo30kgm� 2), or obese (BMI X30kgm� 2) according to

the World Health Organization (WHO) recommendations (WHO,

1995). In addition, phenotypic data such as natural hair color at the

age of 20 years, eye color, skin color in winter, sunburn event

frequency, suntan intensity, and history of facial freckles were also

collected. Moreover, lifetime sun exposure intensity was estimated by

a score based on data collected by a self-reported questionnaire. This

score is a linear combination of five items weighted according to their

relative contribution to the score: voluntary sun exposure, exposure of

the body and the facial skin, exposure during the hottest hours of

the day, intensity of self-reported lifetime sun exposure, and

consideration for sunbathing. The design, validation, and

description of this score have been described previously (Guinot

et al., 2001).

Genotyping method
The 529 women were genotyped using Illumina Infinium Huma-

nOmni1-Quad BeadChips (Illumina, San Diego, CA) that contain

1,140,419 markers. Genomic DNA (250ng) was whole-genome

amplified, fragmented, denatured, and hybridized on prepared

HumanOmni1-Quad BeadChips for a minimum of 16hours at

48 1C. Nonspecifically hybridized fragments were removed by wash-

ing, and the remaining specifically hybridized DNA was fluorescently

labeled by a single base extension reaction and detected using a

IScan scanner (Illumina). Normalized bead-intensity data obtained for

each sample were loaded into GenomeStudio software (version 1.6.3;

Illumina), which converted fluorescence intensities into SNP geno-

types. For the analysis, we considered only SNPs, consequently
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excluding the copy-number variations that represented 91,706 mar-

kers on the HumanOmni1-Quad BeadChips. Moreover, 2,182 SNPs

were removed because they were located on the Y chromosome and

they could not be analyzed as the population was composed of

women.

Quality control
Using the GenomeStudio software (version 1.6.3; Illumina), we

analyzed the crude genotyping data, and SNPs were filtered accord-

ing to the following parameters. First, nine samples with a call rate

(percentage of SNPs genotyped by sample) of o95% in the Illumina

clusters were removed. Second, the SNPs with a call frequency

(percentage of samples genotyped by SNP) of o99% were reclus-

tered. Third, after reclustering, samples with a call rate o98% were

deleted. This method has been already used in several studies (Le

Clerc et al., 2009; Limou et al., 2009, 2010). The clustering step can

create SNP genotyping errors, which can be prevented by following

the Illumina procedure (http://www.illumina.com/Documents/

products/technotes/technote_infinium_genotyping_data_analysis.pdf).

This method evaluates the quality of the newly created clusters

according to several criteria, which can be manually checked and

corrected as necessary. In total, after all the quality control steps were

carried out, 56,479 SNPs with a call frequency of o98% (2%

of missing data) were excluded. This procedure ensures reliable

genotyping data with little missing data. Hardy–Weinberg equilibrium

analysis was performed for each SNP in each group by using an exact

statistical test implemented in PLINK software (Purcell et al., 2007).

Deviation from Hardy–Weinberg equilibrium in a group of patients

suggests an error in genotyping. Thus, 3,866 SNPs, which were not in

the Hardy–Weinberg equilibrium (Po1.0� 10� 3), were rejected in

this way. We removed 191,123 SNPs with minor allele frequency

o1% to avoid error of genotyping, leaving a total of 795,063 SNPs.

Identification of population stratification
To correct for possible population stratification, genotypes were

analyzed using EIGENSTRAT utility of the EIGENSOFT package

version 2.0 (Price et al., 2006). The two first pass with the

Eigenstrat software pointed out 18 outliers, which were removed

from further analyses. Then, a third pass without outliers was

performed to determine the Eigen vectors. In the statistical analysis,

we used the top two Eigen vectors as covariables to correct

for population substructure in the association analyses (Price et al.,

2006).

Statistical analysis
Of the 570 women who participated in the study, 68 were excluded

from the analysis: 18 had a history of recent antiaging invasive

procedures and 10 were observably non-Caucasian. In addition, one

sample was removed because of insufficient DNA concentration,

12 samples were removed because the DNA was damaged, and nine

samples were removed after quality control. Furthermore, 18 outliers

appeared during the stratification analysis. Thus, the population

investigated for our genome-wide association study was composed

of 502 individuals.

The population was first described according to the severity of

photoaging, using a series of analyses of variance for quantitative

variables and using w2 tests for qualitative variables. In addition,

Kendall rank correlation coefficients were calculated between age

and each outcome variable, and between each pair of outcome

variable (Armitage, 1971). Then, for the remaining 795,063 SNPs and

502 women, the associations between the genotypes and skin

photoaging were tested. The statistical analysis was performed by a

multivariate linear regression (PLINK software; Purcell et al., 2007) in

the genotypic mode, taking as covariables the two first Eigenstrat

principal components and the potential confounding factors (smoking

habits, BMI, hormonal status, lifetime sun exposure intensity, and

age). The P-values were adjusted by the Bonferroni correction

(statistical threshold¼ 6.28� 10� 8). Finally, for the secondary

outcome variables, additional analyses were performed using the

same methodology.

Haplotype inference and LD
Haplotype inference was obtained using the rapid and accurate

Shape-IT algorithm (Delaneau et al., 2008, 2012). Then, for each SNP

exhibiting a significant association, we looked for other SNPs in LD

(r240.8) in the HapMap population of Western European ancestry

(CEU, HapMap data Release 24/phase II November 2008, on NCBI

B36 assembly, dbSNP126; available at: http://www.hapmap.org)

to identify the genes possibly involved with the associations. A SNP

was assigned to a gene if it was located in the gene or in the 2-kb

flanking regions (potential regulatory sequence); otherwise, it was

considered intergenic. It is important to note that LD in HapMap

population of Western European ancestry is very similar in our group

of patients.

Bioinformatics exploration
To further explore the signals observed by the GWAS by using

bioinformatics exploration we tried to look for modifications in mRNA

expression levels (Yang et al., 2010; Nica et al., 2011; Dixon et al.,

2007; Zeller et al., 2010), splicing (NetGene2, http://www.cbs.dtu.dk/

services/NetGene2/), polyadenylation regions (polyAH, http://linux1.

softberry.com/berry.phtml?topic=polyah&group=programs&subgroup=

promoter and polyApred, http://www.imtech.res.in/raghava/polyapred/

submission.html), transcription factor binding sites (SignalScan, http://

www-bimas.cit.nih.gov/molbio/signal/, TESS, http://www.cbil.upenn.

edu/cgi-bin/tess/tess?RQ=WELCOME, and TFSearch, http://www.cbrc.

jp/research/db/TFSEARCH.html, derived from TRANSFAC database),

and miRNA genes or miRNA targets (miRBAse, http://www.mirbase.

org/, miRTarBase, http://mirtarbase.mbc.nctu.edu.tw/, MicroCosm

Targets, http://www.ebi.ac.uk/enright-srv/microcosm/htdocs/targets/v5/).
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Puizina-Ivié N (2008) Skin aging. Acta Dermatovenerol Alp Panonica Adriat
17:47–54

Purcell S, Neale B, Todd-Brown K et al. (2007) PLINK: a tool set for whole-
genome association and population-based linkage analyses. Am J Hum
Genet 81:559–75

Rabe JH, Mamelak AJ, McElgunn PJ et al. (2006) Photoaging: mechanisms and
repair. J Am Acad Dermatol 55:1–19

Rooryck C, Morice-Picard F, Elcioglu NH et al. (2008) Molecular diagnosis of
oculocutaneous albinism: new mutations in the OCA1-4 genes and
practical aspects. Pigment Cell Melanoma Res 21:583–7

Safran M, Dalah I, Alexander J et al. (2010) GeneCards Version 3: the human
gene integrator. Database (Oxford) 2010:baq020

Shekar SN, Duffy DL, Montgomery GW et al. (2006) A genome scan for
epidermal skin pattern in adolescent twins reveals suggestive linkage
on 12p13.31. J Invest Dermatol 126:277–82

Shekar SN, Luciano M, Duffy DL et al. (2005) Genetic and environmental
influences on skin pattern deterioration. J Invest Dermatol 125:1119–29

Shi J, Luo L, Eash J et al. (2011) The SCF-Fbxo40 complex induces IRS1 ubiqui-
tination in skeletal muscle, limiting IGF1 signaling. Dev Cell 21:835–47

Skowyra D, Craig KL, Tyers M et al. (1997) F-box proteins are receptors that
recruit phosphorylated substrates to the SCF ubiquitin-ligase complex.
Cell 91:209–19

Soufir N, Ged C, Bourillon A et al. (2010) A prevalent mutation with founder
effect in xeroderma pigmentosum group C from north Africa. J Invest
Dermatol 130:1537–42

Suppa M, Elliott F, Mikeljevic JS et al. (2011) The determinants of periorbital
skin ageing in participants of a melanoma case-control study in the U.K.
Br J Dermatol 165:1011–21

UniProt (2011) Ongoing and future developments at the Universal Protein
Resource. Nucleic Acids Res 39:D214–9

WHO (eds) (1995) Physical Status: The Use and Interpretation of Anthro-
pometry. Report of a WHO Expert Committee. WHO Technical Report
Series 854Geneva: World Health Organization

Yaar M, Gilchrest BA (1990) Cellular and molecular mechanisms of cutaneous
aging. J Dermatol Surg Oncol 16:915–22

Yaar M, Gilchrest BA (2007) Photoageing: mechanism, prevention and
therapy. Br J Dermatol 157:874–87

Yang TP, Beazley C, Montgomery SB et al. (2010) Genevar: a database
and Java application for the analysis and visualization of SNP-gene
associations in eQTL studies. Bioinformatics 26:2474–6

Ye J, Zhang Y, Xu J et al. (2007) FBXO40, a gene encoding a novel muscle-
specific F-box protein, is upregulated in denervation-related muscle
atrophy. Gene 404:53–60

Zeller T, Wild P, Szymczak S et al. (2010) Genetics and beyond–the transcrip-
tome of human monocytes and disease susceptibility. PLoS One 5:e10693

S Le Clerc et al.
Genome-Wide Association Study on Skin Aging

www.jidonline.org 7



❋✳✷✳ P❯❇▲■❈❆❚■❖◆ ➚ ❙❖❯▼❊❚❚❘❊

❋✳✷ P✉❜❧✐❝❛t✐♦♥ à s♦✉♠❡ttr❡

❇❡r♥❛r❞✱ ❆✳✱ ❆❜❞✐✱ ❍✳✱ ❚❡♥❡♥❤❛✉s✱ ❆✳✱ ●✉✐♥♦t✱ ❈✳✱ ❙❛♣♦rt❛✱ ●✳ ❙♣❛rs❡ Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t

❆♥❛❧②s✐s ❢♦r ♠✉❧t✐❜❧♦❝❦s ❞❛t❛ ❛♥❞ ✐ts ❡①t❡♥s✐♦♥ t♦ ❙♣❛rs❡ ▼✉❧t✐♣❧❡ ❈♦rr❡s♣♦♥❞❡♥❝❡✳ ❈♦♠✲

♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝s ✫ ❉❛t❛ ❆♥❛❧②s✐s✳

✷✹✺



Sparse Principal Component Analysis for Multiblock

Data and its Extension to Sparse Multiple

Correspondence Analysis

A. Bernarda,b,∗, C. Guinotc, A. Tenenhausd, H. Abdie, G. Saportaa

aCNAM, laboratoire CEDRIC, 292 rue Saint-Martin, Paris, France
bCE.R.I.E.S., 20 rue Victor Noir, Neuilly sur Seine, France

c Université Francois Rabelais, département d’informatique, 64 avenue Jean Portalis,

Tours, France
dSUPELEC, 3, rue Joliot-Curie, Gif-sur-Yvette, France

eDepartment of Brain and Behavioral Sciences, The University of Texas at Dallas,

Richardson, TX, USA

Abstract

Principal Component Analysis (PCA) for quantitative data, and Multiple Cor-

respondence Analysis (MCA) for qualitative data are well-known dimension

reduction methods. However, the principal components obtained are combina-

tions of all the original variables, making interpretation of results difficult for

high dimensional data. To overcome these difficulties, we propose two new meth-

ods for selecting groups of quantitative and qualitative variables: Group Sparse

Principal Component Analysis (GSPCA) and Sparse Multiple Correspondence

Analysis (SMCA), respectively. GSPCA is an extension of SPCA-RSVD of

Shen and Huang for data structured by blocks. It uses the connection between

PCA and singular value decomposition of a data matrix to extract components

through solving a low rank matrix approximation problem. A regularization

penalty "group Lasso" is introduced to the corresponding minimization problem

to obtain components that are combinations of a few number of groups of vari-
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ables. All loadings of a block of variables are set to zero to reduce the number

of selected variables. Since MCA is a special case of PCA for blocks of dummy

variables, SMCA is defined as an extension of GSPCA. An application of this

method will be presented on a real genetic data set of SNPs.

Keywords: Dimension reduction, Sparse Principal Component Analysis,

Multiple Correspondence Analysis, singular value decomposition, multiblocks

methods.

1. Introduction

In all areas of science and engineering, such as machine learning, statis-

tics, finance and more particularly genetics, the challenge is to analyze and

interpret high dimensional data. In recent years, the search for the association

between complex diseases and single nucleotide polymorphisms (SNPs) has re-

ceived great attention. Modern scientific technology, led by the microarray, has

produced data dramatically above the conventional scale, with a number of vari-

ables that can reach more than 1 million, but most of them are non informative

or noisy. Therefore, the challenge to develop appropriate sparse methodologies

is very important, to reduce the number of variables and infer reliable and inter-

pretable results. Principal component analysis (PCA) [10] is a popular tool for

quantitative data analysis and dimensionality reduction. PCA aims at finding

linear combinations of all the input variables, which makes principal compo-

nents difficult to interpret and explain. Accordingly, components that are linear

combinations of a small number of variables are easier to interpret. Therefore,

in the recent years many versions of sparse principal component analysis (sparse

PCA) has been developed to find a reasonable trade-off between explaining as

much variability in the data as possible and achieving representation sparsity

simultaneously (using components constructed from as few variables as possi-

ble), such as SCoTLASS [6], Sparse PCA [5] and Sparse PCA-rSVD [2].
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In the field of genetic, data are naturally structured by blocks (chromosomes,

genes, mitochondria, etc ...) and can be qualitative kind (SNPs). Analysis of

multiblocks quantitative data such as MFA, and analysis of qualitative data

such as MCA are well-known dimension reduction methods, but did not exist

as sparse. In this paper we propose two new sparse data analysis techniques:

Group Sparse PCA for high dimensional multiblocks quantitative data, and

Sparse MCA for high dimensional qualitative data. This paper is organized as

follows. The extension of sparse PCA via regularized SVD of Shen and Huang

for data structured by blocks (GSPCA) is presented in section 2. The link be-

tween this new method and MCA is done and the adaptation of this method for

blocks of categorical variables is developed in section 3 with the sparse exten-

sion of multiple correspondence analysis (sparse MCA). Properties of these new

methods are explained in section 4 and the usefulness of SMCA is demonstrated

on an application in genomic data analysis in section 5. Section 6 discusses some

extension that can be done on this new method.

2. Notations and preliminary

Matrices are denoted by boldface uppercase letters (e.g., X), vectors by

boldface lowercase letters (e.g., q), elements of vectors and matrices are denoted

by italic lower case letters with appropriate indices if needed (e.g., xi,j is an

element of X). The identity matrix is denoted by I, a column vector of ones

is denoted by 1. The rank of a matrix is denoted rank(). The transpose of

a matrix is denoted T and the inverse −1. When applied to a square matrix,

the diag operator denoted diag() takes the diagonal elements of this matrix and

stores them into a column vector; when applied to a vector, the diag operator

stores the elements of this vector on the diagonal elements of a diagonal matrix.

The trace operator denoted tr() computes the sum of the diagonal elements of
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a square matrix.

The L2 norm is denoted by ||.|| and is defined as

‖x‖ =
√

xT x =

(

I
∑

i=1

|xi|2
)1/2

. (1)

The L2 norm W-generalized is denoted by ‖.‖W and is defined as follows

‖x‖W =
√

xT Wx. (2)

with W a positive definite matrix.

For all squares matrices A and B, the following properties are verified:

Property 1.

tr(A + B) = tr(A) + tr(B) (3)

Property 2.

tr(AB) = tr((AB)T ) = tr(BT AT ) (4)

Property 3.

tr(AAT ) = tr(AT A) (5)

The standard product between matrices is implicitly denoted by simple jux-

taposition or by × when it needs to be explicitly stated (e.g., XY = X × Y is

the product of matrices X and Y).

The rank-one matrices are denoted X(1) and the rank-L matrices X(L). If

the data consist of K data sets collected on the same observation, each data

set is called a sub-table (or also a block). The data for each table are stored

in an I × J[k] rectangular data matrix denoted X[k], where I is the number of
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observations and J[k] the number of variables collected on the observations for

the k-th table. The total number of variables is denoted J (i.e., J =
K
∑

k=1

J[k]).

Each data matrix is, in general, preprocessed (e.g., centered, normalized) and

the preprocessed data matrices actually used in the analysis are denoted X[k].

Blocks of variables are considered as sub-matrices of larger matrices and are

represented in brackets separated by vertical bars. For example, the K data

matrices X[k], each of dimensions I rows by J[k] columns, are concatenated into

the complete I by J data matrix denoted X:

X =
[

X[1]| . . . |X[k]| . . . |X[K]

]

. (6)

The operator diag applied on a block matrix X produces a square matrix block

diagonal with each block of Xbeing a block of the diagonal.

Matrix derivative properties

Let us consider a matrix X and, A and B, matrices of constants which does not

depend on X. We consider the following properties

Property 4.

∂ tr(X)

∂X
=

tr(∂X)

∂X
(7)

Property 5.

∂ tr(XT X)

∂X
= 2X (8)

Property 6.

∂ tr(AX)

∂X
=

∂ tr(XA)

∂X
= AT (9)

Property 7.

∂ tr(AXB)

∂X
= AT BT (10)
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Property 8. The sub-gradient of the L2 norm ‖w‖2, with w a vector ∈ R
J is

equal to:

∂ ‖w‖2 =



























w
‖w‖2

if w 6= 0

∈ {z| ‖z‖2 ≤ 1} if w = 0

(11)

with z a vector ∈ R
J .

2.1. SVD

2.1.1. Definition

The singular value decomposition (SVD) is a factorization of a rectangular

matrix, with many useful applications in multivariate statistics. The SVD of an

I × J matrix X of rank L is equal to

X = P∆QT with PT P = QT Q = I. (12)

where P is an I ×L orthonormal matrix of the left singular vectors, Q the J ×L

orthonormal matrix of the right singular vectors, and ∆ the L × L diagonal

matrix of the singular values with δℓ the diagonal elements of ∆, ℓ = 1, ..., L.

P is also the matrix of the normalized eigenvectors of XXT , Q the eigenvectors

of XT X and the singular values are the square root of the eigenvalues of XXT

and XT X. We define F = P∆ the factor scores with FT F = ∆2 and Q the

loadings.

2.1.2. Properties of the SVD

The SVD provides the best reconstitution (in a least squares sense) of the

original matrix by a matrix with a lower rank. The best rank-one matrix ap-
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proximation X(1) of X is the solution of the following optimization problem:

arg min
X(1)

∥

∥

∥X − X(1)
∥

∥

∥

2

= arg min
X(1)

(

tr
(

(X − X(1))T (X − X(1))
))

. (13)

where

X(1) ≡ δ1p1qT
1 = f1qT

1 . (14)

Proof. The least squares problem reduces to finding a rank-deficient matrix

approximation X(1) to a given matrix X. This can be formulated as

arg min
X(1)∈RI×J ,q∈RJ

∥

∥

∥X − X(1)
∥

∥

∥

2

subject to pT p = 1 and qT q = 1. (15)

The matrix X(1) has the form fqT and we want to find the optimal f and q

which are solutions to the problem (15). The expression
∥

∥X − X(1)
∥

∥

2
is equal

to

∥

∥

∥X − X(1)
∥

∥

∥

2

= tr
(

(X − X(1))T (X − X(1))
)

(16)

= tr(XT X − XT X(1) − X(1)T
X + X(1)T

X(1))

= tr(XT X) − 2 tr(X(1)T
X) + tr(X(1)T

X(1))

= ‖X‖2 − 2 tr(qfT X) + tr(qfT fqT )

= ‖X‖2 − 2 tr(qfT X) + δ2 tr(qqT )

= ‖X‖2 − 2δ tr(qpT X) + δ2.

because fT f = δ2pT p = 1 and qT q = 1. We are looking for the min of
∥

∥X − X(1)
∥

∥

2
. Let α and γ ∈ R be Lagrange multipliers; then the Lagrangian
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can be written as

L(p, q, θ, γ) =
∥

∥

∥X − X(1)
∥

∥

∥

2

+ α(pT p − 1) + γ(qT q − 1) (17)

= ‖X‖2 − 2δ tr(qpT X) + δ2 + α(pT p − 1) + γ(qT q − 1).

The min on p and q is obtained when all derivatives are set to zero:

∂L
∂p

= −2δXq + 2αp = 0 ⇒ δXq = αp (18)

∂L
∂q

= −2δXT p + 2γq = 0 ⇒ δXT p = γq

However, when X is multiplied by a vector on the left and the right, the matrix

becomes a rank-one matrix.

δXq = αp ⇔ δpδqT q = αp (19)

⇔ δ2p = αp

⇔ δ2 = α

and

δXT p = γq ⇔ δqδpT p = γq (20)

⇔ δ2q = γq

⇔ δ2 = γ

Hence we can rewrite (18) as

Xq = δp with pT p = 1 (21)

XT p = δq with qT q = 1
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which implies that (δ, p, q) must be the singular triplet of X with δ a singular

value, p a left singular vector and q a right singular vector. To obtain the

min of
∥

∥X − X(1)
∥

∥

2
, we need δ to be the largest singular value according to

the problem (15) and (16). So the singular triplet corresponds to the largest

singular value. We conclude that p = p1 and q = q1, with X(1) = δ1p1qT
1

being the best rank-one approximation matrix of X.

Knowing that PT P = I (which implies that fT
1 f1 = δ2

1pT
1 p1 = δ2

1) and taking

into account Properties 1 and 2 of section 2, we can rewrite

∥

∥

∥X − X(1)
∥

∥

∥

2

= tr
(

(X − f1qT
1 )T (X − f1qT

1 )
)

(22)

= tr(XT X − XT f1qT
1 − q1fT

1 X + q1fT
1 f1qT

1 )

= tr(XT X) − tr(XT f1qT
1 ) − tr(q1fT

1 X) + tr(q1fT
1 f1qT

1 )

= ‖X‖2 − 2 tr(XT f1qT
1 ) + tr(q1fT

1 f1qT
1 )

= ‖X‖2 − 2 tr(XT f1qT
1 ) + δ2

1 tr(q1qT
1 )

= ‖X‖2 − 2 tr(XT f1qT
1 ) + δ2

1 .

The subsequent best rank-one approximations can be obtained sequentially

via rank-one approximation of residual matrices.

The pairs (fk, qk), k > 1, provides the best rank one approximation of the corre-

sponding residual matrix. For example, f2qT
2 is the best rank one approximation

of the first deflated matrix:

X⊥1 = X − f1qT
1 . (23)

X⊥1 is the orthogonal complement of X and if the same procedure is repeated

on X⊥1 , the first singular vector of X⊥1 will be the second one of the matrix
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X. The low rank approximation matrices can be generalized to rank-L.

In this case, the optimization problem becomes

arg min
X(L)

∥

∥

∥X − X(L)
∥

∥

∥

2

= arg min
X(L)

(

tr
(

(X − X(L))T (X − X(L))
))

(24)

and the solution is

X(L) =

L
∑

ℓ=1

δℓpℓq
T
ℓ =

L
∑

ℓ=1

fℓq
T
ℓ (25)

where X(L) is the closest rank-L matrix approximation to X ([1]).

2.1.3. SVD on a block matrix

When X is made of K sub-matrices (see (6)), the SVD can be accommodate

to the block structure:

X =
[

X[1]| . . . |X[k]| . . . |X[K]

]

(26)

=
[

P∆QT
[1]| . . . |P∆QT

[k]| . . . |P∆QT
[K]

]

= P∆
[

QT
[1]| . . . |QT

[k]| . . . |QT
[K]

]

where Q =
[

QT
[1]| . . . |QT

[k]| . . . |QT
[K]

]T

is the matrix of the singular vectors with

QT
[k] the sub-matrices, each of dimension J[k] × L (see Figure 2.1.3).

Figure 1: SVD on a block matrix X

When the blocks
[

X[1]| . . . |X[k]| . . . |X[K]

]

are reduced to one variable (col-
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umn), SVD on a block matrix reduces to the standard SVD.

2.1.4. Properties of the SVD on a block matrix

In this framework, the SVD also provides the best approximation of the

original matrix structured by blocks to a lower rank matrix. The best rank-one

matrix approximation X(1) of X is the solution of the following optimization

problem

arg min
X(1)

∥

∥

∥X − X(1)
∥

∥

∥

2

= arg min
X(1)

(

tr
(

(X − X(1))T (X − X(1))
))

(27)

where

X(1) ≡ δ1p1qT
1 = f1qT

1 . (28)

According to Property 2 and Equation (16), the expression 27 can be reconsid-

ered as

∥

∥

∥X − X(1)
∥

∥

∥

2

= tr
(

(X − f1qT
1 )T (X − f1qT

1 )
)

(29)

= ‖X‖2 − 2 tr
(

q1fT
1 X

)

+ δ2
1

= ‖X‖2 − 2
K
∑

k=1

tr
(

q1,[k]f
T
1 X[k]

)

+ δ2
1 .

where qT
1 =(q1,[1],. . . ,q1,[k],. . . ,q1,[K])

T is the first row of QT with q1,[k] a vector

of dimension J[k] × 1 (see Figure 2.1.4). Note that the matrices q1,[k]q
T
1,[k] and

q1,[k]f
T
1 X[k] are J[k] × J[k] matrices.
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Figure 2: Explanation of the Q matrix

2.1.5. PCA as SVD

Principal component analysis (PCA) ([6]) is a popular tool for data analysis

and dimensionality reduction. PCA can be defined from the SVD with F=P∆

the matrix of factor scores and Q the matrix of the loadings.

2.1.6. PCA as SVD on a block matrix

When X is made of K sub-matrices (see (6)), PCA of X can be defined from

the SVD on a block matrix (cf. section 2.1.3) with :

X =
[

X[1]| . . . |X[k]| . . . |X[K]

]

(30)

= P∆
[

QT
[1]| . . . |QT

[k]| . . . |QT
[K]

]

= F
[

QT
[1]| . . . |QT

[k]| . . . |QT
[K]

]

In this framework, the matrix of the loadings is Q =
[

QT
[1]| . . . |QT

[k]| . . . |QT
[K]

]T

with QT
[k] the sub-matrices, each of dimension J[k] × L, and the matrix of factor

scores is F=P∆.

2.1.7. SVD as a regression-type problem

Consider the SVD of X = P∆Q with F = P∆ being the matrix of fac-

tor scores. Knowing that the factor scores f1 are a linear combination of the
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variables, we want to recover the loadings. The Ordinary Least Squares (OLS)

estimates β̂ββ are obtained by minimizing this expression

β̂ββ = argmin
βββ

‖f1 − Xβββ‖2
. (31)

The OLS is solution is given by

β̂ββ = (XT X)−1XT f1. (32)

In the case of high-dimensional data, rank(X) ≤ L < J , so X is not invert-

ible. To circumvent this problem, we consider the Moore-Penrose pseudoinverse

matrix X+ defined as

X+ = Q∆+PT . (33)

with ∆+ the pseudoinverse matrix of the diagonal matrix ∆, obtained by taking

the reciprocal of the non-zero diagonal elements, and transposing the resulting

matrix. Expression (32) becomes

β̂ββ = X+f1. (34)

Because QT Q = I, QT q1 is the first column of the L × L identity matrix, and

so QT q1 = [1, 0, . . . , 0]
T

of dimension L × 1. From the SVD of X

Xq1 = P∆QT q1 (35)

= FQT q1

= F













1

...

0













= f1.
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So the OLS solution becomes

β̂ββ = X+f1 (36)

= X+Xq1

= q1.

In conclusion, the loadings q1 can be recovered by regressing the factor scores

f1 on the J variables because each column of F is a linear combination of the

J variables. Thereby the SVD and so PCA, can be seen as a regression-type

optimization problem.

2.2. GSVD

2.2.1. Definition

The Generalized SVD (GSVD) generalizes SVD by incorporating the follow-

ing constraints

X = P∆QT with PT MP = QT WQ = I. (37)

The matrix M is an I × I positive definite matrix representing the constraints

imposed on the rows. If M is diagonal, the elements of M are called masses.

The matrix W is a J × J positive definite matrix representing the constraints

imposed on the columns of X (metric on the variables). If W is diagonal, the

elements of W are called the weights.

2.2.2. Properties of the GSVD

The GSVD also provide the best reconstitution of the original matrix by a

matrix with a lower rank. The best rank-one matrix approximation X(1) of X

is the solution of the minimization of the norm W-generalized weighted by the

14



masses M

arg min
X(1)

∥

∥

∥X − X(1)
∥

∥

∥

2

W
= arg min

X(1)

(

tr
(

M1/2(X − X(1))W(X − X(1))T M1/2
))

(38)

where

X(1) ≡ δ1p1qT
1 = f1qT

1 (39)

Proof. The least squares problem reduces to finding a rank-deficient matrix

approximation X(1) of a given matrix X. This can be formulated as

arg min
X(1)∈RI×J ,q∈RJ

∥

∥

∥X − X(1)
∥

∥

∥

2

W
subject to pT Mp = 1 and qT Wq = 1 (40)

The matrix X(1) has the form fqT and we want to find the optimal f and q

which are solutions to the problem (40). The expression
∥

∥X − X(1)
∥

∥

2

W
is equal

to

∥

∥

∥X − X(1)
∥

∥

∥

2

W
= tr

(

M
1
2 (X − X(1))W(X − X(1))T M

1
2

)

(41)

= tr
(

M
1
2 (XW − X(1)W)(X − X(1))T M

1
2

)

= tr
(

M
1
2 (XWXT − XWX(1)T − X(1)WXT + X(1)WX(1)T

)M
1
2

)

= tr
(

M
1
2 (XWXT − 2X(1)WXT + X(1)WX(1)T

)M
1
2

)

= tr
(

M
1
2 XWXT M

1
2 − 2M

1
2 X(1)WXT M

1
2 + M

1
2 X(1)WX(1)T

M
1
2

)

= tr(M
1
2 XWXT M

1
2 ) − 2 tr(M

1
2 X(1)WXT M

1
2 ) + tr(M

1
2 X(1)WX(1)T

M
1
2 )

= ‖X‖2
W − 2 tr(M

1
2 fqT WXT M

1
2 ) + tr(M

1
2 fqT WqfT M

1
2 )

= ‖X‖2
W − 2 tr(M

1
2 fqT WXT M

1
2 ) + tr(M

1
2 ffT M

1
2 )

= ‖X‖2
W − 2 tr(M

1
2 fqT WXT M

1
2 ) + δ2 tr(M

1
2 ppT M

1
2 )

= ‖X‖2
W − 2δ tr(M

1
2 pqT WXT M

1
2 ) + δ2.
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because pT Mp = 1 and qT Wq = 1. Let α and γ ∈ R be Lagrange multipliers;

then the Lagrangian can be written as

L(p, q, θ, γ) =
∥

∥

∥X − X(1)
∥

∥

∥

2

W
+ α(pT Mp − 1) + γ(qT Wq − 1) (42)

= ‖X‖2
W − 2δ tr(M

1
2 pqT WXT M

1
2 ) + δ2

+ α(pT p − 1) + γ(qT q − 1).

Setting all derivatives equal to zero we obtain

∂L
∂p

= −2δMXWq + 2αMp = 0 ⇒ δMXWq = αMp (43)

∂L
∂q

= −2δWXT Mp + 2γWq = 0 ⇒ δWXT Mp = γWq.

However,

δMXWq = αMp ⇔ δMpδqT Wq = αMp (44)

⇔ δ2Mp = αMp

⇔ δ2 = α

and

δWXT Mp = γWq ⇔ δWqδpT Mp = γWq (45)

⇔ δ2Wq = γWq

⇔ δ2 = γ.
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Hence we can rewrite (43) as

Xq = δp with pT p = 1 (46)

XT p = δq with qT q = 1.

which implies that (δ, p, q) must be the singular triplet of X and δ has to be the

largest singular value according to the problem (40) and (41). So we need the

singular triplet corresponding to the largest singular value. We conclude that

p = p1 and q = q1, with X(1) = δ1p1q1 being the best rank-one approximation

matrix of X.

The low rank approximation matrices can be generalized for the rank-L.

The optimization problem becomes

arg min
X(L)

∥

∥

∥X − X(L)
∥

∥

∥

2

W
= arg min

X(L)

(

tr
(

M
1
2 (X − X(L))W(X − X(L))T M

1
2

))

(47)

and the solution is

X(L) ≡
L
∑

ℓ=1

δℓpℓq
T
ℓ ≡

L
∑

ℓ=1

fℓq
T
ℓ . (48)

where X(L) is the closest rank-L matrix approximation to X ([1]). The term

“closest” means that X(L) minimizes the squared norm between X and an ar-

bitrary rank-L matrix.

2.2.3. GSVD on a block matrix

The GSVD of a matrix X which is made of K sub-matrices is

X = P∆QT with PT MP = QT WQ = I (49)
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with M a I × I matrix, Q =
[

QT
[1]| . . . |QT

[k]| . . . |QT
[K]

]T

and W a J × J positive

definite matrix which can be decomposed in K positive definite sub-matrices

W = diag
([

WT
[1]| . . . |WT

[k]| . . . |WT
[K]

])

(50)

with W[k] of dimensions J[k] × J[k] and W a block diagonal matrix which

blocks are in line with those of the matrix Q.

2.2.4. Properties of the GSVD on a block matrix

In this framework, the GSVD also provides the best reconstitution of the

original matrix structured by blocks with a lower rank. The best rank-one

matrix approximation X(1) of X is the solution of the following optimization

problem

arg min
X(1)

∥

∥

∥X − X(1)
∥

∥

∥

2

W
= arg min

X(1)

(

tr
(

M
1
2 (X − X(1))W(X − X(1))T M

1
2

))

(51)

where

X(1) ≡ δ1p1qT
1 = f1qT

1 . (52)

Fromquation (41), the expression
∥

∥X − X(1)
∥

∥

2

W
can be re-expressed as

∥

∥

∥X − X(1)
∥

∥

∥

2

W
= tr

(

M
1
2 (X − X(1))W(X − X(1))T M

1
2

)

(53)

= ‖X‖2
W − 2δ tr(M

1
2 pqT WXT M

1
2 ) + δ2

= ‖X‖2
W − 2δ

K
∑

k=1

tr(M
1
2 p1qT

1,[k]W[k]X
T
[k]M

1
2 ) + δ2.

where qT
1 =(q1,[1],. . . ,q1,[k],. . . ,q1,[K])

T is the first row of QT with q1,[k] a vector

of dimension J[k] × 1 (see Figure 2.1.4). The best rank approximation property

can be generalized for the rank-L as shown in section 51.
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2.2.5. Correspondence Analysis as GSVD

Correspondence analysis is a statistical visualization method usual to picture

the associations between an I × J two-way contingency table denoted N. N is

an I × J matrix of non-negative numbers (and we assume that no row and no

column is full of zeros). We define X as the stochastic matrix derived from N

as

X = N(1T N1)−1. (54)

We define:

• r = X1 the vector of row marginal proportions

• c = XT 1 the vector of column marginal proportions

• Dr = diag(r)

• Dc = diag(c).

For the GSVD of X = X − rcT under the constraints of M and W we set

M = Dr
−1 and W = Dc

−1. In conclusion the GSVD of X is

X = P∆QT with PT Dr
−1P = QT Dc

−1Q = I. (55)

The matrices of the coordinates of the row profiles F and of the columns profiles

G are, respectively

F = Dr
−1P∆ (56)

G = Dc
−1Q∆.

2.2.6. From Correspondence Analysis to Multiple Correspondence Analysis

Suppose the original matrix of categorical data is I × J , i.e., I cases and

J variables. MCA converts the cases-by-variables data to an indicator matrix
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where the categorical data have been recoded as dummy variables. If the k-

th variable has J[k] categories, this indicator matrix will have J =
K
∑

k=1

J[k]

columns. Then MCA is obtained from a standard correspondence analysis on

blocks of indicator matrices, resulting in coordinates for the I cases and the

J categories. Therefore, sPCA-rSVD can be extended to blocks of indicator

variables to produce sparsity in MCA analysis.

2.2.7. GSVD as a regression-type problem

Consider the GSVD of X with F = P∆ the matrix of factor scores. Knowing

the factor scores f1 are a linear combination of the variables, we want to recover

the loadings. The Ordinary Least Squares (OLS) estimates β̂ββ are obtained by

minimizing the weighted norm under the constraints of the masses M

β̂ββ = argmin
βββ

‖f1 − Xβββ‖2
W . (57)

The OLS is solution is given by

β̂ββ = X+
WMf1, (58)

with X+
W = Q∆+

WPT = (XT MX)−1WXT Assuming that QT WQ = I we can

deduce that the vector QT Wq1 is the first column of the identity matrix of

dimension L × L. So QT Wq1 = [1, 0, . . . , 0]
T

is a vector of dimension L × 1.
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Knowing that X = P∆QT we find that

XWq1 = P∆QT Wq1 (59)

= FQT Wq1

= F













1

...

0













= f1.

So the OLS solution becomes

β̂ββ = X+
WMf1 (60)

= X+
WMXWq1

= Q∆+
WPT MP∆QT Wq1

= Q∆+
W∆QT Wq1

= q1.

Hence, we can conclude that the loadings q1 can be recovered by regressing

the factor scores f1 on the J variables because each column of F is a linear

combination of the J variables. Thereby, the SVD and so PCA, can be seen as

a regression-type optimization problem.

3. Regularization of the decomposition

3.1. Regularized Singular Value Decomposition

Shen and Huang ([2]) have adapted the SVD to compute low-rank matrix

approximations of the data matrix under various sparsity-inducing penalties

(sparse PCA via regularized Singular Value Decomposition). For a given f ,

the elements of q are obtained by regressing the columns of X on f (see sec-

21



tion 2.1.7). But in case of high-dimensional data, the number of non-zero load-

ings is very important and the interpretation of the results very difficult. Hence,

the solution is to create sparsity eliminating some loadings. The principle is sim-

ilar to a kind of rotation but a large number of loadings will be set exactly to

zero.

According to section 2.1.2, fq with ‖q‖ = 1 is the best rank-one approxima-

tion of the data matrix X, with f the first factor score and q the first loading

vector. SVD can be seen as a regression type problem, hence to achieve sparse-

ness on q, a shrinkage is performed on the regression coefficients through a

penalty function in the optimization problem (27). However, the loading vector

q is typically constrained to have unit length to make the representation unique.

This constraint makes direct application of a penalty on q inappropriate. To

overcome this difficulty, we rewrite fqT = f̃ q̃T , where f̃ and q̃ are re-scaled

versions of f and q such that f̃ = δp̃ with p̃ having unit length and q̃ free of

any scale constraint, and then perform shrinkage on q̃ through some regulariza-

tion penalty. After a sparse q̃ is obtained, we define the corresponding sparse

loading vector as q = q̃/‖q̃‖. The optimization problem becomes

arg min
f̃ ,q̃

‖X − f̃ q̃T ‖2 + Pλ(q̃) (61)

where Pλ(q̃) is a penalty function and λ a tuning parameter. Here, the expres-

sion can be written

∥

∥X − f̃ q̃T
∥

∥

2
+ Pλ(q̃) = ‖X‖2 − 2 tr(XT f̃ q̃T ) + tr(q̃f̃T f̃ q̃T ) + Pλ(q̃) (62)

= ‖X‖2 − 2 tr(XT f̃ q̃T ) + δ2 tr(q̃T q̃) + Pλ(q̃)

The penalty function sets some elements of q̃ exactly to zero, hence it produces

sparse loadings and variables are removed. This penalty can be for example the
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lasso penalty, the soft thresholding penalty, the hard thresholding penalty or

any others (see [2]).

3.2. Regularized Generalized Singular Value Decomposition

According to section 2.2.7, GSVD can be seen as a regression type problem,

hence to achieve sparseness on q, a shrinkage is performed on q through a

penalty function in the optimization problem (51). As seen previously, we will

consider f̃ and q̃. In a generalized case, the optimization problem (61) can be

written as

arg min
f ,q

∥

∥X − f̃ q̃T
∥

∥

2

W
+ Pλ(q̃) (63)

with W a positive definite matrix, Pλ(q̃) a penalty function and λ a tuning

parameter. Here, the expression can be written

∥

∥X − f̃ q̃T
∥

∥

2

W
+ Pλ(q̃) = ‖X‖2

W − 2 tr(M
1
2 f̃ q̃T WXT M

1
2 ) (64)

+ tr(M
1
2 f̃ q̃T Wq̃f̃T M

1
2 ) + Pλ(q̃)

= ‖X‖2
W − 2 tr(M

1
2 f̃ q̃T WXT M

1
2 )

+ δ2 tr(q̃T Wq̃) + Pλ(q̃)

When data are divided into K groups each of cardinal J[k], [4] introduced the

group lasso penalty to control sparsity at the group level. Consider the general

regression problem with K groups:

y =

K
∑

k=1

X[k]βββ[k] + εεε (65)

where y is a I × 1 vector, εεε the error, X[k] is an I × J[k] matrix corresponding

to the kth block, and βββ[k] is a coefficient vector of size J[k], k = 1, . . . , K. Given

positive definite matrices W[1], . . . , W[K], the group lasso estimate is defined as
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the solution to
∥

∥

∥

∥

∥

y −
K
∑

k=1

X[k]βββ[k]

∥

∥

∥

∥

∥

2

W

+ λ
K
∑

k=1

∥

∥

∥βββ[k]

∥

∥

∥

W[k]

(66)

where λ ≥ 0 is a tuning parameter. In our case, the expression become

∥

∥

∥

∥

∥

y −
K
∑

k=1

X[k]q[k]

∥

∥

∥

∥

∥

2

W

+ λ
K
∑

k=1

∥

∥q[k]

∥

∥

W[k]
(67)

where
∥

∥q[k]

∥

∥

W[k]
=
√

qT
[k]W[k]q[k] (see (50)).

4. Group Sparse PCA via regularized generalized SVD

This section presents the new method developed to select quantitative vari-

ables when data are structured by blocks. Let X be an I × J matrix of quan-

titative variables made of K sub-matrices X[k], k = 1, ..., K as defined in (6).

The SVD of X is defined as in (12) and we will consider the problem as describe

in section 3.1. In this context, the problem (61) can be re-expressed as

arg min
(f̃ ,q̃)

∥

∥X − f̃ q̃T
∥

∥

2
+ Pλ(q̃) = arg min

(f̃ ,q̃)

(

tr
(

(X − f̃ q̃T )T (X − f̃ q̃T )
)

+ Pλ(q̃)
)

(68)

Pλ(q̃) =
K
∑

k=1

Pλ(q̃[k]) because the penalty function is additive, so according

to (62), the problem becomes

arg min
f̃ ,q̃

(

‖X‖2 − 2
K
∑

k=1

tr(XT
[k]f̃ q̃T

[k]) +
K
∑

k=1

δ2 tr(q̃T
[k]q̃[k]) +

K
∑

k=1

Pλ(q̃[k])

)

(69)

To find the solution of the minimization problem we use an iterative algorithm

with respect to f̃ and q̃ under the constraint ‖f̃‖ = ‖δp̃‖ = δ because ‖p̃‖ = 1 .

First consider the problem of optimizing over f̃ for a fixed q̃. The minimizing

f̃ can be obtained by

f̃ = Xq̃/‖Xq̃‖ (70)
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Then, we will optimize over q̃ for a fixed p̃, we will find q̃ that minimizes the

problem. The minimization problem (69) can be written

arg min
q̃

(

‖X‖2 − 2
K
∑

k=1

tr(XT
[k]f̃ q̃T

[k]) +
K
∑

k=1

δ2 tr(q̃T
[k]q̃[k]) +

K
∑

k=1

Pλ(q̃[k])

)

(71)

The term ‖X‖2 does not depend on q̃ and we can optimize over individual

components of q̃ separately. Hence, the optimal q̃[k] minimizes

R(q̃[k]) = δ2 tr(q̃T
[k]q̃[k]) − 2 tr(XT

[k]f̃ q̃T
[k]) + Pλ(q̃[k]) (72)

and depends on the form of Pλ(.).

Data are structured by blocks, thus the penalty function Pλ chosen is the

Group Lasso penalty describe in (67). In conclusion, we have to find the optimal

q[k] that minimizes

R(q̃[k]) = δ2 tr(q̃T
[k]q̃[k]) − 2 tr(XT

[k]f̃ q̃T
[k]) + λ‖q̃[k]‖ (73)

Minimizing a sum is equivalent to finding the value at which the gradient of this

sum is equal to zero. The gradient of a sum is the sum of the gradient of each

element of the sum. So we have

∂R

∂q̃[k]
=

∂

∂q̃[k]

(

δ2 tr(q̃T
[k]q̃[k]) − 2 tr(XT

[k]f̃ q̃T
[k]) + λ‖q̃[k]‖

)

(74)

=
∂

∂q̃[k]

(

δ2 tr(q̃T
[k]q̃[k])

)

− 2
∂

∂q̃[k]

(

tr(XT
[k]f̃ q̃T

[k])
)

+
∂

∂q̃[k]

(

λ‖q̃[k]‖
)

On the one hand, according to property 5

∂

∂q̃[k]

(

δ2 tr(q̃T
[k]q̃[k])

)

= 2δ2q̃[k] (75)
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On the other hand, according to property 6

−2
∂

∂q̃[k]

(

tr(XT
[k]f̃ q̃T

[k])
)

= −2XT
[k]f̃ (76)

The equation (75) and (76) are the results of the SVD. So we can affirm

that the optimal solutions are q = q1 et f = f1. In conclusion, according to

property 8

if q1,[k] 6= 0

∂R

∂q[1,k]
= 2δ2

1q̃1,[k] − 2XT
[k]f̃1 + λ

q1,[k]

‖q1,[k]‖
= 0 (77)

if q1,[k] = 0
∥

∥

∥2XT
[k]f1

∥

∥

∥ ≤ λ (78)

Expressions (77) and (78) can be rewritten as

XT
[k]f̃1 = δ2

1q̃1,[k] +
λ

2

q̃1,[k]
∥

∥q̃1,[k]

∥

∥

(79)

∥

∥

∥XT
[k]f̃1

∥

∥

∥ ≤ λ

2
(80)

After combining (99) and (100) the minimizer has the form

q̃1,[k] =



1 − λ

2δ2
1

1
∥

∥

∥
XT

[k]f̃1

∥

∥

∥





+

XT
[k]f̃1 (81)

where

(x)+ =















x if x ≥ 0

0 if x < 0

(82)

A thresholding rule hλ can be defined as

hλ(y) =

(

1 − λ

2δ2
1

1

‖y‖

)

+

y (83)
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with y = XT
[k]f̃1.

Algorithm 1 GSPCA-rSVD algorithm

Initialize: Apply the standard SVD to X and obtain the best rank-one
approximation of X as δpq = fq where p and q are unit vectors.
Set q̃s = q1 and f̃ s = δ1p1.
Update:

a) q̃s+1 = [q̃s+1
1,[1], . . . , q̃s+1

1,[K]] = [hλ(XT
[1]f̃

s), . . . , hλ(XT
[K]f̃

s)];

b) f̃ s+1 =XT
[k]q̃

s+1/
∥

∥

∥XT
[k]q̃

s+1
∥

∥

∥

Repeat Step 2 replacing f̃ s and q̃s by f̃ s+1 and q̃s+1 until convergence
Standardize the final q̃s+1 as q=q̃s+1/

∥

∥q̃s+1
∥

∥, the desired sparse loading.

Setting λ = 0 in the above algorithm, Step 2a reduces to qs+1 = XT f s

and the algorithm becomes the well-known alternating least-squares algorithm

for calculating SVD. The iterative procedure of the GSPCA-rSVD algorithm is

defined for one-dimensional vectors, and can be used to obtain the first sparse

loading vector q1. Subsequent sparse loading vectors qi (i > 1) can be obtained

sequentially via rank-one approximation of residual matrices.

MCA is a particular case of PCA for blocks of indicator variables, thereby

sparse MCA introduced in the following part is defined as an extension of the

Group sparse PCA. Hence the problem (68) can be generalized for the MCA

sparse as

arg min
(f̃ ,q̃)

∥

∥X − f̃ q̃T
∥

∥

2

W
+ Pλ(q̃) (84)

with a norm W-generalized under the constraints of the masses M.

5. Sparse MCA via regularized SVD

Suppose an I × J matrix of qualitative variables. The corresponding com-

plete disjunctive table N is made of K sub-matrices of indicator variables N[k],

k = 1, ..., K, each of dimension I × J[k]. The total number of modalities is
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denoted by J =
K
∑

k=1

J[k]. To select one column in the original table (categorical

variable) is equivalent to select a block of indicator variables in the complete

disjunctive table. So we can define a new method called Sparse MCA which is

a straightforward extension of the GSPCA for blocks of indicator variables. We

will consider the GSVD for blocks of indicator variables as in (37). Let X be

the stochastic matrix defined in section 2.2.5. In this context, the problem (63)

can be re-expressed as

arg min
(f̃ ,q̃)

∥

∥X − f̃ q̃T
∥

∥

2

W
+ Pλ(q̃) with f̃T Mf̃ = q̃T Wq̃ = 1 (85)

and according to the constraints of the masses M, the problem can be rewritten

arg min
(f̃ ,q̃)

(

tr
(

M
1
2 (X − f̃ q̃T )W(X − f̃ q̃T )T M

1
2

)

+ Pλ(q̃)
)

= (86)

arg min
f ,q

(

‖X‖2
W − 2 tr(M

1
2 f̃ q̃T WXT M

1
2 ) + δ2 tr(q̃T Wq̃) + Pλ(q̃)

)

The penalty function is additive, Pλ(q̃) =
K
∑

k=1

Pλ(q̃[k]), so according to (64), the

problem becomes

arg min
f̃ ,q̃

(‖X‖2
W − 2

K
∑

k=1

tr(M
1
2 f̃ q̃T

[k]W[k]X
T
[k]M

1
2 )+

K
∑

k=1

δ2 tr(q̃T
[k]W[k]q̃[k]) +

K
∑

k=1

Pλ(q̃[k])) (87)

To find the solution of the minimization problem we use an iterative algorithm

with respect to p̃ and q̃ under the constraint p̃T Mp̃ = 1. First consider the

problem of optimizing over p̃ for a fixed q̃. The minimizing p̃ can be obtained

by

p̃ = Xq̃/ ‖Xq̃‖W . (88)
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Now we will optimize over q̃ for a fixed p̃. The minimization problem (87) can

be written

arg min
q̃

(‖X‖2
W +

K
∑

k=1

(δ2 tr(q̃T
[k]W[k]q̃[k])

− 2 tr(M
1
2 f̃ q̃T

[k]W[k]X
T
[k]M

1
2 ) + Pλ(q̃[k])) (89)

The term ‖X‖2
W does not depend on q̃ and we can optimize over individual

components of q̃ separately. Hence, the optimal q̃[k] minimizes

R(q̃) = δ2 tr(q̃T
[k]W[k]q̃[k]) − 2 tr(M

1
2 f̃ q̃T

[k]W[k]X
T
[k]M

1
2 ) + Pλ(q̃[k]) (90)

and depends on the form of Pλ(.). Data are structured by blocks, thus the

penalty function Pλ chosen is the Group Lasso penalty describe in (67)

Pλ(q̃) =

K
∑

k=1

Pλ(q̃[k]) =

K
∑

k=1

λ‖q̃[k]‖W[k]
(91)

In conclusion, we have to find the optimal q[k] that minimizes

R(q) = δ2 tr(q̃T
[k]W[k]q̃[k]) − 2 tr(M

1
2 f̃ q̃T

[k]W[k]X
T
[k]M

1
2 ) + λ‖q̃[k]‖W[k]

(92)

Minimizing a sum is equivalent to finding the value at which the gradient of this

sum is equal to zero. On thee one hand,

∂

∂q[k]
δ2 tr(q̃T

[k]W[k]q̃[k]) = 2δ2W[k]q̃[k] (93)
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According to property 2 and property 6

−2
∂

∂q[k]
tr(M

1
2 f̃ q̃T

[k]W[k]X
T
[k]M

1
2 ) = −2

∂

∂q̃[k]

(

tr
(

M
1
2 X[k]W[k]q̃[k]f̃

T M
1
2

))

(94)

= −2
(

M
1
2 X[k]W[k]

)T (

f̃T M
1
2

)T

= −2
(

W[k]X
T
[k]M

1
2

)(

M
1
2 f̃
)

= −2W[k]X
T
[k]Mf̃

The equation (93) and (94) are the results of the GSVD presented in sec-

tion 2.2. Hence the optimal solutions are q = q1 et f = f1. In conclusion,

if q1,[k] 6= 0

∂R

∂q̃[1,k]
= −2W[k]X

T
[k]Mf̃1 + 2δ2

1W[k]q̃1,[k] + λW[k]

q̃1,[k]
∥

∥q̃1,[k]

∥

∥

W[k]

= 0 (95)

if q1,[k] = 0
∥

∥

∥−2W[k]X
T
[k]Mf̃1

∥

∥

∥

W[k]

≤ λW[k] (96)

Expressions (95) and (96) can be rewritten as

W[k]X
T
[k]Mf̃1 = δ2

1W[k]q̃1,[k] +
λ

2

W[k]q̃1,[k]

‖q̃1,[k]‖W[k]

(97)

∥

∥

∥W[k]X
T
[k]Mf̃1

∥

∥

∥

W[k]

≤ λ

2
W[k] (98)

So we obtain

XT
[k]Mf̃1 = δ2

1q̃1,[k] +
λ

2

q̃1,[k]
∥

∥q̃1,[k]

∥

∥

W[k]

(99)

∥

∥

∥XT
[k]Mf̃1

∥

∥

∥

W[k]

≤ λ

2
(100)
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After combining (99) and (100) the minimizer has the form

q̃1,[k] =






1 − λ

2

1
∥

∥

∥XT
[k]Mf̃1

∥

∥

∥

W[k]







+

1

δ2
1

XT
[k]Mf̃1 (101)

where

(x)+ =















x if x ≥ 0

0 if x < 0

(102)

A thresholding rule hλ can be defined as

hλ(y) =

(

1 − λ

2

1

‖y‖W[k]

)

+

1

δ2
y (103)

with y = XT
[k]Mf̃1.

In the case of the MCA:

M = Dr
−1 W = Dc

−1 (104)

So the norm W-generalized can be written as

‖X‖W =
√

MXWXT (105)

=

√

Dr
−1XDc

−1XT

The norm
∥

∥

∥XT
[k]Mf1

∥

∥

∥

W[k]

is equal to
∥

∥

∥XT
[k]Dr

−1f1

∥

∥

∥

Dc

−1
[k]

. Hence, the solution

becomes

q̃1,[k] =









1 − λ

2

1
∥

∥

∥XT
[k]Dr

−1f̃1

∥

∥

∥

Dc

−1
[k]









+

1

δ2
1

XT
[k]Dr

−1f̃1 (106)
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Algorithm 2 SMCA algorithm

Initialize: Apply the GSVD to X. Calculate the best rank-one approxima-
tion of X as δpq = fq where p and q are unit vectors.
Set qs = q1 and f s = δ1p1.
Update:

a) qs+1 = [hλ(XT
[1]f

s), . . . , hλ(XT
[J]f

s)];

b) f s+1 =XT
[k]q̃

s+1/
∥

∥

∥XT
[k]q̃

s+1
∥

∥

∥

W[k]

Repeat Step 2 replacing f s and qs by f s+1 and qs+1 until convergence
Standardize the final qs+1 as q=qs+1 /

∥

∥qs+1
∥

∥

W
, the desired sparse loading.

Subsequent sparse loading vectors qi (i > 1) can be obtained sequentially

via rank-one approximation of residual matrices.

6. Properties of Group Sparse PCA and Sparse MCA

These two new methods have important properties to realize sparsity.

• Without any sparsity constraint, Group Sparse PCA and Sparse MCA reduces

to PCA and MCA.

• They are computationally efficient for both small p and big p data.

• They avoid misidentifying the important variables.

Barycentric properties of MCA are retained in Sparse MCA. However, in PCA

and MCA, the PCs are uncorrelated and their loadings are orthogonal. These

properties are lost in Sparse PCA and Sparse MCA. The orthogonality among

the loadings is lost, a nice property enjoyed by standard PCA and MCA. Several

other sparse PCA procedures lose this property as well, which is the price one

pays for easy interpretation of the results.

Furthermore, explained variance can not be defined in the same way as

PCA and MCA in these two new methods. In Group Sparse PCA the variance

explained is defined as in Sparse PCA of [2]. We consider the projection of X
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onto the k-dimensional subspace spanned by the k loading vectors as

X[k] = XQ[k](Q
T
[k]Q[k])

−1QT
[k] (107)

where Q[k] is the matrix of the first k sparse loadings. We generally define the to-

tal variance explained by the first k PCs as tr(XT
[k]X[k]). The adjusted variance

of the kth PC by tr(XT
[k]X[k]) − tr(XT

[k−1]X[k−1]) and the cumulative percentage

of variance (CPEV) explained by the first k PCs by tr(XT
[k]X[k])/ tr(XT X).

For Sparse MCA, there is a little modification. MCA codes data by creat-

ing several binary columns for each variable with the constraint that one and

only one of the columns gets the value 1. This coding schema creates artificial

additional dimensions because one categorical variable is coded with several

columns. As a consequence, the inertia (i.e., variance) of the solution space is

artificially inflated and therefore the percentage of inertia explained by the first

dimension is severely underestimated. Two corrections formulas are often used,

the first one is due to [7], the second one to [8]. These formulas take into account

that the eigenvalues smaller than 1/H are coding for the extra dimensions (H

is the number of catgeorical variables). J is total number of modalities, i.e. the

number of binary variables. If we denote by λℓ the eigenvalues obtained from

MCA, then the corrected eigenvalues, denoted λc are obtained as

λc
ℓ =















[(

J

J − 1

)(

λℓ − 1

J

)]2

si λℓ >
1

J

0 si λℓ ≤ 1

J

(108)

Using this formula gives a better estimate of the inertia, extracted by each

eigenvalue. Traditionally, the percentages of inertia are computed by dividing

each eigenvalue by the sum of the eigenvalues, and this approach could be used

here also. However, it will give an optimistic estimation of the percentage
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of inertia. A better estimation of the inertia has been proposed by [8] who

suggested instead to evaluate the percentage of inertia relative to the average

inertia of the off-diagonal blocks of the Burt matrix. We recall that the Burt

matrix is the J ×J matrix XT X associated to X. This average inertia, denoted

σ̄ can be computed as

σ̄ =
H

H − 1
×
(

∑

ℓ

λ2
ℓ − J − H

H

)2

. (109)

According to this approach, the percentage of inertia would be obtained by the

ratio

λc

σ̄
instead of

λc

∑

ℓ

λc
ℓ

. (110)

7. Applications in genomic data analysis

To identify genetic factors that may affect skin aging severity, a study have

been conducted on a well-defined sample of 501 French middle-aged Caucasian

women from the SU.VI.MAX (SUpplémentation en VItamines et Minéraux An-

tioXydants (Antioxidant Vitamin and Mineral Supplementation) cohort ([9]).

Using the Illumina HumanOmni1-Quad BeadChips and after quality control,

795 063 genotyped Single Nucleotide Polymorphisms (SNPs) were available for

501 women. Although all humans share far more than 99% of their DNA, there

are still millions of differences between the DNA of 2 individuals. The most com-

mon, and so far the best investigated, genetic variations are single nucleotide

polymorphisms (SNPs). A SNP occurs when a single nucleotide (A, T, C or G)

is altered, that is, when different sequence alternatives exist at a single base-

pair position. Since the human genome is diploid, that is, consists of pairs of

chromosomes, each SNP is explained by 2 bases. Therefore, each SNP can take
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one of the following 3 forms:

• "Homozygous reference genotype": both bases explaining the SNP are the

more frequent variant,

• "Heterozygous variant genotype": one of the bases is the more frequent

and the other the less frequent variant,

• "Homozygous variant genotype": both bases are the less frequent variant.

Table 1 presents a view of the first six SNPs of the database for the first five

women.

Table 1: Excerpt of the first six SNPs of the database for the first five women

SNP 1 SNP 2 SNP 3 SNP 4 SNP 5 SNP 6
ind 1 AA AA AC AA GG AA
ind 2 AA AG CC AT GG AG
ind 3 AT AG CC TT AA AA
ind 4 AT AA AC TT AA AG
ind 5 AT GG AA AA AG AG

A SNP with K levels is encoded by K dummy variables Zi. Zi variable is

equal to 1 at level i, 0 otherwise. We will consider a SNP as a set of two or

three dummy variables. Table 2 displays the table of the corresponding first 6

dummy variables for the first five women.

Table 2: Excerpt of the first six corresponding dummy variables of the table for the first five
women

SNP1 SNP2 SNP3 SNP4 SNP5 SNP6
AA AT AA AG GG AA AC CC AA AT TT AA AG GG AA AG

ind 1 1 0 1 0 0 0 1 0 1 0 0 0 0 1 1 0
ind 2 1 0 0 1 0 0 0 1 0 1 0 0 0 1 0 1
ind 3 0 1 0 1 0 0 0 1 0 0 1 1 0 0 1 0
ind 4 0 1 1 0 0 0 1 0 0 0 1 1 0 0 0 1
ind 5 0 1 0 0 1 1 0 1 1 0 0 0 1 0 0 1
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After several stages of pre-selection, 640 SNPs were retained. Thus, the

processed data have I = 501 women and J = 640 SNPs. We use sparse MCA on

these data as a gene selection method to try to unravel new genetic associations

with skin aging. The first step is to select he optimal tuning parameter λ by an

"ad-hoc" approach. Figure 3 and figure 4 displays the evolution of the number

of selected modalities and the evolution of the cumulative percentage variance

explained depending on λ for the first four axes, respectively.

Figure 3: Evolution of the number of selected
modalities depending on the tuning parame-
ter for the first four axes of the sparse MCA

Figure 4: Evolution of the cumulative per-
centage variance explained (CPEV) depend-
ing on the tuning parameter for the first four
axes of the sparse MCA

If we focus on the first axis, for λ = 0.004, CPEV= 0.43% and 324 modalities

(i.e. 108 SNPs) are selected. Moreover, for λ = 0.005, CPEV= 0.40% and

96 modalities (i.e. 32 SNPs) are selected. Thus, given the low difference of the

percentage of variance between the two values of λ, we choose the value of λ

which conserves the least number of variables, so we set λ = 0.005.

The stability of the selection has been tested with a bootstrap approach. We

consider 100 bootstrap replications of the given sample of 501 women. Then

sparse MCA has been applied on these new 100 samples and the most often
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selected variables have been conserved (the highest 25% of them). Finally 165

SNPs have been selected on the first axis among the 640 SNPs. Table 3 displays

the comparison between the loadings obtained with MCA and with sparse MCA

forλ set to 0.005 and for the first five SNPs of the sample. In MCA, no SNP

is eliminated because λ is equal to 0. In contrast, in sparse MCA, the non

zero tuning parameter allows selection of SNPs on each axis by setting all the

loadings of the modalities of a variable to zero.

Table 3: Loadings and variance obtained for the first five SNPs of the database with MCA
and sparse MCA on the first four axes

MCA Sparse MCA
Variable Comp.1 Comp.2 Comp.3 Comp.4 Comp.1 Comp.2 Comp.3 Comp.4
SNPri1.CC 0.277 0.258 -0.159 0.189 0.033 -0.025 0.000 0.000
SNPri1.CG -0.108 -0.064 -0.053 -0.097 -0.010 0.007 0.000 0.000
SNPri1.GG -0.025 -0.087 0.214 0.021 -0.015 0.012 0.000 0.000
SNPri2.AA -0.285 -0.652 -0.179 -0.287 0.000 0.000 0.000 0.000
SNPri2.AG 0.113 0.095 -0.133 -0.208 0.000 0.000 0.000 0.000
SNPri2.GG 0.119 0.636 0.528 0.835 0.000 0.000 0.000 0.000
SNPri3.AA 0.115 -0.025 0.636 -0.731 -0.192 0.193 -0.203 0.203
SNPri3.AG 0.072 -0.449 -0.194 0.520 -0.129 0.129 -0.124 0.123
SNPri3.GG -0.351 0.125 -0.368 -0.360 0.435 -0.437 0.440 -0.440
SNPri4.AA 0.191 -0.151 -0.031 0.016 -0.024 0.019 0.000 0.000
SNPri4.AG -0.173 0.204 0.033 0.050 0.032 -0.025 0.000 0.000
SNPri4.GG -0.294 -0.133 0.023 -0.381 -0.016 0.009 0.000 0.000
SNPri5.AA 0.197 0.490 0.499 -0.161 0.000 0.000 0.000 0.000
SNPri5.AT 0.176 -0.064 0.115 0.010 0.000 0.000 0.000 0.000
SNPri5.TT -0.157 -0.012 -0.148 0.012 0.000 0.000 0.000 0.000

..

.
...

...
...

...
...

...
...

...

Nb of selected
modalities 1638 1638 1638 1638 165 96 21 12

Adjusted
variance (%) 1.18 0.67 0.64 0.63 0.40 0.17 0.12 0.11
Cumulated
variance (%) 1.18 1.85 2.49 3.12 0.40 0.57 0.69 0.78

8. Discussion

Sparse MCA is an extension of the GSPCA for qualitative data. It produces

sparsity at loadings level (with a minimum loss of percentage of variance ex-

plained) which facilitates the interpretation and understanding of the different
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axes. When the regularization parameter λ is set to 0, GSPCA and sparse MCA

are identical to PCA and MCA, respectively, which is an essential property of a

"good" sparse method according to [5]. The application presented in Section 4

was performed on a small data set, but these methods make sense in the context

of very large dimension. However it does not produce sparsity within a group.

In case you would like to select variables within a block, an extension of these

methods could be achieved by replacing the penalty function "group Lasso" by

"sparse group Lasso" developed by [3].
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❉é✈❡❧♦♣♣❡♠❡♥t ❞❡ ♠ét❤♦❞❡s st❛t✐st✐q✉❡s
♥é❝❡ss❛✐r❡s à ❧✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s

❣é♥♦♠✐q✉❡s

❘és✉♠é ✿
▲❡s ♥♦✉✈❡❧❧❡s t❡❝❤♥♦❧♦❣✐❡s ❞é✈❡❧♦♣♣é❡s ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ❣é♥ét✐q✉❡ ♦♥t ♣❡r♠✐s
❞❡ ❣é♥ér❡r ❞❡s ❜❛s❡s ❞❡ ❞♦♥♥é❡s ❞❡ très ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡ ❙◆Ps✱ ❝❡s ❜❛s❡s ét❛♥t s♦✉✈❡♥t
❝❛r❛❝tér✐sé❡s ♣❛r ✉♥ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❧❛r❣❡♠❡♥t s✉♣ér✐❡✉r ❛✉ ♥♦♠❜r❡ ❞✬✐♥❞✐✈✐❞✉s✳ ▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡
tr❛✈❛✐❧ ❛ été ❞❡ ❞é✈❡❧♦♣♣❡r ❞❡s ♠ét❤♦❞❡s st❛t✐st✐q✉❡s ❛❞❛♣té❡s à ❝❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥
❡t ♣❡r♠❡tt❛♥t ❞❡ sé❧❡❝t✐♦♥♥❡r ❧❡s ✈❛r✐❛❜❧❡s ❧❡s ♣❧✉s ♣❡rt✐♥❡♥t❡s ❛✉ r❡❣❛r❞ ❞✉ ♣r♦❜❧è♠❡ ❜✐♦❧♦❣✐q✉❡ ❝♦♥s✐❞éré✳
❉❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡ tr❛✈❛✐❧✱ ✉♥ ét❛t ❞❡ ❧✬❛rt ♣rés❡♥t❡ ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡
✈❛r✐❛❜❧❡s ♥♦♥ s✉♣❡r✈✐sé❡s ❡t s✉♣❡r✈✐sé❡s ♣♦✉r ✷ ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s ❡t ♣❧✉s✳ ❉❛♥s ❧❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡✱ ❞❡✉①
♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s ❞❡ sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ♥♦♥ s✉♣❡r✈✐sé❡s ❞❡ t②♣❡ ✧s♣❛rs❡✧ s♦♥t ♣r♦♣♦sé❡s ✿ ❧❛ ●❙P❈❆
❡t ❧✬❆♥❛❧②s❡ ❞❡s ❈♦rr❡s♣♦♥❞❛♥❝❡s ▼✉❧t✐♣❧❡s s♣❛rs❡ ✭❆❈▼ s♣❛rs❡✮✳ ❱✉❡s ❝♦♠♠❡ ❞❡s ♣r♦❜❧è♠❡s ❞❡ ré❣r❡ss✐♦♥
❛✈❡❝ ✉♥❡ ♣é♥❛❧✐s❛t✐♦♥ ❣r♦✉♣ ▲❆❙❙❖ ❡❧❧❡s ❝♦♥❞✉✐s❡♥t à ❧❛ sé❧❡❝t✐♦♥ ❞❡ ❜❧♦❝s ❞❡ ✈❛r✐❛❜❧❡s q✉❛♥t✐t❛t✐✈❡s ❡t
q✉❛❧✐t❛t✐✈❡s✱ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❛ tr♦✐s✐è♠❡ ♣❛rt✐❡ ❡st ❝♦♥s❛❝ré❡ ❛✉① ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❙◆Ps ❡t ❞❛♥s ❝❡
❝❛❞r❡✱ ✉♥❡ ♠ét❤♦❞❡ s♣é❝✐✜q✉❡ ❞❡ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s✱ ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✱ ❡st ♣rés❡♥té❡✳ ❊♥✜♥✱ ❧❛
q✉❛tr✐è♠❡ ♣❛rt✐❡ ♣rés❡♥t❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❝❡s ♠ét❤♦❞❡s s✉r ✉♥ ❥❡✉ ❞❡ ❞♦♥♥é❡s ré❡❧❧❡s ❞❡ ❙◆Ps ❛✜♥
❞✬ét✉❞✐❡r ❧✬✐♥✢✉❡♥❝❡ ♣♦ss✐❜❧❡ ❞✉ ♣♦❧②♠♦r♣❤✐s♠❡ ❣é♥ét✐q✉❡ s✉r ❧✬❡①♣r❡ss✐♦♥ ❞✉ ✈✐❡✐❧❧✐ss❡♠❡♥t ❝✉t❛♥é ❛✉
♥✐✈❡❛✉ ❞✉ ✈✐s❛❣❡ ❝❤❡③ ❞❡s ❢❡♠♠❡s ❛❞✉❧t❡s✳ ▲❡s ♠ét❤♦❞❡s ❞é✈❡❧♦♣♣é❡s ♦♥t ❞♦♥♥é ❞❡s rés✉❧t❛ts ♣r♦♠❡tt❡✉rs
ré♣♦♥❞❛♥t ❛✉① ❛tt❡♥t❡s ❞❡s ❜✐♦❧♦❣✐st❡s✱ ❡t q✉✐ ♦✛r❡♥t ❞❡ ♥♦✉✈❡❧❧❡s ♣❡rs♣❡❝t✐✈❡s ❞❡ r❡❝❤❡r❝❤❡s ✐♥tér❡ss❛♥t❡s✳
▼♦ts ❝❧és ✿
sé❧❡❝t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s✱ ❆❈P s♣❛rs❡✱ ❆❈▼✱ ❙◆P✲❙◆P ✐♥t❡r❛❝t✐♦♥s✱ ré❣r❡ss✐♦♥ ❧♦❣✐q✉❡✱ ♠ét❤♦❞❡s ♠✉❧t✐❜❧♦❝s✱
♠ét❤♦❞❡s s♣❛rs❡ ♥♦♥ s✉♣❡r✈✐sé❡s✳

❆❜str❛❝t✿
◆❡✇ t❡❝❤♥♦❧♦❣✐❡s ❞❡✈❡❧♦♣❡❞ r❡❝❡♥t❧② ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❣❡♥❡t✐❝ ❤❛✈❡ ❣❡♥❡r❛t❡❞ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛❜❛s❡s✳
❚❤❡s❡ ❞❛t❛❜❛s❡s ❛r❡ ♦❢t❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ♥✉♠❜❡r ♦❢ ✈❛r✐❛❜❧❡s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥✲
❞✐✈✐❞✉❛❧s✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❛s t♦ ❞❡✈❡❧♦♣ ❛♣♣r♦♣r✐❛t❡ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s t♦ ❛♥❛❧②s❡ ❤✐❣❤✲
❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛✱ ❛♥❞ t♦ s❡❧❡❝t t❤❡ ♠♦st ❜✐♦❧♦❣✐❝❛❧❧② r❡❧❡✈❛♥t ✈❛r✐❛❜❧❡s✳ ■♥ t❤❡ ✜rst ♣❛rt✱ ■ ♣r❡s❡♥t t❤❡
st❛t❡ ♦❢ t❤❡ ❛rt t❤❛t ❞❡s❝r✐❜❡s ✉♥s✉♣❡r✈✐s❡❞ ❛♥❞ s✉♣❡r✈✐s❡❞ ✈❛r✐❛❜❧❡s s❡❧❡❝t✐♦♥ ♠❡t❤♦❞s ❢♦r t✇♦ ♦r ♠♦r❡
❜❧♦❝❦s ♦❢ ✈❛r✐❛❜❧❡s✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ■ ♣r❡s❡♥t t✇♦ ♥❡✇ ✉♥s✉♣❡r✈✐s❡❞ ✧s♣❛rs❡✧ ♠❡t❤♦❞s✿ ●r♦✉♣ ❙♣❛rs❡
Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t ❆♥❛❧②s✐s ✭●❙P❈❆✮ ❛♥❞ ❙♣❛rs❡ ▼✉❧t✐♣❧❡ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❆♥❛❧②s✐s ✭❙♣❛rs❡ ▼❈❆✮✳
❈♦♥s✐❞❡r❡❞ ❛s r❡❣r❡ss✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ❛ ❣r♦✉♣ ▲❆❙❙❖ ♣❡♥❛❧✐③❛t✐♦♥✱ t❤❡s❡ ♠❡t❤♦❞s ❧❡❛❞ t♦ s❡❧❡❝t ❜❧♦❝❦s
♦❢ q✉❛♥t✐t❛t✐✈❡ ❛♥❞ q✉❛❧✐t❛t✐✈❡ ✈❛r✐❛❜❧❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t❤✐r❞ ♣❛rt ✐s ❞❡✈♦t❡❞ t♦ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥
❙◆Ps✳ ❆ ♠❡t❤♦❞ ❡♠♣❧♦②❡❞ t♦ ✐❞❡♥t✐❢② t❤❡s❡ ✐♥t❡r❛❝t✐♦♥s ✐s ♣r❡s❡♥t❡❞✿ t❤❡ ❧♦❣✐❝ r❡❣r❡ss✐♦♥✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛st
♣❛rt ♣r❡s❡♥ts ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ♦♥ ❛ r❡❛❧ ❙◆Ps ❞❛t❛s❡t t♦ st✉❞② t❤❡ ♣♦ss✐❜❧❡ ✐♥✢✉❡♥❝❡ ♦❢
❣❡♥❡t✐❝ ♣♦❧②♠♦r♣❤✐s♠ ♦♥ ❢❛❝✐❛❧ s❦✐♥ ❛❣✐♥❣ ✐♥ ❛❞✉❧t ✇♦♠❡♥✳ ❚❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ❣❛✈❡ r❡❧❡✈❛♥t r❡s✉❧ts
t❤❛t ❝♦♥✜r♠❡❞ t❤❡ ❜✐♦❧♦❣✐st✬s ❡①♣❡❝t❛t✐♦♥s ❛♥❞ t❤❛t ♦✛❡r❡❞ ♥❡✇ r❡s❡❛r❝❤ ♣❡rs♣❡❝t✐✈❡s✳
❑❡②✇♦r❞s✿
❢❡❛t✉r❡ s❡❧❡❝t✐♦♥✱ s♣❛rs❡ P❈❆✱ ▼❈❆✱ ❙◆P✲❙◆P ✐♥t❡r❛❝t✐♦♥s✱ ❧♦❣✐❝ r❡❣r❡ss✐♦♥✱ ♠✉❧t✐❜❧♦❝❦s ♠❡t❤♦❞s✱ ✉♥s✉✲
♣❡r✈✐s❡❞ s♣❛rs❡ ♠❡t❤♦❞s✳


	Introduction
	Notations et rappels
	Méthodes sparses supervisées et non supervisées : état de l'art
	Méthodes sparse
	Méthodes de régularisation
	Régression ridge et LASSO
	Régularisation elastic net

	Les ACP Sparse
	SCoTLASS de jolliffe2003modified
	Sparse PCA de zou2006sparse
	Sparse PCA-rSVD de shen2008sparse

	Méthodes PLS et Sparse PLS
	Méthode PLS: Partial Least Squares
	Sparse PLS-SVD de lecao2008sparse
	Sparse PLS de chung2010sparse


	Méthodes multiblocs
	Estimateur group LASSO
	Estimateur Sparse group LASSO
	RGCCA: Regularized Generalized Canonical Correlation Analysis
	SGCCA: Sparse Generalized Canonical Correlation Analysis


	Nouvelles approches multiblocs sparse non supervisées
	Rappels
	SVD sur une matrice structurée par blocs
	Propriétés de la SVD sur une matrice structurée par blocs
	ACP comme une SVD d'une matrice structurée par blocs
	SVD généralisée ou GSVD
	Propriétés de la GSVD
	GSVD appliquée à une matrice structurée par blocs
	Propriétés d'une GSVD appliquée à une matrice structurée par blocs
	Analyse des correspondances comme GSVD
	De l'analyse des correspondances à l'analyse des correspondances multiples
	GSVD comme un problème de type régression
	GSVD régularisée

	Méthode Group Sparse PCA (GSPCA) 
	Définition
	Algorithme
	Exemple d'application

	Analyse des Correspondances Multiples Sparse (ACM sparse)
	Définition
	Algorithme
	Exemple d'application

	Propriétés de la GSPCA et de l'ACM sparse

	Détection d'interactions SNP-SNP
	Approche biologique : interactions biologiques et réseaux connus
	Approche statistique : régression logique
	Expressions et régression logique
	Recherche du meilleur modèle
	Identification des interactions intéressantes : algorithme logicFS
	Mesure de l'importance des interactions identifiées

	Exemple d'application

	Application sur des données génétiques de biopuces
	Données et pré-traitements
	Population
	Variables à expliquer : phénotypes analysés
	Ajustement des scores sur les covariables
	Variables explicatives : Single Nucleotide Polymorphisms (SNPs)
	Codage des SNPs
	Pré-sélection des SNPs
	Résultats de la pré-sélection
	Pertinence de la pré-sélection


	Approche multiblocs non supervisée : ACM Sparse
	ACM sparse sur données de SNPs
	Robustesse des sélections : bootstrap
	Pertinence de la sélection

	Approche multiblocs supervisée : RGCCA
	Détection d'interactions
	Interactions SNP-SNP par régression logique
	Codage des variables
	Détection des interactions

	Interactions biologiques rapportées dans la littérature
	Synthèse des résultats

	Intégration des interactions dans les approches multiblocs
	Approche multiblocs non supervisée : ACM Sparse
	Approche multiblocs supervisée : RGCCA


	Conclusion et perspectives
	Bibliographie
	Liste des publications
	Liste des communications

	Annexes
	Peau et vieillissement cutané
	Description
	Vieillissement cutané et facteurs influençant l'aspect cutané
	Vieillissement intrinsèque
	Photo-vieillissement


	Bases de la génétique
	Présentation de l'étude SU.VI.MAX et pré-traitements des données réalisés en amont de la thèse
	Présentation de l’étude SU.VI.MAX
	Calcul des scores de vieillissement
	Génotypage et contrôle qualité
	Génotypage
	Contrôle de qualité du génotypage

	Stratification

	Packages R
	Démonstrations
	Démonstration de l'équation (1.28) page 55
	Démonstration de l'équation (2.8) page 83

	Publications
	Publication parue
	Publication à soumettre




