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Chapter 1

Apercu de la thése

1.1 Introduction générale a la théorie des chemins rugueux

La théorie des chemins rugueux (ou rough path) initiée par Terry Lyons dans [60] il y a maintenant
une quinzaine d’années a été introduite afin d’étudier le systéme différentiel suivant

dyi = > fyp)dai, yo=aeR? (1.1)
=1

ouzx € C([0,T],R™) est un "bruit irrégulier" et (f;)i=1,..» un champ de vecteurs lisses. Dans le cas ot z
est un chemin différentiable ou méme Lipschitzien, I’équation (1.1) est assez bien comprise dans le sens
ou on sait qu’il existe une unique solution globale, de plus le flot ® : z — y est continu. Légitimement
on pourrait s’interroger sur ce qui ce passe lorsque x n’est plus une fonction assez réguliére. Un exemple
typique serait une trajectoire d’'un mouvement Brownien qui est presque stirement nul part dérivable
et a totale variation infinie. Dans ce cas particulier une réponse a été donnée par le calcul stochastique
en interprétant (1.1) comme I’équation intégrale :

t
di=a+t / f(yi)da (12)

ou l'intégrale qui apparait ici est dite intégrale d’It6 et est construite en utilisant essentiellement la
propriété de martingale du mouvement Brownien. Cependant il faudrait remarques deux choses : pre-
miérement cette approche est inapproprié pour 1’étude de la continuité du flot ® ([57]) et deuxiémement
on rencontre des difficultés & étendre cette théorie a des processus Gaussiens plus généraux tels que le
mouvement Brownien fractionnaire de paramétre d’Hurst H # 1/2 qui n’est plus une semimartingale
(ie : H =1/2 correspond au cas du Brownien standard). C’est dans ce cadre o entre en jeu la théorie
des chemins rugueux. Un développement formel de I’équation intégrale permet de voir que la présumée
solution gy va s’écrire comme une série d’intégrales itérées en = et plus précisément de la famille X
définie de la maniére récursive suivante :

t
1
XL =2 — 2, XOF :/ X%, ® dx,,
S

oll ® est le produit tensoriel sur R™. L’idée de Lyons est alors de porter I'analyse de la dépendance
fonctionnel de y par rapport a x & la famille X. Plus précisément étant donné un chemin x a p-variation

7



CHAPTER 1. APERCU DE LA THESE

finie tel qu’on peut construire la famille (X")(,<|,|} de maniére convenable & ce qu’elles satisfassent
certaines relations algébriques. On peut alors donner un sens a l'équation (1.2) et construire une
solution globale Y de sorte que 'application ® : X +— Y est continue pour une topologie métrisable.

Cette théorie a été par la suite reprise par Gubinelli dans [36] pour des bruits z qui sont Holderiens.
Un des avantages de cette approche est de pouvoir définir I'intégrale rugueuse donnée par :

t
/ Yodw,
S

pour une classe d’intégrands y dite classe des chemins controlés qui est plus large que celle donnée
par les compositions de fonctions réguliéres avec x. De plus cette souplesse a permis I'application
de la théorie des chemins rugueux pour des EDPS, tel que les travaux de M.Gubinelli, S.Tindel et
A.Deya [29] portant sur I’équation de la chaleur avec un bruit multiplicatif qui est blanc en temps et
plus régulier en espace. Une autre application plus exotique est celle de Martin Hairer, donneé en [15]
ou il utilise la notion de chemin contréolé en espace afin d’étudier I’équation de Burgers unidimension-
nelle en présence d’un bruit blanc dans un domaine périodique. Une majeure contribution de la théorie
a été de donner un sens rigoureux au terme non linéaire de I’équation de Kardar-Parisi-Zhang (KPZ)
dans le cas périodique [16] et de prouver Iexistence d’une solution locale via une méthode de point
fixe. Cependant cette théorie présentait la contrainte d’étre lié & la dimension une jusqu’aux deux
superbes généralisations effectuées pendant ces deux derniéres années. La premiére a été proposée par

M.Gubinelli, N.Perkowsky et P.Imkeller dans [35]. Ils usent de I’analyse de Fourier microlocale et plus
particuliérement du paraproduit de Bony |5, (] pour traiter I’équation de Burgers stochastique en di-
mension supérieure ou encore I’équation parabolique d’Anderson en dimension 2. Une autre approche
a été développée par Martin Hairer dans [17] et qui est basée sur l'analyse par ondelettes a permis

d’avoir un cadre d’étude pour une large classe d’EDPS parabolique tel que 'équation de KPZ géné-
ralisé, ’équation parabolique d’Anderson en dimension 2 ou 3 ou encore I’équation de la quantisation
stochastique en dimension 3.

Le but de cette thése est de donner certaines applications de la théorie des chemins rugueux controélés
dans diverses problématiques telle que le calcul stochastique a 2 paramétres, I’étude d’EDPs dispersives
en milieu non homogéne ou encore I’obtention d’une "bonne" notion de solution pour I’équation de la
quantisation stochastique en dimension 3.

1.2 Etat de Part et résultats du Chapitre 2

Le calcul stochastique a deux paramétres est un sujet assez complex et ceci pour plusieurs raisons
parmi lesquelles, stirement deux majeures :

1. Perte de la structure temporelle ce qui complique la généralisation de la notion de filtration
comme on peut voir dans les travaux de Carioli-Walsh [19]

2. Une formule de changement de variable bien compliqué méme pour des draps réguliers :

s t s t
o(xst) = ©(x00) + p(wor) + ¢(Ts0) + / / @/(xuv)dxuv + / / " (Typ)d1 Tupdatyy  (1.3)
0 0 0 0

pour s,t € [0,1], avec z € C?([0,1]%,R) et une fonction ¢ € C?(R). Une remarque importante
est la présence du terme quadratique en = dans le membre de droite de I'équation (1.3) qui est
spécifique au cas multidimensionnel.



1.2. ETAT DE L’ART ET RESULTATS DU CHAPITRE 2

Avant d’énoncer les résultats principaux de ce chapitre nous allons introduire les objets probabilistes
qui nous intéressent et nous illustrerons certaines approches introduites dans le passé pour étudier ce
genre de probléme.

1.2.1 Drap Brownien fractionnaire et bruit blanc

A linstar du mouvement Brownien fractionnaire le drap Brownien fractionnaire & deux paramétres
est un processus stochastique intéressant & étudier de par ses propriétés d’autosimilarité et de stationna-
rité des incréments. Nous donnons d’abord la définition rigoureuse de celui-ci et puis nous présenterons
certaines de ces propriétés.

Définition 1.2.1. Soit (Q, F,IP) un espace de probabilité. Un processus stochastique (Tg)s >0 est dit
un drap fractionnaire de parameétre d’Hurst v = (y1,72) € [0,1])? si

1. = est Gaussien de moyenne nulle.

2. Sa fonction de covariance est donnée par :

1
Z1 50" F 2 —s1[M) (7 + 137 + [tz — 1a[?)

R8152t1t2 = E[x81t1$52t2] = 4

pour tout s1,s2,t1,ta > 0. Dans le cas ot y1 = 2 = 1/2 on dira simplement que x est un Drap
Brownien.

Une observation importante est de voire que pour ¢ > 0 fixé le processus (t*W/ 2rg) s>0 est un
mouvement Brownien fractionnaire d’indice d’Hurst ;. Nous avons de plus les propriétés suivantes :

Proposition 1.2.2. Soit x un drap Brownien fractionnaire d’indice d’Hurst v = (vy1,72) alors on a
les propriétés sutvantes :

1. x admet une modification a trajectoires presque sdrement continues.

loi

2. {xaspt, 5, >0} = {a"bxg, s,t > 0} pour tout a,b > 0 (auto-similarité).

loi

3. {Zsihitk — Tstht — Tsttk + Tst, h,k >0} = {zpk, h,k>0} pour tout s,t > 0 (stationna-
rité des increments)

Avant de continuer dans I’étude de certaines particularités du drap Brownien fractionnaire nous
allons nous concentrer sur le cas particulier 3 = 2 = 1/2 ot = présente une particularité d’indépen-
dance intéressante. Plus précisément on sait que pour un mouvement Brownien B on a indépendance
des accroissements au sens ot les variables aléatoires By, , By, — By, , ..., By, — By, _, sont indépendantes.
Cela on peut le montrer avec un simple changement de base sur la matrice de covariance du vecteur
Gaussien (By,, By, — By, ..., Bt, — By, _,). Maintenant il n’est pas difficile de voir que ce résultat se
généralise bien au drap Brownien, en effet on a que pour une famille de rectangles (A4;)i<y, indépen-
dance des incréments du drap Brownien sur ces rectangles et de maniére plus explicite on voit que les
variables aléatoires dz 4, ...,0z 4, sont indépendantes, ot on a introduit ici la notation suivante :

OTA = Tspty — Tty — Tsyty + Tsyty

pour un rectangle A = [sy, s2] X [t1,t2] du plan.
De retour au cas général ou 1,2 € [0, 1] nous allons nous concentrer plus sur la régularité d’un
tel processus. En effet si 'on considére le cas unidimensionnel d’un mouvement Brownien fractionnaire

9
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(BH);>0 d’indice d’Hurst H il est bien connue que B a une modification a trajectoire presque stirement
a-Holderienne pour aw < H dii au critére de Kolmogorov (voir [68]) ou plus précisément

B = BI| < Cralt — s|®

pour tout 7" > 0, s,t € [0,7] presque stirement ott Cr g, est une constante aléatoire positive finie
(et méme intégrable). On pourrait alors se poser la question de ce qu’en est-il avec le drap Brownien
fractionnaire, peut-on espérer une régularité du méme type 7 Le résultat suivant, qui est une application
et en méme temps une généralisation du Lemme de Garsia-Rodemich-Rumsey (voir [35]) fournit une
piste pour répondre & cette question.

Lemma 1.2.3. Soit z une fonction continue sur [0,T] x [0, S] a valeur réel alors l’inégalité suivante :

s 1/p
|0z | <Cs |51 — 51|t — t1]° ' 10%usuzvsa |” dudusdvidusy
sisatita| = VS T.0,8,p o Jo u1 — ug|oPt2|vy — vy|opt2

avec

525182151152 = ZSQtQ - Z51t2 - ngtl + Zsltl

est satisfaite pour tout si,s2 € [0,5], t1,t2 € [0,T] et p > 1 o0 Cs1q,p est une constante finie et
positive ne dépendant que de S, T, «, 5 et p.

Démonstration. Voir la preuve du Lemme (2.6.2) dans le deuxiéme chapitre. O

Ainsi ayant ce résultat un simple calcule nous donne que :

E sup |5x8182t1t1 |p
s1,59€[0,S )5t tacf0.1] |52 — 81|PPlta — t1]oP
E[|533u UV V |p]
< c? / 1o271 2 duqdusdviduog
S, T, B,p [O,S]X[O,T] |u1 — U2|ap+2|v2 - ’5}74’2

< Cg,T,ocﬁ,p/ g — up |72y — 0y |02AP=2qu; dugdvy dug
[0,S]x[0,T]
< 400

pour a < 1 et 8 < 72 et pourvue que p soit assez grand. Ce dernier calcul nous prouve en particulier que
pour un drap Brownien fractionnaire () sef0,s],tefo,7] d'indice d’Hurst v = (71,72) on a lestimation
suivante ;

0251 55t112| < Capys7(w)|52 — 51|%[ta — 1], pour tout (s, s2,t1,t2) € [0,5])% x [0,T]?

avec probabilité un, ott Cy .5 7(w) une constante aléatoire positive et intégrable. Une remarque
est que cette derniére propriété nous implique que (zg)s est r-Holderien au sens usuelle avec r <
min(vy1,72). Nous allons maintenant essayer de donner une représentation agréable & manipuler pour
le drap Brownien fractionnaire et pour cela on rappelle la proposition suivante :

Proposition 1.2.4. Soit H un espace d’Hilbert séparable réel alors il existe un processus Gaussien réel
{Z(h),h € H} de moyenne nul tel que

1. h— Z(h) est lineaire.

10



1.2. ETAT DE L’ART ET RESULTATS DU CHAPITRE 2

2. E[Z(h)Z(k)] = (b, k)n

Cette proposition va nous permettre de définir un objet important dans la théorie des équations a
dérivées partielle stochastique, a savoir le bruit blanc.

Définition 1.2.5. Soit N € N et on note par B(RY) la tribue Borélienne sur RN alors le proces-
sus Gaussien (W(A)) sepmny est appelé un bruit blanc sur RN si il est de moyenne nulle et que
E[W (AW (B)] = |AN B| pour tout A, B € B(RY), ou |A| désigne la mesure de Lebesque de I’ensemble
A.

L’existence d’un tel processus est assurée par la Proposition (1.2.4) de plus on peut voir que W (h)
est bien définie pour A € L?(RY). Une propriété importante du bruit blanc W est la suivante : pour
deux ensembles A, B € B(RY) disjoints (ie : AN B = {), les variables aléatoires W(A) et W(B)
sont indépendantes. De plus A +— W (A) est une mesure signée de L?(P), plus précisément on a que

W (D) =0 et que
W (U Ai> => W(4)

€N
Dans L?(P), pour toute famille (A;); de Borelien de RV dont les éléments sont deux & deux disjoints
et tel que la somme ), W(A;) soit bien définie. Avant de conclure cette sous-section en donnant une

représentation en loi du drap Brownien fractionnaire nous introduisant la transformée de Fourier du
bruit blanc.

Définition 1.2.6. Soit W un bruit blanc sur RN alors sa transformée de Fourier noté W est le
processus Gaussien défini par :
W (h) = W(h)

pour tout h € L*(RY) ou h est la transformée de Fourier usuelle de h.

Proposition 1.2.7 (Voire [69]). Soit 1,72 € [0,1] et on se donne W un bruit blanc sur R? alors il
existe une constante C,, ,, tel que le processus

ersT _ 1 ezty -1

{C’Yla'Y2W(QSt)7 Syt 2 0} 9 Qst(x7y) = |x|71+1/2 ‘y|,¥2+1/2

est un drap Brownien fractionnaire d’indice d’Hurst v = (7y1,72)

Nous finissons cette partie par remarquer que si W est un bruit blanc sur R? alors le processus
Vst = W([0, s] x [0,¢]) est un drap Brownien.

1.2.2 Théorie des mesures-martingales

Nous présentons ici une méthode introduite par Walsh dans [71] et qui a permis de définir I'intégrale
stochastique sur le plan pour un drap Brownien. Bien que ce ne soit pas la seule fagon d’introduire le
calcul stochastique & deux paramétres (a titre d’exemple on peut citer [19,44,65,73]) on a choisi cette
approche pour sa simplicité.

Etant donné un espace de probabilité filtré complet (2, F, (F;)i>0,P) et B(R) la tribu Borelienne
sur R on a la définition suivante :

11
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Définition 1.2.8. On dit qu’un processus (My(A))i>0,4cB(r) st une mesure martingale par rapport a
la filtration (Fi)i>0 si les trois conditions suivantes :

1. My(A) =0 presque sirement pour tout A € B(R)
2. Pour tout t > 0 M, est une mesure signée a valeurs dans L*(P).
3. Pour tout A € B(R) le processus (M¢(A))i>0 est une (Fi)i>o-martingale de moyenne nulle.

sont satisfaites.
Un exemple connu de tels processus est donné par :
Wi(A4) = W([0,4] x A)

ot W est un bruit blanc sur R?. Maintenant pour une mesure martingale M nous nous proposons de

définir une intégrale du type
t
/ / ft,z,w)W(ds, dx)
0 JA

sous certaines conditions sur le processus f. Pour cela nous allons procéder d’'une maniére assez cano-
nique a savoir se donner une classe d’intégrants pour lequel 'intégrale s’exprime de maniére raisonnable
puis I'étendre par des arguments de densité.

Définition 1.2.9. Une fonction f = RT x R x Q — R est dite élémentaire si
f(t7 QL’,W) = X(w)]-(a,b} (t)]-A(x)

pour A € B(R) et X une variable aléatoire F,-mesurable et borné. Une combinaison linéaire finie de
fonction élémentaire est dite simple et on dénote par R ’ensemble des fonctions simples .

Si maintenant f(t,z,w) = X (w)1(qpla(x) est une fonction simple et M une mesure martingale on
définit alors U'intégral f e My(B) par :

f o My(B) = /0 /B F(5,2,0)M(ds, dz) = X () (Min(e) (AN B) — Minea (AN B))

et on prolonge aux fonctions de R par linéarité. Maintenant on peut remarquer que cette définition est
bien valide et ne dépend pas de la représentation de f et que (M; ® f(A)); 4 définit bien une mesure
martingale. Dans la suite on se limitera aux cas ot M est la mesure martingale donnée par le bruit
blanc et il facile de voir dans ce cas que pour A fixé de mesure non nul que le processus (|A|~1/2M;(A));
est un mouvement Brownien et donc on obtient par un simple calcul que

(Mo(A), Mo(B)): = t|AN B

ou le terme de gauche dans cette équation est tout simplement la variation quadratique du processus,
ainsi un calcul direct nous donne que

E [(/Ot/Bf(s,x,.)W(ds,dx)>2] :/Ot/BE[|f(s,aj,.)|2]dsd:c
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pour f € R. Ainsi on étend la formule d’intégrale aussi tot par densité a I'ensemble des processus
f(s,z,w) adapté en temps et tel que :

/Ot/BEHf(S,x,.)]Q]dsdw < 400

a noter que cette approche est sous certaines conditions encore valide pour les mesure martingale (voire
par exemple [74]). Ceci dit cette construction de I'intégrale présente la particularité d’étre rattaché for-
tement & la notion de martingale tout comme le calcule stochastique développé dans [19] ce qui empéche
I’étude du cas du drap Brownien fractionnaire ou d’autres processus Gaussien qui n’ont pas cette pro-
priété. Dans le prochain paragraphe nous verrons une autre approche qui est basée essentiellement sur
le calcul de Malliavin et qui va permettre ’étude de tels processus.

1.2.3 Calcul de Malliavin pour le drap Brownien fractionnaire

Dans cette partie nous exposons briévement les travaux de C.Tudor et F.Viens [20,21] qui seront
repris dans le deuxiéme chapitre de cette thése. Dans [20] les auteurs développent un calcul de Malliavin
pour un drap fractionnaire = de parameétres d’Hurst v1,v2 > 1/2 en interprétant les intégrales

/O t /0 P (), /0 8 /0 () T 0 (1.4)

aux sens de Skorohod. Plus précisément il montre que (u,v) — f/(fqu)l[o,s}x[o,t] est bien dans le
domaine de 'opérateur de divergence §¢ associé & x, ce qui leur permet de définir I'intégrale de gauche
(voire plus loin dans la section (2.7.2)) et aboutir & la représentation en somme de Riemann suivante :

t s n,m
/ s !
/0 /0 F(@uw)d® 2y :nmlng}rOOE F(@si85) © 08,4185t
1,J

pour deux subdivisions 7! = (si)i<n et w2 = (tj)j<m dont le pas tend vers zéro et ot o désigne le
produit de Wick. Pour la seconde intégrale de (1.4) ils remarquent le fait suivant :

s t s t u v
/ / F (@) d 20 dS Ty = / / / / S (@uw)A° Loy Ay,
0 JO 0 0 JO 0

ainsi ils interprétent cette derniére comme §2°(N(f(x))) ott 6*° étant le second opérateur de divergence
et

N(f7 (@) ((u, 0); (1, 0)) = f7 (@u0) Lo 6] ¢ 0,0 (1 V) Lo, x [0, (5 ©)

On pourra encore se référer a la section (2.7.2) pour une définition plus rigoureuse. Puis ils obtiennent
finalement une représentation en somme de Riemann donné par :

s t
/0 /0 f//($uv)d<1>$uvd§xuv = nmlbi—rg-oo Z f//(xSitj) © <x5i+1tj - xSitj) © (-Tsitj+1 - 1’sitj)

1,J
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Utilisant ces représentations et on prenant en considération les différentes contractions entre les produits
de Wick les auteurs de [20] obtiennent la formule suivante :

f(xst / / f xuv d Ty + 2'7172/ / f 271_1’1)272_1(1’&(11}
+ / / f(2) (l'uv)d(l)xuvdgﬂfuv +m / / f(s) (xuv) U271711}272dud21‘uv (1,5)
+w/ / F O (@) u?10? 727 1d1$uudv+’7172/ / FO () w102 N dudo,

pour f une fonction suffisamment "réguliére" (en fait comme il est indiqué dans le second chapitre il
faut une condition supplémentaire qui assure le fait que f(X) ait de bonnes propriétés d’intégrabilité).
Dans [21] les auteurs généralisent ce travail au cas ou 1,72 € (0,1) mais en interprétant les intégrales
au sens de la divergence étendue, qui a des propriétés plus restrictives que la divergence usuelle et qui
en revanche a un domaine plus large ce qui facilite sa manipulation.

1.2.4 Reésultats du chapitre 2

Dans le second chapitre nous allons présenter le travail que j’ai effectué pendant la premiére partie
de ma thése conjointement avec Massimiliano Gubinelli puis avec Samy Tindel et qui a aboutit aux
deux prépublications |13, 15]. Avant de donner les principaux résultats du second chapitre il seraient
judicieux d’exposer une partie du travail de Gubinelli dans [36] pour le cas unidimensionnel.

Etant donné k € N et une fonction v-Holderienne z sur [0, 7] & valeur dans R* pour un v > 1/3 et
2™ une régularisation de x alors on a trivialement le développement suivant :

/:f(zg)@dx;;:f( ™ @ 5al + f(a // da ® da” 4 1"

avec cette fois-ci 27, = 2! — 27 et ® désigne le produit tensoriel sur R¥. Alors la théorie des rough
path a un parameétre nous dit que si (62", [[ da™dz™) converge vers un couple (éz, [[ dzdz) dans le
sens oll

t ru
. 16(2" — )] - [, [ dal @ da) éf [, dze ® da:u]
stefor] [t —s[7 5,t€[0,7] |t — s[*7

alors il existe r tel que

n —
sup 7‘T8t rst| -0

5,6€[0,T] |t - 8’3"/

et donc on construit l'intégrale rugueuse par

t t U
/ flxy) ®day = f(s)dTst + f’(mst)/ / dz, ® dzy, + st

et Pobjet limite (dz, [[ dz®dx) sera appelé rough path. La maniére de Gubinelli de trouver ce résultat
sera exposé dans le second chapitre a la section (2.2). L’approche de [13] fat alors de tensoriser le
travail effectué dans [30] afin d’obtenir une généralisation de l'intégrale pour des draps irréguliers. Plus
précisément on se donne un drap x de [0, T])? valeur scalaire tel que :

|5x8152t1t2| S C|52 - 51|Y|t2 - tl ga |51$5182t1‘ S Cl|52 - 51|1Y7 |52x81t1t2| S C2|t2 - tl’g
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pour tout s1, S2,t1,te € [0,7] ot on a introduit les notations :
6$5182t1t2 = Tsotyg — Tsity — Lsoty + Tsity

61x8182t1 - x82t1 - $51t15 62$81t1t2 = x81t2 - xsltl

o aussi y1,72 > 1/3 et C,C1,Cy > 0 des constantes finies. Maintenant si 2™ est une régularisation de
x et procédant comme dans le cas & un seul paramétre on a facilement la formule suivante :

s2,t2) s2 to
/. oy = f@@mmgmm+/‘u<&>—ﬂzm»/’@w;

(s1,t1) s1

t2 (s2,t2)
+ aﬂx;a-—f@£ﬁ9>/° duia® + n[/ st
t1 Slytl)
Ainsi en observant que

(s2,t2) (s2,t2)
5f< 51$2t1t2 // st Stxst // st d xstdtxst
81,t1 Slytl)

on obtient aisément le développement suivant :

82,752) (s2,t2) (s,t)
// 315t1td5txst - sltl // // uvl‘zvdstl’?t
(s1,t1 81 1) (s1, tl
// (82’t2) n n n s l(..n l(..n ¢ n n
+ f Sltl // // duxuvdvﬁﬂuvdstlist + / / (/ f (xutl) — f (CCsltl)/ duv,fCuv)dstﬁCst
(31’ Slytl) S1 t1 S1 t1
+ / / Sl’l}) - f/(xgltl) / dUU$ZU)dSt$Zt
S1 t1 S1
t
ﬁ//%/ﬂmm—ﬂﬁ@/%MM%mﬁg
s1 Ji1 s1 t1
So to S t
+/ / (/ f”(thl) - f”(x?ltl)/ du@ypdy Ty, )dstagy + 1"
S1 t1 S1 t1

Donc pour continuer notre étude nous avons besoin de controler les intégrales de bord suivantes :

S92 to S92 to
/’Mﬁm—ﬂﬂm»[dm@ /(ﬂ%ﬁ—ﬂ%ﬁﬁr@%m%

1 1 t1

So to S t
/ n ! n n n
/ / (/ f (x’ll,tl) - f (xsltl) / duvxuv)dstxst
S1 t1 S1 t1
2 [t * " " K
[ et - e [t
s1 Jt s1 t1

Pour cela on remarque que seule la théorie des chemins rugueux a un parameétre est nécessaire. Afin
de s’en convaincre on va considérer 'exemple suivant :

et

So to t1 to
/
| ) = s [t = @) [t [ dat
S

1 1 S1 t1
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ot 7} un terme de reste dans la premiére direction, ainsi dés que (912", fl diz” f2 dz™) converge vers
(Ox, fl dix f2 dz) dans un espace Holderien adéquat on aura que 7] converge aussi vers un terme de
reste 1 et donc on peut donner la définition suivante :

So to 52 to
/ f(xstl) / dstTst = f(x81t1)5$8182t1t2 + f/(xsltl) / 511'313151 / dst st
s1 t1 s1 t

1

+ 7

Donc pour controler tous les termes du développement on doit faire I’hypothése que les suites d’inté-
grales itérées :

So to S9 to 52 to
n n n n n
/ / dS:Estdt:Est? / 51x515t1d5t$5t’ / 61:E818t1d $stdtwst
S1 t1 S1 t1 S1 t1

sz,tz) s t) (Sg,tg (S t) (S4,t2 82,
I e e [
(s1,t1) (s1,t1) (s1,t1) (s1,t1) (s3,t1 (s1,t1)

(s4,t2) s2,t) (s4,t3) 52,t) r,t2)
n n
// // 513:517‘151 TT"T Stxstv / // // abl‘ab Tlerr’)dSt‘Tst)
(s3,t1) (s1,t1) (s3,t2) (s1,t2) (s1,t1)

(et bien d’autres. ..) convergent dans un espace topologique H., -, liée a leurs régularités Holderienne
respectives, et I'objet limite noté X sera appelé rough sheet. Ce qui nous donne le premier résultat
important énoncé (dans un cadre plus général) et prouver d’une maniére rigoureuse dans le second cha-
pitre dans les théorémes (2.5.6) et (2.5.21) qu’on va ici reformuler d’une maniére plus compréhensible
pour un lecteur qui n’est pas familier avec la théorie des chemins rugueux controlés.

Théoreme 1.2.10. Soit un drap x et ™ une régularisation de = tel que X" converge vers X dans
Hoy o, alors on a que :

fssf tt12 f(ﬂ? f xuv dxuv
sup

s182,01 #12€[0,T] 81— 82|71 |t — t1|72

_>77»+—>+OO O

pour toute fonction f € C¥(R) ou [[ f(x)dx est définie par la formule
//f(:v)d x)ox + Z (/5 f(x /d;v+/6af'(:v)/d:ndx+/5af"(x)/d11:d2$dx> +r
a=1 2 & a & a d
avec T un terme de reste et la convention que si a = 1 alors a = 2 et inversement.

Une remarque avant de continuer est qu’on a exactement le méme résultat pour une intégrale de
type [[ f(z)dizdoz. Maintenant une application de ce résultat est de construire une intégrale du type
Stratonovich pour le drap Brownien fractionnaire et d’obtenir une formule de changement de variable
dans ce cas.

Théoreme 1.2.11. Soit x un drap Brownien fractionnaire d’indice d’Hurst v1,v2 > 1/3 on rappelle
que = a la représentation harmonisable suivante

ei8$ -1 eity -1
Tst = ”/1 Y2 QSt .’L' y)W(dx dy) Qst(x y) ‘$|’71+1/2 ‘y|72+1/2
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et on définie le processus x™ par

- nyl,'yg // Qst(‘r) y)W(d.’E, dy)
||, ly|<n

On a alors que le rough sheet associé a x™ noté par X" converge dans LP(2, Hqa g) pour tout a < 71
et B < s, ce qui permet de définir le rough sheet associé a x comme la limite X de X™. De plus si
f € CY(R) est une fonction satisfaisant la condition (GC)(voir (2.6.6) ) alors on a que

) = / / F(2)dz + / / (@) drzdaz

Dans [15] avec S.Tindel nous avons essayé de relayer ce travail avec celui effectué par C.Tudor et
F.Viens dans [20] pour cela nous avons pris du recule et essayé de mieux de comprendre le cas ou le
drap Brownien fractionnaire est d’indices d’Hurst 71,72 > 1/2. Dans ce cadre I'intégrale rugueuse a
deux paramétres se résume seulement a une intégrale d’Young dans le plan (voire par exemple [70]
pour plus d’informations sur ce sujet ou la section (2.4) du second chapitre) et on a remarqué que ces
deux notions d’intégration se généralisaient bien & d’autres processus Gaussiens dont la fonction de
covariance satisfait une certaine propriété de factorisation. Plus précisément on a le résultat suivant :

Théoreme 1.2.12. . Soit x un processus Gaussian [0,1]? de fonction de covariance satisfaisant I’hy-
pothése (2.7.4), et on considére une fonction f € C*(R) satisfaisant la condition (GC). Alors on a
que :

5152t1t2 / /t‘ f f]}'uy dex'L“” et Zslsztltz / : f xuv)dlde‘Tu’lJ? (16>
1

sont bien définies dans le sens de Skorohod pour le calcul de Malliavin. De plus on a :

(i) Convergence de somme de Riemann : si w) et w2 sont deux partitions de [s1,s2] X [t1,t2] dont le
pas tend vers 0 quand n — 0o, alors

. j : _ 1,0
nlggo f(in;Tj) © 6w0’i0i+17'j7'j+1 - Zs1sgt1t2 (1'7>
LE¥
. " _ 2,0
nh_{rolo E / (xo'iﬂ'j) < 52x5i§tjtj+1 © 61x8i8i+1;t]‘ = Zsysojtite) (1.8)
1 2
Tr’I'L77T”L

ot o dénote le produit de Wick, et ot toutes les convergences ont lieu dans L*(9).

(i1) Une formule de changement de variable pour y = f(x) :

o 2 R
5f($)5132t1t2 - 8152t1t2 5152t1t2

// 2
/51 /t f"(xyp)d1 RE A2 RZ + / /t ) (L) REd2 R2dS (1.9)
/ / N(2up) R2d1 RS20 + — / / )(2o)RER2d, RLdy R2.
t t

(iii) Des termes de corrections explicites entre z', 2% et 21°, 2%° peuvent étre calculés (voire les relations

(2.111) et (2.119)) avec
21 ://f’(m)da:, z2://f"(m)d1xd2x

ol ces intégrales sont aux sens de Young introduit dans la proposition (2.4.1).

17



CHAPTER 1. APERCU DE LA THESE

On peut voir que le drap Brownien fractionnaire de parameétre d’Hurst 1,72 > 1/2 entre bien
dans le cadre de ce théoréme. Pour généraliser ce résultat au cas rugueux ~y;,v2 > 1/3 on procéde par
régularisation en considérant I’approximation 2™ introduite dans le théoréme (1.2.10) et en remarquant
que z" satisfait bien les conditions du théoréme (1.2.12), un passage a la limite nous donne le résultat
suivant :

Théoreme 1.2.13. Soit = un drap Brownien fractionnaire sur [0,1]?, avec indice d’Hurst v > 1/3
pour j = 1,2. alors les incréments z1°, 22° de 'équation (1.6) sont bien définies aux sens de Skorohod
de plus on a que :

1,0

(i) zY° and 2*° peuvent étre vu comme limite respective de z™%° et 2™%° qui sont donner par le

Théoréeme 2.7.5 pour le processus régulariser x™.

(ii) Pour tout f € C*°(R), la formule de changement de variable suivante

f(zs;e) = f(0) +ZOsOt+Z030t
+2'71’72/ / f/l 271 1 2'y2 ldud’U—i—’}Q/ / f 271 2’72 ldOZEuvd’U

+71//f(3)(xu w2t 272d2xuvdu+7172//f(4)(muv)u471_1v472_1dudv. (1.10)
0 0 0 0

(iii) Des termes de corrections explicite entre 21, 2% et 21°, 2%° peuvent étre calculés (voire les relations

(2.136) et (2.144)) avec
zlz//f'(ac)dx, 22://f"(ac)d1xd2x

ot ces intégrales sont comprises auzx sens des rough-sheet introduit dans le théoréme (1.2.10).

1.3 Etat de Part et résultats du Chapitre 3

Dans le troisiéme chapitre de cette thése on expose un travail que j’ai effectué avec Massimiliano
Gubinelli et qui a consisté a étudier une classe d’EDP dispersive perturbées par des modulations non
homogeénes et irréguliéres. Plus précisément on s’est intéresser au probléme de Cauchy suivant :

duy dw

u(0,2) = u ()GH"( )

(1.11)

ou H*(T) étant I'espace de Sobolev réel ou périodique (ie : T' = R, T), A un opérateur qui engendre
un groupe Uy = !4 N (¢) une non-linéarité polynoémiale et w une modulation qui va étre une fonction
"irréguliére" telle qu’une trajectoire d’'un mouvement Brownien fractionnaire. Pour étre plus précis on
va s’intéresser aux cas suivants :

. A=03 N(¢) =04, T =R, T avec T étant le Tore a une dimension (équation de KdV modulé).
A=03 N(¢) =04 T =T avec T (équation mKdV modulé).

A=iA, N(¢) =i|p|*¢, T =R" T, n=1,2 (équation NLS cubique modulé)

A =100, N(¢) =i0((|¢|? = |p|go)¢), T = T, (équation dNLS modulé)

—_

- N
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ot O (respectivement A) dénote la dérivée en espace (respectivement le Laplacien spatial). Avant
de nous pencher sur les équations du type (1.11) pour des modulations "irréguliére" nous rappelons
que dans le cas homogéne (ie : wy = t) ces équations ont donné naissance a beaucoup de travaux
mathématique dont on essayera d’exposer certains dans la sous-section suivante.

1.3.1 EDP dispersive en milieu homogéne : théorie d’éxistence et unicité

La théorie d’existence de solution pour les équations de type KdV ou NLS a été étudiée de maniére
intensive ces trente derniéres années dans de nombreux travaux mathématiques dont on peut citer a
titre d’exemple [1, 17,51]. Nous allons essayer de présenter ici d’'une maniére abregée certains outils
mathématiques qui ont permis ’étude de telles équations. L’équation qui nous intéresse dans cette
section est donnée par :

Orpy = Ay + N (1)

ou 9y désigne la dérivée temporelle, A = ih(9/i) pour un polynome réel h et N'(¢) une certaine non-
linéarité. L’approche remarquable introduite par Bourgain dans || & consisté a regarder en un premier
lieu I’équation linéaire donné par :

Qe = Ady

et de remarquer que si ¢(7, k) est la transformée de Fourier en espace de temps de la solution ¢ alors elle
est supportée par 'hypersurface {(7, k) € R;7 = h(k)}, de méme que si on procéde a une localisation
de ¢ en temps (en la multipliant par un cut-off n & support compact) alors la fonction nA¢ aura un
support contenu dans ’ensemble {(7,k) € R;7 = h(k) + O(1)}. En un second lieu il a été observé de
maniére surprenante que ce phénoméne persiste pour ’équation non-linéaire pour une large classe de
donné initiale irréguliére. Une maniére de capturer ce phénoméne de régularisation par dispersion se
fait via les espaces X**(R?) ou plus communément appelé espace de Bourgain dont la définition est
la suivante

Définition 1.3.1. Soit a,b € R alors X**(R?) est définie comme lespace des distributions de Schwartz
u € §'(R?) tel que :

||u||§(ab = // (14 [E)2*(1 + |7 — h(E)))®|a(r, k)[*drdk < +oo
R2
bien sur dans les cas qui nous intéressent il suffit de prendre h(k) = k3 dans le cas de KdV (A = 03)
et h(k) = —k? dans le cas de Schrédinger (A = i0?).

L’obtention d’estimées multilinéaires dans ces espaces a permis a plusieurs auteurs (voire par
exemple [51]) de fonder une théorie d’existence locale et méme globale pour (KdV) et (NLS) assez
robuste. A titre d’exemple on peut énoncer le proposition suivante donné dans [51] et qui est due &
Kenig, Ponce et Vega

Proposition 1.3.2 (Kenig, Ponce, Vega). Pour tout o € (—3/4,0] il existe b € (1/2,1) tel que la
distribution

B(F,F) = 1/20(F?)

bien définie pour tout F € X de plus on a que

1B, )| xor1a2) S I1F| o
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Ce résultat leur a permis de montrer que I’équation de (KdV) sur R possédaient une unique solution
locale via une méthode de point fixe dans I'espace X®® pour toute condition initiale de H*(R) pour
a > —3/4 et que dans ce cas il avait une continuité du flot par rapport a la donnée initiale. L’existence
globale pour ce type d’équation dans les espaces de Sobolev d’index positive est due & certaines lois
de conservation et a un certain phénoméne de persistance de la régularité ce qui n’est pas le cas dans
la basse régularité, en effet cette derniére a été démontré dans le cas de (KdV) usant de la I-méthode
introduite dans [18]. Cependant cette ’approche basée sur les espaces de Bourgain est reliée profon-
dément a la structure de I’équation linéaire. Cela pose un probléme dans notre cas. Pour contourner
cette difficulté nous allons présenter une approche plus récente basée sur les chemins controlés due a
Gubinelli [37] et qui lui a permis d’étudier I'équation KdV dans un domaine périodique. En effet en
partant de la formulation mild et en utilisant la propriété de groupe on peut écrire ’équation de KdV
dans la forme suivante :

t
vy = u —I—/ U7 0((Usvs)?)ds (1.12)
0

ou v; = etasut, w étant la solution du probléme de Cauchy associé & KAV et u” la condition initiale du

probléme. Ainsi un développement du second ordre nous donne que :
v — Vs = Xyt (s, 05) + X2 (s, Vs, Vs) + Tt (1.13)

avec r un terme de reste et :
t
X v2) = [ U7 0UntaUnb)ds, X0, 1.00)
t o
=9 / / U 0(Ustr U, 0(Uy, 902U, 1b3) ) o do

pour des fonction test 11,19, 13. Une étude plus approfondie de ces deux derniers opérateurs dans [37]
a conduit 'auteur aux estimations suivantes

| Xstl 2oy S1E— s, 1 X2 3racmy) SIE— s>

~

pour tout a > —1/2 avec L2(H*(T)) (respectivement £3(H%(T))) étant I'espace des opérateurs bili-
néaires (respectivement tri-linéaires) de H® munis de sa norme usuelle et 7 > 1/3 une constante ne
dépendant que de . Ainsi on définit I'espace des chemins contrélés par les fonctions 6 qui ont la forme :

0 — 0, = Xy (0)) + 6°

pour un certain couple (¢',0%) € CJ(H*(T)) x C37(H*(T)), tel que les espaces C] et C27 sont définies
de la maniére suivante :

) =4 fec(o. 1) HAT), flly = swp Pl o
stefor] |t — 87

et

ey (H®) = {gecqo,TP,Hamr)), gu =0, €[0.7): Ifll2; = ;u[gﬂﬁ‘_gi;wm}
s#tel0,
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Maintenant la théorie des chemins controlés développée par Gubinelli [36] nous dit que si v est un
chemin controlé et que si de plus v satisfait la relation (1.13) avec un terme de reste r € C§7 alors dans
ce cas 1 sera complétement déterminé par la donnée de X, X2, v/ et vf de plus il va s’écrire comme
une fonctionnelle multiplicative de ces derniers termes. Par la suite il est possible interpréter 'eq (1.12)
comme ’équation de point fixe suivante :

UVt — Vs :Xst(USaUs)‘|‘X52t('0371}57vs)+7"5t7 Vo :uo

formulée dans 'espace des chemins controlés munis d’une structure topologique adéquate. Cette ap-
proche & permis a Gubinelli de construire une solution locale v associée a I’équation mild de KdV et
d’obtenir le résultat suivant

Théoreme 1.3.3 (Gubinelli). Soit u® € H*(T) pour a > —1/2 alors il existe T* > 0 et un unique
v e CT(H*(T)) tel que

Vg = Vs + Xst(v&vs) + th(USa ’Us,’Us) + O(‘t - 3|3V)'

Si on défini uy = Upvy et si llyu désigne le projecteur de Dirichlet sur les mode de Fourier plus petits
que N, alors il existe une distribution espace-temps N'(u) € S'([0,T] x T) tel que 1/20(Iyu)? converge
vers N (u) (pour la topologie de S'([0,T] x T)). De plus u satisfait ’équation

atut + 83u —f-N(U) =0
au sens des distributions.

Cette derniére approche sera reprise dans le troisiéme chapitre de cette thése pour étudier les
équations (KdV), (NLS) et aussi d’autres équations avec une dispersion modulée.

1.3.2 Cadre stochastique

Les équations dispersives ont suscité l'intérét des probabilistes pendant ces vingt derniéres an-
nées étant données qu’on pouvait considérer ces mémes modéles dans des environnements aléatoires,
les exemples que nous avons en téte sont les travaux effectués par A.Debussche, A.De Bouard et
Y. Tsutsumi dans [27] ou ils considérent I’équation de KdV perturbé par un bruit stochastique de la
maniére suivante :

Opu 4 OPu 4 1/20,u* = €

ou £ est un bruit Gaussien qui est blanc en temps et plus régulier en espace, et ils arrivent a donner un
sens a cette équation usant du calcul stochastique puis & obtenir I'existence et unicité de solution dans
un espace de Bourgain modifié. Dans le méme esprit on pourrait aussi citer un travail de méme nature

effectué¢ dans [25] pour 'équation non linéaire de Schréodinger. Plus récemment les auteurs de [28, 30]
étudient (NLS) pour une dispersion stochastique et plus exactement ils s’intéressent a I’équation :
dut

FTi Ay o AWy + i|ul*u

ou W est un mouvement Brownien d dimensionnel et o la multiplication de Stratonovich. Ensuite
ils réécrivent cette équation comme une équation aux dérivées partielles stochastique de la maniére
suivante :

iduy + A%udt + AudW,; + |u|2‘7udt =0 (1.14)
ot le terme AudW; est interprété aux sens d’It6. Obtenant des estimés du type Strichartz ils aboutissent
au résultat suivant :
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Théoreme 1.3.4 (A.De Bouard, A.Debussche). Soit (2, (Ft)t>0,P) un espace de probabilité filtré asso-
cié et W un (F;)¢>o0-mouvement Brownien unidimensionnelle. Soit u® € L2(R%)) ( presque sirement)
qui soit Fy mesurable et on suppose finalement que o < 2/d alors il existe une unique solution u
pour le probléme de Cauchy (1.14) de donné initiale u® tel que u € LI, (0,00, LP(RY)) presque sire-
ment avec p = 20 +2 < r < 4(o + 1)/(do), de plus u € C(RY, L2(RY)) et si u® € H'(RY) alors
u € C(RY, HY(RY)).

Une étude plus poussée de ces équations effectuée dans [30] a permis d’affiner les estimées obtenue
dans [28] et de traiter le cas de NLS "quintic" (d = 1,0 = 2) et d’avoir le théoréme suivant :

Théoreme 1.3.5 (A.Debussche, Y. Tsutsumi). Soit u® € L?(R) (presque stirement) qui soit Fo mesu-
rable, et o = 2 alors il existe une solution u pour I’équation (1.14) tel que u € L} (R L310(R)) (p.s),

loc

de plus u € C(R*, L3(R)). Maintenant si u® € H*(R) alors u € C(R*, H(R)).

Nous verrons que dans le troisiéme chapitre que ’étude de ces équations peut se généraliser pour
le mouvement Brownien fractionnaire et qu’aucune hypothése de mesurabilité n’est nécessaire.

1.3.3 Résultats du chapitre 3

Nous présentons ici les principaux résultats du troisiéme chapitre obtenu en collaboration avec
M.Gubinelli dans [14]. Pour cela nous allons commencer par rappeler un résultat d’intégration qui est
en fait juste une généralisation de l'intégrale de Young dans un cas non linéaire. Soit V un espace
d’Hilbert et on note par £™(V, V) I'espace des opérateurs n-linéaire de V" & valeur dans V dont ont
le muni de sa norme d’opérateur. Soit 7" > 0 et C'V = C7(][0,T], V') l'espace des fonctions y-Holder
continues de [0,7] a valeurs dans V' équipé de sa semi-norme

||f”C'YV — sup ||f(t) — f(S)HU ]

o<s<t<T |t —s|?

Maintenant si V' est un espace de Banach alors Lip,;(V) dénote I'espace de Banach des fonctions
localement Lipschitz sur V' de croissance polynomiale d’ordre M > 0, et plus précisément des fonctions
f:V =V tel que

I fllLip,,(vy = sup 1/ () = FW)llv

< 4o0.
ewev |z =yllv(@+ llzllv + lylv)M
Ainsi on a le résultat suivant :

Proposition 1.3.6. [Young/ Soit f € C'Lip,;(V) et g € CPV tel que v+ p > 1 alors la limite des
sommes de Riemann

t
I :/0 fau(gu) = lim thm(gt,-) — fi.(9t;)

[TI|—0

existe dans V' ou I1 est une subdivision de [0,t] et |II| son pas, et elle indépendante de la subdivision.
De plus on a que

12t = I = (fe = f)(gs)llv < (1= 217772) Hlglieov (1 + [lglleov ) |t — 5|7+,
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Démonstration. Une preuve plus directe est donnée dans le troisiéme chapitre dans la démonstration
du Théoréme (3.3.1), ici nous proposons une preuve courte qui fait appel a 'existence de 'application
de la couturiere (sewing-map) A définie dans la Proposition (2.2.1), en effet si f™ est une régularisation
de f et g" celle de g tel que sup, [lg”[l, < llall, < +00 et sup, [ ernipyyv) < | Flertipy ) < +00
alors il est facile de voir que par definition de A on a que :

— 1= [ = U~ e+ A
ou ug, = (ffr = fiHgn) — (ffr — f)(g?) pour 0 < s <u <t <T et ainsi on voit que

Sup [ugy|v Sony |t —ulf|lu — SPHQHPHf”C’YLipM(V)
n

de plus on a que u" converge vers u dans C3V (voir la (2.2) pour la définition de cet espace) avec
Usut = (ft — fu)(gu) — (ft — fs)(gs) et ceci pour tout 1 < § < + p ainsi la continuité du sewing-map
A (voir la (2.2.1) pour plus de détail) nous assure que A(u") converge vers A(u) dans C3V d’oti la
convergence de la suite 1" vers I dans I'espace CVI(V) pour tout 7/ < v ou I est définie par la formule
suivante :

Iy = I + (ft - fs)(gs) + A[u]st

Ip = 0. Maintenant en tenant compte encore une fois de la continuité du sewing-map A et de la
régularité de u on obtient que A(u) € Cy *P ¢e qui nous permet d’avoir la convergence suivante :

t
Iy :/0 fau(gu) = lim thiJrl(gti) — f:(9t:)

|TI|—0

L’estimation donnée dans le théoréme provient encore de la continuité du sewing map, ce qui finit la
preuve. L]

Maintenant en regardant d’un peu plus prés la formulation mild des équations (1.11) on voit qu’elles
ont la forme :

t
:U;”u0+/ UL (UY) "IN (us)ds
0

avec U} = et une remarque importante dans ce cas est que cette formulation ne fait plus apparaitre
la dérivée de la modulation w et donc celle-ci n’a pas besoin d’étre differentiable pour étudier cette
derniére équation de plus en tenant compte du fait U™ est un groupe on aboutit & I’équation intégrale
suivante :

t
0 =0+ / (U IN (U0, )ds (1.15)
0
avec 0y = (UP) " tuy. Soit I'operateur X;(¢ fo YIN(U¥¢)ds on voit alors de maniére formelle
que :
t t dx
UY) "N (UL6s)ds = g =1 Xiitier (6r,)
RGBT /O[da] i, 2 )

ou la limite est prise sur les subdivisions II de [0, ¢] dont le pas tend vers 0, et X5 = X; — X;. Une
maniére de donner un sens a ce calcule formel est de passer par la proposition (1.3.6) et donc sous
I'hypothése que X € C7Lip,;(V) avec v > 1/2 on donne sens a 'équation (1.15) dans C'/2V, puis on
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arrive a la résoudre par une méthode de point fixe. Donnons-nous maintenant un exemple concret pour
comprendre mieux I'hypothése faite sur X, en effet dans le cas de KAV (ie : A = 93, N'(u) = du?) on
a par un simple calcul que :

Xot(p1,d2) =ik Y b1(k1)pa(ka) Bl (3kk1ks)

ki1+ko=k

ou ®Y(a) = fst e do et X la transformée de Fourier de 'opérateur X, et donc pour controler la
norme de l'opérateur X il faut savoir contréler la quantité @, une réponse a été donnée par R.Catellier
et M.Gubinelli dans |12] pour le mouvement Brownien fractionnaire.

Théoreme 1.3.7 (R.Catellier, M.Gubinelli). Soit W un mBf d’indice d’Hurst H € (0,1) et introdui-
sant la quantité :

(I)W
H<I>W|\Ww =sup sup |a\”7‘ st (@)
T GeR0<s<t<T it —s|7

pour 0 <y <1 et p>0 alors il existe 6 > 1/2 tel que pour tout p < 1/(2H) on a que :
1Bl < o0

presque surement, pour tout T’ > 0.

En fait le théoréme tel qu'il est énoncé dans |12] nous donne méme 'integrabilité exponentielle de
®" dans le cas du mBf. Ce résultat cela nous pousse & introduire la définition suivante :

Définition 1.3.8. Soit p > 0 et v > 0. On dit qu’une fonction w € C([0,T];R) est (p,~y)-irréguliére
st pour tout T'> 0 :

PV (q
8 g = sup_sup_(a)e 2]

< 400
a€R 0<s<t<T s =t

o @Y, (a) = fst el“rdr. De plus on dit que w is p-irréquliér si il existe v > 1/2 tel que w est (p,7)-
irrequliére.

Maintenant on va introduire ’espace des chemins contrélés qui va étre ’espace sur lequel I'unicité
de nos solutions est garantie.

Définition 1.3.9. On dit qu’une fonction ¢ € C([0,T),V) est controlé par w si 6, = (UX) 1¢y €
CY2V, et on note D*(V) cet espace.

Alors sous 'hypothése que w est (p, y)-irrégulier avec v > 1/2 on obtient les résultats principaux
du troisiéme chapitre qui sont les suivants :

Théoreme 1.3.10. Pour tout p > 3/4 et a > —p ’équation de KAV sur le Tore avec modulation
w admet une solution locale dans H*(T), elle est globale si o > —3/2 et o« > —p/(3 —2v). De plus
on a unicité dans ’espace DY(H*) C C(Ry; H*(T)) introduit dans la définition. 1.3.9. Dans le cas
non périodique 'équation de KdV avec modulation w admet une solution locale dans H*(R) pour
a > —min(p,3/4). La solution est globale si v > —min(p/(3 —27v),3/4) et lunicité a lieuw dans
DY(H®).
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Une remarque importante est que ce résultat présente un certain phénomene de régularisation par
perturbation de la dispersion par des modulations irréguliéres. En effet un résultat de [17] nous dit
que le flot de ’équation de KdV sans perturbation ne peut étre uniformément continu pour o < —1/2
ce qui n’est pas le cas si on considére des modulations w assez irréguliéres. Pour ’équation de NLS
cubique on a le résultat :

Théoreme 1.3.11. Soit p > 1/2. alors l’équation de NLS cubique sur T ou sur R a une solution globale
H® pour tout o > 0. De plus il’y a unicité dans DV (H®) et le flot est localement continument-Lipschitz
dans DV(H?).

On peut remarquer que ce résultat présente deux faits nouveaux par rapport au théoréme (1.3.4)
est que il permet de voire que 'équation (NLS) modulé est globalement bien posé sur le Tore ce qui
n’est pas évident dit au fait que les estimations de Strichartz sont en générale fausse sur le Tore et
aussi 'obtention de 'existence globale pour des conditions initiale u® € H* avec a € [0, 1).

Théoreme 1.3.12. Soit p > 1/2. On a alors les résultats d’existence suivant :
1. L’équation NLS cubique avec modulation sur R? a une unique solution locale dans H® pour
a>1/2;
2. L’équation dNLS avec modulation sur T a une unique solution locale dans H® pour o > 1/2 et
p>1;

3. L’équation mKdV avec modulation sur T a une unique solution locale dans H* pour o > 1/2.

Au début de ce chapitre on a vus d’une maniére formelle comment avoir I’existence local de solution
dans ces théorémes, pour étre plus complet on va discuter un peu de la maniére d’obtention de certaines
existences globales notamment pour le cas de KdV sur le Tore avec modulation. En effet si X est
l'opérateur associé a 1’équation de KdV modulée sur le Tore alors un simple calcul d’intégrale nous
montre que

(Xat(,0), 6 /da/ ) O((UT ) = //6 (U2 62U = 0

et donc si 6 est la solution locale de KAV modulée sur le Tore avec un temps de vie T" > 0 alors par
un simple calcul on a que :

HetH%Z = HHSH%Q + 2<987R8t>L2 + Hat - HSH%Z

ott on rappel que @ est y-Holderienne pour un v > 1/2 et que le reste R vérifie |Rg| < [t — s]?7, ainsi
il s’ensuit que
110122 — 1105]]22] S 1t — s[>

pour s,t < T, et donc cela nous donne :

10l 22 = ||u®[ 2

ce qui nous donne l'existence de solutions globales pour des données initiaux dans L? et se généralise
a H*(T) pour o > 0 en observant que le terme non linéaire de ’équation de KdV se comporte mieux
que la solution elle méme ce qui donne une sorte de persistance de la régularité. Le cas d’'une donnée
initiale de basse régularité est plus fin & gérer et nous pousse a adapter la dite I-méthode introduite
dans [18] & notre cas.
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Nous remarquons maintenant qu’une limitation de la technique présentée jusqu’a maintenant est
de seulement pouvoir traiter les cas de non-linéarité polynomiale due aux simplifications algébriques
engendrées par celle-ci dans les calculs. Une autre approche qu’on va aussi exploiter dans le troisiéme
chapitre est une généralisation des travaux effectués dans [30] pour une modulation w qui soit (v, p)-
irréguliere (cette fois-ci v > 0 seulement), et cette approche nous a permis d’avoir les estimés de
Strichartz suivante :

Théoreme 1.3.13. Soit A =i02, T >0, p € (2,5], p > min(3 — %, 1) alors il existe une constante
Cwr >0 et v*(p) > 0 tel que l'inégalité suivante :

soit satisfaite pour tout ¢ € L*([0,T], L*(R)).

< Co T O 1o 17,2 (R)
Lr([0,T],L2P(R))

| oyt

0

Une application de ce résultat est 'obtention de solution globale pour I’équation NLS modulé avec
une non-linéarité de type N (¢) = |o[F¢ :
Théoreme 1.3.14. Soit p € (1,4], p = p+ 1, p > min(1,3/2 — %) et u’ € L?(R) alors il existe
T = T*(HUOHL?(R)) > 0 et un unique u € LP([0,T], L*(R)) tel qu’on a I’égalité suivante :
t
up = UPul +i/ U (U2 (Jug|Pug)ds
0

s

pour tout t € [0,T*]. De plus on a que ||lut|[r2@)y = [|uollr2r) et donc on a une unique solution
global uw € LT (0,400), L*(R)) et u € C([0,+00), L*(R)). Si maintenant v’ € H'(R) alors u €
C([0,00), H'(R)).

1.4 Etat de Part et résultats du chapitre 4

Nous portant notre intérét dans le quatriéme chapitre de cette thése a un travail que j’ai effectué
en collaboration avec Rémi Catellier et qui consiste dans ’étude de 1’équation de la quantisation
stochastique et plus précisément du probléme de Cauchy suivant :

O = Apsu —ud + €
1.16
{ u(0, ) = u®(x) (1.16)

ot Ars désigne le Laplacien sur le Tore tridimensionnelle T2, u” une condition initiale & prendre dans
un espace adéquat et £ un bruit blanc en espace-temps. Avant d’entrer dans les détails techniques et
les difficultés posés par cette équation nous mettons juste I'accent sur le fait que la présumée solution
n’est pas nécessairement une fonction (en fait nous verrons par la suite que c’est une distribution)
due & la forte irrégularité du bruit blanc en dimension 3 et que ceci pose probléme dans la définition
du terme non linéaire u®. Maintenant nous rappelons que l'existence d’une solution en dimension 2 a
été déja prouvée dans [23]. Plus récemment une généralisation de la théorie des rough-path appeler
théorie des structures de régularité donnée par Martin Hairer dans [17]| et qui est basée sur 'analyse
par ondelettes a permis I’étude de I’équation en dimension 3 et de prouver ’existence d’une solution
locale. Nous nous proposons dans cette partie de retrouver ce résultat par une autre approche basée
sur le paraproduit de Bony (voir [5]) et la notion de distributions controlées introduite dans [38].
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1.4.1 Espace de Besov et Paraproduit de Bony

Dans cette sous-section nous essayerons de présenter dans un cadre simple la théorie des espaces de
Besov et nous nous limiterons aux notions qui nous intéressent pour I’étude de ’équation (1.16) (pour
plus de lecture sur le sujet voire |5,0]). Pour cela on commence par introduire quelques notations.

Notation 1.4.1. Soit d € N, on note par S(RY) I’espace des fonctions test de Schwartz et S'(R?) celui
des distributions tempérés. D la dérivé sur R et pour a = (a1, as,....,aq) € N un multi-indice on
introduit aussi la notation suitvante

3a1+a2+---an

0% =
01021y ...0%2,

et finalement Ff ou f désigne la transformée de Fourier de la distribution f € S'(R%).

Maintenant on se donne deux fonctions de classe C°°(R?) radial h, 6 tel que

1. Le support de h est inclus dans une boule B de R et le support de x dans un annaux A
2. supp(h)Nsupp(8(27%.))=0 pour i > 1 et supp(6(277.))Nsupp(8(2~.))=0 pour |i — j| > 1
3. h(z) + D50 6(27'x) = 1 pour tout z € R?

L’existence de telle fonctions est bien connue voir par exemple [6]. Ainsi on peut définir les bloques
(Aj)i>—1 de Littlewood-Paley par :

F(ALif)y=hf, F(Aif)=02"")f;i>0

pour f € §'(R%). On introduit alors les espaces de Besov non homogéne par :

By = {f € S'(RY), 1 fllBs, = "(QiaHAifHLP(Rd))izfl"lq < —i—oo}

pour a € R, 1 < p,q < +o0. Une remarque importante est que ces espaces sont des Banach et que
leurs topologies en tant qu’espace vectoriel normé ne dépend pas du choix des fonctions h et y, Une
attention particuliére sera donnée dans la suite a l'espace C* = B, , qui n’est autre que l'espace
des fonctions a-Holder sur R? lorsque o € (0,1). L’étude d’un tel espace s’avére assez confortable et
pratique due a la bonne localisation de la transformée de Fourier des bloques de Littlewood—Paley. En
effet on a le résultat suivant :

Proposition 1.4.2 (voire [6]). Il existe une constante C telle que si B est une boule de R?, p,q €
[1,400] tel que p < q, A\ >0, k € N et f e S'(R?) dont le support de sa transformée de Fourier f est
contenu dans AB alors on a que :

sup 10° f||pa < CEFINEFAQ/2=1/0) £,

Démonstration. Pour prouver ce résultat il suffit de traiter le cas A = 1 et ensuite de généraliser en
usant d’une dilatation de taille A > 0. Soit ¢ une fonction indéfiniment dérivable sur R? tel que ¢ = 1
dans un voisinage de B. Ainsi il suffit de remarquer que

O°f =% f; h=F o)
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D’ott une application directe de I'inégalité de Young nous donne que

10 flla < [Ifel|OR]Lr
avec 1/p+1/q =1+ 1/r. Maintenant en utilisant 'inégalité suivante :
10|z < 110h]l11 + 1|0°hl|ze < ClI(1 + |2[*)?0%h|| o
avec C =1+ [padz(1+ [z[*)~% on obtient que
10k < ClI(Id — Aga)® (()*¢) |11 < C*
ce qui finit la preuve. O

Une application directe de ce résultat nous donne immédiatement que

18 flloo S 27V AF|| L0 S 2V u]| gy,

~

d’ou
|ullea-ara S llullBe, (1.17)

Ce qui donne une inclusion fort utile lorsque qu’on veut travailler avec des processus stochastiques.
Nous introduisont a ce stade le parproduit de Bony (voire [5]) qui permet dans un sens de définir le
produit fg entre deux distributions de Besov, en fait d’une maniére assez formel on voit que :

f9=> AifAjg=m<(f.9) +70(f,9) +7(f9) (1.18)
i

ou

r(f9)= >, AfDjg=m=(9.f), m(f,9)= > AifAjg

i>—1;>i+1 li—j|<1
Le théoréme suivant nous précise un cadre dans lequel cas la décomposition (1.18) a un sens

Théoreme 1.4.3 (voir|6]). Soit f € L>® et g € C*, a € R alors on a que w<(f,g) est bien définie et
de plus

[m< (£, 9)lee Sa,8 | flclglen
maintenant si f € C? et g € C* pour B € R et a < 0 alors n=(f,g) est bien définie et on a

7> (f, 9)lea+s Sap | fleslglee
et finalement si f € C8, g € C* avec a+ B > 0 alors wo(f, g) est bien définie de plus on a que :
Imo(f, 9)lcars Sap | fleslglee

Pour étre plus complet dans notre étude nous rappelons le résultat suivant qui nous donne une
sorte de développement de Taylor a l'ordre 1 pour un terme de type f(u) ot u est une fonction de
Besov et f une fonction assez lisse.
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Théoreme 1.4.4 (voir[0]). Soit a, p > 0 tel que p ne soit pas un entier, u € C*NCP et f € CZ. alors
on a que

Flu) = 7 (F (), u) + 2

|0 |catr S g jjulloe |ulee e

A ce nivaux nous allons essayer de relayer les notions vues dans cette sous-section avec la théorie
des chemins rugueux. Pour cela nous allons nous donner 'exercice trés simple de construire f(x)Dzx
pour une fonction z € CY(R?) avec 1/3 <y < let f € C’g, bien sur pour faire une telle chose un
moyen possible serait de construire les différents paraproduits associés & f(z)Dx ainsi nous avons la
décomposition formelle suivante :

f(@) Dz = 7<(f(x), Dx) + mo(f(2), Dx) + 7> (f (2), D)

Le théoréme (1.4.3) nous indique que le premier et troisiéme terme de cette équation sont toujours
bien définis, et de régularité respective v — 1 et 2y — 1. Nous allons maintenant nous concentrer sur le
second terme qui s’avére un peu délicat. Le théoréme (1.4.4) nous dit que

f(@) = m<(f'(x), Dx) + f(2)*
avec f(x)* € C¥V. Injectant cette identité dans le terme diagonal on trouve que :
mo(f(x), Dx) = mo(w<(f'(x),x), D) + mo(f (2)*, D)

et maintenant on remarque que le second terme de cette équation est bien définie dés que 3y — 1 > 0.
Pour étudier le terme mo(w<(f'(x),x), Dx) on pourrait essayer de commuter les paraproduits et c’est
ce qui a amené les auteurs de [38] & obtenir le résultat suivant :

Proposition 1.4.5 (N.Perkowsky, P.Imkeller, M.Gubinelli). Soit o, 3,7 € R tel que 0 < o < 1,
a+B+v>0etB+~<0 alors

R(fvl‘a y) = 7T0(7T<(f, $)7y) - f7T0(13, y)

est bien définie si f € C*, x € CP and y € C7 et plus précisément

1B 2 ) oty S [ llallz]lsllyll

Ainsi en utilisant ce résultat on obtient que
mo(m<(f'(z),2), Dzx) = f'(x)m0(z, Dx) + R(f'(x), , Dx)

on voit ainsi qu’on peut définir f(z)Dx sous la condition qu’on arrive a construire de maniére raison-
nable "l'aire de Besov" mg(x, Dx) € C*'~! ce qui est un résultat similaire a celui de la théorie des
chemins rugueux qui dit que l'intégrale :

/f(x)dx

est bien définie dés que laire de Lévy [[ dzda est "constructible" et satisfait certaines propriétés de
régularité. Nous finirons cette sous-section par les deux lemmes suivants, le premier nous renseigne sur
la régularité du bruit blanc vis-a-vis des espaces présentés dans cette partie et le second de la maniére
dont agis le semi-groupe de la chaleur (FP;)¢>0 = (etA)tZO sur les paraproduits ce qui sera utile pour la
suite .
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Lemma 1.4.6. Soit & un bruit blanc sur T alors presque strement pour tout € > 0 on a que & €
Cfd/Zfs(Td)'

Démonstration. Rappelons que

§= &lew)ex

kEZ

oil (eg) étant la base de Fourier de L?(T?) et o 1'égalité précédente a lieu dans L2(2,S'(T%)). En
remarquant que (£(ex))x est une famille i.i.d de variable aléatoire Gaussienne N (0, 1), on obtient alors
par un simple calcul que pour tout a € T¢

E[|Aié(a)]*] = Z f(2-1k) < 2

[k ~2i

d’ott en utilisant I'hypercontractivité Gaussienne (voir [71]) on obtient que

El|ALE, ) = /T B{IA (@) P2 da 2002
et d’ol on voit que :
E[H&Hp 74/275/2] < +00
BP’P

pour tout p > 1. Donc dés que p est assez grand (d/p < €/2) et en utilisant I'inclusion (1.17) on arrive
au fait que
Bl 452 < +o0

ce qui donne le résultat. O

Lemma 1.4.7. Soit a € R et 6 > 0. Alors les inégalités suivantes :

1P llasas St 0N Fllas [(Pems = Dlla—2e S 1t = s¥lIfla

sont satisfaites pour tout f € C*. De plus si « < 1 et € R alors on a que

1Pim<(f.9) = m<(f, Pig)llatsr20 S t 1| fllallglls
pour tout f € C* et g € CP.

Nous finiront par remarquer que la commutation entre le paraproduit et le semi-groupe de la chaleur
est peu connu pour cela on renvoi au quatriéme chapitre pour une preuve de ce fait.

1.4.2 Reésultats du chapitre 4

Dans le quatriéme et dernier chapitre de cette thése nous allons nous intéresser au probléme de
Cauchy suivant :

{8tu: Apsu —ud + € (1.19)

u(0,z) = u’(z) € C*(T?)

ou £ étant un bruit blanc espace-temps, pour simplifier la compréhension nous allons considéré le cas
ott u = 0 et donc dans ce cas la formulation mild de notre équation devient

u=X +I(u?) (1.20)
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ott Aps est le Laplacien sur T3, I(f)(t) = fg P,_.f.ds avec P; = e'® le semi-groupe de la chaleur et

X = fg dsP;_ & le processus d’Ornstein Uhlenbeck (O.U) qu’on va considérer stationnaire ici, et plus
précisément on a que
e k2 [t—s|

E [Xt(k‘)Xs(k/) = (Sk’klw
avec X(0) =0 et §;; = 1 sii = j et §;; = 0 sinon. Ainsi avec cette définition on voit par un simple

calcul que X € C%/Q_(S = C([O,T],C_l/z_‘;) pour tout § > 0. Maintenant on regardant de plus prés

notre équation on peut se convaincre que la solution ne va pas étre plus réguliére que processus X et
ceci pose probléme méme dans la définition du terme u3, une approche classique et "naive" serait de

remplacer £ par A
= fek)é(R)e
k

avec f est une fonction réguliére a support compact tel que f(0) = 1 et (eg) la base de Fourier de
L?(T3) et dans ce cas on sait qu'il existe une unique solution (locale) u¢ de I’équation

Oy = Apsu® — (uf)> + £°
Maintenant on pourrait espérer contrdler (u)? uniformément en e dans un espace de Besov de régularité
négative et c’est ici ol on a un gros probléme, en effet intuitivement on pourrait ce dire que pour avoir

un tel controle il faudrait estimé (X¢)? ou plus modestement (X¢)? mais malheureusement un simple
calcul nous montre que :

Z Z f Ek?l 8k2)|k |25k1—|—k2

keZ3 k1+ka=
ek)|?
-y f|(k|2| / F@) + |2])2da

et ceci nous 6te tout espoir d’avoir une limite non triviale pour u®. Pour éviter ce genre de probléme
nous allons considére ’équation :

Opu = Asuf — (u€)? + Couf + €°

et nous verrons que pour un bon choix de C. il est possible de contréler u® uniformément en € et d’avoir
une limite non triviale u qui satisfait une équation au point fixe de type :

u= X+ I(u®)
ott 4% est une "redéfinition" ou "renormalisation" du cube.
Remark 1.4.8. ] est judicieuxr d’observer que { me désigne pas nécessairement le produit de Wick.

Maintenant & l'instar de la théorie des rough path la stratégie adoptée pour montrer cette conver-
gence est tout de d’abord de donner un sens a I’équation "abstraite" satisfaite par u sous la condition
qu’on peut construire de maniére "convenable" une certaine distribution rugueuse X associer a X et
qui va jouer ici le réle du rough path, puis résoudre cette équation par une méthode de point fixe et
ainsi avoir la continuité de la solution par rapport & X, et finalement prouver que si X est le processus
de O.U et X¢ est une régularisation de X alors X¢ la distribution rugueuse associer & X¢ converge bien
vers une limite X.
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Développement de la solution, distribution rugueuse et distributions contrélés :  Nous
allons maintenant revenir & notre équation mild initiale donnée par :

u=X + I(u®)

ainsi méme si le terme ® = I(u®) n’est pas & ce stade bien compris on peut voir formellement que
® e C([0,T],C"/?79) da au fait que moralement u a pour régularité spatiale —1/2— et a la régularisation
faite par le noyau de la chaleur et de plus il satisfait I’équation :

® = I(X3) 4+ 3[(®X?) + 3[(P2X) + I(D?)

Une premiére remarque est que comme on ’a vu précédemment dans le cas d’un processus de (O U)
le terme X? est mal définie au sens ot (X¢)? ne converge pas & proprement parler mais en revanche
nous verrons par la suite que (X¢)%? = (X¢)2 — E[(X*®)?] converge vers un processus X%, de méme
I((X?)?) ne converge pas mais par contre I((X¢)%3) = I((X®)? — 3E[(X?)?]) converge ce qui nous
pousse a "modifier" notre équation de la maniére suivante :

d = I(X9) +31(®XY%) + 31(P°X) + 1(D?) (1.21)

avec lim,_,o I((X®)93) = I(X93). A ce stade on remarque que notre stratagéme pour donner un sens
a Péquation et la résoudre nécessite plus que la donnée du chemin X mais aussi de X2, T (X <>3) et
bien d’autres objets, nous allons de maniére prématurée préciser la nature supplémentaire que devra
satisfaire la distribution X.

Définition 1.4.9. Soit T > 0, v,p > 0 et on note par C7’ la fermeture de C°°([0,T],R) par la
semi-norme

s”|or — s
léllvp = sup #|r]+  sup -
t€[0,7) t,se[0,T);st |t —

Maintenant pour 0 < 46" < § on définie ’espace normé
—1/2— 11— '1/2— ‘- ’— 1=1/2—8 _ A,
Wi = Co 270 5 10 5 @20 e 80 x e TP TP

avec K = (0,0',v,p) équipé de sa topologie produit d’espace métrique. Maintenant on définit pour
(X,¢) € C([0,T],C(T?)) x C>=([0,T]), et (a,b) € R* I’element R, X € Wr i par

R?,X =(X, X? —a,[(X® = 3aX), m(I(X® - 3aX), X),
mo(I(X? —a), (X% —a)) —b— ¢, m(I(X? —3aX),(X? —a)) — 3bX — 30X, ¢)
et on définit ainsi l’ensemble des distributions rugueuses Xr  comme étant la fermeture de
{RE,X, (X,9) € C(0,T],C(T%) x C([0,T]), (a,) € R}

dans Wr k. Nous dirons dans la suite que X donne lieu a une distribution rugueuse X € Xt g si la
premiére composante de X est X.

Ainsi on a la notation suivante :

Notation 1.4.10. Soit X € X1 i, on note alors ses composantes de la maniere suivante :

X= (Xv X<>27 I(Xog)’WOO(I(X<>3)7 X)a WOO(I(X<>2)7X<>2) - 9077TOO(I(X<>3)7X<>2) - SQOXa SO)
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Or, étant donné X € C([0,T],C~1/279) tel quil donne lieu a une distribution rugueuse X € Xr i
nous allons voir comment se comporte de maniére formelle la présumée solution ¢ de I’équation (1.21)
dont on rappelle la forme :

d = I(XP) + I(®X?) + [(P2X) + I(D?)

On peut voir que le premier terme par hypothése est bien définie et satisfait bien (X 03) e C1/2-9,

de méme que le dernier terme 'est aussi et a pour régularité 5/2 — ¢ di au fait que ® € Cilp/ 270 Ep

revanche le second et troisiéme terme sont encore mal définis & ce stade mais devraient avoirs pour
régularités respectives 1 — 0 et 3/2 — 4. Nous allons maintenant regarder d’un peu plus prés le terme
I(PX <>2). Une décomposition en paraproduit de ce dernier nous donne que :

I(DX%2) = B(D,X9%) + C3/*°

avec B.(f,g) = I(n<(f,g)). Ce qui nous pousse a introduire la définition suivante :

Définition 1.4.11. On définit ’espace des distributions controlées D%’T par
Dy, = {(<I>, o) € O([0,7],CY29)2, &f =& — [(X%3) - B_(@, X%?) e c?”}
une remarque est D%}T est un espace affine muni de sa semi-norme
121Dy, = L e H‘I’ﬁHC;/z—a
et d’une distance d donné par :
ds(P1, P2) = [[P1 — Pof[pg

ce qui le munis d’une structure d’espace métrique complet.

Remark 1.4.12. D’un point de vue analytique cette définition différe de celle donné dans le quatrieme
chapitre di au fait qu’on veut étudier I’équation pour des conditions initiales u° assez générales.

Maintenant ce que nous affirmons c’est que si X € X7 i et que si ® € D%T pour 0 > 0 assez petit
alors on peut définir les termes I(®2X) et I(®X9?) de maniére convenable. En effet nous commencons
par voire que

I(®2X) = I(I(X9%)2X) + 20 (0* 1 (X3 X) + I((6*)2X)

avec 0% = B_(®/, X0?) 4 ot ¢ C%f‘s, ainsi le terme I(62X) est bien définie, de plus due a I'hypothése

que X € X7 i on voit que I(X X e Cr 1/27% ot donc le second terme de notre équation est aussi bien

défini. En revanche le premier terme requiére un peu plus d’attention, en effet ce qui pose probléme
dans ce terme étant sa partie diagonale 7o (I(X93)2, X) qui peut étre décomposé de la maniére suivante

mo(1(X%)2, X) = 2mo(m (I(X%%), 1(X%%)), X) + m(C}~?, X)

Ainsi due au fait que X € C71/27% on peut voir que le second terme est bien définie et ne pose plus de
probléme. Pour le premier terme on va utiliser le lemme du commutateur (1.4.5) qui nous donne que :

mo(m< (I(XO%), 1(X9%)), X) = I(X®)mo(1(X %), X) + Cy/ >~
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Ainsi le premier terme est bien définie grace au fait que mo(I(X3), X) € C™° , ce qui conclut 'étude
de I(®?X). Nous allons maintenant nous concentrer sur le terme I(®X <>2) qui requiére un peu plus de
vigilance, en effet un simple calcule nous donne que

I(®X9?) = I(I(X9 X)) + I(B(®', X9?)X9?) + [(®*X92)
;,/276 et

X02 ¢ C;l_é. Avant d’étudier le premier nous allons regarder de plus prés le second terme de cette
équation et pour celui-ci on remarque que seulement le terme diagonal pose probléme, en effet :

on voit qu’ici le troisiéme terme de cette équation est bien défini di au fait que ®f € C

Bo(B (¥, X9%), X9%) = I(mo(I(m<(®', X°2)), X92))

ainsi une combinaison des Lemmes de commutation (1.4.7) et (1.4.5) nous permette d’avoir la relation
suivante

Bo(B<(®', X%%), X%%) = I(®'mo(I1(X %), X %)) + C¥/27°

Dans le cas ott X est le processus (O.U) on verra dans la suite que mo(1((X¢)%?), (X¢)%?) ne converge
pas mais par contre 7o(1(X)%2, I((X?)?)) — C5 avec C5 une seconde constante de renormalisation,
ce qui justifie I'introduction de la notation moe(I(X2?), X29) au lieu de mo(I(X92), X92) et donc on
voit que le terme

Boo (B (®, X9), X02) = I(@'mo (I(X9?), XO)) + C3/2-0

est bien définie due a la régularité de @' et le fait que X € X . Maintenant de méme que pour
mo(1((X%)9%), (X%)9?) le terme I(I(X93)X9?) nécessite une certaine modification d’out le choix de le
noter plus par I(I(X93)0X%2) ce qui conclut Pétude du terme I(®X9?) qui sera noté par la suite
I(®OX?0). Ainsi on voit que tous les termes de I'équation :

d = X2 L [(OX?) 4+ I(®2X) + I(D3)

sont bien définie dés que X € Ar i et @ € D%,T, ce qui a permet de la résoudre et ainsi de voire que
u = X + ® sera la limite de u® dans le cas ot X est le processus de (O.U). Ainsi on a le résultat
suivant

Théoreme 1.4.13. Soit F: C}(T3) x C(RT,C%(T?)) x R2 — C(R*,CY) le flot de I’équation

Oy = Auy — up + 3aus + 9buy + &, t€[0,Tc(u’, X, ¢, (a,b))]

g =0, t>To(u’, X, (a,b))

u(0, ) = u’(x) € C*(T?)
o & € C(RT,COUT?)) et To(u, &) > 0 un temps pour lequel la solution u satisfait l'equation. Soit
maintenant z € (1/2,2/3) alors il exviste Tcp : C* x X — R qui soit semi-continu inférieurement,
F:C7?xX — CRT,C*(T?)) qui est continue en (u°,X) € C*(T3) x X et tel que (F,T) étend

(F,T) dans le sens suivant : .
To(u,€, (a,)) = Top(a, R, X)

et
F(u’,& a,b)(t) = F(u’, RE X)(t), pour tout t < Te(u’, RY,X)

pour tout (u°, &, p) € CH(T3) x C(RF,CO(T3)) x C>([0,T)), (a,b) € R? avec X; = fg dsP;—s€ et RY, X
étant le chemin associé a X dans la définition (1.4.9).
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Maintenant on a le résultat suivant pour le processus de (0.U)

Théoreme 1.4.14. Soit X un processus de O.U et T > 0, alors il existe deux constantes C] et C5 tel
que C5,C5 =79 400 et une fonction ¢ € C™(RT) tel que (R“éf = X%)e converge en probabilité dans
X1 K vers un processus X € X de plus la premiere composante de X est X.

ainsi la combinaison de ces deux résultat nous donne que la solution

Corollary 1.4.15. Soit u® la solution de I’equation :

O = Au® — (u) + Cfu+ Ciu+ &5t € [0, T°
Ouy =05t >T°
u®(0,z) = (u)* ()

avec & une régularisation du bruit blanc §, et T¢ le temps d’existence de u® alors u® converge en
probabilité dans C(RT,C~?) vers u := F(u?,X)
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Chapter 2

Rough Sheet Vs Malliavin calculus

Résumé

Dans ce chapitre on étudie certains aspects du calcul stochastique & deux paramétres. Plus spécifique-
ment on se pose pour but d’exposer la maniére d’obtenir une formule de changement de variable pour
un drap z : [0,1] — R ayant certaines propriétés Holderienne d’exposant plus grand que 1/3 puis de
donner une certaine formule de changement de variable pour I'intégrale de Skorohod a deux paramétres
pour une large classe de processus Gaussien et enfin de comparer ces deux formules de changement de
variable et calculer explicitement lorsque c’est possible les différents termes de contractions entre les
deux types d’intégrales.

Abstract

In this chapter we gives an account on various aspects of stochastic calculus in the plane. Specifically,
our aim is 3-fold: (i) Derive a pathwise change of variable formula for a path = : [0,1]? — R satisfying
some Holder regularity conditions with a Holder exponent greater than 1/3. (ii) Get some Skorohod
change of variable formulas for a large class of Gaussian processes defined on [0, 1]%. (iii) Compare
the bidimensional integrals obtained with those two methods, computing explicit correction terms
whenever possible. As a byproduct, we also give explicit forms of corrections in the respective change
of variable formulas.

2.1 Introduction

Stochastic calculus for processes indexed by the plane (or higher order objects) is notoriously a
cumbersome topic. In order to get an idea of this fact, let us start from the simplest situation of
a smooth function x indexed by [0,1]? and a regular function ¢ € C?(R). Then some elementary
computations show that

0(2) sy saitata = /

[51782] X [tl,tz]

w(l)(xu;v)duvxu;v + / (P(Z) (mu;v)du«xu;vdvxu;vu (2~1>

[81,52] X [t1,t2]
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for all 0 < 51 < s < 1 and 0 < t; < ty < 1, where we have set [0yls,s,:t,1, for the rectangular
increment of y) in the rectangle [s1, s2] X [t1,t2]. This simple formula already exhibits the extra term
J @(2) (@yw)dyxd,z with respect to integration in R, and the mixed differential term d,xd,x is one of
the main source of complications when one tries to extend (2.1) to more complex situations.

Moving to stochastic calculus in the plane, generalizations of (2.1) to a random process x obviously
starts with change of variables formulas involving the Brownian sheet or martingales indexed by the
plane. Relevant references include [19,63, 73|, and some common features of the formulas produced in
these articles are the following:

— Higher order derivatives of f showing up.

— Mixed differentials involving partial derivatives of & and quadratic variation type elements.

— Huge number of terms in the formula due to boundary effects.

This non compact form of stochastic calculus in the plane has certainly been an obstacle to its devel-
opment, and we shall go back to this problem later on.

Some recent advances in generalized stochastic calculus have also paved the way to change of
variables formulas in the plane beyond the martingale case. One has to distinguish two type of
contributions in this direction:

(a) Stochastic Calculus in the plane for a planare Martingal are developed in [19] and an It6 formula
it obtained in this case.

(b) Skorohod type formulas for the fractional Brownian sheet (abbreviated as {Bs in the sequel) with
Hurst parameters greater than 1/2 have been obtained in [20]| thanks to a combination of differential
calculus in the plane and stochastic analysis tools inspired by [2]. A subsequent generalization to Hurst
parameters smaller than 1/2 is available in [21], invoking the notion of extended divergence introduced
in [58]. Notice however that the extended divergence leads to a rather weak notion of integral, and
might not be necessary when the Hurst parameters of the fBs are greater than 1/4.

Our first goal in this chapter is to show how we can define rough sheets which is the basic objects
underlying multi-parameter integration suitable to build a theory of path-wise integration over the
fractional Brownian sheet and then we construct the 2d rough integral. At this stage our first main
result of this chapter can be resumed in the following theorem

Theorem 2.1.1. Let y1,7v2 > 1/3, then there exist a complete metric space R772 and two continuous

application I, : Cy(R) x RM2 — C’C;}Q’W2 (see the equation (2.30) for the exact definition of C’C;}Q’W2 ,
a=1,2 such that :

S92 to
Ti (@, X) sy spstrta = / / o(25)0sOpxspdsdt
S1 i1

and

S92 to
IQ(@uX)slsg;tltz :/ / @(xst)asxstatxstdet
S1 t1

for all (s1, s2,t1,t2) € [0,1]* and for every smooth sheet x with X is the rough sheet associated. Moreover
if x is a fractional Brownian sheet with Hust parameter v1,72 > 1/3 then it can be enhanced in a rough
sheet X and then we obtain in this case the following Stratonovich formula :

dp(z) = Ti(¢', X) + Ta(¢", X).
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And the second aim of this chapter is to point out the link with the work of C.Tudor and F.Viens
in |20,21] where he construct the stochastic integral for the fraction Brownian sheet in the Skorohod
meaning and obtain in that case a change of variable formula. The two main result of this part are
given in the Theorem (2.7.5) and (2.7.13), for sake of comprehension we don’t expose these result in
the introduction.

Plan. This note is structured as follows. In Sec. 2.2 we recall the basic setup of [36] which allows
to embed the theory of rough paths in a theory of integration of “generalized differentials”, called k-
increments. In Sec. 2.3 we introduce and study a complex of 2d increments (or biincrements) suitable
to analyze 2d integrals and show the existence of a 2d A-map and of an abstract integration theory (in
the sense of convergence of Riemann sums of particular biincrements).

In Sec. 2.4 we use the theory outlined in Sec. 2.3 to generalize Young theory of integration to two
dimensions. Like in the one-dimensional setting this should be seen as a first (mostly pedagogical) step
towards a full theory of rough sheets.

In Sec. 2.5 we proceed to the dissection of a 2d integral with the purpose of exposing the constituent
elements of the would-be rough sheet. All the computations will be done in the smooth setting,
emphasizing the algebraic aspects and the respective roles of the various objects.

In Sec. 2.5.1 the definition of the rough sheet will be given, and on 2.5.1 a space of sheets controlled
by a rough sheet, will be introduced and we will show how to obtain an integration theory for them.

In Sec 2.5.2 we show that for a smooth function ¢ that ¢(x) is controlled by =z if x is a rough sheet
and then obtain some continuity result for the integral constructed in this case using the procedure
developed in 2.5.1.

In Sec 2.6 we show that the fractional Brownian motion can be enhanced in a rough sheet and then
we obtain a Stratonovich change of variable formula in this case.

In Sec 2.7 we obtain a Skorohod change of variable formula and we describe explicitly the correction
term between the different type of Stratonovich-rough integral in the plane and the 2d-Skorhohd
integral.

2.2 Algebraic integration in one dimension

The integration theory introduced in [36] is based on an algebraic structure, which turns out to
be useful for computational purposes, but has also its own interest. Since this setting is quite non-
standard, compared with the one developed in [(1], and since it lay at the base of our approach to 2d
integrals we will recall briefly here its main features.

2.2.1 Increments

Let T > 0 be an arbitrary positive real number. For any vector space V we introduce a cochain
complex (C4(V),d) as follows. a k-increment with values in V is a function g : [0, T]¥ — V, such that
Gt,-t, = 0 whenever ¢; = t;1; for some i = 1,...,k. Denote with Cx(V') the corresponding set. On
k-increments, define a the following coboundary operator 9d:

k+1

0:C(V) = Cn(V)  (09)ttin = D (D0 e, (2.2)
1=1

where #; means that this particular argument is omitted. It is easy to verify that 6§ = 0. We will
denote ZC (V) = C(V) NKerd and BC (V) := Cx(V') N Imd, respectively the spaces of k-cocycles and
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of k-coboundaries following standard conventions of homological algebra. We will write C;, when the
underlying vector space is R.

Some simple examples of actions of § are obtained by letting g € C1(V) and h € Co(V'). Then, for
any t,u, s € [0,T], we have

(59)158 =Gt — Gs, and (5h)tus = hts - htu - hus‘ (23)

The complex (C.(V),0) is acyclic, i.e. ZCxy1(V) = BCi(V') for any k > 0 or otherwise stated, the
sequence

0= R —C(V) -5 Cao(V) -5 C5(V) -5 Cu(V) = - (2.4)

is exact.

This exactness implies that all the elements h € Co(V') such that h = 0 can be written as h =6 f
for some (non unique) f € C1(V'). Thus we get a heuristic interpretation of §|¢, (y): it measures how
much a given l-increment is far from being an ezact increment of a function (i.e. a finite difference).

For our discussion only k-increments with & < 3 will be relevant. When V' is a Banach space with
norm |- | we measure the size of these increments by Holder norms defined in the following way: for

feCo(V) let

|fst‘
[ fllx = sup
M st It — s|*

and  C4(V) = {f € Co(V); | £l < o0}

In the same way for h € C3(V') set

‘hsut’
Ihlly,y = sup o (2.5)
P s,u,t€[0,T ’u - S"Y‘t - u’p
1ll, = inf{ZHhiHPiyﬂ_Pi; h:Zhi, 0<pi <N}7
i i

where the last infimum is taken over all sequences {h; € C3(V)} such that h =), h; and for all choices
of the numbers p; € (0,2). Then || - |, is easily seen to be a norm on C3(V'), and we set

CE(V) :=={h € C3(V); |[hf|n < oo}.

Let C37 (V) = Uu>1C5 (V). Analogous meaning should be given to ZC5(V), ...

From now on V will be a generic Banach space.

The following proposition is a basic result which is at the core of our approach to path-wise
integration:

Proposition 2.2.1 (The A-map). There exists a unique linear map A : ZC37 (V') — C37 (V) such that
0N = 1z¢,(vy. Furthermore, for any pp > 1 this map is continuous from ZCH(V) to C'(V) and we have

1
Bl < g lIblls B € ZCEH(V) (26)

Proof. This result first appeared in [36]. For a substantially simpler proof look at [12]. O
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Let RM(V) = {g € Co(V) : 6g € C§(V)}. When p > 1 this is the subspace of 1-increments whose
coboundary is small enough to be in the domain of A. R'T(V) is defined as the union of all R*(V)
for p > 1.

An immediate implication of Prop. 2.2.1 is the following algorithm for a canonical decomposition
of the elements of RI*(V):

Corollary 2.2.2. Take an element g € R*(V') for u > 1. Then g can be decomposed in a unique way
as g = 6f + Adg, where f € C1(V). If moreover g € C;7 (V) then f =0 and g = Adg: the coboundary
§ is invertible (as a linear map) in C;+ (V).

Proof. By assumption there are no ambiguity to define Adg and by definition we have that 6(g—Adg) =
0 and then there exist f € C;(V') such that 6 f = g — Adg. In the case when g € C%Jr we see that f is a
~v-Holder function for some v > 1 and then f; = fy which gives our result.

O

At this point the relation of the structure we introduced with the problem of integration of irregular
functions can be still quite obscure to the non-initiated reader. However something interesting is
already going on and the previous corollary has a very nice consequence which is the subject of the
next corollary.

Corollary 2.2.3 (Integration of small increments). For any 1-increment g € Co(V), such that 5g € Ci T
set 6f = (1 —Ad)g, then

(0f)ts = |Hlt1sr‘n th tita

where the limit is over all partitions ;s = {to = t,...,t, = s} of [t, s| as the size of the partition goes
to zero. The I-increment 0 f is the indefinite integral of the 1-increment g.

Even if the result is already in [36] we would like to repeat the proof since it is quite illuminating
and it will be source of inspiration when proving a similar statement in the 2d setting.

Proof. Just consider the equation g = 0 f + Adg and write

n

SH - th tig1 — Z 5f)tl tig1 + Z(Aég)tz tiy1 — (5f)t3 + Z(Aég)tz tit1
=0 =0

1=0

and observe that, due to the fact that Adg € C{ (V) the last sum converges to zero. O

Computations in C,

If V is an associative algebra the complex (C.,0) is an (associative, non-commutative) graded
algebra once endowed with the following product: for g € C,,(V') and h € Cp, (V) let gh € Cpym—1(V)
the element defined by

(gh)tlv---7tm+n+l = gtl,---,tnhtn,---,tm+n_1) ty,... 7tm+n € [O) T]' (27)

The coboundary ¢ act as a graded derivation with respect to the algebra structure. In particular
we have the following useful properties.
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Proposition 2.2.4. The following differentiation rules hold:
1. Let g, h be two elements of C1(V). Then

d(gh) =0gh+ gdh. (2.8)
2. Let g € C1(V) and h € Co(V'). Then
d(gh) = —=dgh + goh, d(hg) = dh g+ hdg.
Proof. We will just prove (2.8), the other relations being equally trivial: if g,h € C1(V), then
[0(gh)];s = gthe — gshs = g (Bt — hs) + (gt — gs) hs = g¢ (3h) 5 + (6R) 5 g

which proves our claim.

O]

The iterated integrals of smooth functions on [0, 7] are of course particular cases of elements of C
which will be of interest for us. Let us recall some basic rules for these objects: consider f,g € C{®
where C{° is the set of smooth functions from [0, 7] to R. Then the integral [ fdg, that we will denote
by J(fdg), can be considered as an element of C5°. That is, for s,¢ € [0, T, we set

Tis(fdg) = ( / fdg) = / ' fudg

The multiple integrals can also be defined in the following way: given a smooth element h € C5° and

s,t € [0,T7], we set
t
\.7ts hdg </ hdg> :/ husdgu-

In particular, the double integral Jis(fldf2df?) is defined, for f1, f2, f2 € C§°, as

t
Jus(f1df2df%) = (/f df2df3> =/ Jus (fHdf?) dfs.

Now, suppose that the nth order iterated integral of fldf?---df™, still denoted by the expression
J(ftdf?---df™), has been defined for f1, f2,... f* € C®. Then, if f** € C°, we set

t
Ti(frdf? - dprd i) = / Tuw (F1Af2---dfm) A, (2.9)

which defines the iterated integrals of smooth functions recursively. Observe that a nth order integral
J(dftdf?---df™) could be defined along the same lines.

The following relations between multiple integrals and the operator § will also be useful in the
remainder of the paper:

Proposition 2.2.5. Let f, g be two elements of C3°. Then, recalling the convention (2.7); it holds that
of =J(df),  0(IJ(fdg)) =0,  6(IJ(dgdf)) = (6g)(df) = T(dg)T(df),

and, in general,

n—1
§(T(dfr---dfh) =D T (dfre-df Y T (dff--dft). (2.10)
=1
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Proof. Here again, the proof is elementary, and we will just show the third of these relations: we have,
for s,t € [0, 77,

t t
«%s(dgdf):/ dgu(fu_fs>:/ dgufu_Kts>

with Kys = (g — gs)fs. The first term of the right hand side is easily seen to be in ker ds;. Thus

o (‘-7<dgdf))tus = (5K)tus = [gt - gu][fu - fs]’

which gives the announced result.

Dissection of an integral

To grasp the algorithm underling the rough-path approach to integrals over irregular functions we
will exercise ourselves on the deconstruction of a “classic” integral.

With the notations of Sec. 2.2.1 in mind, we will split the integral [ ¢(z)dz = J(p(x)dz) for a
smooth function x € C; into “more elementary” components. This decomposition suggest the right
structure for the 1d rough paths. A similar exercise for 2d integrals will be very important in under-
standing the correct structure of the rough sheets.

The first idea one can have in mind in order to analyze J(¢(z)dx) is to perform an expansion
around the increment dx. By Taylor expansion we have

J (p(z)dz) = ¢(x)J (dz) + T (dp(z)dz). (2.11)

The first term in the r.h.s will be considered “elementary” and not elaborated further. Note that it is
defined independently of the regularity of x since ¢(x)J(dz) = ¢(x)dx.

Moreover, as a 1-increment it is easy to see that the second term in the r.h.s. of eq. (2.11) is smaller
than the first but more problematic and we proceed to its dissection by the application of §: invoking
Proposition 2.2.5, we get that

6 (I (dp(x)dz)) = d(p(x))dz, (2.12)
Now the r.h.s. is well defined independently of the regularity of = since

[0 (2))0xlus = (o(w2) = p(2u)) (@0 — 5).

Since x is smooth and assuming that ¢ is differentiable, then J(dg(x)dx) € C{ T (since actually it
belongs to C? by easy bounds on the iterated integral). Then as a consequence of Corollary 2.2.2 we
have that

J(dp(z)dz) = A6 [T (dp(x)dz)] = —A[6(p(x))dz]. (2.13)
and, as a result, the following expression for the original integral holds
T (p()dz) = p(2)6z — A (8(p(2))6z) = (1 - A6)[p(2)oz]. (2.14)

Eq. (2.14) shows that the ordinary integral on the Lh.s. is equivalent to an expression in the r.h.s
which does not depend any more on any differentiability assumptions on x, indeed the r.h.s makes
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sense, for example, when ¢ € Lip and z € CJ for any v > 1/2: the only thing we have to check is that
§(p(x))dz € CaT but under these assumptions we have

[(p(0) = (@a))(@u = 5)| < Lollallle(@)ll51t — ul7ju - s|”

where || - ||, is the ordinary -Hélder norm on functions and L, is the Lipshitz norm of ¢. In this
case we can define the integral in the 1.h.s. as being equivalent to the well-defined r.h.s. and this new
integral is essentially the integral introduced by Young in [75]. What is really relevant to our discussion
is to note that the integral can, in this case, be completely recovered from the 1-increment ¢(z)dz.

However, the procedure can be continued further on by the next step in the Taylor expansion of
the integral (2.11), which reads, for s,t € [0, 7],

[ uptoa = [t = e =z + [ ([ i) s,

or according to the notations of Section 2.2.1,
Sip(a) = T (dp(@)) = T (¢ (2)de) = ¢ (0)T (da) + T (de/(2)de) (2.15)
Injecting this equality in equation (2.11), thanks to (2.9), we obtain
J (p(z)dz) = ()T (dz) + ¢'(2)T (dzdz) + T (d¢/(z)dada) . (2.16)

In the two first terms in the r.h.s of eq. (2.16) the function ¢(z) has “pop out” form the integral, so we
consider them elementary (in a sense we will discuss below). Again, the last term in the r.h.s. can be
seen to belong to Cl1+ (since actually, in this smooth setting, it belongs to C$). Then in analogy with
eq. (2.13) we can represent it in terms of its image under J as

J (d¢/(z)dzdz) = —A8T (d¢'(z)dzdz) = —A[T(d¢'(2))T (dzdz) + T (d¢(z)dz) T (dz)]  (2.17)

where we acted with § upon the triple iterated integral according to Prop. 2.2.5. Concerning the
argument of A in this last equation, we note the following two facts: J(d¢'(z)) = d¢'(x) while the
double iterated integral 7 (d¢'(z)dz) appears in the Taylor expansion for dp(z):

dp(x) = J(dp(z)) = T(¢'(x)dr) = ¢ ()T (dz) + T (d¢' (2)dx)

J(d¢ (z)dx) = dp(z) — ¢’ (x)d. (2.18)

Then we can rewrite eq. (2.17) as
J (dgo'(:c)dxda:) = —A[6¢' (2)T (dadx) + (6p(x) — @' (2)0x) T (dz)] (2.19)
and finally we have obtained another expression for the integral J(¢(z)dx):

J(p(x)dz) = p(z)dz + ¢'(2) T (dzdx)
— A[oy (2) T (dzdz) + (dp(z) — ¢'(x)dx) T (dz)] (2.20)
= (1 - Ad)[p(z)dx + ¢ ()T (dxdx))
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where to go from the first equation to the second we used the algebraic relation
0J (dzdx) = J(dx)J (dz). (2.21)

Up to this point all we got are another equivalent expression for the classic integral in the r.h.s. of
eq. (2.19).

It is a very remarkable basic result of rough path theory that the r.h.s. of eq. (2.19) makes sense for
paths x which are very irregular like the sample paths of Brownian motion (which a.s. are not Holder
continuous for any index greater than 1/2), once we have at our disposal also a 1-increment J (dzdz)
which is sufficiently small and satisfy eq. (2.21). Heuristically, in this situation the formula says that
the 1-increment ¢(x)dz can be “corrected” or “renormalized” by adding the correction ¢'(z)J (dzdzr)
so that it becomes integrable (in the sense of Corollary 2.2.3).

In the cases where this correction belongs to C{ ™ we have (1 — Ad)[¢' (z)J (dzdz)] = 0 so eq. (2.19)
becomes again eq. (2.13) and we reobtain the Young integral.

It is worth noticing at that point that the integral, as defined by eq. (2.19), has now to be understood
as an integral over the (step-2) rough path (z, 7 (dz dx)) [36] and it coincide with the notion of integral
over a rough path given by Lyons in [60].

This algorithm has an obvious extension to higher orders if we assume that a reasonable definition
of the iterated integrals J(dx dz - --dz) can be given. To proceed further however we need the notion
of geometric rough path (for more details on this notion see [60]) which must be exploited crucially to
show that some terms are small and belongs to the domain of A.

Note that we have worked in the scalar setting (i.e. all the object we considered are real-valued).
Willing to add some notational burden it is easy to see that this section has an equivalent formulation
in the vector case (when x takes values on R™ and ¢ is a (smooth) differential from on R™). Indeed
all the theory is interesting and useful especially in the vector case. This explain the fact that we do
not considered techniques like the Doss-Sussmann approach to define one dimensional integrals since
they are essentially limited to the scalar setting (where every reasonable differential form ¢ is exact)
and do not have a vectorial counterpart.

2.3 The increment complex in two dimensions

In this paper we are interested in particular two-dimensional integrals which can take two basic
forms which in general are not equivalent. If f, g : R> — R are regular enough we can define the two
dimensional integral of f wrt. g as

(s2,t2) S9 to
// fdg ::/ ds/ dtf(s,t)01029(s,t) (2.22)
(s1,t1) S1 t1

where J; and 0, are the partial derivatives wrt. the first and the second coordinate, respectively.
Another possible and nonequivalent basic integral in two-dimension is given, for a triple of functions

[,9,h, by
(527t2) S92, t2
// fdigdah := // (s,t)019(s,t)02h(s,t) dsdt
(s1,t1) (s1,t1)

(s2t2)
//( dg =: (0g)(s1,t1, s2,t2) (2.23)

s1,t1)

Then
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defines the coboundary map ¢ for functions of two parameters:

g(s2,t2) — g(s1,t2) — g(s2,t1) + g(s1,11)
[9(s2,t2) — g(s1,t2)] — [g(s2,t1) — g(s1,t1)]

(59)(517t17527t2) = (224)
which is just the composition of two finite-difference operator in the two directions. These integrals are
to be considered as continuous functions of two points (s1,¢1) and (s2,?2) on the plane which vanishes
whenever s = sy or t; = to. This preliminary observation leads to the following general construction
for a 2d cochain complex suitable for the analysis of these two-parameter integrals.

Fix a positive real 7" and let (Cx (V) the space of continuous functions from [0, T)* x [0, 7]} — V,
V' some vector space such that

I(s1sie) (t1peensts) = 0

whenever s; = s;41 or t; = t;11. We will write (C,; = ICp1(R).

For (C,(V') = (C, 1, (V') we will use the natural identification with the space of continuous functions
from ([0, T]?)¥ — V. These will play the role of 2d k-increments: they are functions of k points in the
square [0,7]? such that they become zero whenever two contiguous arguments have one coordinate in
common.

Note that (Cj,; = C, ® C; and in general

XL (V)=CoC oV (2.25)

We will call the elements of Cy (V') (k,l)-biincrements and the elements of (Cy(V') k-biincrements.
Moreover we introduce one-dimensional coboundaries d1,d2 which acts as described in Sec. 2.2 on the
biincrements view as functions of the first set, or of the second set of arguments, i.e. they acts on the
first or second C, factor according to factorization of eq. (2.25). To be concrete

01 : L (V) = Cryr, (V)
dg : CCk,l(V) — Cck,l—f—l(v)
and for example, if g € C’Ck,l(V) then

k+1
+1
(519)(81,“'75k+1)7(t1,“',tz) = Z(_I)H I(s1,+ .85, 8m41),(t1, t)

i=1

where, as usual, the notation §; means that the corresponding argument is omitted. It is easy to see
that d; and d9 commute and that

0= 51(52 : CCk(V) — CC]C_H(V)
is a coboundary, i.e. satisfy the equation §6 = 0. Moreover, if g € (Ci (V) we have

k+1 1+1
COTRRTARPRES 9 9 S 1L R

i=1 j=1

Then ((C«(V),0) is a cochain complex. It will be important to note that its cohomology is not
trivial and that it will play a role in our subsequent results.

46



2.3. THE INCREMENT COMPLEX IN TWO DIMENSIONS

2.3.1 Cohomology of ((C., )

The complex ((C«(V),d) is the diagonal of the following commutative diagram

T (V) =2 @Con (V) 2 @ (V) —2s -
b2 92 02
C1(V) —2s @p(V) 2 @C3a(V) —2s -
(2.26)
(52 52 62
@C15(V) —2s Cos(V) 2 Cap(V) —2s -
b2 2 02
We are mainly interested in the first cohomology group
Z0C (V)
H{(ZC,)) = ————=~
0= B, )

where as before we denote Z(Ck(V) = Kerd|q, vy and BLk(V) = Imd|qg, ,(v), the spaces of k-
bicocycles and k — 1-bicoboundaries, respectively.

To compute the cohomology consider applications o1 : C (V) = Cr—1,(V) (for & > 1) and
o9 : (V) = Ap -1 (V) (for I > 1) which fix the first argument on each direction to the (arbitrary)
value 0. For example:

(O19) (51,055 1) (t1stt) = 9(0,1 5 1) (E1aooity)

and a similar equation for o9. Then we have the homotopy formulas
O'Z‘(SZ' — 61'0'1' = 1, for 1:1,2

which are at the origin of the exactness of the one-dimensional complexes forming the rows and the
columns of the diagram (2.26). Let k£ > 1. Take a € ZC;(V') and let

b=a— 010104 — g902a
and, using the homotopy formulas, verify that
01b = d1a — d1a — 010999a = —o9d0a =0
since 01 commutes with o5. Similarly dob = 0. Then b € Kerd; N Kerds which means that we can write
b= 061510 = §1010909b
but since operators with different indexes commutes we can always rewrite this as
b= 61090102b = do109b

so that b € BC,(V'). Next, note that o101a € Kerds, since d201d1a = o16a = 0 so 01010 = da090101a.
Then for any a € ZC,(V') we have the decomposition
a = 0q + 610d2a + d20d1a (2.27)

for some q € Ci_1 (V') where we let 0 = 0109 = 0907.
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2.3.2 Computations in (C, .

Fora € Cp m, b € (Cy,; we can define the (noncommutative, associative) product ab € (Cp 41 m+i—1
as
ab(

31:~~~7Sn+k71)(t1a~~~7tm+l71) = a(Sl7~~~:5n)(t1,~~~:t'm)b(snw-yantkfl)(tm:mvtl#»mfl)'

For example for a € (Ca 1, b € (C1,2 we have (ab) (s, s5)(t1,t2) = (s1,0)t1 Vsa(t1,t2)- L his definition is suited
to work well with the action of 41, d2, for example we have that, if a,b € ICy 4:

51(@516) = 51&51(), 51(511)&) = —51b51a

Ifa,be
52(0,51()) = 02a01b + adb,

5(51&52(7) == 51((52(510,)521)) + 51&((5252())) == 51 ((50,52[)) = —dadb

and
d(d2bd1a) = —dbda, d(adb) = 6(dab) = daddb

as can be easily checked by a direct computation. In the two parameters setting we will improve
our algebraic structure by adding a new type of product for f € (Cp,,, and g € (Cp,; we define

f 019 € Ccm,n-l—l by

f o1 g(slsg...Sm)(tltg...tn+l,1) = f(Slsg...Sm)(tth...tn)g(slSQ...Sn)(tn,tn+1‘..tn+l,1)

and an analogue definition in the second direction .

For a two-dimensional quantity like the basic integral in eq.(2.22) we can write down the following

T L artwn ast
-/ /( o) = Fls1.8) — Flota) + (51, t)]dg(s.)

s1,t1)

relation

//( et (s,t)dg(s,t) + f(s1,t1)(0g)(s1,t1, S2,12) (2.28)

s1,t1)

- f(Sl, t)da[g(s2,t) — g(s1,1)]
/ f S tl d1 S tg) (S,tl)]

which will play the same role as eq. (2.11) in the one-dimensional setting.

As an example of the formalism set up up to now we can consider the decomposition of eq. (2.28)
for the (two-dimensional) iterated integral [[ dfdg of two smooth elements f,g € (C;. In compact

notation it reads:
[ sas==so0+ [ rarag+ [ sassrg+ [[asag
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where we understand the integrals as functions of both the extremes of integration. Note that

5 [[ arag = ar39) = o139

//fdg /fdlégg /fdgélgekeré (2.29)

Actually the three factors in eq. (2.29) corresponds exactly to the decomposition (2.27) since

//fd9_5/[k’*fd97 /fd1529_51/*fd15297 /fd2519_52/*fd2519

where the star in the integral sign denote that the lower integration point has been fixed arbitrarily
(e.g. to 0 €[0,T7).

Another relevant remark is to note that the antisymmetric element w® = §;1 fdog — 9o fd1g satisfy
dw® = 0. Indeed

SO

510% = —61f8g — 8fd1g,  Ow® = —8fdg+5fég=0

according to the rules established above. For the symmetric counterpart w® = &1 féog+ do fd1g we have

Si1w® = ~61/8g + 8fS1g,  dw® = —5f3g — 5/5g = 2615

2.3.3 Splitting and other operations

Each of the vector spaces (Cy, (V') is naturally isomorphic to either Ci(Cy,(V')) or to Cp,(Cr(V)):
consider each k, m-biincrement either as a k-increment in the first direction with values in m-increments
in the other direction or vice-versa. The multiplication in (C, . is compatible with these isomorphism.

In what follows it will be useful to introduce a one-dimensional splitting map S which sends products

v
ab € Co(V) for a € C1(V') and b € C1(V') to the elementary tensor S(ab) = a®b € C1(V) @ C1(V') where
the tensor product is over the algebra V. The map is the extended by linearity to the subspace Ms of Co

v
generated by the linear combinations of products of two elements of C;. Elements of C; (V) @ C; (V') are
just functions (¢, u, v, 8) > s of four arguments which are 1-increments in the couple (¢, u) and in the

couple (v, s) but which may be non-zero for « = v. The multiplication map p : C1 (V) <‘§§> Ci(V) = Ca(V)
just sends each ¢ to the 2-increment (t,u,s) +— auus and is the inverse of S: po S(a) = a for any
a € Mg.

(V)

We will denote Sy : Ca i (V) — C1(Cr(V)) C%Y) Ci(Ck(V)) and Sy : Lk 2(V) — C1(Cr(V)) CI(CX)Q
C1(Cx(V)) the splitting maps according to the first or the second direction. These are understood
according to the above isomorphism Cp ., (V) ~ Cx(Crn(V)) ~ Cpn(Cr(V)) and the index 1,2 on the
tensor product remember in which of the two directions the splitting has taken place.

2.3.4 Abstract integration in (C,

From now on we assume that V is a Banach space with norm |- |. When they appears tensor
product will be understood according to the projective topology.
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Let us introduce the following norms, for any g € CCo(V)

|g(517t1)(82,t2)|
5,t€[0,T)2 |s1 — t1]*t]s2 — t2]?2

9ll21,20 = (2.30)

and for h € AC3(V')

‘h(s u1,t1)(s2,u2,t )|
h = Sup 1,U1,l1 2,U2,02
H H’Yl:’Y27P1,P2 sute[0.T]2 Hi:1,2 |3i _ uz!%]uz — ti’Pi

and

[Alz,z, == inf {Z HhiH’Y1,i,’72,i721—"/1,1'722—"/2,1' h = Zhi7 Vi € 0,2), j= 172}
% A

and the corresponding subspaces (C;"*(V), CCJ""PP* (V) and C37**(V). Moreover we say that
feair it
Novo2 () = 116 1prp2 + 1181 1lor.0 + [102f1l0,05 + 1| fllo0 < 400 (2.31)

with

)
01 fllo =  sup  A2fmsnl
(s1,82,t1)€[0,13 ’32 - 31|p1

and similar definition in the second direction. The main feature of the space CC5""** is that (C5"** N
kerd; = {0} if z; > 1 and AC5""** Nkerds = {0} if 2o > 1. This implies that the equation da = 0 has

only a trivial solution a = 0 if we require a € (C{""** with 21,22 > 1.

Let @I (V) = Usys1,20510C72(V), i = 1, 2.

Note that we have the isomorphism (C; ;" (V) =~ C3(C;*(V)) =~ C;*(C;*(V)) for a,b = 0,1,2 and
21,22 > 0.

Before stating the main result of this section we introduce two versions of the one-dimensional A

map of Prop. 2.2.1, acting on the two different coordinates.
Lemma 2.3.1. A;: BQCC;;’ZZ(V) — (5;2’22 (V') for a =1,2,3 with wy > 1 such that 5 1A; =1 and

||A1th1,w2 < Cz1||h||z1,w2 (2'32)

and an analogous bound for As.
Proof. If we fix sg,us,ts € [0,T] we can consider h%2%2%2 € Cy(V) such that

sa,ug,ta g (s2,u2,t2)
(Sl’ u1, tl) = hslyuhtl T (s1,u1,t1)

and note that h®2%2%2 € BC3' (V) since 6h¥1“1" = 0 so that it is in the range of the one-dimensional A
of Prop. 2.2.1 and
‘(Ahsz’m7t2)51t1’ < CZl HhSQ’UZtQHZl’Sl - tl‘ZI' (2'33)

Then define Ay as
(Alh)(thsl),(tz,uz,sz) = (Ahsz’uz’h)sltl

and note that the bound (2.33) implies eq. (2.32). Proceeding similarly one can prove a similar
statement about As. O
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Then it holds the analogous of the one-dimensional result:
Proposition 2.3.2. There exists a unique map A : BCC3 (V) — 1T (V) such that SA = 1. Moreover
if 21,20 > 1, h € BAC3"**(V) then

1 1
1ARl 2120 < oo 55 1Bl e

Proof. Since h € Imgd we have d1h = doh = 0. Then let Ah = AjAoh which is meaningful since the
d1A2h = A2d1h = 0 (by linearity) and the requirement on the regularity is satisfied. Then

OAh = 6201A1A2h = 6aAsh = h

and
HAh||21,22 = ”AlA?hHZl,Zz < Czl||A2h||21,Z2 < 021022Hh||21722'

Uniqueness depends on the fact that z1,zo > 1. Using the uniqueness it is easy to deduce that
A = AgAy, ie. the one-dimensional maps commute (when they can be both applied). O

We can already state an interesting result about integration of “small” biincrements.

Corollary 2.3.3 (2d integration). Let a € Caa(V) such that d1a € IC3'5", daa € (C35%, da € (055~
with z1,z1 > 1. There exists f € @C11(V') such that

5f = (1 — Aldl)(l — AQ(SQ)G/
and

lim ag 2 g2) = (5f)(t1,sl),(t2,s2)

1
im0 &= i ) (Gt
7

)

where the limit is taken over partitions II = {(tll,t?)”} of the square [t', %] x [s!, s?] into boves whose

mazimum size |II| goes to zero.

Proof. The required conditions on a ensure that the 1-biincrement
h=(1—-A161)(1 = Agd2)a =a— A1d1a — Axdra + Ada
is well defined. By direct computation we have that
h=01(1—A161)(1 — Agda)a = (61 — 91)(1 — A2d2)a =0

and doh = 0. So h must be in the image of §, i.e. there exists f such that h = df. This proves the
first claim.
To prove the convergence of the sums consider the above decomposition

a=0f+ Aodoa + A1d1a — Ada
written as a = 0 f 4+ r1 + r9 + 7 where
r1 = (1 — A101)A2d2a, ro = (1 — Agd2)A1d1a r = Ada.

Note that r| € (1?;:52, 0iry =0and re € CC;lz* and dar9 = 0.
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Then let

Sn = Z%H, (2,,,2)
= Z O ) et (22,182 Z (), eh@,,.2)
+ Z T2 z+17 J+17t2) + Z 1+17t1)(tj+17 )

and note that, using the fact that § f is an exact biincrement
Z((Sf) (1@, 2) = )51y 2,52)
0.

and

Z(rl)(tl_‘_l, B)(E2,,,2) = Z(ﬁ)(tl,sl)( £2,,,2)

(2] J

since 0171 = 0 (i.e. 1 is an exact increment in the direction 1). In the same way

D) e, = D), e

Y] i
Then
Z(Tl)(tl,sl)(t 22 < il Z |tg2‘+1 - t?|z2 =0
J J
and
Z(m)(tgﬂ,tg)(tz’,ﬂ) < lr2ll Z [t =t =0
i
and finally
2
S aagaep| < Il =l = =0
(V]
as |II] — 0 which proves our claim. O

2.4 Two-dimensional Young theory

Proposition 2.4.1. Let f € (’C?fl’w, g € Cﬁfll"” with v1 +p1 = 21 > 1, v2+p2 = 220 > 1. Then
§f6g € AC5V* NImgd and the integral [[ fdg can be defined as

// fdg = (1 Asd1)(1 — Aodn)(£8)

(2.34)
= _fég+A(5fc$g)+/fd1529+/fd2519
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where [ fdi02g, [ fdad1g are standard Young integrals. Moreover we can define also the integral
[[ difdag as

// dlfdgg = (1 — A151)(1 — A252)((51f52g). (2.35)
and for p1, p2 > 1/2 we can define

/ fdigdag = (1 — A161)(1 — A2d2)(f019029) (2.36)

Corollary 2.4.2. Under the hypothesis of the previous proposition, the two-dimensional sums of the
increments fog converge:

im > (£69)mimimyyyen = < / / fdg) . (2.37)
1, |—0 7 zZ,w
where the partition 11, ,, is taken on the square (z,w), z; € R2.

Proposition 2.4.3. Under the assumption of the Proposition (2.4.1) we have that:

/ fdigdag = (1 — A161)(1 — A282)(fd29019)
= (1= A101)(1 — A202)(fd19 ® 629)

where (519 d 529)3152151152 = 0195y 59t1020s1 11t

(2.38)

Proof. Let a = fdog @ §1g. By a simple computation we have that dia € Cﬁg};m’* , 0ga € CC;:EF”DQ and
da € Cﬁggrplﬁﬁp"’ then the Corollary (2.3.3) gives

(1 - Alél)(l - A252)(f62g L4 519)8182t1t2 = ‘11[1‘11)10 Z fsitj 5293itjtj+151.gsisi+1tj
11

= ‘11[1‘11)10 E fsitj5lgsisi+1tj62gsi+1tjtj+1 - fsitj5lgsisi+1tj6gsisi+1tjtj+1
11

(2.39)

where II := {(s;,;)}: ; is a partition of [s1, s2] X [t1, t2] and we denote also by II; = (s;); and Iy = (t;);
a respectively partition of [s1, so] and [t1,t2]. Once again by the Corollary (2.3.3) we have that

|1_111‘13>10 ; fsitj (Slgsislurltj 52gsi+1t]’t]’+1 - (/ fdlng.g)SlSQtltz
and then the one dimensional Young theory of integration gives
to

lim E fsitj5lgsisi+1tj5gsisi+1tjtj+1 = fsitélgsisi+1tdt5193isi+1t
[TI2|—0 L t1

< (si41 — 8i)%1(ta — t1)P2. Finally using the fact that p1, po > 1/2

to
where ’j;fl fsitélgsi5i+1tdt5195i5i+1t
gives:

\Hh|rg0|ﬂh|rgo E fsitj51g5i3i+1tj6gsi3i+1tjtj+l =0
1 2
IT1|

Putting all these last equation together give us the second line of our proposition, the first part is given
by the same argument. O
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Proposition 2.4.4. Let x € CCla”lﬂ and o € C*(R) then for a, B > 1/2 the following change of variable

formula :
// dZL‘ + // dlﬂj‘dzl‘

Proof. Let I = (s;); a partition of [s1, so| and IIs = (¢;); of [t1,t2] then

590(:'1:)5132151152 = Z 590(x)5i87;+1t]‘tj+1

hold.

II; 11,
/
= E <52/<p (x)dlsv)
0, 1, 1 8iSi+1titj+1
Si4+1 Si+1 ,
= E / 5230 T)st; tJHd Tst;iq / ¥ (xstj)ds52$stjtj+1
11,115 Si 84
= E a;j + bij
I 11y

where we have used the one dimensional change of variable formula for the Young integral. Now let us
treat the first term of our sum

Si+1 ,
a'ij _/ 5290 (x)stjtj+1dsxstj+1
Sq
_ / /
— 5290 (x)sitjthrl&lxsisiJrlthrl + A]. (590 (x)(slx)sisiJrltjthrl

tit+1
. J+ ”( )d 6
— @ \Ts;t)AtTs;t 1'1"5i5i+1tj+1
t

+ Aada(1 — A151)(52@/(x)6155)8i8¢+1tjtj+1 - A(S(&?@/(x)élx)si8¢+1tjtj+1
Is not difficult to see that

‘ rlllﬁg Z A262(1 — A101) (6260 (2)012) sy, 11501 = O (2.40)

and
li AS(6 T P — 2.41
|Hl|ri)lon o ( 290( ) lx) 2 2+1t]t]+1 ( )

then is remind to treat the term (fttjj“ w/’(xsit)dtxsit) 01%s;s;,1t;,, and for that we have the following

expansion :

ti+1
1" .
</ ¥ (xsit)dtxsit> 51x3i5i+ltj+1 =¥ (‘TSZ )52x5 t; tJ+151xS Sit1t; + Tslt t]+161x3i5i+1t]’ (2'42>
t

J

where 7 = 6o¢/ () — " (x)d2z € (Ci‘gﬁ such that 07" € CE;QZ’B which gives :

s2

. b — b

|1'11H10 Tsititysr 01T sisiat; / Tstjty o1 AsTstyin
I, o
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where the limit satisfy the upper bound | [” 5 29, it 9sTsty | Sa,p (52— s1)%(t2 — t1)%8 these allow us

to conclude that :
. . b B
Al 3 e, =0 =
;I

Then putting together equation (2.40) , (2.41) , (2.42) and (2.43) we obtain that :

<// dlxd2x> = lim lim Z aij
s189t1to ‘H2|—)0‘H1|—>0

the second sum ZH 11, bij is more simple to compute indeed :

Z bij = Z /S%Jrl xst d s02Tst; iti+1

I1; 112 I1; T2
= Z ¥ ($Sitj)5xsisi+1tjtj+1 + A252(1 - A151)(4p/(l‘)5:€) - A5(4p/(x)51')
I, 11,
and then
lim Z bij = lim Z O (Xs;t, )0 s;504 188,11
TI|—0 4o, \H\—>OH1H2 7
= <// Lp’(x)d:c>
s182t1t2
and this gives the needed result. O

We have also this immediate generalization for the Young integral.

Proposition 2.4.5. Let y € CCVI"YQ x € C’Cpl’p2 and z € CC’BI’ﬁQ such that v; + p; > 1,6, + v > 1 and
Bi+ pi > 1 fori=1,2 then we can define

// ydlxdgz = (1 — A151)(1 — Agég)(yélxégz)

// ydgzdlx = (1 — A151)(1 — A252)(y52251$)
and

// ydlx o dQZ = (1 — A151)(1 — A252)(y5133 ° 522)

and we have the following identity

// ydixdaz = // ydozdix = // ydiz e doz

Moreover we have the following Riemann sums representation for our integrals
to
/ / ystdsxstdt'zst = lim E ysitj51xsisi+1tj5225i+1tjtj+1
t1 || =0 “—=

= lim E Ysit; 51x3151+1t 5233 ititigt

|7|=0

‘}rl‘gl E Ys;t; 52Zsltjtj+1 51$sls,+1tj+1
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Proof. Let a' = yd12622, a® = ydrzé1x and a® = ydix e 62z then by a simple computation we have
that

51(1 = —51@/(51%(522 — y51x5z c Ccmln(’n+p1,p1+ﬁ1) P2

Soal = —8oyd1 2092 — ydxdaz € (I?pl’mm(”ﬁ@’pﬁﬂ?)

and
(5@1 _ 5:1/51:(}(522’ + (51y(53}522 + 523/(51.%'(52’ —i—yéméz c CC;;H(’YI-FPI7Pl+51)7min(72+52a/’2+52)

then a' satisfies the assumption of the Corollary (2.3.3) which also true for a? and a® by a similar
computation. Then the integral [[ydizdaz, [[ydazdiz and [[ydiz e daz are well defined and we
have that

(// yd22d1$)5152t1t2 = |71r1‘1,_1;10 E ysitj51$sisi+1tj5223i+1t]~t]~+1
i?j

(// deZdlx)Slsgtth = |7{1‘]E>10 E ysitj6228it]‘t]‘+151x81‘8i+1t]‘+1
/Z:7j

and

(// ydiz e d2z)8182t1t2 = |71ri|r_1)10 § ysitj51$si8i+1tj52zsitjtj+1

’

To prove that this last integral coincide is suffices to show that the difference between the Riemann
sum vanish when the mesh of the partition go to zero. In fact we have that

: E 1 3 _ §
lim ((I —a )Sisi+1tjtj+1 = lim yslt 51375 iSi4+1t; 5ZS,LSZ+1t iti+1

|2 |—0 i |2 |—0 <

t2
= E / ysztélxs sl+1tdtélzslsl+1t

(2.44)

Using the fact that |fttl2 YsitO1 Ty 11t 25,0010 S (Sie1 — 5;)P1 171 we obtain that :

: : 1 3 —
g i, 00"~ st =0
1,J

)

which gives the following equality [[ydizdsz = [[ydiz e daz. The other identity is obtained by
exactly the same computations. O

2.5 Analysis of a two-parameter integral

Following the informal approach of sec. 2.2.1 we would like to get inspired for a general construction
from the analysis of a concrete two-dimensional integral. Then consider [[ (z)dz for a smooth surface
r :R? — R and a smooth function ¢ : R — R. The decomposition of eq.(2.28) gives

//go(x)d:c:—go(a:)/da:—k/l(p(x)/zdx—i—/2g0(a:)/1dx+//d<p(:1:)dx
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where, for example, we used the notation [, ¢(x) [, dz to mean

t to
(/go(x)/dx) ::/ O(Tuy,s) 0102z (u1, ug)durdusg
1 2 (s1,825t1,t2) 81 S92

and the others analogous expressions.
This decomposition is at the origin of Prop.2.4.1 when the demanded regularity is satisfied since
the iterated integral is given by the formula

JIEE A [b(@)oa]

To proceed further we note that

[[avw = [[ @z [[ o @@rau) (2.45)

(recall that d = djds is not a derivation). Take the first term in the r.h.s. and use again eq.(2.28) to

wite // 2)de = —¢/( /dm+/ /dx+/290/(w)/1dx+// dy'(x)dx (2.46)

and a similar equation for the term [[ ¢”(z)d;zdaz. Then

// de(z)dx = // x)dzdz + // z)(dyzdex)de. (2.47)

For simplicity we treat explicitly the first term in the r.h.s, the analysis of the second being similar.
Using eq.(2.46) and the definition of iterated integral, we have

/ / 2)dzdz = —o/(2) / dada + /1 o (x) /2 dada + /2 S (@) /1 dadz + / / A (z)dedz  (2.48)

This expression seems complicated, however it shows that, in order to control the l.h.s. we need two
ingredients:
1) Being able to define essentially one-dimensional integrals like

/1 () /2 dz, /1 o () /2 dadz, /1 o'(z) /2 dizdada, . .. (2.49)

2) Control the remainders given by the three-fold iterated integrals

R = / / d¢/(z)deds R := / / de” (z)dzdgada.

The boundary integrals

We call integrals like those appearing in eq.(2.49) boundary integrals to emphasize their one-
dimensional nature (which, we hope, will be clear from what follows). Their appearance is characteristic
of the multidimensional setting and it is linked to the cohomological structure of the complex ((Cy, 9)
studied in Sec. 2.3. Take the first of them and expand it according to the (one-dimensional) eq.(2.11):

/1 o (2) /2 dzdz = o (2) / / dader + /1 di () /2 drda (2.50)
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Next, apply d1 to the second term in the r.h.s.:

- 51/1d1<p'(:1:)/2d:vdx = /ldlcp’(x)/l/dedx+/d1<p’(x)/dx/dx (2.51)

The first term in the r.h.s. is simple since it is equivalent to d1¢’(z) [[ dzdz, and can be controlled
with some regularity of ¢’ and the a-priori knowledge of [[dzdz. The second needs to be further
expanded as

/1d190’(:n)/2d:v/1dx = /1@"(x)d1x/2dx/ldx
— () /1 Qe /2 du /1 dz + /1 Ay (@) /2 dz /1 dz

Again, the first term in the r.h.s do not pose any further problem so we continue to study only the last

one. Set
A = /dlgo”(x)dlx/dx/dx
1 2 1

We apply to A; the splitting operator S; obtaining

S1A; = /dlgpﬂ(x)dlaj/dx ®1 /dx (2.53)
1 2 1

Let us clarify the meaning of this last term: in the first direction is the tensor product of two 1-
increments, while in the second direction is a 1-increment. Taking four points (u1, ug, us, u4) in direction
1 and two (v1,v2) in direction 2, its value is given by the expression

Uq v2 u2 v u a
/ / (/ / (/ / db(P” (xbm)dawam) duvxuv) dstxst
us V1 ul U1 up Jul

As the reader can easily check, by setting us = ug we reobtain Aj;.

Denote with d; ®1 1 the action of the d; operator on the first factor of an element of C; ® C1, where
again the 1 as index of the tensor operation denote that it acts on tensor products according to the
first direction. Apply 61 ®1 1 to the r.h.s of eq. (2.53) last term in the r.h.s to obtain

—(01 @1 1)/d1<p dlx/d:n ®1/dm— [51/d1¢ (z )dlm/dzb] ®1/dx
/dlcp /dlx/dx@n/dx—k/dlg@ dlx//dx®1/dx

AA; = /dlgo”(x)/dlx/dx ®1 /da: = (51<p"(a:)/d1x/dx ®1 /da:
1 1 2 1 1 2 1

and (cfr. eq. (2.18))

ABq /dlgp dla://d:c@)l/dx— 51" (z (5133 //dm@l/dx

which depend only on the function ¢”(z) and on the “splitted” iterated integrals

/dw/dx@l/dm, //dx@l/dx
1 2 1 1J2 1

(2.52)

Hence let
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Since we are working under smoothness conditions is possible to recover A; by applying A; ® 1:
A; = —(A1 ®1 1)(AA; + AB;p). Moreover

C1 ::/dlgo (r)diz = ¢ /dlx/dx/dx+u1./41
1

where recall that pp is the multiplication in the first direction which is the inverse operation of the
splitting S7. Then we can recover also the term fl d1¢ (x f2 dx fl dz by eq.(2.50) and an application
of A1. Finally we have obtained the following expression for the boundary term:

/tp'(:c)/dxd:n = ¢/(x) // dzdzr — Ay [5130'(3:)//dxd$+61]
1 2 1J2
where the r.h.s. depends only on a finite number of iterated integrals of x.

The remainders R,ﬁ

The three-fold iterated integral [[ dy¢'(z)dzdx will be analyzed in terms of its image under 4:

5// dy/(z)dxdr = //dap’(m) // da:da:—i—//d(p’(x)da: // dz .
o fao fars [[aso [ar far

The first term is readily controlled in the same spirit as above. Consider the fourth (the third is similar)
which we will write as

//dgp’(x)/2dx/1dx = /ldl[ézgo'(:n)]/Qdm/ldx
= /lég[go”(:z:)dlx]/dx/dx (2.55)
:/ldg[go dlx/dx/dx—i—/ d152x/dx/dx

=D1+ &

Expanding the integral of d[¢”(z)]d1x we get

D, = /(52[(,0”(1’)](111‘/(?1.%’/(1%‘
1 2 1
:52[@”(;2)]/dw/dm/dr+/d152[<,0”(x)]d133/d$/dm
1 2 1 1 2 1
Again we apply (47 ®; 1)S1 to the second term:
—(51 X1 1)51/(1162 dla?/dZU/dIE
:/01152 /dlx/da:®1/da:+/d1(52 )]dlz//dx ®1/dx (2.57)
1J2 1

=: DA, + DB,

(2.56)
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From which we get:

Dy = dol” ()] /dlx/dm/dw — m[A @1 1](DA; + DBy) (2.58)
1 2 1
And in the same way:
&= gD”(l’)/dl(SgiL‘/dl'/diL' — ,ul[Al &1 1](6./41 —I—(“:Bl) (2.59)
1 2 1
with
EAy = 51[cp"(x)]/d152:c/d:r ®1/dx
1 2 1
and
EBy = /dlgo"(x)dlégm//dx ®1 /dx.
1 1J2 1
Note that

F1:=DB1 +EB;

= 09 [/1d1<p"(m)d1x] /1/2dx ®1 /1dac (2.60)
=8 [01¢(z) — ¢ (%)61 2] /1/2dzn ®1 /ldiL'.

Together eq.(2.55), (2.60) (2.61) (2.60) imply the representation:

Jac@ [ar [ar=sle@) [aw [ar [ar+ @) [ [ [ -

— p1[A1 @1 1)(DA; + EAL + Fr).

The only term, appearing in R which is left is the second term in eq.(2.54): f [ d¢'(x)dz [[ dz. This
term can be handled together a similar term appearing in the expansion of R which reads:

[ as@asaaze [[ s

(all the other terms in R are handled as above). Indeed we have that the sum of [[ dy'(z)dz and
[[ d¢” (z)dizdaz which are nontrivial two-dimensional iterated integrals, appear in the expansion for

Sep():
S(x) = — () //dx+/1g0’(x)/2dx+/2g0’(x)/ldx
¢ () // dlxdgx—i-/1<p”(a:)/2d1md2m+/2g0”(x)/1d1xdgx (2.62)
—i—//dgo’(:p)dw~|—//dgp”(a:)d1:cd2x

In this expression all the terms, except the last two can be expressed, following the approach we used
for the boundary integrals above, as functional of a small number of integrals of x.
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2.5.1 Rough sheet

We have shown in this section how the 2-dimensional integral [[ ¢(z)dz admits to be expressed as
a well behaved functional F' of a family X of iterated integrals of x and of ¢(z). This functional can
then be extended to more irregular functions x, not necessarily smooth, in two ways:

a) Algebraic approach. We are given a family X of biincrements which satisfy algebraic conditions
analogous to that which allowed us to perform the computations in this section. In this case,
the integral can be defined by the same functional F. The algebraic relations are then needed to
show that such a definition is consistent with our notion of integral (e.g. that this integral is in
the kernel of both §; and d9).

b) Geometric approach. We are able to show that, there exists a sequence of families X" obtained
by iterated integrals over smooth 2-dimensional functions x™, which converges, under suitable
topologies on the biincrements, to a limiting family X. Then by the continuity of the map F we
are able to identify the limit of [[ ¢(2™)dz™ and to consider it as an extension of the integral
over smooth 2-parameter functions. ThlS is analogous to the geometric theory of rough paths.

Already in the one-dimensional theory the two approaches can give different notions of integrals.

Algebraic assumption and Boundary integrals

Hypothesis 2.5.1. Ifa = 1,2 then a = 2,1. Assume that o, > 1/3 . Now as in the one parameter
case we assume the existence of some algebraic object

A A% e @y BT, B e @03y’ B3, B3Y € @5y’

Cre, 04, 0™, cwweccw, " %”C,D‘iME(Cz ®105)(C1%), D§".D§", D5 € (C) 2C3)(CE?)
B Efr, B{™, B{** € (C3 @1 C7)(C1"):  F{™ F{™", F{*, F{™ € (€3 @1 C3)(C)")
B3, B, E5™, By € (037 @2 CY)(C1);  F5™, F§", Fy, F§™ e (03" @2 C3)(C})

satisfying the following equations
1. A* =fx ,

2. §,B2 = (8,m) A%, 5, B = — 15 D2
3. 6,07 = 11, DI®
4 (1 0 0a)DET =0, §,D% = AT ®, A,
5. (1 ®q 64) B =0, (6, ®q 1)E®™® = §,0 ® DIT | §, BT = F2e 4 Bre @ AT,
6. 6,A% =0
7. 54B3 = (85,2) A, §, B3 = 11 D
8. 6,C%% = g D¥*
9. (1®46,)D%" =0, §,D%" = A% ®, A
10. (1 ®q 62)E™" =0, (6, ® 1)E™ = §ox ®, D7, § BT = FTe 4 BT @, A
11. §,C% = g DT
12. (1®46,) D™ =0, §,D™ = A® @, A,
13, (1®4 84)E®™ =0, (84 ®q 1)E™™ = §,0 ® DI | §,E¥™ = Fra» | B @, Av,
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14. 6,09 = g D@
15. (1 ®q 82)D¥ = 0, 5,D% = A% ®, A¥,
16. (1®4 8) B = 0, (6, ®q 1) BT = 5,0 @ D | §,E3%% = F2ww 4 BI& g A@,

Remark 2.5.2. When x is a smooth sheet we can choose this algebraic object as the following iterated
integral :

1. (Ar)swztltz = (ff d$)8182t1t2 = 5173152t1t2
Aw)slsgtltz = (ff dw)slszhtz = f:f tt12 ds.’Bstdt.’L'st
lex)8182t1t2 = (fl dyx f2 dx)8182t1t2 = f;f ttlz 51x818t1d8tx8t

2 (

3. (

4. (Bfw)slthm = (f1 diz f2 dw)slsgtltg = f82 2 51$slst1d Tstdi s

5. (C")sysptaty = ([[ dwd) sy sotrty = ffssf’ttf <ffsl ) w%w) dst@st

6. (C")sisatrts = (ff dwdz) s syt1t, = ff(ssf’t? (ffsl t1) d $rr’dr/$rr'> dstse

7. (DY")s1s0s38at1ts = (f2 fl dx ®; fl d2)s; sosgsatits = ff((:;iz) (ffg;l rr/%«r/) dst st

8. (E:fxx)slszsgs4t1t2 = (fl dlx f2 dx ®1 fl d$)81828384t1t2 ff‘:;’ttf (ff;f’,tl) (51x817‘t1dr7"xrr’> dstxst

(F$xx)81828384t1t2t3 = (// d:U/dx ®1 /dx)81328384t1t2t3
1
(s4,t3) (s2,t) r,t2)
// // // dabxab)drr’xrr’)dstxst
(s3,t2) (s1,t2) (s1,t1)

In this section we assume the previous hypothesis to be true and we will give a "reasonable"
construction of the following boundary integrals :

/y/daﬁ, /y/dxdx,
/y/dw, /y/dwdx,

which allow us to construct the space of two parameters controlled sheet and integrate them. We begin
by recalling the notion of a one dimensional controlled path which the space of the sheet y satisfying
the following assumption :

8oy = y e dax + Y, cal, y?) easy’ xay’

where z € Cl ", a € {1,2} and we denoted by Qg"g this space. Now we will set out a permutation
lemma that is useful to conduct the computation in the following.

Lemma 2.5.3. We have for h € (Ca ®, C2)(C2) the following identity:

Oattah = pa(dg ®q 1)h — g (1 ®¢ 64)h. (2.63)

62



2.5. ANALYSIS OF A TWO-PARAMETER INTEGRAL

And then we have the following construction for the Boundary integral :

Proposition 2.5.4. Assume that the hypothesis 2.5.1 to be true, and let y € Q%P Then we define
the boundary integral by :

1. [y [, dz = yA® + y®= B3 4+ A, [y** A® + 5,y BX7],

2. [y [, dedz == yCu + Ao[0ayC™ + y* 1 EX™ + pa(Aq ®a 1)(y** DT + Say™e EZ2)],
3. [y [, dw = yA¥ 4+ y%e BT + A [y** A¥ + y” B2

4. [y [; dwds = yC¥T + Ag[0ayC¥" + y* o BX" + pa(Ag ®q 1) (y* DE” + dqy" EZ+7))]
5. [, Jy drdw = yO™ 4 Ag[5ayC™ + ¥ aF3™ + pra(Aa ®a 1) (1 DI + Say" E3™)
6. [,y [, dwdw := yC + Ag[6ayC + Y™ a BZ + pa(Ag ®q 1) (y** DL + Say™ EZ<)]

Moreover all these formulas have meaning and when x is differentiable we can choose the rough sheet so
that they coincide well with their definition in the Riemann-Stieltjes case, which justifies the notation.

Proof. We will only prove the first two formula, for the others we have identical proofs. Let now x a
smooth sheet and y € QP , then we have easily the following expansion

(s2,t2) s2
</y/dl‘) = // ystldsﬂvst :/ yst1d152$8t1t2
1 2 S189t1to (S1,t1) 51

82
— T T Tx g1
= Ys1ta (A )5182151752 + Ysita (Bl )5152t1t2 + / y515t1d552$5t1t2

S1

where A% = 0z and (B{*)s,sqt,t f ftl 0125, st,dstwst. Now is easy to check that rg syt =

f yswtld 02t t, € C;’%’ﬁ and 61r = yﬁléx + hy" BT € CCg”Q’B. So finally we obtain :

r = A1 [y* oz + 6,y" BY)

and thus
/y/d:z: = yA* +y"1 BT + Al[yﬁle + 01y** BYY]

Now we remark that this formula is still valid when x satisfy only the assumption (2.5.1). Now we will
focus on the second equation which requires a different work. then a quick computation gives :

(s2,t2)
/ /dxdx / // Yrtq rr’xrr’dstxst
8152t1t2 (s15t1) (s1,t1)
82,t2 S t)
TT
= Ysitq (C )8182t1t2 + // // 51y817’t1 rr’xrr’dst$st
(s1,t1) (s1,t1)

The first term of this last equation is well understood, we will focus on the second term denoted by H
in the sequel. Now we observed that H &€ CC?’Q 28 and then:

(s3,t2) (s2,t)
51H513253t1t2 = 513/515275105215133152 + ysltl / // 1x517’t1 Ayt Ty At s
(s

(s2,t1) 1,t1)

537 527
+ [/ [/ ySlT‘tl rr’xrr’dstxst
(s2:t1) (s15t1)
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(S3y (527
515283t1t2 = / / yslm rr’xrr’dstxst
(s2,t1 (s1,t1

(s4,t2)
(51 X1 1)81 (A1)5152v5354t1t2 // // y817’t1 yg;rtldrr’xrr’dstxst
(s3,t1 (s2,t1)

(s4,t2)
= y5152t1 / // dppr T st st
(s3,t1) (s2,t1)
(s4,t2)
// // 51?/51327«151 rr/mrr’dstl'st
53,t1) (s2,t1)
(sa,t2)
= y5182t1 / // Ay Ty A st
(s3,t1) (s2,t1)
(s4,t2)
+ 51y5152t1 // // 511'527“151 'rr’xrr’dstwst
(s3,t1 (s2,t1)

Then if we recall that the two last iterated integrals are denoted respectively by DT* and E{** we
obtain:

now if we put

we obtain

S1A; = (A @1 1)[y* DJ® + 61" By

then
H = M[61yC™ + y™ i EF™ + pn (A @1 1) (4" DI* + 6197 BF*7)]

This last equation give us the second formula when x is a smooth sheet, in the general case when x
satisfies only the Hypothesis 2.5.1. It’s easy to see that all terms or we apply A; enjoy the regularity
and thanks to the Lemma 2.5.3 it also satisfy the required algebraic conditions (i.e. : d1[yC*™ +
Yy BYE 4 g (A @1 1)(y* D¥® + 6197 EF*%)] = 0) and this finishes the proof O

Controlled Sheet

Definition 2.5.5. Let x € (C11 such that 6x € 6’02 Y, and assume the algebraic hypothesis 2.5.1 to be
true then we define the space of the two parameter controlled sheet Keh by y € KeP if :

1.0y = —y A" —y? A+ 3 (v [ de+ [y [, dw) + o
2. y,y" y” € QP

Theorem 2.5.6. Fora, 8 > 1/3,x € C1,1 such that 0x € Cﬁ;’f and assume that the hypothesis (2.5.1)
is true then for y € K& we define the increment [[ydx € (13325 and [[ydw € (’C;zﬁ b

//yda: —y AT 4 ytCTT 4y Y (/ /dx+/ /dmder/ /dwdx)

a=1,2
bw __ T T TT W WL T w
" = A |dyA* — 6§ | —y*C** — y*C —i—Z(/y /dxdx—k/y /dwda;

a=1,2

where
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and
// ydw = —yA¥ +y*C*™ + y*C*% + Z (/ /dw —l—/ /da:dw —|—/ /dwdw) + P
a=1,2
with

P = A [dyAY — 6 | —ytC™ — 4O + Z / /dxdw +/ /dwdw

a=1,2

Theses two formula are well defined moreover if x is a smooth sheet then this two definition coincide
with that given by the Riemann-Stieltjes theory of integration.

Proof. Let x a differentiable sheet then

//yd:v——yéx—{— Z/ /dm+//dyda:

a=1,2

Now using the fact that y € K2 we have

/ / dydz = —y"C™ — y*C*" ( / / dzdr + / / dwdx) + / / yida.

Finally if we remark that [ yide € (]’(323’05’35 we obtain

// yide == A 5// dydx — o0 | —y*C*™* — y“’C’wm / /dxdaz+/ /dwdaz

a=1,2

a=1,2

This give us the formula when x is smooth. Now we have to check that last formula have meaning
in general case in other word we must show that we can apply A for r := ¢ [[ dydz — 6(—y*C™ —
Yy C Yo ([,y" [y dede + [,y [, dwdz)) , for this we will make some preliminary computation.

5// dydx = dydx

5 (Y7 C™) = 8y(—01y" C™ + y*6,0%%) = 6y"C™ + y" a8 — 51y 020" — Say"6,C*

’ / day” / dwdz = b (8ay"C™ + y™ 1aB3™ + (Ao @0 1) [day™ EZ™ 4y D3* )

= SO O — By Iy (B 4 pF)
+ o (Ag ®q 1)[y$ﬂa5x ®q 0T + 00y " By ®q 01 — 5dy$ﬁaD(f$ + doy e FT
o 5ywmaExxx]

a

— _5yxcwx + 5ayx5&0zx _ 5&y3&xa'uaEg:xx + y:cxaMaF;cxx + (/ dayx/dw)d:r
a a

(Mg @a 1) [~0ay™ D" + 8™ F™ — 5y B3|
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Is easy to see that we have a similar equation if we replace dz by dw := djzdox. Finally we obtain

= jj(sl,_i_(sywcmm +5ywc«wx + Z zxa E;mx o (E(Ea Fxma: 5@ wma Erwr . wwa F:wa
a=1,2

+ (Aa R4 1)[6&yxﬁaD;cz _ 5ay:ca:aF;ca::c + 6yxocaE;c:cx + 5aywﬁaD;J:c . 5aywzaFg:w:L‘ + 5ywxangx])

and this allow us to say that r € CC??%’S"B which finishes the proof. O

Remark 2.5.7. We observe that this definition of the two parametric integral are not consistent with the
definition of the controlled sheet, indeed if y € IC%”B then the element z € (C1,1 defined by zos = 250 = 0
and 0z = [[ydz is not in general a controlled sheet.

2.5.2 Stability under mapping by regular functions

In this section we show that p(z) € K3 under more algebraic and geometric assumptions. To prove
this result we will proceed by linear approximation the problem is that the terms which contain d;zdsx
does not approximate well to bypass this difficulty we will start by giving an alternative expression for
the space K27

Hypothesis 2.5.8. Let a, 3 > 1/3 and a = 1,2. Assume that there exist
Gitecsy, HmecCyy™, Imecyy™, Jrecsy®,

with the convention if a = 1 then & = 2 and conversely. And we assume that this object satisfy the
following relation:

1. 8,GEF = §,I5% = 0

S HET = G276,

80" = I3%0,0

a a
“=1/262? — [[ xdx = GZ* — I¥®
a a a

S G o e

Remark 2.5.9. In regular case this last iterated integral are given by :
1. (G:fx)8152t1t2 = fssf 52x8t1t2dsx5t2
H:Ex)5152t1t2 = fssf 51x518t152x8t1t2dsx8t2

2. (
3. (I m 5152t1t2 ff( 527t2 62l'st1tdst$st
4 (

S1, t1

to

X —

Jl )Slsztltz - fsl 51wslst1 ftl 52$st1tdstwst

Now under these assumption we give an alternative expression for the space K?’ﬁ

Proposition 2.5.10. Assume the Hypothesis 2.5.8 and 2.5.1 are true then for y € Qm we have :
1. [, ydaada = yGo* + Y™ HE™ + N[y GE™ + S,y H2?]
2. [y [, dawdr := yIZ* + y** JI* + Aa[yﬁalgfx + doy ")
3. fa Y f& dw = fa Yoarder — fa Y fa dgxdx
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where 1 an 2 are well defined, moreover we can choose G,, Hyg and J, such that the rough-integral 1and
2 coincide with their definition in the Riemann-Stieltjes case.

Proof. We well only proof the first assertion (the proof of second assertion is similar). We assume that
x is smooth then we have :

52
— _ Tx zl Tx
(/ y52xda$) T / yst152l‘st1t2ds$st = Ysity (Gl )8182t1t2 + ) (Hl )8152t1t2 + Tsysotits
1 s182t1to

S1

where

52

— g1

Tsisotity +— / ystlt252$st1t2ds$st2
S1

Now is clear that r € CSE"B and :
517“ _ yﬁlG:m: + 61ycp1H:ﬂaz e C3o¢5

and we get
r= A [y G + 61y L HE)

This give us the proof of the first assertion. The proof of the last assertion is immediate consequence
of the assumption five and six of the hypothesis 2.5.8. O

This proposition allow us to tell that y € ICQO;”B if and only if :

1. ye Q2P
2. 6y = —y"0x — y¥ (1/262% — wdz) + D am12 (L y*" [ dz+ [ y*Ssadaz) +

where y®,y* € Q2° 4t € C;f Now let us describe our strategy to prove that p(z) € K2 Let
introduce the approximation:

zly = wor +s(vyy — o), 2% = Ts0 + H(Ts1 — Ts0)

371,52 = xg0 + s(x10 — ®00) + t(zo1 — xo0) + stdzo

where the [ is the unit square. Now is clear if ¢ € C*(R,R) then we have
5()0(3:12) - _ (p,(.1‘12)(5.1‘ o S0//(:812)(1/25(1,12)2 o .%'126.%'12)

+ Z (/gpl(x12)/dl’l2—|—/(,0”($12)55L$12dax12> +R12 (264)
1.2 a a a

a=1,

where

// 12 dx12d$12 +// /l/ 12 d x12d2xl2dx12+// /// 12 d$12d1$12d .%'
+/ QO(Z’U)($12)d1$12d2$12d1$12d2$ 12 //d.’lfl2dl'12 Z /d 12 /5 I’12d[l}12
ac{1,2}

(2.65)
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Now our goal is to give similar formula for z* and to compare them with the same expansion for x.
To do that we need to give a meaning for the boundary integral appearing in the expansion of z¢ and
for that we construct B2“*" / GZ"** and H*"*". But by formal computation we see that

to to

$1ﬂ?1
(B3 " )s1sat1ts = (52 — 51) d2x0t,¢ded1201¢ + 51 0x01¢,¢ded1201¢
t1 t1

Then we define B%lxl by the following formula :

1.1
(B2x ‘ )S1S2t1t2 = (32 - 81) (ng + Sl(Kgx)Oltltz)

where
[2)

TT -
(KZ )S1S2t1t2 = 6$51$2t1tdt61m5182t
t1

TT
52(K2 )5182151152153 = 5x81821511526331521&125

Similar computation allow us to define (Ggl’xl) and HZ'*' in the following way :
1.1
(G% ¢ )81S2t1t2 = (32 - 31)((G§x)01t1t2 + (32 - 1)(L§x>01t1t2)

(HE'" )1 satata = (52— 51) (HE)orsats + (52 — D(MEV 016365 + 51 (N§ 01635 + (52 — 1)(05)010115))

where

to [2)
Tx I T -—
(L2 )5182t1t2 T 51x8182tdt(51x8182t7 (M2 )Slsgtltg D 6$5182t1t61$5182tdt$52t
t1 t1
and
[2)
xxrx o—

(02 )slsgtltg - 6$S1Sgtltélwslsgtdt61$8182t

t1

and this of course push us to give a more algebraic assumption on the sheet x:

Hypothesis 2.5.11. Let a,f > 1/3, a = 1,2 and and assume the existence of :
Ko MEm e @yy™, Lt easy™, 03 easy®, op ey
which satisfies the algebraic relation
1. 02( K5 )sysatrtats = OTsysot1ty0T s 5ot 15
2. 0oL5" =0
3. 52(M2m)slsgt1t2t3 = 025,11, (L%m)slsgtgtg
4 52(N2$$)5152t1t2t3 = 0Tsy o1t (Gggm)slsgtltg

TTT _ TT
5. 52(02 )8182t1t2 _6x5152t1t2(L2 )5182t2t3

and same relation for K", M{*, N{* and N{*.

Remark 2.5.12. Now under this new hypothesis we have some fact :
1. 52B2xlx1 = 0zt S92

2. 0,GE'T =0
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3. SpHE'" = GE' 5y

Now under this new hypothesis we are able to define

R! = 5p(at) — (—(p’(xl)éxl (@) (1/26(2Y)? — 2loat) Z (/ /dx +/ 2V)baztdyz ))

(2.66)
and an analogue formula for R?. Then we have the following relation between the remainder terms

Proposition 2.5.13. Let R, R? and R'2 given respectively by the equations (2.66)and (2.64) and
assume that hypothesis 2.5.11 , 2.5.8 and 2.5.1 are true then we have R = RD + R2 RIDQ where

R=o(x) - | —¢(2)6x — ¢"(x)(1/202* — zdx) + / /da: + / " (z)dazdax
ac{1,2} a a

Proof. The fact that z'and 22 are respectively smooth in the first and second direction gives

</190'($1)/2d331>m = (/1@’(9512)/2%12)'1’ 2l = o2
(/2 o) /1 dfﬁ)g = < /2 o (@) /1 d;[;w)D

For (a, b) € {0,1}? and [ = 1,2. And of course similar equation for the boundary integrals given by
fl "(x1)dy2'dax!. On the other side we have by the definition of the functional A; that :

( [e@ [ dx)D (1 - M) (¢ (@)or + ¢ (2) BE)0 = (1 — AM8M) (o (w0 )oron, + ¢ (20 (BE o Jou
= (1 — A5 (' (2} )owor.. + ¢ (2 )(BE * or..)or

= (e fo),

and by similar argument we have also that

</2 gp”(x)(slxdgx>m = </2 go”(z:l)51x1d25:1>m

Then putting these equation together we obtain the needed identity. O

Now to show that R € CQO‘ 28 Wwe have to gives a estimates for the remainder terms R' and R?. At

this point we give three technical lemma which help us to do this.

Lemma 2.5.14. Let x € (Ca2 and ¢ € C3(R), and we define v1(x) by :
v (z) = — ¢'(wo0)dzo101 — " (z00) (1/20%810; — T0odTo101)

— ¢
1 1
+ </ ¢ (oo + 55190010)d5) dxo101 + (/ ©" (zoo + 851$010)d8> 02200101011
0 0

1

/ ©" (zoo + 35133010)8(18) 020101017011
0

- (<P,(5U10) — ¢'(200) — ¢/,($00)51$010) 027101
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then the following inequality hold

lvi(2)] < sup |¢” (250)|(020101) + sup |¢” (x50)||612010022001 520101
s€[0,1] s€[0,1]

Proof. We begin by remark that
1
(/ ©" (200 + $012010)5d8)0x010101 2011 =
0
1 1
</ ©" (zoo + 85196010)8(18) (6x0101)? + (/ ©" (zoo0 + 851370108(18) 912010)0Z0101
0 0

1
= (/ ¢" (zoo + 35133010)8(18) (6x0101)? + ¢’ (210)020101 — (/
0 0

1
¢ (zoo + 851x010)d8> dxo0101

and

63101 = 2200020101 + 2017010027101 + 2027001020101 + (520101)*
injecting these two equality in the definition of v (z) gives :

1

4! (55) = *(Qpl(xlﬂ) - 90,(5500))52x001 + (/ 90”($00 + 851$010)d8)51$011521’001 - <P”($00)52930015y0101
0

1
+ (/ 90//(9000 + 55133010)5(18)(CSIO101)2 - 1/290"(9300)(53/0101)2
0
1 1
= (/ / ©" (z00 + 58" 817010)sds'ds)d120100270016T0101
o Jo
1
+ (/ (,0//(51300 + 551x010)5ds)(5$0101)2 — 1/2@//($00)(5$0101)2
0
Then the desired inequality is a simple consequence of this equality. O

Lemma 2.5.15. Let y € C11 and o, > 1/3 such that doy € CCT‘QB , 0y € C’C;zﬁ moreover we
assume that y is smooth in the first direction and that there ewists f2 f2 doyday € Cfif’g,fz [ dyday €

C’C;fﬁ,Hgy = [, daydiyday € C'Czljgﬁ,Ggy = [, 01yday € CC217’2 and BYY = [, day [, dy € C’Czléﬁ satisfying
the algebraic relation :

52GYY =0

SHYY = G¥Yday

o1 [, [ dayday = BSY + [, [ dyday

02 B3 = daydy

d2 [, doyday = daydoy

b [ [, dyday = 0yday

01y [y [o daydoy = 81y o1 [, [dyday — [, doy o2 dydoy + HYY
01yday = G5 — [, [ dyday.

o RS G e =
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2.5. ANALYSIS OF A TWO-PARAMETER INTEGRAL

Then for ¢ € C*(R) the following equality holds :

5/ (y / / dy + / W)o1uday + & (1) b2y + (1)

where

= ”(y)ﬁl//dwdzy-iﬂ@m(y)((sly 01//dyd2y)

T Aal(82 () — " (9) B2y — & (9)Sry 01 69)5ay + 2 () /2/2d2yd2y

" (y)(dy 01//dyd2y )+ 026" (y) (61y 01//dyd2y

Proof. By the one dimensional change of variable formula we have

52p(y) = / & (y)day = (1 — Asba) (p(1)b2y + " () / / dyyday) (2.67)

Then if we apply 01 to this equation we get

5p(y) = (1 — Aabd2) (¢’ 1)y + ¢" (y) BYY + 019 () 02y + 019" (1) /Q/deydzy +¢"(y) /2/dyd2y)

= [¢) [dr+ 0= A o+ 01 w) [ [ ooy 070 [ [ oy

Expanding the two terms 61¢'(y)d2y, 519" (y) [, [, d2yday and using the algebraic assumption gives

(2.68)

519" (y) 02y + ¢" (y) / / dyday + 614" (y) / dyday = ¢"(y)GY + " (y) HYY — "' (y) / b2y 02 Syday
2 2 2

+ (¢ () 102y + " (y)*! /2 /2 doyday+

¢"(y)(d1y 01/2/dyd2y)

Now if we combine the fact that (1 — Azds) f2 doy 09 0yday = 0 (ie: f2 doy 09 dyday € CC%;SB , 09 f2 091y 09
dyday € CC;}’;’B) with equation (2.68) and (2.69) we obtain that

(2.69)

5 / / dy + / W)Sruday + (1 — Aaby)(! (4) b2y

+ ¢ (y)ﬁl/Q/deydzyﬂO'(y)(&y o1 /Q/dydzy)

then to obtain the needed result it suffice to expand the last term of this equality ]
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CHAPTER 2. ROUGH SHEET VS MALLIAVIN CALCULUS

Lemma 2.5.16. Let y € (C1,1 satisfying the assumption of lemma 2.5.15 and ¢ € C3(R) then we have
the formula :

(820" (1)F! — " ()" 62y — " (Y)61y 01 6Y) s sptrty = /[ . k@ (ysyty + kO1Ys snty )ARAK (6ys, spty )
0,1

+\/[ 2 k90<iv> (ysltl + kk/61y5152t1)(52y5152t1 + kk/5y5152t1t2)dkdk/(261y5152t16y5152t1t2 + (6y8152t1t2)2)
0,1

+/ ];L)D(v)(ysltl +E61y3182t1 + k”52y51t1t2 +Ek//6y3182t1t2)(62?/3182151 + kk,6y51s2t1t2)Qdkdk/dk”(élyﬁww)2
[0,1]3

(2.70)
where k = kk' and k = k(1 — k) in particular this give us that r1(y) € Cﬁgg”g
Proof. By the usual Taylor formula we have that
5290/(y)2182t1t1 = /[0 1t k((pm(ysm + Eélyslsﬂz) - 90///(y81t1 + E51y5182t1))dkdk/(51y5182t2)2
+ 2/[ 2 k@///<y81t1 + E51y5152t1)dkdk/élyswztl 53/8182?51?52 (2'71)
0,1

+ /[ 2 k;@///(yﬂm + Eélyswzh)dkdk/(éyswztltz)Q
0,1

Let denoted by as, s,¢,1, the first term in the r.h.s of this equation. Then if we remark that (51, s, )> =
(81Ys 5911 )% + 201Ysy 5981 OYsy satrty + (0Ysysotety )2 and using Taylor formula once again we obtain

Qsqtysaty = /[0 " ks@(lv) (ys1t1 + k?k'/&lyslsgtl)dk‘dk;,52yslt1t2 (51y8182t1)2
+ /[0 " k;2k‘/80(l‘11)(y$1t1 + kk/(slyslszh)dkdk?,(islyslsm)25y5132t1t2

+ /[ }3 E@(v)(ysltl + Eélyslsgtl + k,/52y81t1t2 + Ek:,/(syslsgtltg)(52y5132t1 + kk/5y8182t1t2)2dkdk/dk”
0,1

X (51y8182t2)2
+ /[0 12 k@(w) (y81t1 + kk/51y5152t1)(52y8152t1 + kk/5y5182t1t2)dkdk,(251y5182t163/8182t1t2 + (5y5132t1t2)2)

(2.72)
The two last terms in the r.h.s of this equation lie in the space CC;E"M then we will focus on the two
first denoted respectively by al Lsotyt, and agl sot1t,+ By integration by part formula we get

1 1
/0 k2k/90(w) (y51t1 +kk/51y5152t1)dk51y5152t1 = 90///(y51t1 +k/51y5152t1) - 2/0 k@/”(ysuh +kk/51y8152t1)dk3

multiplying this equation by 01Ys, sot; 0Ys, sot 1, and integrating over k' give us
1
a§182t1t2 - / 90///(yslt1 + k/61y5152t1)dk/dlyswztl(syswzmtz
: (2.73)
_ 2/[ . k(p///(ysltl + k51y5152t1)dkdk’51y5152t1 OYsy sotyts
0,1
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on the other hand
ai152t1t2 - /[0 1]2 So(w) (ysltl + kk/51y5152t1)dkdk/(51y8182t1)262y82t1t2
- /[O 1 SO/,/(ysltl + kélysttl)dk51y8152t15y5152t1t2 (2-74)

= (90//(3/)ﬁ1523/)5152t1t2 - /[ ](@/,/(y&h + k61y5182t1) - 90”/(3/81151))dk51y8152t15y5152t1t2
0,1

Then if we combine equations (2.71) (2.72) (2.73) and (2.74) we obtain the needed result. O

Now what we have in mind is to take y = x! in this last two lemma but for this we need to construct
L5 s doztdyz! and S dz'dz! then as usual we must add some algebraic conditions

Hypothesis 2.5.17. Let o, > 1/3, z € (C11, a = 1,2 and we assume the ezistence of Pi* =
fa fa dexdex € (Ci’QZ’B and QF = fa [ dzdax € UC;’ZZB satisfying the algebraic relation

1. 04 PF" = 6qxdgx

2. 05 PT" = BY 4+ Q"

3. 62Q%" = dxdqx

4. 6z Py* = 6,2Q%" + HI" — [ 0qx 04 dxdax

5. 0570 = GE* — Q%

where fa 3004 02da® = Ng((0470402)00x + Iz QLF + 2 PI* — 605 QEF) and BE*, HY are the iterated
integrals given respectively in the hypothesis 2.5.1 and 2.5.11.

With this hypothesis we define

<//d2w1d2m1> = (Py")otrts + (B3 )ortsts + (@5 )ortsts + (s — 1)K )ortr1,)
2J2 s182t1t2
and
([ Jartaart) =0 = s (P s + (2 = DIEF o)
2 S182t1t2
Now all the ingredients are ready to prove our main result

Theorem 2.5.18. Let v € CCi’lﬂ and ¢ € C5(R) such that hypothesis 2.5.1, 2.5.8, 2.5.11 and 2.5.17
are satisfied then o(z) € K&P

Proof. Let R! the remainder terms given by 2.66 then if we put y = 2! in the lemma 2.5.15 we obtain
R' = /g@’(xl)/dxl Jr/tp//(:nl)élmldgzl +g0/(931)ﬁ152:1:1 + 71 (zt)
2 1 2

Now if we observe that :

wMM@fmz<[¢@5L¢ﬁ+[¢mﬂ@ﬂwﬁm—mu>
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CHAPTER 2. ROUGH SHEET VS MALLIAVIN CALCULUS

where v1(z) is given in the lemma 2.5.14 we get that RY = r1(z!)g — vi(z)g and RE = (ro(2?) —
vao(z))o then by the proposition we obtain that Rp = ri(z')g — vi(z)o + re(2?)g — va(x) — RE of
course this relation give us the needed regularity of R on the unite square but if we take Xg =

T, 4s(so—s1)it1+t(ta—t,) OT (8,1) € [0, 1]? then is easy to see that X satisfy all the algebraic assumption

and that RY Ré{ which give us the result for any rectangle. O

s182t1ty

Now to simplify the notation we introduce the following definition.
Definition 2.5.19. Let x € (C11 a sheet satisfying the Hypothesis 2.5.1 ,2.5.8 ,2.5.11 and 2.5
then we denote by X the collection of all iterated integrals giving in these Hypothesis and we call zt
Rough-Sheet associated to x and then we define Ho g the space which contain the rough sheet as the
product of the Holder space giving in these Hypothesis equipped with the product topology.

Now we have the following lemma

Lemma 2.5.20. Let py1,p2 € (0,1), 2!, 2% two increments lying in CCYY™, and ¢ € C3(R). Then we

have:
010(2 )10 S ( sup |<P(33§t)|> 1162 |,1.0 (2.75)
s,t€[0,1]2
and
No oo (@(z') — 9(2?)) S Ny opo (@' = 22) [+ Ny o (&) + Ny (22)] (2.76)
p1,p2 \ P\ L p\r ~ Cxl 22 Npy,p2\ L x p1,p2\ L p1,p2\T .

where we recall that Ny, p,(.) has been defined at equation (2.31). In the relation above we have also

set
3 . .
2= sup @i+ sup [P ()]
1=1 (S,t)€[0,1]2 (S,t)€[0,1}2

Now using the concrete expression of the remainder term obtained previously, the continuity of the
sewing map and this lemma we get easily the following continuity theorem.

Theorem 2.5.21. Let x € C’Ci’lﬁ and T € C’Cf‘fsatisfying the hypothesis (2.5.1) ,(2.5.8) ,(2.5.11)
and (2.5.17) and ¢ € C¥(R) then there exist a polynomial function K € C([0,4o0[,[0,4+00[) such that

le(2)f = 0(@) 20,28 S CEIXlIr0,5 + 1Kt )X = Kl

and then

[ e [[ o] || [ et [] oo

where dw(z) := dizdez, w(T) == d1ZdeT and C =3 ey g 1™ |oo.nr and M = ||z + [|Z]|o

Sas CE(IXIata 5 + 11Xl
’/B

X HX - XHHu,,B
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2.6. ENHANCEMENT OF THE FRACTIONAL BROWNIAN SHEET AND...

2.6 Enhancement of the fractional Brownian Sheet and Stratonovich
formula

Let (Q, F,P) a probability space, in this section we construct the rough-sheet associated to the
fractional Brownian sheet x. Before staring with probabilistic computation let us recall the definition
of such process.

Definition 2.6.1. The process (¥st)(s)ejo]2 defined on the probability space (Q, F,P) is called frac-
tional Brownian sheet with hurst parameter o, 8 € [0,1] if x is a Gaussian process with covariance
function

Riystrty = 1/A(|s1|* + |52|* + [s2 — s1|*)([t1]” + [t2]” + [t2 — t1]7) (2.77)

With this definition we recall the following harmonisable representation for the fractional Brownian
sheet

is€ 1 itn _ 1 .
law e e
'™ [y e 279

where W is the Fourier transform of the white noise W. Let us now state some extension of Garsia-
Rodemich-Rumsey Lemma (see [35]) which will be useful to estimate the Holder norm of our subject.
Lemma 2.6.2. Forp > 1 and o, € (%, %] there exist two non negative constants C1 = Ci(«, 3,p)
and Cy = Cy(a, p) such as for every y € (Cy and R € Cy we have :

18llas < CLUZ, 2 5.5 ,(09)

and
1R]la < Cz(U;%,p(R) +118'Rl|a)
where 1
n ‘Vs%s;...s{bsg\p 141 nan g
Ultiao,som p(V) 7= (/{0’”2” wdsldSQ...dsldSQ)
forV e ngm

Proof. Let (s1,s2,t1t2) € [0,1]* then by the Garsia-Rodemich-Rumsey Lemma we have that :

5 P =6 ) P < ty — to| P 019 s1 5010 ~ Yesrsapu g
| Y(s1,82),(t1,t2) 7 = 101Y(s1,82)t2 1Y(s1,82)t1 SewBp | 2 2 0.1]2 ‘1)2 —U1|6p+2 V1dv2

Now we remark that :

10U (s1,50),t1,t2) | = 101U (1 ,50)t2 — O1Y(s1,80)t1 | = 102Usn(t1,t2) — 02Uy (t1,2)]

Then if we apply the Garsia-Rodemich-Rumsey again we obtain:

Jy [?
D _ apl4. _ 4.18p | (u1,u2)(v1,v2)
’(Sy(s1782)7(t17t2)| 50@5&0 |81 — 82|*P[t2 — t2] ////[071]4 lup — u2’ap+2’v2 —_ 02‘51)4_2 duydusdvidog

For the proof of second inequality we refer the reader to [30]. O
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Now our strategy is to regularize x in the following way: VN € N we put

is§ 1 itn __ 1.

N & e

Ty = K, // W(d¢,dn) (2.79)
t ? J e i<y IElRHI2 n|B+172

so we are able to define

ifeis§ inem’ “
Noexl = K, / / W (dg, dn)
' ] el iy [E0FT2 n]P 172

And this allows us to construct rough sheet associated to 2 denoted in the following by X" Now we
will set out the main theorem of this section which will allow us to say that the fractional Brownian
sheet can be enhanced in a rough sheet.

Theorem 2.6.3. Let 2V the process given by the equation (2.79) and XV the associated rough sheet
then there exists a random variable X € Hy p such that XN converges to X in LP(Q, Hyp, 1) for all
(h,}',p) € (3,0) x (3,8) x [1,+00).

To prove the theorem 2.6.3 we will need the following lemma

Lemma 2.6.4. Let o > 1/3 and the function defined on R? by :

1 S
Q(&,m) ::/ dseisg/ dve™"
0 0
then Q satisfies

1. Q€ —¢) = UseosldHitesin(e)),

L Q61,6) S -

1 1
8. Q(&1,&) S ezl T EiFealm]
4. Q&1,&) S 1.
e e dgdn < oo
where i € {1,2}.

NS}

[

Proof. The properties 1,2,3,4 are easy to establish by a direct computation only the prove of the last
assertion claim a bit more work. Indeed we begin by decomposing the plane in three region D, U and
V given by :

L D= {(&n) e R%|¢ +q) < 2l
2. U ={(em e R |+ | > el |

3. V=(DUV)

Now when (£,7) € D we have that 2/3|¢| < |n| < 3/2|¢| which leads us by the third property given in
Lemma to obtain the following bound :

1
< ___ -
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and then

|Q(&,n)? 1
G e < / / ey
//Dn{|f+n|zl} [§[2 et ern|> 1l 520ty 1E11E + n)?

+oo 1 +o0o 1
5/ dv2/ du—— < 400
1 V7 J2 U

v

Now if [£ + 7] < 1 we can estimate the integrand in the following way :

Qe 1

T~ Jefe

where v € [0, 1] and then we get :

1Q(&,n)[? / /
=2 WL qedn < | dw < 1o
//Dﬁ{wﬂ} |€[2—t]p[2e—1 ¢ . u4a—2w

as soon as v € (2a — 1,2« — 1/2) which shows that the integral is finite on D. Now on U and V we
have that |£], |n] < |€ 4+ 1| and hence we can estimate Q by:

1

<

then we obtain

2
/l el dean s [ Jen e dsdn < o
wuv)n{lel>1mi>13 1§17 Hnl [1,400)2

In the region of U and V where ||, || < 1 we bound the integrand in the following manner.

1Q(&,n)I?

1-2
|£|2a 1|77|2a 1~ |§ | “

then

\9(5777)’2 1—2 2
O e, < / e[ 2de
//wuvmﬂagl,mg} R Ul ( {|§|§1}‘ | )

The same bound for the region (U UV)N{ly| < 1,|z| > 1} combined with the fact that Q(§,n) <
min(|¢]~%, [n] ") gives

(&, o), —2a

1Q(&,n)] < |g|Ti2a )y 20t

|£‘20¢ 1’ ‘204 1~

This shows that our kernel is integrable on (U U V)N {|¢| < 1,|n| > 1} and by symmetry we obtain
the integrability in the remaining area which completes the proof. O

2.6.1 Proof of theorem (2.6.3)

Proof. We will decompose the proof of the theorem in two step. In a first step we give the bound
for the rough sheet XV in L?(Q) for fixed parameters and in the second step we will use a variant of
Garsia-Rodemich-Rumsey inequality to proof that our sheet is a Cauchy sequence in LP(€2, Hp, p).
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CHAPTER 2. ROUGH SHEET VS MALLIAVIN CALCULUS

Step 1: Estimation. Let AVM* .= ANz _ AMz — §(pN _ M) for M < N and similar notation for
all other terms of the rough sheet. Now is not difficult to see that

|ei52§ _ eislg‘Q |eit2’l7 _ e’it177|2

EANM:E 2:/
Mt diEemllocnangy 161120 In|t+28

S (s2— 51)2&(t2 - tl)w(l%)(ﬂ,sz)(tl,w)

dédn

where

(I%)(Sl,SQ)(tlth) - |x’—1—2o¢‘eix - 1‘2‘y‘_1_2ﬁ‘6iy - 1‘2d.%'dy

/{l((t2—t1)$7(52—81)y)||oo>M(82—81)(t2—t1)}
And let us remark that for («, 8) € (1/3,1/2] we have :

/ €712 1212 1]dédn < +o
RQ

these imply

M
sSup ‘(IA )(31,52)(t1,t2)| < +0o0
MeN,(s1,s2,t1,t2)€[0,1]*

and
lim (IA )(31,82)(1517752) =0

M—oc0

for s1 # so and t; # ta. Now in what follows we prove similar bound for the other component of the
rough sheet. By Wick theorem

E(ICET ) w1 = | LU A e (6 —E)EP + / (KM 1)) (€5 m) [PdEdn

(2.80)
T / ) G, €)dédn)

where

KM Y = S o) T (€ Xy
(s1,82)(t1,t2) N |€|at1/2|p|e+1/2 515215 €1 |BH172|py |B+1/2 t1t2\S 5 {1(€:€" nm") oo €[M,NT}

for € := (£,&') € R? et = (n, 7)) € R? and Qy,,(€,1) 1= ™16 (53 — 51)2Q((52 — 1)€, (52 — 51)1)
with Q is the function defined in the Lemma (2.6.4), which gives us by change of variable formula that

|( 51752 (t1,t2) )(E 77)|2d£d77 S (82— 51) “(t2 - t1)4ﬁ(lé”M)(s17s2)(t1,t2)

where

1M Q& n)? 12 )P
(Q7X%M@@V:/mMKﬂﬂﬁwsﬁmzmg@tMNMM4Knhl wwwldﬁﬂ

Now the Lemma 2.6.4 gives :

[ 12enrioe.
N
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and then

LM
sup (LG ) (s1,80) (11 ,t2) < +00
MEeN,(s1,82,t1,t2)€[0,1]*

and

) M
lim (Ié' )(51,32)(t1,t2) =0

M—o0

for s # s1 and tg # t; and by Cauchy-Schwartz inequality we have :

R R I\ S XS S U I A T Y

Then is remind to bound the first term appearing in the sum of the equation (2.80), indeed

|/ KM 10 am) (& —E)dEP < (52— 51)** (2 — 1) (I2M) (6150 (1112

where
(IE" ) s10)01,12) = /RQ XI5z (ta—t0)&/ ooz} €] T2 1E 27 (1 = cos(€))(1 — cos(€'))dede!

then is no difficult to see that Ié’M satisfies the same property that Ié’M.Now if we put Ié/[ =
2M LM )
o +1I77 is easy to see that :

E[CRME 1)) S (52— 5121 = 102 (T )02

when (I}) satisfy :
sup () (s1,50) () < +09
MEeN,(s1,82,t1,t2)€[0,1]4

Jim (I (51,50 (b1,02) = O

for so # s1 and tg # t1. All the other term of XV can be estimate by the same argument and satisfy
the same type of bound to see these let us treat a more complex term of the rough sheet.

E[|(E{Vme)(S1,S2,Ss,83 t1,t2 ZZZ

where (Z;); is the different Wick-contraction given by:
1. Iy = [ |(GRM )(a, b, c)|>*dadbdc

(51752733a84)(t1 t2)

2 fR2 ‘ fRQ 81,82,83,84)(t1,t2))(a7 b, —a)da|2db
3. I3 = [go| Jgol Gfgf”m o)t 1)) (@ = b)da|?db
4. I4 - fR2 ‘ fR2 81782,83,84)(t1,t2))(a7 b’ _b)db‘Qda’
— NM NM
5. I = fRG G(31,32,83784)(t1,t2))(a’7 b, — )(G(sl 32753784)(7&17752))(17 —c)dadbdc

6. Zg = [pe(GEM )(a, b, —a)(GNM )(¢, —c, b)dadbde

(51,52,53,54)(t1,t2) (s1,52,53,54)(t1,t2)

7. Ir = [pe(GNM )(a, —a,b)(GNM )(a, ¢, —c)dadbdc

(51,52,53,54)(t1,t2) (51,52,53,54)(t1,t2)
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8 Is =I5, Ty =Ts, o = Ir
9. I} = fRG(Ggf\éws’&l)(tm))(a, b, C)(G£%2,33,54)(t1,t2))(Uk(a)vUk(b)vUk)dadbdc

where o , k € {11,12,13,14,15} is a permutation of three elements different of identity and for
a=(a,a"),b=(b,¥),c=(c,c) € R? the kernel is given by :

NM o iaib ia'ic ;o
(G(51,sz,saﬁs4)(t17tz))(a’ b,c) := <‘a|a+1/2’b||a+1/2 Q15 (@, b)> <‘bx|ﬁ+1/2|2/|ﬁ+1/2 Qui (U, ¢ )>
ei54c _ eisgc eitla’ -1

X < |C’a+1/2 ) ‘a/|,8+1/2 X{H(a,a’,b,b’,c,c’)HOOE[M,N]}

The study of theses integral is confined to study the first four term in fact if £ € {11,12,13,14,15}
then by Cauchy-Schwartz we have |T| < T , |Z5|? < ToZy , |Z6|? < ToT3 and |Z7|? < I37,. By variable
change formula we have that

IZ1] S (52— 51) 1% (54 — 53) 2% (b2 — 1) P63 (1M,

51,52,53,54)(t1,t2)
where

(1) - Qa2 | Q. ) |6 — 12 e — 12
E1)(s1,82,53,84)(t1,t2) *— RS X'D%525354t1t2 |ab[2e—T |a’b’]25*1 2ot |c|25+1

dada’dbdb dedd

where X is the Indicator function and DY, _ . ., is decreasing to the empty set when M tend to

infinity for sy # s9,t1 # to and s3 # s4 these statement with the fact that :

2 /2 ic_12 iz_12
/ |Q(a‘?b)| |Q(b7c)| ‘6 ’ |€ | dada/dbdb/dcdcl<+oo
R

6 |ab]2e—1 |a/W/[2-T |c[2a—T [z[26-1

give us that

M
sup (IE1)(81,82753,84)(t17t2) < 400
MEeN,(s1,52,53,54,t1,t2)€[0,1]6

and
. M
Ml_lg_loo(IEl)(81,82,83,84)(151,152) =0

Now by Cauchy-Schwartz we have :

e A R L e

(/ ‘a/|7172,3|6it1a/ - 1|2da/>
R

all these integrals have already studied and then we obtain the good estimate for Zo. The estimation
of Z3 and 7, is obtained by the same technique.
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Step 2: Convergence of X”. We prove some Garsia-Rodemich-Rumsey inequalities for our objects
and then we obtain the convergence of the sheet X~. To give an idea we will first show the convergence
of our first term in fact by the Lemma 2.6.2 and the Gaussian hypercontractivity we have that :

NM
E[HANMIHP ] Show // Asls2gt2|p] dsidsodtidis
h, h ~ Ny NeNe} [0 1]4 |82 . 51‘hp+2|t2 _ t |h’p+2

< //[0 . |50 — 51| @2ty — 4| FTOP2((IN) () o) (t0.0)) Fds1dsadty i

where h < a and b/ < 3. Then if p is large enough these last Integral go to zero when M go to infinity
by dominate convergence and this give us the convergence of AVM% Now we will do the same work
for the other terms and for this we must establish the following estimate :

Lemma 2.6.5. let z and y two smooth sheet, (h,h') € (0,00)% and p > 1 then the following inequalities

|| B* — Byszh n Sh W \p (Uzzh,h',p(sz - B%y))p + (Ugh,h’,h’ (D37 — Dgy))p + [|61202 — 51y5y\|§’h,h/
p
102 = 0y} 2 2 (192 s 22 + 16012 s 2)7

1C%* = C¥\15) o St p (U o ,(CF — C¥9))P (U;f’h+ (D37 = D3¥))P
(U}?h Qh/+ p(DiZZ - Dzl/y))p + ([l — 5?!”h+%,h'+%(‘|52Hh+%,h'+% + H53/|’h+%,h'+%))p
||DT* — Dyy”gh on N (Uf?,h,zh'(Dizz - ley)p + (||62z — 5y||h+%,h’(||5z||h+%,h’ + ||5y‘|h+%,h’))p

hold.

Proof. Let us prove the three first inequalities because all the others are obtained by the same tech-
niques. Lemma 2.6.2 applied in the first direction and using the fact that 6; Bj* = 6120z we obtain
that

B — BY) i ugtits P
B _ B P ,Sh W ools2 — 81 2hp / |( 1 1 Juiustits duydus
|( 1 1 )3152t1t2‘ ) ,p| ‘ ( [0,1]2 |’LL2 _U1’2hp+2 (281)

+1[(01202 — 6196Y) 4112 [5,)
Now we have to deal with the other direction. The second term appearing in the right side of this

inequality can be estimated by [ty — t1]"?||01 20z — 61y0y|l5,  for the first term we need to apply
Lemma 2.6.2 once again

B#* _ Byy P ,
/[01]2 ‘( 1 1 )u1u2t1t2| dulduQ Sh,h’,p ‘tz o tl’h p((UZQh,h’,p(sz _ leJy))p

”U/Q _ ul‘th-i-Q
+/ 1102(B5* = B )uyus. |
[0,1] ug — uq PP +2

(2.82)

du1 dUQ)

81



CHAPTER 2. ROUGH SHEET VS MALLIAVIN CALCULUS

then it suffices to note that

”(52(sz - B%y)uwz-Hp/ = H(/UDZZ - M2Dyy)uw2~”£/

S H(D Dyy)“l“Z Hch/@)chl

DZ% — Dyy P
Sh,h’,p/ |( 2 2 )u1u2v1v2v3v4| dvldvgdvgdv4

4 [vg — v3[MPF2 vy — vy [MPF2 (2.83)
Shntp [u2 — U1\hp+2((U[Z’+ o (D37 = D3¥))P

(62 @2 62 — 6y @2 6Y) o1 vpvsva| [}
_|_/[ ]4 kil h+2/pd111d1}2d1}3d1}4).
0,1

g — vg|PH2|vy — vy |[PPF2

Now the last term in the right side of this inequality can be bounded by ||dz—dy| ]ZJF 2 2 (162l 2 pry2+
pl e P
10yl]j,4-2 ps42)P then putting all these bound together gives
p’ P

1B5 — B\ St o U p(BE — BIP + (U (D5 — DY) + (181262 — 16yl
1162 = 0ull7 2 2 (16212 o2 + 100l 2 rs2)”

then we have prove the first inequality. Now by the Lemma 2.6.2 once again we have that
2h, 1
O oty = Clsptitn| S 52 = 8117 (Uap p(Cr, — O, )P+ 1101(C%F = C%) 11, 15,)
with 61C;; = p1D7? then by same argument has before we have

161(C% = C") oI, St p [t2 — 01" P(((U},  aw (D — DY))P

! (2.84)
5th+%’h,+%(|](52\|h+%7h/+% + H519Hh+§,h’+%)p)
and
(Uan p(C3ity = CHDP Showp b2 = 61" P (U3 4 , (CFF = C¥))P
162(C% = C¥)uyuy. |1y
duid
! /[0 12 |ug — ug [P H2 e
Shwp It2 — 1122 (U2, o (CFF = CV))P 1 (U23h+ o p(D5* = D57))P
p
+ 16z — 5y||h+%,h’+%(”62|‘h+%’h'+% + ||52Hh+%,h'+%)p)
(2.85)

Putting these two bound together we obtain the second inequality. This concludes the proof of the
Lemma O

To obtain convergence of all the term of the rough sheet is suffices to take z = X~ and y = XM
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in the lemma (2.6.5), indeed let us give an example :

_ _ —h \p— D
E[||CNME (D, o] Sh,h',p/ e — ug [POTIP2gg — 0y PETPIPT2TA) () o) (01,09) ) 2 dun duigdvy dug

)

+ /[0 " g — g |2OTRIP= gy — gy |B=IP=2y, vg\(ﬁ_h')p_g((fgé)(ul,uQ)(m,v27v3,v4))%dmdqumvadvsdm
+ /[o o vy — vy |24 gy — g |(@RIP=2 gy u3‘(a_h,)p_2((lg1)(ul,UQ,U3,U4)(U17’U2))%dvld’UQduldu2du3du4

FEQAYM 2 PE6E o s2sp + 102 pospnap) 1Y

where we used that our term is in the second chaos of W and the Gaussian hypercontractivity (see for
example [71]). Then if p is large enough the three first terms of right side go to zero when M tend to
infinity by dominate convergence and the last term was already studied this allow us to conclude that
CNXX is a Cauchy sequence in LP((2, CC;Z’%/). The other terms can be treat similarly . O

Do to this construction and theorem (2.5.6) we are able to define the two integrals

[ rwae, [ 7

for a function f € C'°(R) and then our goal is to use the continuity result (2.5.21) to obtain the
Stratonovich Change of variable formula, for that we need an another assumption on the function f
which allow us to control the constant C' appearing in (2.5.21).

Definition 2.6.6. Let k € N, we will say that a function f € C*(R) satisfies the growth condition
(GC) if there exist positive constants ¢ and A such that
1

A d D) < cerle? ¢eR. 2.86
= Tmaxg ey (BIR) e [FEEO] < ce™™ Jorall g € (2.86)

Remark 2.6.7. This last definition depend on the covariance function of the Gaussian process x where
here is given by the fBs.

And a preliminary result ensures that 2"V satisfy some uniform exponential integrability.

Proposition 2.6.8. There exist A\ > 0 such that

sup E [e’\s‘lp(s,t)e[o,l]2 |mév:f|2} < +o0. (2.87)
NeN

Proof. We now by the Theorem(2.6.3) that limy oo E[[||z" — z||? | =0, which imply that

a—e,f—e

supE |[|eV|[%_ 5| < +oc
n

a—e,f—¢

We now focus on the exponential integrability of sup XV. Notice that for a fixed N one can easily
get those exponential estimates thanks to Fernique’s lemma. However, we claim some uniformity in
N here, and we thus come back to uniform estimates of moments in order to prove (2.87). Let then
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r = max(| 2], ngl_eJ) + 1 and remark that [|[ X" <o [[X|ce. We thus use a decomposition of
the form E[e**"Pe.0e012 [75:*] = LN (\) 1+ 12N ()), where

I
—

") =
l

| >
+
8
>:

E[j2V%), and I*NO) =35

l=r

, E[[l2"™[13)-

Il
=)
o~

We now bound those 2 terms separately: one the one hand, it is readily checked that

I'™(\) < max sup E[||zV]|%] < 400,
1=0,...,7 NeN ’

for ¢ < min(a, 3). On the other hand, the bound on I?"()) is obtained invoking Lemma (2.6.2) again.
Indeed, starting from expression appearing in (2.6.2) and introducing a standard Gaussian random
variable N, it is easily seen that

[|6‘r8152t1t1 |2]l

’52 — 51 |2k+2‘t2 — tl |2le+2 dsldSthldtQ

E[l2V 2] < Core BN /

0,112

with N is a Gaussian random variable A/(0,1). Now we have

5 ‘ezsgm_ 151§| ’eztgn_ zt177|2
w0 k] < [ e
E_112|1,m _ 112
2 2 e’ —1["]e 1] 2 2
S A

Furthermore, it can be shown that Cy;  ( is of the form M U for a given M > 1. Thus

supEf|a||2] < M'E [N]
neN

from which the relation I%™()\) < oo is easily obtained. This finishes the proof of (2.87). O]

Now is not difficult to obtain the following result

Theorem 2.6.9. Let f € C19(R) function satisfying the (GC) with a small parameter X > 0 then

:// f(z) dx+//f” (v) dyzdax (2.88)

moreover the following convergence Hold

/ / f(z™N)dgn N 7Fee / / f'(x / / " (2M)dzNdgaN N / / f"(z)dyzdez  (2.89)

in LP(Q,Co5™ %) fore >0 and 0 < X < A(p).
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Proof. Du to the Theorem (2.5.21) we have that

[ e [f 510

Then using the Holder inequality we can see that the needed convergence is only due to the fact that

S CVE (XN + [1XIDIXY — X

a—e,B—¢
a—e,f—e

E[IIXY = X|l3—c 5] =V 7F0, s%pE[K(HXNH + XD’ < +oo, SRPE[(CN)C] <00

for some a, b, ¢ > 0, Now the two first affirmation are given by the theorem (2.6.3) and for the third is

suffice to recall that 0

O — Sup 1FD(g)] < eMlallze eIz
i=1 &< [zlloo+ 2N oo
where we have used that f satisfy the (GC) and then using Holder inequalty Fernique Theorem and
(2.87) we can see that supy E[(C™)¢] < +oo which gives the convergence (2.89). Now to obtain the
formula (2.88) is suffice to use the fact that

No—epe(f@@™) = f(z)) =740

in LP(2) for p > 1 du to the Lemma (2.5.20) and the fact that supy E[(CY)P] < 400, and this end
the proof. O

2.6.2 The Brownian case

In [19] the authors give a definition a la Itd for the multidmensional integral in the case of the
Brownian sheet, the aim of this section is to compare their notion of integration with the integral
previously defined. More precisely we will show that the two concepts coincide when the rough sheet
is understood as It6 meaning. In all this subsection z is a Brownian sheet and X!t the rough sheet be
associated where all the iterated integrals are understood in the sense given in [19] .

Of course using the same argument as in the lemma 2.6.5 we can see that our objects satisfy the
regularity expected. For example

Bl (B s ]
Ito 1 UL ULV V2
BB ) S [ o i s ity

+ (D5 Yuyuyorve ]
0,1]6 lug — ul|2hp+2‘v4 — vg|WP+2|yy — Ul’h/pH

duydusdugdugdvidog (2.90)

2
T E[ll6120]5, ] + EN02] 2.0 -0),)
but by a simple computation we have that
E[[ (B o0 P] = et (uz — un )P (v — 1)/

and
E[’(Dgtom)uwwwwsm|p] = CI%(UZ —up)P(v2 — Ul)p/Q(W - U3)p/2

then if h,h’ < 1/2 and p large enough then the r.h.s of the equation is finite and this gives that
BitoXX ¢ CCQh " To compare the two definition of integration we will show first that the two definition

of boundary 1ntegral coincide.
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Proposition 2.6.10. Let ¢ € C%(R) satisfying the (GC) then the integral

Ito,b1 *2 b,
0, _
Islthth - / SD('CCStl)/ dStht

S1 t1

with d is the Ito differential admit a continuos version which coincide with

52 to
Rough,bl __
IS182t1t2 _/ 90(1'51&1)/ dstxst

S1 t1
where IT"9MXPL qre given by the Proposition 2.5.)

Proof. Let m = (s;); a dissection of the interval [s1, s2]. Now by definition we have that

Itozby .
ISlSQ£1t2 =P- \71r1|r—1>10 E @(xsitl)(sxsisiJrltth
7

and

Rough,z,b; __ . / Ito,xx
Islsztltz = a.5— ‘}rl‘I_I)lO E @(xsit1)5x5i5i+1tlt2 + ($8¢t1)(B1 )Si5i+1t1t2

1

but

EH Z 90/(3381‘751)(B{tamz)558i+1t1t2 ’2] = Z E[(pl(xsih)Q] E[’(B{té7xw)sisi+1t1t2 ‘2]

7

=1/2t1(t2 — t1) ZE[W/($S¢t1)2](Si+1 — 8;)°

< ti(ts —t1)(s2 — s1)|w| sup E['(ws,)?]
s€[0,1]2

Then is suffice to remark that the term appearing in the r.h.s vanish when |7| go to zero and this
finishes the proof . O

Proposition 2.6.11. Let p € C3(R) satisfying the (GC) and I = {(s;,t;)}ij a dissection of the
rectangle [s1, s2] X [t1,t2] then we have :

. 1 A’
L*(Q) — lim ZSO(CUSJJ‘)CS;;ITWW“ -

. Ito,
LQ(Q) - llm Zso(xsitj)csisoifftjtj_'.l =

and

2 T Rough,zx,bg __
L(2) |1%1\r—r>10 ‘]8¢Si+1tjtj+1 =0
i

),

2 . Rough,wx,bg __
L (Q) - ‘Illlﬁi)lo J8i8i+1tjtj+1a =0
w

)

where JRevghovbe = [/ (x)daa [, dede and JRoushwnbe = [ J(z)dex [, dwdz are given by the
Proposition 2.5./
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Proof. We will prove only the first and third statement, for the two other we have exactly the same

proof. Now definition we have that Cﬁf;ﬁé f f ssfff f f (Sslttl Auvxuv dgtxst and then by independence

of the increment of the Brownian sheet we have that

I
IZSD Zoit;)Cororirtytyin ] = Z L/4E[p(st,)%](si1 — si)* (tj41 — t5)?
7]

SO sup Efp(wer)’]
(s,t)€[0,1]2

This give us the first convergence. Now we will focus on the third convergence which require more
work. In fact by definition

JRRIREO = Ay [01p(x) 1O 4 o (X )y BT
+ Nl(Al &1 1)( ( )ulDIto 4 1 1¥ ( )Elto xz)]siswltjtjﬂ
1 I
= Ald[(sl@(x).tj Ctjcszl +¢ (x>~tj (UlEltowxm)-tthl

TIto, Ito,
+ p1 (Al ®1 1)(90(X)ﬂtl] (Dlto :m).tjt]aq + 5130,(X)-tj (Elto mx)~tjtj+1)]sisi+1
and then we have the bound

h Ito, It
h (sivn — )" (11000(X) 4, Rl CHT l2n + (( ?u[]gl}z\go/(a:stﬂ)H( 107 it llezngen
s,t)e

’ Rough zx,by |
$iSi+1titj+1

pito plto
+ H(p( )t]HQhH( ozz) tjtj+1HCh®Ch + H(Sl(pl( )t HhH( oa?:cm) tjtj+1HC2h®Ch)
(2.91)
By independence of increments in the second direction, this gives:
E[| > IR ah b 2] S 1> (sivn — 50" (a1 + a2 + as + aa) (2.92)
2, %

where
2 Ito,xx (|2
Loay =32 E[l[019(2) 4, [ E[lC e 3]
I ox;rz
2. ay = E[sup, ye o2 | () 2] 3 B (B 07) 4 sty llzngen]
1 I 0,xT
3. a3 = Y0, Elll@(@)%L 1B EIIDL ™) 10541 2ngen]

I 0,xxT
4. ag = Y, B[l10v¢" (@) 1 R EIIE ) 1,40 | onen]

To obtain our convergence it suffices to show that all these terms are bounded. A simple computation
gives :
E(llvp(2).4, ") SB[ sup | (o) ']/ E[||612][3]' 2
(st)€[0,1]2
where the r.h.s is finite. Now the Lemma 2.6.2 gives

Ito,xx
H Ito xx H h / | U1U2tjtj+l|p
€ t]+1 2h ~h,p 0,1]2 |u2 _ ul|2hp+2

‘(D{té,zz)mw%mt itjt1 ‘p
dudus —I—/ 17 dudusdugduy
0,1]4 |ua — uz|"PH2ug — uy [Pt2

then taking the expectation in this last equality and using Jensen inequality we obtain that

Tto,X X
E(||C 0 3] Shep(tivn —t5)? < o0
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where ¢, < +oo for p large enough and then

a1 Snp B sup [ () '] E[||0v] [V (ti1 — 1)
(S,t)€[0,1]2 j

the terms a9, a3 and a4 can be treated similarly and then we obtain the wanted convergence of the
boundary integral . O

Corollary 2.6.12. Let ¢ € C°(R) satisfying the (GC) then the integral

I "

to

5152t1t2 / / mst stxst
t1

where d is a Ito differential admit a continuous version with coincide with

t2
Rough
8182t1t2 $St stxst
t1

where this last integral are given by Theorem 2.5

Proof. let II = {(s;,t;)}i; a dissection of the rectangle [s1, s2] X [t1,t2] then by definition we have that

Rough __ 2 : / Ito,xx / Ito,wx
‘-78182t1t2 - (_w(xsitj)5x5i3i+ltjtj+l + 4 ($5itj)csisi7+1tjtj+1 + ¥ ("Bsitj)csisierltjthrl

(2.93)
Rough z,bg Rough,zx,bg Rough,wx,bg b
+ 5151+1t tj+1 + Jsisi+1t]‘t]‘+1 + $iSi+1titj+1 ) + rsisi+1tjtj+1)
a=1,2
where 7° € (’CH '+ this fact combined with the proposition (2.6.11) and (2.6.10) give us
Rough . It6,x,b1 1t6,x,ba
jslsgtltg =P- ‘1111‘130 Z _sp(xsitj)6$si5i+ltjtj+l + Isisi+1tjtj+1 + I3i8i+1tjtj+1
Now this last converge to the Ito integral in fact
It6,2,b
BT = SO 100 2 <SE[ swp lp(a) V2Bl sup  |wy —wenlfY
ij (s,t)€[0,1]2 [t—t/|+|s—s'| <|I]
which the r.h.s vanish when the mesh of the partition go to zero then we have the result. O

2.7 Stratanovich formula Vs Skorohod formula

2.7.1 Introduction

In [20] the authors use the Malliavin calculus to give a meaning for the Skorohod integral in the
plane for a fractional Brownian sheet x of hurst parameter 1,72 > 1/2 and then he obtain the following
change of variable formula

f($5t) f(O) +/ f (xuv)d Lyv +/ f (xuv)d1xuvd2$uu
[0,s] [0,s]x[0,t]
+ 279172 / / F (@) u® P2 dudo + v, / / FO (@) u® 0?2 LSz, do (2.94)

—l—’yl/ / f(?’)(a:uv)u2711v272d§xu;vdu+2’yl'yg//f(4)(acuv)u4711v4721dudv.
o Jo 1J2
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for a smooth function f satisfying an Gaussian bound, and in [21] he give an extension for this formula in
the case of the extended divergence which more artificial than the usual divergence operator. Our goal
in this section is threefold, first we generalize this formula for a Gaussian process with smooth covariance
function which satisfy some factorization property using the two parameters Young integration theory,
secondly we will focus on the case of fractional Brownian sheet with hurst parameters v1,v2 > 1/3
and using the construction given in the previous section for the rough sheet we show that the formula
still hold true for the usual divergence, and thirdly we point out the link between the path by path
integration given by the notion of Rough-Sheet or the bidimensional Young theory and the different
type of the Skorohod integrals in the plane. Now we introduce some notations which are specific to
this section.

Notation 2.7.1. We shall drop the index n of approximations in x™, which means that x will stand
for a generic smooth path defined on [0,1]2. For a smooth function ¢ : R — R, we also write y for the
path p(z) and for all j > 1 we set 47 = pU)(z) and y?" = @) (z™).

Before starting to give our main result we recall in the following part briefly some tools of the
Malliavin calculus.
2.7.2 Malliavin calculus framework

We consider in this section a centered Gaussian process {zs.; (s,t) € [0,1]?} with covariance
function E[z 4,4, Zsy:to] = R sa:t1t.. We now briefly define the basic elements of Malliavin calculus with
respect to z and then specify a little the setting under which we shall work.

Malliavin calculus with respect to x

We first relate a Hilbert space H to our process x, defined as the closure of the linear space
generated by the functions {1}y 4«04, (s,%) € [0, 1]2} with respect to the semi define positive form
(Lj0,51]x[0,61]5 L[0,50]x[0,t2]) = sysastit,- Then the map Iy @ 1jg gx[o,] — Zs;t can be extended to an
isometry between H and the first chaos generated by {zs.; (s,t) € [0,1]%}.

Starting from the space H, a Malliavin calculus with respect to  can now be developed in the
usual way (see [53,04] for further details). Namely, we first define a set of smooth functionals of = by

S={f(i(¥1),.. .. [i(¥n)); n €N, f € C°(R"),¢1,... . ¢hn € H}

and for F' = f(I1(¢1),...,11(¢n)) € S we define

DF =Y 0if(Li(#1),- - 11 () Y-
i=1

Then D is a closable operator from LP(2) into LP(§2, H). Therefore we can extend D to the closure of
smooth functionals under the norm

IFllp = (EFP) + E[|DF|5])»

The iteration of the operator D is defined in such a way that for a smooth random variable F' € §
the iterated derivative DFF is a random variable with values in H®*. The domain D¥? of D¥ is the
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completion of the family of smooth random variables F' € S with respect to the semi-norm :

k
IFlep = | BIFP]+ > E(IDIF| ;)
j=1

Similarly, for a given Hilbert space V we can define the space D*P (V) of V-valued random variables,
and ]D)OO(V) = ﬂk’pzlﬂ)k’p.
Consider now the adjoint 6° of D. The domain of this operator is defined as the set of u € L?(, H)

such that E[|[(DF,u)y|] < || F1,2, and for this kind of process 6°(u) (called Skorohod integral of u) is
the unique element of L?(f2) such that

E[5°(u)F] = E[(DF, ).

Note that E[6°(u)] = 0 and
E[|0°(u)[*] < Eflul3] + E[l| DullZgm]-

The following divergence type property of §¢ will be useful in the sequel:
0°(Fu) = Fo°(u) — (u, DF )y, (2.95)
and we also recall the following compatibility of §° with limiting procedures:

Lemma 2.7.2. let u, be a sequence of elements in Dom(8°), which converges to uw in L*(2,H). We
further assume that 6°(uy,) converges in L?(§2) to some random variable F € L?(). Thenu € Dom(5°)
and 6°(u) = F.

Wick’s products
Some of our results below will be expressed in terms of Riemann-Wick sums. We give a brief
account on these objects, mainly borrowed from [52,53].

Among functionals F' of x such that F' € D, the set of multiple integrals plays a special role. In
order to introduce it in the context of a general process x indexed by the plane, consider an orthonormal
basis {e,; n > 1} of H and let ® denote the symmetric tensor product. Then

fn = Z fi1,~~~ ,inei1® B ®€in, fi1,~~- in € R (2.96)

finite

is an element of H&" satisfying the relation:

1 fallZn = D i inl - (2.97)

finite

Moreover, H®™ is the completion of the set of elements like (2.96) with respect to the norm (2.97).

For an element f,, € H®", the multiple It6 integral of order n is well-defined. First, any element of
the form given by (2.96) can be rewritten as

fn= Z fjl...jme;éik1®-~®e®km, (2.98)

Jm
finite
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where the j1,...,J,, are different and k1 + --- + k,,, = n. Then, if f,, € HE™ s given under the form
(2.98), define its multiple integral as:

= > Fivo g Hra (Iiej,)) -+ Hy,, (11 (€5,,), (2.99)

finite

where H}, denotes the k-th normalized Hermite polynomial given by

22 2 Jkl A

_ (_1\k, 5 . k—27

Hi(z) = (—1)%e2 da:k 2 E 23 —3)! TR
i<k/2

It holds that the multiple integrals of different order are orthogonal and that
E [’In(fn)m = n! anHi[@n

This last isometric property allows to extend the multiple integral for a general f,, € HEn by L?(Q)
convergence. Finally, one can define the integral of f, € H®" by putting I,,(f,) = In( fn) where
fn € HO" denotes the symmetrized version of f,. Moreover, the chaos expansion theorem states that
any square integrable random variable F' € L?(Q2, G, P), where G is the o- field generated by z, can be
written as

F=) I(f) with E[F’]= Zn\|fn||H®n. (2.100)
n=0

With these notations in mind, one way to introduce Wick products on a Wiener space is to impose
the relation

In(fn) <>Im(gm) = n+m(fn®gm) (2-101)
for any f, € HO™ and gm € ”H®m, where the multiple integrals Ip,(f,) and I,,(gm) are defined by
(2.99). It F =S 1(f,) and G = SN2 I,(gm), we define F o G by

Ni N

FoG =Y Y Lim(fa®gm).

n=1m=1

By a limit argument, we can then extend the Wick product to more general random variables (see [52]
for further details). In this paper, we will take the limits in the L?(2) topology.

Some corrections between ordinary and Wick products will be computed below. A simple example
occurs for products of f(x) by a Gaussian increment. Indeed, for a smooth function f and g1,¢92 € H,
it is shown in [52] that

f(Ii(g1)) © Ii(g2) = f(11(91)) Ii(g2) — f'(T1(g1)) (g1, 92) - (2.102)

We now state a result which is proven in [53, Proposition 4.1].

Proposition 2.7.3. Let ' € D*? and g € H®*. Then
1. FolIy(g) is well defined in L?(£2).
2. Fg € Dom 6.
3. Fol(g) = 0°%(Fyg).
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2.7.3 Young Vs Skorohod

We define the bidimensional integral for a general Gaussian process which have a "Young-Holder"
regularity and obtain a change of variable formula in this case which generalize the result obtained
in [20]. Now let us specify what doesn’t mean by the Young-Hoélder regularity

Hypothesis 2.7.4. The covariance R of our centered Gaussian process x belongs to the space C*-"%(]0, 1]*),
and satisfies a factorization property of the form

_ 1 2
E[xsl;tlxé"z;tz] - RSlsz;t1t2 Rs152Rt1t27

for two covariance functions R*, R? on [0,1]. In addition, setting R:, = R%, for a € [0,1] and i = 1,2,
we assume that a — RY is differentiable and we suppose that

2R}, — Ry — Ri| S la — b (2.103)
for all a,b € [0,1], with v; > 1. Finally we suppose that (RY)!, = 0, R%, € L>([0,1]).

The first consequence of our Hypothesis 2.7.4 is that the regularity of x corresponds to the Young
type regularity of Section (2.4). Indeed, it is readily checked that relation (2.103) yields

E [(5$8182;t1t2)2] S |S - 3,‘71 ’t - t/‘w'

~Y
Since x is Gaussian, an easy application of Kolmogorov’s criterion ensures that

. vy 1 Y2 1
Qi,02 t _n = = — - 2.104
xECC s with o1 = €1 > —, a9 €y > ( O)

for arbitrarily small €1,e5 > 0. This enables us to appeal to Young’s integration theory given in the
section (2.4) in order to define the integrals

2= // yrde, 2% = // v diazdax

Theorem 2.7.5. Assume x is a centered Gaussian process on [0,1]2 with a covariance function satis-
fying (2.7.4), and consider a function f € C*(R) satisfying condition (GC). Then the increments

1
8182t1t2 / /t' yuvdigxuy, and 23152t1t2 / /t 21»'“1;, (2105)

are well defined in the Skorohod sense of Malliavin calculus. Moreover:

(i) Some Riemann convergences hold true: if ) and w2 are 2 partitions of [s1, s3] x [t1,ts] whose mesh
goes to 0 as n — oo, then

. 1 _ 170
nh_>nolo E Yoi;m; © 6$0i0i+1TjTj+1 = Zsisatits (2.106)
(RS
. 2 _ 270
nh_)ngo g Yosr; © 02Tsiststyn © 01 Tsisiinst; =  Zslanititys (2.107)
n''n
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where o stands for the Wick product in the left hand side of the relations above, and where the conver-
gence holds in both a.s and L*()) sense.

(ii) The change of variables formula for y = f(x) becomes

to
1, 2,
5y8152t1t2 = Zs122t1t2 + Zs122t1t2 / / yuvleldQR + 5 / / yuvR1d2R2 1Luv

to S92 to
t3 / / ya, Rodi R, quﬁz / / y2 RIR2d1RIAoR2. (2.108)
t1 t1

(iii) Ezplicit corrections between z', 2% and z'°, 2

(2.119)).

20 can be computed (see relations (2.111) and

Now we will give a crucial property of the Hilbert space H which allow us to do our computations.
Lemma 2.7.6. Under Hypothesis 2.7.4, we have || f|l3 < || fllool| Rll1-var[o,1]2-

Proof. Consider a step function f =37, a;;j1a,; related to a partition (A;;);; of [0, 1]2. We have

ti rte
Hf”?—[ = Z a”alkRszistjtk Z aljakl/ / / / d12R5152d12Rt1t2

i,5,L:k 1,5,k

= [O 1]4 f31§tl f527t2d12R;182d12R?1t2 g ||f||go ||R‘|1—var;[0,1]4‘ (2109)

The general case now easily follows by density of the step functions in H. O

Let us now recall that we work under the usual assumptions for Skorohod type change of vari-
ables formulae given at Definition 2.6.6 and referred to as (GC) condition in the sequel. Notice that
max, ;e(0,1](RiRF) = maxg yefo1) E[|zs;¢|?]. Thus condition (GC) implies that

]E[ sup |f(:vs;t)|’"] < oo, forall r>1. (2.110)
5,t€[0,1]

We now state an approximation result in A which proves to be useful in order to get our It6 type
formula.

Proposition 2.7.7. Let x be a centered Gaussian process on [0,1] satisfying Hypothesis 2.7./ and
f € CYR) such that the growth condition (GC) is fulfilled for ¢ and ¢Y). Consider a rectangle
A = [s1,82] X [t1,t2], m1 = (8i)i, m2 = (t;); two respective dissections of the intervals [s1, s3] and [t1, 2]
and denote by A; j = [si, si41) X [tj,tj41]. Then

2
lim E Hyle_Zysi§tj1Ai,j )

|71l],|m2|—0 —
Z?J

Proof. Observe first that

Ys; tlA S, t Zysz it LA 3 t Z(ys;t - ysi;tj)lAi’j(Sat)

’j
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from which the following estimation is easily obtained:

‘(ysnﬁ - y5i§tj)]‘Ai,j (s,8)] < ( Sup |y;~t’ max ‘xsutl - x82;t2‘> lAi,j'

(s)eA  Isi—s2|<Imil Jti—ta|<| w2l

Hence if we take expectations in this last estimation and resort to Holder’s inequality, we obtain that

2
Hy'lA - Zysi%tjlﬁi,j
ij =
1/2 4| mi/2 4
<EY2| sup |y JH EY [ . max |Ts:t — Tty } HZlAii
(st)eA |s—s'[|<[m1,[t—t'|<|m2] r 00

Now the r.h.s of this inequality goes to zero when the mesh of the partitions 7y, o goes to zero. Our
claim thus easily stems from the embedding (2.109). O

Proposition 2.7.8. Assume x is a centered Gaussian process on [0,1]? with a covariance function
satisfying (2.7.4). Consider a function f € C?*(R) satisfying condition (GC) and a rectangle A =
[s1,82] X [t1,t2]. Then we have that y!1a € Dom(8°), and if we define the increment 21 = §°(yt1a)
the following relation holds true:

1 So to

1, 1 2 1 2

Zslzwm = 25132;t1t2 - 4/ /; ys;tlesdQRtv (2111)
S1 1

where z' is given by Proposition (2.4.1) and the second one is of Riemann-Stietjes type. Moreover,

relation (2.106) holds true in the L*(Q) and almost sure sense.
Proof. Consider a sequence of partitions 7, = (7}, 72) whose mesh go to 0 as n — oo. The generic

elements of 7, will be denoted by (s;,t;). Owing to formula (2.95), we have that

o1 2
§ 5 ysl, § ysl 513i+1§tjtj+1 - E :ysigtjE[$5i§t,j6w5i5i+1§t]’t]’+l]
ox —Rl YR, —R?,)= A} — A}
- ys,“ 57,51+1,t t]+1 ysl, S iSi+1 S;Sq tjtj+1 tjtj - 1 2-

We now treat those two terms separately.
Step 1: Estimation of AT. The term A} = yii;tjéx
T € Cﬂal’ ? with a1, g > 1/2, it converges a.s to [ y' diax as n goes to 0o, according to Proposition ?7.

sisip1ititi41 18 @ Riemann type sum. Since

The L?(Q2) convergence of the Riemann sums defining A7 is more cumbersome, and we have to
go back to the definition of the Young integral given by Proposition 2.4.1. Indeed one can write

f ft1 Yaadiotor =D fA Ya.4d12% sy, and then using the expansion given in the Proposition (2.4.1)
for this integral we get that

S92 to
/ / yhidiorsy = AT+ (Id — Ad2) (A161) (Y1 02) syt 1
1 Ji Tn

+ Z(Id - A151)(A252)(yl(sx)sisi+1§tjtj+1 - Z Aé(yléx)818i+1;tjtj+1'

TTn Tn
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Furthermore, some partial summations can be performed on the terms Id — A;0; for ¢ = 1,2 and setting
D = fssf tt12 ysl;tdlgxs;t — A} we deduce that

P = 10d = A161)(M262)] (4" 02)sysontty

i

=+ Z [(Id - A252)(A151)] (yléx)5i5i+l;t1t2 - Z Aé(yldx)5i5i+1§tjtj+l'

1
T Tn

Recalling the Holder regularity (2.104) of our process x, we thus obtain

DY S 152 = 51| 1625 0,00 102 oy, D [E41 — 5172

J
+[ta = 01211615 o 0102l ar.an Y Isipr — si**
L
1 . '2041 . i 20
+ 110 a0z 102 o Y [i01 = 86 [£41 — 152,

Tn

Now taking expectations in the last relation and using Hélder’s inequality we end up with

E[ID}*] Ssrsartrtaanan (Imi]** 7% + o[ 19272) EV2[|[52])3, o)

x (BY2(10191 1 0, + B2 1625 18,] + B[94, 0] ), (2112)
for n large enough.
We are now going to prove that one can recast (2.112) into
EHD?P] 581782,151,152,0417042 (|7T1|40[1_2 + |7T2|4a2_2) . (2-113)

In addition combining the fact that E[||6z[|3, ,,] < +oco with Lemma (2.5.20) plus condition (GC) on
the function f, we obtain that

B0, o] (ElI01y" 1 00]/2 + EI025 14,072 + B0y |4, 0] 7)< +o0.

aq,02 a1,002

Hence inequality (2.113) is easily deduced from (2.112), and this proves that A} converges in L?()
to \[:3812 LtlQ y;;tdlzxs;t as n — oQ.

Step 2: Estimation of Ay. Recall that A% is defined by

2 1 1 2 2
SL = Z ysi;tj (Rsi_._lsi - Rsisi)(Rtj_._ltj - Rt]‘t]‘)'
Tn
In order to treat this term, first remark that for kK = 1,2 we have
k k _ 1 k k k
Rsisi+1 - Rsisi - §(Rsi+lsi+1 - Rsisi) + Psisiy1?
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— Rk

Si4+18i+1

k .
nas We obtain

where p¥ = $(2RF — RE ). Injecting this relation in the definition of the term A%

$iSit1 818
and recalling that we have set R¥ = R

2 1 1 2 2
A’g = 1/4 Z ysi;tj (Rsi+1 - Rsi)(Rtj+1 - Rtj)
Tn
2 2 2 1 1 1 2 1 2
+1/2 Z ysi;tj |:(Rt]'+1 - Rtj)p8i5i+1 + (RSH_l - Rsi)ptjtj+1 + p5i5i+1ptjtj+1i|
Tn
= Ay + Apy + Az + Ay

We will now show that
. n 1 [ [ 2 1 2 . - n
lim A3 = 4/51 /n y2,dRid2R?,  and nlggoz;Azj =0, (2.114)
j:

where the limits are understood in the almost sure and L? sense.

Indeed, it is easily understood that the terms A%,, A%,, A3, are remainder terms: according to
Hypothesis 2.7.4 we have that [p,| < |a — b|"", and we get the following inequality for A%,:

B S mm Tt sup 2, (sie—si) [RE L — R
st)EA

Tn

IN

to
a1 sup [l (52— 1) / B2,
(s,t)eA t1

This relation, plus the condition (GC) on f, obviously entails that lim,,_,., A%, = 0 in the almost sure
and L?(Q) sense. The case of A, A%, follow exactly along the same lines.

We now focus on the term A%;: observe that

So to
ay —1/4 / / y2,d1 Rida RY
S1 t1

S92 to
< su 2 max Tst — Lo / / d1 RY||da R?|.
~ (s,t)gA ’ys,t‘ |$—5,|§‘7T1|7‘t_t/‘§‘7"2| | s;t 527t2‘ s t ‘ S|| t |

Invoking the same estimates as before for the Holder norm of  and condition (GC) on f, the proof of
our assertion (2.114) is now completed.

Step 3: Conclusion. Let us summarize the results obtained in the last two steps: plugging rela-
tion (2.114) into the definition of A% and recalling the limiting behavior of A} established at Step 1,
we have obtained that

: o1 o2 "2 1 1 °2 r2 2 1 2
nh_)r&;é (ysi;tleij) - /51 /t1 ys;td12$5§t - Z /31 /t1 ys;tlesdQRt'

where the convergence is understood in both a.s and L?(f2) sense. Furthermore, Proposition 2.7.7
asserts that ) y;,;tj 1a,, converges in L*(€, 1) to y*1a. This finishes our proof of relation (2.111)
thanks to a direct application of Lemma 2.7.2.
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As far as expression (2.106) with Wick-Riemann sums is concerned, recall that we have proved that

6°(ytia) =  lim 6yl , 1a,.).
(y' A) 7r1|77r2|—>()%: (yshtj A’J)

Now invoke Proposition 2.7.3 for k = 1 in order to state that
1 1 1
5<><ysi;t]~ 1Aij) = ysi;tj © 50(1Aij) = ysi;tj < 5msi81+1§tjtj+17

which ends the proof.
O

Proposition 2.7.8 gives a meaning to the increment z'** and compares them to the corresponding
Stratonovich increment z!'. In order to compare change of variables formulae, we still have to define
Skorohod integrals of the form z%°, which is what we proceed to do now.

To this aim, let us start by some formal considerations: it is easily conceived that

S t s t u v
J R R R R () (2.115)
0 0 0 0 0 0

where, similarly to [20], we set

N (W) wuswor = Y 1[0,6x[0,0] (4, V") Lo )[04 (0, ),

and where we integrate firstly in (v/,v) and then in (u,v"). Our objective in what follows is to give a
rigorous meaning to equation (2.115).

Lemma 2.7.9. Take up the notation of Proposition 2.7.8, and consider f € C3(R) satisfying condition
(GC). For a sequence of partitions (mp)n>1 whose mesh goes to 0 define

Tn

o0 = Z ygitj 1[0,Si}><[tj,tj+1](u/’ U) 1[si,si+1]><[0,tj}(ua U/)- (2.116)
i3

Then a™ converges to N(y) in L*(2, H®?) as n goes to infinity.

Proof. First notice that the tensor norm of an element K € H®? can be bounded as:
K [lye2 = /[0’1}8 Kayal ot Kasayivopy 12 Ry, o dio Ry dia Ry dia Ry
< /W Koty Kot | |12 Y, o ||d12 L o |12 2, iR | (2117)
Furthermore, a simple computation shows that
Qo = NWwruzorr = Y [y?itj - yiv] [1[o,u]x[tj,tj+1}(u'7 V)1 [s;,5511]%[0,0] (u,v')}
Tn

+ Zyitj |:(1[0,si}><[0,tj](u,a V") = 1i0.u)x[0,0] Ww’)) Vi sipa) [ty t41] (s U)} ,

Tn
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and thus,

3
< ( Sup ‘yab‘ Sup ’xaz;bz - ‘Taﬂbl’
(a,b)€[0,s]x[0,t] lag—a1|<|m1],|b2—b1|<|m2]

+ max(1y,, o, +1 sup yg . (2.118
(L) () F L)) | S0 [iyl)- - (2:118)

Tn
au,u;w, — N(y)u’u;vv’

Our claims are now easily derived: on the one hand the right hand side of (2.118) converges to zero
when n — oo if u’ # s; and o' # t; for all ¢, j. Then using inequality (2.117) and dominated convergence
we obtain that a™ converges a.s to N(y) in H®2. On the other hand, in order to obtain the convergence
in L?(Q, H®?) it suffices to use the fact that f satisfies condition (GC) and apply once again dominated
convergence.

O]

Now we are able to define our mixed integral in the Skorohod sense and connect it to the equivalent
integral in the Young theory:

Proposition 2.7.10. Assume z is a centered Gaussian process on [0,1) with a covariance function
satisfying (2.7.4). Consider a function f € C*(R) satisfying condition (GC) and a rectangle A =
[s1,82] X [t1,t2]. Then we have that N(y) € Dom(5%?), and if we define 2%° = §*2(N(y)) the following
relation holds:

t2
gli2,t1t2 = 8182,t1t2 - / / yuvd1R1d2R2 - / / yuledzR d1 Ty
to
—3 / / yivREleidzmerZ / / y: RIR2d\RLAoR?, (2.119)
S1 S1 t1

where fssf ttf y2, RLdaR%2dwy, and fssf b2 y3, R2d1 RLdawy, are defined according to Proposition 2.4.5.
Moreover, relation (2.107) holds true in the L?(Q2) and almost sure sense.

Proof. Like for Proposition 2.7.8, our strategy is as follows: consider a sequence 7, = (7}, 72) whose

n»'n
mesh go to 0 as n — oo and set " = a™ defined by (2.116). We have seen at Lemma 2.7.9 that
lim,, 00 a® = N(y) in L%(Q, H®2). We shall now study the convergence of §°(a™) by means of Wick-
Stratonovich corrections. Then we will conclude by invoking Proposition 2.7.2.
Step 1: Wick-Stratonovich corrections. According to relation (2.101) and Proposition 2.7.3 for k = 2
we obtain
5% (a™) = Z5072(951-#]'1[0781']X[tj¢j+1] D L5, s041)x[0,45))

Tn

2
- E Ysist; < 52x3i§tjtj+1 © 61x5i3i+1§tj‘ (2'120)

Tn

We now use Theorem 4.10 in [52] in order to get that (5°’2(a") can be decomposed as:

2 2
§ ys“ 52w5i§tjtj+l < 51x5i5i+1 tj E ysz, t ti+1 Rtjtj)51$5i5i+1§tj
- E ysl, SZSZ+1 - RSZ 81)62$31yt t]+1 (212]‘)
§ : 1 2 2 — nn n n n
+ ysl,t] Rtj 5151+1 Rslsl)(Rtjtj+1 - Rtjtj) - Bl - BQ - B3 + B4 .

Tn
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Like in the proof of Proposition 2.7.8, we treat those 4 terms separately.

Step 2: Estimation of BY, ..., B}. The term B can be decomposed as

n __ § 2 § 2 1 1 2 2
1 — ysitj51$5i5i+1tj62x5itjtj+1 - ysit]’ (Rsisi+1 - Rsisi)(Rt]’t]’+1 - Rtjtj)'
Tn

Tn

Moreover, the second term in the r.h.s is the same as A% in the proof of Proposition 2.7.8, while the
convergence for »_ y?i;tj 01Ts;8;413t;02T 5555t follows exactly along the same lines as AT in the same
proof. We thus leave to the patient reader the task of showing that

. 2 [t 2 L[t 2 1 2
lim BY :/ / Yudizgdotsy — / / yodi Rgda Ry, (2.122)
n—00 S1 t1 4 S1 t1

and we concentrate now on the other terms in (2.121).

The term By = > y;’;thl (R? - Rfjtj)dlxsisiﬂ;tj can be decomposed as By = By, + Bj,,

s\t Myt
with

1
n _ 3 pl(p2 R no_ 3 pl 2
Bar = 2 X: Ysity s, (R, — Be) 012550005, Bip = Zysz';tjRSiptjthélxsisi“;tj’
Tn

Tn

where we recall that we have set pfjtjﬂ = %(QRfjt — R,’fjtj — RY ) for k=1,2.

j+1 tjritjt1
It is now easily seen that the almost sure and L? convergence of BY are obtained with the same

kind of considerations as for A% in the proof of Proposition 2.7.8. We get that

1 s t
lim Bg = 2/0 /0 yg;vR}Ld2R3dlxu;v7

n—o0

and By, B} are also handled in the same way.

Step 3: Conclusion. Thanks to Step 1 and Step 2, we have obtained that §°(a™) converges to the right
hand side of relation (2.119) as n — oo, in both almost sure and L? senses. As mentioned before,
this limiting behavior plus the convergence of a” to N(y) established at Lemma (2.7.9) yield relation
(2.119) by a direct application of Proposition (2.7.2). Furthermore, relation (2.107) is also a direct
consequence of relation (2.120).

O

Notice that our formula (2.119) involves some mixed integrals of the form [ fg Yo R2 diRydotusy,
which are defined as Young type integrals. The following proposition, whose proof is similar to Propo-
sitions (2.7.8) and (2.7.10) and is left to the reader for sake of conciseness, gives a meaning to the
analogue integrals in the Skorohod setting.

Proposition 2.7.11. Let f € C*(R) be a function satisfying condition (GC). Then for every fived

u € [0,s] we have that v — y3. R € Dom(6°") where §°* is the divergence operator associated to the

process (Tuy)vefo,- We can thus define [; invR%le}L STuw by -

s rt

3 2 1 . P03 2 1 1

| [ vt Rl = tim S0 Ny ) (B, — B
Tn
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where the convergence holds in both L?*()) and almost sure senses. In addition, we have the following
identity:

s t s t
/ / Y3 R2d RL Sy, = / / Y3 R2d R dowy.y — = / / oy Redi R, da R
0o JoO 0 JO

Finally, the integral [} [ ys,RydaR2dS @y, is defined similarly.

Remark 2.7.12. We have defined all the integrals we needed in order to prove our Skorohod change of
variable formula (2.108). Indeed, start from the Stratonovich type formula (2.4.4). The proof of formula
(2.108) is now easily deduced by injecting the identities of Propositions 2.7.8, 2.7.10 and 2.7.11 in the
equality above.

2.7.4 Skorohod’s calculus in the rough case

Our goal in this section is to extend the formulae given in Propositions 2.7.8 and 2.7.10 to rougher
situations, namely for Gaussian processes in the plane with Holder regularities smaller than 1/2. This
is however a harder task than in the Young case, and this is why we introduce 2 simplifications in our
considerations:

(1) Instead of dealing with a general centered Gaussian process whose covariance admits the factoriza-
tion property of Hypothesis 2.7.4, we handle here the case of a fractional Brownian sheet (ms;t)(s,t)G[O,l]Q
with Hurst parameters 1,72 € (1/3,1/2].

(2) The definition of our Skorohod integrals with respect to x is obtained in the following way: we first
regularize x as a smooth process z". For this process we can still use the formulae of Propositions 2.7.8
and 2.7.10 like in the Young case. We shall then perform a limiting procedure on these formulae (this
is where the specification of a concrete approximation is important), which will give our Stratonovich-
Skorohod corrections. Notice however that the interpretation in terms of Riemann-Wick sums will be
lost with this strategy.

Our main result for this partin the following

Theorem 2.7.13. Assume x is a fractional Brownian sheet on [0,1]2, with ~v; > 1/3 for j = 1,2.

Then the increments
210 = // yld$pe, 22° = //y2d<1>xd<2>x

are well defined in the Skorohod sense of Malliavin calculus. Moreover:

n,1,o n,2,o

(i) Both z1° and z*° can be seen as respective limits of z and z"™*°, computed as in Theorem 2.7.5
for the regularized process x™.

(ii) For all f € C19(R), the following change of variables formula
Syt = 21’°+22’°+2’Yl’¥2//y3;v Q2 Ly2 1 dudv+72//y3 e
1J2

+v1//yuv 2ty dQ:chu+7172/1/2y3wu4“—1v472—1 dudv. (2.123)

(iii) Eaxplicit corrections between z', 2% and z'°, 2%° can be computed (see relations (2.136) and

(2.144)).

As in the previous section, we start our considerations by specifying the Malliavin framework in
which we are working.
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Malliavin calculus preliminaries

Recall that the covariance function of our fractional Brownian sheet x is given by (2.77). We can
thus consider a Hilbert space H” related to x exactly as in Section 2.7.2. In particular we denote by
IT the isometry between H* and the first chaos generated by x.

However, the Malliavin structure related to the harmonizable representation of z will also play a
prominent role in the sequel. Namely, it is well known (see e.g. [(9]) that for s,¢ € [0, 1], = can be
represented as

Ts;t = Cyyp,vy0 W(Qs;t) = Cy1,72 /]R? Qs;t(f» 77) W(d£7 d77)7 (2124)

where ¢, 4, is a normalization constant whose exact value is irrelevant for our computations, W is the
Fourier transform of the white noise on R?, and Qs:¢ is a kernel defined by

et — 1 e — 1

EMte |yt

Qs(&,n) = (2.125)

This induces us to consider the canonical Hilbert space related to W, that is HW = L?*(R?). The
relations between Malliavin calculus with respect to W and x are then summarized in the next lemma:

Lemma 2.7.14. Denote by D**P (resp. ]D)W’k’p) the Sobolev spaces related to x (resp. W), and recall
the notation L2 = DW-12(L2(R)) borrowed from [64]. For ¢ : [0,1]?> — R, set

qu(é“,n):/[m]2 Psit 0s01Qs;t (€, m)dsdt, (2.126)

where we recall that Q is defined by (2.125). Then the following holds true:

(i) We can represent the space H* as the closure of the set of step functions under the norm ||¢||y= =
[ KBl 2 (m2)-

(i) We have D®L2(H®) = K—Y(LY?). In addition, for any smooth function F and any H*-valued
square integrable random variable u the following identity holds:

(u, D*F)ge = (Ku, DV F) 12(g2).
(iii) As far as divergence operators are concerned, the relation is
Dom(6%°) = KﬁlDom((SW’Q), and 6°(u) = 6W’°(Ku).

Proof. Let ¢ = Z” ®ijlis; sii1]xt;.t,1) D€ @ step function. We have that:

le(ﬁs) = Z ¢i,j5xsisi+1;tjtj+1 = Z ¢i,jW(5Q3i5i+1tjtj+l)
4,3 2%
(2.127)
- W Z ¢i,j6QsiSi+1;tjtj+1 - W(K¢)7
1,J

which easily yields our first claim (i).
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Let now F' be a smooth functional of x of the form F' = f(xg,.,,...,%s,:t,). Then

El{w, D"Fo] =B 3" 0f (@ortas s Bont) (8 L s x 0.1 |
le{1,...,n}

= E[ Z 8lf(x51t1a s ’$8ntn)<Kua Kl[O,sl]X[O,tl]>L2(R)} )
le{1,...,n}

(2.128)

and since K1 g1x[0,;] = @s,t, we end up with

E [<u7 DxF>"HI] = E |:<KU7 Z 8lf(W(Qslt1)v R W(antn))Qsl,tl>L2(R)}

le{1,...,n}

= E {<KU,DWF>L2(R)} 5

which gives our assertion (ii) by density of smooth functionals. Relation (iii) is easily derived from (ii)
by duality.
O

Notice that the preceding result can be extended to second order derivatives thanks to a simple
tensorization trick. We label here the result for further use:

Lemma 2.7.15. Under the conditions of Lemma 2.7.1/, set
[K®2¢] (51&2; 771772) = /[ i ¢5182;t1t2 8sthl;h (fla nl)asthz;t2 (527 772) dsidsaodt dts. (2129)
0,1

Then for any smooth functional F' and any (H*)®?-valued square integrable random variable u we have:
(u, D> FYye = (K=, D>V F) > .

Embedding results

Similarly to [3], we now give an embedding result for the space H* which proves to be useful for
further computations.

Lemma 2.7.16. Let 1,72 € (0, %] Then the following inequality is satisfied:

~ 2
2 < |5u3152;t1t2| d dt d dt
s [ ([ ittt ) dsade

1 1
+/ _ (/ ’USQtl[OJ}(SQ) - usltl[ovl](sl)‘z dt) dsidse (2.130)
R 0

2 ’82 — 81|2_271

1 1 2
S — stoLio 11(t2) — ws o1 (£1)|" ds | dt;dt st |2dsdt,
" /R2 |ta — t1]27272 </0 ‘u e Ljoa(f2) = tat: Lo 1)| 8> itz /[o 12 st ds

)

where we have set sy = us;t1[ 12 (s,1).
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Proof. In this proof we only consider the case 71,72 < 1/2. Indeed, if v = 1/2 or 79 = 1/2 then
our process z is simply a Brownian motion in the first or in the second direction, and this situation is
handled by L? norms.

Set now wy = (fol ugre™dt) 11 11(s). Then for 1,72 < 1/2, definitions (2.125) and (2.126) entail
that:

2
dgdn

lulZ, = / g1 [y i-2e / e st
R? [0,1]2

= [ (1>

where H'/2~71 stands for the Sobolev space W1/2-71:2, Now we use the fact that 1/2 — 1 € (0,1/2),
and recall that the norm defined by

2
g ag)an= [ 12 o s

2 |§s, — sy |? 2
N1/2—71(¢) = /]R? md&dw + . |ps|“ds

for all ¢ € HY/2~" is equivalent to the usual norm in H'/2-7. This yields

1 1 2
lul2, < /0 ( /R =2 /O st dn> ds

1 1—272 ! wn
+ /R2 |59 — s1|2720 (/R ul | (saitlo)(2) = syl o,y (51))e™dt

Now is suffices to repeat the same procedure in the second variable in order to obtain inequality (2.130).
O

2
dn) dsods;.

Let us now recall the notations :

|51f8182't‘ |52f8't1t2|
[ fllos = sup —— g and (flga = sup o=l
T nsaneloazxo ls2 — 51 P27 e It2 — t1]?

With these notations in hand, the following embedding result is easily deduced from Lemma 2.7.16.

Corollary 2.7.17. Let v1,72 € (0,1/2] and u € CC;Y™ such that 0 < § — ;i < ;. Then we have the
following embedding:

lull# S Nowap(w),  where we recall that - Nog(f) = [flla,s + [ fllacr + 12 + [ fllee.  (2.131)

Strategy and preliminary results

The strategy we shall develop in order to extend Proposition 2.7.8 (and also Proposition 2.7.10) to
the rough case is based on a regularization of x. Specifically, for a strictly positive integer n, set

m?t:%w/m - Qus;t(€,m) W(dE, dn), (2.132)
Z,|lylsn
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where we recall that = and @ are respectively defined by (2.124) and (2.125). For fixed n, it is readily

checked that 2" is a regular Gaussian process. Its covariance function is given by R o, .14, = R;;ZQ Rf 1’?2,
where ‘ "
, e —1)(e7™ —1)
Rz’":ci/ ( d¢, for i=1,2
T igsn €t ’ .

and hence R" is a regular function which satisfies Hypothesis 2.7.4. One can thus apply Proposi-
tion 2.7.8 and obtains the following Skorohod-Stratonovich comparison:

. 1
2ot = 070y ) = /A yhy dioaly — 1 /A ye i Ry o RY, (2.133)

for f € C%(R) satisfying condition (GC), and where we set again A = [sy, s3] x [t1t2]. Our goal is now
to take limits in equation (2.133).

A first observation in this direction is that equation (2.133) involves Skorohod integrals with re-
spect to x™. The fact that a different integral has to be defined for each n is somehow clumsy,
and this is why we have decided to express all integrals with respect to W in the remainder of
our computations. Namely, the same computations as for equations (2.127) and (2.128) entail that

5" (yn) = 6W’°(K”y"), where K™ is the operator defined by
K”¢($7 y) = 1(|m|,\y|§n) /[ " ¢s;t 65875@8;15(37, y)dsdt. (2.134)
0,1

With this representation in hand, our limiting procedure can be decomposed as follows:

e Take L? limits in the right hand side of equation (2.133) by means of rough paths techniques.

e Show that K"y" converges in L*(Q2, L?(R)) to Ky.

Thanks to the closability of 5W’°, this will show the convergence of 5$"’°(y”1[071]z) to 6%°(yljp,1y2) and
our Skorohod-Stratonovich correction formula will be obtained in this way.

We now state and prove 3 useful lemmas for our future computations. The first one deals with
convergence of covariance functions:

Lemma 2.7.18. Fori = 1,2, set Ri = u*i. Then for all ¢ > 0 we have

lim [|R™™ — R'||2,,—c = 0.

n—-+oo

waf __ 1|2 .
Proof. We recall that c, fR %Tﬂdf = a?’. Then an elementary computation shows that

|0;(R"™ — R")gp| =

cos(a&) — cos(bg)
. /£|zn

a€| S a—b““e/ eede,
’5‘2%-‘!-1 e | | \x|2n| ‘

which gives

IR — R0 S / €1 de

[€]=n

and this finishes the proof.
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It6-Skorohod type formula

We now turn to the limiting procedure in equation (2.133), beginning with the term involving
covariances only:

Proposition 2.7.19. Let f € C%(R) be a function satisfying condition (GC) with a small parameter
A >0, and z™ be the regularized version of x defined by (2.132). Then the following convergence:

lim y?.td1R;’"d2Rf’” = ')/172/ ys;tshl_lt%rldsdt (2.135)
Eana R (SIER [0,1]2

holds in L?(£2).

Proof. The integrals involved in (2.135) are all of Young type. Owing to Proposition 2.4.5, we thus
have:

/[ . i RV R = [(Id — A167) (Id — Aada)] (y"61 RV, R>™).
0,1

By continuity of the sewing map, the desired convergence will thus stem from the relations lim,,_,o A»" =
0 and lim,,_,g A>™ = 0, where for € > 0 we set:

2
AV =N 6 R = GiR gy, e, and AP i= Ny ey, (Y7 — ).
=1

Now the relation lim,,_,g A"™ = 0 is obviously a direct consequence of Lemma 2.7.18. As far as
A% is concerned, we start from relation (2.76) and apply Holder’s inequality. This yields

E[(Ny —epa—e (" — 1))?]
S E1/4[(Cxl,x2)8] E2[|[2™ — 2|3 JEV4(1 + Nt o (27) + Ny o (2))).

Y1—€7y2—¢€

Then according to Proposition 2.6.8 we see that the r.h.s of this last equation vanishes when n goes
to infinity, which proves our claim.

O]

We now compute the correction terms in z!, that is the equivalent of Proposition 2.7.8.

Proposition 2.7.20. Let x be a fBs with Hurst parameters vi,7v2 > 1/3. Consider a function f €
CI19(R) satisfying condition (GC) and a rectangle A = [s1,s2] X [t1,t2]. Then we have that y!1a €
Dom(8°), and if we define the increment z1° = 6°(y 1) the following relation holds true:

1,0 _ 1 2 2v1—1,272—1
Zslsg;tltz - Zslsg;tpfg — N2 /Ays;ts nTRER detv (2136)

where z' = [[ f'(z)dx is the rough integral given by Theorem 2.6.9.

Proof. Let us start from the corrections for the regularized process z", for which we can appeal to
Proposition 2.7.8. We obtain relation (2.133), written here again for convenience:

n 1
1 1 2 2
zsg’;tm =020 (y™1a) = /AyZ’t dipzl, — 1 /Ay:’,t le;’"ngt . (2.137)
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Now putting together Proposition 2.7.19 and the continuity of the rough integral, we get convergence
of the r.hs of (2.137) in L?(£2). Thus one can write, in the p.s and L?() sense:

n—-+oo

lim 5:1:n,<>(yn)_/ y;;tdIQws;t_'Yl’}/Q/ yits’n*1t’7271dtd$7
A A

where the integral with respect to « is interpreted in the sense of Theorem 2.6.9.

Let us further analyze the convergence of §%"°(y™): recall that this quantity can be written as
SWe(K™y™), where K™ is defined by (2.134) or specifically as

n,n Zgl,’? n WSUTINU
(EY)(&m) =tz parize </A Yo' dudv) Lj¢Inl<n) (2.138)

Hence, owing to closability of the operator (SW’Q, the proof of (2.136) is reduced to show that K"y™!
converges in L2(); L?(A)) to Ky'. Now expression (2.138) easily entails that

HKnyml - KyHLZ(R) S Hyn,l - yluH

+ / €[1=2 1202
€], |n|>n

and we shall bound the 2 terms on the r.h.s of this inequality.

2
dgdmn,

/A yi;velgwmvdudv

Indeed, on the one hand we consider 71,72 > 1/4 and € > 0 small enough. This gives

E [ / €[l 122
1€ lco>n

/ yuwe’@“m’dudv
A

2
dédn]

n—-+oo

ST E [(Ny—em—e(®)?] — 0.

On the other hand, Corollary 2.7.17 asserts that ||y — y™||% S Ny —eyo—e(y¥™ —y), and the r.h.s of this
relation vanishes as n — oo thanks to Proposition 2.6.8. This concludes our proof.
O

In order to complete our comparison between It6 and Stratonovich formulae, we still have to
compare the Skorohod type increment z%° and the rough integral z2. As a previous step, let us give
an intermediate result concerning some mixed integrals in R, z:

Proposition 2.7.21. Let f € C'%(R) and recall that for the fractional Brownian sheet x we have
R, = u®Vi fori=1,2. Then the integral

/ y' R'dizdaR? = [(Id — A161)(1d — A262)] (y' R' 61262 R? + 1/2y* R (612)%62 R?) (2.139)
is well defined a.s, in the sense of Corollary (2.3.3). Moreover the following convergence takes place
in L*(Q):

lim [ yl'RL"daa”, doR2™ = / Yo Rudozunda Ry, (2.140)
A

n—+00 J A

Finally, the same kind of result is still verified when one interchanges directions 1 and 2 in relation
(2.139).
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Proof. Let us first check that the integral in (2.139) is well-defined in the sense of Proposition 2.4.5. To
this aim, set A = y! R1612 5 R?+1/2y? R (§12)%62R?. Then a simple computations yields 614 = z do R?,
with

z= (ylélx — (51y) RSz — 1/251(y2R1)(51x)2 —y 6 RY6; 2.
It is thus easily seen that 6;A € (7(?3721_6’272 for an arbitrary small €, thanks to the fact that = €
a7 and 1/ 2y261x — 1y € 663711—6772 almost surely. Notice that with the same kind of consid-
erations we also have that 9,4 € GC;E?WQ—G.

Let us now compute d A: we have
SA = —0y209R* = — (A + Az) 02 R?,

where
A; = gRYS 1z, with ¢ =6y — 6’612 — y*0x,

and where setting (812 01 0%) s, s0st1t2 = 01T 515011 0T s, 505140, WE have

Ay = 6y 61 R 61z — {(51y1 — 1/2y2(51x}R15:c — 1/25y2((51:1;)2
— 1/2(51y2{6x 01 01 + 612 01 0z},

The reader can now easily check that Ay € (Cg’érc”yrg

that g is of the form g = d2h, with

. In order to check the regularity of A, observe

. 1 2
h5182;t = (51yslsg;t_ysl;t)51$5252§t

1 1
= </ dee/ dG’yz(wsl;t + 99/511'3132;1&)> ((51:68132;t)2. (2141)
0 0

Computing 2h with formula (2.141), one obtains that A' = ShR'612 € UCSE_E’W_?

Let us summarize our last considerations: we have seen that both A; and Ay lye into 6(73721_6’72_6,

and recalling that 04 = —(A; + A2)62R?, we obtain §A € ch’gl_e’g’w_e. We have also checked

that 614 € C’(Z?‘(;)’gl_g’%2 and JA € (’ng;’?’”_g. Gathering all this information, we have checked the
assumptions of Corollary 2.3.3 for the increment A, which justifies expression (2.139).

Now we focus on the convergence formula (2.140). We start by observing that for all n > 1 the
following representation holds true:

/ ygblRi’”dga:ZdeR%’" = [(Id — A151)(Id — A2(52)]An
A

with A" = y»IRV§HR?™ 4+ 1/2y™ RV (§12™)25,R?™. Hence, owing to the continuity of the pla-
nar sewing-maps (A;);=12 and A, our claim (2.140) is reduced to prove that the sequences ||A™ —
Allyi—e290—6 [101(A" = A) |3y, —e,290—c, [162(A™ — A)|l1,—¢,37,— and [[0(A™ — A) |3y, —¢,3y,— converge in
L?(Q) and almost surely to 0. Furthermore, it is readily checked that those convergences all stem from
the relations

5

i IR = Rllmct 3o Nmemmcls™ =)+ (00" = Pl n =0 (2142
1=
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and
limo 102 (R — ") l2yi—epyo—e = 0,  with A" = é1y" — y”’lélx", (2.143)
n—

where the limits take place in some LP(Q2) with a sufficiently large p, and where we recall that h is
defined by (2.141). We now turn to the proof of those two relations.

To begin with, note that the convergence (2.142) has already been established in Lemma 2.7.18.
In order to prove (2.143), we invoke again the integral representation (2.141) for both A™ and h. Then
some elementary considerations (omitted here for sake of conciseness) allow to reduce the problem to
the following relation:

3
LP(Q) — lim (E[N'fl—s;yl—e(xn - JZ‘)] + ZE[N’fl—e,wg—e(yn,i - yl)]> =0.

n—oo £
=0

This last relation is a direct consequence of Proposition 2.6.8 and composition with non linearities,
whenever f satisfies the growth condition (GC) with a small parameter A > 0. The proof is now
finished.

O

We can now state our result concerning the Ito-Stratonovich correction for the mixed stochastic
integral [[ y*djzdSa:

Theorem 2.7.22. Let = be a fBs with Hurst parameters 1,2 > 1/3. Consider a function f € C'O(R)
satisfying condition (GC) and a rectangle A = [s1, s3] X [t1,t2]. Then we have that N(y?) € Dom(5%?),
and if we define the Skorohod integral z*° as §%2(N(y)), the following particular case of relation (2.119)
holds:

2,0 _ 2 2 2y1—1,2v2—1 3 2 272—1
Zslsg;tltg = Zsysastity T ’7172/ Yyt N dudy — 72/ Yupt Ty dvdll'u;v
A A
- ’Yl/ yz;vu%l*vaWdudgxu;v + 7172/ yfj;vuMl*lvMTldudv. (2.144)
A A

Proof. We follow the same strategy as for Theorem 2.7.20: apply first Proposition 2.7.10 for the
regularized process ", which yields:

[ diandian, = [ vl dacl, - 1/4 [ idaRyndaR
A A A
_1/2/ n,3R1,nd RQ,TLd -1 2/ n,3R2,nd Rl,nd n
Yuody A24v," A1y / Yuodty” A1y A2Lqy
A A
+1/4 / Y Ry RO Ry R (2.145)
A

Now our preliminary results allow to take limits in relation (2.145). Indeed, owing to Propositions 2.7.19
and 2.7.21 plus the continuity of the rough increment z? given at the Proposition (2.6.9), we obtain
the convergence in L?(Q) for the four first terms in the r.h.s of equation (2.145). Moreover the last
term also converges in L?(Q), thanks to the same arguments as in the proof of the Proposition 2.7.19.
We thus get the convergence of the r.h.s of equation (2.145) to the r.h.s of equation (2.144), and also
the fact that 22° converges in L?(Q). Like in the proof of Theorem 2.7.20, the proof of (2.144) is thus
reduced to show the L? convergence of the integrand defining 2.
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However, mimicking again the proof of Theorem 2.7.20, it is easily seen that

/ / viiod =072 (N(y"?)) = 62 (K™2N(y"?)) ,
where we recall that K®2 is defined by (2.129) and

(K" 226] @125 9192) = Ljas o s oty [K 7] (21223 919)-

It thus remains to show that K™®2(N(y™?)) converges to K®2(N(y?) in L?(1, L2(]R4)) Towards this
aim, we introduce the further notation us.(£,n) = yg;t(ewf—l)(e’t”— ), ug(§,m) = Yo ("€ —1) (e —
1) and

(&, &o3m,m2) = /us;t(&,771)6“52+”"2dsdt
A

0" (&1, &5m,m2) = /Au;‘;t(&,nl)ewgﬁzt"?dsdt.

Then note that
I(E™®2(N(y™) = K2 (NW) oy < I+ 15 + 13,

where
B a U d&idm
I = / ( a7 |02 \U(&,&z;m,Uz)Idegan)
1 €1l m|zn A\JR? €12 202+
- B U d§rdm
= / / ‘52’1 2’}/1’772‘1 272 |u(517§2;7]17n2)‘2 déadns
2 R2 ( |€2|7|T]2|2n ‘51‘2714’_1‘”1‘2’}/2_"_1
and

I3 = /R2 </}R2 &) T2 o | 1202 (&, €251, ) — an(§1a52§771,7]2)|2d§2d7]2>

d&idm
& [P H L gy P2

In order to bound those 3 terms, observe that

Ny —ema—e(u(&,m) S Ny —eya—e (@) (1 4[] 7+ |27+ €7 In[27°)

and thus Corollary 2.7.17 entails that

1 n—-+o00
B SEIN oy 0PP) [ popded "0,
meer el zn 1€1T m|eTt

and

E[I3] < n~EIN2 (")) =57 0.

Y1—€y2—€
As far as I3 is concerned, we remark that

Noy—ea—e(u(€,n) = u™(€,1) S Ny—em—e(y® — ™) (L + €7+ 27+ [€~|n 27

and then we can conclude along the same lines as in Theorem 2.7.22 that E[I§] vanishes as n goes to
infinity. This finishes the proof. O
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Now to obtain the Theorem (2.7.13) we only need the following well known one parameters result

Proposition 2.7.23. Let B a fractional brownian motion with hurst parameters 1/2 >~ > 1/3 then
we have that u + f(B,)u?’ € Dom(5°8B) and we have that

/ P(Bu)u""d* By :/ SO(BU)UQ’ydBu_'Y/ ¢ (B)u*" " du

Proof. Use exactly the same arguments of the Proposition (2.7.20) for the one parameters setting. [
And then we have immediately the following result

Corollary 2.7.24. For v; > 1/3 and ¢ € C%(R) then for every v € [0,1] u — y3. u®"* € Dom(5°%)

and the following formula hold true

/yi;vu2%v2’n_1d<l>$u;vdl): /yg;vu271v272_1d1xu;vd2v_71/ yi;vu471_1v472_1dlj‘dv
A é A

Proof. we recall that x,, , law v12 B, with B is a fBm with hurst parameter v; and then it suffice to
use the Proposition (2.7.23) O
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Chapter 3

Modulated Dispersive PDEs

Résumé

Dans ce chapitre on étudie une large classe d’EDP qui présente une modulation temporelle non homo-
géne dans le terme de dispersion. En particulier un exemple est celui de I’équation de Korteweg—de Vries
(KdV), I'équation de KdV modifier, L’équation de Schrédinger non linéaire (NLS) ou encore 1'équation
de Schrodinger non linéaire avec dérivée. On introduit pour cela une notion d’"irrégularité" pour la
modulation et on obtient des résultats d’existence locale et globale qui sont similaires & ceux obtenue
pour ces équation sans modulation. Dans certain cas on remarquera que la présence de modulations
irréguliéres entrainera une amélioration dans la théorie d’existence de solutions pour ces équations.
Une premiére approche est basé sur l'effet régularisant de la modulation sur le terme non linéaire
en utilisant la théorie des chemins controler et des estimations provenant de la théorie de 'intégral
d’Young. Une seconde approche est une extension des estimée de Strichartz obtenue par Debussche et
Tsutsumi dans le cas d’'une modulation Brownienne pour I’équation NLS quintique.

Abstract

We study various nonlinear PDEs under the effect of a time-inhomogeneous and irregular modula-
tion of the dispersive term. In particular the modulated 1d periodic or non-periodic versions of the
Korteweg—de Vries (KdV) equation, of the modified KdV equation, of the non-linear Schrédinger equa-
tion (NLS) and of the derivative NLS. We introduce a deterministic notion of "irregularity" for the
modulation and obtain local and global results similar to those valid without modulation. In some
cases the irregularity of the modulation improves the well-posedness theory of the equations. A first
approach is based on novel estimates for the regularising effect of the modulated dispersion on the
non-linear term using the theory of controlled paths and estimates stemming from Young’s theory of
integration. A second approach is an extension of a Strichartz estimated first obtained by Debussche
and Tsutsumi in the case of the Brownian modulation for the quintic NLS.
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CHAPTER 3. MODULATED DISPERSIVE PDES

3.1 Introduction

In this chapter we consider nonlinear PDEs of the form

d dwt

— o = Apy—— > 1
ETia i + N (o), t>0 (3.1)

where w : Ry — R is an arbitrary continuous function, A is an unbounded linear operator and N
some nonlinear function. The situation we have in mind is where A is a dispersive operator like the
Schrodinger operator 9% or the Airy operator 92 acting on periodic or non-periodic functions on R”
and where N is some polynomial non-linarity with possibly derivative terms. Our analysis will be
mainly devoted to the following cases:

1. (KdV) Korteweg-de Vries equation in T or R, A = 93, N(¢) = 9¢?;

2. (NLS) Non-linear cubic Schrédinger equation in T R", n = 1,2, A =id% N(¢) = i|6|>¢;
3. (mKdV) Modified Korteweg-de Vries equation in T, A = 9%, N'(¢) = 9(¢? — 3||8||3,0)
4

. (ANLS) Non-linear (Wick-ordered) derivative cubic Schrédinger equation in T, A = i0?, N (¢) =
i0"(|¢]* [ @lIF0) & with 6 > 0;

in all these cases the Banach space V will be taken as belonging to the scale of Sobolev spaces H?,
a € R defined as the completion of smooth functions with respect to the norm

|6la = 18]l e = 1{6)* () L2@m) (3.2)

where ¢ is the Fourier transform of ¢ : R” — C and (€) = (1 + |¢]?)"/2. Similar definition holds in the
periodic case where R” is replaced by T"™ with T = [0, 27| with periodic boundary conditions.

The (randomly) modulated NLS equation has been subject of interest in recent literature (for

example [1,28,30,48,19,56,62,76]), especially due to the applications to soliton management in optical
wave-guides. The authors do not know of any relevant application of the other models, apart from the
work of Clarke et al. [16] on dispersion management for KdV.

Aside of specific applications we are motivated by the general problem of understanding the proper-
ties of PDEs in non-homogeneous environments and what can be expected as far as “generic" properties
of the equation are concerned. Modulated equations rule out classical techniques of Fourier analysis
(e.g. Bourgain spaces in the case of KdV) and other important tools like Strichartz estimates. Many
conservation laws are also not available in the modulated context affecting the analysis of global solu-
tions.

Another of our motivations has been the study of the regularisation effect of a non-homogeneous
time modulation in the spirit of the recent work of Flandoli, Priola and one of the authors [31] on the
stochastic transport equation.

Eq. (3.1) is only formal since the derivative of w does not exists in general. If w is a Brownian motion
then the differential equation can be understood via stochastic calculus. Interpreting the differential in
Stratonovich sense seems the most natural choiche in this context since it preserves the mild fomulation
of the equation (see below). De Bouard and Debussche [28] study the Nonlinear Schrédinger equation
with Brownian modulation and they show that it describes the homogenisation of the deterministic
Nonlinear Schrodinger Equation with time dependent dispersion satisfying some ergodicity properties.
In the more general situation the interpretation of eq. (3.1) as an Ité or Stratonovich SPDE is not
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3.1. INTRODUCTION

possible and we prefer to describe solutions via a mild formulation. If we denote by (e!4);cg the group

of isometries of V= H® generated by A, the mild solution of eq. (3.1) is formally given by
t
o= Uo + UF [ (02 "W (p)ds (33)
0

where U = et is the operator obtained by a time-change of the linear evolution associated to A
using the function w. In this form the equation make sense for arbitrary continuous function w.

The aim of this paper is to analyse eq. (3.3) under some hypothesis on the “irregularity” of the
perturbation w. In particular if w is sufficiently irregular (in a precise sense to be specified below) then
we will be able to show that the above nonlinear PDE can be solved in spaces which are comparable
to those allowed by the unmodulated equation

d
Pt = At N, 120 (3.4)
and that in some situations the combination of the irregularity of the perturbation and the non-linear
interaction provides a strong regularizing effect on the equation.

Let us now be more specific about the kind of solutions we are looking for. Let Iy : H* — H® be
the projector over Fourier modes [§| < N: Tly f(§) = [j¢j<n f(§) where f denotes the Fourier transform
of f € H* and let Ny (¢) = NN (IIy¢) be the Galerkin regularization of the non-linearity.

Definition 3.1.1. The function ¢ € C(Ry;V) is a local solution to (3.3) in V with initial condition
¢ €V if there exists T > 0 and such that

lim (U2 NN (ps)ds = Qi)

N—oo 0

exists in V' for any t € [0,T] and the equality

er = (U)[¢ + Qi(9)]
holds in' V' for any t € [0,T]. We say that the solution is global if the equality holds of any t > 0.

Whenever the limit exists we write
t

t
lim [ (UY) "W (ps)ds = / (UL N (s)ds.
N—oo Jo 0

It should be noted that the quantity on the r.h.s. is not a usual integral but only a convenient
notation for the limit procedure. Indeed N () will exist only as a space-time distribution and not as
a continuous function with values in V.

The next definition concerns the particular notion of "irregularity" of the perturbation that will be
relevant in our analysis.

Definition 3.1.2. Let p > 0 and v > 0. We say that a function w € C([0,T];R) is (p,~y)-irregular if
for any T > 0:

PY.(a
|9* [lyyes = sup  sup <a>”‘s’t7()|

< 400
a€R 0<s<t<T |s —t|7

where @Y, (a) = fst elvrdr. Moreover we say that w is p-irreqular if there exists v > 1/2 such that w
is (p,y)-irreqular.
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CHAPTER 3. MODULATED DISPERSIVE PDES

As it is apparent from this definition the notion of irregularity that we need is related to the
occupation measure of the function w (see for example the review of Geman and Horowitz on occupation
densities for deterministic and random processes [34]), in particular to the decay of its Fourier transform
at large wave-vectors as measured by the exponent p. The time regularity of this Fourier transform,
measured by the Holder exponent v, will also play an important réle.

Existence of (plenty of) perturbations w which are p-irregular is guaranteed by

Theorem 3.1.3. Let (W;)i>0 be a fractional Brownian motion of Hurst index H € (0,1) then for any
p < 1/2H there exist v > 1/2 so that with probability one the sample paths of W are (p,~)-irreqular.

In particular there exists continuous paths which are p-irregular for arbitrarily large p. Using well
known properties of support of the law of the fractional Brownian motion it is also possible to show that
there exists p-irregular trajectories which are arbitrarily close in the supremum norm to any smooth
path. It would be interesting to study more deeply the irregularity of continuous paths “generically".

In our opinion an important general contribution of our work is the observation that the regularity
of the occupation measure of w seems to play a major roéle in the understanding of the regularizing
properties of w in a non-linear context and it would be desirable to understand more deeply the link
of the notion of p-irregularity with the path-wise properties of w.

Apart from the classic contribution of Geman and Horowitz 3], the authors are not aware of any
systematic study of occupation measures from the point of view of their action on spaces of functions,
topic which is central to our analysis. Let us explain this better: let

¢
Tef(@)= [ flz+w)dr
S
for measurable functions f : R — R. Then T% (e )(z) = ®¥;(a)e’** which shows for example that if
w is (p,y)-irregular then
115 f ey S 18— s fll 7o)

meaning that T is a regularizing operator. This point of view links our research to the topic of improving
bounds for averages along curves (see for example the paper of Tao and Wright [72]). Inspired by the
work of Davie [22] on pathwise uniqueness for SDEs, Catellier and Gubinelli [12] provide some analysis
of the regularizing properties of random paths but much is still not very well understood.

An open problem is, for example, what happens if we replace w with a regularised version w* or
with a function which could depend on the solution itself. In this respect we conjecture that if w is
(p,7)-irregular then for any smooth function ¢ the perturbed path w? = w + ¢ is still (p, v)-irregular
but we are only able to prove this in the specific situation where w is a fractional Brownian motion
and ¢ is a deterministic perturbation, or more generally but with a loss of 1/2 in the p irregularity of
w?: both results (with precise statements) are obtained in [12]. In the case of a smooth w we have the
following straightforward result:

Proposition 3.1.4. Let w: [0,T] — R a twice differentiable function such that cr = infejo 7y [wi| > 0
for any T > 0 and % € L} (0,400) then w is (1 —~y,7) irreqular for all v € (0,1).

loc

Proof. Integration by parts gives

eiawt . eiaws t ) w//
a®l(a) =" 4 / (eiaws _ giowsy Yo_q,
s

wy (wg)?

and the result follow immediately from the hypothesis. O
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To deal with irregular modulations in the sense of Def. 3.1.2 we develop two different techniques:

1. The first uses the controlled path approach and Young’s integral and it is inspired by the work of
one of the authors [37] where the periodic KdV equation in negative Sobolev spaces (and more
general Fourier-Lebesgue spaces) is studied without relying on Bourgain spaces and the time-
homogeneity of the equation. This work has connection to the normal form analysis of Babin,
Ilyin and Titi of the same equation [3].

2. The second is based on a novel deterministic Stricharz estimate for the modulated linear equation
which is a generalization of the probabilistic results of Debussche and Tsutsumi [30].

Let us summarise the main contributions of this paper, all along which we are going to make the
following basic assumption:

Hypothesis 3.1.5. The function w is (p,~y)-irreqular for some p >0 and v > 1/2.
Our first result is about the modulated Korteweg-de Vries (KdV) equation.

Theorem 3.1.6. For any p > 3/4 and o > —p the 1d periodic modulated KdV equation has a local
solution in H*(T). The solution is global if « > —3/2 and o > —p/(3 —27). Uniqueness holds in
the space D¥(H®) C C(R4; HY(T)) introduced in Def. 3.2.2 below. In the non-periodic setting the 1d
modulated KdV equation has local solutions in H*(R) for a > —min(p,3/4). The solution is global if
a > —min(p/(3 —2v),3/4). Uniqueness holds in the same space D*(H®).

This theorem shows that an irregular modulation provides a regularisation effect on the KdV
equation. Indeed the unmodulated equation allows for a uniformly continuous flow only if o > —1/2
in the periodic setting and only if & > —3/4 in the non-periodic one [17]. Recall that exploiting
the complete integrability of the unpertubed model it is possible to show existence of solutions up to
a>—11[55].

As far as we know there are no existence results for &« < —1 for the unmodulated equation and
since we obtain solutions with standard fixed point methods we have also the existence of continuous
flow in situation were it is known to be false for the unmodulated equation.

Ours are the first results of regularization by noise in non-linear dispersive equations with rough
initial conditions. It is known that noise can act as to worsen the behavior of the equation, for example
blow-up in NLS with multiplicative noise [25,20].

For the cubic NLS equation we have the following theorem.

Theorem 3.1.7. Assume that p > 1/2. Then the modulated cubic NLS equation on T and R has a
global solution in H® for any o > 0. Uniqueness holds in D¥(H®) and the flow is locally Lipschitz
continuous in D¥(H®).

In the case of Brownian modulation the global solution for = 0 have already been constructed by
de Bouard et Debussche [25|. Here we extend their result to any a > 0 and any sufficiently irregular
modulation. Global solutions for any o > 0 are the result of the L? conservation law and some
regularity preservation estimates for the non-linear term.

For the other models we considered we obtained the partial results listed in the following theorem.

Theorem 3.1.8. Assuming p > 1/2. We have the following results:
1. The modulated cubic NLS equation on R? has a unique local solution in H® if o > 1/2;
2. The modulated dNLS equation on T has a unique local solution in H® if o > 1/2 and p > 1;
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3. The modulated mKdV equation on T has a unique local solution in H* if o > 1/2.

A key argument in the proof of all these results is the use of explicit computations allowed by the
polynomial character of the non-linearity. These results are however limited to modulations irregular
enough. Indeed, a bit surprisingly, in the modulated context the application of controlled path tech-
niques is easier if the modulation is very irregular. This has allowed us not to have to deal with second
order controlled expansions as has been necessary in [37]. An open problem is to fill the gap between
regular and irregular modulations.

A different line of attack to the modulated Schrodinger equation comes from the application of the
following Strichartz type estimate which can be proved under the same p-irregularity assumption of
Hyp. 3.1.5:

Theorem 3.1.9. Let A =i02, T > 0, p € (2,5],p > min(3 — %, 1) then there exists a finite constant
Cw,r >0 and v*(p) > 0 such that the following inequality holds:

for all ¢ € L*([0,T], L*(R)).

< CW TV P 4] | L1 ([0,7,22(R))
L7([0,T],L27 (R))

| vyt

0

As an application we obtain global well-posedness for the modulated NLS equation with generic
power nonlinearity ie : N'(¢) = |¢|*¢:

Theorem 3.1.10. Let p € (1,4], p=p+ 1, p > min(1,3/2 — %) and u® € L*(R) then there exists
T* > 0 and a unique u € LP([0,T], L?*’(R)) such that the following equality holds:

s

t
up = UPul +i/ UP(U2) ™ (Jug|Hus)ds
0

for allt € [0, T*]. Moreover we have that ||ut||r2r) = ||uol|z2w) and then we have a global unique solu-
tion u € L ([0,+00), L*’(R)) and u € C([0, +00), L*(R)). If u® € H'(R) then u € C([0,00), H!(R)).

We point out that all our techniques are deterministic and that they provide novel results even in
the stochastic context, for example when w is taken to be the sample path of a fractional Brownian
motion. In the Brownian case it is not difficult to show that our solutions corresponds to limits of
solutions of Stratonovich type SPDEs. Even in the Brownian setting our results on KdV, mKdV and
DNLS are, to our knowledge, novel. In the case of NLS we recover the known results of Debuscche
and Tsustumi adding to that existence of a continuous flow map for the SPDE, result which is usually
difficult to obtain in the stochastic framework.

Plan. In Sect. 3.2 we illustrate the controlled path approach to solution to modulated semilinear
PDEs. This approach relies on a non-linear generalisation of the Young integral [36,60, 75| for which
we provide complete proofs in Sect. 3.3. Using the non-linear Young integral we define and solve
Young-type differential equations in Sect. 3.4. This will provide a general theory for the constructions
and approximation of the controlled solutions. In Sect. 3.5 we verify that all our models satisfy the
hypothesis to apply the general theory we outlined in the previous section. In Sect. 3.6 we study global
solutions in different H® spaces: above L? by seeking suitable preservation of regularity estimates and
for KAV below L? by an adaptation of the I-method to our context. Finally in Sect. 3.8 we prove the
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Strichartz estimate of Thm. 3.1.9 and apply it to the study the modulated NLS equation with general
non-linearity without relying on controlled solutions.

Notations. If V,W are two Hilbert spaces we let £, (V,W) be the Banach space of bounded
operators on V& (considered with the Hilbert tensor product) with values in W and endowed with the
operator norm and set L, (V) = L,(V,V). We let T' > 0 denote a fixed time and C'V = C7([0,T],V)

the space of y-Holder continuous functions form [0, 7] to V' endowed with the semi-norm

||f||C’YV — sup Hf(t) — f(s)HU

o<s<t<T |t —s[7

If V is a Banach space then Lip,, (V) will denote the Banach space of locally Lipshitz map on V' with
polynomial growth of order M > 0, that is maps f : V — V such that

1f (z) = FW)llv
Sl = sup
H HL pa (V) e eV HJ; — yH{/(l + H«'EHV + HyHV)

i < +00.

3.2 Controlled paths

The approach we will use in proving Thms. 3.1.6, 3.1.7 and 3.1.8 is based on ideas coming from
the theory of controlled rough paths [36,66] which have been already used in a variety of contexts:

1. alternative formulation of rough path theory with the related applications to stochastic differen-
tial equations and in general to differential equations driven by non-semimartingale noises |29,
,42];
2. approximate evolution of three dimensional vortex lines in incompressible fluids where the initial
condition is a non-smooth curve |7, 10]

3. study of the stochastic Burgers equation (multi-dimensional target space and various kind of
robust approximation results) [15,60];

4. definition of controlled (or energy, or martingale) solutions for a class of SPDEs including the
Kardar-Parisi-Zhang (KPZ) equations [39];

5. Hairer’s work on the well-posedness and uniqueness theory for the KPZ equation [1(];

Recently the controlled path approach has also been used to highlight the regularisation by noise

phenomenon in ODE with irregular additive perturbations |12] where techniques very similar to those
used in this paper are exploited (in particular the notion of p-irregularity and the non-linear Young
integral).

Controlled paths are functions which “looks like" some given reference object. In the case of eq. (3.3)
it looks quite clear that the solution should have the form ¢; = Uty for 1y another continuous path
in V such that ¢y = 1)g. If we stipulate that 1) has a nice time behavior then ¢ is somehow "following"
the flow of a free solution of the linear equation, modulo a time-dependent slowly varying modulation.
The space of controlled paths D* (to be defined below) in which we will set up the equation will then
be given by functions ¢ such that an Holder condition holds for 1, = (U¥)~1p;. Note that this space
depends on the modulation and that different driving functions w and w’ would give rise a priory
to different spaces D¥ and D*’ of controlled functions. This difference is somehow crucial and make
the spaces of controlled paths to be more effective in the analysis of the non-linearities. Let us try
to explain why. Assume that ¢ is the simplest path controlled by w, that is the solution of the free
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evolution ¢; = UY¢ for some fixed ¢ € V (i.e. not depending on time). In this case the non-linear
term in eq. (3.3) takes the form

t
@:wAW%ﬂwwwwzw&@

where X; : V — V is the time-inhomogeneous map given by

xwzluw*mwwm (3.5)

We will show that, in the specific settings we will consider, it is possible to actually prove the following
regularity requirement:

Hypothesis 3.2.1. The map X = Xy — X5 is almost surely a locally Lipshitz map on V' satisfying
the Hélder estimate

1Xst(0) = Xt (¢)llv S [t = s (L + 16llv + 16/ 1) [l¢ = &llv
for some v > 1/2 and M > 0.

In this situation we see that ®; is a controlled path such that ¥; = (U¥)~1®; belongs at least to
ct/ 2(V). If we want a space of controlled paths stable under the fixed point map

t
H%szHWAMﬂWmW

we have to require t — (U*)"'T'(¢); to be at most in C'/2(V) since otherwise even the first step of the
Picard iterations will get us out of the space. These considerations suggest us a definition of controlled
paths:

Definition 3.2.2. The space of paths D* (V') controlled by w is given by all the paths ¢ in C([0,T],V)
such that t — @ = (UY); Yoy belongs to CV/2(V).

At this point it is still not clear that the non-linear term is well defined for every controlled paths.
Hypothesis 3.2.1 ensure that the non-linearity is well defined when the controlled path ¢ is such that
" is constant in time. To allow for more general controlled paths we consider a smooth (in space and
time) path f: in this case the following computations can be easily justified in all the models we will
consider:

[ wwesaas= [ [Ex] s = [ s

where the last integral in the r.h.s. should be interpreted as the limit of suitable Riemman sums:

t
/onS(fS) = lim ZXtitiJrl(ftz‘)'

‘HO,t‘—>0 i

A key observation is that the map f — f(f Xas(fs) can be extended by continuity to all the functions
f € CY2(V) using the theory of Young integrals, indeed note that X is a path of Lipshitz maps with
Holder regularity v > 1/2 and that this is enough to integrate functions of Holder regularity 1/2 since
the sum of these two regularities exceed 1. Since the kind of Young integral we use is not standard we
will provide proofs and estimates in a self-contained fashion below. This allows us to give a natural
definition of the nonlinear term for all controlled paths ¢, indeed it is now easy to prove the following
claim:
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Lemma 3.2.3. Let ¢ € DY and let (¢n)n>0 a sequence of elements of ¢ € DV which are smooth and
compactly supported in space and such that p, — @ in D*. Then

t t
/ (U2 N ((on)s)ds — / Xas (i)
0

0

in V. uniformly in t.

As it should be clear by now, the time-integral of the non-linearity (even if not the non-linearity
itself) is a well defined space distribution for all controlled paths and it is explicitly given by a Young
integral involving the modulated operator X. We can then recast the mild equation (3.3) as a Young-
type differential equation for controlled paths:

t
o = oo+ / Xas(6?). (3.6)
0

Any solution of this equation corresponds to a controlled path ¢, = U/}’ which solves (3.3) where
the r.h.s. should be understood according to Lemma 3.2.3.

The Young equation (3.6) can then be solved, at least locally in time and in a unique way, in
c/? (R4, V) by a standard fixed point argument. In some cases it is also possible to prove the existence
of a conservation law which imply ||¢¢|v = ||¢ollv and obtain global solutions. Another byproduct of
this approach is the existence of a Lipshitz flow map on V.

3.3 The nonlinear Young integral

Young theory of integration is well known [33,60,61,75]. Here we introduce a non-linear variant
which is not covered by the standard assumptions. For the sake of completeness we derive here the
main estimates in our specific context.

Theorem 3.3.1 (Young). Let f € C'Lip,;(V) and g € CPV with v+ p > 1 then the limit of Riemann
sums

|TI|—0

t
L= [ fanl) =t Y fs(on)  fulon)
0 i
exists in V' as the partition 11 of [0,t] is refined, it is independent of the partition, and we have

12— Iy = (fe = f)(gs)lv < (L= 27772 "M fllerwipy, ) l9lleav (1 + [lgllcov )M |t — s+

Proof. We give a new proof of this fact. Let f,g be smooth functions in Lip,;(V') and V respectively.
Define the bilinear forms I ;(f, g) = fst(dufu)(gu) and J,1(f, 9) = Ls:(f, 9)— fs,t(g9s) where fo: = fi—fs
and note that this last satisty Js.(f,9) = Jsu(f,9) + Jut(f, 9) + (fut(gu) — fur(gs)) for all s <u < t.
Let t} = s+ (t —s)k27" for k =0,...,2". By induction we have that

2n—1 n 2F—1
Js’t(f’g) - Z% l ’ 1+1 f’ + kz z% 21+1 21+2 21+1) o ft21+17 21+2 (gt ))
1= 0

Since f,g are smooth we have || Jyn4n, (. 9)llv Srg [t — 02 <y 272" so that

2m—1
HZ wan (F9)llv Spg 2™ =0
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as n — co. Then we can estimate

oo 2k—1

el fo )l <30S NG s (o)~ Fi o (g )l

k=0 =0

o0

< 2" fllerip, () lgllesv (1 + llgllcov )™

< (1 =272 M| fllevwipy, vy lglleov (1 + llglleov)™

Now assume that f € C'Lip,;(V') and g € C?V. Then there exists sequences of smooth function f,
and g, such that f, — fin CVILipM(V) and g, — ¢ in CP'V for all 4/ < ~ and all p/ < p and moreover
such that || fullcvrip,,(v) < IfllevLip,,(v) and [lgnllcev < [|fllcev - Then the above estimate implies the
convergence of Js ¢(fn,gn) = Jst(f,g) in V for all s,¢. In turn this implies that, by passing to the
limit in the estimate we have also || Js+(f,9)llv < (1 = 27772) 7Y fllernip,, o) llgllcev (1 + llgllcov)™
Which means that we can define

stfu / fdu gu fst(gs)+Jst(f7 )

for any f € C'Lipy;(V) and g € CPV. Now assume that II = {s < tg < t; < --- < t, < t} is a
partition of [s,t] and denote with Sip = Z?fl Jt;ti21(g¢;) the associate Riemman sum. By the above

construction we have fi, ., (91) = Toprt, (F9) = st (F:9) With [T sy, ()| S [ti1 — 677 and
SO

n—1 n—1 n—1
SH == Z Iti,ti+1 <f7g) + Z Jti,ti+1(f7 g) - Is,t(f7 g) + Z Jti,ti+1 (f? g)
=0 =0 =0

moreover HZZZ& i ti (f,g)HV St Z?;()l tiz1 —ti|7P Zpg TITP7L |t — s| which implies that Sp —
I+(f,g) as |II| = 0 and the integral which we defined above by the continuous extension of the bilinear
form I, +(f,g) coincide indeed with the limit of Riemann sums on arbitrary partitions. O

3.4 Young solutions

With the estimates of Young integral we can set up a standard fixed point procedure to prove
existence of local solution and their uniqueness assuming suitable regularity of X. We assume that
X:(0) = 0 for simplicity. Define standard Picard’s iterations by

t
T,Z)t(nﬂ) = g +/0 Xas (M)
with \*) = 4. Now
| / Xas (™) — Xe(wo)llv S T2 XN + 119 [leoy )M 19T [l oryey

STNXN A+ ol + T2 gy )M
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and
190 D lersey S IXITY A+ Wolly + TV [ 1oy )M

which means that for sufficiently small T (depending only on ||¢)o||v') we can have TV/2[|1)() || o172y, < 1
for all n > 0. Moreover in this case

12 =T eay Sy IXNT7 200D = 5 1oy
which for || X|77~1/2 Sl 1/2 implies that (™), converges in C'/2V to a limit ¢ which by

continuity of the Young integral and of the operator X satisfies

t
¢t=¢0+/0 XdS(/(zZ}S)'

This solution exists at least until ¢ < 7" where T depends only on the norm of X and ||¢|y. Note
that a posteriori 1) belongs to C*V and not only to C 1/2y . Uniqueness in C/2V is now obvious.

Of course if M = 0 it is easy to prove that the existence time T of the local solution does not
depend on ||¢g||y and this imply existence of solution on arbitrary intervals. In the general case we
need further assumptions on the properties of X:

Lemma 3.4.1. Assume that for all ¢ € V' such that ||¢|ly < R we have

¢ + Xse(D)llv —lIollv| < Crlt — s/
where p > 1, then ||¢||v = ||vo||v and there exists a unique global solution of the Young equation.

Proof. Consider My = |[1¢||y which satisfy
[ My — M| = {15 + Xt (¢05) + Bsellv = [[¢s]lv]

< |l + Xt (s)llv = 19sllv] + ([ R ellv

by assumption and by the Young estimates on R we have

oy |t — 5P + [t — 5|2+,

This relation implies that M; must be a constant function since both p > 1 and 1/2 4+ v > 1.Then
M; = My for all t < T. The conservation of the V norm allows then to extend the solution to an
arbitrary interval and obtain a global solution. O

3.4.1 Euler Scheme

Young equations allow for a straightforward Euler approximation scheme. Let v € C7V the solution
of the Young equation defined before and T the life time of this solution. For any n > 0let ¢ff =19 € V
and define recursively

Vi = ?—1+X%%‘(wl’1—1)'

Theorem 3.4.2. Let forn >0 and 0 < i < nT, AT =Y — i then

A" — AT
max M = O(”1_27)
0<i<j<[nT| i — |7
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CHAPTER 3. MODULATED DISPERSIVE PDES

Proof. We remark that ¢} — ;" = Z X141 (9]) and for 0 < i < j < |nT| and define the partition
of [i/n, j/n] by w1 = (tk)z<k<] with 7 = £ Denote by M{;j_iﬂ = Z?;zl Xipep, (¥"), now consider
the partition m/ =" = g/ =1 — {47} for < k < j and then

j—i+1 j—1
MET = MET + X () — X (VR )

k"k+1

and by induction we obtain immediately that

Vi — i = Xpngn (3 Z Xenen (VF) — Xepan | (Y1)

k=i+1

now for some convenience we denote by pj = Xipsn(1y) and g, = Xipen(14/,) then using that ¢
satisfies the Young equation we obtain

Vim — Yim = a5 + Z Xepep (V) — Xepep (Ve-1)/n) + Rij
k=i+1

where

k+1
RLy=Y" Xao (Vo) = Xepap, (Vs

For this term we have the bound

. N —2
[R5 Syl +elon 1) (F— §)n~ 7.

Now consider

j—1
A7 — A} =pfs— g — R+ Y Xepp (UF) = Xepap (WF-1) = Xepap (biy) + Xepen | (Pe—1)/n)
k=it 1

and let

N |
—1
B' = max <] > ‘A?—A?—plnj—qij—l-R?j}.

0<i<j<l\ n

To prove our result is suffices to show that Bf ;.| = O(n'=27). Observe that when |i — j| < the sum
appearing in the expression of A7 — A;‘ can be bounded by B}* ;: in fact we have that

B (0 BY)

n n j
[ Xepen, (VR)—Xepep (1) = Xagep, (Vnyn) +Xepep, | (P—1)/n)] < C(

k" k+1
where C' = C(¢°, || X]|) and
Bl < C(1+ B )M (B +n'2)(1/n)* 1

When [ = 1 we have that B} = 0 and the result is clearly true. Now assume that for some [
we have that B' | < A and define the increasing map 6(z) = (I/n)*’~1(1 + 2)M*1. Remark that
O(n*~1B!") < n?"1B! . Then if I/n is small enough we have that  admits a fixed point and that

1*2731" < A < 400 where we take A is the limit of the sequence (x;) defined by x;4+; = 6(x;) and
zo = 0. Now is suffice to iterate this argument to prove that bound hold for | < [nT']. O
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3.4. YOUNG SOLUTIONS

3.4.2 Regular equation

In this section we study the convergence of approximations given by a standard PDE to the solution
of the Young equations. Consider the following regularized problem

(3.7)

8t<pt = Acptatnt + HLN(HLgOt), t>0
©(0,2) = Mpp(x) € C(T)

with n is a differentiable function, ¢ € L*(T), A = 92 or i0? and N is the non linearity given in the
previous section, of course this Cauchy problem is equivalent to the mild formulation

t
oo = UPTILé + / P (U™)  IA (T, ds (3.8)
0

or equivalently

t
o =TI+ /O (U TN (LU, ) ds (3.9)

with U = eA™ and vy = (U™); '@, In the rest of this section we take A = 93 and N (¢) = 9y
for the case of the Schrodinger equation we can adapt exactly the same argument. Now we can check
easily that the modulated operator X™! associated to the equation (3.9) is well defined and satisfy

L
Xt N 22 (Hay Hay) St It = 8]

for all a1, s € R., and then by a fixed point argument we obtain the existence of a unique Young local
solution L € C([0,T*], L?) such that /" = (UP)te" e C1([0,T*], L?) moreover we have that
YL e Ng>oCY([0,T*], Hg) and then clearly

Opr = AprOpny + LN (T ey

in the weak sense. To obtain a global solution is sufficient to remark that for all v € L?
t
(v, X" (0, 0)) = / do / AzUm ()10, (UM (x))’
s T
t
- / do / AT (U™ ()20, (T, U™ () = 0
s T

and then we obtain that

’L ) 7L ) s ,L
| 12e = ([ E) 22 + [ — 9|2, + W, X1 (vs, v5)) + R
,L
= |l 2 + ||t — 9 E |2, + Ry

for all s,t € [0, 7*] with |Rg| < |t — s|?, then we obtain that H|1/J:L’LH%2 - ||1/J§L’LH%2\ < |t — s|? and this
give us ||¢/""|| = ||II@||;2. Using this conservation law we can extend our local solution to a global
one. The mild eq. (3.9) has a meaning even when n is only continuous function. Let R > 0, T > 0
and assume that sup,cp 7 [no| < R then we obtain

19" o< ory,e2) St T IX ™ llerqo,ry.e2) (19" Hllor-=o.my.22) + MLl £2)?
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CHAPTER 3. MODULATED DISPERSIVE PDES

for all 71 < min(1,7"), using the fact that ||X”’L|\Cl([07T]7£2) S SUPscpo 1 [ne| So R and taking Ty =
T1(||IIL¢||r2) small enough we can see that Hwn’LHcl—s([O’Tl]lg) <z R. Finally using the conservation
law and iterating these results gives us that ||'¢n’L||Cl—€([O7T]’ 12y Si R. By a similar argument we

~

obtain easily |[y""F — ’lﬂnl’LHclfe([OyT]ylﬂ) SLR SUPsc(o,7] Inl — n2| for all ny,ny € C([0,T], L?) such
that sup,epo 7] Ini| < R for i = 1,2 where z,Z)”l’L,w”2’L are respectively the global solution of the

eq. (3.9) associated to the dispersion n' and n?. Now let w” a regularization of the continuous p-
irregular function w and assume that sup,¢(o 7) |wY —wy| —N_100 0 for all T > 0. Then the solutions

(©NF) yen of the regularized problem (3.7) with dispersion w” converge in C([0,T], L?) to ¢ which
is the solution of the mild equation (3.8) with dispersion w:

t
ol = UwHLd>+/O (U (U2 MILN (s )ds. (3.10)

Finally we have

Theorem 3.4.3. Let p > 3/4, T > 0 and o, ¢ respectively the solution of the mild eq. (3.10) on
[0,T] and the modulated KdV equation then

19" = ®lloreory,rzy =77+ 0

with ¢ = (UF) Yok and vy = (U)o
Proof. Using the equation
t
vk =i+ [ Xk ()

we obtain that

—1/2
19"l crrzqorm,eey S TY / sup X e qour,c2 2 (1 o1z o vy 2y + 1011 22)?

and then taking 77 = T} (||#||;2) small enough we obtain that sup;, |[1/”| lc12(o,/my,22) S SUPL XN e o.1,2(22)
+o0 using the conservation law we can proceed by induction to recover the interval [0,7] and then
supy, HwL||Cl/2([O,TLL2) < 400. Now the same argument shows that

0" = dllereqorrzy Sielle X" = Xllorzo,22)

and then suffices to use the fact that || X — X¥|| =%7° 0 (proven in Lemma 3.5.2 below) to deduce
the needed convergence.
O

3.5 Regularity of X

Let w a p-irregular path, the aim of this section is to provide the necessary pathwise estimates on
the modulated operator X* in the various models we consider.

Definition 3.5.1. We say that a n-linear operator X on the Banach space V' belongs to Xoy if
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3.5. REGULARITY OF X

1. For allT > 0 we have
[ Xstlcrv < Cl Y lyyer [t — 5|7

for s, t € [0,T] and for some finite constant C' > 0 which does not depend on w.
2. If we let XSL’t(gpl, coon) = Xe (e, ..., Hpey) then X, — X in C;/2£"V,

Once appropriate bounds are obtained for the relevant X operators, the Young theory of Section 3.4
gives a complete local well-posedness theory for the equation (including convergence of approximations
and the Euler scheme). For the KAV equation and the non linear cubic Schrédinger equation we will
see in the next section how we can obtain a global solution for an initial data ¢ € H* with a > 0 using
some smoothing estimates. For the following we will assume that w is p-irregular.

3.5.1 Periodic KdV

Here we will bound the modulated operator associated to the periodic KAV equation (ie: A = 93
and NV (p) = d¢?) on H*(T). We recall that in this case the operator X is given by

t
Xo o) = Xou(th, ) = / (U2)0,(UP ) do

Lemma 3.5.2. Let o > —p and p > 3/4 then X € Xy’ya.

Proof. Let 11,19 € H*. The Fourier transform gives

X v2) =ik Y Likazo®l (kkikz)dn (k1) n(k2).
ki+ko=k

From an application of Cauchy-Schwarz we obtain that

2

> Tikkgro® (kkako )y (k1 )ba(k2)| < | D Taky kool kol 2| ® (kkako) [P |1 (k1) | [bal?,
k1+ka=k ki+ko=k
| @l (kkik2) | 20 |2
< sup TCoapa | [Valalvel
(kl;kklkgyéo,k1+k2k; |Koq |2 | o |2 o
(3.11)
where the supremum is taken over k1. And we obtain
XalZorge < [ 30 K2+ @ (kb)) (.12)
t o < sup —_— .
stieen - v ek ko £0. 1 +ka=k |F1[2¥| k2%
The p-irregularity of w allows to estimate this bound by
1
| Xst|Z2pra < Cprl| @] wen [t — 27 ) [k[a2720 sup
stiL2H P Wr ; et skt ka0, kr ko —k ‘k1‘2a+2p‘k2‘2@+2p
k|
Supn = s sy (Mg
e zk: ke skky ko 0,k +ha=k 1K1 K2
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Now if we remark that % < ﬁ + \lT12| < 2 and if we take & > —p and p > 3/4 we obtain that
Z |k’274p sup ( |k| )2a+272p < 22a+2p Z 1 < 400
p kaskkka0ka+ha=k | K12l N — |k[>~

which gives the claimed regularity for X. As far as the convergence of X is concerned we let ¢1, ¢ € L?
and observe that

1X 5 (61, 62) — Xst(h1, 02)|[3

2

= > [k > (L o)< — 1) 01 (k1) o (ko) @t (Ko K2)
|k|<L k1+ko=k,k1k27#£0
2

DL Yo u(kn)a(ko) D (kkiky)

|k|>L k1+ko=k,k1ka#0

Slenlslgals | DIk sup B4 (kkako)|” + Y |k[P sup  |Dyy(kkiko)]?
L ‘k‘1|2L;]€1+k2=k ‘klzL k17k1+k2:k

Using this bound with the fact that w is p-irregular gives us

155 = Xlleromeruon Soor SRE2 sup a2 kal =20 3 (62 sup kol
k |k1|>L;k1+ko=k k|>L k1

for some v > 1/2 and p > 4/3. Now the r.h.s of this inequality vanish when L goes to the infinity, in
fact choosing 6 > 0 small enough we have

ST sup kP lk| % S, L0 kPO B g

p Jer| > Lk +hp=k - p
and
Z |k’272p sup ’kl k2|72p 5{7 Z ’k‘274p _>Lﬁ+oo 0
|k[>L k1 |k|>L
and this finishes the proof. O

Now we will give an improvement of the Lemma 3.5.2.

Lemma 3.5.3. Let p>4/3 ,a> —pand f < a+2p — % then there exists v > 1/2 such that for all
T > 0 the following inequality holds

| Xst(01, 02)| e < Cr0,8| 27 (e [t = s|7|d1|1re | f2| e
for all g1, ¢ € H* where Cr 5 < +00.
Proof. Eq. (3.12) can be modified to give

(|<1>g;(3kk1k2)|2>

‘XSt((;SlaQS?)@IB < ’¢1|%I‘X‘¢2|%10‘ Z |k|2+26 S}:p |k‘1|a|k§2|a
k

1
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an
Y (3kk ko) |?
Z |k“2+26 sup <‘ st( 1 2)| > < |t o S|2wz ’k|2+2,8—2p sup |k1k2|—2a—2p
k k1 |k ||| & k1
Sa,ﬁ ‘t _ 8‘272 ’k‘274p+2ﬁ72a < 400
k
if B < a+ 2p—3/2 which finishes the proof. O

3.5.2 Periodic modified KdV

In the case of the periodic modified KdV equation we have A = 8% and N (u) = du(u? — [|u||3) and
the Fourier transform of the modulated operator X reads

Xt (W1, b, 03) = ik > b1 (kYo (ko) 3 (k) D (2(k — ko) (k — k1) (k — ks3))

where the star under the sum mean that ki + ko + k3 = k,k1koks # 0 and ko, k3 # k and we have used
the algebraic relation k% — k3 — k3 — k3 = (k — k1) (k — k2)(k — k3). By Cauchy-Schwarz

| Xt (1, 2, 93) [Fra = D P22 " by (kYoo (k) bs (k) @ (2(k — ko) (k — k1) (k — k3))|?
k *
S NPT knkaks| 2| @8 (2(k — k) (k — ks)(k — k1))
k *
(O Ve [ hea 2 [Jes [ 41 () b (Ba) 1P s (K3) )

< (ii%) [K[F2 Y kikoks| 2| @5 (2(k — k2) (k — Ks)(k — k1)) P)In[aze |2 e ||3] e

from which we obtain that

| Xot|75 e < sup B2 |k koks| 2 @4 (2(k — ko) (k — k3)(k — k)| (3.13)
0 *

Now we will give a lemma which help us to bound our operator

Lemma 3.5.4. Let « > 1/2 and p > 1/2 then we have

Z ’”—204“ - k’—2p Ss o |k’—min(2a72p—a)
10,k
for all e > 0 small enough.
Proof. We begin by decomposing our sum in two region in the following manner
) ——
a2, — 1t
haZok |ko|? |k — ko|?P

where

1 1
I = - L= . —
1 . Z kol 20k — ko2’ 2 Z o |20k — ko2
270,k; k—k2| <2| k2| ka0, ks k—ka|>2|ka |
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Remark that if |k — k2| < 2|ka| then |k| < 3|k2| then we have

1 1
I <
1 e[ 2 Z |k — ko|20 S ‘k’2a Z |k — k2|2p |k’2a Z ’k-2’2p

ko #0,k; | k—ka | <2| ko | ko#k kg #0

For the second term Iy, we begin by noting that if |k — ko| > 2|ka| then |k| < |k — ka| so

1 1
RS k|20 ) o 20+ < too.
ko#£0,k;|k—ka|>2|ka|
0
Now using the inequality (3.13) and the (p,y)—irregularity if w we have
| Xst|gapa < sup (R[4 Y [Rikaks| 2|94 (2(k — ka) (k — k3)(k — k1))
0 *
1
< Cuplt — 87 sup [>T~ |kykoks|
< Cuplt = sl sup [k 2*:\ Ty 7 Ay Wy T
where Cy, . 7 is a finite constant.
Lemma 3.5.5. For all a« > 1/2 and p > 1/2 we have that
1
I = k,2+204 kikok —2a <
D DT T e
Proof. Now the inequality |[k|?* = | — k1 + ko + k3|2* < |k1]?® + ko[> + | k3|2 gives
ISsup kP Y koks| 200k — ko [k — k| 72 = sup [K2( D |K| 72Nk — ka| %)
I ka0, b ka0,
Then using the Lemma 3.5.4 we conclude that I < 400 when a > 1/2. O

Theorem 3.5.6. Let p > 1/2 then there exists v > 1/2 such that X € C7([0,T], H*) for all oo > 1/2
and T > 0. Moreover if o > 1/2 we have that X € X5 o

3.5.3 KdV on R

Here we treat the operator X associated to the KdV equation on the non-periodic case. By a
simple computation we see that the Fourier transform of X is given by the convolution formula

Kot (o1, 40) (@) = i /R & ey — y))ir(y)dala — y)dy

We begin by treating the case a > 0. Cauchy-Schwarz inequality gives

dY (x 2
HXstHHa<SuP 20C|9U|2/’ i y >3¢):J dy

dy
< 119y £ — spsupww /
wy Sup e 02 (@ — 522 (1 1 Joy(e — )%
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and then we have to check that

— o dy
(@) = s ol | e T <

with a > 0. Using the fact that (2)2® < (y)2* + (x — y)2* we obtain I(«) < I(0) and then is sufficient
to prove that I(0) is finite. We will decompose this quantity as 1(0) = I'' + I? + I® + I* where

d
I' = sup |z|? i 5 S sup \:U|2_4p/ 2] 7%, dy < +o0
o> Jyz1/zy—az1/2y U+ |zy(@ = 9) )2 ™ (g1 {lyl>1/2}
when p > 1/2.
dy
I? =2 sup \x!Q/
2[>1 i<tz (L4 [zy(z —y)[)?°

dy
< sup !m\Z/ ——— 3 /(1 + |2])"%dz < +o0
|z|>1 wi<1/2 (1+22[y[)? R

dy
I? = sup \a:|2/
<1 yiz2 (14 |lzy(z —y)])?

dy
< 2 - 1 20dy <
- Iil\g)l ! yz2 (1+ [xy?)2r ™ /( 1) < oo

and finally the last term can easily bounded by

' = sup Jof? / (1+ lye(e — y))dy < 4.
lz|<1 y|<2

In the case a < 0 we will bound our operators by

w _ 2
D R I o
lz|>1 y>1/2le—y|>1/2 (Y)**(T —y)
/ % (xy(z — y))|?
y

\<1/2 <y>2°‘< —y)2

+ 2 sup (x >2a|sn|2

lz|>1
Pw 2
+|§;‘~1<I)l 2a‘$|2/ ’ St >3())J J1+J2+J3

The integral J; correspond to the high-high-high part and cant by treated by similar argument used
in the periodic setting in fact

2a+2p
J! S'Y’a H(I)wHW””“ - 3|7/ ’x‘2_4p sup ‘i < 400
’ |z|>1 lylle—y[>1/2 [ = Y]]

when p > 3/4 and a > —p. For the term Jo we remark that if || > 1 and |y| < 1/2 then |z — y| ~ |z|
and

dy
J? < H(I)wHva\t— s|7 sup |x\2/ — < /(1 +|z|)” 2°dz < 400.
|z[>1 <12 (1 + [22y])? R
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Now split J3 = J3! 4+ J32 with

J3 = sup |z[*(z)
|z|<1

Sa |t —s|.

% DY (zy(z — y))I?
/y|<2 (y)?(z — y)*

If |z| <1 and [y| > 2 then |z — y| ~ |y| and

dy
T2 =< |t — s sup |xf? / < sup [2f¥/2+20 / (1 + [y2)* < too
lz|<1 =2 (L [yllz)) P ()t ~ g < R

when a € (—=3/4,0] and o > —p. These considerations results in the following regularity for X:

Proposition 3.5.7. Let p > 3/4 then there exist v > 1/2 such that X € C7([0,T], H*) for all T >0
and o > —min(3/4, p).

The restriction of the regularity at —3/4 is imposed by the low-highy frequency term in the proof
above. To bypass this difficulty we will consider distribution spaces given by the following definition.

Definition 3.5.8. We say that f € Hap if f € S'(R) and leeaﬂ(w)P\f(x)\de < 400 where
= |z>tP

Oo8(%) = T5Ta?

Observe that H* = Ha,o is the homogenous Sobolev space. Now as in periodic case by simple
computation we have that

Y (wy(z — y)|?
|ly|?e |z — y|2«

| Xst| 72940 §/$|2+2asup dzx.
R yeR

Now the problem with this bound is that the terms in r.h.s admit a singularity at the origin which not
exist in the periodic case to bypass this difficulty we will give another bound of our operator in the
region which poses a problem.

Lemma 3.5.9. There ezist a universal constant C' such that the following inequality holds

2% (zy(z — y))[?
XlZay, < Csup [22lfa5(0)) /
L¥Has lz|<1 ’ <2 100,5(¥)?|00,5(x — y)|?

dx

% (ay(z —y))?
—I-/ z|262 45(z) sup =
e T @) S g Bl sz — )P

/ D% (zy(z — y))I? dy
i< 10a,8(y)0a,6(z — y)|?

+ sup [z[*602 5(x)
|z|>1

+ sup (1202 () [ i
sup |z T
ezt iz y—al< 2y as(y

(3.14)
zy(z —y))I?
*6a,6(x = y)[?
zy(z —y))|?
*10a,5(z — y)I?

dy

dz)

~— |~ ~—|

242 |5
+/ 2705, () sup >
|z|>1 {ly1>3;ly—=>1} ‘aa,ﬁ(y
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Proof. Let 11,12 € H, g then by definition we have
Kb, 2)|2 5 = /R 14[262 () /R & 2y (x — )i (y)a(z — y)dy[da
- / 2262 ()| / Bu(ay(@ — y))ir (y)in(e — y)dyPda
<1 R
+ /xm 2262 ()| /R & (ay(x — )i (y)in(e — y)dyPda

=h+1

Now we begin by study the term Iy, then by Cauchy-Schwarz we have:
n<o| pfRu@l [ ey - )@ - il
lz|<1 ly|<2

+ / 2262 4@)| [ BU(ay(a — y)i ()ia(e — y)dylde)
|z|<1 ly|>2

5 DY (zy(x — y))|?
| /|y<2 0o s ()Pl — )P

|28 (zy (2 —y))I”

+/$|S1 el )EE%(I%,B( Plosa — ) 2)l1laslv2la s

2(sup |z/*|fa,5(x)
|lz|<1

By the same argument we can show that Is satisfy the following inequality :

w(zy(x —y))|?
I <3(sup |2]%62 4(x )/y P8 (xy(z — y))|

lz|>1 ’ i<t 10a,8()1*10a,8(x — y)|?
| P4 (zy(z — y))?
+ sup a6 5(a) [ dy
|z|>1 7 (gl Lily—al <3} 10a8(W)*0a,s(x — y)I?
(I) 2
+/ |$|2935($) sup | t('g ( y))| 2dCL‘)
|z[>1 ’ {y1>Lily—=|>1} 10a,5(y)?10a,8(z — y)|
which finishes the proof. O
Now to obtain the Young regularity we have to bound this five kernel
pw o 2
Iézthh — / |x|2935($) sup ’ st(a;y(x y))’ de
lz|>1 ’ {ly1>Lily—=z[>1} 100,8(y)[[0a,5(z — y)|
o (vy(z — o))
I = sup |z]?|04 (m)|2/ [©5 dz
T s 100, Plfas(@ — )P
oy (zy(z —y)P°
I :/ 2262 45(z) sup [P dz
L P 52 10,5 (1)20a,5(x — y)|2

Ihlh

= sup [z|*03 5(x)
|z|>1

/ P8 (wy(z — )P
Y

i<t 10a,8(¥)1*10a,8(x — y)|?
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pw _ 2
Igthl = sup ’x|203 (l‘)/ | st(iy(l‘ y))| 5

@izt 0 Sy biy—al<ty 0asW)P10a,s(x - y)l

Now we will begin by the term which contain the high-high-high frequency :
1
Ihhh S; |t _ S|'y/ |x‘2a+272p sup = Az
! j2l>1 (=1 /2jy—|>1/2y [Y(@ —y)[Per?
N s|7/ |22~ sup ¢)2a+2pdw < 400
jwl>1 (yi>1/2%]y—a>1/2} [Y(@ = Y)]

if « > —1 and p > 3/4 small enough. Now for the term which contain the low frequency we use the
inequality |®%(a)| < |t — s| and then :

1
IL<|t—s| sup |x|2(°‘+ﬁ)+2/ dy < +o00
o |z|<1/2 <2 ly(z —y)[2a+28

if -1 <a+ < 1/2. Now we will focus on the low-high frequency term, and we begin by remark that
by interpolation we have that |®%(a)| < C"t'a_li',7 for one v > 1/2 and all p’ € (0, p|, then using this
inequality we obtain that :

, 1
I St s [ [Pt sup ,
shes i<t iz [y(z — )P t2e

dzr < 400

when we can choose p’ € (0,p) N (—a,a+ S+ 3/2) and this is possible if and only if 2« + 5 > —3/2,
a > —pand a + B > —3/2. Now it remains to study the two terms I”"* and I’ but by symmetry
these terms are essentially equivalent then it suffices to treat only one of them. Let us for example treat
the term I’ then we begin by noting that if |z| > 1 and |y| < 1/2 then |z| —1/2 < |z —y| < |z| +1/2
using this fact we have :

1
Ihlh < |t —s|¥ sup |z 2a+22p’/ dy
st S | Ix\zl‘ | wi<1/2 [yPat2IT2 g — y[2a+2ef

/ 1
< |t —s|” sup |z|>~? / ——————-dy < +00
f#f>1 i<1/2 [y[Per27e2

when we choose p’ € (0,p) N (1/2,1/2 — a — 8) and this is possible if and only if « + 8 < 0 Then we
have the following lemma.

Lemma 3.5.10. Let p > 3/4 ,a > —p and —a > > 0 with B+ 2a > —3/2 then there exist v* > 1/2
such that for all T > 0 the following inequality holds

Xatlrpy < ClO% gt = s
for all (s,t) € [0,T)? where C = C(T, B,a) > 0.

Corollary 3.5.11. Let p > 3/4 and 0 > o > max(—3/4, —p) then there exist v > 1/2 such that for
all T > 0 the following inequality holds:

| Xst| 230 < Cl|@7][yyp [t — s
for all (s,t) € [0, T] where C = C(T,a,p) > 0.
Proof. The condition « > —3/4 ensures that you can take 8 = 0 in the Lemma 3.5.10 O
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3.5.4 Periodic cubic NLS equation

Proposition 3.5.12. Let p > 1/2 then there exist v > 1/2 such that for all T > 0 and o > 0 we have
X €C7([0,T),H®). Moreover if & > 0 then X € X{’ya.

Proof. By definition X, (1)1, 2,1)3) is a trilinear operator with Fourier transform given by

FXo(1,92,93)(§) = FX' (¥, v2,¥3) + FXZ (1192, 03)
= g(r, ) + Va1, ¥s) + D> Tesg g™ (E+EE =656 4y (€1)*Pa(E2) D3 (3)

£1,82,§3€%Zo
E=—&1+&2+E3

where 1); = F1);. Note that 2462 -2 ¢2 = 2(6—&)(£—&3) under the condition that &€ = —&; +&+&;.
Setting = = 2(€ — £)(E - &) we gt

(W, X5 (W, o, ) € ) Lo g [P0 (E)| () 1 (61) " da(€2) s (&)

§1,62,63€%0
E=—&1+8&2+E3

By by now standard application of Cauchy-Schwarz we get
(0, X2 (1, ¥, 3))] < (Ta,p)'/? sup |a| 2|08 (a) [l |2 o]l 3]l

a€Zg
with

Lg=suwp > lepeel€ 6166 E1.
£€Zo £1,62,63€%Z0
E=—61+E&2+E3

Some condition on the finiteness of the constant I, g, are enough to control the regularity of the
operator X2, Since a > 0, by using that [£]** < |&1]2* + |&]** + |&3]** we have I, , < Ip,, moreover

loy = sup D ezl — &7 D Tepey |6 — &7

€Zo &2€7Zo £3€Zo

Is then easy to see that all these sums are finite provided 1 < 2p which means that we can take any
p > 1/2. Now for the operator X! we have the following bound

1 X1, 92, 3)||mre < 2t — 8)| |91 ]]all2]lal 93]
and this finishes the bound of the operator X. O

3.5.5 Cubic NLS equation on R
Lemma 3.5.13. Let (¢;)i=1,.4 € L*(R) and define the following integral

I(a) = /3 dridradas|ze — 21||PY ., (2(22 — 21) (23 — 1))
R

x| (2)|195 ()1 (5) (3) | (3)* (=21 + w2 + 3)|

then we have the following bound
I(a) < [s2 — s1| =1, 4[| L2 (m)

when a € [0,1) and p>1/24+a ora=1and p>1
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Proof. In the case a < 1 let us split R? = Ui=1,...4D; with
Dy = {(21,22,73) € R’} |22 — 21| > 1, |m3 — 21| > 1},

D2 = {(l’l,IQ,.’Eg) € Rg; |a:2 —l'1| < 1, |IE3 —$1| < 1},
D3 = {(21,72,23) € R3; |20 — x1| < 1, |zg — 21| > 1},
Dy = {(z1,22,73) € R |39 — 21| > 1, |23 — 21| < 1}

According to this split Z(a) = > ,_; ,I;. By Cauchy-Schwarz we have [; < JZH;L:1|¢Z~|L2(R) for
1 €{1,2,3} and using the (p,y)-irregularity of w we have

J2 = sup /R Qa3 gy an o a—os o1y 2 — 21282 (22 — ) (15 — 1)) 2
1

= [ AT P10 ()
S ls2 — 81!27(/ Ql_gadyQ)(/ %dm) < 400
=1 [Y2]*7 =1 [y3]*7

when p > o+ 1/2. To bound the term J3 we use again the (p,~) irregularity of w and we obtain

J3 = sup /R2 oAz (|n, 0| <1ifes—aa 21} [T2 — 21| @Y (2(22 — 21) (23 — 1))
1

N /]1@2 dyadyslyjy, <1y 21} 1021108 5, (29203)

1
S ls2 — 81|27/ |y2|2a(/ ————dys)dys
ly2|<1 lys|>1 (14 [y2ys])?P

1 1
S ls2 — sl|27(/ dyg)(/ —————-dz3) < 400
aist 1921720 g (T Jzal)

when p > 1/2, a > 0 and this give us the bound for I3, we remark also in the case a = 0 the integral I3
and I are essentially the same by symmetry and can be be bounded using the same argument. Now
we will focus to bound the term J for that we use only the bound |®Y (a)| < |s2 — s1| which is valid
for all @ € R, in fact we have

J3 = sup /R2 Ao A3l (|p, 0| <1ifes—ar <1} T2 — 21| @Y, (2(22 — 21) (3 — 21)) [
1

N /]1%2 dy2dy3ﬂ{|yzlﬁl;\y3|§1}|y2’2a’q)g}1T(23/Qy3)|2
< sy — s1)?

all these bounds give us the estimates for (I;), [ € {1,2,3} then we will focus on the last integrals. To
bound the integral I; we proceed in a different way, to simplify the notation let n = 2(xy —x1)(z3—21)
and then using the Cauchy-Schwarz inequality we have :

/Rdxz]lmm21vaz—xl|°‘!‘1>31T(77)H1/32(x2)\|¢4($)| < SUP (I, —ay 21 ] T2 =21 |%[Psy 55 (1)) 2] L2(m) [¥4] L2 )
x2
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now injecting this inequality in I4 and using Cauchy-Schwarz and Young inequality we obtain that
Iy < (/ dzsdriljp, o<1 SHP(H\m arz172 — 210, () W1 (x1)]1¥3(23)]) W2l p2 ) 14| 12wy

/Wa 1) /]Ixs x1|<1sup<ﬂ\x2 naz1]T2 — 21 |*®L |, ()]s (ws) |dws)dar ) [ 2 gy [Pal 12 (r)

g(/R

< / sup (|y2]*1 22, (2u20s) ) dysTTy [ 2
ly3|<1 |y2|>1

/R]Im, w1|<lsup(]1\x2 wr>1|72 — 21|, (n)])¥3(23)|das

) 1/2
d:c1> 2|2 m) [Vl L2 (m) Y1 L2 (R)

ST — 51T [ Loy sup (|22]* (1 + |22))7) / ly|~*dys < 400
22 lys| <1

when a < 1 and p > a. As was noted previously this gives us also a bound for I3 when o = 0. Now to
treat the case o = 1 we proceed as in [30]. Indeed after change of variable we can rewrite our integral
as :

1) = [ ol ([ 16ntultdate =l ([ Watimlate = w1 2otoe - m)ldse ) a ) ao

and then by Cauchy-Schwarz and Young inequality we have

< Gsuplel [ 1852 Co) ALl oge) < ls2 = 51l ( [ (14 |D A 94l 12ge
and the r.h.s is finite if p > 1 which finish the proof. O

Proposition 3.5.14. Let p > 1/2 and X the modulated operator associated to the NLS on R then
there exist v > 1/2 such that X € C7([0,T], H*(R)) for all o > 0

Proof. Let (¢;)i=123 € H* and ¢4 € H™* then by a simple computation we have that

by (xi)dwldxgdxg

[(Va, Xt (1,2, 93))| < A(!$\_a|¢4(w)\)!$\a36196'2363\_4&!—$1+$2+5E3!0‘Hi—

(3.15)
with © = —x1 + 22 + 23 now using the fact that |z;|* < |z1]* + |22|* + |z3]|* and the lemma 3.5.13 we
obtain immediately ‘<¢4, Xst(wla 1/)2, wg)ﬂ 5 ’t — 8‘7‘1/14|_aﬂi:17_,3 @D|O¢. ]

3.5.6 Cubic non linear Schrédinger equation on R?

To extend the previous results to the modulated Schrédinger equation on R? we need to obtain
regularity estimates for the appropriate X operators. Here X;(11,%2,13) is a trilinear operator with
Fourier transform given by

(’le, ¢2, Qz)g)(g) /51 £2.£65€R? 6iws(|§‘2+|§l‘2—|§2|2—‘£3|2) 12}1(51)*12)2(52)1&3(63)(162(153

E=—E1+&2+E3
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Note that |£|2 +[&1|2 —|&a]? — |€3]% = 2(€ — &2, € — €3)pe = = under the condition that & = —&; +& +&3.
Then X has the expression

FXetr 2O = [ o BU(EN (60 a(€)n(€)d6ada

E=—61+8&2+E3

Using the (p,7y)-iregularity of w we can easily obtain that

(85, Xos (0, 0, )] < / Y, (2)] 1061 (€1 [92(E2) | |3(E3) A€ dads

£,61,62,63€R?
E=—E1+8&2+E3

< T2 = sl l-allvrlall¥sllalvs]a
with
J = sup / bz (1 H2E-@E-GDTPO+E)" J] O +]6") " d6dg

fer E=—&1+82+E€3 i=1,2,3

Lemma 3.5.15. The quantity J is finite when o« > 1/2 and p > 1/2.
Proof. Tnserting the estimate (14 [£[2)® < 322 (1 +]&[?)® we obtain that J = J; + J where

Ji = sup / (L2 — 60, & — E))2P(1 + [6f2) (1 + &%) dEades
§€R2 £17§27§36R
E=—&1+&+E&3

and
Jp = sup / o (L2 = &, = &)) (L + &) (1 + & *) " déds;
¢er2 J §1,62,83€R
E=—&1+&2+E€3
Let us consider first the J; contribution. Let ¢; =& —&;, 1= 2,3

I = Sup/ dgp / dgs
cer2 Jr2 (14§ + @2?)* Jro (1 +2[{g2, g3))?* (1 + € + g3]*)

Write q§-,q:|))| € R for the perpendicular and parallel components of g3 € R? with respect to ¢o and
similarly for £ and bound

dgy dgz dg)
J1 < SUP/ /
gerz Jre (L+ 1€+ @) Jr (L4165 + a5 ) Jr (1 + 2|gof|g]))2

_ Sup/ dgy / dgz / dgj
cerz Jre (L+ 1€+ @) Jr (14 a3 1) Jr (1 + 2|gal|g)))2

now note that for « > 1/2 and p > 1/2 we have
/ dqu / dq;! < |q2’71
& (L4 laz )™ J (1 + 2gslgh )2 ™

J1 S

~

so that
dg2

sup/ <
cer2 Jr2 (14§ + q2/?)%qz|

+00
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for @ > 1/2. To estimate the J integral we rewrite it as

dr=sup [ [ (12l - 0.6 - ) 4GP0+ ) dads

£€R?

where we used that £ — &3 = & — £1. By writing g1 = &£ — &2 and go = £ — & we get

Ty = Sup/ dga / dq1
eer2 Jr2 (1416 — @22 Jr2 (1+2[{q1,¢2))?(1 + [q1 + & — q2/*)”

Write g1, qy for the perpendicular and parallel components of ¢; with respect to g2 to get the estimate

Jo < sup / dgo / dqlldqy
T eerzJre (L €= @) Jre (14 21g)||ga))20(1 + |gf + £112)e

again the condition o > 1/2 allows to bound this last quantity as

[
S Sup/ dQQ . / dch
cerz Joz (116 = @) Jo (11 2/g]qal)>

and p > 1/2 subsequently by

< sup / dgo

~ eerz Jr2 (141§ — ¢2/?)%qz|
which is finite when a > 1/2. O
Theorem 3.5.16. For all p > 1/2 there exists v > 1/2 such that for all T > 0 the operator X belongs
to CV([0,T], H*(R?)) for all o > 1/2.

3.5.7 The derivative NLS equation

Here we will focus on the modulated Derivative non linear Schrédinger equation (ie: A = i9? and
N(u) = 3?(|u|?> — |Jul|3)u for & > 0. Now the Fourier transform of the operator associated to this
equation is given by

Xt (1,02, 9b3) = (ik)° D by (k) o (ko) s (k) B (2(k — ko) (k — k3))

where the star under the sum means that we have —kj + ko + k3 = k and ko # k.ks # k , k1koks # 0.
Standard application of Cauchy-Schwartz gives

1 X ot |0 < sup [k[20420 N7 ey ok | =220 (2(k — ka) (k — k3))?

then using the fact that w is (v, p) irregular we obtain

| Xstl| 20 Swer [t — S| sup [BI2F20 " |k koks| "2k — kol |k — k|~
*

with s,t € [0, 7], then is sufficient to prove that
I = sup |k[**T " |kikoks| 2|k — ks| 72|k — ko| 7% < 400
k *

for that we will need the following lemma.
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Lemma 3.5.17. For p > max(1/2,0/2) and o > 0 the following inequality holds:
D Tk = U S |k~
10,k

Proof. The proof of this lemma is very similar to the proof of the Lemma 3.5.4. We begin by decom-
posing our sum in the following way :

DU LE e SR I e LR (e D SR [ e LAt [t

I£k0 10,k 1—k|<[1] 10,k k|1

1 1 1

-0 -0

<D e T X paraes Seen i
1£0 l

Lemma 3.5.18. Let p > max(f,1/2) and o > 10 then I < +oc.
Proof. If we use the fact that |k|?* < |k1|2* + |k2|>* + |k3|>* we obtain

IS Sup |k [* (Z |koks 2|k — ko| 7|k — k|7 + > [kaka| 2|k — ko| 72|k — k1|2p>
2
Ssup B2 | D (ko 2k — ko | A sup [BPD [kka| T2k — kol 7|k — Fa| %
k ka0,k k *
=h+1
Now by the Lemma 3.5.17 we have

Iy = sup [k[*( ) ko] 2|k — ko] 7%)? < +o0
k ka0, k

for p > max(6,1/2), a > 36. It remains to treat the second term which requires a bit more work:

Iy = sup [k|* ) |koka| ™2 kg — k|7 |k — k| 7%
k
k1,k2

= sup L i L A i W L Il P s sup B2 kol 72270k — k|2
ko k1 ko

Ssup k(>0 Ikl TPk =kl T+ D ke TPk — ke )
k ko |k—k2|<|ka| ka;|k—ka|>ka|

Ssup([kP72%) dsup > (k| TPk — ko 2
K aslk—ka > ko

gsup(|k’972a) + Z |k2|72a72p+0 < 400
k ka0

if p > max(1/2,6), o > 36. O
Theorem 3.5.19. Let p > max(1/2,0) then there exist v > 1/2 such that X € C7([0,T], H*) for all
T >0 and o > %9.
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3.6 Global existence for the modulated KdV in Sobolev spaces with
non-negative index

In this section we will concentrate on the periodic modulated KdV equation on T and R and on the
NLS equation on T. We prove the existence of a global solution for an initial data ¢ € H%(T) for any
a > 0 in spite of the fact that the modulation breaks all conservation law apart from that associated
to the L? norm.

Let us recall how we can establish the L?-norm conservation in this case.

Proposition 3.6.1. Let u the local solution of the periodic modulated KdV equation with initial data
¢ € L*(T) and vy = (UX) tuy fort € [0,T] where T = T(||¢]|2) is the life-time of the local solution
then we have ||vi||2 = ||p||2 for all t € [0,T] and we can extend the local solution into a global one.

Proof. Let 1 a smooth function then we have by integration by part formula

(8, Xt (16, ) 2 = / do( / HU2) 10, (U2)?) / do / U0, (U2 y)?

- / do /T O (UL ) (UL))? =

||Ut||g = HUSH% + (vs, Xst(vs, vs)) + [|vp — USH% + Ryt = ||USH§ + [|vr — USH% + Ry

and then we have that

where |Rg| < |t — 5|7 with v > 1/2 and then we can see that ’Hth% - H%H%} < |t — s[7*1/2 which
give us our result. O

Now using this proposition and the smoothing effect for X we obtain the global existence for the
equation in the Sobolev space with non negative index.

Proposition 3.6.2. Leta >0, ¢ € H* and T > 0 then there exist a unique v € CY/2([0,T], H*) such
that vy = ¢ + fg’ Xgo(vy, Vs )do holds for allt € [0, T

Proof. Let ¢ € L? then we using the local existence result we know that there exists k = r(||¢]|z2) > 0
and a unique v € CY/2([0, k], H*) solution of the Young equation associated to X in [0, x]. Moreover
we have the conservation law ||vg||z2 = ||vo||2 and this allow us to iterate our local result to obtain
global a solution defined on [0, 7] for arbitrary 7' > 0. Now to extend this local we use the lemma
3.5.3 in fact let @ > 0 and ¢ € H® then is obvious that ¢ € L? and using the Lemma 3.5.3 and the
fact that v satisfy the Young equation we have easily that

e = vull s TN e ey 1€~ 7 Uellovaqomy ooy + [6122)°

for all 0 < B < 2p — 3/2 and then v € CY2([0,T], Hg). By iterating this result we see that v €
C'Y2(H®,[0,T]) and this finishes the proof. O

Remark 3.6.3. The bound of the operator X allows us to construct a local solution even when the
initial data is in a negative Sobolev space (o > —p). The method presented in this section gives the
possibility to construct a global solution only in the case when we deal with initial data in a positive
reqularity space. In the next section we present an adaptation of the almost conservation law method
developed in 18] which will allow to control global solutions in negative regularity spaces.
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3.6.1 Cubic NLS equation

Here we obtain global solution of positive regularity for the modulated cubic NLS equation.

Lemma 3.6.4. We have that for any ¢ € H® and any 0 < s < t:

<¢; Xst(¢7 Qs: ¢)> € R

and there exists a constant Cr such that for all ¢ € H® with ||¢|| o < R we have
16+ Xs4(8: 8, 810 = 8]l ol < Crrlt — 5.
Proof. We start observing that for smooth ¢:
(6, Xo(@, ¢, 9)) = (& UL (IUsh'Uy'0)) = (U0, [US 0T ¢) € R
Integrating in s and extending to arbitrary ¢ € H? we get the claim. Then if ¢ € H? we have

16+ Xst(0, 6, 0) 130 = 10l 30 + | Xst(, 6, )30

SO

HXst(gba ¢a ¢)||2

0
”(bHHO H S ’t_ S‘Q’YH¢||§{O'

¢+ Xst(@, 0, @) o — |0l o <

O

with v > 1/2 . At this point the Lemma (3.4.1) allow us to obtain the conservation law for our
equation in H° and extend in this space the local solution in a global solution. Now we prove the
existence of a global solution for an initial data in H% with a > 0.

Proposition 3.6.5. Let ¢ € H® and T > 0 then there exist v € C;/QHO‘ such that the following
equality holds

t
UVt = ¢+/ Xdo(vaava’va)
0
for all t € [0,T].

Proof. The existence of the global solution for an initial data in ¢ € L? is given by the conservation
law ||v¢||r2 = ||@||2. Now we will focus on the case when ¢ € H* and we decompose our modulated
Schrédinger operator X as

X2 — X21 —|—X22 +X23
with '
FXH W1, 3)(k) = Y hi(ka) Pa(ka)ibs(ks) @4 ((k — ko) (k — ks))

(k1,k2,k3)eD¥

for j € {1,2,3} and where Df = {—ky + ko + ks = k,ko # k,ks # k} 0 {|k1] > |k|/3}, D5 =
{—/{1 —i—k‘2+k3 = k‘,kﬁz 7& k‘,k‘g 7é k}ﬁ{’]ﬁ’ < |/€|/3,|/€2| > |k‘|/3} and D]?f = {—]{1 —|—k‘2—|—k‘3 = k‘,k‘z 75
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k,ks # k} N {|ki| < |k|/3, |ka| < |k|/3,|ks| > |k|/3}. Using Cauchy-Schwarz inequality we have the
following bound

)
1 X7 (o, 2, ) [3gase <[5l rroee i |4 2o sup [k[27+2

D sl 7272 (g kil 727) (@2 20k — ko) (k — k)2
DF
J

(3.16)

for 5,e > 0 then using the fact that |k| < |k;| on Df and using the p-irregularity of w we obtain

2

2j _
1X57 (1, 2, 83) [ Fra1e Sane 19w [t = s 105 [ gaee T | [l e | D N7*) < 400
140

when p > 1/2 and then we have that for all 7' > 0 there exist v > 1/2 such that
X2t eV ([0,T), L3(H* e x H* x H*, H*t9))
for all 8,e > 0, of course the same statement holds for the other operators. Now let us define the norm

on 01/2([0,T],Hﬁ) by [|¢]]s = ||'(7ZJ||61/2([0’T]7H,3) + ’|7/)||CO([0,T],H5) for 5 € R and the map I by :

t
F(d}) = ¢+/O Xdo(¢a>
for 1 € CY/2([0,T], H*). By a simple computation we see that

IT@)lo Sy 1117 + 7100113

Now if 0 < T < T is sufficiently small then the equation r = ||¢||z2 + T7~ /23 admits a positive
solution 7* > 0 and the closed ball B~ =: {tp € CY2([0,T],L?);||¢|lo < %} is invariant by T
Moreover we have that

I0(1) = T(2)llo S T72[[t01 = wallo(1 + (7))

and then if T < T5 < T sufficiently small, I' is a strict contraction on B, which admits a unique fixed
point v. Let I'p , the restriction of I' on B« and use the fact that

t t
TWh=6+2 [ wllvolfado+ 3 [ X3w0)
0 je{1,2,33 70
and the regularity of X% to deduce that
T8, (W)lla S [[8][ae + T2 (%)][¢]]a-

Then B(0, R) := {¢ € C([0,T], HP);||¢|| < R} is invariant by I'g , for T* = T*(||¢||2) small enough
depending only on r* > 0. Being the ball closed in C''/2([0,T], L?) we have that v € C'/2([0, T*], H*)
and now is suffice to iterate this result to obtain a global solution in H®. O
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3.6.2 KdV on R

Here we go back to the KdV equation to prove the global existence of the modulated KdV equation
in non-negative Sobolev space. Now as in the proposition 3.6.5 we will decompose the modulated
operator X of the KdV equation in the following way

X=Xx'4+2x2%24 x3 4 x*

where
FXL(1,) = ialor / i)l — y)@ (zy(z — y))dy
[yl,|lz—y|>1/2
FX2 (b1, ¢ha) = il / Br(y)s( — y)@8 (zy(z — y))dy
ly[<1/2
FX5 (1, 42) = ialy . D1 (y)ha(z — y) @4 (zy(z — y))dy
Yl=
and
FX 51, 02) = il e D1(y)ha(z — y) @4 (zy(z — y))dy
yl<

As in the periodic case the operator X! have some smoothing effect more precisely

1 X5 (W1, ¥2)llave < It = s][[@llalld2]la

for a,e > 0 and € > 0 small enough moreover we have the following bound

1 X1, v2)lls S 1t = sI” (lenllallvzlls + lvllsllvilla)

for all a;, 8 > 0. We will focus on the operator X?. By a usual argument we have that
X2 (0, )l late S 1t — 5711 ol l2]lase Sup yx\2/| L) < oo
y[<1/2

|z|>1

when p > 1/2 then for all a,e > 0 and T > 0 we have X2 € C7([0,T], L2(H™ x H*"¢ H*¢)). For
the third operator X2 we have the bound

15 @1 02)llave S It = sP Il llalltalla sup fof? / (1+y?[2)) 7% < +o0
|z|<1 ly|>2

for a,e > 0 and then X3 € C7([0,T], L2(H™ x H® H**®)) for all T > 0. Of course we have the
same regularity for the operator X+ and the global existence for the KdV equation follow by the same
argument used in the proof of Proposition 3.6.5.

3.7 Global existence for the modulated KdV equation in negative
Sobolev spaces

In this section we prove the global existence for the KdV equation with rough initial condition
¢ € H*(T) with negative a. For the unmodulated equation with initial condition in negative Sobolev
spaces | 18] proves global existence using the so called “I-method". In this section we try to adapt this
technique to our context. To do so we have to study the rescaled Cauchy problem associated to the
modulated equation and then give an almost conservation law for the rescaled local solution.
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3.7.1 Rescaled equation

Here we study the rescaled solution of our equation we know in the deterministic case if u is a
local solution of KdV equation on [0,7] with initial data ¢ € H*(T) then the function defined by
uMt,z) = A" 2u(A 73, A" 1z) is once again a solution of the KAV equation on [0, \3T] with initial data
oMx) = A2¢(A"'x) and vice versa. We proceed along the same lines in our setting. By a formal
computation we see that if u is a local solution for the modulated KdV equation on the torus then the
rescaled function satisfies formally the equation

A
St = 9 4 0,01
with w = Awy-s, and u*(0,2) = A72¢(A\"'2). We must also pay attention to the fact that space
has changed because the new solution is A-periodic function and not a 1-periodic function. Let us
introduce some definition and conventions that will be used later. We begin by define the Fourier
transform of function on Ty = [0, \] by

A
f) = [ e

for k € Z/\ then the usual properties of the Fourier transform holds:
>\ A
L o [f(@)Pde = 5 Ypezn | f(R)P
2 F(@) = £ Sy fR)e2imr

3. F(F9)(K) = % Shy paezjnhr-thami | (R1)3(k2)
and then we define the Sobolev space H*(T)) by the set of the distribution f € S'(T,) such that

f(0) =0 and
1 ol b
1100 = 5 > KPP F (k) < oo

kEZ/\

Now we are able to study our rescaled Cauchy problem given by

d d
&uf‘ = agut&w{\ + O, (u)?dt

u(O,:z:)/\ =(z) € H(0, )

(3.17)

As usual we write this last equation as
A ! A
vy = +/ X (Vos Vo)
0

with v} = (U,}“A)_luﬁ. Now to solve this last equation by the fixed point method we have to estimate
the Holder norm of the modulated operator X* given by :

t
XA (1, 09) / (U2 ) 10,(U2 4 U y)do

for 11,42 € HY(0, M).
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Proposition 3.7.1. Let o > —p and p > 3/4 then there exist v > 1/2 such that for all T > 0 the
following inequality holds.

HXé\tHc?Ha(o,A) < CT|"I’w\|W;T/\a+3/2_37\t —s|7

for all (s,t) € [0, 3T, with Cr > 0 is a finite positive constant.
Proof. Let 11,19 € H*(0,\) then by a simple computation we have that

2

X2, = A STEPTEL N i (k)da (ko) B, (K kok)

keZ/X k1+ko=k
with ®2,(a) = fst €193 do and then using Cauchy-Schwarz inequality we obtain

| B2, (kkik2)|”

‘Xs)\t(z/}th)ﬁIa(O’A) <A Z \k|20‘+2k illip kWH%HHQ(O,NWQHH&(O,A)
k€Z/) 1=

Now using the (p, ) irregularity of w we can see that

A3t

£y 3
— AS / ez>\ kklewo'do_
A—3s

t
/ eihhkaws 4 < Cu g X330t — 7| kky ko | 20

S

and then we have

20+2p
A2 2 156 2 24 ||
X5 22,00 S CaaA™ 0PIt — 27 3 KP4 sup
o) AN

kEZ/A

< 02 )\376’y+2a|t 2y Z 2—4p

<Cur s k|77 < +o0
keZ*

and this finishes the proof. O

Corollary 3.7.2. Let A > 0 then u is a local solution of the modulated KdV equation on the Torus
with initial data ¢ € H*(T) and life time T > 0 if and only if u (t,z) = X" 2u(A~3t, \"1z) is a local
solution of the rescaled equation with initial data ¢™(x) = \"2¢(A\"'x) with life time \>T

Proof. Let u a solution of the modulated KdV equation on the Torus then by definition we have that
vy = U7 tuy € CV2([0,T), H*(T)) and by a simple computation we have that v} = (Utwk)_luf‘ €
CY2([0, \3T], H*(T))). Now we have to check that the rescaled function u*(t,z) = A" 2u(A=3,A\"1x)
satisfy the equation. but by a simple computation we have that 0 (k) = $05-3;(\k) and

t
Ko@) (k) =ikA™ S (k) (k) / JikkkaA 5, g

k1 +ho=k;ky ko €Z/ X §
~ (1 ~ (1
N2 1 2 w
=1k Z Uy <A> 9 </\> ‘1)>\7357>\73t(l1l2)\k‘)
l1+la=MAk;l1,l2€Z
- AilXi
X

t
3 23

(1(A.), b2 (X)) (AR)
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for all k € Z/X and all ¥1,¢2 € H*(0,)). Let A3 € [0, A3T] and II = (¢;); a partition of the interval
[0, A3t] then of course TI* = (A73t;) is a dissection of [0,#] and using the relation given above we can
easily see that
Xg;ti+1 (”Ui\l ’ ,Ut);) = )\_1X)\73t¢+1,)\73t¢ (U)\fsti’ U)\fgti)()\kl)
and using the fact that u is a solution of the 1-periodic equation we can easily see that
Ut = 1/1 + ‘Hl/{?l)() ; X>\73ti+1,)\73ti (1})\73” ’ ,U>\73ti)

in H*(T) and then

A A : A A A

vp = ¢" 4+ lim X7 (vg, v

P =0 02 fitip (V5 07)
in H(0,\) with ¢*(x) = A"2¢(A"12) of course this give us our result by the convergence of Riemann
sum to the Young integral. d

3.7.2 Commutator estimates and almost conservation law

The previous section tell us if we want to construct a global solution to the 1-periodic KdV equation
is sufficient to prove that for every T' > 0 and a suitable A > 1 we are able to construct a global solution
to the rescaled equation. For that let us introduce the spatial Fourier multiplier operator I which act
like the identity on the low frequencies and like a smoothing operator of order || on the high frequencies
more precisely we choose a smooth function m such that

1 k<
e ‘{ma, > 10

~

and for N >> 1 we define I by F(I¢)(k) = m(£)p(k) for every ¢ € H*(T)). Now the so called I
method to proof the global solution is based on some estimation of the modified energy ||Iu||z2. Let
us begin by expand our modified energy

HIUtH% - HIUSHZ = <IUS7IX§\t(USaUS) - XQ(IUS7IUS)> + Rt

with Rg < |[t— SPH/ 2 then to control R is sufficient to control the first order term of our expansion and
for that we have the following commutator estimates. To simplife the notation let my (k) = m(k/N).

Proposition 3.7.3. Let « € (—p,0), p > 3/4 there exist vy > 1/2 such that for all T > 0 the following
inequality holds a

(11X (%1, 92) = X3(Tn, 1) |l2 < Crl|@¥ |l [t — s|TNTPATPH273 Ly o] [ T4n |2

for all s,t € [0, \3T], A > 0 and 11,2 € H(0,\), with Cyy 1 > 0 a finite constant.

Proof. By a simple computation we have

2

HIX?t(dmw)—XQ(I%,I%)H%:% SRR YD @ (kkika)ih (k) o (ke) (my (k) — mav (k1 )miy (k2))
=) k1+ko=k
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and then we split {]{,‘1 + ko = k‘} = Ui:0717273DZ’ with Dy = {kl + ko = k; |k31| < N/2, ’/{32’ < N/Q},Dl =
{ki+ke =k;|ki| > N/2,|ka| < N/2,|k| < N/4}, Dy = {k1+ka = k; |k1| > N/2,|ke| < N/2,|k| > N/4}
and D3 = {k1 + ko = k; |k1| > N/2,|k2| > N/2}. Is not difficult to see that the region Dy give a zero
contribution. Using the Cauchy-Schwarz inequality we can see that

2

AT kP Z‘I’ (kkka)n (k1 )iba (ko) (mav (k) — my (k1)my (k2)) | < B ([T |[3] Tl 3
keZ/A

with

Pyl Z 1k[2 sup |2 (kk1ks)|?|my (k) — mn (ka)mu (k1)
M=

|k|<N/4 D; [m (k1) [2[m (k2) |2

fori=1,3 and

(I) kk1k2)| \mN(k) —mN(kg)mN(k1)|2
h =21 sup |k @51
o 72 o Gl (k)

. . A2,
We begin by bounding the term hyy"™:

k1)|?
h)\ 2 < Cw Py t— 27)\5 6(fy+p)N2a sup k 2—2p ‘m ( ) mN( ’
el |k\>N/4‘ | Z |ky |22 kg |20

then by the mean value theorem we have |my (k) —mp(k1)| < |k2|/N and if we interpolate this bound
with the trivial bound |my (k) — my(k1)| S 1 we obtain

‘mN(k‘) _ mN(k1)| 5 N_Qa(l_e)_29|k|2a(1_9)’]{,‘2’26.
If p € (3/4,3/2) we can choose § = p —1/2 — e € [0, 1] for € > 0 small enough to obtain
h?\\;Z S, Cw,T|t |2'yA5 6(7+p)N2a9 26 sup |]€’2 4p— QQQZ ‘k”k ’ 1)2a+2p’k ’ 1—¢
K[> N/4 o
<0, T‘t _ S|2’yN3—6p+a/\6—6(’y+p)+a

< Cuplt — s|PTNT2AT20H3767,

If p > 3/2 we use only the trivial bound to get

WY S Colt = sPINTO0R sup [KE D (el 71 ka2
|k|>N/4 Dy
S ij‘t o 8‘27N274p)\576'yf4p

S Curlt — s|IN"2023-6172,

Now we will focus on the term hf‘\}l in fact by a simple computation we can see that in this region we
have |ka| € [N/4,N/2] and then

h;\\}l S Cw,T|t . S|7)\5—6('y+p) Z |k|2—4p sup |k|2a+2p|k1|—2a—2p|k2|—2p
Ik|<N/a D
< Cyplt — sPAB 6120 N2,
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It remains to bound h?‘vd We begin by noting that in this region we have |my (k) —my (k1)my (k2)|? <
Imn (k)% + N =4 k1 ko|?® and then

h?\\}d S Cw,T|t B S|2’y)\5—6(“/+p)(N4a Z |k|2—4p—2a|mN(k)’2 sup ’k|2a+2p‘klk2|—2a—2p
Ds

k
D kP74 sup K[ [k | )
k Ds
S Cw,T|t B S|2'y)\5—6(“/+p)N—2p()\4p—2 + N2 Z |k“2_4p_2a|mN(k‘)|2)

k
Now it is not difficult to see that N2>~ |k[>=4 =2 |my (k)|> < A%~2 and that we have
W\’ < Curlt — s|X3 6720 N2,
This ends the proof. O

Now we have a useful Corollary which be used to prove a variant of the local existence result.

Corollary 3.7.4. Let o € (—p,0), p > 3/4 then there exist v > 1/2 such that for all T > 0 there
erists a constant such that

1TX3 (1, 002) | 2 S [E = s A2 7374 [T o Teho o
for all s,t € [0, 3T and 1,19 € HY(0, \)

Let us define Ny (vp) = ||[I4)||12 for all ¢ € H*(0, A) of course H*(0, \) equipped with the norm Ny
is a Banach space. Now we have the following local existence result.

Proposition 3.7.5. Let ) € H*(0, \) then there exist a life time k > 0 and a solution u of the rescaled
problem such that Tv> € CY/%([0, k], L?) moreover we have that

%~ min(5, || 1] ~7)
for some 6 > 0 and we also have
[Tv[lcoczey + [Hvller/zr2y S 1Y L2-

Proof. Let v € CY2([0,], H*), 0 < k < 5 then we introduce the norm ||v|| = ||Tv||c1/212 + [|[Tv]|cop2
and we define the fixpoint map

t
rn(v)=¢+/0 X2 (vg,v5).

Of course Ty, is well defined and if we let Bo := {v € CY/2([0, k], H*); ||v|| < ¢||[I]|2} then if v € Be
we have by a simple computation that

IIT ()| c1/2 2 S Cua-se A T3237| I P72
and then for A > 1, we have that
0. ()] < Cwc®|[T9p| |27~ 1/2,
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1
Now is sufficient to take x* ~ min(5, ||It||7/2=7) small enough and then there exist ¢ > 1 such that

[IT(v)|] < ¢||I9||r2. Now T, is a contraction in B, in fact we have by a simple computation

T4 (0") = Tu(0?)l| S er™ V2|19 20" = o?)]
Sellvt =27
1
and then if we take k ~ min(5, ||I1||/2=7) < k* small enough, I'; in this case is a strict contractions
in B, and then it have a unique fixed point in this ball, the proof of the uniqueness is standard. O

We have now all the ingredients to prove the global existence result.

3.7.3 Global existence

To exibith a global solution for 1-periodic Cauchy problem with initial data ¢ € H*(T) it suffices
to prove that for every T' > 0 the rescaled equation admits a solution in [0, A3T] with initial condition
YMx) = A2p(A"1z). We begin by noting that

1|2 < Afa*g/QN*aHfﬁHHa(T)
and then we choose A ~| 4|« N~ 3727 such that [[Iy*|2 = €0 < 1. Using the local result we

know that there exists a solution v*» = v of the rescaled problem with lifetime x > 1 now by a simple
computation we have

[[Tvel|r2 — |[{vs]| 12 = (vs; IX (vs,v5) — X (Lvs, [vg)) + Rt

where |Rg| < |t — s|?7 then for p < 3/2 and using this last equation,the Young estimation given in the
Theorem 3.3.1 and commutator estimate we can see that

[Tv1]| < €2 + N~=PA—PH3/2=37

then if we iterate our local result given by the Proposition 3.7.5 we can construct a solution with life
time ~ NPAP+3/2=37 and then we have to choose N such that

N3 S NP AP3/2157,

This is possible if o > —ﬁ and N large enough.

3.8 Strichartz estimate and the modulated NLS

In this section we study the Schrédinger equation with quintic non linearity (ie : A = i0? and
N(u) = |ulfu, p € (1,4]). The problem here is to manage the algebraic difficulty given by the non
linearity for this we will use a different strategy than that used in the previous sections. We recall
for the case of Brownian motion that this equation has already been studied in [30] using a strong
Strichartz type estimates, the goal of this section is to observe that their result generalizes easily to
an arbitrary p-irregular path. In order to prove Th. 3.1.9 we will follow their strategy and obtain a
preliminary estimate which involves computations similar to those used in the study of the X operator
for the cubic NLS in Lemma 3.5.12.
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Proposition 3.8.1. Let o € [0,1] and p > 0 such that 0 < a <1l andp>a+1/2 ora=1andp > 1
then for all T > 0 there exist v > 1/2 such that :

T
|
0

for every 1 € L1([0,T], L*(R)).

2112

t
DS / UR(U) Mbyds
0

S 2%y, T 1121 fo.1.22(R))
L%(R)

Proof. By going in Fourier variables we can see that :

T gt 2|2 T
/ dt||Dz / UP(U2) Lepeds :/ dt/ d81d82d83d84/ dzidzodrs x
0 0 R [0,1]4 R3
X (€72 — w1 [ absy (1) |93, (22) | (Vs) (3) [ 3, (2)1)
where 14 = —x1 + 22+ 23, ¢ = 23 (W —ws, ) — T3 (W — Wws, ) — T3 (W — Wy ) + 23 (wr —ws, ). Now we split

the integral over (s1, s2, 3, $4) in four region where s; = max(si, $2, 83, 84) for i = 1, ..., 4. Consider for
example the first region where s; > s9, 83, 84. Then using Fubini we can see that this integral is given
by :

T
51

T . A ~ A ~
T [Fan [ [ dmdrade([ e a0l — sl @0l )G @) )

T .
/ e_“f’dt‘ =
S1

Then we have to bound the following integral

and

T
[ty < |05 — 1) = 0).

S1

I(a) = /}R3 dazydzadws|ws — 21| @Y 0 (222 — 1) (23 — 21)) s, (1) |[W5, (@2) || () (3)|[(,)* () -

An application of Lemma 3.5.13 shows that

T
1< ( /0 |wsrLz<R)ds)

and concludes the proof. O

4

Now we obtain a Gagliardo-Nirenberg type inequality to transform the regularity gain of the pre-
vious proposition into an integrability result of Strichartz’s type.

Lemma 3.8.2. Let p > 2 and ¢ > 0 then there exist C = C(e,p) such that for all f € L*(R) NH; the
following inequality holds :

1 lzrgy < el 5y 1711,

+Eand 0 = 722 €(0,1)

where Hs is the homogenous Sobolev space on R, s = % — =2

1
P
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Proof. We begin by decomposing f in here Littlewood-Paley block f = > A;f and then

i>—1
1 llre@) < 1A f @ + D Ao (3.18)
>0

Now we recall that A_jf = h* f and A;f = h; x f with h = F~ 1y and h; = 2/F 1(x2(2%.)) where
x1 and o are radial infinitely differentiable functions such that

— the support of y; is contained in a ball and the support of x9 is contained in an annulus.

- X1t s xe(270) =1

— supp(x1)Nsupp(x2(27%.))=0 for i > 1 and if |i — j| > 1 then supp(x2(27%.))Nsupp(x2(277.))=0
then using the Young inequality we get :

AL < IF xallie@) |1 f 11wy

this give us the bound for the first term of the inequality 3.18 for the second term we remark that
A;f is a function which the support of here Fourier transform is contained in a ball 2'B then using
Bernstein’s inequality we obtain that :

i(1_1
18if Il < 2722 Nl 2m
then summing this last equation over ¢ > 0 and using Jensen inequality we can see that

(i1
S lAifllee 32 Al

i>0 i>0

i 1_1,¢ —iE
<N @A |2 my) 27
>0
1/2

il_l =
S S DA ey | S 1

>0

and then we have
ey S Ml zrw) + 1]l

now if we put fy(xz) = f(Az) in this inequality we can see that
oy S AP Fl pmy + X2l
2
then to have our result is suffice to take A = (HfHle(R)HfH%) =Gt O

Proof of Proposition 3.1.9. Starting with Lemma 3.8.2 and taking &« = 1 and p > 1 in Prop. 3.8.1 we
obtain :

. P T t 2(|P/2
’/U_W(U;”)—lwsds :/ dt /U;”(U;”)—wsds
0 Lr([0.7],L27(R)) O 0 LP(R)
T t 2(11/2 ) " 2 %
s [ ar)|l [ or@e)teas D} | [ Urwe) vds
0 0 LY(R) 0 L2(R)
A(p—=1)  5-p : T p-1
<C T 7 Ta /U'W(U;”)—lwsds (/ H%HB(R)dS)
0 Lo([0,7],L2(R)) \JO
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Now is suffice to remark that

and then

| ) T
JRECRRE < sp [ OFOE ey 5 < [ ol
’ L=([0,T),L2(R))  0<t<T Jo ;

P 5 p P
‘ < o7 (/ ell ey )
Lr([0,T),L2P(R))

when p € (2,5]. Now in the case p € [2,4) we obtain the same result if we use the Lemma 3.8.2 and
take a = 1 — % +¢e€(0,1/2], p > a+ § in Proposition 3.8.1. O

| oyt

0

To have all the ingredients needed for the fixed point argument we have to estimates the action of
the operator UY on the initial condition.

Proposition 3.8.3. Let T >0, p=p+ 1 € (4,5, p > min(3 — %) then then there exist constant Cp,
and v*(p) > 0 such that the following inequality holds :

HUZU"‘/’HLP([O,T],L%(R)) < Cp‘|(I)‘|W§’"’T’y*(p)|’¢”L2(R)

for all ¢ € L*(R).

Proof. Let us begin by using the Lemma 3.8.2 and then

||U TpHLp(OT]L%( )):/0 dtH!Ut”““wl ‘

T
w 9 (0%
S Ul [ as||pe

LP(R)

Lo ([0,T],L2(R))

m then is suffice to bound the quantity HDO‘/2 |U# | H and to proceed as the in the
Proposition 3.1.9. By a simple computation we have

where 6 = 0

2 A ~ A ~
o2 1ut?||" = [ | dwidoadasles = (@8 ) (o)l (—ar +a2 +3)

where n = 2(zg — x1)(z3 — 22). Now applying again Proposition 3.8.1 we concludes the proof. O

We are now ready to prove Th. 3.1.10 about existence of local solution to the modulated NLS with
general non-linearity.

Proof of 3.1.10. Let us define for ¢ € LP([0,T], L?") the following map :

t
@) = UPa® 1 i /0 U (U2) ([ [P404)ds

then we can easily see by proposition T'(¢) € LP([0,T], L?’(R)). Now we will prove that I is a strict
contraction in a adequate ball of our space. In fact let

By = {¢ € LP([0,T], L**(R)), 19| o jo. 17,20 () < 7'}
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then using the Proposition 3.8.3 and Proposition 3.1.9 we have

(O [P 1, N H /0 U (U2) (ps ) s

Lp([0,T],L27(R))

T
< Cor T (HuOHLz /\stwsummds)

< Cy TT’Y (HUOHL2(R + H@bHLp(OT] L2r(R )))
< Cow T P (J[u®)] p2gy + 1P)
then we can choose T7 small enough such for all T' < T3 that the equation rp

admit a positive solution r = 7. Now for T < Ty and 1,19 € LP([0,T], L*
same argument using previously we have

Co T @) (||| 2 () +775)
P(R)) N B, we see by the

[T (1) = L(@o2)ll o (po,77, L20 () = H/o YU (" b1 — [l ¢h)ds

Lr([0,T],L2P(R))
< Co T PP M1 = sl 1o o.17.120 ()

then if we choose T5 < T such that for all T < T5 we have ||| |W%,pT7* (P)P=1 < 1 then in this case T’

is a strict contraction of the ball LP([0, T3], L?’(R)) N B, and then it has a unique fixed point in this
ball. The proof of uniqueness is standard. Now the fact that u € C([0, T3], L?(R)) is simply given by
the inequality

ur — sl 2y < 1T — UY) °u+/uua\m

Now we will focus on the proof of the conservation law in the quintic case (i.e.: p = 5), for simplicity.
For the other value of p the argument is similar. Let now M € N. By the same argument used in the
beginning of the proof we can construct a local solution «* € L3([0, T], L'*(R)) N C([0, T], L*(R)) of
the regularized equation. More precisely we have that

t
= UPTyu® + z/ U (U2) y (™ [*Tyu™) ds
0
for all t € [0,T] and some T = T'(|[u°||r2(g)). Let v™ = (U)"'u}’. A simple computation shows that

t
oM — oM || 2y < / e |[Eaodo s (¢ — )] ™ || g0:21,22(2)
S
from which we obtain that

o [13 = |lv; ||2+2/ Im(vs, (Uy) " (|U5 0| 'Usvi’))do + O(|t — s?).

It is not difficult to see that (v, (U¥)~! (|U“’ MPU,uM)) € R and then [|[vM |3 = [[vM]3 4+ O(|t — s|?)
and then we obtain immediately that |[u}M || = Hung Moreover we have
— HMuM uM ;

— for every T > 0, supy, ||UM||L5([O,T},L10(R)) < +00 .
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Using that we have easily
1™ —ull s (o1, L0y S T (I — Magw|l2 + [ — wllps o1, L1 (k)

and for T < min(7%,1/2) small enough |[u? — ull s (jo,77,210(R)) —M=+00 (. Tt is then sufficient to
iterate this procedure to extend it to the interval [0, 72]. Now by a simple computation we can see that

HUM - u||L°°([O,T2},L2(R)) N HHMUO - UOH2 + HUM - UHLS([O,T],LIO(R))

and then |[|ut||p2m) = ||u®| r2(r) Which gives the conservation law and allow us to extend our local
solution in a global solution. Now let u° € H' and using the Strichartz estimates after taking the first
derivative of the function I'(¢)) we obtain that

D) s o, 71w 10®)) Sew T (Ul g 4 77911 25 (0,79, w10 (R)))

with 1 € B, where B, is the ball in which we have setup our point fix argument at the beginning of
the proof. Then B(0, R), the ball of radius R in L>([0, 7], WH19(R)) is invariant by I'g, the restriction
of T on B, for T3 = T depending only on r and not R. Since closed balls of L>([0, 7], W110(R)) are
closed also in L([0,T], L'°(R)) the fixed point of T'g, is in L3([0,T], WH19(R)) and we obtain that
u € L>([0, T3], WHI9(R)). Now by a standard argument we obtain the needed regularity for u. O
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Chapter 4

Stochastic quantization in T° and
paracontrolled distribution

Résumé

Nous prouvons l’existence de solution local en temps pou 'equation de <I>§ dans domaine périodique
en utilisant 'approche des distributions contrélées qui est inspirées de la théorie des chemins rugueux
et de la décomposition en paraproduit de Bony.

Abstract

We prove the existence and uniqueness of a local solution to the periodic renormalized @fgl model of
stochastic quantisation using the method of controlled distributions introduced recently by Imkeller,
Gubinelli and Perkowski (“Paraproducts, rough paths and controlled distributions", arXiv:1210.2684).

4.1 Introduction

We study here the following Cauchy problem

{ Ou = Apsu — ud + & (41)

u(0,z) = u(z) €T3

where ¢ is a space-time with noise such that [5 £(z)dz = 0 i.e. it is a centered Gaussian space-time
distribution such that

E[§(s, 2)&(t,y)] = 6(t — s)0(z — y)

and u : Ry x T? — R is a space-time distribution which is continuous in time. We write this equation
in its mild formulation

t
u= Pu’ — / P (us)®ds + X (4.2)
0
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where P, = e'2 is the Heat flow and X; = fg P,_s€sds is a the solution of the linear equation :
8tXt = A’JT3Xt + f, XO =0. (43)

Moreover X is a Gaussian process and as we see below X € C([0,T],C~1/27%(T3)) for every ¢ > 0 with
C* = B%, « is the Besov-Hélder space. The main difficulty of the equation (4.1) comes from the fact
that for any fixed time ¢ the space regularity of the solution u(¢, z) cannot be better than the one of X;.
If we measure spatial regularity in the scale of Holder spaces C* we should expect that u(t,x) € C%(T?)
for any oo < —1/2 but not better. In particular the term u3 is not well defined. A natural approach to
give a well defined meaning to the equation would consist in regularizing the noise in £ = £ * p© with

pf=¢e3 p(z) a smooth kernel and taking the limit of the solution u® of the approximate equation
o = Auc — (u)? 4 ¢&°. (4.4)

Since the non-linear term diverges when € goes to zero, an a priori estimate for the wanted solution is
hard to find. To overcome this problem we have to focus on the following modified equation

o = Auf — ((uf)? — Couf) + €° (4.5)

where C; > 0 is a renormalization constant which diverges when ¢ goes to 0. We will show that we
have to take C. ~ ¢ + blog(e) + ¢ to obtain a non trivial limit for (uf)* — C..

Therefore this paper aims at giving a meaning of the equation (4.2) and at obtaining a (local
in time) solution. The method developed here uses some ideas of [16] where the author deals with
the KPZ equation. More precisely we use the partial series expansion of the solution to define the
reminder term using the notion of paracontrolled distributions introduced in [35]. A solution of this
equation has already been constructed in the remarkable paper of Hairer [17] where the author shows
the convergence of the solution of the mollified equation (4.5).

The stochastic quantization problem has been studied since the eighties in theoretical physics (see
for example [50] and [51] In [9] and the references about it in [17]).

From a mathematical point of view, several articles deals with the 2-dimensional case. Weak prob-
abilistic solutions where find by Jona-Lasinio and and Mitter in [50] and [51]. Some other probabilistic
results are obtain thanks to non perturbative methods by Bertini, Jona-Lasinio and Parrinello in [9].
In [23] Da Prato and Debussche found a strong ( in the probabilistic sense) formulation for this 2d
problem.

In a recent paper, Hairer [17] gives a fixed point solution to the 3-dimensional case thanks to
his theory of regularity structures. Like the theory of paracontrolled distributions, Hairer’s theory
of regularity structures is a generalization of rough path theory. Hairer gets his result by giving a
generalization of the notion of pointwise Holder regularity. With this extended notion, it is possible to
work on a more abstract space where the solutions are constructed thanks to a fixed point argument,
and then project the abstract solution into a space of distributions via a reconstruction map. The
regularity structures approach is quite general and can treat more singular models.

In the approach of the paracontrolled distribution developed in [38] by Gubinelli, Imkeller and
Perkowski, on the other hand, it is the notion of controlled path which is generalized. This allows us
to give a reasonable notion of product of distributions. Since all the problems treated by the theory of
paracontrolled distributions can be solved by using the theory of regularity structures, asking whether
or not the opposite is true is a legitimate (and reasonable) question. The following theorems are a
piece of the answer.
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We will proceed in two steps. In an analytic part we will extend the flow of the regular equation,
Our = Auy — u® + 3au + 9bu + £

with (a,b) € R? and ¢ € C([0,7],C°(T3)) to the situation of more irregular driving noise £. More
precisely we will prove that the solution u is a continuous function of (u?, Rf ,X) with

R?, X =(X, X? —a, [(X® = 3aX), m(I(X® = 3aX), X),

mo(I(X? —a), (X% —a)) —b— ¢, m(I(X? —3aX),(X? —a)) —3bX — 30X, ¢) (4.6)

where X; = fg P,_s&ds, mo(.,.) denotes the reminder term of the paraproduct decomposition given
in (4.2.3) and I(f); = fg P,_sfds. This extension is given in the following theorem.

Theorem 4.1.1. Let F : CY(T3) x C(R*,C%(T3)) x R x R — C(R*,CY(T?)) the flow of the equation
8tut = Aut - U:ts + 3aut + Qbut + {t, te [O, Tc(uo, X, (CL7 b))[

Oug =0, t2> TC(U()?Xa (aa b))
u(0,z) = ul(z) € CH(T?)

where ¢ € C(RT,CO(T?)) and To(u’, &, (a,b)) is a time such that the the equation holds for t < Te.
Now let z € (1/2,2/3), then there exists a Polish space X, called the space of rough distribution,
To: C* x X — R a lower semi-continuous function and F : C~%* x X — C(RT,C~*(T?)) continuous
in (u0,X) € C~*(T3) x X such that (F,T) extends (F,T) in the following sense :

TC(an g? (CL, b)) > TC(uov Ribx) >0

and
F(uoa 57 a, b) (t) = F(’LLO, Rf,bX) (t)? for all ¢ < TC(“’O? Rf,bX)

for all (u°; &, ) € CHT3) x C(RF,CO(T?)) x C>([0,T)), (a,b) € R?* with X; = fg dsP,_s& and where
R?, is given in the equation (4.6).

In a second part we obtain a probabilistic estimate for the stationary Ornstein Uhlenbeck (O.U.)
process which is the solution if the linear equation (4.3) and this allows us to construct the rough
distribution in this case.

Theorem 4.1.2. Let X be the stationary (O.U.) process and X a space mollification of X. There
exists two constants C5,C5 =70 400 and a function ¢ € C®°(R") such that Rgf C;Xe converge in
LP(Q,X) to some X € X. Furthermore the first component of X is X.

In the setting, the Corollary below follows immediately.

Corollary 4.1.3. Let & a space time white noise, and £ is a space mollification of & such that :

€= flek)é(k)ex
k#0
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with f a smooth radial function with compact support satisfying f(0) = 0, let X the stationary (0.U.)
process associated to &, X the element of X given in the Theorem (4.1.2) and u® € C~% for z € (1/2,2/3)
then if u® is the solution of the mollified equation :

s = Au — (u$)® + 3C5uy + 9C5u; + &, t€[0,T°]
8tut = O, t Z TE
u(0,2) = (u°)*(2)
We have the following convergence : .
limu® = F(u’,X)
€

where the limit is understood in the probability sense in the space C(RT,C™%).

The proofs of those two theorems are almost independent, but we need the existence and the
properties of the rough distribution, specified in the Definition 4.2.9, to prove the first theorem.

Acknowledgements. This research has been partly supported by the ANR Project ECRU (ANR-
09-BLAN-0114-01) and by the Institut Universitaire de France (IUF) via the Junior Fellowship of
M. Gubinelli.

Plan of the paper. It is the aim of Section 4.2 to introduce the notion spaces of paracontrolled
distributions where the renormalized equation will be solved. In Section 4.3 we prove that for a small
time the application associated to the renormalized equation is a contraction, which, by a fixed point
argument, gives the existence and uniqueness of the solution, but also the continuity with respect to
the rough distribution and the initial condition. The last Section 4.4 is devoted to the existence of the
rough distribution for the (O.U.) process.

4.2 Paracontrolled distributions

4.2.1 Besov spaces and paradifferential calculus

The results given in this Subsection can be found in [6] and [38]. Let us start by recalling the
definition of Besov spaces via the Littelwood-Paley projectors.
Let x, 0 € D be nonnegative radial functions such that

1. The support of x is contained in a ball and the support of 6 is contained in an annulus;

2. x(&+ ijo 9(277¢) =1 for all £ € R%;

3. supp(x) Nsupp(8(277.)) =0 for i > 1 and supp(6(277.)) Nsupp(8(277.)) = § when |i — j| > 1.
For the existence of x and 6 see (], Proposition 2.10. The Littlewood-Paley blocks are defined as

A_ju = F 1 (xFu) and for j > 0,Aju=F 1(0(277.) Fu).
We define the Besov space of distribution by
By, = {ue S @Y ullly = 3 2%|Aulll, < +oo
jz-1
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In the sequel we will deal with the special case of C* := BY, . and write ||ul|o = ||u||pg . We hold

the following result for the convergence of localized series in the Besov spaces, which will prove itself
useful.

Proposition 4.2.1. Let (p,q,s) € [1,+00]?2 x R, B a ball in R? and (u;);>_1 a sequence of functions
such that supp(u;) is contained in 2/ B moreover we assume that

Epas = |[(27°|ugllpe) =1 |g < +o0
then u = ijfl uj € By, and HuHB% S Epgys-

The trick to manipulate stochastic objects is to deal with Besov spaces with finite indexes and then
go back to space C®. For that we have the following useful Besov embedding.

Proposition 4.2.2. Let 1 <p; <py < 400 and 1 < q1 < g2 < +00. For all s € R the space By, . is
(L_L

continuously embedded in B;;QQ " in particular we have [|ull,_a < [|ullBg -
d :

Taking f € C* and g € C? we can formally decompose the product as

fg = 7T<(fag) +7T0(fvg) +7r>(fvg)
with

m(f,0) =7(0, 1) = Y Y AifAjg; m(fi9) =Y Y AiflAjg.

j>—1li<j—1 J2—-1]i—jI<1
With these notations the following results hold.

Proposition 4.2.3. Let o, € R
~Nlm<(f,9)lp SN fllollglls for f € L and g € CP

= lw>(f:9)llars < | fllallglls for 8 <0, f €C* and g € CP
= mo(f. 9lla+s S N £llallglls for a+ 5> 0 and f € C* and g € C°

On of the key result of [38] is a commutation result for the operator 7. and 7.

Proposition 4.2.4. Let o, 5,7 € R such that a <1, a+B+~v >0 and §+ v <0 then
R(fvxay) = 7T0(7T<(f, $)7y) - fﬂ'o(l‘,y)

is well-defined when f € C*, x € CP and y € C7 and more precisely

RS, 2, 9)latsry S I llallzllsllylly

We finish this Section by describing the action of the Heat flow on the Besov spaces and a commu-
tation property with the paraproduct . See the appendix for a proof.

Lemma 4.2.5. Let 0 > 0 and a € R then the following inequality holds

1
1Bt fllareo S 1l fllas W(Pems = D) flla—2e S 1t = 51 f]la

for f € C*. Moreover if a <1 and 5 € R we have

1
1Par<(f,9) = 7 (f, Pig)llas 5120 S 511 llllgll

for all g € CP.
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In the following, we will extensively use some space-time function spaces. Let us introduce the
notation

Notation 4.2.6.
¢ = c((0,1],¢7%)

For f € Céi we introduce the norm

Iflls = sup |[felles = sup [|fells
te[0,7) te(0,7)

and by
e’ = ([0, 77, ¢7(T%)).

Furthermore, we endow this space with the following distance

f_ - - s
dap(f,9) = sup It g); (fa g) Hﬁ+ SUP [ fe — gtlls-
t#s€[0,T] |t — s tefo,T

4.2.2 Renormalized equation and rough distribution

Let us focus on the mild formulation of the equation (4.1)
u=V+X+Iu)=X+o (4.7)

where we remind the notation I(f)(t) = — fo Pi_sfsds, X = —I(€) and ¥; = P for u® € C7*(T?).
We can see that a solution u must have at least the same regularity as X. Yet thanks to the definition
of I, as £ € C([0,T],C~%/%7¢), for all € > 0, we have X € C([0,T],C~/27¢). But in that case the
non-linear term w3 is not well-defined, as there is no universal notion for the product of distributions.
A first idea is to proceed by regularization of X, such that products of the regularized quantities are
well-defined, and then try to pass to the limit. Let us recall that the stationary O.U process is defined
by the fact that (Xt(k))teR,keZ?’ is a centered Gaussian process with covariance function given by

o kZlt—s]

E [Xt(k)Xs(k,)} = 5k+k’:0W

and X;(0) = 0. Let X¢ = fot P,_,£°ds more precisely € = f(ek)&(k) where f is a smooth radial function
with bounded support such that f(0) = 1. Then we have the following approximated equation

O = WE + I((X°)?) 4 3I((D°)*X°) + 3I(D°(X°)?) + I((29)?)

for ®° = I((u®)?) + ¥¢ which is well-posed. Then an easy computation gives for (X¢)?2

=> > f€l<?1 6k2)\k ‘25191—1-1@2 =0

keZ3 k1+ko=
5/<: 2

160




4.2. PARACONTROLLED DISTRIBUTIONS

and there is no hope to obtain a finite limit for this term when e goes to zero. This difficulty has to
be solved by subtracting to the original equation these problematic contributions. In order to do so
consistently we will introduce a renormalized product. Formally we would like to define

X% = X? —E[X?]
and show that it is well-defined and that X¢? Cr 19 for § > 0. More precisely we will defined
(X%)% = (X°)? — E[(X)’]

and we will show that it converges to some finite limit. The same phenomenon happens for X3 and
other terms, and we have to renormalize them too. This is the meaning of Theorem 4.1.2. We remind
the notation of that theorem

Notation 4.2.7. Let C§ and C§ two positives constants (to be specified later). We denote by

(X)) = (X*)? - Cf

I((X%)%%) = I((X%)* - 3C1 X°)

oo (1((X%)%%), (X%)%) = I((X°)*)(X)? - C5

oo (I((X)%%), (X%)%%) = 1((X°)%*)(X*)%* - 3C5X°.
Remark 4.2.8. In all the sequel the symbol { does not stand for the usual Wick product, also it
looks like it, but for renormalized product, where we have subtracted only the diverging quantity in the
expression of the stochastic processes. It can be seen as a product between the usual one and the Wick

one. When in Section /.J we use the usual Wick product (see |71] for its definition and its properties)
we use the usual notation :: .

To include such considerations and notations in the approximated equation, we need to add a
renormalized term

®° = U 4 I((X®)?) + 3I((®°)2X®) 4 3I(D°(X°)?) + I((°)?) — C°I(D° + X°)
= U 4 [((X°)3 = 3C5X°) + 3I((D°)2X®) + 3I(P°((X®)% — CF) — 3C5(D° + X)) + I((®°)?)

with C¢ = 3(C] — 3C%). Then the approximated equation is given by

D = W+ I((X°)93) + 3I((D°)2X®) + 3I(D°O(X®)O%) + I((9°)?) (4.8)
where
I((I’EO(XE)<>2) = 3I(<I>E((XE)2 —CY)) +9C51(P° + X°)
Then our goal is obtain a uniform bound for the solution ®¢. For that we proceed in two steps

1. In a first analytic step we build an abstract fix point equation which allows us to extend contin-
uously the flow of the regular equation given by

{ ® = I(X? - 3aX) +3[(®°X) + 3{I(X? —a)) — 3bI(® + X)} + [(®*) + T

(X, W, (a,b)) € CH(T?) x CH(T?)) x R? (4.9)

to a space X of a more rough signal X which satisfies some algebraic and analytic assumptions
(see (4.2.9) for the exact definition of X).
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2. In a second probabilistic step we show that the stationary (O.U) process can be enhanced in a
canonical way in an element X of X.

We will give the exact definition of the space X
Definition 4.2.9. Let T > 1, v,p > 0. We denote by 6;[) the closure of the set of smooth functions
C*([0,T],R) by the semi-norm :
v s” —¥s
lllop = sup 'l + s SAE Pl
t€[0,7) tsef0,Thst |t — S|
For 0 < 40" < ¢ we define the normed space Wr i
Wi = Co 270 5 080170 s 270 5 om0 s 0800 s 8T TP
with K = (6,8,v,p) equipped with the product topology . For (X, ) € C([0,T],C(T3)) x C>([0,T7),
and (a,b) € R? we define Rfva € Wr i by
R?, X =(X, X? —a,[(X® = 3aX), m(I(X® — 3aX), X),
mo(I(X? —a),(X?* —a)) —b— o, mo(I[(X® — 3aX), (X% —a)) — 3bX — 30X, ).
The space of the rough distribution Xt k is defined as the closure of the set
{RE,X, (X,9) € C(0,T],C(T%) x C%([0,T]), (a,) € R
m Wr k. For X € X we denote its components by
X= (Xv X<>27 I(X03)7 WOO(I(XO?))v X)a WUO(I(XOQ)a X<>2) - QDXa 7T0<>(I(X<>3)> X<>2) - 390XX7 SOX)'
For two rough distributions X € Xr x and Y € Xr i we introduce the distance :
drx (Y, X) =dgs 15 5(Y, X) +dy _1-5(Y %, X%) + dy 1 o s(I(Y??), [(X%))

+dyr 19 s(mo(I(Y9®),Y), m0(I(X%%), X))

T dy 1 a(moo(T(Y02),0792) — o mp (1(X %), 0X2) — %) (4.10)

+dy —1-5(moo (LY 93)OY 9%) = 30VY, mo0 (1(X )0, X?) — 3™ X))

+ 1" = %l
with K = (6,0, p,v) € [0,1]* and we denote by ||X||r.x = drx(X,0).

Remark 4.2.10. As we see in the Section (4.4), the term mo(I((X®)?),(X%)?) — C5 where X¢ is a

mollification of the O.U process does not converge in the space C%l’_a. On the other hand it converge
in a explosive norm and more precisely there exit a function ¢° € C*([0,T)]) such that ¢ —=70 ¢ in

C7P and mo(I((X#)?), (X9)2) — C5 — ¢° converge in C;l’fé Jor all 0 < ¢ < §/4.

For X € X we can obviously construct I(X9?)0X%? using the Bony paraproduct in the following
way
I(X90X9% = 7 (I(X9%), X9%) + 7o (1(X?), X9%) + moo (1(X92), X2
and a similar definition for I(X93)0X%2. In the sequel we might abusively denote X by X if there
is no confusion, and the rough path terminology we denote the other components of X by the area
components of X.

162



4.2. PARACONTROLLED DISTRIBUTIONS

4.2.3 Paracontrolled distributions and fixed point equation

The aim of this Section is to define a suitable space in which it is possible to formulate an fix point
for the eventual limit of the mollified solution, to be more precise let X € X then we know that there
exist X¢ € CH(T?), a%,b° € R and ¢° € C°°([0,T]) such that lim._o Rfj’bsX€ = X. Let us focus more
intently on the regular equation given by :

P = I((X®)® —3a°X°®) + 3{I(®°((X°)? — a%)) — Bb°I(X* + ®°)} + 3I((D°)2X") + I((2°)?)

where we have omitted temporarily the dependence on the initial condition. If we assume that &€
converge to some ® in C'/27% we see that the regularity of X is not sufficient to define I(®%2X) =
lim. o I((®°)2X®) and I(®OX9?) := lim._,0 I(P°(X® — a®)) + 3b°I(X® + ®°). To bypass this problem
we remark that

OF = I((X%)* = 3a°X%) + I(m< (9, (X°)? — ) + (0°)'

then if we impose the convergence of (®°)f to some ®¥ in C;/ 270 \ye see that the limit ® should satisfy
the following relation

= I(XO) + I(mo(®, X9%)) + F.

This is the missing ingredient which allows to construct the quantity I(®2X) and I(®()X%?) and to
solve the equation
= X% 4 [(®%X) + [(BOX?) + B (4.11)

Notation 4.2.11. Let us introduce some useful notations for the sequel

B=(f,9) = I(7>(f,9)), Bo(f,g9)=1(m0(f,9)) and B(f,g)=I(r<(f,9))

As we observed in the beginning of this Section to deal with the difficulty of defining the products
of distributions, we use the notion of controlled distribution introduced in [38].

Definition 4.2.12. Let X € X and z € (1/2,2/3). We said that a distribution ® € C;* is controlled

by X if
® = I(X9) + B(?, X%?) + F
such that
1+6+=2 Ytz Ktz
0o i = sup (£ B s /5 (0] + 5 (05, )
te[0,77]
cta ||®F — @] 4_op
+ sup 52 —F———— <400
(s.£)€[0,T72 |t — s
and o &
z4+c — _ n+z
@ lhsrr = sup 552 Bllemaa gy o
(s,t)€[0,T]2 |t — s t€[0,7]

with L := (8,7, k,a,b,c,d,n) € [0,1]%, 2z € (1/2,2/3) and 2d < ¢, 2b < a. Let us denote by D%y the
space of controlled distributions, endowed with the following metric

dur(®1,®2) = [|9] = B[l + || 8] — Dhll.r
for @1,y € D§Lg and the quantity

1@l = [1@1]lpg, | = der(@1,1(XP)).
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We notice that the distance and the metric introduced in this last definition do not depend on X.
More generally for ® € D%h yand ¥ € D% y we denote by diin(L,G),min(1y,1) (P, V) the same quantity.
We claim that if ® € D% for a suitable choice of L then we are able to define I(®0X2) and I(®2X)
modulo the use of X.

Let us decompose the end of this Section into two parts, namely we show that I(®{X%?) and
I(®2X) are well-defined when @ is a controlled distribution. We also have to prove that when ® is a
controlled distribution, ¥ + I(X93) 4 3I(®2X) + 31(®O X ©2) 4 I(®?) is also a controlled distribution.
All those verifications being made, the only remaining point will be to show that we can apply a fixed
point argument to find a solution to the renormalized equation. This is the aim of Section 4.3.

4.2.4 Decomposition of I(9%X)

Let X e X and @ € D;ng, a quick computation gives :
I(®%X) = I(I(X9%)2X) + I((6°)2X) + 21 (F* 1 (X ¥3)X)

with
0" = B(®', X?) 4 oF,

Using the fact that ® € ’DSL&T and that I(X93) ¢ C;ﬂ_& we can see that the two terms I((6%)2X) and

I(6F1(X93)X) are well defined. Let us focus on the term I(X°3)2X which is at this stage is not well
understood, then a paraproduct decomposition of this term give us that

I(X9)2X = 2mo(m< (L(X%), 1(X %)), X) + mo(mo (L (X %), [(X*)), X)
+ e (H(XP)?,X) + s (1(X ), X)

We remark that only the first term of this expansion is not well understood and to overcome this
problem we use the Proposition (4.2.4), indeed we know that

R(I(X9), 1(X%%), X) = mo(r< (1(X ), (X)), X) = I(X®)mo(1(X ), X)
is well defined and it lies in the space C;/ 2730 Jue to the fact that X € X

Remark 4.2.13. We remark that the "extension” of the term I(®2X) is a functional of "(®,X) €
D;%’T x X" and then we use sometimes the notation I(®*X)[®,X] to underline this fact.

Proposition 4.2.14. Let z € (1/2,2/3), ® € D;Lg, and assume that X € X. Then the quantity
I(®2X)[®,X] is well-defined via the following expansion

[(®2X)[@,X] := [(I(X93)%X) + I((6°)°X) + 21 (A* (X ) X)

with
0" = B.(9', X?) + oF
and
(X)X o= mo(L(X ), (X)X + 2me (m (1(X %), 1(X %)), X) + 2ms (< (1(X ), (X)), X)
+ 2I(X O mo(I(X93), X) + R(I(X %), [(X93), X)
(4.12)
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where
R(I(X9), 1(X9),X) = mo(m< (L(X ), [(X %)), X) = I(XP®)mo(1(X ), [(X%?))

is well-defined by the Proposition /.2.4. And there exists a choice of L such that the following bound
holds

2 9 2 3
11@2X)[@, Xlla1. S T (1@llpg +1)” (141Xl Ir0055)
for 8 >0 and 6,0, p,v > 0 small enough depending on L and z. Moreover if X € C%(']T?’) then
[(®*X)[®, RY X] = [(9*X)

Proof. By a simple computation it is easy to see that

X% -1

t
IB@ XD S [ dslt=) B X P ay S T
0
for r, k > 0 small enough and 1/2 < z < 2/3. A similar computation gives
t
1B<(®', X)(0)]|1 /24~ 5/0 ds(t — &)~ 22 @ ||| X0 -1

t

Sz II@’II*,z,THXOZH—l—r/ ds(t — s)" /2D 2 ()2
0

S A0 @, o 1| X% s

for v, 7, £ > 0 small enough. Using this bound we can deduce that
t
(6% X) (1) 11+5 S / ds(t — 5) O (082 X 12
0

t
5/3,6/0 ds(t — 8)~ /2O 162 || 621 o || X | -1/

D112 (X2t + 11X |13+ 1)
t

X/ ds(t — s)_(3/2+5+5)S—(1/2+n+’y+22)/2
0

SL,Z

<. t—(§+n+’y+5+2z) ‘ |(I)

|3,L,T(||X<>2H—1—r + HX||_1/2_5 + 1)2

for 7, 3,0 > 0 small enough and 2/3 > z > 1/2. Hence we obtain that

ol D209 X) ()15 S TP @17 L (1X 2 21 + 11X |1 o p + 1)
te|0,

for some #; > 0 depending on L and z. The same type of computation gives

SE(l)pT] D202 X) ()] Sz,z T2 N2 L ([1X 2 —1mp + [1X |1 /20— + 1)
teo,

and

Sp tEEDL 1692 X) ()] 11 24y Sze TN @I 21X P Hl-1mr + 11X 12 p +1)°
€|0,
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with 69 and A3 two non negative constants depending only on L and z. To complete our study for this
term, we have also

17((0%)2X)(8) = T((6°)* X)(3)la—26 S Loy + 12
with .
/ duP,_,(6%)%X,

S

/ du(Py_y — Ps_y)(0%)%2X,

1 _
Ist_’
0

2 _
’ Ist_‘

a—2b a—2b

Let us begin by bounding I :

I;t 5 (t - S)b/o duHPs—u(eﬁFXuHa

¢
S (=) [ duls = u) W6 X 1o
0
ST = sl|@]12 21X |1 + 11X 212-5 + 1)
with 84 > 0 depending on L and z. Let us focus on the bound for I?,

t
1< / (b — ) (/202502 (gE )2 X 11

SJL,Z H(I)

t
E,T(HXQQH—l—T + HXH—l/Z—,B + 1)2/ du(t _ u)—(1/2+a—2b+,3)/2u—(1/2+f€+’y+22)/2
and

/t du(t — u)_(1/2+a_2b+f3)/zu—(1/2+n+’y+2z)/2

1
= (t — )34~ (a=2+0) / da(1 — 2)~W2Ha=248) (5 4 (3 — 5))=(L/24n+7+422)/2
0

1
St (E— S)l—(a—2b+ﬁ)/281/2—z+(n+7)/2/ da(1 — z)~(/2+a=2048)/2,~3/4+1,
0

Then using the fact z < 1 and choosing [, x,y,b > 0 small enough we can deduce that

t
/ du(t — w) =W/ 2Ham2bt8) /2y =1/ 20my22) /2 < pls (1 g)bgm(2Fa)/2

with 65 > 0. This gives the needed bound for I5. Finally we have

T((092X)(t) — T((69)2X)(8)|] 0
sup 8(z+a)/2ll ((0°)2X)(t) ((b) )(8)[]a—2b STef-,Hq)Hz’T(HonH_l_ﬁ,|X|,71/275+1)2
(s,t)€[0,T] |t — s

hence
(0% X)L So TN@I2 21X + | X |12 p + 1),

The bound for |[I(6*1(X3)X)||x1r can be obtained by a similar way and then, according to the
hypothesis given on the area I(X93)X and the decomposition of I(I(X93)2X), we obtain easily from
the Proposition 4.2.4 and the Proposition 4.2.3 that

X)) 0 Xear S T+ mo (LX), X) g 12— + IHX) 5172 + 1 X 57, -1/2-)°

for 3p < ¢’ small enough, which gives the wanted result. O
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4.2.5 Decomposition of I(®)X9?)

Let us apply the controlled structure to the mollified equation. As in that case the equation is
well-posed, we have

[(®°) = ®° where T'(®°) = I((X®)%%) 4+ 31(®°(X®)%?) + 3I((9°)2X°) + I((9°)®)
with of course ®° controlled by X*
O = I((X%)%) + B((2°), (X)%%) + (2°)F.
By a direct computation we also have

I(9°(X%)%) =B (9%, (X%)%) + Bo(1((X%)%), (X%)%%) + Bo(B<((#°)', (X%)%%), (X%)%)
+ Bo((2°)%, (X°)%) + B (7, (X°)%).

Indeed, thanks to the Bony paraproduct, the first and the last terms in the r.h.s are well defined.
The only problem is to define By(.). By an analysis of the regularity, the structure of controlled
distribution for I'*(®¢) appears, and we have I'*(®°) = 3®° hence (®°) = 3®°. Furthermore,
Bo(I((X#)9%), (X#)°2) does not converge, and we need to renormalize it by subtracting 3C5I(X¢).
We have to deal with the (ill-defined) diagonal term.

t s
XE’O(‘P’)(?f)=Bo(B<((<1>‘f)',(Xa)”),(Xs)”)(t)=/0 dsPtsWo(/O do Py gme ()5, (X%)52), (X)$?)

Thanks to the properties of the paraproduct, we decompose this term in the following way

(X5)=0((@9))(¢) = / dsPe—s(@)smo(I((X%)P?)(s), (X))

/ dsP;_ 5/ do(( — (®°)) 0((XE)§2,P5—U(X€)22)
0
/ asP;_, / domo(RL_, ((9°),, (X)82), (X)%?)
0
sP_, 2 02 02
_|_/0 dsP. /0 R( o (X)g7, (X9)$7)
4
= > (x)%4()

=1

with
(fv ): s— O'7T<(f7 ) <(f7PS—0'g)v R2(fagvh):77-0(71-<(f7g)’h)_f7r0(gvh)

Here again, to have a convergent quantity we need to renormalize (X¢)%! by C§ f(f P (®°), =
C51(®°). Hence, the approximated equation must be

[(®°) = &°
with .
[e(®°) = T°(0°) + 9C5(° + X°).
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The same computation holds for the renormalized equation, and we have

I(@OX %) = BL(®, X9%) 4 Boo (I(X9%), X9?) 4+ By o (B (¥, X9%), X9%) + Bo(®*, X9%) + Bo (@, X9?).

Indeed, thanks to the Bony paraproduct, the first and the last terms in the r.h.s are well-defined. The
only problem is to define By(.). The term in ®*X9? is also well-defined as ®f ¢ C%M. The term
Boo (I(X©3), X92) is also well-defined by Definition 4.2.9. So we only have to deal with the diagonal
term

t s

XO(@')(t) = Bo.o(B<(®', X9%), X?)(t) = / dsP;_smo < / doPs_omo (P, X?), X§>2>
0 0

Thanks to the properties of the paraproduct, we decompose this term in the following way

t

t s
ds Py @ o (1(X9%)s, X9%) + / dsP;_, / do (@), — & )mo(XE2, Py_ s X0?)
0 0

xo@)o - |

0

t s t s
- / dsP;_, / domo(RL_, (@), X9%), X9?) + / dsP;_, / R2(®), Py, X2, X0%)
0 0 0

0
4 .
X%i(t)

1=

1

where

R;—O‘(fhg) = Ps—a7r<(fvg) - 7T<(f: Ps—crg)v R2(fvga h) = 7‘—0(7T<(f7 g)v h) - f’/TO(g? h)

and f, g, h are distributions lying in the suitable Besov spaces for R! and R? to be defined. Before
starting to bound the term X, let us give a useful lemma to deal with the explosive Holder type norm

Lemma 4.2.15. Let f a space time distribution such that supcjo 1 tr+22|| ]|, < 4oo then the
following bound holds

I t) —1 S)|la— r+z
qup LD NGl < o gtz g
5,t€[0,T] |t — 5] telo.1]

witha+2<2,z41r<2,a—1r<2,0<a,b<1 andf >0 is a constant depending only on a,r,b, z.
Proof. By a simple computation we have
I(f)(t) = I(f)(s) = Iy + I,

with . t
Islt = (Pt*S - 1)/ duPs_ fy and Igt = / duPs_y fu.
0

S

Using the lemma (4.2.5) the following bound holds

t
3 llam2p S It — s!"/ du(t — u)~ @2y =02 gup (2| £ < oo,
0 te[0,T]

168



4.2. PARACONTROLLED DISTRIBUTIONS

To handle the second we use Holder inequality,

t —(a—2b—1) _ (2+7) 1-b
115 |20 < [t = 5" (/ du(t —u) 200w 2“"”) sup t 2| ], < o0
s te[0,T

which ends the proof. ]

The following proposition gives us the regularity for our terms.

Proposition 4.2.16. Assume that X € X then there exists a choice of L such that for all z € (1/2,2/3)
the following bound holds

1X @)1 S T+ (X l7,20)%] 19|27
with K € [0,1]*,0 > 0 are two small parameters depending only on L and z.

Proof. We begin by estimate the first term of the expansion (4.2.5)
t
1XOH@)(Oh+s S /0 ds(t — s) HOFR2)| B g o (T(X9%)(5), XO%) = 03] 2

+(sup o¥lp]) / s(t — 5)~ (2 gt |
o€l0,T]

SN2 (T(X9), XO%) =¥ _pp+ sup o”[o5 |+ 1)
c€0,T7]

t
X / ds(t — )~ (1H041/2)/2 = (ntv+2)/2
0
S0 T e (oo TOCY, X = XLy st ol 1)
c€l0,T

for v,n,6 > 0 small enough and with 6; > 0 depending on L. Hence

sup U FHD2) XOND) ()| |145 Sre T (w00 (1(X %), XO) — X[y + sup o”|e [+ 1)
t€[0,T] c€l0,1)

Let us focus on the second term. We have

t s
1XO2(@) ()l < /0 ds(t — 5)~1+9-0)/2 /0 Ao ||(®!, — &)m0(Pr0X9% X215

t s
SBop /0 ds(t — 8)(”55)/2/0 do(s — o)~ CH2)|B) — & [|.0al XI2(12,

t S
g_l_p/ ds(t — 8)(1+66)/2/ dU(S _ O.)*lfp/2+d0_7(c+z)/2
T 0 0

Sesp 119 ]e2,

t
Step 12 XOQHg;l—p/O ds(t — s)~(1F0=B)/2g=(pte—2d+2)/2
Sep T2 2| X1

for f = min(c — 2d, p) > 0 and all ¢,d, p > 0 small enough, z < 1 and #3 > 0 is a constant depending
only on L and z. Using the Lemma 4.2.5 we see

1Rs o (@, X&) |l1426 < (5 — o)~ CH=D 20 |1 [1X 0% -1
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for all g > 0, 8 < n/3 small enough. By a straightforward computation we have

IXS@) Ol S [ o= 5 [l (5, X8, Xl
< [Laste =y 0007 [T AL (0 X nrasl X715
S ||X<>2||?;;1*B||‘I)/||*,2,T /Ot ds(t — 8)_(1+6_6)/2 /OS do(s — U)_(2+3B_“)/2a_("+z)/2
SIXE 1o 12 ber /0 ds(t — 5)~ (10702 @ mmtne)/2

S T XO 2|9
T

where 03 > 0 is a constant depending on L and z, 0 < 8 < /3 small enough and z < 1. To treat the
last term it is sufficient to use the commutation result given in the Proposition (4.2.4), indeed we have

| R (@), Pa—o X2, X3P I35 Snp s~ TH2(5 — O')_(Q_B)/2||X02’|2;1*B||(I>/||*,2,T

for 0 < f < n/3 small enough and then

t s
XA @) 15 S X sall® i [ e = ) 1437189972 [y 92— )90
0

0
t
S0 X ol [@ i [ ds(e = o) 0492 ressn

S TOXO 219
T

for 84 > 0 depending on L and z < 1 and 3,7, > 0 small enough. Binding all these bounds together
we conclude that

S[%pT] 2] X O (8)]|145 SLT7(1+ IIX”IIC;—p + ||moo (I(X9%), X 9%) — @Xllc;—p
telo,

+ sup ¢’ )29 |lx2r
te[0,7]

for 8 > 0 depending on L and z. The same arguments gives
P DRI X @) )10 Sz T+ X ez1mr + [lmo0(1(X ), X %) — 0¥ |-
telo,

+ sup o )29 |la27
te[0,T]

and

sup tHH2 ) XO(@) ()] |w ST+ 11X g=1-0 + oo (T(X %, XO) — 0| 210
t€[0,T T T
+ sup "o )?||@ || 2.7
te(0,7)
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To obtain the needed bound we still need to estimate the following quantity

ata || XO(@)(#) — XO(D! _
sup s || XY (@)(t) 5 )($)]a 2
(5,4)€[0,T]2 |t — s

To deal with is we use the fact that X9¢(®') = I(f?) with
FH(s) = DLmoo (LX) (s), X2, f2(s) = / do (@, — )mo(X?, P XJ?)
0

and
S S
£6) = [ domo(RL (@, X8, X8, 1) = | B P XX,
By a easy computation we have

1 Ollns2 S s~ 22|07

w2, (L [m00 (1(X ), X9%) = ™|y 0 + s i ])
tel0,

12()-a S 19']lx2r X %] aya

~z,C,y

|X<>2||2_1-d/4/0 do(s—0) 1T 2em AR < g s R

S
172(5)l2n/3 S H‘D’H*,z,TIIXOQ!IQ_l_n/g/O ds(s—o) 057022 < T2 10| o | X2, g

with v > 0 depending only on L, and a similar bound for f* which allows us to conclude by the
Lemma (4.2.15) that we have

sta || XO(D) (1) — XO(®)(5)

Ha72b 011 02112
sup s ISR AL IFET AP Gl P
(s,1)€[0,T]2 [t — |’ i g
for some p >0, 6 > 0 and 7, ¢,d > 0 small enough and z € (1/2,2/3). O

We are now able to give the meaning of I(®QX?) for a ® € DL.

Corollary 4.2.17. Assume that X € X and let ® € D& then for z € (1/2,2/3) and for a suitable
choice of L the term I(®OX?)[®,X] is defined via the following expansion

H(@0X9)[®,X] := B(®, X%%) + B (®, X%%) + By o (1(X?), X9?) + X9(®') + By(d*, X %)
And we have the following bound
|1 Bo(®*, X%)|[c1,0 + || B> (@, X910 S TQII‘I’H*,THXOQHC;H

for some 0,p > 0 being a non-negative constant depending on L and z. Moreover if a,b € R, X €
CAL(T3) and p € C°°([0,T)]) then we have that

1(@0X9%)[@, R? X] = I(®(X? — a)) + 3bI (X + ®)

for every ® € Dpre x-
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Proof. We remark that all the term in the definition of I(®(X2) are well-defined due to the Propo-
sition 4.2.16 and the definition of the paraproduct, and we also notice that

t
[1Bo(®F, X %) (1)1 ,S/O ds(t — )" UL |1l | X% 1

S |ar

t

|X02HC—1—5/2/ ds(t — s)~(1+0/2)/2 4= (1+5+2)/2
r 0

< s*(3/25+z)/2,|q>ﬁ‘|*71’THX<>2HC;175/2

which gives easily

s ¢ By X 0l £ T X2
tel0,T

for § < 1/2. By a similar computation we obtain that there exists § > 0 depending on L and z such
that

sup t/2H22) By (@F, XO) (1) |1yt sup 52| Bo(®F, XO%) (1)]], S T 19| on 2| X O3] o152
te[0,7 te(0,7 T

To obtain the needed bound for this term we still need to estimate the Holder type norm for it. We
remark that
H%(‘bg, X§>2)H5/2 N 5_(1+5+Z)/2\|¢§|’1+6||X§>2H—1—5/2
and then as usual we decompose the norm in the following way
Bo(®f, X%)(t) — Bo(®}, X0*) = I}, + I},

with . .
I} = (Ps—1) / duPy_ymo (P4, X3?), 12 = / duP;_ymo (P4, XJ?).

0 s

)

A straightforward computation gives

113l la—20 < [|@F

t
|| X O] jaospolt — slb/ du(t — u)~(@=0/2)/2~(1+5+2)/2
r 0

< T(17a75/27z)/2‘t o S‘bH(I)ji

1,7 \XOQHC;,W.

For I? we use Holder inequality which gives

t _a—=2b—46/2 _ 1+46+= 1-b
’X<>2‘ |51*5/2 / du(t — u) 2(1-b) ¢ 2(1—b))
T s

< T(l—a—5/2—z)/2|t _ S|b”¢,ﬁ

172 la—2b S [t = 51’1121,

o1 |1 X O 1ms2
T
for a,d > 0 small enough and z < 1. We have obtained that
[1Bo(®%, XO2) |10 S T°|@F

*J,T‘ |X<>2||C;1—5/2

for some # > 0 depending on L and z. The bound for the term B (®, X°?) is obtained by a similar
argument and this ends the proof. O

Remark 4.2.18. When there are no ambiguity we use the notation I(®X?) instead of I(®OX?)[®, X].
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4.3 Fixed point procedure

Using the analysis of I(®0X°?) and I(®2X) developed in the previous Section, we can now show
that the equation
® = I(X93) + 31(DOX?) + 3I(D2X) + I(D%) +

admits a unique solution ® € DE for a suitable choice of L and z € (1/2,2/3) via the fixed point
method. We also show that if u® is the solution of the regularized equation and ®° is such that
u® = X¢ + ®° then d(P°,P) goes to 0 as . Hence, by the convergence of X¢ to X we have the
convergence of u® to u = ® + X. Let us begin by giving our fixed point result.

Theorem 4.3.1. Assume that X € X and u® € C7*(T?) with z € (1/2,2/3). Let ® € Dk and ¥ = Pu°
then we define the application T : D . — C7(T3) by

D(®) = I(X93) 4+ 3[(DOX?) + 3I(P%X) + I[(P3) + ¥

where I(®OX2) and I(®2X) are given by the Corollary (4.2.17) and the Proposition (4.2.14). Then
INCINS D;Lg for a suitable choice of L and it satisfies the following bound

D@7 ST® | + 1D (1+ [[Xl7x + [[u0]]-2)*. (4.13)
Moreover for ®1, P4 € DyLg the following bound hold
dr,1 (D(®1),T(®2)) STVdr1, (@1, ®2) (|| @1]ler + |2l + 1A+ (X[l + [[u]] ) (4.14)

for some 6 >0 and K € [0,1]® depending on L and z. We can conclude that for this choice of L there
exist T'> 0 and a unique ® € D;LQT such that

d =1(®) = I(X) +3I(2%0X %) 4 3I(P2X) + [(D3) + V. (4.15)

Proof. By the the Corollary (4.2.17) and the Proposition (4.2.14) we see that I'(®) has the needed
algebraic structure of the controlled distribution more precisely

[(®) =3®, I[(®) =3Bs(P, X%) + XO(d') + 3By (®*, X9?) + 3I(®2X) 4+ I(®%) + ¥

and T'(®) € C;*. To show that I'(®) € DL and obtain the first bound it remains to estimate ||®||4 211
and ||T(®)#||,1.rr. A straightforward computation gives

1@l S XDl + [1B<(@, X @)l + 112l
t
’XOQH—l—TI/ ds(t — s)~(H20/2)/2g=+2)/2 4 t_(’{*Z)HCNH*?LT
0

S (1@l + DX |1 + (LX), + 1)/ 2mGrt2/2(e2/2),

S Xy + 119" 2.

Then for 0 < < k and n < 1/2 and z € (1/2,2/3) small enough we see that

ts[%pT] t22) @) |, < T @[, + 1)(||X<>2\|C;1_7, + (X [[en +1).
e )
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We focus on the explosive Holder type norm for this term, indeed a quick computation gives
1@ —®lle—2a < IT(X %) (£)=I(XO®)(8)|[enat||B< (@', XO2) ()= B (¥, XO?)(8)||c—na+||®f — B || c—20.

Let us estimate the first term in the right hand side. Using the regularity for I(X%3) we obtain that
for d > 0 small enough and ¢ < 1/2

(X)) = LX) (8)]e—2a S [t — 8| 1(X %)

d,c—2d-

Then we notice that the increment appearing in second term has the following representation
B (9, X%) = I(f)

with f = 7-(®/, X°2). To treat this term it is sufficient to notice that

[1fell-1-6 S @411 X2 215 S 2@ 1| X215

and then a usual argument gives
|B<(®', XO2)(t) = B<(®', X9%)(5)le—2a S TIt — 5%~ 22| ®|[, Lol X% 2125
for some 6 > 0 and ¢, > 0. For the last term we use that

19F — B3l[2a S [t — st~ g S TO el — 5| (0422

||®[|x,L.7

for ¢ — 2d < a — 2b, d < b and then ¢ < a which gives :

_ B, — B[
sup s~er/2 11 = Palleat oy ) x03))1, oy 4 11X i) (14 (@),
5,6€[0,T) [t — s
Hence the following bound holds
IT(@) | w2, S TP(1+ | T(X®)||gem2a + [ X% 2126) (X + [|®]|s7)- (4.16)

We need to estimate the remaining term T'(®)%. Due to the propositions (4.2.14),(4.2.16) and the
corollary (4.2.17) it only remains to estimate the following terms I(®3) and ¥. In fact a simple

computation gives
1P|

Let us focus to the term I(®3). We notice that

*,1,L, T S Hu0| ’—z‘

t
@) Ollss S [ ds(e = s)= 055/ 2 X2y 1)

for d, k > 0 small enough and z < 2/3 and we obtain the existence of some 6 > 0 such that

sup t(1+5+z)/2\]I(@S)(tmué = TQHCI’H*,T'
te[0,7]

A similar argument gives

sup (/22 (@3 (1) |1y + sup LF2I@H) )l S TP L (141X 1),
te[0,7) t€[0,T]
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4.3. FIXED POINT PROCEDURE

Let us remark that
0P|y S 302 )02 | 1 (1 4+ ||X %)) 21p)?

and then as usual to deal with the Hoélder norms we begin by writing the following decomposition
11(D%)(t) = L(D*)(8)l|e—2a S Ly + Iy
with

s t
IL=(P_,—1) / duP,_,®3, and I? = / duP;_,®3
0 s

For I'! is suffice to observe that
S
3l le—2a S |t — Sld/o du(s — u) D2y T3REM D3 1 (1 4+ (| X921
ST REEm I — sl |02 (1 + (|1 X% ,)?

for n, ¢ > 0 small enough, z < 2/3. To obtain the second bound we use the Holder inequality and then

1-d
1/(1—-d)
1220 S e =i [ aulipiesol4)
S

d t _c—2d—n _ 3(ztn) 1—d 3 02 3
S|t — s / du(t —u)” 220 u G-29 P[22 (1 + [IX¥ [ -1-p)
S

S|t = 8| T 22| 1 (14 |1 X %))

~

for ¢,n,d > 0 small enough and z < 2/3. We can conclude that there exists § > 0 such that

3
Sups(z—i-c)/QHI(q) )(t) — I(®
s,t ’t - S’d

2)($)lle—2d
= S TR (1 + [1X % -1-p)?

and then we obtain all needed bounds for the remaining term and we can state that

ID(@)¥ e 2L STI@] e + 1) (L + (X7 + [[u°]]-2)

for some K € [0,1]* depending on L and this gives the first bound (4.13). The second estimate (4.14)
is obtained by the same manner.
Due to the bound (4.13) for 73 > T > 0 small enough, there exists Ry > 0 such that Br, =

{(ID € D& 1 [|1®[lr < RT} is invariant by the map I'. The bound (4.14) tells us that I' is a contraction
on Br,, for 0 < T3 < T7 small enough. Then by the usual fixed point theorem there exists ® & D{g’TQ
such that T'(®) = ®. The uniqueness is obtained by a standard argument. O

A quick adaptation of the last proof gives a better result (see for example [36] and the continuity
result theorem). In fact the flow is continuous with respect to the rough distribution X and with
respect to the initial condition 9 (or u®).

Proposition 4. 3 2. Let X and Y two rough distributions such that HXHTK,HYHTK < R, z €
(—=2/3,-1/2), % and v two initial conditions and ®* € D x x ond PV € DTY y the two unique

solutzons of the equations associating to X and Y, and Tx cmd Ty there respective living times. For
= inf T'x, Ty the following bound hold

2% — @Y ||com.c-=m2)) S dro(@,Y) Spdrr(X,Y) + [Juf — uy |-
for every T < T™, where d is defined in Definition 4.2.12 and d is defined in Defintion /.2.9.
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Hence, using this result and combining it with the convergence Theorem (4.4.3) , we have this
second corollary, where the convergence of the approximated equation is proved.

Corollary 4.3.3. Let z € (1/2,2/3), u® € C™* and denote u® the unique solutions (with life times T¢)
of the equation

8tu6 = Auf — (us)S +C%uf + ga
where £ is a mollification of the space-time white noise § and C° = 3(C] —3C5) with (C5) and C§ are
the constant given by the Definition 4.4.2. Let us introduce uw = X +® where @ is the local solution with
life-time T > 0 for the fized point equation given in the Theorem /.3.1. Then we have the following
convergence result

P(dT*’L((I)a, @) > )\) —e00

for all X > 0 with T* = inf(T,T¢) and ®* = u® — X* € D)L(E,T.

4.4 Renormalization and construction of the rough distribution

To end the proof of existence and uniqueness for the renormalized equation, we need to prove
that the O.U. process associated to the white noise can be extend to a rough distribution of X’. (see
Definition 4.2.9). As explained above, to define the appropriate process we proceed by regularization
and renormalization. Let us take a a smooth radial function f with compact support and such that
f(0) = 1. We regularize X in the following way

X; = Zf(ek)Xt(k)ek
k40

and then we show that we can choose two divergent constants C%,C5 € RT and a smooth function ¢°

such that Rgg C;XE := X® converge in X. As it has been noticed in the previous Sections, without a
1

renormalization procedure there is no finite limit for such a process.

Notation 4.4.1. Let ki, ...k, € Z> we denote by k1., = > o, ki, and for a function f we denote
by o f the increment of the function given by dfst = fr — fs
Definition 4.4.2. Let

Cf =E [(X9)?]

and

cs=2 3 |f(ek)?|f (ko)

o1 £0,kp £0 [k [ K2 |? (k1 [* + [B2]? + [k 2]?)

Notice that thanks to the definition of the Littlewood-Paley blocs, we can also choose to write C§ as

= _ f(ek1)f(eke)
C3=2 Z Z 0(2 Z|k1,2|)0(2 J|k172’) 2 2 2 2
[i—3I<1 k170, ka0 et [2[ o] 2 ([E1 |2 + [2|? + [K1,

2y’
Let us define the following renormalized quantities
(Xe)<>2 — (X5)2 _ Cf
I((X%)%) = I((X%)* = 3C{ X°)
oo (L((X%)9%), (X%)%%) = mo(1((X*)%%), (X*)?*) = C5
moo(L((X%)%), (X%)%) = mo(I((X%)%?), (X°)%*) — 3C5 X"
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Then the following theorem holds.

Theorem 4.4.3. For T > 0, there exists a deterministic sequence ¢° : [0,T] — R, a deterministic
distribution ¢ : [0,T] = R such that for all 6,8',v > 0 small enough we have

||<10Hl/,p,T = Slipty|gpt| + sup SVM < 400

t#s |t — s|P
and the sequence ©° converges to o for that norm, that is
l6® = elliur — 0.
Furthermore there exists some stochastic processes
X% ec(o,1],c7170)

1(X9%) € ¢ ([0, 7], /2029
mo(I(X9), X) € ¢¥ ([0, T],c~52)
700 (I(X92), X92) — o € ¢ ([0, T],c 02
oo (I(X9), X02) — 30X € ¢¥ ([0, T],c~1/2-0-2),

Moreover each component of the sequence X& converges respectively to the corresponding component
of the rough distribution X in the good topology, that is for all 6,6 > 0 small enough, and all p > 1,

X° — Xe LP(Q,C% ([0, 7], 170739 =3/2p)) (4.17)

(X%)0% = X% in LP(Q,CY ([0, T), ¢~ 10730 =3/2py) (4.18)

I((X%)9%) — (X9 in LP(Q,C7 ([0, T), /203 =3/2p)) (4.19)

To(I((X5)9%), X°) = mo(1(X %), X) in LP(,C% ([0, T],C 039 =3/2pY) (4.20)

Moo (I((X9)%2), (X%)%2) = ¢° = moo(I(X9?), XO%) — o in LP(Q,C7 ([0, T],C7073=3/27))  (4.21)
oo (T((X)%%), (X%)%) = 86X — moo (1(X %), X %) in LP(Q,C% ([0, T],C~ /270739 =3/2n)) - (4.22)

Remark 4.4.4. Thanks to the proof below (especially in Subsection j.4.5 and 4.4.6) we have the
following expressions for ¢° and .

102 k1)) 116(277 [Ka2|)|| f (k) £ (ek2)| 5 2 5
(== —t(lkr]* + kol + |ky + K
Pt Z Z 1 2[Rz 2|k |2 + [k2|? + k1 + k2|?) eXP( (1K1 23 |1 2 ))
li—j|<1 k17#0,k2#£0

and

10(2~"K12])[10(27 [k12))| 2 2 2
pr=— exp (—t([k|” + [k2|” + [k1 + k2]7)) -
R A PR+ R ) |

We split the proof of this theorem according to the various components. We start by the convergence
of X¢ to X. Then we also give a full proof for X%2. For the other components we only prove the
crucial estimates.
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4.4.1 Convergence for X

We start by an easy computation for the convergence of X

Proof of (4.17). By a quick computation we have that

0(X = X% = (flek) — )0 X (k)ex
k

and then

E[|AS(X - Xl =2 D [f(ek) -1 c(e)200F2hH)p _ g|h

TR S
le£0; k| ~24

for h, p > 0 small enough, and c(e) = >, 4 |k|=37°| f (k) — 1]2. The Gaussian Hypercontractivity (see
[71]) gives

~

E [||Aq0(X = X%)atll7] Sp / E [|Ag8(X — X=)a(2)?]" d Spp cle)?|t — s|P/2200/2@to+D),
T3
for p > 1. We obtain that
B 508 = Xl oy | S cle 2l - o

Using the Besov embedding (Proposition 4.2.2) we get

E 100X = X)atlloosjaponoa| S cle)/2]t = 5212

~

and by the standard Garsia-Rodemich-Rumsey Lemma (see [35]) we finally obtain :

E [IX = XEllen-oqory,c-1/2-ns-sm| S e(e)?

for all h > 6 > 0, p > 0 small enough and p > 1. Moreover we have Xy = X§j = 0 and then using the
fact that c(e) =% 0 we obtain that

lim || X© — X]| 0
e—0

Lr(Q,co T 1/2m03/ey =

forall 0 < ¢’ < §/3 and T > 0. O

4.4.2 Renormalization for X?2

To prove the theorem for X% we first prove the following estimate, and we use the Garsia-
Rodemich-Rumsey lemma to conclude.

Proposition 4.4.5. Let p > 1, 0 > 0 small enough, then the following bound hold

sup E [[|80(X5) 3PP, | Spa 8 — sfrP22m 420
€

and
E |:HACI (5(X6)§t2 - 6(X€l)gt2))’|igpi| Spo C(e, &Pt — s|2P092ap(1+0)

with C(e,e’) — 0 when |e — &'| = 0.

178
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Proof. By a straighforward computation we have

Var(Ag((Xf — X9XI) = > 0(2 279K > flek) f(eka) f(Rh) f(ekb)

kK €73 k1a=k;k}, =k’ (4.23)

where (e;) denotes the Fourier basis of L?(T?) and

) ) _ . o _ ok Pl
Iy = B [(X(kn) = X)) (Ke(k]) — Xo(k)| E | Xolhe) Ko (k)] = 264,24 6k2:kf2W

12 = E [(X(kn) = Xo(k) Xo (k)| B |(Xe(k)) — X (K) X (k)|

5 5 (1 — e~ IkPPlt=sly(1 — e=Ik2l*lt=s])
= Ok1=kLOk|=k2 ’k1’2|k‘2|2

Injecting these two identities in the equation (4.23) we obtain that

| — e Mhal?li—s (1 e-balt=sly(1 — e—lhallt—s])
Var(A,(X; — X5)X?)) < _— +
q t s s |k|zw:2q |k‘1|2|]{12|2 |’€|2N:2q |k1|2|]€2|2
ki2=k kio=k
> 1 e lmPl—s] (4.24)
S 2, TFRE
kno=F
We have
1 — e—lhil2lt—s] , i
Z NPT St — s Z |y | 72420 kg2
|k|~2¢ ! 2 keZ3;|k|~29,k12=k

k1a=k,|k1|<|k2]

§‘t*8|9 Z |]'{:1|—2—"-20’]€2|—2+ Z |]€1|_2+26‘/{72‘_2
|k|~29 k12=k, |k|~29,k12=kK
k1 |< k2] k1|2 k2]

S‘t . 8|922q(1+29) Z |k1|73720 + Z |k2|73749 < 400
k1 kl

and then by the Gaussian hypercontractivity we have
B [I1800)2I1%] = [ (Var (500)3F) (©)7de 5 = spo22mison.
For the second assertion we see that the computation of the beginning gives
Var((Ag(XF = X)XZ) — (X7 = X9)XZ)) S |t — o220 5300 (e, &)
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where

Clee) = 32 (1F k)L (k) = |F(E )P Ro) P~ |72 =120 0

ki2=k

by the dominated convergence theorem. Once again the Gaussian hypercontractivity gives us the
needed bound. O

Using the Besov embedding 4.2.2 combined with the standard Garsia-Rodemich-Rumsey lemma
(see [35]) the following convergence result holds.

Proposition 4.4.6. Let 0,9, p > 0 small enough such that p < 6/2 and p > 1 then the following bound
hold

E ||(X€) (X€ )02Hce/2 P([0,T],c~1-3/(2p)—6~ 29) S&,p,é 0(575/)1)

and due to the fact that (X5)°% = 0 and (X°?)g = 0 we see that the sequence (X)°? converges in
L?(Q, CY%=r([0,T],C~1=3/CP)=0=30)) to random field noted by X°2.

4.4.3 Renormalization for 7(X?)

As the computations are quite similar, we only prove the equivalent of the L? estimate in proposition
(4.4.5). Furthermore we only prove it for a fixed ¢ and not for an increment.

Proof of (4.19). By a simple computation we have that

I((X5)%%) </ F((X5)03)( _|’“|2|t_sds> ek
kez3
and then
2
UA 1((x0)%%)] ] —6 3 Jam I LR / ds/ doe(klPHbl? ks [?)ls—0|— k2t —s| +]tol)
kez3 i=1,..,3 ’k|
ki23=k
= 20 RPE" o),
where

=m= 3 I If;’i2| /ds/ dore— (P ks )| s—0 |~ k1> (jt—s+]t—0)

k123=k,k; #0i=1,..,3

1 /t /S 2 2 2 2
< b [Tas [ dge (kiR Es ) 5ol ~[K[2|t—s]
h;:k k1|2 k2|2 k3] Jo 0
max;—1,..3 |ks|=|k1]
RN e ST e (O el
T k2 [Pl ~ TR0 |
k123=k k2

max;—1,..3 |ki|=|k1]
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We have used that

t s t s
ds [ doe (R kel Hksls—ol— i stio) <; L ["qo " s g-140/2)5 | 1+o/2
0 0 B 1 a1 0

for p > 0 small enough. Using again the Gaussian hypercontractivity we have

2p
€03 < 9—2pq(1/2—p)
E[HAqI«Xt) >\L2JN2

and then the Besov embedding gives

sup E |[I1((X5)) |12 p-sp| < +0.
te[0,7],e

The same computation gives

sup E [|[1((X7)%%) - 1((X7)

:| _>|5’—5|—>0 0
t€[0,T

03
||1/2 p=3/p

and this gives the needed convergence. O

4.4.4 Renormalization for my(I(X%%), X)

Here, we only prove the L? estimate for the term I(X9%)X instead of m(I(X93), X) since the
computations in the two cases are essentially similar. We remark that in that case we do not need a
renormalization.

Proof of (4.20). We have the following representation formula

E UAq< (X9)%X7) (1)) ] Zw P(615(8) (k) + 18I5(1) (k) + 18T5(t)(k))
with
2
=2 Y T LERE / ds/ doe k18I (=slHi=o 1)~ 2-+1ka[2 +ks Dol
kioga=ki=1,...4 ‘k ’
1 t $ 2 2 2 2
< ds/ dore—F1zs 2(t=sl+Ht—o]) = (k2 k2 2+ ks [2) s o]
. Zk |y 2o 3] | Fea]? /0 0
1234=—
max;—1,23 |ki|=|k1|
= I7,(t) (k) + I1x(t) (k)
and
1 ¢ s 2 2 2 2
(8 (k) < / ds/ dore—F12s 2 (1t=s| =0 ])— (1ka [2+ka 2+ ks[2) s o]
H klg}_k |1 [?[a|* R3] | al 0
max;—1,2,3 |ki|=|k1|
[k123| < k4l
1 1
<

AN

DY ; < ki~
2 30| ka3t 34p ~
K1 | G, 2P les PP a2 [P0
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for p > 0 small enough. Hence we obtain the needed result for I7. We can treat the second term by a
similar computation, indeed

1 t S 2 2 2 2
v < Z ds | doe k23l (t=sl+[t=ol) = (k1| +|k2|*+|k3|*)|s—o|
ia(t)(k) < |]€1|2]k2]2|k3|2|k4|2/0 /0 7

k123a=k

max;—1,2,3 |ki\:|k1‘
|k123]>|k4l
SRS ool 0 ko 7P kg T S [l
k2,k3,k4q

with p > 0 small enough; this gives the bound for I5. More precisely we have I§(t)(k) < |k|72* for
p > 0 small enough. Let us focus on the second term I5(¢)(k) which is given by

BOE =3 H f|/<; ; / ds/ doe— (ka2 + k22| s =0 —([k—ks[2H{ks [2) [t —s] — (a2 k—ka[2) [t—o]

kio=ki=1
k3,ka
< ¥ 1 /td /td (Vo ?-+{ka[2)lt—s|— (Ve P+ lk—ha [t —o]
S age
~ 1— 2 2
o IRk PR R PRI So o
12=
max;—1,2 |ki|=|k1]
k3,ka
2
t
Sp% 212/ qse— (ka2 HE—s[2)lt—s|
R\ 2= Taf? Jo
3

2

1 1 1
< [ E < [
~p,T |]€|1*P |k3|2|k _ k3|2,p ~T,p |k‘373p
k3#0,k

and we obtain the bound for I5. We notice that

EoOE =Y H ka ; / ds/ dore— (k12 kal2)|s—o] — (h-ks 2+ ks 2)t—s|— (ka2 [k-+ha|?)|t—o|
ki1o=ki=1
ks3,kq
= I3(t)(k)
We have

sup [\Aq (r(cx)ox?) (tﬂ < 2009)
te(0,T],e

which is the wanted bound. O

4.4.5 Renormalization for m,(I(X9%), X9?)

We only prove the crucial estimate for a renormalization of mo(I((X¢)¢2, (X#)%2)). We recall that
since all the other terms of the product I(X¢)%20(X¢)%? are well-defined and converge to a limit with
a good regularity, only this term need to be checked.

182



4.4. RENORMALIZATION AND CONSTRUCTION OF THE ROUGH DISTRIBUTION

Proof of (4.21). Let us begin by giving the computation for the first term. Indeed a chaos decompo-
sition gives

—mo(I((X)9)(1), (X7)??) =

DD D 0 ki) [ksal)

kGZ‘3|Z j|<1k1234 k

t
/ dse™F1=l"10=5l %2 (1) X2 (ko) X (k3) X5 (Ka) < e
0

YD DT D 0@ (kDB ko DS (k) / e (bl ksl =2 X2 (1) X () - e

keZ3 |’L j|<l kis=k,k2

+2 37 ST 0@ k2027 ki) f (k) I (k) 2

l[i—7|<1 k1,k2

1 — = Ukl +|k2]? +|ki2|*)t
|1 22| 2 ([k1]? + |K2|? + [k12]?)

where :: denotes the usual Gaussian Wick product. Let us focus on the last term
1 — e*(|k1|2+|/€2|2+|k12|2)t
|k [P k2 |* (k1 |? + [K2]? + |k12]?)

= D D 10 k) ||02 T ko) |If (eka) Pl f (ko) [

li—7]1<1 k1,k2

= C5+15(1)
where I35 is defined below. Moreover is not difficult to see that

27" k12])0(27 [k12])
lim C5 = +00.
=0 2 |@jz|<1kzk \k1\2’k2 ([k1[? + k2| + [K12]?)

To obtain the needed convergence we have to estimate the following term

t
= Y 3 o huel)o@ k) | dse P K ) X () X (1) X s
0

keZ3 |i—j|<1 k1234=k

=5 S N 0@ (k202 kaa) DI f (ko) / dse (Rl ket =sl o) =2 X€ (1)) XF (g e

keZ3 |i—j|<1 k13=k k2

and

; ek V2] ek ) |2e— (k1 +lk2>+[k12|*)t
SID D DG A Ca ) AL e i
li—7|<1k1,k2 |k1 12| k2|2 (|k1]? + |k2|? + |k12]?)

We notice that for the deterministic part we have the following bound

1
IHOR RS St Y kT kTSt
~ k12 ko |2( |12 o |2 kao|2)14+p ~ ~P
v iy o R P+ [R2® 4 a2 ) Fo oo r | <o

and then the dominated convergence gives for p > 0

sup t°|I5(t) — I3(t)] -0
te[0,7T

with
97 e_(|k1|2+|k2|2+|k12\2)t
027"k k
= 2 2 O ke e e e T T

li—7|<1 k1,k2
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and this gives the bound for the deterministic part. Let us focus on I{(t) and I5(¢). A simple
computation gives

AW =230 3 3 0 ka0 hsa 02 iz )02 haao(2” ﬂkZHlfuiﬁQ'

keZ3 irvjri! v’ ki2za=k

t t
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t t
X/ / dsdoe— (k122 H k2l [t=s|—(ral?+ ks ) [t—o| = [k1 | s—o|

3
= "Ii ()
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Let us begin by treating the first term. As usual by symmetry we have

SUEDID DI Hrklr 2 [ [ dsagerthbe-sieo-tifiecs

keZ3 q<i
|k1|<\k2| \k3|<|k4|

=1,...,

o S S ) ) R

keZ3 q<i k123
\k1|<\k2| \k3|<|k4\
max;—1,...,4 |ki|=|ka|

.....

= AS(1) + A5(t).

We notice that if max;—y 4 |ki| = |k1| then |k| < |k1], then

AS(t Z k|~ 219(279| k) Z |k1|_3_’7/3\kg\_3_"/3|k4|_3_’7/3ZQ‘i(Q_") < g3
kez3 k1234=k qsi
\k1|<|/€2\ |k3\<|k4|
maxj—1,... 4 |ki|=|k2|

yeeny

where we have used

t et
1
dsdge k2l (lt=sl+|s—ol)—k2|?|s—0| <¢———
/ / ka2 k12 |21
By a similar argument we have
A5(6) S ) K027 k) > [ |3 o | 72 kg T3y 27 S b
keZ3 k1234=k q<i
k1| <[k2l,ks|<|ka]
max;=1,...,4 |k|=[kal

-----

184



4.4. RENORMALIZATION AND CONSTRUCTION OF THE ROUGH DISTRIBUTION

and then sup, I 1(t) < #7259, Let us treat the second term I75(t). we have

(05> > S AR k2O [ksal) [ 1l
=l

keZ3 q<i~g k123a=Fk
|k1|<lkal,|ks| <|ka]|
maxi=1,... 4 |ki|=|kz|
t gt
X/ / dsdgre— Rzl 1k > lka ) [t—s|~(lKsa >+ ks >+ ha|?) | s—o]
A , 1
SO KT Y Z (27K )O(27" [k12])0(27 [kzal)
N 2 (1o 1363 | Jou 12| fon |12 | Fomn | 2—
fpt i K1 |2 |k [P0 K3 |2 [k || kga |> 7
\k1\<|k2| \k3|<|k4|
maxjy— 1, 4U€l|—‘k2|
< $n94(2+4n) Z 9—3(2-mn) Z 1|73 < ¢n2bam,
asy !

We have to treat the last term in the fourth chaos. A similar computation gives

- if feky)|
MY X D 0 iz a2 B2 [k 2‘f|k|2H| e

keZ3 q<ing;q<i/~j’ k123a=k

X/ / dsdoe— (k122 k2| t=s|—([kral?+ ka2 [t—o]

P N> <2ik12|>9<2jk34l>0<2i’|k14|o<2q|k|>2nwh2

keZd q<i’ ~j’ =k
\k4|<|k2\ \k1|<|ks\

t t
x/ / dsdoe—k2lt=s|~ k12|t —o]

1
< ¢ngma=m) 0279k .
Z I&]) Z (o1 [2 k2| 3= ks |2 |ka |2

kez3 ki234=k
[ka| <|k2l,|k1|<|k3]

We still need to bound the sum

> 1
Mot S Y ol Ul e LT LT
[ka|<|k2|,|k1]|<|ks|

for that we notice that when |k3| < |k2| we can use the bound

1
Ky |2 [ oo | 4= k3|2 |k

o L L L e M

and in the case |ka| < |k3| we can use that

1 "
[ 2[R |*=7 ks 2 [Ral* ™

| ko |72 e | ke | T ey |72 S [ T Ry | TR kg TR Ky |30

where we have used that |ks| < |k2| and then we can conclude that sup, I5 5(t) < #7259, This gives the needed
bound for the term lying in the chaos of order four; in fact, we have

supE [A,|I5 (¢)[?] < 72597
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Let us focus on the term lying in second chaos.

—i j |f(eky))?
E[lAL0P] = > Do 0@ ka8 ko) DO kra B2 Ra(s))) H P
keZ3 q<ing,q<i/ ~j’ kiz=k,kz2,k4
t t
X/ / dsdge— k1212 |)t=s|— (|kval*+[ka|?) [t—0 |~ [k1|*|s—o]|
2|k s ik 3|k |f(ek)?
+Z Z Z 0(27" k1 |)0(27 [ko(—s)1)0(27" [k3a)0(277 |ka 3)|H CE
keZ3 q<invg,q<il ~g! kiz=k k2 ks 1
t t
X/ / dsdge— k2l +lkz+lk1[*) |t =s|—(kaa |* +|kal >+ ks |*) [t—o]|
0

=I5, (t) + 13 5(1).

We treat these two terms separately. In fact, by symmetry, we have

INOED DS ST RO ka2 ko) DO RO has) )

keZ3 q<ing;qSi ~g! kiz=k
ko,ka,|k1|<|ks]

2
H |f|/ik|l2 / / dsdoe—Ikr2 21k [t—s|~(k1a|+lka|) =]
l

ST RITETY T 0@ k202 hual) Y (T3 e 7B kg | TR eaa| T2 ey TN
[k|~q q iy ki1,k2,ka
< 2020 3 g (HI0-20) < prodan

a1

which gives the first bound. The second term has a similar bound, indeed

FEUED DED SIS DI o) e 9] H'f“j’j;"

keZ3 q<i,q<i’ kiz=k,ka,ka,|k1|<|ks|

t t
« / / dsdee— (k2P H k2| t—s|~(lksal* + ks ?)[t—o| < mo3an
which ends the proof. O

4.4.6 Renormalization for m,(I(X%%), X9?)

Here again we only give the crucial bound, but for I(X93)0X%2 instead of moe (I(X9%), X92).

Proposition 4.4.7. For allT >0, t € [0,T], §,6' > 0 and all > v > 0 small enough, there exists two
constants and C > 0 depending on T, 0,0" and v such that for all ¢ > —1,

B A (T((XF) ) (XF)02 = 3C5X7)[2] < Croan+),
Proof. Thanks to a straightforward computation we have
(X)X = 1+ 1P+ 1
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where
1= Y / dseMFthatRalmel s X2 (hy) X (ko) X (k) X5 (k) X7 (ks) :
kA0 & =k
1254;0
— ks |?|t—s|
_ 5 € - . .
_62% > /dse |1tz -tk |2 — |Wf(5k3)2:Xg(kl)Xj(kg)Xf(k4):
k+#£0 ks, kioa = k
Skljzlo
. (o) (eha)?
_ ER1)"JAERR)™  —(|kthr ko |2+ k1 [P+ k2|2 [t—s| gre
=6 ek/ ds LR 20 e (hthtk X (k)
,;0 0 kﬁéoz,;ﬂ) (K1 |?[Foa |2
Hence,

— (T(X)9)(X7)%? = 8C5X7 ) = 1((XD)*)(X7) 21"
+ (7 = I+ (I = 3C5 (0 X7) + 3(C5 — C5(1) X7

where we remind that

f(eka) f(ekz)

Cs =
2 k1¢02a’f:2¢0 k1 [P Ral 21k | + [k2|? + k1 + kaf?)

and where we have defined
F(ek1)* F(€k2)® _ (htbrtho2+ 2+ o ) 1—s| %
= E d E 1+R2 1 2 sl xe(k
6 ekA S ‘k1‘2|k2|2 T YT m— t( )
k40 k170, k270

and
t 2 2
C5 =2 / ds JER) TR (st
0 ijorese  |FilFlR
Hence for ¢ > —1,

1 2 3) 3
EIJA(1((XF) ) (X7)%? = 3C5XD)*) S BRG]+ ElIAL)F] + B A1 — L)
+ B[ AL — C5()XF)P] + G5 — C5 (1) B[l A X ).
Terms in the first chaos. Let us first deal with the "deterministic" part, here C5 — C5(t). An
obvious computation gives for all & > 0, |C5 — C5(t)[* <s 1/t*. Furthermore, E[|A,X7|2] < 29, hence

for all &' > 0, .
|C5 — C5(0)P E[|AXE P < 27/t

Let us deal with E[]Aq(lt(?’) - ft(s))\Q]. For k # 0 we define

S(ek1)2F(€R2)? (kg b2+ ks |2 ko 2)] s
ap(t —s) = Z o Pl 2 JA) JARRL) o= (ktkitka| [k [* 4k |7)[t—s|
ker 0, ko £0
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such that
E[|A, (1Y — I

/ |

= /[0 2 dsds Z ek€E9(2_q/~c)9(2_qﬁ)ak(t — S)CLE(t — E)E[(Xg(k‘) — Xf(k))(Xg(E) _ Xf(%))]

/0 > 027 k) erax(t — 5)(XZ (k) — XF (k)

k

k#0
kE#0
But
¢ ¢ oc (7Y _ BE (T K2 s ,
EI(X5(R) — X () (R) ~ X5 (R)] = 6 T;J (eI eI sl 1y
f(ek)? _
Hence
2
3 f(ek t
AT - S 20 2\k|2(1)n ( /0 d8|t—sl"/2ak<|t—s|>)
k0
and
t , ,
/dS\t—S\”/Qak(\t—sl) = > /dsyt o[/ 2= (kta-thal+lk P+l ) f1—sf (K1) S (k)7
0 ki #0 |K1[?| 2|2
ko #0
t
S Z |k1|_3_n/k‘2_3_n,/ ds|t—s|_1+(”/2—’7')Stnﬂ—n’
0
ki #0
ks 20

for n/2 —n' > 0. Then we have
E[JAg(I7 — I)2] S 0+2mgn=21,

We have furthermore

B[, - c5x0) = 3 LE po-apyzn oy

with

t 2 2
f(gkl) f(EkQ) - 2 |t—s| g — 2|t—s - 2|t—s
bk(t)_/o L !
ker #0
ks 0

Using that , ,
e PathartklTlemsl g mlhuthalT W=l < J — s k[P (| | + maxc{[Ral, [a] 1)
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we have the following bound

/ D a2 a7 R (| + e[k gl )7 — |2,

k1 # 0

ko #0
We can suppose that max{|ki|,|k2|} = |k1| as the expression is symmetric in ki, ko, then if |k| > |k1],

b (t) < ¢ /2=07/2) | 20
for n —n'/2 —n"/2 > 0. Furthermore if |k1| > |k|, and ' > 1 then
bi(t) <t /2=0"12) | Z ey | 73700 =) oo | =307 < 0= /220" /2) g
k1 #0

ko #0

Hence, there exists 6 > 0 and v > 0 such that
E[|A,(If - 3C5X7)7] < #2001,

e~ (k1thatks>+lks|*)[t—s| guch

Terms in the third chaos. Let us define ¢, 1,(t —s) = ZkB#O
that

3

=6 Y / s oy (t = ) 3 X (1) X, (k) X7 (k) -

k#0,ki #0
ki2a =k

But for all suitable variables we have

E[: X2 (k1) X (k) X7 () o2 XE (k1) XE (k) X () ]
05 f(ek1)? f(eka)? F(ER3)® (ki) s—3]
k1=—E1W ko=—k3 |/€ |2 ks=—ks ‘k3‘2 €
95 f(eky)? f(eko)? f(5k3)2ef\kl|2|37§|67(|k3|2)\t7§|67(|k2\2)|t75\

ki=—k1 Uﬂ’? ko=—k3 ’k2’2 ks=—ks |k3|2
s o 12153 = (a5

and by an easy computation the following holds E[]Aq(ft@))m = EP' + EP? with

2 = 2/ ds/ as qk i H f‘k ’2 k1,k’2 t S)Ck’l,k?Z (t - g)e_(|k1|2+|k2|2)‘s_§‘
k, k: 40
k124 = k
and
k)?
21 = 2/ ds/ ds (2_%)21—[ fTZP)
k;éo ks #0, i v
k124 = k

X Chy (1 — )y oy (¢ — 5)e Pl ha el Pl
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In EZ', we have a symmetry in ki, kp, hence we can abbume that |k1| > |ke|. Furthermore, we

have cp, 1, (t —5) S|t — s]_# and cgy g, (t—3) S|s =357z * If we assume that |ki| > |ks| and that
n'/2 —n >0, then

¢ s 14n / 1
ds [ dslt—s|" 2 |s — 3| 1+ /2=n) 6(2-9k)2 i
/0 /0 t=slm s 2 T

k#ovkl 7507
ki2a =k

" / " ’
5 _q_n —n _q_Mm =7 S 7
< t}j ‘1 S a3 5 g e
k#0 ko ks

for n”” > n'. When |ky4| > |k1| it is almost the same computation.
In E7?, we can assume that k| > |k4|, so

/ dS/ ds 0(27 k)2 ey |72 o | =34 [k 2t — 5|71 s — 5
k#0, k £0,
ki2a =k
k2l 5 [k
S DT OTRRT e [T | T [k max([R ) S 4024007
k#0,k #0,
ki2a =k

that we decompose as in the previous term whether |ki| > |k4| or |ky| > |k1].

Terms in the fifth chaos. For all suitable variables, we have

]E[iXE(k’l)X‘E(k2)X6(k3)XE(k4)Xf(k‘5) XE (1) X5 (R2) X5 (K3) X (Ra) X7 (R5) ]

f s—3s|(|k k k
121—[ |k|2 b, g e eI HE 4 ks )

f(e _ _ _ _ _ o ls=l(k1 P+ |?)—|t—s||k3|* —|t—3] | ka|?
+72H |k |2 kl**kl51@2:*}925]93:*]945]94:*]935’@5:*]956 +

fle _ _ _ _ _ o= ls=Bllki =t —s|(|k2|?+|ka|?) = [t=5](|ka|>+|ks5|?)
+36H |k |2 kl——kl5k2:—k45k3:—k56k4:—k35k5:—k2€

Then
E[|A L) = B + B2 + B
with

5
El’l _ 12/ de§9(2_qk)2 —|7€123\ [t— 5| — (k1> +|k2|*+k3|?) |s—3]
t 0.9° Zk: 1;[ 2 |2

k12345 = k

2

5
EM? = 72/ dsds 0(27%)
e f e X T
k12345 = k

o~ (k128 |* +[ks|?)[t—s| ,— (k124> +|ka |*) [t 5] o —|s—5| (k1] >+]k2|*)
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and
L3 t t 5 2
Et’:36/ds/ds ) H !k‘|2
0 0 k#0,k; #0 =1
k12345 = k
« o~ (k123 +1ka[*+lks|?)[t—s| ,— (|k1a5]>+ ks |* +]ka|?)[t—5] ,—|s—5] k1|
id est

Etl’?’ — o Ukaas*+lka>+|ks|*)[t—s| o= (k15 |* +1ks >+ |ka |*)[t—5] o — s —3] k1|2

Estimation of Et1 . Let us rewrite it in a form better to handle

o :12/ dsds Y 2-ak) sz‘k ; Hle |2) o~ 1t=s] =1 P L2 15 ?)ls 5]
[0,1]2 =1

k,k#0
ki+ka+Il=E
lh+la+lz3=1

ki #0,1; #0

Thanks to the symmetries of this term, we can always assume that |k;| = max(|k;|) and 1 = max(|l;]).
For [ = 0, we have

dsds o2 T L 2 (P Lz +is )]s
/{o,tp Z H |k |2 H |l |2

kk#0 =1
ki +ko=k
li+1la+103=0
ki #0,1; #0
5/ dsds Y 027k k[T RTITON T [lo T i T s — 5
[0,]2 k#0 k270 120,130

<9a(2+n)¢.

Let us assume that |I| = max(|I|, |k1]); as we have the following estimate |I1|~* < |I|~1, the following
bound holds

/ dsds Z 0(279k)> (k|1 Z [y |42 oo | A2 ([t — 5|5 — 5]) T Iy | 15|77
[0,4]2 k£0 keika # 0
o, I3 # 0

< ¢m94(2+n)

The case in which |k1| = max(|l|,|k1]) is quite similar, and the conclusion holds for E;"*

Estimation of Et1 2. This term is symmetric in ki, ko and in k3, k4. Hence, we can assume that
|k1| > |keo| and |ks| > |k4| First let us assume that |ks| = max{|k;|}. Then
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t s
s Y 9(2—%)2/0 ds/o ds(|t — sl|s — 5]) "1+
k

k12345 = k

X [Jor | =2 Koy | 72 fes | T kg |72 fes | () |fo =)

SN 0@ RPRTOT YT | TR ey O g TRy 2
k

k12345 = k

< 9(2+n')a

for n small enough.
Then assume that max{|k;|} = |k1|

t s
B2t 3 0@ k) k[ ks 2| g |2 / ds / dslt — 5|71 |5 — 5|14
0 0

k
k12345 =k
< ¢ Z 0(279k)2 k|1 g | 731" kg | 7T/ @000 /2 oy | =T/ 2 Gt ) /2 o | =3
k
k12345 = k

< 99(2+n')q
For max{|k;|} = | k3|

St T 027 ke | T 72 ks T e | 72 s

k
k12345 = k
< 49 Z 0(2_‘1/{:)2‘]61‘_3+77+1/4’kg’_3+1/4’k’_1+77/|/€4|_3+1/4‘/{:5‘_3+1/4 < 199(2+n")q
k
k12345 = k

hence there exists § > 0 and v > 0 such that

Etl’Q g t52(2+u)q.

Estimation of Etl 3. Let us deal with this last term. Here the symmetries are in ko, k3 and ky, k5.
Then we can suppose that |ka| > |k3| > and |ks4| > |k5|. Furthemore, the role of ko, k3 and k4, ks are
symmetrical, then we can assume that |k1| > |ky]

5

k;)?
E? :/ dsds Y 027’ ]] fle 2)
[0.2] k# 0,k #0 i1 Kl
k12345 = k

« o~ (k1232 + ka2 |* +[ks|?)[t—s] ,— (k145 >+ ks |* +[ka|?) [t—5] ,—|s—5] |k |
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If |k1| = max(|k;|) then

S /[ - dsds([t — s[|t —s]) =7 Z 9(2_qk)2|k’_1+77(\k2\|k3|]k3]|k4|)_7/4+377/4
0,t

k0, ki #0
k12345 = k

< 94(2+m)yn

If ‘k‘g‘ = max(|kz\) then

t S
52/ / dsds(|t = slls =5) 7T DT 6@ R kT ks ] ) 7T
0 JO

k0, k; #0
k12345 = k

< m9a(2+n)

4.5 Appendix

4.5.1 A commutation lemma

We give the proof of the Lemma 4.2.5. This proof is from Gubinelli, Imkeller and Perkowski, and
can be found in the first version of [38] and also in [67] Lemmas 5.3.20 and 5.5.7. In fact we give a
stronger result, and apply it with ¢(k) = exp(—|k|?/2).

Lemma 4.5.1. Let a <1 and B ER. Let ¢ €S, let u € C, and v € CB. Then for every ¢ > 0 and
every § > —1 we have

lo(eD)me (1, v) = e (u, (D)) lasrprs S € lullalivlls,

where

o(D)u = F(pFu).
Proof. We define for j > —1,

ji—2
Sj_lu = Z Aiu

i=—1
(D) (u,0) — melu, p(eDY) = 3 (9(eD)(Sj-1uldv) — Sj-1uljip(D)o),
j=-1

and every term of this series has a Fourier transform with support in an annulus of the form 27A.
Lemma 2.69 in [6] implies that it suffices to control the L>° norm of each term. Let ¢ € D with
support in an annulus be such that ¥ =1 on A. We have
gO(é‘dD)(Sj_luAjU) - Sj_luAjQO(E'D)U
= (277 )e(e))(dD)(Sj1udjv) — Sj—1u(¥ (277 )p(e))(dD)Ajv
= [(¥(277)p(e))(dD), Sj-1u]Ajv,
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where [(¢(277)p(e+))(D), Sj—1u] denotes the commutator. In the proof of Lemma 2.97 in [0], it is
shown that writing the Fourier multiplier as a convolution operator and applying a first order Taylor
expansion and then Young’s inequality yields

(277 )p(e))(D), Sj—1ulAjv] Lo
S Y " F @R )ee) ) 1078l Lo | Azv| e (4.25)

neEN®:[n|=1

Now F~1(f(277)g(e")) = 274F~1(fg(e27-))(27-) for every f, g, and thus we have for every multi-index
71 of order one

la" F (@27 )p(e))
< 27| FH(@") (27 (e )l + el F 7 ((277)"p(e)) | o
= 277 FH(@")p(e27) |1 + | FH (10070(27)) | o
S 27+ |- DPETH(0") (2 ) e + el (1 + |- )PUF T (07 p(e27)) | o
= 27| F (1 = A (@) p(e2 ) e + el FTH(1 = A) (WD (2-) | o
S 27711 = A (0")p(27) |1 + 2]l (1 — A) (107 p(27))| o, (4.26)

where the last step follows because ¢ has compact support. For j satisfying €2/ > 1 we obtain

27 F (@I Nl S 427 Y 102 ey (427
n:n|<2d+1

where we used that ¢ and all its partial derivatives are bounded, and where L*°(supp(?’)) means
that the supremum is taken over the values of "¢ (£27-) restricted to supp(¢)). Now ¢ is a Schwartz
function, and therefore it decays faster than any polynomial. Hence, there exists a ball By such that
for all = ¢ Bs and all |n| < 2d + 1 we have

|0p(x)| < |z| 72170 (4.28)

Let jo € N be minimal such that 270e AN Bs = () and €270 > 1. Then the combination of (4.25), (4.27),
and (4.28) shows for all j > jo that

11277 )p(e))(D), Sj—1u) Ao L=
SE+27)E2)* Y0 10"0)(E27) |z suppn 2" Vlulla2 7 |0l
n:|n|<2d+1
(e +279)(e2)*(e2) 200D o]

<
=1\ _—80—j s
S 1+ (27) ) 0279ty ||, o] .

Here we used that o < 1 in order to obtain [|07S;_1ul[p= < 27079 ||ul|pe. Since €27 > 1, we have
shown the desired estimate for j > jo. On the other side Lemma 2.97 in [0] implies for every j > —1
that

|H<p(€D), Sj,lu]AijLoo S €n€£;?‘%7}7(|:1 H@”Sj,luHLoo HAJ'UHLoo 5 €2j(1_a—5)||u||aHUH5'
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Hence, we obtain for j < jo, i.e. for j satisfying 2/¢ < 1, that
llp(eD), Sj-1u]Ajvle S (£27) 0027 OB |yl [lo]| g S 6702794 u o o] 5,

where we used that § > —1. This completes the proof. O
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