N

N

Contribution a I’étude des équations de Boltzmann, Kac
et Keller-Segel a ’aide d’équations différentielles
stochastiques non linéaires
David Godinho

» To cite this version:

David Godinho. Contribution a I’étude des équations de Boltzmann, Kac et Keller-Segel a 'aide
d’équations différentielles stochastiques non linéaires. Probabilités [math.PR]. Université Paris-Est,
2013. Francais. NNT: . tel-00931392

HAL Id: tel-00931392
https://theses.hal.science/tel-00931392

Submitted on 15 Jan 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-00931392
https://hal.archives-ouvertes.fr

:COLE DOCTORALE S sitis s
—-)/\PI |: Mathématiques et STIC

These présentée en vue de 'obtention du grade
de docteur de I'Université Paris-Est
Spécialité : Mathématiques
et soutenue publiquement par

David GODINHO PEREIRA
le 25 Novembre 2013

Contribution a I’étude des équations
de Boltzmann, Kac et Keller-Segel a
l’aide d’équations différentielles
stochastiques non linéaires

These dirigée par Nicolas FOURNIER

Jury composé de

Arnaud DEBUSSCHE ENS Cachan, Antenne de Bretagne Examinateur
Nicolas FOURNIER Université Pierre et Marie Curie Directeur de These

Carl GRAHAM Ecole Polytechnique Rapporteur
Arnaud GUILLIN Université Blaise Pascal Examinateur
Florent MALRIEU Université de Tours Rapporteur

Stéphane MISCHLER  Université Paris Dauphine Examinateur






Résumé

L’objet de cette thése est 1'étude de I'asymptotique des collisions rasantes
pour les équations de Kac et de Boltzmann ainsi que 1’étude de la propagation
du chaos pour I’équation de Keller-Segel dans un cadre sous-critique a l’aide
d’équations différentielles stochastiques non linéaires.

Le premier chapitre est consacré a I'équation de Kac avec un potentiel
Maxwellien. Nous commencons par donner une vitesse de convergence ex-
plicite (que 'on pense étre optimale) dans le cadre de I'asymptotique des
collisions rasantes. Puis nous approchons la solution de I’équation de Kac
dans le cadre général, ce qui nous permet de montrer la propagation du chaos
pour un systeme de particules vers cette derniere de maniere quantitative.

Dans le deuxieme chapitre, nous étudions 1’asymptotique des collisions
rasantes pour I’équation de Boltzmann avec des potentiels mous et de Coulomb.
Nous donnons la encore des vitesses de convergence explicites (mais non op-
timales).

Enfin dans le troisieme et dernier chapitre, nous montrons la propaga-
tion du chaos pour I'équation de Keller-Segel dans un cadre sous-critique.
Pour cela, nous utilisons des arguments de compacité (tension du systeme de
particules).

Mots clefs. Kac, Boltzmann, Keller-Segel, distance de Wasserstein, col-
lisions rasantes, potentiel Maxwellien, potentiels mous, potentiel de Coulomb,
propagation du chaos, systeme de particules.






Contribution to the study of
Boltzmann’s, Kac’s and
Keller-Segel’s equations with
non-linear Stochastic
Differentials Equations

This thesis is devoted to the study of the asymptotic of grazing collisions
for Kac’s and Boltzmann’s equations and to the study of the chaos propa-
gation for some sub-critical Keller-Segel equation with non-linear Stochastic
Differentials Equations.

The first chapter is devoted to the Kac equation with a Maxwellian po-
tential. We start by giving an explicit rate of convergence (than we believe
to be optimal) for the asymptotic of grazing collisions. Then, we approxi-
mate the solution of Kac’s equation in the general case, which allows us to
show the chaos propagation for some particle system to this last one in a
quantitative way.

In the second chapter, we study the asymptotic of grazing collisions for
the Boltzmann equation with soft and Coulomb potentials. We also give
explicit rates of convergence (which are not optimal).

Finally in the third and last chapter, we show the chaos propagation for
some sub-critical Keller-Segel equation. To this aim, we use compactness
arguments (tightness of the particle system).

Keywords. Kac, Boltzmann, Keller-Segel, Wasserstein distance, grazing
collisions, Maxwellian potential, soft potentials, Coulomb potential, chaos
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propagation, particle system.
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Introduction

0.1 Présentation de la these

Dans cette these, nous nous intéresserons successivement aux équations de
Kac, Boltzmann et Keller-Segel. Nous étudierons ces équations a l’'aide
d’outils probabilistes.

L’équation de Boltzmann s’inscrit dans la théorie cinétique des gaz. Elle
décrit I’évolution de la vitesse de particules qui se déplacent dans un gaz. On
suppose que les particules interagissent a travers des forces répulsives : deux
particules se trouvant a une distance r exercent I'une sur l'autre une force
proportionnelle a 1/r*. Le noyau de collision sera alors de la forme

B(jv —v.],6)sin6 = [v — v.[8(6), 7=

ou 0 est l’angle de déviation et ( : (0, 7] — [0, 00) est une fonction appelée la
section efficace. On parle de potentiels durs lorsque s > 5 (i.e. 7 > 0), d'un
potentiel Mazwellien lorsque s =5 (i.e. 7 = 0), de potentiels mous lorsque
2<s<b(ie. =3 <7y <0)et dun potentiel de Coulomb lorsque s = 2 (i.e.
7 = —3). On peut observer que dans le cas Maxwellien, le noyau de collision
ne dépend pas de la vitesse des particules. Voir [3, 15, 23, 71] pour plus de
détails sur I’équation de Boltzmann. Nous traitons ici les potentiels mous et
de Coulomb dans le cas dit sans cutoff ou I'on suppose que

/Wﬁ(e)de = o0, /W 0%5(0)df < .
0 0

Cette hypothese traduit le fait qu’il y ait une infinité de collisions engendrant
de petites modifications de vitesse : on appelle celles-ci les collisions rasantes.
Il est connu que dans 'asymptotique des collisions rasantes (ou les autres col-
lisions sont négligeables), la solution de 1’équation de Boltzmann tend vers
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14 INTRODUCTION

la solution de I’équation de Landau. Dans le chapitre 2, nous donnons une
vitesse explicite pour cette convergence en utilisant la distance de Wasser-
stein avec cout quadratique. Plus précisément, nous obtenons une vitesse de
I'ordre de €'/2~ pour les potentiels mous (on pense que la vitesse optimale est

a
€) et une vitesse de I'ordre de (@) avec a > (0 tres petit pour un potentiel

de Coulomb (pour une vitesse optimale supposée de /@). En donnant

une vitesse de convergence, nous justifions le fait que ’équation de Landau
soit une bonne approximation de ’équation de Boltzmann dans le régime des
collisions rasantes. A notre connaissance, nous sommes les premiers avec He
[41] & donner ce type de résultat. He obtient une meilleure vitesse de con-
vergence (e pour les potentiels mous et de Coulomb) mais pour des solutions
beaucoup plus régulieres et avec une section efficace ne correspondant pas
vraiment a la situation physique dans le cas du potentiel de Coulomb. Nous
travaillons dans un premier temps sur I’équation de Kac.

En 1956, Marc Kac définit dans [47] la notion de propagation du chaos. I
considere un systeme de particules et montre qu’il y a propagation du chaos
vers la solution d’'une équation intégro-différentielle non linéaire qui est une
caricature unidimensionnelle de I'équation de Boltzmann. Cette derniere est
aujourd’hui connue sous le nom d’équation de Kac. Ce papier est un des
premiers a utiliser des probabilités pour I’étude de la théorie cinétique des
gaz. En utilisant la terminologie introduite pour 1’équation de Boltzmann,
nous considérons un potentiel Maxwellien. De méme que pour Boltzmann,
il est connu que la solution de I’équation de Kac converge vers la solution
d’une équation de type Fokker-Planck. Dans le chapitre 1, nous commencons
par donner une vitesse de convergence explicite que I'on pense étre optimale.
En s’appuyant sur ce résultat, nous approchons la solution de I’équation de
Kac en remplagant les collisions rasantes (qui sont en nombre infini) par un
terme de type Fokker-Planck (ce qui correspond a une diffusion en terme
probabiliste). Ceci nous permet d’obtenir un résultat de propagation du
chaos, pour un systeme de particules que I’'on peut simuler, avec une preuve
assez simple qui nous donne des estimées quantitatives.

Afin d’étudier les équations de Kac et de Boltzmann, qui sont des équations
intégro-différentielles non linéaires sur R et R® respectivement, nous util-
isons des équations différentielles stochastiques non linéaires dirigées par une
mesure de Poisson. Le premier a introduire ce type d’E.D.S. pour I'étude
de ces équations fut Tanaka dans [64] ou il démontra que la distance de
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Wasserstein avec cotit quadratique entre deux solutions de ’équation de Kac
est décroissante en temps. Il étendit ce résultat a I’équation de Boltzmann
dans [64]. Cette idée a été reprise plus tard par Graham-Méléard dans [37]
afin d’obtenir des propriétés de régularisation pour ’équation de Kac et par
Fournier-Mouhot [35], Fournier-Guérin [32] avec des résultats d’unicité pour
Boltzmann. Nos résultats s’appuient principalement sur des méthodes de
couplage. Un des points clefs de nos preuves est d’approcher des phénomenes
discontinus par des phénomenes continus. Plus précisément, comme dans
[30], nous estimons la distance de Wasserstein avec cott quadratique entre
la loi de l'intégrale d'une fonction déterministe par rapport a une mesure
de Poisson compensée et une loi Gaussienne centrée de méme variance en
utilisant des résultats donnant une vitesse de convergence dans le cadre du
théoreme central limite ([57] pour Kac et [74] pour Boltzmann). On obtient
de meilleurs résultats pour 1’équation de Kac. Ceci n’est pas surprenant
car de nombreuses difficultés supplémentaires apparaissent lors de 1’étude de
I’équation de Boltzmann : on travaille en dimension supérieure, on considere
des potentiels mous ou de Coulomb au lieu d’un potentiel Maxwellien pour
Kac (pour lequel on rappelle que le taux de collisions entre particules ne
dépend pas de leur vitesse), et I’équation limite est non linéaire.

L’équation de Keller-Segel décrit le mouvement de cellules (typiquement
des bactéries) qui sont attirées par une substance chimique qu’elles pro-
duisent : c’est un modele de chimiotaxie. Nous traitons ici un cas sous-
critique de 1’équation de Keller-Segel standard. En effet le noyau considéré
est K(z) = [Tt avec a € (0,1) au lieu de @ = 1. Malgré cela, on peut
observer que l'on considere un noyau ayant une singularité en zéro. Dans
le chapitre 3, nous donnons un résultat de propagation du chaos pour ce
modele (sans introduire de parametre de cutoff). Pour cela, nous montrons
la tension pour notre systeme de particules et I'unicité du processus lim-
ite. En particulier, nos preuves s’appuyant sur des méthodes de compacité,
nous n’obtenons pas cette fois-ci de vitesse de convergence. Le noyau que
nous considérons ayant une singularité, l'existence et 1'unicité du systeme
de particules ne s’obtiennent pas en utilisant les arguments classiques pour
les E.D.S. a coefficients Lipschitz. En s’inspirant du cas des E.D.S. avec co-
efficients localement Lipschitz (cf [28]), on montre ici 'existence et l'unicité
jusqu’a un certain temps aléatoire d’explosion et le but est ensuite de montrer
que ce temps d’explosion est infini p.s.

Les noyaux intervenant dans les équations de Keller-Segel et de Boltz-
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mann avec des potentiels mous ont le méme type de singularité. Pour mon-
trer 'unicité dans Keller-Segel, nous utilisons donc le méme type d’arguments
que dans [32] : on considere deux solutions (f:)i>0 et (g¢)i>0, on prend un
couplage optimal entre ces deux solutions, puis on construit a ’aide de ce
couplage optimal deux processus dont les marginales en temps ont pour lois
respectives f; et g;. On obtient ainsi une estimation de type Gronwall sur
la distance de Wasserstein entre f; et g;. L’existence d’une solution découle
alors de la tension du systeme de particules. Grace a des propriétés de renor-
malisation de la solution, nous obtenons la dissipation de ’entropie pour la
solution de l’équation de Keller-Segel. Ceci nous permet de montrer une
notion plus forte de propagation du chaos, appelée chaos entropique.

0.2 Distance de Wasserstein

Un dénominateur commun aux trois chapitres de cette these est 'utilisation
de distances de Wasserstein. Dans les deux premiers chapitres, nos résultats
de convergence sont tous basés sur ces distances. Dans le troisieme, cette
distance nous est utile pour nos résultats d’unicité.

On désigne par P(R™) I'ensemble des mesures de probabilité sur R™ et,
pour p > 1 par P,(R") 'ensemble des p € P(R") telle que

() = / el () < oo.

Pour u,v € P(R"), on considere II(u, ) I'ensemble des mesures sur R” x R”
ayant p et v pour premiere et seconde marginale respectivement.
Définition 0.2.1. Soit p > 1 et p,v € P,(R"™). La distance de Wasserstein

d’ordre p entre i et v est définie par

. 1/p
W)= dnt ([ e yrataran)
R™ xR™

mell(p,v)
On peut définir la distance de Wasserstein de maniere équivalente par
Wy(p, v) = inf {E[|U = VIPIVP U ~ p, V ~ v}

I'infimum étant pris sur ’ensemble des variables aléatoires U de loi p et V' de
loi v. Il est utile de remarquer que 'infimum est en fait un minimum. Plus
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précisément, si on fixe U de loi p, on peut trouver une variable aléatoire V'
de loi v telle que

EllU = V"] =Wy (p,v).

Pour n = 1, nous pouvons donner une autre définition équivalente (cf Villani
[72, Remark 2.19 (iii)]).

Proposition 0.2.2. Soitp > 1 et u,v € Py(R). On a

W) = [ (F; () = B o) e

ou F,(x) := p((—o0,z]) et F,(x) := v((—o0,z]) désignent les fonctions de
répartition de | et v respectivement.

Le lecteur intéressé pourra se rapporter a [72] pour plus de détails sur le
sujet.

Un des principaux outils que nous utilisons pour obtenir des vitesses
de convergence dans le cadre de I'asymptotique des collisions rasantes pour
les équations de Kac et de Boltzmann est l'estimation de la distance de
Wasserstein entre la loi de 'intégrale d’une fonction déterministe par rapport
a une mesure de Poisson compensée et une Gaussienne centrée de meéme
variance. Pour obtenir ce type d’estimation, on s’appuie sur des résultats
donnant une vitesse de convergence dans le cadre du Théoreme central limite.
Pour des variables aléatoires réelles, on utilise le résultat de Rio suivant.

Théoréme 0.2.1. ([57, Theorem 4.1]) Il existe une constante Cy telle que
pour tout n € N* et pour toute suite (X;)i>o de variables alatoires i.i.d.
centrées de loi dans Py(R),

W3 (12, N(0,1)) < Cov, > > E(1 XY,
i=1
ol n, = E(wfl/QSn), Sp = Xi etv, =Var(S,).

On obtient le corollaire suivant que nous utiliserons lors de I'étude de
I’équation de Kac.
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Corollaire 0.2.3. Soient E un espace polonais muni d’une mesure positive
o-finie v, N une mesure de Poisson sur [0, T|x E de mesure intensité dtv(dz)
et H:[0,T] x E — R une fonction déterministe telle que fot [ (H?(s,2) +
H*(s, 2))v(dz)ds < oo. Alors en posant

X, = //Hsz (ds,dz), ¢ = //H2sz (dz)ds,

Wi (L(X:), N(0. ) < Co Jo [ H 4(2 2)v(dz)ds

on a

Y

ou Cy est la constante intervenant dans le théoréeme précédent.

En dimension supérieure, on s’appuie sur un résultat de Zaitsev. Pour 7 >
0 et d € N, soit Ay(7) Pensemble des F' € P(R?) telles que la fonction ¢(z) =
10g [ra € F(dz) soit analytique sur {z € C% |z|7 < 1} et |d, dip(2)] <
|u|TDv.v pour tout u,v € R? et |z|7 < 1, ot D est la matrice de covariance
de F', et d,p est la dérivée de ¢ dans la direction w.

Theorem 0.2.4. (Zaitsev [74, Theorem 2/) Supposons que T > 1 et que
&1y, &n Solient des vecteurs aléatoires indépendants tels que L(&) € Aqy(T),
E(&) =0, Cov(&) = 14, k=1, ...,n. Alors on peut construire sur un espace
de probabilités une famille de vecteurs aléatoires indépendants X1, ..., X, telle
que L(Xg) = L(&) pour tout k = 1,...,n et une famille de vecteurs aléatoires
indépendants Y1, ..., Y, ~ N (0, 1) telle que

E[exp (Mﬂ < exp <bmax(1,logn/72)),

T

o

A, (X,Y) = max

1<k<n

ZX

i=1

et ou a, b sont des constantes positives ne dépendants que de d.

En s’appuyant sur ce dernier résultat, on obtient la proposition suivante
qui nous est utile pour I’étude de ’équation de Boltzmann.
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Proposition 0.2.5. Soient A un espace mesurable muni d’une mesure pos-
itive o-finie v, N une mesure de Poisson sur [0,00) X A de mesure inten-
sité dtv(dz). On conszdere une fonction déterministe h : A —> ]Rd et on
pose Z; = fo i h(2)N(ds,dz), p = L(Z) et T = [, h( v(dz). Si
K :=max,c [[~ 1/2h( )\ € (0,00), alors

Wi (1, N'(0, 1)) < Cr?|T [max (1,log %)]2,

ou C' dépend uniquement de d et ou N(0,tT") est la distribution Gaussienne
sur R? d’espérance 0 et de matrice de covariance tT.

On peut noter que l'obtention de ce résultat est plus compliquée en di-
mension supérieure. De plus, il est également plus difficile a appliquer du
fait d’hypotheses plus restrictives. On remarque notamment que la fonction
h apparaissant dans l'intégrale par rapport a la mesure de Poisson ne peut
pas dépendre du temps alors qu’elle le pouvait en dimension 1.

0.3 Asymptotique des collisions rasantes et
systeme de particules pour I’ équation de
Kac sans cutoff

Le premier chapitre de cette these porte sur ’équation de Kac sans cutoff
dans le cas Maxwellien. Cette équation est une caricature unidimensionnelle
de I’équation de Boltzmann. Elle s’écrit de la facon suivante :

5ft

(0.3.1) /UER/ ﬂ fi(v ft ) ft(v)ft(v*))ﬁ(e)dﬁdv*,

out>0,v€R et ou les vitesses avant collision sont données par
v/ =wvcosh —v,sinf, v, = vsinb + v, cos .

La fonction 8 : [—m, 7] — {0} — R, est une fonction paire appelée section
efficace. On peut interpréter cette équation de la fagon suivante : des par-
ticules de vitesses v vont apparaitre du fait de collisions entre des particules
ayant pour vitesse v’ et v, et dans le méme temps, d’autres particules de
vitesse v vont disparaitre en se choquant avec des particules de vitesse vy,
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le tout se faisant a un taux proportionnel a 3(#) (on rappelle qu’on traite
ici le cas Maxwellien et que le taux de collisions ne dépend donc pas de la
vitesse des particules). On peut voir Desvillettes [19] ou Kac [47, 48] pour
plus de précisions. Si la section efficace vérifie foﬂ B(0)df = oo, alors il y a
une infinité de collisions sur n’importe quel intervalle de temps. Le cas ou
on suppose fO7r B(0)df < oo (dit avec cutoff) a été tres étudié. Nous nous
concentrons dans le Chapitre 1 a la vraie situation physique ot I'on suppose
uniquement ;" 623(0)df < oo (cas sans cutoff).

Si fo € P2(R) et [ 628(0)df < oo, on peut voir Toscani-Villani [67] pour
I'existence et l'unicité d’une solution (dans une sens faible) a (0.3.1). De
plus, il y a conservation de ’énergie pour cette derniere : la solution (f;)i>o
de (0.3.1) vérifie

/R o fudv) = /R o fo(dv).

Jusqu’a la fin de 'introduction, (€, F, (Ft)i0,P) désigne un espace de
probabilité filtré Polonais satisfaisant les conditions habituelles. L’équation
de Kac n’étant pas linéaire, nous considérons également 1’espace de proba-
bilité auxiliaire ([0, 1], B([0,1]),da). Par souci de clarté, nous utilisons les
notations E pour 'espérance et £ pour la loi de variables aléatoires ou pro-
cessus définis sur (2, F,P), et les notations E, et £, pour I'espérance et la
loi de variables aléatoires ou processus définis sur ([0, 1], B([0,1]), da). On
désigne par a-processus les processus sur ([0, 1], B([0, 1]), da). Nous utilisons
les mémes notations pour les équations de Boltzmann et Landau dans la
section suivante.

Nous nous intéressons dans un premier temps a ’asymptotique des col-
lisions rasantes, puis, en s’inspirant des idées développées dans ce premier
point, nous approchons la solution de 1’équation de Kac dans le cas général,
ce qui nous permet de construire un systeme de particules, facilement simu-
lable, et approchant la solution de I’équation de Kac.

0.3.1 Asymptotique des collisions rasantes

Il s’agit du cas ou il y a de plus en plus de collisions qui engendrent des
déviations de plus en plus petites. Il est alors connu que la solution de
I’équation de Boltzmann converge vers la solution de I'équation de Lan-
dau. Plus précisément, Degond, Lucquin-Desreux [17] et Desvillettes [20]
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ont montré la convergence des opérateurs (mais pas des solutions), et Vil-
lani [70] a donné des résultats de compacité et de convergence de sous-suites.
Le résultat d’unicité de Fournier et Guérin dans [32] a permis d’établir la
convergence des solutions. Cependant aucun résultat donnant une vitesse
pour cette convergence n’était connu il y a encore peu de temps. La méme
problématique se pose pour I’équation de Kac. L’équation limite est I’équation
de Fokker-Planck suivante :

0 £ 0?

(0.3.2) 5910) = 5 550v) + %(vgt(v)%

1
2
ou € := [, v’go(v)dv. On peut observer que cette équation limite ne devrait
pas étre linéaire, mais la non-lindrité n’apparait qu’a travers l’énergie du
systeme [ v?2gi(v)dv, qui est constante en temps.

Nous donnons ici une vitesse de convergence explicite que I'on pense étre
optimale. Le méme type de résultat a déja été prouvé par Toscani [66], mais
la vitesse qu’il donne n’est pas tres explicite et pas optimale. Notre résultat
est le suivant.

Théoréme 0.3.1. Soient gy € Pis(R) et B une section efficace telle que
Jo 026(0)d6 = 1. Pour ¢ € (0,1), on pose B.(0) = :—;6(%9)]1|9‘<6 et on
considere la solution (faible) (g5)i>0 de (0.3.1) avec gy pour donnée initiale
et fe pour section efficace. Si (g)i>0 est la solution (faible) de (0.3.2) avec

meme donnée initiale gy, alors il existe une constante C' telle que pour tout
e€ (0,1),

sup Wa(gy, g:) < Ce.

t€(0,00)

On peut remarquer que l'on obtient une majoration uniforme en temps.
Pour obtenir un tel résultat, il a fallu étre le plus précis possible dans nos
différentes estimations et notamment utiliser au maximum tout les termes
négatifs.

La démonstration s’appuie sur 'utilisation d’E.D.S. On considere un a-
processus (W)i>o tel que L,(W5) = g5 pour tout t > 0. Soient N¢ une
(Ft)e>o-mesure de Poisson sur [0, 00) x [0, 1] x [—7, 7] d’intensité dsda3(0)d0,
(B4)i>0 un (F)i>o-mouvement Brownien et Vj une Fy-variable aléatoire ayant
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pour loi fy. On considere (V,)i>o et (Y;)i>0 solutions des E.D.S.s suivantes

V=V + / / / COSQ— DVE —sinOWE () | N¢(dsdadh)

— b, / Veds,
0

1 t
1@:%—5/ Y,ds + VEB,,
0

ou be = [7 (1 — cosf)pB(0)df. En appliquant la formule d’Ito & (V) et
¢(Y;) pour ¢ € CZ(R) et en utilisant des arguments d’unicité, on observe que

L(V) = gf et L(Y;) = g;. On adonc Wi(gt, g:) < E[|VF—Y;|?]. Pour estimer

cette derniere quantité, on introduit les processus intermédiaires suivants

t t 1 T
Y =V — be / Yeds — / / / sin OWE_ (o) N¢(dsdodh),
0 0 0 -7

t
Y=V, — be/ Yids +\/Ev By,
0

ot v. = [7_sin®0f.(6)db

Le processus (Y );>o s’obtient & partir de 'E.D.S définissant (V}%):>o en
retirant la partie aléatoire dans I'intégrale par rapport a la mesure de Poisson,
afin de pouvoir ensuite utiliser le Corollaire 0.2.3 (on rappelle que W¢(«) est
défini sur [0,1]). On calcule facilement ¢(t) := E[(V;¢ — Y)?] : & Paide de
la formule d’'It6, on remarque que ¢ est solution d’une équation différentielle
ordinaire que 'on résoud facilement, obtenant ainsi une majoration de ¢(t).

Le point clef de la démonstration est estimation de E[(Y; — Y))?]. La
constante v, est choisie de telle sorte que

/ / / sin OWE_( Ne(dsdacw)] (V&Y. B,

En précisant que 1'on peut donner une forme explicite a Y, et f{f, on peut
ainsi facilement utiliser le Corollaire 0.2.3 et on obtient une majoration de
WE(L(YY), L(YS)) (on peut noter que c’est & ce moment précis que 1'on
a besom d’une donnée initiale dans P,(R)). Il reste ensuite a coupler le

mouvement Brownien et la mesure de Poisson de telle sorte que E[(fff -

YR | = WR(L(F), £0Y7)).
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Enfin, pour conclure, il reste & controler E [(fff — Yt)Q] . On peut observer

que (Y )0 et (Yi)i»o sont des processus de Ornstein-Uhlenbeck et que les
quantités b, et 7. tendent vers 1/2 et 1 respectivement. Quelques lignes de
calculs nous donnent ainsi le résultat souhaité.

0.3.2 Remplacement des petites collisions par une dif-
fusion

On va maintenant chercher a approcher la solution de I’équation de Kac dans
le cas général. Jusqu’ici I'idée la plus courante était de tronquer les petites
collisions qui sont en nombre infini sur chaque intervalle de temps fini. Mais
on vient de voir que les collisions rasantes sont bien approchées par un terme
de type Fokker-Planck ou par une diffusion de type Ornstein-Uhlenbeck en
terme probabiliste. On part ainsi de I’équation de Kac avec une section
efficace 3 vérifiant [ 625(0)d0 < oo et, pour un € € (0,1) fixé, on remplace
les collisions dont 1’angle de la déviation # est inférieur a ce € par un terme
de type Fokker-Planck. On obtient I’équation suivante que ’on peut qualifier
d’hybride :

033) fi(w) =

ou
bezﬁke(l—cosﬁ)ﬁ(e)d@ et Ezév2f5(v)dv.

L’existence et 'unicité d’une solution faible (avec une donnée initiale dans
P2(R)) s’obtient en utilisant la distance de la variation totale. L’unicité
repose sur des arguments de régularisation et 1’existence se montre a l'aide
d’une E.D.S. construite a partir de mesures de Poisson.

Le résultat est le suivant.

Théoreme 0.3.2. Soient fo € P4y(R) et B une section efficace telle que
Jo 026(0)d6 < co. Pour e € (0,1), on considére (f;)i>o0 et (ff)i=o solutions
(faibles) de (0.3.1) et (0.5.3) respectivement, ayant la méme donnée initiale
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fo. Alors pour tout T > 0, tout € € (0,1), on a

1
sup W2(f, ) <Ceémin (1+7T, —————— ),
iy 2 e 40 (1, )

ot C dépend uniquement de [, v*fo(dv), [ v*fo(dv) et de [ 6*3(0)d6.

Remarquons que pour obtenir la meilleur estimation en e, il nous faut une
dépendance (polynomiale) en temps. On obtient également une majoration
uniforme, mais dans ce cas la vitesse en € n’est plus optimale. Notons que la
encore, il a fallu étre le plus précis possible dans nos calculs pour éviter une
dépendance exponentielle en temps.

On peut également observer que notre majoration ne dépend pas de la

nature de la singularité de 5 en 0. Par analogie avec I’équation de Boltzmann,
0=0
il est de coutume de considérer des sections efficace § telles que G(0) =~

16|71 avec v € (0,2). En se contentant de tronquer les petites collisions, la
majoration obtenue est de I'ordre de Cre'=/2 (cf [21]), alors qu’en remplagant
les petites collisions par une diffusion, on obtient une majoration de I'ordre
de €, indépendamment de v. On peut expliquer ce phénomene par le fait que
bien que I’on remplace plus de petites collisions lorsque v est proche de 2, ces
petites collisions sont dans le méme temps mieux approchées par le terme de
diffusion. On obtient ainsi une meilleure approximation qu’en se contentant
de tronquer les petites collisions surtout si v est proche de 2 et donc si la
singularité est forte en 0.

La preuve du Théoreme 0.3.2 utilise le méme type d’arguments que celle
du Théoreme 0.3.1. Elle est cependant beaucoup plus compliquée, notam-
ment du fait de la non-linarité de 1’équation hybride (alors que I’équation
de Fokker-Planck est linéaire) et du fait que I'on va devoir traiter simul-
tanément les petites et les grandes collisions. Sur l'espace de probabilité
auxiliaire ([0, 1], B([0,1]), da), on considere, pour tout ¢ > 0, des a-variables
aléatoires W; et W¢ ayant pour loi respective f; et ff tel que W3 (fy, ff) =
E,[(W; — W¢)?]. On considere également les E.D.S. liées a (0.3.1) et (0.3.3)
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suivantes

t 1 s t
V, =V + / / / [(cos@ ~1)V,_ —sin HWS,(Q)]N(deadé) b / V.ds,
0 0 —T 0
t 1
Ve =V + / / / [(cos 0~ DV = sinOWE_ ()| N(dbdads)
o Jig>e Jo

t
— b, / Veds + /2Eb.B,,
0

ou le processus (B;)i>p est un (F;);>o-mouvement Brownien et N est une
(Ft)e>o-mesure de Poisson sur [0, 00) x [0, 1] X [—m, 7] d’intensité dsdaf(0)d6,
soigneusement construits afin qu'une certaine distance de Wasserstein soit
réalisée et qu’on puisse calculer cette derniere a ’aide du Corollaire 0.2.3 (il
faut notamment considérer dans un premier temps deux espaces de proba-
bilité distincts afin de séparer petites et grandes déviations).

On observe que, pour tout ¢t > 0, L(V;) = fi, L(VS) = ff et ainsi,
par définition de la distance de Wasserstein, Wi(f;, ff) < E[(V: — V)?].
L’introduction d'un processus intermédiaire et de nombreuses lignes de cal-
culs permettent ensuite de conclure (cf Section 1.5 pour plus de détails).

0.3.3 Systeme de particules

En s’inspirant de la partie précédente, on va construire un systeme de par-
ticules approchant la solution de ’équation de Kac en remplagant les petites
collisions par un terme de diffusion. Pour étre exact, le systeme de particules
construit approchera la solution de I’équation hybride (0.3.3), mais du fait
du Théoreme 0.3.2, il approchera également la solution de (0.3.1).

On se donne fy € P(R) et une section efficace 5 telle que foﬁ 623(0)do <
oo. On fixe un entier n et on considere:

e une famille de variables aléatoires i.i.d. (V{)icq1,. .y de loi fo,

e une famille de mesures de Poisson iid. (N""(dsdfdj))ieq1,. ny Sur
[0,00) X [—m, @] x {1,...,n} d’intensité dsB(0)do=>"7_, 6,(dj),

e une famille de mouvements Browniens i.i.d. (B})i>0, ic{1,..n}-
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Pour € € (0,1), on considere (Vf’"’e)tzo, ie{1,...n} solution du systeme d’E.D.S.
suivant : pour ¢ = 1,...,n, pour tout ¢ > 0,

(0.3.4)

t
Vi —vi 4 / / / [(cost = 1)V — sin V2| Nin (dsah)
0|>e J je{l,....,n}

t
— b / Vi™eds + /2D Bj,

o & = [pvfo(dv) et be = [, (1 — cos0)3(0)db.

La variable V ™€ représente la vitesse de la i-éme particule au temps t.
Son comportement est le suivant : apres un temps exponentiel 7 de parametre
A= fIGIZe B(0)d, elle se percute avec une autre particule d’indice j choisie
aléatoirement et on pose V™€ = (cos ©)V"™ — (sin ©)V/™, ot © est une
variable aléatoire A_'5(0)1g>df-distribuée. Entre deux sauts, V" se com-
porte comme un processus d’Ornstein-Uhlenbeck

On peut résoudre explicitement cette derniere E.D.S. et on obtient

t
‘/;l,TLG V@ne —be(t—s) + 25[) e*be(t s)/ ebeudBi.

On observe que pour simuler notre systéme sur un intervalle [0, T, il nous
faut en moyenne nT' f\0\>e B(0)dh sauts. Le cott de simulation est ainsi de
Vordre de nT' [, B(0)df (qui est au pire de I'ordre de nTe™?). Le fait que
I’on puisse résoudre explicitement la derniere E.D.S. est tres important pour
obtenir un tel cout de simulation (de fait pour faire évoluer le systeme entre
deux sauts, il suffit de simuler des Gaussiennes).

Theorem 0.3.1. Soient fo € P4(R) et B une section efficace telle que
Jo 026(0)d6 < oo. On considére (fy)=o solution (faible) de I'équation de
Kac (0.3.1) avec fo pour donnée initiale. Pour n € N* et e € (0,1), on con-
sidere la solution (V™). ic(1..ny de (0.3.4). On pose py* = L3°1 Oyivme.
Alors pour tout T > 0, tout n > 2 et tout € € (0,1), on a

sup B[W2(f, )] < COL+ TP (& + supE[W2(s, )] ).

t€[0,7) [0,1]
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ot C' dépend uniquement de [5 v? fo(dv), [ v*fo(dv) et de [ 0?5(0)d0, et ou
pour tout t > 0, py = %Z? Oy, avec (V)ieq1,..ny une famille de particules
i.i.d. de loi f;.

On remarque ainsi que notre systeme de particule approche aussi bien f;
que le systeme de particules usuel composé de particules i.i.d. de loi f;, qui
lui n’est pas simulable du fait de la non-linéarité de I’équation de Kac. Si on
suppose que la donnée initiale fy admet des moments de tout ordre, on peut

estimer E [WQQ( i, ,u?)] et on obtient

supE[sz(ft, u?’e)] <CO+T)>° <€2 - n(l%)

(0,7

Dans [21], Desvillettes,Graham et Méléard ont considéré un systéme de par-
ticules en tronquant les petites collisions. Avec cette méthode, ils obtiennent

en gros la majoration suivante supj, 7 E [W;(ft, ﬂ?’g)} < Cr (62’” + %),

ol Ac = [ BO)d0 ~ = si § vérifie B(9) ' 6] avec v € (0,2). Sion

compare avec notre résultat, on peut observer que

e dans le premier terme, on a une erreur de l'ordre de € au lieu de €277,

Cela vient du fait que I'on a remplacé les petites collisions par un terme
de diffusion;

e dans le second terme, notre borne ne dépend pas de €. Cela vient du
fait qu’on utilise une distance de Wasserstein qui est bien adaptée a
notre travail. Dans [21], le résultat est donné avec une distance de
Wasserstein mais une distance de variation totale est utilisée dans les
calculs;

e le colit de simulation est du méme ordre pour les deux systemes.

Nous terminons cette partie par quelques graphiques. On prend () =
16|71 avec 0 < v < 2 pour section efficace et fo = (6_1 +;)/2 pour donnée
initiale. On considere deux systemes de particules dont on va comparer
lefficacité. Le premier est le systeme (Wi’n’e)tzoje{lmn} introduit dans (0.3.4)
ou 'on rappelle que 'on a remplacé les petites collisions par une diffusion
(on parlera ainsi de systeme avec diffusion) et le systéme suivant ou l'on
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se contente de tronquer ces petites collisions (on parlera de systéme sans
diffusion) : pour i € {1,...,n} et t > 0,

t 1
Jime _yi 4 / / / [(cos@ — V™ — sin mgﬁ"‘] N (dsdods).
0 JOo J|0]>e
Pour nos simulations, on a pris un temps final 7774 = (0.1. On a tracé

une courbe de référence (qui sera en bleue) obtenue en simulant n = 107
particules avec € = 0.03 puis en utilisant une procédure de lissage.

.

Figure 1: v = 0.5. Graphique de gauche: systéme sans diffusion, n = 2.10%,
¢ = 0.1. Graphique de droite: systéme avec diffusion, n = 10*, ¢ = 0.1.
Meéme temps de simulation d’environ 0.05s.

Figure 2: v = 0.5. Graphique de gauche: systéme sans diffusion, n = 10,
e = 0.02. Graphique de droite: systéme avec diffusion, n = 10%, ¢ = 0.1.
Meéme temps de simulation d’environ 0.05s.

On remarque que le systeme avec diffusion converge plus rapidement
surtout si v est proche de 2 (la différence étant moins flagrante pour v plus
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Figure 3: v = 1.5. Graphique de gauche: systeme sans diffusion, n = 2.10%,

e = 0.1. Graphique de droite: systéme avec diffusion, n = 10%, ¢ = 0.1.
Meéme temps de simulation d’environ 0.14s.
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Figure 4: v = 1.5. Graphique de gauche: systeme sans diffusion, n
e = 0.06. Graphique de droite: systéme avec diffusion, n = 10%, €
Meéme temps de simulation d’environ 0.14s.

— 10¢,
0.1.
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petit). Ce phénomene n’est pas surprenant au vu des commentaires effectués
apres le Théoreme 0.3.2.

0.4 Asymptotique des collisions rasantes pour
I’équation de Boltzmann spatialement ho-
mogene pour des potentiels mous et de
Coulomb

0.4.1 Présentation du modele

Dans le deuxieme chapitre de cette these, nous allons étudier 1’équation de
Boltzmann pour des potentiels mous et de Coulomb. Elle décrit la densité
fi(v,z) de particules qui se trouvent en une position z € R? et se déplacent
A une vitesse v € R3 dans un gaz au temps ¢ > 0. L’équation est la suivante

Oufy(v,z) +v-Vofi(v,z) = /}R3 dv, /S2 doB(Jv — v.|,0) [ fi(v', z) f (v}, )
- ft(v,x)ft(v*,:c)},

ou les vitesses avant collision sont données par

, vt v |v— o, , vt u. v —u
= = —_ o
2 2 ’ * 2 2 7
et ou 0 est l'angle de la déviation défini par cosf = %.a. La fonction

B = B(lv — v,|,0) = B(Jv' — v.|,0) est appelée le noyau de collision et ses
caractéristiques dépendent de la nature des interactions entre les particules.
Nous traitons ici le cas spatialement homogene ou la vitesse des particules
ne dépend pas de leur position (notons que si la donnée initiale ne dépend
pas de la position z, il en est de méme pour la solution de I’équation de
Boltzmann). L’équation est alors la suivante

©041) 00 = [ do. [ dnBlo = vl 0)[R0)AED ~ Fl0)fe.)]

On peut linterpréter de la facon suivante : pour chaque v € R3, de
nouvelles particules ayant pour vitesse v apparaissent du fait de collisions
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entre des particules de vitesses v’ et v, a un taux B(|v' — v}, 0), tandis que
des particules ayant pour vitesse v disparaissent en se choquant avec d’autres
particules de vitesse v,, a un taux B(|v — v.|,6). On peut par exemple voir
Alexandre [3], Cercignani [15], Desvillettes [23] et Villani [71] pour plus de
détails.

Les collisions sont supposées élastiques et on a donc, au moins formelle-
ment, la conservation de la masse, du moment et de 1’énergie cinétique
pour les solutions de (0.4.1). On suppose ainsi sans perte de généralité que
Jgs fo(v)dv = 1. Comme pour Kac, on étudie le cas sans cutoff ot I'on se
donne une section efficace 8 : (0, 7] — [0, 00) vérifiant

(0.4.2) /7r 0°5(0)do = %,

ce qui correspond a la vraie situation physique. En général, on suppose
uniquement foﬂ 0?3(0)df < oo, mais afin d’alléger certains calculs, on peut
supposer sans perte de généralité que cette quantité finie est égale a %. Pour
I’équation de Kac, nous avons traité le cas Maxwellien et le taux de collisions
des particules dépendait uniquement de la section efficace 5. Nous traitons
ici des potentiels mous et de Coulomb et le taux de collisions dépend donc
également de la vitesse des particules. Pour les potentiels mous, on considere
ainsi, pour 0 < € < 7 (on se concentre directement sur les collisions rasantes),

le noyau de collision suivant

(0.4.3)
73 <7r6’

Bu|v —v.],0)sinf = [v — v.["8.(8) avec B.(0) = = ?)1\9\«,

€3

ot v € (=3,0). On peut observer que 'on a toujours

(0.4.4) /O ) 0%8.(0)df = %

pour tout € € (0,7]. On suppose également dans le cas des potentiels mous
qu’il existe v € (0,2) et 0 < ¢1 < ¢y tels que

(0.4.5) 10777 < B(0) < e pour tout 0 € (0, 7).
Pour le cas Coulomb, on considere le noyau de collision suivant

(0.4.6) B(|v — v.],0)sin 0 = (|v — v,| + he) 3B.(0),



32 INTRODUCTION

oue € (0,1), he € (0,1) décroit vers 0 quand € tend vers 0 et pour 6 € (0, 7,

ce cosf/2

(0.4.7) PlO) = 1 aTsmT 02

e<O<m/2;

ou ¢, est telle que (0.4.4) soit vérifiée. On observe que la section efficace est
différente des sections efficaces que ’on a considérées jusqu’ici. Cela vient du
fait que le cas Coulomb est un cas a part qui se traite d’'une maniere différente.
Le lecteur intéressé pourra se rapporter a Villani [70, Section 7] pour plus
de détails sur le sujet. Notre noyau de collision est presque identique a celui
considéré dans [70]. Nous avons juste apporté deux petites modifications. La
premiere est ’ajout du parametre h. dans la partie dépendant de la vitesse.
Le seul but de cet ajout est d’obtenir facilement ’existence et I'unicité d’une
solution a (0.4.1). En effet, 'objectif de notre travail est I’obtention d’une
vitesse de convergence dans le cadre de I'asymptotique des collisions rasantes,
et I'ajout de ce parametre ne nous est pas nécessaire pour atteindre cet ob-
jectif (on peut remarquer que nous demandons uniquement a h, de décroitre
vers 0 sans aucune précision sur la vitesse de cette convergence). La seconde
modification est 'ajout de ¢, dans la section efficace afin que (0.4.4) soit
satisfaite. Cela ne change pas la nature de la section efficace puisque ¢, est
proche de % quand € est petit.

On observe finalement sur cette section efficace que, du fait que I'on ait
(0.4.4) pour tout € > 0 et que [ 0*5.(0)dd < ﬁ — 0, elle se concentre
bien sur les collisions rasantes.

L’équation limite pour ’asymptotique des collisions rasantes est I’équation
de Landau. De fait, elle a été déduite de I’équation de Boltzmann par Landau
en 1936 quand les collisions rasantes prédominent dans le gaz. Elle décrit la
densité g;(v) de particules ayant pour vitesse v € R au temps ¢t > 0 :

(0.4.8)

o) = 5 30 0 [ 1500 =00 [s0)03(0) — a00s0 0] .}

3,j=1

ott [(2) est une matrice 3x 3 symétrique positive pour tout z € R3, dépendante
du parametre v € [—3,0), définie par

(0.4.9) Lij(2) = |2 (122655 — 2i2))-
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Comme pour I’équation de Boltzmann, on remarque que les solutions a (0.4.8)
conservent au moins formellement la masse, le moment et 1’énergie cinétique
et on suppose ainsi sans perte de généralité que [p5 go(v)dv = 1. On peut voir
Villani [70, 71] pour plus de détails sur cette équation, plus particulierement
son sens physique et sa dérivation de ’équation de Boltzmann.

L’objet du Chapitre 2 est de donner une vitesse de convergence explicite
de la solution de I’équation de Boltzmann vers celle de ’équation de Landau
dans le cadre de I'asymptotique des collisions rasantes pour des potentiels
mous et de Coulomb. Les vitesses obtenues sont moins bonnes que pour
I’équation de Kac. Ceci n’est pas illogique car des difficultés supplémentaires
apparaissent pour plusieurs raisons. Pour commencer, nous travaillons en
dimension 3. Cela entraine une complication dans la paramétrisation des
vitesses avant collisions et surtout en dimension 3 le résultat permettant
d’estimer la distance de Wasserstein entre l'intégrale par rapport a une
mesure de Poisson et une Gaussienne est plus compliqué a obtenir. Une
difficulté supplémentaire vient du fait que ’on traite des potentiels mous et
de Coulomb et que le taux de collision dépend donc de la vitesse des partic-
ules. Enfin, on peut également noter qu’a l'inverse de Kac, ’équation limite
(celle de Landau) n’est pas linéaire.

Le fait que 'on obtienne une vitesse de convergence explicite présente un
double intérét physique et numérique. Un intérét physique car cela permet de
justifier que I’équation de Landau est une bonne approximation de Boltzmann
quand les collisions rasantes prédominent. Un intérét numérique car on peut
espérer montrer qu’il est préférable d’approcher les petites collisions par un
terme de type Landau plutot que de les négliger comme on l'a fait avec
I’équation de Kac dans la section précédente.

0.4.2 Les potentiels mous

Nous donnons ici notre résultat sur l'asymptotique des collisions rasantes
dans le cas des potentiels mous.

Théoréme 0.4.1. Soient v € (=3,0), v € (0,2) et, pour € € (0,7], B un
noyau de collision satisfaisant (0.4.2-0.4.3-0.4.5).

(i) On suppose que v € (—1,0) et v € (—v,1). Soient p > max(5,v*/(v+7))
et fo € Ppra(R?) telle que H(fy) < oo. Alors il existe une unique solution
(faible) (9¢)icio,00) @ (0-4.8) avec gy = fo, et pour tout € € (0, 7|, il existe une
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unique solution (faible) (ff)icp,00) @ (0.4.1) avec Be pour noyau de collision
et f§ = fo pour donnée initiale. De plus, pour tout T > 0 et € € (0,1),

sup Wa(ff, gi) < Ceres,
[0,T7]

ou C' est une constante qui dépend de T, p,~, fo.

(ii) On suppose que v € (—3,0). Soient p > 5 et fo € Ppi2(R3) telle que
fo € LYR?) pour un q > % Alors il eziste T, = Ti(q,||follrs) > 0 tel
qu’il existe une unique solution (faible) (g¢)icpr.) @ (0.4.8) avec go = fo, et
pour tout € € (0,7],et tel qu’il existe une unique solution (faible) (ff)icpo,r,] @
(0.4.1) avec Be pour noyau de collision et f§ = fo pour donnée initiale. De

plus, pour tout € € (0,1),

sup Wa(ff, i) < €3,
[OvT*}

ou C' est une constante qui dépend de p,q,, fo.

Commencons par remarquer que les énoncés d’existence et d’unicité que
nous donnons dans le résultat précédent sont des conséquences directes des
papiers de Fournier-Mouhot [35] et Fournier-Guérin [32]-[33]. 1l a juste fallu
s’assurer que les estimées sur (ff)cjo,r,] ne dépendaient pas de e. On peut
également remarquer que c’est du fait de ces résultats d’existence et d’unicité
que l'on a un résultat global en temps pour v € (—1,0) et local en temps
sinon.

Notons également que comme annoncé, la vitesse obtenu n’est pas opti-
male : elle est de ordre de €/2~ si la donnée initiale admet des moments de
tout ordre alors que I'on peut penser que comme pour Kac, la vitesse opti-
male est de €. De plus le résultat est loin d’étre uniforme en temps puisque
les constantes en dépendent de maniere exponentielle.

La démonstration s’appuie sur I'utilisation d’E.D.S. Avant d’introduire
celle liée a I’équation de Boltzmann, il nous faut donner une paramétrisation
de la vitesse des particules avant les collisions. Les notations qui suivent
sont tirées de Fournier-Méléard [34]. Pour chaque X € R3 on introduit
I(X), J(X) € R? tel que (2 LX‘), 2D soit une base orthonormée de R3.

X1 X
On demande également que I(—X) = —I(X) et J(—X) = —J(X). Pour
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X,v,v, €R3 0 €0,7] et p € [0,27), on pose

['(X, @) := (cosp)[(X) + (sin ) J(X),

/U, = U,<U7 Uk, 97 gp) =U—= LQOS@(’U U*) + %FCU Vs 90)’

V=00, 0,0, 0) 1= 0, + 590 (0 — 0) = T (v — vy, ),
— (v

a:=a(v,v,,0,0) =V —v) = — V).

I nous faut également retirer la dépendance en vitesse |v — v,|” dans le taux
de collision. On considere ainsi

= / B(z)dr et G(z):= H '(2),
0
et pour z € (0,00), ¢ € [0,27), v,v, € R3 on définit

C€(U7v*7z?()0) = Cl[’U,U*, GG(’Z/‘U - U*”y>7(p]'

On se donne un a-processus (f/f)te[oj] tel que Ea(f/f) = f; pour tout

€ [0,7]. On considere également une (F)icpo,r-mesure de Poisson N sur
[0,T]%[0,00) %[0, 27]x [0, 1] d’intensité dsdzdpdc, et Vj une variable aléatoire
Fo-mesurable de loi fo. On considere enfin (V,%)icpo,r) solution de I'E.D.S.

suivante
=Vo+ // / /cE (VE,VE(a), z,9)N(ds, dz, dp, da)
k / / Ve = V(o) [ (Vi — V(@) dsdar
0o Jo

ol ke = [[(1 —cos0)B:(0)df. On a alors L(V[) = ff pour tout ¢ € [0,T].

L’équation de Landau n’étant pas linéaire, il va nous falloir considérer un
bruit blanc tridimensionnelle W (ds, da) sur [0, T x [0, 1] de mesure de covari-
ance dsda (dans le sens défini par Walsh [73]). On se donne un a-processus
(ﬁ)te[O,T] tel que Ea(f/t) = g; pour tout t € [0, 7] et on considere une variable
aléatoire Y, Fo-mesurable de loi gg. On considere enfin le processus (Y;)icpo,1)
solution de I'E.D.S. suivante

Yt:Y()+/Ot/010(ys—ifs(a))W(ds,dQ)+/Ot/01b(1g—1§(a))dsda,
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oll pour tout z € R3,

29 —2Z3 0
b(z) = =22z et o(z)=|2?| -2 0 2z
0 21 —2Z9

On a L(Y;) = g; pour tout ¢ € [0,T] (on peut observer que o(z)c*(z) = I(2)
avec [(z) donné par (0.4.9)).

L’idée et le schéma de la preuve sont les mémes que pour celle du Théoreme
0.3.1. Cependant celle-ci est comme on pouvait s’y attendre beaucoup plus
compliquée.

Le point clef est encore une fois de coupler la mesure de Poisson et le
bruit blanc (qui joue le role du mouvement Brownien) afin qu'une certaine
distance de Wasserstein soit réalisée, puis d’estimer cette distance a l'aide
de la Proposition 0.2.5. Cependant ce résultat s’applique plus difficilement
que le Corollaire 0.2.3. En premier lieu la fonction déterministe intervenant
dans l'intégrale par rapport a la mesure de Poisson ne peut plus dépendre
du temps, ce qui nous amene a discrétiser le temps avec une subdivision
dont le pas est inférieur a 1/n pour un entier n. De plus les hypotheses
d’applications de ce résultat sont plus contraignantes, nous obligeant a faire
certaines considérations alourdissant les calculs.

Une autre différence avec la preuve utilisée pour Kac vient du terme en
|v — v,|7 dans le noyau de collision. De ce fait, il nous faudra traiter des
termes du type fot fol E[X,|VE— V() |dads avec § =y ouy+1 (si y < —1)
ouy+2 (si ¥ < —2). Ces derniers seront controlés par f;E[XS]HfSHquS en
utilisant le fait que pour § € (—3,0) et pour g € (3/(3+6), 00}, il existe une
constante Cj,, telle que pour tout h € P(R?) N LY(R3),

sup / h(va) v — v.|’dv. < Csgl|h|| pages) + 1.
R3

vER3

On peut se rapporter a la partie 2.5 pour tout les détails de la démonstration.

0.4.3 Le potentiel de Coulomb

On donne ici notre résultat principal sur le potentiel de Coulomb.

Théoréme 0.4.2. On prend v = —3. Soient B, donnée par (0.4.6), p > 7
et fo € Pp(R®) N L>®(R3). Alors il existe T, = T.(||follz) tel quil existe
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une unique solution (faible) (g¢)icior,) @ (0.4.8) avec go = fo, et pour tout
e € (0,1), il existe une unique solution (faible) (ff)icpor.) @ (0.4.1) ayant B,
pour noyau de collision et f§ = fo pour condition initiale. De plus, pour tout
e € (0,1),

sup Wa(f, gt) < C<h? + ( : >Q)7

0.7.] log ¢
ou C' et a >0 dépendent de p et de fy.

Comme pour les potentiels mous, les énoncés d’existence et d’unicité dans
le théoreme précédent sont des conséquences directes de résultats existants.
Pour I'équation de Boltzmann (0.4.1), on a considéré un noyau borné et
I’existence et I'unicité sont classiques et peuvent se trouver dans le papier
de Fournier-Guérin [32]. La encore, il a fallu s’assurer que les estimées in-
tervenant pour la stabilité dans L>°(R?®) ne dépendent pas de e. Pour Lan-
dau (0.4.8), l'existence se trouve dans Arsen’ev-Peskov [4] et I'unicité dans
Fournier [29)].

On observe deux termes d’erreur dans notre résultat. Le premier, (h?),
vient du fait que 'on a ajouté le parametre h, dans le noyau de collision afin
on le rappelle d’avoir facilement 'existence et I'unicité pour (0.4.1). Le sec-

a
ond terme, ( = ) , est la vraie vitesse de convergence pour I’asymptotique
Y log L )

des collisions rasantes dans le cas Coulomb. Nous sommes loin de la vitesse
optimale que 'on pense étre de @ (la constante a est tres petite). Il est
important de noter que les deux tenenes d’erreur ne sont pas liés. En sup-
posant l'existence et 1'unicité pour (0.4.1), on pourrait ainsi prendre h. = 0
et nos preuves resteraient valides. Cependant, comme h, peut tendre vers 0
aussi vite que I’on veut, on pense que le fait d’avoir ce premier terme d’erreur

ne pose pas de probleme.

Le schéma de la preuve est exactement le méme que pour le cas des
potentiels mous mais certaines étapes se démontrent de maniere différente
car il faut gérer des termes du type f(f fol E[X,|VE— \N/;|*3]dozds. On ne peut
pas traiter ces termes de la méme facon que pour les potentiels mous car on
travaille dans R? et done [, _, |2|~?dz = oco. On utilise le fait qu'il existe

une constante C' tel que pour tout h € P(R3) N L>*(R?), pour tout € € (0, 1],

sup / v — v, | 2h(v,)dv, <1+ C||h||s log(1/e).
e

vER3
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Ceci nous amene a utiliser la généralisation du lemme de Gronwall suivante.

Lemme 0.4.1. On considére la fonction croissante continue v : [0,00) —
R, définie par

Y(z) = 2(1 — 1< log z).

Soient T > 0 et v : [0,T] — R, satisfaisant fOT’y(s)ds < 00. On considére
une fonction bornée p : [0,T] — R tel que, pour un certain a > 0, pour
tout t € [0,T], p(t) < a+ fot v(s)w(p(s))ds. On pose K := fOTW(s)ds. Alors
p(t) < C(a¢™" + a) pour tout t € [0,T], ot C dépend uniquement de K.

0.5 Propagation du chaos pour un modele de
Keller-Segel sous-critique

Dans le troisieme et dernier chapitre, nous étudions ’équation de Keller-Segel
dans un cadre sous-critique. L’équation est la suivante

Ofi(z)

(0.5.1) T

=X Vo - (K = fi)(@)) [i(x)) + Do frl),
ol f:Ry xR? R, y>0et

(0.5.2) K(z):

= T2 a e (0,1),

est le noyau de champ de force. Dans le cas standard, le noyau considéré
est K(z) = z/|z|?>. L’équation de Keller-Segel standard décrit un modele
de chimiotaxie : il s’agit de I’étude du mouvement de cellules (bactéries ou
amibes) qui sont attirées par une substance chimique qu’elles produisent.
Elle a été introduite pour la premiere fois par Keller et Segel dans [49, 50].
Blanchet, Dolbeault et Perthame ont donné dans [6] des résultats d’existence
globale de solutions et de comportement en temps long si le parametre x (qui
représente la sensibilité de la cellule a Pattracteur chimique) est plus petit
que 87/M ou M est la masse initiale (qui est ici toujours égale a 1 puisque
nous considérons uniquement des probabilités). On peut voir Horstmann
[42, 43] pour plus de détails sur le sujet.
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On considere 'E.D.S. non-linéaire suivante liée a (0.5.1)
t
(0.5.3) X = Xo— X/ K(X, — z)f.(dz)ds + V2B,
0 JRr2

ou fy = L(X;). On peut observer, en appliquant la formule d’Itd a ¢(X;)
pour ¢ € C¢(R?) et en prenant 'espérance, que si (X;)i>o est une solution
de (0.5.3), alors en posant f; = L£(X;) pour tout ¢ > 0, (f;)¢>0 est solution
de (0.5.1) (dans un sens faible).

Le but principal du Chapitre 3 est de montrer la propagation du chaos
vers la solution (X;);>0 de (0.5.3) du systeme de particules suivant :

(0.5.4)

N t
Vi=1,.,N, XN=Xx"- % > / K(XMN — X3N)ds + V2B,
j=t#i”0

ot (B%);=1.. n est une famille de mouvements Brownien i.i.d. dans R
Pour cela, on s’inspire du papier de Fournier, Hauray et Mischler [36] ou
ils démontrent la propagation du chaos pour un modele de Navier-Stokes
2D. Notons des maintenant que nous obtenons cette propagation du chaos
a l'aide d’outils de type tension et que nous n’avons donc pas de vitesse de
convergence du systeme de particules comme pour Kac dans le Chapitre 1.

0.5.1 Notations et propagation du chaos

Pour N > 2 et FE un espace Polonais, on note Ps,,(EY) 'ensemble des
probabilités symétriques sur £, i.e. I'ensemble des probabilités qui sont des
lois de variables aléatoires échangeables a valeur dans E™V.

On considere pour tout F' € P, ((R?)Y) avec une densité (et également
un moment d’ordre positif fini pour définir I'entropie) 'entropie de Boltz-
mann et 'information de Fisher définies par

| 1 IVF(z)[?

H(F): F(z)log F(z)dx et I(F):= i . de.

= N (R2)N

Pour tout k > 0, on définit également (z; € R? représente la i-eme coordonnée
de x € (R?)"),

N
1
My(F) = — i|FF(dx).
(F) N/(RQ)N;M (dx)
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On a normalisé par 1/N afin d’avoir pour tout f € P(R?),

H(f)=H(f), I(f*Y)=1(f) et M(f*)=My(f).
Donnons maintenant la définition de la propagation du chaos.

Définition 0.5.1. Soit X une variable aléatoire a valeurs dans E. Une suite
(XN ..., X¥) de variables aléatoires échangeables a valeurs dans E est X -
chaotique si l'une des trois conditions équivalentes suivantes est satisfaite
(i) (XN, XY) converge en loi vers deuz copies indépendantes de X quand
N — +o0o;

(ii) pour tout j > 1, (XN, ..., X]N) converge en loi vers j copies indépendantes
de X quand N — +o00;

(ii) la mesure empirique piy == + SV oxv € P(E) converge en loi vers
la constante L(X) quand N — +00.

On peut voir Sznitman [62] pour ’équivalence des trois conditions ou
Hauray-Mischler [40, Theorem 1.2] ot ’équivalence est établie de fagon quan-
titative.

La propagation du chaos dans le sens de Sznitman a toujours un sens pour
un systeme de N particules échangeables évoluant avec le temps si, quand
les conditions initiales (Xé’N, ...,Xév ’N) sont Xy-chaotique, les trajectoires
((XtLN)tZOa e (Xt]V’N)tzO) sont (X¢)i>o-chaotique, ot (Xy)i>o est (I'unique)
solution du modele limite attendu.

On rappelle finalement une notion plus forte de chaos (voir [40]) introduite
par Kac dans [47] et formalisée récemment dans [14] : le chaos entropique.

Définition 0.5.2. Soit f une probabilité sur E. Une suite (FN) de proba-
bilités symétriques sur EV est entropiquement f-chaotique si

FN — f faiblement dans P(E) et H(FY)— H(f) quand N — oo,
ou N désigne la premicre marginale de FN.

On peut observer que comme ’entropie est semi continue inferieurement
(de telle sorte que H(f) < liminfy H(FY)) et est convexe, le chaos en-
tropique (qui impose limy H(FY) = H(f)) est une notion plus forte de con-
vergence qui implique que pour tout j > 1, la densité de la loi de (X}, ..., X JN )
tend fortement dans L' vers f® quand N — oo (voir Brezis [8]).
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0.5.2 Résultats d’existence et d’unicité

La premiere étape pour montrer la propagation du chaos est de montrer
'existence et I'unicité pour le systeme de particules (0.5.4).

Théoréme 0.5.1. Soient o € (0,1) et N > 2 fizés. On suppose que
M (F¥) < oo et H(FJ') < oo. Alors il existe une unique solution forte

(XZ7N)t20,i:1,...,N a (0.5.4). De plus, les particules ne se choquent jamais
p.s., i.e. on ap.s. pour toutt >0 eti#£j, Xi £ XN,

Pour démontrer ce résultat, on introduit un systéeme de particules util-
isant un noyau régulier K, avec un parametre de cutoff au dénominateur. On
controle uniformément en € ’entropie, le premier moment et 'information de
Fisher de la loi du systeme avec cutoff grace a une formule de dissipation
de l'entropie (ce qui nous permet d’obtenir le méme type de contréle pour
la loi du systeme (0.5.4)). L’existence et l'unicité pour le vrai systeme de
particules (sans cutoff) sont immédiats jusqu’a un certain temps d’arrét qui
correspond au premier instant ou deux particules se percutent. Grace notam-
ment aux estimées uniformes en e précédentes et au fait qu'une martingale
locale positive est finie p.s., on montre que ce temps d’explosion est infinie
p.s. et le résultat est prouvé.

On montre ensuite 'existence et I'unicité pour 'E.D.S. non linéaire (0.5.3).

Théoréme 0.5.2. Soient a € (0,1) et fy € P1(R?) telle que H(fy) < oo.
Il eziste une unique solution forte (Xi)i>0 a (0.5.3) tel que pour un p >

2/(1 - Oé),
(fi)ez0 € Lis.([0,00), Pi(R?)) N Ly, ([0, 00); LP(R?)),
ou f; est la loi de X;.

L’existence en loi repose sur des arguments de tension du systeme de
particules (0.5.4) et du fait que toute limite de QY := ]%/2511 Oy

t t>0
appartienne a I'ensemble des mesures de probabilités f € P(C((0,00), R?))
tel que f soit la loi de (X})¢>o solution de (0.5.3) vérifiant (on note f, =

L(X1))

T
(0.5.5) vT >0, / I(fs)ds < oo et sup Mi(fs) < 0.
0 (0,7
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On utilisera ces mémes arguments pour la propagation du chaos. Pour
I'unicité trajectorielle, on prend deux solutions (X;);>0 et (Yi)i>0 & (0.5.3),
on montre que

T
Bfsup X, ~ Y] < € / E[|X, — Yy[J(L + 1o + gullun)ds,
0,7 0

pour tout 7" > 0 ou f; := L(X;) et g := L(Y};), et on conclut a l'aide
du lemme de Gronwall. La singularité du noyau K est similaire a celle
intervenant dans le noyau de collision de 1’équation de Boltzmann. Pour
obtenir la derniere majoration, on a ainsi repris le méme type d’arguments
utilisés par Fournier-Guérin dans [32] : on considere R, € P(R? x R?) tel
que [oo g2 |2 —y|Rs(dx, dy) = Wi (fs, g) et on utilise la majoration suivante

1

R2 IX _ :L»|a+1 fS(dm) < C<]‘ + ||f8||LP)]E[|Xs - )/SH,

E[1X, - %

avec p > ﬁ

Il reste enfin & montrer ’existence et 'unicité pour I'équation de Keller-
Segel sous-critique (0.5.1).

Théoréme 0.5.3. Soit a € (0,1). On suppose que fo € P1(R?) est telle que
(1) Il existe une unique solution (faible) f a (0.5.1) telle que

2
f e LE([0,00), Py (R?) N L}, ([0, 00); LP(R?)) pour un p > T

(i1) Cette solution satisfait de plus pour tout T > 0,

T
| 1tas < .
0
pour tout q € [1,2) et pour tout T > 0,
V.f € L*/G=2(0,T; LY(R?)),
pour tout p > 1,

f € €([0, 00); L'(R?)) N C((0, 00); LP(R?)),
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et pour tout 3 € CH(R)N W/li’COO(R) telle que 3" soit continue par morceauz
support compact,

WB(f) =x (K = f) - Va(B(f)) + LaB(f)
- Bﬂ(f)|vﬂcf|2 + X6,<f8)f8(vff - K ox fs)a

sur [0,00) x R? dans le sens des distributions.

L’existence et 'unicité reposent sur des arguments probabilistes. Le tra-
vail a déja été fait pour l'existence. En effet, si on prend le processus (X;)i>o
du Théoreme 0.5.2 solution de (0.5.3), alors en posant f; = L(X}), (fi)e>o0
est solution de (0.5.1).

Pour 'unicité, on se donne deux solutions (f;)i>0 et (g¢)+>0 et on considere

t
Xt :XO_X/ K(Xs—x)fs(dx)d$+\/§Bt,
0o JRr2
t
Y, =Y, — X/ K(Y; — x)gs(dx)ds + V2B,.
0o JRr2

A T'aide d'un résultat de Bhatt-Karandikar [5] donnant des conditions pour
avoir l'existence et 1'unicité a un probléeme de martingale donné, on montre
que L(X;) = fi et L(Y;) = g;. Puis comme précédemment, on montre que

B = YiD) < Wil gn)exp (€ [ (14 1.+ o)),

ce qui permet de conclure puisque Wi (fi, 9:) < E(|X; —Y;|) par définition de
la distance de Wasserstein.
La renormalisation de la solution se fait par des arguments d’E.D.P.

0.5.3 Propagation du chaos

Nous avons tous les outils en main pour montrer notre résultat principal.

,,,,,

aléatoires de loi FY telle que pour un fo € P(R?),

FY € Pym((R*)N) est  fy — chaotique;

sup M, (F)Y) < oo, sup H(Fy') < o0.
N>2 N>2



44 INTRODUCTION

Pour chaque N > 2, on considére l'unique solution (XZ’N)Z-:17,,,7N¢ZO de
(0.5.4). Soit (Xy)i>0 l'unique solution de (0.5.3).

(1) La suite (XZ’N)i:17...7N,tZO est (X¢)i>o-chaotique. En particulier, la mesure
empirique QY = %Zi\; 5(Xti,N)t20 converge en loi vers L((Xi)i>o0) dans
P(C((0,00),R?)).

(i) Supposons de plus que limy H(FY) = H(fo). Pour tout t > 0, la suite
(XZ N) ...N est alors entropiquement X;-chaotique. En particulier, pour
tout j > 1 et toutt > 0, en notant FY} la densité de la loi de (XN, L XPN,
on a

A}E{l)oHFt — | a2y = 0.

Notons que les hypotheses du résultat précédent sont vérifiées si la famille
(XoM)izr..v est iid. de loi fy € Pi(R?) telle que H(fy) < oo. La
demonstratlon du point () repose sur le fait que la famille {£(QY), N > 2}
soit tendue dans P(P(C([0,00), R?))) et que toute limite de QV appartienne
p.s. a lensemble des mesures de probabilités f € P(C((0,00), R?)) tel que f
soit la loi d'une solution & (0.5.3) vérifiant (0.5.5). Mais d’apres le Théoreme
0.5.2, cet ensemble est réduit & f := (L(X}))i>0. On en déduit que QY tend
en loi vers f quand N — oo.

En utilisant la renormalisation de la solution de (0.5.1), on obtient la
formule de dissipation de ’entropie suivante

H(fi)+ / 1(£)ds = H(fo) +x(1 = ) / LI fjxdf ffa(f?)ds-

Cette formule et un petit travail supplémentaire nous permettent d’obtenir
le chaos entropique.

0.6 Quelques perspectives

Dans le chapitre 2, les vitesses de convergences ne sont pas optimales. Il
serait ainsi intéressant d’améliorer ces dernieres. On pourrait alors adapter
les idées du chapitre 1 en approchant la solution de I’équation de Boltzmann
dans le cas général en remplacant les petites collisions par un terme de type
Landau.

Dans le chapitre 3, le résultat de propagation du chaos est obtenu a ’aide
d’un argument de tension. En s’inspirant du chapitre 1, on pourrait chercher
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a obtenir un résultat donnant une vitesse de convergence du systeme de
particules. De plus on considere un modele de Keller-Segel sous-critique. On
pourrait essayer de considérer le modele critique ot @ = 1 ou du moins de
s’en approcher en considérant un petit cutoff (avec par exemple un K tel que
|K(z)| = (|]z| +nP)~! avec p grand).
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Chapter 1

Asymptotic of grazing collisions
and particle approximation for
the Kac equation without cutoff

N. Fournier and D. Godinho. Asymptotics of grazing collisions and particle
approximation for the Kac equation without cutoff. Comm. Math. Phys.,
Vol. 316, 307-344, 2012.

Abstract. The subject of this article is the Kac equation without cutoff.
We first show that in the asymptotic of grazing collisions, the Kac equation
can be approximated by a Fokker-Planck equation. The convergence is uni-
form in time and we give an explicit rate of convergence. Next, we replace
the small collisions by a small diffusion term in order to approximate the
solution of the Kac equation and study the resulting error. We finally build
a system of stochastic particles undergoing collisions and diffusion, that we
can easily simulate, which approximates the solution of the Kac equation
without cutoff. We give some estimates on the rate of convergence.
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Keywords: Kinetic Theory, Kac equation, grazing collisions, Particle
systems.
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1.1 Introduction

1.1.1 The model

The spatially homogeneous Boltzmann equation (see Cercignani [15], Villani
[71]) describes the density f;(v) of particles in a gas, which move with velocity
v € R? at time ¢ > 0. The Kac equation is a one-dimensional caricature of
the Boltzmann equation. It writes

%(U) - /U*ER /;_ﬂ (ft(vl)ft(vi) - ft(@ft(%))ﬁ(@)d@d@,

(1.1.1)

where t > 0, v € R and where the pre-collisional velocities are given by
(1.1.2) v =wvcosf —v,sinf, v, =wvsinf + v, cosb.

The function 8 : [-m, 7] — {0} — R, is an even function called cross section.
Let us interpret this equation: with a rate proportional to 3(0), new particles
with velocity v appear due to a collision between two particles with velocities
v" and v, while particles with velocity v disappear because they collide with
another particle with velocity v.. See Kac [47, 48] and Desvillettes [19] for
more precisions. If we have foﬂ B(0)df = oo, then there is an infinite number
of collisions for each particle during any time interval. The case where we
assume [ $(0)dd < oo (case with cutoff) has been much studied. We will
focus here on the real physical situation where we only assume foﬁ 628(0)do <
oo (case without cutoff). By analogy with the 3d-Boltzmann equation, we
will include the case where, for some 0 < v < 2,

(1.1.3) 30) = ||

We will use in this article Wasserstein distances. Let us recall that for
p > 1,if f and g are two probability measures on R with a moment of order

b,

Wy(f.9) = mf {E(JU = V"), U ~ f,V ~ g},
where the infimum is taken over all random variables U with law f and V'
with law g. See e.g. Villani [72] for many details on the subject. In particular,

it is known that the infimum is reached : one can build U ~ f and V ~ ¢
such that W2 (f,g) = E(|U — V7).
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1.1.2 Asymptotic of grazing collisions

Assume that there are more and more collisions, but that these collisions
generate smaller and smaller deviations. For example, consider [.(6) =
gg(?)n,eke. Then, we have |7 028,(0)d6 = const and [T 646.(0)d0 — 0.
It is known that in this case, the solutions of Boltzmann’s equation converge
to the solution of the Fokker-Planck-Landau equation. To be more precise,
Degond and Lucquin-Desreux [17] and Desvillettes [20] have shown the con-
vergence of the operators (not of the solutions) and Villani [70] has shown
some compactness results and the convergence of subsequences. The unique-
ness results of [32] show the true convergence (under some more restrictive
assumptions).

If we denote by (g5)i>0 the solution of equation (1.1.1) with cross section
f. and initial condition g§(v) = go(v) and if we assume [, v*go(v)dv < co we
will show that supsep o0y Walgf, 9:) < Ce, with (g¢)i>0 starting from g and
solving

0 E 0? 10
(1.1.4) 51910) = 5 550) + 55-(vg:(v)),

where € := [, v*go(v)dv. This limit equation is nonlinear, but the nonlin-
earity appears only through fR v%g;(v)dv, which is constant in time.

A similar result has already been proved by Toscani [66] with a stronger
distance but the rate of convergence is not very explicit. We believe that the
present rate of convergence is optimal.

1.1.3 Replacing grazing collisions by a small diffusion
term

We come back to the Kac equation (1.1.1) with fixed cross section 3. Numer-
ically, we must truncate small collisions, since they are in infinite number.
There are two possibilities.

One may truncate roughly small collisions by replacing S by 56(9) =
B(0)1jp.. We denote by (ff);o the solution of (1.1.1) with this ..

One may replace small collisions by a small diffusion term in the spirit of
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grazing collisions. We denote by (ff):>o the solution to

9 0 92
(L15)  mpfe(v) =begy [vff(v)] + Ebes 5 £ (v)
+ /U*E]R /IGIZe <ft€(v’)ft5(vi) - ff(@ff(m))ﬁ(@)d@dm,
where

(1.1.6) be = /|0|< (1 —cosf)B(0)dd and & = /R?J2f5(v)dv.

We will show that sup,cq Wa(fe, ff) < Ce(1 + VT) if [y v fo(dv) <
0o. We can observe that when neglecting roughly grazing collisions, we get
supyeror We(ff, fi) < Cre'™/? (see Desvillettes-Graham-Méléard [21]) if 3
is as in (1.1.3). We can yet notice that there is no dependance on v in our
result. This is due to the fact that the more v is close to 2, the more we
neglect small collisions, but the more small collisions are well-approximated
by the diffusion term. The proof is inspired by [30].

1.1.4 A finite system of stochastic particles

Let (3 be a given cross section and f an initial datum with [, v* fo(dv) < co.
We consider a solution (f;):>o of (1.1.1).

For € > 0 fixed, we are going to build a system of n stochastic particles
that we can simulate with a cost of order T'n fl0\>e B(0)df on [0, T, which is at

worst of order T'e?n. If we denote by y;" the empirical measure associated
to this system of particles and by pj' the empirical measure associated with
a system of n i.i.d. particles with law f;, we will show that

Sup E W3 (fo )] < COL+ )% (€ 4 sup B[ W3 (fo )] ).

[0,T] [0,T]

Our system of particles is thus as efficient as the system of particles with
true i.i.d. particles with law f;, which cannot be simulated because of the
nonlinearity. If we assume that f; has infinitely many moments, we will get

1
) ne 32, L
[SOLE?E[WZ (fe, bt )} <C1+T) <€ t n(1/2)*>'
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This system of particles uses the ideas of the previous section : we replace
small collisions by a small diffusion term, which gives an error of order €. In
[60], Sundén and Wennberg give some numerical results using the same idea.

In Desvillettes-Graham-Méléard [21], they just cutoff small collisions and

they get, roughly, something like supy 71 E [Wf(ft, /J?’E)] <Cr (62_”—1-&),

with Ae = [, B(0)d0 ~ € if 3 is as in (1.1.3). If we compare this result
with our result, we can observe the following.

e In the first term, we get an error of order €? instead of €27*. It is due
to the fact that we replace small collisions by a small diffusion term.

e In the second term, we get a bound which does not depend on e. It
is because we use a Wasserstein distance which is well-adapted for this
study. In Desvillettes-Graham-Méléard [21], they give the final result
with a Wasserstein distance, but to get this result they use a variation
distance.

e The cost of simulation for the two systems of particles is similar.

1.1.5 Comments

We managed to obtain some bounds uniform in time for the asymptotic of
grazing collisions. For our two other main results, we tried to limit the time
dependance. We thus avoid getting bounds with exponential terms.

The bound we get for E[WZ(f;, u)] is not very satisfactory. A priori, it
is of order n~(1/2)~ (if the initial condition has infinitely many moments, see
Lemma 1.8.4) which gives a bound for E[Ws(f;, u?)] of order n=/9~. We
expected to get a bound of order n~/2 as in the central limit theorem, but
we cannot get it. See Peyre [55] for example to get more details. It seems to
be the only defect of W, for this study.

Assuming that [705(0)df < oo (e.g. if we assume (1.1.3) with v € (0,1)),
we get a bound for E[W,(f;, u>)] which is of order € + n~2 but with an
exponential dependance in time. If [7675(0)df < oo (e.g. if v < 7) for some
v € (1,2), we also study E[W(f, ;)]

In a future work, we will apply the same kind of methods to the homoge-
neous Boltzmann equation. We hope to get some results which will probably
be less optimal.
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1.1.6 Bibliographic comments

In this article, we use probabilistic methods. The first who used probabilistic
methods to study the Kac (or Boltzmann) equation is McKean [51, 52].
He was investigating the convergence to equilibrium and he proposed some
probabilistic representation of Wild’s sums, using some tools now known as
the McKean graphs. This idea has been used and refined in many papers,
let us quote a few of them by Carlen-Carvalho-Gabetta [12, 11, 13] and more
recently by Dolera-Gabetta-Regazzini [26, 27]. The exact rate of convergence
to equilibrium for the Kac equation is now very precisely known.

Another pioneer of probabilistic methods for kinetic equations is Tanaka.
In [64], he discovered the noticeable property that the Wasserstein distance
with quadratic cost is non-increasing along solutions to the Kac equation.
This idea was extended in [65] to the Boltzmann equation for Maxwell
molecules. His study was based on the use of some nonlinear stochastic pro-
cesses related to the Kac and Boltzmann equations. The paper of Graham-
Méléard [37] (about the regularization properties of the Kac equation via
Malliavin calculus) is based on the work of Tanaka, as well as [35, 32] dealing
with the uniqueness of solutions to the Boltzmann equation. Our work is
also strongly inspired by Tanaka’s papers.

The present paper is also closely linked with the original problem of
Kac [47, 48], concerning the propagation of chaos for the Kac equation.
The idea is to make a step toward the rigorous justification of the Boltz-
mann equation, by showing that some simplified particle systems converge
to a simplified Boltzmann equation. On this topic, some important re-
sults have been obtained by Sznitman [61] (Boltzmann equation for hard
spheres), Desvillettes-Graham-Méléard [21] (Kac equation without cutoff)
and more recently by Peyre [55] (large deviations for the Boltzmann equa-
tion for Maxwell molecules) and by Mischler-Mouhot [53] (quantitative prop-
agation of chaos for the Boltzmann equation for hard spheres and Maxwell
molecules). Let us mention that we provide here a very simple proof of the
propagation of chaos for the Kac equation (in a slightly modified context)
with very satisfying quantitative estimates, see Section 1.6 until Proposition
1.6.2.

To end with probabilistic references, let us mention that our results
strongly rely on a recent paper of Rio [57] giving some precise rate of con-
vergence for the standard central limit theorem in Wasserstein distance.

To conclude, we quote the article of Pareschi-Toscani-Villani [54]. This
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paper is devoted to a numerical method, based on the use of Fourier trans-
forms, for the homogeneous Boltzmann equation. It also uses an approxi-
mation of the grazing collisions by a small Landau-type diffusive term. Of
course, our numerical method can be immediately extended to the true ho-
mogeneous Boltzmann equation. From a numerical point of view, we are
not able to decide which method is better. In [54], periodic solutions are
considered, which is not physical. One would need to study the error due
to such an approximation. Furthermore, the theoretical results in [54] only
concern the rate of convergence of the operators (when dealing with quite
regular functions), not of the solutions. So the main advantage of our paper
is that we really provide an (almost optimal) estimate of the numerical error,
taking into account all the approximation parameters (number of particles
and cutoff parameter). Unfortunately, we only study a simplified model. We
believe that our estimates also hold true for the true homogeneous Boltzmann
equation, but we are far from being able to prove it.

1.1.7 Plan of the paper

In the next section, we will state more precisely our three main results. In
Section 1.3, we will give a probabilistic interpretation of the three equations.
Sections 1.4, 1.5 and 1.6 are devoted to the proofs of our main results. Some
numerical illustrations will be given in Section 1.7. At the end of the paper,
we will give an appendix with some results about the Wasserstein distance
between a compensated Poisson integral and a centered Gaussian law with
same variance, the rate of convergence of an empirical measure using Wasser-
stein distances, the moments of the solution to (1.1.1) and the well-posedness
for a certain kind of P.D.E.s.

1.2 Results

1.2.1 Weak solutions

Let £ be a cross section satisfying

(1.2.1) /W 026(0)df < oco.

For k > 0, we denote by Pi(R) the set of probability measures on R ad-
mitting a moment of order & and by CZ(R) the space of real bounded func-
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tions which are in C?*(R) with first and second derivatives bounded. We
say that a famlly of probability measures (f);>o is in L2, ([0, 00), P2(R)) if
supp 71 Jp V2 fi(dv) < oo for all T. If ¢ € CF(R) and (v, v.) € R?, we set

K (v,v.) = /7r [gp(v cosf — v, sinf) — p(v)

—Tr

(1.2.2) — (v(cosf — 1) — v, sin 9)@’(7})} B(6)do — buy' (v),
with
(1.2.3) - /ﬂ(1 — cos0)3(0)d6.

If foﬂ 0B(0)df < oo, then one easily checks, using that /3 is even, that

(1.2.4) K (v,v.) = /7r [(p(v cos — v, sinf) — ¢(v)|5(0)do

-7
We now define precisely the notion of solutions that we will use.

Definition 1.2.1. Consider a cross section [ satisfying (1.2.1).

1. We say that (fi)i>0 € L5 ([0,00), P2(R)) solves (1.1.1) if for any ¢ in
CZ(R), any t >0,

(1.2.5)
[ et = [ e+ [ [ [ Kw.nsn

2. We say thay (g1)i>0 € Lloc([ ,00), PQ(R)) solves (1.1.4) if for any ¢ in
C%(R), any t >0,

(1.2.6) /ch(v)gt(dv) / o(v)go(dv) + 5// v)gs(dv)d
- / / v (v)gu(dv)ds

where € 1= [v2go(dv).
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3. For e € (0,1) fized, we say that (ff) >0 € Li2 ([0,00), P2(R)) solves
(1.1.5) if for any ¢ in CE(R), any t

>0,
Jewiitan = [ ot -, / / 0! (0) f5(du)ds

(1.2.7)
+ Eb, // v) fS(dv) ds—i—/ //K“O v, v,) fo(dv) f&(dv,)ds
where
(1.2.8)
B.(8) = B(6) Lo bez/ (1— cos0)B(0)d0 and 8:/v2f5(dv).
|0]<e R

Observe that all the terms in the above equations are well-defined. For
example in (1.2.5), the last term is well-defined because for ¢ € CZ(R),
[KE (v,0.)] < C [ 028(0)d0(|0]* + [0.*) ][ l|oo + Blol1][]oo-

Proposition 1.2.2. Let fy, go and f§ be in Po(R) and let B satisfy (1.2.1).
There is existence and uniqueness of solutions (fi)i>0, (gt)i>0 and (ff)>o to
equations (1.1.1), (1.1.4) and (1.1.5) starting from fo, go and f§ respectively,
in the sense of Definition 1.2.1. Furthermore, we have energy conservation.:
foranyt >0

(1.2.9) /R o fil(dv) = /R o foldv), /R (o) = /]R W20 (dv)

and

(1.2.10) /R o fe(dv) = /R V2 FE(d).

For the proof of the previous result, one can see Toscani-Villani [67]
for (1.1.1). For (1.1.4), use Proposition 1.8.6 with a = 3£, b = —1 and
g = r = 0. For (1.1.5), use Proposition 1.8.6 with a = b, b = —b,
g = 0 and r(t,v, v, dh) defined by r(t,v,v., A) = ffﬂ ]l|9|>€]lA(v(cosﬁ —
1) — v, sin§)B(6)dd for all Borel subset A of R. Observe that this indeed
satisfies sup, ., 7(t,v,0,,R) = [T Ljg=0(0)df < oo and sup,q [o(h* +
20h)r(t, v, vy, dh) = f\9|>e sin? 03(0)d0(v? + v?) = C(v? +v?). To get energy
conservation, it suffices to apply (1.2.5), (1.2.6) and (1.2.7) with ¢(v) = v%
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1.2.2 Asymptotic of grazing collisions
Our first main result is the following.

Theorem 1.2.3. Let gy € Ps(R) and let (Be)eco1) be a family of cross

sections verifying [* 625.(0)d0 =1 and ["_6*B.(6)d6 80, Foree (0,1),
let (g§)i>0 be the solution of (1.1.1) with go for initial datum and (. for cross
section. If (gt)i>o0 is the solution of (1.1.4) with the same gy for initial datum,
then for all € € (0,1),

4 d T
sup W3(g5, 91) SCM / 6'5.(0)do,
t€[0,00) —r

where C is a universal constant.

This convergence result was already known (see for example Toscani [66]),
but we get here an explicit and probably optimal rate of convergence, which,
to our knowledge, had never been done so far.

Remark 1.2.4. If we consider a cross section [3 with f:r 628(0)d0 = 1 and
if for any € € (0,1), we set B(0) = :—:ﬁ(%g)]l‘gkg, then [T 0*5.(0)d0 < €.

1.2.3 Error when we replace the small collisions by a
small diffusion term

Let us explain briefly why (1.2.7) approximates (1.2.5): consider a cross
section f3 satisfying (1.2.1) and ¢ € CZ(R). Write, using that 3 is even,

Ki(v,v.) = /6 [gp(v cosf — v, sinf) — ¢(v)

—€

— (v(cosf — 1) — v, sin G)go’(v)]ﬁ(ﬁ)dﬁ + K (v, v.) = bevg' (v)

~ /E [v(cosé’ — 1) — v, sin 6’] 2B(9)d090”2(0) + KF (v,v.) — by (v)

€

2 2
+ K7 (v, v.) — by (v)
~ " (0)0lbe + K (v, v.) — by (v).

<21 [ sitopon+ S5 [ (coso - 1200009

€
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We decided to neglect the second term in the fourth line of this approximate
equality, since it is much smaller than the other terms, because f;(cose —
1)28(0)d0 < [ 0*B(0)d0 < & [ 0?8(0)d0 ~ * [*_sin® 05(0)db. In order to
obtain an equation preserving the kinetic energy, we replaced % | fe sin? 63(6)do
by b. (both are approximately equal to % f_ee 6?3(0)df). Our second main re-
sult is the following.

Theorem 1.2.5. Let fo € Py(R) and let 5 be a cross section satisfying
(1.2.1). For e € (0,1), we consider (fi)i>0 and (ff)i>0 solutions of (1.1.1)
and (1.1.5) respectively, both starting from fo. Then for any T > 0, any
e € (0,1), we have

1
sup Wi(fe, f6) < Cémin (1 4+ T, —n———),
te[o})T] 5 (fis ff) < fl9\<6 925(9)d9>

where C' depends only on [, v* fo(dv), [ov*fo(dv) and on [ 625(6)d6.

We can observe that we are not so far to get a bound uniform in time for
€2 (we do not have exponential bounds).

Remark 1.2.6. If 5 is asin (1.1.3), we get a bound in C' min (€2<1—|—T), e”).

1.2.4 System of particles

Let fo be a probability measure on R and let 8 be a cross section satisfying
(1.2.1). We fix an integer n and we consider:

.....

n} on [0,00) x

,,,,,

.....

For e € (0,1), we consider (V;"");0, icf1,..a} solution of the following system
of SDEs: forv=1,...,n, forall t >0

(1.2.11)

I

-----

t
— b / Vireds 4 \/2Eb By,
0
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where & = [ v? fo(dv) and be = [, _ (1 — cos0)3(0)df.

The quantity Vf’"’e has to be thought as the velocity of the i-th particle at
time ¢. The behavior of (V,");>¢ is the following: after an exponential time
7 with parameter A, = f‘ o>c B(0)d, it collides with another particle labelled

j chosen at random and then we set V"¢ = (cos ©)V"™ — (sin @)V

where © is A1 5(0)1 g df-distributed. Between two jumps, V"™ behaves
like an Ornstein-Uhlenbeck process

We can solve explicitly this last SDE and we get

t
‘/;l,TLG V@ne —be(t—s) + 25[) e*bé(t s)/ ebeudBi.

s

Hence the strong existence and uniqueness of a solution (Vti’"’e)tza ie{l,..n}
to (1.2.11) is straightforward.

We can observe that to simulate our system of particles on [0,77], we
need to simulate in mean nT’ f e £(0)df jumps. We thus have a cost of
simulation of order nT' f e B(0)dh. The fact that we can explicitely solve
the previous SDE is fundamental in order to have such a cost of simulation.

Theorem 1.2.7. Let fy € Py(R) and let 5 be a cross section satisfying
(1.2.1). We consider (fi)i>o solution to the Kac equation (1.1.1) starting
from fo. Forn € N* ande € (0,1), we consider the solution (Vf’n’e)tzo,ie{h..n}
to (1.2.11). We set " = %Z?(S‘/ti,n,e. Then for any T > 0, any n > 2 and
any € € (0,1), we have

sup B[ W3 (fou )| < O(1+ ) (& + supE | WE(fo i) ),
t€[0,7] (0,7
where C' depends only on fR v2 fo(dv) fR vt fol dv) and on fo 023(0)do, and

where for all t > 0, up =+ =3 Oy where (ViDieg1,..ny s a family of i.i.d.
particles with law f;.

Applying Lemma 1.8.4 of the appendix we will deduce the following con-
sequence:
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Corollary 1.2.8. Under the same assumptions and notation as in Theorem
1.2.7, if fo has a moment of order p > 4 with p even, then for all T > 0, all
n>2and all € € (0,1),

sup B35 )] < OO+ T (24— ),

p—2
t€[0,T] n2p-2

where C' depends only on p, fo and foﬂ 623(0)do.
We end this section with a result using another Wasserstein distance.

Proposition 1.2.9. Under the same assumptions and notation as in Theo-
rem 1.2.7, if the cross section [ satisfies the stronger assumption foﬂ 0p(0)do <
00, then for all T >0, alln > 2 and all € € (0,1),

sup E[WA(fi )] < Or (e + %)

te[0,7)
where Cr depends only on T, [ v* fo(dv) and on [ 05(0)d6.

We thus have a better dependence in n, but we get exponential bounds
in time.

1.3 Probabilistic interpretation of the equa-
tions

This section is strongly inspired by Tanaka [65] and Desvillettes-Graham-
Méléard [21]. Until the end of the article, (2, F, (F;)i>0, P) will designate
a Polish filtered probability space satisfying the usual conditions. Such a
space is Borel isomorphic to the Lebesgue space ([0, 1], B([0, 1]), da) which
we will use as an auxiliary space. To be as clear as possible, we will use the
notation E for the expectation and £ for the law of a random variable or
process defined on (2, F,P), and we will use the notation E, and L, for the
expectation and law of random variables or processes on ([0, 1], B([0, 1]), dc).
The processes on ([0, 1], B([0, 1]), da) will be called a-processes.

We say that a R-valued process (V})io is a L:-process if it is cadlag,
adapted and if E(supyy 7 V;*) < oo for all ' > 0.

Now, we introduce a nonlinear stochastic differential equation linked with
(1.1.1).
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Proposition 1.3.1. Let 3 be a cross section satisfying (1.2.1). Let fo €
P2(R) and let (fi)i>o be the solution to (1.1.1) starting from fo. Consider
any c-process (Wy)eso such that Lo,(Wy) = fi for allt > 0. Let also N be a
(Ft)et>0-Poisson measure on [0,00) x [0,1] x [—m, 7] with intensity measure
dsdaf(0)dl, and Vy a Fo-measurable random variable with law fo. Then
there exists a unique L*-process (V)0 such that for all t > 0,

(1.3.1)
t
Vi=W+ /// cos@—l Vs —sin W, ()N(dsdad@)—b/ Vids,
0

with b given by (1.2.3). Furthermore, L(V;) = f; for allt > 0.

Proof. While stated in a slightly different way, this result is almost
contained in Desvillettes-Graham-Méléard [21, Theorem 3.4]. See the proof
of Proposition 1.3.3 below for similar arguments. O

Let us now write down a probabilistic interpretation of (1.1.4).

Proposition 1.3.2. Let gy € P2(R) and set € = [, v*go(dv). Consider a Fy-
measurable random variable Yy with law gy and a (F)i>o-Brownian motion
(By)i>0- Then there exists a unique L*-process (Y;)i>o such that for allt > 0,

1 t
(1.3.2) K:Y—§/YMHW@&.
0

Furthermore, L(Y;) = g for all t > 0, where (g¢)i>0 is the unique solution to

(1.1.4).

Proof. The existence and uniqueness of Y is classical since (1.3.2) is
a S.D.E. with Lipschitz coefficients (we can observe that Y is an Ornstein-
Uhlenbeck process). By Ito’s formula, we have for any ¢ € CZ(R)

woa:wnwyfwm@eén@+vawa+gﬁlﬂnws

Taking expectations and setting p; = L(Y;), we get for any ¢ € CZ(R)

Awm@o/ gww~// o) ta(do)d
[
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Thus (p¢)e>0 solves (1.1.4) in the sense of Definition 1.2.1. We get (p)i>0 =
(g¢)1>0 by uniqueness (see Proposition 1.2.2). O

It remains to give a probabilistic interpretation of (1.1.5).

Proposition 1.3.3. Let € € (0, 1) be fized. Consider a cross-section [ satis-
fying (1.2.1), a probability measure f§ € Po(R), and the corresponding unique
solution (ff)i>o to (1.1.5). Consider any a-process (Wf)i>o such that for all
t >0, L,(Wy) = ff. Let Vi be a Fy-measurable random variable with law
1§, let N be a (F;)i>o-Poisson measure on [0,00) x [0,1] X [—m, 7| with in-
tensity measure dsdaf(0)d0 and let (By)i>o be a (Fi)i>o-Brownian motion
independent of N. Then there exists a unique L*-process (V)0 such that
forallt >0,

¢ 1
(1.3.3) Ve=Vy +/ / / [(COSQ — 1)V —sindWe_ (a) | N(dOdads)
0 Jjgze Jo
t
—b, / Veds + /280, By,
0

with be defined in (1.2.8). Furthermore, L(VS) = ff for allt > 0.

Proof. See Ikeda-Watanabe [44, Theorem 9.1] for existence and unique-
ness of (V);>0: (1.3.3) is a classical jumping S.D.E. with Lipschitz coef-
ficients. Let ¢ € CZ(R). By Ito’s formula for jump processes (see e.g.
Ikeda-Watanabe [44, Theorem 5.1]), we have

o(Ve) =¢ (V€)+/t¢(V)( b VEds + \/2Eb.dB,) + Eb, /tgo”(V;)ds

/ /9>€ /0 pleos OV —sin W (o)) — sO(V;_)}N (dfdads).

Taking expectations and setting u = L(V)), we get for any ¢ € CZ(R), using
that L, (Wy) = fr,

[ etwmitan) = [ o fodv—b// o)t (dv)d
+ Eb. // v)ps(dv)d
+/O /R/RAM gp(vcos@—v*sinﬁ)—gp(v)}B(Q)dﬁug(dv)fg(dv*)ds.
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But (ff):>0 solves the same equation since it solves (1.1.5) in the sense of
Definition 1.2.1. Since (f¢)s>o is given, this equation is linear and we have
uniqueness of the solution. Indeed, we use Proposition 1.8.6 with a = b, b =

—be,r =0and q(t,v,A) = [7_ [ Ljg>eLa(v(cosf—1)—v, sin ) ff (dv*)ﬁ(ﬁ)dﬁ
for all Borel subset A C R, which satisfies sup, , ¢(t, v, R) f9|> 0)dh < oo
and sup,sg [z (h* 4 2vh)q(t, v, dh) f9|> sin 03(0 d9<fR v2 fo(dv,) +v ) <
C(1+ v?). Finally, we get (1)>0 = (ff)i>0- g

1.4 The Grazing collisions limit

We consider a family of cross sections (8c)ec(o,1) with [7_6?6.(0)d§ = 1 and

7 _0*B.(0)do 80 Let go € Pu(R ). For any € € (0,1), we consider
(95)e>0 the unique solution of (1.1.1) with cross section S, starting from gq.
We also consider (g;);>0 the unique solution of (1.1.4) starting from go. For

€ (0, 1), we consider a Fy-measurable random variable Vj with law gy, and a
(Ft)e>0-Poisson measure N€ on [0, 00) x [0, 1] X [—7, 7] with intensity measure
dsdap.(8)dd. We also consider an a-process (WS );>¢ such that L, (W) = g5
for all £ > 0. Let (By):>0 be a (F;)i>o-Brownian motion. We consider (V)0
and (Y;):>o solutions of the following S.D.E.s

=Vo + / / / cos@— DVE —sinOWE (o) | N(dsdadh)

—@/vy&
0

where b = [7 (1 — cos0)8.(0)df and
1 t
(1.4.1) n:%—ﬁ/ymmwﬁ&.
0

Theorem 1.2.3 is a corollary of the following statement.

Theorem 1.4.1. For anyt > 0 and any € € (0,1), we can couple the Poisson
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measure N¢ and the Brownian motion B in such a way that

& (1 —cos0)*p.
BV - iy < o S O
. C(E(VOA‘) +3&%) [T sin' 05.(0)dd
Ee

& (| (b0 + (% +

€

1) 126 = 1+ 2~ 1))

where be = [T (1 —cos0)B.(0)d0, v = ["_sin®08.(0)df, & =E[V{] and C is

a universal constant.

Let us insist on the fact that the coupling between N€ and B depends on
t. Assuming for a moment that this result holds true, we can prove Theorem
1.2.3.

Proof of Theorem 1.2.3. First recalling that £(V}¢) = g by Proposition
1.3.1 and L(Y;) = g; by Proposition 1.3.2, we have W2 (g5, ;) < E[(VF—Y;)?].
If [T 6*8.(6)d0 > 1, we have E[(V — Y})?] < 2E[(Vy)?] + 2E[V?] = 4& <
4€ f:r 6*3.(0)df. We now suppose that ffﬂ 0*3.(0)dd < 1. Using the Taylor-
Lagrange inequality, we have

|1—cosf| < 6%/2, |2(1 —cosh) — 6% < 6*/12
|sinf] < 10| and [sin®6 — 6% < 6%/3.

Using these inequalities, we get

/W (1 — cos 0)2B.(0)dd < /_ﬂ %ﬁe(e)de, /ﬂ sin® 3.(0)df < /ﬂ 0*B.(0)do

—T ™ - —T

and, recalling that f:r 0%3.(0)d = 1,

21 < [ @280 -1 [ @600
Since [7_0*3.(0)dd < 1 by assumption, we have 2b, > 11/12,2/3 < . < 4/3
and 2b.—1 € [—1/12,1/12] which allows us to write | ln(2b )|2 = Hn(l—l—(Zb -
1))]? < 4]2b, — 1[2. We thus get E[(V — Y;)2] < C(€ + 22 f 6*3.(0
which concludes the proof, since £? = E[V#]?* < E[Vy'] by the Cauchy Schwarz
inequality. U
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It remains to prove Theorem 1.4.1. Let us start with the following lemma.

Lemma 1.4.2. Fore € (0,1), let Y be the unique solution of

(1.4.2) / Yeds — / / / sin OW*_(a) N(dsdadd)

(since W€ is a given a-process, this is a classical S.D.E. with Lipschitz coef-
ficients). Then for all t > 0,

EJT (1 —cos)?B.(0)do
2b.

E((V - Y)?) <

Proof. Observing that

t
-YS = / / / (cos§ — 1)V N<(dsdadf) — b, / (VE—=Y{)ds,
0

we get by [to’s formula

v = // (e = v+ teost -y )

(Ve —YE) }Ne(dsdade)

s

/ / / (008«9—1)‘/)2_(1/;6_3/:)2

—2(VE — Y (cos b — 1)vﬂ dsda3.(0)dd
—2b | (Vi —Y)ds
/Ot s ) ) t )
— M 6 — 1)2(VE)2dsp(0)do — 2b, | (VE— YE)2ds,
+//<cos (V)2dsf(0) /0< 2ds

where M is a martingale with mean 0. So using that E[(V)?] = [, v*g;(dv) =
Jev go(dv) € for all t > 0 by (1.2.9), we have

E((V — Y;)?] = / / "(1 — cos O)E[(V2)?).(6)d6ds
o [ B - vy

=E&t /W(l — c0s0)?B(0)df — 2b, /tl[‘f,[(‘/:gE —Y5)*ds.

—T
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Differentiating this equality with respect to t, we find an O.D.E. that can be
solved explicitly. This gives

E [T (1 —cosh)?p.(0)d
By - v = S OOROT

The conclusion follows. O

In the following lemma, using Corollary 1.8.2, we will find a suitable
coupling between our Poisson measure N¢ and our Brownian motion B.

Lemma 1.4.3. Let Y be the unique solution of

t
(1.4.3) Y=V — bﬁ/ Yids + \/EeDB,.
0

We consider the process Y defined in Lemma 1.4.2. For any e € (0,1) and
for each t > 0, we can couple the Poisson measure N¢ and the Brownian
motion B in such a way that

(E(Vih) + 362) [ sin* 65.(0)df

E[(V; - ¥ < © e

?

where C' is a universal constant and v. = [”_sin® 65.(6)d6.

Observe that for each ¢ we need a suitable coupling. We are not able to
find a coupling working simultaneously for all values of ¢.

Proof. Applying It6’s formula, we get Yteebet =Vo+v&. fg eb*dB, and
Yeett = Vo — [ fol [T et sin OWe_ (a)N¢(dsdadf). We observe that the
random variable /&7, fg eb*dB, follows a centered normal law with vari-
ance 7, [, €2 which is equal to [) fol ST e sin® O(WE())2B(0)dbdods
because L, (WE) = g and due to (1.2.9). So using Corollary 1.8.2, we get

1) < Gy Jo do JZp et sint OV (@) 6.(6)dsdads

- Ee f[f e2besds

Sy € Ea((W)*)ds [ sin® 05.(0)d6
Ee fot e2bes (s '

WE(L(Veht), £(ve

— Yo
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Using Lemma 1.8.5, since L(W¢) = gs and since ¢¢ solves (1.1.1) (with the
cross section ), we deduce E,[(W¢)?] < [p v'go(dv) 4 3E* = E[V{'] + 3&2

fo etvesds

2bct
eTeds < e®', we have

for all s > 0. Hence, using that

(E(V) +382) [™_sin® 08.(0)dfe?

WE(L(Feh), LY ) < Co &

Consequently,

(E(Vih) + 362) [ sin* 65.(0)df

WEL(T), £07) < Co i

To conclude, it suffices to take N and B in such a way that E[(Y —Y,)?]
WE(L(Y), L(Y))-

0

Let us now give the last lemma needed to prove Theorem 1.4.1.

Lemma 1.4.4. Consider the unique solutions Y and Y¢ to (1.4.1) and
(1.4.3) respectively, driven by the same Brownian motion B. Then for all
t >0 fized and for all € € (0,1),

e v)2] < 2 e _ ~ 1)
B[V~ )] < (1 n(@0f" + (g + 1) 125 — 1]+ 2P — 1))

Proof. We have Y} = Vye ! + \/Erce™ bﬁtf ebsdB, and Y, = Ve V2 4+
VEe /2 [Ye3/2dB, as in the proof of Lemma 1.4.3. Since B and V, are
0 s p 0
independent, we have

E[(Y/te _ Y;)Q] _ E(%Z)(efbet . 67t/2)2
! 2
—HE[(/( [Ereebetebes — \/Ee—t/2es/2)st> }
0
t
= g(e_bet _ e—t/2)2 +5/ (ﬁe—be(t—s) _ 6—(t—s)/2)2d8
0
¢
= g(efbgt o eft/2)2 +5/ (\/,)zefbes . 678/2)2d8.
0
We set h(t) = (e7b* — e7¥/2)2. The function h reaches its maximum at

to = In(2b,) /(b —1/2). Moreover, |h(ty)| = |e bt —e /2|2 < |btog—to/2|* =
|to?|be — 1/2|* = |In(2b,)|*. Next,
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t oo
/ (VAee™ —e™*/%)2ds < / (VAee ™ — e=/%)2ds
0 0

2/
_ e g BV
2b, b +1/2

 Yelbe 4 1/2) + 2be(be 4 1/2) — 4/7ebe
B 2be(be + 1/2)

< bl[%u/z — be) + 2D+ b+ 1/2 = 27|

€

- 356(1 — b)) + 2[(@ 12+ (b — 1/2)}

e )
< (2= +1)20, — 1] + 2], — 1,
(g5 +1)12e =11+ 20 =1

the last inequality coming from (v/z —/y)* < | —y|. The lemma is proved.
U

We can now conclude this section.

Proof of Theorem 1.4.1. For € € (0,1) and ¢ > 0 fixed, we take the
Poisson measure N¢ and the Brownian motion B as in Lemma 1.4.3 and
we consider the processes V¢, Y, Y€ and Y build with this N¢ and this B.
Then, writing

E[(V; - %) < 4[B[(V; - V)] + B[V - %)) + B[V - v3)7]),

and using Lemmas 1.4.2, 1.4.3 and 1.4.4, we immediately conclude. U

1.5 Cutoff approximation with diffusion

The whole section is dedicated to the proof of Theorem 1.2.5. Let thus fy €
P4(R) and let 3 be a cross section satisfying (1.2.1). We fix € € (0, 1), and we
consider the solutions (f;):>o and (ff)i>0 to (1.1.1) and (1.1.5) respectively,
both starting from fj.

We will proceed as follows. We fix some t; > 0 for the whole proof.
We will build some solutions (V};);>0 and (V,);>¢ to (1.3.1) and (1.3.3), both
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starting from some initial value V) with law fy, coupled in such a way that
E[(V;, — V{5)?] is as small as possible.

We divide the proof into five steps. In the first step, we introduce the
(suitably coupled) processes (V;)i>0, (V)0 as well as an intermediate pro-
cess (V,)so. In Step 2, we upperbound E[(V — f/tf))Q] Step 3 is dedicated to
the study of E[(V,S —V;,)?]. In Step 4, we show that E[(V,S — V) (VS = Vi, )] =
0. We conclude in Step 5.

In the whole section, we will use the notation

(1.5.1) be = /0< (1 —cos®)B(A)dh, c.=2b.+ / sin? 03(6)db,

|01>€

dez/ sin205(9)d9 and %:/ (1—cos0)26(0)d6.
[0]>e€ |0]<e

Step 1: the coupling.

- Let (4, F4, (Ff )0, Pi), i = 1,2, be two Polish filtered probability spaces
satisfying the usual conditions and consider the following filtered probability
Space (Q,f, (E)tZO,P) = (Ql X Qg,fl ® .Fz, (.Ftl & FtQ)tZO;Pl ® Pg) We
denote by [E the expectation under P and by E; the expectation under P;.

- On (Qy, FY, (F})i>0,P1), we consider a fo-distributed random variable
Vo Fy-measurable, as well as a (F}');>o-Poisson measure Ny, on [0, 00) x
0, 1] x [—m, 7] with intensity measure dsda3(0)1g>cdf. We set

t 1 T
(1.5.2) X, = / / / (cos @ — 1)Njg>(dsdadd) — bet,
0 JO —T

We consider the Doléans-Dade exponential of X, see Jacod-Shiryaev [46,
Theorem 4.61], defined by

t
(1.5.3) Z =1 +/ 7, dX,.
0

There holds

(1.5.4) 7, = et H(l + AX,)e A% = g7bet H cos 0; 17, <4,

s<t i>1
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where (T5,0;, o;);>1 are the marks of the Poisson measure Njg>.. Observe
that a.s., Z; # 0 Vt > 0, because 3(#)df does not give weight to { -z E}.

2172
Of course, the processes (X;)i>o and (Z;)¢>o depend on € but we do not
write this dependence in order to lighten notations.
- For each t > 0, we consider some a-random variables W; and Wy with
respective laws f; and ff verifying

(1.5.5) W3 (fi, ) = Bal(Wy — WE)?].

- Recall that to > 0 is fixed. Fix also wy € Q. On (Qa, F2, (F2)i>0, Pa2),
we consider a (F?);>o-Poisson measure Nigio. on [0,00) x [0, 1] x [, 7] with
intensity measure dsdaf(6)1jg<.df and a Brownian motion (B;"):>o (we do

not write the dependence in ¢, and €) such that:

W2 (luto ) Vto

=T, /to// (Z1y Z 1) (wy) sin(—=0)W,_ (a)Nlﬁ‘l<e(w2,dsdad€)
(1.5.6) \/ﬁzto 21 (wn)dB* (w ))2],

where
(1.5.7)
to 1 s B
s = £2</ / / (Zi 2.1 (w1) Sin(—e)Ws,(a)N‘“giq(wz,dsdad@)),
0 0 -7

(1.5.8) Ve = £2< /Ofo m(ztozgl)(wl)dzegl(wg)).

Here again we do not write the dependence in € of y

- For (wy,ws) € Q, we can now set N (wy, ws) = N‘g|>5(w1)+N|9|<e( wq) and
(Bi(w1,w2))i>0 = (Bf* (w2))i>0. Clearly, as random objects on (92, F, F;, P),
the process (By)i>o is a (Ft)i>o-Brownian motion and N is a (]—"t)tZO—Poisson
measure on [0,00) x [0, 1] x [—m, 7] with intensity measure dsdaS(0)d0

- Setting &€ := E[V], for 0 < ¢ < 1, we consider the processes (%)t>0,
(V)0 defined on (€2, F, (F;)i>0, P) solutions to (1.3.1) and (1.3.3) with B,

and V‘”
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N, W, W€ defined previously, both starting from V5. We also introduce the
process (V,)i>o solution of the following S.D.E.:

(15.9) VF=Vo+ /t/l /9| [(COSQ —1)VE —sin QWS_(a)}N(dsdode)

t ol - ¢
— / / / sin QWS_(a)N(dstédQ) — be/ ‘N/seds‘
0 Jo J|fl<e 0

By Proposition 1.3.1 and Proposition 1.3.3, L(V;) and L(V}%) are nothing but
fr and ff respectively. We set AS =V, — Ve, Af = Ve — V£ and d5(a) =
Wi(a) = Wi(a).
Step 2: the aim is here to prove that
N to
(1.5.10) E((A;O)Q) < dee_CEtO/ B, (82)ds + O,
0

where C' depends only on £ and E[V;'] and where ¢, and d. are defined in
(1.5.1). Making the difference between (1.5.9) and (1.3.3), we get

(1.5.11)

t
AS = / / / cos@— DA —sinf5_(a )} (dsdadh) —bg/ Acds
[0]>¢ 0
/ / / sin OW,_ ()N (dsdadf) — \/2Eb B,
|0]<e

:Ht+/ AS_dX,,
0

with (X;)>0 defined in (1.5.2) and with

/ / / sin 65°_ (o) N(dsdads)
|0]>€

—/ // sin OW,_(«) dsdad@ — \/2Eb.B;.
0 JOo J|f<e

We do not write the dependence in e for H. According to Jacod [45], Af =
(Lt + Dy) Z;, where Z; was defined in (1.5.4) and where

(1.5.12)

t
/ / / “sin W, _(a)N(dsdadf) — \/2Eb, / 7 dB;
|0]<e 0
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and

(1.5.13) // /9|>6 Sliig < (a)N(dsdadf).

To verify this, it suffices to apply 1t6’s formula and observe that the process
((Ly + Dy)Z;)s0 satisfies the same S.D.E. than (A);so, i.e (Ly + D)%, =
H, + f(f(Ls_ + D, )Z, dX,. This S.D.E. has Lipschitz coefficients and thus
has a unique solution. The processes (D;);>o and (L;);>0 depend on € but we
do not write this dependence.

Hence
(1.5.14) E[(A$)?] = E[L?Z?] + E[D?Z?] + 2E[L,D,Z?).
- First,
(1.5.15) E[L:D;Z}] = By [Eo(Li Dy Z2)] = By [Li Z2Ey(Dy)] = 0,

because for w = (wy,ws), we have (LyDyZ?)(w) = (LiZ?)(w1)Dy(w1,ws) and
because for w; fixed, Eo[Di(wy,ws)] = 0. Indeed, recall that (L;);>o and
(Zt)i>0 depend only on w; and that for wy fixed, Njgj<c(w1,ws) is a Poisson
measure while (By(wi,ws)),. is a Brownian motion on (€, F%, F2,Ps), so
that (Dt(wl,wg))t>o

- By It6’s formula, we have

£0
is a centered martingale (for w; fixed).

t
Z2L7 = —2b, / Z2L%ds
0

[ sz ) (- 220 )

- Z§_L§_} N(dsdadb)

t
= —2b, / Z2L2ds
0

t 1
+ / / / (o0~ 122 12 + s 0(5%_(0))?
0 Jo Jig>e

—2cosfsinf0Z,_Ls 65 ()| N(dsdadd).
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Taking expectations and recalling (1.5.1), we get (use that cos®sin05(6)d0
is odd)

t t
E(Z2L?) = —06/0 E(Zng)dstdE/o E.[(6¢)%]ds.

Solving this differential equation, we find
(1.5.16) E(Z2L?) = d.e " /0 t ey [(0)?]ds.
- It remains to compute E(Z2 D7 ). Recalling (1.5.12), we directly obtain
E(Z; D;) = Zto/ / /9 L sin(—0)W,_ (o) N (dsdadd)
<e
7 / Z;Vﬂst) ]
0
E,|( / / / (oo Z24) (1) sin(—0) W, (@) N1 (wn, dsdadb)

_/ (Zey2:1) (1) V/2EBABY () }]

0

— [,

We thus obtain E(ZZ D7) = Ey (W3 (i, v4,)), recall (1.5.6). We consider

(1.5.17) w = Lo, /0 (2 ZY) (1) dB ().

= in?
\/8 /9|<Esm 05(0)do

Using the triangular inequality, we have
W3 (i vi') < 2005 (gt s mit) + W3 (nih vigh)).

By Corollary 1.8.2 and since E,(W?2) = &£ for all s > 0 by the energy conser-
vation, we have (recall that w; is fixed)

with

oto f\9|<e(Zton_1)4(w1) sin OE, (W) 3(0)dods

W3 (gt ) < C
2 (i i) < Co 0" Jiotec(Z1oZ571)? (wi) sin® O 5(0)dOds
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But E,(WZ) < E(Vy!) + 3% by Lemma 1.8.5. Furthermore, recalling (1.5.4),
we have | Z,, Z;!| = |e b<to=2) [Ti<s,<, cos ;| < 1. Since finally sin® < < €

on [—e¢, €], we easily deduce that for all w; fixed,

o Co(E(VgH) + 3&2
Wg(utolﬂntol) S 0( ( Og) )62‘

Finally, it obviously holds, recall (1.5.8) and (1.5.17), that for all w; fixed,

to 2
W5 (nigh vi!) < /0 (\/281)6— \/5 /w | sin” 95(9)d9> (251 Z4y)(wr)ds
<e

to
ge‘zbg—/u sin295(0)d9‘/ (21 Z4)2(wn )ds.
f|<e 0

We used that (v/Z — /9)? < |z — y|. Recalling that |Z;'Z,| < e %0~ we
easily get [[°(Z; 1 Zy,)?(wi)ds < 5.+ Furthermore, {2b.— [, sin? 65(9)d9’ =
’ Jiojee (2(1 = cos ) — sin’ 9)5(9)6&9’ < Jio 0'B(0)df. Finally, it is easily

checked that, since € € (0,1), be = [, _ (1 — cos#)3(0)d0 > %‘fle‘<€ 0%3(0)do.
Hence it holds that for all w; fixed,

4
fye 0800,

S BB =

We conclude that W3 (pg!, v') < Ce? (where C depends on € and E[Vj']),

whence
(1.5.18) E[Z; D; | < Cé.
Gathering (1.5.14), (1.5.15), (1.5.16) and (1.5.18), we deduce (1.5.10).

W3, ve) < 2

Step 3: in this step, we check that
&
(1.5.19) E[(A9)?] < 162
for all £ > 0. We first observe that (1.3.1) can be rewritten as

t el
Vi=Vo + / / / [(cos 0 —1)V,_ —sin QWS_(O,/)} N(dsdadb)
0 Jo Jigze

t ol t
+ / / / [(COS 0 —1)Vs_ —sin QWS_((I)} N (dsdadf) — be/ Vids.
0 Jo Jjo|<e 0
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Hence, making the difference with (1.5.9), we find

t 1
(1.5.20) A§ :/ / / (cos@ — 1)AS_N(dsdadb)
0 Jo Jig|>e

t 1 4
+ / / / (cos§ — 1)V,_N(dsdodf) — be/ ASds.
0 JOo J|fl<e 0

Applying It6’s formula, we get
t t ol
(A7)? = —255/ (A§)2d5+/ / / (cos® @ — 1)(AS_)>N(dsdadf)
0 0 Jo Jig|>e

n /0 t /0 1 /6 B (A + (cost - 1)1/5)2 ~ (85| N (dsdads)

IS RN
— 2A%(cos — 1)‘/3]5(6)d5dad9
— —(Qbe /O (A% + /0 t /0 1 /w N ste(A;)?N(dsdade)) + M,
+ /Ot /6|<e VZ(1 — cos0)*B(6)dbds,

where (M;);>o is a centered matingale. Taking expectations, this yields,
recalling (1.5.1) and that E[V?] = & for all s > 0 by the energy conservation,

E[(AS)?] = —c. /OtE[(Ag)Q]ds + v.Et.

Thus
€ ’yﬁg —Ce
E[(Af)?] = —(1 —e ) < =

Ce Ce

But 7. < 0.5 (because for 0] < ¢, (1 —cosf) < 62/2 < €2/2) and ¢, > 2b,.
We deduce that 7. /c. < €2/4 and finally get (1.5.19).

Step 4: we now check that E[ASA¢] = 0 for all t > 0. Applying Itd’s
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formula, using (1.5.20) and (1.5.11), we have
ASAS = — /26D, / A%dB, — 2, / AcAcds
0 0

+ /Ot /01 /e|>e [(cos OAS )(cos AAS — sin B8 (a))
o A;_Ag_] N(dsdadb)
) (85— o)
)

~ACAC ] (dsdadd

+/Ot/01 /e|<e [<A§+(0089—1)1/;) (A;—siné’Ws(a)>

~ ASAS — A%(cosf — 1)V, + A sin ews(a)} B(8)dsdade.

Taking expectation and using that [ is even, we get

t t
E[ASAS] = —2b, / E[ASAS)ds + / / (cos? 6 — DE[ASAS(6)dbds.
0 0 J|0]>e

So the function ¢ — E[ASA(] solves the O.D.E. 3/ = —c.y, see (1.5.1). Since

y(0) = 0, we easily conclude.

Step 5: conclusion. Using Steps 2, 3 and 4, we find that
E[(Vi, — Vig)?] = E[(A5)%] + E[(A5)?] + 2E[A; A ]
to
< d.em M / By [(0¢)?]ds + Ké?,
0

where K depends only on £ and E[V;']. We set u(t) = W2(fi, ff) = E,[(69)? ]
by (1.5.5). Since L(Vi,) = fi, and L(V}S) = f£, we have u(ty) < E[(V4,

Vi¢)?]. Since to > 0 is arbitrary, we get, for all ¢ > 0,

u(t) < de o /t “Su(s)ds + Ke* =: v(t).
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Consequently,

V(t) = —c. (v(t) - KEQ) +dou(t)
< e (v(t) . KEQ) +do(t)
< (d. — co)v(t) + c K.

We first observe that d. < ¢, so that v(t) < v(0) + Kc.e*t < Ke*(1+c¢.)(1+
t) < Ce(1 +t), because ¢ < [7_625(0)db, see (1.5.1).

We can also obtain a uniform in time bound. Recall that v'(t) < (d. —
c)v(t) + ccKe* = —2bv(t) + c.Ke®>. We observe in fact that v/(t) < 0 as
soon as v(t) > % Since v(0) = Ke? < %, we classically deduce that
v(t) < ES < O forall t > 0.

So we have W2(f, ff) = u(t) < v(t) < Cmin (62(1 + t),é) for all
t > 0. To complete the proof of Theorem 1.2.5, it suffices to observe that
4be > [, 07B(0)d0 for any € € (0, 1). O

1.6 Convergence of the particle system

In this section, we prove the results about the approximation of the solution
of the Kac equation by a system of particles. Let thus fy € P4(R) and let /3
be a cross section satisfying (1.2.1). We fix € € (0,1), and we consider the
solutions (fi)i>0 and (ff)i>o to (1.1.1) and (1.1.5) respectively, both starting
from fj.

In the first part, we will rewrite the system of particles (1.2.11) in a
suitable way and in the second part, we will introduce a system of i.i.d.
particles with law (ff);>0. Using these systems of particles, we will be able
to prove Theorem 1.2.7 and its corollary. We will end this section with
the proof of Proposition 1.2.9 and with an extension about the Wasserstein
distance W, for v € (1, 2).

We recall a usefull result (see e.g. Villani [72, Remark 2.19 (iii)]).
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Proposition 1. 6 1. If and v are two probability measures on R, for~v > 1,
we have W) (u,v) = [; (F, — F;Y(@)) do where F,(z) = p((—o0, )
and F,(z) = V(( 00, 7).

1.6.1 Another way to write system (1.2.11)

We fix an integer n and we consider:

.....

e a family of i.i.d. Poisson measures (N');eq1
[—m, 7] with intensity measure dtdaS(0)d0

.....

e a family of i.i.d. Brownian motions (B});>0,e{1,...n}-

For e € (0,1), we consider (V;"");0, icf1,..n} solution of the following system

.....

of SD.E.s: fori=1,...,n, for all t >0,

. , torl . -1 ,
Ve =Vy + / / / |:(COSQ — Ve — sinQ(Fff) (a)] N*(dfdads)
0 JOo J|0)>e
t
— b, / Vineds + \/2Eb B,
0
where F/"* = 2311 yimecys € = Jp v fo(dv) and be = [, (1—cos0)B(6)do.
This particle system is identical (in law) to the one introduced in (1.2. 11)
Indeed, it suffices to note that given (V,")icq1, ny, the law of (Fy")~!(«)

(with o uniformly distributed on [0, 1]) is the same as that of V™ (with j
uniformly distributed in {1,...,n}).

1.6.2 A system of i.i.d. particles

For i € {1,...,n} and € > 0, we consider the process (V,");»¢ solution of the
following S. D E. (with the same random objects Vj, N* and B as previously),

-1 )
be =V 4 / / / cos@—l Vi —sm@(F6 ) (a)}NZ(dsdadH)
|0]>€
— b / Vieds 4+ \/2Eb B},
0
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where Fy(z) = [*_ ff(dv).

For each s > 0, it holds that L, ((F5)™)) = f¢. Hence we can apply
Proposition 1.3.3 with W¢ = (F€)~! and deduce that for each i € {1,...,n},
each t > 0, L(V;") = ff. Furthermore, the processes (V/)i=o are obviously
iid. (fori=1,...,n).

1.6.3 Proof of Theorem 1.2.7

We start with the following result.

Proposition 1.6.2. We set ;" = £ 3716 yime and =136 yie- Then
for any T >0,

sup B[ W3 (f7, 1) | < C(1+ 1) sup B [WE(f7, ).

[0,7] (0,7]
where C' depends only on [ 6°5(6)d6

Proof. To lighten notation, we set Vi = V;"™ and V;' = V;"* for the whole
proof. By the triangular inequality, we have Wa(ff, "6) < Wa(ff, m) +
Wa (", py¢). Hence, by squaring and taking expectations

(L6.1)  E[WR(E )| <E[WE( )| + B[ WRGE )]
+ 2B W, i Wl )|
Using the fact that W3 <% >0 0uis DI yz> < %Z |z; — y;|?, we have

]E[W2 (u?iu?e)] <E(X S wi-vip) —B (v - vi).

=1

We set A; = Vi — VL. Tt holds that
t
Ay = / / / 0080 — 1A, —sinf,_(« )] N*(dsdadf) — be/ Agds,
|0]>€ 0
where 0;(a) = )_1( ) — (Ff) 1( ). Applying It6’s formula, we get

// /e|>e A 4 (cosf — 1)A, — sin 64, (a ))Q—Ag}Nl(dsdade)

—2b€/ A2ds.
0
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Taking expectations and using Proposition 1.6.1, we get, with ¢, and d.
defined in (1.5.1),

¢ ¢ 1
v(t) == E(A}) = —ce/ ]E(Ai)ds—{—de/ IE(/ 5§(a)da)ds
0 0 0
t ¢
= —ce/ v(s)ds+d€/ E[W;( S ur9)]ds
0 0
¢
= dee! / e BIWE(fS, u)]ds,
0

the last equality being obtained by solving the differential equation satisfied
by v. If we set u(t) := E[Wzg(ff,u?’e)], Sn 1= SUP[y ] E[Wg( < ﬂ’;vg)] and if
we return to (1.6.1), we thus find, for all ¢ € [0, T,
ult) < s+ v(t) + 2B [ Waff, i Wal e, 1)
< s, +0(t) + 2450/ (1),

by the Cauchy-Schwarz inequality. We thus have
t
v(t) = dge_CCt/ e““’u(s)ds
0
t
< dee_‘*t/ e’ (sn +v(s) + 2\/s_n\/v(s)>ds
0
t
< st doe / e (v(s) + 23/5V/0(3) ) ds = ().
0

We used that d e ¢ fg e‘Sds = ”Cl—:(l —e ') < 1, since d, < ¢, recall (1.5.1).
Differentiating w, we get

w'(t) = —cc(w(t) = sn) +de(v(t) +2¢/5,/0(0))
< e+ w(t)(—ce 4 do) + 2der/50\/w(t)
< sy + 2der/5m/w(t)
< asp 4 2av/sm/w(t),

where a = [7_625(6)d6.
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Putting z(t) = w(t)/s,, we deduce that z(0) = 1 and ' (t) < (

1
2¢/x(t)) < 2a(1+/x(t)) < 4a\/1+ z(t), whence /1 + z(t \/1 + 2(0)

2at, which gives z(t) < C(1+t)?, and so w(t) < C(1 +t)?s,

+
<

To summarize, we have v(t) < w(t) < Cs,(1 4 t)? and, for all ¢ € [0, T],

E[WE(f;, 11)] = ut) < 50+ 0(t) + 2/50/0(0)

< 5+ Con(1+ 1)+ 25,V C/5,(1 + 1)
< Osp(1+1)?

— CsupB|WR(f5, )] (1+ )%
(0,71

This concludes the proof. O

Theorem 1.2.7 follows almost immediately.

) Proof of Theorem 1.2.7. For each t > 0, we consider an i.i.d. sequence
(Vi)ieq1,..ny with law f; such that for each i, E[(V} — V,*)?] = Wi(fy, f7)-

.....

Then we set pujf = %Z’f (5Vti. Using the triangular inequality, Theorem 1.2.5
and Proposition 1.6.2, we have

supE|WE(fi )| < 25up WE(fi £5) + 25upE|WE(S;, i)

(0,77 [0,T] (0,77

(1.6.2) gcu+ﬂe+ca+ﬂsumﬁn(;ﬁﬂ]
[0,7]

We use again the triangular inequality to obtain
B(WE(f )| < 4(WEGE £ + B[ WR (o )] + B WSy, ) )

But E|W3(ur, )| < LS00 B[V = VP2) = W(fi f7). So using The-
orem 1.2.5, we get

(1.6.3) [SOI}JE;]E[WQQ( f,ﬂ?E)] < O((l +T)e + [SO?II%E[WQQ(ftaM?)})'
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Inserting (1.6.3) in (1.6.2), we obtain

sup E [Wﬁ(ft, u?’ﬁ)} <C+7T) <62 + SupE[Wf(ft, u?)} )

[0,T7 (0,77

which concludes the proof. O
Finally, we give the proof of Corollary 1.2.8.

Proof of Corollary 1.2.8 It suffices to apply Theorem 1.2.7, Lemma
1.8.4 with v =2 and ¢ = p — 7, and Lemma 1.8.5. U

1.6.4 Other Wasserstein distances

The first part of the following result is Proposition 1.2.9 and in the second
part, we give some estimates about E[W(f;, p;")] for v € (1,2).

Proposition 1.6.3. Adopt the same notation as in Theorem 1.2.7.
(i) If we assume that fo € Py(R) and if [ 08(0)d0 < oo, then

sup BV )] < Cr (e =),

(0,77

where Cp depends only on T, fo and (.
(i1) If fo € P,(R) for some even p > 4 and if foﬂ 075(6)df < oo for some
v € (1,2), then

n,e 1
Sup B[V (fo, 1)) < Cr (€ + —= ).

[OvT] n2pr-2
where Cp depends only on T, fo, B, p and 7.

Proof. Let v € [1,2) be fixed. We assume that [ 675(0)df < oo and
we set Vi = V"™ and V}i = V" for the whole proof to lighten notation.
Step 1: we first prove that

L (z) = /0| [|cos — zsinf|” — 1]5(0)df < C(1+ |z|").
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To this end, we set J, . (z) = fl9\>6 |1 — 26" — 1] 8(0)df. Using the
inequality |a” — 07| < Cla — b|(a”™! + 0771), we get

L,.(x) - J,(2)] < O/QX l(cos 0 — 1) — a(sin 8 — 0)|
(Jcos® — xsin ™" + |1 — 20]""") B(6)db
<C O*(1 + [a|) (1 + [x["=")B(6)d0
< 0(19+>6|x\)(1 + )z
< C(1+|z]).

Using the fact that g is even, we can write

Iy (z) = /w (11— 20" — 1+ 0] B(0)db = J. () + J ()

with
T (x) = / (11— 20 — 1+ 28] 3(6)d6
|0]>¢,|z0]<1/2

and

2o = | 11— 28] — 118(6)as.
|0]>€,|z0|>1/2

By Taylor’s formula, we get, observing that |2262| < |z|7]0]7 if |26] < 1/2,

J) . (x) < C/

|0]>€,|z0]<1/2

7*0?B(0)do < C]a;\"*/ 16]73(0)d6.
Next, since |zf| > 1/2 implies 1 + |z0|7 < (1 + 27)|x0]|7,
P (@) < C 1+ [o6715(6)d0 < Claf” [ loy"5(6)as.
|0]>€,|x0]>1/2 -7

We thus have J, (z) < C|z|” and hence I, (z) < C(1 + |z|7).

Step 2: using Step 1, we now prove

t
i) < e [ B s
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for all ¢ > 0. We have E[W (g, g )} < E(|A]Y), where A, = V! — V2.
It holds

t 1 t
A, = / / / [(COSH—1)As_—sin@és_(a)}]\fl(dsdadé’)—be / Ayds,
0o Jo Jjo>e 0

where &;(a) = (F/™) Yo ) — (Ff) 1( ). By Itd’s formula,

Ejaf] = /// [ cos O, — sinf5,(0) " — |,|"] 8(6)dsdad]
[0]>€
-~ / E(|A[")ds

E[/t/lmsw/ [|cos9—sin9%w— 1]5(9)dsdad9].
0 Jo |0]>€ s

Using Step 1 and then Proposition 1.6.1, we get

[\AM <C’IE / / A, P 1+ |5|A( |)| )dads}
< C/O E[|AS|”]ds+C/O ]E Wj(fg,ug’e)}ds

We conclude by Gronwall’s lemma.

Step 3: using very similar arguments as in the proof of Theorem 1.2.7
and observing that W, (f;, f7) < Wal(fi, fr), we get

E[WJ( fvﬂ?’e)] < C(1+41)7? [a + E[Wl(ft,/i?)ﬂ,

for all ¢ > 0, where p} is the empirical measure of a sequence of i.i.d. random
variables with law f;.

Step 4: the aim of this step is to prove that

(1.6.4) sup’e W (fo )] < Cr(e+ SupE W),
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Using the triangular inequality, Theorem 1.2.5, Step 2 and Step 3, we have
B[ W] (foii )| < C(W7 (i £) + E[WI (1,10 | + B[ W3 (1)) )
< o+ B[] + Or [ B[WI ).
Using again the triangular inequality and Theorem 1.2.5, we get
E[W (s )] < C(R[WI(fs 1] + B[W7 (£ 1))
< CO1+T)2 + CE [Wg( for Mgvf)} .
We thus have
E(W2(fe )| < Cr(€ + B[W (S )] + / B[ () as).
and we conclude with the help of Gronwall’s lemma.

Step 5: we can now prove (i). Since fy € P4(R), Lemma 1.8.5 implies
that sup,sg [ v*fi(dv) < oo, whence suptzOE[Wl(ft, ,u?)} < % by Lemma
1.8.3. Inserting this in (1.6.4), we easily conclude.

Step 6: we finally prove (ii). Since fy € P,(R), Lemma 1.8.5 implies that

SUPysg Jp 0P fi(dv) < oo, whence suptZOE[WQ(ft,u?)] < p—Q_E by Lemma

n <P

1.8.4. Inserting this in (1.6.4), we easily conclude. O

1.7 Numerical results

We consider here the cross section 3(6) = 0|77, with 0 < v < 2. Let f; be
a probability measure admitting a moment of order 4. We fix an integer n,
a small parameter € > 0, and we take the same notation as in Section 1.2.4.

We simulate two systems of particles : the system (Vf’”’e)tzo,ie{l ,,,,,
scribed in Section 1.2.4 (system with diffusion) and the following system
without diffusion: for i € {1,...,n} and ¢t > 0,

Vi =V 4 / / / 0080 — DV — sin 0175;”’6] N"(dsdfdy).
[0]>€
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The algorithm is the following (we write in italic the parts which only
concern the system with diffusion).

e We set t = 0, and for ¢ = 1,...,n, we simulate V(i) ~ fo and set
T (i) = 0.

e While t < T/ (where T/™ is the time that we want to reach), we sim-
ulate an exponential random variable T' with parameter n f‘ o> £(0)do
and we put t = ¢t +7T. We choose randomly two integers ¢ and j in
{1,...,n}. For our system with diffusion, we update the particles i and
J by setting

V(i) = V(i) exp(=be(t — T (i))) + G(1),
and

V(5) = V(j) exp(=be(t = T (7)) + G(j),

where G(i) (resp. G(j)) has a centered Gaussian law with variance
1 —exp(—2b.(t — T"(3))) (resp. 1 — exp(—2b.(t — T"P(5)))), where b,
is defined in (1.5.1), and we set T"(i) = T"P(j) = t.

Next, we simulate a random variable © with density (./||B¢||1, where
Be(0) = B(0)Ljg>e, and then, for the two systems, we put V(i) =
cos OV (i) —sin OV (j).

e Only for the system with diffusion, we update all particles with a Gaus-
sian term: for i € {1,...,n},

V(i) = V(i) exp(=be(t = T*(i))) + G(2),

where G(i) has a centered Gaussian law with variance 1 —exp(—2b.(t —

Tr(i)))-

For our simulation, we take 77" = 0.1. Our initial data is fy = (6_; +
d1)/2. The goal here is to see what system is more efficient. For this, we
need a reference curve. We obtain it by simulating n = 107 particles with
e = 0.03, and by using a smoothing procedure.

We see that the system with diffusion term is much more efficient when
v is close to 2. For v smaller, the difference not clear.
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.

Figure 1.1: v = 0.5. Left graphic: system with diffusion, n = 10%, ¢ =
0.1. Right graphic: system without diffusion, n = 2.10%, ¢ = 0.1. Both
simulations need approximately 0.05s.
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Figure 1.2: v = 0.5. Left graphic: system with diffusion, n = 10*, € = 0.1.
Right graphic: system without diffusion, n = 10%, € = 0.02. Both simulations
need approximately 0.05s.

Figure 1.3: v = 1.5. Left graphic: system with diffusion, n = 10%, ¢ =
0.1. Right graphic: system without diffusion, n = 2.10*, ¢ = 0.1. Both
simulations need approximately 0.14s.
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Figure 1.4: v = 1.5. Left graphic: system with diffusion, n = 10%, ¢ = 0.1.
Right graphic: system without diffusion, n = 10, € = 0.06. Both simulations
need approximately 0.14s.

1.8 Appendix

1.8.1 Wasserstein distance between a Poisson integral
and a Gaussian law

We start with a result of Rio [57, Theorem 4.1}, which gives some very precise
rate of convergence for the standard central limit theorem in Wasserstein
distance.

Theorem 1.8.1. There exists a constant Cy such that for any positive integer

n, for any sequence (X;);>o0 of real independant centered random variables in
L )
W22(77m/\/’(0» 1)) < COUT:Q ZE<|XZ|4)7
i=1
where 1, = L’(v;lﬂSn), Sp =1 Xi, v, = Var(S,).
Using this result, we can estimate the Wasserstein distance between a

compensated Poisson integral and a centered Gaussian law with the same
variance. The following result is very close to [30, Corollary 6].

Corollary 1.8.2. If E is a Polish space endowed with a non-negative o-finite
measure v, if N is a Poisson measure on [0,T] x E with intensity measure
dtv(dz) and if H : [0,T] x E — R is a deterministic function such that
fot [ (H?(s,2) + H*(s, 2))v(dz)ds < oo, then setting

Xt:/Ot/EH(s,z)N(ds,dz), qt:/ot/EHQ(s,z)l/(dz)ds,
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we have

WEE(K),N(0,40) < 0l TN

Y

where Cy is a universal constant (the same as in Theorem 1.8.1).

Proof. Forn > 1,i € {1,...,n}, we set
it/n n
Xz-”:\/_ /Hs 2)N(ds,dz) and Sn:ZXZ»".
1t/n i=1

We have X; = j—% The random variables X are independent, centered,

it/n
E[(X")?] = / (s, 2taz)a

(i—1)t/n

n = Var(S ZE [(X)?] = ng;.

It classically holds that

it/n
E[(X™")] = / /H4s 2)v(dz)d
(i—1)t/n

+3n2< / Zt/lnt/n / H(s, 2)v (dz)ds) .

Z

Hence

;n;E[(XZ“)ﬂ =n’ / t / H*(s, 2)v(dz)ds
+3n” Z /lt/n /H2(s,z)y(dz)ds)2.

1)t/n



1.8. APPENDIX 39

By Theorem 1.8.1,
1
NLD
= qWs (ﬁ(

W2(L(X.), N(0,q)) = W2 (£< Sn),/\/(o,qt))

1
VO

qt - n\4
< Cog ;E[(Xz )]

< Cy Jo i H' (5. 2)v(dz)ds

S,), N (0, 1))

4t
CO n /zt/n / ) 2
+3— H*(s,z)v(dz)ds | .
4 121( (i-1)t/n JE (5 2)u(dz) )

Setting F'(t) = fot |f(s)|ds with f(s) = [, H?(s,z)v(dz) and observing that

F is continuous (and so uniformly continuous on [0,7] for all 7' > 0), we

. 2
obtain that >, <f(?ﬁ)t/n [ H(s, z)u(dz)ds) — 0 when n — +o00. Since

the last formula holds for all n > 1, we easily conclude. O

1.8.2 Rate of convergence of empirical measures

We first give a classical result about the Wasserstein distance W.

Lemma 1.8.3. Let p be a probability measure in Py(R). We considern i.i.d.
random variables (X;)icq1,...ny with law g and we set ju, = %Z?Zl dx;. Then

.....

there exists a constant C depending only on fR ztu(dz) such that

E[Wl(u, Mn)} < %

Proof. If we set F(z) = p((—o0,z]) and F,(z) = = > 1x,<,, we have
(see Villani [72, p 75])

(e 9]

B (Wit ) =E( [ IF@) - Fio)ldz)

—00

Eﬁ(/w F(z) — %i]l)(igx\dx).

—00
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IfY ~ B(n,p), E<|% —p|> < 1/IE((— —p)? ) \f p(1 — p). Hence, since

for each x, Y7 | Lx,<s ~ B(n, F(x)),

B(Wim) < = / Z VE@( = F(a))de.

But A := [, 2*u(dx) < oo implies that for z > 1, (1—F(z)) = p([z, 400)) <
A/z* and for v < —1, F(z) = p((—o0,7]) < A/z*, and we thus have
2 VF(2)(1 - F(x))dz < oc. O

We now deduce similar estimates for other Wasserstein distances.

Lemma 1.8.4. Let pu be a probability measure admitting a moment of or-
der q + v, with v > 1 and ¢ > 0. We consider n i.1.d. random wvariables
(Xi)iequ,...ny with law p and we set ju, = %ZLI dx,. There exists a constant
C' depending on v, q and on the moment of pu of order q 4+ v such that

C

g .
n2(g+y-1)

E[W] (1, 10)] <

Proof. We denote by (2, F,P) the probability space on which X7, ..., X,
are defined. For a fixed w € €2, we consider two random variables X and Y
defined on the probability space ([0,1],B([0,1]),da) with £,(X) = p and
Lo(Y¥) = pn(w) such that Wi (u, pn(w)) = Eq(]X — Y*]). Then we have, for
any A > 0,

W (4, (@) < Ea(|X — Y¥P)
< AW (1, (@) + Eal|X = V¥ Lix_yupa):

We observe that

Eo(|X = Y*|7™)

Ea(|X — YW|W:H_‘X7Y“’|>A) S A4

But, setting m,,(u) = [, |z[Pu(dz),

Ea(]X = Y¥|"7) < C(Ba(IX|"7) + Ea(jY*[17))

= C(mgiq (1) + Mgq (in(W)).
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One easily checks that E[mqﬂ(un)} = Mg+, (p). Using Lemma 1.8.3, we

finally get
AL g (1)
B[ )] < (S + =),
W1 (p, )| < C N AT
Choosing A = R T completes the proof. O

1.8.3 Moments of a solution to (1.1.1)

In many places of the proof, we need to upperbound [, v* fi(dv) for any t > 0
where (f;):>o solves (1.1.1). We also need to upperbound higher moments.

Lemma 1.8.5. For fo € P4(R), consider the unique solution (fi)i>o to
(1.1.1). For anyt >0, we have

/R A fi(dv) < /R v foldv) + 3 /R o foldo).

If fo € Pp(R) with p even, then there exists a constant C depending on p, [3
and on [, v? fo(dv) such that for any t > 0,

/vpft(dv) < C.
R

Proof. We only treat the case p = 4, see Truesdell [68] and Desvillettes
[18] for the general case. If we take ¢(v) = v?, we find, recalling (1.2.2) and
using that f is even,

Kj(v,v.) = / [(COS4 0 — 1)v* + sin* Gv? + 6 cos? @ sin® Ov*v? | B(0)d6.

—T

Setting my(p) = [ v*u(dv) for p1 a probability measure on R and k € N, we
thus get, using (1.2.5),

ma(fe) = ma(fo) + /0 /ﬂ [— (1 — cos* O — sin* 0)my(fs)
+ 6 cos? 0 sin® Om3( f,)]3(0)dbds.

Recalling that my(fs) = ma(fo) =: € for any s > 0, observing that (cos? 6 +
sin?§)? = 1, which gives 2cos?fsin?# = 1 — cos* § — sin* § and setting ¢ =
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J7 (1 — cos* @ — sin® 0)3(0)d6, we have

mal) = ma(fo) = ¢ [ ma(f)ds -+ 3c€%,
0
whence

ma(fe) = (ma(fo) — 3E%) exp(—ct) + 3E* < ma(fo) + 3&,
as desired. N

1.8.4 Well-posedness for a P.D.E
To conclude this paper, we state the following result.

Proposition 1.8.6. For t > 0 and (v,v.) € R% we consider two finite
non-negative measures q(t,v,dh) and r(t,v,v.,dh) on R such that A, =
sup,,, q(t, v, R) < oo, A, := sup,,,,. 7(t,v,v.,R) < oo and for all T > 0, all
(v,v.) € R?,

(1.8.1) sup/(h2 + 2vh)q(t,v,dh) < Cr(1 +v?),
011 Jr
and
(1.8.2) Sup/(h2 + 20h)7(t, v, v,, dh) < Op(1 + v +v2),
0.17] Jr

Let also a > 0 and b € R be fivred. Then, for any fo € P2(R), there exists a
unique (fi)iso0 € L52.([0,00), Po(R)) such that for all ¢ € CZ(R), all t >0,

& [ e =a [ ¢ +b [ o)

R
1.8.3 h) — dh) f(d
(183) w [ [ oto+ b = o] ate, v dnysicao)
h) — «, dh) f(d dv,).
[ [ Tetosm = e, dmpido s
Proof. We denote by M(R) the set of finite signed measures on R. If y €

M(R), we set |y = SUpero o<1 Jg P(V)p(dv). Using the Lusin Theo-
rem (see e.g. [9, Theorem 9.11]), we have |ulry = SUp,ce, o)<t Jr ©(0)1(dv).



1.8. APPENDIX 93

We also have |p|ry = [ [p](dv) where |p| = puy + p— and if p has a density
f with respect to the Lebesgue measure, |u|ry = [ | f(v)|dv.

2
Preliminaries. For € > 0, we set G¢(v) = ﬁe?. Let p € M(R). We

claim that lim¢_,q | * Ge|ryv = |p|7v. Observe that this is not obvious, since
it does not hold true, generally, that lim. o | * Gc — p|7v = 0 (choose e.g.
p=0dp). First, we have

jux Gl = [ s Gl = [ | [ Guto = wpntaw)]ao
< / / G — w)dvl(dw)| = |z

Next, let a > 0. There exists a function ¢ € Cj, with ||¢|| < 1 such that
Sz p()p(dv) > |p|rv — . We have, since px G clearly converges weakly (in
the sence of measures) to 1,

ok Gulry > / P G =3 [ plodutan) > sy = o

Making « tend to zero, we get iminf. o | * G|ty > |plrv.

Uniqueness. We consider two solutions (f;)i>0 and (g¢)i>0, with fo = go
and for t > 0 we set p; = f; — g;. For any ¢ € CZ(R), any ¢ > 0

G | et =a [ o) +b [ opema)

; / / oo+ h) = o) a(t, v, dh)pu(dv)

[ [eto s m = @] o, anisia) e,
— gi(dv)gi(dv.)].

We observe that fi(dv) fi(dv,) — gi(dv)gi(dvy) = fi(dv)p(dvs)+ g (dvs) pe (dv).
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We have

B« Gw) = / G.(v — w)pa(dw)

—a [ Grlo—wldw) = b [ WG wyudv)
# [ [16.00=w= 1)~ Gl — w)laulatt, w.dn)
[ [ [i60 =01 =G0 - il dw)u(dn.)

+ gi(dw,) g (dw)]r(t, w, w., dh).

For n > 0, we consider a function I, of class C? such that for any z € R,
(|z] =)y < Ty(z) < 2|, T)(z) > 0 and [|T7 |[.c < 1. We also assume that
Ly, > T, if gy < np. Observing that [ G¥(v — w)u(dw) = (py * Ge)"(v), we
have

G | Tl G @)de = [ TG+ G + G

dt J
= A+ B+ Cy + Dy,

where

Ar=a [ TG = G + G (o).

By = —b/R/RF;((,ut * Ge)(0)wGL(v — w) py (dw)dv,

Ci= [ [ [ EieGoeico —w—
— Ge(v —w)|pe(dw)q(t, w, dh)dv,

and
D, = /R/R/R/RF;((ut « G (W) [Ge(v — w — h) — Ge(v — w)][fo(dw)y (duw,)
+ gi(dw,) e (dw)]r(t, w, w,, dh)dv.
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Using an integration by parts and recalling that I'7(z) > 0 for any = € R,
we have

A = —a/RFZ((,ut * Ge)(v)) (e * Ge)'(v))zdv <0.

First writing w = v + w — v and then using an integration by parts (observe

that [, GL(v — w)p(dw) = (e * Gc)'(v)), we have

B =b [ [ Ty GO@)eGLw = w)m(du)de
lirylldtl [ [ o= w60 = w)lltau)ao
< [ TG G@)av+ bl [ pliGi)do [ i)
< 0( [ 1+ GIWIdv-+lpulrv) < Clyslry-

We used the preliminaries and the fact that [, [v||GL(v)|dv < C. Using next
that [, Ge(v —w — h)dv = [, Ge(v — w)dv = 1, we have
Cuot Dy <2010y ey | Ipal(dw) 4 205l ([ el + [yl ()
R R R
< Clplrv-
We thus get

d

& [ Tt Guto)do < Clialry.
R

Using the monotone convergence Theorem (recall that I',(z) increases to ||
as 1 decreases to 0) and recalling that o = 0, we have

% Gulrr = Ty | Tyl G )
n—0 R

(0 GO0+ C [l

< lim
n—0 R

t
SC/ |\t | v ds.
0
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Making € tend to 0 and using the preliminaries, we get,

t
il <€ [ lfrds,
0
and we deduce that ||y = 0 by Gronwall’s lemma.

Ezistence. For (Q1)>0 € Lio.(]0,00), P2(R)) given, we consider the fol-

loc

lowing linear P.D.E. with unknown (th)tZO: for all p € CZ(R), all t > 0,

G [ o) = a [ @) +b [ o)

(1.84) + /[R o0+ h) = o) |a(t,v, dh) g (av)
[ [ [ et 1= o)t v dngd @) Qi)

For t > 0 and (v,v,) € R?, we consider the following probability measures

tov,dh LR
i (dh) = L0 dh) (- glt,v,R)

. i )dolan)

and

r(t,v,v., dh) N (1 B r(t,v, v, R)

nt,v,v* (dh) = Ar Ar > (50 (dh)7

and we set Fy/, () := n{,((—o0,2]) and F},, , (z) :=n},,. ((—o0,x]). We also
set HI(t,v,u) :== (F{,) " (u), H"(t,v,v.u) == (F/,, ) " (u) and we consider
the following S.D.E.

t 1
W:Vo+/ / Hi(s, Vs_,u)N(dsdu)
to 0 ) t
(1.8.5) +/ // HT(s,m_,v*,u)NT(dsdu*du)+b/ Vids 4+ V/2aB,,
0o JRJO 0

where N7 is a Poisson measure with intensity measure A,dsdu, N" is a Pois-
son measure with intensity measure A,dsdu@s(dv,) and B is a Brownian mo-
tion. There is existence and uniqueness for this S.D.E. because the Poisson
measures N? and N” are finite, and because the drift and diffusion coefficients
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are Lipshitz-continuous (see Ikeda-Watanabe [44]). Using Ito6’s formula and
taking expectations, we get, for any ¢ € CZ(R),

Eip(V)] = Blp(0a)) + [ B[ [ lotVi + Ho, Vi) = oVl du] s
b B[ o B Vo) — VA s
#b [ B VVIds +a [ B Vs
=Bl + [ B[ [1o0Ve-+ 1) = plVallats, Vo )] s
# B[ [ [ = oVl o, Vv dnQutae s
+b [ BV + o [ B (Volds.

Setting g = L(V;), we thus realize that (g<);>¢ solves (1.8.4).
If (Q¢)i>0 and (R¢)i>o are in L7 ([0, 00), Po(R)), then by the same kind

loc
of arguments as in the uniqueness proof, we have for any ¢t € [0, 7], denoting

= g2 — gF,
t
||y < C/ (|pslrv + Qs — Rs|rv)ds,
0

whence by Gronwall’s Lemma,

T
sup |pe|ry < CT/ Qs — Rs|rvds.
[0,7] 0

We consider fo € Py(R). For ¢t > 0, we set f° = fo and ff*' = f/*. Then
we have

T
&mWH—mws@/Nﬁ—ﬁﬂww
0

[0,7]

We classically conclude that (ff)i>o converges as k tends to infinity to some
(ft)e>o solving (1.8.3). Using (1.8.1), (1.8.2) and (1.8.3) with ¢(v) = v?, we
see that (f;)i>0 € LiZ.(]0,00), P2(R)).

loc
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Chapter 2

Asymptotic of grazing collisions
for the spatially homogeneous
Boltzmann equation for soft
and Coulomb potentials

D. Godinho. Asymptotic of grazing collisions for the spatially homogeneous
Boltzmann equation for soft and Coulomb potentials. Stochastic Process.
Appl. 123 (2013), no. 11, 39874039.

Abstract. We give an explicit bound for the Wasserstein distance with
quadratic cost between the solutions of Boltzmann’s and Landau’s equations
in the case of soft and Coulomb potentials. This gives an explicit rate of
convergence for the grazing collisions limit. Our result is local in time for
very soft and Coulomb potentials and global in time for moderately soft
potentials.

Mathematics Subject Classification (2000): 82C40, 60K35.

Keywords: Kinetic Theory, Boltzmann equation, Landau equation, Graz-
ing collisions.
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2.1 Introduction and main result

2.1.1 The Boltzmann equation

If we denote by f;(v) the density of particles which move with velocity v €
R3 at time ¢ > 0 in a spatially homogeneous dilute gas, then, under some
assumptions, f solves the Boltzmann equation

(2.1.1)  8,f:(v) = /RS dv, /S doB(|v — v.],0) [ fi(v) fi(v)) = fi(v) fo(vs)],

where the pre-collisional velocities are given by

B N N S

g, % ag,
2 2 2 2

and @ is the so-called deviation angle defined by cosf = ﬁZ:z‘) .0. The func-

tion B = B(|v — v.,0) = B(|v" — v}|,0) is called the collision kernel and
depends on the nature of the interactions between particles.

Let us interpret this equation: for each v € R3, new particles with velocity
v appear due to a collision between two particles with velocities v" and v,
at rate B(|v" —v.|, 8), while particles with velocity v disappear because they
collide with another particle with velocity v,, at rate B(|v — v.|,0). See
Cercignani [15], Desvillettes [23], Villani [71] and Alexandre [3] for much
more details.

Since the collisions are assumed to be elastic, conservation of mass, mo-
mentum and kinetic energy hold at least formally for solutions to (2.1.1) and
we will assume without loss of generality that [, fo(v)dv = 1.

(2.1.2)

We will first assume that the collision kernel B has the following form

(A1(7)) B(|v — v, 0) sin 6 = [v — v.|"5(0),

where 5 : (0, 7] — [0,00) is a function and v € R. We consider the case of
particles which interact through repulsive forces following an inverse power
law, which means that two particles apart from a distance r exert on each
other a force proportional to 1/r°, with s € (2,00). In this case, we have

(2.1.3)
B(0) R oest' Y with v =

2 s—5H
2 dy=—— —3,1).
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One classically names hard potentials the case where v € (0,1) (i.e. s > 5),
Mazwellian molecules the case where v = 0 (i.e. s = 5), moderately soft
potentials the case where v € (—=1,0) (i.e. s € (3,5)), very soft potentials the
case where v € (=3, —1] (i.e. s € (2,3]). We will study in this paper all soft
potentials.

In all these cases, we have fO7r B(0)df = +oo, which means that there is an
infinite number of grazing collisions (collisions with a very small deviation)
for each particle during any time interval. We will consider the Boltzmann
equation without cutoff where we assume

(A2) /07r 0>5(0)do = %,

which corresponds to the real physical situation. The classical assumption is
only [["6?3(0)d0 < co but we can assume without loss of generality that it
is equal to % (it suffices to make a change of time).

In the case of soft potentials, we will suppose that for some v € (0,2) and
0<c < Ca,

(A3(v)) 077 < B(O) < 'Y forall 6 € (0, 7).

In order to focus on grazing collisions for soft potentials, we also set, for
0<e<Zm,
(2.1.4)

w3

B.(|v —v.],0)sinf = [v—v.[15.(0) with B.(0) = = (—)1‘9,«.

€ €
Observe that . is concentrated on small deviation angles, but for all ¢ €
(0,7),

4

(2.1.5) / 02B.(0)do = —.

0 T

When the particles exert on each other a force proportional to 1/r%, we

talk about Coulomb potential. As explained in Villani [70, Section 7], the

Boltzmann equation does not make sense in this case because grazing colli-

sions become preponderant over all other collisions. To treat the Coulomb
case, we will consider the following collision kernel

(AC) B(lo — v.],0)sin0 = (Jv — .| + h)~5.(0),
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where € € (0,1), he € (0,1) decreases to 0 as € tends to 0 and for 6 € (0, 7],

e cosf/2
~ log sin®0/2

(2.1.6) Pe(0)

e<O<m/2;

where ¢, is such that (2.1.5) is satisfied. We can compute explicitly ¢, and
we get

4 log%
Ce = — 4ecose/2

1 )
+ sine/2 + 810g V2sine/2 - 7T2/2 — 27

€2
sin? /2

which tends to % as € = 0.

We thus take the same collision kernel as in Villani [70, Section 7] with
two small modifications. We add h. in the velocity part only to get easily
existence and uniqueness of solutions to (2.1.1). Indeed, we do not need it
for the calculus of the rate of convergence in Theorem 2.1.2 (observe that we
only ask to h. to decrease to 0 without asking any rate for this convergence).
We use ¢, to get (2.1.5) for our convenience, but it does not change the nature
of the cross section since ¢, is close to % when € is small.

Since we have (2.1.5) for each € > 0 and since [ 6*6.(0)df < ﬁ — 0,
this cross section indeed concentrates on grazing collisions.

2.1.2 The Landau equation

We consider the spatially homogeneous Landau equation in dimension 3 for
soft and Coulomb potentials. This equation of kinetic physics, also called
Fokker-Planck-Landau equation, has been derived from the Boltzmann equa-
tion by Landau in 1936 when the grazing collisions prevail in the gas. It
describes the density g;(v) of particles having the velocity v € R? at time
t>0:

(2.1.7)
dan(e) =5 > 0f [ 150 = 0 [0:0)0,00) ~ 900,00, ] v .

ij=1 R

where [(z) is a symmetric nonnegative 3 x 3 matrix for each z € R3, depending
on a parameter v € [—3,0), defined by

(2.1.8) lij(z) = ’ZP(’Z‘zézj — 2i%j).
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As for the Boltzmann equation, we can observe that the solutions to (2.1.7)
conserve at least formally the mass, the momentum and the kinetic energy
and we assume without loss of generality that ng go(v)dv = 1.

We refer to Villani [70, 71] for more details on this equation, especially
its physical meaning and its derivation from the Boltzmann equation.

2.1.3 Notation

We denote by CZ(R?) the set of real bounded functions which are in C?(R?)
with first and second derivatives bounded and by LP(R3) the space of mea-
surable functions f with || |1 := ([fgs |f(v)[Pdv)"/? < +00.

For k > 0, we denote by Pi(R?) the set of probability measures on R3
admitting a moment of order k (i.e. such that my(f) := [, [v]*f(dv) < 00)

and for o € (—3,0], we introduce the space J,(R?) of probability measures
f on R? such that

(2.1.9) Jo(f) :=sup | |Jv—v.|"f(dv,) < 0.

vER3 JR3
For any T' > 0, we also denote by L>([0,T], P2(R?)), L>=([0,T], LP(R?)),
LY([0,T], Jo(R?)) and L*([0, T], LP(R?)) the set of measurable families (f;)efo,r]
of probability measures on R* with supjy,ma(f;) < +00, suppg || fillzr <

+o0, fOT Jo(fr)dt < 400 and fOT [|fellzrdt < +o0 respectively. We finally
denote the entropy of a nonnegative function f € L'(R?) by

Hf) = [ F0)log (F(0) o

In this article, we will use the Wasserstein distance with quadratic cost
for our results of convergence: if f,g € Py(R?),

Walf.g) = inf {E[U = VPI'2,U ~ [,V ~ g},

where the infimum is taken over all R3-valued random variables U with law f
and V with law g. It is known that the infimum is reached and more precisely
if we fix U ~ f, then there exists V' ~ g such that W2(f,g) = E[|U — V|?].
See e.g. Villani [72] for many details on the subject.
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2.1.4 The main results

We first give an explicit rate of convergence for the asymptotic of grazing
collisions for soft potentials. Observe that the existence and the uniqueness of
solutions to (2.1.1) and (2.1.7) that we state in the following result are direct
consequences of the papers of Fournier-Mouhot [35] and Fournier-Guérin [32]-
[33]. The precise notion of weak solutions that we use is given in the next
section.

Theorem 2.1.1. Let v € (=3,0), v € (0,2) and B be a collision kernel
which satisfies (A1(v)-A2-A3(v)). For e € (0,7], we consider B. as in
(2.1.4).

(i) If v € (=1,0) and v € (—~,1), let p > max(5,7*/(v + 7)) and fo €
Ppi2(R?) such that H(fo) < oo. Then there exists a unique weak solution
(Gt)tcfo,00) to (2.1.7) with go = fo, and for any € € (0,7, there exists a
unique weak solution (ff)icpo,o0) to (2.1.1) with collision kernel B. and initial
condition f§ = fo. Moreover, for any T >0 and € € (0,1),

sup Wa(f5, gi) < Cemss,
[0,7]

where C' is a constant depending on T, p,~, fo.

(i) If v € (=3,0), let fo € Ppi2(R?) for some p > 5 such that fo € LI(R?)
for some q > 3;. Then there exists T, = Ti(q,||follrs) > 0 such that
there exists a unique weak solution (g)wcpr,) to (2.1.7) with go = fo, and
for any e € (0,7, there exists a unique weak solution (ff)icpo,r,) to (2.1.1)
with collision kernel B, and initial condition f§ = fo. Moreover, for any

e€ (0,1),

sup Wy(ff, g1) < Ces,
[O,T*]

where C' is a constant depending on p,q,7, fo-

Point (i) applies to the case of moderately soft potentials (s € (3,5)) and
(77) applies to the case of very soft potentials (s € (2,3]). The proof of this
result is based on a more general inequality, see Theorem 2.3.1.

We now treat the case of Coulomb potential. The existence and the
uniqueness of solutions to (2.1.1) and (2.1.7) stated below are direct conse-
quences of the papers of Fournier-Guérin [32] for (2.1.1) and Arsen’ev-Peskov
[4] and Fournier [29] for (2.1.7).
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Theorem 2.1.2. Let v = —3, B, be given by (AC) and let fo € P,(R*) N
L>®(R3) for some p > T. Then there exists T, = T.(|| fol|z~) such that there
exists a unique weak solution (gi)icpo,r,) to (2.1.7) with go = fo, and for
any € € (0,1), there exists a unique weak solution (ff)icpor,) to (2.1.1) with
collision kernel B, and initial condition f§ = fo. Moreover, for any e € (0,1),

sup Wa( [, gi) < C<h? + <lo;l>a>’

[O,T*}

where C' and a > 0 depend on p and fy.

The constant a can be made explicit from the proof. We have two error
terms. The first one (h%) comes from the fact that we introduce a parameter
in the collision kernel in order to get easily existence and uniqueness of so-

lutions to (2.1.1). The second one ((@) > is the true rate of convergence

that we get for the asymptotic of grazing collisions in the Coulomb case.
These two terms are not linked, so that assuming existence and uniqueness
for (2.1.1), we could take h. = 0 (which still makes our proofs valid). Any-
way, since we allow h. to decrease to 0 as fast as one wants, we believe that
this is not really a limitation.

2.1.5 Comments and main difficulties

It was already known that in the limit of grazing collisions, the solution to
Boltzmann’s equation converges to the solution of the Landau equation. To
be more precise, Degond and Lucquin-Desreux [17] and Desvillettes [20] have
shown the convergence of the operators (not of the solutions) and Villani [70]
has shown some compactness results and the convergence of subsequences.
The uniqueness results of Fournier-Guérin [32] and Fournier [29] show the
true convergence (under some more restrictive assumptions). In this article,
we give an explicite rate for this convergence and we thus justify the fact that
the Landau equation is a good approximation of the Boltzmann equation in
the limit of grazing collisions.

In all cases (soft or Coulomb potentials), we expect to get a bound for
Wa(ff, gi) of order y/ [ 04B:(0)df as for the Kac equation (see [31]). For

soft potentials, the rate of convergence that we get is €'/~ (if fy is nice)
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instead of €. For the Coulomb potential (which is the only case which has a

1
log %

real physical interest), we get a rate of order ( ) with a > 0 very small

1
log % '
of the huge singularity, and there may be underlying reasons for the slow

(if fo is nice) instead of This last case is very complicated because

convergence.

The results are local in time, except for moderately soft potentials, but
this was expected since the uniqueness results for the Boltzmann and Landau
equations are also local in time.

To our knowledge, the present paper is the first, with the one of He
[41], which states an explicit rate of convergence. He obtains a better rate (e
instead of €'/2~ for soft potentials) but considers much more regular solutions
(lying in P,(R?*) N H(R?) for some N > 6, | > 0 and p which depends on
N). Furthermore, for the Coulomb case, He uses a cross section which does
not seem to correspond to the physical situation (it resembles more at the
case of soft potentials).

Our result has two main interests. A physical one, since it gives a justi-
fication for the Landau equation, and a numerical one. Indeed, in a recent
paper about the Kac equation [31], using the same kind of result for grazing
collisions, we have shown numerically and theoretically that it is much more
efficient to replace small collisions (which cannot be simulated) by a Landau-
type term than to neglect them. Theorem 1.1 shows that this should also be
the case for the Boltzmann equation for soft potentials.

Our proofs use probabilistic methods. The first who used probabilistic
methods to study a Boltzmann-type equation (the Kac equation) is McK-
ean [51, 52]. He was investigating the convergence to equilibrium and he
proposed some probabilistic representation of Wild’s sums, using some tools
now known as the McKean graphs. The present article is strongly inspired
by Tanaka [64]. He proved that the Wasserstein distance with quadratic cost
between two solutions of Kac’s equation is non-increasing. He extended the
same ideas in [65] to the Boltzmann equation for Maxwell molecules. His
study was based on the use of some nonlinear stochastic processes related to
the Kac and Boltzmann equations. The same kind of ideas is also used in
Desvillettes-Graham-Méléard [21].

In this article, we will also use a result of Zaitsev [74] in order to obtain a
bound for the Wasserstein distance between a compensated Poisson integral
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and a Gaussian random variable. Such an idea comes from the paper of
Fournier [30] about the approximation of Lévy-driven stochastic differential
equations in one dimension, see also [31]. Since we work here in dimension
3, such a result is much more difficult to obtain.

If we compare the present work to our similar result for the Kac equation,
another difficulty is the fact that we treat the case of soft and Coulomb
potentials (v € [—3,0)) instead of the Maxwell case (7 = 0) where the
velocity part of the collision kernel is constant. These reasons explain why
we are not able to obtain an optimal rate of convergence.

2.1.6 Plan of the paper

In the next section, we precise the notion of weak solutions that we shall
use, we give well-posedness results and some properties of the solutions to
Boltzmann’s and Landau’s equations. In Section 2.3, we give a general result
about the Wasserstein distance between solutions of Boltzmann’s and Lan-
dau’s equations for soft potentials and we deduce Theorem 2.1.1. In Section
2.4 we give a probabilistic interpretation of the equations (2.1.1) and (2.1.7).
Section 2.5 is devoted to the proof of our general result for soft potentials. In
Section 2.6, we study the Coulomb case. We end the paper with an appendix
where we give a result about the distance between a compensated Poisson
integral and a centered Gaussian law with the same variance, a result about
the ellipticity of the diffusion matrix [ (recall (2.1.8)), a generalized Gronwall
Lemma and another technical result .

2.2 Weak solutions

2.2.1 Preliminary observations

Soft potentials

We consider a collision kernel which satisfies (A1(7y)-A2-A3(v)) and we set,
for 0 € (0, 7],

(2.2.1) H() := /;ﬁ(x)dx and G(z):= H '(2).

The function H is a continuous decreasing bijection from (0, 7] into [0, +00)
and G : [0,400) — (0, 7] is its inverse function. By Fournier-Guérin [32,
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Lemma 1.1, (i)], Assumption (A3(v)) implies that there exists x; > 0 such

that for all z,y € Ry,
2

(A4) /000 (G(z/z) — G(z/y))2dz < Ky (x =) :

Tty

Lemma 2.2.1. For e € (0, 7], we consider B as in (2.1.4), and we set for
6 € (0, €

H.(0) := /96 B(z)dr and G.(z):= H *(z).

The function H is a continuous decreasing bijection from (0, €] into [0, +00)
and G, : [0,+00) — (0, €] is its inverse function. Then for all € € (0, 7], G.
satisfies (A4) with the same k1 >0 as G.

Proof. Observing that H.(0) = :—EH(%Q) and G.(z) = iG(i—f), we have,
for all z,y > 0 and all € € (0, 7],

> 2 20\ 2 > €2 €2z €22\ 2
| @G -a())e= [ Slet o))«
o0 u U\ 2
:/0 (c-c() au
That concludes the proof. Il

To deal with soft potentials, we will use that for « € (—3,0) and for
q € (3/(34a), o], there exists a constant C,, , such that for any h € P(R3)N
L1(R?),

(2.2.2)  Ju(h) = Sup/ h(v.)|v — v, “du,
R3

veER3

< sup / h(vi)|v — vi|“dv, + sup / h(vy)dv,
Jvs —v|<1 [vs—v|>1

veER3 vER3
< Cogl[P]|La@s) + 1,

where

(a=1)/q
Cog = [/ |v*|°“7/(q_1)dv*] < 00,
Jvs|<1

since by assumption ag/(q — 1) > —3. This computation will be useful in
many proofs of this article.
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Coulomb potential

We consider the collision kernel B, given by (AC) and we set, for € € (0,1)
and 6 € [e, /2],

/2
(2.2.3) H.(0) = /9 B.(x)dr and G.(z) = H'(=).

The function H. is a continuous decreasing bijection from [¢, /2] into [0, H(¢)]
and we extend its inverse function G : [0, Hc(¢)] — [¢,7/2] on [0, 00) by set-
ting G.(z) = 0 for z > H_(e).

Lemma 2.2.2. There exists ko > 0 such that for all z,y € Ry, for all
e € (0,1),
(A5)
* 2 (l‘ B y)2 maX(x, y) max(:p, y)
(Ge(z/z) — Ge(z/y)) "dz < /12( + — log )
0

T4y log - min(x, y)

Proof. We have, for 6 € [¢,7/2] and z € [0, 00),

1

0 log = -
(sin~2 5 2) and G(z) = 2arcsin ( Cg 2+ 2) TcHo (o)}

(NI

Ce

Hﬁ(e) = log%

We consider 0 < x < y. We have
0 9 xH(€) )
[ Gt -Gz = [ (Gteta) — Gl

yHe(e)
+ / G%(z/y)dz

Hc(e€)
= A+ B.

Using that for any a,b > 2,

1 . 1\2
arcsin — — arcsin —

Va Vb

IN

(a7
b—a 2 (b—a)?
~(mvarvm) ey
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g1

and setting K. :
2 22dz
(iKe + 1) <§K€ + 1) (;Ke + 2K+ 1)
< 0(95 — y)2K2 /Ke A g 2%dz
= € 2
y 0 (zKE + x) <zK€ + y)

C(a: — y)2K2 /Kefn?; 22dz
K -
Ty 0 (zKE + x)

C(J:—y)Q(/z?e Z2K3dz+/;<esfnz§ z>
r+y 0 3 - K,

€

Ke sin2 £

A<C QKS——l
0 r oy

IN

IN

IN
Q

(w—y)Q(L+logsin2;>
r+y \K. K.

(r—y)
T+y

We finally used that K, ~ 1—gf as € = 0. Using that arcsm - < \/§ 1 for

2

IN

C

any a > 2, we get for B,
yHe(e)
B§8/ ydz oy, Kyl +y SyngeyH(E)Jr

eH. () Kez Y K. o8 KxH(e) +y K. K.xH (e) +
— 8- log
log &%
which ends the proof since sup.¢ 1) c. < oo (recall that ¢ — =). O

2.2.2 The Landau equation
We consider the operator L defined, for any ¢ € CZ(R3), by

(2.2.4) d(v,v,) = Z L (v 0Ze(v) + Zbi(v — 0,)0i6(v),

zy 1
where [;; is defined in (2.1.8) and

3
(2.2.5) bi(z) = Zajlij(z) = =2|z|7z, fori=1,2,3.

=1



2.2. WEAK SOLUTIONS 111

For any ¢ € C?, we have
[Lo(v,v,)| < Collo = v + o — 0, 77%)

< c¢(1 {02+ o2+ o — v*|7+1176[_37_1)).

We can thus observe that all the terms in the following definition are well-

defined.

Definition 2.2.3. Lety € [—3,0). We say that (g:)tejor) € L([0, T], P2(R?))
is a weak solution to (2.1.7) if

T
(2.2.6) / / / v — v, " gi(dv) gs (dv,)dt < oo,
0 Jrs g3

(which is automatically satisfied if v € [—1,0)) and if for any ¢ € CZ(R3)
and any t € [0,T1,

(2.2.7)
[ swatao) = [ i)+ [ [ [ Lot dng.lao)as

We now recall a result of Fournier and Guérin [33] which gives existence
and uniqueness of a weak solution for the Landau equation.

Theorem 2.2.4. (i) Assume that v € (—2,0). Let p(y) :=~v*/(2+ 7). Let
go € Po(R3) NP,(R3) for some p > p(vy) satisfy also H(go) < oo. Consider
g€ 3/B+7),Bp—=3y/(p—3y) € 3/(3+7),3). Then the Landau
equation (2.1.7) has a unique weak solution (g;)¢>0 n L52.([0,00), Po(R3)) N
L},([0, ), L9(R%)).

(ii) Assume that v € (=3,0), and let ¢ > 3/(3+ 7). Let go € P2(R3) N
LY(R3). Then there exists T, > 0 depending on q,||go||z« such that there
exists a unique weak solution (g¢)ep,r,) to (2.1.7) lying in L*([0, T.], Po(R*)N
LY(R?)).

(iii) Assume that v = —3. Let gy € Po(R3) N L>®(R3). Then there exists
T, > 0 depending on ||go||r= such that there exists a unique weak solution
(9t)eeiorn) to (2.1.7) lying in L>=(]0, T.], P2(R?) N L>(R?)).

() For anyt > 0 (case (i)) ort € [0,T,] (case (i) and (iii)), we have

(2.2.8) /]R3 g1(v)p(v)dv = / go(v)p(v)dv, d(v) = 1,0, |v|*.

R3
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We also have the decay of entropy: for allt > 0 (case (i)) ort € [0,T,] (case

(11) and (iii)),
(2.2.9) /R3 g1(v)log gi(v)dv < /}R3 go(v)log go(v)du.

Furthermore, if my(go) < oo for some p > 2, then supjy ) my(gs) < oo for
all T'> 0 (case (i) or all T € [0,T] (case (ii) and (ii1)).

For Points (i) and (éi), one can see Fournier-Guérin [33, Corollary 1.4].
For Point (4i7), one can see Arsen’ev-Peskov [4] for the existence and Fournier
[29] for the uniqueness of (g;):co,n]- The conservation of mass, momentum
and energy and the decay of entropy are classical in Point (iv). For the
propagation of moments, one can see Villani [71, Section 2.4 p 73] for v €
(—2,0) and [69, Appendix B p 193] for v € [-3, —2].

2.2.3 The Boltzmann equation

We take here the notation of Fournier-Méléard [34]. For each X € R3,
we introduce I(X), J(X) € R?® such that (%, %, %) is an orthonormal
basis of R®. We also require that I(—X) = —I(X) and J(—X) = —J(X) for

convenience. For X,v,v, € R3, for 6 € [0, 7] and ¢ € [0,27), we set

I'(X, ¢) := (cos p)I(X) + (sin ) J (X)),
v — 1_CTOSQ(U V) + %F(v — Vs, ),

UL (0,04, 0, ) 1= v, + =0 (v — v,) — TEIT (v — vy, ),

==
a:= a(v,v,,0,0) = (Vv —v) = —(v. —v,),

*

=0 (v, 04,0, 0) =
(2210) { VTV @e00)

[
v, =

which is nothing but a suitable spherical parametrization of (2.1.2): we write
ceESaso = o cos 0+ ‘: v*l) sin 6 cos ¢ + ‘(U U*| sin 0 sin o. We can now

give the notion of weak solution of Boltzmann’s equation.

Definition 2.2.5. Consider a collision kernel B(|v — v,|,0)sinf = <I)(\

v.])B(0) with B satisfying (A2). A family (fi)cior € L=([0,T], Po(R?)) s
said to be a weak solution to (2.1.1) if

T
(2.2.11) /0 /R [l =@ = o) ffde) fldo)dt < o
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and if for any ¢ € CZ(R?) and any t € [0,T],
(2.2.12)
t = A y Ux)Js s * )
[ o) = [ swntn+ [ [ [ Ao

where

(2.2.13)
A0(w0) = P20 T [P0y 4 006 = ot0) - o(wlagpio)do

For any v,v, € R?, 0 € [0,7] and ¢ € CZ(R?), we have (see Villani [70, p
291])

2214) | [ 1007+ 600 = 6(0) = dlw. )| < Cll o = o,

so that (A2) and (2.2.11) ensure that all the terms in (2.2.12) are well-
defined.

We now give a result of existence and uniqueness for the Boltzmann
equation with soft potentials.

Theorem 2.2.6. Let v € (—3,0), v € (0,2) and B be a collision kernel
which satisfies (A1(v)-A2-A3(v)). For e € (0,7], we consider B. as in
(2.1.4).

(i) We assume that v € (—1,0) and v € (=, 1). For some p > ~v*/(v +7),
let fo € P2(R3) NP,(R?) with H(fy) < co. Then for any € € (0,7], there
exists a unique weak solution (ff)icp,00) to (2.1.1) with collision kernel B,
starting from fo lying in L%, ([0, 00), Po(R?)) N Ly, ([0, 00), LY(R?)) for some
(explicit) q € (3/(3+7),3/(3 — v)) with estimates uniform in €.

(11) We next consider the general case. Let ¢ € (3/(3 + ),00). For any
fo € Po(R3) N LYR3), there exists T. = T.(||fol|lre,q) > 0 such that for
any € € (0,7, there exists a unique weak solution (ff)icpor,) to (2.1.1) with
collision kernel B, starting from fo lying in L>([0,T.], Po(R*) N L1(R?)),
with estimates uniform in e.

(111) For anyt >0 (case (i)) ort € (0,1 (case (ii)), any € € (0, ),

(2.2.15) . fi ()¢(v)dv = g fow)o(v)dv,  ¢(v) = 1,0, [vf,
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and
(2.2.16) . fi(v)log ff(v)dv < /3 fo(v)log fo(v)dv.
R R
Furthermore, if v € (—2,0) and fo € P,(R®) for some p > 4, then for any
e € (0,7), any T >0 (case (i)) or any T € [0,T,] (case (ii)),

supmy(fy) < Cormy(fo),
[0,1]

where Cy, 1 s a constant which does not depend on e.

To prove (i) and (i), we follow the line of some proofs in Fournier-Mouhot
[35] and Fournier-Guérin [32].

Proof. Point (ii) is a consequence of [32, Proof of Corollary 1.5, Step 2]
(recall (A4)). More precisely, we only need to check in their proof that T,
does not depend on e. For this, it suffices to prove that for any € > 0, there
exists a constant C' which does not depend on € such that any weak solution
to (2.1.1) (with cross section B.) a priori satisfies

d € €
2:217) 2 il < OO+ IR,
This will guarantee that for 0 <t < T, := 55(7/2 — arctan || fo||z+), we have
™ 1
| /||« < tan(arctan ||fo||r« + Ct) < tan <Z + 5 arctan ||f0||Lq>.

We classically may replace in A¢ (recall (2.2.13)) B.(6) by S.(0) = [8.(6)+
Be(m — 0)]Lpc(0,x/2), see e.g. Desvillettes-Mouhot [24, Section 2]. Following
the line of [24, proof of Proposition 3.2], we get

w2
% - |ft€(v)|qdv < ((] — 1) /']R3 fte(U*)dU* /{R3 dvlv _ U*P/O' ﬂg(e)de
| el - oo

Using the cancellation Lemma of Alexandre-Desvillettes-Villani-Wennberg
[1, Lemma 1] (with N = 3, f given by (ff)?, and B(|v — v.|,cos)sinf =
Be(0)|v — v.|7), we obtain
d /2
4 [ <onta- [ giwaae. [ gora [ o)
R3 R3 R3 0
| cos™(0/2)(Jv — v.| cos™(0/2))" — [v — v.]|.
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One easily checks that | cos™(6/2)(|v — v.| cos™(6/2))" — |v — v, || < Clv -
v,[70? for all § € (0 7/2] (where C' depends only on ). Since foﬁ/z 026.(0)do <
Jo 028:(0)d = 2, we finally get with C' = C(v,q),
d € q €e\q v pe
at [fi@)fdv < C [ (ff)*(v)dv [v — .7 fi (vi)d,
R3 R3

RB

<c [ s G| [

:|1+1/q

9

by (2.2.2) and since ¢ > 3/(3 + ). This yields

d
GlFeNer = 21155 [ 170 < Ol + ol

from which (2.2.17) immediately follows.

We now prove (7i7). First observe that the conservation of mass, momen-
tum and kinetic energy and the decay of entropy are classical.

Next let v € (—2,0) and p > 4. We want to apply (2.2.12) with ¢(v) =
[u|P. We set A = |v|P + |[vL|P — |v]P — |u.|P (see (2.2.10)). Observing that v’ =
v+a, v, = v,—a, and Vo(v) = pluP2v, ¢"(v) = plofP 2Ly +p(p—2) |} tov”
(where ¢” is the Hessian matrix of ¢) and using Taylor’s formula, we have

A = a.(plvl"*v = plo. v,

N[ —

+ sa bl P72 + sl 2)a + p(p = 2) ([P (wywp)a + Jws |~ (wpwi)a) |
pa.([ol 2w = 02) + (o2 = Ju)e.)

45 (ol ™) al? 4 (= 2) (Jual ™ 0.00)? + ozl ()]

wﬁs I

where w; = v+ Aja for some A\ € [0, 1] and wy = v+ Asa for some Ay € [0, 1].
We have |w [P72 4+ |wq P72 < C,(Jv[P~2 + |0, [P~2) where C, is a constant which
only depends on p. Observing that

01772 = o P72 o] < Cplo — vl ([0 + o772 o

< Cylv = v ([0l + o772,

that Jaf? = =0y — 2, [ adp = 1m0 (y —v,), [ =m0, (9)dg < 4
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by (2.1.5) and using (2.2.12) with ¢, we get

d
G < Cy [ [ o=l o) f )

Gl it 9)
< Cp(1+my(f)),

with C' depending on p,~, ma(fo) (we used that 27"? < C, (1 + 2?) for any
x > 0). Point (i) immediately follows.

The existence and the uniqueness in (i) are already proved in Fournier-
Guérin [32]. We only have to check that the estimates are uniform in e. For
that, it suffices to show that for any a € (0,7)

T
22,19 |G gl g e < 004,

with C independent of €. Indeed, since we have supyy 1y m,(f;) < C for some

p > vfu (with C' independent of €) by (ii7), we will get

||fe‘|L1 ([O,T],LQ(RS)) S CT,QH
for some ¢ € (3/(3 +7),3/(3 —v)) by Fournier-Mouhot [32, Step 3 of the

proof of Corollary 2.4]. Looking at Desvillettes-Mouhot [24, paragraph before
Equation (3.2)], we see that to prove (2.2.18), it suffices to check that

T
(2:2.19) /O IV FE N2 o<y dt < CRM(1+1),

for some constant C' which does not depend on e. It remains to follow the line
of Alexandre-Desvillettes-Villani-Wennberg [1, Theorem 1] to get (2.2.19).
More precisely, we have to check that the constants which appear in the
following inequality [1, Theorem 1] (observe that here ®(|v|) = |v|7 does not
vanish at 0)

(22.20) [IV/Ffl 3o (uer < 2¢5RD (D(ff) +(Cy + Cy)||(1 + |v|2)ff||il),
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do not depend on €, where D(ff) is the functional of dissipation of entropy
(see (2.2.22) below). The constant C; comes from [1, Corollary 2]. This
constant is such that (observe that there is a misprint in the corollary)

A(Jo = v.]) + o = v N (Jv = 0.]) < Ci(v — v ] + v —0.[?),
where

Ay = v,]) = /OW v — v[7(1 — cos 6)B.(0)do,

and

: " v — v " (A = 1)
N(lv =) = / sup 1 —cos0)B.(0)db.
( ) 0 1aa<ys V= ul(A—1) ( (

We can thus take C) = MTH Jo 0°6.(0)do = QMTH. Then we deal with the

constant Cy which comes from [1, Lemma 2]. This constant depends on

w/2 0 0 T
/ cos ™ —sin” ~ . (6)df < C/ 0*3.(0)do
0 22 0
and since this last integral is equal to %, the constant C5 does not depend on
€.

The constant cfe comes from [1, Proposition 2]. It is of the form C}. K.
First C% > 0 is controled (from below) by upperbounds of m;(ff) and
Jas fflog(1 + ff(v))dv, which are both classically controled (uniformly in
€) by ma(fo) and H(fy). Next, K > 0 is such that for all || > 1,

"2 lep
[ (50 - coso) n1)s0)a0 = Kef
0 2

One easily deduces from (A3(v)) that such an inequality holds uniformly in

e€ (0,1).
Hence (2.2.20) holds uniformly in € € (0,1), and we find that
€ € 2
(2‘2‘21) || V fﬂﬁ{lf/?(\uKR) S C’RWI [D(ft) + (1 + mQ(ft)) ]7

for some constant C' depending only on fy (and on 7, 8 but not on ).
Integrating (2.2.21) in time and using that

(2.2.22) /0 D(f5)dt = H(fo) — H(f;) < H(fo) + Cma(fo),
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(because classically, H(f) > —Cma(f)), we finally deduce (2.2.19) and that
concludes the proof. O

We finally treat the Coulomb case.

Theorem 2.2.7. Assume (AC) and let fo € Po(R3). Then there exists a
unique weak solution (ff)icpo,c0) to (2.1.1). Furthermore, if fo € L>(R?),
then there exists T. = T.(|[follz=) > 0 such that sup.¢( 1) supp 1] |1 fillz= <
00.

Proof. We observe that for e > 0 fixed, we consider a cutoff case with a
bounded cross section: for any v, v, € R* and 6 € [0, 7/2], B.(Jv—v.|,0) < C..
The existence and the uniqueness of (ff):cp,00) are thus classical.

For the stability in L>°(R?), like in the previous proof (there is no need
to introduce 8. here since 8. is supported in [0,7/2]), we have for all ¢ > 1,
all € € (0,1),

& |
<=0 [ s [ ato-uien? [ s

[ dettiore) -
<(g=1) [ fitw)d /R dv|v—v*|_3/07r/26€(0)d6’

[ aetieren - o

Using now the cancellation Lemma of Alexandre-Villani [2, Proposition 3]
(with N = 3, f given by (ff)4, and B(|v — v,|,cos0)sinf = B.(0)|v — v.|?),

we obtain
d
dt /R |[fi()fdv < Ac(q — 1) /Rs(ff(v*))q“dv* < Clg = DI =l 2,

since

(1 —cos0/2)p.(0)do

\  Am? (T2 1 47r2/’f/2 1
0

log ———5.(0)df <
3 Jo Ogcos@/Zﬁ() - 3 cos /2

2 /2
@” / 026.(0)do = 4?”.
0

<
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We thus get

d € 1 € q l/q € €llq
Sl < - (] 1fr@ltav) " Cla = DIl 11
dt q R3
< Ol file £ o
Making ¢ tend to infinity, we get

d € €
il < ClF N,

and thus taking T, < m, we have for any t < T,
|| fol| <
filloe < .
|| t|| 1—C||f[)||Loot
This concludes the proof. O

2.3 A general estimate for soft potentials

In this section, we give a general estimate for the distance between a solu-
tion of Boltzmann’s equation and a solution of Landau’s equation (for soft
potentials) from which Theorem 2.1.1 follows.

Theorem 2.3.1. Let v € (—3,0) and let B be a collision kernel which sat-
isfies (A1(v)-A2-A4). Let T > 0 and p > 5. Let [ = (fi)ecpon) be a
weak solution of (2.1.1) with collision kernel B and g = (g¢):co,1] be a weak
solution of (2.1.7) with H(go) < oo. We assume that f € L'([0,T],J,),
g € LY[0,T),J,) N L>([0,T],Pps2(R?)) and if v € (=3,—1), that f and g
belong to L>=([0,T), Jy41). Assume furthermore that [ 0*5(0)d6 < 1. Then

foranymn >1,ne€ (0,7) and M > \/2ms(go),

supWH(fugi) < C[Wihogn) + 5 + [ 0%5(6)ds

[0,1] 0

T 1
+ /77 625(0)do + 7]2M2n<10g2(r77) + log?(nn?) + M) + M]’

where

e

(2.3.1) =g /077 0%3(0)do
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and where C depends on p, T, k1,7, fo Y (fstgs)ds, supgry myp1a(gs), H(go),
and additionally on supg 7y Jy1(fs + gS) if v € (—3,—1).

This result is proved in Section 2.5. We can now deduce Theorem 2.1.1.

Proof of Theorem 2.1.1. We consider a collision kernel which satisfies
(A1(v)-A2-A3(v)) and we set 3. = Z—;B(%e>]l‘g|<e and B(|Jv —wv.|,0)sinf =
|v — v.|7B:(0). We first note that (A2) is satisfied by B, (see (2.1.5)) and
that (A3(v)) implies (A4) (see Lemma 2.2.1).

We now prove point (i). We thus assume that v € (—1,0), v € (—v,1)
and fix T > 0. Since fy € P,2(R?) for some p > max(5,7?/(v + 7))
and since H(fy) < oo, by Theorems 2.2.6 and 2.2.4, there exists (ff):cpo,1)
solution to (2.1.1) with collision kernel B, and (g )te[o 77 solution to (2.1.7)
both starting from fy and lying in L*°([0, 7], Ppy2(R?)) N L1([0, T], L9(R?))
for some q € (3/(34+7),3/(3—v)) (uniformly in € € (0,1)). Now using (2.2.2),
we get that (ff)iepr and (g¢)iejor) belong to L'([0,T1, J,(R?)) (uniformly
in e € (0,1)). We thus can use Theorem 2.3.1 with = ., n =€, n = €2is
and M = \/2ma(fo)e?+5 and we get (observe that J; 0°B.(0)d0 =0, 1, =1
and that [ 0*5.(0)d0 < Ce?)

sup WQ (ft, gt) <C
[0,17

2p+2
|:€2P+3 + €2 + e+ (log® € + e2p+3) + €213

2p
S Ce2p+3 ,

since log? e < Cemis for any € € (0,1). Point (7) is proved.

For point (ii), we consider fy € P,12(R?*) N LIY(R?) for some p > 5
and ¢ > % with H(fy) < co. By Theorems 2.2.6 and 2.2.4, there exists
T, > 0, (ff)eo,r, solution to (2.1.1) with collision kernel B. and (g¢):ejo,1,]
solution to (2.1.7) both starting from fy and lying in L°°([0, T.], Po(R3) N
L9(R?)) (uniformly in ¢ € (0,1)). We also have that (g;)iepo,r.) belongs
to L>=([0,T.], Pps2(R?)). Using again (2.2.2), we get that (ff)icpr,) and
(9¢)teo,r.) belong to LY([0,T4], J,(R?)) and to L>([0,Ty], Jy+1(R?)) if v €
(—=3,—1), all this uniformly in € € (0,1). We conclude the proof as previ-
ously. O
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2.4 Probabilistic interpretation of the equa-
tions

We will use probabilistic tools in order to prove Theorems 2.1.1 and 2.1.2, like
in the paper of Tanaka [65]. Until the end of the article, (2, F, (F;)i>0, P) will
designate a Polish filtered probability space satisfying the usual conditions.
Such a space is Borel isomorphic to the Lebesgue space ([0, 1], B(]0, 1]), do)
which we will use as an auxiliary space. To be as clear as possible, we will use
the notation E for the expectation and L for the law of a random variable or
process defined on (€2, F,P), and we will use the notation E, and L, for the
expectation and law of random variables or processes on ([0, 1], B([0, 1]), dc).
The processes on ([0, 1], B([0, 1]), dev) will be called a-processes.

2.4.1 The Boltzmann equation

We first need to rewrite the collision operator A defined in (2.2.13) as in
Fournier-Guérin [32]. The goal of this operation is to make disappear the
velocity-dependance |v — v,|” in the rate. One can find the following lemma
and its proof in [32, Lemma 2.1].

Lemma 2.4.1. Let B(|v — v,|,0)sinf = ®(jv — v,|)B(0) with B satisfying
(A2). We set

(2.4.1) - w/ﬂu — cos0)B(6)do.

Recalling (2.2.1) and (2.2.10), we define for z € (0,00), ¢ € [0,27), v,v, €
R3,

(2.4.2) (v, 04, 2, 0) 1= alv, v, G(z/P(Jv — vi])), @]

We have Ag(v,v.) = 5[A16(v,v.) + A1¢(v.,v)] for all v,v, € R and ¢ €
C%(R3), where

A1d(v,vy) / /2” olv + c(v, vy, 2, 0)] — Ov] — c[v,v*,z,go].VqS[v})dgodz
— k®(Jv — v, )V(v).(v — vy)
= [T [ (6ot ctvvnzp+ ] = o0

(2.4.3) — v, v, 2,0+ cpo].ng[de(pdz — k®(Jv — v )Vo(v).(v — vs),
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the second equality holding for any ¢o € [0,2m) (which may depend on v, v,,
z). As a consequence, we may replace A by Ay in (2.2.12).

We now recall a fundamental remark by Tanaka [65], slighlty precised in
Fournier-Méléard [34, Lemma 2.6].

Lemma 2.4.2. There exists a measurable function @y : R® x R3 — [0, 27),
such that for all X, Y € R3, all p € [0,27),

where I'(X,Y') is defined in (2.2.10).

We now introduce a nonlinear stochastic differential equation linked with
(2.1.1).

Proposition 2.4.3. Let B(|v — v,|,0)sinf = ®(|v — v,|)B(0) satisfying (i)
(A1(y)) for some v € (—3,0), (A2) and (A4) or (ii) (AC). For some T >
0, let f = (ft)epor) be a solution to (2.1.1) lying in (i) L'(][0,T], J,(R*)) N
L>=([0,T), Po(R3)) or in (i) L>°([0,T], L>=(R3)) N L>([0, T], P2(R3)). Con-
sider any a-process (Vi) such that Lo(V;) = f; for all t € [0,T). Let
also N be a (Fy)ico,r)-Poisson measure on [0,T] x [0,00) x [0,27] x [0,1]
with intensity measure dsdzdpda, and Vy a Fo-measurable random variable
with law fo. Then there exists a unique process (Vy)icpo,r) such that for all
te[0,7],

it [T [ et Vit s 0N, o
21 k[ [ e TV~ Vi) s,

with k given by (2.4.1) and ¢ given by (2.4.2). Furthermore, L(V;) = f; for
allt € [0,77.

Proof. We start with case (7). In this case, the existence and the unique-
ness of (V)cjo,r) are already proved in Fournier-Guérin [32, proof of Lemma
4.6, Steps 3 to 6]. We set p, = L(V;). Using It6’s formula for jump processes
(see e.g. Ikeda-Watanabe [44, Theorem 5.1]) and taking expectations, we
have for any ¢ € CZ(R?)

[ ohtin) = [ swrpldn) + / / 3 / (o, v )y (d0) (. )ds.
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We thus have p; = f; for any t € [0, 7] by [32, Lemma 4.6].
The case (17) is easier since it is a cutoff case with bounded collision kernel
and we leave it to the reader. U

2.4.2 The Landau equation

To give a probabilistic interpretation of (2.1.7), we need to use a three-
dimensional space-time white noise W (ds, da) on [0, 7] x [0, 1] with covariance
measure dsda (in the sense of Walsh [73]). Recall that W is an orthogonal
martingale measure with covariance dsdo.

Proposition 2.4.4. (i) Let v € [=3,0). For some T > 0, let g = (g¢)icpo1)
be a solution to (2.1.7) lying in L' ([0, T, J,(R?)) N L>([0,T], P2(R?)) if v €
(—=3,0) and in L>([0,T], L=(R3)) N L>°([0, T], P2(R?)) if v = —3. Consider
any a-process (Y/;g)te[mT] such that Ea(f/t) = gy for allt € [0,T]. Let also W be
a three-dimensional space-time white noise on [0,T] x [0, 1] with covariance
measure dsdoa, and Yy a Fo-measurable random variable with law go. Then
there exists a unique process (Yy)iepo,r) such that for all t € [0,T7],

(2.4.6)
Y, =Y+ /Ot /010'<YS — Yi(a)) W (ds, da) + /Ot /Olb(Ys — Yi(a))dsda,

with for any z € R3, b(z) given in (2.2.5) and

Z9 —2Z3 0
(2.4.7) o(z) =" =21 0z
0 21 —2Z9

We observe that o(z)o*(z) = I(z) with [(z) given by (2.1.8). Furthermore,
L(Y;) = gt for allt € [0,T].

(ii) It is possible to handle this construction in such a way that L((Y;)iejo.11) =
La((Ye)eep,m)-

One can see Fournier-Guérin [33, Proposition 2.1] for the proof of point
(i) when 7 € (—3,0) and Fournier [29, Proposition 10] when v = —3.

Proof of point (ii). We first observe that the law of (Y;)cr does
not depend on the choice of (Y/t)te[O,T]- To get convinced, use a substitution

to rewrite [ fol o (Ys = Yi()) W (ds,da) as [} [us 0 (Vs — 2)W(ds, dz) where

A

W (ds, dz) is a white noise with covariance g,(dz)ds.
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We thus consider some a-process (Zt)te[o,T] such that Ea(Zt) = g, for any
t € [0, 7] from which we build (Z;).ejo,77 solution to (2.4.6). Next we consider
an Q-process (}N/t)te[o’ﬂ such that Ea((fi)te[o,ﬂ) = L((Z¢)icpo,r)) from which
we build (Y}).ej0,r1- Due to the previous observation, we have £((Y2):c0.11) =
L((Zt)ieppo,m) and thus L((Yy)eep,n) = £a((f/t)te[o,T])- u

2.5 Soft potentials

This section is devoted to the proof of Theorem 2.3.1. We fix v € (—3,0),
T > 0 and we consider a collision kernel satisfying (A1(y)-A2-A4). We
consider (f;)icp,r) and (g¢)ejo,r) solutions of (2.1.1) and (2.1.7) respectively.

2.5.1 Definition of the processes

We consider two random variables Vj and Yy with law fy and gy respectively
such that E[|Vh — Yo|?] = W2(fo, go). We fix a white noise W on [0, T x [0, 1]
with covariance measure dsda and we consider a process (Y})tG[OT and an
Q-process (Yt)te[o 71 such that for any ¢ € [0,7T], L(Y}) = La (Y}) = ¢4, such
that £, (( t) OT]) = /C((Y;t)te[O,T]) and such that (2.4.6) is satisfied. For
any t € [0,T ], we consider an a-random variable V, with law f, such that
W3(fi, 91) = Eo[|Vi—Y3|?] and we consider the solution (V})sejor] to (2.4.5) for
some (F;)iejo,r]-Poisson measure N as in Proposition 2.4.3. We will precise
later the dependence of N with the white noise W. We recall the equations
satisfied by (Vi)icjo,rp and (Y;)icpo,r), and we introduce some intermediate
processes (here n € N* is fixed)

Vi =V + // / / L @)N(ds,dz, de, do)
—k// Ve — V(@) (Vi — Vi(a))dsda,
://0 /0 /0c(ypn(s),ﬁn(s)(a),z,gw@n(s,a))N(ds,dz,dgo,da)

t 1
—k/ / Ve = Vi) (Vs = Vi(a))dsda + Vs,
0 0
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= // /Zﬂ/ w0 V(@) 20+ Bu(s, @) N (ds, dz, dp, da)
// Y)dsdo+ Vi,
1 + / [ i = Torcole) W s o)
// ))dsda
Yt=Yo+/0 /0 U(YS—ﬁ(a))W(ds,daH/ot/Olb(m—ﬁ(a))dsda,

where (recall Lemma 2.4.2)

(2'5'1) (Dn(sa O_/) = SOD(VG - ‘Z‘(a)’ Y;)n(s) - }/'pn(s)(a))
(2.5.2) d(v,w, z, @) = %G<|U _th)F(U —w, p),

and where ag and p,, are defined as follows.

We consider the subdivision 0 < a < ... < a@nﬂ_l < a?znTJ =T
obtained using Proposition 2.7.5 with h(s) = J,(gs) on [0,7]. In order to
lighten notation, we write a; = af'. For s € [0,T], we set

[2nT|—1

pn(s) = Z ailsefa;,air)-

=0

By construction, we have ay < 1/n, 1/4n < a;41 — a; < 1/n, whence
SUP[o. 7] |s — pn(s)] < 1/n, and

T T
(2.5.3) / Ty (gie)ds < 3 / J,(gs)ds + 3.
ag 0

We end this subsection with the following lemma.

Lemma 2.5.1. For any v,v, € R3, we have (recall (2.4.1), (2.4.2) and

(2.5.2))

00 21
(2.5.4) / / lc(v, vy, 2, 0)Pdzde = klv — v, [T,
0 0
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and

2 5. 5
27 T
/ / (v, Vs, 2,0) — d(v, vy, 2, 0)|Pdzdyp §/ 0*8(0)do|v — v, |7+
0

Proof. We have for any v,v, € R3 z € [0,00) and ¢ € [0,27) (recall
(2.2.10),

9 1 — cos G(m) SlnG(h}_;v*l,y) 2
(v, 0, 2,9 = | ; (v =) = —2==2T (w0 — v, )|
2
B (1 COSG(W)) +sin2G(‘v_‘f}m) -
= T .
1-— COSG(W)|

5 v — 0,7,

since for any X € R3 the vectors X and I'(X,¢) are orthogonal, and

IT'(X, )| = | X|. Using the change of variable 0 = G(;IW)’ we get

[v—vy

0 2T T
/ / lc(v,v,, 2, 0)Pdzdp = 7r/ (1 — cos0)B(0)db|v — v, "2,
o Jo 0
and (2.5.4) follows. Using the same arguments, we have

2
/OO/ |C(U7U*7Z7¢) - d(U,’U*,Z,QOMZdZdQO
cosﬁ sinf — 60 2

/ /% 9 (”_“*> + (v —v. )| B(0)dpdd

-1
_ / (cos® )4(Sln9 6)> BOVd0lw — 0.+,
0

It suffices to observe that for 6 € [0, 7]

(cosf —1)? + (sinf — 6)?
4

™

<o

to conclude the proof.
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2.5.2 The proof

We start with a preliminary lemma.

Lemma 2.5.2. (i) There exists a constant C' depending on ms(fo) and ad-
ditionally on supeio ) Jy41(fs) if v € (=3, —1) such that for 0 <t' <t <T
witht — ' < 1,

B[V, - Vel?] <Ot —1).

The same bound holds for K [|Yt —-Yy |2] and E,, [|§~/t Yy |2} with C' depending

on ma(go) and additionally on sup,ejo 7y Jy11(gs) if v € (=3, —1).
(i1) For all t € [0,T], we have
C

E[IVt — Vo)l ] +E[|Yt pn<t>l2} +Ea[lﬁ —f@n(tﬂ s

Proof. Recalling that ¢ — pn(t) < 1/n, we observe that (i7) immediately
follows from (i) taking ¢ = p,(t). Let’s prove (7). Observing that

Vi — Vi = / / /%/ p)N(ds,dz, dg, da)
[ / Vi = Vo) (Vi — Vi(a))dsdar,

and using (2.5.4), we get

[|V; Va2 <2// // c(Vy, Vi(a), 2 )|2]dsdzd<pda

V()] (Vi — V(@) dsda 2]

t
< Qk/ ]E[Ea[ﬂ/; V4] as
t/

t

+ QkQE[(// B[V, \7S|7+1]ds>2]
=: A+ B. t

We first deal with A. If v € [-2,0), using that [a["** < 1+ |a|* and recalling
that E(|Vs|*) = Eo(]V;i]?) = ma(fo), we have

A < Ak /tE[Ea[l PV |f/s\2]]ds < Ak(1 + 2ma(fo))(t — 1),
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and if v € (=3, —2), then as., B ||V, — Vi['7?] < 1+ E ]|V, — Vi|7H] =
L4 fos Ve — v fo(dvy) < 14 Ty (fs) (vecall (2.1.9)), so that

A< 2% / (U T (f)ds < Clt — 1),

where C' depends on supcjo 7y Jy+1(fs). We now deal with B. If v € [-1,0),
using first the Cauchy-Schwarz inequality and then that |a|>™ < 1+ |a|?,
we get

t

B < 2K°E|(t - ¢) / Eo IV, — V5[*"*%]ds]

’
< AR (t—t') /tE[Ea[l (VA2 + |Va[2] | ds < 4R3(1 + 2ma(fo)) (¢ — ¥')?

and if v € (=3, —1), as previously, we have

B§2k2</
.

t

2
Lalfo)ds) < C(t =),

This finally gives

JE[\V; . v;,y?] <Ct-t),

where C' depends on my(fy) and on supsep 7y Jo+1(fs). The computation of
E [|Yt—Yt/ |2] is very similar and we leave it for the reader. Since (£, (fﬁ)tzo) =
(L(Y:)1>0), we have E, [DN/% - f@ﬂ = E[\Yt - Y;/ﬂ and that concludes the
proof. O

The following lemma states as follows.

Lemma 2.5.3. There exists a constant C depending on ms(fo), m2(go),

fOT Jy(fs + gs)ds and additionally on supy 7y Jo11(fs + gs) if v € (=3, 1),
such that, if t € [ag, T,

B[V~ Vi) < O(2 4+ [ e+ g (BIV ~ Vi

ao

+ B [|Vs - ViP)ds).
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Proof. We have

vieve= [ ] K / (Vi Vi), 2. ) N (ds. dz, g, doy)
N AT

- C(}/pn(s)) Y/pn(S) (Oé), 2,0+ q)n(sa a>>i| N(d87 dZ, d907 dOé)

Consequently,

c(Va, V@), 2, )

[|Vt v <2/ / /%/ (Vi V(@), = )|2]dsdzd<pda
e [ /

(@), 2,0+ (s, ))‘Q]dsdzdgoda.

( pn(s)

So using (2.5.4) and Fournier-Guérin [32, Lemma 2.3], we have

Bl - v <o [* [ B - ) idsd
+0/a0/ (Vs = Yoo + [Ta() = Vi () )

(Ve = Va(@)[" + Y 06) = Ypu() (@) )]dsda

Since for any > 0, 27%2 < C,(1+2?) if vy € [-2,0) and E,[|V,—V,[7*?] < 1+
Eo[|Ve= Vo] < 1+ [oo [Vi—v M fo(dv) < 1+ J,44(fs) as. ify € (=3, -2),
we get (recall that ag < 1/n)

ag 1 5 ag B
| [ = vepasda = [T Bl - Vs <
0 0 0
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We thus have

B[vi- Vi) < S

+C/t [|V Y, s>|2]Ea(\Vs—f/s!”+!Yn(s>—?pn<s>|”)]d3
+C [ B[V~ T PEQV: = T+ ot = Tl s
<—+q/[w Yy o 21 (Fo + G )
"
+q£Eﬁ%—m@mam+%ﬁmw
Using first that E[|V, — Y, | < 2E[|Vs — Ya[?] + 2E[]Y; - Y, 5|2], E, ||V, —
142

|
Y, 02 < 2B [|Vi — Vil + 2B, [|Y: — Y, (6)|?], next Lemma 2.5.2 and (2.5.3)
concludes the proof. Il

We next estimate V" — I}*.

Lemma 2.5.4. There exists a constant C' depending on T, 7, fo (fs)ds,

ma(fo), ma(go) and additionally on supy 7y Jyy1(fs+9s) if v € (=3, —1) such
that, if t € [ag, T,

BV - 1) <C [ o's0)as
0
Proof. We have (recall (2.2.5))
27
In / / / / pn n )(CY),Z,QO—F(I)n(S,O{))
= d(Ypu9, V(@) 20 + @u(s,0)) | N (ds, dz, dp,da)
2 [ [ W B (V. - T
0 Jo

Recalling (2.4.1) and that [ 02(0)df = 2, we first observe that

\k—Q\:w‘/O (1—cose—— d9‘_24/ 0*8(0)do
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So recalling (2.5.5), we get (recall that [ 6*5(0)d0 < 1)

BV — I <2/GO/ // V@), 7,6+ Bo(s,0))

—d(Y,, (), pn( (@), 2,0+ (s, @) ]dsdzdgoda

+2(k // IV, — Vy(a |7+1dsdoz>]
<0/ 9*5(0) de(/o EallYy — o] ds
+E[(/OtEa[lvs—W“st)z})-

We conclude using the same arguments as in the proof of Lemma 2.5.2 (recall
that an(s) ~ gpn(S))' ]

The following lemma is the key point of the proof of Theorem 2.3.1.

Lemma 2.5.5. Assume that m,2(go) < 0o for some p > 5. We can couple

the Poisson measure N and the white noise W in such a way that there

exists a constant C' depending on v,T, my12(g0), H(go), and additionally on

sup(o.7) Jy+1(fs + gs) if v € (=3, =2) such that for any M > /2ma(go), any
€ (0,m), any t € [ap, T},

B|I" — J'2 < O[ 2M2n<10g2(rn) +log?(nn?) + M> n /7r 625(0)d6

7
1
55/
It is because of this lemma that we do not have an optimal rate of conver-
gence (recall that we obtain here a bound in €'/~ for Wy (ff, g;) while we get
a bound in € for the Kac equation, see [31]). More precisely, it is due to the

fact that we need to partition the interval [0, 7] in order to use Proposition
2.7.2.

Proof. We fix n € (0,7) and M > /2ms(go) for the whole proof, which

we divide in several steps.



132 CHAPTER 2. BOLTZMANN’S AND LANDAU’S EQUATION

Step 1: For 0 < u < v’ and y fixed, we set

27
/ / / / ), 2, 0) LG/ ly—Tule))<n)

and
) u’ 1 B
)= £ (v [ [ o= Tule) g pean W s, do).
We have
Cov(v, —?“n/ / o*(y — Yu(a ) Lyj3, (o) <y dsder

=y _“>/0 Uy = Yul@) Ly, (@ <anyde
= (v — u)Cu(y),

where

1 ~
Culy) = Tn/o [y = Ya(@) Ly, () <anpda.

We thus observe that v% (y) = N(O, (u — u)Cu(y)) Now in order to compute
Cov(p (y)), we first observe that for v € R? (recall (2.2.10))

/OﬂF(v,gp)F*(v,go)ngZ /o ' (cos pI(v) + sinpJ(v))

(cospI(v)* +sinpJ(v)")dyp
= 2 (I()I(v)* + J(0)J(v)")

= w(|v)*Is — vv*) = 7w|v| I(v).

Using that [~ G?(z/2)LiG(/z)<mdz = z [ 6*8(0)d0 = “£r,, we have (recall
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(2.5.2) and (2.1.8))

Cov(uu )

2
/ / / / y’ - gp)d*(y,Yu( ) Z’So)l{G(Z/W*Vu(a)I”)S??}

/ / /%/ G*(z/ly = Yu(@) T (y — Ya(a), )T (y — Yu(a), )

jl{G (z/|ly—Yu(o )\”/)<n}]1{|Y \<M}dad90d2ds
STy T / TPy~ Falo), 9T (5 — Fale), o)
1 L9 <aryd
= (v — u)rn/o l(y — Y/u(Of))jl{m(ou)|<1\/if}doz
= (u' —u)Cu(y).

Step 2: the aim of this step is to prove that

!/

o (U — U)rn

(256) Wi (u (), (9) ) < M1+ [y]") (log? + M),

We set

Ku(y) = sup | (y )d(yaYu(a)a2790)]l{G(z/|y—f/u(a)|v)gn}]l{|f/u(a)|<M}|a

,z,p
where the supremum is taken over all a € [0, 1], z € [0,00) and ¢ € [0, 27].

By Step 1 and Proposition 2.7.2, we have

/

257 W () ) < ORIl mas (1,10g (5 1))

LA
< ClGu)v (k).
where ¢(x ) = z(1+ log ) for any © > 0. Let’s first deal with (,(y).
Setting l71 fRS v*)dv* for a nonnegative function h, we observe

that

Cu(y) = Angaryl™*(y),
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withN)\M,u = fn@ Gu(V)Lgjoj<rrydv and gar,(v) = )\Mugu(v)]lﬂka} (recall that
»Coz(Yu) = gu) ObserVing that )\M,u >1- mQ(gu)/M2 =1- m2(90>/M2a we
have Ay, > 1/2 for any u € [0, 7] since M > /2ma2(go) by assumption. We
thus have

ma(gmu) = )\Eu /R3 |v|29u(v)]l{‘v‘<M}dv < Q/RS lv[2go(v)dv =: E,
and
H(gru) = Myt /R3 Gu(V)Lgjo|<rry log ()\X},ugu(v))dv
= \itu /RB gu(v)1{|v|<M}<10g (Aafa) +log (gu(v)))dv

< log (A\yl,) +2 / 9u(v) 1og (9u(v)) Ly <arydv

< log(2) +2 /R3 gu(v)[log gu(v)|dv
< log(2) + 2H (gu) + C(1 + m2(gu))
< log(2) + 2H(go) + C(1 + ma(g0)) =: Ho.

We first used that classically [us g(v)|logg(v)|dv < H(g) 4+ C(1+ma(g)) for
any g € P»(R3) and we then used (2.2.8)-(2.2.9). So using Proposition 2.7.3,
there is ¢ = (v, Ey, Hp) such that for all u € [0,77], all £ € R3,

(19 ()€).€ > e(1+ |y]) €)%,
and thus

(Cu()€)-€ > ery(1+ [y])"I<1%
This gives

Culy) 2P < ot (1 + 1y)) ™,

and we thus get (recall that d(y,Y,(@), 2, ¢) = 3G (2/ly — Yu(a)])I(y —
Y, (a), ¢) and that [D(X, )| = | X| for any X € R?)

_ | >
(2.5.8) ro(y) < Cryt (1 + Jyl) T SUP] |y — Yul(@) P15, 01 <a)

a€(0,1

< O (14 [y) P 1yl + M),
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We also have

259) 16 <7 [ ly=Talo)*da

/ ly — o[*2g, (do)

< CT "H_Q + mo (gu)):n-’ye[fQ,O) + Crnt]'y+2 (gu)]]-ve(f?),fQ)
< 07“77(1 + |y 1 e-200)

where C' depends on supy 7y Jy+1(gs) if v € (=3, —2) (of course, J,12(gu) is
controlled by J,41(gy) since v +1 < v+ 2 < 0) or on my(go) if v € [-2,0).
Coming back to (2.5.7), observing that v is an increasing function of = and
using (2.5.8) and (2.5.9), we get

Wi (12 (). 7' (9))) < OO+ [y 2Ly 20) (1 + ) "o (1 + 22)

<1 + log? W —wr, )
(L4 Jy) "' n2(ly)? + M2)

< OP(1+ [y erao) (1 + ly) " (y)? + M2)
o (U —u)r

+log? [(1+ Iyl) "Iyl + %))

since log?(a/b) < 2log?(a) + 2log?(b). Observing that xlog®z < C(1 + 1)
for any x > 0, we have

(1 1) " (1ol + ) 1og? [(1+ [y)) ™ (> + )]
<O+ (14 )"yl + M2,

Using that

(14 [y 1 207) (1 + y)" < C(1+ |y)?)

and

1.1
(1 + [y yerzoy) (1+ ) < €1 + [yY)
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(recall that v € (—3,0)), we finally get

W2 (@) @) < On2 [0+ o) Iyl + 22) (1 41082 =100

772
(L [y Iyl + M)
<O [M2(1 +y*) (1 + |y|2)(1 +log W;#)
+ M+ [yl (1 + [y )]

(v —u)ry

< C'772M2(1+|y|7)<10g2 +M).

Step 3: recall that the white noise W is fixed. In this step we want
to build the Poisson measure N in order to have E[|I]* — J;'|?] as small as
possible.

For any i € {0, ..., [2nT'| — 1}, we build a (F;)sep,rj-Poisson measure N**

on [a;, a;11) X [0,00) x [0,27] x [0, 1] with intensity measure dsdzdypda such
that a.s.

(2.5.10)

WE (e (V) vt (%))

S e

L{G( /1Y, ~Yay @) )<y L1 T, @ <ary N (ds, dz, dp, dar)
Aq41 - 2
— /rn/ / J(Yai—Kli(a))]l{‘yai(a)KM}W(ds,da) az}.
a; 0

We are able to do this because Y,, is F,,-measurable. We now consider a
(F#)eejo,r1-Poisson measure N, on [0, ag) x [0,00) x [0, 27] x [0, 1] with inten-
sity measure dsdzdpda. For any [u,u'] C [0,7] and A C [0,00) x [0,27] x
0, 1], we set N*([u, u/]x A) := Njzi(([u, w/]0[0, ag) x A)+ 3 257 N=(([u, w']n
lai, ait1)) x A) (observe that N* is a (F;)icp,r)-Poisson measure on [0, 7] x
[0,00) x [0,27] x [0, 1] with intensity measure dsdzdpda).

Recalling that ®,(s,«) € [0,27), we set (¢ — ®,(s, ) should be inter-
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preted modulo 27)

W [u,u'] x [0,00) x [0,27] x [0,1] = [u, u'] x [0,00) x [0,27] x [0, 1]
(t,z,0,a) — (t, 2,0 — Py (s, ), ).

We consider the image N of N* by 9. Using a remark of Tanaka [65], since
D, (s,0) = @o(Vi — Vi(@), Y, () — You(s)(@)) is predictable, we get that N
is also a (F¢)sepo,r)-Poisson measure on [0,7] x [0,00) x [0,27] x [0,1] with
intensity measure dsdzdpda.

Step 4: we set

t e’} 27 1
A:EH//O / /d(%n(s»%n(s)(a)azﬂf)Jr‘I’n(3=0‘>>

LG /1Y, )T oy (@) <} 1T, 0y (@ <2} Y (S, dz, dip, da)

2
- \/ / / pn Pn(S)( ))1{‘?pn(s>(a)‘<M}W(d87da)‘ :|
ao

The aim of this step is to show that
(2.5.11) A< On2M2n<10g2(rn) + log?(nn?) + M),

where C' depends on ~, T, mzs(gy) and additionally on Sup[o, 7y Jy41(gs) if
v € (=3, —2). By construction of N, we have

‘/0/ /Zﬂ/ 2 You(9)(@): 2, 9)

LiG/1Y,, 0T o @<y 107, o (@1 <ary N (d, dz, dop, dev)
~ 2
_\/_/ / Yot = Youto (@ ))1{"7pn<s>(a)l<M}W(d8’da)‘ ]’
ao

and setting for any 0 < u < o/ < T and y € R3,

2
/ / / / y, ) % 90) ]l{G(Z/Iy Yu(a)|7)<n}
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we have

[2nT| -1

AgEH Z (e (va)

Qi+1 ~ )
- \/_/ / Yo, = Yal ))]l{lY (a )\<M}W(d3,d05)>‘ ]
[2nT]—1

=S ey
- \/_/C““/ Yoo = Yo (@) L, o )<M}W(ds’do‘)’2}’

since for i # 7, (Nﬁ‘ai’am), Wiasaiir) ) and (Nﬁaj’aﬂl), M/I[aj,aj+1)> are inde-
pendent, which gives

EKX(L;ZH \/_/Ml/ ))]l{\Y (a)|<M}W(d3 da))
(Xg]];ﬂ ) \/_/”Hl/ ))1{|Y (a)\<M}W(d8 da))] =0.

First taking the conditional expectation with respect to F,, for each term of
the sum, and then using (2.5.10) and (2.5.6), we have

[2nT] -1
A< Y E|E[|xmn(v,)
=0
_\/_/“wl/ Y, — Y, ))1{\3’ (@1<anp W (ds, dov) ’ | Fa }]
[2nT|—1
> E[WE (e (V) v (Va) )|
onT) 1

<o Y par (L) (log? (LU =0) 4 )

< Cn*M*n (log (—% e )+M) < Cn*M?*n (logQ(rn) + log®(nn?) —|—M>,
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where we used that 1/4n < a;41 — a; < 1/n by construction (recall Proposi-
tion 2.7.5) and that E[|Y,,|"] < C'mz(go).

Step 5: we finally compute E[|I}* — JP|?]. We have

t oo 27 1
_Jtn:// / / A(Yp, ()5 You(s) (@), 2,0 + @y (s, ) )N (ds, dz, dy, da)
ao

/ / Yois) = Yo (o) (@ @)W (ds, dov).

This gives E[|I]' — J'|?] < 4(A + B + D) with

o

t 1
B=(r,— 1)2EH/ /0 U(an(s) —Yo.9(a ))1{| pn(g)(a)|<M}W<dS;dOé)
ao
and

_EH/t /OOO /%/1 (Y, (5): You(5) (@), 2,0 + P (s, ))

L{G /1Y, (0T (o) (@) >IU(T o (@) >20y IV (55 A2, dop, dev)
2
/ / Yo = You (@) Lgy wymanyW (ds, da) }
ag

Using that 377, 05 (Yout6) = You(o) (@) = 2[Ypu(s) = Youts) (@) (recall
(2.4.7)),

(2.5.12)

t pl 3
B = (yry — 1>2/ /0 Y oYt = Youo(a ))] (T o) (@l <prydSd
ag

i,k=1

t 1
2(/ry — 1)2/ /0 E Y, (s) —%as)(a)l”ﬂdsda
ao

vy 2 t
SC(/ 925(9)(%)) (t:ﬂ-{'ye[—Z,O)}“f'/ JAH_Q(gpn )dS]l{,YE -3, 2)})

n ag

<Ct /W 623(6)df,
n
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where C' depends on my(go) and on supyy 7y Jy42(9s) if v € (=3, —2) (which is
controlled by supjg 1) Jy+1(9gs)). We used that ||/, — 1| < C|r, — 1] and that
ry—1=—-7% fnﬂ 628(0)df by (A2). We removed the square of f: 623(0)do
because it will appear without square in the computation of D. Using first
that |a — b]* < 2|al* + 2/b|?, and then the substitution § = G(z/|Y,, () —
Y, (a)|") for which dz = |Y,, (o — Y, (»(a)]?B(0)d6 (recall (2.5.2)) for the
Poisson integral, we get

t ™ 1
D [ [ [ SO ~ Voo s, o an dodt

t 1
+C’/ao/o ElY,.s) — an(s)(a)|v+2]]l{‘f/pn(s)(a)bM}dad&

If v € [-2,0), we have

D< c/ Hzﬁ(é)dG/ (1+E[|an<s>\2]+Ea[|17pn<s>\2]>d8

n ag

t

pn(s)
ao

T t1 ]Eai}sp ]EOC?SQ—F;)
<ct [ gaewrc [ ¥+ Eell Vo)
n a

0

(25.13) < Ct /7r 025(0)d0 + =L
n

Mp’

where C' depends on my,,2(go). If v € (=3, -2)

(2.5.14) D< C’/7r 025(9)d6’/ Sri2(Gpn(s))ds

n ag

t
+C / Jy+2(Gpn(9) Eallyy,

ao

)(a)|>M}]ds

n(s

s t C t
SC/ 925(0)(19/ Jwg(gpn(s))ds—i—m/ ny+2(gpn(s))d8

n ao aop
Ct

" 2
§Ct/ﬁ 0°5(0)d0 + 7.

where C' depends on m;,(go) and on supy 7y Jy41(gs). It suffices to use (2.5.11),
(2.5.12), (2.5.13) and (2.5.14) to conclude. O
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We finally state the last lemma needed to conclude the proof of Theorem
2.3.1.

Lemma 2.5.6. There exists a constant C' depending on v, T, fOT Jo(fs +
gs)ds, ma(go) and additionnally on supy 7 Jy11(gs) if v € (=3,—1) such
that, if t € [ag, T,

[l — Y] <O (B[ — Yol +
[ (BIV = VP14 Rl = F1) G+ 0)ds).
Proof. We have
Jn Y, VO—YO—/ / (Y, = Ya(@)) W (ds, dov)
o[ [ 70 = Fanr @) = (7 = Fala) | s, )
¥ / / (V. = V(@) = b(Y: = Yi(e)) | dsdar

Using Ito’s formula and taking expectations, we get

E[|J7 — Vi) = E[[V; - Yol // 23:0 7.(a))] dsda

i,k=1

t p1 3
* / / Z E [(Uzk (You(s) = You(9)(@))
a0 4O ; p=1

— Ok (YS - K(a)))z} dsdao

+ 2/; /OIEKb(VS — V() = b(Y, — f/s(a)))(J;Z - Y;)}dsdoz

ag 1 5
BV - Yo +2 [ [ BV, - V(@) ldsda+ A+ B,
0 0

since 7, 0% (Vs — Yi(@)) = 2|Y; — Yi(a)]"*? (recall (2.4.7)). Using that
la] ™2 < 1+]al? if v € [—2,0) (recall also that E(|Y3]?) = Eo(|Y:|?) = ma(go))
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and that B[JY, — Vy(a)["*?] < Jyea(g)) < 1+ Jyar(gs) if 7 € (=3,-2), we
have (recall that ag < 1/n)

ao 1 B C
/ / E[|Y; — Y(a)|""]dsda < —.
o Jo n
Using Fournier-Guérin [33, Remark 2.2], we get
t ol ) ) )
A< C/ / I["3[|Yn(s> — Y+ Yi(a) = Y () P ([Yous) = Youis) (@)]
ag J0
+1Ys — ﬁ(a)]”)]dsda
t
< C/ (E[IYM — Y] + Ea[[Y: - Yn(s)|2]>Jw(9pn<s) +gs)ds
C o

< ([ ntadas+1),

(recall Lemma 2.5.2 and (2.5.3)) and
t 1 5 B
pc [ [ E[Vi-Yi+Yila) - Vi@l (IVe - Vafa)P
0 0
1Y, = Va(@)) |2 = Y |dsda
t
< C/ E[(;Vs — Y+ | T = Vi) Ea[|Vs — V()| + [YV; — ﬁ(a)m}ds
0
t
+C [ BV = IV, - Tu(@)l + 1Y, ~ i) )] ds
0
t
<C [ (BIV.~ YiP) + B[ - YoP] + EallVe = T.)) I (F + 92)ds.
0
We thus get
n 2 2 O
B[JJ7 Vi) < E[IVo - %ol + =

+C/(MM—KH+Em%—ﬁﬂ+EW}4ﬁDhm+%M&
0

and we conclude by Gronwall’s lemma. O
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We can now prove Theorem 2.3.1.
Proof of Theorem 2.3.1. We couple the Poisson measure N and the
white noise W as in Lemma 2.5.5. Recall that E,[|V; — Y5|*] = W2(/fs, 9s) <

E[|V, — Y,|?] =: u(s) and E[|Vy — Yo|?] = W2(fo, go). We first observe that if
t < ap,

u(t) < 4E{|Vi — VoP?] + 4E[[Vh — Yof?) + 4E[}Y; — Yo’
< O(BIVo ~ Yol + a0) < C(Wilhorg0) + ),

by Lemma 2.5.2 and the result is proved when ¢ < ay. Using Lemmas 2.5.3,
2.5.4, 2.5.5, 2.5.6 and (2.5.3), we have, for ¢t € [ag, T},

ut) <O+ [ Ut 800 BV, = Vi) + EallV — VaPl)ds)

ao

+C /W 03(0)do

0

+ C[n2M2n<10g2(7’n) + log?(nn?) + M) - /7T 6°6(0)d8 + %]

+O(EVo - Yo +
" /0 (]EH‘/S B Y;P] + EO‘HVS - 17:9’2])‘]’7(]05 ‘|‘ gs)dS)

t ™
< C(W%(fo, go) + / Jy(fs + 95 + gpn(s)]l{sZao})u(S)dS + / Q4ﬁ(9)d«9
0 0
+ = + 772M2n<10g2(7“ ) + log®(nn?) + M) + /Tr 0*5(0)d6O + L)

for all n € N*, n € (0,7) and M > /2ms(go). Using the generalized
Gronwall Lemma and (2.5.3), we get

u(t) < C(Wa(fag0) + [ 00000+

0
" 1
+ 772M2n(10g2(7“7,) +log2(ni?) + M) + /77 625(6)d0 + W)

This concludes the proof since Wi(f;, ;) < E[|V; — Yi[!] = u(t). O
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2.6 The Coulomb Case

This section is devoted to the proof of Theorem 2.1.2. We thus assume
(AC) and consider fy € P,(R*) N L*(R?) for some p > 7. By Theorems
2.2.7 and 2.2.4 (i73), we can consider 7" > 0 and (ff)ico,r), (9¢)ecfo,r] solu-
tions to (2.1.1) and (2.1.7) respectively, both starting from fy and lying in
L>=([0,T], L (R3)) N L>=([0, T], P2(R?)) (uniformly in € for f€) with g which
additionally lies in L>=([0, T, P,(R?)).

2.6.1 Some preliminary results

The main difficulty of the Coulomb case is the fact that [ _, [v]~*dv is not
finite. We will use the following lemma stated in the paper of Fournier [29,
Lemma 4] in order to deal with this difficulty.

Lemma 2.6.1. Let a € (—3,0]. There is a constant C, such that for all
h e P(R?) N L=(RY), all e € (0, 1],

sup [ |v —v]*h(vi)dv, <1+ Collh]oo,
vER3 JR3
/ (v — v B(0)h(vs)dvdu, < 1+ Col|h ],
R3 JR3
sup / lw — v, |“h(v,)dv, < Col|h||sce®te.
fo—va|<e

v,weR3

There is a constant C' such that for all h € P(R®*) N L>(R?), all € € (0,1],

veER3

sup / v — v |2 h(v.)dv. < 14 C|Jh]|o log(1/e).
[v—vs|>€

We will need to use a generalisation of the Gronwall Lemma. To this aim,
we consider the increasing continuous function ¢ : [0,00) — R, defined by

(2.6.1) Y(z) = 2(1 — 1< log z).

Setting () := (1 — log T)Lgep,1/2) + (xlog 2 + 1/2)1,>1 /2, we observe that
Y(x)/2 < (z) < 2p(z) for any x > 0. Since the function 9 : Ry — R,
is concave increasing, this last observation will almost allow us to apply the
Jensen inequality to the function 1.
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As mentioned before, we only need the parameter h. in order to have
easily existence and uniqueness of solutions of (2.1.1). In order to point out
that we do not need this cutoff parameter in quite all calculus, we consider
(recall (2.2.3) and (2.2.10))

(2.6.2) ce(v,vs, 2,90) = a(v, vy, Ge(2/ v — v %), ),
and
(2.6.3) Chee (V5 Uiy 2, 0) = a(v, 04, Ge(z/ ([0 — 0] + hﬁ)_3)7 ).

Lemma 2.6.2. (i) For any v,v, € R3,

fe’e) 27
/ / ‘CG(U,U*,Z,QO)‘dedQOZ k’ey’U—U*‘_l,
0 0
where
(2.6.4) ke = 7T/ (1 —cosh)B(60)do.
0

We also have k. < 2.
(ii) For any v,v, € R3,

o'} 2m
| [ = ctwezpPazde < Chdo — o
o Jo
(iii) For any v,v,, 0,0, € R3,

L

2
Ce(V, Vs, 2, 0) — (D, Vs, 2,0 + ©0o(V — 04, 0 — D)) | dzdy

< Cmin{|Jv — v |7 + |0 — 0,7,

(o =0 + v = 0*)(Jv — v 7 + 0 = 0] 7)

+

arllo v T o= 1 5.},

Proof. We easily get the first part of Point (i) from (2.5.4). The fact
that k. < 2 comes from (2.1.5), just observing that 1 — cosf < 62 /2.
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We now prove (ii). Recalling (2.2.10) and using that for any X € R3, the
vectors X and I'(X, ¢) are orthogonal, and |['(X, ¢)| = | X|, we have
‘(Che,é - C€)<’U, Vs, 2, 90)|2
1 z z
=|= l—cosGE< — )—(1—COSG6<—>>}(’U—U*)
2 (Jv = vi] + he) ’ v — v,

z

hma(m—me93>EMG<w—m3ﬂr “¢‘

S%[GE%_JM)3>‘Gﬁ<ﬁﬂ b

since (cosf — cosf’)? + (sinf — sin#')? < 2(6 — 0')?, which gives

2m
/ / (Che e (v,v,, 2, 0)|?dzdyp

< 7lv— v*|2/0 ‘Ge<(|v ~ U*T—I— h€)3> - Ge<—|v _Zv*|3> ‘Zdz

((Jo = val + k)™ = v = [ )°
(Jo = ve] + he) 2+ v — 0,3

< v — v*|2m2(

by (A5). Now using that for any x,h > 0,
,((x+h)= - x_3)2 L@ =+ h)3)2 (x+ h)32?

@+h) 3+ (z+h)a® 23+ (z+h)
h*(3z% + 3zh + h?)?
z(x + h)3 (23 + (z + h)3)
4 27,2 4
< o ettt + b
x? (x + h)®
<ol

= :1:2
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and
-3

h
v 3 < 371 log (1 + —) < 3hx’2,
- T

T

we get
00 2m h
| [ = e s)fdsdo < € (s Yo vl 2
0 0 log p
< Che|v — v, 72

We finally prove (iii). First, by Point (¢), we have

[ [ ko
oy

with k. < 2 and we thus get the first bound in the min. For the second bound,

2
CE(U> Uy, 2, 90)‘ dZdSO

2
(0,04, 2,0 + @o(v — vy, 0 — 17*))) dzdp = kv — v, |,

2
we set A = ‘ce(v,v*, 2, ) — Ce(U, 0, 2,0 + o(vV — vy, U — 6*))‘ . Looking at

the proof of Fournier-Guérin [32, Lemma 2.3|, we get

A< C[|(v—v*) — (@ —ﬁ*)lz(Gf(;) +G3<;>>

v — v, ™3 |0 — 0,73
+min(jv — v, % |0 — 9 |2)’G <#> -G <;>m
* 9 * € |’U—U*|_3 € |’[7—{}*|_3 *

Using the substitution 0 = G(z/®(Jv — vi|)) or 0 = G(z/P(|0 — v4])), we
have

00 2m
/0 /0 <G3<ﬁ>+Gf(‘ﬁ_;ﬁ*|3))dzdw

—or /Oﬂ 9256(9)d9<|v o - 5*1—3) - 8<|v e - a*|—3).

We set a = |v — v,| and b = |0 — 0,|. Using (A5) (observe that log max(z,y)

min(z,y) —
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|log z| 4 |logy|), we get

27
min( a’ b2 / /

< C'min(a, b)* [

() -l

max (a3, b7%)[|loga™®| + | log b|]

— b ) N
a3 +b3 log%

<Cla—b*(a®+b7?) + logl min(a, b) [ log a| + |log b|]

€

<Cla—0b)*(a?+b7%) + %[a2 +b7% +a® + b7,

where we used that
,min(a,b)™®
a3 +b3
< 9(a — b)*min(a,b) > < 9(a —b)*(a> +b?),

-3
min(a, b)Q% < 9min(a,b)*(a — b)

and that (observe that |logal < a™! + a)

min(a, b) " *[|logal + |logb|] <

We thus have

00 27
/ / Adzdp <Cl(v —v.) — (8~ 2 (jo — v — 5~ 2.
0 0

_|_

) ~ ~ =2 2 ~ ~ 12
- Ux + - Ux + - Ux + - Ux 9
gy = o =B o= o o

which concludes the proof. U

2.6.2 Definition of the processes

We consider a random variable Vi with law f;. We fix a white noise W
n [0,77 x [0,1] with covariance measure dsda and we consider a process
(Yy)tep.r) and an a-process (Y;)iejoz such that for any ¢ € [0,T], L(V;) =
ﬁa(f/t) = ¢4, such that ﬁa((f/t)te[o,ﬂ) = £((Yt)t€[0,T]) and such that (2.4.6) is
satisfied with v = —3 (see Proposition 2.4.4). For any t € [0,7], we consider
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an a-random variable V¢ with law ff such that W2(ff, g,) = Ea[|V — Yi|?]
and we consider the solution (V,).co.r7 to (2.4.5) (with ®(jv — v.|) = (Jv —
v.| 4+ he)™?) for some (F)ep,rj-Poisson measure N as in Proposition 2.4.3.
We will precise later the dependence of N with the white noise W. We recall
the equations satisfied by (V)icjo,r) and (Y7)iejo,r, and we introduce some
intermediate processes (here n € N* is fixed)

=V + / / /%/ ch(VEVE(a), 2, 0)N(ds, dz, dp, da)
k. / / |v;—V;<a>|+he) 3<V;—V:<a>>dsda,
=V, + / / /%/ (V. L p)N(ds,dz, dp, do)
k[ [ = i@ v = Vi) o
v;“’e:/Ot /OOO /0% /01 ce(Ypn(s)s You(s) (@), 2,0 + ®o(s, @) N (ds, dz, dip, dev)
k[ [ = i@ v = Vi) + 1o,
e = / / / / 9 You(9)(), 2,0 + @ (5, 0) )N (ds, dz, dep, da)
/ / (a))dsda + Vi,
it [ [ o0t = Toutofa) W s do)
+/0 /0 b(VE — Vi(a))dsda,
Yt—vo+/0t/olo—(ys—st(oe))W<ds,da>+/Ot/01b(n—ﬁ<a))dsda,

where (recall Lemma 2.4.2)
(2.6.5) ,(s,0) = po(Vs = V@), Y0 = You(s) (@),

d. is defined by replacing v by —3 and G by G, in (2.5.2). Recall that
b(v) = —2Jv|3v and that k. is defined in (2.6.4). Finally, p, is defined as
follows.
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We consider some subdivision 0 = ag < ... < afy,p|_; < afy,r) =T of
[0, 7] such that 1/4n < a?,; —a’ < 1/n. In order to lighten notation, we
write a; = a'. For s € [0, T], we set

|2nT |1

E ai]]-se[ai,ai+1)-
=0

Observe that by construction, we have supjy 1) |s — pu(s)| < 1/n.

2.6.3 The proof.

The ideas will be the same as for Theorem 2.3.1. The proofs will thus be
very similar to those used for Lemmas 2.5.2, 2.5.3, 2.5.4, 2.5.5 and 2.5.6. So
instead of rewriting all the proofs, we will only point out the modifications
that we have to handle.

We start by a lemma where we compute the error due to the parameter h,
in the collision kernel. Observe that after this lemma, we will use a collision
kernel which corresponds to the real Coulomb case (without the parameter
he) for our computations. Furthermore, the errors that we will get after this
lemma will not depend on h.. This confirms the fact that the parameter h,
is not useful to get a rate of convergence for the grazing collisions limit for
the Coulomb potential. Here again, we recall that we only introduce this
parameter in order to get easily existence and uniqueness of (f;):cpm (and
of the process (V,):cjo,17)-

Lemma 2.6.3. There exists a constant C' depending on supy 7y || ff || such
that for any t € [0,T], any € € (0,1),

E[|VE — W] < Ohe

Proof. We have
W= // /027r 01 (Chc )(ve Ve(a), 2 )N(ds dz, dp, d)
LT sy

Ve -V, <a>|-3) (Ve = Vi (@) dsda

=]
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Using It0’s formula and taking expectations, we thus get

s -will= [ [T [ e e (v i)
~2h [ [ R0 - i@ - - @)
(Ve = VE(a)).(VE - W;)] dsda

2
} dsdzdpdao

=: A+ B.

Using Point (i) of Lemma 2.6.2, we get

t t
A< C’he/ E[E[IV — Ve(o)|]ds < th/ (L + [ fslloo)ds,
0 0

by Lemma 2.6.1. For B, we first observe that for any x, h,y > 0

(278 = (@ + h) 7)oy < Lysir 7wy + Ly, (27° — (2 + h)7?)) 2
+ Lpcocya Y + Locypaa @ ay
< Lysiay? + 3Ly ha?

+ 1y2§x§y<1x_3y2 + ]]-x<y2<1x_2-
We thus get (recall that k. < 2)
t
B < C/ E[Ea[mvsLWﬂa\W — WiV = Vel

0
+ Lvewej<vevehe Vi = Vi
+ Ly _wep<ve—ve|<ve—we <1l Ve — WelP Ve = vl
+ ]ll\/';f\~/;|<|V;7W§|2<1|V: - Vs€|_2ﬂ ds.

Using that £ (V) = f¢ and Lemma 2.6.1,

t
B <0 [ B[4V = WP+ (4 17k
0
s wsgea Ve = WER (L= 112l oo log(IVE = WEP))
1 ool Vi = W2 ds

t
<C [ @ IR [V = WP + b 0V = WEP) s,
0
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where 1) was defined in (2.6.1). Using that z < ¢(z) for any > 0 and the
approximate Jensen inequality (recall the paragraph just after (2.6.1)), we
thus get

t
[V~ W) < Cho+ C | w(@IV: - WiP)ds,
0
where C' depends on sup 7y || ;|- The conclusion follows by Lemma 2.7.4.
U
Lemma 2.6.4. (i) There exists a constant C' depending on supcio 1) || f<|lo
and on ma(fo) such that for 0 <t' <t <T witht—t <1, for any e € (0,1),
E|IVe - Vil?] < ce - ¢).

The same bound holds for E [\Y} -Y, ]2] and E, [|}~/t Y, |2] with C' depending

on ma(go) and on supp 7y ||| |co-
(it) For all t € [0,T], we have
- - C
E[Wf - Vpi(t)|2} + E[lyt - an<t)|2} +Eq [|Yt - an(tﬂ <
Proof. Since t —p,(t) < 1/n, (i) immediately follows from (7). To prove
i) (for example for (V;)ico,r)), we follow the line of the proof of Lemma

)
2.5.2, and we get (observe that (a + h)™3 < a™3)

[Iv; - vof] <2k [ B[V - Vo

t

+ zka[(L E.[|Ve — V;|—2]ds)2]

t t )
<ok, [ lldds + 262( [ 0 Nfl)ds)
t t
<C(t—1t),
by Lemma 2.6.1 and we conclude the proof as for Lemma 2.5.2. U

Lemma 2.6.5. There exists a constant C' depending on supc(o 7y | f5 + gsl|oo
and on ma(fo) such that, for anyn > 2, e € (0,1) and t € [0,T]
€ n,e O
E[[Wy — V"] <—
log <

+0 [ (BB y@IV: — Vi) + 0@l — ).
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Proof. Observing that

e [ s

— (Yot V(@) 2,0 + q>n<s,a>)]N<ds,dz,dso,da>,

we have

sl

<pn<> Y (9)(@), 2,0 + Po(s, ))

Ce (Vi VE( ), %, ¢)

s? s

2
] dsdzdpdor.

We set

S

Setting a, = |V6 }/pn(s)| + |‘~/S€(Oé) - Y/pn(S)(O‘)L Us -= |vs6 - ‘736(05”7 Ys =
Y, (s) — You(s)(@)] and using Lemma 2.6.2, we get

. 2
co(VE, V; Q), 2, p) — Ce (an(s),an(s)(a),z,gp + @Ms,a))‘ dzdp.

6 < Clg,>1 (v;l + y;1>

+ Cla, <Ly >vey, Y, ()2 us 2 VE=Y,, ()2 [W;e - Yn(s)|2 (Us_3 + ys—s)

+ 1[v;2+y52+v3+y§]}
log =

€

+ Clas<iLy 517 () ¥, o) (@)2 92 T ()T, s><a)|

Vi(@) = ¥y (@) (v +y;3)+

2y ol +
+ C:u‘asglj]‘ysg‘vsefypn(s)‘Q (U‘Zl . y;1>
+ Clasil g5y, e (07 55

—1 —1
+ Cla<ily, <Ve(a)-7,, oy (@) 2 <”s TYs >

7
= 0252».
=1
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We thus have I < 2321 I; where I; = fot fol E[6;]dsda. Using that 1,51 < a2,
we have

t 1 N B 2 ~
< [ E[(1ve =Yl + 7@ - o @l) (Ve - Vi)l
0 Jo

+ 1Y (5) — En(s)(a)l‘lﬂdsda
t
<2 / E
0

t
+2[ K,
0

< O/Ot (E“V; - an(s)|2] +E, [“756 _ 17/)”(8)‘2D <1 (| fslloo + ngn(S)Hoo)dS,

Vs = Y,.9 Ea [!VS — VI + Vo) — f/pn(sﬂ_l]] ds

ds

Ve — f@n@)!QE“V; — V™ 4+ Y — ?pn(s)’_1:|

by Lemma 2.6.1. We thus get, using the triangular inequality and Lemma
2.6.4,

t 1 _ 5
(2.6.6) h<C [ (54 B[V - YiP] 4 B[V - Vi) as.

0 \n

where C' depends on sup,co 7 || fs + gs||oo- Using Lemma 2.6.1, we have

t
I, < / E[’V; - Y/Jn(8)|2]l|V;—an<s>|51
0

€ re|—3 .
(Ea“‘/; - ‘/s ‘ ]]_‘VSE_V;|Z|V36_an(s)|2

> 3
Vo) = Youts)l ]llanu)—?pms)|2|V§—an<s>|2])]ds

t
E[EallV = V172 + Yputo) = Youi )2
gD, BBV = V174 Moo = o)

IV = Ve 4 Yoty = Vot ds
t
S/ E[!VJ —an<s>\2]l|v;—an<s>lél<1_
0
Cl1s + Gpuiol o108 [VE = Vi 92 ds

< /<1+Hfs+gpn(s)||oo+m2(fo))d5.
0

log 1

+
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Recalling (2.6.1) and using the (approximate) Jensen inequality for the func-
tion 1, the fact that ¢ (a + b) < ¥(a) + ¢(b) and that the function ¢ is
increasing, and the Lemma 2.6.4 we get

(2.6.7) I < C/t [ (Ve = You0)] )] logl

C
<C BV = i) ds + 1ot

logn 9 C
E[|VS -, ds + —
0/0( B+ (BIV; ~ Vi) ds + o

where C' depends on sup,ejo 7y | fs + gs/leo. Using the same ideas, we also
have

(2.6.8) Iy < O/Ot <loin + (B [V — V| ]))ds+

IN

log 1~
We now deal with I,.

t
Iy < /o E[Ea[31a5§1jl[v;fff;g\v;fypn(s)\2(’V; A
+ V() = You( ]| ds.

Using Lemma 2.6.1, we first observe that

Ba | Lo il vy, o IVe = VeI
< Clyye- pn<s)\<1||f8||00|v; - Yn(s)|4
< Clve o |2

Next, using the Holder inequality with p = 3 and ¢ = 3/2, and then Lemma
2.6.1, we get

e i v oo ]
- -3
SEa[ [Ve—Ve|<|[Ve-y, S)|2} Eq [‘Yn(s — Y. 2}

< (0||f€||oo|V€— ) (1+c||gpn<s e )

win
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We thus have
t t 1
269)  L<C [ E-Y,oPds<C [ (5 BV - vi)ds
0 0

by Lemma 2.6.4. With the same arguments,

t
1
2.6.10 Iy <C — +E[|Vf-Y,|*])d
(2610 s<0 [ (G+EIV; - vil)as
and
t 1 _ _
(2.6.11) 16+I7§C/ <—+Ea[\V;—5@\2]>d8'
0 n

It suffices to use (2.6.6), (2.6.7), (2.6.8), (2.6.9), (2.6.10), (2.6.11) and to
observe that z < 1 (x) for any z > 0 to conclude the proof. O

Lemma 2.6.6. There exists a constant C' depending on supe(o 1) || f5 + gsl|oo
and on T such that for anyn > 2, e € (0,1) and t € [0,T],

E[[V — [P] < C / 0" 5.(6)do.
0
Proof. As in the proof of Lemma 2.5.4, we have

™ t
BV =1 < C [ 06000 ( [ BBV = Voo s

+E[( [ v - Vi1 0s)))
<o [Tosoan( [+ lanollis
[ [+ sios) )
<c [ oo,
by Lemma 2.6.1. 0

The following lemma states as follows.
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Lemma 2.6.7. Assume that m,s(fo) < oo for some p > 5. We can couple
the Poisson measure N and the white noise W in such a way that there exists
a constant C' depending on'T', myyo(fo), H(fo), and supeo r) || f+9sll0 such

that for any M > +/2ma(fo), n € [e,7], n > 2 and t € [0,T],

B[ I — JM?) < O[n2M2n<log2(rn) +log?(ni?) + M) + / 023, (0)do

n
1
+M}

where

T (7
7‘77:1 i 0°6.(0)do

Proof. It suffices to follow the line of the proof of Lemma 2.5.5, recalling
that

EllY, ) = You()| 71 < (14 Cllgpnisllo) < C,

by Lemma 2.6.1. U

We now give the last lemma needed to prove Theorem 2.1.2.

Lemma 2.6.8. There exists a constant C' depending on supeo 7y || f< + s/l
and on T such that for anyn > 2, e € (0,1) and t € [0,T],

e logn
E[lJ; =Y ] <C

e / (WEIVE ~ Vi) + D (Bl — ToP))
+ U(E[ I - Vi[?))) ds

Proof. The Ito formula gives

B[l / / 9 = V(@) — o (Y, -

Y. (
+/O/OE b(Ve = V() = b(Y = ¥a(@)) )-(J2 = ¥2) | dsda

=: A+ B.
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Using Fournier [29, Lemma 6], we get
A< 2/; Ea [E[IU(an(s) ~Y,,9) = (Vo0 — s)lﬂ ds
+2 [ B[Rullo(Vy, 0~ V2 = o0, — T ds
<€ [0+ gl Ba [Ty — o) s
+0 [0+l R [V~ Vo] s

< C’/Otw(C/n)ds

< Clogn’
n

where we used the (approximate) Jensen inequality for ¢, Lemma 2.6.4 and
the fact that ¢ is increasing (recall (2.6.1)). For B, we first set R = | (b(V; —
Ve(@)) = (Y = V(@) ).(J0 = Vo)l and By = {0 = Y| = [V = Vil +
[Ve(a) — Yi(a)|}. Using [29, Lemma 3], we have
R < Los [V = Yol + [75(0) = Tu(@)) b (Vi = V(@) = b(Ya = Vi)

+ Clp ey s [T = YV = V(@) 72 + [V, = V() 7?)

+ Cl A ey <L ve v (o> umemvet Lye Fa(a)> ume_va | Jo7¢ = Yal®

(Ve = Vi@ + Y, = Yo()| %)
+ CLp e v < Ljve_ve(ay <oy, s (Vs — Ve(a)
+ Y, = Yi(a)|?)
+ leEs]]-|J§L’E—YS|§1]1|YS_}7S(Q)|§|JZ’E—YS\4("/se - ‘756(04>|72 + |Ys - }75(04)‘72)

5
i=1

We thus have B < 3.7 | B; where B; := fOtE[Ea[RinS. Using [29, Lemma
7], we get

’—2

B <C [ (1 15+ ) ((BOVE = YD)+ w(EAlIV; = i) s
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For B,, we easily get by Lemma 2.6.1,
B € [ B = VPO + 15l + o).
Using Lemma 2.6.1, we have
B3 < C/DtE[U:’e — Y1 ey BalLye_pespme v 1l Vi = V(o)™

+ Ly, g syl Ys — YS|73] ds

! n,e € 1
<C B[ = VP (15 e+ ol ) o8 Do) s
0 s s

Recalling (2.6.1), observing that log(z*) = 2log(2?) and using the (approxi-
mate) Jensen inequality for ¢, we get

mec | ([ — YifH)ds.

We also have by Lemma 2.6.1,
t
By <C [ 1Bl = Y ey ds
0

t
+ C/O E[]llJ?ve—Ys\glEa[]l|vsf—%|s|J?‘—Ye\4|Ys - Ys|_2]]d8'

Using first the Holder inequality with p = 5 and ¢ = 5/4, and then Lemma
2.6.1, we get

Ea[Lye_pepmme—vaslYs = Yal 7]
1 ~ =5
< Ea[lye veicpirev, 1P BallYs = Vo[ 2]

il

1 4
< (Cllflloel 13 = Y] 2)5 (1 + Cllgs]|) 5
12
< CA+fs + gslloo) |5 = Yo 5
We thus get
t
BisC E[q‘]:’e —Yi[' + | — Ysl%)ﬂu;“_mgl] ds

B[ J7 — Y, ["]ds.
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We have the same bound for Bs and thus (recalling that x < ¢ (x) for any
x> 0)

B<C [ (WEIV: = YiP) + w(BlIV: = T + 0B ~ Vi) ds,

which concludes the proof. O

2.6.4 Proof of Theorem 2.1.2

We set u(t) == E[[V — 7] and v(t) == B[V — We2) + E[Ws — V7% +
E[|V," — L] + E[|L" — J"]?] + E[|J*° — Y;|*]. We have u(t) < Cv(t) and
using Lemmas 2.6.3, 2.6.5, 2.6.6, 2.6.7 and 2.6.8, we get

C
log %

0 [ (B oV = Vi) + (Bl T = Vi) ds

o(t) <Che™ +

+C/W¢@wm9
0

T 1
+ C[n2M2n<log2(rn) + log®(nn?) + M) +/77 025.(0)dO + W]
logn

+C

n

e / (W (VS = Yl + v (Eall Vs - Vi)
+ (B[ = V) )ds.

Since E[|JI"—Y;[*] < v(s) and u(s) < Cu(s) for any s € (0, T], using that the
function ¢ (recall (2.6.1)) is increasing, we get (recall that E,[|VE — Y;|?] =
WA(f5,0,) < uls) for any s € [0, )

logn

o(t) <Che© +C

n lo

C ™ ¢

+ 1+q/#&@w+0/¢@@ws
& 0 0

+C’[ 2M2n(lo 2(7“)—1—10 2(n 2)+M)+ Wﬁﬂ(&)d@—}-i]

U & 'y g (nn i i 7

Setting, for ¢ € (0. 1), = iz~ (log ) ™ M = /2 o) (log 1) ™

and observing that fo’r 043.(0)do < c fnw 625.(0)d6 < C1

log%7

1
oglog = . .
g lime_,0 7y =
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1 (whence log” r,, is bounded for € € (0,1)) and

772M2n<log2(rn) + log?(nn?) + M)

C 1 1, 2
< (o ) () < S
Ogg b

we get

o« Cloglogt C C
vty <Chel 88 | T
(log l)m log ¢ (log ;) 243

C'loglog £ t
W—FC/O w(v(s))ds

e 6 C !
< Ch: + — _ 2p-1 +C/ ¢(U(s))ds
0

<log %) s

By Lemma 2.7.4, if € is small enough (such that Che < + —C ot < 1)

2pF3
log *

we finally have

vty <C (" + ﬁ) <on+(

for some a > 0. This concludes the proof since WZ(ff, g:) < E[|VE — Y;|?]
u(t) < Cv(t) and since for € greater, we have W3 (ff, g;) < 2ma(fo)-

oo

2.7 Appendix

2.7.1 Distance between a compensated Poisson inte-
gral and a Gaussian variable

We first recall a result of Zaitsev [74]. For 7 > 0 and d € N, let Ay(7) be
the class of probability distributions F' on R? for which the function ¢(z) =
log [ga € " F(dx) is analytic on {z € C?, |z|7 < 1} and |d,d2p(2)| < |u|rDuv.v
for all u,v € R? and |z|r < 1, where D) is the covariance matrix of F, and
d, is the derivative of ¢ in the direction wu.
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Theorem 2.7.1. (Zaitsev [7}, Theorem 2]) Suppose that T > 1 and that
&1y .o, & are independent random vectors with distributions L£(&) € Aa(T),
E(&) = 0, Cov(&) = Ig, k = 1,...,n. Then one can build on some prob-
ability space a family of independent random vectors X, ..., X, such that
L(Xy) = L(&) for any k = 1,....,n and a family of independent random
vectors Y1, ..., Yy, ~ N (0, 1) such that

E[exp (Mﬂ < exp (bmax(l,log n/T2)>,

where

and a, b are positive quantities depending only on d.

Using this result, we estimate the distance between a compensated Pois-
son integral and a Gaussian variable.

Proposition 2.7.2. Let A be a measurable space endowed with a non neg-
ative o-finite measure v and N be a Poisson measure on [0,00) x A with
mtenszty measure dtu(dz). We consider h : A — RY and we set Z; =

Jo L h(z)N(ds, dz), e = L(Z;) and T = [, h(z)h*(2)v(dz).
If k= maxzeA Ik 1/2h( )| € (0,00), then

W3 (11, N(0,11)) < Cr?|T [max (1,log %)]2,

where C' depends only on d and where N(0,tT") is the Gaussian distribution
on R with mean 0 and covariance matriz tI.

Proof. For n € N* to be chosen later and i € {1,...,n}, we consider

it/n
f —1/2 / / N(ds,dz).
(i-1)t/n

We want to use Theorem 2.7.1. We first observe that the random variables
& are ii.d., E(&) = 0 and Cov(&;) = I;. We now prove that & € Ay(1) for

some 7 > 1. For u € R?, we have ]E(exp(ufﬁ) = exp(p(u)), with

o) = % /A [exp <\/§(F1/2h(z)).u> - \/§<r1/2h<z)).u]y(dz).
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For (z, y)ERded
ddz@@

\f / exp ( \f 2h(2)) ) [(T7420(2)) (T 20(2)) x| ()

We now search for 7 > 0 such that |d,d%p(u)| < |z|7|y|? for any u satisfying
lu| < L. We have, recalling that x := max.c4 [T "/?h(2)],

ol <[ [ e (42102006 ) 02K PP 202 o)
<\ e (|15 uliel [ 1020 Pt

since |u| < . We have, observing that I is symetric,

/A T=Y2h(2) Pu(d) = / B ()T h(2)v(d2)
—Z/ hy(2)w(d2)

- Z / (2)hy ()u(d)
= Z(IHl)ijFij = Z(Z(Ffl = Z(qu)“ =d

Setting 7 = 2d/1\/?, we thus have

1
dedoip(w)] < Jallyly [ exp (\/Z ) = lally S exp(g) < lallyl*r

So we have §; € Ay(7) with 7 = 2dr/%. Thus choosing n > - so that 7 >
1, we can apply Theorem 2.7.1: one can construct on some probability space
a sequence of independent random vectors X7, ..., X, such that £(X};) =

L&) for any k = 1,...,n and a sequence of independent random vectors
Y1, ., Yy ~ NY(0, I;) such that

E[exp(zd K \/_’ZX ZY

ﬂ < exp <bmax(1,10g ﬁ))
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Then settmg Ry == =371, X; (observe that L(R;) = L((tI')” 1727,)) and
Y = \/—ﬁ S Y (observe that £(Y) = N (0, 1)), we get

o Vi

50 n —|R; — Y])] < exp (bmax(l,log %))

E[exp (
For x > 0, we have

.
)

< exp (- Q—di\/_) exp (bmax(1, log ! ))

IP’(|Rt—Y|22a7):IP><eXp( \/_|Rt Y]) >e p(

We consider xq verifying 5% Yt /z, = bmax(1, log ).
E(|R, —Y|*) = / P(|R - Y|* > z)dx
0

+o0o
< o+ exp (b max(1, log %)) / exp ( — ;g\/})dx

zo

ot [Ten(- SV

o

+00 a\/‘
—xo+2/ (y+\/:v_o)exp(—ﬁ—y)y
0
ARK? 2d\/Tok
— 2
:L'0—|— <a2t + a\/_ )

2 2
<c™ [max (1,log i)} .
t K2
We thus have
K2 £ N2
W22(Rt7/\/’(0>[d)) < O? [max (1,log F)} ,
and finally, since Z; has the same law as /tI''/?R;,

W2(Z, N(0,1T)) < Cr*[T| [max (1,10g %)]2
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2.7.2 Ellipticity of the diffusion matrix

In this article, we need some ellipticity hypothesis for the diffusion matrix [,
recall (2.1.8). To this aim, we will extend some result stated in Desvillettes-
Villani [22] for v > 0.

Proposition 2.7.3. Let v € [-3,0) and Ey, Hy > 0 be two constants. Con-
sider a nonnegative function f such that [o, f(v)dv = 1, ma(f) < Ey and
H(f) < Hy. There exists a constant ¢ = (v, Eo, Hy) such that for any
v € R? and any & € R3,

(l_f(v)ﬁ)-f > c(1+ [v])7E%,
where lf fR3 f(vy)dv,.
Proof. For v € [—2,0), it is easy to check that in the proof of [22,
Proposition 4], they only use that v+ 2 > 0. For v € [-3,—2), we have to

adapt a little bit their proof. In this case, estimate (44) of their proof still
holds: for all v € R, § € (0,7/2) and R, > 0

(I (v)€).£ > / dv. 1y, <r,

R\ Dg ¢ (v)

> (ol + R st [ doden f0),

R3\ Dy ¢ (v)

v — v, 7" f(v,) sin? 0

(recall that v 4+ 2 < 0) where Dy¢(v) = {U* € R, M” v & > cos 9} is the

V=]
cone centred at v, of axis directed by £, and of angle . Now following the
scheme of their proof, we easily get that (I/(v)£).£ > K]v[” if [v] > 2R, and
that (I (v)€).€ > K if [v] < 2R, with R, = 2y/Ej, which concludes the proof.
U

2.7.3 Generalization of the Gronwall Lemma

In order to treat the Coulomb case, we need to use the following generaliza-
tion of the Gronwall lemma.

Lemma 2.7.4. Let T > 0 and v : [0,T] — R, satisfy fo s)ds < oo. Let
Y be defined by (2.6.1). Consider a bounded function p : [O T] — R, such
that, for some a > 0, for allt € [0,T], p(t) < a+ fot v(s)(p(s))ds. We set
K : fo s)ds. Then p(t) < C(a® " +a) for all t € [0,T], where C' only
depends on K
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Proof. From Chemin [16, Lemme 5.2.1 p. 89|, we get that M(a) —
M(p(t)) < fotfy(s)ds for all t € [0,7T], where M(x) = f;(l/zﬂ(y))dy for
x > 0.

Recalling that ¢ (y) = y(1 —1,<1 logy), we get that M (z) = log(1—logz)
for z € [0,1] and M(z) = —logz for x > 1. Let t € [0,T] be fixed.

If a <1 and p(t) < 1, we have log (15012%0&)) < K which gives p(t) <

_.—-K _-K
61 e at

If a <1 and p(t) > 1, we have log ((1 — loga)p(t)) < K which gives
p(t) < % and thus necessarily (since p(t) > 1) a > !¢, Thus p(t) <
e < eKee™ g,
If a > 1 and p(t) > 1, we have log @ < K which gives p(t) < efa.

If a > 1 and p(t) < 1, we have p(t) < 1 < a, which concludes the proof.

[l

2.7.4 Construction of a subdivision

We end this paper with the following result.

Proposition 2.7.5. For T > 0 fized, we consider h € L*([0,T]) with h(s) >
0 for any s € [0,T]. For any n € N*, there exist a subdivision 0 < af < ... <
alypr 1 < Alyp =T such that ag < 1/n and for any i € {0, ..., |2nT| — 1},
1/4n < a?,; —a < 1/n and

[2nT |1

> (a}, —al)h(a}) <3 /0 h(s)ds + 3.

=0

Proof. We take a} € (5=, 2] such that h(a) < h(s) + 1/T for any

s e (L M] We set g(s) = ZZE%TJA h(a?>ﬂ{se(i M] } We have g(s) <

2n’ 4n
2n’ 4n

h(s)+1/T, 1/4n < a},, — a} < 3/4n and thus

[2nT]-1 [2nT|—1

> (- aha) < S h(a) =3 / g(s)ds < 3 / B(s)ds + 3,

=0 =0

which concludes the proof. U



Chapter 3

Propagation of chaos for a
subcritical Keller-Segel model

D. Godinho and C. Quininao. Propagation of chaos for a subcritical Keller-
Segel model.

This paper deals with a subcritical Keller-Segel equation. Starting from
the stochastic particle system associated with it, we show well-posedness
results and the propagation of chaos property. More precisely, we show that
the empirical measure of the system tends towards the unique solution of the
limit equation as the number of particles goes to infinity.

3.1 Introduction and main results

The subject of this paper is the convergence of a stochastic particle system to
a nonlinear and nonlocal equation which can be seen as a subcritical version
of the classical Keller-Segel equation.

3.1.1 The subcritical Keller-Segel Equation

Consider the equation:

8ft (fﬂ)
ot

(3.1.1) =X Vo (K * fi)(2)) fi(z)) + Do filz),

167
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where f : Ry x R? — R and x > 0. The force field kernel K : R? — R?
comes from an attractive potential ® : R? — R and is defined by

(3.1.2) K(z) : Lz—v< ! yx\l—“), ae(0,1).

- |z[ot a—_1

P(z)

The standard Keller-Segel equation correspond to the critical case K (z) =
x/|z|* (i.e., more singular at x = 0) and it describes a model of chemotaxis,
i.e., the movement of cells (usually bacteria or amoebae) which are attracted
by some chemical substance that they produce. This equation has been first
introduced by Keller and Segel in [49, 50]. Blanchet-Dolbeault-Perthame
showed in [6] some nice results on existence of global weak solutions if the
parameter y (which is the sensitivity of the bacteria to the chemo-attractant)
is smaller than 87/M where M is the initial mass (here M will always be
1 since we will deal with probability measures). For more details on the
subject, see [42, 43].

3.1.2 The particle system
We consider the following system of particles
(3.1.3)
. . N t
Vi=1,.,N, XN=Xx"- % > / K(XPN — X9V)ds + V2B,
j=1,j7i "0

where (B%);—1,_n is an independent family of 2D standard Brownian mo-
tions and K is defined in (3.1.2). We will show in the sequel that there is
propagation of chaos to the solution of the following nonlinear S.D.E linked
with (3.1.1) (see the next paragraph)

(314) Xt = XO — X/t K(XS — x)fs<dx)d5 -+ \/§Bt7
0 JR2
where ft = ﬁ(Xt)

3.1.3 Weak solution for the P.D.E

For any Polish space E, we denote by P(FE) the set of all probability measures
on E which we endow with the topology of weak convergence defined by
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duality against functions of Cy,(E). We give the notion of weak solution that
we use in this paper.

Definition 3.1.1. We say that f = (fi)i>0 € C([0,00), P(R?)) is a weak
solution to (3.1.1) if

T
(315 VT >0, /O /R [ V(= )| o) £ ds < .

and if for all p € CZ(R?), allt > 0,

Agmﬁm / o (@) folde) + /wa>ﬁm
(3.1.6) —X/ /]R2 RzK v —y) - Vaep(x) fo(dy) fo(dz) ds

Remark 3.1.2. We can see easily that if (X;)i>0 is a solution to (3.1.4),
then setting fy = L(Xy) for any t > 0, (fi)i>0 s a weak solution of (3.1.1)
in the sense of Definition 3.1.1 provided it satisfies (3.1.5). Indeed, by Ité’s
formula, we find that for ¢ € CZ(R?),

p(X,) = /VM Q/K y) fo(dy) ds

+/O ﬁvxso(Xs)-stJr/o Npip(X)ds.

Taking expectations, we get (3.1.6).

3.1.4 Notation and propagation of chaos

For N > 2, we denote by Pg,,,(E") the set of symmetric probability mea-
sures on BV, i.e. the set of probability measures which are laws of exchange-
able EV-valued random variables.

We consider for any F' € Py,,,,((R?)") with a density (a finite moment of
positive order is also required in order to define the entropy) the Boltzmann
entropy and the Fisher information which are defined by
1 1 |VF(x)?

H(F):=— F(z)log F(z)dr and I(F):

= — dr.
N (R2)N N (R2)N F(.CE) v
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We also define (z; € R? stands for the i-th coordinate of x € (R?)Y), for
k>0,

N
1
My(F) == — > " failfF(dx).
k( ) N [RQ)N — ‘xZ’ (d$)

Observe that we proceed to the normalization by 1/N in order to have, for
any f € P(R?),

H(f*Y)=H(f), I(f*)=1(f) and M(f*") = M(f).

We introduce the space P1(R?) := {f € P(R?), M;(f) < oo} and we recall
the definition of the Wasserstein distance: if f, g € P;(R?),

Wilf) =int { [ o= ylR(de.dy)};

where the infimum is taken over all probability measures R on R? x R? with
f for first marginal and ¢ for second marginal. It is known that the infimum
is reached. See e.g. Villani [72] for many details on the subject.

We now define the notion of propagation of chaos.

Definition 3.1.3. Let X be some E-valued random wvariable. A sequence
(XN, .., XY) of exchangeable E-valued random wvariables is said to be X -
chaotic if one of the three following equivalent conditions is satisfied:

(i) (XN, X)) goes in law to 2 independent copies of X as N — +00;

(ii) for all j > 1, (XN, ...,XJN) goes in law to j independent copies of X as
N — +o0;

(iti) the empirical measure pYy == + SV oxv € P(E) goes in law to the
constant L(X) as N — +o0.

We refer to [62] for the equivalence of the three conditions or [40, Theorem
1.2] where the equivalence is established in a quantitative way.

Propagation of chaos in the sense of Sznitman holds for a system of
N exchangeable particles evolving in time if when the initial conditions
(XN, ., XN are Xo-chaotic, the trajectories (X} )iz0, .. (X7 )iz0)
are (X;)i>o-chaotic, where (X;):>o is the (unique) solution of the expected
(one-particle) limit model.

We finally recall a stronger (see [40]) sense of chaos introduced by Kac in
[47] and formalized recently in [14]: the entropic chaos.
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Definition 3.1.4. Let f be some probability measure on E. A sequence (FN)
of symmetric probability measures on EY is said to be entropically f-chaotic

if
FN — f weakly in P(E) and H(FY)— H(f) as N — oo,
where FN stands for the first marginal of F.

We can observe that since the entropy is lower semi continuous (so that
H(f) < liminfy H(FY)) and is convex, the entropic chaos (which requires
limy H(FYN) = H(f)) is a stronger notion of convergence which implies that
for all j > 1, the density of the law of (X}¥,..., X)V) goes to f¥/ strongly in
L' as N — oo (see [8]).

3.1.5 Main results

We first give a result of existence and uniqueness for (3.1.1).

Theorem 3.1.5. Let o € (0,1). Assume that fo € Pi(R?) is such that
H(fo) < 00.
(i) There exists a unique weak solution f to (3.1.1) such that
(3.1.7)
2

f € L2 ([0,00), Pi(R*) N L,.([0,00); LP(R?)) for some p > o

(i1) This solution furthermore satisfies that for all T > 0,

T
(3.1.8) /0 I(f.)ds < oo,
for any q € [1,2) and for all T > 0,
(3.1.9) V.f € L*G=2(0,T; LY(R?)),
Joranyp =1,
(3.1.10) f € C([0,00); L'(R?)) N C((0, 00); LP(R?)),

and that for any 8 € CY(R) N W2(R) such that 5" is piecewise continuous

loc
and vanishes outside a compact set,

(3.1.11) OB(f) =x (K = f) - Va(B(f)) + LaB(f)
= B"(DIVaf P+ xB'(f) fo(Va - K * f),

on [0,00) x R? in the distributional sense.
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.....

fo € P(R?),

FY € Py ((R®HYN) is  fo — chaotic;

sup My (Fy) < oo, sup H(FY) < oo.
N>2 N>2

(3.1.12)

Observe that this condition is satisfied if the random variables (XS’N)izl ,,,,, N
are i.i.d. with law f; € P1(R?) such that H(fy) < co. The next result states

the well-posedness for the particle system (3.1.3).

Theorem 3.1.6. Let a € (0,1).

(i) Let N > 2 be fized and assume that My(FY) < oo and H(F)') < oo.
There exists a unique strong solution (Xti’N)tzovizl _____ N to (3.1.3). Further-
more, the particles a.s. never collapse i.e. it holds that a.s., for any t > 0
and i # j, XPN £ XN,

(i) Assume (3.1.12). If for all t > 0, we denote by FY € Py, (R*)")
the law of (XZ’N)Z-Zl 77777 N, then there exists a constant C depending on Y,
SUpyso H(Fp) and supy=q Mi(F3) such that for all t >0 and N > 2

H(FN) <o +t), M(FN)<CO1+t), /tl(FsN)ds < O(1+1).

Furthermore for any T > 0,

(3.1.13) E[ sup \th’N]] <C1+T).
te[0,T
We also have
(3.1.14)
t t
H(FM) +/ I(FM)ds < H(F)Y) + % Z/ E[divK(X2Y — X2N)] ds.
0 0

i#j
We next state a well-posedness result for the nonlinear S.D.E. (3.1.4).

Theorem 3.1.7. Let a € (0,1) and fo € P1(R?) such that H(fy) < oo.
There ezists a unique strong solution (Xi)i>o to (3.1.4) such that for some

p > 2/<1 - a)?
(3.1.15) (fe)iz0 € Lige([0,00), PL(R*)) N Ly, ([0, 00); L (R?)),

where f; is the law of X;. Furthermore, (fi)i>0 is the unique solution to
(3.1.1) given in Theorem 3.1.5.
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We finally give the result about propagation of chaos.

Theorem 3.1.8. Let o € (0,1). Assume (3.1.12). For each N > 2, consider
the unique solution (X;™)i—1. niso0 to (3.1.3). Let (X})i>0 be the unique so-
lution to (3.1.4).

(i) The sequence (Xf’N)izlmNytzo is (X¢)i>o0-chaotic.

In particular, the empirical measure QY := % Zfil 5(XZ’N)t>o goes in law to
L((X)iz0) in P(C((0,00), R?)).

(ii) Assume furthermore that limy H(FY) = H(f). For allt > 0, the se-
quence (XZ’N)Z-:L”,’N is then Xy-entropically chaotic. In particular, for any
j > 1andanyt > 0, denoting by Ft]jV the density of the law of(th’N, e th’N),
it holds that

A (|5 = £ ) = 0.

We can observe that the condition limy H(Fy\) = H(fo) is satisfied if the

random variables (Xé’N)i:17.,,7N are i.i.d. with law fy such that H(fy) < oc.

3.1.6 Comments

This paper is some kind of adaptation of the work of Fournier-Hauray-
Mischler in [36] where they show the propagation of chaos of some particle
system for the 2D viscous vortex model. We use the same methods for a
subcritical Keller-Segel equation. The proofs are thus sometimes very sim-
ilar to those in [36] but there are some differences due to the facts that i)
there are no circulation parameter (M2 in [36]): this simplify the situation
since we thus deal with solutions which are probabilities and ii) the kernel is
not the same: it is not divergence-free and we thus have to deal with some
additional terms in our computations. We can also notice that due to this
fact, we have no already known result for the existence and uniqueness of
the particle system that we consider.

The proof of Theorem 3.1.5 follows the ideas of renormalisation solutions
to a PDE introduced by Di Perna and Lions in [25] and developed since then.
The key point is to be able to find good a priori estimates which allow us to
approximate the weak solutions by regular functions, i.e., to use C* functions
instead of L. Then, using these estimates, one can pass to the limit and go
back to the initial problem. One can further see that the uniqueness result is
proven based on coupling methods and the Wasserstein distance. This will
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allow us to use more general initial conditions than we could use in a strictly
deterministic framework.

The proof of existence and uniqueness for the particle system (3.1.3) (The-
orem 3.1.6) use some nice arguments. Like for S.D.Es with locally Lipschitz
coefficients, we show existence and uniqueness up to an explosion time and
the interesting part of the proof is to show that this explosion time is infinite
a.s.

To our knowledge, there is no other work that give a convergence result
of some particle system for a chemotaxis model with a singular kernel K
and without cutoff parameter. In [59], Stevens studies a particle system with
two kinds of particles corresponding to bacteria and chemical substance. She
shows convergence of the system for smooth initial data (lying in C3(R%)) and
for regular kernels (continuously differentiable and bounded together with
their derivatives). In [39], Haskovec and Schmeiser consider a kernel with
a cutoff parameter K .(x) = m They get some well-posedness result
for the particle system and they show the weak convergence of subsequences
due to a tightness result (observe that here we have propagation of chaos
and also entropic chaos). In a recent work [10], Calvez and Corrias work on
some one-dimensional Keller-Segel model. They study a dynamical particle
system for which they give a global existence result under some assumptions
on the initial distribution of the particles that prevents collisions. They also
give two blow-up criteria for the particle system but they do not state a
convergence result for this system.

Finally, it is important to notice that the present method can not be
directly adapted for the standard case a = 1 because in this last situation
the entropy and the Fisher information are not controlled.

3.1.7 Plan of the paper

In the next section, we give some preliminary results. In Section 3.3, we
establish the well-posedness of the particle system (3.1.3). In Section 3.4, we
prove the tightness of the particle system and we show that any limit point
belongs to the set of solutions to the nonlinear S.D.E. (3.1.4). In Section 3.5,
we show that the P.D.E. (3.1.1) and the nonlinear S.D.E. (3.1.4) are well-
posed and we show the propagation of chaos. Finally, in the last section, we
improve the regularity of the solution, give some renormalization results for
the solution to (3.1.1) and we conclude with the entropic chaos.
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3.2 Preliminaries

In this section, we recall some lemmas stated in [36] and [40] and we state
a result on the regularity of the kernel K defined in (3.1.2). The first result
tells us that pairs of particles which law have finite Fisher information cannot
be too close.

Lemma 3.2.1. (/36, Lemma 3.53]) Consider F € P(R? x R?) with finite
Fisher information and (X1, Xs) a random variable with law F. Then for
any v € (0,2) and any B > /2 there exists C, g so that

F(l’l, ZEQ)

2 wR2 |{L‘1 — [E2|7

E[|X) — Xo| 7] = / dridzy < O 5(I(F)? 4 1).
R

In the next lemma, we see that the Fisher information of the marginals

of some F € Py, ((R?*)Y) is smaller than the Fisher information of F'.

Lemma 3.2.2. ([40, Lemma 3.7]) For any F € Pg,,,(R*)N) and1 <1< N,
I(F)) < I(F), where F; € Pg,,((R*)") denotes the marginal probability of F
on the [-th block of variables.

The following lemma allows us to control from below the entropy of some
F € P((R?)") by its moment of order k for any k > 0.

Lemma 3.2.3. (/36, Lemma 3.1]) For any k, A € (0,00), there is a constant
Cix € R such that for any N > 1, any F € Py,((R*)Y),

H(F) > —Cy — AM(F).

The next result tells us that a probability measure on R? with finite Fisher
information belongs to LP for any p > 1 and its derivatives, to L? for any
q € [1.2).

Lemma 3.2.4. ([/36, Lemma 3.2]) For any f € P(R?) with finite Fisher
information, there holds

Vp € [1, OO): ||f||Lp(R2) < Cpf(f)lfl/p,
Vg € [1,2), ||V1,f||Lq(R2) < Oq[(f)3/2—l/q‘

We end this section with the following result on K.
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Lemma 3.2.5. Let o € (0,1). There exists a constant C,, such that for all
z,y € R?

K@) = K@) < Cale =yl (o + o)

a+1 a+1
|z ||

Proof. We have

1 1 T—y
K (@)= K| = o = ) +
jzlett fylett /o Jylert
1 1 |z — y]
< Jelle = yla+ max (g g ) + .
|2 [ylot2 ) fylott
By symmetry, we also have
K (2) = K(y)] < lylle = yl(a + 1) max L1 )+|w—y|
_ B . |
D= Y |z|ot2” |y|at? |z]o+1
So we deduce that
. 1 1
() = )] < o~ [0+ 1) (], ly) mx (g o)

Loy ]
|x’a+1 ‘y’a—l-l

< Jo—ylf(a+ 1) o)

: - -
min(lz], [y[)eFt  fzfett oyl

1 1
<2(a+2)|x —y!<‘x|a+1 + ]y|a+1)'

which concludes the proof. O

3.3 Well-posedness for the system of parti-
cles

Let’s now introduce another particle system with a regularized kernel. We
set, for € € (0,1),

(3.3.1) K.(z) = ’

max(je], )
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which obviously satisfies |K.(x) — K (y)| < Cyclr — y| and we consider the
following system of S.D.E.s

(3.3.2)

Vi=1,.,N, XM =xp" - Z /K (XN — XPN<)ds + V2B,
J 1,j7#i
for which strong existence and uniqueness thus holds.
The following result will be useful for the proof of Theorem 3.1.6. Its
proof is very similar to the proof of [36, Proposition 5.1].

Proposition 3.3.1. Let a € (0,1).
(i) Let N > 2 be fized. Assume that M,(F{') < oo and H(F)) < co. For

all t > 0, we denote by FN’E € Py ((R*)N) the law of (X, zNE)Zzl ..... ~. Then
(3.3.3) H(FY)=H(FN) + —Z/ / divK,(z; — ;) FN(x)dsdx
i#] R2)N
t
—/ I(FN*<)ds.
0

(ii) There exists a constant C which depends on x, H(FY) and My(FY) such
that for allt > 0 and N > 2,

(3.3.4)
H(EN) < CO+1),  M(EN) < C(1+1), / [(F¥9)ds < C(1 +1).

Furthermore,

(3.3.5) E[sup |X§=Nﬂ <C1+T).
0]

Proof. Let ¢ € CZ((R*)™), and t > 0 be fixed. Using It6’s formula, we
compute the expectation of go(th’N’E, s XtN’N’E) and get (recall that z; € R?

stands for the i-th coordinate of z € (R?)")

(3.3.6)

d Ne N,e
= o(z)F; :_—/ }:K  Vao(2) FV(dx)
dt (R2)N R2)N !

+ Dpp(a) Fy (dz).
(B2)¥
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We deduce that FN€ is a weak solution to
(3.3.7) OFN(z) = % D dive, (B (2) Ko (2 — 27)) + Do F V().
i#£]

We are now able to compute the evolution of the entropy.

d 1
aH(FNE) =~ OFN(x)(1 + log FN“(x))dx
(R2)N
Ne N,e
oy / v, (F () Ko (1 — 7)) (1 + log B (2))da
i#] R2)N
1
— ALFN () (1 + log N (x))dex.
N (RZ)N
Performing some integrations by parts, we get
d 6 € €
EH(FN = Z — ;) - Vo I (x)de — T(F™)
i#]
=3 Z /R2 divK, (z; — z;)F)V (x)dx — T(FN°),
i#]

and (3.3.3) follows. Using that div K (x) = B ‘QH ]l{‘m|>€}+ea+1 Lfjaj<er < 7 IQH
and the exchangeability of the particles, we get

d
—t 2y — I(F
dt t Z/R2N |ZEZ—1‘ |O""_1 ( )

N,e
< 2x/ _ET@ I(EN).
(R

2)N ]a:l - $2|a+1

Since a € (0,1), we can use Lemma 3.2.1 with v = o+ 1 and  such that
"‘T“ < B < 1, which gives

FtN’e(x)dx N
R < O(I(FYYP + 1),
where F)“ is the two-marginal of F}"*. By Lemma 3.2.2, we have I(F}}*) <
I(FN°). Using that Czf < C' + & (changing the value of the constant C'),
we thus get
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and thus

(3.3.8) H(EN) + 2

t
3 / I(FN<)ds < H(F)) + Ct.
0

We now compute M;(F,°). We first observe that
] N
M (F) = — (| FV(dz) = E[| XN
E) = [ S el () = B,

since the particles are exchangeable. We will need to control E[supy, 1 XN
in the sequel. We have

(3.3.9)

]E[sup |Xt1’N’€|} < C’(EHX&H + E[Sup |Bt1|}
[0,7] (0,7

)

1 T A
<C(EIN+T+5 X [ EIRX - x2%)as)
i#1

1 t )
—HE[ sup ’NZ/ Kg(X;’Nf—Xg’Nf)ds
j#1 70

te[0,7

T 1
§C’<E X! +T+/ E[ ]ds).
H 0” 0 |X81,N,6_X82,N76|a

Using Lemma 3.2.1 with v = «a and § such that § < 8 < 1 and recalling
that I(F5*) < I(FN°), we get

(3.3.10) My (FN)

IN

t
C(Ml(FON) + T+ / I(FtN’5)5d5>
01 .
< C(Ml(F(fV) + T) + —/ [(EN<)ds,
3 Jo

where we used that Cz” < C'+% (changing the value of C'). Summing (3.3.8)
and (3.3.10), we thus find

1 t
H(FN) + My(FN) + 5/ I(FNYds < H(FYN) 4+ Ct + C(1 + M (FM)).
0
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Since the quantities M; and [ are positive, we immediately get H (FN 9) <
C(1+1). Using Lemma 3.2.3, we have H(F") > —C — M;(F}")/2, so that

. 1
M(F) + 2

t
3 / I(FN9Yds < C(1+1t) + My(F¥)/2.
0

Using again the positivity of M; and I, we easily get (3.3.4). Coming back
0 (3.3.9), we finally observe that

T
[?Ougwwﬂ < 0(1@[|X5|]+T+/0 I(FY)ds) < C(1+E[[X3]) + ),

which gives (3.3.5) and concludes the proof. d

We can now give the proof of existence and uniqueness for the particle
system (3.1.3).

Proof of Theorem 3.1.6. Like in [63], the key point of the proof is to
show that particles of the system (3.1.3) a.s. never collide. We divide the
proof in three steps. The first step consists in showing that a.s. there are
no collisions between particles for the system (3.3.2). In the second step,
we deduce that the particles of the system (3.1.3) also never collide, which
ensures global existence and uniqueness for (3.1.3). In the last step, we
establish the estimates about the entropy, Fisher information and the first
moment. We fix N > 2 and for all € € (0,1), we consider (XZ’N’E)Z-:L”,,NQO
the unique solution to (3.3.2).

Step 1. Let 7. := inf{t > 0,3 # j,| X} — X™| < €}. The aim of this
step is to prove that lim.,oP[r. < T] =0 for all T > 0. We fix T' > 0 and
introduce

1 A ,
(3311) Ste = m Z log |XZ7N,6 . erj7N7e|~
i#]
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For any A > 1, we have

(3.3.12) Plr. < T] < P[[%njf} e < S;J

<P[Fi,3t € [0,7],| X,V > A
+P[vi, vt € [0.7L1X0Y| < A, inf i, < S5,

NE [ SUPIo,17] |Xt1’N’E|]
- A
< C1+T)N
- A

1
+IP>[ inf S5, < —of

it S, < +log 24]

, . loge
+P [ inf i, < oy +log 2A} ,

where we used (3.3.5). We thus want to compute P[inf 0,7 Sipr. < —M } for

all (large) M > 0. Using Ito’s formula, that K. (z) = K(z) for any |z| > €
(see (3.3.1)) and that A(log|z|) = 0 on {z € R?,|z| > €}, we have

i7N76 j7N76 — /L7N .j7N i7j76
log [ X170 — Xinz | = log [ Xg™ — X§7| + M
X tATe

e [ (st - xi e - xiv)
0

k#i,j
) ] X6Ne _ XIN.€
2R (XN XN | s
‘st & st ) |

pE— Z‘7N j?N i’j’e i7j7€
—- IOg |X0 - XO | + ]\41‘//\‘1'E + Rt/\rea

where MZ‘” is a martingale. Setting So := Nz Dizi log XN — XN, Mg =
N > iy MR and R = 7z > iz By, we thus have

SEATE =Sy + M + R;,
so that

(3:313)  P(inf S\, < —M) < P(Sy < —M/3) + P(jnf M; < —M/3)

in
[0.7]
P(inf RS < —M/3).

+ ([g}] P < —M/3)

Using exchangeability and that |K(z)| = |z|~®, we clearly have for some
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constant C' independent of N and e,

T
1
Elsup | R; SCx/ E[ ]ds
[[O,T] ’ t” 0 |X81,N,e _ XE,N,6|0[+1

< COx /T(1 + I(FY))ds
(3.3.14) <CA+7T),

where we used Lemma 3.2.1, the fact that I(F)) < I(F") by Lemma
3.2.2, and finally Proposition 3.3.1. We thus get

1+7T
(3.3.15) P(inf Rf < —M/3) < P(sup |R5| > M/3) < ST
[0, 7] 0,7] M

We now want to compute P(infi 7 My < —M/3). Using that log|z| < |z],
we have

e 1 i.N.e iN.e 2 i,N e
S5 < g SO(XIN 7)) < = S X

i#]
Consequently,
M < St + sup [RE| — So
s€[0,T]
< %2}5% X s [~ Sy = K S =
We have
(3.3.16)

P([%nszE< —M/3) <P(Z°>+\/M —|—]P’1nfM€< —-M/3,Z° < /M

Since (Mf)¢>o is a continuous local martingale, there exists a Brownian Mo-
tion B such that Mf = S-pses,. For x € R, we set o, := inf{t > 0, 5, = z}.
Using that supj ) My < Z€ as.,

IP’(meE< —M/3,7Z° </ M/3) <P( 1nfM€< —M/3,sup My < /M

[0,7] [0,
<P(o_nys < U\/M—/?))

VM3 3
(3.3.17) = B+ Vi < ,
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by classical results on the Brownian Motion. Using (3.3.5) and (3.3.14), we
get that E[K¢] < C(1 + T') where C' does not depend on €. So using the
Markov inequality,

C(1+7T)
3.3.18 <
( ) VM
Gathering (3.3.16), (3.3.17) and (3.3.18), we find that
(3319)  P(inf Mt < —n/3) < CUET) L p_g, > /D)
> o e = T S AT "= '

Coming back to (3.3.12) and (3.3.13), using (3.3.15) and (3.3.19) with M =

—lj’fj — log 2A, we finally get that for any € € (0,1), any A > 1 such that

1;%; +log2A <0,

C(1+T)N log e
CULDN | p(5, < (%5 - togaa )
co+T) OO

lo

]Vg25_log2A \/—Jl\;JQgE_logQA

I
+P(S < —\/( - 55 —log24)/12).

P(r. <T) <

Observe finally that Sy > —oc a.s. (because F' has a density since H(F}") <
00) so that limps 100 P(Sp < —M) = 0. Letting € — 0 in the above formula,
we get that for all A > 1,

1+T)N
limsupP(7. < T) < C(—i_T)

It only remains to make A go to oo to conclude this step.

Step 2. Since K is Lipschitz-continuous outside 0, classical arguments
give existence and uniqueness of a solution to (3.1.3) until the explosion
time 7 = inf{t > 0,3 # j, XY = X/}, We can observe that since

.....
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so that for any i =1, ..., N, XZ’N = XZ’N’E on [0, 7]. We thus have 7. < 7 for
any € € (0,1) a.s. so that, using Step 1, we have for any 7" > 0

P(r<T)<P(r.<T)—0.

e—0

Thus 7 = oo a.s. which proves global existence and uniqueness for (3.1.3).
Step 3. Using that the functionals H, I and M; are lower semi-continuous
and Proposition 3.3.1, we have

H(FN) <liminf H(F/") < C(1 + 1),

€

t t
(3.3.20) / I(FN)ds < lim mf/ I(FN9)ds < C(1 +1),
0 0

and

My (EN) < liminf M, (F/") < C(1 + ).
Using the Fatou lemma and (3.3.5), we get

E[sup |Xt1’N\] < lim infE[sup \th’N’ef] <C(1+1),
[0,7] ¢ [0,7]

and (3.1.13) is proven. It remains to prove (3.1.14). Using again that the
functionals H and [ are lower semi-continuous and using (3.3.3), we get

t t
H(EN) + / [(FN)ds < liminf [H(Fj“e)+ / I(Fjv’f)ds}
0 € 0
< H(Fy)

¢
+ lim inf % / Z E[divK (X2 — X2NV9)]ds.
‘ 0 iz

By exchangeability, it suffices to prove that, as e — 0,
t t
D, = / E[divK (XY — X2V ds — / E[divK (XY — X2N)|ds =: D.
0 0

By Step 2, we have X = XV¢ for any ¢ and s < 7. and thus recalling
that K .(z) = K(x) for any |z| > €, we get that a.s. for any s < 7,

divE (XN — X2V = divK (XN — X2V = divK (XY — X2,
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So using that divK (z) < 2|z|7*! and divK (z) < 2|z|7*!, we get

! 1 1
|D - D€| S CA E|::[L{TE<S}<|XSI’N’€ . X827N’€|Oé+1 _I_ |X;7N . XS21N’()¢+1>:|d8

Let a € (0, ;—g) (in order to have (1+a)(a+1) < 2). Using first the Holder

inequality with p = 14 a and ¢ such that 1/p + 1/¢ = 1, and then Lemma
3.2.1 with 8 =1, we get

1
1,N,e 2,N,e
INe 2N (ar)(i+a)

t
D — D, SC’/PT€<51/’1E
D-D<C [ B <o) B[

1 1/pd
* | XN — Xf’N|(a+1)(1+a)>} i
t
< CP(1. < t)l/q/ [1+ I(FN¢) + [(FN)]ds
0
< C(1+t)P(r. < t)¥1,

by (3.3.4) and (3.3.20). This tends to 0 as € — 0 by Step 1 and concludes
the proof. O

3.4 Convergence of the particle system
We start this section with a tightness result for the particle system (3.1.3).

Lemma 3.4.1. Let a € (0,1). Assume (3.1.12). For each N > 2, let
~ be the unique solution to (3.1.3) and Q~ := + SN Ot

t )tZO :

(i) The famzly {L((X}M)i0), N > 2} is tight in P(C(]0, 00), R?)).
(ii) The family {L(QN), N > 2} is tight in P(P(C(]0,0),R?))).

Proof. Since the system is exchangeable, we deduce (i7) from (7) by [62,
Proposition 2.2]. Let’s prove (¢). Let thus n > 0 and T > 0 be fixed. To
prove the tightness of {£((X;}"™);0), N > 2} in P(C(]0, 00), R?)), we have to
find a compact subset K, 7 of C([0, T],R?) such that supy P[(th’N)te[(),T}) ¢
K, 7] <n. We first set Zr := supg ;o1 V2| B} — Bl|/|t —s|'/3. This random
variable is a.s. finite since the paths of a Brownian motion are a.s. Holder
continuous with index 1/3. We can also notice that the law of Z; does not
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depend on N. Using the Hoélder inequality with p = 3 and ¢ = 3/2, we get
that forall 0 < s <t < T,

X w— [ X [ du
RN KXW—XWd‘<—§l/ .
‘N ._2/5 (X, ) < — [, | XN = XN e
J= J=
N T
< Z=(t—s .
i N( ) ; 0 ‘X&’N _leL’N|3a/2

(t . 5)1/3 (X—i- ii/T du )
N o X = X e

= (t — s)Y3UN.

IA

Using Lemma 3.2.1 with v = 3a/2 and § = 1, the exchangeability of the

system of particles, and denoting by F% the two-marginal of F¥, we have

N-1 (T 1
N
]E’(UT>:X+X N 0 E<|X1,N_X2,N|3a/2>du

T
§x+0/ju+NE@Mu
0

T
§x+C/TO+HE%Mu
0
<C(1+71),
where we used that I(Fj) < I(F}) by Lemma 3.2.2 and Theorem 3.1.6. We
thus have supy, E(U}) < co. Furthermore, Zr is also a.s. finite so that we
can find R > 0 such that P(Zr + UY > R) < n/2 for all N > 2. Recalling

(3.1.12), we can also find a > 0 such that supy-, P(X;N > a) < /2. We
now consider

Kyr={f€C(0,T],R?),
1£(0) < a,|f(t) — f(s)| < R(t—5)"*V0 < s <t <T},

which is a compact subset of C([0,T],R?) by Ascoli’s theorem. Observing
that for all 0 < s <t < T, | X" — XIN| < (Zp 4+ UN)(t — 5)'/3, we get

PI(XVicior) ¢ Kyr] <P(Xg™N| > a) + P(Zr +UY > R) <,
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which concludes the proof. Il

We define S as the set of all probability measures f € P(C([0, ), R?))
such that f is the law of (X});>o solution to (3.1.4) satisfying (setting f; =
L(X3))

T
(3.4.1) VT >0, / I(fs)ds < oo and sup M;(fs) < oc.
0 (0,71

Observe that by Lemma 3.2.4, (3.4.1) implies (3.1.7).

Proposition 3.4.2. Let o € (0,1) and assume (3.1.12). For each N > 2,
let (Xé’N)izl ,,,,, ~ be FY -distributed and consider the solution (XZ’N)z‘:L...,N,tZO

to (3.1.3). Assume that there is a subsequence of QN = + Zf\;l 5(X§,N)t20

going in law to some P(C([0,00),R?))-valued random variable Q. Then Q
a.s. belongs to S.

Proof. We consider a (not relabelled) subsequence of QY going in
law to some Q and we introduce the identity map 1 : C([0,00); R?) —
C([0,00); R?). Using the arguments of [36, Proposition 6.1], we have to
prove that Q a.s. satisfies

(a) Qo ((0)~" = fo;

(b) setting Q; = Qo (¥(t))™!, (Qy)i>o satisfies (3.4.1);

(c) forall 0 < tg < ... < tp < s < t, o1,...,0r € Cp(R?), p € CZ(R?),
F(Q) = 0 where, for f € P(C(]0,0),R?)),
F() = [[ sans@atn). o)

[90(%) —p(7s) + X /: Veo(Vu) - K (v — ) du — /: Axsa(%)du] :

For simplicity, we split the proof in many steps.

Step 1. By assumption (3.1.12), we have that Fi¥ is fo-chaotic which
implies that Q) = QY 0 (0)™! goes weakly to fy in law, and, since f; is de-
terministic, also in probability. Hence Qy = fy a.s. and thus fo(0)~! = fo.
Thus Q a.s. satisfies (a).
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Step 2. Since %le\il 5Xti,N goes weakly to Qy, for all j > 1,@1]\’ goes

weakly to 7, where m, := £(Q;) and m;; := fP(RQ) f®m(df). We can thus
apply [40, Theorem 5.7] (and then the Fatou Lemma) to get

T T T
E[/O I(Qs)ds]:/o E[I(Q,)|ds < /0 lim inf 1(FY) ds
T
< liminf/ I(FN)ds,
N Jo

which is finite by Theorem 3.1.6. We conclude that fOT I(Qy)ds < oo a.s. We
also have, using the Fatou lemma and the exchangeability of the particles

]E[sule(Qt)} < ]E[liminfsup Ml(in)}
0,7 N o)

<hm1nfE[sup— X’N]
B sup Z’

< liminfE[sup |X3N|} <C(1+7),
N [0,7]

by (3.1.13), so that supyy , M1(Q;) < 0o a.s. Consequently, Q a.s. satisfies

(b).

Step 3.1. Using It6’s formula

O :=p(XN) + NZ/ Voo X)) KXY — X)) ds
J#i

—/Amﬁwm
0
t
:w%%+ﬁ/vm&%d&
0

But, using the last equality, we see that
N

F(QN) = el (X)X 0] - OF)

ZIH

=1
VZy " o~y [ ' -
=% LA Al [ Vel aB.
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From there, and thanks to the independence of the Brownian motions we
conclude that (recall that the functions ¢1, ..., ¢k, V¢ are bounded)

Step 3.2. We also introduce the regularized version of F. For ¢ € (0, 1),
we define F. replacing K by K. defined by (3.3.1). Since f — F.(f) is
continuous and bounded from P(C([0,00);R?)) to R and since @V goes in
law to Q, we deduce that for any € € (0, 1),

E[|7(Q)l] = im E[|7.(QM)]

Step 3.3. Using that all the functions and their derivatives involved in F
are bounded and that |K.(z) — K(z)| < || *Lo<jq|<-, We get

| F(f) — |<ch/// |y (u "M Locyu)—g(u)| << du f(dy) f(d7)
<C 53/2 a// |'Y | /:ﬂ-'y(u)7év duf<d7)f( )

Thus,

3/2—«
FQY) -~ RV < T / XN XN |82 gy,
i#]

and by exchangeability
t
E[IF(Q") - Q")) < Cr [ B[IXIY - X3N] du
0

Using Lemma 3.2.1 with v = 3/2 and 8 = 1 and denoting by % the two-
marginal of F¥V we have

E [|[F(QY) — F.(QY)|] < Cre®/*™ /OtI(Fg) du.

Using that [(F)) < I(F}) by Lemma 3.2.2 and Theorem 3.1.6 we conclude
that
B [|F(QY) - F(QY)]] < Cre¥l2e.
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Step 3.4. Now we see that

t
F(Q) — Fo(Q)] < Cpeb/> / / & — y| Q. (dx) Qu(dy) ds.
0 R2 JR2

Step 2 says that (3.4.1) holds true for Q;, then thanks to Lemma 3.2.4 we
get that a.s., V,Q, € L*/G1=2)(0, T; L1(R?)) for all ¢ € [1,2). Then using
[36, Lemma 3.5] for 7 = 3/2 we deduce that a.s.

lim |F(Q) — F.(Q)| = 0.

e—0

Step 3.5. Using Steps 3.1, 3.2 and 3.3, we finally observe, using the same
arguments as in [36, Proposition 6.1, Step 4.5], that

E[|F(Q) A1) < Cre*?7* + E[|F(Q) — Fo(Q)| A 1],

so that F(Q) = 0 a.s. by Step 3.4 thanks to dominated convergence and Q
a.s. satisfies (c) which concludes the proof. O

3.5 Well-posedness and propagation of chaos

We start this section with the proof of existence and uniqueness for the
nonlinear S.D.E. (3.1.4). We will use that for v € (—2,0), for ¢ € (2/(2 +
7), 0] and for any h € P(R?) N LY(R?),

sup/ h(ve)|v — v dv, < sup/ h(v,)|v — .| dv,
vER2 JR2 vER? J |v,—v|<1

+ sup / h(vy)dv,
o —v|>1

veER?

(3.5.1) < CyllPllLawe) + 1,

where
(¢=1)/q
Chq= [/ ‘U*‘vq/(qfl)dv*} < 00,
|os|<1

since by assumption vq/(¢ — 1) > —2.
Proof of Theorem 3.1.7. The existence in law follows from Proposi-
tion 3.4.2 and Lemma 3.4.1 (see the comment after (3.4.1)). We now prove
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pathwise uniqueness which will also imply the strong existence. To this aim,
we consider (X;);>o and (Y;);>0 two solutions of (3.1.4) such that, setting

fs = L(X,) and g5 := L(Y3), (fi)es0 and (g¢)s>0 are in L52.([0, 00), Py (R?)) N
L,.([0,00); LP(IR?)) for some p > 2. For any s > 0, we consider the proba-

loc
bility measure R, on R? x R? with first (respectively second) marginal equal

to fs (resp. gs) such that

Wi(fo. 9s) = / | — y|Ru(dz, dy).
R2xR2
We have

X~ Y=y / RK = ) fu(dz)ds — / [ K= natanis)

S / / G = 2) = K (Y, = ) Ry(da,dy).

Using Lemma 3.2.5 and recalling that £(X;) = f;, L(Y;) = ¢, and that R,
has marginals f; and ¢, this gives

T
1
Elsup | X; — Y]] < C, / / E[ X, - Y.+ |z — <—
[[O’TI;’ ¢t — Y] XL (I |+ [z —yl) X, = gpor
1
+ m)} Ry(dz, dy)ds
r 1
<c, E[XS—YS( N —
< Cox | E[x=vi( || =it
1
o T
1
C, IE S —
ron [ [l el
1
+ m} RS(dI, dy)ds.

Using (3.5.1), we thus have, since [o, g [# — y|Rs(dz, dy) = Wi(fs, gs) <
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E[|Xs — Y;|] by definition of Wy,

T
Bfsp X~ Y] < € / E[|X, — Y,[J(1+ [1follzr + llgsle)ds
0, 0

T
e / / =yl 1 Fullor + 18] 120) Ro(d, dy)ds
0 R2 xR2

T
<C [ BIX - YU+ If+ gl
0

By Gronwall’s Lemma, we thus get E(supp 1| X; — Yi|) = 0 and pathwise
uniqueness is proven. O

The following lemma is useful for the uniqueness of (3.1.1).

Lemma 3.5.1. Let p > 2/(1 — «) and consider a weak solution (fi)i>o to
(3.1.1) lying in L52.([0,00), P1(R?)) N L},.([0,00); LP(R?)). Assume that for

loc
some h = (hy)i>o lying in L2 (]0,00), P1(R?)) N L}, ([0, 00); LP(R?)), for all

o€ C2R2), all t >0, .
(3.5.2) /}RQgp(m)ht(dx) / o) foldz) + / RQAM 2)ha(de) ds

N X/ /11@2 R2 K(x —y) - Vap(x)fi(dy)hs(dz) ds.
Then h = f.

Proof. For any ¢ € C?(R?) and any t > 0, we set
Aip(z) = Dap(x) = x [ K(z —y) - Vaop(z) fi(dy).
R2

We will prove that for any u € P;(R?), there exists at most one h lying in
L2 (10, 00), P1(R?))NLL ([0, 00); LP(R?)) such that for all t > 0, p € C?(R?),

(3.5.3) /R pla)h(dr) = /R pla)ulda) + /0 [ el (dn)ds

This will conclude the proof since f and h solve this equation with yu = fy
by assumption.
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Step 1. Let p € P1(R?). A continuous adapted R%-valued process (X;)>o
on some filtered probability space (Q, F, (Ft)i>0, P) is said to solve the mar-
tingale problem M P((A¢)so, 1) if Po X;' = p and if for all ¢ € C?(R?),
(M?)i>0 is a (Q, F, (Fi)i>0, P)-martingale, where

t
Mt@ = @(Xt> - / ASSO(XS)dS‘
0

Using Bhatt-Karandikar [5, Theorem 5.2] (see also Remark 3.1 in [5]), unique-
ness for (3.5.3) holds if

(i) there exists a countable subset (¢r)r>1 C C? such that for all ¢ > 0,
the closure (for the bounded pointwise convergence) of {(pk, Aipr), k > 1}
contains {(p, Aip), ¢ € C%},

(i) for each zy € R?, there exists a solution to M P((A;)>0, 0z, )s

(iii) for each xy € R?, uniqueness (in law) holds for M P((A;)>0, 0z, )-

Step 2. We first prove (i). Consider thus some countable (p;)z>1 C C?
dense in C?, in the sense that for ¢ € C?, there exists a subsequence ¢y,
such that 1, o (||t — @p, oo + (17 — @ 1o + [0 — @ [loe) = 0. We then
have to prove that, for t > 0,

(a) Aypg, (z) tends to Aup(z) for all z € R?,
(b)sup,, [|Aspr, [[se < 00.
Let z € R%. By Lemma 3.2.5, we have

" /! / / 1
A, () = AW < 10" = ¢+ IV =l | i)
— 0,

since [gs @ft(dy) < C(1+ ||fillze) by (3.5.1). For (b), we can observe
that setting A := sup,, (||@x, [l + [l9n; lloo + [16%, |loc)

|Avor, | < A+ xA feldy) < A+ CAQ+ || fillze),

R2 |i’f' - y|a

which concludes this step.

Step 3. Using classical arguments, we observe that a process (X;)i>o is a
solution to M P((A;)>o0, 6,) if and only if there exists, on a possibly enlarged
probability space, a (F;)¢>o-Brownian motion (B;);>o such that

(3.5.4) X, =z — X/t A K(X, — z)f,(dz)ds + V2B,.
0 2
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It thus suffices to prove existence and uniqueness in law for solutions to
(3.5.4) to get (ii) and (iii).

Step 4. The proof of (pathwise) uniqueness for (3.5.4) is very similar with
the proof of uniqueness for (3.1.4) which has already been done and we leave
it to the reader.

Step 5. It remains to check (ii) to conclude. We thus have to prove the
existence of a solution to (3.5.4). To this aim, we use a Picard iteration. We
thus consider the constant process X = zy and define recursively

t
XM = — X/ K(X" — z)f,(dz)ds + V2B,.
0 Jr2
Using the same kind of arguments as in the proof of Theorem 3.1.7, we get

T
B(sup X7 - X7)) < © / E[[X7 — X)L+ || fullr)ds.
0, 0

Since fOT(1~|—| | fsl|Lr)ds < oo, we classically deduce that Y- E(supyy 7y | X7 —
X}7'|) < o0, so that there is a continuous adapted process (X;);>o such that
for all T > 0, limnE[sup[O’T] |X;: — X"|] = 0. This L' convergence implies
that (X}):>0 is solution to (3.5.4), which concludes the proof. O

The following result ensures that uniqueness holds for (3.1.1).

Theorem 3.5.2. Let fy and gy be two probability measures with finite first
moment. Let (f;)i>0 and (g¢)i>0 be two solutions to (3.1.1) starting from f,
and gy respectively and lying in L;2.([0, 00), P1(R?))NL;, ([0, 00); LP(R?)) for
some p>2/(1—a). Then

Wil € Waldogo)esp (€ [ (4 11F+ alli)ds).

Proof. Let thus p > 2/(1 — «), (ft)i>0 and (g¢+)i>0 be two solutions to
(3.1.1) lying in L52.([0,00), P1(R?)) N L}, .([0,00); L?(R?)). For any s > 0,
we consider the probability measure R, on R? x R? with first (respectively

second) marginal equal to f; (resp. gs) such that

Wiy, 95) = / |z — y|Ru(de, dy),

R2 xR2
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and we consider (X, Yp) with law Ry. We finally set
t
X =Xo— x/ K (X, — @) f,(dz)ds + V2B,
R2
.
Y, :YO—X/ K(Ys—x)gs(dx)der\/éBt.
0 Jr2

Using It6’s formula, we see that h defined by h; := L£(X;) satisfies (3.5.2) and
Lemma 3.5.1 ensures us that £(X;) = f;. Similarly, we also have L(Y;) = g;.
Using the same arguments as in the proof of Theorem 3.1.7, we easily get

t
E(|1X: - Yil) SEHXO—WHC/ E[IXs = Ysll(1 + [[fs + gsl|r)ds.
0

Using the Gronwall’s Lemma and recalling that E[| X, — Y5|] = Wi (fo, 90),
we get

B = YiD) < Wil gn)exp (€ [ (1 1+ alun)ds).

which concludes the proof since Wi (i, g:) < E(| Xy — Yi|). O

We can now give the proof of our well-posedness result for (3.1.1).

Proof of Theorem 3.1.5 (i). The existence follows by Theorem 3.1.7.
Indeed consider (X;);>0 the unique solution of (3.1.4) with initial law f; and
set for t > 0 f; := L(X;). Thanks to the Remark 3.1.2, f; is a weak solution
to (3.1.1) in the sense given by Definition 3.1.1 and (3.1.15) is exactly (3.1.7).

For uniqueness, consider two weak solutions (f;);>0 and (g;)i>0 of (3.1.1)
satisfying (3.1.7) with the same initial condition fo € P1(R?). Then Theorem
3.5.2 ensures that Wi (fi, g;) = 0 for any ¢ > 0 which concludes the proof. [J

We end this section with the proof of our propagation of chaos result.

Proof of Theorem 3.1.8 (i). We consider Q" := + SV OxiNy,. . BY
Lemma 3.4.1, the family {£(QY), N > 2} is tight in P(P(C([0, ), R?))).
Furthermore, by proposition 3.4.2, any limit point of Q" belongs a.s. to the
set of all probability measures f € P(C([0,00),R?) such that f is the law
of a solution to (3.1.4) satisfying (3.1.9). But by Theorem 3.1.7, this set is
reduced to £((X;)>0) =: f. We thus deduce that QY goes in law to f as
N — oo which concludes the proof of (7).
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3.6 Renormalization and entropic chaos

In this section, we first deal with the renormalization which will give us the
dissipation of entropy for the solution to (3.1.1). From this, we will be able to
show the entropic chaos for the system (3.1.3), which will conclude this paper.

Proof of Theorem 3.1.5 (ii). We adapt the ideas used in [36] for the
2D vortex model to our case, which in particular has a non divergence free
kernel. We split the proof in four steps plus a Step 0 which is nothing but
direct results of what we have already done. We consider the unique weak
solution f = (fi)i>0 of (3.1.1). In step 1 we deal with the necessary estimates
on K x f and V- (K x f) to regularize f. In step 2 we show the convergence
of a regular version of f towards f. In step 3, we improve the regularity of
the solution using a well-known bootstrap argument. Finally, in step 4 we
prove the renormalization property.

We first observe that by construction, f satisfies (3.1.8). Indeed, for any
t > 0, we considered f; as the law of X}, where (X});>0 is the unique solution
to (3.1.4), obtained by Proposition 3.4.2 and Lemma 3.4.1, so that (3.4.1)
(which englobes (3.1.8)) is satisfied.

Step 0. Direct Estimates. We start by noticing that (3.1.8) and Lemma
3.2.4 imply directly (3.1.9) and also that for any p € [1,00) and all T" > 0,
(3.6.1) f e PP~V T; LP(R?)).

Step 1. First Estimates. The aim of this step is to prove that for any
¢>2/aand all T > 0:

(3.6.2) (K« f) € L2Q/(aq*2)(O,T; L9(R?)),
and

(3.6.3) Ve (Kxf)=Kx* (V- f)e L2@0T)=2 (0 7. [1(R?)).

Let us remember the Hardy-Littlewood-Sobolev inequality in 2D: for 1 <
p < 2/<2 - Oé),

f()

e [yl

< Capl fllp-

2p/(2—(2—a)p

dy
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Using (3.6.1) we get that for any p € (1,2/(2 —«)) and all T > 0,
(K *f) e Lp/(p—l)((),T; 1,20/ (2= (2=a)p) (R?)),

and under the change of variables ¢ = 2p/(2 — (2 — a)p) we easily deduce
(3.6.2).

Similarly, but using (3.1.9) instead of (3.6.1), we get that for any p €
(1,2/(2—a)) and all T > 0,

V. (K *f)e€ LQP/(3P—2)(07T; L,2r/(2=(2=a)p) (R?)),
applying the same change of variables ¢ = 2p/(2 — (2 — a)p) we get (3.6.3).

Step 2. Continuity. Consider T' > 0 fixed. For ¢ > 2/a we have that
2q/(¢(14+a)—2) > q/(¢—1), then using (3.6.1) with p = ¢/(¢—1) > 1, and
(3.6.3), we get that fV, - (K * f) belongs to L'(0, T’; L*(R?)). The following
lemma follows directly:

Lemma 3.6.1. Consider a mollifier sequence (p,) on R* and introduce the
mollified function fI' := f; % p,. Clearly, fI' € C([0,00), L*(R?)). For all
T > 0, there exists r™ € L'(0,T; L}, .(R?)) that goes to 0 when n — oo, and
such that

(3.6.4) O f" — XV (K x f)f") = Dpft =1r"

Remark 3.6.2. The proof of the previous lemma is a modification of [25,
Lemma I1.1.(i) and Remark 4. In fact, for all'T >0, f € L>=(0,T; L'(R?))
and for any p > 2/a, (K x f) € LY0,T; LP(R?)). That suffices for the
existence of ™ given by

=X (V- (K= £)f) =" = V- (K= £) )],
which goes to 0 if n — oo in L*(0,T; L, .(R?)).

As a consequence of Lemma 3.6.1, the chain rule applied to the smooth
f™ reads

(3.6.5) OB(f") =x (K * f) - VaB(f") + B (f") f"Va - (K x [)]
+ DB = B ()N f" P+ B ()",
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for any 8 € CY(R) N I/VZQOCOO(R) such that (" is piecewise continuous and
vanishes outside of a compact set. Since the equation (3.6.4) with (K * f)
fixed is linear in f™, the difference frok = fr — f* satisfies (3.6.4) with r"
replaced by r™* := r" — % — 0 in L'(0,T; L}OC(RQ)) and then also (3.6.5)
(with again f and 7" changed in f™* and r™*).

Now, choosing 3(s) = B1(s) where 3,(s) = s?/2 for |s| < 1 and Bi(s) =
|s| —1/2 for |s| > 1. It is clear that 8 € C*(R), that 8/, 8” € L*(R) and that
the second derivative has compact support. For any nonnegative ¢ € C?(R?),
we obtain

d

G | B ) do

- / L 5 1) DaBil™) + B, (K« )] () de
+ [ BB = BT + B (o) do
[t v dat [ BB
+x/ 0 (K Do) do = [ BT (€« f)oe) de

where we have used that |3;| < 1 and that 8] > 0. We know that fy € L'(R?)
then f™*(0) — 0 in L'(R?), also that ™% — 0 in L'(0,T; L} (R?)). It is
not difficult to see that B;(f™*)(K * f) — 0 in L(0,T; L}OC(R2)) (because
f1 is sub-linear, and for all 0 < o < 1 there is ¢ := p/(p — 1) > 2/a, then
using (3.6.1) and (3.6.2): f™* — 0 in LP/*=Y(0,T; LP(R?)), and (K * f) €
L9/a=1(0, T; LI(R?))).

The same arguments apply to 81 (f™*)V, - (K x f) and | f"* V, - (K * f)],
and then both goes to 0 as n, k — oo in Ll(O T; L} (R?)). Finally, we get

loc

sup [ Bu(f™ (¢, ) () de — 0.

te[0,7] JR2 n,k—00

Since 1 is arbitrary, we deduce that there exists f € C/([0, 00); L}, .(R?)) so
that f* — f in C([0, 00); Li,.(R?)) with the topology of the uniform conver-
gence on any compact subset in time. Together with the convergence f* — f
in C([0,00); P(R?)) we get that f = f. We end this Step by concluding that,

with the same convention for the notion of convergence on [0,00): f* — f
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in C([0, 00); L' (R?)).

Step 3. Additional estimates. From (3.6.5), we know that for all 0 < t5 <
tl) all 77Z) € CE(R2)7

aos) [ amadns [ [ SUDIVLLPo@ deds

- [Lotmwras [ [ s

" / [ BUD[Bavta) = x (5 5 )9 0()] dads
+X/ / (= BN Y(x) V- (K * f) da ds.

Let us choose 0 < ¢ € C2(R?) and 3 € C'(R) N W2 (R) convex such that

loc
p" is nonnegative and vanishes outside of a compact set (notice that, there

is a constant C' > 0 such that sf'(s) < CB(s)). We can pass to the limit as
n — oo (for details see Step 2) to get

[ Blayita)de < [ 50 da
+ / ! } B [Ast(@) — X (K * f)V(x)] dz ds

o [ R + I T (5 ),

It is not hard to deduce, by approximating ¢y = 1 by a well-chosen se-
quence g that

B(ft)dx < B(fro) dﬂH‘X/ / B(fs)+ B (fs)fs] Vo (Kxf)dxds.
R2 R2

RQ

whenever 3 is admissible.

Now we deal with the regularity in space of (3.1.10). Let us start by
noticing that taking p > 2/(1 — «a):

(1-a)fw) ,

2 |z —y[tte 7

(3.6.7) V(K + f)(z) = /

R
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so that using (3.5.1),

T

T
/0 IV (K % fo)llimqee) < Clasp) / (1 Loy + 1) < oo,

and due to the fact that s5'(s) < CB(s), we get

[ 8(u)a / By d
+(C+1)X/t IVa (K * £)(@) | g /Rzﬁ(fs)dxds.

Then Gronwall’s lemma implies that for all 0 < ¢y <t; < T,

B de < C.T) [ B
R2 R2
Finally letting 8(s) — |s]?/q, we get that forallg > land all0 <ty < t; < T,

(3.6.8) £t M zagey < Clg o, T f (o5 ) || Lagre)-

Coming back to (3.6.6) and using S(s) = s?/2 for |s| < M and By(s) =
M]|s| — M?/2 for |s| > M, we have

/Rz BM(f'Z)wdiﬂJr/t:1 /RQ]lfs|<M|vxfg|2¢dl'ds
- [Loutmvdss [ [ stmrot deas

+ /t1 | Bu(f3) (M) — X(K % £)Va(z)] da ds

0 N
o [ I = B 0(e) V. (K f) o,

similarly as above we first make n — oo, then we approximate ¢» = 1 by
a well-chosen sequence ¥ and make R — oo, and finally make the limit
M — oo to find that for every T' >t >ty > O:

t1
[ e [ ] 9P s
R2 to R2

t1
< / fuol? o + x / IVo(K % )@l ey / £ da ds.
R2 to R2
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We conclude, using (3.6.8), that for all 0 < ¢y < T" and any ¢ € [1,00):

(3.6.9) f € L®(ty, T; LY(R?)) and V.f € L*((to,T) x R?).

To get the continuity in time of (3.1.10), we need to improve even more
the estimates on f which will be achieved using a bootstrap argument. First,
fixing p > 2/(2 — a) we notice that for all £, > 0

1K * fill e < C)A+ [ filler) = K = fi € L®(to, T; L%(R?)),
and thanks to (3.6.7) and (3.6.9):
VoK 5 f)llzee < Co)A+ || fillee) = VoK * f;) € L=(to, T5 L= (R?)),
we thus have
Ouf = Dof = [XF Ve (K f)+ (K f) - V.f] € L*((t,T) x R?),

and [7, Theorem X.11] provides the maximal regularity in L? spaces for the
heat equation, in other words: for all ¢5 > 0

fe L¥(t, T; H'(R?)) N L2(to, T; H*(R?).

Remark 3.6.3. We emphasize that the previous bound is true for all to. In
fact, when fy, € H'(R?), the maximal regularity implies the above bound in
the time interval [ty, 00). But thanks to (3.6.9), we can find ty arbitrary close
to 0 such that fy, ;2 € H'(R?), then we get the conclusion.

Using now the interpolation inequality, there exists a constant C' > 0
such that
2/3 1/3
IVeSllzscee) < CUD () 1 ey

which implies

T T
| 19l s <€ [ 102l < o
to to

Thanks to the previous calculus and again [7, Theorem X.12] we conclude
that d,f, V.f € L*((ty,T) x R?) and then the Morrey’s inequality implies
that for all ¢5 > 0

feC((t, T) x R?),



202 CHAPTER 3. SUBCRITICAL KELLER-SEGEL

all together allow us to deduce that
feC(o,T); L' (R*) N C((0,T); L*(R?)).

We can go even further iterating this argument, using the interpolation
inequality and the Sobolev inequality, to deduce that V,.f € LP((to, T) x R?)
for any 1 < p < oo, [xf Ve (Kx f)+ (K x f)-V.f] € LP((to,T) x R?) for
all 5 > 0. Then the maximal regularity of the heat equation in L” spaces
(see [7, Theorem X.12]) implies that for all £5 > 0

atf7 Vacf € Lp((thT) X RQ)?

and then using again the Morrey’s inequality: f € C%*((to, T') x R?) for any
0 < a <1, and any ¢ty > 0. All together allow us to conclude (3.1.10).

Step 4. Renormalization. To end the proof we show (3.1.11). Let thus
B € CYR) N W22 (R) sub-linear, such that 3" is piecewise continuous and
vanishes outside of a compact set. Thanks to (3.6.9), we can pass to the limit
in the similar identity as (3.6.6) obtained for time dependent test functions

¥ € C%(]0,00) x R?) to get
(3.6.10)
/ / B (f)VafulPibs dr ds = / B(fuo )t d
to R2 R2

i X/t Oo / Vo) Vo - (K % f)(f8(fs) = B(S)) da ds
+ /too g B(fs) (Datos(x) — X(K * [)V () + O)s()) da ds.

In the case v > 0 and 8” > 0 we can pass to the limit ¢, — 0 thanks to
monotonous convergence in the first term, the continuity property obtained
in Step 2 in the second term, and the monotonous convergence in the other
terms (recall that s3'(s) < B(s), 8 is sub-linear and |f|(1 + |K * f| + |V -
(K x f)]) belongs to L'(0,T; L'(R?) thanks to (3.6.2) and (3.6.3)). We get

(3.6.11) /0 /R25”(f5)|vxfs’2¢sd$d8=/RQﬂ(fo)wtodw
+ / / BUE) [Datds — XVal(K % £) - ) + 0] davds
0 R2
+x / B fos() Vo - (K % ) der ds,
0 R2
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and the bound given by (3.6.11) implies directly that we can pass to the limit
to — 0 in the general case for ¢ in (3.6.10) which is nothing but (3.1.11) in
the distributional sense. U

We now give a useful lemma for the entropic chaos.

Lemma 3.6.4. Let a € (0,1) and fy € Pi(R?) such that H(fy) < oo. Let
(ft)i>0 be the unique solution of (3.1.1) satisfying (3.1.7). Then

@o12) H(g)+ [ 100 = () +x-a) [ [ [ DL,

Proof. For m > 1, let us take £,, € C'(R) N W2>(R) given by

loc

slog(s) + (1 —s)/m for m™1 < s < m,
Bin(s) = § Bn(m_) + B, (m_)(s —m) for s > m,
Bm(mi") + B, (m7") (s —m™")) for s <m™!,

so that S,,(s) < Cs and f,, — slog(s) for any s > 0.
Since (B, is admissible (in the sense of Theorem 3.1.5), then using (3.1.11)
we get that for any ¢ € C°(R?),

[ ntowdn [ Gu(yds
— /O/V K+ ) (FB(f) = Bl ) da ds
T /0 t / B(f) (Dt = X(K % ) - V) der dis

-/ [annivaydcas

using that 8 (s) is nonnegative, that (,, growths linearly at +o0o and that
(fs)s>o0 is nonnegative we can make 1) — 1 to get

[ tutsaa= [ (e =x [ t [ Ve U D 5,0) = Bl ) dnds

- /0 t [ DIV e s
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In fact, the first and the second terms converge thanks to monotonous con-
vergence and that |f,,(s)| < C|s|. The third term is a consequence of the
monotonous convergence, that ! (s) is bounded, and that f V- (K f) (resp.
|f(K * f)| for the fourth term) is integrable by (3.6.3) (resp. (3.6.2)). The
last term is a consequence of (3.4.1).

Finally, we notice that in the interval (0, 1] the function — 3, increases to
—slog(s) while in the interval [1, 00), 8,,(s) increases to slog(s). Thanks to
the monotonous convergence we can make m — oo and using the integrability
of all the limits we get (3.6.12). O

It remains to conclude with the proof of the entropic chaos.
Proof of Theorem 3.1.8 (ii). We only have to prove that for each
t >0, H(F}Y) tends to H(f;). To this aim, we first show that for any ¢ > 0

N

(3.6.13) L :=limsup [H(F;N)+ / tI(FSN)ds] < H(fe) + / tI(fs)ds

Let t > 0 be fixed. Using (3.1.14) and recalling that H(FY) — H(fy) by
assumption, we have

L<H(f0)—i—hmsup Lo Z/ : L : ]ds,

N N
oy ‘X; _ Xg |a+1

so that using that H(f;) +f0 (fs)ds = H(fo)+x(1—a) fot Jeo Jeo %ds’
by Lemma 3.6.4, we only have to prove that

L 1 fo(dz) f(dy)
ngnooﬁ/o E[g XN - Xg"N|a+1 / /IR o o =gl O

By exchangeability, it suffices to prove that, as N — oo,

! s(dx) fs(dy)
DN::/ [ TN W —>// il xfa+1yd::D.
o LxPN - xZ |a+1 r2 Jr2 |z =y

For any € > 0, we have

’D - DN‘ S |D_De’ + ’De - DN,e’ + |DN,€ - DN’)
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where Dy, = fot [ L }ds and D, fo fR2 fR2 fs(dn)fs(dy) 1o

(XTI X2V [yeyat (lz—y|ve)atl
Using that for any € > 0 fixed, the function (x,y) — (Jz —y|Ve) ™! is
bounded continuous and that E(X LN X2N) goes weakly to f,® f, for any s >

0, we have limNE[ ! } = J fRQ Sado)f(dy) By dominated

(XN _x2N|ye)att (lz—ylve)oti-
convergence, we thus get that limy |De — Dy | = 0. We thus have

limsup |D — Dy| < |D — D.| + limsup |Dy,. — Dn| Ve > 0.
N N

Let & be such that « +1 < & < 2. We have

fs(dx) fs(dy)
|D — D] < 2/ /R g T Hja—yl<erds

|{L‘ _ y|a+1

/ / fs(dz) fs dy)ds
g2 Jr2e T —yl®
< Ceie- / (1+ I(f))ds < C(1+ )i,

0

by Lemma 3.2.1 (applied with F' = f; ® fs, for which I(Fy) = I(fs)) and
(3.1.8). Using the same arguments, we also have for any N > 2

t
Dy — Dn| < Cedal/ (1+I(FN)ds < C(1 + t)e* 1.
0

We thus get that limsupy |D — Dy| = 0 and (3.6.13) is proven.
Using [40, Theorem 3.4 and Theorem 5.7|, we have

t t
(3.6.14) thme(ﬂN) > H(f;) and liminf / I(FN)ds > / I(f,)ds
0 0
Using (3.6.13) and (3.6.14), we easily conclude that

i HEY) = () and i [ 1GENas = [ 1070

which concludes the proof. O
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