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Résumé en Francgais

L’objet de cette these est d’étudier la théorie du transport optimal sur un espace
de Wiener abstrait. Les résultats qui se trouvent dans quatre principales parties,
portent

e Sur la convexité de 'entropie relative. On prolongera des résultats connus
en dimension finie, sur I'espace de Wiener muni d’une norme uniforme, a
savoir que l'entropie relative est (au moins faiblement) 1—convexe le long
des géodésiques induites par un transport optimal sur ’espace de Wiener.

e Sur les mesures a densité logarithmiquement concaves. Le premier des
résultats importants consiste a montrer qu’'une inégalité de type Harnack
est vraie pour le semi-groupe induit par une telle mesure sur l'espace de
Wiener. Le second des résultats obtenus nous fournit une inégalité en di-
mension finie (mais indépendante de la dimension), controlant la différence
de deux applications de transport optimal.

e Sur le probleme de Monge. On s’intéressera au probleme de Monge sur
I’espace de Wiener, muni de plusieurs normes : des normes a valeurs finies,
ou encore la pseudo-norme de Cameron-Martin.

e Sur I’équation de Monge-Ampere. Grace aux inégalités obtenues précédemment,
nous serons en mesure de construire des solutions fortes de 1’équation de
Monge-Ampere (induite par le cotit quadratique) sur l'espace de Wiener,
sous de faibles hypotheses sur les densités des mesures considérées.

Mots clés : transport optimal, probleme de Monge, convexité, espace de Wiener,
équation de Monge-Ampere, dimension infinie, mesure logarithmiquement concave.






Abstract in english

The aim of this PhD is to study the optimal transportation theory in some abstract
Wiener space. You can find the results in four main parts and they are about

e The convexity of the relative entropy. We will extend the well known results
in finite dimension to the Wiener space, endowed with the uniform norm.
To be precise the relative entropy is (at least weakly) geodesically 1—convex
in the sense of the optimal transportation in the Wiener space.

e The measures with logarithmic concave density. The first important result
consists in showing that the Harnack inequality holds for the semi-group
induced by such a measure in the Wiener space. The second one provides us
a finite dimensional and dimension-free inequality which gives estimate on
the difference between two optimal maps.

e The Monge Problem. We will be interested in the Monge Problem on the
Wiener endowed with different norms: either some finite valued norms or
the pseudo-norm of Cameron-Martin.

e The Monge-Ampere equation. Thanks to the inequalities obtained above,
we will be able to build strong solutions of the Monge-Ampere (those which
are induced by the quadratic cost) equation on the Wiener space, provided
the considered measures satisfy weak conditions.

Key words: optimal transport, Monge problem, convexity, Wiener space, Monge-
Ampere equation, infinite dimension, logarithmic concave measure.
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Chapter 1

Introduction

Des problemes mathématiques, laissés parfois a ’abandon pendant plusieurs
siecles, peuvent refaire surface, étre redécouverts et réinvestis pour prendre une en-
vergure tres importante. C’est le cas du probleme économique posé par I'ingénieur-
mathématicien frangais Monge en 1781 dans une note a ’Académie des Sciences.
Gaspard Monge, né d’ailleurs non loin d’ici (Beaune), s’est demandé s’il existait
un moyen de transporter un déblais vers un remblais, de facon la plus économique
possible. La plus économique possible signifie que 1'on connait parfaitement le
colit de transport occasionné pour déplacer une partie du déblais vers une autre
du remblais. Cela revient mathématiquement & se donner une fonction (appelée
fonction de cotit), qui est donc au préalable de ’étude connue, et la question est de
savoir §'il existe des applications mesurables (moyen de transport) envoyant une
mesure (le déblais) vers une autre (le remblais). Monge a formulé ce probleme
a priori tres concret, en des termes mathématiques rigoureux (voir ses notes a
I’Académie des Sciences [52]).

Le probleme qui parait pourtant simple, s’avere particulierement compliqué, et
Monge lui-méme n’a pu le résoudre a son époque. Il a fallu attendre les années 2000
(plus de deux siecles plus tard !) pour que le probleme de Monge, de la maniere
dont son auteur ’a posé, fut résolu. Oui, il existe un moyen d’effectuer le transport
(une application de transport) afin que le cout global soit le moins cher possible.
La solution est apportée indépendamment par de grands mathématiciens, a savoir
Ambrosio dans [3], ou Triidinger et Wang dans [57]. Un petit bémol pourtant pour
les ingénieurs, les mathématiques nous assurent I'existence d’une solution, mais ne
nous donnent pas le moyen de faire en pratique ! Sauf cas bien précis, lorsque
le cotit de transport a une forme particuliere (vaut 0 ou 1), rien ne nous permet
de dire quelle quantité doit étre envoyée a tel ou tel autre endroit. La curiosité
mathématique a conduit a un engouement extrémement rapide, étoffant ainsi la
théorie, connue aujourd’hui sous le nom de théorie du transport optimal.

Au départ, il parait naturel (et c’est comme cela que Monge I'a introduit) de

11



CHAPTER 1. INTRODUCTION

dire que le prix que I'on paye pour déplacer une quantité d’un endroit a un autre,
dépend de la distance entre le point de départ et celui d’arrivée. Ainsi modéliser
le cout de transport entre deux points par la distance entre ces points semble
raisonnable. Si py est une mesure représentant la quantité a transporter, p; une
mesure représentant le lieu d’arrivée de la quantité, et 7' une application (un moyen
de faire) qui transporte py sur p; alors le cout total de déplacement de pg vers p;
est donné par la quantité

/R o~ T(@)ldpo(a).

Puisque notre soucis est de trouver un moyen (une application) qui minimise ce
colit de transport global, le probleme de Monge a résoudre s’écrit mathématiquement

inf |z — T'(z)|dpo(z),
Typo=p1 JR2
ou la contrainte T py = p; correspond a envoyer la mesure py sur la mesure p; par
le biais de I'application 7. Cette contrainte n’est pas agréable du tout, puisqu’elle
est hautement non linéaire et non convexe, ce qui rend le probleme absolument
délicat a résoudre.

Les derniers auteurs cités se sont appuyés sur des travaux tres conséquents
réalisés a partir du milieu du 20e siecle, comme ceux de Kantorovich. Ce mathéma-
ticien et économiste russe relaxa le probleme de Monge en un probleme d’optimisation
convexe, cela lui a valu I’obtention du Prix Nobel d’Economie. Le premier mathéma-
ticien qui proposa une preuve de l'existence de ’application optimale 7" fut Su-
dakov, mais sa preuve n’est pas correcte car elle repose sur un fait de désintégration
qui ne fournit pas toujours les informations suffisantes. Ou encore le mathématicien
francais Brenier qui fut le premier a caractériser les applications de transport op-
timal dans le cadre du cout euclidien au carré.

Les mathématiciens aimant généraliser les résultats, a des ensembles de plus en
plus abstraits, le probleme de Monge actuel prend la forme

in / d(z, T(2))dpo(x),
Typo=p1 J x

ou les contraintes sont les mémes, et (X, d) est un espace (suffisamment gentil tout
de méme) Polonais, ou encore de longueur (voir Gigli [42]). Tres vite, on trouve
dans la littérature des problemes similaires, ot d’autres cotits de transports sont
considérés. La raison premiere est que le probleme de Monge faisant intervenir la
distance est difficile a résoudre, de part le caractere trop peu régulier du cott : en
effet la fonction distance, méme si elle provient d’une norme, n’est pas strictement
convexe en tant que fonction, et ne vérifie pas la condition (Twist) introduite dans
le Chapitre 3. C’est ainsi qu'un des premiers travaux fournissant une application
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de transport optimal (c’est-a-dire solution du Probleme) est celui de Brenier [14],
ou le colt considéré est la distance au carré. Le fait de regarder la distance a la
puissance p ou p > 1 simplifie grandement la résolution du probleme, puisque la
fonction de cout gagne suffisamment en régularité.

Revenons sur le fait que le contrainte Tupy = p1 ne soit pas agréable. Elle
correspond a imposer que l'application 7" envoie notre premiere mesure py sur la
deuxiéme p;. Justifications a part, si nos mesures sont absolument continues (par
rapport a Lebesgue par exemple) de densités respectives fy et f1, la condition peut
se traduire par le fait que ’application 1" doit résoudre une équation aux dérivées
partielles bien connue, celle de Monge-Ampere :

[i(T)|det(VT)| = fo.

Lorsqu’un probleme d’optimisation est délicat a résoudre de part ses contraintes
difficilement manipulables, une maniere de procéder est de relaxer le probleme. Il
se trouve que Kantorovich a proposé un probléeme, qui au lieu de transporter une
mesure vers une autre par une application, couple ces deux mesures ensemble. Le
fait de coupler correspond mathématiquement a trouver une mesure sur l'espace
produit et dont les marginales sont précisément py et p;. Il porte dorénavant le
nom de Probleme de Monge-Kantorovich et s’énonce ainsi

in / o, y)dl(z, y),
XxX

HEC(pO ,Pl)

avec C(po, p1) I'ensemble des couplages entre py et pi, et ¢ la fonction de coft.
Cette fois la contrainte est convexe, et la fonctionnelle qui & un couplage associe
le cout de transport total étant linéaire, ce probleme est particulierement facile
a résoudre : une solution (un couplage optimal) existe toujours des lors que 1'on
suppose un minimum de régularité sur la fonction de cout, par exemple ¢ étant
semi-continue inférieurement. D’un point de vue pratique, la différence entre le
Probleme de Monge et celui de Monge-Kantorovich s’explique comme suit : le
premier probléeme consiste a transporter chaque quantité telle quelle, tandis que le
second autorise a séparer la masse du départ et envoyer les différentes parties vers
différents endroits.

De ces deux problemes (Monge et Monge-Kantorovich) nait la théorie du trans-
port optimal. L’ampleur de la théorie est telle, qu’elle fournit d’inombrables et
inattendues applications : en géométrie, en probabilité, en théorie des jeux... Dans
cette these on s’intéresse a la théorie du transport optimal en dimension infinie.
En effet malgré un gros engouement en dimension finie, on trouve peu de résultats
sur les espaces de dimension infinie. On s’intéressera notamment aux espaces de
Wiener abstraits, et souvent a ’espace classique de Wiener. Un espace de Wiener
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CHAPTER 1. INTRODUCTION

est le cadre naturel de généralisation des espaces de dimension finie. Il consiste en
la donnée d’un espace de Hilbert H, qui s’injecte dans un espace Polonais (X, d),
muni d'une Gaussienne p portée par X, appelée mesure de Wiener et généralisant
les mesures Gaussiennes sur R”. D’un point de vue probabiliste, la mesure de
Wiener est la loi du mouvement Brownien. Rappelons qu’il n’existe pas de mesure
de Lebesgue en dimension infinie, et qu’'une mesure gaussienne est certainement
son meilleur substitut. Les difficultés rencontrées dans ces espaces proviennent de
plusieurs faits :

e l'aspect local est ardu, les compacts sont d’intérieur vide, et un outil tres
important en dimension finie n’est en général plus valable pour la mesure de
Wiener : le théoreme de différentiation de Lebesgue.

e la différentiabilité des fonctionnelles a lieu seulement dans les directions de
H, a cause du fait que les mesures translatées u(. + h) sont équivalentes a
1 si et seulement si h est un élément de H. Tout cela repose sur le fameux
calcul de Malliavin.

L’objectif premier de cette these était de résoudre le Probleme de Monge sur
I’espace classique de Wiener muni de la norme uniforme. En effet les seuls résultats
connus jusqu’alors sur I'espace de Wiener concernent la pseudo-norme de Cameron-
Martin. On pourra citer les travaux de Feyel et Ustiinel ([36],[37]), de Kolesnikov
([45], [46]) ou encore de Cavalletti ([19]). Cette question naturelle est cependant
particulierement délicate et ’objectif en soi n’a pas été atteint. Nous exposons dans
ce travail des résultats qui constituent certainement des avancées allant dans ce
sens. Principalement nous établirons des propriétés de convexité pour l’entropie
relative sur l'espace de Wiener, traiterons le probleme de Monge pour un cott
provenant d’une norme suffisamment agréable ||.||; ., et améliorerons les résultats
connus sur les équations de Monge-Ampere.

Détaillons un peu plus précisément le contenu de cette these. Elle se décompose
en plus de l'introduction en six chapitres, dont les deux et trois sont consacrés a
I'introduction des outils qui nous serons nécessaires pour mener a bien notre étude.
Le premier consiste a donner le cadre de notre travail, a savoir 1’espace de Wiener,
en rappelant les outils essentiels, le calcul de Malliavin, les opérateurs d’Ornstein-
Uhlenbeck. On insistera sur I’espace de Wiener classique, c¢’est-a-dire ’espace des
fonctions continues sur [0, 1] s’annulant en 0. Etant donné qu’il s’agit d’espaces de
dimension infinie, on rappelle comment on peut les approximer par des espaces de
dimension finie. On finira la partie en introduisant les fonctionnels H —convexes,
qui admettent d’agréables propriétés. Dans le deuxieme chapitre des rappels, on
donnera tous les éléments de la théorie du transport optimal utilisés dans la these.
Les problemes de Monge-Kantorovich et de Monge sont introduits sous une forme
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suffisamment générale et le chapitre s’acheve en un bref historique des traités sur le
probleme de Monge. Le fait d’introduire le probleme de Monge-Kantorovich avant
celui de Monge est contestable, puisque cela ne respecte pas l'ordre chronologique.
Cependant pour des raisons de formalisme et de compréhension, je trouve plus sim-
ple et naturel de voir directement le probleme de Monge comme un cas particulier
du précédent.

Voici de quoi traitent les autres chapitres, ainsi que les principales contributions
de cette these :

e Le Chapitre 4 concerne 1’étude d’une fonctionnelle particulierement impor-
tante sur I'espace des mesures de probabilité, a savoir I’entropie relative Ent.,
par rapport a une mesure de référence v. On se concentrera sur ses propriétés
de convexité. La distance de Wasserstein est un bon outil pour mesurer
I’écart entre deux probabilités, et nous fournit un cadre métrique sur ’espace
des mesures de probabilité. A partir de cela, les notions de géodésiques et
de convexité le long des géodésiques prennent du sens dans ce méme espace.
Depuis Sturm et von Renesse dans [60], dans les variétés Riemanniennes,
on sait que la convexité de Ent, le long des géodésiques est équivalente a
une borne inférieure de la courbure de Ricci. Cette caractérisation est es-
sentielle puisqu’elle permet de définir une notion de courbure sur les espaces
métriques bien plus généraux que les variétés Riemanniennes. On obtient
dans ce Chapitre des propriétés sans faire appel a des théories sophistiquées
telles que la stabilité par les convergens au sens de Gromov-Hausdorff mesuré
(utilisée par Lott et Villani) ou au sens de Sturm. On traitera d’abord de la
dimension finie, avec toujours dans l'optique de passer en dimension infinie.
Sur 'espace de Wiener, on obtient le 1—convexité de I’entropie relative par
rapport a la mesure de Wiener p, lorsque la norme considérée est la norme
uniforme. Autrement dit (Théoreme 4.3.5), pour tout ¢ € [0, 1]

Ent(p) < (1~ )Bnt (o) + 1Bnt, (o) — W2 (o). (10.0)

Ce méme résultat a été démontré par Fang, Shao et Sturm dans [32] lorsque la
norme considérée est la pseudo-norme de Cameron-Martin. Pour des raisons
techniques qui nous seront utiles dans le Chapitre 6, on modifie légerement la
distance de Wasserstein, en une quantité WW. qui est le résultat d’un probleme
de minimisation (proche de celui de Monge-Kantorovich). Avec ce W. qui
n’est plus une distance, on arrive a avoir des estimées du style (1.0.1) sur
un espace de Hilbert de dimension infinie, ou W5 est remplacée par W., et
la géodésique p; n’est plus une géodésique mais un chemin reliant py a p;
(Proposition 4.3.3).
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e Le Chapitre 5 aborde un certain nombre d’inégalités. La premiere partie

contient simplement des rappels sur I'inégalité de Talagrand. Cette inégalité
controle la distance entre deux mesures de probabilité au sens de Wasserstein,
par I'entropie relative. La suite concerne ’établissement d’une inégalité de
Harnack. Celle-ci donne une approximation du semi-groupe de la chaleur
(Ornstein-Uhlenbeck) (voir I'introduction de Kassmann [44]). Sur I'espace
de Wiener cette inégalité a été démontrée par Shao dans [54]. Le processus
standart d’Ornstein-Uhlenbeck sur l'espace de Wiener admet pour mesure
invariante la mesure de Wiener. Dans cette partie nous nous intéressons a
ajouter une densité a la mesure de Wiener et a considérer le processus de
Ornstein-Uhlenbeck associé. Lorsque la densité n’est pas lisse, mais au moins
H—log concave, on montre que l'inégalité de Harnack est encore vérifiée.

C’est I'objet du Corollaire 5.2.3, ou pour tout a > 1, ¢t > 0 et f € Cylin(X),
adg(w,w')?

2(a—1)(e?* = 1)

1P, f(w)|* < Blf|*(w) exp{ } , Yw,uw' € X.
Corollaire parce qu’il découle directement de I’estimée gradient que vérifie le
semi-groupe de la chaleur associé, elle-méme fortement liée a la minoration de
la ”courbure du Ricci” de I'espace. La courbure de Ricci n’étant correctement
définie que dans les variétés Riemanniennes, on lui donne néanmoins un
sens dans 'espace de Wiener, grace au Chapitre 4. Dans la derniere partie
du Chapitre, on étudie la différence entre deux applications de transport
optimal sur R™. Le cott de transport est dans cette partie toujours la norme
Euclidienne au carré. Pour obtenir des estimées on part des équations de
Monge-Ampere et si les densités par rapport a la mesure Gaussienne standart
sont e~ et e sous les hypotheses (5.3.32), on obtient & travers le Théoréme
5.3.9 :

_ _ 2 _
/ IVV|%e de—/ VIV |%e der—l_c (V2 W |13 5e ™V dy
n n Rn
1—c

2

> 2Bty (¢ )~ 2But, (e )+ 5 [ VP ele V.

On a donc une liaison entre la norme de Hilbert-Schmidt de la Hessienne de
©, les entropies relatives des densités, leurs informations de Fisher, ainsi que
la norme de Hilbert-Schmidt de la Hessienne du terme W de la mesure cible.
La grande force de cette inégalité est qu’elle ne dépend pas de la dimension.
Une conséquence forte de cela sera 1’obtention de solution forte de I’équation
de Monge-Ampere dans le Chapitre 7.

Le Chapitre 6 est dévoué au probleme de Monge en dimension infinie. Il est
découpé en deux grandes parties, la premiere étant consacrée aux espaces



de Hilbert et la seconde aux espaces de Wiener. Tout d’abord on adapte la
méthode de Champion et De Pascale, avec laquelle ils prouvent ’existence
dans [21] d’une application de transport optimal pour le probleme de Monge
sur R™ pour n’importe quelle norme. Cette méthode repose fondamentale-
ment sur le théoreme de différentiation de Lebesgue, qui n’est pas toujours
valable en dimension infinie (voir [53]). Toutefois Tiser donne des condi-
tions dans [56] sur les mesures Gaussiennes sur un Hilbert, pour lesquelles
ce fameux théoreme est vrai. Nous nous placerons dans ce cadre, et sous les
hypotheses que les deux mesures py et p; ont leur entropie relative finie, on
montrera (Théoreme 6.1.2), en passant par des estimées indépendantes de la
dimension, que le probleme

inf /H |z — T'(x)|dpo(x) (1.0.2)

Ty po=p1

a au moins une solution. Une autre méthode de Champion et De Pascale
[22], permet d’obtenir des applications de transport sous des hypotheses plus
faibles que celles habituellement requises, a savoir la condition (NonSmooth
Twist). On se proposera d’adapter cette méthode pour les espaces de Hilbert
de dimension infinie. En particulier en supposant seulement que py ne charge
pas les ensembles de codimension 1, on peut montrer que (1.0.2) admet une
solution lorsque le cout est donné par |z —y|+¢ (1 + |z — y\2)1/2 (e > 0). Avec
ces résultats et des hypotheses convenables, on arrive a avoir une stabilité
(convergence en probabilité) des applications de transports.

Concernant l’espace de Wiener, on démontre d’une maniere semblable a
celle de Feyel et Ustiinel dans [36] 'existence et I'unicité de P’application
de transport dans le cas quadratique de la pseudo-norme dy, et sous des
hypotheses plus faibles. En effet dans [36], la méthode directe est donnée
lorsque la premiere mesure est la mesure de Wiener (sans densité). L’objet du
Théoreme 6.2.1 est de traité d’une maniere similaire le cas ot 'on ajoute une
densité dont l'information de Fisher est finie. Enfin sur ’espace de Wiener
classique, on traite le probleme de Monge lorsque le cott est issu d'une norme
de type Sobolev, ||.||s,, pouvant étre considérée comme une moyennisation
des coefficients de Holder. Si on ajoute une puissance p > 1 a la norme, on
prouve 'existence et I'unicité (Théoréeme 6.3.1) de I'application de transport
directement sur l'espace de Wiener, sans passer par des approximations en
dimension finie. Lorsque p = 1 (Théoreme 6.3.4), le cas est plus délicat
et il s’agit d’utiliser une méthode établie par Cavalletti. Ce dernier dans
[19] prouve Iexistence d’une application de transport sur I'espace de Wiener
pour la pseudo-norme de Cameron-Martin. Il s’agit ici de supposer que les
deux mesures pg et p; sont absolument continues par rapport a la mesure de
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Wiener. De plus la stratégie repose sur une désintégration et un théoreme
de sélection.

Le Chapitre 7 traite des solutions fortes de I’équation de Monge-Ampere. Les
résultats obtenus utilisent de fagon abondante les inégalités du Chapitre 5.
Lorsque le cotit est la norme euclidienne au carré, on connait grace a Brenier
la forme de I'application de transport 7T lorsqu’elle existe. En effet celle-ci
s’écrit comme le gradient d’une fonction convexe ¢ (unique a ’ajout d’une
constante pres) transportant pg sur p;, ou encore étant solution de I’équation
de Monge-Ampere

f1(Vo)det(V*®) = f,. (1.0.3)

Et réciproquement si ¢ est une fonction convexe solution de (1.0.3), alors
V& transporte py sur p; et en plus c’est I'unique application optimale de
transport pour le coit euclidien quadratique. Cette caractérisation nous
permet ainsi de tirer des informations (de la régularité principalement) sur
I’application optimal de transport en étudiant 1’équation de Monge-Ampere
(1.0.3).

Dans ce chapitre, on traite dans un premier temps le cas de la dimension
finie. On considere deux mesures de probabilité py et p; sur R” a densité
dans des espaces de Sobolev convenables. Dans le but de passer en dimension
infinie, le déterminant intervenant dans (1.0.3) peut étre remplacé par le
déterminant de Fredholm-Carleman det;. De plus les densités respectives
e~V et e sont regardées par rapport a la mesure Gaussienne standart. Le
Théoréme 7.1.2 sous de faibles hypotheses sur V' et W (voir (7.1.1)), nous
dit que l'application de transport optimal V& est solution de I’équation de
Monge-Ampere suivante

eV = e_W(W’)ew*%'V"Pdetg(Id + V3p), (1.0.4)

ou V& = Id + V. Dans un deuxieme temps, on cherche a gagner le méme
genre de résultat sur l'espace de Wiener. Sous des contraintes similaires
sur les densités, cette fois-ci par rapport a la mesure de Wiener, on ob-
tient une solution forte de I’équation (1.0.4). Cependant, selon comment
I’approximation par la dimension finie est faite, il n’est pas immédiat de voir
si cette fameuse solution est ’application de transport optimale ou non.



Chapter 2

Wiener space

The aim of this chapter is to present the background of the abstract Wiener space
and to prepare materials needed in the sequel.

2.1 Abstract Wiener space

It is well-known (see e.g. [12]) that on any infinite dimensional Hilbert space H,
it does not exist any Gaussian measure whose Fourier transform is given by

Lo
T — exp —§|;c|H .
The concept of the abstract Wiener space has been introduced by Gross in [43] in

order to find suitable extension of H on which such Gaussian measure exists.

By an abstract Wiener space, we mean the triplet (X, H, 1), where X is a separable
Banach space endowed with the norm ||-||, H is a separable Hilbert space endowed
with the inner product ( , )y such that H is densely embedded in X, and u is a
Borel probability measure on X such that

] 1 + 5 *
/ M) dp(z) = exp (—§]j (W), he X (2.1.1)
be

where X* is the dual space of X, (h,x) := h(z) and j : H — X is the embedding
map, so that the dual map j* : X* — H* defined by (j*(¢),h)g = £(j(h)) is
densely defined and continuous. In what follows, we will identify H with H*, H
with j(H) and X* with j*(X*). With these identifications, we have

X*CcH " =HcCX

and
((h)=(lhyy, (€ X* heH. (2.1.2)
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CHAPTER 2. WIENER SPACE

A basic property of the Wiener space (X, H, ) is the following quasi-invariance of
w1 under action of H, due to Cameron-Martin:

/X Fla + h) du(z) = /X F(2) K@) du(z), heH (2.1.3)
where K, has the expression
Ky(z) = exp((h, z) — %|h|fq), (2.1.4)

where (h,z) is a Gaussian random variable under p, of variance |h|%,. When
h € X*, then (h,z) = (h,z) is reduced to the duality between X* with X. Due
to (2.1.3), H is called Cameron-Martin subspace of X, p is called the Wiener
measure.

Let us summarize the features of Wiener spaces:
e H is dense in X with respect to ||.||.

e u(H)=0.

i is a centered and non-degenerated Gaussian measure on X.

There is a constant a > 0 such that

|zl < alz]a, VreX.

2.1.1 Projections onto finite dimensional spaces

A subset C of X is called cylindrical set of X if it has the form
¢ = {ZE < X7 (ll(x)77lN(x)) € B}7

where [; € X*, and B is a Borelian subset of RY. It is known that the o-field
generated by cylindrical subsets of X is the Borel o-field B(X) of X.

Let (e;);>1 be an orthonormal basis of H whose each e; belongs to X*. We denote
by V,, the subspace of H generated by {ej,...,e,}. Let m, : H — V,, be the
orthogonal projection from H onto V,,. According to (2.1.2), 7, can be extended
to the whole space X, writting

T, X —V,

n
xr—>Z(ej,x)ej.
j=1
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2.1. ABSTRACT WIENER SPACE

For each n € N, we have the decomposition z = 7,(z) + (x — m,(z)). Denote
Y, = Ker(m,). Then we can write X =V, @ Y,. With the induced norm, Y, is a
Banach space. Let 7, := (m,)4p, then by (2.1.1),

/ e gy (1) = e 2l 2 eV,

n

In other words, 7, is the standard Gaussian measure on V,,. Denote by 7 (x) =
r—7u(z): X = Y,. Let pu, = (75 )4p. Then again by (2.1.1)

/ e dpry (y) = 72, e V)

n

The triplet (Y, V.1, i1,) is an abstract Wiener space. We have the following fac-
torization of the Wiener measure:

=Y @ . (2.1.5)

2.1.2 Sobolev spaces

Let us introduce some notations in Malliavin calculus (see [48], [29]). A function
f X — Ris said to be cylindrical if it admits the expression

~

f(z) = fler(z),... en(x)), feCFRY),N>1 (2.1.6)

where {e1, ..., ex} are elements in the dual space X* of X. We denote by Cylin(X)
the space of cylindrical functions on X. For f € Cylin(X) given in (2.1.6), the
gradient V f(x) € H is defined by

Vf(z) :Zﬁjf(el(x),...,e]v(x))ej, (2.1.7)

where 0; is ith-partial derivative. Then Vf : X — H. Let K be a separable
Hilbert space; a map F': X — K is cylindrical if F' admits the expression

F=> fik, fi€Cylin(X)keK (2.1.8)

=1

We denote by Cylin(X, K) the space of K-valued cylindrical functions. For F' €
Cylin(X, K), define VF = > | Vf; ® k; which is a H ® K-valued function. For
h € H, we denote

m

(VE,h) =Y (Vfi,hyuk; € K.

=1
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In such a way, for any f € Cylin(X) and any integer £k > 1, we can define, by
induction,
VFEf: X - ®"H.

Let p > 1; set
k ‘ 1/p
|um¢=§Xjwawmgwm@0 , (2.1.9)
=0

here we used the usual convention ®"H = R, V'f = f.

Definition 2.1.1. The Sobolev space D} (X) is the completion of Cylin(X) under
the norm defined in (2.1.9). In the same way, we define the K-valued Sobolev
space DY (X; K).

2.1.3 Ornstein-Uhlenbeck semi-group
The Ornstein-Uhlenbeck semi-group is a powerful tool in Malliavin Calculus.

Definition 2.1.2. For f € Cy(X), we define the Ornstein-Uhlenbeck semi-group
(P)i=o by

(PA)@) 1= [ et VI= e T)du(y)
X
This representation of P; is called the Mehler formula. By Mehler formula, it is

easy to see that
IDtl:l, Pt+3f:PtP3f, Vt,SZO,

/Ptfgduz/ Fg fdp.
X X

A fundamental property is that P, regularizes integrable functions, in the sense
that

and

Proposition 2.1.3. Forp > 1:
fel’(X,u)= PfeDi(X), Vk>1.
In addition for all f € Cylin(X), the following limit

Pl
111

t—0 t

exists in L” and we denote its limit by —Lf. The famous Meyer formula says that
[1£1lp, ~ 11T+ £)" fl] 1.
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2.1. ABSTRACT WIENER SPACE

Definition 2.1.4. The generator L of P, is called Ornstein-Uhlenbeck operator
on the Wiener space X.

The divergence o on the Wiener space is the dual operator of the gradient, that is
for all f € D3(X) and v € Dom(d):

/Xfé(v)duzfx(w,v)du.

6(u)|[Lr < ¢ ||U||]D>’1’(X,H)-

It is known that

We collect a few properties in

Proposition 2.1.5. We have

L=)0oV,
VLf=LVf+V]f.

The second formula is a special form of the Weitzenbock formula.
We consider the following Dirichlet form on D?(X),
EuF 1) = [ 19

and thanks to the property of the divergence 9, we see that £, is associated to the
operator L:

£/, 1) = /X (V£ )y = /X F5 (V1) dp = (L], )

Let p be a probability measure X, absolutely continuous w.r.t. u, with density,
say e~%. We consider the corresponding Dirichlet form:

&1 1) = [ (V£ Pue i
X
Then we have
EF )= [ (VLY Dudu= [ £5(c Vs d
= /X f6 (e f) e¥dp =: (Lf, [),.
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Hence the generator L of £, admits the expression

L(f) = 6(e7"V f)e" = Lf + Vi, V).

Now we can consider ]?t = e ** the semigroup associated to the infinitesimal
generator L. We call P, a modified Ornstein-Uhlenbeck semigroup. It turns out
that P, has p as invariant measure; but instead of P;, we have no explicit formula
for P;.

For more properties on the Ornstein-Uhlenbeck semi-group, we mention [29] or
[12].

2.2 Classical Wiener space

Let X = C(]0,1],R) be the space of continuous functions defined on [0, 1]. Endow
X with the uniform norm ||z||o = sup,e(o 1 [#(¢)]. Then (X, ||.[«) is a separable
Banach space. We denote by

t
H e {h € X| h(t) = / h(s)ds, h e L2([0, 1])} |
0
The space H is called Cameron-Martin space, endowed with the Hilbert norm
Bl = Il 2.

The Wiener measure p on X is induced by the standard Brownian motion on R.
More precisely, for any N > 1 and 0 < t; < ... <ty < 1, the measure p(C) of the
cylindrical subset C' in the form

C={xecX; (z(t),...,z(ty)) € B}, B e B(R"Y),

is given by

pu(C) = / Pey (21)Dty—t, (T2 — 1) Pry—ty_ (TN — TN—1) d1 -+ - d )y,
B

2
egc/2t

V2t

The triplet (X, H, ) is called the classical Wiener space. Notice that the dual
space X* of X consists of signed Borel measures on [0,1]. To each p € X*, we
associate

where p;(z) is the Gaussian kernel: p;(x) =

holt) = = [ 6= s)ao(s) + to([0.1).
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Then we have .
(s = [ Wdpls). et
0
which illustrates the relation (2.1.2).

We now introduce the family of Haar functions. For any n € N*, k odd such that
k < 2n, we define

V2Tt t e [(k —1)27, k2
hin(t) = § =2 it t € k27", (k + 1)2°")

0 otherwise
Consider Hy(t) :=t,
Honlt) = / e (5)ds.
It is known that the family 0
{Ho,Hgpn; n>1, kodd < 2" },
constitutes a complete orthonormal system of H, called the Haar basis of H. Let

V, = span{Ho, Hy ik odd < 2™ m < n} (2.2.1)

Let m, : H — V,, be the orthogonal projection and m, its extension on X. Then
for x € X, m,(x) is linear on each intervall [(27", (¢ 4+ 1)27"]. More precisely,

T (@) (t) = 2(027™) 42" (t—027") (x((¢+1)27™)—x(£27™)), fort € [(27", ((+1)27"].
The subspace V,, is of dimension 2" and

[0 ()] oo = mas{le(2")]; €=1,...,2"}.

On the space X, we can consider a few of norms, for example, the LP-norm

ol = (/\x|%0

[2llp < ll#lloo < f2]a

It is obvious that

We will also deal with another norm, introduced by Airault and Malliavin in [2]:

o 1/2k
|z = <// |t—s|1+2’w dtds> ,
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where 0 < v < 1/2, and k is an integer such that 2 < 1+ 2ky < k. In fact this
is a pseudo-norm over W. For this reason, we consider X := {z € X; ||z|jz, <
oo}. Because p is the law of the Brownian motion, and the Brownian motion has
paths which are a—Hélder continuous (for v < 1/2); it turns out that p(X) = 1.
Moreover (X, ||.||x.) is a separable Banach space and H is still dense in (X, ||.||5.-)-

Let x € H, then z(t) — z(s) = fstj;(u) du. It follows that
(2(t) = 2(s)* < |t = s[*alir
so that

Ik < CR% =l

1/2k
where Cj 1= (fol fol [t — s|k’1’2’”dtd8> . Therefore we obtain, combining with

the previous relation:

Izll, < l2lloo < 2lley < Crnlaln  for all z € X. (2.2.2)

The following result will be useful in Chapter 6.
Proposition 2.2.1. Let F(z) = ||z|s~. Then we have the following properties:

1. F admits a gradient Vﬁ(ai) belonging to X* for all z € X\{0}, where X* is
the dual of X. Moreover F? is everywhere differentiable for all p > 1.

2. F is a norm on X such that its unit ball is strictly convex.

The first part of the proof is inspired from [29].

Proof. 1. First we show the property for /' := F2_ Take h € X , we can write for
r e X and e > 0:

Flz + ch) = // )+€(h(t) )™

— 5|2k

Taking the derivative at ¢ = 0, we have

DyF(z) = 2k / / )T M) gy

— 5|1+

Therefore
| D F' ()] <2k/ / =¢) It — S|1(+ZL~, |h(t) — h(s)|dtds
|z(t) — x(s)[* |h(t) — h(s)|
<2k dtds.
B /[0,112

|t — s|(OF2ENCE-1)/(2F) | — |(1+2k7)/(2K)
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Using Holder’s inequality, we get

Capk N @R YRS VCY
Dy F(z)] < 2k ( / 2(t) = 2(s) dtds) ( / [7(8) = hls)] dtds)
.12 0.2

|t _ S|1+2k’Y |t _ 8|1+2k7

= 2kl 1l

Hence h — D, F(z) is a bounded operator on X for all z € X. Tt leads to the
existence of a gradient V F'(x) which belongs to the dual space X*CcH =H (by
(2.2.2)). Since F' = FY/(®9 its gradient satisfies VE(z) = FY/®)~1(z)VF(z) for
x # 0.

F is differentiable out of {0}, but for any p > 1, F? is differentiable at 0, hence
everywhere over (X, ||.||5~)-

2. The proof for the item 2 is the same as the proof for Minkowski’s inequality.
Indeed for xy, 9 € X and n € (0,1), we have:

1= ey gt = [ DO =0 a0 — D

[0,1]2 |t — s|tH2
= [ 10— (o) + nlrat) ~ato)
R G REIOIR R b
(1= n)lra(8) = 21 ()] 10 = ) (1) = 4(5)) + ) = ma() "
< /[0’1]2 |t — 5|(1+2k)/(2) - s|(1+2k7_ﬁ—7) dtds

+ / nlaa(t) = w2(s)] (1= m)(wa(t) = aa(s)) + lwalt) = wa(s)) P
[0,1]2

|t — 5|(1+2k"/)/(2k) |t _ S|(1+2k’y—i—’y)

1-1/2k
< (X = zllry +nllw2lles) (12— n)zr +naslR) :

The two inequalities above come from the triangle inequality and Hoélder’s inequal-
ity. They are equality if and only if 1 and x5 are almost everywhere colinear. This
leads to the strict convexity of our norm. O

At the end of this section, we show the limit behavior of the sequence (||.|x~)x for
0 < v < 1/2. For this, we introduce

leloary = sup =]

t,5€[0,1] it — s

That is a stronger norm than the uniform one ||.| .-

Lemma 2.2.2. Let K C X be a compact subset of X. Then for any 0 <y < 1/2,
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dim sup [zl = [l#llecs| = 0.

Proof.
First we have:

2k 1/(2k)
||$||k77 = (/ / |x 1 Zk‘ dtdS) < sup M
5’+ 7 t,5€[0,1] |t—s\2k+7
Taking the limit when k goes to infinity we get:

t _
lim sup oy < sup 1= E]
k t,s€[0,1] | - 3‘7

— J2lloesr (2.2.3)

Up to consider q— we can assume |]|o0,y = 1. So for € € (0,1),

" |2 (t) — a(s)*
oy > 142k
I >/ ) o dtds
(it [l

1
>(1— 5)%/ — = dtds.
IO OIS It — s

Because 1/|t —s| > 1 for all t,s € [0,1] and because ||z|, = 1, the set
{M >1— } has non zero Lebesgue measure. Thus

fi—sp
2l|ky > (1 —¢)L ({lﬂf(ﬁ)_——jf)\ . 8})1/(%) |

where the last term tends to (1 — ¢) when & goes to infinity. Finally because it is
true for all € € (0, 1):
limkinf x|k~ > 1. (2.2.4)

Combining (2.2.3) and (2.2.4) we get the result. The uniform convergence over
any compact subsets of X can be seen easily.

Note that level sets {z € X; ||z||r,, < R} are compact in X. O

2.3 H-—convex functions on Wiener spaces

Convex functions play an important role in the theory of optimal transportation.
H- convex functions on the Wiener space have been introduced by Feyel and
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Ustiinel. In this subsection, we will collect some results in [35] for later use. But
first of all, we consider a regular case.

Let W € D3(X) such that e is bounded and [, e"Wdu = 1. Tt is well-known
that the following condition

(V2W,h @ h)geou > —c|h|3, for some c € [0, 1], (2.3.1)

implies (see [24, 35]) the logarithmic Sobolev inequality

Wd 2 —Wd 1i ' 5
/||f||L2 “S/X‘W' e Vdp, feCylin(X). (232)

It is also known (see for example [61]) that (2.3.2) is stronger than the Poincaré
inequality

-0 /X (f — Ew () e Wy < /X VP e W, (2.33)

where Ey denotes the integral with respect to the measure e~ p.

In order to generalize the above inequalities to a larger class of measures, Feyel
and Ustiinel introduced in [35] the notion of H—convex functions on Wiener space.

A measurable functional F': X — R is said to be H—convez if for all h, k € H,
and a € [0, 1],

Flx+ah+ (1—a)k)<aF(z+h)+(1—a)F(x+k),
almost surely. For a € R, F' is said to be a—convez if the map
h— g|h|§, + F(x+h)
is a convex map from H to L°(X, u) the space of measurable functions on X, that
is,
F(z+ah+ (1 —a)k) §aF(a:—l—h)—l—(l—a)F($+k)+a(1—a)g|h—k:\12q.

Let P; be the Ornstein-Uhlenbeck semigroup. If F' satisfies the above inequality,
then

F(e™(z +ah+ (1 - a)k) +V1—ey) <aF(e™(z+h) + V1 e )
+(1—a)F(le(z+k)+V1—e2y) +a(l - Of)ae_%

2t

Integrating with respect to y, we see that P F is a e “'a—convex function. A

characterization of a- convex functions is the following
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Proposition 2.3.1. Let F' € LP(u) for some p > 1. Then F is a—convez if and
only if
[ F (7@ b Wsndu(e) = ~alh,
X

for any h € H and nonnegative p € DP(X).

In parallel, a functional G : X — R is said to be a-log concave if there is a
a—convex function F' such that

G=¢c".

Feyel and Ustiinel gave nice properties concerning such functionals. The following
result is taken from Proposition 5.1 in [35].

Proposition 2.3.2. If G : X — R is a-log concave function, then
e EV(G) is again a-log concave for any n > 1,
e P,GG is again a-log concave for any t > 0.

where BV (G) denotes the conditional expectation with respect to the sub o-field of
X generated by m, = X — V,,, and P, is the Ornstein-Uhlenbeck semi-group.

The following result was also proved in [35].

Proposition 2.3.3. Let W be a H—convex function such that fX e Wduy = 1.
Then

/ f? (log f* —log ||f||%2(e*Wu)) e Vdp <2 / IV f2e™dp.
X X
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Chapter 3

Basic tools of optimal
transportation

There are a lot of monographs on the theory of optimal transportation. We refer
to [5] and [58] for a broad treatement. Here we only gather some materials for
later use.

3.1 Some general facts about measure theory

Let (X, d) be a Polish space, that is a separable complete metric space. We denote
by P(X) the set of Borel probability measures on X. A basic fact on a Polish
space is that any u € P(X) is tight, that is, for any € > 0, there is a compact
subset K of X such that u(K°¢) < e.

Definition 3.1.1. We say that a family A of probability measures on X is tight
if for any € > 0 there is a compact subset K. C X such that

w(X\K.) <e, VueA.

Prokhorov’s theorem. A family A C P(X) is relatively compact for the weak
topology if and only if it is tight.

Definition 3.1.2. Let pn € P(X); we say that p is concentrated on a Borel subset
A of X if u(A) =1.

The support Supp(p) of the measure v is the smallest closed set of X on which p
is concentrated; in other words, X \Supp(u) is p—negligible.

An abstract Wiener space (X, H, u) is a typical infinite dimensional example of
Polish spaces. We have Supp(pu) = X.
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CHAPTER 3. BASIC TOOLS OF OPTIMAL TRANSPORTATION
3.2 Monge-Kantorovich Problem

Let (X,d) and (Y, d) be two Polish spaces endowed with their Borel o—algebra.
Given two Borel probability measures pg, p1 on X and Y respectively, we say that
a probability measure Il on the product space X x Y is a coupling of py and py, if
(P1) 41l = po, (Py) 411 = py where Py : X x Y — X is the first projection, while P,
is the second projection. We denote by C(po, p1) the collection of couplings of pg
and py.

Let
c: X XY — [0, ]

be a measurable function, which will be called cost function. The Monge-Kantorovich
Problem consists of minimizing the total cost of transportation between py and p;
in the following sense:

inf /X y c(z,y)dll(z,y) := Wepo, p1), (MKP)

HEC(po,m)

Here are a few obvious remarks:

C(po, p1) is never empty, since py @ p1 € C(po, p1)-

C(po, p1) is convex.

C(po, p1) is tight.

If ¢ is lower semi-continuous then the functional

F(IT) = /X clng)niey

is also lower semi-continuous with respect to the weak topology on C(pg, p1).
By Prokhorov’s theorem, F' attains its minimum over C(pg, p1).

The last point in the previous remark says that the infimum in (MKP) can be
replaced by the minimum provided the cost function is lower semi-continuous.

3.2.1 Characterization of optimal couplings
In what follows, we always assume that the cost function is lower semi-continuous.

Definition 3.2.1. A coupling Iy € C(po, p1) is said to be optimal, relative to the
cost ¢, if it realizes the minimum in (MKP):

/XXyC@??/)dHO(%y): min /Xxyc(x,y)dﬂ(x,y).

HeC(po,p1)

32



3.2. MONGE-KANTOROVICH PROBLEM

We denote by Cy(po, p1) the (non empty) set of optimal couplings between py and
p1. Again it is easy to see that Cy(po, p1) is a convex subset of C'(po, p1).

The following notion of cyclical monotonicity plays an important role in the char-

acterization of the optimality of couplings.

Definition 3.2.2. A subset I' C X x Y is said to be c—cyclically monotone if for
any finite number of couples of points (x1,vy1),...,(xN,yn) € I', it holds that

N N

Z (@i, yi) < Z (i, Yit1),

i=1 i=1
with the convention yni1 = y1.

We say that a coupling 11 € C(pg,p1) is c—cyclically monotone if its support
Supp(I1) is c—cyclically monotone.

Here is the useful characterization to be optimal for a coupling.
Proposition 3.2.3. Let ¢: X x Y — [0, 00| be a cost function.

o If ¢ 1s lower semi-continuous, then any optimal coupling is c—cyclically
monotone.

e [f moreover c is real-valued and continuous, then a coupling I1 € C(pg, p1) is
optimal if and only if it is c-cyclically monotone.

Proof. We refer to [58] Theorem 5.10. O

Now we only consider the case (X, d) = (Y, d) and we assume that x — d(z, xo) is
in L*(po) N L*(p1).

Another important tool in optimal transportation is the Kantorovich duality for-
mula. First, we introduce the notion of c—convex function. Let ¢ : X — R be a
measurable function. We say that ¢ is ¢—convex if

p(z) = Sup (¢°(y) —c(z,y)  VrelX,

where °, called c—transform of ¢, is defined by:

#(y) = inf (p(x) +e(w,y))  VyeX.

Proposition 3.2.4. Let ¢ : X x X — [0,00) be a cost function such that
Welpo, p1) < +oo. Assume that c(z,y) < alz) + B(y) with a € L'(py) and
B € LY(p1), then we have the equivalence between the two points:
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CHAPTER 3. BASIC TOOLS OF OPTIMAL TRANSPORTATION
e 11 is optimal in (MKP) (for c)

e there exist a c—conver ¢ € L'(py) and a Borel subset T C X x X such that

I(T) =1 and
{s@c(y) —¢x)=c(z,y), V(r,y)eT
P(y) —plr) <clzy), Viry) e X xX.
Proof. We refer to [58] Theorem 5.10. O

The original Monge problem concerns the cost induced by a distance c(x,y) =
d(z,y). In this case we have a better proposition than above:

Proposition 3.2.5. Let ¢ : X x X — [0,00) a cost function induced by the
distance on X i.e. c(x,y) = d(z,y). Let py,p1 be two probability measures on X
such that x — d(x,x0) is integrable with respect to py and to py. If 11 is optimal
for the Monge-Kantorovich problem between py and p, with respect to the cost c,
then we can find a 1—Lipschitz map u : X — R such that:

ulr) —u =z, 9 v xZ, SU 11
{ugxg - UEZ?//% < CE% z;, Oiheggjife. Py (3.2.1)

In particular, under conditions in Proposition 3.2.5, the Kantorovich-Rubinstein
formula:

min d(x,y)dlI(x,y) = max /ud —/ud }
Hec<p0,pl>/xm( v)dll(z,y) ueupoc){ PR

holds.

3.2.2 Stability

Lemma 3.2.6. Let ()i be a sequence of probability measures on X, which con-
verges weakly to a measure p. Then for any x € Supp(u), there exists a sequence
of points xy, such that xj, € Supp(ug) and limy_, o (zg) = .

Proof. Let x € Supp(n) C X. Thus for any p € N*, we have u(B(z,1/p)) > 0.
By weak convergence and the fact that B(z,1/p) is open, we have:

liminf y,(B(2,1/p)) = p(B(z,1/p)) > 0.

This inequality allows us to define an increasing sequence (jj,), such that: jo :=0
and for p > 0

Jpi=min{q € N, ¢ > j,_1, Yn > q : Supp(p,) N B(x,1/p) # &}.
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3.2. MONGE-KANTOROVICH PROBLEM

For all ¢ > 1, there exists p € N such that j, < ¢ < jp41, so that we can pick up a
point z, € Supp(pu,) N B(z,1/p). The sequence (x,), converges to x. O

The following proposition claims in particular that for a convergent sequence of
cost functions, any sequence of corresponding optimal couplings converges as well,
to a coupling optimal for the limit cost function.

Proposition 3.2.7. Let ¢, c : X x X — [0,00) be continuous costs such that
(ck)k converges uniformly on compact subsets to c. If Iy € Co(pg, vk) (such as
the total cost w.r.t. ¢ is finite) whith (pg)g, (Ve)r C P(X) which converge weakly
respectively to p and v ; then up to a subsequence, (Ily)y converges weakly to some
coupling 11 € C'(p, v). [n addition if

/cdH<oo

Proof. Since (pu)r and (vg), are convergent sequences, they are tight sets. It
turns out that (Ilj)y is tight; therefore up to a subsequence, Il converges weakly
to some II € C(p, v).

By Proposition 3.2.3, it is sufficient to prove that Supp(Il) is ¢—cyclically mono-
tone. Let N € N* and (x1,v1),..., (zn,yn) € Supp(Il). Since (Ilj), converges
weakly to I, we can apply Lemma 3.2.6: for alli = 1,... N, there exists (2, y¥) €
Supp(Il;,) such that limg_, (2% y%) = (2;,9:5). Thus (2%, yb), ..., (2%, v%) €
Supp(IT;) which is ¢y—cyclically monotone, because Il is optimal for the cost
ci. Then the inequality

then I1 is optimal.

Mz

N
E Ck z’yz

=1 =1

cr(@f, yf) (3.2.2)

holds, with yny1 := y1. And it is elementary to check that the sets

Ukzl{(xlfa ylf)ﬁ R (xlfv»yz]i/)} U{(xbyl)a T (xN; yN)}7
Ui {(2f,5), - (@ y)H (@0 92), - (v, )},

are compact of R” x R™. But since (¢)x converges uniformly on compact subsets
of X x X to ¢, we get from (3.2.2), taking the limit with & — +4o0:

N
E C xz;yz

i=1 i=1

Mz

& xza yz—l-l

That is exactly the definition of c—cyclically monotone for Supp(Il). The result
follows from Proposition 3.2.3 . OJ
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3.3 Wasserstein distances

Let X be a Polish space and
d: X x X — [0, 00],

be a distance or a pseudo-distance on X. For example, on the Wiener space
(X, H, 1), the dy distance defined by

B |ZE—y|H if x—y € H,;
dH(%y)_{ +00  otherwise.

is a pseudo-distance, which is lower semi-continuous.

We will introduce the Wasserstein distance on P(X). Let pg and p; € P(X) be
two probability measures.

Definition 3.3.1. We define the LP- Wasserstein distance between py and p, as:

HeC(po,p1)

1/p
Wyatpop)i= (yint [ deranen)
XxX

Note that W, 4 could take the value infinity.

e Notice that if d is a true distance, and II € C(po, p1), we have:
| dypdney) <2 [ dapante) + [ diyrde)
XxX X X

It follows that W, 4 is finite provided py and p; have finite moment of order
p. We denote by

Pp(X) :={p € P(X), my(p) < oo},
where my,(p) == [ d(x, xo)Pdp(x) for some fixed zy € X.

e For dy on the Wiener space, the notion of moment is not suitable since
dp(z, o) = 400 for p-almost everywhere. However, in this case, the Tala-
grand inequality

Wa.ay (1, p)* < 2Ent,,(p),

holds where Ent,(p) = [, flog fdu if p = fu , otherwise to be +00. So
Wa.a,, (po, p1) is finite if py and p; have finite entropy. We denote

D(Ent,,) ={p € P(X); Ent,(p) < +oo}.
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3.4. THE MONGE PROBLEM

In what follows, we will use the notation P(X)[p| for P,(X) if m admits the
moment of order p. In the case where the moment of order 2 of m is infinite, but
the Talagrand inequality holds for m, de denote P(X)[2] = D(Ent,,).

The following proposition justify the term of distance for W),.
Proposition 3.3.2. W, 4 is a distance over P(X)[p].

Here are some Wasserstein distances that we will deal with:

Space (X, d) |Wasserstein distance | P(X)[p]
(R [-1lq) W Pp(R")
(X, H, dy) Wo D(Ent,)

(X, H, [ floo) | Woeo ,1<p <2 |D(Ent,,)

(X7 H, ||||k,'y) va(kﬂ) 1<p<?2 PP(X)

3.4 The Monge Problem

3.4.1 Optimal transportation theory

Let X be a Polish space endowed with the Borel o—algebra, and pg, p1 be two
Borel probability measures on X.

The Monge Problem with respect to the cost ¢ consists of finding a measurable
map 7T : X — X, which minimizes the quantity

/X o, T(x))dpo(x), (MP)

where the constraint is taken such that Tpy = p1, that is, po(T"*(A)) = pi(A)
for all Borel subsets A of X. We say that T' pushes po forward to p;. Originally
Monge himself stated in 1781 the problem for the Euclidian norm in R3.

This constraint is fully non linear. Indeed on the Eulidean space R™, when
both measures py and p; are absolutely continuous with respect to the Lebesgue
measure m, solving Tixpy = p; is equivalent (at least formally) to solve the partial
derivative equation

Jo= fi(T) |det(VT)].
In Chapter 7, we will study the above Monge-Ampeére equation.

So the Monge Problem is difficult to solve. The Monge-Kantorovich Problem
(MKP) gives a relaxed version of it. In fact, if a Borel map 7T solves the Monge
problem, then the coupling between py and p; defined by (id x T')xpp is a solution
to the Monge-Kantorovich problem. From the Monge-Kantorovich problem to the
Monge problem, we have to prove that the optimal coupling is indeed supported
by the graph of a measurable map 7" which pushes py forward to p;.
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CHAPTER 3. BASIC TOOLS OF OPTIMAL TRANSPORTATION

Definition 3.4.1. A measurable map T : X — X minimizing the quantity in
(MP) will be called an optimal transport map.

It makes sense to search a Monge solution whenever (MKP) (or the Wasserstein
distance W.(po, p1)) is finite.

In what follows, we will give a brief review of results concerning the Monge
problem. Perhaps the most famous one has been obtained by Brenier in [14],
where he solved the Monge Problem when the cost is induced by the square of the
Euclidian norm in R”. Besides he proved that the optimal transport map is given
by the gradient of convex functions and gave a link with Monge-Ampere equations.
We omit the second indice in the Wasserstein distance when it is induced by the
Euclidian norm. Here is his result.

Theorem. (Brenier) Let pg,p1 € P(R") having moment of order 2. Assume
that po is absolutely continuous with respect to the Lebesgue measure of R™. Then
there is a conver function ® : R® — R such that T := V® is an optimal transport
map from po to py. In addition (I X T)ypo is the unique optimal plan in (MKP)
and T s the unique optimal transport map .

Later R. McCann [51] solved Monge problem on compact Riemmanian manifolds
when the cost is given by the square of the Riemmanian distance, and the first
measure is absolutely continuous with respect to the volume measure. The optimal
transport map 7" again admits an explicit expression using the geodesic exponential
map

T(z) = exp,(Ve(z)).

In case of compact Lie groups, an alternative proof of R. McCann’s result has been
given by Fang and Shao [31].

The assumption on the absolute continuity of the first measure py is weakened,
first by McCann in [49] where he proved that it is enough that py does not charge
any subset of Hausdorff dimension less than n— 1. Recently Gigli [41] gave a sharp
condition on the first measure.

A straighforward generalization of the square of Euclidean norm is a cost ¢ :
R™ x R® — R, which is a differentiable function satisfying the twist condition:

(Twist) Vo e R", y+— Vyc(z,y) is injective.

A more precise statement is (see Villani’s book [58]):

Theorem 3.4.2. Let py, p1 € P(R™) such that py << L and
Wa e(po, p1) < 00.
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3.4. THE MONGE PROBLEM

If the cost function c satisfies the above twist condition (Twist) and that V c(x,y)
is bounded locally in x, uniformly in y € R™. Then there is a locally Lipschitz
function ¢ : R™ — R, such that T(z) := (Vyc(z,.)) Y (=Vé(x)) is the unique (up
to a po—negligible set) optimal map from py to pi. In addition (I x T)yupo is the
unique optimal plan in (MKP) .

Remark 3.4.3. A typical example of above twist costs is

C(I,y) = |‘T - y|p7 \le > 1.

The regularity of optimal transport maps is of great interest. We finish the sec-
tion talking about approximate differentiability. This notion plays a great role to
get properties concerning optimal maps. Recall that in R", we call density of a
measurable subset 2 C R™ at a point x € (), the quantity

lim L(B(x,r)NQ)
=0 L(B(x,7))

which equals 1 L£-almost surely (thanks to the Lebesgue differentiation theorem).

Proposition 3.4.4. Let py, p1 € P(R™) be two probability measures, absolutely
continuous w.r.t. the Lebesque measure L. Assume that the cost ¢ is given by
c(xz,y) = h(x —y) where the function h : R™ — [0, +o0[ is strictly convex with
superlinear growth and satisfies

o e C*R™)NC*R™"\{0})
o V2h is positive definite in R™\{0}.

Then the optimal map T between py and py s approrimately differentiable at po-

almost everywhere point x. In other words, there exists a differentiable function
T : R" — R™ such that for po—a.e. x € R", the set {T' =T} has density 1 at x,
that s, 3
L(B(x,r)N{T =T

i LB, ) N { )

r—0 L(B(x,r)) =L

In addition VT is diagonalizable with nonnegative eigenvalues.

Proof.
See Theorem 6.2.7. in [6]. O

The approximatively differentiable functions also enjoy the formula of change of
variable. More precisely
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Proposition 3.4.5. Let p € P(R") be absolutely continuous w.r.t. to L with
density f. For T : R" — R" approximately differentiable on ), such that Tiq is
injective and L({f > 0}\Q) =0, we have:

Tup << L < det(VT) >0 L —as.

In this case the density can be written as

Tup o TipioyL (3.4.1)

T ldet(VT)|TOT

Proof. See for instance Lemma 5.5.3 in [6]. O

3.4.2 Historical background

The Monge Problem (MP) has been introduced by Monge in 1781 ([52]). The
relaxed Monge-Kantorovich Problem (MKP) has been introduced by Kantorovich
in 1948. From these two problems the theory of optimal transportation has been
largely invested.

Below I put a (non exhaustive) list of contributions in solving Monge problems
during the last decades, in order to illustrate the art of the stage. We will denote by
|.| for the Euclidian norm (or Hilbert norm), ||.|| for some general norm on R", £ for
the Lebesgue measure (respectively for the volume measure) on R™ (respectively
on a Riemannian manifold M). Sometimes the cost ¢ is not necessarly induced
by a distance. Let py, p1 € P(X). When we write py compact, it means that the
measure pg is concentrated on a compact subset of X.

40



3.4. THE MONGE PROBLEM

Space | Cost Main assumptions Year Author(s) Paper
R™ .7 po << L 1991 Brenier [14]
R™ c ¢ strict. conv. + py << L 1996 Gangbo, McCann [39]
R™ .| po, p1 << L Lipschitz densities 1999 Evans, Gangbo [28]
R™ .| Po, p1 << L 2001 Trudinger, Wang [57]

(M,d) | d? M compact, smooth + py << L 2001 McCann [51]
R™ Il 1|l unif. conv. + pg, p1 << L compact | 2002 | Caffarelli, Feldman, McCann | [16]
M d po << L compact 2002 Feldman, McCann [34]
R™ || po << L 2003 Ambrosio [4]
R™ 1|l I|.]| unif. conv. + py << L 2003 Ambrosio, Pratelli 8]

(X, H) | d% po << L 2004 Feyel, Ustiinel [36]
R™ Il I |||l crystalline + py << L 2004 | Ambrosio, Kirchheim, Pratelli | [7]

(H,v) | |.]? po << 7 2005 Ambrosio, Gigli, Savare [6]

(M, d) c M compact + ¢ TL 4+ py << L 2007 Bernard, Buffoni [9]

(M,d) | d po << L 2007 Figalli (38]

(M, d) c cTL + po << L 2010 Fathi, Figalli [33]
R™ Il ||.|| strict. conv. 4+ py << L 2010 Champion, De Pascale [20]
R™ Il po << L 2011 Champion, De Pascale [21]
R" |1 po << L 2011 Caravenna [17]

(X,H) | du Po, p1 << L 2012 Cavalletti [19]

(X,d) | & X CD(K,N) NB space + pg << L | 2012 Gigli [42]

CD(K,N) means that X satisfies the curvature-dimension condition.
NB space means non branching space.
TL means cost induced by a Tonelli Lagrangian on the manifold.
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Chapter 4

Convexity of relative entropy on
infinite dimensional space

It has been proved by Sturm and von Renesse in [60] that on a Riemannian
manifold, the Ricci curvature has a lower bound K € R if and only if the relative
entropy Ent,, relative to the Riemannian volume is K —convex along geodesics (see
definition below). This is a starting point that Sturm, Lott and Villani studied the
geometry for a measured metric space (X, d, m): the space (X,d, m) has a Ricci
lower bound K if and only if the entropy Ent,, relative to m is K convex along
geodesics. Shortly earlier, Otto arrived at describing solutions to heat equations,
to porous medium equations or to a large class of non linear partial equations
as gradient flows with respect to convex functionals on the space of probability
measures. A general study on gradient flows over a metric space, especially on a
Wasserstein space of probability measures has been done in [6], but the norm con-
sidered in the latter situation is strictly convex, satisfying conditions in Proposition
3.4.4.

The main objectif of this part is to prove that the classical Wiener space
(X, H, 1) endowed with the uniform norm, seen as a measure metric space has 1
as the Ricci lower bound. The following result will be concerned with two norms:
| |u, || - ||oo introduced in Chapter 1.

Theorem 4.0.6. Let py and p; be two probability measures on X of finite entropy
with respect to p. Then there exists some constant speed geodesic py induced by an
optimal coupling between py and py such that:

Kt(1—1t)

Ent,(p;) < (1 —t)Ent,(po) + tEnt,(p1) — 5

WpQ(POapl) Vi e [07 1]a
for 1 < p <2, where
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DIMENSIONAL SPACE
o K =1, for|.|g and p =1,

o K= 1; fO’f’ HHOO

Note that the notion of K —convexity of relative entropy introduced in [47] by
Lott and Villani is stronger: they required that the above inequality holds for all
constant speed geodesics. In many situations, there is unicity of geodesics between
two given measures. However for the case of branching spaces (see [10]), the opti-
mal coupling is not unique. Following [10], P(X)[p] is said to be a non-branching
space, if any geodesic v : [0,1] — P(X)[p] is uniquely determined by its restric-
tion on a smaller interval. For example, Banach space with a strictly convex norm
is non-branching, while Banach space with a non strictly convex norm is branching.

Instead of using powerfull tools like Gromov-Hausdorff convergence or D—convergence
introduced by Sturm in [55], we will use finite dimensional approximations as Fang,
Shao and Sturm in [32], who have treated the case of the Cameron-Martin norm.

In the current language, we say that (X, ||.||o) is a C'D(1,00) space. As conse-
quences over space (X, ||.||l«), we can get Brunn-Minkowski, Bishop-Gromov or
Log-Sobolev inequalities (see [5]).

The organization of this chapter is as follows. We start with some definitions
and properties of the relative entropy with respect to a reference measure on a
Polish space. In the second section we prove some results on finite dimensional
spaces, with the standard Gaussian measure as the reference measure. We also get
inequalities for some slightly modified Wasserstein distance : They are not true
distance, but this kind of inequalities will be used to prove Theorem 6.1.6. At last
we deal with the main purpose of this chapter, that is to get K —convexity of the
relative entropy on infinite dimensional spaces.

4.1 Relative entropy

4.1.1 Definition and properties

Let (X, d, m) be a measured metric space, that is, (X, d) is a Polish space and m
is a probability measure on X. The relative entropy w.r.t. m is the functional
Enty, : P(X) — [0, 00] defined as

lo dm if p admits the density f w.r.t m,
Entm(p) := {{—c{o 5 otﬁerwise v (4.1.1)
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Denote by D(Ent,,) the domain in P(X) on which the relative entropy Ent,, is
well-defined. That is: p € D(Ent,,) if and only if Ent,,(p) < +oco. In particular
any probability measure belonging to D(FEnt,,) is absolutely continuous w.r.t. m.

A basic result concerning p — Ent,,(p) is

Proposition 4.1.1. With respect to the weak topology,

1. p— Ent,(p) is lower semicontinuous.

2. The subset {p € P(X), Ent,(p) < R} is compact in P(X).

Proof. The item 1 is well-known (see for instance Lemma 9.4.3) in [6], while
the item 2 is a direct consequence of Vallé-Poussin lemma, which says that any
uniformly integrable family is a sequentially relatively compact subset with respect
to the weak topology of L'(X,m). O

4.1.2 Convexity along geodesics

Here and thereafter (X, d) will stand for either a Polish space or a Wiener space
(X, H,dp). Let p > 1; consider the Wasserstein distance 1, that is,

Wp(po,pl)z( inf /Xxxd(w,y)pdﬂ(fc,y))l/p-

HeC(po,p1)

Thanks to the Proposition 3.3.2, (P(X)[p], W,) is a complete metric space. There-
fore we can introduce a notion of geodesics over this space. A curve t € [0,1] —
pt € P(X)[p] is said to be a constant speed geodesic, provided

Wp(pe, ps) = (t — s)Wy(po,p1), VO<s<t <1

One can obtain a constant speed geodesic by picking an optimal coupling IT (for
the cost dP) between py and p; and letting

poi=((1— )P +tP) I, Ve l01], (4.1.2)

where P; : X x X — X is the first projection, while P, is the second projection.
The curve t — p; obtained in (4.1.2) is a constant speed geodesic, that we will
call the McCann’s interpolation between py and p;. We refer to [58] for a general
theory about dynamical optimal couplings which provides constant speed geodesics
in (P(X)[p|, W,). However for our purpose we will focus on geodesics defined in
(4.1.2).
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Definition 4.1.2. Let py, p1 € P(X)[p]; We say that the relative entropy with
respect to a reference measure m, is K —geodesically convex in (P(X)[p], W,) if
there exists a constant speed geodesic p; between py and py such that:

Kt(1—1)
2

We say that relative entropy is strongly K —geodesically convex in (P(X)[p], W),)
if the latter inequality holds for all constant speed geodesics p; between py and p;.

Enty,(pr) < (1 —t)Entp(po) + tEnty,(p1) — sz(Po, p1), Vte[0,1].

Throughout this chapter, we denote by T; := (1—¢)Py+tP; for ¢t € [0, 1]. Moreover
the interpolation between two probability measures pg and p;, will always be the
following

pr = (T1) Il = (1L — ) Py + tPy) 411,
for any optimal coupling IT € Cy(po, p1), in the sense that IT minimizes (MKP)

inf /X . c(z,y)dll(z,y). (MKP)

eC(po,p1)

4.2 The case of finite dimension

This section is devoted to establish some convexity results in finite dimensional
spaces, say R"™. These results depend on

e the reference measure m, because of the definition of the relative entropy,

e the metric considered on R"™, because of the definition of the Wasserstein
distance.

We will use m to denote for either the Lebesgue measure £ or the standard Gaus-
sian measure ,. Metrics considered are always norms in R". For the purpose
in Chapter 6 (see Theorem 6.1.6), we have to consider a cost function, which is
not induced by a distance. In this situation, instead of considering constant speed
geodesics which are not defined, we will consider the McCann’s interpolation de-
fined in (4.1.2).

In order to extend results in infinite dimensional spaces, we will take Gaussian
measures as reference measures. Let v, be the standard Gaussian measure on R”.
We consider two probability measures py and p; on R” belonging to D(Ent.,,).

The following Proposition states that the relative entropy with respect to the
Lebesgue measure on R” is geodesically conver in (P,(R™), W,) whatever p > 1.
It will play a fundamental role in getting other results of converity of the relative
entropy, when the reference measure is absolutely continuous with respect to the
Lebesgue measure.
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Proposition 4.2.1. Let || - || be a strictly convex norm, C* on R"\{0}. Then for
any optimal coupling 11 between po, p1 for ¢ := || - ||P, the McCann’s interpolation
pr = (1) 11 satisfies

Ente(p) < (1 —t)Ente(po) + tEnts(pr), ¥Vt € [0,1]. (4.2.1)

Proof. For the sake of self-contained, we will give a sketch of proof, which is
taken from [6], page 213. By assumptions on ¢, the Theorem 3.4.2 provides us an
optimal transport map 7" which pushes py forward to p;. Moreover it is well known
that T; := (1 —t)Id + tT is an optimal transport map which pushes pg forward to
pr = (T3)4po-

By Proposition 3.4.4, T is approximately differentiable pp—a.s. and its approx-
imate differential VT is diagonalizable with nonnegative eigenvalues. Besides
det(VT(z)) > 0 pp—a.s. in & € R". Therefore VT, is diagonalizable too, with
positive eigenvalues and denote by f; the density of p; (for t € [0,1]). It follows by

(3.4.1),
fo(z)

det(VTy(z))

Since the map t € [0,1] — det((1—1)Id+tVT)"" is concave, t — fo(z)log %
is convex and non increasing, we get

Ents(p) = filog fidl = . fo(x)log

R

Jo(x) fo(z)

) log ——=——"——— < (1 —1t)fo(z)lo x)+tfo(zr)log ——=——".
fo(z) gdet(VTt(x)) <( ) fo(z)log fo(z) + tfo(x) gdet(VT(x))
Integrating w.r.t. £ gives the result. UJ

Let ||.|| be a norm, C*-differentiable on R™\{0} satisfying
1
Joll < —=ll. (1.22)

VK

Recall that

. 1/p
Wo(oop) = inf ([ o=yl ant.y)”"
TLX n

HeC(po,p1)

Proposition 4.2.2. Let 1 < p < 2; then for any optimal coupling 11 between py, p1
for || - ||P, the McCann’s interpolation p, == (1y) 411 satisfies

K(l1-t
Ent.,, (o) < (1 —t)Ent,, (po) + tEnt,, (p1) — %WEH.(PO’M)' (4.2.3)
For p = 1, there is an optimal coupling T1 between po, p1 for || - || such that the

above inequality holds.
In particular if po, pr € D(Ent.,) then also p, € D(Ent,,) for any t € (0,1).
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Proof. We have:

n
Ent., (p;) = Entc(pi) + V(pi) + B log(2m),

where V(p;) := 3 [ |z|*dp;(z). By 1—convexity of the Euclidian norm, it is easy to
see that

V(pr) < (1 =1)V(po) +tV(p1) — —yldll(z, y).
Now by the Holder inequality (because 2/p > 1) and (4.2.2):
Kt(l1—1
Vo) < (1= V() + V(o) — 0D (). (120

For p > 1, the cost ||.||” is strictly convex and we can apply Proposition 4.2.1 and
take the sum with (4.2.4).

The case p = 1 is a little more tricky. Let p | 1; then ||z||P converges to
||z|| uniformly on any compact subsets of R™. We consider a sequence of optimal
couplings IT? € C(pg, p1) for || - [|P. The interpolation pf := (T;)4IIP satisfies
(4.2.3). Up to a subsequence, 1P converges to II € C(po, p1) which is optimal for
|- |]. Also p? converges weakly to p; = (T3)xII. Now by lower semi continuity of
the relative entropy, the result

K(1

—t
- —)W12,||.H(Po,/)1)~

Bat,, (p) < (1= )Bnt,, (po) + tEnts, (pr) — =

O

In terms of Definition 4.1.2; the relative entropy w.r.t. the Gaussian measure 7,
on (R™,].]]) is strongly K-geodesically convex in (P,(R"),W,) for any 1 < p < 2
and it is convex for p = 1.

Note that for any ¢ > 2, the norm |z|, = (31, |z:|9)/ < |z[; so the constant
K in (4.2.2) for the norm |- |, is equal to 1. On the classical Wiener space,
l|Z||k,y < Crylz|a ; so their restriction on any finite dimensional subspace V,

satisfy the relation (4.2.2) with K =1//C}..

In what follows, we will extend the previous result to the uniform norm |z|, =
sup |z;|. Note that |z — y|2 (1 < p < 2) is neither strictly convex nor differen-

i=1,...,n

tiable on R™\{0}.

When one changes the cost function, the Wasserstein distance changes accordingly,
as well as the constant speed geodesics.
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Fix two probability measures py and p; on R™ with finite second moments. For
the sake of simplicity, we denote by W), , the p—Wasserstein distance induced by
the g—norm |.|,. By hypothesis on py and py, it is obvious that W), ,(po, p1) < o0
forall g >2and all 1 <p < 2.

Fix 1 < p < 2. We know that for ¢ > 2, there exists a unique coupling H(()q)
between pg and p; optimal for the cost function c,(z,y)? := |v — y[?. Let us first
get a look on the behavior of the sequence (ng))q. We know that, when ¢ — +o0,
|z]; = |%|s uniformly on any compact subsets of R™. On the other hand, up to
a subsequence, (Héq))q converges weakly to a probability measure which will be
an optimal coupling for the cost | - |£,. This fact, combined with the property of
lower semicontinuity of the relative entropy, and the nonincreasing of the following
sequence
q€N— Wiq(PmPl%

will yield 1—convexity of relative entropy along geodesics with respect to | - |E..

Because of non strict convexity of ||, (R, ].|o) is a branching space: there exists
many constant speed geodesics between two probability measures.

Proposition 4.2.3. Let 1 < p < 2; then there is an optimal coupling 11 €
Co(po, p1) with respect to the cost ?(z,y) = |x —y|E,, such that for any t € (0,1):

[oops

H1—t).

Ent,, (pe) < (1= t)Ent,, (po) +tEnty, (1) = =——5—Wyc(po, p1),  (4:2.5)

where py = (1 — )Py + tPy) 411, In particular if po,p1 € D(Ent,,) then also
pt € D(Ent.,) for any t € (0,1).

Proof. To prove the weak convergence of (HEQ)),], we remark that the sequence
is tight. By Prokohov’s Theorem, there exists a subsequence (H(()q’“))qk that we

will denote by (HE)Q))q again, converging weakly to a measure [I>. It is easy to
check that 11 is a coupling of py and p;. For the optimality of 11>, we apply the
Proposition 3.2.7, taking ur = po and v, = p;.

For g € [2,+00) we consider associated constant speed geodesics

iV = (T}) 4115
Let ¢ : R® — R be a bounded continuous function. We have

[ v o) = [ b+ (1= o) e,
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which converges to [o, . ¥(tx 4+ (1 — t)y) dIIF(z,y). Hence the sequence (pgq))q
converges weakly to p° for all ¢ € [0,1]. Applying Proposition 4.2.2 with |.|,
norms, we get:

tH1—t)

Ent, (p)") < (1= t)Ent,, (po) + tEnts, (p1) — =

W;,q(p(b pl)a (426)
for all ¢ > 2. Note that

WPvQ(p(]v pl) Z Wp,oo(p(]a pl)

Since the relative entropy is lower semi-continuous, it holds

lim inf Ent%(pgq)) > Ent., (p;°).
q

Finally, combining this two arguments, taking the liminf in the inequality (4.2.6)
with respect to g, we get the result:

t(l—t
Bt (%) < (1 = )t (po) + Bt () — T W2 (. 1)
U

For a C? differentiable norm ||.|| on R™\{0}, we introduce the quantity:

We i(po, pr) = inf / [ =yl + ealz —y)dli(z,y),

Heo(pOy,Ul) R™ xR™
where
1/2

a(z—y) = 1+ |lz —yl]?)

Note that « is a strictly convex and differentiable function on R™. Under the
condition (4.2.2), we have the relation:

1+¢
ez —y) =z —yl +ealr —y) <e+ (4.2.7)

= r =y,
vE" Y

where | - | denotes the Euclidean norm of R™.

It is obvious that

We1(pos p1) = Wi (pos p1)-

So for pg # p1, there is a small € > 0 such that

We1(po, p1) — € = Wi (po, p1) — € > 0.
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Proposition 4.2.4. There is an optimal coupling 11 with respect to the cost c. |,
such that for any t € (0,1),

Ent,, (p) < (1=t)Enty, (po) +tEnt,, (p1) — t(lz_ 2 ( f€>2 (Wey(po, p1) — ).

(4.2.8)
In particular if po, pr € D(Ent.,), then also p, € D(Ent,,) for any t € (0,1).

Proof. Let p | 1, and II® be an optimal coupling with respect to || - |[? +ca. As
p — 1, ||z||P + ea(x) converges uniformly to c. | («) over any compact subsets of
R”. So up to a subsequence, II??) converges weakly to an optimal coupling II with
respect to c. . j|(), also p'?) converges weakly to p, = ((1— t) Py +tPy) 411, We can
assume that pg, p1 € D(Ent,,); otherwise the inequality is obvious. Since py and
p1 are two probability measures absolutely continuous with respect to ,, they are
also absolutely continuous with respect to the Lebesgue measure £. Moreover

n
Ent,, (pi) = Entz(p;) + B log(2m) + V(pi),

where V(p) := 3 [ |z[*dp(x). By 1—convexity of the Euclidian norm, it is easy to
see that:

V) < W=V + ()~ 7D [ ey ey,

For the cost || -

P + ear, we can apply (4.2.1), so that

tH1—1)

Ent,, (o)) < (1~ £)Bnt,, (po) + Ents, (1) — = / [z — y[?dll® (2, y).
Rn™ xR"

Letting p — 1 yields

1 —t
Chal) / 2 — yPdlI(z, y).
2 R"XR"

The result (4.2.8) follows, by Cauchy-Schwarz’s inequality and remarking that

K
/ 2 — yldI(z,y) >
R™ xR"

T 1+e¢

Ent,, (p;) < (1 — )Ent,, (po) + (Ent,, (p1) —

V-1 (po, p1) — €).
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4.3 On infinite dimensional spaces

Let (X, H, 1) be an abstract Wiener space. Let V,, be a subspace of H introduced
as in section 2.1.1; we have finite dimensional approximations 7, : X — V,, and
the decomposition X =V, ® V| with u = v, ® v, where v is the Wiener measure
on (VH, VAN H,v). Let ¢ be a cost function induced by a power of pseudo-norm
on X. Let py, p1 € P(X) such that

W(po,p1) ==  inf / c(x —y)dll(z,y) > 0.
XxX

HeC(po,p1)

We denote by pl' := (m,)#p; for i = 0,1. We assume that

c(mp(x), m(y)) < c(x,y). (4.3.1)

Proposition 4.3.1. Let ¢, be the restriction of ¢ on V,, X V,,; then

lim W,, (o0, p1) = We(po, p1)-

n—oo

Proof. Take an optimal coupling IT € C(pg, p1) for ¢. Then for n € N, II,, :=
(mn X mn) 21l € C(pg, p7) and thanks to (4.3.1),

| edeman= [ @) mm)gan

XxX

S/ C(l', y)dH = Wc<p07p1)-
XxX

Taking the sup on n € N, we get

sup We,, (05 1) < Welpo, p1)- (4.3.2)

On the other hand, for n € N, take II,, € C(pp, p7) optimal for ¢, and we define
IT,, in such a way: for any bounded continuous function ¢ : X x X — R,

vl i, = [

Vit

(/anv” V(@n + & yn + §)dIL, (2, yn)> dv(€).  (4.3.3)

XxX
Then II,, € C(p} o T, pt 0 ). Since the sequence (pf o 7,), converges to py and

(P} © Tp)n converges to py in L'(X), there exists a subsequence of (II,), which
converges weakly to I € C'(pg, p1). We have
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|ttt = [ [ ot o )] dn() = We, (55,
XxX n Vo xVn

Therefore
fminf W, (05, 0) = [ clavy) dil(z.5) = Walpo. 1),
n—oo XxX
Combining with (4.3.2), the result follows. O

Remark 4.3.2. Let pj = pj o 7, pf = p} o m,. The above computation shows
that

1) We, (pg, P) = We(pg 1) R
ii) If II,, is an optimal coupling in C(py, pt), then II,, defined in (4.3.3) is an
optimal coupling in C(5§p%).

4.3.1 On a Hilbert space

Let X be a separable Hilbert space with inner product (, )x. A Borel probability
measure v on X is said to be (centered) Gaussian measure if

/ eTIX dy(y) = e 2 Brx
X

where B is a positive symmetric trace operator. Let {e,; n > 0} be an orthonormal
basis of X, of eigenvectors of B such that

Be, =c,e,, ¢, >0.

Then we have
H

which means that the projection z — (z,e,)x pushes 7 forward to a Gaussian
measure on R, of variance ¢,. Let ¢ denote the sequence (¢y,),>0. Then

ch < +400.

n>0

Consider the application ® : X — RY defined by
& = ((en, )1 //Cn)nz0-
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Let
(c) :={x € RY, chxi < o0}

n>0
Then ® sends X onto [?(c) and p = P4y is the countable product of standard

Gaussian measures on R. It is known that the measure p is quasi-invariant under
translation of elements in

I? = {r e RY, in < o0}
n>0
More precisely, for h € [* and 7,,(z) = x + h, then d(73,)4p = pn dp, with

pi(a) = eI,

where (h,x) =}, -, hazy. Note that
P ClP(c), |zl < max{e,} x |z]p.

In other words, (I*(c),l?, 1) is an abstract Wiener space. For the simplicity, we
will suppose that

max{c,;n > 0} < 1;
so the constant K in (4.2.2) is equal to 1.
Let V,, = (xo,21,...,2,,0,---) and 7, : X — V, be the canonical projection.
Then we have

22, = [ma(@) o = 3 caa? < fefg, (4.3.4)
k=0

In what follows, we will set X = [?(c¢), H = [? and || - || the Hilbertian norm of
X. Let po, p1 € P(X) such that Wy (po, p1) > 0. In the sequel, € > 0 is taken
small enough so that W ) (po, p1) —€ > 0. By Proposition 4.3.1, for n big enough
Wi 141. (Po, p1) — € is still positive, where ||.||, denotes the restriction of ||.|| on V.

In Chapter 6, we will consider the following variational problem:

win ([ oyl ve [ a@-gie)]. @)
eC(po.p1) L) xx x XxX
where « is defined by
alw —y) = (14l = yl?) .
Thanks to (4.3.4), it holds
| (2)[| + ea(mn(x)) < [|z]] + ea(x). (4.3.5)

The following result extends the Proposition 4.2.4 to the infinite dimensional
Hilbert space.
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Proposition 4.3.3. There is a solution I, to (P.), such that, If p; :== ((1—1t)P; +
tPy) 411, then for any t € (0,1), pr € D(Ent,) and:
t(1—t)

m (Wa7|\.||(P0,P1) - 5)2~ (4.3.6)

Ent,(pr) < (1—t)Ent,(po) +tEnt,(p1) —

Proof. For any n > 1, we consider p}' = (m,)4p; as above. By Proposition 4.2.4,
there is an optimal coupling II,, € C(pf, p}') such that

t(1—1)
2(1+¢)?
where p := (1 — )P, + tPy)4I1, for ¢t € (0,1). Let II, be defined in (4.3.3), and
pp = ((1—t)Py+1tP)ll,. Then for any bounded continuous function ¢ : X — R,

n n n n n 2
Ent,, (pp) < (1 —t)Ent,, (py) + tEnt,, (p}) — OV (05 P1) =€),

U((1 - t)z + ty) dll, (2, y)

XxX

= / / V(1 —t)(z, +&) —i—t(yn‘f‘f))dnn(xmyn)] dv(§)
V- nXVn

//wwdm J ante /¢ ) £ 0 ma(2)dp(a)

where f;" denotes the density of pj’ with respect to 7,. It follows that p} has f; o,
as density with respect to pu. Therefore

Ent,(py) = Ent,, (p}), Vvt € [0,1],
and combining with Remark 4.3.2, we have for all ¢ € [0, 1]:
t(1—1t) o 2
21 +22 VAT

Now dpf = EY(p;) dp for i = 0,1; then by Jensen inequality, Ent, (") < Ent,(p;).
Since (I1,,),, converges weakly to II, so that (p}'), converges weakly to p;. Letting
n — +o0 in above inequality yields

Ent, (57) < (1 — £)Ent,(75) + tEnt, (5}) —

t(1—1) 2
Ent,,(p:) < (1= )Ent,(po) + tEnt,(p1) — 5 ——5 Weji(po, p1) =€)
2(1+¢)
Since the cost function ¢ is continuous on X x X, the coupling IT € C(pg, p1) is
optimal with respect to c. O

In the next Corollary, we deal with the true Wasserstein distance Wy on P(X).
In this case for any optimal coupling IT € C(po, p1), the McCann’s interpolation
pt is a constant speed geodesic, namely

Wi 1(pe ps) = [t = s|Wa/(po,p1), VYt e€[0,1].
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Corollary 4.3.4. There is an optimal coupling 11 € C(pg, p1) such that for any
t e (0,1), pr € D(Ent,) and:

Ent,(p) < (1 —t)Ent,(po) + tEnt,(p1) — @Wﬂ.n(po, p1). (4.3.7)

In the literature, this proposition can be reformulated as: the relative entropy is
geodesically 1—convex in (P(X), Wq,).

Proof. Using Proposition 4.2.2 and the same proof as above yields the result. [J

4.3.2 On a Wiener space

In this section we will deal with the classical Wiener space (X, H, 1) with its
Wiener measure p. Note that X endowed with the uniform norm ||.||s , together
with the Wiener measure p is the simplest example of infinite dimensional mea-
sured metric space. When the cost is arised from the square of the Cameron-Martin
norm, the 1- convexity of entropy with respect to u has been given in [32].

Now let V;, be the subspace introduced in (2.2.1), constitued of continuous func-
tions which are linear on each intervall [[27" (I +1)27"| for [ =0,...,2" — 1. Let
m, : X — V,, be the projection and note that, in this case,

170 (@) [loo < |2l
so that the Proposition 4.3.1 holds.

Theorem 4.3.5. Let pg and p1 be two probability measures in P(X). Forp € [1,2],
there exists an optimal coupling I1 (with respect to ||.||2, ), for which the McCann
interpolation p, := (T3) 411 satisfies, for any t € 0,1], p, € D(Ent,) and:

t1—t)

Bty (p1) < (1~ H)Ent, (po) + Bty (1) — ——

W (po, p1)- (4.3.8)

In the literature, this proposition can be reformulated as: the relative entropy is
geodesically 1—convex in (P(X), Wp.0)-

Proof. As above, let p!' = (m,)xp for i = 0,1. On the subsapce V,, we first
consider the norm

1
]2 = / ()] e,

which converges uniformy to ||z||, on any compact subsets of V;,, as ¢ — +o0.
Proceeding as in the proof of the Proposition 4.2.3, we get an optimal coupling
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I, € C(ps, py) (with respect to ||.||), for which the McCann interpolation p}
satisfies

tH1—t)

W2 o (p4, P1).-

Denote by p = p o m,, for i = 0,1. Let II, € C(p¢, p%) be defined in (4.3.3). By
Remark 4.3.2, TI,, is still optimal for ||.|[Z,. We denote by (II,, )s which converges
weakly to some coupling II between py and py, optimal for |.|[£,. We apply the
Proposition 4.2.3 to obtain:

Bnt, (o) < (1) Ent, (0§t +1Ent, (1)~ Do o) vt e [0,1],
(4.3.9)

Now proceeding as in the proof of Proposition 4.3.3, we get the result by letting

k — +o0. 0

Remark 4.3.6. For the norm ||.||x~ the proposition 4.3.1 does not hold anymore.
Indeed it is not clear if |7, ()| |k < |||k, for any z € X.

o7



58

CHAPTER 4. CONVEXITY OF RELATIVE ENTROPY ON INFINITE
DIMENSIONAL SPACE



Chapter 5

Logarithmic concave measures on
the Wiener space

Let (X, H, ) be an abstract Wiener space. A probability measure v on X is said
to be logarithmic concave, if there exists a a-convex function W on X such that

dv =e WV dy,

for some a € [0,1). This class of measures plays an important role in Analysis on
the Wiener space. For example, the logarithmic Sobolev inequality still holds for
such a measure v (see the chapter 1).

It is now well-known (see [47]) that the convexity of relative entropy implies Ta~
lagrand’s inequality. For the sake of self-contained, we will show this implication
in section 1. In section 2, we will prove that the Wang’s Harnack inequality is
still true for a logarithmic concave measure: from the general theory of functional
inequalities, the Harnack inequality implies the logarithmic Sobolev inequality. In
section 3, we will study the stability of optimal transports when the target measure
is logarithmic concave.

5.1 Talagrand’s inequality

Talagrand’s inequality with respect to the square of Cameron-Martin norm has
been discussed in PhD thesis by I. Gentil. The implication from logarithmic
Sobolev inequality to Talagrand’s inequality has been estalished by Otto-Villani
and Bobokov, Gentil and Ledoux. In this section, we only show the implication of
the inequality (4.3.8) to

W3 o (po, 1) < 2Ent,, (po).
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If there is a probability measure py such that

1
Ent/.t(p()) < §W22700<:007 ,LL),

then in the inequality (4.3.8), taking p; = pu, we get

Bity () < (1= ) (Entyon) ~ Wl )

For a t close enough to 1 we have

/
Enty(po) < 5Wsoe(po, 1)

Then for this ¢,
Ent,(p:) < 0.

But Ent,(p:) > 0. We get a contradiction. Therefore for any probability measure

Po,
W3 oo (po; 1) < 2Ent, (po).

5.2 Harnack’s inequality

Harnack’s inequalities was introduced by F. Wang in order to prove the logarith-
mic Sobolev inequality on complete Riemannian manifolds. There are now many
applications of such an inequality, we refer to the paper of Bobkov, Gentil and
Ledoux [11] and the book of Wang [61]. In infinite dimensional spaces, we refer to
Shao [54] and to Aida and Zhang [1].

Let V' € D}(X) be a positive function on the Wiener space X such that [, V du =
1. Assume that

2
/ @ dp < 400. (5.2.1)
b

The condition (5.2.1) says that the Ficher information of the probability measure
v := V is finite. Under this condition, the quadatic form

E(f.f) = /X VPV, f € Cylin(X),

is closable, where Cylin(X) denotes the space of cylindrical functions on X. We
will denote by D?(X, v), or Dom(&y) the minimal extension of (£, Cylin(X)). Set
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V = eW. For the sake of simplicity, we denote &y instead of £y. Let Ly be the
generator of &y, that is associated to

/ VP eV = / Lot fe V.
X X
We have

Lwf=Lf+(VW,Vf)y (5.2.2)
for all f € Cylin(X), where L is the Ornstein-Uhlenbeck operator on X.

Assume that
0<d <e ™ <dy < oo (5.2.3)

Under (5.2.3) we have:
Dom(Ew) = Dom(E).

Now let PV = e~*W be the semigroup associated to Ly. Then PV : LP(X, e W) —
LP(X,e W) is a contraction for any 1 < p < +o0, i.e. Vf € LP(X, eV p),

||Ptf||LP(e*W/J,) S ||f||LP(eiW,u)7 Vi Z 0. (524)

Proposition 5.2.1. Let W € D?(X) and (W,,),, C D2 (X) a sequence of functions
satisfying (5.2.3) , which converges to W in D?. If P denotes the semigroup
associated to L, then

7g&w%f—anpwfﬂx Vf € Cylin(X).
Proof. Let f € Cylin(X) and v, := e"""p. Because 4P, f = —L(P,f), we have

G [P =P P av, = <2 [ (Prg - P 5) (2P S ~ L P ) dv,
X X
=2 [ (s =PV L (Pf ~ PV ) dv,
X

—2/(Wf—ﬁW)wJWf—mﬂWﬁd%
X
=1+ b,

By definition of £,,, the first term is negative, that is, I; < 0. To estimate I3, we
remark

Lof —Lwf=<VW,—-W),Vf>g.
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Hence by (5.2.3),
12| < 20| Pf = P flloc IV Wo = VW | 2 [ VB f | 22 -
Moreover using (5.2.3), (5.2.4) and (5.2.2),

1 1
IVPY flltey < 5 /X VP S e = /X Low(PY )PV feVdy
1

_ 1
= —5—1 XPtW(EWf) Pth€ Wdu < 5_1"th([’Wf)"LQ(E—W,M)HPth"LQ(e—Wu)

| 5
< 5—1||£Wf|\L2(efWu) NNl 2wy < (5_1||£WfHL2(,u) NNl 220

Og
< 5, ULz + [V S lloo 1YW 22 - [1£1] 2
Combining above computations, there is a constant C'; dependent on

01, 02, | flloos IV Flloos 1L F L2y [IVW | L2(10)
such that

d
T /X Py f— P fI?dv, < C||[VW, = V|| 2.

It follows that for ¢ > 0,
/ Pl f—PY [ dv, <tC||[VW, — VW||z2) = 0 as n — +oo0.
X
Finally note that §; < e,

n 1 n
||Pt f - Pth”L?(u) < 5—1||Pt f — Pth”L?(un) —0 asn — +oo.
[

Let K € R be a real number and W € D}(X) is a K—convex function on X
satisfying the condition (5.2.3). Using the Ornstein-Uhlenbeck semi-group, we can
get a sequence of K,-convex functions W,, € D?_(X) satisfying also (5.2.3), which
converges to W in D}(X), with

lim K, =K.

n—-+00

Theorem 5.2.2. Let K € R, and W € D?(X) is a K— convex function on X
satisfying (5.2.3). Then for each t > 0

VPV f| < emEFVEPW T £ Vf e Cylin(X).
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Proof. For a K,,—convex function W,, € D?_(X), we have
VP f| < e” TR ],
Let € > 0 small. We can assume that K,, > K —¢. Hence integrating with respect
to v, = e Wrp,
[ v, < e [ ppa,
b's

therefore

og _ —&
[ verspan < e v

It follows that (P f), is bounded in D?(X); therefore there exists a subsequence
(still denoted by P f), which converges weakly to some element g € D?(u). By
Banach-Saks theorem, up to a subsequence,

1 n
(L3 )
n
k=1
converges strongly to g in D?(u). By the Proposition 5.2.1, the sequence (PFf);
converges to PV f in L*(u1), which yields

n

g=F"f.
But
1< 1< itk I &
MO TIEES S e ]
k=1 k=1 k=1
Letting n — oo yields the result:
VP | < s "R Y |V ],
The result follows by letting ¢ — 0. U

As a consequence of gradient estimate, we get the following Harnack’s inequality.

Proposition 5.2.3. Let W € D3(X) be a K-convex function W on X satisfying
(5.2.3). Assume that [, eV = 1. Then for any o > 2, any t > 0 and f €
Cylin(X),

a(K + 1)dg(w,w')?
2(a—1)(e?* —1)

BY )| < BV || (w) exp{ } Vi, € X,

where | 7 /
N Jlw—=wg if w—w € H;
dp(w,w') == { +00  otherwise.
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Proof. The proof follows in the same line as in [61] or in [54]. O

Remark 5.2.4. The novelty in above proposition is we assume only that W &
D#(X) instead of W € D3(X) in the literature. The technical condition e > 4,
making the calculation easier, could be dropped.

5.3 Variation of optimal transport maps in Sobolev
spaces

Another good behaviour of logarithmic concave measure is it insures the stability
of optimal transport maps when the target measure satisfies such a property: It is
the purpose of this section. The word optimal will always refer to optimality with
respect to the cost being the square of the Fuclidian norm, that is:

c(zy) = |z —yl”

Let e~V dx and e~ dz be two probability measures on R™ having second moment,
then there is a convex function ® (Brenier’s theorem) such that V& is the optimal
transport map which pushes e™Vdx to e="Wdz. If moreover

1. the functions V and W are smooth, bounded from below,
2. the Hessian V2V of V is bounded from above and VW > K Id with K; > 0,

then @ is smooth (see [15, 45]) and

sup ||V2®(2)||gs < +o0,
TER™

where

|Al|gs := Tr|A*A|,
denotes the Hilbert-Schmidt norm. The above upper bound is dimension-dependent.

In a recent work [45], A.V. Kolesnikov proved the inequality
VV|*e Y dz > K, V20|55 eV da. (5.3.1)
R" R"

Although the constant K7 in (5.3.1) is of dimension free, but on infinite dimensional
spaces, V2® usually is not of Hilbert-Schmidt class. Let V®(x) = z + Vo(z). A
dimension free inequality for ||[V2¢||%¢ has been established in [45] under the
hypothesis

VAW < K, Id. (5.3.2)
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The main contribution of this section is to remove the condition (5.3.2).

Firstly we get a priori estimate, following the ideas in [45], mainly combining
change of variables formula. It turns out that it can be extended in suitable
Sobolev spaces. And this estimate leads to the main result of the section:

Theorem. Let e Vdy and e=Vdy be two probability measures on R™, where v is
the standard Gaussian measure on R™. Suppose that V2W > —clId with ¢ € [0, 1).
Then

2
IVV|2eVdy — VW Pe Wdy + —— V2 W |3 g e Wdy
Rn Rn ]. - C Rn

1—
> 2Ent, (") — 2Ent, (e”") + ‘

2 Jen

V2l e dry.

5.3.1 A priori estimates

Consider a probability measure du = e~ dx on the Euclidean space (R", |-|),
where a : R” — R is smooth. Let A, f be two positive functions on R™ such
that fRn hdp = fRn fdup = 1. Under some smooth conditions on h and f (see
[15, 45] or p. 561 in [59]), there exists a smooth convex function ¢ : R" — R
such that V& : R® — R” is a diffeomorphism which pushes hu forwards to fu:

(V) (hpt) = fyu and
W3, fu) = [ 2 = V()| h(a)dp(z), (5.3.3)

where Wy (hu, fu) denotes the 2—Wasserstein distance for the Euclidian norm
between the probability measures hu and fu, which is defined by

2(p, —  inf —y|?dll
W3 (hy, f1e) nedt Rann!w y| dll(z,y),

the set C'(hu, fu) being the totality of probability measures on the product space
R™ x R™ such that hu and fu are marginals.

By formula of change of variables (proved by McCann in [50]), V& satisfies a.e.
the following equation

F(V®)e V) det(V2D) = he ™. (5.3.4)

Now consider two couples of positive functions (hy, fi) and (hs, f2) satisfying same
conditions as (h, f). Let ®; and ®5 be the associated optimal maps, namely

(V®1)s : hipp— fip,
(V@z)# : h2u — leLL
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Then we have
fL(V®))e VP et (V2D,) = hie @, (5.3.5)
f2(V®y)e VP2 et (V23Dy) = hye . (5.3.6)

Let Sy be the inverse map of V®,, that is, V®y(S53(x)) = x on R"; then we have
V2®0,(S5(7)) VSy(z) = 1d, or  VSy(x) = (V20y)(Sy(2)).

Acting on the right by Ss the two hand sides of (5.3.5), as well as of (5.3.6), we
get

fl(Vq)l (SQ))@ia(vq)l(SQ))det(VZ(I)l (SQ)) = hl (SQ)@ia(SQ), (537)

fQ e det(V2@2(Sg)) = hQ(SQ)eia(Sﬂ. (538)
It follows that
fi i(VE(S,))e Vo)

f2 fiem
Taking the logarithm on the two sides yields

- det [(Vz@ﬁ(vz@z)fl (S2) =

log( 1)+ og fe ) (V4 (52)) ~ log(fie™™)
2 5 (5.3.9)
+ log det [(v%bl)(vzcbz)—l} (Sy) = log(h—;)(Sg).

Integrating the two sides of (5.3.9) with respect to the measure fou, we get

/R ) log(%)(Sg) Fodpt — /R ) log(f—:) Ffodp = / log det [(v?qn)(v?%)*l} (S5) fadpt

+ /n [log(fle“")(VCI>1(S2)) - log(fle—a)] fady.
(5.3.10)

By Taylor formula up to order 2,
log(fie™*)(V®:1(S52)) —log(fre™*) = (Vlog(fre™?), V&1 (5:(z)) — )

+ /D (1—1) [v? log(fre)((1 — t)x—l—tVCI)l(Sg(x))] (VO (Sa(z)) — )2 dt.
(5.3.11)
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We have

/n<V log(fie™®), V®1(Sz(x)) — x) fodu

= [ (Ve ), Vi) — ) L

By integration by parts, this last term goes to

. fie”*div (V@l(SQ(I)) ) ;j dr — . f1em (VO (Sa(x)) — (ji?

== [ av(Vousie) — o) fi— [ (Vi(Sale) — vaogji ) fue

) da

Note that V [(chl)(sg)} — V20, (S5) VSy = V2B, (S,) - (V2Py)~1(Sy), and
div(vq>1(52(x)) - :1:) — Trace [v%pl(s?) (V20,)7Y(S) — Id].
Combining above computations yields
[ (T 1osie), Vi(Safa) - o) fod

:—/ Trace[qu)l(Sg)-(qu)z)’l(Sg)—Id fodp (5.3.12)

— [ (V0(S:()) — .V llog ) fdp.

S
For a matrix A on R", the Fredholm-Carleman determinant dets(A) is defined by

deta(A) = e 1racedd—4) gor( 4y,
It is easy to check that if A is symmetric positive, then 0 < dets(A) < 1. We have
Trace((v2<1>1)(v2®2)’1) = Trauce((VQCI)Q)’l/2 V20, (V2®y)~ 1/2)

and
det <(V2<I>1)(V2<I>2)*1) = det ((V2<I>2)*1/2 V2D, (VQCI)Q)*/?) '
Therefore
log deto ((V2q>1)(v2q>2)—1> — log det, ((V2¢>2)_1/2 V2P, (VQ(I)Q)—l/Q) <0

(5.3.13)
Now combining (5.3.10), (5.3.11) and (5.3.12), we get the following result.
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Theorem 5.3.1. Let o € C°(R") and dp = e~ *dz be a probability measure on
R™. Then

h
Enthlu(h—j) — Entfw(%) = /7L<V(I)1 — V%, V(log %)(V%)) hgdu
- / log detQ((VchQ)*l/? V2P, (v2<1>2)*1/2) hady

i /01(1 - t)dt/n = V2 log(fie™) (1 = )V, + 1V )| - (VO — VP3)? hydp.

(5.3.14)
Corollary 5.3.2. Suppose that
V?(—log(fie™®)) = cld, ¢>0. (5.3.15)
Then
/Rn VD, — Vby|* hadp < %(Enthm(%) - Entfw(%)> -

4
v 5 [ 10g 2P
" Jrn fi

If moreover f1 = fo, then it holds more precisely

ho

C
5 / ]V@l - V(I)2|2 hgd,u S Enthw(h—).
n 1

Proof. Note that

‘/n<vq>1 — V®,, V(log %)(VQQ» thu‘

2 1/2 e 1/2
< ([ 1V0 = VO hodp) ([ [VIog 2P fodn)
Rn Rn 1
1
<[ Ve - VO o+~ [ [ Viog 22 faap.
Under condition (5.3.15), the last term in (5.3.14) is bounded from below by

C
5 |VCI>1 - VCI)2|2 hgd/,b
Rn

Now according to (5.3.14), we get the result from (5.3.16). O

Here are some technical lemmas.
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Lemma 5.3.3. Let A be a symmetric positive definite matriz and B be a symmetric

matriz on R™; then
|1Bl|as

||A—1/QBA—1/2||HS Z ,
|1 A]lop

(5.3.17)
where || - ||op denotes the norm of matrices.
Proof. Let C = A7Y2BA~Y2 then C = AY2BAY2. Let {e1,--- ,e,} be an

orthonormal basis of R™, of eigenvalues of A: A'2e; = \/A;e;. We have Be;, =
Vi AY2Ce; and

|Be;|> < max(\;) [AY2Ce;|* = max();) (Ce;, ACe;) < |A|Z, |Cei.
It follows that ||B||7;g < ||All2, [|C||7s- The result (5.3.17) follows. O

Lemma 5.3.4. Let A, B be symmetric matrices such that I + A and I + B are
positive definite. Then

— log det2<(f + A)(I + B)’1>
1 (5.3.18)
= / (1=||I+ (1 —-t)B+tA) YA —-B)(I+ (1 —t)B+tA)~ V2% dt.

Proof. Note first [ — (I + A)(I + B)™' = (B — A)(I + B)~ and

(i) Trace|I = (I+ A)(I + B)™!| = (B = A,(I+ B) ).

Let x(t) = log det([ +(1—-t)B+ tA) for t € [0,1]. We have

Y(#) = Trace| (A= B)(I + (1= ) B+tA)" | = (A= B, (I+ (1= )B+tA) s,

Then
logdet(I + A) — logdet(I + B) = (A — B, /Ol(l + (1 —t)B+tA) " dt)ys.

According to above (i) and definition of det,, we get

~logdets (I + A)(I + B)™) = (A~ B, /01 (14 B) — (1 + (1= 0)B +14)"] dtys
—(A- B, /01 [/Ot(l +(1-s)B+sA) " (A-B)(I+(1—s)B+ SA)—lds} dt) i
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which is equal to [, (1 —t){A— B,(I+ (1 —t)B+tA)" (A—B)(I+(1—t)B+
tA)~) pg dt, implying (5.3.18). O

In what follows, we will consider the standard Gaussian measure v as the refer-
ence measure on R™. Let e™" and e be two density functions with respect to
v, that is, fRn e Vdy = fRn e Wdy =1. Let ® be a smooth convex function such
that V® pushes e~V forward to e="+, that is,

/ F(V®)eVdy = / FeVdy.

Let a € R™; then
/ F(V®(z + a))eVEtae-wa-slal gy — / F(V®)e™ dy.

Denote by 7, the translation by a, and M,(z) = e~@a=slal" " then the above
relations imply that
V(7a®)y e ™ Myy — e V.

Let hy = e VM, hy = eV . Then Enthw('hl—f) = Jou(TV =V + (z,a) +
tlal*)e=Vdy. Applying Theorem 5.3.1 , we get

1
/ (TV =V + (wa) + 3laP)e ™V
_— / log dets [(VQ@)—W V2(7,®) (v2c1>)—1/2} eV dry
1
+ / (1-— t)dt/ [(Id + V2W)(A(t, z, a))] (VO(z) — VO(z +a))e Vdy,
0 n
where A(t,z,a) = (1 —t)VP(x) +tVP(x + a). Note that as a — 0, A(t,z,a) —
Vo(z).
Replacing a by —a, and summing respectively the two hand sides of these equal-
ities, we get
/ (V r+a)+V(z—a)—2V(z)+|a]*) e Vdy = J(a) + J(—a)
+ 1 —t)dt (Id + V2 (A(L, @, a))] L(VD(x) — VB(x + a))2eV dy

+

c\%

Ry / (4 + V*W)(A(t, 2, ~a))] - (V(x) — Vb(z — a)) eV,
(5.3.19)
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where

J(a) = — / log dets [(v%b)*l/? V(1,®) (V2®) V2| e V.

By explicit formula given by the Lemma 5.3.3, and write V&(x) = x + Vp(z), we
have

L Jea) = /1(1 —ydt [ ]I+ (1= )V2 + tV2%0(z + £a)) V2

62 R

= (V3p(a + 2a) = V2p(@) ) (I + (1 = OV + V2 (w + 2a)) ™|V dy.
So that, by Fatou lemma

J 1
lim (;a) e (I 4+ V%)™ V2 D, V2p(x) (I + V) V2|5 se Vdy. (5.3.20)
e—0 Rn

Now replacing a by €a and dividing by €? the two hand sides of (5.3.19), letting
e — 0 yields

/ [D?LV + ]aﬂ e Vdy >

+ / (Id + V2W)(V®) (D,V®, D,V®) eV dy

. (I + V2) "2 D, V20(x) (I + V30) V2|45 eVdy

=/ 1(1 + V)2 D V2p() (I + V) 2|5 e ™V dy

+ [ D, VO®|PeVdy + / (V2W)(V®)(D,V®, D,V®) eV dy.
Rn n
(5.3.21)

By integration by parts,

D2V e Vdy = / (DV)2e Vdy+ | D,V {a,x)e "V dy.

Rn n Rn

Using (5.3.21) and |D,V®|? = |a|? + 2(a, D,.Vy) + | D, V|?, we get

/ (D,V)?e Vdy + A D,V {a,z) e Vdy

= 1(1 +V20) 2 D V2p(a) (I + V) 2|} eV dy

+2 / (a,D,Vp)e Vdy + : 1D V|*e Vidy + i V2W (V®)(D,V®, D,V®)e " dy.

Summing a on an orthonormal basis B, it follows
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/ IVV2e™Vidy + / (x,VV)e Vdy

]Rn n

= / ST + 920) ™2 D, V2p(a) (I + Vi) 2Py eV dy
n EB

+2/ Acpe_vd7+/ ||V2g0||§{56_vd’y+z VW (V®)(D,V®, D,V®)e "V dy.
" R acB /R"

(5.3.22)

Let
Nw(V?0) =Y V*Wya(D,V, D,Vep). (5.3.23)
a€B

Then

> / V2Wea(D,VO, D,V ®) eV dy

acB YV R"

- / (AW)(V®) e Vdy +2 / (VW (V®), V2 gse Vdy+ | Nw(Vie)e Vdy.
n n Rn

This equality, together with (5.3.22) yield

|VV|2€_VCZ’7+/ (x,VV)e Vdy

n

R

> [ S0+ VR D) 1+ V) s
¥ aes (5.3.24)

—|—2/ ApeVdy + ; |]V2<,0H§{Se_vdfy+/ (AW)(V®) e Vdy

+ 2/ (VW (V®), V2 gse Vdy+ | Nw(Vi)e Vdy.
n RTL

In order to obtain desired terms, we first use the relation

/ o+ V(@) eV dy = / 2P e Wy
Rn n

which gives that
2 [ @Vet@)evar= [ pPear- [ pPevar- [ ey
n R~ Rn R™
Let £ be the Ornstein-Uhlenbeck operator: Lf(z) = Af(z) — (z, Vf). Remark
that .
L(Glel*) = d = |2
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Then [p, |2 e Vdy— [, |zfP e Vdy = — [G. LGla)?)eVdy+ [5. L(5|z]?)e ™V dy,
which is equal to

—/ (x, VIV) e_de—i-/ (z, VV)e Vdy.

Therefore

2/n<x,Vg0(x)> e Vdy=— /n(x, VW) e Wy

(5.3.25)
+/ (x,VV)e Vdy — V| e Vdy.
n Rn
On the other hand, from Monge-Ampeére equation,
eV = e_W(v(b)e'c‘p_%W‘Pleetg(Id + V2p),
we have
1 2 2
-V =-W(V®)+ Lp— §]V<,0| + log dety(Id 4+ V).
Integrating the two hand sides with respect to e~V dry, we get
1
/ LoeVdy=Ent,(e7") — Ent,(e™") + 3 Vol eV dy
" R (5.3.26)

— / log dety(Id 4+ V2p) e~ Vdy.
Combining (5.3.25) and (5.3.26), we get
2/ ApeVdy = 2/ LoeVdy+ 2/ (x,V)eVdy

= 2Ent, (") — 2Ent, (e”") — 2/ log dety(Id + V) e Vdy

- / (x, VIV)e Wdy +/ (x,VV)e Vdy.
Replacing [, Ape™Vdy in (5.3.24) by above expression, we obtain

n

IVV|?e Vdy > 2Ent, (e”") — 2Ent, (e™") — 2/ log dety(Id + V) eV dy
Rn
+ / S U+ V)2 D VP o(x) (I + V) 2|3 geVdy + / IV2ellfs e dy
R™ aeB R

+ / LWe Wdy+2 / (VW (V®), V2 gse Vdy+ | Nw(Vi)e Vdy.

Rn

So we get
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Theorem 5.3.5. We have
VVPPeVdy— | [VW[Re Vdy
R" Rn
> 2Ent, (") — 2Ent, (e”") — 2/ log deto(Id + V) e Vdy
/ DI+ V) 2D V() (1 + V2p) s e dy +/ IV2¢lls e dy
R’VL

" aeB

2 / (VW (V®), V2 pse Vdy+ | Nw(Vi)e Vdy.

R

Theorem 5.3.6. Assume that VW > —cId with ¢ € [0, 1[; then

2
VVPeVdy— | [VWPeVdy + —— / V2|3, dy

1—c¢
2

(5.3.27)
> 2Ent,(e”") — 2Ent, (e”")

A 1Vl [rs e~V dy.

Proof. It is sufficient to notice that

-~ 1—c¢ _ 2 _
(VW (V®), Vi) psl e dy < - /. V20l [5s e Vd7+—1_c s VW |[5s e dy.
Rn n n

The inequality (5.3.27) follows from Theorem 5.3.5. O

Theorem 5.3.7. Let 1 < p < 2. Denote by || - ||op the norm of operator, then

2
IVl vy < |79 len|| 2o

2
o (V1B vyt = VW )
(5.3.28)

Proof. By Holder inequality

IVPollhs v, \P/? 5
IIV%IIHSe Vdy < (/R —HHW;"S'Q e de) ( 1T+V20||57 ¢ de) .
n op

By (5.3.17),

V7 _
Tt < LI+ %) DT (0) 1+ ) s

a€eB

Remark that [,, [VW|?e~"dy > 2Ent,(e~"). Now by Theorem 5.3.5, we get the
result. O
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In what follows, we will compute the variation of optimal transport maps in
Sobolev spaces. Consider

(VO)y e Vidy — e Mdy, (V®y)u:e 2dy — e V2dy.
We will explore the term — log dets [(V2q>2)-1/2v2c1>1(v2<1>2)-1/2 in Theorem 5.3.1.
Let V& (x) = x + Vi (z) and VOy(x) = & + Vipa(z); then
V20, =1+ Vi, V20y =1+ Vi,

Theorem 5.3.8. Let 1 < p < 2 and

2 2
2 2 N ) ,
MV Vien) = maX<H||I+ v SOlHop L;fpp(e*‘@’y)’ )HI v SozHOP L22pp(eV2'y)>'
(5.3.29)

Assume that V*W; > —cId with ¢ € [0,1[. Then we have

19261 = Vel vy 2T, V)2 [ (Vi= Va)e Yoy
2 ’ (5.3.30)
+ V(W — W2)|267W2dfy].
]_ — C Rn

Proof. Applying Lemma 5.3.3 to B = VZp; — VZpy and A =T + (1 — t)V?py +
tV2p, yields

(T4 (1 — 6) V20 + tV201) " V2 (V201 — V300) (T + (1 — ) V205 + tV201) 72|34
[[V2p01 — V2o %g
T A (1 = 1) V200 +tV201 |2,

As above, by Holder inequality, we have

/ | V21 — V2S02||12qg Vo gy > V31 — V2902||ip(67v27)
_ 2 2 2 —
R™ ||]+(1 t)v 4,02+tV 901||op H||]+(1—t)v2§02+tV2901||0p

2
2p
L7 (e7V27)

Now by convexity,

2
. 2 2
HHI—l— (1 =)V + tV701[op 125 (Vo)
2 2
2 2 2 2
<1 —t)H\|I+V eollon|, vy +t) I+ V0l o, < M(V01, P0),
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According to Lemma 5.3.4, we have

/ — log dets ((v2c1>2)—1/2 V20, (v2<1>2)—1/2) eVedy

1 19201 — V3
> 1—-1 dt/ HS 67V2d
/0 A=0dt | Tr A=+ tveas, ¢ (5.3.31)
EHVQ(‘Dl B V%OZHiP(e—VM)

-2 M(V2p1,V2p,)

By Cauchy-Schwarz inequality,

’/n<V<I>1 — V&, V(W) — W) (VDy)) e—VQd,y‘

1/2 1/2
< ( VD, — V,|? e—V%m) ( V(W) — Wh)[? e_W2d7>
Rn Rn

1—-c
<

1
VO, — Vdy 2 e 2dy +—— | |[V(W — Wy)|? e V2dy.
Rn 1 - C Rn

Under the hypothesis V2W; > —cld with ¢ < 1, the inequality (5.3.16) implies

4
VO, — V|2 e 2dy < / (Vi = Vo)e V2dy + W/ IV(Wy — Wa)[Pe "2 dy,
R"” n - Rn

1-¢
so that
‘/ (V; = Vo, V(W) — W5)(T)) e V2|
S B [ 19— W e
Now combinig (5.3.14) and (5.3.31), we conclude (5.3.30). O

5.3.2 Extension to Sobolev spaces

In this subsection, we will assume that V' € D?(R",~), W € D3(R"™,~v) and there
exist constants d2 > 0 and ¢ € [0, 1] such that

eV <6, eV <4 and VEW > —cld. (5.3.32)

It turns out that V and W are bounded from below. Consider the Ornstein-
Uhlenbeck semi-group P

P.f(x) = - fle™®x + V1 —e*y)dy(y).
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If f € D3(R", ), then

VP.f(z)=e* [ Vf(e " z+V1—e*y)dy(y),
an

and
V2P.f(x) =e* | V*f(e™z + V1 —e*y)dy(y).
R’I’L
It fOHOWS that ||VP€f||L2(,y) S ||Vf||L2(,y) and |]V2P5f||L2(7) S ||V2f||Lz(7) and

lim [|P-f — fllpgr) = 0. (5.3.33)

Now we use P. to regularize V' and W. Let

—xm P1V
m

n n

Vm:XmP1V—i—log/ e dy, Wm:P1W+log/ e =Y dny,

where y,, € C°(R") is a smooth function with compact support satisfying usual
conditions: 0 < y,, <1 and

Xm(x) =11if |z] <m, xm(z)=0if 2| >m+2, sup||Vxmlleo < 1.
m>1

Then the functions V,,, W,, satisfy conditions in (5.3.32) with 2, for n big enough,
and VV,, converges to VV in L?(v). In fact,

VVi = VV = VX0 PV + X (VPLV = VV) + VV (X, — 1).

It is only to check that liT IVXm|?P|V|?dy = 0. But
m—+00 fpn m

() [ 19l PyvEar = [ VPPV
Rn Rn
" m — (l—e_l/m)|x|
For x € R™ fixed, let r,,(x) = o then

2
P |Vxm|*(z) < /R Lo smpsn/ie zmyomy @Y W) S (Yl 2 T (2)) = 0,

as m — 400. Now dominated Lebesgue convergence theorem, together with above
(x) yield the result.
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Let * — x + V,,(x) be the optimal transport map which pushes e=Vm~ forward
to e""m~. By Theorem 5.3.6, we have

2
VYV, [2eVmdy — VW, lPe™Wmdy + —— | ||V*W,|[5ge” Y dy
R™ R 1—c R”

1—
> 2Ent, (™) = 2Bnt, (™) + = | [Vl fse .
Rn
(5.3.34)
It follows that, according to (5.3.32),
(2) sup | [|[V2oml[fse™ ™ dy < +oo.

m>1 JRn
On the other hand,
Vom|* e mdy = Wi (e™ "y, emy).
Rn

Note that, by transport cost inequality for Gaussian measure: WZ(e Vmy, ) <
2Ent., (e~"™), the right hand side of above equality is dominated by 4(Ent., (e~V™)+
Ent, (e="m)) which is bounded with respect to n, due to (5.3.32). Therefore

(11) sup IVom|2e”Vmdy < +oc.
m>1 JRn

For the moment, we suppose that
(H) 0<d <e V.

Under (H), above (i), (#i) imply that

Sup[ Viom[*dy +/ HVQsomH?qsdv] < o0
m>1LJgn Rn
Now by Poincaré inequality [g, [om — E(@n)[>dy < [on [Viom|*dy where E(p,,)
denotes the integral of ¢,, with respect to 7. Up to changing ¢,, by ¢, — E(om),
we get

sup [loml Ip3(y) < 400 (5.3.35)

Therefore there exists ¢ € D3(y) such that o, = ©, Vo, — Ve and V3p,, —
V2o weakly in L?*(y). Now by Theorem 5.3.8 (for p = 1), there exists a constant
K > 0 (independent of n), such that

1V26m = V20l 21) < K (Vi = Vil + VWi = VW, ) = 0, (5:3.36)
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as m,q — +o00. Also by (5.3.16),

4
[Vin = Vallpr) + m\lvwm = VWqllz2) — 0,
(5.3.37)
as m,q — +oo. It follows that VZyp,, converges to VZp in L'(vy) and Vi, con-
verges to Vi in L*(), as m — +oo. Up to a subsequence, V?¢p,, converges to
V2o and Vi, converges to Vi almost everwhere. Therefore z + V(z) pushes
eV to ey and Id + V2 is positive.

Theorem 5.3.9. Let V € D¥(R",v) and W € D2(R",~) satisfying conditions
(5.3.32) and (H), then the optimal transport map v — x + V(x) which pushes
e Vo to eV is such that ¢ € D3(R™,v) and

4
Vo — Vglla,) < 1

2

/ IVV|2e Vdy — / VW 2e™Wdry + —/ V2 W |36V dy

1—c¢
2

(5.3.38)

> 2Ent, (") — 2Ent, (e”") + V2|3 5e7 " dry.
Rn

Proof. Again due to (5.3.32), as m — +00, at least for a subsequence,
/ IVVi2e Vmdy — IVV|2e Y dy, / VW, [2e ™ Vmdy — VW [2eWdy.
R™ Rn Rn Rn

On the other hand, for an almost everywhere convergent subsequence, by Fatou
lemma,

lim IV0ullfse™ mdy = | |[V2¢lfse”" dy.
RTL

m——+00 Rn
At the limit, (5.3.34) leads to (5.3.38). O

In what follows, we will drop the condition (H), but assume (5.3.32). Let m > 1,
consider

Vio =V Am.
Then V,, <V, |[VV,,| < |[VV| and V,, converge to V in D*(R",v). Let a,, =
Jon €V dy; then a,, — 1, as m — +oo. Let & — z+ Vi, (2) be the optimal map
which pushes e~V /a,, dy forward to e="Wd~y. Then by (5.3.38),

e~ Vm

1—c
V2m2
5 IVl

On the other hand,

2
dr<a [ (WVPdr 2 [T Y,
n - R'n

~Vim , e Vm o
dy = Wi (——,¢" 7).

am ™m

e

2 eV 2
Vom|"—dy < [ [V
R a Rn

m
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It follows that
sup[ ]chm\QeVd’y—i—/ Hvzgom\@se’vdfy] < +00. (5.3.39)
m>1LJRn Rn

Since the Dirichlet form E(f, f) = [ |V f|[?e Vdy is closed, then there exists
Y € D}(R™, R"; e~"y) such that

Vo, =Y, V2g0m —- VY

weakly in L?(e~Vy). Then, for any £ € L®(R",R";e~"7),

(i) iim [ (€ Von)e Yy = [ V) Vi

m—r+00 Rn n
On the other hand, by stability of optimal transport plans, there exists a 1-convex
function ¢ € L'(e7V~) such that z — x + V(z) is the unique optimal transport
map which pushes e”Vdy forward to e "Wdry (see [58],p.74), such that, up to a
subsequence,

— Vm

@)  lim | e,z + V(@)

m—+00 Jpn

dy= | W@,z + V() e dy,

m Rn

for any bounded continuous function ¢ : R™ x R" — R. Let ar be a cut-off
function on R: ar € Cy(R) such that 0 < ag < 1 and ag = 1 over [0, R| and
ar = 0 over [2R, +oo[. Take £ as a bounded continuous function R" — R" and
consider

b(a,y) = (@), y)ar(ly)-
By above (ii), and noting V®,,(z) =  + Vi, () and VO(z) = 2 + Vp(z), we
have
(i)
lim | (§(x), VO (2))ar(|VPm(z)])

m——00 Rn

erm

dy = / (), VR()0r(I V() eV

m

e

Note that
—Vim
’/n<£(x),vq>m(x)>(1 —aR(|VQ)m(x)|)) - dV)
= | [ 6T )01 o) | < sl [ ),

Combining this estimate with above (iii), we get

e_VTn

lim (&(x), VO, (x))

m—-+00 Rn

dry = /n<§(:p), Vo(z))e Vdy. (5.3.40)

m
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From (5.3.40), it is not hard to see that

lim [ (6(@), V(2)) e Viy = / (€(x), V() eV .

m——+00 R™ n
Now comparing with (i), we get that V&(x) =2+ Y (z) or Y = V.

Theorem 5.3.10. Let V € D¥(R",~) and W € D3(R",v) satisfying conditions
(5.3.32). Then the optimal transport map v — x + V() which pushes eV to
e W is such that ¢ € D3(R",v) and

2
VR Vdy— [ VW Wy + / V2|2, e~ dry
R R ]_ C Rn

1—c¢

> 2Ent, (e”") — 2Ent, (e™") + 5

IV%llEge™ dv.
R

Proof. Replacing V' by V,, in (5.3.38) and note that

€_Vm

-V
. . € —
tim e [ 193l S 2t [ VRl Sy = [ 119V,

am

we get the result by letting m — +oo in (5.3.38). It remains to prove that
o € L?(e7Vy). In fact, let IIy be the optimal plan induced by z — x + V().
Then (see section 1), under Iy,

p(x) +v(y) = |z —yl”
But we have seen in section 1 that 1 € L*(e="+). Then under Iy,
p(x)* < 20(y)” + 2l — yl"

Let € be the set of couples (x, y) such that above inequality holds, then ITy(£2) = 1.
We have

/ @* dlly = / ©*dlly < 2/ YdIly + 2/ |z — y[* dllp(z, y).
R™ xR™ Q n R7 xR"™

It follows that
/ e Vdy <2 | e Wdy+ 1652/ |z|*dy(z),
n Rn Rn

which is finite. The proof is complete. 0

We conclude this section by the following result.
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Theorem 5.3.11. Let Vi, Vo € D¥R™,v) and Wi, W, € D3(R™,v) satisfying
(5.3.32) and (H). Let V1, Vo be the associated optimal transport maps. Then
for1<p<?2

n

1921 = Vel vy 2T, V)3 [ (Vi= a)e Yoy
(5.3.41)

n IV (W, — W2)|26*W2d7],

1—0 R"

where

M(V2p1, V25) = max |[|11 + V21 lp

1+ V2L

2 2
2p 2p )
L2 (¢~ V2y)’ L27P (e V2y)
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Chapter 6

Monge Problem on infinite
dimensional spaces

This chapter is concerned with the existence of optimal transport maps on a Wiener
space (X, H, ). We will discuss the following three situations:

1. The space X, itself is a separable Hilbert space, says, X = [?(c) introduced in
chapter 4, endowed with the Hilbert norm [|.||. The cost will be ¢(z,y) = ||z — y||.
We will follow recent works by Champion and De Pascale [21].

2. The cost on the Wiener space (X, H, ) will be c¢(z,y) = |z — y|%. In this
case, the existence and uniqueness of optimal transport maps have been proved
by Feyel and Ustiinel. Our contribution is that when the target measure is a
logarithmic concave measure, we can construct explicitely optimal transport maps
and establish more regularity property.

3. The cost will be c(z,y) = ||z — yl[} , considered in Chapter 2, which was
proved to be strictly convex.

6.1 On infinite dimensional Hilbert spaces

Let X = [*(c) which is the space of sequence z := (z,,) such that

ol =) ena? < +oo,
n>0

where (¢,) is a sequence of positive real number such that ) ¢, < +o00. With-
out loss of generality, we assume that

supc, < 1.
n>0
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The space X supports a Gaussian measure u, such that the covariance matrice
can be expressed by

X<6n> ‘77) <em’ $> d/L(x) = Onm Cn;,

where (e,) denotes the canonical basis of RY and §,,, is the Kronecker’s symbole.

In the approach of Champion and De Pascale, the differentiation theorem for the
measure of reference played a key role. Unfortunately, this property is not well
established in infinite dimensional spaces. However in the case where ¢,, decreases
very rapidly, J. Tiser proved [56] that such a property holds.

Theorem 6.1.1. Suppose that for some o > 5/2,

Cn+1
Cn

<n % n>1 (6.1.1)

Then )
lim—/ f—f@)|dp=0 for p—aa xeX
r—=0 M(B('T7T)) B(x,r)| ( )|

for any f € LP(X,u) and p > 1.

The set of x € X such that lim, o m fB(w o [f = f(@)ldp = 0 is called the

set of Lebesgue points of f and will be denoted by Leb(f). Thus Theorem 6.1.1
says that u(Leb(f)) = 1. In the case of f = 1 4, we will call x a Lebesgue point of A.

In what follows, we assume that the measure y satisfies the condition (6.1.1). The
aim of this section is to prove the following theorem.

Theorem 6.1.2. Let py and p; be probability measures on X, having finite relative
entropy with respect to . Then the problem

inf /XHQJ—T(JJ)Hde(:C) (6.1.2)

Typo=p1

has at least one solution T : X — X.

Remark 6.1.3. In fact Theorem 6.1.1 is required only to get the Proposition
6.1.10. All other results in this section are available without Lebesgue points.

The classical way to find a solution of (6.1.2) is to introduce the following Monge-
Kantorovich problem:

eC(po,p1)

in / e — ylldTI(z, y), (6.1.3)
XxX
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where C'(po, p1) is the set of couplings between py and p;. The nonempty set of
solutions, says, optimal couplings to (6.1.3) will be denoted by O1(pg, p1). Among
these optimal couplings, we shall show there is at least one which is carried by a
graph of some map 7" and therefore this map will be a solution to (6.1.2).

With the power 1, the cost ||.|| is not strictly convex, the set Oi(po, p1) does
not contain sufficient informations to construct such a map 7. Thus we need to
introduce a second variational problem, with a new cost to minimize over the set
of optimal couplings of (6.1.3):

min alr —y)dl(x,y), 6.1.4
ITeOs (pn.p1) / . ( y)dll(z,y) ( )
with

afz —y) = V1+|[[z -yl

This cost « being strictly convex, will bring in some sense the directions that the
optimal coupling should take in order to be concentrated on a graph of some map.
We denote by Os(po, p1) the subset of O;(pg, p1) of those optimal couplings which
minimize (6.1.4). It is easy to see that a(x —y) < 1+ ||z — y|| so that if (6.1.3)
is finite for some coupling then (6.1.4) is also finite, and the set Os(po, p1) is a
nonempty (by weak compacity) and a convex subset of C'(po, p1).

We say that a coupling IT € C(po, p1) satisfies the convezity property if the relative
entropy is 1—convex along p; := ((1 — t) P, + tP5) 411, namely

tH1—t)
2

Ent, (o) < (1 —1)Ent,(po) + tEnt,(p1) — W 151(os p1),

holds for any ¢ € (0,1).
Finally we are interested in the following set:

Os(po, p1) = {H € Os(po, p1), 1 enjoys the convezity prope'r’ty}.
The fact that O,(pg, p1) is non empty is the purpose of Theorem 6.1.6. It will play
a key role in our approach since any coupling of Os(py, p1) will bring us sufficient

information to show that it is concentrated on a graph of some measurable map.

Lemma 6.1.4. If 1 € Oy(po, p1) then 11 is concentrated on some o—compact set
I' satisfying:

V(z,y), (", y)el, zeldy]= (Valy—2')—Valy —x),x—2") >0, (6.1.5)
where [2',y] denotes the segment from ' to y'.
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Proof. Since IT is an optimal coupling, there is a Borel subset I" of X x X which is
||.||—cyclically monotone. By inner regularity of probability measure, up to remove
a Borel set of zero measure, we can take I as a c—compact subset. According to
Proposition 3.2.5, we can find a potential u : X — X such that:

V(z,y) €T,  u(z) —uly) = ||z -yl
Note that II minimizes also

min x,y)dll(z,y),
pmin XXXB( y)dll(z, y)

where
Blx,y) = {a(x —y)if u(@) —u(y) =[lz - yll,

+00 otherwise.
Let (z,y), (2',y’) € I" such that x € [2/,y']. We have then:

u(z) =u(y) + [z —yl|,

u(@’) =u(y’) + 1" =¥/l
and since z € [2, /], we also have:

2" =[] = [lz = 2| + [le = ¥/I.
Our potential u is a 1—Lipschitz map, so:
u(@’) =u(y) + [l — 2’| + |z = ¢l = u(@) + ||lz — || = u(a’).
This equality leads to:
u(@’) =u(@) + |z = 2| = uly) + [z — yl| + [Jv — 2
Zu(y) + ly — || = u(z’).

With the previous notation, it turns out that 5(z',y) = a(z’ — y) and B(z,y’) =
a(x—y'). Moreover thanks to Proposition 3.2.3, we also know that IT is f—cyclically
monotone hence by symmetry of a:

aly —z)+aly —2) <aly —z2)+aly — /).
But by convexity of «, we have:

a(y —x) —aly —2') > Va(y — 2').(z" — z),
ay' —z) —aly —2') < -Va(y —z).(z — 7).

So combining these inequalities with the a—monotonicity we get:

(Va(y —2') = Va(y —z),z —2') > 0.
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Remark 6.1.5. As in [21] the only reason to deal with o—compact set I, is that
the projection P;(T") is also o—compact, and in particular a Borel set.

Oz(po, p1) is non empty:

We recall that in our case the Wasserstein distance is defined as

W(pos 1) = in / e — ylldII(z, ).
XxX

IeC(po.p1)
Theorem 6.1.6. Oy(pg, p1) is a non empty set.
Proof. Let II. € C(po, p1) be an optimal coupling with respect to

cz(z,y) = lz —yll +ealz —y)

given in Proposition 4.3.3. Therefore the inequality (4.3.6) holds for II.. If IT is a
limit point of (II.)., then the inequality (4.3.7) holds for II, namely IT satisfies the
convexity property. We claim that any cluster point of (I.). belongs to Oz(po, p1)-
As a consequence, the set Os(pg, p1) will be non empty. Here is a proof to the
claim.

Let IT be a limit point of (II.)..

First, IT € O1(po, p1). Indeed if Ty € O1(po, p1), for € > 0:

o= ylan.< [ o~ ylan. + [ (e gan.
< / |z — yl|dIly + s/a(x — y)dll,.
Letting ¢ — 0,
[z = ylant < st [ oyt < [ o~ ylata
Secondly TT € Os(po, p1). Indeed if Iy € Os(po, p1), for € > 0:
e = i += [ate = yart.< [ o - ylatty += [ato - ya,
< / |l — yl|dll. + E/a(a: — y)dlly,

the latter inequality is provided by the fact that II; belongs in particular to
O1(po, p1). Remove the same terms, dividing by € and letting ¢ — 0,

/a(x —y)dll < limiglf/a(a: —y)dll, < /a(x — y)dlly.

87



CHAPTER 6. MONGE PROBLEM ON INFINITE DIMENSIONAL SPACES

0
Note also that for II; and Iy are two couplings in C'(po, p1) enjoying the convexity
property, every linear combination (1—1¢)TT; 411, still enjoys the convexity property.
As a consequence Osy(pg, p1) is a convex set.

Properties of coupling belonging to O,(pg, p1):

Throughout this part, Differentiation theorem 6.1.1 is used many times. We will
present results in general framework. We consider IT € C(pg, p1) and I' C X x X
a o—compact set on which II is concentrated. For all the sequel we assume that
po = fp (the first measure has a density f w.r.t. p).

Let us fix a sequence of positive number (6,), which tends to 0 when p goes to
infinity.

The following Lemma is a reinforcement of the one in [21] (Lemma 3.3).

Lemma 6.1.7. Let (y,)n be a dense sequence in X. Then we can find a Borel
subset D(T") of X x X on which 11 is still concentrated and such that for all
(z,y) € D(T) and r > 0, there exist n,k € N satisfying y € B(yn, 757) C B(y,7),
x € Leb(f) N Leb(fnx) and for all p € N:

| fakl Bs,) I >0,

where for is the density of (P1)4I1x, g ) with respect to pu.

1
Ynokr1

Proof. Let 0 = ¢, > 0 be fixed. We can find a covering of X with a countable

number of balls (B(x,(f{), 0/2))m- For any (n, k) € N?, we consider f, the density
of the first marginal of the restriction of Il to X x B(y,, kLH) w.r.t. pu. Fixn,k €N
and consider

Dn,k(é) = (UmEN{x S 3(377(5)75/2)» ||fn,k’B(a:,5)||L°° = 0}) X B(ynv

It turns out that

meN

Set Cp, . = X\(Leb(f) N Leb(fnx)) x X. Then by Theorem [56],

I(Cos) = po (X\(Leb(f) 0 Leb(f1))) = 0.

Therefore II is concentrated on the set Ds(I') = I'\(Upi(Dpik(d) U Chi)). It
follows D(I") := N,Ds,(I") has the desired properties. Indeed for any d, > 0 if
(z,y) € D;,(T'), by density we can find m, n, k € N such that = € B(:c,(ﬁ), 3,/2),y €
B(yn,1/(k+ 1)) C B(y,r). The result follows. O

Notice that the previous result is still true for any coupling, not necessarly optimal.

L
E+17

/ fo@)dia(z) =0,
B(@® 8/2\{||fn.k|B(2.6)ll oo >0}
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Definition 6.1.8. Let I' be a o—compact subset of X x X. Fory € X andr > 0,
we define:

I Y(B(y,r)):=P (I'n(H x B(y,r))).

An element (x,y) of ' is called a I'—regular point if x is a Lebesgue point of
=Y (B(y,r)) for any r > 0.

It is worth to noting that from the definition 6.1.8, if II is concentrated on I', then
for all Borel subset A of X:

(A x B(y,r)) =11 (A NI YB(y,r)) x B(y,r)) )

Lemma 6.1.9. Let D(I") be the subset constructed in Lemma 6.1.7; then any point
in D(T") is a T'—regular point. Namely, for (z,y) € D(T),

o BT By 7)) 0 B, )

i (B(x, ) =1

We introduce the following notation:
) ={1-t)z+ty, (z,y) €l'}.
Since I' is o—compact, T(I") is c—compact as well.

Proposition 6.1.10. Let py, p1 € D(Ent,), and I1 € Ox(po, p1) concentrated on a
o—compact set I'. Then for all (x,yo), (z,y1) belonging to the set D(I") obtained
in the Lemma 6.1.7, with yo # y1 and for each r > 0 small enough such that the
closed balls centered at yo and y; with radius r are disjoint, it holds:

u(T (00 (B(w,8,) X Blyo, 7)) N T (Blyr, 1) 1 Bz, 26,)) > 0,
for p € N large enough.

Proof. First we remark by Lemma 6.1.9 that

i #(TH(Blyo, ) N T (B(y,r) N B(x,0))
5230 1(B(z,9))

= 1. (6.1.6)

By Lemma 6.1.7, there exist ng,ni,k € N such that B(yno,k%l) C By, 1),
B(Yn, k_}r1> C B(w,r). Since 6, decreases to 0, we find p € N large enough
so that 0 < d =0, < ||z — yol| + 7.
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The corresponding densities given by Lemma 6.1.7 are denoted by fp, k, fn, k- Let
us consider the Borel subset (up to a negligible set)

Go:={z € B(z,0), fayi(2) >0, fu,k(2) >0},

which has a positive measure: p(G,) > 0. This is due to (6.1.6) and to the fact
that x is a Lebesgue point of f,, » and of f,, .

We notice that:

_ 1 _ 1 _ 1
(G, x B(yn,, ——) | =10 (G, nT"YB(y,,, — Byn,,——) | .
(G % Bl 7)) =11 (G 0T B, ) % Bl 7))
Hence,
/ B fnl,kd,u = fnl,kd,u > 0.

GoMT=Y(B(Yny,757)) Gz
It follows that

_ _ 1

M(Ga: N F_l(B(yl,T))) > 2 (Gx N F_l(B(ymv k—‘H))) > 0. (617)
1

Let
A(0) := B(z,28) N\T Y (B(y, 7)) NT (T N (B(x,9) x B(yo,7))) .

Consider the set A, := G, X B(Yn,, 77)> and denote by I1, the restriction of I
on A,. We fix from now ¢ € (0, m) so that: if z € B(z,9) and w € B(yo,r)
then (1 —t)z + tw € B(x,2). Indeed

(1= t)z +tw — 2| < (1 = t)[|z — 2| + t]Jw — =]
<|lz — 2| + t(l[w = yol| + [lyo — z|])
<+ 6 =20.

Therefore if we define p;i'* := (1 — )P, + tP,) 4114, firstly we have:
(P1) 114, (Go) < (P1)glla, (B(x,6)) < pi'*(B(x,20))

and
(P)4Ila, (Go N T (B(y1,7))) < pi'=(B(x,26) N T~ (B(ys,7))).

Secondly thanks to (6.1.7):
(P1)Ila, (Ga T (B(y, 7)) =11 (Gm AT (B(y1,1))  Blyys — ))

k41
= / C faosdu > 0.
G~ (B(y1,r))
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And we deduce
o (B(x,28) ND ™ (Blys, 1)) > 0. (6.1.8)

On the other hand, notice that p* is concentrated on T'(I' N (B(z,8) x B(yo, 7))
hence:

o (B.20) TN (Blr)
=pi (B(2,20) N T (I N (B(x,0) x Blyo,r))) NT(B(y, 7)) -

Combining this fact with (6.1.8), we get:
pi (A(8)) > 0.

Now remark that pi*(A(8)) < p;(A(8)). By convexity inequality, p; is absolutely
continuous w.r.t. x. Hence it implies u(A(J)) > 0. O]

Proof of Theorem 6.1.2.
In fact, it remains to prove that

Theorem 6.1.11. Any element of Os(po, p1) is induced by a map T. Moreover
Os(po, p1) is reduced to one element.

Proof. Let II € Oy(py,p1). In particular IT € Os(pg, p1) and is concentrated
on a o—compact set ' satisfying (6.1.5). Furthermore Lemma 6.1.7 provides us
a o—compact set D(I') on which II is still concentrated. We claim that D(I") is
contained in a graph of some Borel map. Let (x¢,y0) and (x¢,y;) in D(I') and
suppose that yo # y1. We can also assume xq # yo. By strict convexity of a, we
have:

((y1 — 20) = (o — @0), Ve(yr — x0) — Va(yo — x9)) > 0.

Hence either (y; —xo, Va(ys —x¢) — Va(yo— o)) or (yo—xo, Va(yo—xo) — Va(y; —
xg)) is positive. So without loss of generality we assume that:

(Va(y, — zo) = Va(yo — 20), yo — 20) < 0.

By expression
(z,)
V1+]?
we see that there exists r > 0 small enough so that for all x, 2" € B(xg,r) and for
all v € B(yo, ), y € B(yy,r):

(Va(z),y) =

(Va(y —2') = Va(y —x),y —x) <0. (6.1.9)
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7 > 0 can be chosen such that the balls B(yo, r) and B(y;,r) are disjoint. Applying
Proposition 6.1.10 to ((zo,vo), (o, y1)) We get:

p (T (T 0 (B(wo,6p) x B(yo,))) N T (B(yr,)) N Blwo, 26,)) >
(

for p € N large enough. As a consequence we can find a § = 9, € O,r/ ) small
enough in such a way that there exist (2/,y) € T' N (B(xy, ) B(yo,r)) and
x € [2/,y'] N B(x,2d) and y such that:

(x,y) e TN (([2,y'] N B(x0,20)) x B(y1,7)) .

Since z € [2/,y/], we have v — 2/ = ;Z xx; (y' — x). So by (6.1.5), we have:

|z — ']
ly' — =
which contradicts (6.1.9). Therefore y; = yo and II is supported by the graph of a
map 7.

(Valy—2') =Va(y' —z),z —2') = (Valy—2') =Va(y' — ),y —z) >0,

Uniqueness of O,(pg, p1). Let II; and Il in Os(po, p1), supported respectively
by T1 and Ty. By convexity of Os(pg, p1),

M +10,

I = € Oa(po, p1)-

Therefore II will be supported by a map 7. Let ¢, : X — R be bounded
continuous functions, we have

| eawdian =3[ [ p@emdnen [ o@u) )],

which yields

[ c@um@)dmte) = [ ola) (UTi@) + o) i)
It follows that for p-a.e z,

1
Or(z) = §<5T1(x) + 0ny(2))-
Therefore T' =T, = T5. O

Let us make some comments.

We have proved that Os(pg, p1) is reduced to one element. However we do not
know if Oz(po, p1) has a unique element.

In [21], the authors do not require the absolute continuity of p; because the
Lebesgue measure is doubling and invariant by translations. Thanks to that they
can obtain good bounds for p; (see Proposition 2.2 in [21]).
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6.1.1 Stability of optimal maps

Let c.(z,y) = ||z — y|| + ca(z — y) and c(x,y) := ||z — y||. Since c. is strictly
convex and differentiable, by the recent work of Champion and De Pascale [22],
there is a unique optimal coupling II. of (P.) and in addition II. is carried by a
graph T.. Thanks to the Proposition 4.3.3, the unicity yields that II. satisfies the
convexity property

t(1—1)
2(1+¢)?
for any ¢ € [0,1] and p; := (T})#Il.. As in the proof of Theorem 6.1.6, and by

Theorem 6.1.11, (II.). converges weakly to a unique optimal coupling II for ¢,
satisfying the convexity property:

Ent,(pe) < (1 — t)Ent,(po) + tEnt,(p1) — Weiii(pos 1) — )7,

t(lgt)W«n(po,m)z-

Moreover II is carried by some graph T'. We have the following stability result.

Ent,(p) < (1 —t)Ent,(po) + tEnt,(p1) —

Proposition 6.1.12. (7). converges to T in probability, namely:

po({z € X, ||T.(z) — T(x)]] > n}) =50,  ¥np>0.

The proof of this Proposition lies in the use of Lusin’s theorem, which is true
in our case because of the inner regularity of Gaussian measure p: there exists a
sequence of compact sets K, C X such that

1% (Un21Kn) =1.

Proof. Let 6 > 0 be fixed. We can find a compact subset K C X such that
po(K*€) < /2. By Lusin’s Theorem, there is a compact subset K C K such that
po(K\K) < §/2 and on which T is continuous. We consider for n > 0,

Ay = A{(z,y) € K x X, [[T(x) —yll = n}.

Since II is concentrated on the graph of T', we have II(A,) = 0 for any n > 0. As
II. converges weakly to II and A, is closed, we have

0 =1II(4,) > limsupII.(4,)
e—0

:limscl)lppo (xe K, ||T(x) —Tc(x)|| > n)
E—r
>limsup po (z € H, ||T(z) — Te(x)|| > n) — 0.

e—0

Letting 6 — 0 yields the result. OJ

93



CHAPTER 6. MONGE PROBLEM ON INFINITE DIMENSIONAL SPACES
6.2 On the Wiener space with the quadratic cost

Let (X, H, 1) be an abstract Wiener space. In this section, we will consider

o(z,y) = du(z,y)*,

where
_fle—yle i w-yed
dH(xvy)_{ +oo  otherwise.

For vy, 15 € P(X), we consider the following Wasserstein distance
W2(vi, 1) = inf{/ dy (2, y)* H(dx, dy); 11 € C(Vl,UQ)},
XxX

where C'(vy, 15) denotes the totality of probability measures on the product space
X x X, having vy, 1, as marginal laws. Throughout this section, the notion of
optimal coupling will refer to the previous Wasserstein distance (w.r.t. d%).

Note that Ws(ry, 115) could take value +oo. By Talagrand’s inequality (see section
5.1), W3 (u, fu) < 2Ent,(f), we have

Wa(fp, gp) < ﬂ(\/EntH(f) + \/Ent#(g)), (6.2.1)

which is finite, if the measures fu and gu have finite entropy. In this situation, it
was proven in [37] that there is a unique map £ : X — H such that  — = + £(z)
pushes fu to gu and Wa(fu, gu)* = [y €3 fdp. However for a general source
measure fu, the construction in [37] is not explicit. In this section, we will give
an explicit construction.

More precisely, the strategy is to use finite dimensional approximation, as ex-
plained in Chapter 2. Once you deal with measures in finite dimensional spaces,
the Cameron-Martin norm is nothing but the Euclidian norm, so the Brenier’s
theorem (see Chapter 3) is available. It provides us an optimal transport map,
being a gradient of some convex function. According to suitable assumptions on
the densities, it turns out that the optimal map belongs to a Sobolev space. This
latter fact yields the strong convergence of the optimal maps (up to a subsequence)
to get some map on the Wiener space. It remains to verify that this limit map is
the optimal one.

Let V : X — R be a measurable function such that e~" is bounded. Consider

8V(F,F):/ IVF|| ok eV du, F € Cylin(X, K). (6.2.2)
X
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It is well-known that if
/ IVV|2e Vdu < +o0, (6.2.3)
b
then the quadratic form (6.2.2) is closable over Cylin(X, K).

Now let W : X — R be a measurable function such that the Poincaré Inequality
holds true:

/X (f — Ew (/) e Wy < /X VP eV dp, (6.2.4)

where Eyr denotes the integral with respect to the measure e=" p.

We will denote by D (X, K;e™" ) the closure of Cylin(X, K) with respect to the
norm defined in (2.1.9) replacing p by e~V p.

Theorem 6.2.1. Let V : X — R satisfies (6.2.3) and W € D3(X) satisfies (6.2.4)

and such that
/ e Vdu = / e Widy=1.
X X

Then there is a 1 € D?(X, e W) such that x — S(x) = x + Vip(x) is the optimal
transport map which pushes e~V i to e~V u; moreover the inverse map of S is given
by x — x+n(x) withn € L2(X, H;e V).

Proof. Let {e,; n > 1} C X* be an orthonormal basis of H and set
H, = span{ey,...,e,}

the vector space spanned by ey, ..., e,, endowed with the induced norm of H. Let
vn be the standard Gaussian measure on H,,. Denote

n

m(z) =) eiz)e;.

j=1

Then 7, sends the Wiener measure u to ~,. Let F, be the sub o-field on X
generated by 7, and E( |F,,) be the conditional expectation with respect to u and
to F,,. Then we can write down

E(e™|F)=e"om, E(V|F)=e"om,. (6.2.5)
Note that for any f € L'(H,,,),

/ fome Wdu= / fomE(e™™I|F,) du = fe rdny,.
X X

Hy
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Applying (6.2.4) to f om, yields

2
/ (f - / fe‘W"d%) e Wrdry, < / \Vf2eVrdy,, f€CHH,). (6.2.6)
Hy, H, Hy,
By Kantorovich dual representation 3.2.4, we have

Wi(e "y, e V) = sup J(¥, ),
(1[1790)6‘1%

where

e = {(¥, ) € L' (e ) x L e ") o(y) — v(x) < |z =yl },

and
J(, ) = — ; w(x)e‘w”(w’d%(x)Jr/ o(y) e " Wdry,(y).

n

We know there exists a couple of functions (¢, ¢,,) in ®., which can be chosen to be
concave, such that Wi(e "y, e V"v,) = J(¢n, ¢n). Now we prove the sequence
{W2(eWny,, e Vv, ) }n>1 is increasing, and converges to W2 (e W, eV p).

Let ¢, : W x W — H, x H, be defined as q,(x,y) = (m.(x), m(y)). If Iy €
C(e™"p, eV ) is an optimal coupling, then (g,)xIly is a coupling between e="»~,,,
and e~"n,,, therefore we have:

W2 (e Wiy e Vi) < / & — y2d(g0) T (2, y)
H,xHy,

< / & — g%y, ) = W2 (e ™ e ).
WxW

Hence SUDPp,>1 WQ(eiwn7n7 eivn’}/n) S W2(67W'u7 eivﬂ)‘

Now consider a sequence of optimal couplings (I1§)n>1 between the correspond-
ing marginals e "7+, and e~V7~,. It is straightforward to see that the sequence
(Wa(e ™ "rry,, e V"4,.)), is non decreasing, since for m < n, it holds (g,,)xIh €
Cle™ Wy, e Vry,).

By the previous work we can extract a weak cluster point Il of the sequence.
Because the function dpy is lower semi-continuous, we have:

/ & — yPydllo(x, y) < lim inf / v — yydIT (2, y)
XxX n XxX

n

< sup / & — y[ZdIT (2, y)
XxX

<W3(e Vp, eV p).
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As a consequence we get the result:

lim W (e ™"y, €™ ) = Wa(e™" ™" p).

Recall that II7 € C(e ""~,,, eV, ) is an optimal coupling, that is,

[ o ol ) = W2 e ).
H,xHp
Then it holds true,

[z = yl3, > en(y) = Yalz), (z,y) € Hy x H,, (6.2.7)

and under II§:

[z —yl3, = on(y) — Un(2). (6.2.8)

Combining (6.2.7) and (6.2.8), IIj is supported by the graph of © — x — %an(x)

so that
1

Z/H V[ eV dyn = W3 (™" Y, € 0).

Now by (6.2.6), changing ¥, to ¢, — [}, ¢ne™""dy,, then ¢, € Di(e”",) and

HwnH]%)%(ean%) < 2/H Vb, |? eV dy,.

According to (6.2.1), we get that sup,s; ||¢n < 4o00. Now consider

2
HD%(G_Wn’Yn)

sup [[¥nllp2e-w 0y < +00. (6.2.9)

As in [36], define F,(z,y) = dy(z,y)? + ¥n(x) — @u(y), which is non negative
according to (6.2.7). Let ITy be an optimal coupling between e 1, and e™" . We
have

/ Fo(z, y)o(da, dy) = Wi(e " pe™V ) + / Un(w)e™dp — / Gnly) e du
XxX X X

W e e )+ | (a)e Wdny, - / only) e Vodr,
Hn

n

=W (e Wp,e V) — Wile Wy, e y,)
(6.2.10)
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which tends to 0 as n — 4o00. Now returning to (6.2.9), by Banach-Saks theorem,
up to a subsequence, the Cesaro mean = Y77 | ¢; converges to ¢ in D3(e Wu).
Therefore

1~ 1O
~ 2 Paly) = diy(,y) Z% - =D Fil@y)
=1 i=1
which converges in L! to ¢(y) = d%(x,y) + ¥ (z). Now define

= lim —Z@/Jj, ¢ = lim —ngj

n——+oo T n—+oo T

Then ¢ = 1) for e=W p almost all, ¢ = ¢ for e~V almost all, and by (6.2.7), it
holds that

o(y) — () < d4(z,y), (z,y) € X x X, (6.2.11)
Also by above construction, under Il
p(y) —v(x) = diy(z,y). (6.2.12)

Denote by ©q the subset of (z,y) satisfying (6.2.12). On the other hand, the fact
that ¢ € D?(e=" ) implies that for any h € H, there is a full measure subset
(2, C X such that for z € ), there is a sequence ¢; | 0 such that

(Vo) b = tim 2L Z VD),

Jj—+oo 5j

Let D be a countable dense subset of H. Then there exists a full measure subset
(2 such that for each x € Q), for any h € D, there is a sequence ¢; | 0 such that

<v,¢( ) >H— lim 1/)($+5jh)—¢($)'

Jj—+oo 5]-

Set © = (2 x X) N Oy. Then IIH(O©) = 1. For each couple (x,y) € O, we
have ¢(y) — ¥(z) = d¥(z,y) and p(y) — ¥(xz + g;h) < d¥(x + €;h,y). Because
x—y € H Ilj—a.a. it follows that
Uz +eh) —p(x) > 2¢5(h,x — y)u + &5 |hl3;.
Therefore (Vi (), h)y > 2(x —y, h)g for any h € D. From which we deduce that
1
y=1x— §V¢(x), (6.2.13)
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and Il is supported by the graph of x — S(z) = 2 — $Vi(z). Replacing —31 by
1, we get the statement of the first part of the theorem. For the second part, we
refer to section 4 in [37]. O

For the use of Chapter 7, we emphaze that the above constructed whole sequence
Gn — pin L' (e p). (6.2.14)

In fact, if ¢ is another cluster point of {@Z;n,n > 1} for the weak topology of
D?(e""p), then under the optimal plan IIy, the relation (6.2.13) holds for ¢,
Therefore Vi) = Vi) almost everywhere for e~ W ; it follows that ¢ = 1, since
JxveWdp = [ ve Wdu = 0. Now note that

J 90 W= [ 190, = W e e,)
X H,

= Wi(e™Wp,e™Vp) = / [V[gre™ dp.
X
Combining these two points, we see that 1, converges to v in D?(e="pu). By
(6.2.10), the sequence @, converges to ¢ in L'(e™" ). O

Let us make a few comments about the assumption of W. A sufficient condition
for that (6.2.4) holds is when W € D3(X) safisfies

VW > —cld, cel0,1). (6.2.15)

Indeed thanks to the Proposition 2.3.3, (6.2.15) implies the following logarithmic
Sobolev inequality

0 / S A / Ve Wdu, feCylin(X). (6.2.16)
X HfHLQ(e—Wu) X

It is also known (see for example [61]) that (6.2.16) is stronger than Poincaré
inequality

=0 [P s [([OfPeTan G21)

where Eyr denotes the integral with respect to the measure e~ p.

6.3 On the Wiener space with a Sobolev type
norm

Let X be the classical Wiener space. Recall the pseudo-distance |||, is defined

as:
)Qk
foter o= ([ O )

1/2k
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Here the notion of optimal coupling will be refer to this cost, namely minimizers
IT of

/ o — yII2,dT(z, ), (6.3.1)
XxX

where p > 1. with p is a constant greater than 1. We consider X = {z €
X; ||z|[k~ < co}. For a sake of simplicity, we still denote X = X and all measures
below will be Borel with respect to the induced topology.

In Chapter 2, we have seen that ||.|s, is a strictly convex and differentiable
(Lemma 2.2.1) norm.

Among many methods to solve the Monge Problem, there is a direct one: it is
related to the existence of Kantorovich potentials (see Proposition 3.2.4) and to
solve y in function of x through the following system (c(z,y) := |lz — y||}.):

{¢C(y) — ¢(z) =
¢°(y) — o) <

c(x,y) II — almost everywhere,
c(x,y) everywhere.

As it is explained in Villani’s book [58], this system can be solved directly when
the cost ¢ and the potential ¢ are differentiable, as soon as V,c(z,.) is injective,
namely c satisfies Twist condition. It is the case when p > 1. But the method fails
when p equals to 1. In the latter case we can focus on another strategy, developped
in a recent paper of Cavalletti [19]. The author solves the Monge Problem in an
abstract Wiener space where the cost is the Cameron-Martin norm (without any
power). It turns out that the classical Wiener space endowed with the norm ||.||x.,
enjoys similar properties, that we can employ here.

6.3.1 c(v,y) = [lz -yl when p >1

When p > 1, the cost c¢(x,y) = ||z — y||£77 is a strictly convex function. Since
c is differentiably we get the injectivity of V,c(z,.). Compared with the next
section we lose the H—Lipschitz property of c—convex functions. Indeed for any
H —Lipschitz function ¢, we write:

lp(z) — o) <z =&k, — lly = €lI%,|
<z — yllxy Me,

where the constant M, depends on § and is not necessarly bounded. However
we will see that in this case c—convex functions (hence potentials) are locally
H—Lipschitz. Since differentiability is a local property, we should apply the
Rademacher theorem.
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6.3. ON THE WIENER SPACE WITH A SOBOLEV TYPE NORM

We follow Fathi and Figalli in [33] to obtain that ¢—convex functions are locally
Lipschitz with respect to ||.||x,. The key argument is that the sup of a family of
uniformly ||.||—Lipschitz functions, is also ||.||s,—Lipschitz.

The interest of the following proof is that the method is direct: one does not need
to pass by finite dimensional approximations.

Theorem 6.3.1. Let py and py be two probability measures on X, and such that the
first one is absolutely continuous with respect to the Wiener measure . Assume
(6.3.1) is finite for some coupling 11 € C(pg, p1)-

Then there exists a unique optimal coupling between py and py relatively to the cost
c. Moreoever it is concentrated on a graph of some Borel map T : X — X unique
up to a set of zero measure for .

Proof. Let IIy € C(po, p1) be an optimal coupling for ¢. We shall show that
Iy is concentrated on a graph of some Borel map. It is well known (Proposition
3.2.4) that under the assumption of the theorem, since Il is concentrated on a
o—compact I' (by inner regularity) set which is c—cyclically monotone, there is a
c—convex map ¢ : X — R (so-called Kantorovich potential) such that

' (y) —p(x) = lr —yllk, V(z,y) el

Moreover from the definition of c—convexity, we also have

P (y) —ple) <llz—yll, Vi(ry) e X xX (6.3.2)
Since ¢° is finite everywhere, if we consider subsets W,, := {¢® < n} for n € N
then:
W C Wypr and W, =X.
neN
Our cost c(.,y) = [|. — yll}.., is locally |].[|s,—Lispchitz locally uniformly in y, that

is, for any R > 0, there is a constant Lg > 0 such that

|e(z1,y) = c(22,9)| < Lr [z = 22llky for 21,20,y € B(O, R),

where B(0, R) is the ball of radius R for the norm ||.||~. Hence for each y € X
there exists a neighborhood E, of y such that (||. = 2|[} ,).cg, is a uniform family of
locally ||.||x,—Lipschitz functions, the local Lipschitz constant being independent
of z € E,. Moreover by separability, we can find a sequence (y;);en of elements of

X such that:
UE, =x.

leN
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CHAPTER 6. MONGE PROBLEM ON INFINITE DIMENSIONAL SPACES

Now consider increasing subsets of X:

V. =w.UE,:

=

We can define maps approximating ¢ as follow:

Ont X —X

z— sup (p°(y) — llz —yll?.) -
yEVn

Notice that
pn(z) = max sup (°(y) — [lz —yl%,) .

But since ¢ < n on W,, ¢, is also bounded from above by n. Therefore
the sequence (¢°(y) — I|I. — vl ,)yewnnr,, is uniformly locally ||.|s,—Lipschitz
and bounded from above. Finally ¢, being a maximum of uniformly locally
|||,y —Lipschitz functions, is locally ||.||x,—Lispchitz as well. We can extend ¢,
to a ||.||x,— Lipschitz function everywhere on X still denoted by ¢,. By (2.2.2),
we get:

|on(w + h) — @n(w)| < C||hl|ky < 2C|h|lg Yw € X, Vh € H.

In other words ¢,, is a H—Lipschitz function. Thanks to Rademacher theorem on
the Wiener space (see [27]), there exists a Borel subset F,, of X with full y—(hence
po—)measure such that for all z € F,,, ¢, is differentiable at x along all directions
in H. Then for each x € F := N, F,, (which has also full py—measure), each ¢, is
differentiable at x.

By the increasing of (V,,),, it is clear that ¢, < ¢,11 < ¢ everywhere on X.
Moreover with same arguments as in [33], if C;, := P, (I' N (X x V},)), then ¢, =
Onlc, = QUc, for all I > n and all n € N. Fix x € C,, N F. By definition of (), it
exists y, € V,, such as:

©°(Ys) — pn(@) =7 — e},
or ©°(yz) — () = l|v — yall} .-
Subtracting (6.3.2) with (2’, y,) to the previous equality, we get for all 2’ € X and
h e H:
p(2') — () > |z = ylly, — 12" — vl -
Taking ' = z + eh with € > 0, h € H, dividing by € and letting ¢ tend to 0, we

get
<V§0(IL‘), h’>H Z _<vxc($a yx)a h’>H
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6.3. ON THE WIENER SPACE WITH A SOBOLEV TYPE NORM

By linearity in h:
Vo(z) — Vee(z,y,) = 0. (6.3.3)

Indeed ¢(.,y,) is differentiable at z thanks to Lemma 2.2.1. The strict convexity
of c(x,y) = ||z — ylly , yields Vic(z,.) is injective and (6.3.3) gives:

Yo = (Vac(,.)) " (Vep(2)) = T(2),

where (Vc(z,.))™" is the inverse of the map y — V,c(z,y). Notice here that
T is uniquely determined. We deduce that I' N (X x V) is the graph of the map
T over C, N F for all n € N. But (C,), and (V},), are increasing and such that
U,, Vi = X. Therefore I is a graph over P;(I') N F with P (I') = {J,, Cn.

We can extend 7" onto a measurable map over X as it is explained in [33]. We
obtain IT" is included in the graph of a measurable map 7', unique up to a set of
po—measure. In other words Iy = (id x T') 4 po.

We have proved that any optimal coupling is carried by a graph of some map. So
if Iy, Iy € C(po, p1) are optimal for ||.||;, then any convex combination of II; and
II, is also optimal. Take II := %(Hl + II,) be an optimal coupling between p, and
p1: there exists some measurable map 7" such that II = (Id X T') xpo. Let f be the
density of Iy with respect to II. Then for any continuous bounded functions ¢ we
have:

[ c@imie)= [ e@im.y)

XxX

_ /X (@) y)al(z.)
:/Xgp(:c)f(x,T(x))d,Oo(f)'

This yields f(x,T(z)) = 1 pp—a.e., hence f = 1 II—a.e. It leads to IT = II; and
finally I, =11y = (Id x T') 4po. O
632 c(r,y)= |zl

When p = 1, ¢(z,y) = ||z — y||x,. Hence if a map ¢ is c—convex then it is
1—Lipschitz, hence H—Lipschitz. Indeed:

kyy

lo(x+h) —p(x)] < ||hllgy < Crqlh|lg, Vhe H VreX.

Therefore we can use Rademacher theorem [27] on the Wiener space, to differ-
entiate any H—Lipschitz functions. But the difficulty in this case is that the
cost, being a norm, is not strictly conver, so we lose the injectivity of the map
y — Vyc(z,y). The method used in the first section requires the differentiation
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CHAPTER 6. MONGE PROBLEM ON INFINITE DIMENSIONAL SPACES

theorem for the Wiener measure, which is not available.

We will follow the method of [19] developed by Bianchini and Cavalletti in [10].
The method uses a selection theorem. By strict convexity of our norm ||. ||, proved
in Lemma 2.2.1, (X, |.||x,,) is a geodesic non branching space.

We will not develop fully the method but ony briefly indicate the different steps :

1. reduce the initial Monge-Kantorovich Problem to the one-dimensional Monge-
Kantorovich Problem along distinct geodesics : this is possible since the space
is non-branching.

2. verify that the conditional measures provided by disintegration of both mea-
sures py and p; on each geodesic have no atom: this is possible thanks to
properties of Gaussian measure. The aim is to get one optimal map on each
geodesic.

3. piece obtained maps together to get a transport map for the initial Monge
Problem by a general selection theorem.

We refer to [19] and [10] for more details. In our case, the cost ||.||s,, is smooth
enough (continuity) to guarantee the existence of a Kantorovich potential ¢ (Propo-
sition 3.2.4) such that there is a c—compact subset I' on which any optimal cou-
pling II is concentrated and

[i={(z,y) € X x X; ¢°(y) — p(z) = [z = yllr}-

From now, let us consider an optimal (relative to the cost c¢(z,y) = ||v — yl/r~)
coupling Ily between two probability measures py and p; on X, both absolutely
continuous with respect to the Wiener measure pu. Let m, : X — V,, be the
finite dimensional projection, where V,, is a space of functions piecewisely linear,
described in Chapter 2. Denote by pf := (m,)xpo and p} := (m,)xp1, which are
absolutely continuous with respect to the Gaussian measure =, on V,,. Since the
restriction of ||.||x, on V,, is differentiable out of 0, by a result due to Caffarelli,
M. Feldman, and R.J. McCann [16], there is an optimal map 7" : V,, — V,, such
that IIf := (id x T™)4xpf is the unique optimal couplage between pj and pf. In
other words, IIj is concentrated on some Borel set I',, C Graph(T™).

The following result shows that the method of [19] really works well.

Proposition 6.3.2. Assume that there exists M > 0 such that densities fo and
f1 of respectively pi and p} are bounded by M. Then the following estimate holds
true for all Borel subset A C V,,:

po(A)  vtelo,1],
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where T, := (1 —t)Id + tT™.

We will follow the proof of [19]. The only difference is to consider Monge maps
for the cost induced by |||}, with (p > 1), instead of [.[%;. Indeed costs |||},
satisfy conditions of Proposition 3.4.4, so that the associated optimal maps T} are
approximately differentiable.

Proof. Fix p > 1. Since pj is absolutely continuous w.r.t. =, = (m,)xu, by
Proposition 3.4.2, the Monge Problem

nf [ = T@I i o).

Typg=p1

admits a unique solution 7,. Besides by Proposition 3.4.4, T}, is approximately
differentiable p-a.s, and by Lemma 3.4.5,

J )P = T o)) et (T a3

Besides |det(VT,(x))| > 0 and f(T,(z)) > 0 for pp-a.e. x € R". Hence we can
write pg-a.s.

det(9Ty o)) = s exp { =3 (1al = 1,0 |

Now consider T,; := (1 — t)Id + tT,. By the same arguments that in the proof of
Proposition 4.2.1 and by the concavity of ¢ — det((1 — t)Id + tD)"/", it holds

log <det(@Tp7t(x))l/”) > tlog (det(@Tp(x))l/”) .
Therefore:
det(9Ty0(0)) > aet(TT @) = (B0 xp { =l = 11,00}
Following [19], for any A € B(R™),
0Tya(A) = [ det( ST, exp {51150 | o

= /A det(VT,,(x)) exp {— (ITpa()|* = |$|2)} dyn ()

>/( f“())))texp{énx—Tp<x>||2<t—t2>}d%<x>
> 57 [ B =55 [ F@ e = 5004,
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CHAPTER 6. MONGE PROBLEM ON INFINITE DIMENSIONAL SPACES

Since (Id x T,)4xpy converges weakly to (Id x T™)py, letting p — 1, proceeding
as in [19], or in [8], we obtain

1

Yo(Thp(A)) > MPSUD-

Let Ty(z,y) = (1 — t)x + ty. Then the above result can be reformulated by
(LT N (A X V0))) = Mpg(A).
Coming back to the Wiener space, we have the following result:

Proposition 6.3.3. Assume that the density of p, and py with respect to p are
bounded by M > 0; then for any compact subset A C X, we have:

WT, (T N A x X)) > Mpo(A).

The proof, given again in [19], holds true in a quite general setting, provided the
cost is at least lower semi-continuous. Again following [19] step by step, we get
the following result.

Theorem 6.3.4. Let py and py be two probability measures on X of finite entropy.
Then there exists an optimal coupling between py and py which is concentrated on
a graph of some Borel map T : X — X.

Note that by Young inequality

fo(z) fol)

a||T 2
[][7 fola) < elellia + log(——),

we get
[ el foo) du(o) < [ el dua) + Enty /)
X X

which is finite if Ent,(py) < 400, since by Fernique’s theorem

/ el dp(z) < +o00
b

for o small enough. Therefore any probability measure in D(Ent,) has finite
second moment with respect to ||.||5-
O
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Chapter 7

Monge-Ampere equation on
Wiener spaces

Let py and p; be two probability measures on R™. Throughout all this part,
when we talk about optimal map, we always refer to optimality with respect to
the cost being the square of the Fuclidian norm, that is:

c(z,y) = |z —yl”

If pg is absolutely continuous with respect to the Lebesgue measure, Brenier’s
theorem gives us the (unique) optimal transport map 7' = V® which is the gradient
of some convex function ®. In addition we have the characterization of the optimal
map, namely if & : R” — R is convex and is such that (V®)xpy = p1, then
T := V& is necessarly the optimal map between py and p;, that is minimizing the
quantity

| — T(x)[*dpo(2),

Rn

among all maps S : R” — R" such that Supy = p1.

When both pg and p; are absolutely continuous, with respective densities say fj
and fi, the preserving mass condition Txpy = p; is equivalent (at least formally)
to the fully nonlinear partial derivative equation:

fo(z) = fi(T(x))|det(VT(x))| a.s.

This is the so called Monge-Ampére equation. It corresponds to the change of
variables formula, and the result was proved first by McCann in [50].

Thanks to the characterization of the optimal map (see Brenier’s Theorem in
Chapter 3), any convex solution ® : R” — R of

folz) = [l(VO(x))det(V*®(x)), (7.0.1)
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CHAPTER 7. MONGE-AMPERE EQUATION ON WIENER SPACES

induces the optimal map, letting T := V®. Conversely the optimal map T'= V®
is such that & solves (7.0.1).

The regularity of solutions of Monge-Ampere equation has been intensively stud-
ied: in R™ we can cite Caffarelli around 90’s ([15]), and more recently De Philippis
and Figalli ([26] or [25]), in the Wiener space by Feyel and Ustiinel ([37]), Bogachev
and Kolesnikov ([13] and [45]). Therefore it relies to the regularity of the optimal
transport maps. Our purpose is to extend results of those latter, and construct a
strong solution to Monge-Ampere equation on an abstract Wiener space.

In order to pass on the Wiener space, we consider measures absolutely continuous
with respect to the standard Gaussian measure, that we will be denote by + in R™
for all the sequel. So let be the optimal

Vo, ey — e Wy,

The corresponding Monge-Ampere equation becomes

V@2 e—W(W(m))—'Wé’”‘Qdet(v%@)).

Because the determinant makes no sense in infinite dimension, we deal with det,
the FredholmCarleman determinant defined by:

o0

deto(I + K) = [J(1 + ke ™,

=1

for any K a symmetric HilbertSchmidt operator with eigenvalues k;.

Now let (X, H, i) be an abstract Wiener space and e~V pu, e "y € P(X) two
probability measures absolutely continuous with respect to the Wiener measure .
Our main result is the following (see Theorem 7.2.1):

Theorem. I[fV € D¥(X) and W € D3(X) satisfy
0< <eV <6y, eW<by VW>—cld, ce [0,1),

then there exists a function o € D3(X) such that x — x + V(x) pushes eV u to
e and solves the Monge-Ampére equation

eV = WD) Ly—5IVel® dety(Idgen + V2<p),

where T'(x) = x 4+ V(z), and L is the Ornstein-Uhlenbeck operator.

It includes two special cases:

108
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e One studied in [37] where the source measure is the Wiener measure and the
target measure is H—log concave:

eVpu=p and W is H convex.

e Another one in [13] where the source measure has its Fisher’s information
finite, and the target measure is the Wiener measure:

/ IVV|2eVdu < oo and e WVpu=yp.
X

We can not tell from the previous situation if 7" is the optimal map. The assump-
tions are in fact too weak. Nevertheless we can reinforce them to get the optimal
map. This is the aim of Theorem 7.1.6.

Besides, we prove that the map S constructed in Section 6.2, admits an inverse
map T which is T'(x) = z + V(z) with ¢ € D3(X) (see Theorem 7.2.2).

To this end, thanks to dimension free inequalities obtained in Chapter 5 Section
5.3, we get new results in finite dimension. More specifically we obtain the following
result (Theorem 7.1.2) which will be a key ingredient for our purpose:

Theorem. IfV € DI(R"™,v) and W € D3(R",v) satisfy
eV <y, eV <6y, VEW > —cld, ccl0,1),

then Ly exists in L*(R™, e~V dv) and the optimal map V®(z) = 2+ V() between

e Vv and e solves the Monge-Ampére equation

eV = e_W(V(I))eﬁ‘p*%W‘p‘zdetg(Id + V2p).

Let’s begin with finite dimension case.

7.1 Monge-Ampere equations in finite dimension

Let e Vy,e7Wy € P(R"). The main assumptions made in this section are the
following:
eV <6y, e W<y, VW >—cld, ce [0,1). (7.1.1)

Besides we sometimes assume
(H) 0< 51 < e_v.

With the condition (H) we get a first result (Theorem 7.1.1), using the same
techniques as in Chapter 5, Section 5.3. For the sequel we would like to remove
the condition (H). It will be possible thanks to the Theorem 5.3.10, which provides
us a dimension free inequality.
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Theorem 7.1.1. Let V € D¥(R",~) and W € D2(R",~) satisfying conditions
(7.1.1) and (H). Then the optimal transport map x — x + V() from e=V~ to
e~ W solves the following Monge-Ampére equation

eV = e_W(vq))eﬁ“"*%'V"‘Qdetg(Id + V3p), (7.1.2)

where VO(z) = x + V().

Proof. Let V,,,W,, be the approximating sequences considered in Chapter 4,
Section 1.2. that are:

Vm:XmP1V+10g/ €_me%vd7a Wm=P1W—|—10g/ e_P%Wdfy,

n n

where P1 is the Ornstein-Uhlenbeck semi group at time %, Xm € C(R") is a
smooth function with compact support satisfying usual conditions: 0 < y,, <1
and

Xm(z) = Lif [z <m,  xm(z) =0if [2] Zm+2,  sup|[Vxm[le < 1.
m>1

Then .

where V®,,(z) = 2+ V() is the optimal mal pushing eV~ forward to e="Vm.
In order to pass to the limit in (7.1.3), we have to prove the convergence of Ly, to
L, and W,,,(V®,,) to W(V®). By (5.3.35)-(5.3.37), we see that for any 1 < p < 2,

up to a subsequence
lim_|[om = ¢llpg) = 0.

m——+00

Now by Meyer inequality for Gaussian measure (see [48]),
|Lom — Lol dy < G |lom = @ll5a(,-
R

Therefore for a subsequence, Ly, — Ly almost all. Now

R™ R"

(7.1.4)
By condition (H), the first term of the right hand side of (7.1.4) is less than

R

1 1
— [Win(V®,,) —W(VD,,)| e Vmdy = —

W, — Wle Wmdy — 0,
01 Jrn 01 Jgn | | 7
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as m — 4o0. For estimating the second term, let ¢ > 0, choose W € Cy(R™) such
that

HW—WHLl(,},) S 19

We have

1 ~
W(V®,,) —W(V®)|dy < — = / W —W|(V®,,) e dy
1

R’!’L

) 1
(W(V @) — (V‘P)|dv+5— W —W|(V®)eVdy

R

26
< —2||W WL ,,)+/ W (V®,,) — W(V®)|dr.

It follows that
lim (W (V®,,) —W(VP)|dy=0.

m—-+o00 R™

So, combining this with (7.1.4), up to a subsequence, W,,(V®,,) — W (V®) almost
all. The proof of (7.1.2) is complete. O]

In what follows, we will drop the condition (H).

Theorem 7.1.2. Let V € D?(R",7y) and W € D3(R",~) satisfying conditions
(7.1.1). Then Ly exists in L*(R™, e~V dy) and

eV = e’W(V(b)ew‘%lv“”leetg(Id + V3p),

where VO®(z) =z + Vo(x).

Proof. Consider V,, = V Am for m > 1; then V, < V,,, if p < m. Set a,, =
fRn e~Vm dry, which goes to 1 as m — +o0. Without loss of generality, we assume
that 3 < an, < 2. Let 2 — z+ ¢ (2) Wy,
By Theorem 5.3.10,

€7Vm
11d + V2m|lG, —— dv

R7 m

]VV dy + (

|2€—Vm
c Qm 1

2 2
<2(1+ 7= 2 [ VAW ey ),

and
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—Vin

eVP

_ a
6Vp Vim D d’y

€
-+ V2ol Sy <2 (14 IV ls)
R Ay, R D m

_vp

e
<s [ (141Vls) S
R ap

2 Ve 2 _
<8(1+ 7 [ IVGP—dy+ (=) [ VW [hse™dy).

o
ap 1—-c

Therefore according to Thorem 5.3.11, it exists a constant C' > 0 independent of

m, such that

1
= [ 19V lluse Vav<c [ v,y

m JR"

(& Vin

a d”}/ < 2052HVm_VpHL2(»y)-
It follows that {V?p,,; m > 1} is a Cauchy sequence in L'(e=Vd~y). Up to sub-

sequence, V2¢p,, converges to VZ¢ almost all. On the other hand, by Theorem
5.3.1,

/ IV om — Vi |? dy < T |Vin — V), + log a,,, — log ay)| dr,
n m R" m

which tends to 0 as p, m — 4o00. Therefore up to a subsequence, Vy,, converges
to V¢ almost all.
Now using Theorem 7.1.1, we have

e’Vm

= W (Ve Lom=31Venl det, (Id + V2p,,), (7.1.5)
Uy

where V®,,(x) = z+Vg,,(z). Aswhat did in the last part of the proof to Theorem
7.1.1, we have

lim e WEEm) _ o=WE®)| o=V gy — 0, (7.1.6)
m—o0 fpn

Therefore for a subsequence, we proved that each term except Ly, in (7.1.5)
converges almost all; it follows

up to a subsequence, Ly, converges to a function F' almost all. (7.1.7)

The fact that F' € L'(R", e~V dy) comes from the relation

1
F=—V+W(V®)+ ;|Ve|* — logdety(Id + VZ¢).

Now it remains to prove that Lo exists in LY(R" e Vdy) and F = Ly. The
difficulty is that we have no more the control in L?(e=Vdv) of Ly, by VZp,,. We
will proceed as in [13].

112



7.1. MONGE-AMPERE EQUATIONS IN FINITE DIMENSION
Lemma 7.1.3. Assume that eV > 6, > 0. Then there exists a constant K

independent of 61 such that for any f € D3(R™, e~Vdy),

/ (Lf)e Ve Vay < K <1 + V212 e Vidy + VV|? e_vd7>. (7.1.8)
o

R”

Proof. Any f € D3(R", e~Vdy) is also in D3(R", dv); then L f exists in L2(R™, e~V dy),
and we can approximate f by functions in C? bounded with bounded derivatives
up to order 2. For the moment, assume that f is in the latter class. So

/ (Lif)Qe_'Vf‘2 e Vdy = —/ (Vf, V(ﬁfe_‘vﬂze_v» dry. (7.1.9)

We have
(VI V(Lfe Ve ) = (Vf,VLf) e Ve (7110
— UV @V, Ve VLfe VI (v, vV Lfe VPV o

By Cauchy-Schwarz inequality,

/ (Vi Ve VLfe VP dy
, 1/2 , 1/2
< ([ wrovevpre Ve Vay) ([ eprereva)”
In the same way, we treat the last term in (7.1.10). Set A = [, (Vf, VLf)e V/Fe=Vdy,

B 2</H<Vf 2V, VQf)Qe*‘Vf‘Qe*VdfO 1/2 + (/

) 1/2
(Vf, VV>267Wf| e’vdfy> ;

n

1/2
and Y = (fRn(Ef)Qe_‘vﬂze_vdy) . Then combining (7.1.9), (7.1.10) and par
above computation, we get

Y?< —A+ BY. (7.1.11)

It follows that the discriminant of P(A) = A\ — BA + A is non negative and
P(A) = (A=X1)(A—X\2). The relation (7.1.11) implies that Y is between two roots
of P. In particular,

Y < (B+ VB2 —14))2. (7.1.12)

It is obvious that for a numerical constant K; > 0,
B < K, ( V2 f2eVdy+ | |[VV]? e_Vch).
Rn R™
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For estimating the term A, we use the commutation formula for Gaussian measures
(Proposition 2.1.5),
VLf=LVf -V,

so that we get

|A|§K1(1+ IV2f2eVdy + |VV|26‘Vd7>.
RTL

RTL
Now the relation (7.1.12) yields (7.1.8). O
Applying (7.1.8) to ¢, we have

sup/ (Lipm)2e Vo e Vidy < +o0.

m2>1

Therefore the family {L¢,, e [V#=*/2} is uniformly integrable with respect to
e Vdy. Then for any & € C}(R™),

n

lim Egpme_|w””‘2/2§ e Vdy = / Fe_lv‘p|2/2§ e Vdy. (7.1.13)

m—-+00 Rn

But
/ Lpme Vol 2e =V = / (Vo @ Vorm, V2pn)e Vernl/2 eV dy
Rn n
— [ o Tl e T

which converges to fRn<V<P®V<Pa V2gp>6_‘vﬂa‘2/2 ge—Vd»y_fRn@, V(ge—V»e—IVsoIQ/?d%
So we get

/ (F—(V,VV))e IVl 2e e Vidy = — / (Vo, V(e VP2 e Vidy. (7.1.14)

n

Note that the generator Ly associated to the Dirichlet form Ev (f, f) = [ou [V f[* e Vdy
admits the expression Ly (f) = L(f) — (Vf,VV). Therefore the relation (7.1.14)
tells us that F' = L. 0

7.2 Monge-Ampere equations on the Wiener space

We return now to the situation in Theorem 6.2.1. Let V € D3(X) and W €
D3(X) such that [, e”Vdu = [, e"Vdu = 1. Assume that

eV <68, e W<y VW >-—cld, cel0,1). (7.2.1)
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Let {e,;n > 1} C X* be an orthonormal basis of H and H,, the subspace spanned
by {e1,...,e,}. Asin section 1, denote 7, (z) = Z e;j(z)e; and F, the sub o-field
j=1

generated by m,. In the sequel, we will see that the manner to regularize the
density functions =" and e~" has impacts on final results.
Set

E(e V| F,) =e " om,, E(W|F,) =W, om,. (7.2.2)

It is obvious that V?W, > —cldy, en,. Applying Theorem 5.3.10, there is a
¢n € D3(H,,~,) such that x — z + Vi, () is the optimal transport map which
pushes e Vv, to e Wrry,,. Let @, = ¢, o m,. We have

1—-c _
[ I nlBse e,

, (7.2.3)
< [ 19Vt 1 [T Walse
n Hn

By Cauchy-Schwarz inequality for conditional expectation,
IVE(e™"|Fo) [, < E(VVIGe" |Fa) E(e™V | Fo)

which implies that [, VV,[Pe ™ Vrdry, < [y [VV[Pe™Vdp. So (7.2.3) yields

1—c¢
2

209
1—c¢

J s V< [ [OVE N dut 2 |9 Wlfsdi (724)

Let n,m be two integers such that n > m, and ), : H, — H,, the orthogonal
projection. Then Iy, + V(i o ") pushes e~V o 777, to e™Wm o 7" ~,,. In fact,
for any bounded continuous function f: H, — R,

/ ) fla+ (Vo) oy (2))e™"™ o dy,
- /H [, s T @) G ()] a3,

where H,, = H,, ® H: and v, = 7,, ® 4. Note that 7 (Vy,,) = V,,; then the
last term in above equality yields

/H ) [ /H ) f&'+ y)e‘W’"(y)de(y)} dA() = [ f(@)e Vo™ (z)dy, ().

Hy
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Now by (5.3.16),

1V0n — V(om0 T 2a(eva

4 ny\ —Vn 4 ny\|12 —Wp
< l_c/(Vn—VmOWm)e d%—l—m/}h \VW,, = V(W om )|Z e '™ dyy,

or
HVSETL - v¢m| |%2(6*V,u)

4
/ (Vo — Vipomm)e Vdu +
1— CJx

469

= 1- o

/ IVE(W|F,) — VE(W|F,,)|? dp.
: (7.2.5)
Now in order to control the sequence of functions ¢,,, we suppose that
eV >6 >0. (7.2.6)
Under (7.2.6), it is clear that

/ (Vo — Vipomm)e Vdu — 0, as n,m — +oo.
X

Now replacing @, by ¢, — [ « Pndp and according to Poincaré inequality, and by
(7.2.5), we see that ¢, converges in D?(X) to a function . On the other hand,
by (7.2.4), ¢, converges to a function ¢ € D3(X) weakly. By uniqueness of limits,

we see in fact that ¢ € D3(X). Now we proceed as in Section 7.1, we have

lim / [[V2@, — V20|l us du = 0. (7.2.7)
X

n—-+00

Combining (7.2.7) and (7.2.4), up to a subsequence, for any 1 < p < 2,

lim / V2@, — V2pl[%; g du = 0. (7.2.8)
n—-+o0o X
By Meyer inequality ([48]),
. ~ o D —
ngrfoo/x |LPn — Lop||% g dp = 0. (7.2.9)

So everything goes well under the supplementary condition (7.2.6). We finally get

Theorem 7.2.1. Under conditions (7.2.1) and (7.2.6), there exists a function
¢ € D3(X) such that x — x+ V(x) pushes eV to e i and solves the Monge-
Ampeére equation

eV = e WM eLealVel gty (1dpgon + V30,

where T'(x) = x + V().
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7.2. MONGE-AMPERE EQUATIONS ON THE WIENER SPACE
Remark: The regularization of W used in (7.2.2) does not allows to prove that
W3 (e, e )

converges to W2(e=V u, e i) contrary to section 1; we do not know if the map T'
constructed in Theorem 7.2.1 is the optimal transport : which is due to the singu-
larity of the cost function dy in contrast to finite dimensional case (see subsection
3.1).

Theorem 7.2.2. Assume all conditions in Theorem 7.2.1 and that W,, defined by
E(e™"|F) =" om,,

belongs to D3(H,) for all n > 1. Then there is a function ¢ € D3(X) such that
x — T(z) =z + Vp(x) is the optimal transport map which pushes e™" i to eV

and T is the inverse map of S in Theorem 6.2.1.

Proof. By Proposition 5.1 in [35], W, satisfies the condition (7.1.1). So we
can repeat the arguments as above, but the difference is that in actual case,
Wi(e V", e Wny,) converges to Wi (e™V u, eV ). Using notations in the proof
of Theorem 6.2.1, x — x — %Vgpn(x) is the optimal transport map, which pushes
e~ Vry, to e Wnry,. So that

_ _ 1 _
Wi (e eV ) = 1/ Veli eV dp,
X

that means that © — T(z) = = — %V(p([ﬂ) is the optimal transport map which
pushes eV i to e . To see that T is the inverse map of S in Theorem 6.2.1, we
use (6.2.14), which implies that under the optimal plan Ty,

—Z@ZJ(ZE) + Qp(y) = dH(‘Tv y)Qv

since we have replaced —%w by ¢ at the end of the proof of Theorem 6.2.1. Again,
because ¢ € D2(X), we can differentiate ¢, so that under Ty,

1
r=y— §V90(y).

Therefore n € L*(X, H, e~V p) is given by n = —iV with ¢ € D3(X). O
Examples: (i) If W € D3(X) satisfies [, |[VW[*dy < +ooand 0 < §; < eV < 5,
then condition in Theorem 7.2.2 holds. 0J

(ii) For an orthonormal basis {e,;n > 1} of H, define W(z) = > o, Aen(2)?,
where A, > —1/2 and ) ., [A\u] < +00. We have, -

E(€7W|fn) — o~ k=1 Arek(z)? H E(efAkek(IV) = e k=1 )\zcelc(ﬂﬂ)Q7

k>n
where a;, =[], ﬁ So condition in Theorem 7.2.2 holds. O]
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Notations:

118

(X, d) Polish space

P(X) the set of Borel probability measures on X

P,(X) the subset of P(X) of measures with finite p—th moment order
(X, H, u) an abstract Wiener space, with Wiener measure p

dp(w,w") the pseudo-distance between w and w’ € X, induced by the norm
|-l

Typo := po o T~' the push-forward measure

C(po, p1) the set of couplings between two probability measures pg and p;
Co(po, p1) the set of optimal couplings (relatively to a cost)

[Ty optimal coupling between two probability measures (w.r.t. a given cost)
DE(X) Sobolev space over X

W,.e(po, p1) the p—Wasserstein distance between py and p; w.r.t. ¢
Ent,(p) relative entropy of p with respect to

T, : X — V,, orthogonal projections onto n—dimensional space

P, X x X — X, the projection onto the i — th component (i = 1,2)
Ti: X x X — X, Ty(x,y) == (1 —t)x + ty for t € [0,1]

(pt)o<t<1 McCann'’s interpolation between py and p;

v, the standard Gaussian measure on R"”

|.|; the g—norm in R”

V&(x) =z + Vy(z) the Brenier’s map
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