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$"##( )$&# %,# ,<,81%,# (%%"#.+$&. )(@*+,&.# $%A!+(.B8,# ), ;!(&."+,# 1+*#,&.*# 1%"# %!(&9 C&5&/
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1%"#/ &!"# +,1+,&!&# %$ )*5&(.(!& )" .!+, ), +*=!%".(!&9

 !" #$%&') '*'+

D!".,# %,# #"+-$,# #!&. %,# ,&=,%!11,# )0"&, -$8(%%, 7 ),"< 1$+$84.+,# ), #1B4+,# E%,#
+$>!&# ),# #1B4+,# #!&. %,# (&=,+#,# ),# !"+F"+,# 1+(&(1$%,#G9 H,# #"+-$,# $&$%/ ,%%,#/ #!&.
),# ,&=,%!11,# )0"&, -$8(%%, 7 "& 1$+$84.+, ), #1B4+,#/ 5A"+, I9JE$G9 H,# ,&.+,# ), ,# #1B4+,#
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#,+1,&.(&# E%$ !"+F, ,&.+$%, ,#. "&, B*%(, ,. %,# #1B4+,# ), %0,&=,%!11, #!&. ), 8L8, +$>!&G/
5A"+, I9JEFG/ #!&. ),# #"+-$,# $&$%9

 ! ,$'-%./$)0 -) %123+$4.3*

M&, 2"$)+(2", S ,#. "&, #"+-$, )0*2"$.(!& F = 0 .,% 2", %0$11%($.(!& F N

F : E3 −→ R

,#. ), %$ -!+8, F = q + f q ,#. "&, -!+8, 2"$)+$.(2", B!8!A4&, E1!%>&�8, B!8!A4&, ),
),A+* 2G ,. f ,#. "&, -!+8, $6&, E1!%>&�8, ), ),A+* 1G OHPQRJ℄9 H,# )(+,.(!&# 1+(&(1$%,#

), S #!&. !+.B!A!&$%,# ,. (% ,<(#., "&, F$#, !+.B!&!+8*,
(−→ı ,−→ ,−→k

)
), =,.,"+# 1+!1+,# ), %$

-!+8, 2"$)+$.(2", q9  !"# &!.!&# (α, β, γ) %,# =$%,"+# 1+!1+,# $##!(*,# $"< =,.,"+# 1+!1+,#
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(−→ı ,−→ ,−→k
)
# <, ');-:' .;=>/'3:- :?+'- .' 7(1./;7('- -',83 ,' /13@ .' qA ,'- 7(1./;7('- +'(B'3:
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 !"#$% "#" % C'- 7(1./;7('- D '3:/'# 415 (3 �3'# 495 (3 F?+'/98,8G.' D .'() 31++'-# 45 (3
',,;+-8G.'# 4.5 (3 F?+'/98,8G.' D (3' 31++'#
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"#$%&'( )( $*+, -( q (%. 3/ )* &'*-$0&'( (%. -0.( 1 (+.$(/ -( (+.$( Ω/ (. %#+ 3&'*.0#+ -*+%

)( $(45$( #$.6#+#$73
(
Ω,−→ı ,−→ ,−→k

)
(%. 8

αx2 + βy2 + γz2 + k = 0, k ∈ R 9:;!<

*=( α 6= 0/ β 6= 0 (. γ 6= 0; "* &'*-$0&'( S (%. '+( &'*-$0&'( -( $3=#)'.0#+ %0 (. %(')(7(+. %0
-('> -(% =*)('$% 4$#4$(% (α, β, γ) %#+. 3,*)(%; ?*+% ( *%/ 0) %@*,0. -( %'$A*(% *+*) 4*$.0')05$(%/
(+=()#44( -@'+( A*70))( 1 '+ 4*$*75.$( -( %465$(% (+.$3(% %'$ %#+ *>( -( $3=#)'.0#+; ?( 4)'%/
-*+% )( *% -' �+( (. -' C)0+-$( -( $3=#)'.0#+/ 0) (>0%.( '+( *'.$( A*70))( 1 '+ 4*$*75.$(/ (..(
A#0%D0 '+( A*70))( -( 4)*+%/ &'0 (+=()#44( )* %'$A*(; E#'% =($$#+% &'( (% %'$A*(% %#+. -(%
C)0-(% -( ?'40+ 9)(% 4)*+% %#+. #+%0-3$3% #77( -(% %465$(% 4*$.0')05$(%< (. +#'% -#++($#+%
)('$ $(4$3%(+.*.0#+ -*+% )@(%4*( -(% %465$(%;

"(% &'*-$0&'(% 4('=(+. F.$( -3$0.(% 4*$ -(% 3&'*.0#+% 074)00.(% (. -(% 3&'*.0#+% 4*$*73D
.$0&'(%/ .*G)( :;!;

 !"  #"

 !"#$% :; H "(% &'*-$0&'(% '%'())(% 1 *>(; 9*< '+ C)0+-$(; 9G< '+ 4*$*G#)#I-( -( $3=#)'.0#+;

J) (>0%.( %0> .C4(% -( &'*-$0&'(% 1 (+.$( -0%.0+.(%/ %()#+ )* %0,+*.'$( -( )* A#$7( &'*-$*.0&'(
*%%#03( 9-( $*+, 3<; ?('> %#+. %*+% 0+.3$F. 4#'$ )* 7#-3)0%*.0#+ ,3#73.$0&'( 4'0%&'@0) %@*,0.
-( )@(+%(7G)( =0-( (. -@'+ %0+,)(.#+;

"(% &'*-$0&'(% )(% 4)'% '.0)0%3(% (+ 0+A#$7*.0&'( ,$*460&'( %#+. )(% &'*-$0&'(% -0.(% +*D
.'$())(%/ 1 %*=#0$ 8 )( �+(/ )@())04%#I-( 9-#+. )* %465$(</ K,'$( :;:/ )( C)0+-$( (. )( 4*$*G#)#I-(/
K,'$( :; ; "( C)0+-$( #' )( 4*$*G#)#I-( -( $3=#)'.0#+ %#+. -(% &'*-$0&'(% 1 *>( (. %#+. #G.(+'%
)#$%&'( )* A#$7( &'*-$*.0&'( (%. -3,3+3$3(/ -( $*+, 2; J) (>0%.( '+ $(45$(/ *44()3 $(45$( 4$0+0D
4*) L"MNO!℄/ -#+. )@#$0,0+( (%. )( (+.$( -( )* &'*-$0&'( 9%0 ())( (+ 4#%%5-( '+</ -*+% )(&'() #+
4('. #G.(+0$ )(% 3&'*.0#+% -#++3(% -*+% )( .*G)(*' :;!/ LQ*$RS℄;
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"#$ %&'()*#+ *$,-**)/ %&'()*#+ ,(0($1)0*&'/

2�+/
x2

a2
+
y2

b2
− z2

c2
= 0




a t cos (θ)
b t sin (θ)

ct




(θ; t) ∈ [0; 2π]× R

4--*,5#67/
x2

a2
+
y2

b2
+
z2

c2
− 1 = 0




a cos (θ) cos (ψ)
b sin (θ) cos (ψ)

c sin (ψ)




(θ;ψ) ∈ [0; 2π]×
[
−π

2
; π
2

]

89,/0:#-#67/ ; '+/ +(,,/
x2

a2
+
y2

b2
− z2

c2
− 1 = 0




a cos (θ) ch (t)
b sin (θ) ch (t)

c sh (t)




(θ; t) ∈ [0; 2π]× R

89,/0:#-#67/ ; 7/'< +(,,/5
x2

a2
+
y2

b2
− z2

c2
+ 1 = 0




a cos (θ) sh (t)
b sin (θ) sh (t)
εc ch (t)




(θ; t; ε) ∈ [0; 2π]× R× {−1; 1}

29-*+70/
x2

a2
+
y2

b2
− 1 = 0




a cos (θ)
b sin (θ)

t




(θ; t) ∈ [0; 2π]× R

=(0(:#-#67/ 7/ 01>#-')*#+
x2

a2
+
y2

b2
− 2pz = 0




at cos (θ)
bt sin (θ)

t2

2p




(θ; t) ∈ [0; 2π]× R
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)0 :'&+0#%+" &* -".:",# [O1O2]5 ?$#$,- Ω )1+,#"%-"#+$, &" ∆ 0(" )" -".:",# [O1O2]5 ?$*-
&+%$,- 8*" Ω "-# )" ",#%" &* #$%"4 8*" R = ΩO1 "-# )" %09$, :0@"*% &* #$%" "# 8*" r "-# )"
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∆ $*/"  1 ", &"*3 /$+,#-4 )" #$%" "-# &+# %$+-'5
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 !"#$% =5> D E0F G, #$%" &" %'($)*#+$,5 EHF !"- &"*3 "%)"-  1 "#  2 $,#",*- &0,- *, /)0,
&" -9:'#%+" &* #$%" /%''&",# &103" ∆5

A0,- )" %"/I%" $%#7$,$%:'
(
Ω,−→ı ,−→ ,−→k

)
0(" −→ı = 1

||
−−−→
O1O2||

−−−→
O1O24

−→
k ("#"*% &+%"#"*% &"

∆ "# −→ = −→ı ×−→k 4 )1'8*0#+$, &* #$%" "-# J

ΓT (θ, ψ) =





x(θ, ψ) = (R + r cos θ) cosψ
y(θ, ψ) = (R + r cos θ) sinψ
z(θ, ψ) = r sin θ

E=5=F
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"# θ ∈ [0; 2π], ψ ∈ [0; 2π] $% × $&% '$ ()"*+,% -$%"),$'/ 0"1 23+4%,"1 ,5(',,%$ 4'627),3+$ 89:;<=℄
$&% ? (

x2 + y2 + z2 +R2 − r2
)2 − 4R2

(
x2 + y2

)
= 0 @A/ B

C"+) D43+$ -4'$+) *$ θ @)$&(/ ψB "1&%41%$E 1"+& "7%$1"1& '$& $)'$& 4)4%2),&%,3+$& *+
%")$ 3+, &"1% ('+& +&+$''$5$1% 4(($'2& (4)4''F'$& @)$&(/ 52),*,$1&B/

G"+& ("+-"1& )$54)3+$) 3+$ '$ %")$ *$ )2-"'+%,"1 $&% '+,H4+&&, +1$ &+)I4$ 414'E $1-$'"(($
*$ *$+J I45,''$& K +1 (4)45F%)$ *$ &(DF)$&E 'L+1$ $1%)2$ &+) +1 $)'$ *$ $1%)$ Ω $% *$ )4M"1
r $% 'L4+%)$E $1%)2$ &+) '4 *)",%$ *"+7'$ *$ &+((")% ∆/ G"+& ("+))"1& *2N1,) '$& M',*$& *$
O+(,1 K (4)%,) *L,1-$)&,"1 *$ %")$& *$ )2-"'+%,"1E 8P4)QR℄/

 !" #$&'()* () +,-'. (/.* E3
9$& M',*$& *$ O+(,1 "1% 2%2 ,1-$1%2$& (4) C/ O+(,1 $1 =SAA 8O+(AA℄ $% ,1%)"*+,%$& $1

T;U (4) V/ W4)%,1 $1 =<SA 8W4)SA℄/ O$ 1"57)$+J 54%D254%,,$1& "1% 2%+*,2 '$+)& ()"(),2%2&
62"52%),3+$&E ,%"1& $1%)$ 4+%)$& P/ O4)7"+J 8O4)SREO4)=R℄E ;/ :")&M%D 8:")=A℄ $% ;/ T4M'$M
8T4MR ℄/ ;+X"+)*LD+,E $''$& &"1% %)F& '4)6$5$1% +%,',&2$& ("+) $Y$%+$) *$& X",1%+)$&  O $1%)$
*$+J (),5,%,-$&E $1 &$ ('4Z41% +1,3+$5$1% *41& 'L$&(4$ $+',*,$1 +&+$' 8;O<R4E;O<R7EOWC< E
C)4<R4EP:GQ!EP4)QR℄/

 !"!# $%&'()(*'+

[' $&% ("&&,7'$ *$ *"11$) ('+&,$+)& *2N1,%,"1& 23+,-4'$1%$& *$& M',*$& *$ O+(,1E 8O4)SRE
P4)QR℄ ?
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"*23.!" 67!"8
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G"+& +%,',&$)"1& (),1,(4'$5$1% '4 *2N1,%,"1 ! *L+1$ M',*$ *$ O+(,1/ 9$& $1%)$& *$&
&(DF)$& *$ D4+1$ *$& *$+J I45,''$& &"1% &,%+2& &+) +1$ "1,3+$E N6+)$& A/R@4B $% A/R@7BE $% '$&
&(DF)$& *L+1$ I45,''$ (4&&$1% %"+%$& (4) +1 (",1% NJ$ @)2$' "+ ,546,14,)$B *$ '4 &$"1*$ "1,3+$
8:")=AE O4)SRE O4)=R℄/ \''$& &"1% %416$1%$& K 'L$1-$'"(($ '$ '"16 *$ $)'$& 4)4%2),&%,3+$&/
9")&3+L,' &L46,% *L+1$ M',*$ *$ O+(,1 *$ *$6)2 3+4%)$E 4(($'2$ M',*$ *$ O+(,1 3+4)%,3+$E
'$& "1,3+$& &"1% +1$ $'',(&$ $% +1$ DM($)7"'$E N6+)$ A/]/ T$& *$)1,F)$& &"1% *$& 41%,H"1,3+$&E
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%/99$&% )$ .#2-&+$: ;/-% 2</0% -0$ )/-=.$ 6101+2&*/0 )$ .2 8.*)$ )$ >-4*0 6+?$ 2-3 )$-3
729*..$% )$ %45@+$% ( -0 42+29@&+$ )/0& $..$ $%& .#$0<$./44$: A/+%,-$ .#584$+=/.$ 6101+2&+*$
)1610@+$ $0 -0$ )/-=.$ )+/*&$ B$& )/0 .#$..*4%$ )$<*$0& -0 $+.$CD .2 8.*)$ $%& )*&$ )16101+1$
$& $%& -0 &/+$:

 !"#$% E:F G H0$ 8.*)$ )$ >-4*0 )$ )$6+1 I $& %$% )$-3 20&*'/0*,-$% B-0$ $..*4%$ $& -0$
584$+=/.$C:

 !"  #"

 !"#$% E:J G A$% )$-3 729*..$% )$ %45@+$% )/0& .#$0<$./44$ $%& .2 8.*)$ )$ >-4*0 )$ .2 K6-+$
E:F:B2C L29*..$ )$ %45@+$% $0&+1$% %-+ .#$..*4%$: B=C L29*..$ )$ %45@+$% $0&+1$% %-+ .#584$+=/.$:

;/&/0% ,-$ .$% &$+9$% 8.*)$ /- M>I %$+/0& -&*.*%1% )20% .2 %-*&$ 4/-+ )1%*60$+ -0$ 8.*)$
)$ >-4*0 ,-2+&*,-$:

 !"! #$%&'()*+

;/-% 0/-% 4.2N/0% )20% E3: ;/-% 2../0% 9/0&+$+ ,-#-0$ M>I )14$0) )$ &+/*% 42+29@&+$%
+1$.% aD c $& µD 2<$ a $& c 0/0 0-.% B$ ,-* 1.*9*0$ .$% 2% )16101+1%CD $& |a| > |c| $0 +$4+$020&
.$% &+2<2-3 )$ O:P: L/+%8&5 QL/+RE℄: ;/-% /0%*)1+/0% .$ +$4@+$ )#/+*6*0$ .$ $0&+$ /99-0
)$% 20&*'/0*,-$% $& )/0& .$% &+/*% 23$% %/0& .$% 23$% )$% 20&*'/0*,-$% B-0 23$ $%& /99-0 2-3
)$-3 /0*,-$%C: A2 920*4-.2&*/0 )$ 7/+9-.$% 2.61=+*,-$% 0/-% 29@0$+2 42+7/*% ( /0%*)1+$+ )$%
%/.-&*/0% )20% C3:

T/-+ /=&$0*+ .$% 1,-2&*/0% *94.**&$% )#-0$ M>ID *. %-U& )$ 2.-.$+ .#$0<$./44$ )$% %45@+$%
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➢ "#$""%&'$( )*+' "$ ,$&-,$ &,..)$+0( '%01.$ )*+' "$ &"*+ Pz : z = 0( )#.21*0%3+ 4

x2

a2
+
y2

b2
= 1 56789

➢ "$' '&:-,$' S1(θ) )$ $+0,$' 4

Ω1(θ) = (a cos(θ); b sin(θ); 0)

➢ "$ &3%+0 ;<$ M(α; 0; β) *&&*,0$+*+0 = "#:>&$,?3"$ &*, "$21$" &*''$+0 0310$' "$' '&:-,$'
S1(θ)( θ ∈ [0, 2π]7

@$ &3%+0 M &$10 A0,$ ,.$" 31 %B*C%+*%,$ '$"3+ "$ 0>&$ )$ "* >"%)$ 50*?"$ 87!97 @#.21*0%3+ )$
S1(θ) '#.,%0 *"3,' 4

(x− a cos (θ))2 + (y − b sin (θ))2 + z2 = (α− a cos (θ))2 + (b sin (θ))2 + (β)2 567D9

$ 21% '$ '%B&"%;$ $+ 4

x2 + y2 + z2 − 2 (x− α) a cos (θ)− 2by sin (θ)− α2 − β2 = 0 567!9

@#$+E$"3&&$ )$ $' '&:-,$' $'0 "* ,.1+%3+ )$' $,"$' *,*0.,%'0%21$' )$ "#$+E$"3&&$( ;C1,$
67F5*9( 3?0$+1' &*, "#%+0$,'$0%3+ )$' '&:-,$' S1(θ) *E$ "$' &"*+' P1(θ)( )3+0 "$' .21*0%3+' '3+0
"$' .21*0%3+' ).,%E.$' )$' '&:-,$' S1(θ) $+ θ( ).;+%' &*, 4

P1(θ) : a(x− α) sin(θ)− by cos(θ) = 0 567G9

 !"  #"

 !"#$% 67F H 5*9 I$,"$' *,*0.,%'0%21$' )#1+$ IJ8 *E$ θ 3+'0*+07 5?9 K*%'$*1 )$ &"*+'
3+0$+*+0 $' $,"$' *,*0.,%'0%21$'7

@* L*B%""$ )$ &"*+' P1(θ) L3,B$ 1+ L*%'$*1( ;C1,$ 67F5?9( )*+' "$21$" +31' ,$0,31E3+' "$
&"*+ Py7 @* ),3%0$ 3BB1+$ = 031' $' &"*+' $'0 "* ),3%0$ )#.21*0%3+ x = cµ

a
$0 y = 07

M &*,0%, )$' .21*0%3+' 567!9 $0 567G9 $0 *&,-' 21$"21$' *"1"'( "* >"%)$ )$ J1&%+ )3%0
E.,%;$, "#.21*0%3+ 4

(
x2 + y2 + z2 − α2 − β2

)2
= 4a2(x− α)2 + 4b2y2 567F9

N31, ).0$,B%+$, α $0 β( +31' )$E3+' 3+'%).,$, 4
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➢ "#$%&'()*"' +,-./' 012+ "' &"12 Py : y = 0 0#/3.1-,*2 4

x2

c2
− z2

b2
= 1 56789

:2' *20,-,*2 '+- < 1=*.-'( &*.( 3.' "'+ *2,3.'+ +*,'2- 0'.> 12-,?*2,3.'+ 4

c2 = a2 − b2

➢ "'+ +&$@('+ S2(ψ) 0' '2-('+ 4

Ω2(ψ)

(
c

cos(ψ)
; 0;−b tan(ψ)

)

1A' ψ ∈ [0, 2π] \
{
−π
2
, π
2

}

➢ "' &*,2- B>'M ′(γ; δ; 0) 1&&1(-'212- < "#'"",&+' &1( "'3.'" &1++'2- -*.-'+ "'+ +&$@('+ S2(ψ)7
C2 0/-'(D,212- "'+ 1.-('+ '("'+ 1(1-/(,+-,3.'+E BF.(' 678519E +'-,*2+ 0'+ +&$@('+ S2(ψ)

&1( 0'+ &"12+ P2(ψ) 0#/3.1-,*2 S ′2(ψ) = 0 0/B2,+ &1( 4

P2(ψ) : c(γ − x) sin(ψ) + bz = 0 567GH9

2*.+ *)-'2*2+ "1 +'*20' /3.1-,*2 4
(
x2 + y2 + z2 − γ2 − δ2

)2
= 4c2(x− γ)2 + 4b2z2 567GG9

 !"  #"

 !"#$% 678 I 519 J'("'+ 1(1-/(,+-,3.'+ 0#.2' JKL 1A' ψ *2+-12-7 5)9 M1,+'1. 0' &"12+
*2-'212- '+ '("'+ 1(1-/(,+-,3.'+7

J*DD' &*.( "1 &('D,@(' N1D,""' 0' +&$@('+E "'+ &"12+ P2(ψ) N*(D'2- '.> 1.++, .2 N1,+'1.
0' &"12+ *2-'212- "' &"12 Pz7 O1 0(*,-' *DD.2' < -*.+ '+ &"12+ '+- "1 0(*,-' 0#/3.1-,*2+
x = aµ

c
'- z = 07 P*-*2+ 3.' &*.( ψ0 = ±π

2
E "'+ +&$@('+E 0*2- "'+ '2-('+ +*2- ('='-/+ < "#,2B2,E

+*2- "'+ &"12+ P2(ψ0)7
Q*.( 3.' "'+ 0'.> /3.1-,*2+ 567R9 '- 567GG9 ('&(/+'2-'2- "1 DSD' JKLE ," N1.- 1A*,( "1

('"1-,*2E TM*(G6℄ 4
a2α = c2γ

O' &1(1D@-(' µ '+- 1"*(+ ,2-(*0.,- 4
µ =

αa

c
=
γc

a
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# $%& '#()#* +,-.*#/&( +#%0 1$%2*&-/3 &)'4&&*#3 1$%&524#/*#3 +,%/# 678 9
(
x2 + y2 + z2 − µ2 + b2

)2 − 4 (ax− cµ)2 − 4b2y2 = 0 :;<=;>
(
x2 + y2 + z2 − µ2 − b2

)2 − 4 (cx− aµ)2 + 4b2z2 = 0 :;<= >

?4 #3* '-33&.4# +# 51(&@#( $%# 4#3 '-&/*3 @0#3 3-/* 9

Mε

(
µc

a
; 0; ε

b

a

√
µ2 − a2

)

#* 9

M ′
ε

(
µa

c
; ε
b

c

√
c2 − µ2; 0

)

25# ε ∈ {−1; 1}< A#3 '-&/*3 Mε #* M ′
ε 3-/* (#3'#*&5#)#/* 3%( 4,BC'#(.-4# #* 4,#44&'3# D1/1(2E

*(&#3<
F%&52/* 4#3 +&G1(#/*#3 524#%(3 +#3 '2(2)H*(#3 aI c #* µI /-%3 25-/3 +&G1(#/*3 *C'#3 +# '-&/*3

@0#3 Mε #* M ′
εI *2.4# ;<;<

'2(2)H*(#3 Mε M ′
ε

|a| > |µ| > |c| 2 '-&/*3 &)2D&/2&(#3 +&3*&/*3 2 '-&/*3 &)2D&/2&(#3 +&3*&/*3
|µ| > |a| > |c| 2 '-&/*3 (1#43 +&3*&/*3 2 '-&/*3 &)2D&/2&(#3 +&3*&/*3
|a| > |c| > |µ| 2 '-&/*3 &)2D&/2&(#3 +&3*&/*3 2 '-&/*3 (1#43 +&3*&/*3
|a| = |µ| > |c| 1 '-&/* +-%.4# (1#4 2 '-&/*3 &)2D&/2&(#3 +&3*&/*3
|a| > |µ| = |c| 2 '-&/*3 &)2D&/2&(#3 +&3*&/*3 1 '-&/* +-%.4# (1#4

 !"#$ ;<; J KC'#3 +#3 '-&/*3 @0#3Mε #*M ′
ε #/ L-/*&-/ +#3 '2(2)H*(#3 aI c #* µ +,%/# C4&+#<

A#3 +&G1(#/*3 *C'#3 :(1#4 -% &)2D&/2&(#> 2&/3& $%# 4# /-).(# +# '-&/*3 @0#3 5-/* +1*#()&/#(
4# *C'# #* 4# /-).(# +# '-&/*3 3&/D%4&#(3 +# 42 678< M&/3&I %/ '-&/* @0# (1#4 -((#3'-/+(2 N %/
'-&/* 3&/D%4&#( +# 42 C4&+# +# 7%'&/< A-(3$%# # +#(/&#( -((#3'-/+(2 N 42 L2)&44# +# 3'BH(#3
S1(θ) :(#3'< S2(ψ)>I &4 3#(2 -/*#/% +2/3 4# '42/ Pz :(#3'< Py>< O/# 4233&@2*&-/ +&G1(#/*&#44#
#* *-'-4-D&$%# +#3 C4&+#3 +# 7%'&/ #3* '-33&.4# N '2(*&( +% /-).(# #* +# 42 +&3'-3&*&-/ +#3
'-&/*3 3&/D%4&#(3 +# #3 +#(/&H(#3I PQ2(RS℄I *2.4# ;< <

72/3 4# 2+(# +# 42 D1-)1*(&# -/L-()#I 4#3 678? #* 678U 2&/3& $%# 4#3 678?/ #* 678U/
3-/* 1$%&524#/*#3 #/ *2/* $%# 3%(L2#3 N %/ -% +#%0 '-&/*:3> 3&/D%4&#(:3>< V-%3 L2&3-/3 42 +&3E
*&/*&-/ 2( /-%3 4#3 -/3&+1(-/3 -))# .-(+3 +# 3-4&+#3 +&G1(#/*3< U/ %*&4&32/* 42 3#-/+#
+1@/&*&-/ +,%/# C4&+# +# 7%'&/ #/ *2/* $%,&)2D# +,%/ *-(# +# (15-4%*&-/ '2( %/# &/5#(3&-/I
/-%3 (#*(-%5-/3 4#3 *(-&3 *C'#3 +# C4&+#3 +# 7%'&/ -/L-()#3 #/ *2/* $%,&)2D#3 +#3 *(-&3 *C'#3
+# *-(#3 :N -44&#(I (-&31 -% N -44&#( /%4> '2( %/# &/5#(3&-/I @D%(# ;<8<

W-%( '4%3 +# +1*2&43 3%( 4,-.*#/*&-/ +#3 +#%0 1$%2*&-/3 &)'4&&*#3 +,%/# 678I 4# 4#*#%(
'#%* 3# (#'-(*#( N PX-(=;℄< V-%3 '-%5-/3 2%33& (#)2($%#( $%# 4#3 #(4#3 2(2*1(&3*&$%#3 +#
4,#/5#4-''# 3-/* 2%33& 4#3 #(4#3 +# -%(.%(# +# 42 678I PQ2(RS℄<

Q(Y# 2%0 --(+-//1#3 +#3 '-&/*3 Mε #* M ′
εI /-%3 '-%5-/3 )2&/*#/2/* +1*#()&/#( 4# (2C-/

+#3 3'BH(#3 +# B2$%# L2)&44#I 4# (2C-/ +# S1(θ) #3* 9

r1(θ) = |µ− c cos(θ)| :;<=8>
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"#$#%&'$() *+,-') *+,-') ./"( 0( 1# 234 5116)'$#',+-
),-761,($) ),-761,($)
0#-) Pz 0#-) Py

|a| > |µ| > |c| 8 8 2/1,0( 0( 36",- :76$( ;<=8
(- #--(#6> 234?

|µ| > |a| > |c| 8 ; 2/1,0( 0( 36",- :76$( ;<==@#A
B $+,))#-' ,-'($-(> 2345

|a| > |c| > |µ| ; 8 2/1,0( 0( 36",- :76$( ;<==@CA
B $+,))#-' (D'($-(> 234E

|a| = |µ| > |c| 8 = 2/1,0( 0( 36",- :76$( ;<=;@#A
B $+,))#-' ,-'($-( -61> 2345-

|a| > |µ| = |c| = 8 2/1,0( 0( 36",- :76$( ;<=;@CA
B $+,))#-' (D'($-( -61> 234E-

 !"#$ ;< F 21#)),:#',+- 0() /1,0() 0( 36",- (- G+-',+- 06 -+%C$( (' 06 1,(6 0( 1(6$)
"+,-') ),-761,($)<

%&'()$ ;<=8 F 2/1,0( 0( 36",- (- #--(#6> 234?<

'#-0,) H6( (16, 0( S2(ψ) ()' I

r2(ψ) =

∣∣∣∣µ−
a

cos(ψ)

∣∣∣∣ , ψ /∈
{
−π
2
,
π

2

}
@;<=JA

*+6$ +C'(-,$ 1KLH6#',+- "#$#%L'$,H6( 0( 1# 234> ,1 )6M' 0( +-),0L$($ 1() "+,-') 0( (''(
0($-,&$( +%%( ,-'($)(',+- 0( 0(6D ($1() #$#'L$,)',H6() #N( θ +-)'#-' +6 #N( ψ +-)'#-'<
2() ($1() )+-' +C'(-6) +%%( )(',+-) 0( Si(t) "#$ Pi(t) @LH6#',+-) @;<OA +6 @;<=8AA "+6$
i ∈ {1; 2} (' t ∈ [0, 2π]< PKLH6#',+- "#$#%L'$,H6( 0K6-( 234 ()' #1+$) I
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 !"  #"

 !"#$% "#$$ % &')*+, +, -./*0 1 23*44506# 758 *06,20,# 798 ,:6,20,#

 !"  #"

 !"#$% "#$" % &')*+, +, -./*0 1 23*44506 0.)# 758 *06,20,# 798 ,:6,20,#

(θ, ψ)→




µ (c− a cos θ cosψ) + b2 cos θ

a− c cos θ cosψ

b sin θ × (a− µ cosψ)

a− c cos θ cosψ

b sinψ × (c cos θ − µ)

a− c cos θ cosψ




7"#$;8

3< (θ, ψ) ∈ [0, 2π]2#
=,4 +*>?2,064 6'/,4 +, &- *6?4 +504 )5 659), "#@ A306 +?/,0+2, +,4 A5),.24 2,4/,6*A,4 +,4

/525BC62,4 aD c ,6 µ# E3.4 /3.A304 +?6,2B*0,2 ,4 /525BC62,4 4,)30 +,4 ,2),4 5256?2*46*F.,4
/526*.)*,24 G ,.: 306,0.4 +504 ),4 /)504 Py ,6 Pz# &,4 ,2),4 4306 5//,)?4 ,2),4 /2*0*/5.:#
H)4 4306 ),4 4,6*304 +,4 4/IC2,4 S1(0) ,6 S1(π) /52 Py ,6 +, S2(0) ,6 S2(π) /52 Pz 7JK.2,4
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"#!$%&'( "#!$%)' *+ "#!$%''# -*. /&012. 3* *. */4*. 5&4*2+ &41/. |µ − c| *+ |µ + c| 3&2. Py *+
|µ− a| *+ |µ+ a| 3&2. Pz %678/*. "#! %&'( "#!9%&'( "#! %)' *+ "#!9%)''#

 !"  #"  "

 !"#$% "#!$ : ;*/4*. </=2=<&8> 3?82* ;@ # %&' ;@ A( 04=3* *2 &22*&8# %)' ;@ B( 04=3*
C /1=..&2+ =2+*/2*# %' ;@ D( 04=3* C /1=..&2+ *>+*/2*#

 !"

µ+  c µ− c

O
2

O
1

  
  
!!
!!

 
 
!
!

  
  
!!
!!

z

x

O

aa

1

C
2

C

 #"

 !"#$% "#! : ;*/4*. </=2=<&8> 3?82* ;@ 3&2. 4* <4&2 Py# %&' ;@ A 18 ;@ D# %)' ;@ B#

µ+a

O 2

O
1 aµ−

C
1

C 2

y

xO

c

c

 !"

O
1

O 2

C 2

C
1

cO

a−

x

y

c

µ

µ+a

 #"

 !"#$% "#!9 : ;*/4*. </=2=<&8> 3?82* ;@ 3&2. 4* <4&2 Pz# %&' ;@ A 18 ;@ B# %)' ;@ D#

E1+12. C(O, r) 4* */4* 3* *2+/* O *+ 3* /&012 r# @&2. 4& .8=+*( 218. 12.=3F/12. G8* 4*.
<&/&HI+/*. a *+ c .12+ .+/=+*H*2+ <1.=+=J. *+ G8* 4* <&/&HI+/* µ *.+ <1.=+=J 18 284# ;122&=..&2+
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"# $%&# '# "( )* + ," -./$ ("01- '2(30,1 '#.4 '#- #1"#- &1,6,&(.4 0&"(6(,1#- '# "( )* (76
'2#6 '8$#19,6#1 "#- &(1(9:$1#- ;<(1=>℄@

A0$06- C1(O1, r1) #$ C2(O2, r2) "#- '#.4 #1"#- &1,6,&(.4 '# "( )* '(6- "# &"(6 Py 0.
'(6- "# &"(6 Pz (3# r1 > r2@ B#- $(C"#(.4 !@ #$ !@D '066#6$ "#- 3("#.1- '#- &(1(9:$1#- -#"06
#- #1"#-@

$%&# a c µ

)* E 0. )* F
O1O2

2

r1 − r2
2

r1 + r2
2

)* G
O1O2

2

r1 + r2
2

r1 − r2
2

 !"#$ !@ H I(1(9:$1#- '# "( )* J &(1$,1 '#- #1"#- &1,6,&(.4 '(6- Py@

$%&# a c µ

)* E 0. )* G
r1 + r2
2

O1O2

2

r1 − r2
2

)* F
r1 − r2
2

O1O2

2

r1 + r2
2

 !"#$ !@D H I(1(9:$1#- '# "( )* J &(1$,1 '#- #1"#- &1,6,&(.4 '(6- Pz@

B( $(C"#  @K+ L(&,$1#  + 1#&1#6' '# 9(6,:1# 06,-# "( 1#"($,06 #6$1# "#- ',M81#6$#- 3("#.1-
'#- &(1(9:$1#-+ "#- ',M81#6$- $%&#- '# )* + "# 609C1# '# &0,6$- -,6N.",#1-+ "# $%&# #$ "# 609C1#
'# &0,6$- 74#- '# "#.1 #63#"0&&#@



 !"#$%&' (

)*+,&$%!-'. /' 0,$1%2&'. G1 /"1. E3

 !"# % &!'()*%+ ",-# .,"","# .% ",-/%!-0 !12,*()&3%# .% 4,(")-*%# .% #-*5!%# !"!1 '!*
.%# 61(.%# .%  -'(" %" ",-# '1!7!") .!"# E38  !"# 1%# &!'()*%# #-(/!")#+ ",-# #(3'1(9%*,"#
1%# !12,*()&3%# %" ",-# '1!7!") .!"# 1:%#'!% .%# #'&;*%# %) %" -)(1(#!") 1! *%'*<#%")!)(," .%#
61(.%# .!"# %) %#'!%8
=,# !12,*()&3%# .% 4,(")-*%#+ .<*()# .!"# % &!'()*%+ #,") '1-# 2<"<*!-0 >-% 1%# !12,*()&3%#

%0(#)!")# ',-* *%,11%* -"% >-!.*(>-% .% *</,1-)(," %) -"% #'&;*% ,- -" '1!" !/% .%# 3,*%!-0
.% 61(.%# .%  -'("8 =,-# )*!/!(11,"# %" .(3%"#(," 3 %" -)(1(#!") 1! .<9"()(," .%# 61(.%# .%
 -'(" %" )!") >-:%"/%1,''% .% #'&;*%# !1,*# >-% 1%# 3<)&,.%# %0(#)!")%# #% *%#)*%(2"%") ? -"
'1!" .% #63<)*(% .% 1! 61(.%8
@("#(+ 1% 1%)%-* -"(>-%3%") (")<*%##< '!* % )6'% .% 4,(")-*%# '%-) -)(1(#%* %# !12,*()&3%#
#!"# !/,(* ? !##(3(1%* ),-)% 1! )&<,*(% .% 1:%#'!% .%# #'&;*%#8 =,-# )*!()%*,"#+ '!* 1! #-()%+ .%
4,(")-*%# 2<,3<)*(>-%#8 A!''%1,"# >-:-"% 4,(")-*% %")*% .%-0 #-*5!%# %#) .()% G0 1,*#>-% 1%#
.%-0 #-*5!%# ,") -"% ,-*B% ,33-"% %) 1! 4,(")-*% %#) .% )6'% G1 1% 1,"2 .% %))% ,-*B%
1,*#>-% 1%# %#'!%# )!"2%")# !-0 .%-0 #-*5!%# !-0 ',(")# .% 1! ,-*B% #,") ,"5,".-#8

 !" #$%&'()*+,- ., /&(0)1',- ,2(-)30)-

 !"!" #$%&'()*+,- ., /&(0)1',-

 !"# 1! 1())<*!)-*%+ (1 %0(#)% '1-#(%-*# !12,*()&3%# .% 4,(")-*%# %")*% #-*5!% .% *</,1-)(," %)
#'&;*% ,- '1!" %" -)(1(#!") .%# 61(.%# .%  -'(" CD*!EFB+GH=IJ℄8 L1# ,"#(#)%") ? ,"#)*-(*%
.%-0 %*1%# !*!)<*(#)(>-%# .:-"% 61(.% .%  -'(" ,")%"-# .!"# -" '1!" .% #63<)*(% .%# .%-0
'*(3()(/%# ("()(!1%#8 M%1! *%/(%") ? %N%)-%* -"% 4,(")-*% O .!"# % '1!"8 P! 92-*% Q8R (11-#)*%
-" %0%3'1% .% ,"#)*-)(," ',-* 4,(".*% -" 61(".*% %) -" '1!" S .!"# 1% '1!" .% ,"#)*-)(,"+
1%# .*,()%# ∆1 %) ∆2 #,") .%-0 2<"<*!)*(%# .- 61(".*% )!".(# >-% ∆ %#) 1! #%)(," .- '1!" '!*
1% '1!" .% ,"#)*-)(,"8 L1 #-T) .% .<)%*3("%* .%-0 %*1%# Ci+ i ∈ {1, 2}+ )!"2%")# !-0 .*,()%#
∆i !-0 ',(")# Bi %) )!"2%")# ? 1! .*,()% ∆ !-0 ',(")# Ai8 P%# ',(")# Bi #,") #63<)*(>-%# '!*
*!'',*) ? 1! .*,()% ∆8

JQ



  

 !"#$% !"# $ %&'()*+)-&' ./+'0 1&-')+*0 23 40*50))6') 76 1&-')+*0 !3 0')*0 +' 87-'.*0 0)
+' 476'"

 !"!# $%&%'()*+&),* -%. /,'*%. -% 0+ 1+'&)% 2&)0% -32*% 50)-% 1,2'
0+ 6,)*&2'%

9&*(:+0 '&+( +)-7-(&'( +'0 %3 4&+* 0;0)+0* +'0 1&-')+*0< '&+( .0=&'( .>)0*5-'0* 76
46*)-0 +)-70 .0 76 %3 ? &'(0*=0* @A6*BC℄" 96 1&-')+*0 0')*0 .0+E (4FG*0( (0 H6-) 70 7&'I .0
.0+E 0*70( 6*6)>*-()-:+0( .0 76 %3 < 0*70( &J)0'+( 6=0 θ &+ ψ &'()6')" K' 40+) &J)0'-*
47+(-0+*( )840( .0 1&-')+*0( L +'0 1&-')+*0 .0 )840 4&)06+ (6'( 4&-') (-'I+7-0* MNI+*0 !"2M6OO
&+ +'0 1&-')+*0 .0 )840 *>-4-0') 6=0 P>*&< +' &+ 47+(-0+*( 4&-')( (-'I+7-0*( MNI+*0 !"2MJOO"
36'( @A6*BC℄< 7/6+)0+* .&''0 70( 67I&*-)F50( 40*50))6') .0 .>)0*5-'0* 70( J&*'0( .0 76 46*)-0
+)-70 ? 76 1&-')+*0 .6'( E3"

 !" #$ %&'($)'* )+,&-./01$2 3$ 4&.%/'-$2 G1 $% '/.+.2)%/

3$2 6+.3$2 3$ #'7.%

 !#!" 7,)*&2'%. %*&'% -%28 .19:'%. ,2 10+*. 1+' 2*% 50)-% -% $21)*
%* +**%+2

 !"!#!# $%&'&)* +*, -./0%&123*,

Q64407&'( :+/+' 476' 40+) R)*0 =+ &550 +'0 (4FG*0 46*)-+7-G*0" 36'( 76 (+-)0 .0 0
.&+50')< 70 )0*50 (4FG*0 .>(-I'0*6 +'0 (4FG*0 &+ +' 476' .0 E3" S&+( 4*>-(0*&'( 7&*(:+0
'&+( =&+.*&'( H6-*0 76 .-;>*0'0 0')*0 70( .0+E 6(" 90( 67I&*-)F50( # 0) 2 40*50))0') 76
*>67-(6)-&' .0 1&-')+*0( (4FG*0T(4FG*0 46* .0( 87-.0("
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 !"  #"  "  %"

 !"#$% "#$ % &'( )*+',-.( /0. -' 1*.(0- 3( 45+3( 3( 6-/+' 5( 5*'7 3( (.5(8 0.0,9.+8,+:-(8
0;( ψ *'8,0',# <0= &'( )*+',-.( 3( ,4/( /*,(0- 80'8 /*+', 8+'7-5+(.# <>= &'( )*+',-.( 3( ,4/(
.9+/+(', 80'8 /*+', 8+'7-5+(.# <= (, <3= &'( )*+',-.( 3( ,4/( .9+/+(', 0;( -' /*+', 8+'7-5+(.#

60'8 5?057*.+,@1( AB C /0.,+. 3( 3(-D 8/@E.(8 3*''9(8B 5?-,+5+80,(-. *'8,.-+, ,.*+8 8/@E.(8
,0'7(',(8 <(' 8( 3*''0', /0. (D(1/5( ,.*+8 /*+',8= 0-D 3(-D 8/@E.(8 *.+7+'(55(8 (, 5?057*.+,@1(
39,(.1+'( 05*.8 50 45+3( :-+ (8, ,0'7(',( 0-D ,.*+8 8/@E.(8 *'8,.-+,(8 5( 5*'7 3( (.5(8
0.0,9.+8,+:-(8# F-0', C 5?057*.+,@1( $B +5 /(.1(, C 5?-,+5+80,(-.B C /0.,+. 3( 3(-D 8/@E.(8
3*''9(8B 3?(' .9(. -'( ,.*+8+E1( (, 3( *'8,.-+.( 50 45+3(#

G,0', 3*''9 ,.*+8 8/@E.(8 HD(8 3( (',.(8 '*' 05+7'98B '*-8 398+.*'8 *'8,.-+.( -'( I6 J
(' *'8+39.0', :-( (8 ,.*+8 8/@E.(8 8*', 3( 50 1K1( L01+55( 3( 8/@E.(8 3*', 50 45+3( (8,
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J1 ?8&)(@$%,&$#% 6)* 8K)%&')..)* &(,%*.,&$#%* )& (#&,&$#%* > )L)&')( /#'( /.,)( ., 3?B
6,%* .) ()/;() 6) ., *;%)< MN,(OJ℄1

Q1 3,.'. 6)* R#(%)* 6) ., /,(&$) '&$.) 6) ., 3?B /#'( ., E#$%&'()< MN,(OJ℄1

/#$&%) . S, /,(&$) '&$.) 6) ., 3?B )L)&',%& ., E#$%&'() G1 )%&() ., *'(+,) ,%,.  !"#0 )& .)
/.,% P01

 !"#$%&'() 0 "#$%&'() )%&() '%) *'(+,) ,%,. )& '% /.,%
+,&$-) . 0%) *'(+,) ,%,.  !"#0 )& '% /.,% P01

21 34#$5 67'% )(.) ,(,&8($*&$9') C0 *'(  !"#0 )& 68&)(@$%,&$#% 6' /.,% P1 #%&)%,%& C01

:1 ?8&)(@$%,&$#% 6) ., 6(#$&) ∆0< $%&)(*)&$#% 6) P0 )& P11

!1 ?8&)(@$%,&$#% 6' /.,% Py #(&4#=#%,. > ∆0 /,**,%& /,( .) )%&() O0 6) C01

B1 ?8&)(@$%,&$#% 6)* 6)'5 /#$%&* B1 )& B2 *)&$#% 6) C0 /,( Py1

 1 ?8&)(@$%,&$#% 6) ., 6(#$&) ∆ /,( ∆ = P0 ∩ Py
D1 ?8&)(@$%,&$#% 6)* 6)'5 6(#$&)* ∆1 )& ∆2 &,%=)%&)* >  !"#0 )% B1 )& B2 6,%* Py

J1 ?8&)(@$%,&$#% 6)* 6)'5 )(.)* Ct1 &,%=)%& > ∆ )& ∆1 )% B1 )& Ct2 &,%=)%& > ∆ )& ∆2 )%
B2< *).#% .) &A/) 6) ., A.$6) 6) E#$%&'() 68*$(8)< MNTUOB℄

Q1 3,.'. 6)* /,(,@;&()* a< c )& µ 6) ., 3?B > /,(&$( 6)* )(.)* /($%$/,'5 Ct1 )& Ct2 1

V1 ?8&)(@$%,&$#% 6)* 8K)%&')..)* &(,%*.,&$#%* )& (#&,&$#%* > )L)&')( /#'( /.,)( ., 3?B
6,%* .) ()/;() 6) ., *;%)< MN,(OJ℄1

2O1 3,.'. 6)* R#(%)* 6) ., /,(&$) '&$.) 6) ., 3?B /#'( ., E#$%&'()< MN,(OJ℄1

12&32& . S, /,(&$) '&$.) 6) ., 3?B )L)&',%& ., E#$%&'() G1 )%&() ., *'(+,) ,%,.  !"#0 )& .)
/.,% P01

*454545 +6)(3!)7 ,2(-$%82)7

W% '&$.$*,%& .)* 6)'5 ,.=#($&4@)* /(886)%&*< %#'* /#'K#%* 6#%%)( .)* )5)@/.)* *'$K,%&
6) E#$%&'()* )%&() '%) *'(+,) ,%,. )& '% /.,%1 ?,%* .) /()@$)( )5)@/.)< ., *'(+,) ,%,. )*&



 !

"# $"%& &$ '(#) *& )&,#'- "# )&./&#$0#1 23# '& 4,#$.&. 5"& )&"*& *( '&.#06.& )/76.& '& *(
)".8(& (#(* 9,"& "# .�*&- #,") (;,#) 7,0)0 '&) )".8(&) (#(* 5"0 #& ),#$ /() '&) )".8(&) '&
.<;,*"$0,#1

 !"#$%&' '#$&' %# $%(' '$ %# )*+# '# %$"*",+#$ *-+*.!&"$/0' 1

=# $"%& &)$ "#& )".8(& (#(* /(.$0"*06.&- &#;&*,//& '& )/76.&) '& .(>,# ,#)$(#$1 ?,")
,#)0'<.,#)- '@"#& /(.$- *& $"%& '& ,".%& &#$.(*& Γ0 $&**& 5"& Γ0 (u) = (u, 0, cos (u)) &)$ '<3#0
/(. A

Tube (u; v) =




u+
(r cos (v)) sin (u)√

1 + sin (u)2

r sin (v)

cos (u) +
r cos (v)√
1 + sin (u)2




BC1DE

(;& r = 0, 8- u ∈ [−5; 5] &$ v ∈ [0; 2π] &$- '@("$.& /(.$- *& /*(# P0 '@<5"($0,# z = −0, 6 x+ 101
F# ;&"$ 9,0#'.& *& $"%& (" /*(# P0 *& *,#G '" &.*& (.($<.0)$05"& C0 '@<5"($0,# Tube (5; v)
(;& v ∈ [0; 2π] B3G".& C1DDE1

 !"#$% C1DD H I& $"%& &$ *& /*(# J 9,0#'.&1

K,0&#$ *&) $.,0) )/76.&) S1- S2 &$ S3 $(#G&#$&) (" /*(# P0 &$ (" $"%& *& *,#G '& C0 5"0
,#$ /,". &#$.&) .&)/&$08) O1 (5; 6, 88; 0, 28)- O2 (5;−6, 88; 0, 28) &$ O3 (2, 48; 3, 86; 3, 21) B&#
,,.',##<&) (//.,7<&)E &$ '& .(>,#) .&)/&$08) r1 ≃ 6, 08- r2 ≃ 6, 08 &$ r3 ≃ 4, 661

F# )& /*(& '(#) *& /*(# Pz '<3#0 /(. O1-O2 &$ O31 F# '<$&.40#& *&) &.*&) C1- C2 &$ C3-
)&$0,#) '&) )/76.&) S1- S2 &$ S3 /(. Pz- /"0) ,# '<$&.40#& *&) &.*&) /.0#0/("L '& *( MN!2-
$(#G&#$) J C1- C2 &$ C3 B3G".& C1DOE1

P#)"0$&- ,# (*"*& *&) /(.(46$.&) '& *( >*0'& '& 9,0#$".& a ≃ 7, 30- c ≃ 2, 33 &$ µ ≃ 6, 52-
3G".& C1DCB(E- & 5"0 ,..&)/,#' J "#& >*0'& &# (##&(" ," MN!21 2/.6) (;,0. '<$&.40#< *&)
.,$($0,#) &$ $.(#)*($0,#) /,". .&/*(&. *( MN!2 '(#) *& .&/6.& '& *( )6#&- ,# ,%$0&#$ *( MN!2
0**")$.<& &# 3G".& C1DCB(E1 I( 9,0#$".& )@&Q&$"& /,". ψ ∈

[
0; π

2

]
- 3G".& C1DCB%E1



  

 !"#$% !"#$ % &'( '*+'( ,*-.-,/01 2' +/ 3+-2' 2' 45-.60*' 576'.0( 8*9' /01 6*5-( (,:;*'(
6/.8'.6'( /0 607' '6 /0 ,+/. <2'01 =0'(>"

 !"  #"

 !"#$% !"#! % </> &/ ?@AB 2' 45-.60*' '.6*' +' 607' '6 +' ,+/." <7> &/ 45-.60*' '.6*' +' 607'
'6 +' ,+/."

 !"#$%&! '  ! "#$%&!$ '& ()(& *+,-'$.$ ./& '1.'2"*%$3(& 45 6& 7'.! 8& "!,$*-$%"! "*$3"9
2"!.' .- 7'.! "!$&!.!$ '& &*'& C0 &$ : P0 &,$ '& 7'.! Py5 6&, 7"%!$,; ,&$%"!, 8& C 7.* Py;
,"!$ '&, 7"%!$, B1 (4, 44; 0; 0, 86) &$ B2 (5, 55; 0;−0, 29) <""*8"!!+&, .77*"3+&,=5 6&, &*'&,
Ct1 &$ Ct2; $.!2&!$, : P &$ .- $-#& .-> 7"%!$, B1 &$ B2 ,"!$ %''-,$*+, &! ?2-*& @5A45

C. /+0+/.6 D .50='/0 +'( ,/*/E;6*'( 2' +/ ?@AB 2' 45-.60*' /=' '( '*+'( ,*-.-,/01F
5. 6*50=' 7-'. a ≃ 7, 3F c ≃ 2, 33 '6 µ ≃ 6, 52" G. 576-'.6 +/ EHE' 45-.60*' I0' ,*JJ2'EE'.6
<K80*' !"#!>"

()*+,&$! !+,$! &+ -!$.!+,*+ !, &+ ./#+ !+ &,*/*-#+, /0#/1)$*,2"! 3

G. :'*:' D 45-.2*'F /=' +L/+85*-6:E' AF 0. ('*,'.6-. Serp '6 0. ,+/. P0 +' +5.8 2L0.
'*+' /*/6J*-(6-I0' C0 20 ('*,'.6-." &LJI0/6-5. 2' Serp '(6 25..J' ,/* +/ M5*E0+' <!"$> N



 !

 !"#$% "#$% & '() *(+, (./() 0.12103+, *( /3 4/1*( *( 56127+.( *32) Py8 *97(.:129) 03.
/;3/<6.17=:( %#

Serp (u; v) =




(a0 + b0 cos (u)) cos (v) +
b0h0√
a2O + h20

sin (u) sin (v)

(a0 + b0 cos (u)) sin (v)−
b0h0√
a2O + h20

sin (u) cos (v)

h0v +
b0a0√
a2O + h20

sin (u)




>"#?@

3A( a0 = 38 b0 = 2 (7 h0 = 1# '( 0/32 P0 3 06+. 9B+37162 y = x − 10 (7 C08 *6229 03.
Serp (u; 0)8 3 06+. (27.( O0 = Γ0 (0) (7 06+. .3462 b0 >C<+.( "#$ @#

 !"#$% "#$ & '( )(.0(2712 (7 /( 0/32 D 5612*.(#

E32) /( 0/32 Py8 6.7=6<623/ 3+ 0/32 P0 (7 3+ 0/32 627(2327 C08 62 *97(.:12( /() *(+,
(./() Ct1 (7 Ct2 732<(27) D P0 (7 D Serp /( /62< *( C08 3*9B+37) 06+. 6F7(21. +2( GE%H8
C<+.( "#$!>3@8 6+ +2( GE%I *( 56127+.(8 C<+.( "#$!>F@#

E32) /( 0.(:1(. 3)8 /() 03.3:J7.() *( /3 GE%H )627 a ≃ 14, 848 c ≃ 10, 84 (7 µ ≃ 12, 94
732*1) B+(8 *32) /( )(62* 3)8 /() 03.3:J7.() *( /3 GE%I )627 a ≃ 6, 498 c ≃ 4, 71 (7 µ ≃ 8, 49#
H0.J) 3A61. (K(7+9 /() .6737162) (7 7.32)/37162) 29())31.() 06+. .(0/3(. /3 GE% *32) /( .(0J.(



 !

 !"  #"

 !"#$% "#$% & '() *(+, (./() 0.12103+, *( /3 4/1*( *( 56127+.(# 839 '3 4/1*( *( 56127+.(
()7 +2( :;<=# 8>9 '3 4/1*( *( 56127+.( ()7 +2( :;<?#

*( /3 )@2(A 62 6>71(27 /3 03.71( +71/( *( /3 56127+.( 06+. ψ ∈
[
0; π

2

]
A *32) /() *(+, 3) 8BC+.(

"#$!839 (7 "#$!8>99#

 !"  #"

 !"#$% "#$! & '3 56127+.( (27.( /( )(.0(2712 (7 /( 0/32# 839 D2 +71/1)327 +2( :;<=# 8>9 D2
+71/1)327 +2( :;<?#



 !



 !"#$%&' (

)*'+#"' -'+ +#!.&'+

 !"# $%&!&# '% $!() '(*+)%&,# -./!)(,01%# '% 2!(&,")%# '-&# .3%#4-% E36  !"# 4!"$!&#
,)-'"()% %# -./!)(,01%# '-&# .3%#4-% '%# #407)%# !8 "&% #407)% !)(%&,+% %#, )%4)+#%&,+% 4-)
"& 4!(&, '3"&% 9"-')(9"% '% '(1%&#(!& 46 :&% ;-1(..% '% #407)%# '!&, "&% <.('% '% ="4(& %#,
.3%&$%.!44% %#, )%4)+#%&,+% 4-) "&% !")>% 4-),(".(7)%6 ?(&#(@ &!"# )-1%&!&# &!# 4)!>.71%# '%
2!(&,")%# '% #");-%# A '%# 4)!>.71%# .(&+-()%# '-&# "& %#4-% '% '(1%&#(!& 56

 !" #$%&'()'+$% ,- ./-&01- ,-& &023(-&

B3%#4-% '% B!)%&,C@ &!,+
−→
 4,1@ %#, .% RD%#4-% $%,!)(%. R5 1"&( '% .- ;!)1% '% B!)%&,C L4,1@

>(.(&+-()%@ '+E&(%@ #<1+,)(9"%@ ,%..% 9"%@ 4!")−→u (x0; x1; x2; x3; x4) %,−→v (y0; y1; y2; y3; y4)@ FBGHI℄@
&!"# -$!&# K

L4,1(−→u ,−→v ) = −x0y0 + x1y1 + x2y2 + x3y3 + x4y4

%, .- ;!)1% 9"-')-,(9"% -##!(+% Q4,1 %#, K

Q4,1(
−→u ) = L4,1(−→u ,−→u ) = −x20 + x21 + x22 + x23 + x24

L& 4)%&-&, !11% 4!(&, 4-),(".(%) O5 (0; 0; 0; 0; 0)@ &!"# !>,%&!&# .3%#4-% -M&%  4,1 '3%#4-%
$%,!)(%. -,,-0+

−→
 4,1

B- 9"-')(9"%@ '% '(1%&#(!& N@ )%4)+#%&,-&, .3%#4-% '%# #407)%# %#, '+E&(% 4-) K

Λ4 = {M ∈  4,1,Q4,1(
−−−→
O5M) = 1} ON6PQ

B% �&% '% ."1(7)%@ 9"-&, A ."(@ %#, '+E&( 4-) K

!l = {M ∈  4,1,Q4,1(
−−−→
O5M) = 0} ON6SQ

 !,!&# 9"% 4!") .- ;!)1% 9"-')-,(9"% '% B!)%&,C@ .%# 4!(&,# '% Λ4 #!&, A "&% T 4#%"'! UD
'(#,-&% 1 '% .3!)(/(&%O56  !"# 4!"$!&# '!& $!() .- #");-% Λ4 !11% "&% #407)%ODB!)%&,CQ '%
)-<!& 16 V. %& %#, '% 1W1% 4!") .% �&% '% ."1(7)%@ '!&, .%# 4!(&,# #!&, A "&% T 4#%"'! UD'(#,-&%
&"..% '% .3!)(/(&% O5 K (. 4%", W,)% $" !11% "&% #407)%ODB!)%&,CQ '% )-<!& &".6 X%4%&'-&,@
&!"# 4)+;+)!&# .- ,%)1(&!.!/(% '% .- ,0+!)(% '% .- )%.-,($(,+ 9"( &!"# 4%)1%, 4."# #(14.%1%&,
'% ;-()% '%# (.."#,)-,(!&# !14)+0%&#(>.%# 4-) .% .%,%")6  !"# &3!">.(!&# 4-# 4!") -",-&, .%#

YZ



 !

"#$"#%&'&( )* +, -$#.* )* /$#*0'12 /*( %++3('#,'%$0( *' +*( '*#.*( *."+$4&( ),0( +, (3%'* ($0'
%((3( )* * 6 "$%0' )* 73* *3+%)%*0 82 9$'$0( :3* +$#(:3* 0$3( ",#+$0( );$#'<$=$0,+%'& ),0(
Λ4> %+ (;,=%' )* +;$#'<$=$0,+%'& #*+,'%7* ? +, -$#.* )* /$#*0'12 @,0(  4,1 *'

−→
 4,1> 0$3( "$37$0(

)%('%0=3*# '#$%( '4"*( )* 7*'*3#( *' )* "+,0(> ',A+* B2C2

'4"* 7*'*3# −→v "+,0

*(",* Q4,1(
−→v ) > 0 '$3( +*( 7*'*3#( )3 "+,0

($0' )* '4"* *(",*

+3.%D#* Q4,1(
−→v ) = 0 "+,0 ",#,++D+* ? 30 "+,0 ',0=*0' ,3 �0* )* +3.%D#*

$3 $0'*0,0' *F,'*.*0' 1 )%#*'%$0 +3.%D#*

'*."( Q4,1(
−→v ) < 0 ,3 .$%0( 30 7*'*3# )3 "+,0 *(' )* '4"* '*."(

$3 "+,0 $0'*0,0' *F,'*.*0' 2 )%#*'%$0( +3.%D#*

 !"#$ B2C G @%H&#*0'( '4"*( )* 7*'*3#( )*
−→
 4,1 *' )* "+,0( )*  4,1 *'

−→
 4,12

IJ0 )* "$37$%# .,0%"3+*# +*( .K.*( $AL*'( ),0( E3 *' ),0( +;*(",* )*( ("<D#*(> 0$3(
)*7$0( $0('#3%#* 30 .$)D+* )* E3 ),0(  4,12 M*''* $0('#3'%$0 0$3( "*#.*''#, )* #,.*0*#
+;&:3,'%$0 );30* ("<D#* ? 30* &:3,'%$0 +%0&,%#*2

/* +*..* C> %++3('#& ",# +*( J=3#*( B2C *' B2N> "*#.*' )* )&J0%# 30* %($.&'#%* *0'#* E3 *' 30
",#,A$+$O)* Π )* )%.*0(%$0 3> (*'%$0 )3 �0* )* +3.%D#* !l ",# 30 <4"*#"+,0 ,P0* H )* '4"*
+3.%D#*2 /* 7*'*3#

−→
l∗ "*#.*' )* )&J0%# +;$#%=%0* )* E3 ),0( H ∩ Π ',0)%( :3* +* 7*'*3#

−→
l

#*"#&(*0'* +* "$%0' ? +;%0J0% )* E3 Q@RS!T>@RU/CN℄ W +, )%#*'%$0 )* * 7*'*3# *(' +, )%#*'%$0
,(4."'$'%:3* )3 ",#,A$+$O)* Π2

 !""! #  
!"#$ H %&'()*+)%,- .&/01,$#"-  x0 − x4 = 12
3* ),+,4"%"5.* Π =  l ∩H6 71-# .* %, 7/$+#01* "4$*-1* "77* +*9$+#$#"- .* Q4,1 : H *9$

#9"7/$+#01* : %&*9),* *1%#.#*- E32

$%"&'()*+),&' # 3&#./* .* %, ./7"-9$+,$#"- *9$ "-$*-1* .,-9 %*9 ;<1+*9 =2> *$ =2?2 3&'(@

)*+)%,- ,A-* H *9$ .* .#+*$#"-
−→H2 3&'()*+)%,- B*$"+#*%

−→H *9$ $,-<*-$ ,1 �-* .* %17#D+*

%* %"-< .* %, </-/+,$#* *-<*-.+/* ),+ %* B*$*1+
−→
l
(
1
2
, 0, 0, 0, 1

2

)
2 E- *F*$6 *$ '()*+)%,- *9$

%&*-9*74%* .*9 B*$*1+9 −→u B/+#;,-$  

L4,1
(−→
l ,−→u

)
= 0

!1+ %, ;<1+* =2>6 -"19 ,B"-9 #-.#01/ %*9 B*$*1+9
−→
l *$

−→
l∗

(
1
2
, 0, 0, 0,−1

2

)
2

3, +*9$+#$#"- .* Q4,1 : H *9$ ./</-/+/* G.* +,-< HI *$ )"9#$#B*2 J.*-$#;"-9 E3 ,B* %* 9"19@
*9),*6 #-%19 .,-9 H6 .&/01,$#"-9  





x0 =
1

2

x4 = −1
2



 !

 ! "#$%&()$*+ "!#!,,-,&.&*( !/ 0&(&/# ,/.)-#&
−→
l + 1/ "!#!2$,$31& Π+ )*,/4 1!*4 H+ 4/# E3+

&4( /*& )4$.5(#)&6 7&.!#8/$*4 8/& E3 &4( (!*9&*( : Π !/ "$)*( 1& $$#1$**5&4
(
1
2
, 0, 0, 0,−1

2

)
6

�

 !"#$% "#! $ %&'()*+)-&' .+ /0*01&2&3.4 Π -(&56)*-7+4 8 294(/04 0:'4 4+2-.-4' +(+42 E3#−→
l ;
−→
l∗ ;
−→H; 4) H (&') .4 )</4 2+5-=*4# >9?</4*/20'

−→H 4() )0'@4') 8  l# A&+)4 .-*4)-&' 2+5-=*4−→
l∗ ; .-()-')4 .4

−→
l ; /4*54) .9&1)4'-* +' /&-') .4 E3 B-0 24 /0*01&2&3.4 Π#

C0'( 24 /0*0@*0/?4 (+-B0'); 4))4 *4/*6(4')0)-&' '&+( /4*54) .4 .6)4*5-'4* 24( D&*5+24( .4
/0((0@4 .4( (/?=*4( 4) .4( /20'( &*-4')6( .4 E3 8 Λ4 4) .4 .&''4* 20 &**4(/&'.0'4 4')*4 24(
/&-')( .4 E3 4) 24( /&-')( .+ /0*01&2&3.4 Π#

 !" #$%&'($)*+*,-) .$( %-,)*(/ (%01&$( $* %2+)( -&,$)*'( .$

E3
E 20 1&+24 B(a, b, c, r) .4 4')*4 Ω(a; b; c) 4) .4 *0<&' r; '&+( 0((&-&'( 24( .4+F (/?=*4(

&*-4')64( S+(a; b; c; r) 4) S−(a; b; c;−r)# >0 (/?=*4 &*-4')64 S+ 4() 24 1&*. .4 20 1&+24 B(a, b, c, r)
4) 20 (/?=*4 S− 4() 24 1&*. .+ &5/2654')0-*4 .4 20 1&+24 B(a, b, c, r) .0'( E3# G0* &'B4')-&';
.0'( 24 /*45-4* 0( H*4(/# 24 (4&'.I; 24 (4'( .+ B4)4+* '&*502 8 20 (/?=*4 4' +' /&-') M 4()
-.4')-7+4 H*4(/# &')*0-*4I 8 42+- .4

−−→
ΩM # >4( /20'( .4 E3 (&') &'(-.6*6( &554 .4( (/?=*4(

.4 *0<&' -'J'- 4) .4 4')*4 (-)+6 8 29-'J'- .0'( 20 .-*4)-&' &*)?&@&'024 0+ /20'# E ?07+4



 !

 !"#$% "#! $ %&'()*+)-&' .+ /0*01&2&3.4 Π -(&56)*-7+4 8 294(/04 0:'4 4+2-.-4' +(+42 E3#
;9 <=/4*/20' H 4() .4 )=/4 2+5->*4? 20 *4()*-)-&' .4 20 @&*54 .4 ;&*4')A 8 4) <=/4*/20' 4()
.6B6'6*64 4) 24( .-*4)-&'( 4' 124+ 0''+24') 20 @&*54 .4 ;&*4')A#

(/<>*4 &*-4')64 S .4 E3 &**4(/&'. +' /&-') σ .4 Λ4# C&+( 022&'( &'()*+-*4 +'4 1-D4)-&' 4')*4
294'(45124 .4( (/<>*4( &*-4')64( .4 E3 4) 20 7+0.*-7+4 Λ4 B*E4 8 29-(&56)*-4 .6*-)4 -F.4((+(?
94()F8F.-*4 7+4 24( 62654')( .4 E3 (&') G+( (+* 24 /0*01&2&3.4 Π# H&+* 420? /0*)&'( .4( G4)4+*(
2+5->*4(

−→
l 4)

−→
l∗ 4) *0//422&'( 7+4 29<=/4*/20' H .967+0)-&' x0− x4 = 1 4() /0*022>24 8

−→
l ⊥ 4)

/0((4 /0* 24 /&-') vl∗(12 ; 0; 0; 0;
−1
2
)#

%&554 24 /0*01&2&3.4 Π? -')4*(4)-&' .+ �'4 .4 2+5->*4 0G4 H? 4() -(&56)*-7+4 8 E3?
'&+( @0-(&'( &**4(/&'.*4 0+ /&-') m(x0; x1; x2; x3; x4) .4 Π 24 /&-') X(x1; x2; x3) .4 E3# ;4
/0*01&2&3.4 Π 4() 02&*( .6J'- /0* 24 (=()>54 K

{
f1(m) = x0 − x4 − 1 = 0

f2(m) = x0 − 1
2
(x21 + x22 + x23 + 1) = 0

C&+( 0G&'( 02&*( K

m




1

2

(
x21 + x22 + x23 + 1

)

x1

x2

x3

1

2

(
x21 + x22 + x23 − 1

)






 !

"#$%&'()#$% *+ %,-.)/ S '/ E3 '/ /$1)/ Ω(a; b; c) /1 '/ )+2#$ r3 4$/ %,-.)/ (1+$1 1#1+*/5/$1
'(1/)5&$(/ ,+) 6$ ,#&$17 %#$ 8/1/6) $#)5+* 6$&1+&)/ /$ / ,#&$1 /1 %+ #6)96)/7 #$%&'()#$% 6$
,#&$1M %6) S +&$%& :6/ */ 8/1/6)

−→
N 6$&1+&)/ $#)5+* ; S /$M 3 <& σ /%1 */ ,#&$1 #))/%,#$'+$1

; S '+$% Λ47 m */ ,#&$1 #))/%,#$'+$1 ; M '+$% Π7 −→n */ 8/1/6) L4,1=6$&1+&)/7 L4,1=#)1-#>#$+*
; Π /$ m #))/%,#$'+$1 ;

−→
N /1 k *+ #6)96)/ '/ S /$ M +*#)%7 ?@AB!7"/CD7EFBG℄ I

−−→
O5σ = k

−−→
O5m+−→n JK3!L

E+ '(5#$%1)+1&#$ '/ / )(%6*1+1 %/ 1)#68/ '+$% ?EFBG℄3
M)/$#$%7 ,+) /N/5,*/7 */ ,�*/ $#)' M(a; b; c + r) '/ S /1

−→
N (0; 0;−1) 6$ 8/1/6) $#)5+*

6$&1+&)/ ; S /$ M 7 $#6% +8#$% I

m




1

2

(
a2 + b2 + (c+ r)2 + 1

)

a

b

c+ r

1

2

(
a2 + b2 + (c + r)2 − 1

)




P#6% %+8#$% :6/ *+ #6)96)/ '/ *+ %,-.)/ '/ )+2#$ r 8+61 k = 1
r
3 Q* $/ )/%1/ ,*6% :6R; '(1/)5&$/)

*/ 8/1/6) −→n '/
−→
 4,1 #))/%,#$'+$1 ;

−→
N 3 P#6% +8#$% 86 ,)(('/55/$1 :6/ $#6% ,#68&#$%

&'/$1&S/) E3 +8/ */ %#6%=/%,+/ '/ '&5/$%&#$ 37 &$*6% '+$% H7 'R(:6+1&#$% I





x0 =
1

2

x4 = −1
2

/1 :6/ *+ ,)#T/1&#$ '6 ,+)+9#*#U'/ Π %6) /1 /%,+/7 ,+)+**.*/5/$1 +6 8/1/6)
−→
l 7 /%1 6$/

&%#5(1)&/3 P#6% 8#6*#$% '#$ :6/ */ 8/1/6) −→n %/ ,)#T/11/ %6) */ 8/1/6)
−→
N 3 "R/%1 ,#6):6#&7

−→n %R()&1 I
−→n (λ; 0; 0;−1; ρ)

Q* %6V1 5+&$1/$+$1 '/ '(1/)5&$/) */% 8+*/6)% '/ λ /1 ρ I −→n /%1 #$1/$6 '+$% *R/%,+/ TmΠ
1+$>/$1 ; Π /$ m3 "/1 /%,+/ '/ '&5/$%&#$ 3 /%1 #)1-#>#$+* +6 ,*+$ /$>/$')( ,+) */% 8/1/6)%
−→u /1 −→v '(S$&% ,+) I

−→u = −−−−−−→∇f1(m) = (1; 0; 0; 0; 1)
−→v = −−−−−−→∇f2(m) = (1; a; b; c+ r; 0)

W$ )(%#*8+$1 */ %2%1.5/ I {
L(−→u ,−→n ) = 0
L(−→v ,−→n ) = 0



 !

"#$% #&'("#"% )( *('($, -
−→n (−(c+ r); 0; 0;−1;−(c+ r))

./"%/0 1 23,'/, 4( )3 5#,6$)( 7!89:0 "#$% 4#""#"% )3 #,,(%2#"43"( ("',( )( 2#/"' σ (' )3 %2;<,(
S 43"% )3 '3&)( !898 . 23,'/, 4( )3 5#,6$)( 7!8=:0 "#$% 2#$*#"% "#'(, >$?1 $"( %2;<,( "#"
#,/("'@( 4( E3 #,,(%2#"4 4($A 2#/"'% 4( Λ40 %B6@',/>$(% 23, ,322#,' 1 O58

C( 2)$%0 )( )('($, 2($' 3/%@6("' *@,/D(, >$( Q4,1(
−−→
O5σ) = 1 (' >$( )3 5#,6$)( #&'("$( "(

4@2("4 23% 4$ ;#/A 4$ 2#/"' M %$, )3 %2;<,( S8
C( )3 6E6( 63"/<,(0 2,("#"% $" 2)3" Q 4?@>$3'/#" ax + by + cz = d 4( E38 F( 53/' >$( )3
#$,&$,( k 4$ 2)3" %#/' "$))( /62)/>$( >$(

−−→
O5σ = −→n 8 G" '#$' 2#/"' M (x0; y0; z0) 4( Q0 $"

*('($, "#,63) (%'
−→
N (a; b; c)8 H3"% 2(,'( 4( I@"@,3)/'@0 "#$% 2#$*#"% %$22#%(, >$( )(% *3)($,%

4( a0 b0 c (' d %#"' ;#/%/(% 4( '())( 53J#" >$(
−→
N %#/' $"/'3/,(8 K#$% 3*#"% −→n (λ; a; b; c; ρ)8

L#66( 2,@@4(66("'0 3$ 2#/"' M 4( E3 #,,(%2#"4 )( 2#/"' m 4$ 23,3&#)#M4( Π8 F( 2)3"
#,';#I#"3) 1 )?(%23( '3"I("' TmΠ (%' ("I("4,@ 23, −→u ('

−→
v′ (1; x0; y0; z0; 0)8 G" ,@%#)*3"' )(

%B%'<6( - {
L(−→u ,−→n ) = 0

L(
−→
v′ ,−→n ) = 0

"#$% #&'("#"% 3)#,% )( *('($, $"/'3/,( -

−→n (d; a; b; c; d)

N"*(,%(6("'0 $" 2#/"' σ(x0; x1; x2; x3; x4) 4( Λ40 '() >$( x0 6= x4 #,,(%2#"4 1 $"( %2;<,(
#,/("'@( S 4( E3 4#"' )( ("',( 3 2#$, ##,4#""@(% -

(
x1

x0 − x4
;

x2
x0 − x4

;
x3

x0 − x4

)

(' 4#"' )( ,3B#" (%' -
1

x0 − x4
7!8!:

O" 2#/"' ρ(x0; x1; x2; x3; x0) 4( Λ4 #,,(%2#"4 1 $" 2)3" Q 4( E3 4?@>$3'/#" -

x1x+ x2y + x3z = x0 7!8P:

F(% 5#,6$)(% 4( 23%%3I( ("',( E3 (' Π (' ("',( Λ4 (' )(% %2;<,(% #,/("'@(% 4( E3 %#"' ,(2,/%(%
43"% )(% '3&)(% !8Q (' !898



 !

"#$%& '( E3 )(%* "#$%& '( Π ⊂  4,1 +#%'$&$#%

M =




x
y
z


 −→ m =




1

2

(
x2 + y2 + z2 + 1

)

x

y

z

1

2

(
x2 + y2 + z2 − 1

)




M =




x1
x2
x3


 ←− m =




x0
x1
x2
x3
x4








x0 = x4 + 1

x0 =
1

2

(
x21 + x22 + x23 + 1

)

 !"#$ ,-. / +#00(*1#%'2%( (%&0( 4(* 1#$%&* '( E3 (& 4(* 1#$%&* '5 12026#4#7'( Π-

8 %#&(0 95( 4:(%*(;64( '(* 142%* #0$(%&<* '( E3 (*& 0(10<*(%&< '2%* Λ4 120 4( 3=>4$%'0(
':<952&$#%* ? {

x0 − x4 = 0

x21 + x22 + x23 = 1
@,- A

B:25&0(* 10#10$<&<* '( 42 C#0;( '( D#0(%&E *#%& F #%*$'<0(0 1#50 6$(% #;10(%'0( 4(* 24=
G#0$&H;(* '#%%<* '2%* 42 *5$&( IBJDKL℄ ?

 !"#!$%&% '  !"# $!&!"'( )"*+,'! L4,1-.'&/.0.12"# (.1& .)+132+'!(4

(%)"*+&!,&$"* - 5.1&'.1( 6"! 7!"# $!&!"'( )"*+,'! 1.1 .)+1!2+'!( 1! (.1& 82( .'&/.0-
.12"#4 9.+!1& 7!"# $!&!"'( )"*+,'! −→u !& −→v 1.1 .)+132+'!(4 921( 8!'&! 7! 0313'2)+&3: 1."(
8."$.1( &.";."'( 3'+'! −→u !& −→v <

−→u (α, α, 0, 0, 0)
−→v (β, 0, β, 0, 0)

2$! α !& β 7!"# '3!)( 1.1 1")(4 =) !(& 3$+7!1& 6"! (+ −→u !& −→v (.1& L4,1-.'&/.0.12"# >!(& ?
7+'! 6"! L4,1 (−→u ,−→v ) = −αβ = 0 2).'( (.+& α = 0 (.+& β = 04 @."( 2A."&+((.1( 7.1 ? "1!
.1&'27+&+.14
�

 !"#!$%&% - 9.+& "1 8.+1& m 7" 82'2A.).B7! Π .''!(8.1721& ? "1 8.+1& M 7! E3 !& "1 8.+1&
σ 7! Λ4 .''!(8.1721& ? "1! (8/,'! S 7! E3: 2).'( 1."( 2$.1( )2 8'.8.(+&+.1 ("+$21&! <

M ∈ S ⇔ L4,1(
−−→
O5m,

−−→
O5σ) = 0



  

!"#$%& '((%)(**+&, (x0; x1; x2; x3; x4) '(*)-#-(*
)"*, E3 )"*,  4,1

./01%& '&*#%& 2 (a; b; c) 3(-*# )& Λ4 ⊂  4,1

(%-&*#+&

4"5(* 2 r
σ =




1

2r

(
a2 + b2 + c2 − r2 + 1

)

a

r
b

r
c

r
1

2r

(
a2 + b2 + c2 − r2 − 1

)




6789:
r 6= 0

3;"* a x+ b y + c z = d (d; a; b; c; d)

√
a2 + b2 + c2 = 1

"<*&

 !"#$ 78= > '(%%&,/(*)"*& &*#%& ;&, ,/01%&, (%-&*#+&, )& E3 &# ;&, /(-*#, )& Λ48 @A(%-&*#"#-(*
)A$*& ,/01%& &,# )(**+& /"% ;& ,-B*& )& ,(* %"5(* r &# ;A(%-&*#"#-(* )A$* /;"* /"% ;& ,&*, )& ,(*
C&#&$% *(%D";

 !"#$%&'(&)#$ *  ! "#$%$&'!# %' ()*+"%, -./0 !)"& '1)!& 2

L4,1(
−−→
O5m,

−−→
O5σ) = k L4,1(

−−→
O5m,

−−→
O5m)︸ ︷︷ ︸

 !" $%
−−→
05m &'( )& (*+& "!,-.%&

+ L4,1(
−−→
O5m,

−→n )︸ ︷︷ ︸
 !" $%

−→n &'(  /%,$" 0
−−−→
O5m

= 0

�

 !" #$%&'($)*+*,-) .$( /+,($+12 3,)'+,&$( .$ (%45&$(

E; &,# -D/(%#"*#F D"-*#&*"*# G$& *($, (**"-,,(*, ;" %&/%+,&*#"#-(* )&, ,/01%&, )"*, ;"
G$")%-G$& Λ4F )& (**"H#%& "$,,- ;" D"*-1%& )(*# ;&, /(-*#, ,(*# (%B"*-,+, ,$% Λ48 I-*,-F *($,
/($C(*, %&B"%)&% (DD&*# ,(*# %&/%+,&*#+, ;&, J"-,&"$K ;-*+"-%&, )& ,/01%&, 2 )"*, L@MNO℄F ;&,
"$#&$%, (*# %"//&;+ G$& #($# J"-,&"$ ;-*+"-%& )& ,/01%&, )& E3 &,# %&/%+,&*#+ )"*,  4,1 /"% ;"
,&#-(* )& ;" G$")%-G$& Λ4 /"% $* 2Q/;"* P  (*#&*"*# ;A(%-B-*&8 .&;(* ;& #5/& )$ /;"* P F #"R;&
78SF *($, (R#&*(*, )-T+%&*#, #5/&, )& J"-,&"$K )& ,/01%&, 2
➢ @" ,&#-(* )& ;" G$")%-G$& Λ4 /"% $* /;"* P )& #5/& &,/"& &,# $*& &;;-/,& &# (%%&,/(*)

U $* J"-,&"$ )& ,/01%&, U R",& &%;&F -8&8 #($#&, ;&, ,/01%&, )$ J"-,&"$ (*# $* &%;& &*

 ! "#$% &# %'()*+ &*% )*,-*% .&#$ *) 2/.&#$ %*,0$) )0'% 1*'2 ')(&(%3% .0', 13%(4$*, '$ .&#$ 1* 1(-*$%(0$ 2!



 !

#$$%&' ()%*+ ,-.- /0&10' %& +*2+ C 3+ E3 4+%5 65*+ *+4*71+&57 38&1 Λ4 48* 29+&1+$:2+
3+1 14;<*+1 4#*58&5 + +*2+ +5 3#& 48* 29+22041+ Γ #**+14#&38&5+ =#&5+&%+ 38&1 %&
428& 3+ 5>4+ +148+ 48118&5 48* O5?- @+%A 14;<*+1 #*0+&57+1 S +5 T 3+ *8>#&1 30150&51
3% B801+8% 3+ 14;<*+1 1%C1+&5 4#%* 375+*$0&+* C 38&1 E3 4%01D%+ S ∩ T = C- E2 +& +15
3+ $6$+ 38&1  4,1' 2+1 4#0&51 σ #**+14#&38&5 F S +5 τ #**+14#&38&5 F T 1%C1+&5 F
375+*$0&+* P =  !(O5, σ, τ)- G&+ $8&0<*+ #$$$#3+ 3+ ;#010* S +5 T 48*$0 29+&1+$:2+

3+1 14;<*+1 3% B801+8% +15 3+ 2+1 4*+&3*+ #*5;#)#&82+1 80&10 L4,1
(−−→
O5σ,

−−→
O5τ

)
= 0 +5 38&1

+ 81' 2+ H+5+%*
−−→
O5τ +15 #20&780*+ 8% H+5+%* 58&)+&5 F 29+22041+ Γ 8% 4#0&5 σ- I#%1

4#%H#&1 3#& 811#0+* 8% +*2+ C &90$4#*5+ D%+2 #%42+ (σ,−→vσ) 5+2 D%+ σ 1#05 %& 4#0&5

3+ Γ +5 −→vσ %& H+5+%* 58&)+&5 F Γ +& σ- I#%1 &#5+*#&1
 
S %&+ 14;<*+ #*5;#)#&82+ F 28

14;<*+ S +5
 
σ 2+ 4#0&5 #**+14#&38&5 38&1 Λ4 2#*1D%+ σ #**+14#&3*8 F 28 14;<*+ S-

➢ J8 1+50#& 3+ 28 D%83*0D%+ Λ4 48* %& 428& P 3+ 5>4+ 5+$41 +15 %&+ ;>4+*:#2+ +5 #**+1K
4#&3 F %& B801+8% 3+ 14;<*+1 F 4#0&51 20$05+1' 0-+- 02 > 8 3+%A B8$022+1 3+ 14;<*+1 3#&5 2+1
:#%2+1 D%9+22+1 3720$05+&5 1#&5 #&5+&%+1 2+1 %&+1 38&1 2+1 8%5*+1 +5 +22+1K0 5+&3+&5 H+*1
3+%A 4#0&51 20$05+1' ()%*+ ,-,- J+1 3+%A 30*+50#&1 2%$0<*+ 3% 428& P 1#&5 2+1 81>$45#5+1
3+ 29;>4+*:#2+ +5 #**+14#&3+&5 8%A 4#0&51 20$05+1 3% B801+8%-

➢ J8 1+50#& 3+ 28 D%83*0D%+ Λ4 48* %& 428& P 3+ 5>4+ 2%$0<*+ +15 29%&0#& 3+ 3+%A 3*#05+1
+5 #**+14#&3 F %& B801+8% 3+ 14;<*+1 58&)+&5+1 +& %& 4#0&5' ()%*+ ,-L-

M+55+ 3+*&0<*+ 811+*50#& +15 10$42+ F 37$#&5*+* +& %502018&5 28 4*#4*0757 N- O#05 %&+ 3*#05+
2%$0<*+ 1%* Λ4 37(&0+ 48* 2+ 4#0&5 σ1 +5 2+ H+5+%* 2%$0<*+

−→
l H7*0(8&5 L4,1(

−−→
O5σ1,

−→
l ) = 0' 0-+-

2+ 4#0&5 M 3+ E3 #**+14#&38&5 F
−→
l 8448*50+&5 F 28 14;<*+ S1 3+ E3 37(&0+ 48* σ1- O#05 σ2 1%*

28 $6$+ 3*#05+ 2%$0<*+ 3+ Λ4' 30P7*+&5 3+ σ1- E2 +A015+ %& *7+2 &#& &%2 λ 5+2 D%+

−−→
O5σ2 =

−−→
O5σ1 + λ

−→
l

39#Q R
L4,1(

−−→
O5σ2,

−→
l ) = L4,1(

−−→
O5σ1,

−→
l )︸ ︷︷ ︸

 !" #$% &'#()&*+,

+ λ Q4,1(
−→
l )︸ ︷︷ ︸

 !" $%
−→
l ,+) ., )'#, "!/0*%,

= 0

M+0 $#&5*+ D%+ 2+ 4#0&5 #**+14#&38&5 F
−→
l 8448*50+&5 8%110 F 28 14;<*+ S2 #**+14#&38&5 8%

4#0&5 σ2- E2 *+15+ F $#&5*+* D%+ S2 &+ #&50+&5 8%%& 8%5*+ 4#0&5 3+ S1- O%44#1#&1 2+ #&5*80*+'
9+15KFK30*+ D%902 +A015+ %& 8%5*+ 4#0&5' #$$%& F S1 +5 S2' #**+14#&38&5 F %& H+5+%* 2%$0<*+−→
l∗ &#& #20&780*+ F

−→
l - /2#*1 R

L4,1(
−−→
O5σ1,

−→
l∗ ) = 0

+5 R
L4,1(

−−→
O5σ2,

−→
l∗ ) = 0

39#Q R
L4,1(−−→σ1σ2,

−→
l∗ ) = λL4,1(

−→
l ,
−→
l∗ ) = 0

S*' 3+%A H+5+%*1 2%$0<*+ =&#& &%21? #*5;#)#&8%A &+ 4+%H+&5 65*+ D%+ #20&780*+1' 4*#4*0757 T'
39#Q 28 #&5*83050#&- E2 &9> 8 3#& D%9%& 1+%2 4#0&5 #$$%& 8%A 14;<*+1 S1 +5 S2' +0 D%+2D%+
1#05 2+ 4#0&5 σ2 30P7*+&5 3+ σ1 3+ 28 3*#05+ 2%$0<*+- I#%1 4#%H#&1 3#& #&2%*+ D%9%&+ 3*#05+
2%$0<*+ 3+ Λ4 #**+14#&3 F %& B801+8% 3+ 14;<*+1 58&)+&5+1 +& %& 4#0&5 38&1 E3-



 !

 !"  #"

 !"#$% "#$ % &'()+', -+ )./01+) 2 3')+ +14+# 5'6 7'8) E3# 536 9+.1:)+8;';(<8 -'8) 4=+).'+
-+) )./01+)#

>8 ?'(;@ 4' A'4+,1 -+ 4' ?<1B+ -+ C<1+8;D L4,1
(−−→
O5m,

−−→
O5σ

)
@ <E m '..'1;+8'8; ', .'1'3<4<F-+

Π <11+).<8- 2 ,8 .<(8; M -+ E3 +; σ <11+).<8- 2 ,8+ )./01+ S -+ +8;1+ Ω +; -+ 1'G<8 r -+
E3@ +); -(1+;+B+8; 4(:+ 2 4' .,())'8+  P (M,S) -, .<(8; M 2 4' )./01+ S H

L4,1
(−−→
O5m,

−−→
O5σ

)
= −P (M,S)

2r

7+ 4' BIB+ B'8(01+@ 4' A'4+,1 -+ 4' ?<1B+ -+ C<1+8;D L4,1
(−−→
O5σ1,

−−→
O5σ2

)
<E σ1 +; σ2 <11+)J

.<8-+8; 2 -+,K )./01+) S1 +; S2 -+ +8;1+) 1+).+;(?) Ω1 +; Ω2 +; -+ 1'G<8) 1+).+;(?) r1 +; r2
+); -(1+;+B+8; 4(:+ 2 4' .,())'8+ <8L<(8;+ P (S1, S2) -+) -+,K )./01+) ! H

L4,1
(−−→
O5σ1,

−−→
O5σ2

)
= −P (S1, S2)

2r1r2

9+B'1M,<8) M,+ 4<1)M,+ 4+) -+,K )./01+) )<8; ):'8;+) 4+ 4<8N -=,8 +14+@ (4 )='N(; -, <)(8,)
-+ 4='8N4+ 58<8J<1(+8;:6 +8;1+ 4+) .4'8) ;'8N+8;) ',K )./01+) ',K .<(8;) -, +14+# O(8)(@ 4<1)M,+
-+,K )./01+) S1 +; S2 )<8; <1;/<N<8'4+)@ 4+,1 .,())'8+ <8L<(8;+ +); 8,44+ +; 4+) A+;+,1)

−−→
O5σ1

+;
−−→
O5σ2 )<8; <;/<N<8',K# C<1)M,+ 4+) -+,K )./01+) )<8; -+,K .4'8) P1 +; P2 '4<1) 4' A'4+,1 -+

4' ?<1B+ -+ C<1+8;D L4,1
(−−→
O5ρ1,

−−→
O5ρ2

)
<E ρ1 +; ρ2 )<8; 4+) .<(8;) <11+).<8-'8;) 2 P1 +; P2 +);

:N'4+ ', <)(8,) -+ 4='8N4+ +8;1+ 4+) -+,K A+;+,1) 8<1B',K ',K .4'8)# >8P8@ 4' A'4+,1 -+ 4'

?<1B+ -+ C<1+8;D L4,1
(−−→
O5m,

−−→
O5ρ

)
<E m <11+).<8- 2 ,8 .<(8; M +; ρ <11+).<8- 2 ,8 .4'8

P @ +); 4(:+ 2 4' -();'8+ +,4(-(+88+ -+ + .<(8; ', .4'8 H
∣∣∣L4,1

(−−→
O5m,

−−→
O5ρ

)∣∣∣ = d (M,P )

O(8)(@ 8<,) .<,A<8) <88'Q;1+ 4+) .<)(;(<8) 1+4';(A+) +8;1+ -+,K )./01+) +;R<, .4'8) -+ E3 )+4<8
4' A'4+,1 -+ 4' ?<1B+ -+ C<1+8;D -+) A+;+,1) '))<(:) -'8)

−→
 4,1#

$% P (M,S) = ΩM2 − r2

&% P (S1, S2) = Ω1Ω
2

2
− r2

1
− r2

2



 !

 !"  #"

 !"#$% "#" $ %&'(*&+ ,* (-./0*( 1 -2'34( 5'6'4*(# 7&8 9&3( E3# 7:8 ;*-0<(*34&4'23 ,&3( 5=*(-&*
,*( (-./0*(#

 ! "#$%&%#' ()*+&%,) -) -)./ $012()$ -) E3 ,%+ *).( ()0(3$)'4
&+&%#' -+'$ Λ4

>23(',<023( +3* (-./0* 20'*34<* S ,* E3 200*(-23,&34 1 +3 -2'34 σ ,* Λ4# ?2423( σ− = −σ@
5* -2'34 (A6<40'B+* ,* σ -&0 0&--204 1 5=20'C'3* O5@ 200*(-23,&34 1 5=&+40* 20'*34&4'23 ,* 5&
(-./0* S@ '#* D −−−→

O5σ
− = −−−→O5σ

E='34*0(*4'23 ,* 5=.A-*0-5&3 TσΛ4 70*(-# Tσ−Λ48 4&3C*34 1 Λ4 *3 σ 70*(-#σ−8 &F* Λ4 *(4 +3
�3*  Cσ 70*(-# Cσ−8 ,* ,'6*3('23 3@ ,* *340* σ 70*(-# σ−8@ HC+0* "# # ?2+( -2+F23( ,<H3'0
402'( I23*( ,<5'6'4<*( -&0 Cσ@ 4&:5*&+ "#"#

τ ∈ Λ4 *(4 >23,'4'23 ?&4+0* ,* −→στ
1 5='34<0'*+0 ,* Cσ Q4,1 (

−→στ) < 0 J*6-(

(+0 Cσ Q4,1 (
−→στ) = 0 E+6'/0*

1 5=*K4<0'*+0 ,* Cσ Q4,1 (
−→στ) > 0 L(-&*

&'()% "#" $ 9<H3'4'23 ,* 5='34<0'*+0 *4 ,* 5=*K4<0'*+0 ,+ �3* Cσ@ ,* (266*4 σ@ ,* ,'6*3('23
3@ ,<H3' -&0 D Cσ = Λ4 ∩ TσΛ4#

$% &')*+ ,'+ -)./0 .1 /2!3.4 52,'+ /678*+ 5+ *!9)' ',1 6),* 1! -)*:+ 5+ ;)*+'4< =,+ '),/ 6*>->*)'/ ?).* 5+
:!'.8*+ +,1.5.+''+ )::+ ,' �'+ 4),4 )::+ 1+ �'+ 5+ 1,:.8*+  l 5>A'. 6*>>5+::+'4%



 !

 !"  #"

 !"#$% "#$ % &'()+', -+ )./01+) 2'34+32+)# 5'6 7'3) E3# 586 9+.1:)+32'2(;3 -'3) <=+).'+ -+)
)./01+)#

>3 ;?.'1'32
∣∣∣L4,1

(−−→
O5σ,

−−→
O5τ

)∣∣∣ @ 1A 3;,) '<<;3) '1'2:1()+1 <=(32:1(+,1 +2 <=+B2:1(+,1 -+)

�3+) Cσ +2 Cσ− # D(3)(A 3;,) .;,11;3) ;33'E21+ <' .;)(2(;3 1+<'2(F+ -'3) E3 +321+ <+) -+,B
)./01+) -:G3(+) .'1 σ +2 τ H

 !"#$%&' (  !"#$%$"&# '()*%$+(# ,( ,(-. #/01'(#
2"$(&% S (% T ,(-. #/01'(# "'$(&%3(# ,( E34 2"$(&% σ (% τ )(-'# '(/'3#(&%*%$"&# ,*&# Λ44
5)"'#6 &"-# *+"&# )(# %'"$# /'"/"#$%$"&# #-$+*&%(#  

• S ∩ T (#% -& (')( ##$
∣∣∣L4,1

(−−→
O5σ,

−−→
O5τ

)∣∣∣ < 1

• S (% T #"&% %*&8(&%(# ##$
∣∣∣L4,1

(−−→
O5σ,

−−→
O5τ

)∣∣∣ = 1

• S ∩ T = ∅ ##$
∣∣∣L4,1

(−−→
O5σ,

−−→
O5τ

)∣∣∣ > 1

)"&#*+,$-,.#* / 2"$% )( /)*& *9&( P = 5:(O5, σ, τ) (&8(&,'3 /*' )(# /"$&%# O56 σ (% τ (% )(

+(%(-' −→u ,(
−→
P "'%0"8"&*) ;

−−→
O5τ 4 <"-# )(# +(%(-'# ,(

−→
P /(-+(&% #=3'$'( ">>( ">?$&*$#"&

)$&3*$'( ,( −→u (%
−−→
O5τ 4 @& /*'%$-)$('6 &"-# *+"&#  

−−→
O5σ = α

−−→
O5τ + β−→u

,="A  
1 = Q4,1

(−−→
O5σ

)
= α2Q4,1

(−−→
O5τ

)
+ β2Q4,1 (

−→u ) = α2 + β2Q4,1 (
−→u ) 5"#I6

/-$#B-( σ ∈ Λ46 τ ∈ Λ4 (% −→u (#% L4,1C"'%0"8"&*) ;
−−→
O5τ 4 D">>(

−−→
O5τ (#% ,( %E/( (#/*(6 )( %E/(

,- F*$#(*- ,( #/01'(# "''(#/"&,*&% ; Γ = P ∩ Λ4 ,3/(&, ,- #$8&( ,( Q4,1 (
−→u )4 !"#"&#  

α = L4,1
(−−→
O5σ,

−−→
O5τ

)

G"-# *+"&#  
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 !"#$% "#$ % &�()* Cσ )+ Cσ− ,) *-..)+* σ )+ σ− / Cσ = Λ4 ∩ TσΛ4 )+ C−σ = Λ4 ∩ Tσ−Λ4#

•  ! −→u "#$ %& '"$"%) *" $+," "#,-". &/%# ,/%'/&# $/%0/%)# #%,,/#") 1%" Q4,1 (
−→u ) = 12

3-&# " -#. Γ /))"#,/&* 4 %& 5-!#"-% *" #,67)"# *" 8-#" %& ")9" "$ |α| < 12 :/%#

-'/&# -9/)#
∣∣∣L4,1

(−−→
O5σ,

−−→
O5τ

)∣∣∣ < 1. *;-,)7# 9- 5/)<%9" =>2?@2

•  ! −→u "#$ %& '"$"%) *" $+," $"<,# . &/%# ,/%'/&# $/%0/%)# #%,,/#") 1%" Q4,1 (
−→u ) = −12

3-&# " -#. Γ /))"#,/&* 4 %& 5-!#"-% *" #,67)"# 4 ,/!&$# 9!<!$"# "$ |α| > 12 :/%#

-'/&# -9/)#
∣∣∣L4,1

(−−→
O5σ,

−−→
O5τ

)∣∣∣ > 1. *;-,)7# 9- 5/)<%9" =>2?@2

•  ! −→u "#$ %& '"$"%) *" $+," 9%<!7)" Q4,1 (
−→u ) = 02 3-&# " -#. Γ /))"#,/&* 4 %&

5-!#"-% *" #,67)"# $-&A"&$"# "& %& ,/!&$ "$ |α| = 12

:/%# -'/&# -9/)#
∣∣∣L4,1

(−−→
O5σ,

−−→
O5τ

)∣∣∣ = 1. *;-,)7# 9- 5/)<%9" =>2?@2

�

0-+-(* 12) -(*4,56)6
∣∣∣L4,1

(−−→
O5σ,

−−→
O5τ

)∣∣∣ (-2* 7 8)6.4* ,) (-2* 7967(:46 ,) ;<-64)(+7+4-(

,) ;7 *8:=6) S 824*12) (-2* 7>-(* /

L4,1
(−−−→
O5σ

−,
−−→
O5τ

)
= −L4,1

(−−→
O5σ,

−−→
O5τ
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"#$ &"'($ t 7→ Γ(t)) *&'+,"$ $--$ &"'($ &''$+.&#/ 0 "#$ +"'12$ 2#234 $33$ $+- /567'$#-52(3$

$- $33$ $+- /5-$ /$ -8.$ $+.2$4 9$+-:0:/5'$ ,"$ 3$+ ;$-$"'+ -2#<$#-+
−−−→
dΓ
dt
(t) 2"= .&5#-+ Γ(t) +&#-

-&"+ /$ -8.$ $+.2$4 >*?@@℄) B&"' /7-$'C5#$' 3$ $'3$ 2'2-7'5+-5,"$ /$ 32 +.DE'$ S (t0)4 53
+"F- /$ &#+5/7'$' 32 +.DE'$ &''$+.&#/2#- 0 395#-$'+$-5&# $#-'$ Λ4 $- 32 /$C5:/'&5-$ .2++2#-

.2' O5 /$ ;$-$"' /5'$-$"'
−−−→
dΓ
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(t0)4 #&-7$

•

S (t0)) G2..$3&#+ ,"$ 3$+ +.DE'$+ S (t0) $-
•

S (t0)
+&#- &'-D&<&#23$+4 .2'2<'2.D$ H)I) J2#+ 32 +"5-$4 2K# /$ #$ .2+ 23&"'/5' 3$ -$=-$4 "# $'3$
2'2-7'5+-5,"$ $+- 2++&57 /5'$-$C$#- 2" &".3$ L.&5#- /$ Γ4 ;$-$"' -2#<$#- 0 Γ $# $ .&5#-M)

 !" #$%&'($)*+*,-) .$( 01,.$( .$ 23%,) )-) .'4')'&'$(
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/$ /$"= C2#5E'$+ /567'$#-$+) P3 3"5 &''$+.&#/ /&# /$"= &"'($+ /2#+ 39$+.2$ /$+ +.DE'$+ Λ4)
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−−−→
O5M 4 -$3 ,"$ M 2..2'-5$##$ 0 P ∩ Λ4 X

M ∈ P ⇒ −−−→
O5M =

−−−→
O5M1 + α−→u + β−→v

&Y M1 $+- "# .&5#- /&##7 /$ P 4 −→u $- −→v +&#- /$"= ;$-$"'+ /$
−→
P &'-D&<&#2"= $#-'$ $"=)

Z# /7-$'C5#2#- 32 +$-5&# /$ Λ4 .2' P 4 #&"+ &(-$#&#+ 397,"2-5&# 2'-7+5$##$ /9"#$ &#5,"$
$# 1&#-5&# /$+ &&'/&##7$+ α $- β /$ M /2#+ 3$ '$.E'$ (M1,

−→u ,−→v ) X

M ∈ Λ4 ⇒ α2Q4,1(
−→u ) + β2Q4,1(

−→v ) + 2αL4,1(
−−−→
O5M1,

−→u )
+2βL4,1(

−−−→
O5M1,

−→v ) +Q4,1(
−−−→
O5M1)− 1 = 0

LH)[M

*$+ '�3$+ /$ −→u $- −→v 7-2#- +8C7-'5,"$+4 K=&#+ −→u &CC$ 7-2#- "# ;$-$"' /$ -8.$ $+.2$) N&"+
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$+.2$ $335.+$
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(σ1σ2) "#$ %" $&'" ()*+,-" #)- Λ4. /0 "1"$2 456)" #'4,-" S1 %7)0" 85*+((" "#$ $509"0$" : 456)"
#'4,-" S2 %" (75)$-" 85*+((" "0 )0 ';+0$ M %" (5 &(+%" %" <)'+0. =" -5&;0 ()*+0")> (σ1σ2)
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8;-*" H

σ1 (θ)




b2 − µ2 + 2cµ cos(θ) + 1

2r1(θ)

a cos(θ)

r1(θ)

b sin(θ)

r1(θ)

0

b2 − µ2 + 2cµ cos(θ)− 1

2r1(θ)
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π
2
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−π
2
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"$ C = σ1 (π) "$ %?$"-*+0;0#
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Q4,1(
−→u ) = 2b2

(µ+ c)µ
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"$ H

Q4,1(
−→v ) = 2b2 (µ− c)

c2µ
@F.GGC
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%;0 )0" "((+'#" (;-#6)" (5 I<F #"-5 )0" I<FL2 I<FO ;) I<FO02 )0" 4&'"-B;(" (;-#6)" (5 I<F
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1

2r2(ψ)

(
−b2 − µ2 +

2aµ

cos(ψ)
+ 1

)

c

r2(ψ) cos(ψ)

0

−b sin(ψ)
r2(ψ) cos(ψ)

1

2r2(ψ)

(
−b2 − µ2 +

2aµ

cos(ψ)
− 1

)
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2
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*2( 01/+ * 1+( /#$+ 1;#/+ <

σ2 (ψ)
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a
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a
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)
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π
2
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( σ2
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 !"#$% "#< % &'()*+',-.-/0, 123,' 56/1' 1' 73(/, 8 )0/++.,- ,36 1.,+ 62'+(.' 1'+ +(9:)'+
(.) 3,' '66/(+' '- 3,' (.).;06'#



  

 !" #$%&'($)*+*,-) .$( 01,.$( .$ 23%,) .'4')'&'$(

 !"!# $% &'(% )% (*+',-&.'/

!"#$ %&"'$ &# ()**,-..-'/ 0#- 1- /")- ,- )*&"1#/2"' -$/ #'- 312,- ,- 4#(2' ,*5*'*)*-6
711- -$/ 18-'&-1"((- ,- ,-#9 :%.211-$ ; #' (%)%.</)- ,- $(=<)-$ -'/)*-$ $#) #' -)1- -/ #'-
,)"2/- ,"#>1-6 ?-$ $(=<)-$ -'/)*-$ $#) 1- -)1- "'/ /"#/-$ 1- .@.- )%3"'6 A-1"' 1- '".>)- ,-
("2'/$ $2'5#12-)$ ,# /")- ,- )*&"1#/2"'B '"#$ )-/)"#&"'$ 1% .@.- )-()*$-'/%/2"' 0#- 1-$ 312,-$
,- 4#(2' '"' ,*5*'*)*-$6 C2'$2B #' /")- ,- )*&"1#/2"' ; "112-) $-)% )-()*$-'/* ,%'$ Λ4 (%) ,-#9
-112($-$B =%#'- "'/-'#- ,%'$ #' (1%' ,- /3(- -$(%- D #' /")- ,- )*&"1#/2"' ; "112-) '#1 $-)%
)-()*$-'/* (%) #'- -112($- "'/-'#- ,%'$ #' (1%' ,- /3(- -$(%- -/ #'- (%)%>"1- "'/-'#- ,%'$
#' (1%' ,- /3(- 1#.2<)- D #' /")- ,- )*&"1#/2"' )"2$* $-)% )-()*$-'/* (%) #'- -112($- "'/-'#-
,%'$ #' (1%' ,- /3(- -$(%- -/ #'- =3(-)>"1- "'/-'#- ,%'$ #' (1%' ,- /3(- /-.($6 C =%0#-
,2)-/2"' 1#.2<)- ,-$ (1%'$ ,- /3(- 1#.2<)- "# /-.($ "))-$("', #' ("2'/ $2'5#12-) ,# /")-
"'$2,*)* -/ "..- ("#) 1-$ 312,-$ '"' ,*5*'*)*-$B 1-$ ,-#9 (1%'$ "'/-'%'/ 1-$ "'20#-$
,%'$  4,1 $"'/ ")/="5"'%#96

 !"!0 $% 2,./)(% )% (*+',-&.'/

?- 312',)- ,- )*&"1#/2"'B 1#2B (-#/ @/)- &# "..- #'- 312,- ,- 4#(2' ,*5*'*)*- %&- #'
("2'/ $2'5#12-) 0#2 -$/ )-E-/* ; 182'F'26 G1 -$/ 18-'&-1"((- ,- ,-#9 :%.211-$ ,- $(=<)-$ ,"'/ 18#'-
-$/ #'- :%.211- ,- (1%'$ H1-$ (1%'$ /%'5-'/$ %# 312',)- 1- 1"'5 ,8#'- 5*'*)%/)2-I -/ 18%#/)-
#'- :%.211- ,- $(=<)-$ ,- .@.- )%3"' -'/)*-$ $#) 18%9- ,# 312',)-6 C2'$2B 21 -$/ )-()*$-'/*
,%'$ 18-$(%- ,-$ $(=<)-$ (%) #'- -112($- "'/-'#- ,%'$ #' (1%' ,- /3(- -$(%- -/ #'- (%)%>"1-
"'/-'#- ,%'$ #' (1%' ,- /3(- 1#.2<)-6 J- ,-)'2-) -$/ (%)%11<1- ; 1% ,2)-/2"' 1#.2<)-

−→
l

H=%(2/)- KI /%',2$ 0#- 1- (1%' "'/-'%'/ 18-112($- -$/ "'/-'# ,%'$ 18=3(-)(1%' ,8*0#%/2"'
x0 = x4 0#2 )-()*$-'/- 1-$ (1%'$ ")2-'/*$ ,- E36

 !"#$% K6LM N O' 312',)- ,- )*&"1#/2"' -$/ #'- 312,- ,- 4#(2' ; )"2$$%'/ '#1 ,*5*'*)*-
,"'/ 1- ("2'/ $2'5#12-) -$/ )-E-/* ; 182'F'26
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 !"!# $% �(% )% *+,-./01-(

"# �&# '# ()*+,-./+&0 1-2&. 3 ,-/0 4#-. 5.(# *- +66# -&# 7,/'# '# 8-4/& ')9)&)()#
2*# '#-: 4+/&.; ;/&9-,/#(; '+&. ,<-& #;. ,# ;+66#. '- �&# #. ,<2-.(# #;. (#=#.) 3 ,</&>&/? @, #;.
,<#&*#,+44# '# '#-: A26/,,#; 3 -& 42(26B.(# '# ;4CB(#;? D+-.#; ,#; ;4CB(#; '# ,<-&# '#; '#-:
A26/,,#; ;+&. '#; 4,2&; 42;;2&. 42( ,# ;+66#. '- �&# EC2-& '#; 4,2&; #;. .2&9#&. 2- �&#
,# ,+&9 '<-&# '#; ;#; 9)&)(2.(/#;F #. ,#; ;4CB(#; '# ,<2-.(# A26/,,# ;+&. '#; ;4CB(#; #&.()#; ;-(
,<2:# '- �&#? G/&;/0 /, #;. (#4();#&.) '2&; ,<#;42# '#; ;4CB(#; 42( -&# #,,/4;# +&.#&-# '2&;
-& 4,2& '# .74# #;42# #. -&# C74#(H+,# +&.#&-# '2&; -& 4,2& '# .74# .#64;? I# '#(&/#( #;.
#&9#&'() 42( '#-: '/(#./+&; ,-6/B(# &+& +,/&)2/(#;0 ,<-&# +((#;4+&'2&. 2- ;+66#. '- �&#
#. ,<2-.(# #;. ,2 '/(#./+& ,-6/B(#

−→
l ? D+-. +66# ,# 2; '- 7,/&'(# '# ()*+,-./+&0 ,# 4,2& '#

.74# #;42# #;. +&.#&- '2&; ,<C74#(4,2& '<)1-2./+& x0 = x4 1-/ (#4();#&.# ,#; 4,2&; +(/#&.);
'# E3?

 !"#$% J?KK L M& �&# '# ()*+,-./+& #;. -&# 7,/'# '# 8-4/& 3 (+/;;2&. ')9)&)()# '+&. ,<-&
'#; 4+/&.; ;/&9-,/#(; #;. ,# ;+66#. '- �&# #. ,<2-.(# #;. (#=#.) 3 ,</&>&/?

 !" #$%&'($)*+*,-) .$( $&0$( +&+*'&,(*,12$(

N+-; 2*+&; *- 1-# ,#; #(,#; 2(2.)(/;./1-#; '<-&# 7,/'# 4#-*#&. 5.(# ').#(6/&); 42( ,2
;#./+& '<-&# ;4CB(# #. '<-& 4,2& 42(./-,/#( '2&; E30 A+(6-,#; EO? F #. EO?KPF? Q244#,+&; 1-#
'2&; Λ40 -& #(,# 2(2.)(/;./1-# '<-&# ;-(A2# 2&2, (#4();#&.)# 42( -&# +-(H# 42(26).()#
Γ : t −→ Γ(t) 4#-. 5.(# 2;;+/) 3 -& 4+/&. Γ(t0) +((#;4+&'2&. 3 -&# ;4CB(# S(t0) #. 3 -&

*#.#-( .2&9#&.
−−−→
dΓ
dt
(t0) 3 Γ #& Γ(t0)? I# *#.#-( #;. ,-/ 656# 2;;+/) 3 -& 2-.(# 4+/&.

•

Γ (t0) '#

Λ4 .#, 1-# ,#; ;4CB(#; S(t0) #.
•

S (t0)0 +((#;4+&'2&. 3
•

Γ (t0)0 ;# +-4#&. +(.C+9+&2,#6#&. #& #
#(,#? M&# 7,/'# '# 8-4/& ).2&. -&# ;-(A2# 2&2, 42(./-,/B(#0 C21-# #(,# 2(2.)(/;./1-#
'<-&# 7,/'# +((#;4+&' 3 -& +-4,# 4+/&.R*#.#-( '2&; Λ40 >9-(# J?KO #. 2,9+(/.C6# S? N+-;
4+-*+&; (#62(1-#( 1-# ,+(;1-# ,# #(,# 2(2.)(/;./1-# #;. -& 9(2&' #(,# ;-( ,2 ;4CB(# S(t0)

2,+(; ,2 ;4CB(#
•

S (t0) #;. -& 4,2&?
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 !"#$% "#$% & '()*+,(-./.01- 234- (*6( /*/.+*0,.074( 234-( 8602( 2( 94)0- 2/-, 63(,)/(
2(, ,):;*(, (. 2/-, E3#

 !"#$%&'() * 9+.(*<0-/.01- 234- (*6( /*/.+*0,.074( 234-( 8602( 2( 94)0-= >?4*(, "#$%#
+,&$-) . 4-( 1-074( )/*/<+.*+( Γ(t) 2( Λ4 @14 (*6( A1*(-.BC (. 4- )10-. Γ(t0) 2( (..(
1-074(#
/#,0%&%#, . 6( */81- 2( 6/ ,):;*( 2/-, E3 1**(,)1-2/-. D Γ(t0) (,. -1- -46#

$# 9+.(*<0-/.01- 2(
−−−→
dΓ
dt
(t0)= E(.(4* ./-?(-. D Γ (- Γ(t0)#

%# 9+.(*<0-/.01- 2(
•

Γ (t0)= 0-.(*,(.01- 2( 6/ 2(<0F2*10.(
[
O5;

−−−→
dΓ
dt
(t0)

)
/E( Λ4#

G# 9+.(*<0-/.01- 2( 6/ ,):;*( S(t0) 2/-, E3 1**(,)1-2/-. D Γ(t0)#
"# 9+.(*<0-/.01- 2( 6/ ,):;*(

•

S (t0) 2/-, E3 1**(,)1-2/-. D
•

Γ (t0)#

H# 9+.(*<0-/.01- 24 (*6( /*/.+*0,.074( C = S(t0)∩
•

S (t0) 2( E3#
1#$&%) . 4- (*6( /*/.+*0,.074( C 234-( 8602( 2( 94)0-
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"#'&'%#" .,- 5&$%33,- ., -6780,- 9:,- #00,-6#".&"',- ,"'0, 3,- -%";+3%,0-
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A33%6-, 2 6#%"'- A33%6-, |µ| > |c|
0

%$&;%"&%0,-

B=6,0C#3, 2 6#%"'- A33%6-, |a| > |µ|

%$&;%"&%0,-

)=3%.,
D
0#%--&"'
%"',0",
>) <4@

A33%6-, 2 6#%"'- A33%6-, |µ| > |c|
2

%$&;%"&%0,-

B=6,0C#3, 2 6#%"'- B=6,0C#3, |µ| > |a|

0!,3-

)=3%.,
D
0#%--&"'
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>) <A@

A33%6-, 2 6#%"'- B=6,0C#3, |c| > |µ|
2

0!,3-

B=6,0C#3, 2 6#%"'- A33%6-, |a| > |µ|
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)=3%.,
D
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%"',0",
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A33%6-, 2 6#%"'- A33%6-, |µ| > |c|
1

%$&;%"&%0,-

B=6,0C#3, 1 6#%"' 1&0&C#3, |a| = |µ|

.#+C3, 0!,3

)=3%.,
D
0#%--&"'
,:E
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A33%6-, 1 6#%"' 1&0&C#3, |µ| = |c|
1

.#+C3, 0!,3

B=6,0C#3, 2 6#%"'- A33%6-, |a| > |µ|
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 !"#$%&' (

)$*+",$*"%$-. /".* E3 /0+.' 2,$/' /'
3+#$. 4 #"&%$& /' *" &'#&5*'.%"%$-. /".*

Λ4

 !" #$ %&'()*+,-. /. %&1& /.2 3%)%-4+).2 /51$. 6&*/.

/. 713*$ .+ /. 2($ ).34). /%$2 E3
 !""#$#%$ #%%!' ()!%' *'$ *'!+ #%,-!'$ Γθ #! Γψ .'"./$'%01%0 !%' 2(,*' *' 3!",% *1%$

()'$"1' *'$ $"45.'$ '0 %#0#%$6(1 Γ17 81 $'#%*'9 %#0/' Γ29 '$0 #:"(50':'%0 */0'.:,%/' "1.
(1 #%%1,$$1%' *' Γ17 8'$ 02"'$ *'$ #%,-!'$ */0'.:,%'%0 (' %#:;.' *' "#,%0$ $,%<!(,'.$ :1,$
%' "'.:'00'%0 "1$ *' */0'.:,%'. (' 02"' *' (1 =3> ? ,( '$0 %/'$$1,.' *' #%%1@0.' (1 #%,-!'
#%0'%1%0 ('$ "#,%0$ #..'$"#%*1%0$ 1!+ "(1%$ P2(ψ0)  9 ψ0 ∈ {−π2 , π2}9 '0 ,*'%0,A'. Γ1 '0 Γ2 1B'
Γθ '0 Γψ7 C,%$,9 %#!$ "#!B#%$ */0'.:,%'. (' 02"' *' (1 =3> D01;(' >7EF7 G( $!H0 *' */0'.:,%'.
('$ *'!+ "#,%0$ *' Γθ #..'$"#%*1%0$ 1!+ *'!+ $"45.'$9 '%0./'$ $!. ()'((,"$' </%/.10.,'9 *'
.12#%$ :1+,:1( '0 :,%,:1( "#!. #;0'%,. ('$ *'!+ '.('$ ".,%,"1!+ *' (1 =3> *1%$ Py DA<!.'$
I7JKD1F '0 I7JKD;FF7 31%$ (' 1$ #%0.1,.'9 ,( $!H0 *' */0'.:,%'. ('$ "#,%0$ #..'$"#%*1%0$ L (1
$"45.' *' .12#% :1+,:1( $!. 41!%' *'$ ;.1%4'$ *' ()42"'.;#(' Γθ DA<!.' I7JKDFF7 M%A%9 ,(
.'$0' L 1(!('. ('$ "1.1:50.'$ *' (1 =3> $'(#% $#% 02"' '0 $'$ *'!+ '.('$ ".,%,"1!+ *1%$ Py
D01;(' I7>F7 8)1(<#.,04:' E ./$!:' (1 :/04#*'7

N%' 1!0.' :/04#*' #%$,$0' L */0'.:,%'. ('$ $"45.'$ ".,%,"1('$ *)!%' O1:,((' *1%$ Λ4 1".5$
1B#,. ,*'%0,A/ Γ1 '0 Γ2 1B' Γθ '0 Γψ7 =#::' '(('$ $#%0 ('$ $"45.'$ 121%0 !% <.1%* '.(' #::'
'.(' 1.10/.,$0,-!'9 ,( $!H0 *' */0'.:,%'. ('$ "#,%0$ *' Γθ #! Γψ -!, #%0 "#!. B'0'!. 01%<'%0
!% B'0'!. *#%0 (1 ".':,5.' '0 (1 *'.%,5.' #:"#$1%0'$ $#%0 /<1('$ D'!+ #..'$"#%*1%0 L *'$
"(1%$ *1%$ E3F7 C,%$,9 $, #% 0.1B1,((' 1B' (1 #!.;' Γθ9 #% #%$,*5.' ('$ '.('$ ".,%,"1!+ *1%$
Py '0 $, #% 0.1B1,((' 1B' Γψ9 #% #%$,*5.' ('$ '.('$ 1.10/.,$0,-!'$ *1%$ Pz7 8)1(<#.,04:' P
./$!:' (1 :/04#*'7

M%A%9 "#!. #;0'%,. (' .'"5.' *' (1 2(,*' *1%$ E39 ,( O1!0 0.1B1,(('. L (1 O#,$ *1%$ ('$ *'!+
"(1%$ *' $2:/0.,' Py '0 Pz '0 */0'.:,%'. ('$ '.('$ ".,%,"1!+ *1%$ 41!% *' '$ "(1%$7 Q#!$
1B#%$ B! ".//*'::'%0 -!' (' '%0.' *' (1 2(,*' '$0 1! :,(,'! *! $'<:'%0 R#,<%1%0 ('$ '%0.'$

 ! "#$%&' () Λ4 &)*' +,) x0 = x4
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 !"#$%&'() * "#$%&'()*$(+) ,%- .*&*'/$&%- ,01)% 2"3 +))1% .*& 501)% ,%- ,%16 +)(71%-
,% Λ4 +&&%-.+),*)$% 8 501)% ,%- ,%16 9*'(55%- ,% -.:/&%- ,+)$ %55% %-$ 50%);%5+..%
+,&$-) . <)% +)(71% Γ1 ,% Λ4 ,#&(;*)$ 5* 2"3

=> "#$%&'()*$(+) ,% Γ2? -%+),% +)(71% ,#&(;*)$ 5* 2"3? -%5+) Γ1

!> @,%)$(A*$(+) ,% Γ1 %$ Γ2 *;% Γθ %$ Γψ B
C+($ H0 50:D.%&.5*) ,0#71*$(+) x0 = x4
➢ -( Γ1 ∩H0 6= ∅? Γψ = Γ1 %$ Γθ = Γ2
➢ -()+)? Γψ = Γ2 %$ Γθ = Γ1

E> "#$%&'()*$(+) ,1 $D.% ,% 5* 2"3 -%5+) Γθ %$ Γψ F$*G5% 3>HI

3> "#$%&'()*$(+) ,%- %&5%- .&()(.*16 ,*)- Py? -%5+) 5% $D.% ,% 5* 2"3

J> 2*515 ,%- .*&*'/$&%- ,% 5* 2"3 -%5+) 5%- %&5%- .&()(.*16 ,*)- Py F$*G5% !>3I

/#$&%) . K%- .*&*'/$&%- a? c %$ µ ,% 5* 2"3 &%.&#-%)$#% ,*)- Λ4 .*& Γ1

 !"#$%&'() 0 "#$%&'()*$(+) ,%- .*&*'/$&%- ,01)% 2"3 +))1% .*& 501)% ,%- ,%16 +)(71%-
,% Λ4 +&&%-.+),*)$% 8 501)% ,%- ,%16 9*'(55%- ,% -.:/&%- ,+)$ %55% %-$ 50%);%5+..%
+,&$-) . <)% +)(71% Γ ,% Λ4 ,#&(;*)$ 5* 2"3

=> @,%)$(A*$(+) ,% Γ *;% Γθ +1 Γψ B
C+($ H0 50:D.%&.5*) ,0#71*$(+) x0 = x4
➢ -( Γ1 ∩H0 6= ∅? Γ = Γψ
➢ -()+)? Γ = Γθ

!> "#$%&'()*$(+) ,%- .+()$- Γ(t0) %$ Γ(t1) $%5- 71% 5%- .+()$-
 

Γ(t0) %$
 

Γ(t1) +&&%-.+),%)$ 8
,%- .5*)-

E> 2*515 ,%- -.:/&%- S(t0) %$ S(t1) ,% %)$&%- Ot0 %$ Ot1 %$ ,% &*D+)- rt0 %$ rt1 +&&%-.+),*)$
*16 .+()$- Γ(t0) %$ Γ(t1)

3> C( Γ = Γψ? +) -% .5*% ,*)- Pz? -()+) +) -% .5*% ,*)- Py

J> C%5+) 5% .5*) ,% -D'#$&(% Py +1 Pz? *515 ,%- .*&*'/$&%- ,% 5* D5(,% ,% %&5%- .&()(.*16
C (Ot0 , rt0) %$ C (Ot1 , rt1) F$*G5% !>3I

/#$&%) . K%- .*&*'/$&%- a? c %$ µ ,% 5* 2"3 &%.&#-%)$#% ,*)- Λ4 .*& Γ

,% %- %&5%- .&()(.*16 F,*)- :*1) ,%- .5*)- ,% -D'#$&(%I> "%16 ,%- ;%$%1&- 9+&'*)$ 5%
&%./&% ,*)- 5%71%5 5* D5(,% %-$ ,#A)(% .*& 501)% ,%- #71*$(+)- F!>=!I?F!>=EI +1 F!>=HI -+)$
,+))#- .*& 5%- ;%$%1&- ,(&%$%1&- ,%- ,&+($%- L+(M)*)$ 5%- %)$&%- ,%- %&5%- .&()(.*16 ,*)-
:*71% .5*) ,% -D'#$&(%> K% $&+(-(/'% ;%$%1& %-$ 5% .&+,1($ ;%$+&(%5 ,% %- ,%&)(%&->

 !" #$%&'()'+$% +',(-'+./ 0/ -((/-)1 0/ 23+0/& 0/ 4)5+%

N+1- -*;+)- 71% 5%- D5(,%- ,% "1.() -+)$ &%.&#-%)$#%- ,*)- 50%-.*% ,%- -.:/&%- .*&
,%16 +)(71%-? +&&%-.+),*)$%- :*1)% 8 501)% ,%- 9*'(55%- ,+)$ 5* D5(,% %-$ 50%);%5+..%
%$ 71% 5* ,+))#% ,01) .+()$ %$ ,1 ;%$%1& $*)M%)$ 8 5* +)(71% %) % .+()$ ,#$%&'()% 1) %&5%
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#$#%&$'(%')*+ ,#-( E3. /0*( 10*20-( ,0- ,+(('-+$ '%&$#%'2+3+-% ,+( +$4+( #$#%&$'(%')*+(
(' -0*( (#20-( 0-(%$*'$+ '%&$#%'2+3+-% 4+( 10'-%( +% 2+%+*$( %#-5+-%( ,+ +( 0-')*+( ,#-(
46+(1#+ ,+( (178$+(. 9:0*%0-( ; +4# )*+ -0*( (#20-( )*+ +( 0-')*+( (0-% ,+( +$4+( 10*$ 4#
<0$3+ ,+ =0$+-%>. 9'-('? -0*( #440-( #,#1%+$ 4# 0-(%$*%'0- '%&$#%'2+ ,+ +$4+ ,+ E3? 1#$#5$#17+
@.A.B? #*C 0-')*+( ,+ Λ4 +% -0*( 10*$$0-( ,+(('-+$ '%&$#%'2+3+-% 4+( +$4+( #$#%&$'(%')*+(
,6*-+ D4',+. =+ (+*4 1$0E483+ ; %$#'%+$ +(% 4+ 1#((#5+ 1#$ 4+ 10'-% ; 46'-F-' 40$()*+ -0*(
,+20-( 30,&4'(+$ *-+ 1#$%'+ ,+ 467D1+$E04+ ,0-% 7#*-+ ,+( +C%$&3'%&( +(% (*$ *-+ E$#-7+
,'G&$+-%+ ,+ 467D1+$E04+. H- *%'4'(#-% 4+ <0$3#4'(3+ ,+( 10'-%( 3#((')*+(? IJK L℄? #--+C+ 9?
-0*( 0-(',&$0-( ; 4# <0'( 4+( 10'-%( +% 4+( 2+%+*$( ,#-( 4+ 3N3+ +(1#+ +% #'-('? -0*( 10*20-(
0-(',&$+$ 4+ 10'-%( ; 46'-F-' 033+ 4+ 2+%+*$ ,'$+%+*$ ,+ 46#(D31%0%+ ,+ 467D1+$E04+ 1#$ 4+)*+4
1#((+ -0%$+ #$ ,67D1+$E04+. O+%%+ 0-(%$*%'0- 1+$3+% ,+ 2'(*#4'(+$ ,'$+%+3+-% 4# :0'-%*$+ ;
1#$%'$ ,+ 46+(1#+ ,+( (178$+( (#-( #20'$ ; ,&%+$3'-+$ -' 4+( 1#$#38%$+( ,+ 4# D4',+ -' (0-
$+18$+. 9'-('? 40$()*6'4 +C'(%+ 14*('+*$( (04*%'0-( ,+ :0'-%*$+ 1#$ ,+( D4',+( ,+ P*1'-? -0*(
10*20-( ,6#E0$, 2'(*#4'(+$ 4+ $&(*4%#% +% 20'$ (' -0*( 0E%+-0-( E'+- 4# :0'-%*$+ ,&('$&+ Q10'-%Q(R
('-5*4'+$Q(R 0* -0- 1#$ +C+314+R #2#-% ,+ 4#-+$ 4+( #4*4( ,+ 1#$#38%$+( +% $+18$+. /0*(
#440-( ,6#E0$, $#11+4+$ 4# 0-(%$*%'0- '%&$#%'2+ ,6*- +$4+ ,#-( *- 14#- ,+ E3? 1*'( -0*(
#440-( ,0--+$ 4+( #450$'%73+( 1+$3+%%#-% ,+ 0-(%$*'$+ '%&$#%'2+3+-% 4+( #$( ,+ 0-')*+( ,#-(
Λ4 + )*' 1+$3+%? 5$S+ ; 46#50$'%73+ @? ,+ ,+(('-+$ '%&$#%'2+3+-% ,+( +$4+( #$#%&$'(%')*+(
,6*-+ D4',+. /0*( '44*(%$0-( + %$#2#'4 1#$ ,+( +C+314+( ; 4# F- ,+ + 7#1'%$+.

/0*( 0-(',&$0-( 4+( 104D-�3+( ,+ U+$-(%+'- B0? B1 +% B2 ,+ ,+5$& 2? ,&F-'( (*$ [0; 1] 1#$ V

B0 (t) = (1− t)2

B1 (t) = 2 t (1− t)
B2 (t) = t2

Q@.BR

+% -0%0-(  ar
{
(Ai, ωi)i∈I

}
4+ E#$D+-%$+ ,6*-+ <#3'44+ ,+ 10'-%( 10-,&$&( (Ai, ωi)i∈I #2+∑

i∈I ωi 6= 0. O+ 10'-% +(% 46*-')*+ 10'-% G 2&$'F#-% V
∑

i∈I

ωi
−−→
GAi =

−→
0 Q@.AR

 !"!# $%&'()*+,)%- &.+/* &1 1/(1*

P#-( +%%+ (+%'0-? -0*( $+(%0-( ,#-( 4+ 14#- #W-+ +*4','+- *(*+4 P +% -0*( 10*20-( ,0-
*%'4'(+$ 4+( -0%#%'0-( *(*+44+( ,+ 4# 5&03&%$'+ #W-+ +*4','+--+ 4#((')*+.

=+( 0*$E+( ,+ U&>'+$ $#%'0--+44+( )*#,$#%')*+( Q,+ ,+5$& AR 1+$3+%%+-% 4# 30,&4'(#%'0-
,6#$( ,+ 0-')*+ IJ#$L!?X#$YZ℄. =6#450$'%73+  1+$3+%? +- (6'-(1'$#-% ,+ 46#450$'%73+ ,+ P+
O#(%+4:#* #114')*& ; *- #$ ,+ 1#$#E04+? ,+ 0-(%$*'$+ ,+ <#[0- '%&$#%'2+ *- #$ ,+ +$4+ +-
*%'4'(#-% 4+( 1$01$'&%&( ,+( 0*$E+( ,+ U&>'+$? IJ#$L!℄? ,#-( *- 14#- #W-+ +*4','+-? F5*$+
@.B. =+( ,$0'%+( (P0P1) +% (P1P2) (0-% %#-5+-%+( ; 4# 0*$E+ ,+ U&>'+$ #*C 10'-%( P0 +% P2
$+(1+%'2+3+-%. =# 0-(%$*%'0- +(% '%&$#%'2+ 1*'()*+ 4+ %$'#-54+ P0P1P2? '(084+ +- P1 +(% $+3\
14#& 1#$ ,+*C -0*2+#*C %$'#-54+( P0N1N3 +% N3N2P2 '(084+( $+(1+%'2+3+-% +- N1 +% N2. =+
1$0&,& ,+ 0-(%$*%'0- +(% ; -0*2+#* #114')*& ; 7#)*+ %$'#-54+. O6+(% 10*$)*0' 46#450$'%73+
*%'4'(+ *-+ 1$0&,*$+ $&*$('2+. /0%0-( )*6; 7#)*+ &%#1+ ,+ 46#450$'%73+  ? 4+ 10'-% 0-(%$*'%
N3 #11#$%'+-% ; 4# 3&,'#%$'+ ,* (+53+-% [P0P2] + )*' 1+$3+% ,60E%+-'$ *-+ 0-(%$*%'0-
$&5*4'8$+ IX#$YL℄? 6+(%\;\,'$+ )*+ 4+ 10'-% N3 +(% 0-(%$*'% ; &5#4+ ,'(%#-+ ,+( 10'-%( P0 +% P2.
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 !"#$%&'() * "#$%&'(&*#$ *&+',&*-. /0($ ,' /. .'1. /,$% ($ 21,$ ,3$. .(1*/*.$4
+,&$-) . 5#*& P06 P1 .& P2 &'#*% 2#*$&% $#$ ,1*7$+% /. P &.1% 8(. P0P1 = P2P1 .& ($ .$&*.'
$,&('.1 n $#$ $(1 /+9$*%%,$& 1. $#:;'. /0*&+',&*#$%4

<4 ",1(1 /( 2#*/% =

ω =

−−→
P0P1 •

−−→
P0P2

P0P1 × P0P2
=

−−→
P0P1 •

−−→
P0P2√−−→

P0P12 ×
−−→
P0P22

>?4@A

B4 C'#+/('. '+('%*-.
C'#+/('. D',&".'1.>P06P16P26ω6nA

>,A 5#*& N1 =  ar {(P0; 1) ; (P1;ω)}4
>;A 5#*& N2 =  ar {(P2; 1) ; (P1;ω)}4
>A 5#*& N3 1. :*1*.( /( %.7:.$& [N1N2]4

>/A E&(,1*%,&*#$ /( 2#*/% =

ω =

√
1 + ω

2
>?4!A

>.A 5* n > 06 D',&".'1.>P06N16N36ω6n− 1A4

>FA 5* n > 06 D',&".'1.>N36N26P26ω6n− 1A4

/#$&%) . G$ 2#1H7#$. ,22'#I,$& 10,' /. .'1. /0.J&'+:*&+% P0 .& P2 .& ,H,$& 2#(' &,$7.$&.%
1.% /'#*&.% (P0P1) .& (P2P1)4

 !"#$% ?4< K C'*$*2. /. 1, #$%&'(&*#$ *&+',&*-. /0($ ,' /. .'1. /,$% ($ 21,$ ,3$.
.(1*/*.$6 L 2,'&*' /. &'#*% 2#*$&% 2#$/+'+% (P0; 1)6 (P1;ω) .& (P2; 1)4 M, F#':(1. >?4!A &',/(*&
1. F,*& 8(. α = 2α14
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 !"!" #$%&'()'+$% +',(-'+./ 01-(& 01/22+3&/& /' 01453/(6$2/&

"#$% %#$&'()#*% +,'-(%.+ -. /0/. )+'1'(- 2'*%  4,1 .* #*%)+$(%'*) (),+')(1./.*) -.% 4#(*)%
25$*. #*(6$. .) -.% 1.).$+% )'*7.*)% '%%#(,%8 . 6$( 4.+/.))+' 2'*% E3 25'9&.+ -.% .+-.%
'+'),+(%)(6$.% 25$*. :-(2. #++.%4#*2'*) ; -' #*(6$.< =' /,)&#2. 2. #*%)+$)(#* 2. .+-.%
.$-(2(.*% 4.$) 0)+. '-#+% '2'4),. '$> ? .+-.% =#+.*)@ A< B* 4+#C-D/. %. 4#%. -#+%6$. -.% 4#(*)%
.>)+,/'$> %#*) %$+ 2.$> C+'*&.% 2(%)(*).% 2. -5&:4.+C#-.< E#$+ +,%#$2+. . 4+#C-D/.8 *#$%
$)(-(%#*% -. F#+/'-(%/. 2.% 4#(*)% /'%%(6$.% .) +,'-(%#*% 2.$> %&,/'% 2. %$C2(1(%(#* ':'*) .*
#//$* $* 1.).$+ 2(+.).$+ 25$*. 2.% 2.$> '%:/4)#).%< G &'6$. ,)'4.8 *#$% #**'(%%#*% -.
4#(*) .) -' )'*7.*). ; -' #*(6$. .* . /0/. 4#(*)< "#$% '2'4)#*% 2(+.)./.*) -5'-7#+()&/.
 .* $)(-(%'*) -' F#+/. 2. =#+.*)@< "#$% #C).*#*% -.% '-7#+()&/.% H .) IJ 6$( 4.+/.)).*) -'
#*%)+$)(#* (),+')(1. 2. #*(6$.% +.4+,%.*)'*) $*. :-(2. 2. K$4(*<

 !"!"!# $%& '()* %+ -.+*/ '0 .*12)0

=5'-7#+()&/. H 4.+/.) 2. #*%)+$(+. $* '+ C#+*, 2. #*(6$.< L5.%) -. '% -#+%6$. -5'+ 2.
#*(6$. .%) $* '+ 25.--(4%. #$ $* '+ 25&:4.+C#-. 2#*) -.% .>)+,/(),% %#*) %$+ -' /0/. C+'*&.<

 !"#$% !<M N O>./4-. 2. #*%)+$)(#* (),+')(1. 25$* '+ 25&:4.+C#-. 2'*% $* 2P4-'* 2. ):4.
)./4% 2.  4,18 ; 4'+)(+ 2. )+#(% 4#(*)% 4#*2,+,% (σ0; 1)8 (P1;ω) .) (σ2; 1)8 ω > 1<



 !

"#$#%& '() %#(& *+#%& ,-./*,0$. 1

Q4,1

(−−→
σ0P1

)
= Q4,1

(−−→
σ2P1

)

) '(0 $3*4(0$ '() ,) $30*%/,) σ0P1σ2 )&$ L4,150&#6,) )% P17 8/(3) 9:;: "#$#%& *(&&0 '() P1
%-*<<*3$0)%$ <*& = Λ4:

 !"#$%&'() * >#%&$3($0#% 0$.3*$0+) 4-(% *3 4) #%0'() Γ 4*%& (% <,*% 4)  4,1:

+,&$-) . ?#0$ σ0 )$ σ2 4)(@ <#0%$& 40&$0%$& 4) Γ7 −→v0 (% +)$)(3 $*%/)%$ = Γ )% σ0 )$ n (%
)%$0)3 %*$(3),7 %#% %(,7 4.8%0&&*%$ ,) %#AB3) 4-0$.3*$0#%&:
/#,0%&%#, 1 . ?#0$ Ω ,) )%$3) 4) ,* #%0'() Γ: Ω %-)&$ <*& ,) A0,0)( 4) [σ0σ2]:
/#,0%&%#, 2 . ,)& <#0%$& σ0 )$ σ2 &#%$ &(3 ,* ACA) #A<#&*%$) #%%)@) 1

Q4,1

(−−→
σ0P1

)
×Q4,1 (

−−→σ0σ2) > 0 D9:9E

F: G.$)3A0%*$0#% 4( <#0%$ P1 <*3 1

{P1} = Aff {σ0;−→v0} ∩ [σ0σ2]⊥L4,1 D9:!E

#H [σ0σ2]
⊥L4,1 )&$ ,-IJ<)3<,*% L4,15A.40*$)(3 4( &)/A)%$ [σ0σ2]

;: >*,(, 4( <#04& ω 1

ω =

∣∣∣L4,1
(−−→
σ0P1,

−−→σ0σ2
)∣∣∣

√
Q4,1

(−−→
σ0P1

)
×Q4,1 (

−−→σ0σ2)
D9:KE

L: M3#.4(3) 3.(3&0+)
N3*$>)3,)Dσ07P17σ27ω7nE

D*E ?#0$ N1 = !ar {(σ0; 1) ; (P1;ω)}:
DBE ?#0$ N2 = !ar {(σ2; 1) ; (P1;ω)}:
DE ?#0$ σ3 ,) A0,0)( 4( &)/A)%$ [N1N2]:

D4E >*,(, 4( %#(+)*( <#04& 1

ω =

√
1 + ω

2
D9: E

D)E ?0 n > 07 N3*$>)3,)Dσ07N17σ37ω7n− 1E:

DOE ?0 n > 07 N3*$>)3,)Dσ37N27σ27ω7n− 1E:

3#$&%) . P% <#,J/#%) *<<3#I*%$ ,-*3 4) #%0'() 4-)@$3.A0$.& σ0 )$ σ2 )$ *J*%$ <#(3 $*%/)%$)&
,)& 43#0$)& (σ0P1) )$ (σ2P1):
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"# $%&'( )*+*)' ,&# '- I ./'-0)# %# 1-%-#& .& '#01#)+ [σ0σ2]( 2%*3' %2 .3*-+# (IP1) #'+ %2
L4,141/.-2+3-# .& +3-2)0%# σ0P1σ2 -''&# .# P1 23 )*&' 26*)' 7

L4,1
(−−→
I P1,

−−→σ0σ2
)
= 0

8)9)( %*3',&# Γ #'+ &)# #%%-$'#( )*&' $*&6*)' $3#).3# %2 62%#&3 *$$*'/# .# #%%# .# %2 :*31&%#
;<=!> .2)' %?2%0*3-+@1# A $*&3 *B+#)-3 %?2&+3# $23+-# .# %?#%%-$'#= C2 *)'+3&+-*) #'+ +*&D*&3'
3/0&%-E3# .& :2-+ ,&# σ3 #'+ F &)# $'#&.*4.-'+2)# /02%# .# σ0 #+ σ2=

G*+*)' ,&# '- %#' $*-)+' σ0 #+ σ2 )# '*)+ $2' '&3 %2 1H1# *1$*'2)+# *))#I# .# %?@J$#3B*%#(
2%*3' %# 3/'&%+2+ .# %2 :*31&%# ;<=<> #'+ )/02+-: 7 %?2%0*3-+@1# A :*)+-*))# +*&D*&3'( 12-' %#'
$*-)+' *)'+3&-+' 2$$23+-#))#)+ F &) #3%# .2)' %# *1$%#I-9/ .# %?#'$2# 2K)# LC2.MN(C2.MO℄=
G*&' '*11#' 2%*3' *B%-0/' .?&+-%-'#3 &)# 2&+3# 1/+@*.# 29) .# $*&6*-3 3#$3/'#)+#3 %#' $*-)+'
*B+#)&'=

Q% #'+ $*''-B%# .# '&$$3-1#3 %2 *).-+-*) N .# %?2%0*3-+@1# A #+ .?2D*&+#3( 2$3E' %# $3#1-#3
2%&% .# ω( %# +#'+ '&-62)+ 7 '- ω )?2$$23+-#)+ $2' F R( 2%*3' *) &+-%-'# %?2%0*3-+@1# RM=

 !"!"!" #$% &' )*+)%$,-'% ,), ),,'.'%

"2)' # $232032$@#( )*&' +32-+*)' .& 2' *S %2 *)-,&# #'+ &)# @J$#3B*%# #+ *S %?23 .?@J4
$#3B*%# F *)'+3&-3# 2 .#&I *1$*'2)+#' *))#I#'( ?#'+4F4.-3# ,&# @2&)# .#' #I+3/1-+/' .#
%?23 #'+ '&3 &)# B32)@# .-'+-)+# .# %?@J$#3B*%#= G*&' )*&' $%2T*)' .2)' %?#'$2# .#' $*-)+'
12''-,&#'  ̃4,1 2''*-/ F  4,1 #+ F

−→
 4,1 ./3-+ .2)' %?2))#I# U= G*&' &+-%-'*)' .#&I :*-' %?2%0*3-+@1#

RM( &)# :*-' '&3 @2&)# .#' B32)@#' .# %?@J$#3B*%#= V&3 &)# B32)@#( )*&' &+-%-'*)' %2 $3#4
1-E3# #I+3/1-+/ .# %?23 #+ &) 6#+#&3 .-3#+#&3 .# %?2'J1$+*+# *)'-./3/# 2%*3' ,&# '&3 %?2&+3#
B32)@#( )*&' &+-%-'*)' %2 '#*).# #I+3/1-+/ .# %?23 #+ &) 6#+#&3 .-3#+#&3 .# %?2'J1$+*+#( .#
'#)' *$$*'/ 2& $3//.#)+=

G*&' .#6*)' 2%&%#3 %# $*-)+ P1 2$$23+#)2)+ F %?2'J1$+*+# #)0#).3/# $23
−→
l2 #+ F %2 +2)0#)+#

F Γ #) σ0= G*&' $3#)*)'
−→
l3 +#% ,&# L4,1

(−→
l2 ,
−→
l3

)
= 1 $*&3 '-1$%-9#3 %#' 2%&%'=

W#123,&*)' ,&#( %*3',&# )*&' @#3@*)' F D*-).3# .#&I $*-)+' $23 &) 23 .# *)-,&# .2)'
Λ4( )*&' )?26*)' $2' F ./+#31-)#3 $3/2%2B%#1#)+ %# +J$# .& $%2) .*) %# +J$# .# %2 *)-,&#
#+ )# '26*)' $2' '- %?23 F 1*./%-'#3 *)+-#)+ &)# #I+3/1-+/ F %?-)9)-= G*&' &+-%-'*)' .?2B*3.
%?2%0*3-+@1# A #+ 3#023.*)' '- %2 *).-+-*) .*))/# $23 %2 :*31&%# ;<=<> #'+ '2+-':2-+#( .2)' %#
2' *)+32-3#( )*&' &+-%-'*)' %?2%0*3-+@1# RM= G*&' $*&6*)' 0/)/32%-'#3 %2 *)'+3&+-*) -+/32+-6#
.?23' .?#%%-$'#' #+ .?@J$#3B*%#' .2)' E3 #) &+-%-'2)+ %2 :*31# ,&2.32+-,&# 2./,&2+#( LX"C3#℄=
G*+*)' ,&# $*&3 *)'+3&-3# -+/32+-6#1#)+ %#' $*-)+' .?&) 23 B*3)/ .# $232B*%#( -% '&K+ .?2$4
$%-,&#3 %?2%0*3-+@1# .# "# Y2'+#%D2& ,&- )?&+-%-'# ,&# .#' $3*$3-/+/' 2K)#'=



  

 !"#$%&'() *+ !"#$%&'%)"# )%*&+%),- ./'# +& ./012-&3"4- +1+#% '#- .)&-%)"# 4'5)6&- "55-
-7%&*5)%*8

,-&$.) / 9-'7 2")#%$ 5+$$):'-$ (σ0; 1) -%
(−→
l2 ; 0

)
.- 4/012-&3"4- Γ; '# ,-%-'& −→v0 %+#<-#% = Γ

-# σ0 -% '# -#%)-& #+%'&-4 n; #"# #'4; .*>#)$$+#% 4- #"53&- ./)%*&+%)"#$8

?8 @#)%)+4)$+%)"#

A+B 9*%-&5)#+%)"# .' 2")#% P1 2+& C




L4,1
(−−→
ΩP0,

−−→
P0P1

)
= 0

L4,1
(−−→
ΩP1,

−→
l2

)
= 0

AD8EB

A3B F")% Ω 4- -#%&- .- 4+ "#):'- Γ -%
−→
l3 %-4 :'- L4,1

(−→
l2 ,
−→
l3

)
= 18 !+4'4 .- ω1 2+& C

ω1 =
1

2

√
L4,1

(−−→
Ωσ0,

−→
l3

) AD8?GB

H8 I&"*.'&- &*'&$),-
J&+%!-&4-H

(
(σ0; 1) , (P1;ω1) ,

(−→
l2 ; 0

)
, n

)

A+B F")% (N1; 1 + ω1) = (σ0; 1) ⊞ (P1;ω1); "K ⊞ -$% 4/+..)%)"# .*>#)- $'& 4/-$2+- .-$
2")#%$ 5+$$):'-$; +##-7- L8

A3B F")% (N2;ω1) =
(−→
l2 ; 0

)
⊞ (P1;ω1)8

AB F")% (σ3; 1 + 2ω1) = (N1; 1 + ω)⊞ (N2;ω1)8

A.B !+4'4 .' 2").$ C

ω0 =

∣∣∣L4,1
(−−−→
σ0N1,

−−→σ0σ3
)∣∣∣

√
Q4,1

(−−−→
σ0N1

)
×Q4,1 (

−−→σ0σ3)
AD8??B

A-B F) n > 0; J&+%!-&4-Aσ00N10σ30ω0, n− 1B

AMB !+4'4 .' 2").$ C

ω2 =
ω1√

1 + 2ω1
AD8?HB

A<B F) n > 0; J&+%!-&4-H
(
(σ3; 1) , (N2;ω2) ,

(−→
l2 ; 0

)
, n− 1

)

1#$&%) / N# 2"41<"#- +22&"0+#% 4/+& ./012-&3"4- Γ ./-7%&*5)%*$ σ0 -%
−→
l2 -% +1+#% 2"'&

%+#<-#%-$ 4-$ .&")%-$ (σ0P1) -% Aff
(
P1;
−→
l2

)
8
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1

2

3

4

−1

1 2 3 4 5

 

 

!

 

!

!

σ3

N2

N1

P1

σ0

Ω

−→
l2

−→
l3

−→ı

−→

 !"#$% "#$ % &'()*+( ,( ./012314./ 41526147( ,83/ 62 ,89:*(2;.+( ,6/0 3/ 2<*+6/ ,( 1:*(

1()*0 ,(  ̃4,1= > *62142 ,( ,(3' *.4/10 )6004?3(0 (σ0; 1) (1
(−→
l2 ; 0

)
#

 !"!# $%&'()&* +,'-./0,&*

@.30 4++3012./0 ( 126764+ *62 +6 A.4/132( (/12( 3/( :+4,( ,( B3*4/ Cycl0 (1 3/ *+6/ P0#
C( *+6/ P0 6 *.32 5?3614./ y = 1 (1 +6 :+4,( Cycl0 6 *.32 *626)D12(0 a0 = 6= c0 = 2= µ0 = 4=
5?3614./ EF#GHI# &++( (01 (/125( 63 *.4/1 ,( ..2,.//5(0 (10; 10; 0) (1 (01 +8(/7(+.**( ,(0 0*9D2(0
S1(θ)= 96*412( F= 0(14./ F#J# @.30 4)*.0./0 +( (2+( ,( A.4/132( C0= (2+( 6261524014?3( ,(
Cycl0 6**621(/6/1 > +6 0*9D2( S0 = S1

(
5π
6

)
= ,( (/12( Ω1

(
5π
6

)
(1 ,( 26:./ r1

(
5π
6

)
#
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"#$ %&'()$ &++#$%&(,-()$ . S0 #) P0 ,-($ Λ4 $&() +#$%#)'/#0#() 1#$ %&'()$ 2

σ0 (−13, 59;−0, 84;−2, 24; 0, 00;−13, 41)

#) 2
ρ0 (0; 0; 1; 0; 0)

"# /#)#3+ −→v0 4 )-(5#() . 1- &3+6# +#%+7$#()-() 1- 81',# Cycl0 ,-($ Λ4 #( σ0 #$) 2

−→u (−17, 07;−0, 68;−1, 26; 0, 00;−17, 04)

9( 3)'1'$-() 1:-15&+');0#  4 (&3$ -131&($ 1# %&'() ,# &()+�1# '()#+07,'-'+# ,# 1- &3+6#
,# =7>'#+ 2

P1(30, 23; 0, 90; 1, 00; 0, 00; 30, 32)

-'($' ?3# 1# %&',$ &++#$%&(,-() 2
ω1 ≃ 0, 50

@&3$ %&3/&($ &()'(3#+ 1# %+&#$$3$ ,# &($)+3)'&( #) (&3$ &6)#(&($ 3( %+#0'#+ %&'() 2

σA(5, 48; 0, 02;−0, 08; 0, 00; 5, 57)

$3+ 1:-+ ,# &('?3# -'($' ?3:3( /#)#3+ )-(5#() 2

−→uA(−5, 34;−0, 33;−1, 27; 0, 00;−5, 27)

#( # %&'()4 # ?3' (&3$ %#+0#) ,# ,#$$'(#+ 3( %+#0'#+ #+1# ,# 1- A&'()3+#B 9( ')7+-() 3(#
$#&(,# C&'$4 (&3$ &6)#(&($ ,#3D -3)+#$ %&'()$ 2

σB(−1, 74;−0, 34;−1, 16; 0, 00;−1, 60)

#) 2
σC(6, 11; 0, 14; 0, 71; 0, 00; 6, 15)

-'($' ?3# 1#$ /#)#3+$ )-(5#()$ -$$&'7$ 2

−→uB(−12, 96;−0, 58;−1, 47; 0, 00;−12, 90)

#) 2
−→uC(3, 72; 0, 01;−0, 74; 0, 00; 3, 78)

E%+F$ 1#$ ,#3D ')7+-)'&($4 (&3$ &($)+3'$&($ 1#$ #+1#$ ,# 1- G53+# HBIJ-KB 9) -'($' ,# $3')#4
-%+F$ )+&'$ ')7+-)'&($4 (&3$ &($)+3'$&($ 1#$ #+1#$ ,# 1- G53+# HBIJ6KB L&3+ &0%-+-'$&(4 1#
-++#-3 ,# 81',# #M#)3-() 1- A&'()3+# #$) '113$)+7 %-+ 1- G53+# HBHB
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 !"  #"

 !"#$% "#$ % &'( '*+'( ,*,-.*/(-/01'( 2' +, 3+/2' 2' 45/6-1*'# 7,8 9:*;( 2'1< /-.*,-/56(#
7=8 9:*;( -*5/( /-.*,-/56(# &'( '*+'( 5=-'61( +5*( 2' +, :*'>/;*' /-.*,-/56 (56- '6 =+'1? +'(
'*+'( 5=-'61( +5*( 2' +, ('562' /-.*,-/56 (56- '6 @'*- '- +'( '*+'( 5=-'61( ,:*;( +, -*5/(/;>'
/-.*,-/56 (56- '6 @/5+'-#

 !"#$% "#" % &' ,**',1 2' 3+/2' 2' A1:/6 '6 ,66',1 'B'-1,6- +, 45/6-1*' '6-*' +, 3+/2'
Cycl0 '- +' :+,6 P0#

C56(/2.*56( +' >D>' '<'>:+' >,/( ,@' +E5*/'6-,-/56 /6@'*(' 2' +, :*'>/;*' (:F;*'# &' :5/6-
5**'(:562,6- 2,6( Λ4 ('*, ,+5*( +E5::5(. 21 :5/6- σ0? 65-. σ1 G

σ1 (13, 59; 0, 84; 2, 24; 0, 00; 13, 41)

&' @'-'1* -,6H'6- I +, 51*=' *':*.('6-,6- +, 3+/2' Cycl0 2,6( Λ4 '6 σ1 '(- -51451*(
−→v0 #

&E,* 2' 56/01' 56(-*1/- I :,*-/* 2' ' :5/6- 6' ('*, 256 :,( +' >D>' 01' :*..2'>>'6-#
J6 1-/+/(,6- +E,+H5*/-F>'  ? 651( ,+1+56( +' :5/6- 2' 56-*�+' /6-'*>.2/,/*' 2' +, 51*=' 2'
L.M/'* G

P1(−3, 16; 0, 17; 0, 99; 0, 00;−3, 30)
'- @.*/N56( (/ +, 562/-/56 2566.' :,* +, O5*>1+' 7"#"8 '(- (,-/(O,/-'# C' 6E'(- :,( +' ,( //
:1/(01' G

Q4,1

(−−→
σ0P1

)
×Q4,1 (

−−→σ0ρ0) ≃ −2, 38
P51( (5>>'( 256 2,6( +' ,( 5Q +, 56/01' '(- 16 ,* 2EF3:'*=5+' 656 566'<'# P51( 1-/+/(56(
+' O5*>,+/(>' 2'( :5/6-( >,((/01'( ,N6 2' :51@5/* :,(('* 2E16' =*,6F' 2' +EF3:'*=5+' I +E,1-*'#
P51( ,+1+56( ,+5*( +' @'-'1* G

−→
l2 (1, 03; 0, 48; 0, 42; 0, 00; 0, 80)



 !

"# $%&' %$#)$&%$' "$ &#)*)'+$# *,+*-%.)#/0" 12 3"&4 5%)' "$ 6."$+$# %00" "4#.70)#7' *"'
8"#"&.'

−→
l2 "# −−→l2 9 :" *+ 0;0" 0+$)<."= $%&' %$'#.&)'%$' *"' ".*"' +.+#7.)'#)>&"' 3"

*+ ?*)3" 3" @%)$#&."= A-&." B9CD+E D."'69B9CDFEE +6.<' 3"&4 )#7.+#)%$' D."'69 #.%)' )#7.+#)%$'E
3" 6+.# "# 3,+&#." 3& 6%)$# ')$-&*)". 3" *+ ?*)3"9 G%&. %06+.+)'%$= *" +.."+& 3" ?*)3"
"H"#&+$# *+ @%)$#&." "'# )**&'#.7 6+. *+ A-&." B9I9

 !"  #"

 !"#$% B9C J K"' ".*"' +.+#7.)'#)>&"' 3" *+ ?*)3" 3" @%)$#&."9 D+E L6.<' 3"&4 )#7.+#)%$'9 DFE
L6.<' #.%)' )#7.+#)%$'9 K"' ".*"' %F#"$&' *%.' 3" *+ 6."0)<." )#7.+#)%$ '%$# "$ F*"&= *"' ".*"'
%F#"$&' *%.' 3" *+ 3"&4)<0" )#7.+#)%$ '%$# "$ 8".# "# *"' ".*"' %F#"$&' *%.' 3" *+ #.%)')<0"
)#7.+#)%$ '%$# "$ 8)%*"#9

 !"#$% B9I J K" +.."+& 3" ?*)3" "H"#&+$# *+ @%)$#&." "$#." *+ ?*)3" 3" :&6)$ Cycl0 "# *"
6*+$ P09

M$ %0F)$+$# *"' 3"&4 +*-%.)#/0"'  "# 12 '&. /+&$ 3"' ".*"' 37A$)''+$# *+ ?*)3" 3"
:&6)$= $%&' 6%&8%$' %F#"$). &$ 0+)**+-" 3" *+ ?*)3" 3" :&6)$ 3" @%)$#&."= A-&."' B9N "# B9 9
G%&. *,&$" 3"' 3"&4 5+0)**"'= $%&' $" 6."$%$' >&" *+ 6+.#)" +37>&+#" 3& ".*" "$#." *"' 3"&4
'&.5+"' O @%)$3."9



 !

 !"  #"

 !"#$% "#$ % &'())'*+ ,- '//+'- ,+ 0)(,+ +1 '11+'- +2+3-'13 )' 45(13-/+ +13/+ )' 0)(,+
,+ 6-7(1 Cycl0 +3 )+ 7)'1 P0# 8'9 :7/;< ,+-= (3>/'3(51<# 8?9 :7/;< 3/5(< (3>/'3(51<#

 !"  #"

 !"#$% "# % &'())'*+ ,- '//+'- ,+ 0)(,+ @ /5(<<'13 (13+/1+ +2+3-'13 )' 45(13-/+ +13/+ )'
0)(,+ ,+ 6-7(1 Cycl0 +3 )+ 7)'1 P0# 8'9 :7/;< ,+-= (3>/'3(51<# 8?9 :7/;< 3/5(< (3>/'3(51<#



 !



 !"#$%&' (

)*$+%,&'- .' -,&/"'- #"& .'- 12$.'- .'

3,#$+ 2' 2*+4 .' '&2'- "&"%5&$-%$6,'-

 !" #$%&'()* +,(&* -./0)* 1* 1$&2 +,(& *)1* 45* (&* 4(')*

-./0)* .4) (& 6$)*4( +* 71%+* +* 8(.%&

 ! "#$%&'(! &! "&)* *+("&! ,)! &-$. "!)/ 0+#!/!(!./ #2*$)0#! 03.* &-!*"3! 0!  $#!./4 !*/
0! 5$+.0#! 0!)6 *"7'#!* S0 !/ S1 "3# ). ($#!3) 0! 8&+0! 0! 9)"+. !. +("$*3./ ). !#&! C0
*)# &-).! 0!* *"7'#!*: S0 "3# !6!("&!; <. !=!/: !&3 #!>+!./ ? $.*+02#!#: 03.* Λ4: 0!)6 "$+./*
σ0 !/ σ1 $##!*"$.03./ 3)6 *"7'#!* S0 !/ S1 !/ ). >!/!)#

−→v0 3**$+2 3) !#&! C0 *)# S0; @$)#
/#$)>!# &3 8&+0! ,)+ "!#(!/ 0! 5$+.0#! &!* 0!)6 *"7'#!* &! &$.A 0! C0: +& *)B/ 0! 02/!#(+.!#
&! "&3.  !(σ0, σ1,

−→v0) 0!  4,1 .! $./!.3./ "3* &-$#+A+.! O5;  3 $.+,)! Γ: +./!#*!/+$. !./#!
 !(σ0, σ1,

−→v0) !/ Λ4 !*/ ).! $.+,)! #!"#2*!./3./ &3 8&+0! 0! 9)"+. !=!/)3./ &3 5$+./)#!;
C!(3#,)$.* ,)! &3 *!/+$. 0-). "&3. 0!  4,1 3>! Λ4 .-!*/ "3* /$)5$)#* ).! $)#%! 0! /8"!
!*"3!; D!"!.03./: -!*/ &3 3* ++ ")+*,)! &! >!/!)# −→v0 : /3.A!./ ? Γ !. σ0 !*/ 0! /8"! !*"3!
"3# 02E.+/+$.: "3#3A#3"7! F;G;

 !9 :*- 71%+*- +* 8(.%& '4&2*&'*- 1* 1$&2 +,(& *)1*

4)4';)%-'%<(*

H3+./!.3./: .$)* >$)&$.* 5$+.0#! ).! *)#I3! 3.3& 3>! ).! 8&+0! 0! 9)"+. &! &$.A 0-).
!#&! 3#3/2#+*/+,)!; J$)* 0!>$.*: "$)# !&3: $.*+02#!# &3 0!#.+'#! *"7'#! S 0! &3 *)#I3! 3.3&
!/ &! !#&! 0! 5$+./)#! C0 *)# S; 93.* &-!*"3! 0!* *"7'#!*: !&3 #!>+!./ ? $.*+02#!# ). "$+./
σ !/ ). >!/!)# −→u "3#/3./ 0! ! "$+./; J$)* 7!#7$.* 3&$#* &!* 8&+0!* $##!*"$.03./!* 3)6
*!/+$.* 0! Λ4 "3# 0!* 2K"&3.* 3B.!* !.A!.0#2* "3# σ !/ −→u ; L& !6+*/! ).! I3(+&&! ? 3 "3#3('/#!*
0! /!&* "&3.* !/ 0$. ).! I3(+&&! ? 3 "3#3('/#!* 0! 8&+0!* *$&)/+$.*;

M+ .$)* +("$*$.* ).! 3)/#! *"7'#! N$#+!./2!O T /!&&! ,)! &3 8&+0! !=!/)! &3 5$+./)#! !./#!
!//! 0!#.+'#! !/ &3 *)#I3! 3.3& &! &$.A 0) !#&! 3#3/2#+*/+,)! 3&$#* .$)* .-3>$.* "&)* ,)-).!
*$&)/+$. 02/!#(+.2! "3# &3 *!/+$. 0! Λ4 "3# &! "&3.  ! (σ, τ,−→u ): $P τ !*/ &! "$+./ $##!*"$.03./
? T 03.* Λ4;

QR



 !

"#$%&'()*+ '(# ,%*+ # %+. /% 0/1,# 2#(3 3)(3 4 5%13 %6)1& (* )( ,#(7 2)1*3+ +1*8(/1#&+.
$%1+ /% 9)1*3(&# #+3 3)(3 ,# $:$# ,# 302# G1;

<)$$# ,#(7 )(2/#+ ,# 2)1*3+ #3 6#3#(&+ (σ,−→u ) #3 (τ,−→v ) *# +)*3 2%+ 5)&=$#*3 )*3#*(+
,%*+ (* 2/%*. 1/ *>#71+3# 2%+ 3)(9)(&+ (*# 0/1,# #?#3(%*3 /% 9)1*3(&# %*3&# ,#(7 +(&5%#+ %*%/
/# /)*8 ,# ,#(7 #&/#+ %&%3=&1+31'(#+; @%1+ *)(+ 2)(6)*+ (31/1+#& ,%*+ # %+ ,#(7 $)&#%(7
,# 0/1,#+; AB)#C$ DB)# E℄ % =3(,1= (* 2&)G/H$# +1$1/%1&# ,1&#3#$#*3 ,%*+ E3I;

 !" #$%&'()* *&')* (&* +(),-* -&-/ *' (&* +012)* 3$(

0/-&4 /* /$&5 67(& *)/* -)-'8)%+'%9(*

J)(+ )*+1,=&)*+ '(# /#+ ,#(7 +2CH&#+ 4 9)1*,&# >#+3K4K,1&# /% +2CH&# 3%*8#*3# 4 /% +(&5%#
%*%/ /# /)*8 ,( #&/# %&%3=&1+31'(# #3 /% +#)*,# +2CH&#. %22%&31#**#*3 4 (*# ,#+ 5%$1//#+ ,#
+2CH&#+ ,)*3 /% 0/1,# #+3 />#*6#/)22#; L# 2&)G/H$# &#61#*3 %/)&+ 4 9)1*,&# ,#(7 +2CH&#+ #*3&#
#//#+ /# /)*8 ,>(* #&/# 1$2)+= +(& />(*# ,>#*3&# #//#. 2%&%8&%2C# !;M; N/ 5%(3 +#(/#$#*3 ,=3#&K
$1*#& /% +2CH&# 3%*8#*3# 4 /% +(&5%# %*%/ %( #&/# ,# 9)1*3(&# %( 2&=%/%G/#; J)(+ 2)(6)*+
&#$%&'(#& '(# /#+ %/8)&13C$#+ O #3 P ,)**=+ ,%*+ /# 2%&%8&%2C# O;Q;Q +)*3 %/)&+ )*+1,=&%G/#K
$#*3 +1$2/1R=+ #* +# 2/%S%*3 ,%*+ />#+2%# ,#+ +2CH&#+; N/ #+3 *=#++%1&# ,# ,=3%1//#& '(#/'(#+
2)1*3+ 4 2&)2)+ ,# /% $=3C),# ,# 9)1*3(&# ,=6#/)22=# 11 $%1+ '(1 *>%22%&%1++#*3 2%+ ,%*+
/#+ #7#$2/#+ +(16%*3+; T%*+ E3. /% 9)1*3(&# R*%/# #+3 )G3#*(# #* *# )*+#&6%*3 '(>(*# 2%&31#
,# /% 0/1,# ,=3#&$1*=#; T%*+  4,1. 4 2%&31& ,#+ 2)1*3+ )&&#+2)*,%*3+ %(7 +2CH&#+ 2&1*12%/#+
A+2CH&#+ )*3#*%*3 /#+ #&/#+ 2&1*12%(7I ,=3#&$1*=#+ 2&==,#$$#*3. *)(+ 2)(6)*+ 2%&%$=3&#&
/% )*1'(# &#2&=+#*3%*3 /% 5%$1//# ,# +2CH&#+ )*3#*%*3 #//#+ 4 9)1*,&#; <#33# 2%&%$=3&1+%31)*
#+3 /% 2%&%$=3&1+%31)* *%3(&#//# ,)**=# #* +#31)* Q;P 2)(& ,=&1&# (*# 0/1,# ,# T(21*; U1*+1.
1/ +(V3 ,# )*+1,=&#& /% )*1'(# 2%++%*3 2%& /#+ 2)1*3+ )&&#+2)*,%*3+ %(7 +2CH&#+ 4 9)1*,&#
#3 ,# *# +=/#31)**#& '(# /% 2%&31# (31/# 4 /% 9)1*3(&#. >#+3K4K,1&# /% 2%&31# +13(=# #*3&# ,#(7
2)1*3+ #3 1$2)+=# 2%& /# +#*+ ,( 6#3#(& 3%*8#*3 A&#2&=+#*3%*3 /# #&/# %&%3=&1+31'(# ,# /%
0/1,# ,# T(21* ,# 9)1*3(&#I; T%*+ E3. #/% &#61#*3 4 &#+3&#1*,&# />(* ,#+ ,#(7 2%&%$H3&#+ θ
)( ψ 4 (* 1*3#&6%//# 5#&$= )*3#*( ,%*+ [0, 2π]; W*+(13#. +)13 *)(+ ,=3#&$1*)*+ /#+ 2%&%$H3&#+
,# /% 0/1,# ,# T(21* ,# 9)1*3(&#. /% 2%&31# (31/# #3 /#+ &)3%31)*+ #3 3&%*+/%31)*+ 4 #?#3(#&
2)(& 2/%#& /% 9)1*3(&# ,%*+ /# G)* &#2H&# A#+ 3&%*+5)&$%31)*+ +)*3 ,=3#&$1*=#+ 4 2%&31& ,(
&#2H&# ,# /% 0/1,# ,# T(21*. 3)3%/#$#*3 ,=R*1# 2%& /#+ +2CH&#+ 2&1*12%/#+I. +)13 *)(+ (31/1+)*+
/>%/8)&13C$# ,# )*+3&(31)* 13=&%316# ,)**= ,%*+ /# C%213&# 2&==,#*3;

 !"!# $%&'()& *& +,-./01& &./1& 0. 3)-.*1& *& 145,)0/-,. &/ 0. ()6.

J)(+ C#&C)*+ 4 9)1*,&# (* 2/%* P0 %6# (* 0/1*,&# ,# &=6)/(31)* Cyl0 /# /)*8 ,>(* #&/# ,#
)(&G(&# C0 %22%&3#*%*3 4 /% +2CH&# S0 ,( 0/1*,&# AR8(&# !;MI; P0 % 2)(& ='(%31)* z = 1

2
x−3;

L# 0/1*,&# Cyl0 % 2)(& %7# (Oz) #3 2)(& &%0)* r0 = 3 #3 S0 % 2)(& #*3&# Ω0 (0; 0; 5) #3 2)(&
&%0)* r0; L#+ 2)1*3+ )&&#+2)*,%*3+ 4 S0 #3 P0 ,%*+ Λ4 +)*3 &#+2#316#$#*3 /#+ 2)1*3+ σ #3 τ X

σ

(
17

6
; 0; 0;

5

3
;
5

2

)



 !

 !"#$% "#$ % &' )*+,-.' -' ./01*23+1, '3 *' 4*5, 6 71+,-.'#

τ

(
6
√
5

5
;

√
5

5
; 0;
−2
√
5

5
;
6
√
5

5

)

&' 0'3'2. −→u '83 35,9',3 6 *5 12.:' .'4./8',35,3 *'8 84;<.'8 +,3/.+'2.'8 52 )*+,-.' =84;<.'8
',3./'8 82. *>5?' -2 )*+,-.'@ -5,8 Λ4 ', σ# A* '83 1:3',2 ', -/.+05,3 *>/B253+1, -' '33' -',+<.'
52 41+,3 σ C

−→u (5; 0; 0; 1; 5)

&' 4*5, P1 '83 ',9',-./ 45. *'8 0'3'2.8 1.3;191,52? −→u '3 −→v 50' −→v C

−→v (1, 76; 0, 18; 0, 00;−0, 68; 1, 90)

'3 Q4,1(
−→u ) = Q4,1(

−→v ) = 1#
P1 '83 -' 3)4' '845'D *5 1,+B2' 8'.5 -1, 2,' '**+48' Γ1# E, -/3'.F+,5,3 *>523.' 1,+B2'D ,128
1:3',1,8 2,' 523.' '**+48' Γ2D 1,3',2 -5,8 *' 4*5, P2 ',9',-./ 45. *'8 0'3'2.8 1.3;191,52?
−→s '3

−→
t D -' 1F4185,3'8 544.1;/'8 C

−→s (0, 34; 0, 31;−0, 95; 0, 09; 0, 32)
−→
t (1, 06; 0, 97; 0, 30; 0, 30; 1, 00)

50' Q4,1(
−→s ) = Q4,1(

−→
t ) = 1#

&5 GHI -' 71+,32.' '83 2,' GHIJ# K128 -/3'.F+,1,8 *'8 45.5F<3.'8 -' *5 GHIJ ', 23+*+85,3
*>5*91.+3;F' "D L92.' "#M C

a ⋍ 12, 69D c ⋍ 5, 68 '3 µ ⋍ 9, 69

A* ,>) 5 458 -' .1353+1, 6 'N'32'. 412. 4*5'. *5 )*+-' -5,8 *5 8<,' F5+8 2,+B2'F',3 2,'
3.5,8*53+1, -' 0'3'2. −→w 50' C

−→w (−5, 677; 0; 5)
K128 1:3',1,8 *5 71+,32.' +**283./' ', L92.' "#O#



 !

 !"#$% "#$ % &'( )'*+ (,-./'( ,/010,34'( '5 43 6789 )' :;015*/'#

 !"#$% "#< % &3 :;015*/' /=340(=' '15/' 4' >401)/' '5 4' ,431 3?' *1' ,3/50' )' 43 6789
,/==)'15'#

 !"!# $%&'()& *& +,-./01& &./1& 0.& 3)-*& *& 40(-. &/ 0. ()5.

@;*( -'/-;1( A :;01)/' *1' >40)' )' 7*,01 1;5=' Cycl0 )' ,3/3B.5/'( a0 = 6C c0 = 2C
µ0 = 4C )' '15/' )' ;;/);11='( (10; 10; 0)C '1?'4;,,' )'( (,-./'( S1(θ) )' '15/'( D

Ω1(θ) (a0 cos(θ) + 10; b0 sin(θ) + 10; 0))

'5 )' /3>;1( D
r1(θ) = µ0 − c0 cos(θ)

,;*/ θ ∈ [0, 2π]C '5 4' ,431 P0 )E=F*350;1 y = 1# &3 :;015*/' ('/3 'G'5*=' 4' 4;1H )* '/4'
3/35=/0(50F*' C0 )' Cycl0 3,,3/5'1315 A 43 (,-./' S0 = S1

(
5π
6

)
C )' '15/' Ω0 = Ω1

(
5π
6

)
'5 )'

/3>;1 r0 = r1
(
5π
6

)
C IH*/' "#8#

&'( ,;015( ;//'(,;1)315 A S0 '5 P0 )31( Λ4 (;15 /'(,'50?'B'15 4'( ,;015( σ '5 τ D

σ (−13, 59;−0, 84;−2, 24; 0, 00;−13, 41)
τ (0; 0; 1; 0; 0)

&' ?'5'*/ −→u C 531H'15 A 43 ;*/J' /',/=('15315 4'( (,-./'( 015=/0'*/'( K'15/='( (*/ 4E'440,('
H=1=/35/0'L )' 43 >40)' Cycl0 )31( Λ4 '1 σ '(5 D

−→u (−17, 07;−0, 68;−1, 26; 0, 00;−17, 04)
&' ,431 P1 '(5 '1H'1)/= ,3/ 4'( ?'5'*/( ;/5-;H;13*+ −→u '5 −→v 3?' −→v D

−→v (−3, 58;−0, 00; 0, 74; 0, 00;−3, 66)



  

 !"#$% !"# $ %& ()*+, +, -./*0 ,1 ), /)&0 2 34*0+5,"

,1 04.6 &7406 Q4,1(
−→u ) = Q4,1(

−→v ) = 1"
P1 ,61 +, 1(/, ,6/&,8 )& 40*9., 6,5& +40 .0, ,))*/6, Γ1" :0 +;1,5<*0&01 )=&.15, 40*9.,8 04.6
4>1,0406 .0, &.15, ,))*/6, Γ28 401,0., +&06 ), /)&0 P2 ,0?,0+5; /&5 ),6 7,1,.56 451@4?40&.A
−→s ,1

−→
t B

−→s (−1, 98;−0, 98; 0, 00; 0, 42;−1, 94)
−→
t (0, 92; 0, 46; 0, 00; 0, 91; 0, 91)

,1 04.6 &7406 Q4,1(
−→s ) = Q4,1(

−→
t ) = 1"

%& C-# +, 34*01.5, ,61 .0, C-#D" -, )& <E<, <&0*F5, 9., +&06 ),6 ,A,</),6 /5;;+,0168 04.6
+;1,5<*0406 ),6 /&5&<F15,6 +, )& C-#D ,0 .1*)*6&01 )=&)?45*1@<, !8 G?.5, !"H B

a ⋍ 33, 988 c ⋍ 20, 72 ,1 µ ⋍ 28, 58

I41406 9., ),6 5�),6 +,6 /)&06 +, 6(<;15*, +, )& C-# Cycl0 ,1 +, )& C-# +, 34*01.5, 6401
*07,56;6" I4.6 4>1,0406 )& 34*01.5, *)).615;, ,0 G?.5, !"!"

 !"#$% !"H $ %,6 +,.A 6/@F5,6 /5*0*/&),6 ,1 )& C-#D +, 34*01.5,"

I4.6 /4.7406 5,<&59.,5 9., ),6 45*,01&1*406 5,6/,1*7,6 +,6 6/@F5,6 34.,01 .0 5�), *</45K
1&01 +&06 ), 1(/, +, 34*01.5, &5 ,)),6 +;1,5<*0,01 ), 1(/, +, )& 40*9., +&06 Λ4 ,1 +40 ), 1(/,
+, )& C-# +, 34*01.5," :0 ,L,18 406*+;5406 .0, ()*+, +, -./*0 5,/5;6,01;, /&5 .0, ,))*/6,
Γ1 401,0., +&06 .0 /)&0 P1 /&66&01 /&5 ,A,</), /&5 154*6 /4*016 σA8 σB ,1 σC 8 5,/5;6,0K
1&01 154*6 6/@F5,6 45*,01;,6 SA8 SB ,1 SC +, E3" M4*1 S−B )& 6/@F5, +, <E<, ,015,8 +, <E<,
5&(40 <&*6 +=45*,01&1*40 *07,56, 9., SB ,1 σ−B ), /4*01 455,6/40+&01 +&06 Λ4" I4.6 6&7406 9.,
σ−B ∈ (OσB) N%OPQ℄ Sσ−B ,61 ), 6(<;15*9., +, σB /&5 5&//451 2 O5T" %& C-# 34*?0&01 ),6 154*6
6/@F5,6 45*,01;,6 SA8 S

−
B ,1 SC ,61 5,/5;6,01;, /&5 )& 6,1*40 +, Λ4 /&5 ), /)&0 P28 ,0?,0+5;



 !!

 !"#$% "#" $ %& '()*+,-. -/&0)1/. .*+-. 0& 30)4. 4. 5,6)* Cycl0 .+ 0. 60&* &7. ,*. 6&-+). 4.
0& 859: 6-//4.*+.#

6&- σA; σ
−
B .+ σC # %& (*)<,. (=+.*,. 6.,+ >+-. ,*. 6&-&=(0.; ,*. &,+-. .00)61. (, .*(-. ,*.

?36.-=(0. 1.0(* 0. +36. 4, 60&* P2 @&)1 *. -.6-/1.*+. 60,1 4, +(,+ 0& @>@. 30)4.; AB,-. "#C#
D(,- )00,1+-.- .++. -.@&-<,.; *(,1 &7(*1 ?&*B/ 0E(-).*+&+)(* 4.1 16?F-.1 S0 4&*1 0.1 4.,G

4.-*).-1 .G.@60.1; *(,1 (=+.*(*1 ,*. '()*+,-. 6&- ,*. 859H &, 0)., 4E,*. 859:; AB,-.1 "#I
.+ "#J#

 !" #$&''$($)* +$ +$,- .,/01$. 1)1' .,/ ,)$ (2($ .345/$

'$ '&)6 +$ +$,- $/'$.

K()*4-. 4.1 1,-L&.1 &*&0 .*+-. .00.1 (, &7. 4.1 @(-.&,G 4. 30)4.1 4. 5,6)* )@60)<,.
4. '()*4-. 4.1 @(-.&,G 4. (,-=.1 4. +36. .16&. 4&*1 0E.16&. 4.1 16?F-.1# M) .1 (,-=.1
1. -.'()B*.*+ 4. @&*)F-. G0 .* ,* 6()*+ &0(-1 0& '()*+,-. 4&*1 E3 L&)+ &66&-&N+-. ,* @(-.&,
4. 16?F-. .+ 6.,+ &7()- 4)O/-.*+.1 &00,-.1; E.1+PQP4)-. <,E.00. 6.,+ &7()- (, *(* 4.1 6()*+1
1)*B,0).-1# R(,1 6(,7(*1 4(**.- ,*. (*4)+)(* 6(,- <,. 0& 1,-L&. A*&0. 1()+ 0. -/1,0+&+ 4E,*.
'()*+,-. G1 .*+-. 0.1 4.,G 1,-L&.1 &*&0 .+ 0. @(-.&, 4. 16?F-.#

M()+ 4.,G 1,-L&.1 &*&0  !"#1 .+  !"#2 4. E3 (--.16(*4&*+ Q 4.,G (,-=.1 4. +36. .16&.
γ1 .+ γ2 4. Λ4# K()*4-. 4. @&*)F-. G0 0.1 4.,G (,-=.1 γ1 .+ γ2 4&*1 Λ4 .* ,* 6()*+ +.0 <,.
0.1 7.+.,-1 +&*B.*+1 Q ?&,*. 4.1 (,-=.1 .* . 6()*+ *. 1().*+ 6&1 (0)*/&)-.1 )*+-(4,)+
,*. 6&-+). 4. 16?F-. S 4&*1 0& '()*+,-.# M.0(* 0& @&*)F-. 4(*+ 0.1 .-0.1 &-&+/-)1+)<,.1 4.1
1,-L&.1 &*&0 1(*+ -/6&-+)1 1,- 0& 16?F-. 4. '()*+,-. *(,1 6(,7(*1 (=+.*)- 4)O/-.*+1 -/1,0+&+1#
H01 6.,7.*+ >+-. 1/&*+1; AB,-. "# !; 4)1'()*+1; AB,-. "#  (, +&*B.*+1; AB,-. "# S# 5&*1 ?&,*
4.1 &1; 0& 1,-L&. (=+.*,. 6.,+ &7()- 4.1 6()*+1 1)*B,0).-1# %(-1<,. 0.1 .-0.1 1(*+ 1/&*+1;
*(,1 *. 6(,7(*1 6&1 '()*4-. 4. @&*)F-. G1 0.1 4.,G 1,-L&.1 &*&0 .+ 0. @(-.&, 4. 16?F-.#

R(,1 6(,7(*1 /+,4).- .1 4)O/-.*+.1 1)+,&+)(*1 4&*1 0E.16&. 4.1 16?F-.1# 5&*1 0& 1.+)(*
9#9; *(,1 &7(*1 .G60)<,/ (@@.*+ 0& 6(1)+)(* 4. 4.,G 16?F-.1 4&*1 E3 .1+ 0)/ Q 0& 6(1)+)(* 4.1
6()*+1 (--.16(*4&*+1 4&*1 Λ4#

T.B&-4(*1 0.1 .-0.1 1,- 0& 16?F-. S# M()+ σ 0. 6()*+ 4. Λ4 (--.16(*4&*+ Q M# %.1 .-0.1
(-).*+/1 1,- ,*. 16?F-. L(-@.*+ ,*. <,&4-)<,. Λ3(σ) 4. 4)@.*1)(* 3; )*0,1. 4&*1 Λ4# %&
(*1+-,+)(* 4. .++. 4.-*)F-. .1+ )4.*+)<,. Q 0& (*1+-,+)(* 4. 0E.16&. 4.1 16?F-.1 6-/1.*+/ .*
1.+)(* 9# ; 6&-&B-&6?. 6 4. U%V!I℄# %.1 .-0.1 4. S 1(*+ 0.1 )*+.-1.+)(*1 4. S &7. 4.1 16?F-.1



 ! 

 !"  #"

 !"#$% "#$ % &'( )*+,- .- /' )012 -34-/*,,- .- /' 5'67//- *39-3'39 /-: :,;<=-: SA2 SB -9 SC 2
,'= /- ,/'3 .- :>6?9=7- Py .'3: E3# &@( A//+:9='97*3 .+ ;'3B-6-39 .C*=7-39'97*3 .- /' :,;<=-
SB :+= /' )01 -34-/*,,- .'3: E3# 0'3: /' DB+=- &'(2 /-: 4-9-+=: 3*=6'+E .- /' :,;<=- SB
:*39 .7=7B?: 4-=: /- -39=- ΩB '/*=: F+- .'3: /' DB+=- &@(2 7/: :*39 .- :-3: 734-=:-:# 0'3: -9
-E-6,/-2 /- ;'3B-6-39 .C*=7-39'97*3 9='3:5*=6- /' )01G -3 )01A#



 !"

 !"#$% #$% & '()*+,-. .*+-. /. 1/)*2-. 2. -34(/,+)(* .+ /. 5/6* 56- ,*. 789:$

 !"#$% #$; & '()*+,-. .*+-. /6 789< .+ /. 5/6* 56- ,*. 789:$

(+=(>(*6/.? @ S$ A.? 5()*+? (--.?5(*26*+? 26*? Λ4 ?(*+ /.? 5()*+? 2. Λ3(σ) = (
−−→
O5σ)

⊥ ∩ Λ4B
C>,-. #$ D$ E(+(*? F,. /G=15.-5/6* 4.+(-)./ (

−−→
O5σ)

⊥ .?+ 56-6//H/. @ /G=15.-5/6* 6I*. TσΛ4$
A.? (,-J.? γ1 .+ γ2 3+6*+ 2. +15. .?56.B *(,? 5(,4(*? ?,55(?.- F,. /.? 2.,K 6-? 2.

(,-J.? γ1 : [a1, b1] → Λ4 .+ γ2 : [a2, b2] → Λ4 ?(*+ 56-6L3+-3? 56- /6 /(*>,.,- 2G6-$ 8. 5/,?B

/.? 4.+.,-? 2. (,-J,-. >3(23?)F,.
−→
kg(t) .* +(,+ 5()*+ 2.? (,-J.? γ1 .+ γ2 ?(*+ 2. +15. +.L5?

M,* 4.+.,- (,-J,-. >3(23?)F,. .?+ /6 5-(N.+)(* L4,1O(-+=(>(*6/. 2, 4.+.,- 23-)43 ?.(*2.

?,- /G=15.-5/6* +6*>.*+ @ /6 (,-J. .* ,* 5()*+PB QAR  ℄$ A.? 4.+.,-? L4,1O,*)+6)-.?
−−−→ 
γ1(b1) .+−−−→ 

γ2(a2) ?(*+ +6*>.*+? .* σ = γ1(b1) = γ2(a2) -.?5.+)4.L.*+ @ γ1 .+ γ2B C>,-. #$ 9$ A. 2.-*).-
.-/. 6-6+3-)?+)F,. C1 2.  !"#1 .+ /. 5-.L).- .-/. 6-6+.-)?+)F,. C2 2.  !"#2 6556-+).**.*+
@ /6 ?5=H-. S$

 !"#$% #$ ! & A.? .-/.? 6-6+3-)?+)F,.? 2.? ?,-T6.? 6*6/ ?(*+ ?36*+? ?,- /6 ?5=H-. 2.
N()*+,-.?$



 !"

 !"  #"

 !"#$% #$  % &'( )* +,+-./+ 0+ 123*456+ G1 +*46+ 0+5, 7568'+7 '*'/ /+ /2*: 0+ 0+5, +6/+7
4'*:+*47$ &;( <' 7568'+ 2;4+*5+ +* 6+2//'*4 /+7 '546+7 .'643+7 0+7 0+5, 7568'+7 '*'/ +4 0+ /'
7.=>6+ +74 73*:5/3>6+$

 !"  #"

 !"#$% #$ ? % &'( )* +,+-./+ 0+ 123*456+ G1 +*46+ 0+5, 7568'+7 '*'/ /+ /2*: 0+ 0+5, +6/+7
037123*47$ &;( <' 7568'+ 2;4+*5+ +* 6+2//'*4 /+7 '546+7 .'643+7 0+7 0+5, 7568'+7 '*'/ +4 0+ /'
7.=>6+ +74 73*:5/3>6+$

<+ @+4+56
−−−→ 
γ1(b1) .+54 A46+ '7723B C 5* .23*4 0+ Λ4$ D/ '..'643+*4 C Λ3(σ)$ D/ 266+7.2*0

C /' 7.=>6+ 264=2:2*'/+ C S /+ /2*: 05 +6/+ C1$ E+3 6+@3+*4 C 2*730B6+6 /+7 .23*47 0+ Λ3(σ)
2--+ 0+7 +6/+7 0+ S$

<+7 .23*47 0+7 256;+7
 
γ1(t) +4

 
γ2(t) 266+7.2*0+*4 '5, 7.=>6+7

 
Si(t) 264=2:2*'/+7 '5,

7.=>6+7 266+7.2*0'*4 '5, .23*47 γi(t)$ <F3*4+67+432*
 
Si(t) ∩ Si(t) +74 /+ +6/+ '6'4B63743G5+

0+  !"#i 2*4+*5 0'*7 Si$ <+7 0+5, +6/+7H .256 i = 1 25 2H 72*4 037123*47 73 /+ .23*4
 
γ2(a2)

+74 C /F3*4B63+56 0+ /F5* 0+7 �*+7 C γ 1(b1)
25 C− γ 1(b1)

$ J*7534+H 3/ 6+74+ C 0B4+6-3*+6 /' K ;2**+ L
.'643+ 0+ +7 �*+7 .256 G5+ /' '/244+ 7.=B63G5+ 263+*4B+ D1 02*4 /+ ;260 263+*4B +74 /+ +6/+
263+*4B C1 7234 3*/57+ 0'*7 /' '/244+ 7.=B63G5+ 263+*4B+ D2 02*4 /+ ;260 263+*4B +74 /+ +6/+
263+*4B C2 &G53 2*43+*4 /F'**+'5 ;260B .'6 /+7 0+5, +6/+7 C1 +4 C2($



 !"

 !"#$% #$ % & '()*+,(-./.01- 2(, (*4(, 1*0(-.+, 256-( ,)78*( S 1**(,)1-2/-. /6 )10-. σ
2/-, Λ4$

916* (4/: -16, 6.040,1-, 4(, ;(.(6*, 16*<6*(, =+12+,0>6(, 2(, 16*<(, γ1 (. γ2 /6? )10-.,
Γ1(b1) (. Γ2(a2) >6( -16, -1.1-,

−→
kg1 (.

−→
kg2$ '/))(41-, >6( (, ;(.(6*,

−→
kgi ,1-. 4(, )*1@(.01-,

2(, ;(.(6*,
−→  
γ i ,6* TσΛ

4$
A/ @10-.6*( 2(, 2(6? ,6*B/(, /-/4 )/* */))1*. C 4/ ,)78*( S /,,10+( C σ = γ1(b1) = γ2(a2)

-5/ )/, 2( )10-., ,0-=640(*, ,0 4(, 2(*-0(*, (*4(, /*/.+*0,.0>6(, 2(  !"#1 (. 4(, )*(D0(*,
(*4(, /*/.+*0,.0>6(, 2(  !"#2 ,( )*1@(..(-. ,6* S (- 2(71*, 2( 45/--(/6 2( ,)78*( <1*2+ )/*
4(, (*4(, C1 (. C2$ A/ )*1@(.01-, 2(, (*4(, /*/.+*0,.0>6(, ,6* S ,1-. 4(, 0-.(*,(.01-, 2(,
,)78*(, 1**(,)1-2/-.(, /6? )10-.,

 
γ1(t) (.

 
γ2(t) /;( S$ A(, 2(6? 16*<(,

 
γi(t) ,1-. ,6* Λ4

D/0, ,(64, 4(, )10-.,
 
γ1(b1) (.

 
γ2(a2) ,1-. ,6* Λ

3(σ)$ E1DD( -16, ;1641-, .*/;/044(* ,6* Λ3(σ):
-16, /441-, 6.040,(* 6-( )*1@(.01- 2(, 16*<(,

 
γi(t) ,6* Λ

3(σ): -1.+( proj(
 
γi(t)) = αi(t): .(44(

>6( 4(, 16*<(, αi(t) 1**(,)1-2(-. /6? ,)78*(, 1*.71=1-/4(, C S )1*./-. 4(, (*4(, S ∩
 
Si(t)

F4(, )10-., σ:
 
γi(t) (. αi(t) )16* t G?+ 1**(,)1-2(-. C 2(, ,)78*(, >60 B1-. )/*.0( 256- B/0,(/6

2( ,)78*(, 2( </,( 4( (*4( S ∩
 
Si: 45(440),(: 1-.(-6( 2/-, 4( )4/- $%(σ,

 
Γi(t), αi(t)) )/,,/-.

)/* 451*0=0-(: 0-.(*,(.( Λ3(σ) (- αi(t)H$

A(, ;(.(6*, ./-=(-., C α1(t) (. α2(t) /6? )10-., α1(b1) (. α2(a2) ,1-. 4(, ;(.(6*,
−→
kg1 (.−→

kg2 2+G-0, )*++2(DD(-.$ I5/<1*2: 4(, (*4(, 1*0(-.+, /,,10+, /6? )10-., α1(b1) (. α2(a2) ,6*
Λ3(σ) 210;(-. /))/*.(-0* C 6- B/0,(/6 2( (*4(, C )10-., 40D0.(, )16* J.*( 20,@10-.,: ( >60
0D)40>6( >6( 4(, ,)78*(, 1**(,)1-2/-.(, C α1(b1) (. α2(a2) 2/-, Λ4 210;(-. /))/*.(-0* C 6-
B/0,(/6 2( ,)78*(, C )10-., 40D0.(, /6,,0$ A/ 16*<( 1**(,)1-2/-.( 2/-, Λ4 210. J.*( 2( .K)(
.(D),$ 916* 1<.(-0* 6-( @10-.6*( G1 (-.*( 4(, 2(6? ,6*B/(, /-/4 (. 4( D1*(/6 2( ,)78*( <1*2+
)/* 4(, (*4(, C1 (. C2: -16, 2(;1-, )16;10* @10-2*( 4(, )10-., α1(b1) (. α2(a2) 2/-, Λ3(σ)
)/* 6-( 16*<( 2( .K)( .(D), 1-.(-6( 2/-, Λ3(σ)$ 916* >6( (0 ,10. )1,,0<4(: 04 B/6. >6( 4(



 !"

#$&$'(
−−−−−−−−→
α1(b1)α2(a2) )*+& ,$ &-.$ &$/.) $& 0'$ 1$) &(*+) #$&$'() .*)+&+*2) ,3*(+4+2$

−→
kg15

−→
kg2 $&−−−−−−−−→

α1(b1)α2(a2) ,3*(+4+2$
 
γ1(b1) )*+& 6 13+2&7(+$'( $& ,82) 18 /9/$ .8(&+$ ,' �2$ C 

γ 1(b1)
;

 !"  #"

 !"#$% <; = > ?$.(7)$2&8&+*2 ,' .(*@1A/$ ,82) Λ4; B8C D$) ,$'E *'(@$) γi *(($).*2,82&
8'E )'(F8$) 8281  !"#i *2& '2 .*+2& *//'2 σ $& 1$) #$&$'() *'(@'($ 47*,7)+0'$ 8' .*+2&
σ )*2& 1$) #$&$'() kgi; B@C D$) *'(@$)

 
γi(t) $& 1$'() .(*G$&+*2) αi(t) )'( Λ

3(σ);

H*'( 7#+&$( ,3*@&$2+( 1$) )+&'8&+*2) ,$) I4'($) <; !5 <;  B@C $& <; JB@C5 2*') #*'1*2) G*+2,($
1$) )'(F8$) 8281 1$ 1*24 ,$ $(1$) 8(8&7(+)&+0'$) $ 0'+ .$(/$& ,3*@&$2+( ,$) G*+2&'($) ,$ &-.$
G1; K82) 13$).8$ ,$) ).LA($) $18 +/.1+0'$ 0'$ 1$) #$&$'() &824$2&) B'2+&8+($)C 8'E $E&(7/+&7)
,$ γ1 $& ,$ γ2 )*2& 1$) /9/$);

 !" #$%&'()* G1 *&')* +*(, -()./*- /&/1 2/) +*(, 3$)*/(,

+* 41%+*- +* 5(2%& 1* 1$&6 +* +*(, *)1*-

 !"!# $%&'&)* *+ ,-./%&+01*

M*') )*'L8+&*2) G*+2,($ ,$ /82+A($ G1 ,$'E )'(F8$) 8281 0'$1*20'$)  !"#1 $&  !"#2 1$
1*24 ,$ ,$'E $(1$) 8(8&7(+)&+0'$)  1 $&  2 $2 '&+1+)82& ,$'E /*($8'E ,$ -1+,$) ,$ K'.+2
/+) @*'& 6 @*'&;

K82) Λ45 18 )'(F8$ 8281  !"#1 B($).;  !"#2C $)& ($.(7)$2&7$ .8( 18 *'(@$ γ1 B($).; γ2C ,*2&
13$E&(7/+&7 ,$ G*+2&'($ $)& 1$ .*+2& σ1 ,$ γ1 B($).; σ2 ,$ γ2C; σ1 B($).; σ2C ($.(7)$2&$ 18 ).LA($
!1 B($).; !2C &824$2&$ 6 18 )'(F8$ 8281  !"#1 B($).;  !"#2C 1$ 1*24 ,' $(1$  1 B($).;  2C; M*')



 !"

#$%&$'( *+%+,- +, &,.,%- −→v1 /-,(#0 −→v21 .*'2,'. 3 γ1 /-,(#0 γ21 ,' σ1 /-,(#0 σ21 -,#-4(,'.*'. +,
,-+, *-*.4-5(.56%,  1 /-,(#0  210 7, .-*&*5+ $'(5(., 3 8$5'9-, +,( 9,%: $%#+,( #$5'.(;&,.,%-(
(σ1;

−→v1 ) ,. (σ2;−→v2 ) #*- 9,%: *-( 9, $'56%,(< 9*'( %', (,.5$' 9, Λ4 #*- %' ,(#*, *=', 9,
95>,'(5$' 3< 6%5 (, -,$++,'. 9, ?*@$' G1 ,' %' #$5'. σ0

A$5. σ %' #$5'. 9, Λ40 A$5. P1,σ =  !(σ1, σ,
−→v1 ) ,. P2,σ =  !(σ2, σ,

−→v2)0 7,( 9,%: $%-B,(
(%5&*'.,( C

Γ1,σ = Λ4 ∩ P1,σ ,. Γ2,σ = Λ4 ∩ P2,σ
-,#-4(,'.,'. D*%', %', E+59, 9, F%#5' Cycl1 ,. Cycl20 7* E+59, 9, F%#5' Cycl1 /-,(#0
Cycl21 8$5'. 9, >*'5G-,G1 +* (%-?*, *'*+ "#$%1 /-,(#0 "#$%21 +, +$'2 9,  1 /-,(#0  21 ,. +* (#DG-,
! $--,(#$'9*'. 3 σ +, +$'2 9H%' ,-+,  σ,1 /-,(#0  σ,210 7,( ,-+,(  σ,1 ,.  σ,2 ', -,#-4(,'.,'.
#*( ?$-4>,'. +, >I>, ,-+, (%- !0 J$%( *&$'( +* $'.5'%5.4 *% #$5'. 9, 8$5'.%-, 9*'( Λ4 >*5(
#*( +, >I>, &,.,%- .*'2,'.0 F*'( , *(< +* 8$5'.%-, ,'.-, +,( 9,%: E+59,( 'H,(. #*( G1 9*'(
E30 J$%( *&$'( &% #-449,>>,'. 6%H5+ ,(. #$((5B+, 9H$B.,'5- %', 8$5'.%-, G1 ,' -*$-9*'.
D*%', 9,( 9,%: E+59,( 9, F%#5' (%- %', >I>, (#DG-, ,' %.5+5(*'. *%((5 %' >$-,*% 9,
(#DG-,0 K$%- *((%-,- +* G1;$'.5'%5.4 *% '5&,*% 9, ,.., (#DG-,< '$%( 5>#$($'( 6%, +,( ,-+,(
 σ,1 ,.  σ,2 ($5,'. $'?$'9%(0 L,.., $'95.5$' ,(. (%=(*'., >*5( #*( '4,((*5-,0 M++, 5>#$(, 6%,
+,( &,.,%-( −−→u1,σ ,. −−→u2,σ .*'2,'.( 3 Γ1,σ ,. 3 Γ2,σ ,' σ ($5,'. $+5'4*5-,(0

F*'( +H*+2$-5.D>,   < '$%( $B.,'$'( %' 9,2-4 9, +5B,-.4 $',-'*'. +, D$5: 9, +* ($+%.5$'0
J$.$'( 6%, (5 '$%( D*'2,$'( +H$-5,'.*.5$' 9, +* (#DG-, S 9*'( E3< +* 8$5'.%-, ,'.-, +,( 9,%:

E+59,( 9*'( E3 ,(. .$%8$%-( G1 .*'95( 6%, +* 8$5'.%-, 9,( 9,%: $%-B,( Γ1,σ ,. Γ2,σ 'H,(. >I>,
#+%( G0 9*'( Λ4 C %', $%-B, * #$%- ,:.-4>5.4 σ *+$-( 6%, +H*%.-, * #$%- ,:.-4>5.4 σ− = −σ0

7* N2%-, "0 O 5++%(.-, %', 8$5'.%-, G1 ,'.-, +,( (%-?*,( "#$%1< Cycl1< Cycl2 ,. "#$%2< 9*'(
Λ4< ,' %.5+5(*'. +H*+2$-5.D>,   < +, -4(%+.*. 9*'( E3 ,(. >$'.-4 #*- +* N2%-, "0P!0

 !"!# $%&'()& *+',-./+&

F*'( E3< >%'5 9% -,#G-, $-.D$'$->4 95-,. (O3,
−→ı ,−→ ,

→

k )< '$%( ($%D*5.$'( 8$5'9-, 9,%:
E+5'9-,( Cyl1 ,. Cyl20 F*'( +* (%5., .$%.,( +,( &*+,%-( '%>4-56%,( *##-$D4,( ($'. 9$''4,( *%
>5++5G>, #-G(0 7, E+5'9-, Cyl1< 9, -*E$' R1 ≃ 8, 007< 9, D*%.,%- 4< ,(. #+*4 9*'( +* (G', ,'
%.5+5(*'. +* >*.-5, 9, +* .-*'(?$->*.5$' *=', (%5&*'., C




−0, 996 0, 084 0, 000 −15, 035
0, 083 0, 993 0, 084 0, 050
−0, 007 −0, 083 0, 996 10, 996

0 0 0 1




J$%( &$%+$'( 8$5'9-, Cyl1 +, +$'2 9% ,-+,  1 .*'2,'. 3 +* (#DG-, !1 9, ,'.-, C

O1 (−15, 035; 0, 050; 10, 996)

,. 9, -*E$' r1 ≃ 8, 0070 7, #$5'. σ1 9, Λ4 $--,(#$'9*'. 3 S1 * #$%- $$-9$''4,( C

(17, 725;−1, 878; 0, 006; 1, 373; 17, 600)

.*'95( 6%, +, &,.,%- −→v1 $--,(#$'9*'. 3 C1 * #$%- $>#$(*'.,( C

(−2, 097;−0859;−1, 318; 0, 000;−2, 062)



 !"

 !"#$%&'() ** #$%&'()* G1 *&')* +*(, -()./*- /&/1 2/) +*(, 3$)*/(, +* 41%+*- +* 5(2%&
1* 1$&6 +* +*(, *)1*- +$&&7-
+,&$-) . 8*- *)1*- C1 *' C2 +$&&7- -() 1*- -()./*- /&/1  !"#1 *'  !"#2

 9 :/1(1 +* 1/ -2;<)* S1 =)*-29 S2> '/&6*&'* ?  !"#1 =)*-29  !"#2> *& C1 =)*-29 C2>

@9 :/1(1 +* σ1 *' σ2 $))*-2$&+/&' ? S1 *' S2 +/&- Λ49

A9 :/1(1 +* −→v1 *' −→v2 /--$%7- ? C1 *' C2 +/&-
−→
 4,1

B9 C$%' σ ∈ Λ4D /1(1 +*- 2E21/&- P1,σ = $%(σ1, σ,
−→v1) *' P2,σ = $%(σ2,±σ,−→v2) *& .$&'%$&

+* σ

F9 :/1(1D *& .$&'%$& +* σD +*- $&%G(*- H

Γ1,σ = P1,σ ∩ Λ4
Γ2,σ = P2,σ ∩ Λ4

I9 :/1(1 +* Ω1,σ *' Ω2,σD *&')*- +*- $&%G(*- =*)1*- 8$)*&'J> Γ1,σ *' Γ2,σ

"9 :/1(1 +* −−→u1,σ *' −−→u2,σD K*'*()- '/&6*&'- *& σ ? Γ1,σ *' Γ2,σ *& )7-$1K/&' 1* -4-'<3* -(%K/&' H

{
L4,1(

−−−→
Ω1,σσ,

−−→u1,σ) = 0

L4,1(
−−−→
Ω2,σσ,

−−→u2,σ) = 0

L9 57'*)3%&/'%$& +* σ0 '*1 G(* 1*- K*'*()- −−→u1,σ0 *' −−→u2,σ0 -$%*&' $1%&7/%)*-9

/#$&%) . 8*- +*(, $()M*- Γ1,σ0 *' Γ2,σ0 +* Λ4 $))*-2$&+/&' /(, +*(, 41%+*- +* 5(2%&
*N*'(/&' (&* O$%&'()* G1 *&')* 1*- -()./*- /&/1  !"#1 *'  !"#2 1* 1$&6 +*- *)1*- C1 *' C29



 !"

 !"  #"

 !"#$% #$ % & '(()*+,-+./0 12 (3-(4/,.+562   1-0* (32*7-2 12* *759,2*$ :-; <-* 4=0=,-(> (2*
12)? @2+2),* +-0420+* -) 7/.0+ σ 02 */0+ 7-* /(.0=-.,2*$ :A; B/.0+),2 G1> (2 7/.0+ σ 2*+ -()(=
-C0 D)2 (2* 12)? @2+2),* +-0420+* -) 7/.0+ σ */.20+ /(.0=-.,2*$

E2 F(.01,2 Cyl2> 12 ,-F/0 R2 ≃ 3, 940> 12 5-)+2), 5> 2*+ 7(-= 1-0* (- *902 20 )+.(.*-0+ (-
6-+,.2 12 (- +,-0*G/,6-+./0 -H02 *).@-0+2 I




0, 365 −0, 330 0, 870 5, 606
0, 645 −0, 584 −0, 492 8, 142
−0, 671 −0, 742 0, 000 0

0 0 0 1




J/)* @/)(/0* K/.01,2 Cyl2 (2 (/04 1) 2,(2  2 +-0420+ L (- *759,2 !2 12 20+,2 I

O2 (5, 000; 8, 485; 0, 000)

2+ 12 ,-F/0 r2 ≃ 3, 940$ E2 7/.0+ σ2 12 Λ4 /,,2*7/01-0+ L !2 - 7/), //,1/00=2* I

(10, 250; 1, 250; 2, 121; 0, 000; 10, 000)

2+ (2 @2+2), −→v2 /,,2*7/01-0+ L  2 - 7/), /67/*-0+2* I

(18, 016; 0, 000; 0, 138; 1, 638; 18, 016)

M0 )+.(.*-0+ (3-(4/,.+562   > 0/)* +,/)@/0* σ 12 //,1/00=2* I

(4, 410;−1, 402; 1, 080; 0, 000; 4, 354)

D). /,,2*7/01 L (- *759,2 S 12 20+,2 I

OS (−7, 071; 6, 928; 0, 000)



 !"

#$ %# &'()* rS ≃ 6, 414+ ,#- %#./ ).&1#- 2

Γ1 = Λ4 ∩ Aff (σ1, σ,−→v1)

#$ 2
Γ2 = Λ4 ∩ Aff (σ2, σ,−→v2)

)&&#-3)*%#*$ './ %#./ (45%#- Dup1 #$ Dup2+
,#- 3'&'67$&#- %# 4' (45%# %# 8.35* Dup1 -)*$ 2

a1 ≃ 10, 507; c1 ≃ −1, 504; µ1 ≃ 6, 503

$'*%5- 9.# 4' 6'$&5# %# 4' $&'*-:)&6'$5)* ';*# 3#&6#$$'*$ %# 4' &#3&<-#*$#& #-$ 2



−0, 716 0, 000 0, 699 −7, 516
−0.696 −0, 084 −0, 713 7, 364
0, 059 −0, 996 0, 060 10, 381
0 0 0 1




,#- 3'&'67$&#- %# 4' (45%# %# 8.35* Dup2 -)*$ 2

a2 = 10; c2 = 2; µ2 = 5

#$ $).$# 4' -7*# #-$ &#3&<-#*$<# %'*- -)* &#37&#+
=* *# )*-#&>'*$ 9.# 4#- 3'&$5#- .$54#- %# #- (45%#- 3).& 4' ?)5*$.&#@ *).- )1$#*)*-

4A544.-$&'$5)* %# 4' BC.&# D+E!+

 !"#$% D+ D F =/#634# %# ?)5*$.&# #*$&# %#./ (45*%&#- %'*- E3 3'& %#./ 6)&#'./ %# (45%#-
%# 8.35*@ )*$&'5&#6#*$ G H+ I)#J6@ *).- 563)-)*- 4#- #&4#- 14#.- -.& 4#- (45*%&#-+



  !

 ! "#$ &'()#$ *+$$+,- *+. /, #.'# #- -+,0#,-#$ 1 /,#

$*23.# '# '4,0 )5/, +/-.# #.'#

"# $%&'&() *%+'(#,$ -# -#./ +,$#/$#1 2 )# *%#3(#% +,1(1$# 4 5+(1(% ., #%)# &%&$6%(1$(7.#
 1 1.% .,# 1.%8&# &,&) #$ 4 9+(,-%# -# 8&:+, G1 #$$# 1.%8&# &,&); )# )+,< -# # #%)#; &'#
., #%)#  *&% .,# =)(-# -# >.*(,? @& -+,,6# -. #%)#  1 1.% )& 1.%8&# &,&) (3*+1# )&
1*5A%# ! +,$#,&,$ )# #%)#  ? @# 1#+,- +,1(1$# 4 9+(,-%# -#1 =)(-#1 -# >.*(, )# )+,< -#
#%)#1 -+,,61 #$ -&,1 # &1; ,+.1 &'+,1 .,# 8&3())# 4 ., *&%&3A$%# -# +.*)#1 -# =)(-#1
-# >.*(,? @# 5+(/ -B.,# 1*5A%# +,$#,&,$ ., -#1 #%)#1 %#'(#,$ 4 *%('()6<(#% ., +.*)# -#
=)(-#1 -# >.*(, -&,1 #$$# 8&3())#? @& +,-($(+, -B#/(1$#,# #1$ )& 1.('&,$# 2

 !"#$%&' (  !"#$%&'( )( )(&* (',(- ./' &$( 0,#)(
1"#% )(&* (',(-  (%  12
3, (-% ."--#4,( )( %'"&5(' &$( 0,#)( )( 6&.#$ %(,,( 7&(  (%  1 -"#($% )(&* (',(- /'/%8'#-9

%#7&(- )( (%%( 0,#)( -# (% -(&,(:($% -# ,(- )(&* (',(- -"$% -"#% ".,/$/#'(-; -"#% "-.<8'#7&(-
=#2(2 #, (*#-%( &$( -.<>'( !0 "$%($/$% ,(- )(&* (',(-  (%  1?2

)"&#*+,$-,.#* /

• @"$%'"$- )A/4"') 7&A&$ "&.,( )( (',(- /'/%8'#-%#7&(- )A&$( 0,#)( )( 6&.#$ C1 (%
C2 )( ,/ :B:( C/:#,,( -"$% "-.<8'#7&(-2 D( (',( C1 ='(-.2 C2? /../'%#($% E &$( -.<>'(
S1 ='(-.2 S2? %/$F($%( E ,/ 0,#)( ,( ,"$F )( C1 ='(-.2 C2?2 G</7&( (',( Ci (-% )8%('9
:#$8 ./' &$ "&.,( (σi,

−→vi ) "$%($&- )/$- ,( 29.,/$ P = HI(σ1, σ2,
−→v1 ,−→v2) ='/..(,"$- 7&(

P ∩ Λ4 (-% &$( "$#7&( "''(-."$)/$% E ,/ 0,#)(?2 G"$-#)8'"$- ,( .,/$ )( %0.( (-./(
P1 = HI(05, σ1,

−→v1) ='(-.2 P2 = HI(O5, σ2,
−→v2 )? )( ,A(-./( E = HI(O5, σ1, σ2,

−→v1 ,−→v2) )(
)#:($-#"$ 32 P1 (% P2 -"$% )( )#:($-#"$- 2 )/$- ,A(-./( E )( )#:($-#"$ 3  ,A#$%('9
-(%#"$ )( P1 (% P2 (-% &$( )'"#%( )( %0.( (-./(2 G(%%( )'"#%( ./--( ./' ,A"'#F#$( O5 (%
"&.( Λ4 ($ )(&* ."#$%- τ (% −τ "''(-."$)/$% E &$( -.<>'( $"$9"'#($%8( T 2 D(- ."#$%-
τ (% −τ /../'%#($$($% E )(&* (,,#.-(- )( Λ4; ,A&$( "''(-."$)/$% /& C/#-(/& )( -.<>'(-
./--/$% ./' ,( (',( C1 (% ,A/&%'( "''(-."$)/$% /& C/#-(/& )( -.<>'(- ./--/$% ./' ,(
(',( C22 D/ -.<>'( T (-% )"$ &$( -.<>'( ./--/$% ./' ,(- )(&* (',(- C1 (% C22

• @"$%'"$- :/#$%($/$% 7&( ."&' %"&% "&.,( )( (',(- "-.<8'#7&(- C1 (% C2; #, (*#-%(
&$( 0,#)( /0/$% C1 (% C2 "::( (',(- /'/%8'#-%#7&(- )( ,/ :B:( C/:#,,(2 1"#% T ,/
-.<>'( $"$9"'#($%8( "$%($/$% C1 (% C22 1"#% τ (% −τ ,(- )(&* ."#$%- )( Λ4 "''(-."$)/$%
E T (% −→v1 (% −→v2 ,(- )(&* 5(%(&'- )( TτΛ

4 )8J$#--/$% ,(- (',(- C1 (% C22 D/ "&'4(
Γ1 = P1 ∩ Λ4 ='(-.2 Γ2 = P2 ∩ Λ4? "K P1 = HI(O5, τ,

−→v1) ='(-.2 P2 = HI(O5, τ,
−→v2)?

"''(-."$) /& C/#-(/& )( -.<>'(- )( 4/-( ,( (',( C1 ='(-.2 C2?2 DA(-./( HI(P1, P2)
(-% )( )#:($-#"$ 3 /' P1 ∩ P2 (-% ,/ )'"#%( (O5τ)2 1"#% σ1 ∈ Γ1 )#I8'($% )( τ (% −τ (%
−→u1 ,( 5(%(&' %/$F($% E Γ1 ($ σ12 L"&- ,(- .,/$- )& C/#-(/& )( .,/$- "$%($/$% ,/ )'"#%(
δ = HI(σ1,

−→u1) =)"$% P1? -"$% )/$- HI(P1, P2) (% "&.($% P2 ($ &$( )'"#%( d2 3, 0 / %'"#-
."--#4#,#%8-  
• d (% Γ2 -A#$%('-(%($% ($ )(&* ."#$%-
• d (% Γ2 -"$% %/$F($%(- ($ &$ ."#$%
• d (% Γ2 -"$% )#-M"#$%(-



   

 !"# P $% &'(% )$ *("+-($ )- &'(%+ #-' .$- d -# Γ2 +!%# #(%/-%#-+ -% $% &!"%#0 1( !$23-
P ∩Λ4 -+# $%- !%".$- !22-+&!%)(%#- 4 $% 5'")- )- 6$&"% .$" ( C1 -# C2 &!$2 -2'-+
(2(#72"+#".$-+ )- '( 898- *(8"''-0 :-##- !%+#2$#"!% -+# &!++"3'- &!$2 #!$# &!"%# σ1 )-
Γ1 )";72-%# )- τ -# −τ 0

�

!"#$ %&'$("' *'$ $(+,-'$. %'$ *'/0 1/-2'$ -'(-3$'#4"#4 %'$ 5"6$'"/0 *' $(+,-'$ 7 2"$'$  
'4  1 $' 1/('#4 '# *'/0 (16#4$ 8/6 1--'$(1#*'#4 "/0 *'/0 $(+,-'$ 1-6'#43'$ *39#6'$ ("- %"
$(+,-' !0:

;" 9</-' =: > 6%%/$4-' %' 4+31-,?' @ *"#$ %' "$ *&/# 41-' 7 1%%6'-:

 !"#$% =: > A !'/0 '-%'$ 1$(+3-68/'$ $/- /# 41-' 7 1%%6'-:

;&"%<1-64+?'  @ ('-?'4 *' 4-1/B'- %" C%6*' *' !/(6#. 4"#<'#4' 7 %" $(+,-' ! %' %1#< */
'-%'  4'%%' 8/' %' '-%'  1 $164 %&/# *' $'$ '-%'$ "-"43-6$468/'$. 9</-' =:@D: ;' (-6#6(' '$4
%' $/6B"#4 E

• 7 %" $(+,-' ! 1--'$(1#* %' (16#4 σ *' Λ4 F
• "/ '-%'  $/- %" $(+,-' ! 1--'$(1#* /# B'4'/- −→v0 F
• %' '-%'  1 '#<'#*-' /#' '%%6($' Γ1 : t 7→ γ1(t) *"#$ /# 2G(%"# *' 4C(' '$("' 1#4'#"#4
O5: H'44' '%%6($' Γ1 -'(-3$'#4' %' 5"6$'"/ *'$ $(+,-'$ 7 2"$' %' '-%'  1. 9</-' =: I:

J-1/B'- /#' C%6*' *' !/(6# -3(1#*"#4 7 #14-' (-12%,?' -'B6'#4. *"#$ Λ4. 7 4-1/B'- %'
-3'% t0 4'% 8/' %" 1/-2' 124'#/' 1??' $'461# *' Λ4 ("- %' (%"# "K#' '#<'#*-3 ("- γ1 (t0). σ
'4 −→v0 "64 (1/- B'4'/- 4"#<'#4. '# σ. /# B'4'/- 1%6#3"6-' 7 −→v0 :



  !

 !"#$% "# $ % &''()*+,*-./ 01 '2,'3.+-*451  ! 0,/) '21)6,1 01) )648+1)# 9, ./-:(1 Γ0,t 1)*
.;*1/(1 .551 )1*-./ 01 Λ4 6,+ '1 6',/ ,</1 0=>/- 6,+ γ1(t)? σ 1* −→v0 # @.() 41+4./) ',
A,'1(+ 01 t :(- 61+51* 02.;*1/-+ (/ A1*1(+ *,/31/* B ', ./-:(1 Γ0,t 1/ σ .'-/=,-+1 B −→v0 #

 !"#$%&'() *+ C.-/*(+1 G1 1/*+1 (/ 1+'1 )(+ (/1 )648+1 1* (/ ,(*+1 1+'1#
,-&$.) / 91 1+'1  )(+ ', )648+1 ! 1* '1 1+'1  1

0#-1%&%#- / 91) 1+'1)  1*  1 )./* .)64=+-:(1)#

 # D,'(' 01 σ .++1)6./0,/* B ! 0,/) Λ4

!# D,'(' 01 −→v0 ,)).-= B  0,/)
−→
"4,1

E# D,'(' 01 Γ1 .++1)6./0,/* ,( F,-)1,( 01 )648+1) 01 E3 B ;,)1 '1 1+'1  1 0,/) Λ4

G# H.-* γ1(t) ∈ Γ1
I# J=*1+5-/,*-./ 0( K',/ P0,t =  !(σ,

−→v0 ,
−−−→
σγ1(t))

"# J=*1+5-/,*-./ 0( L 1+'1 M Γ0,t = P0,t ∩ Λ4
N# D,'(' 0( 1/*+1 Ω0,t 0( L 1+'1 M Γ0,t

$# D,'(' 01 −→u0,t? A1*1(+ *,/31/* B Γ0,t 1/ σ *1' :(1 O

L4,1(
−−−→
Ω0,tσ,

−→u0,t) = 0

P# J=*1+5-/,*-./ 01 '2(/1 01) 01(Q A,'1(+) t0 *1' :(1 '1) A1*1(+)
−−→u0,t0 1* −→v0 ).-1/* .'-/=,-+1)

2#$&%) / R/1 .(+;1 Γ0,t0 +16+=)1/*,/* (/1 F,5-''1 01 )648+1) :(- , 6.(+ 1/A1'.661 ', S'-01
01 J(6-/ 1T1*(,/* ', U.-/*(+1 1/*+1  1*  1 *,/31/*1 B ! 1/  #



  !

 !"#$% "# $ % &'()*+( ,( -./0123( (013( ,(2' (3+(5 ,605 E3 *63 ,(2' ).3(62' ,( 7+/,(5
,( 82*/0 1609(01(5 : 20( 5*;<3( ,.00=( (0 +>20 ,(5 ,(2' (3+(5#

 !"#$% "#?@ % &'()*+( ,( -./0123( (013( 20 5(3*(01/0 (1 20 �0( : +>6/,( ,( ,(2' ).3(62'
,( 7+/,(5 ,( 82*/0 (0 600(62 1609(01(5 +( +.09 ,( +(23 (3+( 6361=3/51/B2( .))20#

 !" #$ %&'()*+,-. /. ($1+)2+*($ /. %)).%23 /. 4&*/.1

/. 526*$ 7 8()/1 *)2&%*).1 6%11%$+ 6%) 92%+). 6(*$+1

C+25/(235 6+9.3/1;)(5 ,( .0D(35/.0 ,( 633(62' ,( 7+/,(5 ,( 82*/0 (0 523E6(5 ,( F=G/(3
361/.00(++(5 H/B26,361/B2(5 .01 =1= ,=D(+.**=5 IC36$J6K L63@JK MLC@NK O(,$N℄# Q *631/3 ,(5
*3.*3/=1=5 ,(5 523E6(5 ,( F=G/(3 .H1(02(5 *63 +(5 6+9.3/1;)(5 *3==,(015K ,>6213(5 6+9.3/1;)(5
*(3)(11(01 ,( .05132/3( ,(5 523E6(5 ,( F=G/(3 361/.00(++(5 H/B26,361/B2(5 .0D(31/H+(5 (0
633(62' ,( 7+/,(5 ,( 82*/0K IFLM  KL63@JKLL  KLMR@"℄# 8(2' .0,/1/.05 5.01 0=(556/3(5
(1 52S5601(5 *.23 .05132/3( 20 1(+ 633(62K 20/B2( IT63U!K VW8$"℄ X +(5 B2613( 5.))(15 ,2
633(62 ,./D(01 Y13( .7+/B2(5 Z +(5 ,(2' D(1(235 1609(015K ,=[0/55601 ;620 +>20 ,(5 B2613(
(3+(5 ,( H.3,K (0 20 5.))(1K ,./D(01 Y13( .31;.9.062'#



  !

"#$% '((' )#*(+', $-.% -$%(*.+%-$%, '$ .(+/+%#$( /0'%)#' 1'% %)23*'%, /' #**'#. 1' 4/+1'
1' ".)+$ 5.+ '%( 167$+ )#* /'% -$(*#+$('% 6$-$6'% 1#$% /'% #*(+/'% 89#*:;, <=">?℄ A /'%
5.#(*' %-BB'(% %-$( -4/+5.'% '( /'% 1'.C D'('.*% (#$E'$(%, '$ /0.$ 1' '% )-+$(%, %-$(
-*(2-E-$#.CF G#* *#))-*( H 8IJK  ,JJ  ,JKLM?℄, $-.% $0#D-$% )#% N'%-+$ 1' -$%(*.+*' /#
%.*O#' 1' I6P+'*, '( $-.% $' %-BB'% )#% -N/+E6% 1' 16('*B+$'* /' (4)' '( /'% )#*#B3(*'% 1' /#
4/+1' 1' ".)+$ #+$%+ 5.' /# B#(*+' 1' (*#$%O-*B#(+-$ )'*B'((#$( 10#Q2'* /' #**'#. 1#$%
/# %3$' #* $-.% )-.D-$% .(+/+%'* 1'% #/E-*+(2B'% 1' %.N1+D+%+-$ 5.' $-.% #))/+5.-$% H 1'%
-.*N'% 1' I6P+'* *#(+-$$'//'% 5.#1*#(+5.'% 1#$% /0'%)#' 1' %)23*'%F

 !"!# $%&'&)* +* ,- ./012+*

G*'$-$%, 1#$% E3, 5.#(*' )-+$(%M00,M01,M11 '(M10 -4/+5.'% '( 1'.C D'('.*% (#$E'$(%
-*(2-E-$#.C −→v θ0 '( −−→v ψ0 '$ M00, 7E.*' ?FR F S'% )-+$(% M00, M01 T*'%)F M10U '( /' D'('.*

−→v θ0
T*'%)F −−→v ψ0 U 167$+%%'$( /' '*/'  θ0 T*'%)F  ψ0

UF L-(-$% 5.' /'% %'$% 1' '% 1'.C D'('.*% $' %-$(
)#% +B)-*(#$(% )-.* /# 16('*B+$#(+-$ 1'% '*/'%F

V2#5.' '*/' 1' E3 )'*B'( 1' 167$+* .$ O#+%'#. 1' %)23*'% H N#%' '*/'F G-.* /0-N('$+*,
$-.% -$%+16*-$% 1'.C 6/6B'$(% 1. O#+%'#. A .$' %)23*' -*+'$(6' #4#$( ' '*/' -BB' E*#$1
'*/' 10.$' )#*( '( .$ )/#$ -*+'$(6 -$('$#$( ' '*/' 10#.(*' )#*(F L-(-$% 5.' '((' %)23*'
'( ' )/#$ %-$( -*(2-E-$#.CF

"#$% /0'%)#' 1'% %)23*'%, 2#.$ 1' '% 1'.C O#+%'#.C '%( .$' '//+)%', %+(.6' 1#$% .$

2W)/#$ 1' (4)' '%)#' -$('$#$( O5F X#))'/-$% 5.'
∣∣∣L4,1

(−−→
O5σ,

−−→
O5τ

)∣∣∣ = 1 /-*%5.' /'% 1'.C

%)23*'% S '( T , -**'%)-$1#$('% H σ '( τ , %-$( (#$E'$('%F "#$% /' #% 1' 4/+1'% 1' ".)+$,

$-.% #D-$% L4,1
(−−→
O5σ,

−−→
O5τ

)
= 1 )-.* (-.(' %)23*' -*+'$(6' S 10.$' O#B+//' 1' %)23*'% '( (-.('

%)23*' -*+'$(6' T 1' /0#.(*' O#B+//' 1' %)23*'% 167$+%%#$( /# 4/+1'F Y$ %0+$%)+*#$( 1' '(('
)*-)-%+(+-$, $-(*' -$%(*.(+-$ )'*B'( 1' (*-.D'* .$ )-+$( σθ0 %.* /0.$' 1'% '//+)%'% #+$%+ 5.0.$
)-+$( σψ0

%.* /0#.(*' '//+)%' ('/% 5.' /'.*% *')*6%'$(#(+-$% 1#$% E3 %-+'$( 1'.C %)23*'% (#$E'$('%
'$ M00F

"#$% .$ %'-$1 ('B)%, $-.% 16('*B+$-$% .$' 1*-+(' /.B+3*' 167$+' )#* /# %)23*' σψ0
'(

/' D'('.* −−→m10, *')*6%'$(#(+-$ 1. )-+$( M10F Z/ *'%(' H 16('*B+$'* /' )-+$( σθ2 1' '((' 1*-+('
/.B+3*' ('/ 5.' /# %)23*' #%%-+6' H σθ2 -$(+'$$' /' )-+$( M11F

"#$% 8<=">?℄, /'% #.('.*% )#*('$( 1' 5.#(*' )-+$(% -4/+5.'% '( 1' 1'.C D'('.*%, /0.$ '%(
.$ D'('.* $-*B#/ '$ M00 (#$1+% 5.' /0#.(*' '%( .$ D'('.* (#$E'$( #. '*/' #*#(6*+%(+5.'
 θ0F Z/% -$%(*.+%'$( )#* +(6*#(+-$% /'% #.(*'% '*/'% #*#(6*+%(+5.'%F
"#$% .$ )*'B+'* ('B)%, +/% 16('*B+$'$( /# %)23*' !θ0 1' /# O#B+//' 1' %)23*'% 1-$( /# -$(*+N.(+-$
'%( /' '*/'  θ0 F S' D'('.* (#$E'$( #*#(6*+%#$( /' '*/'  ψ0

'%( -N('$. )#* /' )*-1.+( D'(-*+'/
'$(*' /'% 1'.C D'('.*% )*661'$(%F
S' 1'.C+3B' '*/' #*#(6*+%(+5.'  ψ0

'%( -$%(*.+(, ).+% /# %)23*' !ψ0
1' /0#.(*' O#B+//' 1'

%)23*'%, -$('$#$( /' '*/'  ψ0
'%( 16('*B+$6'F S'% 1'.C 1'*$+'*% '*/'% #*#(6*+%(+5.'%  θ2 '(

 ψ2
#+$%+ 5.' /'% %)23*'% !θ2 '( !ψ2

%-$( -$%(*.+(% 1' B#$+3*' #$#/-E.'F
L-(*' B6(2-1', 1#$% /0'%)#' 1'% %)23*'%, $-.% )'*B'( 10-N('$+* 1+*'('B'$( /'% N-$$'%

%)23*'%, %#$% #D-+* H #/./'* 1'% +$('*%'(+-$% 1' 1*-+('%F L-.% -$%(*.+%-$% /'% %)23*'% !θ0 '(
!ψ0

H )#*(+* 1'% O#+%'#.C 1' %)23*'% 1' N#%' /'% '*/'%  θ0 '(  ψ0
).+% $-.% 16('*B+$-$% /#

%)23*' !θ2 F S' '*/' #*#(6*+%(+5.'  θ2 '%( '$%.+(' -$%(*.+(F Y$ O#+(, $-.% $' #/./-$% 5.'
(*-+% %)23*'% )-.* 16('*B+$'* /# 4/+1' 1' ".)+$F



  !

 

 

 

  θ2 ⊂ !θ2

−→v θ0

 θ0 ⊂ !θ0

 

M11

M00

M10

M01

 ψ2
⊂ !ψ2

 ψ0
⊂ !ψ0

−→v ψ0

 !"#$% "#$ % &'()*+*'(, -./0.++1(+ )2'3+.(*/ 4( 1//.14 ). 67*). ). 84-*( 9 3'/), */:
471*/., )1(, E3# ;., -'*(+, M00< M01< M11 .+ M10 1--1/+*.((.(+ 9 4( ./7.# ;., -'*(+, M00<
M01 =/.,-# M10> .+ 7. ?.+.4/ −→v θ0 =/.,-# −−→v ψ0 > )@A(*,,.(+ 4( 1/ ). ./7.# ;., ?.+.4/, −→v θ0 .+
−−→v ψ0 ,'(+ '/+B'C'(14D#

 !"!# $%&'()*(,%& -( ./0%),(12-

E.01/F4'(, F4. ,*  .,+ 4( C/1() ./7. ). 71 ,-BG/. ! .+ ,* P .,+ 7. -71( '(+.(1(+ 7. ./7.
 < 4(. .D-/.,,*'( =)1(, Λ4> )24(. ,-BG/. 1--1/+.(1(+ 14 H1*,.14 ). ,-BG/., ). 31,. 7. ./7.
 .,+ I −−−−−→

O5γθ (θ) = cos (θ)
−−−→
O5σθI + sin (θ)

−−−→
O5τθI ="# >

'J θ ∈ [0, 2π] .+ σθI =/.,-# τθI > .,+ 71 /.-/@,.(+1+*'( ). 71 ,-BG/. '/*.(+@. ! =/.,-# 7. -71( '/*.(+@
P ># K( .L.+ I

L4,1
(−−−→
O5σθI ,

−−−→
O5τθI

)
= 0

. F4* -./0.+ )2'3+.(*/ 4(. -1/10@+/*,1+*'( 1(17'C4. 9 .77. 4+*7*,@. -'4/ -1/10@+/./ 7. ./7.
4(*+@ )4 -71( 1M(. .47*)*.( = P ∩ Λ4 .,+ 4(. ./7. -'4/ 71 H'/0. ). ;'/.(+N>#

81(, E3< /1--.7'(, F4. 7., -'*(+, M00 .+ M01 .+ 7. ?.+.4/ +1(C.(+
−→v θ )@A(*,,.(+ 4( ./7.

1/1+@/*,+*F4. ). 71 67*).# O7 .( .,+ ). 0P0. .( /.0-71Q1(+ M01 -1/ M10 .+ −→v θ -1/ −→v ψ #



  !

"#$%&'()*+,-  . /-(,-* 0- 01*-(,)2-(3 %'(456- 2'64 $7'24 0-68 9$)4-$68 0- 4/+;(-4 < =$4-
-(%-3 62- 4/+;(- 0- +$56- 9$)4-$63 *'6*-4 0-68 *$2&-2*-4 -2*(- -%%-4> ?'64 +')4)44'24 %-4
56$*(- 4/+;(-4 σθI 3 σψI 3 τθI -* τψI *-%%-4 56- @




L4,1

(−−−→
O5σψI ,

−−−→
O5σθI

)
L4,1

(−−−→
O5σψI ,

−−−→
O5τθI

)
≤ 0

L4,1
(−−−→
O5σθI ,

−−−→
O5τψI

)
L4,1

(−−−→
O5τψI ,

−−−→
O5τθI

)
≤ 0

A!>BC

D')*  θ -*  ψ 0-68 -(%-4 /$44$2* /$( %- /')2*M00 *-%4 56- %-4 *$2&-2*-4 $68 -(%-4 -2 M00

4')-2* '(*+'&'2$%-4>
D')* σθI A(-4/> σψI C %- /')2* 0- Λ4 '((-4/'20$2* < 62- 4/+;(- '()-2*1- 0- &($20 -(%-  θ

A(-4/>  ψC>
D')* τθI A(-4/> τψI C %- /')2* 0- Λ

4 '((-4/'20$2* < %#62 0-4 0-68 /%$24 '()-2*14 '2*-2$2* %-
-(%-  θ A(-4/>  ψC>

E$24 Λ43 %-4 /$($,1*()4$*)'24 θ0 7→ γθ (θ0) -* ψ0 7→ γψ (ψ0) 0-4 -%%)/4-4 (-/(14-2*$2* -4
0-68 9$)4-$68 0- 4/+;(-4 4'2* 01F2)-4 /$( @

−−−−−−→
O5γθ (θ0) = cos (θ0)

−−−→
O5σθI + sin (θ0)

−−−→
O5τθI

-* @ −−−−−−→
O5γψ (ψ0) = cos (ψ0)

−−−→
O5σψI + sin (ψ0)

−−−→
O5τψI

-*3 0#$/(;4 %- *+1'(;,-  3 %-4 4/+;(-4 γθ (θ0) -* γψ (ψ0) 4'2* *$2&-2*-4 4) -* 4-6%-,-2* 4) @

L4,1
(−−−−−−→
O5γθ (θ0),

−−−−−−→
O5γψ (ψ0)

)
= 1 A!>.C

G2 2'*$2* @

aθ0 = cos (θ0) L4,1
(−−−→
O5σθI ,

−−−→
O5σψI

)
+ sin (θ0) L4,1

(−−−→
O5σψI ,

−−−→
O5τθI

)

bθ0 = cos (θ0) L4,1
(−−−→
O5σθI ,

−−−→
O5τψI

)
+ sin (θ0) L4,1

(−−−→
O5τψI ,

−−−→
O5τθI

) A!>HC

"#156$*)'2 A!>.C -4* 156)7$%-2*- < %$ 46)7$2*- @

aθ0 cos (ψ0) + bθ0 sin (ψ0) = 1 A!>IC

"#156$*)'2 A!>IC $0,-* 0-4 4'%6*)'24 4) -* 4-6%-,-2* 4) a2θ0 + b2θ0 ≥ 1>

a2θ0 + b2θ0 = cos2 (θ0)

(
L4,1

(−−−→
O5σθI ,

−−−→
O5σψI

)2
+ L4,1

(−−−→
O5σθI ,

−−−→
O5τψI

)2)

+ sin2 (θ0)

(
L4,1

(−−−→
O5σψI ,

−−−→
O5τθI

)2
+ L4,1

(−−−→
O5τψI ,

−−−→
O5τθI

)2)

+ 2 cos (θ0) sin (θ0)
(
L4,1

(−−−→
O5σθI ,

−−−→
O5σψI

)
L4,1

(−−−→
O5σψI ,

−−−→
O5τθI

)

+ L4,1
(−−−→
O5σθI ,

−−−→
O5τψI

)
L4,1

(−−−→
O5τψI ,

−−−→
O5τθI

))



  !

"#$#%& A '$ B ('& )*+%$,$-& &*,.+%$'& /

A =

√
L4,1

(−−−→
O5σψI ,

−−−→
O5σθI

)2
+ L4,1

(−−−→
O5σθI ,

−−−→
O5τψI

)2

B =

√
L4,1

(−−−→
O5σψI ,

−−−→
O5τθI

)2
+ L4,1

(−−−→
O5τθI ,

−−−→
O5τψI

)2 01213

4 5+6$,6 7'& ('88'&   '$  9 7' (:+%%';' <= %#*& +.#%& /

AB = L4,1
(−−−→
O5σθI ,

−−−→
O5σψI

)
L4,1

(−−−→
O5σψI ,

−−−→
O5τθI

)
+ L4,1

(−−−→
O5σθI ,

−−−→
O5τψI

)
L4,1

(−−−→
O5τψI ,

−−−→
O5τθI

)

'$ /
(A cos θ0 − B sin θ0)

2 = 1

4,%&, /

a2θ0 + b2θ0 = (A cos (θ0)− B sin (θ0))
2= >#68*(' 0<2?3

= 1= >#68*('& 0<2@3 '$ 0<2132

A' 5(*&= %#*& +.#%& A2 +B2 = 1= >#68*(' 0<2932
456B& )*'()*'& +(*(&= (:-)*+$,#% a2θ0 + b2θ0 = 1 '&$ -)*,.+('%$' D /

cos (2θ0 + θs) = 2
1−B2

A2 +B2
− cos (θs)

#E θs '&$ (+ &#(*$,#% 7' / 



cos (θs) =
A2 − B2

A2 +B2

sin (θs) = 2
A B

A2 +B2

F:-G+(,$- A2 +B2 = 1 ,85(,)*' /

cos (2θ0 + θs) = 2− 2B2 −
(
A2 − B2

)
= 2−

(
A2 +B2

)
= 1

'$ %#*& #H$'%#%& 7'*; &#(*$,#%& θ0 = −
θs
2

'$ θ0 = −
θs
2
+ π2

F+ 6'(+$,#% a2θ0 + b2θ0 = 1 ,85(,)*' )*' (+ >#68*(' 012@3 '&$ -)*,.+('%$' D

cos (ψs) cos (ψ0) + sin (ψs) sin (ψ0) = 1 012!3

#E ψs '&$ 7-I%, 5+6 / {
cos (ψs) = aθ0

sin (ψs) = bθ0
012J3

'$ %#*& #H$'%#%&= D 5+6$,6 7' (+ >#68*(' 012!3= ψ0 = ψs2
F'& &5KB6'& #66'&5#%7+%$'& +*; 5#,%$& γθ (θ0) '$ γψ (ψ0) 7' Λ4= 7-I%,'& 5+6 (+ >#68*(' 12 =

&#%$ $+%G'%$'& '% M002



  !

"#$#%& '() *)& &+,-.)& γθ (θ0) )$ γθ (θ0 + π) .)+./&)%$)%$ *0 121) &+,-.) %#% #.3)%$/) 4)
E35

6#.&'() %#(& 07#%& (% 803&)0( 4) &+,-.)& $0%:)%$)& )% (% +#3%$ 4#%%/; *) *)11) < +).1)$
4) 4/$).13%). *0 &+,-.) 4) ) 803&)0( '(3 #%$3)%$ (% 0($.) +#3%$5 =) *)11) %#(& &).0 ($3*)
40%& *)& +#3%$&  > ?  @ 4) *A0*:#.3$,1)  B5

 !""! #  
!"#$ σ0 %&'%()&*$+*$ ,*& )'-.%& "%#&*$(& /& E3 &$ −−→m00 %&'%()&*$+*$ 0& '"#*$ M00 /& E31
!"#$ l00 : t 7→ σ0 + t−−→m00 ,*& '+%+2($%#)+$#"* /3,*& /%"#$& 0,2#.%& ),% Λ4 %&'%()&*$+*$ 0&)

)'-.%&) $+*4&*$&) 5 σ0 &* M001
!"#$ −−→m10 ,* 6&$&,% /& $8'& 0,2#.%& %&'%()&*$+*$ ,* '"#*$ M10 /& E31
9& '"#*$ M10 +''+%$#&*$ 5 0+ )'-.%& /(:*#& '+% l00 (t0) )# &$ )&,0&2&*$ )#  

t0 = f (σ0,
−−→m00,

−−→m10) = −
L4,1

(−−→
O5σ0,

−−→m10

)

L4,1 (−−→m00,
−−→m10)

C@5DE

$%"&'()*+),&' - ;+% "*)$%,$#"* /& 03&)'+& /&) )'-.%&)< 0& '"#*$ M10 +''+%$#&*$ 5 0+
)'-.%& /(:*#& '+% l00 (t0) )# &$ )&,0&2&*$ )#< '%"'%#($( =  

L4,1
(−−−−−−→
O5l00 (t0),

−−→m10

)
= 0 C@5 FE

&$ *",) +6"*)  

L4,1
(−−−−−−→
O5l00 (t0),

−−→m10

)
= 0 ⇐⇒ L4,1

(−−→
O5σ0 + t0

−−→m00,
−−→m10

)
= 0

⇐⇒ L4,1
(−−→
O5σ0,

−−→m10

)
+ t0 L4,1 (−−→m00,

−−→m10) = 0

⇐⇒ t0 = −
L4,1

(−−→
O5σ0,

−−→m10

)

L4,1 (−−→m00,
−−→m10)

�
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 !"#$%&'() *+ "#$%&'()*$(+) ,-.)% 01(,% ,% ".2() 2%&'%$$*)$ ,-+3$%)(& .) *&&%*. 4
3+&,5 (&.1*(&%56
,-&$.) / 7.*$&% 2+()$5 +01(8.%5 (Mij)(i,j)∈[0;1]2 9,%.: 4 ,%.: ,(5;+()$5< %$ ,%.: =%$%.&5 −→v θ0
%$ −−→v ψ0 > )+) ).15> +&$?+@+)*.:6

 6  !"# i $% 0 & 1 '()#%

A6 B*1.1 ,. =%$%.& −−→m00 &%2&#5%)$*)$ 1% 2+()$ M006
B*1.1 ,. =%$%.& −−→m01 &%2&#5%)$*)$ 1% 2+()$ M016
B*1.1 ,. =%$%.& −−→m11 &%2&#5%)$*)$ 1% 2+()$ M116
B*1.1 ,. =%$%.& −−→m10 &%2&#5%)$*)$ 1% 2+()$ M106

C6 B+)5$&.$(+) ,. %&1% *θ 2*55*)$ 2*& 1%5 2+()$5 M00 %$ M01 %$ ,+)$ 1* $*)@%)$% %) M00

%5$ ,#D)(% 2*& −→v θ0 6
E6 B+)5$&.$(+) ,. %&1% *ψ 2*55*)$ 2*& 1%5 2+()$5 M00 %$ M10 %$ ,+)$ 1* $*)@%)$% %) M00

%5$ ,#D)(% 2*& −−→v ψ0 6
F6 B+)5$&.$(+) ,-.)% 52?G&% +&(%)$#% *0*)$ *θ +''% @&*), %&1% %$ ,#$%&'()*$(+) ,.

2+()$ σθI +&&%52+),*)$ ,*)5 Λ46

H6 B+)5$&.$(+) ,-.) 21*) +&(%)$# +)$%)*)$ *θ %$ ,#$%&'()*$(+) ,. 2+()$ τθI +&&%52+),*)$
,*)5 Λ46

I6 B+)5$&.$(+) ,-.)% 52?G&% +&(%)$#% *0*)$ *ψ +''% @&*), %&1% %$ ,#$%&'()*$(+) ,.
2+()$ σψI +&&%52+),*)$ ,*)5 Λ46

J6 B+)5$&.$(+) ,-.) 21*) +&(%)$# +)$%)*)$ *ψ %$ ,#$%&'()*$(+) ,. 2+()$ τψI +&&%52+),*)$
,*)5 Λ46

!6 "#$%&'()*$(+) ,% 1-%11(25% γθ (θ0) &%2&#5%)$*)$ 1% K*(5%*. ,% 52?G&%5 ,% 3*5% 1% %&1% *θ>
K+&'.1% 9H6 <6

 L6 "#$%&'()*$(+) ,% 1-%11(25% γψ (ψ0) &%2&#5%)$*)$ 1% K*(5%*. ,% 52?G&%5 ,% 3*5% 1% %&1% *ψ>
K+&'.1% 9H6 <6

  6 B*1.1 ,% θ0 %$ ψ06

 A6 "#$%&'()*$(+) ,%5 52?G&%5 σθ0 = γθ (θ0) ,-.)% 2*&$ %$ σψ0
= γψ (ψ0) ,-*.$&% 2*&$6

 C6 B*1.1 ,. =%$%.&
−−−−→
γ′θ (θ0)6

 E6 "#$%&'()*$(+) ,-.)% 2*&*'#$&(5*$(+) ,% 1* ,(&%$(+) 1.'(G&% l01 : t 7→ σψ0
+ t−−→m106

 F6 B*1.1 ,% t1 = f (σψ0
,−−→m10,

−−→m11)> K+&'.1% 9H6!<6

 H6 "#$%&'()*$(+) ,% 1* 52?G&% σθ2 = l01 (t1)6

0#$&%) / "%.: 52?G&%5 σθ0 > σθ2 %$ 1% =%$%.&
−−−−→
γ′θ (θ0) ,#$%&'()%)$ .)% 01(,% ,% ".2() M 1* +)(8.%

5.& Λ4 &%2&#5%)$*)$ 1* 01(,% %5$ +)$%).% ,*)5 1% 21*) *N)% %)@%),&# 2*& σθ0 > σθ2 %$
−−−−→
γ′θ (θ0)6
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!

Λ4

γθ(θ)

σψ2

O5

γψ(ψ)

l10(t)

l11(t)
σθ2

σθ0 = γθ (θ0)

σψ0 = γψ (ψ0)

 !"#$% #$!! % &'()*+,*.'( /0,( 1++21, /2 34./2 5 6'+/) .+,41.+2) /1() Λ4$ 72) /+'.*2)
(σθ0σψ0

)8 (σθ2σψ0
)8 (σθ2σψ2

) 2* (σθ0σψ2
)8 )'(* /2 *392 4,:.;+2 2* '(* <1,(2 9',+ =2*2,+ /.>

+2*2,+ +2)92*.? −−→m008
−−→m108

−−→m118 2*
−−→m01$ 72 2>941( +')2 @+2)9$ =2+*A 2)* 42 941( '(*2(1(* 42

?1.)21, /2 )9<;+2) 5 61)2 2+42  θ0 @+2)9$  ψ0
A$ &<1,( /2) /2,B ?1.)21,B /2 )9<;+2) 2)*

+29+C)2(*C 91+ ,( /2) 2+42) '6*2(,) '::2 )2*.'( /2 Λ4 91+ ,( 2>941( 1D(2 91))1(* 91+ O5

/2 *392 2)912$



 ! 

 

 

!

!

!

!

!

•
σθ0

Ωθ
−−−−→
γ′θ (θ0)

σψ2
Λ4

γθ(θ)

O5

γψ(ψ)

σθ2

σθ0

σψ0

 !"#$% "#!$ % &'()*+,*.'( /0,( 1++21, /2 34./2 5 6'+/) .+,41.+2) /1() Λ4# 72 28941(
+')2 2)* 42 941( '(*2(1(* 42 2+42 +29+:)2(*1(* 41 ;1<.442 /2 )9=>+2) 91))1(* 91+  θ# 72 28
941( 642, 2)* 42 941( '(*2(1(* 42 2+42 +29+:)2(*1(* ,(2 ;1<.442 /2 )9=>+2) /2 41 34./2 /2
?,9.( /:*2+<.(:2 91+ 4014@'+.*=<2  $# &2 941( 2)* /:*2+<.(: 91+ 41 )9=>+2 σθ2 2* 42 2+42

1+1*:+.)*.A,2 /:B(. 91+ 42 ',942
(
σθ0 ;

−−−−→
γ′θ (θ0)

)
#



 !!

"#$%&'()*+,-  . /-(,-* 01- '13*(0*)'1 3450-1*)-%%- 6- %$ 7%)6- 6- 80/)1 3'%0*)'1 60
/('9%:,- /'34; "-3 /')1*3 < = > /-(,-**-1* 6- *($60)(- 6$13 Λ4 %-3 /('/()4*43 = (-3/-*-( 6$13
E3; "-3 3/+:(-3 σθI ? τθI ? σψI -* τψI @4()A-1* %-3 '16)*)'13 6'114-3 /$( %$ B'(,0%- CD;!E;
"-3 /')1*3 F -*  G /-(,-**-1* 6#'9*-1)( %$ /$($,4*()3$*)'1 030-%%- 6#01 -(%- 6$13 01 /%$1
$H1- ,01) 6#01 (-/:(- '(*+'1'(,4; "-3 /')1*3   -*  ! /-(,-**-1* 6- 64*-(,)1-( %-3 6-0I
3/+:(-3? 6- +$01 6-3 B$)3-$0I? *$1&-1*-3 $0 /')1* M00;
"-3 /')1*3  < =  D /-(,-**-1* 6- '13*(0)(- %$ 6-(1):(- 3/+:(- σθ2 64A1)33$1* %$ 7%)6- 6-

80/)1? -%%- @)-1* ',/%4*-( %$ 3/+:(- σθ0 -* %- @-*-0(
−−−−→
γ′θ (θ0); J1 0*)%)3$1* %- %-,,- !? 1'03

64*-(,)1'13 %$ 3/+:(- σθ2 *$1&-1*- -1 M10 =  ψ0
-* /$33$1* /$( %- /')1* M11;

K'*'13 50#-1 (-/(-1$1* %- /()1)/- 6- %$ /$(*)- 6- %#$%&'()*+,- '((-3/'16$1* $0I /')1*3  <
=  D? 1'03 '13*(0)()'13 6- ,$1):(- $1$%'&0- %$ 3/+:(- σψ2

6- %$ 3-'16- B$,)%%- L %$ 3-'16-
'1)50- 6$13 Λ4 (-/(43-1*$1* %$ 7%)6- 6- 80/)1 3-($)* 64A1)- /$( %$ 3-*)'1 6- Λ4 /$( %- /%$1

$H1- -1&-16(4 /$( σψ2
? σψ0

-*
−−−−→
γ′ψ (ψ0);

"$ A&0(- D;!! ,'1*(- %-3 6-0I B$)3-$0I 6- 3/+:(-3 50) 3'1* (-/(43-1*43 /$( 6-3 -%%)/3-3
-1*(4-3 = %#'()&)1-; M-3 '1)50-3 3'1* '1*-10-3 6$13 6-3 /%$13 $H1-3? 6- *7/- -3/$-? '1*-1$1*
O5; K'03 /(-1'13 σθ0 -* σψ0

30( +$01- 6- -3 '1)50-3; "- $%0% 6- %$ 3/+:(- σθ2 -3* *(:3
$)34 /0)350- 1'03 '11$)33'13 01 /')1* 6- +$50- 3/+:(- C-* 6'1 01- 6)(-*)'1 %0,):(-E -* 01-
3/+:(- 50) %0) -3* *$1&-1*- L )% 30H* 6#$//%)50-( %- %-,,- !; "-3 3/+:(-3 6- E3 64A1)-3 /$( σθ0 -*
σψ0

3'1* *$1&-1*-3 -1 M00; J1 '1*)10$1* %- /('-3303? %-3 3/+:(-3 6- E3 64A1)-3 /$( σθ2 -* σψ0

3-($)-1* *$1&-1*-3 -1 M10; 8- ,N,-? %-3 3/+:(-3 6- E3 64A1)-3 /$( σθ2 -* σψ2
3'1* *$1&-1*-3 -1

M11; "-3 3/+:(-3 6- E3 64A1)-3 /$( σθ0 -* σψ2
3'1* *$1&-1*-3 -1 M01; K'*'13 50#-1 '1*)10$1*

%- /('-3303 /-(,-**$1* 6- '13*(0)(- σθ2 /0)3 σψ2
? 1'03 '9*)-16()'13 σθ0 ;

"$ A&0(- D;!. /(43-1*- %$ 3/+:(- σθ0 50) $//$(*)-1* = %$ '1)50- γθ; "- -(%- $($*4()3*)50-

30( %$ 3/+:(- σθ0 -3* ',/%:*-,-1* 64*-(,)14 /$( -%%-O,N,- -*
−−−−→
γ′θ (θ0) 50) -3* %- @-*-0( *$1&-1*

$0 -(%- -1 σθ0 ; "$ 7%)6- -3* $%'(3 ',/%:*-,-1* 64*-(,)14- ',,- )1*-(3-*)'1 6- Λ4 $@-

%- /%$1 $H1- -1&-16(4 /$( %-3 /')1*3 σθ0 -* σθ2 -* %- @-*-0(
−−−−→
γ′θ (θ0); M- @-*-0( 64*-(,)1- %-

/')1*
•
σθ0 50) '((-3/'16? 6$13 E3? = 01- 3/+:(- '(*+'&'1$%- = %$ 3/+:(- 64A1)- /$( σθ0 ;

 !"!# $%&'()& *+',-./+&

K'03 +-(+'13 %- $((-$0 6- 7%)6- 50) $ /'0( 3',,-*3 %-3 /')1*3 M00

(
2
√
2, 2

√
2, 0

)
?

M10

(
2
√
3,−2, 0

)
? M01

(
−2, 2

√
3, 0

)
-* M11

(
−2
√
2,−2

√
2, 0

)
; M-3 6-(1)-(3 $//$(*)-11-1* $0

-(%- ! (O3, 4) C-1 1')(E '1*-10 6$13 %- /%$1 Pz : z = 0? A&0(- D;!<;
"$ A&0(- D;!P ,'1*(- %$ '1)50- 64*-(,)1$1* %$ 7%)6- 6- 80/)1 64*-(,)14- /$( *(')3

3/+:(-3 L 6-0I 6- %#-1@-%'//- 50) '((-3/'16-1* = σθ0 -* σθ2 -* 01- *(')3):,- 64A1)- /$( %-
@-*-0( *$1&-1* = %$ '1)50- $0 /')1* σθ0 ? 6$13 Λ

4;
"-3 -(%-3 $($*4()3*)50-3 3'1* ,'64%)343 *(:3 B$)%-,-1* /$( 6-3 '0(9-3 6- Q4R)-( ($O

*)'11-%%-3 50$6($*)50-3 ST$(GU℄ 64A1)-3 /$( %-3 /')1*3 6- '1*(�%- (M00; 1)? (P0;±ω0)? (M01; 1)
6#01- /$(*? -* (M00; 1)? (P1;±ω1)? (M10; 1) 6#$0*(- /$(*? $@- L

(P0;ω0) ≃ ((−0, 129;−0, 980; 2) ; 0, 466)
-* L

(P1;ω1) ≃
((

3, 798;
1

2
;−3

)
; 0, 621

)



 !"

 !"#$% #$!% & '() )*++(,) M00- M01- M11 (, M10 .//.0,1(22(2, .3 (05( 2*10 *2,(23 6.2)
5( /5.2 Pz : z = 0$ '() .3,0() (05() )(0*2, 6(37 (05() .0.,801),193() 6( 5. :516( 6( ;3/12
< 68,(0+12(0$ '() )(=+(2,) 0(/08)(2,(2, 5() >(,(30) ,.2=(2,) *0,?*=*2.37 (2 M00$

 !"#$% #$!@ & '. :516( 6( ;3/12 (), 68,(0+128( /.0 5() ,0*1) )/?A0() *00()/*26.2,() .37
/*12,) σθ0 - σθ2 (,

•
σθ0 B5() 6(37 )/?A0() 6( 60*1,( )*2, *0,?*=*2.5() (, /(0+(,,(2, 6( 68,(0+12(0

5( (05(  θC$

'() )/?A0() 121,1.5() )*2, 6*228() 6.2) 5( ,.D5(.3 #$ $
E*3) *D,(2*2) F

(θs, θ0, ψ0) ≃ (0, 74708;−0, 37354; 2, 16484)



 !"

#$% &'() E3 &'() Λ4

σθI ((0, 565; 4, 294;−0, 556) ; 2, 753) (2, 268; 0, 205; 1, 560;−0, 202; 1, 905)
τθI 0, 057 x− 0, 429 y + 0, 901 z − 1, 375 = 0 (1, 375; 0, 057; 0, 429; 0, 901; 1, 375)

σψI ((2, 737; 0, 360; 1, 886) ; 3, 108) (0, 405; 0, 881; 0, 116; 0, 607; 0, 083)

τψI −0, 968 x− 0.128 y − 0, 214 z + 3, 100 = 0 (−3, 100;−0, 968;−0, 128;−0, 214;−3, 100)

 !"#$ *+ , -./012) 345(62) .'1 72 '112'9 32 :7632 32 &9.6(+

#$% &'() Λ4 &'() E3
σθ0 (1, 610; 0, 171; 1, 295;−0, 517; 1, 272) ((0, 504; 3, 830;−1, 529) ; 2, 957)
•
σθ0 (2, 107; 0, 128; 0, 969; 0, 765; 1, 975) ((0, 962; 7, 310; 5, 774) ; 7, 544)

σθ2 (0, 704; 0, 131;−0, 994;−0, 517; 0, 473) ((0, 561;−4, 291;−2, 232) ; 4, 317)

σψ0
(−2, 796;−1, 296;−0, 171;−0, 517;−2, 616) ((7, 192; 0, 947; 2, 871) ;−5, 552)

σψ2
(−1, 890; 0, 994;−0, 131;−0, 517;−1, 816) ((−13, 516; 1, 779; 7, 030) ;−13, 597)

 !"#$ *+! , -./012) ;96 345(6))2(< 7' :7632 32 &9.6(+

2< 72) )./012) ;96 345(6))2(< 7' :7632 32 &9.6( )$(< 3$((42) 3'() 72 <'=72'9 *+!+ >$%%2 ($9)
'?$() @ −−−→

O5σθ0 = cos (θ0)
−−−→
O5σθI + sin (θ0)

−−−→
O5τθI

7' )./012
•
σθ0 2)< 34<21%6(42 .'1 7' A$1%972 @

−−−→
O5

•
σθ0 = − sin (θ0)

−−−→
O5σθI + cos (θ0)

−−−→
O5τθI

2< 7B9( 32) 329C 2D.7'() 'E(2) ;96 '1'<416)2 7' :7632 32 &9.6( 2)< 345(6 .'1 72) .$6(<) σθ0

2< σθ2 2< 72 ?2<291
−−−→
O5

•
σθ0 +

#$9) .$9?$() 12%'1;921 ;92 72 2(<12 Ωθ 32 7' $(6;92 Γθ = Λ4 ∩ Aff
(
σθ0 , σθ1 ,

−−−→
O5

•
σθ0

)

2)< '7974 3612<2%2(<  .'1 7' A$1%972 @

−−−→
σθ0Ωθ =

1

2

Q4,1 (
−−−→σθ0σθ2)

Q4,1 (
−−−→σθ0σθ2)−

(
L4,1

(
−−−→σθ0σθ2 ,

−−−→
O5

•
σθ0

))2
•
(
−−−→σθ0σθ2 − L4,1

(
−−−→σθ0σθ2 ,

−−−→
O5

•
σθ0

) −−−→
O5

•
σθ0

)

 ! "#$% &'()#&% *(% +,%#-& ., /0%#$./, $& %1%234, 5-&0(-/, ., .,$6 07$(2-#&% 8 .,$6 -&#&&$,% ,2 &#$% &#$%
%,/)#&% .,% */#*/-020% 5(%%-7$,% .,% ,/5,% ,& $2-5-%(&2 5,% */#*/-020% .,% 40.-(2/-,% ,2 .,% 2(&:,&2,%; <#/4$5,
=>!  ?!



 !"

#$ • %&'()*+ ,- ./,0(1,(-0(#* +30+4*+ %+
−→
 4,15 6#/' 1#/7#*' 7&4(8+4 '(.1,+.+*0 9/+ ,+ 1#(*0

Ωθ +'0 %&8*( 1-4 : 


L4,1

(−−−→
σθ0Ωθ,

−−−→
O5

•
σθ0

)
= 0

L4,1
(−−→
IθΩθ,

−−−→σθ0σθ2

)
= 0

;<5  =

#$ Iθ +'0 ,+ .(,(+/ %/ '+).+*0[σθ0σθ2 ]5 > 1-40(4 %+ ,- #*(9/+ Γθ? *#/' 1#/7#*' %&0+4.(*+4 ,+'
1-4-.@04+' %+ ,- A,(%+ %+ B/1(* '/(7-*0' :

(a, c, µ) ≃ (4, 934; 1, 803; 2, 849)

-(*'( 9/+ ,- .-04(+ %+' 04-*'C#4.-0(#*' -D*+' '/(7-*0+? EF-4GH℄ :



0, 059 0, 039 0, 998 0, 698
0, 379 −0, 925 0, 013 −0, 301
0, 923 0, 377 −0, 069 0, 471
0 0 0 1


 ;<5 !=

9/( 1+4.+0 %+ 4+1,-+4 ,- A,(%+ %-*' ,+ 4+1@4+ (*(0(-,5
J- 8)/4+ <5!< .#*04+ ,- A,(%+ %+ B/1(* '#,/0(#*5

 !"  #"

 !"#$% <5!< K B+/3 7/+' %+ ,- A,(%+ %+ B/1(* 1+4.+00-*0 %+ #*'04/(4+ ,+ -44+-/ L M#4%'
(4/,-(4+' %+ '#..+0' M00? M01? M11 +0 M105 J+ 1,-* +* 7+44+ #*0(+*0 ,+' 9/-04+ '#..+0' %/
-44+-/5

J+ -44+-/? 8)/4+ <5!H? +'0 %&8*( 1-4 ,+' M#4*+' θ0 ≃ 2, 521616545? θ1 ≃ 4, 652818777?
ψ0 ≃ −0, 9430762257 +0 ψ1 ≃ 1, 2660857405



 !"

 !"#$% "#!$ % &'() *('+ ,( .//'.( ,' 0. 102,' ,' &(324 ,' 0. 56(/' "#!" 789'4(' '4 (9202+.49
0:.067/29;<'  =#



 !"#$%&' (

)*$+%,&'- #"& .'- 01$.'- .' 2,#$+ 1'

1*+3 .4",%&'- *,&5'-

 ! "#$%&'(!) *! +"%,&-./ 01) 0/$ )"%1$ %!)()$3 +%$# +(" 45 6(&*$7!8 96(&℄3 ;*1 %!$1$)/
< )"%*'/" *!/ 8&10/ )(!=/!)/ < )"%1$ +&(!$ /! )"%1$ +%1!)$ 0%!!#$3 !%*$ ('%!$ 0#%*'/") *!/
>(.1&&/ 0/ %*",/$ ;*/ !%*$ (++/&%!$ %*",/$ 0/ %!)()$ ?+*1$;*/ &1#/$ (* +"%,&-./ 0/$ )"%1$
%!)()$@ &/ &%!= 0/$;*/&&/$ *!/ >(.1&&/ < *! +("(.-)"/ 0/ 8&10/$ $%!) )(!=/!)/$5 A1!$13 !%*$
+%*""1%!$3 /! +&*$ 0/$ B%1!)*"/$ &/ &%!= 0/ /"&/$ ("()#"1$)1;*/$3 /C/)*/" 0/$ B%1!)*"/$ 0/
)8+/ G1 &/ &%!= 0/ /$ %*",/$5

 !" #$%&'()* +*, -$%., %0+.-.%0, +* %0-1-

D%*$ ('%!$ '* +"##0/../!) ;*E*! >(1$/(* 0/ $+F-"/$ %"1/!)#/$ )(!=/!)/$ /! *! +%1!)
%""/$+%!0 < *!/ 0"%1)/ &*.1-"/ $*" Λ45  ! F(;*/ +%1!) 0E*!/ 8&10/ 0/ G*+1!3 1& /H1$)/ 0/*H
$+F-"/$ +(")1*&1-"/$ )(!=/!)/$ < &( 8&10/ /! / +%1!)3 *!/ 0(!$ F(*!/ 0/$ 0/*H >(.1&&/$
0/ $+F-"/$ /!=/!0"(!) &( 8&10/5 I/$ $+F-"/$ (++(")1/!!/!) 0%! < *! >(1$/(* 0/ $+F-"/$
)(!=/!)/$5 IF(*!/ %""/$+%!0 < *! +%1!) 0/ &E*!/ 0/$ 0/*H %!1;*/$ "/+"#$/!)(!) &( 8&10/
$*" Λ43 !%*$ +%*'%!$ 0%! "/&1/" /$ 0/*H +%1!)$ +(" *!/ 0"%1)/ &*.1-"/ "/+"#$/!)(!) &/ >(1$/(*
0/ $+F-"/$ )(!=/!)/$ (* +%1!) %!$10#"#3 J=*"/ K5L5

M( 0#J!1)1%! 0E*!/ %!01)1%! 0/ %!)() $%*$ >%"./ 0E*! %*+&/ +&(!N+%1!) %"1/!)# (Q,M)
/$) *! %*+&/ 0/ 0%!!#/$ +%1!)N'/)/*" &*.1-"/ (ρ,−→v ) ?)(,&/$ O5P /) O5Q@ ;*1 /!=/!0"/ *!/
0"%1)/ &*.1-"/ (R!/ l $*" &( ;*(0"1;*/ Λ45 S%1/!) )"%1$ %!01)1%!$ 0/ %!)() (Qi,Mi)i=1..3
%""/$+%!0(!) < )"%1$ 0"%1)/$ &*.1-"/ li 0(!$ Λ45 G#)/".1!/" *!/ 8&10/ $()1$>(1$(!) &/$ )"%1$
%!01)1%!$ 0/ %!)() "/'1/!) (&%"$ < 0#)/".1!/" 0/*H 2N+&(!$ P1 /) P2 0/ L4,13 %")F%=%!(*H3
%*+(!) F(*!/ 0/$ 0"%1)/$ &*.1-"/ li /! *! +%1!)5 G/ +&*$3 P1 /) P2 $%!) )/&$ ;*/ +%*" F(;*/

+%1!) σ1 0/ P1 /) F(;*/ +%1!) σ2 0/ P23 L4,1
(−−→
O5σ1,

−−→
O5σ2

)
= 13 $/)1%! O5T3 >%".*&/ O5LO5

I%!$10#"%!$ *!/ 8&10/ 0(!$ &E/$+(/ 0/$ $+F-"/$ 0#J!1/ +(" 0/*H %!1;*/$ Γ1 /) Γ2 %!N
)/!*/$ 0(!$ 0/*H 2N+&(!$ P1 /) P25 I%!$10#"%!$ )"%1$ +%1!)$ ρ13 ρ2 /) ρ3 (++(")/!(!) F(*! <
&E*!/ 0/$ 0"%1)/$ &*.1-"/ l13 l2 /) l3 ($$%1#/$ (*H )"%1$ %!01)1%!$ 0/ %!)() (Qi,Mi) $()1$>(1)/$
+(" &( 8&10/5 S*++%$%!$ ;*/ &( %!1;*/ Γ1 !/ $%1) +($ *!/ +("(,%&/5 M/$ +"%B/)1%!$ %")F%=%N
!(&/$ 0/$ 0"%1)/$ li $*" &/ +&(! P1 +($$/!) +(" &/ /!)"/ Ω1 0/ Γ1 ?&/ +%1!) Ω1 /$) &( +"%B/)1%!
%")F%=%!(&/ 0/ O5 $*" P1@5 D()*"/&&/./!)3 1& /$) +%$$1,&/ 0E1!)/"'/")1" &/$ "�&/$ 0/ P1 /) P25

LPK



 !"

 !"#$% #$ % &' ()*+,- ./0+1)- 2/+ )-3)45-6,- /6 7'+5-'/ (- 5391)-5 ,'6:-6,-5 ; /6- <.+(-
-6 /6 3*+6,$

=+65+> 6*/5 '?*65 /6- 3')'04,)+5',+*6 (- .' ()*+,- li @

σi(λi) ∈ li ⇒ ∃ λi ∈ R | −−−−−→
O5σi(λi) =

−−→
O5ρi + λi

−→vi , i ∈ {1; 2; 3} A#$ B

C-5 *6(+,+*65 5- ,)'(/+5-6, 3') .- 5<5,10- (D42/',+*65 5/+?'6, @




L4,1
(−−−−−−→
O5σ1(β1),

−−−−−−−−−→
σ1(α1)σ2(α2)

)
= 0

L4,1
(−−−−−−→
O5σ1(β1),

−−−−−−−−−→
σ3(α3)σ1(α1)

)
= 0

L4,1
(−−−−−−→
O5σ2(β2),

−−−−−−−−−→
σ2(α2)σ3(α3)

)
= 0

L4,1
(−−−−−−→
O5σ2(β2),

−−−−−−−−−→
σ1(α1)σ2(α2)

)
= 0

L4,1
(−−−−−−→
O5σ3(β3),

−−−−−−−−−→
σ3(α3)σ1(α1)

)
= 0

L4,1
(−−−−−−→
O5σ3(β3),

−−−−−−−−−→
σ2(α2)σ2(α3)

)
= 0

A#$!B

-6 *65+(4)'6, 2/- .-5 3*+6,5 σi(αi) '33'),+-66-6, '/ 2E3.'6 P1 -, .-5 3*+6,5 σi(βi) '33'),+-66-6,
'/ 2E3.'6 P2$

F6 3-/, )-0')2/-) 2/- 9'2/- */3.- (D42/',+*65 -6 βi 3-)0-, (- 3*5-) .' *6(+,+*6 2/-
.- 3*+6, σi(βi) 5- 3)*G-,,- 5/) .- -6,)- (- .' *6+2/- Γ1 *6,-6/ ('65 .- 3.'6 P1 -6 ?4)+H'6,

.D*),9*:*6'.+,4 (/ ?-,-/)
−−−−−−→
O5σ1(β1) '?- (-/I ?-,-/)5 (/ 2E3.'6 P1$ J*/5 6- 9*+5+55*65 3'5

.-5 0K0-5 ?-,-/)5 7*)0'6, /6- L'5- (- P1 3*/) 9'2/- */3.- (D42/',+*65 -6 βi 3*/) 5+03.+H-)

.-5 './.5$
M)*+5 *6(+,+*65 (- *6,', ,'6:-6,-5 ; /6- <.+(- *6(/+5-6, ; /6 5<5,10- (- 5+I 42/'E

,+*65 ; 5+I +6*66/-5 (- (-:)4 (-/I$ J*/5 3*/))+*65 '.*)5 3-65-) 2/D-..-5 *6, /6 6*0L)- H6+
4?-6,/-..-0-6, 6/. (- 5*./,+*65$ F)> 6*/5 '?*65 *L5-)?4 2/-> 5D+. -I+5,- /6- 5*./,+*6 A+$-$ /6-



 !"

$%&'( )*+&),*&)*-+ %() .-'&+&.-) '( .-+*+/ *%.0) &% (- (1&)+( 2-( ,*3&%%( 4 2- 5*0*36+0( '*-)
%( *) 78-80*%9 :.2) ;(00.-)< '*-) %* )(+&.- )2&;*-+(< .33(-+ '8+(03&-(0 2-( .-'&+&.- -8()=
)*&0( (+ )2>)*-+( '?(1&)+(-(9 :.2) )255.).-)< 5.20 %( 3.3(-+< @+0( '*-) %( *) ,*;.0*A%( (+
'.- B2( (++( .-'&+&.- ()+ )*+&),*&+(9 :.2) *%%.-) C.&)&0 %() 5.&-+) (+ ;(+(20) '&0(+(20) '()
'0.&+() %23&60( '( 08,80(-( '( 3*-&60( 4 )&35%&D(0 .-)&'80*A%(3(-+ %() *%2%)9

E?*A.0'< )*-) 5(0+( '( 78-80*%&+8< -.2) 5.2;.-) +.2F.20) 32%+&5%&(0 C*B2( ;(+(20 %23&60(
−→vi '( -.+0( 50.A%63( 5*0 2- )*%*&0( -.- -2% *D- '?.A+(-&0 '( -.2;(*21 ;(+(20) −→mi .%&-8*&0()
*21 50(3&(0) +(%) B2( G

L4,1(−→mi,
−→mj) = −1

5.20 '() ;*%(20) '&H80(-+() '( i (+ j9 E( 5%2)< -.2) 5.2;.-) +.2F.20) 3.'&D(0 %() 5*0*38+0&)*=
+&.-) '() '0.&+() %23&60() li (- 5*0+*-+ '?2- *2+0( 5.&-+ σij '( %* '0.&+(9 I( 5.&-+ σij .00()5.-'<
'*-) E3< 4 %* )5C60( +*-7(-+( *2 5%*- Qi (- Mi (+ 5*))*-+ 5*0 Mj 9 :.2) *;.-) *%.0)< 50.50&8+8
! G

L4,1(
−−−→
O5σij ,

−→mj) = 0

J0(-.-) 5*0 (1(35%( %() 5.&-+) σij 5.20 i ∈ {1, 2, 3} (+ j ≡ i [3] + 19 :.2) .A+(-.-) %* -.2;(%%(
5*0*38+0&)*+&.- '() '0.&+() %23&60() )2&;*-+( G

σi(λi) ∈ li ⇒ ∃ λi ∈ R | −−−−−→
O5σi(λi) =

−−−→
O5σij + λi

−→mi, i ∈ {1; 2; 3} KL9M/

 !"#$%&'() *+ N.-)+02+&.- '( $%&'() +*-7(-+() (- +0.&) 5.&-+) 4 +0.&) 5%*-) '.--8)
,-&$.) / O0.&) 5.&-+) M1< M2 (+ M3 )20 2-( $%&'( '( E25&- (+ +0.&) 5%*-) Q1< Q2 (+ Q3 '(
E3 +*-7(-+) 4 %* $%&'( (- () 5.&-+)

 9 E8+(03&-(0 %() +0.&) 5.&-+) ρ1< ρ2 (+ ρ3 '( Λ4 .00()5.-'*-+ 4 Q1< Q2 (+ Q3 *&-)& B2( %()
+0.&) ;(+(20) %23&60() −→v1 < −→v2 (+ −→v3 .00()5.-'*-+ *21 5.&-+) M1< M2 (+ M39

!9 N*%2% '() ;(+(20) %23&60() −→mi = λi
−→vi 5.20 i ∈ {1, 2, 3} +(%) B2( L4,1(−→mi,

−→mj) = −1 5.20
(i, j) ∈ {1, 2, 3}< i 6= j9

M9 N*%2% '() 5.&-+) σij +(%) B2( L4,1(
−−−→
O5σij ,

−→mj) = 0< 5.20 i ∈ {1, 2, 3}< j ≡ i [3] + 1 (+ i 6= j9

P9 J*0*38+0&)*+&.- '() '0.&+() %23&60( li (- λi< ,.032%( KL9M/9

Q9 R8).%2+&.- '2 )$)+63( KL9!/ (- ,.-+&.- '( %?2- '() 5*0*36+0() α1< α2< α3< β1< β2< β3 -.+8
ν9

S9 NC.&1 '?2-( ;*%(20 '2 5*0*36+0( ν (+ *%2% '() ;*%(20) '() αi (+ βi .00()5.-'*-+()9

L9 E8+(03&-*+&.- '() 5.&-+) σi(αi) (+ σi(βi)< '() 2=5%*-) P1 (+ P2 '(  4,1 (+ '() .-&B2() Γ1
(+ Γ2 .00()5.-'*-+ 4 %* $%&'(9

0#$&%) / I() '(21 .-&B2() '( Λ4 0(508)(-+*-+ %* $%&'( '( E25&-9

T- 2+&%&)*-+ %* 08).%2+&.- 5088'(-+( '2 50.A%63( '() +0.&) .-'&+&.-) '( .-+*+< -.2)
5.2;.-) '.--(0 %?*%7.0&+C3(  P B2& 50(-' (- (-+08( %() +0.&) .-'&+&.-) '( .-+*+ '*-) E3<
08).2+ %( 50.A%63( '*-)  4,1 (+ 0(+.20-( 2-( $%&'( B2( -.2) ;80&D.-) @+0( 2-( ).%2+&.-9 :.2)
)255.).-) B2( -.2) ).33() '*-) %( *) 78-80*% .U %() +0.&) .-'&+&.-) '( .-+*+ -?.-+ 5*)
2-( '&)5.)&+&.- 5*0+&2%&60( K)20 2- (0%( *0*+80&)+&B2( '?2-( $%&'( 5*0 (1(35%(/9 V-( ,.&)
%( 5*0*36+0( ν D18 K5.&-+ S '( %?*%7.0&+C3(  P/< -.2) .A+(-.-) 2-( $%&'( )*+&),*&)*-+ %()



 !"

$%&'('$%) &* $%(+(, -$.) +/$%) 0*1+02.3 2.4*% 5+')+%( /+0'*0 6* 7+0+18(0* ν9 %$.) $:(*%$%)
76.)'*.0) ;6'&*) (+%<*%(*) 6* 6$%< &*) $%&'('$%) &* $%(+(, =*) ><.0*) ?,@ *( ?, " '66.)(0*%(
*((* $%)(0.('$% ).0 &*.A *A*176*) &')('%() *( '6 +77+0+B( /').*66*1*%( 2.* 6*) &*.A ;6'&*)
(+%<*%(*) +.A (0$') $%&'('$%) &* $%(+( 6* )$%( +.))' ($.( 6* 6$%< &4.%* $.0:*,

-$($%) 2.* %$.) 7$./$%) C$')'0 6* 7+0+18(0* ν &* 5+D$% E $:(*%'0 .%* ;6'&* 03<.6'80* $.
.%* ;6'&* )'%<.6'80*, F% *G*(9 6+ /+6*.0 &* ν /+ &3(*01'%*0 6* (;7* &* 6+ &0$'(* (O5Ω) $H Ω
*)( )$'( 6* *%(0* &* Γ1 )$'( 6* *%(0* &* Γ2,

 !"!" #$% &'(')*+,&-$% ,+.)/ ,'.) $0 ,-.)

I4+708) 64$:)*0/+('$% 7033&*%(* &4.%* 5+1'66* E .% 7+0+18(0* &* ;6'&*) (0'J(+%<*%(*)9
%$.) +/$%) C*0C3 6+ $%&'('$% 2.' 7*01*( &4$:(*%'0 .% (*6 03).6(+(, -$.) 64+/$%) $:(*%.* *%
.('6')+%( &*) C$1$<0+7C'*) &4.%* &0$'(* 6.1'80* 70$K*('/* ).0 .%* +.(0*, LC+2.* &0$'(* 6.1'80*
*)( &3>%'* 7+0 .%* $%&'('$% &* $%(+(, M+77*6$%) 2.4.%* C$1$<0+7C'* *)( &3>%'* $11*
.%* +776'+('$% 70$K*('/* :'K*('/* &4.% *)7+* 70$K*('5 &+%) .% +.(0* &* 1N1* &'1*%)'$%,
L$%)'&30$%) .%* C$1$<0+7C'* Φ &4.%* &0$'(* 70$K*('/* l̂1 &+%) .%* +.(0* l̂2 O

Φ : l̂1 −→ l̂2

x −→ Φ(x) =
ax+ b

cx+ d

P?,QR

$H a, b, c *( d )$%( 2.+(0* 03*6) (*6) 2.* ad − bc 6= 0, L*((* C$1$<0+7C'* 7*.( N(0* 0*703)*%(3*
7+0 6+ 1+(0'* ).'/+%(* O (

a b
c d

)

=+ $%&'('$% ad − bc 6= 0 )'<%'>* 2.* 64C$1$<0+7C'* Φ %4*)( 7+) $%)(+%(*, S%* 70$70'3(3 &*)
C$1$<0+7C'*) %$.) '%(30*))*0+ 76.) 6$'% O 6$0)2.4.%* C$1$<0+7C'* Φ9 )+%) 7$'%( >A*9 *)( +))$'3*
E .%* 1+(0'* &$%( 6+ (0+* *)( %.66* +6$0) Φ *)( .%* '%/$6.('$% &'G30*%(* &* 64'&*%('(39 TM$6"Q℄,

-$.) +66$%) $%)'&30*0 &*) C$1$<0+7C'*) *%(0* &0$'(*) 6.1'80* 70$K*('/*) &*  ̂4,19 5*01*(.0*
70$K*('/* &*  4,1,

V$'*%( 6*) (0$') &0$'(*) 6.1'80*) l19 l2 *( l3 +))$'3*) E (0$') $%&'('$%) &* $%(+( &+%) Λ4,
L$11* %$.) $%)'&30$%) 6* +) <3%30+6 &* &')7$)'('$% &* *) (0$') $%(+()9 %$.) ).77$)$%)
2.* 64C;7*076+% (+%<*%( E Λ4 *% ($.( 7$'%( σ &4.%* &0$'(* 6.1'80* li %* $%('*%( 7+) 6*) +.(0*)
&0$'(*) 6.1'80*, -$.) $%)'&30$%) 6*) &0$'(*) 70$K*('/*) l̂19 l̂2 *( l̂3, V$'( 6*) +776'+('$%) 7+%<9
7$%< *( 7'%< ).'/+%(*) O

pang : l̂1 −→ l̂2
σ −→ {pang(σ)} = TσΛ

4 ∩ l̂2
P?,@R

pong : l̂2 −→ l̂3
σ −→ {pong(σ)} = TσΛ

4 ∩ l̂3
P?,WR

ping : l̂3 −→ l̂1
σ −→ {ping(σ)} = TσΛ

4 ∩ l̂1
P?,?R



 ! 

 !"#"$%&%"' (  !" #$$%&#(&)*" pang+ pong !( ping ")*( ,!" -).)/0#$-&!"1

)*+"'$&!,&%"' - 2!34 ,0)&(!" %3.&50! ,&"6)&*(!" l1 !( l2 ,! Λ
4+ *)* $#0#%%5%!"+ !*/!*,0!*(

3* !"$#! ,! ,&.!*"&)* 3+ *)()*" %! Q1  7!"$#! Q !"( ,! (8$! (!.$" $#0 )*"(03(&)*1  7&*9
(!0"!(&)* Q #:! Λ4 !"( 3*! ;3#,0&;3! ,! ,&.!*"&)* 2 *)(<! ΛQ1  7-8$!0$%#* (#*/!*( Tσ1Λ

4

!* 3* $)&*( σ1 ,! %# ,0)&(! %3.&50! l1 = Λ
4 )3$! Q !* 3* $%#* (#*/!*( = ΛQ !* σ1+ Tσ1ΛQ1

 ! $%#* Tσ1ΛQ )3$! ΛQ !* ,!34 ,0)&(!" ,)*( %73*! !"( l11 >)()*" %7#3(0! l
′
1(σ1)1 ?)*"&,<0)*"

 ̂4,1+ Q̂ !( Λ̂4+ $3&" $0!*)*" %! $)&*( σ1 "30 %# ,0)&(! $0)6!(&:! l̂11  7&*(!0"!(&)* ,! Λ̂Q̂ = Λ̂4∩ Q̂
#:! Tσ1Λ̂Q̂ # ,!34 ,0)&(!" $0)6!(&:!" l̂1 !( l̂′1(σ1)1  # ,0)&(! l̂′1(σ1) )3$! l̂2 !* pang(σ1)1 @)30

-#3* ,!" $)&*(" σ1 ,! l̂1+ %# ,0)&(! l̂′1(σ1) !"( %73*! ,!" ,0)&(!" ,3 A#&"!#3 !*/!*,0#*( %#

;3#,0&;3! Λ̂Q !( )3$! l̂2 !* 3* *)3:!#3 $)&*(1  7#$$%&#(&)* $0)6!(&:! pang !"( ,)* B&6!(&:!1
 !" ,<.)*"(0#(&)*" )*!0*#*( %!" #$$%&#(&)*" pong !( ping ")*( #*#%)/3!"+ &% "3C( ,7<-#*/!0
%!" 0�%!" ,!" ,0)&(!" %3.&50!1
�

 !"!# $%&''()&+),- ping ◦ pong ◦ pang
"#$% &''#(% #(%*+,-.- '/&00'*&1*#( ping ◦ pong ◦ pang2 "#$% &''#(% &'$'.- .30'**1.4.(1

'.% *(1.-%.1*#(% TσiΛ
4 ∩ l̂i2 "#$% &5#(% +#( 6.%#*(7 0#$- .'&7 +. 0&-&4,1-.- '.% +-#*1.% l̂i7

#44. +&(% '. 0&-&8-&09. 0-,,+.(1 :

σi(ki) ∈ l̂i, i ∈ {1; 2; 3} ⇒ %* σi(ki) ∈ l̂i − li ∃ ki ∈ R | −−−−−→
O5σi(ki) =

−−−→
O5σij + ki

−→mi

%*(#( σi(ki) =
−→mi

"#$% 0-.(#(% 1#$;#$-% '.% 5.1.$-% −→mi 1.'% <$. :

L4,1 (−→mi,
−→mj) = −1 =>2?@

0#$- i 6= j .1 (#$% 9#*%*%%#(%7 0#$- %*40'*A.- '.% &'$'%7 '.% 0#*(1% σij #--.%0#(+&(1 &$3
%09B-.% 1&(8.(1.% &$3 #(1&1% (Qi,Mi) .1 0&%%&(1 0&- '. 0#*(1 Mj 2

C. 0#*(1 pang(σ1) 1.' <$.
−−−−−−−−→
O5pang(σ1) =

−−−→
O5σ23+k2

−→m2 &00&-1*.(1 D '/9E0.-0'&( Tσ1Λ
4 +,A(*

0&- :
Tσ1Λ

4 = {M ∈  4,1, L4,1(
−−→
O5σ1,

−−−→
O5M) = 1}

"#$% &5#(% &'#-% :
L4,1

(−−−→
O5σ12 + k1

−→m1,
−−−→
O5σ23 + k2

−→m2

)
= 1

%#*17 0#$- k1 (#( ($' :

k2 =
−1 + L4,1(

−−−→
O5σ23,

−−−→
O5σ12) + k1L4,1(

−−−→
O5σ23,

−→m1)

k1
=>2F@

G. '& 4H4. 4&(*B-.7 (#$% 0#$5#(% +,+$*-. '.% 5&'.$-% %$*5&(1.% +.% 0&-&4B1-.% k3 .1 k1
+,A(*%%&(1 '.% 0#*(1% pong(σ2) .1 ping(σ3) :

k3 =
−1 + L4,1(

−−−→
O5σ31,

−−−→
O5σ23) + k2L4,1(

−−−→
O5σ31,

−→m2)

k2

k1 =
−1 + L4,1(

−−−→
O5σ12,

−−−→
O5σ31) + k3L4,1(

−−−→
O5σ12,

−→m3)

k3
.

=>2 I@



 !"

#$%& '(%) *+ (-&./ *-0) (+ &+).+ *+) -(%()1 0$%) 20.&$*%2)$0) (+) 3-(+%&) )%23-0.+) 4




α1 = L4,1(
−−−→
O5σ12,

−→m3)

α2 = L4,1(
−−−→
O5σ23,

−→m1)

α3 = L4,1(
−−−→
O5σ31,

−→m2)

β1 = −1 + L4,1(
−−−→
O5σ23,

−−−→
O5σ12)

β2 = −1 + L4,1(
−−−→
O5σ31,

−−−→
O5σ23)

β3 = −1 + L4,1(
−−−→
O5σ12,

−−−→
O5σ31)

567  8

9$%) '$%3$0) :-20.+0-0. /&2&+ )2:'(+:+0. (+) :-.&2+) $&&+)'$0*-0.+) -%; <$:$=&-'<2+)
ping1 pong +. pang 4

Mpang =

(
α2 β1
1 0

)
Mpong =

(
α3 β2
1 0

)
Mping =

(
α1 β3
1 0

)
567 "8

>?-''(2-.2$0 ping ◦ pong ◦ pang +). %0+ <$:$=&-'<2+ *+ l̂1 *-0) l̂17 @2 0$%) '-&.$0) *+ .&$2)
$0*2.2$0) *+ $0.-. )%& %0+ A(2*+ *+ B%'20 -($&) +..+ -''(2-.2$0 *$2. +03$A+& (+ '$20. *+
l̂1 $&&+)'$0*-0. C %0+ )'<D&+ .-0=+0.+ +0 M1 *+ (- '&+:2D&+ E-:2((+ +03+($''-0. (- A(2*+
)%& (+ '$20. *+ l̂1 $&&+)'$0*-0. C (- )'<D&+ .-0=+0.+ C M1 *+ (?-%.&+ E-:2((+ +0=+0*&-0. (-
A(2*+ +. 203+&)+:+0.7 >?-''(2-.2$0 *$2. *$0 /<-0=+& (+) '$20.) σ1 +. ping ◦ pong ◦ pang(σ1)
-''-&.+0-0. <-%0 C l̂1 +. C (?%0+ *+) $02F%+) &+'&/)+0.-0. (- A(2*+ *-0) Λ47 G+2 &+32+0. C
*2&+ F%+ (?-''(2-.2$0 ping ◦ pong ◦ pang *$2. H.&+ %0+ 203$(%.2$0 5*2I/&+0.+ *+ (?2*+0.2./87

 !"#$% 67" J K((%).&-.2$0 *+ (?-''(2-.2$0 ping ◦ pong ◦ pang

>- .&-+ *% '&$*%2. *+) .&$2) :-.&2+) -))$2/+) C (?-''(2-.2$0 ping ◦ pong ◦ pang +). 4

A = α1α2α3 + β3α2 + β2α1 + β1α3 567 !8



 !!

"#$% &'#(% '$ )*++-.//.(0 1$2.33. -#40 50*. ($33. )#$* 1$. 32&))34&04#( ping ◦ pong ◦ pang
%#40 $(. 4('#3$04#(6 "#$% #70.(#(% -#( 3& #(-404#( %$4'&(0. )#$* 1$243 .84%0. $(. 934-.
0&(:.(0. &$8 0*#4% #(-404#(% -. #(0&0 (Qi,Mi) ;

A = α1α2α3 + β3α2 + β2α1 + β1α3 = 0 <=6 >?

@( #/74(&(0 )3$%4.$*% A#4% 3.% &))34&04#(% pangB pong .0 pingB (#$% #70.(#(% 3.% %48 )#4(0%
σ1B σ′2 = pang(σ1)B σ3 = pong(σ′2)B σ

′
1 = ping(σ3)B σ2 = pang(σ′1) .0 σ

′
3 = pong(σ2)B C:$*. =6D6

E#*%1$. 3& #/)#%404#( ping ◦ pong ◦ pang -. .% &))34&04#(% .%0 $(. 4('#3$04#( <(#$% &'#(%
σ1 = ping(σ′3)?B 3.% )#4(0% σ1B σ2 .0 σ3 -2$(. )&*0 .0 σ′1B σ

′
2 .0 σ′3 -2&$0*. )&*0B &))&*04.((.(0

F $(. #(41$. #**.%)#(-&(0 F 3& 934-. 0&(:.(0. &$ 0*#4% #(0&0%6 G.33.%H4 %#(0 -+0.*/4(+.%
)&* 3& %.04#( -. Λ4 )&* 3.% -.$8 2H)3&(%  !(σ1, σ2, σ3) .0  !(σ′1, σ

′
2, σ

′
3)6 I J&1$. )#4(0 σ1

-. l̂1B (#$% )#$'#(% *+40+*.* 3. )*#.%%$%6 "#$% &'#(% $(. A&/433. F $( )&*&/K0*. -. 934-.%
0&(:.(0.% %&04%A&4%&(0 3.% 0*#4% #(-404#(% -. #(0&06 G.4 )*#$'. 3. 0J+#*K/. %$4'&(0 ;

 !"#$"% &'(')'( "#$%&' '(#$) #&+$'$#&) +% #&',' ,))#$-%) . '(#$) +(#$'%) /01$2(% +$)3#$&'%)
%' &#& 4,(,//2/%) +,&) Λ45 6/ %7$)'% 0&% 8,1$//% . 0& 4,(,12'(% +% 9/$+%) ',&:%&'%) ,07 '(#$)
#&',') )$ %' )%0/%1%&' )$ /;,44/$,'$#& ping ◦ pong ◦ pang %)' 0&% $&<#/0'$#&= ,0'(%1%&' +$'= )$
%' )%0/%1%&' )$ A = 05

 !"#$% =6! L M(. 934-. &9&(0 -.$8 )#4(0% %4(:$34.*%B 0&(:.(0. &$8 -.$8 )#4(0% -. #(0&0
M2 .0 M3 &$8 %)JK*.% *#$:.% .0 &9&(0 M1 #//. )#4(0 %4(:$34.*6

"#$% )#$'#(% *./&*1$.* 1$. -&(% 3& A&/433. F $( )&*&/K0*. -. 934-.% %&04%A&4%&(0 3.%
#(-404#(% -. #(0&0B (#$% *.0*#$'#(% 3.% -4N+*.(0% 09).% -. 934-.%6 @( )*.(&(0 )&* .8./)3.B
3. )#4(0 F 324(C(4 %$* 3& -*#40. 3$/4K*. l̂1B (#$% #70.(#(% $(. 934-. 1$4 & )#$* )#4(0 %4(:$34.* 3.
)#4(0 -. #(0&0 M1B C:$*. =6!6 O4.( %$*B 3. )3&( 0&(:.(0 .( . )#4(0 (2.%0 )&% -+C(4 /&4% (#$%
)#$'#(% %$))#%.* 1$. 0#$% 3.% )3&(% 0&(:.(0% &$ �(.B 3$4 /5/. 0&(:.(0 F 3& 934-. &$ )#4(0
%4(:$34.* M1B %#(0 -.% )3&(% -. #(0&06 I4(%4B (#$% &.)0#(% 3& 934-. -. )#4(0 %4(:$34.* M1

#//. %#3$04#(6 "#0#(% 1$. (#$% (. )#$'#(% )&% -4*. %4 .00. 934-. & $( )#4(0 #$ -.$8 )#4(0%
%4(:$34.*%6 Q.$3% 3.% 09).% -.% 2H)3&(%  !(σ1, σ2, σ3) .0  !(σ′1, σ

′
2, σ

′
3) ).$'.(0 (#$% *.(%.4:(.*

%$* . )#4(06



 !"

 !" #$ &'()* +* &,-$-

#$%& '($)& *$)+,- .%/01 230&+2 %)2 4'*0112 5 %) 6','*7+,2 82 :1082& 82 ;%60) +')<2)+2&
2) +,$0& 6$0)+& 82 $)+'+ 5 +,$0& 61')& &0 1' $)80+0$) A = 0 2&+ &'+0&4'0+2 *'0& )$%& )/'($)&
6'& 2)$,2 *$)+,- 1/230&+2)2 82 +$%+2 %)2 $%,=2 82 $)+'+> ?1 230&+2 %)2 '%+,2 @$*$<,'6@02
8-A)02 6', )$& +,$0& $)+'+&> B2++2 @$*$<,'6@02C %)0.%2C 2&+ 8-A)02 2)+,2 12& 82%3 $)0.%2&
Γ 2+ Γ′ $,,2&6$)8')+2& 5 %)2 :1082 &$1%+0$)> D2& 6$0)+& σ′i &$)+ 12& 0*'<2& 82& 6$0)+& σi 6',
2++2 @$*$<,'6@02> E0)&0C @'.%2 6$0)+ σ 82 1' 6,2*07,2 $)0.%2 ' 6$%, 0*'<2 %) 6$0)+ σ′ 82
1' &2$)82> D2& 8,$0+2& 1%*07,2 F$0<)')+ '0)&0 @'.%2 6$0)+ 82 Γ 5 %) 6$0)+ 82 Γ′ $,,2&6$)82)+
5 82& 6$0)+& 82 1' :1082 2+ 1/2)&2*=12 4$,*2 A)'12*2)+ %)2 $%,=2 42,*-2 &%, 2++2 :1082>
B2++2 $)&+,%+0$) )2 8-62)8 .%2 82& 8,$0+2& 1%*07,2 l1C l2 2+ l3 $,,2&6$)8')+ '%3 6$0)+& 82
$)+'+C 1' $%,=2 2&+ 082)+0.%2 6$%, +$%+2& 12& :1082& +')<2)+2& '%3 +,$0& $)+'+&> #$%&
$=+2)$)& 12 +@-$,7*2 &%0(')+ G

 !"#$%&' (  !"#$ "&'#(#"&$ ') "&(*( +,&,!#-.)$ $.! .&) /0#') ') 1.2#& ',3&#$$)&( .&)
4"5"+!*24#) )&(!) 0)$ ').6 "&#-.)$ !)2!,$)&(*&( 0* /0#') '*&$ 07)$2*) ')$ $248!)$9 :)(()
4"5"+!*24#) 2)!5)( ') (!*)! .&) ".!;) ') "&(*( $.! 0* /0#') 0) 0"&+ ') 0*-.)00) 0)$ /0#')$
$"0.(#"&$ '. 2!";085) ')$ (!"#$ "&(*($ $"&( (*&+)&()$9

)"&#*+,$-,.#* /

<* ',5"&$(!*(#"& "&$#$() = "&$#',!)! 0) "520,(, 2!">)(#? ') 07)$2*)  4,1 )& *>".(*&(

074/2)!20*& = 07#&3&#@ &"(,  ̂4,2 )( '"& = !*5)&)! &"(!) 2!";085) = .& 2!";085) 0#&,*#!) '*&$
R69

A".$ 5.&#$$"&$ 07)$2*)  ̂4,2 ') 0* ?"!5) Q̂4,2 ()00) -.) 2".!
−→u (x−1, x0; x1; x2; x3; x4) B

Q̂4,2(
−→u ) = −x2−1 − x20 + x21 + x22 + x23 + x24

C)5*!-."&$ -.) 0)$ "52"$*&()$ '. D)().! −→u $"&( 0)$ ""!'"&&,)$ 4"5"+8&)$ '. 2"#&( (x0, x1, x2, x3, x4)
')  4,19

E"#( O6(0; 0; 0; 0; 0; 0) '*&$  ̂4,29 A".$ #')&(#3"&$ 07)$2*)  4,1 *D) 074/2)!20*& !̂ ')  ̂4,2

'7,-.*(#"& {x−1 = 1}9 <* -.*'!#-.) Λ4 )$( "&()&.) '*&$ 0) �&) ') 0.5#8!) "̂l ')  ̂4,29

:"&$#',!"&$ .&) /0#') ') 1.2#& Cycl $*(#$?*#$*&( 0)$ 3 "&'#(#"&$ ') "&(*( *$$"#,)$ =
3 '!"#()$ 0.5#8!)$ l1@ l2 )( l39 G00) )$( !)2!,$)&(,) '*&$ Λ

4 2*! ').6 "&#-.)$ Γ )( Γ′ "&()&.)$
'*&$ ').6 2H20*&$ P )( P ′9 :"&$#',!"&$ 5*#&()&*&( 0)$ )$2*)$ ') '#5)&$#"& 3 '*&$  ̂4,2@

P̂ = IJ(O6, P ) )( P̂ ′ = IJ(O6, P
′) *0"!$ P = P̂ ∩ !̂ )( P ′ = P̂ ′ ∩ !̂9 <)$ )$2*)$ P̂ )( P̂ ′

$"&( "!(4"+"&*.69 G& )J)(@ $"#( X ∈ P̂ ∩ !̂ )( Y ∈ P̂ ′ ∩ !̂9  ".( D)().! ') P̂ $7,!#( "55)

"5;#&*#$"& 0#&,*#!) ')
−−→
O6X )( ')$ D)().!$ -.# )&+)&'!)&( P̂ )( (".( D)().! ') P̂ ′ $7,!#(

"55) "5;#&*#$"& 0#&,*#!) ')
−−→
O6Y )( ')$ D)().!$ -.# )&+)&'!)&( P̂ ′9 :"55) 0)$ 20*&$ P )(

P ′ $"&( "(4"+"&*.6@ 0* D*0).! ') 0* ?"!5) L̂4,2 *$$"#,) = Q̂4,2 )&(!) .& D)().! ') P̂ )( .& D)().!

') P̂ ′ )$( ,+*0) = L̂4,2(
−−→
O6X,

−−→
O6Y )9 :"55) 2".! x ∈ P )( y ∈ P ′ &".$ *D"&$ L4,1(

−−→
O5x,

−→
05y) = 1@

&".$ ','.#$"&$ -.) L̂4,2(
−−→
O6X,

−−→
O6Y ) = 09

<74"5"+!*24#) 2)!5)((*&( ') (!*)! 0* ".!;) ') "&(*( $.! Cycl )$( &"(, Φ )( )&D"#) .&
2"#&( σ ') P $.! .& 2"#&( σ′ ') P ′9 :"55) Φ )$( .&) 4"5"+!*24#) ')  4,1@ )00) )$( !)2!,$)&(,)



 !"

 !"#  ̂4,2 $!% &"' !$$()!+)," ()"-!)%' F .&) '"/,)' &" $,)"+ X  ' P̂ #&% &" $,)"+  ' P̂ ′0

1,)+ &"'  %,)+' (&2)3%' lτ = (τ Φ(τ))4 ,5 τ ∈ Γ4 !##,)-' 6 &" $,)"+  ' (! ,&%7'  ' ,"+!+
 ' Cycl0

1,)+ Pλ &" $(!" ,"+'"!"+ &"' ,&%7' Γλ %'$%-#'"+!"+ &"' 8!2)(('  ' #$93%'#  :&"' ;() '
Cyclλ #!+)#8!)#!"+ ('# 3 ," )+),"#  ' ,"+!+0 <,&% .&' (! ,&%7'  ' ,"+!+  ' Cycl #,)+ &"'
,&%7'  ' +!"='"' '"+%' Cycl '+ Cyclλ4 )( 8!&+  :!7,% 2,"+%'% .&' (!  %,)+' lτ ,&$' (' $(!" Pλ0

1,)+ (' $,)"+ σλ  ' l1 +'( .&' Pλ = Aff (σλ, pong ◦ pang(σλ), ping ◦ pong ◦ pang ◦ ping(σλ))0
>' $,)"+ σλ $'&+ #:-%)%' ,22' ,27)"!)#," ()"-!)%'  ' σ1 '+ σ

′
1 ,5 σ1 = P ∩ l1 '+ σ′1 = P ′∩ l1 ?

σλ = λσ1 + (1− λ)σ′1

@)"#)4  !"#  ̂4,24 &" $,)"+  ' P̂λ $'&+ #:-%)%' ,22' ,27)"!)#," ()"-!)%'  :&" $,)"+ X  ' P̂

'+  :&" $,)"+ F (X)  ' P̂ ′ ?

P̂λ = {λX + (1− λ)F (X), X ∈ P̂}

'+ ," ! Pλ = P̂λ ∩ !̂0

1,)+ &" $,)"+ Xτ  ' P̂ +'( .&' τ = (O6Xτ ) ∩ !̂ !(,%# Xτ,λ = λXτ + (1− λ)F (Xτ ) !$$!%+)'"+

6 P̂λ0 >!  %,)+' (O6Xτ,λ) ,&$' !̂ '" &" $,)"+ τλ  ' Pλ '+ (' $,)"+ τλ !$$!%+)'"+ 6 (!  %,)+'
(τ,Φ(τ))  !"# !̂4 A=&%' B0C0 D') %'/)'"+ 6  )%' .&' (!  %,)+' lτ ,&$' (' $(!" Pλ '" &" $,)"+ τλ
 !"#  4,10

E' $(&#4 ,22' lτ '#+ #&% (! .&! %).&' Λ4 !(,%# τλ !$$!%+)'"+ 6 Γλ0 F,&# $,&/,"#  )%' !(,%#
.&'4  !"# E34 (' $,)"+ ,%%'#$," !"+ 6 (!  %,)+' (&2)3%' lτ !$$!%+)'"+ 6 (! #$93%' ,%%'#$," !"+'
6 τλ '+ .&' '++' #$93%' !$$!%+)'"+ 6 &"' 8!2)(('  ' #$93%'#  ,"+ (! ;() ' Cyclλ '#+ (:'"/'(,$$'0

G( %'#+' 6 2,"+%'% .&' ' $,)"+ '#+ #&% (! ;() ' Cyclλ0 <,&% '(!4 ,"#) -%,"# (! #'," '
8!2)(('  ' #$93%'#  ,"+ (! ;() ' Cyclλ '#+ (:'"/'(,$$'0 F,+,"# (! ,&%7' ,%%'#$," !"+' Γ′λ
 !"#  4,1 '+ P ′λ (' $(!" ,"+'"!"+ '++' ,&%7'0 D,22' (!  -2,"#+%!+)," $%-- '"+' "'  -$'" 
$!#  & $(!" Pλ !(,%# (!  %,)+' lτ ,&$' !&##) (' $(!" P ′λ '" &" $,)"+ τ ′λ  ' Γ′λ0 >' $,)"+ τ ′λ
,%%'#$," 6 &"' #$93%'  ' (! #'," ' 8!2)(('  ' (! ;() ' Cyclλ4 +!"='"+' 6 (! #$93%' ,%%'H
#$," !"+ 6 τλ !& $,)"+ ,%%'#$," !"+ 6 lτ 0 D,22' ('# #$93%'#  ' 9!&"'  '#  '&I 8!2)(('# 6
&" $!%!23+%'  ' #$93%'# .&) '"/'(,$$'"+ &"' ;() ' #,"+ +!"='"+'# !&I $,)"+#  ' (! ;() '4
'(! $%,&/' .&' (' $,)"+ ,%%'#$," !"+ 6 (!  %,)+' (&2)3%' lτ '#+ !&##) &" $,)"+  ' (! ;() '
Cyclλ0



 !"

 !"#$% #$% & '() ()*+() P̂ - P̂ ′ (. P̂λ$

�

 !"#$% #$/ & 01( 2345( (. 61 .78( .+19(1.) 3( 3719 5:61( 768;( 5( 71.+. 5<=14( *+8 .874)
7154.471) 5( 71.+.$



 !"

 !" #$%&'()*+,-

 !"!# $%&'()*+,&*-+ ./0+' 1,)*22' .' 342*.'6 .' $07*+ &(*8&,+9'+&'6

#$%& '$(($(& )*+(,-(*(, .-& *./$0+,1)-& 2-0)-,,*(, '3$4,-(+0 2.%&+-%0& 6.+'-& ,0+7,*(/-(,-&
*+(&+ 8%- .* $%04- '- $(,*, &%0 %(- 6.+'- 9 2*0,+0 '- ,0$+& $(,*,&: #$%& *..$(& %,+.+&-0 .-&
;$0)%.-& <":=> -, <": ?>: #$,$(& 8%- .- 1$+@ '-& 2$+(,& σij A $))- $0+/+(- '- .* 2*0*)B,0+&*,+$(
'-& '0$+,-& .%)+C0- liA * B,B -D-,%B 2$%0 &+)2.+E-0 .-& *.%.& '-& 'B)$(&,0*,+$(&: F. (3-&, 2*&
(B-&&*+0- '*(& .-& *./$0+,1)-& '- ;*+0- - 1$+@ $% '3+)2$&-0 .* $('+,+$( L (−→mi,

−→mj) = −1A
;$0)%.- <":G>:

H$+, li %(- '0$+,- .%)+C0- '- Λ4 2*0*)B,0B- -( tA ,-..- 8%- I σ ∈ liA
−−→
O5σ =

−−→
O5ρi+t

−→mi 2$%0 i ∈
{1, 2}: #$%& &%22$&$(& -& '0$+,-& '+&J$+(,-&: K 2*0,+0 '- .* 0-.*,+$(L4,1

(−−→
O5ρ1 + a1

−→m1,
−−→
O5ρ2 + b2

−→m2

)
=

1A ($%& *L$(& .* 20$20+B,B &%+L*(,- I
M- 2$+(, l2 (b2) *22*0,+-(, 9 .3162-02.*( ,*(/-(, Tl1(a1)Λ

4 &+ b2 = f (ρ1, m1, ρ2, m2, a1) $N f
-&, 'BE(+- 2*0 I

f : Λ4 ×Π×Λ4 ×Π×R −→ R

(ρ1, m1, ρ2, m2, a1) 7−→
1−L4,1

(−−→
O5ρ1,

−−→
O5ρ2

)
− a1L4,1

(−→m1,
−−→
O5ρ2

)

L4,1
(−−→
O5ρ1,

−→m2

)
+ a1L4,1 (−→m1,

−→m2)

. <": O>

M-& 2$+(,& mi &$(, .-& 2$+(,& '% 2*0*4$.$P'- Π *22*0,-(*(, *%@ '0$+,-& (O5
−→mi):

Q*(& - '-0(+-0 2*0*/0*21-A ($%& -@2.+8%$(& $))-(, $4,-(+0 %(- 6.+'- &*,+&;*+&*(, .-&
,0$+& $('+,+$(& '- $(,*, &3+. -( -@+&,-: #$,$(& 8%- .* $('+,+$( a0 = a1 '*(& .3*./$0+,1)-  OA
-&, B8%+L*.-(,- 9 .* $('+,+$( A = 0 - 8%+ 0-L+-(, 9 LB0+E-0 8%- .3*22.+*,+$( ping ◦pong ◦pang
-&, %(- +(L$.%,+$(: Q- 2.%&A &+ ($%& &%220+)$(& .3B,*2- !A $N ($%& 1$+&+&&$(& %(- 6.+'-
&$.%,+$( 2*0,+%.+C0- '-& ,0$+& $(,*,&A ($%& $4,-($(& %(- ;*)+..- 9 %( 2*0*)C,0- '- 6.+'-&:
R(E(A ($,$(& 8%- .* '0$+,- $0,1$/$(*.- *%@ '-%@ 272.*(&  !(σ1, σ2, σ3) -,  !(σ′1, σ

′
2, σ

′
3)A 8%-

($%& *L$(& ($,B- δ *%2*0*L*(,A 2-0)-, '- 'B,-0)+(-0 .- ,62- '- .* 6.+'- &$.%,+$(: S*22-.$(&
8%- &+ δ -&, '- ,62- ,-)2& *.$0& .* 6.+'- (3*%0* 2*& '- 2$+(, &+(/%.+-0A &+ -..- -&, '- ,62-
.%)+C0-A .* 6.+'- *%0* %( &-%. 2$+(, &+(/%.+-0 -, &+ -..- -&, '- ,62- -&2*-A .* 6.+'- *%0* '-%@
2$+(,& &+(/%.+-0&:

M* E/%0- ":T +..%&,0- %( *& ;*L$0*4.- '- $('+,+$(& '- $(,*, I -..-& &$(, 20+&-& &%0 %(-
6.+'- +(+,+*.-A +. -@+&,- '$( %(- ;*)+..- 9 %( 2*0*)C,0- '- 6.+'-& &$.%,+$( '% 20$4.C)- '-&
,0$+& $(,*,&:

M-& E/%0-& ":" -, ":G )$(,0-(, 1*%(- '-%@ -@-)2.-& '- 6.+'-& '- Q%2+( $4,-(%-& *L-
.3*./$0+,1)-  O: M-& 2*0*)C,0-& '- -& '-0(+C0-& &$(, '$((B& '*(& .* ,*4.- ":U *+(&+ 8%- .-&
,0*(&;$0)*,+$(& 9 -D-,%-0 2$%0 0-2.*-0 .-& 6.+'-& '*(& .- 0-2C0- +(+,+*.:

 !"#$%&! ' "#$% &'#(% #(%*+,-, ** .-#*% #(+*.*#(% +/ #(.&. 0/%.121+*-/ .-#*% 3#*(.%
/. .-#*% 34&(% #-*/(.,% %$- $(/ 54*+/ *(*.*&4/ 63#$- %&.*%7&*-/ 4& #(+*.*#( A = 089 :* (#$%
#(%*+,-#(% 4/% ;<;/ 3#*(.% ;&*% (#$% =&(>/#(% $(/ #-*/(.&.*#( +/ 40$( +/% 34&(% &4#-% (#$%
3#$'#(% #?./(*- $(/ &$.-/ 7&;*44/ +/ 54*+/% .&(>/(./% 2 4& 3-/;*@-/ /( /% .-#*% 3#*(.% 6/
(0/%. 3&% .#$A#$-% 4/ &%89 :0*4 /B*%.&*. $(/ #$-?/ +/ #(.&. %$- 4& 3-/;*@-/ 7&;*44/C /../
7#*% 4& %/#(+/ 7&;*44/ /%. .&(>/(./ &$B 54*+/% +/ 4& 3-/;*@-/ $(*D$/;/(. /( /% .-#*% 3#*(.%



 !"

 !"#$%&'() *+ #$%&'()*+%),* -./*& 12)-& 3+%)34+)3+*% %',)3 ,*-)%),*3 -& ,*%+% 3.)2 &*
&5)3%&6
,-&$.) / 7',)3 ,*-)%),*3 -& ,*%+% ,')&*%$&3 (Qi;Mi)i∈[[1;3]]

 6  !"# i $% 1 & 3 '()#% +2/2 -& −→mi8 -)'&%),* 2/()9'& ,''&3:,*-+*% +/ :,)*% Mi ')*

'()#%6

;6  !"# i $% 1 & 3 '()#% +2/2 -& ρi ,''&3:,*-+*% +/5 :2+*3 Qi -+*3 Λ4 ')* '()#%6

!6 <=,)5 -./* '$&2 a16

>6 <+2/2 -& b2 = f (ρ1, m1, ρ2, m2, a1)8 4,'(/2& ?@6 AB6

A6 <+2/2 -& a3 = f (ρ2, m2, ρ3, m3, b2)6

C6 <+2/2 -& b1 = f (ρ3, m3, ρ1, m1, a3)6

@6 <+2/2 -& a2 = f (ρ1, m1, ρ2, m2, b1)6

"6 <+2/2 -& b3 = f (ρ2, m2, ρ3, m3, a2)6

D6 <+2/2 -& a0 = f (ρ3, m3, ρ1, m1, b3)6

 E6 +) a0 == a1
 !"# i $% 1 & 3 '()#%

<+2/2 -& σi %&2 F/&
−−→
O5σi =

−−→
O5ρi + ai

−→mi6

<+2/2 -& σ′i %&2 F/&
−−→
O5σ

′
i =

−−→
O5ρi + bi

−→mi6
#%,!"#*%# #&/5 %'):2&%3 -& :,)*%38 2./* (σi)i∈[[1;3]] &% 2.+/%'& (σ

′
i)i∈[[1;3]]

-$%&'()*+*% 2&3 -&/5 ,*)F/&3 '&:'$3&*%+*% /*& 12)-& 3,2/%),*
-/ :',G29(& -&3 %',)3 ,*%+%36

')* '()#%

-)*!* #%,!"#*%# 2.&*3&(G2& H)-&6

0#$&%) / I*& 12)-& -& #/:)* ,/ 2.&*3&(G2& H)-&6

J*-)&3 K,)*%3 Mi L&%&/'3 ,')&*%$3 −→ni -$M*)33+*% 2&3 :2+*3 Qi

i = 1 (7, 488; 6, 928; 2, 044) (−0, 2; 0;−0, 980)
i = 2 (−9, 551; 6, 041; 5, 028) (0, 171;−0, 218;−0, 961)
i = 3 (0, 700;−12, 223; 2, 425) (−0, 2; 0, 693;−0, 693)

 !"#$ @6 N L+2&/'3 -&3 ,,'-,**$&3 -&3 :,)*%3Mi &% -&3 ,(:,3+*%&3 -&3 H&%&/'3 ,')&*%$3 −→ni
-$M*)33+*% 2&3 :2+*3 Qi -& 2+ MO/'& @6C6 P&3 :2+*3 Qi +-(&%%&*% 2&3 H&%&/'3 −→ni ,((& H&%&/'3
*,'(+/5 &% :+33&*% :+' 2&3 :,)*%3 Mi6

 !"# $%%$# #&'( (!')$'($# $'(*$ $%%$# %$ %&') +,-'$ #$&'+$ &-*/$ +$ &'(!(0 1&-# +&''&'#
+!'# %! #$("&' #-"2!'($ -' !%)&*"(3 $ 4$* $((!'( +,&/($'"* -'$ 5%"+$ (!')$'($ 6 -'$ !-(*$
-'"7-$ $'( $' (*&"# 4&"'(#0 1&-# ($* "'$*&'# $ 3!4"(*$ $' +&''!'( %,!%)&*"(3 $ 4$* $((!'(
+,!83$* %! &-*/$ +$ &'(!( !##&"9$ 6 (*&"# &'+"("&'# +$ &'(!( #-* -'$ 5%"+$0



 !"

 !"#$% #$% & '()*)+,)-+*).( /0 12.3,456 7 *2.)- .(/)*).(- /6 .(*+* -02 0(6 9,)/6: *+3,6 #$ $

 !"!# $%&'()*+,&*-+ ./0+' .'01*2)' 3,)*44' .' 64*.'7 .' $08*+ &(*9
&,+:'+&'7

;6- .(/)*).(- /6 .(*+* 160<6(* =*26 /.((>6- 1+2 /6- .01,6- /6 *916 ?1,+(: 1.)(*@ 5+)-
+0--) 1+2 /6- .01,6- /6 *916 ?-1A426: 1.)(*@$ '): (.0- .(-)/>2.(- 0( 1.)(*M /B0(6 9,)/6 /6
C01)(: (.*>6 Cycl: .556 0( 1.)(* /B0( 62,6 +2+*>2)-*)D06 /6 ,+ 9,)/6 6* /.( /B0(6 -1A426
S *+(E6(*6 F ,+ 9,)/6 ,6 ,.(E /0 62,6 +2+*>2)-*)D06$ G.)6(* ,6- .(/)*).(- /6 .(*+* (Si,Mi)
-02 6**6 9,)/6 )()*)+,6$ H( E>(>2+,: A+(E62 ,B.2)6(*+*).( /6 ,B0(6 /6- -1A426- Si (6 16256*
1+- /B.3*6()2 0( 12.3,456 /6 *2.)- .(*+*- D0) + /6- -.,0*).(-: 5+)- (.0- 1.0<.(- />*625)(62
,6 1.)(* M3 -02 ,6 62,6 +2+*>2)-*)D06 /6 ,+ -1A426 S3 *6, D0B), 9 +)* /6- -.,0*).(-: 0(6 I.)-
,6- .(*+*- (S1,M1) 6* (S2,M2) JK>-$ L6) 16256* 6(-0)*6 /B.3*6()2 0(6 -6.(/6 I+5),,6 F 0(
1+2+54*26 /6 9,)/6- *+(E6(*6- F ,+ 9,)/6 )()*)+,6 +0K *2.)- 1.)(*- Mi 6* 0()D0656(* 6( 6-
1.)(*-: +,E.2)*A56  %$

;+ JE026 #$" 5.(*26 /60K 9,)/6- *+(E6(*6- 6( *2.)- 1.)(*- 0()D0656(*$ ;+ 9,)/6 6(
<6226 6-* ,+ 5=56 D06 6,,6 /6 ,+ JE026 #$%$ G6- 1+2+54*26- -.(* a = 10, c = 2 6* µ = 3, 5$
M.0- .(-)/>2.(-: /+(- 6* 6K651,6 ,+ I+5),,6 /6 -1A426- 6(*2>6- -02 ,B6,,)1-6 E>(>2+*2)6 /6 ,+
9,)/6$ ;6- ..2/.((>6- /6- 1.)(*-: /6- 6(*26- /6- -1A426- 6* ,+ <+,602 /6- 2+9.(- /6- -1A426-
-.(* /.((>- /+(- ,+ *+3,6 #$!$

;6- 1+2+54*26- /6 ,+ -6.(/6 9,)/6 -.(*

(a, c, µ) ≃ (12, 162; 1, 300; 1, 605)



 !"

 !"  #"

 !"#$% #$# % &'() +,-.'/ .' &(0-1 '1 211'2(3 /4,(5-41/ .( 0647,89' .'/ 564-/ 41525/ :
0265-6 .' ,2 +,-.' -1-5-2,' .' ,2 ;<(6' #$=$ >2? @2 +,-.' -1-5-2,' '/5 6'06A/'15A' '1 B'66'$ >7?
@2 +,-.' -1-5-2,' '/5 6'06A/'15A' 4(,'(6 74-/$

@2 9256-' .' ,2 5621/C46925-41 2D1' 0'69'55215 .' ,2 0,2'6 .21/ ,' 6'086' .' ,2 /81' '/5 E



−0, 723 −0, 688 0, 065 −0, 330
0, 690 −0, 724 0, 010 −1, 998
0, 040 0, 052 0, 998 4, 214
0 0 0 1




 !"!" #$%&'()*+%),* -& .+ ,0'1& -& ,*%+%

@F2,<46-5G9'  # 0'69'5 .' .'//-1'6 ,2 4(67' .' 41525 2//4-A' : 564-/ 41.-5-41/ .' 41H
525 ,46/I(' ,2 41.-5-41 .F')-/5'1' '/5 /25-/C2-5'$ J, C2-5 200', : ,FG494<620G-' .A;1-' .F(1
0,21 415'1215 (1' 41-I(' 466'/041.215' : (1' +,-.' /4,(5-41 /(6 ,' 0,21 415'1215 ,F2(56'
41-I('$ K'/ 0,21/ /415 .' 5+0' '/02' 26 14(/ 41/-.A641/ (1' +,-.' .' &(0-1 '1 211'2(
.' ,2 C29-,,' .' +,-.'/ 56-H521<'15'/$ L4(/ -.'15-;41/ G2(1 .' '/ 0,21/ 2( 0,21 490,')'$
M26 .A;1-5-413 (1' G494<620G-' 41/'6B' ,' 7-6200465 .' I(256' 04-15/$ M4(6 .A5'69-1'6 '55'
G494<620G-' I(- '1B4-' (1' 41-I(' /(6 ,F2(56' >'6,'/ @46'15N?3 14(/ -904/41/ I(' ,'/ 7-620H
0465/ .' I(256' 04-15/ .' G2(1' .'/ 41-I('/ /4-'15 A<2()$ L4541/ I(' 14(/ '1 4112-//41/
.AO: 564-/ >/(6 G2(1' .'/ 41-I('/? 064B'1215 .'/ 564-/ .64-5'/ ,(9-86'/ li$ &' 0,(/3 '/ 7-H
6200465/ /415 6A',/ 0(-/I(' ,'/ I(256' 04-15/ 41/-.A6A/ : G2I(' C4-/ 200265-'11'15 : (1 '6,'
04(6 ,2 C469' .' @46'15N$ @'/ ;<(6'/ #$ " '5 #$  94156'15 ,2 4(67' .' 521<'1' /(6 .'()
+,-.'/ '1 211'2($ P(6 ,2 ;<(6' #$ "3 ,2 4(67' '/5 475'1(' '1 A02-//-//215 ,F-15'6/'5-41 '156'
(1' +,-.' 521<'15' : ,2 +,-.' -1-5-2,' ,' ,41< .' ,2 4(67' .' 41525 2,46/ I(' /(6 ,2 ;<(6'
#$  3 ,2 4(67' .' 41525 '/5 475'1(' 2B' ,F2,<46-5G9'  #$



 ! 

 !"  #"

 !"#$% "#$ % &'() +,-.'/ .' &(0-1 23' .'() 04-15/ /-16(,-'7/8 /4,(5-41/ .( 0749,:;' .'/
574-/ 41525/ < 0275-7 .' ,2 +,-.' -1-5-2,' .' ,2 =6(7' "#># ?2@ A2 +,-.' -1-5-2,' '/5 7'07B/'15B'
'1 3'77'# ?9@ A2 +,-.' -1-5-2,' '/5 7'07B/'15B' '1 94-/#

 !"#$%&! '  !"# $!"%!&# &!'() *"( +!)#*"( +(# $!,&'# !&' "&( -,#$!#,',!& $.)',"+,0)( #") +.
1+,-( ,&,',.+(2 $.) (3(4$+(2 $+"#,(")# $!,&'# #!&' #") "& 454( ()+( .).'6),#',*"(2 +(# -)!,'(#
+"4,0)( !))(#$!&-.&'(# -.&# Λ4 #( !"$(&' (& "& $!,&' !))(#$!&-.&' 7 +. #$80)( $!)'.&' +(
()+( .).'6),#',*"(9 :,&#, +;"&( -(# .$$+,.',!&# ping !" pong !" pang . "& $!,&' <3(9 =+
(3,#'(2 -.&# ( .#2 "&( >.4,++( *", .2 ." $+"#2 ')!,# $.).40')(# -( #!+"',!&#9  !"# )(')!"%!&#2
$.) (3(4$+(2 +. >.4,++( 7 ')!,# $.).40')(# -( 1+,-(# '.&?(&'(# +( +!&? -;"& ()+( .).'6),#',*"(
+!)#*"( +(# ')!,# !&-,',!&# -( !&'.' #!&' #") ( ()+(9

C1 .'71-'7 04-15 '/5 < /4(,-61'7# D, ')-/5' .E2(57'/ '7,'/ /(7 (1' +,-.' .' &(0-1 '1
211'2(8 -;26'/ .'/ '7,'/ .' F-,,27'2( .( 547' < 4,,-'7 027 ,'/ -13'7/-41/ 5721/G47;215 ,' 547'
< 4,,-'7 '1 +,-.' .' &(0-1 '1 211'2(8 HIJAK 8J27K"8J27K$℄8 =6(7'/ "# M?2@ '5 "# M?9@# N4(/
200',,'741/ 2(//- '/ .'71-'7/ '7,'/ .' F-,,27'2( /(7 ,2 +,-.' '1 211'2(# A47/O(' ,'/ 574-/
41.-5-41/ .' 41525 .' ,2 +,-.' -1-5-2,' /415 /(7 (1 '7,' .' F-,,27'2( 2,47/ ,2 4(79' .'
41525 495'1(' '/5 ' ;P;' '7,' .' F-,,27'2(# Q'/ '7,'/ 1' /415 02/ .'/ 2/ 0275-(,-'7/
.' 4(79'/ .' 41525 R 14(/ 2341/ (1' G2;-,,' < (1 0272;:57' .' +,-.' 5216'15'/ ,' ,416 .'/
'7,'/ .' F-,,27'2(# A2 =6(7' "# S ;4157' .'() +,-.'/ .' &(0-1 '1 211'2( ?.415 (1 547' .'
7B34,(5-41 < 4,,-'7@ 5216'15/ ,' ,416 .E(1 '7,' .' F-,,27'2(#



 !"

#$%&'( (a, c, µ) )*+'$( -( +'*./01'2*+$1. 3(+(&' -( +'*./4*+$1.

5657*8 (10, 817; 0, 401; 1, 316)



−0, 254 −0, 949 0, 188
0, 962 −0, 269 −0, 055
0, 103 0, 167 0, 981


 (−0, 697;−0, 303; 2, 048)

565798 (9, 658; 4, 125; 5, 735)




0, 965 −0, 160 0, 208
0, 142 −0, 985 −0, 098
0, 221 0, 065 −0, 973


 (0, 714; 0, 310;−2, 096)

56:7*8 (11, 365; 1, 279; 0, 230)



−0, 876 −0, 400 0, 269
0, 396 −0, 915 −0, 073
0, 275 0, 043 0, 960


 (−1, 044;−0, 453; 3, 066)

56:798 (12, 1812; 2, 623; 1, 1661)




0, 901 −0, 245 −0, 360
−0, 229 −0, 960 0, 087
−0, 370 0, 003 −0, 929


 (−1, 490;−0, 646; 4, 374)

 !"#$ 56" ; <*'*2=+'(/ -(/ >4$-(/ -( ?&@$. -A+('2$.A(/ @*' 4B*4%1'$+C2(  D E @*'+$' -( +'1$/
1.+*+/ -( 4* >4$-( $.$+$*4( -( 4* F%&'( 56G6

H.-$( <1$.+/ Mi I(.+'( -( S(ti) J*>1./ -( S(ti)

i = 1

(
7 + 48

√
2

10
; 4
√
3;

√
3
(
7
√
2− 4

)

5

)
(
5
√
2; 4
√
3; 0

) 7

2
−
√
2

i = 2

(
7

10
;
−
√
3
(
7 + 20

√
2
)

5
;
7
√
3

5

)
(
0;−4

√
6; 0

) 7

2

i = 3 (−9, 551; 6, 041; 5, 027)
(
−5
√
3; 2
√
6; 0

)
±7 +

√
3

2

 !"#$ 56K ; I11'-1..A(/ -(/ @1$.+/ Mi (+ -(/ (.+'(/ -( /@C='(/ S(ti) (+ L*4(&' -(/ '*>1./
-(/ /@C='(/ S(ti) -AF.$//*.+ 4(/ 1.-$+$1./ -( 1.+*+ -( 4* F%&'( 56M6
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 !"#$%&'() *+ #$%&'()*+%),* -./*& 12)-& %')3%+*4&*%& 5 /*& 12)-& )*)%)+2&6
,-&$.) / /*& 12)-& -& #/7)* Cycl -$8*)& 7+' /*& 9+()22& -& :7;<'&: 7+'+($%'$&: S(t)6

 6 =;,)> -& %',): ?+2&/': t1@ t2 &% t36

A6 =;,)> -& -&/> 7,)*%:M1 &%M2 :/' 2&: &'2&: +'+%$'):%)B/&: 7,'%$: 7+' 2&: :7;<'&: S (t1)
&% S (t2)6

"6 =+2/2 -./* 7,)*% M (α) -/ &'2& +'+%$'):%)B/& 7,'%$ 7+' 2+ :7;<'& S (t3)@ 2& 7+'+(<%'&
α '&:%& )*-$%&'()*$6

!6  !"# i $% 1 & 2 '()#% =+2/2 -/ ?&%&/' −→mi ,''&:7,*-+*% +/ 7,)*% Mi ')* '()#%6

C6 =+2/2 -/ ?&%&/'
−−−→
m (α) &* 9,*%),* -& α ,''&:7,*-+*% 5 M (α)6

D6  !"# i $% 1 & 2 '()#% =+2/2 -& σi0@ ,''&:7,*-+*% +/> :7;<'&: S(ti) -+*: Λ4 ')* '()#%6

E6 =+2/2 -& σ∗30 ,''&:7,*-+*% 5 2+ :7;<'& S(t3) -+*: Λ4 &% -& σ30 = −σ∗30 ,''&:7,*-+*% 5
2+ :7;<'& -.,')&*%+%),* )*?&':&6

F6 =;,)> -./* '$&2 a16

G6 =+2/2 -& b2 = f (σ10, m1, σ20, m2, a1)6

 H6 =+2/2 -& a3 (α) = f (σ20, m2, σ30, m3 (α) , b2)6

  6 =+2/2 -& b1 (α) = f (σ30, m3 (α) , σ10, m1, a3 (α))6

 A6 =+2/2 -& a2 (α) = f (σ10, m1, σ20, m2, b1 (α))6

 "6 =+2/2 -& b3 (α) = f (σ20, m2, σ30, m3 (α) , a2 (α))6

 !6 =+2/2 -& a0 (α) = f (σ30, m3 (α) , σ10, m1, b3 (α))6

 C6 I,)% 2.&*:&(J2& -&: :,2/%),*: Es = {α; a0 (α) = a1}6
 D6 +) Es 6= ∅ (,!#- =;,)> -./* *,(J'& α3 -& Es6

=+2/2 -& m3 = m (α3)6
 !"# i $% 1 & 3 '()#%

=+2/2 -& σi %&2 B/&
−−→
O5σi =

−−−→
O5σi0 + ai

−→mi6

=+2/2 -& σ′i %&2 B/&
−−→
O5σ

′
i =

−−−→
O5σi0 + bi

−→mi6
#%.!"#*%# #&/> %')72&%: -& 7,)*%:@ 2./* (σi)i∈[[1;3]] &% 2.+/%'& (σ

′
i)i∈[[1;3]]

-$%&'()*+*% 2&: -&/> ,*)B/&: '&7'$:&*%+*% /*& 12)-& :,2/%),* -/
7',J2<(& -&: %',): ,*%+%:6

')* '()#%

+)*!* #%.!"#*%# 2.&*:&(J2& ?)-&6

0#$&%) / K*& 12)-& -& #/7)* %')3%+*4&*%& 5 Cycl /*)B/&(&*% &* %',): 7,)*%:6
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 !"#$% "#$ % &'() +,-.'/ .' &(0-1 2314'12'/ '1 (1-5('6'12 278-/ 08-12/#
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 !"#$% #$ % & '() +,-.) /) +(010 2,- ,() 345/)$

 !"#$% #$  & '() +,-.) /) +(010 2,- ,() 345/) +.0)(,) 16) 47148+-509:)  #$
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 !"#$%&'() *+ #$%&'()*+%),* -./*& ,/'1& -& %+*2&*& -$3*)& 4+' %',)5 ,*-)%),*5 -& ,*%+%
5/' /*& 67)-&
,-&$.) / 8',)5 ,*-)%),*5 -& ,*%+% (Qi,Mi) 5/' /*& 67)-&

 9 :%)7)5+%),* -& 7.+72,')%;(&  < =/) '&%,/'*& -&/> %')47&%5 (σi)i∈[[1;3]] &% (σ
′
i)i∈[[1;3]] &* ;,)5)5?

5+*% 7& 4+'+(@%'& a1 %&7 =/& 7&5 2?47+*5 P1 =  !(σ1, σ2, σ3) &% P2 =  !(σ′1, σ
′
2, σ

′
3) 5,)&*%

-& %64& &54+&9

A9 #$%&'()*&' 7&5 &77)45&5 B&'7&5?C,'&*%DE Γ1 = P1 ∩ Λ4 &% Γ2 = P2 ∩ Λ4F 7&/'5 &*%'&5
'&54&%)G5 Ω1 &% Ω2 &% 7&/'5 '+6,*5B?C,'&*%DE '&54&%)G5 r1 &% r2

H9 I,5&' −→u1 =
−−→
Ω1σ1 &% −→u2 =

−−→
Ω2σ

′
1 &% -$%&'()*&' 7&5 4,)*%5 σ4 &% σ′4 %&75 =/& 7& J&%&/'

−→v1 =
−−→
Ω1σ4 5,)% L4,1?,'%;,2,*+7 K −→u1 &% 7& J&%&/' −→v2 =

−−→
Ω2σ

′
4 5,)% L4,1?,'%;,2,*+7 K −→u29

!9 I+'+($%'&' 7.&77)45& Γ1 B&'7& C,'&*%DE 4+' L

−−−−→
Ω1σ(t) =

(
1− t2

1 + t2

)
−→u1 +

(
2t

1 + t2

)
−→v1 t ∈ R

&% 7.&77)45& Γ1 B&'7& C,'&*%DE 4+' L

−−−−→
Ω2σ

′(s) =

(
1− s2

1 + s2

)
−→u2 +

(
2s

1 + s2

)
−→v2 , s ∈ R

<9 M-&*%)3&' ;+=/& 47+* P1 &% P2 +/ 47+* ,(47&>& L

? %,/% 4,)*% σ(t) -& Γ1 5.$')% σ(t) = r1
1− t2

1 + t2
+ ir1

2t

1 + t2

? %,/% 4,)*% σ′(s) -& Γ2 5.$')% σ′(s) = r2
1− s2

1 + s2
+ ir2

2s

1 + s2

"9 #$%&'()*&' 7&5 J+7&/'5 -& t1F t2F t3 &% s1F s2F s3 %&7 =/& σi = σ(ti) &% σ′i = σ′(si)

N9 O+7/7&' 7&5 1)'+44,'%5 B(t) =
σ(t)− σ(t2)

σ(t1)− σ(t2)
× σ(t1)− σ(t3)

σ(t)− σ(t3)
-&5 =/+%'& 4,)*%5 ,(47&>&5

σ(t)F σ(t1)F σ(t2) &% σ(t3) &% B′(s) =
σ′(s)− σ′(s2)

σ′(s1)− σ′(s2)
× σ′(s1)− σ′(s3)

σ′(s)− σ′(s3)
-&5 =/+%'& 4,)*%5

,(47&>&5 σ′(s)F σ′(s1)F σ′(s2) &% σ′(s3)

P9 #$%&'()*&' 7+ G,*%),* Φ : t −→ s %&7 =/& B(t) = B′(Φ(t))

Q9 I,/' t ∈ RF -$%&'()*&' 7&5 4,)*%5 MΦ(t) -& 7+ ,/'1&  Φ 5/' 7+ 67)-& )*)%)+7& ,''&54,*?

-+*% +/> J&%&/'5 7/()@'&
−−−−−−−−−→
Γ1(t)Γ2(Φ(t))

0#$&%) / C+ ,/'1& -& ,*%+%  Φ =/) 4+55& 4+' 7&5 %',)5 4,)*%5 Mi -& 7+ 67)-& )*)%)+7&9
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 !"#$% "# $ % &'(*'+ ,' -.**/('/0 +0( 01' 2*.,' ,' 304.1 '1 /11'/0# 5/6 3'07 '(*'+# 586
9*0+.'0(+ '(*'+#

 !"#$% "# : % ;1' 2*.,' '< 01 <=(' </1>'1<+ *' *=1> ,?01' =0(8' ,' =1</< @0. '+< 01 '(*'
,' -.**/('/0#
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 !"#$%&' (

 )*,-.$)* '% #'&.#'%$/'.

 !" #$%'()*$%

 !"# $%!&# !(()&* +$, -*&*,$./#), .)# (*01!2)# 2) 3!/&0",)# G1 )4/#0$&0)# )&0,) "&)
#",5$) $&$. )0 "&) #+16,) +$, "& (!,)$" 2) 7./2) 2) 8"+/&9 : +$,0/, 2" +.$& 2) #7(*0,/)
2)# +,/(/0/%)# ; 3!/&2,)< .)# $.-!,/01()# )4/#0$&0# +),()00)&0 .$ 3!/&0",) )&0,) "&) #",5$) 2)
,*%!."0/!& =#",5$) $&$. +$,0/"./6,)> )0 "&) #+16,) !" "& +.$&9 ?& 3!/&0 .)# !",@)#< !@0)&")#
!(() #)0/!& 2) .$ #",5$) 2) ,*%!."0/!& )0 2) .$ #+16,) +$, .) +.$& 2) #7(*0,/)< +$, 2)# ),.)#
#$0/#5$/#$&0 2)# !&0,$/&0)# /(+!#*)# $" +,*$.$@.)9 A. )4/#0) "&) 7./2) +!", .$B")..) )# ),.)#
#!&0 2)"4 ),.)# +,/&/+$"4 )0 B"/ $2()0 .) (C() +.$& 2) #7(*0,/) =.) 07+) 2) .$ 7./2) )#0
/(+!#*>9  !"# *0)&2!&# )00) !&#0,"0/!& $"4 3!/&0",)# )&0,) "&) #",5$) $&$. B").!&B") )0
"&) #+16,)9

D$ (*01!2) -*&*,$.)< B"/ !&#/#0) ; #) +.$), 2$&# "& )#+$) 2) 2/()&#/!& #"+*,/)",) +!",
,*#!"2,) 2)# +,!@.6()# +."# #/(+.)()&0< )#0 !",$&0) )0 )E$)9 F$, )4)(+.)< .)# $.-!,/01()#
2) !&#0,"0/!& 2) .$ 0,/$&-".$0/!& 2) 8).$"&$7 )& 2/()&#/!& n "0/./#)&0 ) +,/&/+)9

A/< &!"# "0/./#!&# .G)#+$) 2)# #+16,)# !,/)&0*)# )0 .$ ,)+,*#)&0$0/!& 2)# 7./2)# 2) 8"+/&
2$&# )0 )#+$)9 H)0 )#+$) )#0 "&) B"$2,/B") Λ4 2) 2/()&#/!& 4 2$&# "& )#+$) 2) 2/()&#/!&
5 ("&/ 2) .$ 5!,() B"$2,$0/B") 2) D!,)&0I9 J&) 7./2) 2) 8"+/& !,/)&0*) )#0 .G)&%).!++) 2)
2)"4 5$(/..)# ; "& +$,$(60,) 2) #+16,)# !,/)&0*)#9 H)# #+16,)# 5!,()&0 2$&# Λ4 2)"4 !&/B")#
!&0)&")# 2$&# 2)"4 +.$&# $E&)# !,01!-!&$"4 +!", .$ 5!,() D!,)&0I9 8) +."#< &!"# +!"%!&#
!&#0,"/,) 1$"&) 2)# !&/B")# ; +$,0/, 2) .G$"0,)9 H)# ,)+,*#)&0$0/!&# +),()00)&0 2) #/(+./K
L), !&#/2*,$@.)()&0 .$ ,*#!."0/!& 2) +,!@.6()# +!#*# 2$&# E3 )& .)# ,$()&$&0 ; 2)# $.".#
2G$.-6@,) ./&*$/,) 2$&# "& )#+$) 2) 2/()&#/!& 59 :/&#/< .) +,!@.6() 2) 3!/&0",) G1 )&0,) "&)
#",5$) $&$. )0 "&) #+16,) +$, "& (!,)$" 2) 7./2) 2) 8"+/& B"/ )#0 )4+!#* 2$&# .) +$,$K
-,$+1) +,**2)&0 )#0 ,$()&* ; .$ 2*0),(/&$0/!& 2G"& +.$& +$##$&0 +$, 2)"4 +!/&0# )0 2!&0 !&
!&&$M0 "& %)0)", =&!& !./&*$/,) $" %)0)", 2!&0 .)# )40,*(/0*# #!&0 .)# +!/&0# +,**2)&0#>9

N& "0/./#$&0 )00) ,)+,*#)&0$0/!&< &!"# $%!&# +" !..), 2/O*,)&0)# +,/(/0/%)# $%) 2)# (!,)$"4
2) 7./2)# #$0/#5$/#$&0 2G$"0,)# !&0,$/&0)#9

8) +."#< &!"# $%!&# 2!&&* 2)# $.-!,/01()# 2) !&#0,"0/!&# /0*,$0/%)# 2) (!,)$"4 2G"&)
7./2) 2) 8"+/& )& !&#0,"/#$&0 /0*,$0/%)()&0 #)# ),.)# $,$0*,/#0/B")#9 H)00) !&#0,"0/!&
"0/./#) .$ &!0/!& 2) +!/&0# ($##/B")#< PQRST<U*TV℄< +)" "0/./#*) ; &!0,) !&&$/##$&) )0 +!",K

XYT



 !"

#$%# #&'( )*$) ,$%( -)( $-./&0#12)( 3/4& #&$5$0--)& 6 -$ 7/0( $5) -)( 3/0%#( )# -)( 5)#)4&( ,84%
)(3$)9 :/4( 4#0-0(/%( $4((0 -$ 2;#1/,) ,) /%(#&4#0/% 0#;&$#05) ,8$&( ,8)--03()( )# ,81<3)&=
>/-)( ,;&0#) ,$%( ?@AB&)℄D .;%;&$-0($%# -$ /%(#&4#0/% 0#;&$#05) ,) )&-)( )# -8$-./&0#12) ,)
A) E$(#)-F$4 )% /%(0,;&$%# -)( /%0G4)( /22) ,)( )&-)( 3/4& -$ 7/&2) G4$,&$#0G4) $,;G4$#)9

B84#0-0($#0/% ,) -8)(3$) ,)( (31'&)( $ (4&#/4# ;#; )*$) )# 4#0-) 3/4& &;(/4,&) ,)( 3&/>-'2)(
>0)% 3-4( ,0*0-) 6 &;(/4,&) ,$%( E3 G4) -)( 3&/>-'2)( 3&;;,)%#(9 H% )I)#D %/4( $5/%( #&/45;
4%) (/-4#0/% $4 3&/>-'2) ,0# ,)( 3 /%#$#(D 3/(; 3$& J9 K$-4(L%<D G40 /%(0(#) 6 ,;#)&20%)&
4%) <-0,) #$%.)%#) 6 #&/0( 3-$%( )% #&/0( 3/0%#(9 E) 3&/>-'2) %) %/4( 3$&$0(($0# 3$( $>/&,$>-)
,$%( E3 $-/&( G480- )(# &;(/-4 ,$%( -8)(3$) ,) B/&)%#L9 :/4( $5/%( ,;2/%#&; G480- )M0(#) 4%)
7$20--) 6 4% 3$&$2'#&) ,) <-0,)( ,) A430% ($#0(7$0($%# #&/0( /%,0#0/%( ,) /%#$# /%5)%$>-)(9
E8)(# )% 3$&#04-0)& -) $( -/&(G4) -)( 3 /%#$#( (/%# 3&0( (4& 4%) <-0,) 0%0#0$-)9

A) 3-4(D %/4( $5/%( 20( )% ;50,)%) 4%) /4&>) ,) /%#$# 3$(($%# 3$& -)( #&/0( 3/0%#( ,)
/%#$# -/&(G480- )M0(#) 4%) 7$20--) 6 4%) 3$&$2'#&) ,) <-0,)( (/-4#0/%(9 E)##) /4&>) )(# 4%)
/4&>) ,) #$%.)%) )%#&) -)( <-0,)( N)%/&) 4%) 7/0(D -$ ,;2/%(#&$#0/% ,) )##) $*&2$#0/%
)(# &;$-0(;) )% () 3-$O$%# ,$%( 4% )(3$) ,) ,02)%(0/% (43;&0)4&)D ?BPA+ Q℄R9 E)( ,)&%0'&)(
/4&>)(D 0%-4$%# -)( )&-)( ,) S0--$&)$4D (/%# ,;#)&20%;)( )# #&$;)( ,$%( E3 .&T) 6 ,)( 1/=
2/.&$310)( ,;U%0)( ,$%( -8)(3$) ,) B/&)%#L9 V4(G486 3&;()%#D -)( &)/--)2)%#( ,) <-0,)( ,)
A430% %) () 7$0($0)%# G4) -) -/%. ,) )&-)( $&$#;&0(#0G4)(9 :/4( ($5/%( 2$0%#)%$%# G4) %/4(
3/45/%( 4#0-0()& $4((0 )( /4&>)( ,) /%#$# .;%;&$-)( 3/4& &)/--)& ,)( 2/&)$4M ,) <-0,)(
,) 2$%0'&) G19

H%U%D %/4( $5/%( $4((0 ,;5)-/33; 4% $-./&0#12) ,) /%(#&4#0/% ,) $&&)$4M ,) <-0,)( ,)
A430% 6 >/&,( 0&4-$0&)(D )% 4#0-0($%# ,)( $&( ,) )&-)( $&$#;&0(#0G4)(D 3$(($%# 3$& G4$#&)
3/0%#( N$5) ,)( /%#&$0%#)( (4& -)( 3/0%#(R9 E)##) /%(#&4#0/% 3)4# 3)&2)##&) ,) &)/--)& (02=
3-)2)%# 3-4(0)4&( $&&)$4M ,) <-0,)( ,) A430% -)( 4%( ,)&&0'&) -)( $4#&)( )# ,) /%(#&40&) ,)
)##) 2$%0'&) 4% &4>$%9 W- %/4( &)(#) 6 ;#4,0)& -$ 3/((0>0-0#; ,) &)/--)& )( $&&)$4M ,) 3$&# )#
,8$4#&) ,84% 3&)20)& $&&)$4 )# ,) /%%$X#&) -)( /%,0#0/%( 3)&2)##$%# ,) &;0#;&)& -) 3&/)((4(9
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 !" #$%&'$)*+$&

"#$%&' #(('%*+' ,-+ .,'/#+ (#' 0+. #''+#,1 0+ 23&0+. '+%334. 0+ 5#-&6'+ G1 .+'#&7 ,7&3+
(%,' 047+'5&-+' 3+. 7'#8+7%&'+. 0+ '#2%- 3,5&-+,1 '494*&. +7 '4/'#74. +- #''&$#-7 .,' ,-+
.,'/#+ :547*%0+ 0, 3#-+' 0+ '#2%-.;< =%,. +.(4'%-. >,+ 3+. 4>,#7&%-. ? '4.%,0'+ .+'%-7 (3,.
.&5(3+. >,+ 3%'.>,+ 3# .,'/#+ +.7 '+('4.+-74+ (#' 0+. #''+#,1 0+ @4A&+' 0+ 0+B'4 43+$4C (#'
+1+5(3+<

D#' #&33+,'.C -%,. #&5+'&%-. #0#(7+' 3# %-.7',7&%- 0+ ',E#- :04'&7+ +- %-3,.&%-; +-
'+%33#-7 0+. #''+#,1 0+ 23&0+. 0+ F,(&- 0%-7 3+. E%'0. -+ .+'#&+-7 (3,. 0+. #'. 0+ +'3+.
#'#74'&.7&>,+. 5#&. 0+. #'. 0+ %,'E+. 0+ %-7#7 B4-4'#3+.< F+ 3# 5G5+ 5#-&6'+ >,+ (%,'
3+. #''+#,1 ? E%'0. &',3#&'+.C -%,. #&5+'&%-. #,..& (%,$%&' ,7&3&.+' + ('%+..,. 0+ (#'7 +7
0H#,7'+ 0H,- ('+5&+' #''+#, +7 #(('%*+' #&-.& ,-+ .,'/#+< I+(+-0#-7C &3 /#,7 047+'5&-+' 3+.
%-7'#&-7+. .,' 3+. #''+#,1 (%,' #(('%*+' 3# .,'/#+< D,&.C 0H#,7'+. >,+.7&%-. .+ (%.+-7 J K.7L&3
(%..&E3+ 0H#(('%*+' -H&5(%'7+ >,+33+ .,'/#+ 0+ +77+ 5#-&6'+ M "& + -H+.7 (#. 3+ #.C (%,$%-.
-%,. 0%--+' 0+. %-0&7&%-. .,' 3# .,'/#+ ? #(('%*+' M N-+ /%&. +77+ 045#'*+ +O+7,4+C
(%,'>,%& -+ (#. #$%&' 3+ 5G5+ '#&.%--+5+-7C 5#&. +77+ /%&.C +- %-.7',&.#-7 0+. 7'&#-B3+. 0+
23&0+. 0+ F,(&-< P+. E%'0. (%,''%-7 G7'+ .%&7 &',3#&'+. :+- %-.&04'#-7 ? 3# /%&. 0+. +'3+.
#'#74'&.7&>,+. +7 0+. +'3+. 0+ Q&33#'+#,;C .%&7 0+. #'. 0+ %,'E+. 0+ %-7#7 B4-4'#3+.< =%,.
(%,''&%-. +-$&.#B+' 0+ 7'&#-B,3+' 0+. .,'/#+. #$+ +77+ %-.7',7&%-<

F+ 5#-&6'+ B4-4'#3+C &3 .+'#&7 (%..&E3+C 0H,7&3&.+' 3+. #3B%'&7*5+. 04R-&. .,' 3+. 5#&33#B+.
7'&#-B,3#&'+. %, >,#0'#-B,3#&'+.C %55+ (#' +1+5(3+ 3+. #3B%'&7*5+. 0+ .,E0&$&.&%-<

=%,. #&5+'&%-. #,..& '+('+-0'+C +- .+ (3#S#-7 0#-. 3H+.(#+ 0+. 0'%&7+.C 3+ 7'#$#&3 +1(%.4 0#-.
T@DUU℄ %W 3+. #,7+,'. *+'*+-7 0+. >,#0'&>,+. 0%,E3+5+-7 '4B34+. .#7&./#&.#-7 7'%&. %-7#7.<
K- +O+7C 3+. >,#0'&>,+. 0%,E3+5+-7 '4B34+. .+ '+('4.+-7+-7 (#' 0+. %-&>,+. (3#-+. 0#-. +7
+.(#+<

=%,. #&5+'&%-. #,..& 7'#$#&33+' #$+ 0+. 23&0+. (3,. B4-4'#3+.< I+. .,'/#+. .%-7 +'34+. (#'
0+,1 /#5&33+. 0+ +'3+.C 7+3. >,+ *#>,+ (#&'+. 0+ +'3+.C ,- 0#-. *#>,+ /#5&33+C +.7 %-7+-,+
0#-. ,-+ .(*6'+< P+. 0+,1 /#5&33+. 0+ +'3+. 0+ Q&33#'+#, /%-7 0+. 23&0+. 0+ F,(&- '4B,3&6'+.
0+. 23&0+. (#'7&,3&6'+. 0+ 3# /#5&33+ >,+ -%,. $+-%-. 0+ 04R-&'< =%,. -%,. (3#+'&%-. #3%'.
0#-. 3H+.(#+ 0+. +'3+. :>,& +.7 0+ 0&5+-.&%- 6;<

FH,- (%&-7 0+ $,+ (3,. ('#7&>,+C &3 /#,0'#&7 47,0&+' 3+. 7+5(. 0+ #3,3 0+ -%. #3B%'&7*5+.
(%,' 8,.7&R+' 3+,' +X#&74 (#'7&,3&6'+5+-7 (%,' 3+. #3B%'&7*5+. >,& '4#3&.+-7 0+. 8%&-7,'+.
&0+-7&>,+. ? +33+. '4#3&.4+. (#' 3+. #3B%'&7*5+. +1&.7#-7. 0#-. E3< =%,. +.(4'%-. >,+ 3# -%7&%-
0H#3B6E'+. B4%547'&>,+.C TFYZP [℄C -%,. (+'5+77'# 0H#543&%'+' -%. #3B%'&7*5+. +- '40,&.#-7
3+. 7+5(. 0+ #3,3<

N-+ #((3&#7&%- /,7,'+ +-$&.#B4+ (%,''#&7 G7'+ #,..& 3# 5%043&.#7&%- +7 3H#-&5#7&%- 0H%E8+7.
#'7&,34. 0%-7 ,-+ %5(%.#-7+ #77#*4+ ? ,-+ .(*6'+ +.7 3&E'+ :(%,' 3# '%E%7&>,+ (#' +1+5(3+;<
=%,. #$%-. 0%--4 0+. %-0&7&%-. >,& (+'5+77+-7 0+ '+%33+' 0+. 5%'+#,1 0+ .,'/#+. #-#3
:&-3,#-7 3+. 23&0+. 0+ F,(&-; #$+ 0+. 5%'+#,1 0+ .(*6'+. +7 0+ 047+'5&-+' .& 3+. .,'/#+.
.+ '+%,(+-7 %, -%-<
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#$ & '() *$&+$& ,& *$-&.-& )$/(0-+)&,1 $*(0 &023+*$0 (-),)0&+ ,&0 4,5*+)-67&0 /*$$30
/4$0 & /*(7&$- 2*(+ ,4 +&*$0-+(-)*$ 89 /& 2):&0 /( ;#< 24+ ,4 73-6*/& /3+)-& &$
)$-+*/(-)*$= >*(0 0*(64)-*$0 422+*6&+ /& 74$):+& 2+3)0& ($ $(45& /& 2*)$-0 7&0(+30 0(+
($& 2):& +3&,,& 24+ /&0 ?*)$-(+&0 /& 7*+&4(. /& @,)/&0 /& 9(2)$= A$ 2+&7)&+ -+4B4), 4 /3?C
3-3 +34,)03 2*(+ &.-+4)+& ($ &$0&7D,& /& 026:+&0 +&2+30&$-4-)B&0 /( $(45& /& 2*)$-0 E ,&0 026:+&0
&$-+3&0 0(+ 0*$ 0'(&,&--&= <(?*(+/F6()1 ), G4(- &$*+& /3B&,*22&+ ,&0 4,5*+)-67&0 /& ?*)$-(+&0 24+
/&0 7*+&4(. /& @,)/&0 /& 9(2)$ &$ 24004$- 24+ ,F&024& /&0 026:+&0= A$ 0-45)4)+& )$53$)&(+
&$ 4,-&+$4$& 4( ;#< -+4B4),,& 4-(&,,&7&$- 0(+ & 0(?&-=



 !!"#"  

$%&'" )"% &*+!,% -'%%+./"%

 !"#$"%&'" ("$ )"+",-$ (, .'/# )"+0-1"'
−→P "+ ("$ .01#+$ .0#(2-2$ (, .'/# /3#" P $0#+

-"4-0,.2$ (/#$ '!"$./" ("$ .01#+$ %/$$15,"$ P̃ 6789:℄ (2<#1 ./- =

P̃ = (P × R∗) ∪
(−→P × {0}

)
>?@AB

"+ 1' "$+ .0$$1&'" (!1("#+1<"- P̃ C
−→E3 =

−→P ⊕−→R D <4,-" ?@A@  !1(2" "$+ (" 0#$1(2-"- '" .'/# /3#"
P 0%%" ,# EF."-.'/# ("

−→E3 (!25,/+10# ω = 1@ G# .01#+ %/$$15," "$+ $01+ ,# .01#+ .0#(2-2
(, .'/# PD $01+ ,# )"+",- (, .'/# )"+0-1"' −→P C 5,1 #0,$ /H"+0#$ ,# .01($ #,'@

I/.."'0#$ 5," '" &/-F"#+-" (!,#" J/%1''" (" .01#+$ .0#(2-2$ (0#+ '/ $0%%" ("$ .01($ "$+
#,' #!"$+ ./$ ,# .01#+D %/1$ '" )"+",- =

−→u =
∑

i∈I

ωi
−−→
MAi

5,1 "$+ 1#(2."#(/#+ (, .01#+M 6K0,9LD /(ML℄@ N' "$+ (0# #/+,-"' (" -"4-0,."- (/#$ ,# %O%"
"$./" '"$ .01#+$ .0#(2-2$ (" P "+ '"$ )"+",-$ ("

−→P D 1("#+1<2 C '!EF."-.'/# (" −→E3 (!25,/+10#
ω = 0@ P0,$ .0,)0#$ /1#$1 42#2-/'1$"- '/ #0+10# (" &/-F"#+-" /,Q J/%1''"$ ("$ .01#+$ .0#(2-2$
(0#+ '/ $0%%" ("$ .01($ "$+ #,''"@

R"'/ -")1"#+ C 2+/&'1- ,#" &1S"+10# "#+-" P̃ "+
−→E3 $,1)1" (!,#" .-0S"+10# $,- P 0,

−→P $"'0# '"
/$@  !"$./" P̃ "$+ .',$ /)/#+/4",Q 5,!,# "$./" .-0S"+1J .,1$5," #0,$ .0,)0#$ 4/-("- #0+-"
$+-,+,-" ",'1(1"##" 0,  !"#$%&",'1(1"##" $,- '" .'/# /3#" P "+ $,- '" .'/# )"+0-1"'

−→P @
?<# (" .0,)01- %/#1.,'"- '"$ 00-(0##2"$ ("$ .01#+$ 0, ("$ )"+",-$D 710-0+ "+ 8"/##1#

(2<#1$$"#+D $,- '!"$./" P̃D '"$ /((1+10#$D #0+2"$ ⊞D (" '/ J/T0# $,1)/#+" =
• ω + µ = 0 =⇒ (M ;ω)⊞ (N ;µ) =

(
ω
−−→
NM ; 0

)

• ω + µ 6= 0 =⇒ (M ;ω)⊞ (N ;µ) =

(
 ar

{
(M ;ω) ; (N ;µ)

}
;ω + µ

)

• (−→u ; 0)⊞ (−→v ; 0) = (−→u +−→v ; 0)
• ω 6= 0 =⇒ (M ;ω)⊞ (−→u ; 0) =

(
T 1

ω
−→u (M) ;ω

)
0U T−→w "$+ '/ +-/#$'/+10# (" P (" )"+",- −→w @

V,- '!"$./" P̃D 710-0+ "+ 8"/##1# (2<#1$$"#+ '/ %,'+1.'1/+10# ./- ,# $/'/1-"D #0+2" ⊡D ("
'/ J/T0# $,1)/#+" =

AWL



 !"

 

 

!

!

 

 

−→E3 =
−→P ⊕−→R

OP × {1}
(M ; 1) = (x; y; 1)

Ω =
−→
O−→
P
× {0}

ω = 1

ω = 0

−→P

P

(B; 1)(A;−1)

(−→
AB; 0

)

(ωM ;ω) = (ωx;ωy;ω) ∈ −→E3

(ωM ;ω) ∈ −→E3 ≃ ((x; y) ;ω) ∈ P × R∗

(M ; 1) ∈ −→E3 ≃ ((x; y) ; 1) ∈ P × R∗

(−→
AB, 0

)
= ( ar {(A,−1) , (B, 1)} ; 0) ∈ −→E3 ≃

−→
AB ∈ −→P

 !"#$% #$ % &'()+ P̃ ,+' (-./0' 1)''.23+' 453/.'')/0 6+' (-./0' (-/,545' ,3 (6)/ )7/+ P
,8523)0.-/ ω = 1 +0 6+' 9+0+34' :13/. ,83/ (-.,' /36; ,3 (6)/ 9+0-4.+6

−→P ,8523)0.-/ ω = 0$

• α 6= 0 =⇒ α⊡ (M ;ω) = (M ;α ω)

• ω 6= 0 =⇒ 0⊡ (M ;ω) =
(−→
0 ; 0

)

• α⊡ (−→u ; 0) = (α−→u ; 0)
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 !" #$%&'(*&'+, -. /0*/1+2'&34. 5

 !"!" #$%%$&

 !"#$%&'" (!)*' !' +&$'# σ0 ,* -. &'$(!* Γ0 -* 1.2&' *# -. #.'3*'#* *' σ0 "&'# L4,14
&1#5&3&'.-*"6 7. &'$(!* Γ0 *' #*8+" (!* *1-* 7&1*'#90 *"# -)*'"*8:-* ,*" +&$'#" M (t) ;<1$4
%.'# =

L4,1
(−−−−→
ΩM (t),

−−−−→
ΩM (t)

)
= 1

*# *' ,<1$;.'# +.1 1.++&1# > t0 &' &:#$*'# =

2L4,1
(
d
−−−−→
ΩM (t)

dt
,
−−−−→
ΩM (t)

)
= 0

?.$'#*'.'#0 ,<8&'#1&'" -* -*88* "!$;.'# =

 !""! #  
!"#$ σ0 %$ σ2 &%'( )"#*$+ &#+$#*$+ &% -. "*#/'% Γ *"* +012$3#/'%+ ).3 3.))"3$ 4 Ω5 !"#$ P1

-6#*$%3+%$#"* &%+ &%'( $.*7%*$%+ 4 Γ %* σ0 %$ σ25 !"#$ I -% 1#-#%' &' +%71%*$ [σ0σ2]5 8-"3+ -.
&3"#$% (IP1) %+$ -. L4,1912&#.$3#% &' $3#.*7-% σ0P1σ2 #++'% &' +"11%$ P1 6%+$949&#3% /'% *"'+
.:"*+  

L4,1
(−→
ΩI,−−→σ0σ2

)
= L4,1

(−−→
ΩP1,

−−→σ0σ2
)
= L4,1

(−→
IP1,

−−→σ0σ2
)
= 0 @A6BC

$%"&'()*+),&' -
 !"#$%&'() %&! *!) +',(-) Ω. P1 !- I )'(- #*,/(0). +$'+'),-,'( 1 2! 34#$15℄7 8* )&9- 2'( 2! #*&*!$

L4,1
(−−→
ΩP1,

−−→σ0σ2

)
7

L4,1
(−−→
ΩP1,

−−→σ0σ2

)
= L4,1

(−−→
ΩP1,

−−→
σ0Ω+

−−→
Ωσ2

)

= L4,1
(−−→
ΩP1,

−−→
σ0Ω

)
+ L4,1

(−−→
ΩP1,

−−→
Ωσ2

)

= L4,1
(−−→
Ωσ0 +

−−→
σ0P1,

−−→
σ0Ω

)
+ L4,1

(−−→
Ωσ2 +

−−→
σ2P1,

−−→
Ωσ2

)

BDD



 !"

= L4,1
(−−→
Ωσ0,

−−→
σ0Ω

)
+ L4,1

(−−→
σ0P1,

−−→
σ0Ω

)

︸ ︷︷ ︸
0

+L4,1
(−−→
Ωσ2,

−−→
Ωσ2

)

︸ ︷︷ ︸
1

+L4,1
(−−→
σ2P1,

−−→
Ωσ2

)

︸ ︷︷ ︸
0

= −L4,1
(−−→
Ωσ0,

−−→
Ωσ0

)

︸ ︷︷ ︸
1

+1

= 0

�

# $%&'(& )* +,--, ./ 01*2 13',0102 +, 1&1++%(&, 2*(5%0' 6

 !"!##$%"& '  
!"#$ σ0 %$ σ2 &%'( )"#*$+ &#+$#*$+ &% -. "*#/'% Γ *"* +012$3#/'%+ ).3 3.))"3$ 4 Ω5 !"#$

P1 -6#*$%3+%$#"* &%+ &%'( $.*7%*$%+ 4 Γ %* σ0 %$ σ25 8-"3+ -% $3#.*7-% %+$ L4,19#+":-% %* P1
6%+$949&#3% /'% *"'+ .;"*+  

Q4,1

(−−→
σ0P1

)
def
= L4,1

(−−→
σ0P1,

−−→
σ0P1

)
= L4,1

(−−→
σ2P1,

−−→
σ2P1

)
def
= Q4,1

(−−→
σ2P1

)
789:;

()*!+,-"$-%!+ '.
!"#$ I -% 1#-#%' &' +%71%*$ [σ0σ2] 

L4,1
(−−→
σ0P1,

−−→
σ0P1

)
= L4,1

(−→
σ0I +

−−→
IP1,

−→
σ0I +

−−→
IP1

)

= L4,1
(−→
σ0I,

−→
σ0I

)
+ 2L4,1

(−→
σ0I,

−−→
IP1

)

︸ ︷︷ ︸
=0, !"##" $

+L4,1
(−−→
IP1,

−−→
IP1

)

= L4,1
(−→
σ0I,

−→
σ0I

)
+ L4,1

(−−→
IP1,

−−→
IP1

)

<% 1=1%> *"'+ .;"*+  

L4,1
(−−→
σ2P1,

−−→
σ2P1

)
= L4,1

(−→
σ2I,

−→
σ2I

)
+ L4,1

(−→
IP1,

−→
IP1

)

?"11% I %+$ -% 1#-#%' &' +%71%*$ [σ0σ2]> *"'+ .;"*+  

L4,1
(−→
σ0I,

−→
σ0I

)
= L4,1

(−→
σ2I,

−→
σ2I

)
=
1

4
Q4,1 (

−−→σ0σ2)

% /'# )3"';% /'% -% $3#.*7-% %+$ @#%* #+":-% %* P15
�

<+ 01*2 &,2', = -10'&,& +% >1&-*+, 7!9?;9 @1--,0A102 $%& B'%3+(& +,2 '&1(2 +,--,2 2*(5%0'2 6

/&**& 0  
!"#$ σ0 %$ σ2 &%'( )"#*$+ &#+$#*$+ &% -. "*#/'% Γ5 8-"3+ *"'+ .;"*+  

L4,1
(−−→
Ωσ0,

−−→σ0σ2
)

= −1
2
Q4,1 (

−−→σ0σ2)

L4,1
(−−→
Ωσ2,

−−→σ0σ2
)

=
1

2
Q4,1 (

−−→σ0σ2)
789.;



 !"

 !"#$%&'(&)#$ **

 !"# I $% &"$"%' (' )%*&%+# [σ0σ2],

L4,1
(−−→
Ωσ0,

−−→σ0σ2

)
= L4,1

(−→
ΩI +

−→
Iσ0,

−−→σ0σ2

)

= L4,1
(−→
ΩI,−−→σ0σ2

)

︸ ︷︷ ︸
=0, -!.&'$% /0,12

+L4,1
(−→
Iσ0,

−−→σ0σ2

)

= L4,1
(
−1

2
−−→σ0σ2,

−−→σ0σ2

)

= −1

2
Q4,1 (

−−→σ0σ2)

34 (5&!+)#.4#"!+ (% $4 )%!+(% 5*4$"#5 %)# #."7"4$% 8'")9'% :

0 = L4,1
(
2
−→
ΩI,−−→σ0σ2

)
= L4,1

(−−→
Ωσ0 +

−−→
Ωσ2,

−−→σ0σ2

)
= L4,1

(−−→
Ωσ0,

−−→σ0σ2

)
+ L4,1

(−−→
Ωσ2,

−−→σ0σ2

)

�

+,"", -  
!"#$ γ %& "()*+ ,+ -./#+) )&$#"00+%%+ 1(&,)&$#1(+ ,+ 2"#0$3 ,+ "0$)�%+ 2"0,.).3 (σ0; 1)5

(P1;ω) +$ (σ2; 1)6 7%")35 0"(3 &8"03  

−−−−−→
Ωγ

(
1

2

)
=
−−→
Ωσ0 +

1

2 (1 + ω)
−−→σ0σ2 +

ω

1 + ω

−−→
σ0P1 #$%&'

 !"#$%&'(&)#$ *.

3% 8!"+# (% (584.# %)# $4 .%$4#"!+ %+#.% $%) 7%#%'.)
−−−−→
Ωγ

(
1
2

)
,
−−→
ΩP1;

−→
ΩI !< I %)# $% &"$"%' (' )%*&%+#

[σ0σ2] :

−−−−−→
Ωγ

(
1

2

)
=

1

1 + ω

(−→
ΩI + ω

−−→
ΩP1

)
=>4.?@℄

=
1

1 + ω

(−−→
Ωσ0 +

−→
σ0I + ω

−−→
Ωσ0 + ω

−−→
σ0P1

)

=
−−→
Ωσ0 +

1

2 (1 + ω)
−−→σ0σ2 +

ω

1 + ω

−−→
σ0P1

�

+,"", /  
!"#$ σ0 +$ σ2 ,+(9 2"#0$3 ,#3$#0$3 ,+ %& "0#1(+ Γ 0"0 3:;.$)#1(+3 2&) )&22")$ < Ω6 !"#$ P1

%=#0$+)3+$#"0 ,+3 ,+(9 $&0>+0$+3 < Γ +0 σ0 +$ σ26 7%")35 0"(3 &8"03  

L4,1
(−−→
σ0P1,

−−→σ0σ2
)
=
1

2
Q4,1 (

−−→σ0σ2) #$%!'



 !"

 !"#$%&'(&)#$ *+

L4,1
(−−→
σ0P1,

−−→σ0σ2

)
= L4,1

(−→
σ0I +

−−→
IP1,

−−→σ0σ2

)

= L4,1
(−→
σ0I,

−−→σ0σ2

)
+ L4,1

(−−→
IP1,

−−→σ0σ2

)

︸ ︷︷ ︸
=0,  !"#$%& '()*+

= L4,1
(
1

2
−−→σ0σ2,

−−→σ0σ2

)

=
1

2
Q4,1 (

−−→σ0σ2)

�

 !"!# $%&'()*+,*-'( ./ 0, 1'+&20/ 34!56

#$%&' $)*+,' )-'.% /0%'&1*)0' 2%,'33'1')% +,' 42& +,2%&' $)%&2*)%'. 5 3'. /',6 4$*)%.
σ0 '% σ2 '% 3'. %2)7')%'. ') '. 4$*)%.8 9$11' /'&)*:&' $)%&2*)%'; )$,. *14$.$). +,' 3' 4$*)%
γ
(
1
2

)
2442&%*'))' < 32 $)*+,' Γ8 =*).* 5

1 = L4,1
(−−−−−→
Ωγ

(
1

2

)
,

−−−−−→
Ωγ

(
1

2

))

= L4,1



−−→
Ωσ0 +

1

2 (1 + ω)
−−→σ0σ2 +

ω

1 + ω

−−→
σ0P1

︸ ︷︷ ︸
>$&1,3' ?@8AB

,
−−→
Ωσ0 +

1

2 (1 + ω)
−−→σ0σ2 +

ω

1 + ω

−−→
σ0P1

︸ ︷︷ ︸
>$&1,3' ?@8AB




= L4,1
(−−→
Ωσ0,

−−→
Ωσ0

)

︸ ︷︷ ︸
=1

+
1

4 (1 + ω)2
L4,1 (−−→σ0σ2,−−→σ0σ2) +

ω2

(1 + ω)2
L4,1

(−−→
σ0P1,

−−→
σ0P1

)

+ 2
1

2 (1 + ω)
L4,1

(−−→
Ωσ0,

−−→σ0σ2
)
+ 2

ω

(1 + ω)
L4,1

(−−→
Ωσ0,

−−→
σ0P1

)

︸ ︷︷ ︸
0

+2
ω

2 (1 + ω)2
L4,1

(−−→σ0σ2,
−−→
σ0P1

)

= 1 +
1

4 (1 + ω)2
Q4,1 (

−−→σ0σ2) +
ω2

(1 + ω)2
Q4,1

(−−→
σ0P1

)
+

1

(1 + ω)

−1
2
Q4,1 (

−−→σ0σ2)
︸ ︷︷ ︸
>$&1,3' ?@8CB

+
ω

(1 + ω)2
1

2
Q4,1 (

−−→σ0σ2)
︸ ︷︷ ︸
>$&1,3' ?@8!B

= 1 +

(
1

4 (1 + ω)2
− 1

2 (1 + ω)
+

ω

2 (1 + ω)2

)
Q4,1 (

−−→σ0σ2) +
ω2

(1 + ω)2
Q4,1

(−−→
σ0P1

)

= 1 +

(
1− 2 (1 + ω) + 2ω

4 (1 + ω)2

)
Q4,1 (

−−→σ0σ2) +
ω2

(1 + ω)2
Q4,1

(−−→
σ0P1

)

= 1− 1

4 (1 + ω)2
Q4,1 (

−−→σ0σ2) +
ω2

(1 + ω)2
Q4,1

(−−→
σ0P1

)



 !"

#$%& '

L4,1
(−−−−−→
Ωγ

(
1

2

)
,

−−−−−→
Ωγ

(
1

2

))
= 1 ⇐⇒ ω2 Q4,1

(−−→
σ0P1

)
=
1

4
Q4,1 (

−−→σ0σ2)

⇐⇒ ω2 Q4,1

(−−→
σ0P1

)
Q4,1 (

−−→σ0σ2) =
(
1

2
Q4,1 (

−−→σ0σ2)
)2

︸ ︷︷ ︸
)* Q4,1(−−−→σ0σ2)6=0

⇐⇒ ω2 Q4,1

(−−→
σ0P1

)
Q4,1 (

−−→σ0σ2) =
(
L4,1

(−−→
σ0P1,

−−→σ0σ2
))2

︸ ︷︷ ︸
+%*,-./ 01234

#$%& '

ω =

∣∣∣L4,1
(−−→
σ0P1,

−−→σ0σ2
)∣∣∣

√
Q4,1

(−−→
σ0P1

)
Q4,1 (

−−→σ0σ2)
%- ω = −

∣∣∣L4,1
(−−→
σ0P1,

−−→σ0σ2
)∣∣∣

√
Q4,1

(−−→
σ0P1

)
Q4,1 (

−−→σ0σ2)
01254
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• L4,1
(−−→σ0σ3,

−−→
σ0P1

)
=

1

1 + 2ω
L4,1

(−−→
Ωσ0 + 2ω

−−→
ΩP1 +

−→
l2 ,
−−→
σ0P1

)

︸ ︷︷ ︸
"#$%&'( )*+ !-

=
1

1 + 2ω


L4,1

(−−→
Ωσ0,

−−→
σ0P1

)

︸ ︷︷ ︸
0

+L4,1
(
2ω
−−→
ΩP1,

−−→
σ0P1

)
+ L4,1

(−→
l2 ,
−−→
σ0P1

)



=
1

1 + 2ω


2ωL4,1

(−−→
ΩP1,

−−→
σ0Ω

)
+ 2ωL4,1

(−−→
ΩP1,

−−→
ΩP1

)

︸ ︷︷ ︸
0

+L4,1
(−→
l2 ,
−−→
σ0Ω

)

+ L4,1
(−→
l2 ,
−−→
ΩP1

)

︸ ︷︷ ︸
0




=
1

1 + 2ω



2ω × −1︸︷︷︸

"#$%&'( )*+ ;-

+
−1

2L4,1
(−−→
Ωσ0,

−→
l3

)

︸ ︷︷ ︸
"#$%&'( )*+ ,-




= − 1

1 + 2ω


2ω + 1

2L4,1
(−−→
Ωσ0,

−→
l3

)




• L4,1
(−−→σ0σ3,

−→
l2

)
= L4,1

(−−→
σ0Ω,

−→
l2

)
+ L4,1

(−−→
Ωσ3,

−→
l2

)

= − 1

2L4,1
(−−→
Ωσ0,

−→
l3

)

︸ ︷︷ ︸
"#$%&'( )*+ ,-

+
1

1 + 2ω
L4,1

(−−→
Ωσ0 + 2ω

−−→
ΩP1 +

−→
l2 ,
−→
l2

)

︸ ︷︷ ︸
"#$%&'( )*+ !-

= − 1

2L4,1
(−−→
Ωσ0,

−→
l3

) +
1

1 + 2ω


L4,1

(−−→
Ωσ0,

−→
l2

)
+ L4,1

(
2ω
−−→
ΩP1 +

−→
l2 ,
−→
l2

)

︸ ︷︷ ︸
0






 !"

= − 1

2L4,1
(−−→
Ωσ0,

−→
l3

) +
1

1 + 2ω

1

2L4,1
(−−→
Ωσ0,

−→
l3

)

︸ ︷︷ ︸
#$%&'() *+, -.

= − 1 + 2ω − 1

(1 + 2ω)L4,1
(−−→
Ωσ0,

−→
l3

)

= − ω

(1 + 2ω)L4,1
(−−→
Ωσ0,

−→
l3

)

/$'% 01&2(13)% ()0 )42%)001$506 2$0$50 L3 = L4,1
(−−→
Ωσ0,

−→
l3

)
, 715016 5$'0 89$50 :

L4,1
(−−→
Ωσ3,

−−−→
N1N2

)
= 0 ⇐⇒ 1

2ωL3
− 1

1 + ω

1

1 + 2ω

(
2ω +

1

2L3

)
+
1

ω

−ω
(1 + 2ω)L3

= 0

⇐⇒ 1

2ωL3
− 1

1 + ω

1

1 + 2ω

(
4ωL3 + 1

2L3

)
− 1

(1 + 2ω)L3
= 0

⇐⇒ 1

2ωL3 (1 + ω) (1 + 2ω)
((1 + ω) (1 + 2ω)− ω (4ωL3 + 1)− 2ω (1 + ω)) = 0

⇐⇒ 1 + 3ω + 2ω2 − 4ω2L3 − ω − 2ω − 2ω2 = 0

⇐⇒ 1− 4ω2L3 = 0

) <'1 =$55) :

ω =
1

2
√
L3

=
1

2

√
L4,1

(−−→
Ωσ0,

−→
l3

) *+,>>.

2'10<') 5$'0 5) ?8%=$50 <') (8 98()'% 2$01@19) *()0 9)@)'%0
−−−→
P1N2 )@

−→
l2 =$19)5@ A@%) =) &A&)

0)50.,
B( %)0@) C &$5@%)% <') () 2$15@ σ3 8228%@1)5@ D1)5 C (EFG2)%D$() Γ E)0@HCH=1%) <') 5$'0

89$50 :
L4,1

(−−→
Ωσ3,

−−→
Ωσ3

)
= 1

L4,1
(−−→
Ωσ3,

−−→
Ωσ3

)
=

1

(1 + 2ω)2
L4,1

(−−→
Ωσ0 + 2ω

−−→
ΩP1 +

−→
l2 ,
−−→
Ωσ0 + 2ω

−−→
ΩP1 +

−→
l2

)

︸ ︷︷ ︸
#$%&'() *+, !.

=
1

(1 + 2ω)2

(
L4,1

(−−→
Ωσ0,

−−→
Ωσ0

)
+ 2L4,1

(−−→
Ωσ0, 2ω

−−→
ΩP1 +

−→
l2

)

+L4,1
(
2ω
−−→
ΩP1 +

−→
l2 , 2ω

−−→
ΩP1 +

−→
l2

)

︸ ︷︷ ︸
0






 !"

=
1

(1 + 2ω)2


1 + 4ω L4,1

(−−→
Ωσ0,

−−→
ΩP1

)

︸ ︷︷ ︸
=1, #$%&'() *+, -.

+2L4,1
(−−→
Ωσ0,

−→
l2

)



=
1

(1 + 2ω)2



1 + 4ω +

2

2L4,1
(−−→
Ωσ0,

−→
l3

)

︸ ︷︷ ︸
#$%&'() *+, /.




=
1

(1 + 2ω)2


1 + 4ω + 4 ω2︸︷︷︸

#$%&'() *+,00.


 = 1 �

 !"!# $%&'()*+,*-'( ./ 0, 1'+&20/ ./ +%2++/(/4 1'+&20/ 56!"78

1$23%$24 5') ()4 6$784 9:%7;)23 (< %)(<37$2 =

ωi+1 =
ωi√

1 + 2ωi

?)43@A@87%) 5'?7( 4'B3 8?:3<C(7% '2) %)(<37$2 )23%) L4,1
(−−→
Ωσ0,

−→
l3

)
)3 L4,1

(−−→
Ωσ3,

−→
l3

)
,

L4,1
(−−→
Ωσ3,

−→
l3

)
=

1

1 + 2ωi
L4,1

(−−→
Ωσ0 + 2ωi

−−→
ΩP1 +

−→
l2 ,
−→
l3

)

︸ ︷︷ ︸
#$%&'() *+, !.

=
1

1 + 2ωi


L4,1

(−−→
Ωσ0,

−→
l3

)
+ 2ωiL4,1

(−−→
ΩP1,

−→
l3

)
+ L4,1

(−→
l2 ,
−→
l3

)

︸ ︷︷ ︸
=1, #$%&'() *+, D.




=
1

1 + 2ωi

(
L4,1

(−−→
Ωσ0,

−→
l3

)
+ 2ωiL4,1

(−−→
Ωσ0,

−→
l3

)
+ 2ωiL4,1

(−−→
σ0P1,

−→
l3

)
+ 1

)

=
1

1 + 2ωi



1 + (1 + 2ωi)L4,1

(−−→
Ωσ0,

−→
l3

)
+ 2ωi L4,1

(−−→
σ0P1,

−−→
σ0P1

) 1

2L4,1
(−−→
σ0P1,

−→
l2

)

︸ ︷︷ ︸
#$%&'() *+, ".






 !"

=
1

1 + 2ωi


1 + (1 + 2ωi)L4,1

(−−→
Ωσ0,

−→
l3

)
+ ωi L4,1

(−−→
σ0P1,

−−→
σ0P1

)

︸ ︷︷ ︸
=−1, #$%&'() *+,- .

× 1

L4,1
(−−→
σ0Ω,

−→
l2

)
+ L4,1

(−−→
ΩP1,

−→
l2

)




=
1

1 + 2ωi



1 + (1 + 2ωi)L4,1

(−−→
Ωσ0,

−→
l3

)
− ωi

1

L4,1
(−−→
σ0Ω,

−→
l2

)
+ L4,1

(−−→
ΩP1,

−→
l2

)

︸ ︷︷ ︸
0




=
1

1 + 2ωi


1 + (1 + 2ωi)L4,1

(−−→
Ωσ0,

−→
l3

)
− ω 2L4,1

(−−→
σ0Ω,

−→
l3

)

︸ ︷︷ ︸
#$%&'() *+, ".




=
1

1 + 2ωi

(
1 + (1 + 4ωi)L4,1

(−−→
Ωσ0,

−→
l3

))

=
1

1 + 2ωi



1 + (1 + 4ωi)

1

4ω2i︸︷︷︸
#$%&'() *+,--.




=
1

1 + 2ωi

(
4ω2i + 1 + 4ωi

4ω2i

)

=
1

1 + 2ωi

(1 + 2ωi)
2

4ω2i

=
1 + 2ωi
4ω2i

/01203 1$'2 45$12 6

ωi+1 =
1

2

√
L4,1

(−−→
Ωσ3,

−→
l3

) =
1

2

√
4ω2i

1 + 2ωi
=

ωi√
1 + 2ωi

4% ωi )28 28%08)&)18 9$2080:,



 !"

 !"!# $%&'(%&) *+, -, '(./&0-, σ0N1σ3 ,)' L4,11.)%3-, ,& N1

#$%& ( )*+&(, +- .%/0 1( 2$30&(& -* &(-*0+$3 4

Q4,1

(−−−→
σ0N1

)
= Q4,1

(−−−→
N1σ3

)
56789:

(0 3$%. .*;$3. <%( 3$%. *;$3. 4




Q4,1

(−−→
Ωσ0

)
= Q4,1

(−−→
Ωσ3

)
= 1

L4,1
(−−→
Ωσ0,

−−→
ΩN1

)
= L4,1

(−−→
Ωσ3,

−−→
ΩN1

)
= 0

Q4,1

(−−−→
σ0N1

)
= Q4,1

(−−→
σ0Ω+

−−→
ΩN1

)

= Q4,1

(−−→
σ0Ω

)

︸ ︷︷ ︸
1

+2 L4,1
(−−→
σ0Ω,

−−→
ΩN1

)

︸ ︷︷ ︸
0

+Q4,1

(−−→
ΩN1

)

= 1 +Q4,1

(−−→
ΩN1

)

=( )*>$3 *3*-$?%(, 3$%. *;$3. 4

Q4,1

(−−−→
N1σ3

)
= 1 +Q4,1

(−−→
ΩN1

)

( <%+ @&$%;( -* )$&2%-( 56789:7



 !!"#" $

$%!&'()'+%! ," -(("-)# ," ./+,"& 0

1%(,& +()/-+("& 2-&&-!' 2-( 3)-'("

2%+!'& 4 /"55"&

 !""! ##  !"#$ %&'() #*"+ &,*#+ -

L4,1
(−−−→
O5σψI ,

−−−→
O5σθI

)
L4,1

(−−−→
O5τθI ,

−−−→
O5τψI

)
= L4,1

(−−−→
O5σθI ,

−−−→
O5τψI

)
L4,1

(−−−→
O5σψI ,

−−−→
O5τθI

)
 !"#$

$( -

L4,1
(−−−→
O5σψI ,

−−−→
O5σθI

)2
+L4,1

(−−−→
O5σθI ,

−−−→
O5τψI

)2
+L4,1

(−−−→
O5σψI ,

−−−→
O5τθI

)2
+L4,1

(−−−→
O5τθI ,

−−−→
O5τψI

)2
= 1

 !"%$
$( .!&"('$ %&'() #*"+ &,*#+ /$+ .$"0 '$/&(1*#+ -

(A cos θ0 − B sin θ0)
2 = 1 $( a2θ0 + b2θ0 = 1  !"&$

*2 A $( B +*#( .*##3+ %&' /& 4*'5"/$ 67879 (&#.1+ :"$ aθ0 $( bθ0 +*#( .*##3+ %&' /& 4*'5"/$
678;98

$%"&'()*+),&' --

<"1(($ = $>$("$' "# @&#A$5$#( .$ '$%B'$) #*"+ %*",*#+ (*"C*"'+ *#+1.3'$' /$ &+ +"1,&#(8
D*1( M00 (0; 1; 0) &%%&'($#&#( &"0 .$"0 $'/$+8 D*1( Ωθ0 (0; 0; 0) 6'$+% rθ0 = 19 /$ $#('$

6'$+%8 /$ '&E*#9 ." %'$51$' $'/$  θ0 6$( .$ /& %'$51B'$ +%@B'$98 D*1(
−→v θ0 (−1; 0; 0) "# ,$($"'

(&#A$#( = /& +%@B'$ $# M008 F*"+ &,*#+ -

σθI = (0; 0; 0; 0;−1) &#. τθI = (0; 0; 0;−1; 0)

D*1( −−→v ψ0 (0, α, β) "# ,$($"' "#1(&1'$ *'(@*A*#&/ =
−→v θ0 8 F*"+ .$,*#+ .1+(1#A"$' .$"0 &+8

 !"#$"! &' ( α = 1 =⇒ β = 0 (
G$ +$*#. $'/$  ψ0

& %*"' $#('$ -

Ωψ0
(x0; 1; z0)

#'#



 !"

 ! "#$% %&'#( )

rψ0
=

√
x02 + z02

*+(,+- .& ,"/0% 1  (!% Ωψ0
 ! 1 %&'#( rψ0

 ,! % "%3, (!3 1&(, Λ4 "&% )

σψI =

(
1√

x20 + z20
;

x0√
x20 + z20

;
1√

x20 + z20
;

z0√
x20 + z20

; 0

)

!&(1+, 4$ . ".&( #(! (&(!  θ0- #%!/#5#(&. 6 .& ,"/0% "%331 (!  ,! % "%3, (!3 1&(, Λ4 "&% )

τψI =

(
0;

z0√
x20 + z20

; 0;− x0√
x20 + z20

; 0

)

7#$, &8#(, )

L4,1
(−−−→
O5σθI ,

−−−→
O5σψI

)
L4,1

(−−−→
O5σψI ,

−−−→
O5τθI

)
= − z0√

x20 + z20
× 0 ≤ 0

 ! )
L4,1

(−−−→
O5σθI ,

−−−→
O5τψI

)
L4,1

(−−−→
O5τψI ,

−−−→
O5τθI

)
=

x0√
x20 + z20

× 0 ≤ 0

 ! . , #(1+!+#(, 1#((3 , "&% .& 9#%:$. ;<=>? ,#(! 83%+@3 ,=

A , 9#%:$. , ;B=C?  ! ;B=>? ,#(! &.#%, 8%&+ ,= B#:: L4,1
(−−−→
O5σθI ,

−−−→
O5σψI

)
= L4,1

(−−−→
O5σθI ,

−−−→
O5τψI

)
-

.& #(1+!+#( 1#((3 "&% .& 9#%:$. ;<=>?  ,! 8%&+ =
D ".$,- (#$, &8#(, A = 0  ! B = 1= 7#$, #E! (#(, &.#%, θs = π= F( /#+,+,,&(! θ0 =

π
2
 !

 ( $!+.+,&(! .& 9#%:$. ;<=G?- (#$, #E! (#(, )





aθ0 = − z0√
x20 + z20

bθ0 =
x0√
x20 + z20

#$%&'

 ! a2θ0 + b2θ0 = 1= * "&%!+% 1 .& 9#%:$. ;B=G? (#$, &.$.#(, ψ0= 7#$, "#$8#(, % :&%4$ % .&
% .&!+#( ,$+8&(! )

(A cos θ0 − B sin θ0)
2 =

(
0× cos

π

2
− 1× sin

π

2

)2
= 1 #$%('

 !#$% &' ( 0 ≤ α < 1 !) β =
√
1− α2 (

H$+!! 6  I !$ % $( #$ 1 $J %3K J+#(;,? 1 ".&( 1L34$&!+#( y = 0  !M#$ z = 0- (#$,
"#$8#(, !#$N#$%, (#$, %&: ( % 6  &,=

A , #(1  %.  ψ0
& "#$%  (!% )

Ωψ0

(
x0; y0;−

α (y0 − 1)√
1− α2

)



 !"

 ! "#$% %&'#( )

rψ0
=

√
x02 (1− α2) + (y0 − 1)2

1− α2

*+(,+- (#$, &.#(, )

σψI =
1√

(1− α2)x20 + (y0 − 1)2

(
y0
√
1− α2; x0

√
1− α2; y0

√
1− α2; (1− y0)α; (y0 − 1)

√
1− α2

)

 ! )

τψI =
1√

(1− α2)x20 + (y0 − 1)2

(
x0

(
1− α2

)
; 1− y0; x0

(
1− α2

)
;−x0α

√
1− α2; x0

(
1− α2

))

/#!#(, 0$ 1& #(3+!+#( 3#((4 "&% 1& 5#%6$1 789:;  ,! .%&+ )

L4,1
(−−−→
O5σψI ,

−−−→
O5σθI

)
L4,1

(−−−→
O5σψI ,

−−−→
O5τθI

)
= −

√
1− α2α (y0 − 1)2

(1− α2)x20 + (y0 − 1)2
≤ 0

 ! )

L4,1
(−−−→
O5σθI ,

−−−→
O5τψI

)
L4,1

(−−−→
O5τψI ,

−−−→
O5τθI

)
=

x20 (α
2 − 1)α

√
1− α2

(1− α2) x20 + (y0 − 1)2
≤ 0

< "1$, )

L4,1
(−−−→
O5σθI ,

−−−→
O5σψI

)
L4,1

(−−−→
O5τψI ,

−−−→
O5τθI

)
=

(1− y0) x0α (1− α2)

(1− α2) x20 + (y0 − 1)2

= L4,1
(−−−→
O5σθI ,

−−−→
O5τψI

)
L4,1

(−−−→
O5σψI ,

−−−→
O5τθI

)

*+(,+- 1& 5#%6$1 7=9>;  ,! .%&+ 9 < "1$, )

A2 = L4,1
(−−−→
O5σθI ,

−−−→
O5σψI

)2
+ L4,1

(−−−→
O5σθI ,

−−−→
O5τψI

)2
=
(1− y0)

2 (1− α2) + x20 (α
2 − 1)

2

(1− α2) x20 + (y0 − 1)2

= (1− α2)
(1− y0)

2 + x20 (1− α2)

(1− α2) x20 + (y0 − 1)2
= 1− α2

B2 = L4,1
(−−−→
O5σψI ,

−−−→
O5τθI

)2
+ L4,1

(−−−→
O5τψI ,

−−−→
O5τθI

)2
=
α2 (y0 − 1)2 + x20α

2 (1− α2)

(1− α2) x20 + (y0 − 1)2

= α2
(y0 − 1)2 + x20 (1− α2)

(1− α2) x20 + (y0 − 1)2
= α2

*+(,+- A2 + B2 = 1  ! 1& 5#%6$1 7=9:;  ,! .%&+ 9
?& .&1 $% θs  ,! 34@(+ "&% )

{
cos (θs) = 1− 2 α2

sin (θs) = 2 α
√
1− α2



 !"

 !  " #!$%$&'"! %' ( %'!$)" 2 cos2 (θ0) = 1 + cos (2 θ0) = 1 + cos (−θs)* %' +'% #( θ0 +,($- .

{
cos2 (θ0) = 1− α2

sin2 (θ0) = α2

/)#& )0! ")"& '%)(& .
{
cos (θ0) = εc

√
1− α2

sin (θ0) = εsα
, (εc, εs) ∈ {−1, 1}

12'3(4& %' 5)(6#% .
2 tan (θ0)

1− tan2 (θ0)
= tan (2θ0) = − tan (θs)

")#& '+)"& .
2εsα

εc
√
1− α2

× 1

1− α2

1− α2

= −2 α
√
1− α2

1− 2 α2

7#$ 3 #! 8!( &$63%$-,  " .

εs

εc
√
1− α2

× 1− α2

1− 2α2
= −

√
1− α2

1 − 2 α2

 ! ")#& )0! ")"& %' ( %'!$)" .
εs = −εc

/)#& 3)#+)"& ( 6'(7# ( %' ( %'!$)" &#$+'"! .

(A cos θ0 −B sin θ0)
2 =

(√
1− α2 εc

√
1− α2 − α εs α

)2
=

(
εc

(
1− α2 + α2

))2
= 1 #$%&'

/)#& '+)"& '%)(& .




aθ0 =
εc
√
1− α2 (1− y0)

√
1− α2 − εcα

2 (y0 − 1)√
(1− α2)x20 + (y0 − 1)2

bθ0 =
εc
√
1− α2x0 (α

2 − 1)− εcαx0α
√
1− α2√

(1− α2)x20 + (y0 − 1)2

 7#$  &! ,7#$+'% "! : .





aθ0 = (y0 − 1)
−εc (1− α2)− εcα

2

√
(1− α2)x20 + (y0 − 1)2

bθ0 = x0
√
1− α2

εc (α
2 − 1)− εcα

2

√
(1− α2) x20 + (y0 − 1)2
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