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❏❡ ♥❡ s❛✉r❛✐s ❡♥t❛♠❡r ❝❡s r❡♠❡r❝✐❡♠❡♥ts ❛✉tr❡♠❡♥t q✉✬❡♥ té♠♦✐❣♥❛♥t ❛✈❛♥t t♦✉t ♠♦♥
✐♠♠❡♥s❡ r❡❝♦♥♥❛✐ss❛♥❝❡ ❡t ❛❞♠✐r❛t✐♦♥ à ❆❧❛✐♥ ❚r♦✉✈é✱ q✉✐ ❢✉t ❞✬❛❜♦r❞ ❧✬✉♥ ❞❡ ♠❡s
♣r♦❢❡ss❡✉r ❛✉ ❝♦✉rs ❞❡ ♠❡s ét✉❞❡s à ❧✬❊◆❙ ❈❛❝❤❛♥ ♣✉✐s ❜✐❡♥ sûr ♠♦♥ ❞✐r❡❝t❡✉r ❞❡
t❤ès❡ ❧♦rs ❞❡ ♠❡s q✉❛tr❡ ❛♥♥é❡s ♣❛ssé❡s ❛✉ ❈▼▲❆✳ ❆ s♦♥ ❝♦♥t❛❝t✱ ❥✬❛✐ ♣✉ ❛♣♣ré❝✐❡r
❡t ♣r♦❣r❡ss❡r ❞❛♥s ❝❡rt❛✐♥❡s q✉❛❧✐tés ❡ss❡♥t✐❡❧❧❡s✱ à ♠♦♥ ❛✈✐s✱ ❛✉ tr❛✈❛✐❧ ❞❡ ❝❤❡r❝❤❡✉r
❡♥ ♠❛t❤é♠❛t✐q✉❡s ❀ ♣❛r♠✐ ❡❧❧❡s ❥❡ ❝✐t❡r❛✐ ❧✬❡♥t❤♦✉s✐❛s♠❡✱ ❧✬✐♠❛❣✐♥❛t✐♦♥✱ ❧❛ ✈✐✈❛❝✐té✱
❧❛ r✐❣✉❡✉r✱ ❧❛ ♣❡rsé✈ér❛♥❝❡ ❡t ❧❛ ♣❛t✐❡♥❝❡✳ ❏❡ ❧❡ r❡♠❡r❝✐❡ ♣♦✉r s❛ ❞✐s♣♦♥✐❜✐❧✐té ❞✉r❛♥t
t♦✉t❡ ♠❛ t❤ès❡ ❡t s♦♥ ❡♥❝❛❞r❡♠❡♥t très r✐❝❤❡ ❡♥ ❛♣♣r❡♥t✐ss❛❣❡s ❞♦♥t ❥❡ ❣❛r❞❡r❛✐ ✐♥✲
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❈❡tt❡ t❤ès❡ ❡st ❜✐❡♥ sûr ❧❡ ❢r✉✐t ❞❡ ♠✉❧t✐♣❧❡s ❝♦❧❧❛❜♦r❛t✐♦♥s ❡t ❞✐s❝✉ss✐♦♥s ❛✈❡❝ ❞❡
♥♦♠❜r❡✉① ❞♦❝t♦r❛♥ts ❡t ♣r♦❢❡ss❡✉rs q✉❡ ❥❡ t✐❡♥s ❛✉ss✐ à ♠❡♥t✐♦♥♥❡r✳ ❊♥ ♣r❡♠✐❡r ❧✐❡✉✱
❙t❛♥❧❡② ❉✉rr❧❡♠❛♥ ❡t ❏♦❛♥ ●❧❛✉♥ès q✉✐ ♦♥t été ❧❡s ♣✐♦♥♥✐❡rs ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s
❝♦✉r❛♥ts ❡♥ ❛♥❛t♦♠✐❡ ♥✉♠ér✐q✉❡✱ s✉r q✉♦✐ ❝❡ tr❛✈❛✐❧ s✬❡st ❣r❛♥❞❡♠❡♥t ❛♣♣✉②é✳ ❏❡ ❧❡s
r❡♠❡r❝✐❡ t♦✉s ❞❡✉① ❞✬❛✈♦✐r ❝♦♥t✐♥✉é à ✐♥t❡r❛❣✐r s✉r ❞❡s s✉❥❡ts ❛✉ss✐ ❜✐❡♥ t❤é♦r✐q✉❡s
q✉❡ ♥✉♠ér✐q✉❡s t♦✉t ❛✉ ❧♦♥❣ ❞❡ ♠❛ t❤ès❡✳ ▼❡r❝✐ é❣❛❧❡♠❡♥t à ❇❡♥❥❛♠✐♥ ❈❤❛r❧✐❡r ♣♦✉r
♥♦tr❡ très ❛❝t✐✈❡ ❡t ✐♥t❡♥s❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ♣❡♥❞❛♥t ♠❛ ❞❡r♥✐èr❡ ❛♥♥é❡ ❞❡ t❤ès❡✱ ♥♦✲
t❛♠♠❡♥t ❞❛♥s ❧✬é❧❛❜♦r❛t✐♦♥ ❞❡s ❛❧❣♦r✐t❤♠❡s à ❧✬♦r✐❣✐♥❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❝❡ tr❛✈❛✐❧✱
❡t s❛ ❣r❛♥❞❡ ♣❛t✐❡♥❝❡ ❡♥ ❞é♣✐t ❞❡ ♠❡s ❢réq✉❡♥t❡s ❝r✐s❡s ❞❡ ♥❡r❢s ❞❛♥s ❧❡s ♣ér✐♦❞❡s ❞❡
❞é❜✉❣❛❣❡ ✦ ▼❡r❝✐ ❛✉ss✐ à ❏♦sé ❇r❛❣❛ ❡t ❏❡❛♥✲▲✉❝ ❑❛❤♥ ❞❡ ♥♦✉s ❛✈♦✐r ❢♦✉r♥✐ ❧❡s ❞♦♥✲
♥é❡s ❞❡ s✉r❢❛❝❡s ❞✬♦r❡✐❧❧❡s ✐♥t❡r♥❡s✱ ❋❛✐s❛❧ ❇❡❣✱ ▼❛r✐♥❦♦ ❙❛r✉♥✐❝ ❡t ❊✈❣❡♥✐② ▲❡❜❡❞ ❞❡
❙✐♠♦♥ ❋r❛s❡r ❯♥✐✈❡rs✐t② ♣♦✉r ❧❡s ❞♦♥♥é❡s ❞❡ ❝♦✉❝❤❡s rét✐♥✐❡♥♥❡s✱ ❙✐❣♦❧❤è♥❡ ▼❡✐❧❤❛❝
❡t ❏❡❛♥✲❋r❛♥ç♦✐s ▲❡ ●❛rr❡❝ ❞❡ ❧✬■♥st✐t✉t P❛st❡✉r ♣♦✉r ❝❡❧❧❡s ❞❡s ❞✐✈✐s✐♦♥s ❝❡❧❧✉❧❛✐r❡s
❛✐♥s✐ q✉❡ ❇❡rtr❛♥❞ ❚❤✐r✐♦♥ ❞❡ ◆❡✉r♦s♣✐♥ ♣♦✉r ❧❡s ❞♦♥♥é❡s ❞✬■❘▼❢✳
❆✉ ❝♦✉rs ❞❡ ❝❡s q✉❛tr❡ ❛♥s ❞❡ t❤ès❡✱ ❥✬❛✐ ♣✉ é❣❛❧❡♠❡♥t ♣r♦✜t❡r ❞❡ ❧✬❡①♣ér✐❡♥❝❡ ❞❡
♣❧✉s✐❡✉rs ♣❡rs♦♥♥❡s ❧♦rs ❞❡ ❞✐s❝✉ss✐♦♥s ❞✐✈❡rs❡s✱ ✈❛r✐é❡s ❡t ♣❛r❢♦✐s ❛♥✐♠é❡s✱ ♣❛r♠✐
❧❡sq✉❡❧❧❡s ■rè♥❡✱ ❇❛r❜❛r❛✱ ●✐❛❝♦♠♠♦✱ ❙②❧✈❛✐♥✱ ❙❛r❛♥❣ ❏♦s❤✐✱ ❋r❛♥ç♦✐s✲❳❛✈✐❡r ❱✐❛❧❛r❞✱
❙té♣❤❛♥✐❡ ❆❧❧❛ss♦♥♥✐èr❡✱ ❙t❡❢❛♥ ❙♦♠♠❡r ❛✐♥s✐ q✉❡ ❏✐♠♠② ▲❛♠❜♦❧❧❡② ❡t ❚❤✐❡rr② ❉❡
P❛✉✇ ♣♦✉r s♦♥ ❡①❝❡❧❧❡♥t ❝♦✉rs ❞❡ ♠❛st❡r ❡♥ t❤é♦r✐❡ ❣é♦♠étr✐q✉❡ ❞❡ ❧❛ ♠❡s✉r❡ ❡t ❧❡s
q✉❡❧q✉❡s ♠❡ss❛❣❡s q✉❡ ♥♦✉s ❛✈♦♥s é❝❤❛♥❣é ❞❡♣✉✐s s✉r ❧❡ s✉❥❡t✳ ❏❡ r❡♠❡r❝✐❡ ❛✉ ♣❛s✲
s❛❣❡ t♦✉t❡ ❧✬éq✉✐♣❡ ❞❡ ❉❛rr②❧ ❍♦❧♠ à ■♠♣❡r✐❛❧ ❈♦❧❧❡❣❡ ♣✉✐s ❝❡❧❧❡ ❞❡ ▼✐❝❤❛❡❧ ▼✐❧❧❡r
❛✉ ❈■❙ ♣♦✉r ❛✈♦✐r ♦r❣❛♥✐sé ❧❡s ✬❙❤❛♣❡ ♠❡❡t✐♥❣✬ ❡t ♦✛❡rt ✉♥❡ ♦❝❝❛s✐♦♥ t♦✉t à ❧❛ ❢♦✐s
❡♥r✐❝❤✐ss❛♥t❡ ❡t ❞é❝♦♥tr❛❝té❡ ❞❡ ré✉♥✐r ♥♦tr❡ ❝♦♠♠✉♥❛✉té✳ ▼❡r❝✐ ❡♥✜♥ à t♦✉s ❧❡s
♣r♦❢❡ss❡✉rs ❞❡ ❧✬❊◆❙ ❈❛❝❤❛♥ ❞♦♥t ❥✬❛✐ ❡✉ ❧✬❤♦♥♥❡✉r ❡t ♣❧❛✐s✐r ❞❡ s✉✐✈r❡ ❧❡s ❝♦✉rs ❛✐♥s✐
q✉✬❛✉① ♥♦♠❜r❡✉① ❡♥s❡✐❣♥❛♥ts q✉✐ ♠✬♦♥t tr❛♥s♠✐s ❧❡ ❣♦ût ❞❡s ♠❛t❤é♠❛t✐q✉❡s ❛✈❛♥t
❧✬❊◆❙✱ ❥❡ ♣❡♥s❡ ❡♥ ♣❛rt✐❝✉❧✐❡r à ▼♠❡s ❍✐r✐❜❛rr❡♥ ❡t ▲✉❝❛r♦♥✐ ❛✉ ❧②❝é❡✱ ▼♠❡ ❈❛♠❡③
❡t ▼r ●♦♥♥♦r❞ ❡♥ ♣ré♣❛✳

❖✉tr❡ ❧❛ r❡❝❤❡r❝❤❡✱ ❥✬❛✐ é♥♦r♠é♠❡♥t ❛♣♣ré❝✐é ♠❡s tr♦✐s ❛♥♥é❡s ❞✬❡♥s❡✐❣♥❡♠❡♥t ❡♥
t❛♥t q✉❡ ♠♦♥✐t❡✉r à ❧✬❊◆❙ ❈❛❝❤❛♥✱ ❣râ❝❡ ♥♦t❛♠♠❡♥t à ❋ré❞ér✐❝ P❛s❝❛❧ ❛✈❡❝ q✉✐



♥♦✉s ❛✈♦♥s ❛ss✉ré ❧✬❡♥s❡✐❣♥❡♠❡♥t ❞✉ ❝❛❧❝✉❧ ❞✐✛ér❡♥t✐❡❧ ❡t ❞❡ t♦✉t❡s s❡s ❥♦②❡✉s❡tés✱
❛✐♥s✐ q✉✬à ❱✐♥❝❡♥t ❇❡❝❦ ❡t ❆②♠❛♥ ▼♦✉ss❛ ♣♦✉r ♠✬❛✈♦✐r ❢♦✉r♥✐ ❧❡✉rs ❢❡✉✐❧❧❡s ❞✬❡①❡r✲
❝✐❝❡s ❞✉ t❡♠♣s ♦ù ❡✉①✲♠ê♠❡s ♠✬❛✈❛✐❡♥t ❡♥s❡✐❣♥é ❝❡s ♠❛t✐èr❡s✳ ❏❡ s❛❧✉❡ ❛✉ ♣❛ss❛❣❡
t♦✉s ♠❡s ❛♥❝✐❡♥s ét✉❞✐❛♥ts ❛✈❡❝ q✉✐ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡ ♣❛ss❡r ❞❡ très ❜♦♥s ♠♦♠❡♥ts
♣❡♥❞❛♥t ❡t ♣❛r❢♦✐s ♠ê♠❡ ❡♥ ❞❡❤♦rs ❞❡s ❝♦✉rs✳

❈❡tt❡ t❤ès❡ ❞♦✐t ❛✉ss✐ ❜❡❛✉❝♦✉♣ ❛✉ ❝❛❞r❡ ❞❛♥s ❧❡q✉❡❧ ❡❧❧❡ s✬❡st ❞ér♦✉❧é❡ ❡t✱ à ❝❡
t✐tr❡✱ ❥❡ ✈♦✉❞r❛✐s r❡♠❡r❝✐❡r t♦✉t❡s ❧❡s ♣❡rs♦♥♥❡s q✉❡ ❥✬❛✐ ❡✉ ❧✬♦❝❝❛s✐♦♥ ❞❡ ❝♦t♦②❡r ✐❝✐✳
❆ ❝♦♠♠❡♥❝❡r ♣❛r ▼✐❝❤❡❧✐♥❡✱ ❱✐r❣✐♥✐❡ ❡t ❱ér♦♥✐q✉❡ ♣♦✉r ❧❡✉r ❡✣❝❛❝✐té à ré❣❧❡r t♦✉s
♠❡s ❞é❜♦✐r❡s ❛❞♠✐♥✐str❛t✐❢s ✭❡t ♣♦✉r ✐♥st❛✉r❡r ✉♥ ♣❡✉ ❞❡ ❞✐s❝✐♣❧✐♥❡ ❞❛♥s ❧✬✉t✐❧✐s❛✲
t✐♦♥ ❞❡ ❧❛ ❝✉✐s✐♥❡ ✦✮✱ ❙❛♥❞r❛ ♣♦✉r t❡♥✐r ♥♦tr❡ ❜✐❜❧✐♦t❤èq✉❡✱ ❈❤r✐st✐♥❡ ❘♦s❡ à ❧✬❊❉❙P✱
❈❤r✐st♦♣❤❡✱ ◆✐❝♦❧❛s ❡t ❆t♠❛♥ ♣♦✉r ❧✬✐♥❢♦r♠❛t✐q✉❡ ❡t ❧❛ ♠❛✐♥t❡♥❛♥❝❡ ❞❡s s❡r✈❡✉rs ❞❡
❝❛❧❝✉❧s q✉❡ ❥✬❛✐ ❜❡❛✉❝♦✉♣ ♠✐s à ❝♦♥tr✐❜✉t✐♦♥ ❛✉ ❝♦✉rs ❞❡ ♠❛ t❤ès❡✳ ❚♦✉s ♠❡s r❡♠❡r✲
❝✐❡♠❡♥ts ✈♦♥t ❡♥✜♥ à ❧✬❡♥s❡♠❜❧❡ ❞❡s t❤és❛r❞s✱ ♣♦st✲❞♦❝s ❡t ❆●P❘ ❞✉ ❈▼▲❆ q✉❡ ❥✬❛✐
❝r♦✐sé ♣❡♥❞❛♥t ♠♦♥ ❞♦❝t♦r❛t ♣♦✉r ❛✈♦✐r s✉ ✐♥s✉✤❡r✱ ❣râ❝❡ ❛✉① ♣❛✉s❡✲❝❛❢é✱ s♦rt✐❡s ❡t
❛✉tr❡s s❛❝r♦✲s❛✐♥t❡s ✬tr❛❞✐t✐♦♥s✬✱ ✉♥❡ ✈✐t❛t✐❧✐té ❡t ✉♥❡ ❛♠❜✐❛♥❝❡ ❡①trê♠❡♠❡♥t ❛❣ré❛❜❧❡
❛✉ ❧❛❜♦✳ ❆❞✐♥❛✱ ❆♥♥❡✱ ❆r✐❛♥❡✱ ❆✉❞❡✱ ❆②♠❛♥✱ ❇❛r❜❛r❛✱ ❇❡♥❥❛♠✐♥ ❈✱ ❇❡♥❥❛♠✐♥ ▼✱
❇❡♥♦ît✱ ❇r✉♥♦✱ ❈❛r❧♦✱ ❈②r✐❧✱ ❈❧❛✐r❡ ❇✱ ❈❧❛✐r❡ ❘✱ ❊♥r✐❝✱ ❊r✐❝✱ ❋ré❞ér✐q✉❡✱ ●✐❛❝♦♠♠♦✱
●❛ë❧✱ ■rè♥❡✱ ■✈❡s✱ ❏♦sé✱ ❏✉❧✐❡ ❉✱ ❏✉❧✐❡♥✱ ❑❧❡❜❡r✱ ▲❛r❛✱ ▲❛✉r❡♥t✱ ▲♦ï❝✱ ▼❛r❝✱ ▼❛r✐❡✱
▼❛✉r✐❝✐♦✱ ▼❛t❤✐❡✉✱ ▼✐❣✉❡❧✱ ▼✐❧❛♥❛✱ ▼♦r❣❛♥✱ ◆❡✉s✱ ◆✐❝♦❧❛✱ ◆✐❝♦❧❛s ▲✱ ❘❛❝❤❡❧✱ ❘❛❢❛✱
❙❛❛❞✱ ❙❛♠②✱ ❙❛♥❞r✐♥❡✱ ❚r✐st❛♥✱ ❨♦❤❛♥♥✱ ❩❤♦♥❣✇❡✐ ✭❧❛ ❧✐st❡ ❡st ❞é❥à ❧♦♥❣✉❡ ♠❛✐s ❥❡
♠✬❡①❝✉s❡ ❞✬❛✈❛♥❝❡ s✐ ❥✬❛✐ ♦♠✐s q✉❡❧q✉✬✉♥✮ ✿ ♠❡r❝✐ à ✈♦✉s t♦✉s ✦

❙✉r ❧❡ ♣❧❛♥ ♣❧✉s ♣❡rs♦♥♥❡❧✱ ❥❡ ✈♦✉❞r❛✐s ❛✉ss✐ ♠✬❛❞r❡ss❡r à ❧✬❡♥s❡♠❜❧❡ ❞❡ ♠❡s ❛♠✐s
s❛♥s ❧❛ ♣rés❡♥❝❡ ❡t ❧❡ s♦✉t✐❡♥ ❞❡sq✉❡❧s ❥❡ ♥✬❛✉r❛✐ ❝❡rt❛✐♥❡♠❡♥t ♣❛s ♣✉ ❡♥ ❛rr✐✈❡r
❧à ❛✉❥♦✉r❞✬❤✉✐✳ ❉✬❛❜♦r❞ à t♦✉s ♠❡s ❝❛♠❛r❛❞❡s ❞❡ ♣r♦♠♦✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ♠❡s ❞❡✉①
❝♦♠♣èr❡s ❞❡ t♦✉❥♦✉rs P♦♣♦✛ ❡t ❑♥❛r♦♥❞✱ ❆❣❛t❤❡✱ ❆rt❤✉r✱ ❇❛♣t✐st❡✱ ❈é❝✐❧♦✉✱ ●❛ë❧❧❡✱
■rè♥❡✱ ❏❙❑✱ ❏✐♠♠②✱ ❏✉❧✐❡✱ ◗✉❡♥t✐♥✱ ❘♦♠❛✐♥ ❡t ❙❛♥❞r❛✳ ❏❡ ❣❛r❞❡ ✉♥ s♦✉✈❡♥✐r é♠✉ ❞❡
t♦✉s ❝❡s ♠♦♠❡♥ts ✐♥♦✉❜❧✐❛❜❧❡s✱ s♦✉✈❡♥t ❝♦❝❛ss❡s ❡t ❥❛♠❛✐s ❡♥♥✉②❡✉① ♣❛ssés ❡♥ ✈♦tr❡
❝♦♠♣❛❣♥✐❡✱ q✉❡ ❝❡ s♦✐t à P❛r✐s✱ ❛✉ ❝❤❛❧❡t ❞✉ ❧é③❛r❞ ❞❡ ▲❛ ❈❧✉s❛③✱ à Pr❛❧♦❣♥❛♥✱ ❡♥
◆♦r♠❛♥❞✐❡✱ ❡♥ ❇r❡t❛❣♥❡ ♦✉ ❡♥ ❈♦rs❡✱ à ▲✐❧❧❡✱ à ◆✐❝❡✱ s✉r ❧✬î❧❡ ❞❡ ❘é ❡t ❡♥ Pr♦✈❡♥❝❡✳ ❏❡
♣❡♥s❡ ❛✉ss✐ à t♦✉s ♠❡s ❛✉tr❡s ❛♠✐s ❞❡ ❧✬❊◆❙✱ ❊♠✐❧✐❡♥ ❡t ▲✉❝✐❡ ❡♥ ♣❛rt✐❝✉❧✐❡r ♣♦✉r ❧❡s
♥♦♠❜r❡✉① ✈♦②❛❣❡s ❡t ❢êt❡s q✉❡ ❥✬❛✐ ♣✉ ❢❛✐r❡ ❛✈❡❝ ✈♦✉s ✭❡t s♦✉✈❡♥t ❝❤❡③ ✈♦✉s✮✱ P✐❡rr❡✲
❆♥t♦✐♥❡ ✭❜✐❡♥tôt ❧❡ ✾❜✰✱ ❛❝❝r♦❝❤❡✲t♦✐✮✱ ❆r✐❛♥❡ ♣♦✉r ❛✈♦✐r ❜✐❡♥ ✈♦✉❧✉ ❛❝❝♦♠♣❛❣♥❡r
✉♥ ❞é❜✉t❛♥t ❝♦♠♠❡ ♠♦✐ ❛✉① s♦✐ré❡s s❛❧s❛✱ ❧❡s ❝❧✉❜❜❡rs ❞❡ ❙❛✐♥t✲◗✉❡♥t✐♥ ▼❛①✐♠❡ &
▼❛①✐♠❡✱ ❇❡♥❥❛♠✐♥ ❇✉t✐♥ ❡t ❱✐✈✐❡♥ q✉✐✱ ❞❡ ♣❛r ❧❡✉r ❥❡✉ ✐❞♦✐♥❡✱ ♦♥t s✉ ♠❡ r❡❝❛❞r❡r ✐♥✲
❧❛ss❛❜❧❡♠❡♥t ❛✉ t❡♥♥✐s ♣❡♥❞❛♥t t♦✉t❡s ❝❡s ❛♥♥é❡s✱ ❘♦♠❛✐♥ ❞❡ ❧❛ ♣r❡st✐❣✐❡✉s❡ ❍❡②♠❛♥
& ❱❡rs❛❝❤s✱ ❙❛r❛❤✱ ❙♦r✐♥✱ ❏❡❛♥✱ ❏✉❧❡s✱ P✐❡rr❡ ▲✱ ❆rt❤✉r ▲✱ ❚❤♦♠❛s P ❡t s♦♥ ❛✐s❛♥❝❡
✐♥é❣❛❧é❡ ❞❛♥s ❧❡s ❝❤❡♠✐♥é❡s ❞❡ ❇❧❡❛✉✱ ●❛❜r✐❡❧ ❡t ♥♦s q✉❡❧q✉❡s ❜❡❧❧❡s r❛♥❞♦s ❞❛♥s ❧❡s
❆❧♣❡s✱ ❧❡ ❣r♦✉♣❡ ❞❡s s❦✐❡✉rs ❞❡ ❈❤❛t❡❧ ❏❛❝❦✱ ▼❛r✐❡✱ ❈❛♠✐❧❧❡✱ ❱❛❧ér✐❛♥✱ ❘♦❞r✐❣♦ ❡t
❏❘✳ ❯♥❡ ♣❡♥sé❡ é❣❛❧❡♠❡♥t ♣♦✉r ❧❡ ❣r♦✉♣❡ ❞❡s ❘❡♥♥❛✐s ❏✉❧✐❡✱ ▼❛♠❛✱ ❘♦♠❛✐♥ ❇ ❡t
❊❧✐s❡ ❛✈❡❝ q✉✐ ❥❡ ♠❡ s✉✐s r❛♣✐❞❡♠❡♥t ✐♥té❣ré✱ ❛✐♥s✐ q✉❡ ❧❛ ❉rô♠❡ t❡❛♠ q✉✐ s❡ r❡❝♦♥✲
♥❛îtr❛ ✿ ▲✉❝✐❡✱ ❆❧✐❝❡✱ ❊♠✐❧✐❡✱ ❊❧✐s❡✱ ■❧❡②❦✱ ▼❛r✐❡✱ ▼✐❝❦❛ë❧✱ ❱❛❧ér✐❡ ❡t ❚✐❣r❛♥❡✱ ♠❡r❝✐
♣♦✉r ❝❡s s✉♣❡r ✈❛❝❛♥❝❡s ❞✬été ♣❛ssé❡s ❛✈❡❝ ✈♦✉s ✦ ▼❡r❝✐ ❛✉ss✐ à ♠❡s ❛♠✐s ❝♦✉❝❤s✉r❢❡rs
▼✐✱ ❆♠✐♥❛✱ ❘❛♣❤②✱ ◆✐t❡s❤✱ ▲✉❝✐❡ ❡t ❊♠✐❧✐❛✱ ❛✐♥s✐ q✉✬❛✉① ❚♦✉❧♦✉s❛✐♥s q✉❡ ❥✬❛✐ ❡♥❝♦r❡
❧✬♦❝❝❛s✐♦♥ ❞❡ ✈♦✐r ✿ ▼❛t❤✐❡✉✱ ●✉✐❧❧❛✉♠❡✱ ▼❛r✐♦♥✱ ❏érô♠❡ ❡t t♦✉t❡ ❧❛ ✬❉❡❜✐❡③ ❢❛♠✐❧②✬✳
❊t✱ ♣♦✉r ✜♥✐r✱ ♠❡r❝✐ à t♦✉t❡s ❧❡s ❛✉tr❡s ♣❡rs♦♥♥❡s q✉❡ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡ r❡♥❝♦♥tr❡r
✐❝✐ ♦✉ ❛✐❧❧❡✉rs ✿ ❈❧é❧✐❛✱ ❱❛❧❡♥t✐♥✱ ❙❛r❛❤✱ ▲✐♥❡✱ ❏✉st✐♥❡✱ ▲✉❝✐❡ ❡t ❨❛♥♥✱ ❆①❡❧✱ P❛✉❧✐♥❡✱
❆❞r✐❡♥✱ ▼❛r✐❡ ❈✳✳✳



❊♥✜♥✱ ❥❡ rés❡r✈❡ ✉♥❡ ♣❧❛❝❡ très s♣é❝✐❛❧❡ à t♦✉t❡ ♠❛ ❢❛♠✐❧❧❡ q✉✐ ♠✬❛ t♦✉❥♦✉rs té✲
♠♦✐❣♥é ✉♥ s♦✉t✐❡♥ s❛♥s ❢❛✐❧❧❡ ❞❛♥s t♦✉s ❧❡s ♠♦♠❡♥ts ❧❡s ♣❧✉s ❞✐✣❝✐❧❡s✳ ▼❡r❝✐ à ♠❛
♣❡t✐t❡ s♦❡✉r ❊❧s❛✱ ♠❡r❝✐ à ♠❛ ♠èr❡ à q✉✐ ❥❡ ❞♦✐s ♠♦♥ ♣r❡♠✐❡r ✐♥térêt ♣♦✉r ❧❡s ♠❛t❤s
❡t ❞✬❛✈♦✐r ♣❡rs✐sté ❞❛♥s ❝❡tt❡ ✈♦✐❡ ♣❛r ❧❛ s✉✐t❡✱ à ♠♦♥ ♣èr❡ ❞♦♥t ❥✬❡s♣èr❡ ♣♦✉✈♦✐r ✉♥
❥♦✉r é❣❛❧❡r ❧❛ ❝✉❧t✉r❡ ❣é♥ér❛❧❡ ❡t ❧❡ s❡♥s ❞❡ ❧✬❤✉♠♦✉r✱ ❡t ♠❡s ❣r❛♥❞s✲♣❛r❡♥ts ❛✉①q✉❡❧s
❥❡ ❞♦✐s ❛✉ss✐ ❜❡❛✉❝♦✉♣ ❡t q✉✐ ❛✉r❛✐❡♥t ✈r❛✐♠❡♥t s♦✉❤❛✐té ♣♦✉✈♦✐r êtr❡ ❧à ❛✉❥♦✉r❞✬❤✉✐✳
❏❡ ♥❡ ♣♦✉rr❛✐ ❥❛♠❛✐s ✈♦✉s r❡♠❡r❝✐❡r ❛ss❡③ ♣♦✉r ❝❡ q✉❡ ✈♦✉s ❛✈❡③ t♦✉s ❢❛✐t ❡t ❝♦♥t✐♥✉❡③
❞❡ ❢❛✐r❡ ♣♦✉r ♠♦✐✳ ❊♥ ♠♦❞❡st❡ s✐❣♥❡ ❞❡ r❡❝♦♥♥❛✐ss❛♥❝❡✱ ❝❡tt❡ t❤ès❡ ✈♦✉s ❡st ❞é❞✐é❡✳





❘és✉♠é ❡♥ ❢r❛♥ç❛✐s

❈❡tt❡ t❤ès❡ s✬❛rt✐❝✉❧❡ ❛✉t♦✉r ❞❡ ♣r♦❜❧é♠❛t✐q✉❡s ❧✐é❡s ❛✉ ré❝❡♥t ❞♦♠❛✐♥❡ ❞❡ ❧✬❛♥❛t♦♠✐❡
♥✉♠ér✐q✉❡ ❞♦♥t ❧✬♦❜❥❡t ❡st ❞❡ ❢♦✉r♥✐r ❞❡s ❝❛❞r❡s à ❧❛ ❢♦✐s ♠❛t❤é♠❛t✐q✉❡s ❡t ♥✉♠ér✐q✉❡s
♣♦✉r ❡st✐♠❡r ❧❛ ✈❛r✐❛❜✐❧✐té st❛t✐st✐q✉❡ ❛✉ s❡✐♥ ❞❡ ♣♦♣✉❧❛t✐♦♥s ❞❡ ❢♦r♠❡s ❛♥❛t♦♠✐q✉❡s✳
❉❡ t❡❧s ♠♦❞è❧❡s ❝♦♥st✐t✉❡♥t ✉♥❡ ét❛♣❡ ✐♠♣♦rt❛♥t❡ ♣♦✉r ❞❡ ♥♦♠❜r❡✉s❡s ❛♣♣❧✐❝❛✲
t✐♦♥s✱ ♥♦t❛♠♠❡♥t ❧❛ ❞ét❡❝t✐♦♥ ❛✉t♦♠❛t✐q✉❡ ❞❡ ♣❛t❤♦❧♦❣✐❡s ❡♥ ✐♠❛❣❡r✐❡ ❜✐♦♠é❞✐❝❛❧❡✳
❊♥ t❡r♠❡s ♠❛t❤é♠❛t✐q✉❡s✱ ❝❡s ♣r♦❜❧è♠❡s ♦♥t ♣✉ êtr❡ ❢♦r♠❛❧✐sés ❡♥ ❣r❛♥❞❡ ♣❛rt✐❡
✈✐❛ ❧❡s tr❛✈❛✉① ❞❡ ●r❡♥❛♥❞❡r ❡t ❧❛ ♥♦t✐♦♥ ❞✬❡s♣❛❝❡ ❞❡ ❢♦r♠❡s ✭❡♥s❡♠❜❧❡ ❞✬♦❜❥❡ts
❣é♦♠étr✐q✉❡s s✉r ❧❡q✉❡❧ ❛❣✐t tr❛♥s✐t✐✈❡♠❡♥t ✉♥ ❣r♦✉♣❡ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s✮✱ ♣✉✐s ♣❛r
❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✉ ♠♦❞è❧❡ ▲❉❉▼▼ ♣♦✉r ❞é✜♥✐r ❞❡s ❣r♦✉♣❡s ❞❡ ✬❣r❛♥❞❡s ❞é❢♦r♠❛✲
t✐♦♥s✬ ❡t ❞❡s ♠étr✐q✉❡s ✐♥✈❛r✐❛♥t❡s à ❞r♦✐t❡ s✉r ❝❡s ❣r♦✉♣❡s✳

❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♦♥ s✬✐♥tér❡ss❡ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❛✉ ❝❛s ❞✬❡s♣❛❝❡s ❞❡ ❢♦r♠❡s
❞♦♥♥és ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❝♦✉r❜❡s✱ ❞❡ s✉r❢❛❝❡s ♦✉ s♦✉s✲✈❛r✐étés ❛✈❡❝ ♣♦✉r ♣r❡♠✐❡r
♦❜❥❡❝t✐❢ ❞❡ ❞é✜♥✐r ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❡t ❞❡s t❡r♠❡s ❞✬❛tt❛❝❤❡ ❛✉① ❞♦♥♥é❡s ❛❞éq✉❛ts
♣♦✉r ♠❡s✉r❡r ❧❛ ❞✐ss✐♠✐❧❛r✐té ❡♥tr❡ ♦❜❥❡ts ❞❛♥s ❧❡s ♣r♦❜❧è♠❡s ❞❡ r❡❝❛❧❛❣❡ ♣❛r ❣r❛♥❞❡
❞é❢♦r♠❛t✐♦♥✳ ❈❡ ♣r♦❜❧è♠❡ ❛ été ✉♥❡ ♣r❡♠✐èr❡ ❢♦✐s ❛❜♦r❞é✱ ❡♥ ❛♥❛t♦♠✐❡ ♥✉♠ér✐q✉❡✱
♣❛r ●❧❛✉♥ès & ❱❛✐❧❧❛♥t ✭✷✵✵✺✮ ❞❛♥s ❧❡ ❝❛s ❞✬♦❜❥❡ts ♦r✐❡♥tés ❡♥ ❛❞❛♣t❛♥t ❧❡ ❝♦♥❝❡♣t
❞❡ ❝♦✉r❛♥t ❞❡ ❧❛ t❤é♦r✐❡ ❣é♦♠étr✐q✉❡ ❞❡ ❧❛ ♠❡s✉r❡✳ ▲❛ ♣r❡♠✐èr❡ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❝❡
tr❛✈❛✐❧ ❡st ❞❡ ♣r♦♣♦s❡r ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❝❡s ✐❞é❡s ♣♦✉r ❞❡s ❢♦r♠❡s ❣é♦♠étr✐q✉❡s ♥♦♥✲
♦r✐❡♥té❡s ✈✐❛ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡s ✈❛r✐❢♦❧❞s✱ ✐ss✉❡ à ♥♦✉✈❡❛✉ ❞❡ ❧❛ t❤é♦r✐❡ ❣é♦♠étr✐q✉❡
❞❡ ❧❛ ♠❡s✉r❡✳ ❖♥ ♠♦♥tr❡ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧✬✐♥térêt ❞❡ ❝❡s r❡♣rés❡♥t❛t✐♦♥s ♥♦♥✲♦r✐❡♥té❡s
❞❛♥s ♣❧✉s✐❡✉rs s✐t✉❛t✐♦♥s ❜✐❡♥ ❞✐st✐♥❝t❡s✳

❉❛♥s ✉♥ s❡❝♦♥❞ t❡♠♣s✱ ❝❡ tr❛✈❛✐❧ s❡ ♣❡♥❝❤❡ s✉r ❧✬ét✉❞❡ ❞✬♦❜❥❡ts ❣é♦♠étr✐❝♦✲❢♦♥❝t✐♦♥♥❡❧s
❛✉ss✐ ❜❛♣t✐sés ✬❢♦r♠❡s ❢♦♥❝t✐♦♥♥❡❧❧❡s✬✱ ❝✬❡st à ❞✐r❡ ❞❡ ❢♦♥❝t✐♦♥s ♦✉ ❞❡ s✐❣♥❛✉① ❞é✜♥✐s
s✉r ❞❡s s✉♣♣♦rts ❣é♦♠étr✐q✉❡s ✈❛r✐❛❜❧❡s ❡♥tr❡ ❧❡s ✐♥❞✐✈✐❞✉s✳ ❈❡s t②♣❡s ❞❡ ❞♦♥♥é❡s
s♦♥t ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❢réq✉❡♥ts ❡♥ ❛♥❛t♦♠✐❡ ♥✉♠ér✐q✉❡ ♠❛✐s✱ à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱ ❧❛
♣❧✉♣❛rt ❞❡s ❛♣♣r♦❝❤❡s st❛♥❞❛r❞s ❝♦♠♠❡♥❝❡♥t ♣❛r ♥♦r♠❛❧✐s❡r ❧❛ ❣é♦♠étr✐❡ ❞❡s ♦❜❥❡ts
♣♦✉r s❡ r❛♠❡♥❡r ❛✉ ❝❛s ❞✬✐♠❛❣❡s ♣❧✉s ❝❧❛ss✐q✉❡s ❞é✜♥✐❡s s✉r ✉♥ s✉♣♣♦rt ✜①❡✳ ▲✬✉♥
❞❡s ♣r♦❜❧è♠❡s ✐♠♣♦rt❛♥ts s✉r ❧❡q✉❡❧ s❡ ❝♦♥❝❡♥tr❡ ❝❡tt❡ t❤ès❡ ❡st ❞❡ ❞♦♥♥❡r ✉♥ ❝❛❞r❡
♣♦✉r ♠♦❞é❧✐s❡r ❡t ❛♥❛❧②s❡r ❣é♦♠étr✐❡ ❡t s✐❣♥❛❧ ❝♦♥❥♦✐♥t❡♠❡♥t✳ P♦✉r ❝❡❧❛✱ ♦♥ ❞é✜♥✐t
♥♦t❛♠♠❡♥t ❧❛ ♥♦t✐♦♥ ❞❡ ♠ét❛♠♦r♣❤♦s❡s ❣é♦♠étr✐❝♦✲❢♦♥❝t✐♦♥♥❡❧❧❡s ♣♦✉r ❣é♥ér❛❧✐s❡r
❝❡❧❧❡s ❞❡ ❣r❛♥❞❡ ❞é❢♦r♠❛t✐♦♥ ❡t ❞❡ ♠étr✐q✉❡s ✐♥✈❛r✐❛♥t❡s à ❞r♦✐t❡ à ❝❡ ❝♦♥t❡①t❡ ❛✐♥s✐
q✉❡ ❧❛ ♥♦t✐♦♥ ❞❡ ❝♦✉r❛♥t ❢♦♥❝t✐♦♥♥❡❧ ♣♦✉r ♠❡s✉r❡r ❧❛ ❞✐ss✐♠✐❧❛r✐té ❡♥tr❡ ❞❡✉① ❢♦r♠❡s
❢♦♥❝t✐♦♥♥❡❧❧❡s✳ ❈❡❝✐ ❞é❜♦✉❝❤❡ ❛ss❡③ ♥❛t✉r❡❧❧❡♠❡♥t s✉r ✉♥ t♦✉t ♥♦✉✈❡❛✉ ❝❛❞r❡ ♠❛t❤✲
é♠❛t✐q✉❡ ❡t ❛❧❣♦r✐t❤♠✐q✉❡ ♣❡r♠❡tt❛♥t ❞✬ét❡♥❞r❡ ❧❡s ♦✉t✐❧s ✉s✉❡❧s ❞❡ r❡❝❛❧❛❣❡✳

▲❛ ❞❡r♥✐èr❡ ♣❛rt✐❡ ❞❡ ❧❛ t❤ès❡ s✬✐♥tér❡ss❡ à ❧❛ s✐t✉❛t✐♦♥ ♣❧✉s ❣é♥ér❛❧❡ ❞❡ ❧✬❡st✐♠❛✲
t✐♦♥ ❡t ❧✬❛♥❛❧②s❡ ❞✬❛t❧❛s ♣♦✉r ❞❡s ♣♦♣✉❧❛t✐♦♥s ❞❡ t❡❧❧❡s str✉❝t✉r❡s✳ ❖♥ ♣r♦♣♦s❡ ❡♥
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❛ r❡❝❡♥t ♣r♦❜❧❡♠❛t✐❝ t❤❛t ❛r♦s❡ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ❢♦❧❧♦✇✐♥❣
t❤❡ ✐♥❝r❡❛s✐♥❣ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❛ ♥❡✇ t②♣❡ ♦❢ ❞❛t❛ str✉❝t✉r❡s t❤❛t ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s
❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ❤❛s ❢♦❝✉s❡❞ ❤✐st♦r✐❝❛❧❧② ♦♥ t❤❡ st✉❞②
♦❢ ❣❡♦♠❡tr✐❝❛❧ s❤❛♣❡s ❛s s❡ts ♦❢ ♣♦✐♥ts✱ ❝✉r✈❡s ❛♥❞ s✉r❢❛❝❡s ♦♥ t❤❡ ♦♥❡ s✐❞❡ ♦r ❝❧❛ss✐❝❛❧
✐♠❛❣❡s ♦♥ t❤❡ ♦t❤❡r✳ ❨❡t t❤❡ ❝❛s❡ ♦❢ s✐❣♥❛❧s s✉♣♣♦rt❡❞ ♦♥ ✈❛r✐❛❜❧❡ ❣❡♦♠❡tr✐❝❛❧ s❤❛♣❡s✱
❛s ❢♦r ✐♥st❛♥❝❡ ❛❝t✐✈❛t✐♦♥ ♠❛♣s ♦♥ ❝♦rt✐❝❛❧ s✉r❢❛❝❡s ✐♥ ❢✉♥❝t✐♦♥❛❧ ▼❘■✱ ❤❛s ❜❡❡♥
r❛r❡❧② ❛❞❞r❡ss❡❞ ✐♥ ✐ts ❣❡♥❡r❛❧✐t②✳ ❲❡ ❝❛❧❧ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ♦r ❢s❤❛♣❡s s✉❝❤ ❦✐♥❞ ♦❢
str✉❝t✉r❡s ♠❛❞❡ ♦❢ ❛ s❤❛♣❡ t❤❛t ❝❛rr✐❡s ❛ ❝❡rt❛✐♥ s✐❣♥❛❧ ❢✉♥❝t✐♦♥✳
❚❤❡ ✉❧t✐♠❛t❡ ❣♦❛❧ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠②✱ ❛s ✇❡ s❤❛❧❧ ❡①♣❧❛✐♥ ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧s
✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✐s t♦ ❛♥❛❧②③❡ t❤❡ ❛♥❛t♦♠✐❝❛❧ ✈❛r✐❛❜✐❧✐t② ❛♠♦♥❣ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢
❞✐✛❡r❡♥t s✉❜❥❡❝ts✳ ❙❡✈❡r❛❧ ❢r❛♠❡✇♦r❦s ❤❛✈❡ ❜❡❡♥ ❛❧r❡❛❞② ❞❡✈❡❧♦♣❡❞ t♦ ❛❝❤✐❡✈❡ t❤✐s
❢♦r ✉s✉❛❧ s❤❛♣❡s✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✐♥t❡♥❞ t♦ ♣r♦✈✐❞❡ ♦r ❛t ❧❡❛st ✐♥✐t✐❛t❡ ❛ ❝♦♠♣❧❡t❡
t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❢r❛♠❡✇♦r❦ ❢♦r tr❡❛t✐♥❣ ❢s❤❛♣❡s✳ ❚❤❡ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡ ✐s t♦
❞❡✜♥❡ ❛ s❡tt✐♥❣ t❤❛t ❝❛♥ ❛♥❛❧②③❡ ❜♦t❤ ❣❡♦♠❡tr✐❝❛❧ ❛♥❞ s✐❣♥❛❧ ✈❛r✐❛❜✐❧✐t② t♦❣❡t❤❡r✱
❛s ♦♣♣♦s❡❞ t♦ ♣r❡✈✐♦✉s ❛♣♣r♦❛❝❤❡s t❤❛t r❛t❤❡r ✐♥t❡♥❞ t♦ ♥♦r♠❛❧✐③❡ ❣❡♦♠❡tr✐❡s ♦❢
t❤❡ s✉❜❥❡❝ts ✐♥ t❤❡ ✜rst ♣❧❛❝❡ t♦ t❤❡♥ ❝♦♠♣❛r❡ t❤❡ s✐❣♥❛❧s✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ❝r✉❝✐❛❧
♣♦✐♥t ✐s t❤✉s t❤❡ q✉❡st✐♦♥ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ❢s❤❛♣❡s ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ ❛♣♣r♦♣r✐❛t❡ ♠❡tr✐❝s t❤❛t ❝❛♥ ❛❝❝♦✉♥t ❢♦r t❤❡ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧ ✈❛r✐❛❜✐❧✐t②✳
❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ✜rst ❝❤❛♣t❡r ✐s ❞♦✉❜❧❡✳ ❲❡ ✐♥tr♦❞✉❝❡✱ ✐♥ t❤❡ t✇♦ ✜rst s❡❝✲
t✐♦♥s✱ t❤❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t ❛♥❞ ❢r❛♠❡✇♦r❦ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠②✳ ❚❤✐s ✐s ❛❧s♦
t❤❡ ♦❝❝❛s✐♦♥ t♦ ♣r❡s❡♥t ❛❧❧ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥❝❡♣ts ♦♥ ✇❤✐❝❤ t❤✐s ✇♦r❦ r❡❧② ✐♥
❧❛r❣❡ ♣❛rt✳ ■♥ t❤❡ ✜rst s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ✇❤❛t ✐s r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢
❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥ ❣r♦✉♣s ✐♥❝❧✉❞✐♥❣ t❤❡ ❣❡♦❞❡s✐❝ ❢♦r♠❛❧✐s♠ ❢♦r ❞✐✛❡♦♠♦r♣❤✐s♠s ❛♥❞
r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧s ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❍✐❧❜❡rt ♠❡tr✐❝s ♦♥ ✈❡❝t♦r ✜❡❧❞s✳ ❚❤❡ s❡❝♦♥❞
s❡❝t✐♦♥ ❞❡❛❧s ✇✐t❤ t❤❡ ✐ss✉❡s ♦❢ s❤❛♣❡ ❞✐ss✐♠✐❧❛r✐t② ♠❡❛s✉r❡s ❢♦r ✐♥❡①❛❝t ♠❛t❝❤✐♥❣✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✇❡ ♠❛❦❡ ❛ ❜r✐❡❢ s✉♠♠❛r② ♦❢ t❤❡ t❤❡♦r② ♦❢ ❝✉rr❡♥ts✱ t❤❛t s❤❛❧❧ ❜❡ ❛ ❝❡♥✲
tr❛❧ ❝♦♥❝❡♣t ✐♥ t❤✐s t❤❡s✐s✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❧❛❝❡ ✭s❡❝t✐♦♥ ✶✳✹✮✱ ✇❡ ❛♥❛❧②③❡ t❤❡ s♣❡❝✐✜❝
♣r♦❜❧❡♠❛t✐❝s r❡❧❛t❡❞ t♦ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s t❤❡♠s❡❧✈❡s ❜② ✐♥✐t✐❛t✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ ❛ ❘✐❡♠❛♥♥✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r ❛ s✐♠♣❧❡ ❝❧❛ss ♦❢ ❢s❤❛♣❡s ❛♥❞ ♣r❡s❡♥t t❤❡ ❝❤❛❧❧❡♥❣✐♥❣
✐ss✉❡ ♦❢ ❞✐ss✐♠✐❧❛r✐t② ♠❡❛s✉r❡s ❢♦r t❤❡s❡ ♦❜❥❡❝ts✱ t❤❛t ❝♦♥st✐t✉t❡ t❤❡ t♦♣✐❝ ♦❢ t❤❡ ♥❡①t
❝❤❛♣t❡rs✳

✶✳✷ ❈♦♠♣✉t❛t✐♦♥❛❧ ❆♥❛t♦♠② ❛♥❞ ❞❡❢♦r♠❛t✐♦♥ ❣r♦✉♣s

✶✳✷✳✶ ●❡♥❡r❛❧ ✐ss✉❡s

❖♥❡ ♦❢ t❤❡ ♠❛❥♦r ♦r✐❣✐♥ ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✐s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ r❡❝❡♥t ❛♥❞ ✈❡r②
❛❝t✐✈❡ ❞✐s❝✐♣❧✐♥❡ ♥❛♠❡❞ ❈♦♠♣✉t❛t✐♦♥❛❧ ❆♥❛t♦♠②✳ ■❢ t❤❡ t❡r♠ ✇❛s ♦r✐❣✐♥❛❧❧② ❝♦✐♥❡❞
❜② ●r❡♥❛♥❞❡r ❛♥❞ ▼✐❧❧❡r ✐♥ ❬✹✺❪✱ t❤✐s ❞♦♠❛✐♥ ❝❛♥ ❜❡ r♦♦t❡❞ t♦ ❡❛r❧✐❡r ✇♦r❦s ✐♥ ❜✐♦❧✲
♦❣② r❡❧❛t❡❞ t♦ ♠♦r♣❤♦❣❡♥❡s✐s t❤❛t ✇❡ ❝❛♥ tr❛❝❡ ✉♣ t♦ t❤❡ ♣✐♦♥❡❡r st✉❞② ♦❢ ❉✬❆r❝②
❚❤♦♠♣s♦♥ ❬✽✵❪✳ ❚❤❡ ♣r♦❜❧❡♠❛t✐❝s ✇❡r❡ t♦ ✉♥❞❡rst❛♥❞ ❛♥❞ ♠♦❞❡❧ t❤❡ ❛♥❛t♦♠✐❝❛❧
✈❛r✐❛t✐♦♥s ❜❡t✇❡❡♥ s♣❡❝✐❡s ❛♥❞ tr② t♦ ❡①♣❧❛✐♥ ♣❤②s✐❝❛❧❧② t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ s❤❛♣❡s
♦❢ ❝❡rt❛✐♥ ❜♦❞② str✉❝t✉r❡s✳ ■♥ t❤❛t ♣✉r♣♦s❡✱ ❉✬❆r❝② ❚❤♦♠♣s♦♥ ✇❛s t❤❡ ✜rst t♦ ✐♥tr♦✲
❞✉❝❡ t❤❡ ✐❞❡❛ ♦❢ s✐♠♣❧❡ ❣❡♦♠❡tr✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ✉♥❞❡r❧②✐♥❣ t❤❡ s❤❛♣❡ ✈❛r✐❛❜✐❧✐t②
❛s ✇❡ s❤♦✇ ♦♥ t❤❡ ❡①❛♠♣❧❡s ♦❢ ✜❣✉r❡ ✶✳✶✳
❲✐t❤ t❤❡ ♠♦r❡ r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♥♦♥✲✐♥✈❛s✐✈❡ ❛❝q✉✐s✐t✐♦♥ t❡❝❤✲
♥✐q✉❡s ♣r♦✈✐❞❡❞ ❢♦r ✐♥st❛♥❝❡ ❜② ♠✐❝r♦s❝♦♣②✱ ❝♦❤❡r❡♥❝❡ t♦♠♦❣r❛♣❤②✱ ♠❛❣♥❡t✐❝ r❡s✲

✶✹



❋✐❣✉r❡ ✶✳✶✿ ❚✇♦ ✐❧❧✉str❛t✐♦♥s ❢r♦♠ ❉✬❆r❝② ❚❤♦♠♣s♦♥✬s ✇♦r❦s✳

♦♥❛♥❝❡ ✐♠❛❣✐♥❣ ✭▼❘■✮✱ ❞✐✛✉s✐♦♥ t❡♥s♦r ✐♠❛❣✐♥❣ ✭❉❚■✮✱ t❤❡ ❛❝❝❡ss✐❜❧❡ ❛♥❛t♦♠✐❝❛❧
str✉❝t✉r❡s ❛s ✇❡❧❧ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t s✉❜❥❡❝ts ❛❝q✉✐r❡❞ ❢♦r ❡❛❝❤ str✉❝t✉r❡ ❤❛s
❧✐t❡r❛❧❧② ❡①♣❧♦❞❡❞✱ ♣❛rt✐❝✉❧❛r❧② ❞✉r✐♥❣ t❤❡ ♣❛st ❞❡❝❛❞❡✳ ❆ ❧♦t ♦❢ ❞✐✛❡r❡♥t ❛♥❛t♦♠✐✲
❝❛❧ ♣❛rts ❝❛♥ ❜❡ ♥♦✇ ✐♠❛❣❡❞✱ ❣✐✈✐♥❣ t♦ s❝✐❡♥t✐sts ❛ ❣r♦✇✐♥❣ ♥✉♠❜❡r ♦❢ ❡①♣❧♦✐t❛❜❧❡
❞❛t❛❜❛s❡s✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ t❡❝❤♥♦❧♦❣② ❝❛♠❡ ❛❧♦♥❣
✇✐t❤ ♥❡✇ ❝❤❛❧❧❡♥❣❡s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s ❛t ♠❛♥② ❧❡✈❡❧s✳ ❋r♦♠ t❤❡ ❞❛t❛s❡t ♣♦✐♥t ♦❢ ✈✐❡✇✱
t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ t❤❡s❡ ♥❡✇ t❡❝❤♥✐q✉❡s ❤❛s r❡s✉❧t❡❞ ✐♥ ❛ ❞✐✈❡rs✐✜❝❛t✐♦♥ ✐♥ t❤❡ ✈❛r✐❡t②
♦❢ s❤❛♣❡s t❤❛t ❛r❡ t♦ ❜❡ ❛♥❛❧②s❡❞✱ ❣♦✐♥❣ ❢r♦♠ ✷❉ ♦r ✸❉ ✐♠❛❣❡s✱ ❧❛♥❞♠❛r❦s✱ ❝✉r✈❡s✱
s✉r❢❛❝❡s✱ ✜❜❡r s❡ts✳✳✳ ❚❤✐s ✐♥✈♦❧✈❡s ♣❛rt✐❝✉❧❛r ♠♦❞❡❧❧✐♥❣ ✐ss✉❡s t❤❛t ✇❡ s❤❛❧❧ ❞✐s❝✉ss
❧❛t❡r ♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛❝❝❡ss t♦ ❝❡rt❛✐♥ ❝♦♠♣❧❡① ❛♥❛t♦♠✐❝❛❧ str✉❝t✉r❡s✱ t❤❡
❜r❛✐♥ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❡♠❜❧❡♠❛t✐❝ ❡①❛♠♣❧❡✱ ❤❛s ❡✈✐❞❡♥❝❡❞ t❤❛t s❤❛♣❡ ✈❛r✐❛❜✐❧✐t②
✐s ♥♦t ♦♥❧② ♣r❡s❡♥t ❛t t❤❡ ✐♥t❡r✲s♣❡❝✐❡ ❧❡✈❡❧ ❜✉t ❝❛♥ ❜❡ ❛❧s♦ ✈❡r② ♣r♦♥♦✉♥❝❡❞ ❛♠♦♥❣
✐♥❞✐✈✐❞✉❛❧s ♦❢ t❤❡ s❛♠❡ s♣❡❝✐❡✳ ❚❤❡ st✉❞② ♦❢ t❤✐s ♥❛t✉r❛❧ ❛♥❛t♦♠✐❝❛❧ ✈❛r✐❛❜✐❧✐t② ❤❛s
t❤✉s ❞r❛✇♥ s✉st❛✐♥❡❞ ❛tt❡♥t✐♦♥ ❢r♦♠ r❡s❡❛r❝❤❡rs ❢♦r t❤❡ ♣❛st ❞❡❝❛❞❡s✳

❆♥♦t❤❡r ✐♠♣♦rt❛♥t r❡❛s♦♥ ✐s t❤❛t s✉❝❤ q✉❡st✐♦♥s ❤❛✈❡ ❜❡❝♦♠❡ ♦❢ ❝♦♥s✐❞❡r❛❜❧❡ ✐♥t❡r❡st
✐♥ t❤❡ ✜❡❧❞ ♦❢ ♠❡❞✐❝❛❧ ✐♠❛❣✐♥❣✳ ■♥❞❡❡❞✱ t❤❡s❡ ♥❡✇ t❡❝❤♥♦❧♦❣✐❡s ❤❛✈❡ ❡♥❛❜❧❡❞ ♠♦r❡
❛❞✈❛♥❝❡❞ st✉❞✐❡s ♦❢ ❛❜♥♦r♠❛❧ ❞❡✈❡❧♦♣♠❡♥ts ♦❢ ❝❡rt❛✐♥ ♦r❣❛♥s✱ ♣❛✈✐♥❣ t❤❡ ✇❛② t♦ ❡❛r❧②
❞✐❛❣♥♦s✐s ♦❢ ❞✐s❡❛s❡s ❝❛✉s❡❞ ♦r ❝♦♥✈❡②❡❞ ❜② ✉♥❡①♣❡❝t❡❞ ❞❡❢♦r♠❛t✐♦♥s✳ ❨❡t✱ ✐♥ ♦r❞❡r
t♦ ♠❛❦❡ s✉❝❤ ❞❡t❡❝t✐♦♥s ♥♦t s✐♠♣❧② q✉❛❧✐t❛t✐✈❡ ❛♥❞ ♠♦r❡ ❛✉t♦♠❛t✐③❡❞✱ t❤❡ ❝❡♥tr❛❧
✐ss✉❡ ✐s t❤✉s t♦ ❡st✐♠❛t❡ ♥✉♠❡r✐❝❛❧❧② ✇❤❛t ❛ ♣❛t❤♦❧♦❣✐❝❛❧ s❤❛♣❡ ✈❛r✐❛t✐♦♥ ♠❡❛♥s✳
❚❤✐s ✐s ♦♥❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠❛t✐❝s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ✿ ❢♦r♠❛❧❧②✱ ✐t
❝♦♥s✐sts ✐♥ ❡st✐♠❛t✐♥❣ st❛t✐st✐❝❛❧ ♠♦❞❡❧s ♦❢ s❤❛♣❡ ✈❛r✐❛❜✐❧✐t② ❢♦r ❞✐✛❡r❡♥t ❣r♦✉♣s ♦❢
s✉❜❥❡❝ts ❛♥❞ ♣r♦♣♦s❡ st❛t✐st✐❝❛❧ t❡sts ❢♦r ❞✐s❝r✐♠✐♥❛t✐♥❣ ✬♥❛t✉r❛❧✬ ❢r♦♠ ✬♣❛t❤♦❧♦❣✐❝❛❧✬
✈❛r✐❛t✐♦♥s✳ ■t ✐s ❝❧❡❛r❧② ❛ ✈❛st ❛♥❞ ❞✐✣❝✉❧t ♣r♦❜❧❡♠ ✐♥ ❣❡♥❡r❛❧✳ ■♥❞❡❡❞✱ ❡✈❡♥ t❤❡
s✐♠♣❧❡r q✉❡st✐♦♥ ♦❢ ❝♦♠♣✉t✐♥❣ s❤❛♣❡ ✈❛r✐❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❣✐✈❡♥ s✉❜❥❡❝ts✱ ✇❤✐❝❤ ✐s
❝❛❧❧❡❞ s❤❛♣❡ r❡❣✐str❛t✐♦♥ ♦r ♠❛t❝❤✐♥❣✱ ❤❛s ❛❧r❡❛❞② ❣✐✈❡♥ ❜✐rt❤ t♦ ♠❛♥② t❤❡♦r❡t✐❝❛❧ ❛♥❞
♥✉♠❡r✐❝❛❧ ✐ss✉❡s✱ t❤❛t ✇❡ s❤❛❧❧ ❡❧❛❜♦r❛t❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❉❡s♣✐t❡ s✉❝❤ ❞✐✣❝✉❧t✐❡s✱
t❤❡ ❡①✐st✐♥❣ ♠❡t❤♦❞s✱ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠②✱ ❤❛✈❡ ❛❧r❡❛❞②
♣r♦✈❡❞ s✉❝❝❡ss❢✉❧ ✐♥ ❝♦✉♥t❧❡ss ❛♣♣❧✐❝❛t✐♦♥s ✿ ❧❡t✬s q✉♦t❡✱ ❛♠♦♥❣ ♠❛♥② ♦t❤❡rs✱ t❤❡
st✉❞② ♦❢ t❤❡ s❤❛♣❡ ♦❢ ❍✐♣♣♦❝❛♠♣✉s ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❆❧③❤❡✐♠❡r ❞✐s❡❛s❡
❬✷✹✱ ✷✻✱ ✼✺✱ ✽✶❪✱ s✐♠✐❧❛r ✇♦r❦s ♦♥ t❤❡ ♣❧❛♥✉♠ t❡♠♣♦r❛❧❡ ❢♦r s❝❤✐③♦♣❤r❡♥✐❛ ❬✻✾❪✱ ❉♦✇♥
s②♥❞r♦♠❡ ❬✸✸❪✱ t❤❡ ❛♥❛❧②s✐s ♦❢ ❜r❛✐♥ ❝♦♥♥❡❝t✐✈✐t② ❜❛s❡❞ ♦♥ ❉❚■ ✐♠❛❣✐♥❣ ❬✸✵✱ ✽✺❪✱ ♦r
st✉❞✐❡s ♦❢ ❤❡❛rt s❤❛♣❡s ❛♥❞ ♠❛❧❢♦r♠❛t✐♦♥s ❬✶✸✱ ✺✻✱ ✻✵❪✳

✶✺



✶✳✷✳✷ Pr✐♥❝✐♣❧❡ ♦❢ s❤❛♣❡ ❛♥❛❧②s✐s t❤r♦✉❣❤ ❣r♦✉♣ ❛❝t✐♦♥s

●♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ✐♥t✉✐t✐♦♥ ♦❢ ❉✬❆r❝② ❚❤♦♠♣s♦♥✱ t❤❡ ✐❞❡❛ ♦❢ s❡❡✐♥❣ s❤❛♣❡ ❞✐✛❡r❡♥❝❡s
t❤r♦✉❣❤ ❝❡rt❛✐♥ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡ s♣❛❝❡ ✇❛s ✜rst ❢♦r♠❛❧✐③❡❞ ♠❛t❤❡♠❛t✐❝❛❧❧②
❛♥❞ ✐♥ ✐ts ❢✉❧❧ ❣❡♥❡r❛❧✐t② ❜② ●r❡♥❛♥❞❡r ✐♥ ❬✹✹❪✳ ❚❤✐s ❢♦r♠❛❧✐s♠ ❛❧❧♦✇❡❞ t❤❡ ♣r♦❧✐✜❝
✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❛♥❛t♦♠② ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❛♥❞ ♣❛tt❡r♥ t❤❡♦r② ❛♥❞ st❛t✐st✐❝s ♦♥
t❤❡ ♦t❤❡r✱ ❣✐✈✐♥❣ ❜✐rt❤ t♦ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ❛s ✇❡ ❦♥♦✇ ✐t✳
❚♦ ❜r✐❡✢② ♣r❡s❡♥t t❤✐s ❢♦r♠❛❧✐s♠✱ ✇❡ ❝♦✉❧❞ s❛② t❤❛t✱ ✐♥ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❛ s❤❛♣❡
s♣❛❝❡ ✐s ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ❝♦♥s✐st✐♥❣ ♦❢ ❛ s❡t M ♦❢ ✬s❤❛♣❡s✬ ❧✐✈✐♥❣ ✐♥ ❛ ❞♦♠❛✐♥
R
n ✭✐t ❝❛♥ ❜❡ ❡✐t❤❡r ❛ s❡t ♦❢ ✐♠❛❣❡s✱ ❝✉r✈❡s✱ s✉❜♠❛♥✐❢♦❧❞s ❡t❝✳✳✳✮ ✇❤✐❝❤ ✐s ❛❝t❡❞ ♦♥

t❤❡ ❧❡❢t ❜② ❛ ❣r♦✉♣ G ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡ s♣❛❝❡ R
n✳ ❚❤❡ ❢❛❝t t❤❛t ✇❡ ❝♦♥s✐❞❡r

❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s ✐♠♣♦s❡s t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥ M ✐s tr❛♥s✐t✐✈❡✳ ❆♥♦t❤❡r ✇❛②
t♦ s❛② s♦ ✐s t❤❛t ✇❡ r❡str✐❝t t♦ ♦♥❡ ♣❛rt✐❝✉❧❛r ♦r❜✐t G.m0 ✇✐t❤ m0 ∈ M ✳ ❚❤✉s ❛❧❧
s❤❛♣❡s ✐♥ t❤❡ s❤❛♣❡ s♣❛❝❡ ❛r❡ ♦❜t❛✐♥❡❞ ❜② tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ♦♥❡ ♣❛rt✐❝✉❧❛rm0 ✭♦❢t❡♥
❝❛❧❧❡❞ t❤❡ t❡♠♣❧❛t❡✮ ❜② ❡❧❡♠❡♥ts ♦❢ t❤❡ ❣r♦✉♣ G✳ ❚❤❡ ❣r♦✉♣ G ♠❛② ❜❡ ❜❛s✐❝❛❧❧② ❛♥②
s✉❜❣r♦✉♣ ♦❢ t❤❡ ❣r♦✉♣ ♦❢ ❜✐❥❡❝t✐♦♥s ♦❢ Rn ✐♥t♦ ✐ts❡❧❢✳ ❲❡ ❣❡♥❡r❛❧❧② ❛ss✉♠❡ ♠♦r❡
r❡❣✉❧❛r✐t② ❜② ❝❤♦♦s✐♥❣ s✉❜❣r♦✉♣s ♦❢ ❉✐✛(Rn)✱ t❤❡ s❡t ♦❢ C1✲❞✐✛❡♦♠♦r♣❤✐s♠s ♦❢ Rn✳
❍❡r❡ ❛r❡ t✇♦ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡s ♦❢ s❤❛♣❡ s♣❛❝❡s✳

❊①❛♠♣❧❡ ✶✳✷✳✶✳ ▲❛♥❞♠❛r❦s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡

M = {m = (x1, .., xp) ∈ (Rn)p / ∀i 6= j, xi 6= xj}

✐✳❡ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ❞✐st✐♥❝t p ❧❛♥❞♠❛r❦s ✐♥ R
n✳ ❲❡ ❞❡✜♥❡ t❤❡ ❧❡❢t ❣r♦✉♣ ❛❝t✐♦♥ ♦❢

G = ❉✐✛(Rn) ♦♥ M ❜② ✿

∀g ∈ G, ∀m ∈M, g.m = (g(x1), ..., g(xp))

❋♦r n ≥ 2✱ t❤❡ ❛❝t✐♦♥ ♦❢ G ♦♥ M ✐s tr❛♥s✐t✐✈❡ ✇❤✐❝❤ ♠❛❦❡s M ❛ s❤❛♣❡ s♣❛❝❡ ✐♥ t❤❡
♣r❡✈✐♦✉s s❡♥s❡✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ❧❛♥❞♠❛r❦s✱ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ s❤❛♣❡ s♣❛❝❡s
❝❛♥ ❜❡ ❛❧s♦ ♦❜t❛✐♥❡❞ ❜② q✉♦t✐❡♥t✐♥❣ M ✇✐t❤ t❤❡ ❣r♦✉♣ ♦❢ ✐s♦♠❡tr✐❡s ♦❢ Rn✳ ❚❤❡s❡ ❛r❡
❦♥♦✇♥ ❛s t❤❡ ❑❡♥❞❛❧❧ s♣❛❝❡s ❛♥❞ ❛r❡ st✉❞✐❡❞ ✐♥ ❬✺✶❪✳

❊①❛♠♣❧❡ ✶✳✷✳✷✳ ■♠❛❣❡s✳ ▲❡t Ω ⊂ R
n ❜❡ ❛ ✜①❡❞ ❞♦♠❛✐♥ ♦❢ Rn ❛♥❞M = L2(Ω,R) t❤❡

s❡t ♦❢ ❝♦♥t✐♥✉♦✉s ✐♠❛❣❡s ♦♥ Ω✳ ❖♥❡ ❝❛♥ ❞❡✜♥❡ ❛ ❧❡❢t ❛❝t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ G = ❉✐✛(Ω)
♦♥ M ❜② s❡tt✐♥❣ ✿

∀g ∈ G, ∀I ∈M, g.I = I ◦ g−1

❚❤❡♥ ❢♦r ❛♥② I0 ∈M ✱ t❤❡ ♦r❜✐t G.I0 ✐s ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡✳

◆♦✇✱ ✐♥ t❤✐s ♠♦❞❡❧❧✐♥❣✱ ❛ ♥❛t✉r❛❧ ✇❛② t♦ ❝♦♠♣❛r❡ t✇♦ s❤❛♣❡s m0,m1 ∈M ✇♦✉❧❞ ❜❡
t♦ ❡✈❛❧✉❛t❡ t❤❡ ❛♠♦✉♥t ♦❢ ❞❡❢♦r♠❛t✐♦♥ ♥❡❡❞❡❞ t♦ ❞❡❢♦r♠ m0 ♦♥ m1✳ ▼❛t❤❡♠❛t✐❝❛❧❧②✱
❛ss✉♠✐♥❣ t❤❛t G ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❞✐st❛♥❝❡ dG✱ ♦♥❡ ✇❛♥ts t♦ ✐♥❞✉❝❡ ❢r♦♠ dG ❛
❞✐st❛♥❝❡ ♦♥ M ✳ ❚❤✐s ✐s ♥♦t t♦t❛❧❧② tr✐✈✐❛❧ ❜❡❝❛✉s❡ ❢♦r m0 ❛♥❞ m1 ✐♥ M ✱ t❤❡r❡ ❝❛♥ ❜❡
s❡✈❡r❛❧ ❡❧❡♠❡♥ts g ∈ G s✉❝❤ t❤❛t g.m0 = m1✳ ■♥ ❢❛❝t✱ ✐❢ Gm0 ❞❡♥♦t❡s t❤❡ ✐s♦tr♦♣②
s✉❜❣r♦✉♣ ♦❢ m0✱ t❤❡ s❡t ♦❢ s✉❝❤ g ✐s g0Gm0 ✇❤❡r❡ g0 ∈ G ✐s ♦♥❡ tr❛♥s❢♦r♠❛t✐♦♥ s✉❝❤
t❤❛t g0.m0 = m1✳ ❨❡t✱ ❛s s❤♦✇♥ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬✽✻❪ ❝❤❛♣t❡r ✶✻✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ✿

❚❤❡♦r❡♠ ✶✳✷✳✶✳ ■❢ M ✐s ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ G ❛♥❞ ✐❢ dG ✐s
❛ r✐❣❤t✲❡q✉✐✈❛r✐❛♥t ❞✐st❛♥❝❡ ♦♥ G✱ ✐✳❡ dG(g1g, g2g) = dG(g1, g2) ❢♦r ❛❧❧ g, g1, g2 ∈ G
t❤❡♥ ✿

dM (m0,m1)
.
= inf

g∈G
{dG(■❞, g)/ g.m0 = m1} ✭✶✳✶✮

❞❡✜♥❡s ❛ ♣s❡✉❞♦✲❞✐st❛♥❝❡ ♦♥ M ✳ ■t ✐s ❛ ❞✐st❛♥❝❡ ✐❢✱ ✐♥ ❛❞❞✐t✐♦♥✱ Gm0 ✐s ❝❧♦s❡❞ ✐♥ G
❢♦r t❤❡ t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❜② dG✳

✶✻



❚❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❞✐st❛♥❝❡ ♦♥ t❤❡ s❤❛♣❡ s♣❛❝❡
❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ♦♥❡ ♦❢ ❞❡✜♥✐♥❣ r✐❣❤t✲✐♥✈❛r✐❛♥t ❞✐st❛♥❝❡s ♦♥ t❤❡ ❣r♦✉♣ G✳ ❋r♦♠
❡q✳✭✶✳✶✮✱ ✇❡ s❡❡ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ❞✐st❛♥❝❡ ♦♥ M t❤❡♥ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ ✬❜❡st✬
❞❡❢♦r♠❛t✐♦♥ g ✭✐♥ t❤❡ s❡♥s❡ t❤❛t g ✐s ❝❧♦s❡st t♦ ✐❞❡♥t✐t② ❢♦r dG✮ t❤❛t tr❛♥s❢♦r♠s m0

✐♥t♦ m1✳ ❚❤✐s ❛❧s♦ ♠❡❛♥s t❤❛t✱ ❢♦r♠❛❧❧②✱ t❤❡ st✉❞② ♦❢ s❤❛♣❡ ✈❛r✐❛❜✐❧✐t② ✐♥ t❤❡ s❡t M ✱
✇❤✐❝❤ ❤❛s ❛ ♣r✐♦r✐ ♥♦ str✉❝t✉r❡✱ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥st❡❛❞ ✐♥ t❤❡ ❣r♦✉♣ G ❡q✉✐♣♣❡❞ ✇✐t❤
✐ts ♠❡tr✐❝ dG✳

✶✳✷✳✸ ▲❛r❣❡ ❞❡❢♦r♠❛t✐♦♥s

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ♥♦✇ ❧❡❛❞ t♦ ❢♦❝✉s ♦♥ t❤❡ q✉❡st✐♦♥
♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❣r♦✉♣ G ❛♥❞ ✐ts ♠❡tr✐❝✳ ❆ ✈❡r② ❝♦♥✈❡♥✐❡♥t s❡tt✐♥❣ ❢♦r ❞❡✜♥✐♥❣
r✐❣❤t✲✐♥✈❛r✐❛♥t ♠❡tr✐❝s ♦♥ ❛ ❣r♦✉♣ ✐s t♦ ❛ss✉♠❡ t❤❛t G ✐s ✐♥ ❛❞❞✐t✐♦♥ ❛ ▲✐❡ ❣r♦✉♣
❛♥❞ t♦ ❝♦♥s✐❞❡r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝s✳ ■♥❞❡❡❞✱ ♦♥❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡
❛ ♠❡tr✐❝ ♦♥ t❤❡ ▲✐❡ ❛❧❣❡❜r❛ ♦❢ G✱ ✐✳❡ t❤❡ t❛♥❣❡♥t s♣❛❝❡ T■❞G✱ ❛♥❞ ❡①t❡♥❞ ✐t t♦ ❛❧❧
t❛♥❣❡♥t s♣❛❝❡s ❜② r✐❣❤t✲✐♥✈❛r✐❛♥❝❡✳ ❚❤✐s ✐s ❛ ❝❧❛ss✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢
✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ▲✐❡ ❣r♦✉♣s ❧✐❦❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❣r♦✉♣ ♦❢ ✐s♦♠❡tr✐❡s✱ s✐♠✐❧✐t✉❞❡s ✐♥
R
n✳ ◆❡✈❡rt❤❡❧❡ss✱ s✉❝❤ s✐♠♣❧❡ ❣r♦✉♣s ❛r❡ ❝❧❡❛r❧② ♥♦t r✐❝❤ ❡♥♦✉❣❤ ✐♥ t❤❡ ♣❡rs♣❡❝t✐✈❡

♦❢ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ✿ ♦♥❡ ♥❡❡❞s ❣r♦✉♣ ♦❢ ❞❡❢♦r♠❛t✐♦♥s t❤❛t
❝❛♥ ❛❝❝♦✉♥t ❢♦r ❝♦♠♣❧❡① ❛♥❞ ❧♦❝❛❧✐③❡❞ ❝❤❛♥❣❡s ✐♥ s❤❛♣❡s✱ ✇❤✐❝❤ ❛r❡ ❝❛❧❧❡❞ r✐❣❤t❧②
❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥s✳
❚❤❡ ♣r♦♣❡r s❡tt✐♥❣ ✐s t❤✉s t♦ ❝♦♥s✐❞❡r ♣♦t❡♥t✐❛❧❧② ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s✉❜❣r♦✉♣s ♦❢
❉✐✛(Rn) ❛♥❞ ❞❡✜♥❡ r✐❣❤t✲✐♥✈❛r✐❛♥t ♠❡tr✐❝s ♦♥ t❤❡♠✳ ❚❤❡ ❣❡♥❡r❛❧ st✉❞② ♦❢ t❤❡ ❣❡✲
♦♠❡tr② ♦❢ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ▲✐❡ ❣r♦✉♣s✱ ❛s ❛❞❞r❡ss❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✾✱ ✻✷❪✱ ✐s
❤♦✇❡✈❡r ♠✉❝❤ ♠♦r❡ t❡❝❤♥✐❝❛❧ t❤❛♥ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❛♥❞ ❞♦ ♥♦t ❡♥t❡r ✐♥
t❤❡ s❝♦♣❡ ♦❢ t❤✐s t❤❡s✐s✳ ❨❡t✱ ✐♥ ❬✶✹✱ ✷✼❪✱ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ▲❛r❣❡ ❉❡❢♦r♠❛✲
t✐♦♥ ❉✐✛❡♦♠♦r♣❤✐❝ ▼❡tr✐❝ ▼❛♣♣✐♥❣ ✭▲❉❉▼▼✮✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ♦♥❡ ♣♦ss✐❜❧❡
❛♥❞ ♠♦r❡ ❡❧❡♠❡♥t❛r② t♦♦❧ t♦ ❜✉✐❧❞ s✉❝❤ ❣r♦✉♣s ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s ❛♥❞ t❤❡✐r r✐❣❤t✲
✐♥✈❛r✐❛♥t ♠❡tr✐❝s✳ ❙✐♥❝❡ ✇❡ s❤❛❧❧ ❜❡ ❧❡❛♥✐♥❣ ♦♥ t❤✐s ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ❛t s❡✈❡r❛❧
♣♦✐♥ts ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ✇❡ ❜r✐❡✢② r❡❝❛♣ t❤❡ ❡ss❡♥t✐❛❧ ❢❡❛t✉r❡s ♦❢ ▲❉❉▼▼✳ ▼♦r❡
❞❡t❛✐❧❡❞ ❛♥❞ ❝♦♠♣❧❡t❡ ♣r❡s❡♥t❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❡✳❣ ❬✶✹❪✱ ❬✷✼❪ ♦r ❬✽✻❪✳
❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ▲❉❉▼▼ ✐s t♦ ❝♦♥s✐❞❡r ❞✐✛❡♦♠♦r♣❤✐s♠s t❤❛t ❛r❡ ♦❜t❛✐♥❡❞ ❛s ✢♦✇s
♦❢ t✐♠❡✲✈❛r②✐♥❣ ✈❡❝t♦r ✜❡❧❞s ✐♥ R

n✳ ❖♥❡ st❛rts ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ s♣❛❝❡ C1
0 (R

n,Rn)
♦❢ C1 ✈❡❝t♦r ✜❡❧❞s u s✉❝❤ t❤❛t u ❛♥❞ du ✈❛♥✐s❤ ❛t ✐♥✜♥✐t②✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖u‖1,∞ .
= ‖u‖∞ + ‖du‖∞ .

◆♦✇✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❬✽✻❪✱ ♦♥❡ ✐♥tr♦❞✉❝❡s t❤❡ s♣❛❝❡ χ1 ♦❢ t✐♠❡ ✈❛r②✐♥❣
✈❡❝t♦r ✜❡❧❞s ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, 1]✱ t❤❛t ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ L2 ✇✐t❤ r❡s♣❡❝t t♦ t✳
❋♦r ❛♥② v ∈ χ1 ❛♥❞ t ∈ [0, 1]✱ ✇❡ s❤❛❧❧ ❞❡♥♦t❡ ❜② vt t❤❡ ✈❡❝t♦r ✜❡❧❞ ❛t t✐♠❡ t✳ ❲❡
❤❛✈❡ t❤❡r❡❢♦r❡✱ ❜② ❤②♣♦t❤❡s✐s ✿

∫ 1

0
‖vt‖21,∞dt <∞ .

◆♦t❡ t❤❛t t❤✐s ✐♠♣❧✐❡s ✐♥ ❛❞❞✐t✐♦♥✱ t❤❛♥❦s t♦ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ t❤❛t
∫ 1
0 ‖vt‖1,∞dt <

∞✳ ◆♦✇✱ t❤❡ ✜rst ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧t✱ s❤♦✇♥ ✐♥ ❬✽✻❪ ❝❤❛♣t❡r ✶✷✱ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✳ ▲❡t v ∈ χ1✳ ❋♦r ❛❧❧ x ∈ R
n✱ t❤❡ ❞✐✛❡r❡♥t✐❛❧ s②st❡♠ ✿

{
ẏ(t) = vt(y)
y(0) = x

✭✶✳✷✮

✶✼



❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡✜♥❡❞ ❛t ❛❧❧ t✐♠❡ t ∈ [0, 1]✳ ▼♦r❡♦✈❡r✱ t❤❡ ✢♦✇ ❛♣♣❧✐❝❛t✐♦♥
φvt ✱ ✇❤❡r❡ φ

v
t (x) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡q✳✭✶✳✷✮ ❛t t✐♠❡ t✱ ✐s ❛ C1✲❞✐✛❡♦♠♦r♣❤✐s♠ ♦❢ Rn✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶ s❤♦✇s t❤❛t ✇❡ ❝❛♥ ❣❡♥❡r❛t❡ ❞✐✛❡♦♠♦r♣❤✐s♠s ❜② ✐♥t❡❣r❛t✐♦♥ ♦❢
✈❡❝t♦r ✜❡❧❞s ✐♥ χ1✳ ❋r♦♠ ❛ ♠♦r❡ ❣❡♦♠❡tr✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡
(C1

0 (R
n,Rn), ‖.‖1,∞) ❝❛♥ ❜❡ t❤♦✉❣❤t ❢♦r♠❛❧❧② ❛s t❤❡ ♠♦❞❡❧ ♦❢ t❛♥❣❡♥t s♣❛❝❡ t♦ ■❞ t♦

s✉❝❤ ❞✐✛❡♦♠♦r♣❤✐s♠s✳ ❇② ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ✐❞❡❛ ✐♥ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥✱ ✇❡
♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ✐♥ ❛❞❞✐t✐♦♥ ❛ ❍✐❧❜❡rt str✉❝t✉r❡ ♦♥ t❤✐s s❡t ♦❢ ✈❡❝t♦r ✜❡❧❞s✳ ❚❤✐s ✐s
❢♦r♠❛❧✐③❡❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ❜❡❧♦✇ ✿

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ▲❡t V ❜❡ ❛ s❡t ♦❢ ✈❡❝t♦r ✜❡❧❞s ♦♥ R
n✳ ❲❡ s❛② t❤❛t V ✐s ❛♥

❛❞♠✐ss✐❜❧❡ s♣❛❝❡ ♦❢ ✈❡❝t♦r ✜❡❧❞s ✐❢ V ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ ✐❢ ✇❡ ❤❛✈❡ ❛ ❝♦♥t✐♥✉♦✉s
✐♥❥❡❝t✐♦♥ V →֒ C1

0 (R
n,Rn) ✐✳❡ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t cV > 0 s✉❝❤ t❤❛t ✿

∀u ∈ V, ‖u‖1,∞ ≤ cV ‖u‖V .
❋♦r s✉❝❤ V ✱ ✇❡ ✐♥tr♦❞✉❝❡✱ ❛s ♣r❡✈✐♦✉s❧②✱ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ t✐♠❡✲✈❛r②✐♥❣ ✈❡❝t♦r
✜❡❧❞s L2

V
.
= L2([0, 1], V ) ⊂ χ1✳ ❇② ❞❡✜♥✐t✐♦♥✱ ❢♦r ❛❧❧ v ∈ L2

V ✱
∫ 1

0
‖vt‖2V dt <∞ .

❲❡ t❤❡♥ ❞❡✜♥❡ ✿
GV = {φv1 / v ∈ L2

V }
❚❤❡ r❡s✉❧t ♦❢ ♣r♦♣♦s✐t✐♦♥ ✶✳✷✳✶ ✐♠♣❧✐❡s t❤❛t GV ✐s ❛ s❡t ♦❢ C1✲❞✐✛❡♦♠♦r♣❤✐s♠s ♦❢ Rn✳
■t ✐s ❛❧s♦ ❡❛s✐❧② ✈❡r✐✜❡❞ ❬✽✻❪ t❤❛t GV ✐s ❛ ❣r♦✉♣✳ ◆♦✇✱ ❛ r✐❣❤t✲❡q✉✐✈❛r✐❛♥t ♠❡tr✐❝ ♦♥
GV ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s ✿

❚❤❡♦r❡♠ ✶✳✷✳✷✳ ▲❡t V ❜❡ ❛ s♣❛❝❡ ♦❢ ❛❞♠✐ss✐❜❧❡ ✈❡❝t♦r ✜❡❧❞s ❛♥❞ GV t❤❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ❣r♦✉♣ ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s✳ ❋♦r ❛❧❧ φ ∈ GV ✱ ❧❡t✬s ❞❡✜♥❡ ✿

d(■❞, φ)
.
= inf

{(∫ 1

0
‖vt‖2V dt

) 1
2

/ φv1 = φ

}
.

❚❤❡♥ t❤❡ ♣r❡✈✐♦✉s ✐♥✜♠✉♠ ✐s r❡❛❝❤❡❞ ❢♦r ❛ ❝❡rt❛✐♥ v ∈ L2
V ❛♥❞ s❡tt✐♥❣ ❢♦r ❛❧❧ φ, φ′ ∈

GV ✱ d(φ, φ
′)
.
= d(■❞, φ′ ◦φ−1)✱ dG ✐s ❛ r✐❣❤t✲✐♥✈❛r✐❛♥t ♠❡tr✐❝ ♦♥ GV ❛♥❞ (GV , dG) ✐s

❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡✳

❚❤✐s ✐s ♣r♦✈❡❞ ❜② t❤❡♦r❡♠s ✶✷✳✶✻ ❛♥❞ ✶✷✳✷✶ ✐♥ ❬✽✻❪✳ ❚❤❡ t❡r♠ E(v)
.
=
∫ 1
0 ‖vt‖2V dt ✇✐❧❧

❜❡ ❝❛❧❧❡❞ t❤❡ ❡♥❡r❣② ✿ ♣❤②s✐❝❛❧❧②✱ ✐t ♠❡❛s✉r❡s t❤❡ ❛♠♦✉♥t ♦❢ ❞❡❢♦r♠❛t✐♦♥ ✐♥❞✉❝❡❞
♦♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡✳ ❋r♦♠ ❛ ❘✐❡♠❛♥♥✐❛♥ ♣❡rs♣❡❝t✐✈❡✱ ✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ sq✉❛r❡ ♦❢
t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❛t❤ t 7→ φvt ✐♥ GV ✳ dG ❝❛♥ ❜❡ t❤✉s ✐♥t❡r♣r❡t❡❞ ❢♦r♠❛❧❧② ❛s
❛ ❣❡♦❞❡s✐❝ ❞✐st❛♥❝❡ ♦♥ t❤❡ ▲✐❡ ❣r♦✉♣ GV ✭❝❢ ❬✽✻❪✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③✐♥❣ v
✐♥ t❤❡♦r❡♠ ✶✳✷✳✷ s❤♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❣❡♦❞❡s✐❝s ❜❡t✇❡❡♥ ❛♥② t✇♦ ❞✐✛❡♦♠♦r♣❤✐s♠s
✐♥ GV ✳ ❋♦r s✉❝❤ ❛ ♠✐♥✐♠✐③✐♥❣ v✱ ✇❡ ❦♥♦✇ ❛❧s♦ ✭❬✹✶❪ ❝❤❛♣t❡r ✶✮ t❤❛t t❤❡ q✉❛♥t✐t✐❡s
‖vt‖V ❛r❡ ❝♦♥s❡r✈❡❞✱ t❤❛t ✐s t♦ s❛② ✿

E(v) = E(v0) = ‖v0‖2V
■❢ ✇❡ ♥♦✇ s✉♠♠❛r✐③❡ t❤❡ t✇♦ ❧❛st s✉❜s❡❝t✐♦♥s✱ ✉s✐♥❣ ❜♦t❤ t❤❡♦r❡♠s ✶✳✷✳✶ ❛♥❞ ✶✳✷✳✷✱
✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣❛r❡ ♦❜❥❡❝ts ♦♥ t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡ s♣❛❝❡ M t❤r♦✉❣❤ t❤❡ ❞✐st❛♥❝❡
✐♥❞✉❝❡❞ ❜② dG ♦♥ M ✳ ❚❤✐s ❞✐st❛♥❝❡ ❡✈❡♥t✉❛❧❧② ✇r✐t❡s ✿

dM (m0,m1) = inf
v∈L2

V

{(∫ 1

0
‖vt‖2V dt

) 1
2

/ φv1.m0 = m1

}
.

✶✽



❆s ✇❡ s❡❡✱ ❝♦♠♣✉t✐♥❣ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ s❤❛♣❡s m0 ❛♥❞ m1 ❛♠♦✉♥ts ✐♥
s♦❧✈✐♥❣ ❛ ❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦✈❡r ✈❡❝t♦r ✜❡❧❞s ✐♥ L2

V ✱ ✇❤✐❝❤ ✐s t❤❡
❡①❛❝t ♠❛t❝❤✐♥❣ ♣r♦❜❧❡♠ ❜❡t✇❡❡♥ m0 ❛♥❞ m1✳

✶✳✷✳✹ ❚❤❡ ❦❡r♥❡❧ tr✐❝❦

❚♦ ♠❛❦❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✉♥❞❡r❧②✐♥❣ t❤❡ ❞✐st❛♥❝❡s dG ❛♥❞ dM ♠♦r❡ ❡①✲
♣❧✐❝✐t✱ ♦♥❡ ♥❡❡❞ ✜rst t♦ ❛❞❞r❡ss t❤❡ ✐ss✉❡ ♦❢ ❜✉✐❧❞✐♥❣ ❛❞♠✐ss✐❜❧❡ s♣❛❝❡s ♦❢ ✈❡❝t♦r ✜❡❧❞s
❛s ✐♥tr♦❞✉❝❡❞ ❜② ❞❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ❚♦ ❛❝❤✐❡✈❡ t❤❛t✱ ✇❡ ♠❛❦❡✱ ✐♥ t❤✐s s❡❝t✐♦♥✱ ❛ ❧✐tt❧❡
♣❛r❡♥t❤❡s✐s ❛♥❞ r❡♠✐♥❞ t❤❡ ✐♠♣♦rt❛♥t ❛♥❞ ❝❧❛ss✐❝❛❧ ♥♦t✐♦♥ ♦❢ r❡♣r♦❞✉❝✐♥❣ ❦❡r✲
♥❡❧s✱ t❤❛t ✇❡ s❤❛❧❧ ❡①t❡♥s✐✈❡❧② ♠❛❦❡ ✉s❡ ♦❢ ✐♥ t❤✐s ✇♦r❦✳ ❘❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧s ✇❡r❡
♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ✐♥ ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ❜② ❆r♦♥s③❛❥♥ ❬✶✵❪ ❛♥❞ ❤❛✈❡ ❜❡❝♦♠❡ s✐♥❝❡
t❤❡♥ ❛ ✇✐❞❡s♣r❡❛❞ t♦♦❧ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ❬✹✼❪✳ ■♥ ♦✉r ❝♦♥t❡①t ♦❢ ✉s❡✱
❣♦♦❞ ♣r❡s❡♥t❛t✐♦♥s ♦❢ ❦❡r♥❡❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ❡✐t❤❡r ✐♥ ❬✹✶❪ ❛♥❞ ❬✷✽❪ ♦r ✐♥ ❬✽✻❪✳

❘❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧s ✿ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s

❆s ♦♣♣♦s❡❞ t♦ t❤❡ ♠❛❥♦r✐t② ♦❢ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❦❡r♥❡❧s t❤❛t ❣❡♥❡r❛❧❧② ❝♦♥s✐❞❡r
♦♥❧② s❝❛❧❛r✲✈❛❧✉❡❞ ♦♥❡s✱ ✇❡ s❤❛❧❧ ♥❡❡❞ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ✈❡❝t♦r✲✈❛❧✉❡❞
❦❡r♥❡❧s ✿

❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✳ ▲❡t A ❜❡ ❛ s❡t ❛♥❞ E ❛♥ ❡✉❝❧✐❞❡❛♥ s♣❛❝❡ ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥✳ ❲❡
s❛② t❤❛t K ✐s ❛ ♣♦s✐t✐✈❡ s②♠♠❡tr✐❝ ❦❡r♥❡❧ ♦♥ A ✇✐t❤ ✈❛❧✉❡s ✐♥ E ✭♦r E✲♣♦s✐t✐✈❡ ❦❡r♥❡❧
♦♥ A ✐♥ s❤♦rt✮ ✐❢ K : A×A→ L(E) ❛♥❞ s❛t✐s✜❡s ✿
✶✳ ❋♦r ❛❧❧ x, y ∈ A✱ K(y, x) = K(x, y)T

✷✳ ❋♦r ❛❧❧ N ∈ N
∗✱ x1, ..., xN ∈ A ❛♥❞ α1, ..., αN ∈ E✱ ✇❡ ❤❛✈❡ ✿

N∑

i,j=1

αi.(K(xi, xj)αj) ≥ 0 .

❆♥ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥ ✐s t♦ s❛② t❤❛t ❢♦r ❛❧❧ N ❛♥❞ x = (x1, ..., xN ) ∈ AN ✱ t❤❡
♦♣❡r❛t♦r K(x, x) ♦♥ EN ❣✐✈❡♥ ❜② t❤❡ ❜❧♦❝❦ ♠❛tr✐① (K(xi, xj))i,j=1,..,N ✐s s②♠♠❡tr✐❝
♣♦s✐t✐✈❡✳ ■♥ t❤❡ s♣❡❝✐✜❝ ❝❛s❡ ✇❤❡r❡ E = R✱ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥ ❣✐✈❡s ❛❣❛✐♥ t❤❡
♠♦r❡ ✉s✉❛❧ ♦♥❡ ♦❢ ✭s❝❛❧❛r✮ ♣♦s✐t✐✈❡ ❦❡r♥❡❧s ♦♥ A✳ ❚❤r♦✉❣❤♦✉t t❤❡ t❡①t✱ ✇❡ s❤❛❧❧
r❡s❡r✈❡ ❝❛♣✐t❛❧ ❧❡tt❡rs ❢♦r ✈❡❝t♦r✲✈❛❧✉❡❞ ❦❡r♥❡❧s ❛♥❞ s♠❛❧❧ ♦♥❡s ❢♦r s❝❛❧❛r ❦❡r♥❡❧s✳ ❆t
t❤❡ s❛♠❡ t✐♠❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥ ✿

❉❡✜♥✐t✐♦♥ ✶✳✷✳✸✳ ▲❡t H ❜❡ ❛ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ ❛ s❡t A ✇✐t❤
✈❛❧✉❡s ✐♥ ❛♥ ❡✉❝❧✐❞❡❛♥ s♣❛❝❡ E✳ ❚❤❡♥✱ H ✐s s❛✐❞ t♦ ❜❡ ❛ ❘❡♣r♦❞✉❝✐♥❣ ❑❡r♥❡❧ ❍✐❧❜❡rt
❙♣❛❝❡ ✭❘❑❍❙✮ ✐❢ ❢♦r ❛❧❧ x ∈ A ❛♥❞ α ∈ E✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ δαx : f ∈ H 7→ f(x).α ✐s ❛
❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ ♦♥ H✳

❆s ♦♥❡ ❝♦✉❧❞ ❡①♣❡❝t✱ t❤❡ t✇♦ ♥♦t✐♦♥s ♦❢ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ ❛♥❞ ❘❑❍❙ ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞✳
❖♥❡ ♦❢ t❤❡ ❧✐♥❦ ✐s ❡❛s② t♦ ❡✈✐❞❡♥❝❡✳ ■❢H ✐s ❛ ❘❑❍❙ ❛s ✐♥ ❞❡✜♥✐t✐♦♥ ✶✳✷✳✸✱ t❤❡♥✱ t❤❛♥❦s
t♦ ❘✐❡s③✲❋r❡❝❤❡t t❤❡♦r❡♠✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❛❧❧ x ∈ A ❛♥❞ α ∈ E✱ t❤❡r❡ ❡①✐sts ❛♥
❡❧❡♠❡♥t KHδ

α
x ∈ H s✉❝❤ t❤❛t ✿

∀f ∈ H, δαx (f) = 〈KHδ
α
x , f〉H

■♥ ❛❞❞✐t✐♦♥ s✐♥❝❡ KHδ
α
x ✐s ✐♥ H✱ ✐t ✐s ✐ts❡❧❢ ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ A t♦ E t❤❛t ✇❡ ❝❛♥ ✇r✐t❡

✐♥ t❤❡ ❢♦r♠ KHδ
α
x = K(x, .)α✳ ❚❤❡ ❢✉♥❝t✐♦♥s K(x, .)α ❛r❡ ❝❛❧❧❡❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

✶✾



❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❘❑❍❙✳ ❆♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ t♦ f = K(y, .)β ✇❡ ❛❧s♦ ❣❡t ✿

〈K(x, .)α,K(y, .)β〉H = α.(K(x, y)β) . ✭✶✳✸✮

■t ✐s t❤❡♥ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ K✱ t❤❛t ✇❡ ❝❛❧❧ t❤❡ r❡♣r♦❞✉❝✐♥❣
❦❡r♥❡❧ ♦❢ H✱ ❞❡✜♥❡s ❛♥ E✲♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ A✳ ■♥ ❢❛❝t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❡♥tr❛❧ t❤❡♦r❡♠✱
❞✉❡ t♦ ❆r♦♥s③❛❥♥✱ s❤♦✇s t❤❛t ✇❡ ❤❛✈❡ ❛ ❝♦♥✈❡rs❡ ♣r♦♣❡rt②✱ ♥❛♠❡❧② ✿

❚❤❡♦r❡♠ ✶✳✷✳✸✳ ❚♦ ❛♥② ♣♦s✐t✐✈❡ ❦❡r♥❡❧ K ♦♥ A ✇✐t❤ ✈❛❧✉❡s ✐♥ E✱ t❤❡r❡ ❝♦rr❡s♣♦♥❞s
❛ ✉♥✐q✉❡ ❘❑❍❙ H ♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ A t♦ E ✇❤♦s❡ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧ ✐s K✳

❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶✵❪ ♦r ❬✹✶❪ ❝❤❛♣t❡r ✷ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t✳ ❚❤❡ ❘❑❍❙
H ✐s ❜❛s✐❝❛❧❧② ❝♦♥str✉❝t❡❞✱ ✉♣ t♦ s♦♠❡ t❡❝❤♥✐❝❛❧✐t✐❡s✱ ❛s t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r
s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢✉♥❝t✐♦♥s K(x, .)α ❢♦r ❛❧❧ x ∈ A ❛♥❞ α ∈ E✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✈❡❝t♦r s♣❛❝❡ ✐s ❞❡♥s❡ ✐♥ H✳ ❚❤❡ ❍✐❧❜❡rt✐❛♥ ♠❡tr✐❝ 〈., .〉H ❝❛♥ ❜❡
❝♦♠♣✉t❡❞ ✐♥ ❝❧♦s❡❞ ❢♦r♠ ♦♥ ❢✉♥❞❛♠❡♥t❛❧ ❢✉♥❝t✐♦♥s ❡①❛❝t❧② ❛s ✐♥ ❡q✳✭✶✳✸✮✳

❘❑❍❙ ♦❢ ❛❞♠✐ss✐❜❧❡ ✈❡❝t♦r ✜❡❧❞s

❲❡ ♥♦✇ ❝♦♠❡ ❜❛❝❦ ♠♦r❡ s♣❡❝✐✜❝❛❧❧② t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❛❝❡s ♦❢ ❛❞♠✐ss✐❜❧❡
✈❡❝t♦r ✜❡❧❞s✳ ❲❡ s❤❛❧❧ ❛ss✉♠❡✱ ❢r♦♠ ♥♦✇ ♦♥✱ t❤❛t ❦❡r♥❡❧s ❛r❡ ❞❡✜♥❡❞ ♦♥ A = R

n ❛♥❞
t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ E = R

n✳ ❲✐t❤ t❤❡♦r❡♠ ✶✳✷✳✸✱ t❤❡ ❘❑❍❙ ❣❡♥❡r❛t❡❞ ❜② s✉❝❤ ❦❡r♥❡❧s
❛r❡ ❍✐❧❜❡rt s♣❛❝❡s ♦❢ ✈❡❝t♦r ✜❡❧❞s ✐♥ R

n✳ ❖♥❡ ♦♥❧② ♥❡❡❞s t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥t✐♥✉♦✉s
✐♥❥❡❝t✐♦♥ ♣r♦♣❡rt② ❢♦r V ✳ ❚❤❡ ❛♥s✇❡r ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ t❤❛t ❝❛♥
❜❡ ❢♦✉♥❞ ✐♥ ❬✹✶❪ ✿

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷✳ ▲❡t p ∈ N✳ ❆ss✉♠❡ t❤❛t K ✐s ❛ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ s✉❝❤ t❤❛t K ✐s
❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ♦❢ ♦r❞❡r 2p ❛♥❞ s✉❝❤ t❤❛t ❛❧❧ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ K ✉♣ t♦ t❤❡
♦r❞❡r p ❛r❡ ❜♦✉♥❞❡❞✳ ❆ss✉♠❡ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t ❢♦r ❛♥② x ∈ R

n✱ t❤❡ ❢✉♥❝t✐♦♥ K(x, .)
❛♥❞ ❛❧❧ ✐ts ❞❡r✐✈❛t✐✈❡s ✉♣ t♦ ♦r❞❡r p ✈❛♥✐s❤ ❛t ✐♥✜♥✐t②✳ ❚❤❡♥✱ t❤❡ ❘❑❍❙ ❛ss♦❝✐❛t❡❞
t♦ K ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ Cp0 (R

n,Rn)✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ❛ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ K s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦✲
s✐t✐♦♥ ❢♦r p = 1✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ r❡♣r♦❞✉❝✐♥❣ s♣❛❝❡ V ✐s
❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ C1

0 (R
n,Rn) ❛♥❞ t❤✉s V ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❛♥ ❛❞♠✐ss✐❜❧❡

s♣❛❝❡ ♦❢ ✈❡❝t♦r ✜❡❧❞s✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤ ❦❡r♥❡❧s ✐s ✇❡❧❧✲❞❡t❛✐❧❡❞ ✐♥ ❬✹✶❪✳ ❈❡rt❛✐♥ ❙♦❜♦❧❡✈ s♣❛❝❡s ❛r❡
❡①❛♠♣❧❡s ♦❢ ❛❞♠✐ss✐❜❧❡ ❘❑❍❙✳ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❝❧❛ss ✐s ♣r♦✈✐❞❡❞ ❜② r❛❞✐❛❧ s❝❛❧❛r
❦❡r♥❡❧s✱ ✇❤✐❝❤ ❤❛✈❡ t❤❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ✿

K(x, y) = h(|x− y|).■❞Rn

✇✐t❤ h : R+ → R✳ ❙❝❤♦❡♥❜❡r❣ t❤❡♦r❡♠ ✭❝❢ ❬✽✻❪ ❝❤❛♣t❡r ✶✸✮ s❤♦✇s t❤❛t K ✐s ❛
♣♦s✐t✐✈❡ ❦❡r♥❡❧ ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ h ✐s t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ♦❢ ❛ ♣♦s✐t✐✈❡ ❇♦r❡❧ ✜♥✐t❡
♠❡❛s✉r❡ ♦♥ R+✳ ❚❤❡ ❈❛✉❝❤② ❦❡r♥❡❧ ❣✐✈❡♥ ❜② ✿

K(x, y) =
1

1 + |x−y|2

σ2

.■❞

✐s ❢♦r ✐♥st❛♥❝❡ ♦♥❡ ♣♦ss✐❜✐❧✐t②✳ ❨❡t t❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞ ✐♥ ❛♣♣❧✐❝❛t✐♦♥s r❡♠❛✐♥s t❤❡
●❛✉ss✐❛♥ ❦❡r♥❡❧ ✿

K(x, y) = e−
|x−y|2

σ2 .■❞ .

✷✵



Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷ s❤♦✇s ✐♥❞❡❡❞ t❤❛t ✐ts ❛ss♦❝✐❛t❡❞ ❘❑❍❙ ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞
✐♥t♦ Cp0 (R

n,Rn) ❢♦r ❛❧❧ p✳ ❚❤❡ ♣❛r❛♠❡t❡r σ ❝♦♥tr♦❧s t❤❡ s❝❛❧❡ ❛t ✇❤✐❝❤ t✇♦ ♣♦✐♥ts
✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❚❤❡r❡ ❛r❡ ✐♥ ❛❞❞✐t✐♦♥ ♠❛♥② ❜✉✐❧❞✐♥❣ t♦♦❧s t♦ ❝r❡❛t❡ ♥❡✇
❦❡r♥❡❧s ❢r♦♠ ❡①✐st✐♥❣ ♦♥❡s s✉❝❤ ❛s ♠❛❦✐♥❣ s✉♠s✱ t❡♥s♦r ♣r♦❞✉❝ts ✭❝❢ ❧❡♠♠❛ ✷✳✷✳✶
✐♥ ❝❤❛♣t❡r ✷✮✳✳✳ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ s✉♠s ♦❢ ❦❡r♥❡❧s ✇✐t❤ r❡s♣❡❝t t♦ ❞✐✛❡♦♠♦r♣❤✐s♠
❣r♦✉♣s✱ ❢♦r ✐♥st❛♥❝❡✱ ❛r❡ st✉❞✐❡❞ ✐♥ ❬✶✾❪✳ ❍✐❣❤❡r ♦r❞❡r ❦❡r♥❡❧s ❛r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❛♥❞
✉s❡❞ ✐♥ ❬✼✹❪✳

❆s ✇❡ s❤❛❧❧ s❡❡ ✐♥ t❤❡ ❝♦♠✐♥❣ s❡❝t✐♦♥s✱ t❤❡ ✐♥t❡r❡st ♦❢ ✉s✐♥❣ ❦❡r♥❡❧s ❛♥❞ ❘❑❍❙ ✐♥ t❤✐s
❝♦♥t❡①t ✐s ♠✉❧t✐♣❧❡ ✿ ✐t ❣✐✈❡s ❍✐❧❜❡rt ♠❡tr✐❝s ♦♥ ✈❡❝t♦r ✜❡❧❞s t❤❛t ❝❛♥ ❜❡ ❝♦♥✈❡♥✐❡♥t❧②
❝♦♠♣✉t❡❞ ✐♥ ♣r❛❝t✐❝❡ ❜✉t t❤❡ ❡ss❡♥t✐❛❧ ♣♦✐♥t ✐s t❤❛t t❤❡ ✉s❡ ♦❢ ❘❑❍❙ ❛s ❛❞♠✐ss✐❜❧❡
s♣❛❝❡s ♦❢ ✈❡❝t♦r ✜❡❧❞s ♣r♦✈✐❞❡ ❛ ✈❡r② ♣♦✇❡r❢✉❧ r❡❞✉❝t✐♦♥ ♣r✐♥❝✐♣❧❡ t♦ ♣❛r❛♠❡tr✐③❡
❣❡♦❞❡s✐❝s ✐♥ t❤❡ ❣r♦✉♣ GV ✱ ❛s ✇❡ ❞❡t❛✐❧ ❜❡❧♦✇ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧❛♥❞♠❛r❦s✳

✶✳✷✳✺ ●❡♦❞❡s✐❝ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❧❛♥❞♠❛r❦ ❝❛s❡

❆t t❤✐s ♣♦✐♥t✱ ❡✈❡♥ t❤♦✉❣❤ ✇❡ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ❢♦r♠✉❧❛t❡ t❤❡ s❤❛♣❡ ❝♦♠♣❛r✐s♦♥
♣r♦❜❧❡♠ ❜② ❞❡✜♥✐♥❣ ❣❡♦❞❡s✐❝ ❞✐st❛♥❝❡s ✐♥ ❣r♦✉♣s ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s✱ t❤❡ ♦♣t✐♠✐③❛✲
t✐♦♥ ♣r♦❜❧❡♠ ❣✐✈✐♥❣ t❤❡s❡ ❣❡♦❞❡s✐❝s ✐s st✐❧❧ ♦♥ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ t✐♠❡✲✈❛r②✐♥❣
✈❡❝t♦r ✜❡❧❞s✱ ✇❤✐❝❤ ✐s ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧✳ ❆s ♦♥❡ ❝♦✉❧❞ ✐♥t✉✐t✱ s✉❝❤ ❣❡♦❞❡s✐❝s ❝♦✉❧❞
❜❡ ❞❡s❝r✐❜❡❞ ❜② ❧❡ss ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ❛t ❧❡❛st ❜❡❝❛✉s❡✱ ❜② ❛♥❛❧♦❣② ✇✐t❤ t❤❡ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ❘✐❡♠❛♥♥✐❛♥ s❡tt✐♥❣✱ t❤❡② s❤♦✉❧❞ ❜❡ ❞❡t❡r♠✐♥❡❞ ♦♥❧② ❜② t❤❡ ✈❡❝t♦r ✜❡❧❞
❛t t✐♠❡ 0 t❤❛♥❦s t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s✳ ❚❤✐s ❤❛s ❜❡❡♥ ❢♦r✲
♠❛❧✐③❡❞ ♣r❡❝✐s❡❧②✱ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❜② t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❛s ❛♥
♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✿ ✇❡ r❡❢❡r t♦ ❬✻✺✱ ✼✾❪ ♦r ❬✼✼❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

❚♦ s✐♠♣❧✐❢② ❛ ❧✐tt❧❡ t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ s❤❛❧❧ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ s✐♠♣❧❡r ❝❛s❡
✇❤❡r❡ t❤❡ s❤❛♣❡ m0 ✐s ♠❛❞❡ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts q = (qi)i=1,..,p✱ ✇❤✐❝❤ ✐s
t❤❡ ❧❛♥❞♠❛r❦ s✐t✉❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❚❤✐s s❤❛❧❧ ❜❡ ❣❡♥❡r✐❝ ❡♥♦✉❣❤ ❢♦r t❤❡ ❝❛s❡s
✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ✇♦r❦ s✐♥❝❡✱ ♥✉♠❡r✐❝❛❧❧②✱ ❛❧❧ s❤❛♣❡s ✭✉♥❧❛❜❡❧❡❞ ♣♦✐♥t s❡ts✱ ❝✉r✈❡s✱
s✉r❢❛❝❡s✱✳✳✳✮ ❛r❡ ✐♥❞❡❡❞ ♠❛❞❡ ♦❢ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✭✇✐t❤ ♣♦ss✐❜❧❡ ❛❞❞✐t✐♦♥❛❧
♠❡s❤ str✉❝t✉r❡✮✳ ❨❡t✱ t❤❡ ✈❡❝t♦r ✜❡❧❞s t❤❛t ❞❡s❝r✐❜❡ ❣❡♦❞❡s✐❝s ❛r❡ ❛ ♣r✐♦r✐ st✐❧❧ ❧✐✈✐♥❣
✐♥ t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ L2

V ✳ ▲❡t✬s ❝❛❧❧ KV t❤❡ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ ✈❡❝t♦r
✜❡❧❞s✳ ❚❤❡ ❣r❡❛t r❡❞✉❝t✐♦♥ ♣r✐♥❝✐♣❧❡ ♣r♦✈✐❞❡❞ ❜② t❤❡ ✉s❡ ♦❢ ❘❑❍❙ t♦ ♠♦❞❡❧ ✈❡❝t♦r
✜❡❧❞s ✐s t❤❛t t❤❡ ♦♣t✐♠❛❧ ✈❡❝t♦r ✜❡❧❞s ❣❡♥❡r❛t✐♥❣ ❣❡♦❞❡s✐❝s ❛r❡ ♥❡❝❡ss❛r✐❧② ♦❢ t❤❡
❢♦r♠ ✿

vt =

p∑

i=1

KV (qt,i, .)pt,i ✭✶✳✹✮

✇❤❡r❡ qt,i
.
= φvt (qi) ❛♥❞ t❤❡ pt,i ❛r❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s ✐♥ R

n ❝❛❧❧❡❞ t❤❡ ♠♦♠❡♥t❛ ♦❢
t❤❡ ❞❡❢♦r♠❛t✐♦♥✳ ❚❤✐s ✐s ♣r♦✈❡❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬✹✶❪✱ ❛♥❞ ✐t ✐s ❡ss❡♥t✐❛❧❧② ❛ ♣❛rt✐❝✉❧❛r
✐♥st❛♥❝❡ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❦❡r♥❡❧ r❡❞✉❝t✐♦♥ ♣r✐♥❝✐♣❧❡ ♦♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❢r♦♠
♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣✳ ❚❤✉s t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ t❤❛t ❣♦✈❡r♥s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢
q ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❛ ❝♦♥❞❡♥s❡❞ ✇❛② ❛s ✿

q̇t = KV (qt, qt)pt

✇❤❡r❡ KV (qt, qt) ✐s ❜② ❝♦♥✈❡♥t✐♦♥ t❤❡ 3p×3p ♠❛tr✐① ♠❛❞❡ ♦❢ t❤❡ ❜❧♦❝❦s KV (qt,i, qt,j)
❢♦r i, j = 1, .., p✳

❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱ t❤❡ ❣❡♦❞❡s✐❝s ♦♥ GV s❤♦✉❧❞ ❜❡ ✐♥ ❛❞❞✐t✐♦♥ ❞❡t❡r♠✐♥❡❞ ♦♥❧②
❜② t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ✜❡❧❞ v0 ♦r ❡q✉✐✈❛❧❡♥t❧② ❜② t❤❡ ✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ p0✳ ■♥❞❡❡❞✱
✐t ✐s ✇❡❧❧✲❦♥♦✇♥ ❢r♦♠ ❬✻✺❪ t❤❛t t❤❡ ♠♦♠❡♥t❛ pt,i ❛r❡ ❣♦✈❡r♥❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t✐❛❧

✷✶



❡q✉❛t✐♦♥s ✿

ṗt,i = −(dqt,ivt)∗pt,i
✇❤✐❝❤ ✇❡ ❝❛♥ ✇r✐t❡ ✐♥ s❤♦rt ✿

ṗt = −(dqtvt)∗pt
■♥t❡r❡st✐♥❣❧②✱ t❤❡ s❡t ♦❢ ❝♦✉♣❧❡❞ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦♥ q ❛♥❞ p ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s
❛ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❞✉❝❡❞ ❍❛♠✐❧t♦♥✐❛♥ ✿

Hr(p, q) =

p∑

i,j=1

pTi KV (xi, xj)pj = pTKV (x, x)p . ✭✶✳✺✮

❖❜s❡r✈❡ t❤❛t Hr(pt, qt) ❡q✉❛❧s ❛❧s♦ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ❡♥❡r❣② ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞
vt ❛t t✐♠❡ t✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ♠♦♠❡♥t✉♠ ✈❛r✐❛❜❧❡s ❛❧♦♥❣ ❛ ❣❡♦❞❡s✐❝
❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ✿





q̇(t) =
∂Hr

∂p

ṗ(t) = −∂Hr

∂q
.

✭✶✳✻✮

◆♦t❡ t❤❛t t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ❛❧✇❛②s ❝♦♥s❡r✈❡❞ ❞✉r✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ p ❛♥❞ q✱ ✇❤✐❝❤
✐s ❡①❛❝t❧② t❤❡ ♣r❡✈✐♦✉s ❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣❡rt② ♦❢ ❡♥❡r❣② ❛❧♦♥❣ ❣❡♦❞❡s✐❝s t❤❛t ✇r✐t❡s ✿

∀t ∈ [0, 1], Hr(pt, qt) = Hr(p0, q0) = E(v0) .

❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❢♦r♠✉❧❛t✐♦♥ t❤✉s ❝♦♠♣❧❡t❡s t❤❡ t❤❡♦r❡t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❣❡♦❞❡s✐❝s
✐♥ GV ❜② s❤♦✇✐♥❣ ✐♥ ❛ ♣r❡❝✐s❡ ✇❛② ❤♦✇ ❛❧❧ ❣❡♦❞❡s✐❝s ❝❛♥ ❜❡ ❝♦♠♣❧❡t❡❧② ♣❛r❛♠❡tr✐③❡❞
❜② ❛ ❝♦✉♣❧❡ (p0, q0) ♦❢ ✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ ❛♥❞ ♣♦s✐t✐♦♥✳ ❆s ✇❡ s❤❛❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥✱ t❤✐s ✐s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✐❞❡❛ ❜❡❤✐♥❞ ❣❡♦❞❡s✐❝ s❤♦♦t✐♥❣ ♣r♦❝❡❞✉r❡s t♦ s♦❧✈❡
r❡❣✐str❛t✐♦♥ ♣r♦❜❧❡♠s ✐♥ ♣r❛❝t✐❝❡✳ ▼♦r❡♦✈❡r✱ t❤✐s ♣❛r❛♠❡tr✐③❛t✐♦♥ ✇✐t❤ ✐♥✐t✐❛❧ ♠♦✲
♠❡♥t✉♠ ❛❧s♦ ❡♥❛❜❧❡s t❤❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✼✾❪ ❛♥❞
t❤❛t ✇❡ s❤❛❧❧ ❡①♣❧♦✐t ✐♥ ❝❤❛♣t❡r ✹✳

✶✳✸ ■♥❡①❛❝t r❡❣✐str❛t✐♦♥ ❛♥❞ s❤❛♣❡ ❞✐ss✐♠✐❧❛r✐t✐❡s

✶✳✸✳✶ ■♥❡①❛❝t ♠❛t❝❤✐♥❣ ❢♦r♠✉❧❛t✐♦♥

❚❤❡ ✐♠♣♦rt❛♥t ❛ss✉♠♣t✐♦♥ ✐♥ ●r❡♥❛♥❞❡r✬s ❛♣♣r♦❛❝❤ ♦❢ s❤❛♣❡ s♣❛❝❡s✱ ✇❤✐❝❤ ❤❛s ♥♦t
❜❡❡♥ ❞✐s❝✉ss❡❞ s♦ ❢❛r✱ ✐s t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❣r♦✉♣ ✐s tr❛♥s✐t✐✈❡ ♦♥
t❤❡ s❡t ♦❢ s❤❛♣❡s✳ ■♥ t❡r♠s ♦❢ ♠❡tr✐❝✱ t❤✐s ❤②♣♦t❤❡s✐s ❡♥❛❜❧❡s t♦ ♥❡❛r❧② ❢♦r❣❡t ✐♥ ❛
s❡♥s❡ ✇❤❛t t❤❡ s❤❛♣❡s ✐♥ M r❡❛❧❧② ❛r❡ ✭❧❛♥❞♠❛r❦s✱ ✐♠❛❣❡s✱ ❝✉r✈❡s✳✳✳✮ ❜❡❝❛✉s❡ t❤❡
♠❡tr✐❝ ✐s ❛❝t✉❛❧❧② ❝♦♠♣✉t❡❞ ✐♥st❡❛❞ ✐♥ t❤❡ ❣r♦✉♣ ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s ❛❝t✐♥❣ ♦♥ M ✳
◆❡✈❡rt❤❡❧❡ss✱ t❤❡ tr❛♥s✐t✐✈❡♥❡ss ♦❢ t❤❡ ❛❝t✐♦♥ ✐s ❝❧❡❛r❧② ♥♦t ❛ r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥
✐♥ ♠♦st ♣r❛❝t✐❝❛❧ s✐t✉❛t✐♦♥s✳ ❋✐rst✱ ❜❡❝❛✉s❡ t❤❡ ❣r♦✉♣s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ✇❡ ❜✉✐❧❞
✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❢r❛♠❡✇♦r❦ ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛❧❧ ❞✐✛❡♦♠♦r♣❤✐s♠s ♦❢ t❤❡ s♣❛❝❡✳ ❆♥❞
s❡❝♦♥❞ ❜❡❝❛✉s❡ ♦♥❡ ❝♦✉❧❞ ❝♦♥s✐❞❡r s❤❛♣❡s t❤❛t ♥❡❡❞ ♥♦t ❡✈❡♥ ❜❡ ❞✐✛❡♦♠♦r♣❤✐❝ ❜❡✲
t✇❡❡♥ ❡❛❝❤ ♦t❤❡r ❛s ❛ r❡s✉❧t ♦❢ ♥♦✐s❡ ❢♦r ✐♥st❛♥❝❡ ♦r ❜❡❝❛✉s❡ ♦❢ ✈❛r②✐♥❣ ♥✉♠❜❡r ♦❢
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✭❛s ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ s❤❛♣❡s ❛r❡ ✜❜❡r ❜✉♥❞❧❡s✮✳ ❚❤✉s✱ t❤❡
❡①❛❝t ♠❛t❝❤✐♥❣ s✐t✉❛t✐♦♥ ❝♦♥s✐❞❡r❡❞ ✉♥t✐❧ ♥♦✇ ❛♣♣❡❛rs ✐♥s✉✣❝✐❡♥t ✐♥ ❣❡♥❡r❛❧ t♦ ❡❢✲
✜❝✐❡♥t❧② ❡st✐♠❛t❡ s❤❛♣❡ ✈❛r✐❛t✐♦♥s ♦♥ r❡❛❧ ❞❛t❛s❡ts✳ ▲❡t✬s ❛❧s♦ ♠❡♥t✐♦♥ t❤❛t✱ ❡✈❡♥ ✐❢
t✇♦ s❤❛♣❡s ❞♦ ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ♦r❜✐t✱ ❡①❛❝t ♠❛t❝❤✐♥❣ ❝♦✉❧❞ ❜❡ st✐❧❧ ✐♥❛♣♣r♦♣r✐❛t❡✳
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❚❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ t❤❛t ♠❛♣s ♦♥❡ ♦♥ t❤❡ ♦t❤❡r ♠✐❣❤t ♥♦t ❜❡ r❡❧❡✈❛♥t ❢r♦♠ t❤❡ st❛✲
t✐st✐❝❛❧ ❛♥❛❧②s✐s ♣♦✐♥t ♦❢ ✈✐❡✇ ❜❡❝❛✉s❡ ✐t ❝♦✉❧❞ ❜❡ ❡ss❡♥t✐❛❧❧② ❞r✐✈❡♥ ❜② t❤❡ ♠❛t❝❤✐♥❣
♦❢ ❤✐❣❤✲❢r❡q✉❡♥❝② ✈❛r✐❛t✐♦♥s ♦r ♥♦✐s❡ t❤❛t ♠❛② ❤❛✈❡ ♥♦ ❛♥❛t♦♠✐❝❛❧ ♠❡❛♥✐♥❣ ❛t ❛❧❧✳
❋♦r ❛❧❧ t❤❡s❡ r❡❛s♦♥s✱ ✇❡ ❣❡♥❡r❛❧❧② r❡♣❧❛❝❡ t❤❡ ♣r❡✈✐♦✉s ❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ dM ❜② ❛♥ ✐♥❡①❛❝t r❡❣✐str❛t✐♦♥ ✐♥ t❤❡
s❤❛♣❡ s♣❛❝❡ M ✳ ■t s✐♠♣❧② ❝♦♥s✐sts ✐♥ r❡❧❛①✐♥❣ t❤❡ ❝♦♥str❛✐♥t φv1.m0 = m1 ❜② s♦❧✈✐♥❣
✐♥st❡❛❞ ✿

inf
v∈L2

V

J(v)
.
=

∫ 1

0
‖vt‖2V dt+A(φv1.m0,m1) . ✭✶✳✼✮

■♥ t❤❛t ❡①♣r❡ss✐♦♥✱ A st❛♥❞s ❢♦r ✇❤❛t ✐s ❣❡♥❡r❛❧❧② ❝❛❧❧❡❞ t❤❡ ❞❛t❛ ❛tt❛❝❤♠❡♥t t❡r♠✱
✐✳❡ ❛ ❢✉♥❝t✐♦♥ t❤❛t ♠❡❛s✉r❡s t❤❡ ❝❧♦s❡♥❡ss ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ✐♥ M ✳ ❆s ♦♣♣♦s❡❞ t♦
t❤❡ ♣r❡✈✐♦✉s ❞✐st❛♥❝❡ ✐♥ M ❜❛s❡❞ ♦♥ ❞❡❢♦r♠❛t✐♦♥✱ t❤❡ t❡r♠ A ❛✐♠s ❛t ❞r✐✈✐♥❣ t❤❡
r❡❣✐str❛t✐♦♥ ❜② ♠❡❛s✉r✐♥❣ t❤❡ r❡s✐❞✉❛❧ ❞✐ss✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ t❤❡ ❞❡❢♦r♠❡❞ s♦✉r❝❡
s❤❛♣❡ φv1.m0 ❛♥❞ t❤❡ t❛r❣❡t m1✳ ❋r♦♠ ❛ ❢♦r♠❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ❜② ❡q✳✭✶✳✼✮ ❧♦♦❦s s✐♠✐❧❛r t♦ ♠❛♥② ♦t❤❡rs t❤❛t ✐♥✈♦❧✈❡ t❤❡ s✉♠ ♦❢
❛♥ ❛tt❛❝❤♠❡♥t t❡r♠ ❛♥❞ ❛ r❡❣✉❧❛r✐③❛t✐♦♥ ♦♥❡ ✭✇❤✐❝❤ ❤❡r❡ ❝♦♥str❛✐♥s t❤❡ ❞❡❢♦r♠❛t✐♦♥
❡♥❡r❣②✮✳
❙❡tt✐♥❣ ❛s✐❞❡ ❢♦r t❤❡ ♠♦♠❡♥t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡s❡ ❞❛t❛ ❛tt❛❝❤♠❡♥t ❢✉♥❝t✐♦♥❛❧s✱
❛ ❢✉♥❞❛♠❡♥t❛❧ q✉❡st✐♦♥ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ t♦ t❤✐s ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳
❚❤✐s ✐s ♥♦ ♠♦r❡ ❣✉❛r❛♥t❡❡❞ ✐♥ t❤✐s ❝♦♥t❡①t✳ ❋♦rt✉♥❛t❡❧②✱ t❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥ ❬✹✶❪
❝❤❛♣✳✶ ❣✐✈❡ ❛ ❝♦♥❞✐t✐♦♥ ♦♥ A ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ ♠✐♥✐♠✐③❡r✳ ❚❤❡ ❣❡♥❡r❛❧
r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

❚❤❡♦r❡♠ ✶✳✸✳✶✳ ■❢✱ ❢♦r ❛❧❧ m0 ❛♥❞ m1 ✐♥ M ✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ v 7→ A(φv1.m0,m1) ✐s
✇❡❛❦❧② ❝♦♥t✐♥✉♦✉s ❢r♦♠ L2

V t♦ R✱ t❤❡♥ t❤❡ ✐♥❡①❛❝t ♠❛t❝❤✐♥❣ ♣r♦❜❧❡♠ ❣✐✈❡♥ ❜② ❡q✳✭✶✳✼✮
❤❛s ❛ s♦❧✉t✐♦♥✳

❚❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ✐ss✉❡ ♦❢ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♠✐♥✐♠✐③❡r ✐s ❤♦✇❡✈❡r t♦t❛❧❧② ✉♥❦♥♦✇♥
❛t t❤✐s ❞❡❣r❡❡ ♦❢ ❣❡♥❡r❛❧✐t②✳

✶✳✸✳✷ ●❡♦❞❡s✐❝ s❤♦♦t✐♥❣ ❛❧❣♦r✐t❤♠

❋♦r ❛ ❣✐✈❡♥ ❞❛t❛ ❛tt❛❝❤♠❡♥t ❢✉♥❝t✐♦♥❛❧ A s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ♣r♦♣♦s✐t✐♦♥
✶✳✸✳✶✱ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ v ♦❢ ❡q✳✭✶✳✼✮ ❞♦ ♥♦t ♠❛♣ ❡①❛❝t❧② m0 ♦♥ m1 ❛♥②♠♦r❡ ❜✉t
♦♥ φv1.m0✱ ❤♦♣❡❢✉❧❧② ❝❧♦s❡ ❡♥♦✉❣❤ ✭✐♥ t❤❡ s❡♥s❡ ❣✐✈❡♥ ❜② A✮ t♦ t❤❡ t❛r❣❡t m1✳ ❨❡t
t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❡♥❡r❣② t❡r♠ ✐♥ t❤❡ ♦♣t✐♠✐③❡❞ ❢✉♥❝t✐♦♥❛❧ ❣✉❛r❛♥t❡❡s t❤❛t✱ ✐♥ t❤❡
s♣❛❝❡ ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s✱ ✇❡ st✐❧❧ ♦❜t❛✐♥ ❛ ❣❡♦❞❡s✐❝ ♣❛t❤ t 7→ φvt ✳ ❚❤✉s✱ ✇❡ ❝❛♥
r❡str✐❝t t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦♥❧② t♦ ❣❡♦❞❡s✐❝ tr❛❥❡❝t♦r✐❡s ❛♥❞✱ ❛s ❡①♣❧❛✐♥❡❞ ♣r❡✈✐♦✉s❧②✱
t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ t❤❡♥ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ p0
❛♥❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ■t r❡s✉❧ts ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧
J(v) ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥st❡❛❞ ❛s ❛ ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ p0✳ ❚❤❡ ♣r✐♥❝✐♣❧❡
♦❢ ❣❡♦❞❡s✐❝ s❤♦♦t✐♥❣ ❛❧❣♦r✐t❤♠s ✐s t♦ ♦♣t✐♠✐③❡ ❞✐r❡❝t❧② ♦♥ p0 ❛♥❞ ✬s❤♦♦t✬ t❤❡ s♦✉r❝❡
s❤❛♣❡ ✇✐t❤ t❤❡ ❣❡♦❞❡s✐❝ ❡q✉❛t✐♦♥s✳
❚♦ ❜❡ ♠♦r❡ ❡①♣❧✐❝✐t✱ ❧❡t✬s ❛ss✉♠❡✱ ❛s ✐♥ s❡❝t✐♦♥ ✶✳✷✳✺✱ t❤❛t t❤❡ s♦✉r❝❡ s❤❛♣❡ ❝♦♥s✐sts
✐♥ ❛ ✜♥✐t❡ s❡t ♦❢ ♣♦✐♥ts ✐✳❡ t❤❛t ✇❡ ❤❛✈❡ q0 = (q0,i)i=1,..,p✳ ❚❤❡ ❞❛t❛ ❛tt❛❝❤♠❡♥t
t❡r♠ A(φv1.m0,m1) ✐s t❤❡♥ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜♥❛❧ ♣♦✐♥t ❝♦♥✜❣✉r❛t✐♦♥ q1 ♦❜t❛✐♥❡❞ ❜②
s❤♦♦t✐♥❣ t❤r♦✉❣❤ ❡q✳✭✶✳✻✮✱ t❤❛t ✇❡ ✇r✐t❡ g(q1)✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ J(p0) ❡q✉❛❧s ✿

J(p0) = Hr(p0, q0) + g(q1)

❚❤❡ s✐♠♣❧❡st ✇❛② t♦ s♦❧✈❡ t❤✐s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s t♦ ❛♣♣❧② ❛ ❣r❛❞✐❡♥t ❞❡s❝❡♥t
s❝❤❡♠❡ ♦♥ p0✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✻✺❪ ❛♥❞ ❬✼❪✳ ❚❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ p0 ♦❢
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Hr(p0, q0) ✐s str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ❡q✳✭✶✳✺✮✳ ❚❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ t❡r♠ g(q1) ✐s ♦❜t❛✐♥❡❞
❜② ✜rst ❝♦♠♣✉t✐♥❣ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❛tt❛❝❤♠❡♥t t❡r♠ ✇✐t❤ r❡s♣❡❝t t♦ q1✱ ✐✳❡ ∇q1g✱
❛♥❞ ♣✉❧❧ ✐t ❜❛❝❦ ♦♥ t❤❡ s❤❛♣❡ q0 ❜② ❜❛❝❦✇❛r❞ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞
❛❞❥♦✐♥t ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✺✱ ✼❪✳ ◆❛♠❡❧②✱ ♦♥❡ ✐♥tr♦❞✉❝❡s t❤❡
❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s Pt ❛♥❞ Qt t❤❛t s❛t✐s✜❡s ✿





Q̇t = −(∂2q,pHr(qt, pt))
∗Qt + (∂2q,qHr(qt, pt))

∗Pt
Ṗt = −(∂2p,pHr(qt, pt))

∗Qt + (∂2q,pHr(qt, pt))
∗Pt

Q1 = −∇q1g, P1 = 0

✭✶✳✽✮

❛♥❞ t❤❡ ❣r❛❞✐❡♥t ♦❢ J ✇✐t❤ r❡s♣❡❝t t♦ p0 ✐s t❤❡♥ ❣✐✈❡♥ ❜② ✿

∇p0J = KV (q0, q0)p0 − P0 .

❚❤✉s✱ ❛t ❡❛❝❤ st❡♣✱ t❤❡ ❣r❛❞✐❡♥t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ✢♦✇✐♥❣ ❢♦r✇❛r❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥
s②st❡♠ ♦❢ ❡q✳✭✶✳✺✮ ✇✐t❤ t❤❡ ❝✉rr❡♥t ✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ p0 t♦ ❣❡t t❤❡ ✜♥❛❧ ♣♦✐♥t ♣♦s✐✲
t✐♦♥s q1✱ t❤❡♥ ❝♦♠♣✉t✐♥❣ ∇q1g ❛♥❞ ✢♦✇✐♥❣ ❜❛❝❦✇❛r❞ ✐♥ t✐♠❡ t❤❡ ❛❞❥♦✐♥t ❡q✉❛t✐♦♥s
❡q✳✭✶✳✽✮✳ ❚❤✐s ♠❛❦❡s ❛ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❛❧❣♦r✐t❤♠ ♦♥ p0 ❝♦♠♣❧❡t❡❧② ❛❝❤✐❡✈❛❜❧❡ ❛s
s♦♦♥ ❛s t❤❡ ❞✐ss✐♠✐❧❛r✐t② ❢✉♥❝t✐♦♥ ✐s ✜①❡❞ ❛♥❞ t❤❛t ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ ✐ts ❞✐✛❡r❡♥t✐❛❧s✳
❚❤❡ r❡❣✐str❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❜✉✐❧t ✐♥ ❝❤❛♣t❡r ✷ ❛♥❞ ✸ ❛r❡ ❜❛s❡❞ ♦♥ t❤✐s ♣r✐♥❝✐♣❧❡✳

▲❡t✬s ❛❧s♦ ♠❡♥t✐♦♥ t❤❛t s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❛❧s♦ ❞❡r✐✈❡❞ ❜② ❡①♣r❡ss✐♥❣
t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ J(v) ✇✐t❤ r❡s♣❡❝t t♦ ❛♥② ♣❡rt✉r❜❛t✐♦♥ ♦❢ v ✐♥ L2

V ✭♥♦t ♦♥❧② ✐♥ t❤❡
s♣❛❝❡ ♦❢ ❣❡♦❞❡s✐❝ tr❛❥❡❝t♦r✐❡s✮ ✈❛♥✐s❤❡s ✇❤❡♥ t❤❡ ♠✐♥✐♠✉♠ ✐s r❡❛❝❤❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r
✭❝❢ ❬✺❪ ❝❤❛♣✳ ✷✮✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ♦♣t✐♠❛❧ ♠♦♠❡♥t✉♠ ❛t t✐♠❡ ✶ p1 s❛t✐s✜❡s ❛
tr❛♥s✈❡rs❛❧✐t② ❡q✉❛t✐♦♥ ✇❤✐❝❤ ✐s ✿

p1 +∇q1g = 0 . ✭✶✳✾✮

❚❤✐s tr❛♥s✈❡rs❛❧✐t② ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❛❧✲
❣♦r✐t❤♠s ✿ ❢♦r ✐♥st❛♥❝❡✱ ❆❧❧❛ss♦♥♥✐èr❡ ❡t ❛❧✳ ♣r♦♣♦s❡ ✐♥ ❬✺❪ ❛ ◆❡✇t♦♥ ❛❧❣♦r✐t❤♠ t♦
❝♦♠♣✉t❡ ✐t❡r❛t✐✈❡❧② p1 ✇✐t❤ ❡q✳✭✶✳✾✮✳

✶✳✸✳✸ ▼❡❛s✉r✐♥❣ s❤❛♣❡ ❞✐ss✐♠✐❧❛r✐t✐❡s

❲❡ ✜♥❛❧❧② r❡❛❝❤ t❤❡ q✉❡st✐♦♥ ♦❢ ❞❡✜♥✐♥❣ t❤❡s❡ ❞✐ss✐♠✐❧❛r✐t② ❢✉♥❝t✐♦♥s ♦♥ s❤❛♣❡s✱
✇❤✐❝❤ ✐s ♥♦t s♣❡❝✐✜❝✱ ❜② t❤❡ ✇❛②✱ t♦ t❤❡ ▲❉❉▼▼ ❢r❛♠❡✇♦r❦✱ ❜✉t ✐s ❛ r❡q✉✐r❡♠❡♥t t♦
♠♦st ♠❛t❝❤✐♥❣ ❛❧❣♦r✐t❤♠s✳ ■t ♠✉st ❜❡ ❡♠♣❤❛s✐③❡❞ t❤❛t t❤✐s ✐s ♥♦t t♦ ❜❡ ♥❡❝❡ss❛r✐❧②
✐❞❡♥t✐✜❡❞ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❜✉✐❧❞✐♥❣ ♠❡tr✐❝s ♦♥ s❤❛♣❡ s♣❛❝❡s✳ ❍❡r❡✱ t❤❡ ❞✐ss✐♠✐❧❛r✐t②
♠✉st ❜❡ t❤♦✉❣❤t ❛s r❡❧❛t❡❞ t♦ ❛ ♥♦t✐♦♥ ♦❢ r❡s✐❞✉❛❧ ♥♦✐s❡ ♦♥ s❤❛♣❡s t❤❛t ❧✐♥❦s t❤❡
♦❜s❡r✈❡❞ s❤❛♣❡s ✇✐t❤ t❤❡ ✐❞❡❛❧ ♦♥❡s ❛❧❧ ❧✐✈✐♥❣ ✐♥ ❛ ❝♦♠♠♦♥ ♦r❜✐t✳ ■♥ ❢❛❝t✱ t❤❡ ❢✉♥❝t✐♦♥
A ♥❡❡❞ ♥♦t ❜❡ ❛ ❞✐st❛♥❝❡ ✐♥ ❛❧❧ ❝❛s❡s✳ ■❢ ♦♥❡ ✐♥t❡♥❞s t♦ ❣✐✈❡ ❛ ❦✐♥❞ ♦❢ ❛①✐♦♠❛t✐❝
❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤ A✬s✱ ♦♥❡ ✇♦✉❧❞ ✐♠♣♦s❡ t❤❛t A s❛t✐s✜❡s t❤❡
❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡s ✿

✕ A ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ❛ ♣❛rt✐❝✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ s❤❛♣❡s ✭❢♦r ✐♥st❛♥❝❡ ♣❛r❛♠❡tr✐③❛✲
t✐♦♥ ❢♦r ❝✉r✈❡s ♦r s✉r❢❛❝❡s✮✳

✕ A(m1,m0) = A(m0,m1) ❢♦r ❛❧❧ m0,m1 ∈M ✳
✕ A(m0,m1) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ m0 = m1✳
✕ A s♠♦♦t❤❧② ❜❡❤❛✈❡ ✇✐t❤ r❡s♣❡❝t t♦ s♠♦♦t❤ ❞❡❢♦r♠❛t✐♦♥s ♦❢ s❤❛♣❡✱ ❢♦r ✐♥st❛♥❝❡
φ 7→ A(φ.m0,m1) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ ❛♥② ❞✐✛❡♦♠♦r♣❤✐s♠ ❣r♦✉♣ GV ✳

❚❤❡ ❝❛s❡ ✇❤❡r❡ A ✐s ❛ ♠❡tr✐❝ ♦♥ M ✐s t❤✉s ❛ str♦♥❣❡r ❛ss✉♠♣t✐♦♥ ❜✉t ✉s✉❛❧❧② q✉✐t❡
❝♦♥✈❡♥✐❡♥t✳ ❆♥②❤♦✇✱ t❤❡ ❝❤♦✐❝❡ ♦❢ A ♠✉st ❜❡ ❞♦♥❡ ✐♥ ❛❝❝♦r❞❛♥❝❡ t♦ t❤❡ ♥❛t✉r❡ ♦❢
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❋✐❣✉r❡ ✶✳✷✿ ❚✇♦ ❞✐str✐❜✉t✐♦♥s ♦❢ ✉♥❧❛❜❡❧❡❞ ♣♦✐♥ts ✐♥ R
2✳

t❤❡ s❤❛♣❡s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♣❛❝❡ M ✳ ■♥ t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❜r✐❡✢② r❡✈✐❡✇
t❤❡ ♠♦st ✉s✉❛❧ t②♣❡s ♦❢ s❤❛♣❡s t❤❛t ❝❛♥ ❜❡ ❡♥❝♦✉♥t❡r❡❞ ✐♥ ❛♣♣❧✐❝❛t✐♦♥s✳
❚❤❡ ❝❛s❡ ♦❢ ❧❛♥❞♠❛r❦s ❞♦❡s ♥♦t ♣♦s❡ ❛♥② ♣❛rt✐❝✉❧❛r ❞✐✣❝✉❧t② ✐♥ t❤❛t r❡s♣❡❝t✳ ■♥❞❡❡❞✱
❜② ❞❡✜♥✐t✐♦♥✱ ❧❛♥❞♠❛r❦s ❛r❡ ❧❛❜❡❧❡❞ s❡t ♦❢ ♣♦✐♥ts s♦ t❤❛t ❝♦rr❡s♣♦♥❞❡♥❝❡s ❛r❡ ❦♥♦✇♥✳
❚❤✉s✱ ♦♥❡ ❝❛♥ ♠❡❛s✉r❡ t❤❡ ❞✐ss✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ ❧❛♥❞♠❛r❦s ❥✉st ❜② t❤❡ L2 ❞✐st❛♥❝❡✳
■❢ x = (x1, .., xp) ❛♥❞ y = (y1, .., yp) ❜❡❧♦♥❣ t♦ M = (Rn)p t❤❡♥ ✿

A(x, y) =

p∑

k=1

|xk − yk|2

✇❤❡r❡ |.| ✐s t❤❡ L2 ♥♦r♠ ✐♥ R
n✳ ❖♥❡ ❝❛♥ ❛❧s♦ ❡①t❡♥❞ t❤✐s L2 ❞✐st❛♥❝❡ ❜② ❝❤❛♥❣✐♥❣

t❤❡ ♠❡tr✐❝ t❤r♦✉❣❤ ❛ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛s ♣r♦♣♦s❡❞ ✐♥ ❬✺✵❪✳
❋♦r ✐♠❛❣❡s✱ t❤❡ s✐t✉❛t✐♦♥ ✐s q✉✐t❡ s✐♠✐❧❛r✳ ■❢ Ω ⊂ R

n ✐s t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ✐♠❛❣❡s
t❤❡♥ ❛ ♥❛t✉r❛❧ ♠❡tr✐❝ t♦ ❝♦♠♣❛r❡ t✇♦ ✐♠❛❣❡s I0 ❛♥❞ I1 ✐s t❤❡ L

2 ❞✐st❛♥❝❡ ♦♥ Ω✱ ✐✳❡ ✿

A(I0, I1) =

∫

Ω
(I0 − I1)2(x)dx

■t ❤❛s ❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ❛s ❛♥ ❛tt❛❝❤♠❡♥t t❡r♠ ✐♥ ♠♦st ♦❢ ▲❉❉▼▼✲❜❛s❡❞ r❡❣✐str❛t✐♦♥
❛♣♣❧✐❝❛t✐♦♥s t♦ ✐♠❛❣❡s✳
▼♦r❡ ❞✐✣❝✉❧t✐❡s ❛♣♣❡❛r ❤♦✇❡✈❡r ✐♥ t❤❡ ❝❛s❡ ♦❢ ✉♥❧❛❜❡❧❡❞ s❡ts ♦❢ ♣♦✐♥ts✳ ❚❤✐s ❝♦rr❡✲
s♣♦♥❞s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ s❤❛♣❡s ❛r❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣♦✐♥ts ✐♥ R

n ❛s ✐♥ ✜❣✉r❡ ✶✳✷ ❜✉t✱
✉♥❧✐❦❡ ❧❛♥❞♠❛r❦s✱ ♥♦ ❝♦rr❡s♣♦♥❞❡♥❝❡s ❛r❡ ❦♥♦✇♥✳ ◆♦r ❞♦ t❤❡ ❞✐str✐❜✉t✐♦♥s ♥❡❝❡ss❛r✲
✐❧② ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❡❧❡✈❛♥t ❛tt❛❝❤♠❡♥t ❢✉♥❝t✐♦♥❛❧s
✐♥ t❤❛t ❝❛s❡ ✐s t❤✉s ♥♦t ❛ tr✐✈✐❛❧ ♠❛tt❡r ❛♥❞ ❤❛s ❢♦st❡r❡❞ ❡✛♦rts ✐♥ s❡✈❡r❛❧ ❞✐r❡❝t✐♦♥s✳
■♥ t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠②✱ ✐t ❤❛s ❜❡❡♥ ❛❞❞r❡ss❡❞ ✐♥ ♣❛rt✐❝✉❧❛r ❜② ●❧❛✉♥ès
✐♥ ❬✹✷❪✱ ✇❤❡r❡ ❛✉t❤♦rs ♠♦❞❡❧ s✉❝❤ ♣♦✐♥t ❞✐str✐❜✉t✐♦♥s ❛s ❇♦r❡❧ ♠❡❛s✉r❡s ❛♥❞ ❞❡✜♥❡
❦❡r♥❡❧ ❍✐❧❜❡rt ♠❡tr✐❝s ♦♥ t❤❡s❡✳ ❚❤✐s ❝❛♥ ❜❡ ❛❝t✉❛❧❧② ✈✐❡✇❡❞ ❛s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢
❝✉rr❡♥ts t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ ♠♦r❡ ❞❡t❛✐❧s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❊✈❡♥ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ ✐s t❤❡ ❝❛s❡ ♦❢ ❝✉r✈❡s✱ s✉r❢❛❝❡s ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧② ♦❢ s✉❜✲
♠❛♥✐❢♦❧❞s✳ ■♥❞❡❡❞✱ t❤❡ ♣r❡✈✐♦✉s r❡q✉✐r❡♠❡♥t ♦❢ ♣❛r❛♠❡tr✐③❛t✐♦♥✲✐♥✈❛r✐❛♥❝❡ ♦♥ A
♠❛❦❡s ✐t ❛ ♣❛rt✐❝✉❧❛r❧② ❞❡❧✐❝❛t❡ ✐ss✉❡ ❛♥❞ ❤❛s ❧❡❛❞ t♦ ♠❛♥② ✐♥t❡r❡st✐♥❣ ❛♣♣r♦❛❝❤❡s
t❤❛t ✐t ✇♦✉❧❞ ❜❡ ❤❛r❞ t♦ ♣r❡s❡♥t ✐♥ ❛♥ ❡①❤❛✉st✐✈❡ ✇❛②✳ ❲❡ ❝♦✉❧❞ ♠❡♥t✐♦♥✱ ❛♠♦♥❣
♦t❤❡rs✱ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥✲✐♥✈❛r✐❛♥t q✉♦t✐❡♥t ❘✐❡♠❛♥♥✐❛♥ s❡tt✐♥❣ ♦♥ t❤❡ s♣❛❝❡ ♦❢
♣❧❛♥❡ ❝✉r✈❡s ✐♥tr♦❞✉❝❡❞ ❜② ▼✐❝❤♦r & ▼✉♠❢♦r❞ ✐♥ ❬✻✸❪✱ ❞✐ss✐♠✐❧❛r✐t✐❡s ❜❛s❡❞ ♦♥ t❤❡
❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ❛s ✐♥ ❬✷✸❪ ❢♦r ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ R2 ❛♥❞ R

3✱ ♦r ❛♣♣r♦①✐♠❛t✐♦♥s
♦❢ t❤❡ ●r♦♠♦✈✲❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ❬✻✶✱ ✶✽❪✳ ▼♦st ♦❢ t❤❡s❡ ❢r❛♠❡✇♦r❦s ❛r❡ ❤♦✇❡✈❡r
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s♣❡❝✐✜❝ t♦ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ ❞❛t❛ ♦r ❛r❡ ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡ t♦♣♦❧♦❣② ♦❢ s❤❛♣❡s ❢♦r
s♦♠❡ ♦❢ t❤❡♠✱ ✇❤✐❝❤ ❝❛♥ r❡♣r❡s❡♥t ❛♥ ♦❜st❛❝❧❡ ✐♥ ✉s✐♥❣ t❤❡♠ ❢♦r ❛tt❛❝❤♠❡♥t ♠❡tr✐❝s
♦♥ ❝❡rt❛✐♥ r❡❛❧ ❞❛t❛s❡ts t❤❛t ❛r❡ ❧✐❦❡❧② t♦ ♣r❡s❡♥t ♠❛♥② t♦♣♦❧♦❣✐❝❛❧ ✐rr❡❣✉❧❛r✐t✐❡s✳
■♥ ❝♦♥tr❛st✱ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❝✉rr❡♥ts ✐♥✐t✐❛t❡❞ ✐♥ ❬✹✸✱ ✷✽❪ ❛♥❞ ✐♥❤❡r✐t❡❞ ❢r♦♠ ❣❡♦♠❡t✲
r✐❝ ♠❡❛s✉r❡ t❤❡♦r②✱ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♣r♦✈✐❞✐♥❣ ❛ ❝♦♠♠♦♥ ❢r❛♠❡✇♦r❦ t♦ ❡♠❜❡❞
♣r❛❝t✐❝❛❧❧② ❛♥② ❝❛s❡ ♦❢ s✉❜♠❛♥✐❢♦❧❞s ✐♥ ❛ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡✱ ✇❤✐❝❤ ❡♥❛❜❧❡s t❤❡ ❞❡✜♥✐✲
t✐♦♥ ♦❢ ✐♥♥❡r ♣r♦❞✉❝ts ✈✐❛ t❤❡ ✉s❡ ♦❢ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧s✳ ■♥ t❡r♠s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✱
s✉❝❤ ♠❡tr✐❝s ♣r❡s❡♥t t❤❡ ❣r❡❛t ✐♥t❡r❡st t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❛tt❛❝❤♠❡♥t t❡r♠s ❛♥❞ t❤❡✐r
✈❛r✐❛t✐♦♥s ❛r❡ ❡❛s✐❧② ❝♦♠♣✉t❛❜❧❡ ❛♥❞ r♦❜✉st t♦ s♠❛❧❧ t♦♣♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡s ❛s ❞✐s❝♦♥✲
♥❡❝t✐♦♥s ♦r ❤♦❧❡s✳ ❲❡ r❡❝❛♣ t❤❡ ♠❛✐♥ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s r❡❧❛t❡❞ t♦ ❝✉rr❡♥ts
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳

✶✳✸✳✹ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❜② ❝✉rr❡♥ts

❈✉rr❡♥ts ✇❡r❡ ❤✐st♦r✐❝❛❧❧② ✐♥tr♦❞✉❝❡❞ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❞✐str✐❜✉t✐♦♥s ❜② ▲✳ ❙❝❤✇❛rt③
❛♥❞ t❤❡♥ ●✳ ❉❡ ❘❤❛♠ ✐♥ ❬✼✵❪✳ ❚❤❡ t❤❡♦r② ✇❛s ❧❛t❡r ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❝♦♥♥❡❝t❡❞ t♦ ❣❡✲
♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r② ✐♥ ❧❛r❣❡ ♣❛rt ❜② ❍✳ ❋❡❞❡r❡r ❬✸✼❪✳ ❆t ✜rst✱ t❤❡s❡ r❡s✉❧ts ❢♦✉♥❞
✐♥t❡r❡st✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ❛s ✇❡❧❧ ❛s ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳
❍♦✇❡✈❡r✱ t❤❡ ✉s❡ ♦❢ ❝✉rr❡♥ts ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ✐s ♠♦r❡ r❡❝❡♥t✱
✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞ ✐♥ ❬✹✶❪✳ ❲✐t❤♦✉t ♣r❡t❡♥❞✐♥❣ t♦ ♠❛❦❡ ❛ ❝♦♠♣❧❡t❡ ♦r s❡❧❢✲❝♦♥t❛✐♥❡❞
♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✈❛st t❤❡♦r② ♦❢ ❝✉rr❡♥ts✱ ✇❡ tr② t♦ ♦✉t❧✐♥❡✱ ✐♥ t❤✐s s❡❝t✐♦♥✱ t❤❡
♠✐♥✐♠✉♠ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ♥❡❡❞❡❞ ❢♦r t❤❡ r❡st ♦❢ t❤✐s t❤❡s✐s✳

❘❡❝t✐✜❛❜❧❡ s❡ts

❲❡ st❛rt ❜② t❤❡ ♥♦t✐♦♥ ♦❢ r❡❝t✐✜❛❜❧❡ s❡t✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✜① E = R
n t❤❡ ❡♠❜❡❞❞✐♥❣

s♣❛❝❡ ♦❢ s❤❛♣❡s✳ ❘❡❝t✐✜❛❜❧❡ s✉❜s❡ts ❝❛♥ ❜❡ t❤♦✉❣❤t ❛s t❤❡ ♣r♦♣❡r ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢
s✉❜♠❛♥✐❢♦❧❞s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r②✳ ❲❡ s❤❛❧❧ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧
♥♦t❛t✐♦♥ Hd ❢♦r t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ♦♥ E✳ ❲❡ r❡♠✐♥❞ t❤❛t Hd ✐s
❞❡✜♥❡❞ ❛s ❛♥ ♦✉t❡r ♠❡❛s✉r❡ ♦♥ E t❤❛t ❜❛s✐❝❛❧❧② ♠❡❛s✉r❡s t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ✈♦❧✉♠❡
♦❢ ❛ s✉❜s❡t ✐♥ E✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ Hn = λn✱ t❤❡ ✉s✉❛❧ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ■❢ X
✐s ❛ p✲❞✐♠❡♥s✐♦♥❛❧ s✉❜♠❛♥✐❢♦❧❞ ♦❢ E t❤❡♥ Hd(X) ✐s r✐❣♦r♦✉s❧② t❤❡ d✲✈♦❧✉♠❡ ♦❢ X ✐❢
p = d✱ ✈❛♥✐s❤❡s ✐❢ p < d ❛♥❞ ❡q✉❛❧s +∞ ✇❤❡♥❡✈❡r d < p✳
◆♦✇✱ ❧❡t d ❜❡ ❛♥ ✐♥t❡❣❡r ❜❡t✇❡❡♥ 0 ❛♥❞ n✳ ❲✐t❤ ❛ s❧✐❣❤t ❛❜✉s❡ ♦❢ ❞❡✜♥✐t✐♦♥s✱ ✇❡ ✇✐❧❧
❝❛❧❧ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ✇❤❛t ✐s ❛❝t✉❛❧❧② ❞❡✜♥❡❞ ❛s ❛ ❝♦✉♥t❛❜❧❡
Hd✲r❡❝t✐✜❛❜❧❡ s✉❜s❡t ✐♥ ❬✸✼❪ ✸✳✷✳✶✹✱ ✐✳❡ ✿

❉❡✜♥✐t✐♦♥ ✶✳✸✳✶✳ ❲❡ s❛② t❤❛t X ✐s ❛ d✲❞✐♠❡♥s✐♦♥❛❧ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ✐❢Hd(X) <
∞ ❛♥❞ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦✉♥t❛❜❧❡ ❢❛♠✐❧② (fi)i∈N ♦❢ ▲✐♣s❝❤✐t③ ♠❛♣s fi : R

d → E s✉❝❤
t❤❛t ✿

Hd
(
X\

⋃

i∈N

fi(R
d)

)
= 0 .

■♥ ♦t❤❡r t❡r♠s✱ ❛ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ✐s ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❝♦✈❡r❡❞ ❜② ❛ ❝♦✉♥t❛❜❧❡ ✉♥✐♦♥
♦❢ ✐♠❛❣❡s ♦❢ ▲✐♣s❝❤✐t③ ♠❛♣s ❢r♦♠ R

d t♦ E✳ ◆♦t❡ t❤❛t t❤✐s ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ s✉❜♠❛♥✐❢♦❧❞ ❛s ❛ ❣r❛♣❤✳ ❚❤❡ ❛♥❛❧♦❣② ❝❛♥ ❜❡ ♣✉s❤❡❞ ❢✉rt❤❡r
s✐♥❝❡✱ ❜② ❘❛❞❡♠❛❝❤❡r t❤❡♦r❡♠✱ ♦♥❡ ❦♥♦✇s t❤❛t ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ f : Rd → E ✐s
❞✐✛❡r❡♥t✐❛❜❧❡ λd ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ R

d ❛♥❞ t❤✉s ✭❝❢ ❬✻✼❪✮ ❛♥ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥
✐s ❣✐✈❡♥ ❜② ✿

Pr♦♣❡rt② ✶✳✸✳✶✳ ❆ s✉❜s❡t X ⊂ E ✐s d✲r❡❝t✐✜❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Hd(X) <∞ ❛♥❞ Hd✲
❛❧♠♦st ❛❧❧ ♦❢ X ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❝♦✉♥t❛❜❧❡ ✉♥✐♦♥ ♦❢ d✲❞✐♠❡♥s✐♦♥❛❧ C1 s✉❜♠❛♥✐❢♦❧❞s✳

✷✻



❆ s❡❝♦♥❞ ✈❡r② ✉s❡❢✉❧ str✉❝t✉r❛❧ ♣r♦♣❡rt② ✐s t❤❛t ❛ r❡❝t✐✜❛❜❧❡ s✉❜s❡t X✱ ❛s ❛ s✉❜✲
♠❛♥✐❢♦❧❞✱ ❤❛s Hd✲❛❧♠♦st ❡✈❡r②✇❤❡r❡ ♦♥ X ❛ d✲❞✐♠❡♥s✐♦♥❛❧ t❛♥❣❡♥t s✉❜s♣❛❝❡✳ ❲❡
r❡❢❡r t♦ ❬✸✼❪ ✸✳✷✳✶✻ ❛♥❞ ✸✳✷✳✶✾ ❢♦r t❤❡ ❛ss♦❝✐❛t❡❞ ❞❡✜♥✐t✐♦♥s ♦❢ ❛♣♣r♦①✐♠❛t❡ t❛♥❣❡♥t
❝♦♥❡s ❛♥❞ t❤❡ ♣r❡❝✐s❡ st❛t❡♠❡♥t ♦❢ t❤✐s r❡s✉❧t✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❛
r❡❝t✐✜❛❜❧❡ s✉❜s❡t X ✐s s✐♠♣❧② ❛ ❝❤♦✐❝❡ ♦❢ ❛♥ ♦r✐❡♥t❛t✐♦♥ ❢♦r ❡❛❝❤ ♦❢ t❤❡s❡ t❛♥❣❡♥t
s♣❛❝❡s✱ s✉❝❤ t❤❛t x 7→ TxX ✐s Hd✲♠❡❛s✉r❛❜❧❡ ♦♥ X✳ ❲❡ ✇✐❧❧ s❛② t❤❡♥ t❤❛t X ✐s
❛♥ ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡t✳ ◆♦t❡ t❤❛t✱ ✐♥ t❤✐s s❡tt✐♥❣✱ ✉♥♦r✐❡♥t❛❜❧❡ s✉❜♠❛♥✐❢♦❧❞s
❝❛♥ ❜❡ st✐❧❧ ❣✐✈❡♥ ❛♥ ♦r✐❡♥t❛t✐♦♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts ❜✉t✱ ❛s ✇❡ s❤❛❧❧
❡①❛♠✐♥❡ ♠♦r❡ ❝❛r❡❢✉❧❧② ✐♥ ❝❤❛♣t❡r ✸✱ s✉❝❤ ♦r✐❡♥t❛t✐♦♥s ✐♥❞✉❝❡ ❝❛♥❝❡❧❧❛t✐♦♥s ❡✛❡❝ts
✇❤❡♥ r❡♣r❡s❡♥t❡❞ ❛s ❝✉rr❡♥ts✳
❘❡❝t✐✜❛❜❧❡ s✉❜s❡ts ♦❜✈✐♦✉s❧② ✐♥❝❧✉❞❡ s✉❜♠❛♥✐❢♦❧❞s ❛♥❞ s✉❜♠❛♥✐❢♦❧❞s ✇✐t❤ ❜♦✉♥❞❛r②✳
❋r♦♠ t❤❡ str✉❝t✉r❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ♠❡❛s✉r❡✱ t❤❡s❡ ♦❜❥❡❝ts ❛❝t✉❛❧❧② ❜❡❤❛✈❡ ♠✉❝❤ ❧✐❦❡
s✉❜♠❛♥✐❢♦❧❞s✳ ❨❡t✱ t❤✐s ♥♦t✐♦♥ ❡♥❝♦♠♣❛ss❡s ❛ ♠✉❝❤ ✇✐❞❡r ✈❛r✐❡t② ♦❢ ✐♥t❡r❡st✐♥❣ ❝❛s❡s✳
❋♦r ✐♥st❛♥❝❡✱ ❛❧❧ ♣♦❧②❤❡❞r❛❧ ❝✉r✈❡s✱ s✉r❢❛❝❡s✱ ❡t❝✳✳✱ ✇❤✐❝❤ ❛r❡ t❤❡ ❛❝t✉❛❧ ♦❜❥❡❝ts ✐♥
❝♦♠♣✉t❛t✐♦♥❛❧ ❣❡♦♠❡tr②✱ ❛r❡ st✐❧❧ r❡❝t✐✜❛❜❧❡✳ ❉❡s♣✐t❡ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣❡rt✐❡s✱ ♥♦t❡
❤♦✇❡✈❡r t❤❛t r❡❝t✐✜❛❜❧❡ s✉❜s❡ts ♠❛② ❛❝t✉❛❧❧② ✬❧♦♦❦✬ ❡①tr❡♠❡❧② ✐rr❡❣✉❧❛r s✐♥❝❡ t❤❡
❝❛t❡❣♦r② ♦❢ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts ❛❧s♦ ❝♦♥t❛✐♥ ❝❡rt❛✐♥ ❢r❛❝t❛❧ s❤❛♣❡s ✇❤✐❝❤ ♠❛② ♥♦t ❜❡
❛ s✉❜♠❛♥✐❢♦❧❞ ❛t ❛♥② ♦❢ t❤❡✐r ♣♦✐♥ts ✭❝❢ t❤❡ ❡①❛♠♣❧❡ r❡❧❛t❡❞ t♦ ✜❣✉r❡ ✸✳✶✷✳✷ ✐♥ ❬✻✼❪✮✳

❈✉rr❡♥ts

❲❡ ♥♦✇ ❝♦♠❡ t♦ t❤❡ ❝♦♥❝❡♣t ♦❢ ❝✉rr❡♥ts str✐❝t❧② s♣❡❛❦✐♥❣✳ ❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱
❝✉rr❡♥ts ✇❡r❡ ♦r✐❣✐♥❛❧❧② ✐♥tr♦❞✉❝❡❞ ❛s ❡①t❡♥❞❡❞ ❞✐str✐❜✉t✐♦♥s t❤❛t ✇❡r❡ ♠❡❛♥t t♦
❝❛rr② ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❧♦❝❛❧ ❣❡♦♠❡tr②✳ ❲❡ ✇✐❧❧ ❛❞♦♣t t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s ❛♥❞
❞❡✜♥✐t✐♦♥s ♠♦r❡ ♦r ❧❡ss s✐♠✐❧❛r t♦ ❬✷✽❪ ✿
✲ ΛpE ✭0 ≤ p ≤ n✮ ✿ p✲t✐♠❡s ❡①t❡r✐♦r ♣♦✇❡r ♦❢ E✱ ✇❤✐❝❤ ✐s ❛ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥(
n
p

)
s♣❛♥♥❡❞ ❜② t❤❡ s❡t ♦❢ s✐♠♣❧❡ p✲✈❡❝t♦rs ξ1∧..∧ξp✳ ❲❡ r❡♠✐♥❞ t❤❛t✱ ❜② ❝♦♥str✉❝t✐♦♥✱

t❤❡ ✇❡❞❣❡ ♣r♦❞✉❝t ♦♣❡r❛t✐♦♥ ✐s ❜✐❧✐♥❡❛r ❛♥❞ ❛♥t✐s②♠♠❡tr✐❝✳ ◆♦t❡ ❛❧s♦ t❤❛t ❢♦r p = 1
♦r p = n− 1✱ ΛpE = E✳
✲ ΛpE ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝ ❣✐✈❡♥ ❢♦r t✇♦ s✐♠♣❧❡ p✲✈❡❝t♦rs ξ = ξ1∧..∧
ξp ❛♥❞ η = η1∧ ..∧ηp ❜② t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ●r❛♠ ♠❛tr✐① 〈ξ, η〉 = ❞❡t(〈ξi, ηj〉)i,j ✳
■♥ ♣❛rt✐❝✉❧❛r✱ |ξ| ❣✐✈❡s t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛❧❧❡❧♦t♦♣❡✳
✲ ΛpE∗ ✐s t❤❡ ❞✉❛❧ ✈❡❝t♦r s♣❛❝❡ ❛♥❞ ❝❛♥ ❜❡ ❛❧s♦ ✐❞❡♥t✐✜❡❞ ✭❬✷✽❪ ❛♣♣❡♥❞✐① ❆✮ t♦ t❤❡
s♣❛❝❡ ♦❢ ❛❧t❡r♥❛t❡❞ p✲❢♦r♠s ♦♥ E✳
✲ Ωp0(E)

.
= C0

0 (E,Λ
pE∗) ✿ t❤❡ s❡t ♦❢ ❝♦♥t✐♥✉♦✉s p✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ♦♥

E ✈❛♥✐s❤✐♥❣ ❛t ✐♥✜♥✐t②✳ ■❢ dx1, ..., dxn ✐s ❛ ❜❛s✐s ♦❢ E∗✱ ❛♥② ω ∈ Ωp0(E) ❝❛♥ ❜❡ ✇r✐tt❡♥
✉♥❞❡r t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ✿

∀x ∈ E, ωx =
∑

1≤i1<...<ip≤n

ai1,...,ip(x)dx
i1 ∧ ... ∧ dxip

✇❤❡r❡ ai1,...,ip ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✱ ✈❛♥✐s❤✐♥❣ ❛t ✐♥✜♥✐t②✳
✲ Ωp0(E) ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ✐♥✜♥✐t❡ ♥♦r♠

‖ω‖∞ = sup
x∈E

sup
|ξ|=1

ωx(ξ)

✇❤✐❝❤ ♠❛❦❡s ✐t ❛ ❇❛♥❛❝❤ s♣❛❝❡✳
✲ ❚❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ k✲t✐♠❡s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡
❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✳ ❲❡ ✇✐❧❧ ❝❛❧❧ d t❤❡ ❝❧❛ss✐❝❛❧ ❡①t❡r✐♦r ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦♣❡r❛t♦r ♦♥
❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ❛♥❞ ❞❡♥♦t❡ ❜② Ωp0,k(E) t❤❡ s♣❛❝❡ ♦❢ k✲t✐♠❡s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥✲
t✐❛❜❧❡ ω s✉❝❤ t❤❛t ω ❛♥❞ ✐ts ❞✐✛❡r❡♥t✐❛❧s ✉♣ t♦ ♦r❞❡r k ✈❛♥✐s❤ ❛t ✐♥✜♥✐t②✳

✷✼



❚❤✐s ❧❡❛❞s ♥♦✇ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ p✲❝✉rr❡♥ts ✿

❉❡✜♥✐t✐♦♥ ✶✳✸✳✷✳ ❚❤❡ s♣❛❝❡ ♦❢ p✲❝✉rr❡♥ts ♦♥ E ✐s t❤❡ s♣❛❝❡ Ωp0(E)′ ♦❢ ❛❧❧ ❝♦♥t✐♥✉♦✉s
❧✐♥❡❛r ❢♦r♠s ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✳

❲❡ ❞r❛✇ ❛tt❡♥t✐♦♥ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ❝✉rr❡♥ts ✇❡ ❛❞♦♣t ✐♥ ♦✉r ❢r❛♠❡✲
✇♦r❦ ✐s ❛❝t✉❛❧❧② ❛ ❧✐tt❧❡ ♠♦r❡ r❡str✐❝t✐✈❡ t❤❛♥ t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡ ♦❢ ❬✸✼✱ ✻✼❪✱ ✇❤❡r❡
❛✉t❤♦rs ❞❡✜♥❡ ❝✉rr❡♥ts ❛s ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✉❛❧ ♦❢ t❤❡ s♠❛❧❧❡r s♣❛❝❡ ♦❢ C∞ ❝♦♠♣❛❝t❧②✲
s✉♣♣♦rt❡❞ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✳ ❖♥❡ r❡❛s♦♥ ❢♦r t❤✐s s❧✐❣❤t ♥✉❛♥❝❡ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ✐s
❡ss❡♥t✐❛❧❧② t❤❛t ✐t ❞❡✜♥❡s ❝✉rr❡♥ts ❛s ❛ str✐❝t ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ✜♥✐t❡ s✐❣♥❡❞ ❇♦r❡❧
♠❡❛s✉r❡s✱ ❛❧r❡❛❞② ✐♥tr♦❞✉❝❡❞ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ❢♦r ✉♥❧❛❜❡❧❡❞ ♣♦✐♥t s❡ts
❬✹✶❪✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ p = 0✱ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥ ✐s ❡①❛❝t❧② t❤❡ ♦♥❡
♦❢ ✉s✉❛❧ ❞✐str✐❜✉t✐♦♥s ♦♥ E ✭❞✉❛❧ ♦❢ t❤❡ s♣❛❝❡ C0(E,R)✮✳ ❏✉st ❛s ❢♦r ❞✐str✐❜✉t✐♦♥s✱

s✐♠♣❧❡st ❡①❛♠♣❧❡s ♦❢ ❝✉rr❡♥ts ❛r❡ ❣✐✈❡♥ ❜② ❉✐r❛❝ ❝✉rr❡♥ts δξx ✇✐t❤ x ∈ E, ξ ∈ ΛpE
s✉❝❤ t❤❛t ❢♦r ❛♥② ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ ω ∈ Ωp0(E)✱ ✇❡ ❤❛✈❡ δξx(ω) = ωx(ξ)✳
◆♦✇✱ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ s❤❛♣❡s ❛♥❞ ❝✉rr❡♥ts ❧✐❡s ❢✉♥❞❛♠❡♥t❛❧❧② ✐♥ t❤❡ ❢❛❝t t❤❛t
❡✈❡r② ❞✲❞✐♠❡♥s✐♦♥❛❧ ♦r✐❡♥t❡❞ s✉❜♠❛♥✐❢♦❧❞ X ♦❢ E ♦❢ ✜♥✐t❡ ✈♦❧✉♠❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞
❜② ❛♥ ❡❧❡♠❡♥t ♦❢ Ωd0(E)′✳ ■t ✐s ✐♥❞❡❡❞ ❛ ❝❧❛ss✐❝❛❧ r❡s✉❧t ❢r♦♠ ✐♥t❡❣r❛t✐♦♥ t❤❡♦r② ✭❬✶✻❪✮
t❤❛t ❛♥② d✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ❛❧♦♥❣ X ❛♥❞ t❤✉s ✿

TX : ω 7→
∫

X
ω ✭✶✳✶✵✮

❞❡✜♥❡s ❛♥ ❡❧❡♠❡♥t ♦❢ Ωd0(E)′✳ ■❢✱ ❢♦r ✐♥st❛♥❝❡✱ X ✐s ❣✐✈❡♥ t❤r♦✉❣❤ ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥
❣✐✈❡♥ ❜② ❛ ❝❡rt❛✐♥ s♠♦♦t❤ ✐♠♠❡rs✐♦♥ γ : U → E ✇✐t❤ U ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Rd✱ t❤❡♥
✇❡ ❤❛✈❡ ❡①♣❧✐❝✐t❧② ✿

TX(ω) =

∫

U
ωγ(u)

(
∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)
du1...dud .

❖❜s❡r✈❡ t❤❛t ❛ s✐♠♣❧❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❢♦r♠✉❧❛ s❤♦✇s t❤❛t t❤✐s
❡①♣r❡ss✐♦♥ ✐s ✐♥❞❡❡❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❛♥② ♣♦s✐t✐✈❡ ♣❛r❛♠❡tr✐③❛t✐♦♥✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ X ❜② t❤❡ ❝✉rr❡♥t TX ✐s t❤✉s ❣❡♦♠❡tr✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡
s❤❛♣❡ ✐ts❡❧❢ ❛♥❞ ♥♦t ✐ts ♣❛r❛♠❡tr✐③❛t✐♦♥✳
❆s ♦♥❡ ❝❛♥ ✐♠❛❣✐♥❡✱ t❤❡ s♣❛❝❡ ♦❢ d✲❝✉rr❡♥ts ✐s ♠✉❝❤ ❧❛r❣❡r ❛♥❞ ❝♦♥t❛✐♥s ♠❛♥② ♦t❤❡r
✐♥t❡r❡st✐♥❣ ♦❜❥❡❝ts✱ ❛♠♦♥❣ t❤❡♠ ❛r❡ t❤❡ ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts ♦❢ E✱ ❢♦r ✇❤✐❝❤
♦♥❡ ❤❛s ❛ ❢♦r♠✉❧❛ s✐♠✐❧❛r t♦ ❡q✳✭✶✳✶✵✮✳ ■♥❞❡❡❞✱ ❛s ❡①♣❧❛✐♥❡❞ ♣r❡✈✐♦✉s❧②✱ ❢♦r ❛♥② d✲
❞✐♠❡♥s✐♦♥❛❧ ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡t X✱ t❤❡r❡ ❡①✐sts ❢♦r Hd✲❛❧♠♦st ❛❧❧ x ∈ X ❛♥
♦r✐❡♥t❡❞ t❛♥❣❡♥t s♣❛❝❡ ❛♥❞ t❤✉s ❛ ✉♥✐t d✲✈❡❝t♦r τ(x) = τ1(x) ∧ ... ∧ τd(x)✱ ✇❤❡r❡
τ1(x), ..., τd(x) ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡✳ ❚❤❡♥✱ s✐♠✐❧❛r❧② t♦ t❤❡
s✉❜♠❛♥✐❢♦❧❞ ❝❛s❡✱ t♦ X ❝♦rr❡s♣♦♥❞s t❤❡ d✲❝✉rr❡♥t ✿

TX(ω)
.
=

∫

X
ωx(τ(x))dHd(x) . ✭✶✳✶✶✮

❆❣❛✐♥✱ t❤✐s ❡①♣r❡ss✐♦♥ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♦r✐❡♥t❡❞ ♦rt❤♦♥♦r♠❛❧
❜❛s✐s τ1, ..., τd ❛t ❡❛❝❤ ♣♦✐♥t x ∈ X✳ ❆s ❡❛s✐❧② ❝❤❡❝❦❡❞✱ ✐❢ t✇♦ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts X
❛♥❞ Y ❛r❡ s✉❝❤ t❤❛t TX = TY ✱ t❤❡♥ X ❛♥❞ Y ❝♦✐♥❝✐❞❡ ✉♣ t♦ s❡t ♦❢ ③❡r♦ ❍❛✉s❞♦r✛
♠❡❛s✉r❡✳
❚❤❡ tr❛♥s♣♦rt ♦❢ ❝✉rr❡♥ts ❜② ❞✐✛❡♦♠♦r♣❤✐s♠s ♦❢ E ❝❛♥ ❜❡ ❡❛s✐❧② ❡①♣r❡ss❡❞ t❤r♦✉❣❤
t❤❡ ♣✉❧❧✲❜❛❝❦ ❛♥❞ ♣✉s❤✲❢♦r✇❛r❞ ♦♣❡r❛t✐♦♥s✳ ❚❤❡s❡ ❛r❡ ❞❡✜♥❡❞ ❢♦r ❛❧❧ T ∈ Ωd0(E)′ ❛♥❞
φ ∈ ❉✐✛(E) ❜② t❤❡ r❡❧❛t✐♦♥s ✿

(φ♯T ) (ω) = T
(
φ♯ω

)
✭✶✳✶✷✮

✷✽



✇❤❡r❡ φ♯ω ✐s t❤❡ ♣✉❧❧✲❜❛❝❦ ♦❢ ❛ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ ❜② φ ❞❡✜♥❡❞ ❢♦r ❛❧❧ x ∈ E ❛♥❞
ξ = ξ1 ∧ ... ∧ ξp ∈ ΛpE ✿

(
φ♯ω

)
x
(ξ) = ωφ(x)(dxφ(ξ1) ∧ ... ∧ dxφ(ξp)) ✭✶✳✶✸✮

dxφ ❜❡✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ✇❡ ✉s❡ ❢♦r t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ ❛t ♣♦✐♥t x✳
❚❤❡ r❡❛s♦♥ ♦❢ s✉❝❤ ❞❡✜♥✐t✐♦♥s ✐s t❤❛t ✐t ❣✐✈❡s ❛ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ tr❛♥s♣♦rt
♦❢ s❤❛♣❡s ❛♥❞ t❤❡ ♦♥❡ ♦❢ ❝✉rr❡♥ts ✿

Pr♦♣❡rt② ✶✳✸✳✷✳ ❋♦r ❛♥② r❡❝t✐✜❛❜❧❡ s✉❜s❡t X ♦❢ E ❛♥❞ ❞✐✛❡♦♠♦r♣❤✐s♠ φ ∈ ❉✐✛(E)✱
✇❡ ❤❛✈❡ ✿

φ♯TX = Tφ(X) .

❚❤✐s ✐s ♣r♦✈❡❞ ❜② ❬✸✼❪ ✹✳✶✳✸✵✳
❋✐♥❛❧❧②✱ t❤✐s ❢♦r♠❛❧✐s♠ ❛❞❛♣ts ✇✐t❤ ♥♦ ❝❤❛♥❣❡s t♦ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝r❡t❡ ❣❡♦♠❡tr②✳ ❆♥②
❞✐s❝r❡t❡ s❤❛♣❡ ❣✐✈❡♥ ❛s ❛ s❡t ♦❢ ♣♦✐♥ts ✇✐t❤ ❛ ♠❡s❤ ✭t❤✉s ❛ ♣♦❧②❤❡❞r♦♥✮ ❝❛♥ ❜❡ tr❛♥✲
s❝r✐❜❡❞ ✐♥t♦ ❛ ❝✉rr❡♥t ❜② ❛♣♣r♦①✐♠❛t✐♥❣ ❡❛❝❤ ❝❡❧❧ ♦❢ t❤❡ ♠❡s❤ ✇✐t❤ ♦♥❡ ❉✐r❛❝ ❝✉rr❡♥t
❧♦❝❛t❡❞ ❛t t❤❡ ❝❡♥t❡r ✇✐t❤ ❛ s✐♠♣❧❡ d✲✈❡❝t♦r ❡♥❝♦❞✐♥❣ t❤❡ ❧♦❝❛❧ ✈♦❧✉♠❡ ❡❧❡♠❡♥t✱ ❛s
❡①♣❧❛✐♥❡❞ ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧s ✐♥ ❬✷✽❪ ❝❤❛♣t❡r ✶✳ ■t r❡s✉❧ts t❤❛t ❞✐s❝r❡t❡ d✲❞✐♠❡♥s✐♦♥❛❧
s❤❛♣❡s ❝❛♥ ❜❡ ❛❧✇❛②s ❛♣♣r♦①✐♠❛t❡❞ ❜② ✜♥✐t❡ s✉♠s ♦❢ ❉✐r❛❝ ❝✉rr❡♥ts ♦❢ t❤❡ ❢♦r♠

TX ≈
m∑

i=1

δξixi .

❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ❝❛♥ ❜❡ ❜❛s✐❝❛❧❧② ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ ❞✐❛♠❡t❡r ♦❢
t❤❡ ♠❡s❤ ❝❡❧❧s ✭❝❢ ❬✷✽❪ ✶✳✸✳✷✮✳
❚❤✉s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❝✉rr❡♥ts ❛❧❧♦✇s ✉s t♦ ❡♠❜❡❞ ❛❧❧ r❡❝t✐✜❛❜❧❡ s❡ts ♦❢ ❣✐✈❡♥
❞✐♠❡♥s✐♦♥ ✐♥t♦ ♦♥❡ ❝♦♠♠♦♥ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ♦♥ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ♠♦r❡ ❡❛s✐❧② ❛
♠❡tr✐❝ str✉❝t✉r❡✳

▼❡tr✐❝s ♦♥ ❝✉rr❡♥ts

❆s t❤❡ ❞✉❛❧ ♦❢ t❤❡ s♣❛❝❡ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✱ t❤❡ s♣❛❝❡ ♦❢ ❝✉rr❡♥ts ♥❛t✉r❛❧❧② ✐♥❤❡r✐ts
✐ts ♦♣❡r❛t♦r ♥♦r♠✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ♠❛ss ♥♦r♠ ✐♥ ❬✸✼✱ ✻✼❪✳ ❋♦r ❛♥② ❝✉rr❡♥t
T ∈ Ωd0(E)′✱ ✐t ❡q✉❛❧s ✿

M(T )
.
= sup

‖ω‖∞≤1
|T (ω)| . ✭✶✳✶✹✮

❋r♦♠ ❡q✳✭✶✳✶✶✮ ❛♥❞ ✭✶✳✶✹✮✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t❤❛t✱ ❢♦r ❛♥② r❡❝t✐✜❛❜❧❡ s❡t X✱ ✇❡
❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r ✿

M(TX) = Hd(X)

❨❡t t❤❡ ♠❛ss ♥♦r♠ ❞♦❡s ♥♦t ✐♥❞✉❝❡ ❛ s❛t✐s❢②✐♥❣ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ s❤❛♣❡s ❛s ♥♦t✐❝❡❞
✐♥ ❬✷✽❪ ✶✳✺✳✶ ✿ ❢♦r ✐♥st❛♥❝❡✱ ✐❢ X ❛♥❞ Y ❛r❡ t✇♦ ❞✐st✐♥❝t s✉❜♠❛♥✐❢♦❧❞s ✐♥ E t❤❡♥ ♦♥❡
❡❛s✐❧② s❡❡s t❤❛t M(TX −TY ) = Hd(X) +Hd(Y ) ♥♦ ♠❛tt❡r ❤♦✇ ❝❧♦s❡ ✐♥ ❞✐st❛♥❝❡ t❤❡
♣♦✐♥ts ♦❢ X ♠✐❣❤t ❜❡ ❢r♦♠ t❤❡ ♦♥❡s ♦❢ Y ✳
❚❤✐s ❞r❛✇❜❛❝❦ r❡s✉❧ts ❡ss❡♥t✐❛❧❧② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ s❡t ♦❢ t❡st ❢✉♥❝t✐♦♥s ω ✐♥
❡q✳✭✶✳✶✹✮ ✐s t♦♦ ❜✐❣✳ ❋♦r t❤❛t r❡❛s♦♥✱ t❤❡ ❛❧t❡r♥❛t✐✈❡ ✢❛t ♥♦r♠ ✐s ♦❢t❡♥ ❝♦♥s✐❞❡r❡❞
✐♥ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r②✳ ■t ✐s ❞❡✜♥❡❞ ❜② ✿

F (T )
.
= sup

‖ω‖∞≤1
‖dω‖∞≤1

|T (ω)| ✭✶✳✶✺✮

✷✾



■t r❡str❛✐♥s t❤❡ t❡st ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s t♦ ❜❡ ✐♥ Ωd0,1(E) ❛♥❞ ❛❞❞s ❛ ❝♦♥tr♦❧ ♦♥ dω✳
■t ✐s ❛r❣✉❡❞ ✐♥ ❬✻✼❪ t❤❛t t❤❡ ✢❛t ♥♦r♠ ✐s ♠✉❝❤ ❜❡tt❡r ✜tt❡❞ t♦ s❤❛♣❡ ❝♦♠♣❛r✐s♦♥
❜❡❝❛✉s❡ t❤❡ ❞✐st❛♥❝❡ ✐s ❜❛s✐❝❛❧❧② ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ (d + 1)✲✈♦❧✉♠❡ ❞❡❧✐♠✐t❡❞ ❜② t❤❡
t✇♦ s❤❛♣❡s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ✢❛t ♥♦r♠ ❤❛s ♥♦ ❝❧♦s❡❞ ❢♦r♠ ✐♥ ❣❡♥❡r❛❧ ✇❤✐❝❤ ♠❛❦❡s
✐t ✈✐rt✉❛❧❧② ✐♠♣♦ss✐❜❧❡ t♦ ✉s❡ ✐♥ ❛♥② ♥✉♠❡r✐❝❛❧ ♣✉r♣♦s❡✳

❚♦ ♦✈❡r❝♦♠❡ t❤✐s ✐ss✉❡✱ t❤❡ ✐❞❡❛ ♦❢ ✐♥tr♦❞✉❝✐♥❣ ♦♥❝❡ ❛❣❛✐♥ ❘❡♣r♦❞✉❝✐♥❣ ❑❡r♥❡❧
❍✐❧❜❡rt ❙♣❛❝❡s ✇❛s ♣r♦♣♦s❡❞ ✐♥ ❬✹✶❪✳ ■♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ ❧✐♥❡❛r ❢♦r♠s ♦♥ Ωd0(E)✱
♦♥❡ ✐♥t❡♥❞s t♦ r❡str✐❝t t♦ ❛ ❍✐❧❜❡rt s♣❛❝❡ W ❡♠❜❡❞❞❡❞ ✐♥t♦ Ωd0(E)✳ ❆ ❝♦♥✈❡♥✐❡♥t
s❡tt✐♥❣ ❢♦r ❜✉✐❧❞✐♥❣ s✉❝❤ ❍✐❧❜❡rt s♣❛❝❡s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ✐s t❤❡ ♦♥❡ ♦❢ r❡♣r♦❞✉❝✐♥❣
❦❡r♥❡❧s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✷✳✹✳ ❲❡ s❤❛❧❧ ✉s❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ΛdE∗ ✇✐t❤ ΛdE
❜❛s❡❞ ♦♥ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❞❡✜♥❡❞ ♣r❡✈✐♦✉s❧② ♦♥ ΛdE t♦ ❝♦♥s✐❞❡r ✐♥❞✐✛❡r❡♥t❧② t❤♦s❡
t✇♦ s♣❛❝❡s✳ ❚❤❛t ❜❡✐♥❣ s❛✐❞✱ ✇✐t❤ t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ s❡❝t✐♦♥ ✶✳✷✳✹✱ ✇❡ ❛r❡ ❧❡❛❞ t♦
❝♦♥s✐❞❡r ✐♥ t❤✐s ❝❛s❡ ΛdE✲❦❡r♥❡❧s ♦♥ E ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ❡①❛❝t s❛♠❡ ♣r♦♣❡rt② ❛s ✐♥
♣r♦♣♦s✐t✐♦♥ ✶✳✷✳✷ ✿

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✳ ❆ss✉♠❡ t❤❛t K ✐s ❛ ΛdE✲♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ E s✉❝❤ t❤❛t K
✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ♦❢ ♦r❞❡r 2k ❛♥❞ s✉❝❤ t❤❛t ❛❧❧ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ K ✉♣
t♦ t❤❡ ♦r❞❡r k ❛r❡ ❜♦✉♥❞❡❞✳ ❆ss✉♠❡ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t ❢♦r ❛♥② x ∈ E✱ t❤❡ ❢✉♥❝t✐♦♥
K(x, .) ❛♥❞ ❛❧❧ ✐ts ❞❡r✐✈❛t✐✈❡s ✉♣ t♦ ♦r❞❡r k ✈❛♥✐s❤ ❛t ✐♥✜♥✐t②✳ ❚❤❡♥✱ W ✱ t❤❡ ❘❑❍❙
❛ss♦❝✐❛t❡❞ t♦ K✱ ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ Ωd0,k(E)✳

■❢ t❤❡ ♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❦❡r♥❡❧ ❛r❡ ❢✉❧✜❧❧❡❞ ❢♦r k = 0✱ W ✐s t❤❡♥ ❝♦♥t✐♥✲
✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ s♣❛❝❡ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s Ωd0(E)✳ ❲❡ t❤❡♥ ♦❜t❛✐♥ t❤❡
❞✉❛❧ ❍✐❧❜❡rt✐❛♥ str✉❝t✉r❡ ♦♥ W ′ t❤❛t ✐♥❞✉❝❡s ❛ ❞✐st❛♥❝❡ ♦♥ t❤❡ s♣❛❝❡ ♦❢ d✲❝✉rr❡♥ts
♣r♦✈✐❞❡❞ W ✐s ❞❡♥s❡ ✐♥ Ωd0(E)✳ ❖♥❡ ❝❛♥ ❛❧s♦ s❤♦✇ ❛ ❢❡✇ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥tr♦❧
♣r♦♣❡rt✐❡s ♦❢ s✉❝❤ ♠❡tr✐❝s✳ ■♥❞❡❡❞✱ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ W →֒ Ωd0(E) ❣✐✈❡s t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥st❛♥t cW > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ ω ∈W ✿

‖ω‖∞ ≤ cW ‖ω‖W

◆♦✇✱ ❢♦r ❛♥② T ∈W ′✱ s✐♥❝❡ ‖T‖W ′ = sup‖ω‖W=1 |T (ω)|✱ ✐t r❡s✉❧ts ❡❛s✐❧② t❤❛t ✿

∀T ∈W ′, ‖T‖W ′ ≤ cWM(T ) ✭✶✳✶✻✮

❛♥❞ ✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❝✉rr❡♥ts TX ✇❤❡r❡ X ✐s ❛ r❡❝t✐✜❛❜❧❡ s✉❜s❡t✱ ✇❡ s❡❡ t❤❛t ✿

‖TX‖W ′ ≤ cWHd(X) ✭✶✳✶✼✮

❆ s✐♠✐❧❛r ❝♦♥tr♦❧ ❝❛♥ ❜❡ ❛❧s♦ ♦❜t❛✐♥❡❞ ❜② t❤❡ ✢❛t ♥♦r♠ ✐❢ ♦♥❡ ♠❛❦❡s t❤❡ str♦♥❣❡r
❛ss✉♠♣t✐♦♥ t❤❛t K s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ♣r♦♣♦s✐t✐♦♥ ✶✳✸✳✶ ❢♦r k = 1✱ ✐♠♣❧②✐♥❣
t❤❛t W →֒ Ωd0,1(E)✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t c̃W s✉❝❤ t❤❛t ‖ω‖∞+ ‖dω‖∞ ≤
c̃W ‖ω‖W ❛♥❞ ❥✉st ❛s ❜❡❢♦r❡ ✿

∀T ∈W ′, ‖T‖W ′ ≤ c̃WF (T ) ✭✶✳✶✽✮

▲❛st ❜✉t ♥♦t ❧❡❛st✱ t❤❡ ❢❛❝t t❤❛t W ✐s ❛ ❘❑❍❙ ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ ❉✐r❛❝
❝✉rr❡♥ts δξx ❜❡❧♦♥❣ t♦ W ′ ❛♥❞ t❤❡ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧ ♣r♦♣❡rt② ❣✐✈❡s ✐♥ ❛❞❞✐t✐♦♥ t❤❛t
❢♦r ❛❧❧ x1, x2 ∈ E ❛♥❞ ξ1, ξ2 ∈ ΛdE ✿

〈δξ1x1 , δξ2x2〉W ′ = 〈K(x1, .)ξ1,K(x2, .)ξ2〉W
= 〈ξ1,K(x1, x2)ξ2〉 ✭✶✳✶✾✮
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❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐♥ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣ ✇❤❡r❡ s❤❛♣❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❛s ✜♥✐t❡ s✉♠s
♦❢ ❉✐r❛❝✱ ✇❡ s❡❡ t❤❛t t❤❡ ❘❑❍❙ ❞✐st❛♥❝❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❝❧♦s❡❞ ❢♦r♠ ❛s ❞♦✉❜❧❡
s✉♠s ♦❢ ❦❡r♥❡❧ ❡✈❛❧✉❛t✐♦♥s✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❛tt❛❝❤♠❡♥t t❡r♠s
❜❡t✇❡❡♥ ❛♥② s❤❛♣❡s X ❛♥❞ Y ❜② s❡tt✐♥❣

A(X,Y ) = ‖TX − TY ‖2W ′ .

■t ❝❛♥ ❜❡ ❜♦t❤ ❡❛s✐❧② ❝♦♠♣✉t❡❞ ❛♥❞ ❞✐✛❡r❡♥t✐❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣♦✐♥t ♣♦s✐t✐♦♥s
♦❢ t❤❡ s❤❛♣❡s ✭✇❡ r❡❢❡r t♦ ❬✹✶❪ ❢♦r t❤❡ ✇❤♦❧❡ ❡①t❡♥❞❡❞ ❞✐s❝r❡t❡ ❡①♣r❡ss✐♦♥s✮✳ ❚❤❡
♥✉♠❡r✐❝❛❧ ✐ss✉❡s ❜❡❤✐♥❞ s✉❝❤ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❛❞❞r❡ss❡❞ ✐♥ ❬✷✽❪ ❛♥❞ ✇✐❧❧ ❜❡ ❛❧s♦ ❞✐s✲
❝✉ss❡❞ ❧❛t❡r ♦♥ ✐♥ ❝❤❛♣t❡r ✷✳ ❲✐t❤ t❤❡s❡ ❛tt❛❝❤♠❡♥t t❡r♠s✱ t❤❡ r❡❣✐str❛t✐♦♥ ♣r♦❜❧❡♠
❜❡t✇❡❡♥ ❝✉r✈❡s✱ s✉r❢❛❝❡s ♦r s✉❜♠❛♥✐❢♦❧❞s ❝❛♥ ❜❡ t❤❡r❡❢♦r❡ tr❡❛t❡❞ ❜② t❤❡ ❣❡♦❞❡s✐❝
s❤♦♦t✐♥❣ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ✐♥ ✶✳✸✳✷✳

❈❛rt❛♥✬s ❢♦r♠✉❧❛ ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ♠❡tr✐❝s

❚♦ ❝♦♥❝❧✉❞❡ t❤✐s q✉✐❝❦ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❝✉rr❡♥ts✱ ❧❡t ✉s ♠❡♥t✐♦♥ t❤❡ ✐♠♣♦rt❛♥t r❡q✉✐r❡✲
♠❡♥t ♦❢ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ t❤❡ ♣r❡✈✐♦✉s ♠❡tr✐❝s ♦♥ s❤❛♣❡s t❤❛t ✇❛s ❡✈♦❦❡❞ ❛❜♦✈❡ ❛♥❞
✇✐❧❧ ❜❡ ❛ r❡❝✉rr❡♥t ✐ss✉❡ ✐♥ t❤✐s ✇♦r❦✳ ❇❡s✐❞❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡s❡ ❣r❛❞✐❡♥ts
❢♦r ❞✐s❝r❡t✐③❡❞ s❤❛♣❡s✱ t❤❛t ❞♦ ♥♦t ♣♦s❡ ❛♥② s♣❡❝✐❛❧ t❤❡♦r❡t✐❝❛❧ ✐ss✉❡✱ ✐t s❡❡♠s ❛❧s♦
✐♥t❡r❡st✐♥❣ t♦ ✉♥❞❡rst❛♥❞✱ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣✱ ❤♦✇ t❤❡s❡ ♠❡tr✐❝s ❜❡❤❛✈❡ ✇✐t❤
r❡s♣❡❝t t♦ ❞❡❢♦r♠❛t✐♦♥s ♦❢ s❤❛♣❡s✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝✉rr❡♥ts✱ t❤✐s ❝❛♥ ❜❡ ❛♥s✇❡r❡❞
❜❛s❡❞ ♦♥ ❈❛rt❛♥✬s ❢♦r♠✉❧❛ ❢♦r ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✳

❈❛rt❛♥✬s ❢♦r♠✉❧❛ ✐s ❛ ❝❧❛ss✐❝❛❧ r❡s✉❧t ❢r♦♠ ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② t❤❛t ❣✐✈❡s ❛♥ ❡①✲
♣r❡ss✐♦♥ ♦❢ t❤❡ ▲✐❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ✇✐t❤ r❡s♣❡❝t t♦ ✈❡❝t♦r ✜❡❧❞s✳ ❋♦r
❛ ❣✐✈❡♥ st❛t✐♦♥❛r②✱ s♠♦♦t❤ ❛♥❞ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ✈❡❝t♦r ✜❡❧❞ v ♦♥ E✱ ✇❡ ✐♥tr♦✲
❞✉❝❡✱ s✐♠✐❧❛r❧② t♦ s❡❝t✐♦♥ ✶✳✷✳✸✱ ✐ts ✢♦✇ ❛t t✐♠❡ t t❤❛t ✇❡ ✇✐❧❧ ❞❡♥♦t❡ φt✳ ◆♦✇✱ ✐❢
ω ∈ Ωd0,1(E) ✐s ❛ C1 d✲❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ ♦♥ E✱ t❤❡ ▲✐❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ω ✐♥ t❤❡ ❞✐r❡❝t✐♦♥
♦❢ v ✐s t❤❡ d✲❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ Lvω t❤❛t ♦♥❡ ❝❛♥ ❞❡✜♥❡ ❜② ✿

Lvω .
=

d

dt

∣∣∣∣
t=0

(φt)
♯ω . ✭✶✳✷✵✮

❈❛rt❛♥✬s ❢♦r♠✉❧❛ ❜❛s✐❝❛❧❧② ❝♦♥♥❡❝ts t❤✐s ♥♦t✐♦♥ ♦❢ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ t❤❡ ♠♦r❡ ✉s✉❛❧
❡①t❡r✐♦r ❞✐✛❡r❡♥t✐❛t✐♦♥ d✳ ❋♦r t❤✐s✱ ♦♥❡ ♥❡❡❞s t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦♣❡r❛t♦r
♦♥ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✳ ❋♦r ❛ ✈❡❝t♦r ✜❡❧❞ v ❛s ♣r❡✈✐♦✉s❧②✱ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦♣❡r❛t✐♦♥
ıv : Ω

d+1
0 (E)→ Ωd0(E) ✐s ♦❜t❛✐♥❡❞ ❜② ✿

∀ω ∈ Ωd+1
0 (E), (ıvω)x(ξ)

.
= ωx(v(x) ∧ ξ) ✭✶✳✷✶✮

❢♦r ❛♥② x ∈ E ❛♥❞ ξ ∈ ΛdE✳ ◆♦✇ t❤❡ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✷✳ ❋♦r ❛❧❧ ω ∈ Ωd0,1(E) ❛♥❞ s♠♦♦t❤ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ✈❡❝t♦r ✜❡❧❞
v ♦❢ E✱

Lvω = ıv(dω) + d(ıvω) .

❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❛♥ ❡❧❡♠❡♥t❛r② ✇❛② ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ ❞✐r❡❝t❧② (φt)
♯ω ✉s✲

✐♥❣ ❡q✳✭✶✳✶✸✮ ❛♥❞ r❡❛s♦♥ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ d ❛s ❞♦♥❡ ❢♦r ✐♥st❛♥❝❡ ✐♥
❬✼✶❪✳ ❖t❤❡r ♣r♦♦❢s ❜❛s❡❞ ♦♥ ♠♦r❡ ❛❜str❛❝t ❝♦♥str✉❝t✐♦♥s ❝❛♥ ❜❡ ❛❧s♦ ❢♦✉♥❞ ✐♥ ❬✺✷❪✳
❚❤✐s r❡s✉❧t ♦♥ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ❣✐✈❡s ❛♥ ✐♥t❡r❡st✐♥❣ ❝♦r♦❧❧❛r② ✐♥ t❡r♠s ♦❢ ❝✉rr❡♥ts
❛ss♦❝✐❛t❡❞ t♦ ♦r✐❡♥t❡❞ s✉❜♠❛♥✐❢♦❧❞s ✿
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❚❤❡♦r❡♠ ✶✳✸✳✷✳ ▲❡t X ❜❡ ❛ ❝♦♠♣❛❝t ♦r✐❡♥t❡❞ s✉❜♠❛♥✐❢♦❧❞ ✭♣♦ss✐❜❧② ✇✐t❤ ❜♦✉♥❞❛r②✮✱
v ❛ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ s♠♦♦t❤ ✈❡❝t♦r ✜❡❧❞ ❛♥❞ φt ✐ts ✢♦✇✳ ❚❤❡♥ ❢♦r ❛♥② C1 d✲
❞✐✛❡r❡♥t✐❛❧ ω ♦♥ E ✿

d

dt

∣∣∣∣
t=0

Tφt(X)(ω) =

∫

X
Lvω =

∫

X
ıv(dω) +

∫

∂X
ıvω .

Pr♦♦❢✳ ■t ✐s ❛❧♠♦st str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ❈❛rt❛♥✬s ❢♦r♠✉❧❛✳ ■♥❞❡❡❞✱ t❤❛♥❦s t♦ ♣r♦♣✲
❡rt② ✶✳✸✳✷✱ ✇❡ ❤❛✈❡ ✿

Tφt(X)(ω) =
(
φ♯tT

)
(ω) = TX((φt)

♯ω) =

∫

X
(φt)

♯ω .

❙✐♥❝❡ X ✐s ❝♦♠♣❛❝t✱ ♦♥❡ ❝❛♥ ❞✐✛❡r❡♥t✐❛t❡ ✐♥s✐❞❡ t❤❡ ✐♥t❡❣r❛❧ ❛♥❞ ❣❡t ✿

d

dt

∣∣∣∣
t=0

Tφt(X)(ω) =

∫

X
Lvω =

∫

X
ıv(dω) +

∫

X
d(ıvω) .

❋r♦♠ ❙t♦❦❡s✬ t❤❡♦r❡♠✱ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ s✉♠ ❡q✉❛❧s ✿

∫

X
d(ıvω) =

∫

∂X
ıvω

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤✐s r❡s✉❧t ❡①♣r❡ss❡s ❤♦✇ t❤❡ ❝✉rr❡♥t ❛ss♦❝✐❛t❡❞ t♦ ❛ s❤❛♣❡ X
✈❛r✐❡s ✇❤❡♥X ✐s ❞❡❢♦r♠❡❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✈❡❝t♦r ✜❡❧❞ v✳ ■t ❝❛♥ ❜❡ t❤✉s ✐♥t❡r♣r❡t❡❞
❛s t❤❡ ❣r❛❞✐❡♥t ♦❢ t❡r♠s TX(ω) ✇✐t❤ r❡s♣❡❝t t♦ X✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❣r❛❞✐❡♥ts ♦❢ t❤❡
♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ❘❑❍❙ ♠❡tr✐❝s ❛r❡ ❛❧s♦ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡♦r❡♠ ✶✳✸✳✷ ❀ ✐❢ t❤❡ ❦❡r♥❡❧
✐s s✉❝❤ t❤❛t W →֒ Ωd0,1(E)✱ s✐♥❝❡ ❢♦r ❛♥② ❝✉rr❡♥t T ∈ W ′✱ 〈TX , T 〉W ′ = TX(KWT )
✭✇❡ r❡♠✐♥❞ t❤❛t KW ✐s t❤❡ ♥❛t✉r❛❧ ✐s♦♠❡tr② ❜❡t✇❡❡♥ W ′ ❛♥❞ W ✮✱ ✇❡ ❤❛✈❡ t❤❡♥
〈TX , T 〉W ′ = TX(ω) ✇❤❡r❡ ω = KWT ∈ W ✐s ❛ C1 d✲❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ t❤❛♥❦s t♦ t❤❡
❡♠❜❡❞❞✐♥❣ ♦❢ W ✳ ❚❤✉s t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ❛♣♣❧✐❡s t♦ ❡①♣r❡ss ✈❛r✐❛t✐♦♥s ♦❢ ♥♦r♠s
❛♥❞ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❝✉rr❡♥ts✳

❚❤❡ ✐♥t❡r❡st ♦❢ s✉❝❤ ❢♦r♠✉❧❛s ✐s t❤❛t t❤❡② ❣✐✈❡ q✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s ❛❜♦✉t t❤❡ ❣r❛✲
❞✐❡♥ts ♦❢ t❤❡ ♠❡tr✐❝s ✇❡ ❛r❡ ✉s✐♥❣✱ ✇❤✐❝❤ ❞♦ ♥♦t ❛♣♣❡❛r ♦❜✈✐♦✉s ❛t ❛❧❧ ✇❤❡♥ ✇r✐t✐♥❣
t❤❡ ❞✐s❝r❡t❡ ❡①♣r❡ss✐♦♥s ♦❢ ❣r❛❞✐❡♥ts ✉s❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♣❛rt✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ✜rst
s❡❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❜♦✉♥❞❛r② t❡r♠ s✐❣♥✐❢②✐♥❣ ❛ ♣❛rt✐❝✉❧❛r ❜❡❤❛✈✐♦r ❢♦r ♣♦✐♥ts ♦♥
t❤❡ ❜♦✉♥❞❛r② ✇❤❡r❡❛s✱ ✐♥ t❤❡ ✐♥s✐❞❡ ♦❢ X✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ✜rst ✐♥t❡❣r❛❧ ✐♥ t❤❡
❢♦r♠✉❧❛ ❞❡♣❡♥❞s ✐♥ ❢❛❝t ♦♥❧② ✐♥ t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ v ♥♦r♠❛❧ t♦ X ❛t ❡❛❝❤ ♣♦✐♥t ♦❢ X✱
s❤♦✇✐♥❣ ✐♥❝✐❞❡♥t❛❧❧② t❤❛t t❤❡ ❣r❛❞✐❡♥t ✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ s❤❛♣❡ ❛t ❛❧❧ ♣♦✐♥ts ♦❢ X✱
❧❡t ❛❧♦♥❡ ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❲❡ r❡❢❡r t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✇❤❡r❡ t❤❡s❡ r❡♠❛r❦s
✇✐❧❧ ❜❡ tr❡❛t❡❞ ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧✳

■♥ s✉♠♠❛r②✱ ✇❡ ❜r✐❡✢② ✇❡♥t ♦✈❡r t❤❡ ❡ss❡♥t✐❛❧ ❛❞✈❛♥t❛❣❡s ♦❢ ❝✉rr❡♥ts ❛♥❞ ❘❑❍❙
♥♦r♠s ♦♥ ❝✉rr❡♥ts ✐♥ ❜✉✐❧❞✐♥❣ ❞❛t❛ ❛tt❛❝❤♠❡♥t ♠❡❛s✉r❡s ❢♦r ❞❛t❛s❡ts ❝♦♥s✐st✐♥❣ ♦❢
s✉❜♠❛♥✐❢♦❧❞s✳ ❊①❝❡♣t ❢♦r t❤❡ ♣r♦❜❧❡♠ ♦❢ ♥♦♥✲✐♥✈❛r✐❛♥❝❡ t♦ ♦r✐❡♥t❛t✐♦♥ ❝❤❛♥❣❡s t❤❛t
s❤❛❧❧ ❜❡ t❤❡ ♠❛✐♥ t♦♣✐❝ ♦❢ ❝❤❛♣t❡r ✸✱ t❤❡ r❡s✉❧t✐♥❣ ❞✐st❛♥❝❡s ❝♦♠♣❧② t♦ ♠♦st t❤❡ r❡✲
q✉✐r❡♠❡♥ts ✇❡ ♠❡♥t✐♦♥❡❞✳ ❙✉❝❤ ❛tt❛❝❤♠❡♥ts ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ✐♥ s❡✈❡r❛❧ r❡❣✐str❛t✐♦♥
❛❧❣♦r✐t❤♠s ❧✐❦❡ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ♦❢ ❣❡♦❞❡s✐❝ s❤♦♦t✐♥❣ ❛♥❞ ❤❛s ❜❡❡♥ ❛❧r❡❛❞② ❛♣♣❧✐❡❞
t♦ ❞❛t❛s❡ts ♦❢ ❝✉r✈❡s ❬✸✻✱ ✸✶❪✱ ✜❜❡r ❜✉♥❞❧❡s ❬✸✵❪ ❛♥❞ s✉r❢❛❝❡s ❬✹✸✱ ✸✺❪✳
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✶✳✹ Pr♦❜❧❡♠❛t✐❝s ❛♥❞ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ✇♦r❦

❍❛✈✐♥❣ ♦✉t❧✐♥❡❞ t❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ❛s ✇❡❧❧ ❛s s♦♠❡
♦❢ t❤❡ ❡①✐st✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s r❡❧❛t❡❞ t♦ t❤❡ t❤❡s✐s✱ ✇❡ ♥♦✇ ✐♥tr♦❞✉❝❡✱ ✐♥ t❤✐s
s❡❝t✐♦♥✱ t❤❡ ❡ss❡♥t✐❛❧ ✐ss✉❡s t❤❛t ❛r❡ ❛❞❞r❡ss❡❞ ❜② t❤✐s ✇♦r❦✳

✶✳✹✳✶ ❊①t❡♥s✐♦♥ t♦ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧ ❞❛t❛

❚❤❡ ❝❡♥tr❛❧ q✉❡st✐♦♥ st✉❞✐❡❞ ❤❡r❡ ✐s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧❧✐♥❣ ❛♥❞
s❡tt✐♥❣ ❢♦r s❤❛♣❡ ❛♥❛❧②s✐s t♦ t❤❡ ❝❛s❡ ♦❢ str✉❝t✉r❡s t❤❛t ♠✐① ❜♦t❤ ❣❡♦♠❡tr② ❛♥❞ s✐❣✲
♥❛❧✱ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♥❛♠❡❞ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✭♦r ❢s❤❛♣❡s ✐♥ s❤♦rt✮✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥
❝❤❛♣t❡r ✷✱ s✉❝❤ t②♣❡ ♦❢ ♦❜❥❡❝ts ❛r❡ ♦❢ ❣r♦✇✐♥❣ ❢r❡q✉❡♥❝② ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠②
❛♥❞ ♠♦r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥ ♠❡❞✐❝❛❧ ✐♠❛❣✐♥❣ s✐♥❝❡ t❤❡ ❛♣♣❛r✐t✐♦♥ ♦❢ ♥❡✇ ❞❛t❛ ❛❝q✉✐s✐✲
t✐♦♥ t❡❝❤♥♦❧♦❣✐❡s t❤❛t ❡①tr❛❝t t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❛♥❛t♦♠② ✇❤✐❧❡ ♠❡❛s✉r✐♥❣ ❛❞❞✐t✐♦♥❛❧
❢✉♥❝t✐♦♥❛❧ s✐❣♥❛❧ ❞❛t❛ ♦♥ t❤❡s❡ s❤❛♣❡s✱ ❛s ❢♦r ✐♥st❛♥❝❡ ❢▼❘■ ❞❛t❛s❡ts ❢♦r t❤❡ ❜r❛✐♥ ♦r
t❤✐❝❦♥❡ss ♠❛♣s ❢♦r ✈❛r✐♦✉s ♦r❣❛♥s✳ ❈♦♥tr❛r✐❧② t♦ ✉s✉❛❧ ✐♠❛❣❡s✱ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧
❞❛t❛s❡ts ❤❛✈❡ ✈❛r②✐♥❣ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ✈❛r✐❛❜✐❧✐t② ♦❢ t❤❡ s✐❣♥❛❧
✐ts❡❧❢✱ ✇❤✐❝❤ ✐s ❝❤❛❧❧❡♥❣✐♥❣ ❛t s❡✈❡r❛❧ ❧❡✈❡❧s ❢♦r ♦♥❡ t♦ ♣r♦♣♦s❡ ❛ ❝♦❤❡r❡♥t ❢r❛♠❡✇♦r❦
♦❢ ❛♥❛❧②s✐s ✐♥ t❤❡ s♣✐r✐t ♦❢ ▲❉❉▼▼✳

❋✉♥❝t✐♦♥❛❧ s❤❛♣❡s ❛♥❞ ♠❡t❛♠♦r♣❤♦s❡s

■♥ t❤✐s ✐♥tr♦❞✉❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ s✐♠♣❧❡st ❝❛s❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✱ ✇❤❡r❡ t❤❡
s✐❣♥❛❧s ❝❛rr✐❡❞ ❜② s❤❛♣❡s ❛r❡ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✳ ❚❤✐s ♥♦t✐♦♥ s❤❛❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞
✐♥ ✐ts ❢✉❧❧ ❣❡♥❡r❛❧✐t② ✐♥ ❝❤❛♣t❡r ✷✱ ♥♦t❛❜❧② t♦ ❡♥❝♦♠♣❛ss s✐t✉❛t✐♦♥s ✇❤❡r❡ s✐❣♥❛❧s
❛r❡ ✈❡❝t♦rs ♦r t❡♥s♦rs ❢♦r ✐♥st❛♥❝❡✳ ■♥ t❤✐s ❝❛s❡✱ ❛ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ❝❛♥ ❜❡ t❤♦✉❣❤t
♥❛✐✈❡❧② ❛s ❛ r❡❛❧ ❢✉♥❝t✐♦♥ ♦♥ ❛ s❤❛♣❡ X✳ ■❢ ✇❡ ❛❞♦♣t t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥✱ ✇❡ ❝♦✉❧❞ s❛② ♠♦r❡ ♣r❡❝✐s❡❧② t❤❛t ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ✐s ❛ ❝♦✉♣❧❡
(X, f) ✇❤❡r❡ X ✐s ❛ d✲❞✐♠❡♥s✐♦♥❛❧ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡ E ❛♥❞ f ✐s
❛ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ X✳ ❲❡ ❝❛♥ ❛ss✉♠❡ ❛❧s♦ t❤❡ ❢✉♥❝t✐♦♥ f t♦ ❜❡❧♦♥❣
t♦ t❤❡ s♣❛❝❡ L2(X) ✐✳❡ t❤❛t

∫

X
f2(x)dHd(x) < +∞ .

◆♦t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f ✐s ♥♦t ❛ss✉♠❡❞ t♦ ❜❡ ❞❡✜♥❡❞ ♦♥ E ❜✉t ♦♥❧② ♦♥ t❤❡ ❣❡♦✲
♠❡tr✐❝❛❧ s✉♣♣♦rt ❣✐✈❡♥ ❜② t❤❡ s❤❛♣❡ X✳ ❚❤✐s ✐s ❝♦♥tr❛st✐♥❣ ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ✐♠❛❣❡s
✇❤❡r❡ t❤❡ s✉♣♣♦rt ✐s ✜①❡❞ ♦♥❝❡ ❛♥❞ ❢♦r ❛❧❧✳ ❍❡r❡✱ ✇❡ s❡❡ t❤❛t t❤❡ s♣❛❝❡s ♦♥ ✇❤✐❝❤
t❤❡ ❢✉♥❝t✐♦♥s ❧✐✈❡ ❛r❡ ♥♦t ❝♦♠♣❛r❛❜❧❡ ❢r♦♠ ♦♥❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ t♦ ❛♥♦t❤❡r ✭❡①❝❡♣t
✐❢ t❤❡ s✉♣♣♦rts ❛r❡ ✐❞❡♥t✐❝❛❧✮✳
❉✐✛❡♦♠♦r♣❤✐s♠s ♦❢ E ❝❛♥ ❛❝t ♦♥ t❤❡s❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ❜② s✐♠♣❧❡ tr❛♥s♣♦rt ♦❢ t❤❡
❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt✳ ■❢ φ ∈ ❉✐✛(E)✱ φ.(X, f) ✐s t❤❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ♦❢ s✉♣♣♦rt φ(X)
❛♥❞ s✐❣♥❛❧ f ◦ φ−1✱ ✇❤✐❝❤ ✇❡ ✇r✐t❡ ✿

φ.(X, f) = (φ(X), f ◦ φ−1)

❚❤✐s ❣❡♥❡r❛❧✐③❡s t❤❡ tr❛♥s♣♦rt ♦❢ ✐♠❛❣❡s ❞❡s❝r✐❜❡❞ ✐♥ ❡①❛♠♣❧❡ ✶✳✷✳✷✳ ■♥ t❤❛t s✐t✉✲
❛t✐♦♥✱ t❤❡ ❘✐❡♠❛♥♥✐❛♥ s❡tt✐♥❣ ♦❢ ▲❉❉▼▼ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✷ ❛♣♣❧✐❡s ❛❧♠♦st
str❛✐❣❤t❢♦r✇❛r❞❧②✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ♠♦❞❡❧ ✐s ❧✐♠✐t❡❞ t♦ ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ ❝❤❛♥❣❡s
♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ❛♥❞ ❝❛♥♥♦t ❛❝❝♦✉♥t ❢♦r s♦♠❡ r❡s✐❞✉❛❧ s✐❣♥❛❧ ✈❛r✐❛t✐♦♥s t❤❛t
❛r❡ ♦❢t❡♥ ♥❡❝❡ss❛r② t♦ ❝♦♥s✐❞❡r ✐♥ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋♦r ❝❧❛ss✐❝❛❧ ✐♠❛❣❡s✱ s✉❝❤ ❣❡♥✲
❡r❛❧✐③❡❞ tr❛♥s❢♦r♠❛t✐♦♥s ❝♦♥s✐st✐♥❣ ♦❢ ❜♦t❤ ❛ ❞❡❢♦r♠❛t✐♦♥ ❛♥❞ r❡s✐❞✉❛❧ ❞✐s♣❧❛❝❡♠❡♥ts

✸✸



✇❛s ✐♥tr♦❞✉❝❡❞ t❤r♦✉❣❤ t❤❡ ❝♦♥❝❡♣t ♦❢ ♠❡t❛♠♦r♣❤♦s✐s ✐♥ ❬✼✽❪✳ ■t ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞
t♦ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✐♥ ❛ ♥❛t✉r❛❧ ✇❛②✳ ❋♦r ❛ ❢s❤❛♣❡ (X, f)✱ ✇❡ ❝♦♥s✐❞❡r ❞❡❢♦r♠❛t✐♦♥s
(φ, ζ) ✇❤❡r❡ φ ∈ ❉✐✛(E) ❛♥❞ ζ ∈ L2(X) t❤❛t ❛❝ts ♦♥ (X, f) ❜② t❤❡ ❢♦r♠✉❧❛ ✿

(φ, ζ).(X, f) = (φ(X), (f + ζ) ◦ φ−1) . ✭✶✳✷✷✮

❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐♠❛❣❡s✱ t❤✐s ❛❝t✐♦♥ ✐s ♥♦t tr❛♥s✐t✐✈❡ ♦♥ t❤❡ s❡t ♦❢ ❛❧❧ ❢✉♥❝t✐♦♥❛❧
s❤❛♣❡s ❛♥❞ ♦♥❡ ❤❛s t♦ r❡str✐❝t t♦ s♣❡❝✐✜❝ ♦r❜✐ts✳ ❲❡ ✐♥tr♦❞✉❝❡✱ ❛s ✐♥ ✶✳✷✳✸✱ ❛ ❣r♦✉♣
GV ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s ♦❢ E✱ V ❜❡✐♥❣ ❛ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ ✈❡❝t♦r ✜❡❧❞s ❝♦♥t✐♥✉♦✉s❧②
❡♠❜❡❞❞❡❞ ✐♥t♦ C1

0 (E,E)✳ ❋♦r ❛ ✜①❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡t X0 ♦❢ ❞✐♠❡♥s✐♦♥ d✱ ✇❡ ❝❛❧❧
X0

.
= GV .X0 t❤❡ ♦r❜✐t ♦❢ ❛❧❧ t❤❡ φ(X0) ❢♦r φ ∈ GV ❛♥❞ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡t

♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✿

F = {(X, f) | X ∈ X0, f ∈ L2(X)} .

❚❤❡♥ ✐t✬s str❛✐❣❤t❢♦r✇❛r❞ t❤❛t ❢♦r ❛❧❧ (X, f) ❛♥❞ (X ′, f ′) ✐♥ F ✱ t❤❡r❡ ❡①✐sts (φ, h) ∈
GV × L2(X) s✉❝❤ t❤❛t (X ′, f ′) = (φ, h).(X, f)✳
◆♦✇✱ ❛s ❢♦r ♠❡t❛♠♦r♣❤♦s❡s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡s❡ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s
❛s r❡s✉❧t✐♥❣ ❢r♦♠ ✐♥t❡❣r❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ✈❛r✐❛t✐♦♥s✳ ▲❡t (X, f) ❜❡ ❛ ❢✉♥❝t✐♦♥❛❧
s❤❛♣❡ ✐♥ F ✳ ❋♦r t❤❡ ❣❡♦♠❡tr✐❝ ♣❛rt✱ ❞✐✛❡♦♠♦r♣❤✐s♠s φ ❛r❡ ❛❣❛✐♥ ❣❡♥❡r❛t❡❞ ❛s t❤❡
✢♦✇ φvt ♦❢ ❛ t✐♠❡✲✈❛r②✐♥❣ ✈❡❝t♦r ✜❡❧❞ v ∈ L2

V ✇❤✐❧❡ t❤❡ r❡s✐❞✉❛❧ s✐❣♥❛❧s ❝❛♥ ❜❡

❝♦♥str✉❝t❡❞ ❛s ζht =
∫ t
0 hsds✱ hs ∈ L2(X) ❜❡✐♥❣ t❤❡ ✐♥st❛♥t❛♥❡♦✉s s♣❡❡❞ ❛t t✐♠❡ s✳

❲❡ ❡q✉✐♣ t❤❡s❡ ❞❡❢♦r♠❛t✐♦♥s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ♠❡❛s✉r❡ ✿

EX(v, h)
.
=
γV
2

∫ 1

0
|vt|2V dt+

γf
2

∫ 1

0

∫

φvt (X)
|ht ◦ (φvt )−1|2(x)dHd(x) ✭✶✳✷✸✮

✇❤❡r❡ γV ❛♥❞ γf ❛r❡ ❥✉st ♣♦♥❞❡r❛t✐♦♥ ♣❛r❛♠❡t❡rs ❜❡t✇❡❡♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❞❡❢♦r✲
♠❛t✐♦♥ ♣❛rt ❛♥❞ t❤❡ r❡s✐❞✉❛❧ ♦♥❡✳ ◆♦t❡ t❤❛t t❤❡ ✐♥s✐❞❡ t❡r♠ ✐♥ t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧
❝❛♥ ❜❡ ❛❧s♦ r❡✇r✐tt❡♥✱ t❤❛♥❦s t♦ t❤❡ ❛r❡❛ ❢♦r♠✉❧❛ ❬✸✼❪ ❝♦r♦❧❧❛r② ✸✳✷✳✷✵ ✭♦r s✐♠♣❧② ❛
❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ X ✐s ❛ s✉❜♠❛♥✐❢♦❧❞✮ ✿

∫

φvt (X)
|ht ◦ (φvt )−1|2(x)dHd(x) =

∫

X
|ht|2(x)|dxφvt .ξ(x)|dHd(x)dt

✇❤❡r❡ ξ(x) = ξ1(x) ∧ ... ∧ ξd(x) ✐s t❤❡ ✉♥✐t d✲✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ t❛♥❣❡♥t s♣❛❝❡
t♦ X ❛t x ❛♥❞ |dxφvt .ξ(x)| ✐s t❤❡ ♥♦r♠ ♦❢ t❤❡ d✲✈❡❝t♦r dxφ

v
t (ξ1)∧ ...∧ dxφvt (ξd)✳ ❚❤✉s

t❤❡ ❡♥❡r❣② ❡q✉❛❧s ❛❧s♦ ✿

EX(v, h) =
γV
2

∫ 1

0
|vt|2V dt+

γf
2

∫ 1

0

∫

X
|ht|2(x)|dxφvt .ξ(x)|dHd(x)dt . ✭✶✳✷✹✮

■t ✐s ❛❧s♦ ❛ ❝❧❛ss✐❝❛❧ ❝♦♥tr♦❧ r❡s✉❧t t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ C : R+ →
R+ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ x ∈ E✱ t ∈ [0, 1] ❛♥❞ ξ = ξ1 ∧ ... ∧ ξd ∈ ΛdE✱ ✇❡ ❤❛✈❡

|dxφvt (ξ1) ∧ ... ∧ dxφvt (ξd)| ≤ C
(∫ 1

0
‖vt‖1,∞dt

)
|ξ1 ∧ ... ∧ ξd| .

❲❡ r❡❢❡r t♦ ❬✽✻❪ ❢♦r ✐♥st❛♥❝❡ ♦r t♦ ✷✳✷✳✸ ✐♥ ❝❤❛♣t❡r ✷✳ ❙✐♥❝❡ ‖v‖1,∞ ≤ cV ‖v‖V ✱ ✇❡
❡✈❡♥t✉❛❧❧② ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ C s✉❝❤ t❤❛t ❢♦r ❛❧❧ (v, h)✱
✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ♦♥ t❤❡ ❡♥❡r❣② ✿

EX(v, h) ≤
γV
2

∫ 1

0
‖vt‖2V dt+

γf
2
.C

(∫ 1

0
‖vt‖2V dt

)∫ 1

0
‖ht‖2L2(X)dt . ✭✶✳✷✺✮

✸✹



❆ ❘✐❡♠❛♥♥✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r ❢s❤❛♣❡s ♠❡t❛♠♦r♣❤♦s❡s

❲❡ ❝❛♥ ♥♦✇ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s ✐❞❡❛ ♦❢ ❣❡♦❞❡s✐❝ ❞✐st❛♥❝❡s t♦ t❤✐s s✐t✉❛t✐♦♥ ♦❢ ❢s❤❛♣❡s✬
♠❡t❛♠♦r♣❤♦s❡s✳ ❲❡ r❡str✐❝t✱ ❛s ♣r❡✈✐♦✉s❧②✱ t♦ ❛ s❡t F ❢♦r ✇❤✐❝❤ X0 = G.X0 ❛♥❞ X0

✐s ❛❧s♦ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♠♣❛❝t✳ ■t ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ X ∈ X0✱ X ✐s ❝♦♠♣❛❝t✳ ❲❡
t❤❡♥ ❞❡✜♥❡✱ ❢♦r ❛❧❧ (X, f) ❛♥❞ (X ′, f ′) ✐♥ F ✿

dF ((X, f), (X
′, f ′))

.
= inf

(v,h)

{
EX(v, h)

1
2 | (φv1, ζh1 ).(X, f) = (X ′, f ′)

}
. ✭✶✳✷✻✮

❚❤❡♦r❡♠ ✶✳✹✳✶✳ ❚❤❡ ❢✉♥❝t✐♦♥ dF ❣✐✈❡♥ ❜② ❡q✳✭✶✳✷✻✮ ❞❡✜♥❡s ❛ ❞✐st❛♥❝❡ ♦♥ F ✐❡✳ ✐s
s②♠♠❡tr✐❝✱ s❛t✐s✜❡s t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ dF ((X, f), (X

′, f ′)) = 0 ✐❢ ❛♥❞ ♦♥❧②
✐❢ X = X ′ ❛♥❞ f = f ′ ∈ L2(X)✳

Pr♦♦❢✳ ❆ ✜rst ♣♦✐♥t t♦ ❜❡ ✈❡r✐✜❡❞ ✐s t❤❛t t❤❡ ❞✐st❛♥❝❡ dF ✐s ✜♥✐t❡ ❜❡t✇❡❡♥ ❛♥② ♣❛✐r
♦❢ ❢s❤❛♣❡s✳ ■♥❞❡❡❞✱ ❜② ❞❡✜♥✐t✐♦♥ t❤❡r❡ ❡①✐sts ❜❡t✇❡❡♥ ❛♥② X ❛♥❞ X ′ ∈ X0 ❛ ♣❛t❤
t → φvt .X ✇✐t❤ v ∈ L2([0, 1], V )✳ ◆♦✇✱ ✐❢ ht = (f ′ ◦ φv1 − f)✱ ✇❡ ❣❡t (v, h) ∈
L2([0, 1], V × L2(X)) ❛♥❞ f ′ = (f + ζv1 ) ◦ (φv1)−1 s♦ t❤❛t

dF ((X, f), (X
′, f ′)) ≤ EX(v, h)1/2 <∞ .

❚❤❡ s②♠♠❡tr② ❝♦♠❡s ❢r♦♠ ❛ ✉s✉❛❧ ♣r♦❝❡ss ♦❢ t✐♠❡ r❡✈❡rs❛❧✳
▲❡t (X, f), (X ′, f ′) ∈ F ❛♥❞ (v, h) ∈ L2([0, 1], V × L2(X)) s✉❝❤ t❤❛t

X ′ = φv1.X, f
′ = (f + ζh1 ) ◦ (φv1)−1 . ✭✶✳✷✼✮

■❢ ✇❡ ❞❡✜♥❡

ṽt
.
= −v1−t ❛♥❞ h̃t .= −h1−t ◦ (φv1)−1

❢♦r ❛♥② t ∈ [0, 1]✱ t❤❡♥ ❢♦r Xt
.
= φvt .X ✭s♦ t❤❛t X0 = X ❛♥❞ X1 = X ′✮ ✇❡ ❤❛✈❡

φvt .X0 = Xt = φṽ1−t.X1

❛♥❞ (ṽ, h̃) ∈ L2
V × L2(X ′) ✇✐t❤

EX(v, h) = EX′(ṽ, h̃) . ✭✶✳✷✽✮

❙✐♥❝❡ ♦♥❡ ❡❛s✐❧② ❝❤❡❝❦s t❤❛t ζ h̃1 = −ζh1 ◦ (φv1)−1 s♦ t❤❛t ✐❢ f ′ = (f + ζh1 ) ◦ (φv1)−1 ✇❡

❤❛✈❡ f = (f ′ + ζ h̃1 ) ◦ (φṽ1)−1 ✇✐t❤ X = φṽ1.X
′ ❚❤✐s ❣✐✈❡s ✐♠♠❡❞✐❛t❡❧② t❤❡ s②♠♠❡tr②✳

❆s ❢♦r t❤❡ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t②✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❛ ✉s✉❛❧ ♣r♦❝❡ss ♦❢ ♣❛t❤ ❝♦♥❝❛t❡♥❛t✐♦♥✳
▲❡t (X, f)✱ (X, f ′) ❛♥❞ (X ′′, f ′′) ❜❡ t❤r❡❡ ❢s❤❛♣❡s ✐♥ F s✉❝❤ t❤❛t dF ((X, f), (X

′, f ′)) >
0 ❛♥❞ dF ((X

′, f ′), (X ′′, f ′′)) > 0✳ ❖♥❡ ❡❛s✐❧② ❝❤❡❝❦s t❤❛t ❢♦r (v, h) ∈ L2([0, 1], V ×
L2(X)) ❛♥❞ (v′, h′) ∈ L2([0, 1], V × L2(X ′)) ✇✐t❤

(X ′, f ′) = (φv1.X, (f + ζh1 ) ◦ (φv1)−1) ❛♥❞ (X ′′, f ′′) = (φv
′

1 .X
′, (f ′ + ζh

′

1 ) ◦ (φv′1 )−1)

t❤❡♥ ❞❡♥♦t✐♥❣ ❢♦r α, β > 1 s✉❝❤ t❤❛t 1/α+ 1/β = 1 ❛♥❞ s ∈ [0, 1]

❈❛tα((v
′, h′), (v, h))s

.
= β(v′β(s−1/α), h

′
β(s−1/α) ◦ φ)1s≥1/α + α(vαs, hαs)10≤s<1/α

✭✶✳✷✾✮
✇✐t❤ φ = φv1✱ ✇❡ ❤❛✈❡ ❢♦r (ṽ, h̃)

.
= ❈❛tα((v

′, h′), (v, h)) t❤❛t (ṽ, h̃) ∈ L2([0, 1], V ×
L2(X)) ❛♥❞

(X ′′, f ′′) = (φṽ1.X, (f + ζ h̃1 ) ◦ (φṽ1)−1) ✭✶✳✸✵✮

✸✺



s♦ t❤❛t

dF ((X, f), (X
′′, f ′′)) ≤ EX(ṽ, h̃)1/2 . ✭✶✳✸✶✮

❍♦✇❡✈❡r✱ ❢♦r α∗ = (EX(v, h)
1/2 + EX′(v′, h′)1/2)/EX(v, h)

1/2✱ ✇❡ ❝❤❡❝❦ ❡❛s✐❧② t❤❛t

EX(ṽ, h̃)
1/2 = EX(v, h)

1/2 + E(v′, h′)1/2 ✭✶✳✸✷✮

❛♥❞ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧②✳

◆♦✇✱ ✐❢ dF ((X, f), (X
′, f ′)) = 0 t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ φn s✉❝❤ t❤❛t φn.X =

φn(X) = X ′ ❛♥❞ φn → ■❞ ♦♥ X✳ ■♥ ♣❛rt✐❝✉❧❛r✱ X ′ ✐s ❞❡♥s❡ ✐♥ X✳ ❆s X ′ ✐s ❝♦♠♣❛❝t✱
X ⊂ X ′✳ ❇② s②♠♠❡tr② ✇❡ ❣❡t X = X ′✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ζn ∈
L2(X) s✉❝❤ t❤❛t ζ → 0 ✐♥ L2(X) ❛♥❞ f ′ = (f + ζn) ◦ φ−1

n ✇✐t❤ φn(X) = X✳ ❲❡ ❣❡t

∫

X
(f ′ − f)2 ≤ 2

∫

X
(f ◦ φ−1

n − f)2 + 2

∫

X
(ζn ◦ φ−1

n )2 → 0

❛♥❞ t❤❡ r❡s✉❧t ✐s ♣r♦✈❡❞✳

❚❤❡ ❞✐st❛♥❝❡ dF ❡①t❡♥❞s t♦ ❢s❤❛♣❡s t❤❡ ♠❡t❛♠♦r♣❤♦s✐s ♠❡tr✐❝s ♦♥ ✐♠❛❣❡s ❡①❛♠✐♥❡❞
✐♥ ❬✼✽❪✳ ❆ ❢✉♥❞❛♠❡♥t❛❧ q✉❡st✐♦♥ ✐s t❤❡♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✐♥✐♠✐③✐♥❣ ❣❡♦❞❡s✐❝s ❜❡t✇❡❡♥
t✇♦ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✐♥ t❤❡ ♦r❜✐t F ✳ ❚❤✐s ✐s ❛♥s✇❡r❡❞ ❜② t❤❡ r❡s✉❧t ❜❡❧♦✇ ✿

❚❤❡♦r❡♠ ✶✳✹✳✷✳ ❋♦r ❛♥② (X, f)✱ ❛♥❞ (X ′, f ′) ✐♥ F ✱ t❤❡r❡ ❡①✐sts (v, h) ∈ L2([0, 1], V×
L2(X)) s✉❝❤ t❤❛t EX(v, h)

1/2 = dF ((X, f), (X
′, f ′))✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢

(Xt, ft)
.
= (φvt .X, (f +

∫ t

0
hsds) ◦ (φvt )−1) ✭✶✳✸✸✮

t❤❡ ♣❛t❤ t→ (Xt, ft) ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♠✐♥✐♠✐③✐♥❣ ❣❡♦❞❡s✐❝ ❜❡t✇❡❡♥ (X, f) ❛♥❞
(X ′, f ′)✳

Pr♦♦❢✳ ■t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t (v, h)→ EX(v, h) ✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ❢♦r t❤❡
✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s♣❛❝❡ L2([0, 1], V × L2(X))✳

■♥❞❡❡❞✱ ✐❢ t❤✐s ✐s t❤❡ ❝❛s❡✱ t❤❡♥ ❢r♦♠ ❛♥② ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ (vn, hn) s✉❝❤ t❤❛t
EX(vn, hn) → dF ((X, f), (X

′, f ′))2 ✇❡ ❞❡❞✉❝❡ t❤❛t vn ✐s ❜♦✉♥❞❡❞ ♦♥ L2([0, 1], V )
❛♥❞ ✿

∫ 1

0

∫

X
|hn,t(x)|2dHd(x)dt ≤

∫ 1

0
(sup
x∈X
|dxφvnt (ξ(x))|−1)

∫

X
(|hn,t(x)|2)|dxφvnt .ξ(x)|dHd(x)

◆♦✇✱ supx∈X |dxφvnt .ξ(x)|−1 = 1/ infx∈X |dxφvnt .ξ(x)| ❛♥❞✱ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ♠❡♥✲
t✐♦♥❡❞ ❡❛r❧✐❡r✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ C̃ : R+ → R

∗
+

✐♥❞❡♣❡♥❞❡♥t ♦❢ v s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ E✱

|dxφvt .ξ(x)| ≥ C̃
(∫ 1

0
‖vt‖2V dt

)
.

■t r❡s✉❧ts t❤❛t t❤❡r❡ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ C s✉❝❤ t❤❛t ✿

∫ 1

0

∫

X
|hn,t(x)|2dHd(x)dt ≤ C

(∫ 1

0
‖vn,t‖2V dt

)∫

X
(|hn,t(x)|2)|dxφvnt .ξ(x)|dHd(x)

≤ C
(∫ 1

0
‖vn,t‖2V dt

)
EX(vn, hn)

✸✻



❛♥❞ ✇❡ ❣❡t t❤❛t t❤❡ s❡q✉❡♥❝❡ (hn) ✐s ❜♦✉♥❞❡❞ ✐♥ L2([0, 1], L2(X))✳ ❍❡♥❝❡✱ ❜② ✇❡❛❦
❝♦♠♣❛❝t♥❡ss ♦❢ str♦♥❣ ❜❛❧❧s ✐♥ L2([0, 1], V × L2(X))✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t✱ ✉♣ t♦
t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛ s✉❜✲s❡q✉❡♥❝❡✱ (vn, hn) ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦✇❛r❞s (v∞, h∞) ∈
L2([0, 1], V × L2(X)) ❛♥❞ ❜② ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ EX ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

EX(v∞, h∞) ≤ dF ((X, f), (X ′, f ′))2 .

❲❡ ♦♥❧② ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❛t (X ′, f ′) = (φv∞1 (X), (f + ζh∞1 ) ◦ (φv∞1 )−1)✳ ❚❤✐s ❧❛st
r❡s✉❧ts ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❢❛❝t ✐❢ (vn, hn) ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ (v∞, h∞) t❤❡♥ φvn1 → φv∞1
✉♥✐❢♦r♠❧② ♦♥ ❛♥② ❝♦♠♣❛❝t s❡ts ✭✇❤✐❝❤ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧t ♣r♦✈❡❞ ✐♥ ❬✽✻❪ t❤❡♦r❡♠
✶✷✳✶✷ ❢♦r ✐♥st❛♥❝❡✮ ❛♥❞ (f + ζhn1 ) ◦ (φvn1 )−1 ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ (f + ζh∞1 ) ◦ (φv∞1 )−1✳

❲❡ ♥♦✇ ❝♦♠❡ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ EX ✳ ❈♦♥s✐❞❡r✐♥❣ ❛❣❛✐♥ ❛
s❡q✉❡♥❝❡ (vn, hn) t❤❛t ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦✇❛r❞ (v∞, h∞) ✐♥ L2([0, 1], V × L2(X))✱
✇❡ ✜rst ❦♥♦✇ ❢r♦♠ ❛ ❝❧❛ss✐❝❛❧ r❡s✉❧t ♦♥ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ t❤❛t

∫ 1
0 ‖v∞,t‖2V dt ≤

lim infn→∞

∫ 1
0 |vn,t|2V dt✳ ❇❡s✐❞❡s✱ ✇❡ ❤❛✈❡

∫ 1

0

∫

X
|h∞,t(x)|2|dxφv∞t .ξ(x)|dHd(x) = lim

n→∞

∫ 1

0
hn,t(x)h∞,t(x)|dxφv∞t .ξ(x)|dHd(x)

❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (hn)✳ ◆♦✇✱ s✐♥❝❡ dxφ
vn
t → dxφ

v∞
t ✉♥✐❢♦r♠❧②

♦♥ t ∈ [0, 1] ❛♥❞ x ∈ X✱ ✇❡ ❣❡t

∫ 1

0

∫

X
|h∞,t(x)|2|dxφv∞t .ξ(x)|dHd(x)

= lim
n→∞

∫ 1

0

∫

X
hn,t(x)h∞,t(x)(|dxφvnt .ξ(x)|)1/2|dxφv∞t .ξ(x)|1/2dHd(x)

≤ lim inf
n→∞

(∫ 1

0

∫

X
|hn,t(x)|2|dxφvnt .ξ(x)|dHd(x)

)1/2

.

(∫ 1

0

∫

X
|h∞,t(x)|2|dxφv∞t .ξ(x)|dHd(x)

)1/2

s♦ t❤❛t

∫ 1

0

∫

X
|h∞,t(x)|2|dxφv∞t .ξ(x)|dHd(x) ≤ lim inf

n→∞

∫ 1

0

∫

X
|hn,t(x)|2|dxφvnt .ξ(x)|dHd(x) .

✭✶✳✸✹✮

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ t✇♦ ❧❛st t❤❡♦r❡♠s s❤♦✇ t❤❛t ❝♦♠♣❛r✐s♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s
t❤r♦✉❣❤ ♠❡t❛♠♦r♣❤♦s❡s ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤✐♥ ❛ s✐♠✐❧❛r ❢r❛♠❡✇♦r❦ ❛s t❤❡ ♣r❡✈✐♦✉s ♦♥❡
❢♦r ✉s✉❛❧ s❤❛♣❡s ✿ ✐t ✐♥✈♦❧✈❡s ❣❡♦❞❡s✐❝ ❞✐st❛♥❝❡s ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧
❞❡❢♦r♠❛t✐♦♥s✳ ❖♥❡ ❝♦✉❧❞ ✐♥ ❛❞❞✐t✐♦♥✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣❛t❤ ❛s ✐♥ s❡❝t✐♦♥ ✶✳✷✳✺✱
✇r✐t❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❡q✉❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ ❣❡♦❞❡s✐❝ s❤♦♦t✐♥❣ ✐♥ t❤✐s s❡tt✐♥❣✳
❚❤✐s ❢r❛♠❡✇♦r❦ ❣❡♥❡r❛❧✐③❡s✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ s❤❛♣❡s ❛r❡ ♦♥❧②
❞❡❢♦r♠❡❞ ❣❡♦♠❡tr✐❝❛❧❧②✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥✜♥✐t❡ ♣❡♥❛❧t② γf → ∞
♦♥ t❤❡ r❡s✐❞✉❛❧ ♣❛rt ♦❢ t❤❡ ❡♥❡r❣② ✐♥ ❡q✳✭✶✳✷✹✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t✬s ❛❧s♦ ❛
❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❡t❛♠♦r♣❤♦s✐s ✐❞❡❛ ❢♦r ✐♠❛❣❡s✱ ❢♦r ✇❤✐❝❤ ❜❛s✐❝❛❧❧② ❛❧❧ s❤❛♣❡
s✉♣♣♦rts ❡q✉❛❧ ❛ ✜①❡❞ ❞♦♠❛✐♥ ♦❢ t❤❡ s♣❛❝❡✳

✸✼



❆ t❛♥❣❡♥t✐❛❧ ♠♦❞❡❧

■♥ t❤❡ ♣r❛❝t✐❝❛❧ ❝❛s❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ s❤❛❧❧ ❜❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛♥ ❡❛r❧✐❡r
♠♦❞❡❧ t❤❛t s✐♠♣❧✐✜❡s ❛ ❧✐tt❧❡ ❜✐t t❤❡ ♣r❡✈✐♦✉s ♠❡t❛♠♦r♣❤♦s✐s ❢r❛♠❡✇♦r❦ ♦♥ ❢✉♥❝t✐♦♥❛❧
s❤❛♣❡s✳ ■♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ r❡s✐❞✉❛❧ s✐❣♥❛❧s ♦♥X ♦❜t❛✐♥❡❞ ❜② ✐♥t❡❣r❛t✐♥❣ ✈❡❧♦❝✐t✐❡s
ζ̇t = ht ❛♥❞ ❝♦♠♣✉t❡ ❛♥ ❡♥❡r❣② ❛❧♦♥❣ t✐♠❡✲❞❡♣❡♥❞❡♥t s♣❛❝❡s L2(Xt)✱ ✇❡ ❝❛♥ ❢r❡❡③❡
t❤❡ ♠❡tr✐❝ t♦ ✐ts ✐♥✐t✐❛❧ s✉♣♣♦rt X✱ ♥❛♠❡❧② r❡♣❧❛❝❡ t❤❡ r❡s✐❞✉❛❧ ♣❛rt ♦❢ t❤❡ ❡♥❡r❣②
❜② ✿ ∫ 1

0

∫

X
|ζ̇t(x)|2dHd(x)dt .

❈♦♥tr❛r✐❧② t♦ ❡q✳✭✶✳✷✹✮✱ t❤✐s ❡♥❡r❣② ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ s✉♣♣♦rt
♦❢ t❤❡ s✐❣♥❛❧ ζt t❤r♦✉❣❤ t❤❡ ❧♦❝❛❧ ❝❤❛♥❣❡ ♦❢ ✈♦❧✉♠❡ |dxφvt .ξ(x)|✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ✐s
t❤❛t ❢♦r ❛ ✜①❡❞ ❡♥❞✲♣♦✐♥t ❝♦♥❞✐t✐♦♥ ζ = ζ1✱ t❤❡ ♦♣t✐♠❛❧ ♣❛t❤ ζt ❢♦r t❤✐s ❝♦st ✐s ❛❧✇❛②s
ζt = tζ ❛♥❞ ✐t r❡s✉❧ts t❤❛t t❤❡ ❡♥❡r❣② ❝❛♥ ❜❡ s✐♠♣❧② ✇r✐tt❡♥ ✐♥ t❤❛t ❝❛s❡ ✿

ẼX(v, ζ) =
γV
2

∫ 1

0
‖vt‖2V dt+

γf
2
‖ζ‖2L2(X) . ✭✶✳✸✺✮

❚❤❡♥✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r ✿

d̃F ((X, f), (X
′, f ′))

.
= inf

(v,ζ)∈L2
V ×L2(X)

{
ẼX(v, ζ)

1
2 | (φv1, ζ).(X, f) = (X ′, f ′)

}
.

✭✶✳✸✻✮
❯♥❧✐❦❡ t❤❡ ♣r❡✈✐♦✉s dF ❢✉♥❝t✐♦♥✱ d̃F ✐s ♥♦ ♠♦r❡ ❛ ❞✐st❛♥❝❡ ♦♥ F ✭✐t ❞♦❡s♥✬t s❛t✐s❢②
s②♠♠❡tr② ❛♥❞ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t②✮✳ ❨❡t ✐t st✐❧❧ ❣✐✈❡s ❛ ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❡①❛❝t
♠❛t❝❤✐♥❣ ♣r♦❜❧❡♠ ❜❡t✇❡❡♥ t✇♦ ❢s❤❛♣❡s (X, f) ❛♥❞ (X ′, f ′) ❜❡❧♦♥❣✐♥❣ t♦ ❛ ❝♦♠♠♦♥
♦r❜✐t F ✱ ✇❤✐❝❤ ❛♠♦✉♥ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ✿

inf
(v,ζ)∈L2

V ×L2(X)
{ẼX(v, ζ) | (X ′, f ′) = (φv1(X), (f + ζ) ◦ (φv1)−1)} . ✭✶✳✸✼✮

❚❤❡ ❣♦♦❞ ♣r♦♣❡rt② ✐s t❤❛t ✇❡ st✐❧❧ ❣❡t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ✿

❚❤❡♦r❡♠ ✶✳✹✳✸✳ ❋♦r ❛♥② (X, f) ❛♥❞ (X ′, f ′) ✐♥ F ✱ t❤❡r❡ ❡①✐sts (v∗, ζ∗) ✐♥ L2
V ×

L2(X) t❤❛t ♠✐♥✐♠✐③❡s ❡q✳✭✶✳✸✼✮✳

❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❞♦♥❡ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡♦r❡♠ ✶✳✹✳✷ ❛♥❞ ✐s ❡✈❡♥
s✐♠♣❧✐✜❡❞ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ζ ✐s ♥♦ ♠♦r❡ ✈❛r②✐♥❣ ✐♥ t✐♠❡✳ ❆s ✇❡
s❡❡✱ t❤❡ r❡s✐❞✉❛❧ s✐❣♥❛❧ ❢✉♥❝t✐♦♥ ζ ❝❛♥ ❜❡ ♥♦✇ s❡❛r❝❤❡❞ ❞✐r❡❝t❧② ❛s ❛ st❛t✐♦♥❛r② L2

❢✉♥❝t✐♦♥ ♦♥ X✳

❉❛t❛ ❛tt❛❝❤♠❡♥t ❢✉♥❝t✐♦♥❛❧s

❯♥t✐❧ ♥♦✇✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡①❛❝t ♠❛t❝❤✐♥❣ s✐t✉❛t✐♦♥ ❢♦r ✇❤✐❝❤ ❢✉♥❝✲
t✐♦♥❛❧ s❤❛♣❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ♦r❜✐t F ✳ ■♥ r❡❛❧✐st✐❝ ❝❛s❡s✱ ❛s ❛❧r❡❛❞②
♥♦t✐❝❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✸✱ ♦♥❡ ❤❛s t♦ ✐♥tr♦❞✉❝❡ ✐♥❡①❛❝t r❡❣✐str❛t✐♦♥ t♦ ❜❡ ❛❜❧❡ t♦ tr❡❛t
s❤❛♣❡s ❜❡❧♦♥❣✐♥❣ t♦ ❞✐✛❡r❡♥t ♦r❜✐ts✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ♣r❡✈✐♦✉s s✐♠♣❧✐✜❡❞ t❛♥❣❡♥✲
t✐❛❧ s❡tt✐♥❣✱ ✐♥❡①❛❝t r❡❣✐str❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✿

inf

{∫ 1

0
‖vt‖2V + γf‖ζ‖2L2(X) +A

(
(φv1, ζ).(X, f), (X

′, f ′)
)
| (v, ζ) ∈ L2

V × L2(X)

}

✭✶✳✸✽✮
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✇❤❡r❡ A ✐s ❤❡r❡ ❛ ❞❛t❛ ❛tt❛❝❤♠❡♥t ❢✉♥❝t✐♦♥ ♦♥ t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❚❤✐s
✐s t❤❡ ❣❡♥❡r❛❧ r❡❣✐str❛t✐♦♥ s❡tt✐♥❣ t❤❛t s❤❛❧❧ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❝❤❛♣t❡r ✷ ✭s❡❝t✐♦♥
✷✳✸✳✷✮✳ ❨❡t✱ t❤❡ r❡♠❛✐♥✐♥❣ ✐ss✉❡ ✐s ♥♦✇ t♦ ❞❡✜♥❡ ♣r♦♣❡r ❞✐ss✐♠✐❧❛r✐t② ♠❡❛s✉r❡s ✐♥ t❤❡
❝❛s❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❆t ✜rst ❣❧❛♥❝❡✱ t❤✐s ✐s ❝❧❡❛r❧② ♥♦t ❛♥ ❡❛s② ♣r♦❜❧❡♠✱ ✐♥ ❣r❡❛t
♣❛rt ❜❡❝❛✉s❡ t❤❡ r❡❣✐str❛t✐♦♥ ❢♦r♠✉❧❛t✐♦♥ t❤❛t ✇❡ ♣r♦♣♦s❡ ❤❡r❡ r❡q✉✐r❡s ❞✐ss✐♠✐❧❛r✐t②
♠❡❛s✉r❡s t❤❛t ♠✉st t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❣❡♦♠❡tr② ❛♥❞ s✐❣♥❛❧ s✐♠✉❧t❛♥❡♦✉s❧②✳ ■♥ s❡❝t✐♦♥
✶✳✸✱ ✇❡ ❛❞❞r❡ss❡❞ t❤❡ q✉❡st✐♦♥ ♦❢ ❞❛t❛ ❛tt❛❝❤♠❡♥t ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❣❡♦♠❡tr✐❝❛❧
♦❜❥❡❝ts ❧✐❦❡ s✉❜♠❛♥✐❢♦❧❞s ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ♦r ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐♠❛❣❡s ♦♥ t❤❡ ♦t❤❡r✱ ❜✉t
t❤❡ s✐t✉❛t✐♦♥ ♦❢ s✐❣♥❛❧s t❤❛t ❛r❡ s✉♣♣♦rt❡❞ ❜② ❞❡❢♦r♠❛❜❧❡ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt ❞♦
✐♥✈♦❧✈❡ s♣❡❝✐✜❝ ❝❤❛❧❧❡♥❣❡s t❤❛t✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❤❛✈❡ ❜❡❡♥ r❛r❡❧② tr❡❛t❡❞ ✐♥ t❤❛t
✜❡❧❞✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ s✉❜❥❡❝t t❤❛t ✇❡ ♣r♦♣♦s❡ t♦ ❢♦❝✉s ♦♥ ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦
❛♥❞ ❝❤❛♣t❡r ✷ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ q✉❡st✐♦♥ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ♠❡tr✐❝s ♦♥ t❤♦s❡
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✱ ❡♥❛❜❧✐♥❣ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ▲❉❉▼▼ r❡❣✐str❛t✐♦♥ ❛❧❣♦r✐t❤♠s t♦ t❤✐s
♥❡✇ ❝❧❛ss ♦❢ ❞❛t❛✳ ❚❤❡ ❢r❛♠❡✇♦r❦ t❤❛t ✇❡ ❞❡✈❡❧♦♣✱ ♥❛♠❡❞ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱
❢♦❧❧♦✇s t❤❡ ✐❞❡❛s ♦❢ ❞❛t❛ ❛tt❛❝❤♠❡♥t r❡s✉❧t✐♥❣ ❢r♦♠ ❝✉rr❡♥ts✬ ♥♦r♠s ❛♥❞ ❞❡✜♥❡s ✐ts
r✐❣❤t ❡①t❡♥s✐♦♥ t♦ ❡♠❜❡❞ ❢s❤❛♣❡s✳

✶✳✹✳✷ ❆ ♥♦♥✲♦r✐❡♥t❡❞ s❡tt✐♥❣ ❢♦r s❤❛♣❡ ❞✐ss✐♠✐❧❛r✐t②

❙t✐❧❧ ❛❜♦✉t ❞❛t❛ ❛tt❛❝❤♠❡♥t ♠❡tr✐❝s✱ ✇❡ ❛❧s♦ ❛❞❞r❡ss ❛ s❡❝♦♥❞ ✐ss✉❡ t❤❛t ❞❡❛❧s ✇✐t❤
t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ s❤❛♣❡s ✇❤❡♥ ❝♦♠♣❛r❡❞ t❤r♦✉❣❤ t❤❡ ❘❑❍❙ ♥♦r♠s ♦♥ ❝✉rr❡♥ts
♣r❡s❡♥t❡❞ ✐♥ ✶✳✸✳✹✳ ■♥ t❤❡ ✜rst ♣❧❛❝❡✱ t❤✐s ❝❛♥ ❜❡ t❤♦✉❣❤t ❛s ❛ ♣r♦❜❧❡♠ ✐♥❞❡♣❡♥❞❡♥t
t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ♦❢ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧ ❞❛t❛s❡ts✳ ❋♦❝✉s✐♥❣ ♦♥ ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧
s❤❛♣❡s✱ ✐t ❤❛s ❜❡❡♥ ✐♥❞❡❡❞ ❛ ❝♦♥s✐st❡♥t ❞r❛✇❜❛❝❦✱ ✐♥ s♦♠❡ s✐t✉❛t✐♦♥s✱ t❤❛t ❝✉rr❡♥ts
❜❛s✐❝❛❧❧② r❡♣r❡s❡♥t ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡t✳ ❚❤❡ ♦r✐❡♥t❛t✐♦♥ ✐s ❢✉♥❞❛♠❡♥t❛❧ ✐♥ t❤❛t
r❡❣❛r❞ s✐♥❝❡✱ ✐❢ X ✐s ❢♦r ✐♥st❛♥❝❡ ❛ ❝♦♥♥❡❝t❡❞ s✉❜♠❛♥✐❢♦❧❞ ✇✐t❤ ♦♥❡ ♦r✐❡♥t❛t✐♦♥ ❛♥❞
X̌ ✐s t❤❡ s❛♠❡ s✉❜♠❛♥✐❢♦❧❞ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥✱ t❤❡♥ ✐♥ t❤❡ s♣❛❝❡
♦❢ ❝✉rr❡♥ts✱ ✇❡ ❤❛✈❡ TX̌ = −TX ✳ ■♥ ❝❤❛♣t❡r ✸✱ ✇❡ s❤❛❧❧ ❞❡t❛✐❧ t❤❡ ♣r♦❜❧❡♠s t❤❛t
t❤✐s ♣♦s❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❝❡rt❛✐♥ t②♣❡s ♦❢ ❞❛t❛✳ ❆♥ ✐♠♣♦rt❛♥t
♦♥❡ ✐s t❤❛t ✐t ✐♠♣♦s❡s s♦♠❡ ❦✐♥❞ ♦❢ ❝♦♥s✐st❡♥t ♦r✐❡♥t❛t✐♦♥ ♦❢ s❤❛♣❡s ❜❡t✇❡❡♥ t❤❡✐r
❞✐✛❡r❡♥t ♣❛rts✱ t♦ ❛✈♦✐❞ ♥♦♥✲❝❛♥♦♥✐❝❛❧ ❝❛♥❝❡❧❧❛t✐♦♥ ❡✛❡❝ts ❞✉❡ t♦ ♠✐s♦r✐❡♥t❛t✐♦♥✳ ❨❡t✱
✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts✱ ✐t✬s q✉✐t❡ ♦❜✈✐♦✉s t❤❛t t❤❡ ✈❡r② ♥♦t✐♦♥ ♦❢
❝♦♥s✐st❡♥t ♦r✐❡♥t❛t✐♦♥ ✐s ♥♦t r❡❧❡✈❛♥t ❛t ❛❧❧✱ ♣❛rt✐❝✉❧❛r❧② ✐♥ s✐t✉❛t✐♦♥s ✇❤❡r❡ s❤❛♣❡s
❛r❡ ♠❛❞❡ ♦❢ ♠❛♥② ❞✐s❝♦♥♥❡❝t❡❞ ♣✐❡❝❡s t❤❛t ❝❛♥ t❡❝❤♥✐❝❛❧❧② ❝r♦ss ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❛t
♠❛♥② ❧♦❝❛t✐♦♥s✳

❋♦r t❤❡s❡ r❡❛s♦♥s✱ ❛ ♥♦♥✲♦r✐❡♥t❡❞ s❡tt✐♥❣ ❢♦r ❜✉✐❧❞✐♥❣ ❞✐ss✐♠✐❧❛r✐t② ♠❡❛s✉r❡s ❜❡t✇❡❡♥
s❤❛♣❡s✱ t❤❛t ✇♦✉❧❞ ♣r❡s❡r✈❡ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ❡ss❡♥t✐❛❧ ✐♥t❡r❡sts ♦❢ t❤❡ ❝✉rr❡♥ts✬
♠♦❞❡❧❧✐♥❣ ♦❢ s❡❝t✐♦♥ ✶✳✸✳✹✱ ✐s ✉♥❞♦✉❜t❡❞❧② ❛ ✈❛❧✉❛❜❧❡ t♦♦❧ t♦ ❛❞❞ ✐♥ t❤❡ ❛rs❡♥❛❧ ♦❢
▲❉❉▼▼ ♠❡t❤♦❞s✳ ■♥ t❤❡ ❝❤❛♣t❡r ✸ ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ❡①❛♠✐♥❡ s❡✈❡r❛❧ ❞✐r❡❝t✐♦♥s t❤❛t
✇❡r❡ ✉♥❞❡rt❛❦❡♥ ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ✜❡❧❞ ♦❢ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r② t♦ ❛❞❞r❡ss t❤✐s
✐ss✉❡ ♦❢ ♦r✐❡♥t❛t✐♦♥✳ ❲❡ t❤❡♥ ❢♦❝✉s ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r❧② ❡❧❡❣❛♥t ❝♦♥❝❡♣t ♦❢ ✈❛r✐❢♦❧❞s✱
✐♥tr♦❞✉❝❡❞ ❛❢t❡r ❋✳ ❆❧♠❣r❡♥ ✐♥ ❤✐s ♣✐♦♥❡❡r ✇♦r❦ ♦❢ ❬✽❪✳ ❚❤❡✐r ❞❡✜♥✐t✐♦♥ ❣❡♥❡r❛❧✐③❡s
t❤❡ ✐❞❡❛ ♦❢ ♠❡❛s✉r❡s ❜✉t ✐♥ ❛ ❞✐✛❡r❡♥t ✇❛② t❤❛♥ ❝✉rr❡♥ts ✿ d✲❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❢♦❧❞s
❛r❡ st✐❧❧ ✉s✉❛❧ ❇♦r❡❧ ✜♥✐t❡ ♠❡❛s✉r❡s ❜✉t ♦♥ t❤❡ ❛✉❣♠❡♥t❡❞ s♣❛❝❡ E ×Gd(E)✱ ✇❤❡r❡
Gd(E) ✐s t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞ ♦❢ d✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s ♦❢ E✳ ❚❤✐s ●r❛ss♠❛♥♥
♠❛♥✐❢♦❧❞ ✐s t❤✉s t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ♥♦♥✲♦r✐❡♥t❡❞ t❛♥❣❡♥t s♣❛❝❡s ♦❢ ❞✐♠❡♥s✐♦♥ d
✐♥ E✳ ❯♥❧✐❦❡ ❝✉rr❡♥ts✱ ❛♥② ✭♥♦♥✲♦r✐❡♥t❡❞✮ d✲❞✐♠❡♥s✐♦♥❛❧ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ❝❛♥
❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ✈❛r✐❢♦❧❞s✱ r♦✉❣❤❧② s♣❡❛❦✐♥❣ ❛s ❛ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✐♥
E ♦❢ ❡❧❡♠❡♥ts ✐♥ Gd(E) r❡♣r❡s❡♥t✐♥❣ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛t ❡❛❝❤ ♣♦✐♥t✳ ❚❤❡ ❡ss❡♥t✐❛❧
❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❝❤❛♣t❡r ✸ ✐s t♦ ❞❡✜♥❡ ♠❡tr✐❝s ✐♥ t❤❡ s♣❛❝❡ ♦❢ ✈❛r✐❢♦❧❞s t❤❛t ♣r♦✈✐❞❡s

✸✾



❞❛t❛ ❛tt❛❝❤♠❡♥t t❡r♠s ❜❡t✇❡❡♥ ♥♦♥✲♦r✐❡♥t❡❞ s❤❛♣❡s ❛♥❞ st✉❞② r❡❣✐str❛t✐♦♥ ❛❧❣♦r✐t❤♠
❜❛s❡❞ ♦♥ t❤✐s ♥❡✇ r❡♣r❡s❡♥t❛t✐♦♥✳ ❆s ❛ ❞✉❛❧ ♦❢ ❛ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s✱ ❍✐❧❜❡rt ♠❡tr✐❝s
❜❛s❡❞ ♦♥ ❦❡r♥❡❧s ❝❛♥ ❜❡ ✐♥❞❡❡❞ ❛❞❛♣t❡❞ ❢♦r ✈❛r✐❢♦❧❞s ❛♥❞ t❤❡✐r ♣r♦♣❡rt✐❡s s❤❛❧❧ ❜❡
t❤♦r♦✉❣❤❧② ❡①❛♠✐♥❡❞ ❛s ✇❡❧❧✳

✶✳✹✳✸ ❖r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ ❝❤❛♣t❡rs

❚❤✐s t❤❡s✐s ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ❢♦✉r ❝❤❛♣t❡rs✳ ❈❤❛♣t❡rs ✷ ❛♥❞ ✸ ❛r❡ ❛❞❞r❡ss✐♥❣ t❤❡ ♣r♦❜✲
❧❡♠s ♦❢ ❞✐ss✐♠✐❧❛r✐t② ♠❡❛s✉r❡s ❛♥❞ r❡❣✐str❛t✐♦♥ r❡s♣❡❝t✐✈❡❧② ❢♦r ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ❛♥❞
❢♦r ♥♦♥✲♦r✐❡♥t❡❞ s❤❛♣❡s✳ ❚❤❡s❡ ❛r❡ ✇✐❞❡❧② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ❝❛♥ ❜❡ r❡❛❞ s❡♣❛r❛t❡❧②
❢♦r t❤❡ ♠♦st ♣❛rt✳ ❇❛s❡❞ ✉♣♦♥ t❤❡ s❡tt✐♥❣ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ❛♥❞ ✈❛r✐❢♦❧❞s✱ t❤❡
❧❛st ❝❤❛♣t❡r ❜r♦❛❞❡♥s t❤❡ ❛♣♣r♦❛❝❤ t♦ ❣r♦✉♣✲st✉❞② ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❢r❛♠❡✇♦r❦ ❢♦r
st❛t✐st✐❝❛❧ ❛t❧❛s ❡st✐♠❛t✐♦♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ ♣♦♣✉❧❛t✐♦♥s ♦❢ s✉❜❥❡❝ts✳ ❚❤❡ ❝♦♥t❡♥ts ♦❢
❡❛❝❤ ❝❤❛♣t❡r ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s ✿

• ❈❤❛♣t❡r ✷ ✿ t❤✐s ❝❤❛♣t❡r ✐♥tr♦❞✉❝❡s t❤❡ ❝♦♥❝❡♣t ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✇✐t❤✐♥ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ❛♥❞ ❣✐✈❡s ❛ ✇✐❞❡r ❞❡✜♥✐t✐♦♥ t❤❛♥ t❤❡ ♦♥❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s
✐♥tr♦❞✉❝t✐♦♥✳ ■♥ ❞✐r❡❝t ❧✐♥❡ ♦❢ t❤❡ ❢s❤❛♣❡ ♠❡t❛♠♦r♣❤♦s✐s s❡tt✐♥❣ ♣r❡s❡♥t❡❞ ✐♥ ✶✳✹✳✶✱
t❤❡ ♠❛✐♥ ✐ss✉❡ t❤❛t r❡♠❛✐♥s ❢♦r ✐♥❡①❛❝t r❡❣✐str❛t✐♦♥ ✐s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❞❛t❛ ❛tt❛❝❤✲
♠❡♥t t❡r♠s✳ ❚❤❡ ❢r❛♠❡✇♦r❦ ✇❡ ♣r♦♣♦s❡ ✐♥ t❤✐s ❝❤❛♣t❡r ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❝✉rr❡♥ts✱
t❤❛t ✇❡ ❤❛✈❡ ❞❡s✐❣♥❛t❡❞ ❜② ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱ ✇❤✐❝❤ ❛✉❣♠❡♥ts t❤❡ s♣❛❝❡ ♦❢ ✉s✉❛❧
❝✉rr❡♥ts ✇✐t❤ ❛ ❝♦♠♣♦♥❡♥t ✐♥ t❤❡ s✐❣♥❛❧ s♣❛❝❡✳ ❚❤❡s❡ s♣❛❝❡s ❡♠❜❡❞ t❤❡ s❡t ♦❢ ♦r✐❡♥t❡❞
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❲❡ t❤❡♥ ❡①♣❧❛✐♥ ❤♦✇✱ s✐♠✐❧❛r❧② t♦ ❝✉rr❡♥ts✱ ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❍✐❧❜❡rt
str✉❝t✉r❡s ♦♥ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱ ❣✐✈❡♥ ❜② r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧s✳ ❚❤❡ ❞✐st❛♥❝❡s t❤❛t
❛r❡ ✐♥❞✉❝❡❞ ♦♥ ❢s❤❛♣❡s ❛❧❧♦✇ s✐♠✉❧t❛♥❡♦✉s ❝♦♠♣❛r✐s♦♥ ♦❢ s❤❛♣❡ ❛♥❞ s✐❣♥❛❧ ✇✐t❤♦✉t
❡✈❡r r❡q✉✐r✐♥❣ ♣♦✐♥t✲t♦✲♣♦✐♥t ❝♦rr❡s♣♦♥❞❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ♦❜❥❡❝ts✳ ❲❡ s❤♦✇ ✐♥
❛❞❞✐t✐♦♥ ❛ ❢❡✇ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♥tr♦❧ ❢♦r t❤❡s❡ ♠❡tr✐❝s ❛♥❞ ❣❡♥❡r❛❧✐③❡ ❈❛rt❛♥✬s ✈❛r✐✲
❛t✐♦♥ ❢♦r♠✉❧❛ t♦ ❢❝✉rr❡♥ts ✭t❤❡♦r❡♠ ✷✳✷✳✹✮✳ ❚❤❡ ❧❛st s❡❝t✐♦♥s ♦❢ ❝❤❛♣t❡r ✷ ❢♦❝✉s ♦♥
t❤❡ ❞✐s❝r❡t❡ ❝❛s❡ ❛♥❞ ❞❡t❛✐❧ ✐♥❡①❛❝t r❡❣✐str❛t✐♦♥ ❛❧❣♦r✐t❤♠s ♦♥ ❢s❤❛♣❡s ✇✐t❤ ❛ ❢❡✇
r❡s✉❧ts✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ✐ss✉❡s r❡❧❛t❡❞ t♦ ❦❡r♥❡❧ ❝♦♠♣✉t❛t✐♦♥s ❢♦r ❞✐✛❡♦♠♦r♣❤✐s♠s
❛♥❞ ❢❝✉rr❡♥ts✬ ❞✐st❛♥❝❡s ❛r❡ ❛❧s♦ ❞✐s❝✉ss❡❞✳

• ❈❤❛♣t❡r ✸ ✿ ❛❢t❡r ❡①♣♦s✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧ ♦r✐❡♥t❛t✐♦♥ ✐ss✉❡s ❝♦♠✐♥❣ ❛❧♦♥❣ ✇✐t❤
❝✉rr❡♥ts✱ ✇❡ t✉r♥ t♦ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❝♦♥❝❡♣t ♦❢ ✈❛r✐❢♦❧❞s ✐♥tr♦❞✉❝❡❞ ♦r✐❣✐♥❛❧❧② ✐♥ t❤❡
❝♦♥t❡①t ♦❢ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r②✳ ❲❡ ❡①♣❧❛✐♥ ❤♦✇ t❤❡ s♣❛❝❡ ♦❢ ✈❛r✐❢♦❧❞s ❝❛♥
❡♠❜❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts ♦❢ E ✇✐t❤♦✉t t❤❡ ♥❡❡❞ ♦❢ ❞❡✜♥✐♥❣ ❛♥ ♦r✐❡♥t❛t✐♦♥✳ ❚❤❡ r❡st
♦❢ t❤❡ ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❦❡r♥❡❧ ♥♦r♠s ♦♥ ✈❛r✐❢♦❧❞s ❛♥❞ st✉❞✐❡s
t❤❡ ♠❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ❝♦♠♣❛r❡❞ t♦ ❝✉rr❡♥ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ t❤❛t✱
✉♥❞❡r s✐♠♣❧❡ ❛ss✉♠♣t✐♦♥s✱ ♥♦r♠s ♦❢ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts ❛r❡ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② t❤❡
❛❝t✉❛❧ ✈♦❧✉♠❡ ♦❢ t❤❡ s❡t ✭t❤❡♦r❡♠ ✸✳✹✳✶ ❛♥❞ ❝♦r♦❧❧❛r② ✸✳✹✳✶✮✱ ✇❤✐❝❤ ♣r❡✈❡♥ts s❤❛♣❡
❝❛♥❝❡❧❧❛t✐♦♥ ♣❤❡♥♦♠❡♥❛ ♦❝❝✉rr✐♥❣ ✇✐t❤ ❝✉rr❡♥ts✳ ❲❡ ❛❧s♦ ❞❡r✐✈❡ ❛ ✈❛r✐❛t✐♦♥ ❢♦r♠✉❧❛
❢♦r ✈❛r✐❢♦❧❞ ♥♦r♠s ✭t❤❡♦r❡♠ ✸✳✹✳✷✮✳ ❚❤❡ ❡♥❞ ♦❢ ❝❤❛♣t❡r ✸ ❛❞❛♣ts t❤❡ ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥
r❡❣✐str❛t✐♦♥ ❛❧❣♦r✐t❤♠ t♦ t❤❡ ❝❛s❡ ♦❢ ♥♦♥✲♦r✐❡♥t❡❞ s❤❛♣❡s r❡♣r❡s❡♥t❡❞ ❛s ✈❛r✐❢♦❧❞s ❛♥❞
s❤♦✇✱ ♦♥ ❛ ❢❡✇ s✐♠♣❧❡ ❡①❛♠♣❧❡s✱ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥t❡r❡st ♦❢ t❤✐s ❢r❛♠❡✇♦r❦ ❝♦♠♣❛r❡❞
t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ♦❢ ❝✉rr❡♥ts✳ ■t ❝♦♥❝❧✉❞❡s ❜② ♠❡r❣✐♥❣ t❤✐s ❛♣♣r♦❛❝❤ ✇✐t❤ t❤❡
♦♥❡ ♦❢ ❝❤❛♣t❡r ✷ r❡s✉❧t✐♥❣ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞ s❡tt✐♥❣ t♦ tr❡❛t
♥♦♥✲♦r✐❡♥t❡❞ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳

• ❈❤❛♣t❡r ✹ ✿ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❡✈❡♥t✉❛❧❧② ❝♦♠❡ t♦ t❤❡ r❡❛❧ ❤❡❛rt ♦❢ t❤❡ ♣r♦❜❧❡♠✲
❛t✐❝ ♦❢ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦♥ ♣♦♣✉❧❛t✐♦♥s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♣r♦♣♦s❡ ❛ ❝♦❤❡r❡♥t ❛♥❞
r♦❜✉st ❢r❛♠❡✇♦r❦ t♦ ♠♦❞❡❧ st❛t✐st✐❝❛❧❧② t❤❡ ✈❛r✐❛❜✐❧✐t② ❛♠♦♥❣ ❛ ❣r♦✉♣ ♦❢ ❢✉♥❝t✐♦♥❛❧

✹✵



s❤❛♣❡s ❜♦t❤ ✐♥ t❤❡✐r ❣❡♦♠❡tr② ❛♥❞ s✐❣♥❛❧✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ r❡❧② ♦♥ t❤❡ t♦♦❧s
❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs ❛♥❞ st❛rt ❜② ❡①t❡♥❞✐♥❣ t❤❡ s✐♠♣❧❡r s✐t✉❛t✐♦♥ ♦❢
r❡❣✐str❛t✐♦♥ ♦❢ ♦♥❧② t✇♦ s✉❜❥❡❝ts t♦ ❣r♦✉♣✲❛♥❛❧②s✐s✳ ❚❤❡ ❢r❛♠❡✇♦r❦ t❤❛t ✐s ❞❡✈❡❧♦♣❡❞
❡st✐♠❛t❡s ✐♥ ❛ s✐♠✉❧t❛♥❡♦✉s ♠✐♥✐♠✐③❛t✐♦♥ ❛ t❡♠♣❧❛t❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ r❡♣r❡s❡♥t✐♥❣
s♦♠❡ ❦✐♥❞ ♦❢ ♣r♦t♦t②♣❡ ❢s❤❛♣❡ ❢♦r t❤❡ ❣r♦✉♣✱ t♦❣❡t❤❡r ✇✐t❤ ❞❡❢♦r♠❛t✐♦♥s ❛♥❞ r❡s✐❞✉❛❧
s✐❣♥❛❧s ❢♦r ❡❛❝❤ s✉❜❥❡❝t✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱ ✇❡ ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠ ♦❢ ❧❡❛r♥✐♥❣ ♣r✐♥❝✐✲
♣❛❧ ♠♦❞❡s ♦❢ ✈❛r✐❛t✐♦♥s ❢♦r t❤❡s❡ s❡ts ♦❢ ❞❡❢♦r♠❛t✐♦♥s ❛♥❞ r❡s✐❞✉❛❧s ❛♥❞ ♣❡r❢♦r♠✐♥❣
❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r ♠✉❧t✐✲❝❧❛ss ❞❛t❛s❡ts ❜❛s❡❞ ♦♥ t❤❡s❡✳ ❚❤❡r❡❜②✱ ✇❡ ❛❞❛♣t s♦♠❡ st❛✲
t✐st✐❝❛❧ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞s s✉❝❤ ❛s P❈❆ ❛♥❞ ▲❉❆ t♦ t❤✐s s✐t✉❛t✐♦♥✳ ❙♦♠❡ r❡s✉❧ts ♦❢
❛t❧❛s ❡st✐♠❛t✐♦♥ ♦♥ ❜♦t❤ ❣❡♦♠❡tr✐❝ ❛♥❞ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧ ❞❛t❛s❡ts ❢r♦♠ ❜✐♦❧♦❣②✱
❛s ✇❡❧❧ ❛s ❛ ❢❡✇ ❝❧❛ss✐✜❝❛t✐♦♥ r❡s✉❧ts✱ ❛r❡ ❛❧s♦ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳
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❈❤❛♣t❡r ✷

❆♥ ❡①t❡♥❞❡❞ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡

❛♥❛❧②s✐s ♦❢ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧

❞❛t❛

❈♦♥t❡♥ts

✷✳✶ ❋✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✷✳✶✳✶ ❙t❛t❡ ♦❢ t❤❡ ❛rt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✷✳✶✳✷ ❋✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✶✳✸ ❘❡♣r❡s❡♥t❛t✐♦♥ ❜② ❝✉rr❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✷ ❋✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✿ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ✳ ✳ ✳ ✺✶

✷✳✷✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✳ ✳ ✳ ✳ ✺✶

✷✳✷✳✷ ❘❡♣r♦❞✉❝✐♥❣ ❑❡r♥❡❧ ❍✐❧❜❡rt ❙♣❛❝❡ str✉❝t✉r❡s ♦♥ ❢✉♥❝t✐♦♥❛❧

❝✉rr❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✷✳✷✳✸ Pr♦♣❡rt✐❡s ♦❢ ❦❡r♥❡❧ ♥♦r♠s ♦♥ ❢❝✉rr❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✷✳✸ ❆❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✷✳✸✳✶ ❈♦♠♣r❡ss✐♦♥ ✇✐t❤ ▼❛t❝❤✐♥❣ P✉rs✉✐t ♦♥ ❢❝✉rr❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✷✳✸✳✷ ❘❡❣✐str❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✷✳✸✳✸ ◆✉♠❡r✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✷✳✹ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

❘❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ✇❡r❡ ♣❛rt✐❛❧❧② ♣✉❜❧✐s❤❡❞ ✐♥ ❬✷✶❪✳
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❋✐❣✉r❡ ✷✳✶✿ ❈♦rt✐❝❛❧ t❤✐❝❦♥❡ss ❡st✐♠❛t✐♦♥ ♦♥ s❡✈❡r❛❧ ❢✉❧❧ ❜r❛✐♥s ✭❧❡❢t ✜❣✉r❡✮ ❛♥❞ ♠♦r❡
s♣❡❝✐✜❝❛❧❧② ♦♥ ♦♥❡ ❤✐♣♣♦❝❛♠♣✉s ✭r✐❣❤t✮✳

✷✳✶ ❋✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ✿ s♦♠❡

♥❡✇ ❝❤❛❧❧❡♥❣❡s

✷✳✶✳✶ ❙t❛t❡ ♦❢ t❤❡ ❛rt

■♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ❢♦❝✉s ✇❛s ♠❛❞❡ ♦♥ t❤❡ ❛♥❛❧②s✐s ♦❢ s❤❛♣❡✱ ✇❤✐❝❤ ❤❛s ❝❛✉❣❤t
t❤❡ ♠❛❥♦r ♣❛rt ♦❢ t❤❡ ❡✛♦rts ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② s✐♥❝❡ ✐ts ❡❛r❧② st❛❣❡✳ ▼❡❛♥✲
✇❤✐❧❡✱ t❤❡ ✉♣❝♦♠✐♥❣ ♦❢ ♥❡✇ ❛❝q✉✐s✐t✐♦♥ ♣r♦❝❡ss❡s✱ ✐♥ ♠❡❞✐❝❛❧ ✐♠❛❣✐♥❣ ❛♠♦♥❣st ♦t❤❡r✱
❤❛s ❣❡♥❡r❛t❡❞ ♥❡✇ ❞❛t❛ str✉❝t✉r❡s t❤❛t ❝❛♥♥♦t ❜❡ ❞❡s❝r✐❜❡❞ ❛s ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧
♦❜❥❡❝ts ❜✉t ✐♥st❡❛❞ ❛s s❤❛♣❡s t❤❛t ❝❛rr② ✐♥ ❛❞❞✐t✐♦♥ s♦♠❡ ❢✉♥❝t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳
❙✉❝❤ ❢✉♥❝t✐♦♥s ♦r s✐❣♥❛❧s ❝❛♥ ❜❡ ❢♦r ✐♥st❛♥❝❡ ❛❝t✐✈❛t✐♦♥ ♠❛♣s ♦♥ t❤❡ ❝♦rt❡① ✐♥ ❢▼❘■
❛s ❛ r❡s♣♦♥s❡ t♦ s♣❡❝✐✜❝ st✐♠✉❧✐✳ ■t ❝❛♥ r❡♣r❡s❡♥t t❤✐❝❦♥❡ss ❡st✐♠❛t✐♦♥s ♦♥ t✐ss✉❡s✱
❛s ❝♦rt✐❝❛❧ t❤✐❝❦♥❡ss ✐♥ t❤❡ st✉❞② ♦❢ ❆❧③❤❡✐♠❡r✬s ❞✐s❡❛s❡ ✭✜❣✉r❡ ✷✳✶✮ ♦r t❤✐❝❦♥❡ss❡s ♦❢
r❡t✐♥❛ ❧❛②❡rs st✉❞✐❡❞ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❣❧❛✉❝♦♠❛ ✭❝❢ ❝❤❛♣t❡r ✹✮✳ ❙✐❣♥❛❧s ❝❛♥ ❜❡ ❛❧s♦
❞✐r❡❝t✐♦♥s ✐♥ t❤❡ s♣❛❝❡ ❛s ❢♦r ✐♥st❛♥❝❡ ✇✐t❤ ❝❡❧❧s✬ ❞✐r❡❝t✐♦♥ ♦❢ ❞✐✈✐s✐♦♥ ✐♥ ♣❛rt✐❝✉❧❛r
♠❡♠❜r❛♥❡s ❞✉r✐♥❣ ❣r♦✇t❤ ✭✜❣✉r❡ ✷✳✷✮✱ ♦r ❡✈❡♥ ❞✐✛✉s✐♦♥ t❡♥s♦rs ✐♥ ❜r❛✐♥s ❛♥❞ ❤❡❛rts
❛s ♣r♦✈✐❞❡❞ ❜② t❤❡ r❡❝❡♥t ❛❞✈❛♥❝❡s ✐♥ ❉❚■ ✐♠❛❣✐♥❣ ❬✶✸✱ ✺✹✱ ✽✺❪✳

❚❤❡ ❣r♦✇✐♥❣ ♦❝❝✉rr❡♥❝❡ ♦❢ s✉❝❤ t②♣❡ ♦❢ ❞❛t❛s❡ts ❤❛s ♥❛t✉r❛❧❧② ❛ttr❛❝t❡❞ ❛tt❡♥t✐♦♥
❛♠♦♥❣ r❡s❡❛r❝❤❡rs ❜♦t❤ ❢r♦♠ t❤❡ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ ❝♦♠♠✉♥✐t② ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧
❛♥❛t♦♠②✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋✉♥❝t✐♦♥❛❧ ❆♥❛t♦♠② ✭❈❋❆✮ ❛s
✜rst ❢♦r♠❛❧✐③❡❞ ✐♥ ❬✻✹❪✳ ■♥ t❤✐s ❛rt✐❝❧❡✱ t❤❡ ❛✉t❤♦rs ♠❡♥t✐♦♥ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝❤❛❧✲
❧❡♥❣❡s t❤❛t r❡♠❛✐♥ t♦ ❜❡ ❛❞❞r❡ss❡❞ ✐♥ ❈❋❆✱ ✇❤✐❝❤ ❛r❡ ❡ss❡♥t✐❛❧❧② t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥
♦❢ ✉s✉❛❧ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ s❝❤❡♠❡s ✭❛s s♠♦♦t❤✐♥❣✱ ✐♥t❡r♣♦❧❛t✐♦♥✳✳✳✮ t♦ s✐❣♥❛❧s t❤❛t
❛r❡ ♥♦ ♠♦r❡ s✉♣♣♦rt❡❞ ❜② ✢❛t ♦❜❥❡❝ts ❛s ✇✐t❤ ✉s✉❛❧ ✐♠❛❣❡s✱ ❛♥❞✱ ❛s ❛ s❡❝♦♥❞ ✐ss✉❡✱
t❤❡ ❝♦♠♣❛r✐s♦♥ ❛♥❞ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡s ❛❝r♦ss ✐♥❞✐✈✐❞✉❛❧s ✐♥ ❛
❣r♦✉♣✳ ❚❤❡ ❢❛❝t t❤❛t ❞✐✛❡r❡♥t s✉❜❥❡❝ts ❞♦ ♥♦t ❤❛✈❡ t❤❡ s❛♠❡ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt ✐s
❛ ❝❧❡❛r ♦❜st❛❝❧❡ ❛♥❞ ♠❛❦❡s t❤✐s ❧❛st ♣r♦❜❧❡♠ ♣❛rt✐❝✉❧❛r❧② ❝❤❛❧❧❡♥❣✐♥❣ s✐♥❝❡ ✇❡ ❞♦ ♥♦t
❤❛✈❡ ❛ ♣♦✐♥t t♦ ♣♦✐♥t ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s✉❜❥❡❝ts t♦ ❝♦♠♣❛r❡ t❤❡✐r s✐❣♥❛❧s✳
❋♦r t❤✐s r❡❛s♦♥✱ ❛ ✈❛st ♠❛❥♦r✐t② ♦❢ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ tr②✐♥❣ t♦ ❜✉✐❧❞ s✉❝❤ ❝♦rr❡✲
s♣♦♥❞❡♥❝❡ ♠❛♣s ❜❡t✇❡❡♥ ❛♥❛t♦♠✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ❛♥❞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥
✉s✐♥❣ ❞✐✛❡r❡♥t tr❛♥s♣♦rt ❛❝t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥❛t✉r❡ ♦❢ s✐❣♥❛❧s✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥
❬✻✹❪✳ ❖t❤❡r ♠❡t❤♦❞♦❧♦❣✐❡s ❤❛✈❡ ❜❡❡♥ ♥♦r♠❛❧✐③✐♥❣ ❣❡♦♠❡tr✐❡s ♦❢ ❛❧❧ s✉❜❥❡❝ts ❜② ♠❛♣✲
♣✐♥❣ ♦♥ ❛ ❝♦♠♠♦♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✭❡✳❣ ❛ s♣❤❡r❡ ❢♦r ❝♦rt❡① s✉r❢❛❝❡s✱ ❬✹✵✱ ✼✷❪✮ ❛♥❞
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❋✐❣✉r❡ ✷✳✷✿ ❆ s❡t ♦❢ ❝❡❧❧s✬ ❞✐✈✐s✐♦♥ ❞✐r❡❝t✐♦♥s ✐♥s✐❞❡ ❛ ♠♦✉s❡ ❡♠❜r②♦✬s ❤❡❛rt ✭❞❛t❛
❝♦✉rt❡s② ♦❢ ❙✳ ▼❡✐❧❤❛❝✬ t❡❛♠ ✐♥ ■♥st✐t✉t P❛st❡✉r✮✳

❋✐❣✉r❡ ✷✳✸✿ ❚❤❡ ❞✐✛❡r❡♥t st❡♣s ♦❢ ❙❆❱❖❘ ❛❧❣♦r✐t❤♠✳

t❤❡♥ ✜♥❞✐♥❣ ❝♦rr❡s♣♦♥❞❡♥❝❡s ❢r♦♠ s♣❤❡r❡ t♦ s♣❤❡r❡ ❜❛s❡❞ ♦♥ ❢✉♥❝t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥s
❛♥❞ ♦r✐❣✐♥❛❧ ❝✉r✈❛t✉r❡ ♦❢ s❤❛♣❡s✳ ❚❤✐s ✐s ❜❛s✐❝❛❧❧② t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❙❆❱❖❘ ❛❧❣♦r✐t❤♠
s✉♠♠❡❞ ✉♣ ✐♥ ✜❣✉r❡ ✷✳✸✳

■❢ ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ t❤❛♥❦s t♦ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ✇♦r❦s✱ ✇❡
❛r❣✉❡ t❤❛t ❡♥❢♦r❝✐♥❣ ❝♦♠♠♦♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠s ❢♦r t❤❡ ✇❤♦❧❡ ❞❛t❛❜❛s❡ ♠❛❦❡s t❤❡♠
s♣❡❝✐✜❝ t♦ ❛ ♣❛rt✐❝✉❧❛r t②♣❡ ♦❢ t♦♣♦❧♦❣② ❛♥❞ t❤✉s t❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s ♥♦r♠❛❧✐③❡❞ ❝♦♦r✲
❞✐♥❛t❡ s②st❡♠ s❤♦✉❧❞ ❜❡ t❛✐❧♦r❡❞ t♦ ❡❛❝❤ ❞❛t❛s❡t✳ ■t ❜❡❝♦♠❡s ❝♦♥s❡q✉❡♥t❧② ❛ ❞❡❧✐❝❛t❡
❛♥❞ ♥♦t ❝❛♥♦♥✐❝❛❧ st❡♣ ✐♥ t❤❡ ❛♣♣r♦❛❝❤✳ ▼♦r❡♦✈❡r✱ tr❡❛t✐♥❣ s✉r❢❛❝❡s ✇✐t❤ s♠❛❧❧ ❤♦❧❡s
♦r ✜❜❡r ❜✉♥❞❧❡ ❞❛t❛s❡ts ✭❛s st✉❞✐❡❞ ✐♥ ❉❚■ ✐♠❛❣✐♥❣✮ ✇♦✉❧❞ ❜❡❝♦♠❡ ❛ ❞r❛♠❛t✐❝❛❧❧②
❤❛r❞ ♣r♦❜❧❡♠ ❞✉❡ t♦ t❤❡ ♥♦♥✲❡q✉✐✈❛❧❡♥t t♦♣♦❧♦❣✐❡s ❛❝r♦ss s✉❜❥❡❝ts✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡
♠❛♣♣✐♥❣s ❢r♦♠ s✉❜❥❡❝t t♦ s✉❜❥❡❝t ♦❜t❛✐♥❡❞ ♦♥ t❤❡ ♥♦r♠❛❧✐③❡❞ s♣❤❡r❡ ♠♦❞❡❧ ♠❛②
❤❛✈❡ ♥♦ r❡❧❡✈❛♥t ♠❡❛♥✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❡♠❜❡❞❞✐♥❣ s♣❛❝❡ ♦❢ s❤❛♣❡s✱ ✇❤✐❝❤ ♠❛❦❡s
tr❛♥s❢♦r♠❛t✐♦♥s t❤❡♠s❡❧✈❡s ❞✐✣❝✉❧t t♦ ✉s❡ ✐♥ ❛♥② st❛t✐st✐❝❛❧ ♦r ❝❧❛ss✐✜❝❛t✐♦♥ ♣✉r♣♦s❡✳
❚❤❡ ❧❛st t❤✐♥❣ t❤❛t ✇❡ ❝❛♥ ♣♦✐♥t ♦✉t ✐s t❤❛t ❣❡♦♠❡tr② ❛♥❞ ❢✉♥❝t✐♦♥ ❛r❡ ♥❡❛r❧② ❡♥t✐r❡❧②
❞❡❝♦rr❡❧❛t❡❞ ❞✉r✐♥❣ s✉❝❤ ♣r♦❝❡ss❡s✳ ■♥ ❢❛❝t✱ t❤❡ q✉❡st✐♦♥ ♦❢ ♣r♦✈✐❞✐♥❣ ❛ s♦❧✐❞ ✇❛②
♦❢ ♠♦❞❡❧❧✐♥❣ ❣❡♦♠❡tr② ❛♥❞ s✐❣♥❛❧ t♦❣❡t❤❡r✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❤❛s ♥♦t ❜❡❡♥ r❡❛❧❧②
❛❞❞r❡ss❡❞ ②❡t✳
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❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ♣r❡❝✐s❡❧② t♦ ♣r♦✈✐❞❡ r♦❜✉st ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉✲
♠❡r✐❝❛❧ ❢r❛♠❡✇♦r❦s ❢♦r r❡♣r❡s❡♥t✐♥❣ ❛♥❞ ❝♦♠♣❛r✐♥❣ ✬❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✬✱ t❤❡ ❝♦r❡
✐❞❡❛ ❜❡✐♥❣ t♦ ❛✈♦✐❞ ❛♥② ♣r❡❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣♦✐♥t t♦ ♣♦✐♥t ❝♦rr❡s♣♦♥❞❡♥❝❡s ❜❡t✇❡❡♥
s✉♣♣♦rts✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ❝❤❛♣t❡r✱ ❝✉rr❡♥ts✬ ❦❡r♥❡❧ ♠❡tr✐❝s ❣✐✈❡ ❞✐s✲
t❛♥❝❡s ❜❡t✇❡❡♥ ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ s❤❛♣❡s t❤❛t ❞♦ ♥♦t r❡q✉✐r❡ s✉❝❤ ❝♦rr❡s♣♦♥❞❡♥❝❡s
❛♥❞ t❤❡② t❤✉s ❝♦♥st✐t✉t❡ ✐♥t❡r❡st✐♥❣ ❝❛♥❞✐❞❛t❡s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s✱ ✇❡
❣✐✈❡ ❛ ♣r❡❝✐s❡ s❡♥s❡ t♦ t❤❡ ✐❞❡❛ ♦❢ ✬❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✬✳ ❲❡ ✇✐❧❧ t❤❡♥ ❡①❛♠✐♥❡ t✇♦
str❛✐❣❤t❢♦r✇❛r❞ ♣♦ss✐❜❧❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ ❝✉rr❡♥ts t♦ ✐♥❝♦r♣♦r❛t❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s
❛♥❞ s❤♦✇ ✇❤② t❤❡② ❛r❡ ♥♦t t♦t❛❧❧② s❛t✐s❢②✐♥❣ ✐♥ ♦✉r ❝♦♥t❡①t✳

✷✳✶✳✷ ❋✉♥❝t✐♦♥❛❧ s❤❛♣❡s

❲❡ st❛rt ❜② s❡tt✐♥❣ ✉♣ ♠❛t❤❡♠❛t✐❝❛❧❧② t❤❡ ❝♦♥❝❡♣t ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✐♥ ✐ts ❤✐❣❤❡r
❣❡♥❡r❛❧✐t②✳ ❚❤♦s❡ ❝❛♥ ❜❡ t❤♦✉❣❤t ✐♥t✉✐t✐✈❡❧② ❡✐t❤❡r ❛s s❤❛♣❡s ❝❛rr②✐♥❣ s✐❣♥❛❧s ♦r
✐♠❛❣❡s ✇✐t❤ ❞❡❢♦r♠❛❜❧❡ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt✳ ❆❧t❤♦✉❣❤ ♠♦st ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣✲
♣❧✐❝❛t✐♦♥s ✇✐❧❧ ❜❡ ❞❡❛❧✐♥❣ ✇✐t❤ r❡❛❧✲✈❛❧✉❡❞ s✐❣♥❛❧s✱ t❤❡ t❤❡♦r② t❤❛t ✇❡ ✐♥t❡♥❞ t♦
❞❡✈❡❧♦♣ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ❣❡♥❡r❛❧ ❡♥♦✉❣❤ t♦ ♠♦❞❡❧ ♣r❛❝t✐❝❛❧❧② ❛♥② s♦rt ♦❢ s✐❣♥❛❧✱
❢r♦♠ r❡❛❧✲✈❛❧✉❡❞ ✐♠❛❣❡s t♦ ❞✐r❡❝t✐♦♥s ❛♥❞ t❡♥s♦rs ❛s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✳ ▲❡t E ❜❡ t❤❡
n✲❞✐♠❡♥s✐♦♥❛❧ ❡♠❜❡❞❞✐♥❣ ✈❡❝t♦r s♣❛❝❡ ♦❢ s❤❛♣❡s ❛♥❞M ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ t❤❛t
✇❡ s❤❛❧❧ ❝❛❧❧ t❤❡ s✐❣♥❛❧ ♠❛♥✐❢♦❧❞✳ ❋♦r ✐♠❛❣❡s✱ M = R✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ s✐❣♥❛❧s ❛r❡
♦r✐❡♥t❡❞ ❞✐r❡❝t✐♦♥s✱ ✇❡ ✇♦✉❧❞ ❤❛✈❡M = S

n−1 t❤❡ ✉♥✐t s♣❤❡r❡ ♦❢ E ♦rM = P (E) t❤❡
♣r♦❥❡❝t✐✈❡ s♣❛❝❡ ❢♦r ✉♥♦r✐❡♥t❡❞ ❞✐r❡❝t✐♦♥s✳ ❙✐❣♥❛❧s ❝♦✉❧❞ ❜❡ ❛❧s♦ s②♠♠❡tr✐❝ t❡♥s♦rs
✐♥ ✇❤✐❝❤ ❝❛s❡ M = Sn(R)✳ ❲❡ ❞❡✜♥❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✈❡r② ♥❛t✉r❛❧❧② ❛s ✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❆ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ✭♦r ❢s❤❛♣❡ ✐♥ s❤♦rt✮ ✐s ❛ ❝♦✉✲
♣❧❡ (X, f) ✇❤❡r❡ X ✐s ❛ d✲❞✐♠❡♥s✐♦♥❛❧ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ❛♥❞ f : X → M ❛
♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ X t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ t❤❡ s✐❣♥❛❧ ♠❛♥✐❢♦❧❞ M ✳

◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ ❛ ♣r✐♦r✐ ❛♥② ♣❛rt✐❝✉❧❛r r❡❣✉❧❛r✐t② ♦♥ t❤❡ ❢✉♥❝t✐♦♥s f ✳
❆s ❢♦r t❤❡ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt X✱ ✇❡ ♦♥❧② ❛ss✉♠❡ r❡❝t✐✜❛❜✐❧✐t② s♦ t❤❛t ✐t ✐♥❝❧✉❞❡s
s✉❜♠❛♥✐❢♦❧❞s ♦❢ E ❛s ✇❡❧❧ ❛s ♣✐❡❝❡✇✐s❡ s✉❜♠❛♥✐❢♦❧❞s ❛♥❞ ♣♦❧②❣♦♥s ❛♥❞ t❤✉s ❡♥❝♦♠✲
♣❛ss❡s s❤❛♣❡s ❜♦t❤ ✐♥ ❞✐s❝r❡t❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s r❡♣r❡s❡♥t❛t✐♦♥s✳ ❈❧❛ss✐❝❛❧ ✐♠❛❣❡s ❛r❡
❛❧s♦ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✱ ❢♦r ✇❤✐❝❤ X ✐s ❛ ✜①❡❞ ✢❛t ❞♦♠❛✐♥ ♦❢ R2✳ ❋♦r
❡✈❡r② ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f)✱ ❜② ❛♥❛❧♦❣② ✇✐t❤ ✉s✉❛❧ ❢✉♥❝t✐♦♥s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡
❣r❛♣❤ G(X,f) = {(x, f(x)), x ∈ X} ❛s ❛ s✉❜s❡t ♦❢ E × M ✳ ❲✐t❤ ♥♦ ❛❞❞✐t✐♦♥❛❧
❛ss✉♠♣t✐♦♥s✱ t❤✐s s❡t ❤❛s ♥♦ ♣❛rt✐❝✉❧❛r str✉❝t✉r❡✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❛ss✉♠❡ f t♦ ❜❡
❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s t❤❡♥ ✐t✬s ❡❛s② t♦ s❡❡ ❢r♦♠ ❞❡✜♥✐t✐♦♥ ✶✳✸✳✶ t❤❛t G(X,f)

✐s ❛ Hd✲r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ×M ✳ ❲✐t❤ str♦♥❣❡r ❛ss✉♠♣t✐♦♥s✱ ♥❛♠❡❧② ✐❢ X ✐s ❛
s✉❜♠❛♥✐❢♦❧❞ ❛♥❞ f ✐s C1✱ t❤❡♥ G(X,f) ✐s ❡✈❡♥ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ s✉❜♠❛♥✐❢♦❧❞ ♦❢ E×M ✳
■♥ ❛❞❞✐t✐♦♥ t♦ t❤❛t✱ ❛ ❢✉♥❞❛♠❡♥t❛❧ q✉❡st✐♦♥ ✐s t♦ ❞❡✜♥❡ ❛ ♣r♦♣❡r ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡❧
♦♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✱ ✐✳❡ ❡①♣r❡ss t❤❡ ❣r♦✉♣ ❛❝t✐♦♥ ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦♥ ❛ ❣✐✈❡♥ ❝❧❛ss
♦❢ ❢s❤❛♣❡s✳ ❲✐t❤ r❡s♣❡❝t t♦ ♣✉r❡ ❣❡♦♠❡tr②✱ t❤✐s ❞♦❡s ♥♦t ♣♦s❡ ❛♥② ♣❛rt✐❝✉❧❛r ✐ss✉❡
s✐♥❝❡ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ φ ∈ ❉✐✛(E) ❛❝ts ♦♥ ❛ s❤❛♣❡ X ❜② s✐♠♣❧② tr❛♥s♣♦rt✐♥❣ X ❜②
φ✱ ✐✳❡ φ.X = φ(X)✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❝t✐♦♥ ♦♥ ❢✉♥❝t✐♦♥s ♦✛❡rs ❢❛r ♠♦r❡ ♣♦ss✐❜✐❧✐t✐❡s ❞❡✲
♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s✐❣♥❛❧s✳ ❙✉❝❤ ✐ss✉❡s ♦❢ ❢✉♥❝t✐♦♥❛❧ tr❛♥s❢❡r ❛r❡ ❞✐s❝✉ss❡❞
❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✻✹❪✳ ❲❡ r❡✈✐❡✇ ❛ ❢❡✇ ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s✳ ❚❤❡ ♠♦st ❜❛s✐❝ ♦♥❡ ✐s t❤❡
❝❛s❡ ♦❢ r❡❛❧✲✈❛❧✉❡❞ s✐❣♥❛❧s ♦♥ s❤❛♣❡s t❤❛t ❛r❡ s✐♠♣❧② tr❛♥s♣♦rt❡❞ ✇✐t❤ t❤❡✐r s✉♣♣♦rt
❜② t❤❡ ❞❡❢♦r♠❛t✐♦♥s✱ ♥❛♠❡❧② t❤❡ ❞❡❢♦r♠❡❞ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ φ.(X, f) ✐s ❣✐✈❡♥ ❜② ✿

φ.(X, f) = (φ(X), f ◦ φ−1) ✭✷✳✶✮

✹✻



❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛❝t✐♦♥ t❤❛t ❞❡❢♦r♠s t❤❡ ❣❡♦♠❡tr✐❝ s✉♣♣♦rt ❜② ❦❡❡♣✐♥❣ ♦r✐❣✐♥❛❧
❢✉♥❝t✐♦♥❛❧ ✈❛❧✉❡s✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ X ✐s ❛ ✜①❡❞ ❞♦♠❛✐♥ ✐♥ R

2 ♦r R
3

❛♥❞ ✇❡ ✐♠♣♦s❡ t❤❛t φ ♣r❡s❡r✈❡s t❤❡ ❞♦♠❛✐♥ ✭φ(X) = X✮ t❤❡♥ ✇❡ ❝❛♥ t❤✐♥❦ ♦❢
f ❛s ❛ ✉s✉❛❧ ✐♠❛❣❡ ❛♥❞ ❡q✳✭✷✳✶✮ ✐s ❡①❛❝t❧② t❤❡ ❛❝t✐♦♥ ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦♥ ✐♠❛❣❡s
✭✐✳❡ φ.I = I ◦ φ−1✮✱ ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ♦r✐❣✐♥❛❧ ▲❉❉▼▼ ❛❧❣♦r✐t❤♠s ❬✶✹❪✳ ❖♥❡ ❝♦✉❧❞
❛❧s♦ ❡♥r✐❝❤ t❤❡ ❞❡❢♦r♠❛t✐♦♥s✬ ❣r♦✉♣ ❜② ❛❞❞✐♥❣ ❛ r❡s✐❞✉❛❧ ❢✉♥❝t✐♦♥ h : E → R ♦♥
X✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ❣r♦✉♣ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ✇♦✉❧❞ ❜❡ M(E,R) ⋊ ❉✐✛(E)✱ ✇✐t❤
M(E,R) t❤❡ s❡t ♦❢ r❡❛❧✲✈❛❧✉❡❞ ❇♦r❡❧ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✱ t❤❡ ♣r♦❞✉❝t ❜❡✐♥❣ ❣✐✈❡♥
❜② (h2, φ2)× (h1, φ1) = (h1 + h2 ◦ φ1, φ2 ◦ φ1) ❛♥❞ t❤❡ ❛❝t✐♦♥ ✿

(φ, h).(X, f) = (φ(X), (f + h) ◦ φ−1) ✭✷✳✷✮

❙✉❝❤ ♠♦❞❡❧s ❛r❡ ✇❡❧❧✲❛❞❛♣t❡❞ t♦ t❤❡ r❡❛❧✲✈❛❧✉❡❞ ❝❛s❡s ✐♥ ✇❤✐❝❤ t❤❡r❡ ✐s ♥♦t ❛ ❞✐r❡❝t
♣r✐♦r r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❣❡♦♠❡tr② ❛♥❞ s✐❣♥❛❧ ❜✉t ✇❡ s❡❡ t❤❛t t❤❡② ❜❡❝♦♠❡ ✐rr❡❧✲
❡✈❛♥t ✐❢ s✐❣♥❛❧s ❛r❡✱ ❢♦r ✐♥st❛♥❝❡✱ t❛♥❣❡♥t ✈❡❝t♦rs t♦ X ❛t ❡❛❝❤ ♣♦✐♥t ♦❢ X✱ ❜❡❝❛✉s❡
t❤❡ tr❛♥s♣♦rt❡❞ s✐❣♥❛❧s ✇♦✉❧❞ ♥♦t ❜❡ ❛♥②♠♦r❡ t❛♥❣❡♥t t♦ t❤❡ ✐♠❛❣❡ s❤❛♣❡ φ(X)✳ ■♥
t❤❛t ❝❛s❡✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ x ∈ X✱ f(x) ∈ TxX ⊂ E ❛♥❞ ✇❡ s❡❡ t❤❛t s✐❣♥❛❧s s❤♦✉❧❞ ❜❡
❛❧s♦ tr❛♥s❢♦r♠❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ φ ✿

φ.(X, f) = (φ(X), (dφ ∗ f) ◦ φ−1) ✭✷✳✸✮

✇❤❡r❡ dφ ∗ f(x) = dxφ(f(x))✳ ❚❤❡ ❝❛s❡ ♦❢ t❡♥s♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✱ ❛s ♣r♦✈✐❞❡❞ ❜②
❉❚■✱ ✐s ♠♦r❡ ✐♥✈♦❧✈❡❞ ❜❡❝❛✉s❡ ✐t ♠✉st ❛❝❝♦✉♥t ❢♦r t❤❡ ♦r✐❡♥t❛t✐♦♥ tr❛♥s❢♦r♠❛t✐♦♥
♦♥ t❤❡ ❞✐✛✉s✐♦♥ ♠❛tr✐① t❤❛t r❡s✉❧ts ❢r♦♠ t❤❡ s♣❛❝❡ ❞❡❢♦r♠❛t✐♦♥✳ ❆ ♠♦❞❡❧ ❤❛s ❜❡❡♥
❡st❛❜❧✐s❤❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✷✱ ✸❪✳ ■❢ f(x) = Dx ✐s ❛ s②♠♠❡tr✐❝ 3× 3 ♠❛tr✐①✱ t❤❡♥ t❤❡
❛❝t✐♦♥ ♦❢ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ φ ✐s ❣✐✈❡♥ ❜② ✿

φ.(X, f) = (φ(X), (dφ ⋆ f) ◦ φ−1) ✭✷✳✹✮

✇❤❡r❡ dφ ⋆ Dx = λ1,xẽx,1(ẽx,1)
T + λ2,xẽx,2(ẽx,2)

T + λ3,xẽx,3(ẽx,3)
T ✐♥ ✇❤✐❝❤ λi,x ❛r❡

t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Dx✱ ei,x t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞ ẽx,i t❤❡ ●r❛♠✲❙❝❤♠✐❞t
♦rt❤♦♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❜❛s✐s (dxφ(ex,i))✳
❚❤❡ ♣r❡✈✐♦✉s ❧✐st ✐s ♦❢ ❝♦✉rs❡ ♥♦t ❡①❤❛✉st✐✈❡ ❜✉t ✇❛s ♠❡❛♥t t♦ s❤♦✇ t❤❛t✱ ✉♥❧✐❦❡
❝❧❛ss✐❝❛❧ s❤❛♣❡s✱ t❤❡r❡ s❡❡♠s t♦ ❜❡ ♥✉♠❡r♦✉s ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡❧s ♦♥
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ❡❛❝❤ ❞❛t❛ t②♣❡✳ ❚♦ ❤❛✈❡ ❛ ♠♦r❡ ✉♥✐✜❡❞ ✈✐s✐♦♥ ♦❢ ❛❧❧
t❤❡ ❝❛s❡s t♦❣❡t❤❡r✱ ♦♥❡ ❝♦✉❧❞ t❤✐♥❦ ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ❛s ❞❡❢♦r♠❛✲
t✐♦♥s ♦❢ t❤❡✐r ❣r❛♣❤ ✐♥ t❤❡ s♣❛❝❡ E ×M ✱ ❝♦♥s✐❞❡r✐♥❣ ❢♦r ✐♥st❛♥❝❡ ❞✐✛❡♦♠♦r♣❤✐s♠s ♦❢
❉✐✛(E×M)✳ ❍♦✇❡✈❡r✱ ✇❡ s❡❡ t❤❛t t❤✐s ❣r♦✉♣ ✐s t♦♦ ✇✐❞❡ ❜❡❝❛✉s❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢
t❤❡ ❣r❛♣❤ ♦❢ (X, f) ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ ❣r❛♣❤ ♦❢ ❛♥♦t❤❡r ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ✭❢♦r s♦♠❡
❞❡❢♦r♠❛t✐♦♥s✱ ♦♥❡ ❝♦✉❧❞ ❝r❡❛t❡ ♣♦✐♥ts ✇✐t❤ ♠✉❧t✐♣❧❡ ❢✉♥❝t✐♦♥❛❧ ✐♠❛❣❡s✮✳ ❚♦ ♣r❡s❡r✈❡
t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ str✉❝t✉r❡✱ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s t♦ r❡str✐❝t t♦ ❛ s✉❜❣r♦✉♣ H
♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ E ×M t❤❛t ❝❛♥ ❜❡ ✇r✐tt❡♥

ψ(x,m) = (ψg(x), ψf (x,m))

✇❤❡r❡ ψg ∈ ❉✐✛(E) ❛♥❞ ψf ✐s ❛ ♠❡❛s✉r❛❜❧❡ ❛♣♣❧✐❝❛t✐♦♥ ❢r♦♠ E ×M t♦ M ✳ ■♥ t❤❛t
❝❛s❡✱ t❤❡ ✐♠❛❣❡ ♦❢ G(X,f) ❜② ψ ✐s t❤❡ ❣r❛♣❤ ♦❢ ❛ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ❛♥❞ t❤❡ ❣r♦✉♣
❛❝t✐♦♥ ✐s ✿

ψ.(X, f) = (ψg(X), ψf ((ψg)−1, f ◦ (ψg)−1)) ✭✷✳✺✮

❈♦♥s✐❞❡r✐♥❣ ❞✐✛❡r❡♥t ♣❛rt✐❝✉❧❛r ❣r♦✉♣s H ✇✐t❤ t❤❡ ❛❝t✐♦♥ ♦❢ ❡q✳✭✷✳✺✮ ❡♥❛❜❧❡s t♦ r❡✲
❝♦✈❡r ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡s✱ ❛s ♦♥❡ ❝❛♥ ❝❤❡❝❦ ❡❛s✐❧②✳

✹✼



✷✳✶✳✸ ❘❡♣r❡s❡♥t❛t✐♦♥ ❜② ❝✉rr❡♥ts

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✐❞❡❛ ♦❢ ❝✉rr❡♥ts ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ✇❡ ❡✈❛❧✉❛t❡ t✇♦
❞✐✛❡r❡♥t ✇❛②s ♦❢ ❡♠❜❡❞❞✐♥❣ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✭❛t ❧❡❛st ✐♥ s♦♠❡ s♣❡❝✐❛❧ ❝❛s❡s✮ ✐♥
s♣❛❝❡s ♦❢ ❝✉rr❡♥ts✳

❈♦❧♦r❡❞ ❝✉rr❡♥ts

❋✐rst ❛tt❡♠♣ts t♦ ✐♥❝❧✉❞❡ s✐❣♥❛❧s s✉♣♣♦rt❡❞ ❣❡♦♠❡tr✐❝❛❧❧② t❤r♦✉❣❤ t❤❡ ❝✉rr❡♥t r❡♣✲
r❡s❡♥t❛t✐♦♥ ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✷✽❪ ✇✐t❤ t❤❡ ✐❞❡❛ ♦❢ ❝♦❧♦r❡❞ ❝✉rr❡♥ts✳ ❚❤✐s r❡❧✐❡s
❜❛s✐❝❛❧❧② ♦♥ t❤❡ ❢❛❝t ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡ s❡t ♦❢ d✲❝✉rr❡♥ts ✐s ❛❧r❡❛❞② ❛ ❜✐❣
s♣❛❝❡ t❤❛t ❝♦♥t❛✐♥s ❛ ✇✐❞❡r ✈❛r✐❡t② ♦❢ ♦❜❥❡❝ts t❤❛♥ d✲❞✐♠❡♥s✐♦♥❛❧ s✉❜♠❛♥✐❢♦❧❞s✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✇❡✐❣❤t❡❞ s✉❜♠❛♥✐❢♦❧❞s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❝✉rr❡♥ts ✿ ✐❢ f ✐s ❛ r❡❛❧✲✈❛❧✉❡❞
❢✉♥❝t✐♦♥ ♦♥ X t❤❡♥ ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ t♦ (X, f) ❛ d✲❝✉rr❡♥t ✐♥ E ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡
s✐❣♥❛❧ ❛s ❛ ✇❡✐❣❤t ♦♥ X ✿

T(X,f)(ω) =

∫

X
fω

❇② t❤❡ ♣r❡✈✐♦✉s s❡tt✐♥❣✱ ✇❡ ❡♠❜❡❞ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❝✉rr❡♥ts ♦♥ E
✐ts❡❧❢✳ ❆❧t❤♦✉❣❤ t❤✐s s❡❡♠s t♦ ❜❡ t❤❡ ♠♦st str❛✐❣❤t❢♦r✇❛r❞ ✇❛② t♦ ❛♣♣❧② ❝✉rr❡♥ts t♦
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✱ ✐t q✉✐❝❦❧② ❛♣♣❡❛rs t❤❛t s✉❝❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥ s✉✛❡rs ❢r♦♠ s❡✈❡r❛❧
✐♠♣♦rt❛♥t ❞r❛✇❜❛❝❦s✳ ❋✐rst ✐s t❤❡ ✐♠♣♦ss✐❜✐❧✐t② t♦ ❣❡♥❡r❛❧✐③❡ ❝♦❧♦r❡❞ ❝✉rr❡♥ts ❢♦r
s✐❣♥❛❧s t❤❛t ❛r❡ ♥♦t s✐♠♣❧② r❡❛❧✲✈❛❧✉❡❞✱ ♣❛rt✐❝✉❧❛r❧② ✐❢ t❤❡ s✐❣♥❛❧ s♣❛❝❡ ✐s ♥♦t ❛ ✈❡❝t♦r
s♣❛❝❡✳ ❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ❛r✐s❡s ✇❤❡♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ✐s ❞✐s❝r❡t✐③❡❞ ✐♥t♦ ❉✐r❛❝
❝✉rr❡♥ts✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢♦r♠

∑
k=1..N f(xk)δ

ξk
xk ✳ ❲❡ ♥♦t✐❝❡

❛♥ ❛♠❜✐❣✉✐t② ❛♣♣❡❛r✐♥❣ ❜❡t✇❡❡♥ t❤❡ s✐❣♥❛❧ ❛♥❞ t❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t ξ s✐♥❝❡ ❢♦r ❛♥②
r 6= 0✱

f(xk)δ
ξk
xk

= rf(xk)δ
ξk/r
xk

❙❡♣❛r❛t✐♥❣ ❣❡♦♠❡tr② ❢r♦♠ s✐❣♥❛❧ ✐♥ t❤❡ ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ❛♣♣❡❛rs ❛s ❛ ❢✉♥❞❛♠❡♥t❛❧
❞✐✣❝✉❧t②✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡♥❡r❣② ♦❢ ❉✐r❛❝ t❡r♠s ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
s✐❣♥❛❧ ❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥t ✇❤✐❝❤ ✐♥❞✉❝❡s ❛♥ ❛s②♠♠❡tr② ❜❡t✇❡❡♥ ❧♦✇ ❛♥❞ ❤✐❣❤✲
✈❛❧✉❡❞ s✐❣♥❛❧s✳ ■♥ t❤✐s s❡tt✐♥❣✱ ❛r❡❛s ❤❛✈✐♥❣ ✈❡r② s♠❛❧❧ s✐❣♥❛❧s ❜❡❝♦♠❡ ♥❡❣❧✐❣✐❜❧❡ ✐♥
t❡r♠s ♦❢ ❝✉rr❡♥t✱ ✇❤✐❝❤ ♥♦t ❥✉st✐✜❡❞ ✐♥ ❣❡♥❡r❛❧ ❛♥❞ ❝❛♥ ❞r❛st✐❝❛❧❧② ❛✛❡❝t t❤❡ ♠❛t❝❤✐♥❣
♦❢ ❝♦❧♦r❡❞ ❝✉rr❡♥ts✳ ❲❡ s❤♦✇ ❛ s✐♠♣❧❡ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤✐s ✐ss✉❡ ✇❤❡♥ ♠❛t❝❤✐♥❣ t✇♦
❝♦❧♦r❡❞ ❡❧❧✐♣s♦✐❞s ✇✐t❤ t❤✐s ❛♣♣r♦❛❝❤ ✐♥ ✜❣✉r❡ ✷✳✹✳ ❋✐♥❛❧❧② ❛♥ ❛❞❞✐t✐♦♥❛❧ ❧✐♠✐t❛t✐♦♥
✐♥ ✉s✐♥❣ ❝♦❧♦r❡❞ ❝✉rr❡♥ts ✐s t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ✐s ♥♦ ✢❡①✐❜✐❧✐t② t♦ tr❡❛t t❤❡ s✐❣♥❛❧s ❛t
❞✐✛❡r❡♥t s❝❛❧❡ ❧❡✈❡❧s t❤❛♥ ❣❡♦♠❡tr②✱ ♠❛❦✐♥❣ t❤✐s ❛♣♣r♦❛❝❤ ❤✐❣❤❧② s❡♥s✐t✐✈❡ t♦ ♥♦✐s❡✳

❈✉rr❡♥ts ✐♥ ♣r♦❞✉❝t s♣❛❝❡

❆♥♦t❤❡r ♣♦ss✐❜❧❡ ❛♥❞ ✐♥t❡r❡st✐♥❣ ✇❛② t♦ r❡♣r❡s❡♥t ❛ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ❜② ❛ ❝✉rr❡♥t
✐s t♦ ❝♦♥s✐❞❡r t❤❡ ❣r❛♣❤ G(X,f) ❛s ❛ s❤❛♣❡ ✐♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ E ×M ✱ ❡①t❡♥❞✐♥❣
t❤❡ ✐❞❡❛ ♦❢ s❡❡✐♥❣ ❛ ✷❉ ✐♠❛❣❡ ❛s ❛ ✸❉ s✉r❢❛❝❡✳ ◆♦✇✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❣r❛♣❤ ❛s
❛ d✲❝✉rr❡♥t ✐♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ E ×M ✳ ❚❤✐s ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞ t❤♦✉❣❤✳ ❚❤❡
❝❛s❡ ♦❢ ❛ ❣❡♥❡r❛❧ s✐❣♥❛❧ ♠❛♥✐❢♦❧❞ M ✐s ❢♦r ✐♥st❛♥❝❡ ♠♦r❡ ❞✐✣❝✉❧t t♦ ❤❛♥❞❧❡ ✐♥ t❤✐s
s❡tt✐♥❣ s✐♥❝❡ ✐t r❡q✉✐r❡s t♦ ❝♦♥s✐❞❡r ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ❞❡✜♥❡❞ ♦♥ M ✿ ❢♦r s✐♠♣❧✐❝✐t②✱
✇❡ ✇✐❧❧ ❛ss✉♠❡ ❢♦r t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ t❤❛t M ✐s ❛ ✈❡❝t♦r s♣❛❝❡✳ ❆ s❡❝♦♥❞ ♣♦✐♥t
♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r ✐s t❤❛t ✇❡ ♥❡❡❞ t♦ ✐♠♣♦s❡ ♠♦r❡ r❡❣✉❧❛r✐t② ♦♥ t❤❡ s✐❣♥❛❧ f ✱ ❢♦r
✐♥st❛♥❝❡ ♣✐❡❝❡✇✐s❡ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s s♦ t❤❛t G(X,f) ✐s r❡❝t✐✜❛❜❧❡ ❛♥❞ ❝❛♥

❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ❝✉rr❡♥t ✐♥ Ωd0(E ×M)✳ ❚❤❡s❡ ❞✐✣❝✉❧t✐❡s ❛♣❛rt✱ t❤❡r❡ st✐❧❧ ❛r❡
s♦♠❡ ✐♠♣♦rt❛♥t ❡❧❡♠❡♥ts t♦ ♣♦✐♥t ♦✉t✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ✐♥❝r❡❛s❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t②
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❋✐❣✉r❡ ✷✳✹✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ r❡❣✐str❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❡❧❧✐♣s♦✐❞s✳ ❖♥ t❤❡ ❧❡❢t✱ t❤❡
♠❛t❝❤✐♥❣ ✐s ❞♦♥❡ ❜② ❝♦♠♣❛r✐♥❣ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✇✐t❤ t❤❡ ❝♦❧♦r❡❞ ❝✉rr❡♥ts✬ r❡♣r❡✲
s❡♥t❛t✐♦♥✳ ❱❛❧✉❡s ♦❢ t❤❡ s✐❣♥❛❧s ❛r❡ t✇♦ ❞✐✛✉s❡❞ st❛✐♥s ❜♦t❤ ♦♥ t❤❡ s♦✉r❝❡ ❡❧❧✐♣s♦✐❞
✭✐♥s✐❞❡ s✉r❢❛❝❡✮ ❛♥❞ t❤❡ t❛r❣❡t ♦♥❡ ✭❡①t❡r✐♦r s❤❛❞❡❞ s✉r❢❛❝❡✮✳ ❲❡ ❞✐s♣❧❛② ✐♥ ❜❧✉❡ tr❛✲
❥❡❝t♦r✐❡s ♦❢ t❤❡ ♣♦✐♥ts✳ ❚❤❡ ♣♦✐♥ts ❝♦♠♣♦✉♥❞✐♥❣ t♦ ③❡r♦✲✈❛❧✉❡❞ ❛r❡❛ ♦❢ t❤❡ s✐❣♥❛❧ ✐♥
t❤❡ s♦✉r❝❡ s❤❛♣❡ ❛r❡ ♥♦t ♠❛t❝❤❡❞ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥ts ✐♥ t❤❡ t❛r❣❡t s✉r❢❛❝❡✳
❖♥ t❤❡ r✐❣❤t✱ ✇❡ s❤♦✇ ✇❤❛t s❤♦✉❧❞ ❜❡ t❤❡ ❡①♣❡❝t❡❞ r❡s✉❧t✳ ■t ✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤
t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ♣r❡s❡♥t❡❞ ✐♥ ✷✳✸✳✷✳

♦❢ t❤❡ ❛♣♣r♦❛❝❤✱ ❜❡❝❛✉s❡✱ ✇❤✐❧❡ ✇❡ ❛r❡ st✐❧❧ ❝♦♥s✐❞❡r✐♥❣ s❤❛♣❡s ♦❢ ❞✐♠❡♥s✐♦♥ d✱ t❤❡ ❝♦✲
❞✐♠❡♥s✐♦♥ ✐s ❤✐❣❤❡r ✿ t❤❡ s♣❛❝❡ ♦❢ d✲✈❡❝t♦rs ❝❤❛r❛❝t❡r✐③✐♥❣ ❧♦❝❛❧ ❣❡♦♠❡tr② Λd(E×M)

✐s ♥♦✇ ♦❢ ❞✐♠❡♥s✐♦♥
(n+dim(M)

d

)
✱ ✇✐t❤ s✐❣♥✐✜❝❛♥t ❝♦♥s❡q✉❡♥❝❡s ❢r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧

♣♦✐♥t ♦❢ ✈✐❡✇✳ ❋r♦♠ ❛ ♠♦r❡ t❤❡♦r❡t✐❝❛❧ ❛♥❣❧❡✱ ✇❡ s❡❡ t❤❛t✱ ✐♥ s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤✱
❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt ❛♥❞ s✐❣♥❛❧ ♣❧❛② ❛ s②♠♠❡tr✐❝ r♦❧❡✳ ■♥ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡
♠♦❞❡❧❡❞ t♦♣♦❧♦❣② ✐s ♥♦ ♠♦r❡ t❤❡ ♦♥❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡ ❜❡❝❛✉s❡ ✇❡ ❛❧s♦ t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t ✈❛r✐❛t✐♦♥s ✇✐t❤✐♥ t❤❡ s✐❣♥❛❧ s♣❛❝❡✳ ❲❤❡t❤❡r t❤✐s ✐s ❛ str❡♥❣t❤ ♦r ❛ ✇❡❛❦♥❡ss
✐s ♥♦t ♦❜✈✐♦✉s ❛ ♣r✐♦r✐ ❛♥❞ ✇♦✉❧❞ ❞❡♣❡♥❞ ♦♥ t❤❡ ❦✐♥❞ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❤❛t ✇❡ ❝❛♥
st❛t❡ ✐s t❤❛t t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s ♥♦t r♦❜✉st t♦ t♦♣♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡s ♦❢ t❤❡ s❤❛♣❡ ✿
✐♥ ♣r❛❝t✐❝❡✱ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❜❡t✇❡❡♥ ❛❧❧ ♣♦✐♥ts ❜❡❝♦♠❡s ❝r✉❝✐❛❧✱ ✇❤✐❝❤ ✇❡ ✐❧❧✉str❛t❡
✐♥ ✜❣✉r❡ ✷✳✺✳ ❋✐❣✉r❡ ✷✳✻ s❤♦✇s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❛t ✐❢ t✇♦ ❝✉r✈❡s ❝❛rr②✐♥❣ s✐❣♥❛❧s
❛r❡ ♠❛t❝❤❡❞ ✉♥❞❡r t❤✐s ♠♦❞❡❧✳ ■t s❤♦✇s t❤❛t ✐t ❝❛♥ ❛❝t✉❛❧❧② ❧❡❛❞ t♦ ✈❡r② ✉♥♥❛t✉r❛❧
r❡❣✐str❛t✐♦♥ ✐♥ ❝❛s❡s ✇❤❡r❡ s♦♠❡ ❞✐s❝♦♥♥❡❝t✐♦♥s ❛♥❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ s✐❣♥❛❧s ❛♣♣❡❛r✳
■♥ t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠②✱ ✇❤❡♥ ♣r♦❝❡ss✐♥❣ ❞❛t❛ s✉❝❤ ❛s ✜❜❡r ❜✉♥❞❧❡s✱
✇❤❡r❡ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ ♣♦✐♥ts ♦❢ t❤❡ ✜❜❡rs ❛r❡ ♥♦t ❛❧✇❛②s r❡❧✐❛❜❧❡✱ ✇❡ ❛r❣✉❡ t❤❛t
t❤✐s ✇♦✉❧❞ ❜❡ ❛ ❝❧❡❛r ❞r❛✇❜❛❝❦✳

❚♦ s✉♠♠❛r✐③❡ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ t✇♦ ❞✐r❡❝t ✇❛②s t♦ s❡❡ ❛ ❢✉♥❝t✐♦♥❛❧
s❤❛♣❡ ❛s ❛ ❝✉rr❡♥t✳ ❚❤❡ ❝♦❧♦r❡❞ ❝✉rr❡♥t s❡tt✐♥❣✱ ❛❧t❤♦✉❣❤ ❜❡✐♥❣ ✈❡r② ❝❧♦s❡ t♦ t❤❡
♠♦❞❡❧❧✐♥❣ ♦❢ ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ s❤❛♣❡s✱ ✐s ♥♦t ❛❝❝❡♣t❛❜❧❡ ♠❛✐♥❧② ❜❡❝❛✉s❡ ✐t ♠✐①❡s
❣❡♦♠❡tr② ❛♥❞ s✐❣♥❛❧ ✐♥ ❛♥ ✐♥❝♦♥s✐st❡♥t ✇❛②✳ ❆s ❢♦r t❤❡ s❡❝♦♥❞ ✐❞❡❛ ♦❢ ✐♠♠❡rs✐♥❣
t❤❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ✐♥ ❛ ♣r♦❞✉❝t s♣❛❝❡✱ ✇❡ ❤❛✈❡ ❡①♣❧❛✐♥❡❞ ✐ts ❧✐♠✐ts ❜♦t❤ ✐♥ t❡r♠s
♦❢ t❤❡ ❞✐✣❝✉❧t② ✐♥ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤❡ ✐♥❝r❡❛s❡ ♦❢ ❞✐♠❡♥s✐♦♥ ❛♥❞ ♦❢ t❤❡
❧❛❝❦ ♦❢ r♦❜✉st♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ t♦♣♦❧♦❣② ♦❢ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt✳ ❙♦♠❡❤♦✇✱
t❤❡ s♣❛❝❡ ♦❢ ❝♦❧♦r❡❞ ❝✉rr❡♥ts ✐s ♥♦t r✐❝❤ ❡♥♦✉❣❤ t♦ ❡♥❝♦♠♣❛ss ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s
✇❤❡r❡❛s ❝✉rr❡♥ts ✐♥ t❤❡ ♣r♦❞✉❝t ✐s ♣r♦❜❛❜❧② t♦♦ ❜✐❣✳ ❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ❝♦♥st✐t✉t❡
♦✉r ♠♦t✐✈❛t✐♦♥ t♦ r❡❞❡✜♥❡ ❛ ♣r♦♣❡r ❝❧❛ss ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝ts t❤❛t ✇♦✉❧❞ ♣r❡s❡r✈❡
t❤❡ ✉s❡❢✉❧♥❡ss ♦❢ ❝✉rr❡♥ts ✇❤✐❧❡ ♦✈❡r❝♦♠✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❞r❛✇❜❛❝❦s✳
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❋✐❣✉r❡ ✷✳✺✿ Pr♦❞✉❝t ❝✉rr❡♥ts ❛♥❞ t♦♣♦❧♦❣②✳ ❖♥ t❤❡ ❧❡❢t✱ ✇❡ s❤♦✇ ❛ ❞✐s❝♦♥♥❡❝t❡❞
✷❉ ❝✉r✈❡ ✇✐t❤ s✐❣♥❛❧ ✈❛❧✉❡s 0 ✐♥ ❜❧✉❡ ❛♥❞ 1 ✐♥ r❡❞ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♥♥❡❝t❡❞ ❝✉r✈❡ ✐♥
❞❛s❤❡❞ ❧✐♥❡✳ ❖♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉r✈❡s ✐♥ t❤❡ ✸✲❞✐♠❡♥s✐♦♥❛❧
❣❡♦♠❡tr② × s✐❣♥❛❧ s♣❛❝❡✳ ❲❤❛t ✇❡ ✇❛♥t t♦ ❡♠♣❤❛s✐③❡ ❤❡r❡ ✐s t❤❡ ❢❛❝t t❤❛t ♥♦ ❘❑❍❙
♥♦r♠ ♦♥ ♣r♦❞✉❝t ❝✉rr❡♥ts ✇♦✉❧❞ ♣r♦✈✐❞❡ ❛ ❝♦♥t✐♥✉✐t② ♦❢ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤
r❡s♣❡❝t t♦ ❝♦♥♥❡❝t✐✈✐t② ✿ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝✉r✈❡s ✐s t❤❡ ♠❛❣❡♥t❛ ❞❛s❤❡❞
♣❛rt ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ ♣✉r❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ s✐❣♥❛❧ ❞♦♠❛✐♥✳

❋✐❣✉r❡ ✷✳✻✿ ▲❉❉▼▼ ♠❛t❝❤✐♥❣ ♦❢ t✇♦ ♣❧❛♥❛r ❝✉r✈❡s ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s s✐❣♥❛❧s ❛♥❞
t♦♣♦❧♦❣✐❝❛❧ ❞✐s❝♦♥♥❡❝t✐♦♥s r❡♣r❡s❡♥t❡❞ ❛s ❝✉rr❡♥ts ✐♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ R2×R✳ ❊❛❝❤
❝✉r✈❡ ❤❛s t✇♦ ♣♦✐♥ts ♦❢ ❢✉♥❝t✐♦♥❛❧ ❞✐s❝♦♥t✐♥✉✐t②✱ ♦♥❡ ♦❢ t❤❡♠ ❜❡✐♥❣ ❛❧s♦ ❛ ❞✐s❝♦♥✲
♥❡❝t✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt ✭❜ ❛♥❞ ❜✬✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ❞❡❢♦r♠❛t✐♦♥ ✐s ♠✉❝❤
♣❡rt✉r❜❡❞ ❜② t❤❡ ❞✐s❝♦♥♥❡❝t✐♦♥s s✐♥❝❡ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥t❡♥❞s t♦ ♠❛t❝❤ ❝♦♥♥❡❝t❡❞ ♣❛rt
♦❢ t❤❡ s♦✉r❝❡ s❤❛♣❡ ♦♥ ❛ ❝♦♥♥❡❝t❡❞ ♣❛rt ♦❢ t❤❡ t❛r❣❡t s❤❛♣❡✳

✺✵



✷✳✷ ❋✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✿ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❝✉rr❡♥ts t♦ r❡♣r❡s❡♥t ❢✉♥❝✲
t✐♦♥❛❧ s❤❛♣❡s✳ ❚❤❡ ♥❡✇ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝ts ✇❡ ✐♥tr♦❞✉❝❡✱ ♥❛♠❡❞ ❢✉♥❝t✐♦♥❛❧ ❝✉r✲
r❡♥ts✱ ❛r❡ ♥♦t ✉s✉❛❧ ❝✉rr❡♥ts str✐❝t❧② s♣❡❛❦✐♥❣✱ ❛s ♦♣♣♦s❡❞ t♦ t❤❡ ♠❡t❤♦❞s ♣r❡s❡♥t❡❞
✐♥ ✷✳✶✳✸✳ ❚❤❡② ✇♦✉❧❞ r❛t❤❡r ❞❡r✐✈❡ ❢r♦♠ t❤❡ ✈❡r② ❣❡♥❡r❛❧ ❝♦♥❝❡♣t ♦❢ ❞♦✉❜❧❡ ❝✉rr❡♥t
✐♥tr♦❞✉❝❡❞ ♦r✐❣✐♥❛❧❧② ❜② ❉❡ ❘❤❛♠ ✐♥ ❬✼✵❪✳

✷✳✷✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s (X, f)✱ ✇✐t❤ X ❛
d✲❞✐♠❡♥s✐♦♥❛❧ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ E ❛♥❞ f ❛
♠❡❛s✉r❛❜❧❡ ♠❛♣♣✐♥❣ ❢r♦♠ X t♦ t❤❡ s✐❣♥❛❧ ♠❛♥✐❢♦❧❞M ✳ ■♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦
t❤❛t ✇❡ ♣r❡s❡♥t ❤❡r❡✱ M ❝❛♥ ❜❡ ❛♥② ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞✳

❋✉♥❝t✐♦♥❛❧ p✲❢♦r♠s ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts

❲❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ❛❣❛✐♥ ❛s t❤❡ ❞✉❛❧ ♦❢ ❛ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s
❢♦r♠s ✿

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✳ ❲❡ ❝❛❧❧ ❛ ❢✉♥❝t✐♦♥❛❧ p✲❢♦r♠ ♦♥ (E,M) ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s♣❛❝❡
C0(E×M,ΛpE∗) ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② Ωp0(E,M) ❤❡r❡❛❢t❡r✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ✉♥✐✲
❢♦r♠ ♥♦r♠ ♦♥ Ωp0(E,M) ❞❡✜♥❡❞ ❜② ✿ ‖ω‖∞ = sup(x,m)∈E×M ‖ω(x,m)‖✳ ❆ ❢✉♥❝t✐♦♥❛❧
p✲❝✉rr❡♥t ✭♦r ❢❝✉rr❡♥t ✐♥ s❤♦rt✮ ✐s ❞❡✜♥❡❞ ❛s ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ ♦♥ Ωp0(E,M)
❢♦r t❤❡ ✉♥✐❢♦r♠ ♥♦r♠✳ ❚❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ p✲❝✉rr❡♥ts ✇✐❧❧ ❜❡ t❤❡r❡❢♦r❡ ❞❡♥♦t❡❞
Ωp0(E,M)′✳

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥✱ ♦♥❡ s❡❡s t❤❛t ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ❛r❡ ❛✉❣♠❡♥t✐♥❣ ✉s✉❛❧ ❝✉rr❡♥ts
✇✐t❤ ♣♦s✐t✐♦♥s ✐♥ t❤❡ s✐❣♥❛❧ ❞♦♠❛✐♥ M ✳ ❆ ❢✉♥❝t✐♦♥❛❧ p✲❢♦r♠ ✐s s♦♠❡❤♦✇ ❛ ✜❡❧❞ ♦❢
❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ♦♥ t❤❡ s♣❛❝❡ E ❜✉t s♣r❡❛❞ ♦♥ t❤❡ ♣r♦❞✉❝t E×M ✳ ■♥❞❡❡❞ ❛ ❣❡♥❡r✐❝
❢✉♥❝t✐♦♥❛❧ p✲❢♦r♠ ❝❛♥ ❜❡ ✇r✐tt❡♥✱ ✐♥ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ (x1, ..., xn) ♦❢ E✱

ω =
∑

1≤i1<..<ip≤n

ai1,...,ip(x,m)dxi1 ∧ ... ∧ dxip ✭✷✳✻✮

◆♦t❡✱ ❤♦✇❡✈❡r✱ t❤❡ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts
Ωp0(E,M)′ ❛♥❞ t❤❡ s♣❛❝❡ ♦❢ ❝✉rr❡♥ts ✐♥ E ×M ✱ Ωp0(E ×M)′ ❞✐s❝✉ss❡❞ ♣r❡✈✐♦✉s❧②✳
❲✐t❤ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱ t❤❡ ❧♦❝❛❧ ❣❡♦♠❡tr② ✐s st✐❧❧ t❤❡ ♦♥❡ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s❤❛♣❡
r❡♣r❡s❡♥t❡❞ ❜② ❛♥ ❡❧❡♠❡♥t ♦❢ ΛpE ❛s ♦♣♣♦s❡❞ t♦ t❤❡ ♣r♦❞✉❝t ❝✉rr❡♥t s❡tt✐♥❣ t❤❛t
♠♦❞❡❧s t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❧✐❢t❡❞ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ✐♥ E ×M ✱ r❡q✉✐r✐♥❣ t❤❡ ❤✐❣❤❡r
❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ♦❢ p✲✈❡❝t♦rs Λp(E ×M)✳ ❚❤✉s t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✐s
❜✐❣❣❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ ❝✉rr❡♥ts ♦♥ E ❜✉t s♠❛❧❧❡r t❤❛♥ t❤❡ s♣❛❝❡ ♦❢ ❝✉rr❡♥ts ♦♥ E×M ✳
◆♦✇✱ ❥✉st ❛s ♦♥❡ ❝❛♥ ❡st❛❜❧✐s❤ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ s❤❛♣❡s ❛♥❞ ❝✉rr❡♥ts✱ t♦ ❛♥②
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ✇❡ ♥♦✇ ❛ss♦❝✐❛t❡ ❛ ❢❝✉rr❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✳ ▲❡t (X, f) ❜❡ ❛ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡✱ ✇✐t❤ X ❛♥ ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡
s✉❜s❡t ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ♦❢ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♥❞ f ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ ❢r♦♠ X t♦
M ✳ ❋♦r ❛❧❧ ω ∈ Ωd0(E,M)✱ x 7→ ω(x,f(x)) ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ❛❧♦♥❣ X✳ ❲❡ s❡t ✿

C(X,f)(ω)
.
=

∫

X
ω(x,f(x)) . ✭✷✳✼✮

❚❤❡♥ C(X,f) ∈ Ωd0(E,M)′ ❛♥❞ t❤❡r❡❢♦r❡ (X, f) 7→ C(X,f) ❛ss♦❝✐❛t❡s✱ t♦ ❛♥② ❢✉♥❝t✐♦♥❛❧
s❤❛♣❡✱ ❛ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥t✳

✺✶



❆s ❢♦r ✉s✉❛❧ ❝✉rr❡♥ts✱ ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦♥ X ✐s ♥❡❡❞❡❞ ❢♦r t❤❡ ♣r❡✈✐♦✉s ✐♥t❡❣r❛❧ t♦
❤❛✈❡ ❛♥② ♠❡❛♥✐♥❣✳ ❲❡ r❡♠✐♥❞ t❤❛t X ❜❡✐♥❣ r❡❝t✐✜❛❜❧❡✱ t❤❡r❡ ❡①✐sts ❛♥ ♦r✐❡♥t❡❞
d✲❞✐♠❡♥s✐♦♥❛❧ t❛♥❣❡♥t s♣❛❝❡ ❛t ❛❧♠♦st ❡✈❡r② ♣♦✐♥t x ∈ X ❛♥❞✱ ✐❢ ✇❡ ❞❡♥♦t❡ τ(x)
t❤❡ ✉♥✐t d✲✈❡❝t♦r ✐♥ ΛdE ❛ss♦❝✐❛t❡❞ t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❛t x✱ t❤❡♥ t❤❡ ✐♥t❡❣r❛❧ ✐♥
❡q✳✭✷✳✼✮ ✐s ✿

C(X,f)(ω)
.
=

∫

X
ω(x,f(x))(τ(x))dHd(x) . ✭✷✳✽✮

■♥ t❤❡ ♠♦r❡ r❡str✐❝t❡❞ ❝❛s❡ ✇❤❡r❡ X ✐s ❛ s✉❜♠❛♥✐❢♦❧❞✱ t❤❡♥ t❤❡ ♣r❡✈✐♦✉s ❝❛♥ ❛❧s♦ ❜❡
✇r✐tt❡♥ t❤r♦✉❣❤ ❧♦❝❛❧ ♣❛r❛♠❡tr✐③❛t✐♦♥ ✇✐t❤ ❛ ❣✐✈❡♥ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ✉♥✐t② ♦❢ X✳ ■❢
γ : U → E ✐s ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ X ✇✐t❤ U ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Rd✱ t❤❡♥

C(X,f)(ω) =

∫

U
ω(γ(u),f◦γ(u))

(
∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)
du1...dud .

❛♥❞ ✐t✬s ❛♥ ❡❛s② ❝❤❡❝❦ t❤❛t ❛ r❡♣❛r❛♠❡tr✐③❛t✐♦♥ ❞♦❡s♥✬t ❝❤❛♥❣❡ t❤❡ ✐♥t❡❣r❛❧✳ ❖❢
❝♦✉rs❡✱ ❛s ❢♦r r❡❣✉❧❛r ❝✉rr❡♥ts✱ t❤❡ ♣r❡✈✐♦✉s ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s
❛♥❞ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✐s ♥♦t s✉r❥❡❝t✐✈❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ s✉♠ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts
♦❢ t❤❡ ❢♦r♠ C(X,f) ❞♦ ♥♦t ❣❡♥❡r❛❧❧② ❞❡r✐✈❡ ❢r♦♠ ❛ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡✳ ■♥ t❤❡ ❢✉♥❝t✐♦♥❛❧
❝✉rr❡♥t ❢r❛♠❡✇♦r❦✱ ❉✐r❛❝ ♠❛ss❡s ❛r❡ ♥❛t✉r❛❧❧② ❣❡♥❡r❛❧✐③❡❞ ❜② ❡❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥❛❧
❝✉rr❡♥ts ♦r ❉✐r❛❝ ❢❝✉rr❡♥ts δξ(x,m) ❢♦r x ∈ X, m ∈ M ❛♥❞ ξ ∈ ΛpE s✉❝❤ t❤❛t

δξ(x,m)(ω)
.
= ω(x,m)(ξ)✳ ■♥ t❤❡ s❛♠❡ ✇❛② ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ♦♥❡ ❝❛♥

❣✐✈❡ ❛ ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ❛ss♦❝✐❛t❡❞ t♦ (X, f) ✇❤❡♥ ❛ ♠❡s❤ ✐s
❞❡✜♥❡❞ ♦♥ X✳ C(X,f) ✐s t❤❡♥ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ s✉♠ ♦❢ ❉✐r❛❝ ❢❝✉rr❡♥ts ✿

C(X,f) ≈
∑

k=1..N

δξk(xk,mk)
✭✷✳✾✮

■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❛ tr✐❛♥❣✉❧❛t❡❞ s✉r❢❛❝❡✱ t❤❡ ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢❝✉r✲
r❡♥t ❝❛♥ ❜❡ s✐♠♣❧② ♦❜t❛✐♥❡❞ ❛s ❡①♣❧❛✐♥❡❞ ❢♦r ❝❧❛ss✐❝❛❧ ❝✉rr❡♥ts ❛♥❞ ❜② ❛❞❞✐♥❣ t❤❡
✬✐♥t❡r♣♦❧❛t❡❞ ✈❛❧✉❡✬ ♦❢ s✐❣♥❛❧ ❛t ❡❛❝❤ ❝❡♥t❡r ♣♦✐♥t ♦❢ tr✐❛♥❣❧❡s ✭♦r ❢♦r ❛ ❣❡♥❡r❛❧ s✐❣♥❛❧
♠❛♥✐❢♦❧❞✱ t❤❡ ❋r❡❝❤❡t ♠❡❛♥ ✐♥ M✮✱ ❛s ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ✜❣✉r❡ ✷✳✼✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥✱ ✇❡ tr② t♦ ❣✐✈❡ ❛ ♠♦r❡ ♣r❡❝✐s❡ s❡♥s❡ t♦ ❡q✳✭✷✳✾✮✳ ❲❡ s❤❛❧❧ ❛ss✉♠❡ ❢♦r s✐♠✲
♣❧✐❝✐t② t❤❛t X ✐s ❛ C1✲s✉❜♠❛♥✐❢♦❧❞ ♦❢ E ✇❤✐❝❤ ❛❞♠✐ts ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ F : Ω→ E
✇✐t❤ Ω ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Rd ❛♥❞ F ❛♥ ❡♠❜❡❞❞✐♥❣✳ ◆❛♠❡❧②✱ ❛ss✉♠❡ t❤❛t ✇❡ ❛r❡
❣✐✈❡♥ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ♠❡s❤ ♦♥ ❛ C1✲s✉❜♠❛♥✐❢♦❧❞ X ✇❤♦s❡ ❢❛❝❡s ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜②
(∆i)i=1,..,n ❛♥❞ t❤❛t t❤❡ s✐❣♥❛❧ ✳ ❋r♦♠ t❤❡ ❞✐s❝r❡t❡ r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡
t❤❛t ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ❤❛✈❡ ❛ ✈❡r② s✐♠♣❧❡ ✐♥t❡r♣r❡t❛t✐♦♥✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❛tt❛❝❤✲
✐♥❣ ✈❛❧✉❡s ♦❢ t❤❡ s✐❣♥❛❧ f t♦ t❤❡ ✉s✉❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ X ❛s ❛ d✲❝✉rr❡♥t✳ ■♥ ❢❛❝t✱ ♦♥❡
❝♦✉❧❞ ❛❧t❡r♥❛t✐✈❡❧② ❞❡✜♥❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ❛s ❛ t❡♥s♦r ♣r♦❞✉❝t s♣❛❝❡ ❜② ♠❛❦✐♥❣ t❤❡
✐❞❡♥t✐✜❝❛t✐♦♥ Ωd0(E,M) = Ωd0(E) ⊗ C0(M,R) ❛♥❞ t❤✉s ❝♦♥s✐❞❡r ❢❝✉rr❡♥ts ❛s t❡♥s♦r
♣r♦❞✉❝ts ♦❢ d✲❝✉rr❡♥ts ♦♥ E ❛♥❞ 0✲❝✉rr❡♥ts ✭✐✳❡ ♠❡❛s✉r❡s✮ ♦♥ M ✱ ✇❤✐❝❤ ✐s ❝❧♦s❡r t♦
t❤❡ ♥♦t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❬✼✵❪✳

❉✐✛❡♦♠♦r♣❤✐❝ tr❛♥s♣♦rt ♦❢ ❢❝✉rr❡♥ts

❲❤❛t ❛❜♦✉t ❞✐✛❡♦♠♦r♣❤✐❝ tr❛♥s♣♦rt ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ❄ ❚❤✐s q✉❡st✐♦♥ ❝❛♥♥♦t
❜❡ ❛❞❞r❡ss❡❞ ❛s s✐♠♣❧② ❛s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝✉rr❡♥t s❡tt✐♥❣ ✐♥ ✐ts ❢✉❧❧ ❣❡♥❡r❛❧✐t②✱ ✇❤✐❝❤
❡ss❡♥t✐❛❧❧② r❡s✉❧ts ❢r♦♠ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ✷✳✶✳✷✳ ❆s ✇❡ ❡①♣❧❛✐♥❡❞✱ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t
♣♦ss✐❜✐❧✐t✐❡s ❜♦t❤ ❢♦r t❤❡ ❣r♦✉♣ ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s t❤❛t ♦♥❡ ❝❛♥ ❝❤♦♦s❡ ❛♥❞ t❤❡ ❛❝t✐♦♥
♦❢ t❤❡s❡ ❞❡❢♦r♠❛t✐♦♥s ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❚♦ r❡♠❛✐♥ ❣❡♥❡r❛❧✱
s✉♣♣♦s❡ t❤❛t ❛ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s t♦❣❡t❤❡r ✇✐t❤ ❛ ❣r♦✉♣ G ⊂ ❉✐✛(E×

✺✷



❋✐❣✉r❡ ✷✳✼✿ ❉✐r❛❝ ❢❝✉rr❡♥ts ❝♦♠♣✉t❡❞ ❢r♦♠ ❛ tr✐❛♥❣✉❧❛t❡❞ ❢✉♥❝t✐♦♥❛❧ s✉r❢❛❝❡✳

M) ❛♥❞ ❛ ❧❡❢t ❣r♦✉♣ ❛❝t✐♦♥ ❛r❡ ✜①❡❞✱ ✇❡ ✇✐❧❧ ♥♦t❡ φ.(X, f) t❤❡ ❛❝t✐♦♥ ♦❢ φ ∈ G ♦♥ ❛
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f)✳ ❚❤❡♥✱

❉❡✜♥✐t✐♦♥ ✷✳✷✳✷✳ ❲❡ ❝❛❧❧ ❛ ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts
❛ ❧❡❢t ❛❝t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ G ♦♥ Ωd0(E,M)′ ✇❤✐❝❤ ✐s s✉❝❤ t❤❛t ❢♦r ❛♥② ❢✉♥❝t✐♦♥❛❧
s❤❛♣❡ (X, f) ❛♥❞ ❛♥② ❞✐✛❡♦♠♦r♣❤✐s♠ φ✱ ✐❢ φ∗ st❛♥❞s ❢♦r t❤❡ ❛❝t✐♦♥ ♦♥ ❢❝✉rr❡♥ts✱ t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s ✿

[φ∗C(X,f)](ω) = Cφ.(X,f)(ω) ✭✷✳✶✵✮

❢♦r ❛❧❧ ω ∈ Ωd0(E,M)✳

❊q✳✭✷✳✶✵✮ ✐s ❜❛s✐❝❛❧❧② ❛ ❝♦♠♠✉t❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡♠❜❡❞❞✐♥❣ ♦❢ ❢s❤❛♣❡s ✐♥t♦
❢❝✉rr❡♥ts✬ s♣❛❝❡ ✇✐t❤ t❤❡ ❞❡❢♦r♠❛t✐♦♥ tr❛♥s♣♦rt✳ ❲✐t❤ ✉s✉❛❧ ❝✉rr❡♥ts✱ t❤✐s ❛❧✇❛②s
❤♦❧❞s ✇✐t❤ t❤❡ ♣✉❧❧✲❜❛❝❦ ❛♥❞ ♣✉s❤✲❢♦r✇❛r❞ ❛❝t✐♦♥s✳ ❍❡r❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❛❞❛♣t
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ♦♥ ❢❝✉rr❡♥ts t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛ ❣✐✈❡♥ ❛❝t✐♦♥ ♦♥
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳
■♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤✐s ✐s ✉s✉❛❧❧② ♥♦t ❞✐✣❝✉❧t✳ ■♥ t❤❡ ❝❛s❡ ♦❢ r❡❛❧ ✈❛❧✉❡❞ s✐❣♥❛❧
❞❛t❛ ❞❡❢♦r♠❡❞ ❛s ✐♥ ❡q✳✭✷✳✶✮✱ t❤❡ ❛❝t✐♦♥ ♦❢ φ ∈ ❉✐✛(E) ♦♥ ❛ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥t C ❝❛♥
❜❡ ❞❡✜♥❡❞ ✐♥ ❛ ✈❡r② s✐♠✐❧❛r ✇❛② ✿





φ∗C(ω)
.
= C(φ∗ω), ∀ω ∈ Ωd0(E,M)

✇❤❡r❡ ❢♦r ❛❧❧ ∀x ∈ E, m ∈M, ξ = ξ1 ∧ ... ∧ ξp ∈ ΛpE

(φ∗ω)(x,m)(ξ)
.
= ω(φ(x),m)(dxφ(ξ1) ∧ ... ∧ dxφ(ξd)) .

✭✷✳✶✶✮

■t ❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s t❤❛t ❢♦r ❛❧❧ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s
(X, f)✱ ✇❡ ❤❛✈❡ φ∗C(X,f) = C(φ(X),f◦φ−1) ❛s ✇❡ ❡①♣❡❝t❡❞ ✉♥❞❡r t❤✐s ♠♦❞❡❧✳
■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❣r♦✉♣ ♦❢ ❞❡❢♦r♠❛t✐♦♥s ❉✐✛(E)×M(E,R) ❛❝t✐♥❣ ❛s ✐♥ ❡q✳✭✷✳✷✮✱ ✇❡
♦❜t❛✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ♦♥ ❢❝✉rr❡♥ts ❜② s❡tt✐♥❣ ✿





(φ, h)∗C(ω)
.
= C((φ, h)∗ω), ∀ω ∈ Ωd0(E,M)

✇❤❡r❡ ❢♦r ❛❧❧ ∀x ∈ E, m ∈M, ξ = ξ1 ∧ ... ∧ ξp ∈ ΛpE

((φ, h)∗ω)(x,m)(ξ)
.
= ω(φ(x),m+h(x))(dxφ(ξ1) ∧ ... ∧ dxφ(ξd)) .

✭✷✳✶✷✮

❚❤❡s❡ ❛r❡ ❡ss❡♥t✐❛❧❧② t❤❡ t✇♦ s✐t✉❛t✐♦♥s t❤❛t s❤❛❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐✲
❝❛t✐♦♥s ✭s❡❝t✐♦♥ ✷✳✸✳✷✮✳ ❨❡t t❤❡ s❛♠❡ t❤✐♥❣ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❢♦r t❤❡ ❣❡♥❡r❛❧ ❛❝t✐♦♥ ♦♥

✺✸



❢s❤❛♣❡s ❣✐✈❡♥ ❜② ❡q✳✭✷✳✺✮ ✇❤✐❝❤ tr❛♥s❧❛t❡s t♦ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ❜② t❤❡ r❡❧❛t✐♦♥s ✿





ψ∗C(ω)
.
= C(ψ∗ω), ∀ω ∈ Ωd0(E,M)

✇❤❡r❡ ❢♦r ❛❧❧ ∀x ∈ E, m ∈M, ξ = ξ1 ∧ ... ∧ ξp ∈ ΛpE

(ψ∗ω)(x,m)(ξ)
.
= ωψ(x,m)(dxψ

g(ξ1) ∧ ... ∧ dxψg(ξd)) .

✭✷✳✶✸✮

❘❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ ♦t❤❡r ❝✉rr❡♥ts

❲❡ ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r t❤❛t t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✐s ✬❜✐❣❣❡r✬ t❤❛♥ t❤❡ ♦♥❡ ♦❢
✉s✉❛❧ ❝✉rr❡♥ts✱ ❛s ✇❡ s❡❡ ❡❛s✐❧② ✐❢ ♦♥❡ t❛❦❡s t❤❡ s✐❣♥❛❧ s♣❛❝❡ ❛s ❛ s✐♥❣❧❡t♦♥ ✭M = {m}✮
❛♥❞ ✐❞❡♥t✐✜❡s E × M ✇✐t❤ E✳ ❆ ♠♦r❡ r✐❣♦r♦✉s ✇❛② t♦ s❛② s♦ ✐s t❤❛t ✇❡ ❤❛✈❡ ❛
s✉r❥❡❝t✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ s : Ωd0(E,M)→ Ωd0(E) ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ ❜② ✜①✐♥❣ m ∈M ❛♥❞
❛ss♦❝✐❛t✐♥❣ t♦ ω ∈ Ωd0(E,M)✱

s(ω) = ω(.,m)(.) ∈ Ωd0(E).

❚❤❡ ❞✉❛❧ ❛♣♣❧✐❝❛t✐♦♥

j : C ∈ Ωd0(E)′ 7−→ [C : ω 7→ C(s(ω))] ∈ Ωd0(E,M)′

✐s ❛ ♦♥❡ t♦ ♦♥❡ ❧✐♥❡❛r ♠❛♣✳

❍♦✇❡✈❡r✱ ❛s ✇❡ ❝♦✉❧❞ ❡①♣❡❝t✱ ✐t✬s ❛ ✬s♠❛❧❧❡r✬ s♣❛❝❡ t❤❛♥ t❤❡ ♦♥❡ ♦❢ ❝✉rr❡♥ts ✐♥ t❤❡
♣r♦❞✉❝t E ×M ✳ ■♥❞❡❡❞✱ ❛ss✉♠✐♥❣✱ t♦ s✐♠♣❧✐❢②✱ t❤❛t M ✐s ❛ ✈❡❝t♦r s♣❛❝❡✱ ✇❡ ❝❛♥
❡♠❜❡❞ ΛdE ✐♥t♦ Λd(E ×M) ❜② s❡tt✐♥❣ ❢♦r ξ1 ∧ ... ∧ ξd ∈ ΛdE, l̃(ξ1 ∧ ... ∧ ξd) =
(ξ1, 0) ∧ ... ∧ (ξd, 0) ∈ Λd(E ×M)✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✿

p̃ : Ωd0(E ×M) −→ Ωd0(E,M)

ω 7−→ p̃(ω)/ p̃(ω)(x,m)(ξ) = ω(x,m)(l̃(ξ))

❖♥ t❤❡ ♦t❤❡r ✇❛②✱ t❤❡r❡ ✐s ❛ s✉r❥❡❝t✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ l̃ ❢r♦♠ Λd(E ×M) t♦ ΛdE ✇❤✐❝❤
✐s s✉❝❤ t❤❛t ❢♦r ❛❧❧ (ξ1, η1), ..., (ξd, ηd) ∈ E×M, l((ξ1, η1)∧ ...∧(ξd, ηd)) = ξ1∧ ...∧ξd✱
✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✿

p : Ωd0(E,M) −→ Ωd0(E ×M)

ω 7−→ p(ω)/ p(ω)(x,m)(ξ) = ω(x,m)(l(ξ))

❛♥❞ ✇❡ ❡❛s✐❧② s❡❡ t❤❛t p̃◦p ✐s t❤❡ ✐❞❡♥t✐t② ♦♥ Ωd0(E,M)✳ ■t r❡s✉❧ts t❤❛t p̃ ✐s ❛ s✉r❥❡❝t✐✈❡
❛♣♣❧✐❝❛t✐♦♥✳ ❲❡ ♦❜t❛✐♥ t❤❡r❡❢♦r❡ ❛ ❞✉❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✿

i : Ωd0(E,M)′ −→ Ωd0(E ×M)′

C 7−→ [i(C) : ω 7→ C(p̃(ω))]

t❤❛t ✐s ♦♥❡ t♦ ♦♥❡✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❥✉st ♣r♦✈❡❞ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ✿

Ωd0(E)′ Ωd0(E,M)′ Ωd0(E ×M)′
j i

✺✹



✷✳✷✳✷ ❘❡♣r♦❞✉❝✐♥❣ ❑❡r♥❡❧ ❍✐❧❜❡rt ❙♣❛❝❡ str✉❝t✉r❡s ♦♥ ❢✉♥❝t✐♦♥❛❧

❝✉rr❡♥ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♥♦✇ ❛❞❞r❡ss t❤❡ ❢✉♥❞❛♠❡♥t❛❧ q✉❡st✐♦♥ ♦❢ ❝♦♠♣❛r✐♥❣ ❢✉♥❝t✐♦♥❛❧
❝✉rr❡♥ts t❤r♦✉❣❤ ❛♣♣r♦♣r✐❛t❡ ♠❡tr✐❝s✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❛❞❛♣t t❤❡ ✐❞❡❛s ♦❢ ❘❑❍❙
t❤❛t ✇❡r❡ ♣r❡s❡♥t❡❞ ❜r✐❡✢② ❢♦r ❝✉rr❡♥ts ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ❝❤❛♣t❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡
♣r♦♣♦s❡ ❛ ❣❡♥❡r✐❝ ✇❛② t♦ ❜✉✐❧❞ ❦❡r♥❡❧s t❤❛t ❡♠❜❡❞s ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✐♥t♦ ❍✐❧❜❡rt
s♣❛❝❡s ❛♥❞ ♣r♦✈✐❞❡ ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❞♦t ♣r♦❞✉❝t ❜❡t✇❡❡♥ ❉✐r❛❝s✳

❑❡r♥❡❧s✬ ❝♦♥str✉❝t✐♦♥

❆s ✇❡ ❤❛✈❡ s❡❡♥ ❢♦r ❝✉rr❡♥ts✱ t❤❡ t❤❡♦r② ♦❢ ❘❑❍❙ ❞❡✜♥❡s ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ❜❡t✇❡❡♥
❝✉rr❡♥ts t❤r♦✉❣❤ ❛ ❝❡rt❛✐♥ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ s♦♠❡ r❡❣✉❧❛r✐t② ❛♥❞ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ❲❡ s❤❛❧❧ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ✐❞❡❛ t❤❛t ❢✉♥❝t✐♦♥❛❧ d✲❝✉rr❡♥ts ❝❛♥ ❛❧s♦ ❜❡
❝♦♥s✐❞❡r❡❞ ❛s t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ d✲❝✉rr❡♥ts ♦♥ E ❛♥❞ 0✲❝✉rr❡♥ts ♦♥M ✳ ❲❡ r❡♠✐♥❞
t❤❛t ❢♦r ❛ s❡t A ❛♥❞ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡ V ✱ ✇❡ s❛② t❤❛tK ✐s ❛ V ✲♣♦s✐t✐✈❡
❦❡r♥❡❧ ♦♥ A ✐❢ K : A×A→ L(V )✱ K(a′, a) = K(a, a′)∗ ❛♥❞ K s❛t✐s✜❡s t❤❡ ♣♦s✐t✐✈✐t②
♣r♦♣❡rt② ✿ ❢♦r ❛❧❧ a1, ..., aN ∈ A ❛♥❞ v1, .., vN ∈ V ✱

∑N
i,j=1〈K(ai, aj)vi, vj〉 ≥ 0✳ ▲❡t✬s

✜rst ♠❡♥t✐♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡r② ❣❡♥❡r❛❧ r❡s✉❧t ❢r♦♠ ❦❡r♥❡❧ t❤❡♦r② ✿

▲❡♠♠❛ ✷✳✷✳✶✳ ▲❡t A ❛♥❞ B ❜❡ t✇♦ s❡ts ❛♥❞ KA ❛ VA✲♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ A✱ KB ❛
VB✲♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ B ✇❤❡r❡ VA ❛♥❞ VB ❛r❡ t✇♦ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡s✳
❚❤❡♥✱ t❤❡ t❡♥s♦r ♣r♦❞✉❝t KA ⊗KB ❞❡✜♥❡❞ ❜② ✿

〈KA ⊗KB

(
(a, b), (a′, b′)

)
uA ⊗ uB, vA ⊗ vB〉 = 〈KA(a, a

′)uA, vA〉.〈KB(b, b
′)uB, vB〉

✐s ❛ VA ⊗ VB✲♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ A×B✳

Pr♦♦❢✳ ▲❡t N ∈ N
∗✱ a1, .., aN ∈ A ❛♥❞ b1, ..., bN ∈ B✱ u1, .., uN ∈ VA ❛♥❞ v1, .., uN ∈

VB✳ ❲❡ ❤❛✈❡ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧ ✿

N∑

i,j=1

〈KA ⊗KB ((ai, bi), (aj , bj))ui ⊗ vi, uj ⊗ vj〉 =
N∑

i,j=1

〈KA(ai, aj)ui, uj〉.〈KB(bi, bj)vi, vj〉

= Tr(MAMB)

✇❤❡r❡MA = (〈KA(ai, aj)ui, uj〉)i,j ❛♥❞MB = (〈KB(bi, bj)vi, vj〉)i,j ❛r❡ ❜♦t❤ ♣♦s✐t✐✈❡
s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ✭❜❡❝❛✉s❡ KA ❛♥❞ KB ❛r❡ ♣♦s✐t✐✈❡ ❦❡r♥❡❧s✮✳ ■t ✐s t❤❡♥ ❛ ✇❡❧❧✲
❦♥♦✇♥ ❢❛❝t t❤❛t Tr(MAMB) ≥ 0 ❛♥❞ t❤✉s KA ⊗KB ✐s ❛ ♣♦s✐t✐✈❡ ❦❡r♥❡❧✳

◆♦t❡ t❤❛t ✐❢ KB ✐s ❛ r❡❛❧ ❦❡r♥❡❧ ✭✐✳❡ VB = R✮ t❤❡♥ KA⊗KB ✐s ❛ VA⊗R ≈ VA✲♣♦s✐t✐✈❡
❦❡r♥❡❧ ♦♥ A×B✳ ◆♦✇✱ ✇❡ ❛♣♣❧② ❧❡♠♠❛ ✷✳✷✳✶ t♦ t❤❡ ❝❛s❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✷✳ ▲❡t Kg : E×E → L(ΛdE) ❜❡ ❛ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧
s♣❛❝❡ E ❛♥❞ kf :M×M → R ❛ r❡❛❧ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ t❤❡ s✐❣♥❛❧ s♣❛❝❡M ✳ ❲❡ ❛ss✉♠❡
t❤❛t ❜♦t❤ ❦❡r♥❡❧s ❛r❡ ❝♦♥t✐♥✉♦✉s✱ ❜♦✉♥❞❡❞ ❛♥❞ ✈❛♥✐s❤✐♥❣ ❛t ✐♥✜♥✐t②✳ ❚❤❡♥ Kg ⊗ kf
❞❡✜♥❡s ❛ ΛdE✲♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ E × M ✇❤♦s❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡♣r♦❞✉❝✐♥❣ ❍✐❧❜❡rt
s♣❛❝❡ W ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ Ωd0(E,M)✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ ❜♦t❤ ❦❡r♥❡❧s✱ ✇❡ ❦♥♦✇ t❤❛t t♦ Kg ❛♥❞ kf ❝♦rr❡s♣♦♥❞
t✇♦ ❘❑❍❙ Wg ❛♥❞ Wf t❤❛t ❛r❡ r❡s♣❡❝t✐✈❡❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ Ωp0(E) ❛♥❞ C0(M,R)
✭❝❢ s❡❝t✐♦♥ ✶✳✷✳✹ ✐♥ ❝❤❛♣t❡r ✶✮✳ ❇② ❛♣♣❧②✐♥❣ ❧❡♠♠❛ ✷✳✷✳✶ ✇✐t❤ A = E✱ B = M ✱

✺✺



VA = ΛdE ❛♥❞ VB = R✱ ✇❡ ❣❡t t❤❛t K
.
= Kg ⊗ kf ❞❡✜♥❡s ❛ ΛdE✲♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥

E ×M ✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ kf ✐s r❡❛❧✲✈❛❧✉❡❞✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r K ✿

K ((x1,m1), (x2,m2)) = kf (m1,m2).Kg(x1, x2) ✭✷✳✶✹✮

❚❤❡ ❦❡r♥❡❧ K ❝♦rr❡s♣♦♥❞s t♦ ❛ ✉♥✐q✉❡ ❘❑❍❙ W t❤❛t ✐s t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r
s♣❛❝❡ s♣❛♥♥❡❞ ❜② ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥s {kf (.,m).Kg(., x)ξ} ❢♦r x ∈ E, m ∈M, ξ ∈ ΛdE✳
❙✐♥❝❡ ❢✉♥❝t✐♦♥s kf (.,m) ❛♥❞ Kg(., x) ❛r❡ ❜♦t❤ ❝♦♥t✐♥✉♦✉s ❛♥❞ ✈❛♥✐s❤✐♥❣ ❛t ✐♥✜♥✐t②
❢r♦♠✱ t❤✐s ❤♦❧❞s ❢♦r kf (.,m).Kg(., x)ξ ❛s ✇❡❧❧✱ s♦ t❤❛t W ✐s ✐♥❞❡❡❞ ❡♠❜❡❞❞❡❞ ✐♥t♦
Ωd0(E,M)✳ ■t ♦♥❧② r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❡♠❜❡❞❞✐♥❣ ✐s ❝♦♥t✐♥✉♦✉s✱ ✇❤✐❝❤ r❡❞✉❝❡s
t♦ ❞♦♠✐♥❛t❡ t❤❡ ✉♥✐❢♦r♠ ♥♦r♠ ❜② ‖.‖W ✳
▲❡t ω ∈W ✳ ❋♦r ❛❧❧ (x,m) ∈ E ×M ❛♥❞ ξ ∈ ΛdE s✉❝❤ t❤❛t |ξ| = 1✱ ✇❡ ❤❛✈❡

|ω(x,m)(ξ)| = |δξ(x,m)(ω)| . ✭✷✳✶✺✮

❙✐♥❝❡ W ✐s ❛ ❘❑❍❙✱ ❛❧❧ δξ(x,m) ❛r❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠s ♦♥ W ✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡

❘✐❡s③ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ♣r♦✈✐❞❡s ❛♥ ✐s♦♠❡tr② KW :W ′ →W ✳ ❚❤❡♥ ✿

〈δξ1(x1,m1)
, δξ2(x2,m2)

〉W ′ = 〈KW (δξ1(x1,m1)
),KW (δξ2(x2,m2)

)〉W
= 〈kf (.,m1)Kg(., x1)ξ1, kf (.,m2)Kg(., x2)ξ2〉W
= kf (m1,m2).〈Kg(x1, x2)ξ1, ξ2〉 ✭✷✳✶✻✮

◆♦✇✱ ❜❛❝❦ t♦ ❡q✉❛t✐♦♥ ✭✷✳✶✺✮✱ ✇❡ ❤❛✈❡ ✿

|ω(x,m)(ξ)| ≤ ‖δξx,m‖W ′ ‖ω‖W
≤

√
kf (m,m).〈Kg(x, x)ξ, ξ〉 ‖ω‖W

❙✐♥❝❡ ✇❡ ❛ss✉♠❡ t❤❛t m 7→ kf (m,m) ❛♥❞ x 7→ Kg(x, x) ❛r❡ ❜♦✉♥❞❡❞ ✇❡ ❞❡❞✉❝❡
t❤❛t

√
kf (m,m).〈Kg(x, x)ξ, ξ〉 ✐s ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ x✱ m ❛♥❞ ξ ✇✐t❤ |ξ| = 1✳

❍❡♥❝❡✱ ❜② t❛❦✐♥❣ t❤❡ s✉♣r❡♠✉♠ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ✇❡ ✜♥❛❧❧② ❣❡t

‖ω‖∞ ≤ C‖ω‖W

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❡♠❜❡❞❞✐♥❣ ✐s ❝♦♥t✐♥✉♦✉s✳

❇② ❞✉❛❧✐t②✱ ✇❡ ❤❛✈❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥

ı∗ : Ωd0(E,M)′ →W ′

t❤❛t s❡♥❞s ❛♥② ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥t ✐♥t♦ W ′ ✭✇❤✐❝❤ ✐s ❛❧s♦ ❛ ❍✐❧❜❡rt s♣❛❝❡✮ ❛♥❞ ✇❡
❝❛♥ t❤✉s ❝♦♠♣❛r❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✇✐t❤ t❤❡ ♥♦r♠ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❦❡r♥❡❧✳ ❍♦✇❡✈❡r✱
✐t✬s ✐♠♣♦rt❛♥t t♦ ♣♦✐♥t ♦✉t t❤❛t ı∗ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛♥ ❡♠❜❡❞❞✐♥❣✳ ■❢ ❢♦r ✐♥st❛♥❝❡
M = S

1 ❛♥❞ ∀θ1, θ2 ∈ S
1, kf (θ1, θ2) = 1✱ ✇❡ s❡❡ t❤❛t ❢♦r x ∈ E, ξ ∈ ΛdE ❛♥❞

θ1, θ2 ∈ S
1✱ ✇❡ ❤❛✈❡ ı∗(δξ(x,θ1)) = ı∗(δξ(x,θ2)) ❛♥❞ ı

∗ ✐s ♥♦t ✐♥❥❡❝t✐✈❡✳ ❚❤❡ ❢❛❝t t❤❛t ı∗ ✐s
❛♥ ❡♠❜❡❞❞✐♥❣ ✐s ❝❛❧❧❡❞ t❤❡ C0✲✉♥✐✈❡rs❛❧✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❦❡r♥❡❧ ❛♥❞✱ ❛s ♣r♦✈❡❞
✐♥ ❬✷✵❪✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦♣❡rt② ♦❢ W ❜❡✐♥❣ ❞❡♥s❡ ✐♥ Ωd0(E,M)✳ ❚❤✐s ✐s t❤❡
❝❛s❡ ✐♥ ♣❛rt✐❝✉❧❛r ✐❢ ❜♦t❤ Wg ❛♥❞ Wf ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥s❡ ✐♥ Ωd0(E) ❛♥❞ C0(M,R)✳
■♥ ❬✷✵❪ ❛r❡ ❛❧s♦ ❣✐✈❡♥ ❛ ❢❡✇ ❡①❛♠♣❧❡s ♦❢ ✉♥✐✈❡rs❛❧ ❦❡r♥❡❧s ❛♥❞ ❜✉✐❧❞✐♥❣ t❡❝❤♥✐q✉❡s ✐♥
t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ●❛✉ss✐❛♥ ❦❡r♥❡❧s ❛r❡ t❤❡ s✐♠♣❧❡st ❡①❛♠♣❧❡s✱ ✇❤✐❝❤ ❡①♣❧❛✐♥s t❤❡✐r
✇✐❞❡ ✉s❡ ✐♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳
❚♦ s✉♠ ✉♣✱ ♣r♦♣♦s✐t✐♦♥ ✷✳✷✳✷ ♣r♦✈✐❞❡s ❛ q✉✐t❡ ♥❛t✉r❛❧ ✭❜✉t ♥♦t ✉♥✐q✉❡✮ ✇❛② t♦ ❜✉✐❧❞

✺✻



❦❡r♥❡❧s ❢♦r ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ❜② ♠❛❦✐♥❣ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ ❦❡r♥❡❧s ❞❡✜♥❡❞ s❡♣✲
❛r❛t❡❧② ✐♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❞♦♠❛✐♥ ✭d✲❝✉rr❡♥ts ✐♥ E✮ ❛♥❞ ✐♥ t❤❡ s✐❣♥❛❧ ❞♦♠❛✐♥ ✭0✲
❝✉rr❡♥ts ✐♥ M✮✳ ◆♦t❡ t❤❛t ♥♦♥ ♣r♦❞✉❝t ❦❡r♥❡❧s ❝♦✉❧❞ ❛❧s♦ ❜❡ ✉s❡❞ ❜✉t t❤❡ ♣r♦❞✉❝t
s✐t✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛ss✉♠♣t✐♦♥ ❜❡t✇❡❡♥ s❤❛♣❡ ❛♥❞ ❢✉♥❝t✐♦♥❛❧
✐♥❢♦r♠❛t✐♦♥ ✇❤✐❝❤ ✐s ♥❛t✉r❛❧ ✇❤❡♥ ♠♦❞❡❧✐♥❣ t❤❡ r❡s✐❞✉❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❢✉♥❝✲
t✐♦♥❛❧ s❤❛♣❡s ❛s ♥♦✐s❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ✉s❡ ♦❢ ♣r♦❞✉❝t ❦❡r♥❡❧s ❧❡❛❞s t♦ s✐♠♣❧❡r ❛♥❞
❢❛st❡r ❝♦♠♣✉t❛t✐♦♥❛❧ s❝❤❡♠❡s✱ ❛s ✇❡ s❤❛❧❧ ❡①♣❧❛✐♥ ❧❛t❡r ♦♥✳ ❲❡ s❡❡ t❤❛t✱ ❡✈❡♥t✉❛❧❧②✱
❡✈❡r②t❤✐♥❣ r❡❧✐❡s ♦♥ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❦❡r♥❡❧s ♦♥ E ❛♥❞ M ✳
❑❡r♥❡❧s ♦♥ t❤❡ ✈❡❝t♦r s♣❛❝❡ E ♦❜✈✐♦✉s❧② ❞♦ ♥♦t r❛✐s❡ ❛♥② ❛❞❞✐t✐♦♥❛❧ ❞✐✣❝✉❧t② ✐♥ ♦✉r
❛♣♣r♦❛❝❤ ❝♦♠♣❛r❡❞ t♦ ✉s✉❛❧ ❝✉rr❡♥t s❡tt✐♥❣s✳ ❆♠♦♥❣ ♦t❤❡rs✱ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ♠❡♥✲
t✐♦♥❡❞ r❛❞✐❛❧ s❝❛❧❛r ❦❡r♥❡❧s ❞❡✜♥❡❞ ❢♦r x, y ∈ E ❜② K(x, y) = k(|x − y|).■❞E ✇❤❡r❡
k ✐s ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ R+ ❛♥❞ ✈❛♥✐s❤✐♥❣ ❛t ✐♥✜♥✐t②✳ ❚❤✐s ❢❛♠✐❧② ♦❢ ❦❡r♥❡❧s ✐s
t❤❡ ♦♥❧② ♦♥❡ t❤❛t ✐♥❞✉❝❡s ❛ ❘❑❍❙ ♥♦r♠ ✐♥✈❛r✐❛♥t ❢♦r ❛✣♥❡ ✐s♦♠❡tr✐❡s✳ ❚❤❡ ♠♦st
✉s✉❛❧ ✐s t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧✱ ✇❤✐❝❤ ✐s ❛❧s♦ C0 ✉♥✐✈❡rs❛❧ ❛s ✇❡ s❛✐❞ ❡❛r❧✐❡r✱ ❞❡✜♥❡❞ ❜②

K(x, y) = exp
(
− |x−y|2

σ2

)
■❞E ✱ σ ❜❡✐♥❣ ❛ s❝❛❧❡ ♣❛r❛♠❡t❡r t❤❛t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s

❛ r❛♥❣❡ ♦❢ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ♣♦✐♥t ♣♦s✐t✐♦♥s✳
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❦❡r♥❡❧ ♦♥ t❤❡ s✐❣♥❛❧ ♠❛♥✐❢♦❧❞M ✐s ♦❢t❡♥ ♠♦r❡ ✐♥✈♦❧✈❡❞✳ ❍♦✇❡✈❡r✱
✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t✱ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱ t❤✐s ✐ss✉❡ ✐s ❞r❛s✲
t✐❝❛❧❧② s✐♠♣❧✐✜❡❞ ❜❡❝❛✉s❡ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❞❡✜♥❡ r❡❛❧✲✈❛❧✉❡❞ ❦❡r♥❡❧s ♦♥ M ✳ ❚❤✐s ✐s
❝♦♥tr❛st✐♥❣✱ ❢♦r ✐♥st❛♥❝❡✱ ✇✐t❤ t❤❡ ✐❞❡❛ ♦❢ ♣r♦❞✉❝t s♣❛❝❡ ❝✉rr❡♥ts ♦❢ s✉❜s❡❝t✐♦♥ ✷✳✶✳✸✱
t❤❛t ✇♦✉❧❞ r❡q✉✐r❡ ❦❡r♥❡❧s ❧✐✈✐♥❣ ✐♥ t❤❡ ❡①t❡r✐♦r ♣r♦❞✉❝t ♦❢ t❤❡ ✜❜❡r ❜✉♥❞❧❡ ♦❢ M ✳ ■❢
M ✐s ❛♥ ❡♠❜❡❞❞❡❞ ♠❛♥✐❢♦❧❞✱ ♦♥❡ ❝♦✉❧❞ s✐♠♣❧② ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐✈✐❛❧ ♣r♦♣❡rt② ♦♥
❦❡r♥❡❧s ✿

Pr♦♣❡rt② ✷✳✷✳✶✳ ▲❡t k ❜❡ ❛ r❡❛❧✲✈❛❧✉❡❞ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ ❛ s❡t A✳ ❚❤❡♥✱ ✐❢ B ✐s ❛
s✉❜s❡t ♦❢ A✱ t❤❡ ❢✉♥❝t✐♦♥ k̃ : B ×B → R ♦❜t❛✐♥❡❞ ❜② r❡str✐❝t✐♦♥ ✐s ❛ ♣♦s✐t✐✈❡ ❦❡r♥❡❧
♦♥ B✳

■♥ ♦✉r ❝❛s❡✱ ✐❢ M ✐s ❛ s✉❜♠❛♥✐❢♦❧❞ ♦❢ s♦♠❡ ✈❡❝t♦r s♣❛❝❡ F ✱ ♦❜t❛✐♥✐♥❣ r❡❛❧✲✈❛❧✉❡❞ ❦❡r✲
♥❡❧s ♦♥ M ❜❡❝♦♠❡s str❛✐❣❤t❢♦r✇❛r❞ ❜② r❡str✐❝t✐♦♥ t♦ M ♦❢ ❦❡r♥❡❧s ❞❡✜♥❡❞ ♦♥ F ✳ ❋♦r
✈❡❝t♦r ❦❡r♥❡❧s✱ t❤✐s ♣r♦❝❡ss ❞♦❡s ♥♦t ❛♣♣❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ♥♦♥✲❡q✉❛❧ t❛♥❣❡♥t s♣❛❝❡s
❛t ❞✐✛❡r❡♥t ♣♦✐♥ts✳ ❆ s❡❝♦♥❞ ✐♠♣♦rt❛♥t ❢❛❝t ✐s t❤❛t t❤❡ C0✲✉♥✐✈❡rs❛❧✐t② ♣r♦♣❡rt②
tr❛♥s❢❡rs ❜② r❡str✐❝t✐♦♥✱ ✐✳❡ ✿

Pr♦♣❡rt② ✷✳✷✳✷✳ ■❢ k ✐s ❛ r❡❛❧✲✈❛❧✉❡❞ ♣♦s✐t✐✈❡ C0✲✉♥✐✈❡rs❛❧ ❦❡r♥❡❧ ♦♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡
A ❛♥❞ B ❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ A t❤❡♥ t❤❡ r❡str✐❝t❡❞ ❦❡r♥❡❧ k̃ ✐s ❛❧s♦ C0✲✉♥✐✈❡rs❛❧✳

❚❤✐s ✐s ♣r♦✈❡❞ ✐♥ ❬✷✵❪✱ ❝♦r♦❧❧❛r② ✸✳ ■♥ ♣r❛❝t✐❝❛❧ t❡r♠s✱ ♣r♦♣ ✷✳✷✳✷ ❣✉❛r❛♥t❡❡s t❤❛t ✇❡
❝❛♥ ♦❜t❛✐♥ C0✲✉♥✐✈❡rs❛❧ ❦❡r♥❡❧ ♦♥ M ✐❢ ✇❡ r❡str✐❝t ❢♦r ✐♥st❛♥❝❡ ❛ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ✐♥
F ♦♥ M ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❛❜str❛❝t s✐❣♥❛❧ ♠❛♥✐❢♦❧❞ M ❢♦r ✇❤✐❝❤ ✇❡ ❞♦♥✬t ❤❛✈❡ ❛
❝❛♥♦♥✐❝❛❧ ❡♠❜❡❞❞✐♥❣ ✐♥t♦ ❛ ✈❡❝t♦r s♣❛❝❡✱ t❤❡ r❡s✉❧t✐♥❣ ❦❡r♥❡❧s ✇♦✉❧❞ ❞❡♣❡♥❞ ♦♥ t❤❡
✇❛② t❤❛t M ✐s ❡♠❜❡❞❞❡❞ ✐♥t♦ ❛ ❞❡t❡r♠✐♥❡❞ s♣❛❝❡✳

❋✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✬ ❦❡r♥❡❧ ♠❡tr✐❝s ✿ ❛ ❢❡✇ ❡①❛♠♣❧❡s

❋r♦♠ ❡q✳✭✷✳✶✻✮✱ ✇❡ s❡❡ t❤❛t t❤❡ ♠❡tr✐❝ ❜❡t✇❡❡♥ t✇♦ ❉✐r❛❝ ❢❝✉rr❡♥ts ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥
♦❢ ❣❡♦♠❡tr② ❝♦♠♣❛r✐s♦♥ t❤r♦✉❣❤ t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ t✇♦ ❉✐r❛❝s ❛♥❞ t❤❡ ❧♦❝❛❧ ✈♦❧✉♠❡
❡❧❡♠❡♥ts✱ ❛♥❞ s✐❣♥❛❧ ♣r♦①✐♠✐t② ❡✈❛❧✉❛t❡❞ ❜② t❤❡ ❦❡r♥❡❧ kf ✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ♦♥❡ ❝❛♥
✇r✐t❡ t❤❡ ❞✐st❛♥❝❡ ♦♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s t❤❛t r❡s✉❧ts ❢r♦♠ t❤❡s❡ ♠❡tr✐❝s✳ ■❢ (X, f)
❛♥❞ (Y, g) ❛r❡ t✇♦ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s t♦ ✇❤✐❝❤ ✇❡ ❛ss♦❝✐❛t❡ t❤❡✐r ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✬

✺✼



r❡♣r❡s❡♥t❛t✐♦♥s C(X,f) ❛♥❞ C(Y,g)✱ t❤❡♥ ✇❡ ❤❛✈❡ ✿

‖C(X,f) − C(Y,g)‖2W ′ = ‖C(X,f)‖2W ′ + ‖C(Y,g)‖2W ′ − 2〈C(X,f), C(Y,g)〉W ′

=

∫

X×X
kf (f(x1), f(x2)).〈Kg(x1, x2)ξ̃X(x1), ξ̃X(x2)〉dHd(x1)dHd(x2)

+

∫

Y×Y
kf (g(y1), g(y2)).〈Kg(y1, y2)ξ̃Y (y1), ξ̃Y (y2)〉dHd(y1)dHd(y2)

− 2

∫

X×Y
kf (f(x), g(y)).〈Kg(x, y)ξ̃X(x), ξ̃Y (y)〉dHd(x)dHd(y) ✭✷✳✶✼✮

✇❤❡r❡ ξ̃X(x) ✐s t❤❡ ✉♥✐t d✲✈❡❝t♦r ♦❢ ΛdE ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ♦r✐❡♥t❡❞ t❛♥❣❡♥t s♣❛❝❡
t♦ X ❛t x✳ ❲❡ ❝❛♥ ❛❧s♦ ✇r✐t❡ t❤❡ ❡①❛❝t ❡q✉✐✈❛❧❡♥t ♦❢ ❡q✳✭✷✳✶✼✮ ❢♦r ❞✐s❝r❡t❡ s❤❛♣❡s✳

◆❛♠❡❧② ✐❢ C(X,f) =
∑n

i=1 δ
ξXi
(xi,fi)

❛♥❞ C(Y,g) =
∑m

k=1 δ
ξYk
(yk,gk)

✱ t❤❡♥ ✿

‖C(X,f) − C(Y,g)‖2W ′ =
n∑

i=1

n∑

j=1

kf (fi, fj).〈Kg(xi, xj)ξ
X
i , ξ

X
j 〉

+
m∑

k=1

m∑

l=1

kf (gk, gl).〈Kg(yk, yl)ξ
Y
k , ξ

Y
l 〉

− 2
n∑

i=1

m∑

k=1

kf (fi, gk).〈Kg(xi, yk)ξ
X
i , ξ

Y
k 〉 ✭✷✳✶✽✮

❚❤✐s ❧❛st ❡q✉❛t✐♦♥ ❣✐✈❡s ❛ r❛t❤❡r s✐♠♣❧❡ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ❢♦r ❝♦♠♣✉t✐♥❣ ❞✐st❛♥❝❡s ❜❡✲
t✇❡❡♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ❜❛s❡❞ ♦♥❧② ♦♥ ❦❡r♥❡❧ ❡✈❛❧✉❛t✐♦♥s✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t ❢♦r s✉❢✲
✜❝✐❡♥t❧② r❡❣✉❧❛r ❦❡r♥❡❧s✱ ✇❡ ♦❜t❛✐♥ ❞✐✛❡r❡♥t✐❛❜❧❡ ❞✐st❛♥❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ♣♦s✐t✐♦♥
❛♥❞ ❢✉♥❝t✐♦♥❛❧ ✈❛❧✉❡s✱ ✇❤✐❝❤ s❤❛❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✳
◆♦✇✱ ✇❡ tr② t♦ ❣✐✈❡ ❛ ❧✐tt❧❡ ♠♦r❡ ✐♥s✐❣❤t ♦♥ ❤♦✇ t❤❡s❡ ♠❡tr✐❝s ❜❡❤❛✈❡ ❜② ❝♦♥s✐❞❡r✐♥❣
♠♦r❡ s♣❡❝✐✜❝❛❧❧② t❤❡ ❝❛s❡ ♦❢ r❡❛❧✲✈❛❧✉❡❞ s✐❣♥❛❧s M = R✳ ▲❡t✬s ❛❧s♦ t❛❦❡ t❤❡ ❦❡r♥❡❧s

kf ❛♥❞ Kg t♦ ❜❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧s✱ ✐✳❡ kf (f1, f2) = e
−

|f2−f1|
2

σ2
f ❛♥❞ 〈Kg(x1, x2)ξ1, ξ2〉 =

e
−

|x2−x1|
2

σ2
g 〈ξ1, ξ2〉✳ ❚❤❡ ♣❛r❛♠❡t❡rs σg ❛♥❞ σf ❛r❡ t❤❡ s❝❛❧❡s ♦❢ t❤❡ ❦❡r♥❡❧s r❡s♣❡❝t✐✈❡❧②

✐♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❛♥❞ s✐❣♥❛❧ ❞♦♠❛✐♥✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❞✐r❛❝s ❞❡❝r❡❛s❡s
❛s t❤❡② ❧✐❡ ✬❢❛rt❤❡r✬ ❢r♦♠ ❡❛❝❤ ♦t❤❡r ✇✐t❤ r❡s♣❡❝t t♦ σg ♦r ✐❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ s✐❣♥❛❧s t❤❡② ❝❛rr② ❜❡❝♦♠❡s ❧❛r❣❡r ❝♦♠♣❛r❡❞ t♦ σf ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ σf → +∞✱
✇❡ ❤❛✈❡ kf (f1, f2) = 1 ❢♦r ❛❧❧ f1, f2 ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ✇❡ ❣❡t ✐s ❡①❛❝t❧② t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t❤❡ ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ s❤❛♣❡s X ❛♥❞ Y ❣✐✈❡♥ ❜② ❝✉rr❡♥ts✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ✐❢ ✇❡ ❧❡t σg → +∞✱ ❛s ✐❢ ❛❧❧ ♣♦✐♥ts ✇❡r❡ s❡❡♥ ❜② t❤❡ ❦❡r♥❡❧ ❛t t❤❡ s❛♠❡ ❧♦❝❛t✐♦♥
❣❡♦♠❡tr✐❝❛❧❧②✱ ❡q✳✭✷✳✶✼✮ ❛♥❞ ❡q✳✭✷✳✶✽✮ ❜❡❝♦♠❡ s♦♠❡❤♦✇ ❛ ♠❡tr✐❝ ❜❡t✇❡❡♥ t❤❡ s✐❣♥❛❧
❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ t✇♦ ♦❜❥❡❝ts✳ ❍♦✇❡✈❡r✱ ✇❡ s❡❡ t❤❛t ✐t st✐❧❧ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t
s♦♠❡ ♦❢ t❤❡ ❣❡♦♠❡tr② t❤r♦✉❣❤ t❤❡ ❧♦❝❛❧ ✈♦❧✉♠❡ ❡❧❡♠❡♥ts ❛♥❞ ❥✉st ❛s ❢♦r ✉s✉❛❧ ❝✉r✲
r❡♥ts✱ t❤❡r❡ ❛r❡ s♦♠❡ ❝❛♥❝❡❧❧❛t✐♦♥ ❡✛❡❝ts ♦❝❝✉rr✐♥❣ ❡ss❡♥t✐❛❧❧② ❜❡❝❛✉s❡ ♦❢ ♦r✐❡♥t❛t✐♦♥✱
✇❤✐❝❤ ❝❛✉s❡s t❤❡s❡ ♠❡tr✐❝s t♦ ❜❡ s❡♥s✐t✐✈❡ ♦♥❧② t♦ ❜♦✉♥❞❛r✐❡s ♦❢ ❧❡✈❡❧ s❡ts✳ ❲❡ s❤❛❧❧
❜❡ ❞❡❛❧✐♥❣ ✐♥ ♠♦r❡ ❞❡t❛✐❧s ✇✐t❤ t❤❡s❡ q✉❡st✐♦♥s ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳
❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ s✉❜❝❛s❡ t❤❛t ❣✐✈❡s ❛ s✐♠♣❧❡r ✈✐s✐♦♥ ♦❢ s✉❝❤ ♠❡tr✐❝s ✐s t❤❡ ✈❡r②
s♣❡❝✐❛❧ ♦♥❡ ♦❢ ✷❉ ✐♠❛❣❡s✳ ■❢ Ω ∈ R

2 ✐s t❤❡ ✜①❡❞ ❞❡✜♥✐t✐♦♥ ❞♦♠❛✐♥ ♦❢ ✐♠❛❣❡s✱ ♦♥❡ ❝❛♥
r❡♣r❡s❡♥t ❛♥ ✐♠❛❣❡ I : Ω → R ❛s ❛ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥t C(Ω,I) ∈ Ω2

0(R
2,R)′✳ ■♥ t❤❛t

❝❛s❡✱ t❤❡ ❞♦♠❛✐♥ ✐s ✢❛t✱ t❤❡r❡ ❛r❡ ♥♦ ❝✉rr❡♥ts✬ ❝❛♥❝❡❧❧❛t✐♦♥ ❡✛❡❝ts ❛s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ❛♥❞ ❧♦❝❛❧ ❣❡♦♠❡tr② ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ s❛♠❡ 2✲✈❡❝t♦r ❛t ❡❛❝❤

✺✽



♣♦✐♥t✱ ✇❤✐❝❤ ✐s s✐♠♣❧② ❛ s✉r❢❛❝❡ ❛r❡❛ ❛♥❞ t❤❡ ❦❡r♥❡❧ ♦♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s♣❛❝❡ ❝❛♥ ❜❡
❝♦♥s✐❞❡r❡❞ ❛s ❛ r❡❛❧✲✈❛❧✉❡❞ ❦❡r♥❡❧ kg✳ ❚❤❡ ❞✐st❛♥❝❡ ♦❢ ❡q✳✭✷✳✶✼✮ t❤❡♥ ❜❡❝♦♠❡s ✿

‖C(Ω,f) − C(Ω,g)‖2W ′ =∫

Ω×Ω
kg(x, y).[kf (I1(x), I1(y)) + kf (I2(x), I2(y))− 2kf (I1(x), I2(y))]dxdy

✭✷✳✶✾✮

✕ ❋♦r t✇♦ ●❛✉ss✐❛♥ ❦❡r♥❡❧s kg(x, y) = e
−

|x−y|2

σ2
g ❛♥❞ kf (g, h) = e

−
|g−h|2

σ2
f ✱ ✇❡ s❡❡ t❤❛t

t❤❡ ❞✐st❛♥❝❡ ✇❡ ❣❡t ❝♦♠❜✐♥❡s ❣❡♦♠❡tr✐❝ ♣r♦①✐♠✐t② ❜❡t✇❡❡♥ ♣♦s✐t✐♦♥s ❛t s❝❛❧❡ σg
❛♥❞ ♣r♦①✐♠✐t② ♦❢ t❤❡ ✐♥t❡♥s✐t✐❡s ❛t s❝❛❧❡ σf ✱ ✇❤✐❝❤ ✐s ❛❝t✉❛❧❧② ❝❧♦s❡ t♦ t❤❡ ✐❞❡❛ ♦❢
❜✐❧❛t❡r❛❧ ✜❧t❡r✐♥❣ ✐♥ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣ ❬✼✻❪✳

✕ ■❢ ♦♥❡ t❛❦❡s ❢♦r kf t❤❡ ❧✐♥❡❛r ❦❡r♥❡❧✱ kf (g, h) = gh✱ ❛♥❞ ❧❡t σg → 0✱ ❡q✳✭✷✳✶✾✮
❜❡❝♦♠❡s ✿

‖C(Ω,f) − C(Ω,g)‖2W ′ =

∫

Ω
I1(x)

2 + I2(x)
2 − 2I1(x)I2(x)dx

=

∫

Ω
(I1(x)− I2(x))2dx

❛♥❞ t❤✐s ✐s t❤❡ ✉s✉❛❧ L2✲❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ✐♠❛❣❡s✳
✕ ◆♦✇✱ ✐❢ ✇❡ ❧♦♦❦ ❛t ✐♠❛❣❡s ❛t ✈❡r② ❧❛r❣❡ ❣❡♦♠❡tr✐❝❛❧ s❝❛❧❡ ❜② ❧❡tt✐♥❣ σg → +∞✱

❡q✳✭✷✳✶✾✮ ✐s ❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐♥t❡♥s✐t✐❡s✬ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ t✇♦ ✐♠❛❣❡s ❀
♠♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♠❡tr✐❝ ❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡s µ1 = λ◦I−1

1

❛♥❞ µ2 = λ ◦ I−1
2 ✱ ✇❤❡r❡ λ ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R

2✳ ■♥❞❡❡❞✱ ❜② ❛ ❝❤❛♥❣❡ ♦❢
✈❛r✐❛❜❧❡s ✐♥ t❤❡ ✐♥t❡❣r❛❧s ✿

‖C(Ω,f) − C(Ω,g)‖2W ′ =

∫

Ω×Ω
kf (I1(x), I1(y))dλ(x)dλ(y)

+

∫

Ω×Ω
kf (I2(x), I2(y))dλ(x)dλ(y)

− 2

∫

Ω×Ω
kf (I1(x), I2(y))dλ(x)dλ(y)

=

∫

R×R

kf (u, v)dµ1(u)dµ1(v) +

∫

R×R

kf (u, v)dµ2(u)dµ2(v)

− 2

∫

R×R

kf (u, v)dµ1(u)dµ2(v)

■♥ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣✱ r❡♣r❡s❡♥t✐♥❣ ❡✈❡r② ♣✐①❡❧ ❛s ❛ ❉✐r❛❝ ❢❝✉rr❡♥t δ(xi,I(xi))✱ t❤❡s❡
♠❡❛s✉r❡s ❝❛♥ ❜❡ t❤♦✉❣❤t ❛s ✐♥t❡♥s✐t② ❤✐st♦❣r❛♠s ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣✐①❡❧s
❤❛✈✐♥❣ ❛ ♣❛rt✐❝✉❧❛r ✐♥t❡♥s✐t②✳ ❚❤✉s t❤❡ ♠❡tr✐❝s ✇❡ ♦❜t❛✐♥ ❛t ✐♥✜♥✐t❡ ❣❡♦♠❡tr✐❝❛❧
s❝❛❧❡s ❛r❡ ♠❡❛s✉r✐♥❣ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ✐♥t❡♥s✐t✐❡s ❤✐st♦❣r❛♠s ♦❢ t❤❡ ✐♠❛❣❡s✳ ❋♦r
✐♥st❛♥❝❡✱ ✐❢ kf ✐s ●❛✉ss✐❛♥ ❛♥❞ ✇❡ ❧❡t σf → 0✱ ♦♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ♣r❡✈✐♦✉s
❡q✉❛t✐♦♥ ❣✐✈❡s ❡①❛❝t❧② t❤❡ L2✲❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐♠❛❣❡s✬ ❤✐st♦❣r❛♠s✳

■♥ s✉♠♠❛r②✱ t❤❡s❡ ❧❛st ❡①❛♠♣❧❡s s❤♦✇ t❤❛t ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✬ r❡♣r❡s❡♥t❛t✐♦♥ ❝♦♠✲
❜✐♥❡❞ ✇✐t❤ t❤❡ ✉s❡ ♦❢ ❦❡r♥❡❧s ♣r♦✈✐❞❡ ❛ ✈❡r② ✇✐❞❡ r❛♥❣❡ ♦❢ ♣♦ss✐❜❧❡ ♠❡tr✐❝s ❜❡t✇❡❡♥
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✱ ❢r♦♠ ❞✐st❛♥❝❡s ❜❛s❡❞ ♦♥ ♣✉r❡ ❣❡♦♠❡tr② ♦♥ ♦♥❡ ❡①tr❡♠❡ t♦ ❞✐st❛♥❝❡s
t❤❛t s✐♠♣❧② ❝♦♠♣❛r❡ ❤✐st♦❣r❛♠s ♦❢ s✐❣♥❛❧s ♦♥ t❤❡ ♦t❤❡r✳ ■t ❛❧s♦ ❡♥❛❜❧❡s ❛♥❛❧②s✐s ❛t
✈❛r✐♦✉s s❝❛❧❡s ❜♦t❤ ✐♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ❞♦♠❛✐♥ ❛s ✇❡❧❧ ❛s ♠✉❧t✐✲s❝❛❧❡
♠❡tr✐❝s ✿ ♦♥❡ s✐♠♣❧❡ ✇❛② ❜❡✐♥❣ t♦ ♠❛❦❡ s✉♠s ♦❢ ●❛✉ss✐❛♥ ❦❡r♥❡❧s ✇✐t❤ ❞✐✛❡r❡♥t σf
❛♥❞ σg✳

✺✾



✷✳✷✳✸ Pr♦♣❡rt✐❡s ♦❢ ❦❡r♥❡❧ ♥♦r♠s ♦♥ ❢❝✉rr❡♥ts

❲❡ ♥♦✇ t✉r♥ t♦ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞✐st❛♥❝❡s ✇❡ ❤❛✈❡ ❡①❤✐❜✐t❡❞ ♣r❡✈✐♦✉s❧② ❛♥❞
s❤♦✇ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❡♥❡✜ts ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠
✇❡ s❡t ♦✉t t♦ ❤❛♥❞❧❡ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t✇♦
❦❡r♥❡❧s Kg ❛♥❞ kf ❛r❡ ❣✐✈❡♥ r❡s♣❡❝t✐✈❡❧② ♦♥ s♣❛❝❡ E ❛♥❞ ♠❛♥✐❢♦❧❞ M ✱ ♣r♦✈✐❞✐♥❣ t✇♦
❘❑❍❙ Wg ❛♥❞ Wf ✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❛ss✉♠❡✱ ✐♥ ❛❧❧ t❤✐s s❡❝t✐♦♥✱ t❤❛t ❜♦t❤ ❦❡r♥❡❧s s❛t✐s❢②
t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ ♣r♦♣♦s✐t✐♦♥ ✷✳✷✳✷✳

❈♦♥tr♦❧ ❜② L1✲♥♦r♠ ♦♥ ❛ ✜①❡❞ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt

❲❡ st❛rt ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡r② s✐♠♣❧❡ ❧❡♠♠❛ ✿

▲❡♠♠❛ ✷✳✷✳✷✳ ❋♦r ❛❧❧ x1, x2 ∈ E✱ ξ1, ξ2 ∈ ΛdE ❛♥❞ m1,m2 ∈✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✲
❡q✉❛❧✐t② ❤♦❧❞s ✿

‖δξ2(x2,m2)
− δξ1(x1,m1)

‖W ′ ≤ ‖δm1‖W ′
f
‖δξ2x2 − δξ1x1‖W ′

g
+ ‖δξ2x2‖W ′

g
‖δm2 − δm1‖W ′

f
. ✭✷✳✷✵✮

Pr♦♦❢✳ ❚❤✐s ✐s ❥✉st ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t② s✐♥❝❡ ✿

‖δξ2(x2,m2)
− δξ1(x1,m1)

‖W ′ ≤ ‖δξ2(x2,m2)
− δξ2(x2,m1)

‖W ′ + ‖δξ2(x2,m1)
− δξ1(x1,m1)

‖W ′

❛♥❞ ❜② t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧ ❡q✳✭✷✳✶✹✮✱

‖δξ2(x2,m2)
− δξ2(x2,m1)

‖2W ′ = 〈Kg(x2, x2)ξ2, ξ2〉. (kf (m2,m2)− 2kf (m1,m2) + kf (m1,m1))

= ‖δξ2x2‖2W ′
g
‖δm2 − δm1‖2W ′

f

❛♥❞ s✐♠✐❧❛r❧② ✇❡ ❤❛✈❡ ‖δξ2(x2,m1)
− δξ1(x1,m1)

‖W ′ = ‖δm1‖W ′
f
‖δξ2x2 − δξ1x1‖W ′

g
✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❘❑❍❙ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ♣✉♥❝t✉❛❧ ❢❝✉rr❡♥ts ✐s ❞♦♠✐♥❛t❡❞ ❜♦t❤ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡✐r ❣❡♦♠❡tr✐❝❛❧ ♣❛rts ❛♥❞ ♦❢ t❤❡✐r ❢✉♥❝t✐♦♥❛❧ ✈❛❧✉❡s✳ ❚❤✐s
✐s t❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ✇❡ ✇✐❧❧ ❢♦r♠✉❧❛t❡ ✐♥ ❛ ♠♦r❡ ♣r❡❝✐s❡ ✇❛② ✇✐t❤ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥s✳ ❲❡ ❞❡♥♦t❡ ❜② dM t❤❡ ❣❡♦❞❡s✐❝ ❞✐st❛♥❝❡ ✐♥❞✉❝❡❞ ♦♥ M ❜② ✐ts ❘✐❡✲
♠❛♥♥✐❛♥ str✉❝t✉r❡✳ ❚❤❡ ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❡①❛♠✐♥❡s t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❣❡♦♠❡tr✐❝❛❧
s✉♣♣♦rt ✐s ❛ ✜①❡❞ s✉♣♣♦rt X ❛♥❞ s❤♦✇s t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ W ′✲♥♦r♠ ✐s t❤❡♥
❞♦♠✐♥❛t❡❞ ❜② t❤❡ L1 ♥♦r♠ ♦♥ X✳

❚❤❡♦r❡♠ ✷✳✷✳✶✳ ▲❡t X ❜❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ♦❢ ✜♥✐t❡
✈♦❧✉♠❡ ❛♥❞ f1 : X → M ❛♥❞ f2 : X → M t✇♦ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ X
t❛❦✐♥❣ ✈❛❧✉❡ ✐♥ M ✳ ❲❡ ❛ss✉♠❡ t❤❛t Wf ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ C1

0 (M,R)✳
❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β s✉❝❤ t❤❛t ✿

‖C(X,f1) − C(X,f2)‖W ′ ≤ β
∫

X
dM (f1(x), f2(x))dHd(x)

Pr♦♦❢✳ ❲❡ r❡❝❛❧❧ t❤❛t ❢♦r ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡t t❤❡r❡ ❡①✐sts ❢♦r
Hd✲❛❧♠♦st ❡✈❡r② ♣♦✐♥t x ∈ X ❛ ✉♥✐t d✲✈❡❝t♦r ξ̃(x) ❛♥❞ ❜② ❞❡✜♥✐t✐♦♥ ✿

C(X,f)(ω) =

∫

X
ω(x,f(x))(ξ̃(x))dHd(x) =

∫

X
δ
ξ̃(x)
(x,f(x))(ω)dH

d(x)

◆♦✇ ✇❡ ❤❛✈❡ ❜② tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t② ♦♥ ‖.‖W ′ ✿

‖C(X,f1) − C(X,f2)‖W ′ ≤
∫

X
‖δξ̃(x)(x,f1(x))

− δξ̃(x)(x,f2(x))
‖W ′dHd(x) . ✭✷✳✷✶✮

✻✵



❋r♦♠ ❧❡♠♠❛ ✷✳✷✳✷ ❛♥❞ ❡q✳✭✷✳✷✵✮✱ ‖δξ̃(x)(x,f1(x))
− δ

ξ̃(x)
(x,f2(x))

‖W ′ ≤ ‖δξ̃(x)x ‖W ′
g
‖δf2(x) −

δf1(x)‖W ′
f
✳ ◆♦✇✱ ❢♦r ❛♥② m1✱ m2 ∈M ❛♥❞ h ∈Wf ✇❡ ❤❛✈❡ ✿

|(δm1 − δm2)(h)| = |h(m1)− h(m2)|
≤ ‖Dh‖∞dM (m1,m2)

≤ ❈t❡ ‖h‖Wf
dM (m1,m2)

t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣Wf →֒ C1
0 (M,R)✳ ❚❤❡r❡✲

❢♦r❡ ✇❡ ❣❡t
‖δf2(x) − δf1(x)‖W ′

f
≤ ❈t❡ dM (f1(x), f2(x)) .

▼♦r❡♦✈❡r✱ s✐♥❝❡ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❦❡r♥❡❧ Kg ✐s ❜♦✉♥❞❡❞✱ ✇❡ ❛❧s♦ ❤❛✈❡ ‖δξ̃(x)x ‖W ′
g
≤

❈t❡✳ ❇❛❝❦ t♦ ❡q✉❛t✐♦♥ ❡q✳✭✷✳✷✶✮✱ ✇❡ ❣❡t ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❞❡r✐✈❛t✐♦♥s t❤❡ ❡①✐st❡♥❝❡
♦❢ ❛ ❝♦♥st❛♥t β > 0 s✉❝❤ t❤❛t ✿

‖C(X,f1) − C(X,f2)‖W ′ ≤ β
∫

X
dM (f1(x), f2(x))dHd(x)

✇❤✐❝❤ ♣r♦✈❡s t❤❡ st❛t❡❞ r❡s✉❧t✳

❆ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡♦r❡♠ ✷✳✷✳✶ ❛♥❞ t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡✲
♦r❡♠ ✐s t❤❛t ✐❢ fn ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ♦♥ X t❤❛t ❝♦♥✈❡r❣❡s ♣♦✐♥t✇✐s❡❧② t♦ ❛
❢✉♥❝t✐♦♥ f ✱ t❤❡♥ C(X,fn) → C(X,f)✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
s✐❣♥❛❧ ✐♠♣❧✐❡s ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ W ′✲♥♦r♠✳ ❲❡ s❤❛❧❧ s❡❡✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧ts✱ t❤❛t t❤❡ r❡✈❡rs❡ ❞♦♠✐♥❛t✐♦♥ ❞♦❡s ♥♦t ❤♦❧❞ ✐♥ ❣❡♥❡r❛❧✳

❈♦♥tr♦❧ ❜② ❞❡❢♦r♠❛t✐♦♥s✬ ♠❡tr✐❝s

❚❤❡ ♣✉r♣♦s❡ ✐s ♥♦✇ t♦ ❧✐♥❦ t❤❡W ′✲♠❡tr✐❝s ✇✐t❤ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✬ ❞❡❢♦r♠❛t✐♦♥s✳ ❲❡
s❤♦✇ t❤❛t ✇❡ ❝❛♥ ❜❛s✐❝❛❧❧② ❝♦♥tr♦❧ t❤❡ ❞✐st❛♥❝❡ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❢❝✉rr❡♥ts ❜❡t✇❡❡♥ ❛
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ❛♥❞ ✐ts ❞❡❢♦r♠❡❞ ✈❡rs✐♦♥ ❜② t❤❡ ❛♠♦✉♥t ♦❢ ❞❡❢♦r♠❛t✐♦♥✳ ▲❡t✬s ✜rst
❢♦❝✉s t❤❡ s✐♠♣❧❡st tr❛♥s♣♦rt ♠♦❞❡❧ ❣✐✈❡♥ ❜② ✷✳✶ ❛♥❞ ❛ss✉♠❡ t❤❛t ❞✐✛❡♦♠♦r♣❤✐s♠s φ
❛r❡ C1 ❛♥❞ s✉❝❤ t❤❛t |φ(x) − x| → 0 ❛♥❞ |dxφ − ■❞| → 0| ❛s x → ∞✳ ❚❤❡ ❝❡♥tr❛❧
r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

❚❤❡♦r❡♠ ✷✳✷✳✷✳ ▲❡t X ❜❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ♦❢ ✜♥✐t❡
✈♦❧✉♠❡ ❛♥❞ f : X → M ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❆ss✉♠❡ t❤❛t Wg ✐s ❝♦♥t✐♥✉♦✉s❧②
❡♠❜❡❞❞❡❞ ✐♥t♦ C1

0 (E,Λ
dE∗)✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t γ > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡

❦❡r♥❡❧s Kg ❛♥❞ kf s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ❞❡❢♦r♠❛t✐♦♥ φ ✿

‖C(X,f) − C(φ(X),f◦φ−1)‖W ′ ≤ γHd(X)‖φ− ■❞‖1,∞
Pr♦♦❢✳ ❋♦r t❤❡ ❡♥t✐r❡ ♣r♦♦❢✱ ✇❡ s❤❛❧❧ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❈t❡ ❢♦r ✇r✐t✐♥❣ t❤❡ s✉❝✲
❝❡ss✐✈❡ ❞✐✛❡r❡♥t ✬✉♥✐✈❡rs❛❧✬ ❝♦♥st❛♥ts ✭✐✳❡ ♥♦t ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ s❤❛♣❡ (X, f) ❛♥❞ t❤❡
❞❡❢♦r♠❛t✐♦♥ φ✮✳ ❙t❛rt✐♥❣ ❛s ✐♥ t❤❡♦r❡♠ ✷✳✷✳✶✱ ✇❡ ❤❛✈❡ ✿

‖C(X,f) − C(φ(X),f◦φ−1)‖W ′ ≤
∫

X
‖δξ̃(x)(x,f(x)) − δ

dxφ.ξ̃(x)
(φ(x),f(x))‖W ′dHd(x) ✭✷✳✷✷✮

✇❤❡r❡ ❢♦r t❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t ξ̃(x) = ξ̃1(x) ∧ ... ∧ ξ̃d(x)✱ dxφ.ξ̃(x) ✐s t❤❡ tr❛♥s♣♦rt❡❞
✈♦❧✉♠❡ ❡❧❡♠❡♥t ❜② φ✱ ❡q✉❛❧ t♦ dxφ.ξ̃(x) = dφx(ξ̃1(x))∧...∧dφx(ξ̃d(x))✳ ❋r♦♠ ❡q✳✭✷✳✷✵✮
✇❡ ❣❡t ✿

‖δξ̃(x)(x,f(x)) − δ
dxφ.ξ̃(x)
(φ(x),f(x))‖W ′ ≤ ‖δf(x)‖W ′

f
‖δdxφ.ξ̃(x)φ(x) − δξ̃(x)x ‖W ′

g

✻✶



❛♥❞ s✐♥❝❡ t❤❡ ❦❡r♥❡❧ kf ✐s ❜♦✉♥❞❡❞ ✇❡ ❤❛✈❡ ‖δf(x)‖W ′
f
≤ ❈t❡✳ ▼♦r❡♦✈❡r ✿

‖δdxφ.ξ̃(x)φ(x) − δξ̃(x)x ‖W ′
g
≤ ‖δdxφ.ξ̃(x)φ(x) − δξ̃(x)φ(x)‖W ′

g
+ ‖δξ̃(x)φ(x) − δ

ξ̃(x)
x ‖W ′

g
. ✭✷✳✷✸✮

❋♦❝✉s✐♥❣ ✜rst ♦♥ t❤❡ s❡❝♦♥❞ t❡r♠✱ ✇❡ ❝❛♥ ✇r✐t❡ ❢♦r ❛♥② ω ∈Wg✱

|(δξ̃(x)φ(x) − δ
ξ̃(x)
x )(ω)| = |ωφ(x)(ξ̃(x))− ωx(ξ̃(x))|

≤ |dω|∞.|φ(x)− x|.|ξ̃(x)|.

❲❡ ❤❛✈❡ ✐♥ ❛❞❞✐t✐♦♥ |ξ̃(x)| = 1✳ Wg ❜❡✐♥❣ ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ C1
0 (E,Λ

dE∗)✱

|dω|∞ ≤ ❈t❡‖ω‖Wg ✳ ❚❤✉s✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ‖δ
ξ̃(x)
φ(x)− δ

ξ̃(x)
x ‖W ′

g
≤ ❈t❡‖φ− ■❞‖∞✳ ❆s ❢♦r

t❤❡ ✜rst t❡r♠ ✐♥ ❡q✳✭✷✳✷✷✮✱

‖δdxφ.ξ̃(x)φ(x) − δξ̃(x)φ(x)‖W ′
g
= ‖δdxφ.ξ̃(x)−ξ̃(x)φ(x) ‖W ′

g
≤ ❈t❡|dxφ.ξ̃(x)− ξ̃(x)|

s✐♥❝❡Kg ✐s ❜♦✉♥❞❡❞ ❛♥❞✱ ❜② ❞❡✜♥✐t✐♦♥✱ |dxφ.ξ̃(x)−ξ̃(x)| ≤ |dφ−■❞|∞.|ξ̃| = |dφ−■❞|∞✳
■t r❡s✉❧ts t❤❛t ✇❡ ❣❡t ❡✈❡♥t✉❛❧❧② ✿

‖C(X,f)−C(φ(X),ψ◦f◦φ−1)‖W ′ ≤ ❈t❡.‖φ− ■❞‖1,∞
∫

X
dHd(x) = ❈t❡.Hd(X)‖φ− ■❞‖1,∞

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❚❤✐s ✐s s♦♠❡❤♦✇ t❤❡ ❛♥❛❧♦❣♦✉s t♦ t❤❡♦r❡♠ ✷✳✷✳✶ ❢♦r ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❣❡♦♠❡tr✐❝❛❧
s✉♣♣♦rt ✿ ✐t s❤♦✇s t❤❛t t❤❡ ❘❑❍❙ ♥♦r♠ ✐s ▲✐♣s❝❤✐t③ r❡❣✉❧❛r ✇✐t❤ r❡s♣❡❝t t♦ ❞❡❢♦r✲
♠❛t✐♦♥s✳ ❚❤✐s ♣r♦♣❡rt② ✐s ❛ ♥❛t✉r❛❧ ♦♥❡ t♦ ❡①♣❡❝t ❢r♦♠ ❛ ❞✐st❛♥❝❡ ✐♥ ♦✉r ❝♦♥t❡①t✱ ❜✉t
♥♦t❡ t❤❛t ♠❛♥② ✉s✉❛❧ ♠❡tr✐❝s ❞♦ ♥♦t s❛t✐s❢② ✐t✳ ❚❤✐s ✐s ♥♦t❛❜❧② ✇❤❛t ❤❛♣♣❡♥s ❢♦r Lp

❞✐st❛♥❝❡s✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ s♣❡❝✐❢② t❤❡ ♣r❡✈✐♦✉s t♦ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ φ ✐s ❛ s♠❛❧❧
❞❡❢♦r♠❛t✐♦♥ t❤❛t ❧❡❛✈❡sX ❣❧♦❜❛❧❧② ✐♥✈❛r✐❛♥t ✭φ(X) = X✮ ❛♥❞ ✇❡ ✇✐s❤ t♦ ❝♦♠♣❛r❡ t❤❡
✐♥✐t✐❛❧ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f) ✇✐t❤ t❤❡ ❞❡❢♦r♠❡❞ ♦♥❡ (φ(X), f ◦φ−1) = (X, f ◦φ−1)✱
t❤❡♥ ❜② t❤❡♦r❡♠ ✷✳✷✳✷✱ ✇❡ ❦♥♦✇ t❤❛t✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f ✱ t❤❡ ❢❝✉rr❡♥t✬s ❞✐st❛♥❝❡ r❡✲
♠❛✐♥s s♠❛❧❧ ✐❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ φ ✐s s♠❛❧❧✳ ■t ✐s ♥♦ ❧♦♥❣❡r tr✉❡ ✐❢ ✇❡ ❝♦♠♣✉t❡ ✐♥st❡❛❞∫
X |f −f ◦φ−1|p✱ t❤❡ Lp ❞✐st❛♥❝❡ ♦♥ X ✭0 < p ≤ ∞✮✳ ❚❤✐s ✐s ❡❛s✐❧② s❡❡♥ ✐❢ ✇❡ ❝❤♦♦s❡
❢♦r X t❤❡ ✉♥✐t ❝✐r❝❧❡ S

1 ❛♥❞ ❝♦♥s✐❞❡r ❝r❡♥❡❧❛t❡❞ s✐❣♥❛❧s ❛s ✐♥ ✜❣✉r❡ ✷✳✽✳ ■♥tr♦❞✉❝✐♥❣
t❤❡ ♦♣❡r❛t♦r τdθ t❤❛t ❛❝ts ♦♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ❜② r♦t❛t✐♦♥ ♦❢ ❛♥ ❛♥❣❧❡ dθ✱ ✇❡ s❡❡
✐♥❞❡❡❞ t❤❛t ✿

sup
f∈L

p
(S1),‖f‖Lp≤1

∫

S1

|f − f ◦ τ−1
dθ |p = 1

✇❤❡r❡❛s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡♦r❡♠ ✷✳✷✳✷

sup
f∈L

p
(S1),‖f‖Lp≤1

‖C(X,f) − C(X,f◦τ−1
dθ )‖W ′ = O(dθ) .

❚❤✐s ❡✈❡♥t✉❛❧❧② s❤♦✇s t❤❛t W ′ ♥♦r♠ ❛♥❞ Lp ♥♦r♠ ♦♥ ❛ ✜①❡❞ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt
❛r❡ ♥♦t ❡q✉✐✈❛❧❡♥t ✐♥ ❣❡♥❡r❛❧✳ ❚❤✐s s✐♠♣❧❡ ❡①❛♠♣❧❡ ❛❧s♦ r❡✈❡❛❧s t❤❡ ❧✐♠✐ts ♦❢ s♦♠❡
♣r❡✈✐♦✉s ❛♣♣r♦❛❝❤❡s ❢♦r ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ❝♦♠♣❛r✐s♦♥ t❤❛t r❡❧② ♦♥ ❡st✐♠❛t✐♥❣ ❝♦rr❡✲
s♣♦♥❞❡♥❝❡ ♠❛♣s ❜❡t✇❡❡♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rts ❜❡❢♦r❡ ❝♦♠♣❛r✐♥❣ s✐❣♥❛❧s✳ ❘❑❍❙
♥♦r♠s ♦♥ ❢❝✉rr❡♥ts s✉❝❝❡ss❢✉❧❧② ❛✈♦✐❞ s✉❝❤ ✐ss✉❡s ❜❡❝❛✉s❡ s❤❛♣❡ ❛♥❞ ❢✉♥❝t✐♦♥ ❛r❡
❝♦♠♣❛r❡❞ t❤r♦✉❣❤ ♦♥❡ s✐♥❣❧❡ ♥♦r♠ t❤❛t ❤❛s ❡♥♦✉❣❤ s♣❛t✐❛❧ r❡❣✉❧❛r✐t② t♦ ❝♦♠♣❛r❡
❢✉♥❝t✐♦♥❛❧ ✈❛❧✉❡s ❛t ♣♦✐♥ts ✐♥ ❛ ❝❡rt❛✐♥ ♥❡✐❣❤❜♦r❤♦♦❞✳

✻✷



❋✐❣✉r❡ ✷✳✽✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❢❝✉rr❡♥t✬s ♥♦r♠ ❛♥❞ t❤❡ Lp ♥♦r♠ ♦♥ ❛ ✜①❡❞ ❣❡♦♠❡tr✐❝❛❧
s✉♣♣♦rt ✿ ❡①❛♠♣❧❡ ♦❢ ❝r❡♥❡❧❛t✐♦♥s ♦♥ t❤❡ ✉♥✐t ❝✐r❝❧❡✳

❲❡ ❝❛♥ ❛❧s♦ ❞r❛✇ ❛ ❢❡✇ ♠♦r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡♦r❡♠ ✷✳✷✳✷✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛s ❛❧r❡❛❞②
❡①♣❧❛✐♥❡❞ ✐♥ ❝❤❛♣t❡r ✶✱ ✇❡ ❝❛♥ ♠♦❞❡❧ ❞✐✛❡♦♠♦r♣❤✐s♠s ♦❢ E ❛s ✢♦✇s ♦❢ t✐♠❡✲✈❛r②✐♥❣
✈❡❝t♦r ✜❡❧❞s✳ ◆❛♠❡❧②✱ ✇❡ ❝♦♥s✐❞❡r ✈❡❝t♦r ✜❡❧❞s v(t, x) s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ [0, 1]✱ v(t, .)
✐s ❛ C1 ✈❡❝t♦r ✜❡❧❞ ♦❢ E s✉❝❤ t❤❛t u ❛♥❞ ✐ts ✜rst ♦r❞❡r ❞❡r✐✈❛t✐✈❡s ❛r❡ ✈❛♥✐s❤✐♥❣ ❛t
✐♥✜♥✐t②✳ ❲❡ ❞❡✜♥❡ |v|1,∞ = |v|∞+|dv|∞✳ ❚❤❡♥✱ χ1 ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ s✉❝❤ t✐♠❡✲

✈❛r②✐♥❣ ✈❡❝t♦r ✜❡❧❞s s✉❝❤ t❤❛t
∫ 1
0 |v(t, .)|1,∞dt < +∞ ❛♥❞ ✐t ✐s ♥❛t✉r❛❧❧② ❡q✉✐♣♣❡❞

✇✐t❤ t❤❡ ♥♦r♠ ‖u‖χ1 =
∫ 1
0 |u(t, .)|1,∞dt✳ ❆s ❛❧r❡❛❞② ❡①♣❧❛✐♥❡❞ ✐♥ ❝❤❛♣t❡r ✶ ❛♥❞ ❬✽✻❪✱

❛♥② u ∈ χ1 ❣✐✈❡s ❛ ✢♦✇ ❛♣♣❧✐❝❛t✐♦♥ φvt : x 7→ φvt (x) s♦❧✈✐♥❣ t❤❡ ❖❉❊ dy
ds = v(s, y)

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ y(0) = x ∈ E✱ ❛♥❞ ❢♦r ❛❧❧ t ∈ [0, 1], φvt ✐s ❛ C1✲❞✐✛❡♦♠♦r♣❤✐s♠
♦❢ E s✉❝❤ t❤❛t |φvt (x)−x| → 0 ❛♥❞ |dxφvt − ■❞| → 0| ❛s x→∞✳ ❲❡ ❤❛✈❡ ✐♥ ❛❞❞✐t✐♦♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✭✇❡ r❡❢❡r t♦ ❬✹✶❪ ♦r ❬✽✻❪ ❢♦r t❤❡ ❞❡t❛✐❧s✮ ✿

▲❡♠♠❛ ✷✳✷✳✸✳ ❋♦r ❛❧❧ R > 0 t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C(R) > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ u ∈ χ1

✇✐t❤ ‖u‖χ1 6 R ❛♥❞ t ∈ [0, 1] ✿

‖φvt − Id‖∞ 6 C(R).‖v‖χ1 , ‖dφvt − Id‖∞ 6 C(R).‖v‖χ1 .

❋r♦♠ t❤❡♦r❡♠ ✷✳✷✳✷ ❛♥❞ ❧❡♠♠❛ ✷✳✷✳✸✱ ✇❡ ♦❜t❛✐♥ str❛✐❣❤t❢♦r✇❛r❞❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✲
tr♦❧ ✿

❈♦r♦❧❧❛r② ✷✳✷✳✶✳ ▲❡t X ❜❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ♦❢ ✜♥✐t❡
✈♦❧✉♠❡ ❛♥❞ f : X → M ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❆ss✉♠❡ t❤❛t Wg ✐s ❝♦♥t✐♥✉♦✉s❧②
❡♠❜❡❞❞❡❞ ✐♥t♦ C1

0 (E,Λ
dE∗)✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t γ > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡

❦❡r♥❡❧s Kg ❛♥❞ kf s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ v ∈ χ1 ✇✐t❤ ‖u‖χ1 s♠❛❧❧ ❡♥♦✉❣❤ ✿

‖C(X,f) − C(φv1(X),f◦(φv1)
−1)‖W ′ ≤ γHd(X)‖v‖χ1

■♥ ❛❞❞✐t✐♦♥✱ ❛ss✉♠✐♥❣ s✉✣❝✐❡♥t s♣❛t✐❛❧ r❡❣✉❧❛r✐t② ♦♥ t❤❡ ✈❡❝t♦r ✜❡❧❞ v✱ ♦♥❡ ❝❛♥ s❤♦✇
t❤❡ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ ✇❡❛❦ ❝♦♥t✐♥✉✐t② ♦❢ W ′ ♥♦r♠s ✇✐t❤ r❡s♣❡❝t t♦ v✳ ■t r❡❧✐❡s
♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ t❤❛t ✐s ♣r♦✈❡❞ ✐♥ ❬✹✶❪ ❝❤❛♣✳ ✶ ♦r ✐♥ ❬✽✻❪ ✿

▲❡♠♠❛ ✷✳✷✳✹✳ ▲❡t V ❜❡ ❛ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ ✈❡❝t♦r ✜❡❧❞s ♦♥ E s✉❝❤ t❤❛t V ✐s ❝♦♥✲
t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ C2

0 (E,E)✳ ❚❤❡♥✱ ✐❢ vn ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✈❡❝t♦r ✜❡❧❞s ✐♥
L2([0, 1], V ) = L2

V s✉❝❤ t❤❛t vn → v ✇❡❛❦❧② ✐♥ L2
V ✱ φ

vn
t ❛♥❞ dφvnt ❝♦♥✈❡r❣❡ t♦✇❛r❞s

φvt ❛♥❞ dφvt ✉♥✐❢♦r♠❧② ♦♥ ❡✈❡r② ❝♦♠♣❛❝t ♦❢ E✳

✻✸



❲❡ ♦❜t❛✐♥ t❤❡r❡❢♦r❡ ✿

❈♦r♦❧❧❛r② ✷✳✷✳✷✳ ■❢ V ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ ✈❡❝t♦r ✜❡❧❞s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦
C2
0 (E,E) t❤❡♥✱ ❢♦r ❛♥② ✜①❡❞ ❛♥❞ ❜♦✉♥❞❡❞ r❡❝t✐✜❛❜❧❡ s❡t X ♦❢ ✜♥✐t❡ ✈♦❧✉♠❡ ❛♥❞ ♠❡❛✲

s✉r❛❜❧❡ s✐❣♥❛❧ f ♦♥ X✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ v 7→ C(φv1(X),f◦(φv1)
−1) ✐s ✇❡❛❦❧② ❝♦♥t✐♥✉♦✉s

❢r♦♠ L2
V t♦ W ′✳

Pr♦♦❢✳ ▲❡t vn ✐s ❛ s❡q✉❡♥❝❡ t❤❛t ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦✇❛r❞ v ✐♥ L2
V ✳ ❲✐t❤ ❧❡♠♠❛

✷✳✷✳✹✱ ✇❡ ❦♥♦✇ t❤❛t φvn1 ❛♥❞ dφvn1 ❝♦♥✈❡r❣❡ r❡s♣❡❝t✐✈❡❧② t♦ φv1 ❛♥❞ dφv1 ✉♥✐❢♦r♠❧②
♦♥ ❡✈❡r② ❝♦♠♣❛❝t ♦❢ E✱ ✐✳❡ ‖φvn1 − φv1‖1,∞ → 0 ♦♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ X✳ ❚❤❡♥✱

t❤❛♥❦s t♦ t❤❡♦r❡♠ ✷✳✷✳✷✱ ✇❡ ❛r❡ ❛❧❧♦✇❡❞ t♦ ❝♦♥❝❧✉❞❡ t❤❛t C(φvn1 (X),f◦(φvn1 )−1)
W ′

−−→
C(φv1(X),f◦(φv1)

−1)✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ ✇❡❛❦ ❝♦♥t✐♥✉✐t②✳

❚♦ ❝♦♥❝❧✉❞❡ ♦♥ t❤✐s t♦♣✐❝✱ ✇❡ ❣✐✈❡ ❛ ❧✐tt❧❡ ♠♦r❡ ❣❡♥❡r❛❧ r❡s✉❧t t❤❛t ❡♥❝♦♠♣❛ss❡s
t❤❡♦r❡♠s ✷✳✷✳✶ ❛♥❞ ❝♦r♦❧❧❛r② ✷✳✷✳✶ ❜② ❝♦♥tr♦❧❧✐♥❣ ❢❝✉rr❡♥ts✬ ♥♦r♠s ❜♦t❤ ✇✐t❤ r❡s♣❡❝t
t♦ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ s✉♣♣♦rt ❛♥❞ t❤❡ s✐❣♥❛❧ ✈❛❧✉❡s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❛❝t✐♦♥
♦❢ ❛♣♣❧✐❝❛t✐♦♥s ψ(x,m) = (ψg(x), ψf (x,m)) ♣r❡s❡♥t❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ✷✳✶✳✷ ❛♥❞ ✐♥
❡q✳✭✷✳✺✮✳ ❆s ✇❡ ❞✐❞ ♣r❡✈✐♦✉s❧②✱ ✇❡ ❝❛♥ ❣❡♥❡r❛t❡ s✉❝❤ tr❛♥s❢♦r♠❛t✐♦♥s ❜② ✢♦✇✐♥❣
✈❡❝t♦r ✜❡❧❞s ♦❢ t❤❡ ❢♦r♠ (vg(x), vf (x,m))✳ ❲❡ ❛ss✉♠❡ t❤❛t vg ∈ χ1 ❛♥❞ t❤❛t vf ✐s ❛

t✐♠❡✲✈❛r②✐♥❣ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ❢♦r ❛❧❧ t ∈ [0, 1]✱ vft ✐s ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s

❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ❢r♦♠ E ×M t♦ TM ❛♥❞ t❤❛t
∫ 1
0 ‖v

f
t ‖∞dt < ∞✳ ❲❡ s❤❛❧❧

❞❡♥♦t❡ ❜②

‖v‖χ0
.
=

∫ 1

0
‖vt‖∞

❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ✿

❚❤❡♦r❡♠ ✷✳✷✳✸✳ ▲❡t X ❜❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ♦❢ ✜♥✐t❡
✈♦❧✉♠❡ ❛♥❞ f : X → M ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❆ss✉♠❡ t❤❛t Wg ✐s ❝♦♥t✐♥✉♦✉s❧②
❡♠❜❡❞❞❡❞ ✐♥t♦ C1

0 (E,Λ
dE∗) ❛♥❞ t❤❛t Wf ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ C1

0 (M,R)✳
❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t γ > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ❦❡r♥❡❧s Kg ❛♥❞ kf s✉❝❤ t❤❛t✱
❢♦r ❛❧❧ v = (vg, vf )✱ ✇✐t❤ vg ❛ χ1 ✈❡❝t♦r ✜❡❧❞ ♦❢ E ❛♥❞ vf ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❜♦✉♥❞❡❞
✈❡❝t♦r ✜❡❧❞ ❢r♦♠ E ×M t♦ TM ✱ ✇❡ ❤❛✈❡ ✿

‖C(X,f) − Cψ.(X,f)‖W ′ ≤ γ❱♦❧(X)
(
‖vg‖χ1 + ‖vf‖χ0

)

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❡ss❡♥t✐❛❧❧② ❝♦♠❜✐♥❡s t❤❡ t✇♦ ♣r❡✈✐♦✉s t❤❡♦r❡♠s✳ ❲❡ r❡♠✐♥❞ t❤❛t
ψ.(X, f) = (ψg(X), ψf ((ψg)−1), f ◦ (ψg)−1)✳ ❚♦ ❧✐❣❤t❡♥ t❤❡ ❡①♣r❡ss✐♦♥s✱ ✇❡ s❤❛❧❧
❞❡♥♦t❡ ❜② ψf .f t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ X ❜②

(ψf .f)(x)
.
= ψf (x, f(x))

❲❡ ❤❛✈❡✱ ❜② tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t② ✿

‖C(X,f) − Cψ.(X,f)‖W ′ ≤ ‖C(X,f) − C(X,ψf .f)‖W ′ + ‖C(X,ψf .f) − Cψ.(X,f)‖W ′

≤ ‖C(X,f) − C(X,ψf .f)‖W ′ + ‖C(X,ψf .f) − C(ψg(X),ψf .f◦(ψg)−1)‖W ′

✭✷✳✷✹✮

❯s✐♥❣ t❤❡♦r❡♠ ✷✳✷✳✷✱ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❞♦♠✐♥❛t❡❞ ❜② ✿

‖C(X,ψf .f) − C(ψg(X),ψf .f◦(ψg)−1)‖W ′ ≤ ❈t❡.❱♦❧(X)‖vg‖χ1 ✭✷✳✷✺✮

✻✹



❋♦r t❤❡ ✜rst t❡r♠✱ ❛♣♣❧②✐♥❣ t❤❡♦r❡♠ ✷✳✷✳✶✱ ✇❡ ✜♥❞ t❤❛t ✿

‖C(X,f) − C(X,ψf .f)‖W ′ ≤ ❈t❡

∫

X
dM ((ψf .f)(x), f(x))dHd(x) .

❯s✐♥❣ ♥♦✇ ✉s✉❛❧ r❡s✉❧t ♦♥ t❤❡ ✢♦✇ ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ v = (vg, vf )✱ ✇❡ ❝❛♥ ❜♦✉♥❞✱ ❢♦r
❛❧❧ (x,m) ∈ E ×M ✱ dM (ψf (x,m),m) ❜② ‖(vg, vf )‖χ0 ≤ ‖vg‖χ0 + ‖vf‖χ0 ❛♥❞ t❤✉s
✇❡ ❤❛✈❡ ✿

‖C(X,f) − C(X,ψf .f)‖W ′ ≤ ❈t❡.❱♦❧(X).
(
‖vg‖χ0 + ‖vf‖χ0

)
✭✷✳✷✻✮

❙✐♥❝❡ ‖vg‖χ0 ≤ ‖vg‖χ1 ✱ ❡q✳✭✷✳✷✺✮ ❛♥❞ ✭✷✳✷✻✮ ❣✐✈❡ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

❱❛r✐❛t✐♦♥s✬ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♠❡tr✐❝s

❲❡ ♥♦✇ ❣♦ ♦♥❡ st❡♣ ❢✉rt❤❡r ❛♥❞ ❣✐✈❡ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
✈❛r✐❛t✐♦♥ ♦❢ t❤❡W ′✲♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♣♦s✐t✐♦♥s ❛♥❞ s✐❣♥❛❧ ✈❛❧✉❡s
♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❚❤✐s s❤❛❧❧ ❧❡❛❞ t♦ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❈❛rt❛♥✬s ❢♦r♠✉❧❛ t❤❛t
✇❡ st❛t❡❞ ❢♦r ✉s✉❛❧ ❝✉rr❡♥ts ✐♥ t❤❡♦r❡♠ ✶✳✸✳✷ ♦❢ s❡❝t✐♦♥ ✶✳✸✳✹✳ ■♥ ❛❧❧ t❤✐s s❡❝t✐♦♥✱ ✇❡
✇✐❧❧ ❛ss✉♠❡ t❤❛t M ✐s ❛ ✈❡❝t♦r s♣❛❝❡ ❛♥❞ t❤❛t ❛❧❧ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ❤❛✈❡ ✐♥ ❛❞❞✐t✐♦♥
C1 r❡❣✉❧❛r✐t②✳ ❙✐♠✐❧❛r❧② t♦ ✶✳✸✳✹✱ ✜①✐♥❣ ❛ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f)✱ ✇❡ ✇❛♥t t♦ ❡①♣r❡ss
t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ C(X,f)(ω) ❢♦r ❛♥② ω ∈ Ωd0(E,M)✱ ✇✐t❤ r❡s♣❡❝t t♦ X ❛s ✇❡❧❧ ❛s t❤❡
s✐❣♥❛❧ ✈❛❧✉❡s f ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ s♠♦♦t❤ ❛♥❞ ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞
✈❡❝t♦r ✜❡❧❞ v ✐♥ E×M ✇❤✐❝❤✱ ❛s ♣r❡✈✐♦✉s❧②✱ ✐s s✉❝❤ t❤❛t v(x,m) = (vg(x), vf (x,m))
❛♥❞ ✐ts ✢♦✇ ❛t t✐♠❡ t✱ ψt(x,m) = (ψg(x), ψf (x,m))✳ ❲❤❛t ✇❡ ❧♦♦❦ ❢♦r ✐s t❤❡ ✈❛r✐❛t✐♦♥
♦❢ C(X,f)(ω) ✇❤❡♥ ❞❡❢♦r♠✐♥❣ (X, f) ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ v✱ ✐✳❡ ✿

d

dt

∣∣∣∣
t=0

Cψt.(X,f)(ω) =
d

dt

∣∣∣∣
t=0

C(X,f)(ψ
∗
t ω)

✇❤❡r❡ ψ∗
t ω ✐s ❞❡✜♥❡❞ ❛s ✐♥ ❡q✳✭✷✳✶✸✮✳ ❚❤❡ s✐♠♣❧❡st ✇❛② t♦ ♣r♦❝❡❡❞ ✐s t♦ ✉s❡ ❈❛rt❛♥✬s

❢♦r♠✉❧❛ ❢♦r ❝✉rr❡♥ts ✐♥ E ×M ❛♥❞ t❤❡♥ ❞❡❞✉❝❡ ❛♥ ❡q✉✐✈❛❧❡♥t r❡s✉❧t ❢♦r ❢✉♥❝t✐♦♥❛❧
❝✉rr❡♥ts t❤r♦✉❣❤ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ✷✳✷✳✶✳ ▲❡t✬s ❝❛❧❧ TG t❤❡ ❝✉rr❡♥t ✐♥
Ωd0(E ×M)′ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❣r❛♣❤ G ♦❢ (X, f) ✐♥ E ×M ✳ ❲❡ ❛ss✉♠❡ t❤❛t X ✐s
❛ C1 ❝♦♠♣❛❝t ♦r✐❡♥t❡❞ s✉❜♠❛♥✐❢♦❧❞ ❛♥❞ t❤❛t f ✐s C1 s♦ t❤❛t G ✐s ✐ts❡❧❢ ❛ ❝♦♠♣❛❝t
♦r✐❡♥t❡❞ s✉❜♠❛♥✐❢♦❧❞ ✐♥ E ×M ✳ ❋♦r ❛♥② ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ η ∈ Ωd0(E ×M)✱ ✇❡ ❤❛✈❡

Tψt(G)(η) = TG(ψ
♯
tη) =

∫
G ψ

♯
tη ❛♥❞ ❜② ❈❛rt❛♥✬s ❢♦r♠✉❧❛ ✿

d

dt

∣∣∣∣
t=0

Tψt(G)(η) =

∫

G
ıv(dη) +

∫

∂G
ıv(η) ✭✷✳✷✼✮

✇❤❡r❡ ıv ✐s ♦♥❝❡ ❛❣❛✐♥ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦♣❡r❛t♦r ♦♥ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ✭✐♥ E ×M✮✳
❚♦ ❣❡t ❜❛❝❦ t♦ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ❛♥❞ ❝✉rr❡♥ts✱ ✇❡ r❡❝❛❧❧ ❢r♦♠ ✷✳✷✳✶ t❤❛t ✇❡ ❤❛✈❡ ❛♥
✐♥❥❡❝t✐✈❡ ❧✐♥❡❛r ❛♣♣❧✐❝❛t✐♦♥ p : Ωd0(E,M) → Ωd0(E ×M) s✉❝❤ t❤❛t p(ω)(x,m)(ζ) =

ω(x,m)(l(ζ)) ✇✐t❤ l t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ Λd(E ×M) ♦♥ Λd(E) ❞❡✜♥❡❞ ✐♥ ✷✳✷✳✶✳

▲❡♠♠❛ ✷✳✷✳✺✳ ❲✐t❤ t❤❡ ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥s✱ ✇❡ ❤❛✈❡ ✿

C(X,f)(ω) = TG(p(ω)) ✭✷✳✷✽✮

✻✺



Pr♦♦❢✳ ❯♣ t♦ ✉s✐♥❣ ❛ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t② ♦❢ X✱ ✇❡ ❝❛♥ ❛ss✉♠❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r✲
❛❧✐t②✱ t❤❛t X ❛❞♠✐ts ❛ C1✲♣❛r❛♠❡tr✐③❛t✐♦♥ γ : U → E ✇✐t❤ U ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Rd✳
❚❤❡♥ Γ : U → E ×M ❞❡✜♥❡❞ ❜② Γ(u) = (γ(u), f ◦ γ(u)) ✐s ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ G
❛♥❞ ✿

TG(p(ω)) =

∫

U
p(ω)(γ(u),f◦γ(u))

(
∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)
du1...dud

=

∫

U
ω(γ(u),f◦γ(u))

(
l

(
∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

))
du1...dud

❇② ❞❡✜♥✐t✐♦♥ ♦❢ l ❛♥❞ Γ✱ ✇❡ s❡❡ t❤❛t l

(
∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)
= ∂γ

∂u1
∧ ... ∧ ∂γ

∂ud
✳ ❆♥❞

t❤✉s ✿

TG(p(ω)) =

∫

U
ω(γ(u),f◦γ(u))

(
∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)
du1...dud

= C(X,f)(ω)

❲❡ ❤❛✈❡ ✐♥ ❛❞❞✐t✐♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈✐t② ♣r♦♣❡rt② ✿

▲❡♠♠❛ ✷✳✷✳✻✳ ❋♦r ❛♥② ω ∈ Ωd0(E,M)✱

p(ψ∗
t ω) = ψ♯t(p(ω)) ✭✷✳✷✾✮

Pr♦♦❢✳ ❋♦r ❛♥② (x,m) ∈ E×M ❛♥❞ ζ = ζ1∧ ...∧ζd ∈ Λd(E×M)✱ ✇❡ ❧❡t ξ1∧ ...∧ξd =
l(ζ1 ∧ ... ∧ ζd)✳ ❚❤❡♥ ✿

p(ψ∗
t ω)(x,m)(ζ) = (ψ∗

t ω)(x,m)(ξ1 ∧ ... ∧ ξd)
= ωψt(x,m)(∂xψ

g
t (ξ1) ∧ ... ∧ ∂xψgt (ξd))

◆♦✇✱ s✐♥❝❡ ∂mψ
g
t = 0✱ ✇❡ ❤❛✈❡ ✐♥ ❢❛❝t ∀i ∈ {1, .., d}, ∂xψgt (ξi) = dψgt (ζi) ❛♥❞

∂xψ
g
t (ξ1) ∧ ... ∧ ∂xψgt (ξd) = l(dψt(ζ1) ∧ ... ∧ dψt(ζd))✱ ✇❤✐❝❤ ❣✐✈❡s ✿

p(ψ∗
t ω)(x,m)(ζ) = ωψt(x,m)(l(dψt(ζ1) ∧ ... ∧ dψt(ζd)))

=
(
ψ♯tp(ω)

)
(x,m)

(ζ)

❲✐t❤ ❡q✳✭✷✳✷✼✮✱✭✷✳✷✽✮ ❛♥❞ ✭✷✳✷✾✮✱ ✇❡ ♥♦✇ ❞❡❞✉❝❡ ✿

d

dt

∣∣∣∣
t=0

Cψt.(X,f)(ω) =
d

dt

∣∣∣∣
t=0

C(X,f)(ψ
∗
t ω)

=
d

dt

∣∣∣∣
t=0

TG(p(ψ
∗
t ω))

=
d

dt

∣∣∣∣
t=0

TG(ψ
♯
tp(ω))

=

∫

G
ıv(d[p(ω)]) +

∫

∂G
ıv(p(ω))

❲❡ ❤❛✈❡ t❤✉s s❤♦✇♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✿

✻✻



Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✸✳ ❋♦r X ❛ ❝♦♠♣❛❝t ♦r✐❡♥t❡❞ s✉❜♠❛♥✐❢♦❧❞ ♦❢ E✱ f ❛ C1 ❢✉♥❝t✐♦♥
♦♥ X ❛♥❞ ❢♦r ❛♥② ✈❡❝t♦r ✜❡❧❞ ♦❢ t❤❡ ❢♦r♠ v(x,m) = (vg(x), vf (x,m)) ✇❤♦s❡ ✢♦✇ ψt
❡①✐sts ❛t t✐♠❡ 0 < t < ǫ✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ C1 ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ω ∈ Ωd0(E,M) ✿

d

dt

∣∣∣∣
t=0

Cψt.(X,f)(ω) =

∫

G
ıv(d[p(ω)]) +

∫

∂G
ıv(p(ω)) ✭✷✳✸✵✮

❲❡ s❡❡ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡s ✇❡ ❧♦♦❦ ❢♦r ❡✈❡♥t✉❛❧❧② ❝♦♥s✐st ✐♥ t❛❦✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢
t❤❡ ♣r♦❞✉❝t ❝✉rr❡♥t TG ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❣r❛♣❤ ❜✉t r❡str✐❝t❡❞ t♦ ♣❛rt✐❝✉❧❛r ❞✐✛❡r❡♥✲
t✐❛❧ ❢♦r♠s p(ω) ♦❢ E×M ✳ ❲❡ ❛❧r❡❛❞② ❝❛♥ ❞r❛✇ ❛ ❢❡✇ ❝♦♥s❡q✉❡♥❝❡s ❢r♦♠ t❤✐s✱ r❡❧②✐♥❣
♦♥ ✇❤❛t ✇❛s ♣r❡✈✐♦✉s❧② ❞♦♥❡ ✇✐t❤ ❈❛rt❛♥✬s ❢♦r♠✉❧❛ ❢♦r ❝✉rr❡♥ts ✭t❤❡♦r❡♠ ✶✳✸✳✷✮✳ ■♥
t❤❛t ❝❛s❡✱ ✐t s❤♦✇s t❤❛t ✐♥ E×M ✱ t❤❡ ❣r❛❞✐❡♥t ♦❢ ❢❝✉rr❡♥ts✬ ♠❡tr✐❝s ❛t ❡❛❝❤ ♣♦✐♥t ✐♥
t❤❡ ✐♥t❡r✐♦r ♦❢ X ✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❣r❛♣❤ ♦❢ (X, f)✳ ■t ❛❧s♦ ✐♥✈♦❧✈❡s ❛ t❡r♠ ♦♥
t❤❡ ❜♦✉♥❞❛r② ♦❢ G ✇❤❡r❡ ♣♦✐♥ts ❤❛✈❡ ❣r❛❞✐❡♥ts t❤❛t ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ t❤✐s ❜♦✉♥❞❛r②
✐♥ E ×M ✳ ■❢ f ✐s ❛ C1 ❢✉♥❝t✐♦♥✱ ∂G ✐s s✐♠♣❧② t❤❡ s❡t ♦❢ {(x, f(x))} ❢♦r x ∈ ∂X ❜✉t
✇❡ s❡❡ t❤❛t t❤✐s ❝♦✉❧❞ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ❢♦r ✐♥st❛♥❝❡ f ✐s ♣✐❡❝❡✇✐s❡
C1✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ s♦♠❡ ♥❡✇ ❜♦✉♥❞❛r✐❡s ❛♣♣❡❛r ♦♥ t❤❡ ③♦♥❡s ♦❢ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡
s✐❣♥❛❧✳

❚❤❡ ♣r❡✈✐♦✉s r❡s✉❧t ✐s ❤♦✇❡✈❡r ✐♥tr✐♥s✐❝❛❧❧② ✇r✐tt❡♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝✉rr❡♥ts ✐♥
E ×M ✳ ❙t❛rt✐♥❣ ❢r♦♠ ❡q✳✭✷✳✸✵✮✱ ✇❡ ❝❛♥ ❛❝t✉❛❧❧② ❣♦ ❛ ❧✐tt❧❡ ❢✉rt❤❡r ❜② r❡✐♥t❡r♣r❡t✐♥❣
t❤❡ ♣r❡✈✐♦✉s t❡r♠s ♦♥ t❤❡ ❣r❛♣❤ G ❛s ✐♥t❡❣r❛❧s ♦♥ X ❛♥❞ s❡♣❛r❛t❡ t❤❡ ✈❛r✐❛t✐♦♥s
✐♥❞✉❝❡❞ ❜② t❤❡ ✜❡❧❞ vg ❢r♦♠ t❤❡ ♦♥❡ ✐♥❞✉❝❡❞ ❜② vf ✳ ❋♦r ❛♥② ❝♦♦r❞✐♥❛t❡ s②st❡♠s
(x1, ..., xn) ❛♥❞ (m1, ...,mp) ♦❢ E ❛♥❞ M ✱ ❛ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✿

ω
.
=

∑

1≤i1<...<id≤n

ai1,...,id(x,m)dxi1 ∧ ... ∧ dxid

❛♥❞ t❤❡♥ p(ω) ❤❛s t❤❡ ❡①❛❝t s❛♠❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ (x1, ..., xn,m1, ...,mp)
♦❢ E×M ✳ ❲❡ s❤❛❧❧ ❞❡♥♦t❡ ✐♥ s❤♦rt ω = aI(x,m)dxI ❢♦r t❤❡ s✉♠ ♦♥ ❛❧❧ ♠✉❧t✐✲✐♥❞✐❝❡s
✐♥ ❛ ❣✐✈❡♥ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ◆♦✇✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f ✐s C1 ✿
∂G = {(x, f(x)) ∈ E ×M/ x ∈ ∂X} ✇❤✐❝❤ ✐s t❤❡ ❣r❛♣❤ ♦❢ t❤❡ (d − 1)✲❞✐♠❡♥s✐♦♥❛❧
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (∂X, f|∂X)✳ ■❢ η : O → E ✐s ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ ∂X ✭O ❜❡✐♥❣ ❛♥

♦♣❡♥ s✉❜s❡t ♦❢ Rd−1✮✱ η̃ : u 7→ (η(u), f ◦ η(u)) ∈ E ×M ✐s ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ ∂G
❛♥❞ ✿ ∫

∂G
ıv(p(ω)) =

∫

O
p(ω)(η(u),f◦η(u))(v(η(u), f ◦ η(u)) ∧

∂η̃

∂u1
... ∧ ∂η̃

∂ud−1
)

=

∫

O
ω(η(u),f◦η(u))(vg(η(u)) ∧

∂η

∂u1
... ∧ ∂η

∂ud−1
)

=

∫

∂X
ıvgω

❚❤❡ ❝❛s❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ♦♥ G ✐s ❛ ❧✐tt❧❡ ♠♦r❡ ❞✐✣❝✉❧t✳ ▲❡t✬s ❝♦♥s✐❞❡r s♦♠❡ ❧♦❝❛❧
❝♦♦r❞✐♥❛t❡ s②st❡♠s (x1, ..., xn) ♦❢ E s✉❝❤ t❤❛t (dx1, .., dxd) ✐s ❛ ❜❛s✐s ♦❢ TxX

∗ ❛♥❞
(dxd+1, .., dxn) ✐s ❛ ❜❛s✐s ♦❢ (TxX

⊥)∗✳ ■♥ t❤❡ s❛♠❡ s♣✐r✐t✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② v⊤g (x)

t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ vg t❛♥❣❡♥t t♦ X ❛t x ❛♥❞ v⊥g (x) t❤❡ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t✳ ❲❡ t❤❡♥
❞❡❝♦♠♣♦s❡ t❤❡ ✈❡❝t♦r ✜❡❧❞ ❛s

v = (v⊥g , 0) + (v⊤g , 0) + (0, vf )

❇② ❧✐♥❡❛r✐t② ♦❢ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦♣❡r❛t♦r✱ ✇❡ ❤❛✈❡ ✿
∫

G
ıvdp(ω) =

∫

G
ı(v⊥g ,0)dp(ω) +

∫

G
ı(v⊤g ,0)dp(ω) +

∫

G
ı(0,vf )dp(ω) . ✭✷✳✸✶✮

✻✼



◆♦✇✱ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❡①t❡r✐♦r ❞❡r✐✈❛t✐✈❡ ♦❢ p(ω)
❛s ❛ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ ♦❢ E ×M ✿

d[p(ω)] =
n∑

j=1

∂aI
∂xj

dxj ∧ dxI +
p∑

l=1

∂aI
∂ml

dml ∧ dxI

= dxω + dmω

❛♥❞ ✐♥tr♦❞✉❝✐♥❣ ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ X✱ γ : U → E ❛♥❞ Γ : u 7→ (γ(u), f ◦ γ(u))
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ G✱ ✇❡ ❤❛✈❡✱ ❢♦r t❤❡ ✜rst ✐♥t❡❣r❛❧ ♦❢ ❡q✳✭✷✳✸✶✮ ✿

∫

G
ı(v⊥g ,0)dp(ω) =

∫

U
(dxω + dmω)

(
(v⊥g (γ(u)), 0) ∧

∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)
du

✇✐t❤
∂Γ

∂ui
=

(
∂γ

∂ui
, df ◦ ∂γ

∂ui

)
. ✭✷✳✸✷✮

❲❡ r❡❝❛❧❧✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ❡①t❡r✐♦r ♣r♦❞✉❝t ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✱ t❤❛t ❢♦r ❛❧❧ l ∈
{1, .., p} ❛♥❞ u ∈ U ✿

dml ∧ dxI
(
(v⊥g (γ(u)), 0) ∧

∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)

= dml(v⊥g (γ(u)), 0)dx
I

(
∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)

+
d∑

i=1

(−1)idml

(
∂Γ

∂ui

)
dxI

(
v⊥g ∧

∂Γ

∂u1
∧ .. ∂̂Γ

∂ui
.. ∧ ∂Γ

∂ud

)

❚❤❡ ✜rst t❡r♠ ❡q✉❛❧s ③❡r♦ ❜❡❝❛✉s❡ (v⊥g (γ(u)), 0) ❤❛s ♦♥❧② ③❡r♦ ❝♦♠♣♦♥❡♥ts ✐♥ M ✳

❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛❧s♦ ♥✉❧❧ s✐♥❝❡ ❛❧❧ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s dxI ✐♥ ♦✉r ❝❛s❡ ❤❛✈❡ ♦♥❧②
❝♦♠♣♦♥❡♥ts dxi ✐♥ TxX

∗ ✇❤❡r❡❛s v⊥g (x) ∈ TxX⊥ ❢♦r ❛❧❧ x ∈ X✳ ❚❤❡r❡❢♦r❡ ✿

∫

G
ı(v⊥g ,0)dp(ω) =

∫

U
dxω

(
(v⊥g (γ(u)), 0) ∧

∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)
du

=

∫

U
dxω

(
v⊥g (γ(u)) ∧

∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)
du

=

∫

X
ıv⊥g dxω ✭✷✳✸✸✮

t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② r❡s✉❧t✐♥❣ ❢r♦♠ ❡q✳✭✷✳✸✷✮ ❛♥❞ t❤❡ ❢❛❝t t❤❡ (d+1)✲❞✐✛❡r❡♥t✐❛❧ ❢♦r♠
dxω ❤❛s ♥♦ ❝♦♠♣♦♥❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❝♦♦r❞✐♥❛t❡s dm1, .., dmp✳
◆♦✇ ❢♦r t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ♦❢ ❡q✳✭✷✳✸✶✮✱ ✇❡ ✇r✐t❡ ✿

∫

G
ı(v⊤g ,0)dp(ω) =

∫

U
(dxω + dmω)

(
(v⊤g , 0) ∧

∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)
du .

❖♥ t❤❡ ✜rst ❤❛♥❞✱ ✇❡ ❤❛✈❡ ✿

dxω

(
(v⊤g , 0) ∧

∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)
=

n∑

j=1

∂aI
∂xj

dxj ∧ dxI
(
(v⊤g , 0) ∧

∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)

=

n∑

j=1

∂aI
∂xj

dxj ∧ dxI
(
v⊤g ∧

∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)

✻✽



❛♥❞ s✐♥❝❡
∂γ

∂u1
, ...,

∂γ

∂ud
✐s ❛ ❜❛s✐s ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ Tγ(u)X✱ v⊤g ✐s ❧✐♥❡❛r❧② ❞❡♣❡♥❞❡♥t

t♦ t❤❡s❡ ✈❡❝t♦rs✳ ❚❤✉s v⊤g ∧
∂γ

∂u1
∧ ... ∧ ∂γ

∂ud
= 0 ❢♦r ❛❧❧ u ❛♥❞

∫

G
ı(v⊤g ,0)dxω = 0 .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

dmω

(
(v⊤g , 0) ∧

∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)
=

p∑

l=1

∂aI
∂ml

dml ∧ dxI
(
(v⊤g , 0) ∧

∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)

︸ ︷︷ ︸
∆l

.

❉❡✈❡❧♦♣✐♥❣ ∆l ❣✐✈❡s ✿

∆l = dml(v⊤g , 0)dx
I

(
∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)

+

d∑

i=1

(−1)idml

(
∂Γ

∂ui

)
dxI

(
(v⊤g , 0) ∧

∂Γ

∂u1
∧ ... ∧ ∂̂Γ

∂ui
∧ ... ∧ ∂Γ

∂ud

)

=
d∑

i=1

(−1)idml

(
∂Γ

∂ui

)
dxI

(
(v⊤g , 0) ∧

∂Γ

∂u1
∧ ... ∧ ∂̂Γ

∂ui
∧ ... ∧ ∂Γ

∂ud

)

=
d∑

i=1

(−1)idfl
(
∂γ

∂ui

)
dxI

(
v⊤g ∧

∂γ

∂u1
∧ ... ∧ ∂̂γ

∂ui
∧ ... ∧ ∂γ

∂ud

)

❖♥❡ ❝❛♥ ✇r✐t❡ dfl ✐♥ t❤❡ s❛♠❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛s dfl =
∑d

s=1

∂fl
∂xs

dxs✱ ✇❤✐❝❤ ❣✐✈❡s ✿

∆l =
d∑

s=1

∂fl
∂xs

d∑

i=1

(−1)idxs
(
∂γ

∂ui

)
dxI

(
v⊤g ∧

∂γ

∂u1
∧ ... ∧ ∂̂γ

∂ui
∧ ... ∧ ∂γ

∂ud

)

=

d∑

s=1

∂fl
∂xs

dxs ∧ dxI
(
v⊤g ∧

∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)
−

d∑

s=1

∂fl
∂xs

dxs(v⊤g )dx
I

(
∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)

= −dfl(v⊤g )dxI
(
∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)
.

■♥❞❡❡❞ v⊤g ∧
∂γ

∂u1
∧ ... ∧ ∂γ

∂ud
= 0 s✐♥❝❡ v⊤g ∈ Tγ(u)X ❛♥❞

∂γ

∂u1
, ...,

∂γ

∂ud
✐s ❛ ❜❛s✐s ♦❢

Tγ(u)X✳ ❊✈❡♥t✉❛❧❧②✱ ✇❡ ♦❜t❛✐♥ t❤❛t ✿

∫

G
ı(v⊤g ,0)dp(ω) =

∫

U
−

n∑

l=1

∂aI
∂ml

dfl(v
⊤
g )dx

I

(
∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)

=

∫

U
−

n∑

l=1

∂aI
∂ml

dml(df(v⊤g ))dx
I

(
∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)

=

∫

U
−

n∑

l=1

∂aI
∂ml

dml ∧ dxI
(
df(v⊤g ) ∧

∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)

=

∫

X
−ıdf(v⊤g )dmω ✭✷✳✸✹✮

✻✾



❋✐❣✉r❡ ✷✳✾✿ ●r❛❞✐❡♥t ♦❢ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❲❡ r❡♣r❡s❡♥t t❤❡
♦♣♣♦s✐t❡ ♦❢ t❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ♣♦✐♥t ♣♦s✐t✐♦♥s✳ ❚❤❡ ❣r❛❞✐❡♥t ✐s ♦rt❤♦❣♦♥❛❧
t♦ t❤❡ ❝✉r✈❡ ♦♥ t❤❡ ❛r❡❛s ♦❢ ❝♦♥st❛♥t s✐❣♥❛❧s ❜✉t ♥♦t ✐♥ ③♦♥❡s ✇❤❡r❡ s✐❣♥❛❧ ✐s ✈❛r②✐♥❣✳
◆♦t❡ ❛❧s♦ t❤❡ ♣❛rt✐❝✉❧❛r ❜❡❤❛✈✐♦r ♦♥ ❜♦✉♥❞❛r✐❡s ❝r❡❛t❡❞ ❜② ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ s✐❣♥❛❧✳

❋✐♥❛❧❧②✱ ❢♦r t❤❡ ❧❛st ✐♥t❡❣r❛❧ ♦❢ ❡q✳✭✷✳✸✶✮✱ ✇✐t❤ t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ r❡❛s♦♥✐♥❣✱ ✇❡ ♦❜t❛✐♥
❡❛s✐❧② t❤❛t ✿

∫

G
ı(0,vf )dp(ω) =

∫

U
dmω

(
(0, vf ) ∧

∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)
du

❛♥❞ ❥✉st ❛s ♣r❡✈✐♦✉s❧② ✇❡ ❝❛♥ ✇r✐t❡ ❢♦r ❛❧❧ u ∈ U ✿

dmω

(
(0, vf ) ∧

∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)

=

p∑

l=1

∂aI
∂ml

dml ∧ dxI
(
(0, vf ) ∧

∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)

=

p∑

l=1

∂aI
∂ml

dml(vf ).dx
I

(
∂Γ

∂u1
∧ ... ∧ ∂Γ

∂ud

)

=

p∑

l=1

∂aI
∂ml

dml(vf ).dx
I

(
∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)

=

p∑

l=1

∂aI
∂ml

dml ∧ dxI
(
(0, vf ) ∧

∂γ

∂u1
∧ ... ∧ ∂γ

∂ud

)
.

❚❤❡ s❡❝♦♥❞ ❛♥❞ t❤❡ ❧❛st ❡q✉❛❧✐t② r❡s✉❧t ❛❣❛✐♥ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t dxi(0, vf ) = 0 ❢♦r
❛❧❧ i ∈ {1, .., n}✳ ❈♦♥s❡q✉❡♥t❧② ✿

∫

G
ı(0,vf )dp(ω) =

∫

X
ıvfdmω . ✭✷✳✸✺✮

●r♦✉♣✐♥❣ ❡q✳✭✷✳✸✸✮ ✭✷✳✸✹✮ ❛♥❞ ✭✷✳✸✺✮ t♦❣❡t❤❡r✱ ✇❡ ❤❛✈❡ ❡✈❡♥t✉❛❧❧② s❤♦✇♥ t❤❡ ❢♦❧❧♦✇✐♥❣
✈❛r✐❛t✐♦♥✬s r❡s✉❧t ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✬ ♠❡tr✐❝s ✿

❚❤❡♦r❡♠ ✷✳✷✳✹✳ ❋♦r ❛♥② ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f) ✇✐t❤ X ❛ ❝♦♠♣❛❝t ♦r✐❡♥t❡❞ s✉❜✲
♠❛♥✐❢♦❧❞ ♦❢ E ❛♥❞ f ❛ C1 ❢✉♥❝t✐♦♥✱ ❛♥❞ ❢♦r ❛♥② ✈❡❝t♦r ✜❡❧❞ ♦❢ t❤❡ ❢♦r♠ v(x,m) =

✼✵



(vg(x), vf (x,m)) ✇❤♦s❡ ✢♦✇ ψt ❡①✐sts ❛t t✐♠❡ 0 < t < ǫ✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ C1 ❢✉♥❝t✐♦♥❛❧
d✲❢♦r♠ ω ✿

d

dt

∣∣∣∣
t=0

Cψt.(X,f)(ω) =

∫

X

(
ıv⊥g dxω + ı(vf−df(v⊤g ))dmω

)
+

∫

∂X
ıvgω

❋♦r t❤❡ ❝♦rr❡❝t ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❢♦r♠✉❧❛✱ ❧❡t✬s r❡♠✐♥❞ t❤❛t ✇❡ ❤❛✈❡
❛❞♦♣t❡❞ t❤❡ s❤♦rt❝✉t ♥♦t❛t✐♦♥s ıudxω ❢♦r ı(u,0)dxω ✭✇❤❡♥ u ✐s ❛ ✈❡❝t♦r ✜❡❧❞ ✇✐t❤
✈❛❧✉❡s ✐♥ E✮ ❛♥❞ ıudmω ❢♦r ı(0,u)dmω ✭✇❤❡♥ u ✐s ❛ ✈❡❝t♦r ✜❡❧❞ ✇✐t❤ ✈❛❧✉❡s ✐♥ M✮✳
❚❤✐s ❧❛st r❡s✉❧t ❣✐✈❡s t❤❡ ✈❛r✐❛t✐♦♥ ❜❛s❡❞ ♦♥❧② ♦♥ ✐♥t❡❣r❛❧s ♦♥ X ❛♥❞ ∂X ♦❢ s❡✈❡r❛❧
❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s ♦❜t❛✐♥❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ ω✳ ■t ♣r♦✈✐❞❡s ❛ ♠✉❝❤ ♠♦r❡ ♣r❡❝✐s❡
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♠❡tr✐❝s t❤❛♥ ♣r♦♣♦s✐t✐♦♥ ✷✳✷✳✸✳ ■♥❞❡❡❞✱ ✇❡ ✜rst s❡❡
t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❡❝t♦r ✜❡❧❞ vg ✐♥✈♦❧✈❡s ❜♦t❤ ✐ts ♦rt❤♦❣♦♥❛❧ ❛♥❞
t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts ✿ t❤✉s t❤❡ ❣r❛❞✐❡♥t ♦❢ C(X,f)(ω) ✇✐t❤ r❡s♣❡❝t t♦ ❞✐s♣❧❛❝❡♠❡♥ts
♦❢ X ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ♦rt❤♦❣♦♥❛❧ t♦ X ❛s ❢♦r ✉s✉❛❧ ❝✉rr❡♥ts✳ ❍♦✇❡✈❡r✱ ✇❡ s❡❡
t❤❛t t❤❡ ♦♥❧② t❡r♠ ✐♥✈♦❧✈✐♥❣ v⊤g ❛❝t✉❛❧❧② ❞❡♣❡♥❞s ♦♥❧② ✐♥ df(v⊤g )✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✐t ✈❛♥✐s❤❡s ✇❤❡♥❡✈❡r ∇f = 0 ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❣r❛❞✐❡♥t ♦❢ C(X,f)(ω) ✇✐❧❧
❜❡ ♦rt❤♦❣♦♥❛❧ t♦ X ✐♥ r❡❣✐♦♥s ✇❤❡r❡ f ✐s ❝♦♥st❛♥t✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ❜②
✜❣✉r❡ ✷✳✾✳ ❆ s❡❝♦♥❞ ✐♠♣♦rt❛♥t ❡❧❡♠❡♥t ✐s t❤❡ t❡r♠ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ X t❤❛t ♦♥❧②
❛✛❡❝ts t❤❡ ✈❛r✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣❡♦♠❡tr② s✐♥❝❡ ✐t ♦♥❧② t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ❝♦♠♣♦♥❡♥t vg✳ ❖♥ ♣♦✐♥ts ♦♥ t❤❡ ❜♦✉♥❞❛r②✱ t❤❡ ❣r❛❞✐❡♥t ✐s ♦rt❤♦❣♦♥❛❧ t♦
t❤❡ ❜♦✉♥❞❛r② ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② t♦ X✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ✐♥t❡❣r❛❧s ♦♥ ∂X ✐♥ t❤❡
✈❛r✐❛t✐♦♥ ✐s ♦❢ ❝r✉❝✐❛❧ ✐♠♣♦rt❛♥❝❡ ♥✉♠❡r✐❝❛❧❧② ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ❣r❛❞✐❡♥ts ♦❢ ❢❝✉rr❡♥ts
❞✐st❛♥❝❡s ❜❡❝❛✉s❡ t❤❡② ✐♥❞✉❝❡ s✐♥❣✉❧❛r✐t✐❡s ♦♥ t❤❡ ❜♦✉♥❞❛r②✱ ❛s ✇❡ st✉❞② ✐♥ ♠♦r❡
❞❡t❛✐❧s ✐♥ ✹✳✷✳✶✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r ❛❢t❡r ♣r♦♣♦s✐t✐♦♥ ✷✳✷✳✸✱ ✇❡ ❝♦✉❧❞ ❣❡♥❡r❛❧✐③❡
t❤❡♦r❡♠ ✷✳✷✳✹ t♦ ♣✐❡❝❡✇✐s❡ C1 ❢✉♥❝t✐♦♥s f ✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❛❞❞✐t✐♦♥❛❧ ❜♦✉♥❞❛r✐❡s ❛r❡
❝r❡❛t❡❞ ❜② ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡ s✐❣♥❛❧✱ ✐♥❞✉❝✐♥❣ ❛❣❛✐♥ ❣r❛❞✐❡♥t s✐♥❣✉❧❛r✐t✐❡s ❛t t❤♦s❡
♣♦✐♥ts ❛s ♦♥❡ ❝❛♥ s❡❡ ♦♥ ✜❣✉r❡ ✷✳✾✳

✷✳✸ ❆❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts

❲❡ ♥♦✇ ✐❧❧✉str❛t❡ ❤♦✇ t❤❡ t❤❡♦r❡t✐❝❛❧ ❝♦♥❝❡♣t ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡
❝♦♠❜✐♥❡❞ ✇✐t❤ ❦❡r♥❡❧ ♠❡tr✐❝s ♦✛❡rs ❛ ❣❡♥✉✐♥❡ s♦❧✉t✐♦♥ t♦ t❤❡ s✐♠✉❧t❛♥❡♦✉s ♣r♦❝❡ss✲
✐♥❣ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ❛♥❞ s✐❣♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡ ❛❧❣♦r✐t❤♠s ✇❡ ♣r❡s❡♥t ✇✐❧❧ ❢♦❝✉s
❡①❝❧✉s✐✈❡❧② ♦♥ r❡❛❧✲✈❛❧✉❡❞ s✐❣♥❛❧s ❛❧t❤♦✉❣❤✱ ❛s ✇❡ ♠❡♥t✐♦♥❡❞✱ ✐t ❝♦✉❧❞ ❜❡ ❛❞❛♣t❡❞
t♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ s✐❣♥❛❧ s♣❛❝❡s✳ ❲❡ ❤❛✈❡ ❡①♣❧❛✐♥❡❞✱ ❢r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢
✈✐❡✇✱ ❤♦✇ ❍✐❧❜❡rt ♥♦r♠s ❜❛s❡❞ ♦♥ ❦❡r♥❡❧s s❤❛r❡ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s ✇✐t❤ r❡s♣❡❝t
t♦ ❣❡♦♠❡tr✐❝❛❧ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ♣❡rt✉r❜❛t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ str✉❝t✉r❡
♦♣❡♥s t❤❡ ✇❛② ❢♦r ✈❛r✐♦✉s ♣r♦❝❡ss✐♥❣ ❛❧❣♦r✐t❤♠s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥t❡♥❞ t♦ s❤❡❞
❧✐❣❤t ♦♥ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❢r❛♠❡✇♦r❦✳ ❚❤❡ ✜rst ❛♣♣❧✐❝❛t✐♦♥ ✐❧❧✉str❛t❡s
t❤❡ ❢✉❧❧ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ❍✐❧❜❡rt str✉❝t✉r❡ ✇✐t❤ t❤❡ ❞❡s✐❣♥ ♦❢ r❡❞✉♥❞❛♥❝② r❡❞✉❝t✐♦♥
♦r ❝♦♠♣r❡ss✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ r❡♣r❡s❡♥t❛t✐♦♥s t❤r♦✉❣❤ ♠❛t❝❤✐♥❣
♣✉rs✉✐t s❝❤❡♠❡s ♦♥ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡✱ ♠♦r❡ ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦
❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠②✬s ✐ss✉❡s ❡①♣♦s❡❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝❤❛♣t❡r✱ ✐s t❤❡ ❞❡✲
s✐❣♥ ♦❢ ❛ ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥ ♠❛t❝❤✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ s✐♠✉❧t❛♥❡♦✉s ❣❡♦♠❡tr✐❝ ❛♥❞
❢✉♥❝t✐♦♥❛❧ r❡❣✐str❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✉♥❞❡r ❞✐✛❡♦♠♦r♣❤✐❝ tr❛♥s♣♦rt✳ ❲❡ ♣♦st✲
♣♦♥❡ ❛♣♣❧✐❝❛t✐♦♥s t♦ ♠❡❞✐❝❛❧ ✐♠❛❣✐♥❣ ❞❛t❛s❡ts t♦ ❝❤❛♣t❡r ✹✱ ✇❤✐❝❤ ✇✐❧❧ ❣❡♥❡r❛❧✐③❡ t❤❡
❢r❛♠❡✇♦r❦ t♦ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳

✼✶



✷✳✸✳✶ ❈♦♠♣r❡ss✐♦♥ ✇✐t❤ ▼❛t❝❤✐♥❣ P✉rs✉✐t ♦♥ ❢❝✉rr❡♥ts

▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ✐ss✉❡ ♦❢ t❤❡ r❡❞✉♥❞❛♥❝② ♦❢ ❢❝✉rr❡♥t r❡♣r❡s❡♥t❛t✐♦♥s✳ ❚❤❡ ❞✐s✲
❝r❡t✐③❛t✐♦♥ ♦❢ ❛ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ✐♥ ♣✉♥❝t✉❛❧ ❢❝✉rr❡♥ts ❣✐✈❡♥ ❜② ❡q✳✭✷✳✾✮ ✇✐❧❧ ♣r♦✈✐❞❡
❛ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥✐t✐❛❧ s❛♠♣❧✐♥❣
♦❢ t❤❡ s❤❛♣❡✳ ❋♦r ❛ s✉r❢❛❝❡✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥✉♠❜❡r ♦❢ tr✐❛♥❣❧❡s ✐♥ t❤❡ ♠❡s❤✳
●❡♥❡r❛❧❧②✱ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❝❧❡❛r❧② r❡❞✉❝❡❞ s✐♥❝❡✱ ❢♦r s✐♠♣❧❡ ❢✉♥❝t✐♦♥❛❧
s❤❛♣❡s ✇✐t❤ ❧♦✇✲❢r❡q✉❡♥❝② ❣❡♦♠❡tr✐❡s ❛♥❞ s✐❣♥❛❧s✱ ♦♥❧② ❛ ❢❡✇ t❡r♠s s❤♦✉❧❞ ❝❛♣t✉r❡
♠♦st ♦❢ t❤❡ s❤❛♣❡✳ ❍♦✇❡✈❡r✱ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♥❡❡❞s t♦ ❜❡ q✉❛♥t✐✜❡❞
✐♥ ❛ ♠❡❛♥✐♥❣❢✉❧ ✇❛②✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ♣❛rt ✐s ❛❧s♦ ✐♥✈♦❧✈❡❞✱ t❤r♦✉❣❤ ❛♥
❛♣♣r♦♣r✐❛t❡ ♥♦r♠ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❛ ♥❛t✉r❛❧ ❝❛♥❞✐❞❛t❡ ❣✐✈❡♥ ❜② t❤❡ ❦❡r♥❡❧ ❍✐❧❜❡rt
str✉❝t✉r❡✳ ❚❤✐s ✐ss✉❡ ♦❢ r❡❞✉♥❞❛♥❝② r❡❞✉❝t✐♦♥ ♦r ❝♦♠♣r❡ss✐♦♥ ✐s ✐♠♣♦rt❛♥t ❢♦r ✐♥✲
st❛♥❝❡ ✇❤❡♥ ♠❛❦✐♥❣ ❝r✉❞❡ ♠❡❛♥s ♦❢ ❝✉rr❡♥ts ❜❡❝❛✉s❡ ✇✐t❤♦✉t ❢✉rt❤❡r tr❡❛t♠❡♥t✱ t❤❡
♥✉♠❜❡r ♦❢ ❉✐r❛❝ ❝✉rr❡♥ts ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥ ✇♦✉❧❞ ✐♥❝r❡❛s❡
❞r❛♠❛t✐❝❛❧❧②✳ ❨❡t✱ ❛s ✇❡ s❤❛❧❧ s❡❡ ✐♥ ❝❤❛♣t❡r ✹✱ ✇✐t❤ ♠♦r❡ r❡❝❡♥t ❛t❧❛s ❡st✐♠❛t✐♦♥
♣r♦❝❡❞✉r❡s✱ ❝♦♠♣r❡ss✐♦♥ ✐s ❢❛r ❧❡ss ❞❡❝✐s✐✈❡ ✐♥ ♣r❛❝t✐❝❡✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣
❤✐❣❤❡r ♦r❞❡r st❛t✐st✐❝s ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ✈❛r✐❛❜✐❧✐t② ❛r♦✉♥❞ ❛ ♠❡❛♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡
t❤r♦✉❣❤ ❝♦♠♣✉t❛t✐♦♥s ♦❢ W ′✲✐♥♥❡r ♣r♦❞✉❝ts ✐♥ ▲❉❆ ♦r ❙❱▼ ❢♦r ✐♥st❛♥❝❡✱ ❤❛✈✐♥❣
r❡❞✉❝❡❞ ✜rst t❤❡ ♥✉♠❜❡r ♦❢ ❉✐r❛❝s ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❞❛t❛ ❝❛♥ ❧❡❛❞ t♦
s✉❜st❛♥t✐❛❧ ❣❛✐♥ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳ ❲❤❛t ✇❡ ♣r♦♣♦s❡ ❤❡r❡ ✐s ♦♥❡ ✇❛② t♦ ❛❞❞r❡ss
t❤❡ ♣r♦❜❧❡♠ ❜② ♣❡r❢♦r♠✐♥❣ ❝♦♠♣r❡ss✐♦♥ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✿
✐t ✐s ✐♠♣♦rt❛♥t t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t t❤✐s ✐s ♥♦t ❡q✉✐✈❛❧❡♥t t♦ ♠♦r❡ ❝❧❛ss✐❝❛❧ ♠❡s❤
r❡❞✉❝t✐♦♥ ♦r ✈❡rt✐❝❡s✬s ❞❡❝✐♠❛t✐♦♥ ❢♦r ✐♥st❛♥❝❡ ❜❡❝❛✉s❡ ♦✉r ♦✉t♣✉t ✐s ❛ ❣❡♥❡r❛❧ ❢❝✉r✲
r❡♥t ✭❛ s❡t ♦❢ ❉✐r❛❝s✮ t❤❛t ❞♦❡s ♥♦t ❤❛✈❡ ❛♥ ✉♥❞❡r❧②✐♥❣ s❤❛♣❡ str✉❝t✉r❡✳ ❚❤✐s ❧♦ss
♦❢ str✉❝t✉r❡ ❛❧❧♦✇s ✐♥ ❝♦♠♣❡♥s❛t✐♦♥ ❤✐❣❤ ❝♦♠♣r❡ss✐♦♥ r❛t❡s ✇✐t❤ ❛♥ ❛❝❝✉r❛❝② t❤❛t ✐s
❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ♠❡tr✐❝ ♦♥ ❢❝✉rr❡♥ts t❤❛t ✇❡ ✉s❡✳

❆s ♦♥❡ ❝❛♥ ❡①♣❡❝t✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ r❡❞✉♥❞❛♥❝② r❡❞✉❝t✐♦♥ ♦r ❝♦♠♣r❡ss✐♦♥ ✐s ❞❡❡♣❧②
s✐♠♣❧✐✜❡❞ t❤❛♥❦s t♦ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ str✉❝t✉r❡ t❤❛t ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ♦♥ ❢✉♥❝t✐♦♥❛❧
❝✉rr❡♥ts✳ ■♥❞❡❡❞✱ ❝❧❛ss✐❝❛❧ ♠❛t❝❤✐♥❣✲♣✉rs✉✐t ❛❧❣♦r✐t❤♠s ✐♥ ❣❡♥❡r❛❧ ❍✐❧❜❡rt s♣❛❝❡s
❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ st✉❞✐❡❞ ❜② ▼❛❧❧❛t ❛♥❞ ❩❤❛♥❣ ✐♥ ❬✺✾❪ ❛♥❞ ❧❛t❡r ❛❞❛♣t❡❞ t♦ ❝✉r✲
r❡♥ts ✐♥ ❬✸✺❪✳ ❲❡ ❝❛♥ ♣r♦❝❡❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❢♦r ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✳ ❈♦♥s✐❞❡r✐♥❣

❛ ❞✐s❝r❡t✐③❡❞ ❢❝✉rr❡♥t C =
∑

i=1..N δ
ξi
(xi,mi)

∈ W ′✳ ◆✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦♠❡♥t❛✱ ✐s

❛✉t♦♠❛t✐❝❛❧❧② ❣✐✈❡♥ ❜② t❤❡ ♠❡s❤ ♦♥ t❤❡ s✉❜♠❛♥✐❢♦❧❞ ✭♥✉♠❜❡r ♦❢ ❡❞❣❡s ❢♦r ❝✉r✈❡s✱
♥✉♠❜❡r ♦❢ tr✐❛♥❣❧❡s ❢♦r s✉r❢❛❝❡s✱✳✳✳✮✳ ❚❤✐s s✉❜♠❛♥✐❢♦❧❞ ♠✐❣❤t ❤❛✈❡ s♦♠❡ ✈❡r② r❡❣✉❧❛r
r❡❣✐♦♥s ✇✐t❤ ❧♦✇✲❢r❡q✉❡♥❝② ❣❡♦♠❡tr✐❝❛❧ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❛t✐♦♥s✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥
❛ ✈❡r② r❡❞✉♥❞❛♥t r❡♣r❡s❡♥t❛t✐♦♥ ❜② ❢❝✉rr❡♥ts ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ♠❛♥② ❛❞❥❛❝❡♥t
♥♦❞❡s ♣r❡s❡♥t t❤❡ s❛♠❡ ❧♦❝❛❧ ❣❡♦♠❡tr② ❛♥❞ s✐❣♥❛❧✳ ❚❤❡ ❣♦❛❧ ♦❢ ♠❛t❝❤✐♥❣✲♣✉rs✉✐t ✐s
t♦ ✜♥❞ ❛ ♠♦r❡ ❛♣♣r♦♣r✐❛t❡ ❛♥❞ r❡❞✉❝❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ C ✐♥ t❡r♠s ♦❢ ❡❧❡♠❡♥t❛r②
❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✳ ●✐✈❡♥ ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞ ε > 0✱ ✇❡ ✇❛♥t t♦ ✜♥❞ Πn(C) s✉❝❤
t❤❛t C = Πn(C) + Rn(C) ❛♥❞ ‖Rn(C)‖W ′ 6 ε✳ Rn(C) ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ r❡s✐❞✉❛❧
♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❙♦♠❡❤♦✇✱ t❤✐s ✐s ❧✐♥❦❡❞ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ t❤❡ ❜❡st
♣r♦❥❡❝t✐♦♥ ♦❢ C ♦♥ ❛ n✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦❢ W ′✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❤♦✇❡✈❡r t♦♦
t✐♠❡✲❝♦♥s✉♠✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❢♦r ✉s✉❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥st❡❛❞✱ ♠❛t❝❤✐♥❣ ♣✉rs✉✐t
✐s ❛ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ t❤❛t ❝♦♥str✉❝ts ❛ ❢❛♠✐❧② ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ ✈❡❝t♦rs st❡♣ ❜② st❡♣✳
❚❤❡ r❡s✉❧t ✐s ❛ s✉❜♦♣t✐♠❛❧ ❢❝✉rr❡♥t t❤❛t ❛♣♣r♦①✐♠❛t❡s t❤❡ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥t C ✇✐t❤
❛ r❡s✐❞✉❛❧ ✇❤♦s❡ ❡♥❡r❣② ✐s ❜❡❧♦✇ t❤r❡s❤♦❧❞✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❜❛s✐❝❛❧❧② ♣r♦❝❡❡❞s ❛s ❢♦❧✲
❧♦✇s✳ ❲❡ ♥❡❡❞ t♦ s♣❡❝✐❢② ❛ ✬❞✐❝t✐♦♥❛r②✬ D ♦❢ ❡❧❡♠❡♥ts ✐♥W ′✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ t②♣✐❝❛❧❧②
❝♦♥s✐❞❡r t❤❡ s❡t ♦❢ ❛❧❧ ❡❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts {δξ(x,m)} ✇✐t❤ ξ ❛ ✉♥✐t ✈❡❝t♦r

✼✷



✐♥ ΛdE✳ ❚❤❡ ✜rst st❡♣ ♦❢ ♠❛t❝❤✐♥❣ ♣✉rs✉✐t ❛❧❣♦r✐t❤♠ ✐s t♦ ✜♥❞ δ
ξ′1
(x′1,m

′
1)
∈ D t❤❛t ✐s

❜❡st ❝♦rr❡❧❛t❡❞ t♦ ❈✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ tr② t♦ ♠❛①✐♠✐③❡✱ ✇✐t❤ r❡s♣❡❝t t♦ x,m, ξ✱ t❤❡
q✉❛♥t✐t② ✿

〈C, δξ(x,m)〉W ′ = ξT

(
N∑

i=1

K((x,m), (xi,mi))ξi

)
. ✭✷✳✸✻✮

❙✐♥❝❡ ξ ✐s t❛❦❡♥ ❛♠♦♥❣ ✉♥✐t ✈❡❝t♦rs✱ t❤❡ ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♠❛①✐♠✐③✐♥❣

|
∑

i=1..N

K((x,m), (xi,mi))ξi| = |γ(x,m)|

✇✐t❤ r❡s♣❡❝t t♦ (x,m) ❛♥❞ t❛❦❡ ξ ❛s t❤❡ ✉♥✐t ✈❡❝t♦r ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ γ(x,m)✳ ❲❡
❣❡t ❛ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ C ✿

C = Π1(C) +R1(C) .

✇❤❡r❡ Π1(C) = 〈C, δξ
′
1

(x′1,m
′
1)
〉W ′δ

ξ′1
(x′1,m

′
1)
✳ ❚❤❡ ❛❧❣♦r✐t❤♠ t❤❡♥ ❛♣♣❧✐❡s t❤❡ s❛♠❡ ♣r♦✲

❝❡❞✉r❡ t♦ t❤❡ r❡s✐❞✉❛❧ R1(C)✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ s❡❝♦♥❞ ✈❡❝t♦r δ
ξ′2
(x′2,m

′
2)
∈ D✱ ❛♥❞ ❛

r❡s✐❞✉❛❧ R2(C)✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐s st♦♣♣❡❞ ✇❤❡♥ t❤❡ ❘❑❍❙ ♥♦r♠ ♦❢ t❤❡ r❡s✐❞✉❛❧
❞❡❝r❡❛s❡s ❜❡❧♦✇ t❤❡ ❣✐✈❡♥ t❤r❡s❤♦❧❞ ε✳

■♥ ♠♦st ❝❛s❡s✱ ✐t ❛♣♣❡❛rs t❤❛t t❤❡ ❝♦♠♣r❡ss✐♦♥ ✐s ❜❡tt❡r ✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧ ✈❡r✲
s✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❝❤❡♠❡✱ ✐♥ ✇❤✐❝❤ t❤❡ ❢❛♠✐❧② ♦❢ ✈❡❝t♦rs ✐s ♦rt❤♦♥♦r♠❛❧✐③❡❞ ❛t
❡❛❝❤ st❡♣✱ ✐♥ ♦r❞❡r t♦ ❢♦r❝❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ❛♥❞ t❤❡ r❡s✐❞✉❛❧ t♦ ❜❡ ♦rt❤♦❣♦♥❛❧ ✐♥ W ′✳
❚❤❡ ❝❧❛ss✐❝❛❧ ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞ ♦♥ ❛ ●r❛♠✲❙❝❤♠✐❞t ♦rt❤♦♥♦r♠❛❧✐③❛t✐♦♥ ❛t ❡❛❝❤ st❡♣✳
■♥ ♦✉r ❝❛s❡✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ♦❢ ❬✸✺❪✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦rt❤♦❣♦♥❛❧✐③❡ ♠♦r❡ ❡✣❝✐❡♥t❧②
❜② ❦❡❡♣✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ (x′i,m

′
i) ❢♦✉♥❞ ❞✉r✐♥❣ ♣r❡✈✐♦✉s st❡♣s ❛♥❞ s✐♠♣❧② ♠♦❞✐❢②

t❤❡ ✈❡❝t♦rs ξ′i✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ✐♠♣♦s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥✳ ▲❡t
(ek) ❜❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡ ΛdE✳ ■❢ C = Πn(C) + Rn(C) ❛♥❞

Πn(C) =
∑

i=1..n δ
αn
i

(x′i,m
′
i)
✱ ✇❡ ✇✐❧❧ ❛❞❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥str❛✐♥t ✿

δek
(x′i,m

′
i)
⊥Rn(C)⇐⇒ 〈C, δek(x′i,m′

i)
〉W ∗ = 〈Πn(C), δek(x′i,m′

i)
〉W ∗

❢♦r ❛❧❧ ❜❛s✐s ✈❡❝t♦rs ek ❛♥❞ ❢♦r ❛❧❧ i ∈ {1, .., n}✳ ■t ✐s t❤❡♥ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦
t❤❛t t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s t♦
✜♥❞ t❤❡ αni ✿

∀i ∈ {1, .., n},
n∑

j=1

(
K((x′i,m

′
i), (x

′
j ,m

′
j))α

n
j

)
k
= γ(x′i,m

′
i)k . ✭✷✳✸✼✮

❲❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ♥♦r♠ ♦❢ t❤❡ r❡s✐❞✉❛❧ Rn(C) ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s❡s t♦ ③❡r♦
❛s n → ∞✳ ❍❡♥❝❡ t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s ❛♥❞ ❡✈❡♥t✉❛❧❧② ✇❤❡♥ t❤❡ r❡s✐❞✉❛❧ ❣♦❡s
❜❡❧♦✇ t❤❡ ❣✐✈❡♥ t❤r❡s❤♦❧❞ ❛t ❛ ❝❡rt❛✐♥ st❡♣ n✱ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♠♣r❡ss❡❞ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ C ✇✐t❤ n ♦rt❤♦❣♦♥❛❧ ❞✐r❛❝ ❢❝✉rr❡♥ts ✭✇✐t❤ ❣❡♥❡r❛❧❧② n≪ N ✱ ❛s ✇❡ s❤❛❧❧ s❡❡ ♦♥ t❤❡
❝♦♠✐♥❣ ❡①❛♠♣❧❡s✮✳
▲❡t✬s ❣✐✈❡ ❛ ❢❡✇ ❝♦♠♠❡♥ts ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ❛❧✲
t❤♦✉❣❤ ♥✉♠❡r✐❝❛❧ ✐ss✉❡s r❡❧❛t❡❞ t♦ ❢❝✉rr❡♥ts ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ✷✳✸✳✸✳ ❆t ❡❛❝❤ st❡♣✱
✇❡ ❤❛✈❡ t♦ s♦❧✈❡ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❡q✳✭✷✳✸✼✮ ✇❤✐❝❤ ✐s 3n × 3n ✐❢ t❤❡ ❡♠✲
❜❡❞❞✐♥❣ s♣❛❝❡ ✐s R

3 ✿ s✐♥❝❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❉✐r❛❝s ♦❢ t❤❡ ❝♦♠♣r❡ss❡❞ ✈❡rs✐♦♥
♦❢ C✱ ✐t r❡♠❛✐♥s ❣❡♥❡r❛❧❧② s♠❛❧❧✳ ■♥st❡❛❞✱ t❤❡ ♠♦r❡ t❡❝❤♥✐❝❛❧ ❛♥❞ t✐♠❡✲❝♦♥s✉♠✐♥❣

✼✸



♣❛rt ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ |γ(x,m)| ✇✐t❤ r❡s♣❡❝t t♦ (x,m)✳ ■♥✲
❞❡❡❞✱ t❤❡ ♦♣t✐♠✉♠ ♥❡❡❞ ♥♦t ❜❡ ♦♥❡ ♦❢ t❤❡ (xi,mi) ❛♥❞ t❤✉s ✐t r❡q✉✐r❡s t♦ ❝♦♠♣✉t❡
γ(x,m) ❢♦r ♣♦✐♥ts ♦♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ✐♥ E ×M ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ✭❜❡❝❛✉s❡
✉s✐♥❣ ●❛✉ss✐❛♥ ❦❡r♥❡❧s ❢♦r ✐♥st❛♥❝❡ ♠❛❦❡s γ ❞❡❝r❡❛s❡s t♦ ③❡r♦ ✇❤❡♥ (x,m) ❣♦❡s ❢❛r
❢r♦♠ t❤❡ (xi, fi)✮✳ ❚❤✐s r❡❞✉❝❡s t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ s✉♠s ♦❢ ❦❡r♥❡❧s ❢♦r ❡❛❝❤ ♣♦✐♥t
(x,m)✱ ✇❤✐❝❤ ❤❛s ❛ ❜r✉t❡ ❢♦r❝❡ ❝♦♠♣❧❡①✐t② ♦❢ n t✐♠❡s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ t❤❡
❝❤♦s❡♥ ♥❡✐❣❤❜♦r❤♦♦❞✳ ❯s✉❛❧❧②✱ ♦♥❡ ❝❤♦♦s❡s ❛ ❣r✐❞ ♦❢ ♣♦✐♥ts ✐♥ E ×M ❛r♦✉♥❞ t❤❡
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ✇❤♦s❡ st❡♣s ❞❡♣❡♥❞ ♦♥ t❤❡ s❝❛❧❡s ♦❢ t❤❡ ❦❡r♥❡❧s σg ❛♥❞ σf ✳ ❙✉❝❤
❣r✐❞s ❝❛♥ ❤❛✈❡ ♥✉♠❡r♦✉s ♣♦✐♥ts ❡s♣❡❝✐❛❧❧② ❢♦r s♠❛❧❧ ❦❡r♥❡❧s ✇❤✐❝❤ ♠❛❦❡s ❜r✉t❡ ❢♦r❝❡
❝♦♠♣✉t❛t✐♦♥ ♥❡❛r❧② ✐♠♣♦ss✐❜❧❡ ✐♥ s♦♠❡ ❝❛s❡s✳ ■♥ ❬✷✽✱ ✸✺❪ ✇❛s ♣r♦♣♦s❡❞✱ ❢♦r ✉s✉❛❧
❝✉rr❡♥ts✱ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❝♦♠♣✉t❛t✐♦♥ ♠❡t❤♦❞✱ ❡①♣r❡ss✐♥❣ ❡✈❡r②t❤✐♥❣ ❛s ❝♦♥✈♦❧✉t✐♦♥s
♦♥ t❤❡ ❣r✐❞ ♦❢ ♣♦✐♥ts✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t❧② ✉s✐♥❣ ❋❋❚s✳ ❋♦r
❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱ s✉❝❤ ♠❡t❤♦❞s st✐❧❧ s✉✛❡r ❜♦t❤ ✐♥ ♠❡♠♦r② ❛♥❞ s♣❡❡❞ ❢r♦♠ t❤❡
❤✐❣❤❡r ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ❞✉❡ t♦ t❤❡ ❛❞❥✉♥❝t✐♦♥ ♦❢ s✐❣♥❛❧s✳ ❆ ♣♦ss✐❜❧❡ ✇❛② t♦
❤❛♥❞❧❡ ✐t ✐s t♦ ♠❛❦❡ ❛❧t❡r♥❛t✐✈❡ ♠❛①✐♠✐③❛t✐♦♥ ❜❡t✇❡❡♥ x ❛♥❞ m ✐♥ ❡q✳✭✷✳✸✻✮✱ ✇❤✐❝❤
❝❛♥ ❜❡ ❞♦♥❡ ❜② ✉s✐♥❣ s✉❝❝❡ss✐✈❡❧② ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ ❛♥❞ ♣✉r❡❧② ❢✉♥❝t✐♦♥❛❧ ❣r✐❞s✳ ❲❡
r❡❢❡r t♦ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✷✳✸✳✸ ❢♦r ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ t♦♣✐❝✳

❍❡r❡ ❛r❡ ♥♦✇ ❛ ❢❡✇ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡s ❢♦r r❡❛❧ ✈❛❧✉❡❞ ❞❛t❛ ♦♥ ❝✉r✈❡s ♦r s✉r❢❛❝❡s✳
❲❡ ✇✐❧❧ ❛❧✇❛②s ❝♦♥s✐❞❡r ❦❡r♥❡❧s ♦♥ ❢❝✉rr❡♥ts t❤❛t ❛r❡ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ ❛ ●❛✉s✲
s✐❛♥ ❦❡r♥❡❧ ✐♥ R

3 ♦❢ s❝❛❧❡ ♣❛r❛♠❡t❡r σg ✇✐t❤ ❛ r❡❛❧ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ✐♥ t❤❡ s✐❣♥❛❧ s♣❛❝❡
♦❢ s❝❛❧❡ ♣❛r❛♠❡t❡r σf ✳ ■♥ ✜❣✉r❡ ✷✳✶✵ ❛♥❞ ✷✳✶✶✱ ✇❡ ❡♠♣❤❛s✐③❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❜♦t❤
❦❡r♥❡❧ s✐③❡s ♦♥ t❤❡ ❝♦♠♣r❡ss✐♦♥ ❢❛❝t♦r ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧
✈❛❧✉❡s ♦❢ t❤❡ ❝♦♠♣r❡ss❡❞ s❤❛♣❡✳ ❚❤❡ ❜✐❣❣❡r t❤❡ ♣❛r❛♠❡t❡r σg✱ t❤❡ ❝♦❛rs❡r t❤❡ s❝❛❧❡
♦❢ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❛♥❞ ❢❡✇❡r ♣✉♥❝t✉❛❧ ❢❝✉rr❡♥ts ❛r❡ t❤❡r❡❢♦r❡ ♥❡❡❞❡❞ t♦ ❝♦♠♣r❡ss
s❤❛♣❡s ❜✉t ♠♦r❡ s♠❛❧❧❡r ❢❡❛t✉r❡s ❛r❡ ❧♦st✳ ■♥ ✜❣✉r❡ ✷✳✶✷✱ ✇❡ ❢♦❝✉s ♠♦r❡ ♣r❡❝✐s❡❧② ♦♥
t❤❡ ❝♦♠♣r❡ss✐♦♥✬s ❜❡❤❛✈✐♦r ✇❤❡♥ ❝♦♠♣✉t✐♥❣ ♠❛t❝❤✐♥❣✲♣✉rs✉✐t ♦♥ ❛ s✐♠✉❧❛t❡❞ ✜❜❡r
❜✉♥❞❧❡ ♦❢ ✷❉ ❝✉r✈❡s ❝❛rr②✐♥❣ ❞✐✛❡r❡♥t s✐❣♥❛❧s✳ ❚❤❡ s❝❛❧❡ σg ✐s t❤❡ s❛♠❡ ❢♦r ❜♦t❤
✜❣✉r❡s ❜✉t ✇❡ s❤♦✇ t❤❡ r❡s✉❧ts ♦❢ ♠❛t❝❤✐♥❣✲♣✉rs✉✐t ❢♦r t✇♦ r❛❞✐❝❛❧❧② ❞✐✛❡r❡♥t ✈❛❧✉❡s
♦❢ σf ✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ♠❛t❝❤✐♥❣ ♣✉rs✉✐t ♣r♦✈✐❞❡s ❛♥ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
♠❡❛♥ ✭❛❝❝♦r❞✐♥❣❧② t♦ t❤❡ ❦❡r♥❡❧ ♥♦r♠✮ ✇✐t❤ ❛ ✈❡r② ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ❉✐r❛❝s ❝♦♠✲
♣❛r❡❞ t♦ t❤❡ ♦r✐❣✐♥❛❧ s❛♠♣❧✐♥❣✳ ❍♦✇❡✈❡r✱ ♥♦t❡ t❤❡ ✐♠♣♦rt❛♥t ✐♥✢✉❡♥❝❡ ♦❢ σf ✿ t❛❦✐♥❣
❛ ❧❛r❣❡r ✈❛❧✉❡ ❢♦r t❤✐s ♣❛r❛♠❡t❡r ♠❡❛♥s t❤❛t t❤❡ r❛❞✐✉s ♦❢ ❛✈❡r❛❣✐♥❣ ❢♦r t❤❡ s✐❣♥❛❧
♣❛rt ✐s ❤✐❣❤❡r✳
■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤❡s❡ ✜rst ❡①❛♠♣❧❡s ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ♣r♦❝❡ss✐♥❣ ✇❡r❡ ♠❡❛♥t t♦
❤✐❣❤❧✐❣❤t t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❢❝✉rr❡♥t✬s r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ t❤❡ ✉s❡ ♦❢ ❘❑❍❙
♠❡tr✐❝s ♣r♦✈✐❞❡s ❛♥ ❡❛s② s♦❧✉t✐♦♥ t♦ ❛❞❞r❡ss t❤❡ ✐ss✉❡ ♦❢ r❡❞✉♥❞❛♥❝② ❛♥❞ ❝♦♠♣r❡ss✐♦♥✳
❚❤❡ ♠❡t❤♦❞ ♣r♦✈✐❞❡s ✐♠♣♦rt❛♥t ❝♦♠♣r❡ss✐♦♥ ❢❛❝t♦rs ❛♥❞ ❡♥❛❜❧❡s s❝❛❧❡ ❛♥❛❧②s✐s ♦♥
❣❡♦♠❡tr② ❛♥❞ s✐❣♥❛❧ t❤r♦✉❣❤ t❤❡ ❦❡r♥❡❧ ♣❛r❛♠❡t❡rs σg ❛♥❞ σf ✳
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σg = 0.04, σf = 0.4, 47 Diracs σg = 0.02, σf = 0.4, 170 Diracs σg = 0.01, σf = 0.2, 565 Diracs

σg = 0.04, σf = 0.2, 57 Diracs σg = 0.02, σf = 0.1, 161 Diracs σg = 0.01, σf = 0.1, 571 Diracs

❋✐❣✉r❡ ✷✳✶✵✿ ▼❛t❝❤✐♥❣ ♣✉rs✉✐t ♦♥ ❛ ✏♣❛✐♥t❡❞✑ ❜✉♥♥② ✇✐t❤ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs σg
❛♥❞ σf ✳ ●❡♦♠❡tr✐❝❛❧❧②✱ t❤❡ s✉r❢❛❝❡ ❤❛s 0.16× 0.22× 0.12 ❡①t❡♥s✐♦♥ ✐♥ t❤❡ ✸❉ s♣❛❝❡
❛♥❞ t❤❡ s✐❣♥❛❧ ❣♦❡s ❢r♦♠ ✈❛❧✉❡ ③❡r♦ ✭❜❧✉❡✮ t♦ ♦♥❡ ✭r❡❞✮✳ ❚❤❡ ♦r✐❣✐♥❛❧ s❛♠♣❧✐♥❣ ♦❢
t❤❡ ❢❝✉rr❡♥t r❡♣r❡s❡♥t❛t✐♦♥ ❤❛s ✻✾✹✺✶ ❉✐r❛❝s ❛♥❞ ✇❡ ❝❤♦♦s❡ ❛ st♦♣♣✐♥❣ ❝r✐t❡r✐♦♥ ❢♦r
t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ǫ = 5%✳ ❚❤❡ r❡s✉❧t✐♥❣ ❉✐r❛❝ ❢❝✉rr❡♥ts δξk(xk,mk)

❛r❡ ❤❡r❡ r❡♣r❡s❡♥t❡❞
❛s ❝♦❧♦r❡❞ ✈❡❝t♦rs ❛❝❝♦r❞✐♥❣❧② t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✈❛❧✉❡s mk✳ ❱❡❝t♦rs ❛r❡ ❛❧❧ ♦❢ s❛♠❡
❧❡♥❣t❤ ❝♦✈❡r✐♥❣ ❛♥ ❛r❡❛ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥♦r♠ ♦❢ ξk✳ ◆♦t✐❝❡ t❤❛t t❤❡ s❛♠♣❧✐♥❣
✐♥❝r❡❛s❡s ❛s σg ✐s s♠❛❧❧❡r ✇❤✐❧❡ t❤❡ ✈❡❝t♦r✬s ❝♦❧♦rs ❛r❡ ♠♦r❡ ❛❝❝✉r❛t❡ ✇❤❡♥ σf ✐s
s♠❛❧❧❡r✳

σg = 0.04, σf = 0.4 σg = 0.01, σf = 0.1

❋✐❣✉r❡ ✷✳✶✶✿ ❈❧♦s❡ ✉♣ ♦♥ t✇♦ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts✳

✷✳✸✳✷ ❘❡❣✐str❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s

❆ s❡❝♦♥❞ ❝❧❛ss ♦❢ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❢✉♥❝✲
t✐♦♥❛❧ ❝✉rr❡♥ts ✐s t❤❡ ♣r♦❜❧❡♠ ♦❢ r❡❣✐str❛t✐♦♥ ❜❡t✇❡❡♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❚❤✐s ✐s ❛
r❡❝✉rr❡♥t ✐ss✉❡ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② t❤❛t ✐s ♦❢t❡♥ ❛ ♣r❡❧✐♠✐♥❛r② st❡♣ ❢♦r ❛t❧❛s
❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❛♥❞ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ✈❛r✐❛❜✐❧✐t② ✭❝❢ ❝❤❛♣t❡r ✹✮✳ ❚❤❡
❞✐st❛♥❝❡s r❡s✉❧t✐♥❣ ❢r♦♠ ❦❡r♥❡❧ ♠❡tr✐❝s ♦♥ ❢❝✉rr❡♥ts t❤❛t ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❝❛♥
♦❜✈✐♦✉s❧② ♣❧❛② t❤❡ r♦❧❡ ♦❢ ❛ ❞❛t❛ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ ♦❜❥❡❝ts ❛♥❞ ❜❡
✉s❡❞ ✐♥ ❜❛s✐❝❛❧❧② ❛♥② ✐♥❡①❛❝t ♠❛t❝❤✐♥❣ ❛♣♣r♦❛❝❤✳ ❚❤❡ ♦♥❡ ✇❡ ❢♦❝✉s ♦♥✱ ✐♥ t❤✐s t❤❡s✐s✱
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❋✐❣✉r❡ ✷✳✶✷✿ ▼❛t❝❤✐♥❣ ♣✉rs✉✐t ♦♥ ❛ ✷❉ ✜❜❡r ❜✉♥❞❧❡✱ ❡❛❝❤ ✜❜❡r ❝❛rr②✐♥❣ ♦♥❡ ✈❛❧✉❡ ♦❢
s✐❣♥❛❧ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❝♦❧♦r✳ ❖♥ t♦♣✱ t❤❡ ✐♥✐t✐❛❧ ♦❜❥❡❝t ❝♦♥s✐st✐♥❣ ♦❢ ✸✵✵ ✜❜❡rs✳
❇❡❧♦✇✱ ✇❡ s❤♦✇ t✇♦ r❡s✉❧ts ♦❢ ♠❛t❝❤✐♥❣✲♣✉rs✉✐t ✇✐t❤ t❤❡ s❛♠❡ σg ❜✉t t✇♦ ❞✐✛❡r❡♥t
✈❛❧✉❡s ❢♦r σf ✿ σf = 200 ❢♦r t❤❡ ❧❡❢t ✜❣✉r❡✱ σf = 20 ❢♦r t❤❡ r✐❣❤t ♦♥❡✳

✐s t❤❡ ▲❉❉▼▼ s❡tt✐♥❣ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ❚❤✐s ✇✐❧❧ ❧❡❛❞ t♦ ❛ ❣❡♥❡r❛❧✐③❛✲
t✐♦♥ ♦❢ t❤❡ ❝✉r✈❡ ❛♥❞ s✉r❢❛❝❡ r❡❣✐str❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ ❝✉rr❡♥ts t♦ t❤❡ ✇✐❞❡r
❝❛s❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❆❧t❤♦✉❣❤✱ ❛s ✇❡ ♠❡♥t✐♦♥❡❞ s❡✈❡r❛❧ t✐♠❡s✱ t❤❡r❡ ❛r❡ ♥♦
t❤❡♦r❡t✐❝❛❧ ❧✐♠✐t❛t✐♦♥s t♦ ❛♣♣❧② ❢❝✉rr❡♥ts ✐♥ ✈❛r✐♦✉s ❝❛s❡s ♦❢ s✐❣♥❛❧s✱ t❤❡ ♥✉♠❡r✐❝❛❧
✐♠♣❧❡♠❡♥t❛t✐♦♥s t❤❛t ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ❛r❡ r❡str✐❝t❡❞ t♦ r❡❛❧✲✈❛❧✉❡❞ s✐❣♥❛❧s ✐♥ ❜❛s✐✲
❝❛❧❧② t✇♦ s✐t✉❛t✐♦♥s ✿ ♣✉r❡❧② ❞✐✛❡♦♠♦r♣❤✐❝ r❡❣✐str❛t✐♦♥ ♦❢ t❤❡ s✉♣♣♦rt ✭❜❛s❡❞ ♦♥ t❤❡
❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ♦❢ ❡q✳✭✷✳✶✮✮ ❛♥❞ ✇✐t❤ ❛❞❥✉♥❝t✐♦♥ ♦❢ ❛ r❡s✐❞✉❛❧ s✐❣♥❛❧ ✭♠♦❞❡❧❡❞ ❛s
✐♥ ❡q✳✭✷✳✷✮✮✳ ❚❤❡ ❡ss❡♥t✐❛❧ ♣r❛❝t✐❝❛❧ ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠ ♦♥ ❝✉r✲
r❡♥ts ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♥❡✇ ❞❛t❛ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡s ❛♥❞ t❤❡✐r ❣r❛❞✐❡♥ts✳
❲❡ ❞❡t❛✐❧ t❤❛t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛❣r❛♣❤✳

❉✐st❛♥❝❡s ❛♥❞ ❣r❛❞✐❡♥ts ✐♥ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣

▲❡t✬s ❝♦♥s✐❞❡r ❞✐s❝r❡t❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✿ ❛ s♦✉r❝❡ (X, f) ❣✐✈❡♥ ❜② t❤❡ s❡t ♦❢ ♣♦✐♥ts
(q, f) = (qi, fi)i=1,..,n✱ qi ∈ E✱ fi ∈ M = R ❛♥❞ ❛ ♠❡s❤ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❧✐st ♦❢ ❢❛❝❡s
✭s❡❣♠❡♥ts ❢♦r ❝✉r✈❡s✱ tr✐❛♥❣❧❡s ❢♦r s✉r❢❛❝❡s✮ ✇❤✐❝❤ ❝❛♥ ❜❡ t❛❦❡♥✱ ✐♥ ♣r❛❝t✐❝❡✱ t♦ ❜❡ ❛
❧✐st ♦❢ (d + 1)✲♦r✐❡♥t❡❞ s✐♠♣❧❡①❡s (α1

i , .., α
d+1
i )i=1,..,m ✇✐t❤ αki ✐♥❞❡①❡s ✐♥ {1, .., n}✱ ❛

t❛r❣❡t (Y, g) ✇✐t❤ ♣♦✐♥ts (yj , gj)j=1,..,r ❣✐✈❡♥ ❛❧s♦ ✇✐t❤ ♠❡s❤ (β1i , .., β
d+1
i )i=1,..,s✳ ❋r♦♠

t❤✐s✱ ♦♥❡ ❤❛s ✜rst t♦ ❝♦♠♣✉t❡ t❤❡ ❢❝✉rr❡♥t r❡♣r❡s❡♥t❛t✐♦♥s C(X,f) =
∑m

i=1 δ
ξi
(q̃i,f̃i)

❛♥❞

✼✻



C(Y,g) =
∑s

j=1 δ
ηj
(ỹj ,g̃j)

♦❢ ❡❛❝❤ s❤❛♣❡✳ ■♥❞❡❡❞✱ t❤❡ ✈❛r✐❛❜❧❡s q̃i✱ f̃i ❛♥❞ ξi ❛r❡ t❤❡♠s❡❧✈❡s

❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♣♦✐♥ts (qi) ❛♥❞ s✐❣♥❛❧s (fi) ♦❢ (X, f) r❡s♣❡❝t✐✈❡❧② ❛s t❤❡ ❝❡♥t❡rs✱
✐♥t❡r♣♦❧❛t❡❞ s✐❣♥❛❧ ✈❛❧✉❡ ❛♥❞ ♥♦r♠❛❧ ✈❡❝t♦r ♦❢ t❤❡ ith ❢❛❝❡✳ ▼♦r❡ ❡①♣❧✐❝✐t❧②✱ ❢♦r ❛♥②
i = 1, ..,m ✿ 




q̃i =
1

d+ 1
(qα1

i
+ ...+ qαd+1

i
)

f̃i =
1

d+ 1
(fα1

i
+ ...+ fαd+1

i
)

ξi = Λdh=1(qαh
i
− qαd+1

i
)

✭✷✳✸✽✮

❛♥❞ s✐♠✐❧❛r ❡q✉❛t✐♦♥s ❤♦❧❞ ❢♦r t❤❡ t❛r❣❡t s❤❛♣❡ (Y, g)✳ ◆♦✇✱ t❤❡ ❞❛t❛ ❛tt❛❝❤♠❡♥t
❞✐st❛♥❝❡ t❤❛t s❤❛❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠s ✐s ♥❛t✉r❛❧❧② ‖C(X,f) − C(Y,g)‖2W ′ ✇❤✐❝❤
✇r✐t❡s✱ ❛s ✐♥ ❡q✳✭✷✳✶✽✮ ✿

‖C(X,f) − C(Y,g)‖2W ′ =

m∑

i=1

m∑

j=1

kf (f̃i, f̃j).〈Kg(q̃i, q̃j)ξi, ξj〉

+
s∑

k=1

s∑

l=1

kf (g̃k, g̃l).〈Kg(ỹk, ỹl)ηk, ηl〉

− 2
m∑

i=1

s∑

k=1

kf (f̃i, g̃k).〈Kg(q̃i, ỹk)ξi, ηk〉 ✭✷✳✸✾✮

❈♦♥s✐❞❡r✐♥❣ ♦♥❧② t❤❡ ❞❡♣❡♥❞❡♥❝② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♦✉r❝❡ ❢s❤❛♣❡✱ t❤❡ ♣r❡✈✐♦✉s
❞✐st❛♥❝❡ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s q̃i, f̃i, ξi t❤❛t ✇❡ ✇✐❧❧ ❝❛❧❧ Ã✳ ❇② ❝♦♠♣♦s✐t✐♦♥
✇✐t❤ ❡q✳✭✷✳✸✽✮✱ ✇❡ s❡❡ t❤❛t Ã(q̃, f̃ , ξ) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ q ❛♥❞ f t❤❛t ✇❡ ✇✐❧❧ ❞❡♥♦t❡
A(q, f)✳ ❋♦r r❡❣✐str❛t✐♦♥ ❛❧❣♦r✐t❤♠✱ ♦♥❡ ❛❧s♦ ♥❡❡❞s t❤❡ ❣r❛❞✐❡♥ts ♦❢ A ✇✐t❤ r❡s♣❡❝t
t♦ q ❛♥❞ f ✳ ❚❤♦s❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❝❤❛✐♥ r✉❧❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ s✐♥❝❡ ✿





∂qkA =
n∑
i=1

(
∂q̃iÃ ◦ ∂qk q̃i + ∂ξiÃ ◦ ∂qkξi

)

∂fkA =
n∑
j=1

∂f̃iÃ ◦ ∂fk f̃i
✭✷✳✹✵✮

◆♦✇✱ t❤❡ ❣r❛❞✐❡♥ts ∂q̃iÃ, ∂f̃iÃ ❛♥❞ ∂ξiÃ ❛r❡ ❝♦♠♣✉t❡❞ ❡❛s✐❧② ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣

❡q✳✭✷✳✸✾✮✱ ✇❤✐❧❡ t❤❡ ∂qk q̃i✱ ∂fk f̃i ❛♥❞ ∂qkξi ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡q✳✭✷✳✸✽✮✳
❖♥❡ ♥♦t❛❜❧❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❡①♣r❡ss✐♥❣ t❤❡ ❣r❛❞✐❡♥ts ✐♥ t❤✐s ✇❛② ✐s t❤❛t ✐t s❡♣❛r❛t❡s
✇❤❛t ✐♥✈♦❧✈❡s t❤❡ ♣❛ss❛❣❡ t♦ ❢❝✉rr❡♥ts✬ ✈❛r✐❛❜❧❡s ❢r♦♠ ✇❤❛t ✐♥✈♦❧✈❡s ♦♥❧② ❦❡r♥❡❧s✬
❝♦♠♣✉t❛t✐♦♥s✱ ❛❧❧♦✇✐♥❣ t♦ ✇r✐t❡ ♥✉♠❡r✐❝❛❧ ❝♦❞❡s ✇❤✐❝❤ ❛r❡ ✈❡r② ❛❞❛♣t❛❜❧❡ t♦ ✈❛r✐♦✉s
❞✐♠❡♥s✐♦♥s ❛♥❞ t♦ t❤❡ ✉s❡ ♦❢ ❞✐✛❡r❡♥t ❦❡r♥❡❧s✳

❘❡❣✐str❛t✐♦♥ ✇✐t❤ ❣❡♦♠❡tr✐❝❛❧ ❞❡❢♦r♠❛t✐♦♥s

◆♦✇ t❤❛t t❤❡ ❞❛t❛ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡ ❛♥❞ ✐ts ❣r❛❞✐❡♥ts ❛r❡ ❡①♣❧✐❝✐t✱ t❤❡ ✇❤♦❧❡
▲❉❉▼▼ ♠❛❝❤✐♥❡r② ❞❡t❛✐❧❡❞ ✐♥ ❝❤❛♣t❡r ✶ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s
❛❧♠♦st str❛✐❣❤t❢♦r✇❛r❞❧②✳ ■♥ t❤❡ ✜rst ♣❧❛❝❡✱ ✇❡ s❤❛❧❧ ❜❡ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ s✐t✉❛t✐♦♥
✇❤❡r❡ ✇❡ ✐♥t❡♥❞ t♦ ❞❡❢♦r♠ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ♦♥❧② ✇✐t❤ ❞✐✛❡♦♠♦r♣❤✐s♠s ♦❢ E✱ ✇❤✐❝❤
✐s t❤❡ ♠♦❞❡❧ ♦❢ tr❛♥s♣♦rt ❣✐✈❡♥ ✐♥ ❡q✳✭✷✳✶✮✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠
✐♥ ▲❉❉▼▼ ✇r✐t❡s ✐♥ ❣❡♥❡r❛❧ ✿

min
v∈L2

V

J(v)
.
=

∫ 1

0
‖vt‖2V dt+ γ‖C(φ1(X),f◦(φ1)−1) − C(Y,g)‖2W ′ . ✭✷✳✹✶✮

✼✼



❋✐❣✉r❡ ✷✳✶✸✿ ❊①❛♠♣❧❡ ♦❢ r❡❣✐str❛t✐♦♥ ♦❢ t✇♦ ❢✉♥❝t✐♦♥❛❧ ❝✉r✈❡s ✭t♦♣ ❧❡❢t✮ ✇✐t❤ ❜✐♥❛r②
s✐❣♥❛❧ ✭❜❧✉❡ ✐s ③❡r♦ ❛♥❞ r❡❞ ✐s ♦♥❡✮✳ ❖♥ t♦♣ r✐❣❤t✱ ✇❡ s❤♦✇ t❤❡ ❝❧❛ss✐❝❛❧ ♠❛t❝❤✐♥❣
✇✐t❤ ❝✉rr❡♥ts ♦♥ t❤❡ ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ ❝✉r✈❡s✳ ❖♥ ❜♦tt♦♠ ❧❡❢t✱ t❤❡ s❛♠❡ ❝✉r✈❡s ❛r❡
♠❛t❝❤❡❞ ✇✐t❤ ♦✉r ❡①t❡♥s✐♦♥ ♦❢ ▲❉❉▼▼ t♦ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡
❞❡❢♦r♠❡❞ ❝✉r✈❡ ✜ts ❝❧♦s❡❧② t♦ t❤❡ t❛r❣❡t ♦♥❡ ❜✉t ♥♦t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥
✜❡❧❞ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥t✬s ❛♣♣r♦❛❝❤✳ ❋✐♥❛❧❧②✱ ♦♥ t❤❡ r✐❣❤t✱ ✇❡ s❤♦✇ t❤❡ r❡s✉❧t
♦❢ ♠❛t❝❤✐♥❣ ✇❡ ♦❜t❛✐♥ ❛❣❛✐♥ ✇✐t❤ ❢❝✉rr❡♥ts✬ ▲❉❉▼▼ ❜✉t ✇✐t❤ ❛ ❜✐❣ ✈❛❧✉❡ ♦❢ σf
❝♦♠♣❛r❡❞ t♦ t❤❡ s✐❣♥❛❧✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ♠❛t❝❤✐♥❣ ✐s ♥❡❛r❧② s✐♠✐❧❛r t♦ t❤❡ ❝✉rr❡♥t
♠❛t❝❤✐♥❣✳

✼✽



❇❛s❡❞ ♦♥ t❤❡ ❝♦♥tr♦❧ r❡s✉❧t ♦❢ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ♦♥❡ ❝❛♥ s❤♦✇ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s
t♦ t❤✐s ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ✿

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✳ ■❢ Wg ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ C1
0 (E,Λ

dE∗) ❛♥❞ V ✐s
❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ C2

0 (E,E) t❤❡♥✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s (X, f) ❛♥❞
(Y, g)✱ t❤❡r❡ ❡①✐sts ❛ ♠✐♥✐♠✉♠ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡q✳✭✷✳✹✶✮✳

Pr♦♦❢✳ ❚❤❛♥❦s t♦ t❤❡ r❡s✉❧t ♦❢ ♣r♦♣♦s✐t✐♦♥ ✶✳✸✳✶ ❢r♦♠ ❝❤❛♣t❡r ✶✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦
♣r♦✈❡ t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ v 7→ ‖C(φv1(X),f◦(φv1)

−1) − C(Y,g)‖2W ′
.
= A(φv1) ✐s ✇❡❛❦❧②

❝♦♥t✐♥✉♦✉s ♦♥ L2
V ✳ ❇✉t t❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❝♦r♦❧❧❛r② ✷✳✷✳✷ ❢r♦♠ t❤❡

♣r❡✈✐♦✉s s❡❝t✐♦♥✳

◆♦✇✱ ✐♥ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣✱ ❛s ✇❡ ♣r❡s❡♥t❡❞ ✐♥ ✶✳✸✳✷✱ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡✇r✐tt❡♥
❛s ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♦✈❡r t❤❡ ✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ p0✱ ✐✳❡ ✿

min
p0

J(p0)
.
= E(p0) + γ‖C(φ1(X),f◦(φ1)−1) − C(Y,g)‖2W ′ . ✭✷✳✹✷✮

✇❤❡r❡ E(p0) ✐s t❤❡ ❡♥❡r❣② ✭♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ r❡❞✉❝❡❞ ❍❛♠✐❧t♦♥✐❛♥✮ ♦❢ t❤❡ ❞❡❢♦r✲
♠❛t✐♦♥ ✇❤✐❝❤ ❡q✉❛❧s Hr(q, p0) = pT0KV (q, q)p0 ✐❢ t❤❡ ✈❡❝t♦r ✜❡❧❞s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❛
❦❡r♥❡❧ KV ✱ φ1 ✐s t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❛t t✐♠❡ ✶ ♦❜t❛✐♥❡❞ ❜② ✢♦✇✐♥❣ ❢♦r✇❛r❞ t❤❡ ❣❡♦❞❡s✐❝
s❤♦♦t✐♥❣ ❡q✉❛t✐♦♥s ❛♥❞ γ ✐s t❤❡ tr❛❞❡✲♦✛ ♣❛r❛♠❡t❡r✳
❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♣❛rt ✭❜❛s✐❝❛❧❧② t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❞✐✛❡r✲
❡♥t✐❛❧ ❡q✉❛t✐♦♥s✮ r❡♠❛✐♥ t♦t❛❧❧② ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ✉s✉❛❧ ❝✉rr❡♥ts✬ ❝❛s❡ ❜❡❝❛✉s❡ ✐♥ t❤✐s
♠♦❞❡❧ ♦❢ ❞❡❢♦r♠❛t✐♦♥✱ t❤❡ tr❛♥s♣♦rt ♦❢ ❢✉♥❝t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐s tr✐✈✐❛❧ ✭✐✳❡ ft ✐s ❝♦♥✲
st❛♥t ❛♥❞ ❡q✉❛❧ t♦ f ❛❧♦♥❣ t❤❡ ❣❡♦❞❡s✐❝✮✳ ◆♦t❡ t❤❛t ❢♦r ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❛❝t✐♦♥s ❧✐❦❡
t❤❡ ♦♥❡ ♦♥ ✈❡❝t♦r ✜❡❧❞s ♦r t❡♥s♦rs✱ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❡q✉❛t✐♦♥s ✇♦✉❧❞ ❛❧s♦ ❛✛❡❝t
t❤❡ s✐❣♥❛❧ ♣❛rt✳ ❆♥ ❛❞❛♣t✐✈❡ st❡♣ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ✐s t❤❡♥ ❞♦♥❡ ♦♥ t❤❡ ♠♦♠❡♥t✉♠
p0 = (p0,i)i=1,..,n✳ ❚❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ p0 ✐s ♦❜t❛✐♥❡❞ ❜② ✜rst ✢♦✇✐♥❣ t❤❡
❢♦r✇❛r❞ ❍❛♠✐❧t♦♥✐❛♥ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ♣♦✐♥t ♣♦s✐t✐♦♥s qt ❛♥❞ t❤❡ ♠♦♠❡♥t✉♠
pt ❛t ❛❧❧ t✐♠❡s t ∈ [0, 1]✱ t❤❡ s✐❣♥❛❧s ft r❡♠❛✐♥✐♥❣ ❝♦♥st❛♥t❧② ❡q✉❛❧s t♦ f ✳ ❚❤❡♥✱ ✇❡
♦❜t❛✐♥ ✿

∇p0J = KV (q, q)p0 − P0

✇✐t❤ P0 ❛♥ ❛❞❥♦✐♥t ✈❛r✐❛❜❧❡ ♦❜t❛✐♥❡❞ ❜② ✢♦✇✐♥❣ ❜❛❝❦✇❛r❞ ✐♥ t✐♠❡ t❤❡ ❝♦✉♣❧❡❞ ❡q✉❛✲
t✐♦♥ ✿ 




Q̇t = −(∂2q,pHr(qt, pt))
∗Qt + (∂2q,qHr(qt, pt))

∗Pt
Ṗt = −(∂2p,pHr(qt, pt))

∗Qt + (∂2q,pHr(qt, pt))
∗Pt

Q1 = −∇q1A(q1, f), P1 = 0

✭✷✳✹✸✮

✇❤❡r❡ ∇q1A(q1, f) ✐s ❜❛s✐❝❛❧❧② t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ❜❡✲
t✇❡❡♥ t❤❡ ❞❡❢♦r♠❡❞ s♦✉r❝❡ ❢s❤❛♣❡ ❛♥❞ t❤❡ t❛r❣❡t✱ ❝♦♠♣✉t❡❞ ❛s ✐♥ ✷✳✸✳✷✳
❚❤❡ ✇❤♦❧❡ ♣r♦❝❡❞✉r❡ ✇❛s ❝♦❞❡❞ ✐♥ ▼❆❚▲❆❇ ❢♦r ❝✉r✈❡s ❛♥❞ s✉r❢❛❝❡s✱ ✇✐t❤ s♦♠❡
♣❛rts ✐♥ ❈ ❛♥❞ ●P❯✱ ❛s ✇❡ ✇✐❧❧ ❡①♣❧❛✐♥ ✐♥ ✷✳✸✳✸✳ ❲❡ ♣r❡s❡♥t ❛ ❢❡✇ r❡s✉❧ts ♦❢ t❤✐s
❛❧❣♦r✐t❤♠✳ ❆s ✇❡ ❝❛♥ ❡①♣❡❝t ✇✐t❤ t❤✐s ♠♦❞❡❧✱ t❤❡ r❡s✉❧t✐♥❣ ♠❛t❝❤✐♥❣ ✐s ❞r✐✈❡♥ ❜♦t❤
❜② t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s❤❛♣❡s ❛♥❞ ❜② t❤❡ ❢✉♥❝t✐♦♥❛❧ ✈❛❧✉❡s t❤❡② ❝❛rr②✱ ✇❤✐❝❤ ✇❡
✜rst s❤♦✇ ♦♥ t❤❡ ✈❡r② s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ✜❣✉r❡ ✷✳✶✸✳ ❲❡ ❛❧s♦ s❡❡ ✐♥ t❤❛t ✜❣✉r❡
t❤❛t t❤❡ ❛tt❛❝❤♠❡♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧s ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ s✐③❡ ♦❢ t❤❡ ❦❡r♥❡❧ kf ✿
✐♥❞❡❡❞✱ ❛t ✈❡r② ❝♦❛rs❡ s❝❛❧❡ ❢♦r σf ✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❛r❡ ♥♦ ♠♦r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t
❛♥❞ t❤❡ ❛♣♣r♦❛❝❤ ✐s t❤✉s ✐❞❡♥t✐❝❛❧ t♦ ✉s✉❛❧ ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ ❝✉rr❡♥ts✳ ◆♦✇✱ ✇❡ ❞r❛✇
❛tt❡♥t✐♦♥ t♦ t❤❡ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡s t❤❛t ❡①✐sts ✇❤❡♥ ♠❛t❝❤✐♥❣ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s
✇✐t❤ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✐♥st❡❛❞ ♦❢ t❤❡ ♦t❤❡r ♣♦ss✐❜❧❡ s♣❛❝❡s ♦❢ ❝✉rr❡♥ts ❞✐s❝✉ss❡❞ ✐♥
✷✳✶✳✸✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧② ❡❛s② t♦ ❤✐❣❤❧✐❣❤t ✇✐t❤ ❝♦❧♦r❡❞ ❝✉rr❡♥ts ✿ ✐❢ ✇❡ r❡❢❡r ❛❣❛✐♥ t♦

✼✾



❋✐❣✉r❡ ✷✳✶✹✿ ❇❛❝❦ t♦ t❤❡ ❡①❛♠♣❧❡ ♦❢ ✜❣✉r❡ ✷✳✻✱ t❤❡ ♠❛t❝❤✐♥❣ ✐s ❤❡r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤
t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✳

t❤❡ s✉r❢❛❝❡ ❡①❛♠♣❧❡ ♦❢ ✜❣✉r❡ ✷✳✹✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✐♥tr♦❞✉❝❡
♥♦ ❜✐❛s ❜❡t✇❡❡♥ ❧♦✇ ❛♥❞ ❤✐❣❤ s✐❣♥❛❧s ❛s ♦♣♣♦s❡❞ t♦ ❝♦❧♦r❡❞ ❝✉rr❡♥ts✳ ■t ❛❧s♦ ❣✐✈❡s
s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t r❡s✉❧ts ❢r♦♠ ❝✉rr❡♥ts ✐♥ t❤❡ ♣r♦❞✉❝t E×M ✐♥ ❝❡rt❛✐♥ s✐t✉❛t✐♦♥s✱
❛s t❤❡ ❡①❛♠♣❧❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✶✹✳ ❋✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ♣r♦✈✐❞❡ r♦❜✉st♥❡ss t♦
❞✐s❝♦♥♥❡❝t✐♦♥s ♦❢ t❤❡ s❤❛♣❡ ❛♥❞ ❞✐s❝♦♥t✐♥✉✐t✐❡s ♦❢ t❤❡ s✐❣♥❛❧✳ ❚❤✐s ✐s ❛ ♣❛rt✐❝✉❧❛r❧②
✐♠♣♦rt❛♥t ♣r♦♣❡rt② ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ✜❜❡r ❜✉♥❞❧❡ t②♣❡ ♦❢ ❞❛t❛ ❧✐❦❡ t❤❡ ❡①❛♠♣❧❡
♦❢ ✜❣✉r❡ ✷✳✶✺✳ ❙♦♠❡ ❛❞❞✐t✐♦♥❛❧ r❡s✉❧ts ♦♥ ♠❡❞✐❝❛❧ ✐♠❛❣✐♥❣ ❞❛t❛s❡ts ✇✐❧❧ ❜❡ st✉❞✐❡❞
✐♥ ❞❡t❛✐❧ ✐♥ ❝❤❛♣t❡r ✹✱ t❤❛t ❣❡♥❡r❛❧✐③❡s t❤✐s s❡tt✐♥❣ t♦ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♦♥ ❛ ❣r♦✉♣ ♦❢
s✉❜❥❡❝ts✳

❘❡❣✐str❛t✐♦♥ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s✬ ❡st✐♠❛t✐♦♥

❚❤❡ ❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ✉♥❞❡r❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠ ♦♥❧② tr❛♥s♣♦rts ❢✉♥❝t✐♦♥❛❧
✈❛❧✉❡s ❜② ❞✐✛❡♦♠♦r♣❤✐s♠✳ ■t ✐s ❝❧❡❛r t❤❛t ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s✱ s♦♠❡ ✈❛r✐❛t✐♦♥s ✐♥
t❤❡ ♣❛tt❡r♥s ♦❢ t❤❡ s✐❣♥❛❧s ♠✐❣❤t ❡①✐st ❜❡t✇❡❡♥ t❤❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧
s❤❛♣❡s✱ ✇❤✐❝❤ ❛r❡ ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ♥♦r ❡st✐♠❛t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤✐s ❝❛♥
❛❧s♦ ❞❡t❡r✐♦r❛t❡ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❞❡❢♦r♠❛t✐♦♥s t❤❡♠s❡❧✈❡s s✐♥❝❡ r❡❣✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t
s✐❣♥❛❧ ✈❛❧✉❡s ✇♦✉❧❞ ❤❛✈❡ ❛ t❡♥❞❡♥❝② t♦ ❜❡ ♠✐s♠❛t❝❤❡❞✳ ❖♥❡ s♦❧✉t✐♦♥ t♦ ❛❞❞r❡ss
s✉❝❤ s✐t✉❛t✐♦♥s ✐s t♦ ✐♥tr♦❞✉❝❡ ❛♥ ❡♥r✐❝❤❡❞ ❞❡❢♦r♠❛t✐♦♥ ❣r♦✉♣ t❤❛t ✇♦✉❧❞ ✐♥✈♦❧✈❡✱ ✐♥
❝♦♠♣❧❡♠❡♥t t♦ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ ❛❝t✐♥❣ ♦♥ t❤❡ s✉♣♣♦rt✱ ❛ r❡s✐❞✉❛❧ ❢✉♥❝t✐♦♥ t❤❛t
❛❞❞s t♦ t❤❡ s♦✉r❝❡ s❤❛♣❡✳ ❲❡ ❝❛♥ ♠♦❞❡❧ t❤✐s ❡①❛❝t❧② ❜② t❤❡ tr❛♥s♣♦rt ♦❢ ❢✉♥❝t✐♦♥❛❧
s❤❛♣❡s ❡①♣r❡ss❡❞ ✐♥ ❡q✳✭✷✳✷✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❝t✐♦♥ ♦♥ ❢❝✉rr❡♥ts ♣r♦✈✐❞❡❞ ❜②
❡q✳✭✷✳✶✷✮✳ ■♥ t❤✐s s❡tt✐♥❣✱ t❤❡ ❣♦❛❧ ✇♦✉❧❞ ❜❡ t♦ ❡st✐♠❛t❡ ❜♦t❤ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠
φ ❛s ♣r❡✈✐♦✉s❧②✱ ❛♥❞ t❤❡ r❡s✐❞✉❛❧ ❢✉♥❝t✐♦♥ h✱ ❜② s♦❧✈✐♥❣ t❤❡r❡❢♦r❡ ❛♥ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ♦❢ t❤❡ ❢♦r♠ ✿

min
p0,h

E(p0) + γ1‖C(φ1(X),(f+h)◦(φ1)−1) − C(Y,g)‖W ′ + γ2

∫

X
h2(x)dHd(x) ✭✷✳✹✹✮

❖❜s❡r✈❡ t❤❛t ❛ ♣❡♥❛❧t② t❡r♠ ♦♥ t❤❡ r❡s✐❞✉❛❧ ❢✉♥❝t✐♦♥ h ✐s ❛❞❞❡❞ t♦ t❤❡ ❝r✐t❡r✐♦♥ ✐♥
♦r❞❡r t♦ ✐♠♣♦s❡ ❛ ❝♦♥str❛✐♥t ♦♥ t❤✐s ❢✉♥❝t✐♦♥ h ✇❡ ✐♥t❡♥❞ t♦ ❡st✐♠❛t❡✳ ❚❤✐s ✐s ✐♠♣♦r✲
t❛♥t t♦ ❛✈♦✐❞ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❛❜✐❧✐t② ✇♦✉❧❞ ❜❡ ❡①♣❧❛✐♥❡❞ ❜②
t❤❡ ❢✉♥❝t✐♦♥ h ❛♥❞ ♥♦t ❛❧s♦ ❜② t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❛❝t✐♥❣ ♦♥ t❤❡ s✉♣♣♦rt ✭✇❤✐❝❤ ❝❛♥♥♦t
♠♦❞✐❢② ❞✐r❡❝t❧② t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❜✉t ❝❛♥ ❝❤❛♥❣❡ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❧❡✈❡❧
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❙♦✉r❝❡ ❛♥❞ t❛r❣❡t ❋❝✉rr❡♥t ♠❛t❝❤✐♥❣

❋✐❣✉r❡ ✷✳✶✺✿ ❊①❛♠♣❧❡ ♦❢ ♠❛t❝❤✐♥❣ ♦♥ t❤❡ ❝❛s❡ ♦❢ ❛ ✜❜❡r ❜✉♥❞❧❡ ✇✐t❤ s✐❣♥❛❧✳ ❖♥ t❤❡
❧❡❢t ✜❣✉r❡✱ t❤❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❖♥ t❤❡ ❧❡❢t✱ t❤❡ r❡s✉❧t✐♥❣ ♠❛t❝❤✲
✐♥❣ ✇✐t❤ t❤❡ ❞❡❢♦r♠❡❞ s❤❛♣❡ ❛♥❞ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❣r✐❞ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✬
s❡tt✐♥❣✳

s❡ts ♦❢ s✐❣♥❛❧s✮✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ✇❡✐❣❤t ♣❛r❛♠❡t❡r γ2 ♣r❡❝✐s❡❧② ❝♦♥tr♦❧s t❤✐s✳ ❍❡r❡✱
✇❡ ❝❤♦♦s❡ ❛ r❛t❤❡r ✇❡❛❦ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥ t❤❛t ✐s t❤❡ L2✲♥♦r♠ ♦❢ h ♦♥ t❤❡ s❤❛♣❡ X✳
❉✐✛❡r❡♥t ❝❤♦✐❝❡s ❝♦✉❧❞ ❜❡ ♠❛❞❡ t♦ ✐♠♣♦s❡ ♠♦r❡ r❡❣✉❧❛r✐t② t♦ t❤❡ ❢✉♥❝t✐♦♥ h ❜✉t ✇✐❧❧
♥♦t ❜❡ ❞✐s❝✉ss❡❞ ❤❡r❡✳ ◆❡✐t❤❡r ✇✐❧❧ ❜❡ st✉❞✐❡❞ t❤❡ t❤❡♦r❡t✐❝❛❧ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✉♠
t♦ ❡q✳✭✷✳✹✹✮ ✐♥ t❤❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✱ ✇❤✐❝❤ ✐s ♥♦t ❛ ♣r✐♦r✐ ♦❜✈✐♦✉s t♦ ❞❡❞✉❝❡ ❢r♦♠ t❤❡
♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ ❝❛s❡ ❛♥❞ ✇♦✉❧❞ ♣r♦❜❛❜❧② r❡q✉✐r❡ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥✳
❚❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✇❡ ♣r♦♣♦s❡ ❢♦r ♦♣t✐♠✐③✐♥❣ ❡q✳✭✷✳✹✹✮ ✐s ♥♦t ❢✉♥❞❛♠❡♥t❛❧❧② ❞✐❢✲
❢❡r❡♥t ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ✿ ✇❡ ♦♣t✐♠✐③❡ s✐♠✉❧t❛♥❡♦✉s❧② ✐♥ ❜♦t❤ ✈❛r✐❛❜❧❡s p0 ❛♥❞ h
❜② ❛❞❛♣t✐✈❡ ♠✉❧t✐✲st❡♣ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✳ ❚❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ p0 ✐s ❝♦♠♣✉t❡❞
❡①❛❝t❧② ❛s ✇❡ ❞✐❞ ❡❛r❧✐❡r s✐♥❝❡ t❤❡ ❧❛st t❡r♠ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ✐♥ p0✳ ❚❤❡ ♦♥❧② ♥❡✇
❝♦♠♣♦♥❡♥t ✐s t❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ h✳ ■♥ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣✱ ✐❢ hi = h(qi)

❛♥❞ h̃i =
1

d+ 1
(hα1

i
+ ...+ hαd+1

i
)✱ t❤❡♥ t❤❡ ♣❡♥❛❧t② t❡r♠ ♦♥ h ✐s ✿

|h|L2 =
m∑

i=1

h̃2i ‖ξi‖ ✭✷✳✹✺✮

❛♥❞ t❤✉s t❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ h ✐s ♦❜t❛✐♥❡❞ ❛s ✿

∇hk |h|L2 =
n∑

i=1

2h̃i.∂hk h̃i ‖ξi‖ ✭✷✳✹✻✮

◆♦t❡ t❤❛t t❤❡ t❡r♠s ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉♠ ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦ ♦♥❧② ✐❢ hk ✐s ❛ ✈❡rt❡①
♦❢ t❤❡ ith ❢❛❝❡ ♦❢X s♦ t❤❛t t❤❡ s✉♠ ✐s ♥♦t ❛❝t✉❛❧❧② ♦✈❡r ❛❧❧ t❤❡ ❢❛❝❡s✳ ❘❡❣✐str❛t✐♦♥ ✇✐t❤
❡st✐♠❛t✐♦♥ ♦❢ h ❝❛♥ ❜❡ t❤✉s ♣❡r❢♦r♠❡❞ ❛s s✉♠♠❡❞ ✉♣ ✐♥ ❛❧❣♦r✐t❤♠ ✶✳ ❚❤✐s ❛❧❣♦r✐t❤♠
s♦♠❡❤♦✇ ❣❡♥❡r❛❧✐③❡s t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❜❡❝❛✉s❡ t❛❦✐♥❣ γ2 → ∞ ✇♦✉❧❞ ❡♥❢♦r❝❡ t❤❡
r❡s✐❞✉❛❧s t♦ r❡♠❛✐♥ ③❡r♦✲✈❛❧✉❡❞ ♦♥ ❛❧❧ t❤❡ s♦✉r❝❡ s❤❛♣❡✳ ■♥ ✜❣✉r❡ ✷✳✶✻ ✐s s❤♦✇♥
♦♥❡ r❡s✉❧t ♦❢ s✉❝❤ ❛ ♠❛t❝❤✐♥❣ ✿ ✇❡ ❞r❛✇ s♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ ♦♥ t❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❡①✐st✐♥❣ s✐❣♥❛❧ ♦♥ t❤❡ s♦✉r❝❡ s❤❛♣❡ ✭❛s ✐♥ t❤❡ ♠❛t❝❤✐♥❣ ♠♦❞❡❧
♦❢ s✉❜s❡❝t✐♦♥ ✷✳✸✳✷✮ ❛♥❞ t❤❡ r❡s✐❞✉❛❧ ❢✉♥❝t✐♦♥ t❤❛t ✐s ❛❞❞❡❞ t♦ X✳ ❚❤✐s ❜❛❧❛♥❝❡ ✐s
❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ♣♦♥❞❡r❛t✐♦♥ ♣❛r♠❛♠❡t❡rs γ1 ❛♥❞ γ2✳ ❚❤❛♥❦s t♦ t❤❡ ✉s❡ ♦❢ ❢❝✉rr❡♥ts✬
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❆❧❣♦r✐t❤♠ ✶ ❘❡❣✐str❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✇✐t❤ ❛❞❥✉♥❝t✐♦♥ ♦❢ r❡s✐❞✉❛❧s

❘❡q✉✐r❡✿ ❙♦✉r❝❡ s❤❛♣❡ (X, f) = (qk, fk)k=1,..,n✱ t❛r❣❡t s❤❛♣❡ (Y, g)✱ ❣r❛❞✐❡♥t ❞❡s❝❡♥t
st❡♣ δ✳

✶✿ s❡t p0 = 0 ❛♥❞ h = 0✳
✷✿ ✇❤✐❧❡ ❈♦♥✈❡r❣❡♥❝❡ ❞♦
✸✿ ❋❧♦✇ (X, f) ❜② ❢♦r✇❛r❞ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ p0 ❛♥❞ st♦r❡ t❤❡ ❞❡❢♦r♠❡❞ t❡♠♣❧❛t❡

❛t t✐♠❡ ✶ (φp0 , h).(X, f) = (qk,1, fk + hk)✳
✹✿ ❈♦♠♣✉t❡ t❤❡ ❢❝✉rr❡♥t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ (Y, g) ❛♥❞ (φp0 , h).(X, f)✳
✺✿ ❈♦♠♣✉t❡ t❤❡ ❣r❛❞✐❡♥ts ♦❢ t❤❡ ❛tt❛❝❤♠❡♥t t❡r♠ A ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜♥❛❧

♣♦✐♥t ❝♦♥✜❣✉r❛t✐♦♥ qk,1 ❡q✳✭✷✳✹✵✮✳
✻✿ ❆♣♣❧② t❤❡ ❜❛❝❦✇❛r❞ ✢♦✇ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❡q✳✭✷✳✹✸✮ ❛♥❞ ❞❡❞✉❝❡ P0✳
✼✿ ❈♦♠♣✉t❡ ∇p0J = KV (q, q)p0 − P0✳
✽✿ ❈♦♠♣✉t❡ t❤❡ ❣r❛❞✐❡♥t ∇hA ♦❢ t❤❡ ❛tt❛❝❤♠❡♥t t❡r♠ A ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

r❡s✐❞✉❛❧ ✈❛❧✉❡s hk ❜② ❡q✳✭✷✳✹✵✮ ❛♥❞ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ L2 ♥♦r♠ ❜② ❡q✳✭✷✳✹✻✮✳
✾✿ ❯♣❞❛t❡ ✈❛r✐❛❜❧❡s ✿

p0 ← p0 + δ∇p0J
h← h+ δ∇hJ

✶✵✿ ❈♦♠♣✉t❡ ♥❡✇ ❢✉♥❝t✐♦♥❛❧ J(p0, h) ❛♥❞ ❛❞❛♣t st❡♣ δ ❜② ❧✐♥❡ s❡❛r❝❤✳
✶✶✿ ❡♥❞ ✇❤✐❧❡
✶✷✿ r❡t✉r♥ ✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ p0 ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧ h✳

♥♦r♠s t♦ ❞r✐✈❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥s✱ r❡s✐❞✉❛❧s ❝❛♥ ❜❡ ❝♦♥❝❡♥tr❛t❡❞ ✐♥ r❡❣✐♦♥s ✇❤❡r❡ t❤❡
❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ s✐❣♥❛❧s ❝❛♥♥♦t ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❞❡❢♦r♠❛t✐♦♥s✳

✷✳✸✳✸ ◆✉♠❡r✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s

❚♦ ❝♦♥❝❧✉❞❡ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❡①❛♠✐♥❡ ✐♥ ❞❡♣t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ✐ss✉❡s t❤❛t ❛r❡ s♣❡❝✐❢✲
✐❝❛❧❧② ✐♥❞✉❝❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠s✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦♥
t❤❡ s❤❛♣❡s ❣❡ts ❧❛r❣❡✱ ❛♥❞ ❡✈❛❧✉❛t❡ ❛ ❢❡✇ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s t♦ ❛❞❞r❡ss t❤❡♠✳

❑❡r♥❡❧ s✉♠s✬ ❝♦♠♣✉t❛t✐♦♥s ✿ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛♥❞ t❤❡♦r❡t✐❝❛❧ ❝♦♠♣❧❡①✲
✐t✐❡s

❚❤❡ ♦✈❡r✇❤❡❧♠✐♥❣ ♣❛rt ♦❢ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ♣r❡s❡♥t❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐s t❛❦❡♥ ❜② ❡✈❛❧✉❛t✐♦♥ ♦❢ ❦❡r♥❡❧s ❛t ❡❛❝❤ ❞❡s❝❡♥t st❡♣✳ ❚❤✐s
♦❝❝✉rs ❛t ❡ss❡♥t✐❛❧❧② t✇♦ s♣♦ts ✐♥ t❤❡ ♣r♦❝❡ss✳ ❋✐rst ❢♦r t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞❡✲
❢♦r♠❛t✐♦♥s t❤❡♠s❡❧✈❡s ❜❡❝❛✉s❡ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✐♥t❡❣r❛t❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❆s ✇❡ ❡①♣❧❛✐♥❡❞ ✐♥ ❝❤❛♣t❡r ✶✱ ✐❢ ✇❡ ✜① ❛ ❦❡r♥❡❧ KV ❢♦r t❤❡
✈❡❝t♦r ✜❡❧❞s ✐♥ E ✭❣❡♥❡r✐❝❛❧❧② ❛ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ♦❢ s❝❛❧❡ σV ✮✱ ❛t ❡❛❝❤ t✐♠❡ st❡♣✱ ❛
❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♠♦♠❡♥t❛ ❛t ❡✈❡r② ♣♦✐♥t ♦❢ t❤❡ s♦✉r❝❡ s❤❛♣❡ ♥❡❡❞
t♦ ❜❡ ❝♦♠♣✉t❡❞ ❛t ❡❛❝❤ ♦❢ t❤❡ s♦✉r❝❡ s❤❛♣❡ ♣♦✐♥ts✳ ▲❡t✬s ❝♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ t❤❡
❢♦r✇❛r❞ ❡q✉❛t✐♦♥ ♦♥ q ✿ ❛t ❡❛❝❤ t✐♠❡ st❡♣✱ ♦♥❡ ❤❛s t♦ ❝♦♠♣✉t❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞∑n

j=1KV (qt,i, qt,j)pt,j ❢♦r ❡❛❝❤ ♦❢ t❤❡ s♦✉r❝❡ ♣♦✐♥t ♣♦s✐t✐♦♥s qt,i✳ ❆s ✇❡ s❡❡✱ t❤✐s ❤❛s

❛ n2 ❝♦♠♣❧❡①✐t② ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ t❤❡ s♦✉r❝❡ s❤❛♣❡ ✇❤✐❝❤ ❤❛s t♦ ❜❡ t❤❡♥
♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡✳

✽✷



❙♦✉r❝❡ ❛♥❞ t❛r❣❡t ❊st✐♠❛t❡❞ r❡s✐❞✉❛❧ h ❉❡❢♦r♠❡❞ s❤❛♣❡ ✇✐t❤ r❡s✐❞✉❛❧

❋✐❣✉r❡ ✷✳✶✻✿ ❊①❛♠♣❧❡ ♦❢ ♠❛t❝❤✐♥❣ ✇✐t❤ ❡st✐♠❛t✐♦♥ ♦❢ r❡s✐❞✉❛❧ ❢✉♥❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦
❝♦❧♦r❡❞ s✉r❢❛❝❡s✳

❆ s❡❝♦♥❞ ❜♦tt❧❡♥❡❝❦ ✐♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ✐♥t❡♥s✐t② ❝♦♠❡s ✇✐t❤ t❤❡ ❢❝✉rr❡♥t
❞❛t❛ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡ ❛♥❞ ✐ts ❣r❛❞✐❡♥t✳ ❚❤✐s ✐s ❛❣❛✐♥ ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❦❡r♥❡❧s
✇❤✐❝❤ ✐s t❤✐s t✐♠❡ ❛ t❡♥s♦r ♣r♦❞✉❝t ❦❡r♥❡❧ Kg⊗kf ❧✐✈✐♥❣ ♦♥ t❤❡ ❜✐❣❣❡r ♣r♦❞✉❝t s♣❛❝❡
E ×M ✳ ❆s ✇❡ s❡❡ ✇✐t❤ ❡q✳✭✷✳✶✽✮✱ ❝♦♠♣✉t✐♥❣ t❤❡ ❞✐st❛♥❝❡ ✐s ♦♥❝❡ ❛❣❛✐♥ q✉❛❞r❛t✐❝
✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❉✐r❛❝s ♦❢ t❤❡ s♦✉r❝❡ ❛♥❞ t❛r❣❡t✳ ❚❤✐s ♥✉♠❜❡r ♦❢ ❉✐r❛❝s ❝♦rr❡s♣♦♥❞s
t②♣✐❝❛❧❧② t♦ t❤❡ ♥✉♠❜❡r ♦❢ s❡❣♠❡♥ts ✐❢ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ♦♥ ❝✉r✈❡s ♦r t❤❡ ♥✉♠❜❡r ♦❢
tr✐❛♥❣❧❡s ❢♦r s✉r❢❛❝❡s✱ ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r r♦✉❣❤❧② ♦❢ t❤❡ s❛♠❡ ♦r❞❡r ❛s t❤❡ ♥✉♠❜❡r
♦❢ ♣♦✐♥ts ♦❢ t❤❡ s❤❛♣❡s✳
■♥ ❜♦t❤ ❝❛s❡s✱ ✇❡ s❡❡ t❤❛t t❤❡ r❡❝✉rr❡♥t ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❡ss❡♥t✐❛❧❧② n ❦❡r♥❡❧ ✬❝♦♥✲
✈♦❧✉t✐♦♥s✬✱ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡ ✐♥ ❣❡♥❡r❛❧ ✿

∀i = 1, .., n,
n∑

j=1

K(ai, aj)αj ✭✷✳✹✼✮

✇❤❡r❡ ai ❛♥❞ αi ❛r❡ ❡✐t❤❡r ❡❧❡♠❡♥ts ♦❢ E ♦r E × M ✳ ❚❤✐s q✉❛❞r❛t✐❝ ❝♦♠♣❧❡①✐t②
✐s ❛ ❝❧❡❛r ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ✇❤❡♥ ♦♥❡ ❤❛s t♦ ✇♦r❦ ✇✐t❤ ❤✐❣❤❧②✲s❛♠♣❧❡❞
s❤❛♣❡s✱ ✇❤✐❝❤ ✐s r❛t❤❡r ❢r❡q✉❡♥t ✐♥ ♠❡❞✐❝❛❧ ✐♠❛❣✐♥❣ ❞❛t❛s❡ts✳ ❆s ✇❡ ✇✐❧❧ ❤✐❣❤❧✐❣❤t
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❜r✉t❡ ❢♦r❝❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ❦❡r♥❡❧s ✐♥ ▼❆❚▲❆❇ ♦♥ ❛ st❛♥❞❛r❞ P❈
❜❡❝♦♠❡s ♥❡❛r❧② ✐♥tr❛❝t❛❜❧❡ ❢♦r s❤❛♣❡s ✇✐t❤ ♠♦r❡ t❤❛♥ ✷✵✵✵ ♣♦✐♥ts ✇❤❡r❡❛s ♠❛♥② ♦❢
t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✇❡ ❞❡❛❧ ✇✐t❤ ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t ✐♥✈♦❧✈❡ s✉r❢❛❝❡s ✇✐t❤ ♠♦r❡ t❤❛♥
✶✵✵✵✵ ♣♦✐♥ts✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② s❡✈❡r❛❧ ❛❧t❡r♥❛t✐✈❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❤❛✈❡
❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ♣❛st ❛♥❞ ❛r❡ st✐❧❧ ❡①♣❧♦r❡❞ ❛t t❤❡ ♣r❡s❡♥t t✐♠❡✳ ❚❤♦s❡ ❝❛♥
❝♦♥s✐st ❡✐t❤❡r ✐♥ ❝♦♠♣✉t✐♥❣ ❡q✳✭✷✳✹✼✮ ✉s✐♥❣ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ♣❧❛t❢♦r♠s t❤❛♥ ▼❛t❧❛❜
t❤❛t ✇♦✉❧❞ t❛❦❡ ♣r♦✜t ✐♥ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ ❢♦r ✐♥st❛♥❝❡ ♦r ✐♥ ✜♥❞✐♥❣ ❛♣♣r♦①✐♠❛t❡
❜✉t ❢❛st❡r ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ❲❡ ♣r❡s❡♥t ❛ ❢❡✇ ♣♦ss✐❜✐❧✐t✐❡s ✿ ❛ ❝♦♠♣❛r❛t✐✈❡ t❛❜❧❡
♦❢ t✐♠❡ ❝♦♠♣✉t❛t✐♦♥s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❛♥❞ ❝♦♠♠❡♥t❡❞ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳
✕ ❆ ✜rst str❛✐❣❤t❢♦r✇❛r❞ t❤✐♥❣ t❤❛t ✇❡ tr✐❡❞ ✐s t♦ ✐♠♣❧❡♠❡♥t ❛❧❧ ❦❡r♥❡❧ ❝♦♠♣✉t❛t✐♦♥s
❛s ❈✰✰ ♠❡① ✜❧❡s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ ▼❆❚▲❆❇ ❜♦❞② ♣r♦❣r❛♠✳ ❚❤✐s ❛❧❧♦✇s
❛♥ ❡❛s② ✉s❡ ♦❢ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t✐♥❣ ❧✐❜r❛r✐❡s ✐♥ ❈ t❤❛t ✐♠♣r♦✈❡ ❜② ❛ s✉❜st❛♥t✐❛❧
❢❛❝t♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡✳ ❆♥♦t❤❡r ♣r♦♠✐s✐♥❣ ❛❧t❡r♥❛t✐✈❡ ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡
r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❣r❛♣❤✐❝s ❝❛r❞s✳ ❲❡ t❤✉s ❡①♣❡r✐♠❡♥t❡❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢
❡q✳✭✷✳✹✼✮ ❜❛s❡❞ ♦♥ ❛ ♠❡① ❈❯❉❆ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦♥ ●P❯ ❛♥❞ ✐♥❝❧✉❞❡❞ ✐t ❛❧s♦ ✐♥
♦✉r ❝♦❞❡✳

✕ ❆t t❤❡ ♠♦♠❡♥t✱ ❛❧❧ t❤❡s❡ ♠❡t❤♦❞s ❛r❡ ❡①❛❝t ♦r ♥❡❛r❧② ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❦❡r♥❡❧
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❋✐❣✉r❡ ✷✳✶✼✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❣r✐❞✲♣❛rt✐t✐♦♥✐♥❣ str❛t❡❣② ✐♥ ✷❉✳ ❙♠❛❧❧ ❜❧❛❝❦ ❞♦ts ❛r❡
t❤❡ ♦r✐❣✐♥❛❧ ❣r✐❞ ♣♦✐♥ts✱ r❡❞ ❝r♦ss❡s ❝♦rr❡s♣♦♥❞ t♦ ❛❧❧ ♣♦ss✐❜❧❡ ❝❡♥t❡rs ♦❢ ❜❧♦❝❦s✳ ❚❤❡②
❢♦r♠ ❛ r❡❣✉❧❛r s✉r✲❣r✐❞ ♦❢ ❜✐❣❣❡r st❡♣ ✭✉s✉❛❧❧② ♦❢ t❤❡ ♦r❞❡r 3σ✮✳

s✉♠s✳ ❖t❤❡r ♠❡t❤♦❞s ✐♥t❡♥❞ t♦ ❛♣♣r♦①✐♠❛t❡ ❡q✳✭✷✳✹✼✮✳ ❯s✉❛❧❧②✱ s✉❝❤ ♠❡t❤♦❞s
❛r❡ ❞❡s✐❣♥❡❞ ❢♦r t❤❡ ❝❛s❡ ♦❢ r❛❞✐❛❧ s❝❛❧❛r ❦❡r♥❡❧s✳ ❲❡ ✇✐❧❧ ❛ss✉♠❡✱ t♦ s✐♠♣❧✐❢②
t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ t❤❛t ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤ ❛ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ✇✐t❤ ❛ ❝❡rt❛✐♥ s❝❛❧❡
♣❛r❛♠❡t❡r σ✳ ❆ ✜rst s✐♠♣❧❡ ✐❞❡❛ ✐s t♦ ♥♦t✐❝❡ t❤❛t ✐❢ ♣♦✐♥ts ❛r❡ ❢❛rt❤❡r ❛✇❛② ❢r♦♠
❡❛❝❤ ♦t❤❡r t❤❛♥ 3σ t❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❦❡r♥❡❧ ✐s ❧♦✇❡r t❤❛♥ 10−4 ✿ t❤✉s ❦❡r♥❡❧s
♥❡❡❞ ♥♦t ❜❡ ❡✈❛❧✉❛t❡❞ ❜❡t✇❡❡♥ ❛❧❧ ♣❛✐rs ♦❢ ♣♦✐♥ts ❜✉t ♦♥❧② ❢♦r ♣♦✐♥ts ❧②✐♥❣ ❛t ❛ s♠❛❧❧
❡♥♦✉❣❤ ❞✐st❛♥❝❡✳ ❚❤✐s s✉❣❣❡sts t❤❛t ✇❡ ❝❛♥ s❛✈❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ❡①♣♦♥❡♥t✐❛❧s
❡s♣❡❝✐❛❧❧② ✇❤❡♥ σ ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ♦❜❥❡❝ts✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❛t✱
♦♥❡ ❝♦✉❧❞ ❛❧s♦ ♣r❡✲❝♦♠♣✉t❡ ❛ t❛❜❧❡ ♦❢ ✈❛❧✉❡s ❢♦r t❤❡ ●❛✉ss✐❛♥ ♦♥ ❛ ❞✐s❝r❡t✐③❡❞ ❣r✐❞
♦❢ ❞✐st❛♥❝❡s ❛♥❞ t❤❡♥ ❛❝❝❡ss t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦① ✐♥st❡❛❞ ♦❢ r❡❝♦♠♣✉t✐♥❣ ✐t ❛t
❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ ❧♦♦♣✳ ❚❤❡ s❡❛r❝❤ ❢♦r ♣♦✐♥ts ✐♥ ❛ t❤❡ ❞❡s✐r❡❞ ♥❡✐❣❤❜♦r❤♦♦❞
♦❢ ❛ ❣✐✈❡♥ ♣♦s✐t✐♦♥ ❝♦✉❧❞ ❜❡ ❛❧s♦ ✐♠♣r♦✈❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❜② ✉s✐♥❣ ❑❉✲tr❡❡
❛❧❣♦r✐t❤♠s✳

✕ ■♥ t❤❡ s❛♠❡ ✈❡✐♥✱ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❛❧s♦ ❞❡✈❡❧♦♣❡❞ ❢♦r ●❛✉s✲
s✐❛♥ ❦❡r♥❡❧s✱ s✉❝❤ ❛s t❤❡ ❋❛st ●❛✉ss ❚r❛♥s❢♦r♠ ❬✽✹❪✱ ✇❤✐❝❤ ✇❛s ❛♣♣❧✐❡❞ ❧❛t❡r ♦♥ t♦
❝♦♠♣✉t❡ ❞✐st❛♥❝❡s ♦♥ ❝✉rr❡♥ts ✐♥ ❬✹✶❪✳ ❚❤✐s ♠❡t❤♦❞ ❝♦♠❜✐♥❡s t❤❡ ✐❞❡❛ ♦❢ ❝❧✉st❡r✐♥❣
✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ♥❡❣❧✐❣✐❜❧❡ ❦❡r♥❡❧ ✈❛❧✉❡s ✇✐t❤ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❢❛st
♠✉❧t✐♣❧❡ ♠❡t❤♦❞s ✭❋▼▼✮ ❢♦r ❛❝❝❡❧❡r❛t✐♥❣ ❡①♣♦♥❡♥t✐❛❧s✬ ❡✈❛❧✉❛t✐♦♥s✱ ❧❡❛❞✐♥❣ t♦ ❛♥
❛❧❣♦r✐t❤♠ t❤❛t ❤❛s ❛ t❤❡♦r❡t✐❝❛❧ ❝♦♠♣❧❡①✐t② ♦❢ O(np) ✇❤❡r❡ p ✐s t❤❡ ♥✉♠❜❡r ♦❢
❝❧✉st❡rs✳ ❨❡t t❤✐s ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs ✐s ❞✐r❡❝t❧② ❝♦rr❡❧❛t❡❞ t♦ t❤❡ s❝❛❧❡ σ ❛♥❞ t♦ t❤❡
❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s♣❛❝❡✳ ❙✐♥❝❡ p ✐s ♥♦t s❡t ✉♣ ❛✉t♦♠❛t✐❝❛❧❧② ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❬✽✹❪✱
♦♥❡ ❞✐✣❝✉❧t② ♦❢ t❤❡ ♠❡t❤♦❞ ✐s t♦ ❝❤♦♦s❡ ✐t ♣r♦♣❡r❧② t♦ ❤❛✈❡ ❜♦t❤ ❛ ❣♦♦❞ ❛❝❝✉r❛❝②
✇✐t❤♦✉t s❧♦✇✐♥❣ ❞♦✇♥ ❝♦♠♣✉t❛t✐♦♥s t♦♦ ♠✉❝❤✳ ■♥ ♣r❛❝t✐❝❡✱ ❛❧t❤♦✉❣❤ ✐t ❧❡❛❞s t♦
❢❛st ❝♦♠♣✉t❛t✐♦♥s ❡s♣❡❝✐❛❧❧② ❢♦r ❜✐❣ σ ❛♥❞ ♥♦t t♦♦ ❤✐❣❤ ❞✐♠❡♥s✐♦♥✱ ✐t ♠❛❦❡s t❤❡
q✉❛❧✐t② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✐✣❝✉❧t t♦ ❡✈❛❧✉❛t❡✳

✕ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✇❛s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✷✽❪✱ ✇❤✐❝❤ ❜❛s✐❝❛❧❧②
♣r♦❥❡❝ts ❛❧❧ t❤❡ ♠♦♠❡♥t❛ αi ❧♦❝❛t❡❞ ❛t ♣♦✐♥ts qi ♦♥ ❛ ✜①❡❞ ❧✐♥❡❛r❧② s♣❛❝❡❞
❣r✐❞ ❛♥❞ t❤❡♥ ❡①♣r❡ss❡s ❡q✳✭✷✳✹✼✮ ❛s ❛ ❝♦♥✈♦❧✉t✐♦♥ ♦♥ t❤✐s ❣r✐❞ ✇❤✐❝❤ ❝❛♥ ❜❡

✽✹



n ✶✵✵ ✶✵✵✵ ✷✵✵✵ ✶✵✵✵✵ ✺✵✵✵✵ ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥

▼❆❚▲❆❇ ❜r✉t❡ ❢♦r❝❡ ❝♦♠♣✉t❛t✐♦♥ ✵✳✾✽s ✾✽✳✷s ✸✾✶✳✹s ∞ ∞ ②❡s

❈✰✰ ♣❛r❛❧❧❡❧✐③❡❞ ❝♦♠♣✉t❛t✐♦♥ ✵✳✵✷✺s ✵✳✹✷s ✶✳✻s ✹✵✳✽s ✶✵✸✵s ②❡s

❚r✉♥❝❛t✐♦♥ ❛♥❞ ♣r❡✲❝♦♠♣✉t❛t✐♦♥ ♦❢ ●❛✉ss✐❛♥ ✵✳✵✵✾s ✵✳✺✷s ✷✳✶s ✺✸✳✸s ✶✾✸✶s ♥♦

●P❯ ✵✳✵✷s ✵✳✵✸s ✵✳✵✼s ✶✳✶✻s ✷✻✳✺s ②❡s

❋●❚ ✵✳✵✸✺s ✵✳✸✻s ✵✳✼✷s ✸✳✾✹s ✷✵✳✺s ♥♦

●r✐❞ ❝♦♥✈♦❧✉t✐♦♥ ✵✳✶✶s ✵✳✶✶s ✵✳✶✶s ✵✳✶✻s ✵✳✹✸s ♥♦

❚❛❜❧❡ ✷✳✶✿ ❈♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r ✷✵ ❝♦♥✈♦❧✉t✐♦♥s ✇✐t❤ σ = 0.3✳

❝♦♠♣✉t❡❞ ❜② ❋❋❚ ❛♥❞ ✐♥✈❡rs❡ ❋❋❚✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ st❡♣ ✐s ❧✐♥❡❛r ✐♥ n ✇❤✐❧❡ t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ✐♥ t❤❡ ❣r✐❞ ❞♦♠❛✐♥ ✐s ♦❢ ❝♦♠♣❧❡①✐t② O(ng log ng)
✇❤❡r❡ ng ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ t❤❡ ❣r✐❞✳ ◆♦✇✱ t❤❡ ❣r✐❞ ✐s ❝❤♦s❡♥ ❛s ❛ ❧✐♥❡❛r❧②
s♣❛❝❡❞ s❡t ♦❢ ♣♦✐♥ts ❞❡❧✐♠✐t❡❞ ❜② ❛ r❡❝t❛♥❣✉❧❛r ♣❛r❛❧❧❡❧❡♣✐♣❡❞ ❝♦♥t❛✐♥✐♥❣ ❛❧❧ t❤❡
♣♦✐♥ts ❛♥❞ ✇❤♦s❡ s❛♠♣❧✐♥❣ ✐s ❝❤♦s❡♥ ❛s ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ s❝❛❧❡ ♦❢ t❤❡ ●❛✉ss✐❛♥ σ✳
❚❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❜❡ t❤❡♥ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❣r✐❞ st❡♣✱ ❛s
s❤♦✇♥ ✐♥ ❬✷✽❪ ❝❤❛♣t❡r ✷✳ ❆s ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ t❤❡ ❣r✐❞✱ ✇❡ s❡❡ t❤❛t ✐t
❣r♦✇s ❛s s−D ✇❤❡r❡ s ✐s t❤❡ st❡♣ ♦❢ t❤❡ ❣r✐❞ ❛♥❞ D t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❛♠❜✐❡♥t
s♣❛❝❡✳ ❚❤❡ ✐♥t❡r❡st✐♥❣ t❤✐♥❣ t♦ ♦❜s❡r✈❡ ✐s t❤❛t✱ ✐❢ ✇❡ ❡①❝❡♣t t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥
t❤❡ ❣r✐❞ ✭✇❤✐❝❤ ✐s ❛♥②❤♦✇ ♥♦t ❧✐♠✐t✐♥❣✮✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❞♦❡s
♥♦t ❞❡♣❡♥❞ ❛♥②♠♦r❡ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦♥ t❤❡ s❤❛♣❡s ❜✉t ♦♥❧② ♦♥ t❤❡ ❣r✐❞
s✐③❡✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ♣❛rt✐❝✉❧❛r❧② ❛❞❛♣t❡❞ ✇❤❡♥ n ✐s ✈❡r② ❧❛r❣❡✳ ❍♦✇❡✈❡r✱ t❤❡ s✐③❡
♦❢ t❤❡ ❣r✐❞ ✐ts❡❧❢ ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥ ✿ ✐♥ ♣r❛❝t✐❝❡ ✐t r❡♠❛✐♥s
❛✛♦r❞❛❜❧❡ ✐♥ ❞✐♠❡♥s✐♦♥ ✸ ♦r ❧❡ss ❜✉t ✐t ❜❡❝♦♠❡s r❛♣✐❞❧② ✐♥❝r❡❞✐❜❧② ❝♦♥s✉♠✐♥❣ ❜♦t❤
✐♥ t✐♠❡ ❛♥❞ ✐♥ ♠❡♠♦r② ✐♥ ❞✐♠❡♥s✐♦♥ ✹ ❛♥❞ ♠♦r❡✳ ■♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✇❡ ❤❛✈❡ ❜❡❡♥
❝♦♥s✐❞❡r✐♥❣ s♦ ❢❛r ✭✇✐t❤ E = R

3✮✱ t❤✐s ♠❡t❤♦❞ ✐s ✇❡❧❧✲❛❞❛♣t❡❞ ❢♦r t❤❡ ❞❡❢♦r♠❛t✐♦♥
♣❛rt✱ ❜✉t ✇❡ s❡❡ t❤❛t ❢❝✉rr❡♥t ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡s ✐♥✈♦❧✈❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❦❡r♥❡❧s
❧✐✈✐♥❣ ♦♥ E ×M = R

4✳ ■♥ t❤❛t ❝❛s❡✱ ✐♥tr♦❞✉❝✐♥❣ ✹❉ ❣r✐❞s t❤❛t ❝♦♥t❛✐♥ ❛❧❧ t❤❡
♣♦✐♥ts {(xi, fi)} ♣r♦❞✉❝❡s ❤✉❣❡ ng✳ ❆s ✇❡ s❡❡✱ t❤✐s ✐s ❡ss❡♥t✐❛❧❧② ❛ ♣r♦❜❧❡♠ ♦❢
❝♦❞✐♠❡♥s✐♦♥ ❜❡❝❛✉s❡ t❤❡ ♣♦✐♥ts ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ❧✐✈❡s ❜❛s✐❝❛❧❧② ♦♥ ❛ ✷✲
❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ ✐♥ R

4✳ ❆ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥ t❤❛t ✇❡ ✐♠♣❧❡♠❡♥t❡❞ t♦ ❝♦♥tr♦❧
t❤❡ s✐③❡ ♦❢ t❤❡ ❣r✐❞s ✐s t♦ ♠❛❦❡ ❜❧♦❝❦ ❝♦♠♣✉t❛t✐♦♥s ❜❛s❡❞ ♦♥ ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡
♦r✐❣✐♥❛❧ ❣r✐❞ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✷✳✶✼✱ ✇❤✐❝❤ r❡str✐❝ts t❤❡ ❝♦♥✈♦❧✉t✐♦♥s t♦ ♦♥❧②
♦✈❡r❧❛♣♣✐♥❣ ❜❧♦❝❦s t❤❛t ❛❝t✉❛❧❧② ❝♦♥t❛✐♥ ♣♦✐♥ts ♦❢ t❤❡ s❤❛♣❡✳ ❨❡t✱ ❡✈❡♥ r❡❞✉❝❡❞✱
t❤❡ ❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥ ✐s st✐❧❧ ♦❝❝✉rr✐♥❣ ✐♥ ❡❛❝❤ ❜❧♦❝❦✱ ✇❤✐❝❤ ♠❛❦❡s t❤✐s ❛♣♣r♦❛❝❤
❜❛r❡❧② ❢❡❛s✐❜❧❡ ❢♦r ✹❉ ❜✉t st✐❧❧ ✉♥t❤✐♥❦❛❜❧❡ ❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳

❈♦♠♣❛r❛t✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡s

❚♦ ❣✐✈❡ ❛ ♠♦r❡ ❝♦♥❝r❡t❡ ✈✐s✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥✱ ✇❡ s❤♦✇ ❛ ❢❡✇ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ t✐♠❡ ❢♦r t❤❡ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t❤❛t ❤❛✈❡ ❜❡❡♥ ❡✈♦❦❡❞ ♣r❡✈✐♦✉s❧②✳ ❆❧❧
❝♦♠♣✉t❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ♦♥ ❛ st❛♥❞❛r❞ q✉❛❞ ❝♦r❡ ❧❛♣t♦♣ ✇✐t❤ ❛ ◆❱■❉■❆
◆❱❙ ✺✶✵✵ ❣r❛♣❤✐❝s ❝❛r❞✳ ❲❡ ✜rst s❤♦✇ t❤❡ ❡❧❛♣s❡❞ t✐♠❡ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ✷✵
❝♦♥✈♦❧✉t✐♦♥s ❛s ✐♥ ❡q✳✭✷✳✹✼✮ ❢♦r ❛ ✸❉ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ❛♥❞ ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡r
♦❢ ♣♦✐♥ts n✳ ❚❤❡ ♣♦s✐t✐♦♥s qi ✇❡r❡ ♣✐❝❦❡❞ r❛♥❞♦♠❧② ✐♥ t❤❡ ❝✉❜❡ [0, 1]3✳ ■♥ t❛❜❧❡ ✷✳✶✱
❝♦♠♣✉t❛t✐♦♥s ❛r❡ ✜rst ❞♦♥❡ ❢♦r ❛ ❜✐❣ ❦❡r♥❡❧ ✭σ = 0.3✮✳ ❇r✉t❡✲❢♦r❝❡ ❝♦♠♣✉t❛t✐♦♥ ✐♥
▼❆❚▲❆❇ ❜❡❝♦♠❡s ✉♥❢❡❛s✐❜❧❡ ✇✐t❤ ♠♦r❡ t❤❛♥ ✷✵✵✵ ♣♦✐♥ts✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t tr✉♥✲
❝❛t✐♦♥ ♦❢ ❡①♣♦♥❡♥t✐❛❧s ✐s ❝❧❡❛r❧② ♥♦t ❡✣❝✐❡♥t ✐♥ t❤❛t ❝❛s❡ ✇❤❡r❡❛s ❢♦r ❛ s♠❛❧❧❡r s❝❛❧❡
σ = 0.1 ✭t❛❜❧❡ ✷✳✷✮✱ ✇❡ ❝❛♥ ❣❛✐♥ ❛ ❢❛❝t♦r ✷ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥ ✐♥

✽✺



n ✶✵✵ ✶✵✵✵ ✷✵✵✵ ✶✵✵✵✵ ✺✵✵✵✵ ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥

▼❆❚▲❆❇ ❜r✉t❡ ❢♦r❝❡ ❝♦♠♣✉t❛t✐♦♥ ✵✳✾✽s ✾✽✳✶s ✸✾✷s ∞ ∞ ②❡s

❈✰✰ ♣❛r❛❧❧❡❧✐③❡❞ ❝♦♠♣✉t❛t✐♦♥ ✵✳✵✸✸s ✵✳✹✷s ✶✳✻s ✹✶s ✶✵✸✾s ②❡s

❚r✉♥❝❛t✐♦♥ ❛♥❞ ♣r❡✲❝♦♠♣✉t❛t✐♦♥ ♦❢ ●❛✉ss✐❛♥ ✵✳✵✵✹s ✵✳✷✺s ✵✳✾✷s ✷✸✳✷s ✽✹✸s ♥♦

●P❯ ✵✳✵✷s ✵✳✵✸s ✵✳✵✼✽s ✶✳✶✻s ✷✻✳✼s ②❡s

❋●❚ ✵✳✵✻s ✵✳✻✷s ✶✳✼s ✶✶✳✷s ✺✽✳✾s ♥♦

●r✐❞ ❝♦♥✈♦❧✉t✐♦♥ ✶✳✷✵s ✶✳✷✹s ✶✳✷✵s ✶✳✸✷s ✶✳✼s ♥♦

❚❛❜❧❡ ✷✳✷✿ ❈♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r ✷✵ ❝♦♥✈♦❧✉t✐♦♥s ✇✐t❤ σ = 0.1✳

ng ✸✷✵✵✵ ✻✹✵✵✵ ✷✻✵✵✵✵ ✶✵✵✵✵✵✵

❚✐♠❡ ✵✳✶✸s ✵✳✸✹s ✵✳✽s ✹✳✼s

❘❡❧❛t✐✈❡ ❡rr♦r 5% 2.9% 1% 0.4%

❚❛❜❧❡ ✷✳✸✿ Pr❡❝✐s✐♦♥ ✈s t✐♠❡ ✇✐t❤ t❤❡ ❣r✐❞ ❛♣♣r♦❛❝❤ ✭✇✐t❤ σ = 0.2✮

❈✰✰✳ ◆♦t❡ t❤❡ ✐♠♣♦rt❛♥t ❛❝❝❡❧❡r❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜② ●P❯ ❝♦♠♣✉t❛t✐♦♥ ✐♥ ❜♦t❤ ❝❛s❡s
t❤❛t ♦✉t♣❡r❢♦r♠s t❤❡ ♣r❡✈✐♦✉s ♠❡t❤♦❞s ❛s s♦♦♥ ❛s n ✐s ❜✐❣❣❡r t❤❛♥ ✶✵✵✵✳ ■t ✐s ♣❛rt✐❝✲
✉❧❛r❧② ♦♣t✐♠❛❧ ✐♥ t❤❡ r❛♥❣❡ ✶✵✵✵✲✶✵✵✵✵ ♣♦✐♥ts✳ ❲✐t❤ ❧❛r❣❡r n✱ s♦♠❡ ❛♣♣r♦①✐♠❛t✐✈❡
♠❡t❤♦❞s ♠❛② ❜❡❝♦♠❡ ❢❛st❡r✳ ❚❤❡ ❋●❚✱ ❢♦r ✐♥st❛♥❝❡✱ ✐s q✉✐t❡ ❣♦♦❞ ❢♦r ❧❛r❣❡ s❝❛❧❡
❦❡r♥❡❧s s✐♥❝❡✱ t♦ ♦❜t❛✐♥ ❛ ❣✐✈❡♥ ♣r❡❝✐s✐♦♥✱ t❤❡ r❡q✉✐r❡❞ ♥✉♠❜❡r p ♦❢ ❝❧✉st❡rs ❞❡❝r❡❛s❡s
✇✐t❤ σ✳ ❋♦r s♠❛❧❧❡r ❦❡r♥❡❧s✱ t❤❡ ❣❛✐♥ ✐s ♥♦t ❛s ❝❧❡❛r✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs ✭p
✐♥ ♣❛rt✐❝✉❧❛r✮ ✐s ❛❧s♦ ❛ ♥♦t tr✐✈✐❛❧ st❡♣ ✇✐t❤ ❋●❚✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥ts ✇❡ s❤♦✇ ❤❡r❡✱
✇❡ ♠❛❞❡ s❡✈❡r❛❧ tr✐❡s t♦ ❛❞❛♣t t❤❡ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ r❡❧❛t✐✈❡
♣r❡❝✐s✐♦♥ ❛r♦✉♥❞ 1% ❢♦r ❡❛❝❤ ❝❛s❡✳
❚❤❡ ❣r✐❞ ❝♦♥✈♦❧✉t✐♦♥ ♠❡t❤♦❞ ✐s ❛❧s♦ ✈❡r② ❡✣❝✐❡♥t✳ ■♥ t❤♦s❡ ❡①❛♠♣❧❡s✱ ✇❡ ✉s❡❞ ❣r✐❞s
s❛♠♣❧❡❞ ❛t σ/5 ✇❤✐❝❤ ❣✐✈❡s ng ≈ 32000 ✐♥ t❛❜❧❡ ✷✳✶ ❛♥❞ ng ≈ 260000 ✐♥ t❛❜❧❡ ✷✳✷✳ ❆s
❛❧r❡❛❞② ❡①♣❧❛✐♥❡❞ ❛♥❞ ❝♦♥✜r♠❡❞ ❜② ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡
✐s t❤❡♥ ❛❧♠♦st ✐♥❞❡♣❡♥❞❡♥t ♦❢ n✱ ✇❤✐❝❤ ✐s ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ❢♦r ❤✐❣❤❧② s❛♠♣❧❡❞
s❤❛♣❡s ✭t②♣✐❝❛❧❧② n ≥ 10000✮✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ tr✉❡ r❡s✉❧t✳
■♥ t❛❜❧❡ ✷✳✸✱ ✇❡ s❤♦✇ ❜♦t❤ t✐♠❡ ❛♥❞ ♣r❡❝✐s✐♦♥ ❢♦r ❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❝♦♥✈♦❧✉t✐♦♥s
✇✐t❤ σ = 0.2 ✉s✐♥❣ ✜♥❡r ❛♥❞ ✜♥❡r ❣r✐❞s✳ ●❡tt✐♥❣ ❛ ✈❡r② ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ r❡q✉✐r❡s
♠♦r❡ ❛❝❝✉r❛t❡ ❣r✐❞s ❛♥❞ ❧❡❛❞s t♦ ❧♦♥❣❡r ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤✐s ✐s ❜❛s✐❝❛❧❧② ✇❤② s✉❝❤
❛ ♠❡t❤♦❞ ✐s ♥♦t ✇❡❧❧✲✜tt❡❞ ❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥ t❤❛♥ ✸✳ ■♥ ✹❉ ❢♦r ✐♥st❛♥❝❡✱ ✇✐t❤
σ = 0.2✱ r❡q✉✐r✐♥❣ ❛ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ♦r❞❡r ♦❢ 1% ♥❡❝❡ss✐t❛t❡s t❤❡ ✉s❡ ❛♥❞ st♦r❛❣❡ ♦❢
❣r✐❞s ✇✐t❤ ❛t ❧❡❛st ng = 5×106 ♣♦✐♥ts✱ ✇✐t❤ t❤❡ ❧✐♠✐t❛t✐♦♥s t❤❛t t❤✐s ✐♥❞✉❝❡s ✐♥ t✐♠❡
❛♥❞ ♠❡♠♦r②✳

❙♦ ✇❤✐❝❤ ♦♥❡ ✐s t❤❡ ❜❡st ❛♥❞ ❤♦✇ ❢❛r ❝❛♥ ✇❡ ❣♦ ❄

■t ✐s st✐❧❧ ❤❛r❞✱ ❛t t❤✐s ♣♦✐♥t✱ t♦ ❣✐✈❡ ❛ ❞❡✜♥✐t❡ ❛♥s✇❡r t♦ t❤❡ ♥✉♠❡r✐❝❛❧ ✐ss✉❡✳ ❚❤❡
♣♦s✐t✐✈❡ ❛s♣❡❝t ✐s t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣♦ss✐❜❧❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ❛✈❛✐❧❛❜❧❡
❛♥❞ st✐❧❧ s♦♠❡ ♥❡✇ ♦♥❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❋♦❝✉s✐♥❣ ♦♥❧② ♦♥ t❤❡ ♦♥❡s ✇❡
❤❛✈❡ ❡①♣❡r✐♠❡♥t❡❞ ♦♥✱ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ t❡♥❞s t♦ s❤♦✇ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ s❤♦✉❧❞ ❜❡ ♣r♦❜❛❜❧② t❛✐❧♦r❡❞ t♦ t❤❡ s✐t✉❛t✐♦♥✳ ❲♦r❦✐♥❣ ♦♥ ❝♦♠✲
♣✉t❡rs ❡q✉✐♣♣❡❞ ✇✐t❤ ◆❱■❉■❆ ❣r❛♣❤✐❝s ❝❛r❞s✱ ●P❯ ❝♦♠♣✉t❛t✐♦♥ ✐s ♦❜✈✐♦✉s❧② ❛ ✈❡r②
s♦❧✐❞ ❝❛♥❞✐❞❛t❡ t❤❛t ✐s ❛❞❛♣t❡❞ t♦ ♠♦st ❝❛s❡s s✐♥❝❡ ✐t ♣r♦✈✐❞❡ ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥
♦❢ ❦❡r♥❡❧s ✇✐t❤ ❧✐♠✐t❡❞ ♠❡♠♦r② ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ✈❡r② ❝♦♠♣❡t✐t✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧
t✐♠❡s✱ ♥♦t ♠❡♥t✐♦♥✐♥❣ t❤❛t t❤❡ t✐♠❡s s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ✇❡r❡ ♥♦t ♦❜✲

✽✻



t❛✐♥❡❞ ✇✐t❤ t❤❡ ♠♦st r❡❝❡♥t ❛♥❞ ♣♦✇❡r❢✉❧ ❣r❛♣❤✐❝s ❝❛r❞✳ ❨❡t✱ t❤✐s ✐s st✐❧❧ ❛ q✉❛❞r❛t✐❝
s❝❤❡♠❡ ✇❤✐❝❤ ❜❡❝♦♠❡s ✐♥❡✈✐t❛❜❧② ❧✐♠✐t❡❞ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❡①❝❡❡❞ 10000✳
❋♦r s✉❝❤ ❤✐❣❤ r❡s♦❧✉t✐♦♥ s❤❛♣❡s✱ t❤❡ ❣r✐❞ str❛t❡❣② ♦✛❡rs ❛ ❣♦♦❞ ❛❧t❡r♥❛t✐✈❡ ❢♦r t❤❡
❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠s✬ ♣❛rt ✭✐♥✈♦❧✈✐♥❣ t❤❡ ❦❡r♥❡❧ KV ✇❤✐❝❤ ✐s ❛❧✇❛②s
✐♥ ✸❉ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥s✮ ❜❡❝❛✉s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✐s t❤❡♥ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡
s✐③❡ ♦❢ t❤❡ ❣r✐❞ ❛♥❞ ♥♦t t❤❡ s❛♠♣❧✐♥❣ ♦❢ t❤❡ s❤❛♣❡✳ ❍♦✇❡✈❡r✱ ✐t ❞♦❡s ♥♦t ✇♦r❦ ❛s ✇❡❧❧
✇✐t❤ t❤❡ ❢❝✉rr❡♥t ❞✐st❛♥❝❡ ❝♦♠♣✉t❛t✐♦♥ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ ✐♥❝r❡❛s❡ ❛♥❞ t❤❡
r❡s✉❧t✐♥❣ ❣r✐❞s✬ s✐③❡s✳ ❆ s❛t✐s❢②✐♥❣ s♦❧✉t✐♦♥ ✐♥ t❤♦s❡ ❝❛s❡s ✐s t♦ ✉s❡ ❣r✐❞ ❝♦♠♣✉t❛t✐♦♥s
❢♦r ❞✐✛❡♦♠♦r♣❤✐s♠s ✭✇❤✐❝❤ ✐s t❤❡ ♣❛rt t❤❛t ✐♥✈♦❧✈❡s ✐♥ ♣r❛❝t✐❝❡ t❤❡ ❧❛r❣❡r ♥✉♠❜❡r
♦❢ ❝♦♥✈♦❧✉t✐♦♥s✮ ❛♥❞ ●P❯ ❢♦r t❤❡ ❞❛t❛ ❛tt❛❝❤♠❡♥t t❡r♠✳ ▼♦r❡ r❡❝❡♥t ✈❡rs✐♦♥s ♦❢
t❤❡ ❋●❚✱ ❛s ✐♥ ❬✻✻✱ ✼✸❪ ❢♦r ✐♥st❛♥❝❡✱ ❝♦✉❧❞ ❜❡ ❛❧s♦ ❛♥ ✐♥t❡r❡st✐♥❣ tr❛❝❦ ❜✉t ✇❡r❡ ♥♦t
✐♥✈❡st✐❣❛t❡❞ ❤❡r❡✳
❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✇❡ ❤❛✈❡ ♠❛❞❡ ✐♥t❡❣r❛t❡s ❛❧❧ t❤❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞s t❤❛t ✇❡r❡
♠❡♥t✐♦♥❡❞✱ ❛❧❧♦✇✐♥❣ t❤❡r❡❢♦r❡ ❛ r❡❧❛t✐✈❡ ❛❞❛♣t❛❜✐❧✐t② t♦ ♠❛♥② ❝❛s❡s✳ ❚♦ ❣✐✈❡ ❛♥
♦✈❡r❛❧❧ ✐❞❡❛✱ ❛t t❤❡ ♣r❡s❡♥t st❛t❡✱ ❛ ❝♦♠♣❧❡t❡ r❡❣✐str❛t✐♦♥ ♦♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ s❡r✈❡r
✭✶✵✵ ❣r❛❞✐❡♥t ❞❡s❝❡♥t st❡♣s✮ ❜❡t✇❡❡♥ s✉r❢❛❝❡s ✇✐t❤ ✶✵✵✵ ♣♦✐♥ts t❛❦❡s ❛ ❢❡✇ ♠✐♥✉t❡s
❛♥❞ ❧❡ss t❤❛♥ ❤❛❧❢ ❛♥ ❤♦✉r ✇✐t❤ ✶✵✵✵✵ ♣♦✐♥ts ✉s✐♥❣ t❤❡ ♠♦st ❛❞❛♣t❡❞ ♠❡t❤♦❞✳ ❚❤❡
❛❧❣♦r✐t❤♠ ✐s ❛❧s♦ ❛❜❧❡ t♦ r✉♥ ✐♥ ❞❡❝❡♥t t✐♠❡ ❢♦r s❤❛♣❡s ✇✐t❤ ✉♣ t♦ ✺✵✵✵✵ ♣♦✐♥ts✳

✷✳✹ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❛ ✇❛② t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❝✉rr❡♥ts ❢♦r t❤❡
♣✉r♣♦s❡ ♦❢ ✐♥t❡❣r❛t✐♥❣ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✐♥t♦ ❛ ❝♦❤❡r❡♥t ❛♥❞ r♦❜✉st r❡♣r❡s❡♥t❛t✐♦♥✳
❋✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ♣r♦✈✐❞❡ ❛ ❢r❛♠❡✇♦r❦ t♦ ♠♦❞❡❧ ❣❡♦♠❡tr✐❝❛❧❧②✲s✉♣♣♦rt❡❞ s✐❣♥❛❧s
♦❢ ♥❡❛r❧② ❛♥② t②♣❡ ❛♥❞ r❡❣✉❧❛r✐t② ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❝✉rr❡♥ts t♦
♠♦❞❡❧ t❤❡ ❣❡♦♠❡tr②✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❘❑❍❙ ♠❡tr✐❝s ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ s♣❛❝❡s
♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱ ♣r♦✈✐❞✐♥❣ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s t❤❛t ❛❧❧♦✇ t❤❡
s✐♠✉❧t❛♥❡♦✉s ❝♦♠♣❛r✐s♦♥ ♦❢ ❣❡♦♠❡tr② ❛♥❞ s✐❣♥❛❧ ✇✐t❤♦✉t r❡q✉✐r✐♥❣ ❛♥② ♣r❡❧✐♠✐♥❛r②
❡①❛❝t ♠❛t❝❤✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rts✳ ❚❤✐s ❝❧❛ss ♦❢ ♥♦r♠s ❛❧s♦ s❤❛r❡s
✐♠♣♦rt❛♥t ❝♦♥tr♦❧ ♣r♦♣❡rt✐❡s ❜♦t❤ ✇✐t❤ r❡s♣❡❝t t♦ ❞❡❢♦r♠❛t✐♦♥s ❛♥❞ s✐❣♥❛❧ tr❛♥s✲
❢♦r♠❛t✐♦♥s✱ ❛s ✇❡❧❧ ❛s r♦❜✉st♥❡ss t♦ s♠❛❧❧ ❞✐s❝♦♥♥❡❝t✐♦♥s ❛♥❞ ❝❤❛♥❣❡s ♦❢ t♦♣♦❧♦❣②✳
❚❤❡ r❡s✉❧t✐♥❣ ❍✐❧❜❡rt str✉❝t✉r❡ ♦♥ ❢❝✉rr❡♥ts ♦♣❡♥s t❤❡ ✇❛② t♦ ❛ ✈❡r② ✇✐❞❡ ❝❧❛ss ♦❢
❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ ❞❡t❛✐❧❡❞ t✇♦ ♣♦ss✐❜❧❡ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❛r❡ ♦❢ ✉s✉❛❧ ✐♥✲
t❡r❡st ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ✿ ❛ ♠❛t❝❤✐♥❣ ♣✉rs✉✐t s❝❤❡♠❡ t♦ ❛❞❞r❡ss
❢❝✉rr❡♥t ❝♦♠♣r❡ss✐♦♥ ❛♥❞ ❛✈❡r❛❣✐♥❣ ❛♥❞ ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ ▲❉❉▼▼ ❛❧❣♦r✐t❤♠ ❢♦r ❞✐❢✲
❢❡♦♠♦r♣❤✐❝ r❡❣✐str❛t✐♦♥ ♦❢ t✇♦ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❆ ♥❛t✉r❛❧ ❛♥❞ ❡①♣❡❝t❡❞ ❡①t❡♥s✐♦♥
♦❢ r❡❣✐str❛t✐♦♥ ✐s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♦♥ ❛ ❣r♦✉♣ ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✱
✇❤✐❝❤ ❜r✐♥❣s s♣❡❝✐❛❧ ♣r♦❜❧❡♠❛t✐❝s ❛♥❞ ✇✐❧❧ ❜❡ t❤❡ s✉❜❥❡❝t ♦❢ ❝❤❛♣t❡r ✹✳ ❋r♦♠ ❛♥✲
♦t❤❡r ❛♥❣❧❡✱ t❤❡ q✉❡st✐♦♥ ♦❢ ♦r✐❡♥t❛t✐♦♥ ♦❢ s❤❛♣❡s t❤❛t ✐s ❢✉♥❞❛♠❡♥t❛❧ ✇✐t❤ ❝✉rr❡♥ts
✐s ❛❧s♦ tr❛♥s❢❡r❡❞ t♦ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✿ t❤✐s ✐ss✉❡ ✐s ♣r❡❝✐s❡❧② t❤❡ s✉❜❥❡❝t ♦❢ t❤❡
♥❡①t ❝❤❛♣t❡r✳
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✸✳✻✳✷ ❋✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻

✸✳✻✳✸ ❖r✐❡♥t❡❞ ✈❛r✐❢♦❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

✸✳✻✳✹ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

❘❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ✇❡r❡ ♣❛rt✐❛❧❧② ♣✉❜❧✐s❤❡❞ ✐♥ ❬✷✷❪✳

✽✾



❋✐❣✉r❡ ✸✳✶✿ ❖r✐❡♥t❛t✐♦♥ ✐ss✉❡s ♦♥ ♥♦♥✲♦r✐❡♥t❛❜❧❡ s✉r❢❛❝❡s✳

✸✳✶ ❖r✐❡♥t❛t✐♦♥ ❛♥❞ ❧✐♠✐t❛t✐♦♥s ♦❢ ❝✉rr❡♥ts

❆s ✇❡ ♠❡♥t✐♦♥❡❞ s❡✈❡r❛❧ t✐♠❡s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✱ ❝✉rr❡♥ts ❛r❡ ✐♥tr✐♥s✐❝❛❧❧②
♠♦❞❡❧❧✐♥❣ ♦r✐❡♥t❡❞ ♦❜❥❡❝ts✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♣r♦❝❡ss ♦❢ r❡♣r❡s❡♥t✐♥❣ ❛ r❡❝t✐✜❛❜❧❡
s✉❜s❡t X ❜② ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❝✉rr❡♥t CX ❛s ✐♥ ❝❤❛♣t❡r ✶ r❡q✉✐r❡s ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦♥
X✳ ■❢ X ✐s t②♣✐❝❛❧❧② ❛ ❝♦♥♥❡❝t❡❞ s✉❜♠❛♥✐❢♦❧❞✱ t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ♦r✐❡♥t❛t✐♦♥s
❢♦r X✳ ❉❡♥♦t✐♥❣ X ❛♥❞ X̌ t❤❡ t✇♦ r❡s✉❧t✐♥❣ ♦r✐❡♥t❡❞ s✉❜♠❛♥✐❢♦❧❞s✱ ✇❡ ❤❛✈❡ ❜②
❞❡✜♥✐t✐♦♥ ✿

CX̌ = −CX
❲❤❡♥ ✉s✐♥❣ ❦❡r♥❡❧ ♠❡tr✐❝s ♦♥ ❝✉rr❡♥ts✱ t❤❡ ♦r✐❡♥t❛t✐♦♥ ✐s ❞✐✛✉s❡❞ ✐♥ s♣❛❝❡ ❧❡❛❞✐♥❣
t❤✉s t♦ ♣♦t❡♥t✐❛❧ ❝❛♥❝❡❧❧❛t✐♦♥s ♦❢ s♦♠❡ ♣❛rts ♦❢ s❤❛♣❡s✳ ❚②♣✐❝❛❧❧②✱ ❢♦r ❛ ●❛✉ss✐❛♥
❦❡r♥❡❧ ♦❢ ✇✐❞t❤ σ✱

‖δξx + δ−ξy ‖W ′ = 2|ξ|2
(
1− e−|x−y|2/σ2

)
✭✸✳✶✮

✇❤✐❝❤ ❣❡ts s♠❛❧❧ ✇❤❡♥❡✈❡r |x− y| ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ σ✳ ■♥ s❡✈❡r❛❧ s✐t✉❛t✐♦♥s✱ t❤✐s
♦r✐❡♥t❛t✐♦♥ ❞❡♣❡♥❞❡♥❝② ❛♥❞ ❝❛♥❝❡❧❧❛t✐♦♥ ❡✛❡❝t ✐s ❛♥ ✐♠♣♦rt❛♥t ❞r❛✇❜❛❝❦ ♦❢ ❝✉rr❡♥ts
❛s ✜rst ♣♦✐♥t❡❞ ♦✉t ✐♥ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r② ❬✽✱ ✻✼❪ ❛♥❞ ❧❛t❡r ♦♥ ✐♥ ❬✷✽✱ ✹✶❪ ❢♦r t❤❡
✉s❡ ♦❢ ❝✉rr❡♥ts ✐♥ ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥s✬ s❡tt✐♥❣s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❧✐st t❤❡ ❞✐✛❡r❡♥t
❧✐♠✐t❛t✐♦♥s t❤❛t ♦r✐❡♥t❛t✐♦♥ ✐♥❞✉❝❡s ✐♥ ♦✉r ❝♦♥t❡①t✳

✸✳✶✳✶ ❖r✐❡♥t❛t✐♦♥ ❛♠❜✐❣✉✐t②

❉✐✣❝✉❧t✐❡s ❝❛♥ ✜rst ♦❝❝✉r ✇✐t❤ ♥♦♥✲♦r✐❡♥t❛❜❧❡ s❤❛♣❡s ♦♥ ✇❤✐❝❤ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❞✐✛❡r✲
❡♥t✐❛❧ ❢♦r♠s ❧✐❦❡ ✐♥ ❡q✉❛t✐♦♥ ✶✳✶✵ ✐s ♥♦t ✇❡❧❧✲❞❡✜♥❡❞✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ ❛
▼ö❜✐✉s ❜❛♥❞ ❛s ✐♥ ✜❣✉r❡ ✸✳✶✱ ♦♥❡ ❝♦✉❧❞ st✐❧❧ ✐♠❛❣✐♥❡ t❤❛t ✇❡ ❝✉t t❤❡ ▼ö❜✐✉s ❜❛♥❞
❛t s♦♠❡ ❧♦❝❛t✐♦♥ t♦ ♦❜t❛✐♥ ❛ ✉s✉❛❧ ♦r✐❡♥t❛❜❧❡ ❜❛♥❞ t❤❛t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ❝✉r✲
r❡♥t✳ ❨❡t✱ ❢♦r t❤❡ ❦❡r♥❡❧ ♠❡tr✐❝✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥s ✇✐t❤✐♥
❛ ❝❡rt❛✐♥ ❞♦♠❛✐♥ ✐♥ s♣❛❝❡ ❛♥❞ ❡q✳✭✸✳✶✮✱ ✇❡ ❛❝t✉❛❧❧② ❝❛♥❝❡❧ ❛ ♥♦♥✲③❡r♦ s✉r❢❛❝❡ ♣❛rt ♦❢
t❤❡ s❤❛♣❡ ❛r♦✉♥❞ t❤❡ ❝✉tt✐♥❣ ❝✉r✈❡ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ t②♣✐❝❛❧ ✇✐❞t❤ ♦❢ t❤❡ ❦❡r♥❡❧✳
❚❤✉s t❤❡r❡ ✐s ♥♦ ❝❛♥♦♥✐❝❛❧ ❛♥❞ s❛t✐s❢②✐♥❣ ✇❛② t♦ r❡♣r❡s❡♥t ♥♦♥✲♦r✐❡♥t❡❞ s❤❛♣❡s ✇✐t❤
❝✉rr❡♥ts✳
❚❤✐s ✜rst ❞r❛✇❜❛❝❦ r❡♠❛✐♥s ❛♥❡❝❞♦t❛❧ t❤♦✉❣❤✱ s✐♥❝❡ ♠♦st s❤❛♣❡s ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧
❛♥❛t♦♠② ❛r❡ ♦r✐❡♥t❛❜❧❡✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ✐❢ ♦r✐❡♥t❛❜❧❡✱ ♦r✐❡♥t❛t✐♥❣ s❤❛♣❡s ❝♦♥s✐st❡♥t❧②

✾✵



❋✐❣✉r❡ ✸✳✷✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ✇❤✐t❡ ♠❛tt❡r ✜❜❡r ❜✉♥❞❧❡ ❡st✐♠❛t❡❞ ❢r♦♠ ❉✐✛✉s✐♦♥ ❚❡♥s♦r
■♠❛❣✐♥❣ ✭❉❚■✮ ✐❧❧✉str❛t✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ❞✐✣❝✉❧t② ♦❢ ❝♦♥s✐st❡♥t ♦r✐❡♥t❛t✐♦♥ ♦❢ ❛❧❧
❞✐✛❡r❡♥t ✜❜❡rs✳

❝❛♥ ❜❡ ❡✐t❤❡r ❛ ❞✐✣❝✉❧t ♦r ❡✈❡♥ ✐❧❧✲♣♦s❡❞ ♣r♦❜❧❡♠ ✐♥ ❝❡rt❛✐♥ ❞❛t❛s❡ts✳ ❚❤✐s ✐s ♥♦t❛❜❧②
t❤❡ ❝❛s❡ ❢♦r ✜❜❡r ❜✉♥❞❧❡s ✐♥ t❤❡ ✷❉ ♦r ✸❉ s♣❛❝❡ ❝♦♥s✐st✐♥❣ ♦❢ ♠❛♥② ❞✐✛❡r❡♥t ❛♥❞
♣♦ss✐❜❧② ❞✐s❝♦♥♥❡❝t❡❞ ♣✐❡❝❡s ♦❢ ❝✉r✈❡s✳ ■♥❞❡❡❞✱ ✐❢ ❛ ❣✐✈❡♥ s❤❛♣❡ ❤❛s N ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts✱ t❤❡r❡ ❛r❡ 2N ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ♦r✐❡♥t❛t✐♦♥s✳ ❯s✐♥❣ ❝✉rr❡♥ts ✇✐t❤ s✉❝❤
♦❜❥❡❝ts r❡q✉✐r❡s ❛ ✇❛② t♦ ♣r♦♣❛❣❛t❡ ♦r✐❡♥t❛t✐♦♥ ❢r♦♠ ♦♥❡ ♣❛rt ♦❢ t❤❡ s❤❛♣❡ t♦ ❛❧❧ t❤❡
r❡st✳ ❚❡❝❤♥✐❝❛❧❧②✱ t❤✐s ❧❡❛❞s t♦ ❛❞❞✐t✐♦♥❛❧ ♣r❡✲♣r♦❝❡ss✐♥❣ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣❛rt✐❝✉❧❛r❧②
tr✐❝❦② ❢♦r ❤✐❣❤❧② ❞✐s❝♦♥♥❡❝t❡❞ ❜✉♥❞❧❡ ♦❢ ❝✉r✈❡s ✇✐t❤ ♠❛♥② ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ❧✐❦❡ t❤❡
♦♥❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✇❤✐t❡ ♠❛tt❡r ✜❜❡rs ❡st✐♠❛t❡❞ ❢r♦♠ ❉❚■ ✐♥ ❜r❛✐♥ ✐♠❛❣✐♥❣✱ ✇❡
s❤♦✇ t❤❡ ❡①❛♠♣❧❡ ♦❢ ♦♥❡ s✉❜❥❡❝t ✐♥ ✜❣✉r❡ ✸✳✷✳ ❚❤✐s ❡①❛♠♣❧❡ ❛❧s♦ ❡♠♣❤❛s✐③❡s ❛♥♦t❤❡r
❞✐✣❝✉❧t② ❛♣♣❡❛r✐♥❣ ✇✐t❤ s❡ts ♦❢ ❝✉r✈❡s ❝r♦ss✐♥❣ ❡❛❝❤ ♦t❤❡r ❢♦r ✇❤✐❝❤ t❤❡ ✈❡r② ♥♦t✐♦♥
♦❢ ✬❝♦♥s✐st❡♥t✬ ♦r✐❡♥t❛t✐♦♥ ♠❛② ❜❡❝♦♠❡ ♠❡❛♥✐♥❣❧❡ss✳ ■♥ s✉❝❤ ❝❛s❡s✱ t❤❡ ♦r✐❡♥t❛t✐♦♥ ✐s
❝❧❡❛r❧② ✐rr❡❧❡✈❛♥t ❛♥❞ ♦♥❡ ✇♦✉❧❞ ❧✐❦❡ t♦ tr❡❛t ♦❜❥❡❝ts ❛s s❡ts ♦❢ ✉♥♦r✐❡♥t❡❞ s❤❛♣❡s✳

✸✳✶✳✷ ❙❤❛♣❡ ❛♥♥✐❤✐❧❛t✐♦♥

❖r✐❡♥t❛t✐♦♥ ♠❛② ❛❧s♦ r❡♣r❡s❡♥t ❛♥ ♦❜st❛❝❧❡ ❡✈❡♥ ✐♥ t❤❡ s✐♠♣❧❡st ❝❛s❡ ♦❢ ✉s✉❛❧ ♦r✐❡♥t❡❞
❛♥❞ ❝♦♥♥❡❝t❡❞ s✉❜♠❛♥✐❢♦❧❞s ❜❡❝❛✉s❡ str✉❝t✉r❡s ❧✐❦❡ s❤❛r♣ s♣✐♥❡s ♦r t❛✐❧s ♥❛t✉r❛❧❧②
❧❡❛❞✱ ✇❤❡♥ r❡♣r❡s❡♥t❡❞ ✐♥ ❛ ❦❡r♥❡❧ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ ❝✉rr❡♥ts✱ t♦ ❛♥♥✐❤✐❧❛t✐♦♥ ♦❢ s♦♠❡
♣❛rts ♦❢ t❤❡ s❤❛♣❡s✳ ❚❤✐s ❝♦♠❡s ❛❣❛✐♥ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✮✱ ♦r✱ t♦ st❛t❡ ✐t ✐♥ ❛ ♠♦r❡
❣❡♥❡r❛❧ ✇❛②✱ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t✱ ✇❤✐❧❡ t❤❡ W ′✲♥♦r♠ ♦❢ ❛ s❡t ✐s ❛❧✇❛②s ❞♦♠✐♥❛t❡❞ ❜②
✐ts ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❛s ✇❡ s❛✇ ✐♥ s❡❝t✐♦♥ ✶✳✸✳✹ ❡q✳✶✳✶✼✱ t❤❡r❡ ❡①✐sts s❡ts ♦❢ ❣✐✈❡♥
❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❜✉t ✇✐t❤ ❛r❜✐tr❛r✐❧② s♠❛❧❧ W ′✲♥♦r♠✳ ❚❤❡ ♣❧❛♥❡ ❝✉r✈❡ ♦❢
✜❣✉r❡ ✸✳✸ ✐s ❛♥ ❡①❛♠♣❧❡✳ ■♥❞❡❡❞✱ t❤❡ 1✲❍❛✉s❞♦r✛ ♠❡❛s✉r❡ ❜❡✐♥❣ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
❝✉r✈❡ ✿ H1(γ) = 2(1+ ǫ) ≥ 2✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ γ ✐s ♣❛r❛♠❡tr✐③❡❞ ♦♥ ❛♥ ✐♥t❡r✈❛❧
I✱ t❤❡♥ ✇❡ ❤❛✈❡ ✿

‖Cγ‖2W ′ =

∫

I×I
γ′(s)TK(γ(s), γ(t))γ′(t)dsdt

■❢ ✇❡ ❛ss✉♠❡✱ t♦ s✐♠♣❧✐❢② ❝♦♠♣✉t❛t✐♦♥s✱ t❤❛t ❦❡r♥❡❧K ✐s ❛ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t ❦❡r♥❡❧
♦❢ t❤❡ ❢♦r♠ K(x, y) = k(x−y) ■❞R2 ✇✐t❤ ▲✐♣s❝❤✐t③ r❡❣✉❧❛r✐t②✱ t❤❡♥✱ ❜② ❡①♣❛♥❞✐♥❣ t❤❡
✐♥t❡❣r❛❧s ❛s t❤❡ s✉♠ ♦❢ t❤❡ ❢♦✉r ♣✐❡❝❡s ♦❢ ❝✉r✈❡s γv1 ✱ γv2 ✱ γh1 ✱ γh2 ✱ ✇❡ ❝❛♥ ❡✈❡♥t✉❛❧❧②

✾✶
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❋✐❣✉r❡ ✸✳✸✿ ❈♦✉♥t❡r✲❡①❛♠♣❧❡ t♦ t❤❡ r❡❝✐♣r♦❝❛❧ ❞♦♠✐♥❛t✐♦♥✳ ❋♦r ❛❧❧ ǫ✱ H1(γ) = 2(1 +
ǫ) ≥ 2 ✇❤❡r❡❛s ‖Cγ‖W ′ −→

ǫ→0
0

s✐♠♣❧✐❢② t❤❡ r❡s✉❧t t❤❛♥❦s t♦ t❤❡ tr❛♥s❧❛t✐♦♥✲✐♥✈❛r✐❛♥❝❡✱ ✇❤✐❝❤ ❣✐✈❡s ✿

‖Cγ‖2W ′ = 2(‖Cγv1‖
2
W ′ − 〈Cγv1 , Cγv2 〉W ′) + 2(‖Cγh1‖

2
W ′ − 〈Cγh1 , Cγh2 〉W ′) .

❙✐♥❝❡ ‖Cγh1‖
2
W ′ = ‖Cγh2‖

2
W ′ =

∫∫
[0,1]×[0,1] k(γ(s) − γ(t))ǫ2dsdt✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞

t❤❛t ‖Cγh1‖
2
W ′ − 〈Cγh1 , Cγh2 〉W ′ = O(ǫ2)✳ ▼♦r❡♦✈❡r✱

‖Cγv1‖
2
W ′−〈Cγv1 , Cγv2 〉W ′ =

∫∫

[0,1]×[0,1]
[k(γ(s)− γ(t))− k(γ(s)− γ(t)− (ǫ, 0))] dsdt .

❙✐♥❝❡ t❤❡ ❦❡r♥❡❧ k ✐s ❛ss✉♠❡❞ t♦ ❜❡ ▲✐♣s❝❤✐t③✱

[k(γ(s)− γ(t))− k(γ(s)− γ(t)− (ǫ, 0))] ≤ ❈t❡ ǫ

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ❡✈❡♥t✉❛❧❧② ♣r♦✈❡❞ t❤❛t ‖Cγ‖W ′ = O(
√
ǫ) ✇❤❡r❡❛s ❢♦r ❛❧❧ ǫ✱

H1(γ) ≥ 2✳

■❢ t❤✐s ❛♥♥✐❤✐❧❛t✐♦♥ ❝❛♥ ❜❡ ❜❡♥❡✜❝✐❛❧ ✐♥ ❝❡rt❛✐♥ s✐t✉❛t✐♦♥s ❜❡❝❛✉s❡ ✐t ✐s ✇❛② t♦ s♠♦♦t❤
♥♦✐s❡✱ ✐t ❛❧s♦ ♠❡❛♥s t❤❛t s♦♠❡ ♠❡❛♥✐♥❣❢✉❧ str✉❝t✉r❡s ♦❢ s❤❛♣❡s✱ ♠♦❞❡❧❡❞ ❛s ❡❧❡♠❡♥ts
♦❢ ❛ ❘❑❍❙ ♦❢ ❝✉rr❡♥ts✱ ✇✐❧❧ ✈❛♥✐s❤ ✐♥ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❡ ✇✐❧❧ ❞❡t❛✐❧✱ ✐♥ ❛ ❝♦♠✐♥❣
s❡❝t✐♦♥✱ ✇❤❛t ✐♠♣♦rt❛♥t ❧✐♠✐t❛t✐♦♥s t❤✐s ❝❛♥ ✐♥❞✉❝❡ ✐♥ ♠❛t❝❤✐♥❣ ❝❡rt❛✐♥ ❡①❛♠♣❧❡s ♦❢
❝✉r✈❡s ♦r s✉r❢❛❝❡s ❤❛✈✐♥❣ s✉❝❤ ❦✐♥❞ ♦❢ str✉❝t✉r❡s✳

❆♥♦t❤❡r ❢✉♥❞❛♠❡♥t❛❧ ❝♦r♦❧❧❛r② t♦ t❤❛t ❝❛♥ ❜❡ s✉♠♠❡❞ ✉♣ ❜② t❤❡ ♠♦tt♦ ✬❝✉rr❡♥ts
❞♦♥✬t s❡❡ ❛♥②t❤✐♥❣ ❛t ❧❛r❣❡ s❝❛❧❡s✬✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r ❛ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ♦♥
t❤❡ s♣❛❝❡ E ❛♥❞ ♠❛❦❡ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ s❝❛❧❡ t❡♥❞ t♦ ∞✱ ✐✳❡ ke(x, y) = IdE ✱ t❤❡♥ ❢♦r
❛♥② d✲❞✐♠❡♥s✐♦♥❛❧ s✉❜♠❛♥✐❢♦❧❞ ♦❢ X✱ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❝✉rr❡♥t CX ❜❡❝♦♠❡s ✿

‖CX‖2W ′ =

∫∫

X×X
〈ξ(x), ξ(y)〉 = 〈

∫

X
ξ(x),

∫

X
ξ(x)〉

◆♦✇✱ ❢r♦♠ ❙t♦❦❡s✬ ❢♦r♠✉❧❛✱ ♦♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t
∫
X ξ(x) ✐s ❛ t❡r♠ t❤❛t ♦♥❧② ❞❡♣❡♥❞s

♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ X✳ ❚❤❡r❡❢♦r❡✱ ❛t ❧❛r❣❡ s❝❛❧❡✱ ❘❑❍❙ ♥♦r♠s ♦♥ ❝✉rr❡♥ts ❛r❡ ♦♥❧②
s❡♥s✐t✐✈❡ t♦ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ ♦❜❥❡❝ts✱ ❛♥❞ ❛❧❧ s❤❛♣❡s ✇✐t❤ ♥♦ ❜♦✉♥❞❛r② ✈❛♥✐s❤ ✐♥
W ′✳

✾✷



❋✐❣✉r❡ ✸✳✹✿ ◆♦r♠❛❧ ❜✉♥❞❧❡s ♦❢ ❝✉r✈❡s ✇✐t❤ ❜♦✉♥❞❛r② ❜♦t❤ ✐♥ ✷❉ ❛♥❞ ✸❉✳

✸✳✶✳✸ ◆♦♥✲♦r✐❡♥t❡❞ r❡♣r❡s❡♥t❛t✐♦♥s ✐♥ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r②

❚❤❡ ✐ss✉❡ ♦❢ ♦r✐❡♥t❛t✐♦♥ ✐s ♥♦t ♥❡✇ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r② ❛♥❞ ❤❛s
❞r❛✇♥ ❛tt❡♥t✐♦♥ s✐♥❝❡ ✐ts ❡❛r❧② ❜❡❣✐♥♥✐♥❣s✳ ❆❢t❡r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝✉rr❡♥ts✱ s❡✈❡r❛❧
❝♦♥❝❡♣ts ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ ❛❝❝♦✉♥t ❢♦r ♥♦♥✲♦r✐❡♥t❛❜✐❧✐t②✳
❚❤❡ ❝❧♦s❡st t♦ t❤❡ ✐❞❡❛ ♦❢ ❝✉rr❡♥ts ✐s t♦ ❝♦♥s✐❞❡r ✢❛t ❝❤❛✐♥s ❛♥❞ ❝✉rr❡♥ts ♠♦❞✉❧♦
2 ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✼❪ s❡❝t✐♦♥ ✹✳✷✳✷✻ ❛♥❞ s✉♠♠❡❞ ✉♣ ✐♥ ❬✻✼❪✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ✐s t♦
❞❡✜♥❡ ❛ q✉♦t✐❡♥t s♣❛❝❡ ❜② ✐❞❡♥t✐❢②✐♥❣ r❡❝t✐✜❛❜❧❡ ❝✉rr❡♥ts t❤❛t ❞✐✛❡rs ❜② 2.Q ✇❤❡r❡
Q ✐s s♦♠❡ r❡❝t✐✜❛❜❧❡ ❝✉rr❡♥t✳ ■♥ t❤❛t q✉♦t✐❡♥t s♣❛❝❡✱ ✇❡ ❡❛s✐❧② s❡❡ t❤❛t CX = −CX
❢♦r ❛♥② r❡❝t✐✜❛❜❧❡ s✉❜s❡t X✱ ❛♥❞ t❤✉s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ✐♥s❡♥s✐t✐✈❡ t♦ ♦r✐❡♥t❛t✐♦♥✳
❆❧t❤♦✉❣❤ s❡✈❡r❛❧ ❝♦♠♣❛❝t♥❡ss✱ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❡①✐st❡♥❝❡ r❡s✉❧ts ✇❡r❡ s❤♦✇♥ ❢♦r
t❤❡s❡ ♦❜❥❡❝ts✱ t❤❡② ❛r❡ ❡ss❡♥t✐❛❧❧② t❤❡♦r❡t✐❝❛❧ ❛t t❤❡ ♣r❡s❡♥t t✐♠❡ ❛♥❞ ❞♦ ♥♦t s❡❡♠ t♦
❛❞❛♣t ❡❛s✐❧② t♦ ♦✉r t②♣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳
❈❤r♦♥♦❧♦❣✐❝❛❧❧②✱ t❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ t❤❛t ✇❛s ♣r♦♣♦s❡❞ ✐s t❤❡ ♦♥❡ ♦❢ ✈❛r✐❢♦❧❞s✱ ❛s
♣✐♦♥❡❡r❡❞ ❜② ❋✳ ❆❧♠❣r❡♥ ✐♥ ❬✽❪✱ ❧❛t❡r ❞❡✈❡❧♦♣❡❞ ❜②❲✳ ❆❧❧❛r❞ ✐♥ ❬✹❪ ❛♥❞ ✉s❡❞ ✐♥ ✈❛r✐♦✉s
❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s ❬✶✼✱ ✺✺❪✳ ❲❡ s❤❛❧❧ ❢♦❝✉s ♦♥ t❤✐s ♣❛rt✐❝✉❧❛r ♦♥❡
❛♥❞ ♣r❡s❡♥t ✐t ✐♥ ❞❡t❛✐❧ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❆s ✇❡ s❤❛❧❧ s❡❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❡ss❡♥t✐❛❧
st❡♣ ✐s t♦ ❞❡✜♥❡ ❛ ♠♦❞❡❧ ♦❢ ♥♦♥✲♦r✐❡♥t❡❞ t❛♥❣❡♥t s♣❛❝❡s✱ ✇❤✐❝❤ ✐s t❤❡ r♦❧❡ ♦❢ t❤❡
●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞✳
❋✐♥❛❧❧②✱ ✇❡ ❝♦✉❧❞ ❛❧s♦ ❡✈♦❦❡ t❤❡ ♠♦r❡ r❡❝❡♥t ♥♦t✐♦♥ ♦❢ ♥♦r♠❛❧ ❝②❝❧❡ ♣r❡s❡♥t❡❞ ✐♥
❬✸✾❪✱ ✇❤✐❝❤ ✇❛s ❡ss❡♥t✐❛❧❧② ✉s❡❞ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❣❡♦♠❡tr② ❛s ❛ ✇❛② t♦ ❞❡✜♥❡ ❛♥❞
❝♦♠♣✉t❡ ❝✉r✈❛t✉r❡ t❡♥s♦rs ❢♦r ❞✐s❝r❡t❡ ♣♦❧②❤❡❞r❛❧ s✉r❢❛❝❡s ❛♥❞ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
t♦✇❛r❞ t❤❡ ❝♦♥t✐♥✉♦✉s ✈❡rs✐♦♥s ❬✷✺❪✳ ❚♦ ♣r❡s❡♥t ✐t ❜r✐❡✢②✱ t❤❡ ✐❞❡❛ ♦❢ ♥♦r♠❛❧ ❝②❝❧❡s
✐s t♦ ❝♦♥s✐❞❡r t❤❡ ✉♥✐t ♥♦r♠❛❧ ❜✉♥❞❧❡ ♦❢ ❛ s✉❜♠❛♥✐❢♦❧❞ X ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s

NU(X) = {(x, n(x))/ x ∈ X,n(x) ∈ (TxX)⊥, ‖n(x)‖ = 1}

❛♥❞ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s✉❜♠❛♥✐❢♦❧❞ ♦❢ ❞✐♠❡♥s✐♦♥ n − 1 ✐♥ t❤❡ 2n✲❞✐♠❡♥s✐♦♥❛❧
✈❡❝t♦r s♣❛❝❡ E ×E✳ ❚❤❡ ✐♠♣♦rt❛♥t ♣♦✐♥t ✐s t❤❛t NU(X) ✐s ❛❧✇❛②s ♦r✐❡♥t❛❜❧❡ ✭❡✈❡♥
✐❢ X ✐s ♥♦t✮ ❛♥❞ ❝❛♥ ❜❡ ❝❛♥♦♥✐❝❛❧❧② ♦r✐❡♥t❡❞✳ ■t ❝❛♥ ❜❡ r♦✉❣❤❧② ✐❞❡♥t✐✜❡❞ t♦ ❛ t✉❜✉❧❛r
❡♥✈❡❧♦♣❡ ❛r♦✉♥❞ X ❛s ♦♥ t❤❡ ❝✉r✈❡ ❡①❛♠♣❧❡s ♦❢ ✜❣✉r❡ ✸✳✹✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ❝❛♥ ❜❡
❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ X ✐s ❛ ♠❛♥✐❢♦❧❞ ✇✐t❤ ❜♦✉♥❞❛r✐❡s ♦r ❢♦r ♣♦❧②❤❡❞r♦♥s
❜② ❛❞❞✐♥❣ ♥♦r♠❛❧ ❝♦♥❡s ✿ ✇❡ r❡❢❡r t♦ ❬✷✺❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ◆♦✇ t❤❡ ♥♦r♠❛❧ ❝②❝❧❡
❛ss♦❝✐❛t❡❞ t♦ X ✐s s✐♠♣❧② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛s ❛ ❝✉rr❡♥t ✐♥ E × E ♦❢ t❤❡ ♥♦r♠❛❧
❜✉♥❞❧❡ NU(X)✳ ■♥ ♦✉r ❝♦♥t❡①t ♦❢ ✇♦r❦✱ t❤✐s ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t ❞✐✛❡r s✐❣♥✐✜❝❛♥t❧②
❢r♦♠ ❝✉rr❡♥ts ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ✿ ❦❡r♥❡❧s ❝♦✉❧❞ ❜❡ ❞❡✜♥❡❞ ❛s ✇❡❧❧ ❛♥❞
♣r♦✈✐❞❡ ♠❡tr✐❝s ❜❡t✇❡❡♥ ♥♦♥✲♦r✐❡♥t❡❞ s❤❛♣❡s ❛s ✇✐t❤ ✉s✉❛❧ ❝✉rr❡♥ts ✇❤✐❝❤ ❝♦✉❧❞ ❜❡
✉s❡❞ t♦ ❞r✐✈❡ ♠❛t❝❤✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❚❤✐s ✐s ♣r❡s❡♥t❧② st✉❞✐❡❞ ❜② ❏✳ ●❧❛✉♥ès ❛♥❞ ❤❛s

✾✸



❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♣❧❛♥❛r ❝✉r✈❡ ❝❛s❡✳ ❊✈❡♥ t❤♦✉❣❤ t❤✐s ♠♦❞❡❧ ✐s r✐❝❤ ❛♥❞
✐s ♥♦t ✐♥tr❛❝t❛❜❧❡ ❢♦r ❛❝t✉❛❧ ❝♦♠♣✉t❛t✐♦♥s✱ ✐t ❧❡❛❞s t♦ ❛♥ ✐♠♣♦rt❛♥t ✐♥❝r❡❛s❡ ✐♥ t❤❡
❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s♣❛❝❡s✱ ✜rst ❜❡❝❛✉s❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❛t ❝✉rr❡♥ts ✐♥ t❤❡ ❜✐❣❣❡r s♣❛❝❡
E ×E ❜✉t ❛❧s♦ ❜❡❝❛✉s❡ t❤❡ ❛❝t✉❛❧ ♠♦❞❡❧❡❞ ♦❜❥❡❝t ✐s ♥♦ ♠♦r❡ X ❜✉t ✐ts ✉♥✐t ♥♦r♠❛❧
❜✉♥❞❧❡ NU(X) t❤❛t ❝❛♥ ❜❡ ❛ s✉❜♠❛♥✐❢♦❧❞ ♦❢ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥ ✭❡✳❣ ✐♥ t❤❡ ✸❉ ❝✉r✈❡
❝❛s❡✮✳ ❚❤✉s✱ ✐t s❡❡♠s ✉♥❧✐❦❡❧②✱ ❛t t❤❡ ♣r❡s❡♥t t✐♠❡✱ t❤❛t ♥♦r♠❛❧ ❝②❝❧❡ r❡♣r❡s❡♥t❛t✐♦♥s
❝♦✉❧❞ ♣r♦✈✐❞❡ ♠❡tr✐❝s ✇✐t❤ ♥✉♠❡r✐❝❛❧ ❝♦♠♣❧❡①✐t✐❡s ❝♦♠♣❛r❛❜❧❡ t♦ ❝✉rr❡♥ts✳

✸✳✷ ❱❛r✐❢♦❧❞s

❲❡ ♥♦✇ ❢♦❝✉s ❡①❝❧✉s✐✈❡❧② ♦♥ ✈❛r✐❢♦❧❞s✳ ❲❡ s❤❛❧❧ ❡①♣❧❛✐♥ ✐♥ ✇❤❛t r❡s♣❡❝t ✈❛r✐❢♦❧❞s
♦✛❡r ✐♥ ♦✉r s❡♥s❡ ❛ ♥❛t✉r❛❧ ❛♥❞ ❝♦♥✈❡♥✐❡♥t s❡tt✐♥❣ t♦ ❡♠❜❡❞ ♥♦♥✲♦r✐❡♥t❡❞ s❤❛♣❡s
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ❜♦t❤ ❢r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧
❛s♣❡❝t✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ✈❛r✐❢♦❧❞s ✜rst ❛s ❛ t❤❡♦r❡t✐❝❛❧ ♦❜❥❡❝t✱ ❢♦❧❧♦✇✐♥❣ t❤❡
♦r✐❣✐♥❛❧ ✇♦r❦ ♦❢ ❆❧♠❣r❡♥ ✐♥ ❬✽❪ ❛♥❞ ❧❛t❡r ♦❢ ❆❧❧❛r❞ ✐♥ ❬✹❪✳ ❲❡ t❤❡♥ ❡①♣❧❛✐♥ ✐♥ ❞❡t❛✐❧✱
✐♥ ❛ s♣✐r✐t ✈❡r② s✐♠✐❧❛r t♦ ❝✉rr❡♥ts✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✈❛r✐❢♦❧❞s
❛♥❞ ✉♥♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s❡ts ❛♥❞ s❤♦✇ ❤♦✇ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ❡✣❝✐❡♥t❧②
tr❛♥s❝r✐❜❡❞ ✐♥ ❛ ♣r❛❝t✐❝❛❧ ✇❛②✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❦❡r♥❡❧ ♠❡tr✐❝s ♦♥ ✈❛r✐❢♦❧❞s ✐s
♣♦st♣♦♥❡❞ t♦ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✸✳✷✳✶ ❉❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s

❱❛r✐❢♦❧❞s ❤❛✈❡ ❜❡❡♥ ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r② ❛s
❛ ✇❛② t♦ ❛❞❞r❡ss P❧❛t❡❛✉✬s ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❧❡❛st ❛r❡❛ s✉r❢❛❝❡s ✇✐t❤ ❛ ♣r❡s❝r✐❜❡❞
❜♦✉♥❞❛r②✳ ❚❤❡s❡ ❞❡✈❡❧♦♣♠❡♥ts ❝❧❡❛r❧② ❞♦ ♥♦t ❡♥t❡r ✐♥ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t✳
❖✉r ♣✉r♣♦s❡ ❤❡r❡ ✐s r❛t❤❡r t♦ ❝♦♥♥❡❝t ❝♦♥✈❡♥✐❡♥t❧② ✈❛r✐❢♦❧❞s t♦ t❤❡ ❢r❛♠❡✇♦r❦ ❛♥❞
❧❛♥❣✉❛❣❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠②✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♠❛✐♥❧②
♦♥ ❞❡✜♥✐t✐♦♥s ♦❢ s✉❝❤ ♦❜❥❡❝ts ❛♥❞ ❡①♣❧❛✐♥ ✐♥ ✇❤❛t r❡s♣❡❝t t❤❡s❡ ❞❡✜♥✐t✐♦♥s ❛r❡ ❝♦♠✲
♣✉t❛t✐♦♥❛❧❧② r❡❧❡✈❛♥t✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ❜❡❤✐♥❞ ✈❛r✐❢♦❧❞s ✐s t♦ r❡♣r❡s❡♥t ❛♥② r❡❝t✐✜❛❜❧❡
s❡t ✭♦r✐❡♥t❛❜❧❡ ♦r ♥♦t✮ ❛s ❛ ❞✐str✐❜✉t✐♦♥ ♦❢ ✉♥♦r✐❡♥t❡❞ t❛♥❣❡♥t s♣❛❝❡s s♣r❡❛❞ ✐♥ t❤❡
❡♠❜❡❞❞✐♥❣ s♣❛❝❡ E✳ ❆s ✇❡ s❤❛❧❧ s❡❡✱ ✈❛r✐❢♦❧❞s ❡♥❝♦♠♣❛ss ♥♦t ♦♥❧② ♠❛♥✐❢♦❧❞s ❛♥❞
r❡❝t✐✜❛❜❧❡ s❡ts ❜✉t ♠♦r❡ ❣❡♥❡r❛❧❧② s❡ts ♦❢ ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ s♣❛❝❡✳ ▲❡t✬s t❛❦❡ ❛❣❛✐♥
t❤❡ ❝♦♥✈❡♥t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✱ E ❜❡✐♥❣ ❛ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ n ❛♥❞
d ❛♥ ✐♥t❡❣❡r ✇✐t❤ 0 ≤ d ≤ n✳ ❲❤❛t ✇❡ ✜rst ♥❡❡❞ ✐s ❛ ✇❛② t♦ r❡♣r❡s❡♥t t❛♥❣❡♥t s♣❛❝❡s
♦❢ ❞✐♠❡♥s✐♦♥ d ✐♥ t❤❡ s♣❛❝❡ E✳

●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞

❚❤❡ ♣r♦♣❡r s♣❛❝❡ ✐♥ t❤❛t r❡❣❛r❞ ✐s ♣r❡❝✐s❡❧② t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞ ❞❡✜♥❡❞ ❛s ✿

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✳ ❚❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞ ♦❢ ❞✐♠❡♥s✐♦♥ d ✐♥ E✱ ❞❡♥♦t❡❞ Gd(E)✱ ✐s
t❤❡ s❡t ♦❢ ❛❧❧ d✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s ♦❢ E✳ ■t ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ t♦ t❤❡ q✉♦t✐❡♥t s♣❛❝❡
♦❢ ❛❧❧ ❢❛♠✐❧✐❡s ♦❢ d ✐♥❞❡♣❡♥❞❡♥t ✈❡❝t♦rs ♦❢ E ❜② t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜②
✐❞❡♥t✐❢②✐♥❣ ❢❛♠✐❧✐❡s t❤❛t ❣❡♥❡r❛t❡ t❤❡ s❛♠❡ s✉❜s♣❛❝❡✳

❆s ❛ q✉♦t✐❡♥t s♣❛❝❡✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t Gd(E) ✐♥❤❡r✐ts ❛ str✉❝t✉r❡ ♦❢ ❝♦♠♣❛❝t ❘✐❡✲
♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ ♦❢ ❞✐♠❡♥s✐♦♥ d(n−d) ✭❝❢ ❬✶✻❪ ❝❤❛♣ ✹ ❛♥❞ ❬✽✸❪✮✳ ■t ✐s ❛❧s♦ ❛ ❝❧❛ss✐❝❛❧
r❡s✉❧t t❤❛t Gd(E) ✐s ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❣r♦✉♣ ●▲(E) ❛♥❞
t❤❡ s✉❜❣r♦✉♣ ♦❢ ❞✐r❡❝t ✐s♦♠❡tr✐❡s ❙❖(E)✳

✾✹



❘❡♠❛r❦ ✸✳✷✳✶✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ Gd(E)→ Gn−d(E), V 7→ V ⊥✱ ♦♥❡ s❡❡s
❡❛s✐❧② t❤❛t Gd(E) ❛♥❞ Gn−d(E) ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐♥ t❤❡
♣❛rt✐❝✉❧❛r ❝❛s❡s ✇❤❡r❡ d = 1 ♦r d = n − 1✱ t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞ ✐s ♥♦t❤✐♥❣ ❡❧s❡
t❤❛♥ t❤❡ r❡❛❧ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ ♦❢ E✳

❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞ ❝❛♥ ❜❡ ❛❧s♦ ❞❡s❝r✐❜❡❞ ✐♥ ❛ ❧❡ss ❛❜str❛❝t
✇❛② ❜② ❣✐✈✐♥❣ ❡①♣❧✐❝✐t ❧♦❝❛❧ ❝❤❛rts✳ ■❢ V ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Gd(E)✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r
UV = {W ∈ Gd(E) | W ∩ V ⊥ = {0}}✱ ✇❤✐❝❤ ✐s ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ V ✐♥ t❤❡
●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞✳

▲❡♠♠❛ ✸✳✷✳✶✳ ❊✈❡r② ❡❧❡♠❡♥t W ∈ UV ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s W = {v + l(v), v ∈ V }
❢♦r ❛ ❝❡rt❛✐♥ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ l ∈ L(V, V ⊥) ❛♥❞ l ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② W ✳

Pr♦♦❢✳ ■❢ W ∈ UV ✱ ❢♦r ❞✐♠❡♥s✐♦♥❛❧✐t② r❡❛s♦♥✱ ✇❡ ❤❛✈❡ W ⊕ V ⊥ = E ❛♥❞ ❞❡♥♦t✐♥❣ h
t❤❡ ❧✐♥❡❛r ♣r♦❥❡❝t♦r ♦♥ V ⊥ ❛ss♦❝✐❛t❡❞ t♦ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t W =
{u−h(u) / u ∈ E}✳ ◆♦✇ ✇r✐t✐♥❣ ❢♦r ❛❧❧ u ∈ E, u = v+v⊥ ✇✐t❤ v ∈ V ❛♥❞ v⊥ ∈ V ⊥✱
✇❡ ❤❛✈❡

u− h(u) = v + v⊥ − h(v)− h(v⊥) = v − h(v)
s✐♥❝❡ h(v⊥) = v⊥✳ ❚❤✉s W = {v + l(v) / v ∈ V } ✇✐t❤ l = (−h)|V ❛♥❞ l ✐s ✐♥❞❡❡❞
✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② W ✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ❛ ❜✐❥❡❝t✐✈❡ ♠❛♣ ψV : UV → L(V, V ⊥), W 7→ l✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✳ ❚❤❡ s❡t ♦❢ ❝❤❛rts (UV , ψV ) ❞❡✜♥❡s ❛♥ ❛t❧❛s ♦♥ t❤❡ ♠❛♥✐❢♦❧❞
Gd(E) ❛♥❞✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ t❛♥❣❡♥t
s♣❛❝❡ TVGd(E) ❛♥❞ L(V, V ⊥)✳

Pr♦♦❢✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✻✽❪ s❡❝t✐♦♥ ✷✳✷ ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ♣r♦♦❢ ♦❢ t❤❛t✳

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ●r❛ss♠❛♥♥✐❛♥ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s✉❜♠❛♥✐❢♦❧❞ ♦❢ L(E) ❜② ✐❞❡♥✲
t✐❢②✐♥❣ ❛♥② V ∈ Gd(E) ✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ pV ♦♥ V ✇❤✐❝❤ ❣✐✈❡s t❤❡
❡♠❜❡❞❞✐♥❣ ✿

Gd(E) −→ L(E)

V 7−→ pV ✭✸✳✷✮

❲❡ s❤❛❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤❛t ✇❤❡♥ ❞❡✜♥✐♥❣ ❦❡r♥❡❧s ♦♥ Gd(E) ✭s❡❝t✐♦♥ ✸✳✸✮✳ ■t ❣✐✈❡s
❛❧s♦ ❛ ❝♦♥✈❡♥✐❡♥t ✇❛② t♦ ✐❞❡♥t✐❢② t❛♥❣❡♥t s♣❛❝❡s ❛♥❞ ❝♦♠♣✉t❡ ✈❛r✐❛t✐♦♥s✳ ■♥❞❡❡❞✱ ✐❢
Vt ❢♦r t ∈]− ǫ, ǫ[ ✐s ❛ s♠♦♦t❤ ❝✉r✈❡ ♦♥ t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞ t❤❡♥ pVt ✐s ❛ s♠♦♦t❤

❝✉r✈❡ ♦♥ L(E)✳ ▲❡t✬s ❞❡♥♦t❡ δpV
.
=

d

dt

∣∣∣∣
t=0

pVt ✳ ❚❤❡♥✱ ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ r❡❧❛t✐♦♥s

pVt ◦ pVt = pVt ❛♥❞ pVt = p∗Vt ✱ ✇❡ ✜♥❞ t❤❛t ✿

δpV = δpV ◦ pV + (δpV ◦ pV )∗

▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ v, v′ ∈ V ✱ ✇❡ ❤❛✈❡ ✿

〈δpV (v), v′〉 = 〈δpV (v) + δp∗V (v), v
′〉 = 〈δpV (v), v′〉+ 〈v, δpV (v′)〉

❆♥❞ t❤✉s ❢♦r ❛❧❧ v, v′ ∈ V ✱ 〈v, δpV (v′)〉 = 0✳ ❲❡ ❞❡❞✉❝❡ t❤❛t δpV = pV ⊥ ◦ δpV ❛♥❞ ✿

δpV = pV ⊥ ◦ δpV ◦ pV + (pV ⊥ ◦ δpV ◦ pV )∗ .

✾✺



■t r❡s✉❧ts t❤❛t ✇❡ ❝❛♥ ✐❞❡♥t✐❢② ❛♥② ❡❧❡♠❡♥t δpV ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ TVGd(E) ✇✐t❤
t❤❡ ❛♣♣❧✐❝❛t✐♦♥

pV ⊥ ◦ δpV ◦ pV = (pV ⊥ ◦ δpV )|V ∈ L(V, V ⊥) .

▼♦r❡♦✈❡r✱ ✐❢ A(t) ✐s ❛ ❝✉r✈❡ ✐♥ GL(E) ✇✐t❤ A(0) = ■❞ ❛♥❞ A(t).V ❞❡♥♦t❡s t❤❡ ❛❝t✐♦♥
♦❢GL(E) ♦♥Gd(E)✱ ✐t ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ✈❡r✐✜❝❛t✐♦♥ t❤❛t✱ ✉♥❞❡r t❤✐s ✐❞❡♥t✐✜❝❛t✐♦♥ ✿

d

dt

∣∣∣∣
t=0

A(t).V = p⊥V ◦A′(0)|V . ✭✸✳✸✮

❋✐♥❛❧❧②✱ ❧❡t✬s ♠❡♥t✐♦♥ t❤❛t t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞ ❝❛♥ ❜❡ ❛❧s♦ ❧✐♥❦❡❞ t♦ t❤❡ s♣❛❝❡
♦❢ d✲✈❡❝t♦rs ✉s❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝✉rr❡♥ts✳ ❚❤✐s ✐s ❢♦r♠✉❧❛t❡❞ ❜② t❤❡ P❧ü❝❦❡r
❡♠❜❡❞❞✐♥❣ ♣r♦♣❡rt② ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ✿

iP : Gd(E) −→ P
(
ΛdE

)

vect(v1, ..., vd) 7−→ [v1 ∧ ... ∧ vd]

✇❤❡r❡ P
(
ΛdE

)
✐s t❤❡ r❡❛❧ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ ✭✐✳❡ t❤❡ s❡t ♦❢ ❛❧❧ ❧✐♥❡s✮ ♦❢ ΛdE✳ ■t ✐s ❡✈❡♥

❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ✐♥ t❤❡ ❝❛s❡s d = 1 ♦r d = n− 1✳

❆s ❛ r❡s✉❧t✱ ✇❡ ❝❛♥ t❤✐♥❦ ♦❢ ❛♥ ✉♥♦r✐❡♥t❡❞ d✲❞✐♠❡♥s✐♦♥❛❧ t❛♥❣❡♥t s♣❛❝❡ ❛s ❛♥ ❡❧❡♠❡♥t
♦❢ P

(
ΛdE

)
✱ ✇❤✐❝❤ ✐s ❤♦✇❡✈❡r ❛ s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥

(
n
d

)
− 1✱ ♠✉❝❤ ❜✐❣❣❡r ✐♥ ❣❡♥❡r❛❧

t❤❛♥ Gd(E)✳

Pr✐♥❝✐♣❧❡ ❛♥❣❧❡s

❆ ❝♦♠♠♦♥ ❛♥❞ ✉s❡❢✉❧ ♥♦t✐♦♥ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ●r❛ss♠❛♥♥✐❛♥ ✐s t❤❡ ♦♥❡ ♦❢ ♣r✐♥❝✐♣❧❡
❛♥❣❧❡s ❜❡t✇❡❡♥ s✉❜s♣❛❝❡s✳ ❲❡ ✈❡r② ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ❢❡✇ ♣r♦♣❡rt✐❡s t❤❛t s❤❛❧❧ ❜❡
✐♥t❡r❡st✐♥❣ ❢♦r ✉s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■❢ V,W ∈ Gd(E) ❛r❡ t✇♦ d✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s
♦❢ E✱ t❤❡ d ♣r✐♥❝✐♣❧❡ ❛♥❣❧❡s θ1, .., θd ❜❡t✇❡❡♥ t❤❡♠ ❛r❡ ❞❡✜♥❡❞ r❡❝✉rs✐✈❡❧② ❜② t❤❡
r❡❧❛t✐♦♥s ✿

cos(θk) = max
vk∈V

max
wk∈W

〈 vk|vk|
,
wk
|wk|
〉 with

∀i ∈ {1, .., k − 1}, vk⊥vi, wk⊥wi

❆s ✇❡ s❡❡✱ t❤❡ ✜rst ♣r✐♥❝✐♣❧❡ ❛♥❣❧❡ ✐s t❤❡ s♠❛❧❧❡st ❛♥❣❧❡ ❜❡t✇❡❡♥ ❛❧❧ ♣❛✐rs ♦❢ ✉♥✐t
✈❡❝t♦rs ✐♥ V ❛♥❞ W ✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t✇♦ ❧✐♥❡s✱ ✐t ✐s ❡①❛❝t❧② t❤❡ ♥♦♥✲♦r✐❡♥t❡❞ ❛♥❣❧❡
❜❡t✇❡❡♥ t❤❡♠✳ ❚❤❡ ♥❡①t θi✬s ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❜② r❡str✐❝t✐♥❣ t♦ ♦rt❤♦❣♦♥❛❧
✈❡❝t♦rs✳ ❚❤❡ ❛♥❣❧❡s ❛r❡ ❛❧❧ ✈❛♥✐s❤✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ V = W ❛♥❞ ✇❡ ❡❛s✐❧② s❡❡ t❤❛t
t❤❡r❡ ❛r❡ ❛t ♠♦st min(d, n− d) ♥♦♥✲③❡r♦ ♣r✐♥❝✐♣❧❡ ❛♥❣❧❡s✳
❚❤❡ ❝❡♥tr❛❧ r❡s✉❧t t❤❛t ✇❡ ❜♦rr♦✇ t♦ ❬✽✸❪ s❤♦✇s t❤❛t t❤❡ ♣r✐♥❝✐♣❧❡ ❛♥❣❧❡s ❝♦♠♣❧❡t❡❧②
❞❡t❡r♠✐♥❡ t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ s✉❜s♣❛❝❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ❡①✐sts
♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡s (v1, .., vd) ❛♥❞ (w1, .., wd) ♦❢ V ❛♥❞W s✉❝❤ t❤❛t cos(θi) = 〈vi, wi〉
❛♥❞ s✉❝❤ t❤❛t t❤❡ ❞✐✛❡r❡♥t ❛♥❣❧❡ 2✲♣❧❛♥❡s ❙♣❛♥{vi, wi} ❛r❡ ♠✉t✉❛❧❧② ♦rt❤♦❣♦♥❛❧ t♦
❡❛❝❤ ♦t❤❡r✳ ❇❡ ❝❛r❡❢✉❧ t❤❛t ❙♣❛♥{vi, wi} ✐s ❛ ❞❡❣❡♥❡r❛t❡ 2✲♣❧❛♥❡ ✇❤❡♥❡✈❡r θi = 0✳

❉❡✜♥✐t✐♦♥ ♦❢ ✈❛r✐❢♦❧❞s

❋♦❧❧♦✇✐♥❣ ❝❧♦s❡❧② ❬✹❪✱ ✈❛r✐❢♦❧❞s ❛r❡ ♥♦✇ ❞❡✜♥❡❞ ♣r❡❝✐s❡❧② ❛s ❞✐str✐❜✉t✐♦♥s ♦❢ ✉♥♦r✐❡♥t❡❞
t❛♥❣❡♥t s♣❛❝❡s ✐♥ E ✿

✾✻



❉❡✜♥✐t✐♦♥ ✸✳✷✳✷✳ ❆ d✲❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❢♦❧❞ ♦♥ E ✐s ❛ ❇♦r❡❧ ✜♥✐t❡ ♠❡❛s✉r❡ ✭♦r ❞✐s✲
tr✐❜✉t✐♦♥✮ ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ E ×Gd(E)✱ ✐✳❡ ❛♥ ❡❧❡♠❡♥t ♦❢ C0(E ×Gd(E))′✳

◆♦t❡ t❤❛t t❤✐s ❞✐✛❡rs ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ✈❛r✐❢♦❧❞s ❣✐✈❡♥ ❜② ❆❧♠❣r❡♥ ❜✉t
❤✐s ❞❡✜♥✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♣r❡❢❛❝❡ ♦❢ ❬✽❪✳
❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇ ✐s✱ ❛s ✉s✉❛❧✱
❣✐✈❡♥ ❜② ❘✐❡s③ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ✿

∀ω ∈ C0(E ×Gd(E)), µ(ω) =

∫

E×Gd(E)
ω(x, V )dµ(x, V )

■♥ ♣❛rt✐❝✉❧❛r✱ ❉✐r❛❝s ✐♥ t❤❡ s♣❛❝❡ ♦❢ ✈❛r✐❢♦❧❞s ❛r❡ ♦❢ t❤❡ ❢♦r♠ δ(x,V ) ✇✐t❤ x ∈ E ❛♥❞
V ∈ Gd(E) ❛♥❞ ❛❝t ♦♥ ❢✉♥❝t✐♦♥s ♦❢ C0(E ×Gd(E)) ❜② t❤❡ r❡❧❛t✐♦♥ ✿

∀ω ∈ C0(E ×Gd(E)), δ(x,V )(ω) = ω(x, V )

■♥ t❤✐s ❝♦♥t❡①t✱ ❛ ❉✐r❛❝ ❝♦♥s✐sts ✐♥ t❤❡ ❞❛t❛ ♦❢ ❛ ♣♦s✐t✐♦♥ x ✐♥ t❤❡ s♣❛❝❡ ❛tt❛❝❤❡❞ t♦
❛ d✲❞✐♠❡♥s✐♦♥❛❧ ✭♥♦♥✲♦r✐❡♥t❡❞✮ s✉❜s♣❛❝❡ V t❤❛t ✇✐❧❧ ♣❧❛② t❤❡ r♦❧❡ ♦❢ t❛♥❣❡♥t s♣❛❝❡
✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❝t✐✜❛❜❧❡ s❡ts✳ ◆♦t❡ t❤❛t ✈❛r✐❢♦❧❞s ❞✐✛❡r ❢r♦♠ t❤❡ ✐❞❡❛ ♦❢ ♠❡❛s✉r❡s
❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✹✶❪✱ ✇❤✐❝❤ ❛r❡ s✐♠♣❧② ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞✉❛❧ ♦❢ C0(E)✳ ❙♦♠❡❤♦✇✱
✈❛r✐❢♦❧❞s ❡♥r✐❝❤ t❤❡ ♠❡❛s✉r❡ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ❛ ♥♦t✐♦♥ ♦❢ ❧♦❝❛❧ ❞✐r❡❝t✐♦♥s✳

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♥♦t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ ✈❛r✐❢♦❧❞ t❤❛t s❤❛❧❧ ❜❡ ✉s❡❢✉❧ ❢♦r t❤❡
❢♦❧❧♦✇✐♥❣ ✿

❉❡✜♥✐t✐♦♥ ✸✳✷✳✸✳ ❆ ✈❛r✐❢♦❧❞ µ ✐s s❛✐❞ t♦ ❜❡ ♣♦s✐t✐✈❡ ✐❢ ✐t ✐s ✐♥ ❛❞❞✐t✐♦♥ ❛ ♣♦s✐t✐✈❡
♠❡❛s✉r❡ ♦♥ E×Gd(E) ♦r ❡q✉✐✈❛❧❡♥t❧② ✐❢ ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ω ∈ C0(E×Gd(E))✱
µ(ω) ≥ 0✳

❋♦r ❛ ♣♦s✐t✐✈❡ ✈❛r✐❢♦❧❞ µ✱ ✇❡ ✇✐❧❧ ❛❧s♦ ❝❛❧❧ t❤❡ s✉♣♣♦rt ♦❢ µ ❛♥❞ ❞❡♥♦t❡ ❙✉♣♣(µ) t❤❡
s♠❛❧❧❡st ❝❧♦s❡❞ s✉❜s❡t C ⊂ E ×Gd(E) s✉❝❤ t❤❛t

µ((E ×Gd(E))\C) = 0 .

✸✳✷✳✷ ◆♦♥✲♦r✐❡♥t❡❞ s❤❛♣❡s ❛s ✈❛r✐❢♦❧❞s

❘❡❝t✐✜❛❜❧❡ ✈❛r✐❢♦❧❞s

■♥ s❡❝t✐♦♥ ✶✳✸✳✹✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s❡ts ♦❢ ❞✐♠❡♥s✐♦♥ d ❛r❡ ❝❛♥♦♥✲
✐❝❛❧❧② r❡♣r❡s❡♥t❡❞ ❛s d✲❝✉rr❡♥ts✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♥♦♥✲♦r✐❡♥t❡❞ s❤❛♣❡s✱ t❤❡ r✐❣❤t ♥♦t✐♦♥
✐s ♣r❡❝✐s❡❧② t❤❡ ♦♥❡ ♦❢ ✈❛r✐❢♦❧❞s✳ ■♥❞❡❡❞✱ ❧❡t X ❜❡ ❛ ♥♦♥✲♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s❡t ♦❢ E
♦❢ ❞✐♠❡♥s✐♦♥ d✳ ❚♦ X✱ ♦♥❡ ❝❛♥ ❛ss♦❝✐❛t❡ ❛ ✈❛r✐❢♦❧❞ µX ✱ ✇❤✐❝❤✱ ✐♥ t❤❡ ♠❡❛s✉r❡ ♣♦✐♥t
♦❢ ✈✐❡✇✱ ✐s ❣✐✈❡♥ ❜② ✿ µX(A) = Hd ({x ∈ X | (x, TxX) ∈ A}) ❢♦r ❛❧❧ ❇♦r❡❧ s✉❜s❡t
A ⊂ E × Gd(E)✳ ◆♦✇✱ s❡❡♥ ❛s ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ ♦♥ C0(E × Gd(E))✱ µX
✇r✐t❡s✱ ❢♦r ❛❧❧ ω ∈ C0(E ×Gd(E)) ✿

µX(ω) =

∫

E×Gd(E)
ω(x, V )dµX(x, V )

❛♥❞ s✐♥❝❡ ❛ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ❤❛s ❛ t❛♥❣❡♥t s♣❛❝❡ ❛♣♣❧✐❝❛t✐♦♥ x 7→ TxX ❞❡✜♥❡❞
❢♦r Hd✲❛❧♠♦st ❛❧❧ x ∈ X ✇❤✐❝❤ ✐s ❛❧s♦ Hd ♠❡❛s✉r❛❜❧❡ ✭❝❢ s❡❝t✐♦♥ ✶✳✶✼✮✱ ✇❡ ❝❛♥ ✇r✐t❡ ✿

µX(ω) =

∫

X
ω(x, TxX)dHd(x) . ✭✸✳✹✮

✾✼



❲❡ ✇✐❧❧ ❝❛❧❧ s✉❝❤ s♣❡❝✐❛❧ ✈❛r✐❢♦❧❞s r❡❝t✐✜❛❜❧❡ ✈❛r✐❢♦❧❞s ✭♥♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r✱
✐♥ ♦✉r ❞❡✜♥✐t✐♦♥✱ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦r ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ❛s ✐♥ ❬✹❪✮✳ ❚❤✐s ❧❛st ✐♥t❡❣r❛❧
❝❛♥ ❜❡ ❛❧s♦ ✇r✐tt❡♥ ✇✐t❤ ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ ✐❢ X ✐s ♠♦r❡ s✐♠♣❧② ❛ s♠♦♦t❤ ❝♦♠♣❛❝t
s✉❜♠❛♥✐❢♦❧❞ ♦❢ E ❣✐✈❡♥ ❜② ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ γ : U → E ✇✐t❤ U ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢
R
d✳ ❚❤❡♥ ❢♦r ❛❧❧ ω ∈ C0(E ×Gd(E))

µX(ω) =

∫

U
ω(γ(u), Tγ(u)X)|γ′(u)|du ✭✸✳✺✮

✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ γ′(u) = Λdi=1∂γ/∂ui ∈ Λd(E)✱ |γ′(u)| r❡♣r❡s❡♥t✐♥❣ t❤❡ ❧♦❝❛❧ d✲
✈♦❧✉♠❡ ❡❧❡♠❡♥t✳ ◆♦t❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ♦❢ ❡q✳✭✸✳✺✮ ✐s✱ ❛s ❡①♣❡❝t❡❞✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢
❛♥② r❡♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ X✱ ♣♦s✐t✐✈❡❧② ♦r ♥❡❣❛t✐✈❡❧② ♦r✐❡♥t❡❞✳

P♦❧②❣♦♥❛❧ ♠❡s❤❡s

◆♦✇✱ ✐♥ ❞✐s❝r❡t❡ ❣❡♦♠❡tr②✱ s❤❛♣❡s ❛r❡ ❣✐✈❡♥ ❛s ♣♦❧②❣♦♥❛❧ s❡ts ♦❢ ♣♦✐♥ts ✇❤✐❝❤ ❛r❡
❛❧s♦ ❡♥❝♦♠♣❛ss❡❞ ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts ❛♥❞ t❤❡r❡❢♦r❡ r❡♣r❡s❡♥t❛❜❧❡ ❛s
✈❛r✐❢♦❧❞s✳ ■♥ t❤❡ s❛♠❡ s♣✐r✐t ❛s ✇✐t❤ ❝✉rr❡♥ts ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱ ❛♥② ♠❡s❤ s❡t
❝❛♥ ❜❡ ❝♦❞❡❞ ❛s ❛ ✜♥✐t❡ s✉♠ ♦❢ ❞✐r❛❝ ✈❛r✐❢♦❧❞s ♦❢ t❤❡ ❢♦r♠

∑n
i=1mi.δ(pi,Vi)✳ ❆❣❛✐♥✱ n

✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♦❢ t❤❡ ♠❡s❤✱ pi ∈ E ❛r❡ t❤❡ ❝❡♥t❡rs ♦❢ ❡❛❝❤ ❝❡❧❧✱ Vi ∈ Gd(E) t❤❡
✉♥♦r✐❡♥t❡❞ t❛♥❣❡♥t s♣❛❝❡ t♦ t❤❡ s❤❛♣❡ ❛t ♣♦✐♥t pi ❛♥❞ mi ∈ R

∗
+ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡

i✲t❤ ❝❡❧❧✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❧❡t✬s ❡①❛♠✐♥❡ t❤❡ t✇♦ ♠♦st ✉s✉❛❧ ❡①❛♠♣❧❡s ✐♥ ♣r❛❝t✐❝❡✳
❋✐rst✱ ❝♦♥s✐❞❡r ❛ ❝✉r✈❡ X ❣✐✈❡♥ ❛s ❛ s❡t ♦❢ ♣♦✐♥ts {xk}k=1..N ❛♥❞ ❛ s❡t ♦❢ ❡❞❣❡s
(f1i , f

2
i ) ∈ {1, .., N}2 ❢♦r i = 1, .., n✳ ❚❤❡♥✱ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❝♦♥✈❡♥t✐♦♥s ✿





pi =
xf1i

+ xf2i
2

Vi = (xf1i
xf2i

)

mi = ‖−−−−→xf1i
xf2i
‖ .

✭✸✳✻✮

▲❡t ✉s ♣r❡❝✐s❡ t❤❛t ❤❡r❡ (xf1i
xf2i

) ❞❡♥♦t❡s t❤❡ ❧✐♥❡ ✐♥ G1(R
2) t❤❛t ✐s s♣❛♥♥❡❞ ❜② t❤❡

✈❡❝t♦r −−−−→xf1i
xf2i

✳ ◆♦t❡ ❛❧s♦ t❤❛t ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞ ✐❢ ❢♦r ❛♥②

i ✇❡ t❛❦❡ (f2i , f
1
i ) ✐♥st❡❛❞ ♦❢ (f1i , f

2
i ) ❛s ❛ ❢❛❝❡✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐❞❡❛ ♦❢

♥♦♥✲♦r✐❡♥t❛t✐♦♥✳
■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✐❢ X ✐s ♥♦✇ ❢♦r ✐♥st❛♥❝❡ ❛ tr✐❛♥❣✉❧❛t❡❞ s✉r❢❛❝❡ ✐♥ E = R

3 ❣✐✈❡♥
❜② ❛ s❡t ♦❢ ♣♦✐♥ts {xk}k=1..N ✇✐t❤ ❛ s❡t ♦❢ n tr✐❛♥❣❧❡s (f1i , f

2
i , f

3
i ) ∈ {1, .., N}3 ❢♦r

i = 1, .., n t❤❡♥ ✇❡ ❣❡t ✿





pi =
xf1i

+ xf2i
+ xf3i

3

Vi =
[−−−−→xf1i

xf2i
,−−−−→xf1i

xf3i

]

mi =
1

2
.‖−−−−→xf1i

xf2i
∧ −−−−→xf1i

xf3i
‖ .

✭✸✳✼✮

❍❡r❡
[−−−−→xf1i

xf2i
,−−−−→xf1i

xf3i

]
❞❡♥♦t❡s t❤❡ 2−❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② −−−−→xf1i

xf2i
❛♥❞

−−−−→xf1i
xf3i

✳ ❆❣❛✐♥✱ ❛❧❧ t❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ♥♦t ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❣✐✈❡♥ t♦
❡❛❝❤ tr✐❛♥❣❧❡✳

✾✽



❆❝t✐♦♥ ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s

❆ ❧❛st ✐♠♣♦rt❛♥t ♣♦✐♥t ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s t♦ ❜❡ ❛❜❧❡ t♦ ❡①♣r❡ss t❤❡ tr❛♥s♣♦rt ♦❢
✈❛r✐❢♦❧❞s ❜② ❞✐✛❡♦♠♦r♣❤✐s♠ ✐♥ ❛ ✇❛② t❤❛t ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ tr❛♥s♣♦rt ♦❢ s❤❛♣❡s✳
▲❡t✬s ✜① ❛ ✈❛r✐❢♦❧❞ µ ∈ C0(E×Gd(E))′ ❛♥❞ φ ∈ ❉✐✛(E)✱ ✇❡ ❞❡✜♥❡ t❤❡ tr❛♥s♣♦rt φ∗µ
♦❢ µ ❜② φ ❜② ♣✉❧❧✲❜❛❝❦ ❛♥❞ ♣✉s❤✲❢♦r✇❛r❞ ♦♣❡r❛t✐♦♥s ✿

∀ω ∈ C0(E ×Gd(E)), (φ∗µ) (ω) = µ (φ∗ω) ✭✸✳✽✮

✇❤❡r❡ φ∗ω ✐s t❤❡ ♣✉❧❧✲❜❛❝❦ ♦❢ ω ❜② φ✳ ❋♦r ❛♥② x ∈ E ❛♥❞ V ∈ Gd(E) ❛ d✲❞✐♠❡♥s✐♦♥❛❧
s✉❜s♣❛❝❡ ✇✐t❤ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s (u1, ..., ud)✱ φ

∗ω ✐s ❞❡✜♥❡❞ ❜② t❤❡ r❡❧❛t✐♦♥ ✿

(φ∗ω) (x, V ) = |dxφ(u1) ∧ ... ∧ dxφ(ud)| ω(φ(x), dxφ.V ) . ✭✸✳✾✮

■♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥✱ dxφ.V ❞❡♥♦t❡s t❤❡ ❡❧❡♠❡♥t ♦❢ Gd(E) t❤❛t ✐s t❤❡ ✐♠❛❣❡ ♦❢ V
❜② dxφ✱ t❤❡ t❡r♠ |dxφ(u1) ∧ ... ∧ dxφ(ud)| ✐s t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❏❛❝♦❜✐❛♥ ♦❢ φ ♦♥ t❤❡
s✉❜s♣❛❝❡ V ❛♥❞ r❡♣r❡s❡♥ts t❤❡ ❧♦❝❛❧ ❝❤❛♥❣❡ ♦❢ d✲❞✐♠❡♥s✐♦♥❛❧ ✈♦❧✉♠❡ ♦❢ t❤❡ tr❛♥s✲
❢♦r♠❛t✐♦♥✳ ❲✐t❤ ❡q✉❛t✐♦♥s ✭✸✳✽✮ ❛♥❞ ✭✸✳✾✮✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝♦♠♣✉t❡ t❤❡
tr❛♥s♣♦rt ♦❢ ❛ ❞✐r❛❝ δ(x,V ) ✿

φ∗δ(x,V ) = |dxφ(u1) ∧ ... ∧ dxφ(ud)| .δ(φ(x),dxφ.V ) ✭✸✳✶✵✮

✐❢ (u1, ..., ud) ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ V ✳ ◆♦✇✱ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s✱ ✇❡ ❝❛♥
s❤♦✇ t❤❛t t❤❡ ✈❛r✐❢♦❧❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ r❡❝t✐✜❛❜❧❡ s❡t ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ tr❛♥s♣♦rt
❜② ❞✐✛❡♦♠♦r♣❤✐s♠ ✐♥ t❤❡ s❡♥s❡ ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸✳ ■❢ X ✐s ❛ d✲❞✐♠❡♥s✐♦♥❛❧ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ❛♥❞ φ ∈ ❉✐✛(E)✱
t❤❡♥ ✿

φ∗µX = µφ(X) .

Pr♦♦❢✳ ■❢ X ✐s ❛ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E✱ ✇✐t❤ ❡q✳✭✸✳✹✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ ω ✿

µX(ω) =

∫

X
ω(x, TxX)dHd(x)

❛♥❞ t❤✉s

φ∗µX(ω) = µX(φ
∗ω)

=

∫

X
(φ∗ω)(x, TxX)dHd(x)

=

∫

X
ω(φ(x), dxφ(TxX))|dxφ.TxX|dHd(x)

✇❤❡r❡ |dxφ.TxX| ✐s t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❏❛❝♦❜✐❛♥ ♦❢ φ ❛❧♦♥❣ t❤❡ t❛♥❣❡♥t s♣❛❝❡ TxX✱
❛s ♣r❡✈✐♦✉s❧②✳ ❋♦r ❛❧♠♦st ❛❧❧ x ∈ X✱ dxφ(TxX) ✐s ❛ t❛♥❣❡♥t s♣❛❝❡ ♦❢ φ(X) ❛♥❞ ❜②
t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❢♦r r❡❝t✐✜❛❜❧❡ s✉❜s❡ts ✭❝♦r♦❧❧❛r② ✸✳✷✳✷✵
✐♥ ❬✸✼❪✮✱ ✇❡ ♦❜t❛✐♥ ✿

φ∗µX(ω) =

∫

φ(X)
ω(y, Tyφ(X))dHd(y) .

❚❤✉s✱ ❢♦r ❛♥② ω✱ φ∗µX(ω) = µφ(X)(ω) ❛♥❞ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ ♣r♦♣♦s✐t✐♦♥ ✸✳✷✳✸✳

✾✾



❚♦ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥✱ ✈❛r✐❢♦❧❞s ♦✛❡r ❛ ♣♦ss✐❜❧❡ ❢r❛♠❡✇♦r❦ t♦ r❡♣r❡s❡♥t ♥♦♥✲
♦r✐❡♥t❡❞ s❤❛♣❡s ❜♦t❤ ❢r♦♠ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣ ❛♥❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❛s❡s
♦❢ ♠❡s❤❡❞ ❝✉r✈❡s✱ s✉r❢❛❝❡s✳✳✳ ❯♣ t♦ t❤✐s ♣♦✐♥t✱ ✇❡ ❤❛✈❡ s❤♦✇♥ ❤♦✇ t♦ r❡♣r❡s❡♥t ❝♦♠✲
♣✉t❛t✐♦♥❛❧❧② ❛ ♠❡s❤❡❞ s❤❛♣❡ ❛s ❛ ✜♥✐t❡ s❡t ♦❢ ❞✐r❛❝s✱ ❡❛❝❤ ♦❢ t❤❡♠ ❝❛rr②✐♥❣ ❛ ❧♦❝❛❧
✐♥❢♦r♠❛t✐♦♥ ♦❢ ♣♦s✐t✐♦♥✱ ✉♥♦r✐❡♥t❡❞ t❛♥❣❡♥t s♣❛❝❡ ❛♥❞ ❧♦❝❛❧ ✈♦❧✉♠❡ ❛♥❞ ❞❡r✐✈❡ t❤❡
❡q✉❛t✐♦♥s ♦❢ ✈❛r✐❢♦❧❞s✬ tr❛♥s♣♦rt ❜② ❞❡❢♦r♠❛t✐♦♥✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ✐ss✉❡ t♦ ❡①❛♠✐♥❡
✐s t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ✈❛r✐❢♦❧❞s✱ ✇❤✐❝❤ ✇❡ ❛❞❞r❡ss ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣✳

✸✳✸ ❑❡r♥❡❧ ♠❡tr✐❝s ♦♥ ✈❛r✐❢♦❧❞s

❚❤❡ ✉s❡ ♦❢ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧s ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ st❡♣ ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ❝✉rr❡♥ts
❜❡❝❛✉s❡ ✐t ♣r♦✈✐❞❡s r❡❣✉❧❛r✐③❡❞ ♠❡tr✐❝s ❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ s❤❛♣❡s ✇❤✐❝❤ ❤❛s t❤❡
❛❞❞✐t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ ♦❢ ❤❛✈✐♥❣ ❛♥ ✉♥❞❡r❧②✐♥❣ ❍✐❧❜❡rt s♣❛❝❡ str✉❝t✉r❡✳ ❲❡ ❤❛✈❡
❛❧s♦ ♠❡♥t✐♦♥❡❞ s❡✈❡r❛❧ t✐♠❡s t❤❛t ❦❡r♥❡❧s ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✇❡❧❧✲✜tt❡❞ t♦ ❝♦♠♣✉t❡
❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❞✐s❝r❡t✐③❡❞ s❤❛♣❡s ❜❡❝❛✉s❡ ♦❢ t❤❡ s✐♠♣❧❡ ❡①♣r❡ss✐♦♥ ♦❢ ❞♦t ♣r♦❞✉❝t
❜❡t✇❡❡♥ t✇♦ ❞✐r❛❝s✳ ❆❧❧ t❤❡s❡ r❡❛s♦♥s ♠♦t✐✈❛t❡ ❛ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ✐♥ t❤❡ tr❡❛t♠❡♥t
♦❢ ✉♥♦r✐❡♥t❡❞ s❤❛♣❡s t❤r♦✉❣❤ t❤❡ ✈❛r✐❢♦❧❞ s❡tt✐♥❣ t❤❛t ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞✳ ■t✬s ✇♦rt❤
♠❡♥t✐♦♥✐♥❣ t❤❛t ♦t❤❡r ❛♣♣r♦❛❝❤❡s ❝♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡✱ ❜② ✇♦r❦✐♥❣ ✇✐t❤ ♠♦r❡ ❣❡♥❡r❛❧
❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝s ♦♥ ❞✐str✐❜✉t✐♦♥ ♦❢ t❛♥❣❡♥t s♣❛❝❡s✱ ❣❡♥❡r❛❧✐③✐♥❣ ❢♦r ✐♥st❛♥❝❡ ✇❤❛t
✐s ❞♦♥❡ ❢♦r t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞ ✐♥ ❬✶❪✳ ❲❡ ❛r❣✉❡ ❤♦✇❡✈❡r t❤❛t ❘❑❍❙ ♠❡tr✐❝s ❛r❡
✈❡r② ❝♦♥✈❡♥✐❡♥t ❢r♦♠ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❡s♣❡❝✐❛❧❧② ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥s t♦
s❤❛♣❡ ♠❛t❝❤✐♥❣ ❛♥❞ ❛♥❛❧②s✐s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦♣♦s❡ ❛ ❣❡♥❡r✐❝ ❛♥❞ s✐♠♣❧❡ ✇❛②
t♦ ❜✉✐❧❞ r❡❧❡✈❛♥t r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧s ♦♥ t❤❡ s♣❛❝❡ ♦❢ ✈❛r✐❢♦❧❞s✱ ❜② ❜❛s✐❝❛❧❧② ♠❛❦✐♥❣
t❡♥s♦r ♣r♦❞✉❝ts ♦❢ ❦❡r♥❡❧s ♦♥ E ❛♥❞ ♦♥ Gd(E)✳

✸✳✸✳✶ ❑❡r♥❡❧s ♦♥ t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞

❚❤❡ ✜rst st❡♣ ✐s t♦ ✇♦r❦ ♦♥ t❤❡ ●r❛ss♠❛♥♥✐❛♥✳ ❙✐♥❝❡ ✐t ✐s ❛ r❛t❤❡r ❛❜str❛❝t ♠❛♥✐❢♦❧❞✱
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❦❡r♥❡❧s ✐s ♥♦t ❛ tr✐✈✐❛❧ ♣r♦❜❧❡♠ ❛♥❞ ❤❛s ❜❡❡♥ t❤❡ s✉❜❥❡❝t ♦❢ s❡✈❡r❛❧
r❡❝❡♥t ✇♦r❦s r❡❧❛t❡❞ t♦ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣✱ ❛s ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✹✻✱ ✽✷❪✳ ❲❡ ♣r♦♣♦s❡ ❛♥
❛❧t❡r♥❛t✐✈❡ ✇❛② t❤❛t ❡①♣❧♦✐ts t❤❡ ❞✐✛❡r❡♥t ❡♠❜❡❞❞✐♥❣s ♦❢ Gd(E) ✐♥t♦ ♦t❤❡r s♣❛❝❡s ✐♥
✇❤✐❝❤ ❦❡r♥❡❧s ❛r❡ ♠♦r❡ ❡❛s✐❧② ❞❡✜♥❡❞✳ ❲❡ ✇✐❧❧ ❡ss❡♥t✐❛❧❧② ❝♦♥s✐❞❡r t✇♦ ♣♦ss✐❜✐❧✐t✐❡s ✿
❛ ❝♦♥str✉❝t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ✇✐t❤ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦rs ❛♥❞ ❛ s❡❝♦♥❞
♦♥❡ ✉s✐♥❣ t❤❡ P❧ü❝❦❡r ❡♠❜❡❞❞✐♥❣✳

❊♠❜❡❞❞✐♥❣ ✐♥ L(E)

❆s ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✱ ♦♥❡ ❝❛♥ ✐❞❡♥t✐❢② ❛♥② V ∈ Gd(E) ✇✐t❤ t❤❡ ♦rt❤♦❣♦♥❛❧
♣r♦❥❡❝t✐♦♥ pV ∈ L(E)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❝❛♥ ✐♥❞✉❝❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❛ ❦❡r♥❡❧
♦♥ Gd(E) ❜② r❡str✐❝t✐♦♥ ♦❢ ❛ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ ❞❡✜♥❡❞ ♦♥ L(E)✳ ❙✐♥❝❡ L(E) ✐s ❛ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡✱ t❤❡r❡ ❛r❡ ♥♦ ❞✐✣❝✉❧t✐❡s ✐♥ ❞❡✜♥✐♥❣ s✉❝❤ ❦❡r♥❡❧s✳ ❚②♣✐❝❛❧
❝❤♦✐❝❡s ❛r❡ ❣✐✈❡♥ ❜② ✿

kP (V,W ) = 〈pV , pW 〉k ✭✸✳✶✶✮

✇✐t❤ k ∈ N
∗ ❛♥❞ 〈., .〉 t❤❡ ✉s✉❛❧ ❋r♦❜❡♥✐✉s ♠❡tr✐❝ ✐♥ L(E)✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❛♥②

❢✉♥❝t✐♦♥ P (〈pV , pW 〉)✱ P ❜❡✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ♣♦s✐t✐✈❡ ❝♦❡✣❝✐❡♥ts✱ ✐s ❛ ♣♦s✐t✐✈❡
❦❡r♥❡❧ ♦♥ L(E)✳ ❲❡ s❤❛❧❧ ❝❛❧❧ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧ ❦❡r♥❡❧s ♦♥ t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞
❛♥❞ ❧✐♥❡❛r ❦❡r♥❡❧ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❢♦r k = 1 ✐♥ ❡q✳✭✸✳✶✶✮✱ ✐✳❡ ✿

kL(V,W ) = 〈pV , pW 〉 ✭✸✳✶✷✮

✶✵✵



❖t❤❡r ✐♠♣♦rt❛♥t ♣♦ss✐❜✐❧✐t✐❡s ❛r❡ t❤❡ ❦❡r♥❡❧s ✐♥❞✉❝❡❞ ❜②●❛✉ss✐❛♥s ✐♥ L(E)✱ ♥❛♠❡❧② ✿

kG(V,W ) = e
−
|pV − pW |2

σ2 ✭✸✳✶✸✮

❙✉❝❤ ❦❡r♥❡❧s ❛❧❧♦✇ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ s✉❜s♣❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝❡rt❛✐♥ s❝❛❧❡ ❣✐✈❡♥
❜② ♣❛r❛♠❡t❡r σ✳ ▼❛♥② ♦t❤❡r ❝♦✉❧❞ ❜❡ ❞❡✜♥❡❞ ✇✐t❤ t❤✐s ♠❡t❤♦❞✳
■t✬s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss t❤❡s❡ ❦❡r♥❡❧s ✉s✐♥❣ t❤❡ ♣r✐♥❝✐♣❧❡ ❛♥❣❧❡s ✐♥tr♦❞✉❝❡❞ ✐♥
s❡❝t✐♦♥ ✸✳✷✳✶✳ ■❢ ✇❡ ❞❡♥♦t❡ (v1, .., vd) ❛♥❞ (w1, .., wd) t❤❡ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡s ♦❢ V
❛♥❞ W s✉❝❤ t❤❛t cos(θi) = 〈vi, wi〉 ❛♥❞ ❙♣❛♥(vi, wi)⊥❙♣❛♥(vj , wj) ❢♦r j 6= i t❤❡♥ ✇❡
❝❛♥ ✇r✐t❡ ✿

〈pV , pW 〉 = 〈
d∑

i=1

v∗i ⊗ vi,
d∑

j=1

w∗
j ⊗ wj〉

=
d∑

i,j=1

〈vi, wj〉2

=
d∑

i=1

cos2(θi)

■t r❡s✉❧ts t❤❛t t❤❡ ❦❡r♥❡❧ ♦❢ ❡q✳✭✸✳✶✶✮ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ✿

kP (V,W ) =

(
d∑

i=1

cos2(θi)

)k
✭✸✳✶✹✮

❚❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ❛❧s♦ ❤❛s t❤❡ ❛❧t❡r♥❛t✐✈❡ ❡①♣r❡ss✐♦♥ ✿

kG(V,W ) = e−
2
σ2 .

∑d
i=1(1−cos2(θi)) =

d∏

i=1

e−
2
σ2 sin2(θi) ✭✸✳✶✺✮

❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ ♣r✐♥❝✐♣❧❡ ❛♥❣❧❡s ♦✛❡rs✱ ✐♥ ♦✉r s❡♥s❡✱ ❛ ♥✐❝❡❧② ✐♥t❡r♣r❡t❛❜❧❡ ✇❛②
t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ s✉❝❤ ❦❡r♥❡❧s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✉❜s♣❛❝❡s✬ r❡❧❛t✐✈❡
♣♦s✐t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❝❛♥ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ✇✐❞t❤ σ ❢♦r
t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧✳ ❚❤❡ ❣❡♥❡r❛❧ ❝♦♥str✉❝t✐♦♥ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ t❤✉s ♣r♦✈✐❞❡s ❛
✇✐❞❡ ✈❛r✐❡t② ♦❢ ✐♥❞✉❝❡❞ ❦❡r♥❡❧s ♦♥ Gd(E) t❤❛t ❛r❡ ❡✛❡❝t✐✈❡❧② ❝♦♠♣✉t❛❜❧❡ ✭❡✐t❤❡r ❜②
t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛tr✐① ♦r ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♣r✐♥❝✐♣❧❡ ❛♥❣❧❡s✮✳

❊♠❜❡❞❞✐♥❣ ✐♥ P (ΛdE)

❋♦❧❧♦✇✐♥❣ ❛ s✐♠✐❧❛r ♣❛t❤✱ ❦❡r♥❡❧s ♦♥ t❤❡ ●r❛ss♠❛♥♥✐❛♥ ❝♦✉❧❞ ❜❡ ❛❧s♦ ❞❡✜♥❡❞ ❜❛s❡❞
♦♥ t❤❡ P❧ü❝❦❡r ❡♠❜❡❞❞✐♥❣ ♠❡♥t✐♦♥❡❞ ✐♥ ✸✳✷✳✶✱ t❤❛t ❡♠❜❡❞s Gd(E) ✐♥t♦ t❤❡ ♣r♦❥❡❝t✐✈❡
s♣❛❝❡ P (ΛdE)✳ ❚❤❡ P❧ü❝❦❡r ❛♣♣❧✐❝❛t✐♦♥ ❛ss♦❝✐❛t❡s t♦ ❛♥② V = ❙♣❛♥{v1, .., vd} t❤❡
❧✐♥❡ ✐♥ t❤❡ ❡①t❡r✐♦r ♣r♦❞✉❝t ❣❡♥❡r❛t❡❞ ❜② ξV = v1∧ ...∧ vd ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡❞ ❜② [ξV ]✳
❚❤❡ ✐❞❡❛ ✇♦✉❧❞ ❜❡ ❛❣❛✐♥ t♦ ✐♥❞✉❝❡ ❛ ❦❡r♥❡❧ ♦♥ Gd(E) ❢r♦♠ ❛ ❦❡r♥❡❧ ♦♥ P (ΛdE)✳
❚❤✐s ✐s ❤♦✇❡✈❡r ♥♦t ❛s tr✐✈✐❛❧ ❛s ♣r❡✈✐♦✉s❧② s✐♥❝❡ P (ΛdE) ✐s st✐❧❧ ♥♦t ❛ ✈❡❝t♦r s♣❛❝❡✳
❇✉t ✇❡ ❝❛♥ ❜✉✐❧❞ ❦❡r♥❡❧s ♦♥ t❤✐s ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✳ ▲❡t k0 ❜❡ ❛ r❡❛❧ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ t❤❡ ✈❡❝t♦r s♣❛❝❡ ΛdE s✉❝❤
t❤❛t ❢♦r ❛❧❧ ξ, ξ′ ∈ ΛdE✱ k0(−ξ,−ξ′) = k0(ξ, ξ

′)✳ ❚❤❡♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✿

k([ξ], [ξ′]) =
1

2

[
k0

(
ξ

|ξ| ,
ξ′

|ξ′|

)
+ k0

(
ξ

|ξ| ,−
ξ′

|ξ′|

)]
✭✸✳✶✻✮

✶✵✶



❞❡✜♥❡s ❛ r❡❛❧ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ P (ΛdE)✳

Pr♦♦❢✳ ❚❤❡ ✜rst t❤✐♥❣ t♦ ♥♦t✐❝❡ ✐s t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❡q✳✭✸✳✶✻✮ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ♦♥
P (ΛdE)✱ s✐♥❝❡ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ r❡♣r❡s❡♥t❛♥ts ξ ❛♥❞ ξ′ ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡

❝❧❛ss❡s [ξ], [ξ′]✳ ❚❤❡ ♥❡①t ♣♦✐♥t ✐s t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ k0(
ξ
|ξ| ,

ξ′

|ξ′|) ✐s ❜② r❡str✐❝t✐♦♥

❛ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡ ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡ ΛdE✳ ▲❡t✬s ❝❛❧❧ H t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❘❑❍❙✳ H ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ s♣❤❡r❡ ❛♥❞ ✇❡ r❡♠✐♥❞
t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❘❑❍❙✱

k0

(
ξ

|ξ| ,
ξ′

|ξ′|

)
= k0

(
ξ′

|ξ′| ,
ξ

|ξ|

)
=

〈
k0

(
ξ

|ξ| , .
)
, k0

(
ξ′

|ξ′| , .
)〉

H

.

◆♦✇ ❢♦r ❛♥② p ∈ N
∗ ❛♥❞ ❛♥② ❢❛♠✐❧② (ξi)i=1,..,p ∈ ΛdE ❛♥❞ (αi)i=1,..,p ∈ R✱ ✇❡ ❤❛✈❡ ✿

p∑

i,j=1

k([ξi], [ξj ])αiαj

=
1

2

p∑

i,j=1

[
k0

(
ξi
|ξi|

,
ξj
|ξj |

)
+ k0

(
ξi
|ξi|

,− ξj
|ξj |

)]
αiαj

=
1

4

p∑

i,j=1

[
k0

(
ξi
|ξi|

,
ξj
|ξj |

)
+ k0

(
− ξi
|ξi|

,
ξj
|ξj |

)
+ k0

(
ξi
|ξi|

,− ξj
|ξj |

)
+ k0

(
− ξi
|ξi|

,− ξj
|ξj |

)]
αiαj

=
1

4

p∑

i,j=1

〈
k0

(
ξi
|ξi|

, .

)
+ k0

(
− ξi
|ξi|

, .

)
, k0

(
ξj
|ξj |

, .

)
+ k0

(
− ξj
|ξj |

, .

)〉

H

αiαj

=
1

4

〈
p∑

i=1

αi

[
k0

(
ξi
|ξi|

, .

)
+ k0

(
− ξi
|ξi|

, .

)]
, αj




p∑

j=1

k0

(
ξj
|ξj |

, .

)
+ k0

(
− ξj
|ξj |

, .

)

〉

H

=

∥∥∥∥∥

p∑

i=1

αi

[
k0

(
ξi
|ξi|

, .

)
+ k0

(
− ξi
|ξi|

, .

)]∥∥∥∥∥

2

H

.

❚❤❡ ❧❛st ❡①♣r❡ss✐♦♥ ✐s t❤✉s ♣♦s✐t✐✈❡✳

●✐✈❡♥ ❛ ❦❡r♥❡❧ ❛s ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✸✳✶✱ ✇❡ ♦❜t❛✐♥ ❜② ✐♥❞✉❝t✐♦♥ ❛ ❦❡r♥❡❧ ♦♥ t❤❡ ●r❛ss✲
♠❛♥♥ ♠❛♥✐❢♦❧❞✳ ❚❤✐s ❣✐✈❡s ❛❣❛✐♥ ❛ ❧♦t ♦❢ ♣♦ss✐❜✐❧✐t✐❡s✳ ❆♠♦♥❣ t❤❡♠✱ ♦♥❡ ❝♦✉❧❞ t❛❦❡
k0(ξ, ξ

′) = 〈ξ, ξ′〉2k ❢♦r k ∈ N
∗✱ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❛♥❞

❣❡t ❛ ❦❡r♥❡❧ ♦♥ Gd(E) t❤❛t ✇r✐t❡s ✿

kCB(V,W ) =

〈
ξV
|ξV |

,
ξW
|ξW |

〉2k

✭✸✳✶✼✮

❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ♣♦ss✐❜✐❧✐t② ✐s t♦ t❛❦❡ k0(ξ, ξ
′) = e

−|ξ/|ξ|−ξ′/|ξ′||2

σ2 + e
−|ξ/|ξ|+ξ′/|ξ′||2

σ2

❛♥❞ ✇❡ ♦❜t❛✐♥ ✿

kG2(V,W ) = e
− 2

σ2

(

1−
〈

ξV
|ξV |

,
ξW
|ξW |

〉)

+ e
− 2

σ2

(

1+
〈

ξV
|ξV |

,
ξW
|ξW |

〉)

✭✸✳✶✽✮

❆❣❛✐♥✱ t❤❡s❡ ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ❛♥❣❧❡s ❜❡✲
t✇❡❡♥ t❤❡ s✉❜s♣❛❝❡s✳ ■♥tr♦❞✉❝✐♥❣✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ t❤❡ ♦rt❤♦♥♦r✲
♠❛❧ ❜❛s❡s v1, ..., vd ❛♥❞ w1, ..., wd ♦❢ V ❛♥❞ W s✉❝❤ t❤❛t cos(θi) = 〈vi, wi〉 ❛♥❞
❙♣❛♥(vi, wi)⊥❙♣❛♥(vj , wj) ❢♦r j 6= i✱ ✇❡ ❤❛✈❡ ✿

〈∧di=1vi,∧dj=1wj〉 = det(〈vi, wj〉)i,j =
d∏

i=1

cos(θi)

✶✵✷



❛♥❞ ✐t r❡s✉❧ts t❤❛t ✿

kCB(V,W ) =

d∏

i=1

cos2k(θi) ✭✸✳✶✾✮

❛♥❞
kG2(V,W ) = e−

2
σ2 (1−

∏d
i=1 cos(θi)) + e−

2
σ2 (1+

∏d
i=1 cos(θi)) ✭✸✳✷✵✮

◆♦t❡ t❤❛t t❤❡ ❦❡r♥❡❧ kCB ♦❢ ❡q✳✭✸✳✶✾✮ ❣✐✈❡s✱ ❢♦r k = 1✱ t❤❡ ❝❧❛ss✐❝❛❧ ❈❛✉❝❤②✲❇✐♥❡t
❦❡r♥❡❧ ♦♥ t❤❡ ●r❛ss♠❛♥♥✐❛♥✱ st✉❞✐❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✹✻❪✳

❲❤✐❝❤ ❦❡r♥❡❧s t♦ ❝❤♦♦s❡ ❄

❆s ✇❡ s❡❡✱ ❞❡s♣✐t❡ ♥♦t ❤❛✈✐♥❣ ❞❡✜♥❡❞ ❦❡r♥❡❧s ❞✐r❡❝t❧② ♦♥ Gd(E) ❛s ❛♥ ❛❜str❛❝t
♠❛♥✐❢♦❧❞✱ t❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s ✇❡ ♣r❡s❡♥t❡❞ ♣r♦✈✐❞❡ ❛ ✈❡r② ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♣♦ss✐❜✐❧✐t✐❡s
t❤❛t ❞❡♣❡♥❞ ♦❜✈✐♦✉s❧② ♦♥ t❤❡ ❝❤♦s❡♥ ❡♠❜❡❞❞✐♥❣ ♦❢ t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞✳ ❋r♦♠
❛ ♣✉r❡❧② t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐t✬s ♥♦t ❡❛s② t♦ ❛♥s✇❡r ②❡t ♦♥ ✇❤✐❝❤ ♦♥❡ ♦❢ t❤❡s❡
❡♠❜❡❞❞✐♥❣s s❤♦✉❧❞ ❜❡ ❢❛✈♦r❡❞✳
❋♦r ❤✐❣❤ ❞✐♠❡♥s✐♦♥ ❛♥❞ ❝♦❞✐♠❡♥s✐♦♥✱ ✇❡ ❝❛♥ st❛t❡ t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s♣❛❝❡
P (ΛdE) ❣r♦✇s ♠✉❝❤ ❢❛st❡r t❤❛♥ L(E) ✇✐t❤ d ❛♥❞ n ❛♥❞ s♦ t❤❡ ●r❛ss♠❛♥♥✐❛♥ r❡♣✲
r❡s❡♥t ❛ ✈❡r② s♠❛❧❧ ❞✐♠❡♥s✐♦♥❛❧ s✉❜♠❛♥✐❢♦❧❞ ✐♥ t❤✐s ❜✐❣ s♣❛❝❡✳ ❆ s✐❞❡ ❡✛❡❝t ♣♦ss✐❜❧②
r❡s✉❧t✐♥❣ ❢r♦♠ ✐t✱ ✐❢ ✇❡ ❧♦♦❦ ❛t t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧ ♦❢ ❡q✳✭✸✳✶✾✮✱ ✐s t❤❛t t✇♦
s✉❜s♣❛❝❡s V ❛♥❞ W ❛r❡ ♦rt❤♦❣♦♥❛❧ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡tr✐❝ ❛s s♦♦♥ ❛s ♦♥❧②
♦♥❡ ♦❢ t❤❡✐r ♣r✐♥❝✐♣❧❡ ❛♥❣❧❡ ✐s ❛ r✐❣❤t ❛♥❣❧❡✳ ❲❡ ❝♦✉❧❞ ❛r❣✉❡ t❤❛t✱ ✐♥ s✉❝❤ s✐t✉❛t✐♦♥s✱
t❤✐s ❦❡r♥❡❧ ✐s s♦♠❡❤♦✇ t♦♦ ✬❝♦♥❝❡♥tr❛t❡❞✬ ❛♥❞ ❞❡❝❛②s t♦♦ ❢❛st✱ ✐❢ ✇❡ ❝♦♠♣❛r❡ ✐t ❢♦r
✐♥st❛♥❝❡ t♦ t❤❡ ❦❡r♥❡❧ kP ♦❢ ❡q✳✭✸✳✶✹✮ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❡♠❜❡❞❞✐♥❣ ✐♥t♦ L(E)✳ ❚❤✐s
❦✐♥❞ ♦❢ ❜❡❤❛✈✐♦r ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s ✇❛s ♦❜s❡r✈❡❞ ✐♥ ❝❧❛ss✐✜❝❛t✐♦♥s✬ ❡①♣❡r✐♠❡♥ts
❜❛s❡❞ ♦♥ s✉❝❤ ❦❡r♥❡❧s ✐♥ ❬✹✻❪✳
❚❤❡r❡ ✐s ❛ s❡❝♦♥❞ ❛r❣✉♠❡♥t ♣❧❡❛❞✐♥❣ r❛t❤❡r ✐♥ ❢❛✈♦r ♦❢ t❤❡ ✜rst ❛♣♣r♦❛❝❤✱ t❤❛t s❤❛❧❧
❛♣♣❡❛r ♠♦r❡ ❝❧❡❛r❧② ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s ✇❤❡♥ ❡①❛♠✐♥✐♥❣ t❤❡ C0✲✉♥✐✈❡rs❛❧✐t② ♣r♦♣❡rt②
♦❢ t❤❡ ❦❡r♥❡❧s✳ ■♥❞❡❡❞✱ t❤❡ ❞❡✜♥✐t✐♦♥ ❜② q✉♦t✐❡♥t ✇✐t❤ t❤❡ ♣r♦❥❡❝t✐✈❡ s♣❛❝❡ ♠❛❦❡s
s✉❝❤ ♣r♦♣❡rt✐❡s✱ ❛t ❧❡❛st ❢r♦♠ ♦✉r ❡①♣❡r✐❡♥❝❡✱ s✐❣♥✐✜❝❛♥t❧② ♠♦r❡ ❞✐✣❝✉❧t t♦ ❞❡❛❧ ✇✐t❤✳
■♥ ❛ ♠♦r❡ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❝❛s❡s ✇❡ s❤❛❧❧ ❜❡ ❧♦♦❦✐♥❣ ❛t ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t
❛r❡ ❢♦❝✉s❡❞ ♦♥ ❝✉r✈❡s ❛♥❞ s✉r❢❛❝❡s ✐♥ R

2 ♦r R3 ❛♥❞ t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞s ✐♥✈♦❧✈❡❞
❛r❡ ❡ss❡♥t✐❛❧❧② G1(R

2) ❛♥❞ G1(R
3) = G2(R

3) ✭✇✐t❤ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ❢♦r♠✉❧❛t❡❞ ✐♥
t❤❡ r❡♠❛r❦ ♦❢ ✸✳✷✳✶✮✳ ❚❤✉s t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♣r✐♥❝✐♣❧❡ ❛♥❣❧❡ t♦ ❝♦♥s✐❞❡r ✐♥ ❛❧❧ t❤❡s❡
❝❛s❡s ❛♥❞ t❤❡ ❦❡r♥❡❧s kP ❛♥❞ kCB ❢♦r ✐♥st❛♥❝❡ ❛r❡ ✐❞❡♥t✐❝❛❧✳ ■♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s
♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❦❡r♥❡❧s kL ❛♥❞ kG✳

✸✳✸✳✷ ❑❡r♥❡❧s ♦♥ ✈❛r✐❢♦❧❞s

❚❡♥s♦r ♣r♦❞✉❝ts✬ ❝♦♥str✉❝t✐♦♥

❚❤❡ ✐ss✉❡ ♦❢ ❦❡r♥❡❧s ♦♥ Gd(E) ❜❡✐♥❣ ❛❞❞r❡ss❡❞✱ ✇❡ ♥♦✇ ♠♦✈❡ t♦ t❤❡ ❝❛s❡ ♦❢ ✈❛r✐❢♦❧❞s✳
❙✐♥❝❡ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ ❛ ♣r♦❞✉❝t s♣❛❝❡✱ ❛ ♥❛t✉r❛❧ ✇❛② t♦ ❜✉✐❧❞
❛♣♣r♦♣r✐❛t❡ ❦❡r♥❡❧s ✐s t❤❡ t❡♥s♦r ♣r♦❞✉❝t tr✐❝❦✳ ❚❤❡ r❡s✉❧t ♦❢ ❧❡♠♠❛ ✷✳✷✳✶ ✐♥ ❝❤❛♣t❡r
✷ s❤♦✇s t❤❛t t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ ❛ r❡❛❧✲✈❛❧✉❡❞ ❦❡r♥❡❧ ♦♥ ❛ s❡t A ❛♥❞ r❡❛❧✲✈❛❧✉❡❞
❦❡r♥❡❧ ♦♥ ❛ s❡t B ❣✐✈❡s ❛ r❡❛❧✲✈❛❧✉❡❞ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ ♦♥ A×B✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✈❛r✐❢♦❧❞s✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✷✳ ❆ss✉♠❡ t❤❛t ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ♣♦s✐t✐✈❡ r❡❛❧ ❦❡r♥❡❧ ke ♦♥ t❤❡ s♣❛❝❡
E s✉❝❤ t❤❛t ke ✐s ❝♦♥t✐♥✉♦✉s✱ ❜♦✉♥❞❡❞ ❛♥❞ ❢♦r ❛❧❧ x ∈ E✱ t❤❡ ❢✉♥❝t✐♦♥ ke(x, .) ✈❛♥✐s❤❡s
❛t ✐♥✜♥✐t②✳ ❆ss✉♠❡ t❤❛t ❛ s❡❝♦♥❞ ❦❡r♥❡❧ kt ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ ♠❛♥✐❢♦❧❞ Gd(E) ❛♥❞

✶✵✸



✐s ❛❧s♦ ❝♦♥t✐♥✉♦✉s✳ ❚❤❡♥ t❤❡ ❘❑❍❙ W ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♣♦s✐t✐✈❡ ❦❡r♥❡❧ ke ⊗ kt ✐s
❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ s♣❛❝❡ C0(E ×Gd(E))✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ✿

k
(
(x, V ), (y, Ṽ )

)
= ke(x, y) kt(V, Ṽ ) ✭✸✳✷✶✮

❛♥❞ s♦✱ t❤❛♥❦s t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❦❡r♥❡❧s✱ k((x, V ), .) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ E ×
Gd(E) ❛♥❞ ❜❡❧♦♥❣s t♦ C0(E × Gd(E))✳ ❚❤❡ ✈❡❝t♦r s♣❛❝❡ W0 ❣❡♥❡r❛t❡❞ ❜② t❤❡s❡
❢✉♥❝t✐♦♥s ✐s t❤✉s ✐♥❝❧✉❞❡❞ ✐♥ C0(E ×Gd(E))✳ ▼♦r❡♦✈❡r✱ ✐❢ ω ∈W0 ✿

ω(x, V ) = δ(x,V )(ω) = 〈k((x, V ), .), ω〉W

❲✐t❤ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ✿ |ω(x, V )| ≤ ‖k((x, V ), .)‖W .‖ω‖W ✳ ■♥ ❛❞❞✐t✐♦♥✱
‖k((x, V ), .)‖W =

√
k((x, V ), (x, V )) ❛♥❞ ❜♦t❤ ❦❡r♥❡❧s ke ❛♥❞ kt ❛r❡ ❜♦✉♥❞❡❞ s♦

t❤❛t k ✐s ❛❧s♦ ❜♦✉♥❞❡❞✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t |ω|∞ ≤
√
|k|∞.‖ω‖W ✳ ❚❤✉s ❈❛✉❝❤②

s❡q✉❡♥❝❡s ✐♥ W0 ❢♦r t❤❡ W ✲♥♦r♠ ❛r❡ ❛❧s♦ ❈❛✉❝❤② s❡q✉❡♥❝❡ ❢♦r t❤❡ ✐♥✜♥✐t❡ ♥♦r♠✳ ■t
r❡s✉❧ts t❤❛t ❛❧❧ t❤❡✐r ❧✐♠✐ts ❜❡❧♦♥❣ t♦ C0(E ×Gd(E)) ❛♥❞ t❤❡r❡❢♦r❡ W ✐s ✐♥❝❧✉❞❡❞ ✐♥
C0(E×Gd(E))✳ ❚❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② t❤❡♥ ❤♦❧❞s ❢♦r ❛❧❧ ω ∈W ✱ ✇❤✐❝❤ s❤♦✇s t❤❛t
t❤❡ ✐♥❝❧✉s✐♦♥ ❡♠❜❡❞❞✐♥❣ ı : W →֒ C0(E ×Gd(E)) ✐s ✐♥❞❡❡❞ ❝♦♥t✐♥✉♦✉s✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ i∗ ♦❢ t❤❡ s♣❛❝❡ ♦❢ ✈❛r✐❢♦❧❞s C0(E ×
Gd(E))′ ✐♥t♦ t❤❡ ❞✉❛❧ ♦❢ W ✳ ❏✉st ❛s ❢♦r ❝✉rr❡♥ts✱ ✐❢ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✐s♦♠❡tr②
KW : W ′ → W ❞❡✜♥❡❞ ❜② 〈KWµ, ω〉W = µ(ω) ❢♦r ❛❧❧ µ ∈ W ′ ❛♥❞ ω ∈ W ✳ ❇②
t❤❡ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧ ♣r♦♣❡rt②✱ ✇❡ ❦♥♦✇ t❤❛t KW δ(x,V ) = k((x, V ), .)✳ ❚❤❡♥ ❢♦r ❛❧❧
x1, x2 ∈ E ❛♥❞ V1, V2 ∈ Gd(E)✱

〈δ(x1,V1), δ(x2,V2)〉W ′ = 〈KW δ(x1,V1),KW δ(x2,V2)〉W
= KW δ(x2,V2)(x1, V1)

❛♥❞ t❤✉s ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❜❡t✇❡❡♥ t✇♦ ❉✐r❛❝s ✿

〈δ(x1,V1), δ(x2,V2)〉W ′ = ke(x1, x2) kt(V1, V2) . ✭✸✳✷✷✮

❋♦r ❛♥② ✈❛r✐❢♦❧❞s µ ❛♥❞ µ′ ✐♥ C0(E × Gd(E))′✱ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡♠
✇r✐t❡s ✿

〈µ, µ′〉W ′ = 〈KWµ,KWµ
′〉W

= µ(KWµ
′)

=

∫

E×Gd(E)
KWµ

′(x, V )dµ(x, V )

=

∫

E×Gd(E)
〈KWµ

′,KW δ(x,V )〉Wdµ(x, V )

=

∫

E×Gd(E)

(∫

E×Gd(E)
KW δ(x,V )(x

′, V ′)dµ′(x′, V ′)

)
dµ(x, V )

❛♥❞ ❣✐✈❡s ✜♥❛❧❧② ✿

〈µ, µ′〉W ′ =

∫∫

(E×Gd(E))2
ke(x, x

′) kt(V, V
′)dµ(x, V )dµ′(x′, V ′) . ✭✸✳✷✸✮

✶✵✹



■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ r❡❝t✐✜❛❜❧❡ ✈❛r✐❢♦❧❞s µX ❛♥❞ µY ✱ ✇❡ ❡✈❡♥ ♦❜t❛✐♥ t❤❛♥❦s t♦
❡q✳✭✸✳✷✸✮ ❛♥❞ ✭✸✳✹✮ ✿

〈µX , µY 〉W ′ =

∫

X

∫

Y
ke(x, y) kt(TxX,TyY )dHd(x)dHd(y) . ✭✸✳✷✹✮

❲❡ ❤❛✈❡ t❤❡r❡❢♦r❡ ❛ ❣❡♥❡r✐❝ ✇❛② t♦ ❜✉✐❧❞ ❦❡r♥❡❧s ❢♦r ✈❛r✐❢♦❧❞s ✇❤✐❝❤ ❛r❡ s❡♣❛r❛❜❧❡
s✐♥❝❡ s✉❝❤ ❦❡r♥❡❧s ❛r❡ t❡♥s♦r ♣r♦❞✉❝ts ♦❢ ❛ ❦❡r♥❡❧ ♦♥ t❤❡ ❛♠❜✐❡♥t s♣❛❝❡ E ✇✐t❤ ❛
❦❡r♥❡❧ ♦♥ t❤❡ s❡t ♦❢ ❛❧❧ t❛♥❣❡♥t s♣❛❝❡s Gd(E)✳ ❇✉✐❧❞✐♥❣ ❦❡r♥❡❧s ♦♥ t❤❡ ❡✉❝❧✐❞❡❛♥
s♣❛❝❡ E r❛✐s❡s ♥♦ ❞✐✣❝✉❧t✐❡s ✭❡①❛♠♣❧❡s ✇❡r❡ ❛❧r❡❛❞② ❣✐✈❡♥ ✐♥ ❝❤❛♣t❡r ✶✮ ❛♥❞ ✇❡ ❤❛✈❡
♣r❡s❡♥t❡❞ ❛ ✇❛② t♦ ❜✉✐❧❞ ❦❡r♥❡❧s ♦♥ Gd(E)✳

❉✉❛❧ ❡♠❜❡❞❞✐♥❣ ❛♥❞ C0✲✉♥✐✈❡rs❛❧✐t②

❍♦✇❡✈❡r✱ ❛t t❤✐s st❛❣❡✱ t❤❡ ♠❡tr✐❝ ♦♥ t❤❡ s♣❛❝❡ ♦❢ ✈❛r✐❢♦❧❞s r❡♠❛✐♥s ♦♥❧② ❛ ♣s❡✉❞♦✲
❞✐st❛♥❝❡ ❜❡❝❛✉s❡ ✐t ✐s st✐❧❧ ✉♥❝❧❡❛r ✇❤❡t❤❡r t❤❡ ❞✉❛❧ ❛♣♣❧✐❝❛t✐♦♥ i∗ : C0(E×Gd(E))′ →
W ′ ✐s ❛❧✇❛②s ❛♥ ❡♠❜❡❞❞✐♥❣✳ ❆s ✇❡ ❛❧r❡❛❞② ❡✈♦❦❡❞ ✐♥ ❝❤❛♣t❡r ✷ s❡❝t✐♦♥ ✷✳✷✳✷✱ ✐♥ ❣❡♥✲
❡r❛❧✱ t❤✐s ✐s ❛❝t✉❛❧❧② ♥♦t t❤❡ ❝❛s❡ ✿ ❛❧t❤♦✉❣❤ W →֒ C0(E ×Gd(E)) ✐s ❛♥ ❡♠❜❡❞❞✐♥❣✱
t❤❡ ❞✉❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♥❡❡❞ ♥♦t ❜❡ ✐♥❥❡❝t✐✈❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❝❤♦♦s✐♥❣ t❤❡ ❧✐♥❡❛r ❦❡r♥❡❧
kL ♦❢ ❡q✳✭✸✳✶✷✮ ♦♥ t❤❡ ●r❛ss♠❛♥♥✐❛♥ ♠❛❦❡s i∗ ♥♦t ✐♥❥❡❝t✐✈❡✳ ■♥❞❡❡❞✱ ❧❡t✬s ♣❧❛❝❡ ♦✉r✲
s❡❧✈❡s ✐♥ t❤❡ ❝❛s❡ E = R

2 ✇✐t❤ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s (e1, e
⊥
1 ) ❛♥❞ (eθ, e

⊥
θ ) t❤❡ r♦t❛t❡❞

✈❡❝t♦rs ❜② ❛ ❝❡rt❛✐♥ ❛♥❣❧❡ θ✳ ▲❡t x ❜❡ ❛ ✜①❡❞ ♣♦✐♥t ✐♥ E✳ ❋♦r ❛♥② ❦❡r♥❡❧ ke ⊗ kL✱
✇✐t❤ ke ❛ ❦❡r♥❡❧ ♦♥ E✱ ✇❡ ❤❛✈❡ ✿

‖(δ(x,e1) + δ(x,e⊥1 ))− (δ(x,eθ) + δ(x,e⊥θ ))‖2W ′

= ‖(δ(x,e1) + δ(x,e⊥1 ))‖2W ′ + ‖(δ(x,eθ) + δ(x,e⊥θ ))‖2W ′

− 2〈(δ(x,e1) + δ(x,e⊥1 )), (δ(x,eθ) + δ(x,e⊥θ ))〉W ′

= ke(x, x)
[
4− 2〈pe1 , peθ〉 − 2〈pe⊥1 , peθ〉 − 2〈pe1 , pe⊥θ 〉 − 2〈pe⊥1 , pe⊥θ 〉

]

= ke(x, x)
[
4− 2 cos2(θ)− 2 sin2(θ)− 2 sin2(θ)− 2 cos2(θ)

]

= 0

❆♥ t❤❡r❡❢♦r❡ i∗(δ(x,e1) + δ(x,e⊥1 )) = i∗(δ(x,eθ) + δ(x,e⊥θ )) ❢♦r ❛❧❧ θ✳

❚❤❡ ❢❛❝t t❤❛t i∗ ✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ✐s ❝❛❧❧❡❞ t❤❡ C0✲✉♥✐✈❡rs❛❧✐t② ♣r♦♣❡rt② ♦❢ t❤❡
❦❡r♥❡❧ ❛♥❞✱ ❛s ♣r♦✈❡❞ ✐♥ ❬✷✵❪✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦♣❡rt② ♦❢ W ❜❡✐♥❣ ❞❡♥s❡ ✐♥
C0(E × Gd(E))✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ❝♦✉♥t❡r❡①❛♠♣❧❡✱ t❤❡ ❧❛❝❦ ♦❢ ✐♥❥❡❝t✐✈✐t② ❜❛s✐❝❛❧❧②
❝♦♠❡s ❢r♦♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s❡✈❡r❛❧ ❞✐r❡❝t✐♦♥s ♦❢ Gd(E) ❧♦❝❛t❡❞ ❛t ♦♥❡ s✐♥❣❧❡ ♣♦✐♥t
x✳ ❲❤❡♥ r❡♣r❡s❡♥t✐♥❣ s✉❜♠❛♥✐❢♦❧❞s ♦r r❡✉♥✐♦♥ ♦❢ s✉❜♠❛♥✐❢♦❧❞s✱ ✐t ✐s ♥♦t s♦♠❡t❤✐♥❣
t❤❛t ❝♦✉❧❞ ❤❛♣♣❡♥ ❡①❝❡♣t ♦♥ ✐s♦❧❛t❡❞ ♣♦✐♥ts✳ ■♥ ❢❛❝t✱ ✇❡ ❝❛♥ s❤♦✇ r❡s✉❧t ♦❢ ✬✇❡❛❦
✐♥❥❡❝t✐✈✐t②✬ t❤❛t ❛♣♣❧✐❡s ❢♦r ❛ ✈❡r② ✇✐❞❡ r❛♥❣❡ ♦❢ ❦❡r♥❡❧s✳ ■t ✐s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✸✳ ▲❡t k = ke ⊗ kt ❜❡ ❛ ❦❡r♥❡❧ ❛s ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✸✳✷✳ ❆ss✉♠❡
t❤❛t ❦❡r♥❡❧ ke ✐s C0✲✉♥✐✈❡rs❛❧ ❛♥❞ t❤❛t t❤❡ ❦❡r♥❡❧ kt ✐s s✉❝❤ t❤❛t kt(V, V ) > 0 ❢♦r
❛❧❧ V ∈ Gd(E)✳ ▲❡t X =

⋃N
i=1Xi ❛♥❞ Y =

⋃M
j=1 Yj ❜❡ t✇♦ ✜♥✐t❡ ✉♥✐♦♥ ♦❢ ❝♦♠♣❛❝t

d✲❞✐♠❡♥s✐♦♥❛❧ s✉❜♠❛♥✐❢♦❧❞s ♦❢ E✳ ■❢ ‖µX − µY ‖W ′ = 0 t❤❡♥ X = Y ✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜②We ❛♥❞Wt t❤❡ ❘❑❍❙ ❛ss♦❝✐❛t❡❞ t♦ ❦❡r♥❡❧s ke ❛♥❞ kt✳ ▲❡t✬s
st❛rt ❜② t❤❡ ❝❛s❡ ✇❤❡r❡ X ✐s ❛ s✐♥❣❧❡ s✉❜♠❛♥✐❢♦❧❞ ♦❢ E✳ ■❢ ‖µX − µY ‖W ′ = 0 ❛♥❞
X 6= Y ✱ ♦♥❡ ❝❛♥ ✜♥❞ x0 ∈ X̊\Y ❛♥❞ t❤❡r❡ ❡①✐sts r > 0 s✉❝❤ t❤❛t B(x0, r) ∩ Y = ∅✳
▲❡t a ∈ C0(E,R) ❜❡ ❛♥② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t t❤❡ s✉♣♣♦rt ♦❢ a ✐s ✐♥❝❧✉❞❡❞

✶✵✺



✐♥ B(x0, r)✳ ▲❡t ωt = kt(Tx0X, .) ∈Wt✳ ❋♦r ❛❧❧ ❢✉♥❝t✐♦♥s ωe ∈We✱ ωe ⊗ ωt ∈W ❛♥❞
t❤✉s (µX − µY )(ωe ⊗ ωt) = 0✱ ✐✳❡

∫

X
ωe(x)ωt(TxX)dHd(x)−

∫

Y
ωe(y)ωt(TyY )dHd(y) = 0

◆♦✇✱ s✐♥❝❡ We ✐s ❞❡♥s❡ ✐♥ C0(E,R)✱ ✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ ✉♥✐❢♦r♠❧② a ❜② ❢✉♥❝t✐♦♥s
✐♥ We✳ ❇② ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ✐♥t❡❣r❛❧ ❛♥❞ t❤❡ ❢❛❝t t❤❛t a = 0 ✐♥
Y ✱ ✇❡ ❣❡t ✿ ∫

X
a(x)ωt(TxX)dHd(x) = 0

❚❤✐s ❤♦❧❞s ❢♦r ❛❧❧ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s a s✉♣♣♦rt❡❞ ✐♥ B(x0, r)✱ ✇❤✐❝❤ ✐s ❝❧❡❛r❧②
✐♠♣♦ss✐❜❧❡ s✐♥❝❡ x 7→ ωt(TxX) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞

ωt(Tx0X) = kt(Tx0X,Tx0X) 6= 0 .

■❢ X ✐s ♥♦✇ ❛ ✜♥✐t❡ r❡✉♥✐♦♥ ♦❢ ❝♦♠♣❛❝t s✉❜♠❛♥✐❢♦❧❞s ❛♥❞ X 6= Y t❤❡♥✱ ❛s ♣r❡✈✐♦✉s❧②✱
✇❡ ❝❛♥ ✜♥❞ x0 ∈

⋃N
i=1 X̊i ✇✐t❤ B(x0, r0) ∩ Y = ∅✳ B(x0, r0) ∩ X ✐s ✐ts❡❧❢ ❛ ♥♦♥✲

❡♠♣t② ✜♥✐t❡ r❡✉♥✐♦♥ ♦❢ s✉❜♠❛♥✐❢♦❧❞s✳ ■♥ ♦r❞❡r t♦ ❣❡t ❛ s✐♠✐❧❛r ♣r♦♦❢ ❛s ❢♦r t❤❡
♦♥❡ s✉❜♠❛♥✐❢♦❧❞ ❝❛s❡✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ✿ t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t x̂ ∈
B(x0, r0) ∩ X✱ ρ > 0 ✇✐t❤ B(x̂, ρ) ⊂ B(x0, r0) ❛♥❞ j ∈ {1, .., N} s✉❝❤ t❤❛t ❢♦r ❛❧❧
❢✉♥❝t✐♦♥ ω s✉♣♣♦rt❡❞ ✐♥ B(x̂, ρ) × Gd(E)✱ µX(ω) = µXj (ω)✳ ❚❤✐s ❝❛♥ ❜❡ ♣r♦✈❡❞
r❡❝✉rs✐✈❡❧②✳
❆ss✉♠✐♥❣ t❤❡ r❡s✉❧t ❢♦r N − 1✱ ✇❡ ❝❛♥ ✜♥❞ x1✱ r1✱j1 ✇✐t❤ B(x1, r1) ⊂ B(x0, r0) ❛♥❞
µ⋃N−1

i=1 Xi
= µXj1

❢♦r ❢✉♥❝t✐♦♥s s✉♣♣♦rt❡❞ ✐♥ B(x1, r1)✳ ◆♦✇✱ t❤❡r❡ ❛r❡ t✇♦ ❞✐st✐♥❝t

❝❛s❡s ✿ ❡✐t❤❡r B(x1, r1) ∩ Xj1 = B(x1, r1) ∩ XN ♦r ✇❡ ❝❛♥ ❛ss✉♠❡ ❢♦r ✐♥st❛♥❝❡
t❤❛t t❤❡r❡ ❡①✐sts x2 ∈ B(x1, r1) ∩ Xj1 ✱ r2 > 0 s✉❝❤ t❤❛t B(x2, r2) ⊂ B(x1, r1) ❛♥❞
B(x2, r2) ∩XN = ∅✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ s✐♥❝❡ XN ❝♦✐♥❝✐❞❡s ✇✐t❤ Xj1 ♦♥ B(x1, r1)✱ ✇❡
❤❛✈❡ st✐❧❧ µ⋃N

i=1Xi
= µXj1

❢♦r ❢✉♥❝t✐♦♥s s✉♣♣♦rt❡❞ ✐♥ B(x1, r1)×Gd(E) ❛♥❞ ✇❡ t❛❦❡

x̂ = x1✱ ρ = r1✱ j = j1✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ♦♥❡ ❝❛♥ t❛❦❡ x̂ = x2✱ ρ = r2✱ j = j1 ❛♥❞
t❤❡ r❡s✉❧t ❤♦❧❞s ❛s ✇❡❧❧✳ ❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s t❤❡♥ ❡①❛❝t❧② s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ♦❢
❛ ✉♥✐q✉❡ s✉❜♠❛♥✐❢♦❧❞✳

❊✈❡♥ t❤♦✉❣❤ t❤❡r❡ ✐s ♥♦ ❣❡♥❡r❛❧ ✐♥❥❡❝t✐✈✐t② ❢♦r t❤❡ ❞✉❛❧ ❛♣♣❧✐❝❛t✐♦♥✱ ♣r♦♣♦s✐t✐♦♥ ✸✳✸✳✸
❡♥s✉r❡s t❤❛t t❤❡ ♠❡tr✐❝s ✇❡ ✉s❡ ❛r❡ ❛t ❧❡❛st ❞✐st❛♥❝❡s ♦♥ t❤❡ s❡t ♦❢ ✜♥✐t❡ r❡✉♥✐♦♥ ♦❢
s✉❜♠❛♥✐❢♦❧❞s✱ ✇❤✐❝❤ ✐s ✉s✉❛❧❧② ❡♥♦✉❣❤ ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✇❡ ❛✐♠ ❛t✳ ❲❡ ❛❧s♦ ❜❡❧✐❡✈❡
t❤❛t t❤❡ r❡s✉❧t ❝♦✉❧❞ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❛♥② r❡❝t✐✜❛❜❧❡ s✉❜s❡ts ♦❢ E ✭❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡
❢♦r Hd✲❛❧♠♦st ❛❧❧ x ♦♥❡ t❛♥❣❡♥t s♣❛❝❡ ❞✐r❡❝t✐♦♥✮ ❜✉t t❤❡ ♣r♦♦❢ ❞♦❡s ♥♦t ♥♦t s❡❡♠ t♦
❢♦❧❧♦✇ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ✿ t❤❡ ♣❛ss❛❣❡ ❢r♦♠ ✜♥✐t❡ r❡✉♥✐♦♥ t♦ ❝♦✉♥t❛❜❧❡
r❡✉♥✐♦♥ ✐s ❢♦r ✐♥st❛♥❝❡ ♥♦t ♦❜✈✐♦✉s✳

■♥ t❤❡ s♣❡❝✐✜❝ ❝❛s❡ ♦❢ t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ♦♥ Gd(E) ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✸✳✸✳✶✱ ✇❡ ❝❛♥
❛❝t✉❛❧❧② r❡❝♦✈❡r t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ i∗ ♦♥ C0(E ×Gd(E))′ ✐ts❡❧❢✱ ✇❤✐❝❤ ✐s st❛t❡❞ ✐♥ t❤❡
♥❡①t ♣r♦♣♦s✐t✐♦♥ ✿

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✹✳ ■❢ k = ke ⊗ kG ✇✐t❤ ke ❛ C0✲✉♥✐✈❡rs❛❧ ❦❡r♥❡❧ ♦♥ E ❛♥❞ kG t❤❡
r❡str✐❝t✐♦♥ ♦❢ ❛ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ♦♥ L(E) ❣✐✈❡♥ ✐♥ ❡q✳✭✸✳✶✸✮✱ t❤❡♥ k ✐s ❛ C0✲✉♥✐✈❡rs❛❧
❦❡r♥❡❧ ♦♥ E ×Gd(E)✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ♠❛✐♥❧② ❜❛s❡❞ ♦♥ t✇♦ r❡s✉❧ts ❛❜♦✉t ❘❑❍❙✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡
✈❡r② ✇❡❧❧✲❦♥♦✇♥ ♣r♦♣❡rt② t❤❛t ❛ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ♦♥ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡
✐s C0✲✉♥✐✈❡rs❛❧✳ ■♥ ♦✉r ❝♦♥t❡①t✱ t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ K ❞❡✜♥❡❞ ♦♥ L(E) × L(E) ❜②

✶✵✻



K(l1, l2) = e−
|l1−l2|

2

σ2 ✐s t❤✉s C0✲✉♥✐✈❡rs❛❧ ✭❝❢ ❬✷✵❪✮✳ ◆♦✇✱ t❤❡ ❦❡r♥❡❧ kG t❤❛t ✇❡ ❤❛✈❡
❞❡✜♥❡❞ ✐♥ ❡q✳✭✸✳✶✸✮ ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ K t♦ t❤❡ s✉❜s❡t ♦❢ ❛❧❧ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥s
♦♥ d✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s ✭✇❤✐❝❤ ✐s ✐❞❡♥t✐✜❡❞ t♦ Gd(E)✮✳ ❚❤✐s s✉❜s❡t ✐s ❝❧♦s❡❞ ✐♥
L(E) ❛♥❞ ✉s✐♥❣ ♣r♦♣❡rt② ✷✳✷✳✷ ❢r♦♠ ❝❤❛♣t❡r ✷ s❡❝t✐♦♥ ✷✳✷✳✷✱ ✇❡ ❞❡❞✉❝❡ t❤❛t kG ✐s
t❤❡♥ ❛ C0✲✉♥✐✈❡rs❛❧ ❦❡r♥❡❧✳ ■❢We ⊂ C0(E,R) ❛♥❞Wt ⊂ C0(Gd(E),R) ❛r❡ t❤❡ ❘❑❍❙
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❦❡r♥❡❧s ke ❛♥❞ kG✱ ✐t r❡s✉❧ts t❤❛t ✇❡ ❤❛✈❡ We ❞❡♥s❡ ✐♥ C0(E,R)
✭❜❡❝❛✉s❡ ke ✐s ❛ss✉♠❡❞ t♦ ❜❡ C0✲✉♥✐✈❡rs❛❧✮ ❛♥❞ Wt ❞❡♥s❡ ✐♥ C0(Gd(E),R)✳ ■t ✐s t❤❡♥
❝❧❡❛r t❤❛t W ✐s ❞❡♥s❡ ✐♥ C0(E ×Gd(E),R)✳

■♥ s✉♠♠❛r②✱ ✇❡ ❤❛✈❡ ❡①♣❧❛✐♥❡❞ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ❤♦✇ t♦ ❞❡✜♥❡ ❍✐❧❜❡rt ♠❡tr✐❝s ♦♥
✈❛r✐❢♦❧❞s t❤❛t ❛r❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❡♥s♦r ♣r♦❞✉❝ts ❜❡t✇❡❡♥ ❦❡r♥❡❧s ♦♥ E ❛♥❞ ❦❡r♥❡❧s
♦♥ t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞✳ ❚❤✐s ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ♥❡❝❡ss❛r✐❧② r❡❛❧ ❞✐st❛♥❝❡s ♦♥
✈❛r✐❢♦❧❞s ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ♥♦♥✲✐♥❥❡❝t✐✈✐t② ♦❢ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♣❛❝❡
♦❢ ✈❛r✐❢♦❧❞s ❛♥❞ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ❘❑❍❙ W ✳ ❨❡t✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r ❛ ✈❡r②
✇✐❞❡ ❝❧❛ss ♦❢ s✉❝❤ ❦❡r♥❡❧s✱ t❤❡ r❡s✉❧t✐♥❣ ❞✐st❛♥❝❡s ❛r❡ s❡♣❛r❛t✐♥❣ ✜♥✐t❡ ✉♥✐♦♥s ♦❢
s✉❜♠❛♥✐❢♦❧❞s ❛♥❞ ✇❡ ❤❛✈❡ ❛r❣✉❡❞ ✐♥ ❢❛✈♦r ♦❢ ●❛✉ss✐❛♥ ❦❡r♥❡❧s ♦♥ t❤❡ ●r❛ss♠❛♥♥
♠❛♥✐❢♦❧❞ ❢♦r ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ t❤❡ r❡❛❧ ✐♥❥❡❝t✐✈✐t② ❛♥❞ t❤✉s ❞✐st❛♥❝❡s ♦♥ t❤❡ s♣❛❝❡ ♦❢
❛❧❧ ✈❛r✐❢♦❧❞s✳ ❲❡ ✇✐❧❧ ❡❧❛❜♦r❛t❡ ❛ ❧✐tt❧❡ ♠♦r❡ ♦♥ t❤❡ ✐♥t❡r❡st ♦❢ s✉❝❤ ●❛✉ss✐❛♥ ❦❡r♥❡❧s
✐♥ s♣❡❝✐✜❝ s✐t✉❛t✐♦♥s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✭❝❢ ✜❣✉r❡ ✸✳✺✮✳

✸✳✹ Pr♦♣❡rt✐❡s ♦❢ ❘❑❍❙ ♥♦r♠s ♦♥ ✈❛r✐❢♦❧❞s

✸✳✹✳✶ ❉❡♣❡♥❞❡♥❝② ♦♥ t❤❡ s❝❛❧❡s ♦❢ t❤❡ ❦❡r♥❡❧s

❖♥❡ ♦❢ t❤❡ ♠❛❥♦r ❛❞✈❛♥t❛❣❡ ♦❢ ❦❡r♥❡❧ ♠❡tr✐❝s ✐s t❤❛t t❤❡② ❛❧❧♦✇ ❛♥❛❧②s✐s ❛t ❞✐✛❡r❡♥t
s❝❛❧❡s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✈❛r✐❢♦❧❞s✱ t❤✐s ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜♦t❤ ✐♥ t❤❡ s♣❛❝❡ E ❛♥❞
t❤❡ ●r❛ss♠❛♥♥✐❛♥ ❜② t❤❡ ✇✐❞t❤s σe ❛♥❞ σt ♦❢ t❤❡ ●❛✉ss✐❛♥s ✐❢ ♦♥❡ t❛❦❡s ●❛✉ss✐❛♥
❦❡r♥❡❧s✳ ❚❤❡ ♣❛r❛♠❡t❡r σe ❝❛♥ ❜❡ t❤♦✉❣❤t ❛s r❡♣r❡s❡♥t✐♥❣ t❤❡ t②♣✐❝❛❧ ✐♥t❡r❛❝t✐♦♥
❞✐st❛♥❝❡ ♦♥ t❤❡ ❉✐r❛❝s✬ ♣♦s✐t✐♦♥s ✐♥ E ✇❤❡r❡❛s σt ❝♦♥tr♦❧s t❤❡ ❞❡s✐r❡❞ ❝♦rr❡❧❛t✐♦♥ ✐♥
t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ s✉❜s♣❛❝❡s✳ ❆♥ ✐♥t❡r❡st✐♥❣ ❢❛❝t ✐s t❤❛t ❢♦r ✈❡r② ❧❛r❣❡ σe ✭❜❛s✐❝❛❧❧②
❛❧❧ ♣♦✐♥ts s❡❡♥ ❛t t❤❡ s❛♠❡ ♣♦s✐t✐♦♥ ❜② t❤❡ ❦❡r♥❡❧✮✱ t❤❡ r❡s✉❧t✐♥❣ ♠❡tr✐❝ ♦♥ ✈❛r✐❢♦❧❞s
❞♦ ♥♦t ❜❡❝♦♠❡ ♥❡❝❡ss❛r✐❧② tr✐✈✐❛❧ ❛s ✇✐t❤ ❝✉rr❡♥ts ✭❝❢ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ s❡❝t✐♦♥ ✸✳✶✳✷✮✳
■♥❞❡❡❞ ❢♦r σe → ∞✱ t❤❡ W ′✲❞✐st❛♥❝❡ ❜❡❝♦♠❡s ❛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥s
♦❢ t❛♥❣❡♥t s♣❛❝❡ ❞✐r❡❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❦❡r♥❡❧ kt✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧② ✿

‖µX‖2W ′ →
∫∫

X×X
kt(TxX,TyX)dHd(x)dHd(y)

=

∫∫

Gd(E)×Gd(E)
kt(u, v)dνX(u)dνX(v)

✇❤❡r❡ νX
.
= Hd ◦ Tan−1 ✐s t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡ ♦❢ Hd ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ Tan : X →

Gd(E), x 7→ TxX✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛t ✐♥✜♥✐t❡ s❝❛❧❡ ❢♦r ke✱ ‖µX‖2W ′ r❡♣r❡s❡♥ts ❛ ♠❡tr✐❝
♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥♦♥✲♦r✐❡♥t❡❞ t❛♥❣❡♥t s♣❛❝❡s t♦ t❤❡ s❤❛♣❡ X✱ ✇❤✐❝❤ ✇❡ ❝❛♥
s❡❡✱ ✐♥ ❛ ❝❡rt❛✐♥ ✇❛②✱ ❛s ❛ ❤✐st♦❣r❛♠ ♠❡tr✐❝ ♦♥Gd(E)✳ ❚❤❡r❡❢♦r❡✱ ❡✈❡♥ ❛t ✐♥✜♥✐t❡ s❝❛❧❡
❢♦r ke✱ s♦♠❡t❤✐♥❣ ♦❢ t❤❡ s❤❛♣❡ st✐❧❧ r❡♠❛✐♥s ✐♥ t❤❡ ✈❛r✐❢♦❧❞ r❡♣r❡s❡♥t❛t✐♦♥ ❝♦♥tr❛r✐❧②
t♦ ❝✉rr❡♥ts✳ ■♥ t❤♦s❡ s✐t✉❛t✐♦♥s✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❦❡r♥❡❧ ♦♥ t❤❡ ●r❛ss♠❛♥♥ ♣❛rt ♦❢
✈❛r✐❢♦❧❞s ✐s q✉✐t❡ ❞❡❝✐s✐✈❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ C0✲✉♥✐✈❡rs❛❧✐t② ✐ss✉❡ ❞✐s❝✉ss❡❞ ♣r❡✈✐♦✉s❧②
❜❡❝♦♠❡s ✐♠♣♦rt❛♥t✳ ❲❡ s❤♦✇ ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ s✉❝❤ ♣❤❡♥♦♠❡♥♦♥ ✐♥ ✜❣✉r❡ ✸✳✺ ❢♦r
t❤❡ ❧✐♥❡❛r ❦❡r♥❡❧ kL ✇❤✐❝❤ ✐s ♥♦t C0✲✉♥✐✈❡rs❛❧ ❛♥❞ t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ kG✱ ✇❤✐❝❤
✇❛s ♣r♦✈❡❞ t♦ ❜❡✳ ❚❤❡ ✜❣✉r❡ ❝♦♥✜r♠s ✇❤❛t ✇❛s ❛❧r❡❛❞② ♥♦t✐❝❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢
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❋✐❣✉r❡ ✸✳✺✿ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ✈❛r✐❢♦❧❞s✬ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ ✷❉ ❣r✐❞✲❧✐❦❡ s❤❛♣❡ ✭✐♥
❜❧❛❝❦✮ ❛♥❞ ✐ts r♦t❛t❡❞ ✈❡rs✐♦♥ ✭✐♥ ♠❛❣❡♥t❛✮ ❢♦r ✈❛r✐♦✉s r♦t❛t✐♦♥ ❛♥❣❧❡s ❛♥❞ ❢♦r ❜♦t❤
t❤❡ ❧✐♥❡❛r ❦❡r♥❡❧ ❡q✳✭✸✳✶✷✮ ❛♥❞ t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ♦❢ ❡q✳✭✸✳✶✸✮ ♦♥ t❤❡ ●r❛ss♠❛♥♥
♠❛♥✐❢♦❧❞✱ ❛❧❧ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧❛r❣❡✲s❝❛❧❡ ❦❡r♥❡❧ ♦♥ t❤❡ s♣❛❝❡ E✳ ❚❤❡ ❣r❛♣❤ ❞✐s♣❧❛②s t❤❡
r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❢♦❧❞ ❞✐st❛♥❝❡s ❛♥❞ t❤❡ ♥♦r♠ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ r♦t❛t✐♦♥ ❛♥❣❧❡✳ ❲✐t❤ t❤❡ ❧✐♥❡❛r ❦❡r♥❡❧✱ t❤❡ ✈❛❧✉❡s r❡♠❛✐♥ ✈❡r② s♠❛❧❧ ❢♦r ❛❧❧
❛♥❣❧❡s✱ ❛♥❞ ✐t ✐s ♥❡❛r❧② ✉♥❛❜❧❡ t♦ ❞✐st✐♥❣✉✐s❤ ❜♦t❤ s❤❛♣❡s ✇❤❡r❡❛s t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧
s❤♦✇s ❛♥ ❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦r ✇✐t❤ ❛ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ❢♦r ❛ ✹✺◦ ❛♥❣❧❡✳

s❡❝t✐♦♥ ✸✳✸✳✷ ❛❜♦✉t t❤❡ ❧✐♥❡❛r ❦❡r♥❡❧✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t ✇❡ ❝❛♥ ❜❡ ❞r❛✇♥ ✐♥ ❣❡♥❡r❛❧
✐s t❤❛t ●❛✉ss✐❛♥ ❦❡r♥❡❧s ♦♥ Gd(E) ♣r♦✈✐❞❡ ♠❡tr✐❝s t❤❛t ❛r❡ ♦❜✈✐♦✉s❧② ♠♦r❡ ❡✛❡❝t✐✈❡
✐♥ s✐t✉❛t✐♦♥s ♦❢ ♠✉❧t✐♣❧❡ ❞✐r❡❝t✐♦♥s ❝r♦ss✐♥❣ ❛t ♥❡❛r❜② ♣♦✐♥ts✱ ❛s ♠✐❣❤t ❛♣♣❡❛r ✇❤❡♥
tr❡❛t✐♥❣ ✜❜❡rs ♦r tr❡❡✲❧✐❦❡ str✉❝t✉r❡s✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ✇❡ ❧❡t σt → ∞✱ ✇❡ s❡❡ t❤❛t kt(u, v) = 1 ❢♦r ❛❧❧ u, v ∈ Gd(E)
❛♥❞ t❤❡ ❘❑❍❙ ♥♦r♠ ✇❡ ✜♥❞ ♦♥❧② t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❉✐r❛❝s ✿
t❤❡s❡ ❛r❡ ❡①❛❝t❧② t❤❡ ♠❡❛s✉r❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ s❤❛♣❡s ✐♥tr♦❞✉❝❡❞ ❜② ●❧❛✉♥ès ✐♥
❬✹✶❪ ❝❤❛♣ ✹✳

✸✳✹✳✷ ❈♦♥tr♦❧ ♦❢ t❤❡ ✈♦❧✉♠❡ ❜② W
′✲♥♦r♠

❲❡ ♥♦✇ ❝♦♠❡ t♦ t❤❡ ♣r♦❜❧❡♠ r❛✐s❡❞ ❜② ♦✉r ❞✐s❝✉ss✐♦♥ r❡❧❛t❡❞ t♦ ✜❣✉r❡ ✸✳✸✳ ❲❡ s❤♦✇
✐♥ ✇❤✐❝❤ ♣r❡❝✐s❡ s❡♥s❡ ❘❑❍❙ ♠❡tr✐❝s ♦♥ ✈❛r✐❢♦❧❞s s✉❝❝❡ss❢✉❧❧② ❛✈♦✐❞ t❤❡ ❝❛♥❝❡❧❧❛t✐♦♥
♣❤❡♥♦♠❡♥♦♥ ♦❢ ❝✉rr❡♥ts✳ ❚❤✐s ✐s ❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡ t❤❡♦r❡♠ ❜❡❧♦✇ ❛♥❞ ✐ts ❝♦r♦❧❧❛r② ✿

❚❤❡♦r❡♠ ✸✳✹✳✶✳ ▲❡t µ ❜❡ ❛ ♣♦s✐t✐✈❡ d✲❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❢♦❧❞ ♦❢ E s✉❝❤ t❤❛t Supp(µ) ⊂
B(0, 1) × Gd(E)✳ ▲❡t k ❜❡ ❛ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧ ♦♥ E × Gd(E) ❛♥❞ W ✐ts ❘❑❍❙✱
❞❡✜♥❡❞ ❧✐❦❡ ✐♥ s❡❝t✐♦♥ ✸✳✸✳✷ ❜② k((x, u), (y, v)) = ke(x, y).kt(u, v) ✇❤❡r❡ ke ✐s ❛ r❡✲
♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧ ♦♥ E ❛♥❞ kt ❛ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧ ♦♥ t❤❡ ●r❛ss♠❛♥♥✐❛♥✳ ❲❡ ♠❛❦❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ✿
✶✳ ke ✐s ❛ r❛❞✐❛❧ s❝❛❧❛r ❦❡r♥❡❧ s♦ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡ ke(x, y) = he(|x − y|)✳ he ✐s
❛ss✉♠❡❞ t♦ ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥✱ ✇✐t❤ he(0) > 0✳
✷✳ kt ✐s ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ♦♥ Gd(E) × Gd(E) s✉❝❤ t❤❛t ❢♦r ❛❧❧
u ∈ Gd(E)✱ kt(u, u) > 0✳
❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t ❈t❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ µ ∈W ′ s✉❝❤ t❤❛t ✿

‖µ‖W ′ ≥ ❈t❡µ(E ×Gd(E)) .

Pr♦♦❢✳ ❋♦r ❛♥② ✈❛r✐❢♦❧❞ µ ∈W ′✱ ✇❡ ❤❛✈❡ ✿

‖µ‖2W ′ =

∫∫

(E×Gd(E))2
ke(x, y).kt(u, v)dµ(x, u)dµ(y, v) . ✭✸✳✷✺✮
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❋♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✸✳✹✳✶✱ ✇❡ s❤❛❧❧ ✜rst ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦♥st❛♥t ❦❡r♥❡❧
❢♦r ke✳
❙t❡♣ ✶✿ ❲❡ ✜rst ❛ss✉♠❡ t❤❛t ke(x, y) = 1 ❢♦r ❛❧❧ x, y✳ ▲❡t✬s ❞❡♥♦t❡ ❜② p : E ×
Gd(E) → Gd(E) t❤❡ ❛♣♣❧✐❝❛t✐♦♥ (x, u) 7→ u✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ✐♠❛❣❡ ♠❡❛s✉r❡
ν
.
= µ ◦ p−1 ❞❡✜♥❡❞ ♦♥ Gd(E)✳ ❚❤❡♥ ✿

‖µ‖2W ′ =

∫∫

Gd(E)×Gd(E)
kt(u, v)dν(u)dν(v) .

◆♦t❡ t❤❛t ν(Gd(E)) = µ(p−1(Gd(E))) = µ(E × GdE)✳ ◆♦✇✱ t❤❡ ❝♦♠♣❛❝t ❣r♦✉♣
SO(E) ♦❢ ❞✐r❡❝t ✐s♦♠❡tr✐❡s ♦❢ E ❛❝ts tr❛♥s✐t✐✈❡❧② ♦♥ Gd(E) ❜② t❤❡ r❡❧❛t✐♦♥
g.❙♣❛♥(e1, .., ed)

.
= ❙♣❛♥(g(e1), .., g(ed))✱ ♠❛❦✐♥❣ Gd(E) ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡✳ ❙✐♥❝❡

SO(E) ✐s ❛ ❝♦♠♣❛❝t ❣r♦✉♣✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ✐ts ✉♥✐q✉❡ ❜✐✲✐♥✈❛r✐❛♥t ❍❛❛r ♠❡❛s✉r❡
✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ λ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ λ(SO(E)) = 1✳ ■❢ ✇❡ ✜① ❛ ♣❛rt✐❝✉❧❛r ❡❧❡♠❡♥t
u0 ∈ Gd(E)✱ λ ✐♥❞✉❝❡s ✐♥ t✉r♥ ❛ ♠❡❛s✉r❡ ♦♥ Gd(E) ❞❡✜♥❡❞ ❢♦r ❛❧❧ B ❜② λGr(B) =
λ({g ∈ SO(E) | g.u0 ∈ B})✳ ❖♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t t❤❡ r✐❣❤t✲✐♥✈❛r✐❛♥❝❡ ♦❢ λ ✐♠♣❧✐❡s
t❤❛t λGr ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ u0 ∈ Gd(E)✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ t❤❛♥❦s t♦
t❤❡ ❧❡❢t✲✐♥✈❛r✐❛♥❝❡ ♦❢ λ✱ λGr ✐s ✐♥✈❛r✐❛♥t ❜② t❤❡ ❛❝t✐♦♥ ♦❢ G ✐✳❡ λGr(g.B) = λGr(B)
❢♦r ❛❧❧ g✳
❆ s❡❝♦♥❞ ✐♠♣♦rt❛♥t ❡❧❡♠❡♥t ✐s t❤❛t✱ ❛s ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢
❛ ❝♦♠♣❛❝t ▲✐❡ ❣r♦✉♣ ✭♦♥ ✇❤✐❝❤ t❤❡r❡ ❡①✐sts ❛ ❜✐✲✐♥✈❛r✐❛♥t ♠❡tr✐❝✮✱ Gd(E) ❝❛♥ ❜❡
❡q✉✐♣♣❡❞ ❜② ♣r♦❥❡❝t✐♦♥ ✇✐t❤ ❛ ❧❡❢t✲✐♥✈❛r✐❛♥t ❞✐st❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛❝t✐♦♥ ♦❢
SO(E)✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ d✳ ▲❡t✬s ♥♦✇ ❝♦♥s✐❞❡r ❛ ❝♦♥t✐♥✉♦✉s✱ ♣♦s✐t✐✈❡ L1 ✭❢♦r
t❤❡ ♠❡❛s✉r❡ λGr✮ ❢✉♥❝t✐♦♥ φ ♦♥ Gd(E)✳ ❙✐♥❝❡ λGr(Gd(E)) = λ(SO(E)) = 1 < +∞✱
φ ✐s ❛❧s♦ ✐♥ L2 ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t ‖φ‖2 = 1✳ ❲❡ ❝❛♥ ❛ss✉♠❡ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t t❤❡
s✉♣♣♦rt ❙✉♣♣(φ) ♦❢ φ ✐s ✐♥❝❧✉❞❡❞ ✐♥ ❛ ❝❡rt❛✐♥ ❜❛❧❧ ♦❢ r❛❞✐✉s δ ❝❡♥t❡r❡❞ ❛t u0✳ ❲❡ ❛❧s♦
✐♥tr♦❞✉❝❡ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ❢✉♥❝t✐♦♥ ψ ♦♥ Gd(E)×Gd(E) ❞❡✜♥❡❞ ❜② ✿

ψ(u, v) =

∫

SO(E)
φ(g.u)φ(g.v)dλ(g) .

■t✬s ♦❜✈✐♦✉s t❤❛t ψ ✐s ❛❧s♦ ❛ ♣♦s✐t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ◆♦✇✱ t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞
✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt✐❡s ♦❢ λGr s❤♦✇ t❤❛t ❢♦r ❛❧❧ u ∈ Gd(E)✱ ✐❢ τu : g 7→ g.u t❤❡♥✱
λ ◦ τ−1

u = λGr ❛♥❞ ✐t r❡s✉❧ts t❤❛t ✿

∫

SO(E)
φ(g.u)2dλ(g) =

∫

Gd(E)
φ(v)2dλGr(v) = ‖φ‖22 = 1 ,

❋r♦♠ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞

∀(u, v) ∈ Gd(E)2, ψ(u, v) ≤
(∫

SO(E)
φ(g.u)2dλ(g)

) 1
2
(∫

SO(E)
φ(g.v)2dλ(g)

) 1
2

≤ ‖φ‖22

t❤❡r❡❢♦r❡ ψ(u, v) ≤ 1✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢ d(u, v) ≥ 2δ✱ ✇❡ ❤❛✈❡ d(g.u, g.v) ≥ 2δ ❢♦r ❛❧❧
g s✐♥❝❡ d ✐s ❧❡❢t✲✐♥✈❛r✐❛♥t✳ ❚❤❡r❡❢♦r❡ d(g.u, u0) + d(g.v, u0) ≥ d(g.u, g.v) ≥ 2δ✳ ■t
r❡s✉❧ts t❤❛t ❡✐t❤❡r d(g.u, u0) ≥ δ ♦r d(g.v, u0) ≥ δ ❛♥❞ ❛♥②❤♦✇ φ(g.u)φ(g.v) = 0✳
❈♦♥s❡q✉❡♥t❧②✱ ψ ✈❛♥✐s❤❡s ❢♦r d(u, v) ≥ 2δ✳ ◆♦✇✱ s✐♥❝❡ kt ✐s ♣♦s✐t✐✈❡ ❛♥❞ 0 ≤ ψ ≤ 1

‖µ‖2W ′ ≥
∫∫

Gd(E)×Gd(E)
kt(u, v)ψ(u, v)dν(u)dν(v) .

✶✵✾



▼♦r❡♦✈❡r✱ kt ✐s ❛❧s♦ ❝♦♥t✐♥✉♦✉s ❛♥❞ kt(u, u) > 0 ❢♦r ❛❧❧ u s♦✱ ❜② ❝♦♠♣❛❝t♥❡ss ♦❢
Gd(E)✱ t❤❡r❡ ❡①✐sts α > 0 ❛♥❞ ❛♥ ♦♣❡♥ ❞♦♠❛✐♥ D ⊂ Gd(E)×Gd(E) ♦❢ t❤❡ ❢♦r♠ D =
{(u, v) | d(u, v) < ǫ} s✉❝❤ t❤❛t ❢♦r ❛❧❧ u, v ∈ D✱ kt(u, v) ≥ α✳ ❲❡ ❝❛♥ ❛❧s♦ ❛ss✉♠❡✱ ❜②
❝❤♦♦s✐♥❣ ❛♣♣r♦♣r✐❛t❡❧② t❤❡ ❢✉♥❝t✐♦♥ φ✱ t❤❛t δ ≤ ǫ

2 ❛♥❞ t❤❡r❡❢♦r❡ ψ(u, v) = 0 ♦✉ts✐❞❡
D✳ ■t r❡s✉❧ts t❤❛t ✿

‖µ‖2W ′ ≥ α
∫∫

Gd(E)×Gd(E)
ψ(u, v)dν(u)dν(v) . ✭✸✳✷✻✮

❯s✐♥❣ ❋✉❜✐♥✐✬s t❤❡♦r❡♠ ✐♥ t❤❡ ❧❛st ✐♥t❡❣r❛❧✱ ✇❡ ❝❛♥ ✇r✐t❡

∫∫

Gd(E)×Gd(E)
ψ(u, v)dν(u)dν(v)

=

∫

SO(E)

(∫∫

Gd(E)×Gd(E)
φ(g.u)φ(g.v)dν(u)dν(v)

)
dλ(g)

=

∫

SO(E)

(∫

Gd(E)
φ(g.u)dν(u)

)2

dλ(g)

≥
(∫

SO(E)

∫

Gd(E)
φ(g.u)dν(u)dλ(g)

)2

✭✸✳✷✼✮

t❤❡ ❧❛st ❡st✐♠❛t❡ r❡s✉❧t✐♥❣ ❢r♦♠ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❢❛❝t t❤❛t λ(SO(E)) =
1✳ ❯s✐♥❣ ❛❣❛✐♥ ❋✉❜✐♥✐✬s t❤❡♦r❡♠✱

∫

SO(E)

∫

Gd(E)
φ(g.u)dν(u)dλ(g) =

∫

Gd(E)

(∫

SO(E)
φ(g.u)dλ(g)

)
dν(u) .

▼❛❦✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ τu : g 7→ g.u ✐♥ t❤❡ ✐♥s✐❞❡ ✐♥t❡❣r❛❧ ❛♥❞ ✉s✐♥❣ t❤❡ s❛♠❡
❛r❣✉♠❡♥t ❛s ♣r❡✈✐♦✉s❧②✱ ✇❡ ♦❜t❛✐♥ t❤❛t

∫

SO(E)
φ(g.u)dλ(g) =

∫

Gd(E)
φ(w)dλGr(w) = ‖φ‖1 > 0

■♥s❡rt✐♥❣ t❤❡ ♣r❡✈✐♦✉s ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✷✼✮✱

∫∫

Gd(E)×Gd(E)
ψ(u, v)dν(u)dν(v) ≥ ‖φ‖21ν(Gd(E))2 = ‖φ‖21µ(E ×GdE)2 .

❙♦ t❤❛t ✇❡ ❡✈❡♥t✉❛❧❧② ♦❜t❛✐♥ ✿

‖µ‖2W ′ ≥ α‖φ‖21.µ(E ×GdE)2

❛♥❞ s✐♥❝❡ β
.
= α‖φ‖21 ✐s ❛ ❝♦♥st❛♥t t❤❛t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ µ✱ t❤✐s ❝♦♥❝❧✉❞❡s t❤❡

♣r♦♦❢ ✐♥ t❤❛t ❝❛s❡✳
❙t❡♣ ✷✿ ❲❡ ♥♦✇ ♠♦✈❡ t♦ t❤❡ ♣r♦♦❢ ❢♦r ❛ ❣❡♥❡r❛❧ ❦❡r♥❡❧ ke✳ ❋r♦♠ t❤❡ ❤②♣♦t❤❡s❡s✱
t❤❡ s✉♣♣♦rt ♦❢ µ ✐s ✐♥❝❧✉❞❡❞ ✐♥ B(0, 1)×Gd(E) ❛♥❞ ke ✐s ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣♦s✐t✐✈❡
r❛❞✐❛❧ s❝❛❧❛r ❦❡r♥❡❧ ♦♥ E✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛ r❡❛❧ ♥✉♠❜❡r δ < 1 s✉❝❤ t❤❛t ❢♦r ❛♥②
x, y ∈ E ✇✐t❤ |x − y| ≤ δ✱ ✇❡ ❤❛✈❡ ke(x, y) ≥ he(0)/2

.
= κ✳ ▲❡t✬s ♥♦✇ ❝♦♥s✐❞❡r ❛

♣❛rt✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ✇✐t❤ ❛ s❡t ♦❢ ❝✉❜❡s {Ci}i=1,..,M ♦❢ ❞✐❛♠❡t❡r s♠❛❧❧❡r t❤❛♥ δ s✉❝❤

✶✶✵



t❤❛t X ⊂ ⋃M
i=1Ci✳ ❚❤❡♥ t❤❡ s✉❜s❡ts Si

.
= (Ci ×Gd(E)) ∩ ❙✉♣♣(µ) ❢♦r♠ ❛ ♣❛rt✐t✐♦♥

♦❢ ❙✉♣♣(µ)✳ ▼♦r❡♦✈❡r✱

‖µ‖2W ′ =

∫∫

(E×Gd(E))2
ke(x, y) kt(u, v)dµ(x, u)dµ(y, v)

≥
M∑

i=1

∫∫

Si×Si

ke(x, y) kt(u, v)dµ(x, u)dµ(y, v)

≥ κ
M∑

i=1

∫∫

Si×Si

kt(u, v)dµ(x, u)dµ(y, v) .

❲❡ ❝❛♥ ❛♣♣❧② t❤❡ r❡s✉❧t ♦❢ st❡♣ ✶ t♦ ❡❛❝❤ ♦❢ t❤❡s❡ ✐♥t❡❣r❛❧s✱ t❤✉s ♦❜t❛✐♥✐♥❣

‖µ‖2W ′ ≥ βκ
M∑

i=1

µ(Si)
2

≥ βκ. 1
M

(
M∑

i=1

µ(Si)

)2

≥ βκ

M
µ(E ×GdE)2 ,

t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❜❡✐♥❣ ❛ ❞✐s❝r❡t❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ❛♥❞ t❤❡ ❧❛st ♦♥❡ r❡s✉❧t✐♥❣
❢r♦♠ t❤❡ ❢❛❝t t❤❛t {Si} ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ ❙✉♣♣(µ)✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ❜❡❝❛✉s❡ t❤❡
❝♦♥st❛♥ts β ❛♥❞ κ ❛r❡ ❜♦t❤ ✐♥❞❡♣❡♥❞❡♥t ♦❢ µ✱ ❛♥❞ s♦ ✐s M ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥
t❤❡ ❦❡r♥❡❧ ke✳

❚❤❡ ❤②♣♦t❤❡s❡s ♦❢ t❤❡♦r❡♠ ✸✳✹✳✶ ♦♥ t❤❡ ❦❡r♥❡❧s ❛r❡ ♠♦st❧② t❡❝❤♥✐❝❛❧ ❜✉t ❛r❡ ♥♦t
♣❛rt✐❝✉❧❛r❧② r❡str✐❝t✐✈❡ ✐♥ ♣r❛❝t✐❝❡ s✐♥❝❡ ♦♥❡ ❝❛♥ ❝❤❡❝❦ ❡❛s✐❧② t❤❛t ❛❧❧ t❤❡ ❡①❛♠♣❧❡s ♦❢
❦❡r♥❡❧s ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✸✳✸✳✶ ❝♦♠♣❧② t♦ t❤❡ r❡q✉✐r❡♠❡♥ts ♦♥ kt✳ ❆s ❛ ❞✐r❡❝t ❝♦r♦❧❧❛r②✱
✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✿

❈♦r♦❧❧❛r② ✸✳✹✳✶✳ ▲❡t X ❜❡ ❛ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ E ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ✉♥✐t ❜❛❧❧✳ ❲❡
♠❛❦❡ t❤❡ s❛♠❡ ❤②♣♦t❤❡s❡s ♦♥ t❤❡ ❦❡r♥❡❧ ❛s ✐♥ t❤❡♦r❡♠ ✸✳✹✳✶✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛
❝♦♥st❛♥t ❈t❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ X s✉❝❤ t❤❛t

‖µX‖W ′ ≥ ❈t❡Hd(X) .

Pr♦♦❢✳ ❚❤✐s ✐s ❡ss❡♥t✐❛❧❧② ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡♦r❡♠ ✸✳✹✳✶ ❢♦r r❡❝t✐✜❛❜❧❡ ✈❛r✐❢♦❧❞s✳
■♥❞❡❡❞✱ t❤❡ s✉♣♣♦rt ♦❢ µX ✐s ✐♥❝❧✉❞❡❞ ✐♥ B(0, 1)×Gd(E) ❛♥❞ t❤❛♥❦s t♦ t❤❡ t❤❡♦r❡♠✱
‖µX‖W ′ ≥ ❈t❡µX(E×Gd(E))✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢r♦♠ t❤❡ ✈❡r② ❞❡✜♥✐t✐♦♥ ♦❢ µX ✱ µX(E×
Gd(E)) = Hd(X)✳

❚❤✐s r❡s✉❧t ✐s t❤❡♦r❡t✐❝❛❧❧② ❡ss❡♥t✐❛❧ ❜❡❝❛✉s❡ ✐t s❤♦✇s t❤❛t ♣❛t❤♦❧♦❣✐❝❛❧ ❝❛s❡s ❛s t❤❡
♦♥❡ ♦❢ ✜❣✉r❡ ✸✳✸ ❝❛♥♥♦t ❤❛♣♣❡♥ ✇❤❡♥ s❤❛♣❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❛s ✈❛r✐❢♦❧❞s✳ ■♥ ♣r❛❝t✐❝❛❧
❛♣♣❧✐❝❛t✐♦♥s✱ ✐t ❡♥s✉r❡s t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❦❡r♥❡❧ ♥♦r♠ ✇❡ ✉s❡ ✇✐t❤ t❤❡ ❛❝t✉❛❧
✈♦❧✉♠❡ ♦❢ t❤❡ s❤❛♣❡s s♦ t❤❛t ❛rt✐✜❝✐❛❧ ❡❧✐♠✐♥❛t✐♦♥ ♦❢ ♠❛ss ❞✉r✐♥❣ r❡❣✐str❛t✐♦♥ ♣r♦❝❡ss
♦r t❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ❛r❡ ♥♦t ❧✐❦❡❧② t♦ ♦❝❝✉r ✐♥ t❤✐s s❡tt✐♥❣✳ ❲❡ ✇✐❧❧ s❤♦✇ ♠♦r❡
s♣❡❝✐✜❝ ❡①❛♠♣❧❡s ♦❢ t❤✐s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ◆♦t❡ t❤❛t ✇❤❡♥ X ✐s ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡
❛♥❞ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✱ t❤❡ ♥♦t✐♦♥ ♦❢ ✈♦❧✉♠❡ ♦❢ ❛ s❤❛♣❡
X ✐s t❤❡ ❛r❡❛ ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥ ❛♥❞ ♥♦t t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❞♦♠❛✐♥✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦r♦❧❧❛r② s❛②s t❤❛t ✇❤❡♥ ❛ ♣❧❛✐♥ s❤❛♣❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ✐ts ❜♦✉♥❞❛r②✱
✐ts ♥♦r♠ ❢♦r ❣❡♥❡r✐❝ ✈❛r✐❢♦❧❞ ❦❡r♥❡❧ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ❛r❡❛ ♦❢ ✐ts ❜♦✉♥❞❛r②✳

✶✶✶



✸✳✹✳✸ ▼❡tr✐❝ ✈❛r✐❛t✐♦♥ ❢♦r♠✉❧❛

❆ ❧❛st ❢✉♥❞❛♠❡♥t❛❧ ✐ss✉❡ t♦ ♠❡♥t✐♦♥ ✐s t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ❦❡r♥❡❧ ♥♦r♠s
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt ♦❢ s❤❛♣❡s✱ s✐♥❝❡ r❡❣✐str❛t✐♦♥ ❛♥❞ t❡♠♣❧❛t❡
❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s r❡❧② ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ❣r❛❞✐❡♥ts ♦❢ s✉❝❤ ♥♦r♠s✳ ❲❡ s❤❛❧❧
❞❡t❛✐❧ t❤❡ t❡❝❤♥✐❝❛❧ ❞✐s❝r❡t❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ s✉❝❤ ❣r❛❞✐❡♥ts ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ❜✉t
✐t ✐s ❛❧s♦ ✈❡r② ✈❛❧✉❛❜❧❡ t♦ ❤❛✈❡ ❛ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❣❡♥❡r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❤♦✇ t❤❡
♠❡tr✐❝ ♦♥ s❤❛♣❡ ✈❛r✐❡s ✇❤❡♥ t❤❡ s✉♣♣♦rt ✐s ❞❡❢♦r♠❡❞✳ ◆❛♠❡❧②✱ ✐❢ X ✐s ❛ s❤❛♣❡ ✭❤❡r❡
✇❡ ✇✐❧❧ ❛ss✉♠❡ ❝♦♠♣❛❝t ♦r✐❡♥t❡❞ s✉❜♠❛♥✐❢♦❧❞✮ ❛♥❞ ❛ ❘❑❍❙ W ♦♥ ✈❛r✐❢♦❧❞s ✐s s❡t✱
✇❡ ✇❛♥t t♦ ❡①♣r❡ss t❤❡ ✈❛r✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ X ♦❢ t❡r♠s ❧✐❦❡ 〈µX , µ′〉W ′ ✇✐t❤ µ′

❛ ❝❡rt❛✐♥ ❡❧❡♠❡♥t ♦❢ W ′✳ ❙✐♥❝❡ 〈µX , µ′〉W ′ = µX(KWµ
′) ✭❝❢ s❡❝t✐♦♥ ✸✳✸✳✷✮✱ ✇❡ ❝❛♥

❧♦♦❦ ❡q✉✐✈❛❧❡♥t❧② ❢♦r ✈❛r✐❛t✐♦♥s ♦❢ µX(ω) ❢♦r ❛ ✜①❡❞ ω ∈W ✳
❲❤❛t ✇❡ ✇✐s❤ t♦ ❞❡r✐✈❡ ✐s t❤✉s ❛ r❡s✉❧t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❈❛rt❛♥✬s ❢♦r♠✉❧❛ ❢♦r ❝✉r✲
r❡♥ts✳ ❚❤❡ ♣r♦♣❡r ❢♦r♠✉❧❛t✐♦♥ ✐s t♦ ❡①♣r❡ss t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ µX(ω) ❢♦r s♠❛❧❧ ✈❛r✐❛✲
t✐♦♥s ♦❢ X ♦❜t❛✐♥❡❞ ❜② ✢♦✇✐♥❣ ❛ ✈❡❝t♦r ✜❡❧❞ ❢r♦♠ X✳ ❲✐t❤ s♦♠❡ ❤②♣♦t❤❡s❡s ♦♥ X
❛♥❞ W ✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ ❛ ❢♦r♠✉❧❛ t❤❛t ❣❡♥❡r❛❧✐③❡s ✐♥ ♦✉r ❝♦♥t❡①t t❤❡ ♥♦t✐♦♥
✜rst ✈❛r✐❛t✐♦♥ ♦❢ ❛ ✈❛r✐❢♦❧❞ st✉❞✐❡❞ ✐♥ ❬✹❪✳ ❚❤❡ r❡s✉❧t ✐s s✉♠♠❡❞ ✉♣ ❜❡❧♦✇ ✿

❚❤❡♦r❡♠ ✸✳✹✳✷✳ ▲❡t X ❜❡ ❛♥ ♦r✐❡♥t❛❜❧❡ ❝♦♠♣❛❝t s✉❜♠❛♥✐❢♦❧❞ ❛♥❞ µX ✐ts ❛ss♦❝✐❛t❡❞
✈❛r✐❢♦❧❞✳ ▲❡t v ❜❡ ❛♥② C1 ✈❡❝t♦r ✜❡❧❞ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ❞❡✜♥❡❞ ♦♥ E ❛♥❞ ❝♦♥s✐❞❡r
t❤❡ ❛ss♦❝✐❛t❡❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s✉❜❣r♦✉♣ t 7→ φt ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✢♦✇ ♦❢ v✳ ❚❤❡♥✱
✐❢ Xt

.
= φt(X) ✐s t❤❡ tr❛♥s♣♦rt❡❞ ♠❛♥✐❢♦❧❞✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② C1 ❢✉♥❝t✐♦♥ (x, V ) 7→

ω(x, V ) ♦♥ E ×Gd(E) ✿

d

dt

∣∣∣∣
t=0

µXt(ω) =

∫

X

(
∂ω

∂x
− divX

(
∂ω

∂V

)
− ωHX |v⊥

)
+

∫

∂X
〈ν, ωv⊤ +

(
∂ω

∂V
|v⊥
)
〉

✇❤❡r❡ v⊤ ❛♥❞ v⊥ ❞❡♥♦t❡ t❤❡ t❛♥❣❡♥t✐❛❧ ❛♥❞ ♥♦r♠❛❧ ♣❛rt ♦❢ v ❛❧♦♥❣ X✱ ν ✐s t❤❡ ✉♥✐t
♦✉t✇❛r❞ ♥♦r♠❛❧ ❛❧♦♥❣ ∂X✱ ❛♥❞ HX t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✈❡❝t♦r t♦ X✳

Pr♦♦❢✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s s✐♠✐❧❛r t♦ ❈❛rt❛♥✬s ❢♦r♠✉❧❛ ❢♦r ❝✉rr❡♥ts✱ t❤❡
♣r♦♦❢ ✐s q✉✐t❡ ❞✐✛❡r❡♥t ✐♥ t❤❡ ❞❡t❛✐❧s✳ ❲❡ ❛ss✉♠❡ t❤❛t X ✐s ❛ s♠♦♦t❤ ❝♦♠♣❛❝t
♦r✐❡♥t❛❜❧❡ s✉❜♠❛♥✐❢♦❧❞ ♦❢ E s♦ t❤❛t ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❝❛♥♦♥✐❝❛❧ ✈♦❧✉♠❡ ❢♦r♠ σX
♦♥ X✳ ●✐✈❡♥ ❛ C1 ✈❡❝t♦r ✜❡❧❞ v ♦♥ E ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ 1✲
♣❛r❛♠❡t❡r ❣r♦✉♣ ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s φt ✇✐t❤ φ0 = Id ❛♥❞ ∂t|t=0φt = v✳ ❚❤❡ ✇❤♦❧❡
♣♦✐♥t ♦❢ t❤❡ t❤❡♦r❡♠ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ µX(ω) ✇❤❡♥ X ✐s ❞❡❢♦r♠❡❞ ❜②
✈❡❝t♦r ✜❡❧❞ v✱ t❤❛t ✐s t♦ s❛② ✿

d

dt

∣∣∣∣
t=0

µφt(X)(ω) =
d

dt

∣∣∣∣
t=0

∫

Xt

ω(x, TxXt)dHd(x) ✭✸✳✷✽✮

✇❤❡r❡ Xt = φt(X)✳ ◆♦t❡ t❤❛t t❤✐s ❣❡♥❡r❛❧✐③❡s t❤❡ ✜rst ✈❛r✐❛t✐♦♥ ♦❢ ❛ ✈❛r✐❢♦❧❞ ❝♦♠✲
♣✉t❡❞ ✐♥ ❬✹❪✱ ❢♦r ✇❤✐❝❤ ω = 1✳ ❍❡r❡✱ ω ✐s ❛♥② C1 ❢✉♥❝t✐♦♥ ♦♥ E×Gd(E)✳ ❆s ❛❧r❡❛❞②
❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✷✱ ✇❡ ❤❛✈❡ µφt(X)(ω) = µX(φ

∗
tω) ❛♥❞ ✿

d

dt

∣∣∣∣
t=0

µφt(X)(ω) =

∫

X

d

dt

∣∣∣∣
t=0

(φ∗tω)(x, TxX)dHd(x) =
∫

X
£vω(x, TxX)dHd(x)

✭✸✳✷✾✮
✇❤❡r❡ £vω st❛♥❞s ❢♦r t❤❡ ▲✐❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ω(x, V ) ❛❧♦♥❣ v✳ ❍❡r❡❛❢t❡r✱ t♦ s✐♠♣❧✐❢②
t❤❡ ♥♦t❛t✐♦♥✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ (x, V ) 7→ f(x, V )✱ ✇❡ ✇✐❧❧ s✐♠♣❧② ✇r✐t❡

∫
X f ✐♥st❡❛❞ ♦❢∫

X f(x, TxX)dHd(x)✳
◆♦✇✱ (φ∗tω)(x, TxX) = |dxφt.TxX|ω(φt(x), dxφt(TxX))✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t Jt =
|dxφt.TxX| ✐s t❤❡ ✈♦❧✉♠❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ TxX✳ ❚❛❦✐♥❣

✶✶✷



t❤❡ ❞❡r✐✈❛t✐✈❡ ✐♥s✐❞❡ t❤❡ ✐♥t❡❣r❛❧ ❛t t = 0 ❧❡❛❞s t♦ t❤r❡❡ t❡r♠s ✿ ❞✐✛❡r❡♥t✐❛t❡ t❤❡
❢✉♥❝t✐♦♥ ω ✇✐t❤ r❡s♣❡❝t t♦ ♣♦s✐t✐♦♥✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❞✐r❡❝t✐♦♥ ❛♥❞
❞✐✛❡r❡♥t✐❛t❡ t❤❡ ✈♦❧✉♠❡ ❝❤❛♥❣❡✳ ❚❤❡ ✜rst t❡r♠ ✐s t❤❡ s✐♠♣❧❡st ♦♥❡ ❛♥❞ ❛♥ ✐♠♠❡❞✐❛t❡

❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t ✐t ❡q✉❛❧s

(
∂ω

∂x
|v
)
✳ ❚❤❡ t✇♦ ♦t❤❡rs ❛r❡ ♠♦r❡ ✐♥✈♦❧✈❡❞✳

❉❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✈♦❧✉♠❡ ❝❤❛♥❣❡ ✿ ❋♦r ❛♥② ✈❡❝t♦r ✜❡❧❞ u ❞❡✜♥❡❞ ♦♥ X✱ ✇❡
s❤❛❧❧ ❞❡♥♦t❡ ❜② u⊤ ❛♥❞ u⊥ t❤❡ t❛♥❣❡♥t✐❛❧ ❛♥❞ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ u ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ♦❢ X ❛t ❡❛❝❤ ♣♦✐♥t✳ ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ∇·· ♦♥
t❤❡ ❛♠❜✐❡♥t s♣❛❝❡ ❛♥❞ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ ♦❢ t❛♥❣❡♥t ✈❡❝t♦r ✜❡❧❞s (ei)i=1,..,d ♦♥
X✳ ◆♦✇ Jt =

√
det(〈dxφt(ei), dxφt(ej))i,j s♦ ❛ s✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t ✿

d

dt

∣∣∣∣
t=0

Jt =
d∑

i=1

〈ei,∇eiv〉

❲r✐t✐♥❣ v = v⊤ + v⊥ ♣r♦✈✐❞❡s ❛ ✜rst t❡r♠
∑d

i=1〈ei,∇eiv⊤〉 ✇❤✐❝❤ ✐s t❤❡ t❛♥❣❡♥t✐❛❧
❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ v⊤ ❞❡♥♦t❡❞ ✉s✉❛❧❧② divX(v

⊤)✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ❜❡❝♦♠❡s∑d
i=1〈ei,∇eiv⊥〉✳ ❋♦r ❛❧❧ i = 1, .., d✱ ✇❡ ❤❛✈❡ 〈ei, v⊥〉 = 0 s♦ t❤❛t ❛❢t❡r ❞✐✛❡r❡♥t✐❛t✐♦♥

✇❡ ✜♥❞ t❤❛t 〈ei,∇eiv⊥〉 = −〈∇eiei, v⊥〉✳ ❚❤❡r❡❢♦r❡ ✿

d∑

i=1

〈ei,∇eiv⊥〉 = −
d∑

i=1

〈∇eiei, v⊥〉

= −
〈(

d∑

i=1

∇eiei
)⊥

, v⊥

〉

■♥ t❤✐s ❧❛st ❡①♣r❡ss✐♦♥✱ ✇❡ r❡❝♦❣♥✐③❡ t❤❡♠❡❛♥ ❝✉r✈❛t✉r❡ ✈❡❝t♦r t♦ t❤❡ s✉❜♠❛♥✐❢♦❧❞
X✱ ✇❤✐❝❤ ✐s t❤❡ tr❛❝❡ ♦❢ t❤❡ ❲❡✐♥❣❛rt❡♥ ♠❛♣ ❛♥❞ ✐s ❞❡♥♦t❡❞ HX ✳ ❆s ❛ r❡s✉❧t✱ ✇❡
✜♥❞ t❤❛t ✿ ∫

X
ω
d

dt

∣∣∣∣
t=0

Jt =

∫

X
ω divX(v

⊤)−
∫

X
ω〈HX , v

⊥〉

◆♦✇✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ✜rst t❡r♠ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❛ ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧✳
■♥❞❡❡❞✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② ω̃ t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ X ❜② ω̃(x) = ω(x, TxX)✱ ✇❡
❤❛✈❡ divX(ω̃v

⊤) = ω̃ divX(v
⊤) + 〈∇ω̃|v⊤〉✳ ❆♣♣❧②✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ♦♥ t❤❡

♦r✐❡♥t❛❜❧❡ ♠❛♥✐❢♦❧❞ X ❣✐✈❡s ✿
∫

X
ω divX(v

⊤) = −
∫

X
〈∇ω̃|v⊤〉+

∫

∂X
ω〈ν, v⊤〉

✇❤❡r❡ ν ✐s t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ t♦ t❤❡ ❜♦✉♥❞❛r②✳

❉❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❛♥❣❡♥t s♣❛❝❡s ✿ ❲❡ ♥♦✇ ❝♦♠❡ t♦ t❤❡ ❧❛st t❡r♠
✐♥ ❡q✉❛t✐♦♥ ✭✸✳✷✾✮✱ ✇❤✐❝❤ ✐s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ω ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ✐♥
Gd(E)✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✶✱ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦Gd(E) ❛t V
✇✐t❤ t❤❡ s♣❛❝❡ ♦❢ ❧✐♥❡❛r ❛♣♣❧✐❝❛t✐♦♥s L(V, V ⊥)✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢ ✇❡ s❡t Vt = dxφt(TxX)✱
✇❡ ❤❛✈❡✱ t❤❛♥❦s t♦ ❡q✳✭✸✳✸✮ ✿

d

dt

∣∣∣∣
t=0

Vt = pTxX⊥ ◦ ∇v|TxX ∈ L(TxX, (TxX)⊥)

✇❤✐❝❤ ✇❡ ✇✐❧❧ ♥♦t❡ ♠♦r❡ ❝♦♥❝✐s❡❧②
d

dt

∣∣∣∣
t=0

Vt = ∇⊥v✳ ❚❤❡ s♣❛❝❡ L(TxX, (TxX)⊥)

❜❡✐♥❣ tr✐✈✐❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦ TxX
⊥⊗(TxX)∗✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ∇⊥v ❜❡✐♥❣ ❛♥ ❡❧❡♠❡♥t

✶✶✸



♦❢ t❤❛t s♣❛❝❡ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡
∂ω

∂V
✇❤✐❝❤ ✇❡ t❤❡r❡❢♦r❡ ✐❞❡♥t✐❢② t♦ ❛♥ ❡❧❡♠❡♥t ♦❢

(TxX
⊥)∗ ⊗ TxX ✿

∂ω

∂V
=
∑n

j=d+1 η
∗
j ⊗ αj ❢♦r (ηd+1, .., ηn) ❛♥ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ ♦❢

TxX
⊥ ❛♥❞ (αj) ✈❡❝t♦rs ♦❢ TxX ✭❛s ✉s✉❛❧ η∗ ❞❡♥♦t❡s t❤❡ ❧✐♥❡❛r ❢♦r♠ 〈η, .〉✮✳ ❚❤❡♥ t❤❡

✈❛r✐❛t✐♦♥ ✇❡ ✇✐s❤ t♦ ❝♦♠♣✉t❡ ✐s ✿
(
∂ω

∂V
|∇⊥v

)
=

(
∂ω

∂V
|∇v

)
=

n∑

j=d+1

〈ηj ,∇αjv〉

■❢ ✇❡ ✐♥tr♦❞✉❝❡

(
∂ω

∂V
|v
)

=
∑n

j=d+1 η
∗
j (v)αj =

∑n
j=d+1〈ηj , v〉αj ✇❤✐❝❤ ✐s ❛ t❛♥❣❡♥t

✈❡❝t♦r ✜❡❧❞ ♦♥ X✱ ✇❡ ❤❛✈❡ ✿

divX

(
∂ω

∂V
|v
)

=

d∑

i=1

n∑

j=d+1

(〈ei,∇eiαj〉〈ηj , v〉+ 〈ei, 〈∇eiηj , v〉αj〉+ 〈ei, 〈ηj ,∇eiv〉αj〉)

❚❤❡ ❧❛st t❡r♠ ✐♥ t❤❡ s✉♠ ✐s ❛❧s♦
∑n

j=d+1〈ηj ,∇αjv〉✱ ✇❤✐❝❤ ✐s ♥♦t❤✐♥❣ ❡❧s❡ t❤❛♥(
∂ω

∂V
|∇v

)
✳ ❆s ❢♦r t❤❡ t✇♦ ♦t❤❡r t❡r♠s ✐♥ t❤❡ s✉♠✱ ✐t✬s ❡❛s② t♦ s❡❡ t❤❛t ✐t ❡q✉❛❧s ✿




d∑

i=1

〈ei,∇ei
n∑

j=d+1

η∗j ⊗ αj〉|v


 = (divX

(
∂ω

∂V

)
|v)

❙♦ ❣❡t ❡✈❡♥t✉❛❧❧② t❤❛t ✿
(
∂ω

∂V
|∇v

)
= divX

(
∂ω

∂V
|v
)
− (divX

(
∂ω

∂V

)
|v) ✭✸✳✸✵✮

■♥t❡❣r❛t✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✸✵✮ ♦✈❡r t❤❡ s✉❜♠❛♥✐❢♦❧❞ X ❛♥❞ ✉s✐♥❣ ❛s ♣r❡✈✐♦✉s❧② t❤❡
❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ ✇❡ ✜♥❞ t❤❛t ✿

∫

X

(
∂ω

∂V
|∇v

)
=

∫

∂X
〈ν,
(
∂ω

∂V
|v
)
〉 −

∫

X
(divX

(
∂ω

∂V

)
|v) ✭✸✳✸✶✮

❙②♥t❤❡s✐s ✿ ●r♦✉♣✐♥❣ ❛❧❧ t❤❡ ❞✐✛❡r❡♥t t❡r♠s ♦❜t❛✐♥❡❞ s♦ ❢❛r✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ✿
∫

X
£vω =

∫

X

(
∂ω

∂x
− divX

(
∂ω

∂V

)
|v
)
−
∫

X
〈∇ω̃|v⊤〉+ ω〈HX |v⊥〉

+

∫

∂X
〈ν,
(
∂ω

∂V
|v
)
+ ωv⊤〉

❲❡ r❡♠✐♥❞ t❤❛t ω̃(x) = ω(x, TxX) s♦ (∇ω̃|v⊤) =

(
∂ω

∂x
|v⊤
)

+

(
∂ω

∂V
|∇v⊤

)
❛♥❞

❛♣♣❧②✐♥❣ t❤❡ r❡s✉❧t ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✵✮ t♦ v⊤ ✿
(
∂ω

∂V
|∇v⊤

)
= divX

(
∂ω

∂V
|v⊤
)
− (divX

(
∂ω

∂V

)
|v⊤)

◆♦t✐❝✐♥❣ t❤❛t

(
∂ω

∂V
|v⊤
)

= 0 ❜② t❤❡ ❡①♣r❡ss✐♦♥ ♦❢
∂ω

∂V
❛♥❞ ✉s✐♥❣ t❤❡ ❡q✉❛❧✐t② v =

v⊤ + v⊥ ✇❡ ✜♥❞ ❡✈❡♥t✉❛❧❧② t❤❛t ✿
∫

X
£vω =

∫

X

(
∂ω

∂x
− divX

(
∂ω

∂V

)
− ωHX |v⊥

)
+

∫

∂X
〈ν,
(
∂ω

∂V
|v
)
+ ωv⊤〉

✇❤✐❝❤ ♣r♦✈❡s t❤❡ r❡s✉❧t ♦❢ t❤❡♦r❡♠ ✸✳✹✳✷✳

✶✶✹



❲❡ ✇✐❧❧ ❥✉st ♠❛❦❡ ❛ ❢❡✇ q✉❛❧✐t❛t✐✈❡ ❝♦♠♠❡♥ts s✐♥❝❡ t❤❡r❡ ❛r❡ ❛ ❢❡✇ ♥♦t❡✇♦rt❤② ❝♦♥s❡✲
q✉❡♥❝❡s ♦❢ t❤❡♦r❡♠ ✸✳✹✳✷ t♦ ♠❡♥t✐♦♥✳ ❚❤❡ ✜rst ✐♠♣♦rt❛♥t r❡♠❛r❦ ✐s t❤❛t t❤❡ ✈❛r✐❛t✐♦♥
♦❢ ✈❛r✐❢♦❧❞ ♠❡tr✐❝ ✐s ❝♦♥tr♦❧❧❡❞ ♦♥❧② ❜② t❤❡ ✈❡❝t♦r ✜❡❧❞ v ❛♥❞ ♥♦t ✐ts ❞❡r✐✈❛t✐✈❡s✳ ❚❤✐s
✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞ s✐♥❝❡ ❛ ✈❛r✐❢♦❧❞ ❦❡r♥❡❧ k((x, V ), (x′, V ′)) ✐s ❡♥❝♦❞✐♥❣ ✐♥ ❛♥ ❛r❜✐✲
tr❛r② ♥♦♥✲❧✐♥❡❛r ✇❛② ✜rst ♦r❞❡r ✐♥❢♦r♠❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ●r❛ss♠❛♥♥✐❛♥
✈❛r✐❛❜❧❡s V ❛♥❞ V ′✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ r❡s✉❧t ✐s ✈❛❧✐❞ ❡✈❡♥ ✐❢ t❤❡ ❞✐♠❡♥s✐♦♥ ♦r t❤❡
❝♦❞✐♠❡♥s✐♦♥ ♦❢ X ✐s ❞✐✛❡r❡♥t ❢r♦♠ 1✳ ■♥ r❡t✉r♥✱ ✇❡ s❡❡ t❤❛t t❤❡ ❢♦r♠✉❧❛ ✐♥✈♦❧✈❡s
s♦♠❡ t❡r♠s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ X✱ ♦♥❡ ♦❢ t❤❡♠ ❡①♣r❡ss✐♥❣ t❤❡ t❛♥❣❡♥t✐❛❧ ❡①t❡♥s✐♦♥
♦❢ X ❛❧♦♥❣ ✐ts ❜♦✉♥❞❛r② ❛♥❞ ❛ s❡❝♦♥❞ ♦♥❡ r❡❧❛t❡❞ t♦ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ t❛♥❣❡♥t
s♣❛❝❡ ❞✐r❡❝t✐♦♥ ♦♥ t❤❡ ❜♦✉♥❞❛r② ✐♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ v⊥✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡s❡
❜♦✉♥❞❛r② t❡r♠s ✇✐❧❧ ❛♣♣❡❛r ♦❢ ♣❛rt✐❝✉❧❛r ✐♠♣♦rt❛♥❝❡ ✐♥ ❝❤❛♣t❡r ✹✳ ■♥ t❤❡ ✐♥t❡r✐♦r
♦❢ X✱ ✇❡ s❡❡ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ♦rt❤♦❣♦♥❛❧ ❝♦♠♣♦♥❡♥t v⊥ ♦❢ v✱
✇❤✐❝❤✱ ✐♥ ♦t❤❡r t❡r♠s✱ s❤♦✇s t❤❛t t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡ ✐s ♦rt❤♦❣✲
♦♥❛❧ t♦ t❤❡ s❤❛♣❡✳ ◆♦t❡ ❛❧s♦ t❤❛t ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ X ✐s ♦r✐❡♥t❡❞ ❡ss❡♥t✐❛❧❧② ❜❡❝❛✉s❡
t❤❡ ♣r♦♦❢ ♠❛❦❡s ✉s❡ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ✭t❤❛t r❡❧✐❡s ♦♥ ❙t♦❦❡s t❤❡♦r❡♠✮✳ ❨❡t✱
s✐♥❝❡ ✇❡ ✇♦r❦ ✇✐t❤ ✈❛r✐❢♦❧❞s✱ t❤❡ ✐♥t❡❣r❛❧ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ X
❛♥❞ s♦ ♦♥❡ ❝♦✉❧❞ ♣r❡s✉♠❛❜❧② r❡♠♦✈❡ t❤✐s ❤②♣♦t❤❡s✐s ❜② ❥✉st ❝♦♥s✐❞❡r✐♥❣ ♣❛rt✐t✐♦♥ ♦❢
✉♥✐t② ❛♥❞ ❧♦❝❛❧ ♦r✐❡♥t❛t✐♦♥s✳

✸✳✺ ▲❛r❣❡ ❞❡❢♦r♠❛t✐♦♥ r❡❣✐str❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ✉♥♦r✐✲

❡♥t❡❞ s❤❛♣❡s

❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❛ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ t♦ r❡♣r❡s❡♥t ❛♥❞ ❝♦♠♣❛r❡
✉♥♦r✐❡♥t❡❞ s❤❛♣❡s t❤r♦✉❣❤ ✈❛r✐❢♦❧❞s ❛♥❞ ❦❡r♥❡❧s ♦♥ ✈❛r✐❢♦❧❞s✳ ❲❤❛t ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞
✐s ❛ ❞✐st❛♥❝❡ ✭❛❝t✉❛❧❧② ❛ ✇❤♦❧❡ ❝❧❛ss ♦❢ ❞✐st❛♥❝❡s ♣r♦✈✐❞❡❞ ❜② ❞✐✛❡r❡♥t ❦❡r♥❡❧s✮ ❜❡✲
t✇❡❡♥ t❤❡ ♦❜❥❡❝ts t❤❛t ❝❛♥ s❡r✈❡ ❛s ❛♥ ❛tt❛❝❤♠❡♥t t❡r♠ ✐♥ ♣r❛❝t✐❝❛❧❧② ❛♥② ♠❛t❝❤✐♥❣
♣r♦❝❡ss✳ ❆s ✇❡ ❤❛✈❡ ❞♦♥❡ s♦ ❢❛r ✐♥ t❤✐s t❤❡s✐s✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ▲❉❉▼▼ ♠♦❞❡❧
❢♦r ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥s✱ ✇❤✐❝❤ ✇❛s ❛❧r❡❛❞② ❡①♣♦s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✳ ❚❤❡
♣✉r♣♦s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s t♦ ❞❡r✐✈❡ t❤❡ ❡q✉❛t✐♦♥s ♥❡❡❞❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥ ♦❢ ▲❉❉▼▼ ♦♥ ✈❛r✐❢♦❧❞s ❛♥❞ ♣r❡s❡♥t ❛ ❢❡✇ ❡①❛♠♣❧❡s ♦❢ ♠❛t❝❤✐♥❣s ❜❛s❡❞
♦♥ t❤✐s ❢r❛♠❡✇♦r❦✳ ■♥ ❛❧❧ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♥♦✇ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ t❤❡ ✉s✉❛❧
❝❛s❡s ♦❢ ❝✉r✈❡s ❛♥❞ s✉r❢❛❝❡s ❧✐✈✐♥❣ ✐♥ t❤❡ ✸✲❞✐♠❡♥s✐♦♥❛❧ ❡✉❝❧✐❞❡❛♥ s♣❛❝❡ R

3✳

✸✳✺✳✶ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

❲❡ ❤❛✈❡ ❛❧r❡❛❞② ♣r❡s❡♥t❡❞ ▲❉❉▼▼ r❡❣✐str❛t✐♦♥ ❜♦t❤ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝✉rr❡♥ts
✐♥ ❝❤❛♣t❡r ✶ ❛♥❞ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✐♥ ❝❤❛♣t❡r ✷✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✈❛r✐❢♦❧❞s✱ t❤❡
♣r✐♥❝✐♣❧❡s ❛r❡ ❜❛s✐❝❛❧❧② t❤❡ s❛♠❡✳ ❲❡ ❛❣❛✐♥ ❝♦♥s✐❞❡r ❛ ❘❑❍❙ s♣❛❝❡ V ♦❢ ❛❞♠✐ss✐❜❧❡
✈❡❝t♦r ✜❡❧❞s ♦♥ E ❛♥❞ ✢♦✇s ♦❢ L2 t✐♠❡✲✈❛r②✐♥❣ ✈❡❝t♦r ✜❡❧❞s v ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡
r✐❣❤t✲✐♥✈❛r✐❛♥t ♠❡tr✐❝

∫ 1
0 |vt|2V dt✳ ■♥ ♦✉r s✐t✉❛t✐♦♥s✱ ✇❡ s❤❛❧❧ ❢♦❝✉s ♦♥ ❘❑❍❙ V t❤❛t

❛r❡ ❣❡♥❡r❛t❡❞ ❜② ●❛✉ss✐❛♥ ❦❡r♥❡❧s ♦❢ ❝❡rt❛✐♥ s❝❛❧❡ σV ♦r ❜② s✉♠s ♦❢ s✉❝❤ ❦❡r♥❡❧s✱ ❛s
❡①♣❧❛✐♥❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❝❤❛♣t❡r ✶✳ ❚❤❡ ❣❡♦❞❡s✐❝s ❢♦r t❤❛t ♠❡tr✐❝ ❛r❡ ♣❛r❛♠❡tr✐③❡❞
❜② t❤❡✐r ✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ p0 ∈ V ∗✳ ❚❤❡♥✱ ❝♦♥s✐❞❡r✐♥❣ t✇♦ ✉♥♦r✐❡♥t❡❞ s❤❛♣❡s X ✭t❤❡
s♦✉r❝❡✮ ❛♥❞ Y ✭t❤❡ t❛r❣❡t✮ ❛♥❞ t❤❡✐r r❡♣r❡s❡♥t❛t✐♦♥ µX ❛♥❞ µY ✐♥ ❛ ❘❑❍❙ ♦❢ ✈❛r✐❢♦❧❞s
W ′✱ ✇❡ ❝❛♥ ❢♦r♠✉❧❛t❡ s✐♠✐❧❛r❧② t❤❡ r❡❣✐str❛t✐♦♥ ♣r♦❜❧❡♠ ❜❡t✇❡❡♥ X ❛♥❞ Y ❛s t❤❡

✶✶✺



♦♣t✐♠✐③❛t✐♦♥ ♦❢ ✿





minp0 J(p0)
.
= E(p0) + γ‖µφ1(X) − µY ‖2W ′

∂φt
∂t

= vt ◦ φt
✭✸✳✸✷✮

❯♣ t♦ t❤❡ ❝❤❛♥❣❡ ♦♥ t❤❡ ❛tt❛❝❤♠❡♥t t❡r♠ ✇❤✐❝❤ ✐s ♥♦✇ ❛ ✈❛r✐❢♦❧❞ ❦❡r♥❡❧ ❞✐st❛♥❝❡✱
t❤✐s ♣r♦❜❧❡♠ ❤❛s ❛♥ ✐❞❡♥t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ❣❡♦❞❡s✐❝ s❤♦♦t✐♥❣ r❡❣✐str❛t✐♦♥ ♦♥
✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✭❝❢ ✐♥tr♦❞✉❝t✐♦♥ s❡❝t✐♦♥ ✶✳✸✳✷✮✳ ❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s✱
t❤❡ ❣r❛❞✐❡♥t ♦❢ J ✇✐t❤ r❡s♣❡❝t t♦ p0 ✐s t❤❡r❡❢♦r❡ ♦❜t❛✐♥❡❞ ❛❣❛✐♥ ❜② ✜rst ✢♦✇✐♥❣ t❤❡
❢♦r✇❛r❞ ❍❛♠✐❧t♦♥✐❛♥ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ♣♦✐♥t ♣♦s✐t✐♦♥s qt ❛♥❞ t❤❡ ♠♦♠❡♥t✉♠
pt ❛t ❛❧❧ t✐♠❡s t ∈ [0, 1] ❛♥❞ t❤❡♥ ❜② ✿

∇p0J = KV (q, q)p0 − P0

✇✐t❤ P0 ❛♥ ❛❞❥♦✐♥t ✈❛r✐❛❜❧❡ ♦❜t❛✐♥❡❞ ❜② ✢♦✇✐♥❣ ❜❛❝❦✇❛r❞ ✐♥ t✐♠❡ t❤❡ ❝♦✉♣❧❡❞ ❡q✉❛✲
t✐♦♥s ✿ 




Q̇t = −(∂2q,pHr(qt, pt))
∗Qt + (∂2q,qHr(qt, pt))

∗Pt
Ṗt = −(∂2p,pHr(qt, pt))

∗Qt + (∂2q,pHr(qt, pt))
∗Pt

Q1 = −∇q1A(q1), P1 = 0

✭✸✳✸✸✮

✇❤❡r❡ ∇q1A(q1) ✐s ❜❛s✐❝❛❧❧② t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ❜❡t✇❡❡♥
t❤❡ ❞❡❢♦r♠❡❞ s♦✉r❝❡ s❤❛♣❡ φ1(X) ❛♥❞ t❤❡ t❛r❣❡t Y ✳ ❚❤❡ ♦♥❧② ❝❤❛♥❣❡ ✇✐t❤ r❡s♣❡❝t t♦
♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠ ♦♥ ❝✉rr❡♥ts ✐s t❤❡ ❛tt❛❝❤♠❡♥t q✉❛♥t✐t② A(q1) ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ❛♥❞ ✐ts ❣r❛❞✐❡♥t ∇A(q1) ❢♦r t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ P ✐♥ t❤❡ ❜❛❝❦✇❛r❞
❡q✉❛t✐♦♥✳ ❲❡ ❞❡t❛✐❧ t❤♦s❡ ❝♦♠♣✉t❛t✐♦♥s ❢♦r t❤❡ ❝❛s❡ ♦❢ ❡♠❜❡❞❞❡❞ ❝✉r✈❡s ❛♥❞ s✉r❢❛❝❡s
✐♥ R

3 ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳ ❚❤❡ r❡st ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ s✐♠✐❧❛r❧② t♦ ▲❉❉▼▼ ❢♦r
❧❛♥❞♠❛r❦s ♦r ❝✉rr❡♥ts✱ ✐s ❛♥ ❛❞❛♣t✐✈❡ st❡♣ ❣r❛❞✐❡♥t ❞❡s❝❡♥t s❝❤❡♠❡ ♦♥ p0✳

✸✳✺✳✷ ❉✐s❝r❡t❡ ❡①♣r❡ss✐♦♥s ❢♦r ❝✉r✈❡s ❛♥❞ s✉r❢❛❝❡s

▲❡t✬s ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡ t❡r♠ A(q1)✳ ■♥ ♦✉r ❝♦♥t❡①t ♦❢ ✉♥♦r✐✲
❡♥t❡❞ s❤❛♣❡s ♠♦❞❡❧❡❞ ❛s ✈❛r✐❢♦❧❞s✱ ✇❡ ✉s❡ ❞✐st❛♥❝❡s ♣r♦✈✐❞❡❞ ❜② ❦❡r♥❡❧s ❛♥❞ t❤❡✐r
❛ss♦❝✐❛t❡❞ ❘❑❍❙ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✸✳ ❚❤♦s❡ ❛r❡ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ ❛ ❦❡r♥❡❧
ke ♦♥ t❤❡ s♣❛❝❡ R

3 ❛♥❞ ❛ ❦❡r♥❡❧ kt ♦♥ t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞✳ ■❢ W ✐s t❤❡ ❘❑❍❙
❝♦rr❡s♣♦♥❞✐♥❣ t♦ k = ke ⊗ kt✱ t❤❡ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡ ✇❡ ❤❛✈❡ ✐s t❤❡♥ ✿

A = ‖µφ1(X) − µY ‖2W ′ ✭✸✳✸✹✮

❙✐♥❝❡ φ1(X) ✐s t❤❡ tr❛♥s♣♦rt❡❞ s♦✉r❝❡ ♦❜❥❡❝t ❜② t❤❡ ✈❡❝t♦r ✜❡❧❞ ❛t t✐♠❡ 1 ✭r❡♣r❡✲
s❡♥t❡❞ ❜② t❤❡ s❡t ♦❢ ♣♦✐♥ts q1 ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥s✮✱ ❢♦r♠❛❧❧② t❤❡ ♣r♦❜❧❡♠
r❡❞✉❝❡s t♦ ❡①♣r❡ss ❡①♣❧✐❝✐t❧② q✉❛♥t✐t✐❡s ❧✐❦❡ ‖µX − µY ‖2W ∗ ✇❤❡r❡ X ❛♥❞ Y ❛r❡ t✇♦
s❤❛♣❡s ♦❢ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❣r❛❞✐❡♥t ♦❢ s✉❝❤ t❡r♠s ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ♣♦✐♥ts ♦❢ X✳

❲❡ ❛ss✉♠❡ ♥♦✇ t❤❛t X ❛♥❞ Y ❛r❡ t✇♦ ✉♥♦r✐❡♥t❡❞ d✲❞✐♠❡♥s✐♦♥❛❧ s❤❛♣❡s ✭♣♦ss✐❜❧②
❞✐s❝♦♥♥❡❝t❡❞✮ ❣✐✈❡♥ r❡s♣❡❝t✐✈❡❧② ❛s s❡ts ♦❢ ✈❡rt❡① (qk)k=1,..,N ✱ (yl)l=1,..,M t♦❣❡t❤❡r
✇✐t❤ s❡ts ♦❢ ✉♥♦r✐❡♥t❡❞ s✐♠♣❧❡①❡s (f1i , .., f

d
i )i=1,..,n ❛♥❞ (g1j , .., g

d
j )j=1,..,m✳ ❚❤❡ ❝♦♠✲

♣✉t❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❢♦❧❞ r❡♣r❡s❡♥t❛t✐♦♥s µX ❛♥❞ µY ♦❢ ❡❛❝❤ s❤❛♣❡ ✇❛s ❡①♣❧❛✐♥❡❞
✐♥ s❡❝t✐♦♥ ✸✳✷✳✷ ❛♥❞ ♣r♦✈✐❞❡❞ ❜② ❡q✉❛t✐♦♥s ✭✸✳✻✮ ❢♦r ❝✉r✈❡s✱ ✭✸✳✼✮ ❢♦r s✉r❢❛❝❡s✳ ❲❡

✶✶✻



✇r✐t❡ µX =
∑n

i=1 li.δ(pi,Ui) ❛♥❞ µY =
∑m

j=1 λj .δ(qj ,Vj)✳ ❚❤❡♥ t❤❡ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡
❜❡❝♦♠❡s ✿

A = ‖µX‖2W ∗ − 2〈µX , µY 〉W ∗ + ‖µY ‖2W ∗

=
∑

i,j=1..n

liljke(pi, pj).kt(Ui, Uj)

−2
∑

i=1..n

∑

j=1..m

liλjke(pi, qj).kt(Ui, Vj)

+
∑

i,j=1..n

λiλjke(qi, qj).kt(Vi, Vj) ✭✸✳✸✺✮

❚❤✉s✱ ❝♦♠♣✉t✐♥❣ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ X ❛♥❞ Y ❝♦♥s✐sts ❜❛s✐❝❛❧❧② ✐♥ ❝♦♠♣✉t✐♥❣
t❤❡ ✈❛r✐❢♦❧❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❤❛♣❡s ❢r♦♠ t❤❡✐r s❡ts ♦❢ ♣♦✐♥ts ❛♥❞ ♠❡s❤❡s ❛♥❞
❝♦♠♣✉t❡ ❦❡r♥❡❧ ❡✈❛❧✉❛t✐♦♥s ❜❡t✇❡❡♥ ♣♦✐♥t ♣♦s✐t✐♦♥s ❛♥❞ t❛♥❣❡♥ts✳ ■t✬s ✐♠♣♦rt❛♥t t♦
♥♦t❡ t❤❛t✱ ✐♥ t❤❡ ❝❛s❡s ♦❢ ❝✉r✈❡s ❛♥❞ s✉r❢❛❝❡s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❡r♠s ❧✐❦❡ kt(U, V )
✐s ❛❝t✉❛❧❧② ♠✉❝❤ s✐♠♣❧✐✜❡❞ ❛♥❞ ❞♦❡s ♥♦t r❡q✉✐r❡ t♦ ❣♦ t❤r♦✉❣❤ ♣r♦❥❡❝t✐♦♥ ♠❛tr✐❝❡s✳
❚❤❡ r❡❛s♦♥ ✐s t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥ ♦r ❝♦❞✐♠❡♥s✐♦♥ ✐s ❛❧✇❛②s ♦♥❡ ❛♥❞ s♦ t❤❡ ❡①♣r❡ss✐♦♥
♦❢ t❤❡ ❦❡r♥❡❧s ✇✐t❤ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❣❧❡s ✐♥ ✸✳✸✳✶ s❤♦✇ t❤❛t ♦♥❡ s✐♠♣❧② ❤❛s ✿

kP (U, V ) = 〈ξU , ξV 〉2k

kG(U, V ) = e−
2
σ2 (1−〈ξU ,ξV 〉2)

✇❤❡r❡ ξU ✐s t❤❡ ✉♥✐t t❛♥❣❡♥t ✈❡❝t♦r t♦ t❤❡ s❡❣♠❡♥t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝✉r✈❡s ♦r t❤❡ ✉♥✐t
♥♦r♠❛❧ t♦ t❤❡ tr✐❛♥❣❧❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ s✉r❢❛❝❡s✱ ♥♦ ♠❛tt❡r ✇❤❛t ♦r✐❡♥t❛t✐♦♥ t♦ ξU ✐s
❣✐✈❡♥✳

❚❤❡ ♠♦r❡ t❡❝❤♥✐❝❛❧ ♣❛rt ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐s✲
t❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ (xk)✬s✱ t❤❡ ♣♦✐♥ts ♦❢ t❤❡ ✜rst s❤❛♣❡✳ ■♥ ❡q✉❛t✐♦♥ ✭✸✳✸✺✮✱
t❤❡ ❛tt❛❝❤♠❡♥t ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ pi✱ li ❛♥❞ Ui ❜✉t ❛❧❧ t❤❡s❡ t❡r♠s ❛r❡ t❤❡♠s❡❧✈❡s
❢✉♥❝t✐♦♥s ♦❢ t❤❡ (xk)✬s✱ r❡s♣❡❝t✐✈❡❧② ❛s t❤❡ ❝❡♥t❡rs✱ ✈♦❧✉♠❡s ❛♥❞ t❛♥❣❡♥t ❞✐r❡❝t✐♦♥s
t♦ ❡✈❡r② ❝❡❧❧ ♦❢ X✳ ❚❤❡ r❡s✉❧t✐♥❣ ❢✉♥❝t✐♦♥ t❤❛t ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ A((xk)) ❝❛♥ ❜❡
t❤❡r❡❢♦r❡ ❞✐✛❡r❡♥t✐❛t❡❞ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ✿

∂xkA =
n∑

i=1

(∂piA ◦ ∂xkpi + ∂liA ◦ ∂xk li + ∂UiA ◦ ∂xkUi) ✭✸✳✸✻✮

❚❤❡ ❞✐✛❡r❡♥t✐❛❧s ♦❢ A ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ pi✱ li ❛♥❞ Ui ❛r❡ ❡❛s✐❧② ❡①♣r❡ss❡❞ ❢r♦♠
❡q✳✭✸✳✸✺✮✱ ✐♥✈♦❧✈✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧s ♦❢ t❤❡ ❦❡r♥❡❧s ke ❛♥❞ kt✳





∂piA =
∑n

j=1 lilj [∂1ke(pi, pj) + ∂2ke(pj , pi)].kt(Ui, Uj)

−2∑m
j=1 liλj∂1ke(pi, qj).kt(Ui, Vj)

∂UiA =
∑n

j=1 liljke(pi, pj).[∂1kt(Ui, Uj) + ∂2ke(Uj , Ui)]

−2∑m
j=1 liλjke(pi, qj).∂1kt(Ui, Vj)

∂liA = 2
∑n

j=1 ljke(pi, pj).kt(Ui, Uj)

−2∑m
j=1 λjke(pi, qj).kt(Ui, Vj)

✭✸✳✸✼✮

✇❤❡r❡ ∂1 ❛♥❞ ∂2 ❞❡♥♦t❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❛r❣✉♠❡♥t✳

✶✶✼



◆♦✇✱ t❤❡ ❧❛st st❡♣ ❝♦♥s✐sts ✐♥ ❝♦♠♣✉t✐♥❣ ❞❡r✐✈❛t✐✈❡s ♦❢ pi✱ li ❛♥❞ Ui ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♣♦✐♥ts ♦❢ X✳ ❚❤❡s❡ ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ ❝♦❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s❤❛♣❡✳ ■♥ t❤❡
❝❛s❡ ♦❢ ❝✉r✈❡s ❛♥❞ s✉r❢❛❝❡s ❡♠❜❡❞❞❡❞ ✐♥ R

3✱ ✐t ❝❛♥ ❜❡ s✐♠♣❧② ❞♦♥❡ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣
❡q✉❛t✐♦♥s ✭✸✳✻✮ ❢♦r ❝✉r✈❡s ♦r ❡q✉❛t✐♦♥s ✭✸✳✼✮ ❢♦r s✉r❢❛❝❡s✳ ❲❡ ❣✐✈❡ t❤❡ ❞❡t❛✐❧s ❢♦r
t❤❡s❡ t✇♦ ❝❛s❡s ❜❡❧♦✇✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❝✉r✈❡s✱ ✇❡ ❤❛✈❡ pi =
(x

f1
i
+x

f2
i
)

2 ✱ li = |xf2i − xf1i |✳ ❚❤❡ t❛♥❣❡♥t s♣❛❝❡

❞✐r❡❝t✐♦♥ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ s✐♥❣❧❡ ♥♦r♠❛❧✐③❡❞ ✈❡❝t♦r ui =
x
f2
i
−x

f1
i

|x
f2
i
−x

f1
i
| ✱ ✇❤✐❝❤ ❣✐✈❡s

❢♦r ❛❧❧ i ∈ {1, .., n} ❛♥❞ k ∈ {1, .., N}




∂xk,spi =
1

2
(δ{k=f1i }

+ δ{k=f2i }
)

∂xk,sui =
1

|xf2i − xf1i |

(
es −

xf2i ,s
− xf1i ,s

|xf2i − xf1i |
ui

)
δ{k=f2i }

− 1

|xf2i − xf1i |

(
es −

xf2i ,s
− xf1i ,s

|xf2i − xf1i |
ui

)
δ{k=f1i }

∂xk,s li =
xf2i ,s

− xf1i ,s
|xf2i − xf1i |

δ{k=f2i }
−
xf2i ,s

− xf1i ,s
|xf2i − xf1i |

δ{k=f1i }

✭✸✳✸✽✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s✱ xk,s ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r s ❝♦♦r❞✐♥❛t❡ ♦❢ xk ✐♥ t❤❡ ❡♠✲
❜❡❞❞✐♥❣ s♣❛❝❡✬s ❝❛♥♦♥✐❝❛❧ ❜❛s✐s (es)✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ s✐♠♣❧② ✐♥t❡r♣r❡t❡❞ ❛♥❞
✐♠♣❧❡♠❡♥t❡❞ ❛s t❤❡ ✇❛② t♦ ❞✐str✐❜✉t❡ t❤❡ ❣r❛❞✐❡♥t ❝♦♠♣✉t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
s❡❣♠❡♥ts ♦✈❡r t❤❡ ♣♦✐♥ts ♦❢ t❤❡ s❤❛♣❡ X✳

■♥ t❤❡ ❝❛s❡ ♦❢ tr✐❛♥❣✉❧❛t❡❞ s✉r❢❛❝❡s ✐♥ R
3✱ ✇❡ ❤❛✈❡ pi =

(x
f1
i
+x

f2
i
+x

f3
i
)

3 ✱
li = |(xf2i −xf1i )∧ (xf3i −xf1i )| ❛♥❞ ❛❣❛✐♥ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ✐s s✐♠♣❧② ❡♥❝♦❞❡❞ ❜② t❤❡

♥♦r♠❛❧✐③❡❞ ♥♦r♠❛❧ ✈❡❝t♦r ui =
(x

f1
i
−x

f2
i
)∧(x

f2
i
−x

f3
i
)

|(x
f1
i
−x

f2
i
)∧(x

f2
i
−x

f3
i
)| s♦ t❤❛t ❢♦r ❛❧❧ i ∈ {1, .., n} ❛♥❞

k ∈ {1, .., N}




∂xk,spi =
1

3
(δ{k=f1i }

+ δ{k=f2i }
+ δ{k=f3i }

)

∂xk,sui =
1

li

(
es ∧ (xf2i

− xf3i )−
〈
es ∧ (xf2i

− xf3i ) , ui
〉
ui

)
δ{k=f1i }

+...

∂xk,s li =
〈
es ∧ (xf2i

− xf3i ) , ui
〉
δ{k=f1i }

+ ...

✭✸✳✸✾✮

❲❡ ✇r♦t❡ ✏+...✏ t♦ ♠❡❛♥ t❤❛t s✐♠✐❧❛r t❡r♠s ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r k = f1i ❛♥❞ k = f2i ✳
❈♦♠❜✐♥✐♥❣ t❤❡ ❧❛st r❡❧❛t✐♦♥s ✇✐t❤ ❡q✉❛t✐♦♥s ✭✸✳✸✻✮ ❛♥❞ ✭✸✳✸✼✮ ♣r♦✈✐❞❡s ❛ ❢✉❧❧ ❞❡s❝r✐♣✲
t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ❝♦♠♣✉t❛t✐♦♥ ✐♥ ♣r❛❝t✐❝❡✳

✸✳✺✳✸ ◆✉♠❡r✐❝❛❧ ❝♦♠♣❧❡①✐t②

❋r♦♠ ❛ ♣✉r❡❧② ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❤❛t ❛♣♣❡❛rs ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝r❡t❡
❡①♣r❡ss✐♦♥s ✐s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝✉rr❡♥ts ❛♥❞ ✈❛r✐❢♦❧❞s✱ ✐♥ t❤❡ ❝❛s❡s ♦❢
✸❉ ❝✉r✈❡s ❛♥❞ s✉r❢❛❝❡s✱ ❧✐❡ ❡♥t✐r❡❧② ✐♥ t❤❡ ❦❡r♥❡❧s t❤❛t ♦♣❡r❛t❡ ♦♥ t❤❡ t❛♥❣❡♥t ♦r
♥♦r♠❛❧ ✈❡❝t♦rs✳ ❇❛s✐❝❛❧❧②✱ t❤✐s ❦❡r♥❡❧ ✐♥ ❝✉rr❡♥ts ✐s ❛❧✇❛②s t❤❡ ❧✐♥❡❛r ♦♥❡ ♦♥ t❤❡

✶✶✽



t❛♥❣❡♥ts✱ ✐✳❡ 〈ξ, ξ′〉 ✇❤❡r❡❛s✱ ✇✐t❤ ✈❛r✐❢♦❧❞s ♦✛❡r ♠❛♥② ♦t❤❡r ♣♦ss✐❜✐❧✐t✐❡s ❧✐❦❡ ❢♦r

✐♥st❛♥❝❡ kP = 〈ξ, ξ′〉2k ♦r kG = e−
2
σ2 (1−〈ξ,ξ′〉2)✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡s❡ t✇♦ ♠❡t❤♦❞s ❛r❡

t❤✉s ✈❡r② ❝❧♦s❡ t♦❣❡t❤❡r ❛♥❞ ✐t ✐s ❡❛s② t♦ ❞❡s✐❣♥ ♦♥❡ ❝♦♠♠♦♥ ❝♦❞❡ str✉❝t✉r❡ t♦ ✐♥❝❧✉❞❡
❜♦t❤✳

❆♥♦t❤❡r ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦♠♣❧❡①✐t② ❢♦r ❞♦✐♥❣ ✈❛r✐❢♦❧❞ r❡❣✐str❛t✐♦♥
✐s ♦❢ t❤❡ ❡①❛❝t s❛♠❡ ♦r❞❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ ❝✉rr❡♥ts✳ ❈♦♠♣✉t✐♥❣ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡
❢✉♥❝t✐♦♥❛❧s ❛♥❞ ✐ts ❣r❛❞✐❡♥ts ❜② ❜r✉t❡ ❢♦r❝❡ ♠❡t❤♦❞ ✐s ❛❧s♦ O(N2) ❢♦r s❤❛♣❡s ✇✐t❤ N
♣♦✐♥ts✳ ❏✉st ❛s ❢♦r ❝✉rr❡♥ts✬ ♠❡tr✐❝s✱ t❤❡ ❡ss❡♥t✐❛❧ ♣❛rt ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❦❡r♥❡❧
❝♦♥✈♦❧✉t✐♦♥s ✭❤❡r❡ ✐♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ R3×G1(R

3)✮✳ ❚❤✉s t❤❡ ❛❧t❡r♥❛t✐✈❡ ♥✉♠❡r✐❝❛❧
s❝❤❡♠❡s ❛♥❞ tr✐❝❦s ❢♦r ❢❛st❡r ❦❡r♥❡❧ ❡✈❛❧✉❛t✐♦♥s✱ ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣ ✷✳ s❡❝t✐♦♥ ✷✳✸✳✸✱
❝♦✉❧❞ ❛❧s♦ ❜❡ tr❛♥s♣♦s❡❞ t♦ ✈❛r✐❢♦❧❞s ❛s ❢♦r ✐♥st❛♥❝❡ ❋●❚ ❛♥❞ ●P❯ ❝♦♠♣✉t❛t✐♦♥s✳
❲❡ ❤❛❞ s❤♦✇♥ ❡♠♣✐r✐❝❛❧❧② t❤❛t ●P❯ ❝❛♥ ♣❡r❢♦r♠ ❡①tr❡♠❡❧② ✇❡❧❧ ✉♣ t♦ t❤❡ ❧✐♠✐t ♦❢
✶✵✵✵✵✲✷✵✵✵✵ ♣♦✐♥ts✱ ❛♥❞ t❤✐s r❡♠❛✐♥s ♣❡r❢❡❝t❧② tr✉❡ ❢♦r ❛❧❧ ✈❛r✐❢♦❧❞ ❦❡r♥❡❧s ❛s ✇❡❧❧✳

❋♦r ✈❡r② ❤✐❣❤ N ✱ ✇❡ ❤❛❞ ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡ ❋❋❚ ❝♦♥✈♦❧✉t✐♦♥ ♠❡t❤♦❞ ♦♥ ❣r✐❞s ✭❛s
✐♥tr♦❞✉❝❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❬✷✽❪✮ ✐s ♣r♦❜❛❜❧② t❤❡ ♠♦st ❛❞❛♣t❡❞✳ ❋♦r ❝✉rr❡♥ts✱
❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ❡♥❡r❣② ❛♥❞ ❣r❛❞✐❡♥ts ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✉s✐♥❣ ♦♥❧② ❞✐s❝r❡t❡ ❝♦♥✲
✈♦❧✉t✐♦♥s ✐♥ R

3 ♦❢ t❤❡ ❢♦r♠
∑

j ke(xi, x)ξi✳ ❚❤✐s ❤♦❧❞s ❡ss❡♥t✐❛❧❧② ❜❡❝❛✉s❡ t❤❡ ❦❡r♥❡❧
〈ξ, ξ′〉 ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ✐♥ ❝♦♦r❞✐♥❛t❡s ❛s ❛ ♣r♦❞✉❝t ♦❢ s❡♣❛r❛t❡ t❡r♠s ✐♥ ξ ❛♥❞ ξ′✳ ■♥
t❤❡ ❝❛s❡ ♦❢ ✈❛r✐❢♦❧❞s✱ t❤✐s r❡♠❛✐♥s tr✉❡ ❢♦r t❤❡ ♣♦❧②♥♦♠✐❛❧ ❦❡r♥❡❧s kP ❛♥❞ ❣r✐❞ str❛t❡✲
❣✐❡s ❛r❡ ✇♦rt❤ ✐♠♣❧❡♠❡♥t✐♥❣ ✐♥ t❤❛t ❝❛s❡✳ ❍♦✇❡✈❡r✱ ✐t ❜r❡❛❦s ❞♦✇♥ ❢♦r t❤❡ ●❛✉ss✐❛♥
❦❡r♥❡❧ kG ✭✉♥❧❡ss ❜② tr✉♥❝❛t✐♥❣ t❤❡ ❚❛②❧♦r s❡r✐❡s✮ ❢♦r ✇❤✐❝❤ ♦♥❡ ✇♦✉❧❞ ♥❡❡❞ ❤✐❣❤❡r
❞✐♠❡♥s✐♦♥❛❧ ❣r✐❞s✱ ✉s✉❛❧❧② t♦♦ ♠❡♠♦r② ❛♥❞ t✐♠❡✲❝♦♥s✉♠✐♥❣ t♦ ❜❡ r❡❛❧❧② ✐♥t❡r❡st✐♥❣✱
❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❝❤❛♣ ✷✳ ✷✳✸✳✸✳

❋✐♥❛❧❧②✱ t♦ ❡①t❡♥❞ ❛ ❧✐tt❧❡ ❜✐t t❤❡ ❞✐s❝✉ss✐♦♥ t♦ ❧❛r❣❡r ❞✐♠❡♥s✐♦♥s ❛♥❞ ❝♦❞✐♠❡♥s✐♦♥s
✭❛❧t❤♦✉❣❤ t❤❡s❡ ❤❛✈❡ ♥♦t ❜❡❡♥ s✉❜❥❡❝t t♦ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ②❡t✮✱ ✐t✬s ✇♦rt❤ ♣♦✐♥t✐♥❣
♦✉t t❤❛t t❤❡ s♣❛❝❡ ΛdE✱ ✇❤✐❝❤ ✐s ✉s❡❞ t♦ r❡♣r❡s❡♥t ❧♦❝❛❧ ❣❡♦♠❡tr② ✐♥ t❤❡ ❝✉rr❡♥ts✬
s❡tt✐♥❣✱ ❜❡❝♦♠❡s ✈❡r② ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ s✉❜♠❛♥✐❢♦❧❞s ❡♠❜❡❞❞❡❞
✐♥ ❛ ❧❛r❣❡ ✈❡❝t♦r s♣❛❝❡ E✳ ❚❤✐s s♣❛❝❡ ✐s ♠✉❝❤ ❜✐❣❣❡r t❤❛♥ t❤❡ s♣❛❝❡ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡
t❛♥❣❡♥t s♣❛❝❡s✱ ✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ♦❢ t❤❡ ●r❛ss♠❛♥♥✐❛♥✳ ❲❡ ❛r❣✉❡ t❤❛t t❤✐s ✇♦✉❧❞
r❡s✉❧t ✐♥ ❛ ♠✉❝❤ ♠♦r❡ ♥✉♠❡r✐❝❛❧❧② ✐♥t❡♥s✐✈❡ ✉s❡ ♦❢ ❝✉rr❡♥ts t❤❛♥ ✈❛r✐❢♦❧❞s ✐♥ t❤♦s❡
❝❛s❡s✳

✸✳✺✳✹ ❙✐♠✉❧❛t✐♦♥s ❛♥❞ r❡s✉❧ts

❲❡ ♥♦✇ ❝♦♠❡ t♦ ❛ ❢❡✇ r❡s✉❧ts ♦❢ ✈❛r✐❢♦❧❞ ▲❉❉▼▼ ❛❧❣♦r✐t❤♠✱ ✐♥ ✇❤✐❝❤ ✇❡ ✇❛♥t t♦
❡♠♣❤❛s✐③❡ t❤❡ ❜❡♥❡✜t ✐♥ s✐t✉❛t✐♦♥s t❤❛t tr❛❞✐t✐♦♥❛❧❧② ✐♥✈♦❧✈❡ ♦r✐❡♥t❛t✐♦♥ ✐ss✉❡s ✇❤❡♥
♦❜❥❡❝ts ❛r❡ ♠❛t❝❤❡❞ ✇✐t❤ t❤❡ ❝✉rr❡♥ts✬ ❢r❛♠❡✇♦r❦✳ ■♥ ❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❡r✐♠❡♥ts✱

✇❡ ❝❤♦s❡ t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ke(x, y) = e
−

|x−y|2

σ2
e ♦♥ t❤❡ s♣❛❝❡ E✳ ❚❤❡r❡ ❛r❡ ❛❧s♦

♠❛♥② ♣♦ss✐❜✐❧✐t✐❡s ❢♦r t❤❡ ❦❡r♥❡❧ kt ♦♥ t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞ ✿ ✇❡ ❤❛✈❡ ❢♦❝✉s❡❞
❡ss❡♥t✐❛❧❧② ♦♥ t❤❡ ❧✐♥❡❛r ❦❡r♥❡❧ kL ❛♥❞ t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ kG✳ ❊✈❡♥ t❤♦✉❣❤ ❜♦t❤
❦❡r♥❡❧s ✇❡r❡ ♣r♦✈❡❞ t♦ ✐♥❞✉❝❡ ❛ ❞✐st❛♥❝❡ ♦♥ t❤❡ s❡t ♦❢ r❡✉♥✐♦♥ ♦❢ s✉❜♠❛♥✐❢♦❧❞s✱ ✇❡
❤❛✈❡ ❛❧s♦ ❡①♣❧❛✐♥❡❞ ✇❤② t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ❤❛s ❜❡tt❡r s❡♣❛r❛t✐♦♥ ♣r♦♣❡rt✐❡s✱ ❛s
❛r❣✉❡❞ ❜❡❢♦r❡✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ s❝❛❧❡ σe ♦❢ t❤❡ ❦❡r♥❡❧ ♦♥ E ✐s ❝❤♦s❡♥ t♦ ❜❡ ❧❛r❣❡✳
❙t✐❧❧✱ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❦❡r♥❡❧ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♥♦t ✐♥tr♦❞✉❝✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ s❝❛❧❡
♣❛r❛♠❡t❡r ❛♥❞ ❛❧s♦ ❧❡❛❞s t♦ ❢❛st ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s ❢♦r s❤❛♣❡s ✇✐t❤ ❤✐❣❤ ♥✉♠❜❡r
♦❢ ♣♦✐♥ts✳

❚❤❡ ❡①❛♠♣❧❡ ♦❢ ✜❣✉r❡ ✸✳✻ s❤♦✇s ❛ s✐t✉❛t✐♦♥ ✇✐t❤ ♣✐❦❡s✬ str✉❝t✉r❡s t❤❛t ❛r❡ t②♣✐❝❛❧❧②
♥♦t ✇❡❧❧ ♠❛t❝❤❡❞ ✉s✐♥❣ ▲❉❉▼▼ ✇✐t❤ ❝✉rr❡♥ts✳ ❚❤✐s ❡①❛♠♣❧❡ ❝❛♥ ❜❡ ❛❧s♦ ✉s❡❞ t♦
s❤♦✇ t❤❡ r♦❜✉st♥❡ss ♦❢ ✈❛r✐❢♦❧❞s ✇❤❡♥ ✇❡ ✐♥❝r❡❛s❡ t❤❡ s❝❛❧❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡ s♣❛t✐❛❧

✶✶✾



❋✐❣✉r❡ ✸✳✻✿ ❊①❛♠♣❧❡ ♦❢ r❡❣✐str❛t✐♦♥ ❜❡t✇❡❡♥ ✷❉ ❝✉r✈❡s✳ ❚❤❡ s♦✉r❝❡ s❤❛♣❡ ✐s t❤❡
❜❧✉❡ ❝✐r❝❧❡✱ t❤❡ t❛r❣❡t ✐s t❤❡ r❡❞ st❛r ✇✐t❤ ❢♦✉r ♥❛rr♦✇ ❜r❛♥❝❤❡s✳ ❖♥ t❤❡ ❧❡❢t✱ t❤❡
♠❛t❝❤✐♥❣ ✐s ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❝✉rr❡♥ts✳ ❖♥ t❤❡ r✐❣❤t✱ ✇✐t❤ t❤❡ ❛♣♣r♦❛❝❤
♦❢ ✈❛r✐❢♦❧❞s ❡①♣♦s❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✺✳✶ ✇✐t❤ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs✳ ❲❡ s❡❡ t❤❛t t❤❡
❜r❛♥❝❤❡s ❛r❡ ✇❡❧❧ r❡❝♦✈❡r❡❞ ✇✐t❤ ✈❛r✐❢♦❧❞s ✇❤❡r❡❛s t❤❡ ❝✉rr❡♥t✬s ♠❡tr✐❝ ✐s ♥❡❛r❧②
✐♥s❡♥s✐t✐✈❡ t♦ t❤❡♠✳

−1 −0.5 0 0.5 1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

−1 −0.5 0 0.5 1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

σe = 0.5 σe = 1

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

−1 −0.5 0 0.5 1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

σe = 1.5 σe = 10

❋✐❣✉r❡ ✸✳✼✿ ❚❤❡ s❛♠❡ ❡①❛♠♣❧❡ ❢♦r ✈❛r✐❢♦❧❞s ❜✉t ♣❡r❢♦r♠❡❞ ❛t ❞✐✛❡r❡♥t s❝❛❧❡s σe✳

✶✷✵



❋✐❣✉r❡ ✸✳✽✿ ❘❡❣✐str❛t✐♦♥ r❡s✉❧t ♦♥ ✜❜❡rs ✇✐t❤ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❝✉rr❡♥ts ✭❧❡❢t✮ ❛♥❞ ♦❢
✈❛r✐❢♦❧❞s ✭r✐❣❤t✮✳ ❆s ❡①♣❡❝t❡❞✱ ✈❛r✐❢♦❧❞s ❝❛♥ ❞❡❛❧ ❡✣❝✐❡♥t❧② ✇✐t❤ ❛♥② ♦r✐❡♥t❛t✐♦♥ ♦❢
t❤❡ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts✳

❦❡r♥❡❧ ke✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✸✳✼✳ ■t ✐s ♣❛rt✐❝✉❧❛r❧② r❡♠❛r❦❛❜❧❡ t❤❛t ❡✈❡♥ ❛t s❝❛❧❡s
♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♦❜❥❡❝t✱ t❤❡ ❛❧❣♦r✐t❤♠ ✐s st✐❧❧ ❛❜❧❡ t♦ ❝❛♣t✉r❡ t❤❡
♦✈❡r❛❧❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❛r❣❡t s❤❛♣❡✱ s✐♠♣❧② ❜❛s❡❞ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❛♥❣❡♥t
s♣❛❝❡s ✭❝❢ ❞✐s❝✉ss✐♦♥ ♦❢ s❡❝t✐♦♥ ✸✳✹✳✶✮✳

■♥ ✜❣✉r❡ ✸✳✽✱ ✇❡ s❤♦✇ ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ s❤❛♣❡s ❛r❡ ❝♦♥st✐t✉t❡❞ ♦❢ ♠❛♥② ❞✐s❝♦♥✲
♥❡❝t❡❞ ♣✐❡❝❡s ♦❢ ❝✉r✈❡s ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦♥s✐st❡♥t❧② ♦r✐❡♥t❡❞✱ ❛♥❞ s❤♦✇ t❤❡ r❡s✉❧ts
♦❢ ❜♦t❤ ♠❡t❤♦❞s ✭❝✉rr❡♥ts ❛♥❞ ✈❛r✐❢♦❧❞s✮✳ ❖t❤❡r ✐♥t❡r❡st✐♥❣ s✐t✉❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②
tr❡❡✲❧✐❦❡ str✉❝t✉r❡s ❢♦r ✇❤✐❝❤ ♦r✐❡♥t❛t✐♥❣ t❤❡ ❞✐✛❡r❡♥t ❜r❛♥❝❤❡s ❝♦♥s✐st❡♥t❧② ❢♦r r❡❣✐s✲
tr❛t✐♦♥ ❝❛♥ ❜❡❝♦♠❡ ❛ ♥❡❛r❧② ✐♥tr❛❝t❛❜❧❡ ♣r♦❜❧❡♠ ✇❤❡♥ ❢❛❝❡❞ ✇✐t❤ ♠❛♥② ✐♥t❡rs❡❝t✐♥❣
❜r❛♥❝❤❡s✳ ❲❡ ❣✐✈❡ ❛ s✐♠♣❧❡ ✐♥s✐❣❤t ♦❢ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐♥ ✜❣✉r❡ ✸✳✾✳

❲❡ ❛❧s♦ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ♦❢ s✉r❢❛❝❡ ♠❛t❝❤✐♥❣ ❞♦♥❡ ✇✐t❤ ♦✉r ✈❛r✐❢♦❧❞ ❛❧❣♦r✐t❤♠✳
■♥ ✜❣✉r❡ ✸✳✶✵✱ ❛ s✉r❢❛❝❡ r❡❣✐str❛t✐♦♥ ✐s ❛♣♣❧✐❡❞ ❜❡t✇❡❡♥ ❛ st❛♥❞❛r❞ s♣❤❡r❡ ❛♥❞ t❤❡
❙t❛♥❢♦r❞ ❜✉♥♥② ♠♦❞❡❧ ✇✐t❤ s❛♠❡ ♣❛r❛♠❡t❡rs ❢♦r ❜♦t❤ ♠❡t❤♦❞s✳ ❲❡ ♦❜s❡r✈❡ s♦♠❡
♠✐s♠❛t❝❤ ❛rt✐❢❛❝ts ✐♥ t❤❡ ❝✉rr❡♥ts✬s r❡s✉❧t ✿ t❤❡ ❡❛rs ❛r❡ ♥♦t ❢✉❧❧② r❡❝♦✈❡r❡❞ ❛s ✇❡❧❧ ❛s
s♦♠❡ s♠❛❧❧ ❞❡t❛✐❧s ✐♥ t❤❡ ❤❡❛❞ ❛♥❞ ✇❡ s❡❡ t❤❡ ❛♣♣❛r✐t✐♦♥ ♦❢ ✉♥❞❡s✐r❛❜❧❡ ♠❡♠❜r❛♥❡s ❛t
t❤❡ ❜❛s✐s ♦❢ t❤❡ ❡❛rs✳ ❚❤✐s ✐s ❞✉❡ t♦ ❛ ✬✢❛tt❡♥✐♥❣ ❡✛❡❝t✬ ♦❢ ❝✉rr❡♥ts t❤❛t ♦❢t❡♥ sq✉❡❡③❡
❜♦t❤ s✐❞❡s ♦❢ t❤❡ s✉r❢❛❝❡ t♦❣❡t❤❡r ✐♥ ♦r❞❡r t♦ ❛rt✐✜❝✐❛❧❧② ❡❧✐♠✐♥❛t❡ ✉♥♠❛t❝❤❡❞ ♣❛rts
♦❢ t❤❡ s❤❛♣❡s✳ ❚❤✐s ❤❛s ❜❡❡♥ ❛ ❝♦♥s✐st❡♥t ❧❛❝❦ ♦❢ ❝✉rr❡♥ts ❢♦r ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥
❝♦♥tr❛st✱ ✇❡ s❡❡ t❤❛t t❤❡ ✈❛r✐❢♦❧❞ ❛❧❣♦r✐t❤♠ ♠❛t❝❤❡s ❛❧♠♦st ♣❡r❢❡❝t❧② ❛❧❧ ♣❛rts ♦❢ t❤❡
s❤❛♣❡s✳

✸✳✻ ❉✐s❝✉ss✐♦♥✱ ❡①t❡♥s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

❇② ✇❛② ♦❢ ❝♦♥❝❧✉s✐♦♥ t♦ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐s❤ t♦ ♣r♦✈✐❞❡ ❛ ❢❡✇ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts
❛♥❞ ♣❡rs♣❡❝t✐✈❡s t❤❛t ♥❛t✉r❛❧❧② ❛r✐s❡ ❢r♦♠ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ♠❛t❡r✐❛❧✳ ❲❡ ❞✐✈✐❞❡ ✐t
✐♥t♦ t❤r❡❡ ♠❛✐♥ t♦♣✐❝s✳ ❲❡ ✜rst ❡❧❛❜♦r❛t❡ ❛ ❧✐tt❧❡ ♠♦r❡ ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❝✉rr❡♥ts
❛♥❞ ✈❛r✐❢♦❧❞s ✇✐t❤ r❡s♣❡❝t t♦ ❦❡r♥❡❧ s❝❛❧❡s ❛♥❞ t❤❡ ✐ss✉❡ ♦❢ ♥♦✐s❡✳ ❲❡ t❤❡♥ ♣r♦♣♦s❡✱
❛s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ✐❞❡❛s ♦❢ ❝❤❛♣t❡r ✷ ❛♥❞ ✸✱ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ✈❛r✐❢♦❧❞s t♦ ♠♦❞❡❧
✉♥♦r✐❡♥t❡❞ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❆♥❞ ✜♥❛❧❧②✱ ✇❡ ❜r✐❡✢② ♠❡♥t✐♦♥ ❛♥ ❛❧t❡r♥❛t✐✈❡ ♥♦t✐♦♥

✶✷✶



❋✐❣✉r❡ ✸✳✾✿ ❊①❛♠♣❧❡ ♦❢ r❡❣✐str❛t✐♦♥ ♦♥ tr❡❡s ✇✐t❤ ❝✉rr❡♥ts ✭❧❡❢t✮ ❛♥❞ ✈❛r✐❢♦❧❞ ✭r✐❣❤t✮✳
❖❜s❡r✈❡ ❛❣❛✐♥ t❤❛t✱ ✇✐t❤ ❝✉rr❡♥ts✱ ❝♦♥s✐st❡♥t ♦r✐❡♥t❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♦✉r❝❡ ❛♥❞ t❤❡
t❛r❣❡t ✐s ♥❡❝❡ss❛r② t♦ ❛✈♦✐❞ t❤❡ ✉♥♥❛t✉r❛❧ ❞❡❢♦r♠❛t✐♦♥ s❤♦✇♥ ♦♥ t❤❡ ✜❣✉r❡✳

♦❢ ♦r✐❡♥t❡❞ ✈❛r✐❢♦❧❞ t❤❛t ❝♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ ✐♥ ❢✉t✉r❡ st✉❞✐❡s ❛s ✇❡❧❧✳

✸✳✻✳✶ ❙❝❛❧❡ ❛♥❞ ♥♦✐s❡

❆♥ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝✉rr❡♥ts ❛♥❞ ✈❛r✐❢♦❧❞s t❤❛t ✇❡ ❤❛✈❡ ❡♠♣❤❛s✐③❡❞
s❡✈❡r❛❧ t✐♠❡s t❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r ✐s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❦❡r♥❡❧ ♠❡tr✐❝s ✇❤❡♥ ✇❡
✐♥❝r❡❛s❡ t❤❡ ✇✐❞t❤ σe ♦❢ t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ♦♥ t❤❡ s♣❛❝❡ E✳ ❚❤❡ ❝❛♥❝❡❧❧❛t✐♦♥ ❡✛❡❝ts
♦❢ ❝✉rr❡♥ts ♠❛❦❡ s✉❝❤ ♥♦r♠s ❜❡❝♦♠❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ✐♥s❡♥s✐t✐✈❡ t♦ ❛♥②t❤✐♥❣ ❡❧s❡
t❤❛♥ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ♦❜❥❡❝ts ❛s ♥♦t✐❝❡❞ ✐♥ ✸✳✹✳✶✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇✐t❤
✈❛r✐❢♦❧❞s✱ ✇❡ ♦❜t❛✐♥ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❛♥❣❡♥t s♣❛❝❡s ♦❢ t❤❡ t✇♦
s❤❛♣❡s✳ ❲❡ s❤♦✇❡❞ t❤❛t✱ ❛t ✐♥✜♥✐t❡ s❝❛❧❡ σe✱ ✇❤❛t r❡♠❛✐♥s ❢r♦♠ ❛ s❤❛♣❡ X ✐s t❤❡
✐♠❛❣❡ ♠❡❛s✉r❡ Hd ◦Tan−1✳ ❋r♦♠ t❤❡ ❞✐s❝r❡t❡ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡s❡ ❝❛♥ ❜❡ t❤♦✉❣❤t ❛s
❤✐st♦❣r❛♠s ♦♥ Gd(E)✳ ■❢ ✇❡ ❢♦❝✉s ♦♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ♣❧❛♥❛r ❝✉r✈❡s✱ G1(R

2) ❝❛♥ ❜❡
r❡♣r❡s❡♥t❡❞ ❛s t❤❡ ✉♥✐t s❡♠✐✲❝✐r❝❧❡ ✭✇✐t❤ ✐❞❡♥t✐✜❡❞ ❡①tr❡♠✐t✐❡s✮ ❛♥❞ s✉❝❤ ❤✐st♦❣r❛♠s
❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ♥✉♠❡r✐❝❛❧❧② ❛♥❞ ✈✐s✉❛❧✐③❡❞✱ ❛s ✇❡ s❤♦✇ ♦♥ ❛ ❢❡✇ ❡①❛♠♣❧❡s ✐♥ ✜❣✉r❡
✸✳✶✶✳ ❚❤❡r❡ ✐s ♦❢ ❝♦✉rs❡ ♥♦ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❤✐st♦❣r❛♠s ❛♥❞ t❤❡
s❡t ♦❢ ❛❧❧ s❤❛♣❡s s✐♥❝❡ t❤❡s❡ ♦❜❥❡❝ts ❛r❡ t♦t❛❧❧② ❜❧✐♥❞ t♦ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t
s♣❛❝❡s ✐♥ E✳ ❍♦✇❡✈❡r✱ ✜①✐♥❣ ❛ ❣✐✈❡♥ ❤✐st♦❣r❛♠ st✐❧❧ ✐♠♣♦s❡s ❝♦♥str❛✐♥ts ♦♥ s❤❛♣❡✳
❲❤❡♥ ❝♦♥str❛✐♥ts ❛r❡ ❛❧s♦ ❛❞❞❡❞ ♦♥ t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ tr❛♥s❢♦r♠❛t✐♦♥s✱ ❛s ✇❡ ❞♦
✐♥ ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥ ❛♣♣r♦❛❝❤❡s ❢♦r ✐♥st❛♥❝❡✱ ✐t ❜❡❝♦♠❡s ❛ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣
q✉❡st✐♦♥ t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ ♠✉❝❤ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡s ❜❛s❡❞ ♦♥❧② ♦♥ ❤✐st♦❣r❛♠s
❝♦✉❧❞ ❞r✐✈❡ r❡❣✐str❛t✐♦♥s ❀ ❛ t♦♣✐❝ t❤❛t ✇❡ ❥✉st s❦✐♠♠❡❞ t❤r♦✉❣❤ ✇✐t❤ t❤❡ ❡①❛♠♣❧❡
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✼✳

❚❤❡r❡ ✐s ❤♦✇❡✈❡r ❛ ♥❡❣❛t✐✈❡ ❝♦✉♥t❡r♣❛rt t♦ t❤❡ ❢❛❝t t❤❛t ✈❛r✐❢♦❧❞s r❡♠❛✐♥ s❡♥s✐t✐✈❡ t♦
t❛♥❣❡♥t s♣❛❝❡s ❞✐str✐❜✉t✐♦♥s ❡✈❡♥ ✐❢ t❤❡ s❝❛❧❡ σe ❜❡❝♦♠❡s ❧❛r❣❡✳ ❚❤✐s ✐s t❤❡ ♣r♦❜❧❡♠ ♦❢
♥♦✐s② s❤❛♣❡s t❤❛t ❝❛♥ ✐♥✈♦❧✈❡ ✐♠♣♦rt❛♥t ♣❡rt✉r❜❛t✐♦♥s ✐♥ t❤❡ ●r❛ss♠❛♥♥✐❛♥ ❞♦♠❛✐♥✳
❖♥ t❤❡ ♦♣♣♦s✐t❡✱ ❝✉rr❡♥ts ❤❛✈❡ ❛ r❡❣✉❧❛r✐③✐♥❣ ❡✛❡❝t t❤❛t ♠❛❦❡s t❤❡ ❛♣♣r♦❛❝❤ r♦❜✉st
t♦ ♥♦✐s❡ ❢♦r ✇❡❧❧✲❝❤♦s❡♥ σe✳ ❲❡ s❤♦✇ t❤❡ r❡s✉❧t ♦❢ ❛ ♠❛t❝❤✐♥❣ ♣❡r❢♦r♠❡❞ ✉♥❞❡r ♥♦✐s❡
✐♥ ✜❣✉r❡ ✸✳✶✷✳ ❆s ✇❡ s❡❡✱ ❝✉rr❡♥ts ❛r❡ ❛❜❧❡ t♦ ✐❣♥♦r❡ ♥♦✐s❡ q✉✐t❡ ✇❡❧❧ s✐♥❝❡ t❤❡ ❤✐❣❤✲
❢r❡q✉❡♥❝② ✈❛r✐❛t✐♦♥s ❛r❡ ❝❛♥❝❡❧❧✐♥❣ ❢♦r t❤❡ ❝❤♦s❡♥ s❝❛❧❡ σe✳ ❋♦r ✈❛r✐❢♦❧❞s✱ t❤✐♥❣s ❛r❡

✶✷✷



❋✐❣✉r❡ ✸✳✶✵✿ ❙✉r❢❛❝❡ ♠❛t❝❤✐♥❣ r❡s✉❧ts ❜❡t✇❡❡♥ ❛ s♣❤❡r❡ ❛♥❞ t❤❡ ❙t❛♥❢♦r❞ ❜✉♥♥②✳ ❆t
t♦♣ r♦✇✱ t❤❡ s♦✉r❝❡ s♣❤❡r❡ ❛♥❞ t❤❡ t❛r❣❡t ❜✉♥♥② s❤❛♣❡✳ ■♥ t❤❡ ♠✐❞❞❧❡ r♦✇✱ t❤❡ r❡s✉❧t
❛❢t❡r ♠❛t❝❤✐♥❣ ✇✐t❤ ❝✉rr❡♥ts✳ ❆t ❜♦tt♦♠ r♦✇✱ ✇✐t❤ t❤❡ ✈❛r✐❢♦❧❞ ❛♣♣r♦❛❝❤✳

✶✷✸



❙❤❛♣❡s ❉✐r❡❝t✐♦♥s✬ ❤✐st♦❣r❛♠s

❋✐❣✉r❡ ✸✳✶✶✿ ❙❡✈❡r❛❧ ♣❧❛♥❡ ❝✉r✈❡s ❛♥❞ t❤❡ ❤✐st♦❣r❛♠s ♦❢ t❤❡ t❛♥❣❡♥t s♣❛❝❡ ❞✐r❡❝t✐♦♥s✳
❋♦r ✈✐s✉❛❧✐③❛t✐♦♥ ♣✉r♣♦s❡s✱ ✇❡ ❤❛✈❡ ✐❞❡♥t✐✜❡❞ t❤❡ ●r❛ss♠❛♥♥✐❛♥G1(R

2) ✇✐t❤ t❤❡ ✉♥✐t
s❡♠✐✲❝✐r❝❧❡✳ ❚❤❡ ❝♦❧♦r ♦♥ ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ s❡♠✐✲❝✐r❝❧❡ r❡♣r❡s❡♥ts t❤❡ ❞❡♥s✐t② ✭♣♦ss✐❜❧②
s✐♥❣✉❧❛r✮ ❢♦r t❤❡ ❍❛✉s❞♦r✛ ♠❡❛s✉r❡ H1 ♦❢ ♣♦✐♥ts ❤❛✈✐♥❣ ❛ t❛♥❣❡♥t ♣♦✐♥t✐♥❣ ✐♥ t❤❛t
♣❛rt✐❝✉❧❛r ❞✐r❡❝t✐♦♥✳ ❚❤❡ s✉♠ ♦❢ ❛❧❧ t❤❡s❡ ❞❡♥s✐t✐❡s ✐s ♣r❡❝✐s❡❧② t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢
t❤❡ ❝✉r✈❡✳

✶✷✹



❈✉rr❡♥ts ❱❛r✐❢♦❧❞s ✇✐t❤ σt = 2

❱❛r✐❢♦❧❞s ✇✐t❤ σt = 5 ❱❛r✐❢♦❧❞s ✇✐t❤ σt = 10

❋✐❣✉r❡ ✸✳✶✷✿ ❘❡❣✐str❛t✐♦♥ ♦❢ t❤❡ ❜❧✉❡ s❡❣♠❡♥t ♦♥ t❤❡ ♥♦✐s② s❤❛♣❡ ✐♥ r❡❞✳ ❲❡ s❤♦✇ t❤❡
❞❡❢♦r♠❡❞ s♦✉r❝❡ s❤❛♣❡ ✐♥ ❞❛s❤❡❞ ❧✐♥❡✳ ❈✉rr❡♥t ❛♥❞ ✈❛r✐❢♦❧❞ ❛❧❣♦r✐t❤♠s ✇❡r❡ ❛♣♣❧✐❡❞
✇✐t❤ ❜♦t❤ ❛ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ♦♥ E ♦❢ ❝♦♠♠♦♥ σe = 0.4✳ ❋♦r ✈❛r✐❢♦❧❞s✱ ✇❡ ✉s❡❞ t❤❡
●❛✉ss✐❛♥ ❦❡r♥❡❧ kG ♦❢ s❝❛❧❡ σt ♦♥ t❤❡ ●r❛ss♠❛♥♥ ♣❛rt ❛♥❞ ✇❡ s❤♦✇ t❤❡ ❜❡❤❛✈✐♦r ❛s
✇❡ ✐♥❝r❡❛s❡ σt✳

✶✷✺



♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ ❞❡♣❡♥❞ ♦♥ t❤❡ s❝❛❧❡ ❝❤♦s❡♥ ❢♦r t❤❡ ●❛✉ss✐❛♥ ♦♥ Gd(E)✳ ■❢ σt ✐s
t♦♦ s♠❛❧❧✱ t❤❡ ❛❧❣♦r✐t❤♠ ❜❡❝♦♠❡s s❡♥s✐t✐✈❡ t♦ t❤❡ ❞✐st♦rt❡❞ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ t❛♥❣❡♥ts
❛♥❞ ❝r❡❛t❡s ❛ ♣r♦♠✐♥❡♥❝❡ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡s❡ ❞✐r❡❝t✐♦♥s✳ ❖♥❡ ♠✉st t❤❡r❡❢♦r❡ r❡❞✉❝❡
t❤✐s s❡♥s✐t✐✈✐t② ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ✇✐❞t❤ σt ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ r♦❜✉st♥❡ss t♦ ♥♦✐s❡✳ ■♥
♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤✐s ❝♦✉❧❞ ❜❡ ❛ ❞r❛✇❜❛❝❦ ♦❢ t❤❡ ✈❛r✐❢♦❧❞ ❛♣♣r♦❛❝❤✱ t②♣✐❝❛❧❧② ✐❢
♦♥❧② s♦♠❡ ♣❛rts ♦❢ s❤❛♣❡s ❛r❡ ❛✛❡❝t❡❞ ❜② ♥♦✐s❡ ✇❤✐❧❡ ♦t❤❡rs ❛r❡ s♠♦♦t❤ ❜❡❝❛✉s❡ ✐t
✇♦✉❧❞ ❡♥❢♦r❝❡ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ❧❛r❣❡ σt✱ ♣r♦✈✐❞✐♥❣ t❤✉s ♦♥❧② ❛ ❣r♦ss ❛♥❛❧②s✐s ♦❢ t❛♥❣❡♥t
❞✐r❡❝t✐♦♥s ❡✈❡r②✇❤❡r❡✳
❲❡ ❝♦✉❧❞ st✐❧❧ ❛r❣✉❡ t❤❛t t❤❡ ✐ss✉❡ ♦❢ ♥♦✐s❡ ❝❛♥ ❜❡ ❛❧s♦ tr❡❛t❡❞ ✐♥ ♣r❛❝t✐❝❡ ❢r♦♠ t❤❡
❞✐✛❡♦♠♦r♣❤✐s♠ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❢♦r ✐♥st❛♥❝❡ ❜② ✐♠♣♦s✐♥❣ ♠♦r❡ r❡❣✉❧❛r✐t② t♦ t❤❡ ✈❡❝t♦r
✜❡❧❞ v ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ s✐♠♣❧② ❜② r❡❞✉❝✐♥❣ t❤❡ tr❛❞❡♦✛ γ ♦r
❜② ✐♥❝r❡❛s✐♥❣ t❤❡ t②♣✐❝❛❧ s❝❛❧❡ σV ♦❢ ✈❡❝t♦r ✜❡❧❞s✳ ❨❡t t❤❡ q✉❡st✐♦♥ ♦❢ ✜♥❞✐♥❣✱ ✐♥
t❤✐s ❝♦♥t❡①t✱ r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ❛tt❛❝❤♠❡♥t ♠❡tr✐❝s t❤❛t ❝♦✉❧❞ s✐♠✉❧t❛♥❡♦✉s❧② ❛✈♦✐❞
♦r✐❡♥t❛t✐♦♥ ✐ss✉❡s ✇❤✐❧❡ ♣r♦✈✐❞✐♥❣ ❛ ♥❛t✉r❛❧ r♦❜✉st♥❡ss t♦ ♥♦✐s❡ ✐s✱ t♦ ♦✉r ❦♥♦✇♥❧❡❞❣❡✱
st✐❧❧ ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳

✸✳✻✳✷ ❋✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s

❚❤❡ ✈❛r✐❢♦❧❞ ✐❞❡❛ t♦ r❡♣r❡s❡♥t ♥♦♥✲♦r✐❡♥t❡❞ s❤❛♣❡s ❝❛♥ ❜❡ ❛❧s♦ ❛❞❛♣t❡❞ t♦ t❤❡ ❝❛s❡
♦❢ s❤❛♣❡s ❝❛rr②✐♥❣ s✐❣♥❛❧s✱ ❢♦❧❧♦✇✐♥❣ ❛ s✐♠✐❧❛r ♣❛t❤ ❛s ❝❤❛♣t❡r ✷ ✇✐t❤ ❝✉rr❡♥ts✳ ■♥
❢❛❝t✱ ❧✐♥❦✐♥❣ t❤❡ ✐❞❡❛s t❤✐s ❝❤❛♣t❡r ✇✐t❤ t❤❡ ♦♥❡s ♦❢ ❝❤❛♣t❡r ✷✱ ✐t ✐s ❡✈❡♥ ❛ q✉✐t❡ ❡❛s②
❡①t❡♥s✐♦♥ ♦❢ ✈❛r✐❢♦❧❞s✳ ❲❡ ✇✐❧❧ ❥✉st ❜r✐❡✢② s✉♠ ✉♣ t❤❡ ♠❛✐♥ ❧✐♥❡s✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥s
❛♥❞ ❞❡✜♥✐t✐♦♥s ♦❢ ❝❤❛♣t❡r ✷✱ ✇❡ ❛r❡ ♥❛t✉r❛❧❧② ❧❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥
♦❢ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s ✿

❉❡✜♥✐t✐♦♥ ✸✳✻✳✶✳ ❲❡ s❛② t❤❛t µ ✐s ❛ d✲ ❞✐♠❡♥s✐♦♥❛❧ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞ ♦♥ (E,M)✱
E ❜❡✐♥❣ t❤❡ ❡♠❜❡❞❞✐♥❣ ✈❡❝t♦r s♣❛❝❡ ❛♥❞ M t❤❡ s✐❣♥❛❧ ♠❛♥✐❢♦❧❞✱ ✐❢ µ ✐s ❛ ❇♦r❡❧ ✜♥✐t❡
♠❡❛s✉r❡ ♦♥ t❤❡ s♣❛❝❡ E ×Gd(E)×M ♦r ❡q✉✐✈❛❧❡♥t❧② ✐❢ µ ∈ C0(E ×Gd(E)×M)′✳

❚❤✐s ✐s s✐♠♣❧② ❛✉❣♠❡♥t✐♥❣ t❤❡ ✈❛r✐❢♦❧❞ r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ❛ s✐❣♥❛❧ ❝♦♠♣♦♥❡♥t✳ ◆♦✇✱
❛♥② ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f)✱ ✇✐t❤ X ❛ d✲❞✐♠❡♥s✐♦♥❛❧ r❡❝t✐✜❛❜❧❡ s✉❜s❡t✱ ❤❛s ❛♥ ❡q✉✐✈✲
❛❧❡♥t r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s ❣✐✈❡♥ ❜② ✿

µ(X,f)(ω) =

∫

X
ω(x, TxX, f(x))dHd(x) ✭✸✳✹✵✮

❚❤❡ ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s r❡❧❛t✐♦♥ ❢♦r ❛ ♣♦❧②❤❡❞r❛❧ s❤❛♣❡ ✇r✐t❡s∑n
i=1mi.δ(xi,Vi,fi) ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥s ❛❧r❡❛❞② ❡①♣❧❛✐♥❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❚❤❡

❞❡✜♥✐t✐♦♥ ♦❢ ❦❡r♥❡❧ ♠❡tr✐❝s ♦♥ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s ✐s ❛❧s♦ ✈❡r② ♥❛t✉r❛❧✳ ❖♥❡ ❝❛♥ ❥✉st
❝♦♥s✐❞❡r ❦❡r♥❡❧s ♦❢ t❤❡ ❢♦r♠ ke⊗kt⊗kf ✱ ✇❤❡r❡ ke✱ kt ❛♥❞ kf ❛r❡ r❡❛❧✲✈❛❧✉❡❞ ♣♦s✐t✐✈❡
❦❡r♥❡❧s r❡s♣❡❝t✐✈❡❧② ♦♥ E✱ Gd(E) ❛♥❞M s❛t✐s❢②✐♥❣ ❡♥♦✉❣❤ r❡❣✉❧❛r✐t② ♣r♦♣❡rt✐❡s✳ ❲❡
t❤❡♥ ♦❜t❛✐♥ ❛ ❍✐❧❜❡rt ♠❡tr✐❝ ❜❡t✇❡❡♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s t❤❛t ✇r✐t❡s ✿

〈µ(X,f), µ(Y,g)〉2W ′ =

∫∫

X×Y
ke(x, y) kt(TxX,TyY ) kf (f(x), g(y))dHd(x)dHd(y)

✭✸✳✹✶✮
❚❤❡ r✐❣♦r♦✉s st✉❞② ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ♥♦r♠s✱ ❛s ✇❡ ❞✐❞ ✐♥ ❝❤❛♣t❡r ✷ s❡❝t✐♦♥
✷✳✷✳✸ ❢♦r ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱ ✐s ♣♦st♣♦♥❡❞ t♦ ❛ ❢✉t✉r❡ ✇♦r❦✱ ❜✉t ❞♦❡s ♥♦t s❡❡♠✱ ❛
♣r✐♦r✐✱ t♦ ❜r✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❞✐✣❝✉❧t✐❡s✳
❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s✬ ♠❡tr✐❝ ❢♦r ❝♦♠♣✉t✐♥❣ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✬
❞✐st❛♥❝❡s ❛♥❞ r❡❣✐str❛t✐♦♥ ✐s ✈❡r② ❝♦♥✈❡♥✐❡♥t st❛rt✐♥❣ ❢r♦♠ t❤❡ s✐♠✐❧❛r ❝♦❞❡s ♦♥ ✈❛r✲
✐❢♦❧❞s✳ ■♥❞❡❡❞✱ ❛❧❧ ✐t r❡q✉✐r❡s ✐s t♦ ❛❞❞ t❤❡ ♣♦♥❞❡r❛t✐♦♥s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❦❡r♥❡❧
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kf ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✈❛❧✉❡s ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ♥❡✇ ❣r❛❞✐❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ ♣♦✐♥t
♣♦s✐t✐♦♥s ❛♥❞ s✐❣♥❛❧s✳ ❚❤✉s t❤✐s ❢r❛♠❡✇♦r❦ ✭✐♥ t❤❡ ❝❛s❡ M = R✮ ✇❛s ❛❧s♦ ✐♥❝❧✉❞❡❞
✐♥ ♦✉r ❝♦❞❡s ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✳
❋✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s✱ ❛s ❢❛r ❛s ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❝❛♥ t❡❧❧ ✉♣ t♦ ♥♦✇✱ s✉❝❝❡ss❢✉❧❧②
❝♦♠❜✐♥❡ t❤❡ ✐♥t❡r❡st ♦❢ ♥♦♥✲♦r✐❡♥t❛t✐♦♥ ✭❝♦♠♣❛r❡❞ t♦ ❝✉rr❡♥ts✮ ✇✐t❤ t❤❡ ♣♦ss✐❜✐❧✐t②
t♦ ✉s❡ s✐❣♥❛❧s ✐♥ r❡❣✐str❛t✐♦♥ ❛♥❞ ❡st✐♠❛t❡ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s✳ ❚♦ ❧✐♥❦ t❤❛t ✇✐t❤ t❤❡
♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ ♠❡tr✐❝s ✇✐t❤ r❡s♣❡❝t t♦ ❦❡r♥❡❧s✬ s❝❛❧❡s✱ ✐t
❛❧s♦ ❛♣♣❡❛rs t❤❛t ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s✱ ❜② ♣❧❛②✐♥❣ ✇✐t❤ t❤❡ t❤r❡❡ ♣♦ss✐❜❧❡ ♣❛r❛♠❡t❡rs
σe✱ σt✱ σf ✭✐♥ t❤❡ ❝❛s❡ ♦❢ ●❛✉ss✐❛♥ ❦❡r♥❡❧s✮✱ ❡♥❝♦♠♣❛ss ✐♥ ❛ ✉♥✐✜❡❞ ❢r❛♠❡✇♦r❦ ❛
✈❡r② ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♠❡tr✐❝s ❜❡t✇❡❡♥ ♦❜❥❡❝ts ✿ ♠❡❛s✉r❡s ✭σt, σf → ∞✮✱ ✈❛r✐❢♦❧❞s
✭σf →∞✮✱ ❞✐r❡❝t✐♦♥s✬ ❤✐st♦❣r❛♠s ✭σe, σf →∞✮✱ s✐❣♥❛❧s✬ ❤✐st♦❣r❛♠s ✭σe, σt →∞✮✳

✸✳✻✳✸ ❖r✐❡♥t❡❞ ✈❛r✐❢♦❧❞s

▲❡t✬s ✜♥❛❧❧② ♠❡♥t✐♦♥ ❛ ❧❛st ♣♦ss✐❜❧❡ tr❛❝❦ t❤❛t✱ ✇❡ ❜❡❧✐❡✈❡✱ ❝♦✉❧❞ ❧❡❛❞ t♦ ✐♥t❡r❡st✐♥❣
❞❡✈❡❧♦♣♠❡♥ts ✐♥ s❤❛♣❡ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ ♦r✐❡♥t❡❞ ✈❛r✐❢♦❧❞s✳ ❚❤✐s
❝♦♥❝❡♣t✱ ❛❧t❤♦✉❣❤ ❧❡ss ❝♦♠♠♦♥ ✐♥ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r②✱ ❤❛s ❛ ❞❡✜♥✐t✐♦♥ ✈❡r②
❝❧♦s❡ t♦ ✈❛r✐❢♦❧❞s✳ ■t ♠❛❦❡s ✉s❡ ♦❢ t❤❡ ♦r✐❡♥t❡❞ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞
❛s t❤❡ s❡t ♦❢ ❛❧❧ ♦r✐❡♥t❡❞ d✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s ♦❢ E✱ ❞❡♥♦t❡❞ ❣❡♥❡r❛❧❧② G̃d(E)✳
■♥ ❛ s✐♠✐❧❛r ✇❛② ❛s t❤❡ P❧ü❝❦❡r ❡♠❜❡❞❞✐♥❣✱ G̃d(E) ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ ✉♥✐t
s♣❤❡r❡ ♦❢ ΛdE✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ d = 1 ♦r d = n−1✱ ♦r✐❡♥t❡❞ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞ ❝❛♥
❜❡ ❛❝t✉❛❧❧② ✐❞❡♥t✐✜❡❞ t♦ t❤❡ ✉♥✐t s♣❤❡r❡ ♦❢ E ✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ❛ ♣❛rt✐❝✉❧❛r❧② s✐♠♣❧❡
s♣❛❝❡ t♦ ✉s❡ ✐♥ ♣r❛❝t✐❝❡✳ ❖r✐❡♥t❡❞ ✈❛r✐❢♦❧❞s ❛r❡ t❤❡♥ ❞❡✜♥❡❞ s✐♠✐❧❛r❧② t♦ ✈❛r✐❢♦❧❞s ❛s ✿

❉❡✜♥✐t✐♦♥ ✸✳✻✳✷✳ ❆♥ ♦r✐❡♥t❡❞ ✈❛r✐❢♦❧❞ ✐s ❛ ❇♦r❡❧ ✜♥✐t❡ ♠❡❛s✉r❡ ♦♥ E × G̃d(E)✱ ✐✳❡
❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ C0(E × G̃d(E))′✳

◆♦✇✱ ♦r✐❡♥t❡❞ ✈❛r✐❢♦❧❞s ♣r♦✈✐❞❡ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛♥② ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts X
♦❢ E ❜② ✐♥t❡❣r❛t✐♥❣ ❛s ✉s✉❛❧ ❛♥② ❢✉♥❝t✐♦♥ ♦❢ C0(E×G̃d(E)) ♦♥ X✱ ✇❤✐❝❤ ❛ss♦❝✐❛t❡ t♦
X t❤❡ ♦r✐❡♥t❡❞ ✈❛r✐❢♦❧❞ ❞❡♥♦t❡❞ µ̃X ✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ❡q✉✐✈❛❧❡♥t ♥❡✐t❤❡r t♦ ❝✉rr❡♥ts
♥♦r t♦ ✈❛r✐❢♦❧❞s ✐♥ ❣❡♥❡r❛❧✳ ■❢ X ✐s ❢♦r ✐♥st❛♥❝❡ ❛ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❡❞ s✉❜♠❛♥✐❢♦❧❞ ❛♥❞
X̌ t❤❡ ♦♥❡ ✇✐t❤ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥✱ ✐♥ t❤❛t s❡tt✐♥❣✱ µ̃X̌ 6= −µ̃X ❛♥❞ µ̃X̌ 6= µ̃X ✳
❆❧t❤♦✉❣❤ ✐t ❤❛s ♥♦t ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ②❡t✱ ♦♥❡ ❝♦✉❧❞ ♦❜✈✐♦✉s❧② ❞❡✜♥❡ ❦❡r♥❡❧s ❛s ✇❡
❞✐❞ ✇✐t❤ ✈❛r✐❢♦❧❞s ✉s✐♥❣ ✐♥ t❤❛t ❝❛s❡ t❤❡ ❡♠❜❡❞❞✐♥❣ ♦❢ G̃d(E) ✐♥t♦ t❤❡ s♣❤❡r❡ ♦❢ ΛdE
❛♥❞ ♦❜t❛✐♥ ❘❑❍❙ ❞✐st❛♥❝❡s ✐♥ t❤❛t ❝♦♥t❡①t✳ ❙✉❝❤ ❛ ❢r❛♠❡✇♦r❦✱ ❛s ✇❡ ❝❛♥ ❡①♣❡❝t✱
✇♦✉❧❞ ♥♦t s✉✛❡r ❢r♦♠ t❤❡ ❝❛♥❝❡❧❧❛t✐♦♥ ✐ss✉❡s ❛♣♣❡❛r✐♥❣ ✇✐t❤ ❝✉rr❡♥ts ✭❛t t❤❡ ♣r✐❝❡ ♦❢
❛ ❧♦✇❡r r♦❜✉st♥❡ss t♦ ♥♦✐s❡✮✳ ❈♦♠♣❛r❡❞ t♦ ✈❛r✐❢♦❧❞s✱ ✐t ✇♦✉❧❞ ❧✐❦❡❧② ✐♠♣r♦✈❡ r❡s✉❧ts
✇❤❡♥ ✇♦r❦✐♥❣ ♦♥ s❤❛♣❡s ✇✐t❤ ❛ ❝❧❡❛r❧② ❞❡✜♥❡❞ ❛♥❞ ✉s❡❢✉❧ ♦r✐❡♥t❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ❜✉t
✐t r❡♠❛✐♥s ❝❧❡❛r❧② ✐♥❡✛❡❝t✐✈❡ ✐♥ tr❡❛t✐♥❣ ❝❛s❡s ✇❤❡r❡ ♦r✐❡♥t❛t✐♦♥ ✐s ♥♦t ✇❡❧❧✲❞❡✜♥❡❞
♦r r❡❧❡✈❛♥t✳

✸✳✻✳✹ ❈♦♥❝❧✉s✐♦♥

❍❛✈✐♥❣ ❡①♣❧♦r❡❞ ✐♥ t❤❡ ✜rst ♣❧❛❝❡ t❤❡ ♦r✐❡♥t❛t✐♦♥ ✐ss✉❡s t❤❛t ❝♦♠❡ ❛❧♦♥❣ ✇✐t❤ t❤❡
✉s❡ ♦❢ ❝✉rr❡♥ts ✐♥ s❤❛♣❡ ♠♦❞❡❧❧✐♥❣✱ ✇❡ ❤❛✈❡ ❛❞❛♣t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r t❤❡ ❛❧t❡r♥❛t✐✈❡
❝♦♥❝❡♣t ♦❢ ✈❛r✐❢♦❧❞s✱ ❜② r❡♣r❡s❡♥t✐♥❣ s❤❛♣❡s ❛s s♣❛t✐❛❧❧② s♣r❡❛❞ ❞✐str✐❜✉t✐♦♥s ♦❢ ✉♥✲
♦r✐❡♥t❡❞ t❛♥❣❡♥t s♣❛❝❡s t❤❡♠s❡❧✈❡s ♠♦❞❡❧❡❞ ❛s ❡❧❡♠❡♥ts ♦❢ t❤❡ ●r❛ss♠❛♥♥ ♠❛♥✐❢♦❧❞✳
❆s ❢♦r ❝✉rr❡♥ts✱ ✇❡ ❡♠❜❡❞ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♦❜❥❡❝ts ❧✐❦❡ s✉❜♠❛♥✐❢♦❧❞s ❛♥❞ r❡❝t✐✜❛❜❧❡
s✉❜s❡ts ✐♥ ♦♥❡ ❝♦♠♠♦♥ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡✳ ❚❤❡ ✜rst ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♦✉r ✇♦r❦ ✇❛s t♦
❞❡✜♥❡ ♠❡tr✐❝s t❤❛t s❤❛r❡ t❤❡♦r❡t✐❝❛❧ r❡q✉✐r❡♠❡♥ts ❛♥❞ ❡♥❛❜❧❡ ❝♦♥✈❡♥✐❡♥t ♥✉♠❡r✐❝❛❧
❝♦♠♣✉t❛t✐♦♥s✳ ❲❡ ❤❛✈❡ s❤♦✇♥ ❤♦✇ t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❞❡✜♥✐♥❣ ❍✐❧❜❡rt str✉❝t✉r❡s
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♦♥ ✈❛r✐❢♦❧❞s t❤r♦✉❣❤ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧s ❛♥❞ ♣r♦♣♦s❡❞ ❛ ❣❡♥❡r❛❧ ❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss
❢♦r s✉❝❤ ❦❡r♥❡❧s✳ ❋r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ s✐❞❡✱ ✇❡ ♣r♦✈❡❞ t❤❛t t❤❡s❡ ♠❡tr✐❝s✱ ❛s ♦♣♣♦s❡❞
t♦ t❤❡ ♣r❡✈✐♦✉s r❡♣r❡s❡♥t❛t✐♦♥ ❜② ❝✉rr❡♥ts✱ ❞♦ ♥♦t ❛rt✐✜❝✐❛❧❧② ✬❡❧✐♠✐♥❛t❡✬ s❤❛♣❡ ✈♦❧✲
✉♠❡ ❞✉❡ t♦ ♦r✐❡♥t❛t✐♦♥✳ ❲❡ ❛❧s♦ ❝♦♠♣✉t❡❞ ❛ ✈❛r✐❛t✐♦♥ ❢♦r♠✉❧❛ ♦❢ t❤❡ ♠❡tr✐❝ ✇✐t❤
r❡s♣❡❝t t♦ s❤❛♣❡s✳ ■♥ t❡r♠s ♦❢ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛♥ ❛❞❛♣✲
t❛t✐♦♥ ♦❢ ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥ s❤❛♣❡ r❡❣✐str❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤✐s ❢r❛♠❡✇♦r❦✳ ❚❤❡ r❡s✉❧ts
✇❡ ♣r❡s❡♥t❡❞ ❛r❡ ♠❛✐♥❧② ❢♦❝✉s❡❞ ♦♥ s②♥t❤❡t✐❝ ❡①❛♠♣❧❡s ❢♦r t❤❡ t✐♠❡ ❜❡✐♥❣✱ ❜✉t ✇❡
✇✐❧❧ s❤♦✇ ❛ ❢❡✇ ❛♣♣❧✐❝❛t✐♦♥s t♦ r❡❛❧ ❞❛t❛s❡ts ✐♥ ❝❤❛♣t❡r ✹✱ ✐♥ ✇❤✐❝❤ ✇❡ ❡①t❡♥❞ t❤❡
✈❛r✐❢♦❧❞ ❢r❛♠❡✇♦r❦ t♦ ❛t❧❛s ❡st✐♠❛t✐♦♥✳
❆s ✇❡ st❛rt❡❞ t♦ ♠❡♥t✐♦♥ ✐♥ t❤✐s ❧❛st s❡❝t✐♦♥✱ t❤✐s ✇♦r❦ ✐s ❛❧s♦ ♣❛✈✐♥❣ t❤❡ ✇❛② t♦
s❡✈❡r❛❧ ❡①t❡♥s✐♦♥s ❛♥❞ ♥❡✇ ✐ss✉❡s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✐❞❡❛s ♦❢ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s
♦r ♦r✐❡♥t❡❞ ✈❛r✐❢♦❧❞s ❝❛♥ ❜❡ ❛❧♠♦st str❛✐❣❤t❢♦r✇❛r❞❧② ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ ♥♦✇ ♥❡❡❞
t♦ ❜❡ ❡①♣❡r✐♠❡♥t❡❞ ♦♥ ❧❛r❣❡r s❡ts ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❞✐s❝✉ss✐♦♥ ♦♥
t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✈❛r✐❢♦❧❞s ❛♥❞ t❛♥❣❡♥t s♣❛❝❡s✬ ❤✐st♦❣r❛♠s✱ t❤❛t ✇❛s ♦♥❧②
✐♥✐t✐❛t❡❞ ✐♥ ✸✳✻✳✶✱ ✇♦✉❧❞ ♣r♦❜❛❜❧② ❞❡s❡r✈❡ ♠♦r❡ ✐♥✲❞❡♣t❤ st✉❞②✱ ♣❡r❤❛♣s ❜② ❧✐♥❦✐♥❣
t❤❛t t♦ s❤❛♣❡ ❝♦♠♣❛r✐s♦♥ ❜❛s❡❞ ♦♥ ❞❡s❝r✐♣t♦rs✱ ❢♦r ✐♥st❛♥❝❡ s❤❛♣❡ ❝♦♥t❡①ts ✐♥ ✷❉
❛♥❞ ✸❉ s❤❛♣❡s ❬✶✺❪ ♦r ❙■❋❚ ❞❡s❝r✐♣t♦rs ✐♥ ✐♠❛❣❡s✳

✶✷✽



❈❤❛♣t❡r ✹

❙t❛t✐st✐❝❛❧ ❆t❧❛s ❡st✐♠❛t✐♦♥ ❛♥❞

❛♥❛❧②s✐s

❈♦♥t❡♥ts

✹✳✶ ❋♦r✇❛r❞ ❛t❧❛s ♠♦❞❡❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✵

✹✳✷ ❆t❧❛s ❡st✐♠❛t✐♦♥ ❢♦r ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

✹✳✷✳✶ ❆ ✜rst ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

✹✳✷✳✷ ❊st✐♠❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✷

✹✳✷✳✸ ❘❡s✉❧ts ♦♥ t❤❡ r❡t✐♥❛ ❞❛t❛s❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼

✹✳✷✳✹ ❆ ✇❡❧❧✲♣♦s❡❞ ❝♦♥t✐♥✉♦✉s ❢r❛♠❡✇♦r❦ ❢♦r ❛t❧❛s ❡st✐♠❛t✐♦♥ ✳ ✳ ✶✺✶

✹✳✸ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ♠♦♠❡♥t❛ ❛♥❞ r❡s✐❞✉❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

✹✳✸✳✶ ❉✐♠❡♥s✐♦♥❛❧✐t② r❡❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸

✹✳✸✳✷ ●❡♥❡r❛❧✐③❡❞ ▲❉❆ ♦♥ ❍✐❧❜❡rt s♣❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

✹✳✸✳✸ ▼♦❞❡s ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r ❢✉♥❝t✐♦♥❛❧ ❛t❧❛s❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✹✳✸✳✹ ❈❧❛ss✐✜❝❛t✐♦♥ r❡s✉❧ts ♦♥ t❤❡ ❖❈❚ ❞❛t❛s❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷

✹✳✹ ❆t❧❛s ♦♥ ✈❛r✐❢♦❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽

✹✳✹✳✶ ❆❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽

✹✳✹✳✷ ❲♦r❦s ♦♥ ❡♠❜r②♦♥✐❝ ♠♦✉s❡ ❤❡❛rt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽

✹✳✹✳✸ ❚❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ♦♥ ❈♦❝❤❧❡❛❡ ❞❛t❛s❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✷

✹✳✺ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❡①t❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

✶✷✾



✹✳✶ ❋♦r✇❛r❞ ❛t❧❛s ❝♦♥str✉❝t✐♦♥ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠②

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ✜rst r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s r❡❧❛t❡❞ t♦
t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞✐✛❡♦♠♦r♣❤✐❝ r❡❣✐str❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ■♥ t❤❡
❝♦♥t❡①t ♦❢ ❛♥❛t♦♠✐❝❛❧ st✉❞✐❡s✱ t❤❡ ❡st✐♠❛t❡❞ ❞❡❢♦r♠❛t✐♦♥s ❛r❡ ❧✐❦❡❧② t♦ ♠❛❦❡ ♣♦ss✐❜❧❡
t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛❜♥♦r♠❛❧✐t✐❡s ✐♥ t❤❡ s❤❛♣❡ ♦❢ s✉❜❥❡❝ts✱ ❧❡❛❞✐♥❣ t♦ ♣♦t❡♥t✐❛❧ ♠❡❞✐❝❛❧
❞✐❛❣♥♦s✐s ❢♦r ❝❡rt❛✐♥ ❞✐s❡❛s❡s✳ ❚♦ ❤❛✈❡ ❛♥② ♠❡❛♥✐♥❣ ❢r♦♠ t❤❡ st❛t✐st✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱
r❡❣✐str❛t✐♦♥ ♥❡❡❞ t♦ ❜❡ tr❛♥s♣♦s❡❞ t♦ ❧❛r❣❡r ❞❛t❛❜❛s❡ ♦❢ s✉❜❥❡❝ts✳ ■♥ t❤✐s ❝❤❛♣t❡r✱
✇❡ ❞✐s❝✉ss t❤❡ ♣r♦❜❧❡♠ ♦❢ ❣r♦✉♣✲st✉❞②✱ ♥❛♠❡❧② ❤♦✇ t♦ ❛♥❛❧②③❡ ✐♥ ❛ st❛t✐st✐❝❛❧ ✇❛②
♣♦t❡♥t✐❛❧❧② ❧❛r❣❡ ❣r♦✉♣s ♦❢ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧ ❞❛t❛s❡ts✳
❚❤✐s ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ♣❛st✱ ♠♦st❧② ✐♥ t❤❡ ❝❛s❡ ♦❢ ✷❉
❛♥❞ ✸❉ ✐♠❛❣❡s ❬✶✶✱ ✻✱ ✹✾❪ ❛♥❞ ♠♦r❡ r❡❝❡♥t❧② ❣❡♥❡r❛❧✐③❡❞ t♦ s❤❛♣❡s ❧✐❦❡ ❝✉r✈❡s ❛♥❞
s✉r❢❛❝❡s ❬✷✽✱ ✸✷❪✳ ❚❤❡ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡✱ st❛rt✐♥❣ ❢r♦♠ r❡❣✐str❛t✐♦♥ ♦❢ t✇♦ s✉❜❥❡❝ts✱ ✐s
♣r❡❝✐s❡❧② t♦ ❛✈♦✐❞ t❤❡ ❜✐❛s t❤❛t ✇♦✉❧❞ ✐♥❡✈✐t❛❜❧② ♦❝❝✉r ✐❢ ✇❡ ❝❤♦s❡ ♦♥❡ s♣❡❝✐✜❝ s✉❜❥❡❝t
✐♥ t❤❡ ❞❛t❛❜❛s❡ ❛♥❞ r❡❣✐st❡r ❛❧❧ ♦t❤❡r ✐♥❞✐✈✐❞✉❛❧s ♦♥ t❤✐s ♦♥❡✳ ■♥st❡❛❞ ♦❢ t❤✐s ♥❛✐✈❡
❛♣♣r♦❛❝❤✱ r❡❝❡♥t ♠❡t❤♦❞s ❛r❡ ❣❡♥❡r❛❧❧② ❜❛s❡❞ ♦♥ ❛❧❣♦r✐t❤♠s t❤❛t tr② t♦ ❡st✐♠❛t❡ ❛♥
❛t❧❛s ❢r♦♠ t❤❡ ❞❛t❛✳ ■♥ s❤❛♣❡ ❛♥❛❧②s✐s✱ ❛♥ ❛t❧❛s ✐s ♠❛❞❡ ♦❢ ❛ t❡♠♣❧❛t❡ s❤❛♣❡✱ ♦r ❛
♠❡❛♥ s❤❛♣❡✱ t❤❛t ❝❛♣t✉r❡s t❤❡ ❝♦♠♠♦♥ ❢❡❛t✉r❡s ♦❢ ❛❧❧ s✉❜❥❡❝ts✱ t♦❣❡t❤❡r ✇✐t❤ ❛ s❡t
♦❢ ❞❡❢♦r♠❛t✐♦♥s ❜❡t✇❡❡♥ t❡♠♣❧❛t❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧s✱ ✇❤✐❝❤✱ ♣r♦♣❡r❧② ❛♥❛❧②③❡❞✱ s❤♦✉❧❞
tr❛♥s❝r✐❜❡ t❤❡ s❤❛♣❡ ✈❛r✐❛❜✐❧✐t② ❛♠♦♥❣ t❤❡ ♣♦♣✉❧❛t✐♦♥✳ ❚❡❝❤♥✐❝❛❧❧② s♣❡❛❦✐♥❣✱ ❣✐✈❡♥ ❛
♣♦♣✉❧❛t✐♦♥ ♦❢ N s✉❜❥❡❝ts {Si}i=1,..,N ✱ t❤❡ ♦✉t♣✉t ✐s ❛ t❡♠♣❧❛t❡ S ❛♥❞ N ❞❡❢♦r♠❛t✐♦♥s
{φi}i=1,..,N ✳ ❚❤❡s❡ ❞❡❢♦r♠❛t✐♦♥s ❝❛♥ ❡✐t❤❡r ♣✉❧❧ t❤❡ s✉❜❥❡❝ts ❜❛❝❦ ♦♥ t❤❡ t❡♠♣❧❛t❡
❡q✳✭✹✳✶✮✱ ✇❤✐❝❤ ✐s t❤✉s ❝❛❧❧❡❞ t❤❡ ❜❛❝❦✇❛r❞ ♠♦❞❡❧✱ ♦r tr❛♥s♣♦rt t❤❡ t❡♠♣❧❛t❡ t♦✇❛r❞
t❤❡ ✐♥❞✐✈✐❞✉❛❧s ❡q✳✭✹✳✷✮✱ ✇❤✐❝❤ ✐s ❦♥♦✇♥ ❛s t❤❡ ❢♦r✇❛r❞ ♠♦❞❡❧✳

φi(Si) = S + ǫi ⇐⇒ Si = φ−1
i (S) + φ−1

i .ǫi . ✭✹✳✶✮

Si = φi(S) + ǫi . ✭✹✳✷✮

■♥ ❜♦t❤ t❤❡s❡ ♠♦❞❡❧s✱ t❤❡ ǫi ❛r❡ s❤❛♣❡ r❡s✐❞✉❛❧s ❢♦r ❡❛❝❤ s✉❜❥❡❝t✱ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ♠✐s♠❛t❝❤ ❜❡t✇❡❡♥ t❤❡ t❡♠♣❧❛t❡ ❛♥❞ t❤❡ s✉❜❥❡❝t✳ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ❢♦r
r❡❣✐str❛t✐♦♥✱ t❤❡s❡ ❛r❡ ♥❡❝❡ss❛r② t♦ ❛❝❝♦✉♥t ❢♦r ❛❧❧ t❤❛t ❝❛♥♥♦t ❜❡ ❝❛♣t✉r❡❞ ❜② t❤❡
❞❡❢♦r♠❛t✐♦♥ ♠♦❞❡❧ ✐♥❝❧✉❞✐♥❣ ♥♦✐s❡✱ t♦♣♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡s ❛♥❞ ❤✐❣❤✲❢r❡q✉❡♥❝② ✈❛r✐❛✲
t✐♦♥s✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ♠♦❞❡❧✱ t❤❡ r❡s✐❞✉❛❧s ❛r❡ ❧✐✈✐♥❣ ♦♥ t❤❡
t❡♠♣❧❛t❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛♥❞ ❛r❡ tr❛♥s♣♦rt❡❞ ❜② ❡❛❝❤ ❞❡❢♦r♠❛t✐♦♥ ✇❤❡r❡❛s ✐♥ t❤❡
❢♦r✇❛r❞ ♠♦❞❡❧✱ t❤❡② ❛r❡ ✐♥tr✐♥s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s✉❜❥❡❝t✳ ❚❤✐s ✐s s✉♠♠❡❞ ✉♣ ❜②
❋✐❣✉r❡ ✹✳✶✳ ■t ✐s ❛r❣✉❡❞ ✐♥ ❬✷✽❪ t❤❛t t❤❡ ❢♦r✇❛r❞ ♠♦❞❡❧ ✐s ❜❡tt❡r ✜tt❡❞ t♦ ♠♦❞❡❧❧✐♥❣
❝♦♥s✐❞❡r❛t✐♦♥s ❛♥❞ ♠♦r❡ ❛❞❛♣t❡❞ t♦ st❛t✐st✐❝❛❧ ♣✉r♣♦s❡s ✿ ✐t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ ❛
❝♦♥s✐st❡♥t ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ✭▼❆P✮ ❡st✐♠❛t♦r ❛♥❞ ❝♦♠♣✉t✐♥❣ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢
❛ ♥❡✇ s✉❜❥❡❝t ✐s ♠✉❝❤ ❡❛s✐❡r t❤❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❜❛❝❦✇❛r❞ ♠♦❞❡❧✳ ❚❤✐s ❛♣♣r♦❛❝❤
❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r ✷❉ ❛♥❞ ✸❉ ❝✉rr❡♥ts ❛♥❞ ❢♦✉♥❞ s✉❝❝❡ss❢✉❧ ❛♣♣❧✐❝❛t✐♦♥s t♦
❛t❧❛s ❡st✐♠❛t✐♦♥ ♦❢ ✇❤✐t❡ ♠❛tt❡r ✜❜❡r ❜✉♥❞❧❡s ❬✸✵❪ ♦r ❞❡❡♣ ❜r❛✐♥ str✉❝t✉r❡s✬ s✉r❢❛❝❡s
❬✸✻❪✳
❇❡❢♦r❡ ❝♦♠✐♥❣ t♦ t❤❛t✱ ✇❡ ❜r✐❡✢② s✉♠ ✉♣ t❤❡ ❣❡♥❡r❛❧ ❞❡r✐✈❛t✐♦♥ ♦❢ ▼❆P ❡st✐♠❛t♦r ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ ✉s✉❛❧ ❝✉rr❡♥ts✱ ❢♦❧❧♦✇✐♥❣ ❬✻❪ ❛♥❞ ❬✷✽❪✳ ❲❡ ✐♥s✐st ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡s❡
❛r❡ ♦♥❧② ❢♦r♠❛❧ ❞❡r✐✈❛t✐♦♥s s✐♥❝❡ t❤❡② ❛r❡ ❞♦♥❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡s✳
❍♦✇❡✈❡r✱ ❛s ❞❡t❛✐❧❡❞ ✐♥ ❬✷✽❪✱ ✐t ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥ t❡r♠s ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞✲
❡❧s✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✉s✉❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋r♦♠ ❛ ❇❛②❡s✐❛♥ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❣✐✈❡♥ t❤❡
s❤❛♣❡ ♦❜s❡r✈❛t✐♦♥s Si r❡♣r❡s❡♥t❡❞ ❛s ❝✉rr❡♥ts ✐♥ ❛ ❘❑❍❙ W ′✱ t❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥
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❋✐❣✉r❡ ✹✳✶✿ ❋♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❛t❧❛s ❡st✐♠❛t✐♦♥✬s ♠♦❞❡❧s ❬✷✽❪✳

r❡❞✉❝❡s t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛ t❡♠♣❧❛t❡ S t❤❛t ✐♥t✉✐t✐✈❡❧② ♠❛①✐♠✐③❡s t❤❡ ❧✐❦❡✲
❧✐❤♦♦❞ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❦♥♦✇✐♥❣ t❤❡ t❡♠♣❧❛t❡✱ ✐✳❡ ❢♦r ✐♥❞❡♣❡♥❞❡♥t ♦❜s❡r✈❛t✐♦♥s✱∏N
i=1 p(Si|S)✱ ✇❤❡r❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥s φi ✐♥ ❡q✳✭✹✳✷✮ ❛r❡ ❤✐❞❞❡♥ ✈❛r✐❛❜❧❡s✳ ❚♦ ❣✐✈❡ ❛

♣r❡❝✐s❡ ♠❡❛♥✐♥❣ t♦ t❤❛t✱ ♦♥❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ♣r♦❜❛❜✐❧✐st✐❝ ♠♦❞❡❧s ❛♥❞ ♣r✐♦rs ❢♦r
t❤❡ r❡s✐❞✉❛❧s ❛♥❞ ❞❡❢♦r♠❛t✐♦♥s✳ ❘❡s✐❞✉❛❧s ǫi ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ✐✐❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
♦♥ t❤❡ s♣❛❝❡ ♦❢ ❝✉rr❡♥ts ✇✐t❤ ●❛✉ss✐❛♥ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✿

pr(ǫ) = Cr. exp(−‖ǫ‖2W ′/(2σ2W )) .

❉❡❢♦r♠❛t✐♦♥s ❛r❡ t♦t❛❧❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡✐r ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥ v0 ∈ V t❤❛♥❦s
t♦ t❤❡ ❣❡♦❞❡s✐❝ ❡q✉❛t✐♦♥s✱ s♦ t❤❛t ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❛ ♣r✐♦r ♦♥ ❞❡❢♦r♠❛t✐♦♥ ✇✐t❤ ❛
♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✿

pφ(v0) = Cφ. exp(−‖v0‖2V /(2σ2V )) ✭✹✳✸✮

◆♦✇✱ ♦♥❡ ❝❛♥ ❡①♣r❡ss ❢♦r♠❛❧❧② t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥ ♦❜s❡r✈❛t✐♦♥ Si ❦♥♦✇✐♥❣ t❤❡
t❡♠♣❧❛t❡ ❜② ✉s✐♥❣ t❤❡ ❇❛②❡s r✉❧❡ ✿

p(Si|S) =

∫
p(Si|S, vi0)pφ(vi0)dvi0

=

∫
pr(Si − (φv

i
0)∗S)pφ(vi0)dv0 ✭✹✳✹✮

❚❤❡ t❡r♠ pr(Si − (φv
i
0)∗S) ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❡❝t♦r ✜❡❧❞ v0 ❜② ❛ ❣❡♦❞❡s✐❝ s❤♦♦t✲

✐♥❣ ♣r♦❝❡❞✉r❡ ✇❤✐❝❤ ♣r♦✈✐❞❡s ♥♦ ❝❧♦s❡❞ ❢♦r♠ ❢♦r ♠❛①✐♠✐③✐♥❣ t❤❡ ♣r❡✈✐♦✉s ✐♥t❡❣r❛❧✳
❍❡♥❝❡✱ ✇❡ ❛♣♣❧② ❛ st❛♥❞❛r❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❝❛❧❧❡❞ ❋❛st ❆♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ ▼♦❞❡s
✭❋❆▼✱ ❝❢ ❬✻❪✮✱ r❡♣❧❛❝✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ♦❢ ❡q✳✭✹✳✹✮ ❜② t❤❡ ♠❛①✐♠✉♠ ♦❢ ✐ts ✐♥t❡❣r❛♥❞ ✿
p(Si|S) ≈ maxvi0pr(Si− (φv

i
0)∗S)pφ(vi0)✳ ❚❤❡♥✱ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦r

❡q✉✐✈❛❧❡♥t❧② t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ✿

(S, vi0) = ❛r❣♠✐♥(S,vi0)

(
N∑

i=1

1

2σ2V
‖vi0‖2V +

1

2σ2W
‖Si − (φv

i
0)∗S‖2W ′

)
✭✹✳✺✮

❆❣❛✐♥✱ t❤✐s ♠✐♥✐♠✐③❛t✐♦♥ ✐s ❥✉st ❢♦r♠❛❧ ❛t t❤✐s ♣♦✐♥t ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t s♣❡❝✐❢②
✐♥ ✇❤❛t s♣❛❝❡ t❤❡ t❡♠♣❧❛t❡ s❤❛♣❡ S ✐s ♦♣t✐♠✐③❡❞ ♦♥✳ ❖♥❧② ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞✐s❝r❡t❡
s❤❛♣❡s ❝❛♥ ❡q✳✭✹✳✺✮ ❜❡ ❛❝t✉❛❧❧② ❣✐✈❡♥ ❛ r❡❛❧ ♠❡❛♥✐♥❣✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ t❡♠♣❧❛t❡ ✐s
♠❛❞❡ ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡ S ❧✐✈❡s ✐♥ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
s♣❛❝❡✳ ❚❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ t❤❡♥ ❣✐✈❡s ❜♦t❤ t❤❡ t❡♠♣❧❛t❡ s❤❛♣❡ S ❛♥❞ t❤❡
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❞❡❢♦r♠❛t✐♦♥s φv
i
0 ❢r♦♠ t❤❡ t❡♠♣❧❛t❡ t♦ ❡❛❝❤ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥✱ ✇❤✐❝❤ ✭st✐❧❧ ✐♥ t❤❡

❞✐s❝r❡t❡ s✐t✉❛t✐♦♥✮ ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❣❡♦❞❡s✐❝ s❤♦♦t✐♥❣ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ✈❡❝t♦r ✜❡❧❞s
vi0✳ ◆♦t❡ t❤❛t✱ ❢♦r ❛ ✜①❡❞ S✱ t❤❡ ♣r❡✈✐♦✉s ♣r♦❜❧❡♠ ❝♦♥s✐sts ❡①❛❝t❧② ✐♥ s♦❧✈✐♥❣ N

♠❛t❝❤✐♥❣ ♣r♦❜❧❡♠s ❜❡t✇❡❡♥ S ❛♥❞ t❤❡ Si✳ ❈♦♥✈❡rs❡❧②✱ ❢♦r ❣✐✈❡♥ φvi0 ✱ ♦♣t✐♠✐③✐♥❣ ✇✐t❤
r❡s♣❡❝t t♦ S ✉s❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡ ❣✐✈❡♥
❜② ❝✉rr❡♥ts✳ ❚❤✉s✱ ❡st✐♠❛t✐♥❣ ❛♥ ❛t❧❛s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝✉rr❡♥ts ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❛
s✐♠✉❧t❛♥❡♦✉s ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♦♥ t❤❡ t❡♠♣❧❛t❡ ❛♥❞ t❤❡ ❞❡❢♦r♠❛t✐♦♥s✳ ❚❤✐s ❛♣♣r♦❛❝❤
❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ♦♥ ✈❛r✐♦✉s s❤❛♣❡ ❞❛t❛s❡ts✱ ❛s ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✸✸✱ ✸✹❪✳

✹✳✷ ❆t❧❛s ❡st✐♠❛t✐♦♥ ❢♦r ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s

❍❛✈✐♥❣ ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t❤❡ ✐❞❡❛ ♦❢ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♦❢ s❤❛♣❡s r❡♣✲
r❡s❡♥t❡❞ ❜② ❝✉rr❡♥ts t❤r♦✉❣❤ ❢♦r✇❛r❞ s❝❤❡♠❡✱ ✇❡ ♥♦✇ ✐♥t❡♥❞ t♦ ♣r♦✈✐❞❡ ❛ s✐♠✐❧❛r
❢r❛♠❡✇♦r❦ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ❖✉r ❛♣♣r♦❛❝❤ ♠❛❦❡s ♣r♦✜t ♦♥ t❤❡
♠❡tr✐❝s ❣✐✈❡♥ ❜② t❤❡ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✬ s❡tt✐♥❣ t❤❛t ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❝❤❛♣t❡r ✷ ❛♥❞
t❤❛t ❞❡♠♦♥str❛t❡❞ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s ♦♥ t❤❡ s✐♠♣❧❡r ♣r♦❜❧❡♠ ♦❢ r❡❣✐st❡r✐♥❣ t✇♦
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ■♥ t❤❡ ✜rst ♣❧❛❝❡✱ ✇❡ ♣r❡s❡♥t ❛ ♠♦❞❡❧ t❤❛t ❞✐r❡❝t❧② tr❛♥s❝r✐❜❡s ✐♥
t❡r♠s ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts t❤❡ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ❡q✳✭✹✳✺✮ ❛♥❞ ✇❡ ✇✐❧❧ s❤♦✇
✐♥ ✇❤❛t r❡s♣❡❝t ❝♦♠❜✐♥✐♥❣ ❣❡♦♠❡tr② ❛♥❞ s✐❣♥❛❧ ❝❛♥ ♣r♦✈✐❞❡ ♠♦r❡ r❡❧❡✈❛♥t t❡♠♣❧❛t❡s✳
❲❡ s❤❛❧❧ t❤❡♥ ♣r♦♣♦s❡ ❛♥ ❡♥r✐❝❤❡❞ ♠♦❞❡❧ ✇❤❡r❡ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s ♦♥ ❡❛❝❤ s✉❜❥❡❝t
❛r❡ ❡st✐♠❛t❡❞ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ t❡♠♣❧❛t❡ ❛♥❞ t❤❡ ❞❡❢♦r♠❛t✐♦♥s✳ ❋✐♥❛❧❧②✱ ✐♥ ❧✐❣❤t ♦❢
♠♦r❡ r❡❝❡♥t ❜✉t st✐❧❧ ♣r♦s♣❡❝t✐✈❡ r❡✢❡①✐♦♥s ❛t t❤❡ t✐♠❡✱ ✇❡ ❞✐s❝✉ss t❤❡ ♣♦ss✐❜✐❧✐t② t♦
❢♦r♠❛❧✐③❡✱ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣✱ ❛ ✇❡❧❧✲♣♦s❡❞ ♣r♦❜❧❡♠ t❤❛t ❝♦✉❧❞ ❣✉❛r❛♥t❡❡ t❤❡
❡①✐st❡♥❝❡ ♦❢ ♠✐♥✐♠✐③❡rs ❢♦r ❛t❧❛s❡s✳

✹✳✷✳✶ ❆ ✜rst ♠♦❞❡❧

❋♦r♠✉❧❛t✐♦♥ ✇✐t❤ ▼❆P

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ✇❡ ❛r❡ ❣✐✈❡♥ N ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s Si = (Xi, f i)
❛s ✐♥ ❝❤❛♣t❡r ✷✱ Xi ❜❡✐♥❣ d✲❞✐♠❡♥s✐♦♥❛❧ ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts ❛♥❞ f i ❢✉♥❝t✐♦♥s
❞❡✜♥❡❞ ♦♥ Xi ✇✐t❤ ✈❛❧✉❡s ✐♥ ❛ ❣✐✈❡♥ s✐❣♥❛❧ s♣❛❝❡ M ✳ ❲❡ ✐♥t❡♥❞ t♦ ✜♥❞✱ ❥✉st ❛s ✐♥
s❡❝t✐♦♥ ✹✳✶✱ ❛ t❡♠♣❧❛t❡ t❤❛t ✇♦✉❧❞ ❜❡ ♥♦✇ ❛ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f) ❛♥❞ ❞❡❢♦r♠❛t✐♦♥s
φi ∈ ❉✐✛(E) s❛t✐s❢②✐♥❣ ✿

C(Xi,f i) = (φv
i
)∗C(X,f) + ǫi ✭✹✳✻✮

❲❡ r❡♠✐♥❞ t❤❛t (φv
i
)∗C(X,f) ✐s t❤❡ ❛❝t✐♦♥ ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♦♥ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s✐❣♥❛❧✳ ❖♥❡ ♥♦t✐❝❡❛❜❧❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥
♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢ ❝✉rr❡♥ts ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ✐s t❤❛t t❤❡ ❢♦r♠❛❧ ▼❆P ❞❡r✐✈❛t✐♦♥ ♦❢
❛t❧❛s ❡st✐♠❛t✐♦♥ ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✶ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ ❛❧♠♦st str❛✐❣❤t❢♦r✇❛r❞❧② t♦
❛❧❧ s♦rts ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ■♥ t❤❡ ❞✐s❝r❡t❡ ❝❛s❡✱ ✇❤❡r❡ t❤❡ t❡♠♣❧❛t❡ X ✐s ❛ss✉♠❡❞
t♦ ❝♦♥s✐st ♦❢ ❛ ✜♥✐t❡ s❡t ♦❢ ♣♦✐♥ts ❛♥❞ t❤✉s ❛ ✜♥✐t❡ s❡t ♦❢ s✐❣♥❛❧ ✈❛❧✉❡s f ✱ ✇❡ ❛❧s♦
❦♥♦✇ ❢r♦♠ s❡❝t✐♦♥ ✶✳✷✳✺ ✐♥ ❝❤❛♣t❡r ✶✱ t❤❛t t❤❡ ❞❡❢♦r♠❛t✐♦♥s φv

i
❛r❡ ♣❛r❛♠❡tr✐③❡❞ ❜②

✐♥✐t✐❛❧ ♠♦♠❡♥t❛ pi0 ✭✇❤✐❝❤ ❛r❡ t❤❡♠s❡❧✈❡s ✜♥✐t❡ s❡ts ♦❢ ❝♦✈❡❝t♦rs ❛tt❛❝❤❡❞ t♦ ❡❛❝❤
♣♦✐♥t ♦❢ X✮ ❛♥❞ t❤✉s t❤❡ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ✿

(X, f, pi0) = arg min
(X,f,pi0)

(
N∑

i=1

E(pi0) + γ‖C(Xi,fi) − (φp
i
0)∗C(X,f)‖2W ′

)
✭✹✳✼✮

✶✸✷



γ ❜❡✐♥❣ ❛ ✇❡✐❣❤t ♣❛r❛♠❡t❡r ❜❡t✇❡❡♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❝♦st ❛♥❞ t❤❡ ❞❛t❛ ❛tt❛❝❤♠❡♥t
❞✐st❛♥❝❡ ✭♦r t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ r❡s✐❞✉❛❧ ♣r✐♦r✬s ✈❛r✐❛♥❝❡ ❛♥❞ t❤❡ ❞❡❢♦r♠❛t✐♦♥
♣r✐♦r✬s ✈❛r✐❛♥❝❡✮✱ φp

i
0 ❞❡♥♦t❡s t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ❣❡♦❞❡s✐❝ s❤♦♦t✐♥❣ ✇✐t❤

✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ pi0✳ ◆♦t❡ t❤❛t✱ ✐♥ t❤✐s ❞✐s❝r❡t❡ s❡tt✐♥❣✱ t❤✐s ♠✐♥✐♠✐③❛t✐♦♥ ♠❛❦❡s
s❡♥s❡ ❜❡❝❛✉s❡ ❛❧❧ ✈❛r✐❛❜❧❡s X✱f ❛♥❞ pi0 ❧✐✈❡ ✐♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✳ ❋♦r ❛ ❝♦❤❡r✲
❡♥t ❢♦r♠✉❧❛t✐♦♥ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s s❡tt✐♥❣✱ ✇❡ r❡❢❡r t♦ t❤❡ ❧❛t❡r ❞✐s❝✉ss✐♦♥ ♦❢ ✹✳✷✳✹✳
❲❡ ❛❧s♦ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤✐s ❛t❧❛s ❡st✐♠❛t✐♦♥ ❢♦r♠✉❧❛t✐♦♥ r❡♠❛✐♥s ❣❡♥❡r❛❧ ❡♥♦✉❣❤
t♦ ✐♥❝♦r♣♦r❛t❡ ❛❧❧ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✱ ♣r♦✈✐❞❡❞ t❤❛t ♦♥❡ ❝❛♥ ❡①♣r❡ss t❤❡ ✇❛② ❞✐✛❡♦✲
♠♦r♣❤✐s♠s ❛❝t ♦♥ t❤♦s❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ■♥ t❤❛t ❢♦r♠❛❧✐s♠✱ ✐❢ t❤❡ t❡♠♣❧❛t❡ ❢s❤❛♣❡
(X, f) ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ s♦♠❡❤♦✇ ❛s ❛ ♣r♦t♦t②♣❡ ♦r ♠❡❛♥ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s✱ ♥♦t❡
t❤❛t ✐t ✐s ♥♦t t❤❡ ❛❝t✉❛❧ ♠❡❛♥ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❢❝✉rr❡♥ts✱ ✐✳❡ 1

N

∑N
i=1C(Xi,f i)✳ ■♥❞❡❡❞✱

t❤✐s ❛r✐t❤♠❡t✐❝ ♠❡❛♥ ✐s ♥♦t r❡❝t✐✜❛❜❧❡ ✐♥ ❣❡♥❡r❛❧✱ s♦ t❤❛t t❤❡r❡ ✐s ♥♦ ✇❛② t♦ t❤✐♥❦ ♦❢
✐t ❛s ❛ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡✳ ■♥st❡❛❞✱ t❤❡ ❛♣♣r♦❛❝❤ ❢♦r♠❛❧✐③❡❞ ❜② ❡q✳✭✹✳✼✮ ♦♣t✐♠✐③❡s ♦♥
❢❝✉rr❡♥ts t❤❛t ❛r❡ ❛❧r❡❛❞② ✇r✐tt❡♥ ✉♥❞❡r t❤❡ ❢♦r♠ C(X,f)✳

◆♦✇✱ ✐❢ ✇❡ s♣❡❝✐❢② t❤❡ ♣r❡✈✐♦✉s t♦ t❤❡ ❝❛s❡ ♦❢ r❡❛❧✲✈❛❧✉❡❞ s✐❣♥❛❧s f i : Xi → R✱
✇❤✐❝❤ s❤❛❧❧ ❜❡ t❤❡ s✐t✉❛t✐♦♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥s✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ✷✳✷✱ ✇❡
❤❛✈❡ (φv

i
0)∗C(X,f) = C

φv
i
0 .(X,f)

✇✐t❤ φp
i
0 .(X, f) = (φp

i
0(X), f ◦ (φpi0)−1) ❛♥❞ t❤❡r❡❢♦r❡

❡q✳✭✹✳✼✮ ✇r✐t❡s ✿

min
(X,f,pi0)

J(X, f, (pi0))
.
=

(
N∑

i=1

E(pi0) + γ‖C(Xi,f i) − C(φp
i
0 (X),f◦(φp

i
0 )−1)
‖2W ′

)
✭✹✳✽✮

❆ss✉♠✐♥❣ t❤❛t ♦♥❡ ❝❛♥ s♦❧✈❡ t❤✐s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✇❤✐❝❤ ✐s t❤❡ s✉❜❥❡❝t ♦❢ ♥❡①t
s❡❝t✐♦♥✮✱ t❤❡ ♦✉t♣✉t ✐s ❛ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f) t❤❛t ❝❛♣t✉r❡s t❤❡ ❝♦♠♠♦♥ ❢❡❛t✉r❡s ♦❢
t❤❡ s❡t ♦❢ ♦❜s❡r✈❛t✐♦♥s ❜♦t❤ ✐♥ s❤❛♣❡ ❛♥❞ ✐♥ s✐❣♥❛❧ ❛s ✇❡❧❧ ❛s ❛ s❡t ♦❢ ❞❡❢♦r♠❛t✐♦♥s t❤❛t
s✉♣♣♦s❡❞❧② ❡①♣❧❛✐♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ✈❛r✐❛t✐♦♥ ❛r♦✉♥❞ t❤✐s ❝♦♠♠♦♥ t❡♠♣❧❛t❡✳ ❚❤❡ r❡st
♦❢ t❤❡ ✈❛r✐❛❜✐❧✐t② ✐s ❛❧❧ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❢❝✉rr❡♥t r❡s✐❞✉❡s C(Xi,f i)−C(φp

i
0 (X),f◦(φp

i
0 )−1)

t❤❛t ❝♦♠❜✐♥❡ ❤✐❣❤❡r✲❢r❡q✉❡♥❝② ❣❡♦♠❡tr✐❝❛❧ ✈❛r✐❛t✐♦♥s ♥♦t ❝❛♣t✉r❡❞ ❜② t❤❡ φi✬s ❛s
✇❡❧❧ ❛s t❤❡ ✈❛r✐❛❜✐❧✐t② ♦❢ s✐❣♥❛❧s fi ❛r♦✉♥❞ f ✳

❆t❧❛s ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠

❲❡ ♥♦✇ ❝♦♠❡ ✐♥t♦ ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ❡✛❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❡q✳✭✹✳✽✮✳ ■♥ ❬✷✽❪✱
✇❛s ♣r♦♣♦s❡❞ ❛♥ ❛❧t❡r♥❛t❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❜❡t✇❡❡♥ t❤❡ t❡♠♣❧❛t❡ s❤❛♣❡
❛♥❞ t❤❡ ❞❡❢♦r♠❛t✐♦♥s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❤♦✇❡✈❡r t❤❡ ✐♥❝♦♥✈❡♥✐❡♥t ♦❢ ✉♣❞❛t✐♥❣ t❤❡
t❡♠♣❧❛t❡ ♣❛rt ❜② ❛ ❣r❛❞✐❡♥t ❝♦♠♣✉t❡❞ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❝✉rr❡♥ts✱ ✇❤✐❝❤ ✜rst r❡q✉✐r❡s
❞❡❝♦♥✈♦❧✉t✐♦♥ s❝❤❡♠❡s ❧✐❦❡ ▼❛t❝❤✐♥❣ P✉rs✉✐t ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❛❧s♦ ❧♦♦s❡s t❤❡
str✉❝t✉r❡ ♦❢ r❡❝t✐✜❛❜❧❡ s✉❜s❡t ♦❢ t❤❡ t❡♠♣❧❛t❡✳ ■♥st❡❛❞✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇❡ ❛r❡ ❣♦✐♥❣
t♦ ❞❡✈❡❧♦♣ ✐s ❛ s✐♥❣❧❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t s❝❤❡♠❡ t❤❛t s✐♠✉❧t❛♥❡♦✉s❧② ✉♣❞❛t❡s X✱ f
❛♥❞ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♠♦♠❡♥t❛ pi0✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s✱ ✇❡ s✐♠♣❧② ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡
❣r❛❞✐❡♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s✳

❆s ✇❡ s❛✐❞✱ t❤❡ t❡♠♣❧❛t❡ X ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♠♣♦s❡❞ ♦❢ ❛ ✜♥✐t❡ s❡t ♦❢ ♣♦✐♥ts
q = (qk)k=1,..n ❛♥❞ ❛❧❧ ✐♥✐t✐❛❧ ♠♦♠❡♥t❛ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ t♦ ✈❡❝t♦rs ♦❢ E ❛tt❛❝❤❡❞ t♦
❡❛❝❤ ♣♦✐♥t qk✱ ✐✳❡ p

i
0 = (pi0,k)k=1,..n ❣❡♥❡r❛t✐♥❣ ✐♥✐t✐❛❧ ✈❡❝t♦r ✜❡❧❞s vi0 ❜② ✿

vi0 =
n∑

k=1

KV (qk, .)p
i
0,k .

✶✸✸



❚❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② ✐s t❤❡♥ ❛❧♠♦st str❛✐❣❤t❢♦r✇❛r❞ s✐♥❝❡ ✿

E =

N∑

i=1

Hr(q, p
i) =

N∑

i=1

n∑

k,l=1

KV (qk, ql).〈pik, pil〉

❛♥❞ t❤✉s ✿

∇qkE =

N∑

i=1

∂qkHr(q, pi) =

N∑

i=1

n∑

l=1

(∂1KV (qk, ql) + ∂2KV (ql, qk))〈pik, pil〉

∇pikE = ∂pkHr(q, pi) =

n∑

l=1

KV (qk, ql)p
i
l ✭✹✳✾✮

◆♦t❡ t❤❛t ✐♥ ♠♦st ❝❛s❡s✱ KV ✐s s②♠♠❡tr✐❝ ✐♥ ❜♦t❤ ✐ts ✈❛r✐❛❜❧❡s ✭❛s ❢♦r ❛❧❧ r❛❞✐❛❧
❦❡r♥❡❧s ❢♦r ✐♥st❛♥❝❡✮ s♦ t❤❡ t✇♦ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ ✜rst ❡q✉❛t✐♦♥ ❛❜♦✈❡ ❛r❡
❛❝t✉❛❧❧② ❡q✉❛❧ ❛♥❞ t❤❡ ❣r❛❞✐❡♥t ❜❡❝♦♠❡s ♣❛rt✐❝✉❧❛r❧② s✐♠♣❧❡✳ ❚❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡
❛tt❛❝❤♠❡♥t t❡r♠s gi ✐s ❛❣❛✐♥ s❧✐❣❤t❧② ♠♦r❡ t❡❝❤♥✐❝❛❧ ❜✉t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✐♥ t❤❡ ❡①❛❝t
s❛♠❡ ✇❛② ❛s ❢♦r ❛ r❡❣✐str❛t✐♦♥ ♣r♦❜❧❡♠✳ ■♥❞❡❡❞✱ gi ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣♦✐♥ts qik,1✱

t❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡ t❡♠♣❧❛t❡ ♣♦✐♥ts s❤♦t ❜② ♠♦♠❡♥t✉♠ pi0 ❛♥❞ ❞♦ ♥♦t ❞❡♣❡♥❞
♦♥ t❤❡ ✜♥❛❧ ♠♦♠❡♥t❛ pik,1✳ ❚❤❡r❡❢♦r❡✱ ∇qi1gi = ∇q1gi(q

i
1) ✇❤❡r❡ ∇q1gi ✇❛s ❛❧r❡❛❞②

❡①♣r❡ss❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸✳✷✱ ❛♥❞ ∇pi1gi = 0✳ ❚❤❡s❡ ❣r❛❞✐❡♥ts ❜❡✐♥❣ ❝♦♠♣✉t❡❞ ❛t t❤❡

✜♥❛❧ st❛t❡ ✈❛r✐❛❜❧❡s qi1 ❛♥❞ pi1✱ ♦♥❡ ♥❡❡❞ t♦ ♣✉❧❧ t❤❡♠ ❜❛❝❦ ♦♥ t❤❡ ✐♥✐t✐❛❧ t❡♠♣❧❛t❡
♣♦s✐t✐♦♥ ❛♥❞ ♠♦♠❡♥t❛✱ ✇❤✐❝❤✱ ❛s ❛❧r❡❛❞② ❡①♣❧❛✐♥❡❞ ✐♥ ❝❤❛♣t❡r ✷ s❡❝t✐♦♥ ✷✳✸✳✷✱ ✐s
t❤❡ r♦❧❡ ♦❢ t❤❡ ❜❛❝❦✇❛r❞ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥✱ ✐✳❡ ❢♦r ❡❛❝❤ i ∈ {1, , , N}✱ ✇❡ ❤❛✈❡
∇qgi = Qi0, ∇pigi = P i0 ✇✐t❤ ✿





Q̇it = −(∂2p,qHr(q
i
t, p

i
t))

∗Qit + (∂2q,qHr(q
i
t, p

i
t))

∗P it
Ṗ it = −(∂2p,pHr(q

i
t, p

i
t))

∗Qit + (∂2q,pHr(q
i
t, p

i
t))

∗P it
Qi1 = −∇q1gi(qi1), P i1 = 0

✭✹✳✶✵✮

❆♥❞ ✐t r❡s✉❧ts t❤❛t t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ J ✇✐t❤ r❡s♣❡❝t t♦ ✈❛r✐❛❜❧❡s q ❛♥❞
pi ✐s ❣✐✈❡♥ ❜② ✿

∇qJ =
N∑

i=1

(∂qHr(q, p
i
0)−Qi0)

∇pi0J = ∂pHr(q, p
i
0)− P i0 ✭✹✳✶✶✮

❚❤❡r❡ st✐❧❧ r❡♠❛✐♥s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧
✈❛❧✉❡s ♦♥ t❤❡ t❡♠♣❧❛t❡✱ ✇❤✐❝❤ ✇❡ s❤❛❧❧ ❞❡♥♦t❡ ✐♥ s❤♦rt ❜② fk = f(qk)✳ ❲❡ s❡❡
t❤❛t ♦♥❧② t❤❡ ❛tt❛❝❤♠❡♥t t❡r♠s gi ❞❡♣❡♥❞ ♦♥ f ❛♥❞ t❤❡ ❣r❛❞✐❡♥t ❝❛♥ ❜❡ ❞❡r✐✈❡❞
❡①❛❝t❧② ❛s ✐♥ ❝❤❛♣t❡r ✷✳ ■♥❞❡❡❞✱ ✇❡ r❡♠✐♥❞ t❤❛t✱ ✐♥ t❤❡ ♠♦❞❡❧ ♦❢ tr❛♥s♣♦rt ✇❡ ❛r❡
❝♦♥s✐❞❡r✐♥❣✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✈❛❧✉❡s ❛r❡ ♥♦t ♠♦❞✐✜❡❞ ❜② t❤❡ ❣❡♦❞❡s✐❝ s❤♦♦t✐♥❣ s♦ t❤❡r❡
✐s ♥♦ ❜❛❝❦✇❛r❞ ✐♥t❡❣r❛t✐♦♥ ♥❡❡❞❡❞✳ ◆♦✇✱ t❛❦✐♥❣ s✐♠✐❧❛r ♥♦t❛t✐♦♥s ❛♥❞ ❝♦♥✈❡♥t✐♦♥s✱

❧❡t✬s ❞❡♥♦t❡ C(Xi,f i) =
∑mi

k=1 δ
ξik
(x̃ik,f̃

i
k)

❛♥❞ C
φp

i
0 .(X,f)

=
∑m

k=1 δ
ξk
(q̃k,f̃k)

✇❤❡r❡ ❡❛❝❤ ❞✐r❛❝

❡♥❝♦❞❡s ♦♥❡ ❢❛❝❡ ♦❢ t❤❡ t❡♠♣❧❛t❡ ♦r t❤❡ s✉❜❥❡❝ts✳ ❈♦♥s✐❞❡r❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡

✶✸✹



❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡ f̃ ✱ ✇❡ ❤❛✈❡ ✿

gi = 〈C(X,f), C(X,f)〉W ′ − 2〈C(X,f), C(Xi,f i)〉W ′ + 〈C(Xi,f i), C(Xi,f i)〉W ′

=
m∑

k,l=1

kg(q̃k, q̃l)kf (f̃k, f̃l)〈ξk, ξl〉 − 2
m∑

k=1

mi∑

l=1

kg(q̃k, x̃
i
l)kf (f̃k, f̃

i
l )〈ξk, ξil 〉

+

mi∑

k,l=1

kg(x̃
i
k, x̃

i
l)kf (f̃

i
k, f̃

i
l )〈ξik, ξil 〉

❆♥❞ s♦✱ t❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ f̃ ✇r✐t❡s ✿

∇f̃kJ =

N∑

i=1

∇f̃kg
i, ✇✐t❤

∇f̃kg
i =

m∑

l=1

kg(q̃k, q̃l)[∂1kf (f̃k, f̃l) + ∂2kf (f̃l, f̃k)]〈ξk, ξl〉

− 2

mi∑

l=1

kg(q̃k, x̃
i
l)∂1kf (f̃k, f̃

i
l )〈ξk, ξil 〉 ✭✹✳✶✷✮

❙✐♥❝❡ f̃ ✐s ❜❛s✐❝❛❧❧② t❤❡ ✐♥t❡r♣♦❧❛t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ❛t t❤❡ ❝❡♥t❡r ♦❢ ❡❛❝❤ ❝❡❧❧
♦❢ t❤❡ ♠❡s❤ ♦♥ X✱ t❤❡ ❣r❛❞✐❡♥t ♦❢ J ✇✐t❤ r❡s♣❡❝t t♦ f ❝❛♥ ❜❡ s✐♠♣❧② ♦❜t❛✐♥❡❞ ❜②
❞✐str✐❜✉t✐♥❣ ∇f̃J ♦♥ t❤❡ ♣♦✐♥ts ♦❢ X✳

◆♦✇✱ t❤❡ ❛t❧❛s ❡st✐♠❛t✐♦♥ ✐s r♦✉❣❤❧② ❛ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ♦♥ ❛❧❧ ✈❛r✐❛❜❧❡s (q, f, pi) t♦✲
❣❡t❤❡r✱ ✇❤✐❝❤ ✇❡ r❡❝❛♣ ✐♥ ❛❧❣♦r✐t❤♠ ✷✳ Pr❛❝t✐❝❛❧❧②✱ ❛♥② t②♣❡ ♦❢ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❝♦✉❧❞
❜❡ ❛♣♣❧✐❡❞✱ t❤❡ s✐♠♣❧❡st ♦♥❡ ❜❡✐♥❣ ❛♥ ❛❞❛♣t✐✈❡ st❡♣ s❝❤❡♠❡✳ ❍♦✇❡✈❡r✱ ✐♥ ♦✉r s✐t✉❛✲
t✐♦♥✱ s✐♥❝❡ ✇❡ ❛r❡ ♦♣t✐♠✐③✐♥❣ ♦♥ s❡✈❡r❛❧ s♦rts ♦❢ ✈❛r✐❛❜❧❡s ✭♣♦✐♥t ♣♦s✐t✐♦♥s✱ ♠♦♠❡♥t❛
❛♥❞ ❢✉♥❝t✐♦♥❛❧ ✈❛❧✉❡s✮ ✇❤✐❝❤ ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ❤♦♠♦❣❡♥❡♦✉s✱ ❛ ❜❡tt❡r ❛♣♣r♦❛❝❤ ✐s
t♦ ✉s❡ ❞✐✛❡r❡♥t st❡♣s ❢♦r q✱ f ❛♥❞ t❤❡ pi✬s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ s❡♣❛r❛t❡❧② ❜② ❞♦✐♥❣
❛ ❜❛s✐❝ ❧✐♥❡ s❡❛r❝❤ ✐♥ ♦r❞❡r t♦ ✜♥❞ ❛ ❜❡tt❡r ❞❡s❝❡♥t ❞✐r❡❝t✐♦♥ ❛❢t❡r ❡❛❝❤ ❣r❛❞✐❡♥t ❝♦♠✲
♣✉t❛t✐♦♥✳ ❚❤✐s ❛❧❧♦✇s s♦♠❡ ✢❡①✐❜✐❧✐t② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❛♥❞ ♣r❡✈❡♥ts ✐t ❢r♦♠ ✉♣❞❛t✐♥❣
t♦♦ ❢❛st ♦♥❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦t❤❡rs✳ ❲❡ ❛❧s♦ ✇❛♥t t♦ ❡♠♣❤❛s✐③❡ t❤❡
❢❛❝t t❤❛t t❤❡ ❡♥❡r❣② ❛♥❞ ❣r❛❞✐❡♥t ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ ❛t ❡❛❝❤ st❡♣ ❛r❡ t❤❡ ❝♦♠❜✐✲
♥❛t✐♦♥ ♦❢ t❡r♠s r❡❧❛t❡❞ t♦ ♦♥❧② ♦♥❡ ♦❜s❡r✈❛t✐♦♥ ❛t ❛ t✐♠❡✳ ❚❤✐s ❤❛s t❤❡ ✐♠♣♦rt❛♥t
❝♦♥s❡q✉❡♥❝❡ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❞♦♥❡ ✇✐t❤✐♥ t❤❡ ❋❖❘ ❧♦♦♣ ✐♥ ❛❧❣♦r✐t❤♠ ✷ ❝❛♥ ❜❡
♣❛r❛❧❧❡❧✐③❡❞ str❛✐❣❤t❢♦r✇❛r❞❧②✱ ✐♠♣r♦✈✐♥❣ s✐❣♥✐✜❝❛♥t❧② t✐♠❡ ❝♦♠♣✉t❛t✐♦♥s✳ ❲♦r❦✐♥❣
❢♦r ✐♥st❛♥❝❡ ♦♥ ❛ ♠❛❝❤✐♥❡ ✇✐t❤ ❛s ♠❛♥② ♣r♦❝❡ss♦rs ❛s t❤❡ ♥✉♠❜❡r N ♦❢ s✉❜❥❡❝ts
❞♦ ♥♦t ♠❛❦❡ ❛t❧❛s ❡st✐♠❛t✐♦♥ ❧♦♥❣❡r ✐♥ t✐♠❡ t❤❛♥ ❛ s✐♥❣❧❡ r❡❣✐str❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦
s✉❜❥❡❝ts✳
❆t t❤✐s st❛❣❡✱ ❛❧❣♦r✐t❤♠ ✷ s✉✛❡rs ❢r♦♠ s❡✈❡r❛❧ ❞r❛✇❜❛❝❦s ❡ss❡♥t✐❛❧❧② ❜❡❝❛✉s❡ ✐t ❞♦❡s
♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞❡♣❡♥❞❡♥❝② ♦❢ ❡♥❡r❣✐❡s ❛♥❞ ❣r❛❞✐❡♥ts ✐♥ ❡✐t❤❡r t❤❡ s❝❛❧❡ ♦r
t❤❡ s❛♠♣❧✐♥❣ ♦❢ t❡♠♣❧❛t❡ ❛♥❞ ❞❛t❛✳ ❚❤❡ ♦t❤❡r ✐ss✉❡ ❝♦♠❡s ❢r♦♠ ❜♦✉♥❞❛r② ❜❡❤❛✈✐♦r
t❤❛t ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ♦✉t❧✐♥❡❞ ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ✐♥ ❝❤❛♣t❡r ✷ t❤❡♦r❡♠
✷✳✷✳✹✳ ❆❧❧ t❤❡s❡ ♠♦t✐✈❛t❡ t❤❡ ❡✛♦rts t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t♦ ♣r♦✈✐❞❡ ❛
♠♦r❡ r♦❜✉st ❛♥❞ st❛❜❧❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡✳

◆♦r♠❛❧✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ s❝❛❧❡s

❉❡s♣✐t❡ t❤❡ ♦❜✈✐♦✉s ✐♥✈❛r✐❛♥❝❡ ♦❢ ♦✉r ❛❧❣♦r✐t❤♠ ✐❢ ✇❡ ❛♣♣❧② ❛ ❝♦♠♠♦♥ ✐s♦♠❡tr② ♦❢ t❤❡
❣❡♦♠❡tr✐❝❛❧ s♣❛❝❡ t♦ ❛❧❧ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ✐♥✐t✐❛❧ t❡♠♣❧❛t❡✱ ✐t ♥♦ ❧♦♥❣❡r r❡♠❛✐♥s tr✉❡
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❆❧❣♦r✐t❤♠ ✷ ❆t❧❛s ❡st✐♠❛t✐♦♥ ♦♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s

❘❡q✉✐r❡✿ ◆ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s (Xi, f i)✱ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ ❢s❤❛♣❡ (X, f) =
(qk, fk)k=1,..,n ❛♥❞ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t st❡♣ δ✳

✶✿ s❡t pi = 0 ❢♦r ❛❧❧ i ∈ {1, .., N}✳
✷✿ ✇❤✐❧❡ ❈♦♥✈❡r❣❡♥❝❡ ❞♦
✸✿ ❢♦r ✐❂✶✱✳✳✱◆ ❞♦
✹✿ ❋❧♦✇ (X, f) ❜② ❢♦r✇❛r❞ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ pi ❛♥❞ st♦r❡ t❤❡ ❞❡❢♦r♠❡❞ t❡♠♣❧❛t❡

❛t t✐♠❡ ✶ φv
i
0 .(X, f) = (qik,1, fk)✳

✺✿ ❈♦♠♣✉t❡ t❤❡ ❢❝✉rr❡♥t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ (Xi, f i) ❛♥❞ φv
i
0 .(X, f)✳

✻✿ ❈♦♠♣✉t❡ t❤❡ ❣r❛❞✐❡♥ts ♦❢ gi ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜♥❛❧ ♣♦✐♥t ❝♦♥✜❣✉r❛t✐♦♥
qik,1✳

✼✿ ❆♣♣❧② t❤❡ ❜❛❝❦✇❛r❞ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❡q✳✭✹✳✶✵✮ ❛♥❞ ❞❡❞✉❝❡ ∇qJ ❛♥❞ ∇piJ ❛s
✐♥ ❡q✳✭✹✳✶✶✮✳

✽✿ ❈♦♠♣✉t❡ ∇fJ ✇✐t❤ ❡q✳✭✹✳✶✷✮✳
✾✿ ❡♥❞ ❢♦r

✶✵✿ ❯♣❞❛t❡ ✈❛r✐❛❜❧❡s ✿

q ← q + δ∇qJ
f ← f + δ∇fJ
pi ← pi + δ∇piJ

✶✶✿ ❈♦♠♣✉t❡ ♥❡✇ ❢✉♥❝t✐♦♥❛❧ J(q, f, (pi)) ❛♥❞ ♣♦ss✐❜❧② ❛❞❛♣t st❡♣ δ ❜② ❧✐♥❡ s❡❛r❝❤✳
✶✷✿ ❡♥❞ ✇❤✐❧❡
✶✸✿ r❡t✉r♥ t❡♠♣❧❛t❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f) ❛♥❞ ◆ ✐♥✐t✐❛❧ ♠♦♠❡♥t❛ (pi)✳

✇❤❡♥ ✐t ❝♦♠❡s t♦ r❡s❝❛❧✐♥❣✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡❝✐s❡❧② ❡①❛♠✐♥❡ t❤❡ ❡✛❡❝t ♦❢ s❝❛❧✐♥❣
❜♦t❤ ✐♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❛♥❞ t❤❡ s✐❣♥❛❧ s♣❛❝❡ ♦♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ J ❛♥❞ ✐ts ❣r❛❞✐❡♥ts✳
❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠❛❦❡ t❤❡ ❡♥❡r❣✐❡s ❛♥❞ ✈❛r✐❛❜❧❡s✬ ✉♣❞❛t❡s ✐♥ ❛❧❣♦r✐t❤♠ ✷ ✐♥✈❛r✐❛♥t ✐❢
❢♦r ✐♥st❛♥❝❡ ✇❡ ❛♣♣❧② ❛♥② ❤♦♠♦t❤❡t✐❝ tr❛♥s❢♦r♠❛t✐♦♥ t♦ ❛❧❧ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rts
♦❢ t❤❡ ✐♥✐t✐❛❧ t❡♠♣❧❛t❡ ❛♥❞ t❤❡ ❞❛t❛ t♦❣❡t❤❡r ♦r ✐❢ ✇❡ ♠✉❧t✐♣❧② ❛❧❧ s✐❣♥❛❧s ❜② ❛ ❝❡rt❛✐♥
❝♦♥st❛♥t✳

▲❡t✬s ❝♦♥s✐❞❡r ❛ ✜rst ❤♦♠♦t❤❡t② ♦♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s♣❛❝❡✱ x 7→ x̃ = λgx ❛♥❞ ❤♦♠♦✲
t❤❡t② ♦♥ t❤❡ r❡❛❧✲✈❛❧✉❡❞ s✐❣♥❛❧s f 7→ f̃ = λsf ✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣❛r❛♠❡t❡rs ♦❢
❦❡r♥❡❧s KV ❛♥❞ kg ❛r❡ ❛❧s♦ r❡s❝❛❧❡❞ ❜② λg ❛♥❞ t❤❛t t❤❡ ♦♥❡ ♦❢ ❦❡r♥❡❧ kf ✐s r❡s❝❛❧❡❞
❜② λs s♦ t❤❛t ✇❡ ❤❛✈❡ ✿ K̃V (λgx, λgy) = KV (x, y)✱ k̃g(λgx, λgy) = kg(x, y) ❛♥❞
k̃f (λsf, λsg) = kf (f, g)✳ ❚❤❛t ❜❡✐♥❣ s❡t ✉♣✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ♥❡✇ ♠♦♠❡♥t❛
♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❤❛✈❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ ❢❛❝t♦r λg✱ ✐✳❡ p̃ = λgp s♦ t❤❛t t❤❡
❞✐s♣❧❛❝❡♠❡♥t ❣❡♥❡r❛t❡❞ ❜② p̃ ✐s ❛❧s♦ r❡s❝❛❧❡❞ ❜② λg✳ ❚❤❡ ♥❡✇ ❡♥❡r❣② ♦❢ ❞❡❢♦r♠❛t✐♦♥
✐s t❤❡♥ Ẽ =

∑
i,j K̃V (x̃i, x̃j)〈p̃i, p̃j〉 = λ2gE✳ ❖♥❡ ❝❛♥ t❤✉s ♥♦r♠❛❧✐③❡ t❤❡ ❡♥❡r❣② ❜②

t❤❡ ❢❛❝t♦r 1/λ2g✱ ✇❤✐❝❤ ♠❛❦❡s E ✐♥❞❡♣❡♥❞❡♥t ♦❢ s❝❛❧❡ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✳ ❈♦♥❝❡r♥✐♥❣
t❤❡ ❞❛t❛ ❛tt❛❝❤♠❡♥t t❡r♠✱ t❤❡ ❞❡♣❡♥❞❡♥❝② ✐♥ λg ✐s ❣✐✈❡♥ ❜② ❞♦t ♣r♦❞✉❝ts ❜❡t✇❡❡♥
d✲✈❡❝t♦rs ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❛r❡❛ ♦❢ t❤❡ s❤❛♣❡s ❛♥❞ t❤❡r❡❢♦r❡ t♦ λdg✳

■t r❡s✉❧ts t❤❛t t❤❡ ❛tt❛❝❤♠❡♥t t❡r♠ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ λ2dg ❛♥❞ ❤❛s t♦ ❜❡ ♥♦r♠❛❧✐③❡❞

❜② 1/λ2dg t♦ ❜❡ s❝❛❧❡✲✐♥✈❛r✐❛♥t✳ ◆♦t❡ ✐♥❝✐❞❡♥t❛❧❧② t❤❛t✱ ✇✐t❤♦✉t t❤❡s❡ ♥♦r♠❛❧✐③❛t✐♦♥s✱
t❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ r❡❣✉❧❛r✐t② ❛♥❞ t❤❡ ❛tt❛❝❤♠❡♥t t❡r♠s ✐s ♠♦❞✐✜❡❞ ❜② s❝❛❧❡ ✐❢
d 6= 1✱ ✇❤✐❝❤ ✐s ♥♦t ❞❡s✐r❛❜❧❡ ✐♥ ♣r❛❝t✐❝❡✳ ❆s ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝②✱ ✇❡ s❡❡
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t❤❛t t❤❡ ❛tt❛❝❤♠❡♥t t❡r♠ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ s❝❛❧❡ λs✳
◆♦✇✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ❣r❛❞✐❡♥ts✬ ❜❡❤❛✈✐♦r✳ ❆s ✇❡ ❥✉st s❛✐❞✱ ✇❡ ❤❛✈❡✱ ❢♦r t❤❡ ❢✉♥❝✲

t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ ❝r✐t❡r✐♦♥ J ♣r♦♣❡r❧② r❡♥♦r♠❛❧✐③❡❞✱ J̃(f̃) = J(f) = J( f̃λs )

❛♥❞ ∇f̃ J̃ = 1
λs
∇f̃J ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❣r❛❞✐❡♥t ♦♥ f ♠✉st ❜❡ ♠✉❧t✐♣❧✐❡❞ ❜② λ2s ✐♥ ♦r❞❡r

t♦ ✉♣❞❛t❡ t❤❡ ❢✉♥❝t✐♦♥ f ❜② ❛ t❡r♠ ✇❤✐❝❤ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✈❛❧✉❡s ♦❢ ❢✉♥❝t✐♦♥❛❧
s✐❣♥❛❧s✳ ■♥ t❤❡ s❛♠❡ s♣✐r✐t✱ ❢♦❝✉s✐♥❣ ♦♥ t❤❡ ❞❡♣❡♥❞❡♥❝② ✐♥ t❤❡ t❡♠♣❧❛t❡ ♣♦✐♥t ♣♦s✐✲
t✐♦♥s x✱ J̃(x̃) = J( x̃λg )⇒ ∇x̃J̃ = 1

λg
∇x̃J ✱ s♦ t❤❡ ❣r❛❞✐❡♥t ♦❢ J ✇✐t❤ r❡s♣❡❝t t♦ x ❤❛s

t♦ ❜❡ r❡♥♦r♠❛❧✐③❡❞ ❜② ❛ ❢❛❝t♦r λ2g✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ❛❣❛✐♥ J̃(p̃) = J( 1
λg
.p̃) ❛♥❞ ❥✉st

❛s ♣r❡✈✐♦✉s❧②✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❢❛❝t♦r ✐♥ ❢r♦♥t ♦❢ ∇pJ ✐s ❛❧s♦ λ2g✳
■♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❛❧❣♦r✐t❤♠ ✷✱ ♦♥❡ ❝❛♥ ❤❛✈❡ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t②♣✐❝❛❧ s❝❛❧❡s
λg ❛♥❞ λf ❜② s✐♠♣❧② ❧♦♦❦✐♥❣ ❛t t❤❡ ❛✈❡r❛❣❡ s♣❛t✐❛❧ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ❡①t❡♥s✐♦♥s ♦❢
t❤❡ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ ♥♦r♠❛❧✐③❛t✐♦♥s t❤❛t ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ t❤❡♥ ❣✉❛r❛♥t❡❡ t❤❛t
✉s✐♥❣ s✐♠✐❧❛r ❜✉t r❡s❝❛❧❡❞ ❞❛t❛ ✇✐❧❧ ♣r♦✈✐❞❡ ❝♦♠♣❛r❛❜❧❡ ❡♥❡r❣✐❡s ❛♥❞ ❡♥❡r❣② ❞❡❝r❡❛s❡
❞✉r✐♥❣ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✳ ❖♥❝❡ ❛❣❛✐♥✱ ✇❡ ♠✉st ✐♥s✐st t❤❛t s✉❝❤ ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ✐s ♥♦t
❛❜s♦❧✉t❡❧② ❢✉♥❞❛♠❡♥t❛❧ ✐♥ t❤❡♦r② ❜✉t ✐t ❤❛s t❤❡ ❣r❡❛t ❛❞✈❛♥t❛❣❡ ♦❢ ♥♦r♠❛❧✐③✐♥❣ t❤❡
❝❤♦✐❝❡ ♦❢ s♦♠❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✱ ♥♦t❛❜❧② t❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ❞❡❢♦r♠❛t✐♦♥
❝♦st ❛♥❞ ❞❛t❛ ❛tt❛❝❤♠❡♥t ❛s ✇❡❧❧ ❛s t❤❡ ✐♥✐t✐❛❧ st❡♣s ❢♦r t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✱ ✇❤✐❝❤
❝♦✉❧❞ ♦t❤❡r✇✐s❡ ✈❛r② ❛ ❧♦t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s✳

◆♦r♠❛❧✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❡♠♣❧❛t❡ s❛♠♣❧✐♥❣

❯s✐♥❣ ❛ s✐♠✐❧❛r ♠❡t❤♦❞✱ ✇❡ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛❧❣♦r✐t❤♠ ✷ ✇✐t❤ r❡s♣❡❝t t♦
s❛♠♣❧✐♥❣ ♦❢ t❤❡ ❞✐s❝r❡t✐③❡❞ t❡♠♣❧❛t❡✳ ◆❛♠❡❧②✱ ✇♦r❦✐♥❣ ❢♦r ✐♥st❛♥❝❡ ✇✐t❤ s✉r❢❛❝❡s✱ ✇❡
✇✐s❤ t♦ ✉♥❞❡rst❛♥❞ q✉❛❧✐t❛t✐✈❡❧② t❤❡ ❛s②♠♣t♦t✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡
❢✉♥❝t✐♦♥❛❧ J ❛♥❞ t❤❡ ❞✐✛❡r❡♥t ❣r❛❞✐❡♥ts ✇❤❡♥ t❤❡ ♠❡s❤ ♦♥ t❤❡ t❡♠♣❧❛t❡ ✐s r❡✜♥❡❞✳
▲❡t (X(n), f) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❞✐s❝r❡t✐③❡❞ t❡♠♣❧❛t❡s s❛♠♣❧❡❞ ❢r♦♠ ❛ ❝♦♥t✐♥✉♦✉s t❡♠✲

♣❧❛t❡ ❢s❤❛♣❡ (X, f)✱ ✇✐t❤ n t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦♥X(n) s✉❝❤ t❤❛t C(X(n),f)
W ′

−−→
C(X,f) ❛♥❞ v

(n)
0

V−→ v0✳ ❙✐♥❝❡ t❤❡ ✐♥✐t✐❛❧ ✈❡❝t♦r ✜❡❧❞ ♦♥ X(n) ✐s r❡❧❛t❡❞ t♦ t❤❡ ♠♦♠❡♥t❛

❜② t❤❡ r❡❧❛t✐♦♥ v
(n)
0 (x) =

∑n
k=1KV (q

(n)
k , x)p

(n)
k ✱ ✇❡ s❡❡ t❤❛t p(n) ✐s ♦❢ ❛s②♠♣t♦t✐❝❛❧

♦r❞❡r 1
n ✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧s

J(X(n), p
(n)
0 ) = ‖v(n)0 ‖2V + ‖C

(φv
(n)
0 (X(n)),f)

− C(Y,fY )‖2W ′

t❤❡♥ ❝♦♥✈❡r❣❡s t♦ ✐ts ❝♦♥t✐♥✉♦✉s ❝♦✉♥t❡r♣❛rt ‖v0‖2V + ‖C(φv0 (X),f)−C(Y,fY )‖2W ′ ✳ ❚❤❡
✈❛❧✉❡s ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣✐❡s ❛♥❞ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡s ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ❛❧❣♦✲
r✐t❤♠ ❛r❡ t❤❡r❡❢♦r❡ st❛❜❧❡ ✇✐t❤ t❤❡ s❛♠♣❧✐♥❣ ♦❢ t❤❡ t❡♠♣❧❛t❡✳
▲❡t✬s ♥♦✇ ❡①❛♠✐♥❡ t❤❡ ❣r❛❞✐❡♥ts ♦❢ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❡♥❡r❣② E✳ ❚❤❡ ❣r❛❞✐❡♥t ✇✐t❤
r❡s♣❡❝t t♦ p ✐s ❣✐✈❡♥ ❜② ✿

∇
p
(n)
l

E = 2
n∑

k=1

KV (q
(n)
k , q

(n)
l )p

(n)
k = 2v

(n)
0 (q

(n)
k )

✇❤✐❝❤ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♦❢ ♦r❞❡r 1 ✭❜❡❝❛✉s❡ ✐t ❝♦♥✈❡r❣❡s t♦✇❛r❞ t❤❡ ✈❡❝t♦r ✜❡❧❞ v0✮✳

❆s ♥♦t✐❝❡❞ ♣r❡✈✐♦✉s❧②✱ t❤❡ ♠♦♠❡♥t❛ p
(n)
l ❛r❡ ♦❢ ♦r❞❡r 1

n s♦ t❤❛t ❤♦♠♦❣❡♥❡✐t② r❡q✉✐r❡s
t♦ r❡s❝❛❧❡ t❤❡ ❣r❛❞✐❡♥t ∇p(n)E ❜② ❛ ❢❛❝t♦r 1

n ✳ ■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ❤❛✈❡

∇
q
(n)
l

E = 2〈
n∑

k=1

∂1KV (q
(n)
l , q

(n)
k )p

(n)
k , p

(n)
l 〉

✶✸✼



❋✐❣✉r❡ ✹✳✷✿ ●r❛❞✐❡♥t ❞❡♣❡♥❞❡♥❝② ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts n✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❡
❣r❛❞✐❡♥t ♦❢ t❤❡ ❢❝✉rr❡♥t ♥♦r♠ ❜❡t✇❡❡♥ t✇♦ s✉r❢❛❝❡s ✿ t❤❡ t❡♠♣❧❛t❡ ✭t❤❡ ✉♥❞❡r♥❡❛t❤
sq✉❛r❡✮ ❛♥❞ ❛ t❛r❣❡t ✭t❤❡ ❛❜♦✈❡ ❜✐❣❣❡r sq✉❛r❡✮✳ ❚❤❡ ❣r❛❞✐❡♥t ✐s ❝♦♠♣✉t❡❞ ♥✉♠❡r✐❝❛❧❧②
❢♦r t❤r❡❡ ❞✐✛❡r❡♥t s❛♠♣❧✐♥❣ ♦❢ t❤❡ t❡♠♣❧❛t❡ s✉r❢❛❝❡ ✿ ✾✵✵ ♣♦✐♥ts ✭❧❡❢t✮✱ ✸✻✵✵ ♣♦✐♥ts
✭❝❡♥t❡r✮ ❛♥❞ ✶✵✵✵✵ ♣♦✐♥ts ✭r✐❣❤t✮✳ ❲❡ ♦♥❧② ❞✐s♣❧❛② ❤❡r❡ t❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ♣♦✐♥t ♣♦s✐t✐♦♥s r❡♣r❡s❡♥t❡❞ ❛s ❛ ✈❡❝t♦r ❛t ❡❛❝❤ ♦❢ t❤❡s❡ ♣♦✐♥ts✳ ❖❜s❡r✈❡ t❤❡
❣❧♦❜❛❧ ❞❡❝r❡❛s❡ ✇❤❡♥ t❤❡ s❛♠♣❧✐♥❣ ✐s ❤✐❣❤❡r ❛s ✇❡❧❧ ❛s t❤❡ ❜♦✉♥❞❛r② ❡✛❡❝t ✇❤✐❝❤
♠❛❦❡s t❤❡ ❣r❛❞✐❡♥t ❤✐❣❤❡r ♦♥ t❤❡ ❜♦✉♥❞❛r②✱ ♣❛rt✐❝✉❧❛r❧② ❢♦r ❤✐❣❤ s❛♠♣❧✐♥❣✳

❛♥❞
∑n

k=1 ∂1KV (q
(n)
l , q

(n)
k )p

(n)
k ❝♦♥✈❡r❣❡s t♦✇❛r❞

∫
∂1KV (q, .)p✱ p

(n)
l ✐s ♦❢ ♦r❞❡r 1

n s♦
∇q(n)E ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ 1

n ❛♥❞ ♠✉st ❜❡ t❤❡r❡❢♦r❡ ♥♦r♠❛❧✐③❡❞ ❜② ❛
❢❛❝t♦r n✳
❈♦♥❝❡r♥✐♥❣ t❤❡ ❛tt❛❝❤♠❡♥t t❡r♠ g✱ t❤❡ ❣r❛❞✐❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥s ♦❢
t❤❡ t❡♠♣❧❛t❡ ✐s ❝♦♠♣✉t❡❞ ❜❛s✐❝❛❧❧② ❜② ✢♦✇✐♥❣ ❜❛❝❦✇❛r❞✱ ✇✐t❤ ❡q✳✭✹✳✶✵✮✱ t❤❡ ❣r❛❞✐❡♥ts
✇✐t❤ r❡s♣❡❝t t♦ ✜♥❛❧ ✈❛r✐❛❜❧❡s q1 ❛♥❞ p1✳ ❆s st❛t❡❞ ♣r❡✈✐♦✉s❧②✱ ✇❡ ❤❛✈❡ ∇p1g = 0 ❛♥❞
∇q1g ✐s t❤❡ ❣r❛❞✐❡♥t ♦❢ ‖C(φp0 (X),f) − C(Y,fY )‖2W ′ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣♦✐♥ts ♦❢ t❤❡
s❤♦♦t❡❞ s❤❛♣❡ φv0(X)✳ ■♥ t❤❡♦r❡♠ ✷✳✷✳✹ ♦❢ ❝❤❛♣t❡r ✷✱ ✇❡ ❞❡r✐✈❡❞ ❛ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛ ❢♦r
t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ s✉❝❤ ❢❝✉rr❡♥t ♥♦r♠s r❡❧②✐♥❣ ♦♥ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❈❛rt❛♥✬s ❢♦r♠✉❧❛✳
❆s ✇❡ ❡①♣❧❛✐♥❡❞✱ ♣✉tt✐♥❣ ❛s✐❞❡ t❤❡ ❜♦✉♥❞❛r② t❡r♠s t❤❛t ✇❡ s❤❛❧❧ tr❡❛t ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ❛♥ ✐♥t❡r✐♦r
♠❡s❤ ❝❡❧❧ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ d✲✈♦❧✉♠❡ ♦❢ t❤✐s ❝❡❧❧✳ ❚❤✉s ❢♦r ❛ s❤❛♣❡ s❛♠♣❧❡❞ ✇✐t❤
n ♣♦✐♥ts✱ ✐t ❞❡❝r❡❛s❡s ❛s 1

n ✳ ■t r❡s✉❧ts t❤❛t ❛s②♠♣t♦t✐❝❛❧❧② ∇q1g ∼ 1
n ❛♥❞ s♦ ✐s ∇qg

t❤❛♥❦s t♦ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ❜❛❝❦✇❛r❞ ❡q✉❛t✐♦♥ ✿ t❤✐s ❣✐✈❡s ❛ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❜②
❢❛❝t♦r n ❢♦r ∇qg✳ ❲✐t❤ ❈❛rt❛♥✬s ❢♦r♠✉❧❛ ❣❡♥❡r❛❧✐③❡❞ t♦ ❢❝✉rr❡♥ts ✭t❤❡♦r❡♠ ✷✳✷✳✹✮✱
✇❡ ❤❛✈❡ ❢♦r t❤❡ ❡①❛❝t s❛♠❡ r❡❛s♦♥ t❤❛t ∇fg ✐s ❛t ❡❛❝❤ ♣♦s✐t✐♦♥ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡
d✲✈♦❧✉♠❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❡❧❧ ❛♥❞ t❤✉s t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❢❛❝t♦r ✐s ❛❣❛✐♥ n✳
❚♦ s✉♠ ✉♣ t❤❡ ✇❤♦❧❡ ❞✐s❝✉ss✐♦♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠
✇✐t❤ r❡s♣❡❝t t♦ s❛♠♣❧✐♥❣ ♦❢ t❤❡ t❡♠♣❧❛t❡ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❞♦✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❣r❛❞✐❡♥ts ✿ ❢♦r ❛ t❡♠♣❧❛t❡ ✇✐t❤ n ♣♦✐♥ts✱ ♠✉❧t✐♣❧② ∇qJ ✱ ∇fJ ❜②
n ❛♥❞ ❞✐✈✐❞❡ ∇pJ ❜② n✳

❇♦✉♥❞❛r② t❡r♠s ❛♥❞ r❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ ❣r❛❞✐❡♥ts

❈❛rt❛♥✬s ❢♦r♠✉❧❛ ❢♦r ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts r❡✈❡❛❧s t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ W ′✲♥♦r♠s ✐♥✲
✈♦❧✈❡s ✐♥ ❛❞❞✐t✐♦♥ ✐♥t❡❣r❛❧s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s✉❜♠❛♥✐❢♦❧❞ X✳ ❚❤❡s❡ ✐♥❞✉❝❡
♣❛rt✐❝✉❧❛r ❡✛❡❝ts ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ X ✐♥ t❤❡ t❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡ss t❤❛t ♠✉st
❜❡ ❛❝❝♦✉♥t❡❞ ❢♦r ✇❤❡♥ r❡♥♦r♠❛❧✐③✐♥❣ ❣r❛❞✐❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❡♠♣❧❛t❡ ♠❡s❤
❛❝❝✉r❛❝②✳
❆ss✉♠✐♥❣ t❤❛t t❤❡ X(n) ❛r❡ r❡❣✉❧❛r❧② ❞✐s❝r❡t✐③❡❞ ✇✐t❤ n ♣♦✐♥ts✱ ✇❡ ♠❛② ❛ss✉♠❡
t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦♥ t❤❡ ❜♦✉♥❞❛r✐❡s ∂X(n) ✐s ♦❢ ♦r❞❡r n1−1/d ❛♥❞ ❧♦❝❛❧
(d − 1)✲✈♦❧✉♠❡ ❡❧❡♠❡♥ts ♦♥ ∂X(n) ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ n1/d−1✳ ■t r❡s✉❧ts t❤❛t✱ ♦♥
t❤❡ ❜♦✉♥❞❛r② ♣♦✐♥ts✱ ∇q1g ❞❡♣❡♥❞s ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♠❡s❤ ❛s②♠♣t♦t✐❝❛❧❧② ✐♥ n1/d−1

✶✸✽



❛s ♦♣♣♦s❡❞ t♦ ✐♥t❡r✐♦r ♣♦✐♥ts ✇❤❡r❡ t❤❡ ❞❡♣❡♥❞❡♥❝② ✐s ✐♥ n−1✳ ❚❤❡r❡ ✐s t❤❡r❡❢♦r❡ ❛
♠✉❧t✐♣❧✐❝❛t✐✈❡ ❢❛❝t♦r n1/d ❜❡t✇❡❡♥ t❤❡ ❣r❛❞✐❡♥t ♦♥ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ ✐♥ t❤❡ ✐♥t❡r✐♦r
♦❢ X(n)✱ ✇❤✐❝❤ ✐s ❝♦rr♦❜♦r❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ❜② t❤❡ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ✜❣✉r❡ ✹✳✷✳ ◆♦✇✱
✐♥ ❛❧❣♦r✐t❤♠ ✷✱ ∇q1g s❡r✈❡s ❛s t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ❜❛❝❦✇❛r❞ ❡q✉❛t✐♦♥ t❤❛t
❝♦♠♣✉t❡s ∇qg✱ ❛♥❞ t❤✉s ✇❡ ❣❡t ❛ s✐♠✐❧❛r ❜❡❤❛✈✐♦r ✇❤❡♥ ✇❡ ✉♣❞❛t❡ t❤❡ t❡♠♣❧❛t❡ X
❜② t❤❡ ❣r❛❞✐❡♥t ∇qJ ✳ ■♥❞❡❡❞✱ t❤❡ ❣r❛❞✐❡♥t ✐s ❝♦♠♣✉t❡❞ ❢♦r t❤❡ L2 ♠❡tr✐❝ ♦♥ t❤❡ s❡t
♦❢ ♣♦✐♥ts q✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ✉♣❞❛t✐♥❣ t❤❡ t❡♠♣❧❛t❡ ♣♦✐♥t ♣♦s✐t✐♦♥s ❜② s✐♠♣❧② ❛❞❞✐♥❣
t❤❡ ❣r❛❞✐❡♥t✳ ❚❤❡r❡❢♦r❡✱ t❤❡s❡ ❤✐❣❤ ❜♦✉♥❞❛r② t❡r♠s ♠❛② ❝❛✉s❡✱ ❛t ❝❡rt❛✐♥ st❡♣s ♦❢
t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✱ ✉♥❞❡s✐r❡❞ ❡✛❡❝ts ❧✐❦❡ s❡❧❢✲❝r♦ss✐♥❣ ♦r ❝❤❛♥❣❡s ✐♥ t❤❡ t♦♣♦❧♦❣②
♦❢ X✳
❖♥❡ ❝♦♥✈❡♥✐❡♥t s♦❧✉t✐♦♥ t♦ ❛❞❞r❡ss s✉❝❤ ✐ss✉❡s ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ❣r❛❞✐❡♥t ♦❢ X ✇✐t❤
r❡s♣❡❝t t♦ ❛ ♠♦r❡ r❡❣✉❧❛r ♠❡tr✐❝ t❤❛♥ L2✳ ◆❛♠❡❧②✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ ●❛✉ss✐❛♥ ❦❡r♥❡❧
Kreg ♦❢ s❝❛❧❡ λreg > 0 ❛♥❞ ❝♦♠♣✉t❡ ∇̃qJ = Kreg(q, q)∇qJ ✳ ❚❤❡♥✱ −Kreg(q, q)∇qJ ✐s
st✐❧❧ ❛ ❞❡s❝❡♥t ❞✐r❡❝t✐♦♥ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧ J ✱ ❛s t❤❡ ♠❛tr✐① Kreg(q, q) ✐s ♣♦s✐t✐✈❡ ❞❡✜✲
♥✐t❡✳ ❍♦✇❡✈❡r✱ t❤✐s ♥❡✇ ❣r❛❞✐❡♥t ✐s r❡❣✉❧❛r✐③❡❞ ❛t ❛ s❝❛❧❡ ❣✐✈❡♥ ❜② t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥
❦❡r♥❡❧ ❛♥❞ ✐t ❝❛♥ ❜❡ t❤✉s ❝♦♥s✐❞❡r❡❞ ❛s ❛ s❛♠♣❧✐♥❣ ♦❢ ❛ ❞❡♥s❡ ✈❡❝t♦r ✜❡❧❞ ❜❡❧♦♥❣✐♥❣
t♦ t❤❡ ❘❑❍❙ Vreg✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ t❡♠♣❧❛t❡ ❢r♦♠ ✐ts ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ✐♥ t❤❡
❣r❛❞✐❡♥t ❞❡s❝❡♥t ✐s t❤❡♥ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ✈❡❝t♦r ✜❡❧❞s ❧✐✈✐♥❣ ✐♥ Vreg s♦
t❤❛t✱ ✇✐t❤ s✉✣❝✐❡♥t❧② s♠❛❧❧ st❡♣s δ ✐♥ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✱ ✐t ❡♥s✉r❡s t❤❛t t❤❡ ✜♥❛❧
❡st✐♠❛t✐♦♥ ♦❢ X ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❞✐✛❡♦♠♦r♣❤✐❝ ♦r❜✐t ♦❢ ✐ts ✐♥✐t✐❛❧ ❡st✐♠❛t❡✳ ■♥
♠♦r❡ ♣r❡❝✐s❡ t❡r♠s✱ ♦♥❡ ❝❛♥ ❛❝t✉❛❧❧② s❤♦✇ t❤❛t t❤❡ ✢♦✇ ♦❢ t❤❡ r❡❣✉❧❛r✐③❡❞ ❣r❛❞✐❡♥ts
✐s ✐♥❞❡❡❞ ❞❡✜♥❡❞ ❛t ❛❧❧ t✐♠❡s✱ ❛s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

Pr♦♣❡rt② ✹✳✷✳✶✳ ▲❡t qs = (qk,s)k=1,..n ❜❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ ♣♦✐♥ts ❛t
✐t❡r❛t✐♦♥ s ✭✇❤✐❝❤ ✇❡ ❝♦♥s✐❞❡r ❛s ❛ ❝♦♥t✐♥✉✉♠✮ ❛♥❞

us(x) = −
n∑

k=1

Kreg(qs,k, x)∇qs,kJ

t❤❡ ✈❡❝t♦r ✜❡❧❞ ♦❜t❛✐♥❡❞ ❜② t❤❡ r❡❣✉❧❛r✐③❡❞ ❣r❛❞✐❡♥t ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ❚❤❡♥ t❤❡ ✢♦✇
♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ẏ(s) = us(y) ❡①✐sts ❢♦r ❛❧❧ s ∈ R+✳

Pr♦♦❢✳ ❉✉❡ t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ❦❡r♥❡❧ Kreg✱ ✇❡ s❡❡ t❤❛t t❤❡ ✈❡❝t♦r
✜❡❧❞s us ❛r❡ s♠♦♦t❤ ❢♦r ❛❧❧ s s♦ t❤❛t ❈❛✉❝❤②✲▲✐♣s❝❤✐t③ t❤❡♦r❡♠ ❣✐✈❡s t❤❡ ❡①✐st❡♥❝❡
♦❢ ♠❛①✐♠❛❧ s♦❧✉t✐♦♥s✳ ❋♦r ❛ ❣✐✈❡♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ x✱ t❤❡ s♦❧✉t✐♦♥ ✐s ❞❡✜♥❡❞ ♦♥ ❛♥
✐♥t❡r✈❛❧ [0, sf [ ❛♥❞ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t sf = +∞✳ ▲❡t✬s ❞❡♥♦t❡ ✐♥ s❤♦rt J(s)
❢♦r J(qs, p

i
0,s)✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t |us|∞ ≤ ❈t❡.|us|Vreg ✱ t❤✐s ✇✐❧❧ ❜❡ ❛ ❝♦♥s❡q✉❡♥❝❡

♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ✿
∫ sf

0
|us|2Vregds ≤ J(0) . ✭✹✳✶✸✮

❲❡ ❤❛✈❡ ✐♥❞❡❡❞ ✿

|us|2Vreg =
n∑

k=1

(
(∇qs,kJ)T

n∑

l=1

Kreg(qs,k, qs,l)∇qs,lJ
)

= −
n∑

k=1

(
(∇qs,kJ)Tus(qs,k)

)

≤ −
n∑

k=1

(∇qs,kJ)T
dqs,k
ds
−

N∑

i=1

(∇pi0,sJ)
T
dpi0,s
ds

︸ ︷︷ ︸
≥0

= −dJ
ds

.

✶✸✾



❚❤❡ ♣♦s✐t✐✈❡♥❡ss ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s s✐♠♣❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❜② ❞❡✜♥✐t✐♦♥
dpi0,s
ds = −∇pi0,sJ ✳ ■t r❡s✉❧ts t❤❛t

∫ sf
0 |us|2Vreg ≤ J(0)− J(sf ) ≤ J(0) ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s

t❤❡ ♣r♦♦❢✳

❚❤❡ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t r❡❣✉❧❛r✐③❛t✐♦♥ ♣r♦✈✐❞❡s ♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ t❡♠♣❧❛t❡
s✉♣♣♦rt ❜② t❤❡ ❛❧❣♦r✐t❤♠✳ ❇✉t ✐♥❝✐❞❡♥t❛❧❧②✱ ✐t ❝♦♥str❛✐♥s t❤❡ t❡♠♣❧❛t❡ t♦ ❧✐✈❡ ✐♥ ❛
♣❛rt✐❝✉❧❛r ♦r❜✐t ❛♥❞ ♠❛❦❡s t❤❡ ❛❧❣♦r✐t❤♠ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧✐③❛✲
t✐♦♥✳ ❊✈❡♥ t❤♦✉❣❤ s♠❛❧❧❡r ✈❛❧✉❡s ♦❢ λreg ❛❧❧♦✇ ♠♦r❡ ✢❡①✐❜✐❧✐t② ✭✇❤✐❧❡ ❞✐♠✐♥✐s❤✐♥❣ t❤❡
st❛❜✐❧✐t②✮✱ ❝❤❛♥❣❡s ♦❢ t♦♣♦❧♦❣② ❛s ❝r❡❛t✐♦♥ ♦❢ ❤♦❧❡s ♦r ❞✐s❝♦♥♥❡❝t✐♦♥s ♦♥ X ❝❛♥♥♦t ❜❡
♦❜t❛✐♥❡❞ ❜② ♦✉r ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ ✐s ❝♦♥s❡q✉❡♥t❧② ❝r✉✲
❝✐❛❧✳ ❲❡ ❝❛♥ ❛r❣✉❡ ❤♦✇❡✈❡r t❤❛t t♦♣♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡s ✐♥ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❝♦♠♣✉t❛t✐♦♥❛❧
❛♥❛t♦♠② ❛r❡ ❣❡♥❡r❛❧❧② ♥♦t ❞❡s✐r❛❜❧❡✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ♠♦♠❡♥t❛✱ t❤❡ ❜❡❤❛✈✐♦r ✐s ❡①❛❝t❧② ❞✉❛❧✳ ■♥❞❡❡❞✱ p✱ ❛s ❛ ❝♦✈❛r✐❛❜❧❡✱
❧✐✈❡s ✐♥ t❤❡ ❞✉❛❧ ♦❢ t❤❡ s♣❛❝❡ ♦❢ ✈❡❝t♦r ✜❡❧❞s V ❛♥❞ ♥❡❡❞ ♥♦t ❜❡ r❡❣✉❧❛r ❛t ❛❧❧✳ ■♥
❢❛❝t✱ ♦♥❝❡ t❤❡ ♠✐♥✐♠✉♠ ✐s r❡❛❝❤❡❞✱ ♦♥❡ ❤❛s t❤❡ tr❛♥s✈❡rs❛❧✐t② ❡q✉❛t✐♦♥ ♠❡♥t✐♦♥❡❞ ✐♥
t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✭s❡❝t✐♦♥ ✶✳✸✳✷✮ ✇❤✐❝❤ ✐♠♣♦s❡s t❤❛t ✿

p1 = −∇q1g

❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ ♠♦♠❡♥t❛ ♠✉st ❜❡ s✐♥❣✉❧❛r ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ X ✭❛s②♠♣✲
t♦t✐❝❛❧❧② ✐♥ n1−1/d ✐♥ t❤❡ ❞✐s❝r❡t❡ s❡tt✐♥❣✮✱ ❞✉❡ ♦♥❝❡ ♠♦r❡ t♦ ❈❛rt❛♥✬s ❢♦r♠✉❧❛ ❢♦r
❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✳ ❙✉❝❤ s✐♥❣✉❧❛r✐t✐❡s ❛r❡ ❞✐✣❝✉❧t t♦ ❝r❡❛t❡ ❜② t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t
♣r♦❝❡ss ❜❡❝❛✉s❡ ∇pJ ✐s ♦❜t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ❛s ❛ r❡❣✉❧❛r✐③❡❞ ✈❡❝t♦r ✜❡❧❞ t❤r♦✉❣❤
t❤❡ ❜❛❝❦✇❛r❞ ❡q✉❛t✐♦♥✳ ■t r❡s✉❧ts t❤❛t t❤❡ ❢r❛♠❡✇♦r❦ ✇✐❧❧ r❡q✉✐r❡ ♥✉♠❡r♦✉s ❞❡s❝❡♥t
st❡♣s ❢♦r s✉r❢❛❝❡s ✇✐t❤ ❜♦✉♥❞❛r✐❡s ✐♥ ♦r❞❡r t♦ r❡♣r♦❞✉❝❡ t❤✐s ♠♦♠❡♥t✉♠✬s s✐♥❣✉❧❛r✲
✐t✐❡s✱ ❛s ✇❡ ❤❛✈❡ ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✉s✱ ❛ ✇❛② t♦ ✐♥❝r❡❛s❡
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t♦ s✐♠♣❧② ❡①tr❛❝t t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡
t❡♠♣❧❛t❡ s❤❛♣❡ ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ♦♥❧② ♦♥❝❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ s✐♥❝❡ t❤❡ ♣r❡✈✐♦✉s
r❡❣✉❧❛r✐③❛t✐♦♥ ♦♥ t❤❡ t❡♠♣❧❛t❡ ♣♦s✐t✐♦♥✬s ❡✈♦❧✉t✐♦♥ ❡♥s✉r❡s t❤❛t ❜♦✉♥❞❛r② ♣♦✐♥ts ✇✐❧❧
r❡♠❛✐♥ ❜♦✉♥❞❛r② ♣♦✐♥ts ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✮ ❛♥❞✱ ❛❢t❡r ❡❛❝❤ ❣r❛❞✐❡♥t
❝♦♠♣✉t❛t✐♦♥✱ ♠✉❧t✐♣❧② ∇pJ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❜② ❛ ❢❛❝t♦r n1/d✳ ❆s ✇❡ ❤❛✈❡ ❝♦♥✜r♠❡❞
♦♥ ❛ ❢❡✇ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s✱ t❤✐s str❛✐❣❤t❢♦r✇❛r❞ ♣r♦❝❡❞✉r❡ ❛❧❧♦✇s t♦ s✐❣♥✐✜❝❛♥t❧②
❞❡❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ❛ ♣r❡❞❡✜♥❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤r❡s❤♦❧❞ ✉♣ t♦ ❛
❢❛❝t♦r ✷ ♦r ✸✳

❋✐rst r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥

❲❡ ♥♦✇ ❛♣♣❧② ❛❧❣♦r✐t❤♠ ✷✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♥♦r♠❛❧✐③❛t✐♦♥s ❛♥❞ r❡❣✉❧❛r✐③❛t✐♦♥s
♦❢ ❣r❛❞✐❡♥ts ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s✱ ❢♦r s❡✈❡r❛❧ s✐♠✉❧❛t❡❞ ❛♥❞ r❡❛❧
❞❛t❛s❡ts ✐♥✈♦❧✈✐♥❣ s❡ts ♦❢ s❤❛♣❡s ❝❛rr②✐♥❣ ❞✐✛❡r❡♥t r❡❛❧✲✈❛❧✉❡❞ s✐❣♥❛❧s✳ ❆s ♠❡♥t✐♦♥❡❞✱
t❤❡ ❛❧❣♦r✐t❤♠ ❡st✐♠❛t❡s ❛ t❡♠♣❧❛t❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f) t❤❛t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞
❛s ❛ ❜❛s❡❧✐♥❡ ♦❢ t❤❡ ❞❛t❛ ❡♥s❡♠❜❧❡ ❛♥❞ ❛ s❡t ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♠❛♣♣✐♥❣ t❤❡ t❡♠♣❧❛t❡
♦♥ ❡❛❝❤ s✉❜❥❡❝t r❡♣r❡s❡♥t❡❞ ❜② t❤❡✐r ✐♥✐t✐❛❧ ♠♦♠❡♥t❛ (pi)✳ ❲❡ ✜rst s❤♦✇✱ ♦♥ t❤❡
s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ✜❣✉r❡s ✹✳✸ ❛♥❞ ✹✳✹✱ t❤❡ ✐♥t❡r❡st ♦❢ ❞♦✐♥❣ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧
❡st✐♠❛t✐♦♥ t♦❣❡t❤❡r ✐♥st❡❛❞ ♦❢ s❡♣❛r❛t✐♥❣ ❜♦t❤✳ ❚❤✐s ✐s ♣r❡❝✐s❡❧② ♠❛❞❡ ♣♦ss✐❜❧❡ ✇✐t❤
t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✳ ❆s ✇❡ s❡❡✱ t❤♦s❡ ♥♦r♠s ❡♥❢♦r❝❡ ♠♦♠❡♥t❛ t♦
♠❛t❝❤ r❡❣✐♦♥s ✇✐t❤ s✐♠✐❧❛r s✐❣♥❛❧s ♦♥ ❡❛❝❤ ♦t❤❡r ✇❤✐❝❤ ❤❛s ❛❧s♦ ✐♠♣♦rt❛♥t ✐♠♣❛❝t ♦♥
t❤❡ ❡st✐♠❛t❡❞ t❡♠♣❧❛t❡ ❢s❤❛♣❡ ✐ts❡❧❢✳ ■♥❞❡❡❞✱ t❤❡ s✐❣♥❛❧ ✇❡ ♦❜t❛✐♥ ♦♥ t❤❡ t❡♠♣❧❛t❡
✐s ♠✉❝❤ ❝❧♦s❡r t♦ t❤❡ ❡①♣❡❝t❡❞ ♣❛tt❡r♥ t❤❛♥ t❤❡ ♦♥❡ ❣✐✈❡♥ ❜② s❡♣❛r❛t✐♥❣ ❣❡♦♠❡tr②
❛♥❞ s✐❣♥❛❧ ✭✜❣✉r❡ ✹✳✹✮ ✇❤✐❝❤ ❜❛s✐❝❛❧❧② ❛✈❡r❛❣❡s t❤❡ s✐❣♥❛❧s ❧♦❝❛t❡❞ ❛t ❝♦rr❡s♣♦♥❞✐♥❣

✶✹✵



 

 

 

 

 

 

❋✐❣✉r❡ ✹✳✸✿ ❚❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ♦♥ ❛ s❡t ♦❢ t❤r❡❡ ❝♦❧♦r❡❞ ❝✉r✈❡s ❜❛s❡❞ ♦♥ ❢✉♥❝t✐♦♥❛❧
❝✉rr❡♥ts✳ ❚❤❡ t❡♠♣❧❛t❡ ❛♥❞ t❤❡ ❞❡❢♦r♠❛t✐♦♥s ❛r❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ ❜♦t❤ ❣❡♦♠❡tr✐❝❛❧
❛♥❞ ❢✉♥❝t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤r♦✉❣❤ t❤❡ ❢❝✉rr❡♥t ♥♦r♠✳ ❖♥ t❤❡ ✜rst
r♦✇✱ ✇❡ s❤♦✇ t❤❡ t❤r❡❡ s✉❜❥❡❝ts ❛♥❞ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ ✭♦♥ t❤❡ ❧❡❢t
✜❣✉r❡✮ ❛♥❞ t❤❡ t❡♠♣❧❛t❡ ❡st✐♠❛t❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ✭r✐❣❤t ✜❣✉r❡✮✳
❖♥ t❤❡ s❡❝♦♥❞ r♦✇ ❛r❡ ❞✐s♣❧❛②❡❞ t❤❡ tr❛❥❡❝t♦r✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞❡❢♦r♠❛t✐♦♥s
❢r♦♠ t❤❡ t❡♠♣❧❛t❡ t♦ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡ s✉❜❥❡❝ts✳
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❋✐❣✉r❡ ✹✳✹✿ ❚❤❡ s❛♠❡ ❡①❛♠♣❧❡ ❢♦r ✇❤✐❝❤ t❤❡ ❣❡♦♠❡tr② ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ ❛r❡ ❝♦♠♣✉t❡❞
s❡♣❛r❛t❡❧②✱ ❜② ✜rst ❡st✐♠❛t✐♥❣ ❛ t❡♠♣❧❛t❡ s❤❛♣❡ ❜② ❝✉rr❡♥ts ❛♥❞ t❤❡♥ ♣✉❧❧✐♥❣ ❜❛❝❦
s✐❣♥❛❧s ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t s✉❜❥❡❝ts ♦♥ t❤❡ t❡♠♣❧❛t❡✳ ❖❜s❡r✈❡ t❤❛t t❤❡ r❡s✉❧t✐♥❣ s✐❣♥❛❧
♦♥ t❤❡ t❡♠♣❧❛t❡ ✐s ❛ ♠♦r❡ s♣r❡❛❞ ❛♥❞ ❛✈❡r❛❣❡❞ ❝r❡♥❡❧✳

♣♦s✐t✐♦♥s ❜✉t ♣r♦✈✐❞❡❞ ❜② ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ ♠❛t❝❤✐♥❣s✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❛r❣✉❡s
✐♥ ❢❛✈♦r ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇❡ ♣r♦♣♦s❡ ❜❡❝❛✉s❡✱ ✐♥ ♠❛♥② ❝❛s❡s✱ ✐t ♠❛❦❡s ♣♦ss✐❜❧❡ t♦
❧❡❛r♥ s✐❣♥❛❧s ✇✐t❤ ❛ ❜❡tt❡r ❛❝❝✉r❛❝② ❛♥❞ r❡s♦❧✉t✐♦♥ t❤❛♥ ❛❧❧ ♠❡t❤♦❞s t❤❛t ✐♥t❡♥❞ t♦
❞❡❝♦✉♣❧❡ t❤❡ s❤❛♣❡ ❢r♦♠ t❤❡ ❢✉♥❝t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳

❖♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ✜❣✉r❡ ✹✳✺✱ ✇❡ s❤♦✇ t❤❡ ✐♥t❡r❡st ♦❢ t❤❡ ❣r❛❞✐❡♥t r❡❣✉❧❛r✐③❛t✐♦♥ ❢♦r
t❤❡ t❡♠♣❧❛t❡ ❞✐s♣❧❛❝❡♠❡♥t ∇qJ ❞❡✈❡❧♦♣❡❞ ✐♥ ✹✳✷✳✶✳ ❖❜s❡r✈❡ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❡✈❡♥ ♦♥
s✉❝❤ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✱ t❤❡ ❝❤❛♥❣❡ ♦❢ t♦♣♦❧♦❣② ♦❢ t❤❡ t❡♠♣❧❛t❡ ✐♥ t❤❡ ♥♦♥✲r❡❣✉❧❛r✐③❡❞
❝❛s❡ ✇❤✐❝❤ ✐s ♠❛✐♥❧② ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❤✐❣❤❡r ❣r❛❞✐❡♥ts ♦♥ t❤❡ ❜♦✉♥❞❛r✐❡s ✇❤✐❝❤
❝❛♥ ♣r♦✈♦❦❡ ✉♥❞❡s✐r❡❞ s❡❧❢✲❝r♦ss✐♥❣s✳

❚❤❡ t❤✐r❞ ❡①❛♠♣❧❡ ✐s ❛ t❡♠♣❧❛t❡ ❝♦♠♣✉t❛t✐♦♥ ♦♥ ❛ s❡t ♦❢ ✬❝✉♣✬ s✉r❢❛❝❡s ✇✐t❤ ●❛✉ss✐❛♥
❞❡❝r❡❛s✐♥❣ s✐❣♥❛❧s ❝❡♥t❡r❡❞ ❛t t❤❡ ❜❛s❡✳ ◆♦t✐❝❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ ❢s❤❛♣❡
t❤r♦✉❣❤♦✉t t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t st❡♣s

✹✳✷✳✷ ❊st✐♠❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s

❆ r✐❝❤❡r ♠♦❞❡❧ ❢♦r ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❛❜✐❧✐t②

❚❤❡ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♦❢ ✹✳✷✳✶ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♣r♦✈✐❞✐♥❣ ❛ ❣❡♦♠❡tr✐❝♦✲
❢✉♥❝t✐♦♥❛❧ ❜❛s❡❧✐♥❡ ❢♦r ❛ ❣✐✈❡♥ ❞❛t❛s❡t✱ ❛♥❞ ❞❡❢♦r♠❛t✐♦♥s ✇❤♦s❡ ✈❛r✐❛❜✐❧✐t② ❝❛♥ ❜❡
t❤❡♥ st❛t✐st✐❝❛❧❧② ❛♥❛❧②s❡❞ ❜❛s❡❞ ♦♥ t❤❡ t❛♥❣❡♥t s♣❛❝❡ r❡♣r❡s❡♥t❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜②
t❤❡ ♠♦♠❡♥t❛✱ ❛s ♣✐♦♥❡❡r❡❞ ✐♥ ❬✼✾❪✳ ❚❤✐s s❤❛❧❧ ❜❡ ❞❡t❛✐❧❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳ ❍♦✇❡✈❡r✱ ✐t
♦♥❧② ❛❝❝♦✉♥ts ❢♦r t❤❡ ❣❡♦♠❡tr✐❝❛❧ ✈❛r✐❛❜✐❧✐t② ♦❢ t❤❡ ❞❛t❛s❡t ❛r♦✉♥❞ t❤❡ t❡♠♣❧❛t❡✳ ■♥
❣❡♥❡r✐❝ s✐t✉❛t✐♦♥s✱ s✐❣♥❛❧s ❛r❡ ❛❧s♦ ❧✐❦❡❧② t♦ ✈❛r② ❛❝r♦ss ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ t❤✐s ✈❛r✐❛❜✐❧✐t②
❝❛♥ ❤❛✈❡ ❛ st❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❖❈❚ ❞❛t❛s❡t
♣r❡s❡♥t❡❞ ♣r❡✈✐♦✉s❧②✱ t❤❡ t❤✐❝❦♥❡ss ✐s ❡①♣❡❝t❡❞ t♦ ❞❡❝r❡❛s❡ ✐♥ s❡✈❡r❛❧ ❧♦❝❛t✐♦♥s ❛s ❛

✶✹✷



■♥✐t✐❛❧ t❡♠♣❧❛t❡

◆♦♥✲r❡❣✉❧❛r✐③❡❞
■t ✷ ■t ✺ ■t ✸✵

❘❡❣✉❧❛r✐③❡❞

❋✐❣✉r❡ ✹✳✺✿ ❙❡✈❡r❛❧ ✐♥t❡r♠❡❞✐❛t❡ ✐t❡r❛t✐♦♥s ✐♥ t❤❡ t❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❜♦t❤
❢♦r ♥♦♥✲r❡❣✉❧❛r✐③❡❞ ❛♥❞ r❡❣✉❧❛r✐③❡❞ ❣r❛❞✐❡♥ts✳ ❋✐❣✉r❡s s❤♦✇ t❤❡ ❞❛t❛s❡t ♦❢ t❡♥ ❝❧♦s❡
♣❛r❛❜♦❧❛s ✭✇❤✐❝❤ ❛r❡ ♣✉r❡ ❣❡♦♠❡tr✐❝❛❧ s❤❛♣❡s ✐♥ t❤❛t ❝❛s❡✮ ❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
t❡♠♣❧❛t❡ ✭✐♥ ❜❧✉❡✮ ❛t ❞✐✛❡r❡♥t st❡♣s ♦❢ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✳

✶✹✸



■♥✐t✐❛❧ ❙t❡♣ ✺ ❙t❡♣ ✶✺ ❙t❡♣ ✷✺ ❙t❡♣ ✺✵

❋✐❣✉r❡ ✹✳✻✿ ❚❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ♦♥ ❛ s❡t ♦❢ ✻ ✬❝✉♣✬ s❤❛♣❡s ✇✐t❤ ❛rt✐✜❝✐❛❧ ●❛✉ss✐❛♥
s✐❣♥❛❧s✳ ❖♥ t♦♣✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ ❞✉r✐♥❣ ❣r❛❞✐❡♥t ❞❡s❝❡♥t✳ ❖♥ t❤❡
❜♦tt♦♠✱ ✇❡ s❤♦✇ t❤❡ ✜♥❛❧ r❡s✉❧ts ♦❢ r❡❣✐str❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t❡♠♣❧❛t❡ ❛♥❞ ❡❛❝❤
♦❢ t❤❡ s✉❜❥❡❝ts ✿ t❤❡ ♠♦r❡ tr❛♥s♣❛r❡♥t s✉r❢❛❝❡ ✐s t❤❡ s✉❜❥❡❝t✱ t❤❡ s♦❧✐❞ ♦♥❡ ✐s t❤❡
❞❡❢♦r♠❡❞ t❡♠♣❧❛t❡✳

✶✹✹



❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❣❧❛✉❝♦♠❛ s♦ t❤❛t ✐♥t❡r✲✐♥❞✐✈✐❞✉❛❧ t❤✐❝❦♥❡ss ✈❛r✐❛❜✐❧✐t② ❝❛♥ ❜❡ ❛
❤✐❣❤❧② r❡❧❡✈❛♥t ❜✐♦♠❛r❦❡r t♦ ♣❡r❢♦r♠ ❝❧❛ss✐✜❝❛t✐♦♥✳ ❲✐t❤ ♦✉r ♣r❡✈✐♦✉s ♠♦❞❡❧✱ t❤✐s
✈❛r✐❛❜✐❧✐t② ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ r❡s✐❞✉❛❧s ♦❢ ♠❛t❝❤✐♥❣ t♦ ❡❛❝❤ s✉❜❥❡❝t✱ ♥❛♠❡❧② t❤❡
❢❝✉rr❡♥ts ❛ss♦❝✐❛t❡❞ t♦ Si − (φv

i
0)∗S✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❛❧s♦ ❛♥❛❧②s❡❞ ❢r♦♠ ❛ st❛t✐st✐❝❛❧

♣♦✐♥t ♦❢ ✈✐❡✇✱ ❛s ❡❧❡♠❡♥ts ✐♥ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ♦❢ ❢❝✉rr❡♥ts✳ ❚❤❡ ❡ss❡♥t✐❛❧
❞r❛✇❜❛❝❦ ✐s t❤❛t t❤❡s❡ t❡r♠s ❞♦ ♥♦t ♦♥❧② r❡♣r❡s❡♥t t❤❡ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❛❜✐❧✐t② ❜✉t ❛❧s♦
✐♥❝❧✉❞❡ ❤✐❣❤✲❢r❡q✉❡♥❝② ❣❡♦♠❡tr✐❝❛❧ ✈❛r✐❛t✐♦♥s ♥♦t ❝❛♣t✉r❡❞ ❜② t❤❡ ❞❡❢♦r♠❛t✐♦♥s ❛s
✇❡❧❧ ❛s ♥♦✐s❡ ❛♥❞ ❛rt✐❢❛❝ts ♦❢ t❤❡ ❞❛t❛s❡ts✳ ■♥ ❛❞❞✐t✐♦♥✱ s✉❝❤ r❡s✐❞✉❛❧s ❛r❡ ♥❡❛r❧②
✐♠♣♦ss✐❜❧❡ t♦ ✈✐s✉❛❧✐③❡ ❡①❝❡♣t ❛s ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❉✐r❛❝ ❢❝✉rr❡♥ts ❛♥❞ t❤✉s
♠❛❦✐♥❣ t❤❡ ✐♥t❡r♣r❡t❛❜✐❧✐t② ♦❢ ❞✐s❝r✐♠✐♥❛t✐✈❡ ❞✐r❡❝t✐♦♥s ❢♦r P❈❆ ♦r ▲❉❆ ♣r❛❝t✐❝❛❧❧②
✐♥tr❛❝t❛❜❧❡✳
❚❤✐s ♠♦t✐✈❛t❡s ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❢r❛♠❡✇♦r❦ t❤❛t ✇♦✉❧❞ ❡st✐♠❛t❡✱ ✐♥
❛❞❞✐t✐♦♥ t♦ t❤❡ t❡♠♣❧❛t❡ ❛♥❞ ❞❡❢♦r♠❛t✐♦♥s✱ ❛ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧ ❢♦r ❡❛❝❤ s✉❜❥❡❝t✱
♥❛♠❡❧② ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ t❤❡ t❡♠♣❧❛t❡ t❤❛t ♠❡❛s✉r❡s t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❜❛s❡✲
❧✐♥❡ ❛♥❞ s✉❜❥❡❝t✬s ❢✉♥❝t✐♦♥❛❧✳ ❚❤✐s ✐s ♣r❡❝✐s❡❧② t❤❡ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ✶✳✹✳✶ ❛♥❞
❛❧r❡❛❞② ✐♠♣❧❡♠❡♥t❡❞ ❢♦r r❡❣✐str❛t✐♦♥ ✐♥ ✷✳✸✳✷✳ ■♥ t❤❛t ❝❛s❡✱ ❛ ❣❡♥❡r❛t✐✈❡ ♠♦❞❡❧ t❤❛t
✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

(Xi, f i) =
(
φi(X), (f + ζi) ◦ φi,−1

)
+ ǫi ✭✹✳✶✹✮

❚❤❡ ❞❛t❛ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ❣❡♥❡r❛t❡❞ ❜② ❛ t❡♠♣❧❛t❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ✇✐t❤ ❛ s✉❜♠❛♥✲
✐❢♦❧❞ X ❛♥❞ ❛ s✐❣♥❛❧ f ♦♥ ✇❤✐❝❤ ✐s ❛❞❞❡❞ r❡s✐❞✉❛❧ ❢✉♥❝t✐♦♥s ζi : X → R ❛♥❞ ❞❡❢♦r♠❡❞
❜② ❞✐✛❡♦♠♦r♣❤✐s♠ φi✳ ◆♦t❡ t❤❛t ✇❡ ❝♦♥s✐❞❡r t❤❡ r❡s✐❞✉❛❧s (ζi) t♦ ❜❡ ❞❡✜♥❡❞ ♦♥ t❤❡
t❡♠♣❧❛t❡ s❤❛♣❡ ❛♥❞ t❤✉s ❛❞❞❡❞ ❜❡❢♦r❡ ❞❡❢♦r♠❛t✐♦♥ ✐♥st❡❛❞ ♦❢ ❛❢t❡r✳ ❚❤❡ r❡❛s♦♥ ❢♦r
t❤✐s ❝❤♦✐❝❡ ✐s ❡ss❡♥t✐❛❧❧② t❤❛t r❡s✐❞✉❛❧s ✇✐❧❧ t❤❡♥ s❤❛r❡ ❛ ❝♦♠♠♦♥ ❣❡♦♠❡tr✐❝❛❧ s✉♣✲
♣♦rt✱ ❡♥❛❜❧✐♥❣ ❡❛s✐❡r ♥✉♠❡r✐❝❛❧ ❡st✐♠❛t✐♦♥ ❛♥❞ ❛ ♠✉❝❤ ♥✐❝❡r ❢r❛♠❡✇♦r❦ ❢♦r st❛t✐st✐❝s
✭❝❢ s❡❝t✐♦♥ ✹✳✸✮✳ ❏✉st ❛s ✇❡ ❞✐❞ ❢♦r t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ ❛ ❢♦r♠❛❧ ▼❆P
❡st✐♠❛t♦r ❛ss♦❝✐❛t❡❞ t♦ ❡q✳✭✹✳✶✹✮✳ ❲❡ r❡♣r❡s❡♥t ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ❜② ❢❝✉rr❡♥ts ❛♥❞
❛ss✉♠❡ ●❛✉ss✐❛♥ ❞❡♥s✐t② ♣r✐♦rs ♦♥ t❤❡ r❡s✐❞✉❛❧ ❢❝✉rr❡♥ts ǫi✳ ❲❡ ❤❛✈❡ ♥♦✇ ❤✐❞❞❡♥
✈❛r✐❛❜❧❡s t❤❛t ❛r❡ ❜♦t❤ t❤❡ ❞❡❢♦r♠❛t✐♦♥s φi ♣❛r❛♠❡tr✐③❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ ♠♦♠❡♥t❛ pi0
♦♥ ✇❤✐❝❤ ✇❡ ❛ss✉♠❡ ❛ ♣r✐♦r ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❛s ❣✐✈❡♥ ❜② ❡q✳✭✹✳✸✮✱ ❛♥❞ t❤❡
r❡s✐❞✉❛❧s ζi ✇❤✐❝❤ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ❛s L2 ❢✉♥❝t✐♦♥s ♦♥ X ✇✐t❤ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ✿

pres(ζ|X) = Cres. exp(−‖ζ‖2L2(X)
/(2σ2res)) ✭✹✳✶✺✮

✇❤❡r❡ ✇❡ r❡♠✐♥❞ t❤❛t ‖ζ‖L2(X) st❛♥❞s ❢♦r t❤❡ L2 ♥♦r♠ ♦♥ t❤❡ s✉❜♠❛♥✐❢♦❧❞ X✳
❚❤❡♥✱ ♦♥❡ ❝❛♥ ✇r✐t❡ ❛♥ ❡q✉✐✈❛❧❡♥t ▼❆P ❡st✐♠❛t♦r ✐♥ t❤❛t ❝♦♥t❡①t ❛♥❞ ✉s✐♥❣ t❤❡
❋❛st ❆♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ ▼♦❞❡s✱ ✐t ❧❡❛❞s t♦ ❛ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❢♦r♠ ✿

min
(X,f,pi0,ζ

i)

N∑

i=1

(
E(pi0) + γres‖ζi‖2L2(X) + γW ‖C(Xi,f i) − C(

φp
i
0 (X),(f+ζi)◦(φp

i
0 )−1

)‖2W ′

)

✭✹✳✶✻✮
✇❤❡r❡ γres, γW > 0 ❛r❡ t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ t❡r♠s✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s
♠♦❞❡❧ ♦❢ ❡q✳✭✹✳✽✮✱ ✇❡ ❤❛✈❡ ❛❞❞✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡s ζi t♦ ❡st✐♠❛t❡ ❛♥❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥
❛❞❞✐t✐♦♥❛❧ t❡r♠ ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ζi✬s ❛♥❞ t❤❡ t❡♠♣❧❛t❡ s❤❛♣❡ X✳
◆♦t❡ t❤❛t ✐❢ X ❛♥❞ f ❛r❡ ✜①❡❞✱ t❤❡♥ t❤❡ ♣r♦❜❧❡♠ ❣✐✈❡♥ ✐♥ ❡q✳✭✹✳✽✮ r❡❞✉❝❡s t♦ s♦❧✈❡
t❤❡ r❡❣✐str❛t✐♦♥ ✇✐t❤ r❡s✐❞✉❛❧ ♦❢ (X, f) ♦♥ ❡❛❝❤ (Xi, f i)✱ ✇❤✐❝❤ ✐s ❡①❛❝t❧② ✇❤❛t ✇❛s
st✉❞✐❡❞ ✐♥ ❝❤❛♣t❡r ✷ s❡❝t✐♦♥ ✷✳✸✳✷✳ ❆❧❣♦r✐t❤♠✐❝❛❧❧②✱ t❤❡ ❢r❛♠❡✇♦r❦ ❞♦❡s♥✬t ❝❤❛♥❣❡
♠✉❝❤ ❡①❝❡♣t ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛❞❞✐t✐♦♥❛❧ ❣r❛❞✐❡♥ts✱ ✇❤✐❝❤ ✇❡ ❞❡t❛✐❧ ✐♥ t❤❡ ♥❡①t
s✉❜s❡❝t✐♦♥✳

✶✹✺



◆❡✇ ❛❧❣♦r✐t❤♠

❆s ✐♥ ❛❧❣♦r✐t❤♠ ✷✱ ✇❡ ♣r♦♣♦s❡ ❛ ❣r❛❞✐❡♥t ❞❡s❝❡♥t ❛❧❣♦r✐t❤♠ t❤❛t s✐♠✉❧t❛♥❡♦✉s❧②
♦♣t✐♠✐③❡s t❤❡ ❢✉♥❝t✐♦♥❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧ ✈❛r✐❛❜❧❡s t♦❣❡t❤❡r✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s✱ ✇❡
♦♥❧② ♥❡❡❞ t♦ ♠❛❦❡ ❡①♣❧✐❝✐t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♥❡✇ t❡r♠s Ef (ζ

i)
.
= ‖ζi‖2L2(X)

❛♥❞ ❡①♣r❡ss t❤❡ ❣r❛❞✐❡♥ts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s ζi✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ L2✲♥♦r♠s Ef (ζ

i) ❛r❡ ❛❧♠♦st str❛✐❣❤t❢♦r✇❛r❞ ❜❡❝❛✉s❡✱ ❢♦r ❛
❞✐s❝r❡t✐③❡❞ s❤❛♣❡ X ❛♥❞ s✐❣♥❛❧s ζi✱ t❤❡s❡ ❛r❡ ❜❛s✐❝❛❧❧② t❤❡ s✉♠ ♦❢ t❤❡ ✈♦❧✉♠❡s ♦❢ t❤❡
♠❡s❤ ❝❡❧❧s ✇❡✐❣❤t❡❞ ❜② t❤❡ ✐♥t❡r♣♦❧❛t❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ζi t♦ t❤❡ ❝❡♥t❡r ♦❢
t❤❡ ❝❡❧❧s✳ ◆❛♠❡❧②✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ s❡❝t✐♦♥ ✹✳✷✳✶✱ ✇❡ ❤❛✈❡ ✿

Ef (ζ) =

m∑

l=1

ζ̃2l .|ξl| ✭✹✳✶✼✮

✇❤❡r❡ ❢♦r ❡❛❝❤ k✱ q̃k ✐s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ lth ❝❡❧❧✱ |ξl| ❡q✉❛❧s ✐ts d✲
❞✐♠❡♥s✐♦♥❛❧ ✈♦❧✉♠❡ ❛♥❞ ζ̃l ✐s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❝❡❧❧ ✈❡rt✐❝❡s✬ s✐❣♥❛❧ ✈❛❧✉❡s✳
◆♦✇✱ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❡q✳✭✹✳✶✼✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❡♠♣❧❛t❡ ♣♦✐♥t ♣♦s✐t✐♦♥s s✐♠♣❧②
r❡q✉✐r❡s t♦ ❝♦♠♣✉t❡ ❣r❛❞✐❡♥ts ♦❢ t❤❡ ❧♦❝❛❧ ✈♦❧✉♠❡s |ξl| ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ qk✬s✱
✇❤✐❝❤ ✐s t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥ ❛s ✇❡ ❞✐❞ ❢♦r t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❢❝✉rr❡♥t ❛tt❛❝❤♠❡♥t
❞✐st❛♥❝❡s✳ ❚❤❡ ❣r❛❞✐❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡s✐❞✉❛❧ ❢✉♥❝t✐♦♥s✬ ✈❛❧✉❡s (ζk) ✐s ✿

∇ζkEf =
m∑

l=1

2ζ̃l∇ζk ζ̃l.|ξl|

❛♥❞ ❣r❛❞✐❡♥ts ∇ζk ζ̃l ❛r❡ s✐♠♣❧② ❝♦♠♣✉t❡❞ ❜② r❡❞✐str✐❜✉t✐♦♥ ❢r♦♠ ❝❡♥t❡rs t♦ ✈❡r✲
t✐❝❡s✳ ❋✐♥❛❧❧②✱ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡ t❡r♠s gi = ‖C(Xi,f i) −
C(φi(X),(f+ζi)◦φi,−1)‖2W ′ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡s✐❞✉❛❧s ζi ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ❡①❛❝t

s❛♠❡ ✇❛② ❛s ✇✐t❤ r❡s♣❡❝t t♦ f ✱ ❝❢ ❡q✳✭✹✳✶✷✮✳ ■♥ ❢❛❝t✱ ✇❡ s❡❡ t❤❛t ∇fg =
∑N

i=1∇ζigi✳

❚❤❡ ❧❛st ✐♠♣♦rt❛♥t ✐ss✉❡ ✐s t❤❡ ♦♥❡ ♦❢ ❣r❛❞✐❡♥t ♥♦r♠❛❧✐③❛t✐♦♥s ❛♥❞ r❡❣✉❧❛r✐③❛t✐♦♥s
t❤❛t ❤❛s ❜❡❡♥ t❤♦r♦✉❣❤❧② ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✷✳✶✳ ❖❢ ❝♦✉rs❡✱ t❤❡ ❞✐✛❡r❡♥t ❝♦♥❝❧✉✲
s✐♦♥s ❤♦❧❞ ✇✐t❤ t❤✐s ♥❡✇ ♠♦❞❡❧ ❛♥❞ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❡①❛♠✐♥❡ t❤❡ ♥❡✇ ♣❡♥❛❧✐③❛t✐♦♥
t❡r♠s ❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s ζi✳ ❆s ❢❛r ❛s s❝❛❧❡s ❛r❡
❝♦♥❝❡r♥❡❞✱ t❤❡ ❛tt❛❝❤♠❡♥t t❡r♠ g ❛♥❞ ∇ζig ❝❛♥ ❜❡ tr❡❛t❡❞ ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ✇✐t❤
r❡s♣❡❝t t♦ f ✭❝❢ ✹✳✷✳✶✮✳ Ef (ζ

i) ❜❡✐♥❣ t❤❡ sq✉❛r❡❞ L2 ♥♦r♠ ♦❢ ζi ♦♥ X✱ r❡s❝❛❧✐♥❣ ❜② λg
♦♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♣❛rt ❛♥❞ ❜② λf ♦♥ t❤❡ s✐❣♥❛❧ ♣❛rt ♠✉❧t✐♣❧✐❡s s✉❝❤ t❡r♠s ❜② λdgλ

2
f

❛♥❞ t❤✉s ✇❡ ❛❝❤✐❡✈❡ s❝❛❧❡ ✐♥✈❛r✐❛♥❝❡ ❜② ❛♣♣❧②✐♥❣ r❡♥♦r♠❛❧✐③❛t✐♦♥ ❢❛❝t♦rs 1/(λdgλ
2
f )

♦♥ t❤❡ Ef ✳ ❋♦r s✐♠✐❧❛r r❡❛s♦♥s✱ t❤❡ ❣r❛❞✐❡♥t ∇ζiEf ✐s t♦ ❜❡ r❡♥♦r♠❛❧✐③❡❞ ❜② 1/λdg
❛♥❞ t❤❡ ❣r❛❞✐❡♥t ∇qEf ❜② λ2g/λ

2
f ✳

❖♥ t❤❡ ❞❡♣❡♥❞❡♥❝② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❡♠♣❧❛t❡ s❛♠♣❧✐♥❣✱ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ❛♥❞
r❡❛s♦♥✐♥❣ ♦❢ s✉❜s❡❝t✐♦♥ ✹✳✷✳✶✱ ✇❡ ❡❛s✐❧② s❡❡ t❤❛t ∇ζkEf ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❧♦❝❛❧
✈♦❧✉♠❡ ❡❧❡♠❡♥t ♦♥ X(n) ✇❤✐❝❤ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♦❢ ♦r❞❡r 1/n ❛♥❞ t❤✉s t❤❡s❡ t❡r♠s
♠✉st ❜❡ r❡♥♦r♠❛❧✐③❡❞ ❜② ❛ ❢❛❝t♦r n✳ ❚❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ t❡r♠ Ef ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♣♦s✐t✐♦♥s ♦❢ t❤❡ t❡♠♣❧❛t❡ ♣♦✐♥ts q ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♣❛rt✐❝✉❧❛r ✐♥st❛♥❝❡ ♦❢ ❈❛rt❛♥✬s
❢♦r♠✉❧❛ ❢♦r ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✭t❛❦✐♥❣ ω(x,m) = ζ(x)✮✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐♥✈♦❧✈❡s
s♦♠❡ ❜♦✉♥❞❛r② ❡✛❡❝ts ❛s ✐♥ ✹✳✷✳✶✳ ❆ ❣♦♦❞ s♦❧✉t✐♦♥ ✐s ❛❣❛✐♥ t♦ r❡❣✉❧❛r✐③❡ t❤❡ ❣r❛❞✐❡♥t
❜② t❤❡ ❦❡r♥❡❧ Kreg(q, q)✳ ❲❡ s✉♠ ✉♣ ❛❧❧ t❤❡ ❞✐✛❡r❡♥t st❡♣s ♦❢ t❤❡ ❢✉❧❧ ♣r♦❝❡ss ✐♥
❛❧❣♦r✐t❤♠ ✸✳ ◆♦t❡ t❤❛t t❤✐s ♥❡✇ ❛❧❣♦r✐t❤♠ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡
✿ t❛❦✐♥❣ t❤❡ ♣❛r❛♠❡t❡r γres → +∞ ❛♥❞ ❛ ♥✉❧❧ ❣r❛❞✐❡♥t st❡♣ ✐♥ t❤❡ r❡s✐❞✉❛❧s ζi✱ ✇❡
❡①❛❝t❧② ❣❡t ❜❛❝❦ t♦ ❛❧❣♦r✐t❤♠ ✷✳

✶✹✻



❆❧❣♦r✐t❤♠ ✸ ❆t❧❛s ❡st✐♠❛t✐♦♥ ♦♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✇✐t❤ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s

❘❡q✉✐r❡✿ ◆ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s (Xi, f i)✱ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ ❢s❤❛♣❡ (X, f) =
(qk, fk)k=1,..,n ❛♥❞ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t st❡♣ δ✳

✶✿ s❡t pi = 0 ❛♥❞ ζi = 0 ❢♦r ❛❧❧ i ∈ {1, .., N}✳
✷✿ ✇❤✐❧❡ ❈♦♥✈❡r❣❡♥❝❡ ❞♦
✸✿ ❢♦r ✐❂✶✱✳✳✱◆ ❞♦
✹✿ ❋❧♦✇ (X, f) ❜② ❢♦r✇❛r❞ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ pi ❛♥❞ st♦r❡ t❤❡ ❞❡❢♦r♠❡❞ t❡♠♣❧❛t❡

❛t t✐♠❡ ✶ φv
i
0 .(X, f) = (qik,1, fk + ζik)✳

✺✿ ❈♦♠♣✉t❡ t❤❡ ❢❝✉rr❡♥t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ (Xi, f i) ❛♥❞ φv
i
0 .(X, f + ζi)✳

✻✿ ❈♦♠♣✉t❡ t❤❡ ❣r❛❞✐❡♥ts ♦❢ gi ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜♥❛❧ ♣♦✐♥t ❝♦♥✜❣✉r❛t✐♦♥
qik,1✳

✼✿ ❆♣♣❧② t❤❡ ❜❛❝❦✇❛r❞ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❡q✳✭✹✳✶✵✮ ❛♥❞ ❞❡❞✉❝❡ ∇qgi ❛♥❞ ∇pigi✳
✽✿ ❈♦♠♣✉t❡ ∇qE ❛♥❞ ∇piE ✇✐t❤ ❡q✳✭✹✳✾✮✳
✾✿ ❈♦♠♣✉t❡ ∇ζiJ = ∇ζigi +∇ζiEf

✶✵✿ ❡♥❞ ❢♦r
✶✶✿ ❉❡❞✉❝❡ ∇fJ =

∑N
i=1∇ζiJ ✳

✶✷✿ ◆♦r♠❛❧✐③❡ ✇✐t❤ r❡s♣❡❝t t♦ s❝❛❧❡ ❛♥❞ s❛♠♣❧✐♥❣ ❛❧❧ t❤❡ ❣r❛❞✐❡♥ts✳
✶✸✿ ❆♣♣❧② r❡❣✉❧❛r✐③❛t✐♦♥ ❦❡r♥❡❧ t♦ ∇qJ ✳
✶✹✿ ❯♣❞❛t❡ ✈❛r✐❛❜❧❡s ✿

q ← q + δ∇qJ
f ← f + δ∇fJ
pi ← pi + δ∇piJ
ζi ← ζi + δ∇ζiJ

✶✺✿ ❈♦♠♣✉t❡ ♥❡✇ ❢✉♥❝t✐♦♥❛❧ J(q, f, (pi), (ζi)) ❛♥❞ ❛❞❛♣t st❡♣ δ ❜② ❧✐♥❡ s❡❛r❝❤✳
✶✻✿ ❡♥❞ ✇❤✐❧❡
✶✼✿ r❡t✉r♥ t❡♠♣❧❛t❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f)✱ N ✐♥✐t✐❛❧ ♠♦♠❡♥t❛ (pi) ❛♥❞ ❢✉♥❝t✐♦♥❛❧

r❡s✐❞✉❛❧s (ζi)✳

✹✳✷✳✸ ❘❡s✉❧ts ♦♥ t❤❡ r❡t✐♥❛ ❞❛t❛s❡t

❲❡ ❤❛✈❡ ❛♣♣❧✐❡❞ ❛❧❣♦r✐t❤♠s ✷ ❛♥❞ ✸ t♦ ❛ ❞❛t❛s❡t ♦❢ r❡t✐♥❛ ♠❡♠❜r❛♥❡s✳ ❚❤✐s ✐s ❛
❝✉rr❡♥t ❥♦✐♥t ♣r♦❥❡❝t ✇✐t❤ ❉r ❋❛✐s❛❧ ❇❡❣✱ ❉r ❊✈❣❡♥✐② ▲❡❜❡❞✱ ❉r ▼❛r✐♥❦♦ ❙❛r✉♥✐❝ ❛♥❞
❙✐❡✉♥ ▲❡❡ ❢r♦♠ ❇✐♦♠❡❞✐❝❛❧ ❘❡s❡❛r❝❤ ❣r♦✉♣ ✐♥ ❙✐♠♦♥ ❋r❛s❡r ❯♥✐✈❡rs✐t②✳ ❚❤❡ ❞❛t❛ ✇❛s
❛❝q✉✐r❡❞ ✉s✐♥❣ ❖♣t✐♠❛❧ ❈♦❤❡r❡♥❝❡ ❚♦♠♦❣r❛♣❤② ✭❖❈❚✮ ❝♦✉♣❧❡❞ ✇✐t❤ ❝♦♠♣r❡ss✐✈❡
s❛♠♣❧✐♥❣ ❢♦r r❛♣✐❞ ✐♠❛❣❡ ❛❝q✉✐s✐t✐♦♥✱ ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✽✼❪✳ ❚❤❡ r❛✇ ❞❛t❛ ❝♦♥s✐st ✐♥
✸❉ ✐♠❛❣❡s ♦❢ ❛ ♣♦rt✐♦♥ ♦❢ t❤❡ r❡t✐♥❛ ❢♦r ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts✱ ✇❤✐❝❤ ❛r❡ t❤❡♥
r❡❣✉❧❛r✐③❡❞✳ ❚❤❡ ♥❡①t ♣r❡✲♣r♦❝❡ss✐♥❣ st❡♣ ✐s t❤❡ s❡❣♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❧❛②❡rs
❛♥❞ ♠❡♠❜r❛♥❡s ✐♥ t❤❡ r❡t✐♥❛ ✇❤✐❝❤ ❛r❡ ❜❛s✐❝❛❧❧② ✭❢r♦♠ t❤❡ ♠♦st s✉♣❡r✜❝✐❛❧ t♦ t❤❡
❞❡❡♣❡st✮ ✿ t❤❡ ✐♥♥❡r ❧❛②❡r ♠❡♠❜r❛♥❡ ✭■▲▼✮✱ t❤❡ ♥❡r✈❡ ✜❜❡r ❧❛②❡r s✉r❢❛❝❡ ✭◆❋▲✮✱ t❤❡
❇r♦♦❦✬s ♠❡♠❜r❛♥❡ ✭❇▼✮ ❛♥❞ t❤❡ ❈❤♦r♦✐❞ s✉r❢❛❝❡✳ ❚❤✐s ✐s s❤♦✇♥ ✐♥ t❤❡ ✐♠❛❣❡s ♦❢
✜❣✉r❡ ✹✳✼✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❛t✱ ✇❛s ❝♦♠♣✉t❡❞ t✇♦ t❤✐❝❦♥❡ss ♠❛♣s ✿ ♦♥❡ r❡♣r❡s❡♥t✐♥❣
t❤❡ t❤✐❝❦♥❡ss ❜❡t✇❡❡♥ t❤❡ ■▲▼ ❛♥❞ ◆❋▲ s✉r❢❛❝❡s t❤❛t ✇❡ ✇✐❧❧ ❝❛❧❧ t❤❡ ◆❋▲ t❤✐❝❦♥❡ss
❛♥❞ t❤❡ ❈❤♦r♦✐❞❛❧ t❤✐❝❦♥❡ss ❜❡t✇❡❡♥ t❤❡ ❇▼ ❛♥❞ t❤❡ ❈❤♦r♦✐❞✳ ■♥ t❤✐s ♠❛♥✉s❝r✐♣t✱
✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥❧② ♦♥ t❤❡ ◆❋▲ ❛♥❞ ✐ts t❤✐❝❦♥❡ss ❡✈❡♥ t❤♦✉❣❤ s♦♠❡ ✇♦r❦ ✇❛s ❛❧s♦

✶✹✼



❋✐❣✉r❡ ✹✳✼✿ ❚❤❡ ❞✐✛❡r❡♥t ❧❛②❡rs ❛♥❞ ♠❡♠❜r❛♥❡s ♦❜s❡r✈❡❞ ✐♥ t❤❡ r❡t✐♥❛ ✸❉ ✐♠❛❣❡s
❛❝q✉✐r❡❞ ❜② ❖❈❚✳

❝❛rr✐❡❞ ♦♥ t❤❡ ❈❤♦r♦✐❞ ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ■▲▼✳ ❖♥❡ ♦❢ t❤❡ r❡❛s♦♥ ✐s t❤❛t
t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ t❤✐❝❦♥❡ss ♦♥ t❤❡ ◆❋▲ ✐s ♠♦r❡ ❛❝❝✉r❛t❡ ❛♥❞ ♣r♦✈✐❞❡s ♣❛tt❡r♥s
t❤❛t ❛r❡ ♠♦r❡ ❡❛s✐❧② ✐♥t❡r♣r❡t❛❜❧❡✳
❚❤✉s✱ r❡str✐❝t❡❞ t♦ t❤❡ ◆❋▲✱ t❤❡ ❞❛t❛s❡t ♦❜t❛✐♥❡❞ ❛❢t❡r ♣r❡✲♣r♦❝❡ss✐♥❣ ✐s ♠❛❞❡ ♦❢
❞✐✛❡r❡♥t s✉❜❥❡❝ts✬ s✉r❢❛❝❡s ♦♥ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❛ ❢✉♥❝t✐♦♥❛❧ ❞❛t❛ r❡♣r❡s❡♥t✐♥❣ t❤❡ t❤✐❝❦✲
♥❡ss ♦❢ t❤❡ ❧❛②❡r ❛t ❡❛❝❤ ♣♦✐♥t✳ ❚❤❡ ❞❛t❛❜❛s❡ ✇❡ ❤❛✈❡ ❜❡❡♥ ✇♦r❦✐♥❣ ♦♥ ❝♦♥t❛✐♥ s✉❝❤
❢✉♥❝t✐♦♥❛❧ s✉r❢❛❝❡s ❢♦r ✸✵ ❞✐✛❡r❡♥t s✉❜❥❡❝ts ♣✉t ✐♥ t❤❡ s❛♠❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ s♦♠❡
♦❢ ✇❤✐❝❤ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✽✳ ❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s✉r❢❛❝❡s ✐s q✉✐t❡ ❝❧♦s❡ t♦ ❜❡
♣❧❛♥❛r ✐♥ ♠♦st s✉❜❥❡❝ts ❜✉t t❤❡ ♦r✐❡♥t❛t✐♦♥ ✈❛r✐❡s ❢r♦♠ s✉❜❥❡❝t t♦ s✉❜❥❡❝t✳ ❆♥♦t❤❡r
✐♠♣♦rt❛♥t ❡❧❡♠❡♥t ✐s t❤❡ ♦♣❡♥✐♥❣ ✭t❤r♦✉❣❤ ✇❤✐❝❤ t❤❡ ♦♣t✐❝❛❧ ♥❡r✈❡ ♣❛ss❡s ✐♥ t❤❡
r❡t✐♥❛✮ t❤❛t ❛❧s♦ ✈❛r✐❡s ✐♥ s✐③❡ ❛♥ ♣♦s✐t✐♦♥ ✇✐t❤✐♥ t❤❡ ❞❛t❛s❡t✳ ❚❤✐❝❦♥❡ss❡s ♦✛❡r ♠♦r❡
♦r ❧❡ss ❝♦♠♠♦♥ ♣❛tt❡r♥s ❛s ✇❡❧❧ ❜✉t ❛❧s♦ s✐❣♥✐✜❝❛♥t ❧♦❝❛❧ ❞✐✛❡r❡♥❝❡s✳
◆♦✇✱ t❤❡ ♠❛✐♥ ❝❧✐♥✐❝❛❧ ✐ss✉❡ t❤❛t ♠❛❦❡s t❤❡ ✐♥t❡r❡st ♦❢ t❤✐s ❞❛t❛ ✐s t❤❡ st✉❞② ♦❢ t❤❡
❣❧❛✉❝♦♠❛✱ ❛♥ ♦❝✉❧❛r ♣❛t❤♦❧♦❣② t❤❛t ✐s r❡✢❡❝t❡❞ ❜② r❡t✐♥❛ ❛♥❞ ♦♣t✐❝❛❧ ♥❡r✈❡ ❞❛♠❛❣❡s
❧❡❛❞✐♥❣ ♣r♦❣r❡ss✐✈❡❧② t♦ ♣❛rt✐❛❧ ♦r ❡✈❡♥ ❝♦♠♣❧❡t❡ ✈✐s✉❛❧ ✜❡❧❞ ❧♦ss✳ ❚❤❡ ❞❛t❛s❡t ✇❡ ❥✉st
♣r❡s❡♥t❡❞ ✇❛s ❛❝q✉✐r❡❞ ❢♦r ❜♦t❤ ❝♦♥tr♦❧s ❛♥❞ ❣❧❛✉❝♦♠❛t♦✉s s✉❜❥❡❝ts✳ ❚❤❡ q✉❡st✐♦♥
r❛✐s❡❞ ✐s t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♣r❡s❡♥❝❡ ❛♥❞ st❛❣❡ ♦❢ t❤❡ ❞✐s❡❛s❡ ❜② t❤❡
s❤❛♣❡ ♦❢ t❤❡ r❡t✐♥❛ ❧❛②❡rs✳ ■♥ ♦✉r ♣❛rt✐❝✉❧❛r ❝❛s❡✱ ✇❡ ✇♦✉❧❞ ✇✐s❤ t♦ ✉♥❞❡rst❛♥❞ t❤❡
❡✛❡❝ts ♦❢ ❣❧❛✉❝♦♠❛ ❜♦t❤ ♦♥ t❤❡ s❤❛♣❡ ❛♥❞ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ◆❋▲✳
❖♥❡ ✉s✉❛❧ ❡♠♣✐r✐❝❛❧ ❤②♣♦t❤❡s✐s ❢♦r♠✉❧❛t❡❞ ❜② ❝❧✐♥✐❝✐❛♥s ✐s t❤❛t ❣❧❛✉❝♦♠❛ ✐♥❞✉❝❡s ❛
❞❡❣❡♥❡r❛t✐♦♥ ♦❢ t✐ss✉❡s ♣r♦✈♦❦✐♥❣ s♦♠❡ ❧♦❝❛❧✐③❡❞ t❤✐❝❦♥❡ss ❞❡❝r❡❛s❡✱ ♣♦ss✐❜❧② ❝♦♠✐♥❣
❛❧♦♥❣ ✇✐t❤ ♠❡♠❜r❛♥❡s✬ ❞❡❢♦r♠❛t✐♦♥s✳ ■♥ ♦r❞❡r t♦ ❛ss❡ss ✐t q✉❛❧✐t❛t✐✈❡❧② ✐♥ t❤❡ ✜rst
♣❧❛❝❡✱ ✇❡ ❛♣♣❧✐❡❞ ❛❧❣♦r✐t❤♠ ✷ t♦ ❡st✐♠❛t❡ ❛ t❡♠♣❧❛t❡ ❢♦r t❤❡ ❝♦♥tr♦❧ ♣♦♣✉❧❛t✐♦♥
❛♥❞ ❛ t❡♠♣❧❛t❡ ❢♦r t❤❡ s✉❜❥❡❝ts ✇✐t❤ ❝♦♥✜r♠❡❞ ❣❧❛✉❝♦♠❛✳ ❇♦t❤ t❤❡s❡ t❡♠♣❧❛t❡
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✾✳ ■t s❤♦✇s ✐♥❞❡❡❞ q✉✐t❡ ❝❧❡❛r❧② ❛♥ ❛✈❡r❛❣❡
❧♦ss ♦❢ t❤✐❝❦♥❡ss ❢♦r ❣❧❛✉❝♦♠❛t♦✉s s✉❜❥❡❝ts ❝♦♠♣❛r❡❞ t♦ ❝♦♥tr♦❧s ♣❛rt✐❝✉❧❛r❧② ✐♥ s♦♠❡
❛r❡❛s ❛r♦✉♥❞ t❤❡ ♦♣❡♥✐♥❣ ❛s ✇❡❧❧ ❛s ❛ r❛t❤❡r s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡ ✐♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢
t❤❡ ♠❡♠❜r❛♥❡ ❛s ✇❡ s❡❡ ♦♥ t❤❡ ✐♠❛❣❡s ♦❢ t❤❡ ✜rst r♦✇ ✐♥ ✜❣✉r❡ ✹✳✾ ❛♥❞ s♦♠❡ s♠❛❧❧
❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♦♣❡♥✐♥❣✳
❚❤✐s✱ ❤♦✇❡✈❡r✱ ❝♦♥st✐t✉t❡ ♦♥❧② ❛ q✉❛❧✐t❛t✐✈❡ st✉❞② ❛t t❤✐s ♣♦✐♥t✳ ❋♦r t❤❡ t❤✐❝❦♥❡ss
♠❛♣s✱ ✐t ✐s ♦♥❧② ❣✐✈✐♥❣ s♦♠❡ ♠❡❛♥ t❤✐❝❦♥❡ss ❢♦r ❜♦t❤ ❝❧❛ss❡s ❜✉t ♥♦t t❤❡ ✐♥tr❛✲❝❧❛ss
❛♥❞ ✐♥t❡r✲❝❧❛ss ❝♦✈❛r✐❛♥❝❡s✳ ❆s ❢♦r t❤❡ s❤❛♣❡s ♦❢ t❤❡ ◆❋▲ s✉r❢❛❝❡s✱ s✐♥❝❡ ✇❡ ❤❛✈❡
t✇♦ t❡♠♣❧❛t❡s✱ t❤❡ s❡t ♦❢ ❞❡❢♦r♠❛t✐♦♥s✬ ♠♦♠❡♥t❛ ❛r❡ ❧②✐♥❣ ♦♥ t✇♦ ❞✐✛❡r❡♥t s✉r❢❛❝❡s
❛❝❝♦r❞✐♥❣❧② t♦ t❤❡ ❝❧❛ss✳ ❉♦✐♥❣ ❢✉rt❤❡r st❛t✐st✐❝s ✇♦✉❧❞ t❤❡♥ r❡q✉✐r❡ t♦ ❡st✐♠❛t❡
❧✐❦❡❧✐❤♦♦❞s ♦❢ ❞❡❢♦r♠❛t✐♦♥s ❛r♦✉♥❞ ❡❛❝❤ ❝❧❛ss✱ ❛s ✐♥tr♦❞✉❝❡❞ ❢♦r ❣r❡②✲❧❡✈❡❧ ✐♠❛❣❡s ✐♥

✶✹✽



❋✐❣✉r❡ ✹✳✽✿ ❚✇❡❧✈❡ ◆❋▲ s✉r❢❛❝❡s ✇✐t❤ t❤❡✐r t❤✐❝❦♥❡ss ❢r♦♠ t❤❡ ❞❛t❛❜❛s❡ ♣r♦✈✐❞❡❞
❜② ❇✐♦♠❡❞✐❝❛❧ ❖♣t✐❝s ❘❡s❡❛r❝❤ ●r♦✉♣✳ ❚❤❡ t✇♦ ✜rst r♦✇s ❛r❡ ♥♦r♠❛❧ s✉❜❥❡❝ts✱ t❤❡
t✇♦ ❧❛st ♦♥❡s ❛r❡ s✉❜❥❡❝ts ❛✛❡❝t❡❞ ❜② ●❧❛✉❝♦♠❛✳ ❚❤❡ ❝❤♦s❡♥ ✈✐❡✇ ✐s t❤❡ s❛♠❡ ❢♦r
❛❧❧ ✐♠❛❣❡s ❛s ✇❡❧❧ ❛s t❤❡ ❝♦❧♦r ♠❛♣ ✭❜❧✉❡ ❢♦r s♠❛❧❧ t❤✐❝❦♥❡ss✱ r❡❞ ❢♦r ❧❛r❣❡✮✳

✶✹✾



❚❡♠♣❧❛t❡ ❢♦r ♥♦r♠❛❧ s✉❜❥❡❝ts ❚❡♠♣❧❛t❡ ❢♦r ❣❧❛✉❝♦♠❛t♦✉s s✉❜❥❡❝ts

❋✐❣✉r❡ ✹✳✾✿ ❚✇♦ ✈✐❡✇s ♦❢ t❤❡ t❡♠♣❧❛t❡s ❢♦r ❜♦t❤ ❝❧❛ss❡s ♦❢ s✉❜❥❡❝ts ❡st✐♠❛t❡❞ ✇✐t❤
❛❧❣♦r✐t❤♠ ✷✳ ❚❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✇❛s✱ ✐♥ ❜♦t❤ ❝❛s❡✱ ❛ sq✉❛r❡ ✇✐t❤ ❛ ❝❡♥t❡r❡❞ ♦♣❡♥✐♥❣✱
✇✐t❤ ❛❧❧ ❢✉♥❝t✐♦♥❛❧ ✈❛❧✉❡s ❛t ③❡r♦✳

❋✐❣✉r❡ ✹✳✶✵✿ ❉❡❢♦r♠❛t✐♦♥ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s ♦❜t❛✐♥❡❞ ❜② ❛❧❣♦r✐t❤♠ ✸ ❢♦r t✇♦
s✉❜❥❡❝ts✳

✶✺✵



❬✻❪✳ ■♥st❡❛❞✱ t❤❡ ❛♣♣r♦❛❝❤ ✇❡ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ ❛❧❣♦r✐t❤♠ ✸ ✐s ♠❡❛♥t t♦ s✐♠♣❧✐❢②
t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ❛ ❧✐tt❧❡ ❜✐t✳ ■t ❡st✐♠❛t❡s ♦♥❧② ♦♥❡ s✐♥❣❧❡ t❡♠♣❧❛t❡
❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ ❛♥❞ ❢♦r ❡❛❝❤ s✉❜❥❡❝t✱ ❛ ♠♦♠❡♥t✉♠ pi0 ❢♦r t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡
t❡♠♣❧❛t❡ t♦ t❤❡ s✉❜❥❡❝t ❛♥❞ ❛ r❡s✐❞✉❛❧ t❤✐❝❦♥❡ss ζi s♦ t❤❛t✱ ♥♦✇✱ ❛❧❧ ♠♦♠❡♥t❛ ❛♥❞
r❡s✐❞✉❛❧s ❢♦r ❜♦t❤ ❝❧❛ss❡s ❛r❡ ❞❡✜♥❡❞ ♦♥ t❤✐s ❝♦♠♠♦♥ t❡♠♣❧❛t❡ s✉♣♣♦rt ❛♥❞ ❝❛♥ ❜❡
st✉❞✐❡❞ ❛❧❧ t♦❣❡t❤❡r✳ ❚❤✐s ❡♥❛❜❧❡s ❛ ❞❡❡♣❡r st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ✈❛r✐❛❜✐❧✐t② ❛♥❞
t❤❡ ❞❡s✐❣♥ ♦❢ ❝❧❛ss✐✜❝❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✇❤✐❝❤ ✇❡ ♣♦st♣♦♥❡ t❤❡ ❡①♣♦s✐t✐♦♥✱ t♦❣❡t❤❡r
✇✐t❤ r❡s✉❧ts ♦♥ t❤✐s ❞❛t❛s❡t✱ t♦ s❡❝t✐♦♥ ✹✳✸✳

✹✳✷✳✹ ❆ ✇❡❧❧✲♣♦s❡❞ ❝♦♥t✐♥✉♦✉s ❢r❛♠❡✇♦r❦ ❢♦r ❛t❧❛s ❡st✐♠❛t✐♦♥

❆s ✇❡ ❤❛✈❡ ♠❡♥t✐♦♥❡❞✱ t❤❡ t✇♦ ♣r❡✈✐♦✉s ♠♦❞❡❧s ♦❢ ❛t❧❛s ❡st✐♠❛t✐♦♥ t❤❛t ✇❡ ❞❡r✐✈❡❞
❛r❡ ❡ss❡♥t✐❛❧❧② ✈❛❧✐❞ ✐♥ t❤❡ ❞✐s❝r❡t❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ❛❧❧ ✈❛r✐❛❜❧❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❧✐✈❡
✐♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s✳ ❋r♦♠ t❤❡ ❛❧❣♦r✐t❤♠✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s ✐s ♦❢ ❝♦✉rs❡ ❛
♥❛t✉r❛❧ ❛ss✉♠♣t✐♦♥ ❛♥❞ ✇❡ ❤❛✈❡ ❛ss❡ss❡❞ ♦♥ s❡✈❡r❛❧ ❡①❛♠♣❧❡s t❤❛t t❤❡ ❛❧❣♦r✐t❤♠s
s❡❡♠ t♦ ♣r♦✈✐❞❡ ❡①♣❡❝t❡❞ ❛♥❞ st❛❜❧❡ r❡s✉❧ts✳ ❨❡t✱ t❤❡ q✉❡st✐♦♥ ♦❢ ❤❛✈✐♥❣ ❛♥ ✉♥❞❡r✲
❧②✐♥❣ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧ t❤❛t✱ ❛♠♦♥❣ ♦t❤❡r ♣r♦♣❡rt✐❡s✱ ❣✉❛r❛♥t❡❡s t❤❡♦r❡t✐❝❛❧❧② t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ❢♦r t❤❡ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ r❡♠❛✐♥s ❛ ✈❡r② ✐♠♣♦rt❛♥t
♣♦✐♥t ❢♦r ✐♥q✉✐r②✳ ■t ✐s q✉✐t❡ ❝❧❡❛r t❤❛t t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❡q✳✭✹✳✶✻✮ ❞♦❡s ♥♦t ♣r♦✈✐❞❡
❛ ✇❡❧❧✲♣♦s❡❞ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s s✐t✉❛t✐♦♥✱ ✜rst ❜❡❝❛✉s❡ ♦♥❡ ♥❡❡❞s t♦ ❣✐✈❡ ❛
♠❡❛♥✐♥❣ t♦ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦✈❡r t❤❡ ✬s❤❛♣❡✬ X ✐♥ t❤❛t ❝❛s❡✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡
✐♥t❡♥❞ t♦ ❛❞❞r❡ss t❤❡s❡ ✐ss✉❡s ❢r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣❡rs♣❡❝t✐✈❡ ✿ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ s✉❝❤ ❢r❛♠❡✇♦r❦s✱ ❛❧t❤♦✉❣❤ ♥♦t ✈❡r② ❢❛r ❢r♦♠ t❤❡ ♦♥❡s ♣r❡✈✐♦✉s❧②
♣r❡s❡♥t❡❞✱ ✇✐❧❧ ❜❡ ❧❡❢t ❢♦r ❢✉t✉r❡ ✇♦r❦✳

❍❡♥❝❡ t❤❡ ✜rst ♣♦✐♥t ✐s t♦ ❣✐✈❡ ❛ ♣r♦♣❡r s❡tt✐♥❣ ❢♦r t❤❡ s❡❛r❝❤ ♦❢ t❤❡ t❡♠♣❧❛t❡ s❤❛♣❡
X✱ s✐♥❝❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ s❤❛♣❡s ✭❢♦r ✐♥st❛♥❝❡ ♦❢ ❛❧❧ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts✮ ❧❛❝❦s
str✉❝t✉r❡ t♦ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦✈❡r t❤✐s ✇❤♦❧❡ s❡t ❛♥❞ ✐t ✐s ✈❡r② ✉♥❧✐❦❡❧② t❤❛t
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✉♠ ❢♦r ❛t❧❛s ❡st✐♠❛t✐♦♥ ❝♦✉❧❞ ❜❡ ♣r♦✈❡❞ ✐♥ t❤✐s ❧❛r❣❡ s♣❛❝❡✳
■♥st❡❛❞✱ ✇❡ ❝❛♥ ❢♦❧❧♦✇ t❤❡ ✐❞❡❛ ♦❢ ❤②♣❡rt❡♠♣❧❛t❡ ✐♥tr♦❞✉❝❡❞ ❢♦r ✐♠❛❣❡s ✐♥ ❬✺✼❪ ❛♥❞
❧❛t❡r ❛❞❛♣t❡❞ t♦ s✉r❢❛❝❡ t❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ✐♥ ❬✺✽❪✳ ❋✐①✐♥❣ ❛ ❤②♣❡rt❡♠♣❧❛t❡ s❤❛♣❡
X0✱ ✇❡ s❤❛❧❧ ❧♦♦❦ ❢♦r t❡♠♣❧❛t❡s t❤❛t ❛r❡ ❝♦♥str❛✐♥❡❞ t♦ ❧✐✈❡ ✐♥ t❤❡ ♦r❜✐t ♦❢ X0 ❢♦r ❛
❝❡rt❛✐♥ ❣r♦✉♣ ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s✳ ◆❛♠❡❧②✱ ❧❡t✬s ❝♦♥s✐❞❡r ❛ s♣❛❝❡ ♦❢ ❛❞♠✐ss✐❜❧❡ ✈❡❝t♦r
✜❡❧❞s V0 ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ❣r♦✉♣ ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s GV0 ✳ ▲❡t X0

.
= GV0 .X0 ❜❡ t❤❡

♦r❜✐t ♦❢ t❤❡ ❤②♣❡rt❡♠♣❧❛t❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ GV0 ✳ ❚❤❡♥ ✭❝❢ ✶✳✷✳✸✮ ✇❡ ❤❛✈❡ t❤❡
❘✐❡♠❛♥♥✐❛♥ ❞✐st❛♥❝❡ dX0 ♦♥ X0 ❞❡✜♥❡❞ ❜② ✿

dX0(X1, X2) = inf
v0∈L2

V0

{(∫ 1

0
‖v0t ‖2V0dt

) 1
2

/ φv
0

1 .X1 = X2

}
.

■♥ t❤❛t s❡tt✐♥❣✱ ✇❡ ❝❛♥ t❤✉s r❡♣❧❛❝❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦✈❡r X ❜② ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♦✈❡r
❛ ✈❡❝t♦r ✜❡❧❞ v0 ✐♥ L2

V0
t❤❛t ❞✐s♣❧❛❝❡s t❤❡ ✐♥✐t✐❛❧ ❤②♣❡rt❡♠♣❧❛t❡ ✐♥ t❤❡ ♦r❜✐t✳ ◆♦t❡

t❤❛t t❤❡ ❣r❛❞✐❡♥t r❡❣✉❧❛r✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ t❤❛t ✇❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠s
❜② ❝♦♥✈♦❧✈✐♥❣ ❣r❛❞✐❡♥ts t❤r♦✉❣❤ ❛ ❦❡r♥❡❧ ❛t ❡❛❝❤ ❣r❛❞✐❡♥t ❞❡s❝❡♥t st❡♣ ❝❛♥ ❜❡ s❡❡♥
❛s s♦♠❡ ❦✐♥❞ ♦❢ ❣r❡❡❞② ✇❛② t♦ ❛❧s♦ r❡str✐❝t t❤❡ ✉♣❞❛t❡s ♦❢ t❤❡ t❡♠♣❧❛t❡ ✐♥ t❤❡ ♦r❜✐t
♦❢ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ✭t❤✐s ✐s ❢♦r♠✉❧❛t❡❞ ❜② ♣r♦♣❡rt② ✹✳✷✳✶✮✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ ✐♥ ❛❞❞✐t✐♦♥
t❤❡ ♠❡tr✐❝ dX0 t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣❡♥❛❧✐③❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ t❡♠♣❧❛t❡ ❢r♦♠
✐ts ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ✿ s✉❝❤ ♣❡♥❛❧✐③❛t✐♦♥ s❤♦✉❧❞ ❤♦♣❡❢✉❧❧② ❣✉❛r❛♥t❡❡ ❛ ❝♦♠♣❛❝t♥❡ss
♣r♦♣❡rt② ❢♦r X ♥❡❡❞❡❞ ❢♦r ♣r♦✈✐♥❣ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ ❛t❧❛s ♣r♦❜❧❡♠✳

✶✺✶



❚❤✉s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧ ✿

J(X, f, (vi), (ζi)) =
γ0
2
dX0(X0, X)2 +

γf
2
‖f‖L2(X)

+
1

2

N∑

i=1

(∫ 1

0
‖vit‖2V + γζ‖ζi‖2L2(X) + γW ‖C(Xi,f i) − C(φvi (X),(f+ζi)◦(φvi )−1)‖2W ′

)

✭✹✳✶✽✮

❈♦♠♣❛r❡❞ t♦ t❤❡ ♦♥❡ ♦❢ ❡q✳✭✹✳✶✻✮✱ ✇❡ ❡ss❡♥t✐❛❧❧② ❛❞❞ ♣❡♥❛❧t② t❡r♠s ❢♦r t❤❡ t❡♠♣❧❛t❡
❞✐s♣❧❛❝❡♠❡♥t ❢r♦♠ ✐ts ✐♥✐t✐❛❧✐③❛t✐♦♥ ❛♥❞ ❢♦r t❤❡ ❜❛s❡❧✐♥❡ s✐❣♥❛❧ f ♦♥ X✳ ❚❤❡ ❛t❧❛s
❡st✐♠❛t✐♦♥ ❢♦r t❤❡ ❣r♦✉♣ ♦❢ ❢s❤❛♣❡s (Xi, f i) ✇r✐t❡s ✿

inf{J(X, f, (vi), (ζi)) | X ∈ X0, f ∈ L2(X), (vi) ∈ (L2
V )

N , (ζi) ∈ (L2(X))N}
✭✹✳✶✾✮

◆♦t❡ t❤❛t✱ ❤❡r❡✱ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦✈❡r X ∈ X0 ♠❛❦❡s s❡♥s❡ ❜❡❝❛✉s❡ ✐t ✐s ❡q✉✐✈❛❧❡♥t
t♦ ♠✐♥✐♠✐③✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ❛ t✐♠❡✲✈❛r②✐♥❣ ✈❡❝t♦r ✜❡❧❞ v0 ∈ L2

V0
❜② s❡tt✐♥❣ X =

φv
0
(X0)✳ Pr♦✈✐♥❣ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r t♦ ❡q✳✭✹✳✶✾✮ ✐s ❤♦✇❡✈❡r ♥♦t ✐♠♠❡❞✐❛t❡✱

t❤❡ ❡ss❡♥t✐❛❧ r❡❛s♦♥ ❜❡✐♥❣ t❤❛t ✇❡ ❤❛✈❡ ♥♦ ✇❡❛❦ s❡♠✐✲❝♦♥t✐♥✉✐t② ✐♥ L2(X) ♦❢ t❤❡
❛♣♣❧✐❝❛t✐♦♥ f 7→ ‖C(Xi,f i) − C(φvi (X),(f+ζi)◦(φvi )−1)‖2W ′ ✳ ❨❡t t❤❡ r❡s✉❧t ✇❡ ❤❛✈❡ ✐s
s✉♠♠❡❞ ✉♣ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✿

❚❤❡♦r❡♠ ✹✳✷✳✶✳ ❆ss✉♠❡ t❤❛t W ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ C2
0 (E × R,ΛdE∗)✱

t❤❛t X0 ❛♥❞ (Xi)1≤i≤N ❛r❡ ✜♥✐t❡ ✈♦❧✉♠❡ ❜♦✉♥❞❡❞ ♦r✐❡♥t❡❞ d✲❞✐♠❡♥s✐♦♥❛❧ r❡❝t✐✜❛❜❧❡
s✉❜s❡ts ❛♥❞ t❤❛t f i ∈ L2(Xi) ❢♦r 1 ≤ i ≤ N ✳ ❆ss✉♠❡ t❤❛t γf/γW ❛♥❞ γζ/γW ❛r❡
❧❛r❣❡ ❡♥♦✉❣❤ ✇✐t❤ γf , γW , γζ ≥ 0 ❛♥❞ γ0 > 0✳ ❚❤❡♥

J(X, f, (ζi), (vi))
.
=
γ0
2
dX0(X0, X)2 +

γf
2

∫

X
|f(x)|2dHd(x)

+
1

2

N∑

i=1

(
‖vi‖2L2([0,1],V ) + γζ

∫

X
|ζi(x)|2dHd(x) + γW ‖CXi,f i − Cφvi (X),f+ζi

‖2W ′

)

✭✹✳✷✵✮

❛❝❤✐❡✈❡s ✐ts ♠✐♥✐♠✉♠ ♦♥ {(X, f, ζi, (vi)) | X ∈ X0, f ∈ L2(X), ζ = (ζi) ∈
L2(X)N , (vi) ∈ L2([0, 1], V )N} ❛♥❞ ❛♥② ♠✐♥✐♠✐③❡r (X∗, f∗, (ζ

i
∗), (v

i
∗)) ✐s s✉❝❤ t❤❛t

f∗ ❛♥❞ ζi∗ ❢♦r 1 ≤ i ≤ N ❛r❡ ✐♥ L∞(X∗)✳ ▼♦r❡♦✈❡r✱ ✐❢ X0 ✐s ❛❧s♦ ❛ Cp s✉❜♠❛♥✐✲
❢♦❧❞ ❛♥❞ W →֒ Cm0 (E × R,ΛdE∗) ✇✐t❤ m ≥ max{p, 2}✱ t❤❡♥ f∗ ❛♥❞ t❤❡ ζi∗✬s ❛r❡ ✐♥
Cp−1(X∗)✳

❚❤❡ ❢✉❧❧ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✹✳✷✳✶ ✐s q✉✐t❡ t❡❝❤♥✐❝❛❧ ❛♥❞ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳ ❚❤❡
♠♦st s✉❜t❧❡ ♣❛rt ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❢s❤❛♣❡ t❡♠♣❧❛t❡ (X, f) ✿ t❤❡ ♣r♦♦❢ ✇❡ ❞❡r✐✈❡
❢♦❧❧♦✇s ❜❛s✐❝❛❧❧② t❤❡ s♦✲❝❛❧❧❡❞ ❞✐r❡❝t ♠❡t❤♦❞ ♦❢ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r② ✇❤❡r❡ ✇❡
✜rst s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ✐♥ ❛ ♣r♦♣❡r s♣❛❝❡ ♦❢ ❝✉rr❡♥ts ♦r ♠❡❛s✉r❡s ❛♥❞
t❤❡♥ s❤♦✇ t❤❛t t❤✐s s♦❧✉t✐♦♥ ❞♦❡s ✐♥❞❡❡❞ r❡s✉❧t ❢r♦♠ ❛ tr✉❡ ❢s❤❛♣❡✳ ❲❡ ❡♠♣❤❛s✐③❡
t❤❛t t❤❡ ❡①✐st❡♥❝❡ ❤♦❧❞s ❢♦r t❤❡ q✉✐t❡ ✇❡❛❦ ❛ss✉♠♣t✐♦♥ ♦❢ L2 r❡❣✉❧❛r✐t② ♦♥ t❤❡ s✐❣♥❛❧s
❜✉t ❛t t❤❡ ♣r✐❝❡ ♦❢ s✉✣❝✐❡♥t ♣❡♥❛❧t✐❡s ♦♥ t❤❡ L2 ♥♦r♠s✳ ■t✬s ❛❧s♦ ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❡
r❡❣✉❧❛r✐③✐♥❣ ❡✛❡❝t ♦❢ ❢❝✉rr❡♥ts✬ ♥♦r♠s ♦♥ t❤❡ s✐❣♥❛❧ ❢✉♥❝t✐♦♥s f∗ ❛♥❞ ζi∗ s✐♥❝❡ t❤❡
s♦❧✉t✐♦♥s ❛♣♣❡❛r t♦ ❜❡ ♠♦r❡ r❡❣✉❧❛r ❛s ✇❡ ✐♥❝r❡❛s❡ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❢❝✉rr❡♥ts✬
❦❡r♥❡❧✳

✶✺✷



✹✳✸ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ♠♦♠❡♥t❛ ❛♥❞ r❡s✐❞✉❛❧s

❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ❛t❧❛s❡s ❡st✐♠❛t❡❞ ❜② ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠s✱ t❤❡ ❢✉rt❤❡r st❡♣ ✐s t♦ ❣♦
❜❡②♦♥❞ t❤❡ s✐♠♣❧❡ q✉❛❧✐t❛t✐✈❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ ♠❡❛♥s ❜② ✜rst ❛♥❛❧②③✐♥❣ t❤❡ ✐♥tr❛ ❛♥❞
✐♥t❡r✲❣r♦✉♣ ✈❛r✐❛❜✐❧✐t② ❛♥❞ ♣r♦✈✐❞❡ ❛ q✉❛♥t✐t❛t✐✈❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❝r✐t❡r✐♦♥✳ ■♥ t❤❡ ❝❛s❡
♦❢ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧ ❛t❧❛s❡s ❣✐✈❡♥ ❜② ❛❧❣♦r✐t❤♠ ✸✱ t❤✐s ❝❛♥ ❜❛s❡❞ ♦♥ t❤❡ st✉❞②
♦❢ ❞❡❢♦r♠❛t✐♦♥s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ ♠♦♠❡♥t❛ pi0 ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ ❢✉♥❝t✐♦♥❛❧
r❡s✐❞✉❛❧s ζi✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❝❡♥tr❛❧ ✐ss✉❡ ✐s ❞✐♠❡♥s✐♦♥❛❧✐t② r❡❞✉❝t✐♦♥ ✐♥ t❤❡ s♣❛❝❡ ♦❢
t❤❡ s✉❜❥❡❝ts✳ ◆❛♠❡❧②✱ ♦♥❡ ✇❛♥ts t♦ ❧❡❛r♥ ❛ ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ t❤❛t ❝❛♥ ❜❡st
❞❡s❝r✐❜❡ t❤❡ ♣r✐♥❝✐♣❛❧ ♠♦❞❡s ♦❢ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❞❛t❛s❡t ❛♥❞ s❡♣❛r❛t❡ t❤❡ ❞✐✛❡r❡♥t
❝❧❛ss❡s✳ ❋r♦♠ ❛ ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❞❡❢♦r♠❛t✐♦♥s
❜② ♠♦♠❡♥t❛ ✐♥ ▲❉❉▼▼ ❣✐✈❡s ❛ t❛♥❣❡♥t s♣❛❝❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s✱
✇❤✐❝❤ ✇❛s ✜rst ❝♦✉♣❧❡❞ t♦ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ✐♥ ❬✼✾❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐♠❛❣❡s ❛♥❞ ❧❛t❡r
♦♥ ❛♣♣❧✐❡❞ t♦ ❝✉r✈❡s ❛♥❞ s✉r❢❛❝❡s ❞❛t❛s❡ts ❛s ✇❡❧❧ ❬✸✵✱ ✸✻❪✳ ❚❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ✐♥ ❛❧❧
❝❛s❡s ✐s t♦ ♣❡r❢♦r♠ Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t ❆♥❛❧②s✐s ✭P❈❆✮ ❛♥❞ ❝♦♥str✉❝t ❝❧❛ss✐✜❡rs
❜❛s❡❞ ♦♥ t❤❡ ❞✐r❡❝t✐♦♥s ♣r♦✈✐❞❡❞ ❜② t❤❡ P❈❆✳

❋♦❧❧♦✇✐♥❣ s✐♠✐❧❛r ✐❞❡❛s✱ ✇❡ ✇✐❧❧ ✜rst r❡❝❛❧❧ s♦♠❡ ❝❧❛ss✐❝❛❧ ❢❡❛t✉r❡s ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t②
r❡❞✉❝t✐♦♥ ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ✐♥ ❛ ❣❡♥❡r✐❝ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡ ❛♥❞ ❡✈❛❧✉❛t❡
t❤❡ ❛❧t❡r♥❛t✐✈❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❧✐♥❡❛r ❞✐s❝r✐♠✐♥❛♥t ❛♥❛❧②s✐s ✭▲❉❆✮✳ ❲❡ s❤❛❧❧ t❤❡♥ ❢♦❝✉s
♦♥ t❤❡ s♣❡❝✐✜❝ ❝❛s❡s ♦❢ ♠♦♠❡♥t❛ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s ❛♥❞ s❤♦✇ ❛ ❢❡✇ r❡s✉❧ts ♦❢
❝❧❛ss✐✜❝❛t✐♦♥ ❜❛s❡❞ ♦♥ s✉❝❤ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ♣r❡✈✐♦✉s ❖❈❚ ❞❛t❛s❡t✳

✹✳✸✳✶ ❉✐♠❡♥s✐♦♥❛❧✐t② r❡❞✉❝t✐♦♥

❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t② r❡❞✉❝t✐♦♥ ✐s ❛♥ ❡①tr❡♠❡❧② ✇✐❞❡ t♦♣✐❝ ✐♥ st❛t✐st✐❝❛❧
❧❡❛r♥✐♥❣ ❛♥❞ ✐t ✐s ❝❧❡❛r❧② ♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢ t❤✐s t❤❡s✐s t♦ ♣r❡t❡♥❞ t♦ ❜❡ ❡①❤❛✉st✐✈❡
✐♥ ❛♥② ✇❛②✳ ❖✉r ♠♦r❡ ❤✉♠❜❧❡ ♣✉r♣♦s❡ ✐s t♦ r❡✈✐❡✇ ❜r✐❡✢② t❤❡ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞s
t❤❛t ✇❡ ❛❝t✉❛❧❧② ❡①♣❡r✐♠❡♥t❡❞ ✇✐t❤ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ✜rst
❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r✐❝ ❢r❛♠❡✇♦r❦ ♦❢ ❞❛t❛ r❡❞✉❝t✐♦♥ ❛♥❞ ♣❧❛❝❡ ♦✉rs❡❧✈❡s ✐♥ t❤❡ ❝❛s❡ ♦❢
❞❛t❛ ❧②✐♥❣ ✐♥ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❡✉❝❧✐❞❡❛♥ s♣❛❝❡ R

p✳ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✬s✉❜❥❡❝ts✬
✐♥ t❤❛t s❡tt✐♥❣ ✐s t❤✉s ❛ s❡t ♦❢ ♣♦✐♥ts ✐♥ R

p t❤❛t ✇❡ ✇✐❧❧ ❞❡♥♦t❡ (xi)i=1,..,N ❛♥❞

x = 1
N

∑N
i=1 xi t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❞❛t❛s❡t✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❞❡♥♦t❡ X t❤❡ ❝❡♥t❡r❡❞ ❞❛t❛

♠❛tr✐① X = (xi − x) ∈ R
p×N ✳ ❯♣ t♦ t❤✐s ❣❧♦❜❛❧ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛✱ ✇❡ s❤❛❧❧

❛ss✉♠❡ ❢r♦♠ ♥♦✇ ♦♥ t❤❛t t❤❡ ❞❛t❛s❡t ✐s ❝❡♥t❡r❡❞✳

Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t ❆♥❛❧②s✐s

❚❤❡ ♠♦st ❝♦♠♠♦♥ ❛♥❞ s✐♠♣❧❡ t❡❝❤♥✐q✉❡ ❢♦r ❛♥❛❧②③✐♥❣ s✉❝❤ ♠✉❧t✐✈❛r✐❛t❡ ❧✐♥❡❛r ❞❛t❛
✐s t❤❡ P❈❆ ❛♥❞ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s✳ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡
♠❡t❤♦❞ ✐s t♦ ✜♥❞ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ ❛ ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦♥ ✇❤✐❝❤
t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ♣♦✐♥ts ❤❛s ❛ ♠❛①✐♠✉♠ ✈❛r✐❛♥❝❡✳ ❚❤❡ P❈❆ t❤✉s ❝♦♥s✐sts
✐♥ ❝♦♠♣✉t✐♥❣ ✐t❡r❛t✐✈❡❧② t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts w1, .., wk, .. ∈ R

p✳ ❚❤❡ ✜rst ♦♥❡ ✐s
♦❜t❛✐♥❡❞ ❛s t❤❡ ✉♥✐t ✈❡❝t♦r ♠❛①✐♠✐③✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥s xTi w1 ✐✳❡

w1 = arg max
‖w‖=1

‖XTw‖2 = arg max
‖w‖=1

wT (XXT )w

❚❤❡ kth ❝♦♠♣♦♥❡♥t ✐s ❣✐✈❡♥ ❜② s♦❧✈✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♣r♦❜❧❡♠ ♦♥ t❤❡ ♥❡✇ ❞❛t❛ ♠❛tr✐①
X −∑k−1

s=1 wsw
T
s X ♦❜t❛✐♥❡❞ ❜② ❥✉st r❡♠♦✈✐♥❣ t♦ ❡❛❝❤ ❞❛t❛ ♣♦✐♥t ✐ts ♣r♦❥❡❝t✐♦♥ ♦♥

t❤❡ s✉❜s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ (k − 1) ♣r❡✈✐♦✉s ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts✳ ❲❡ ✇✐❧❧ ❛❧s♦
❝❛❧❧ t❤❡s❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ♣r✐♥❝✐♣❛❧ ♠♦❞❡s ♦❢ ✈❛r✐❛t✐♦♥ s✐♥❝❡ t❤❡② ❡♥❝♦❞❡ t❤❡

✶✺✸



❞✐r❡❝t✐♦♥s ♦❢ ♠❛✐♥ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ❞❛t❛s❡t✳ ❖♥❡ ♦❢ t❤❡ ❣r❡❛t ❛❞✈❛♥t❛❣❡ ♦❢ P❈❆ ✐s
t❤❛t ✐t ❝❛♥ ❜❡ ❛❧s♦ ❝♦♠♣✉t❡❞ ❞✐r❡❝t❧② ❛s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① XXT ✐♥ t❤❡ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ✭❬✹✼❪✮✳ ❚❤✉s t❤❡ ♠❛tr✐① W
♦❢ ❛❧❧ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡
s②♠♠❡tr✐❝ ♠❛tr✐① XXT ✱ ✇❤✐❝❤ ✇r✐t❡s ✿

XXT =W TΛW

✇❤❡r❡ Λ ✐s t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢ t❤❡ ✭♣♦s✐t✐✈❡✮ ❡✐❣❡♥✈❛❧✉❡s✳ ❖❜s❡r✈❡✱ s✐♥❝❡ t❤❡ r❛♥❦
♦❢XXT ✐s ❧❡ss t❤❛♥min(N, p)✱ t❤❛t t❤❡r❡ ❛r❡ ❛t ♠♦stmin(N, p) ♥♦♥✲③❡r♦ ❡✐❣❡♥✈❛❧✉❡s✳
❍♦✇❡✈❡r✱ t❤❡ ❣❡♥❡r❛❧ ♣❛r❛❞✐❣♠ ✐s t❤❛t t❤❡ ❞❛t❛ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✇✐t❤ ♠✉❝❤ ❧❡ss
❝♦♠♣♦♥❡♥ts ❛♥❞ t❤❛t ♦♥❧② ❛ ❢❡✇ ♦♥❡s s❤♦✉❧❞ ❜❡ ❛❜❧❡ t♦ ❝❛♣t✉r❡ t❤❡ ❡ss❡♥t✐❛❧ ♣❛rt ♦❢
t❤❡ st❛t✐st✐❝❛❧ ✈❛r✐❛❜✐❧✐t②✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❞❡❣❡♥❡r❛t❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧ t❤❡ ❞❛t❛ ❧✐❡
✐♥ ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦❢ Rp✱ t❤❡ ✜rst ❡✐❣❡♥✈❡❝t♦rs ✇✐❧❧ ♣r❡❝✐s❡❧② ❜❡ ✈❡❝t♦rs
♦❢ t❤❛t s✉❜s♣❛❝❡✳ ❚❤❡ ✐♥t❡r❡st ♦❢ P❈❆ ✐s t✇♦❢♦❧❞ ✿ ✐t ✐s ✜rst ❛ ✇❛② t♦ ❡①tr❛❝t t❤❡
❞✐r❡❝t✐♦♥s ♦❢ ♠❛✐♥ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❞❛t❛s❡t ✐♥ t❤❡ ♦r✐❣✐♥❛❧ s♣❛❝❡ ❜✉t ✐t ♣r♦✈✐❞❡s ✐♥
❛❞❞✐t✐♦♥ ❛ ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦♥ ✇❤✐❝❤ t♦ ♣r♦❥❡❝t ❛♥❞ ✈✐s✉❛❧✐③❡ t❤❡ ❞❛t❛✳
◆♦✇✱ ✐♥ s✐t✉❛t✐♦♥s ✇❤❡♥ ♦♥❡ ❤❛s ❛ ❧❡❛r♥✐♥❣ s❡t ♦❢ ❞❛t❛ ❝♦♥s✐st✐♥❣ ✐♥ s❡✈❡r❛❧ s✉❜❥❡❝ts
❜❡❧♦♥❣✐♥❣ t♦ ❞✐✛❡r❡♥t ❦♥♦✇♥ ❣r♦✉♣s ♦r ❝❧❛ss❡s✱ t❤✐s r❡❞✉❝❡❞ s✉❜s♣❛❝❡ ❝❛♥ ❜❡ t❤❡♥
✉s❡❞ t②♣✐❝❛❧❧② t♦ ❧❡❛r♥ ❛ ❝❧❛ss✐✜❡r ❢r♦♠ t❤❡ ❞❛t❛✱ ❢♦r ✐♥st❛♥❝❡ ✉s✐♥❣ ✈❛r✐♦✉s ❝❧✉st❡r✐♥❣
♠❡t❤♦❞s ✐♥ t❤❡ P❈❆ s✉❜s♣❛❝❡s✳

❘❡♠❛r❦ ✹✳✸✳✶✳ ❆♥ ✐♠♣♦rt❛♥t t❤✐♥❣ t♦ ♥♦t❡ ❛❧s♦ ✐s t❤❛t P❈❆ ✐s ❜❛s❡❞ ❡①❝❧✉s✐✈❡❧②
♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡ ✇✐t❤✐♥ t❤❡ ❞❛t❛s❡t✳ ❚❤❡ ❝♦♠♣♦♥❡♥t ✈❡❝t♦rs ♥❡❝❡ss❛r✐❧②
❜❡❧♦♥❣ t♦ t❤❡ ✈❡❝t♦r s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ❞❛t❛ ♣♦✐♥ts✳ ■♥ t❤✐s r❡s♣❡❝t✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t
t♦ ♣❡r❢♦r♠ P❈❆ ❜② ✇♦r❦✐♥❣ ♦♥ t❤❡ ❧✐♥❡❛r s✉❜s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❞❛t❛ ❛♥❞ r❡♣❧❛❝❡
t❤❡ ❞❛t❛ ♠❛tr✐① ❜② G

1
2 ✇❤❡r❡ G = XTX ∈ R

N×N ✐s t❤❡ ●r❛♠ ♠❛tr✐① ♦❢ t❤❡ ❞❛t❛✳
■♥ t❤❛t ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ✈❡❝t♦rs ♣r♦✈✐❞❡❞ ❜② P❈❆ ❛r❡ t♦ ❜❡ t❤♦✉❣❤t ❛s ✇❡✐❣❤ts ♦❢
❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛s❡t✳ ▼♦r❡♦✈❡r✱ ✇❡ s❡❡ t❤❛t ♦t❤❡r ♠❡tr✐❝s ❝♦✉❧❞ ❜❡
✉s❡❞ ✐♥st❡❛❞ ♦❢ t❤❡ ❡✉❝❧✐❞❡❛♥ ♦♥❡ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ●r❛♠ ♠❛tr✐①✱ ✇❤✐❝❤ ✐s
❢♦r ✐♥st❛♥❝❡ t❤❡ ❜❛s✐s ♦❢ ❦❡r♥❡❧ P❈❆ ♠❡t❤♦❞s✳

▲✐♥❡❛r ❉✐s❝r✐♠✐♥❛♥t ❆♥❛❧②s✐s

◆❡✈❡rt❤❡❧❡ss✱ ✐t✬s ✐♠♣♦rt❛♥t t♦ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ✈❡❝t♦rs ❣✐✈❡♥ ❜② t❤❡ P❈❆ ❛r❡ ♦♥❧②
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❣❧♦❜❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✇❤♦❧❡ ❞❛t❛s❡t✳ ■♥ t❤❡ s✐t✉❛t✐♦♥s t❤❛t ✇❡
❛r❡ ✐♥t❡r❡st❡❞ ✐♥✱ ♦✉r ❧❡❛r♥✐♥❣ s❡ts ❝♦♥s✐st ❣❡♥❡r❛❧❧② ♦❢ s✉❜❥❡❝ts ❜❡❧♦♥❣✐♥❣ t♦ ❦♥♦✇♥
❝❧❛ss❡s ✭❝♦♥tr♦❧s ❛♥❞ ❣❧❛✉❝♦♠❛t♦✉s ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ r❡t✐♥❛ ❞❛t❛❜❛s❡✮✳ ❙✐♥❝❡
P❈❆ ✐s ♥♦t s✉♣❡r✈✐s❡❞ ❜② t❤❡ ❝❧❛ss❡s✱ ✐t ❞♦❡s ❝♦♥s✐❞❡r t❤❡ ✐♥t❡r✲❝❧❛ss ✈❛r✐❛♥❝❡ ❛♥❞
❢♦r t❤❛t r❡❛s♦♥✱ t❤❡ r❡s✉❧t✐♥❣ s✉❜s♣❛❝❡s ♠✐❣❤t ❜❡ ✈❡r② ♣♦♦r❧② r❡❧❡✈❛♥t t♦ ❞✐s❝r✐♠✐♥❛t❡
❜❡t✇❡❡♥ ❣r♦✉♣s✳ ❚❤✐s ✐s ✇❤❛t ✇❡ ✐♥t❡♥❞ t♦ s❤♦✇ ♦♥ ✜❣✉r❡ ✹✳✶✶ ✿ ♥♦♥❡ ♦❢ t❤❡ t✇♦
✜rst P❈❆ ❛①✐s ✐s ❛❜❧❡ t♦ s❡♣❛r❛t❡ ❝❧❛ss❡s ❜❡❝❛✉s❡ t❤❡ ✐♥t❡r✲❝❧❛ss ✈❛r✐❛t✐♦♥ ✐s ❜❛s✐❝❛❧❧②
♦✈❡r✇❤❡❧♠❡❞ ❜② t❤❡ ❣r❡❛t❡r ✐♥♥❡r ✈❛r✐❛♥❝❡ ♦❢ t❤❡ t✇♦ ❝❧❛ss ❝❧✉st❡rs✳
▲✐♥❡❛r ❉✐s❝r✐♠✐♥❛♥t ❆♥❛❧②s✐s ✭♦r ▲❉❆✮✱ ✇❤✐❝❤ ✐s ❛❧s♦ ✈❡r② ❝❧♦s❡ t♦ ❋✐s❝❤❡r✬s ❞✐s❝r✐♠✲
✐♥❛♥t ❛♥❛❧②s✐s✱ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ st❛t✐st✐❝❛❧ ❧❡❛r♥✐♥❣ ♣r❡❝✐s❡❧② t♦ ♦✈❡r❝♦♠❡ t❤✐s ❦✐♥❞
♦❢ ✐ss✉❡s✳ ❚❤❡s❡ ♠❡t❤♦❞s ❛r❡ ✇❡❧❧✲❞❡t❛✐❧❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✹✼✱ ✹✽❪✳ ❲❡ ❥✉st ❜r✐❡✢②
r❡♠✐♥❞ ✐ts ❡ss❡♥t✐❛❧ ❧✐♥❡s✳
▲❡t✬s ❢♦❝✉s ✜rst ♦♥ t❤❡ ❝❛s❡ ♦❢ t✇♦ ❝❧❛ss❡s✳ ❲❡ ❝♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ s❡t ♦❢ ♣♦✐♥ts
(xi) ∈ R

p×N ✇✐t❤ ❣❧♦❜❛❧ ❝❡♥t❡r x ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡s❡ ♣♦✐♥ts ❜❡❧♦♥❣ t♦ t✇♦
❝❧❛ss❡s 0 ❛♥❞ 1 ❣✐✈❡♥ ❜② t❤❡ s❡ts C0 ⊂ {1, ..., N} ❛♥❞ C1 = {1, ..., N}\C0 ♦❢ r❡s♣❡❝t✐✈❡
s✐③❡s N0 ❛♥❞ N1 = N − N0✳ ❲❡ ❛❧s♦ ❝❛❧❧ x0 ❛♥❞ x1 t❤❡ ❝❡♥t❡rs ♦❢ ❡❛❝❤ ❝❧❛ss✳ ❚❤❡

✶✺✹



❋✐❣✉r❡ ✹✳✶✶✿ ❆ s✐♠✉❧❛t❡❞ ❡①❛♠♣❧❡ ♦❢ P❈❆ ♦♥ ❛ s❡t ♦❢ ♣♦✐♥ts ✐♥ R
3✳ ❖♥ t❤❡ ❧❡❢t ✜❣✉r❡✱

t❤❡ ♣♦✐♥ts ❞r❛✇♥ ✉s✐♥❣ t✇♦ ❡❧♦♥❣❛t❡❞ ❛♥❞ tr❛♥s❧❛t❡❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❝♦❧♦rs
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦ ❞✐✛❡r❡♥t ❝❧❛ss❡s✳ ■♥ r❡❞✱ ✇❡ s❤♦✇ t❤❡ t✇♦ ✜rst ♣r✐♥❝✐♣❛❧
❞✐r❡❝t✐♦♥s ❢♦✉♥❞ ❜② P❈❆✳ ❖♥ t❤❡ r✐❣❤t ✜❣✉r❡ ❛r❡ r❡♣r❡s❡♥t❡❞ t❤❡ ♣♦✐♥ts ♣r♦❥❡❝t❡❞ ✐♥
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜s♣❛❝❡✳

❣♦❛❧ ♦❢ ▲❉❆ ✐s t♦ ✜♥❞ ♦♥❡ ❞✐s❝r✐♠✐♥❛♥t ❛①✐s ❜❡t✇❡❡♥ XC0 ❛♥❞ XC1 ✳ ■t ✐♥tr♦❞✉❝❡s
t✇♦ ♠❛tr✐❝❡s ♦❢ Rp×p✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ✇✐t❤✐♥✲❝❧❛ss s❝❛tt❡r ♠❛tr✐① ❛♥❞ ✐s ❞❡✜♥❡❞
❜② ✿

Sw =
∑

i∈C0

(xi − x0)(xi − x0)T +
∑

i∈C1

(xi − x1)(xi − x1)T .

❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ❜❡t✇❡❡♥✲❝❧❛ss s❝❛tt❡r ♠❛tr✐① ✿

Sb = N0(x0 − x)(x0 − x)T +N1(x1 − x)(x1 − x)T .

❘❡♠❛r❦ ✹✳✸✳✷✳ ❙✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥s s❤♦✇ t❤❛t Sb ∝ (x1−x0)(x1−x0)T ❛♥❞ t❤✉s Sb
✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♠❛tr✐① ♦♥ t❤❡ ❧✐♥❡ s♣❛♥♥❡❞ ❜② (x1 − x0)✳

■♥ ♦r❞❡r t♦ s❡♣❛r❛t❡ t❤❡ t✇♦ ❝❧❛ss❡s ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡✱ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ▲❉❆ ✐s t♦
✜♥❞ ❛ ❞✐r❡❝t✐♦♥ v t❤❛t ♠❛①✐♠✐③❡s t❤❡ ❜❡t✇❡❡♥✲❝❧❛ss ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥s ♦♥
❙♣❛♥(v) ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣ t❤❡ ✇✐t❤✐♥✲❝❧❛ss ✈❛r✐❛♥❝❡✳ ❚❤✉s✱ ✐t ✐♥t❡♥❞s t♦ s♦❧✈❡ ✿

v = arg max
‖u‖=1

uTSbu

uTSwu
. ✭✹✳✷✶✮

❲❡ s❡❡ t❤❛t t❤✐s ♣r♦❜❧❡♠ ♠❛❦❡s s❡♥s❡ ♦♥❧② ✐❢ Sw ✐s ❛ ♥♦♥✲s✐♥❣✉❧❛r ♠❛tr✐①✳ ❋r♦♠ t❤❡
✈❡r② ❞❡✜♥✐t✐♦♥ ♦❢ Sw✱ t❤✐s ✐s ❝❧❡❛r❧② ♥♦t t❤❡ ❝❛s❡ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts ✐s s♠❛❧❧❡r
t❤❛♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ s♣❛❝❡✱ ✐✳❡ ✐❢ N < p✳ ❲❡ s❤❛❧❧ ❜❡ ❞❡❛❧✐♥❣
✇✐t❤ t❤❛t ❝❛s❡ ✐♥ ❛ ❢♦❧❧♦✇✐♥❣ ♣❛r❛❣r❛♣❤✳ ■❢ p ≪ N ✱ ✉♥❧❡ss t❤❡ ❞❛t❛ str✐❝t❧② ❧✐❡ ✐♥ ❛
❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ♦❢ RN ✱ Sw ✐s ❣❡♥❡r❛❧❧② ♥♦♥✲s✐♥❣✉❧❛r ❛♥❞✱ ❝❢ ❬✶✷❪✱ v ✐s t❤❡
❡✐❣❡♥✈❡❝t♦r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ λ ♦❢ SbS

−1
w ✱ t❤❛t ✐s ✿

Sbv = λSwv

✇❤✐❝❤ ❛♠♦✉♥ts ✐♥ s♦❧✈✐♥❣ ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❜❡t✇❡❡♥ Sb ❛♥❞ Sw✳ ❙✐♥❝❡
Sb ✐s ❛ r❛♥❦ ♦♥❡ ♠❛tr✐①✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♥♦♥✲③❡r♦ ❡✐❣❡♥✈❛❧✉❡✳ ■♥ t❤✐s s✐♠♣❧❡ ❝❛s❡✱
♦♥❡ ❝❛♥ ❛❝t✉❛❧❧② ❡①♣r❡ss t❤❡ tr✉❡ s♦❧✉t✐♦♥ ✿

✶✺✺



❋✐❣✉r❡ ✹✳✶✷✿ ❚❤❡ ▲❉❆ ❞✐r❡❝t✐♦♥ ♦❜t❛✐♥❡❞ ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ✜❣✉r❡ ✹✳✶✶ ❛♥❞ t❤❡
♣r♦❥❡❝t✐♦♥ ♦❢ ♣♦✐♥ts ♦♥ t❤✐s s✉❜s♣❛❝❡✳

Pr♦♣❡rt② ✹✳✸✳✶✳ ❚❤❡ ▲❉❆ ✈❡❝t♦r v s♦❧✈✐♥❣ ✭✹✳✷✶✮ ✐s ❣✐✈❡♥ ❡①♣❧✐❝✐t❧② ❜② ✿

v = ± S−1
w (x1 − x0)

‖S−1
w (x1 − x0)‖

Pr♦♦❢✳ ❙✐♥❝❡ Swv = 1
λSbv ❛♥❞ Sbv ∝ (x1−x0) t❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✱ ✇❡ s❡❡

t❤❛t Swv ❜❡❧♦♥❣s t♦ t❤❡ ❧✐♥❡ s♣❛♥♥❡❞ ❜② t❤❡ ✈❡❝t♦r (x1 − x0) ❛♥❞ t❤✉s v ✐s ❝♦❧❧✐♥❡❛r
t♦ S−1

w (x1 − x0)✳

■♥ ✜❣✉r❡ ✹✳✶✷✱ ✇❡ s❤♦✇ t❤❡ r❡s✉❧t ♦❢ ▲❉❆ ♦♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ t✇♦ tr❛♥s❧❛t❡❞ ●❛✉s✲
s✐❛♥ ❞✐str✐❜✉t✐♦♥s ♦❢ ✜❣✉r❡ ✹✳✶✶✳ ❆s ✇❡ ❡①♣❡❝t❡❞✱ ❝♦♠♣❛r❡❞ t♦ P❈❆✱ t❤❡ ♣r♦❥❡❝t✐♦♥s
♦❢ t❤❡ ❞❛t❛ ♣♦✐♥ts ♦♥ t❤❡ ▲❉❆ ❛①✐s ❛r❡ ❢❛r ❜❡tt❡r s❡♣❛r❛t❡❞✳
❊✈❡♥ t❤♦✉❣❤ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✇❡ s❤♦✇ ✐♥ t❤✐s t❤❡s✐s ❛r❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ ❝❛s❡ ♦❢
t✇♦ ❝❧❛ss❡s✱ ❧❡t✬s ♠❡♥t✐♦♥ t❤❛t ▲❉❆ ❣❡♥❡r❛❧✐③❡s t♦ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ❝❧❛ss❡s
(Cj)j=1,..,k ✐♥ ❛ q✉✐t❡ ♥❛t✉r❛❧ ✇❛②✳ ❲✐t❤ ❛♥❛❧♦❣♦✉s ❝♦♥✈❡♥t✐♦♥s✱ ♦♥❡ ❞❡✜♥❡s t❤❡
♠❛tr✐❝❡s Sw ❛♥❞ Sb ❜② ✿

Sw =

k∑

j=1

∑

i∈Cj

(xi − xj)(xi − xj)T

Sb =

k∑

j=1

Nj(xj − x)(xj − x)T

◆♦t❡ t❤❛t Sb ✐s ♥♦✇ ❛ ♠❛tr✐① ✇❤♦s❡ r❛♥❦ ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡ s♣❛♥♥❡❞
❜② t❤❡ ❝❧❛ss ❝❡♥t❡rs xi ❛♥❞ t❤✉s Sb ✐s ❛ ♠❛tr✐① ♦❢ r❛♥❦ ❧❡ss ♦r ❡q✉❛❧ t❤❛♥ k− 1✱ s✐♥❝❡∑k

i=1Ni(xi − x) = 0✳ ❚❤✐s ❜❡✐♥❣ s❡t✱ s✐♠✐❧❛r❧② t♦ t❤❡ ❝❛s❡ k = 2✱ t❤❡ ♠✉❧t✐✲❝❧❛ss
▲❉❆ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ ♥♦♥✲③❡r♦ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡s ❜❡t✇❡❡♥ Sb ❛♥❞ Sw✳
❚❤✐s ♣r♦✈✐❞❡s s❡✈❡r❛❧ ▲❉❆ ✈❡❝t♦rs✱ t❤❛t ❛r❡ ❛❧❧ ♦❜t❛✐♥❡❞ ❛s ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡
❞❛t❛ ♣♦✐♥ts✱ ❛♥❞ t❤✉s ❛ ❞✐s❝r✐♠✐♥❛♥t s✉❜s♣❛❝❡ ✭♦❢ ❞✐♠❡♥s✐♦♥ ≤ k − 1✮ ✐♥ ✇❤✐❝❤ ♦♥❡
❝❛♥ ♣r♦❥❡❝t ❛♥❞ ❛♥❛❧②③❡ t❤❡ ❞❛t❛ ✇✐t❤ ❞❡✜♥✐t❡❧② ❜❡tt❡r ❝❧❛ss s❡♣❛r❛t✐♦♥ ♣r♦♣❡rt✐❡s✳

❘❡❣✉❧❛r✐③❡❞ ▲❉❆

❆s ✇❡ ♠❡♥t✐♦♥❡❞✱ t❤❡ ♣r❡✈✐♦✉s ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ✈❛❧✐❞ ✇❤❡♥ Sw ✐s ♥♦♥✲s✐♥❣✉❧❛r ❜✉t
t❤✐s ❤②♣♦t❤❡s✐s ❜r❡❛❦s ❞♦✇♥ ❛s s♦♦♥ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ❞❛t❛ ♣♦✐♥ts ✐s s♠❛❧❧❡r t❤❛♥

✶✺✻



t❤❡ ❞✐♠❡♥s✐♦♥ N ✳ ■♥ ♦✉r ❝❛s❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❡ ❛r❡ t②♣✐❝❛❧❧② ❝♦♥❢r♦♥t❡❞ t♦ t❤❛t
s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ s✉❜❥❡❝ts ✐s r❛t❤❡r s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢
t❤❡ ❢❡❛t✉r❡s ✇❡ ✇❛♥t t♦ ❛♥❛❧②③❡ ✇❤✐❝❤ ✐s ❣❡♥❡r❛❧❧② ❤✉❣❡ ✭❢♦r ♠♦♠❡♥t❛ ♦r ❢✉♥❝t✐♦♥❛❧
r❡s✐❞✉❛❧s✱ t❤✐s ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦♥ t❤❡ s❤❛♣❡s✮✳
❚♦ t❛❝❦❧❡ t❤✐s ✐ss✉❡✱ s♦♠❡ ♠❡t❤♦❞s ♣r♦♣♦s❡ t♦ ✜rst ♣r♦❥❡❝t t❤❡ ❞❛t❛ ♦♥ ❛ ❧♦✇❡r
❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ✉s✐♥❣ t②♣✐❝❛❧❧② P❈❆✳ ❍♦✇❡✈❡r✱ ✇❡ ❛r❣✉❡ t❤❛t t❤✐s ❝♦✉❧❞ ❜❡
❞❛♥❣❡r♦✉s ✐♥ t❤❛t ✇❡ ❞♦ ♥♦t r❡❛❧❧② ❝♦♥tr♦❧ ❤♦✇ ♠✉❝❤ ❜❡t✇❡❡♥✲❝❧❛ss ✈❛r✐❛♥❝❡ ✐s ❧♦st
❜② ❞♦✐♥❣ s♦✳ ❖t❤❡r ❛♣♣r♦❛❝❤❡s ❧✐❦❡ ✐♥ ❬✹✽❪ r❡❧② ♦♥ ❣❡♥❡r❛❧✐③❡❞ ❙❱❉✬s t♦ s♦❧✈❡ t❤❡
❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡s ♣r♦❜❧❡♠✳ ❨❡t t❤❡ ♠♦st ❝♦♠♠♦♥ ❛♥❞ s✐♠♣❧❡ ❛❧t❡r♥❛t✐✈❡ ✐s t♦
r❡❣✉❧❛r✐③❡ t❤❡ ▲❉❆ ❬✸✽❪ ❜② r❡♣❧❛❝✐♥❣ Sw ❜② t❤❡ ♠❛tr✐① ✿

Sεw = Sw + ε■❞

❢♦r ❛ ❝❡rt❛✐♥ ǫ > 0✱ ✇❤✐❝❤ ❛✉t♦♠❛t✐❝❛❧❧② ♠❛❦❡s Sεw ✐♥✈❡rt✐❜❧❡ ❛♥❞✱ s✐♠✐❧❛r❧② t♦ ♣r♦♣✲
❡rt② ✹✳✸✳✶✱ ❣✐✈❡s v = (Sw + ε■❞)−1(x1 − x0) ✐♥ t❤❡ t✇♦ ❝❧❛ss❡s ❝❛s❡✳ ❚❤❡ ❞r❛✇❜❛❝❦ ✐s
t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❛❞❞✐t✐♦♥❛❧ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ε ❝❛♥ ❜❡ ❞♦♥❡
❜② ♦♣t✐♠✐③✐♥❣ ✐t ✇✐t❤ r❡s♣❡❝t t♦ ❝❧❛ss✐✜❝❛t✐♦♥ r❛t❡s ♦♥ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ t❡sts✱ ✇❤✐❝❤
✇❡ s❤❛❧❧ ❡①♣❧❛✐♥ ❛ ❧✐tt❧❡ ♠♦r❡ ❜❡❧♦✇✳

✹✳✸✳✷ ●❡♥❡r❛❧✐③❡❞ ▲❉❆ ♦♥ ❍✐❧❜❡rt s♣❛❝❡s

❚❤❡ ♣r❡✈✐♦✉s ▲❉❆ ✇❛s ♣r❡s❡♥t❡❞ ✐♥ ✐ts ❝❧❛ss✐❝❛❧ s❡tt✐♥❣✱ ♥❛♠❡❧② ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛
✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❡✉❝❧✐❞❡❛♥ s♣❛❝❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ t②♣✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ✇❡
❛✐♠ ❛t ✐♥ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ t♦ ❞❡❛❧ ✇✐t❤ ♠♦♠❡♥t❛ t❤❛t ❜❡❧♦♥❣ t♦ t❤❡ ❞✉❛❧ V ′ ♦❢ ❛
s♣❛❝❡ ♦❢ ✈❡❝t♦r ✜❡❧❞s ♦r r❡s✐❞✉❛❧ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ s♣❛❝❡ L2(X) ❢♦r ✐♥st❛♥❝❡✳ ❚❤♦s❡
❛r❡ ♠❛♥✐❢❡st❧② ❍✐❧❜❡rt s♣❛❝❡s ♦❢ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥s✳ ❊✈❡♥ t❤♦✉❣❤ ♦♥❡ ❝♦✉❧❞ ❛r❣✉❡
t❤❛t✱ ✐♥ ♣r❛❝t✐❝❡✱ t❤❡ ❞❛t❛s❡ts ❛r❡ s❛♠♣❧❡❞ ✇✐t❤ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❛♥❞ t❤❛t
t❤❡ ♠♦♠❡♥t❛ ❛♥❞ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❧❛r❣❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡s✱
t❤❡ ♠❡tr✐❝ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ V ′ ❢♦r ❡①❛♠♣❧❡ ✐s ❣❡♥❡r❛❧❧② ♥♦t t❤❡ ❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝ ✭✐t
✐♥✈♦❧✈❡s ❛ ❦❡r♥❡❧ ♠❛tr✐①✮✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t ▲❉❆ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ ✐♥ ❛
♥❛t✉r❛❧ ✇❛② t♦ ❍✐❧❜❡rt s♣❛❝❡s ❛♥❞ ❡①♣❧❛✐♥ ❤♦✇ ✐t ❝❛♥ ❜❡ ❛❝t✉❛❧❧② r❡❞✉❝❡❞ t♦ ❛ ✉s✉❛❧
r❡❣✉❧❛r✐③❡❞ ▲❉❆ ✐♥ ❛ ❝❡rt❛✐♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❡✉❝❧✐❞❡❛♥ s♣❛❝❡✳
▲❡t✬s ✜① ❛ ❍✐❧❜❡rt s♣❛❝❡ H ❛♥❞ ✐ts ✐♥♥❡r ♣r♦❞✉❝t 〈., .〉H ✳ ❲❡ t❛❦❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s
❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ✿ (xi)i=1,..,N ∈ HN ✐s t❤❡ ❞❛t❛s❡t ❛♥❞ x ✐ts ❝❡♥t❡r✱
Cj ⊂ {1, .., N} ❢♦r j = 1, .., k ❛r❡ t❤❡ k ❞✐✛❡r❡♥t ❝❧❛ss❡s ❛♥❞ xj ∈ H ❛r❡ t❤❡ ❝❧❛ss
❝❡♥t❡rs✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡✱ ❜② ❛♥❛❧♦❣② t♦ ✉s✉❛❧ ▲❉❆✱ t❤❡ ✇✐t❤✐♥✲❝❧❛ss ❛♥❞ ❜❡t✇❡❡♥✲
❝❧❛ss ♦♣❡r❛t♦rs ✿

Sw(x) =
k∑

j=1

∑

i∈Cj

〈xi − xj , x〉H(xi − xj)

Sb(x) =

k∑

j=1

Nj〈xj − x, x〉H(xj − x) .

◆♦t❡ t❤❛t t❤❡s❡ ❞❡✜♥✐t✐♦♥s ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r❡✈✐♦✉s ❡✉❝❧✐❞❡❛♥ ❝❛s❡✳ ❲❡ ✐♥tr♦❞✉❝❡
♥♦✇ t❤❡ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ H0 = ❙♣❛♥(xi|i = 1, .., N) s♣❛♥♥❡❞ ❜② t❤❡ ❞❛t❛
♣♦✐♥ts ❛♥❞ ❞❡♥♦t❡ ❜② Sw,H0 ❛♥❞ Sb,H0 t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs t♦ H0✳ ◆♦t❡
t❤❛t✱ s✐♥❝❡ ❜♦t❤ Sw ❛♥❞ Sb t❛❦❡ ✈❛❧✉❡s ✐♥ H0✱ Sw,H0 ❛♥❞ Sb,H0 ❛r❡ ❧✐♥❡❛r ❛♣♣❧✐❝❛t✐♦♥s
♦❢ H0 t♦ ✐ts❡❧❢✳ ■♥ ❣❡♥❡r❛❧✱ Sw,H0 ✐s ♥♦t ✐♥✈❡rt✐❜❧❡ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r ❛s ♣r❡✈✐♦✉s❧② t❤❡
r❡❣✉❧❛r✐③❡❞ ♠❛tr✐① ✿

Sεw,H0
= Sw,H0 + ε■❞H0 ∈ L(H0)

✶✺✼



◆♦✇✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ✿

Pr♦♣❡rt② ✹✳✸✳✷✳ ▲❡t L : H0 → R
q✱ q ∈ N

∗✱ ❜❡ ❛♥② ✐s♦♠❡tr② ❛♥❞ ❧❡t✬s ❞❡♥♦t❡ ❜②
S̃εw, S̃b t❤❡ s❝❛tt❡r ♠❛tr✐❝❡s ♦❢ t❤❡ ✐♠❛❣❡ ❞❛t❛ ♣♦✐♥ts L(xi) ∈ R

q✳ ❚❤❡♥ ✇❡ ❤❛✈❡✱ ❢♦r
❛❧❧ ǫ ≥ 0 ✿

S̃εw = LSεw,H0
L†, S̃b = LSb,H0L

†

✇❤❡r❡ L† : R
q → H0 ✐s t❤❡ ❛❞❥♦✐♥t ♦❢ L✳ ■t r❡s✉❧ts t❤❛t✱ ✉♣ t♦ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡

û 7→ u = L†û✱ t♦ ❛♥② ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ ❡✐❣❡♥✈❡❝t♦r (λj , ûj) ♦❢ (S̃εw)
−1Sb ❝♦rr❡s♣♦♥❞s

t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ ❡✐❣❡♥✈❡❝t♦r (λj , L
†ûj) ♦❢ (Sεw,H0

)−1Sb,H0✳

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ a ∈ R
q ❛♥❞ x ∈ H ✿

〈L†a, x〉H = L(x)Ta

❲❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ a, b ∈ R
q ✿

bT S̃w(a) = bT




k∑

j=1

∑

i∈Cj

(L(xi)− L(xj))(L(xi)− L(xj))Ta




= bT




k∑

j=1

∑

i∈Cj

(L(xi)− L(xj))〈L†a, xi − xj〉H




=

k∑

j=1

∑

i∈Cj

bT (L(xi)− L(xj))〈L†a, xi − xj〉H

=

k∑

j=1

∑

i∈Cj

〈L†b, xi − xj〉H〈L†a, xi − xj〉H

=

〈
L†b,

k∑

j=1

∑

i∈Cj

〈L†a, xi − xj〉H(xi − xj)
〉

H

= 〈L†b, Sw,H0(L
†a)〉H

= bT (LSw,H0L
†a)

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t S̃w = LSw,H0L
†✳ ■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ L ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛♥ ✐s♦♠❡tr②✱

✇❡ ❤❛✈❡ t❤❛t LL† = ■❞Rq ❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t ✿

S̃εw = LSεw,H0
L† .

■♥ t❤❡ s❛♠❡ ✇❛②✱ ♦♥❡ ❝❤❡❝❦s ❡❛s✐❧② t❤❛t S̃b = LSb,H0L
†✳ ◆♦✇✱ ✇❡ ❞❡❞✉❝❡ ✿

(S̃εw)
−1S̃b = (L†)−1

(
Sεw,H0

)−1Sb,H0

)
L† .

■t r❡s✉❧ts t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ (S̃εw)
−1S̃b ❛♥❞ (Sεw,H0

)−1Sb,H0 ❛r❡ t❤❡ s❛♠❡ ❛♥❞ ✇❡
♦❜t❛✐♥ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ s❡❝♦♥❞ ♦♣❡r❛t♦r ❢r♦♠ t❤❡ ✜rst ♦♥❡ ❜② t❤❡ ❝❤❛♥❣❡ ♦❢
❝♦♦r❞✐♥❛t❡s û ∈ R

q 7→ L†û ∈ H0✳

Pr♦♣❡rt② ✹✳✸✳✷ ♠❡❛♥s ❜❛s✐❝❛❧❧② t❤❛t ▲❉❆ ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ H ❝❛♥ ❜❡ ❞♦♥❡ ❡q✉✐✈✲
❛❧❡♥t❧② ❜② ❛♣♣❧②✐♥❣ ✉s✉❛❧ ✬❡✉❝❧✐❞❡❛♥✬ ▲❉❆ ✐♥ R

q ♦♥ t❤❡ ❞❛t❛ ♣♦✐♥ts L(xi)✳ ❚❤❡ ♦♥❧②
r❡♠❛✐♥✐♥❣ ♣♦✐♥t t♦ ❛❞❞r❡ss ✐s t♦ ♠❛❦❡ ❡①♣❧✐❝✐t s✉❝❤ ❛♥ ✐s♦♠❡tr② L✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱
❧❡t✬s ❛ss✉♠❡ t❤❛t t❤❡ xi ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t s♦ t❤❛t t❤❡② ❝♦♥st✐t✉t❡ ❛ ❜❛s✐s ♦❢H0✳

✶✺✽



■❢ H ✐s t②♣✐❝❛❧❧② ❛ ❍✐❧❜❡rt s♣❛❝❡ ✇❤♦s❡ ❞✐♠❡♥s✐♦♥ ✐s ✐♥✜♥✐t❡ ♦r ✈❡r② ❜✐❣ ❝♦♠♣❛r❡❞ t♦
N ✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ❛❜❡rr❛♥t s✐♥❝❡ N r❛♥❞♦♠ ❡❧❡♠❡♥ts ✐♥ H ✇✐❧❧ ❜❡ ❣❡♥❡r✐❝❛❧❧②
✐♥❞❡♣❡♥❞❡♥t✳ ❖t❤❡r✇✐s❡✱ ♦♥❡ ❝❛♥ ❥✉st r❡str✐❝t t♦ ❛ s✉❜✲❞❛t❛❜❛s❡ ♠❛❞❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t
xi✬s✳ ❲❡ t❤❡♥ ✐♥tr♦❞✉❝❡ t❤❡ ●r❛♠ ♠❛tr✐① ♦❢ t❤❡ ❞❛t❛s❡t G = (〈xi, xj〉H)i,j=1,..,N ✱
✇❤✐❝❤ ✐s s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ ❛♥❞ ❞❡✜♥❡ ❛♥ ♦♣❡r❛t♦r L : H0 → R

N ❛s ❢♦❧❧♦✇s ✿

∀x ∈ H0, L(x) = G− 1
2 γ(x) ✭✹✳✷✷✮

✇✐t❤ γ(x) = (〈x, xi〉H)i=1,..,N .

◆♦t❡ t❤❛t t❤❡ ✐♠❛❣❡ L(xi)i=1,..,N ♦❢ t❤❡ ❞❛t❛ ♠❛tr✐① ❜② L ✐s G
1
2 ✳ ■♥ ❛❞❞✐t✐♦♥ ✿

Pr♦♣❡rt② ✹✳✸✳✸✳ ❚❤❡ ❧✐♥❡❛r ❛♣♣❧✐❝❛t✐♦♥ L : H0 → R
N ❞❡✜♥❡❞ ❜② ❡q✳✭✹✳✷✷✮ ✐s ❛♥

✐s♦♠❡tr②✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛❞❥♦✐♥t L† ❡q✉❛❧s ❢♦r ❛❧❧ a ∈ R
q ✿

L†(a) =

N∑

i=1

αixi, ✇✐t❤ α = G− 1
2a ✭✹✳✷✸✮

Pr♦♦❢✳ ▲❡t y, z ∈ H0✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ ✿

L(y)TL(z) = γ(y)TG−1γ(z) .

◆♦✇ ✐❢ ✇❡ ✇r✐t❡ z =
∑N

i=1 µixi✱ ✇❡ s❡❡ t❤❛t γ(z) = Gµ ❛♥❞ t❤✉s ✿

L(y)TL(z) = γ(y)Tµ =
N∑

i=1

〈y, xi〉Hµi = 〈y, z〉H .

L ✐s t❤❡r❡❢♦r❡ ❛♥ ✐s♦♠❡tr②✳ ❆ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t ✇❡ ❤❛✈❡ ❛❧s♦ LL† = ■❞RN ✳ ■❢
a ∈ R

N ✱ L†(a) ∈ H0 ✇❤✐❝❤ ✇r✐t❡s L†(a) =
∑N

i=1 αixi✳ ❚❤✉s✱

a = LL†(a) = G− 1
2 γ(L†(a)) = G− 1

2Gα = G
1
2α

❛♥❞ ✜♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t α = G− 1
2a✳

■♥ ❝♦♥❝r❡t❡ t❡r♠s✱ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣❡rt② s❤♦✇s t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ▲❉❆
❞✐s❝r✐♠✐♥❛♥t ✈❡❝t♦rs ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ H ❝❛♥ ❜❡ ❛❝t✉❛❧❧② ❞♦♥❡ ❜② ✜rst ❛♣♣❧②✐♥❣
✉s✉❛❧ ▲❉❆ ✐♥ t❤❡ ❡✉❝❧✐❞❡❛♥ s♣❛❝❡ R

N ❢♦r t❤❡ ❞❛t❛ ♠❛tr✐① G
1
2 ✳ ❚❤❡ ❞✐s❝r✐♠✐♥❛♥t

❞✐r❡❝t✐♦♥s ✐♥ H ❛r❡ t❤❡♥ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r L† t❤❛t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
❡①♣❧✐❝✐t❧② ✉s✐♥❣ ❡q✳✭✹✳✷✸✮✳ ❆♥② ♥❡✇ ❞❛t❛ x ∈ H ❝❛♥ ❜❡ ❛❧s♦ ♣r♦❥❡❝t❡❞ t♦ t❤✐s ❞✐s✲

❝r✐♠✐♥❛♥t s✉❜s♣❛❝❡ ❜② ✜rst ❝♦♠♣✉t✐♥❣ L(pH0(x)) = G− 1
2 γ(x) ❛♥❞ ❝♦♠♣✉t❡ ❞✐r❡❝t❧②

✐♥♥❡r ♣r♦❞✉❝ts ✇✐t❤ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ✈❡❝t♦rs ✐♥ R
N ✳

✹✳✸✳✸ ▼♦❞❡s ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r ❢✉♥❝t✐♦♥❛❧ ❛t❧❛s❡s

❲❡ s♣❡❝✐❢② ❛♥❞ ❞❡t❛✐❧ t❤❡ ♣r❡✈✐♦✉s P❈❆ ❛♥❞ ▲❉❆ ❛♥❛❧②s✐s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡
❞❛t❛ ✐s ♥♦✇ ❛ s❡t ♦❢ ❞❡❢♦r♠❛t✐♦♥ ♠♦♠❡♥t❛ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s ♦♥ t❤❡ t❡♠♣❧❛t❡
s❤❛♣❡ ❛s ♣r♦✈✐❞❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ❛t❧❛s ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♦♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳
❲❡ s❤❛❧❧ r❡str✐❝t t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❛♠❜✐❡♥t s♣❛❝❡ E = R

3 ❛s ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥s✱
❛❧t❤♦✉❣❤ ✇❤❛t ✇❡ ♣r❡s❡♥t r❡♠❛✐♥s ✈❛❧✐❞ ✐♥ ❛♥② ❞✐♠❡♥s✐♦♥✳ ❋r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t
♦❢ ✈✐❡✇✱ ✇❡ ❛r❡ ♠❛♥✐♣✉❧❛t✐♥❣ ♦❜❥❡❝ts t❤❛t ❧✐✈❡ ✐♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❍✐❧❜❡rt s♣❛❝❡s
✭t❤❡ ❞✉❛❧ V ′ ♦❢ t❤❡ ❘❑❍❙ ♦❢ ✈❡❝t♦r ✜❡❧❞s ❢♦r ♠♦♠❡♥t❛✱ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ♦♥
t❤❡ t❡♠♣❧❛t❡ s❤❛♣❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡s✐❞✉❛❧s✮✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡s❡ ❛r❡ s❛♠♣❧❡❞ ♦♥ t❤❡
♣♦✐♥ts ♦❢ t❤❡ t❡♠♣❧❛t❡ ❜✉t st✐❧❧ ❜❡❧♦♥❣ t♦ ✈❡r② ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡s✳ ❚❤❡
s❡❝♦♥❞ ♣♦✐♥t ✐s t❤❡ ♠❡tr✐❝ t❤❛t ✐s ❝❤♦s❡♥ t♦ ❝♦♠♣✉t❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❞❛t❛✳
❲❡ ❡①❛♠✐♥❡ t❤♦s❡ ✐ss✉❡s ❢♦r ❜♦t❤ ❢❡❛t✉r❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✶✺✾



▼♦♠❡♥t❛ ❛♥❛❧②s✐s

■♥ t❤❛t ❝❛s❡✱ t❤❡ ❞❛t❛s❡t t♦ ❛♥❛❧②③❡ ✐s t❤❡ s❡t ♦❢ ✐♥✐t✐❛❧ ♠♦♠❡♥t❛ pi0 ❢♦r i = 1, .., N ✱
N ❜❡✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts ❛♥❞ ❡❛❝❤ ♦❢ t❤❡ pi0 ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ✈❡❝t♦r
pi0,k ∈ R

3 ❛tt❛❝❤❡❞ t♦ ❡✈❡r② ♣♦✐♥t (qk)k=1,..,n ♦❢ t❤❡ ❡st✐♠❛t❡❞ t❡♠♣❧❛t❡ s❤❛♣❡ ❛♥❞

t❤✉s t♦ ❛ ❧❛r❣❡ ✈❡❝t♦r ♦❢ R
3n✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ♠♦♠❡♥t❛ ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s

❡❧❡♠❡♥ts ♦❢ V ′ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ♦♥❡ ❤❛s t♦ ❡✈❛❧✉❛t❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♥♦t ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ L2✲♠❡tr✐❝ ✐♥ R

3n ✭✇❤✐❝❤ ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ✬♥❛t✉r❛❧✬ ♠❡❛♥✐♥❣ ❤❡r❡✮ ❜✉t ✇✐t❤
t❤❡ ❘❑❍❙ ♠❡tr✐❝ ♦♥ V ′✱ t❤❛t ✐s t♦ s❛② ✿

〈pi0, pj0〉V ′ = 〈Kpi0,Kpj0〉V = 〈vi0, vj0〉V
✇❤❡r❡ ✇❡ r❡♠✐♥❞ t❤❛t vi0(x) =

∑n
k=1KV (qk, x)p

i
0,k ✐s t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ✜❡❧❞ ❝♦rr❡✲

s♣♦♥❞✐♥❣ t♦ t❤❡ ♠♦♠❡♥t✉♠ pi0✳ ❚❤✉s✱ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✉s✐♥❣ ✉s✉❛❧
❦❡r♥❡❧ ❝♦♠♣✉t❛t✐♦♥s✱ ❢♦r ❛❧❧ ♣❛✐rs ♦❢ s✉❜❥❡❝ts i, j ∈ {1, .., N} ✇❡ ❤❛✈❡ ✿

〈pi0, pj0〉V ′ =
n∑

k,l=1

(pi0,k)
TKV (qk, ql)p

j
0,l . ✭✹✳✷✹✮

❚❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ♦❢ ♥✉♠❡r✐❝❛❧ ❝♦♠♣❧❡①✐t② O(n2) ❢♦r ❡❛❝❤ ✐♥♥❡r ♣r♦❞✉❝t ❜✉t
❝❛♥ ❜❡ ❛❧s♦ ❞♦♥❡ ✉s✐♥❣ ❛❧❧ t❤❡ ❛rs❡♥❛❧ ♦❢ ❢❛st ❦❡r♥❡❧ ❝♦♠♣✉t❛t✐♦♥s ❞❡✈❡❧♦♣❡❞ ✐♥ s❡❝t✐♦♥
✷✳✸✳✸✳ ❇❛s❡❞ ♦♥ ❡q✳✭✹✳✷✹✮✱ ✇❡ ❝❛♥ t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ●r❛♠ ♠❛tr✐① ♦❢ t❤❡ ❞❛t❛

G = (〈pi0, pj0〉V ′)i,j=1,..,N . ✭✹✳✷✺✮

■♥ ♦✉r s✐t✉❛t✐♦♥s✱ ✇❡ ❤❛✈❡ ❣❡♥❡r❛❧❧② N ≪ n✱ ❛♥❞ t❤✉s ❝♦♠♣✉t✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ♦❢ G ❛s
♥❡❡❞❡❞ ❢♦r t❤❡ P❈❆ ✐s ♥✉♠❡r✐❝❛❧❧② ✈❡r② ❢❛st ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ G✳
❆♣♣❧②✐♥❣ P❈❆ ✐♥ t❤✐s s❡tt✐♥❣ ❥✉st ❝♦♥s✐sts ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s
♦❢ t❤❡ ♠❛tr✐① G✳ ■t ♣r♦✈✐❞❡s ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ws ∈ R

N ✇❤✐❝❤ ❛r❡ t❤❡
♣r✐♥❝✐♣❛❧ ♠♦❞❡s ♦❢ ❣❡♦♠❡tr✐❝❛❧ ✈❛r✐❛❜✐❧✐t② ✐♥ t❤❡ ❞❛t❛s❡t✳ ❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ s♣❛❝❡
♦❢ ♠♦♠❡♥t❛✱ t❤❡s❡ ♠♦❞❡s ❛r❡ ❣✐✈❡♥ ❜②

pPCAs =
N∑

i=1

ws,ip
i
0

❙❤♦♦t✐♥❣ t❤❡ t❡♠♣❧❛t❡ ✉s✐♥❣ s✉❝❤ ♠♦♠❡♥t❛ t❤✉s ❛❧❧♦✇s t♦ ✈✐s✉❛❧✐③❡ ✇❤❛t t❤❡s❡ ♠♦❞❡s
❛r❡ ✐♥ t❡r♠ ♦❢ ❞❡❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ s❤♦✇ ♦♥ t❤❡ r❡t✐♥❛ ❞❛t❛s❡t ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥✳
❚❤❡ ❝❛s❡ ♦❢ ▲❉❆ ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✸✳✷ ✭❢♦r H = V ′✮✳
❆❞♦♣t✐♥❣ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s✱ ✇❡ ✜rst ❝♦♠♣✉t❡ t❤❡ ●r❛♠ ♠❛tr✐① ❛s ✐♥ ❡q✳✭✹✳✷✺✮ ❛♥❞

✐ts sq✉❛r❡ r♦♦t G
1
2 ✱ t❤❡♥ ❛♣♣❧② ✉s✉❛❧ ▲❉❆ ✐♥ R

N ✳ ■t ♣r♦✈✐❞❡s ❛ ❞✐s❝r✐♠✐♥❛♥t ✈❡❝t♦r
a ∈ R

N ✇❤✐❝❤✱ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ♠♦♠❡♥t❛✱ tr❛♥s❧❛t❡s t♦ ✿

pLDA = L†(a) =

N∑

i=1

αip
i
0, α = G− 1

2a

❆❣❛✐♥✱ t❤✐s ❞✐s❝r✐♠✐♥❛♥t ❞✐r❡❝t✐♦♥ ❝❛♥ ❜❡ ✈✐s✉❛❧✐③❡❞ ❜② s❤♦♦t✐♥❣ t❤❡ t❡♠♣❧❛t❡ ✇✐t❤
✐♥✐t✐❛❧ ♠♦♠❡♥t✉♠ pLDA✳ ❖♥❡ ❝❛♥ t❤❡♥ ♣r♦❥❡❝t t❤❡ ❞❛t❛ ♦♥ t❤❡ ❧✐♥❡ ❙♣❛♥(pLDA) ❜②
❝♦♠♣✉t✐♥❣ 〈pi0, pLDA〉V ′ ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ t❤❡ s♣❛❝❡ R

N s✐♥❝❡ ✿

〈pi0, pLDA〉V ′ =
N∑

j=1

αjGij .

✶✻✵



❆♥② ♥❡✇ ❞❛t❛ p0 ♦✉ts✐❞❡ t❤❡ tr❛✐♥✐♥❣ s❡t ❝❛♥ ❜❡ ❛❧s♦ ♣r♦❥❡❝t❡❞ t♦ t❤✐s s✉❜s♣❛❝❡✱ ❜②
✜rst ❝♦♠♣✉t✐♥❣ L(p0) ❛♥❞ ✇r✐t❡ ✿

〈p0, pLDA〉V ′ =

N∑

j=1

ujL(p0)j

❈❧❛ss✐✜❝❛t✐♦♥ ❢♦r ❜♦t❤ P❈❆ ❛♥❞ ▲❉❆ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜❛s❡❞ ♦♥ t❤❡ ♣r♦❥❡❝t✐♦♥s
♦❢ t❤❡ ❞❛t❛ ♦♥t♦ t❤❡ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s ♣r♦✈✐❞❡❞ ❜② t❤❡ ♠❡t❤♦❞s✳ ■❢ t❤❡s❡
s✉❜s♣❛❝❡s ❛r❡ s✉✣❝✐❡♥t❧② ❞✐s❝r✐♠✐♥❛t✐✈❡✱ ♦♥❡ ❝❛♥ ❡①♣❡❝t t❤❛t t❤❡ ❞❛t❛s❡t s♣❧✐ts ✐♥t♦
s❡✈❡r❛❧ ❝❧✉st❡rs✱ ❡❛❝❤ ♦♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦♥❡ ❝❧❛ss✳ ❚❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ r✉❧❡ ❝❛♥ t❤❡♥
❝♦♥s✐st ✐♥ s✐♠♣❧② ✜♥❞✐♥❣ t❤❡ ❝❧♦s❡st ❝❧✉st❡r ❝❡♥t❡r t♦ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ❞❛t❛✱
♣♦ss✐❜❧② ❜② ❝♦♠♣✉t✐♥❣ ▼❛❤❛❧❛♥♦❜✐s ❞✐st❛♥❝❡s ✐♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ❝❧✉st❡rs✬
✈❛r✐❛♥❝❡s✳

❘❡s✐❞✉❛❧s ❛♥❛❧②s✐s

❚❤❡ tr❡❛t♠❡♥t ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s ❢♦❧❧♦✇s t❤❡ ❡①❛❝t s❛♠❡ ♣❛tt❡r♥ ❛s ♠♦♠❡♥t❛✳
❖♥❡ ♦♥❧② ♥❡❡❞s t♦ ✐♥tr♦❞✉❝❡ t❤❡ r✐❣❤t ♠❡tr✐❝ t♦ ❝♦♠♣✉t❡ ❝♦✈❛r✐❛♥❝❡ ❜❡t✇❡❡♥ s✉❜❥❡❝ts✳
❚❤❡s❡ r❡s✐❞✉❛❧s (ζi)i=1,..,N ❛r❡ ❛❧❧ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ t❤❡ ❝♦♠♠♦♥ t❡♠♣❧❛t❡ s❤❛♣❡
X✳ ❋♦r t❤❡ t❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✇❡ ✉s❡❞ t❤❡ L2 ♠❡tr✐❝ ♦♥ X ❛s ❛ ♣❡♥❛❧t②
t❡r♠ ✐♥ t❤❡ ❢✉♥❝t✐♦♥❛❧✳ ❚❤✐s ♠❡tr✐❝ ❝♦✉❧❞ ❜❡ ❛❧s♦ ✉s❡❞ ❛s t❤❡ ♠❡❛s✉r❡ ♦❢ ❝♦rr❡❧❛t✐♦♥✳
❲✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ s❡❝t✐♦♥ ✹✳✷✳✷✱ ✐t ✇r✐t❡s ✿

〈ζi, ζj〉L2(X) =

∫

X
ζi(x)ζj(x)dHd(x) =

m∑

l=1

ζ̃il ζ̃
j
l |ξl| . ✭✹✳✷✻✮

❚❤✐s ♠❡tr✐❝✱ ❤♦✇❡✈❡r✱ ❝♦✉❧❞ ❜❡ ❛r❣✉❡❞ t♦ ❜❡ t♦♦ str♦♥❣ ✐♥ t❤✐s ♣✉r♣♦s❡ ❜❡❝❛✉s❡ ✐t
❝♦♠♣❛r❡s ✈❛❧✉❡s ♦❢ r❡s✐❞✉❛❧s ♦♥❧② ❛t ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥ts ♦♥ t❤❡ t❡♠♣❧❛t❡✳ ❖♥❡ ❡❛s②

♣♦ss✐❜✐❧✐t② t♦ ♦✈❡r❝♦♠❡ t❤❛t ✐s t♦ r❡❣✉❧❛r✐③❡ t❤❡ L2 ♠❡tr✐❝ ❜② ❛ ●❛✉ss✐❛♥ e−
|x1−x2|

2

σ2 ✱
✇❤✐❝❤ ✇♦✉❧❞ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦rr❡❧❛t✐♦♥ ♠❡❛s✉r❡ ❜❡t✇❡❡♥ r❡s✐❞✉❛❧s ✿

〈ζi, ζj〉 =
∫∫

X×X
e−

|x1−x2|
2

σ2 ζi(x1)ζ
j(x2)dHd(x1)dHd(x2)

=
m∑

k,l=1

e−
|xk−xl|

2

σ2 ζikζ
j
l |ξk||ξl| . ✭✹✳✷✼✮

❆ t❤✐r❞ ♣♦ss✐❜✐❧✐t② ❝♦✉❧❞ ❜❡ t♦ ❧❡❛♥ ❛❣❛✐♥ ♦♥ t❤❡ ❦❡r♥❡❧ ♥♦r♠s ♦♥ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts
✭♦r ❡✈❡♥ ♦♥ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s✮ t❤❛t ✇❡r❡ ✉s❡❞ ❛s ❞❛t❛ ❛tt❛❝❤♠❡♥t ❞✐st❛♥❝❡s ✐♥
r❡❣✐str❛t✐♦♥ ❛♥❞ ❛t❧❛s ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ H ✐♥
✇❤✐❝❤ t❤❡ P❈❆ ❛♥❞ ▲❉❆ ❛r❡ ❞♦♥❡ ✐s t❤❡ s♣❛❝❡ W ′ ❜② ✐❞❡♥t✐❢②✐♥❣ ❛ r❡s✐❞✉❛❧ ζ ✇✐t❤
t❤❡ ❢❝✉rr❡♥t C(X,f+ζ) ∈ W ′✳ ◆❛t✉r❛❧ ❝❛♥❞✐❞❛t❡s ❢♦r ❦❡r♥❡❧s ❛r❡ ❛❧s♦ ♣r♦❞✉❝ts ♦❢ ❛

●❛✉ss✐❛♥ Kg(x1, x2) = e
−

|x1−x2|
2

σ2
g ■❞ ✇✐t❤ kf (f1, f2) = e

−
|f1−f2|

2

σ2
f ✳ ❚❤❡ ❝♦rr❡❧❛t✐♦♥

♠❡❛s✉r❡ ❜❡t✇❡❡♥ r❡s✐❞✉❛❧s ✐s t❤❡♥ ✿

〈C(X,ζi), C(X,ζj)〉W ′ =

∫∫

X×X
e
−

|x1−x2|
2

σ2
g e

−
|ζi(x1)−ζj(x2)|

2

σ2
f 〈ξ̃(x1), ξ̃(x2)〉dHd(x1)dHd(x2)

=

m∑

k,l=1

e
−

|xk−xl|
2

σ2
g e

−
|ζik−ζil |

2

σ2
f 〈ξk, ξl〉 ✭✹✳✷✽✮

✶✻✶



✇❤❡r❡ ✇❡ ❛❞♦♣t❡❞ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ ❝❤❛♣t❡r ✷✱ ξ̃(x) = ξ(x)/|ξ(x)| ✐s t❤❡ ✉♥✐t
d✲✈❡❝t♦r ❛t ❡❛❝❤ ♣♦✐♥t x ∈ X✳ ◆♦t❡ t❤❛t ♦♥❡ ❝❛♥ t❛❦❡ ♦t❤❡r ❦❡r♥❡❧ ✇✐❞t❤s σg ❛♥❞
σf t❤❛♥ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r t❤❡ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♣❛rt✱ t❤✉s ❛❧❧♦✇✐♥❣ ❛ ❝❡rt❛✐♥ ✢❡①✐❜✐❧✐t②
♦❢ t❤❡ ❛♥❛❧②s✐s ✇✐t❤ r❡s♣❡❝t t♦ ✈❛r✐♦✉s s❝❛❧❡s ✭❛t t❤❡ ♣r✐❝❡ ♦❢ ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡rs✮✳
❙✉❝❤ ♠❡tr✐❝s ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❛❦✐♥❣ ♠♦r❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡
s✉♣♣♦rt X ♦♥ ✇❤✐❝❤ ❛❧❧ t❤❡ ζi ❛r❡ ❞❡✜♥❡❞✳ ❇✉t t❤❡r❡ ❛r❡ t✇♦ ❝♦✉♥t❡r♣❛rts ✿ ✜rst✱ t❤❡
❝♦♠♣✉t❛t✐♦♥s ❛r❡ ♠♦r❡ ❡①♣❡♥s✐✈❡ ❝♦♠♣❛r❡❞ t♦ L2 ♥♦r♠ ❛♥❞ s❡❝♦♥❞✱ t❤❡ ✈❛r✐❛t✐♦♥
♠♦❞❡s ❛♥❞ ❞✐s❝r✐♠✐♥❛♥t ❞✐r❡❝t✐♦♥s ❛r❡ ❜❛s✐❝❛❧❧② ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❢❝✉rr❡♥ts
C(X,f+ζi) ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ✐♥t❡r♣r❡t❡❞ ❛♥❞ ✈✐s✉❛❧✐③❡❞ ❞✐r❡❝t❧② ❛s ❛ s✐❣♥❛❧ ❞❡✜♥❡❞ ♦♥
X ❞✉❡ t♦ t❤❡ ♥♦♥✲❧✐♥❡❛r✐t② ♦❢ kf ✳

❖♥❝❡ t❤❡ ♠❡tr✐❝ ✐s ❝❤♦s❡♥ ❛♥❞ t❤❡ ●r❛♠ ♠❛tr✐① ♦❢ t❤❡ ❞❛t❛s❡t ❝♦♠♣✉t❡❞✱ P❈❆ ❛♥❞
▲❉❆ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❡①❛❝t❧② ❛s ♣r❡✈✐♦✉s❧② ❡①♣❧❛✐♥❡❞ ❢♦r ♠♦♠❡♥t❛✳ ■♥ ❜♦t❤ ❝❛s❡s✱
✇❡ ♦❜t❛✐♥ ♠♦❞❡s ♦❢ ✈❛r✐❛t✐♦♥s t❤❛t ❛r❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ζi✬s ❛♥❞ t❤❛t ❝❛♥ ❜❡
r❡♣r❡s❡♥t❡❞ ❛s r❡s✐❞✉❛❧ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ t❡♠♣❧❛t❡✳ ❈❧❛ss✐✜❝❛t✐♦♥ ✐s t❤❡♥ ❞♦♥❡ ❛❣❛✐♥
❜② ♣r♦❥❡❝t✐♥❣ t❤❡ tr❛✐♥✐♥❣ ❛♥❞ t❡st✐♥❣ ❞❛t❛s❡ts ♦♥ t❤❡ ❧♦✇❡r✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡s
♣r♦✈✐❞❡❞ ❜② P❈❆ ❛♥❞ ▲❉❆✳

✹✳✸✳✹ ❈❧❛ss✐✜❝❛t✐♦♥ r❡s✉❧ts ♦♥ t❤❡ ❖❈❚ ❞❛t❛s❡t

❲❡ ♥♦✇ s❤♦✇ ❛ ❢❡✇ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s ❢r❛♠❡✇♦r❦ ♦♥ t❤❡ r❡t✐♥❛ t❤✐❝❦♥❡ss ♠❛♣s
♦❢ s❡❝t✐♦♥ ✹✳✷✳✸✳ ❲❡ ❤❛❞ ♦❜t❛✐♥❡❞✱ ✇✐t❤ ❛❧❣♦r✐t❤♠ ✸✱ ❛♥ ❛t❧❛s ♦❢ t❤❡ ◆❋▲ s✉r❢❛❝❡s
❝♦♥s✐st✐♥❣ ♦❢ ❛ ❢✉♥❝t✐♦♥❛❧ s✉r❢❛❝❡ ❜❛s❡❧✐♥❡ ✭t❤❡ t❡♠♣❧❛t❡✮ ♣❧✉s ♠♦♠❡♥t❛ pi ❛♥❞ r❡s✐❞✲
✉❛❧s t❤✐❝❦♥❡ss❡s ζi ❢♦r ❡❛❝❤ ♦❢ t❤❡ N = 30 s✉❜❥❡❝ts✳ ❇❛s❡❞ ♦♥ t❤❡s❡✱ ✇❡ ✐♥t❡♥❞ t♦
✐❧❧✉str❛t❡ t❤❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❣❡♦♠❡tr✐❝❛❧ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❛❜✐❧✐t② ❞❡✈❡❧♦♣❡❞
✐♥ t❤✐s s❡❝t✐♦♥✳

❙t❛rt✐♥❣ ✇✐t❤ t❤❡ ❛♥❛❧②s✐s ♦♥ ♠♦♠❡♥t❛✱ ✐♥ ✜❣✉r❡ ✹✳✶✸✱ ✇❡ s❤♦✇ t❤❡ t❡♠♣❧❛t❡ ❞❡✲
❢♦r♠❡❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ t✇♦ ✜rst ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts✳ ❆s ✇❡ ❝❛♥ s❡❡✱ t❤❡
✜rst ❝♦♠♣♦♥❡♥t ✐s ❡ss❡♥t✐❛❧❧② ❛ ❞✐❧❛t❛t✐♦♥✴s❤r✐♥❦❛❣❡ ♦❢ t❤❡ ✇❤♦❧❡ ❣❡♦♠❡tr✐❝❛❧ s✉♣♣♦rt
✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ♠♦r❡ ♦r ❧❡ss ❛ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ❞✐st♦rt✐♦♥ ♦❢ t❤❡ ♦♣❡♥✐♥❣✳
❆s ✇❡ ❝♦✉❧❞ s✉♣♣♦s❡✱ t❤❡s❡ ❛r❡ ♠❛✐♥❧② ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ✈❛r✐❛❜✐❧✐t② ❝❛✉s❡❞ ❜♦t❤ ❜②
❛❝q✉✐s✐t✐♦♥ ✭♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡②❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡✈✐❝❡ ❞✉r✐♥❣
t❤❡ ♠❡❛s✉r❡♠❡♥t✮ ❛♥❞ ❜② ❣❧♦❜❛❧ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ r❡t✐♥❛ ❛♥❞ ♦♣❡♥✐♥❣s
❛❝r♦ss ✐♥❞✐✈✐❞✉❛❧s✳ ❋✐❣✉r❡ ✹✳✸✳✹ s❤♦✇s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❞❛t❛s❡t ♦♥ t❤❡ ♣❧❛♥❡
❣❡♥❡r❛t❡❞ ❜② t❤❡s❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❛♥❞ ❝♦♥✜r♠s t❤❛t t❤❡s❡ ❞♦ ♥♦t ❞✐s❝r✐♠✐✲
♥❛t❡ s❛t✐s❢②✐♥❣❧② ❜❡t✇❡❡♥ ❝♦♥tr♦❧s ❛♥❞ ❣❧❛✉❝♦♠❛t♦✉s✳ ❖♥❡ ✇♦✉❧❞ ♦❜✈✐♦✉s❧② ♥❡❡❞ t♦
❝♦♠♣✉t❡ ♠♦r❡ P❈❆ ✈❡❝t♦rs t♦ ❣❡t ❞✐s❝r✐♠✐♥❛t✐✈❡ ❞✐r❡❝t✐♦♥s ❜✉t t❤❡ ✜rst ❝♦♠♣♦♥❡♥ts
❛r❡ ❝❧❡❛r❧② ♥♦t ❡♥♦✉❣❤✳

❚❤✐s ✐s ❝♦♥tr❛st✐♥❣ ✇✐t❤ t❤❡ ▲❉❆ ✇❤✐❝❤ ♣r♦✈✐❞❡s ❛ ❝♦♠♣♦♥❡♥t ✈❡❝t♦r ❞❡t❡❝t✐♥❣ t❤❡
❜❡t✇❡❡♥✲❝❧❛ss ✈❛r✐❛❜✐❧✐t②✳ ❆s ❢♦r P❈❆✱ ✇❡ s❤♦✇ t❤✐s ❞✐s❝r✐♠✐♥❛t✐✈❡ ❞✐r❡❝t✐♦♥ ♦♥ ✜❣✉r❡
✹✳✶✺✳ ■t ✇❛s ♦❜t❛✐♥❡❞ ❜② r❡❣✉❧❛r✐③❡❞ ▲❉❆ ✇✐t❤ ǫ = 0.1✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ ✐s ✈❡r② ❞✐✛❡r❡♥t t♦ t❤❡ ♦♥❡s ♣r♦✈✐❞❡❞ ❜② t❤❡ ✜rst
P❈❆ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ ❡ss❡♥t✐❛❧❧② ❝♦♥❝❡♥tr❛t❡❞ ❛r♦✉♥❞ t❤❡ ♦❝✉✲
❧❛r ♥❡r✈❡ ♦♣❡♥✐♥❣ ❛♥❞ s❡❡♠ t♦ ❝♦rr❡s♣♦♥❞ t♦ ❛♥ ✐♥❝r❡❛s❡ ❛♥❞ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❧❛②❡r
❞✐❣❣✐♥❣✳ ❆s ✇❡ s❡❡ t❤❛♥❦s t♦ ✜❣✉r❡ ✹✳✸✳✹✱ t❤✐s ♠♦❞❡ ♦❢ ✈❛r✐❛t✐♦♥ ✐s ❛♣♣❛r❡♥t❧② ♠♦r❡
❞✐s❝r✐♠✐♥❛♥t ❜❡t✇❡❡♥ ❣❧❛✉❝♦♠❛t♦✉s ❛♥❞ ❝♦♥tr♦❧s ❜❡❝❛✉s❡ ✐t s❡♣❛r❛t❡s t❤❡ ❝❧❛ss❡s ✐♥
t✇♦ ♥❡❛r❧② ❞✐st✐♥❝t ❝❧✉st❡rs✳

❚❤❡ s❛♠❡ ❛♥❛❧②s✐s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❢♦r t❤❡ r❡s✐❞✉❛❧ t❤✐❝❦♥❡ss❡s ♦♥ t❤❡ t❡♠♣❧❛t❡
s❤❛♣❡✳ ❚❤✐s t✐♠❡✱ t❤❡ ❝♦♠♣♦♥❡♥t ✈❡❝t♦rs ♣r♦✈✐❞❡❞ ❜② P❈❆ ♦r ▲❉❆✱ ❛s ❞❡t❛✐❧❡❞ ♣r❡✈✐✲
♦✉s❧②✱ ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ t❡♠♣❧❛t❡ s❤❛♣❡ ✇❤✐❝❤ ✐s ❛❞❞❡❞✴s✉❜tr❛❝t❡❞
t♦ t❤❡ ❜❛s❡❧✐♥❡ t❤✐❝❦♥❡ss✳ ❲❡ ❤❛✈❡ ✉s❡❞ t❤❡ s✐♠♣❧❡st ❝♦rr❡❧❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜② t❤❡ L2

✶✻✷



t❂✲✶ t❂✲✵✳✺ t❂✵ t❂✵✳✺ t❂✶

❋✐❣✉r❡ ✹✳✶✸✿ ❚❤❡ ✜rst ✭♠✐❞❞❧❡ r♦✇✮ ❛♥❞ s❡❝♦♥❞ ✭♠✐❞❞❧❡ ❝♦❧✉♠♥✮ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦✲
♥❡♥ts ♦❢ t❤❡ ♠♦♠❡♥t❛✳ ❲❤❛t ✇❡ s❤♦✇ ✐s t❤❡ t❡♠♣❧❛t❡ s❤♦♦t❡❞ ❢♦r ❜♦t❤ ♥❡❣❛t✐✈❡
❛♥❞ ♣♦s✐t✐✈❡ t✐♠❡s ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ P❈❆ ✈❡❝t♦rs✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✳

✶✻✸



❋✐❣✉r❡ ✹✳✶✹✿ Pr♦❥❡❝t✐♦♥s ❛♥❞ ❝❧❛ss ♠❡❛♥s ♦❢ t❤❡ ❞❛t❛s❡t ♦♥ t❤❡ ♣❧❛♥❡ ❣✐✈❡♥ ❜② t❤❡
t✇♦ ✜rst P❈❆ ✈❡❝t♦rs ❢♦r t❤❡ ♠♦♠❡♥t❛✳ ❈❧❛ss ✵ ❝♦rr❡s♣♦♥❞s t♦ ❝♦♥tr♦❧s ❛♥❞ ✶ t♦
❣❧❛✉❝♦♠❛t♦✉s s✉❜❥❡❝ts✳

❱✐❡✇ ✶

❱✐❡✇ ✷
t❂✲✶ t❂✲✵✳✺ t❂✵ t❂✵✳✺ t❂✶

❋✐❣✉r❡ ✹✳✶✺✿ ❘❡s✉❧t✐♥❣ ▲❉❆ ❞✐r❡❝t✐♦♥ ♦♥ t❤❡ ♠♦♠❡♥t❛ ✭♦❜t❛✐♥❡❞ ✇✐t❤ ❛ r❡❣✉❧❛r✐③❛✲
t✐♦♥ ♣❛r❛♠❡t❡r ǫ = 0.1✮✳

❋✐❣✉r❡ ✹✳✶✻✿ Pr♦❥❡❝t✐♦♥s ❛♥❞ ❝❧❛ss ♠❡❛♥s ♦❢ t❤❡ ❞❛t❛s❡t ♦♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧
s✉❜s♣❛❝❡ ❣✐✈❡♥ ❜② t❤❡ ▲❉❆ ♦♥ ♠♦♠❡♥t❛✳

✶✻✹



❇❛s❡❧✐♥❡ ✲ P❈❆ r❡s✐❞✉❛❧ ❇❛s❡❧✐♥❡ ❇❛s❡❧✐♥❡ ✰ P❈❆ r❡s✐❞✉❛❧

❋✐❣✉r❡ ✹✳✶✼✿ ❘❡s✉❧ts ♦❢ t❤❡ P❈❆ ♦♥ t❤❡ t❤✐❝❦♥❡ss r❡s✐❞✉❛❧s✳ ❲❡ ❝♦♠♣✉t❡❞ t✇♦
❝♦♠♣♦♥❡♥t ✈❡❝t♦rs ❢♦r t❤❡ P❈❆✳ ❖♥ t❤❡ t♦♣ ✜❣✉r❡✱ ✇❡ r❡♣r❡s❡♥t t❤❡ ✜rst ♦♥❡ ❜②
s❤♦✇✐♥❣ t❤❡ ❛❞❞✐t✐♦♥ ❛♥❞ s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ r❡s✐❞✉❛❧ t♦ t❤❡ ❜❛s❡❧✐♥❡ t❤✐❝❦♥❡ss✳ ❖♥
t❤❡ ❜♦tt♦♠ ✜❣✉r❡ ❛r❡ t❤❡ ♣r♦❥❡❝t❡❞ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ r❡s✐❞✉❛❧s ❢r♦♠ t❤❡ ❞❛t❛s❡t ♦♥
t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✉❜s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ P❈❆ ✈❡❝t♦rs✳

✶✻✺



❇❛s❡❧✐♥❡ ✲ ▲❉❆ r❡s✐❞✉❛❧ ❇❛s❡❧✐♥❡ ❇❛s❡❧✐♥❡ ✰ ▲❉❆ r❡s✐❞✉❛❧

❋✐❣✉r❡ ✹✳✶✽✿ ❘❡s✉❧ts ♦❢ t❤❡ r❡❣✉❧❛r✐③❡❞ ▲❉❆ ♦♥ t❤❡ t❤✐❝❦♥❡ss r❡s✐❞✉❛❧s ✭ǫ = 0.1✮✳ ■t
♣r♦✈✐❞❡s ♦♥❡ ❝♦♠♣♦♥❡♥t ✈❡❝t♦r ✇❤✐❝❤ ✇❡ r❡♣r❡s❡♥t ♦♥ t❤❡ t♦♣ ✜❣✉r❡✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥s
♦♥ t❤✐s ❞✐r❡❝t✐♦♥ ❛r❡ s❤♦✇♥ ♦♥ t❤❡ ❧♦✇❡r ✜❣✉r❡✳

♠❡tr✐❝ ♦♥ X ✭❝❢ ♣r❡✈✐♦✉s s❡❝t✐♦♥✮✳ ❲❡ ❞✐s♣❧❛② t❤❡ r❡s✉❧ts ❢♦r t❤❡ P❈❆ ✐♥ ✜❣✉r❡ ✹✳✶✼✳
❚❤❡ ✜rst ❝♦♠♣♦♥❡♥t ✈❡❝t♦r ❜❛s✐❝❛❧❧② s❤♦✇s ❛ t❤✐❝❦♥❡ss ❞❡❝r❡❛s❡ ❢♦r s✉❜❥❡❝ts ✇✐t❤
❣❧❛✉❝♦♠❛ ♦♥ ❛ ❈✲s❤❛♣❡ ❝♦♥❝❡♥tr❛t❡❞ ♠❛✐♥❧② ❛r♦✉♥❞ t❤❡ ♦♣❡♥✐♥❣✱ ✇❤✐❝❤ t❡♥❞s t♦
❝♦♥✜r♠ t❤❡ ♦✈❡r❛❧❧ ♦❜s❡r✈❛t✐♦♥s ♦❢ ❝❧✐♥✐❝✐❛♥s✳ ❆s ✇❡ s❡❡ ♦♥ t❤❡ ❧♦✇❡r ♣❧♦t✱ t❤❡ t✇♦
✜rst P❈❆ ✈❡❝t♦rs ❢♦r t❤✐❝❦♥❡ss❡s s❡❡♠ t♦ s❡♣❛r❛t❡ t❤❡ ❝❧❛ss❡s ✐♥ ❛ ♥✐❝❡r ✇❛② t❤❛♥
♠♦♠❡♥t❛✳ ❚❤✐s ✐s ❡✈❡♥ ♠♦r❡ ♦❜✈✐♦✉s ✇✐t❤ t❤❡ ▲❉❆✳ ❚❤❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤✐❝❦♥❡ss❡s
✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ▲❉❆ ✈❡❝t♦r ❢♦❧❧♦✇ ❛ q✉✐t❡ s✐♠✐❧❛r ♣❛tt❡r♥ ❛s t❤❡ ✜rst P❈❆
✈❡❝t♦r✱ ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✶✽✳ ❨❡t ♦♥❡ ❝❛♥ r❡♠❛r❦ ♦♥❝❡ ❛❣❛✐♥ t❤❡ ❣r❡❛t❡r ❝❧❛ss
s❡♣❛r❛t✐♦♥ ♣r♦♣❡rt② ♦❢ t❤❡ ▲❉❆✳

❚❤❡s❡ ✜rst s❡ts ♦❢ r❡s✉❧ts s✉❣❣❡st t❤❛t ❛♣♣❧②✐♥❣ ▲❉❆ ✭r❛t❤❡r t❤❛♥ P❈❆✮ ♦♥ ♠♦♠❡♥t❛
❛♥❞ t❤✐❝❦♥❡ss ♠❛♣s s❤♦✉❧❞ ♣r♦✈✐❞❡ ❛ s✐♠♣❧❡ ✇❛② t♦ ❝❧❛ss✐❢②✱ ❛t ❧❡❛st ✇✐t❤ ❛ r❡❛s♦♥❛❜❧❡
❡✣❝✐❡♥❝②✱ ❜❡t✇❡❡♥ ❝♦♥tr♦❧s ❛♥❞ ❣❧❛✉❝♦♠❛✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❛ss❡ss❡❞ ♠♦r❡ r✐❣♦r♦✉s❧②
❜② ❛♣♣❧②✐♥❣ t❤❡ ♣r❡❞✐❝t✐♦♥ r✉❧❡ ❧❡❛r♥❡❞ ❜② ▲❉❆ ♦♥ ❛ t❡st✐♥❣ s❡t ♦❢ ♥❡✇❧② ❛❝q✉✐r❡❞
s✉❜❥❡❝ts ❛s ✇❡ ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤✐s ♣❛rt✐❝✉❧❛r
❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ ❞✐❞ ♥♦t ❤❛✈❡ ②❡t ♥❡✇ s✉❜❥❡❝ts ❛✈❛✐❧❛❜❧❡ t♦ ✇♦r❦ ♦♥ ✭t❤✐s ✐s ❛ ❝✉rr❡♥t
✇♦r❦ ❢r♦♠ ♦✉r ❝♦❧❧❛❜♦r❛t♦rs✬ s✐❞❡ ✐♥ ❙❋❯✮✳ ■♥st❡❛❞✱ ✇❡ t❡st❡❞ t❤❡ q✉❛❧✐t② ♦❢ ♣r❡❞✐❝t✐♦♥
❜② ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ t❡sts ♦♥ t❤❡ ❧❡❛r♥✐♥❣ ❞❛t❛s❡t ✐ts❡❧❢✳ ◆❛♠❡❧②✱ ✇❡ ❛♣♣❧✐❡❞ ❧❡❛✈❡✲♦♥❡
♦✉t ♣r♦❝❡❞✉r❡s ✇❤✐❝❤ ❝♦♥s✐st ✐♥ ❡①❝❧✉❞✐♥❣ ♦♥❡ ✭♦r ♠♦r❡ ❣❡♥❡r❛❧❧② p✮ s✉❜❥❡❝t ❢r♦♠
t❤❡ ❞❛t❛s❡t ❛♥❞ ♣r❡❞✐❝t t❤❡ ❝❧❛ss ♦❢ t❤❡s❡ s✉❜❥❡❝ts ❜② ✉s✐♥❣ t❤❡ r❡♠❛✐♥❞❡r✳ ❚❤✐s ✐s
❡①❛❝t❧② ❛s ✐❢ ♦♥❡ ❛rt✐✜❝✐❛❧❧② s❡♣❛r❛t❡s t❤❡ ❞❛t❛s❡t ✐♥t♦ tr❛✐♥✐♥❣ ❛♥❞ t❡st✐♥❣ s❡ts✳

■♥ ♣r❛❝t✐❝❛❧ t❡r♠s✱ ✇❡ r❛♥❞♦♠❧② ❝❤♦♦s❡ p s✉❜❥❡❝ts ❛♠♦♥❣ t❤❡ N = 30 ❛✈❛✐❧❛❜❧❡✱
❡st✐♠❛t❡ ❛ t❡♠♣❧❛t❡ ❛♥❞ ▲❉❆ ❛①✐s ✇✐t❤ t❤❡ N − p ♦t❤❡rs✱ t❤❡♥ ♣r♦❥❡❝t t❤❡ p ✬t❡st✬
s✉❜❥❡❝ts ♦♥ t❤❡ ▲❉❆ s✉❜s♣❛❝❡ ❛♥❞ ❛✛❡❝t ❡❛❝❤ ♦❢ t❤❡♠ t♦ t❤❡ ❝❧❛ss ♦❢ t❤❡ ❝❧♦s❡st
❝❧❛ss ♠❡❛♥✳ ❇② r❡♣❡❛t✐♥❣ t❤✐s ♣r♦❝❡❞✉r❡ ❢♦r ♥✉♠❡r♦✉s ❞r❛✇s ♦❢ p ❛♠♦♥❣ N ✱ ♦♥❡ ❝❛♥

✶✻✻



❉❛t❛ ♣❂✶ ♣❂✷ ♣❂✸ ♣❂✹

▼♦♠❡♥t❛ ✵✳✶✵✵ ✵✳✵✽✷ ✵✳✵✾✵ ✵✳✵✽✾
❚❤✐❝❦♥❡ss r❡s✐❞✉❛❧s ✵✳✵✸✸ ✵✳✵✹✵ ✵✳✵✹✶ ✵✳✵✺✻

▼♦♠❡♥t❛ ❛♥❞ t❤✐❝❦♥❡ss ✵✳✵✵✵ ✵✳✵✵✽ ✵✳✵✷✶ ✵✳✵✸✷

❚❛❜❧❡ ✹✳✶✿ ▲❉❆ ❝❧❛ss✐✜❝❛t✐♦♥ ❡rr♦r r❛t❡s ✐♥ ❝r♦ss ✈❛❧✐❞❛t✐♦♥ ✭N = 30✮ ❢♦r ❧❡❛✈❡✲p✲♦✉t
t❡sts✳

❉❛t❛ ♣❂✶ ♣❂✷ ♣❂ ✸ ♣❂✹

▼♦♠❡♥t❛ ✵✳✶✺✵ ✵✳✶✼✹ ✵✳✶✽✸ ✵✳✷✵✼
❚❤✐❝❦♥❡ss r❡s✐❞✉❛❧s ✵✳✵✵✵ ✵✳✵✵✽ ✵✳✵✶✽ ✵✳✵✸✺

▼♦♠❡♥t❛ ❛♥❞ t❤✐❝❦♥❡ss ✵✳✵✺✵ ✵✳✵✺✸ ✵✳✵✺✼ ✵✳✵✻✼

❚❛❜❧❡ ✹✳✷✿ ▲❉❆ ❝❧❛ss✐✜❝❛t✐♦♥ ❡rr♦r r❛t❡s ♦♥ t❤❡ ♦❧❞ s✉❜❥❡❝t s✉❜✲❞❛t❛s❡t ✭N = 20✮✳

t❤❡♥ ♠❡❛s✉r❡ t❤❡ ♥✉♠❜❡r ♦❢ ❢❛❧s❡ ❝❧❛ss ♣r❡❞✐❝t✐♦♥s✳ ◆♦t❡ t❤❛t ✇❡ ❛❧s♦ tr② s❡✈❡r❛❧
r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡rs t♦ ♦♣t✐♠✐③❡ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ r❛t❡s✳ ❚❤✐❝❦♥❡ss ❛♥❞ ♠♦✲
♠❡♥t❛ ❝♦♦r❞✐♥❛t❡s ❝❛♥ ❜❡ ❛❧s♦ ❝♦♠❜✐♥❡❞ ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ✿ ❤❡r❡ ✇❡ ❤❛✈❡ tr✐❡❞ ❛
s✐♠♣❧❡ ℓ1 ❞✐st❛♥❝❡ t♦ ❝❧❛ss ❝❡♥t❡rs ✐♥ t❤❡ ✷❉ s♣❛❝❡ ♣r♦✈✐❞❡❞ ❜② ▲❉❆ ❝♦♦r❞✐♥❛t❡s ❢♦r
❜♦t❤ ♠♦♠❡♥t❛ ❛♥❞ r❡s✐❞✉❛❧s✳ ❚❤❡ r❡s✉❧ts ❛r❡ s✉♠♠❡❞ ✉♣ ✐♥ t❛❜❧❡ ✹✳✶✳ ❈❧❛ss✐✜❝❛t✐♦♥
❜❛s❡❞ ♦♥ ♠♦♠❡♥t❛ ♦r t❤✐❝❦♥❡ss❡s ❧❡❛❞s t♦ ♠✐s❝❧❛ss✐✜❝❛t✐♦♥ r❛t❡s ♦❢ t❤❡ ♦r❞❡r ♦❢ 9%✱
✇❤✐❝❤ ♦❢ ❝♦✉rs❡ ✐♥❝r❡❛s❡s s❧♦✇❧② ❛s ✇❡ r❡♠♦✈❡ ♠♦r❡ s✉❜❥❡❝ts ❢r♦♠ t❤❡ tr❛✐♥✐♥❣ s❡t ✭✐✳❡
✇❤❡♥ p ✐♥❝r❡❛s❡s✮✳ ❲❡ r❡♠❛r❦ t❤❛t ❡rr♦r r❛t❡s ❛r❡ ❛❧s♦ s❧✐❣❤t❧② ❜❡tt❡r ✉s✐♥❣ t❤✐❝❦✲
♥❡ss❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ♠✐s❝❧❛ss✐✜❝❛t✐♦♥s ❞♦ ♥♦t ♦❝❝✉r ❣❡♥❡r❛❧❧② ❢♦r t❤❡ s❛♠❡ s✉❜❥❡❝ts
✐♥ t❤❡ t✇♦ ♠❡t❤♦❞s✳ ■t r❡s✉❧ts t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ t✇♦ ♣r♦✈✐❞❡s ✈❡r② s♦❧✐❞
❝❧❛ss✐✜❝❛t✐♦♥ r❛t❡s ✐♥ t❤❛t ❝❛s❡ s✐♥❝❡ ✇❡ ❣❡t ❛♥ ❡rr♦r ✉♥❞❡r 1% ❢♦r p = 1, 2✳

◆❛t✉r❛❧❧②✱ t❤❡s❡ ❛r❡ st✐❧❧ ❝r✉❞❡ r❡s✉❧ts ❛t t❤❡ ♣r❡s❡♥t t✐♠❡✳ ❆♥ ✐♠♣♦rt❛♥t ❢♦❧❧♦✇✲✉♣
st✉❞② ✐s t♦ ✐♥t❡r♣r❡t ❢r♦♠ ❛ ♠♦r❡ ❝❧✐♥✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ t❤❡s❡ ❞✐s❝r✐♠✐♥❛t✐✈❡ ♠♦❞❡s
♦❢ ✈❛r✐❛t✐♦♥s ❢♦✉♥❞ ❜② ▲❉❆✱ ❡s♣❡❝✐❛❧❧② t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❞❡❢♦r♠❛t✐♦♥s✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ✐t✬s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ❛♥❛❧②③❡ ✐♥❝✐❞❡♥t❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞❛t❛s❡t ✐♥ ♦r❞❡r
t♦ ❡❧✐♠✐♥❛t❡ ❤✐❞❞❡♥ ❡✛❡❝ts t❤❛t ❛r❡ ♥♦t s♣❡❝✐✜❝❛❧❧② ❝♦rr❡❧❛t❡❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t
♦❢ ❣❧❛✉❝♦♠❛✳ ❚❤❡ s✉❜❥❡❝ts✬ ❛❣❡ ✐s t②♣✐❝❛❧❧② ❛♥ ✐♠♣♦rt❛♥t ♦♥❡ ❜❡❝❛✉s❡ ✐t ❣❡♥❡r❛❧❧②
❛✛❡❝ts t❤❡ s❤❛♣❡ ♦❢ t❤❡ r❡t✐♥❛✳ ❙✐♥❝❡ ✐t ✐s ❛ ❦♥♦✇♥ ❞❛t❛✱ ✇❡ ❛❧s♦ ❝♦♥❞✉❝t❡❞ t❤❡
s❛♠❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡①♣❡r✐♠❡♥ts ❜✉t r❡str❛✐♥❡❞ t♦ ♦♥❧② ♦❧❞ s✉❜❥❡❝ts ❢r♦♠ t❤❡ ❞❛t❛s❡t
✭✇❤✐❝❤ ❣✐✈❡s ✷✵ s✉❜❥❡❝ts✱ ❝♦♥tr♦❧s ❛♥❞ ❣❧❛✉❝♦♠❛t♦✉s✮✳ ❚❤❡ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ ❝❧❛ss✐✜✲
❝❛t✐♦♥ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❛❜❧❡ ✹✳✷✳ ❲❡ s❡❡ t❤❛t t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡
❜❛s❡❞ ♦♥ ❣❡♦♠❡tr② ✇✐t❤ t❤❡ ♠♦♠❡♥t❛ ✐s ❧❡ss ❛❝❝✉r❛t❡ ✐♥ t❤❛t s✐t✉❛t✐♦♥ ✭❛r♦✉♥❞ 17%
❡rr♦r✮✱ ✇❤❡r❡❛s t❤❡ ♦♥❡ ❜❛s❡❞ ♦♥ t❤❡ t❤✐❝❦♥❡ss ❛♥❛❧②s✐s ✐♠♣r♦✈❡s q✉✐t❡ s♣❡❝t❛❝✉❧❛r❧②✱
s✉❣❣❡st✐♥❣ t❤❛t t❤✐❝❦♥❡ss ❞❡❝r❡❛s❡ ✐s ♣r♦❜❛❜❧② ❛ ❜❡tt❡r ❜✐♦♠❛r❦❡r ♦❢ t❤❡ ❞✐s❡❛s❡ t❤❛♥
s❤❛♣❡ ✈❛r✐❛t✐♦♥s ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ♣❛rt❧② ❝❛✉s❡❞ ❜② ❛❣❡✳ ❚❤✐s ✐s ❛ st✉❞② t♦ ❜❡ ❝♦♥✲
t✐♥✉❡❞ ❛s ❛ ❢✉t✉r❡ ✇♦r❦✱ ♦♥❡ ♣♦ss✐❜❧❡ tr❛✐❧ ❜❡✐♥❣ t♦ s❡♣❛r❛t❡ t❤❡ ❞❛t❛s❡t ✐♥t♦ ♠♦r❡
❝❧❛ss❡s ❢♦r ✐♥st❛♥❝❡ ❜② ❛❞❞✐♥❣ ❛❣❡ ❛♥❞ ♣❡r❢♦r♠ ♠✉❧t✐✲❝❧❛ss ▲❉❆ ✿ t❤✐s ✇♦✉❧❞ ❜❡❝♦♠❡
♣❛rt✐❝✉❧❛r❧② r❡❧❡✈❛♥t st❛t✐st✐❝❛❧❧② ✐❢ t❤❡ ❞❛t❛s❡t ✐s ❡♥r✐❝❤❡❞ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ s✉❜❥❡❝ts✬
❛❝q✉✐s✐t✐♦♥s✳

✶✻✼



✹✳✹ ❆t❧❛s ❡st✐♠❛t✐♦♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✈❛r✐❢♦❧❞s ❛♥❞ ❛♣✲

♣❧✐❝❛t✐♦♥s

❚❤❡ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s ♦❢ s❡❝t✐♦♥ ✹✳✷ ❝❛♥ ❜❡ r❡❛❞✐❧② tr❛♥s♣♦s❡❞ t♦ t❤❡ ❝❛s❡
♦❢ ✈❛r✐❢♦❧❞s ❛♥❞ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s t❤❛t ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❝❤❛♣t❡r ✸✳ ❆❧❧ ✐t ♥❡❡❞s
❜❛s✐❝❛❧❧② ✐s t♦ r❡♣❧❛❝❡ ❢❝✉rr❡♥ts✬ ♥♦r♠s ❜② ✈❛r✐❢♦❧❞s ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣r❛❞✐❡♥ts
❢♦r t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ t❡♠♣❧❛t❡ ♣♦s✐t✐♦♥✱ ♠♦♠❡♥t❛ ❛♥❞ r❡s✐❞✉❛❧s✳ ❈♦♠♣❛r❡❞ t♦ t❤❡
♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠s✱ t❤❡ ❛❞✈❛♥t❛❣❡s ❛r❡ t❤❡ ♦♥❡ ❞❡t❛✐❧❡❞ ✐♥ ❝❤❛♣t❡r ✸ ✿ t❤❡ ♣♦ss✐❜✐❧✐t②
t♦ ✇♦r❦ ✇✐t❤ ♥♦♥✲♦r✐❡♥t❡❞ ♠❛♥✐❢♦❧❞s ❛♥❞ t❤❡ ❣r❡❛t❡r st❛❜✐❧✐t② ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ❛t
❜✐❣❣❡r s❝❛❧❡s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❡ss❡♥t✐❛❧❧② ♣r❡s❡♥t t✇♦ ♦♥❣♦✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ♦❢
t❤❛t ♦♥ r❡❛❧ ❞❛t❛s❡ts ♦❢ ♣✉r❡❧② ❣❡♦♠❡tr✐❝❛❧ s❤❛♣❡s ✿ ❛ ✜rst ♦♥❡ ❝♦♥❝❡r♥s t❤❡ st✉❞②
♦❢ ❝❡❧❧s✬ ❞✐✈✐s✐♦♥s ✐♥ ♠✐❝❡ ❤❡❛rt ❡♥✈❡❧♦♣❡s ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ✇✐❧❧ ♣r❡s❡♥t ❛t❧❛s❡s ♦❢
❈♦❝❤❧❡❛✬s s✉r❢❛❝❡s✳

✹✳✹✳✶ ❆❧❣♦r✐t❤♠

❚❤❡ ❛❧❣♦r✐t❤♠s ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s s♦ ✇❡ ✇✐❧❧ ❥✉st ❜r✐❡✢② ❤✐❣❤❧✐❣❤t
t❤❡ ❢❡✇ ❞✐✛❡r❡♥❝❡s✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ♣✉r❡ ❣❡♦♠❡tr✐❡s ✇✐t❤ ♥♦ s✐❣♥❛❧s✱ ❛t❧❛s ❡st✐♠❛t✐♦♥
✐♥ t❤❛t ❝♦♥t❡①t ✇r✐t❡s ✿

min
(X,pi0)

J(X, (pi0))
.
=

(
N∑

i=1

‖vi0‖2V + γ‖µXi − µφi(X)‖2W ′

)
✭✹✳✷✾✮

µX ❞❡♥♦t❡s t❤❡ ✈❛r✐❢♦❧❞ ❛ss♦❝✐❛t❡❞ t♦ X ❛♥❞ ‖.‖W ′ ✐s ❛ ❘❑❍❙ ♥♦r♠ ♦♥ ✈❛r✐❢♦❧❞s ❛s
❞❡✜♥❡❞ ✐♥ ❝❤❛♣t❡r ✸✳ ◆♦✇ t❤❡ ❣r❛❞✐❡♥ts ♦❢ J ✇✐t❤ r❡s♣❡❝t t♦ X ❛♥❞ t❤❡ ♠♦♠❡♥t❛
pi0 ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛❧s♦ ❜② t❤❡ s❛♠❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❞②♥❛♠✐❝s✳ ❖♥❧② t❤❡
✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❛❞❥♦✐♥t ✈❛r✐❛❜❧❡s Qi ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ❡q✉❛t✐♦♥ ❡q✳✭✹✳✶✵✮ ♠✉st ❜❡
❝❤❛♥❣❡❞ t♦ Qi1 = −∇qgi(qi1) ✇❤❡r❡ gi ✐s t❤❡ sq✉❛r❡❞ ❞✐st❛♥❝❡ t♦ t❤❡ ith s✉❜❥❡❝t ❜✉t
♥♦✇ ❢♦r t❤❡ ✈❛r✐❢♦❧❞ ♠❡tr✐❝✳ ❚❤❡s❡ ❣r❛❞✐❡♥ts ❛r❡ ❞✐r❡❝t❧② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝♦♠♣✉✲
t❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡r ✸✳ ❚❤❡ ♥♦r♠❛❧✐③❛t✐♦♥s ♦❢ ❣r❛❞✐❡♥ts ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥
✹✳✷✳✶ ❛♥❞ ✹✳✷✳✶ ❛r❡ st✐❧❧ ✈❛❧✐❞ ❢♦r ✈❛r✐❢♦❧❞s✳ ❆♥❞ ✜♥❛❧❧②✱ t❤❡ ✈❛r✐❛t✐♦♥ ❢♦r♠✉❧❛ s❤♦✇♥
✐♥ t❤❡♦r❡♠ ✸✳✹✳✷ ❜r✐♥❣s ♦✉t s✐♥❣✉❧❛r✐t✐❡s ♦♥ t❤❡ ❜♦✉♥❞❛r② ❢♦r t❤❡ ❣r❛❞✐❡♥t ✇❤✐❝❤ ❝❛♥
❜❡ t❛❝❦❧❡❞✱ ❛s ✐♥ ✹✳✷✳✶✱ ❜② r❡❣✉❧❛r✐③❛t✐♦♥✳
◆♦✇ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❝♦♠♣♦♥❡♥t ❝❛♥ ❜❡ ❛❧s♦ ❛❞❞❡❞ t♦ t❤❡ ✈❛r✐❢♦❧❞ ❢r❛♠❡✇♦r❦✱ ❢♦❧❧♦✇✲
✐♥❣ ✇❤❛t ✇❛s ❡①♣♦s❡❞ ✐♥ ❝❤❛♣t❡r ✸ s❡❝t✐♦♥ ✸✳✻✳✷✳ ■t r❡s✉❧ts t❤❛t ❛❧❣♦r✐t❤♠ ✸ ✐s ❛❧s♦
tr❛♥s♣♦s❛❜❧❡ ✇✐t❤ ♠✐♥✐♠❛❧ ❝❤❛♥❣❡s t♦ ✈❛r✐❢♦❧❞s✱ ♣r♦✈✐❞✐♥❣ ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ ❢❝✉rr❡♥ts
❢♦r ❡st✐♠❛t✐♥❣ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧ ❛t❧❛s❡s✳

✹✳✹✳✷ ❲♦r❦s ♦♥ ❡♠❜r②♦♥✐❝ ♠♦✉s❡ ❤❡❛rt

❆s ❛ ✜rst ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❡st ♦❢ ✈❛r✐❢♦❧❞s✬ ❛t❧❛s ❡st✐♠❛t✐♦♥ ❢r♦♠ ❛ ♠♦r❡ ❛♣♣❧✐❡❞
♣♦✐♥t ♦❢ ✈✐❡✇ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❜✐♦❧♦❣✐❝❛❧ ✐♠❛❣✐♥❣✱ ✇❡ ♣r❡s❡♥t ❛ ✜rst s❡r✐❡s ♦❢ r❡s✉❧ts
❢r♦♠ ❛♥ ♦♥❣♦✐♥❣ ♣r♦❥❡❝t ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❙✳ ▼❡✐❧❤❛❝ ❛♥❞ ❏✳❋ ▲❡ ●❛rr❡❝ ❢r♦♠
t❤❡ t❡❛♠ ▼♦❧❡❝✉❧❛r ●❡♥❡t✐❝s ♦❢ ❉❡✈❡❧♦♣♠❡♥t ✐♥ ■♥st✐t✉t P❛st❡✉r✳ ■t ❝♦♥s✐sts ✐♥ t❤❡
❛♥❛❧②s✐s ♦❢ ❝❡❧❧s✬ ❞✐r❡❝t✐♦♥s ♦❢ ❞✐✈✐s✐♦♥s ❞✉r✐♥❣ t❤❡ ❣r♦✇t❤ ♦❢ ❤❡❛rts ✐♥ ♠✐❝❡ ❡♠❜r②♦s✱
❛s ♣✐♦♥❡❡r❡❞ ✐♥ ❬✺✸❪✳ ❚❤❡ ❞❛t❛s❡t ✐ts❡❧❢ ✐s ♠❛❞❡ ♦❢ s❡✈❡r❛❧ s✉❜❥❡❝ts✬ ❡♥✈❡❧♦♣❡s✱ ✇❤✐❝❤
❛r❡ s✉r❢❛❝❡s ✐♥ t❤❡ ✸❉ s♣❛❝❡✳ ❚❤❡s❡ ✇❡r❡ ❛❝q✉✐r❡❞ ❜② ❝♦♥❢♦❝❛❧ ♠✐❝r♦s❝♦♣② ❛♥❞
❞❡❧✐♠✐t ♦♥❧② ❛ s❡❝t✐♦♥ ♦♥ t♦♣ ♦❢ t❤❡ ❤❡❛rt ♦❢ t❤❡ ❡♠❜r②♦ ✭✉♥t✐❧ ❛ ❞❡♣t❤ ❧✐♠✐t❡❞ ❜② t❤❡
❛❝q✉✐s✐t✐♦♥ ❞❡✈✐❝❡✮✳ ❚❤❡ ❞❡♣t❤ ♦❢ ❛❝q✉✐s✐t✐♦♥ ✐s r❛t❤❡r s♠❛❧❧ ❛♥❞ t❤✉s t❤❡ s✉r❢❛❝❡s
❛r❡ t❤✐♥ ♠❡♠❜r❛♥❡s✳ ■♥s✐❞❡ t❤❡s❡ ❡♥✈❡❧♦♣❡s✱ ✇❡r❡ ♠❡❛s✉r❡❞✱ ❛t t❤❡ t✐♠❡ ♦❢ ❡♠❜r②♦✬s

✶✻✽



s❛♠♣❧✐♥❣✱ t❤❡ ❞✐✈✐s✐♦♥s ❛①❡s✬ ✭✉♥♦r✐❡♥t❡❞✮ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❝❡❧❧s ✇❤✐❝❤ ✇❡r❡ ✐♥ ❛
♠✐t♦s✐s ♣r♦❝❡ss ❛t t❤✐s ♣r❡❝✐s❡ ♠♦♠❡♥t✳ ❲❡ s❤♦✇ ✐♥ ✜❣✉r❡ ✹✳✶✾ t❤❡ ❢✉❧❧ ❞❛t❛s❡t ✇✐t❤
t❤❡ ♥✐♥❡ s✉❜❥❡❝ts ❡♥✈❡❧♦♣❡s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐✈✐s✐♦♥ ❛①❡s ✐♥s✐❞❡ ✭❡①❝❡♣t ❢♦r ❛
❢❡✇ ❛rt✐❢❛❝ts ❧♦❝❛t❡❞ ♦✉ts✐❞❡ t❤❡ ❡♥✈❡❧♦♣❡s ♦♥ s♦♠❡ s✉❜❥❡❝ts✮✳

❚❤❡ ❜✐♦❧♦❣✐❝❛❧ ✐ss✉❡s ❛t st❛❦❡ ❛r❡ s❡✈❡r❛❧✳ ❆s ✇❡ ❝❛♥ s❡❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠❡❛s✉r❡❞
❞✐✈✐s✐♦♥s✬ ❛①❡s ✇✐t❤✐♥ ❛ s✉❜❥❡❝t ✐s r❛t❤❡r s♠❛❧❧ ✐♥ ❛ ❣✐✈❡♥ ❡♥✈❡❧♦♣❡✳ ❖♥❡ ♦❢ t❤❡ q✉❡s✲
t✐♦♥ r❛✐s❡❞ ❜② ❜✐♦❧♦❣✐sts ✐s t♦ ✜♥❞ ✐❢ s♦♠❡ r❡❣✐♦♥s s❤♦✇ s♦♠❡ ♠❡❛♥✐♥❣❢✉❧ ❝♦rr❡❧❛t✐♦♥s
♦❢ t❤❡ ❞✐✈✐s✐♦♥s✬ ❞✐r❡❝t✐♦♥s t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❤❡❛rt✬s ❣r♦✇t❤✳ ❍♦✇✲
❡✈❡r✱ ❡st✐♠❛t✐♥❣ ❝♦rr❡❧❛t✐♦♥s ♦♥ s✉❜❥❡❝ts s❡♣❛r❛t❡❧② ✇♦✉❧❞ ❧❡❛❞ t♦ ✈❡r② ✉♥st❛❜❧❡ ❛♥❞
♥♦♥✲r❡♣r♦❞✉❝✐❜❧❡ r❡s✉❧ts ❞✉❡ t♦ t❤❡ ❧♦✇ ♥✉♠❜❡r ♦❢ ❛①❡s ❢♦r ❡❛❝❤ ♦♥❡✳ ❚❤✉s ♦♥❡ ♥❡❡❞s
❛ ❢r❛♠❡✇♦r❦ t♦ ❣❛t❤❡r t❤❡ ✐♥❢♦r♠❛t✐♦♥s ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t s✉❜❥❡❝ts ✐♥ ♦r❞❡r t♦ ❤❛✈❡
❛ ❞❡♥s❡r ❞✐str✐❜✉t✐♦♥ ♦❢ ❛①❡s✳ ❚❤❡ s❡❝♦♥❞ ✐♠♣♦rt❛♥t ✐ss✉❡✱ t❤❛t ✇❡ ❤❛✈❡ ❥✉st t♦✉❝❤❡❞
✉♣♦♥ ❢♦r t❤❡ t✐♠❡ ❜❡✐♥❣✱ ✐s t♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛ ♠✉t❛t✐♦♥ ♦♥ ❛ ♣❛rt✐❝✉❧❛r ❣❡♥❡
✐♥ t❤❡ ❞✐r❡❝t✐♦♥s✬ r❡♣❛rt✐t✐♦♥✳ ❚❤❡ ❞❛t❛s❡t ❝♦♥t❛✐♥s ❛❝t✉❛❧❧② t❤r❡❡ s✉❜❥❡❝ts ♦❢ ❡❛❝❤
❝❧❛ss ✿ ✇✐❧❞ s♣❡❝✐❡s ✭✇✐t❤ t✇♦ ♥♦♥✲♠✉t❛t❡❞ ❣❡♥❡s✮✱ ❤❡t❡r♦③②❣♦✉s ❛♥❞ ♠✉t❛♥ts✳

■♥ t❤❡ ✜rst ♣❧❛❝❡✱ ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ ❛ ✇❛② t♦ ❣❛t❤❡r t♦❣❡t❤❡r ❛①❡s ❞❛t❛ ❢r♦♠ t❤❡
❞✐✛❡r❡♥t s✉❜❥❡❝ts ✐♥ ♦♥❡ ❝♦♠♠♦♥ s❡t ♦❢ ❞✐✈✐s✐♦♥s✳ ❆ r❡❛s♦♥❛❜❧❡ ✇❛② ✐s t♦ ♥♦r♠❛❧✐③❡
❣❡♦♠❡tr✐❡s ♦❢ t❤❡ s✉❜❥❡❝ts ❜② ❝♦♠♣✉t✐♥❣ ❞❡❢♦r♠❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❡♥✈❡❧♦♣❡s ❛♥❞
tr❛♥s♣♦rt t❤❡ ❞✐r❡❝t✐♦♥s t❤r♦✉❣❤ t❤❡s❡ ❞❡❢♦r♠❛t✐♦♥s✱ ✐✳❡ t❤r♦✉❣❤ t❤❡ ❏❛❝♦❜✐❛♥ ♦❢ t❤❡
❞✐✛❡♦♠♦r♣❤✐s♠s ❛s ❛❧r❡❛❞② ❞❡s❝r✐❜❡❞ ❜② ❡q✳✭✷✳✸✮✳ ■♥st❡❛❞ ♦❢ ❝❤♦♦s✐♥❣ ♦♥❡ ♦❢ t❤❡ s✉❜✲
❥❡❝ts ❛s ❛ r❡❢❡r❡♥❝❡ ✇✐t❤ t❤❡ ❜✐❛s t❤❛t t❤✐s ✇♦✉❧❞ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ♠❡t❤♦❞✱ ✇❡ ♣r♦♣♦s❡
✐♥st❡❛❞ t♦ ❝♦♠♣✉t❡ ✜rst ❛ t❡♠♣❧❛t❡ ♦❢ t❤❡ ❡♥✈❡❧♦♣❡ s❤❛♣❡s✳ ❚❤❡ ❡ss❡♥t✐❛❧ ❞✐✣❝✉❧t✐❡s
❤❡r❡ ❝♦♠❡s ❢r♦♠ ❛ ❢❡✇ ❛rt✐❢❛❝ts ♦♥ t❤❡ ❡♥✈❡❧♦♣❡s✬ tr✐❛♥❣✉❧❛t✐♦♥s ❛♥❞ ❢r♦♠ t❤❡ ❢❛❝t
t❤❛t t❤❡s❡ ♠❡♠❜r❛♥❡s ❛r❡ ✉s✉❛❧❧② ✈❡r② t❤✐♥✱ ✇❤✐❝❤ ❝❛✉s❡s ✐♠♣♦rt❛♥t ❝❛♥❝❡❧❧❛t✐♦♥
♣r♦❜❧❡♠s ✇❤❡♥ ✉s✐♥❣ ✉s✉❛❧ ❝✉rr❡♥ts ✭❝❢ ❞✐s❝✉ss✐♦♥ ♦❢ ❝❤❛♣t❡r ✸ s❡❝t✐♦♥ ✸✳✶✳✷✮✳ ❋r♦♠
t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ✈❛r✐❢♦❧❞s ❛♥❞ t❤❡ t❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ❢r❛♠❡✲
✇♦r❦ ♣r❡s❡♥t❡❞ ❥✉st ♣r❡✈✐♦✉s❧② s❡❡♠s ♠♦r❡ ❛❞❛♣t❡❞✳ ❲❡ ✐♥✐t✐❛❧✐③❡ t❤❡ t❡♠♣❧❛t❡ t♦
❛♥ ❡❧❧✐♣s♦✐❞ t♦ ❛✈♦✐❞ ❜✐❛s ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ❛♥❞ r✉♥ t❤❡ ❛t❧❛s ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠
❜❛s❡❞ ♦♥ ✈❛r✐❢♦❧❞s ✿ t❤✐s ❧❡❛❞s t♦ t❤❡ t❡♠♣❧❛t❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✷✵✳

❆ s❡❝♦♥❞ st❡♣ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥s ❢r♦♠ ❡❛❝❤ s✉❜❥❡❝t t♦ t❤❡ ❡st✐♠❛t❡❞
t❡♠♣❧❛t❡ ✭♥♦t❡ t❤❛t t❤❡s❡ ❛r❡ ♠♦r❡ ♦r ❧❡ss t❤❡ ✐♥✈❡rs❡s ♦❢ t❤❡ ♠❛♣s φi ❣✐✈❡♥ ❛t t❤❡
❡♥❞ ♦❢ t❤❡ ❛t❧❛s ❡st✐♠❛t✐♦♥✮✳ ❋✐♥❛❧❧②✱ ✇❡ ♣✉❧❧ t❤❡ ❛①❡s✬ ❞✐r❡❝t✐♦♥s ♦❢ ❡❛❝❤ s✉❜❥❡❝t
❜❛❝❦ ♦♥ t❤❡ t❡♠♣❧❛t❡ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐✛❡♦♠♦r♣❤✐s♠s✳
■♥ t❤❡ ❡♥❞✱ ✇❡ ❣❡t ❛ t❡♠♣❧❛t❡ ❡♥✈❡❧♦♣❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❛①❡s ❢r♦♠
t❤❡ ♥✐♥❡ s✉❜❥❡❝ts t♦❣❡t❤❡r✱ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ✹✳✷✶✳

❙✐♥❝❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛①❡s ❞❛t❛ tr❛♥s♣♦rt❡❞ ✐♥ t❤❡ t❡♠♣❧❛t❡ ❡♥✈❡❧♦♣❡ ✐s ♥♦✇
♠♦r❡ t❤❛♥ ✶✵✵✵✱ st❛t✐st✐❝s ♦❢ s♣❛t✐❛❧ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐r❡❝t✐♦♥s ♠❛❦❡s ❢❛r
♠♦r❡ s❡♥s❡ t❤❛♥ s❡♣❛r❛t❡ st❛t✐st✐❝s ♦♥ ❡❛❝❤ s✉❜❥❡❝t✳ ❚❤❡ r❡s✉❧t ♦❢ ✜❣✉r❡ ✹✳✷✶ ✇❡r❡
❛♥❛❧②③❡❞ ❜② ❜✐♦❧♦❣✐sts ✉s✐♥❣ ❝❧✉st❡r✐♥❣ ♠❡t❤♦❞s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❘❛②❧❡✐❣❤ st❛t✐st✐❝❛❧
t❡sts ♦♥ t❤❡ s❡t ♦❢ ❞✐r❡❝t✐♦♥s ✿ t❤✐s st✉❞② ❤❛s ❡✈✐❞❡♥❝❡❞ t❤r❡❡ r❡❣✐♦♥s ♦❢ t❤❡ t❡♠♣❧❛t❡
t❤❛t ♣r❡s❡♥t s✐❣♥✐✜❝❛♥t ❝♦rr❡❧❛t✐♦♥ ♦❢ t❤❡ ❛①❡s ❛❧♦♥❣ ❛ ♣❛rt✐❝✉❧❛r ❞✐r❡❝t✐♦♥✳ ▼❛t❝❤✐♥❣
♣✉rs✉✐t ❛❧❣♦r✐t❤♠ ❧✐❦❡ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ❢♦r ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✐♥ ❝❤❛♣t❡r ✷ ✇❛s ❛❧s♦
❛❞❛♣t❡❞ t♦ ✈❛r✐❢♦❧❞s ❛♥❞ ✉s❡❞ t♦ ✈✐s✉❛❧✐③❡ t❤❡ ♠♦st s✐❣♥✐✜❝❛♥t ❝♦rr❡❧❛t✐♦♥s✳ ❆❧t❤♦✉❣❤
q✉✐t❡ ♣r❡❧✐♠✐♥❛r② ❛t t❤✐s st❛❣❡✱ t❤❡s❡ ✜rst s❡ts ♦❢ r❡s✉❧ts s❡❡♠❡❞ ❡♥❝♦✉r❛❣✐♥❣ ❡♥♦✉❣❤
t♦ ❜❡❣✐♥ ♠♦r❡ ♣r❡❝✐s❡ ✐♥✈❡st✐❣❛t✐♦♥s ♦♥ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡s❡ r❡❣✐♦♥s ❛♥❞ ❞✐r❡❝t✐♦♥s
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣❡♥❡ ♠✉t❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❝✉rr❡♥t❧② ❛t ✇♦r❦ ❜✉t ✇♦✉❧❞ ♠♦st ❧✐❦❡❧②
r❡q✉✐r❡ t❤❡ ❛❝q✉✐s✐t✐♦♥ ♦❢ ❛❞❞✐t✐♦♥❛❧ s✉❜❥❡❝ts✳

❋r♦♠ t❤❡ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤✐s ❞❛t❛s❡t ♦✛❡rs s♦♠❡
♠♦r❡ ♣❡rs♣❡❝t✐✈❡s ❛♥❞ ♦♣❡♥ q✉❡st✐♦♥s t❤❛t ❞❡s❡r✈❡ t♦ ❜❡ ♠❡♥t✐♦♥❡❞✳ ❚❤❡ ✈❛r✐❢♦❧❞

✶✻✾



❋✐❣✉r❡ ✹✳✶✾✿ ❚❤❡ ♥✐♥❡ ❞✐✛❡r❡♥t s✉❜❥❡❝ts ♦❢ P❛st❡✉r ❞❛t❛s❡t s❤♦✇✐♥❣ t❤❡ tr✐❛♥❣✉❧❛t❡❞
❡♥✈❡❧♦♣❡s✬ ✸❉ s✉r❢❛❝❡s s❡❡♥ ❢r♦♠ ❛❜♦✈❡ ❛♥❞ t❤❡ ❞✐✈✐s✐♦♥ ❛①❡s ✐♥ r❡❞✳ ❖♥ t❤❡ ✜rst r♦✇
❛r❡ t❤❡ t❤r❡❡ ✇✐❧❞ s✉❜❥❡❝ts✱ ♦♥ t❤❡ s❡❝♦♥❞ t❤❡ t❤r❡❡ ❤❡t❡r♦③②❣♦✉s ❛♥❞ ♦♥ t❤❡ ❧❛st ♦♥❡
t❤❡ ♠✉t❛♥t s✉❜❥❡❝ts✳ ■♥ ♠♦st s✉❜❥❡❝ts✱ ♦♥❡ s❡❡s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t✇♦ ✈❡♥tr✐❝❧❡s
✭✉♣ ❛♥❞ ❞♦✇♥✮ s❡♣❛r❛t❡❞ ❜② t❤❡ ✐♥t❡r✲✈❡♥tr✐❝✉❧❛r r❡❣✐♦♥✳

✶✼✵



■♥✐t✐❛❧ t❡♠♣❧❛t❡ ■t❡r❛t✐♦♥ ✺ ■t❡r❛t✐♦♥ ✶✵ ❋✐♥❛❧ t❡♠♣❧❛t❡

❋✐❣✉r❡ ✹✳✷✵✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ ❡♥✈❡❧♦♣❡ t❤r♦✉❣❤ t❤❡ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ❛t❧❛s
❡st✐♠❛t✐♦♥ ♣r♦❝❡ss✳

❋✐❣✉r❡ ✹✳✷✶✿ ❚❤❡ t❡♠♣❧❛t❡ ❡♥✈❡❧♦♣❡ ✇✐t❤ t❤❡ tr❛♥s♣♦rt❡❞ ❞✐✈✐s✐♦♥ ❛①❡s ❢r♦♠ t❤❡ ♥✐♥❡
s✉❜❥❡❝ts✳

✶✼✶



r❡♣r❡s❡♥t❛t✐♦♥ ✇❛s ✉s❡❞ ❤❡r❡ ♦♥❧② ♦♥ t❤❡ ❡♥✈❡❧♦♣❡s✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ♣❡r❝❡♣t✐✈❡❧②
❜❡tt❡r r❡s✉❧ts ♦❢ t❡♠♣❧❛t❡ ❛♥❞ r❡❣✐str❛t✐♦♥ t❤❛♥ ❝✉rr❡♥ts✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ s❡❡ ♦♥ ✜❣✉r❡
✹✳✶✾✱ ♦♥ ❛ ❢❡✇ s✉❜❥❡❝ts✱ s♦♠❡ ❜♦✉♥❞❛r✐❡s ❛r❡ ❛rt✐✜❝✐❛❧ ❜❡❝❛✉s❡ t❤❡② ❝♦rr❡s♣♦♥❞ ♦♥❧②
t♦ t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❛❝q✉✐s✐t✐♦♥ ❜♦① r❛t❤❡r t❤❛♥ t♦ t❤❡ r❡❛❧ ❧✐♠✐t ♦❢ t❤❡ ❡♥✈❡❧♦♣❡✳ ❚❤✐s
✐ss✉❡ ♦❢ ♣❛rt✐❛❧ ♦❜s❡r✈❛t✐♦♥ ❞✉❡ t♦ ❛❝q✉✐s✐t✐♦♥ ❞❡✈✐❝❡s✱ ❡✈❡♥ ✐❢ ♥♦t t♦♦ ❞❡t❡r♠✐♥❛♥t
✐♥ t❤❛t ❝❛s❡✱ ✐s ❛ r❡❝✉rr❡♥t ♣r♦❜❧❡♠ ✐♥ ♠❛♥② ♠❡❞✐❝❛❧ ✐♠❛❣✐♥❣ ❞❛t❛s❡ts ❛♥❞ ✐s ♥♦t ②❡t
❞✐❧✐❣❡♥t❧② ❛❞❞r❡ss❡❞ ❜② t❤❡ ♣r❡s❡♥t r❡❣✐str❛t✐♦♥ ❛♥❞ t❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳
❆ s❡❝♦♥❞ ✐♥t❡r❡st✐♥❣ ♣♦✐♥t ✐s t❤❡ ❛①❡s ❞✐r❡❝t✐♦♥s✬ ❛♥❛❧②s✐s✳ ❙✐♥❝❡ t❤❡s❡ ❛r❡ ❜❛s✐❝❛❧❧②
❞✐str✐❜✉t✐♦♥s ♦❢ ♥♦♥✲♦r✐❡♥t❡❞ ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ s♣❛❝❡✱ ✈❛r✐❢♦❧❞s ❛♥❞ ❦❡r♥❡❧ ♠❡tr✐❝s
♦✛❡rs ❛❣❛✐♥ ❛ ♥❛t✉r❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❢r❛♠❡✇♦r❦ t❤❛t ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡
♠❡❛♥✐♥❣❢✉❧ st❛t✐st✐❝❛❧ ❝♦rr❡❧❛t✐♦♥s✳ ❖♥❡ ♣♦ss✐❜✐❧✐t②✱ ②❡t t♦t❛❧❧② ♣r♦s♣❡❝t✐✈❡ ❛t t❤❡
♠♦♠❡♥t✱ ✇♦✉❧❞ ❜❡ t♦ ❡st✐♠❛t❡ ❛ t❡♠♣❧❛t❡ ❛s ❛♥ ❡♥✈❡❧♦♣❡ s❤❛♣❡ ❝♦♥t❛✐♥✐♥❣ ❛ ❞❡♥s❡
♠❛♣ ♦❢ ❞✐r❡❝t✐♦♥s ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❞❛t❛❜❛s❡✳

✹✳✹✳✸ ❚❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ♦♥ ❈♦❝❤❧❡❛❡ ❞❛t❛s❡t

❲❡ s❤♦✇ ♥♦✇ ❛ s❡❝♦♥❞ ✐❧❧✉str❛t✐♦♥ ♦❢ ✈❛r✐❢♦❧❞ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♦♥ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r✲
❡♥t ❞❛t❛s❡t✳ ❲❡ ❣r❛t❡❢✉❧❧② t❤❛♥❦ ♣r♦❢❡ss♦r ❏♦s❡ ❇r❛❣❛ ❢r♦♠ ❯♥✐✈❡rs✐t② P❛✉❧ ❙❛❜❛t✐❡r
✐♥ ❚♦✉❧♦✉s❡✱ ♣r♦❢❡ss♦r ❏❡❛♥✲▲✉❝ ❑❛❤♥✱ ❝✉r❛t♦r ❛t t❤❡ ♠✉s❡✉♠ ♦❢ ✬■♥st✐t✉t ❞✬❛♥❛t♦♠✐❡
♥♦r♠❛❧❡ ❡t ♣❛t❤♦❧♦❣✐q✉❡✬ ✐♥ ❙tr❛s❜♦✉r❣ ❛♥❞ ❞♦❝t♦r ❙t❛♥❧❡② ❉✉rr❧❡♠❛♥ ❢r♦♠ ✬■♥st✐t✉t
❞✉ ❈❡r✈❡❛✉ ❡t ❞❡ ❧❛ ▼♦❡❧❧❡ é♣✐♥✐èr❡✬ ✐♥ P❛r✐s ❢♦r ♣r♦✈✐❞✐♥❣ t❤❡ ♠❛t❡r✐❛❧ ❞❛t❛ ✉s❡❞
✐♥ t❤✐s s❡❝t✐♦♥✳ ❚♦ ❜r✐❡✢② ❡①♣❧❛✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤✐s st✉❞② ❛♥❞ t❤❡ ♦✈❡r❛❧❧ ♣r♦❥❡❝t
❜❡❤✐♥❞ ✐t✱ ❛♥t❤r♦♣♦❧♦❣✐sts ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ s❤❛♣❡
♦❢ t❤❡ ✐♥♥❡r ❡❛r ✭♦r ❈♦❝❤❧❡❛✮ ✐♥ ❛ ♣❤②❧♦❣❡♥❡t✐❝ tr❡❡ ❛♥❞ r❡❧❛t❡ s♦♠❡ s❤❛♣❡ ❢❡❛t✉r❡s ♦❢
t❤❡ ❈♦❝❤❧❡❛ t♦ ♦t❤❡r ♠♦r♣❤♦❧♦❣✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ s♣❡❝✐❡s s✉❝❤ ❛s t❤❡ ❜♦❞② ♠❛ss
✐♥❞❡① ♦r t❤❡ ❛✉❞✐♦❣r❛♠✳

❋✐❣✉r❡ ✹✳✷✷✿ ❚❤❡ ❡✐❣❤t ❞✐✛❡r❡♥t s✉❜❥❡❝ts ♦❢ t❤❡ ❍♦♠♦ ❙❛♣✐❡♥s ❈♦❝❤❧❡❛ ❞❛t❛s❡t✳ ❚❤❡
s✉r❢❛❝❡s ✇❡ s❤♦✇ ❤❡r❡ ✇❡r❡ s✉❜s❛♠♣❧❡❞ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛ t♦ ❛♣♣r♦①✐♠❛t❡❧② ✼✺✵✵
♣♦✐♥ts ❡❛❝❤✱ ✉s✐♥❣ ✈❡rt❡① ❞❡❝✐♠❛t✐♦♥ ✜❧t❡r ✐♥ P❛r❛✈✐❡✇✳

✶✼✷



❋✐❣✉r❡ ✹✳✷✸✿ ❚❤r❡❡ ❞✐✛❡r❡♥t ✈✐❡✇s ♦❢ t❤❡ ✜rst s✉❜❥❡❝t✳ ◆♦t❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡
✬s♥❛✐❧✬ s❤❛♣❡ ♦❢ t❤❡ ❈♦❝❤❧❡❛ ❛♥❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤r❡❡ ❝❛♥❛❧s ✭♣♦st❡r✐♦r✱ s✉♣❡r✐♦r ❛♥❞
❤♦r✐③♦♥t❛❧✮✳

❋✐❣✉r❡ ✹✳✷✹✿ ❚❡♠♣❧❛t❡ ❡st✐♠❛t❡❞ ✇✐t❤ ❝✉rr❡♥ts ❢r♦♠ ❞✐✛❡r❡♥t ✈✐❡✇s✳

❋✐❣✉r❡ ✹✳✷✺✿ ❚❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ s❤❛♣❡ ✭♦♥ t❤❡ ❧❡❢t✮ ❛♥❞ t❤❡ t❡♠♣❧❛t❡
s❤❛♣❡ ❡st✐♠❛t❡❞ ❜② t❤❡ ✈❛r✐❢♦❧❞ ❛❧❣♦r✐t❤♠ ✭♦♥ t❤❡ r✐❣❤t✮✱ ✇✐t❤ s❡✈❡r❛❧ ✐♥t❡r♠❡❞✐❛t❡
❣r❛❞✐❡♥t ❞❡s❝❡♥t st❡♣s✳

❚❤❡ ✇♦r❦ ✇❡ ♣r❡s❡♥t ❤❡r❡ ✐s ❧❡ss ❛♠❜✐t✐♦✉s ❢♦r t❤❡ t✐♠❡ ❜❡✐♥❣✳ ❲❡ ❢♦❝✉s❡❞ ♦♥❧② ♦♥ t❤❡
❈♦❝❤❧❡❛ ♦❢ ❍♦♠♦ ❙❛♣✐❡♥s ❢♦r ✇❤✐❝❤ t❤❡ ❞❛t❛❜❛s❡ ❝♦♥t❛✐♥❡❞ t❤❡ tr✐❛♥❣✉❧❛t❡❞ s✉r❢❛❝❡s
♦❢ ❡✐❣❤t s✉❜❥❡❝ts✱ ✇❤✐❝❤ ✇❡ s❤♦✇ ✐♥ ✜❣✉r❡s ✹✳✷✷ ❛♥❞ ✹✳✷✸✳ ❚❤❡ ✐♥t❡r✲s✉❜❥❡❝t s❤❛♣❡
✈❛r✐❛❜✐❧✐t② ❡✈❡♥ ❛♠♦♥❣ ♦♥❡ ♣❛rt✐❝✉❧❛r s♣❡❝✐❡ ✐s ❛❧s♦ ❛♥ ✐♥t❡r❡st✐♥❣ ❛♥❞ st✐❧❧ ♥♦t ✈❡r②
✇❡❧❧✲❦♥♦✇♥ ❢❡❛t✉r❡✳ ❚❤❡ ❛t❧❛s ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✇❡ ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t✐♥❣ s♦
❢❛r ❝♦♥st✐t✉t❡ ❛ ♣r♦❝❡❞✉r❡ t♦ ❡st✐♠❛t❡ t❤✐s ✈❛r✐❛❜✐❧✐t②✳ ❉✉❡ t♦ t❤❡ ❝♦♠♣❧❡① ❣❡♦♠❡tr②
♦❢ t❤❡ ❈♦❝❤❧❡❛ s❤❛♣❡✱ ♥♦t❛❜❧② t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ t❤r❡❡ t❤✐♥ ❝❛♥❛❧s✱ t❤❡ ❛❧❣♦r✐t❤♠s
❜❛s❡❞ ♦♥ ❝✉rr❡♥ts ❝❛♥ ✈❡r② ❤❛r❞❧② r❡❝♦✈❡r ❛ ♣r♦t♦t②♣❡ s❤❛♣❡ ❢r♦♠ t❤❡ ❞❛t❛s❡t ♠❛✐♥❧②
❜❡❝❛✉s❡ t❤❡ ❝❛♥❝❡❧❧❛t✐♦♥ ❡✛❡❝t ♦❢ ❝✉rr❡♥ts ♠❛❦❡s t❤❡ ❦❡r♥❡❧ ♠❡tr✐❝s ✐♥s❡♥s✐t✐✈❡ t♦
t❤♦s❡ ♣✐❡❝❡s✳ ■♥st❡❛❞✱ t❤❡ ✈❛r✐❢♦❧❞ ❛t❧❛s ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ♠♦r❡
r♦❜✉st ✐♥ t❤❛t r❡❣❛r❞✳ ❆ s♣❡❝✐❛❧ ❝❛r❡ ❢♦r t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ ✐s ♥❡❡❞❡❞
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❋✐❣✉r❡ ✹✳✷✻✿ ❊st✐♠❛t❡❞ ❞❡❢♦r♠❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t❡♠♣❧❛t❡ ❛♥❞ t❤❡ s✉❜❥❡❝ts ❢r♦♠
t❤❡ ❞❛t❛s❡t✳ ❚❤❡ t❡♠♣❧❛t❡ ✐s t❤❡ tr❛♥s♣❛r❡♥t s✉r❢❛❝❡ ❛♥❞ ✐ts ❞❡❢♦r♠❡❞ ✈❡rs✐♦♥ ✐s t❤❡
♦♣❛q✉❡ ♦♥❡✳ ❚r❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♣♦✐♥ts ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ r❡❞✳

✐♥ t❤❛t s♣❡❝✐✜❝ ❞❛t❛s❡t ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r t♦♣♦❧♦❣② ♦❢ t❤❡ ✐♥♥❡r ❡❛r✳ ❆❢t❡r
r❡❞✉❝✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✐♥ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥s✱ ✇❡ ✐♥✐t✐❛❧✐③❡❞ t❤❡ ❛❧❣♦r✐t❤♠ t♦
t❤❡ s✐♠♣❧❡ s❤❛♣❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✷✺✱ ✇❤✐❝❤ ❤❛s t❤❡ t♦♣♦❧♦❣② ♦❢ ❛ tr✐♣❧❡ t♦r✉s ❜✉t
✐s ♥♦t ❜✐❛s❡❞ t♦✇❛r❞ ♦♥❡ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧✳ ❚❤❡ ❡st✐♠❛t❡❞ t❡♠♣❧❛t❡ s❤❛♣❡ ✐s s❤♦✇♥
♦♥ t❤❡ r✐❣❤t ♦❢ ✜❣✉r❡ ✹✳✷✺ ❛♥❞ t❤❡ ❞❡❢♦r♠❛t✐♦♥s ❢r♦♠ t❤❡ t❡♠♣❧❛t❡ t♦ t❤❡ s✉❜❥❡❝ts ♦❢
t❤❡ ❞❛t❛s❡t ✐♥ ✜❣✉r❡ ✹✳✷✻✳ ❆s ❛ ❝♦♠♣❛r✐s♦♥✱ ✇❡ s❤♦✇ t❤❡ t❡♠♣❧❛t❡ ❡st✐♠❛t❡❞ ✇✐t❤
t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❝✉rr❡♥ts ✇✐t❤ ✐❞❡♥t✐❝❛❧ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❦❡r♥❡❧s ✭✜❣✉r❡ ✹✳✷✹✮✳ ❲❡
♥♦t✐❝❡ ❛ ♣❛rt✐❝✉❧❛r❧② ✉♥s❛t✐s❢②✐♥❣ ❡st✐♠❛t✐♦♥ ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ t❤❡ ❝❛♥❛❧s✱ ✇❤✐❝❤ ✐s t❤❡
♠♦st s✉❜❥❡❝t t♦ ♦r✐❡♥t❛t✐♦♥ ✐ss✉❡s✳

❆s ✇❡ s❡❡✱ t❤❡ t❡♠♣❧❛t❡ ❛♥❞ ❞❡❢♦r♠❛t✐♦♥s ♦❜t❛✐♥❡❞ ✇✐t❤ ✈❛r✐❢♦❧❞s ❛r❡ ❛❜❧❡ t♦ ❝❛♣t✉r❡
s♦♠❡ ♦❢ t❤❡ s❤❛♣❡ ❣❧♦❜❛❧ ❢❡❛t✉r❡s ❛♥❞ ✈❛r✐❛❜✐❧✐t② ❜❡t✇❡❡♥ ✐♥❞✐✈✐❞✉❛❧s✱ ✇❤✐❝❤ ❝♦✉❧❞
❜❡ st✉❞✐❡❞ ✐♥ ❛ ❞❡❡♣❡r ✇❛② ✉s✐♥❣ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❢r❛♠❡✇♦r❦ ♣r♦♣♦s❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳
❚❤❡ ❧❛②♦✉t ♦❢ t❤❡ t❤r❡❡ ❝❛♥❛❧s ✐s ♦❜✈✐♦✉s❧② q✉✐t❡ ✇❡❧❧ r❡❝♦✈❡r❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✳
❍♦✇❡✈❡r✱ t❤❡ ❝♦✐❧✐♥❣ ♥✉♠❜❡r ✐♥ t❤❡ s♥❛✐❧ ♣❛rt✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❛♥ ✐♠♣♦rt❛♥t ❜✐♦❧♦❣✐❝❛❧
♠❛r❦❡r✱ ✐s st✐❧❧ ❞✐✣❝✉❧t t♦ ❝❛t❝❤ ✉s✐♥❣ t❤✐s ❛♣♣r♦❛❝❤✱ ❡ss❡♥t✐❛❧❧② ❜❡❝❛✉s❡ ✐t ✐♥✈♦❧✈❡s
✐♠♣♦rt❛♥t ❞❡❢♦r♠❛t✐♦♥s ❛t ✈❡r② s♠❛❧❧ s❝❛❧❡s✳ ■t ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ q✉✐t❡ ✇❡❧❧ t❤❡
t❡♠♣❧❛t❡ ✐s ✐♥✐t✐❛❧✐③❡❞ t♦ ♦♥❡ s✉❜❥❡❝t ♦❢ t❤❡ ❞❛t❛❜❛s❡✳ ❚♦ ❡✈❛❧✉❛t❡ t❤✐s ❞❡♣❡♥❞❡♥❝②
♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ t❡♠♣❧❛t❡✱ ✐♥ ✜❣✉r❡ ✹✳✷✼✱ ✇❡ s❤♦✇ t❤❡ ♦❜t❛✐♥❡❞ t❡♠♣❧❛t❡
❢♦r ❞✐✛❡r❡♥t ✐♥✐t✐❛❧✐③❛t✐♦♥s✳ ❚❤❡ ✐♥t❡r❡st✐♥❣ ♣♦✐♥t ✐s t❤❛t✱ ❢♦r t❤✐s ❞❛t❛s❡t✱ ✇❡ s❡❡ ❛
r❛t❤❡r s❛t✐s❢②✐♥❣ ❝♦♥s✐st❡♥❝② ✐♥ t❤❡ ❡st✐♠❛t❡❞ s❤❛♣❡✱ ❡✈❡♥ ❢♦r ❞✐✛❡r❡♥t ✐♥✐t✐❛❧✐③❛t✐♦♥s
s♦ t❤❛t t❤❡ ❜✐❛s t♦✇❛r❞ ♣❛rt✐❝✉❧❛r ✐♥❞✐✈✐❞✉❛❧s ❞♦❡s ♥♦t s❡❡♠ ❛ ✈❡r② ❧✐♠✐t❛t✐♥❣ ❢❛❝t♦r
✐♥ t❤✐s ❝❛s❡✳

❋✐♥❛❧❧②✱ t♦ ❣✐✈❡ ❛ r♦✉❣❤ ✐❞❡❛ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡s ❢♦r s✉❝❤ ❡①❛♠♣❧❡s✱ ❧❡t✬s ♠❡♥t✐♦♥
t❤❛t t❤❡ ♣r❡✈✐♦✉s ❛t❧❛s❡s ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ❛❜♦✉t ♦♥❡ ❤♦✉r ♦♥ t❤❡ ❈▼▲❆ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ s❡r✈❡r ❢♦r ❈♦❝❤❧❡❛ s❤❛♣❡s s✉❜s❛♠♣❧❡❞ t♦ ❛♣♣r♦①✐♠❛t❡❧② ✽✵✵✵ ♣♦✐♥ts ❡❛❝❤✳
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■♥✐t✐❛❧✐③❛t✐♦♥ ❚❡♠♣❧❛t❡ ✭✈✐❡✇ ✶✮ ❚❡♠♣❧❛t❡ ✭✈✐❡✇ ✷✮ ❚❡♠♣❧❛t❡ ✭✈✐❡✇ ✸✮

❋✐❣✉r❡ ✹✳✷✼✿ ❚❤❡ ❡st✐♠❛t❡❞ t❡♠♣❧❛t❡ ❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ❞✐✛❡r❡♥t
✐♥✐t✐❛❧✐③❛t✐♦♥s✳ ❖♥ t❤❡ ✜rst r♦✇✱ t❤❡ t❡♠♣❧❛t❡ ♦❢ ✜❣✉r❡ ✹✳✷✺✳ ❖♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱ t❤❡
t❡♠♣❧❛t❡ ♦❜t❛✐♥❡❞ ❜② ✐♥✐t✐❛❧✐③✐♥❣ ✇✐t❤ s✉❜❥❡❝t ✶✳ ❚❤❡ ❧❛st r♦✇ ✇✐t❤ ✐♥✐t✐❛❧✐③❛t✐♦♥ t♦
s✉❜❥❡❝t ✽✳

✹✳✺ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❡①t❡♥s✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❤❛✈❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡st✐♠❛t✐♥❣ ❛♥❛t♦♠✐❝ ❛♥❞ ❛♥❛t♦♠♦✲
❢✉♥❝t✐♦♥❛❧ ❛t❧❛s❡s ♦♥ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ s✉❜❥❡❝ts✳ ❚❤✐s ✐s ❛ ✇❛② t♦ ❡①t❡♥❞ t❤❡ s❝♦♣❡ ♦❢
r❡❣✐str❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ✐♥❞✐✈✐❞✉❛❧s✱ ✐♥ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ st✉❞②✐♥❣ ❣r♦✉♣ ✈❛r✐❛❜✐❧✐t②
♦❢ ❛ ✇❤♦❧❡ ❞❛t❛s❡t✳

■♥ t❤❡ ✜rst ♣❧❛❝❡✱ ✇❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠s t♦ ❝♦♠♣✉t❡ ❛t❧❛s❡s ♦♥ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧
s❤❛♣❡s ❝❛rr②✐♥❣ r❡❛❧✲✈❛❧✉❡❞ s✐❣♥❛❧s✱ ❜❛s❡❞ ♦♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ♦❢
❝❤❛♣t❡r ✷✳ ❲❡ s❤♦✇❡❞ t❤❛t t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❡st✐♠❛t✐♥❣ ✐t❡r❛t✐✈❡❧② ❛♥❞ s✐♠✉❧t❛♥❡✲
♦✉s❧② ❛ t❡♠♣❧❛t❡ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡ (X, f) ❢r♦♠ t❤❡ ❞❛t❛s❡t ❛♥❞ ❛ s❡t ♦❢ ♠♦♠❡♥t❛ pi

t❤❛t ❞❡❢♦r♠s t❤❡ t❡♠♣❧❛t❡ t♦ ❡❛❝❤ s✉❜❥❡❝t✱ ✇❤✐❝❤ ✐s t❤❡ ♣✉r♣♦s❡ ♦❢ ❛❧❣♦r✐t❤♠ ✷✳ ❚❤✐s
❝❛♥ ❜❡ t❤❡♥ ❡①t❡♥❞❡❞ ❜② ❡st✐♠❛t✐♥❣ ✐♥ ❛❞❞✐t✐♦♥ s♦♠❡ r❡s✐❞✉❛❧ s✐❣♥❛❧s ζi ♦♥ t❤❡ ❜❛s❡✲
❧✐♥❡ s❤❛♣❡✱ ❡♥❝♦❞✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ t❡♠♣❧❛t❡ ❛♥❞ t❤❡ ❞✐✛❡r❡♥t
s✉❜❥❡❝ts ✿ t❤✐s r❡s✉❧t❡❞ ✐♥ ❛❧❣♦r✐t❤♠ ✸✳ ❇♦t❤ ❛❧❣♦r✐t❤♠s ✐♥✈♦❧✈❡❞ s♦♠❡ ✐♠♣♦rt❛♥t ❣r❛✲
❞✐❡♥t ♥♦r♠❛❧✐③❛t✐♦♥s ❛♥❞ r❡❣✉❧❛r✐③❛t✐♦♥s t♦ ❜❡ r♦❜✉st t♦ r❡s❝❛❧✐♥❣✱ s❛♠♣❧✐♥❣ ❝❤❛♥❣❡s
♦r ❜♦✉♥❞❛r② ❡✛❡❝ts✳ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ❢♦r r❡❣✐str❛t✐♦♥✱ s♦♠❡ ♥❛t✉r❛❧ ❛♥❞ ♣♦✲

✶✼✺



t❡♥t✐❛❧❧② q✉✐t❡ r❡❛❝❤❛❜❧❡ ❡①t❡♥s✐♦♥s ♦❢ s✉❝❤ ❛❧❣♦r✐t❤♠s ✇♦✉❧❞ ❝♦♥s✐st ✐♥ ❣❡♥❡r❛❧✐③✐♥❣
t❤❡♠ t♦ ♦t❤❡r s✐❣♥❛❧ s♣❛❝❡s t❤❛♥ R✱ ✈❡❝t♦rs ♦r t❡♥s♦rs ❜❡✐♥❣ ♣r♦❜❛❜❧② t❤❡ ♠♦st ✐♥✲
t❡r❡st✐♥❣ ❝❛s❡s ❢♦r ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❆♥♦t❤❡r ❛❧❣♦r✐t❤♠✐❝ ✐♠♣r♦✈❡♠❡♥t ❝♦✉❧❞
❜❡ ❛❧s♦ ❜r♦✉❣❤t t♦ t❤❡ ♣r❡s❡♥t ❝♦❞❡ ❜② ✐♥❝♦r♣♦r❛t✐♥❣ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥t ❢♦r♠✉❧❛t✐♦♥
♦❢ ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥s✱ ❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✾✱ ✸✸✱ ✸✹❪✱ ✇❤✐❝❤ ✇♦✉❧❞ ❜❡ ❜❡♥❡✜❝✐❛❧ ✐♥
t❤❛t ✐t ✇♦✉❧❞ s♣❡❡❞ ✉♣ ❝♦♠♣✉t❛t✐♦♥s r❡❧❛t❡❞ t♦ ❞✐✛❡♦♠♦r♣❤✐s♠s ❛♥❞ ❡♥❛❜❧❡ s♣❛rs❡
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❞❡❢♦r♠❛t✐♦♥s✳
❋r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✇❡ ❛❞❞r❡ss❡❞ ✐♥ ✹✳✷✳✹ t❤❡ ❝❡♥tr❛❧ ✐ss✉❡ ♦❢ s❡tt✐♥❣
❛ ❣❡♥❡r❛❧ ❝♦♥t✐♥✉♦✉s ❢r❛♠❡✇♦r❦ ❢♦r ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧ ❛t❧❛s ❡st✐♠❛t✐♦♥✱ t❤❛t ❡♥✲
s✉r❡s ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ❤♦❧❞s ✇✐t❤ t❤❡ r❛t❤❡r
✇❡❛❦ L2 ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ s✐❣♥❛❧ ♣❛rts✱ ❜✉t ♣r♦✈✐❞❡❞ ♣❡♥❛❧t② ❝♦♥st❛♥ts ❛r❡ ❝❤♦s❡♥
❤✐❣❤ ❡♥♦✉❣❤✳ ❆ ♣❡♥❞✐♥❣ q✉❡st✐♦♥ ✇♦✉❧❞ ❜❡ t♦ ❡①❛♠✐♥❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❡♥❡✜ts ♦❢
❛ss✉♠✐♥❣ ♠♦r❡ r❡❣✉❧❛r✐t② ♦♥ t❤❡ s✐❣♥❛❧s ✭❜② ✇♦r❦✐♥❣ ❢♦r ✐♥st❛♥❝❡ ♦♥ ❙♦❜♦❧❡✈ s♣❛❝❡s
♦r ✇✐t❤ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥s✬ ❢✉♥❝t✐♦♥s✮✳ ❨❡t✱ t❤❡ ✉s❡ ♦❢ s✉❝❤ s♣❛❝❡s ✇♦✉❧❞ ♦❜✈✐♦✉s❧②
✐♥tr♦❞✉❝❡ ♥❡✇ ♥✉♠❡r✐❝❛❧ ❝❤❛❧❧❡♥❣❡s✱ ❛❧❧ t❤❡ ♠♦r❡ t❤❛t t❤❡ s✉♣♣♦rts ❛r❡✱ ✐♥ ♦✉r ❝❛s❡✱
✈❛r②✐♥❣ ❣❡♦♠❡tr✐❝❛❧ s❤❛♣❡s✳ ❚❤❡ s❡❝♦♥❞ ✐♠♣♦rt❛♥t ♣♦✐♥t✱ t❤❛t s❡❡♠s ❛❝❤✐❡✈❛❜❧❡ ✐♥
❛ ♥❡❛r ❢✉t✉r❡✱ ✐s t♦ ❢♦r♠✉❧❛t❡ ❛♥❞ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛t❧❛s❡s ✐♥ t❤❡ s❧✐❣❤t❧②
♠♦r❡ ❝♦♠♣❧❡① ❘✐❡♠❛♥♥✐❛♥ ❢r❛♠❡✇♦r❦ ♦❢ ♠❡t❛♠♦r♣❤♦s✐s t❤❛t ✇❛s ♣r❡s❡♥t❡❞ ✐♥ t❤❡
✜rst ❝❤❛♣t❡r✳
■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛❧s♦ ❡①❛♠✐♥❡❞ t❤❡ q✉❡st✐♦♥ ♦❢ st❛t✐st✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ ❝❧❛s✲
s✐✜❝❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤♦s❡ ❛t❧❛s❡s✳ ❚❤✐s ♣❛rt ✐s t❤❡ ♠♦st ❧✐❦❡❧② t♦ ❧❡❛❞ t♦ ❢✉t✉r❡
✐♠♣r♦✈❡♠❡♥ts ♦r ❡①t❡♥s✐♦♥s✳ ■♥❞❡❡❞✱ ✇❡ ❝❤♦s❡ t♦ ❢♦❝✉s ♦♥ s✐♠♣❧❡ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s
t❡❝❤♥✐q✉❡s s✉❝❤ ❛s t❤❡ P❈❆ ❛♥❞ ✐ts s✉♣❡r✈✐s❡❞ ✈❡rs✐♦♥ ❢♦r ♠✉❧t✐✲❝❧❛ss ❞❛t❛s❡ts✱ t❤❡
▲❉❆✳ ❲❡ ♣r♦♣♦s❡❞ ❛❞❛♣t❛t✐♦♥s ♦❢ t❤❡s❡ ♠❡t❤♦❞s t♦ st✉❞② t❤❡ st❛t✐st✐❝❛❧ ✈❛r✐❛❜✐❧✲
✐t② ♦❢ s❤❛♣❡ ❛♥❞ s✐❣♥❛❧ ❜❛s❡❞ ♦♥ ♠♦♠❡♥t❛ ❛♥❞ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s✳ ❊✈❡♥ t❤♦✉❣❤
♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ st❛t✐st✐❝❛❧ ❧❡❛r♥✐♥❣ t♦♦❧s ❝♦✉❧❞ ❜❡ ✉s❡❞ ✐♥st❡❛❞✱ ✇❡ s❤♦✇❡❞ t❤❛t
t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧ ❛t❧❛s ❡st✐♠❛t✐♦♥ ❛♥❞ ▲❉❆ ❛♥❛❧②s✐s ♦❢ ♠♦✲
♠❡♥t❛ ❛♥❞ t❤✐❝❦♥❡ss❡s ❧❡❛❞s t♦ ✐♥t❡r❡st✐♥❣ ❝❧❛ss✐✜❝❛t✐♦♥ r❛t❡s ♦♥ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢
❣❧❛✉❝♦♠❛ ✐♥ t❤❡ r❡t✐♥❛ ❞❛t❛❜❛s❡✳ ❯♥❞♦✉❜t❡❞❧②✱ ❛♣♣❧✐❝❛t✐♦♥s t♦ ♦t❤❡r ❞❛t❛s❡ts ♦❢ t❤✐s
❦✐♥❞ ❡♥t❡rs ✐♥ t❤❡ r❛♥❣❡ ♦❢ ♦✉r ❢r❛♠❡✇♦r❦ ❛♥❞ s❤❛❧❧ ❜❡ t❡st❡❞ ✐♥ ❛ ♥❡❛r ❢✉t✉r❡✳
❋✐♥❛❧❧②✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐ss✉❡s r❛✐s❡❞ ✐♥ ❝❤❛♣t❡r ✸✱ t❤❡ ❝❛s❡ ♦❢ ✉♥♦r✐❡♥t❡❞ s❤❛♣❡s ✇❛s
❛❧s♦ tr❡❛t❡❞ ✐♥ t❤❡ ❛t❧❛s ❡st✐♠❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤✐s ❝❛♥ ❜❡ ❡❛s✐❧② ❞♦♥❡ ✐♥ t❤❡
✈❛r✐❢♦❧❞ s❡tt✐♥❣✱ ❛♥❞ ♣r♦✈✐❞❡s t❡♠♣❧❛t❡ ❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✈❡r② ❝❧♦s❡ t♦ ❝✉rr❡♥ts
❛♥❞ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✳ ❲❡ s❤♦✇❡❞ ❛ ❢❡✇ r❡s✉❧ts ❛♥❞ ❜❡♥❡✜ts ♦❢ s✉❝❤ ♠❡t❤♦❞♦❧♦❣✐❡s
✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ♦r✐❡♥t❡❞ ♦♥❡s ♦♥ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❡♠❜r②♦♥✐❝ ♠✐❝❡ ❤❡❛rt ♠❡♠❜r❛♥❡s
♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❛♥❞ ♦♥ t❤❡ st✉❞② ♦❢ ❈♦❝❤❧❡❛ s❤❛♣❡ ♦♥ t❤❡ ♦t❤❡r✳

✶✼✻



❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❞✐s❝✉ss✐♦♥

❖♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♥♦♥✲♦r✐❡♥t❡❞ s❤❛♣❡s

❈❤❛♣t❡r ✸ ✇❛s ❢♦❝✉s❡❞ ♦♥ t❤❡ ✐ss✉❡ ♦❢ ♦r✐❡♥t❛t✐♦♥ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥
❞r❛✇❜❛❝❦ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❝✉rr❡♥ts ✐♥ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠②✳
■♠♣♦s✐♥❣ ❛ ❝♦♥s✐st❡♥t ♦r✐❡♥t❛t✐♦♥ ♦❢ s❤❛♣❡s✱ ❛s ✇❡ ♣♦✐♥t❡❞ ♦✉t✱ ✐s ❛ ❝❧❡❛r ❧✐♠✐t❛t✐♦♥ ♦❢
t❤✐s ❛♣♣r♦❛❝❤ ✐♥ tr❡❛t✐♥❣ s❡✈❡r❛❧ s♦rts ♦❢ ❞❛t❛s❡ts✱ ✐♥❝❧✉❞✐♥❣ ✜❜❡r ❜✉♥❞❧❡s ❛♥❞ ♥♦♥✲
❝♦♥♥❡❝t❡❞ s❤❛♣❡s✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❡✈✐❞❡♥❝❡❞ t❤❡ ❝✉rr❡♥ts✬ ❝❛♥❝❡❧❧❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥
✇❤✐❝❤ ❤❛s s❡✈❡r❛❧ ♥❡❣❛t✐✈❡ ❝♦♥s❡q✉❡♥❝❡s ✐♥ ♣r❛❝t✐❝❛❧ ❝❛s❡s ♦❢ r❡❣✐str❛t✐♦♥✳

❚❤❡ ❛♣♣r♦❛❝❤ t❤❛t ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ ♦r ❝♦♠♣❧❡♠❡♥t
t♦ ❝✉rr❡♥ts✱ r❡❧✐❡s ♦♥ ❛♥♦t❤❡r ❝♦♥❝❡♣t ❢r♦♠ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r② ❝❛❧❧❡❞ ✈❛r✐❢♦❧❞s✳
❚❤❡ ❝❤❛❧❧❡♥❣❡ ♦❢ ❝❤❛♣t❡r ✸ ✇❛s t♦ s❤♦✇ t❤❛t ✈❛r✐❢♦❧❞s ❝❛♥ ❜❡ ❛❧s♦ tr❛♥s♣♦s❡❞ t♦ t❤❡
❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥s✬ s❡tt✐♥❣ ❛♥❞ t♦ ❞❡t❛✐❧ t❤❡ str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ t❤✐s ♥❡✇
❢r❛♠❡✇♦r❦✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t t❤❡ s♣❛❝❡ ♦❢ ✈❛r✐❢♦❧❞s ❡♠❜❡❞s ❛❧❧ ♥♦♥✲
♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡ts ❛♥❞ ♣r♦✈✐❞❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ♠❡tr✐❝s t❤❛t ❞♦ ♥♦t s✉✛❡r
❢r♦♠ s❤❛♣❡ ❛♥♥✐❤✐❧❛t✐♦♥ ❛s ❝✉rr❡♥ts✳ ❘❡❣✐str❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❜❛s❡❞ ♦♥ ✈❛r✐❢♦❧❞s ✇❡r❡
t❤❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❛♥❞ t❡st❡❞ ♦♥ ❛ ❢❡✇ ❡①❛♠♣❧❡s✳

❆s ❜r✐❡✢② ♠❡♥t✐♦♥❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❝❤❛♣t❡r ✸✱ t❤❡r❡ ❛r❡ ❛ ❢❡✇ ✐♥t❡r❡st✐♥❣ ♦♣❡♥ q✉❡s✲
t✐♦♥s t❤❛t ❝♦✉❧❞ ❢♦❧❧♦✇ ❢r♦♠ t❤✐s ✇♦r❦✳ ❖♥❡ ♦❢ t❤❡♠ ✇♦✉❧❞ ❜❡ t♦ ❡st❛❜❧✐s❤ ♠❛t❤❡♠❛t✲
✐❝❛❧❧② ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✈❛r✐❢♦❧❞s ❛♥❞ t❤❡ ♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♥♦♥✲♦r✐❡♥t❡❞
s✉❜♠❛♥✐❢♦❧❞s ❣✐✈❡♥ ❜② ♥♦r♠❛❧ ❝②❝❧❡s ✭❝❢ s❡❝t✐♦♥ ✸✳✶✳✸✮✳ ■♥t✉✐t✐✈❡❧②✱ ♥♦r♠❛❧ ❝②❝❧❡s
s❡❡♠ t♦ ❜❡ ❛ ❤✐❣❤❡r✲♦r❞❡r r❡♣r❡s❡♥t❛t✐♦♥ s✐♥❝❡ ✐t ♠♦❞❡❧s ✐♥tr✐♥s✐❝❛❧❧② ✈❛r✐❛t✐♦♥s ♦❢
t❛♥❣❡♥t s♣❛❝❡s✱ ❜✉t t❤✐s r❡♠❛✐♥s t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ ❛ ♠♦r❡ r✐❣♦r♦✉s ✇❛②✳

❆ s❡❝♦♥❞ ♣r♦♠✐s✐♥❣ tr❛❝❦✱ ✐♥ ♦✉r ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐s t♦ ❣♦ ❢✉rt❤❡r ♦♥ t❤❡ st✉❞② ♦❢ t❤❡
❝♦♥str❛✐♥ts ♦♥ s❤❛♣❡s t❤❛t r❡s✉❧t ❢r♦♠ t❛♥❣❡♥t ❞✐r❡❝t✐♦♥ ❤✐st♦❣r❛♠s ✭❝❢ ✸✳✹✳✶✮✱ ✇❤✐❝❤✱
❛s ✇❡ s❤♦✇❡❞✱ ❝♦rr❡s♣♦♥❞s t♦ ❘❑❍❙ ♦♥ ✈❛r✐❢♦❧❞s ✇✐t❤ ✐♥✜♥✐t❡ s❝❛❧❡ σe✳ ❖♥❡ ♦❢ t❤❡
t❤❡♦r❡t✐❝❛❧ q✉❡st✐♦♥ t❤❛t ❝♦✉❧❞ ❜❡ ❡①❛♠✐♥❡❞ ❢♦r ❡①❛♠♣❧❡ ✐s t♦ r❡❧❛t❡ ❛ ❞❡❢♦r♠❛t✐♦♥
♣❛t❤ ♦❢ ❛ ❣✐✈❡♥ s❤❛♣❡ ✐♥ E ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛t❤ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❤✐st♦❣r❛♠s ✿
t❤❡ r❡❛❧ ✐ss✉❡ t❤❡r❡ ❜❡✐♥❣ t♦ ✜♥❞ ❤♦✇ ♠✉❝❤ ✭♦r ✉♣ t♦ ✇❤❛t tr❛♥s❢♦r♠❛t✐♦♥s✮ ❛ ❤✐s✲
t♦❣r❛♠ ♣❛t❤ ❝❛♥ ❞❡t❡r♠✐♥❡ ❛ s❤❛♣❡ ❞❡❢♦r♠❛t✐♦♥ ♣❛t❤✳ ❚❤✐s ♣r♦❜❧❡♠❛t✐❝ ✐s ♦❢ ❝♦✉rs❡
♥♦t ♦♥❧② r❡❧❛t❡❞ t♦ ✈❛r✐❢♦❧❞s ❜✉t✱ ✐♥ ♦✉r ❝♦♥t❡①t✱ ✐t ✇♦✉❧❞ ❣✐✈❡ ❛ ✇❛② t♦ ❜❡tt❡r ✉♥❞❡r✲
st❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ✈❛r✐❢♦❧❞✲❜❛s❡❞ r❡❣✐str❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❛❝❝♦r❞✐♥❣❧② t♦ t❤❡ s❝❛❧❡
♣❛r❛♠❡t❡rs ♦❢ ❦❡r♥❡❧s✳

❖♥ ❢s❤❛♣❡s✬ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ❞✐ss✐♠✐❧❛r✐t② ♠❡❛s✉r❡s

❚❤❡ ♠❛✐♥ ♣r♦❜❧❡♠❛t✐❝ ❛❞❞r❡ss❡❞ ❜② t❤✐s ❞✐ss❡rt❛t✐♦♥ ❝♦♥s✐st❡❞ ✐♥ ♣r♦♣♦s✐♥❣ ❛ ❢r❛♠❡✲
✇♦r❦ t❤❛t ❝❛♥ ❡①t❡♥❞ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② t♦ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳
❆s ✇❡ ❡①♣❧❛✐♥❡❞ ✐♥ ❝❤❛♣t❡r ✶✱ ♦♥❡ ♦❢ t❤❡ ❡ss❡♥t✐❛❧ ❝❤❛❧❧❡♥❣❡ ✇❛s t♦ ❤❛✈❡ ❛ r❡♣r❡✲
s❡♥t❛t✐♦♥ t❤❛t ♣r♦✈✐❞❡s ❞✐ss✐♠✐❧❛r✐t② ♠❡tr✐❝s ❢♦r ❞❡✜♥✐♥❣ r❡❧❡✈❛♥t ❞❛t❛ ❛tt❛❝❤♠❡♥t
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t❡r♠s ♦♥ t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s✳ ■♥ ❝❤❛♣t❡r ✷✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ♣♦ss✐❜❧❡
❢r❛♠❡✇♦r❦ t♦ ❞♦ s♦✳ ❚❤❡ ❦❡② ✐❞❡❛ ✇❛s t♦ ❞❡✜♥❡ ❛ ♣r♦♣❡r ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❝✉rr❡♥ts✱
✇❡ ♥❛♠❡❞ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱ t❤❛t ❡♠❜❡❞s ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ♦❢ ❣✐✈❡♥ ❞✐♠❡♥s✐♦♥
✐♥t♦ ❛ ❝♦♠♠♦♥ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ✇❤✐❝❤ ✐s t❤❡ ❞✉❛❧ ♦❢ ❛ s♣❛❝❡ ♦❢ ❡①t❡♥❞❡❞ ❞✐✛❡r❡♥t✐❛❧
❢♦r♠s✳ ▼❡tr✐❝s ✇❡r❡ t❤❡♥ ❞❡✜♥❡❞ ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ❜② ❝♦♥s✐❞❡r✐♥❣
❛♣♣r♦♣r✐❛t❡ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡❧ ❍✐❧❜❡rt s♣❛❝❡s✳

❖♥ t❤❡ ♠♦❞❡❧❧✐♥❣ s✐❞❡✱ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ♦✛❡r s✐♠✐❧❛r ❛❞✈❛♥t❛❣❡s t♦ ❝✉rr❡♥ts ✿ t❤❡
r❡s✉❧t✐♥❣ ♠❡tr✐❝s ❞♦ ♥♦t r❡q✉✐r❡ ♣♦✐♥t t♦ ♣♦✐♥t ❝♦rr❡s♣♦♥❞❡♥❝❡s ❜❡t✇❡❡♥ ♦❜❥❡❝ts✱
❛r❡ r♦❜✉st t♦ ♥♦✐s❡ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ♣❡rt✉r❜❛t✐♦♥s ❛♥❞ ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② ❣❡♦♠❡tr✐❝♦✲
❢✉♥❝t✐♦♥❛❧ ❞❡❢♦r♠❛t✐♦♥s✱ ❛s s❤♦✇♥ ❜② t❤❡ r❡s✉❧ts ♦❢ ✷✳✷✳✸✳ ❚❤✐s t❤❡♦r❡t✐❝❛❧ s❡tt✐♥❣ ✐s
❛❧s♦ ❣❡♥❡r❛❧ ❡♥♦✉❣❤ t♦ tr❡❛t ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♣♦ss✐❜❧❡ s✐❣♥❛❧ t②♣❡s ✿ r❡❛❧✱ ✈❡❝t♦r ♦r
t❡♥s♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ❛r❡ ❛♠♦♥❣ ✉s✉❛❧ ❡①❛♠♣❧❡s✳ ◆✉♠❡r✐❝❛❧❧②✱ ✇❡ ❤❛✈❡ ❢♦❝✉s❡❞ ♦♥
t❤❡ ❝❛s❡ ♦❢ r❡❛❧✲✈❛❧✉❡❞ s✐❣♥❛❧s ❡①❝❧✉s✐✈❡❧② ❛♥❞ ♣r♦♣♦s❡❞ ❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥ r❡❣✐str❛t✐♦♥
❛❧❣♦r✐t❤♠s ❢♦r ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ❜❛s❡❞ ♦♥ t❤❡ ❞❛t❛ ❛tt❛❝❤♠❡♥t ♠❡tr✐❝s ♣r♦✈✐❞❡❞ ❜②
❢❝✉rr❡♥ts✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❝❤❛♣t❡r ✸✱ t❤❡ ✈❛r✐❢♦❧❞ s❡tt✐♥❣ ❝❛♥ ❜❡ ❛❧s♦
s✉♣❡r✐♠♣♦s❡❞ t♦ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ✐♥ ❛ ✈❡r② s✐♠♣❧❡ ✇❛②✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ t❤❡ ♥♦t✐♦♥
♦❢ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s t❤❛t ❝❛♥ ❤❛✈❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ r♦❜✉st♥❡ss t♦ ♦r✐❡♥t❛t✐♦♥ ✐ss✉❡s✳
❆ ♠♦r❡ ❡①t❡♥s✐✈❡ r❡✢❡①✐♦♥ ♦♥ t❤❡ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞r❛✇❜❛❝❦s ♦❢ ❢✉♥❝t✐♦♥❛❧ ✈❛r✐❢♦❧❞s
✈❡rs✉s ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts✱ ♥♦t❛❜❧② ♦♥ t❤❡ q✉❡st✐♦♥ ♦❢ ♥♦✐s❡✱ ✐s st✐❧❧ t♦ ❜❡ ❝♦♥❞✉❝t❡❞✳
❆ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s ✇♦r❦✱ t❤❛t ✐s ❡ss❡♥t✐❛❧❧② ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ✐ss✉❡✱ ✐s t♦ ❛❞❞
♦t❤❡r ♣♦ss✐❜✐❧✐t✐❡s ♦❢ s✐❣♥❛❧s ❛♥❞ ❣r♦✉♣ ❛❝t✐♦♥s t♦ t❤❡ ♣r❡s❡♥t ❝♦❞❡✳ ❚❤✐s ❝♦♠❡s ❛❧♦♥❣
✇✐t❤ t❤❡ ❡✛♦rts ✐♥✐t✐❛t❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸✳✸ t♦ ✐♠♣r♦✈❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣❧❡①✐t② ❛♥❞
s♣❡❡❞ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❞✐✛❡r❡♥t t❡r♠s ✐♥✈♦❧✈❡❞ ✐♥ ♦✉r ❛❧❣♦r✐t❤♠s ❛♥❞ ❤♦♣❡❢✉❧❧②
❡♥❛❜❧❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s t♦ ❛❞❞r❡ss ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ s✐❣♥❛❧s✳

▲❛st ❜✉t ♥♦t ❧❡❛st✱ ✇❡ ✇❛♥t t♦ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✭♦r ❢✉♥❝t✐♦♥❛❧
✈❛r✐❢♦❧❞s✮ s❡tt✐♥❣ ✐s ♥♦t ❧✐♠✐t❡❞ t♦ ✐ts ✉s❡ ❛s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ t♦ ❞❡✜♥❡ ❞❛t❛ ❛tt❛❝❤♠❡♥t
t❡r♠s ❢♦r r❡❣✐str❛t✐♦♥ ♦r ❛t❧❛s ❡st✐♠❛t✐♦♥✳ ■♥❞❡❡❞✱ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ str✉❝t✉r❡ t❤❛t ✇❡
♦❜t❛✐♥ t❤r♦✉❣❤ ❦❡r♥❡❧s ♦✛❡rs ♠❛♥② ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♣♦ss✐❜✐❧✐t✐❡s✳ ❲❡ ❤❛✈❡ s❦❡t❝❤❡❞
s♦♠❡ ♦❢ t❤❡s❡ ✐♥ t❤✐s t❤❡s✐s✱ ❢♦r ✐♥st❛♥❝❡ ✇✐t❤ t❤❡ ▼❛t❝❤✐♥❣✲P✉rs✉✐t ♣r♦❝❡❞✉r❡ ♦❢ ✷✳✸✳✶
❢♦r ❞❛t❛ ❝♦♠♣r❡ss✐♦♥✳ ❨❡t✱ ❛ st✐❧❧ ❧❛r❣❡❧② ✉♥❡①♣❧♦r❡❞ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ✇♦✉❧❞ ❜❡
t♦ ❡①♣❧♦✐t s✉❝❤ ♠❡tr✐❝s ❢♦r ❞♦✐♥❣ ❞✐r❡❝t st❛t✐st✐❝s ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♦♥ ❣❡♦♠❡tr✐❝♦✲
❢✉♥❝t✐♦♥❛❧ ❞❛t❛s❡ts ✭❛❢t❡r ❣r♦ss r❡❣✐str❛t✐♦♥ ♦❢ t❤❡ s✉❜❥❡❝ts✮✱ ✉s✐♥❣ ❡✐t❤❡r ❞✐s❝r✐♠✐♥❛♥t
❛♥❛❧②s✐s ❛s ✐♥ s❡❝t✐♦♥ ✹✳✸✳✶ ♦r s✉♣♣♦rt ✈❡❝t♦r ♠❛❝❤✐♥❡s✳ ❚❤✐s ✐s ❝❧❡❛r❧② ❛ ❧❡ss ❛❝❝✉r❛t❡
❛♥❛❧②s✐s t❤❛♥ t❤❡ ❛t❧❛s✲❜❛s❡❞ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ✐♥ ❝❤❛♣t❡r ✹ t❤❛t r❡❛❧❧② ❡st✐♠❛t❡
❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧ ✈❛r✐❛t✐♦♥ ❢r♦♠ ❛ t❡♠♣❧❛t❡ ❢s❤❛♣❡ ❜✉t ✐t ❤❛s t❤❡ ✐♥t❡r❡st ♦❢
❜❡✐♥❣ ❢❛st❡r t♦ ❝♦♠♣✉t❡ ❢♦r ✈❡r② ❜✐❣ ❞❛t❛s❡ts ❛♥❞ ❝♦✉❧❞ t❤✉s s❡r✈❡ ❛s ❛ ♣r❡❧✐♠✐♥❛r②
❛♥❛❧②s✐s✳

❖♥ t❤❡ ❡st✐♠❛t✐♦♥ ❛♥❞ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ❛t❧❛s❡s

❚❤❡ ✜♥❛❧ ♦❜❥❡❝t✐✈❡ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♥❛t♦♠② ✐s t♦ st✉❞② t❤❡ ✈❛r✐❛❜✐❧✐t② ♦❢ str✉❝t✉r❡s
✇✐t❤✐♥ ❛ ❝❡rt❛✐♥ ♣♦♣✉❧❛t✐♦♥ ♦❢ s✉❜❥❡❝ts ❛♥❞ ❞❡❞✉❝❡ ❝❧❛ss✐✜❝❛t✐♦♥ r✉❧❡s t♦ ❞✐s❝r✐♠✐✲
♥❛t❡ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♣♦♣✉❧❛t✐♦♥s✳ ❚❤✐s ✐s t❤❡ ♣r♦❜❧❡♠ t❤❛t ✇❡ ✜♥❛❧❧② ✐♥t❡♥❞❡❞ t♦
❛❞❞r❡ss ✐♥ t❤❡ ❝❛s❡ ♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✐♥ ❝❤❛♣t❡r ✹✳ ❍❛✈✐♥❣ ♣r♦♣♦s❡❞ ❛ s❛t✐s❢②✐♥❣
s❡tt✐♥❣ t♦ ❝♦♠♣❛r❡ ❢s❤❛♣❡s t♦❣❡t❤❡r ❛♥❞ ❡st✐♠❛t❡ ❞❡❢♦r♠❛t✐♦♥s ❜❡t✇❡❡♥ t✇♦ s✉❜✲
❥❡❝ts✱ ✇❡ ❣❡♥❡r❛❧✐③❡❞ t❤✐s ❛♣♣r♦❛❝❤ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛t❧❛s ❡st✐♠❛t✐♦♥ ❛♥❞ st❛t✐st✐❝❛❧
✐♥t❡r♣r❡t❛t✐♦♥✳

❖✉r ✜rst t❛s❦ ✐♥ ❝❤❛♣t❡r ✹ ✇❛s t♦ ♣r♦♣♦s❡ ❛❧❣♦r✐t❤♠s✱ ❛❞❛♣t❡❞ ❢r♦♠ t❤❡ ❢♦r✇❛r❞
❣❡♥❡r❛t✐✈❡ ♠♦❞❡❧ ✉s❡❞ ❢♦r ✐♠❛❣❡s ❛♥❞ ❝✉rr❡♥ts✱ t♦ ❝♦♠♣✉t❡ ❛♥ ❛t❧❛s ❢r♦♠ ❛ ♣♦♣✉❧❛t✐♦♥

✶✼✽



♦❢ ❢s❤❛♣❡s✳ ■♥ t❤❡ s✐♠♣❧❡st s❡tt✐♥❣✱ t❤❡s❡ ❛t❧❛s❡s ❝♦♥s✐st ✐♥ ❛ t❡♠♣❧❛t❡ ❢s❤❛♣❡ t♦❣❡t❤❡r
✇✐t❤ ❛ s❡t ♦❢ ❞❡❢♦r♠❛t✐♦♥s ♠❛♣♣✐♥❣ t❤❡ t❡♠♣❧❛t❡ t♦ t❤❡ s✉❜❥❡❝ts✳ ❆s ✇❡ ❤❛✈❡ ❞❡t❛✐❧❡❞
✐♥ ✹✳✷✳✶✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛❧❣♦r✐t❤♠✐❝ tr✐❝❦s t❤❛t ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ t♦ ✐♠♣r♦✈❡ t❤❡
❡st✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐ts❡❧❢✱ ♥♦t❛❜❧② ❝♦♥❝❡r♥✐♥❣ r♦❜✉st♥❡ss t♦ s❝❛❧❡ ❛♥❞ s❛♠♣❧✐♥❣
❛s ✇❡❧❧ ❛s ❜♦✉♥❞❛r② ❡✛❡❝ts✳ ❚❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ t❤❡♥ ❡♥r✐❝❤❡❞ ❜② t❤❡ ❛❞❞✐t✐♦♥❛❧
❡st✐♠❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s ♦♥ t❤❡ t❡♠♣❧❛t❡ t♦ ❞❡s❝r✐❜❡ s✐❣♥❛❧ ✈❛r✐❛❜✐❧✐t② ✐♥ ❛♥
✐♥t❡r♣r❡t❛❜❧❡ ✇❛②✳ ❚❤✐s s❡tt✐♥❣ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ❛s ✇❡❧❧ ✐♥ ♦✉r ❝✉rr❡♥t ❝♦❞❡s✳

❖♥ t❤❡ ❛❧❣♦r✐t❤♠✐❝ s✐❞❡✱ t❤❡r❡ ❛r❡ ♠❛♥② ♦t❤❡r tr❛❝❦s t❤❛t ❝♦✉❧❞ ❜❡ ❢♦❧❧♦✇❡❞ t♦
❡①t❡♥❞✱ s♣❡❡❞ ✉♣ ♦r s✐♠♣❧② ✐♠♣r♦✈❡ t❤❡ ♣r❡s❡♥t ✈❡rs✐♦♥✱ s♦♠❡ ♦❢ ✇❤✐❝❤ ✇❡ ❤❛✈❡
❛❧r❡❛❞② ❡①♣❡r✐♠❡♥t❡❞ ✇❤✐❧❡ ♦t❤❡rs ❛r❡ st✐❧❧ ♠❡r❡ s✉❣❣❡st✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ♠✉❧t✐✲
s❤❛♣❡s✬ s✐t✉❛t✐♦♥s ✇❤❡r❡ ❛❧❧ t❤❡ ♦❜❥❡❝ts t♦ ❛♥❛❧②③❡ ❤❛✈❡ s❡✈❡r❛❧ ❞✐st✐♥❝t ❡❧❡♠❡♥ts ✭❛s
❢♦r ❡①❛♠♣❧❡ s❡✈❡r❛❧ s✉r❢❛❝❡ ❧❛②❡rs ✇✐t❤ ♦r ✇✐t❤♦✉t s✐❣♥❛❧s✱ ♦r ♦❜❥❡❝ts ♠✐①✐♥❣ ❝✉r✈❡s
❛♥❞ s✉r❢❛❝❡s✮ ❛r❡ q✉✐t❡ ✉s✉❛❧ ✐♥ ❛♣♣❧✐❝❛t✐♦♥s✳ ❲❡ ❤❛✈❡ ❡①t❡♥❞❡❞ ♦✉r ❛t❧❛s ❡st✐♠❛t✐♦♥
s❝❤❡♠❡s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡s❡✳ ❈♦♥❝❡r♥✐♥❣ s♣❡❡❞ ❛♥❞ s♣❛rs✐t② ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s✱ t❤❡
❝♦♥tr♦❧ ♣♦✐♥ts s❡tt✐♥❣ ♦❢ ❬✷✾✱ ✸✹❪ ✐s ♣r♦❜❛❜❧② ❛ ❣♦♦❞ ✐❞❡❛ t♦ r❡❞✉❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧
t✐♠❡s r❡❧❛t❡❞ t♦ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ ❢r❛♠❡✇♦r❦ ❜✉t ❤❛s ♥♦t ❜❡❡♥ ✐♥t❡❣r❛t❡❞ ✐♥ ♦✉r
❛❧❣♦r✐t❤♠s ②❡t✳ ❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✐s t♦ ✇♦r❦ r❛t❤❡r ♦♥ t❤❡ ❣r❛❞✐❡♥t ❞❡s❝❡♥t s❝❤❡♠❡
♦♥ ✇❤✐❝❤ t❤❡ ❛❧❣♦r✐t❤♠ ✐s ❜❛s❡❞✳ ❈♦♠♣✉t✐♥❣ ❢✉♥❝t✐♦♥❛❧s ❛♥❞ ❣r❛❞✐❡♥ts ❛t ❡❛❝❤ st❡♣
✐s ♦❜✈✐♦✉s❧② ❧✐♥❡❛r ✐♥ t✐♠❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥
❛♥❞ ✐t ✐s ❝❧❡❛r t❤❛t✱ ❢♦r ❧❛r❣❡ ❞❛t❛s❡ts✱ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ✇✐❧❧ ♥♦t ❜❡ ❡♥♦✉❣❤ t♦ ❧✐♠✐t
✐t✳ ❖♥❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥ t❤❛t r❡♠❛✐♥s t♦ ❜❡ t❡st❡❞ ❢♦r t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s ✐s ❣✐✈❡♥
❜② st♦❝❤❛st✐❝ ❣r❛❞✐❡♥t ❛❧❣♦r✐t❤♠s✱ ✇❤✐❝❤ ♦♥❧② r❡q✉✐r❡ s✉❝❤ ❝♦♠♣✉t❛t✐♦♥s ❢♦r ♦♥❡
✐♥❞✐✈✐❞✉❛❧ ♣❡r ❞❡s❝❡♥t st❡♣ ❛t t❤❡ ♣r✐❝❡ ♦❢ ❛ s❧♦✇❡r ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✳

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ❝❤❛♣t❡r ✹✱ ✇❡ ❤❛✈❡ ❛❞❞r❡ss❡❞ t❤❡ ♥❡①t ✐ss✉❡ ♦❢ st❛t✐st✐❝❛❧
❛♥❛❧②s✐s ♦❢ t❤❡ ✈❛r✐❛❜✐❧✐t② ✐♥ s❤❛♣❡ ❛♥❞ ❢✉♥❝t✐♦♥✳ ❲❡ ♣r♦♣♦s❡❞ ❛♥ ❛♣♣r♦❛❝❤ ❜❛s❡❞
♦♥ P❈❆ ❛♥❞ ▲❉❆ ✐♥ ❍✐❧❜❡rt s♣❛❝❡s ❛♣♣❧✐❡❞ t♦ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♠♦♠❡♥t❛ ❛♥❞ ♦♥ t❤❡
❢✉♥❝t✐♦♥❛❧ r❡s✐❞✉❛❧s ♦❜t❛✐♥❡❞ ❜② ❛t❧❛s ❛❧❣♦r✐t❤♠s✱ t❤❛t ❡st✐♠❛t❡s ♣r✐♥❝✐♣❛❧ ♠♦❞❡s ♦❢
✈❛r✐❛t✐♦♥s ❛♥❞ ❞✐s❝r✐♠✐♥❛♥t ❞✐r❡❝t✐♦♥s ❢♦r ❝❧❛ss✐✜❝❛t✐♦♥✳ ❚❤❡r❡ ✐s s✉r❡❧② r♦♦♠ ❢♦r
✐♠♣r♦✈❡♠❡♥t ❛t t❤✐s ❧❡✈❡❧ s✐♥❝❡ ✇❡ ❝❤♦s❡ t♦ ❢♦❝✉s ♦♥ s✐♠♣❧❡ st❛t✐st✐❝❛❧ ❧❡❛r♥✐♥❣ t♦♦❧s
✇❤❡r❡❛s ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ✐❞❡❛s ❢r♦♠ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ❝♦✉❧❞ ❜❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡❞✳
❨❡t✱ ❛s ✇❡ ❡✈✐❞❡♥❝❡❞ ✇✐t❤ ❛ ❢❡✇ r❡s✉❧ts ♦♥ t❤❡ r❡t✐♥❛ ❞❛t❛s❡t✱ t❤✐s ❢r❛♠❡✇♦r❦ s❡❡♠s
q✉✐t❡ s✉❝❝❡ss❢✉❧ ✐♥ ✜♥❞✐♥❣ ♠❡❛♥✐♥❣❢✉❧ ✈❛r✐❛t✐♦♥ ♣❛tt❡r♥s ❜♦t❤ ♦♥ t❤❡ ❣❡♦♠❡tr✐❝ ❛♥❞
❢✉♥❝t✐♦♥❛❧ ❧❡✈❡❧✱ ❛♥❞ ♦✛❡rs s✐❣♥✐✜❝❛♥t ❝❧❛ss✐✜❝❛t✐♦♥ r❛t❡s ♦♥ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ t❡sts✳
❯♥❞♦✉❜t❡❞❧②✱ t❤❡s❡ r❡s✉❧ts ♥❡❡❞ t♦ ❜❡ ❝♦♠❢♦rt❡❞ ✐♥ t❤❡ ❢✉t✉r❡ ❜② s✐♠✐❧❛r st✉❞✐❡s
❝❛rr✐❡❞ ♦♥ ♦t❤❡r ❞❛t❛s❡ts✳

❆ ❝♦♠♣❧❡t❡ ❛♥❞ ✇❡❧❧✲♣♦s❡❞ ❘✐❡♠❛♥♥✐❛♥ ❢r❛♠❡✇♦r❦ ❢♦r

❢s❤❛♣❡s✬ ❣r♦✉♣ ❛♥❛❧②s✐s ❄

❚♦ ❣✐✈❡ ❛ ✜♥❛❧ ❝♦♥❝❧✉s✐♦♥ t♦ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡ ✇✐s❤ t♦ ❝♦♠❡ ❜❛❝❦ ♦♥ t❤❡ ♦r✐❣✐♥❛❧
♣r♦❜❧❡♠❛t✐❝ t❤❛t ✇❡ ❤❛❞ ✐♥✐t✐❛t❡❞ ✐♥ s❡❝t✐♦♥ ✶✳✹✳✶ ♦❢ ❝❤❛♣t❡r ✶✳ ❲❡ ✐♥tr♦❞✉❝❡❞ t❤❡
✐❞❡❛ ♦❢ ❛ ♠❡t❛♠♦r♣❤♦s✐s ❢r❛♠❡✇♦r❦✱ ✐♥ ✇❤✐❝❤ t✇♦ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✇✐t❤✐♥ ❛ ✜①❡❞
❜✉♥❞❧❡ ❛r❡ ❝♦♠♣❛r❡❞ ❜② t❤❡ ❣❡♦❞❡s✐❝ ❞✐st❛♥❝❡ ✐♥❞✉❝❡❞ ❢r♦♠ t❤❡ s♣❛❝❡ ♦❢ ❢s❤❛♣❡s
♠❡t❛♠♦r♣❤♦s❡s✳ ❆s ✇❡ ❡①♣❧❛✐♥❡❞✱ t❤✐s ❣✐✈❡s ❛ ❘✐❡♠❛♥♥✐❛♥ ❢♦r♠✉❧❛t✐♦♥ t♦ t❤❡ ♣r♦❜✲
❧❡♠ ♦❢ ❡①❛❝t r❡❣✐str❛t✐♦♥✱ ✇❤✐❝❤ ❛♠♦✉♥ts ✐♥ ❝♦♠♣✉t✐♥❣ ❛ ❣❡♦❞❡s✐❝ ♣❛t❤ ✐♥ t❤❡ ♠❡t❛✲
♠♦r♣❤♦s❡s s♣❛❝❡✳ ❙✐♠✐❧❛r❧②✱ ✇✐t❤✐♥ t❤✐s s❡tt✐♥❣✱ ❡st✐♠❛t✐♥❣ ❛t❧❛s❡s ✐s s✐♠♣❧② t❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛ ♠❡❛♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤✐s ❣❡♦❞❡s✐❝ ❞✐st❛♥❝❡✳

❍♦✇❡✈❡r✱ t❤✐s ❤♦❧❞s ✐♥ t❤❡ ✐❞❡❛❧ s✐t✉❛t✐♦♥ ♦❢ s❤❛♣❡s ❜❡❧♦♥❣✐♥❣ t♦ ❛ s✐♥❣❧❡ ♦r❜✐t ❛♥❞
✇❡ ❛r❣✉❡❞ ❢♦r t❤❡ ♥❡❝❡ss✐t② ♦❢ ❛♥ ✐♥❡①❛❝t ❢♦r♠✉❧❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ ❞✐ss✐♠✐❧❛r✐t② ♠❡❛✲

✶✼✾



s✉r❡s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♦r❜✐ts✳ ❉❡✜♥✐♥❣ s✉❝❤ ❞✐ss✐♠✐❧❛r✐t② ♠❡❛s✉r❡s ✐♥ t❤❡ ❝♦♥t❡①t
♦❢ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ❤❛✈❡ ❜❡❡♥ ♦♥❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥t ❝❤❛❧❧❡♥❣❡ ❛❞❞r❡ss❡❞ ❤❡r❡✳ ■t
❛♣♣❡❛rs t❤❡r❡❢♦r❡ ❛s ❛♥ ❛tt❛✐♥❛❜❧❡ ❣♦❛❧ t♦ ♣r♦✈✐❞❡ ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞♦❧♦❣② ❢♦r ❣r♦✉♣
❛♥❛❧②s✐s ♦♥ ❢✉♥❝t✐♦♥❛❧ s❤❛♣❡s ✇❤✐❝❤ ✇♦✉❧❞ ❝♦♠♣❧❡t❡❧② r❡❧② ♦♥ ❛ ❝♦❤❡r❡♥t ❘✐❡♠❛♥♥✐❛♥
❢r❛♠❡✇♦r❦✳ ❲❤❛t ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ❛♥❞ ♥♦t❛❜❧② ✐♥ t❤❡ ❧❛st ❝❤❛♣t❡r✱
✐s ❛ ❜✐❣ st❡♣ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ st♦r② ✐s ♥♦t ❝♦♠♣❧❡t❡❞ ②❡t ✐♥ s♦ ❢❛r ❛s
t❤❡ ❢r❛♠❡✇♦r❦ ❢♦r ❛t❧❛s ❡st✐♠❛t✐♦♥ ✇❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✇❛s ❞♦♥❡ ✉♥❞❡r
t❤❡ s✐♠♣❧✐✜❡❞ ✬t❛♥❣❡♥t✐❛❧ ♠♦❞❡❧✬ ✭❝❢ ✶✳✹✳✶✮ ♦❢ st❛t✐♦♥❛r② r❡s✐❞✉❛❧ ❢✉♥❝t✐♦♥s ♦♥ t❤❡
t❡♠♣❧❛t❡✳ ❆ r❡♠❛✐♥✐♥❣ st❡♣ ✐s t♦ ❛❞❥✉st ♦✉r ❝✉rr❡♥t ❢r❛♠❡✇♦r❦ t♦ t❤❡ r❡❛❧ ♠❡t❛♠♦r✲
♣❤♦s✐s s❡tt✐♥❣✱ ✇❤✐❝❤ ✇♦✉❧❞ ❛✛❡❝t ❡ss❡♥t✐❛❧❧② t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❣❡♦❞❡s✐❝ s❤♦♦t✐♥❣
❡q✉❛t✐♦♥s✳ ❆ ❧❛st ♣♦✐♥t ✇♦✉❧❞ ❜❡ t❤❡♥ t♦ ❡①t❡♥❞ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t ♦❢ t❤❡♦r❡♠ ✹✳✷✳✶
t♦ t❤✐s s❡tt✐♥❣✳

✶✽✵



❆♣♣❡♥❞✐① ❆

Pr♦♦❢ ♦❢ t❤❡♦r❡♠ ✹✳✷✳✶

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❣❡♦♠❡tr✐❝♦✲❢✉♥❝t✐♦♥❛❧ ❛t❧❛s❡s
❡①♣r❡ss❡❞ ❜② t❤❡♦r❡♠ ✹✳✷✳✶✳ ❲❡ ❤❛✈❡ ❞❡❝♦♠♣♦s❡❞ ✐t ✐♥ s❡✈❡r❛❧ st❡♣s ❜② ✜rst s❤♦✇✲
✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ t❡♠♣❧❛t❡ ♣❛rt (X, f) ❢♦r ❛ s✐♠♣❧✐✜❡❞ ❢✉♥❝t✐♦♥❛❧ ❛♥❞ t❤❡♥
❣❡♥❡r❛❧✐③❡ t❤❡s❡ ❛r❣✉♠❡♥ts t♦ t❤❡ ❢✉❧❧ ❛t❧❛s ♠♦❞❡❧✳

❆✳✶ ❊①✐st❡♥❝❡ ♦❢ t❤❡ t❡♠♣❧❛t❡ ❢s❤❛♣❡

■♥ ❛❧❧ t❤✐s ♣❛rt✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧❡r s✐t✉❛t✐♦♥ ✇❤❡r❡ ❛❧❧ ✈❛r✐❛❜❧❡s vi ❛♥❞ ζi

✐♥ ❡q✉❛t✐♦♥ ✭✹✳✶✽✮ ❛r❡ ❢r❡❡③❡❞ ❛♥❞ s❤♦✇ t❤❛t ❛ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❡①✐sts ✐♥
t❤❡ ✈❛r✐❛❜❧❡s X ❛♥❞ f ✳ ❲❡ st❛rt ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❢❡✇ ❛❞❞✐t✐♦♥❛❧ ❞❡✜♥✐t✐♦♥s✳

❆✳✶✳✶ Pr❡❧✐♠✐♥❛r② ❞❡✜♥✐t✐♦♥s

❋✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ❛♥❞ ♠❡❛s✉r❡s ♦♥ E × Λd(E)× R

❋♦r t❤❡ s❛❦❡ ♦❢ t❤❡ ♣r♦♦❢✱ ✇❡ s❤❛❧❧ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❛ s❧✐❣❤t❧② ❜✐❣❣❡r
s♣❛❝❡ t❤❛♥ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ✇❤✐❝❤ ✐s t❤❡ s❡t ♦❢ ♠❡❛s✉r❡s ♦♥ t❤❡ ♣r♦❞✉❝t s♣❛❝❡
F

.
= E × Λd(E) × R✳ ◆❛♠❡❧②✱ ✇❡ ✇✐❧❧ ❝❛❧❧ M(F ) t❤❡ s❡t ♦❢ ✜♥✐t❡ ♣♦s✐t✐✈❡ ❇♦r❡❧

♠❡❛s✉r❡s ♦♥ F ✳ ❋♦r ❛♥② f ∈ L2(X) ✇❡ ❞❡♥♦t❡ νX,f t❤❡ ✜♥✐t❡ ❇♦r❡❧ ♠❡❛s✉r❡ ♦♥ F
s✉❝❤ t❤❛t ❢♦r ❛♥② ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s g ∈ Cb(F,R) ✿

νX,f (g)
.
=

∫

X
g(x, ξ(x), f(x))dHd(x) ✭❆✳✶✮

✇❤❡r❡ ξ(x) ✐s t❤❡ ✉♥✐q✉❡ ✉♥✐t ♥♦r♠❡❞ ❡❧❡♠❡♥t ✐♥ Λd(E) ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♦r✐❡♥t❡❞
t❛♥❣❡♥t s♣❛❝❡ TxX ❞❡✜♥❡❞ ❛t ❛❧♠♦st ❡✈❡r② ❧♦❝❛t✐♦♥ x ♦♥ X s✐♥❝❡ X ✐s r❡❝t✐✜❛❜❧❡✳
◆♦t❡ t❤❛t

νX,f (|ξ|) = Hd(X) <∞ . ✭❆✳✷✮

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② ν ∈ M(F ) s✉❝❤ t❤❛t ν(|ξ|) < ∞✱ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② ν ✇✐t❤ ❛ ❢✉♥❝✲
t✐♦♥❛❧ ❝✉rr❡♥t Cν ∈W ′ s✉❝❤ t❤❛t ❢♦r ❛♥② ω ∈W ✱ ✇❡ ❤❛✈❡

Cν(ω) =

∫
ω(x,f)(ξ)dν(x, ξ, f) . ✭❆✳✸✮

❖♥❡ ❝❛♥ ❝❤❡❝❦ ✐♥❞❡❡❞ t❤❛t |Cν(ω)| ≤ |ω|∞ν(|ξ|) ≤ K‖ω‖W ν(|ξ|) ❢♦r ❛ ✜①❡❞ K > 0
s♦ t❤❛t

‖Cν‖W ′ ≤ Kν(|ξ|) . ✭❆✳✹✮

❚❤✉s✱ Cν ✐s ✐♥❞❡❡❞ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ ♦♥ W ✳

✶✽✶



■♥ ❛❞❞✐t✐♦♥✱ ✐❢ φ ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ♦❢ E✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡✱ ❢♦r ν ∈M(F )✱ ✐ts tr❛♥s♣♦rt
φ∗ν ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✱ ❢♦r ❛❧❧ g ∈ Cb(F,R) ✿

φ∗ν(g)
.
=

∫
|dxφ.ξ|.g(φ(x), [dxφ.ξ], f)dν(x, ξ, f) . ✭❆✳✺✮

✇❤❡r❡✱ ❢♦r ξ = ξ1 ∧ ...∧ ξd✱ dφx.ξ ✐s✱ ❛s ✉s✉❛❧✱ t❤❡ tr❛♥s♣♦rt❡❞ d✲✈❡❝t♦r dxφ(ξ1)∧ ...∧
dxφ(ξd) ❛♥❞ [dxφ.ξ] ✐ts ♥♦r♠❡❞ ✈❡rs✐♦♥✳ ❖♥❡ ❝❛♥ t❤❡♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤✐s ❛❝t✐♦♥
❝♦♠♠✉t❡s ✇✐t❤ t❤❡ ✉s✉❛❧ ❛❝t✐♦♥ ♦♥ ❢✉♥❝t✐♦♥❛❧ ❝✉rr❡♥ts ♦❢ ❡q✳✭✷✳✶✶✮ ✐✳❡✳

φ∗Cν = Cφ∗ν

❛♥❞ t❤❛t

φ∗νX,f = νφ(X),f◦φ−1 . ✭❆✳✻✮

X s✉♣♣♦rt❡❞ ♠❡❛s✉r❡s

❋♦r ❛ ✜①❡❞ ✜♥✐t❡✲✈♦❧✉♠❡✱ ❜♦✉♥❞❡❞ ❛♥❞ ♦r✐❡♥t❡❞ r❡❝t✐✜❛❜❧❡ s✉❜s❡t X✱ ✇❡ ✐♥tr♦❞✉❝❡
❛ ♣❛rt✐❝✉❧❛r s✉❜s❡t ♦❢ M(F ) t❤❛t ✇❡ ❞❡✜♥❡ ❛s t❤❡ s❡t MX(F ) ♦❢ ❛❧❧ ❇♦r❡❧ ✜♥✐t❡
♠❡❛s✉r❡s ν ♦♥ E × ΛdE × R s✉❝❤ t❤❛t ✿

∫
h(x, ξ)dν(x, ξ, f) =

∫

X
h(x, ξ(x))dHd(x) . ✭❆✳✼✮

❢♦r ❛❧❧ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❛♣♣❧✐❝❛t✐♦♥s h ♦♥ E × Λd(E)✳ ❚❤❡s❡ ❛r❡ ♠❡❛s✉r❡s
t❤❛t ❤❛✈❡ ❛ ♣❛rt✐❝✉❧❛r ♠❛r❣✐♥❛❧ ♦♥ E×Λd(E)✳ ◆♦t❡ t❤❛t ❛♥② νX,f ❢♦r f ❛ L2 ❢✉♥❝t✐♦♥
♦♥ X ❜❡❧♦♥❣s t♦MX(F )✳ ■♥ ❛❞❞✐t✐♦♥✱MX(F ) ✐s ❛ ❝❧♦s❡❞ s✉❜s❡t ❢♦r t❤❡ ✉s✉❛❧ ✇❡❛❦
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠❡❛s✉r❡s ❞❡✜♥❡❞ ❜② νn ⇀ ν∞ ✐❢ ❢♦r ❛♥② g ∈ Cb(F,R)

νn(g)→ ν∞(g) . ✭❆✳✽✮

P❡rt✉r❜❛t✐♦♥

❲❡ ✐♥tr♦❞✉❝❡ ❛❧s♦ ❛ ♣❡rt✉r❜❛t✐♦♥ ♣r♦❝❡ss ♦♥ ❛♥② ♠❡❛s✉r❡ ν ∈ M(F ) t❤❛t s❤❛❧❧ ❜❡
✉s❡❢✉❧ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣✳ ▲❡t a > 0 t♦ ❜❡ ✜①❡❞ ❧❛t❡r ❛♥❞ ❝♦♥s✐❞❡r ❢♦r ❛♥② t ∈ R t❤❡
❢✉♥❝t✐♦♥ ρt : R→ R s✉❝❤ t❤❛t

ρt(z) = z + t(s❣♥(z)a− z)1|z|>a ✭❆✳✾✮

✇❤❡r❡ s❣♥(z) ✐s t❤❡ s✐❣♥ ♦❢ z✳ ❲❡ ❤❛✈❡ ρ0 = ■❞R ❛♥❞ ρ1 ✐s ❛ s②♠♠❡tr✐❝ t❤r❡s❤♦❧❞ ❛t
❧❡✈❡❧ a✳ ◆♦✇ ❢♦r ❛♥② t ∈ R✱ ✇❡ ❞❡♥♦t❡ νt t❤❡ ♥❡✇ ♠❡❛s✉r❡ ❞❡✜♥❡❞ ❢♦r ❛♥② g ∈ Cb(F,R)
❛s✿

νt(g) =

∫

F
g(x, ξ, ρt(f))dν(x, ξ, f) . ✭❆✳✶✵✮

❖❜✈✐♦✉s❧② ν0 = ν ❛♥❞ ν1 ✐s s✉❝❤ t❤❛t ν1(|f | > a) = 0 s♦ t❤❛t t→ νt ✐s ❛♥ ❤♦♠♦t♦♣②
❢r♦♠ ν t♦ ❛ ♠❡❛s✉r❡ ✉♥❞❡r ✇❤✐❝❤ t❤❡ s✐❣♥❛❧ ✐s ❛✳❡✳ ❜♦✉♥❞❡❞ ❜② a✳

❆✳✶✳✷ ❊①✐st❡♥❝❡ ✇✐t❤ X ✜①❡❞

❚❤✐s s✉❜s❡❝t✐♦♥ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦♣♦s✐t✐♦♥ ✿

✶✽✷



Pr♦♣♦s✐t✐♦♥ ❆✳✶✳✶✳ ❆ss✉♠❡ t❤❛t W ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ C2
0 (E×R,ΛdE∗)✱

t❤❛t X ❛♥❞ (Xi)1≤i≤N ❛r❡ ✜♥✐t❡ ✈♦❧✉♠❡ ❜♦✉♥❞❡❞ ♦r✐❡♥t❡❞ d✲❞✐♠❡♥s✐♦♥❛❧ r❡❝t✐✜❛❜❧❡
s✉❜s❡ts ❛♥❞ t❤❛t f i ∈ L2(Xi) ❢♦r 1 ≤ i ≤ N ✳ ❆ss✉♠❡ t❤❛t γf/γW ✐s ❧❛r❣❡ ❡♥♦✉❣❤
✇✐t❤ γf , γW ≥ 0✳ ❚❤❡♥

JX(f)
.
=
γf
2

∫

X
|f(x)|2dHd(x) + 1

2

N∑

i=1

γW ‖CXi,f i − CX,f‖2W ′)

❛❝❤✐❡✈❡s ✐ts ♠✐♥✐♠✉♠ ♦♥ L2(X) ❛♥❞ ❛♥② ♠✐♥✐♠✐③❡r f∗ ✐s s✉❝❤ t❤❛t f∗ ∈ L∞(X)✳
▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t X ✐s ❛ Cp s✉❜♠❛♥✐❢♦❧❞ ❛♥❞ t❤❛t W →֒ Cm0 (E×R,ΛdE∗)
✇✐t❤ m ≥ max{p, 2}✱ t❤❡♥ f∗ ∈ Cp−1(X)✳

❊①✐st❡♥❝❡ ♦❢ ❛ ♠❡❛s✉r❡ ♠✐♥✐♠✐③❡r

■♥ t❤❡ ✜rst ♣❧❛❝❡✱ ✇❡ ✇✐❧❧ s❤♦✇ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ✐♥ t❤❡ s♣❛❝❡ M(F ) ♦❢
♠❡❛s✉r❡s✱ ❛♥❞ t❤✉s ❝♦♥s✐❞❡r t❤❡ ❡①t❡♥❞❡❞ ❢✉♥❝t✐♦♥❛❧ J̃ ❞❡✜♥❡❞ ❢♦r ν ∈MX(F ) ❜②

J̃(ν)
.
=
γf
2
ν(|f |2) + γW

2

N∑

i=1

‖CXi,f i − Cν‖2W ′ ✭❆✳✶✶✮

✇❤❡r❡ ν(|f |2) ✐s t❤❡ ♥♦t❛t✐♦♥ ✇❡ s❤❛❧❧ ✉s❡ ❢♦r
∫
|f |2dν✳

◆♦✇ ❧❡t ν ∈ MX(F )✳ ❈♦♥s✐❞❡r ❢♦r t ∈ R✱ Jt
.
= J̃(νt) ✇❤❡r❡ νt ✐s t❤❡ ♣r❡✈✐♦✉s❧②

❞❡✜♥❡❞ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ν ❛♥❞ ❛ss✉♠❡ t❤❛t J0 < ∞ ✭✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛②
t❤❛t ν(|f |2) < ∞✮✳ ❲❡ r❡❝❛❧❧ t❤❛t ‖CXi,f i − Cνt‖2W ′ = (CXi,f i − Cνt)(ω

i) ✇❤❡r❡
ωi = KW (CXi,f i − Cνt) ∈ W ✳ ❚❤❡♥ ♦♥❡ ❡❛s✐❧② ❝❤❡❝❦s t❤❛t Jt < ∞ ❛♥❞✱ s✐♥❝❡
✇❡ ❛ss✉♠❡ t❤❛t W ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ C2

0 (E × R,ΛdE∗)✱ ✇✐t❤ ❡①✐st✐♥❣
❞❡r✐✈❛t✐✈❡ J ′

t ❛t ❛♥② ❧♦❝❛t✐♦♥ t ❣✐✈❡♥ ❜②

J ′
t = ν

(
d

dt
(ρt(f))

(
γfρt(f) + γW

N∑

i=1

∂ωi(x,ρt(f))

∂f
(ξ)

))
✭❆✳✶✷✮

❯s✐♥❣ ❛❣❛✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ ♦❢ W ✐♥t♦ C2
0 (E × R,ΛdE∗) ✇❡ ❣❡t ❢♦r ❛

❝♦♥st❛♥t C > 0 t❤❛t

∣∣∣∣
∂ωi(x,ρt(f))

∂f
(ξ)

∣∣∣∣ ≤ C‖ωi‖W

≤ K
(
‖CXi,f i‖W ′ + ‖Cνt‖W ′

)
.

▼♦r❡♦✈❡r✱ ✐t ✐s ❛ tr✐✈✐❛❧ ✈❡r✐✜❝❛t✐♦♥ t❤❛t ✇❡ ❤❛✈❡✱ ❜② ❛♥❛❧♦❣② t♦ ❡q✳✭✶✳✶✼✮ ✐♥ t❤❡
❝❛s❡ ♦❢ ❝✉rr❡♥ts✱ ‖CXi,f i‖W ′ ≤ ❝t❡.Hd(Xi)✳ ❲✐t❤ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ‖Cνt‖W ′ ≤
❝t❡.νt(E×Λd(E)×R) ❛♥❞✱ s✐♥❝❡ νt ∈MX(F )✱ ✇❡ ❤❛✈❡ νt(E×Λd(E)×R) = Hd(X)
❛♥❞ ❝♦♥s❡q✉❡♥t❧② ‖Cνt‖W ′ ≤ ❝t❡.Hd(X)✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t K > 0 s✉❝❤
t❤❛t ✿ ∣∣∣∣

N∑

i=1

∂ωi(x,ρt(f))

∂f
(ξ)

∣∣∣∣ ≤ K
N∑

i=1

(
Hd(Xi) +Hd(X)

)
✭❆✳✶✸✮

◆♦t✐❝✐♥❣ ♥♦✇ t❤❛t d
dt (ρt(f)) ρt(f) ≤ 0✱ t❤❛t | ddt (ρt(f)) | = 0 ❢♦r |f | ≤ a ❛♥❞ t❤❛t

|ρt(f)| ≥ a ❢♦r |f | ≥ a ❛♥❞ t ∈ [0, 1]✱ ✇❡ ❣❡t ❢♦r t ∈ [0, 1]

J ′
t ≤ ν

(
−
∣∣∣∣
d

dt
(ρt(f))

∣∣∣∣1|f |>a
(
γfa− γWK

N∑

i=1

(
Hd(Xi) +Hd(X)

)))
✭❆✳✶✹✮

✶✽✸



s♦ t❤❛t

J̃(ν1) ≤ J̃(ν0) ✐❢ a ≥ K
γW
γf

N∑

i=1

(
Hd(Xi) +Hd(X)

)
. ✭❆✳✶✺✮

❆♥ ✐♠♣♦rt❛♥t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭❆✳✶✺✮ ✐s t❤❛t ♦♥❡ ❝❛♥ r❡str✐❝t t❤❡ s❡❛r❝❤ ♦❢ ❛ ♠✐♥✐♠✉♠
❢♦r J̃ ♦♥ ν ∈MX(F ) s✉❝❤ t❤❛t

ν(1|f |>a) = 0 ✭❆✳✶✻✮

✇✐t❤ a = K γW
γf

∑N
i=1

(
Hd(Xi) +Hd(X)

)
✳ ■♥ ♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ ν ∈ MX(F )✱ ✇❡ ✇✐❧❧

❤❛✈❡
x ∈ X, |ξ| ≤ 1 ❛♥❞ |f | ≤ a ν ❛✳❡✳ ✭❆✳✶✼✮

❙✐♥❝❡ X ✐s ❜♦✉♥❞❡❞✱ ✇❡ ❝❛♥ r❡str✐❝t t❤❡ s❡❛r❝❤ ♦❢ ❛ ♠✐♥✐♠✉♠ ♦♥ ❛ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞
♦♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t C ⊂ F s♦ t❤❛t ✇❡ ✐♥tr♦❞✉❝❡ ✿

MX,C(F )
.
= { ν ∈MX(F ) | (x, ξ, f) ∈ C ν ❛✳❡✳ } . ✭❆✳✶✽✮

❖♥❡ ❝❛♥ t❤❡♥ ❝❤❡❝❦ ❡❛s✐❧② t❤❛t J̃ ✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ s❡tMX,C(F ) ❢♦r
t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ t♦♣♦❧♦❣②✳ ■♥ ❛❞❞✐t✐♦♥✱MX,C(F ) ✐s s❡q✉❡♥t✐❛❧❧② ❝♦♠♣❛❝t✳ ■♥✲
❞❡❡❞✱ ✐❢ νn ✐s ❛ s❡q✉❡♥❝❡ ✐♥ MX,C(F ) t❤❡♥ ❛❧❧ νn ❛r❡ s✉♣♣♦rt❡❞ ❜② t❤❡ ❝♦♠♣❛❝t C
❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r (νn) ✐s t✐❣❤t✳ ❆❧s♦✱ ❛s ✇❡ ❛❧r❡❛❞② ♥♦t✐❝❡❞✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t ❝t❡
✐♥❞❡♣❡♥❞❡♥t ♦❢ n s✉❝❤ t❤❛t νn(F ) ≤ ❝t❡Hd(X) ❛♥❞ t❤✉s t❤❡ s❡q✉❡♥❝❡ ✐s ✉♥✐❢♦r♠❧②
❜♦✉♥❞❡❞ ❢♦r t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♥♦r♠✳ ■t r❡s✉❧ts✱ t❤❛♥❦s t♦ Pr♦❦❤♦r♦✈ t❤❡♦r❡♠✱ t❤❛t
t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (νn) ❝♦♥✈❡r❣✐♥❣ ❢♦r t❤❡ ✇❡❛❦ t♦♣♦❧♦❣②✳ ❚❤❡s❡ ❝♦♠♣❛❝t✲
♥❡ss ❛♥❞ ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉✐t② ♣r♦♣❡rt✐❡s ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ν∗
♦❢ J̃ ✇✐t❤ ν∗ ∈MX,C(F ) ❛♥❞

J̃(ν∗) ≤ inf
f∈L2(X)

JX(f) . ✭❆✳✶✾✮

❊①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③✐♥❣ ❢✉♥❝t✐♦♥ f

❆t t❤❛t ♣♦✐♥t ✇❡ ❞♦ ♥♦t ❤❛✈❡ ②❡t ❛ ♠✐♥✐♠✐③❡r ♦❢ JX ✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t ✐❢ t❤❡
♠❛r❣✐♥❛❧ ♦♥ E × Λd(E) ♦❢ ν∗ ✐s t❤❡ tr❛♥s♣♦rt ♦❢ Hd|X ✉♥❞❡r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ x 7→
(x, ξ(x))✱ ✇❡ ❝❛♥♥♦t ❣✉❛r❛♥t❡❡ t❤❛t ν∗ ❞♦❡s ♥♦t ✇❡✐❣❤t ♠✉❧t✐♣❧❡ s✐❣♥❛❧ ✈❛❧✉❡s ✐♥ t❤❡
✜❜❡r ❛❜♦✈❡ ❛ ❧♦❝❛t✐♦♥ (x, ξ(x))✳ ❲❡ ✇✐❧❧ s❤♦✇ ♥♦✇ t❤❛t ❢♦r γf/γW ❧❛r❣❡ ❡♥♦✉❣❤ t❤❡r❡
❡①✐sts f∗ ∈ L2(X) s✉❝❤ t❤❛t ν∗ = νX,f∗ s♦ t❤❛t ✇❡ ✇✐❧❧ ❞❡❞✉❝❡

JX(f∗) = J̃(ν∗) ≤ inf
f∈L2(X)

JX(f) ✭❆✳✷✵✮

❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ♦♥ L2(X)✳
▲❡t δf ∈ Cb(F,R) ❛♥❞ ❢♦r ❛♥② t ∈ R ❝♦♥s✐❞❡r t❤❡ ♣❡rt✉r❜❛t✐♦♥ νt ∈ MX(F ) ♦❢
ν ∈MX,C(F ) s✉❝❤ t❤❛t ❢♦r ❛❧❧ g ∈ Cb(F,R) ✇❡ ❤❛✈❡ ✿

νt(g)
.
=

∫
g(x, ξ, f + tδf(x, ξ, f))dν(x, ξ, f) . ✭❆✳✷✶✮

❍❡r❡ ❛❣❛✐♥✱ t❤❡ ❢✉♥❝t✐♦♥ t → J̃(νt) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❡✈❡r②✇❤❡r❡ ❛♥❞ ✇❡ ❤❛✈❡ ❢♦r
ωi

.
= KW (CXi,f i − Cν)

d

dt
J̃(νt)|t=0 = ν

((
γff + γW

N∑

i=1

∂ωi(x,f)

∂f
(ξ)

)
δf(x, ξ, f)

)
,

✶✽✹



s♦ t❤❛t ✇❤❡♥ ν = ν∗ ✇❡ ❣❡t





γff + γWA(x, ξ, f) = 0 ν∗ ❛✳❡✳

✇✐t❤

A(x, ξ, f)
.
=
∑N

i=1

∂ωi
(x,f)

∂f (ξ) .

✭❆✳✷✷✮

❚❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ f 7→ γff + γWA(x, ξ, f) ✇✐t❤ r❡s♣❡❝t t♦ f ❡q✉❛❧s γf +
γW

∂A
∂f (x, ξ, f)✳ ❯s✐♥❣ ❛s ♣r❡✈✐♦✉s❧② t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣W →֒ C2

0 (E×R,ΛdE∗)✱

♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ✇❡ ❤❛✈❡ ♦♥❝❡ ❛❣❛✐♥ ❛ ❝❡rt❛✐♥ ❝♦♥st❛♥t K s✉❝❤ t❤❛t ∂A
∂f (x, ξ, f)

❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ❜② K
∑N

i=1

(
Hd(Xi) +Hd(X)

)
✳ ■t r❡s✉❧ts t❤❛t ❢♦r γf/γW

❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ ❢♦r ❛❧❧ (x, V ) ∈ E × ΛdE✱ f 7→ γff + γWA(x, ξ, f) ✐s ❛ str✐❝t❧②
✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ❣♦✐♥❣ t♦ −∞ ✭r❡s♣ +∞✮ ❛t −∞ ✭r❡s♣ +∞✮ ❛♥❞ t❤✉s t❤❡r❡ ✐s ❛
✉♥✐q✉❡ s♦❧✉t✐♦♥ f̃(x, ξ) t♦ ✭❆✳✷✷✮✳ ◆♦✇✱ s✐♥❝❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ f 7→ γff+γWA(x, ξ, f)
✐s ❛❧s♦ C1 ♦♥ E × ΛdE × R✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠ t❤❛t f̃
✐s ❛ C1 ❢✉♥❝t✐♦♥ ♦♥ E × ΛdE✳ ●♦✐♥❣ ❜❛❝❦ t♦ t❤❡ s♦❧✉t✐♦♥ ν∗✱ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ν∗
❛❧♠♦st ❡✈❡r② (x, ξ, f) ∈ E×ΛdE×R✱ ✇❡ ❤❛✈❡ (x, ξ, f) ∈ C ❛♥❞ f = f̃(x, V )✱ s♦ t❤❛t
|f̃ | ≤ a ❛✳❡✳ ❋♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ g ✿

ν∗(g) =

∫
g(x, ξ, f)dν∗ =

∫
g(x, ξ, f̃(x, ξ))dν∗

❛♥❞ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② g̃(x, ξ)
.
= g(x, ξ, f̃(x, V )) ✇❤✐❝❤ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞

❢✉♥❝t✐♦♥ ♦♥ E × ΛdE✱ ✇❡ ❤❛✈❡ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡MX(F ) ✭❡q✳✭❆✳✼✮✮ ✿

ν∗(g) = ν∗(g̃) =

∫

X
g(x, ξ(x), f̃(x, ξ(x)))dHd(x) . ✭❆✳✷✸✮

❚❤❡r❡❢♦r❡✱ s❡tt✐♥❣ f∗(x) = f̃(x, ξ(x)) ❢♦r x ∈ X✱ ✇❡ s❡❡ t❤❛t |f∗| ≤ a s♦ t❤❛t
f∗ ∈ L∞(X) ❛♥❞ ✇✐t❤ ❡q✳✭❆✳✷✸✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ν∗ = ν(X,f∗) ✇❤✐❝❤ s❤♦✇s t❤❛t
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ✐s t❤❡ ❢❝✉rr❡♥t ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❢s❤❛♣❡ (X, f∗)✳
▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t W →֒ Cm0 (E × R,ΛdE∗) ✇✐t❤ m ≥ max{p, 2} t❤❡♥ A
❛♥❞ f̃ ❛r❡ Cp−1 ❢✉♥❝t✐♦♥s ❛♥❞ ✐❢ X ✐s ❛ Cp s✉❜♠❛♥✐❢♦❧❞ t❤❡♥ x 7→ ξ(x) ✐s ❛ Cp−1

❢✉♥❝t✐♦♥ ♦♥ X s♦ t❤❛t f∗ ✐s ❛❧s♦ C
p−1✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ❆✳✶✳✶✳

❆✳✶✳✸ ❊①✐st❡♥❝❡ ✇✐t❤ ♥♦♥✲✜①❡❞ X

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ t❡♠♣❧❛t❡ ✇❤❡♥X ✐s ♥♦ ♠♦r❡ ✜①❡❞ ❛♥❞ ✐s ❡st✐♠❛t❡❞
❛s ✇❡❧❧✳ ■♥ t❤✐s ❝❛s❡✱ ❛s ✇❡ ♠❡♥t✐♦♥❡❞ ✐♥ ✹✳✷✳✹✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ✐♥tr♦❞✉❝❡ ❛ ❘❑❍❙
❍✐❧❜❡rt s♣❛❝❡ V0 ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ C2

0 (E,E)✱ ❛♥ ✐♥✐t✐❛❧ ❤②♣❡rt❡♠♣❧❛t❡ X0

❛♥❞ ❝♦♥s✐❞❡r ❛❧s♦ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ t❡♠♣❧❛t❡ X ✐♥ t❤❡ ♦r❜✐t ♦❢ X0 ✉♥❞❡r t❤❡ ❛❝✲
t✐♦♥ ♦❢ φv0 ∈ GV0 ✱ t❤❡ ❣r♦✉♣ ♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s ❛ss♦❝✐❛t❡❞ ✇✐t❤ V0 ✐✳❡✳ X = φv0(X0)✳
❚♦ ♣r♦✈❡ ❡①✐st❡♥❝❡ r❡s✉❧t✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ❛ ♣❡♥❛❧✐③❛t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ X0 ❛♥❞ X ✐✳❡✳ ♦♥ dGV0

(■❞, φv0)✳ ❆ t②♣✐❝❛❧ ❢✉♥❝t✐♦♥❛❧ ✇♦✉❧❞ ❜❡✱ ✐❢
X0 ✐s t❤❡ ♦r❜✐t ♦❢ X0 ✉♥❞❡r GV0 ❛♥❞ dX0(X,X

′)
.
= infφ∈GV0

,φ(X)=X′ dGV0
(■❞, φ) ✐s t❤❡

✐♥❞✉❝❡❞ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ t❡♠♣❧❛t❡s ✐♥ t❤❡ ♦r❜✐t✱

J1(X, f) =
γ0
2
dX0(X0, X)2

+
γf
2

∫

X
|f(x)|2dHd(x) + γW

2

N∑

i=1

‖CXi,f i − CX,f‖2W ′

✭❆✳✷✹✮

✶✽✺



❙✐♥❝❡ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ φ0 ∈ GV0 ✐s ♦❜t❛✐♥❡❞ ❛s t❤❡ ✢♦✇ ♦❢ ❛ t✐♠❡✲✈❛r②✐♥❣ ✈❡❝t♦r
✜❡❧❞ v0 ∈ L2([0, 1], V0)✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧ ✿

J2(v
0, f) =

γ0
2
‖v0‖2L2

V0

+
γf
2

∫

X
|f(x)|2dHd(x) + γW

2

N∑

i=1

‖CXi,f i − CX,f‖2W ′

✭❆✳✷✺✮

❢♦r v0 ∈ L2
V0
✱ f ∈ L2(X) ✇✐t❤ X = φv0(X)✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❢♦r X =

φv0(X0) t♦ ❝♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ f 7→ f0 = f ◦ φv0 ❢r♦♠ L2(X)→ L2(X0)
s♦ t❤❛t ✇❡ ❦❡❡♣ ✇♦r❦✐♥❣ ✐♥ ❛ ✜①❡❞ s♣❛❝❡ L2(X0)✳ ❍❡♥❝❡ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ ❢✉♥❝t✐♦♥❛❧

J3(v
0, f0) =

γ0
2
‖v0‖2L2

V0︸ ︷︷ ︸
♣❡♥❛❧✐③❛t✐♦♥ ♦♥ X

+
γf
2

∫

X0

|f0(x)|2|dxφv0 .ξ(x)|dHd(x)
︸ ︷︷ ︸

=
∫

X |f(x)|2dHd(x) ❢♦r f=f0◦(φv0 )−1∈L2(X)

+
γW
2

N∑

i=1

‖CXi,f i − (φv01 )∗CX0,f0‖2W ′

✭❆✳✷✻✮

✇✐t❤ f0 ∈ L2(X0)✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r (v0∗, f0,∗) ❢♦r J3 ❣✐✈❡s ✐♠♠❡❞✐❛t❡❧②

t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r (X∗, f∗) ❢♦r J1 ✇✐t❤ X∗
.
= φ

v0∗
1 (X0)✱ f∗

.
= f0,∗ ◦ (φv

0
∗

1 )−1 ∈
L2(X∗)✳
❚❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t t❤❡♥ ❜❡❝♦♠❡s ✿

Pr♦♣♦s✐t✐♦♥ ❆✳✶✳✷✳ ❆ss✉♠❡ t❤❛t W ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ C2
0 (E×R,ΛdE∗)✱

t❤❛t X ❛♥❞ (Xi)1≤i≤N ❛r❡ ✜♥✐t❡ ✈♦❧✉♠❡ ❜♦✉♥❞❡❞ ♦r✐❡♥t❡❞ d✲❞✐♠❡♥s✐♦♥❛❧ r❡❝t✐✜❛❜❧❡
s✉❜s❡ts ❛♥❞ t❤❛t f i ∈ L2(Xi) ❢♦r 1 ≤ i ≤ N ✳ ❆ss✉♠❡ t❤❛t γf/γW ✐s ❧❛r❣❡ ❡♥♦✉❣❤
✇✐t❤ γf , γW ≥ 0 ❛♥❞ γ0 > 0✳ ❚❤❡♥

J(X, f)
.
=
γ0
2
dX0(X0, X)2

+
γf
2

∫

X
|f(x)|2dHd(x) + γW

2

N∑

i=1

‖CXi,f i − CX,f‖2W ′

❛❝❤✐❡✈❡s ✐ts ♠✐♥✐♠✉♠ ♦♥ {(X, f | X ∈ X0, f ∈ L2(X)} ❛♥❞ ❛♥② ♠✐♥✐♠✐③❡r (X∗, f∗)
✐s s✉❝❤ t❤❛t f∗ ∈ L∞(X∗)✳ ▼♦r❡♦✈❡r✱ ✐❢ X0 ✐s ❛ Cp s✉❜♠❛♥✐❢♦❧❞ ❛♥❞ W →֒ Cm0 (E ×
R,ΛdE∗) ✇✐t❤ m ≥ max{p, 2}✱ f∗ ∈ Cp−1(X∗)✳

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ❆✳✶✳✶ ❝❛♥ ❜❡ ✐♥ ❢❛❝t ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ t❤✐s ♥❡✇ s✐t✉❛✲
t✐♦♥✳ ❲❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭❆✳✷✻✮ ✇✐t❤ J3 ❛ ❢✉♥❝t✐♦♥❛❧ ♦♥
t❤❡ ✈❡❝t♦r ✜❡❧❞ v0 ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ f ∈ L2(X0)✳ ❲✐t❤ r❡s♣❡❝t t♦ v0✱ t❤❛♥❦s t♦
t❤❡ ♣❡♥❛❧✐③❛t✐♦♥ ✐♥ ✭❆✳✷✻✮✱ ✇❡ ❝❛♥ r❡str✐❝t t❤❡ s❡❛r❝❤ ♦❢ ❛ ♠✐♥✐♠✉♠ ♦♥ ❛ ❝❧♦s❡❞
❜❛❧❧ B0 ♦❢ ❣✐✈❡♥ r❛❞✐✉s b ✐♥ L2

V0
✱ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❛t t❤❡ ❏❛✲

❝♦❜✐❛♥s |dxφv0 .ξ(x)| ❛r❡ ✉♥✐❢♦r♠❧② ❧♦✇❡r ❜♦✉♥❞❡❞✳ ❚❤✐s ❝❧♦s❡❞ ❜❛❧❧ ✐s ❛❧s♦ ❝♦♠✲
♣❛❝t ❢♦r t❤❡ ✇❡❛❦ t♦♣♦❧♦❣② ✐♥ L2

V0
✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❝♦r♦❧❧❛r② ✷✳✷✳✷ t❤❛t

v0 7→ ∑N
i=1 ‖CXi,f i − (φv01 )∗CX0,f0‖2W ′ =

∑N
i=1 ‖CXi,f i − Cφv01 (X0),f0◦(φ

v0
1 )−1‖2W ′ ✐s

✇❡❛❦❧② ❝♦♥t✐♥✉♦✉s ♦♥ L2
V0

❛♥❞ ✐t ✐s ❛❧s♦ ❝❧❛ss✐❝❛❧ t❤❛t v0 7→ ‖v0‖L2
V0

✐s ❧♦✇❡r s❡♠✐✲

❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ t♦♣♦❧♦❣②✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛❧❧ ✜①❡❞ f0 ∈ L2(X0)✱
v0 7→ J3(v

0, f0) ✐s ✇❡❛❦❧② ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉♦✉s ♦♥ L2
V0
✳ ■t r❡s✉❧ts t❤❛t ✇❡ ♦❜t❛✐♥ ❡①✲

✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③✐♥❣ ✈❡❝t♦r ✜❡❧❞ v0 ❛♥❞✱ r❡❛s♦♥✐♥❣ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱
♦♥❡ ❞❡❞✉❝❡s ❡❛s✐❧② t❤❡ ❝❧❛✐♠ ♦❢ ♣r♦♣♦s✐t✐♦♥ ❆✳✶✳✷✳

✶✽✻



❆✳✷ ❊①✐st❡♥❝❡ ♦❢ ❢✉❧❧ ❢s❤❛♣❡ ❛t❧❛s❡s

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝♦♠♣❧❡t❡
❛t❧❛s❡s ♦❢ ❢s❤❛♣❡s✬ ❞❛t❛s❡ts t❤❛t ✐s t❤❡ ❝❧❛✐♠ ♦❢ t❤❡♦r❡♠ ✹✳✷✳✶✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡
t❡♠♣❧❛t❡ (X, f)✱ ♦♥❡ ✇❛♥ts t♦ ❡st✐♠❛t❡ s✐♠✉❧t❛♥❡♦✉s❧② tr❛♥s❢♦r♠❛t✐♦♥s ❢r♦♠ t❤❡
t❡♠♣❧❛t❡ t♦ ❡❛❝❤ s✉❜❥❡❝t✳ ❚❤❡s❡ ❝♦♥s✐st ✐♥ ❞❡❢♦r♠❛t✐♦♥s (φvi)i=1,..,N ♦❜t❛✐♥❡❞ ❛s
✢♦✇s ♦❢ t✐♠❡ ✈❛r②✐♥❣ ✈❡❝t♦r ✜❡❧❞s (vi) ❛♥❞ r❡s✐❞✉❛❧ s✐❣♥❛❧s (ζi) t❤❛t ❛r❡ L2 ❢✉♥❝t✐♦♥s
♦♥ X✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❧❡❛♥✐♥❣ ❡ss❡♥t✐❛❧❧② ♦♥ t❤❡ s❛♠❡
❛r❣✉♠❡♥ts ❛s ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s✳ ❲❡ s❤❛❧❧ ❣♦ r❛♣✐❞❧② t❤r♦✉❣❤ ❡❛❝❤
♦❢ t❤❡♠ ❜② r❡❢❡rr✐♥❣ ❛❧s♦ t♦ ✇❤❛t ✇❛s ♣r♦✈❡❞ ♣r❡✈✐♦✉s❧②✳ ❋✐rst ♦❢ ❛❧❧✱ ❡①❛❝t❧② ❛s ✐♥
❆✳✶✳✸✱ ❡①✐st❡♥❝❡ ♦❢ ❛ t❡♠♣❧❛t❡ s❤❛♣❡ X ✐s ❣✉❛r❛♥t❡❡❞ ✇✐t❤ t❤❡ s❛♠❡ ❝♦♠♣❛❝✐t② ❛♥❞
❧♦✇❡r s❡♠✐❝♦♥t✐♥✉✐t② ❛r❣✉♠❡♥ts✳ ❚❤✉s ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t X ✐s ✜①❡❞ ❛♥❞ ✇❡ ♦♥❧②
❤❛✈❡ t♦ s❤♦✇ ❡①✐st❡♥❝❡ ♦❢ ♠✐♥✐♠✐③❡rs t♦ t❤❡ s✐♠♣❧✐✜❡❞ ❢✉♥❝t✐♦♥❛❧ ✿

JX(f, (ζ
i), (vi))

.
=
γf
2

∫

X
|f(x)|2dHd(x)

+
1

2

N∑

i=1

(
‖vi‖2L2

V
+ γζ

∫

X
|ζi(x)|2dHd(x) + γW ‖CXi,f i − Cφvi (X),f+ζi

‖2W ′

)

◆♦✇✱ ❛s ❢♦r v0✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ♣❡♥❛❧✐③❛t✐♦♥s ‖vi‖2
L2
V
✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t

❛❧❧ ✈❡❝t♦r ✜❡❧❞s vi ❜❡❧♦♥❣ t♦ ❛ ✜①❡❞ ❝❧♦s❡❞ ❜❛❧❧B ♦❢ r❛❞✐✉s r > 0 ✐♥ L2
V ✳ ❆s ✐♥ t❤❡ ♣r♦♦❢

♦❢ ♣r♦♣♦s✐t✐♦♥ ❆✳✶✳✶✱ ✇❡ ✜rst s❤♦✇ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r ✐♥ ❛ s♣❛❝❡ ♦❢ ♠❡❛s✉r❡s✳
◆❛♠❡❧②✱ ❡①t❡♥❞✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡
MX(F ) ♦❢ ♠❡❛s✉r❡s ν ♦♥ F

.
= E×ΛdE×R×R

N t❤❛t ❛r❡ s✉♣♣♦rt❡❞ ♦♥ X✱ ✐✳❡ s✉❝❤
t❤❛t ❢♦r ❛❧❧ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ h ♦♥ E × ΛdE✱ ✇❡ ❤❛✈❡ ✿

ν(h) =

∫
h(x, V )dν(x, ξ, f, (ζi)) =

∫

X
h(x, ξ(x))dHd(x) .

❋♦r ❛ ♠❡❛s✉r❡ ν ♦♥ F ❛♥❞ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ φ✱ ✇❡ ❞❡♥♦t❡ ❜② φ∗ν t❤❡ tr❛♥s♣♦rt ♦❢ ν
❜② φ ❞❡✜♥❡❞✱❜② ❛♥❛❧♦❣② ✇✐t❤ ❡q✳✭❆✳✺✮ ❜② ✿

(φ∗ν)(g) =

∫
|dxφ.ξ|g(φ(x), [dxφ.ξ], f, (ζi))dν(x, ξ, f, (ζi)) .

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❡①t❡♥❞❡❞ ❢✉♥❝t✐♦♥❛❧ ✿

J̃(ν, (vi))
.
=
γf
2
ν(|f |2) + 1

2

N∑

i=1

(
‖vi‖2L2

V
+ γζν(|ζi|2) + γW ‖CXi,f i − (φv

i
)∗Cνi‖2W ′

)

❢♦r ν ∈ MX(F )✱ (vi) ∈ (L2
V )

N ❛♥❞ ✇❤❡r❡✱ ❢♦r ❛❧❧ i ∈ {1, .., N}✱ νi ✐s t❤❡ ♠❡❛s✉r❡ ♦♥
E × Λd(E)× R ❞❡✜♥❡❞ ❢♦r ❛❧❧ g ∈ Cb(E × Λd(E)× R,R) ❜② ✿

νi(g) =

∫
g(x, ξ, f + ζi)dν(x, ξ, f, (ζj)) ✭❆✳✷✼✮

❛♥❞ Cνi t❤❡ ❢❝✉rr❡♥t ❞❡✜♥❡❞ ❢♦r ❛❧❧ ω ∈W ❛s ✐♥ ✭❆✳✸✮ ✿

Cνi(ω) =

∫
ω(x,f+ζi)(ξ)dν

i(x, ξ, f, (ζi)) .

❆s ♣r❡✈✐♦✉s❧②✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❢✉♥❝t✐♦♥ ρt ❛❝t✐♥❣ ♦♥ s✐❣♥❛❧s ❛♥❞ t❤❡
♠❡❛s✉r❡s

νt(g)
.
=

∫
g(x, ξ, ρt(f), (ρt(ζ

i)))dν(x, ξ, f, (ζi)) .

✶✽✼



❉❡♥♦t✐♥❣ Jt = J̃(νt, (v
i))✱ ✇❡ ❤❛✈❡✱ ❢♦r t ∈ [0, 1]✱

J ′
t = ν


 d

dt
(ρt(f))


γfρt(f) + γW

N∑

i=1

∂ωi
(φvi (x),ρt(f)+ρt(ζi))

∂f
(dxφ

vi .ξ)






+ ν




N∑

i=1

d

dt
(ρt(ζ

i))


γζρt(ζi) + γW

∂ωi
(φv

i
(x),ρt(f)+ρt(ζi))

∂f
(dxφ

vi .ξ)




 ✭❆✳✷✽✮

✇❤❡r❡✱ ❢♦r ❛❧❧ i ∈ {1, .., N}✱ ωi = KW (CXi,f i − (φv
i
)∗Cνit )✳ ❖♥ t❤❡ ✜rst ❤❛♥❞✱ ✇❡

❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t ❝t❡ s✉❝❤ t❤❛t ❢♦r ❛❧❧ i✱ x ∈ E ❛♥❞ ξ ∈ ΛdE, |ξ| = 1✱
|dxφvi .ξ| ≤ ❝t❡|dφvi |∞✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ✐s ❛ ❝❧❛ss✐❝❛❧ r❡s✉❧t ♦♥ ✢♦✇s ♦❢ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ✭❝❢ ❬✽✻❪✮ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ C : R+ →
R
+✱ C(0) = 0✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ v ∈ L2

V s✉❝❤ t❤❛t |dφv|∞ ≤ C(‖v‖L2
V
)✳ ❚❤❡r❡❢♦r❡✱

s✐♥❝❡ ❢♦r ❛❧❧ i✱ ‖vi‖L2
V
≤ r

∣∣∣∣∣∣

∂ωi
(φv

i
(x),ρt(f)+ρt(ζi))

∂f
(dxφ

vi .ξ)

∣∣∣∣∣∣
≤ C(‖vi‖L2

V
).

∣∣∣∣
∂ωi

∂f

∣∣∣∣
∞

≤ C(r).
∣∣∣∣
∂ωi

∂f

∣∣∣∣
∞

.

◆♦✇✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❝♦♥tr♦❧s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s✱ ✇❡ ❤❛✈❡✱ ♦♥ t❤❡ ♦t❤❡r
❤❛♥❞ ✿

∣∣∣∣
∂ωi

∂f

∣∣∣∣
∞

≤ ❝t❡‖ωi‖W

≤ ❝t❡(‖CXi,f i‖W ′ + ‖(φvi)∗Cνit‖W ′)

≤ ❝t❡(Hd(Xi) + (φv
i
)∗νit(E × ΛdE × R)) .

■t ✐s ❡❛s② t♦ ❝❤❡❝❦✱ ✉s✐♥❣ ❡q✳✭❆✳✺✮✱ t❤❛t

(φv
i
)∗νit(E × ΛdE × R)) ≤ ❝t❡|dφvi |∞νit(E × ΛdE × R)

❛♥❞✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ν ∈MX(F ) ❛s ❛❧r❡❛❞② ❛r❣✉❡❞ ✐♥ ❆✳✶✳✷✱ νit(E×ΛdE×R) =
Hd(X)✳ ❆❧s♦✱ s✐♥❝❡ ❛❧❧ vi✬s ❛r❡ ❜♦✉♥❞❡❞ ❜② r ❢♦r t❤❡ L2

V ✲♥♦r♠✱ t❤❡ t❡r♠s |dφvi |∞
❝❛♥ ❜❡ ❛❧s♦ ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♠♠♦♥ ❝♦♥st❛♥t ✭❝❢ ❧❡♠♠❛ ✷✳✷✳✸✮✳ ■t r❡s✉❧ts✱ ❢r♦♠ ❛❧❧ t❤❡
♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t✐❡s✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥st❛♥t K > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ i, x, V, f, ζi ✿

∣∣∣∣∣∣

∂ωi
(φvi (x),ρt(f)+ρt(ζi))

∂f
(dxφ

vi .ξ)

∣∣∣∣∣∣
≤ K.(Hd(Xi) +Hd(X)) ✭❆✳✷✾✮

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣❛t❤ t❤❛t ♣r❡✈✐♦✉s❧② ❧❡❛❞ t♦ ✭❆✳✶✹✮

J ′
t ≤ ν

(
−
∣∣∣∣
d

dt
(ρt(f))

∣∣∣∣1|f |>a
(
γfa− γWK

N∑

i=1

(
Hd(Xi) +Hd(X)

)))

+

N∑

i=1

ν

(
−
∣∣∣∣
d

dt

(
ρt(ζ

i)
) ∣∣∣∣1|ζi|>a

(
γζa− γWK

(
Hd(Xi) +Hd(X)

)))
. ✭❆✳✸✵✮

✶✽✽



❏✉st ❛s ✐♥ ❆✳✶✳✷✱ t❤✐s ✐♠♣❧✐❡s t❤❛t J̃(ν1, (v
i)) ≤ J̃(ν0, (vi)) ❛s s♦♦♥ ❛s ✿





a ≥ γW
γf

∑N
i=1K

(
Hd(Xi) +Hd(X)

)

❛♥❞
a ≥ maxi

γW
γζ
K
(
Hd(Xi) +Hd(X)

)

❚❤❡r❡❢♦r❡✱ ♦♥❡ ♠❛② r❡str✐❝t t❤❡ s❡❛r❝❤ ♦❢ ❛ ♠✐♥✐♠✉♠ ♦♥ ❛ s❡t ♦❢ ♠❡❛s✉r❡s ν t❤❛t ❛r❡
s✉♣♣♦rt❡❞ ♦♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t C ♦❢ E×ΛdE×R×R

N ✱ ✇❤✐❝❤ s♣❛❝❡ ✇❡ s❤❛❧❧ ❞❡♥♦t❡
❛❣❛✐♥ MX,C(F )✳ ❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s ♥♦✇ ✈❡r② ❝❧♦s❡ t♦ t❤❡ ♦♥❡ ♦❢ ❆✳✶✳✷✳ ❉✉❡
t♦ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❛♥❞ t❤❡ ❝♦♠♣❛❝✐t② ♦❢MX,C(F ) ❛♥❞ B ❢♦r
t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ t♦♣♦❧♦❣✐❡s ✭r❡s♣❡❝t✐✈❡❧② ♦♥ t❤❡ s♣❛❝❡ ♦❢ ♠❡❛s✉r❡s ❛♥❞ ♦♥ L2

V ✮✱
✇❡ ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠✐③❡r (ν∗, (v

i)∗) ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧ J̃ ✳
❚❤❡ ❧❛st st❡♣ ✐s t♦ ♣r♦✈❡ t❤❛t ν∗✱ ✇❤✐❝❤ ❜❡❧♦♥❣s ❛ ♣r✐♦r✐ t♦ t❤❡ ♠❡❛s✉r❡ s♣❛❝❡
MX,C(F )✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉♥❞❡r t❤❡ ❢♦r♠ ν∗ = νX,f∗,(ζi∗)✱ ✐✳❡ t❤❛t t❤❡r❡ ❡①✐sts ❢✉♥❝✲

t✐♦♥s f∗ ❛♥❞ ζi∗ ♦♥ X s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ g ♦♥ F ✿

ν∗(g) =

∫

X
g(x, ξ(x), f∗(x), (ζ

i
∗(x)))dHd(x) ✭❆✳✸✶✮

❍❡♥❝❡✱ ✇❡ ❝♦♥s✐❞❡r ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ s✐❣♥❛❧s (δf, (δζi)) ❛❧❧ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s♣❛❝❡
Cb(F,R) ❛♥❞ t❤❡ ♣❛t❤ t 7→ νt ❞❡✜♥❡❞ ❜② ✿

νt(g) =

∫
g(x, ξ, f + tδf(x, ξ, f, (ζi)), (ζi + tδζi(x, ξ, f, (ζi))))dν∗(x, ξ, f, (ζ

i)) .

◆♦✇✱ ✐❢ Jt
.
= J̃(νt, v

i
∗)✱ ❡①♣r❡ss✐♥❣ t❤❛t J ′

t|t=0 = 0 ❢♦r ❛❧❧ δf ❛♥❞ (δζi) ❣✐✈❡s t❤❡
❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❡q✉❛t✐♦♥s ✿

(γff, (γζζ
i)) = −A(x, V, f, (ζi)) ν∗✲❛✳❡ ✭❆✳✸✷✮

✇✐t❤A(x, ξ, f, (ζi))
.
=
(∑N

i=1
∂ωi

∂f (φ
vi∗(x), dxφ

vi∗ .ξ, f + ζi), (∂ω
i

∂f (φ
vi∗(x), dxφ

vi∗ .ξ, f + ζi))
)
✳

❚❤❡ ❞❡r✐✈❛t✐✈❡s ∂fA ❛♥❞ ∂ζiA ❝❛♥ ❜❡ s❤♦✇♥ ❛❣❛✐♥ t♦ ❜❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥
x, V, f, ζi✳ ❆ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥t ♣r♦✈✐❞❡s t❤❡ ❡①✐st❡♥❝❡✱ ❢♦r γf/γW ❛♥❞ γζ/γW ❧❛r❣❡
❡♥♦✉❣❤✱ ♦❢ ✉♥✐q✉❡ s♦❧✉t✐♦♥s f = f̃(x, V ) ❛♥❞ ζi = ζ̃i(x, V ) t♦ ✭❆✳✸✷✮✳ ❚❤❡ r❡st
♦❢ t❤❡ ♣r♦♦❢ ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ✐♥ ❆✳✶✳✷ ✿ ✇❡ s❡t f∗(x) = f̃(x, ξ(x)) ❛♥❞
ζi∗(x) = ζ̃i(x, ξ(x))✱ ✇❤✐❝❤ ❛r❡ ❛❣❛✐♥ L∞ ❢✉♥❝t✐♦♥s ♦♥ X✳ ■♥ ❛❞❞✐t✐♦♥✱ ♦♥❡ s❤♦✇s
❡❛s✐❧② t❤❛t t❤❡ ♠✐♥✐♠✐③✐♥❣ ♠❡❛s✉r❡ ν∗ ❡q✉❛❧s νX,f∗,(ζi∗) ✐♥ t❤❡ s❡♥s❡ ♦❢ ✭❆✳✸✶✮✳ ❋✐✲
♥❛❧❧②✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ f∗ ❛♥❞ ζ∗ ✇❤❡♥ X ✐s ❛ Cp s✉❜♠❛♥✐❢♦❧❞ ✐s ♦❜t❛✐♥❡❞ ❛❣❛✐♥ ❜②
❛♣♣❧②✐♥❣ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥ t❤❡♦r❡♠ t♦ ✭❆✳✸✷✮✳

✶✽✾



✶✾✵



❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ P✳ ❆✳ ❆❜s✐❧✱ ❘✳ ▼❛❤♦♥②✱ ❛♥❞ ❘✳ ❙❡♣✉❧❝❤r❡✳ ❘✐❡♠❛♥♥✐❛♥ ❣❡♦♠❡tr② ♦❢ ❣r❛ss♠❛♥♥
♠❛♥✐❢♦❧❞s ✇✐t❤ ❛ ✈✐❡✇ ♦♥ ❛❧❣♦r✐t❤♠✐❝ ❝♦♠♣✉t❛t✐♦♥✳ ❆❝t❛ ❆♣♣❧✳ ▼❛t❤✳✱ ✽✵✿✶✾✾✕
✷✷✵✱ ❏❛♥ ✷✵✵✹✳

❬✷❪ ❉✳ ❆❧❡①❛♥❞❡r✱ ❏✳ ●❡❡✱ ❛♥❞ ❘✳ ❇❛❥❝s②✳ ❙tr❛t❡❣✐❡s ❢♦r ❞❛t❛ r❡♦r✐❡♥t❛t✐♦♥ ❞✉r✐♥❣
♥♦♥✲r✐❣✐❞ ✇❛r♣s ♦❢ ❞✐✛✉s✐♦♥ t❡♥s♦r ✐♠❛❣❡s✳ ■♥ ❈✳ ❚❛②❧♦r ❛♥❞ ❆✳ ❈♦❧❝❤❡st❡r✱
❡❞✐t♦rs✱ ▼❡❞✐❝❛❧ ■♠❛❣❡ ❈♦♠♣✉t✐♥❣ ❛♥❞ ❈♦♠♣✉t❡r✲❆ss✐st❡❞ ■♥t❡r✈❡♥t✐♦♥ ✕ ▼■❈✲
❈❆■✬✾✾✱ ✈♦❧✉♠❡ ✶✻✼✾ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✹✻✸✕✹✼✷✳
❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✶✾✾✾✳

❬✸❪ ❉✳ ❈✳ ❆❧❡①❛♥❞❡r ❛♥❞ ❏✳ ❈✳ ●❡❡✳ ❊❧❛st✐❝ ♠❛t❝❤✐♥❣ ♦❢ ❞✐✛✉s✐♦♥ t❡♥s♦r ✐♠❛❣❡s✳
❈♦♠♣✉t❡r ❱✐s✐♦♥ ❛♥❞ ■♠❛❣❡ ❯♥❞❡rst❛♥❞✐♥❣✱ ✼✼✭✷✮✿✷✸✸ ✕ ✷✺✵✱ ✷✵✵✵✳

❬✹❪ ❲✳ ❆❧❧❛r❞✳ ❖♥ t❤❡ ✜rst ✈❛r✐❛t✐♦♥ ♦❢ ❛ ✈❛r✐❢♦❧❞✳ ❆♥♥❛❧s ♦❢ ♠❛t❤❡♠❛t✐❝s✱ ✾✺✭✸✮✱
✶✾✼✷✳

❬✺❪ ❙✳ ❆❧❧❛ss♦♥♥✐èr❡✳ ❘❡♣rés❡♥t❛t✐♦♥ ❡t ❡st✐♠❛t✐♦♥ st❛t✐st✐q✉❡ ❞❡ ♠♦❞è❧❡s ❞é❢♦r♠❛❜❧❡s
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