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✧❚r✉t❤ s✉✛❡rs ❢r♦♠ t♦♦ ♠✉❝❤ ❛♥❛❧②s✐s✧✬

❋r❡♠❡♥ s❛②✐♥❣ ♦♥ ❆rr❛❦✐s✱ ❉✉♥❡✱ ❋r❛♥❦ ❍❡r❜❡rt



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ♣❡r❢♦r♠❡❞ ♠② P❤❉ r❡s❡❛r❝❤ ❛t t❤❡ ◆❛♥♦s❝✐❡♥❝❡ ❞❡♣❛rt♠❡♥t ♦❢ t❤❡ ◆❡❡❧ ■♥st✐t✉t❡ ✐♥
●r❡♥♦❜❧❡✳ ■ t❤❛♥❦ t❤❡ ❤❡❛❞s ♦❢ t❤❡ ■♥st✐t✉t❡✱ ❆❧❛✐♥ ❋♦♥t❛✐♥❡ ❛♥❞ ❆❧❛✐♥ ❙❝❤✉❤❧✱ ❛♥❞
❞❡♣❛rt♠❡♥t ❤❡❛❞s✱ ❏♦❡❧ ❈✐❜❡rt ❛♥❞ ❍❡r✈❡ ❈♦✉rt♦✐s✱ ❢♦r t❤❡ ✇❛r♠ ✇❡❧❝♦♠❡ ❛t t❤❡ ■♥st✐t✉t❡✳

■ t❤❛♥❦ Pr♦❢✳ ▼❛✐r❜❡❦ ❈❤s❤✐❡✈ ❢♦r ♣r❡s✐❞✐♥❣ ♠② t❤❡s✐s ❝♦♠✐tt❡❡✱ ❚❛❦✐s ❑♦♥t♦s ❛♥❞
●❛r② ❙t❡❡❧❡ ❛s r❡❢❡r❡❡s ❢♦r ♠② ♠❛♥✉s❝r✐♣t ❛♥❞ ❇❡♥❥❛♠✐♥ ▲❛ss❛❣♥❡ ❢♦r ♣❛rt✐❝✐♣❛t✐♥❣ t♦
♠② ❥✉r②✳

▼❛ t❤❡s❡ ❛ ❡t❡ ✜♥❛♥❝✐❡r ♣❛r ❧❛ ❋♦♥❞❛t✐♦♥ ◆❛♥♦s❝✐❡♥❝❡ ❛ ●r❡♥♦❜❧❡✳ ❏❡ r❡♠❡r❝✐❡ ❧❡s
❞✐r❡❝t❡✉rs✱ ❘♦❧❛♥❞ ❍❡r✐♥♦ ❡t s♦♥ s✉❝❝❡ss❡✉r ❆❧❛✐♥ ❋♦♥t❛✐♥❡ ♣♦✉r ❛✈♦✐r ✜♥❛♥❝❡r ❝❡tt❡ t❤❡s❡
❡t ❧❡ s✉♣♣♦rt ❡♥ ❝♦♥t✐♥✉ ❞✉r❛♥t ❝❡s tr♦✐s ❞❡r♥✐❡r❡s ❛♥♥❡❡s✳ ▼❡r❝✐ ❛ ▼❛✉❞ ❉❛②❡③✱ ❋❡r✐❡❧
❑♦✉✐t❡♥✱ ▼❛r✐❡✲❆♥♥❡ ❈❛rr❡ ❡t ❑❛r✐♥❡ ❆r❣❡♥t♦ ♣♦✉r ♠✬❛✈♦✐r ❣✉✐❞❡r ❛ tr❛✈❡rs ❧❛ ❥✉♥❣❧❡ ❞❡
❧✬❛❞♠✐♥✐str❛t✐♦♥ ❢r❛♥❝❛✐s❡✳ ❊♥✜♥✱ ♠❡r❝✐ ❛ t♦✐ ❙t❡♣❤ ♣♦✉r t♦✉s ❧❡s ♣♦ts ❡t ❢❡t❡s ♦r❣❛♥✐s❡✱
❧❡s ♥❡✇s ❞❡ ❧❛ ❋♦♥❞❛t✐♦♥✱ ❧❡s ❢♦✉s r✐r❡s ❛✉ ❜✉r❡❛✉✱ ❧❡s ❤✐st♦✐r❡s ✧❑✐♥❞❡r s✉r♣r✐s❡✧✱ t❡s
❝♦♥s❡✐❧s ❡t t♦♥ s♦✉t✐❡♥ ♠♦r❛❧✳

■ t❤❛♥❦ ✐♥ ♣❛rt✐❝✉❧❛r ❲♦❧❢❣❛♥❣ ❲❡r♥s❞♦r❢❡r ❢♦r s✉♣❡r✈✐s✐♥❣ ♠② ✇♦r❦ ♦✈❡r t❤❡ ❧❛st
t❤r❡❡ ②❡❛rs✳ ❋♦r ♦♥❡✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ②♦✉ ❢♦r ❛❧❧ t❤❡ ❢r✉✐t❢✉❧❧ s❝✐❡♥t✐✜❝ ✭❛♥❞ ♥♦♥✲
s❝✐❡♥t✐✜❝✮ ❞✐s❝✉ss✐♦♥s ❛♥❞ ❛❧❧ t❤❡ ✈❛❧✉❛❜❧❡ ❛❞✈✐❝❡✱ ❣✐✈❡♥ ❧✐t❡r❛❧❧② ❛t ❛♥② t✐♠❡✱ ❛♥②✇❤❡r❡✳✳✳
❚❤❛♥❦ ②♦✉ ❢♦r ❛❧❧♦✇✐♥❣ ♠❡ t♦ ✉s❡ ②♦✉r s✐♦♥❧✉❞✐✱ ❢♦r ❛❧❧ t❤❡ ❝♦✉♥t❧❡ss ♦✈❡r♥✐❣❤t ❝♦♦❧❞♦✇♥s
❛♥❞ ❡①❝❤❛♥❣❡ ♦❢ ❤❡❧✐✉♠ ❜♦tt❧❡s ❛♥❞ ❢♦r r❡♣❛r✐♥❣ ❛❧❧ t❤❡ t❤✐♥❣s ■ ❜r♦❦❡✳ ❋✐♥❛❧❧②✱ ■ t❤❛♥❦
②♦✉ ❢♦r ②♦✉r ♣❛t✐❡♥❝❡ ✭❢♦r ✐♥st❛♥❝❡ r❡❛❞✐♥❣ ♠② ♣❛♣❡rs ❛♥❞ ♠❛♥✉s❝r✐♣t✮✱ ②♦✉r ❝♦♥✜❞❡♥❝❡
❛♥❞ ②♦✉r ❢❛✐t❤ ✐♥ ♠❡ ❛♥❞ ♠② ✇♦r❦✳ ■t ✇❛s ❛ r❡❛❧ ♣❧❡❛s✉r❡✦

■✬❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ❛❧❧ t❤❡ ❢♦r♠❡r✱ ♣r❡s❡♥t ❛♥❞ ♥❡✇ ♠❡♠❜❡rs ♦❢ t❤❡ ◆❛♥♦s♣✐♥
❣r♦✉♣✿ ❚❤❡ ✧❣r❛♣❤❡♥❡ ♠❛♥✧ ❆♥❞r❡❛ ❈❛♥❞✐♥✐✱ ❊❞❣❛r ❇♦♥❡t ❛♥❞ ❈❤r✐st♦♣❤❡ ❚❤✐r✐♦♥✱
♦✉r ♣r♦❣r❛♠♠✐♥❣ ♠❛st❡rs✱ ✧❘❛♠❛♥♣❡s✧ ▼❛♥✉❡❧ ▲♦♣❡s✱ ❘♦♠❛✐♥ ✧r♦r♦✧ ▼❛✉r❛♥❞ ❛♥❞
❖❦s❛♥❛ ●❛✐❡r❀ ■✬❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❢♦r♠❡r ❣r♦✉♣ ♠❡♠❜❡rs✱ ♥♦✇ ♣❛rt ♦❢ t❤❡ ♥❡✇❧②
❢♦r♠❡❞ ❍②❜r✐❞ ❣r♦✉♣ ❆❞r✐❡♥ ❆❧❧❛✐♥✱ ❩❤❡♥❣ ✧❱✐tt♦✧ ❍❛♥✱ ▲❛❡t✐t✐❛ ▼❛rt②✱ ◆❡❞❥♠❛ ❇❡♥❞✐❛❜✱
❱✐♥❝❡♥t ❇♦✉❝❤✐❛t✳ ▼② ❢♦r♠❡r ♦✣❝❡♠❛t❡s ❙✉❜❤❛❞❡❡♣ ❉❛tt❛✱ ❢♦r s♣r❡❛❞✐♥❣ ②♦✉r ❣♦♦❞
♠♦♦❞ ❢r♦♠ ♠② ✜rst ❞❛② ♦♥✱ ❛♥❞ ❏❛r♥♦ ❏❛r✈✐♥❡♥✱ ❢♦r ♥✉♠❡r♦✉s ❧❛t❡ ♥✐❣❤t s❡ss✐♦♥s ♦❢ ❢✉♥
✐♥ t❤❡ ❧❛❜ ❛♥❞ t❤❡ ♦✣❝❡ ❛♥❞ ❢♦r s❤♦✇✐♥❣ ♠❡ t❤❡ ✇❛② t♦ t❤❡ ✧❉✬❊♥❢❡r ♣✉❜✧✦ ❚❤❛♥❦s t♦
②♦✉ ❏❡❛♥✲P✐❡rr❡ ❈❧❡✉③✐♦✉ ❛♥❞ ❱✐❡t ◆❣♦❝✲◆❣✉②❡♥ ❢♦r ②♦✉r ❜✐❣ ❤❡❧♣ ✇✐t❤ t❤✐s ♠②st❡r✐♦✉s
❈❱❉ s❡t✉♣ ♦❢ ②♦✉rs ❛♥❞ ❢♦r ❣✐✈✐♥❣ ♠❡ ❛ ❤❡❛❞st❛rt ♦♥ ❤♦✇ t♦ ♠❛❦❡ t❤❡r ♣❡r❢❡❝t s❛♠♣❧❡✳

▼❡r❝✐ ❛✉ss✐ ❛ t♦✐ ❆♥❛st❛s✐❛ ❱❛r❧❡t✱ ♣♦✉r ❧❡s ❢♦✉s r✐r❡ ❛✉ ❜✉r❡❛✉ ❡t ❧❛ ♠✉❧t✐t✉❞❡ ❞❡
♠✐❞✐s ❡t s♦✐r❡❡s ✧◆❛♥♦s✧❀ ❘❛♦✉❧ P✐q✉❡r❡❧✱ ♣♦✉r ❞❡❜✉❣❣❡r ♠♦♥ ◆❛♥♦◗t ❡t ♣♦✉r ❧❡s ❜❡❧❧❡s
tr❛♥❝❤❡s ❞❡ r✐❣♦❧❛❞❡s❀ ❆♥t♦✐♥❡ ❘❡s❡r❜❛t✱ ♣♦✉r t♦♥ ✐♥tr♦❞✉❝t✐♦♥ ❛✉ ❘❛♠❛♥ ❡t ❧❡s s❡ss✐♦♥s
❞❡ ❜❛❞♠✐♥t♦♥❀ ✧❙❡r❣❡❛♥t✧ ❘♦♠❛✐♥ ❱✐♥❝❡♥t ❡t ▼❛t✐❛s ❯r❞❛♠♣✐❧❧❡t❛ ♣♦✉r ❧❡s ✇❡❡❦❡♥❞s
❡t ♥✉✐ts ❞❡ ♠❛♥✐♣s ❝♦❧❧❡❝t✐✈❡✱ ♣♦✉r ♠✬❛✈♦✐r ❡①♣❧✐q✉❡r ❧❡ ♠❛❣♥❡t✐s♠❡ ♠♦❧❡❝✉❧❛✐r❡ ❡t ❧❛



✐✈

❝r②♦❣❡♥✐❡ ❡t ❛✈♦✐r r❡♠♣❧✐s ♠♦♥ ♣✐❡❣❡ ❛ ❛③♦t❡✳ ❉❛♥❦❡ ❛♥ ❉✐❝❤ ❙t❡❢❛♥ ❢✉❡r ❞✐❡ ✇❡rt✈♦❧❧❡
✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡ ✉♥❞ ♠♦r❛❧✐s❝❤❡ ❯♥t❡rst✉❡t③✉♥❣✱ ❞✐❡ ✈✐❡❧❡♥ ❯❡❜❡rr❛s❝❤✉♥❣❡♥✱ ■❞❡❡♥ ✉♥❞
s♦ ✈✐❡❧❡s ♠❡❤r✳✳✳✳

❋✐♥❛❧❡♠❡♥t ✉♥ ❣r❛♥❞ ♠❡r❝✐ ❛ t♦✐ ❋r❛♥❝❦ ❇❛❧❡str♦✱ ❞✬❛✈♦✐r r❡❧✉ ❡t ❝♦rr✐❣❡r t♦✉t ❛rt✐❝❧❡
❡t ♠❛♥✉s❝r✐♣t ❞❡ t❤❡s❡ q✉❡ ❥❡ t✬❛✐ ❢❛✐s ❧✐r❡✱ ❞✬❛✈♦✐r ❛ss✐st❡r ❡t ✐♥s✐st❡r s✉r ❧❡s r❡♣❡t ❞❡
s♦✉t❡♥❛♥❝❡✴♣r❡s❡♥t❛t✐♦♥✱ ♣♦✉r ♠❡ ❞♦♥♥❡r ✉♥ ❞❡✉①✐❡♠❡ ♣♦✐♥t ❞❡ ✈✉❡ ❡t ♣♦✉r t♦✉❥♦✉rs
❛✈♦✐r ✉♥❡ ♦r❡✐❧❧❡ ♦✉✈❡rt❡ ❛ t♦✉t ♣r♦❜❧❡♠❡✱ s❝✐❡♥t✐✜q✉❡ ♦✉ ♥♦♥✦

❯♥ ❣r❛♥❞ ♠❡r❝✐ ❛ ❧❛ ✧❉r❡❛♠t❡❛♠✧ ◆❛♥♦❢❛❜✱ q✉✐ ❛ ❞✉ ♠❡ s✉♣♣♦rt❡r ♠❛ ♣r❡s❡♥❝❡ t♦✉t
❧❡s ❥♦✉rs ❡♥ s❛❧❧❡ ❜❧❛♥❝❤❡ ♦✉ ❛ ❍✷✦ ▲❡ ✧●r❛♥❞ ❋♦✉r♥✐❡r✧ ❚❤✐❡rr② ♣♦✉r t♦♥ ❛✐❞❡ ❡♥ s❛❧❧❡
❜❧❛♥❝❤❡ ❡t ❧✐t❤♦ ❡❧❡tr♦♥✐q✉❡❀ ❊✈✐❞❡♠❡♥t ♠❡r❝✐ ❛ t♦✐ ❚❤✐❡rr② ❈r♦③❡s ♣♦✉r ♠✬❛✈♦✐r ♠♦♥tr❡r
❝♦♠♠❡♥t ❢❛✐r❡ ✉♥❡ ❜❡❧❧❡ ❧✐t❤♦ ❞❡ ❢❛❝♦♥ ♣r♦❢❡ss✐♦♥❡❧❧❡✱ ❧❡s s♦✐r❡❡s t❡♥♥✐s ❡t t❡s ♦❜s❡r✈❛t✐♦♥s
❡t r❡✢❡①✐♦♥s ✧♣❡rt✐♥❡♥t❡s✧ ❛ ❝❡rt❛✐♥s ♣r♦♣♦s✳✳✳✳✳ ▼❡r❝✐ ❛ ❇r✉♥♦ ♣♦✉r ♠✬❛✈♦✐r ♠♦♥tr❡r ❧❡
❢♦♥❝t✐♦♥♥❡♠❡♥t ❞✬✉♥❡ s❛❧❧❡ ❜❧❛♥❝❤❡ ❡t ❞✬❛✈♦✐r r❡♣❛r❡r t♦✉t ❡q✉✐♣❡♠❡♥t q✉❡ ❥✬❛✐ ♠❛❧tr❛✐t❡r
✭s✉rt♦✉t ❧❡ P❧❛ss②s✮✳ ▼❡r❝✐ ❛ t♦✐ ●✇❡♥❛❡❧❧❡ ♣♦✉r ❛✈♦✐r s✉❜✐ ❧❛ ♣r❡s❡♥❝❡ ❞✬✉♥ ❛✉tr❡ ❣❛♠✐♥
❞❛♥s t♦♥ ❡♥t♦✉r❛❣❡ ❡t ♠❡r❝✐ ❛ t♦✐ ❏❡✛ ✧❋■❇✧ ▼♦tt❡✳ ❋✐♥❛❧❡♠❡♥t ❛ t♦✐ ❙❡❜❛st✐❡♥✱ ❛❦❛
✧P❡t✐t ❋♦✉r♥✐❡r✧✱ ♠❡r❝✐ ♣♦✉r t♦✉t ❧❡s ❜♦♥s ♠♦♠❡♥ts ❡♥ s❛❧❧❡✱ ❛ ❧❛ P❚❆✱ ❛ ♠✐❞✐ ❡t ❛✉
❝❛❢❡✦✦✦ ❙❛♥s ♦✉❜❧✐❡r ❧❡s ✧❨ ❢❛✉t ②✳✳✳✳✳✧ ❜✐❡♥ ❡♥t❡♥❞✉✳

▼❡r❝✐ ❛✉ss✐ ❛ ■♦❛♥ ❡t ❊✈❛✱ ♣♦✉r ❧❡s ❣r♦s ❢♦✉s r✐r❡s ❡t t♦✉t ❧❡s ❧❛♣✐♥s q✉✐ ♦♥t ❡♥✈❛❤✐t
♥♦tr❡ ❜✉r❡❛✉✳ ❯♥ ❣r❛♥❞ ♠❡r❝✐ ❛✉ss✐ ❛ ❊r✐❝ ❊②r❛✉❞✱ ♣♦✉r ❛✈♦✐r r❡♣❛r❡r t♦✉t ❧❡s ♣✐❡❝❡s ❞❡
❞✐❧✉t✐♦♥ q✉❡ ❥✬❛✐ ❝❛ss❡✱ t❛ ❜♦♥♥❡ ❤✉♠❡✉r ❡t ✉♥❡ ❢❛♠❡✉s❡ ❜❛t❛✐❧❧❡ ❞❡ ♣♦❧♦❝❤♦♥ ✭❧❡s ❛✉tr❡s
♣❛rt✐❝✐♣❛♥ts s✬❡♥ s♦✉✈✐❡♥❞r♦♥t✳✳✳✮✳ ▼❡r❝✐ ❛✉ss✐ ❛ ▲❛✉r❡♥t ❈❛❣♥♦♥ ♣♦✉r ✉♥ ❝♦✉♣ ❞❡ ♠❛✐♥
❛ ❧✬❆▲❉✳ ▼❡r❝✐ ❛ t♦✐ ❘✐❝❤❛r❞ ❍❛❡tt❡❧✱ ❉✐❞✐❡r ❉✉❢❡✉✱ ❉❛✈✐❞ ❇❛rr❛❧✱ ❉❛♥✐❡❧ ▲❡♣♦✐tt❡✈✐♥✱
❈❤r✐st♦♣❤❡ ❍♦❛r❛✉✱ ❱❛❧❡r✐❡ ❘❡✐t❛✱ P❤✐❧✐♣♣❡ ❉❛✈✐❞ ❡t t♦✉t ❧❡s ♠❡♠❜r❡s ❞✉ ♣♦❧❡ ♠❛❣♥❡✲
t♦♠❡tr✐❡✱ ♣♦❧❡ ♦♣t✐q✉❡✱ ❞✉ ♣♦❧❡ ❝♦✉❝❤❡s ♠✐♥❝❡s✱ ❞✉ ♣♦❧❡ ❝r②♦❣❡♥✐❡✱ ♣♦❧❡ ✐♥❢♦r♠❛t✐q✉❡
✭♠❡r❝✐ ❛ P❛tr✐❝❦ ❇❡❧♠❛✐♥ ♣♦✉r ❛✈♦✐r s❛✉✈❡r ♠❡s ❞♦♥♥❡❡s ❛♣r❡s ✉♥❡ ❣r❡✈❡ t♦t❛❧❡ ❞❡ ♠♦♥
♦r❞✐✮ ❡t ❞✉ ❧✐q✉❡❢❛❝t❡✉r✳✳✳✳✳ ▼❡r❝✐ ❛✉ss✐ ❛ ❧✬❛❞♠✐♥✐str❛t✐♦♥✱ ♥♦t❛♠❡♥t ❱❡r♦♥✐q✉❡ ❋❛✉✈❡❧
❡t ❙❛❜✐♥❡ ●❛❞❛❧ ♣♦✉r ❛✈♦✐r r❡s♦❧✉ t♦✉s ♣❡t✐t ♣r♦❜❧❡♠❡ ❝♦♥❝❡r♥❛♥t ❧❛ ♣❛♣❡r❛ss❡ ❡t ❞✬✉♥❡
s❛❧❧❡ ❞❡ s♦✉t❡♥❛♥❝❡ ❞❡ t❤❡s❡ ❡t❛♥t ✐♥❛❝❡ss✐❜❧❡✳

❋✐♥❛❧❡♠❡♥t ♠❡r❝✐ ❛ t♦✉t ❧❡s ❝♦❧❧❡❣✉❡s ❞❡ ❧✬■♥st✐t✉t ◆❡❡❧✱ ❙♣✐♥t❡❝ ♦✉ ❛✉tr❡s q✉❡ ❥✬❛✐ r❡♥✲
❝♦♥tr❡r ❝❡s ❞❡r♥✐❡r❡s ❛♥♥❡❡s ❡t ❛②❛♥t ❝♦♥tr✐❜✉❡r ❛ ✉♥❡ ❛♠❜✐❛♥❝❡ ❞❡ tr❛✈❛✐❧ tr❡s ❝❤❛❧❡✉r❡✉s❡
❡t ❛❣r❡❛❜❧❡✿ ❘♦♠❛✐♥ ❚❤❛❧✐♥❡❛✉✱ ❈❤r✐st♦♣❤❡ ❇❧❛♥❝✱ ❚♦❜✐❛s✱ ❏♦❤❛♥♥❛✱ ▲❛❡t✐t✐❛ P❛s❝❛❧✱ ❙②❧✲
✈❛✐♥ ▼❛rt✐♥✱ ❖❧✐✈✐❡r ❇♦✉❣❡♦✐s✱ ❖❧✐✈✐❡r ❇✉✐ss♦♥✱ ❊♠✐❧✐❡✱ ▼✐❤❛✐✱ ❏♦s❡♣❤✐♥❡✱ ❈❤r✐st♦♣❤❡✱
❙❡❧♠❛✱ ◆♦r❛✱ ❡t❝✳✳✳✳✳

❚❤❛♥❦s ❛ ❧♦t t♦ ❛ ❜✉♥❝❤ ♦❢ ❛✇❡s♦♠❡ ❣✉②s✿ ❆♥❣❡❧❛ t❤❡ ❚✐r❛♠✐s✉ q✉❡❡♥✱ ▲✐③❛ ❛❧✐❛s t❤❡
❧✐tt❧❡ ❞❡✈✐❧✱ ❙t❡❢❛♥✱ ▼❛rt✐♥✱ ❖✈✐❞✐✉✱ ■✉❧✐❛✱ ❈❧❛✉❞✐♦✱ ❊❧❡♥❛✱ ❈❤r✐st♦♣❤✱ ❈❛r✐♥❛✱ ❱❛❧❡♥t✐♥❛✱
❋r❛♥❝❡s❝❛✱ ❚♦♠♠❛s♦✱ ❙✐♠♦♥❡✳✳✳✳ ❚❤❛♥❦ ②♦✉ s♦ ♠✉❝❤ ❢♦r ❛❧❧ t❤♦s❡ ❛✇❡s♦♠❡ ♠♦♠❡♥ts ✐♥
●r❡♥♦❜❧❡ ❛t ❇❛②❛r❞✱ ❞✬❊♥❢❡r✱ ❇♦❜✐♥❡ ♦r ❙❝❛r♣❡ ♠♦❜✐❧❡ ❝♦♥❝❡rts ✳✳✳✳✳ ❖r ❛❧❧ t❤❡ tr✐♣s t♦
P❛r✐s✱ P❛r♠❛✱ ❋✐r❡♥③❡✱ ❙t✉tt❣❛rt ❛♥❞ ❛❧❧ t❤❡ ♣❧❛❝❡ ✇❡ ❤❛✈❡ ❜❡❡♥ t♦❣❡t❤❡r ❛♥❞ t❤❡ ♣❧❛❝❡s
✇❡ st✐❧❧ ❤❛✈❡ t♦ ❣♦ t♦✦ ❚❤❛♥❦ ②♦✉ ❢♦r ②♦✉r s✉♣♣♦rt ✐♥ ❣♦♦❞ ❛♥❞ ❜❛❞ t✐♠❡s ✭✈❡r② ❜❛❞ t✐♠❡s



✈

❛❢t❡r ❛ ❝❡rt❛✐♥ ●❡r♠❛♥②✲■t❛❧② ❣❛♠❡✳✳✳✮✦
❙♣❡❝✐❛❧ t❤❛♥❦s t♦ ❚❡♦ ❛♥❞ ●❡t❛ ❢♦r s♦♠❡ s♣❡❝✐❛❧ ♠♦♠❡♥ts ✭②❡❡❡❡s t❤❛t ❦✐♥❞ ♦❢ s♣❡❝✐❛❧✮

❛r♦✉♥❞ ●r❡♥♦❜❧❡✱ ❙♣❛✐♥✱ ❋r❛♥❝❡✱ ■t❛❧② ♦r ❘♦♠❛♥✐❛✳
▼❡r❝✐ ❛ ❧❛ ❢❛♠✐❧❧❡ ❉✉❢r❡s♥❡s✿ ❙❡❜✱ ❊❧♦ ❡t ❧❛ ♣❡t✐t❡ ❈❤❛r❧✐❡ ♣♦✉r ❞❡s ♠♦♠❡♥ts ❡t

✇❡❡❦❡♥❞s ✐♥♦✉❜❧✐❛❜❧❡s ❛ ■③❡❛✉① ❡t ❛✉t♦✉r ❞❡ ●r❡♥♦❜❧❡✦
▼❡r❝✐ ❛✉ss✐ ❛✉① ❙tr❛s❜♦✉r❣❡♦✐s ▼❛r✐♦ ❡t ❏✉❧✐❡✱ ❈❛r♦✱ ❏✉❧✐❡✱ ▼❛✉❞✱ ❈♦❧❡tt❡✱ ❊r✐❝ ♣♦✉r

✈♦tr❡ s✉♣♣♦rt ❛ ❞✐st❛♥❝❡ ♦✉ ❞❡ ♣r❡s✱ ❛ t♦✉t ♠♦♠❡♥t ♦✉ q✉❡ ✈♦✉s s♦②❡③✳ ▼❡r❝✐ ❙❡r✈✐❝❡
❝♦♠♠❡ ❞✐r❛✐s ❑❛♥s❛s ✦✦✦

❋✐♥❛❧❧②✱ ■ ♦✇❡ ②♦✉✱ ❆♥❝❛✱ s♦♠❡ ✈❡r② s♣❡❝✐❛❧ t❤❛♥❦s ❢♦r ②♦✉r s✉♣♣♦rt ❛♥❞ ②♦✉r ❤❡❧♣
❛♥②t✐♠❡✱ ❛♥②✇❤❡r❡✳ ❚❤❛♥❦ ②♦✉ ❢♦r ❜❡✐♥❣ t❤❡r❡ ❢♦r ♠❡✦✦

▲❛st✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ❢❛♠✐❧② ❢♦r ❛❧❧ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ s✉♣♣♦rt ❢r♦♠ ❢❛r ❛✇❛②✳
■t ✇♦✉❧❞♥✬t ❤❛✈❡ ❜❡❡♥ ♣♦ss✐❜❧❡ ✇✐t❤♦✉t ②♦✉✳





❈♦♥t❡♥ts

✶ ●❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥ ✶

✷ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s ✼

✷✳✶ ❚♦✇❛r❞s ▼♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✷✳✶✳✶ ●✐❛♥t ♠❛❣♥❡t♦r❡s✐st❛♥❝❡ ❛♥❞ ♠❡t❛❧❧✐❝ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s ✳ ✳ ✳ ✳ ✳ ✽
✷✳✶✳✷ ❙❡♠✐❝♦♥❞✉❝t♦r ❛♥❞ ♦r❣❛♥✐❝ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s✿ ❚♦✇❛r❞s ❝♦❤❡r❡♥t

s♣✐♥ ♠❛♥✐♣✉❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✷✳✶✳✸ ▼♦❧❡❝✉❧❛r ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r s♣✐♥tr♦♥✐❝s✿ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡ts ✶✷

✷✳✷ ❚❡r❜✐✉♠ ❉♦✉❜❧❡ ❉❡❝❦❡r ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✷✳✷✳✶ ❙tr✉❝t✉r❛❧ ❛♥❞ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✷✳✷✳✷ ◗✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❛♥❞ ▲❛♥❞❛✉✲❩❡♥❡r ♠♦❞❡❧ ✳ ✳ ✷✶
✷✳✷✳✸ ❙♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✸ ❈❛r❜♦♥ ❜❛s❡❞ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
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✻ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛ ❈❛r❜♦♥

◆❛♥♦t✉❜❡ ◆❊▼❙ ✶✷✶

✻✳✶ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷
✻✳✷ ❙♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ✐♥ ❚❜P❝2✯ ❙▼▼ ❝♦✉♣❧❡❞ t♦ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✳ ✳ ✶✷✸

✻✳✷✳✶ ▼❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ✐♥ ❛ ❚❜P❝2✯ ❙▼▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸
✻✳✷✳✷ ❙♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ❢♦r ❛ ❞✐r❡❝t ♣r♦❝❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻



❈♦♥t❡♥ts ✐①

✻✳✸ ❊✈✐❞❡♥❝❡ ❢♦r q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾
✻✳✸✳✶ ❊❧❡❝tr♦♥✐❝ ❛❝t✉❛t✐♦♥ ❛♥❞ ❞❡t❡❝t✐♦♥ ❢♦r ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s✶✸✵
✻✳✸✳✷ P❤♦♥♦♥ ❡♥❡r❣② ❛♥❞ ❧✐♥❡✇✐❞t❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷
✻✳✸✳✸ ❊❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

✻✳✹ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ r❡s✲
♦♥❛t♦r ♠♦❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸
✻✳✹✳✶ ❈♦✉♣❧✐♥❣ ♠❡❝❤❛♥✐s♠ ❜❡t✇❡❡♥ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥t✐③❡❞

❧♦♥❣✐t✉❞✐♥❛❧ r❡s♦♥❛t♦r ♠♦❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹
✻✳✹✳✷ ❈✉rr❡♥t ❞❡t❡❝t✐♦♥ ♦❢ ❛ ❚❜P❝2✯ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺
✻✳✹✳✸ ◆✉❝❧❡❛r s♣✐♥✲r❡s♦❧✈❡❞ ♣❤♦♥♦♥✲❛ss✐st❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ ❛

s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ ❝♦✉♣❧❡❞ t♦ ❛ ❈◆❚ ◆❊▼❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾
✻✳✹✳✹ ❙♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❛ ♠♦❧❡❝✉❧❛r ❛♥❞ q✉❛♥t✐③❡❞ ♠❡❝❤❛♥✲

✐❝❛❧ ♠♦t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼
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✼ ●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s ✶✺✶

❇✐❜❧✐♦❣r❛♣❤② ✶✻✶

❆ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ ❛❧t❡r♥❛t❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❞❡s✐❣♥s ✶✼✸

❆✳✶ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ ♠✉❧t✐♣❧❡ ❧♦❝❛❧ ❣❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✸
❆✳✷ ❯❧tr❛s❤♦rt ❛♥❞ ❤✐❣❤ ❢r❡q✉❡♥❝② ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶

❇ ❙t❡✈❡♥s ♦♣❡r❛t♦rs ✶✽✸

❈ P✉❜❧✐❝❛t✐♦♥s ✶✽✺





❈❤❛♣t❡r ✶

●❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥

▼❡❝❤❛♥✐❝s ❛t ❛ ♠♦❧❡❝✉❧❛r s❝❛❧❡

▼❡❝❤❛♥✐❝❛❧ s②st❡♠s ❡①✐st ✐♥ ✈❛r✐♦✉s ❢♦r♠s✱ ❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❞✐♠❡♥s✐♦♥s✱ r❛♥❣✐♥❣ ❢r♦♠
❛str♦♥♦♠✐❝ ♦❜❥❡❝ts ❧✐❦❡ ❣❛❧❛①✐❡s ✭1020 ♠✱ 1042 ❦❣✮ t♦ ♠♦❧❡❝✉❧❡✲s✐③❡ ✈✐❜r❛t✐♥❣ str✐♥❣s ✭10−9

♠✱ 10−21 ❦❣✮ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✳✶✳

❆str♦♥♦♠✐❝❛❧ ♣❤❡♥♦♠❡♥❛ s✉❝❤ ❛s t❤❡ ♠♦t✐♦♥ ♦❢ ❛ ♣❧❛♥❡t ❛r♦✉♥❞ ✐ts st❛r ♦r t❤❡ tr❛♣♣✐♥❣
♦❢ ❧✐❣❤t ❜② ❛ ❜❧❛❝❦ ❤♦❧❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✇✐t❤ ❛♠❛③✐♥❣ ❛❝❝✉r❛❝② ❜② t❤❡ ❧❛✇s ♦❢ s♣❡❝✐❛❧
❛♥❞ ❣❡♥❡r❛❧ r❡❧❛t✐✈✐t② ❡st❛❜❧✐s❤❡❞ ❜② ❊✐♥st❡✐♥ ❢♦r ❧❛r❣❡ ❛♥❞ ♠❛ss✐✈❡ ♦❜❥❡❝ts✳ ❖♥ ❛ ♠♦r❡
❤✉♠❛♥ s❝❛❧❡ ✭✶ ♠✱ ✶ ❦❣✮ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s ❛r❡ ❣♦✈❡r♥❡❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧
❧❛✇s ♦❢ ♠♦t✐♦♥✱ s✉❝❤ ❛s t❤❡ ♦s❝✐❧❧❛t✐♦♥ ♦❢ ❛ ♣❡♥❞✉❧✉♠ ♦r t❤❡ ✈✐❜r❛t✐♦♥ ♦❢ ❛ ❣✉✐t❛r str✐♥❣✳

Sound generation,

….

NEMS  CNT NEMS

10-12 10-15103 V (mm3)10-6 10-9

AFM cantilever MEMS  guitar string, 

human vocal cords

10-31

109103 106 f (Hz)104 105 107 108

graphene NEMS

Sensor applications

(AFM,MFM, pressure sensing,….)

Single atom mass/force sensing,

Efficient RF and MW signal processing,

quantum limit of motion

Classical physics Quantum physics

❋✐❣✉r❡ ✶✳✶✿ ❋r♦♠ ♠❛❝r♦s❝♦♣✐❝ t♦ q✉❛♥t✉♠ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦rs

❯s✐♥❣ ✐♥t❡❣r❛t❡❞ ❝✐r❝✉✐t t❡❝❤♥♦❧♦❣②✱ ♦♥❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ ♠❡❝❤❛♥✐❝❛❧ s②s✲
t❡♠s ❡✈❡♥ ❢✉rt❤❡r ❞♦✇♥ t♦ t❤❡ ♠✐❝r♦♠❡t❡r s❝❛❧❡✳ ❊♥❛❜❧❡❞ ❜② t❤❡ s♠❛❧❧❡r ♠❛ss ❛♥❞ ❤✐❣❤❡r
r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ ❛ ❢❡✇ ❤✉♥❞r❡❞ ❦✐❧♦❤❡rt③✱ s✉❝❤ ♠✐❝r♦✲❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠s



✷ ❈❤❛♣t❡r ✶✳ ●❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥

✭▼❊▼❙✮ ❛r❡ ✇✐❞❡❧② ✉s❡❞ ❢♦r s❡♥s✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ ♠♦st ♥♦t❛❜❧② ❢♦r ❛t♦♠✐❝ ♦r ♠❛❣♥❡t✐❝

❢♦r❝❡ ♠✐❝r♦s❝♦♣② ❬✶❪✳

❯♣♦♥ s❝❛❧✐♥❣ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s ❞♦✇♥ t♦ t❤❡ ♥❛♥♦♠❡t❡r s❝❛❧❡✱ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡✲
q✉❡♥❝② ❢✉rt❤❡r ✐♥❝r❡❛s❡s ✇❤✐❧❡ t❤❡ ♠❛ss ♦❢ t❤❡ s②st❡♠ ❜❡❝♦♠❡s s♠❛❧❧❡r✳ ❙✉❝❤ ♥❛♥♦✲
❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠s ✭◆❊▼❙✮ ❛r❡ t❤❡r❡❢♦r❡ ✐❞❡❛❧ ❝❛♥❞✐❞❛t❡s ❢♦r ♠❛ss ♦r ❢♦r❝❡ s❡♥s✲
✐♥❣ ❛t t❤❡ ❛t♦♠✐❝ s❝❛❧❡ ❬✶❪✳ ■❢ ❝♦♦❧❡❞ t♦ ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s✱ s✉❝❤ ❛ ◆❊▼❙ ❝❛♥ r❡❛❝❤
❛ st❛t❡ ✇❤❡r❡ ✐ts ❞②♥❛♠✐❝s ❛r❡ ❣♦✈❡r♥❡❞ ❜② t❤❡ ❧❛✇s ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✳ ■♥ t❤✐s ❝❛s❡✱
♦♥❡ ❝❛♥ ♦❜s❡r✈❡ ❛ ◆❊▼❙✬ ③❡r♦ ♣♦✐♥t ♠♦t✐♦♥ ❛♥❞ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❣r♦✉♥❞ st❛t❡ ❬✷✱ ✸❪✳
■♥ s✉❝❤ q✉❛♥t✉♠ ♦s❝✐❧❧❛t♦rs ♦♥❡ ❝♦✉❧❞ ❛❝❤✐❡✈❡ ❛♥❞ ♣r♦❜❡ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t✇♦ q✉❛♥✲
t✉♠ st❛t❡s ❬✶❪✳

■♥ t❤✐s ❝♦♥t❡①t✱ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s t✉r♥❡❞ ♦✉t t♦ ❜❡ ✐❞❡❛❧ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ❢♦r ◆❊▼❙
❞✉❡ t♦ t❤❡✐r ❡①tr❡♠❡❧② ❧♦✇ ♠❛ss ✭m = 10−21 ❦❣✮ ❛♥❞ ❤✐❣❤ ❨♦✉♥❣✬s ♠♦❞✉❧✉s ✭E = 1

❚P❛✮✳ ■♥ s✉❝❤ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r ◆❊▼❙✱ ♦♥❡ ❡❛s✐❧② r❡❛❝❤❡s r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ❛❜♦✈❡
✶ ●❍③ ✇✐t❤ q✉❛❧✐t② ❢❛❝t♦rs ❛s ❤✐❣❤ ❛s Q = 105 ❬✶❪✳ ■♥❞❡❡❞✱ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙
❝❛♥ ❞❡t❡❝t ♠❛ss❡s ❛s s♠❛❧❧ ❛s 10−24 ❣ ❬✹✱ ✺❪ ♦r ❢♦r❝❡s ❞♦✇♥ t♦ 10−18 ◆ ❬✻❪✱ t❤✉s r❡❛❝❤✐♥❣
s✐♥❣❧❡ ❛t♦♠ s❡♥s✐t✐✈✐t②✳ ❉✉❡ t♦ t❤❡ ❤✐❣❤ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ❛❜♦✈❡ ✶ ●❍③✱ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ r❡s♦♥❛t♦rs ❝❛♥ ❢✉rt❤❡r♠♦r❡ ❜❡ ❝♦♦❧❡❞ t♦ t❤❡✐r q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❣r♦✉♥❞ st❛t❡
✐♥ ❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦rs ✇✐t❤ ❛ ❜❛s❡ t❡♠♣❡r❛t✉r❡ ❜❡❧♦✇ ✺✵ ♠❑✳ ❯♥❞❡r t❤♦s❡ ❝♦♥❞✐t✐♦♥s✱
❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ q✉❛♥t✉♠
✭❤❛r♠♦♥✐❝ ♦r ❛♥❤❛r♠♦♥✐❝✮ ♦s❝✐❧❧❛t♦r✳

▼❛❣♥❡t✐s♠ ❛t ❛ ♠♦❧❡❝✉❧❛r s❝❛❧❡

■♥ ❛♥❛❧♦❣② t♦ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ ❛ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ♠❛❣♥❡t✐❝ s②st❡♠s
r❛♥❣✐♥❣ ❢r♦♠ ♣❡r♠❛♥❡♥t ♠❛❣♥❡ts ✭✶ ♠♠✱ 1020µ❇✮ ❞♦✇♥ t♦ ❛ s✐♥❣❧❡ ♥✉❝❧❡❛r s♣✐♥ ✭10−15

♠✱ 10−3µ❇✮ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✳✷✳

❖♥ ❛ ♠❛❝r♦s❝♦♣✐❝ s❝❛❧❡✱ t❤❡ ♠❛❣♥❡t✐s♠ r❡s✉❧ts ❢r♦♠ t❤❡ ❝♦❧❧❡❝t✐✈❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛
❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♠❛❣♥❡t✐❝ ♠♦♠❡♥ts ♦r s♣✐♥s✳ ❇❡❧♦✇ t❤❡ s♦ ❝❛❧❧❡❞ ❈✉r✐❡ t❡♠♣❡r❛t✉r❡✱ t❤✐s
❝♦❧❧❡❝t✐✈❡ ❜❡❤❛✈✐♦✉r r❡s✉❧ts ✐♥ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ♠❛♥② ❛r❡❛s ✇✐t❤ ✉♥✐❢♦r♠ ♠❛❣♥❡t✐③❛t✐♦♥
✐♥s✐❞❡ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♠❛❣♥❡t✱ s♦ ❝❛❧❧❡❞ ♠❛❣♥❡t✐❝ ❞♦♠❛✐♥s ❬✽❪✳ ❯♥❞❡r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢
❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❡ ❝r❡❛t✐♦♥✱ ♣r♦♣❛❣❛t✐♦♥ ❛♥❞ ❛♥♥✐❤✐❧❛t✐♦♥ ♦❢ t❤❡s❡
❞♦♠❛✐♥s ✉♥t✐❧ t❤❡ ♠❛❣♥❡t r❡❛❝❤❡s ✐ts ❢✉❧❧ ♠❛❣♥❡t✐③❛t✐♦♥✳ ❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❞②♥❛♠✐❝s ✐♥
s✉❝❤ ❛ ♠❛❝r♦s❝♦♣✐❝ ❢❡rr♦♠❛❣♥❡t tr❛♥s❧❛t❡s ✐♥ ❛ ❝❤❛r❛❝t❡r✐s✐❝ ❤②st❡r❡s✐s ❧♦♦♣ ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✳ ✶✳✷✳

■❢ t❤❡ s✐③❡ t❤❡ ♠❛❣♥❡t ❜❡❝♦♠❡s s♠❛❧❧❡r t❤❛♥ t❤❡ s✐③❡ ♦❢ ❛ ♠❛❣♥❡t✐❝ ❞♦♠❛✐♥✱ ❢♦r ❡①❛♠♣❧❡
✐♥ ♠❛❣♥❡t✐❝ ♥❛♥♦♣❛rt✐❝❧❡s ♦r ♠♦❧❡❝✉❧❛r ❝❧✉st❡rs✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ ❛ ✉♥✐❢♦r♠ r❡✈❡rs❛❧ ♦❢ t❤❡
♠❛❣♥❡t✐③❛t✐♦♥✱ t②♣✐❝❛❧❧② ♦♥ t❤❡ ♦r❞❡r ♦❢ 105µ❇✱ ✇❤❡♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣❡♥s❛t❡s ❢♦r
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Classical physics Quantum physics

❋✐❣✉r❡ ✶✳✷✿ ❋r♦♠ ♠❛❝r♦s❝♦♣✐❝ t♦ q✉❛♥t✉♠ ♠❛❣♥❡t✐s♠✳ ❆❞❛♣t❡❞ ❢r♦♠ ❬✼❪✳

t❤❡ ♠❛❣♥❡t✬s ❛♥✐s♦tr♦♣② ❡♥❡r❣② ❬✾❪✳ ❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❞②♥❛♠✐❝s ✐♥ s✉❝❤ ❛ s✐♥❣❧❡✲❞♦♠❛✐♥
♠❛❣♥❡t ✐s ✉s✉❛❧❧② ❞❡s❝r✐❜❡❞ ✐♥ ✐ts s✐♠♣❧❡st ❢♦r♠ ❜② t❤❡ ❙t♦♥❡r✲❲♦❧❢❛❤rt ♠♦❞❡❧ ❬✶✵❪✳

❯♣♦♥ s❝❛❧✐♥❣ t❤❡ ♠❛❣♥❡t ❞♦✇♥ t♦ t❤❡ s✐③❡ ♦❢ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥
r❡❞✉❝❡s t♦ ♦♥❧② ❛ ❢❡✇ µ❇ ❛♥❞ t❤❡ ♠❛❣♥❡t ✇✐❧❧ ❜❡ ♣r♦♥❡ t♦ ❛ ♥✉♠❜❡r ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧
❡✛❡❝ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❝❝✉rs ✐♥ s✉❝❤ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡
♠❛❣♥❡t✱ r❡s✉❧t✐♥❣ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ st❡♣s ✐♥ t❤❡ ❤②st❡r❡s✐s ❝✉r✈❡ ♦❢ t❤❡ ♠❛❣♥❡t ❛t ❝r②♦❣❡♥✐❝
t❡♠♣❡r❛t✉r❡s ✭s❡❡ ❋✐❣✳ ✶✳✷ ❢♦r ❛ ❋❡8 ♠♦❧❡❝✉❧❡✮✳ ❖✇✐♥❣ t♦ t❤❡ ♠♦❧❡❝✉❧❛r ♥❛t✉r❡✱ s✐♥❣❧❡
♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ❛❞❞✐t✐♦♥❛❧② ❡①❤✐❜✐t ❡①tr❡♠❡❧② ❧♦♥❣ r❡❧❛①❛t✐♦♥ t✐♠❡s ✉♣ t♦ ❛ ❢❡✇ ②❡❛rs
❛♥❞ ❝♦❤❡r❡♥❝❡ t✐♠❡s ✉♣ t♦ ❛ ❢❡✇ ♠✐❝r♦s❡❝♦♥❞s ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ❜❡❧♦✇ ✶ ❑✱
❛❧❧♦✇✐♥❣ ❢♦r ❝♦❤❡r❡♥t ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ s✉❝❤ ❛ ♠♦❧❡❝✉❧❛r s♣✐♥✳ ❙✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts
❛r❡ t❤❡r❡❢♦r❡ ✐❞❡❛❧ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ❢♦r ✭♠♦❧❡❝✉❧❛r✮ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s ❛♥❞ ✇♦✉❧❞ ♠❛❦❡ ❛♥
❡①❝❡❧❧❡♥t s♣✐♥ q✉❜✐t ❬✶✶❪✳



✹ ❈❤❛♣t❡r ✶✳ ●❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥

❈♦✉♣❧✐♥❣ ▼❛❣♥❡t✐s♠ ❛♥❞ ▼❡❝❤❛♥✐❝s ♦♥ ❛ ♠♦❧❡❝✉❧❛r s❝❛❧❡

❖♥❡ ❝❛♥ ♥♦✇ ♣r♦❜❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♠✐❝r♦✲ ♦r ♥❛♥♦s❝♦♣✐❝ ♠❛❣♥❡t✐❝ ♦❜❥❡❝ts ✉s✐♥❣ ♠✐❝r♦✲
♦r ♥❛♥♦✲❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠s✳

❋♦r ✐♥st❛♥❝❡✱ ♠✐❝r♦♠❡❝❤❛♥✐❝❛❧ ✭♠❛❣♥❡t✐❝✮ ❝❛♥t✐❧❡✈❡r ❛r❡ ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ♠❛❣♥❡t✐❝

❢♦r❝❡ ♠✐❝r♦s❝♦♣② ✭▼❋▼✮ t♦ ♣r♦❜❡ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❞②♥❛♠✐❝s ✭❞♦♠❛✐♥ ✇❛❧❧ ♠♦t✐♦♥ ❛♥❞
❢♦r♠❛t✐♦♥✱ ❤②st❡r❡s✐s✱ ❝♦❧❧❡❝t✐✈❡ ❜❡❤❛✈✐♦✉r✱ ❡t❝✳✳✳✮ ✐♥ ♠✐❝r♦✲ ❛♥❞ ♥❛♥♦✲s❝❛❧❡ str✉❝t✉r❡s s✉❝❤
❛s ♠❛❣♥❡t✐❝ t❤✐♥ ✜❧♠s ❬✶✷❪✱ ♥❛♥♦♣❛rt✐❝❧❡s ❬✶✸❪✱ ♥❛♥♦✇✐r❡s ❬✶✹❪✳ ❚❤❡ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ✐s
t②♣✐❝❛❧❧② ♦♥ t❤❡ ♦r❞❡r ♦❢ ✷✵✲✶✵✵ ♥♠✱ ✇❤✐❝❤ ❡♥❛❜❧❡s t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t
❞♦✇♥ t♦ 107µ❇ ❛♥❞ ❢♦r❝❡s ♦♥ t❤❡ ♦r❞❡r ♦❢ 10−12 ◆ ❬✶✺❪✳ ❇② ♣✉s❤✐♥❣ ❢♦r❝❡ ♠✐❝r♦s❝♦♣② t♦
✐ts ❧✐♠✐ts✱ ❘✉❣❛r ❡t ❛❧✳ r❡❝❡♥t❧② ❞❡♠♦♥str❛t❡❞ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛ ❢♦r❝❡ ♦❢ 10−18 ◆ ❢r♦♠ ❛
s✐♥❣❧❡ ❡❧❡❝tr♦♥ s♣✐♥ ✉s✐♥❣ ❛♥ ✐♠♣r♦✈❡❞ ♠❛❣♥❡t✐❝ r❡s♦♥❛♥❝❡ ❢♦r❝❡ ♠✐❝r♦s❝♦♣② t❡❝❤♥✐q✉❡ ❛t
❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ❬✶✺❪✳

■♥ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤✱ ♠✐❝r♦✲❝❛♥t✐❧❡✈❡rs ❛r❡ ✉s❡❞ ❛s ♠❛❣♥❡t✐❝ t♦rq✉❡ ❞❡t❡❝✲
t♦rs ❬✶✻✱ ✶✼❪✳ ❆ ♠❛❣♥❡t✐❝ t❤✐♥ ✜❧♠ ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❝❛♥t✐❧❡✈❡r ✇✐❧❧ ✐♥❞✉❝❡ ❛ t♦rs✐♦♥
♦❢ t❤❡ ❧❛tt❡r✱ ✐❢ ❡①♣♦s❡❞ t♦ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❇② t❤♦s❡ ♠❡❛♥s✱ ♦♥❡ ❝❛♥ ♣r♦❜❡
❛ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦♥ t❤❡ ♦r❞❡r ♦❢ 1011µ❇ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡✳

❋♦❧❧♦✇✐♥❣ t❤❡ ❛❝t✉❛❧ tr❡♥❞ ♦❢ ❜✉✐❧❞✐♥❣ ❡✈❡♥ s♠❛❧❧❡r ❛♥❞ ♠♦r❡ ❡✣❝✐❡♥t ❞❡t❡❝t♦rs✱ ✇❡
♣r♦♣♦s❡ ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t ❛ ❞❡s✐❣♥ ❢♦r ❛ s✉♣r❛♠♦❧❡❝✉❧❛r t♦rq✉❡ ♠❛❣♥❡t♦♠❡t❡r ❜❛s❡❞ ♦♥ ❛
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✱ t❤❛t ❝♦✉❧❞ ♣r♦❜❡ ❛♥❞ ♠❛♥✐♣✉❧❛t❡ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ✭∼ 1µ❇✮
♦r t❤❡ ❢♦r❝❡ ✭∼ 10−18 ◆✮ ♦❢ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✳ ❙✉❝❤ ❛
s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡ ✭❋✐❣✳ ✶✳✸✮ ✇♦✉❧❞ ❡♥❛❜❧❡ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ❡❧❡❝✲
tr♦♥✐❝ s♣✐♥ ❛♥❞ ✉❧t✐♠❛t❡❧② ♦❢ ❛♥ ❛ss❡♠❜❧② ♦❢ ♥✉❝❧❡❛r s♣✐♥ ♦r ❡✈❡♥ ❛ s✐♥❣❧❡ ♥✉❝❧❡❛r s♣✐♥ ❬✶✽❪✳

SMM

250 nm

❋✐❣✉r❡ ✶✳✸✿ ❙✉♣r❛♠♦❧❡❝✉❧❛r ❤②❜r✐❞ q✉❛♥t✉♠ s②st❡♠ ❜❛s❡❞ ♦♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙
✭❈◆❚ ◆❊▼❙✮ ❛♥❞ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t ✭❙▼▼✮✳

❇♦t❤ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛♥❞ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ❛r❡ ❛❧s♦ ♣♦t❡♥t✐❛❧ q✉❛♥✲
t✉♠ ♦s❝✐❧❧❛t♦rs ❛♥❞ s♣✐♥ q✉❜✐ts✱ r❡s♣❡❝t✐✈❡❧②✳ ❈♦✉♣❧✐♥❣ ❜♦t❤ q✉❛♥t✉♠ s②st❡♠s ✇♦✉❧❞
t❤❡r❡❢♦r❡ ❡♥❛❜❧❡ t❤❡ ❞❡t❡❝t✐♦♥ ❛♥❞ ❝♦❤❡r❡♥t ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ❡❧❡❝tr♦♥ ♦r ♥✉❝❧❡❛r
s♣✐♥ ✉s✐♥❣ ❛ q✉❛♥t✉♠ ♦s❝✐❧❧❛t✐♦♥✳ ❆ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡ ♦❢ s✉❝❤ ❛ ♠♦❧❡❝✉❧❛r ♥❛t✉r❡ ✇♦✉❧❞
❝♦♥s❡q✉❡♥t❧② ❡♥❛❜❧❡ q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ♦♥ ❛ s✐♥❣❧❡ s♣✐♥ ♦r ♣❤♦♥♦♥ ❧❡✈❡❧ ❛♥❞



✺

❛❧❧♦✇ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❡♥t❛♥❣❧❡♠❡♥t ♦❢ t✇♦ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❛r s♣✐♥s ♦r ♣❤♦♥♦♥s✳

■♥ t❤✐s ♠❛♥✉s❝r✐♣t✱ ✇❡ ✇✐❧❧ ✜rst ♣r❡s❡♥t t❤❡ ✉❧t✐♠❛t❡ ♠♦❧❡❝✉❧❛r ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r
s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s✱ s♦ ❝❛❧❧❡❞ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ✭❈❤❛♣t❡r ✷✮✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ✇✐❧❧
❢♦❝✉s ♦♥ ❛ ❚❜P❝2 ❝♦♠♣❧❡① ❛♥❞ ✈❛r✐♦✉s ❛♣♣r♦❛❝❤❡s ♦❢ ♣r♦❜✐♥❣ ✐ts ♠❛❣♥❡t✐③❛t✐♦♥ ✉s✐♥❣
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡t❡❝t♦rs ❛♥❞ ❞✐✛❡r❡♥t ❝♦✉♣❧✐♥❣ ♠❡❝❤❛♥✐s♠s ✭♠❛❣♥❡t✐❝ ✢✉①✱ ❡❧❡❝tr♦♥✐❝
❛♥❞ ♠❡❝❤❛♥✐❝❛❧ ❝♦✉♣❧✐♥❣✮✳

❲✐t❤ t❤❡ ❛✐♠ ♦❢ ❜✉✐❧❞✐♥❣ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r t♦rq✉❡ ♠❛❣♥❡t♦♠❡t❡r ❝❛♣❛❜❧❡ ♦❢ ♣r♦❜✐♥❣
t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦❢ ❛ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✱ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ✐♥ ❈❤❛♣t❡r ✸ ❛ ♣r♦♠✐s✲
✐♥❣ ❝❛♥❞✐❞❛t❡✱ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ♥❛♥♦❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✭◆❊▼❙✮✳ ❲❡ ✇✐❧❧ ✜rst
❞❡s❝r✐❜❡ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❝❛r❜♦♥ ❜❛s❡❞ ◆❊▼❙ ♦✈❡r ❝❧❛ss✐❝❛❧ ❙✐ ❜❛s❡❞ r❡s♦♥❛t♦rs✳ ❙✉❜s❡✲
q✉❡♥t❧② ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ st❛t❡ ♦❢ ❛rt ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛♥❞ ❢♦❝✉s ✐♥ ♣❛rt✐❝✉❧❛r
♦♥ t✇♦ ❞✐✛❡r❡♥t ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥s✱ ❛ tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡ ❛♥❞ ❛ ❧♦♥❣✐t✉❞✐♥❛❧
str❡t❝❤✐♥❣ ♠♦❞❡✳

■♥ ❈❤❛♣t❡r ✹✱ ✇❡ ♣r❡s❡♥t t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r t♦rq✉❡
♠❛❣♥❡t♦♠❡t❡r ❜❛s❡❞ ♦♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛♥❞ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts✳ ❲❡ ✜rst
❞❡s❝r✐❜❡ t❤❡ ✉❧tr❛❝❧❡❛♥ ❜♦tt♦♠✲✉♣ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ❛♥❞ t❤❡ ❡①t❡♥s✐✈❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥
st❡♣s ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t r♦♦♠ ❛♥❞ ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✳ ❲❡ ✇✐❧❧ ✜♥❛❧❧②
❞❡♠♦♥str❛t❡ ❛ ♠❡t❤♦❞ ♦❢ ❣r❛❢t✐♥❣ ❛ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡s ♠❛❣♥❡t ♦♥ s✉❝❤ ❛ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ◆❊▼❙✱ t❤❛t ❝♦♥s❡r✈❡s ❜♦t❤ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ❛♥❞ t❤❡
♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡s♦♥❛t♦r✳

■♥ ❈❤❛♣t❡r ✺✱ ✇❡ ✇✐❧❧ t❤❡♥ ♣❡r❢♦r♠ ❛ s②st❡♠❛t✐❝ st✉❞② ♦❢ t❤❡ tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡
✈✐❜r❛t✐♦♥ ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❲❡ ❞❡♠♦♥str❛t❡ ❢♦r ✐♥st❛♥❝❡✱ t❤❛t t❤❡ ❞✐ss✐♣❛✲
t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✬s ❜❡♥❞✐♥❣ ♠♦❞❡ ✈✐❜r❛t✐♦♥ t♦ s✐♥❣❧❡ ❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ t❤r♦✉❣❤
t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✲q✉❛♥t✉♠ ❞♦t ❝r✐t✐❝❛❧❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞♦t✬s ❡❧❡❝tr♦♥✐❝ ❡♥✲
✈✐r♦♥♠❡♥t✱ ✐✳❡✳ t❤❡ ❝❛♣❛❝✐t❛♥❝❡✱ t❤❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ t♦ t❤❡ ♠❡t❛❧ ❧❡❛❞s✱ t❤❡ ❝✉rr❡♥t ❛♥❞
t❡♠♣❡r❛t✉r❡✳ ❚❤❡ ✜♥❞✐♥❣s s✉❣❣❡st t❤❛t ♦♥❡ ❝♦✉❧❞ ❛❝❤✐❡✈❡ q✉❛❧✐t② ❢❛❝t♦rs ♦❢ 106 ♦r ❤✐❣❤❡r
❜② ❝❤♦♦s✐♥❣ ❛♣♣r♦♣r✐❛t❡ ❣❛t❡ ❞✐❡❧❡❝tr✐❝s ❛♥❞✴♦r ❜② ✐♠♣r♦✈✐♥❣ t❤❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ t♦ t❤❡
❧❡❛❞s✱ ✇❤✐❝❤ ✇♦✉❧❞ ♥♦t❛❜❧② ✐♥❝r❡❛s❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤
r❡s♣❡❝t t♦ ❛ ♠❛❣♥❡t✐❝ t♦rq✉❡ ❣❡♥❡r❛t❡ ❜② ❛ r♦t❛t✐♥❣ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t ❬✶✾❪✳

■♥ ❈❤❛♣t❡r ✻✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣
♠♦❞❡ ✈✐❜r❛t✐♦♥ ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❢✉♥❝t✐♦♥♥❛❧✐③❡❞ ✇✐t❤ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡
q✉❛♥t✉♠ ♠❛❣♥❡ts✳ ❲❡ ✇✐❧❧ ✐♥ ♣❛rt✐❝✉❧❛r ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧
♥❛t✉r❡ ♦❢ ❜♦t❤ s②st❡♠s✱ r❡s✉❧ts ✐♥ ❛ str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣
♠♦❞❡ ❛♥❞ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ❣r❛❢t❡❞ t♦
t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✬s s✐❞❡✇❛❧❧✳ ❚❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ✐♥ ❢❛❝t ❡♥❛❜❧❡s t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ t❤❡
♥✉❝❧❡❛r s♣✐♥ st❛t❡s ✐♥ t❤❡ ❚❜P❝2 ♠♦❧❡❝✉❧❡ ❬✷✵❪✳

❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ✐♥ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t s♦♠❡ ❢✉t✉r❡ ♣r♦s♣❡❝ts ❢♦r
t❤❡ ❞❡t❡❝t✐♦♥ ❛♥❞ ✭❝♦❤❡r❡♥t✮ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ✭♥✉❝❧❡❛r✮ s♣✐♥ ✉s✐♥❣ ❛ ♠❡❝❤❛♥✐❝❛❧
q✉❛♥t✉♠ s②st❡♠✳





❈❤❛♣t❡r ✷

■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

❲✐t❤ t❤❡ ❞✐s❝♦✈❡r② ♦❢ t❤❡ ❣✐❛♥t ♠❛❣♥❡t♦r❡s✐st✐✈✐t② ❡✛❡❝t ✭●▼❘✮ ✐♥ ✶✾✽✽ ❬✷✶✱ ✷✷❪✱ ❛ ♥❡✇
❣❡♥❡r❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♥✐❝s ❤❛s ❡♠❡r❣❡❞ ✉s✐♥❣ t❤❡ s♣✐♥ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ ❡❧❡❝tr♦♥✱
s♦ ❝❛❧❧❡❞ s♣✐♥ tr❛♥s♣♦rt ❡❧❡tr♦♥✐❝s ♦r s♣✐♥tr♦♥✐❝s✳ ❙♣✐♥tr♦♥✐❝s t❛❦❡s ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❜♦t❤ s♣✐♥✲✉♣ ❛♥❞ s♣✐♥✲❞♦✇♥ ❝❛rr✐❡rs ✐♥ t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ♦❢ ♠✐❝r♦✲ ♦r ♥❛✲
♥♦❡❧❡tr♦♥✐❝ ❞❡✈✐❝❡s✳ ❯s✐♥❣ ✈❛r✐♦✉s s♣✐♥ ❞❡♣❡♥❞❡♥t ❡✛❡❝ts ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ✐♥t❡r❛❝t✐♦♥
❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦♥ s♣✐♥ ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧✱ ♦♥❡ ❝❛♥ ❡♥❝♦❞❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡
s♣✐♥ st❛t❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥✳ ■♥❢♦r♠❛t✐♦♥ st♦r❡❞ ✐♥ s♣✐♥✲❞❡♣❡♥❞❡♥t tr❛♥s♣♦rt str✉❝t✉r❡s✱ ❧✐❦❡
s♣✐♥ ✈❛❧✈❡s ♦r ♠❛❣♥❡t✐❝ t✉♥♥❡❧ ❥✉♥❝t✐♦♥s✱ ✐s ♣♦t❡♥t✐❛❧❧② ♥♦♥✈♦❧❛t✐❧❡ ❛♥❞ ❝❛♥ ❜❡ ♣r♦❝❡ss❡❞
♠✉❝❤ ❢❛st❡r ❛♥❞ ✇✐t❤ ❧♦✇❡r ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ t❤❛♥ ✐♥ ❝♦♥✈❡♥t✐♦♥❛❧ s❡♠✐❝♦♥❞✉❝t♦r ❞❡✲
✈✐❝❡s ❬✷✸❪✳

◆❡✇ ❛♣♣r♦❛❝❤❡s ✐♥✈♦❧✈✐♥❣ t❤❡ ✉s❡ ♦❢ s❡♠✐❝♦♥❞✉❝t♦rs ❬✷✹❪ ♦r ♦r❣❛♥✐❝ ♠❛t❡r✐❛❧s ❬✷✺❪
✐♥ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s ✇❡r❡ ❡①♣❧♦r❡❞ ✐♥ ♦r❞❡r t♦ ❡♥❤❛♥❝❡ ❛♥❞ ❡①♣❧♦✐t q✉❛♥t✉♠ ❝♦❤❡r❡♥❝❡✳
❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ tr❡♥❞✱ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ ❡❧❡❝tr♦♥✐❝ ❞❡✈✐❝❡s ✇❡r❡ ❞r✐✈❡♥ ❜❡②♦♥❞ t❤❡
♥❛♥♦s❝❛❧❡ t♦ ❛ ♠♦❧❡❝✉❧❛r ❧❡✈❡❧ ❬✷✻✱ ✶✶❪✱ ✇❤❡r❡ ♦♥❡ ❝♦✉❧❞ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ q✉❛♥t✉♠
♠❡❝❤❛♥✐❝❛❧ ♥❛t✉r❡ ♦❢ s✉❝❤ ❛ s②st❡♠✳

■♥ ❛♥ ❡✛♦rt ♦❢ ❝♦♠❜✐♥✐♥❣ s♣✐♥tr♦♥✐❝s ✇✐t❤ s✉❝❤ ♠♦❧❡❝✉❧❛r s❝❛❧❡ ❡❧❡❝tr♦♥✐❝s✱ ❛ ♥❡✇ ✜❡❧❞
♦❢ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ❤❛s t❤✉s ❡♠❡r❣❡❞ ❞✉r✐♥❣ t❤❡ ❧❛st ❞❡❝❛❞❡✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ❝♦♥s✐sts
✐♥ ✐♥t❡❣r❛t✐♥❣ s✐♥❣❧❡ ♠❛❣♥❡t✐❝ ♠♦❧❡❝✉❧❡s ✐♥t♦ ♥❛♥♦❡❧❡❝tr♦♥✐❝ ❞❡✈✐❝❡s ❬✶✶❪✳ ■♥ t❤✐s ❝♦♥t❡①t✱
s♦ ❝❛❧❧❡❞ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ✭❙▼▼✮ s❡❡♠ t♦ ❜❡ ❛♥ ✐❞❡❛❧ ❝❛♥❞✐❞❛t❡ ❢♦r s✉❝❤ ♠♦❧❡❝✉❧❛r
s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s ❬✶✶❪✳ ❖✇✐♥❣ t♦ t❤❡ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s✱ ❢♦r ✐♥st❛♥❝❡
❛ ❧❛r❣❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ❛♥❞ ❛ str♦♥❣ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②✱ ♦♥❡ ❝❛♥ ❡①♣❡❝t ❡①tr❡♠❡❧②
❧♦♥❣ r❡❧❛①❛t✐♦♥ ❛♥❞ ❝♦❤❡r❡♥❝❡ t✐♠❡s ❢♦r ❙▼▼ ❜❛s❡❞ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s✱ ♠❛❦✐♥❣ t❤❡♠
♣♦t❡♥t✐❛❧❧② ❛ttr❛❝t✐✈❡ ❢♦r q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ♦r q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❬✶✶❪✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✜rst ♣♦✐♥t ♦✉t t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡
♠❛❣♥❡ts ❛s ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ✭❙❡❝t✐♦♥ ✷✳✶✮ ❛♥❞ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❛
❚❡r❜✐✉♠ ❉♦✉❜❧❡ ❉❡❝❦❡r ❙▼▼ ✭❙❡❝t✐♦♥ ✷✳✷✮✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ ♦❜❥❡❝t st✉❞✐❡❞ t❤r♦✉❣❤♦✉t
t❤✐s ♠❛♥✉s❝r✐♣t✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r♦♣♦s❡ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s ♦❢ ✐♥t❡❣r❛t✐♥❣ ❛♥ ❙▼▼ ✐♥t♦
❝❛r❜♦♥ ❜❛s❡❞ ❞❡✈✐❝❡s✱ t❤✉s ❞❡s✐❣♥✐♥❣ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡ ❛♥❞ ❛ s✐♥❣❧❡ s♣✐♥
❞❡t❡❝t♦r ✭❙❡❝t✐♦♥ ✷✳✸✮✳



✽ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

✷✳✶ ❚♦✇❛r❞s ▼♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s

✷✳✶✳✶ ●✐❛♥t ♠❛❣♥❡t♦r❡s✐st❛♥❝❡ ❛♥❞ ♠❡t❛❧❧✐❝ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

❚❤❡ ●▼❘ ❡✛❡❝t ✇❛s ✜rst ❞✐s❝♦✈❡r❡❞ ✐♥ ❢❡rr♦♠❛❣♥❡t✐❝✲♥♦♥♠❛❣♥❡t✐❝ ♠✉❧t✐❧❛②❡r str✉❝✲
t✉r❡s ❬✷✶✱ ✷✷❪✳ ❚❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ♦r t❤❡ r❡s✐st❛♥❝❡ ❤❡r❡✐♥ str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡
r❡❧❛t✐✈❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ✐♥ t❤❡ ❢❡rr♦♠❛❣♥❡t✐❝ ❧❛②❡rs ❛♥❞ ❝❛♥ ❜❡ ❝♦♥✲
tr♦❧❧❡❞ ❜② ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭❋✐❣✳ ✷✳✶❝✮✳ ❚❤❡ ❞❡✈✐❝❡ r❡s✐st❛♥❝❡ ②✐❡❧❞s ❛ ♠✐♥✐♠✉♠ ✐❢ t❤❡
♠❛❣♥❡t✐❝ ♠♦♠❡♥ts ✐♥ t❤❡ ❢❡rr♦♠❛❣♥❡t✐❝ ❧❛②❡rs ❛r❡ ❛❧✐❣♥❡❞ ♣❛r❛❧❧❡❧ t♦ ❡❛❝❤ ♦t❤❡r ✭❋✐❣✳
✷✳✶❛✮ ❛♥❞ ❛ ♠❛①✐♠✉♠ ✐❢ ❛❧✐❣♥❡❞ ❛♥t✐♣❛r❛❧❧❡❧ ✭❋✐❣✳ ✷✳✶❜✮✳

FM 

R↑

R↓

FM
(a)

N

FM FM
(b)

N

R↑

R↓

(c)

❋✐❣✉r❡ ✷✳✶✿ ●✐❛♥t ♠❛❣♥❡t♦r❡s✐st❛♥❝❡ ❡✛❡❝t ✐♥ ❢❡rr♦♠❛❣♥❡t✐❝ ✭❋▼✮✴♥♦♥♠❛❣♥❡t✐❝ ✭◆✮ ♠✉❧✲
t✐❧❛②❡rs✳ ❚❤❡ ❞❡✈✐❝❡ r❡s✐st❛♥❝❡ ∆R/R ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❧❛t✐✈❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡✲
t✐③❛t✐♦♥ ✐♥ t❤❡ ❋▼ ❧❛②❡rs✳ ✭❛✮ ❋♦r ❛ ♣❛r❛❧❧❡❧ ♦r✐❡♥t❛t✐♦♥ t❤❡ ❞❡✈✐❝❡ ✐s ✐♥ ❛ ❧♦✇ r❡s✐st❛♥❝❡
st❛t❡ ❛♥❞ ✭❜✮ ❢♦r ❛♥ ❛♥t✐♣❛r❛❧❧❡❧ ♦r✐❡♥t❛t✐♦♥ t❤❡ ❞❡✈✐❝❡ ✐s ✐♥ ❛ ❤✐❣❤ r❡s✐st❛♥❝❡ st❛t❡✳ ❚❤❡
●▼❘ ❝❛♥ ❜❡ ♠♦❞❡❧ ❜② t✇♦ r❡s✐st♦r ❝✐r❝✉✐ts✳ ■♥ ✭❛✮ t❤❡ ♠✉❧t✐❧❛②❡r ✐s ✧tr❛♥s♣❛r❡♥t✧ t♦ ♦♥❡
t②♣❡ ♦❢ s♣✐♥ ❝❛rr✐❡r✱ ✇❤✐❧❡ ✧❜❧♦❝❦✐♥❣✧ t❤❡ s♣✐♥s ✇✐t❤ t❤❡ ♦♣♣♦s✐t❡ ♦r✐❡♥t❛t✐♦♥✱ r❡s✉❧t✐♥❣
✐♥ ❛ ❧♦✇ ❞❡✈✐❝❡ r❡s✐st❛♥❝❡✳ ■♥ ✭❜✮ ❜♦t❤ s♣✐♥ ❝❛rr✐❡rs ❛r❡ ✧❜❧♦❝❦❡❞✧✱ r❡s✉❧t✐♥❣ ✐♥ ❛♥ ✐♥✲
❝r❡❛s❡❞ ♦✈❡r❛❧❧ r❡s✐st❛♥❝❡✳ ✭❝✮ ▼❛❣♥❡t♦r❡s✐st❛♥❝❡ ❝❤❛♥❣❡ ✇✐t❤ t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞
❢♦r ❞✐✛❡r❡♥t ❋❡✴❈r ♠✉❧t✐❧❛②❡rs✳ ❋✐❣✉r❡ ❡①tr❛❝t❡❞ ❛♥❞ ♠♦❞✐✜❡❞ ❢r♦♠ ❬✷✶❪✳

●▼❘ ✐s t❤❡ ✉♥❞❡r❧②✐♥❣ ♠❡❝❤❛♥✐s♠ t♦ ❛ s♣✐♥ ✈❛❧✈❡✱ ✇❤❡r❡ ❛ ♥♦♥♠❛❣♥❡t✐❝ s♣❛❝✐♥❣ ❧❛②❡r
✭t②♣✐❝❛❧❧② ❛ ❝♦♥❞✉❝t♦r✮ ✐s s❛♥❞✇✐❝❤❡❞ ❜❡t✇❡❡♥ t✇♦ ❢❡rr♦♠❛❣♥❡t✐❝ ❧❛②❡rs ✭❋✐❣✳ ✷✳✷❛✮✳ ❋♦r
❛ ❧❛r❣❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♣♣❧✐❡❞ t♦ t❤❡ ❞❡✈✐❝❡✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥s ♦❢ ❜♦t❤ ❢❡rr♦♠❛❣♥❡t✐❝
❧❛②❡rs ❛r❡ ♣❛r❛❧❧❡❧ t♦ ❡❛❝❤ ♦t❤❡r ❛♥❞ t❤❡ ❞❡✈✐❝❡ ✐s ✐♥ ❛ ❧♦✇ r❡s✐st❛♥❝❡ st❛t❡✳ ❇② r❡❞✉❝✐♥❣



✷✳✶✳ ❚♦✇❛r❞s ▼♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ✾

t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ♦♥❡ ❝❛♥ s✇✐t❝❤ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ✐♥ ♦♥❡ ♦❢ t❤❡ ❢❡rr♦♠❛❣♥❡t✐❝ ❧❛②❡rs✱
r❡s✉❧t✐♥❣ ✐♥ ❛♥ ❛♥t✐♣❛r❛❧❧❡❧ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ✐♥❝r❡❛s❡❞ r❡s✐st❛♥❝❡ ✐♥ t❤❡ ❞❡✈✐❝❡ ✭t②♣✐❝❛❧
❜② ✺ t♦ ✶✵ ✪✮✳ ❋✉rt❤❡r r❡❞✉❝✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ r❡st♦r❡s ❛ ♣❛r❛❧❧❡❧ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ ❛
❧♦✇ r❡s✐st❛♥❝❡ st❛t❡✳ ❙♣✐♥ ✈❛❧✈❡ ❞❡✈✐❝❡s t❤✉s ❡①❤✐❜✐t ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❜✉tt❡r✢② ❤②st❡r❡s✐s
❧♦♦♣ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✳✷❝✳

❘❡♣❧❛❝✐♥❣ t❤❡ ❝♦♥❞✉❝t♦r ❜② ❛ t❤✐♥ ✐♥s✉❧❛t✐♥❣ ❧❛②❡r ❝r❡❛t❡s ❛ ♠❛❣♥❡t✐❝ t✉♥♥❡❧ ❥✉♥❝t✐♦♥
❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✳✷❜✳ ❚❤❡ t✉♥♥❡❧ r❡s✐st❛♥❝❡ ❝❛♥ ❜❡ ♠♦❞✉❧❛t❡❞ ✐♥ ❛♥❛❧♦❣② t♦ t❤❡
♠❛❣♥❡t♦r❡s✐st❛♥❝❡ ✐♥ ❛ s♣✐♥ ✈❛❧✈❡ ❞❡✈✐❝❡✱ ✇✐t❤ ♠❛❣♥❡t♦r❡s✐st❛♥❝❡ ❝❤❛♥❣❡ ❜❡t✇❡❡♥ ✷✵ t♦
✺✵ ✪✳ ❙♣✐♥ ✈❛❧✈❡ ❞❡✈✐❝❡s ❛♥❞ ♠❛❣♥❡t✐❝ t✉♥♥❡❧ ❥✉♥❝t✐♦♥s ❛r❡ ❝✉rr❡♥t❧② ✉s❡❞ ❛s ♠❛❣♥❡t✐❝
✜❡❧❞ s❡♥s♦rs✱ ❣❛❧✈❛♥✐❝ ✐s♦❧❛t♦rs ❛♥❞ ♠♦st ♥♦t❛❜❧② ✐♥ r❡❛❞ ❤❡❛❞s ❢♦r ❤❛r❞ ❞r✐✈❡s ♦r ❛s
♠❛❣♥❡t♦r❡s✐st✐✈❡ r❛♥❞♦♠ ❛❝❝❡ss ♠❡♠♦r② ✭▼❘❆▼✮ ❬✷✸❪✳

ΔR/R

H

(a) (b)

(c)

❋✐❣✉r❡ ✷✳✷✿ ▼❡t❛❧❧✐❝ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s✿ ✭❛✮ ▼❡t❛❧❧✐❝ s♣✐♥ ✈❛❧✈❡ ❛♥❞ ✭❜✮ ♠❛❣♥❡t✐❝ t✉♥♥❡❧
❥✉♥❝t✐♦♥✳ ❋✐❣✉r❡s ❢r♦♠ ❬✷✸❪ ✭❝✮ ❇✉tt❡r✢② ❤②st❡r❡s✐s ❧♦♦♣ ♦❢ t❤❡ s♣✐♥ ✈❛❧✈❡ ♦r ❛ ♠❛❣♥❡t✐❝
t✉♥♥❡❧ ❥✉♥❝t✐♦♥ ❞❡♣✐❝t✐♥❣ t❤❡ ♠❛❣♥❡t♦r❡s✐st❛♥❝❡ ❝❤❛♥❣❡ ∆R/R ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞
♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ❜❧✉❡ ✭r❡❞✮ tr❛❝❡ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✉♣✇❛r❞s ✭❞♦✇♥✇❛r❞s✮ ♠❛❣♥❡t✐❝
✜❡❧❞ s✇❡❡♣✳



✶✵ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

✷✳✶✳✷ ❙❡♠✐❝♦♥❞✉❝t♦r ❛♥❞ ♦r❣❛♥✐❝ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s✿ ❚♦✇❛r❞s ❝♦✲

❤❡r❡♥t s♣✐♥ ♠❛♥✐♣✉❧❛t✐♦♥

❚❤❡ ♥❡✇ ❣❡♥❡r❛t✐♦♥ ♦❢ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s ✇❛s ❞❡s✐❣♥❡❞ t♦ ✐♠♣r♦✈❡ q✉❛♥t✉♠ ❝♦❤❡r❡♥❝❡✱
❜② ✉s✐♥❣ s❡♠✐❝♦♥❞✉❝t♦rs ❬✷✸✱ ✷✹❪ ♦r ♦r❣❛♥✐❝ ♠❛t❡r✐❛❧s ❬✷✺❪ ❛s s♣❛❝✐♥❣ ❧❛②❡rs ✭❋✐❣✳ ✷✳✸❛✮✳

p-AlGaAs

n-AlGaAs
QW

Fe

Au

Substrate

H V

EL

(b)(a)

❋✐❣✉r❡ ✷✳✸✿ ◆♦♥ ♠❡t❛❧❧✐❝ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡✿ ✭❛✮ ❋❡rr♦♠❛❣♥❡t✐❝✲s❡♠✐❝♦♥❞✉❝t♦r ❤❡t❡r♦str✉❝✲
t✉r❡ ✭❋❡✴❆❧0.1●❛0.9❆s s♣✐♥ ▲❊❉✮✳ P♦❧❛r✐③❡❞ ❡❧❡❝tr♦♥s ❛r❡ ✐♥❥❡❝t❡❞ ❢r♦♠ t❤❡ ❋❡ ❧❛②❡r ✐♥t♦
t❤❡ s❡♠✐♥❝♦♥❞✉❝t♦r ❛♥❞ r❡❝♦♠❜✐♥❡ ✇✐t❤ ❤♦❧❡s ✐♥ t❤❡ q✉❛♥t✉♠ ✇❡❧❧ ✭◗❲✮ ✉♥❞❡r t❤❡ ❡♠✐s✲
s✐♦♥ ♦❢ str♦♥❣❧② ♣♦❧❛r✐③❡❞ ♣❤♦t♦♥s✳ ❋✐❣✉r❡ ✐♥s♣✐r❡❞ ❢r♦♠ ❬✷✹✱ ✸✵❪ ✭❜✮ ❖r❣❛♥✐❝ s♣✐♥ ✈❛❧✈❡
❞❡✈✐❝❡✳ ❋✐❣✉r❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❬✷✺❪✳

■♥❞❡❡❞✱ s♣✐♥ r❡❧❛①❛t✐♦♥ t✐♠❡s ✐♥ ♥♦♥ ♠❛❣♥❡t✐❝ s❡♠✐❝♦♥❞✉❝t♦rs ❝❛♥ r❡❛❝❤ ❛ ❢❡✇ ❤✉♥❞r❡❞
♥❛♥♦s❡❝♦♥❞s ✭s❡❡ ❋✐❣✳ ✷✳✺✮ ❛♥❞ s♣✐♥ ❝♦❤❡r❡♥❝❡ t✐♠❡s ❛s ❤✐❣❤ ❛s ✶✵✵ ♥s✱ t❤r❡❡ ♦r❞❡rs ♦❢
♠❛❣♥✐t✉❞❡ ❧♦♥❣❡r t❤❛♥ ✐♥ ❢❡rr♦♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s✱ ❤❛✈❡ r❡❝❡♥t❧② ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ❬✷✹✱
✷✼❪✳ ▼♦r❡♦✈❡r✱ ❛ ❤✐❣❤❧② ❡✣❝✐❡♥t s♣✐♥ ✐♥❥❡❝t✐♦♥ t❤r♦✉❣❤ ❛ ❢❡rr♦♠❛❣♥❡t✲s❡♠✐❝♦♥❞✉❝t♦r
✐♥t❡r❢❛❝❡ ❬✷✹✱ ✷✽❪ ❛♥❞ t❤❡ ❝♦❤❡r❡♥t s♣✐♥ tr❛♥s♣♦rt ✐♥ ✐♥♦r❣❛♥✐❝ s❡♠✐❝♦♥❞✉❝t♦rs ❬✷✾❪ ✇❛s
r❡❝❡♥t❧② ❞❡♠♦♥str❛t❡❞ ✭s❡❡ ❋✐❣✳ ✷✳✹✮✳

❚❤❡ ♠❛✐♥ s♦✉r❝❡ ♦❢ s♣✐♥ ❞❡❝♦❤❡r❡♥❝❡ ✐s ❛ s✐❣♥✐✜❝❛♥t s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ✐♥ ✐♥♦r❣❛♥✐❝
s❡♠✐❝♦♥❞✉❝t♦rs✳ ❚❤❡ s❛♠❡ s♣✐♥✲♦r❜✐t ✐♥t❡r❛❝t✐♦♥✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❧❧♦✇s ❝♦❤❡r❡♥t s♣✐♥
♠❛♥✐♣✉❧❛t✐♦♥ ❜② ♦♣t✐❝❛❧ ❬✷✾❪ ❛♥❞ ❡❧❡❝tr✐❝❛❧ ❬✸✶❪ ♠❡❛♥s✳

❖r❣❛♥✐❝ ♠❛t❡r✐❛❧s✱ ♠❛✐♥❧② ❝♦♠♣♦s❡❞ ♦❢ ❧✐❣❤t ❡❧❡♠❡♥ts ❧✐❦❡ ❝❛r❜♦♥✱ ❤❛✈❡ ❛♥ ❡✈❡♥ ✇❡❛❦❡r
s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ t❤❛♥ s❡♠✐❝♦♥❞✉❝t♦rs ✭✶✸ ♠❡❱ ✐♥ ❈✲❞✐❛♠♦♥❞ ✈s✳ ✸✹✵ ♠❡❱ ✐♥ ●❛❆s✮✱
❛s ✇❡❧❧ ❛s ❛ s♠❛❧❧ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥ ❬✷✺✱ ✸✸❪✳ ■♥ ❝♦♥s❡q✉❡♥❝❡ t❤❡ s♣✐♥ r❡❧❛①❛t✐♦♥ ❛♥❞
❝♦❤❡r❡♥❝❡ t✐♠❡s ❝❛♥ ❜❡❝♦♠❡ ❡①tr❡♠❡❧② ❧♦♥❣ ❬✸✸❪ ✭❜❧✉❡ ❞♦ts ❋✐❣✳ ✷✳✺✮✳ ❍♦✇❡✈❡r✱ s♣✐♥
❞✐✛✉s✐♦♥ ❧❡♥❣t❤ ✐s r❛t❤❡r ❧✐♠✐t❡❞ ❞✉❡ t♦ t❤❡ ❧♦✇ ❝❛rr✐❡r ♠♦❜✐❧✐t② ✐♥ ♦r❣❛♥✐❝ ♠❛t❡r✐❛❧s✳
◆❡✈❡rt❤❡❧❡ss✱ ✐♥❥❡❝t✐♦♥✱ tr❛♥s♣♦rt ❛♥❞ ❞❡t❡❝t✐♦♥ ♦❢ s♣✐♥✲♣♦❧❛r✐③❡❞ ❡❧❡❝tr♦♥s t❤r♦✉❣❤ ❛♥
♦r❣❛♥✐❝ s♣❛❝❡r ❧❛②❡r ❤❛s r❡❝❡♥t❧② ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ✐♥ ♦r❣❛♥✐❝ s♣✐♥ ✈❛❧✈❡s ❬✷✺❪✳



✷✳✶✳ ❚♦✇❛r❞s ▼♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ✶✶

❋✐❣✉r❡ ✷✳✹✿ ❈♦❤❡r❡♥t s♣✐♥ tr❛♥s♣♦rt t❤r♦✉❣❤❛ ●❛❆s✴❩♥❙❡ ❤❡t❡r♦❥✉♥❝t✐♦♥ ♣r♦❜❡❞ ❜② t✐♠❡✲
r❡s♦❧✈❡❞ ❋❛r❛❞❛② r♦t❛t✐♦♥ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ ❡❧❡❝tr♦♥ s♣✐♥ ✐s ♣r❡❝❡ss✐♥❣ ✐♥ ❛ ♠❛❣♥❡t✐❝
✜❡❧❞ ♦❢B = 0 ❚ ✭♣✉r♣❧❡✮✱ ✵✳✵✷✺ ❚ ✭♣✐♥❦✮ ❛♥❞ ✵✳✷✺ ❚ ✭❜❧❛❝❦✮✳ ❋✐❣✉r❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❬✷✸✱ ✷✾❪
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❋✐❣✉r❡ ✷✳✺✿ ❙♣✐♥ r❡❧❛①❛t✐♦♥ t✐♠❡ ✈s✳ s♣✐♥ ❞✐✛✉s✐♦♥ ❧❡♥❣t❤ ❢♦r ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧s✳ ❋✐❣✉r❡
❡①tr❛❝t❡❞ ❢r♦♠ ❬✸✷❪✳ ❈✐t❡❞ ♣✉❜❧✐❝❛t✐♦♥s ✐♥ t❤❡ ✜❣✉r❡ ❝♦rr❡s♣♦♥❞ t♦ r❡❢❡r❡♥❝❡s ✐♥ ❬✸✷❪

◗✉❛♥t✉♠ ❝♦❤❡r❡♥❝❡ ❝❛♥ ❜❡ ❢✉rt❤❡r ✐♠♣r♦✈❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ s♣✐♥✲
tr♦♥✐❝s ❞❡✈✐❝❡s ❬✶✶✱ ✷✾❪✳ ❚❤❡ t❡❝❤♥♦❧♦❣✐❝❛❧ ❛❞✈❛♥❝❡♠❡♥t ✐♥ t❤❡ ✜❡❧❞ ♠♦❧❡❝✉❧❛r ❡❧❡❝tr♦♥✐❝s
r❡❝❡♥t❧② ❡♥❛❜❧❡❞ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡s ✐♥t♦ st❛t❡✲♦❢✲t❤❡✲❛rt ♥❛♥♦❡❧❡❝tr♦♥✐❝
❞❡✈✐❝❡s ✭❋✐❣✳ ✷✳✻✮✳ ❯s✐♥❣ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ✇✐t❤ ❛ ♠❛❣♥❡t✐❝ ❝❡♥t❡r ✐♥st❡❛❞✱ ♦♥❡ ❝❛♥
❤❡♥❝❡❢♦rt❤ ❞❡s✐❣♥ ❛ ♠♦❧❡❝✉❧❛r✲s❝❛❧❡ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡ ❛♥❞ ❡①♣❧♦✐t t❤❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐✲
❝❛❧ ♥❛t✉r❡ ♦❢ s✉❝❤ ❛ s②st❡♠✳

❆♠♦♥❣ t❤❡ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ♠❛❣♥❡t✐❝ ♠♦❧❡❝✉❧❡s✱ t❤❡ ❝❧❛ss ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts
✭❙▼▼✮ st❛♥❞s ♦✉t ❞✉❡ t♦ ✉♥✐q✉❡ ❝❤❡♠✐❝❛❧ ❛♥❞ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ❆s ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡② ❝❛♥ ❡①❤✐❜✐t ❡①tr❡♠❡❧② ❧♦♥❣ s♣✐♥ r❡❧❛①❛t✐♦♥ t✐♠❡s ✉♣ t♦ ❛ ❢❡✇ ②❡❛rs



✶✷ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

✭❛✮

✭❜✮

❋✐❣✉r❡ ✷✳✻✿ ▼♦❧❡❝✉❧❛r s❝❛❧❡ ❡❧❡❝tr♦♥✐❝ ❞❡✈✐❝❡s✿ ✭❛✮ ❆rt r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♠♦❧❡❝✉❧❛r
❥✉♥❝t✐♦♥ ✭▼✳ ❘❡❡❞✱ ❨❛❧❡ ❯♥✐✈❡rs✐t②✮ ✭❜✮ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ❚r❛♥s✐st♦r ✇✐t❤ ❛ C60 ♠♦❧❡❝✉❧❡✳
■♠❛❣❡ ❢r♦♠ ❬✸✹❪

❛♥❞ ❝♦❤❡r❡♥❝❡ t✐♠❡s ✉♣ t♦ ❛ ❢❡✇ ♠✐❝r♦s❡❝♦♥❞s✱ ♠❛❦✐♥❣ t❤❡♠ ❛ ♣❡r❢❡❝t ❝❛♥❞✐❞❛t❡ ❢♦r ❛
s♣✐♥ q✉❜✐t ❛♥❞ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s ❬✶✶❪✳

✷✳✶✳✸ ▼♦❧❡❝✉❧❛r ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r s♣✐♥tr♦♥✐❝s✿ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡

▼❛❣♥❡ts

❆ ❙▼▼ ❝♦♥s✐sts ♦❢ ♠❛❣♥❡t✐❝ ❝❡♥t❡rs✱ t②♣✐❝❛❧❧② tr❛♥s✐t✐♦♥ ♠❡t❛❧ ✐♦♥s✱ ❡♠❜❡❞❞❡❞ ✐♥ ❛
s❤❡❧❧ ♦❢ ♦r❣❛♥✐❝ ❧✐❣❛♥❞s ❬✶✶✱ ✸✺✱ ✸✻❪✳ ❚❤❡ ❧✐❣❛♥❞s ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❡♥s✉r❡ t❤❡ ❜♦♥❞✐♥❣ ♦❢
t❤❡ ♠♦❧❡❝✉❧❡ t♦ s✉r❢❛❝❡s ♦r ❥✉♥❝t✐♦♥s ✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ ❛♥❞ ❡♥❤❛♥❝✐♥❣ t❤❡ ✐♦♥s✬ ♠❛❣♥❡t✐❝
♣r♦♣❡rt✐❡s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♠❛❣♥❡t✐❝ ❝❡♥t❡rs ✇✐❧❧ ❜❡❤❛✈❡ ❛s ❛ s✐♥❣❧❡ ✧❣✐❛♥t✧ s♣✐♥ ❞✉❡ ❛



✷✳✶✳ ❚♦✇❛r❞s ▼♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ✶✸

1 nm
(a)

1.7 nm

(b)

Fe

O

N

C

H

(c)

Fe

O

WO6

1.6 nm

(d)

1 nm

O

Tb, Ho, Dy
O

N

C

❋✐❣✉r❡ ✷✳✼✿ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡ts✿ ✭❛✮ ▼♦♥♦♥✉❝❧❡❛r ❧❛♥t❤❛♥✐❞❡ ❝♦♠♣❧❡① ▲♥P❝2✳ ❉✐❢✲
❢❡r❡♥t ❧❛♥t❤❛♥✐❞❡ ✐♦♥s ▲♥ ❂ ❚❜✱ ❍♦✱ ❉② ❝❛♥ ❜❡ ✉s❡❞ ❛s ♠❛❣♥❡t✐❝ ❝♦r❡✱ r❡s✉❧t✐♥❣ ✐♥
❞✐✛❡r❡♥t ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦♠♣❧❡①✳ ❬✸✾❪ ❚❤❡ ♣❤t❤❛❧♦❝②❛♥✐♥❡ ❧✐❣❛♥❞ ♣❧❛♥❡s ❝❛♥
❜❡ t❛✐❧♦r❡❞ ✇✐t❤ ❛❧✐♣❤❛t✐❝ ❝❤❛✐♥s ❛♥❞ ❛ ♣②r❡♥❡ ❣r♦✉♣✱ ✇❤✐❝❤ ♣r♦♠♦t❡ t❤❡ ❣r❛❢t✐♥❣ t♦ s♣2
❝❛r❜♦♥ ❬✸✼❪✳ ✭❜✮ ▼♥12 ❙▼▼ ✇✐t❤ ❛ s♣✐♥ ❣r♦✉♥❞ st❛t❡ ♦❢ S = 10 ✭❝✮ ❋❡8 ❝♦♠♣❧❡① ✇✐t❤ ❛
s♣✐♥ S = 10 ❬✹✵❪ ✭❞✮ ❋❡6 ♣♦❧②♦①♦♠❡t❛❧❧❛t❡ ❙▼▼ ✇✐t❤ ❛ s♣✐♥ S = 5 ❬✹✶❪✳

str♦♥❣ ✐♥t❡r❛❝t✐♦♥ ♣r♦♠♦t❡❞ ❜② t❤❡ ❧✐❣❛♥❞s ❬✶✶❪✳

❖♥❡ ❝❛♥ ♠♦❞✐❢② t❤❡ ♦r❣❛♥✐❝ ❧✐❣❛♥❞s ❜② ❝❤❡♠✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣ ✐♥ ♦r❞❡r t♦ ❝❤❛♥❣❡ t❤❡
❙▼▼✬s ❝♦✉♣❧✐♥❣ t♦ ✐ts ❡♥✈✐r♦♥♠❡♥t ❬✶✶✱ ✸✺✱ ✸✻❪ ♦r ♣r♦♠♦t❡ t❤❡ s❡❧❡❝t✐✈❡ ❣r❛❢t✐♥❣ t♦ ❛
❝❡rt❛✐♥ ♠❛t❡r✐❛❧✱ ❢♦r ❡①❛♠♣❧❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ♦r ❣r❛♣❤❡♥❡ ❬✸✼✱ ✸✽❪✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❝❛♥
r❡♣❧❛❝❡ t❤❡ ♠❛❣♥❡t✐❝ ❝❡♥t❡rs ❛♥❞ t❤❡r❡❢♦r❡ ❛❧t❡r t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦♠♣♦✉♥❞
✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ❧✐❣❛♥❞ s❤❡❧❧ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ✐ts ❡♥✈✐r♦♥♠❡♥t ❬✶✶✱ ✸✾❪✳

❋✉rt❤❡r♠♦r❡✱ ❝❤❡♠✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣ ❛❧❧♦✇s t❤❡ s②♥t❤❡s✐s ♦❢ ❜✐❧❧✐♦♥s ♦❢ ♣❡r❢❡❝t❧② ✐❞❡♥t✐❝❛❧
♠♦❧❡❝✉❧❡s ❛♥❞ ✇♦✉❧❞ ❡♥❛❜❧❡ t❤❡ ❤✐❣❤ ❞❡♥s✐t② ✐♥t❡❣r❛t✐♦♥ ♦❢ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s✳
❙▼▼s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ♣♦✇❞❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❡s ♦r ❛ ❤✐❣❤✲q✉❛❧✐t②



✶✹ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

♠♦❧❡❝✉❧❛r ❝r②st❛❧✱ ✇❤✐❝❤ ❣✐✈❡s ❛♥ ❡①♣❡r✐♠❡♥t❛❧ ❛❝❝❡ss t♦ t❤❡ str✉❝t✉r❛❧ ❛♥❞ ♠❛❣♥❡t✐❝
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s✳

❚❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ s✐♥❣❧❡
✧❣✐❛♥t✧ s♣✐♥ ❛♥❞ ❛ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ ❢♦r♠

H = DS2
z + E

(

S2
x − S2

y

)

+ gµ❇µ✵~S · ~H ✭✷✳✶✮

✇❤❡r❡ Sx✱ Sy✱ Sz ❛r❡ t❤❡ s♣✐♥ ❝♦♠♣♦♥❡♥ts✱ ❉ t❤❡ ❛①✐❛❧ ❛♥❞ ❊ t❤❡ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝
❛♥✐s♦tr♦♣② ❝♦♥st❛♥ts ✭✇✐t❤ D ≫ E✮ ❛♥❞ gµ❇µ✵~S · ~H t❤❡ ❩❡❡♠❛♥ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞ ✇✐t❤
❛♥ ❛♣♣❧✐❡❞ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳

❆ ❙▼▼ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❧❛r❣❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ❛♥❞ s♣✐♥ ❣r♦✉♥❞ st❛t❡ S ≥ 1

❛♥❞ ❛ ♣r♦♥♦✉♥❝❡❞ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② r❡s✉❧t✐♥❣ ✐♥ ❛♥ ❡❛s② ❛①✐s ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❛❧♦♥❣
Sz✳ ❚❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② s♣❧✐ts t❤❡ s♣✐♥ ❣r♦✉♥❞ st❛t❡ ♠✉❧t✐♣❧❡t S ✐♥t♦ t❤❡ ❞✐✛❡r❡♥t
ms = −S,−S + 1, . . . , S − 1, S st❛t❡s ❛❧♦♥❣ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❛①✐s z✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡
♣♦t❡♥t✐❛❧ ❡♥❡r❣② ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ❣r♦✉♥❞ st❛t❡ S ❜❡❝♦♠❡s ❛ ❞♦✉❜❧❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧✱ ✇❤❡r❡
st❛t❡s ✇✐t❤ ♦♣♣♦s✐t❡ q✉❛♥t✉♠ ♥✉♠❜❡r ❛♥❞ ♦♣♣♦s✐t❡ ♠❛❣♥❡t✐③❛t✐♦♥ ms ❛♥❞ −ms ❛r❡ s❡♣✲
❛r❛t❡❞ ❜② ❛♥ ❛♥✐s♦tr♦♣② ❜❛rr✐❡r ✭❋✐❣✳ ✷✳✽❛✮✳

■♥ ♦r❞❡r t♦ r❡✈❡rs❡ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥✱ t❤❡ s♣✐♥ ❤❛s t♦ ♦✈❡r❝♦♠❡ ❛ ❧❛r❣❡ ♣♦t❡♥t✐❛❧ ❜❛r✲
r✐❡r ∆ = DS2

z ✳ ❚❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ✐s t❤❡r❡❢♦r❡ t❤❡r♠❛❧❧② ❛❝t✐✈❛t❡❞ ✭❣r❡❡♥ ❛rr♦✇s
✐♥ ❋✐❣✳ ✷✳✽❛✮ ❛♥❞ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ✐♥❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛❧❧② ❜② ❞❡❝r❡❛s✐♥❣ t❤❡ t❡♠✲
♣❡r❛t✉r❡✱ r❡❛❝❤✐♥❣ s❡✈❡r❛❧ ②❡❛rs ❜❡❧♦✇ ✷❑ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❛ ▼♥12 ❙▼▼✳ ❚❤❡ ♣r♦❝❡ss ✐s
t②♣✐❝❛❧❧② ❡♥❛❜❧❡❞ ❜② ♣❤♦♥♦♥s ✐♥ t❤❡ ❙▼▼ ❝r②st❛❧ ❛♥❞ ❛ ♠❛❣♥❡t✐❝ ❤②st❡r❡s✐s ❞❡✈❡❧♦♣s ❛t
❧♦✇ t❡♠♣❡r❛t✉r❡s ✭❋✐❣✳ ✷✳✽❜✮✳

❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ r❡❧❛①❛t✐♦♥ ❝❛♥ ♦❝❝✉r ❜② q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✭❜❧✉❡
❛rr♦✇ ✐♥ ✭❋✐❣✳ ✷✳✽❛✮✮✳ ❆ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ❡❛s② ❛①✐s ❧✐❢ts t❤❡ ❞❡❣❡♥❛r❛❝②
❜❡t✇❡❡♥ ms ❛♥❞ −ms ❛♥❞ s❤✐❢ts t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ✇✐t❤ ms < 0 ✭ms > 0✮ t♦✇❛r❞s ❤✐❣❤❡r
✭❧♦✇❡r✮ ❡♥❡r❣② ✭❋✐❣✳ ✷✳✽❝✮✳ ❈♦♥s❡q✉❡♥t❧②✱ st❛t❡s ✇✐t❤ ❞✐✛❡r❡♥t q✉❛♥t✉♠ ♥✉♠❜❡rs ❝❛♥
❝r♦ss ❛t ❞✐st✐♥❝t ✈❛❧✉❡s ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❲✐t❤ t❤❡ s♠❛❧❧ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②
✐♥ ❙▼▼✬s✱ ❞❡s❝r✐❜❡ ❜② E

(

S2
x − S2

y

)

✐♥ ❡q✳ ✷✳✶✱ ❛♥❞✴♦r ❛ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ t❤❡ ❧❡✈❡❧
❝r♦ss✐♥❣ ❜❡❝♦♠❡ ✐♥ ❢❛❝t ❛✈♦✐❞❡❞ ❝r♦ss✐♥❣s✱ ✇❤❡r❡ r❡s♦♥❛♥t t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥
t❤r♦✉❣❤ t❤❡ ♣♦t❡♥t✐❛❧ ❜❛rr✐❡r ❝❛♥ ♦❝❝✉r✳ ❚❤❡ ♣❤❡♥♦♠❡♥♦♥ tr❛♥s❧❛t❡s ❛s ❝❤❛r❛❝t❡r✐st✐❝
st❡♣s ❛t t❤❡ r❡s♦♥❛♥t ♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥ t❤❡ ❤②st❡r❡s✐s ❧♦♦♣ ♦❢ t❤❡ ❙▼▼ ✭❋✐❣✳ ✷✳✽❜✮✳

❉✉❡ t♦ t❤❡✐r ♠♦❧❡❝✉❧❛r ♥❛t✉r❡✱ ❙▼▼✬s ❛❧s♦ s❤♦✇ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❜❡❤❛✈✐♦✉r ❧✐❦❡
❇❡rr② ♣❤❛s❡ ✐♥t❡r❢❡r❡♥❝❡ ❬✹✷❪ ❛♥❞ ❛ str♦♥❣ q✉❛♥t✉♠ ❝♦❤❡r❡♥❝❡✳ ❖♥❡ ❝❛♥ ❢♦r ✐♥st❛♥❝❡
♦❜s❡r✈❡ ❝♦❤❡r❡♥❝❡ t✐♠❡s ♦♥ t❤❡ ♦r❞❡r ♦❢ ♠✐❝r♦s❡❝♦♥❞s ❬✹✸✱ ✹✹❪✱ ♠❛❦✐♥❣ t❤❡♠ ❛♥ ✐❞❡❛❧
❝❛♥❞✐❞❛t❡ ❢♦r q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ❛♥❞ ❝♦❤❡r❡♥t s♣✐♥ ♠❛♥✐♣✉❧❛t✐♦♥✳

❚❤❡✐r ✈❡rs❛t✐❧❡ ❞❡s✐❣♥s ❛s ✇❡❧❧ ❛s t❤❡ ✇✐❞❡❧② t✉♥❛❜❧❡ ❝❤❡♠✐❝❛❧ ❛♥❞ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s
♠❛❦❡ ❙▼▼s t❤❡ ♣❡r❢❡❝t ❜✉✐❧❞✐♥❣ ❢♦r ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥
✇❡ ✇✐❧❧ ♣r❡s❡♥t ❛ r❛r❡ ❡❛rt❤ ❜❛s❡❞ ❞♦✉❜❧❡ ❞❡❝❦❡r ❙▼▼✱ ✇❤✐❝❤ ♣r♦✈❡❞ t♦ ❜❡ ❛♥ ✐❞❡❛❧
❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ❛♥❞ ❛ ♣♦t❡♥t✐❛❧ s♣✐♥ q✉❜✐t ❬✹✺✱ ✹✻✱ ✹✼✱ ✹✽✱ ✷✵❪✳



✷✳✷✳ ❚❡r❜✐✉♠ ❉♦✉❜❧❡ ❉❡❝❦❡r ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡t ✶✺

(a) (b)

(c)

ms= +4

ms= -10

❋✐❣✉r❡ ✷✳✽✿ ▼❛❣♥❡t✐③❛t✐♦♥ ❞②♥❛♠✐❝s ✐♥ ❛ ❙▼▼✿ ✭❛✮ ❉♦✉❜❧❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧ ♦❢ ❛ ❙▼▼
✇✐t❤ ❛ ♠❛❣♥❡t✐❝ ❣r♦✉♥❞ st❛t❡ S = 10✳ ▼❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ✇✐❧❧ ♦❝❝✉r ✈✐❛ q✉❛♥t✉♠
t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ r❡s♦♥❛♥t ❡♥❡r❣② ❧❡✈❡❧s ✭◗❚▼✱ ❜❧✉❡ ❛rr♦✇✮ ♦r
❜② t❤❡r♠❛❧❧② ❛❝t✐✈❛t❡❞✱ ♣❤♦♥♦♥ ❛ss✐st❡❞ r❡❧❛①❛t✐♦♥ ✭❣r❡❡♥ ❛rr♦✇s✮✳ ❋✐❣✉r❡ ❢r♦♠ ❬✶✶❪✳
✭❜✮ ❍②st❡r❡s✐s ❧♦♦♣s ♦❢ ❛ ▼♥12 s✐♥❣❧❡ ❝r②st❛❧ ❛t ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s ❛♥❞ ❢♦r ❛ s✇❡❡♣
r❛t❡ ♦❢ ✷ ♠❚✴s✳ ❙t❡♣s ✐♥ t❤❡ ❤②st❡r❡s✐s ❧♦♦♣s ❛r❡ ❛ttr✐❜✉t❡❞ t♦ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢
♠❛❣♥❡t✐③❛t✐♦♥✳ ❋✐❣✉r❡ ❢r♦♠ ❬✶✶❪✳ ✭❝✮ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ♦❢ ❛ ❙▼▼ ✇✐t❤ ❛ ♠❛❣♥❡t✐❝ ❣r♦✉♥❞
st❛t❡ ♦❢ S = 10✳

✷✳✷ ❚❡r❜✐✉♠ ❉♦✉❜❧❡ ❉❡❝❦❡r ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡t

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ ❛ ❙▼▼ ✇✐t❤ ❛ s✐♥❣❧❡ ♠❛❣♥❡t✐❝ ❝❡♥t❡r✱ ✐♥ t❤✐s ❝❛s❡ ❛ t❡r❜✐✉♠
✐♦♥ ❚❜3+✱ ❡♠❜❡❞❞❡❞ ❜❡t✇❡❡♥ t✇♦ ♣❤t❛❧♦❝②❛♥✐♥❡s ✭P❝✮ ❧✐❣❛♥❞ ♣❧❛♥❡s ✭❋✐❣✳ ✷✳✾✮✳ ❚❤❡
♠♦♥♦♥✉❝❧❡❛r ❝♦♠♣❧❡① ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❛s ❚❜P❝2 ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❞ ✇❛s ❞❡s✐❣♥❡❞✱ s②♥✲
t❤❡s✐③❡❞ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❙✈❡t❧❛♥❛ ❑❧②❛ts❦❛②❛ ❛♥❞ ▼❛r✐♦ ❘✉❜❡♥ ❛t t❤❡ ❑❛r❧sr✉❤❡
■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣② ✭❑■❚✮ ✐♥ ●❡r♠❛♥② ❬✸✼❪✳



✶✻ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

✷✳✷✳✶ ❙tr✉❝t✉r❛❧ ❛♥❞ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s

❚❤❡ ♠❛❣♥❡t✐s♠ ♦❢ t❤❡ t❡r❜✐✉♠✭■■■✮ ♦r ♦t❤❡r ❧❛♥t❤❛♥✐❞❡✭■■■✮ ✐s ♠❛✐♥❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡
str♦♥❣❧② ❛♥✐s♦tr♦♣✐❝ ❛♥❞ ♣❛rt✐❛❧❧② ✜❧❧❡❞ 4f ♦r❜✐t❛❧s ✐♥ t❤❡s❡ ✐♦♥s✳ ❆ ❚❜3+ ✐♦♥ ❡①❤✐❜✐ts
❛♥ ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ♦❢ [❳❡] 4f 8 ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ s♣✐♥ ♦❢ S = 3 ❛♥❞ ❛♥ ♦r❜✐t❛❧
♠♦♠❡♥t✉♠ ♦❢ L = 3✳ ❉✉❡ t♦ t❤❡ ✐♥❤❡r❡♥t❡❧② str♦♥❣ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ✐♥ r❛r❡ ❡❛rt❤

NN

NN

N

N

NN

N

N N

N

N

N

N

N

Tb

45°

Tb

(a) (b)z

y

x

❋✐❣✉r❡ ✷✳✾✿ ▼♦♥♦♥✉❝❧❡❛r ❚❡r❜✐✉♠ ❝♦♠♣❧❡① ❚❜P❝2✳ ❋✐❣✉r❡ ❢r♦♠ ❬✹✾❪ ✭❛✮ ❙✐❞❡✈✐❡✇ ❛♥❞ ✭❜✮
t♦♣✈✐❡✇ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✳ ❚❤❡ ✉♣♣❡r P❝ ❧✐❣❛♥❣ ✭❜❧✉❡✮ ✐s ❛ ♠✐rr♦r ✐♠❛❣❡ ♦❢ t❤❡ ❧♦✇❡r P❝
❧✐❣❛♥❞ ✭❜❧❛❝❦✮✱ r♦t❛t❡❞ ❜② ✹✺◦✳

❛t♦♠s✱ L ❛♥❞ S ❛r❡ ♥♦ ❣♦♦❞ q✉❛♥t✉♠ ♥✉♠❜❡rs✳ ■♥ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ✐s
❞❡s❝r✐❜❡❞ ❜② ❛ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ J = L− S . . . L+ S✱ ✇❤❡r❡ L+ S ✐s t❤❡ ❣r♦✉♥❞
st❛t❡ ❢♦r ♠♦r❡ t❤❛♥ ❤❛❧❢✲s❤❡❧❧ ✜❧❧✐♥❣ ✭❍✉♥❞✬s r✉❧❡✮✳ ❚❤❡ ❣r♦✉♥❞ st❛t❡ ♦❢ t❤❡ ❚❜3+ ✐♦♥ t❤✉s
②✐❡❧❞s J = L + S = 6 ❛♥❞ ✐s s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ ✜rst ❡①❝✐t❡❞ st❛t❡ J = 5 ❜② ❛♥ ❡♥❡r❣②
♦❢ ✷✾✵✵ ❑ ❞✉❡ t♦ t❤❡ ❧❛r❣❡ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ✐♥ t❤❡ ❚❜3+ ✐♦♥ ❬✺✵❪✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡
r❡str✐❝t t❤❡ ❞✐s❝✉ss✐♦♥ t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ ♠✉❧t✐♣❧❡ J = 6✱ ②✐❡❧❞✐♥❣ 2J + 1 ✭❞❡❣❡♥❡r❛t❡✮
s✉❜st❛t❡s |J, Jz〉✳

▲✐❣❛♥❞ ✜❡❧❞

❚❤❡ ❚❜3+ ✐♦♥ ✐s ❡♠❜❡❞❞❡❞ ❜❡t✇❡❡♥ t✇♦ ♣❛r❛❧❧❡❧ P❝ ❧✐❣❛♥❞ ♣❧❛♥❡s✱ ✇✐t❤ ❛ q✉❛♥t✐③❛t✐♦♥
❛①✐s z ♦r✐❡♥t❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ P❝ ❧✐❣❛♥❞ ♣❧❛♥❡s✳ ❚❤❡ ❚❜3+ ✐♦♥ ✐s ❝♦♦r❞✐♥❛t❡❞ ❜②
✽ ♥✐tr♦❣❡♥ ❛t♦♠s ❛♥❞ t❤❡ ✉♣♣❡r P❝ ❧✐❣❛♥❞ ✭❜❧✉❡ ✐♥ ❋✐❣✳ ✷✳✾✮ ✐s ❛ ♠✐rr♦r r❡✢❡❝t✐♦♥ ♦❢ t❤❡
❧♦✇❡r P❝ ❧✐❣❛♥❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✭①✲②✮ ♣❧❛♥❡ ✭❜❧❛❝❦ ✐♥ ❋✐❣✳ ✷✳✾✮✱ r♦t❛t❡❞ ❜② ✹✺◦ ❛r♦✉♥❞



✷✳✷✳ ❚❡r❜✐✉♠ ❉♦✉❜❧❡ ❉❡❝❦❡r ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡t ✶✼

t❤❡ z✲❛①✐s✳ ❚❤❡ ❚❜3+ ✐s t❤❡r❡❢♦r❡ ❡①♣♦s❡❞ t♦ ❛ ❧✐❣❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇✐t❤ ❛ ❛♥t✐♣r✐s♠❛t✐❝
s②♠♠❡tr② D4d ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❍❛♠✐❧t♦♥✐❛♥ ❬✺✶❪

H❧❢ = αA0
2O

0
2 + β

(

A0
4O

0
4 + A4

4O
4
4

)

+ γ
(

A0
6O

0
6 + A4

6O
4
6

)

✭✷✳✷✮

✇❤❡r❡ α = −1/99✱ β = 2/16335 ❛♥❞ γ = −1/891891 ❛r❡ ❝♦♥st❛♥t ♣❛r❛♠❡t❡rs r❡❧❛t❡❞ t♦
t❤❡ ✐♦♥ ❬✺✷❪✱ Ok

q t❤❡ ❡q✉✐✈❛❧❡♥t ❙t❡✈❡♥s ♦♣❡r❛t♦rs ❛♥❞ Ak
q t❤❡ ❧✐❣❛♥❞ ✜❡❧❞ ♣❛r❛♠❡t❡rs✳
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❋✐❣✉r❡ ✷✳✶✵✿ ▲✐❣❛♥❞ ✜❡❧❞ s♣❧✐tt✐♥❣ ♦❢ t❤❡ ❣r♦✉♥❞ st❛t❡ ♠✉❧t✐♣❧❡t J ✐♥ ❞✐✛❡r❡♥t ♠♦♥♦♥✉❝❧❡❛r
❧❛♥t❤❛♥✐❞❡ ❝♦♠♣❧❡①❡s ▲♥P❝2✳ ▼♦❞✐✜❡❞ ❢r♦♠ ❬✺✶❪

❚❤❡ ❙t❡✈❡♥s ♦♣❡r❛t♦rs Ok
q ❛r❡ ❞❡✜♥❡❞ ❛s ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ Jz✱ J−✱ J+ ❛♥❞ ❛r❡

❧✐st❡❞ ✐♥ ❛♣♣❡♥❞✐① ❇ ❛♥❞ ❬✺✵❪✳ ❚❤❡ ❧✐❣❛♥❞ ✜❡❧❞ ♣❛r❛♠❡t❡rs Ak
q ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❡①♣❡r✐✲

♠❡♥t❛❧❧② ❜② ◆▼❘ ♦r ♠❛❣♥❡t✐❝ s✉s❝❡♣t✐❜✐❧✐t②✱ ②✐❡❧❞✐♥❣ ❬✺✸❪

A0
2 = 595.7K

A0
4 = −328.1K , A4

4 = 47.5K

A0
6 = 14.4K , A4

6 = 0 ✭✷✳✸✮

❚❤❡ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ H❝❢ ✐♥ t❤❡ |J,mJ〉 ❡✐❣❡♥❜❛s✐s t❤❡♥ r❡✈❡❛❧s t❤❛t t❤❡ ❧✐❣❛♥❞ ✜❡❧❞
♣❛rt✐❛❧❧② ❧✐❢ts t❤❡ ❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ ✷❏✰✶ s✉❜st❛t❡ ✐♥ t❤❡ ❣r♦✉♥❞ st❛t❡ ♠✉❧t✐♣❧❡t J = 6✳
■♥❞❡❡❞✱ t❤❡ ❞❡❣❡♥❡r❛t❡ ❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡t mJ = ±6 ♦❢ t❤❡ ❚❜3+ ✐♦♥ ✐s ♥♦✇ s❡♣❛r❛t❡❞
❢r♦♠ t❤❡ ✜rst ❡①❝✐t❡❞ st❛t❡ ❞♦✉❜❧❡t mJ = ±5 ❜② ❛♣♣r♦①✐♠❛t❡❧② ✻✵✵ ❑ ✭s❡❡ r❡❢✳ ❬✺✶❪ ❛♥❞
❋✐❣✳ ✷✳✶✵✮✳ ❚❤❡ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t t❤✉s ❜❡❤❛✈❡s ❛s ❛♥ ■s✐♥❣ s♣✐♥ s②st❡♠ ❛t
❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✳



✶✽ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s
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❋✐❣✉r❡ ✷✳✶✶✿ ❈❛❧❝✉❧❛t❡❞ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ❢♦r t❤❡ ❣r♦✉♥❞ st❛t❡ ♠✉❧t✐♣❧❡t J = 6 ✐♥ ❛ ❚❜P❝2
❙▼▼ ❡①tr❛❝t❡❞ ❢r♦♠ ❬✹✾❪✳

❋✉rt❤❡r♠♦r❡✱ ❡❛❝❤ mJ ✲❞♦✉❜❧❡t s♣❧✐ts ✐♥ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✉❡ t♦ t❤❡ ❩❡❡♠❛♥
❡✛❡❝t ❛s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❍❛♠✐❧t♦♥✐❛♥

H❚❜P❝2 = H❧❢ + gµ❇µ✵HzJz ✭✷✳✹✮

✇❤❡r❡ g = 3/2 ✐s t❤❡ g✲❢❛❝t♦r ♦❢ t❤❡ t❡r❜✐✉♠✳ ❚❤❡ r❡s✉❧t✐♥❣ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ✐s ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✳ ✷✳✶✶ ❬✹✾❪✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ t❤❡r❡❢♦r❡ r❡str✐❝t t❤❡ ❞✐s❝✉ss✐♦♥ t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡t
mJ = ±6✳

❍②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ t✉♥♥❡❧ s♣❧✐tt✐♥❣

❚❤❡ ❚❜3+ ✐♦♥ ❛❧s♦ ❝❛rr✐❡s ❛ ♥✉❝❧❡❛r s♣✐♥ ♦❢ I = 3/2 ✇✐t❤ ❛ ♥❛t✉r❛❧ ❛❜✉♥❞❛♥❝❡ ♦❢ ✶✵✵✪✱
②✐❡❧❞✐♥❣ ✭✷■✰✶✮ s✉❜st❛t❡s mI = 3/2, 1/2,−1/2,−3/2✳ ❉✉❡ t♦ ❛ str♦♥❣ ❤②♣❡r✜♥❡ ✐♥t❡r✲
❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♥✉❝❧❡❛r s♣✐♥ I = 3/2 ❛♥❞ t❤❡ ❡❧❡❝tr♦♥✐❝ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ J = 6✱
t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ ❚❜P❝2 ❝♦♥tr❛❝ts t✇♦ ❛❞❞✐t✐♦♥❛❧ t❡r♠s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♥✉❝❧❡❛r
❞✐♣♦❧❡ ❛♥❞ q✉❛❞r✉♣♦❧❡ ✐♥t❡r❛❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✱

H❚❜P❝2 = H❧❢ + gµ❇µ✵HzJz + Adip
~I · ~J + Pquad

(

I2z +
1

3
I(I + 1)

)

✭✷✳✺✮

~I · ~J = JzIz +
1

2
(J+I− + J−I+) ✭✷✳✻✮



✷✳✷✳ ❚❡r❜✐✉♠ ❉♦✉❜❧❡ ❉❡❝❦❡r ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡t ✶✾

✇❤❡r❡ Adip = 24.5 ♠❑ ✐s t❤❡ ❤②♣❡r✜♥❡ ❝♦♥st❛♥t ❛♥❞ Pquad = 14.4 ♠❑ t❤❡ q✉❛❞r✉♣♦❧❡
❝♦♥st❛♥t ❬✹✾❪✳
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❋✐❣✉r❡ ✷✳✶✷✿ ❈❛❧❝✉❧❛t❡❞ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ❢♦r t❤❡ ❣r♦✉♥❞ st❛t❡ ♠✉❧t✐♣❧❡t J = 6 ✐♥ ❛ ❚❜P❝2
❙▼▼ ❡①tr❛❝t❡❞ ❢r♦♠ ❬✹✾❪✳ ❚❤❡ ❜❧❛❝❦ ❝✐r❝❧❡s ❤✐❣❤❧✐❣❤t t❤❡ ❛✈♦✐❞❡❞ ❧❡✈❡❧ ❝r♦ss✐♥❣✳

❚❤❡ ❞✐♣♦❧❛r t❡r♠ Adip
~I · ~J t❤✉s s♣❧✐ts t❤❡ ❡❧❡❝tr♦♥✐❝ st❛t❡s ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡

❞♦✉❜❧❡t mJ = ±6 ✐♥t♦ t❤❡ ❢♦✉r ♥✉❝❧❡❛r s♣✐♥ st❛t❡s mI = 3/2, 1/2,−1/2,−3/2✳ ❚❤❡
q✉❛❞r✉♣♦❧❡ t❡r♠ PquadI

2
z r❡s✉❧ts ✐♥ ❛ ♥♦♥✲❡q✉✐❞✐st❛♥t s♣❛❝✐♥❣ ♦❢ t❤❡ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s✳

❚❤❡ ❡①❝✐t❡❞ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s t❤✉s ❤❛✈❡ ❡♥❡r❣✐❡s ♦❢ ✶✷✵ ♠❑✱ ✷✼✵ ♠❑ ❛♥❞ ✹✺✵ ♠❑ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♥✉❝❧❡❛r s♣✐♥ ❣r♦✉♥❞ st❛t❡ ✭❋✐❣✳ ✷✳✶✷✮✳ ❬✹✾❪

❋✐♥❛❧❧②✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ✐♥t❡rs❡❝t✐♦♥s ❛r❡ ✐♥❞❡❡❞ ❡♥❡r❣② ❧❡✈❡❧
❝r♦ss✐♥❣s ❡①❝❡♣t t❤❡ ❢♦✉r ✐♥t❡rs❡❝t✐♦♥s t❤❛t ❝♦♥s❡r✈❡ t❤❡ ♥✉❝❧❡❛r s♣✐♥ ✭❜❧❛❝❦ ❝✐r❝❧❡s ❋✐❣✳
✷✳✶✷✮✳ ❋♦r t❤❡ ❧❛tt❡r ♦♥❡s✱ ❛♥ ❛♥t✐✲❝r♦ss✐♥❣ ♦♥ t❤❡ ♦r❞❡r ♦❢ ❛ ❢❡✇ µ❑ ✐s ♦❜s❡r✈❡❞ ❬✹✾❪✳
❚❤❡s❡ ❛♥t✐✲❝r♦ss✐♥❣s ❛r❡ ❞✉❡ t♦ t❤❡ tr❛♥s✈❡rs❡ ❛♥✐s♦tr♦♣② t❡r♠ O4

4 ✐♥ ❡q✉❛t✐♦♥ ✷✳✷ ✇❤✐❝❤
②✐❡❧❞s ♦✛ ❞✐❛❣♦♥❛❧ t❡r♠s ✐♥ t❤❡ ❧✐❣❛♥❞ ✜❡❧❞ ❍❛♠✐❧t♦♥✐❛♥✳ ■♥ ❢❛❝t✱ t❤❡ ♦♣❡r❛t♦r O4

4 ✐s ❛



✷✵ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ J4
+ ❛♥❞ J4

−✱ ✇❤✐❝❤ ♠✐①❡s st❛t❡s ✇✐t❤ mJ ❛♥❞ st❛t❡s ✇✐t❤ mJ ± 4n✳
❍❡♥❝❡✱ t❤❡ mJ = +6 st❛t❡ ♠✐①❡s ✇✐t❤ t❤❡ mJ = −6 st❛t❡✱ ❣❡♥❡r❛t✐♥❣ ❛♥ ❛✈♦✐❞❡❞ ❧❡✈❡❧
❝r♦ss✐♥❣ ❛t t❤❡ ❢♦✉r ❤✐❣❤❧✐❣❤t❡❞ ✐♥t❡rs❡❝t✐♦♥s ❝❧♦s❡ t♦ ③❡r♦ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭❋✐❣✳ ✷✳✶✷✮✳
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❋✐❣✉r❡ ✷✳✶✸✿ ▼❛❣♥❡t✐❝ ❤②st❡r❡s✐s ❧♦♦♣ ♦❢ ❛♥ ❛ss❡♠❜❧② ♦❢ ❚❜P❝2 ❙▼▼ ♠❡❛s✉r❡❞ ✇✐t❤ ❛
♠✐❝r♦❙◗❯■❉ ✐♥ ❛ ❞✐❧✉t❡❞ s✐♥❣❧❡ ❝r②st❛❧ ✭✷✪ ❚❜P❝2 ✐♥ ❛♥ ❨P❝2 ♠❛tr✐①✮ ❢♦r ❛ ✜❡❧❞ s✇❡❡♣
r❛t❡ ♦❢ νH = 1 ♠❚✴s ❛♥❞ t❡♠♣❡r❛t✉r❡ ♦❢ ✹✵ ♠❑ ✭t♦♣ ♣❛♥❡❧✮✳ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ♦❢ ❛
❚❜P❝2 ❙▼▼ ✭❜♦tt♦♠ ♣❛♥❡❧✮✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ st❡♣s ✐♥ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❝✉r✈❡ ❛r♦✉♥❞
③❡r♦ ✜❡❧❞ ❝♦rr❡s♣♦♥❞ t♦ ◗❚▼ ❡✈❡♥ts ✐♥ t❤❡ s✐♥❣❧❡ ❝r②st❛❧ ✭❤✐❣❤❧✐❣❤t❡❞ ❜② t❤❡ ❞❛s❤❡❞
❧✐♥❡s✮✱ ✇❤❡r❡❛s t❤❡ ❝♦♥t✐♥✉♦✉s ❝❤❛♥❣❡ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❛t ❤✐❣❤ ✜❡❧❞ ✐s ❛ttr✐❜✉t❡❞ t♦
♣❤♦♥♦♥✲❛ss✐st❡❞ r❡❧❛①❛t✐♦♥ ✭❜❧✉❡ ❛rr♦✇s ✐♥ t❤❡ ❩❡❡♠❛♥ ❞✐❛❣r❛♠✮✳

▼❛❣♥❡t✐③❛t✐♦♥ ❝✉r✈❡s ♦❢ ❛♥ ❛ss❡♠❜❧② ♦❢ ❚❜P❝2

❇② s✇❡❡♣✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♣♣❧✐❡❞ t♦ t❤❡ ❚❜P❝2 ❙▼▼ ♦♥❡ ❝❛♥ t❤❡♥ ✐♥❞✉❝❡ ❛ ♠❛❣✲
♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ❢r♦♠ |mJ = −6,mI〉 t♦ |mJ = +6,m′

I〉 ✭❛♥❞ ✈✐❝❡ ✈❡rs❛✮ ❡✐t❤❡r ❜②



✷✳✷✳ ❚❡r❜✐✉♠ ❉♦✉❜❧❡ ❉❡❝❦❡r ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡t ✷✶

◗❚▼ ❛t ♦♥❡ ♦❢ t❤❡ ❢♦✉r ❛✈♦✐❞❡❞ ❧❡✈❡❧ ❝r♦ss✐♥❣s ❛r♦✉♥❞ ③❡r♦ ✜❡❧❞ ✭❙❡❝t✐♦♥ ✷✳✷✳✷✮ ♦r ❜②
♣❤♦♥♦♥✲❛ss✐st❡❞ ♦r s♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ❛t ❧❛r❣❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✭❙❡❝t✐♦♥ ✷✳✷✳✸✮✳

❋✐❣✳ ✷✳✶✸ s❤♦✇s ❛ ♠❛❣♥❡t✐❝ ❤②st❡r❡s✐s ❧♦♦♣ ♠❡❛s✉r❡❞ ❜② ❛ ♠✐❝r♦❙◗❯■❉ t❡❝❤♥✐q✉❡ ❬✺✹❪
♦❢ ❛♥ ❛ss❡♠❜❧② ♦❢ ❚❜P❝2 ❙▼▼ ❛rr❛♥❣❡❞ ✐♥ ❛ ♠❛tr✐① ♦❢ ♥♦♥✲♠❛❣♥❡t✐❝ ❨P❝2 ❙▼▼✱ ✇✐t❤
❛ ❬❚❜P❝2❪✴❬❨P❝2❪ r❛t✐♦ ♦❢ ✷✪✳ ■♥❞❡❡❞ ✉♣♦♥ s✇❡❡♣✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❢r♦♠ ✲✶❚ ✉♣ t♦
✶❚✱ ❛♣♣r♦①✐♠❛t❡❧② ✼✺ ✪ ♦❢ t❤❡ ❙▼▼ ✐♥ t❤❡ ❝r②st❛❧ r❡✈❡rs❡ t❤❡✐r ♠❛❣♥❡t✐③❛t✐♦♥ ❜② ◗❚▼
❛r♦✉♥❞ ③❡r♦ ✜❡❧❞✱ r❡s✉❧t✐♥❣ ✐♥ s❤❛r♣ st❡♣s ✐♥ t❤❡ ❝r②st❛❧✬s ♠❛❣♥❡t✐③❛t✐♦♥✳ ❚❤❡ r❡♠❛✐♥✐♥❣
❙▼▼ r❡✈❡rs❡ t❤❡✐r ♠❛❣♥❡t✐③❛t✐♦♥ ❜② ♣❤♦♥♦♥✲❛ss✐t❡❞ r❡❧❛①❛t✐♦♥ ❛t ❧❛r❣❡r ♠❛❣♥❡t✐❝ ✜❡❧❞✳
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QTM

Δ

|-6, -3/2>

|-6, -1/2>

|-6, +1/2>
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❋✐❣✉r❡ ✷✳✶✹✿ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ❢♦r t❤❡ ❣r♦✉♥❞ st❛t❡ ♠✉❧t✐♣❧❡t J = 6 ✐♥ ❛ ❚❜P❝2 ❙▼▼✳
❆✈♦✐❞❡❞ ❧❡✈❡❧ ❝r♦ss✐♥❣s ❛r❡ ❤✐❣❤❧✐❣❤t❡❞ ❜② t❤❡ ❜❧❛❝❦ ❝✐r❝❧❡s✳ ❚❤❡ ❡♥❧❛r❣❡❞ r❡❣✐♦♥ s❤♦✇s
❛♥ ❛✈♦✐❞❡❞ ❧❡✈❡❧ ❝r♦ss✐♥❣ ✇✐t❤ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ∆ ❝❛✉s❡❞ ❜② t❤❡ ♠✐①✐♥❣ ♦❢ t❤❡ mJ = −6

❛♥❞ mJ = +6 st❛t❡s✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡s s❤♦✇s t❤❡ t✇♦ st❛t❡s ✇✐t❤♦✉t ♠✐①✐♥❣ ❛♥❞ t❤❡ r❡❞
❛rr♦✇s ❞❡♣✐❝ts t❤❡ ◗❚▼ ♣r♦❝❡ss✳

✷✳✷✳✷ ◗✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❛♥❞ ▲❛♥❞❛✉✲❩❡♥❡r

♠♦❞❡❧

❆t t❤❡ ❢♦✉r ❛✈♦✐❞❡❞ ❧❡✈❡❧ ❝r♦ss✐♥❣s ❤✐❣❤❧✐❣❤t❡❞ ❜② t❤❡ ❜❧❛❝❦ ❝✐r❝❧❡s ✐♥ ❋✐❣✳ ✷✳✶✷ ❛♥❞ ✷✳✶✹✱
t❤❡ ♥✉❝❧❡❛r s♣✐♥ ✐s ❝♦♥s❡r✈❡❞ ❛♥❞ t❤❡ s♠❛❧❧ tr❛♥s✈❡rs❡ ❛♥✐s♦tr♦♣② ♠✐①❡s t❤❡ st❛t❡mJ = −6

✇✐t❤ t❤❡ st❛t❡ mJ = +6✱ ❞✉❡ t♦ t❤❡ J4
+ ❛♥❞ J4

− t❡r♠s ✐♥ ❡q✉❛t✐♦♥ ✷✳✷✳ ❇② s✇❡❡♣✐♥❣ t❤❡
♠❛❣♥❡t✐❝ ✜❡❧❞ t❤r♦✉❣❤ ♦♥❡ ♦❢ t❤❡s❡ ❛✈♦✐❞❡❞ ❝r♦ss✐♥❣ ♦♥❡ ❝❛♥ t❤❡r❡❢♦r❡ t✉♥♥❡❧ ❢r♦♠ t❤❡
st❛t❡ mJ = −6 t♦ t❤❡ st❛t❡ mJ = +6 ✭❛♥❞ ✈✐❝❡ ✈❡rs❛✮✳ ❙✉❝❤ ❛ ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ q✉❛♥t✉♠
t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✭◗❚▼✮ ❛♥❞ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✷✳✶✳✸✳



✷✷ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

❆❝❝♦r❞✐♥❣ t♦ ▲❛♥❞❛✉✲❩❡♥❡r ❬✺✺❪✱ t❤❡ ♣r♦❜❛❜✐❧✐t② P◗❚▼ ❢♦r s✉❝❤ ❛ ◗❚▼ ♣r♦❝❡ss ❞❡✲
♣❡♥❞s ♦♥ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ♠✐①✐♥❣✱ ✐✳❡✳ t❤❡ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ∆✱ ❛♥❞ t❤❡ s✇❡❡♣ r❛t❡ ♦❢
t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ν✱ t❤✉s ②✐❡❧❞s

P◗❚▼ = 1− exp

(

−α
∆2

ν

)

✭✷✳✼✮

❋♦r ❛ ❣✐✈❡♥ ✭♥♦♥③❡r♦✮ t✉♥♥❡❧ s♣❧✐tt✐♥❣✱ ✐❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s s✇❡♣t ❛❞✐❛❜❛t✐❝❛❧❧② s❧♦✇ ✐♥
t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❛✈♦✐❞❡❞ ❝r♦ss✐♥❣✱ ◗❚▼ ❢r♦♠ mJ = −6 t♦ mJ = +6 ✭❛♥❞ ✐♥✈❡rs❡❧②✮ ✇✐❧❧
♦❝❝✉r ✇✐t❤ ❛ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳ ❖♥❡ ♦❜s❡r✈❡s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ st❡♣s ✐♥ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥
❝✉r✈❡s✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✭❞❛r❦ ❜❧✉❡ ❝②❝❧❡ ❋✐❣✳ ✷✳✶✺✮✳ ❆s t❤❡ ♠❛❣♥❡t✐❝
✜❡❧❞ s✇❡❡♣ r❛t❡ ✐♥❝r❡s❡s t❤❡ ♣r♦❜❛❜✐❧✐t② P◗❚▼ ❢♦r ◗❚▼ ❜❡❝♦♠❡s ❡①♣♦♥❡♥t✐❛❧❧② s♠❛❧❧❡r✳
❚❤❡ st❡♣s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ◗❚▼ ❜❡❝♦♠❡ ❧❡ss ♣r♦♥♦✉♥❝❡❞ ❛♥❞ ❡✈❡♥t✉❛❧❧② ✈❛♥✐s❤ ❛t ❧❛r❣❡
s✇❡❡♣ r❛t❡s ✭❜❧❛❝❦ ❝②❝❧❡ ❋✐❣✳ ✷✳✶✺✮✳

■❢ t❤❡ t✉♥♥❡❧ s♣❧✐tt✐♥❣ ✐s ③❡r♦✱ t❤❡ ❧❡✈❡❧s ❝r♦ss ❛♥❞ ♥♦ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐✲
③❛t✐♦♥ ❝❛♥ ♦❝❝✉r ✐♥❞❡♣❡♥❞❛♥t ❢r♦♠ t❤❡ s✇❡❡♣ r❛t❡✳
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❋✐❣✉r❡ ✷✳✶✺✿ ▼❛❣♥❡t✐❝ ❤②st❡r❡s✐s ❧♦♦♣ ♦❢ ❛♥ ❛ss❡♠❜❧② ♦❢ ❚❜P❝2 ❙▼▼ ♠❡❛s✉r❡❞ ✐♥ ❛
❞✐❧✉t❡❞ s✐♥❣❧❡ ❝r②st❛❧ ✭✷✪ ❚❜P❝2 ✐♥ ❛♥ ❨P❝2 ♠❛tr✐①✮✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ❛t ❞✐✛❡r❡♥t
✜❡❧❞ s✇❡❡♣ r❛t❡s ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ❛ ♠✐❝r♦❙◗❯■❉ s❡t✉♣✳

✷✳✷✳✸ ❙♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥

❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ t❤❡ ❚❜P❝2 ❙▼▼ ❢r♦♠ |mJ = −6,mI〉 t♦
|mJ = +6,m′

I〉 ❝❛♥ ♦❝❝✉r ❜② ♣❤♦♥♦♥✲❛ss✐st❡❞ ♦r s♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ❛s ❞❡s❝r✐❜❡❞ ✐♥
s❡❝t✐♦♥ ✷✳✶✳✸✳ ❙♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ✐♥ ❛♥ ❙▼▼ ✐s ❞✉❡ t♦ t❤❡ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✬s



✷✳✷✳ ❚❡r❜✐✉♠ ❉♦✉❜❧❡ ❉❡❝❦❡r ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡t ✷✸
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QTM

Δ
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Phonon assisted

relaxation

❋✐❣✉r❡ ✷✳✶✻✿ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ❢♦r t❤❡ ❣r♦✉♥❞ st❛t❡ ♠✉❧t✐♣❧❡t J = 6 ✐♥ ❛ ❚❜P❝2 ❙▼▼✳
P❤♦♥♦♥ ❛ss✐st❡❞ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ❚❜P❝2 ♠❛❣♥❡t✐③❛t✐♦♥ ♦❝❝✉rs ❛t ❤✐❣❤❡r ♠❛❣♥❡t✐❝ ✜❡❧❞✳

❧✐❣❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ❜② ♣❤♦♥♦♥s ❢r♦♠ ❛ s✉rr♦✉♥❞✐♥❣ t❤❡r♠❛❧ ❜❛t❤✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❧❛tt✐❝❡
✈✐❜r❛t✐♦♥ ✐♥ ❛ ❞✐❧✉t❡❞ ❙▼▼ s✐♥❣❧❡ ❝r②st❛❧ ❬✺✵❪✳ ❉✉❡ t♦ t❤❡ str♦♥❣ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣✱ t❤❡
♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ❧✐❣❛♥❞ ✜❡❧❞ ✇✐❧❧ r❡s✉❧t ✐♥ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t s♣✐♥ st❛t❡s ♦❢
t❤❡ ❚❜3+ ✐♦♥✳ ❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ❝❛♥ ❜❡ ❛ss✐st❡❞ ❜② ♦♥❡ ♦r ♠✉❧t✐♣❧❡ ♣❤♦♥♦♥s ❬✺✵❪
✭s❡❡ ❋✐❣✳ ✷✳✶✼✮✳

❉✐r❡❝t r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss

❆t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❚❜P❝2 ❙▼▼ ✐s r❡✈❡rs❡❞ ✐♥ ❛ ❞✐r❡❝t
r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ✉♥❞❡r t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❛ ♣❤♦♥♦♥ ✐♥t♦ t❤❡ s✉rr♦✉♥❞✐♥❣ ❜❛t❤ ✭❋✐❣✳ ✷✳✶✼❛✮✳
❚❤❡ r❡❧❛①❛t✐♦♥ r❛t❡ 1/τ ❢♦r ❛ s✉❝❤ ❛ ❞✐r❡❝t r❡❧❛①❛t✐♦♥ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s
♦❢ t❤❡ ❛❜s♦r♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥ r❛t❡s ♦❢ t❤❡ ♣❤♦♥♦♥✱ ❣✐✈❡♥ ❜② ❋❡r♠✐✬s ❣♦❧❞❡♥ r✉❧❡

ωabs =
2π

~
|〈−6|H′|+ 6〉|2

ωem =
2π

~
|〈−6|H′|+ 6〉|2exp

(

~ω

k❇T

)

✭✷✳✽✮

✇❤❡r❡ 〈−6|H′|+6〉 ✐s t❤❡ ♠❛tr✐① ❡❧❡♠❡♥t ♦❢ t❤❡ ♣❡rt✉❜❛t✐♦♥ ❍❛♠✐❧t♦♥✐❛♥ H′ ❜❡t✇❡❡♥ t❤❡
st❛t❡s |mJ = −6〉 ❛♥❞ |mJ = +6〉✱ ~ω t❤❡ ♣❤♦♥♦♥ ❡♥❡r❣② ❛♥❞ T t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡



✷✹ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

(a) (b) (c)

|e> |e>

|+6> |+6>|+6>

ħω
1

ħω
2 
= Δ ħω

3
ħω

4

|-6> |-6>|-6>
ħω

❋✐❣✉r❡ ✷✳✶✼✿ ❙♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss❡s✳ ✭❛✮ ❉✐r❡❝t r❡❧❛①❛t✐♦♥ ✐♥t♦ t❤❡ ❣r♦✉♥❞
st❛t❡ ✐♥✈♦❧✈✐♥❣ t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❛ ♣❤♦♥♦♥ ✇✐t❤ ❛♥ ❡♥❡r❣② ~ω✳ ✭❜✮ ❚✇♦✲♣❤♦♥♦♥ ❖r❜❛❝❤
♣r♦❝❡ss✳ ❚❤❡ ❡❧❡❝tr♦♥ ✐s ❡①❝✐t❡❞ ✐♥t♦ ❛ ✈✐❜r❛t✐♦♥❛❧ ✭❧❛tt✐❝❡✮ ♠♦❞❡ ❜② ❛❜s♦r♣t✐♦♥ ♦❢ ❛
♣❤♦♥♦♥ ~ω1✱ ❜❡❢♦r❡ r❡❧❛①✐♥❣ ✐♥t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ ✉♥❞❡r t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❛ ♣❤♦♥♦♥ ~ω2

✇✐t❤ ~ω = ~ω2 − ~ω1✳ ✭❝✮ ❚✇♦✲♣❤♦♥♦♥ ❘❛♠❛♥ ♣r♦❝❡ss✳ ❚❤❡ r❡❧❛①❛t✐♦♥ ♦❝❝✉rs ❜② t❤❡
❛❜s♦r♣t✐♦♥ ❛♥❞ ❡♠✐ss✐♦♥ ♦❢ ✈✐rt✉❛❧ ♣❤♦♥♦♥s✳ ❚❤❡ ❤②♣❡r✜♥❡ s♣❧✐tt✐♥❣ ✇❛s ♦♠✐tt❡❞ ❢♦r
s✐♠♣❧✐❝✐t②✳

♣❤♦♥♦♥ ❜❛t❤✳ ❚❤❡ r❡❧❛①❛t✐♦♥ r❛t❡ t❤❡♥ ❤♦❧❞s

1

τ
= ωem + ωabs =

2π

~
|〈−6|H′|+ 6〉|2

[

1 + exp

(

~ω

k❇T

)]

✭✷✳✾✮

❚❤❡ r❡❧❛①❛t✐♦♥ ❢r♦♠ |mJ = −6〉 t♦ |mJ = +6〉 ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ❧✐❣❛♥❞
✜❡❧❞ ❜② ♣❤♦♥♦♥s✱ ❛♥❞ t❤❡ ♠♦❞✐✜❡❞ ❧✐❣❛♥❞ ✜❡❧❞ ❍❛♠✐❧t♦♥✐❛♥ ②✐❡❧❞s ❬✺✵❪

H❧❢ = H0
❧❢ + εH1

❧❢ + ε2H2
❧❢ ✭✷✳✶✵✮

✇❤❡r❡ ε r❡❢❡rs t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧ str❛✐♥ ✐♥ t❤❡ ❧✐❣❛♥❞✳
■♥ ✜rst ♦r❞❡r✱ t❤❡ ♣❡rt✉❜❛t✐♦♥ ❍❛♠✐❧t♦♥✐❛♥ ❣✐✈❡s H′ = εH1

❧❢ ❛♥❞ ❡q✉❛t✐♦♥ ✷✳✾ tr❛♥s✲
❢♦r♠s t♦

1

τ
=

2π

~
ε2|〈−6|H1

❧❢|+ 6〉|2
[

1 + exp

(

~ω

k❇T

)]

✭✷✳✶✶✮

❚❤❡ str❛✐♥ ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ♣❤♦♥♦♥ ❞❡♥s✐t② ♦❢ st❛t❡s D(ω) ❜② ε2 = D(ω)/2ρv2✱
✇❤❡r❡ v ✐s t❤❡ ♣❤♦♥♦♥ ❣r♦✉♣ ✈❡❧♦❝✐t② ❛♥❞ ρ t❤❡ ♠❛ss ❞❡♥s✐t② ♦❢ t❤❡ ♣❤♦♥♦♥ ❜❛t❤ ❬✺✵❪✳
❋✐♥❛❧❧② ♦♥❡ ♦❜t❛✐♥s

1

τ
∼ D(ω)|H1

❧❢|2
[

1 + exp

(

~ω

k❇T

)]

✭✷✳✶✷✮

❚❤❡r❡❢♦r❡✱ t❤❡ r❡❧❛①❛t✐♦♥ r❛t❡ ✐s ❡ss❡♥t✐❛❧❧② ❧✐♠✐t❡❞ ❜② t❤❡ ♣❤♦♥♦♥ ❞❡♥s✐t② ♦❢ st❛t❡s D(ω)✱
t❤❡ ♠❛tr✐① ❡❧❡♠❡♥t ❝♦✉♣❧✐♥❣ t❤❡ s♣✐♥ t♦ ♣❤♦♥♦♥ |H1

❧❢| ❛s ✇❡❧❧ ❛s t❤❡ ♣❤♦♥♦♥ ❡♥❡r❣② ~ω✳
❆❧s♦✱ t❤❡ r❡❧❛①❛t✐♦♥ r❛t❡ ✐♥tr✐♥s✐❝❛❧❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣❤♦♥♦♥ ❜❛t❤
❛s ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ✐♥ ❙❡❝t✐♦♥ ✻✳



✷✳✸✳ ❈❛r❜♦♥ ❜❛s❡❞ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ✷✺

❚✇♦ ♣❤♦♥♦♥ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss❡s

❯♣♦♥ ✐♥❝r❡❛s✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ ❤✐❣❤❡r ❡①❝✐t❡❞ ♣❤♦♥♦♥ st❛t❡s ❜❡❝♦♠❡ ❛❝❝❡ss✐❜❧❡ ❛♥❞ ❛
s♦ ❝❛❧❧❡❞ t✇♦✲♣❤♦♥♦♥ ❖r❜❛❝❤ ♣r♦❝❡ss ❝♦♥tr✐❜✉t❡s t♦ t❤❡ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ❙▼▼✬s ♠❛❣✲
♥❡t✐③❛t✐♦♥✳ ❆s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✳✶✼❜✱ t❤❡ ❡❧❡❝tr♦♥ ✐s ❡①❝✐t❡❞ ❢r♦♠ |mJ = +6〉 ✐♥t♦ ❛
✈✐❜r❛t✐♦♥❛❧ st❛t❡ |e〉 ✉♥❞❡r ❛❜s♦r♣t✐♦♥ ♦❢ ❛ ♣❤♦♥♦♥ ✇✐t❤ ❛♥ ❡♥❡r❣② ~ω1✳ ■♥ ❛ s❡❝♦♥❞ st❡♣✱
t❤❡ ❡❧❡❝tr♦♥ t❤❡♥ r❡❧❛①❡s ✐♥t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ |mJ = −6〉 ✉♥❞❡r ❡♠✐ss✐♦♥ ♦❢ ❛ s❡❝♦♥❞
♣❤♦♥♦♥ ✇✐t❤ ❛♥ ❡♥❡r❣② ~ω2 = ~ω♣❤✳ ❚❤❡ ♣r♦❝❡ss ❝❛♥ ♦❝❝✉r ✐❢ ω2 − ω1 = ω✱ ✇❤❡r❡ ω ✐s
t❤❡ ❡♥❡r❣② s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ t✇♦ s♣✐♥ st❛t❡s✳ ❚❤❡ r❡❧❛①❛t✐♦♥ r❛t❡ ②✐❡❧❞s ❬✺✵❪

1

τ
∼ |H1′

❧❢ |2∆3 1

exp (∆/k❇T )− 1
✭✷✳✶✸✮

✇❤❡r❡ |H1′

❧❢ | ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ❜❡t✇❡❡♥ t❤❡ st❛t❡s |mJ = −6〉✱ |mJ =

+6〉 ❛♥❞ |e〉✳ ❚❤❡ ♣r♦❝❡ss ✐s t❤❡r❡❢♦r❡ t❤❡r♠❛❧❧② ❛❝t✐✈❛t❡❞ ✐❢ k❇T & ∆✳
❋✐♥❛❧❧②✱ t❤❡ r❡❧❛①❛t✐♦♥ ❝❛♥ ♦❝❝✉r ✐♥ ❛ ❘❛♠❛♥ ❧✐❦❡ ♣r♦❝❡ss✭❋✐❣✳ ✷✳✶✼❝✮✳ ❚❤❡ ♠❡❝❤❛♥✐s♠

✐s s✐♠✐❧❛r t♦ t❤❡ ❖r❜❛❝❤ ♣r♦❝❡ss✱ ❤♦✇❡✈❡r ✐♥✈♦❧✈❡s ❛ ✈✐rt✉❛❧ ❡①❝✐t❡❞ st❛t❡✱ r❡s✉❧t✐♥❣ ✐♥ ❛
r❡❧❛①❛t✐♦♥ t✐♠❡ ♦❢ t❤❡ ❢♦r♠ ❬✺✵❪

1

τ
∼ |H2

❧❢|2
(

k❇T

~

)7

✭✷✳✶✹✮

✇❤❡r❡ |H2
❧❢| ✐s t❤❡ s❡❝♦♥❞ ♦r❞❡r ♣❡rt✉❜❛t✐♦♥ ❢r♦♠ ❡q✉❛t✐♦♥ ✷✳✶✵✳

✷✳✸ ❈❛r❜♦♥ ❜❛s❡❞ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s

❱❛r✐♦✉s ❞❡s✐❣♥s ❢♦r ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s ✉s✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ❙▼▼✬s ✇❡r❡ ♣r♦♣♦s❡❞
♦✈❡r t❤❡ ❧❛st ❞❡❝❛❞❡ ❬✶✶❪✳ ❖♥❡ ❝❛♥ ✉s❡ ❢♦r ✐♥st❛♥❝❡ ❛ s❝❛♥♥✐♥❣ t✉♥♥❡❧✐♥❣ ♠✐❝r♦s❝♦♣② t♦
♣r♦❜❡ ❛♥ ✐s♦❧❛t❡❞ ❙▼▼ ♦♥ ❛ ❝♦♥❞✉❝t✐♥❣ s✉r❢❛❝❡ ❬✺✻✱ ✹✺✱ ✹✻❪ ✭❋✐❣✳ ✷✳✶✽❛✮✳ ❆❧t❡r♥❛t✐✈❡❧②✱
♦♥❡ ❝❛♥ ❜✉✐❧t ❛ t❤r❡❡✲t❡r♠✐♥❛❧ ♠♦❧❡❝✉❧❛r s♣✐♥✲tr❛♥s✐st♦r ✇❤❡r❡ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❙▼▼ ✐s
❜r✐❞❣✐♥❣ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t✇♦ ♥♦♥✲♠❛❣♥❡t✐❝ ❧❡❛❞s ❬✹✼❪ ✭❋✐❣✳ ✷✳✶✽❜✮✳ ■♥ s✉❝❤ ❛ ❝♦♥✜❣✉✲
r❛t✐♦♥✱ t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ✐s ✢♦✇✐♥❣ ❞✐r❡❝t❧② t❤r♦✉❣❤ t❤❡ ♠♦❧❡❝✉❧❡✱ ❧❡❛❞✐♥❣ t♦ ❛ str♦♥❣
❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦♥s ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ❝♦r❡✳ ❚❤✐s ❞✐r❡❝t ❝♦✉♣❧✐♥❣ t❤✉s ❡♥❛❜❧❡s
❛ r❡❛❞♦✉t ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✬s ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ✇✐t❤ t❤❡ ❡❧❡❝tr♦♥✐❝ ❝✉rr❡♥t✱ ❜✉t ❛❧s♦ ❧❡❛❞s
t♦ ❛ str♦♥❣ ❜❛❝❦✲❛❝t✐♦♥ ♦♥ t❤❡ ♠♦❧❡❝✉❧❡✬s ♠❛❣♥❡t✐❝ ❝♦r❡ ❬✶✶❪✳

❆♥ ❧❡ss ✐♥✈❛s✐✈❡ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥ ❝♦✉♣❧✐♥❣ t❤❡ ❙▼▼ t♦ ❛ s❡❝♦♥❞ ♥♦♥✲♠❛❣♥❡t✐❝
♠♦❧❡❝✉❧❛r ❝♦♥❞✉❝t♦r ✇❤✐❝❤ ✐s s✉❜s❡q✉❡♥t❧② ✉s❡❞ ❛s ❞❡t❡❝t♦r✳ ❋♦r s✉❝❤ ❛♥ ✐♥❞✐r❡❝t ❝♦✉✲
♣❧✐♥❣✱ t❤❡ ♠❛❣♥❡t✐❝ ❝♦r❡ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ✐s ♦♥❧② ✇❡❛❦❧② ❝♦✉♣❧❡❞ t♦ t❤❡ ❝♦♥❞✉❝t♦r ❜✉t ❝❛♥
st✐❧❧ ❛✛❡❝t ✐ts tr❛♥s♣♦rt ♣r♦♣❡rt✐❡s✱ t❤✉s ❡♥❛❜❧✐♥❣ ❛♥ ❡❧❡❝tr♦♥✐❝ r❡❛❞♦✉t ✇✐t❤ ♦♥❧② ♠✐♥✐♠❛❧
❜❛❝❦✲❛❝t✐♦♥✳

❆♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ❞❡t❡❝t♦rs ✭♥❛♥♦✇✐r❡s✱ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s✱ q✉❛♥t✉♠ ❞♦t✱
♠♦❧❡❝✉❧❡s✮✱ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ st❛♥❞s ♦✉t ❞✉❡ t♦ ✐ts ✉♥✐q✉❡ str✉❝t✉r❛❧✱ ♠❡❝❤❛♥✐❝❛❧



✷✻ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✷✳✶✽✿ ▼♦❧❡❝✉❧❛r s♣✐♥ tr❛♥s✐st♦rs ❛♥❞ ❞✐r❡❝t ♣r♦❜✐♥❣ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❝❡♥t❡r✳ ✭❛✮
❙♣✐♥ ♣♦❧❛r✐③❡❞ s❝❛♥♥✐♥❣ t✉♥♥❡❧✐♥❣ s♣❡❝tr♦s❝♦♣② ♦♥ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❚❜P❝2 ❣r❛❢t❡❞ t♦ ❛ ❈♦
s✉❜str❛t❡✳ ❲✐❡s❡♥❞❛♥❣❡r ●r♦✉♣ ❬✹✻❪ ✭❜✮ ❙✐♥❣❧❡ ♠♦❧❡❝✉❧❡ tr❛♥s✐st♦r ✇✐t❤ ❛ ❚❜P❝2 ❜r✐❞❣✐♥❣
t❤❡ ❡❧❡❝tr♦❞❡ ❣❛♣✳ ❲❡r♥s❞♦r❢❡r ●r♦✉♣ ❬✹✼❪✳

❋✐❣✉r❡ ✷✳✶✾✿ ❙✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s ❜❛s❡❞ ♦♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛♥❞ s✐♥❣❧❡
♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ❛♥❞ ✐♥❞✐r❡❝t ♣r♦❜✐♥❣ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❝❡♥t❡r

❛♥❞ ❡❧❡❝tr♦♥✐❝ ♣r♦♣❡rt✐❡s ❬✶✶❪✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ❞✐✛❡r❡♥t ❞❡s✐❣♥s ♦❢ ❛
s✉♣r❛♠♦❧❡❝✉❧❛r q✉❛♥t✉♠ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡ ✭❋✐❣✳ ✷✳✶✾✮✱ ✇❤❡r❡ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✐s ✉s❡❞
t♦ ♣r♦❜❡ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ♠♦❧❡❝✉❧❛r s♣✐♥ ✈✐❛ ❞✐✛❡r❡♥t ❝♦✉♣❧✐♥❣ ♠❡❝❤❛♥✐s♠ ❛t ❝r②♦❣❡♥✐❝
t❡♠♣❡r❛t✉r❡s ✭✢✉① ❝♦✉♣❧✐♥❣✱ ❡❧❡❝tr♦♥✐❝ ❝♦✉♣❧✐♥❣✱ ♠❡❝❤❛♥✐❝❛❧ ❝♦✉♣❧✐♥❣✮✳



✷✳✸✳ ❈❛r❜♦♥ ❜❛s❡❞ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ✷✼

✷✳✸✳✶ ◆❛♥♦❙◗❯■❉✿ Pr♦❜✐♥❣ ✈✐❛ ♠❛❣♥❡t✐❝ ✢✉①

❖♥❡ ❝❛♥ ❢♦r ✐♥st❛♥❝❡ ♣r♦❜❡ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❡♠❛♥❛t✐♥❣ ❢r♦♠ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t
❣r❛❢t❡❞ ♦♥t♦ ❛ ❙◗❯■❉ ♠❛❣♥❡t♦♠❡t❡r✳ ■♥❞❡❡❞✱ t❤❡ ♠❛①✐♠✉♠ ♠❛❣♥❡t✐❝ ✢✉① ❣❡♥❡r❛t❡❞ ❜②
❙▼▼✬s ❧✐❦❡ ❧❛♥t❤❛♥✐❞❡ ❝♦♠♣❧❡①❡s ▲♥P❝2 ✇❛s ❡st✐♠❛t❡❞ t♦ ❜❡ ♦♥ t❤❡ ♦r❞❡r ♦❢ Φ❙▼▼ ≈
10−5Φ0 ✱ ✇❤✐❝❤ ✐s ✇❡❧❧ ✇✐t❤✐♥ t❤❡ ✢✉① s❡♥s✐t✐✈✐t② ♦❢ ❛ ❙◗❯■❉✱ ❣✐✈❡♥ ❜② t❤❡ q✉❛♥t✉♠ ❧✐♠✐t
Φq ≈ 10−8Φ0 ❬✺✼✱ ✺✽❪✳

1 nm

0,5 nm

substrate

CNT

TbPc2

(a) (b)

❋✐❣✉r❡ ✷✳✷✵✿ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ♥❛♥♦❙◗❯■❉ ♠❛❣♥❡t♦♠❡t❡r ❢♦r ❙▼▼✳ ✭❛✮ ❘❡♣r❡s❡♥✲
t❛t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❙◗❯■❉ ❬✺✽❪✳ ❚❤❡ ❙◗❯■❉ ❧♦♦♣ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❧✐❣❤t ❜❧✉❡
❛♥❞ t❤❡ ❧♦❝❛❧ ❣❛t❡s ✐♥ ②❡❧❧♦✇✳ ✭❜✮ ❚❤❡ ❝♦♠♣❛r❛❜❧❡ ❝r♦ss s❡❝t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛♥❞
❙▼▼ r❡s✉❧ts ✐♥ ❛ str♦♥❣ ✢✉① ❝♦✉♣❧✐♥❣✱ ❛s ❤❛❧❢ ✭✐❞❡❛❧❧②✮ ♦❢ t❤❡ ❙▼▼ ✢✉①✬ ✐s ♣❡♥❡tr❛t✐♥❣
t❤❡ ♥❛♥♦t✉❜❡✬s ❝r♦ss s❡❝t✐♦♥✳

❍♦✇❡✈❡r✱ ♦♥❧② t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ♣❡♥❡tr❛t✐♥❣ t❤❡ ❙◗❯■❉✬s ❝r♦ss s❡❝t✐♦♥ ✇✐❧❧ ❝♦♥tr✐❜✉t❡
t♦ t❤❡ ♠❡❛s✉r❡❞ ✢✉① q✉❛♥t✐t② ✐♥ t❤❡ ❙◗❯■❉ ❧♦♦♣✳ ❚❤❡ ❝r♦ss s❡❝t✐♦♥ ♦❢ ❛ ❙◗❯■❉ ✐s ✉s✉❛❧❧②
♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❧❛r❣❡r t❤❛♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✱ ✇❤✐❝❤ t②♣✐❝❛❧❧② r❡s✉❧ts ✐♥ ❛ ✈❡r②
✇❡❛❦ ✢✉① ❝♦✉♣❧✐♥❣ ✐♥ t❤✐s ❝❛s❡✳

■♥ ♦r❞❡r ♣r♦❜❡ t❤❡ ✢✉① ♦❢ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ✐t ✐s t❤❡r❡❢♦r❡ ❡ss❡♥t✐❛❧ t♦ r❡❞✉❝❡ t❤❡ ❝r♦ss
s❡❝t✐♦♥ ♦❢ t❤❡ ❙◗❯■❉✱ ✐❞❡❛❧❧② t♦ t❤❡ s❛♠❡ s✐③❡ t❤❛♥ t❤❡ ❙▼▼✳ ■♥❞❡❡❞✱ t❤❡ ❝r♦ss s❡❝t✐♦♥
♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✐s ♦♥ t❤❡ ♦r❞❡r ♦❢ ✶ ♥♠2 ✇❤✐❝❤ ✐s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ s✐③❡ ♦❢ t❤❡
♠♦❧❡❝✉❧❡✳ ❖♥❡ ♦❜t❛✐♥s ❛♥ ❛❧♠♦st ✐❞❡❛❧ ✢✉① ❝♦✉♣❧✐♥❣ ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❙◗❯■❉ ✇✐t❤
❛ ✢✉① s❡♥s✐t✐✈✐t② ♦❢ SΦ ≈ 10−4Φ0/

√
❍③ ❬✺✼✱ ✺✽❪✳

❆❧t❤♦✉❣❤ t❤❡ ✢✉① ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❙▼▼ ✐s ✇✐t❤✐♥ t❤❡ ◆❛♥♦❙◗❯■❉✬s s❡♥s✐t✐✈✐t② ❛t
♠❡❛s✉r❡♠❡♥t ❢r❡q✉❡♥❝② ❛❜♦✉t ❛ ❢❡✇ ❤✉♥❞r❡❞s ♦❢ ❍③✱ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ❤❛s r❡♠❛✐♥❡❞
❡❧✉s✐✈❡ ✉♥t✐❧ ♥♦✇✳



✷✽ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

✷✳✸✳✷ ❙✉♣r❛♠♦❧❡❝✉❧❛r ❙♣✐♥ ❱❛❧✈❡✿ Pr♦❜✐♥❣ ✈✐❛ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt

❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ❝❛♥ ❝♦✉♣❧❡ ❛ ❙▼▼ t♦ ❛ st❛t❡✲♦❢✲t❤❡✲❛rt ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ tr❛♥s✐st♦r
❛♥❞ ✉s❡ t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ✐♥ t❤❡ ♥❛♥♦t✉❜❡ t♦ ♣r♦❜❡ ❛♥❞ ♠❛♥✐♣✉❧❛t❡ t❤❡ s♣✐♥ ♦❢ t❤❡
❙▼▼✳ ❆ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❤❛✈❡s ❛s ❛ q✉❛♥t✉♠ ❞♦t ❛t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s✱ s❤♦✇✲
✐♥❣ ❛♥ ✐♠♣r❡ss✐✈❡ ❛rr❛② ♦❢ ❡❧❡❝tr♦♥✐❝ ♣r♦♣❡rt✐❡s r❛♥❣✐♥❣ ❢r♦♠ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ ❬✺✾❪ t♦
❑♦♥❞♦ ❡✛❡❝t ❬✻✵❪✳ ■♥ t❤✐s r❡❣✐♠❡✱ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✐s s❡♥s✐t✐✈❡ t♦ ✈❡r② s♠❛❧❧ ❝❤❛r❣❡
✢✉❝t✉❛t✐♦♥s ✐♥ ✐ts ❡♥✈✐r♦♥♠❡♥t ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✉❝t❛♥❝❡ ✐♥ t❤❡
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦t✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♥❛♥♦t✉❜❡✬s ❝♦♥❞✉❝t❛♥❝❡ ❝❛♥ ❜❡ ❛❧t❡r❡❞
❜② t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ ❛ ❙▼▼ ❣r❛❢t❡❞ t♦ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✬s s✐❞❡✇❛❧❧ ❛s ✇❡
✇✐❧❧ ❞❡s❝r✐❜❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❋✐❣✉r❡ ✷✳✷✶✿ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥ ✈❛❧✈❡✳ ❈♦✉rt❡s② ♦❢ ▼✳ ❯r✲
❞❛♠♣✐❧❧❡t❛

■♥❞❡❡❞✱ ❯r❞❛♠♣✐❧❧❡t❛ ❡t ❛❧✳ ❬✹✽❪ r❡♣♦rt❡❞ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥ ✈❛❧✈❡ ❜❡❤❛✈✐♦✉r ✇✐t❤✲
♦✉t ♠❛❣♥❡t✐❝ ❧❡❛❞s ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦t ❢✉♥❝t✐♦♥♥❛❧✐③❡❞ ✇✐t❤ ❚❜P❝2 ❙▼▼s
✭❋✐❣✳ ✷✳✷✷❛✮✳

❚❤❡② ❞❡♠♦♥str❛t❡❞ t❤❛t t✇♦ ❙▼▼✬s✱ ❝♦✉♣❧❡❞ t♦ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✈✐❛ π✲π ✐♥✲
t❡r❛❝t✐♦♥✱ ❛❝t ❛s s♣✐♥✲♣♦❧❛r✐③❡r ❛♥❞ ❛♥❛❧②③❡r ❢♦r t❤❡ ❝♦♥❞✉❝t✐♦♥ ❡❧❡❝tr♦♥s ✐♥ t❤❡ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ❝❤❛♥♥❡❧✳ ▼❡❞✐❛t❡❞ ❜② ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥✱ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦❢ ❡❛❝❤
♠♦❧❡❝✉❧❡ ✐♥❞✉❝❡s ❛ ❧♦❝❛❧✐③❡❞ s♣✐♥ ♣♦❧❛r✐③❡❞ ❞♦t ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦t✱ ✇❤✐❝❤
❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜② ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭❋✐❣✳ ✷✳✷✷❜ ❛♥❞ ❝✮✳

❆t ❧❛r❣❡ ♥❡❣❛t✐✈❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ❜♦t❤ ♠♦❧❡❝✉❧❛r s♣✐♥s ❛r❡ ♦r✐❡♥t❡❞ ✐♥ ♣❛r❛❧❧❡❧ t♦ ❡❛❝❤
♦t❤❡r ❛♥❞ t❤❡ q✉❛♥t✉♠ ❞♦t ✐s ✐♥ ❛ ❤✐❣❤ ❝♦♥❞✉❝t❛♥❝❡ st❛t❡✳ ❯♣♦♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ♠❛❣♥❡t✐❝
✜❡❧❞ ✭❢♦❧❧♦✇✐♥❣ t❤❡ r❡❞ tr❛❝❡ ✐♥ ❋✐❣✳ ✷✳✷✷❛✮✱ t❤❡ ♠♦❧❡❝✉❧❛r s♣✐♥ ❆ ✐s r❡✈❡rs❡❞ ❜② q✉❛♥t✉♠
t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❝❧♦s❡ t♦ ③❡r♦ ✜❡❧❞ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✶✳✸ ❛♥❞ ✷✳✷✮✱ r❡s✉❧t✐♥❣ ✐♥ ❛♥
❛♥t✐♣❛r❛❧❧❡❧ s♣✐♥ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ ❛ ❝✉rr❡♥t ❜❧♦❝❦❛❞❡ ✐♥ t❤❡ q✉❛♥t✉♠ ❞♦t ✭❋✐❣✳ ✷✳✷✷❜✮✳ ❇②
❢✉rt❤❡r ✐♥❝r❡❛s✐♥❣ t❤❡ ✜❡❧❞✱ t❤❡ s❡❝♦♥❞ s♣✐♥ ❇ ✐s r❡✈❡rs❡❞ ❜② ♣❤♦♥♦♥ ❛ss✐st❡❞ r❡❧❛①❛t✐♦♥
✭s❡❡ ❙❡❝t✐♦♥ ✷✳✶✳✸ ❛♥❞ ✷✳✷✮✱ r❡st♦r✐♥❣ ❛ ♣❛r❛❧❧❡❧ s♣✐♥ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ❤✐❣❤ ❝♦♥❞✉❝t❛♥❝❡
r❡❣✐♠❡ ✐♥ t❤❡ q✉❛♥t✉♠ ❞♦t ✭❋✐❣✳ ✷✳✷✷❝✮✳ ❆❢t❡r r❡✈❡rs✐♥❣ t❤❡ s✇❡❡♣ ❞✐r❡❝t✐♦♥✱ ♦♥❡ ♦❜t❛✐♥s



✷✳✸✳ ❈❛r❜♦♥ ❜❛s❡❞ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ✷✾

(a) (b)

(c)

❋✐❣✉r❡ ✷✳✷✷✿ ❙♣✐♥ ✈❛❧✈❡ ❜❡❤❛✈✐♦✉r ✐♥ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡ ❜❛s❡❞ ♦♥ ❛
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦t ❢✉♥❝t✐♦♥♥❛❧✐③❡❞ ✇✐t❤ ❚❜P❝2 ❙▼▼✬s✳ ❋✐❣✉r❡s ❢r♦♠ ❬✹✽❪
✭❛✮ ❇✉tt❡r✢② ❤②st❡rs✐s ❧♦♦♣ ❛t T = 40 ♠❑✳ ✭❜✮ ❆♥t✐♣❛r❛❧❧❡❧ s♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ s♣✐♥
st❛t❡s ❛r❡ ✐♥✈❡rs❡❞ ✐♥ t❤❡ ❞♦t ❆ ❛♥❞ t❤❡ ❡♥❡r❣② ♠✐s♠❛t❝❤ ❜❡t✇❡❡♥ ❧❡✈❡❧s ✇✐t❤ ✐❞❡♥t✐❝❛❧
s♣✐♥ r❡s✉❧ts ✐♥ ❛ ❝✉rr❡♥t ❜❧♦❝❦❛❞❡✳ ✭❝✮ P❛r❛❧❧❡❧ s♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❜♦t❤ ♠♦❧❡❝✉❧❡s ❆
❛♥❞ ❇✳ ❊♥❡r❣② ❧❡✈❡❧s ✇✐t❤ s❛♠❡ s♣✐♥ ❛r❡ ❛❧✐❣♥❡❞ ❛❧❧♦✇✐♥❣ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt t❤r♦✉❣❤ t❤❡
❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳

t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❜✉tt❡r✢② ❤②st❡rs✐s ❧♦♦♣ ♦❢ ❛ s♣✐♥ ✈❛❧✈❡ ❞❡✈✐❝❡ ✇✐t❤ ❛ ♠❛❣♥❡t♦r❡s✐st❛♥❝❡
r❛t✐♦ (GP −GAP )/GAP ✉♣ t♦ ✸✵✵ ✪ ✭❋✐❣✳ ✷✳✷✷❛✮✳ ❆ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❡❝❤❛♥✐s♠
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✹✽❪✳ ❊❛❝❤ ❝✉rr❡♥t s✇✐t❝❤✐♥❣ ❡✈❡♥t✱ ♦r s✇✐t❝❤✐♥❣ ✜❡❧❞✱ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞
t♦ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ ❛ ❙▼▼ t❤✉s ♣r♦✈✐❞✐♥❣ ✉s ✇✐t❤ ❛♥ ❡❧❡❝tr♦♥✐❝ r❡❛❞♦✉t
s❝❤❡♠❡ ❢♦r ❛ ♠♦❧❡❝✉❧❛r s♣✐♥✳

■♥❞❡❡❞✱ t❤❡ s♣✐♥ ✈❛❧✈❡ ❡✛❡❝t ❛♥❞ t❤❡ ❝✉rr❡♥t s✇✐t❝❤✐♥❣ ❡①❤✐❜✐ts t❤❡ ✜♥❣❡r♣r✐♥t ❧✐❦❡
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❚❜P❝2 ❙▼▼✳ ❋✐❣✉r❡ ✷✳✷✸❛ r❡♣r❡s❡♥ts t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡
✉♣✇❛r❞s ✭r❡❞ tr❛❝❡ ✐♥ ❋✐❣ ✷✳✷✷❛✮ ❛♥❞ t❤❡ ❞♦✇♥✇❛r❞s s✇❡❡♣ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭❜❧✉❡
tr❛❝❡ ✐♥ ❋✐❣ ✷✳✷✷❛✮ ❞✉r✐♥❣ ❛ ❤②st❡r❡s✐s ❧♦♦♣ ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥✲
❣❧❡✳ ■♥ t❤❡ ✇❤✐t❡ r❡❣✐♦♥ ❜♦t❤ ♠♦❧❡❝✉❧❡ ❤❛✈❡ t❤❡ s❛♠❡ ♣♦❧❛r✐③❛t✐♦♥✱ ✐♥ t❤❡ r❡❞ r❡❣✐♦♥ t❤❡✐r
♣♦❧❛r✐③❛t✐♦♥ ✐s ❛♥t✐♣❛r❛❧❧❡❧✳ ❚❤❡ ❧✐♠✐t ❜❡t✇❡❡♥ ❜♦t❤ r❡❣✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✇✐t❝❤✐♥❣
✜❡❧❞ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣❤♦♥♦♥ ❛ss✐st❡❞ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ♠♦❧❡❝✉❧❡ ❇✳ ❚❤❡ ♣r♦✲
❥❡❝t✐♦♥ t❤❡ s✇✐t❝❤✐♥❣ ✜❡❧❞ ❛❧♦♥❣ t❤❡ Hx✲❞✐r❡❝t✐♦♥✱ ❞❡✜♥❡❞ ❛s ❡❛s② ❛①✐s✱ ✐s ❝♦♥st❛♥t✱ ✇❤✐❝❤
✐s ❝♦♥s✐st❡♥t ✇✐t❤ ■s✐♥❣ ❧✐❦❡ ✉♥✐❛①✐❛❧ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ❚❜P❝2✳

❆❧s♦✱ t❤❡ ✐♥❤❡r❡♥t❧② st♦❝❤❛st✐❝ ❝❤❛r❛❝t❡r ♦❢ t❤❡ ❙▼▼ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ❝❛♥ ❜❡
r❡✈❡❛❧❡❞ ❜② r❡♣❡❛t✐♥❣ ❛ ❤②st❡r❡s✐s ❧♦♦♣ ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ t✐♠❡s ✭❋✐❣✳ ✷✳✷✸❜✮✳ ❋✐♥❛❧❧②✱ t❤❡
s♣✐♥ ✈❛❧✈❡ ❡✛❡❝t ❜❡❝♦♠❡s ❧❡ss ♣r♦♥♦✉♥❝❡❞ ✉♣♦♥ ✐♥❝r❡❛s✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ ❞✐s❛♣♣❡❛rs
❛❜♦✈❡ ❛ t❡♠♣❡r❛t✉r❡ ♦❢ ✶❑ ✭❋✐❣✳ ✷✳✷✸❝✮✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ t❤❡r♠❛❧❧②



✸✵ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

(a) (b) (c)

❋✐❣✉r❡ ✷✳✷✸✿ ❙✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥ ✈❛❧✈❡ ❛♥❞ ♠♦❧❡❝✉❧❛r ✜♥❣❡r♣r✐♥t✳ ❋✐❣✉r❡s ❢r♦♠ ❬✹✽❪ ✭❛✮
❆♥❣✉❧❛r ❞❡♣❡♥❞❛♥❝❡ ♦❢ t❤❡ s♣✐♥ ✈❛❧✈❡ ❜❡❤❛✈✐♦✉r✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❝♦♥❞✉❝t❛♥❝❡ ❜❡t✇❡❡♥
t❤❡ ✉♣✲ ❛♥❞ ❞♦✇♥✇❛r❞s ♠❛❣♥❡t✐❝ ✜❡❧❞ s✇❡❡♣ ✐♥ ❛ ❤②st❡r❡s✐s ❧♦♦♣ ✐s ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥
t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❣❧❡✳ ❋♦r s♣✐♥s ♦r✐❡♥t❡❞ ♣❛r❛❧❧❡❧✱ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ♥❡❣❧✐❣❡❛❜❧❡ ✭✇❤✐t❡
❝♦❧♦r✮✱ ✇❤❡r❡❛s ✐♥ ❛♥ ❛♥t✐♣❛r❛❧❧❡❧ ❝♦♥✜❣✉r❛t✐♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ♥♦♥ ③❡r♦ ✭r❡❞ ❝♦❧♦r✮✳ ❚❤❡
r❡❞✲✇❤✐t❡ ❜♦✉♥❞❛r② ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s✇✐t❝❤✐♥❣ ✜❡❧❞ ♦❢ t❤❡ s❡❝♦♥❞ ♠♦❧❡❝✉❧❡ ❇✱ ❛♥❞ ✐s
❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✉♥✐❛①✐❛❧ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ❚❜P❝2 ❙▼▼✳ ✭❜✮ ❙t♦❝❤❛st✐❝ s✇✐t❝❤✐♥❣ ♦❢
♠♦❧❡❝✉❧❡ ❇✳ ❚❤r❡❡ t✐♠❡s ♦✉t ♦❢ ✶✶✱ t❤❡ ♠♦❧❡❝✉❧❡ ❝❛♥ s✇✐t❝❤ ✐ts ♠❛❣♥❡t✐③❛t✐♦♥ ❜② q✉❛♥t✉♠
t✉♥♥❡❧✐♥❣ ♠❛❣♥❡t✐③❛t✐♦♥✱ ✇❤✐❧❡ ✽ t✐♠❡s ♦✉t ♦❢ ✶✶ t❤❡ r❡✈❡rs❛❧ ♦❝❝✉rs ❜② ♣❤♦♥♦♥ ❛ss✐st❡❞
♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❛s ♣r❡❞✐❝t❡❞ ❜② t❤❡ ▲❛♥❞❛✉ ❩❡♥❡r ♠♦❞❡❧ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷✮✳ ✭❝✮ ✷✵
❤②st❡r❡s✐s ❧♦♦♣s ❛t ❞✐✛❡r❡♥t t❡♠♣❡r❛t✉r❡s✳

❛❝t✐✈❛t❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ ❛ ❙▼▼ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✶✳✸✮✳
❋♦r ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥✱ t❤❡ r❡❛❞❡r ♠❛② r❡❢❡r t♦ ❯r❞❛♠♣✐❧❧❡t❛ ❡t ❛❧✳ ❬✹✽❪✳

✷✳✸✳✸ ▼❛❣♥❡t✐❝ t♦rq✉❡ ❞❡t❡❝t♦r✿ Pr♦❜✐♥❣ ✈✐❛ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥

❋✐♥❛❧❧②✱ ♦♥❡ ❝❛♥ ❝♦✉♣❧❡ ❛ ❙▼▼ t♦ ❛ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛♥❞ ♣r♦❜❡ t❤❡
♠♦❧❡❝✉❧❛r ♥❛♥♦♠❛❣♥❡t ✇✐t❤ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✬s ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ✭❋✐❣✳ ✷✳✷✹✮✳ ❙✉❝❤
❛ ❞❡t❡❝t✐♦♥ s❝❤❡♠❡ ✐s ❜❛s❡❞ ♦♥ t♦rq✉❡ ♠❛❣♥❡t♦♠❡tr②✳

❲❡ ❝♦♥s✐❞❡r ❛ ❙▼▼ ✇✐t❤ ❛ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ~µ = gµ❇
~

~S t♦ ❜❡ r✐❣✐❞❧② ❣r❛❢t❡❞ t♦ t❤❡
s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠✳ ❯♣♦♥ ❛♣♣❧②✐♥❣ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ µ0

~H❡①t✱ t❤❡
❙▼▼ ♠❛❣♥❡t✐③❛t✐♦♥ ✇✐❧❧ ❡①♣❡r✐❡♥❝❡ ❛ t♦rq✉❡ ❣✐✈❡♥ ❜②

~Γ❙▼▼ = µ0~µ× ~H❡①t =
gµ0µ❇

~

~S × ~H❡①t ✭✷✳✶✺✮



✷✳✸✳ ❈❛r❜♦♥ ❜❛s❡❞ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝s ✸✶

❋✐❣✉r❡ ✷✳✷✹✿ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ♠❛❣♥❡t✐❝ t♦rq✉❡ ❞❡t❡❝t♦r✳ ❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡r✲
s❛❧ ♦❢ ❛ ❙▼▼ ❢r♦♠ S t♦ ✲S ✐♥ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ µ0

~H❡①t ✐♥❞✉❝❡s ❛ t♦rq✉❡✴r♦t❛t✐♦♥
♦❢ t❤❡ ❙▼▼✱ ✉♥❞❡r ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠✳ ❚❤❡ t♦rq✉❡ ✐♥ t❤❡
❙▼▼ t❤❡♥ ❝r❡❛t❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ t❡♥s✐♦♥ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✱ r❡s✉❧t✐♥❣ ✐♥ s❤✐❢t ♦❢ ✐ts
r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✳

❯♥❞❡r ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠✱ t❤❡ ❙▼▼ st❛rts t♦ r♦t❛t❡ t♦✇❛r❞s
t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐r❡❝t✐♦♥✱ ❤❡♥❝❡ ✐♥❞✉❝✐♥❣ ♠❡❝❤❛♥✐❝❛❧ str❛✐♥ ✐♥ t❤❡ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ❜❡❛♠✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ t❡♥s✐♦♥ ✐♥ t❤❡ r❡s♦♥❛t♦r ✇✐❧❧ r❡s✉❧t ✐♥ ❛ s❤✐❢t t❤❡ ♠❡✲
❝❤❛♥✐❝❛❧ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳

▲❛ss❛❣♥❡ ❡t ❛❧✳ st✉❞✐❡❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ t♦
t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❞②♥❛♠✐❝s ♦❢ ❛ ♥❛♥♦♠❛❣♥❡t ✇✐t❤ ❛ ✉♥✐❛①✐❛❧ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❛♥❞
❛ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦❢ ✶✵✵µ❇ ❬✶✽❪✳ ❚❤❡② ❞❡t❡r♠✐♥❡❞ t❤❡ ♠❛❣♥❡t✐❝ ❤②st❡r❡s✐s ♦❢ t❤❡
♥❛♥♦♠❛❣♥❡t ✭❙t♦♥❡r✲❲♦❧❢❛❤rt ♠♦❞❡❧✱ ❋✐❣✳ ✷✳✷✺❛✮ ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❛♥❝❡ ♦❢
t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✭❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❢♦r♠❛❧✐s♠✱ ❋✐❣✳ ✷✳✷✺❜✮
❢♦r ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥❛♥♦♠❛❣♥❡ts ❡❛s② ❛①✐s✳
❚❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ r❡❛❞✐❧② ❡①t❡♥❞❡❞ t♦ ❛ ❙▼▼✱ ✇✐t❤ ❛ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦❢ ❛ ❢❡✇ µ❇✳

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s r❡✈❡❛❧ ❛ ❞✐s❝♦♥t✐♥♦✉s ❥✉♠♣ ✐♥ t❤❡ ♥❛♥♦t✉❜❡✬s r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✱ ✐♥✲
❞✉❝❡❞ ❜② t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ t❤❡ ♥❛♥♦♠❛❣♥❡t ✭❤✐❣❤❧✐❣❤t❡❞ ❜② t❤❡ ❜❧❛❝❦ ❛rr♦✇s
✐♥ ❋✐❣✳ ✷✳✷✺❜✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✜❡❧❞ ❞❡♣❡♥❞❛♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② tr❛♥s❧❛t❡s
t❤❡ ❤②st❡r❡t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♥❛♥♦♠❛❣♥❡t ❛s ✇❡❧❧ ❛s ✐ts ♠❛❣♥❡t✐❝ ❛♥✐str♦♣②✳ ❋♦r ❛
♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧✐❣♥❡❞ ❝❧♦s❡ t❤❡ ♥❛♥♦♠❛❣♥❡t✬s ❡❛s② ❛①✐s✱ ❛ ❧❛r❣❡ ❤②st❡r❡s✐s ✐♥ t❤❡ ♠❛❣♥❡✲
t✐③❛t✐♦♥ m ❛♥❞ t❤❡ ❢r❡q✉❡♥❝② ∆f ✐s ✈✐s✐❜❧❡ ✭θ0 = π/50✱ r❡❞ ❧♦♦♣ ✐♥ ❋✐❣✳ ✷✳✷✺ ❛ ❛♥❞ ❜✮✳
❚❤❡ ❤②st❡r❡s✐s ❣r❛❞✉❛❧❧② ❞✐s❛♣♣❡❛rs ✉♣♦♥ r♦t❛t✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥t♦ t❤❡ ❤❛r❞ ♣❧❛♥❡
♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ✭θ0 = π/2✱ ❜❧❛❝❦ ❧♦♦♣ ✐♥ ❋✐❣✳ ✷✳✷✺ ❛ ❛♥❞ ❜✮✳ ❚❤❡ ♠❛①✐♠✉♠ ❢r❡q✉❡♥❝②
s❤✐❢t r❡❛❝❤❡s ✾✵ ❦❍③ ❢♦r ❛ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦❢ ✶✵✵µ❇✳

❚❤❡ s❡♥s✐t✐✈✐t② ❢♦r s✉❝❤ ❛ ♠❛❣♥❡t✐❝ t♦rq✉❡ ❞❡t❡❝t♦r ✐s ❧✐♠✐t❡❞ ❜② t❤❡ ❢r❡q✉❡♥❝② ♥♦✐s❡



✸✷ ❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s

❋✐❣✉r❡ ✷✳✷✺✿ ▼❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ t♦ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡r✲
s❛❧ ♦❢ ♥❛♥♦♠❛❣♥❡t ✇✐t❤ ✉♥✐❛①✐❛❧ ❛♥✐s♦tr♦♣②✳ ✭❛✮ ▼❛❣♥❡t✐❝ ❤②st❡r❡s✐s ❧♦♦♣ ♦❢ t❤❡ ♥❛♥♦✲
♠❛❣♥❡t ❢♦r ✜✈❡ ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ❡❛s② ❛①✐s ♦❢
♠❛❣♥❡t✐③❛t✐♦♥ θ0 = π/2, 0.4π, π/4, π/20, π/50✳ ❖♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❡ ✉♥✐❛①✐❛❧ ❛♥✐s♦tr♦♣②
✉♣♦♥ r♦t❛t✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛✇❛② ❢r♦♠ t❤❡ ❡❛s② ❛①✐s✳ ✭❜✮ ❋r❡q✉❡♥❝② s❤✐❢t ∆f ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ❝✉r✈❡s tr❛♥s❧❛t❡ t❤❡ ❤②st❡r❡t✐❝ ❜❡❤❛✈✐♦r ❛♥❞ t❤❡
♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ♥❛♥♦♠❛❣♥❡t✳ ▼♦❞✐✜❡❞ ✜❣✉r❡ ❢r♦♠ ❬✶✽❪✳

✐♥❞✉❝❡❞ ❜② t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❛♥❞ ②✐❡❧❞s

δft❤ =
1

2π

(

k❇T

kx2
0

2πf0fBW

Q

)1/2

✭✷✳✶✻✮

❋♦r ❛ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② f0 = 50 ▼❍③ ❛♥❞ q✉❛❧✐t② ❢❛❝t♦r Q = 105✱ ❛ s♣r✐♥❣ ❝♦♥st❛♥t
k ≈ 10−4 ◆✴♠ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✱ ♦♥❡ ♦❜t❛✐♥s ❛ s❡♥s✐t✐✈✐t② ♦❢ ✶✺✵ ❍③ ❛t



✷✳✹✳ ❖✉t❧♦♦❦ ✸✸

✹✵ ♠❑ ❢♦r ❛ ♠❡❛s✉r❡♠❡♥t ❜❛♥❞✇✐❞t❤ ♦❢ fBW = 1 ❍③✳ ❖♥❡ s❤♦✉❧❞ t❤❡r❡❢♦r❡ ❜❡ ❛❜❧❡ t♦
r❡❛❝❤ ❛ s❡♥s✐t✐✈✐t② ♦❢ ✶µ❇ ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ✇✐t❤ s✉❝❤ ❛ ❝❛r❜♦♥ ❜❛s❡❞ t♦rq✉❡
♠❛❣♥❡t♦♠❡t❡r✱ t❤✉s ♣r♦✈✐❞✐♥❣ ❛ ♠❡❝❤❛♥✐❝❛❧ r❡❛❞♦✉t s❝❤❡♠❡ ❢♦r ❛ s✐♥❣❧❡ ✭♠♦❧❡❝✉❧❛r✮ s♣✐♥✳

✷✳✹ ❖✉t❧♦♦❦

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t✱ ✇❡ ✇✐❧❧ r❡♣♦rt ♦♥ t❤❡ ✜rst ❡①♣❡r✐♠❡♥t❛❧ r❡❛❧✲
✐③❛t✐♦♥ ♦❢ s✉❝❤ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡ ❜❛s❡❞ ♦♥ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ❛♥❞
❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❲❡ ✇✐❧❧ ✉❧t✐♠❛t❡❧② ❞❡♠♦♥str❛t❡ t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥
❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❛r s♣✐♥ ❛♥❞ ❛ s✐♥❣❧❡ q✉❛♥t✐③❡❞ ♠♦❞❡ ♦❢ ♠♦t✐♦♥ ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ❛♥❞ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ♥✉❝❧❡❛r s♣✐♥ ✭❈❤❛♣t❡r ✻✮✳ ❊♥❛❜❧❡❞ ❜② t❤❡ str♦♥❣
s♣✐♥✲♠♦t✐♦♥ ❝♦✉♣❧✐♥❣✱ s✉❝❤ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡ ❝❛♥ ❜❡ t❤❡ ✜rst ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥ ♦❢ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r t♦rq✉❡ ♠❛❣♥❡t♦♠❡t❡r ✇✐t❤ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ s❡♥s✐t✐✈✐t②✳
❈♦✉♣❧✐♥❣ t❤❡ ♠❛❣♥❡t✐s♠ ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ♦❢ ❛ ♠♦❧❡❝✉❧❛r s✐③❡❞ ♦❜❥❡❝t ❝♦✉❧❞
❢✉rt❤❡r♠♦r❡ ♦♣❡♥ t❤❡ ♣❛t❤ q✉❛♥t✉♠ ❡♥t❛♥❣❧❡♠❡♥t ❛♥❞ q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣
✐♥ ♥❛♥♦s❝❛❧❡ s♦❧✐❞ st❛t❡ ♠❛tt❡r✳





❈❤❛♣t❡r ✸

■♥tr♦❞✉❝t✐♦♥ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙

❈❛r❜♦♥ ♥❛♥♦t✉❜❡s ❤❛✈❡ ❜❡❝♦♠❡ ❛♥ ❡ss❡♥t✐❛❧ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r ♥❛♥♦❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧
s②st❡♠s ✭◆❊▼❙✮✳ ❚❤❡✐r ✈❡r② ❧♦✇ ♠❛ss ❛♥❞ t❤❡ ❤✐❣❤❡st ❦♥♦✇♥ ❨♦✉♥❣✬s ♠♦❞✉❧✉s E = 1

❚P❛ r❡s✉❧ts ✐♥ ❤✐❣❤ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s✱ ❤✐❣❤ q✉❛❧✐t② ❢❛❝t♦rs ❛♥❞ ❧❛r❣❡ ♠♦t✐♦♥ ❛♠♣❧✐✲
t✉❞❡s ❢♦r ✢❡①✉r❛❧ ✭❜❡♥❞✐♥❣✮ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❝♦♠♣❛r❡❞ t♦ ❝♦♥✈❡♥t✐♦♥❛❧
❙✐ ❜❛s❡❞ ◆❊▼❙ ❬✶❪✳ ❚❤❡r❡❢♦r❡ t❤❡② ❛r❡ ❛ ♣❡r❢❡❝t ❝❛♥❞✐❞❛t❡ ❢♦r ✉❧tr❛s❡♥s✐t✐✈❡ ♠❛ss s❡♥s✲
✐♥❣ ❛♥❞ ❢♦r❝❡ ❞❡t❡❝t✐♦♥ ♦✈❡r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❢r❡q✉❡♥❝✐❡s ❛♥❞ t❤❡ s♠❛❧❧ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
❞✐❛♠❡t❡r ✭d❈◆❚ ∼ 1 ♥♠✮ s❤♦✉❧❞ ❡✈❡♥ ❡♥❛❜❧❡ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ❞❡t❡❝t✐♦♥ ❬✶✾❪✳

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ ✇❡ ♣r♦♣♦s❡❞ ❞✐✛❡r❡♥t ❞❡s✐❣♥s ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞
s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s ❛♥❞ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ❞❡t❡❝t♦rs✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❞❡✲
s❝r✐❜❡❞ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r t♦rq✉❡ ♠❛❣♥❡t♦♠❡t❡r ❜❛s❡❞ ♦♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ❛♥❞ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts t❤❛t ❝♦✉❧❞ ❛❝❤✐❡✈❡ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡✴s♣✐♥ s❡♥s✐t✐✈✐t②
✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✮✳ ❲✐t❤ t❤❡ ❛♠❜✐t✐♦♥ ♦❢ ❞❡t❡❝t✐♥❣ ❛♥❞ ♠❛♥✐♣✉❧❛t✐♥❣ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❛r
s♣✐♥✱ ✇❡ ♣r♦♣♦s❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs t❤❡ ✜rst ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r
s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡✱ ❜❛s❡❞ ♦♥ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ❛♥❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳

■♥ t❤✐s ❝♦♥t❡①t ✇❡ ❞❡s❝r✐❜❡❞ t❤❡ ✜rst ❜✉✐❧❞✐♥❣ ❜❧♦❝❦✱ t❤❡ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ✐♥
t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✷✳ ❲❡ ✇✐❧❧ ♣r❡s❡♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✸✱ ✹ ❛♥❞ ✺ t❤❡ s❡❝♦♥❞
❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r s✉❝❤ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r t♦rq✉❡ ❞❡t❡❝t♦r✱ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳
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❈♦♥✈❡♥t✐♦♥❛❧ s❡♠✐❝♦♥❞✉❝t♦r ◆❊▼❙ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✳✶ ❛r❡ ✉s✉❛❧❧② ♦❜t❛✐♥❡❞ ✐♥ t♦♣✲
❞♦✇♥ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss❡s ❜② ❡t❝❤✐♥❣ ♦❢ ❛ ❧❛r❣❡r str✉❝t✉r❡ ✭t❤✐♥ ✜❧♠✱ ❡t❝✳✳✳✮ ♦r ❜② ❞❡✲
♣♦s✐t✐♥❣ ♠❛t❡r✐❛❧ ✭♠❡t❛❧✱ s❡♠✐❝♦♥❞✉❝t♦r✮ ♦♥ ❛ r❡s✐st ♠❛s❦ ✇❤✐❝❤ ✐s s✉❜s❡q✉❡♥t❧② ❧✐❢t❡❞ ♦✛✳
❯♣♦♥ r❡❞✉❝✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥s ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♠❛ss ♦❢ t❤❡ r❡s♦♥❛t✐♥❣ ❜❡❛♠s✱ t❤❡ r❡s♦✲
♥❛♥❝❡ ❢r❡q✉❡♥❝② ❢♦r ✢❡①✉r❛❧ ♠♦❞❡s ❝❛♥ ❜❡ ✐♥❝r❡❛s❡❞ ✉♣ t♦ ❛ ❢❡✇ ❣✐❣❛❤❡rt③ ❬✶❪✳ ❚♦♣✲❞♦✇♥
❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡❞✉r❡s ❤♦✇❡✈❡r ✐♥tr♦❞✉❝❡ ❞❡❢❡❝ts ✐♥t♦ t❤❡ r❡s♦♥❛t♦r✬s s✉r❢❛❝❡✱ r❡s✉❧t✐♥❣ ✐♥
❧❛r❣❡ ❞✐ss✐♣❛t✐♦♥ ❛♥❞ ❛ ❧♦✇ q✉❛❧✐t② ❢❛❝t♦r Q✳ ❯♣♦♥ r❡❞✉❝✐♥❣ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ◆❊▼❙✱
t❤❡ s✉r❢❛❝❡✲t♦✲✈♦❧✉♠❡ r❛t✐♦ ❛♥❞ t❤✉s t❤❡ ❞❡❢❡❝t ❞❡♥s✐t② ✐♥❝r❡❛s❡s ❬✶❪✳ ■♥ ❝♦♥s❡q✉❡♥❝❡ t❤❡
q✉❛❧✐t② ❢❛❝t♦r ❞❡❝r❡❛s❡s ✇✐t❤ r❡❞✉❝❡❞ ❞❡✈✐❝❡ ❞✐♠❡♥s✐♦♥s ❛s ❞❡♣✐❝t❡❞ ❜② t❤❡ ❞❛s❤❡❞ ❧✐♥❡
✐♥ ❋✐❣✳ ✸✳✸✳
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✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✳✶✿ ❈♦♥✈❡♥t✐♦♥❛❧ ◆❊▼❙✿ ❋❛❧s❡ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡ ♦❢ ❛ ✭❛✮ ✷ ▼❍③ ✢❡①✉r❛❧ r❡s♦♥❛t♦r
✭L = 50µ♠✮ ❡♠❜❡❞❞❡❞ ✐♥ ❛ ❉❈ ❙◗❯■❉ ✭r❡❞ str✉❝t✉r❡✮✳ ❋✐❣✉r❡ ❢r♦♠ ❬✶✱ ✻✷❪✳ ✭❜✮ ✶✾✳✼
▼❍③ ❙✐◆ r❡s♦♥❛t♦r ✭8µ♠ ① ✷✵✵ ♥♠ ① ✶✵✵ ♥♠✮ ❝♦✈❡r❡❞ ❜② ✷✵ ♥♠ ♦❢ ❆✉ ❝♦✉♣❧❡❞ t♦ ❛
s✉♣❡r❝♦♥❞✉❝t✐♥❣ s✐♥❣❧❡ ❡❧❡❝tr♦♥ tr❛♥s✐st♦r✳ ❋✐❣✉r❡ ❢r♦♠ ❬✶✱ ✻✸❪✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✳✷✿ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✿ ❋❛❧s❡ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡ ♦❢ ❛ ✭❛✮ ❚♦♣✲❞♦✇♥ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ◆❊▼❙ ❬✶✱ ✻✹❪✳ ❚❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✐s ❝❧❛♠♣❡❞ ❜② ❆✉ ❡❧❡❝tr♦❞❡s ✭②❡❧❧♦✇✮ ❛♥❞
s✉❜s❡q✉❡♥t❧② s✉s♣❡♥❞❡❞ ❜② ❡t❝❤✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ s✐❧✐❝♦♥ ♦①✐❞❡ ✭❜❧✉❡✮✳ ✭❜✮ ❇♦tt♦♠✲✉♣
✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❬✶✱ ✻✶❪✳ ❚❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✐s ❣r♦✇♥ ❜② ❈❱❉ ♦✈❡r
t❤❡ ♣r❡❢❛❜r✐❝❛t❡❞ ❥✉♥❝t✐♦♥ ✐♥ t❤❡ ❧❛st st❡♣ ♦❢ t❤❡ ♣r♦❝❡ss ✭s❡❡ ❈❤❛♣t❡r ✹ ❢♦r ❞❡t❛✐❧s✮✳

❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ s✐♠✐❧❛r t♦♣✲❞♦✇♥ ❛♣♣r♦❛❝❤ ❜② ❡t❝❤✐♥❣
t❤❡ ♥❛♥♦t✉❜❡✬s ✉♥❞❡r❧②✐♥❣ s✉❜str❛t❡ ✭❋✐❣✳ ✸✳✷❛✮✳ ❚❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ ✢❡①✉r❛❧
♠♦❞❡s ✐s ✐♥❞❡❡❞ ❧❛r❣❡r t❤❛♥ ✐♥ ❝♦♥✈❡♥t✐♦♥❛❧ ◆❊▼❙✱ ❞✉❡ t♦ t❤❡ ❧♦✇❡r ♠❛ss ❛♥❞ ❤✐❣❤❡r
❨♦✉♥❣✬s ♠♦❞✉❧✉s E ✭❋✐❣✳ ✸✳✹✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ q✉❛❧✐t② ❢❛❝t♦rs ♦♥ t❤❡ ♦r❞❡r ♦❢ ✶✵✵✲✶✵✵✵
❞❡✈✐❛t❡ ❢r♦♠ t❤❡ ❡①♣❡❝t❡❞ tr❡♥❞ ❢♦r ❝♦♥✈❡♥t✐♦♥❛❧ ◆❊▼❙ ✭❜❧❛❝❦ ❞♦ts ✐♥ ❋✐❣✳ ✸✳✸✮✳
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❋✐❣✉r❡ ✸✳✸✿ ◗✉❛❧✐t② ❢❛❝t♦r Qcryo ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ✭T < 4❑✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
◆❊▼❙✬ ✈♦❧✉♠❡✳ ❚❤❡ q✉❛❧✐t② ❢❛❝t♦rs ❢♦r ❝♦♥✈❡♥t✐♦♥❛❧ ✭❜❧✉❡ ❞♦ts✮ ❛♥❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
✭❜❧❛❝❦ ❞♦ts✮ t♦♣✲❞♦✇♥ ◆❊▼❙ ✇❡r❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❬✶❪✳ ◗✉❛❧✐t② ❢❛❝t♦rs ❢♦r ❜♦tt♦♠✲✉♣
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✭❣r❡❡♥ ❞♦ts✮ ✇❡r❡ ❝♦♠♣✐❧❡❞ ❢r♦♠ ❬✶✱ ✶✾✱ ✻✺✱ ✻✻❪✳ ❚❤❡ ❞❛s❤❡❞
❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ❡①♣❡❝t❡❞ tr❡♥❞ ♦❢ t❤❡ ◗ ❢❛❝t♦rs ♦❢ t♦♣✲❞♦✇♥ ❝♦♥✈❡♥t✐♦♥❛❧ ◆❊▼❙ ✉♣♦♥
r❡❞✉❝t✐♦♥ ♦❢ t❤❡✐r ❞✐♠❡♥s✐♦♥s✳

❆❧t❡r♥❛t✐✈❡❧②✱ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❜♦tt♦♠✲✉♣ ❢❛❜r✐❝❛t✐♦♥
♣r♦❝❡ss ✭s❡❡ ❈❤❛♣t❡r ✹ ❛♥❞ ❋✐❣✳ ✸✳✷❜✮✳ ■♥ s✉❝❤ ❜♦tt♦♠✲✉♣ ❞❡✈✐❝❡s✱ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛r❡
❣r♦✇♥ ♦♥ ❛ ✬❜❛❝❦✲❜♦♥❡✬ ♠❡t❛❧ ❥✉♥❝t✐♦♥ ❜② ❝❤❡♠✐❝❛❧ ✈❛♣♦r ❞❡♣♦s✐t✐♦♥ ✭❈❱❉✮ ✐♥ t❤❡ ✈❡r②
❧❛st st❡♣ ♦❢ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss✱ t❤✉s ❛✈♦✐❞✐♥❣ ❝♦♥t❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
❜② r❡s✐❞✉❛❧ r❡s✐st✱ s♦❧✈❡♥ts ♦r ❝❤❡♠✐❝❛❧ ❡t❝❤✐♥❣ ♣r♦❝❡❞✉r❡s ❬✶✱ ✻✶❪✳ ■♥ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡
q✉❛❧✐t② ❢❛❝t♦rs ♦❢ t❤❡s❡ ✉❧tr❛❝❧❡❛♥ ❜♦tt♦♠✲✉♣ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❝❛♥ r❡❛❝❤ ✈❛❧✉❡s
✉♣ t♦ ✶✵6 ❢♦r ✢❡①✉r❛❧ ♠♦❞❡s ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ✭❋✐❣✳ ✸✳✸ ❛♥❞ ✸✳✹✮✳ ❆s ❡①♣❡❝t❡❞✱
t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ ✢❡①✉r❛❧ ♠♦❞❡s ✐♥ ❜♦tt♦♠✲✉♣ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s r❛♥❣❡
❢r♦♠ ✶✵✵ ▼❍③ t♦ ❛ ❢❡✇ t❡♥s ♦❢ ❣✐❣❛❤❡rt③ ✭❋✐❣✳ ✸✳✹✮ ❬✶❪✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ st❛t❡ ♦❢ t❤❡ ❛rt ❢♦r ❤✐❣❤ ❢r❡q✉❡♥❝② ♠❡✲
❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ ❧❛r❣❡ Q✲❢❛❝t♦rs ♦❜t❛✐♥❡❞ ❢r♦♠
s✉❝❤ ❛♥ ✉❧tr❛❝❧❡❛♥ ❜♦tt♦♠✲✉♣ ❢❛❜r✐❝❛t✐♦♥ ❛♣♣r♦❛❝❤ ✭❙❡❝t✐♦♥ ✸✳✷✮✳

❉✉❡ t♦ t❤❡✐r ❣❡♦♠❡tr②✱ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❝❛♥ ❛❧s♦ ❡①❤✐❜✐t ❤✐❣❤ ❡♥❡r❣② ❧♦♥❣✐t✉✲
❞✐♥❛❧ str❡❝❤✐♥❣ ♠♦❞❡s ✭▲❙▼✮ ♦r r❛❞✐❛❧ ❜r❡❛t❤✐♥❣ ♠♦❞❡s ✭❘❇▼✮ ✐♥ ❛❞❞✐t✐♦♥ t♦ tr❛♥s✈❡rs❛❧
❜❡♥❞✐♥❣ ♠♦❞❡s ✭❋✐❣✳ ✸✳✺✮✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ✇❤✐❝❤
♦❝❝✉r ❞✉❡ t♦ ❛ str♦♥❣ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ✭❙❡❝t✐♦♥ ✸✳✸✮✳ ❲❡
✇✐❧❧ ♥♦t ❞✐s❝✉ss r❛❞✐❛❧ ❜r❡❛t❤✐♥❣ ♠♦❞❡s ✭❘❇▼✮ ❛s t❤❡② ❛r❡ ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s t❤❡s✐s✳
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❋✐❣✉r❡ ✸✳✹✿ ◗✉❛❧✐t② ❢❛❝t♦r Qcryo ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ◆❊▼❙✬
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❋✐❣✉r❡ ✸✳✺✿ ❱✐❜r❛t✐♦♥❛❧ ♠♦❞❡s ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✿ ❚r❛♥s✈❡rs❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s
✭❜❧✉❡✮✱ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ✭❣r❡❡♥✮ ❛♥❞ r❛❞✐❛❧ ❜r❡❛t❤✐♥❣ ♠♦❞❡s ✭r❡❞✮ ❛s ❢✉♥❝t✐♦♥
♦❢ t❤❡ ♥❛♥♦t✉❜❡✬s ❧❡♥❣t❤✳ ❇❡♥❞✐♥❣ ♠♦❞❡ ❢r❡q✉❡♥❝✐❡s ✭❜❧✉❡ ♦♣❡♥ sq✉❛r❡s✮ ❛r❡ ❝♦♠♣✐❧❡❞
❢r♦♠ ❬✶✱ ✶✾✱ ✻✺✱ ✻✻❪✱ ▲❙▼ ❢r❡q✉❡♥❝✐❡s ✭❣r❡❡♥ ❝✐r❝❧❡s✮ ❢r♦♠ ❬✻✻✱ ✻✼✱ ✷✵✱ ✻✽❪✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s
❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝❛❧❝✉❧❛t❡❞ ❧❡♥❣t❤ ❞❡♣❡♥❞❛♥❝❡ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✻✽❪✳



✸✳✷✳ ❍✐❣❤✲Q ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✸✾

❆s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❛✐♠ ❛t ♣r♦❜✐♥❣ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ s✐♥❣❧❡
♠❛❣♥❡t✐❝ ♠♦❧❡❝✉❧❡s ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡ ✇✐t❤ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✬s ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥
✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸ ❛♥❞ ✻✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ t❤❡r❡❢♦r❡ r❡str✐❝t t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ❛
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ♠❡❝❤❛♥✐❝❛❧ ❜❡❤❛✈✐♦r t♦ t❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ r❡❣✐♠❡✳ ❆ ❞❡t❛✐❧❡❞
❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ❡❧s❡✇❤❡r❡ ❬✼✵❪✳

✸✳✷ ❍✐❣❤✲Q ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ✉❧tr❛❝❧❡❛♥

❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙

✸✳✷✳✶ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠ ♠❡❝❤❛♥✐❝s✿ ▲✐♥❡❛r ❤❛r♠♦♥✐❝ ♦s❝✐❧✲
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❋✐❣✉r❡ ✸✳✻✿ ▼❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡ ♦❢ ❛ ❞❛♠♣❡❞ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r t♦ ❛♥ ❡①t❡r♥❛❧ ♦s❝✐❧❧❛t✐♥❣
❢♦r❝❡✳

❉♦✉❜❧② ❝❧❛♠♣❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠

❆ ❞♦✉❜❧② ❝❧❛♠♣❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ ❞❛♠♣❡♥❡❞ ❤❛r♠♦♥✐❝
♦s❝✐❧❧❛t♦r ❛❝t✉❛t❡❞ ❜② ❛ s♠❛❧❧ ♦s❝✐❧❧❛t✐♥❣ ❞r✐✈✐♥❣ ❢♦r❝❡ ❬✻✾❪✳ ❚❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦❢
s✉❝❤ ❛ s②st❡♠ ✐s ❣✐✈❡♥ ❜②

mz̈(t) + bż(t) + kz(t) = F0cos(ωt) ✭✸✳✶✮



✹✵ ❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙

❚❤❡ st❡❛❞② st❛t❡ s♦❧✉t✐♦♥ ♦❢ ❡q✳ ✸✳✶ t❤❡♥ ②✐❡❧❞s

z(t) =
F0/m

√

(ω2
0 − ω2)

2
+ 4ω2β2

cos(ωt− φ) ✭✸✳✷✮

φ = arctan

(

ω2
0 − ω2

2ωβ

)

✭✸✳✸✮

✇✐t❤ t❤❡ ❞❛♠♣✐♥❣ t❡r♠ β = b/2m ❛♥❞ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❢r❡❡ ❤❛r♠♦♥✐❝
♦s❝✐❧❧❛t♦r ω0 =

√

k/m✳
❚❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ♠♦t✐♦♥ z(t) t❤❡r❡❢♦r❡ ❡①❤✐❜✐ts ❛ ▲♦r❡♥t③✐❛♥ ❧✐♥❡s❤❛♣❡ ✇✐t❤ ❛ r❡s♦✲

♥❛♥❝❡ ❢r❡q✉❡♥❝② ωr = ω0

√

1− β2 ❛♥❞ ❛ ❧✐♥❡✇✐❞t❤ ❣✐✈❡♥ ❜② ω0/Q✱ ✇❤❡r❡ Q ✐s t❤❡ q✉❛❧✐t②
❢❛❝t♦r ♦❢ t❤❡ s②st❡♠ ❣✐✈❡♥ ❜② Q = ω0/(2β) = ω0/δω0 ✭❋✐❣✳ ✸✳✻✮✳

❉♦✉❜❧② ❝❧❛♠♣❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠ ✉♥❞❡r t❡♥s✐♦♥

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ t❡♥s✐♦♥ T ✐♥❞✉❝❡❞ ❜② ❛ ❝♦♥st❛♥t ❢♦r❝❡ ♦♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠✳
❚❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠ ✐s ♦r✐❡♥t❡❞ ❛❧♦♥❣ t❤❡ ①✲❛①✐s ✇✐t❤ ② ❛♥❞ ③✲❛①✐s ♣❡r♣❡♥❞✐❝✉❧❛r
t♦ ✐t ✭❋✐❣✳ ✸✳✼✮✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❝♦♥s✐❞❡r ♦♥❧② ❜❡♥❞✐♥❣ ♠♦❞❡ ✈✐❜r❛t✐♦♥s ❛♥❞ ❡①t❡r♥❛❧
❢♦r❝❡s ❛♣♣❧✐❡❞ ✐♥ t❤❡ ①✲③ ♣❧❛♥❡✳

x

z

y

F0 cos(ωt)

Fel
DC ~ Vg

2

T

L

❋✐❣✉r❡ ✸✳✼✿ ❙✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠ ❞r✐✈❡♥ ❜② ❛♥ ♦s❝✐❧❧❛t✐♥❣ ❢♦r❝❡ ~F0cos(ωt)

✭②❡❧❧♦✇✮✳ ❆ t❡♥s✐♦♥ ~T ✭❣r❡❡♥✮ ✐s ✐♥❞✉❝❡❞ ✐♥ t❤❡ ❜❡❛♠ ❜② ❛♥ ❝♦♥st❛♥t ❢♦r❝❡ ~FDC
el ✱ ✐♥ t❤✐s

❝❛s❡ ❛♥ ❡❧❡❝tr♦st❛t✐❝ ❢♦r❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❙✐ ❜❛❝❦❣❛t❡ ✭❜❧✉❡✮✳

❚❤❡ ❡❧❛st✐❝ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠ ✐s t❤❡♥ ❣✐✈❡♥ ❜② ❬✼✵✱ ✼✶❪

U =
1

2

∫ L

0

(

EI
∂2z

∂x2
+ T0 +

1

2
EA

(

∂z

∂x

)2

+Kz

)

dx ✭✸✳✹✮

✇❤❡r❡ E ✐s t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s✱ I t❤❡ ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛✱ A t❤❡ ❜❡❛♠✬s ❝r♦ss s❡❝t✐♦♥❛❧
❛r❡❛ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛♥❞ K ❛ ❝♦♥st❛♥t ❞♦✇♥✇❛r❞ ❢♦r❝❡ ✐♥ t❤❡ ①✲③ ♣❧❛♥❡✳ ▼✐♥✐✲
♠✐③✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② U ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥✿

EI
∂4z

∂x4
− T

∂2z

∂x2
−K = 0 ✭✸✳✺✮
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✇❤❡r❡ t❤❡ t❡♥s✐♦♥ ✐s ❣✐✈❡♥ ❜② T = T0 +
EA
2L

∫ L

0

(

∂z
∂x

)2
dx ❬✼✵✱ ✼✶❪✳ ❊q✉❛t✐♦♥ ✸✳✺ ❝❛♥ t❤❡♥

❜❡ s♦❧✈❡❞ ✐♥ t✇♦ ❞✐✛❡r❡♥t ❧✐♠✐ts✳
■♥ t❤❡ s♦ ❝❛❧❧❡❞ ❜❡♥❞✐♥❣ ❧✐♠✐t✱ t❤❡ t❡♥s✐♦♥ ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✢❡①✉r❛❧ r✐❣✐❞✐t②

♦❢ t❤❡ ❜❡❛♠ EI ≫ T ❛♥❞ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ✐s ❣✐✈❡♥ ❜②

ω =
22.4

L2

√

EI

µ
+ 0.28T

√

1

µEI
✭✸✳✻✮

✇❤❡r❡ L ✐s t❤❡ ❧❡♥❣t❤ ❛♥❞ µ t❤❡ ❧✐♥❡❛r ♠❛ss ❞❡♥s✐t② ♦❢ t❤❡ ♥❛♥♦t✉❜❡ ❜❡❛♠ ❬✼✵✱ ✼✶❪✳ ■♥ t❤✐s
❧✐♠✐t✱ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡ ❢♦❧❧♦✇s ❛ 1/L2 ❞❡♣❡♥❞❛♥❝❡✱
❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✳✺✳

■♥ t❤❡ t❡♥s✐♦♥ ❧✐♠✐t✱ t❤❡ t❡♥s✐♦♥ ✐s ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✢❡①✉r❛❧ r✐❣✐❞✐t② EI ≪ T

❛♥❞ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❤♦❧❞s

ω =
π

L

√

T

µ
+

2π

L2

√

EI

µ
✭✸✳✼✮

✇❤❡r❡ L ✐s t❤❡ ❧❡♥❣t❤ ❛♥❞ µ t❤❡ ❧✐♥❡❛r ♠❛ss ❞❡♥s✐t② ♦❢ t❤❡ ♥❛♥♦t✉❜❡ ❜❡❛♠ ❬✼✵✱ ✼✶❪✳

■♥ ❛ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✳✼✱ t❤❡ t❡♥s✐♦♥ ❝❛♥
❜❡ ❞✉❡ t♦ ❛♥ ✐♥✲❜✐✉❧t t❡♥s✐♦♥ T0 ♦❝❝✉r✐♥❣ ❞✉r✐♥❣ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ s❛♠♣❧❡✳
❚❡♥s✐♦♥ ❝❛♥ ❛❧s♦ ❛r✐s❡ ❢r♦♠ ❛ ❉❈ ❣❛t❡ ♣♦t❡♥t✐❛❧ V DC

g ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❡❧❡❝tr♦st❛t✐❝
❢♦r❝❡

FDC
el =

1

2
C ′
❣

(

V DC
❣ − V✵

)2
✭✸✳✽✮

✇✐t❤ V0 ❜❡✐♥❣ t❤❡ ❝❤❛r❣❡ ♥❡✉tr❛❧✐t② ✈♦❧t❛❣❡ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳ ❚❤❡ r❡s✉❧t✐♥❣ t❡♥s✐♦♥
T ✐s t❤❡♥ ❣✐✈❡♥ ✐♥ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❜② T ≈ FDC

el /
√
24s✱ ✇❤❡r❡ s ✐s t❤❡ s❧❛❝❦✶ ✐♥ t❤❡

❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠ ❬✼✵❪✳
❋♦r s♠❛❧❧ ❣❛t❡ ✈♦❧t❛❣❡s V DC

❣ ✇❡ ❤❛✈❡ FDC
el ≪ EI/L2 ✭V0 = 0✮✳ ❚❤✉s✱ t❤❡ t❡♥s✐♦♥ ✐s

s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✢❡①✉r❛❧ r✐❣✐❞✐t② ❛♥❞ t❤❡ r❡s♦♥❛t♦r ✐s ✐♥ t❤❡ ❜❡♥❞✐♥❣ r❡❣✐♠❡✳ ❋r♦♠
❡q✉❛t✐♦♥ ✸✳✻ ✇✐t❤ ❞❡t❡r♠✐♥❡

ωbend ∼ T ∼ V DC2

❣ ✭✸✳✾✮

❋♦r ❧❛r❣❡ ❣❛t❡ ✈♦❧t❛❣❡s V DC
❣ ✇❡ ❤❛✈❡ FDC

el ≫ EI/L2✳ ❚❤❡ r❡s♦♥❛t♦r ✐s ✐♥ ❛ ❝❛t❡♥❛r②

t❡♥s✐♦♥ r❡❣✐♠❡ ❛♥❞ ❢r♦♠ ❡q✉❛t✐♦♥ ✸✳✼ ✇❡ ❞❡❞✉❝❡

ωcat ∼
√
T ∼ V DC

❣ ✭✸✳✶✵✮

✶❚❤❡ s❧❛❝❦ s ✐s ❣✐✈❡♥ ❜② t❤❡ r❛t✐♦ L−L0

L
✱ ✇❤❡r❡ L ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜❡❛♠ ❛♥❞ L0 t❤❡ ❞✐st❛♥❝❡

❜❡t✇❡❡♥ t❤❡ ❝❧❛♠♣✐♥❣ ♣♦✐♥ts✳
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2

❋✐❣✉r❡ ✸✳✽✿ ❋r❡q✉❡♥❝② ❞✐s♣❡rs✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t T = 20 ♠❑✳ ■♥ t❤❡
❜❡♥❞✐♥❣ r❡❣✐♠❡ ✭❜❧✉❡ s❡❣♠❡♥t✮✱ t❤❡ ❛♣♣❧✐❡❞ ❢♦r❝❡ t♦ t❤❡ ♥❛♥♦t✉❜❡ ✐s s♠❛❧❧ ❛♥❞ t❤❡ ❢r❡✲
q✉❡♥❝② ❢♦❧❧♦✇s ❛ q✉❛❞r❛t✐❝ ❞❡♣❡♥❞❛♥❝❡ ♦♥ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡✳ ■♥ t❤❡ ❝❛t❡♥❛r② t❡♥s✐♦♥
r❡❣✐♠❡ ✭♣✉r♣❧❡ s❡❣♠❡♥t✮✱ t❤❡ ❢♦r❝❡ ❜❡❝♦♠❡s ❧❛r❣❡ ❛♥❞ t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞s ❧✐♥❡❛r❧② ♦♥
t❤❡ ❣❛t❡ ♣♦t❡♥t✐❛❧✳

❚❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ r❡❣✐♠❡s ♦❝❝✉rs ❢♦r T = EI/L2 ❛♥❞ ❛ ❝r♦ss♦✈❡r ❣❛t❡
✈♦❧t❛❣❡ V ∗

❣ ❬✼✵❪

V ∗
❣ =

√

2EI
√
24s

C ′
❣

✭✸✳✶✶✮

❋✐❣✳ ✸✳✽ ❞✐s♣❧❛②s t❤❡ ❢r❡q✉❡♥❝② ❞✐s♣❡rs✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r ✉♥❞❡r s✉❝❤
❛ ❣❛t❡ ❞❡♣❡♥❞❛♥t t❡♥s✐♦♥✳

❍❛r♠♦♥✐❝ ❢r❡q✉❡♥❝② s♣❡❝tr✉♠

❊✈❡♥t✉❛❧❧②✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ ❤✐❣❤❡r ♠❡❝❤❛♥✐❝❛❧ ♠♦❞❡s ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❬✼✵✱ ✻✺✱
✼✷❪ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✳✾❛✳ ❆s ❡①♣❡❝t❡❞ ❢♦r ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠ ✉♥❞❡r t❡♥s✐♦♥✱ t❤❡
❤✐❣❤❡r ♠♦❞❡ ❢r❡q✉❡♥❝✐❡s fn ❛r❡ ✐♥t❡❣❡r ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② f0
✭❋✐❣✳ ✸✳✾❜✮✳ ❋♦r ❛ tr✉❡ ❤❛r♠♦♥✐❝ s♣❡❝tr✉♠✱ t❤❡ r❡❧❛t✐♦♥ fn/nf0 ❡q✉❛❧s ✶ ✭❋✐❣✳ ✸✳✾❝✮ ❬✻✺❪✳
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❘❡❝❡♥t❧②✱ ▲❛✐r❞ ❡t ❛❧✳ ❬✻✺❪ ♦❜s❡r✈❡❞ ❢r❛❝t✐♦♥❛❧ r❡s♦♥❛♥❝❡ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
r❡s♦♥❛t♦rs ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ✭n = 1/4, 1/2, 3/2✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦
♣❛r❛♠❡tr✐❝ ❞r✐✈✐♥❣ ♦❢ ❤✐❣❤❡r ✐♥t❡❣❡r r❡s♦♥❛♥❝❡ ♠♦❞❡s ✭s❡❡ ❋✐❣✳ ✸✳✾❝✮ ✭s❡❡ ❬✻✺❪ ❢♦r ❞❡t❛✐❧s✮✳

(a) (b)

(c)

❋✐❣✉r❡ ✸✳✾✿ ■♥t❡❣❡r ❛♥❞ ❢r❛❝t✐♦♥❛❧ ♠❡❝❤❛♥✐❝❛❧ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦rs✿ ✭❛✮
❋r❡q✉❡♥❝② ❞✐s♣❡rs✐♦♥ ❢♦r t❤❡ ✜rst t❤r❡❡ ✐♥t❡❣❡r ♠♦❞❡s ✉♥❞❡r ❣❛t❡ ❞❡♣❡♥❞❛♥t t❡♥s✐♦♥ ❛t
T = 20 ♠❑✳ ▼♦❞✐✜❡❞ ✜❣✉r❡ ❢r♦♠ ❬✼✷❪✳ ✭❜✮ ▼♦❞❡ ❢r❡q✉❡♥❝② ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠♦❞❡
♥✉♠❜❡r n ❢♦r V❣ = −6.29 ❱ ✐♥ ✭❛✮✳ ▼♦❞✐✜❡❞ ✜❣✉r❡ ❢r♦♠ ❬✼✷❪✳ ✭❝✮ ◆♦r♠❛❧✐③❡❞ r❡s♦♥❛♥❝❡
❢r❡q✉❡♥❝② fn/nf0 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡ ❢♦r ❞✐✛❡r❡♥t ♠♦❞❡s ❛t T = 100 ♠❑✳
❋r❛❝t✐♦♥❛❧ ♠♦❞❡s ❛♣♣❡❛r✱ ✇❤✐❝❤ ❛r❡ ❛ttr✐❜✉t❡❞ t♦ ♣❛r❛♠❡tr✐❝ ❞r✐✈✐♥❣ ♦❢ ✐♥t❡❣❡r r❡s♦♥❛♥❝❡
♠♦❞❡s✳ ❋✐❣✉r❡ ❢r♦♠ ❬✻✺❪✳



✹✹ ❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙

✸✳✷✳✷ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❡❛♠ ♠❡❝❤❛♥✐❝s✿ ◆♦♥❧✐♥❡❛r ❉✉✣♥❣ ♦s✲

❝✐❧❧❛t♦r

❆t ❧❛r❣❡ ❛♠♣❧✐t✉❞❡ ♦❢ ♠♦t✐♦♥✱ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❡①❤✐❜✐ts ❛ ♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐✲
❝❛❧ ❜❡❤❛✈✐♦r ❛ttr✐❜✉t❡❞ t♦ ❛❞❞✐t✐♦♥❛❧ r❡st♦r✐♥❣ ❢♦r❝❡s ✐♥ t❤❡ ❜❡❛♠✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥
✐s t❤❡♥ ❞❡s❝r✐❜❡❞ ❜② ❛ ❉✉✣♥❣ ♦s❝✐❧❧❛t♦r ②✐❡❧❞✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥✿

z̈(t) +
ω0

Q
ż(t) + ω2

0z(t) + αz3(t) =
F0

m
cos(ωt) ✭✸✳✶✷✮

✇❤❡r❡ α ✐s t❤❡ s♦ ❝❛❧❧❡❞ ❉✉✣♥❣ ♣❛r❛♠❡t❡r✳
❆t ❧♦✇ ❞r✐✈✐♥❣ ❢♦r❝❡s ✭♣♦✇❡r✮✱ ❡q✉❛t✐♦♥ ✸✳✶✷ r❡❞✉❝❡s t♦ ❡q✉❛t✐♦♥ ✸✳✶ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛

▲♦r❡♥t③✐❛♥ r❡s♦♥❛♥❝❡ ❧✐♥❡s❤❛♣❡✳ ❍♦✇❡✈❡r✱ ✉♣♦♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ❞r✐✈✐♥❣ ❢♦r❝❡ ✭♣♦✇❡r✮ t❤❡
r❡s♦♥❛♥❝❡ ♣❡❛❦ ✐s ♣✉❧❧❡❞ t♦✇❛r❞s ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s ✭❧♦✇❡r ❢r❡q✉❡♥❝✐❡s✮ ✐❢ t❤❡ ❉✉✣♥❣ ♣❛✲
r❛♠❡t❡r α ✐s ♣♦s✐t✐✈❡ ✭♥❡❣❛t✐✈❡✮ ✭❋✐❣✳ ✸✳✶✵❛✮✳ ■♥ t❤✐s ❜✐st❛❜❧❡ st❛t❡✱ ❛ ❤②st❡r❡t✐❝ s✇✐t❝❤✐♥❣
❞❡✈❡❧♦♣s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠❡t❛st❛❜❧❡ ♠♦❞❡s ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❢r❡q✉❡♥❝② ♣✉❧❧✐♥❣ ✭❋✐❣✳
✸✳✶✵❜✮ ❛♥❞ ♦♥❡ ♦❜s❡r✈❡s ❛♥ ❛s②♠❡tr✐❝ ❧✐♥❡s❤❛♣❡✱ ✇✐t❤ ❛ s❤❛r♣ ❡❞❣❡ ♦♥ t❤❡ ❤✐❣❤ ✭❧♦✇✮
❢r❡q✉❡♥❝② s✐❞❡ ❢♦r ❛ ♣♦s✐t✐✈❡ ✭♥❡❣❛t✐✈❡✮ ❉✉✣♥❣ ♣❛r❛♠❡t❡r α ✭❋✐❣✳ ✸✳✶✵❝✮✳ ❚❤❡ ❤②st❡r❡✲
s✐s ❜❡t✇❡❡♥ ✉♣✇❛r❞s ❛♥❞ ❞♦✇♥✇❛r❞s ❢r❡q✉❡♥❝② s✇❡❡♣ ❜❡❝♦♠❡s ❧❛r❣❡r ✇✐t❤ ❛♥ ✐♥❝r❡❛s❡❞
❞r✐✈✐♥❣ ❢♦r❝❡ ♦♥ t❤❡ ❜❡❛♠✳

❚❤❡ ♥♦♥❧✐♥❡❛r✐t② ✐s t②♣✐❝❛❧❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ❜❡❛♠ ✇✐t❤ ❛ ❉✉✣♥❣ ♣❛r❛♠❡t❡r αm = E

18ρ

(

2π
L

)4
✱ ✇❤❡r❡ ρ ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡

❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳
■t ✇❛s r❡❝❡♥t❧② s✉❣❣❡st❡❞ ❬✼✵❪✱ t❤❛t s✉❝❤ ♥♦♥❧✐♥❡❛r ❜❡❤❛✈✐♦r ❝♦✉❧❞ ❛❧s♦ ❛r✐s❡ ❢r♦♠ ❛

❞✐r❡❝t ❞❡♣❡♥❞❛♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦♥ t❤❡ ❞r✐✈✐♥❣ ❢♦r❝❡✳ ❙✐♥❝❡ t❤❡ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ r❡s♦♥❛♥❝❡ ❝❛♥ ❜❡ t✉♥❡❞ ❛♥❞ ✐s ❛❝t✉❛t❡❞ ❜② ❛ ❣❛t❡ ✈♦❧t❛❣❡ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳✶
❛♥❞ ✸✳✷✳✸✱ r❡s♣❡❝t✐✈❡❧②✮✱ t❤❡ ❞r✐✈✐♥❣ ♣♦✇❡r ♠♦❞✉❧❛t❡s t❤❡ ❢r❡q✉❡♥❝② ❛♥❞ t❤✉s t❤❡ s♣r✐♥❣
❝♦♥st❛♥t ✐♥ t❤❡ ❜❡❛♠✱ ❧❡❛❞✐♥❣ t♦ ❛ ❜✐st❛❜✐❧✐t② ✐♥ t❤❡ s②st❡♠✳ ❚❤❡ ♠♦t✐♦♥ ✐s t❤❡♥ ❞❡s❝r✐❜❡❞
❜② ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ❡q✳ ✸✳✶✷

z̈(t) +
ω0

Q
ż(t) + ω2

0 (F0cos(ωt)) z(t) =
F0

m
cos(ωt) ✭✸✳✶✸✮

❆t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♥♦♥❧✐♥❡❛r✐t② ✐s ✐♥❞✉❝❡❞ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ❜② ❝❤❛r❣❡ q✉❛♥t✐③❛t✐♦♥ ❡✛❡❝ts ❬✻✶✱ ✼✸✱ ✼✹❪✳ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦rs ❜❡❤❛✈❡
❛s ❛ q✉❛♥t✉♠ ❞♦ts ❛♥❞ ❡①❤✐❜✐t ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✱ ✇❤❡r❡ t❤❡
❡❧❡❝tr♦♥ tr❛♥s♣♦rt ✐s ❣♦✈❡r♥❡❞ ❜② ❛ q✉❛♥t✐③❡❞ ❝❤❛r❣❡ tr❛♥s♣♦rt ❦♥♦✇♥ ❛s s✐♥❣❧❡✲❡❧❡❝tr♦♥
t✉♥♥❡❧✐♥❣✳ ❙✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ♠♦❞✉❧❛t❡s t❤❡ ♥❛♥♦t✉❜❡✬s s♣r✐♥❣ ❝♦♥st❛♥t ❞✉❡ t♦
t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ❛♥❞ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥✳ ❚❤❡ r❡s✉❧t✐♥❣
❝✉rr❡♥t✲❞❡♣❡♥❞❛♥t ♥♦♥❧✐♥❡❛r✐t② ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛r✐s✐♥❣ ❢r♦♠ ❡❧❛st✐❝
❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳✹ ❢♦r ❞❡t❛✐❧s✮✳



✸✳✷✳ ❍✐❣❤✲Q ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✹✺

drive

(a)

(b)

(c)

❋✐❣✉r❡ ✸✳✶✵✿ ◆♦♥❧✐♥❡❛r ❜❡❤❛✈✐♦r ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❉✉✣♥❣ ♦s❝✐❧❧❛t♦rs✿ ✭❛✮ ■♥❝r❡❛s✐♥❣
❞r✐✈❡ ♣✉❧❧s t❤❡ r❡s♦♥❛♥❝❡ ♣❡❛❦ t♦✇❛r❞s ❧♦✇❡r ❢r❡q✉❡♥❝✐❡s ❢♦r α < 0✳ ✭❜✮ ❍②st❡r❡t✐❝
s✇✐t❝❤✐♥❣ ❜❡t✇❡❡♥ ✉♣✇❛r❞s ❛♥❞ ❞♦✇♥✇❛r❞s ❢r❡q✉❡♥❝② ❛t ❧❛r❣❡ ❞r✐✈✐♥❣ ♣♦✇❡rs ❢♦r α < 0✳
✭❝✮ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡s❤❛♣❡ ✇✐t❤ ❞✐✛❡r❡♥t ❞r✐✈✐♥❣ ♣♦✇❡rs ❛♥❞ α < 0✳ ❆t ❧♦✇ ❞r✐✈❡✱
✇❡ ♦❜s❡r✈❡ ❛ ▲♦r❡♥t③✐❛♥ ❧✐♥❡❛s❤❛♣❡✳ ❯♣♦♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ❞r✐✈❡✱ ❛♥ ❛s②♠❡tr✐❝ ❧✐♥❡s❤❛♣❡
✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❤②st❡r❡s✐s ❞❡✈❡❧♦♣s✳ ❘❡❞ ❛♥❞ ❜❧❛❝❦ ❝✉r✈❡s ❝♦rr❡♥s♣♦♥❞ t♦ ✉♣✇❛r❞s ❛♥❞
❞♦✇♥✇❛r❞s ❢r❡q✉❡♥❝② s✇❡❡♣s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ✇❛s ♣❡r❢♦r♠❡❞ ❛t T = 20

♠❑✳

✸✳✷✳✸ ❆❝t✉❛t✐♦♥ ❛♥❞ ❞❡t❡❝t✐♦♥ ♣r✐♥❝✐♣❧❡

❍✉❡tt❡❧ ❡t ❛❧✳ ♣r♦♣♦s❡❞ ❛♥ ❡❧❡❝tr♦♥✐❝ ❛❝t✉❛t✐♦♥ ❛♥❞ ❞❡t❡❝t✐♦♥ s❝❤❡♠❡ ❢♦r ❛ ❝❛r❜♦♥ ♥❛♥✲
♦t✉❜❡✬s ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡ ✭T < 4 ❑✮✳ ❚❤❡ r❡❛❞♦✉t ✐s ❜❛s❡❞ ♦♥ t❤❡
♥♦♥❧✐♥❡❛r ❣❛t❡ ❞❡♣❡♥❞❛♥❝❡ ♦❢ t❤❡ ❝✉rr❡♥t ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t ❝r②♦❣❡♥✐❝ t❡♠✲
♣❡r❛t✉r❡s ❛♥❞ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ✐ts ❝❤❛r❣❡ tr❛♥s♣♦rt ❛♥❞ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❬✼✸✱ ✼✺❪✳

❆s t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✐s ❞r✐✈❡♥ ✐♥t♦ r❡s♦♥❛♥❝❡✱ ✐t ♦s❝✐❧❧❛t❡s ✇✐t❤ ❛ ❢r❡q✉❡♥❝② ωr

❛♥❞ ❛ ✜♥✐t❡ ❛♠♣❧✐t✉❞❡ u(t) = u0cos(ωrt)✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ♣❡r✐♦❞✐❝❛❧❧② ♠♦❞✉❧❛t❡s
t❤❡ ❣❛t❡ ❝❛♣❛❝✐t❛♥❝❡ C❣ ✐♥ t❤❡ r❡s♦♥❛t♦r ❜② δC❣ = ∂C❣/∂u · u ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❣❛t❡



✹✻ ❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙

Vsd

Vg δVg cos(ωrt)

 

 

u(t) 
A

Ī (u,Vg)

❋✐❣✉r❡ ✸✳✶✶✿ ❊❧❡❝tr♦st❛t✐❝ ❛❝t✉❛t✐♦♥ s❝❤❡♠❡ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙

✐♥❞✉❝❡❞ ❝❤❛r❣❡ qc = C❣V❣ ♦♥ t❤❡ r❡s♦♥❛t♦r✳ ❍❡♥❝❡ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ❣❛t❡ ❝❛♣❛❝✐t❛♥❝❡ ✐s
❡q✉✐✈❛❧❡♥t t♦ ❛♥ ❡✛❡❝t✐✈❡ ♦s❝✐❧❧❛t✐♥❣ ✈♦❧t❛❣❡ δV❣ = V❣δC❣/C❣ ❛♣♣❧✐❡❞ t♦ t❤❡ ❣❛t❡ ❡❧❡❝tr♦❞❡✳
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t✐♠❡✲❞❡♣❡♥❞❛♥t ❝✉rr❡♥t ✐s t❤❡♥ ♦❜t❛✐♥❡❞ ✐♥ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢
I (V❣ + δV❣) ❛r♦✉♥❞ δV❣ = 0✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ♠❡❝❤❛♥✐❝❛❧ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡
♠❡❛s✉r❡♠❡♥t ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ s❡t✉♣ ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✹✮✳ ■♥ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♦♥❧② ♠❡❛s✉r❡
t✐♠❡✲❛✈❡r❛❣❡ ❉❈ ❝✉rr❡♥ts ②✐❡❧❞✐♥❣

Ī (u0, V❣) = I (V❣) +
u2
0

4

(

V❣

C❣

∂C❣

∂u

)2
∂2I

∂V 2
❣

+ o
(

u4
)

✭✸✳✶✹✮

❉✉❡ t♦ ❛✈❡r❛❣✐♥❣✱ ♦♥❧② ❡✈❡♥ ♣♦✇❡rs ♦❢ u0 ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❛✈❡r❛❣❡ ❝✉rr❡♥t Ī✳ ❋✐❣✳ ✸✳✶✷❛
❝♦♠♣❛r❡s t❤❡ t✐♠❡ ❛✈❡r❛❣❡ ❝✉rr❡♥t Ī ✭❜❧✉❡ ❝✉r✈❡✮ ✇✐t❤ t❤❡ st❛t✐❝ ❝✉rr❡♥t I ✭❜❧❛❝❦ ❝✉r✈❡✮✳
❚❤❡ t✐♠❡ ❛✈❡r❛❣❡ ❝✉rr❡♥t Ī ✐s ♥✉♠❡r✐❝❛❧❧② ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ♠❡❛s✉r❡❞ st❛t✐❝ ❝✉rr❡♥t
I ❢♦r ❛ ♠♦t✐♦♥ ❛♠♣❧✐t✉❞❡ ♦♥ r❡s♦♥❛♥❝❡ u0 = 5 ♥♠✱ ❣❛t❡ ❝❛♣❛❝✐t❛♥❝❡ C❣ = 9 ❛❋ ❛♥❞
∂C❣/∂u = 10−12 ❋✴♠ ✉s✐♥❣ ❡q✳ ✸✳✶✹✳

❚❤❡ ❝✉rr❡♥t ❝❤❛♥❣❡ ∆I = Ī − I ✐♥❞✉❝❡❞ ❜② t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ t❤✉s ❢♦❧❧♦✇s t❤❡
❧♦❝❛❧ ❝✉r✈❛t✉r❡ ∂2I/∂V 2

❣ ♦❢ t❤❡ st❛t✐❝ ❝✉rr❡♥t I (V❣) ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✭❋✐❣✳
✸✳✶✷❜✮✳ ❖♥ ❛ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ ♣❡❛❦ t❤❡ ❝✉r✈❛t✉r❡ ✐s ♥❡❣❛t✐✈❡✱ ✐✳❡✳ Ī < I✱ r❡s✉❧t✐♥❣
✐♥ ❛ ❝✉rr❡♥t ❞✐♣ ❛t t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✭❋✐❣✳ ✸✳✶✷❝✮✳ ❖♥
t❤❡ s✐❞❡✇❛❧❧s ♦❢ t❤❡ ❈♦✉❧♦♠❜ ♣❡❛❦ ❤♦✇❡✈❡r t❤❡ ❝✉r✈❛t✉r❡ ✐s ♣♦s✐t✐✈❡✱ ✐✳❡✳ Ī > I✱ ✇❤✐❝❤
♠❛♥✐❢❡sts ❛s ❛ ❝✉rr❡♥t ♣❡❛❦ ❛t t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✭❋✐❣✳ ✸✳✶✷❞✮✳

❚❤❡ ♠❡t❤♦❞ t❤❡r❡❢♦r❡ ❡①♣❧♦✐ts t❤❡ ♥♦♥❧✐♥❡❛r ❣❛t❡ ❞❡♣❡♥❞❛♥❝❡ ♦❢ t❤❡ ❝✉rr❡♥t ✐♥ ❛
s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦t ❜② ❞❡t❡❝t✐♥❣ s❡❝♦♥❞ ♦r ❤✐❣❤❡r ♦r❞❡r ❝✉rr❡♥t
❝❤❛♥❣❡s✳ ❆s s✉❝❤✱ t❤❡ ♠❡t❤♦❞ ❞✐✛❡rs ❢r♦♠ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♠✐①✐♥❣ t❡❝❤♥✐q✉❡✱ ✇❤✐❝❤ ♦♥❧②
♣r♦❜❡s ❧✐♥❡❛r ❝❤❛♥❣❡s ♦❢ ❝✉rr❡♥t ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❬✼✵✱ ✼✸❪✳



✸✳✷✳ ❍✐❣❤✲Q ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✹✼

(a)

(b)

(c)

(d)

❋✐❣✉r❡ ✸✳✶✷✿ ❈✉rr❡♥t ❞❡t❡❝t✐♦♥ s❝❤❡♠❡ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛✲
t✉r❡s✿ ✭❛✮ ❈❛❧❝✉❧❛t❡❞ t✐♠❡ ❛✈❡r❛❣❡ Ī (V❣) ✭❜❧✉❡ ❝✉r✈❡✮ ❛♥❞ ♠❡❛s✉r❡❞ st❛t✐❝ ❝✉rr❡♥t I (V❣)

✭❜❧❛❝❦ ❝✉r✈❡✮ ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡✳ ❚❤❡ ❛✈❡r❛❣❡ ❝✉rr❡♥t ✐s ♦❜t❛✐♥ ❢r♦♠ t❤❡
st❛t✐❝ ❝✉rr❡♥t ❛♥❞ ❊q✳✸✳✶✹ ❢♦r u0 = 5 ♥♠ ❬✼✵❪✱ C❣ = 9 ❛❋ ❛♥❞ ∂C❣/∂u = 10−12 ❋✴♠ ❬✼✵❪✳
✭❜✮ ❉✐✛❡r❡♥❝❡ ∆I ❜❡t✇❡❡♥ ❛✈❡r❛❣❡ ❛♥❞ st❛t✐❝ ❝✉rr❡♥t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❣❛t❡ ✈♦❧t❛❣❡✳ ❚❤❡
❝✉r✈❡ ❢♦❧❧♦✇s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ st❛t✐❝ ❝✉rr❡♥t ∂2I/∂V 2

❣ ✳ ✭❝✮✭❞✮ ▼❡❛s✉r❡❞ ❝✉rr❡♥t ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ ❢r❡q✉❡♥❝② ❢♦r V❣ = −1.8983 ❱ ❛♥❞ V❣ = −1.904 ❱ s❤♦✇✐♥❣ t❤❡ s✐❣♥ ❝❤❛♥❣❡
♦❢ t❤❡ ❝✉rr❡♥t ♠♦❞✉❧❛t✐♦♥ ∆I✳ ❚❤❡ ♦❜s❡r✈❡❞ ❢r❡q✉❡♥❝② s❤✐❢t ✐s ❞✉❡ t♦ s✐♥❣❧❡✲❡❧❡❝tr♦♥
✢✉❝t✉❛t✐♦♥s ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳✹✮✳ ❆❧❧ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛t T = 20 ♠❑✳

✸✳✷✳✹ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ❛♥❞ ♠❡✲

❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s

❆t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✱ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✐s ✐♥ ❛ r❡❣✐♠❡ ♦❢ ❈♦✉❧♦♠❜ ❜❧♦❝❦✲
❛❞❡ ❛♥❞ t❤❡ ❡❧❡❝tr♦♥✐❝ tr❛♥s♣♦rt ✐s ❣♦✈❡r♥❡❞ ❜② s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ✭❙❊❚✮✳ ■♥ t❤❡
♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ s❤♦✇❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♥❛♥♦t✉❜❡✬s ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ✐♥ t❤❡



✹✽ ❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙

❡❧❡❝tr♦♥✐❝ tr❛♥s♣♦rt ❡♥❛❜❧✐♥❣ ✐ts ❞❡t❡❝t✐♦♥✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ✐♥✈❡rs❡
❡✛❡❝t✱ ✐✳❡✳ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❙❊❚ ♦♥ t❤❡ ♥❛♥♦t✉❜❡✬s ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥✳

❙❊❚ ✐♥ ❛ ❈◆❚ ◆❊▼❙✲◗❉ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❡①t❡r♥❛❧ ♣❡rt✉r❜❛t✐♦♥ t♦ t❤❡
❈◆❚ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❚❤✐s ♣❡rt✉r❜❛t✐♦♥ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛♥
❡❧❡❝tr♦❞②♥❛♠✐❝ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡ ❈◆❚✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❢♦r❝❡✱ ✇❤✐❝❤ ✐s ✐♥ ♣❤❛s❡
✇✐t❤ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥✱ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ❛ ❢r❡q✉❡♥❝② ♠♦❞✉❧❛t✐♦♥ ∆f ✱ ✇❤❡r❡❛s
❛ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❢♦r❝❡ ✇❤✐❝❤ ✐s ♦✉t ♦❢ ♣❤❛s❡ ✇✐t❤ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ✐♥❞✉❝❡s ❛
♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❞✐ss✐♣❛t✐♦♥ ❛♥❞ t❤❡ q✉❛❧✐t② ❢❛❝t♦r Q✳ ❚❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧
❞❛t❛ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡r❡ ✜rst ♣✉❜❧✐s❤❡❞ ❜② ▲❛ss❛❣♥❡ ❡t ❛❧✳ ❬✼✹❪ ❛♥❞
❜② ❙t❡❡❧❡ ❡t ❛❧✳ ❬✻✶❪ ✐♥ ✷✵✵✾✳

❋✐rst ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡ ♦❢ ❛ ❈◆❚ ◆❊▼❙✲◗❉✱ ✐✳❡✳ t❤❡ ❢r❡q✉❡♥❝②
s❤✐❢t ❞✉❡ t♦ ❙❊❚✳ ❚❤❡ ❡❧❡❝tr♦st❛t✐❝ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ ❛ ❈◆❚ q✉❛♥t✉♠ ❞♦t ✐s ❣✐✈❡♥ ❜②

F❡❧ =
1

2
C

′

❣

(

V ❉❈
❣ − V❞♦t

)2 ≈ 1

2
C

′

❣

(

V ❉❈2

❣ − 2V❞♦tV
❉❈
❣

)

+ o(V 2
❞♦t) ✭✸✳✶✺✮

✇❤❡r❡ V❞♦t ✐s t❤❡ ❡❧❡❝tr♦st❛t✐❝ ♣♦t❡♥t✐❛❧ ♦♥ t❤❡ q✉❛♥t✉♠ ❞♦t ②✐❡❧❞✐♥❣

V❞♦t =
−Pe

C❞♦t

+
C❣V

❉❈
❣

C❞♦t

✭✸✳✶✻✮

✇✐t❤ t❤❡ ❝♦♥tr♦❧ ❝❤❛r❣❡ q❝ = C❣V
❉❈
❣ ✱ t❤❡ ❝❤❛r❣❡ ♦♥ t❤❡ ❞♦t q❞♦t = −Pe ❛♥❞ t❤❡ ❞♦t

❝❛♣❛❝✐t❛♥❝❡ C❞♦t✳
❚❤❡ r❡❧❡✈❛♥t ❡❧❡❝tr♦❞②♥❛♠✐❝ ❢♦r❝❡ r❡❧❛t❡❞ t♦ ❙❊❚ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥

❊q✳ ✸✳✶✺ ❛♥❞ r❡❛❞s✿

F = −
C

′

❣V
❉❈
❣

C❞♦t

(q❞♦t − q❝) ✭✸✳✶✼✮

■❢ t❤❡ ❈◆❚ ✐s ❞r✐✈❡♥ ✐♥t♦ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❜② ❛♥ ♦s❝✐❧❧❛t✐♥❣ ✜❡❧❞ ✇✐t❤ t❤❡ ❢r❡q✉❡♥❝②
f ❛♥❞ ❛ ❞r✐✈❡ ❛♠♣❧✐t✉❞❡ δz0✱ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ♠♦t✐♦♥ ✐s ❣✐✈❡♥ ❜②

δz = δz0e
i2πft ✭✸✳✶✽✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❈◆❚ ❛♥❞ ❣❛t❡ ❛♥❞ ❤❡♥❝❡ t❤❡ ❈◆❚✲❣❛t❡
❝❛♣❛❝✐t❛♥❝❡ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ❝❤❛r❣❡ ♦s❝✐❧❧❛t❡ ❛s

δC❣ = C
′

❣δz = C
′

❣δz0e
i2πft ✭✸✳✶✾✮

δq❝ = δC❣V
❉❈
❣ ✭✸✳✷✵✮

❚❤❡ ❝❤❛r❣❡ ♦♥ t❤❡ q✉❛♥t✉♠ ❞♦t q❞♦t ❡①❤✐❜✐ts st❛✐r❝❛s❡ ❞❡♣❡♥❞❛♥❝❡ ♦♥ t❤❡ ❝♦♥tr♦❧
❝❤❛r❣❡ q❝ ✭❋✐❣✳ ✸✳✶✸✮✳ ■♥ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❝❤❛r❣❡ ♦♥ t❤❡ q✉❛♥t✉♠ ❞♦t ❛❧s♦ ♦s❝✐❧❧❛t❡s ✐♥
r❡s♣♦♥s❡ t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❛♥❞ t❤❡ ♦s❝✐❧❧❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s



✸✳✷✳ ❍✐❣❤✲Q ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✹✾

δq❞♦t = eδP = e
dP

dq❝
δq❝ ✭✸✳✷✶✮

✇❤❡r❡ P ✐s t❤❡ ♦❝❝✉♣❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ q✉❛♥t✉♠ ❞♦t✳ ❚❤❡ st❡♣s ❛r❡ ❜r♦❛❞❡♥❡❞ ❜②
❝❤❛r❣❡ ✢✉❝t✉❛t✐♦♥s ✐♥❞✉❝❡❞ ❜② t❤❡r♠❛❧ ❛❝t✐✈❛t✐♦♥ ♦r ❛ ❜✐❛s ✈♦❧t❛❣❡ ✭❞❛s❤❡❞ ❝✉r✈❡ ❋✐❣✳
✸✳✶✸✮✳

δqdot e

q
d

o
t 
=

 |
e

| 
P

(q
c
)

qc = CgVg

❋✐❣✉r❡ ✸✳✶✸✿ ❊❧❡❝tr♦st❛t✐❝ ❝❤❛r❣❡ ♦♥ t❤❡ q✉❛♥t✉♠ ❞♦t q❞♦t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧
❝❤❛r❣❡ q❝✳ ❚❤❡ ❜❧✉❡ st❛✐r❝❛s❡ ❞❡♣✐❝ts t❤❡ ❝❤❛r❣❡ q❞♦t ❛t T = 0 ❑ ❛♥❞ t❤❡ ❞❛s❤❡❞ ❧✐♥❡
❞❡♣✐❝ts t❤❡ ❝❤❛r❣❡ ❛t ✜♥✐t❡ t❡♠♣❡r❛t✉r❡ ♦r ❜✐❛s✳

■♥ ❛ r❡❣✐♠❡ ♦❢ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡✱ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡
❝♦♥❞✉❝t❛♥❝❡ G ♦❢ t❤❡ ❞♦t ❛♥❞ t❤❡ t✉♥♥❡❧ r❛t❡ ❛t t❤❡ ❝♦♥t❛❝ts Γ ✈✐❛ ❬✼✹✱ ✼✻❪

G =
dP

dq❝
eC❞♦t

Γ

2
✭✸✳✷✷✮

❚❤❡r❡❢♦r❡✱ t❤❡ q✉❛♥t✉♠ ❞♦t ❝❤❛r❣❡ ✢✉❝t✉❛t✐♦♥ ❤♦❧❞s δq❞♦t = eδP = e 2G
C❞♦tΓ

δq❝ ❛♥❞ t❤❡
❢♦r❝❡ ♦s❝✐❧❧❛t✐♦♥ δF ②✐❡❧❞s

δF = −
C

′

❣V
❉❈
❣

C❞♦t

(δq❞♦t − δq❝) =

(

C
′

❣V
❉❈
❣

)2

C❞♦t

(

2G

C❞♦tΓ
− 1

)

δz0e
i2πft ✭✸✳✷✸✮

❙✐♥❝❡ t❤❡ ❢♦r❝❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♠♦t✐♦♥ ❛♠♣❧✐t✉❞❡ δF = δkδz ✐t ❝❛♥ ❜❡ s❡❡♥ ❛s
❛ s♣r✐♥❣ ❢♦r❝❡✱ ❝❤❛♥❣✐♥❣ t❤❡ ❈◆❚✬s r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❜②

∆f = −f✵
2

C
′2
❣

k

V 2
❣

C❞♦t

(

2G

C❞♦tΓ
− 1

)

✭✸✳✷✹✮



✺✵ ❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙

❋✐❣✉r❡ ✸✳✶✹✿ ▼❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ t♦ s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✲
✐♥❣✿ ❘❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❛♥❞ t❤❡ ❝✉rr❡♥t ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ✐s ♣❡r❢♦r♠❡❞ ❛t ❛❝t✉❛t✐♦♥ ♣♦✇❡r ♦❢ ✲✸✽ ❞❇♠ ❛♥❞ ❛
s♠❛❧❧ ❜✐❛s Vsd = 1.5 ♠❱✳ ❚❤❡ ✐♥s❡t ❞❡♣✐❝ts t❤❡ ❡①♣❡❝t❡❞ ❢r❡q✉❡♥❝② ❜❡❤❛✈✐♦r ❢♦r ③❡r♦ ❜✐❛s
✭❜❧✉❡ ❧✐♥❡✮ ❛♥❞ ❧❛r❣❡ ❜✐❛s ✭❜❧❛❝❦ ❧✐♥❡✮✳ ▼♦❞✐✜❡❞ ✜❣✉r❡ ❢r♦♠ ❘❡❢✳ ❬✻✶❪

■♥ ❝♦♥s❡q✉❡♥❝❡✱ ❛ ❞❡❝r❡❛s❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❝❝✉rs ❢♦r ❛♥ ✐♥❝r❡❛s❡❞ ❝✉rr❡♥t
t❤r♦✉❣❤ t❤❡ q✉❛♥t✉♠ ❞♦t ✭❋✐❣✳ ✸✳✶✹✮✳ ❋♦r t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ♣❛r❛♠❡t❡rs
C❞♦t = 30 ❛❋✱ Γ ∼ 75 ●❍③✱ C

′

❣ = 10−12 ❋✴♠✱ k = 10−3 ◆✴♠ ❛♥❞ f ∼ 140 ▼❍③ t❤❡
❢r❡q✉❡♥❝② s❤✐❢t ②✐❡❧❞s δf ∼ −0.5 ▼❍③ ❬✻✶❪✳ ❚❤❡ ❢r❡q✉❡♥❝② ❞r♦♣ ❡✈❡♥t✉❛❧❧② ❝♦rr❡s♣♦♥❞s
t♦ ❛ s♦❢t❡♥✐♥❣ ♦❢ t❤❡ ♥❛♥♦t✉❜❡✬s s♣r✐♥❣ ❝♦♥st❛♥t ❜② δk = δf

f
k ∼ −10−6 ◆✴♠✳

■❢ t❤❡ ❣❛t❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ q✉❛♥t✉♠ ❞♦t ✐s t✉♥❡❞ ❢r♦♠ ♦♥❡ ❈♦✉❧♦♠❜ ✈❛❧❧❡② t♦ ❛♥♦t❤❡r✱
t❤❡ ✭st❛t✐❝✮ ❝❤❛r❣❡ q❞♦t ♦♥ t❤❡ ♥❛♥♦t✉❜❡ ✐♥❝r❡❛s❡s ❜② ♦♥❡ ❡❧❡❝tr♦♥✳ ❆s t❤❡ ❡❧❡❝tr♦st❛t✐❝
❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡ ♥❛♥♦t✉❜❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ q2❞♦t✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡❧❡❝tr♦♥ ❝❛✉s❡s ❛
❝❤❛♥❣❡ ♦❢ t❤❡ ❡❧❡❝tr♦st❛t✐❝ ❢♦r❝❡ ❛♥❞ t❤✉s ❛ ❞✐s❝r❡t❡ s❤✐❢t ✐♥ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✳
❚❤✐s ❢r❡q✉❡♥❝② s❤✐❢t ✐s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ♦✛s❡t ❜❡t✇❡❡♥ t❤❡ ❞❛s❤❡❞ ❧✐♥❡s ✐♥ ❋✐❣✳ ✸✳✶✹ ❛♥❞
✐s ♦♥ t❤❡ ♦r❞❡r ♦❢ ✵✳✶ ▼❍③✳

❋✐♥❛❧❧②✱ t❤❡ ♦❜s❡r✈❡❞ ❢r❡q✉❡♥❝② ❞✐♣ ❜❡❝♦♠❡s ❜r♦❛❞❡r ❛♥❞ s❤❛❧❧♦✇❡r ✐❢ ❛ ❜✐❛s ✈♦❧t❛❣❡
✐s ❛♣♣❧✐❡❞ t♦ t❤❡ q✉❛♥t✉♠ ❞♦t ✭❋✐❣✳ ✸✳✶✺ ❛♥❞ ✐♥s❡t ♦❢ ❋✐❣✳ ✸✳✶✹✮✳ ❚❤❡ ❜✐❛s ✈♦❧t❛❣❡ ❝❛✉s❡s
❛ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ q✉❛♥t✉♠ ❞♦t ❝❤❛r❣❡ st❡♣s q❞♦t(q❝) ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✳✶✸ ✭❞❛s❤❡❞
❝✉r✈❡✮✳ ❚❤✉s✱ dP

dq❝
❜❡❝♦♠❡s s♠❛❧❧❡r ❛♥❞ t❤❡ st❡♣ ✇✐❞t❤ ✐♥❝r❡❛s❡s✱ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡

♦❜s❡r✈❡❞ ❜r♦❛❞❡♥✐♥❣ ❛♥❞ ✢❛tt❡♥✐♥❣ ♦❢ t❤❡ ❢r❡q✉❡♥❝② ❞✐♣✳



✸✳✷✳ ❍✐❣❤✲Q ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✺✶

❋✐❣✉r❡ ✸✳✶✺✿ ❇✐❛s ❞❡♣❡♥❞❛♥❝❡ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ r❡s♣♦♥s❡ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ t♦
s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣✳ ❚❤❡ ✐♥s❡ts s❤♦✇ t❤❡ q✉❛♥t✉♠ ❞♦t✬s ❡♥❡r❣② ❞✐❛❣r❛♠ ❢♦r s♠❛❧❧
❛♥❞ ❧❛r❣❡ ❜✐❛s✳ ❋✐❣✉r❡ ❢r♦♠ ❘❡❢✳ ❬✻✶❪

❲❡ ♥♦✇ ❞✐s❝✉ss t❤❡ ❞✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❚❤❡
♦s❝✐❧❧❛t✐♥❣ ❝❤❛r❣❡ δq❞♦t ✢♦✇s t❤r♦✉❣❤ t❤❡ t✉♥♥❡❧ ❜❛rr✐❡r✱ ✐✳❡✳ t❤❡ t✉♥♥❡❧ r❡s✐st❛♥❝❡ ❛t t❤❡
♥❛♥♦t✉❜❡✲♠❡t❛❧ ✐♥t❡r❢❛❝❡ ✇✐t❤ ❛ ❝✉rr❡♥t

δI❞♦t = 2πfδq❞♦t = 2πfe
2G

C❞♦tΓ
δq❝ = 2πfe

2G

C❞♦tΓ
C

′

❣V
❉❈
❣ δz0e

i2πft ✭✸✳✷✺✮

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♥❡r❣② ❧♦ss ❞✉r✐♥❣ ❛♥ ♦s❝✐❧❧❛t✐♦♥ ♣❡r✐♦❞ ✐s ❣✐✈❡♥ ❜②

E❞✐ss =

∫ 1/f

0

1

G
δI2❞♦tdt =

4π2f

G

(

2G

C❞♦tΓ
C

′

❣V
❉❈
❣ δz0

)2

✭✸✳✷✻✮

❚❤❡ q✉❛❧✐t② ❢❛❝t♦r ✐s ❣✐✈❡♥ ❜② t❤❡ r❛t✐♦ ♦❢ t❤❡ ❡♥❡r❣② ❧♦ss ❛♥❞ t❤❡ t♦t❛❧ ♠❡❝❤❛♥✐❝❛❧ ❡♥❡r❣②
st♦r❡❞ ✐♥ t❤❡ r❡s♦♥❛t♦r Et♦t =

1
2
kδz20 ❛♥❞ ②✐❡❧❞s

1

Q
=

1

2π

E❞✐ss

Et♦t

= 2πf
C

′2
❣

k

(

2V ❉❈
❣

C❞♦tΓ

)2

G ✭✸✳✷✼✮



✺✷ ❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙

❚❤❡r❡❢♦r❡✱ ❛ ❝✉rr❡♥t ✐♥❝r❡❛s❡ r❡s✉❧ts ✐♥ str♦♥❣❡r ❞✐ss✐♣❛t✐♦♥ ❛t t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✲♠❡t❛❧
✐♥t❡r❢❛❝❡ ❛♥❞ ❛ ❞❡❝r❡❛s❡ ♦❢ t❤❡ q✉❛❧✐t② ❢❛❝t♦r Q ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✳✶✻ ❛♥❞ ✸✳✶✽✳

0,0

0,1

0,2

0,3

-1,025 -1,000 -0,975 -0,950
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V
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(V)

❋✐❣✉r❡ ✸✳✶✻✿ ❉✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ✐s ♣❡r❢♦r♠❡❞ ✉♥❞❡r ③❡r♦ ❜✐❛s ❛♥❞ ❛ ❞r✐✈✐♥❣ ♣♦✇❡r ♦❢ ✲✻✵ ❞❇♠✳
❉✉❡ t♦ ✈❡r② str♦♥❣ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡✱ ♥♦ r❡s♦♥❛♥❝❡ ✇❛s ♦❜s❡r✈❡ ❛♥❞ t❤❡r❡❢♦r❡ ♥♦ q✉❛❧✐t②
❢❛❝t♦r ❝❛❧❝✉❧❛t❡❞ ✐♥ t❤❡ ❈♦✉❧♦♠❜ ✈❛❧❧❡②✳ ❚❤❡ ❣r❡❡♥ ❧✐♥❡s ❛r❡ ✜ts ✇✐t❤ ❡q✉❛t✐♦♥ ✸✳✷✼✳

❋✐♥❛❧❧②✱ ❙❊❚ ❛✛❡❝ts t❤❡ ♥♦♥❧✐♥❡❛r✐t② ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ■❢ t❤❡ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ◆❊▼❙ ✐s ❞r✐✈❡♥ ❛t ❤✐❣❤❡r ♣♦✇❡r✱ t❤❡ r❡s♦♥❛♥❝❡ ♣❡❛❦ ❜❡❝♦♠❡s ❛s②♠♠❡tr✐❝
❛♥❞ s❤♦✇s ❛ s✐❣♥✐✜❝❛♥t ❤②st❡r❡s✐s ❜❡t✇❡❡♥ ✉♣✇❛r❞ ❛♥❞ ❞♦✇♥✇❛r❞ ❢r❡q✉❡♥❝② s✇❡❡♣s ✭s❡❡
❙❡❝t✐♦♥ ✸✳✷✳✷✮✳ ■♥ s✉❝❤ ❛ ❉✉✣♥❣ ♦s❝✐❧❧❛t♦r✱ t❤❡ s♣r✐♥❣ ❝♦♥st❛♥t k ✐s ♠♦❞✉❧❛t❡❞ ❜② t❤❡ ❧❛r❣❡
♠❡❝❤❛♥✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t u ②✐❡❧❞✐♥❣ k′ = k + αu2✱ ✇✐t❤ α ❜❡✐♥❣ t❤❡ ❉✉✣♥❣ ♣❛r❛♠❡t❡r✳
❋♦r ❛ s♣r✐♥❣ ❤❛r❞❡♥✐♥❣ α > 0✱ t❤❡ r❡s♦♥❛♥❝❡ ❡①❤✐❜✐ts ❛ s❤❛r♣ ❡❞❣❡ ♦♥ t❤❡ ❤✐❣❤ ❢r❡q✉❡♥❝②
s✐❞❡✱ ✇❤❡r❡❛s ❢♦r ❛ s♣r✐♥❣ s♦❢t❡♥✐♥❣ α < 0 t❤❡ s❤❛r♣ ❡❞❣❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ✐s ❢♦✉♥❞ ♦♥
t❤❡ ❧♦✇ ❢r❡q✉❡♥❝② s✐❞❡ ❬✻✶❪✳

❚❤❡ ❙❊❚ ❉✉✣♥❣ ♣❛r❛♠❡t❡r αSET ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ t❤✐r❞ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡
❞r✐✈✐♥❣ ❢♦r❝❡✳

αSET = −d3F

dz3
=

d2

dz2
δk =

V 2
g

C2
g

k

f

(

dC

dz

)2
d2δf

dV 2
g

✭✸✳✷✽✮

❚❤❡r❡❢♦r❡✱ t❤❡ s✐❣♥ ♦❢ αSET ❢♦❧❧♦✇s t❤❡ s✐❣♥ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ δf ✱ ❧❡❛❞✐♥❣ t♦ ❛ s♣r✐♥❣



✸✳✷✳ ❍✐❣❤✲Q ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✺✸

α > 0

α < 0
α < 0

Vg

d
2
f/
d

V
g
2

f

❋✐❣✉r❡ ✸✳✶✼✿ ◆♦♥❧✐♥❡❛r✐t② ♠♦❞✉❧❛t✐♦♥ ❜② s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙✳ ❚❤❡ s✐❣♥ ♦❢ αSET ❢♦❧❧♦✇s t❤❡ ❝✉r✈❛t✉r❡ d2f

dV 2
g
♦❢ t❤❡ ❢r❡q✉❡♥❝② ♠♦❞✉❧❛t✐♦♥ ✐♥❞✉❝❡❞

❜② ❙❊❚✳

s♦❢t❡♥✐♥❣ αSET < 0 ✐♥ t❤❡ ❈♦✉❧♦♠❜ ✈❛❧❧❡② ❛♥❞ ❛ s♣r✐♥❣ ❤❛r❞❡♥✐♥❣ αSET > 0 ♦♥ t❤❡
❈♦✉❧♦♠❜ ♣❡❛❦ ✭❋✐❣✳ ✸✳✶✼ ❛♥❞ ✸✳✶✽ ❝✲❞✮✳

❆t ❡✈❡♥ ❤✐❣❤❡r ❞r✐✈✐♥❣ ❛♠♣❧✐t✉❞❡s ✭❋✐❣✳ ✸✳✶✽✮✱ ❛ s✉❜str✉❝t✉r❡ ❛♣♣❡❛rs ✐♥ t❤❡ r❡s♦♥❛♥❝❡
❧✐♥❡s❤❛♣❡ ✐♥❞✐❝❛t✐♥❣ tr❛♥s✐st✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠❡t❛st❛❜❧❡ st❛t❡s ♦❢ ♠♦t✐♦♥ ✭s❡❡ ❘❡❢✳
❬✻✶❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳

❚❤❡ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✬s ♥♦♥❧✐♥❡❛r✐t② ❜② ❙❊❚ ✐♥❞✐❝❛t❡s t❤❛t t❤❡
❛ss♦❝✐❛t❡❞ ❉✉✣♥❣ ♣❛r❛♠❡t❡r αSET ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ ✐ts ❝♦✉♥t❡r♣❛rt ❢♦r ♠❡❝❤❛♥✐❝❛❧
❞❡❢♦r♠❛t✐♦♥ αm✱ ✐✳❡✳ αSET ≫ αm✳ ❚❤❡ ❙❊❚ ♥♦♥❧✐♥❡❛r✐t② ❞♦♠✐♥❛t❡s ♦✈❡r t❤❡ ❣❡♦♠❡tr✐❝
♥♦♥❧✐♥❡❛r✐t② ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ❬✻✶❪✳

❚❤❡ ❤❡r❡ ❞❡s❝r✐❜❡❞ str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt ❛♥❞ ♠❡❝❤❛♥✐❝❛❧
♠♦t✐♦♥ ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✐s ♦❜s❡r✈❡❞ ♦♥❧② ✐♥ ❛ r❡❣✐♠❡ ♦❢ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡
❛♥❞ ❝❤❛r❣❡ q✉❛♥t✐③❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❝❤❛r❣❡ q✉❛♥t✐③❛t✐♦♥ ✐s ❞❡str♦②❡❞ ❜② t❡♠♣❡r❛t✉r❡ ♦r
❜② q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s ♦♥ t❤❡ ❝❤❛r❣❡ ❬✼✼❪✳ ■♥ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ s✐♥❣❧❡ ❡❧❡❝tr♦♥ ❡✛❡❝ts ♦♥
t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❛r❡ ❛❜s❡♥t ❛t ❤✐❣❤ t❡♠♣❡r❛t✉r❡ kBT > EC ❬✼✵❪ ♦r ✐♥ ❋❛❜r② P❡r♦t
r❡❣✐♠❡ ❞♦♠✐♥❛t❡❞ ❜② ❜❛❧❧✐st✐❝ tr❛♥s♣♦rt RCNT < e2/h ❬✼✼❪✳



✺✹ ❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙

(a)

(b)

(c)

(d)

(e)

(f)

❋✐❣✉r❡ ✸✳✶✽✿ ❊✈♦❧✉t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ r❡s♦♥❛♥❝❡ ❢r♦♠ ❧✐♥❡❛r t♦ ♥♦♥❧✐♥❡❛r
❞r✐✈✐♥❣ r❡❣✐♠❡✳ ✭❛✲❜✮ ▲✐♥❡❛r ❞r✐✈✐♥❣ r❡❣✐♠❡ ❛t ✲✻✵ ❞❇♠ s❤♦✇✐♥❣ t❤❡ ❢r❡q✉❡♥❝② ♠♦❞✉❧❛t✐♦♥
❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ◗ ❢❛❝t♦r ❜② ❙❊❚✳ ✭❝✲❞✮ ❖♥s❡t ♦❢ ❉✉✣♥❣✲❧✐❦❡ ❞r✐✈❡ r❡❣✐♠❡ ❛t ✲
✹✺ ❞❇♠ ❞❡♠♦♥str❛t✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❉✉✣♥❣ ♥♦♥❧✐♥❡❛r✐t② ✇✐t❤ ❙❊❚✳ ✭❡✲❢✮ ❆t
❡✈❡♥ ❤✐❣❤❡r ❞r✐✈❡ ♣♦✇❡r ♦❢ ✲✷✵ ❞❇♠✱ ❛ s✉❜str✉❝t✉r❡ ❛♣♣❡❛rs ✐♥ t❤❡ r❡s♦♥❛♥❝❡ ❧✐♥❡s❤❛♣❡s
✐♥❞✐❝❛t✐♥❣ ❛ s✇✐t❝❤✐♥❣ ❜❡t✇❡❡♥ s❡✈❡r❛❧ ♠❡t❛st❛❜❧❡ ♠♦❞❡s✳ ❋✐❣✉r❡ ❢r♦♠ ❘❡❢✳ ❬✻✶❪✳

✸✳✸ ◗✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ✐♥ ✉❧tr❛✲

❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ r❡♣♦rt❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ♦♥ t❤❡ ♠❡✲
❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡ ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❋r❛♥❝❦✲❈♦♥❞♦♥
♠♦❞❡❧✱ ❛ s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ♦♥t♦ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦t ❝❛♥ ❛❧s♦ ✐♥✲
❞✉❝❡ ❛ ♠❡❝❤❛♥✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✬s ❛①✐s✱ s♦ ❝❛❧❧❡❞ ❧♦♥❣✐t✉❞✐♥❛❧
str❡t❝❤✐♥❣ ♠♦❞❡s ✭▲❙▼✮ ❬✻✼✱ ✻✽❪✳ ❚❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤✐s ▲❙▼ ❞❡♣❡♥❞s ♦♥ t❤❡ ✭❞✐♠❡♥✲
s✐♦♥❧❡ss✮ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ g ✐♥ t❤❡ r❡s♦♥❛t✐♥❣ ❜❡❛♠✳ ■♥ ❝♦♥✈❡♥t✐♦♥❛❧ ◆❊▼❙✱ t❤❡
❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ✐s ✉s✉❛❧❧② ✈❡r② ✇❡❛❦ ❛♥❞ g ≪ 1 ❞✉❡ t♦ t❤❡ ❜✉❧❦ ❝❤❛r❛❝t❡r ♦❢
t❤♦s❡ s②st❡♠s✳ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡s ❤♦✇❡✈❡r ❝❛♥ ❡①❤✐❜✐t ❛ str♦♥❣ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣
❛♥❞ g ≥ 1 ❬✻✼✱ ✻✽✱ ✼✽❪✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❧♦♥❣✐t✉✲



✸✳✸✳ ◗✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ✐♥ ✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✺✺

❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❢♦r ❞✐✛❡r❡♥t ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣
r❡❣✐♠❡s✳

✸✳✸✳✶ ❲❡❛❦ ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ❝♦✉♣❧✐♥❣ g ≤ 1✿ ◗✉❛♥t✐③❡❞ ❧♦♥❣✐t✉✲

❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s

❚❤❡ ❋r❛♥❝❦✲❈♦♥❞♦♥ ♣r✐♥❝✐♣❧❡ ♣♦st✉❧❛t❡s✱ t❤❛t s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ♦♥ t❤❡ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦t s❤✐❢ts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛❧♦♥❣ t❤❡
♥❛♥♦t✉❜❡✬s ❛①✐s ❜② ❛♥ ❛♠♦✉♥t

l♠❡❝❤ =
√

2gl♦s❝ ✭✸✳✷✾✮

✇❤❡r❡ g ✐s t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❛♥❞ l♦s❝ =
√

~/Mω t❤❡ q✉❛♥t✉♠
♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ❧❡♥❣t❤ ❬✻✼✱ ✻✽✱ ✼✽❪✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✳✶✾✿ ❋r❛♥❝❦✲❈♦♥❞♦♥ ♣r✐♥❝✐♣❧❡ ❢♦r ✇❡❛❦ ❛♥❞ ✐♥t❡r♠❡❞✐❛t❡ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉✲
♣❧✐♥❣ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❚❤❡ ❣r❡❡♥ ✭❜❧✉❡✮ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞s t♦ N ✭N + 1✮
❡❧❡❝tr♦♥s ♦♥ t❤❡ ❞♦t✳ ✭❛✮ ❋♦r g ≪ 1 t❤❡ s❤✐❢t ♦❢ t❤❡ ✈✐❜r♦♥ ♣♦t❡♥t✐❛❧ ✐s s♠❛❧❧ ❛♥❞ ♦♥❧②
❣r♦✉♥❞✲st❛t❡✲t♦✲❣r♦✉♥❞✲st❛t❡ tr❛♥s✐t✐♦♥s ❛r❡ ❛❧❧♦✇✳ ✭❜✮ ❋♦r g ∼ 1 t❤❡ s❤✐❢t ♦❢ t❤❡ ✈✐❜r♦♥
♣♦t❡♥t✐❛❧ ✐s s✉❝❤ t❤❛t tr❛♥s✐t✐♦♥s ✐♥t♦ ❤✐❣❤❡r ❡①❝✐t❡❞ st❛t❡s ❛r❡ ❛❧❧♦✇❡❞✳ ❚❤❡ tr❛♥s✐t✐♦♥s
❛r❡ ❞❡♣✐❝t❡❞ ❜② t❤❡ ❜❧❛❝❦ ❛rr♦✇s ❛♥❞ ❛ ❤✐❣❤ ✭❧♦✇✮ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❞❛r❦ ❜❧✉❡ ✭❧✐❣❤t ❜❧✉❡✮ ❛r❡❛ ✉♥❞❡r t❤❡ ✇❛✈❡❢✉♥❝t✐♦♥ tr❛❝❡s✳

❚❤❡ ❝♦✉♣❧✐♥❣ ♣❛r❛♠❡t❡r g ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❤♦♥♦♥ ♠♦❞❡ ❛♥❞ ✐s s❛♠♣❧❡ s♣❡❝✐✜❝✳ ❚❤❡
♣❛r❛♠❡t❡r g str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❣❡♦♠❡tr✐❝ r❛❞✐✉s ❛♥❞ ❧❡♥❣t❤ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
❛♥❞ ✐s s❡♥s✐t✐✈❡ t♦ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✉♠ ❞♦t ♦♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛♥❞ t❤❡ str❛✐♥
♣r♦✜❧❡ ♦❢ t❤❡ ♣❤♦♥♦♥ ♠♦❞❡ ❬✼✽❪✳ ❉❡s♣✐t❡ t❤❡ s❛♠♣❧❡ ❞❡♣❡♥❞❛♥❝❡ ✇❡ ❝❛♥ ❡st✐♠❛t❡ ❛ ✈❛❧✉❡



✺✻ ❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙

♦❢ t❤❡ ❝♦✉♣❧✐♥❣ ❝♦♥st❛♥t g ❢♦r t❤❡ ❧♦✇❡st ▲❙▼ ♠♦❞❡ ✉s✐♥❣ t❤❡ ❆♥❞❡rs♦♥✲❍♦❧st❡✐♥ ♠♦❞❡❧
✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

g▲❙▼ ≈ 2.25

L⊥[nm]
✭✸✳✸✵✮

✇❤❡r❡ L⊥ ✐s t❤❡ ❝✐r❝✉♠❢❡r❡♥❝❡ ♦❢ t❤❡ ♥❛♥♦t✉❜❡ ❬✼✽❪✳

Γin

Vsd

(i) excitation

Γout

γ

(ii) read-out

❋✐❣✉r❡ ✸✳✷✵✿ ❊❧❡❝tr♦♥✐❝ ❛❝t✉❛t✐♦♥ ❛♥❞ r❡❛❞♦✉t ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s✿ ✭✐✮ ❙✐♥❣❧❡✲
❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ♦♥t♦ t❤❡ s✉s♣❡♥❞❡❞ ❈◆❚ s❤✐❢ts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❈◆❚
❛❧♦♥❣ ❤✐s ❛①✐s ❛♥❞ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ g✱ ❧❡❛✈✐♥❣ t❤❡ ❡❧❡❝tr♦♥
✐♥ ❛♥ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡ ✭r❡❞✮✳ ✭✐✐✮ ■❢ Γ♦✉t > γ✱ t❤❡ ❡❧❡❝tr♦♥ t✉♥♥❡❧s ♦✉t ♦❢ t❤❡
❞♦t✱ r❡s✉❧t✐♥❣ ✐♥ ❡q✉✐❞✐st❛♥t ❡①❝✐t❡❞ st❛t❡s r✉♥♥✐♥❣ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❡❞❣❡ ♦❢ t❤❡ ❈♦✉❧♦♠❜
❞✐❛♠♦♥❞✳

❋♦r ✈❡r② ✇❡❛❦ ❝♦✉♣❧✐♥❣ g ≪ 1✱ t❤❡ s❤✐❢t ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ✈✐❜r♦♥ ♣♦t❡♥t✐❛❧ ✐s ♥❡❣❧✐❣❡❛❜❧❡
✇❤✐❝❤ ❡♥❛❜❧❡s ❣r♦✉♥❞✲st❛t❡✲t♦✲❣r♦✉♥❞✲st❛t❡ tr❛♥s✐t✐♦♥s✱ ✇❤❡r❡ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t②
✐s ❣✐✈❡♥ ❜② t❤❡ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ ✇❛✈❡❢✉♥❝t✐♦♥ ❢♦r N ❛♥❞ N + 1 ✭❋✐❣✳ ✸✳✶✾❛✮✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❣r♦✉♥❞ st❛t❡ ✐s ♦rt❤♦❣♦♥❛❧ t♦ ❛❧❧ ❡①❝✐t❡❞ st❛t❡s ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥s
✐♥t♦✴❢r♦♠ ❤✐❣❤❡r ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ❛r❡ s✉♣r❡ss❡❞✳ ❚❤❡r❡❢♦r❡ ♥♦ ✈✐❜r❛t✐♦♥❛❧ ♠♦❞❡
✐s ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳

❋♦r ❛♥ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ♦♥ t❤❡ ♦r❞❡r ♦❢ g ∼ 1✱ t❤❡ s❤✐❢t ♦❢ t❤❡ ✈✐❜r♦♥ ♣♦t❡♥t✐❛❧
❡♥❛❜❧❡s tr❛♥s✐t✐♦♥s ✐♥t♦ ❤✐❣❤❡r ❡①❝✐t❡❞ st❛t❡s ✐♥ ❛❞❞✐t✐♦♥ t♦ ❣r♦✉♥❞✲st❛t❡✲t♦✲❣r♦✉♥❞✲st❛t❡
tr❛♥s✐t✐♦♥s ✭❋✐❣✳ ✸✳✶✾❜✮✳ ❚❤❡ ❡❧❡❝tr♦♥ t❤❡r❡❢♦r❡ ❡✛❡❝t✐✈❡❧② t✉♥♥❡❧s ✐♥t♦ ❛♥ ❡①❝✐t❡❞ ✈✐❜r❛✲
t✐♦♥❛❧ st❛t❡ ✭r❡❞ ✐♥ ❋✐❣✳ ✸✳✷✵ ✭✐✮✮✳ ■❢ t❤❡ t✉♥♥❡❧ r❛t❡ ♦✉t ♦❢ t❤❡ ❞♦t Γ♦✉t ✐s ❧❛r❣❡r t❤❛♥
t❤❡ r❡❧❛①❛t✐♦♥ r❛t❡ γ ✐♥t♦ t❤❡ ✈✐❜r❛t✐♦♥❛❧ ❣r♦✉♥❞ st❛t❡✱ t❤❡ ❡❧❡❝tr♦♥ t✉♥♥❡❧s ♦✉t ♦❢ t❤❡
❞♦t ✭❋✐❣✳ ✸✳✷✵ ✭✐✐✮✮✱ r❡s✉❧t✐♥❣ ✐♥ ❡q✉✐❞✐st❛♥t ❡①❝✐t❡❞ st❛t❡s ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ ❙❊❚✱ r✉♥♥✐♥❣
♣❛r❛❧❧❡❧ t♦ t❤❡ ❡❞❣❡ ♦❢ t❤❡ ❈♦✉❧♦♠❜ ❞✐❛♠♦♥❞ ✭❜❧❛❝❦ ❛rr♦✇s ✐♥ ❋✐❣✳ ✸✳✷✶❛✮✳

❚❤❡ ❛✈❡r❛❣❡ ❡♥❡r❣② ❧❡✈❡❧ s❡♣❛r❛t✐♦♥ ∆E✈✐❜ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❤♦♥♦♥ ❡♥❡r❣② ❛♥❞ ✐s
❣✐✈❡♥ ❜②
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❋✐❣✉r❡ ✸✳✷✶✿ ◗✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ♣❤♦♥♦♥s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙
❛t T = 20♠❑ ✭L❈◆❚ = 250 ♥♠✱ d❈◆❚ = 2 ♥♠✮✳ ✭❛✮ ❙t❛❜✐❧✐t② ❞✐❛❣r❛♠ ♦❢ t❤❡ ❈◆❚ s❤♦✇✐♥❣
t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❣❛t❡ ❛♥❞ ❜✐❛s ✈♦❧t❛❣❡s ❛t ✷✵ ♠❑✳ ❚❤❡ ❜❧❛❝❦
❛rr♦✇s ✐♥❞✐❝❛t❡ t❤❡ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ❛ttr✐❜✉t❡❞ t♦ ❛ ▲❙▼✱ ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳
❚❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❞❡❧✐♠✐t t❤❡ ❈♦✉❧♦♠❜ ❞✐❛♠♦♥❞✳ ✭❜✮ ❊♥❡r❣② ♦❢ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s
✭❜❧❛❝❦ sq✉❛r❡s✮ ❛♥❞ ♥♦r♠❛❧✐③❡❞ ❝✉rrr❡♥t ✐♥t❡♥s✐t② ✭❜❧✉❡ ❞♦ts✮ ✈s✳ t❤❡ ❡①❝✐t❛t✐♦♥ ❧✐♥❡
♥✉♠❜❡r n ❛t Vg = 0.762 ❱ ✭✇❤✐t❡ ❧✐♥❡ ✐♥ ✭❜✮✮✳ ❆ ❧✐♥❡❛r ✜t s✉❣❣❡sts ❛ ▲❙▼ ♣❤♦♥♦♥ ❡♥❡r❣②
♦❢ ∆E✈✐❜ = 575 µ❡❱✱ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❧❡♥❣t❤ ♦❢ L❈◆❚ = 250 ♥♠✳
❋r♦♠ t❤❡ ♥♦r♠❛❧✐③❡❞ ❝✉rr❡♥t ✐♥t❡♥s✐t② ✭❜❧✉❡ ❞♦ts✮ ♦❢ t❤❡ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ✇❡ ❝❛♥
❡st✐♠❛t❡ t❤❡ ▲❙▼ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❢❛❝t♦r t♦ g = 0.35± 0.075✳



✺✽ ❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙

∆E✈✐❜ =
nh
√

E/ρm
L

∼ 110µ❡❱
L (µm)

✭✸✳✸✶✮

✇❤❡r❡ E = 1 ❚P❛ ✐s t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s✱ ρm = 1.3 ❣✴❝♠3 t❤❡ ♠❛ss ❞❡♥s✐t②✱ L t❤❡
♥❛♥♦t✉❜❡ ❧❡♥❣t❤ ❛♥❞ n t❤❡ ✈✐❜r❛t✐♦♥❛❧ q✉❛♥t✉♠ ♥✉♠❜❡r ❬✻✽✱ ✻✾❪✳ ■♥ ❋✐❣✳ ✸✳✷✶✭❛✮ ❛♥❞ ✭❜✮✱
✇❡ ♦❜s❡r✈❡ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ♣❤♦♥♦♥ ✇✐t❤ ❛♥ ❡♥❡r❣② ♦❢ ∆E✈✐❜ = ~ω♣❤ = 575

µ❡❱✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♥❛♥♦t✉❜❡ ❧❡♥❣t❤ ♦❢ L ≈ 250 ♥♠✳ ❆s ❡①♣❡❝t❡❞ ❢♦r ❛ q✉❛♥✲
t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥ ♠♦❞❡ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r✱ t❤❡ ♣❤♦♥♦♥ ❡♥❡r❣②
✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ t❡♠♣❡r❛t✉r❡ T = 20♠❑ ≈ 1µ❡❱ ❛♥❞ t❤❡ t❤❡r♠❛❧ ♦❝❝✉♣❛t✐♦♥
n̄ = k❇T/~ω♣❤ ≈ 0.002 s♠❛❧❧❡r t❤❛♥ ✶✳ ❚❤❡ r❡s♦♥❛t♦r ♠♦❞❡ s❤♦✉❧❞ t❤❡r❡❢♦r❡ ❜❡ ✐♥ ✐ts
q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❣r♦✉♥❞ st❛t❡ ♠♦st ♦❢ t❤❡ t✐♠❡ ❬✶❪✳

❲❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❢r♦♠ t❤❡ ♥♦r♠❛❧✐③❡❞
❝♦♥❞✉❝t❛♥❝❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ✐♥ t❤❡ ❙❊❚ r❡❣✐♦♥ ❬✻✼❪✳ ❋♦r ❡q✉✐✲
❧✐❜r✐✉♠ ♣❤♦♥♦♥s✱ t❤❡ ♥♦r♠❛❧✐③❡❞ ❝♦♥❞✉❝t❛♥❝❡ ❢♦❧❧♦✇s ❛ P♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✐s ❣✐✈❡♥
❜②

(

dIs❞
dVs❞

)♥♦r♠

n

∼ e−ggn

n!
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✇❤❡r❡ n ✐s t❤❡ ♠♦❞❡ ♥✉♠❜❡r ❛♥❞ g t❤❡ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣✳ ■♥ ❋✐❣✳ ✸✳✷✶❜✱ ✜tt✐♥❣
t❤❡ ♥♦r♠❛❧✐③❡❞ ✐♥t❡♥s✐t② ✇✐t❤ ❡q✉❛t✐♦♥ ✸✳✸✷ ②✐❡❧❞s ❛ ❝♦✉♣❧✐♥❣ ❢❛❝t♦r ♦❢ g = 0.35± 0.075✳
❯s✐♥❣ ❡q✉❛t✐♦♥ ✸✳✸✵ ✇❡ ✜♥❞ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞✐❛♠❡t❡r ♦❢ d❈◆❚ = 2 ♥♠✱ ✇❤✐❝❤ ✐s ✐♥
❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❞✐❛♠❡t❡r ❞✐str✐❜✉t✐♦♥ ✭d❈◆❚ = 1.6 ± 0.6 ♥♠✮ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s
❣r♦✇♥ ❢r♦♠ ❋❡✴▼♦ ❝❛t❛❧②st ❛♥❞ ❛ ♠❡t❤❛♥❡ ❢❡❡❞st♦❝❦ ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✸✳✷✮✳

❋✐♥❛❧❧② ♦♥❡ ❝❛♥ ❞❡❞✉❝❡ ❛ ❧♦✇❡r ❜♦✉♥❞❛r② ❢♦r t❤❡ q✉❛❧✐t② ❢❛❝t♦r Q ♦❢ ▲❙▼ ♣❤♦♥♦♥s ❬✼✾❪✳
❚❤❡ q✉❛❧✐t② ❢❛❝t♦r ✐s ❣✐✈❡♥ ❜② Q = ω/(2πγ)✱ ✇❤❡r❡ γ ✐s t❤❡ r❡❧❛①❛t✐♦♥ r❛t❡ ✐♥t♦ t❤❡ ❣r♦✉♥❞
st❛t❡✳ ■♥ ♦r❞❡r ❢♦r t❤❡ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s t♦ ❜❡ ✈✐s✐❜❧❡ ✐♥ ❛ ❙❊❚✱ ✇❡ s❤♦✉❧❞ ❤❛✈❡ Γ♦✉t > γ✳
❚❤❡ t✉♥♥❡❧ ❝✉rr❡♥t ❛t t❤❡ ❡❞❣❡ ♦❢ t❤❡ ❈♦✉❧♦♠❜ ❞✐❛♠♦♥❞ I ❣✐✈❡s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
t✉♥♥❡❧✐♥❣ r❛t❡ Γ♦✉t = I/e✳ ❚❤❡ q✉❛❧✐t② ❢❛❝t♦r t❤❡r❡❢♦r❡ ②✐❡❧❞s

Q >
ω♣❤

2πΓout
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■♥ ❋✐❣✳ ✸✳✷✶✱ t❤❡ t✉♥♥❡❧ ❝✉rr❡♥t ❛t t❤❡ ❞✐❛♠♦♥❞ ❡❞❣❡ ❤♦❧❞s I = 66 ♣❆ ❛♥❞ ❛ t✉♥♥❡❧✐♥❣
r❛t❡ Γ♦✉t ≈ 410 ▼❍③✳ ❚❤❡ q✉❛❧✐t② ❢❛❝t♦r t❤✉s ②✐❡❧❞s Q ≈ 340✳

✸✳✸✳✷ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ g ≫ 1✿ ❋r❛♥❝❦✲❈♦♥❞♦♥ ❜❧♦❝❦❛❞❡

❋♦r str♦♥❣ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ g ≫ 1✱ t❤❡ s❤✐❢t ♦❢ t❤❡ ✈✐❜r♦♥ ♣♦t❡♥t✐❛❧ ✐s ❧❛r❣❡✱ ✇❤✐❝❤
s✉♣r❡ss❡s ❣r♦✉♥❞✲st❛t❡✲t♦✲❣r♦✉♥❞✲st❛t❡ tr❛♥s✐t✐♦♥s ❜✉t str♦♥❣❧② ❡♥❤❛♥❝❡s tr❛♥s✐t✐♦♥s ✐♥t♦
❤✐❣❤❡r ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ❬✻✼❪ ✭❋✐❣✳ ✸✳✷✷❛✮✳



✸✳✸✳ ◗✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ✐♥ ✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
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(a) (b)

(c)

❋✐❣✉r❡ ✸✳✷✷✿ ❋r❛♥❝❦✲❈♦♥❞♦♥ ❜❧♦❝❦❛❞❡ ❢♦r str♦♥❣ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ✐♥ ❝❛r❜♦♥ ♥❛♥✲
♦t✉❜❡ ◆❊▼❙✳ ✭❛✮ ❋♦r g ≫ 1✱ t❤❡ s❤✐❢t ♦❢ t❤❡ ✈✐❜r♦♥ ♣♦t❡♥t✐❛❧ ✐s s✉❝❤ t❤❛t tr❛♥s✐t✐♦♥s
✐♥t♦ ❤✐❣❤❡r ❡①❝✐t❡❞ st❛t❡s ❛r❡ str♦♥❣❧② ❡♥❤❛♥❝❡❞✱ ✇❤❡r❡❛s ❣r♦✉♥❞ st❛t❡ tr❛♥s✐t✐♦♥s ❛r❡
❢♦r❜✐❞❞❡♥✳ ❚❤❡ ❣r❡❡♥ ✭❜❧✉❡✮ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞s t♦ N ✭N + 1✮ ❡❧❡❝tr♦♥s ♦♥ t❤❡ ❞♦t✳ ❚❤❡
tr❛♥s✐t✐♦♥s ❛r❡ ❞❡♣✐❝t❡❞ ❜② t❤❡ ❜❧❛❝❦ ❛rr♦✇s ❛♥❞ ❛ ❤✐❣❤ ✭❧♦✇✮ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❝♦r✲
r❡s♣♦♥❞s t♦ t❤❡ ❞❛r❦ ❜❧✉❡ ✭❧✐❣❤t ❜❧✉❡✮ ❛r❡❛ ✉♥❞❡r t❤❡ ✇❛✈❡❢✉♥❝t✐♦♥ tr❛❝❡s✳ ✭❜✮ ❙t❛❜✐❧✐t②
❞✐❛❣r❛♠ ❢♦r ❛ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t ✶✳✸ ❑ s❤♦✇✐♥❣ t❤❡ ❝✉rr❡♥t s✉♣♣r❡✲
s✐♦♥ ❛t ❧♦✇ ❜✐❛s ✭❞♦tt❡❞ ❧✐♥❡ ❧❛❜❡❧❡❞ ✐✮ ❛♥❞ ❡♥❤❛♥❝❡❞ ❝✉rr❡♥t ✐♥ t❤❡ ❤✐❣❤ ❜✐❛s r❡❣✐♠❡✳
❋✐❣✉r❡ ❢r♦♠ ❬✻✼❪✳ ✭❝✮ ❉✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡ ❛s ❢✉♥❝t✐♦♥ ♦❢ ❜✐❛s ✈♦❧t❛❣❡ ❛t Vt❣ = 0.1570

❱ ✭s♦❧✐❞ ✈❡rt✐❝❛❧ ❧✐♥❡ ✐♥ ✭❜✮✮✳ ❋r♦♠ t❤❡ ♠❛①✐♠❛ ♦❢ t❤❡ ❝♦♥❞✉❝t❛♥❝❡ ♣❡❛❦s ✭r❡❞ ❝✐r❝❧❡s✱
❣r❡❡♥ sq✉❛r❡s✮✱ ♦♥❡ ❝❛♥ ❡①tr❛❝t ❛♥ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ g = 4.5 ✭♣♦s✐t✐✈❡ ❜✐❛s✮ ❛♥❞
g = 3 ✭♥❡❣❛t✐✈❡ ❜✐❛s✮ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✸✳✸✷✳ ❋✐❣✉r❡ ❢r♦♠ ❬✻✼❪



✻✵ ❈❤❛♣t❡r ✸✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙

❚❤❡ ❡✛❡❝t ❦♥♦✇♥ ❛s ❋r❛♥❝❦✲❈♦♥❞♦♥ ❜❧♦❝❦❛❞❡✱ r❡s✉❧ts ✐♥ ❛ ❝✉rr❡♥t s✉♣♣r❡s✐♦♥ ❛t ❧♦✇
❜✐❛s ✭❞♦tt❡❞ ❧✐♥❡ ✭✐✮ ✐♥ ❋✐❣✳ ✸✳✷✷❜✮✳ ■♥ t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ t✉♥♥❡❧✐♥❣ ❝✉rr❡♥t t❤r♦✉❣❤ ❤✐❣❤❡r
❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ✐s str♦♥❣❧② ❡♥❤❛♥❝❡❞ ✐♥ t❤❡ ❤✐❣❤ ❜✐❛s r❡❣✐♠❡ ❬✻✼❪ ✭❋✐❣✳ ✸✳✷✷❜
❛♥❞ ❝✮✳ ❋r♦♠ ❋✐❣✳ ✸✳✷✷❝✱ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞
✇✐t❤ ❡q✉❛t✐♦♥ ✸✳✸✷ t♦ g = 3 ❛♥❞ g = 4.5 ❢♦r ♥❡❣❛t✐✈❡ ❛♥❞ ♣♦s✐t✐✈❡ ❜✐❛s✱ r❡s♣❡❝t✐✈❡❧②✳

✸✳✹ ❖✉t❧♦♦❦

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡❞ t❤❡ ✜♥❣❡r♣r✐♥t ❧✐❦❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣

♠♦❞❡s ✭❙❡❝t✐♦♥ ✸✳✷✮ ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ✭❙❡❝t✐♦♥ ✸✳✸✮ ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥✲
♦t✉❜❡ ◆❊▼❙✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✹✱ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ✉❧tr❛❝❧❡❛♥ ❜♦tt♦♠✲✉♣ ♥❛♥♦❢❛❜r✐❝❛t✐♦♥
♣r♦❝❡ss ♦❢ s✉❝❤ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛s ✇❡❧❧ ❛s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✉s❡❞ t♦ ♣r♦❜❡
t❤❡ ♥❛♥♦t✉❜❡✬s ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✳

■♥ ❈❤❛♣t❡r ✺ ✇❡ ♣r❡s❡♥t ❛ s②st❡♠❛t✐❝ st✉❞② ♦❢ t❤❡ tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡ ✈✐❜r❛t✐♦♥

✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❲❡ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ r❡s♣♦♥s❡ ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ♦❢ ❛ ❝❛r✲
❜♦♥ ♥❛♥♦t✉❜❡✬s ❜❡♥❞✐♥❣ ♠♦❞❡ ✈✐❜r❛t✐♦♥ t♦ s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ t❤r♦✉❣❤ t❤❡ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ◆❊▼❙✲q✉❛♥t✉♠ ❞♦t ❝r✐t✐❝❛❧❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞♦t✬s ❡❧❡❝tr♦♥✐❝ ❡♥✈✐r♦♥♠❡♥t✱ ✐✳❡✳
t❤❡ ❝❛♣❛❝✐t❛♥❝❡✱ t❤❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ t♦ t❤❡ ♠❡t❛❧ ❧❡❛❞s✱ t❤❡ ❝✉rr❡♥t ❛♥❞ t❡♠♣❡r❛t✉r❡✳
❚❤❡ ✜♥❞✐♥❣s s✉❣❣❡st t❤❛t ♦♥❡ ❝♦✉❧❞ ❛❝❤✐❡✈❡ q✉❛❧✐t② ❢❛❝t♦rs ♦❢ ✶✵6 ♦r ❤✐❣❤❡r ❜② ❝❤♦♦s✐♥❣
❛♣♣r♦♣r✐❛t❡ ❣❛t❡ ❞✐❡❧❡❝tr✐❝s ❛♥❞✴♦r ❜② ✐♠♣r♦✈✐♥❣ t❤❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ t♦ t❤❡ ❧❡❛❞s✳ ❖✇✐♥❣
t♦ t❤❡s❡ ❧❛r❣❡ ❛♥❞ ❤✐❣❤❧② t✉♥❛❜❧❡ q✉❛❧✐t② ❢❛❝t♦rs✱ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ t❤❡r❡❢♦r❡
r❡♣r❡s❡♥ts ❛♥ ✐❞❡❛❧ ♣❧❛t❡❢♦r♠ ❢♦r ♠❛❣♥❡t✐❝ t♦rq✉❡ ❞❡t❡❝t✐♦♥✱ ✇✐t❤ ❛ ♠❛①✐♠✉♠ s❡♥s✐t✐✈✐t②
♦❢ ✶µ❇ ❛s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸ ❬✶✾❪✳

■♥ ❈❤❛♣t❡r ✻ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ♣r❡s❡♥t t❤❡ str♦♥❣ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐✲

t✉❞✐♥❛❧ str❡❝❤✐♥❣ ♠♦❞❡ ✈✐❜r❛t✐♦♥ ✇✐t❤ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t✱ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r ✐♥st❛♥❝❡
t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ♥✉❝❧❡❛r s♣✐♥✳ ❚❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ♦❜s❡r✈❡❞ ✐♥t❡r❛❝t✐♦♥ s✉❣❣❡sts
t❤❡ ♣♦ss✐❜❧✐t② ♦❢ q✉❛♥t✉♠ ❡♥t❛♥❣❧❡♠❡♥t ❜❡t✇❡❡♥ ❛ s✐♥❣❧❡ ♥✉❝❧❡❛r s♣✐♥ ✭♦r ❡❧❡❝tr♦♥✐❝ s♣✐♥✮
❛♥❞ s✐♥❣❧❡ ♣❤♦♥♦♥ ♠♦❞❡✳ ▼♦r❡♦✈❡r t❤❡ ❝♦✉♣❧✐♥❣ ✐♥❞✐❝❛t❡s t❤❛t ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙
❢✉♥❝t✐♦♥❛❧✐③❡❞ ✇✐t❤ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ❝❛♥ ❜❡ t❤❡ ✜rst ❡①♣❡r✐♠❡♥t❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢
❛ s✉♣r❛♠♦❧❡❝✉❧❛r t♦rq✉❡ ♠❛❣♥❡t♦♠❡t❡r ✇✐t❤ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ s❡♥s✐t✐✈✐t② ❬✷✵❪✳



❈❤❛♣t❡r ✹

◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢

❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙ ❛♥❞

♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ❝♦♠♣❧❡t❡ ♥❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♣r♦❝❡ss
♦❢ ❛ ❤✐❣❤✲Q ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ■t ✇❛s r❡❝❡♥t❧② ❞❡♠♦♥str❛t❡❞✱ t❤❛t s✉❝❤ ❤✐❣❤✲Q
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❜♦tt♦♠✲✉♣ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss✱ ✇❤❡r❡
❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛r❡ ❣r♦✇♥ ♦♥ ❛ ✬❜❛❝❦✲❜♦♥❡✬ ♠❡t❛❧ ❥✉♥❝t✐♦♥ ❜② ❝❤❡♠✐❝❛❧ ✈❛♣♦r ❞❡♣♦s✐t✐♦♥
✭❈❱❉✮ ✐♥ t❤❡ ✈❡r② ❧❛st st❡♣ ♦❢ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss✱ t❤✉s ❛✈♦✐❞✐♥❣ ❝♦♥t❛♠✐♥❛t✐♦♥ ♦❢
t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜② r❡s✐❞✉❛❧ r❡s✐st✱ s♦❧✈❡♥ts ♦r ❝❤❡♠✐❝❛❧ ❡t❝❤✐♥❣ ♣r♦❝❡❞✉r❡s ❬✽✵✱ ✽✶✱
✶✱ ✻✶✱ ✻✺❪✳

❙✉❝❤ ❛ ♣r♦❝❡ss ♥❡❡❞s t♦ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ❛ ❝❧❡❛♥ ❡♥✈✐r♦♥♠❡♥t✱ ✐♥ ♦✉r ❝❛s❡ t❤❡ ❈◆❘❙
❝❧❡❛♥ r♦♦♠ ❢❛❝✐❧✐t② ✬◆❛♥♦❢❛❜✬ ✐♥ ●r❡♥♦❜❧❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ✬❜❛❝❦✲❜♦♥❡✬ str✉❝t✉r❡ ❤❛s t♦
✇✐t❤st❛♥❞ t❤❡ ❡①tr❡♠❡ t❡♠♣❡r❛t✉r❡s ♦❢ ✽✵✵◦ r❡❛❝❤❡❞ ❞✉r✐♥❣ ❛ ❈❱❉ ❣r♦✇t❤✱ ✇❤✐❝❤ t②♣✲
✐❝❛❧❧② r❡q✉✐r❡s t❤❡ ✉s❡ ♦❢ ♠❛t❡r✐❛❧s s✉❝❤ ❛s ♣❧❛t✐♥✉♠ ♦r t✉♥❣st❡♥✳ ❋✐♥❛❧❧②✱ ♦♥❡ ♥❡❡❞s t♦
❤❛✈❡ ❛ ❣♦♦❞ ❝♦♥tr♦❧ ♦♥ ❈❱❉ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥s✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ r❡♣r♦❞✉❝✐❜❧❡ ♣r♦✲
❝❡ss ❛♥❞ ❛ ❣♦♦❞ ②✐❡❧❞ ♦❢ ✇♦r❦✐♥❣ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦rs✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧
❞❡s❝r✐❜❡ ❛♥ ✉❧tr❛❝❧❡❛♥✱ ❜♦tt♦♠✲✉♣ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ❢♦r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤
q✉❛❧✐t② ❢❛❝t♦rs ❛s ❤✐❣❤ ❛s ✶✵5 ❛♥❞ ❛ ②✐❡❧❞ ♦❢ ✇♦r❦✐♥❣ ❞❡✈✐❝❡s ❛r♦✉♥❞ ✺✪✳

❚❤❡ ❢❛❜r✐❝❛t✐♦♥ st❛rts ❢r♦♠ ❛ ❞❡❣❡♥❡r❛t❧② ♣✲❞♦♣❡❞ s✐❧✐❝♦♥ ✷✧ ✇❛❢❡r ❝♦✈❡r❡❞ ❜② ❛ ❧❛②❡r
♦❢ ❞r② ❝❤❧♦r✐♥❛t❡❞ t❤❡r♠❛❧ ❙✐❖2✱ s❡r✈✐♥❣ ❛s ❣❛t❡ ❞✐❡❧❡❝tr✐❝ ✭❙❡❝t✐♦♥ ✹✳✶✮✳ ❯s✐♥❣ st❛t❡ ♦❢ t❤❡
❛rt ❧✐t❤♦❣r❛♣❤② t❡❝❤♥✐q✉❡s✱ ✇❡ ♣❛tt❡r♥ t❤❡ ❜❛❝❦✲❜♦♥❡ ❥✉♥❝t✐♦♥ ❢♦r t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✇✐t❤ ❛ st❛♥❞❛r❞ ❙✐ ❜❛❝❦❣❛t❡ ✭❙❡❝t✐♦♥ ✹✳✷✳✷✮ ♦r ❛ ❤✐❣❤ ❡✣❝✐❡♥❝② ❧♦❝❛❧ ❣❛t❡ ✭❙❡❝t✐♦♥
✹✳✷✳✸✮✳ ❆❢t❡r ❡①t❡♥s✐✈❡ ❝❧❡❛♥✐♥❣ ♦❢ t❤✐s ❜❛❝❦✲❜♦♥❡ str✉❝t✉r❡ ✐♥ ❛♥ ♦①②❣❡♥ ♣❧❛s♠❛✱ ❝❛r❜♦♥
♥❛♥♦t✉❜❡s ❛r❡ ❣r♦✇♥ ❜② ❈❱❉ ❛t ✽✵✵◦❈ ❢r♦♠ ❛ ❈❍4 ❝❛r❜♦♥ ❢❡❡❞st♦❝❦ ❛♥❞ ✐r♦♥ ❜❛s❡❞
❝❛t❛❧②st ✐s❧❛♥❞ ♣❛tt❡r♥❡❞ ♦♥ t❤❡ s♦✉r❝❡✲❞r❛✐♥ ❡❧❡❝tr♦❞❡s ♥❡①t t♦ t❤❡ ❥✉♥❝t✐♦♥ ✭❙❡❝t✐♦♥
✹✳✸✮✳ ❯s✐♥❣ t❤❡ r❡❛❧✲t✐♠❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s②st❡♠ ❆❉❲■◆ ✭❙❡❝t✐♦♥ ✹✳✹✮✱ t❤❡ ❞❡✈✐❝❡s ❛r❡
t❤❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❡❧❡❝tr✐❝ tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥ts ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡✱ ✐♥ ♦r❞❡r
t♦ s❡❧❡❝t t❤❡ ❜❡st ❞❡✈✐❝❡s ♣r✐♦r t♦ ❛ ❝♦♦❧❞♦✇♥ t♦ ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ✭❙❡❝t✐♦♥ ✹✳✺✮✳
❋✐♥❛❧❧②✱ r❡❛❧✲t✐♠❡ ♠❡❛s✉r❡♠❡♥ts ✈✐❛ ❆❉❲■◆ ♦❢ t❤❡ ♥❛♥♦t✉❜❡✬s ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥
❛r❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ❛ 3❍❡✴4❍❡ ❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦r ❛t ❛ ❜❛s❡ t❡♠♣❡r❛t✉r❡ ♦❢ ✸✵ ♠❑✳ ❚❤❡
◆❊▼❙ ❛❝t✉❛t✐♦♥ ❛♥❞ ❞❡t❡❝t✐♦♥ s❝❤❡♠❡ ✉s❡❞ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥t ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞
❜② ❙t❡❡❧❡ ❛♥❞ ❝♦✲✇♦r❦❡rs ❬✻✶✱ ✼✺❪✳ ❆s t❤❡ ✐♥❞✉❝❡❞ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❝❤❛♥❣❡s t❤❡ ❝❤❛r❣❡



✻✷
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

✢♦✇ t❤r♦✉❣❤ t❤❡ ❈◆❚ q✉❛♥t✉♠ ❞♦t ❛♥❞ ✈✐❝❡ ✈❡rs❛✱ ✇❡ ❝❛♥ ❞❡t❡❝t t❤❡ ❈◆❚ r❡s♦♥❛♥❝❡
t❤r♦✉❣❤ ❛ ❝❤❛♥❣❡ ✐♥ ③❡r♦ ❜✐❛s ❝♦♥❞✉❝t❛♥❝❡ ✭❙❡❝t✐♦♥ ✹✳✻✮✳

❯❧t✐♠❛t❡❧②✱ ❛ ❤✐❣❤✲Q ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ♦✉❣❤t t♦ ❜❡ ❛ s✉✐t❛❜❧❡ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r
♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s✳ ■♥ t❤❡ ❧❛st s❡❝t✐♦♥ ✹✳✼ ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡
s♦❧✉t✐♦♥ ❜❛s❡❞ ❣r❛❢t✐♥❣ ♦❢ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ♦♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳
❚❤❡ ♣r❡s❡♥t❡❞ ♠❡t❤♦❞ ❝♦♥s❡r✈❡s ❜♦t❤ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡s♦♥❛t♦r ❛♥❞ t❤❡
♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❚❜P❝2 ❛♥❞ ✐s t❤❡r❡❢♦r❡ ❛ ❝r✉❝✐❛❧ st❡♣ t♦✇❛r❞s t❤❡ ❞❡✈❡❧♦♣♠❡♥t
♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡✳

✹✳✶ ❙✉❜str❛t❡ s❡❧❡❝t✐♦♥

❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✐s ❛ s✐❧✐❝♦♥ ✇❛❢❡r ❝♦✈❡r❡❞ ❜② ❛ ❧❛②❡r ♦❢
s✐❧✐❝♦♥ ❞✐♦①✐❞❡ ✭❙✐❖2✮✳ ❚❤❡ s✐❧✐❝♦♥ ✭❙✐✮ ❝r②st❛❧ ✇❛❢❡r ✐s ❣r♦✇♥ ✐♥ ❛ s♦ ❝❛❧❧❡❞ ❈③♦❝❤r❛❧s❦✐
♣r♦❝❡ss✱ ✇❤✐❝❤ ❛❧❧♦✇s ❤❡❛✈② ❞♦♣✐♥❣ ❜② ♣❤♦s♣♦r✉s ✭♥✲❞♦♣✐♥❣✮ ♦r ❜♦r♦♥ ❛t♦♠s ✭♣✲❞♦♣✐♥❣✮
♦❢ t❤❡ s✐❧✐❝♦♥ ❬✽✷❪✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❙✐ ❜❡❝♦♠❡s ❝♦♥❞✉❝t✐✈❡ ❞♦✇♥ t♦ ✈❡r② ❧♦✇ t❡♠✲
♣❡r❛t✉r❡s ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ❜❛❝❦❣❛t❡ ❡❧❡❝tr♦❞❡ ❢♦r ♦✉r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❚❤❡
❙✐❖2 s❡r✈❡s ❛s ❣❛t❡ ❞✐❡❧❡❝tr✐❝ ❛♥❞ ✐s ♦❜t❛✐♥❡❞ ❜② t❤❡r♠❛❧ ♦①✐❞❛t✐♦♥ ♦❢ t❤❡ ❙✐ ✇❛❢❡r ✐♥ ❛
♣✉r❡ ♦①②❣❡♥ ❛t♠♦s♣❤❡r❡ ✭❞r② ♦①✐❞❛t✐♦♥✮ ♦r ✉♥❞❡r ✇❛t❡r ✈❛♣♦r✴st❡❛♠ ✭✇❡t ♦①✐❞❛t✐♦♥✮ ❛s
❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳

❉✉r✐♥❣ ❛ ✧✇❡t ♦①✐❞❛t✐♦♥✧ ♣r♦❝❡ss✱ t❤❡ ❙✐ ✇❛❢❡r ✐s ❤❡❛t❡❞ ❜❡t✇❡❡♥ ✻✵✵◦❈ ❛♥❞ ✶✷✵✵◦❈
✉s✐♥❣ ✇❛t❡r ✈❛♣♦r ♦r ♣②r♦❣❡♥✐❝ st❡❛♠ ❛s ❛♥ ♦①✐❞❛t✐♦♥ ❛❣❡♥t✳ ❙✐❖2 ✇✐❧❧ t❤❡♥ ❢♦r♠ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❬✽✷❪✿

❙✐ ✰ ❍2❖ → ❙✐❖2 + ✷❍2 ✭✹✳✶✮

❉✉❡ t♦ t❤❡ ❢❛st ❦✐♥❡t✐❝s ♦❢ t❤✐s r❡❛❝t✐♦♥✱ ♦♥❡ ❝❛♥ ❣r♦✇ ❙✐❖2 ❧❛②❡rs ✉♣ t♦ ❛ t❤✐❝❦♥❡ss
♦❢ ✶✺ µ♠ ❬✽✸❪✳ ❍♦✇❡✈❡r✱ t❤✐s ♣r♦❝❡ss ❧❡❛✈❡s ❛ ❤✐❣❤ ❞❡♥s✐t② ♦❢ ❞❛♥❣❧✐♥❣ ❜♦♥❞s ❛t t❤❡
❙✐✴❙✐❖2 ✐♥t❡r❢❛❝❡ ❞✉❡ t♦ t❤❡ ❧❛tt✐❝❡ ♠✐s♠❛t❝❤ ❜❡t✇❡❡♥ ❙✐ ❛♥❞ ❙✐❖2✳ ❚❤❡s❡ str✉❝t✉r❛❧
❞❡❢❡❝ts ❛r❡ ❧✐❦❡❧② t♦ ❛❝t ❛s ❝❤❛r❣❡ tr❛♣ st❛t❡s ❛♥❞ ❝❛✉s❡ ❧❡❛❦❛❣❡ ❝✉rr❡♥ts ✐♥ ❛ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ◆❊▼❙ ♣❛tt❡r♥❡❞ ♦♥ s✉❝❤ ❛ s✉❜str❛t❡✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ ❞❛♥❣❧✐♥❣ ❜♦♥❞s ✐♥❞✉❝❡
♠❡❝❤❛♥✐❝❛❧ str❡ss ✐♥ t❤❡ ❙✐❖2 ❧❛②❡r ❬✽✹✱ ✽✺❪✳ ❯♣♦♥ ❤❡❛t✐♥❣ t❤❡ s✉❜str❛t❡ ✉♣ t♦ ✾✵✵◦❈
❞✉r✐♥❣ t❤❡ ❈❱❉ ❣r♦✇t❤✱ t❤✐s ♠❡❝❤❛♥✐❝❛❧ str❡ss ✐s r❡❛❧❡❛s❡❞ ✐♥t♦ ✐ts s✉rr♦✉♥❞✐♥❣s✱ ❝❛✉s✐♥❣
❡①t❡♥s✐✈❡ ❞❛♠❛❣❡ t♦ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✭❤✐❧❧♦❝❦ ❛♥❞ ❤♦❧❡ ❢♦r♠❛t✐♦♥ ♦♥ t❤❡ Pt
❡❧❡❝tr♦❞❡s ❛s ❞❡♣✐❝t❡❞ ❋✐❣✳ ✹✳✶❛✮✳ ❙✉❝❤ ❞❛♠❛❣❡ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ❜② ✉s✐♥❣ ❞r② ♦①✐❞✐③❡❞
❙✐✴❙✐❖2 s✉❜str❛t❡s ✇✐t❤ ❛ ♠✉❝❤ s♠❛❧❧❡r ❞❡❢❡❝t ❞❡♥s✐t② ✭❋✐❣✳ ✹✳✶❜✮ ❛♥❞✴♦r ❜② ❝♦✈❡r✐♥❣ t❤❡
❙✐❖2 ✇✐t❤ ❛ ✧❜✉✛❡r✧ ❧❛②❡r ♦❢ ❛❧✉♠✐♥✉♠ ♦①✐❞❡ ❆❧2❖3 ❣r♦✇♥ ❜② ❛t♦♠✐❝ ❧❛②❡r ❞❡♣♦s✐t✐♦♥
✭❋✐❣✳ ✹✳✶❝✮✳

■♥ ❛ ✧❞r② ♦①✐❞❛t✐♦♥✧ ♣r♦❝❡ss✱ t❤❡ ❙✐ ✇❛❢❡r ✐s ♦①✐❞✐③❡❞ ❜❡t✇❡❡♥ ✾✺✵◦❈ ❛♥❞ ✶✶✺✵◦❈ ✐♥
♣✉r❡ ♦①②❣❡♥ ❛t♠♦s♣❤❡r❡✳ ❙✐❖2 ✇✐❧❧ t❤❡♥ ❢♦r♠ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❬✽✷❪✿

❙✐ ✰ ❖2 → ❙✐❖2 ✭✹✳✷✮



✹✳✷✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ t❤❡ ✬❜❛❝❦✲❜♦♥❡✬ ❥✉♥❝t✐♦♥ ❢♦r ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✻✸

❇② ❛❞❞✐♥❣ ❛ ❝❤❧♦r✐♥❡ s♦✉r❝❡ ✭❛♥❤②❞r♦✉s ❍❈❧ ♦r ✭✶✱✷✮ tr❛♥s✲❞✐❝❤❧♦r♦❡t❤②❧❡♥❡✮ ❞✉r✐♥❣
t❤❡ ♦①✐❞❡ ❣r♦✇t❤✱ ♦♥❡ ❝❛♥ r❡♠♦✈❡ ❛♥② ❦✐♥❞ ♦❢ ♠❡t❛❧ ✐♠♣✉r✐t② ✐♥ t❤❡ ♦①✐❞❡ ❬✽✷✱ ✽✸❪✳ ❆❢t❡r
t❤❡ ♦①✐❞❛t✐♦♥✱ t❤❡ ✇❛❢❡r ✐s ❛♥♥❡❛❧❡❞ ✐♥ ❛ s♦ ❝❛❧❧❡❞ ❢♦r♠✐♥❣ ❣❛s ✭❍2✴◆2✮ ✐♥ ♦r❞❡r t♦ ♣❛ss✐✈❛t❡
t❤❡ ❞❛♥❣❧✐♥❣ ❜♦♥❞s ❛t t❤❡ ❙✐✴❙✐❖2 ✐♥t❡r❢❛❝❡ ❬✽✷✱ ✽✸❪✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❞❡♥s✐t② ♦❢
❡❧❡❝tr♦♥✐❝ tr❛♣ st❛t❡s ❛s ✇❡❧❧ ❛s t❤❡ ♠❡❝❤❛♥✐❝❛❧ str❡ss ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❞❛♠❛❣❡ t♦ t❤❡
❈◆❚ ◆❊▼❙ ❛r❡ ❝♦♥s✐❞❡r❛❜❧② r❡❞✉❝❡❞ ❝♦♠♣❛r❡❞ t♦ ✇❡t t❤❡r♠❛❧ ❙✐❖2 ❧❛②❡rs ✭❋✐❣✳ ✹✳✶❜✮✳
❉✉❡ t♦ t❤❡ ✈❡r② s❧♦✇ ❦✐♥❡t✐❝s ♦❢ r❡❛❝t✐♦♥ ✹✳✷ ❤♦✇❡✈❡r✱ t❤❡ t❤✐❝❦♥❡ss ♦❢ ❛ ❞r② ❝❤❧♦r✐♥❛t❡❞
❙✐❖2 ❧❛②❡r ❞♦❡s ♥♦t ❡①❝❡❡❞ ✺✵✵ ♥♠✳

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❤✐❣❤✲Q ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✱ ✐t ✐s t❤❡r❡❢♦r❡ ❡ss❡♥t✐❛❧ ❛♥❞ str♦♥❣❧②
r❡❝♦♠♠❡♥❞❡❞ t♦ ✉s❡ ❞♦♣❡❞ ❙✐ ✇❛❢❡rs ❝♦✈❡r❡❞ ✇✐t❤ ❛ ❧❛②❡r ♦❢ ❞r② ❝❤❧♦r✐♥❛t❡❞ ❙✐❖2✳ ❙✉❝❤
✇❛❢❡rs ✇❡r❡ ♣✉r❝❤❛s❡❞ ❢r♦♠ ◆❖❱❆ ❊❧❡❝tr♦♥✐❝ ▼❛t❡r✐❛❧s ❬✽✻❪ ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s s✉♠♠❛✲
r✐③❡❞ ✐♥ ❚❛❜❧❡ ✹✳✶✳

❙✐ ✭✶✵✵✮

❞✐❛♠❡t❡r ✷✧
❞♦♣✐♥❣ ♣✲t②♣❡ ❇♦
r❡s✐st✐✈✐t② ✵✳✵✵✶✲✵✳✵✵✺ Ω·❝♠
t❤✐❝❦♥❡ss ✷✼✺✲✸✷✺ µ♠
♣r♦❝❡ss ❈③♦❝❤r❛❧s❦✐

❙✐❖2

t❤✐❝❦♥❡ss 285± 15nm

♣r♦❝❡ss ❞r② ❝❤❧♦r✐♥❛t❡❞ ♦①✐❞❛t✐♦♥
✰ ❢♦r♠✐♥❣ ❣❛s ❛♥♥❡❛❧✐♥❣

❚❛❜❧❡ ✹✳✶✿ ❈❤❛r❛❝t❡r✐st✐❝s ♦❢ ❙✐✴❙✐❖2 ✇❛❢❡rs ♣✉r❝❤❛s❡❞ ❢r♦♠ ◆❖❱❆ ❊❧❡❝tr♦♥✐❝ ▼❛t❡r✐❛❧s✳

✹✳✷ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ t❤❡ ✬❜❛❝❦✲❜♦♥❡✬ ❥✉♥❝t✐♦♥ ❢♦r ❛

❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ✬❜❛❝❦✲❜♦♥❡✬ ♠❡t❛❧
❥✉♥❝t✐♦♥s ❢♦r t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❋✐rst✱ ✇❡ ✇✐❧❧ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ♣r✐♥❝✐♣❧❡s ♦❢
♦♣t✐❝❛❧ ❝♦♥t❛❝t ❧✐t❤♦❣r❛♣❤② ✭❙❡❝t✐♦♥ ✹✳✷✳✶✮ ❛♥❞ ❞❡s❝r✐❜❡ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ❢♦r ❛ ❜❛❝❦✲
❜♦♥❡ ❥✉♥❝t✐♦♥ ✇✐t❤ ❛ ❙✐ ❜❛❝❦❣❛t❡ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳✹✳✶❜ ✭❙❡❝t✐♦♥ ✹✳✷✳✷✮✳ ❍♦✇❡✈❡r t❤❡
❡✣❝✐❡♥❝② ♦❢ ❛ ❙✐ ❜❛❝❦❣❛t❡ ✐s ❧✐♠✐t❡❞ ❜② t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛♥❞ t❤❡
❜❛❝❦❣❛t❡ t = 500 ♥♠ ❛♥❞ ❜② t❤❡ ❞✐❡❧❡❝tr✐❝ ❝♦♥st❛♥t ε = 3.7−3.9 ♦❢ t❤❡ ❙✐❖2 ❬✽✶❪✳ ■♥ ♦r❞❡r
t♦ ✐♠♣r♦✈❡ t❤❡ ❣❛t❡ ❡✣❝✐❡♥❝② ❢♦r ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✱ ♦♥❡ ❤❛s t♦ r❡♣❧❛❝❡ t❤❡ ❙✐❖2

❜② ❛ ❤✐❣❤✲κ ❞✐❡❧❡❝tr✐❝ ❛♥❞ r❡❞✉❝❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❈◆❚ ❛♥❞ t❤❡ ❣❛t❡✳ ❚❤✐s ❝❛♥
❜❡ ❛❝❤✐❡✈❡❞ ❜② ♣❛tt❡r♥✐♥❣ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♠❡t❛❧ ❣❛t❡ ❝♦✈❡r❡❞ ❜② ❆❧2❖3 ✭ε = 7− 8✮ ❞✐r❡❝t❧②
✐♥t♦ t❤❡ ❣❛♣ ♦❢ t❤❡ ❜❛❝❦✲❜♦♥❡ ❥✉♥❝t✐♦♥ ❛s ✐♥ ❋✐❣✳ ✹✳✶❝ ✭❙❡❝t✐♦♥ ✹✳✷✳✸✮✳ ❲❡ ✇✐❧❧ s❤♦✇



✻✹
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

✭❛✮

✭❜✮

✭❝✮

❋✐❣✉r❡ ✹✳✶✿ ■♠♣❛❝t ♦❢ s✉❜str❛t❡ q✉❛❧✐t② ♦♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✿ ❋❛❧s❡ ❝♦❧♦r ❙❊▼
✐♠❛❣❡ ✭s✐❞❡ ✈✐❡✇✮ ♦❢ ❛ ❈◆❚ ◆❊▼❙ ♦♥ ❛ ✭❛✮ ✇❡t t❤❡r♠❛❧ ❙✐❖2 ❧❛②❡r ❀ ✭❜✮ ❞r② ❝❤❧♦r✐♥❛t❡❞
t❤❡r♠❛❧ ❙✐❖2 ❧❛②❡r❀ ✭❝✮ ❞r② ❝❤❧♦r✐♥❛t❡❞ t❤❡r♠❛❧ ❙✐❖2 ❧❛②❡r ❝♦✈❡r❡❞ ❜② ❛♥ ❛❧✉♠✐♥❛ ✧❜✉✛❡r✧
❧❛②❡r ♦❜t❛✐♥❡❞ ❜② ❛t♦♠✐❝ ❧❛②❡r ❞❡♣♦s✐t✐♦♥✳ ▼❡❝❤❛♥✐❝❛❧ str❡ss ✐♥ ✇❡t ♦①✐❞❡ ❧❛②❡rs ✭❛✮ ✐s
r❡❧❡❛s❡❞ ❞✉r✐♥❣ t❤❡ ❈❱❉ ❣r♦✇t❤ ❛t ✾✵✵◦❈✱ ❝❛✉s✐♥❣ ❤♦❧❡ ❛♥❞ ❤✐❧❧♦❝❦ ❢♦r♠❛t✐♦♥ ✐♥ Pt
❡❧❡❝tr♦❞❡s ✭②❡❧❧♦✇✮ ♦❢ t❤❡ ❈◆❚ ◆❊▼❙✳ ❉✉❡ t♦ t❤❡ ❡①t❡♥s✐✈❡ ❞❛♠❛❣❡ t♦ t❤❡ ❡❧❡❝tr♦❞❡s✱
t❤❡ ❈◆❚ ❛r❡ ♥♦t s✉s♣❡♥❞❡❞✳ ❚❤✐s ❡✛❡❝t ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ❜② ✉s✐♥❣ ✭❜✮ ❞r② ♦①✐❞❡ ❧❛②❡rs
✇✐t❤ ❛ ♠✉❝❤ s♠❛❧❧❡r ❞❡❢❡❝t ❞❡♥s✐t② ❛♥❞✴♦r ✭❝✮ ❜② ❝♦✈❡r✐♥❣ t❤❡ ❙✐❖2 ✇✐t❤ ❛ ✧❵❜✉✛❡r✧✬ ❧❛②❡r
♦❢ ❛❧✉♠✐♥❛ ❣r♦✇♥ ❜② ❛t♦♠✐❝ ❧❛②❡r ❞❡♣♦s✐t✐♦♥✳ ❚❤❡ ❜❧✉❡ ❡❧❡❝tr♦❞❡s ❝♦rr❡s♣♦♥❞ t♦ ❧♦❝❛❧
♠❡t❛❧❧✐❝ ❣❛t❡s ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✷✮✳

✐♥ ❈❤❛♣t❡r ✺✱ t❤❛t t❤❡ t♦t❛❧ ❝❛♣❛❝✐t❛♥❝❡ ❛♥❞ ✉❧t✐♠❛t❡❧② t❤❡ Q✲❢❛❝t♦r ♦❢ s✉❝❤ ❛ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ◆❊▼❙ ✐♥❝r❡❛s❡ ❜② ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✱ ❞✉❡ t♦ t❤❡ ❤✐❣❤❡r ❡✣❝✐❡♥❝② ♦❢ t❤❡
❆❧2❖3 ❝♦✈❡r❡❞ ❧♦❝❛❧❣❛t❡✳



✹✳✷✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ t❤❡ ✬❜❛❝❦✲❜♦♥❡✬ ❥✉♥❝t✐♦♥ ❢♦r ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✻✺

substrate

resist

substrate

resist

mask

λ = 230 nm

substrate

resist

(a) resist coating (b) DUV exposure (c) development

(d) metal deposition(e) lift off

substrate

resist

metal

substrate

metal

❋✐❣✉r❡ ✹✳✷✿ Pr✐♥❝✐♣❛❧ ♦❢ ♦♣t✐❝❛❧ ❝♦♥t❛❝t ❧✐t❤♦❣r❛♣❤②✿ ✭❛✮ ❙♣✐♥ ❝♦❛t✐♥❣ ♦❢ ♣❤♦t♦s❡♥s✐t✐✈❡
r❡s✐st✳ ✭❜✮ ❈♦♥t❛❝t✐♥❣ ✇✐t❤ ♦♣t✐❝❛❧ ♠❛s❦ ❛♥❞ ❡①♣♦s✉r❡ t♦ ❯❱ r❛❞✐❛t✐♦♥ λ = 230 ♥♠✳ ❆
❣♦♦❞ ❝♦♥t❛❝t ✐s ❡ss❡♥t✐❛❧✱ ❛s t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❣❛♣ s✐③❡
❜❡t✇❡❡♥ t❤❡ ♠❛s❦ ❛♥❞ t❤❡ ❝♦❛t❡❞ s✉❜str❛t❡ ✭s❡❡ t❡①t✮✳ ✭❝✮ ❘❡♠♦✈❛❧ ♦❢ ❡①♣♦s❡❞ r❡s✐st
r❡❣✐♦♥s ✐♥ ❛ ❞❡✈❡❧♦♣♣❡r s♦❧✉t✐♦♥✳ ✭❞✮ ▼❡t❛❧ ❝♦❛t✐♥❣ ❛♥❞ ✭❡✮ ❧✐❢t ♦✛✳

✹✳✷✳✶ ❖♣t✐❝❛❧ ❝♦♥t❛❝t ❧✐t❤♦❣r❛♣❤②

❚❤❡ ❝♦♥❝❡♣t ♦❢ ♦♣t✐❝❛❧ ❝♦♥t❛❝t ❧✐t❤♦❣r❛♣❤② ✭❋✐❣✳ ✹✳✷✮ s❤❛r❡s s♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r✐♥❝✐♣❧❡s
✇✐t❤ ♣❤♦t♦❣r❛♣❤② ❬✽✼❪✳ ❆ ❧❛②❡r ♦❢ ♣♦s✐t✐✈❡✱ ♦r❣❛♥✐❝ ♣❤♦t♦r❡s✐st ✐s ❞❡♣♦s✐t❡❞ ♦♥ ❛ s✉❜str❛t❡
❛♥❞ ❜r♦✉❣❤t ✐♥ ❝❧♦s❡ ♠❡❝❤❛♥✐❝❛❧ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ♦♣t✐❝❛❧ ♠❛s❦ ②✐❡❧❞✐♥❣ t❤❡ ♥❡❣❛t✐✈❡ ♦❢
❞❡s✐r❡❞ ♣❛tt❡r♥ ✭❋✐❣✳ ✹✳✷❛✮✳ ❚❤❡ ♣❤♦t♦r❡s✐st ✐s t❤❡♥ ❡①♣♦s❡❞ t❤r♦✉❣❤ t❤❡ ♦♣t✐❝❛❧ ♠❛s❦
✇✐t❤ ❯❱ r❛❞✐❛t✐♦♥ ✭λ = 230 ♥♠✮✳ ❚❤❡ ❯❱ r❛❞✐❛t✐♦♥ ❝❛✉s❡s ❛ ❜r❡❛❦❞♦✇♥ ♦❢ t❤❡ ❝❤❡♠✐❝❛❧
❜♦♥❞s ✐♥ t❤❡ ❡①♣♦s❡❞ ♣❛rts ♦❢ t❤❡ ♣❤♦t♦r❡s✐st ✭❧✐❣❤t ❜❧✉❡✱ ❋✐❣✳ ✹✳✷❜✮✳ ❚❤❡ ❡①♣♦s❡❞
r❡❣✐♦♥s ❝❛♥ t❤❡♥ ❜❡ r❡♠♦✈❡❞ ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡ ❞❡✈❡❧♦♣♣❡r ❧❡❛✈✐♥❣ t❤❡ ❞❡s✐r❡❞ ♣❛tt❡r♥
✧✐♠♣r✐♥t❡❞✧ ✐♥t♦ t❤❡ ♣❤♦t♦r❡s✐st ✭❋✐❣✳ ✹✳✷❝✮✳ ❆ ❧❛②❡r ♦❢ ♠❡t❛❧ ✐s t❤❡♥ ❞❡♣♦s✐t❡❞ ♦♥t♦ t❤❡
✧✐♠♣r✐♥t❡❞✧ ♣❤♦t♦r❡s✐st ✭❋✐❣✳ ✹✳✷❞✮✳ ❇② ❞✐ss♦❧✈✐♥❣ t❤❡ r❡st ♦❢ t❤❡ ♣❤♦t♦r❡s✐st✱ t❤❡ ❡①❝❡ss
♠❡t❛❧ ✐s ❧✐❢t❡❞ ♦✛ ❛♥❞ ❧❡❛✈✐♥❣ ♦♥❧② t❤❡ ❞❡s✐r❡❞ ♣❛tt❡r♥ ♦♥ t❤❡ s✉❜str❛t❡ ✭❋✐❣✳ ✹✳✷❡✮✳

❚❤❡ ✐♠♣r✐♥t❡❞ ❢❡❛t✉r❡ s✐③❡ ✐s ❧✐♠✐t❡❞ ❜② ❞✐✛r❛❝t✐♦♥✱ t❤✉s ❜② t❤❡ ✇❛✈❡❧❡♥❣t❤ λ ♦❢ t❤❡
✐♥❝✐❞❡♥t r❛❞✐❛t✐♦♥✱ ❛♥❞ ❜② t❤❡ ❣❛♣ s✐③❡ g ❜❡t✇❡❡♥ t❤❡ ♣❤♦t♦r❡s✐st ❛♥❞ t❤❡ ♦♣t✐❝❛❧ ♠❛s❦✳
❚❤❡ ♠❛①✐♠❛❧ r❡s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❜② d = (λg)1/2 ❬✽✽❪✳ ❚❤❡ s❤♦rt
r❛❞✐❛t✐♦♥ ✇❛✈❡❧❡♥❣t❤ ❛♥❞ ❛ ❣♦♦❞ ♠❡❝❤❛♥✐❝❛❧ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t❤❡ ♣❤♦t♦r❡s✐st ❛♥❞ t❤❡
♠❛s❦✱ ✐✳❡✳ ❛ s♠❛❧❧ ❣❛♣ s✐③❡ g✱ ❛r❡ t❤❡r❡❢♦r❡ ❝r✉❝✐❛❧ ❢♦r ❛ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ♦♣t✐❝❛❧ ❧✐t❤♦❣r❛♣❤②✳



✻✻
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

✹✳✷✳✷ ❏✉♥❝t✐♦♥s ✇✐t❤ ❛ ❙✐ ❜❛❝❦❣❛t❡

100 µm
10 µm

(a) (b)

(d) (c)

❋✐❣✉r❡ ✹✳✸✿ P❛tt❡r♥ ❢♦r ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥ ✇✐t❤ ❛ ❙✐ ❜❛❝❦❣❛t❡✿ ✭❛✮ ✺✵①✺✵ µ♠2 ❝❡♥tr❛❧
✇r✐t❡✜❡❧❞✱ ❞✐s♣❧❛②✐♥❣ ✽ ❡❧❡❝tr♦❞❡ ♣❛✐rs ✇✐t❤ ❛ ❣❛♣ ♦❢ ✶ µ♠ ❡❛❝❤✳ ✭❜✮ ✵✳✺①✵✳✺ ♠♠2 ✇r✐t❡✜❡❧❞✱
❞✐s♣❧❛②✐♥❣ t❤❡ ❥✉♥❝t✐♦♥ ❛rr❛② ✇✐t❤ t❤❡ ❜♦♥❞✐♥❣ ♣❛❞s ❞❡s✐❣♥❡❞ ❢♦r ❡❧❡❝tr✐❝❛❧ ❝♦♥♥❡❝t✐♦♥✳
✭❝✮ ✷✧①✷✧ ♠❛tr✐① ♦❢ ❥✉♥❝t✐♦♥ ❛rr❛②s ✇✐t❤ ✹ ♠❛r❦❡rs ✭❣r❡❡♥✮ ❞❡s✐❣♥❡❞ ❢♦r t❤❡ ❛❧✐❣♥❡♠❡♥t ♦❢
❛❞❞✐t✐♦♥❛❧ ❧❛②❡rs ✐♥ s✉❜s❡q✉❡♥t ❧✐t❤♦❣r❛♣❤② st❡♣s✳ ✭❞✮ ▼❛s❦ ❢♦r ♦♣t✐❝❛❧ ❯❱ ❧✐t❤♦❣r❛♣❤②✿
❚❤❡ ♣❛tt❡r♥ ✐s ❡t❝❤❡❞ ✐♥t♦ ❛ ❝❤r♦♠✐✉♠ ❧❛②❡r ❝♦✈❡r✐♥❣ ❛ ✸✧①✸✧ q✉❛rt③ s✉❜str❛t❡✳ ❚❤❡
q✉❛rt③ ✐s tr❛♥s♣❛r❡♥t ❛t s❤♦rt ❯❱ ✇❛✈❡❧❡♥❣t❤✳

❚❤❡ ♣❛tt❡r♥ ❢♦r t❤❡ ◆❊▼❙ ❜❛❝❦✲❜♦♥❡ ❥✉♥❝t✐♦♥ ✇❛s ❞❡s✐❣♥❡❞ ❜② ❏❡❛♥✲P✐❡rr❡ ❈❧❡✉③✐♦✉
❛t ◆❡❡❧ ■♥st✐t✉t❡ ❛♥❞ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✹✳✸✳ ■t ❝♦♥s✐sts ♦❢ ✽ ❡❧❡❝tr♦❞❡ ♣❛✐rs✱ ❡❛❝❤ ✇✐t❤



✹✳✷✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ t❤❡ ✬❜❛❝❦✲❜♦♥❡✬ ❥✉♥❝t✐♦♥ ❢♦r ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✻✼

❛ ❣❛♣ ♦❢ ✶ µ♠ ✭❋✐❣✳ ✹✳✸❛✮✳ ❚❤❡ ❡❧❡❝tr♦❞❡s ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ✶✵✵①✶✵✵ µ♠2 ♣❛❞s ❞❡s✐❣♥❡❞
❢♦r ❡❧❡❝tr✐❝❛❧ ❝♦♥♥❡❝t✐♦♥ ✭❋✐❣✳ ✹✳✸❜✮✳ ❚❤✐s ❥✉♥❝t✐♦♥ ❛rr❛② ✐s r❡♣r♦❞✉❝❡❞ ❛♥❞ ❛rr❛♥❣❡❞ ✐♥
❛ ♠❛tr✐①✱ ✐♥❝❧✉❞✐♥❣ ✹ ❛❧✐❣♥❡♠❡♥t ♠❛r❦❡rs ✭❣r❡❡♥✮ ❢♦r ❢♦❧❧♦✇✐♥❣ ❧✐t❤♦❣r❛♣❤② st❡♣s ✭❋✐❣✳
✹✳✸❝✮✳ ❚❤✐s ♠❛tr✐① ✐s t❤❡♥ ♣❛tt❡r♥❡❞ ❛♥❞ ❡t❝❤❡❞ ✐♥t♦ ❛ ❝❤r♦♠✐✉♠ ❧❛②❡r ❝♦✈❡r✐♥❣ ❛ ✸✧①✸✧
q✉❛rt③ s✉❜str❛t❡ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ♦♣t✐❝❛❧ ♠❛s❦ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✹✳✸❞✳

❆s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✉s❡ ❛ ✷✧ ❙✐ ✇❛❢❡r ✭♣✲❞♦♣❡❞✮ ❝♦✈❡r❡❞ ✇✐t❤
✷✽✺ ♥♠ ♦❢ ❞r② ❝❤❧♦r✐♥❛t❡❞ ❙✐❖2 ✭❙❡❝t✐♦♥ ✹✳✶✮✳ ❆❢t❡r ❛ ❝❧❡❛♥✐♥❣ st❡♣ ✐♥ ❛♥ ♦①②❣❡♥ ♣❧❛s♠❛✱
t❤❡ ✇❛❢❡r ✐s ❝♦❛t❡❞ ✇✐t❤ t✇♦ ❧❛②❡rs ♦❢ ♣❤♦t♦r❡s✐st ▲❖❘✸❆ ✭❜♦tt♦♠ ❧❛②❡r✮ ❛♥❞ ❯❱✸ ✭t♦♣
❧❛②❡r✮✳ ❚❤❡ ❝♦❛t❡❞ s✉❜str❛t❡ ✐s t❤❡♥ ❡①♣♦s❡❞ t♦ ❯❱ r❛❞✐❛t✐♦♥ ✭λ = 230 ♥♠✮ t❤r♦✉❣❤ t❤❡
♦♣t✐❝❛❧ ♠❛s❦ ✐♥ ❛ ❙✉❡ss ▼❏❇✸ ♠❛s❦ ❛❧✐❣♥❡r✳ ❆❢t❡r ❛ ♣♦st ❡①♣♦s✉r❡ ❜❛❦❡✱ t❤❡ ❡①♣♦s❡❞
r❡❣✐♦♥s ♦❢ t❤❡ r❡s✐st ❛r❡ r❡♠♦✈❡❞ ✐♥ ❛ ❞❡✈❡❧♦♣♣❡r s♦❧✉t✐♦♥ ✭▼❋ ✷✻❆✮✳ ❚❤❡ ❞❡✈❡❧♦♣❡r ✐s
t❤❡♥ ♥❡✉tr❛❧✐③❡❞ ✐♥ ❞✐st✐❧❧❡❞ ✇❛t❡r✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✇✐t❤♦✉t t❤❡ ♣♦st ❡①♣♦s✉r❡
❜❛❦❡✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ✇♦✉❧❞ ❜❡ ✐♠♣♦ss✐❜❧❡ ♦r ♦♥❧② ♦❝❝✉r ❛t str♦♥❣❧② r❡❞✉❝❡❞ r❛t❡✳

substrate

LOR3A

UV3

substrate

LOR3A

UV3

metal(a) 

substrate

UV3

substrate

LOR3A

UV3

metal(b)

200 nm

❋✐❣✉r❡ ✹✳✹✿ ✭❛✮ ❇✐❧❛②❡r r❡s✐st ✈s✳ ✭❜✮ ♠♦♥♦❧❛②❡r r❡s✐st✿ ❚❤❡ ✉♥❞❡r❝✉t ❢♦r♠❡❞ ❞✉r✐♥❣
t❤❡ ❞❡✈❡❧♦♣♠❡♥t ✐♥ t❤❡ ❜✐❧❛②❡r r❡s✐st ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥❛❧ ❞❡♣♦s✐t✐♦♥ ✈✐❛ ❡❧❡❝tr♦♥ ❜❡❛♠
❡✈❛♣♦r❛t✐♦♥ ♣r❡✈❡♥ts t❤❡ ♠❡t❛❧ ❞❡♣♦s✐t✐♦♥ ♦♥ t❤❡ s✐❞❡✇❛❧❧s ♦❢ t❤❡ r❡s✐st ❛♥❞ t❤✉s t❤❡
❢♦r♠❛t✐♦♥ ♦❢ ❢❡♥❝❡✲❧✐❦❡ str✉❝t✉r❡s ❛❢t❡r ❧✐❢t ♦✛✱ ✇❤✐❝❤ ✉s✉❛❧❧② ♦❝❝✉rs ✇✐t❤ ♠♦♥♦❧❛②❡r r❡s✐st
✭r❡❞ ❛rr♦✇s ✐♥ ✭❜✮✮✳

▼❡t❛❧ ✐s t❤❡♥ ❞❡♣♦s✐t❡❞ ✈✐❛ ❡❧❡❝tr♦♥ ❜❡❛♠ ❡✈❛♣♦r❛t✐♦♥ ❢♦❧❧♦✇❡❞ ❜② ❛ ❧✐❢t ♦✛ ✐♥ ❤♦t
❛❝❡t♦♥❡ ❛♥❞ t❤❡ ▲❖❘✸❆ r❡♠♦✈❛❧ ✇✐t❤ P● r❡♠♦✈❡r✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞✱ t❤❛t t❤❡ ❜♦t✲
t♦♠ ▲❖❘✸❆ ❧❛②❡r ✐s ♠♦r❡ r❡❛❝t✐✈❡ t♦ t❤❡ ❞❡✈❡❧♦♣♣❡r ❛♥❞ t❤✉s ❛♥ ✉♥❞❡r❝✉t ❢♦r♠s ✐♥ t❤❡
❜✐❧❛②❡r r❡s✐st ❞✉r✐♥❣ t❤❡ ❞❡✈❡❧♦♣♠❡♥t✳ ❚❤✐s ✉♥❞❡r❝✉t ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥❛❧ ❞❡♣♦s✐t✐♦♥ ❜②



✻✽
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

❡❧❡❝tr♦♥ ❜❡❛♠ ❡✈❛♣♦r❛t✐♦♥ ♣r❡✈❡♥ts t❤❡ ♠❡t❛❧ ❞❡♣♦s✐t✐♦♥ ♦♥ t❤❡ s✐❞❡✇❛❧❧s ♦❢ t❤❡ r❡s✐st
❛♥❞ t❤✉s t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❢❡♥❝❡✲❧✐❦❡ str✉❝t✉r❡s ♦♥ t❤❡ ❞❡♣♦s✐t❡❞ ❥✉♥❝t✐♦♥ ❛❢t❡r ❧✐❢t ♦✛ ✭❋✐❣✳
✹✳✹❛✮✱ ✇❤✐❝❤ t②♣✐❝❛❧❧② ♦❝❝✉rs ✇✐t❤ ♠♦♥♦❧❛②❡r r❡s✐st ✭❋✐❣✳ ✹✳✹❜✮✳ ❙✉❝❤ ❢❡♥❝❡s ✇♦✉❧❞ ❜❡
❞❡tr✐♠❡♥t❛❧ t♦ s✉❝❝❡ss❢✉❧❧ ❣r♦✇t❤ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s✳ ❆❧s♦✱ ❛♠♦♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ♠❡t❛❧s
❢♦r ❡✈❛♣♦r❛t✐♦♥✱ ♦♥❧② ♣❧❛t✐♥✉♠ ❝❛♥ ✇✐t❤st❛♥❞ t❤❡ ❡①tr❡♠❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❛ ❈❱❉ ❣r♦✇t❤
❛♥❞ ♣r♦✈✐❞❡s ❛ ❣♦♦❞ ❡❧❡❝tr✐❝❛❧ ❝♦♥t❛❝t ✇✐t❤ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳ ❍♦✇❡✈❡r✱ ♣❧❛t✐♥✉♠ ❤❛s ❛
♣♦♦r ❛❞❤❡s✐♦♥ t♦ ❙✐❖2 ❛♥❞ ✐t ✐s t❤❡r❡❢♦r❡ r❡q✉✐r❡❞ t♦ ❞❡♣♦s✐t ❛ t❤✐♥ ✧❛❞❤❡s✐♦♥✧ ❧❛②❡r ♣r✐♦r
t♦✴❢♦r t❤❡ ♣❧❛t✐♥✉♠✳ ❚❤✐s ❛❞❤❡s✐♦♥ ❧❛②❡r s❤♦✉❧❞ ❛❧s♦ ❝♦♥s✐st ♦❢ ♠❛t❡r✐❛❧s ✇✐t❤ ❡①tr❡♠❡❧②
❤✐❣❤ ♠❡❧t✐♥❣ ♣♦✐♥ts✱ s✉❝❤ ❛s ♠♦❧②❜❞❡♥✉♠ ♦r t✉♥❣st❡♥✳

❋✐♥❛❧❧②✱ ✇❡ ❡t❝❤ ✶✺✵ ♥♠ ♦❢ ❙✐❖2 ✐♥ ❛ ❈❍❋3 ♣❧❛s♠❛ ✭✽ ♠✐♥ ❛t ✺✵❲ ✐♥ ✶✺❝❝ ❈❍❋3✮ ✐♥
♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ s✉s♣❡♥s✐♦♥ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛❢t❡r ❈❱❉ ❣r♦✇t❤✳ ❚❤❡ ❞❡t❛✐❧❡❞
♣r♦❝❡ss ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✹✳✷✳ ❆ t♦♣ ✈✐❡✇ ♣❤♦t♦❣r❛♣❤② ♦❢ ❛ ❥✉♥❝t✐♦♥ ❛rr❛② ✐s r❡♣✲
r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✹✳✺ ❛♥❞ ❛ s✐❞❡ ✈✐❡✇ ♦❢ ❛ s✐♥❣❧❡ ❥✉♥❝t✐♦♥ ✭❛❢t❡r ❈❱❉✮ r❡❝♦r❞❡❞ ✈✐❛ ❙❊▼
✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✹✳✶❜✳ ❲❡ ❝❛♥ ❛❝❤✐❡✈❡ ❛ ♠❛①✐♠❛❧ r❡s♦❧✉t✐♦♥ ♦❢ ❛♣♣r♦①✐♠❛t❡❧② ✺✵✵ ♥♠✳
❚❤✐s ♣r♦❝❡ss ✇❛s ❞❡✈❡❧♦♣♣❡❞ ❛t t❤❡ ◆❛♥♦❢❛❜ ❝❧❡❛♥ r♦♦♠ ❢❛❝✐❧✐t② ❛t ■♥st✐t✉t ◆❡❡❧ ✇✐t❤ t❤❡
❤❡❧♣ ♦❢ ❇r✉♥♦ ❋❡r♥❛♥❞❡③✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✹✳✺✿ P❤♦t♦❣r❛♣❤② ♦❢ t❤❡ ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥ ❛rr❛② ❢♦r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙
❞✐s♣❧❛②✐♥❣ ✭❛✮ ❡✐❣❤t ❡❧❡❝tr♦❞❡ ♣❛✐rs ✇✐t❤ ❛ ❣❛♣ ♦❢ ✶ µ♠ ❡❛❝❤ ❛♥❞ ✭❜✮ ❧✐♥❦❡❞ ✇✐t❤ ❜♦♥❞✐♥❣
♣❛❞s ❞❡s✐❣♥❡❞ ❢♦r ❡❧❡❝tr✐❝❛❧ ❝♦♥♥❡❝t✐♦♥✳

❆s ♠❡♥t✐♦♥♥❡❞ ❡❛r❧✐❡r✱ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❙✐ ❜❛❝❦❣❛t❡ ✇✐❧❧ ❜❡ ❧✐♠✐t❡❞ ❜② t❤❡ ❈◆❚✲
❣❛t❡ ❞✐st❛♥❝❡✱ ✇❤✐❝❤ ✇❡ ❡st✐♠❛t❡ t♦ ✺✵✵ ♥♠ ✭✸✵✵ ♥♠ ♦❢ ❙✐❖2 ❛♥❞ ✷✵✵ ♥♠ ♦❢ ❡❧❡❝tr♦❞❡
t❤✐❝❦♥❡ss✮✱ ❛♥❞ ❜② t❤❡ ❞✐❡❧❡❝tr✐❝ ❝♦♥st❛♥t ♦❢ t❤❡ ❙✐❖2 ✭ε = 3.7− 3.9✮ ❬✽✶❪✳ ❚❤❡ ❡✣❝✐❡♥❝②



✹✳✷✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ t❤❡ ✬❜❛❝❦✲❜♦♥❡✬ ❥✉♥❝t✐♦♥ ❢♦r ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✻✾

❙t❡♣ ❞❡s❝r✐♣t✐♦♥ ❡q✉✐♣❡♠❡♥t ♣❛r❛♠❡t❡rs✱ ❝♦♠♠❡♥ts

✵ ❝❧❡❛♥✐♥❣ ❖2 ♣❧❛s♠❛✱ ❘■❊ ✶✵ ♠✐♥ ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✶ ❝♦❛t✐♥❣ ♦❢ ▲❖❘✸❆ r❡s✐st s♣✐♥ ❝♦❛t❡r ✷✵✵✵ r♣♠✱ ✷✵✵✵r♣♠✴s ❢♦r ✸✵s
t❤✐❝❦♥❡ss ✹✺✵ ♥♠

✷ ▲❖❘✸❆ s♦❢t❜❛❦❡ ❤♦t♣❧❛t❡ ✻✵s ❛t ✶✼✵◦❈
✸ ❝♦❛t✐♥❣ ♦❢ ❯❱✸ r❡s✐st s♣✐♥ ❝♦❛t❡r ✹✵✵✵ r♣♠✱ ✷✵✵✵r♣♠✴s ❢♦r ✸✵s

t❤✐❝❦♥❡ss ✹✺✵ ♥♠
✹ ❯❱✸ s♦❢t❜❛❦❡ ❤♦t♣❧❛t❡ ✻✵s ❛t ✶✸✵◦❈
✺ ❯❱ ❡①♣♦s✉r❡ ▼❏❇✸ ♠❛s❦ ❛❧✐❣♥❡r λ = 230 ♥♠

✺✳✸s ❛t ✸✵ ♠❲✴❝♠2

✻ ♣♦st ❡①♣♦s✉r❡ ❜❛❦❡ ❤♦t♣❧❛t❡ ✻✵s ❛t ✶✸✵◦❈
✼ ❞❡✈❡❧♦♣♠❡♥t ▼❋ ✷✻❆ ✹✺s✲✻✵s

✉♥t✐❧ ❛❧✐❣♥❡♠❡♥t ♠❛r❦s
❛r❡ ❝❧❡❛r ♦❢ r❡s✐st

✽ ❞❡✈❡❧♦♣♣❡r ♥❡✉tr❛❧✐③❛t✐♦♥ ❉■ ✇❛t❡r ✻✵s
✾ r❡♠♦✈✐♥❣ r❡s✐❞✉❛❧ r❡s✐st ❖2 ♣❧❛s♠❛✱ ❘■❊ ✹✵s ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✶✵ ♠❡t❛❧ ❞❡♣♦st✐♦♥ ❡❜❡❛♠ ❡✈❛♣♦r❛t♦r ✷✵ ♥♠ ▼♦ ♦r ❲ ✭❛❞❤❡s✐♦♥ ❧❛②❡r✮
P▲❆❙❙❨❙ ✶✻✵ ♥♠ Pt

✶✶ ♠❡t❛❧ ❧✐❢t ♦✛ ❛❝❡t♦♥❡ ✺ ♠✐♥ ❛t ✹✺◦❈
✉♥t✐❧ ❡①❝❡ss ♠❡t❛❧

✐s r❡♠♦✈❡❞
✶✷ ▲❖❘✸❆ r❡♠♦✈❛❧ P● r❡♠♦✈❡r ✼✺◦❈ ❢♦r ❛ ❢❡✇ ❤♦✉rs

❚❛❜❧❡ ✹✳✷✿ ❋❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ❢♦r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥ ✇✐t❤ ❛ ❙✐
❜❛❝❦❣❛t❡ ✈✐❛ ♦♣t✐❝❛❧ ❧✐t❤♦❣r❛♣❤②✳

❝❛♥ ❜❡ ❡♥❤❛♥❝❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ❈◆❚✲❣❛t❡ ❞✐st❛♥❝❡ ❛♥❞ ❜② r❡♣❧❛❝✐♥❣ ❙✐❖2 ✇✐t❤ ❛ ❤✐❣❤✲κ
❞✐❡❧❡❝tr✐❝ s✉❝❤ ❛s ❆❧2❖3 ✭ε = 7 − 8✮✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ♦♥❡ ❝♦✉❧❞ ❢♦r
❡①❛♠♣❧❡ ♣❛tt❡r♥ ❛ ❧♦❝❛❧ ♠❡t❛❧❧✐❝ ❣❛t❡ ❝♦✈❡r❡❞ ❜② ❛ ❤✐❣❤✲κ ❞✐❡❧❡❝tr✐❝ ✐♥t♦ t❤❡ ❣❛♣ ♦❢ t❤❡
❤❡r❡ ❞❡s❝r✐❜❡❞ ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥✳ ❲❡ ✇✐❧❧ ❞❡♠♦♥str❛t❡ ✐♥ ❈❤❛♣t❡r ✺✱ t❤❛t t❤❡ ❡♥❤❛♥❝❡❞
❣❛t❡ ❡✣❝✐❡♥❝② ✐♥ s✉❝❤ ❛ ❞❡✈✐❝❡ r❡s✉❧ts ✐♥ ❛ ✶✵✲❢♦❧❞ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙✬ t♦t❛❧ ❝❛♣❛❝✐t❛♥❝❡ ✭❙❡❝t✐♦♥ ✺✳✶✳✸✮ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ✐♥ ❛♥ ❡♥❤❛♥❝❡❞ q✉❛❧✐t② ❢❛❝t♦r
Q ✭❙❡❝t✐♦♥ ✺✳✸✮✳

✹✳✷✳✸ ❏✉♥❝t✐♦♥s ✇✐t❤ ❛ ❤✐❣❤ ❡✣❝✐❡♥❝② ❧♦❝❛❧ ❣❛t❡

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ❤♦✇ t♦ ♣❛tt❡r♥ ❛ ❤✐❣❤ ❡✣❝✐❡♥❝②✱ ♠❡t❛❧❧✐❝ ✧❧♦❝❛❧✧
❣❛t❡ ✐♥t♦ t❤❡ ❣❛♣ ♦❢ t❤❡ ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✉s✐♥❣ ♦♣t✐❝❛❧
❝♦♥t❛❝t ❧✐t❤♦❣r❛♣❤②✳



✼✵
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

❋✐rst ❧✐t❤♦❣r❛♣❤②✿ ▼❡t❛❧❧✐❝ ❧♦❝❛❧❣❛t❡

10 µm 100 µm

(a) (b)

❋✐❣✉r❡ ✹✳✻✿ P❛tt❡r♥ ♦❢ ❛ ❧♦❝❛❧❣❛t❡ ❢♦r t❤❡ ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥ ♦❢ ❛ ❈◆❚ ◆❊▼❙✿ ✭❛✮ ✺✵①✺✵
µ♠2 ❝❡♥tr❛❧ ✇r✐t❡✜❡❧❞✱ ❞✐s♣❧❛②✐♥❣ t✇♦ ❣❛t❡ ❡❧❡❝tr♦❞❡s ✇✐t❤ ❛ ✇✐❞t❤ ♦❢ ✷ µ♠ ❡❛❝❤✳ ✭❜✮
✵✳✺①✵✳✺ ♠♠2 ✇r✐t❡✜❡❧❞ ✐♥❝❧✉❞✐♥❣ t❤❡ ❝❡♥tr❛❧ ✇r✐t❡✜❡❧❞ ❛♥❞ ❝♦♥♥❡❝t✐♦♥ ♣❛❞s ❞❡s✐❣♥❡❞ ❢♦r
♠✐❝r♦❜♦♥❞✐♥❣✳

❋♦r ♣r❛t✐❝❛❧ r❡❛s♦♥s✱ ✇❡ ✜rst ♣❛tt❡r♥ ❛ ✷✧①✷✧ ♠❛tr✐① ♦❢ t❤❡ ❧♦❝❛❧ ❣❛t❡ ❞❡s✐❣♥ ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✳ ✹✳✻ t♦❣❡t❤❡r ✇✐t❤ ❢♦✉r ❛❧✐❣♥❡♠❡♥t ♠❛r❦s ✭❜❧✉❡ ♠❛r❦s ✐♥ ❋✐❣✳ ✹✳✽❝✮ ♦♥t♦ ❛ ✷✧
❙✐✴❙✐❖2 ✇❛❢❡r ✉s✐♥❣ t❤❡ s❛♠❡ ❧✐t❤♦❣r❛♣❤② ♣r♦❝❡ss ❛s ✐♥ ❚❛❜❧❡✳ ✹✳✷✳ ■♥ ♦r❞❡r t♦ ✇✐t❤st❛♥❞
t❤❡ ❡①tr❡♠❡ t❡♠♣❡r❛t✉r❡s ❞✉r✐♥❣ t❤❡ ❈❱❉ ❣r♦✇t❤✱ t❤❡ ❧♦❝❛❧ ❣❛t❡s ❛r❡ ♠❛❞❡ ❢r♦♠ ♠♦❧②❜✲
❞❡♥✉♠ ✇✐t❤ ❛ t❤✐❝❦♥❡ss ♦❢ ✸✵ ♥♠✳ ❚❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣t✐❝❛❧ ♠❛s❦ ✐s
✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✷✳

❆❢t❡r ❛ ❝❧❡❛♥✐♥❣ st❡♣ ✐♥ ❛♥ ♦①②❣❡♥ ♣❧❛s♠❛✱ t❤❡ ❝♦♠♣❧❡t❡ ✇❛❢❡r ✐s ❝♦✈❡r❡❞ ✇✐t❤ ❛ ❤✐❣❤✲κ
❣❛t❡ ❞✐❡❧❡❝tr✐❝ ✈✐❛ ❛t♦♠✐❝ ❧❛②❡r ❞❡♣♦s✐t✐♦♥ ✭❆▲❉✮ ❛s ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳

❆t♦♠✐❝ ❧❛②❡r ❞❡♣♦st✐♦♥ ♦❢ ❤✐❣❤✲κ ❞✐❡❧❡❝tr✐❝

❆t♦♠✐❝ ❧❛②❡r ❞❡♣♦s✐t✐♦♥ ❛❧❧♦✇s t❤❡ ❝♦♥❢♦r♠❛❧ ❞❡♣♦s✐t✐♦♥ ♦❢ ❞✐❡❧❡❝tr✐❝ t❤✐♥ ✜❧♠s ♦♥ ❛
s✉❜str❛t❡ ✇✐t❤ ❛t♦♠✐❝ ❧❛②❡r ❝♦♥tr♦❧ ✉s✐♥❣ t❤❡ s❡q✉❡♥t✐❛❧✱ s❡❧❢✲❧✐♠✐t✐♥❣ s✉r❢❛❝❡ r❡❛❝t✐♦♥s ♦❢
t✇♦ ♣r❡❝✉rs♦r ♠❛t❡r✐❛❧s ❬✽✾❪✳ ❚❤❡ ❝♦♥❢♦r♠❛❧ ❛♥❞ s❡❧❢✲❧✐♠✐t✐♥❣ ♥❛t✉r❡ ♦❢ t❤❡ ❞❡♣♦s✐t✐♦♥
r❡s✉❧ts ✐♥ ❞✐❡❧❡❝tr✐❝ ❧❛②❡rs ✇✐t❤ ❛❧♠♦st ♥♦ ❞❡❢❡❝ts ❛♥❞ t❤❡r❡❢♦r❡ ✇✐t❤ ❛ ❤✐❣❤❡r ❞✐❡❧❡❝tr✐❝
❝♦♥st❛♥t ❝♦♠♣❛r❡❞ t♦ ♦t❤❡r ❞❡♣♦s✐t✐♦♥ t❡❝❤♥✐q✉❡s ✭s❡❡ ❛❧s♦ ❚❛❜❧❡✳✹✳✸ ❢♦r t❤❡ ❝❛s❡ ♦❢
❆❧2❖3✮✳



✹✳✷✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ t❤❡ ✬❜❛❝❦✲❜♦♥❡✬ ❥✉♥❝t✐♦♥ ❢♦r ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✼✶

❋✐❣✉r❡ ✹✳✼✿ ❆t♦♠✐❝ ❧❛②❡r ❞❡♣♦s✐t✐♦♥ ❝②❝❧❡ ♦❢ ❛❧✉♠✐♥✐✉♠ ♦①✐❞❡ ❣❛t❡ ❞✐❡❧❡❝tr✐❝✿ ❚❤❡ ❚▼❆
♣r❡❝✉rs♦r ✐s ♣✉❧s❡❞ ✐♥t♦ t❤❡ ❝❤❛♠❜❡r ❛♥❞ r❡❛❝ts ✇✐t❤ t❤❡ ❤②❞r♦①②❧ ❣r♦✉♣s ❛t t❤❡ s✉r❢❛❝❡
✉♥t✐❧ t❤❡ ❧❛tt❡r ✐s ♣❛ss✐✈❛t❡❞ ✇✐t❤ s✐♥❣❧❡ ❛t♦♠✐❝ ❧❛②❡r✳ ❚❤❡♥ ✇❛t❡r ✈❛♣♦r ✐s ♣✉❧s❡❞ ✐♥t♦
t❤❡ r❡❛❝t♦r✱ r❡❛❝t✐♥❣ ✇✐t❤ t❤❡ ❞❛♥❣❧✐♥❣ ♠❡t❤②❧ ❣r♦✉♣s ❛♥❞ ❢♦r♠✐♥❣ ❛❧✉♠✐♥✐✉♠✲♦①②❣❡♥
❜r✐❞❣❡s ❛s ✇❡❧❧ ❛s ♥❡✇ s✉r❢❛❝❡ ❤②❞r♦①②❧ ❣r♦✉♣s✳ ❆❢t❡r t❤❡ ❢✉❧❧ ♣❛ss✐✈❛t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡✱
♦♥❡ ♦❜t❛✐♥s ❛ ❛t♦♠✐❝ ♠♦♥♦❧❛②❡r ♦❢ ❆❧2❖3 ✇✐t❤ ❛ t❤✐❝❦♥❡ss ♦❢ ✶✳✵✽ ➴✳ ❚❤❡ ✐♠❛❣❡s ❛r❡
❝♦✉rt❡s② ♦❢ ❈❛♠❜r✐❞❣❡ ◆❛♥♦t❡❝❤ ❬✾✵❪✳

❲❡ ✉s❡❞ ❛ ❙❛✈❛♥♥❛❤ ❆▲❉ r❡❛❝t♦r ✭❈❛♠❜r✐❞❣❡ ◆❛♥♦t❡❝❤✮ ❬✾✵❪ ✐♥ ♦r❞❡r t♦ ❞❡♣♦s✐t ❛



✼✷
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

❧❛②❡r ♦❢ ❛❧✉♠✐♥✐✉♠ ♦①✐❞❡ ❆❧2❖3 ♦♥ t❤❡ ✜rst ❧✐t❤♦❣r❛♣❤② ❧❛②❡r✳ ■♥ ❛ ♣r♦❝❡ss ❞❡✈❡❧♦♣♣❡❞
❜② ❈❛♠❜r✐❞❣❡ ◆❛♥♦t❡❝❤ ❛♥❞ ▲❛✉r❡♥t ❈❛❣♥♦♥ ❛t ◆❡❡❧ ■♥st✐t✉t❡✱ t❤❡ ✇❛❢❡r ✐s ♣❧❛❝❡❞ ✐♥
t❤❡ r❡❛❝t♦r ❝❤❛♠❜❡r ❛♥❞ ❤❡❛t❡❞ t♦ ✷✵✵◦❈ ✭s❡❡ ❋✐❣✳ ✹✳✼✮✳ ❋✐rst✱ t❤❡ ♣r❡❝✉rs♦r ❚r✐♠❡t❤②❧
❆❧✉♠✐♠✉♠ ❆❧(❈❍3)3(❣) ✭❚▼❆✮ ✐s ♣✉❧s❡❞ ✭τ❚▼❆ ❂ ✶✺ ♠s✮ ✐♥ ✐ts ❣❛s❡♦✉s ❢♦r♠ ✐♥t♦ t❤❡
❝❤❛♠❜❡r✳ ❚❤❡ ❚▼❆ r❡❛❝ts ✇✐t❤ t❤❡ ❤②❞r♦①②❧ ❣r♦✉♣s ✭❖❍✮ ❛t t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ✇❛❢❡r✱
❢♦r♠✐♥❣ ♠❡t❤❛♥❡ ❛s r❡❛❝t✐♦♥ ♣r♦❞✉❝t✳ ❆s t❤❡ ❚▼❆ ❝❛♥♥♦t r❡❛❝t ✇✐t❤ ✐ts❡❧❢✱ t❤✐s r❡❛❝t✐♦♥
✇✐❧❧ ❜❡ t❡r♠✐♥❛t❡❞ ♦♥❝❡ t❤❡ s✉r❢❛❝❡ ✐s ♣❛ss✐✈❛t❡❞ ✇✐t❤ ❛ s✐♥❣❧❡ ❛t♦♠✐❝ ❧❛②❡r ♦❢ ❚▼❆✳
◆❡①t✱ ✇❛t❡r ✈❛♣♦r ✐s ♣✉❧s❡❞ ✭τ❍✷❖ ❂ ✶✺ ♠s✮ ✐♥t♦ t❤❡ r❡❛❝t✐♦♥ ❝❤❛♠❜❡r✳ ❚❤❡ ✇❛t❡r r❡❛❝ts
✇✐t❤ t❤❡ ❞❛♥❣❧✐♥❣ ♠❡t❤②❧ ❣r♦✉♣s ✭❈❍3✮ ❢♦r♠✐♥❣ s✉r❢❛❝❡ ❤②❞r♦①②❧ ❣r♦✉♣s ❛♥❞ ❛❧✉♠✐♥✐✉♠✲
♦①②❣❡♥ ❜r✐❞❣❡s ✉♥t✐❧ t❤❡ r❡❛❝t✐♦♥ ✐s ❛❣❛✐♥ t❡r♠✐♥❛t❡❞ ❛❢t❡r ❛ ❢✉❧❧ s✉r❢❛❝❡ ♣❛ss✐✈❛t✐♦♥✳ ❲❡
♦❜t❛✐♥ ❛ ♠♦♥♦❧❛②❡r ♦❢ ❛❧✉♠✐♥✐✉♠ ♦①✐❞❡ ❆❧2❖3 ✇✐t❤ ❛ t❤✐❝❦♥❡ss ♦❢ ✶✳✵✽ ➴ ❬✾✵❪✳

❚❤❡ ❝②❝❧❡ ✇❛s t❤❡♥ r❡♣❡❛t❡❞ ✶✵✵✵ t✐♠❡s ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❧❛②❡r t❤✐❝❦♥❡ss ♦❢ ❛♣✲
♣r♦①✐♠❛t❡❧② ✶✵✽ ♥♠✳ ❚❤❡ ❞✐❡❧❡❝tr✐❝ ❝♦♥st❛♥t ♦❢ s✉❝❤ ❛♥ ❆▲❉ ❣r♦✇♥ ❛❧✉♠✐♥❛ ❧❛②❡r ✐s
❛♣♣r♦①✐♠❛t❡❧② ε = 7− 8 ❛♥❞ t❤❡r❡❢♦r❡ ❤✐❣❤❡r t❤❛♥ ✐♥ ❧❛②❡rs ♦❜t❛✐♥❡❞ ❢r♦♠ ♦t❤❡r ❞❡♣♦s✐✲
t✐♦♥ t❡❝❤♥✐q✉❡s ✭❚❛❜❧❡ ✹✳✸✮✳

❉❡♣♦s✐t✐♦♥ t❡❝❤♥✐q✉❡ ❉❡♣♦st✐♦♥ t❡♠♣❡r❛t✉r❡ ✭◦❈✮ ❉✐❡❧❡❝tr✐❝ ❝♦♥st❛♥t ❘❡❢❡r❡♥❝❡s
❆▲❉ ✸✵✲✷✵✵ ✼✲✽ ❬✽✾❪

❙♣✉tt❡r❡❞ ♥♦t ❣✐✈❡♥ ∼ 5.1 ❬✾✶❪
❆♥♦❞✐③❡❞ ✷✵ ∼ 4.2 ❬✾✶❪

❚❛❜❧❡ ✹✳✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥t ❞❡♣♦s✐t✐♦♥ ♣r♦❝❡ss❡s ❢♦r ❛❧✉♠✐♥✐✉♠ ♦①✐❞❡ ❆❧2❖3✳

■♥ ♦r❞❡r t♦ ❢✉rt❤❡r ✐♥❝r❡❛s❡ t❤❡ ❞✐❡❧❡❝tr✐❝ ❝♦♥st❛♥t ❛♥❞ t❤❡ ❣❛t❡ ❡✣❝✐❡♥❝②✱ ♦♥❡ ❝♦✉❧❞
t✉r♥ t♦ ♦t❤❡r ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s s✉❝❤ ❛s ❤❛❢♥✐✉♠ ♦①✐❞❡ ✭❍❢❖2✱ ε = 15 − 20✮✳ ❯♥❧✐❦❡
❛❧✉♠✐♥✐✉♠ ♦①✐❞❡ ❤♦✇❡✈❡r✱ ❤❛❢♥✐✉♠ ♦①✐❞❡ ❝r②st❛❧✐③❡s ❞✉r✐♥❣ t❤❡ ❈❱❉ ❣r♦✇t❤✱ t❤❡r❡❢♦r❡
❧♦♦s✐♥❣ ✐ts ❞✐❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✳

❙❡❝♦♥❞ ❧✐t❤♦❣r❛♣❤②✿ ❙♦✉r❝❡✲❞r❛✐♥ ❥✉♥❝t✐♦♥s

❋✐♥❛❧❧②✱ ✇❡ ❛❧✐❣♥ ✶✽✵ ♥♠ t❤✐❝❦ ▼♦✴Pt s♦✉r❝❡✲❞r❛✐♥ ❥✉♥❝t✐♦♥s ❛❜♦✈❡ t❤❡ ❧♦❝❛❧❣❛t❡s ✐♥ ❛
s❡❝♦♥❞ ♦♣t✐❝❛❧ ❧✐t❤♦❣r❛♣❤② st❡♣ ✭❋✐❣✳ ✹✳✽❛ ❛♥❞ ✹✳✽❜✮✳ ❚❤❡ ❛❧✐❣♥❡♠❡♥t ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞
✇✐t❤ ❛ ▼❏❇✸ ♠❛s❦ ❛❧✐❣♥❡r ✉s✐♥❣ s♣❡❝✐✜❝❛❧❧② ❞❡s✐❣♥❡❞ ❛❧✐❣♥❡♠❡♥t ♠❛r❦s✳ ❆s ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✳ ✹✳✽❝✱ t❤❡ ❛❧✐❣♥❡♠❡♥t ♠❛r❦❡rs ♦♥ t❤❡ ♦♣t✐❝❛❧ ♠❛s❦ ✉s❡❞ ❢♦r t❤❡ ✷nd ❧❛②❡r ✭s♦✉r❝❡✲
❞r❛✐♥ ❥✉♥❝t✐♦♥ ❧❛②❡r✱ ❣♦❧❞❡♥✮ ❤❛✈❡ t♦ ❜❡ s✉♣❡r✐♠♣♦s❡❞ ✇✐t❤ t❤❡ ♠❛r❦s ♦❢ t❤❡ ✜rst ❧❛②❡r
✭❧♦❝❛❧❣❛t❡ ❧❛②❡r✱ ❜❧✉❡✮✱ ❛❧r❡❛❞② ♣❛tt❡r♥❡❞ ♦♥ t❤❡ ✇❛❢❡r✳ ❆t ❧❡❛st t❤r❡❡ ♠❛r❦s ❛r❡ ♥❡❝❡ss❛r②
❢♦r ❛♥ ❛❝❝✉r❛t❡ ❛❧✐❣♥❡♠❡♥t✳ ❚❤❡ ❧✐t❤♦❣r❛♣❤② r❡❝✐♣❡ ✐s ❝♦♠♣❧❡t❡❧② ✐❞❡♥t✐❝❛❧ t♦ ❚❛❜❧❡ ✹✳✷✳

❆❢t❡r ❈❱❉ ❣r♦✇t❤✱ ✇❡ ✇✐❧❧ ✜♥❛❧❧② ♦❜t❛✐♥ ❛ ❈◆❚ ◆❊▼❙ ✇✐t❤ ❛ ❧♦❝❛❧❣❛t❡ ❝♦✈❡r❡❞ ❜②
✶✶✵ ♥♠ ♦❢ ❆❧2❖3 ✭ε = 7− 8✮ ❛♥❞ s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ ♥❛♥♦t✉❜❡ ❜② ✸✵✵ ♥♠✱ t❤✉s ②✐❡❧❞✐♥❣
❛ ♠✉❝❤ ❤✐❣❤❡r ❡✣❝✐❡♥❝② t❤❛♥ ❛ st❛♥❞❛r❞ ❙✐ ❜❛❝❦❣❛t❡ ❞❡s❝r✐❜❡❞ ♣r❡✈✐♦✉s❧②✳

❋✐❣✉r❡ ✹✳✾ s❤♦✇s ❛ t♦♣ ✈✐❡✇ ♣❤♦t♦❣r❛♣❤② ♦❢ t❤❡ ✜♥❛❧ ❜❛❝❦❜♦♥❡ str✉❝t✉r❡✳ ❆ s✐❞❡ ✈✐❡✇
❙❊▼ ✐♠❛❣❡ ♦❢ ❛ s✐♥❣❧❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛❢t❡r ❈❱❉ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✹✳✶❝✳



✹✳✷✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ t❤❡ ✬❜❛❝❦✲❜♦♥❡✬ ❥✉♥❝t✐♦♥ ❢♦r ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✼✸

(a) (b)

10 µm 100 µm

(c)

500 µm

❋✐❣✉r❡ ✹✳✽✿ P❛tt❡r♥ ♦❢ t❤❡ ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥ ✇✐t❤ ❛ ❤✐❣❤ ❡✣❝✐❡♥❝② ❧♦❝❛❧ ❣❛t❡✿ ✭❛✮✰✭❜✮ ❚❤❡
s♦✉r❝❡✲❞r❛✐♥ ❥✉♥❝t✐♦♥s ✭❣♦❧❞❡♥✮ ❛r❡ ❛❧✐❣♥❡❞ ❛❜♦✈❡ t❤❡ ❧♦❝❛❧❣❛t❡ ✭❜❧✉❡✮ ✉s✐♥❣ s♣❡❝✐✜❝❛❧❧②
❞❡s✐❣♥❡❞ ❛❧✐❣♥❡♠❡♥t ♠❛r❦s ✭❝✮✳



✼✹
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✹✳✾✿ P❤♦t♦❣r❛♣❤② ♦❢ t❤❡ ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥ ❛rr❛② ❢♦r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙
❞✐s♣❧❛②✐♥❣ ✭❛✮ ❡✐❣❤t ❡❧❡❝tr♦❞❡ ♣❛✐rs ✇✐t❤ ❛ ❣❛♣ ♦❢ ✶ µ♠ ❡❛❝❤ ❛❧✐❣♥❡❞ ♦✈❡r ❛ ❧♦❝❛❧❣❛t❡
✭❜❧✉❡✮ ❛♥❞ ✭❜✮ ❧✐♥❦❡❞ ✇✐t❤ ❜♦♥❞✐♥❣ ♣❛❞s ❞❡s✐❣♥❡❞ ❢♦r ❡❧❡❝tr✐❝❛❧ ❝♦♥♥❡❝t✐♦♥✳



✹✳✸✳ ❯❧tr❛❝❧❡❛♥ ♦♥✲❝❤✐♣ ❣r♦✇t❤ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ via ❝❤❡♠✐❝❛❧
✈❛♣♦r ❞❡♣♦s✐t✐♦♥ ✼✺

✹✳✸ ❯❧tr❛❝❧❡❛♥ ♦♥✲❝❤✐♣ ❣r♦✇t❤ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙

via ❝❤❡♠✐❝❛❧ ✈❛♣♦r ❞❡♣♦s✐t✐♦♥

■♥ t❤❡ ❧❛st st❡♣ ♦❢ t❤❡ ♥❛♥♦❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss✱ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛r❡ ❣r♦✇♥ ❜② ❝❤❡♠✲
✐❝❛❧ ✈❛♣♦r ❞❡♣♦s✐t✐♦♥ ✭❈❱❉✮ ❛❝r♦ss t❤❡ ♣r❡✈✐♦✉s❧② ♣❛tt❡r♥❡❞ ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥s ✭✧❖♥✲
❝❤✐♣ ✉❧tr❛❝❧❡❛♥ ❣r♦✇t❤✧✮ ❬✽✵✱ ✽✶❪✳ ❉✉r✐♥❣ ❛ ❈❱❉ ❣r♦✇t❤✱ ❛ ❝❛r❜♦♥ r✐❝❤ ♣r❡❝✉rs♦r ❣❛s
✐s ❞❡❝♦♠♣♦s❡❞ ❛t ✈❡r② ❤✐❣❤ t❡♠♣❡r❛t✉r❡ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ ❝❛t❛❧②st ♣❛rt✐❝❧❡s✱ ✇❤❡r❡ t❤❡
r❡s✉❧t✐♥❣ ❝❛r❜♦♥ r❛❞✐❝❛❧s ❝❛♥ t❤❡♥ r❡♦r❣❛♥✐③❡ t♦ t❤❡ ♠♦r❡ st❛❜❧❡ ❢♦r♠ ❛ ❝❛r❜♦♥ ♥❛♥✲
♦t✉❜❡✳ ❚❤❡ ♦❜t❛✐♥❡❞ ✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛r❡ ❢r❡❡ ❢r♦♠ ❢❛❜r✐❝❛t✐♦♥✲r❡❧❛t❡❞
❝♦♥t❛♠✐♥❛t✐♦♥s ❛♥❞ ②✐❡❧❞ ✉❧tr❛❤✐❣❤ q✉❛❧✐t② ❢❛❝t♦rs ♦❢ ✶✵5 ❬✶✱ ✻✶✱ ✻✺❪✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡❞ t❤❡ ✉❧tr❛❝❧❡❛♥✱ ♦♥✲❝❤✐♣ ❣r♦✇t❤ ♦❢ ❝❛r❜♦♥
♥❛♥♦t✉❜❡s ❛t ✽✵✵◦❈ ❢r♦♠ ❛ ♠❡t❤❛♥❡ ❢❡❡❞st♦❝❦ ❛♥❞ ✐r♦♥✴♠♦❧②❜❞❡♥✉♠ ❝❛t❛❧②st ♣❛rt✐✲
❝❧❡s✱ ✇❤✐❝❤ ✇❛s ❞❡✈❡❧♦♣♣❡❞ ❛t ◆❡❡❧ ■♥st✐t✉t❡ ❜② ❏❡❛♥✲P✐❡rr❡ ❈❧❡✉③✐♦✉ ❛♥❞ ❱✐❡t ◆❣♦❝✲
◆❣✉②❡♥ ❬✾✷❪✳

✹✳✸✳✶ ❈❛t❛❧②st ❞❡♣♦s✐t✐♦♥

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✹✳✶✵✿ P❤♦t♦❣r❛♣❤② ♦❢ t❤❡ ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥ ❛rr❛② ❢♦r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✭❛✮
❛❢t❡r ❧✐t❤♦❣r❛♣❤② ❛♥❞ ✭❜✮ ❛❢t❡r ❝❛t❛❧②st ❞❡♣♦s✐t✐♦♥✳

❋♦r t❤✐s ♣✉r♣♦s❡✱ t❤❡ ✇❛❢❡r ✐s ❝♦❛t❡❞ ❛❣❛✐♥ ✇✐t❤ ❛ ❜✐❧❛②❡r ▲❖❘✸❆✴❯❱✸ r❡s✐st✳ ■♥
❛♥♦t❤❡r ♦♣t✐❝❛❧ ❧✐t❤♦❣r❛♣❤② st❡♣ ✭s❡❡ ❚❛❜❧❡ ✹✳✹✮✱ ✇❡ t❤❡♥ ❛❧✐❣♥ ❛♥❞ ✐♠♣r✐♥t ✺µ♠ ① ✺µ♠
sq✉❛r❡s ✐♥t♦ t❤❡ ♣❤♦t♦r❡s✐st ❝♦✈❡r✐♥❣ t❤❡ ❡❧❡❝tr♦❞❡s✱ ❛t ✺ µ♠ ❢r♦♠ t❤❡ ❣❛♣ ♦❢ t❤❡ ❥✉♥❝t✐♦♥
✭❋✐❣✳ ✹✳✶✵❛✮✳ ❆❢t❡r ❧✐t❤♦❣r❛♣❤②✱ t❤❡ ✇❛❢❡r ✐s ❝✉t ✐♥t♦ s♠❛❧❧ ❝❤✐♣s✱ ❡❛❝❤ ♦♥❡ ❤♦❧❞✐♥❣ ✹①✹
❥✉♥❝t✐♦♥ ❛rr❛②s✱ ✐✳❡✳ ✶✷✽ ❥✉♥❝t✐♦♥s✳



✼✻
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

❚❤❡ ❋❡✴▼♦ ❝❛t❛❧②st ♣❛rt✐❝❧❡s ✭r❛t✐♦ ✶✿✵✳✵✽ ❛t♦♠✐❝ ♣❡r❝❡♥t✮ ❛r❡ ♣r❡❝✐♣✐t❛t❡❞ ✐♥ ❛ ♣♦r♦✉s
❛❧✉♠✐♥❛ ♠❛tr✐① ❛♥❞ s✉s♣❡♥❞❡❞ ✐♥ ❛ ♠❡t❤❛♥♦❧ s♦❧✉t✐♦♥ ❬✾✷❪✳ ❆ ❞r♦♣ ❢r♦♠ t❤✐s s✉s♣❡♥s✐♦♥
✐s s✉❜s❡q✉❡♥t❧② s♣✐♥✲❝♦❛t❡❞ ♦♥t♦ ❛ ❝❤✐♣✱ ✐♥ ♦r❞❡r t♦ ✜❧❧ t❤❡ ✺µ♠ ① ✺µ♠ sq✉❛r❡ ✧❤♦❧❡s✧
✐♠♣r✐♥t❡❞ ✐♥t♦ t❤❡ ♣❤♦t♦r❡s✐st ✇✐t❤ ❝❛t❛❧②st ♣❛rt✐❝❧❡s✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡s✐r❡❞ ❝♦♥❝❡♥✲
tr❛t✐♦♥ ♦❢ ❝❛t❛❧②st✱ t❤✐s ♣r♦❝❡ss ❤❛s t♦ ❜❡ r❡♣❡❛t❡❞ s❡✈❡r❛❧ t✐♠❡s✳ ❆❢t❡r ❛ ❧✐❢t♦✛✱ ✇❡ t❤❡♥
♦❜t❛✐♥ sq✉❛r❡ s❤❛♣❡❞ ❝❛t❛❧②st ✐s❧❛♥❞s ✐♥ ❝❧♦s❡ ♣r♦①✐♠✐t② t♦ t❤❡ ❥✉♥❝t✐♦♥✱ ❛s ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✳ ✹✳✶✵❜✳ ❋✐♥❛❧❧②✱ t❤❡ ❝❤✐♣ ✐s ❝❧❡❛♥❡❞ ❢♦r ✷✵ ♠✐♥✉t❡s ✐♥ ❛♥ ♦①②❣❡♥ ♣❧❛s♠❛ t♦ r❡♠♦✈❡ ❛❧❧
❡✈❡♥t✉❛❧ ♦r❣❛♥✐❝ r❡s✐❞✉❡ ♣r✐♦r t♦ t❤❡ ❈❱❉✳ ❚❤✐s st❡♣ ✐s ❝r✉❝✐❛❧✱ ❛s ❛♥② r❡s✐❞✉❛❧ ♦r❣❛♥✐❝
♠❛t❡r✐❛❧ ✇✐❧❧ ❧❡❛❞ t♦ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛♠♦r♣❤♦✉s ❝❛r❜♦♥ ❛♥❞ t❤✉s t♦ ❛ ❝♦♥t❛♠✐♥❛t✐♦♥
❛♥❞ ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s✳

❙t❡♣ ❞❡s❝r✐♣t✐♦♥ ❡q✉✐♣❡♠❡♥t ♣❛r❛♠❡t❡rs✱ ❝♦♠♠❡♥ts

✵ ❝❧❡❛♥✐♥❣ ❖2 ♣❧❛s♠❛✱ ❘■❊ ✶✵ ♠✐♥ ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✶ ❝♦❛t✐♥❣ ♦❢ ▲❖❘✸❆ r❡s✐st s♣✐♥ ❝♦❛t❡r ✶✵✵✵ r♣♠✱ ✶✵✵✵ r♣♠✴s ❢♦r ✸✵s
t❤✐❝❦♥❡ss ✻✵✵ ♥♠

✷ ▲❖❘✸❆ s♦❢t❜❛❦❡ ❤♦t♣❧❛t❡ ✻✵s ❛t ✶✼✵◦❈
✸ ❝♦❛t✐♥❣ ♦❢ ❯❱✸ r❡s✐st s♣✐♥ ❝♦❛t❡r ✹✵✵✵ r♣♠✱ ✷✵✵✵r♣♠✴s ❢♦r ✸✵s

t❤✐❝❦♥❡ss ✹✺✵ ♥♠
✹ ❯❱✸ s♦❢t❜❛❦❡ ❤♦t♣❧❛t❡ ✻✵s ❛t ✶✸✵◦❈
✺ ❯❱ ❡①♣♦s✉r❡ ▼❏❇✸ ♠❛s❦ ❛❧✐❣♥❡r λ = 230 ♥♠

✺✳✸s ❛t ✸✵ ♠❲✴❝♠2

✻ ♣♦st ❡①♣♦s✉r❡ ❜❛❦❡ ❤♦t♣❧❛t❡ ✻✵s ❛t ✶✸✵◦❈
✼ ❞❡✈❡❧♦♣♠❡♥t ▼❋ ✷✻❆ ✹✺s✲✻✵s

✉♥t✐❧ ❛❧✐❣♥❡♠❡♥t ♠❛r❦s
❛r❡ ❝❧❡❛r ♦❢ r❡s✐st

✽ ❞❡✈❡❧♦♣♣❡r ♥❡✉tr❛❧✐③❛t✐♦♥ ❉■ ✇❛t❡r ✻✵s
✾ r❡♠♦✈✐♥❣ r❡s✐❞✉❛❧ r❡s✐st ❖2 ♣❧❛s♠❛✱ ❘■❊ ✹✵s ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✶✵ ❝❛t❛❧②st ❞❡♣♦s✐t✐♦♥ s♣✐♥ ❝♦❛t❡r ✸✵✵✵ r♣♠✱ ✶✵✵✵ r♣♠✴s ❢♦r ✷✵s
r❡♣❡❛t❡❞ ✷ t✐♠❡s ✭❧♦✇ ❞❡♥s✐t②✮
r❡♣❡❛t❡❞ ✹ t✐♠❡s ✭❤✐❣❤ ❞❡♥s✐t②✮

✶✶ ♣♦st ❞❡♣♦s✐t✐♦♥ ❜❛❦❡ ❤♦t♣❧❛t❡ ✻✵s ❛t ✶✷✵◦❈
✶✷ ❈❛t❛❧②st ❧✐❢t♦✛ P● r❡♠♦✈❡r ✼✺◦❈ ❢♦r ❛ ❢❡✇ ❤♦✉rs
✶✸ Pr❡✲❈❱❉ ❝❧❡❛♥✐♥❣ ❖2 ♣❧❛s♠❛✱ ❘■❊ ✷✵ ♠✐♥ ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✶✹ ❈❱❉ ❣r♦✇t❤ ❊❛s②❚✉❜❡ ✷✵✵✵ ✼✼✵◦❈✲✽✵✵◦❈✱
❈❱❉ s②st❡♠ ✶✳✷ ▲✴♠✐♥ ❈❍4✱ ✵✳✽ ▲✴♠✐♥ ❍2

✶✷ ♠✐♥

❚❛❜❧❡ ✹✳✹✿ ❈❛t❛❧②st ❞❡♣♦s✐t✐♦♥ ❛♥❞ ✉❧tr❛❝❧❡❛♥ ❈❱❉ ❣r♦✇t❤ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙



✹✳✸✳ ❯❧tr❛❝❧❡❛♥ ♦♥✲❝❤✐♣ ❣r♦✇t❤ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ via ❝❤❡♠✐❝❛❧
✈❛♣♦r ❞❡♣♦s✐t✐♦♥ ✼✼

✹✳✸✳✷ ●r♦✇t❤ ❝♦♥❞✐t✐♦♥

❚❤❡ ❝❤✐♣ ✇✐t❤ t❤❡ ❞❡♣♦s✐t❡❞ ❝❛t❛❧②st ✐s t❤❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥t♦ t❤❡ r❡❛❝t✐♦♥ ❝❤❛♠❜❡r ♦❢
❛♥ ❊❛s②❚✉❜❡ ✷✵✵✵ ❈❱❉ s②st❡♠ ✭❋✐❣✳ ✹✳✶✶✮ ❛t ✼✼✵◦❈ t♦ ✽✵✵◦❈ ✭s♦ ❝❛❧❧❡❞ ✧❤♦t❧♦❛❞✧
♣r♦❝❡❞✉r❡✮✳ ❚❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛r❡ ❣r♦✇♥ ✉♥❞❡r ❛ ♠❡t❤❛♥❡ ✢✉① ♦❢ ✶✳✷ ▲✴♠✐♥ ❛♥❞
❤②❞r♦❣❡♥ ✢✉① ♦❢ ✵✳✽ ▲✴♠✐♥ ❞✉r✐♥❣ ✶✷ ♠✐♥✉t❡s✳ ▼❡t❤❛♥❡ s❡r✈❡s ❛s ❝❛r❜♦♥ ❢❡❡❞st♦❝❦
✇❤❡r❡❛s ❤②❞r♦❣❡♥ ♣r❡✈❡♥ts t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❛♠♦r♣❤♦✉s ❝❛r❜♦♥ ♦♥ t❤❡ s❛♠♣❧❡✳ ❚❤♦s❡
❣r♦✇t❤ ❝♦♥❞✐t✐♦♥s ✇❡r❡ ♦♣t✐♠✐③❡❞ ❜② ❱✐❡t ◆❣♦❝✲◆❣✉②❡♥ ❞✉r✐♥❣ ❤✐s P❤❉ t❤❡s✐s ❛t ◆❡❡❧
■♥st✐t✉t❡ ❛♥❞ ♣r♦❞✉❝❡ ❡ss❡♥t✐❛❧❧② s✐♥❣❧❡ ✇❛❧❧✱ ❧❛r❣❡ ❞✐❛♠❡t❡r ✭d = 1.6 ± 0.6 ♥♠✮ ❝❛r❜♦♥
♥❛♥♦t✉❜❡s ❬✾✷❪✳

furnanceloadlockTransfer rod

❋✐❣✉r❡ ✹✳✶✶✿ ❊❛s②❚✉❜❡ ✷✵✵✵ ❈❱❉ s②st❡♠✿ ❚❤❡ s❛♠♣❧❡ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥t♦ ❛ ❧♦❛❞❧♦❝❦
✭❜❧✉❡✮ ❛♥❞ s✉❜s❡q✉❡♥t❧② tr❛♥s❢❡r❡❞ ✐♥t♦ t❤❡ ❈❱❉ ❢✉r♥❛♥❝❡ ✭r❡❞✮ ✉s✐♥❣ ❛ ♠❛❣♥❡t✐❝ tr❛♥s❢❡r
s②st❡♠ ✭❣♦❧❞❡♥✮✳

❚❤❡ ②✐❡❧❞ ♦❢ s✐♥❣❧❡✱ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s η1 ♦♥ ❛ ❝❤✐♣ ✇✐❧❧ ❞❡♣❡♥❞
❡ss❡♥t✐❛❧❧② ♦♥ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❞❡♣♦s✐t❡❞ ❝❛t❛❧②st✳ ❆ ❧♦✇ ❝❛t❛❧②st ❞❡♥s✐t② ❧❡❛❞s ❛❧♠♦st
❡①❝❧✉s✐✈❧② t♦ s✐♥❣❧❡✱ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s✱ ❜✉t ✇✐t❤ ❛♥ ❡①tr❡♠❡❧② ❧♦✇
②✐❡❧❞ ♦❢ ηt♦t ∼ η✶ ∼ ✶✪ ✭❋✐❣✳ ✹✳✶✷❛✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ ✈❡r② ❤✐❣❤ ❝❛t❛❧②st ❞❡♥s✐t②
✇✐❧❧ ✐♥❝r❡❛s❡ t❤❡ ②✐❡❧❞ ♦❢ s✐♥❣❧❡ s✉s♣❡♥❞❡❞ t✉❜❡ ❞❡✈✐❝❡s ✭η✶ ∼✺✪✮✱ ❜✉t ❛❧s♦ t❤❡ ②✐❡❧❞ ♦❢
♠✉❧t✐♣❧❡ t✉❜❡ ❥✉♥❝t✐♦♥s ✭❋✐❣✳ ✹✳✶✷❜✮ ❛♥❞ t❤❡ ♦✈❡r❛❧❧ ②✐❡❧❞ ♦❢ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
❞❡✈✐❝❡s ηt♦t✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ✶✲ηt♦t ❥✉♥❝t✐♦♥s ♦♥ ❛ ❝❤✐♣ ❛r❡ ❡✐t❤❡r ♥♦t ❜r✐❞❣❡❞ ❜② ❛ ♥❛♥♦t✉❜❡
♦r ❝♦♥♥❡❝t❡❞ ✇✐t❤ ♦♥❡ ♦r ♠♦r❡ ♥♦♥✲s✉s♣❡♥❞❡❞ ♥❛♥♦t✉❜❡✭s✮✳

▼♦r❡♦✈❡r t❤❡ ②✐❡❧❞ ♦❢ s✐♥❣❧❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s η1 ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❣r♦✇t❤



✼✽
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

t❡♠♣❡r❛t✉r❡✳ ❇❡❧♦✇ ✼✼✵◦❈✱ t❤❡ ❣r♦✇♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛r❡ t♦♦ s❤♦rt t♦ ❜r✐❞❣❡ t❤❡
❥✉♥❝t✐♦♥✱ ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ②✐❡❧❞ ♦❢ ✇♦r❦✐♥❣ s✐♥❣❧❡ t✉❜❡ ❞❡✈✐❝❡s ❛❧♠♦st t♦ ③❡r♦✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ✐♥❝r❡❛s✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ ✇✐❧❧ r❡s✉❧ts ✐♥ ❧♦♥❣❡r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛♥❞ ❛♥
✐♥❝r❡❛s❡❞ ②✐❡❧❞ ♦❢ s✉s♣❡♥❞❡❞ s✐♥❣❧❡ t✉❜❡ ❞❡✈✐❝❡s✳ ❍♦✇❡✈❡r✱ ❛❧✉♠✐♥✉♠ ♦①✐❞❡ st❛rts t♦ ❝r❛❝❦
❞✉❡ t♦ ♠❡❝❤❛♥✐❝❛❧ str❡ss t❤❛t ❜✉✐❧ts ✉♣ ✐♥ t❤❡ s✉rr♦✉♥❞✐♥❣ ♠❡t❛❧ ❣❛t❡ ❛♥❞ ❡❧❡❝tr♦❞❡s✳ ❲❡
❛r❡ t❤❡r❡❢♦r❡ ❧✐♠✐t❡❞ t♦ ❛ ❣r♦✇t❤ t❡♠♣❡r❛t✉r❡ ✇✐♥❞♦✇ ❜❡t✇❡❡♥ ✼✼✵◦❈ ❛♥❞ ✽✵✵◦❈✳

10 µm

1 µm

10 µm

1 µm

(a)

(b)

❋✐❣✉r❡ ✹✳✶✷✿ ■♠♣❛❝t ♦❢ ❝❛t❛❧②st ❝♦♥❝❡♥tr❛t✐♦♥✿ ✭❛✮ ▲♦✇ ❝❛t❛❧②st ❞❡♥s✐t② r❡s✉❧ts ❛❧♠♦st
❡①❝❧✉s✐✈❧② ✐♥ s✐♥❣❧❡ t✉❜❡ ❞❡✈✐❝❡s✱ ❜✉t t♦ ❛ ✈❡r② ❧♦✇ ②✐❡❧❞ ♦❢ ηt♦t ∼ η✶ ∼ ✶✪✳ ✭❜✮ ❍✐❣❤❡r
❝❛t❛❧②st ❞❡♥s✐t② ✐♥❝r❡❛s❡s t❤❡ ②✐❡❧❞ ❢♦r s✐♥❣❧❡ t✉❜❡ ❞❡✈✐❝❡s η✶ ∼ ✺✪✱ ❜✉t ❛❧s♦ r❡s✉❧ts ✐♥
♠✉❧t✐♣❧❡ t✉❜❡ ❞❡✈✐❝❡s ❛♥❞ ❛ ❤✐❣❤❡r ♦✈❡r❛❧❧ ②✐❡❧❞ ♦❢ ηt♦t✳ ❚❤❡ ✐♠❛❣❡s ✐♥ t❤❡ r✐❣❤t ❝♦❧✉♠♥ ❛r❡
❢❛❧s❡ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡s ✇✐t❤ t❤❡ ❧♦❝❛❧❣❛t❡ ❝♦❧♦r❡❞ ✐♥ ❜❧✉❡ ❛♥❞ t❤❡ s♦✉r❝❡✲❞r❛✐♥ ❥✉♥❝t✐♦♥
✐♥ ❣♦❧❞✳ ❚❤❡ ❝♦♥tr❛st ✇❛s ❡♥❤❛♥❝❡❞ ❢♦r ❜❡tt❡r ✈✐s✐❜✐❧✐t② ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s✳

❚❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ②✐❡❧❞ ♦❢ s✐♥❣❧❡✱ s✉s♣❡♥❞❡❞ t✉❜❡ ❞❡✈✐❝❡s ✭η1 ∼ 5%✮ ✇❛s ❛❝❤✐❡✈❡❞



✹✳✹✳ ❘❡❛❧✲t✐♠❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s②st❡♠ ❢♦r ♥❛♥♦❡❧❡❝tr♦♥✐❝s ✼✾

✇✐t❤ ❛ ❤✐❣❤ ❝❛t❛❧②st ❞❡♥s✐t② ❛s ✐♥ ❋✐❣✳ ✹✳✶✷❜ ❛♥❞ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥♥❡❞ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥s✳
❚❤❡ ❝♦♠♣❧❡t❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ✐s ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✹✳✹✳

❚❤❡ ②✐❡❧❞ ♦❢ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❥✉♥❝t✐♦♥s ✇❛s ❞❡t❡r♠✐♥❡❞ ❜② ❙❊▼ ✐♠❛❣✐♥❣ ♦❢
❡❛❝❤ ❥✉♥❝t✐♦♥ ♦♥ ❛ ❝❤✐♣✳ ❍♦✇❡✈❡r✱ s❝❛♥♥✐♥❣ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✇✐t❤ ❛♥ ❡❧❡❝tr♦♥ ❜❡❛♠
✭E = 1− 20 ❦❡❱✮ ❧❡❛❞s t♦ t❤❡ ❞❡♣♦s✐t✐♦♥ ♦❢ ❛♠♦r♣❤♦✉s ❝❛r❜♦♥ ♦♥ t❤❡ ♥❛♥♦t✉❜❡ ❬✾✸✱ ✾✹❪✱
r❡s✉❧t✐♥❣ ✐♥ ❛ ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ❡❧❡tr♦♥✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧❛tt❡r✳ ❆s
❛ ❝♦♥s❡q✉❡♥❝❡✱ ❙❊▼ ✐♠❛❣✐♥❣ ✐s ♦♥❧② ♣❡r❢♦r♠❡❞ ❛❢t❡r ❛ ❝♦♠♣❧❡t❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡
s❛♠♣❧❡ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡✳

❯♣♦♥ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ♥❛♥♦❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss✱ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s ✇✐❧❧
❜❡ s✉❜❥❡❝t❡❞ ❛ t❤♦r♦✉❣❤ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss ✐♥ ♦r❞❡r t♦ ❡❧✉❝✐❞❛t❡ t❤❡ ❜❡st ❝❛♥❞✐❞❛t❡s ❢♦r
❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡✐r ♥❛♥♦❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s
✭❙❡❝t✐♦♥ ✹✳✻✮✳ ❚❤❡ s❡❧❡❝t✐♦♥ ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ ❜❛s✐s ♦❢ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt ♠❡❛✲
s✉r❡♠❡♥ts ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ✭❙❡❝t✐♦♥ ✹✳✺✮✱ ✉s✐♥❣ ❛ r❡❛❧✲t✐♠❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s②st❡♠
❆❉❲■◆ ✭❙❡❝t✐♦♥ ✹✳✹✮ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✳

✹✳✹ ❘❡❛❧✲t✐♠❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s②st❡♠ ❢♦r ♥❛♥♦❡❧❡❝tr♦♥✲

✐❝s

❉✉r✐♥❣ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ❢♦r ✐♥st❛♥❝❡ ❞❡♠♦♥str❛t❡ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛ ♥❛♥♦t✉❜❡✬s ♠❡✲
❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ♦r t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ❣r❛❢t❡❞ t♦ ❛
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ t❤r♦✉❣❤ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥ts✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✇✐❧❧
❤❛✈❡ t♦ ♠♦♥✐t♦r ❛ ❧♦✇ ✐♥t❡♥s✐t② ❝✉rr❡♥t I ♦r ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡ dI/dV ♦❢ ❛ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ❛s ❢✉♥❝t✐♦♥ ♦❢ ❞✐✛❡r❡♥t ❡①t❡r♥❛❧ ♣❛r❛♠❡t❡rs s✉❝❤ ❛s ❣❛t❡ ✈♦❧t❛❣❡✱ ❜✐❛s ✈♦❧t❛❣❡✱
❘❋ s✐❣♥❛❧ ♦r ♠❛❣♥❡t✐❝ ✜❡❧❞✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ❛ ❧♦✇ ♥♦✐s❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s②st❡♠ ❆❉❲■◆ ✇❤✐❝❤
❝❛♥ ♣❡r❢♦r♠ t❤❡s❡ t❛s❦s ✐♥ r❡❛❧✲t✐♠❡✱ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❛ ❤♦♠❡✲♠❛❞❡ ❝♦♥tr♦❧ ♣r♦❣r❛♠
◆❛♥♦◗t ❬✾✺✱ ✾✻✱ ✺✼❪✳

✹✳✹✳✶ ❆❉❲■◆ ❛✉t♦♠❛t❡ ❛♥❞ ◆❛♥♦◗t ❝♦♥tr♦❧ ✐♥t❡r❢❛❝❡

❚❤❡ ❆❉❲■◆ ❛✉t♦♠❛t❡ ❝♦♥s✐st ♦❢ ❛ ✶✻✲❜✐t ❉✴❆ ❝♦♥✈❡rt❡r ✇✐t❤ ✽ ♦✉t♣✉t ❝❤❛♥♥❡❧s ❝❛♣❛❜❧❡
♦❢ ❣❡♥❡r❛t✐♥❣ ✈♦❧t❛❣❡s ♦❢ ± ✶✵❱ ✇✐t❤ ❛ st❡♣s✐③❡ ♦❢ 20/216 = 305 µ❱✴❜✐t✳ ❆♥ ✶✽✲❜✐t ❆✴❉
❝♦♥✈❡rt❡r ✇✐t❤ ✽ ✐♥♣✉t ❝❤❛♥♥❡❧s ✐s ✉s❡❞ t♦ r❡❛❞♦✉t ✈♦❧t❛❣❡s ❜❡t✇❡❡♥ ✲✶✵❱ ❛♥❞ ✰✶✵❱ ✇✐t❤
❛ r❡s♦❧✉t✐♦♥ ♦❢ 20/218 = 76 µ❱✴❜✐t ✭❋✐❣✳ ✹✳✶✸✮✳

■♥♣✉t ❛♥❞ ♦✉t♣✉t ♣♦rts ❛r❡ ❝♦♥tr♦❧❧❡❞ ❜② ❛♥ ✐♥t❡❣r❛t❡❞ ❉✐❣✐t❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss♦r ✭❉❙P✮
✇✐t❤ ❛ ❢r❡q✉❡♥❝② ♦❢ ✸✵✵ ▼❍③✳ ❚❤❡ ♣r♦❝❡ss♦r✬s ♣❡r✐♦❞ ♦❢ ✸✳✸ ♥s ♣r♦✈✐❞❡s t❤❡ ♥❡❝❡ss❛r②
t✐♠❡ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ❢♦r s♦ ❝❛❧❧❡❞ r❡❛❧ t✐♠❡ ♠❡❛s✉r❡♠❡♥ts✳ ■♥ ❝♦♥tr❛st t♦ ♣❧❛t❡❢♦r♠s
❞❡s✐❣♥❡❞ t♦ ♣❡r❢♦r♠ ♠✉❧t✐♣❧❡ t❛s❦s ✐♥ ♣❛r❛❧❧❡❧ ✇✐t❤♦✉t t✐♠❡ ❝♦♥str❛✐♥ts ❧✐❦❡ ❛ ❝♦♠♣✉t❡r



✽✵
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

16‐bit A/D 
output converter 

18‐bit A/D 
input converter 

Ethernet port

❋✐❣✉r❡ ✹✳✶✸✿ ❆❉❲■◆ ❛✉t♦♠❛t❡ ✇✐t❤ ❛ ✶✻✲❜✐t ❉✴❆ ❝♦♥✈❡rt❡r ❢♦r t❤❡ s✐❣♥❛❧ ♦✉t♣✉t ❛♥❞ ❛
✶✽✲❜✐t ❆✴❉ ❝♦♥✈❡rt❡r ❢♦r t❤❡ s✐❣♥❛❧ r❡❛❞♦✉t✳

♦♣❡r❛t✐♥❣ s②st❡♠ ✭t②♣✐❝❛❧ ❝②❝❧❡ t✐♠❡s ❛r❡ ♦♥ t❤❡ ♦r❞❡r ♦❢ ✶✵ ♠s✮✱ ♦♥❡ ❝❛♥ ♣❡r❢♦r♠ ❛ t❛s❦
✇✐t❤ ❛ t✐♠❡ ♣r❡❝✐s✐♦♥ s♠❛❧❧❡r t❤❛♥ ✶ µs ✇✐t❤ ❛♥ ❆❉❲■◆ ❛✉t♦♠❛t❡ ❬✾✺✱ ✺✼❪✳

❆ ❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡ ❝❛❧❧❡❞ ◆❛♥♦◗t ✇❛s ❞❡s✐❣♥❡❞ ❜② ❘❛♦✉❧ P✐❝q✉❡r❡❧✱ ❈❤r✐st♦♣❤❡
❚❤✐r✐♦♥ ❛♥❞ ❊❞❣❛r ❇♦♥❡t ❛t ◆❡❡❧ ■♥st✐t✉t❡ ✐♥ ♦r❞❡r t♦ ❝♦♥tr♦❧ t❤❡ ❆❉❲■◆ ❛✉t♦♠❛t❡✳

16-bit D/A converter

output

18-bit A/D converter

input
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ADWIN CPU “real-time” frameComputer CPU time frame

❋✐❣✉r❡ ✹✳✶✹✿ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ r❡❛❧✲t✐♠❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s②st❡♠✿ ❆ ♠❡❛✲
s✉r❡♠❡♥t ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ✐♠♣❧❡t❡❞ ✐♥ ❏❛✈❛s❝r✐♣t ✐♥ ◆❛♥♦◗t ❛♥❞ s❡♥t t♦ ❞✐❣✐t❛❧ s✐❣♥❛❧
♣r♦❝❡ss❡r ✭❉❙P✮ ♦❢ t❤❡ ❆❉❲■◆ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢ ❆❉❇❛s✐❝ ✐♥str✉❝t✐♦♥s✳ ❚❤❡
❉❙P ✇✐❧❧ ❝❛rr② ♦✉t t❤♦s❡ ✐♥str✉❝t✐♦♥s ✇✐t❤✐♥ t❤❡ r❡❢❡r❡♥❝❡ t✐♠❡ ❢r❛♠❡ ❣✐✈❡♥ ✐ts ❢r❡q✉❡♥❝②
✭✸✵✵ ▼❍③✮✳

❚❤❡ ✉s❡r ❝❛♥ ❞❡✜♥❡ s❡r✐❡s ♦❢ ✐♥str✉❝t✐♦♥s ✐♥ ❛ ❏❛✈❛s❝r✐♣t ❝♦❞❡✱ ✇❤✐❝❤ ❛r❡ t❤❡♥ ✐♥✲
t❡r♣r❡t❡❞ ✐♥t♦ ❆❉❜❛s✐❝✱ t❤❡ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡ ♦❢ t❤❡ ❆❉❲■◆ ❉❙P✳ ❚❤❡ ❝♦♠♠❛♥❞s



✹✳✹✳ ❘❡❛❧✲t✐♠❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s②st❡♠ ❢♦r ♥❛♥♦❡❧❡❝tr♦♥✐❝s ✽✶

❛r❡ s❡♥t ✈✐❛ ❛♥ ❡t❤❡r♥❡t ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ❉❙P✱ ✇❤✐❝❤ ✇✐❧❧ ❣❡♥❡r❛t❡ t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧s
❛❝❝♦r❞✐♥❣ t♦ ✐ts ♦✇♥ t✐♠❡ r❡❢❡r❡♥❝❡ ✭❋✐❣✳ ✹✳✶✹✮✳ ❚❤❡ s❛♠♣❧❡✬s r❡s♣♦♥s❡ t♦ t❤❡ ❣❡♥❡r❛t❡❞
s✐❣♥❛❧s ✐s r❡❝♦r❞❡❞ ❜② t❤❡ ❉❙P ❛♥❞ t❤❡ ❞❛t❛ ❛r❡ s❡♥t ❜❛❝❦ t♦ t❤❡ ◆❛♥♦◗t ❝♦♠♣✉t❡r ✐♥✲
t❡r❢❛❝❡✱ ✇❤❡r❡ t❤❡② ❝❛♥ ❜❡ st♦r❡❞✱ tr❡❛t❡❞ ❛♥❞ ❞✐s♣❧❛②❡❞ ✇✐t❤✐♥ t❤❡ t✐♠❡ r❡❢❡r❡♥❝❡ ♦❢ t❤❡
❝♦♠♣✉t❡r✬s ❈P❯ ✭❋✐❣✳ ✹✳✶✺✮✳

Output 

monitor

S
cr

ip
t measured data

(plot,…)

❋✐❣✉r❡ ✹✳✶✺✿ ❯s❡r ✐♥t❡r❢❛❝❡ ◆❛♥♦◗t✿ ❆ ♠❡❛s✉r❡♠❡♥t s❡q✉❡♥❝❡ ✐s ❞❡✜♥❡❞ ✐♥ ❛ s❝r✐♣t
✭❏❛✈❛s❝r✐♣t✮ ❛♥❞ s❡♥t t♦ t❤❡ ❆❉❲■◆ ❉❙P ✇❤✐❝❤ ❣❡♥❡r❛t❡s t❤❡ ❞❡s✐r❡❞ s✐❣♥❛❧s✳ ❚❤❡
♦✉t♣✉t ❝❛♥ ❜❡ ♠♦♥✐t♦r❡❞ ✐♥ r❡❛❧ t✐♠❡✳ ❚❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ s❛♠♣❧❡ ✐s r❡❝♦r❞❡❞ ❜② t❤❡
❆❉❲■◆ ❛♥❞ t❤❡ ❞❛t❛ s❡♥t ❜❛❝❦ t♦ t❤❡ ◆❛♥♦◗❚ ✐♥t❡r❢❛❝❡✱ ✇❤❡r❡ ✐t ✐s ❞✐s♣❧❛②❡❞ ✐♥ r❡❛❧
t✐♠❡ ✐♥ ❛ s❡♣❛r❛t❡ ❣r❛♣❤ ✇✐♥❞♦✇ ✭❣r❡❡♥✮✳

✹✳✹✳✷ ❆❞✈❛♥t❛❣❡s ♦❢ r❡❛❧✲t✐♠❡ ♠❡❛s✉r❡♠❡♥t s②st❡♠

❋✐rst✱ t❤❡ ♣r❡s❡♥t❡❞ r❡❛❧✲t✐♠❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s②st❡♠ ❛❧❧♦✇s t♦ ❣❡♥❡r❛t❡ ♠✉❧t✐♣❧❡ s✐❣♥❛❧s
✇✐t❤ ❛ s✐♥❣❧❡ ♣✐❡❝❡ ♦❢ ❡q✉✐♣♠❡♥t✱ ✇❤✐❝❤ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡s t❤❡ ♥✉♠❜❡r ♦❢ ❣r♦✉♥❞ ❧♦♦♣s
❛♥❞ t❤❡r❡❢♦r❡ t❤❡ s✐❣♥❛❧ ♥♦✐s❡ ❝♦♠♣❛r❡❞ t♦ ❛ st❛♥❞❛r❞ s❡t✉♣ ✇✐t❤ ♠✉❧t✐♣❧❡ ❣❡♥❡r❛t♦rs
✐♥t❡r❢❛❝❡❞ ✐♥ ♣❛r❛❧❧❡❧✳

■♥ ❛❞❞✐t✐♦♥ ♦♥❡ ❝❛♥ ❣❡♥❡r❛t❡ ❛ ♣❡r✐♦❞✐❝ s✐❣♥❛❧ ✇✐t❤ ❢r❡q✉❡♥❝✐❡s ❜❡t✇❡❡♥ ✶✵ ❍③ ❛♥❞
✶✵ ❦❍③✳ ❚❤✐s ❡♥❛❜❧❡s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ♥✉♠❡r✐❝❛❧ ❧♦❝❦✲✐♥ ❞❡t❡❝t✐♦♥ ❛♥❞ ♠❛❦❡s ❛



✽✷
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

♣❤②s✐❝❛❧ ❧♦❝❦✲✐♥ ❞❡t❡❝t♦r ✉♥♥❡❝❡ss❛r②✳ ❚❤✐s ❢✉rt❤❡r r❡❞✉❝❡s t❤❡ ♥✉♠❜❡r ♦❢ ❣r♦✉♥❞ ❧♦♦♣s
❛♥❞ t❤❡ s✐❣♥❛❧ ♥♦✐s❡ ✐♥ t❤❡ s②st❡♠ ✭❋✐❣✳ ✹✳✶✻✮✳

▼♦r❡♦✈❡r✱ t❤❡ s②st❡♠ ❡♥❛❜❧❡s ❛ ❜✐t ❜② ❜✐t r❛♠♣✐♥❣ ♦❢ ❛ s✐❣♥❛❧ ♣❛r❛♠❡t❡r ✇❤✐❝❤ ❛❧s♦
r❡❞✉❝❡s t❤❡ s✐❣♥❛❧ ♥♦✐s❡ ❣❡♥❡r❛t❡ ✐♥ t❤❡ s❡t✉♣✳ ❉✉❡ t♦ t❤❡ ❢❛st r❡s♣♦♥s❡ t✐♠❡ ♦❢ t❤❡ ❉❙P✱
♦♥❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ♠❡❛s✉r❡♠❡♥t t✐♠❡ ❜② ❛ ❢❛❝t♦r ♦❢ ✶✵✵✵ ❝♦♠♣❛r❡❞ t♦ ❛ st❛♥❞❛r❞ s❡t✉♣
❝♦♥tr♦❧❧❡❞ ❜② ❛ ❝♦♠♣✉t❡r ♣❧❛t❡❢♦r♠✳

(a)
IV converter ADWIN

Vg

DAC

IV converter
(b)

Lock-in

detector

Vg

Vdc
+ Gen 1

Gen 2

Vac

Vdc+Vac

ADC

(lock-in)

❋✐❣✉r❡ ✹✳✶✻✿ ❆❉❲■◆ s❡t✉♣ ✈s✳ st❛♥❞❛r❞ s❡t✉♣✿ ✭❛✮ ❆❧❧ ❣❡♥❡r❛t♦rs ❛♥❞ ❞❡t❡❝t♦rs ❛r❡
✐♥t❡❣r❛t❡❞ ✐♥t♦ t❤❡ ❆❉❲■◆ ❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡ ❣r♦✉♥❞✳ ✭❜✮ ❆ ❧♦❝❦✲✐♥ ❞❡t❡❝t♦r ❛♥❞ t✇♦
s✐❣♥❛❧ ❣❡♥❡r❛t♦rs ❛r❡ ❧✐♥❦❡❞ t❤r♦✉❣❤ t❤❡ ♠❛ss✱ r❡s✉❧t✐♥❣ ✐♥ t✇♦ ❣r♦✉♥❞ ❧♦♦♣s ✭❜❧✉❡ ❞♦tt❡❞
❧✐♥❡s✮✳



✹✳✺✳ ❙❡❧❡❝t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ✽✸

✹✳✺ ❙❡❧❡❝t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t r♦♦♠ t❡♠✲

♣❡r❛t✉r❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦♣♦s❡ ❛ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ t❤❛t ❛❧❧♦✇s ✉s t♦ ❞❡t❡r♠✐♥❡ ❛♥❞ r❡t❛✐♥
♦♥❧② s✐♥❣❧❡ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡ ♦❢ t❤❡ ❤✐❣❤❡st q✉❛❧✐t② ❢♦r t❤❡ ❝❤❛r❛❝t❡r✐③❛✲
t✐♦♥ ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✳ ❆s ♠❡♥t✐♦♥♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ s✐♥❣❧❡ s✉s♣❡♥❞❡❞
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s ❝❛♥ ❜❡ s❡❧❡❝t❡❞ ❜② ❡❧❡❝tr♦♥ ♠✐❝r♦s❝♦♣②✳ ❍♦✇❡✈❡r✱ t❤❡ ❡❧❡❝tr♦♥
❜❡❛♠ ❝❛♥ ✐♥❞✉❝❡ ❛ s✉❜st❛♥t✐❛❧ ❛♠♦✉♥t ♦❢ ❡❧❡❝tr♦♥✐❝ ❞❡❢❡❝ts t♦ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛♥❞
r❡♥❞❡r ✐t ✉s❡❧❡ss ❢♦r s✉❜s❡q✉❡♥t ♠❡❛s✉r❡♠❡♥ts✳ ▼♦r❡♦✈❡r✱ t❤❡ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥✲
♦t✉❜❡ ❞❡✈✐❝❡s s❤♦✉❧❞ ❤❛✈❡ ❝❧❡❛♥ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❡❧❡❝tr♦♥✐❝ r❡❛❞♦✉t
♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss ✐s ♣❡r❢♦r♠❡❞ ♦♥ t❤❡
❜❛s✐s ♦❢ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥ts✱ ✐♥ ♣❛rt✐❝✉❧❛r ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡
✈s✳ ❣❛t❡ ✈♦❧t❛❣❡ ❝❤❛r❛❝t❡r✐st✐❝s dI/dV (Vg)✳ ❚❤❡ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ✇❛s ❝♦♥✜r♠❡❞ ❛♥❞
✈❛❧✐❞❛t❡❞ ❜② ❙❊▼ ✐♠❛❣✐♥❣ ❛❢t❡r ❧♦✇ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥ts✳

❇❛s❡❞ ♦♥ t❤❡s❡ dI/dV (Vg) ❝❤❛r❛❝t❡r✐st✐❝s r❡❝♦r❞❡❞ ❛t ③❡r♦ s♦✉r❝❡✲❞r❛✐♥ ❉❈ ❜✐❛s ❜②
❧♦❝❦✲✐♥ ❞❡t❡❝t✐♦♥ ✭❙❡❝t✐♦♥ ✹✳✺✳✶✮✱ ♦♥❡ ❤❛s ✜rst t♦ ❞✐s❝r✐♠✐♥❛t❡ s✉s♣❡♥❞❡❞ ❢r♦♠ ♥♦♥✲
s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s ✭❙❡❝t✐♦♥ ✹✳✺✳✷✮✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ♦♥❡ ❝❛♥ ❛❧s♦
s❡♣❡r❛t❡ s✐♥❣❧❡ ❢r♦♠ ♠✉❧t✐♣❧❡ s✉s♣❡♥❞❡❞ t✉❜❡ ❞❡✈✐❝❡s✳ ❋✐♥❛❧❧②✱ ♦♥❡ ❤❛s t♦ ❞✐s❝❛r❞ ❛❧❧
❝♦♥t❛♠✐♥❛t❡❞ ❞❡✈✐❝❡s ✳

✹✳✺✳✶ ▲♦❝❦✲✐♥ ❞❡t❡❝t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥t s❡t✉♣

reference signal 

sin(2πft+φ)

input signal

Vin(t)
Low pass filter

(time constant τ)

DC output signal

Vout

❋✐❣✉r❡ ✹✳✶✼✿ ▲♦❝❦✲✐♥ ❛♠♣❧✐✜❡r✿ ❚❤❡ ♠❡❛s✉r✐♥❣ s✐❣♥❛❧ Vin(t) ✐s ♠✐①❡❞ ✇✐t❤ ❛ ❧♦✇ ❢r❡q✉❡♥❝②
r❡❢❡r❡♥❝❡ s✐❣♥❛❧ s✐♥(2πft+ ϕ) ❛♥❞ s❡♥t t❤r♦✉❣❤ ❛ ❧♦✇ ♣❛ss ✜❧t❡r ✇✐t❤ ❛ t✐♠❡ ❝♦♥st❛♥t τ ✳

❆ ❧♦❝❦ ✐♥ ❛♠♣❧✐✜❡r ♠✐①❡s t❤❡ ✐♥♣✉t s✐❣♥❛❧ Vin(t) ✇✐t❤ ❛ ❧♦✇ ❢r❡q✉❡♥❝②✱ s✐♥✉s♦✐❞❛❧ r❡❢❡r✲
❡♥❝❡ s✐❣♥❛❧ s✐♥(2πft+ϕ) ❛♥❞ ✐♥t❡❣r❛t❡s t❤❡ ♠✐①❡❞ s✐❣♥❛❧ ✐♥ ❛ ❧♦✇ ♣❛ss ✜❧t❡r ✭✐♥t❡❣r❛t✐♦♥
t✐♠❡ τ✮✳ ❋♦r ✐♥t❡❣r❛t✐♦♥ t✐♠❡s τ ❧♦♥❣❡r t❤❛♥ t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ ✐♥♣✉t ❛♥❞ r❡❢❡r❡♥❝❡ s✐❣♥❛❧✱
t❤❡ ♦✉t♣✉t s✐❣♥❛❧ ✇✐❧❧ ❜❡ ❛ ❉❈ s✐❣♥❛❧ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✹✳✸✳



✽✹
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

Vout =
1

τ

∫ t

t−τ

s✐♥(2πft′ + ϕ)Vin(t
′)dt′ ✭✹✳✸✮

❆ ❧♦❝❦✲✐♥ ❛♠♣❧✐✜❡r ✐s ❡ss❡♥t✐❛❧❧② ❛ ♥❛rr♦✇ ❜❛♥❞ ♣❛ss ✜❧t❡r ❝❡♥t❡r❡❞ ❛r♦✉♥❞ t❤❡ r❡❢❡r❡♥❝❡
❢r❡q✉❡♥❝②✱ ✐✳❡✳ ♦♥❧② ❢r❡q✉❡♥❝② ❝♦♠♣♦♥❡♥ts ♠❛t❝❤✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ ❢r❡q✉❡♥❝② ✭✇✐t❤✐♥ t❤❡
❜❛♥❞✇✐❞t❤ 1/τ✮ ✇✐❧❧ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♦✉t♣✉t ❉❈ s✐❣♥❛❧✳ ❆❧s♦ t❤❡ s✐❣♥❛❧✲t♦✲♥♦✐s❡ r❛t✐♦ ♦❢
t❤❡ ♦✉t♣✉t s✐❣♥❛❧ ✐s str♦♥❣❧② ❡♥❤❛♥❝❡❞✱ ❛s ♠♦st ♦❢ t❤❡ s✐❣♥❛❧ ♥♦✐s❡ ✐s ❛❧s♦ ❡❧✐♠✐♥❛t❡❞ ❜②
t❤❡ ❧♦❝❦✲✐♥ ❛♠♣❧✐✜❡r✳ ■t ✐s t❤❡r❡❢♦r❡ ✐❞❡❛❧ t♦ ❞❡t❡❝t ✈❡r② ✇❡❛❦ s✐❣♥❛❧s ✐♥ ❡①tr❡♠❡❧② ♥♦✐s②
❡♥✈✐r♦♥♠❡♥ts✱ ❧✐❦❡ t❤❡ ❝✉rr❡♥t ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ tr❛♥s✐st♦r✳

Vacuum 

chamber
Probe tips

Sample

holder

Micro-manipulated 

probe arms

(a) (b)

IV converter

voltage 

divider

ADWIN

ADC

(lock-in)

Vg

Vacsin(2πft)

(c)

Probe station

DAC

dI/dVVin

❋✐❣✉r❡ ✹✳✶✽✿ ❘♦♦♠ t❡♠♣❡r❛t✉r❡ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥t s❡t✉♣✿ ✭❛✮ ❱❛❝✉✉♠
♣r♦❜❡ st❛t✐♦♥ ▲❛❦❡s❤♦r❡ ❚❚P❳✳ ✭❜✮ ■♥s✐❞❡ ♦❢ t❤❡ ✈❛❝✉✉♠ t❡st ❝❤❛♠❜❡r ✇✐t❤ t✉♥❣st❡♥
♣r♦❜❡ t✐♣s✳ ✭❝✮ ❙❝❤❡♠❛t✐❝ ✈✐❡✇ ♦❢ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ✇✐t❤ ❛♥ ❆❉❲■◆ ❝♦♥♥❡❝t❡❞ t♦ ❛
s❛♠♣❧❡ ♠♦✉♥t❡❞ ✐♥ t❤❡ ♣r♦❜❡ st❛t✐♦♥✳ ❆ ♥✉♠❡r✐❝❛❧ ❧♦❝❦✲✐♥ ❞❡t❡❝t✐♦♥ ♣r♦✈✐❞❡s ❞✐r❡❝t❧② t❤❡
❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡ ♦❢ t❤❡ ♣r♦❜❡❞ ❞❡✈✐❝❡ ❛t ③❡r♦ ❉❈ ❜✐❛s✳



✹✳✺✳ ❙❡❧❡❝t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ✽✺

■♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ ❛ ❧♦❝❦✲✐♥ ❝✉rr❡♥t ❞❡t❡❝t✐♦♥✱ ❛♥ ❆❈ ✈♦❧t❛❣❡ V acs✐♥(2πft) ✐s ❛♣♣❧✐❡❞
t♦ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡ ✇✐t❤ f = 33.37 ❍③ ❛♥❞ V ac = 20µ❱ ✭❋✐❣✳ ✹✳✶✽❝✮✳ ❆ ✈♦❧t❛❣❡
❞✐✈✐❞❡r ✇✐❧❧ ❜❡ ♥❡❝❡ss❛r② t♦ ❛♣♣❧② t❤❡ ❞❡s✐r❡❞ ✈♦❧t❛❣❡✱ ❛s t❤❡ ♠✐♥✐♠❛❧ ♦✉t♣✉t ✈♦❧t❛❣❡ ♦❢ t❤❡
❆❉❲■◆ ✶✻✲❜✐t ❉❆❈ ✐s 20/216 = 305 µ❱✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝✉rr❡♥t I(t) = dI

dV
V acs✐♥(2πft)

t❤r♦✉❣❤ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✐s ❛♠♣❧✐✜❡❞ ❛♥❞ ❝♦♥✈❡rt❡❞ t♦ ❛ ✈♦❧t❛❣❡ Vin ✉s✐♥❣ ❛♥ ■❱
❝♦♥✈❡rt❡r✳ ❚❤✐s ✈♦❧t❛❣❡ ✇✐❧❧ ❜❡ r❡❝♦r❞❡❞ ❜② t❤❡ ❆❉❲■◆ ❛♥❞ ②✐❡❧❞s✿

Vin = R
dI

dV
V acs✐♥2πft ✭✹✳✹✮

✇❤❡r❡ ❘ ✐s t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ❢❛❝t♦r ♦❢ t❤❡ ■❱ ❝♦♥✈❡rt❡r✳
❚❤❡ ♥✉♠❡r✐❝❛❧ ❧♦❝❦✲✐♥ ❞❡t❡❝t♦r ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❆❉❲■◆ ❉❙P ✇✐❧❧ ♠✐① t❤❡ r❡❝♦r❞❡❞

✈♦❧t❛❣❡ Vin ✇✐t❤ ❛ s✐♥✉s♦✐❞❛❧ r❡❢❡r❡♥❝❡ s✐❣♥❛❧ ❛t t❤❡ s❛♠❡ ❢r❡q✉❡♥❝② f ❛♥❞ ✐♥t❡❣r❛t❡ ✐t ✐♥
❧♦✇ ♣❛ss ✜❧t❡r ✇✐t❤ ❛ t✐♠❡ ❝♦♥st❛♥t τ ∼ 0.2s✳ ❚❤❡ r❡s✉❧t✐♥❣ ♦✉t♣✉t s✐❣♥❛❧

Vout =
1

τ

∫ t

t−τ

V acR
dI

dV
s✐♥2(2πft′)dt′ =

1

2
V acR

dI

dV
✭✹✳✺✮

✇✐❧❧ ❜❡ ❛ ❉❈ s✐❣♥❛❧ ❛♥❞ ❞✐r❡❝t❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡ dI/dV ♦❢
t❤❡ ♣r♦❜❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡✳

❊❧❡❝tr♦♥ tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥ts ❛r❡ ♣❡r❢♦r♠❡❞ ✉♥❞❡r ✈❛❝✉✉♠ ✭p = 10−4 ♠❜❛r✮ ✐♥ ❛
▲❛❦❡s❤♦r❡ ❚❚P❳ ♣r♦❜❡ st❛t✐♦♥ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ❛♥❞ ③❡r♦ ❉❈ ❜✐❛s ✭❋✐❣✳ ✹✳✶✽✮✳

✹✳✺✳✷ ❙❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t r♦♦♠

t❡♠♣❡r❛t✉r❡

❙✉s♣❡♥❞❡❞ ✈s✳ ♥♦♥ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s

■♥ t❤❡♦r②✱ ❛ s♠❛❧❧ ❜❛♥❞❣❛♣ ✭❧❛r❣❡ ❞✐❛♠❡t❡r✮ ♥♦♥✲s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❝♦♥t❛❝t❡❞
❜② Pt ❡❧❡❝tr♦❞❡s s❤♦✉❧❞ ❡①❤✐❜✐t ❛♥ ❛♠❜✐♣♦❧❛r ❝♦♥❞✉❝t❛♥❝❡✲❣❛t❡ ✈♦❧t❛❣❡ ❝❤❛r❛❝t❡r✐st✐❝
dI/dV (Vg) ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ✉♥❞❡r ✈❛❝✉✉♠✳ ■♥ ♣r❛❝t✐❝❡ ❤♦✇❡✈❡r✱ t❤❡ ❡❧❡❝tr♦♥ ❝♦♥❞✉❝✲
t✐♦♥ ✭♥✲t②♣❡✮ ❜r❛♥❝❤ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✐s ❝♦♠♣❧❡t❡❧② s✉♣♣r❡ss❡❞ ❜② ❛ ♦①②❣❡♥✲✇❛t❡r
r❡❞♦① ❝♦✉♣❧❡s✱ ✇❤✐❝❤ ♦❝❝✉r ✐♥ t❤❡ t❤✐♥ ✇❛t❡r ✜❧♠ ❝♦✈❡r✐♥❣ t❤❡ s✉❜str❛t❡✬s s✉r❢❛❝❡ ❬✾✼❪✳
❚❤✐s r❡s✉❧ts ✐♥ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ♣✲t②♣❡ ❜❡❤❛✈✐♦✉r ❢♦r ♥♦♥✲s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s✳
❆ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❤♦✇❡✈❡r ✐s ♥♦t ✐♥ ❝♦♥t❛❝t ✇✐t❤ t❤❡ s✉❜str❛t❡ ❛♥❞ r❡♠❛✐♥s
✉♥❛✛❡❝t❡❞ ❜② t❤♦s❡ s✉r❢❛❝❡ ♦①②❣❡♥✲✇❛t❡r r❡❞♦① ❝♦✉♣❧❡s✳ ❆s ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✐s ❛❧s♦
✐♥tr✐♥s✐❝❛❧❧② ❤②❞r♦♣❤♦❜✐❝ ❬✾✽❪✱ ✇❡ t❤❡r❡❢♦r❡ r❡❝♦✈❡r t❤❡ ❛♠❜✐♣♦❧❛r ❜❡❤❛✈✐♦✉r ✐♥ s✉s♣❡♥❞❡❞
❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❬✽✶❪✳

❍❡♥❝❡✱ ✇❡ ❛ttr✐❜✉t❡ ♣✲t②♣❡ ❜❡❤❛✈✐♦✉r t♦ ♥♦♥✲s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛♥❞ ❛♠✲
❜✐♣♦❧❛r dI/dV ❝❤❛r❛❝t❡r✐st✐❝s t♦ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳
✹✳✶✾✳ ❇② t❤♦s❡ ♠❡❛♥s✱ ✇❡ ❝❛♥ ❞✐s❝❛r❞ ❛❧❧ ♥♦♥✲s✉s♣❡♥❞❡❞ ❛♥❞ r❡t❛✐♥ ♦♥❧② s✉s♣❡♥❞❡❞ t✉❜❡
❞❡✈✐❝❡ ❢♦r t❤❡ ♥❡①t st❡♣ ♦❢ t❤❡ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛❧s♦ ❞✐s❝❛r❞ ❛❧❧ ♥♦♥✲
❝♦♥♥❡❝t❡❞ ❞❡✈✐❝❡s ❛♥❞ ❞❡✈✐❝❡ ✇✐t❤ ♥♦ ❣❛t❡ ❞❡♣❡♥❞❛♥❝❡ ✭✧✢❛t✧ dI/dV ❝❤❛r❛❝t❡r✐st✐❝s✮✳
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❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s
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❋✐❣✉r❡ ✹✳✶✾✿ ❘♦♦♠ t❡♠♣❡r❛t✉r❡ ③❡r♦ ❜✐❛s dI/dV ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r s✉s♣❡♥❞❡❞ ✭❜❧✉❡✮ ❛♥❞
♥♦♥✲s✉s♣❡♥❞❡❞ ✭❣r❡❡♥✮ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s✳

❙✐♥❣❧❡ t✉❜❡ ✈s✳ ♠✉❧t✐♣❧❡ t✉❜❡ ❥✉♥❝t✐♦♥

-5 -4 -3 -2 -1 0 1 2 3 4 5
1

10

100

 single nanotube junction 

 double nanotube junction

 

 

d
I s

d
/d

V
s
d

 (µ
S

)

V
g 
(V)

❋✐❣✉r❡ ✹✳✷✵✿ ❘♦♦♠ t❡♠♣❡r❛t✉r❡ ③❡r♦ ❜✐❛s dI/dV ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r s✐♥❣❧❡ ✭❱✲s❤❛♣❡✱ ❜❧✉❡✮
❛♥❞ ❞♦✉❜❧❡ ✭❲✲s❤❛♣❡✱ r❡❞✮ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s✳

❆s ❞❡♠♦♥str❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ❈❱❉ ❣r♦✇t❤ ❝♦♥❞✐t✐♦♥s ♣r♦❞✉❝❡ ❜♦t❤
s✐♥❣❧❡ ❛♥❞ ♠✉❧t✐♣❧❡ s✉s♣❡♥❞❡❞ t✉❜❡s ❞❡✈✐❝❡s✳ ❆ s✐♥❣❧❡ s✉s♣❡♥❞❡❞ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡ s❤♦✉❧❞
❡①❤✐❜✐t t❤❡ ❱✲s❤❛♣❡❞ dI/dV ❝❤❛r❛❝t❡r✐st✐❝✱ t②♣✐❝❛❧ ❢♦r ❛♥ ❛♠❜✐♣♦❧❛r ❞❡✈✐❝❡ ✭❋✐❣✳ ✹✳✶✾



✹✳✺✳ ❙❡❧❡❝t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ✽✼

❛♥❞ ✹✳✷✵✱ ❜❧✉❡ ❝✉r✈❡✮✳ ■❢ t✇♦ ♦r ♠♦r❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❣r♦✇ ✐♥ ♣❛r❛❧❧❡❧ ♦♥ t❤❡ s❛♠❡
❥✉♥❝t✐♦♥ ✭❋✐❣✳ ✹✳✶✷❜✮✱ t❤❡ r❡s✉❧t✐♥❣ dI/dV ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ♦✉❣❤t t♦ ❜❡ ❛
s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ dI/dV ❝❤❛r❛❝t❡r✐st✐❝s ❢r♦♠ ❡❛❝❤ ♥❛♥♦t✉❜❡✳ ❋♦r ❡①❛♠♣❧❡✱
❛ ❞♦✉❜❧❡ t✉❜❡ ❥✉♥❝t✐♦♥ ✇♦✉❧❞ ❡①❤✐❜✐t ❛ ❲✲s❤❛♣❡❞ dI/dV ❝❤❛r❛❝t❡r✐st✐❝ ❛s ✐♥ ❋✐❣✳ ✹✳✷✵
✭r❡❞ ❝✉r✈❡✮✳

▼♦r❡♦✈❡r ♠✉❧t✐♣❧❡ t✉❜❡ ❥✉♥❝t✐♦♥s t②♣✐❝❛❧❧② ❡①❤✐❜✐t ❛r❡ ❤✐❣❤❡r ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡
✭dI/dV > 30µ❙✮ t❤❛♥ s✐♥❣❧❡ t✉❜❡ ❞❡✈✐❝❡s ✭1µ❙ < dI/dV < 30µ❙✮✳

❇② t❤♦s❡ ♠❡❛♥s✱ ✇❡ ❝❛♥ ❞✐✛❡r❡♥t✐❛t❡ s✐♥❣❧❡ ❢r♦♠ ♠✉❧t✐♣❧❡ s✉s♣❡♥❞❡❞ t✉❜❡ ❞❡✈✐❝❡s✱
❛♥❞ r❡t❛✐♥ ♦♥❧② t❤❡ ❢♦r♠❡r ❢♦r t❤❡ ❧❛st st❡♣ ♦❢ t❤❡ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss✳

❉✐s❝❛r❞✐♥❣ ❝♦♥t❛♠✐♥❛t❡❞ ❞❡✈✐❝❡s
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❋✐❣✉r❡ ✹✳✷✶✿ ❘♦♦♠ t❡♠♣❡r❛t✉r❡ ③❡r♦ ❜✐❛s dI/dV ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r ❛♥ ✉❧tr❛❝❧❡❛♥ s✉s✲
♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✭❤②st❡r❡s✐s✲❢r❡❡✱ ❜❧✉❡ ❝✉r✈❡✮ ❛♥❞ ❛ ❝♦♥t❛♠✐♥❡❞ s✉s♣❡♥❞❡❞ ❝❛r✲
❜♦♥ ♥❛♥♦t✉❜❡ ✭❧❛r❣❡ ❤②st❡r❡s✐s✱ ❜❧❛❝❦ ❝✉r✈❡✮✳ ❋✉❧❧ ✭♦♣❡♥✮ s②♠❜♦❧s r❡♣r❡s❡♥t t❤❡ ✉♣✇❛r❞s
✭❞♦✇♥✇❛r❞s✮ s✇❡❡♣ ♦❢ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡✱ ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❛rr♦✇s✳

❆♠♦♥❣ t❤❡ r❡t❛✐♥❡❞ ❞❡✈✐❝❡s✱ ✇❡ ✜♥❛❧❧② ❤❛✈❡ t♦ ❞✐s❝❛r❞ ❛❧❧ ❞❡✈✐❝❡s ✇✐t❤ ❛ ❧❛r❣❡ ❤②s✲
t❡r❡s✐s ❜❡t✇❡❡♥ t❤❡ ✉♣✲ ❛♥❞ ❞♦✇♥✇❛r❞ s✇❡❡♣ ♦❢ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡ ✭❋✐❣✳ ✹✳✷✶✱ ❜❧❛❝❦ ❝✉r✈❡✮✳
●❡♥❡r❛❧❧②✱ ❣❛t❡✲✐♥❞✉❝❡❞ ❤②st❡r❡s✐s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ tr❛♥s✐st♦rs ✐s ❜❡❧✐❡✈❡❞ t♦ ♦r✐❣✐♥❛t❡
❢r♦♠ ❛ ❝❤❛r❣❡ tr❛♥s❢❡r ❢r♦♠ t❤❡ ♥❛♥♦t✉❜❡ ✐♥t♦ t❤❡ ❛❞❥❛❝❡♥t ❣❛t❡ ❞✐❡❧❡❝tr✐❝ ❬✾✾❪✱ ❛ s✉r❢❛❝❡
❜♦✉♥❞ ✇❛t❡r ❧❛②❡r ❬✶✵✵❪ ♦r ♠♦❧❡❝✉❧❡s ❛❞s♦r❜❡❞ t♦ t❤❡ ♥❛♥♦t✉❜❡✬s s✐❞❡✇❛❧❧ ✇❤✐❝❤ r❡s✉❧ts
✐♥ ❛♥ ❡✛❡❝t✐✈❡ s❝r❡❡♥✐♥❣ ♦❢ t❤❡ ❣❛t❡ ♣♦t❡♥t✐❛❧✳

❋♦r s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛ ❝❤❛r❣❡ tr❛♥s❢❡r t♦ t❤❡ ❣❛t❡ ❞✐❡❧❡❝tr✐❝ ❛♥❞ s✉r❢❛❝❡
❜♦✉♥❞ ✇❛t❡r ♠♦❧❡❝✉❧❡s ❝❛♥ ❜❡ r✉❧❡❞ ♦✉t✳ ■♥ t❤✐s ❝❛s❡✱ ❛ ❧❛r❣❡ ❤②st❡r❡s✐s ❝❛♥ ❢♦r ✐♥st❛♥❝❡
❜❡ ❛ttr✐❜✉t❡❞ t♦ str♦♥❣❧② ❛❞s♦r❜❡❞ s♣❡❝✐❡s ♦♥ t❤❡ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳ ❙✉❝❤
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❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

❛❞s♦r❜❛t❡s ✇♦✉❧❞ ❝❛✉s❡ ❡❧❡❝tr♦♥✐❝ ❞❡❢❡❝ts ❛♥❞ ❧❡❛❞ t♦ ❛ r❡❞✉❝❡❞ q✉❛❧✐t② ❢❛❝t♦r ♦❢ t❤❡
♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ✇✐❧❧ ♦♥❧② r❡t❛✐♥ ✧❤②st❡r❡s✐s✲❢r❡❡✧✬ ♦r ✧s♠❛❧❧✲
❤②st❡r❡s✐s✧ ❞❡✈✐❝❡s ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛ ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✱ t♦ ❡♥s✉r❡ t❤❡ ❤✐❣❤
q✉❛❧✐t② ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳

❚❤❡ ②✐❡❧❞ ♦❢ s✐♥❣❧❡ s✉s♣❡♥❞❡❞ t✉❜❡ ❞❡✈✐❝❡s ♦❜t❛✐♥❡❞ ❜② t❤✐s ♣r♦❝❡❞✉r❡ r❛♥❣❡s ✸✪ ❛♥❞
✽✪✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❛♠♣❧❡ ❛♥❞ t❤❡ ❛♠♦✉♥t ♦❢ ❝❛t❛❧②st ✉s❡❞ ❢♦r t❤❡ ❈❱❉ ❣r♦✇t❤✳ ❚❤❡
r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❙❊▼ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♠❡♥t✐♦♥♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳

✹✳✻ Pr♦❜✐♥❣ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥

♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡

■♥ ❙❡❝t✐♦♥s ✹✳✻✳✷ ❛♥❞ ✹✳✻✳✸✱ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ♣r❛❝t✐❝❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛♥ ❛❝t✉❛t✐♦♥ ❛♥❞
❞❡t❡❝t✐♦♥ s❝❤❡♠❡ ❢♦r ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t ❝r②♦❣❡♥✐❝
t❡♠♣❡r❛t✉r❡s✱ ❛s ♣r♦♣♦s❡❞ ❜② ❙t❡❡❧❡ ❛♥❞ ❝♦✲✇♦r❦❡rs ❬✻✶❪ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳✸ ❢♦r ❢✉rt❤❡r
❞❡t❛✐❧s✮✳

❚❤❡ ♠❡❛s✉r❡♠❡♥ts ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ❛r❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ❛♥ ✐♥✈❡rs❡❞ 3❍❡✴4❍❡
❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦r ✭✧❙✐♦♥❧✉❞✐✧✮ ✇✐t❤ ❛ ❜❛s❡ t❡♠♣❡r❛t✉r❡ ♦❢ ✸✵ ♠❑✳ ❚❤✐s ♣❡❝✉❧✐❛r ❝r②♦✲
st❛t ❞❡s✐❣♥✱ ✇❤❡r❡ t❤❡ ❝♦❧❞❡st ♣♦✐♥t ✐s ❧♦❝❛t❡❞ ♦♥ t♦♣ ♦❢ t❤❡ ❝r②♦st❛t ♦✉ts✐❞❡ ❛ ❤❡❧✐✉♠
❞❡✇❛r✱ ✇❛s ❞❡✈❡❧♦♣♣❡❞ ❜② ❆❧❛✐♥ ❇❡♥♦✐t ❛♥❞ ❝♦✲✇♦r❦❡rs ❛t ◆❡❡❧ ■♥st✐t✉t❡ ❢♦r t❤❡ ❥♦✐♥t
◆❆❙❆✴❊❙❆ P❧❛♥❝❦ s❛t❡❧❧✐t❡ ♣r♦❥❡❝t✳ ❚❤❡ ❝r②♦st❛t ✇❛s ❞❡s✐❣♥❡❞ t♦ ♦♣❡r❛t❡ ✐♥ ❛ ③❡r♦
❣r❛✈✐t② ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ♣r♦✈✐❞❡ t❤❡ ♠✐❧❧✐❦❡❧✈✐♥ t❡♠♣❡r❛t✉r❡s ♥❡❝❡ss❛r② t♦ r✉♥ t❤❡ t✇♦
✐♥str✉♠❡♥ts ❛❜♦❛r❞ t❤❡ s❛t❡❧❧✐t❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ ❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s
♣❛rt✐❝✉❧❛r ❝r②♦st❛t ✭❙❡❝t✐♦♥ ✹✳✻✳✶✮✳

✹✳✻✳✶ ■♥✈❡rs❡ ❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦r

❆ ❙✐♦♥❧✉❞✐ ❝♦♥s✐sts ♦❢ ✜✈❡ t❤❡r♠❛❧✐s❛t✐♦♥ ❧❡✈❡❧s✱ ✇✐t❤ ❞❡❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡ ❢r♦♠ ❜♦tt♦♠
✭✽✵❑✮ t♦ t♦♣ ✭✷✵ ♠❑✮✳ ❊❛❝❤ st❛❣❡ ✐s ♣r♦t❡❝t❡❞ ✇✐t❤ ❛♥ ❛❧✉♠✐♥✐✉♠ s❝r❡❡♥ t♦ ❜❧♦❝❦ ♦✉t
r❛❞✐❛t✐♦♥ ✭❤♦✇❡✈❡r s❝r❡❡♥s ❢♦r t❤❡ ✺✵ ♠❑ ❛♥❞ ✶❑ st❛❣❡ ❛r❡ ♦♣t✐♦♥❛❧✮✳ ❚❤❡ ❝r②♦st❛t ✐s
s❡❛❧❡❞ ❜② ❛ ♠❡t❛❧ s❤✐❡❧❞ ✜①❡❞ t♦ t❤❡ ✸✵✵❑ st❛❣❡ ❛♥❞ ❛ ✈❛❝✉✉♠ ✐s ❝r❡❛t❡❞ ✐♥s✐❞❡ t❤❡ s❤✐❡❧❞✳

❚❤❡ ✜rst st❡♣ ✐♥ t❤❡ ❝♦♦❧❞♦✇♥ ♦❢ s✉❝❤ ❛ ❝r②♦st❛t ✐s t❤❡ ♣r❡✲❝♦♦❧✐♥❣ ♦❢ ❛❧❧ st❛❣❡s t♦
✹❑✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ❍❡4 ✐s ❞✐r❡❝t❧② ✐♥❥❡❝t❡❞ ❛t ❤✐❣❤ ✢♦✇ r❛t❡s ✐♥t♦ t❤❡ ✹❑ ♣♦❞✱ ✇❤✐❝❤
✐s ✐♥ t❤❡r♠❛❧ ❝♦♥t❛❝t ✇✐t❤ t❤❡ ✹❑ st❛❣❡✳ ❚❤❡ ❍❡4 t❤❡♥ ✢♦✇s ♦✉t ♦❢ t❤❡ ❝r②♦st❛t ✐♥ ❛
s♣✐r❛❧ t✉❜❡ ❛♥❞ t❤❡r♠❛❧✐③✐♥❣ t❤❡ ✷✵❑ ❛♥❞ ✽✵❑ ❧❡✈❡❧s ♦♥ t❤❡ ✇❛② ✭❣r❡❡♥ ❝✐r❝✉✐t ✐♥ ❋✐❣✳
✹✳✷✷✮✳ ❙✉❜s❡q✉❡♥t❧②✱ ❛ ❍❡4✴❍❡3 ♠✐①t✉r❡ ❝✐r❝✉✐t ✐s ✉s❡❞ t♦ t❤❡r♠❛❧✐s❡ t❤❡ ✉♣♣❡r ❧❡✈❡❧s ♦❢
t❤❡ ❝r②♦st❛t✳

❋✐rst✱ ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ ❍❡4✴❍❡3 ♠✐①t✉r❡ ✐s ✐♥❥❡❝t❡❞ ❛t ✹ ❜❛rs ✐♥t♦ ✶✷ ❝❛♣✐❧❧❛r✐❡s
♠♦✉♥t❡❞ ✐♥s✐❞❡ t❤❡ s♣✐r❛❧ t✉❜❡ ❢♦r t❤❡ ❍❡4 ❜❛❝❦ ✢♦✇✳ ❆s t❤❡ ♠✐①t✉r❡ ✢♦✇s ✉♣ ✐♥ t❤❡
s♣✐r❛❧ t✉❜❡✱ ✐t ✐s ❝♦♦❧❡❞ ❜② t❤❡ ❍❡4 ❝♦✉♥t❡r✢♦✇ ❛♥❞ ✇✐❧❧ ❤❛✈❡ r❡❛❝❤❡❞ ❛ t❡♠♣❡r❛t✉r❡ ♦❢ ✹❑



✹✳✻✳ Pr♦❜✐♥❣ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t
❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡ ✽✾

300 K

80 K

20 K

4 K

1 K

50 mK

He4 injection

He4 return

Still 0,8K

He4/He3 rapid injection

He4/He3 normal injection

MC

Discrete heat

exchanger

50 mK

He4/He3 rapid return

He4/He3 normal return

Mixing chamber

20 mK

Impedance

He4/He3

He4/He3

4K pod

He3

To the pumps

❋✐❣✉r❡ ✹✳✷✷✿ ■♥✈❡rs❡❞ ❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦r✿ ❚❤❡ ❍❡4 ❝✐r❝✉✐t ✭❣r❡❡♥✮ ✐s ♣r❡❝♦♦❧✐♥❣ t❤❡
♠✐①t✉r❡ ❛♥❞ t❤❡ ❧♦✇❡r ❧❡✈❡❧s t♦ ✹❑✳ ❆ r❛♣✐❞ ✐♥❥❡❝t✐♦♥ ❝✐r❝✉✐t ✭❜❧✉❡✮ ✐s ✉s❡❞ t♦ ❝♦♦❧ t❤❡
✉♣♣❡r st❛❣❡s t♦ ✶❑✳ ❚❤❡ ♠❛✐♥ ❞✐❧✉t✐♦♥ ❝✐r❝✉✐t ✭r❡❞✮ ✐s ✉s❡❞ t♦ r❡❛❝❤ ❛♥❞ ♠❛✐♥t❛✐♥ ❛
t❡♠♣❡r❛t✉r❡ ♦❢ ✷✵ ♠❑ ✐♥ t❤❡ ♠✐①✐♥❣ ❝❤❛♠❜❡r✳ ❚❤❡ ❞❛s❤❡❞ ❛rr♦✇s r❡♣r❡s❡♥t t❤❡ ♠✐①t✉r❡
✢♦✇ ❢r♦♠ t❤❡ ♠✐①✐♥❣ ❝❤❛♠❜❡r ❜❛❝❦ t♦ t❤❡ ♣✉♠♣✳ ❉❡t❛✐❧s s❡❡ t❡①t✳

✉♣♦♥ ❡♠❡r❣✐♥❣ ♦♥ t❤❡ ✹❑ st❛❣❡✳ ❋r♦♠ t❤✐s ♣♦✐♥t✱ ❡❧❡✈❡♥ ♦❢ t❤❡s❡ ❝❛♣✐❧❧❛r✐❡ss ❛r❡ ❞✐r❡❝t❧②
❝♦♥♥❡❝t❡❞ t♦ t❤❡ ✶❑ st❛❣❡ ❛♥❞ ♠✐①✐♥❣ ❝❤❛♠❜❡r ♦♥ t❤❡ ❧❛st ❧❡✈❡❧✳ ❆s t❤❡ ♠✐①t✉r❡ ✢♦✇s



✾✵
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

t❤r♦✉❣❤ t❤✐s r❛♣✐❞ ✐♥❥❡❝t✐♦♥ ❝✐r❝✉✐t ✭❜❧✉❡ ❝✐r❝✉✐t ✐♥ ❋✐❣✳ ✹✳✷✷✮✱ t❤❡ ✉♣♣❡r ❧❡✈❡❧s ❝❛♥ ❜❡
❝♦♦❧❡❞ t♦ ✹❑✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❝❛♣✐❧❧❛r② ❧❡❛❞s t❤r♦✉❣❤ ❛ ❏♦✉❧❡✲❚❤♦♠s♦♥ ✐♠♣❡❞❛♥❝❡ ✐♥t♦
t❤❡ st✐❧❧✱ t❤❡r♠❛❧✐③❡❞ t♦ t❤❡ ✶❑ st❛❣❡✱ ❛♥❞ ❢r♦♠ t❤❡r❡ ✐♥t♦ t❤❡ ♠✐①✐♥❣ ❝❤❛♠❜❡r t❤r♦✉❣❤
t✇♦ ❤❡❛t ❡①❝❤❛♥❣❡rs ✭❛ ❝♦✉♥t✐♥✉♦✉s ❝♦✉♥t❡r✢♦✇ ❛♥❞ ❛ ❞✐s❝r❡t❡ ❡①❝❤❛♥❣❡r✮✳ ❚❤✐s ♥♦r♠❛❧
✐♥❥❡❝t✐♦♥ ❝❛♣✐❧❧❛r✐t② ✐s t❤❡ ♠❛✐♥ ❞✐❧✉t✐♦♥ ❝✐r❝✉✐t ♦❢ t❤❡ ❝r②♦st❛t ✭r❡❞ ❝✐r❝✉✐t ✐♥ ❋✐❣✳ ✹✳✷✷✮✳
❋r♦♠ t❤❡ ♠✐①✐♥❣ ❝❤❛♠❜❡r ❜♦t❤ ❝✐r❝✉✐ts ✢♦✇ ❜❛❝❦ t❤r♦✉❣❤ t❤❡ ❤❡❛t ❡①❝❤❛♥❣❡rs✱ t❤❡ st✐❧❧
❛♥❞ ♦✉t ♦❢ t❤❡ ❝r②♦st❛t ✭❞❛s❤❡❞ ❛rr♦✇s✮✳ ❆ ♣r✐♠❛r② ♣✉♠♣ ❛♥❞ ❛ ❝♦♠♣r❡ss♦r ❡♥s✉r❡s t❤❡
❝✐r❝✉❧❛t✐♦♥ ♦❢ t❤❡ ♠✐①t✉r❡✳

❖♥❝❡ ❛❧❧ st❛❣❡s ❤❛✈❡ r❡❛❝❤❡❞ ❛ t❡♠♣❡r❛t✉r❡ ♦❢ ✹❑✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ r♦♦ts ♣✉♠♣ ✐s t✉r♥❡❞
♦♥ ✐♥ ♦r❞❡r t♦ ❡♥❤❛♥❝❡ t❤❡ ✈❛❝✉✉♠ ✐♥ t❤❡ ❞✐❧✉t✐♦♥ ❝✐r❝✉✐t✳ ❚❤❡ ❝✐r❝✉❧❛t✐♥❣ ♠✐①t✉r❡ ✇✐❧❧
✉♥❞❡r❣♦ ❛♥ ❡①♣❛♥s✐♦♥ ❛t t❤❡ ❏♦✉❧❡✲❚❤♦♠s♦♥ ✐♠♣❡❞❛♥❝❡ ❛♥❞ ❝♦♦❧ t♦ ❛♣♣r♦①✐♠❛t❡❧② ✶❑✳
❆s t❤❡ ♠✐①t✉r❡ st❛rts t♦ ❝♦♥❞❡♥s❡ ✐♥ t❤❡ st✐❧❧ ❛♥❞ t❤❡ ♠✐①✐♥❣ ❝❤❛♠❜❡r✱ t❤❡ r❛♣✐❞ ✐♥❥❡❝t✐♦♥
❝✐r❝✉✐t ✐s ❝❧♦s❡❞✳

❖♥❝❡ ❛ t❡♠♣❡r❛t✉r❡ ♦❢ ✽✵✵ ♠❑ ✐s r❡❛❝❤❡❞ ✐♥ t❤❡ ❝✐r❝✉✐t✱ t❤❡ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ♦❢ ❍❡4
❛♥❞ ❍❡3 ✇✐❧❧ st❛rt ✐♥ t❤❡ ♠✐①✐♥❣ ❝❤❛♠❜❡r✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s ♣✉♠♣✐♥❣ ✇✐t❤ t❤❡ ♣r✐♠❛r② ❛♥❞
t❤❡ r♦♦ts ♣✉♠♣✱ ✇✐❧❧ ❡①tr❛❝t ❍❡3 ❢r♦♠ t❤❡ ❝♦♥s❡♥❞❡❞ ♠✐①t✉r❡ ✐♥ t❤❡ st✐❧❧ ❛♥❞ r❡✐♥❥❡❝t ✐t
✐♥t♦ t❤❡ ♠✐①✐♥❣ ❝❤❛♠❜❡r t❤r♦✉❣❤ t❤❡ ❞✐❧✉t✐♦♥ ❝✐r❝✉✐t✳ ❚❤❡ ❍❡3 ✇✐❧❧ t❤❡♥ ❞✐✛✉s❡ t❤r♦✉❣❤
t❤❡ ♣❤❛s❡ ❜♦✉♥❞❛r② ❢r♦♠ ❍❡3✲r✐❝❤ ♣❤❛s❡ ✐♥t♦ t❤❡ ❍❡4✲r✐❝❤ ♣❤❛s❡s✳ ❚❤✐s ❞✐✛✉s✐♦♥ ❞r❛✇s
❤❡❛t ❡♥❡r❣② ❢r♦♠ ✐ts s✉rr♦✉♥❞✐♥❣s ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛ ❝♦♦❧✐♥❣ ♦❢ t❤❡ ♠✐①✐♥❣ ❝❤❛♠❜❡r✳
❚❤✐s s♦ ❝❛❧❧❡❞ ❞✐❧✉t✐♦♥ ♣r♦❝❡ss ✇✐❧❧ ♣r♦✈✐❞❡ t❤❡ ♥❡❝❡ss❛r② ❝♦♦❧✐♥❣ ♣♦✇❡r t♦ r❡❛❝❤ ❛ ❜❛s❡
t❡♠♣❡r❛t✉r❡ ♦❢ ✷✵ ♠❑✳ ❚❤✐s ♣r♦❝❡ss s✉st❛✐♥s ✐ts❡❧❢✱ ❛s ❧♦♥❣ ❛s t❤❡r❡ ✐s ❡♥♦✉❣❤ ❍❡4 ✐♥ t❤❡
♣r❡❝♦♦❧✐♥❣ ❝✐r❝✉✐t✳

✹✳✻✳✷ ▼❡❛s✉r❡♠❡♥t s❡t✉♣

❆❢t❡r t❤❡ ❢❛❜r✐❝❛t✐♦♥ ❛♥❞ s❡❧❡❝t✐♦♥ ♣r♦❝❡ss ✐s ❝♦♠♣❧❡t❡❞✱ t❤❡ s❛♠♣❧❡ ✐s ♠♦✉♥t❡❞ ✐♥ t❤❡
❝r②♦st❛t ❢♦r ❧♦✇ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥t✳

❋♦r t❤✐s ♣✉r♣♦s❡✱ t❤❡ s❛♠♣❧❡ ✐s ✜①❡❞ ♦♥ ❛ s♣❡❝✐✜❝❛❧❧② ❞❡s✐❣♥❡❞ s❛♠♣❧❡❤♦❧❞❡r ✉s✐♥❣
s✐❧✈❡r ❝♦♥❞✉❝t✐✈❡ ♣❛✐♥t✳ ❚❤❡ s❡❧❡❝t❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❥✉♥❝t✐♦♥s ♦♥ t❤❡ s❛♠♣❧❡ ❛r❡ ❝♦♥✲
♥❡❝t❡❞ t♦ ❆✉ str✐♣ ❧✐♥❡s ✐♥t❡❣r❛t❡❞ ✐♥t♦ t❤❡ s❛♠♣❧❡❤♦❧❞❡r ❜② ♠✐❝r♦❜♦♥❞❡❞ ❆❧ ✇✐r❡s✳ ❚❤❡
s❛♠♣❧❡❤♦❧❞❡r ②✐❡❧❞s ✷✹ ❆✉ str✐♣ ❧✐♥❡s ✐♥ t♦t❛❧✱ ✇✐t❤ ✶✷ ❧✐♥❡s ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡ s❛♠♣❧❡✲
❤♦❧❞❡r r❡✲❡♠❡r❣✐♥❣ ❛❜♦✈❡ t❤❡ s❛♠♣❧❡ ✭❉❈ ❧✐♥❡s ✶✲✶✷ ❋✐❣✳ ✹✳✷✸✮ ❛♥❞ ✶✷ ❡♠❜❡❞❞❡❞ ❧✐♥❡s
r❡✲❡♠❡r❣✐♥❣ ❜❡❧♦✇ t❤❡ s❛♠♣❧❡ ✭❉❈ ❧✐♥❡s ✶✸✲✷✹ ❋✐❣✳ ✹✳✷✸✮✳ ❆♠♦♥❣ t❤❡ ❧❛tt❡r✱ ❢♦✉r ❛r❡ ❛❧s♦
❝♦♥♥❡❝t❡❞ t♦ ❆✉ str✐♣ ❧✐♥❡s ♣❛tt❡r♥❡❞ ♦♥ t❤❡ s✉r❢❛❝❡✱ ✇❤✐❝❤ ❛r❡ ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❜❧✉❡ ✐♥ ❋✐❣✳
✹✳✷✸✳ ❊❛❝❤ str✐♣ ❧✐♥❡ ✐s ❝♦♥♥❡❝t❡❞ t♦ ❛ ❆✉ ❝♦♥t❛❝t ♣❛❞ ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ s❛♠♣❧❡❤♦❧❞❡r✳
❚❤❡ ❡♠❜❡❞❞❡❞ ❆✉ ❧✐♥❡s ❛r❡ ✉s❡❞ t♦ ❝♦♥t❛❝t t❤❡ ❣❛t❡ ❛♥❞ t❤❡ s♦✉r❝❡✲❞r❛✐♥ ❡❧❡❝tr♦❞❡s ♦❢
❡❛❝❤ s❡❧❡❝t❡❞ ❞❡✈✐❝❡ ❛♥❞ ♣❡r❢♦r♠ ❉❈ ❝✉rr❡♥t ♠❡❛s✉r❡♠❡♥t✳ ❚❤❡ ❢♦✉r str✐♣ ❧✐♥❡s ❛t t❤❡
s✉r❢❛❝❡ ✭❜❧✉❡ ✐♥ ❋✐❣✳ ✹✳✷✸✮ ❛r❡ ✉s❡❞ t♦ ✐♥❥❡❝t ❛ ❘❋ ♠✐❝r♦✇❛✈❡ s✐❣♥❛❧ t♦ t❤❡ ❣❛t❡ ♦❢ t❤❡
s❡❧❡❝t❡❞ ❞❡✈✐❝❡s ❛♥❞ ❛❝t✉❛t❡ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r✳

❚❤❡ s❛♠♣❧❡❤♦❧❞❡r ✐s s✉❜s❡q✉❡♥t❧② ♠♦✉♥t❡❞ ♦♥ ❛ ❝♦♣♣❡r s✉♣♣♦rt ❛❜♦✈❡ t❤❡ ♠✐①✐♥❣
❝❤❛♠❜❡r ✐♥ t❤❡ ❝r②♦st❛t✱ ✇❤✐❝❤ ✇✐❧❧ ♣r♦✈✐❞❡ t❤❡ ♥❡❝❡ss❛r② t❤❡r♠❛❧ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t❤❡



✹✳✻✳ Pr♦❜✐♥❣ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t
❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡ ✾✶

s❛♠♣❧❡ ❛♥❞ t❤❡ ♠✐①✐♥❣ ❝❤❛♠❜❡r✳ ❊❧❡❝tr✐❝❛❧ ❝♦♥♥❡❝t✐♦♥ ✇✐r❡s ✇❡r❡ ❞r❛✇♥ ❢r♦♠ ✸✵✵❑ t♦ t❤❡
✺✵ ♠❑ st❛❣❡✱ ✇❤❡r❡ t❤❡② ❝❛♥ ❜❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❆✉ ❝♦♥t❛❝t ♣❛❞s ♦♥ t❤❡ s❛♠♣❧❡❤♦❧❞❡r
❜② ❛ ♣❧✉❣✲✐♥ ❝♦♥♥❡❝t♦r✳ ❆t ✸✵✵❑ t❤❡ ✇✐r❡s ❡①✐t t❤❡ ❝r②♦st❛t t❤r♦✉❣❤ ❛ π✲✜❧t❡r ❜❡❢♦r❡
❜❡✐♥❣ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❆❉❲■◆ ♠❡❛s✉r❡♠❡♥t s❡t✉♣✳

RF

strip lines

sample

DC strip 

lines 1-12

DC strip 

lines 13-24

contact

pads

❋✐❣✉r❡ ✹✳✷✸✿ ❙❛♠♣❧❡❤♦❧❞❡r ❢♦r ❧♦✇ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥ts ②✐❡❧❞✐♥❣ ✷✹ ❆✉ ❡♠❜❡❞❞❡❞
str✐♣ ❧✐♥❡s ✭✶✷ ❜❡❧♦✇ ❛♥❞ ✶✷ ❛❜♦✈❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡✮ ❞❡s✐❣♥❡❞ ❢♦r ❉❈ ❡❧❡❝tr♦♥
tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥ts✳ ❋♦✉r ❧✐♥❡s ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❘❋ str✐♣ ❧✐♥❡s ✭❜❧✉❡✮ ♦♥ t❤❡ s✉r❢❛❝❡
♦❢ t❤❡ s❛♠♣❧❡❤♦❧❞❡r✱ ✇❤✐❝❤ ✇✐❧❧ s❡r✈❡ ❢♦r t❤❡ ✐♥❥❡❝t✐♦♥ ♦❢ ❛ ♠✐❝r♦✇❛✈❡ ✐♥t♦ t❤❡ ❣❛t❡ ❛♥❞
t❤❡ ❛❝t✉❛t✐♦♥ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦rs✳ ❚❤❡ s❛♠♣❧❡❤♦❧❞❡r ✐s t❤❡♥ ♠♦✉♥t❡❞ ♦♥t♦
t❤❡ ♠✐①✐♥❣ ❝❤❛♠❜❡r ♦❢ t❤❡ ❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦r ✭r✐❣❤t ♣❛♥❡❧✮✳

❆ ❝♦❛①✐❛❧ ❝❛❜❧❡ ✐s ❞r❛✇♥ ❢r♦♠ t❤❡ ✸✵✵❑ st❛❣❡ t♦ t❤❡ ✺✵ ♠❑ st❛❣❡ t♦ ❣✉✐❞❡ ❛♥ ❘❋
s✐❣♥❛❧ ❢r♦♠ t❤❡ ♦✉ts✐❞❡ ♦❢ t❤❡ ❝r②♦st❛t t♦ t❤❡ s❛♠♣❧❡✳ ❚❤❡ ❜❛r❡ ❡♥❞ ♦❢ t❤❡ ❝♦❛①✐❛❧ ❝❛❜❧❡✱
✇❤✐❝❤ ✇✐❧❧ s❡r✈❡ ❛s ❘❋ ❛♥t❡♥♥❛✱ ✐s ♠♦✉♥t❡❞ ✐♥ ❝❧♦s❡ ♣r♦①✐♠✐t② t♦ t❤❡ ❢♦✉r ❘❋ str✐♣ ❧✐♥❡s
♦♥ t❤❡ s❛♠♣❧❡❤♦❧❞❡r✳ ❆ ❘❤♦❞❡✫❙❝❤✇❛r③ ❙▼❆ ✶✵✵ ❆ s✐❣♥❛❧ ❣❡♥❡r❛t♦r✱ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡
❆❉❲■◆✱ ✐s ✉s❡❞ t♦ ❣❡♥❡r❛t❡ t❤❡ ❘❋ s✐❣♥❛❧ ❛t t❤❡ ❛♥t❡♥♥❛✳ ❚❤❡ s✐❣♥❛❧ ✐s ✐♥❥❡❝t❡❞ ✐♥t♦
t❤❡ ❘❋ str✐♣ ❧✐♥❡s t❤r♦✉❣❤ ❝❛♣❛❝✐t✐✈❡ ❝♦✉♣❧✐♥❣ ✭❧✐❦❡ ✐♥ ❛ ❜✐❛s✲❚ ✮ ❛♥❞ t❤❡♥ t❤r♦✉❣❤ t❤❡
❜♦♥❞✐♥❣ ✇✐r❡ ✐♥t♦ t❤❡ ❣❛t❡ ♦❢ t❤❡ ❛❞r❡ss❡❞ ◆❊▼❙✳ ❚❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ s❛♠♣❧❡❤♦❧❞❡r ✇✐❧❧
♣r❡✈❡♥t t❤❡ ✐♥❥❡❝t✐♦♥ ♦❢ t❤❡ ❘❋ s✐❣♥❛❧ ✐♥t♦ t❤❡ s♦✉r❝❡ ♦r t❤❡ ❞r❛✐♥ ♦❢ t❤❡ ◆❊▼❙✱ t❤✉s
❛✈♦✐❞✐♥❣ ❛ s✐❣♥❛❧ ♠✐①✐♥❣ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛♥❞ ❛♥ ✐♥❝r❡❛s❡❞ ❝✉rr❡♥t ♥♦✐s❡✳ ❚❤❡
♦s❝✐❧❧❛t✐♥❣ ♣♦t❡♥t✐❛❧ ♦♥ t❤❡ ❣❛t❡ ♦❢ t❤❡ ◆❊▼❙ ✇✐❧❧ t❤❡♥ ❛❝t✉❛t❡ t❤❡ ♥❛♥♦t✉❜❡✬s ♠❡❝❤❛♥✐❝❛❧
♠♦t✐♦♥✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✸✱ t❤❡ ✐♥❞✉❝❡❞ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❝❤❛♥❣❡s t❤❡ ❝❤❛r❣❡
✢♦✇ t❤r♦✉❣❤ t❤❡ ❈◆❚ q✉❛♥t✉♠ ❞♦t ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❞❡t❡❝t t❤❡ ❝❛r❜♦♥
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❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

♥❛♥♦t✉❜❡ r❡s♦♥❛♥❝❡ t❤r♦✉❣❤ ❛ ❝❤❛♥❣❡ ✐♥ ③❡r♦ ❜✐❛s ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡✱ ✇❤✐❝❤ ✐s
r❡❝♦r❞❡❞ ❜② ❛ ❧♦❝❦✲✐♥ ❞❡t❡❝t✐♦♥✳
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❋✐❣✉r❡ ✹✳✷✹✿ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝r②♦❣❡♥✐❝ ♠❡❛s✉r❡♠❡♥t s❡t✉♣✿ ❊❧❡❝tr♦♥
tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥t ♦♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛r❡ ♣❡r❢♦r♠❡❞ ❜② ❧♦❝❦✲✐♥ ❞❡t❡❝t✐♦♥
✇✐t❤ t❤❡ ❆❉❲■◆ ✭❜❧❛❝❦ ❝✐r❝✉✐t✮✳ ❚❤❡ ❛❝t✉❛t✐♦♥ s✐❣♥❛❧ ❢♦r t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙
✐s ❣❡♥❡r❛t❡❞ ❜② ❛ ❘❋ s✐❣♥❛❧ ❣❡♥❡r❛t♦r ❛♥❞ ✐♥❥❡❝t❡❞ ✐♥ t❤❡ ❣❛t❡ ♦❢ t❤❡ ◆❊▼❙ t❤r♦✉❣❤ ❛
❤♦♠❡✲❜✉✐❧t ❜✐❛s✲❚ ✭❜❧✉❡ ❝✐r❝✉✐t✮✳ ❆ ✸❉ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ✈❡❝t♦r ♠❛❣♥❡t ❝❛♥ ❜❡ ♠♦✉♥t❡❞
t♦ ♣❡r❢♦r♠ ♠❛❣♥❡t✐❝ ♠❡❛s✉r❡♠❡♥ts ✭♣✉r♣❧❡ ❝✐r❝✉✐t✮✳



✹✳✻✳ Pr♦❜✐♥❣ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t
❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡ ✾✸

❋♦r ♠❛❣♥❡t✐❝ ♠❡❛s✉r❡♠❡♥t✱ ❛ ✸❉ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ✈❡❝t♦r ♠❛❣♥❡t ✐s ✐♥st❛❧❧❡❞ ✐♥ t❤❡
❝r②♦st❛t✳ ❚❤❡ ♠❛❣♥❡t ❝♦♥s✐sts ♦❢ ❛ ❝❡♥tr❛❧ s♦❧❡♥♦✐❞ ❝♦✐❧ ❛♥❞ t✇♦ ❍❡❧♠❤♦❧t③ ❝♦✐❧ ♣❛✐rs✱
❛❧✐❣♥❡❞ ♦rt❤♦❣♦♥❛❧ t♦ ♦♥❡ ❛♥♦t❤❡r✳ ❚❤❡ ❝♦✐❧s ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ❣❡♥❡r❛t✐♥❣ ❛ ♠❛❣♥❡t✐❝ ✈❡❝t♦r
✜❡❧❞ ♦❢ ✶✳✹❚ ① ✵✳✺❚ ① ✵✳✶✺❚✳ ❚❤❡ s❛♠♣❧❡❤♦❧❞❡r ✇❛s ❞❡s✐❣♥❡❞ t♦ ✜t ✐♥s✐❞❡ t❤❡ s♦❧❡♥♦✐❞✱
s✉❝❤ t❤❛t t❤❡ s❛♠♣❧❡ ✇♦✉❧❞ ❜❡ ❧♦❝❛t❡❞ ❡①❛❝t❧② ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✸❉ ✈❡❝t♦r ♠❛❣♥❡t✳
❊❛❝❤ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦✐❧ ✐s ♣♦✇❡r❡❞ ❜② ❛♥ ✐♥❞❡♣❡♥❞❛♥t ❝✉rr❡♥t s♦✉r❝❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡
❝♦♥tr♦❧❧❡❞ ❜② ❆❉❲■◆✳

❆ ✭s✐♠♣❧✐✜❡❞✮ s❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
❋✐❣✳ ✹✳✷✹✳

✹✳✻✳✸ ❉❡t❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ❛t

❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡
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δf ~ 500 kHz

❋✐❣✉r❡ ✹✳✷✺✿ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡✬s ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡ ✈s✳ ❛❝t✉❛t✐♦♥ ❢r❡q✉❡♥❝② ❛t ❛❝✲
t✉❛t✐♦♥ ♣♦✇❡r ♦❢ PRF = −45 ❞❇♠✳ ❇❧✉❡ ❛rr♦✇s ✐♥❞✐❝❛t❡ ♣♦t❡♥t✐❛❧ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
r❡s♦♥❛♥❝❡s✱ r❡❞ ❛rr♦✇s r❡s♦♥❛♥❝❡s ❢r♦♠ t❤❡ ♠❡❛s✉r❡♠❡♥t s❡t✉♣✳ ❚❤❡ ✐♥s❡t ❞❡♣✐❝ts ❛
♣♦t❡♥t✐❛❧ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛♥❝❡ ❛t f = 156 ▼❍③ ✇✐t❤ ❛ ❧✐♥❡✇✐❞t❤ ♦❢ δf ∼ 500 ❦❍③✳

❆t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✱ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✐s ✐♥ ❛ r❡❣✐♠❡ ♦❢ ❈♦✉❧♦♠❜
❜❧♦❝❦❛❞❡✳ ■♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ t❤❡ ❝✉rr❡♥t ❞❡t❡❝t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✭s❡❡
❙❡❝t✐♦♥ ✸✳✷✳✸ ❛♥❞ ✹✳✻✳✷✮✱ ✇❡ ❤❛✈❡ t♦ t✉♥❡ t❤❡ q✉❛♥t✉♠ ❞♦t t♦ ❛ r❡❣✐♠❡ ♦❢ s✐♥❣❧❡ ❡❧❡❝tr♦♥
t✉♥♥❡❧✐♥❣✱ ✐✳❡✳ s❡t t❤❡ ❣❛t❡ ✈♦❧t❛❣❡ ❝❧♦s❡ t♦ ❛ ❝❤❛r❣❡ ❞❡❣❡♥❡r❛❝② ♣♦✐♥t✳
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❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

❆ ❘❋ ❛❝t✉❛t✐♦♥ s✐❣♥❛❧ ✐s ✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ ❣❛t❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ◆❊▼❙✳ ❆s ❞❡✲
s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡ ❢r♦♠ ❛
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r ✐s ♦♥ t❤❡ ♦r❞❡r ♦❢ ❛ ❢❡✇ ❤✉♥❞r❡❞ ▼❍③ ❢♦r ♥❛♥♦t✉❜❡ ❧❡♥❣t❤✬s
❜❡t✇❡❡♥ ✺✵✵ ♥♠ ❛♥❞ ✶ µ♠✳ ■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ♥❛♥♦t✉❜❡✬s r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✱ ✇❡
t❤❡r❡❢♦r❡ s✇❡❡♣ t❤❡ ❘❋ ❢r❡q✉❡♥❝② ❜❡t✇❡❡♥ ✺✵ ▼❍③ ❛♥❞ ✶ ●❍③✱ ✇❤✐❧❡ ♠♦♥✐t♦r✐♥❣ t❤❡
❝♦♥❞✉❝t❛♥❝❡ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ r❡❝♦r❞❡❞ ❜② ❧♦❝❦✲✐♥ ❞❡t❡❝t✐♦♥✳ ❚❤❡ ♦✉t♣✉t
♣♦✇❡r ♦❢ t❤❡ s✐❣♥❛❧ ❣❡♥❡r❛t♦r ✐s s❡t ❜❡t✇❡❡♥ ✲✹✵❞❇♠ ❛♥❞ ✲✺✵ ❞❇♠✱ t♦ ❣❡♥❡r❛t❡ ❛ ❧❛r❣❡
♠♦t✐♦♥ ❛♠♣❧✐t✉❞❡ ❛♥❞ t❤✉s ❢❛❝✐❧✐t❛t✐♥❣ ✐ts ❞❡t❡❝t✐♦♥✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ s✇❡❡♣ ✐s
❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✹✳✷✺✳

■♥ ❋✐❣✳ ✹✳✷✺✱ ♦♥❡ ✇✐❧❧ ♥♦t✐❝❡ ✇✐❞❡ r❡s♦♥❛♥❝❡ ❢❡❛t✉r❡s ✇✐t❤ ❛ ❋❲❍▼ ♦❢ ❛ ❢❡✇ t❡♥s ♦❢
▼❍③✳ ❚❤♦s❡ ❧♦✇✲Q r❡s♦♥❛♥❝❡s ✭Q ∼ 10−100✮ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ ❢♦r ✐♥st❛♥❝❡ t♦ r❡s♦♥❛♥❝❡s
✐♥ t❤❡ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ✐ts❡❧❢ ✭❘❋ ❝♦❛① ❝❛❜❧❡✱ ❡t❝✳✳✳✮ ❛♥❞ s❤❛❧❧ ❜❡ ❞✐sr❡❣❛r❞❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✭r❡❞ ❛rr♦✇s ✐♥ ❋✐❣✳ ✹✳✷✺✮✳

▼♦r❡ ✐♥t❡r❡st✐♥❣❧②✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ s❤❛r♣ ❝♦♥❞✉❝t❛♥❝❡ ♣❡❛❦s ✭∆dI/dV > 0✮ ♦r ❞✐♣s
✭∆dI/dV < 0✮✱ ✇✐t❤ ❛ ❋❲❍▼ ♦❢ ❛ ❢❡✇ ❤✉♥❞r❡❞ ❦❍③ ❛♥❞ ❛ r❡❧❛t✐✈❡ ❛♠♣❧✐t✉❞❡ ❝❤❛♥❣❡ ♦❢
|∆dI/dV |/|dI/dV | ≈ 5% ❛t t❤♦s❡ ❘❋ ♣♦✇❡r s❡tt✐♥❣s ✭❜❧✉❡ ❛rr♦✇s ❛♥❞ ✐♥s❡t ❋✐❣✳ ✹✳✷✺✮✳
❚❤♦s❡ ❤✐❣❤✲Q r❡s♦♥❛♥❝❡ ❧✐♥❡s ✭Q ∼ 1000✮ ❛r❡ ❛ ✜rst str♦♥❣ ✐♥❞✐❝❛t✐♦♥ ❢♦r ❛ ♠❡❝❤❛♥✐❝❛❧
❜❡♥❞✐♥❣ ♠♦❞❡ ✐♥ t❤❡ r❡s♦♥❛t♦r✳

❍♦✇❡✈❡r✱ ♦♥❡ ❤❛s t♦ t❤❡ ❝♦♥✜r♠ t❤❡ ♥❛t✉r❡ ♦❢ t❤♦s❡ r❡s♦♥❛♥❝❡s ✉s✐♥❣ ❛ s❡t ♦❢ ✧✜♥✲
❣❡r♣r✐♥ts✧ ✉♥✐q✉❡ t♦ ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇❤✐❝❤ ✇❡
✐♥tr♦❞✉❝❡❞ ✐♥ ❝❤❛♣t❡r ✸✳

❉r✐✈✐♥❣ ♣♦✇❡r ❛♥❞ ❤✐❣❤ q✉❛❧✐t② ❢❛❝t♦r Q

❆❝❝♦r❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✸✳✷✱ ❛ ✜rst ❝❤❛r❛❝t❡r✐st✐❝ ✜♥❣❡r♣r✐♥t ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛♥❝❡
✐s ✐ts ❞❡♣❡♥❞❛♥❝❡ ♦♥ t❤❡ ❛❝t✉❛t✐♦♥ ♣♦✇❡r✳ ❆t ❤✐❣❤ ❞r✐✈✐♥❣ ♣♦✇❡r✱ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
r❡s♦♥❛t♦r ❡①❤✐❜✐ts ❛ str♦♥❣❧② ♥♦♥❧✐♥❡❛r ❜❡❤❛✈✐♦r✳ ❯♣♦♥ ❞❡❝r❡❛s✐♥❣ t❤❡ ❞r✐✈✐♥❣ ♣♦✇❡r✱ t❤❡
r❡s♦♥❛t♦r ✐s ❡✈♦❧✈✐♥❣ ❢r♦♠ ❛ ❉✉✣♥❣✲❧✐❦❡ ♦s❝✐❧❧❛t♦r t♦ ❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✭❋✐❣✳ ✹✳✷✻❛✮✳
❚❤❡ r❡s♦♥❛♥❝❡ ❡✈❡♥t✉❛❧❧② ✈❛♥✐s❤❡s✱ ♦♥❝❡ t❤❡ ❞r✐✈✐♥❣ ♣♦✇❡r ❞r♦♣s ❜❡❧♦✇ ❛ t❤r❡s❤♦❧❞ ✈❛❧✉❡✱
✇❤✐❝❤ ✐s t②♣✐❝❛❧❧② ♦♥ t❤❡ ♦r❞❡r ♦❢ ✲✽✵ ❞❇♠ ❢♦r ♦✉r ❞❡✈✐❝❡s✳

❆t ❛ ❞r✐✈✐♥❣ ♣♦✇❡r ❥✉st ❛❜♦✈❡ t❤r❡s❤♦❧❞✱ t❤❡ r❡s♦♥❛t♦r ❜❡❤❛✈❡s ❛s ❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r
❛♥❞ ❡①❤✐❜✐ts ❛ t②♣✐❝❛❧ ▲♦r❡♥t③✐❛♥ ❧✐♥❡ s❤❛♣❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ q✉❛❧✐t② ❢❛❝t♦r ✐s ♦♥ t❤❡
♦r❞❡r ♦❢ Q ∼ 104−105 ✭❋✐❣✳ ✹✳✷✻❜✮ ✇❤✐❝❤ ✐s t♦ ❜❡ ❡①♣❡❝t❡❞ ❢♦r ✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ✭❙❡❝t✐♦♥ ✸✳✷✮✳



✹✳✻✳ Pr♦❜✐♥❣ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t
❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡ ✾✺
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� f = 15 kHz

Q = 20500

❋✐❣✉r❡ ✹✳✷✻✿ ❇❡♥❞✐♥❣ ♠♦❞❡ r❡s♦♥❛♥❝❡ ✧♣♦✇❡r✧ ✜♥❣❡r♣r✐♥t✿ ✭❛✮ ❆t ❤✐❣❤ ❞r✐✈✐♥❣ ♣♦✇❡r✱ t❤❡
r❡s♦♥❛t♦r s❤♦✇s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❛s②♠❡tr✐❝ ❧✐♥❡ s❤❛♣❡ ♦❢ ❛ ❉✉✣♥❣ ♦s❝✐❧❧❛t♦r ✭r❡❞✮✳ ❆t
❧♦✇ ❞r✐✈✐♥❣✱ t❤❡ r❡s♦♥❛t♦r ❡✈♦❧✈❡s ✐♥t♦ ❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✇✐t❤ ❛ t②♣✐❝❛❧ ▲♦r❡♥t③✐❛♥ ❧✐♥❡
s❤❛♣❡ ✭❣r❡❡♥ ❛♥❞ ❜❧✉❡✮✳ ❚❤❡ r❡s♦♥❛♥❝❡ ❞✐s❛♣♣❡❛rs ✐❢ t❤❡ ♣♦✇❡r ❞r♦♣s ❜❡❧♦✇ ❛ t❤r❡s❤♦❧❞
✈❛❧✉❡ ✭❧✐❣❤t ❜❧✉❡✮✳ ✭❜✮ ❲❡ ❝❛❧❝✉❧❛t❡ ❛ q✉❛❧✐t② ❢❛❝t♦r ♦❢ ✷✵✵✵✵ ✐♥ t❤❡ ❧✐♥❡❛r ❞r✐✈✐♥❣ r❡❣✐♠❡
❛t PRF = −75 ❞❇♠✳



✾✻
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

❙✐♥❣❧❡ ❡❧❡❝tr♦♥ ♠♦❞✉❧❛t✐♦♥

❆ s❡❝♦♥❞ ✜♥❣❡r♣r✐♥t ✐s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣❛t❡
✈♦❧t❛❣❡ ❛t ❧♦✇ ❞r✐✈✐♥❣ ♣♦✇❡r✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✹✱ ✉♣♦♥ t✉♥✐♥❣ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡
t❤r♦✉❣❤ ❛ ❞❡❣❡♥❡r❛❝② ♣♦✐♥t✱ ❛ s♦❢t❡♥✐♥❣ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❞✉❡ t♦ s✐♥❣❧❡ ❡❧❡❝tr♦♥
✢✉❝t✉❛t✐♦♥ ❛s ✇❡❧❧ ❛s ❛ s✐❣♥ ❝❤❛♥❣❡ ♦❢ ∆dI/dV ✇✐❧❧ ♦❝❝✉r ✭❋✐❣✳ ✹✳✷✼✮✳

❋✐❣✉r❡ ✹✳✷✼✿ ❇❡♥❞✐♥❣ ♠♦❞❡ r❡s♦♥❛♥❝❡ ✧❙❊❚✧ ✜♥❣❡r♣r✐♥t✿ ❚❤❡ ✉♣♣❡r ♣❛♥❡❧ ❞❡♣✐❝ts t❤❡
❝❤❛♥❣❡ ✐♥ ❝♦♥❞✉❝t❛♥❝❡ ∆dI/dV ✐♥❝✉❞❡❞ ❜② ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢r❡✲
q✉❡♥❝② ❛♥❞ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡ ❛t PRF = −70 ❞❇♠✳ ❚❤❡ ❜♦tt♦♠ ♣❛♥❡❧ ❞❡♣✐❝ts ❝♦♥❞✉❝t❛♥❝❡
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡✳

❍❛r♠♦♥✐❝ ❢r❡q✉❡♥❝② s♣❡❝tr✉♠

❋✐♥❛❧❧②✱ t❤❡ ❜❡♥❞✐♥❣ ♠♦❞❡ r❡s♦♥❛♥❝❡ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ s❤♦✉❧❞ ❡①❤✐❜✐t ❛ ❤❛r♠♦♥✐❝
❢r❡q✉❡♥❝② s♣❡❝tr✉♠✳ ❋♦r ❛ ❤❛r♠♦♥✐❝ s♣❡❝tr✉♠✱ t❤❡ nth r❡s♦♥❛♥❝❡ ♠♦❞❡ ✐s ❣✐✈❡♥ ❜②
fn = nf0✱ ✇❤❡r❡ n ∈ N ❛♥❞ f0 t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ✭❋✐❣✳ ✹✳✷✽✮✳ ❚❤❡
♥♦r♠❛❧✐③❡❞ ♠♦❞❡ ❢r❡q✉❡♥❝② fn/nf0 s❤♦✉❧❞ t❤❡r❡❢♦r❡ ❜❡ ❡q✉❛❧ t♦ ✶✱ ✇✐t❤ ❡rr♦r ♠❛r❣✐♥ ♦❢
✶✪ ✭✐♥s❡t ❋✐❣✳ ✹✳✷✽✮✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ❛ ❤❛r♠♦♥✐❝ s♣❡❝tr✉♠ ❧✐❦❡ ✐♥ ❋✐❣✳ ✹✳✷✽ ✐s ✉s✉❛❧❧② ❞✐✣❝✉❧t t♦
♦❜s❡r✈❡✱ s✐♥❝❡ t❤❡ s✐❣♥❛❧ ❛♠♣❧✐t✉❞❡ ❞❡❝r❡❛s❡s ❛s n−4✳ ■♥ ♠♦st ❝❛s❡s ♦♥❧② t❤❡ ❢✉♥❞❛♠❡♥t❛❧



✹✳✼✳ ❋✉♥❝t✐♦♥♥❛❧✐③❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡
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❋✐❣✉r❡ ✹✳✷✽✿ ❍❛r♠♦♥✐❝ ❢r❡q✉❡♥❝② s♣❡❝tr✉♠ ♦❢ ❛ ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡✿ ❚❤❡ r❡s♦♥❛♥❝❡
❢r❡q✉❡♥❝② ✐s ❞✐r❡❝t❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♠♦❞❡ ♥✉♠❜❡r✳ ❚❤❡ ✐♥s❡t s❤♦✇s t❤❡ ♥♦r♠❛❧✐③❡❞
❢r❡q✉❡♥❝② fn/nf0 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠♦❞❡ ♥✉♠❜❡r✳

❛♥❞ t❤❡ ✜rst ❤❛r♠♦♥✐❝ ❛r❡ ♦❜s❡r✈❡❞✱ ✇❤✐❝❤ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❡ ❤❛r♠♦♥✐❝ ♥❛t✉r❡
♦❢ t❤❡ ❢r❡q✉❡♥❝② s♣❡❝tr✉♠✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❤✐❣❤ q✉❛❧✐t② ❢❛❝t♦r Q ∼ 104 − 105 t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡s❝r✐❜❡❞
❞r✐✈❡ ♣♦✇❡r ❛♥❞ ❙❊❚ ❞❡♣❡♥❞❛♥❝❡ ❛r❡ ❝♦♥s✐❞❡r❡❞ s✉✣❝✐❡♥t ❡✈✐❞❡♥❝❡ ❢♦r ❛ ❜❡♥❞✐♥❣ ♠♦❞❡
r❡s♦♥❛♥❝❡ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳

✹✳✼ ❋✉♥❝t✐♦♥♥❛❧✐③❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤

❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡ts

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❞❡♠♦♥str❛t❡ t❤❡ ❣r❛❢t✐♥❣ ♦❢ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣✲
♥❡ts ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷✮ t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❜② ❞r♦♣ ❝❛st✐♥❣ ❢r♦♠ s♦❧✉t✐♦♥ ❛♥❞
s✉❜s❡q✉❡♥t s✉♣❡r❝r✐t✐❝❛❧ ♣♦✐♥t ❞r②✐♥❣✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t s♦❧✉t✐♦♥ ❜❛s❡❞ ❣r❛❢t✐♥❣ ❝♦♥✲
s❡r✈❡s t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❚❜3+ ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ◆❊▼❙ ❢♦r ❛ ✈❡r② ❧♦✇ ❞❡♥s✐t② ♦❢ ❣r❛❢t❡❞ ❚❜P❝2✳ ❚❤❡ ❧❛tt❡r ♣♦✐♥t ✐s ❦❡② t♦ t❤❡
❢❛❜r✐❝❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❜❛s❡❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s✳



✾✽
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

✹✳✼✳✶ ●r❛❢t✐♥❣ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts t♦ ❝❛r❜♦♥ ♥❛♥✲

♦t✉❜❡ ◆❊▼❙

❚❤❡ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❛s s②♥t❤❡s✐③❡❞ ❛t t❤❡
❑❛r❧sr✉❤❡ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣② ❜② ▼❛r✐♦ ❘✉❜❡♥ ❛♥❞ ❙✈❡t❧❛♥❛ ❑❧②❛ts❦❛②❛ ❬✸✼❪✳ ■t
❝♦♥s✐sts ♦❢ ❛ s✐♥❣❧❡ ❚❜3+ ✐♦♥ ❜❡❛r✐♥❣ ❛♥ ✉♥✐❛①✐❛❧ ❛♥✐s♦tr♦♣✐❝ s♣✐♥ J = 6 s❛♥❞✇✐❝❤❡❞
❜❡t✇❡❡♥ t✇♦ ♦r❣❛♥✐❝ ♣❤t❤❛❧♦❝②❛♥✐♥❡ ✭P❝✮ ❧✐❣❛♥❞ ♣❧❛♥❡s ✭❋✐❣✳ ✻✳✷✮✳ ❚❤❡ ❚❜P❝2✯ ❤❛s ❛ S =

1/2 r❛❞✐❝❛❧ ❞❡❧♦❝❛❧✐③❡❞ ♦✈❡r t❤❡ P❝ ❧✐❣❛♥❞ ♣❧❛♥❡s✳ ❉✉❡ t♦ π✲π ✐♥t❡r❛❝t✐♦♥✱ t❤✐s r❛❞✐❝❛❧ ❝❛♥
❤②❜r✐❞✐③❡ ✇✐t❤ t❤❡ π✲❡❧❡❝tr♦♥s ♦❢ ❛♥② ❢♦r♠ ♦❢ s♣2✲❝❛r❜♦♥ ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ ♠❛❣♥❡t✐❝
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❚❜3+ ✐♦♥✱ t❤✉s ♣r♦♠♦t✐♥❣ t❤❡ ❣r❛❢t✐♥❣ t♦ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❬✸✼✱ ✹✽❪✳

❋✐❣✉r❡ ✹✳✷✾✿ ❚❜P❝2✯ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡t✿ ❆ ❚❜3+ ✐♦♥ ✇✐t❤ ❛♥ ✉♥✐❛①✐❛❧ ❛♥✐s♦tr♦♣✐❝
s♣✐♥ J = 6 ✐s s❛♥❞✇✐❝❤❡❞ ❜② t✇♦ ♣❤t❤❛❧♦❝②❛♥✐♥❡ ❧✐❣❛♥❞ ♣❧❛♥❡s✳ ❆ ♣②r❡♥❡ ❛r♠ ❛♥❞
s✐① ❤❡①②❧ ❣r♦✉♣s s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡ t❤❡ ❣r❛❢t✐♥❣ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❙▼▼ t♦ s♣2 ❝❛r❜♦♥
s②st❡♠s✳

❚❤❡ ♣②r❡♥❡ ❛r♠ ❛♥❞ t❤❡ s✐① ❤❡①②❧ ❣r♦✉♣s ❛❞❞❡❞ t♦ ♦♥❡ ♦❢ t❤❡ P❝ ♣❧❛♥❡s ❛r❡ ❦♥♦✇♥ ❢♦r
❛♥ ❛ttr❛❝t✐✈❡ ✈❛♥ ❞❡r ❲❛❛❧s ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ s♣2✲❝❛r❜♦♥ ❛♥❞ ❢✉rt❤❡r ❡♥❤❛♥❝❡ t❤❡ ❣r❛❢t✐♥❣
❡✣❝✐❡♥❝② ❬✸✼✱ ✹✽❪✳ ▼♦r❡♦✈❡r t❤❡ ❤❡①②❧ ❣r♦✉♣s ✐♥❞✉❝❡ ❛ st❡r✐❝ ❤✐♥❞r❛♥❝❡ ✐♥ t❤❡ ♠♦❧❡❝✉❧❡
✇❤✐❝❤ ♣r❡✈❡♥ts t❤❡ r❡❛❣❣r❡❣❛t✐♦♥ ♦❢ t❤❡ ❚❜P❝2✯ ✐♥ ❛ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❚❜P❝2✯
❝❧✉st❡rs ♦♥ t❤❡ s✐❞❡✇❛❧❧ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❬✹✽❪✳

❚❤❡ ❚❜P❝2✯ ♠♦❧❡❝✉❧❡s ✇❡r❡ s②♥t❤❡s✐③❡❞ ✐♥ ❢♦r♠ ♦❢ ❛ ❞❛r❦ ❣r❡❡♥ ♣♦✇❞❡r ❛♥❞ ❞✐ss♦❧✈❡❞
✐♥ ❞✐❝❤❧♦r♦♠❡t❤❛♥❡✳ ❚❤❡ s✉s♣❡♥s✐♦♥ ✐s t❤❡♥ ❞r♦♣ ❝❛st❡❞ ♦♥ t❤❡ s❛♠♣❧❡ ❛❢t❡r t❤❡ s❡❧❡❝✲
t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✺✮✳ ❚❤❡ s❛♠♣❧❡ ✐s r✐♥s❡❞ ✐♥
❞✐❝❤❧♦r♦♠❡t❤❛♥❡ ❛♥❞ ✐s♦♣r♦♣❛♥♦❧ ❢♦r ✺ ♠✐♥✉t❡s ❡❛❝❤✳ ❚❤❡ r✐♥s✐♥❣ s❤♦✉❧❞ r❡♠♦✈❡ ❛❧❧ ♥♦♥
♦r ✇❡❛❦❧② ❣r❛❢t❡❞ ♠♦❧❡❝✉❧❡s ❢r♦♠ t❤❡ ♥❛♥♦t✉❜❡s ❛♥❞ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s❛♠♣❧❡✳

❚❤❡ ✜♥❛❧ ❛♥❞ ♠♦st ❝r✐t✐❝❛❧ ♣❛rt ♦❢ t❤✐s ❞❡♣♦s✐t✐♦♥ ✐s r❡♠♦✈✐♥❣ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ✐s♦✲



✹✳✼✳ ❋✉♥❝t✐♦♥♥❛❧✐③❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡
▼❛❣♥❡ts ✾✾

♣r♦♣❛♥♦❧ ❞r♦♣ ❛❢t❡r t❤❡ r✐♥s✐♥❣✳ ❖♥❡ ❝♦✉❧❞ r❡♠♦✈❡ t❤❡ ❞r♦♣ ✉♥❞❡r ❛ ✢♦✇ ♦❢ ♥✐tr♦❣❡♥ ♦r
❜② ❡✈❛♣♦r❛t✐♥❣ t❤❡ r❡♠❛✐♥✐♥❣ s♦❧✈❡♥t✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ ♠❡♥✐s❝✉s ♦❢ t❤❡ ❞r♦♣ ♠♦✈❡s ❛❝r♦ss
t❤❡ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞✉r✐♥❣ t❤❡ ❞r②✐♥❣✱ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✐s r✐♣♣❡❞ ❛♣❛rt
❜② t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ♦❢ t❤❡ ❞r♦♣ ✭❋✐❣✳ ✹✳✸✵❛✮✳

✭❛✮

✭❜✮

❋✐❣✉r❡ ✹✳✸✵✿ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛❢t❡r ❚❜P❝2 ❞❡♣♦s✐t✐♦♥ ✭❢❛❧s❡ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡✮✿ ✭❛✮
❈❧❛ss✐❝❛❧ ❞r②✐♥❣ ✭N2 ❜❧♦✇✱ ❤❡❛t✐♥❣✮ r❡s✉❧ts ✐♥ ❝❛♣✐❧❧❛r✐t② ❢♦r❝❡s ❛❧♦♥❣ t❤❡ s❛♠♣❧❡ s✉r❢❛❝❡
✇❤✐❝❤ t❡❛r t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛♣❛rt✳ ❚❤❡ r✉♣t✉r❡ ✐s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ r❡❞ ❛rr♦✇s✳ ✭❜✮
❙✉♣❡r❝r✐t✐❝❛❧ ♣♦✐♥t ❞r②✐♥❣ ♣r❡✈❡♥ts t❤❡ r✉♣t✉r✐♥❣ ♦❢ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳

❙✉❝❤ ❝❛♣✐❧❧❛r✐t② ❡✛❡❝ts ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ❜② ✉s✐♥❣ ❛ ♣r♦❝❡ss ❦♥♦✇♥ ❛s s✉♣❡r❝r✐t✐❝❛❧
♣♦✐♥t ❞r②✐♥❣✳ ❚❤❡ ❧✐q✉✐❞ ✐s ✜rst ♣❧❛❝❡❞ ✐♥t♦ ❛ r❡❣✐♦♥ ♦❢ t❤❡ (p, T ) ♣❤❛s❡ ❞✐❛❣r❛♠ ❛❜♦✈❡
t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t✱ ✇✐t❤♦✉t ❝r♦ss✐♥❣ t❤❡ ❧✐q✉✐❞✲❣❛s ♣❤❛s❡ ❜♦✉♥❞❛r② ✭❋✐❣✳ ✹✳✸✶❛✮✳ ■♥ t❤✐s
s✉♣❡r❝r✐t✐❝❛❧ st❛t❡✱ ❛ ❧✐q✉✐❞ ❛♥❞ ❛ ❣❛s ❝❛♥ ♥♦ ❧♦♥❣❡r ❜❡ ❞✐st✐♥❣✉✐s❤❡❞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡
t❤❡ ♠❡♥✐s❝✉s s❡♣❛r❛t✐♥❣ t❤❡ ❧✐q✉✐❞ ❢r♦♠ t❤❡ ❣❛s ✈❛♥✐s❤❡s ❛♥❞ ♥♦ ❝❛♣✐❧❧❛r✐t② ❢♦r❝❡s ✇✐❧❧ ❛❝t
♦♥ t❤❡ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✉♣♦♥ t❤❡ r❡t✉r♥ ✐♥t♦ t❤❡ ❣❛s ♣❤❛s❡ ✭❋✐❣✳ ✹✳✸✶❛✮✳ ❚❤❡
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡♠❛✐♥s ✐♥t❛❝t ✉♣♦♥ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ✭❋✐❣✳ ✹✳✸✵❜✮✳

❲❡ ♣❡r❢♦r♠❡❞ ❛ s✉♣❡r❝r✐t✐❝❛❧ ♣♦✐♥t ❞r②✐♥❣ ✐♥ ❛ ❚♦✉s✐♠✐s ❆✉t♦s❛♠❞r✐ ✽✶✺ ✭❋✐❣✳ ✹✳✸✶❜✮✳
❚❤❡ s❛♠♣❧❡ ✐s tr❛♥s❢❡r❡❞ ✐♥t♦ t❤❡ ❝❤❛♠❜❡r✱ ✇❤✐❝❤ ✇❛s ♣r❡✈✐♦✉s❧② ✜❧❧❡❞ ✇✐t❤ ✐s♦♣r♦♣❛♥♦❧✳
❚❤❡ ❝❤❛♠❜❡r ✐s ❝♦♦❧❡❞ t♦ ✷✼✵ ❑ ❛♥❞ t❤❡ ❛❧❝♦❤♦❧ ✐s r❡♣❧❛❝❡❞ ❜② ❧✐q✉✐❞ ❈❖2✳ ❆s ❛ ❝♦♥✲
s❡q✉❡♥❝❡✱ t❤❡ ♣r❡ss✉r❡ r✐s❡s t♦ ✽✵ ❜❛r ❛♥❞ t❤❡ ❝❤❛♠❜❡r ✐s ❤❡❛t❡❞ t♦ ✸✶✵ ❑✱ ❛❜♦✈❡ t❤❡



✶✵✵
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

✭❛✮
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❋✐❣✉r❡ ✹✳✸✶✿ ❈r✐t✐❝❛❧ ♣♦✐♥t ❞r②✐♥❣✿ ✭❛✮ ❈❖2 ♣❤❛s❡ ❞✐❛❣r❛♠✳ ❆ s✉♣❡r❝r✐t✐❝❛❧ ♣♦✐♥t ❞r②✐♥❣
✭r❡❞ ♣❛t❤✮ ❛❧❧♦✇s t♦ ♣❡r❢♦r♠ ❛ ❧✐q✉✐❞✲❣❛s ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✇✐t❤♦✉t ❝r♦ss✐♥❣ t❤❡ ♣❤❛s❡
❜♦✉♥❞❛r②✳ ✭❜✮ ❚♦✉s✐♠✐s ❆✉t♦s❛♠❞r✐ ✽✶✺ ❝r✐t✐❝❛❧ ♣♦✐♥t ❞r②❡r✳

❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ❈❖2 ✭pc = 73.8 ❜❛r✱ Tc = 304.5 ❑✮✳ ❯♣♦♥ r❡❞✉❝✐♥❣ t❤❡ ♣r❡ss✉r❡✱ t❤❡ ❈❖2

t✉r♥s ✐♥t♦ ❛ ❣❛s ❛♥❞ ❝❛♥ ❜❡ ♣✉r❣❡❞ ❢r♦♠ t❤❡ ❝❤❛♠❜❡r✳



✹✳✼✳ ❋✉♥❝t✐♦♥♥❛❧✐③❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡
▼❛❣♥❡ts ✶✵✶

✹✳✼✳✷ ❈♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ◆❊▼❙✬s ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ t❤❡ ❚❜P❝2
♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s

❲❡ ♣❡r❢♦r♠❡❞ ❞❡♣♦s✐t✐♦♥s ♦❢ ❚❜P❝2✯ ♠♦❧❡❝✉❧❡s ♦♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❢r♦♠ s♦❧✉t✐♦♥s
✇✐t❤ ❚❜P❝2✯ ❝♦♥❝❡♥tr❛t✐♦♥s r❛♥❣✐♥❣ ❢r♦♠ 10−7 t♦ 5 · 10−6 ♠♦❧✴▲✳ ❚❤❡ ❢✉♥❝t✐♦♥♥❛❧✐③❡❞
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛r❡ ❝♦♦❧❡❞ ❞♦✇♥ t♦ t❡♠♣❡r❛t✉r❡s ♦❢ ✷✵ ♠❑ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡
❚❜P❝2✯ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ❛♥❞ t❤❡ ◆❊▼❙ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥✳

▼❛❣♥❡t✐❝ ✜♥❣❡r♣r✐♥t

■t ✇❛s ♣r❡✈✐♦✉s❧② ❞❡♠♦♥str❛t❡❞✱ t❤❛t t❤❡ ✈❛♥ ❞❡r ❲❛❛❧s ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❚❜P❝2✯
P❝ ❧✐❣❛♥❞ ♣❧❛♥❡s ❛♥❞ t❤❡ s✐❞❡✇❛❧❧ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❧❡❛✈❡s t❤❡ ♠❛❣♥❡t✐s♠ ♦❢ t❤❡
❚❜3+ ✐♦♥ ✐♥t❛❝t ❬✸✼✱ ✹✽❪✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✷✱ ❛ ❝❤❛r❛❝t❡r✐st✐❝ s♣✐♥ ✈❛❧✈❡ ❜❡❤❛✈✐♦r
✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❡❧❡❝tr♦♥✐❝ tr❛♥s♣♦rt ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦ts ❢✉♥❝t✐♦♥♥❛❧✐③❡❞
✇✐t❤ ❚❜P❝2✯✳ ■t ✇❛s ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ♦❢ t❤✐s s♣✐♥ ✈❛❧✈❡ ❡✛❡❝t
✐s ✐♥ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ✉♥✐❛①✐❛❧ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ❚❜3+ s♣✐♥ ❛♥❞ t❤❡r❡❢♦r❡
♣r♦✈✐❞❡s ❛ ♠❛❣♥❡t✐❝ ✜♥❣❡r♣r✐♥t ❢♦r t❤❡ ❚❜P❝2✯ ❙▼▼ ❬✹✽❪✳

❲❡ ♦❜s❡r✈❡ t❤✐s ♠❛❣♥❡t✐❝ ✜♥❣❡r♣r✐♥t ♦♥ ✶✵✵ ✪ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞❡✈✐❝❡s ❛❢t❡r
❣r❛❢t✐♥❣✱ ✐♥❞✐❝❛t✐♥❣ ❛ ❤✐❣❤❧② ❡✣❝✐❡♥t ❣r❛❢t✐♥❣ ♣r♦❝❡ss ✇❤✐❝❤ ❝♦♥s❡r✈❡s t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣✲
❡rt✐❡s ♦❢ ❚❜3+ ✐♦♥ ❛s ❞❡♠♦♥str❛t❡❞ ✐♥ ♣r❡✈✐♦✉s ✇♦r❦s ❬✸✼✱ ✹✽❪✳ ❲❡ ♣❡r❢♦r♠❡❞ ♠❛❣♥❡t✐❝
✜❡❧❞ s✇❡❡♣s ✭tr❛❝❡ ❛♥❞ r❡tr❛❝❡✮ ❛t ❞✐✛❡r❡♥t ✜❡❧❞ ♦r✐❡♥t❛t✐♦♥s✳ ❋✐❣✳ ✹✳✸✷ ❞❡♣✐❝ts t❤❡ ❞✐✛❡r✲
❡♥❝❡ ✐♥ ❝♦♥❞✉❝t❛♥❝❡ ❜❡t✇❡❡♥ tr❛❝❡ ❛♥❞ r❡tr❛❝❡✱ ✐✳❡✳ t❤❡ ♠❛❣♥❡t✐❝ ❤②st❡r❡s✐s ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❣❧❡ ❢♦r t✇♦ ❚❜P❝2✯ ❝♦♥❝❡♥tr❛t✐♦♥s✳ ❆t ❤✐❣❤ ❚❜P❝2✯ ❝♦♥❝❡♥tr❛t✐♦♥
♦❢ 5·10−6 ♠♦❧✴▲ ♦♥❡ ♦❜s❡r✈❡s ❛t ❧❡❛st t✇♦ ❡❛s② ❛①✐s ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t✇♦
❚❜P❝2✯ ❙▼▼✬s ✇✐t❤ ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥s ✭❋✐❣✳ ✹✳✸✷❛✮✳ ❖♥❡ ❝❛♥ s✉❜s❡q✉❡♥t❧② r❡❞✉❝❡ t❤❡
❚❜P❝2✯ ❝♦♥❝❡♥tr❛t✐♦♥ ✉♥t✐❧ ♦♥❡ ❡❛s② ❛①✐s ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❛ttr✐❜✉t❡❞ t♦ ❛ s✐♥❣❧❡ ❚❜P❝2✯
♠♦❧❡❝✉❧❡ r❡♠❛✐♥s ✭❋✐❣✳ ✹✳✸✷❜✮✳

▼❡❝❤❛♥✐❝❛❧ ✜♥❣❡r♣r✐♥t

❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❞❡s❝r✐❜❡❞
✐♥ ❙❡❝t✐♦♥ ✹✳✻✳✸✳

❋♦r ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❚❜P❝2✯ ♦❢ 10−7 ♠♦❧✴▲ ✐♥ s♦❧✉t✐♦♥✱ ✇❡ ♦❜s❡r✈❡ ❛ ♠❡❝❤❛♥✐❝❛❧
r❡s♦♥❛♥❝❡ ✇✐t❤ ❛ ❢r❡q✉❡♥❝② ❛r♦✉♥❞ ✶✵✵ ▼❍③ ❛♥❞ ❛ q✉❛❧✐t② ❢❛❝t♦rs ♦♥ t❤❡ ♦r❞❡r ♦❢ Q ∼
6000 ❢♦r ❧♦✇ ❞r✐✈❡ ♣♦✇❡r ✭❋✐❣✳ ✹✳✸✸❛✮✳ ❚❤❡ ❞r✐✈❡ ♣♦✇❡r ❛♥❞ t❤❡ ❣❛t❡ ❞❡♣❡♥❞❛♥❝❡s ❛r❡
❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✭❋✐❣✳ ✹✳✸✸ ❜
❛♥❞ ❝✱ r❡s♣❡❝t✐✈❡❧②✮✳

❚❤❡ ♦❜s❡r✈❡❞ q✉❛❧✐t② ❢❛❝t♦r ❛t ❧♦✇ ❞r✐✈❡ ♣♦✇❡r ✐s ❛t ❧❡❛st ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r
t❤❛♥ ❢♦r ✉❧tr❛❝❧❡❛♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❚❤❡ r❡s✉❧t ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❣r❛❢t❡❞ ❚❜P❝2✯
♠♦❧❡❝✉❧❡s ✐♥❞✉❝❡ ❛❞❞✐t✐♦♥❛❧ ❞❛♠♣❡♥✐♥❣ t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ♦❢ t❤❡ ♥❛♥♦t✉❜❡✳ ■♥❞❡❡❞
❛ ❚❜P❝2✯ ❙▼▼ ❣r❛❢t❡❞ t♦ t❤❡ s✐❞❡✇❛❧❧ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t✇♦✲❧❡✈❡❧
s②st❡♠ ✭❚▲❙✮ ❛♥❞ ✐♥❞✉❝❡ ❛❞❞✐t✐♦♥❛❧ ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ ◆❊▼❙ ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✹ ❢♦r ❞❡t❛✐❧s



✶✵✷
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

(a)

(b)

❋✐❣✉r❡ ✹✳✸✷✿ ▼❛❣♥❡t✐❝ ✜♥❣❡r♣r✐♥t ❢♦r ❚❜P❝2✯ ❙▼▼ ❛t s♦❧✉t✐♦♥ ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ ✭❛✮
5 ·10−6 ♠♦❧✴▲ ❛♥❞ ✭❜✮ 5 ·10−7 ♠♦❧✴▲✳ ❚❤❡ ❛rr♦✇s ❞❡♣✐❝t t♦ t❤❡ ❡❛s② ❛①✐s ♦❢ t❤❡ r❡s♣❡❝t✐✈❡
♠♦❧❡❝✉❧❡ ✇❤❡r❡❛s t❤❡ ❞❛s❤❡❞ ❧✐♥❡s ✐♥❞✐❝❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✇✐t❝❤✐♥❣ ✜❡❧❞s✳ ❚❤❡ ✇❤✐t❡
❝♦❧♦r ❝♦❞❡ ✐♥❞✐❝❛t❡s ❛ r❡❣✐♦♥ ♦❢ ③❡r♦ ♠❛❣♥❡t✐❝ ❤②st❡r❡s✐s✱ ✇❤❡r❡❛s t❤❡ ❜❧✉❡ ♦r r❡❞ ❝♦❧♦r
❝♦❞❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❜✐st❛❜❧❡ r❡❣✐♦♥✳



✹✳✼✳ ❋✉♥❝t✐♦♥♥❛❧✐③❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡
▼❛❣♥❡ts ✶✵✸

♦♥ ❞✐ss✐♣❛t✐♦♥ ♣r♦❝❡ss❡s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✮✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❚❜P❝2✯ ♠❛ss ❧♦❛❞
❛❧s♦ r❡❞✉❝❡s t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❛♥❞ ❤❡♥❝❡ t❤❡ q✉❛❧✐t② ❢❛❝t♦r✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t
✇❡ ❝❛♥♥♦t ❞❡t❡r♠✐♥❡ t❤❡ ❡①❛❝t ❝❤❛♥❣❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✳ ■♥ ♦r❞❡r t♦ ❛ss❡ss t❤❡
❢r❡q✉❡♥❝② s❤✐❢t ❞✉❡ t♦ t❤❡ ♠❛ss ❧♦❛❞✱ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ♠♦t✐♦♥ ❤❛s t♦ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞
❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❞❡♣♦s✐t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s ✐♠♣❧✐❡s ❛ t❤❡r♠❛❧
❝②❝❧✐♥❣ ♦❢ t❤❡ s❛♠♣❧❡✱ ✇❤✐❝❤ ♣r♦✈❡❞ t♦ ❜❡ ❞❡tr✐♠❡♥t❛❧ t♦ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ s❛♠♣❧❡ ❛♥❞
♠❛❦✐♥❣ ❛♥② ❛ss❡ss♠❡♥t ✐♠♣♦ss✐❜❧❡✳

(a)

(c)

(b)

❋✐❣✉r❡ ✹✳✸✸✿ ❋✐♥❣❡r♣r✐♥t ♦❢ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙
❢✉♥❝t✐♦♥❛❧✐③❡❞ ✇✐t❤ ❚❜P❝2✯ ❙▼▼✳ ❚❤❡ ❚❜P❝2✯ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ s♦❧✉t✐♦♥ ✐s 10−7 ♠♦❧✴▲✳
✭❛✮ ◗✉❛❧✐t② ❢❛❝t♦r ♦❢ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t ♠✐♥✲
✐♠✉♠ ❞r✐✈❡✳ ✭❜✮ ❉r✐✈❡ ♣♦✇❡r ❞❡♣❡♥❞❛♥❝❡ ❛♥❞ ✭❝✮ ❣❛t❡ ❞❡♣❡♥❞❛♥❝❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡
❢r❡q✉❡♥❝②✳

■♥❝r❡❛s✐♥❣ t❤❡ ❚❜P❝2✯ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ s♦❧✉t✐♦♥ ❜② ❛t ❧❡❛st ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡
r❡s✉❧ts ✐♥ ❛ ❤✐❣❤❡r ❞❡♥s✐t② ♦❢ ❣r❛❢t❡❞ ❚❜P❝2✯ ♦♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳ ❚❤✐s ❝♦♥s✐❞❡r❛❜❧②



✶✵✹
❈❤❛♣t❡r ✹✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞

◆❊▼❙ ❛♥❞ ♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡s

✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ t✇♦ ❧❡✈❡❧ s②st❡♠s ❛s ✇❡❧❧ ❛s t❤❡ ♠❛ss ❧♦❛❞ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❞✐s✲
s✐♣❛t✐♦♥✳ ■♥❞❡❡❞✱ ♥♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛♥❝❡ ✇❛s ❞❡t❡❝t❡❞ ❢♦r ❚❜P❝2✯ ❝♦♥❝❡♥tr❛t✐♦♥s
✐♥ s♦❧✉t✐♦♥ ❤✐❣❤❡r t❤❛♥ 10−7 ♠♦❧✴▲✳

❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡✱ t❤❛t ❣r❛❢t✐♥❣ ❚❜P❝2✯ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ❢r♦♠ ❧♦✇ ❝♦♥❝❡♥tr❛✲
t✐♦♥ ❚❜P❝2✯ s♦❧✉t✐♦♥ ♦♥t♦ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❝♦♥s❡r✈❡s ❜♦t❤ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡r✲
t✐❡s ♦❢ t❤❡ ❚❜P❝2✯ ✭❝❤❛♣t❡r ✷✮ ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡s♦♥❛t♦r ✭❞❡s❝r✐❜❡❞
✐♥ ❝❤❛♣t❡rs ✸✫✺✮ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ❛ ❦❡② ❝♦♠♣♦♥❡♥t ❢♦r t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡✳



❈❤❛♣t❡r ✺

❉②♥❛♠✐❝s ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜②

❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙

■♥ s❡❝t✐♦♥ ✸✳✷✳✹ ✇❡ ❞❡♠♦♥str❛t❡❞ t❤❛t ❛ ❈◆❚ ◆❊▼❙✬ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❛t ✈❡r②
❧♦✇ t❡♠♣❡r❛t✉r❡ ✭✐✳❡✳ ✐♥ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ r❡❣✐♠❡✮ ✐s str♦♥❣❧② ❛✛❡❝t❡❞ ❜② t❤❡ ❡❧❡❝tr♦♥✐❝
tr❛♥s♣♦rt t❤r♦✉❣❤ t❤❡ ❈◆❚ q✉❛♥t✉♠ ❞♦t ✭◗❉✮✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✿ ❋♦r ✐♥st❛♥❝❡✱ s✐♥❣❧❡✲
❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ✭❙❊❚✮ ❝❛✉s❡❞ ❛ ❢r❡q✉❡♥❝② s♦❢t❡♥✐♥❣ ❛♥❞ ✐♥❝r❡❛s❡❞ ❞✐ss✐♣❛t✐♦♥ ✇❤❡♥
t✉♥✐♥❣ t❤❡ ❈◆❚ ❞♦t✬s ♣♦t❡♥t✐❛❧ t❤r♦✉❣❤ ❛ ❈♦✉❧♦♠❜ ♣❡❛❦ ❬✼✹✱ ✻✶✱ ✼✺❪✳

❍❡r❡ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ r❡s♣♦♥s❡ ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ♦❢ ❛ ❈◆❚ ◆❊▼❙ ❛t ✈❡r②
❧♦✇ t❡♠♣❡r❛t✉r❡ ✐♥❞✉❝❡❞ ❜② ③❡r♦ ❜✐❛s ❙❊❚ t❤r♦✉❣❤ t❤❡ ❈◆❚ ◆❊▼❙✲◗❉ ❝r✐t✐❝❛❧❧② ❞❡✲
♣❡♥❞s ♦♥ t❤❡ ❞♦t ❝❛♣❛❝✐t❛♥❝❡✱ t❤❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ t♦ t❤❡ ♠❡t❛❧ ❧❡❛❞s ❛♥❞ t❡♠♣❡r❛t✉r❡✳
❲❡ st✉❞✐❡❞ t❤❡ ❢r❡q✉❡♥❝② ❛♥❞ ❞✐ss✐♣❛t✐♦♥ r❡s♣♦♥s❡ ♦❢ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ❜❡♥❞✐♥❣ ♠♦❞❡s t♦
③❡r♦✲❜✐❛s ❙❊❚ ✐♥ s✉s♣❡♥❞❡❞ ❈◆❚ ❞❡✈✐❝❡s ✇✐t❤ t✉♥❛❜❧❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣s ❛♥❞ ❞✐✛❡r❡♥t
❣❛t❡ ❞✐❡❧❡❝tr✐❝s✱ ✐✳❡✳ ❞✐✛❡r❡♥t ❞♦t ❝❛♣❛❝✐t❛♥❝❡✳ ❲❡ ♦❜s❡r✈❡ t❤❛t ❙❊❚ ❝❛✉s❡s ❛ ❢r❡q✉❡♥❝②
s♦❢t❡♥✐♥❣ ❢♦r s♠❛❧❧ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ ❛♥❞✴♦r t✉♥♥❡❧ ❝♦✉♣❧✐♥❣✱ ✇❤❡r❡❛s ❛ ❢r❡q✉❡♥❝② ❤❛r❞✲
❡♥✐♥❣ ♦r ♥♦ ❢r❡q✉❡♥❝② ♠♦❞✉❧❛t✐♦♥ ✐s ♦❜s❡r✈❡❞ ❢♦r ❧❛r❣❡ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ ❛♥❞✴♦r t✉♥♥❡❧
❝♦✉♣❧✐♥❣ ✭s❡❝t✐♦♥ ✺✳✷✮✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ❞✐ss✐♣❛t✐♦♥ ♦❢ t❤❡ ❈◆❚ ◆❊▼❙ ✐s ♠❛✐♥❧② ❞♦♠✲
✐♥❛t❡❞ ❜② t❤❡ ❝❛♣❛❝✐t❛♥❝❡✱ ✇❤❡♥ ❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ t❤r♦✉❣❤ t❤❡ ❞♦t ✐s s✉♣♣r❡ss❡❞ ✭✐✳❡✳
✐♥ t❤❡ ❈♦✉❧♦♠❜ ✈❛❧❧❡②✮✱ ✇❤❡r❡❛s ✐t ✐s ❧✐♠✐t❡❞ ❜② t❤❡ ♠❡❛♥ t✉♥♥❡❧✐♥❣ r❛t❡ Γ ❛♥❞ t❤❡ ❝♦♥✲
❞✉❝t❛♥❝❡✱ ✇❤❡♥ ❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ t❤r♦✉❣❤ t❤❡ ❞♦t ✐s ❛❧❧♦✇❡❞ ✭✐✳❡✳ ♦♥ ❛ ❈♦✉❧♦♠❜ ♣❡❛❦✮
✭s❡❝t✐♦♥ ✺✳✸✮✳ ❋✐♥❛❧❧② ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ t✉♥♥❡❧ ❝✉rr❡♥t ✐s t❤❡ ❞♦♠✐♥❛♥t ❞✐ss✐♣❛t✐♦♥
♠❡❝❤❛♥✐s♠ ✐♥ ❈◆❚ ◆❊▼❙ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡ ✭s❡❝t✐♦♥ ✺✳✹✮✳ ❖✉r ✜♥❞✐♥❣s✱ ♣✉❜❧✐s❤❡❞ ✐♥
P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ❬✶✾❪✱ ❛r❡ ✐♥ ❢❛✐r ❛❣r❡❡♠❡♥t ✇✐t❤ ❛ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ♣r♦✈✐❞❡❞
♣r❡✈✐♦✉s❧② ❬✼✹✱ ✻✶❪ ✭s❡❝t✐♦♥ ✺✳✶✮✳

✺✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ ❜r✐❡✢② t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ s✐♥❣❧❡ ❣❛t❡❞✱ s✉s♣❡♥❞❡❞ ❈◆❚ ❞❡✈✐❝❡s
✇✐t❤ t✉♥❛❜❧❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣s ♦♥ ❞✐✛❡r❡♥t ❣❛t❡ ❞✐❡❧❡❝tr✐❝s✱ ✐✳❡✳ ✇✐t❤ ❞✐✛❡r❡♥t ❞♦t ❝❛✲
♣❛❝✐t❛♥❝❡s ✭s❡❡ ❙❡❝t✐♦♥s ✹✳✷✳✷ ❛♥❞ ✹✳✷✳✸✮✱ ❛s ✇❡❧❧ ❛s t❤❡ t❤❡ ♠♦❞❡❧ ❞❡s❝r✐❜✐♥❣ t❤❡ ❙❊❚
❜❛❝❦❛❝t✐♦♥ ♦♥ t❤❡ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r✱ ✇❤✐❝❤ ✇❛s
♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✹ ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t ❛♥❞ t❤❡ ✇♦r❦ ♦❢ ▲❛ss❛❣♥❡ ❡t ❛❧✳ ❛♥❞ ❙t❡❡❧❡
❡t ❛❧✳ ❬✼✹✱ ✻✶❪✳



✶✵✻
❈❤❛♣t❡r ✺✳ ❉②♥❛♠✐❝s ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡

◆❊▼❙

✺✳✶✳✶ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥

✭❛✮ ✭❜✮

✭❝✮

348,295 348,300 348,305 348,310 348,315

1,00

1,02

1,04

1,06

1,08

 

 

G
 (

µS
)

f (MHz)

δf = 2,5 kHz

❋✐❣✉r❡ ✺✳✶✿ ❋❛❧s❡ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡ ♦❢ ✭❛✮ ❛ ❧♦✇ ❝❛♣❛❝✐t❛♥❝❡ ❞❡✈✐❝❡ ❜❛s❡❞ ♦♥ ❛ ❙✐❖2

❝♦✈❡r❡❞ ❙✐ ❜❛❝❦❣❛t❡ ✭❣r❡② ❝♦❧♦r✮ ❛♥❞ ✭❜✮ ❛ ❤✐❣❤ ❝❛♣❛❝✐t❛♥❝❡ ❞❡✈✐❝❡ ❜❛s❡❞ ♦♥ ❛♥ ❆❧2❖3

❝♦✈❡r❡❞ ❧♦❝❛❧ ♠❡t❛❧❧✐❝ ❣❛t❡ ✭❜❧✉❡✮✳ ❚❤❡ ❘❋ ❛❝t✉❛t✐♦♥ s✐❣♥❛❧ ✐s ✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ ❧♦❝❛❧
♠❡t❛❧❧✐❝ ❣❛t❡ ❛♥❞ ❙✐ ❜❛❝❦❣❛t❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤r♦✉❣❤ ❛ ❤♦♠❡✲❜✉✐❧t ❜✐❛s✲❚✳ ❆s t❤❡ ✐♥❞✉❝❡❞
♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❝❤❛♥❣❡s t❤❡ ❝❤❛r❣❡ ✢♦✇ t❤r♦✉❣❤ t❤❡ ❈◆❚ q✉❛♥t✉♠ ❞♦t ❛♥❞ ✈✐❝❡
✈❡rs❛✱ ✇❡ ❝❛♥ ❞❡t❡❝t t❤❡ ❈◆❚ r❡s♦♥❛♥❝❡ t❤r♦✉❣❤ ❛ ❝❤❛♥❣❡ ✐♥ ③❡r♦✲❜✐❛s ❝♦♥❞✉❝t❛♥❝❡✳ ✭❝✮
▼❡❝❤❛♥✐❝❛❧ r❡s♦♥❛♥❝❡ ♦❢ ❛ t②♣✐❝❛❧ ❈◆❚ ◆❊▼❙ ❛t ❧♦✇ ❞r✐✈✐♥❣ ♣♦✇❡r P❘❋ = −100 ❞❇♠✳
❚❤❡ r❡s♦♥❛♥❝❡ ✇✐❞t❤ δf = 2.5 ❦❍③ ❧❡❛❞s t♦ ❛ q✉❛❧✐t② ❢❛❝t♦r ♦❢ Q ≈ 140000✳

▲♦✇ ❝❛♣❛❝✐t❛♥❝❡ ❈◆❚ q✉❛♥t✉♠ ❞♦ts ✭C❞♦t ≈ ✷✵ ✲ ✹✵ ❛❋✮ ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣
s✐❧✐❝♦♥ ❞✐♦①✐❞❡ ❛s ❣❛t❡ ❞✐❡❧❡❝tr✐❝ ✭❋✐❣✳ ✺✳✶❛✮✳ ❋✐rst✱ s♦✉r❝❡✲❞r❛✐♥ ❡❧❡❝tr♦❞❡s ❛r❡ ♣❛tt❡r♥❡❞
❜② ♦♣t✐❝❛❧ ❞❡❡♣ ❯❱ ❧✐t❤♦❣r❛♣❤② ✭λ ∼ 240 ♥♠✮ ❛♥❞ ❡❧❡❝tr♦♥✲❜❡❛♠ ❡✈❛♣♦r❛t✐♦♥ ♦❢ ▼♦ ✭✷✵
♥♠✮ ❛♥❞ Pt ✭✶✻✵ ♥♠✮ ♦♥ ✺✵✵ ♥♠ ♦❢ t❤❡r♠❛❧ ❙✐❖2✳ ❚♦ ❡♥s✉r❡ t❤❡ s✉s♣❡♥s✐♦♥ ♦❢ t❤❡ ❈◆❚✱
✶✺✵ ♥♠ ♦❢ ❙✐❖2 ❛r❡ ❞r② ❡t❝❤❡❞ ✐♥ ❈❍❋3 ♣❧❛s♠❛✳

❍✐❣❤ ❝❛♣❛❝✐t❛♥❝❡ ❈◆❚ q✉❛♥t✉♠ ❞♦ts ✭C❞♦t ≈ ✶✻✵ ✲ ✷✻✵ ❛❋✮ ❛r❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❤✐❣❤✲κ



✺✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✵✼

❣❛t❡ ❞✐❡❧❡❝tr✐❝s ❆❧2❖3 ✭❋✐❣✳ ✺✳✶❜✮✳ ❋✐rst✱ ❛ ✶ µ♠✲✇✐❞❡ ♠❡t❛❧❧✐❝ ❧♦❝❛❧ ❣❛t❡ ✐s ♣❛tt❡r♥❡❞ ❜②
♦♣t✐❝❛❧ ❞❡❡♣ ❯❱ ❧✐t❤♦❣r❛♣❤② ❛♥❞ ❡❧❡❝tr♦♥✲❜❡❛♠ ❡✈❛♣♦r❛t✐♦♥ ♦❢ ▼♦ ✭✷✵ ♥♠✮ ♦♥ ✸✵✵ ♥♠ ♦❢
t❤❡r♠❛❧ ❙✐❖2✳ ❆ ❧❛②❡r ♦❢ ✶✵✵ ♥♠ ♦❢ ❆❧2❖3 ✐s t❤❡♥ ❞❡♣♦s✐t❡❞ ❜② ❛t♦♠✐❝ ❧❛②❡r ❞❡♣♦s✐t✐♦♥✳
❯s✐♥❣ ♦♣t✐❝❛❧ ❞❡❡♣ ❯❱ ❧✐t❤♦❣r❛♣❤② ❛♥❞ ❡❧❡❝tr♦♥✲❜❡❛♠ ❡✈❛♣♦r❛t✐♦♥ ♦❢ ▼♦ ✭✷✵ ♥♠✮ ❛♥❞ Pt
✭✶✻✵ ♥♠✮✱ s♦✉r❝❡✲❞r❛✐♥ ❡❧❡❝tr♦❞❡s ❛r❡ ❛❧✐❣♥❡❞ ❛❜♦✈❡ t❤❡ ❧♦❝❛❧ ❣❛t❡✳ ❙✉s♣❡♥❞❡❞ ❈◆❚✬s ❛r❡
✜♥❛❧❧② ❣r♦✇♥ ❜② ❝❤❡♠✐❝❛❧ ✈❛♣♦r ❞❡♣♦s✐t✐♦♥ ❛t ✽✵✵◦❈ ❢r♦♠ ❛ ❈❍4 ❢❡❡❞st♦❝❦ ❛♥❞ ❋❡✴▼♦
❝❛t❛❧②st s♣♦ts ♣❛tt❡r♥❡❞ ♦♥ t❤❡ s♦✉r❝❡✲❞r❛✐♥ ❡❧❡❝tr♦❞❡s ♥❡①t t♦ t❤❡ ❥✉♥❝t✐♦♥✳ ❚❤❡ ❈◆❚
❞❡✈✐❝❡ ❧❡♥❣t❤ ✐s ❛♣♣r♦①✐♠❛t❡❧② ✽✵✵ ♥♠ ✭± ✺✵ ♥♠✮ ❛♥❞ t❤❡ ❞♦t ❝❛♣❛❝✐t❛♥❝❡s ❛r❡ ❞❡❞✉❝❡❞
❢r♦♠ t❤❡ ❞♦t✬s ❝❤❛r❣✐♥❣ ❡♥❡r❣② ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡✳ ❚❤❡ s♣r❡❛❞ ✐♥ ❝❛♣❛❝✐t❛♥❝❡ ✈❛❧✉❡s ♦❢
♥♦♠✐♥❛❧❧② ✐❞❡♥t✐❝❛❧❧② ❢❛❜r✐❝❛t❡❞ ❞❡✈✐❝❡s ✐s ❞✉❡ t♦ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ♥❛♥♦t✉❜❡s ❧❡♥❣t❤ ❛♥❞
s❧❛❝❦ ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✶✳✸✮✳

❚❤❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ❛ 3❍❡✴4❍❡ ❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦r ✇✐t❤ ❛ ❜❛s❡
t❡♠♣❡r❛t✉r❡ ♦❢ ✸✵ ♠❑✳ ❚❤❡ ◆❊▼❙ ❛❝t✉❛t✐♦♥ ❛♥❞ ❞❡t❡❝t✐♦♥ s❝❤❡♠❡ ✉s❡❞ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥t
✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ❜② ❙t❡❡❧❡ ❛♥❞ ❝♦✲✇♦r❦❡rs ❬✻✶✱ ✼✺❪✳ ❚❤❡ ❘❋ ❛❝t✉❛t✐♦♥ s✐❣♥❛❧ ✐s
✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ ❣❛t❡ ❡❧❡❝tr♦❞❡ ✈✐❛ ❛ ❤♦♠❡✲❜✉✐❧t ❜✐❛s ❚✳ ❆s t❤❡ ✐♥❞✉❝❡❞ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥
❝❤❛♥❣❡s t❤❡ ❝❤❛r❣❡ ✢♦✇ t❤r♦✉❣❤ t❤❡ ❈◆❚ q✉❛♥t✉♠ ❞♦t ❛♥❞ ✈✐❝❡ ✈❡rs❛✱ ✇❡ ❝❛♥ ❞❡t❡❝t t❤❡
❈◆❚ r❡s♦♥❛♥❝❡ t❤r♦✉❣❤ ❛ ❝❤❛♥❣❡ ✐♥ ③❡r♦✲❜✐❛s ❝♦♥❞✉❝t❛♥❝❡✳ ❚❤❡ ❛❝t✉❛t✐♦♥ ♣♦✇❡r ✐s ❦❡♣t
t♦ ❛ ♠✐♥✐♠✉♠ ✭P❘❋ ≈ ✲✶✵✵ ❞❇♠✮ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ ❛ q✉❛s✐✲❧✐♥❡❛r r❡❣✐♠❡ ♦❢ t❤❡ ♦s❝✐❧❧❛t♦r
❛♥❞ ❛ ❤✐❣❤ Q ❧♦r❡♥t③✐❛♥ r❡s♦♥❛♥❝❡ s❤❛♣❡ ✭❋✐❣✳ ✺✳✶❝✮✳ ❆❧❧ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❞♦♥❡ ✉♥❞❡r
③❡r♦ ❜✐❛s ✇✐t❤ ❛ st❛♥❞❛r❞ ❧♦❝❦✲✐♥ t❡❝❤♥✐q✉❡✳

✺✳✶✳✷ ❙❊❚ ❜❛❝❦❛❝t✐♦♥ ♦♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✬s ♠❡❝❤❛♥✐❝❛❧

♠♦t✐♦♥

❙❊❚ ✐♥ ❛ ❈◆❚ ◆❊▼❙✲◗❉ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❡①t❡r♥❛❧ ♣❡rt✉r❜❛t✐♦♥ t♦ t❤❡ ❈◆❚
♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❚❤✐s ♣❡rt✉r❜❛t✐♦♥ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛♥ ❡❧❡❝tr♦❞②✲
♥❛♠✐❝ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡ ❈◆❚✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❢♦r❝❡✱ ✇❤✐❝❤ ✐s ✐♥ ♣❤❛s❡ ✇✐t❤ t❤❡
♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥✱ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ❛ ❢r❡q✉❡♥❝② ♠♦❞✉❧❛t✐♦♥ ∆f ✱ ✇❤❡r❡❛s ❛ ❝♦♥tr✐❜✉t✐♦♥
♦❢ t❤❡ ❢♦r❝❡ ✇❤✐❝❤ ✐s ♦✉t ♦❢ ♣❤❛s❡ ✇✐t❤ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ✐♥❞✉❝❡s ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡
❞✐ss✐♣❛t✐♦♥ ❛♥❞ t❤❡ q✉❛❧✐t② ❢❛❝t♦r Q✳ ∆f ❛♥❞ Q ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❢♦❧❧♦✇s ❬✼✹❪
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G ✭✺✳✷✮

❲❤❡r❡ Γ ✐s t❤❡ ♠❡❛♥ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❞♦t t♦ t❤❡ ❧❡❛❞s✱ ②✐❡❧❞✐♥❣ Γ = (Γ❞ + Γs) /2✱
❛♥❞ C❞♦t ✐s t❤❡ t♦t❛❧ ❞♦t ❝❛♣❛❝✐t❛♥❝❡✳ ❆s ✇❡ ✇✐❧❧ s❤♦✇ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✱ ✇❡ ❝❛♥
❡st✐♠❛t❡ t❤❡ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ C❞♦t ❢r♦♠ t❤❡ ❝❤❛r❣✐♥❣ ❡♥❡r❣② ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✶✳✸✮ ❛♥❞ t❤❡
t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ Γ ❢r♦♠ t❤❡ ❧✐♥❡ s❤❛♣❡ ♦❢ t❤❡ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ ♣❡❛❦s ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✶✳✹✮✳
❊qs✳ ✺✳✶ ❛♥❞ ✺✳✷ ❛r❡ ✈❛❧✐❞ ✐♥ t❤❡ r❡❣✐♠❡ ♦❢ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ ❛♥❞ ✐❢ Γ ≫ f0✳



✶✵✽
❈❤❛♣t❡r ✺✳ ❉②♥❛♠✐❝s ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡

◆❊▼❙

✺✳✶✳✸ ❊st✐♠❛t✐♥❣ t❤❡ q✉❛♥t✉♠ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ ♦❢ ❝❛r❜♦♥ ♥❛♥✲

♦t✉❜❡ ◆❊▼❙

✭❛✮ ✭❜✮

✭❝✮ ✭❞✮

❋✐❣✉r❡ ✺✳✷✿ ❊st✐♠❛t✐♥❣ t❤❡ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ ✈✐❛ ❜✐❛s s♣❡❝tr♦s❝♦♣②✿ ✭❛✮✭❝✮ ❈♦✉❧♦♠❜ ❞✐❛✲
♠♦♥❞s ❢♦r t✇♦ ❆❧2❖3 ❜❛s❡❞ ❞❡✈✐❝❡s ✇✐t❤ ❛ ❧❡♥❣t❤ ♦❢ ✼✽✵ ♥♠ ❛♥❞ ✽✷✵ ♥♠✱ r❡s♣❡❝t✐✈❡❧②✳
✭❜✮✭❞✮ ❈♦✉❧♦♠❜ ❞✐❛♠♦♥❞s ❢♦r t✇♦ ❙✐❖2 ❜❛s❡❞ ❞❡✈✐❝❡s✳

❚❤❡ t♦t❛❧ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❜✐❛s s♣❡❝tr♦s❝♦♣② ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡
t♦t❛❧ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ Cdot ✐s r❡❧❛t❡❞ t♦ t❤❡ ❝❤❛r❣✐♥❣ ❡♥❡r❣② Ec ♦❢ t❤❡ ❞♦t ✈✐❛ Cdot = e/Ec✳
❚❤❡ ❝❤❛r❣✐♥❣ ❡♥❡r❣② ✐s ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ s✐③❡ ♦❢ t❤❡ ❈♦✉❧♦♠❜ ❞✐❛♠♦♥❞s ✭❋✐❣✳ ✺✳✷❛✮✳
❆❧t❡r♥❛t✐✈❡❧② ♦♥❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ❝❛♣❛❝✐t❛♥❝❡s Cs ❛♥❞ Cd ❢r♦♠ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❞✐❛♠♦♥❞
❡❞❣❡s ❛♥❞ t❤❡ ❣❛t❡ ❝❛♣❛❝✐t❛♥❝❡ Cg ❢r♦♠ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ✷ ❞❡❣❡♥❡r❛❝② ♣♦✐♥ts ✭❋✐❣
✺✳✷❜✮✳ ❚❤❡ t♦t❛❧ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ t❤❡♥ ②✐❡❧❞s Cdot = Cs + Cd + Cg✳

❋♦r ❙✐❖2 ❜❛s❡❞ ❞❡✈✐❝❡s ✇❡ ♦❜t❛✐♥ ❝❛♣❛❝✐t❛♥❝❡ ❜❡t✇❡❡♥ ✷✵ ❛♥❞ ✹✵ ❛❋✱ ✇❤❡r❡❛s ❢♦r
❆❧2❖3 ❜❛s❡❞ ❞❡✈✐❝❡s t❤❡ ✈❛❧✉❡s r❛♥❣❡ ❢r♦♠ ✶✻✵ ❛❋ t♦ ✷✻✵ ❛❋✳ ❚❤❡ s♣r❡❛❞ ✐♥ ❝❛♣❛❝✐t❛♥❝❡



✺✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✵✾

✈❛❧✉❡s ❢♦r ♥♦♠✐♥❛❧❧② ✐❞❡♥t✐❝❛❧❧② ❢❛❜r✐❝❛t❡❞ ❞❡✈✐❝❡s ❝❛♥ ♠❛✐♥❧② ❜❡ ❛ttr✐❜✉t❡❞ t♦ ❞✐✛❡r❡♥t
❞❡✈✐❝❡ ❧❡♥❣t❤s ✭r❛♥❣✐♥❣ ❢r♦♠ ✼✵✵ ♥♠ t♦ ✽✺✵ ♥♠✮ ❛♥❞ t❤❡r❡❢♦r❡ t♦ ✈❛r✐❛t✐♦♥s ✐♥ ❝❤❛r❣✐♥❣
❡♥❡r❣✐❡s✳ ❊❧❡❝tr♦♥ ♠✐❝r♦s❝♦♣② r❡✈❡❛❧❡❞ s❧❛❝❦ ♦♥ ♠♦st ❞❡✈✐❝❡s✱ s✉❣❣❡st✐♥❣ ❛ ❧♦✇ ❜✉✐❧t✲✐♥
t❡♥s✐♦♥ ✇❤✐❝❤ ✐s ❝❤❛r❛❝t❡r✐st✐❝ ❢♦r ❈❱❉ ❣r♦✇♥ ❈◆❚✬s ❬✻✶✱ ✼✺❪✳ ❆s t❤❡ s❧❛❝❦ ♠❛② ❜❡ ❛
❞✐✛❡r❡♥t ❢♦r ❡❛❝❤ ❞❡✈✐❝❡✱ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❈◆❚ ❛♥❞ t❤❡ ❣❛t❡ ❝❛♥ ✈❛r② ❢r♦♠ ♦♥❡
❞❡✈✐❝❡ t♦ ❛♥♦t❤❡r✱ ✇❤✐❝❤ ✇♦✉❧❞ ❛❧s♦ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ s♣r❡❛❞ ✐♥ ❝❛♣❛❝✐t❛♥❝❡ ✈❛❧✉❡s✳

✺✳✶✳✹ ❊st✐♠❛t✐♥❣ t❤❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ Γ ✐♥ ❈◆❚ q✉❛♥t✉♠ ❞♦t

■♥ t❤❡ r❡❣✐♠❡ ♦❢ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡✱ t❤❡ ❡♥❡r❣② ❧❡✈❡❧ ❜r♦❛❞❡♥✐♥❣ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
q✉❛♥t✉♠ ❞♦t ✐s ❣✐✈❡♥ ❜② t❤❡ ❡❧❡❝tr♦♥✐❝ t❡♠♣❡r❛t✉r❡ T ❛♥❞ t❤❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣s Γs ❛♥❞
Γ❞ t♦ t❤❡ ❧❡❛❞s✳ ❚❤❡ ❡❧❡❝tr♦♥✐❝ t❡♠♣❡r❛t✉r❡ ✐♥ ♦✉r s②st❡♠ ✐s ❛r♦✉♥❞ ✶✺✵ ♠❑✱ t❤❡r❡❢♦r❡ ❛t
❧❡❛st ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ❛✈❡r❛❣❡ t✉♥♥❡❧✐♥❣ r❛t❡ Γ = (Γs + Γ❞) /2 ✐♥
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❥✉♥❝t✐♦♥s Γ ≫ kT ✳ ■♥ t❤✐s ❧✐♠✐t ♦❢ t✉♥♥❡❧ ❜r♦❛❞❡♥❡❞ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡✱
t❤❡ ❈♦✉❧♦♠❜ ♣❡❛❦ ❧✐♥❡ s❤❛♣❡ ✐s ❣✐✈❡♥ ❜② ❬✶✵✶✱ ✶✵✷❪✿

G =
2e2

h

4ΓsΓ❞

Γ2

∫ ∞

−∞

dω

(

−df(ω)

dω

)

(Γ/2)2

(ω − ε)2 + (Γ/2)2 (1 + f(ω))2
✭✺✳✸✮

✇❤❡r❡ ε ✐s t❤❡ ❧❡✈❡❧ ❡♥❡r❣② ❛♥❞ f(ω) = 1/ (❡①♣ (ω/k❇T ) + 1) t❤❡ ❋❡r♠✐ ❢✉♥❝t✐♦♥✳

❆t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡ Γ ≫ kT ✱ t❤❡ ✐♥t❡❣r❛❧ ②✐❡❧❞s ❬✶✵✶✱ ✶✵✷❪

G =
e2

h

2ΓsΓ❞

εΓ
t❛♥−1

(

εΓ

Γ2 + 2ε2

)

✭✺✳✹✮

❚❤✐s ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ✈❡r② ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛s ❛ ▲♦r❡♥t③✐❛♥ ❛♥❞ ❜②
❞❡✜♥✐♥❣ ε = α (V❣ − V❣✱✵) ❛♥❞ G♠❛① =

e2

h
(4ΓsΓ❞) /Γ

2✱ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥✿

G

G♠❛①

=
(Γ/2)2

α2 (V❣ − V❣✱✵)
2 + (Γ/2)2

✭✺✳✺✮

✇❤❡r❡ Γ = (Γs + Γd)/2 ✐s t❤❡ ♠❡❛♥ t✉♥♥❡❧✐♥❣ r❛t❡ t❤r♦✉❣❤ t❤❡ q✉❛♥t✉♠ ❞♦t✱ V❣✱✵ t❤❡
❝❡♥t❡r ♦❢ t❤❡ ❈♦✉❧♦♠❜ ♣❡❛❦ ❛♥❞ α ❛♥ ❡♥❡r❣② s❝❛❧✐♥❣ ❢❛❝t♦r ❣✐✈❡♥ ❜②✿

α =
1

1.36

∂Vs❞
∂V❣

=
1

1.36

C❣

Cs + C❞ + C❣

✭✺✳✻✮

✇❤❡r❡ Cs✱ C❞ ❛♥❞ C❣ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s♦✉r❝❡✱ ❞r❛✐♥ ❛♥❞ ❣❛t❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❈◆❚
q✉❛♥t✉♠ ❞♦t✱ r❡s♣❡❝t✐✈❡❧②✳ ❖♥❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ❞♦t ❝❛♣❛❝✐t❛♥❝❡s ❛♥❞ t❤❡ ❡♥❡r❣② s❝❛❧✐♥❣
❢❛❝t♦r α ✈✐❛ ❜✐❛s s♣❡❝tr♦s❝♦♣②✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✺✳✶✳✸✳

❍❡♥❝❡✱ ❜② ✜tt✐♥❣ t❤❡ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ ♣❡❛❦s ✇✐t❤ ❊q✳ ✺✳✺ ✭❋✐❣✳ ✺✳✸✮✱ ✇❡ ♦❜t❛✐♥ ❛
❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ t✉♥♥❡❧✐♥❣ r❛t❡ Γ t❤r♦✉❣❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♥❡r❣② ❧❡✈❡❧s ♦❢
t❤❡ ❈◆❚ q✉❛♥t✉♠ ❞♦t✳
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-0,3 -0,2 -0,1 0,0 0,1 0,2 0,3
0,0

0,2

0,4

0,6

0,8

1,0

1,2

 experiment

 Fit with eq. 3.5

 

 

G
/G

m
a
x

� � V
g
 (mV)

Γ

Γ = 26,6 �  1,8 GHz

❋✐❣✉r❡ ✺✳✸✿ ❊st✐♠❛t✐♥❣ t❤❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ Γ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦t✿ ■♥ ❛
r❡❣✐♠❡ ♦❢ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡✱ t❤❡ ❈♦✉❧♦♠❜ ♣❡❛❦ ❧✐♥❡ s❤❛♣❡ ✐s ❣✐✈❡♥ ✐♥ ✈❡r② ❣♦♦❞ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ❜② ❛ ▲♦r❡♥t③✐❛♥ ❧✐♥❡ s❤❛♣❡✱ ✇✐t❤ ❛ ❢✉❧❧ ✇✐❞t❤ ❛t ❤❛❧❢ ♠❛①✐♠✉♠ ✭❋❲❍▼✮
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✉♥♥❡❧✐♥❣ r❛t❡ Γ✳ ❆ ✜t ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇✐t❤ ❡q✉❛t✐♦♥ ❡q✳
✺✳✺ t❤❡r❡❢♦r❡ ❣✐✈❡s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ t✉♥♥❡❧✐♥❣ r❛t❡ Γ✳

✺✳✷ ❋r❡q✉❡♥❝② s❤✐❢t ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥✲

♦t✉❜❡ ◆❊▼❙

❋✐rst✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❢r❡q✉❡♥❝② s❤✐❢t ✐♥❞✉❝❡❞ ❜② ❙❊❚ ∆f ✭s❝❛❧❡❞ ✇✐t❤ 1/f ·V 2
g ✮ ♦❢ ❞❡✈✐❝❡s

✇✐t❤ ❞✐✛❡r❡♥t ❞♦t ❝❛♣❛❝✐t❛♥❝❡s C❞♦t✳ ❲❡ st✉❞✐❡❞ t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ❢♦r ❝♦♠♣❛r❛❜❧❡
❈♦✉❧♦♠❜ ♣❡❛❦s ❤❡✐❣❤t✱ ✐✳❡✳ ❢♦r ❝♦♠♣❛r❛❜❧❡ ❝♦♥❞✉❝t❛♥❝❡ G (V❣) ≈ ✷✵ µ❙✳ ❆s ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✳ ✺✳✹❛✱ ✇❡ ♦❜s❡r✈❡ ❛ str♦♥❣ ❢r❡q✉❡♥❝② s♦❢t❡♥✐♥❣ ❢♦r s♠❛❧❧ ❞♦t ❝❛♣❛❝✐t❛♥❝❡s✱ ✇❤❡r❡❛s ❢♦r
❤✐❣❤ ❞♦t ❝❛♣❛❝✐t❛♥❝❡s ❛ ❢r❡q✉❡♥❝② ❤❛r❞❡♥✐♥❣ ♦r ♥♦ ♠♦❞✉❧❛t✐♦♥ ✐s ♦❜s❡r✈❡❞✳ ❆s s❤♦✇♥ ✐♥
❋✐❣✳ ✺✳✹❜✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❛r❡ ✐♥ ❢❛✐r ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♠♦❞❡❧✳ ❆ ✜t ✇✐t❤ ❊q✳ ✺✳✶
②✐❡❧❞s ✜tt✐♥❣ ♣❛r❛♠❡t❡rs C ✬✷

❣ /k ❂ ✽ · ✶✵✲✷✷ ❋2✴◆♠ ❛♥❞ Γ ≈ ✶✵ ●❍③✱ ✇❤✐❝❤ ❛r❡ ✐♥ r❛t❤❡r
❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts ❬✼✹✱ ✻✶✱ ✶✵✸❪✳

❋✐❣✳ ✺✳✺❛ s❤♦✇s t❤❡ ❢r❡q✉❡♥❝② s❤✐❢t ∆f ✭s❝❛❧❡❞ ✇✐t❤ 1/f · V 2
g ✮ ❢♦r ❞✐✛❡r❡♥t ❈♦✉❧♦♠❜

♣❡❛❦s ❛♥❞ t✉♥♥❡❧✐♥❣ r❛t❡s Γ ♦♥ ❛ ❣✐✈❡♥ ❞❡✈✐❝❡ ✭❞❡✈✐❝❡ ✶✮✳ ❖♥❡ ❝❛♥ t✉♥❡ ❛ ❈◆❚ q✉❛♥t✉♠
❞♦t ❢r♦♠ ❛ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ r❡❣✐♠❡ t♦ ❛ r❡❣✐♠❡ ♦❢ str♦♥❣ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ ❜② s✐♠♣❧②
❝❤❛♥❣✐♥❣ t❤❡ ❈◆❚✬s ❣❛t❡ ♣♦t❡♥t✐❛❧ ❬✶✵✹✱ ✶✵✺❪✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❝❤❛♥❣❡ t❤❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣
Γ ❜② t✉♥✐♥❣ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡ ♦❢ ❈◆❚ ❞❡✈✐❝❡ ✶ ❛♥❞ ❡st✐♠❛t❡ t❤❡ ✈❛❧✉❡s ♦❢ Γ ❢r♦♠ t❤❡
❈♦✉❧♦♠❜ ♣❡❛❦ ❧✐♥❡ s❤❛♣❡ ✉s✐♥❣ ❊q✳ ✺✳✺ ✭❋✐❣✳ ✺✳✺❜✮✳ ❚❤❡ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ C❞♦t ❂ ✷✻✵
❛❋ r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞ ❜② t✉♥✐♥❣ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡✳ ❆s Γ ✐♥❝r❡❛s❡s✱ t❤❡ ❈◆❚ ❜❡❝♦♠❡s



✺✳✷✳ ❋r❡q✉❡♥❝② s❤✐❢t ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✶✶✶
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❋✐❣✉r❡ ✺✳✹✿ ▼♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✈✐❛ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ C❞♦t✿ ✭❛✮ ❙❝❛❧❡❞
❢r❡q✉❡♥❝② s❤✐❢t∆f/

(

f · V 2
g

)

❢♦r ❞✐✛❡r❡♥t ❞♦t ❝❛♣❛❝✐t❛♥❝❡ C❞♦t✱ ✇✐t❤ ❝♦♠♣❛r❛❜❧❡ t✉♥♥❡❧✐♥❣
r❛t❡s Γ✳ ❚❤❡ ✐♥s❡t s❤♦✇s ❛ t②♣✐❝❛❧ ❈♦✉❧♦♠❜ ♣❡❛❦ ❝❡♥t❡r❡❞ ❛t ∆V❣ = 0❀ ✭❜✮ ▼❛①✐♠✉♠
s❝❛❧❡❞ ❢r❡q✉❡♥❝② s❤✐❢t∆f♠❛①/

(

f · V 2
g

)

❛t ♠❛①✐♠✉♠ t✉♥♥❡❧ ❝✉rr❡♥tG♠❛① (∆Vg = 0) ✈s✳ t❤❡
✐♥✈❡rs❡ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ 1/C❞♦t ❢♦r ❛❧❧ ♠❡❛s✉r❡❞ ❞❡✈✐❝❡s✳ ❚❤❡ s♦❧✐❞ r❡❞ ❧✐♥❡ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ✜t ✉s✐♥❣ ❡q✳ ✺✳✶ ✇✐t❤ C ✬✷

❣ /k ❂ ✽ · ✶✵✲✷✷ ❋2✴◆♠ ❛♥❞ Γ ≈ ✶✵ ●❍③✳ ❚❤❡ ❞❛t❛ ❛r❡ ✐♥
❢❛✐r ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♠♦❞❡❧✳

st✐✛❡r✱ r❡s✉❧t✐♥❣ ✐♥ ❛ s✐❣♥ ❝❤❛♥❣❡ ♦❢ ∆f ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ❛ ❢r❡q✉❡♥❝② s♦❢t❡♥✐♥❣ t♦
❢r❡q✉❡♥❝② ❤❛r❞❡♥✐♥❣✱ ✐♥ q✉❛❧✐t❛t✐✈❡ ❛❣r❡❡♠❡♥t ✇✐t❤ ❊q✳ ✺✳✶ ✭❋✐❣✳ ✺✳✺❛✮✳



✶✶✷
❈❤❛♣t❡r ✺✳ ❉②♥❛♠✐❝s ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡

◆❊▼❙
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❋✐❣✉r❡ ✺✳✺✿ ▼♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✈✐❛ t✉♥♥❡❧✐♥❣ r❛t❡ Γ✿ ✭❛✮ ❙❝❛❧❡❞
❢r❡q✉❡♥❝② s❤✐❢t ∆f/

(

f · V 2
g

)

❢♦r ❞✐✛❡r❡♥t ❈♦✉❧♦♠❜ ♣❡❛❦s✱ ✐✳❡✳ t✉♥♥❡❧✐♥❣ r❛t❡s Γ✱ ✇✐t❤ ❛
✜①❡❞ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ C❞♦t = 260 ❛❋ ✭❞❡✈✐❝❡ ✶✮✳ ❚❤❡ t✉♥♥❡❧✐♥❣ r❛t❡s Γ ❛r❡ ❡st✐♠❛t❡❞ ❢r♦♠
t❤❡ ❧✐♥❡s❤❛♣❡ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❈♦✉❧♦♠❜ ♣❡❛❦s ✉s✐♥❣ ❊q✳ ✺✳✺ ✭❜✮✳



✺✳✸✳ ❉✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✶✶✸

✺✳✸ ❉✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡

◆❊▼❙
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❋✐❣✉r❡ ✺✳✻✿ ▼♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ Q✲❢❛❝t♦r ✈✐❛ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ C❞♦t✿ ✭❛✮ ❙❝❛❧❡❞ q✉❛❧✐t② ❢❛❝t♦r
Q · f · V 2

g ❢♦r ❞✐✛❡r❡♥t ❞♦t ❝❛♣❛❝✐t❛♥❝❡s✱ ✇✐t❤ ❝♦♠♣❛r❛❜❧❡ t✉♥♥❡❧✐♥❣ r❛t❡s Γ✳ ❚❤❡ s♦❧✐❞
❧✐♥❡s ❛r❡ ❣✉✐❞❡ t♦ t❤❡ ❡②❡ ❛♥❞ t❤❡ ✐♥s❡t s❤♦✇s ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❈♦✉❧♦♠❜ ♣❡❛❦ ❝❡♥t❡r❡❞ ❛t
∆V❣ = 0✳ ✭❜✮ ▼❛①✐♠✉♠ q✉❛❧✐t② ❢❛❝t♦r Q♠❛① ❛t ♠✐♥✐♠❛❧ t✉♥♥❡❧ ❝✉rr❡♥t G (|∆V❣| ≫ 0) ✈s✳
C2

❞♦t/f ❢♦r ❛❧❧ ♠❡❛s✉r❡❞ ❞❡✈✐❝❡s✳ ❚❤❡ s♦❧✐❞ r❡❞ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ✜t ✇✐t❤ ❡q✳ ✺✳✷ ✇✐t❤
C ✬✷

❣ /k ❂ ✶ · ✶✵✲✷✶ ❋2✴◆♠ ❛♥❞ Γ ≈ ✶✵ ●❍③✳ ❖✉r ✜♥❞✐♥❣s ❛r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡
♠♦❞❡❧✳



✶✶✹
❈❤❛♣t❡r ✺✳ ❉②♥❛♠✐❝s ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡

◆❊▼❙

❋✐❣✳ ✺✳✻❛ ❞❡♣✐❝ts t❤❡ ❡✛❡❝t ♦❢ ❙❊❚ ♦♥ t❤❡ ❞✐ss✐♣❛t✐♦♥ ♦❢ t❤❡ ❈◆❚ ◆❊▼❙✱ ✐✳❡✳ t❤❡ Q

❢❛❝t♦r ✭s❝❛❧❡❞ ✇✐t❤ f · V 2
g ✮✱ ❢♦r ❞❡✈✐❝❡s ✇✐t❤ ❞✐✛❡r❡♥t ❞♦t ❝❛♣❛❝✐t❛♥❝❡s✳ ❋r♦♠ ❊q✳ ✺✳✷✱ ✇❡

❡①♣❡❝t ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ◗ ❢❛❝t♦r ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❝❛♣❛❝✐t❛♥❝❡ ✐♥ t❤❡ ❧✐♠✐t ♦❢ s✉♣♣r❡ss❡❞
❙❊❚ t❤r♦✉❣❤ t❤❡ ❞♦t✳ ■♥❞❡❡❞✱ ✐♥ ❛ r❡❣✐♦♥ ♦❢ s✉♣♣r❡ss❡❞ ❙❊❚ ✭|∆V❣| ≫ 0✮✱t❤❡ Q ❢❛❝t♦r ✐s
❧❛r❣❡r ❢♦r ❞❡✈✐❝❡s ✇✐t❤ ❤✐❣❤❡r ❞♦t ❝❛♣❛❝✐t❛♥❝❡ ✭❋✐❣✳ ✺✳✻❛✮✳ ❚❤❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ Γ ≈ 10
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❋✐❣✉r❡ ✺✳✼✿ ▼♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ Q✲❢❛❝t♦r ✈✐❛ t✉♥♥❡❧✐♥❣ r❛t❡ Γ✿ ✭❛✮ ❙❝❛❧❡❞ q✉❛❧✐t② ❢❛❝t♦r
Q · f · V 2

g ❢♦r ❞✐✛❡r❡♥t ❈♦✉❧♦♠❜ ♣❡❛❦s✱ ✐✳❡✳ ❞✐✛❡r❡♥t t✉♥♥❡❧✐♥❣ r❛t❡s Γ✱ ✇✐t❤ ❛ ✜①❡❞ ❞♦t
❝❛♣❛❝✐t❛♥❝❡ C❞♦t = 160 ❛❋ ✭❞❡✈✐❝❡ ✷✮✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s ❛r❡ ❣✉✐❞❡ t♦ t❤❡ ❡②❡ ❛♥❞ t❤❡ t✉♥♥❡❧
❝♦✉♣❧✐♥❣ Γ ✐s ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❧✐♥❡s❤❛♣❡ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❈♦✉❧♦♠❜ ♣❡❛❦s ✉s✐♥❣ ❊q✳
✺✳✺✭❜✮✳



✺✳✹✳ ❉✐ss✐♣❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✶✶✺

●❍③ ❛♥❞ t❤❡ ❝♦♥❞✉❝t❛♥❝❡ G (V❣) ≈ ✶✽ µ❙ ❛r❡ ❝♦♠♣❛r❛❜❧❡ ❢♦r ❜♦t❤ tr❛❝❡s✳ ❋✐❣✳ ✺✳✻✭❜✮
s❤♦✇s t❤❡ Q ❢❛❝t♦r ✐♥ t❤❡ ❧✐♠✐t ♦❢ s✉♣♣r❡ss❡❞ ❙❊❚ ✭|∆V❣| ≫ 0✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ C2

❞♦t/f

❢♦r ❛❧❧ ♠❡❛s✉r❡❞ ❞❡✈✐❝❡s✳ ❚❤❡ ✜t ✇✐t❤ ❊q✳ ✺✳✷ ②✐❡❧❞s C ✬✷
❣ /k ❂ ✶ · ✶✵✲✷✶ ❋2✴◆♠ ❛♥❞ Γ ≈

✶✵ ●❍③ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✜tt✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ ❋✐❣✳ ✺✳✹❜ ❛♥❞ ♣r❡✈✐♦✉s ❡①♣❡r✐✲
♠❡♥ts ❬✼✹✱ ✻✶✱ ✶✵✸❪✳

▼♦r❡♦✈❡r✱ ✇❡ ❡①♣❡❝t ❢r♦♠ ❊q✳ ✺✳✷ ❛♥❞ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts ❬✼✹✱ ✻✶❪ ❛♥ ❡♥❤❛♥❝❡❞ ❡❧❡❝✲
tr♦♠❡❝❤❛♥✐❝❛❧ ❞✐ss✐♣❛t✐♦♥ ✐♥ ❛ ❣✐✈❡♥ ❞❡✈✐❝❡ ✐❢ t❤❡ ❝♦♥❞✉❝t❛♥❝❡ G ✭✐✳❡✳ t❤❡ t✉♥♥❡❧ ❝✉rr❡♥t✮
❛♥❞ t❤❡ t✉♥♥❡❧ r❡s✐st❛♥❝❡ ❛t t❤❡ ♥❛♥♦t✉❜❡✲❡❧❡❝tr♦❞❡ ✐♥t❡r❢❛❝❡ R ∼ 1/Γ❞ ❛r❡ ✐♥❝r❡❛s❡❞✱ ✐♥
❛♥❛❧♦❣② t♦ t❤❡ ❝✉rr❡♥t ❞✐ss✐♣❛t✐♦♥ ✐♥ ❛ s✐♠♣❧❡ r❡s✐st❛♥❝❡✳ ■♥❞❡❡❞ ✇❡ ♦❜s❡r✈❡ ✐♥❝r❡❛s❡❞
❞✐ss✐♣❛t✐♦♥ ✭❞❡❝r❡❛s❡❞ ◗ ❢❛❝t♦r✮ ✇❤❡♥ t✉♥✐♥❣ t❤❡ ❣❛t❡ ✈♦❧t❛❣❡ t❤r♦✉❣❤ ❛ ❈♦✉❧♦♠❜ ♣❡❛❦
✭❋✐❣✳ ✺✳✻❛ ❛♥❞ ✺✳✼❛✮✳ ■♥ ❋✐❣ ✺✳✼❛ ✭❞❡✈✐❝❡ ✷✮✱ t❤✐s ❡✛❡❝t ❜❡❝♦♠❡s ♠♦r❡ ♣r♦♥♦✉❝❡❞ ❛s ✇❡
♠♦✈❡ t♦ ❣❛t❡ ✈♦❧t❛❣❡ r❡❣✐♦♥s ✇✐t❤ ❛ s♠❛❧❧❡r t✉♥♥❡❧✐♥❣ r❛t❡ Γ✱ ✐✳❡✳ ❧❛r❣❡r t✉♥♥❡❧ r❡s✐st❛♥❝❡
❛t t❤❡ ♥❛♥♦t✉❜❡✲❡❧❡❝tr♦❞❡ ✐♥t❡r❢❛❝❡✱ ✇❤❡r❡ ✇❡ ❡st✐♠❛t❡ t❤❡ t✉♥♥❡❧✐♥❣ r❛t❡ Γ ❢r♦♠ t❤❡
❧✐♥❡s❤❛♣❡ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❈♦✉❧♦♠❜ ♣❡❛❦s ✭❋✐❣✳ ✺✳✼❜✮✳ ❚❤❡ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ C❞♦t ②✐❡❧❞s
✶✻✵ ❛❋ ❢♦r t❤✐s ❞❡✈✐❝❡ ❛♥❞ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❈♦✉❧♦♠❜ ♣❡❛❦ ❛r❡ ❝♦♠♣❛r❛❜❧❡ ❢♦r ❛❧❧ tr❛❝❡s
✭G ≈ ✼ µ❙✮✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❈◆❚ ❝❛♣❛❝✐t❛♥❝❡ ✐s t❤❡ ❧✐♠✐t✐♥❣ ❢❛❝t♦r ❢♦r t❤❡ ❞✐ss✐♣❛t✐♦♥ ✐♥ r❡❣✐♦♥s ♦❢
s✉♣♣r❡ss❡❞ ❙❊❚✱ ✇❤❡r❡❛s t❤❡ ♠❡❛♥ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣ ❛♥❞ t❤❡ t✉♥♥❡❧✐♥❣ ❝✉rr❡♥t ✐ts❡❧❢ ❞❡✜♥❡
t❤❡ ❞✐ss✐♣❛t✐♦♥ ✐♥ r❡❣✐♦♥s ♦❢ str♦♥❣ ❙❊❚✳ ❖✉r r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❝✉rr❡♥t ❞✐ss✐♣❛t✐♦♥
❛t t❤❡ ❈◆❚✲❡❧❡❝tr♦❞❡ ✐♥t❡r❢❛❝❡ ✐s t❤❡ ❞♦♠✐♥❛♥t ❧♦ss ♠❡❝❤❛♥✐s♠ ✐♥ ♦✉r s②st❡♠✳

✺✳✹ ❉✐ss✐♣❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❞❡s❝r✐❜❡❞ t❤❡ ❡✛❡❝t ♦❢ ❙❊❚ ♦♥ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❛♥❞
t❤❡ ❞✐ss✐♣❛t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣
✇❡ ❞✐s❝✉ss t❤❡ ❞✐✛❡r❡♥t ❞✐ss✐♣❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❲❡ ✇✐❧❧
❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ❝✉rr❡♥t ❞✐ss✐♣❛t✐♦♥ ❛t t❤❡ ❈◆❚✲❡❧❡❝tr♦❞❡ ✐♥t❡r❢❛❝❡ ✐s t❤❡ ❞♦♠✐♥❛♥t
❧♦ss ♠❡❝❤❛♥✐s♠ ✐♥ s✉❝❤ ❛ s②st❡♠ ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ❛♥❞ t❤❛t ♦t❤❡r ♠❡❝❤❛♥✐s♠s
❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ✭❝❧❛♠♣✐♥❣ ❧♦ss❡s✱ t❤❡r♠♦❡❧❛st✐❝ ❞❛♠♣✐♥❣ ♦r ✐♥t❡r❛❝t✐♥❣ t✇♦ ❧❡✈❡❧ s②s✲
t❡♠s✮✳

❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ st✉❞② t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ❛♥❞ t❤❡ ❞✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜②
❙❊❚ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡ ❢♦r ♦✉r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❋✐❣✳ ✺✳✽❛ ❞❡♣✐❝ts
t❤❡ ❢r❡q✉❡♥❝② s❤✐❢t ∆f♠❛① ❢♦r G♠❛① = G (∆V❣ = 0) ✇❤❡r❡❛s ❋✐❣✳ ✺✳✽❜ s❤♦✇s t❤❡ q✉❛❧✐t②
❢❛❝t♦r Q♠❛① ❢♦r G♠✐♥ = G (|∆V❣| ≫ 0) ❛s ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡✳ ❲❡ ✜♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣
t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❛♥❝❡ ❢♦r ❜♦t❤ ♣❛r❛♠❡t❡r✿

∆f♠❛① ∼ T ✭✺✳✼✮

Q−1
♠❛① ∼ T ✭✺✳✽✮



✶✶✻
❈❤❛♣t❡r ✺✳ ❉②♥❛♠✐❝s ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
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❋✐❣✉r❡ ✺✳✽✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❛♥❝❡✿ ✭❛✮ ▼❛①✐♠✉♠ ❢r❡q✉❡♥❝② s❤✐❢t ∆f♠❛① ❛t ♠❛①✐♠✉♠
t✉♥♥❡❧ ❝✉rr❡♥t G♠❛① (∆Vg = 0) ✈s✳ t❡♠♣❡r❛t✉r❡ ❢♦r ❛ ❞❡✈✐❝❡ ②✐❡❧❞✐♥❣ C❞♦t = 160 ❛❋ ✭❞❡✲
✈✐❝❡ ✷✮✳ ❚❤❡ ✐♥s❡t s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ G♠❛① ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡✳✭❜✮ ▼❛①✐♠✉♠
q✉❛❧✐t② ❢❛❝t♦r Q♠❛① ❛t ♠✐♥✐♠❛❧ t✉♥♥❡❧ ❝✉rr❡♥t G♠✐♥ (|∆V❣| = 1♠❱) ✈s✳ t❡♠♣❡r❛t✉r❡ ❢♦r
❛ ❞❡✈✐❝❡ ②✐❡❧❞✐♥❣ C❞♦t = 160 ❛❋ ✭❞❡✈✐❝❡ ✷✮✳ ❚❤❡ ✐♥s❡t s❤♦✇s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ G♠✐♥ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡✳

❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥ ❤♦✇❡✈❡r ❞♦ ♥♦t ❛❣r❡❡ ✇✐t❤ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts ♦♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ❬✼✺❪✱ ❧❛tt✐❝❡ ♠❛t❝❤❡❞ ●❛❆s✴■♥●❛P✴●❛❆s ▼❊▼❙ ❬✶✵✻❪ ❛♥❞ s✐❧✐❝♦♥ s✐♥❣❧❡ ❝r②st❛❧
◆❊▼❙ ❬✶✵✼❪ ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✿



✺✳✹✳ ❉✐ss✐♣❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✶✶✼

❚❤❡② r❡♣♦rt❡❞ ❛ ✇❡❛❦ ♣♦✇❡r ❧❛✇ ❞❡♣❡♥❞❛♥❝❡ ❢♦r t❤❡ q✉❛❧✐t② ❢❛❝t♦r ②✐❡❧❞✐♥❣

Q−1 ∼ T 1/3 ✭✺✳✾✮

✇❤✐❝❤ ✐s ✐♥ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ q✉❛♥t✉♠ ❞✐ss✐♣❛t✐♦♥ ❛r✐s✐♥❣ ❢r♦♠ ✐♥t❡r❛❝t✐♥❣
t✇♦✲❧❡✈❡❧ s②st❡♠s ✭❚▲❙✮ ❬✶✵✽❪✳ ▼♦r❡♦✈❡r✱ r❡s♦♥❛♥t ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t✇♦✲❧❡✈❡❧ s②st❡♠s
✭❚▲❙✮ ❛❧s♦ ❧❡❛❞ t♦ ❛ s❤✐❢t ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✱ ✇❤✐❝❤ r❡❛❞s ❬✶✵✻✱ ✶✵✼❪

∆f

f
∼ ❧♦❣T ✭✺✳✶✵✮

❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ ♠❛✐♥ ❞✐ss✐♣❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✐♥ ♦✉r s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
r❡s♦♥❛t♦rs ❞♦❡s ♥♦t ❛r✐s❡ ❢r♦♠ q✉❛♥t✉♠ ❢r✐❝t✐♦♥ ❜❡t✇❡❡♥ ✐♥t❡r❛❝t✐♥❣ ❚▲❙✳

❈❧❛♠♣✐♥❣ ❧♦ss❡s✱ ❞✉❡ t♦ ❛ tr❛♥s❢❡r ♦❢ str❛✐♥ ❡♥❡r❣② ❢r♦♠ t❤❡ ❞♦✉❜❧❡✲❝❧❛♠♣❡❞ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ❜❡❛♠ ✐♥t♦ ✐ts s✉♣♣♦rt✐♥❣ str✉❝t✉r❡✱ ❛r❡ ❞❡s❝r✐❜❡❞ ❜②

Q−1
clamping ≈

dt4

L5
✭✺✳✶✶✮

✇✐t❤ t❤❡ ❈◆❚ ❞✐❛♠❡t❡r d✱ t❤❡ ❈◆❚ ❧❡♥❣t❤ L ❛♥❞ t❤❡ ❜❛s❡ t❤✐❝❦♥❡ss t ✭✐✳❡✳ t❤❡ t❤✐❝❦♥❡ss
♦❢ t❤❡ ❡❧❡❝tr♦❞❡s✮ ❬✼✵❪✳

❚❤♦s❡ ❧♦ss❡s ❛r❡ t❡♠♣❡r❛t✉r❡ ✐♥❞❡♣❡♥❞❛♥t ❛♥❞ ❢♦r t❤❡ ✈❛❧✉❡s d ≈ 1 ♥♠✱ L ≈ 1 µ♠
❛♥❞ t ≈ 100 ♥♠✱ ✇❡ ♦❜t❛✐♥ Q−1

clamping ≈ 10−7✱ ✇❤✐❝❤ ✐s ❛t ❧❡❛st t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡
s♠❛❧❧❡r t❤❛♥ t❤❡ ♦❜s❡r✈❡❞ ❞✐ss✐♣❛t✐♦♥ ✐♥ ♦✉r ◆❊▼❙✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❡①❝❧✉❞❡ ❝❧❛♠♣✐♥❣
❧♦ss❡s ❛s ♠❛✐♥ ❞✐ss✐♣❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡r♠♦❡❧❛st✐❝ ❞❛♠♣✐♥❣ ✐♥ ❛ s✉s♣❡♥❞❡❞ ❈◆❚ r❡s♦♥❛t♦r✳ ▼❡❝❤❛♥✐❝❛❧
✈✐❜r❛t✐♦♥s ❝❛♥ ❢♦r ✐♥st❛♥❝❡ ✐♥❞✉❝❡ ❛ ❧♦❝❛❧ ❝❤❛♥❣❡ ✐♥ ✈♦❧✉♠❡ ♦❢ t❤❡ ❈◆❚✱ ❝r❡❛t✐♥❣ ❧♦❝❛❧✐③❡❞
❡①♣❛♥❞❡❞ ❛♥❞ ❝♦♥tr❛❝t❡❞ r❡❣✐♦♥s ♦♥ t❤❡ ❈◆❚✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡r♠♦❡❧❛st✐❝ ❝♦✉♣❧✐♥❣
❛ t❡♠♣❡r❛t✉r❡ ❣r❛❞✐❡♥t ❞❡✈❡❧♦♣s ❛♥❞ ❛ ❤❡❛t tr❛♥s❢❡r ❢r♦♠ t❤❡ ❡①♣❛♥❞❡❞ t♦ t❤❡ ❝♦♥tr❛❝t❡❞
r❡❣✐♦♥s ♦❝❝✉rs✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❞✐ss✐♣❛t✐♦♥ ♦❢ t❤❡ ❈◆❚ r❡s♦♥❛t♦r ✐s t❤❡♥ ❣✐✈❡♥ ❜②

Q−1
thermoelastic ≈

α2TE

C

(

ωτ

1 + (ωτ)2

)

✭✺✳✶✷✮

✇✐t❤ t❤❡ t❡♠♣❡r❛t✉r❡ T ✱ t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s E✱ t❤❡ ❤❡❛t ❝❛♣❛❝✐t❛♥❝❡ C✱ t❤❡ t❤❡r♠❛❧
❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥t α✱ t❤❡ ◆❊▼❙ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ω ❛♥❞ t❤❡ t✐♠❡s❝❛❧❡ τ ♦❢ t❤❡
❤❡❛t tr❛♥s❢❡r ❢r♦♠ ❤♦t t♦ ❝♦❧❞ r❡❣✐♦♥✱ ✐✳❡✳ ❢r♦♠ ❡①♣❛♥❞❡❞ t♦ ❝♦♥tr❛❝t❡❞ r❡❣✐♦♥s ♦❢ t❤❡
❜❡❛♠ ❬✼✵❪✳

❆t t❡♠♣❡r❛t✉r❡s ❛r♦✉♥❞ ✶❑✱ t❤❡ ❤❡❛t ❝❛♣❛❝✐t❛♥❝❡ ❡✈♦❧✈❡s ❛s C ∼ T ❬✼✵✱ ✶✵✾❪ ❛♥❞ t❤❡
t❤❡r♠❛❧ ❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥t ②✐❡❧❞s α ≈ −3 · 10−7❑−1 · T ❬✼✵✱ ✶✶✵❪✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❛♥❝❡ ❢♦r t❤❡r♠♦❡❧❛st✐❝ ❞❛♠♣✐♥❣ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡✿

Q−1
thermoelastic ∼ T 2 ✭✺✳✶✸✮



✶✶✽
❈❤❛♣t❡r ✺✳ ❉②♥❛♠✐❝s ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡

◆❊▼❙

▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ ❛t T = 1 ❑✱ E = 1 ❚P❛ ❬✼✵❪✱ C ≈ 10−5 ❏/❑♠3 ❬✼✵✱ ✶✵✾❪✱
α ≈ −3 · 10−7 ❑−1 ❬✼✵✱ ✶✶✵❪✱ ω = 400 ▼❍③ ❛♥❞ τ ≈ 4 · 10−11 s ❬✼✵❪✳ ❋✐♥❛❧❧② ✇❡ ❤❛✈❡
Q−1

thermoelastic ≈ 10−6✱ ✇❤✐❝❤ ✐s ❛t ❧❡❛st ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ❞✐ss✐♣❛t✐♦♥
♦❜s❡r✈❡❞ ✐♥ ❋✐❣✳ ✺✳✻✳ ❍❡♥❝❡✱ t❤❡r♠♦❡❧❛st✐❝ ❞❛♠♣✐♥❣ ❝❛♥♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ ♦❜s❡r✈❡❞
t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❛♥❝❡ ❛♥❞ ❞✐ss✐♣❛t✐♦♥✳

▲❛st✱ ✇❡ ❞✐s❝✉ss t❤❡ ❞✐ss✐♣❛t✐♦♥ ❛r✐s✐♥❣ ❢r♦♠ ❙❊❚ t❤r♦✉❣❤ t❤❡ ❈◆❚✲❡❧❡❝tr♦❞❡ ✐♥t❡r❢❛❝❡✳
❆s t❡♠♣❡r❛t✉r❡ ✐♥❝r❡❛s❡s t❤❡ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ ♣❡❛❦ ❜r♦❛❞❡♥s ❛♥❞ ❜❡❝♦♠❡s s♠❛❧❧❡r
✭❋✐❣✳ ✺✳✾✮✳ ❆s ❛ r❡s✉❧t G♠❛① = G (∆V❣ = 0) ❞❡❝r❡❛s❡s ✇❤❡r❡❛s G♠✐♥ = G (|∆V❣| = 1♠❱)
✐♥❝r❡❛s❡s ✇✐t❤ t❡♠♣❡r❛t✉r❡✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ t❤❡ ✐♥s❡ts ♦❢ ❋✐❣s✳ ✺✳✽❛ ❛♥❞ ✺✳✽❜✳ ❋r♦♠ t❤❡
❞❛t❛ ✜t ✇❡ ♦❜t❛✐♥ G♠❛① ∼ −T ❛♥❞ G♠✐♥ ∼ T ✳
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 T = 20 mK

 T = 200 mK

 T = 300 mK

 T = 400 mK

 T = 600 mK

 T = 800 mK

 T =  1 K
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)

∆V
g 
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❋✐❣✉r❡ ✺✳✾✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ ♣❡❛❦ st✉❞✐❡❞ ✐♥ ❋✐❣✳ ✺✳✽✭❛✮ ❛♥❞ ✺✳✽✭❜✮ ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡

■t ✇❛s ♣r❡✈✐♦✉s❧② ❞❡♠♦♥str❛t❡❞ t❤❛t ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s s❤♦✇ ▲✉tt✐♥❣❡r ❧✐q✉✐❞ ❜❡❤❛✈✲
✐♦r ❬✶✶✶✱ ✶✶✷✱ ✶✶✸❪✱ ✇❤❡r❡ t❤❡ ❝♦♥❞✉❝t❛♥❝❡ ❢♦❧❧♦✇s ❛ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦✇❡r ❧❛✇ ❞❡♣❡♥❞❡♥❝❡
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡

G(T ) ∼ T α ✭✺✳✶✹✮

α ❜❡✐♥❣ r❡❧❛t❡❞ t♦ t❤❡ ▲✉tt✐♥❣❡r ♣❛r❛♠❡t❡r ❣ ❜② α = (g−1+ g−2)/2 ❬✶✶✶✱ ✶✶✷❪✳ ❲❡ ✜♥❞
α ≈ 1 ❛♥❞ ❛ ▲✉tt✐♥❣❡r ♣❛r❛♠❡t❡r ♦❢ g = 0.1✱ ✇❤✐❝❤ ✐s ❝❧♦s❡ t♦ ♣r❡✈✐♦✉s ♠❡❛s✉r❡♠❡♥ts ❬✶✶✶❪
❛♥❞ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ❬✶✶✷✱ ✶✶✸❪✳ ❈♦♠♣❛r✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❛♥❝❡ ♦❢ t❤❡
❝♦♥❞✉❝t❛♥❝❡✱ t❤❡ q✉❛❧✐t② ❢❛❝t♦r ❛♥❞ t❤❡ ❢r❡q✉❡♥❝② s❤✐❢t ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥

∆f♠❛① ∼ −G♠❛① ✭✺✳✶✺✮

Q−1
♠❛① ∼ G♠✐♥ ✭✺✳✶✻✮



✺✳✺✳ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦ ✶✶✾

✇❤✐❝❤ ✐s ✐♥ ❢✉❧❧ ❛❣r❡❡♠❡♥t ✇✐t❤ ❊qs✳ ✺✳✶ ❛♥❞ ✺✳✷✳
❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❙❊❚ ✐s t❤❡ ❞♦♠✐♥❛♥t ❞✐ss✐♣❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❢♦r ❝❛r❜♦♥ ♥❛♥✲

♦t✉❜❡ ❜❛s❡❞ ◆❊▼❙ ✐♥ ❛ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ r❡❣✐♠❡ ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✳

✺✳✺ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦

❉❡s♣✐t❡ t❤❡ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡♦r② ❛♥❞ ❡①♣❡r✐♠❡♥t✱ ✇❡ ♦❜s❡r✈❡ ❞❡✈✐❛t✐♦♥s ❢r♦♠
t❤❡ ♠♦❞❡❧ ❢♦r s♦♠❡ ❞❡✈✐❝❡s ✐♥ ❋✐❣✳ ✺✳✹❜ ❛♥❞ ✺✳✻❜✱ ✇❤✐❝❤ ✇❡ ❛ttr✐❜✉t❡ t♦ ✈❛r✐❛t✐♦♥s ✐♥
C ✬✷

❣ /k ❛♥❞ t❤❡ t✉♥♥❡❧✐♥❣ r❛t❡s Γ✳
❆❝❝♦r❞✐♥❣ t♦ r❡❢✳ ❬✶✵✸❪✱ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r C ✬✷

❣ /k ✐s ❣✐✈❡♥ ❜②

C ✬✷
❣ /k ≈ (C❣/Z)

2 /k ✭✺✳✶✼✮

✇✐t❤ C❣ ❜❡✐♥❣ t❤❡ ❣❛t❡ ❝❛♣❛❝✐t❛♥❝❡✱ Z t❤❡ ❈◆❚✲❣❛t❡ ❞✐st❛♥❝❡ ❛♥❞ k t❤❡ ❈◆❚✬s s♣r✐♥❣
❝♦♥st❛♥t✳

❲❡ st✉❞✐❡❞ t✇♦ ❞✐✛❡r❡♥t ❞❡✈✐❝❡ ❧❛②♦✉ts✿ ❙✐♥❣❧❡ ❣❛t❡❞ ❙✐❖2 ❜❛s❡❞ ❈◆❚ ◗❉ ✇✐t❤ ❛♥
❛✈❡r❛❣❡ ❣❛t❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ C❣ = 2 ± 1 ❛❋ ❛♥❞ Z = 700 ♥♠ ❛♥❞ s✐♥❣❧❡ ❣❛t❡❞ ❆❧2❖3

❜❛s❡❞ ❈◆❚ ◗❉ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡ ❣❛t❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ C❣ = 3± 1 ❛❋ ❛♥❞ Z = 300 ♥♠✳ C❣

✐s ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ✈♦❧t❛❣❡ s❡♣❛r❛t✐♦♥ ♦❢ t✇♦ ❛❞❥❛❝❡♥t ❈♦✉❧♦♠❜ ♣❡❛❦s ✭s❡❡ ❋✐❣✳ ✺✳✷✮
❛♥❞ Z ✐s ❣✐✈❡♥ ❜② t❤❡ s✉♠ ♦❢ t❤❡ ♦①✐❞❡ t❤✐❝❦♥❡ss ❛♥❞ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♠❡t❛❧ ❡❧❡❝tr♦❞❡s
✭s❡❡ s❡❝t✐♦♥ ✺✳✶✮✳ ❲✐t❤ ❛♥ ❛✈❡r❛❣❡ s♣r✐♥❣ ❝♦♥st❛♥t k = 10−3 ◆✴♠ ✭✈❛❧✉❡ ❡①tr❛❝t❡❞ ❢r♦♠
r❡❢✳ ❬✼✹❪ ❛♥❞ ❬✶✵✸❪✮ ✇❡ ♦❜t❛✐♥ ✈❛❧✉❡s ❢♦r C ✬✷

❣ /k = (6± 2) · 10−21 ❋2✴◆♠✱ ✇❤✐❝❤ ✐s ❝❧♦s❡ t♦
✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✜t ✐♥ ❋✐❣✳ ✺✳✹❜ ❛♥❞ ✺✳✻❜✳

❚❤❡ ❛❜♦✈❡ ❡st✐♠❛t✐♦♥ s❤♦✇s t❤❛t ✇❡ ✐♥❞❡❡❞ ❤❛✈❡ ✈❛r✐❛t✐♦♥s ✐♥ C ✬✷
❣ /k✱ ❝❛✉s❡❞ ❜② ❛ s♠❛❧❧

s♣r❡❛❞ ✐♥ ❝❛♣❛❝✐t❛♥❝❡ ✈❛❧✉❡s C❣ ❛♥❞ ❈◆❚✲❣❛t❡ ❞✐st❛♥❝❡ Z✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❞❡✈✐❛t✐♦♥s ♦❢
s♦♠❡ ❞❡✈✐❝❡s ❢r♦♠ t❤❡ ♠♦❞❡❧ ✜t✳

▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ❛♥ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ t✉♥♥❡❧✐♥❣ r❛t❡s
Γ✳ ❆❧t❤♦✉❣❤ ❊q✳ ✺✳✺ ♣r♦✈✐❞❡s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r Γ✱ ✇❡ ♦❜t❛✐♥ ❛♥ ✉♥❝❡rt❛✐♥t② ♦❢
δΓ ≈ 7%✱ ✇❤✐❝❤ ❝♦✉❧❞ ❛❧s♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥♥❡❞ ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ♠♦❞❡❧✳

❲❡ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ t❤❛t s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ❝❛✉s❡s ❛ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ r❡s✲
♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ✭❙❡❝t✐♦♥ ✺✳✷✮ ❛♥❞ t❤❡ ❞✐ss✐♣❛t✐♦♥ ✭❙❡❝t✐♦♥ ✺✳✸✮ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ ❛♥❞ t❤❡ t✉♥♥❡❧ ❝♦✉♣❧✐♥❣
t♦ t❤❡ ❧❡❛❞s ❬✶✾❪✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❛r❡ ✐♥ ❝❧♦s❡ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝✲
t✐♦♥s ❬✼✹✱ ✻✶❪✳ ❇❛s❡❞ ♦♥ t❤✐s ❡✈✐❞❡♥❝❡ ♦♥❡ ❝♦✉❧❞ s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡ t❤❡ q✉❛❧✐t② ❢❛❝t♦r
Q ✉♣ t♦ ✶✵6✱ ❜② ❝❤♦♦s✐♥❣ ❤✐❣❤✲κ ❞✐❡❧❡❝tr✐❝s ✭❍❢❖2 ♦r ❩r❖2✮ ❛♥❞ ✐♠♣r♦✈✐♥❣ t❤❡ t✉♥♥❡❧
❝♦♥t❛❝t t♦ t❤❡ ♠❡t❛❧ ❧❡❛❞s✳

❆ st✉❞② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❡♠♣❡r❛t✉r❡ r❡✈❡❛❧s t❤❛t s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ✐s t❤❡
❞♦♠✐♥❛♥t ❧♦ss ♠❡❝❤❛♥✐s♠ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡ ❢♦r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✭❙❡❝t✐♦♥ ✺✳✹✮✱
✇❤✐❝❤ st❛♥❞s ✐♥ ❝♦♥tr❛st t♦ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts ❬✼✺✱ ✶✵✻✱ ✶✵✼❪ ✇❡r❡ ❞✐ss✐♣❛t✐♦♥ ✐s ❞✉❡ t♦
✐♥t❡r❛❝t✐♥❣ t✇♦✲❧❡✈❡❧ s②st❡♠s ✭❚▲❙✮ ❬✶✵✽❪✳



✶✷✵
❈❤❛♣t❡r ✺✳ ❉②♥❛♠✐❝s ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② ❙❊❚ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡

◆❊▼❙

■t ✇❛s ♣r♦♣♦s❡❞ ✐♥ t❤❡♦r❡t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ t❤❛t ♦♥❡ ❝❛♥ ✉s❡ s✉❝❤ ❤✐❣❤−Q ❈◆❚ ◆❊▼❙
❛s ♠❛❣♥❡t✐❝ t♦rq✉❡ ♦r ❢♦r❝❡ ❞❡t❡❝t♦rs ❢♦r ♥❛♥♦♣❛rt✐❝❧❡s ❬✶✽❪ ♦r s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣✲
♥❡ts ❬✶✶✹✱ ✶✶✺❪ ❣r❛❢t❡❞ t♦ t❤❡ ❈◆❚ ◆❊▼❙✳ ■♥ ♣r✐♥❝✐♣❧❡ ♦♥❡ ❝❛♥ ❛❝❤✐❡✈❡ ❛ s❡♥s✐t✐✈✐t②
♦❢ ♦♥❡ µ❇ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡✱ ✇❤❡r❡❛s t❤❡ ❜❡st ♠❛❣♥❡t♦♠❡t❡rs✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ ♠✐❝r♦✲
❙◗❯■❉✱ ♦♥❧② ❤❛✈❡ ❛ s❡♥s✐t✐✈✐t② ♦❢ ✶✵3 µ❇ ❬✺✹❪✳ ❋✐♥❛❧❧②✱ s✉❝❤ ♠♦❧❡❝✉❧❛r q✉❛♥t✉♠ s♣✐♥tr♦♥✐❝
❞❡✈✐❝❡ ✇♦✉❧❞ ❛❧❧♦✇ s✐♥❣❧❡ s♣✐♥ ♠❛♥✐♣✉❧❛t✐♦♥ ♦♥ ❛ ♠♦❧❡❝✉❧❛r ❧❡✈❡❧✳



❈❤❛♣t❡r ✻

❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛

❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛ ❈❛r❜♦♥

◆❛♥♦t✉❜❡ ◆❊▼❙

❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ ❛ s✐♥❣❧❡ s♣✐♥ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡ ✐s ♠❡❞✐❛t❡❞ ❜② t❤❡ ❡①✲
❝❤❛♥❣❡ ♦❢ ❛♥ ❡♥❡r❣② q✉❛♥t✉♠ ❜❡t✇❡❡♥ t❤❡ s♣✐♥ s②st❡♠ ❛♥❞ ❛ t❤❡r♠❛❧ r❡s❡r✈♦✐r✳ ❙✉❝❤
♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss❡s ✇❡r❡ ✜rst ❞✐s❝✉ss❡❞ ❢♦r ❛ ❝r②st❛❧ ♦❢ ♣❛r❛♠❛❣♥❡t✐❝ tr❛♥s✐t✐♦♥
✐♦♥s ❬✺✵❪✳ ■t ✇❛s s✉❣❣❡st❡❞ t❤❛t ♠❡❝❤❛♥✐❝❛❧ ✈✐❜r❛t✐♦♥s ♦❢ t❤❡ ❝r②st❛❧ ❧❛tt✐❝❡ ✭✬♣❤♦♥♦♥s✬✮
♠♦❞✉❧❛t❡ t❤❡ ❝r②st❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✐♦♥✱ t❤✉s ✐♥❞✉❝✐♥❣ ❛ s♦ ❝❛❧❧❡❞ ✬❞✐r❡❝t✬
r❡❧❛①❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❞✐✛❡r❡♥t s♣✐♥ st❛t❡s ❬✺✵✱ ✶✶✻✱ ✶✶✼❪✳ ❉✐r❡❝t r❡❧❛①❛t✐♦♥ ❤❛s ❛❧s♦
❜❡❡♥ ♣r❡❞✐❝t❡❞ ❢♦r s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ✭❙▼▼✮ ✇✐t❤ ❛ ❧❛r❣❡ s♣✐♥ ❛♥❞ ❛ ❤✐❣❤ ♠❛❣✲
♥❡t✐❝ ❛♥✐s♦tr♦♣② ❬✺✵✱ ✸✻✱ ✶✶✽✱ ✶✶✾✱ ✶✷✵❪ ❛♥❞ ✇❛s ✜rst ❞❡♠♦♥str❛t❡❞ ✐♥ ❛ ▼♥✶✷ ❛❝❡t❛t❡
❝r②st❛❧ ❬✶✷✶❪✳ ❚❤❡ s♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ❢♦r s✉❝❤ ❛ ❞✐r❡❝t tr❛♥s✐t✐♦♥ ✐s ❡ss❡♥t✐❛❧❧②
❧✐♠✐t❡❞ ❜② t❤❡ ♣❤♦♥♦♥ ❞❡♥s✐t② ♦❢ st❛t❡s ❛t t❤❡ s♣✐♥ r❡s♦♥❛♥❝❡ ❛♥❞ t❤❡ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉✲
♣❧✐♥❣ ❬✺✵❪✳ ■♥ ❛ ♠❛❝r♦s❝♦♣✐❝ ✸❉ s②st❡♠✱ ❧✐❦❡ ❛ ❙▼▼ ❝r②st❛❧✱ t❤❡ ♣❤♦♥♦♥ ❡♥❡r❣② s♣❡❝tr✉♠
✐s ❝♦♥t✐♥✉♦✉s ✇❤❡r❡❛s ✐♥ ❛ ✶❉ s②st❡♠✱ ❧✐❦❡ ❛ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✭❈◆❚✮✱ t❤❡ ❡♥✲
❡r❣② s♣❡❝tr✉♠ ✐s ❞✐s❝r❡t❡ ❛♥❞ ❝❛♥ ❜❡ ❡♥❣✐♥❡❡r❡❞ t♦ ❛♥ ❡①tr❡♠❡❧② ❧♦✇ ❞❡♥s✐t② ♦❢ st❛t❡s ❬✶✷✷❪✳
❆♥ ✐♥❞✐✈✐❞✉❛❧ ❙▼▼✱ ❝♦✉♣❧❡❞ t♦ ❛ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✱ s❤♦✉❧❞ t❤❡r❡❢♦r❡ ❡①❤✐❜✐t
❡①tr❡♠❡❧② ❧♦♥❣ r❡❧❛①❛t✐♦♥ t✐♠❡s ❬✶✷✷❪ ❛♥❞ t❤❡ r❡❞✉❝❡❞ s✐③❡ ❛♥❞ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ s②s✲
t❡♠ s❤♦✉❧❞ r❡s✉❧t ✐♥ ❛ str♦♥❣❧② ❡♥❤❛♥❝❡❞ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❬✶✶✹✱ ✶✶✺❪✳ ■♥ t❤✐s s❡❝t✐♦♥✱
✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ t❤❡ ✜rst ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ❢♦r ❛ str♦♥❣ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥
❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ s♣✐♥ ❛♥❞ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r✳ ❚❤✐s ❝♦✉❧❞ ✉❧t✐♠❛t❡❧② ❡♥❛❜❧❡
❝♦❤❡r❡♥t s♣✐♥ ♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ q✉❛♥t✉♠ ❡♥t❛♥❣❧❡♠❡♥t ❬✶✶✹✱ ✶✶✺❪✳

❈❛r❜♦♥ ♥❛♥♦t✉❜❡s ✭❈◆❚✮ ❤❛✈❡ ❜❡❝♦♠❡ ❛♥ ❡ss❡♥t✐❛❧ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r ♥❛♥♦❡❧❡❝tr♦♠❡✲
❝❤❛♥✐❝❛❧ s②st❡♠s ✭◆❊▼❙✮✳ ❚❤❡✐r ❧♦✇ ♠❛ss ❛♥❞ ❤✐❣❤ ❨♦✉♥❣✬s ♠♦❞✉❧✉s ❣✐✈❡ r✐s❡ t♦ ❤✐❣❤
♦s❝✐❧❧❛t✐♦♥ ❢r❡q✉❡♥❝✐❡s ❢♦r tr❛♥s✈❡rs❡ ❬✻✺✱ ✶✷✸❪ ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ♠♦❞❡s ❬✻✽✱ ✼✾✱ ✻✼❪✱ t❤❡r❡✲
❢♦r❡ ❡♥❛❜❧✐♥❣ ❣r♦✉♥❞ st❛t❡ ❝♦♦❧✐♥❣ ✇✐t❤ st❛t❡ ♦❢ t❤❡ ❛rt ❝r②♦❣❡♥✐❝s ❛♥❞ ❛ ❧❛r❣❡ ③❡r♦ ♣♦✐♥t
♠♦t✐♦♥ ✐♥ t❤❡ q✉❛♥t✉♠ r❡❣✐♠❡ ❬✶❪✳ ▼♦r❡♦✈❡r✱ t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ♥❛♥♦♠❡❝❤❛♥✲
✐❝❛❧ ♠♦t✐♦♥ ❛♥❞ s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ✐♥ ❤✐❣❤✲◗ ❈◆❚ ◆❊▼❙ ❛❧❧♦✇s ❛♥ ❡❧❡❝tr♦♥✐❝
❛❝t✉❛t✐♦♥ ❛♥❞ ❞❡t❡❝t✐♦♥ ♦❢ ✐ts ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❬✶✾✱ ✼✹✱ ✻✶✱ ✼✺❪✳ ❆s s✉❝❤✱ ❛ ❈◆❚
◆❊▼❙ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ✉❧tr❛s❡♥s✐t✐✈❡ ♠❛ss s❡♥s✐♥❣ ❬✶✷✹✱ ✶✷✺✱ ✺❪ ♦r ❛s ♠❛❣♥❡t✐❝ t♦rq✉❡
❞❡t❡❝t♦rs ❢♦r s✐♥❣❧❡ s♣✐♥ s②st❡♠s ❬✶✽❪✳



✶✷✷
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

❆ s✐♥❣❧❡ s♣✐♥✱ str♦♥❣❧② ❝♦✉♣❧❡❞ ✇✐t❤ ❛ ❈◆❚ ◆❊▼❙ ✐♥ t❤❡ q✉❛♥t✉♠ r❡❣✐♠❡✱ ❝♦✉❧❞
s❡r✈❡ ❛s ❡❧❡♠❡♥t❛r② q✉❜✐t ✐♥ q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣✳ ■t ❤❛s ❜❡❡♥ r❡❝❡♥t❧② s✉❣✲
❣❡st❡❞ t❤❛t ❛ str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❛ q✉❛♥t✉♠ ❈◆❚ ◆❊▼❙ ❛♥❞ ❛ s✐♥❣❧❡ ❡❧❡❝tr♦♥ s♣✐♥
✇♦✉❧❞ ❡♥❛❜❧❡ ❜❛s✐❝ q✉❜✐t ❝♦♥tr♦❧ ❛♥❞ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❡♥t❛♥❣❧❡❞ st❛t❡s ❬✶✷✷❪✳ ■♥
t❤✐s ❢r❛♠❡✇♦r❦✱ ❝♦✉♣❧✐♥❣ ❛ s✐♥❣❧❡✲♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ✭❙▼▼✮ t♦ t❤❡ q✉❛♥t✐③❡❞ ♥❛♥♦♠❡❝❤❛♥✲
✐❝❛❧ ♠♦t✐♦♥ ♦❢ ❛ ❈◆❚ ◆❊▼❙ ✐s ❛ ✈❡r② ❛ttr❛❝t✐✈❡ ❛❧t❡r♥❛t✐✈❡ ❬✶✶❪✳ ❈❤❡♠✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣
❛❧❧♦✇s t❤❡ s②♥t❤❡s✐s ♦❢ ♣❡r❢❡❝t❧② ✐❞❡♥t✐❝❛❧ ❙▼▼✬s ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ✐♥t♦ ♥❛♥♦s❝❛❧❡ ❞❡✈✐❝❡s
s✉❝❤ ❛s ❡❧❡❝tr♦♠✐❣r❛t❡❞ ❥✉♥❝t✐♦♥s ❬✶✷✻✱ ✶✷✼✱ ✹✼❪ ♦r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ tr❛♥s✐st♦rs ❬✹✽❪✳ ❆
❧❛r❣❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ❛♥❞ ❛ str♦♥❣✱ ✉♥✐❛①✐❛❧ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❡♥❛❜❧❡ ❢♦r ✐♥st❛♥❝❡
q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❬✶✷✽✱ ✶✷✾❪ ♦r q✉❛♥t✉♠ ♣❤❛s❡ ✐♥t❡r❢❡r❡♥❝❡ ❬✹✷❪✱ ❛♥❞
②✐❡❧❞s ❝♦❤❡r❡♥❝❡ t✐♠❡s ♦♥ t❤❡ ♦r❞❡r ♦❢ s❡❝♦♥❞s ✐♥ ❝r②st❛❧❧✐♥❡ ❢♦r♠ ❬✹✸❪✳ ▼♦r❡♦✈❡r✱ ✐t ✇❛s
r❡❝❡♥t❧② ♣r❡❞✐❝t❡❞ t❤❛t t❤❡ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❛♥ ❙▼▼ ❛♥❞ ❛ q✉❛♥t✉♠ ❈◆❚
◆❊▼❙ ✐s str♦♥❣ ❡♥♦✉❣❤ t♦ ♣❡r❢♦r♠ ❝♦❤❡r❡♥t s♣✐♥ ♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ q✉❛♥t✉♠ ❡♥t❛♥❣❧❡✲
♠❡♥t ♦❢ ❛ s♣✐♥ ❛♥❞ ❛ r❡s♦♥❛t♦r ❬✶✶✹✱ ✶✶✺❪✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✜rst ♣r❡s❡♥t t❤❡ s♣✐♥ r❡❧❛①❛t✐♦♥ ✐♥ ❛ ❚❜P❝2 ❙▼▼ ❝♦✉♣❧❡❞ t♦ ❛ ❝❛r✲
❜♦♥ ♥❛♥♦t✉❜❡ ✭❙❡❝t✐♦♥ ✻✳✷✮ ❛♥❞ ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ ❢♦r ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣
♠♦❞❡ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✭❙❡❝t✐♦♥ ✻✳✸✮✳ ❲❡ t❤❡♥ ❡st❛❜❧✐s❤ ❛ str♦♥❣ s♣✐♥✲♣❤♦♥♦♥
❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❜♦t❤ s②st❡♠s✱ t❤❛t ✐s✱ ❜❡t✇❡❡♥ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❚❜P❝2 ❙▼▼ ❛♥❞ t❤❡
q✉❛♥t✐③❡❞ ❤✐❣❤✲◗ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ✭▲❙▼✮ ♦❢ t❤❡ ❈◆❚ r❡s♦♥❛t♦r ✭❙❡❝t✐♦♥
✻✳✹✮✳ ❚❤❡ str♦♥❣ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ♣r❡s❡♥t❡❞ ❤❡r❡ ✇♦✉❧❞ ❡♥❛❜❧❡ t❤❡ q✉❛♥t✉♠ ❝♦♥tr♦❧
♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❛t ❛ s✐♥❣❧❡✲♣❤♦♥♦♥ ❧❡✈❡❧ ❬✶✷✷✱ ✶✶✹❪ ❛♥❞ t❤❡ ❡♥t❛♥❣❧❡♠❡♥t ♦❢ ❛ s✐♥❣❧❡ s♣✐♥
✇✐t❤ q✉❛♥t✐③❡❞ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❬✶✷✷✱ ✶✶✺❪✳

✻✳✶ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥t s❡t✉♣

❍❡r❡ ✇❡ ✇✐❧❧ ❜r✐❡✢② r❡❝❛❧❧ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ❤✐❣❤ ❝❛♣❛❝✐t❛♥❝❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦rs
✭s❡❡ ❙❡❝t✐♦♥ ✹✳✷✳✸ ❢♦r ❞❡t❛✐❧s✮ ❛♥❞ t❤❡ ❣r❛❢t✐♥❣ ♣r♦❝❡❞✉r❡ ❢♦r ❚❜P❝2✯ ❙▼▼ ✭s❡❡ ❙❡❝t✐♦♥
✹✳✼ ❢♦r ❞❡t❛✐❧s✮✳

❆ ✶ µ♠✲✇✐❞❡ ♠❡t❛❧❧✐❝ ❧♦❝❛❧ ❣❛t❡ ✐s ♣❛tt❡r♥❡❞ ❜② ♦♣t✐❝❛❧ ❞❡❡♣ ✉❧tr❛✈✐♦❧❡t ✭❉❯❱✮ ❧✐t❤♦❣✲
r❛♣❤② ❛♥❞ s✉❜s❡q✉❡♥t ❡✲❜❡❛♠ ❡✈❛♣♦r❛t✐♦♥ ♦❢ ▼♦ ✭✷✵ ♥♠✮ ♦♥ ❛ ❞❡❣❡♥❡r❛t❡❧② ♣✲❞♦♣❡❞
s✐❧✐❝♦♥ ✇❛❢❡r ✇✐t❤ ❛ ✸✵✵ ♥♠ t❤✐❝❦ ❧❛②❡r ♦❢ t❤❡r♠❛❧ ❙✐❖2✳ ❆ ❧❛②❡r ♦❢ ✶✵✵♥♠ ♦❢ ❆❧2❖3 ✐s
t❤❡♥ ❞❡♣♦s✐t❡❞ ❜② ❛t♦♠✐❝ ❧❛②❡r ❞❡♣♦s✐t✐♦♥✳ ❯s✐♥❣ ♦♣t✐❝❛❧ ❉❯❱ ❧✐t❤♦❣r❛♣❤② ❛♥❞ ❡✲❜❡❛♠
❡✈❛♣♦r❛t✐♦♥ ♦❢ ▼♦ ✭✷✵♥♠✮ ❛♥❞ Pt ✭✶✻✵♥♠✮✱ s♦✉r❝❡✲❞r❛✐♥ ❡❧❡❝tr♦❞❡s ❛r❡ ❛❧✐❣♥❡❞ ❛❜♦✈❡ t❤❡
❧♦❝❛❧ ❣❛t❡✳ ❙✉s♣❡♥❞❡❞ ❈◆❚✬s ❛r❡ ✜♥❛❧❧② ❣r♦✇♥ ❜② ❈❱❉ ❛t ✽✵✵♦❈ ❢r♦♠ ❛ ❈❍4 ❢❡❡❞st♦❝❦
❛♥❞ ❋❡✴▼♦ ❝❛t❛❧②st s♣♦ts ♣❛tt❡r♥❡❞ ♦♥ t❤❡ s♦✉r❝❡✲❞r❛✐♥ ❡❧❡❝tr♦❞❡s ♥❡①t t♦ t❤❡ ❥✉♥❝t✐♦♥
✭❙❡❝t✐♦♥ ✹✳✷✳✸✮✳ ❚❤❡ ❈◆❚ ❞❡✈✐❝❡ ❧❡♥❣t❤ ✐s ❛♣♣r♦①✐♠❛t❡❧② ✽✵✵ ♥♠✳

❚❤❡ ♣②r❡♥❡✲s✉❜st✐t✉t❡❞ ❚❜P❝2✯ ✇❡r❡ s②♥t❤❡s✐③❡❞ ❛s r❡♣♦rt❡❞ ✐♥ ❘❡❢✳ ❬✸✼❪✳ ❚❤❡ ❚❜P❝2
♣♦✇❞❡r ✇❛s ❞✐ss♦❧✈❡❞ ✐♥ ❛ s♦❧✉t✐♦♥ ♦❢ ❞✐❝❤❧♦r♦♠❡t❤❛♥❡ ✇✐t❤ ❛ ❚❜P❝∗2 ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢
✶✵−7 ♠♦❧✴▲ ❛♥❞ ❞r♦♣ ❝❛st❡❞ ♦♥t♦ t❤❡ s❛♠♣❧❡✳ ❚❤❡ ❞r♦♣❧❡t ✇❛s s✉❜s❡q✉❡♥t❧② ❞r✐❡❞ ✐♥



✻✳✷✳ ❙♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ✐♥ ❚❜P❝2✯ ❙▼▼ ❝♦✉♣❧❡❞ t♦ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✶✷✸

❋✐❣✉r❡ ✻✳✶✿ ❚❜P❝2✯ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡t ❣r❛❢t❡❞ t♦ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✭❞❡✈✐❝❡
▲❙▼✲❤②❜r✐❞✮

❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ❞r②❡r✱ t♦ ❛✈♦✐❞ ❞❡str✉❝t✐♦♥ ♦❢ t❤❡ s✉s♣❡♥❞❡❞ ❈◆❚✬s t❤r♦✉❣❤ ❝❛♣✐❧❧❛r✐t②
❡✛❡❝ts ✭❙❡❝t✐♦♥ ✹✳✼✮✳ ■♥ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ st✉❞② ❛ ❤②❜r✐❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✲♠♦❧❡❝✉❧❡ ❞❡✈✐❝❡
❞❡s✐❣♥❡❞ ❜② t❤♦s❡ ♠❡❛♥s ❧❛❜❡❧❡❞ ▲❙▼✲❤②❜r✐❞✳

❈♦♥❞✉❝t❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ♦♥ t❤❡ ❞❡✈✐❝❡ ▲❙▼✲❤②❜r✐❞ ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ❍❡3✴❍❡4
❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦r ✇✐t❤ ❛ ❜❛s❡ t❡♠♣❡r❛t✉r❡ ♦❢ ✷✵ ♠❑✳ ❚❤❡ r❡❢r✐❣❡r❛t♦r ✐s ❡q✉✐♣♣❡❞
✇✐t❤ ❛ ✸❉ ✈❡❝t♦r ♠❛❣♥❡t✱ ❣❡♥❡r❛t✐♥❣ ✉♣ t♦ ✶✳✹ ❚ ❛♥❞ ✉♣ t♦ ✵✳✺ ❚ ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡
s❛♠♣❧❡✱ ✇✐t❤ ❛ ♠❛①✐♠✉♠ s✇❡❡♣ r❛t❡ ♦❢ ✷✺✵ ♠❚✴s✱ ❛♥❞ ❛♥ ♦✉t✲♦❢✲♣❧❛♥❡ ✜❡❧❞ ♦❢ ✵✳✶✺ ❚✳ ❚❤❡
tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♠❛❞❡ ✇✐t❤ ❛♥ ❆❉❲■◆ r❡❛❧✲t✐♠❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s②st❡♠
✭❙❡❝t✐♦♥ ✹✳✻✳✷✮✳

✻✳✷ ❙♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ✐♥ ❚❜P❝2✯ ❙▼▼ ❝♦✉♣❧❡❞ t♦

❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡

✻✳✷✳✶ ▼❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ✐♥ ❛ ❚❜P❝2✯ ❙▼▼

❲❡ st✉❞② t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ ❛ ♣②r❡♥❡✲s✉❜st✐t✉t❡❞ ❜✐s✭♣❤t❤❛❧♦❝②❛♥✐♥❛t♦✮ t❡r✲
❜✐✉♠✭■■■✮ ❙▼▼ ✭❛❧s♦ ❚❜P❝2✯ ❙▼▼✱ ❋✐❣✳ ✻✳✷✮ ❣r❛❢t❡❞ t♦ ❛ ❈◆❚ r❡s♦♥❛t♦r ❬✸✼❪✳ ❚❤❡
❚❜P❝2✯ ✐s ❛ r❛r❡ ❡❛rt❤ ❙▼▼ ✐♥ ✇❤✐❝❤ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ✐s ❝❛rr✐❡❞ ❜② ❛ s✐♥❣❧❡ ❚❜3+

✐♦♥ s❛♥❞✇✐❝❤❡❞ ❜❡t✇❡❡♥ t✇♦ ♦r❣❛♥✐❝ ♣❤t❤❛❧♦❝②❛♥✐♥❡ ✭P❝✮ ❧✐❣❛♥❞ ♣❧❛♥❡s ❬✹✾❪✳ ❚❤❡ ❚❜P❝2✯
❤❛s ❛ S = 1/2 r❛❞✐❝❛❧ ❞❡❧♦❝❛❧✐③❡❞ ♦✈❡r t❤❡ P❝ ❧✐❣❛♥❞ ♣❧❛♥❡s✳ ❉✉❡ t♦ π✲π ✐♥t❡r❛❝t✐♦♥✱
t❤✐s r❛❞✐❝❛❧ ❝❛♥ ❡❛s✐❧② ❤②❜r✐❞✐③❡ ✇✐t❤ t❤❡ π✲❡❧❡❝tr♦♥s ♦❢ ❛♥② ❢♦r♠ ♦❢ s♣2✲❝❛r❜♦♥ ✇✐t❤♦✉t
❛✛❡❝t✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❚❜3+ ✐♦♥ ❬✹✽✱ ✸✼✱ ✸✽❪✳ ❚❤❡ ❤✐❣❤❧② ❛♥✐s♦tr♦♣✐❝ 4f
s❤❡❧❧ ♦❢ t❤❡ ❚❜3+ ✐♦♥ ❛♥❞ ✐ts ✐♥tr✐♥s✐❝❛❧❧② str♦♥❣ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ r❡s✉❧ts ✐♥ ❛ ♠❛❣♥❡t✐❝
❣r♦✉♥❞ st❛t❡ ♦❢ J = 6 ❛♥❞ ❛ ♣r♦♥♦✉♥❝❡❞ ✉♥✐❛①✐❛❧ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②✱ ✇✐t❤ ❛♥ ❡❛s② ❛①✐s
♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ P❝ ♣❧❛♥❡s ✭❋✐❣✳ ✻✳✷❛✮✳



✶✷✹
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙
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❋✐❣✉r❡ ✻✳✷✿ ❚❜P❝2✯ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❡ ▼❛❣♥❡t✿ ✭❛✮ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♣②r❡♥✲
s✉❜st✐t✉t❡❞ ❚❜P❝2✯ ❙▼▼✳ ❆ ❚❜3+ ✐♦♥ ✭♣✐♥❦✮ ✐s s❛♥❞✇✐❝❤❡❞ ❜❡t✇❡❡♥ t✇♦ ♦r❣❛♥✐❝ ♣❤✲
t❤❛❧♦❝②❛♥✐♥❡ ✭P❝✮ ❧✐❣❛♥❞ ♣❧❛♥❡s✳ ❚❤❡ ♦①✐❞❛t✐♦♥ st❛t❡ ♦❢ t❤❡ ❚❜3+ ✐♦♥ ❣❡♥❡r❛t❡s ❛ s♣✐♥
S = 1/2 r❛❞✐❝❛❧ ❞❡❧♦❝❛❧✐③❡❞ ♦✈❡r t❤❡ ♣❤t❤❛❧♦❝②❛♥✐♥❡ ♣❧❛♥❡s ✇❤✐❝❤ ❝❛♥ ✐♥t❡r❛❝t ✇✐t❤ ❛♥②
❦✐♥❞ ♦❢ sp2 ❝❛r❜♦♥ ✈✐❛ π✲π ✐♥t❡r❛❝t✐♦♥✳ ❆ ♣②r❡♥❡ ❛r♠ ❛♥❞ s✐① ❤❡①②❧ ❣r♦✉♣s ❢✉rt❤❡r ❡♥✲
❤❛♥❝❡ t❤❡ ❣r❛❢t✐♥❣ ❡✣❝✐❡♥❝② ✭❜✮ ❋✉❧❧ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❚❜P❝2✯ ❙▼▼✳ ❉✉❡ t♦ t❤❡
❤✐❣❤❧② ❛♥✐s♦tr♦♣✐❝ 4f ✲s❤❡❧❧ ♦❢ t❤❡ ❚❜3+ ✐♦♥ ❛♥❞ ❛ str♦♥❣ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣✱ t❤❡ ❚❜P❝2✯
❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ■s✐♥❣ ❧✐❦❡ s♣✐♥ s②st❡♠✱ ✇✐t❤ ❛ ❤✐❣❤ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❛♥❞ ❛
❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡t Jz = ±6✳ ▼♦❞✐✜❡❞ ✜❣✉r❡ ❢r♦♠ ❬✹✽❪ ✭❝✮ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ♦❢ t❤❡
❚❜P❝2✯ ❙▼▼✬s ❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡t✳ ❚❤❡ str♦♥❣ ❤②♣❡r✜♥❡ ❝♦✉♣❧✐♥❣ ✇✐t❤ t❤❡ ♥✉❝❧❡❛r
s♣✐♥ I = 3/2 ✐♥ t❤❡ ❚❜3+ ✐♦♥✱ s♣❧✐ts t❤❡ ❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡t Jz = ±6 ✐♥t♦ ❢♦✉r st❛t❡s
❡❛❝❤✳



✻✳✷✳ ❙♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ✐♥ ❚❜P❝2✯ ❙▼▼ ❝♦✉♣❧❡❞ t♦ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✶✷✺

❚❤❡ ❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡t Jz = ±6 ✐s s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ ❡①❝✐t❡❞ st❛t❡s ❜② s❡✈❡r❛❧
❤✉♥❞r❡❞s ♦❢ ❑❡❧✈✐♥ ✭❋✐❣✳ ✻✳✷❜✮✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ❚❜P❝2✯ ❛♥ ■s✐♥❣ ❧✐❦❡ s♣✐♥ s②st❡♠ ❛t ❧♦✇
t❡♠♣❡r❛t✉r❡ ✭T < 5 ❑✮ ❛♥❞ s♠❛❧❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✭B < 10 ❚✮ ❬✹✾❪✳ ❆ str♦♥❣ ❤②♣❡r✜♥❡
✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ♥✉❝❧❡❛r s♣✐♥ I = 3/2 ♦❢ t❤❡ ❚❜3+ ✐♦♥✱ s♣❧✐ts t❤❡ ❣r♦✉♥❞ st❛t❡ ❞♦✉❜❧❡t
Jz = ±6 ✐♥t♦ ❢♦✉r st❛t❡s ❡❛❝❤ ✭❋✐❣✳ ✻✳✷❝✮✳ ❋✐♥❛❧❧②✱ t❤❡ ❧✐❣❛♥❞ ✜❡❧❞ ❣❡♥❡r❛t❡s ❛ s♠❛❧❧
tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② r❡s✉❧t✐♥❣ ✐♥ ❛✈♦✐❞❡❞ ❧❡✈❡❧ ❝r♦ss✐♥❣s ✭❜❧❛❝❦ ❝✐r❝❧❡s ✐♥ ❋✐❣✳
✻✳✷❝✮ ❬✹✾❪✳

❆t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ❝❛♥ ♦❝❝✉r ✈✐❛ t✇♦ ❞✐✛❡r❡♥t
♣r♦❝❡ss❡s ✭❙❡❝t✐♦♥ ✷✳✷✮✳ ❆r♦✉♥❞ ③❡r♦ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ ❛✈♦✐❞❡❞ ❧❡✈❡❧ ❝r♦ss✐♥❣s ❛❧❧♦✇ ❢♦r
q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ |Jz, Iz〉 → |−Jz, Iz〉 ❬✹✽✱ ✹✾❪✳ ❆t ❤✐❣❤ ♠❛❣♥❡t✐❝ ✜❡❧❞s
t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❡s t❤r♦✉❣❤ ❛ ❞✐r❡❝t r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ✐♥✈♦❧✈✐♥❣ ♥♦♥✲❝♦❤❡r❡♥t
t✉♥♥❡❧✐♥❣ ❡✈❡♥ts ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❡♠✐ss✐♦♥ ♦r ❛❜s♦r♣t✐♦♥ ♦❢ ♣❤♦♥♦♥s ❬✹✽❪ ✭❋✐❣✳ ✻✳✷❝✮✳

γ γ

Spin

system

resonant 

phonons

1-phonon

phonon

sideband

(virtual)

2-phonons

phonon

sideband

2-phonons

Reservoir

direct Orbach

Raman

❋✐❣✉r❡ ✻✳✸✿ ❙♣✐♥✲♣❤♦♥♦♥ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss❡s ✐♥ ❚❜P❝2✯ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts✿ ❆ ❞✐r❡❝t

♦♥❡✲♣❤♦♥♦♥ ♣r♦❝❡ss ❞♦♠✐♥❛t❡s ❛t ❧♦✇❡st t❡♠♣❡r❛t✉r❡s✱ ✇❤❡r❡❛s t✇♦✲♣❤♦♥♦♥ ❖r❜❛❝❤ ❛♥❞
❘❛♠❛♥ ♣r♦❝❡ss❡s t❛❦❡ ♦✈❡r ❛s t❤❡ t❡♠♣❡r❛t✉r❡ ✐♥❝r❡❛s❡s✳ ❚❤❡ ♣❤♦♥♦♥ ❡♥❡r❣② ✐s t❤❡♥
tr❛♥s❢❡r❡❞ t♦ ❛ t❤❡r♠❛❧ r❡s❡r✈♦✐r✳ ❚❤❡ ❛rr♦✇s ✐♥❞✐❝❛t❡ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② tr❛♥s❢❡r✳
❋✐❣✉r❡ ✐♥s♣✐r❡❞ ❢r♦♠ ❬✺✵❪✳

❙♣✐♥✲♣❤♦♥♦♥ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss❡s ✐♥ ❚❜P❝2✯ ❙▼▼ ❛r❡ ❞✉❡ t♦ ❛ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡
♠♦❧❡❝✉❧❡✬s ❝r②st❛❧ ❡❧❡❝tr✐❝ ♦r ❧✐❣❛♥❞ ✜❡❧❞ ❜② t❤❡ ♠♦t✐♦♥ ♦❢ ❝❤❛r❣❡❞ ✐♦♥s ✐♥ ❛ s✉rr♦✉♥❞✐♥❣
❧❛tt✐❝❡✱ s♦ ❝❛❧❧❡❞ ♣❤♦♥♦♥s✳ ❉✉❡ t♦ str♦♥❣ s♣✐♥✲♦r❜✐t ✐♥t❡r❛❝t✐♦♥s ✐♥ t❤❡ ❚❜3+ ✐♦♥✱ t❤❡
✢✉❝t✉❛t✐♥❣ ❧✐❣❛♥❞ ✜❡❧❞ ❝❛♥ ✐♥❞✉❝❡ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t s♣✐♥ st❛t❡s✳ ❉✐✛❡r❡♥t



✶✷✻
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

tr❛♥s✐t✐♦♥ ♠❡❝❤❛♥✐s♠s ❝❛♥ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♠♦❧❡❝✉❧❡✬s ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧✱ ✐♥✈♦❧✈✐♥❣
t❤❡ ❡♠✐ss✐♦♥ ♦r ❛❜s♦r♣t✐♦♥ ♦❢ ♦♥❡ ♦r t✇♦ ♣❤♦♥♦♥s ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳✸✳ ❆t t❤❡ ❧♦✇❡st
t❡♠♣❡r❛t✉r❡✱ t❤❡ s♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ✐s t②♣✐❝❛❧❧② ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ♦♥❡✲♣❤♦♥♦♥ ❞✐r❡❝t

♣r♦❝❡ss✳ ❆s t❤❡ t❡♠♣❡r❛t✉r❡ ✐♥❝r❡❛s❡s✱ ❤✐❣❤❡r ♦r❞❡r t✇♦✲♣❤♦♥♦♥ ❖r❜❛❝❤ ❛♥❞ ❘❛♠❛♥

♣r♦❝❡ss❡s✱ ✐♥✈♦❧✈✐♥❣ ❛ r❡❛❧ ❛♥❞ ✈✐rt✉❛❧ ❡①❝✐t❡❞ st❛t❡ ✭♦r ♣❤♦♥♦♥ s✐❞❡❜❛♥❞✮ r❡s♣❡❝t✐✈❡❧②✱
❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷ ❛♥❞ ❬✺✵❪✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧
♥♦✇ ❞✐s❝✉ss t❤❡ t✐♠❡ s❝❛❧❡ ❢♦r s♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❞✐r❡❝t tr❛♥s✐t✐♦♥ ✐♥
❛ ❚❜P❝2✯ ❙▼▼ ❝♦✉♣❧❡❞ t♦ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳

✻✳✷✳✷ ❙♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ❢♦r ❛ ❞✐r❡❝t ♣r♦❝❡ss

❚❤❡ s♣✐♥ r❡❧❛①❛t✐♦♥ t✐♠❡ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❞✐r❡❝t tr❛♥s✐t✐♦♥ ✐s ❡ss❡♥t✐❛❧❧② ❣✐✈❡♥ ❜② t❤❡
♣❤♦♥♦♥ ❡♥❡r❣② ❛♥❞ t❤❡ ♣❤♦♥♦♥ ❞❡♥s✐t② ♦❢ st❛t❡s ❛t t❤❡ s♣✐♥ r❡s♦♥❛♥❝❡ ❛s ✇❡❧❧ ❛s t❤❡
s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷✳✸ ❛♥❞ ❬✺✵❪✮✳ ❚❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② 1/τ ②✐❡❧❞s

1

τ
∼ |H1

❧❢|2D(ω)

[

1 + exp

(

~ω

k❇T

)]

✭✻✳✶✮

✇❤❡r❡ |H1
❧❢| ✐s t❤❡ ♠❛tr✐① ❡❧❡♠❡♥t ❝♦✉♣❧✐♥❣ t❤❡ s♣✐♥ st❛t❡s t♦ t❤❡ ♣❤♦♥♦♥s ❛♥❞ D(ω) t❤❡

♣❤♦♥♦♥ ❞❡♥s✐t② ♦❢ st❛t❡s ❛t t❤❡ ♣❤♦♥♦♥ ❢r❡q✉❡♥❝② ω✳ ❚❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ str♦♥❣❧② ❞❡♣❡♥❞s
♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♣❤♦♥♦♥ ❜❛t❤✱ ❛s ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✸❉ ♣❤♦♥♦♥s

■♥ ❛ ❚❜P❝2✯ ❝♦✉♣❧❡❞ t♦ ❛ ♥♦♥✲s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✱ t❤❡ ❞✐r❡❝t r❡❧❛①❛t✐♦♥ ✐s ♠❛✐♥❧②
❡♥❛❜❧❡❞ ❜② ✸❉ ❜✉❧❦ ♣❤♦♥♦♥s ✐♥ t❤❡ ❛♠♦r♣❤♦✉s ❙✐❖2 ❬✹✽✱ ✶✸✵❪✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ✐s ♠❡❞✐❛t❡❞ ❜②
t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✱ ✇❤✐❝❤ ✐s ♠❡❝❤❛♥✐❝❛❧❧② ❝♦✉♣❧❡❞ t♦ t❤❡ ❚❜P❝2✯ s♣✐♥ ❛♥❞ ✐s ✐♥ t❤❡r♠❛❧
❝♦♥t❛❝t ✇✐t❤ t❤❡ ❙✐❖2 ♣❤♦♥♦♥s ❬✶✸✵❪✳ ❚❤❡ ❡♥❡r❣② ❞✐str✐❜✉t✐♦♥ ♦❢ ✸❉ ❜✉❧❦ ♣❤♦♥♦♥s ✐♥ ❙✐❖2

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❡ ❞❡♥s✐t② ♦❢ st❛t❡s ✭❉❖❙✮ ❢♦r ❛ ❧♦♥❣✐t✉❞✐♥❛❧ ❛❝♦✉st✐❝ ♣❤♦♥♦♥ ♠♦❞❡ ✐s
❣✐✈❡♥ ✐♥ t❤❡ ❉❡❜②❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❜②

D (ω) =
~ω3

2π2v3l

[

❡①♣
(

~ω
k❇T

)

− 1
] ✭✻✳✷✮

✇❤❡r❡ vl ✐s t❤❡ ❣r♦✉♣ ✈❡❧♦❝✐t② ♦❢ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ♦❜s❡r✈❡s ❛ ✜♥✐t❡
♣❤♦♥♦♥ ❉❖❙ ✐♥ ❙✐❖2 ❛t ❛❧❧ ❡♥❡r❣✐❡s ✭❋✐❣✳ ✻✳✹❛✮ ❛♥❞ t❤❡ r❛t❡ ❢♦r ❛ ❞✐r❡❝t r❡❧❛①❛t✐♦♥ ✐♥ t❤❡
❚❜P❝2✯ ❢♦❧❧♦✇s t❤❡ r❡❧❛t✐♦♥ ❞❡r✐✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷

1

τ
∼ (~ω)3 coth

(

~ω

2k❇T

)

∼ H3coth

(

βH

2k❇T

)

✭✻✳✸✮

✇✐t❤ t❤❡ ♣❤♦♥♦♥ ❡♥❡r❣② ~ω = gµ0µB∆mJHz = βH ❛♥❞ H t❤❡ ♠❛❣♥❡t✐❝ s✇✐t❝❤✐♥❣ ✜❡❧❞✳



✻✳✷✳ ❙♣✐♥✲❧❛tt✐❝❡ r❡❧❛①❛t✐♦♥ ✐♥ ❚❜P❝2✯ ❙▼▼ ❝♦✉♣❧❡❞ t♦ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✶✷✼

❋✐❣✉r❡ ✻✳✹✿ ❙♣✐♥✲♣❤♦♥♦♥ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss❡s ✐♥ ❛ ❚❜P❝2✯ ❝♦✉♣❧❡❞ t♦ ❛ ♥♦♥✲s✉s♣❡♥❞❡❞
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✭✸❉ ♣❤♦♥♦♥s✮✿ ✭❛✮ P❤♦♥♦♥ ❞❡♥s✐t② ♦❢ st❛t❡s ❢♦r ❛ ❧♦♥❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥
♠♦❞❡ ✐♥ ❛ ❜✉❧❦ ♠❛t❡r✐❛❧ ✭❜✮ ❘❡❧❛①❛t✐♦♥ t✐♠❡ ♠❡❛s✉r❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝
s✇✐t❝❤✐♥❣ ✜❡❧❞ H0✱ ✐✳❡✳ t❤❡ ♣❤♦♥♦♥ ❡♥❡r❣② ~ω✳ ❋✐❣✉r❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❬✶✸✵❪

❆s ❞❡♠♦♥str❛t❡❞ ❜② ❯r❞❛♠♣✐❧❧❡t❛ ❡t ❛❧✳ ❬✶✸✵❪✱ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ♦❢ ❛ ❚❜P❝2✯ ❝♦✉♣❧❡❞
t♦ ❛ ♥♦♥✲s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✐♥❞❡❡❞ ❢♦❧❧♦✇s t❤❡ ❡①♣❡❝t❡❞H−3 ❞❡♣❡♥❞❛♥❝❡ ❛t ✈❡r②
❧♦✇ t❡♠♣❡r❛t✉r❡ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✻✳✸ ✭❋✐❣✳ ✻✳✹❜✮✳

✶❉ ♣❤♦♥♦♥s

❆♥ ✐♥❞✐✈✐❞✉❛❧ ❚❜P❝2✯ ❙▼▼ ❣r❛❢t❡❞ ♦♥ ❛ s✉s♣❡♥❞❡❞ ❈◆❚ ❤♦✇❡✈❡r ✐s ♣❤②s✐❝❛❧❧② ❞❡❝♦✉♣❧❡❞
❢r♦♠ t❤❡ ❜✉❧❦ ♣❤♦♥♦♥s ✐♥ t❤❡ s✉❜str❛t❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❚❜P❝2✯ ❙▼▼ ❝❛♥ ♦♥❧②
❝♦✉♣❧❡ t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❤♦♥♦♥s ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳ P❤♦♥♦♥s ✐♥ ❛ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ t②♣✐❝❛❧❧② ❡①❤✐❜✐t ❛ ❞✐s❝r❡t❡ ❡♥❡r❣② s♣❡❝tr✉♠ ✭❋✐❣✳ ✻✳✺❜✮ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡♥❣✐♥❡❡r❡❞
t♦ ❛ ✈❡r② ❧♦✇ ❞❡♥s✐t② ♦❢ st❛t❡s ❛t t❤❡ s♣✐♥ r❡s♦♥❛♥❝❡ ❬✶✷✷❪✳

■t ❤❛s ❜❡❡♥ r❡❝❡♥t❧② ❞❡♠♦♥str❛t❡❞ t❤❛t ❤✐❣❤ ❢r❡q✉❡♥❝② tr❛♥s✈❡rs❡ ❬✻✺✱ ✻✻❪ ❛♥❞ ❧♦♥✲
❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥ ❬✻✽✱ ✼✾✱ ✻✼❪ ♠♦❞❡s ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛r❡ q✉❛♥t✐③❡❞ ❛t ❝r②♦❣❡♥✐❝
t❡♠♣❡r❛t✉r❡s ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡✐r q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❣r♦✉♥❞ st❛t❡ ✐❢ t❤❡ ❛✈❡r❛❣❡
t❤❡r♠❛❧ ♦❝❝✉♣❛t✐♦♥ ñ = k❇T/~ωR ❜❡❝♦♠❡s s♠❛❧❧❡r t❤❛♥ ✶✱ ✐✳❡✳ ❢♦r ~ωR > k❇T ✭❋✐❣✳ ✻✳✻✮✳

■♥ t❤❡r♠❛❧ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ q✉❛♥t✐③❡❞ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ s✉❝❤ ❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❤❛✈❡
❛♥ ♦❝❝✉♣❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❣✐✈❡♥ ❜② ❬✶❪

Pn =
(

e
− ~ωr

k❇T

)n (

1− e
− ~ωr

k❇T

)

✭✻✳✹✮

✇❤❡r❡ n ✐s t❤❡ ♦s❝✐❧❧❛t♦r✬s q✉❛♥t✉♠ ♥✉♠❜❡r✳



✶✷✽
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

(a) (b)

❋✐❣✉r❡ ✻✳✺✿ P❤♦♥♦♥ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ✭❛✮ ❛♥❞ ❞❡♥s✐t② ♦❢ st❛t❡s ✭❜✮ ✐♥ ❛♥ ❛r♠❝❤❛✐r ✭✶✵✱✶✵✮
❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳ ❋✐❣✉r❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❬✶✸✶❪

quantized motion

hfres > kBT

classical motion

hfres < kBT

T = 20 mK

❋✐❣✉r❡ ✻✳✻✿ ❱✐❜r❛t✐♦♥❛❧ ♠♦❞❡s ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡✈✐❝❡
❧❡♥❣t❤ L ❛t T = 20 ♠❑✳ ❋♦r ~ωR > k❇T ✱ ♠❡❝❤❛♥✐❝❛❧ ♠♦❞❡s r❡❛❝❤ ❛ q✉❛♥t✉♠ st❛t❡ ♦❢
♠♦t✐♦♥ ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡✐r q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❣r♦✉♥❞ st❛t❡✳ ❯♣♦♥ t❤✐s ✧❣r♦✉♥❞✲
st❛t❡ ❝♦♦❧✐♥❣✧✱ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ❜❡❝♦♠❡ ❞❡♣❧❡t❡❞✱ t❤✉s ②✐❡❧❞✐♥❣ ❛♥ ❡①tr❡♠❡❧②
❧♦✇ ❞❡♥s✐t② ♦❢ st❛t❡s✳ ❇❡♥❞✐♥❣ ♠♦❞❡ ❢r❡q✉❡♥❝✐❡s ✭❜❧✉❡ ♦♣❡♥ sq✉❛r❡s✮ ❛r❡ ❝♦♠♣✐❧❡❞ ❢r♦♠
❬✶✱ ✶✾✱ ✻✺✱ ✻✻❪✱ ▲❙▼ ❢r❡q✉❡♥❝✐❡s ✭❣r❡❡♥ ❝✐r❝❧❡s✮ ❢r♦♠ ❬✻✻✱ ✻✼✱ ✷✵✱ ✻✽❪✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s
❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝❛❧❝✉❧❛t❡❞ ❧❡♥❣t❤ ❞❡♣❡♥❞❛♥❝❡ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✻✽❪✳



✻✳✸✳ ❊✈✐❞❡♥❝❡ ❢♦r q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ◆❊▼❙ ✶✷✾

❆❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✻✳✹✱ ❛s t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r r❡❛❝❤❡s t❤❡ ❣r♦✉♥❞ st❛t❡ ❢♦r
~ωR > k❇T ✱ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ✭n ≥ 1✮ ❜❡❝♦♠❡ ❛❧♠♦st ❞❡♣❧❡t❡❞✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥
❛♥ ❡①tr❡♠❡❧② ❧♦✇ ❞❡♥s✐t② ♦❢ st❛t❡s ✭❋✐❣✳ ✻✳✼✮✳ ■♥ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❝❛♥ ❡①♣❡❝t str♦♥❣❧②
❡♥❤❛♥❝❡❞ s♣✐♥ r❡❧❛①❛t✐♦♥ t✐♠❡ ❢♦r ❛ s✐♥❣❧❡ ❚❜P❝2✯ ❙▼▼ ❝♦✉♣❧❡❞ t♦ s✉❝❤ q✉❛♥t✐③❡❞ ♠❡✲
❝❤❛♥✐❝❛❧ ♠♦❞❡ ♦❢ ♠♦t✐♦♥ ✐♥ ❛ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳

❋✐❣✉r❡ ✻✳✼✿ ❆✈❡r❛❣❡ t❤❡r♠❛❧ ♦❝❝✉♣❛t✐♦♥ ñ + 1
2
✈s t❡♠♣❡r❛t✉r❡ T ✳ ❚❤❡ ✐♥s❡t s❤♦✇ t❤❡

♦❝❝✉♣❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② Pn ❢♦r k❇T/~ωR = 0.3✱ ✶✳✹✹ ❛♥❞ ✷✳ ❋✐❣✉r❡ ❢r♦♠ ❬✶❪

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ ❢♦r ❛ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡
✈✐❜r❛t✐♦♥ ✐♥ ✐ts q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❣r♦✉♥❞ st❛t❡ ✭❙❡❝t✐♦♥ ✻✳✸✮ ❛♥❞ ❡st❛❜❧✐s❤ ❛ str♦♥❣
❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❧❛tt❡r ❛♥❞ t❤❡ s♣✐♥ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ ❙▼▼ ❣r❛❢t❡❞ t♦ t❤❡ s✉s♣❡♥❞❡❞
❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✭❙❡❝t✐♦♥ ✻✳✹✮✳

✻✳✸ ❊✈✐❞❡♥❝❡ ❢♦r q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s

✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ ❢♦r ❛ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ✐♥ t❤❡ ❤②❜r✐❞
♥❛♥♦t✉❜❡✲♠♦❧❡❝✉❧❡ ❞❡✈✐❝❡ ▲❙▼✲❤②❜r✐❞ ✭❋✐❣✳ ✻✳✽✮✳ ❲❡ ✇✐❧❧ ♣r♦❜❡ ✐ts ♣❤♦♥♦♥ ❡♥❡r❣②✱
❧✐♥❡✇✐❞t❤ ❛s ✇❡❧❧ ❛s t❤❡ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣✳



✶✸✵
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

Vsd

VlgVbg

(a) (b)

❋✐❣✉r❡ ✻✳✽✿ ❍②❜r✐❞ ♥❛♥♦t✉❜❡✲♠♦❧❡❝✉❧❡ ❞❡✈✐❝❡ ▲❙▼✲❤②❜r✐❞✳ ✭❛✮ ❋❛❧s❡ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡
❛♥❞ ✭❜✮ st❛❜✐❧✐t② ❞✐❛❣r❛♠ ♦❢ t❤❡ ❤②❜r✐❞ ♥❛♥♦t✉❜❡✲♠♦❧❡❝✉❧❡ ❞❡✈✐❝❡ ✐♥ t❤❡ ❢❡✇ ❡❧❡❝tr♦♥
r❡❣✐♠❡ ❛t ❛ t❡♠♣❡r❛t✉r❡ T = 20 ♠❑ ❛♥❞ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣ t❤❡ t❤❡ ♥❛♥♦t✉❜❡✬s ❛①✐s
♦❢ Hx = 1.4T ✳

✻✳✸✳✶ ❊❧❡❝tr♦♥✐❝ ❛❝t✉❛t✐♦♥ ❛♥❞ ❞❡t❡❝t✐♦♥ ❢♦r ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✲

✐♥❣ ♠♦❞❡s

❙✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ ✭❙❊❚✮ ♦♥t♦ t❤❡ ❈◆❚ q✉❛♥t✉♠ ❞♦t s❤✐❢ts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐✲
t✐♦♥ ♦❢ t❤❡ ❈◆❚ ❛❧♦♥❣ t❤❡ ❈◆❚✬s ❛①✐s ❜② ❛♥ ❛♠♦✉♥t ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥
❝♦✉♣❧✐♥❣ g ❬✻✽❪✳ ❋♦r ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ g ∼ 1✱ t❤❡ ❡❧❡❝tr♦♥ t❤❡r❡✲
❢♦r❡ ❡✛❡❝t✐✈❡❧② t✉♥♥❡❧s ✐♥t♦ ❛♥ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡ ✭❋✐❣✳ ✻✳✾✮✳ ■❢ t❤❡ t✉♥♥❡❧ r❛t❡ Γ♦✉t

✐s ❧❛r❣❡r t❤❛♥ t❤❡ r❡❧❛①❛t✐♦♥ r❛t❡ γ ✐♥t♦ t❤❡ ✈✐❜r❛t✐♦♥❛❧ ❣r♦✉♥❞ st❛t❡✱ t❤❡ ❡❧❡❝tr♦♥ t✉♥✲
♥❡❧s ♦✉t ♦❢ t❤❡ ❞♦t✱ r❡s✉❧t✐♥❣ ✐♥ ❡q✉✐❞✐st❛♥t ❡①❝✐t❡❞ st❛t❡s ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ ❙❊❚✱ r✉♥♥✐♥❣
♣❛r❛❧❧❡❧ t♦ t❤❡ ❡❞❣❡ ♦❢ t❤❡ ❈♦✉❧♦♠❜ ❞✐❛♠♦♥❞ ✭❜❧❛❝❦ ❛rr♦✇s ❋✐❣✳ ✻✳✶✵✮ ❬✻✽✱ ✼✾❪✳

Γin

Vsd

(a) excitation

Γout

γ

(b) read-out

❋✐❣✉r❡ ✻✳✾✿ ❊❧❡❝tr♦♥✐❝ ❛❝t✉❛t✐♦♥ ❛♥❞ r❡❛❞♦✉t ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ✭s❡❡ t❡①t
❛♥❞ s❡❝t✐♦♥ ✸✳✸✳✶✮✳

❋♦r ❧❛r❣❡ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ g ≫ 1✱ ♦♥❡ ♦❜s❡r✈❡s ❛❞❞✐t✐♦♥❛❧❧② ❛ ❝✉rr❡♥t s✉♣✲



✻✳✸✳ ❊✈✐❞❡♥❝❡ ❢♦r q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ✐♥ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ◆❊▼❙ ✶✸✶

♣r❡ss✐♦♥ ❛t ❧♦✇ ❜✐❛s✱ ❛ ♣❤❡♥♦♠❡♥♦♥ ❦♥♦✇♥ ❛s ❋r❛♥❝❦✲❈♦♥❞♦♥ ❜❧♦❝❦❛❞❡ ❬✻✼❪✳ ■t ✇❛s
❛❧s♦ ❞❡♠♦♥str❛t❡❞✱ t❤❛t ♦♥❡ ❝❛♥ ♣✉♠♣ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ✐♥ ❛ ❈♦✉❧♦♠❜✲❜❧♦❝❦❛❞❡
r❡❣✐♠❡ ❜② ❤✐❣❤❡r✲♦r❞❡r ❝♦✲t✉♥♥❡❧✐♥❣ ♣r♦❝❡ss❡s ❬✼✾❪✳
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❋✐❣✉r❡ ✻✳✶✵✿ P❤♦♥♦♥ ❡♥❡r❣② ❛♥❞ ❧✐♥❡✇✐❞t❤ ♦❢ ❛ ▲❙▼ ♠♦❞❡ ✐♥ ❞❡✈✐❝❡ ▲❙▼✲❤②❜r✐❞ ✿ ✭❛✮
❙t❛❜✐❧✐t② ❞✐❛❣r❛♠ ♦❢ t❤❡ ❈◆❚ s❤♦✇✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❣❛t❡
❛♥❞ ❜✐❛s ✈♦❧t❛❣❡s ❛t T = 20 ♠❑ ❛♥❞ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ Hx = 1.4 ❚✳ ❚❤❡
❜❧❛❝❦ ❛rr♦✇s ✐♥❞✐❝❛t❡ t❤❡ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ❛ttr✐❜✉t❡❞ t♦ ❛ ▲❙▼✱ ❛s ❞❡s❝r✐❜❡❞
❛❜♦✈❡✳ ✭❜✮ ❊♥❡r❣② ♦❢ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ✭❜❧❛❝❦ sq✉❛r❡s✮ ✈s✳ t❤❡ ❡①❝✐t❛t✐♦♥ ❧✐♥❡
♥✉♠❜❡r n ❛t V❧❣ = 18 ♠❱ ✭❞❛s❤❡❞ ②❡❧❧♦✇ ❧✐♥❡✮✳ ❆ ❧✐♥❡❛r ✜t s✉❣❣❡sts ❛ ▲❙▼ ❢r❡q✉❡♥❝② ♦❢
∆E✈✐❜ = 140µ❡❱✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♠❡❛s✉r❡❞ ❈◆❚ ❧❡♥❣t❤ ♦❢ L = 800 ♥♠✳



✶✸✷
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

✻✳✸✳✷ P❤♦♥♦♥ ❡♥❡r❣② ❛♥❞ ❧✐♥❡✇✐❞t❤

❋♦r t❤❡ ❞❡✈✐❝❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ✭❋✐❣✳ ✻✳✽❛✮✱ ✇❡ ♦❜s❡r✈❡ ❛ s♣❡❝tr✉♠ ♦❢ ❡q✉✐❞✐s✲
t❛♥t ❡①❝✐t❡❞ st❛t❡s ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ ❙❊❚ ✭❜❧❛❝❦ ❛rr♦✇s ✐♥ ❋✐❣✳ ✻✳✶✵❛✮ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡
❡♥❡r❣② s❡♣❛r❛t✐♦♥ ❛♥❞ ♣❤♦♥♦♥ ❡♥❡r❣② ♦❢ ~ω♣❤ = 140µ❡❱ ❂ ✶✳✺ ❑ ✭❋✐❣✳ ✻✳✶✵❜✮✳ ■♥ ♦r✲
❞❡r t♦ r❡❞✉❝❡ t❤❡ ❝✉rr❡♥t ♥♦✐s❡ ✐♥❞✉❝❡❞ ❜② t❤❡ ♠♦t✐♦♥ ♦❢ ❚❜P❝2✯ ❙▼▼✬s ❣r❛❢t❡❞ t♦ t❤❡
r❡s♦♥❛t♦r✱ t❤❡ ♠❡❛s✉r❡♠❡♥t ✇❛s ♣❡r❢♦r♠❡❞ ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣ t❤❡ ♥❛♥♦t✉❜❡ ❛①✐s
♦❢ Hx = 1.4 ❚ t♦ ✧♣✐♥✧ t❤❡ ♠♦❧❡❝✉❧❡s ♠❛❣♥❡t✐❝ ♠♦♠❡♥ts✳ ❆❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✸✳✸✶✱
~ω♣❤ = 110 µ❡❱✴▲ ❬µ♠❪✱ t❤❡ ♦❜t❛✐♥❡❞ ♣❤♦♥♦♥ ❡♥❡r❣② ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
❧❡♥❣t❤ L❈◆❚ = 850 ♥♠✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♠❡❛s✉r❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❧❡♥❣t❤
L♠❡❛s
❈◆❚ = 800 ♥♠ ✭❋✐❣✳ ✻✳✽❛✮✳ ❋r♦♠ t❤❡ ❛✈❡r❛❣❡ t❤❡r♠❛❧ ♦❝❝✉♣❛t✐♦♥ ♦❢ t❤✐s ❤❛r♠♦♥✐❝

♦s❝✐❧❧❛t♦r ♠♦❞❡ ñ = k❇T/~ωR ≈ 0.013✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ r❡s♦♥❛t♦r ✐s ✐♥ ✐ts q✉❛♥✲
t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❣r♦✉♥❞ st❛t❡✳ ❆s s✉❝❤✱ ✇❡ ❡①♣❡❝t ❛ ✈❡r② ❧♦✇ ❡♥❡r❣② ❞❡♥s✐t② ♦❢ st❛t❡s ❢♦r
❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ✇✐t❤ n ≥ 1✳

❚❤❡ q✉❛❧✐t② ❢❛❝t♦r ✐s ❣✐✈❡♥ ❜② Q = ω/(2πγ)✱ ✇❤❡r❡ γ ✐s t❤❡ r❡❧❛①❛t✐♦♥ r❛t❡ ✐♥t♦
t❤❡ ❣r♦✉♥❞ st❛t❡✳ ■♥ ♦r❞❡r ❢♦r t❤❡ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s t♦ ❜❡ ✈✐s✐❜❧❡ ✐♥ ❙❊❚✱ ✇❡ s❤♦✉❧❞
❤❛✈❡ Γ♦✉t > γ✳ ❚❤❡ t✉♥♥❡❧ ❝✉rr❡♥t ❛t t❤❡ ❡❞❣❡ ♦❢ t❤❡ ❈♦✉❧♦♠❜ ❞✐❛♠♦♥❞ I ❣✐✈❡s ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ t✉♥♥❡❧✐♥❣ r❛t❡ Γ♦✉t = I/e✳ ❋♦r t✉♥♥❡❧ ❝✉rr❡♥t ❛t t❤❡ ❡❞❣❡ ♦❢ t❤❡
❈♦✉❧♦♠❜ ❞✐❛♠♦♥❞ ♦❢ I ≈ 50 ♣❆✱ ✇❡ ✜♥❞ ❛ t✉♥♥❡❧✐♥❣ r❛t❡ Γ♦✉t ≈ 310 ▼❍③✳ ❲❡ ❝❛♥
❞❡t❡r♠✐♥❡ ❛ ❧♦✇❡r ❜♦✉♥❞❛r② ❢♦r t❤❡ q✉❛❧✐t② ❢❛❝t♦r Q > ω♣❤/2πΓout ≈ 110 ✭s❡❡ ❙❡❝t✐♦♥
✸✳✸✳✶✮✱ ❡q✉✐✈❛❧❡♥t t♦ ❛♥ ✉♣♣❡r ❜♦✉♥❞❛r② ❢♦r t❤❡ ❧✐♥❡✇✐❞t❤ ♦❢ ❡①❝✐t❡❞ ♣❤♦♥♦♥ st❛t❡s ♦❢
δE♣❤ . 15 ♠❑✳ ❚❤❡ q✉❛❧✐t② ❢❛❝t♦r Q ❡①❝❡❡❞ ✈❛❧✉❡s ❢r♦♠ ❡❛r❧✐❡r ♠❡❛s✉r❡♠❡♥ts ❜② ❛ ❢❛❝t♦r
♦❢ ✸ ❬✼✾❪ ❛♥❞ ❛r❡ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡s r❡♣♦rt❡❞ ✐♥ ❧✐t❡r❛t✉r❡✳

✻✳✸✳✸ ❊❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣

❲❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❢r♦♠ t❤❡ ♥♦r♠❛❧✐③❡❞
❝♦♥❞✉❝t❛♥❝❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ✐♥ t❤❡ ❙❊❚ r❡❣✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥
✸✳✸✳✶ ❛♥❞ ❬✻✼❪✮✳ ❋♦r ❡q✉✐❧✐❜r✐✉♠ ♣❤♦♥♦♥s✱ t❤❡ ♥♦r♠❛❧✐③❡❞ ❝♦♥❞✉❝t❛♥❝❡ ❢♦❧❧♦✇s ❛ P♦✐ss♦♥
❞✐str✐❜✉t✐♦♥ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

(

dIs❞
dVs❞

)♥♦r♠

n

∼ e−ggn

n!

✇❤❡r❡ n ✐s t❤❡ ♠♦❞❡ ♥✉♠❜❡r ❛♥❞ g t❤❡ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣✳
■♥ ❋✐❣✳ ✻✳✶✶✱ ✜tt✐♥❣ t❤❡ ♥♦r♠❛❧✐③❡❞ ✐♥t❡♥s✐t② ✇✐t❤ ❡q✉❛t✐♦♥ ✸✳✸✷ ②✐❡❧❞s ❛ ❝♦✉♣❧✐♥❣

❢❛❝t♦r ♦❢ g = 0.45 ± 0.2✳ ❯s✐♥❣ ❡q✉❛t✐♦♥ ✸✳✸✵ ✇❡ ✜♥❞ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❞✐❛♠❡t❡r ♦❢
d❈◆❚ ≈ 1.6 ♥♠✱ ✇❤✐❝❤ ✐s ✐♥ ♣❡r❢❡❝t ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♠❡❛♥ ❞✐❛♠❡t❡r dmean

❈◆❚ ≈ 1.6 ♥♠
♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❣r♦✇♥ ❢r♦♠ ❋❡✴▼♦ ❝❛t❛❧②st ❛♥❞ ❛ ♠❡t❤❛♥❡ ❢❡❡❞st♦❝❦ ✭s❡❡ ❙❡❝t✐♦♥
✹✳✸✳✷✮✳



✻✳✹✳ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧
r❡s♦♥❛t♦r ♠♦❞❡ ✶✸✸

0 1 2 3 4 5 6 7
0,0

0,2

0,4

0,6

0,8

1,0
level spacing ∆� � =� 140 �  3 µeV = 1,5 Κ 

e-ph coupling g = 0,45 �  0,2 

 

 

 E
 (

m
e
V

)

line number n

0,0

0,2

0,4

0,6

0,8

1,0

1,2

1,4

n
o
rm

a
liz

e
d
 c

o
n
d
u
c
ta

n
c
e
 (

a
.u

.)

❋✐❣✉r❡ ✻✳✶✶✿ ❊❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❢♦r ❛ ▲❙▼ ♣❤♦♥♦♥ ✐♥ t❤ ❞❡✈✐❝❡ ▲❙▼✲❤②❜r✐❞ ✿
◆♦r♠❛❧✐③❡❞ ❝♦♥❞✉❝t❛♥❝❡ ✭❜❧✉❡ ❞♦ts✮ ♦❢ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ✈s✳ t❤❡ ❡①❝✐t❛t✐♦♥ ❧✐♥❡
♥✉♠❜❡r n ❛t V❧❣ = 18 ♠❱ ✭❞❛s❤❡❞ ②❡❧❧♦✇ ❧✐♥❡ ✐♥ ❋✐❣✳ ✻✳✶✵❛✮✳ ❋r♦♠ ❛ ✜t ✇✐t❤ ❡q✉❛t✐♦♥
✸✳✸✷✱ ✇❡ ❞❡❞✉❝❡ ❛♥ ❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ♦❢ g = 0.45± 0.2✳

❲❡ ♥♦✇ ❞❡♠♦♥str❛t❡ t❤❛t t❤✐s ❤✐❣❤✲Q ❧♦♥❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥ ♠♦❞❡ ❡♥❛❜❧❡s t❤❡ ♠❛❣♥❡✲
t✐③❛t✐♦♥ r❡s❡r✈❛❧ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2 ❛♥❞ t❤✉s r❡✈❡❛❧✐♥❣ ❛ str♦♥❣ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣✳

✻✳✹ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥✲

t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ r❡s♦♥❛t♦r ♠♦❞❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❞❡♠♦♥str❛t❡ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ s♣✐♥ ♦❢ ❛ ❚❜P❝2✯ t♦ t❤❡ q✉❛♥t✐③❡❞
❧♦♥❣✐t✉❞✐♥❛❧ ♠♦t✐♦♥ ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜② ♠❛❣♥❡t♦❝♦♥❞✉❝t❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ✐♥ t❤❡
❞❡✈✐❝❡ ▲❙▼✲❤②❜r✐❞ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳✶✷✳ ❲❡ ✇✐❧❧ ✜rst ❞❡s❝r✐❜❡ t❤❡ ♠❡❝❤❛♥✐s♠ ❝♦✉♣❧✐♥❣
t❤❡ s♣✐♥ t♦ t❤❡ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ ♠♦t✐♦♥ ✭❙❡❝t✐♦♥ ✻✳✹✳✶✮ ❛♥❞ ❞❡s❝r✐❜❡ t❤❡ ❝✉rr❡♥t
❞❡t❡❝t✐♦♥ ♦❢ t❤❡ ❚❜P❝2✯ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ❞❡✈❡❧♦♣♣❡❞ ❜② ❯r❞❛♠♣✐❧❧❡t❛ ❡t ❛❧ ❬✹✽✱ ✶✸✵❪
✭❙❡❝t✐♦♥ ✻✳✹✳✷✮✳ ❲❡ t❤❡♥ r❡♣♦rt ♦♥ t❤❡ ♥✉❝❧❡❛r s♣✐♥ ❞❡♣❡♥❞❡♥t ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧
♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ ✐♥❞✉❝❡❞ ❜② t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ✇✐t❤ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧
str❡t❝❤✐♥❣ ♠♦❞❡ ✭❙❡❝t✐♦♥ ✻✳✹✳✸✮✳ ❲❡ ✜♥❛❧❧② ❛ss❡ss t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤✐s ❝♦✉♣❧✐♥❣✱ ✇❤✐❝❤
❝♦✉❧❞ ❡♥❛❜❧❡ t❤❡ ❡♥t❛♥❣❧❡♠❡♥t ♦❢ ❛ s✐♥❣❧❡ ✭♥✉❝❧❡❛r✮ s♣✐♥ ❛♥❞ q✉❛♥t✉♠ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r
✭❙❡❝t✐♦♥ ✻✳✹✳✹✮✳



✶✸✹
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

Vsd

VlgVbg

(a) (b)

❋✐❣✉r❡ ✻✳✶✷✿ ❍②❜r✐❞ ♥❛♥♦t✉❜❡✲♠♦❧❡❝✉❧❡ ❞❡✈✐❝❡ ▲❙▼✲❤②❜r✐❞✳ ✭❛✮ ❋❛❧s❡ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡
❛♥❞ ✭❜✮ st❛❜✐❧✐t② ❞✐❛❣r❛♠ ♦❢ t❤❡ ❤②❜r✐❞ ♥❛♥♦t✉❜❡✲♠♦❧❡❝✉❧❡ ❞❡✈✐❝❡ ✐♥ t❤❡ ❢❡✇ ❡❧❡❝tr♦♥
r❡❣✐♠❡ ❛t T = 20 ♠❑ ❛♥❞ Hx = 1.4T ✳ ❚❤❡ ❜❧❛❝❦ ❛rr♦✇s ❞❡♣✐❝t ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ▲❙▼ ♣❤♦♥♦♥ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛♥❞ t❤❡ ❣r❡❡♥ ❞❛s❤❡❞
❞❡♣✐❝ts t❤❡ ✇♦r❦✐♥❣ ♣♦✐♥t ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts s❤♦✇♥ ✐♥ s❡❝t✐♦♥ ✻✳✹✳✸✳

✻✳✹✳✶ ❈♦✉♣❧✐♥❣ ♠❡❝❤❛♥✐s♠ ❜❡t✇❡❡♥ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛

q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ r❡s♦♥❛t♦r ♠♦❞❡

❋✐rst✱ ✇❡ t✉♥❡ ♦✉r ❈◆❚ q✉❛♥t✉♠ ❞♦t t♦ ❛ r❡❣✐♠❡ ♦❢ ❈♦✉❧♦♠❜ ❜❧♦❝❦❛❞❡ ✭V❧❣ = 16.5 ♠❱✱
❣r❡❡♥ ❞❛s❤❡❞ ❧✐♥❡ ✐♥ ❋✐❣✳ ✻✳✶✷❜✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ str♦♥❣ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣✱ t❤❡
♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❚❜P❝2 ❙▼▼ ✈✐❛ ❞✐r❡❝t tr❛♥s✐t✐♦♥ ❝❛♥ ✐♥❞✉❝❡ t❤❡
❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ♣❤♦♥♦♥ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥
✻✳✸ ✭❋✐❣✳ ✻✳✶✸✮✳

❆♥ ✉♣♣❡r ❜♦✉♥❞❛r② ❢♦r t❤❡ ❧✐♥❡✇✐❞t❤ ♦❢ ❛♥ ❡①❝✐t❡❞ ▲❙▼ ♣❤♦♥♦♥ st❛t❡ ✇❛s ❡st✐♠❛t❡❞ t♦
δE♣❤ . 15 ♠❑ ✭❙❡❝t✐♦♥ ✻✳✸✮ ❛♥❞ ✐s t❤❡r❡❢♦r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ❡♥❡r❣② ❧❡✈❡❧ s♣❛❝✐♥❣ ∆E■ =

120, 150, 180 ♠❑ ❜❡t✇❡❡♥ t❤❡ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ♦❢ t❤❡ ❚❜3+ ✐♦♥ ❬✹✼✱ ✹✾❪✳ ❙✇❡❡♣✐♥❣
t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❢r♦♠ ♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡ ✈❛❧✉❡s✱ ✇❡ s❤♦✉❧❞ t❤✉s ♦❜s❡r✈❡ ❢♦✉r ❞✐✛❡r❡♥t
tr❛♥s✐t✐♦♥s ♠❛t❝❤✐♥❣ t❤❡ ♣❤♦♥♦♥ ❡♥❡r❣② ~ω♣❤ = 140µ❡❱ ❂ ✶✳✺ ❑ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ❞✐✛❡r❡♥t ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ♦❢ t❤❡ ❚❜3+ ✐♦♥ ❛s ❞❡♣✐❝t❡❞ ❜② t❤❡ ❝♦❧♦r❡❞ ❛rr♦✇s ✐♥ ❋✐❣✳
✻✳✶✸✳

❲❡ ❝❛♥ ❡✈❛❧✉❛t❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ tr❛♥s✐t✐♦♥✱ t❤❡ s♦ ❝❛❧❧❡❞
s✇✐t❝❤✐♥❣ ✜❡❧❞ µ0H‖,s✇✱ ❢r♦♠ t❤❡ ❩❡❡♠❛♥ ❡♥❡r❣② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ s♣✐♥ st❛t❡s |m❏ =

+6,m■〉 ❛♥❞ |m′
❏ = −6,m■〉

∆Ez =
(

gµ❇µ0H‖,s✇ + AmI

)

∆mJ ✭✻✳✺✮

✇❤❡r❡ g = 3/2 ✐s t❤❡ ❣②r♦♠❛❣♥❡t✐❝ ❢❛❝t♦r ♦❢ t❤❡ ❚❜3+ ✐♦♥✱ µ❇ = 0.673 ❑✴❚ t❤❡ ❇♦❤r



✻✳✹✳ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧
r❡s♦♥❛t♦r ♠♦❞❡ ✶✸✺

ħωph = 1.5 K

δEph
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❋✐❣✉r❡ ✻✳✶✸✿ ❈♦✉♣❧✐♥❣ ♠❡❝❤❛♥✐s♠ ❜❡t✇❡❡♥ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐✲
♥❛❧ r❡s♦♥❛t♦r ♠♦❞❡✿ ❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ t❤❡ ❚❜P❝2 ✈✐❛ ❞✐r❡❝t tr❛♥s✐t✐♦♥ r❡s✉❧ts
✐♥ t❤❡ ❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ✐♥t♦ ❛ ✈✐❜r❛t✐♦♥❛❧ ▲❙▼ st❛t❡ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s✲
♦♥❛t♦r✳ ■♥ ❝♦♥tr❛st t♦ ❜✉❧❦ ♣❤♦♥♦♥s✱ t❤❡ ❡♥❡r❣② s♣❡❝tr✉♠ ♦❢ ❛ ▲❙▼ ♣❤♦♥♦♥ ✐♥ ✶❉ ❝❛r❜♦♥
♥❛♥♦t✉❜❡s ✐s ❞✐s❝r❡t✐③❡❞ ❛♥❞ ②✐❡❧❞s ❤✐❣❤ q✉❛❧✐t② ❢❛❝t♦rs ❛r♦✉♥❞ Q ∼ 100✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ♣❤♦♥♦♥ ❧✐♥❡✇✐❞t❤ δE♣❤ ≈ 15 ♠❑ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ❡♥❡r❣② s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
❚❜3+ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ∆E■ > 120 ♠❑✳ ❍❡♥❝❡✱ ✇❡ ♦❜s❡r✈❡ ❢♦✉r ❞✐✛❡r❡♥t tr❛♥s✐t✐♦♥s✱
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢♦✉r ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ❛s ❞❡♣✐❝t❡❞ ❜② t❤❡ ❝♦❧♦r❡❞ ❛rr♦✇s✳

♠❛❣♥❡t♦♥✱ A = 24.5 ♠❑ t❤❡ ❤②♣❡r✜♥❡ ❝♦♥st❛♥t✱ mI t❤❡ ♥✉❝❧❡❛r s♣✐♥✬s q✉❛♥t✉♠ ♥✉♠❜❡r✱
∆mJ = m❏ −m′

❏ = 12 ❛♥❞ µ0H‖,s✇ t❤❡ s✇✐t❝❤✐♥❣ ✜❡❧❞ ❛❧♦♥❣ t❤❡ ❡❛s② ❛①✐s ♦❢ t❤❡ ❚❜P❝2✯
❙▼▼✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✻✳✺ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ s✇✐t❝❤✐♥❣ ✜❡❧❞

µ0H‖,s✇(mI) =

(

∆Ez

∆mJ

− AmI

)

1

gµ❇
✭✻✳✻✮

❋♦r ❛ ❩❡❡♠❛♥ ❡♥❡r❣② ❞✐✛❡r❡♥❝❡ ♠❛t❝❤✐♥❣ t❤❡ ♣❤♦♥♦♥ ❡♥❡r❣② ∆Ez = ~ω♣❤ = 1.5 ❑✱
✇❡ ✐♥❞❡❡❞ ♦❜t❛✐♥ ❢♦✉r ❞✐✛❡r❡♥t s✇✐t❝❤✐♥❣ ✜❡❧❞s ♦❢ µ0H‖,s✇ = 89, 113, 137, 161 ♠❚ ❢♦r
t❤❡ r❡s♣❡❝t✐✈❡ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s mI = +3/2,+1/2,−1/2,−3/2 ♦❢ t❤❡ ❚❜3+ ✐♦♥✳ ❘❡✲
✈❡rs✐♥❣ t❤❡ s✇❡❡♣ ❞✐r❡❝t✐♦♥ ✇✐❧❧ r❡s✉❧t ✐♥ ❛ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ❛t s✇✐t❝❤✐♥❣ ✜❡❧❞s
♦❢ µ0H‖,s✇ = −89,−113,−137,−161 ♠❚ ❢♦r t❤❡ r❡s♣❡❝t✐✈❡ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s mI =

−3/2,−1/2,+1/2,+3/2 ♦❢ t❤❡ ❚❜3+ ✐♦♥✳

✻✳✹✳✷ ❈✉rr❡♥t ❞❡t❡❝t✐♦♥ ♦❢ ❛ ❚❜P❝2✯ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧

❲❡ ♣❡r❢♦r♠ ♠❛❣♥❡t♦❝♦♥❞✉❝t❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ♦♥ t❤❡ ❤②❜r✐❞ ❚❜P❝2✯✲❝❛r❜♦♥ ♥❛♥♦t✉❜❡
❞❡✈✐❝❡ ▲❙▼✲❤②❜r✐❞✳ ❙t❛rt✐♥❣ ❛t ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ Hx = −1.4 ❚ ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ❛①✐s✱ ✇❡ s✇❡❡♣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ t♦✇❛r❞s ❛ ♣♦s✐t✐✈❡ ✜❡❧❞ ♦❢ ✶✳✹❚✳ ❲❡ ♦❜s❡r✈❡ ❛
✜rst ❛❜r✉♣t ❥✉♠♣ ✐♥ ❝♦♥❞✉❝t❛♥❝❡ t♦ ✐ts ♠✐♥✐♠✉♠ ✈❛❧✉❡ ❛r♦✉♥❞ ✵✳✺ ❚ ❛♥❞ ❛ s❡❝♦♥❞ ❥✉♠♣



✶✸✻
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

❜❛❝❦ t♦ ❤✐❣❤❡r ❝♦♥❞✉❝t❛♥❝❡ ❛r♦✉♥❞ ✶ ❚ ✭r❡❞ tr❛❝❡ ❋✐❣✳ ✻✳✶✹✮✳ ❙✇❡❡♣✐♥❣ t❤❡ ✜❡❧❞ ❜❛❝❦ t♦
✲✶✳✹ ❚✱ ✇❡ ♦❜s❡r✈❡ ❛ ✧❞♦✇♥✧✲❥✉♠♣ ❛r♦✉♥❞ ✲✵✳✺ ❚ ❛♥❞ ❛♥ ✧✉♣✧✲❥✉♠♣ ❛t ✲✶ ❚ ✭❜❧✉❡ r❡tr❛❝❡
❋✐❣✳ ✻✳✶✹✮✳ ❲❡ ♦❜t❛✐♥ ❛ ❤②st❡r❡s✐s ❧♦♦♣ ✇❤✐❝❤ ✐s ❝❤❛r❛❝t❡r✐st✐❝ ❢♦r ❛ s♣✐♥ ✈❛❧✈❡ ❞❡✈✐❝❡✳
❚❤✐s s♣✐♥ ✈❛❧✈❡ ❜❡❤❛✈✐♦✉r ✇❛s ✜rst ♦❜s❡r✈❡❞ ✐♥ ♥♦♥✲s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✲❙▼▼
❤②❜r✐❞s ❜② ❯r❞❛♠♣✐❧❧❡t❛ ❡t ❛❧ ❬✹✽✱ ✶✸✵❪ ❛♥❞ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸✳✷✳
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Molecule A

❋✐❣✉r❡ ✻✳✶✹✿ ❙✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥ ✈❛❧✈❡ ✐♥ t❤❡ ❤②❜r✐❞ ♥❛♥♦t✉❜❡✲♠♦❧❡❝✉❧❡ ❞❡✈✐❝❡ ▲❙▼✲

❤②❜r✐❞✳ ❍②st❡r❡s✐s ❧♦♦♣ ❛t T = 20♠❑ ❛♥❞ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ Hx ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ❛①✐s✳ ❚❤❡ r❡❞ ✭❜❧✉❡✮ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞ t♦ ✉♣✭❞♦✇♥✮✲✇❛r❞s ♠❛❣♥❡t✐❝ ✜❡❧❞ s✇❡❡♣s✳
❚❤❡ ❞❡✈✐❝❡ ❡①❤✐❜✐ts ❛ str♦♥❣ ❝❤❛♥❣❡ ✐♥ ♠❛❣♥❡t♦❝♦♥❞✉❝t❛♥❝❡✳

❯r❞❛♠♣✐❧❧❡t❛ ❡t ❛❧ ❬✹✽✱ ✶✸✵❪ ♣r♦♣♦s❡❞ ❛ s✐♠♣❧❡ ♠♦❞❡❧✱ ✇❤❡r❡ t✇♦ ♠♦❧❡❝✉❧❡s ❆ ❛♥❞
❇ ❣r❛❢t❡❞ t♦ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛❝t ❛s ❧♦❝❛❧✐③❡❞ s♣✐♥ ♣♦❧❛r✐③❡r ❛♥❞ ❛♥❛❧②③❡r ♦♥ t❤❡
♥❛♥♦t✉❜❡✬s ❡❧❡❝tr♦♥✐❝ tr❛♥s♣♦rt✳ ❉✉❡ t♦ ❛ ❤②❜r✐❞✐③❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦♥✐❝ s②st❡♠s
♦❢ t❤❡ ♥❛♥♦t✉❜❡ ❛♥❞ t❤❡ ♠♦❧❡❝✉❧❡s✱ ❡❛❝❤ ♠♦❧❡❝✉❧❡ ❝❛♥ ✐♥❞✉❝❡ ❛ ❧♦❝❛❧✐③❡❞ s♣✐♥ ♣♦❧❛r✐③❡❞ ❞♦t
✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✭❋✐❣✳ ✻✳✶✺✮✳ ❆ str♦♥❣ ❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠♦❧❡❝✉❧❛r
s♣✐♥ ❛♥❞ t❤❡ ❝♦♥❞✉❝t✐♦♥ ❡❧❡❝tr♦♥s ♦♥ t❤❡ ♥❛♥♦t✉❜❡✱ ♠❡❞✐❛t❡❞ ❜② t❤❡ π ❡❧❡❝tr♦♥s ✐♥ t❤❡
P❝ ❧✐❣❛♥❞✱ ❧✐❢ts t❤❡ s♣✐♥ ❞❡❣❡♥❛r❛❝② ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✱ t❤✉s ✐♥❞✉❝✐♥❣ s♣✐♥ ♣♦❧❛r✐③❡❞
st❛t❡s ✐♥ t❤❡ ❧♦❝❛❧✐③❡❞ ❞♦t ✭❋✐❣✳ ✻✳✶✺❛✮✳ ❆ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✹✽✱ ✶✸✵❪✳

❆t t❤❡ s❛t✉r❛t✐♦♥ ✜❡❧❞ ♦❢ ✲✶✳✹❚ ❜♦t❤ ♠♦❧❡❝✉❧❡ ❛r❡ ✐♥ ❛ ♣❛r❛❧❧❡❧ s♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥✳
▲♦❝❛❧✐③❡❞ st❛t❡s ✇✐t❤ ❡q✉❛❧ s♣✐♥ ❛r❡ ❛❧✐❣♥❡❞ ❛♥❞ ❡♥❛❜❧❡ ❛ ❤✐❣❤ ❝♦♥❞✉❝t❛♥❝❡ r❡❣✐♠❡ ✐♥
t❤❡ ♥❛♥♦t✉❜❡ ✭❋✐❣✳ ✻✳✶✺❛✮✳ ❯♣♦♥ ✐♥❝r❡❛s✐♥❣ t❤❡ ✜❡❧❞✱ ♠♦❧❡❝✉❧❡ ❆ s✇✐t❝❤❡s ✐ts ♠❛❣♥❡✲
t✐③❛t✐♦♥ ❛t ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ s♦ ❝❛❧❧❡❞ s✇✐t❝❤✐♥❣ ✜❡❧❞ ❛r♦✉♥❞ ✵✳✺❚✱
r❡s✉❧t✐♥❣ ✐♥ ❛♥ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ t✇♦ s♣✐♥ st❛t❡s ✐♥ t❤❡ ❞♦t ❆ ❛♥❞ ❛♥ ❛♥t✐✲♣❛r❛❧❧❡❧ s♣✐♥
❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ r❡s✉❧t✐♥❣ ❡♥❡r❣② ♠✐s♠❛t❝❤ ❜❡t✇❡❡♥ ❧❡✈❡❧s ✇✐t❤ s❛♠❡ s♣✐♥ ✐♥❞✉❝❡s ❛
❝✉rr❡♥t ❜❧♦❝❦❛❞❡ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✭❋✐❣✳ ✻✳✶✺❜✮✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡ ✐♥



✻✳✹✳ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧
r❡s♦♥❛t♦r ♠♦❞❡ ✶✸✼

molecule Amolecule B

(a)

(b)

dot Adot B

❋✐❣✉r❡ ✻✳✶✺✿ ▼✉❧t✐❞♦t ♠♦❞❡❧ ❢♦r ❛ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥ ✈❛❧✈❡s✳ ✭❛✮ P❛r❛❧❧❡❧ s♣✐♥ ❝♦♥✜❣✲
✉r❛t✐♦♥ ❢♦r ❜♦t❤ ♠♦❧❡❝✉❧❡s ❆ ❛♥❞ ❇✳ ❊♥❡r❣② ❧❡✈❡❧s ✇✐t❤ s❛♠❡ s♣✐♥ ❛r❡ ❛❧✐❣♥❡❞ ❛❧❧♦✇✐♥❣
❡❧❡❝tr♦♥ tr❛♥s♣♦rt t❤r♦✉❣❤ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳ ✭❜✮ ❆♥t✐♣❛r❛❧❧❡❧ s♣✐♥ ❝♦♥✜❣✉r❛t✐♦♥✳
❚❤❡ s♣✐♥ st❛t❡s ❛r❡ ✐♥✈❡rs❡❞ ✐♥ t❤❡ ❞♦t ❆ ❛♥❞ t❤❡ ❡♥❡r❣② ♠✐s♠❛t❝❤ ❜❡t✇❡❡♥ ❧❡✈❡❧s ✇✐t❤
✐❞❡♥t✐❝❛❧ s♣✐♥ r❡s✉❧ts ✐♥ ❛ ❝✉rr❡♥t ❜❧♦❝❦❛❞❡✳ ▼♦❞✐✜❡❞ ✜❣✉r❡ ❢r♦♠ ❬✹✽✱ ✶✸✵❪

t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ t❤✉s tr❛♥s✐ts ❛❜r✉♣t❧② t♦ ❛ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ❛t t❤❡ s✇✐t❝❤✐♥❣ ✜❡❧❞ ♦❢
♠♦❧❡❝✉❧❡ ❆ ✭❋✐❣✳ ✻✳✶✹✮✳ ❯♣♦♥ ❞r✐✈✐♥❣ t❤❡ ✜❡❧❞ t♦ ♣♦s✐t✐✈❡ s❛t✉r❛t✐♦♥ ♦❢ ✶✳✹❚✱ t❤❡ s❡❝♦♥❞
♠♦❧❡❝✉❧❡ ❇ r❡✈❡rs❡s ✐ts ♠❛❣♥❡t✐③❛t✐♦♥✱ r❡st♦r✐♥❣ t❤❡ ♣❛r❛❧❧❡❧ ❝♦♥✜❣✉r❛t✐♦♥ ✭❋✐❣✳ ✻✳✶✺❛✮✳
❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ t❤❡♥ tr❛♥s✐ts ❜❛❝❦ t♦ ❛ ❤✐❣❤❡r ✈❛❧✉❡✱
❛t t❤❡ s✇✐t❝❤✐♥❣ ✜❡❧❞ ♦❢ ♠♦❧❡❝✉❧❡ ❇ ✭❋✐❣✳ ✻✳✶✹✮✳ ❲❡ ❝❛♥ t❤✉s ❞❡t❡r♠✐♥❡ t❤❡ s✇✐t❝❤✐♥❣
✜❡❧❞ ♦❢ ❡❛❝❤ ♠♦❧❡❝✉❧❡✱ ❜② ♣r♦❜✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❜r✉♣t tr❛♥s✐t✐♦♥s ✐♥ t❤❡ ♥❛♥♦t✉❜❡✬s
❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ♥♦✇ ❢♦❝✉s ♦✉r ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ❝✉rr❡♥t
s✇✐t❝❤✐♥❣ ❛♥❞ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ❞②♥❛♠✐❝s ♦❢ ♠♦❧❡❝✉❧❡ ❇✳

❉✉❡ t♦ t❤❡ str♦♥❣ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ❚❜P❝2✯ ❙▼▼✱ t❤❡ ♦❜s❡r✈❡❞ s♣✐♥ ✈❛❧✈❡
❜❡❤❛✈✐♦✉r ❛♥❞ ❝✉rr❡♥t s✇✐t❝❤✐♥❣ s❤♦✉❧❞ ❡①❤✐❜✐t ❛ ♣r♦♥♦✉♥❝❡❞ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❛♥❞
❛ str♦♥❣ ❞❡♣❡♥❞❛♥❝❡ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦r✐❡♥t❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❤②st❡r❡s✐s ❝②❝❧❡
✐s r❡♣❡❛t❡❞ ❢♦r ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ s❛♠♣❧❡✳ ❚❤❡
s✇✐t❝❤✐♥❣ ✜❡❧❞ ♦❢ ♠♦❧❡❝✉❧❡ ❇ ✐s ❡①tr❛❝t❡❞ ❢r♦♠ ❡❛❝❤ ❤②st❡r❡s✐s ❧♦♦♣ ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡



✶✸✽
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

❛♥❞ ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❣❧❡ ✭❋✐❣✳ ✻✳✶✻❛✮✳ ❚❤❡ s✇✐t❝❤✐♥❣
✜❡❧❞s str♦♥❣❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ❢♦❧❧♦✇ ❢♦✉r
♣❛r❛❧❧❡❧✱ str❛✐❣❤t ❧✐♥❡s ✐♥ t❤❡ ✜❡❧❞ ♣❧❛♥❡ ❢♦r ❜♦t❤ ✉♣✲ ❛♥❞ ❞♦✇♥✇❛r❞s ♠❛❣♥❡t✐❝ ✜❡❧❞s
s✇❡❡♣s ✭❞❛s❤❡❞ ❧✐♥❡s ✐♥ ❋✐❣✳ ✻✳✶✻❛✮✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡s❡ s✇✐t❝❤✐♥❣ ✜❡❧❞s ♦♥ t❤❡
✧❡❛s② ❛①✐s✧ ✐s ❝♦♥st❛♥t✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✉♥✐❛①✐❛❧ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ♦❢ t❤❡
■s✐♥❣✲❧✐❦❡ ❚❜3+ ✐♦♥✳

❆s ✇❡ ✇✐❧❧ ❞❡♠♦♥str❛t❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✻✳✹✳✸✱ t❤❡ ❢♦✉r ♦❜s❡r✈❡❞ tr❛♥s✐t✐♦♥s
❛r❡ ✐♥ ❢❛❝t ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♥✉❝❧❡❛r s♣✐♥✲r❡s♦❧✈❡❞ ♣❤♦♥♦♥✲❛ss✐t❡❞ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥
r❡✈❡rs❛❧ ♦❢ t❤❡ ❚❜P❝2✯ ♠♦❧❡❝✉❧❡ ❇✳

(a) (b)

Hx

❋✐❣✉r❡ ✻✳✶✻✿ ▼❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ♦❢ ❚❜P❝2 ♠♦❧❡❝✉❧❡ ❇ ✐♥ t❤❡ ❤②❜r✐❞ ♥❛♥♦t✉❜❡✲♠♦❧❡❝✉❧❡
❞❡✈✐❝❡ ▲❙▼✲❤②❜r✐❞✳ ✭❛✮ ❙✇✐t❝❤✐♥❣ ✜❡❧❞s ❢♦r ✉♣✇❛r❞s ✭❢✉❧❧ ❞♦ts✮ ❛♥❞ ❞♦✇♥✇❛r❞s ✭♦♣❡♥
❞♦ts✮ s✇❡❡♣s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛♥❣❧❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ s❛♠♣❧❡ ♣❧❛♥❡✳ ❚❤❡
❞❛s❤❡❞ ❧✐♥❡s ❛r❡ ❣✉✐❞❡ t♦ t❤❡ ❡②❡✳ ✭❜✮ ❙✇✐t❝❤✐♥❣ ✜❡❧❞s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡
♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❣❧❡ ❝♦rr❡❝t❡❞ ❢♦r t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠✐s❛❧✐❣♥❡♠❡♥t β ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✳

❯s✐♥❣ ❋✐❣✳ ✻✳✶✻❛✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ✐♥ t❤❡ ♣❧❛♥❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡❛s② ❛①✐s ❢♦r
♠♦❧❡❝✉❧❡ ❇ ✭✐✳❡✳ ✐♥ t❤❡ s❛♠♣❧❡ ♣❧❛♥❡✮✳ ❚❤❡ ❡❛s② ❛①✐s ✐s ♦r✐❡♥t❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❢♦✉r
❤✐❣❤❧✐❣❤t❡❞ tr❛♥s✐t✐♦♥ ❧✐♥❡s✱ t❤✉s ❤❛✈✐♥❣ ❛♥ ❛♥❣❧❡ ♦❢ α ∼ 28◦ ✇✐t❤ t❤❡ ♥❛♥♦t✉❜❡ ❛①✐s Hx✳

❲❡ ❝❛♥ ❛❧s♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❙▼▼✬s ❡❛s② ❛①✐s ✉s✐♥❣ t❤❡
❡q✉❛t✐♦♥

cosβ =
δH‖

δH
✭✻✳✼✮

✇❤❡r❡ δH‖ = 23 ♠❚ ✐s t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ❢♦r
❛ ✜❡❧❞ ♦r✐❡♥t❡❞ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❙▼▼✬s ❡❛s② ❛①✐s ❛♥❞ δH t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♣❛r❛t✐♦♥
❜❡t✇❡❡♥ t❤❡ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ❢♦r ❛ ✜❡❧❞ ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❡❛s② ❛①✐s



✻✳✹✳ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧
r❡s♦♥❛t♦r ♠♦❞❡ ✶✸✾

✐♥t♦ t❤❡ s❛♠♣❧❡ ♣❧❛♥❡✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ ♦❜t❛✐♥ ❛♥ ♦✉t✲♦❢✲♣❧❛♥❡ ❛♥❣❧❡ ♦❢ β ∼ 74◦±5◦✳ ❲✐t❤
♦✉r ✸❉ ✈❡❝t♦r ♠❛❣♥❡t ✇❡ ❛r❡ ♥♦t ❛❜❧❡ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤✐s ♦✉t✲♦❢✲♣❧❛♥❡ ♦r✐❡♥t❛t✐♦♥✳
❍♦✇❡✈❡r✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ t❤✐s ♠✐s❛❧✐❣♥♠❡♥t ✇❛s ♥✉♠❡r✐❝❛❧❧② ❝♦rr❡❝t❡❞ ❢♦r ❛❧❧ ❞❛t❛
♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋✐❣✳ ✻✳✶✻❜ r❡♣r❡s❡♥ts t❤❡ s✇✐t❝❤✐♥❣ ✜❡❧❞s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
✐♥ ♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❣❧❡✱ ❜✉t ❝♦rr❡❝t❡❞ ❢♦r t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠✐s❛❧✐❣♥❡♠❡♥t β✳

0,0

0,1

0,2

0,3
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❋✐❣✉r❡ ✻✳✶✼✿ ▼❛❣♥❡t♦❝♦♥❞✉❝t❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts dI/dV
(

µ0H‖

)

❛❧♦♥❣ t❤❡ ❡❛s② ❛①✐s ♦❢
t❤❡ ❚❜P❝2 ♠♦❧❡❝✉❧❡ ❇ ✐♥ t❤❡ ❤②❜r✐❞ ♥❛♥♦t✉❜❡✲♠♦❧❡❝✉❧❡ ❞❡✈✐❝❡ ▲❙▼✲❤②❜r✐❞✳ ❋♦✉r ❞✐st✐♥❝t
s✇✐t❝❤✐♥❣ ✜❡❧❞s ❛r❡ ♦❜s❡r✈❡❞✱ ✇❤✐❝❤ ❛r❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ♥✉❝❧❡❛r s♣✐♥ r❡s♦❧✈❡❞ ♣❤♦♥♦♥✲
❛ss✐st❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✹✳✶✳

❲❡ ❝❛♥ ♥♦✇ ♣❡r❢♦r♠ ♠❛❣♥❡t♦❝♦♥❞✉❝t❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ❛❧♦♥❣ t❤❡ ❡❛s② ❛①✐s ♦❢ t❤❡
♠♦❧❡❝✉❧❡ ❇✳ ❋✐❣✳ ✻✳✶✼ s❤♦✇s ❢♦✉r ❝♦♥s❡❝✉t✐✈❡ ✉♣✇❛r❞s s✇❡❡♣s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣
t❤❡ ❡❛s② ❛①✐s ♦❢ ♠♦❧❡❝✉❧❡ ❇✳ ❲❡ ♦❜s❡r✈❡ ❝✉rr❡♥t s✇✐t❝❤✐♥❣ ❡✈❡♥ts ❛t ❢♦✉r ❞✐st✐♥❝t s✇✐t❝❤✲
✐♥❣ ✜❡❧❞s✱ ✇❤✐❝❤ ❝❛♥ ✐♥❞❡❡❞ ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ♥✉❝❧❡❛r s♣✐♥ r❡s♦❧✈❡❞ ♣❤♦♥♦♥✲❛ss✐st❡❞
♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ✭❙❡❝t✐♦♥ ✻✳✹✳✶✮✱ ❛s ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✻✳✹✳✸✳

✻✳✹✳✸ ◆✉❝❧❡❛r s♣✐♥✲r❡s♦❧✈❡❞ ♣❤♦♥♦♥✲❛ss✐st❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡r✲

s❛❧ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ ❝♦✉♣❧❡❞ t♦ ❛ ❈◆❚ ◆❊▼❙

❚r❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞❡♣❡♥❞❛♥❝❡

▼❛❣♥❡t♦❝♦♥❞✉❝t❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳✶✼ ❛r❡ ♣❡r❢♦r♠❡❞ ❛t ❞✐✛❡r❡♥t
✈❛❧✉❡s ♦❢ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ H⊥✱ tr❛♥s✈❡rs❡ t♦ t❤❡ ✜❡❧❞ s✇❡❡♣ ❞✐r❡❝t✐♦♥ ✇❤✐❝❤ ✐s ❛❧✐❣♥❡❞
✇✐t❤ ♠♦❧❡❝✉❧❡ ❇✬s ❡❛s② ❛①✐s H‖✳ ❚❤❡ s✇✐t❝❤✐♥❣ ✜❡❧❞s H‖,sw ❛r❡ r❡❝♦r❞❡❞ ❛♥❞ ♣❧♦tt❡❞ ❛s ❛



✶✹✵
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

❢✉♥❝t✐♦♥ ♦❢ t❤❡ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ H⊥ ✭❋✐❣✳ ✻✳✶✽✮✳
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❋✐❣✉r❡ ✻✳✶✽✿ ❙✇✐t❝❤✐♥❣ ✜❡❧❞ H‖,sw ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ H⊥ ❛t
T = 20 ♠❑ ❛♥❞ ❛ s✇❡❡♣ r❛t❡ ♦❢ ✺✵ ♠❚✴s✳ ❖♣❡♥ ✭❢✉❧❧✮ s②♠❜♦❧s ❝♦rr❡s♣♦♥❞ t♦ ❛ s✇✐t❝❤✐♥❣
♦♥ t❤❡ ✉♣✇❛r❞s ✭❞♦✇♥✇❛r❞s✮ s✇❡❡♣ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ✜❡❧❞ ❝♦♠♣♦♥❡♥t H‖✳ ❚❤❡ ❩❡❡♠❛♥
❞✐❛❣r❛♠ ❞❡♣✐❝ts t❤❡ ♣❤♦♥♦♥✲❛ss✐st❡❞ tr❛♥s✐t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ s✇✐t❝❤✐♥❣ ❡✈❡♥t✳

❇② s✇❡❡♣✐♥❣ t❤❡ ♣❛r❛❧❧❡❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ H‖ ❢r♦♠ ♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ✭tr❛❝❡✮✱
✇❡ ♦❜s❡r✈❡ ❢♦✉r ♥❛rr♦✇ tr❛♥s✐t✐♦♥s ❢♦r ♠♦❧❡❝✉❧❡ ❇ ❛t H‖,sw = 90, 111, 134, 158 ♠❚ ✭♦♣❡♥
s②♠❜♦❧s ✐♥ ❋✐❣✳ ✻✳✶✽✮✳ ❇② r❡✈❡rs✐♥❣ t❤❡ s✇❡❡♣ ❞✐r❡❝t✐♦♥ ❢♦r H‖ ✭r❡tr❛❝❡✮✱ ✇❡ ♦❜s❡r✈❡ ❢♦✉r
♥❛rr♦✇ tr❛♥s✐t✐♦♥s ❛t H‖,sw = −90,−112,−135,−157 ♠❚ ✭❢✉❧❧ s②♠❜♦❧s ✐♥ ❋✐❣✳ ✻✳✶✽✮✳
❚❤❡ s✇✐t❝❤✐♥❣ ✜❡❧❞ ✈❛❧✉❡s ❛r❡ ✐♥ ♣❡r❢❡❝t ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♣r❡❞✐❝t✐♦♥s ❢♦r ❛ ♥✉❝❧❡❛r s♣✐♥
r❡s♦❧✈❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ❛ss✐st❡❞ ❜② ❛ ▲❙▼ ♣❤♦♥♦♥ ✇✐t❤ ❛♥ ❡♥❡r❣② ♦❢ ✶✳✺ ❑✳ ❲❡
❝❛♥ ❛ttr✐❜✉t❡ ❡❛❝❤ s✇✐t❝❤✐♥❣ ✜❡❧❞ t♦ ♦♥❡ ♥✉❝❧❡❛r s♣✐♥ st❛t❡ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳✶✽✳

▼♦r❡♦✈❡r✱ t❤❡ ❡♥❡r❣② ♦❢ ❛ ❞✐r❡❝t tr❛♥s✐t✐♦♥ ✐♥ ❛ ❚❜P❝2✯ ♠♦❧❡❝✉❧❡ ❛s ✇❡❧❧ ❛s t❤❡ ♣❤♦♥♦♥
❡♥❡r❣② ❞♦❡s ♥♦t t❤❡ ❞❡♣❡♥❞ ♦♥ t❤❡ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ H⊥✳ ■♥ ❝♦♥s❡q✉❡♥❝❡ t❤❡ s✇✐t❝❤✐♥❣
✜❡❧❞ s❤♦✉❧❞ ❜❡ ✐♥❞❡♣❡♥❞❛♥t ❢r♦♠ t❤❡ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ H⊥✳ ■♥❞❡❡❞✱ t❤❡ tr❛♥s✐✲



✻✳✹✳ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧
r❡s♦♥❛t♦r ♠♦❞❡ ✶✹✶

t✐♦♥s ❢♦r ❜♦t❤ tr❛❝❡ ❛♥❞ r❡tr❛❝❡ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ H⊥ ❛♥❞
❛r❡ ♣❡r❢❡❝t❧② s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ H‖ = 0✳
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❋✐❣✉r❡ ✻✳✶✾✿ ❙✇✐t❝❤✐♥❣ ✜❡❧❞ H‖,sw ❤✐st♦❣r❛♠ ❢♦r H⊥ = 0 ❛t T = 20 ♠❑ ❛♥❞ ❛ s✇❡❡♣ r❛t❡
♦❢ ✺✵ ♠❚✴s✳ ❚❤❡ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ❞❡♣✐❝ts t❤❡ ♣❤♦♥♦♥✲❛ss✐st❡❞ tr❛♥s✐t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤
❡❛❝❤ s✇✐t❝❤✐♥❣ ❡✈❡♥t✳

■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ st❛t✐st✐❝✱ ✇❡ ♣❡r❢♦r♠❡❞ ✷✵✵ ❤②st❡r❡s✐s ❧♦♦♣s
❛t ③❡r♦ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ H⊥ = 0✳ ❆❧❧ s✇✐t❝❤✐♥❣ ✜❡❧❞s ✇❡r❡ r❡❝♦r❞❡❞ ❛♥❞ ❝♦♠♣✐❧❡❞
✐♥ ❛ ❤✐st♦❣r❛♠ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳✶✾✳ ❚❤❡ ❤✐st♦❣r❛♠ s❤♦✇s ❢♦✉r ❞♦♠✐♥❛♥t tr❛♥s✐t✐♦♥
❡✈❡♥ts ❛t H‖,sw = 90, 112, 134, 158 ♠❚ ❢♦r t❤❡ tr❛❝❡ ❛♥❞ ❢♦✉r ❞♦♠✐♥❛♥t tr❛♥s✐t✐♦♥s ❛t
H‖,sw = −90,−112,−134,−158 ♠❚ ♦♥ t❤❡ r❡tr❛❝❡✱ ✇✐t❤ ❛♥ ❛✈❡r❛❣❡ ❋❲❍▼ ♦❢ ❛❜♦✉t
δH‖,sw = 2 ♠❚✳

❚❤❡ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✹✳✶ ♣r❡❞✐❝ts t❤❛t ✐♥ ❝❛s❡ ♦❢ ❛ str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡✲
t✇❡❡♥ t❤❡ ❚❜P❝2 s♣✐♥ ❛♥❞ t❤❡ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥ ♠♦❞❡ ✐♥ t❤❡ ❈◆❚ ✭❡♥❡r❣②
~ω♣❤ = 1.5 ❑ ❛♥❞ ❧✐♥❡✇✐❞t❤ δE♣❤ = 15 ♠❑✮✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ t❤❡ ❚❜P❝2
✇✐❧❧ ✐♥❞❡❡❞ ♦❝❝✉r ❢r♦♠ t❤❡ ❢♦✉r ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ♦❢ t❤❡ ❚❜3+ ✐♦♥ ❛t ♠❛❣♥❡t✐❝ ✜❡❧❞s ♦❢



✶✹✷
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

µ0H‖,s✇ = 89, 113, 137, 161 ♠❚ ❢♦r ❛♥ ✉♣✇❛r❞s ♠❛❣♥❡t✐❝ ✜❡❧❞ s✇❡❡♣ ✭❛♥❞ ❛t −µ0H‖,s✇ ❢♦r
❛ ❞♦✇♥✇❛r❞s ♠❛❣♥❡t✐❝ ✜❡❧❞ s✇❡❡♣✮✳

❚❤❡ ❩❡❡♠❛♥ ❡♥❡r❣② δEz ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❋❲❍▼ ♦❢ ❡❛❝❤ s✇✐t❝❤✐♥❣ ❡✈❡♥t ✐♥ ❋✐❣✳
✻✳✶✾ ✐s ❛♣♣r♦①✐♠❛t❡❧② ✸✵ ♠❑✱ ✇❤✐❝❤ ✐s ✐♥ ❝❧♦s❡ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♣❤♦♥♦♥ ❧✐♥❡✇✐❞t❤ ♦❢
δE♣❤ = 15 ♠❑ ❞❡t❡r♠✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❛❧❧ ❢♦✉r s✇✐t❝❤✐♥❣ ❡✈❡♥ts
✐♥ t❤❡ ❚❜P❝2 ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ tr❛♥s✐t✐♦♥ ❡♥❡r❣② ♦❢ ∆E③ = 1.5 ❑✱ ✇❤✐❝❤ ✐s ✐♥
♣❡r❢❡❝t ❛❣r❡❡♠❡♥t ✇✐t❤ ♣❤♦♥♦♥ ❡♥❡r❣② ♦❢ ~ω♣❤ = 1.5 ❑✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✜♥❞✐♥❣s ❛r❡
t❤✉s ✐♥ ❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♣r♦✈✐❞❡❞ ♠♦❞❡❧✳ ❚❤❡ str♦♥❣ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡
♠♦❧❡❝✉❧❛r ❚❜P❝2 s♣✐♥ ❛♥❞ t❤❡ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥ ✐s ❢✉rt❤❡r s✉♣♣♦rt❡❞ ❜② t❤❡
♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❡✈❛❧✉❛t❡ ✐♥ ❙❡❝t✐♦♥ ✻✳✹✳✹✳

❚❤❡ tr❛♥s✈❡rs❡ ✜❡❧❞ ❞❡♣❡♥❞❛♥❝❡ ❛♥❞ t❤❡ st❛t✐st✐❝s ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢
♠♦❧❡❝✉❧❡ ❇ ♣r♦✈✐❞❡s ❛ str♦♥❣ ❡✈✐❞❡♥❝❡ ❢♦r ❛ ♣❤♦♥♦♥✲❛ss✐st❡❞ ❛♥❞ ♥✉❝❧❡❛r s♣✐♥✲r❡s♦❧✈❡❞
♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ♣r♦❝❡ss ✐♥ ❛ ❚❜P❝2✯✳ ❲❡ ✇✐❧❧ ♥♦✇ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ♦❜s❡r✈❡❞
♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ✐♥❞❡❡❞ ❢♦❧❧♦✇s t❤❡ s✇❡❡♣ r❛t❡ ❛♥❞ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❛♥❝❡ ❡①✲
♣❡❝t❡❞ ❢♦r ❛ ❚❜3+ ♥✉❝❧❡❛r s♣✐♥✳

❙✇❡❡♣ r❛t❡ ❞❡♣❡♥❞❛♥❝❡

❲❡ ♣❡r❢♦r♠❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ st❛t✐st✐❝s ❛t s✇❡❡♣ r❛t❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✶✵✱
✺✵✱ ✶✵✵ ❛♥❞ ✶✺✵ ♠❚✴s ✭❋✐❣✳ ✻✳✷✵✮✳

❆t ❛ s✇❡❡♣ r❛t❡ ♦❢ ✶✺✵ ♠❚✴s✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ❡ss❡♥t✐❛❧❧② ♦❝❝✉rs ❢r♦♠ t❤❡
♥✉❝❧❡❛r s♣✐♥ ❣r♦✉♥❞ st❛t❡ ❛t ❛ s✇✐t❝❤✐♥❣ ✜❡❧❞ H‖,sw = ±160 ♠❚ ✭❋✐❣✳ ✻✳✷✵❛✮✳ ❋✐❣✳
✻✳✷✶❛ ❞❡♣✐❝ts t❤❡ ✐♥t❡❣r❛t❡❞ ♥✉♠❜❡r ♦❢ ❝♦✉♥ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❢♦r ❛♥
✉♣✇❛r❞s ♠❛❣♥❡t✐❝ ✜❡❧❞ s✇❡❡♣✳ ❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ♥✉❝❧❡❛r
s♣✐♥ st❛t❡ ❢r♦♠ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❡♣ ❤❡✐❣❤t ✐♥ t❤❡ ✐♥t❡❣r❛t❡❞ ❤✐st♦❣r❛♠ ✭❋✐❣✳ ✻✳✷✶❛✮✳
■♥❞❡❡❞✱ t❤❡ ♦❝❝✉♣❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ❢♦❧❧♦✇s ❛ ▼❛①✇❡❧❧ ❇♦❧t③♠❛♥♥
❞✐str✐❜✉t✐♦♥ P = P0exp(−E/k❇T◆)✱ ✇✐t❤ ❛ str♦♥❣ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ ♥✉❝❧❡❛r s♣✐♥ ❣r♦✉♥❞
st❛t❡ ✭❜❧✉❡ ✜t ❝✉r✈❡ ✐♥ ❋✐❣✳ ✻✳✷✶❜✮✳ ❲❡ ❞❡t❡r♠✐♥❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞❛r② ♦❢ ♥✉❝❧❡❛r s♣✐♥
t❡♠♣❡r❛t✉r❡ ♦❢ T◆ = 150 ♠❑✱ ✇❤✐❝❤ ✐s ♦♥ t❤❡ ♦r❞❡r ♦❢ t❤❡ ❡❧❡❝tr♦♥✐❝ t❡♠♣❡r❛t✉r❡ ✐♥ t❤❡
s②st❡♠✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ♥✉❝❧❡❛r s♣✐♥ ✐s ❝❧♦s❡ t♦ t❤❡r♠❛❧ ❡q✉✐❧✐❜r✐✉♠✳

❇② r❡❞✉❝✐♥❣ t❤❡ s✇❡❡♣✐♥❣ r❛t❡ ✭♥♦♥✲❛❞✐❛❜❛t✐❝ s✇❡❡♣✮✱ t❤❡ ✜♥✐t❡ ❡♥❡r❣② ❧❡✈❡❧ ❧✐❢❡t✐♠❡ ♦❢
t❤❡ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s r❡s✉❧ts ✐♥ tr❛♥s✐t✐♦♥s ❢r♦♠ ❤✐❣❤❡r ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ❛♥❞ ❡✈❡♥t✉❛❧❧②
✐♥ ❛♥ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ♥✉❝❧❡❛r s♣✐♥ ♣♦♣✉❧❛t✐♦♥✳ ■♥❞❡❡❞✱ ❢♦r ❛ s✇❡❡♣ r❛t❡ ♦❢ ✶✵ ♠❚✴s✱ t❤❡
♠❛❣♥❡t✐❝ r❡❧❛①❛t✐♦♥ ❡ss❡♥t✐❛❧❧② ♦❝❝✉rs ❢r♦♠ t❤❡ ❤✐❣❤❡st ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ❛t ❛ s✇✐t❝❤✐♥❣
✜❡❧❞ H‖,sw = ±90 ♠❚ ✭❋✐❣✳ ✻✳✷✵❞✮✳



✻✳✹✳ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧
r❡s♦♥❛t♦r ♠♦❞❡ ✶✹✸
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❋✐❣✉r❡ ✻✳✷✵✿ ❙✇✐t❝❤✐♥❣ ✜❡❧❞ ❤✐st♦❣r❛♠s ❛t T = 20 ♠❑ ❢♦r s✇❡❡♣ r❛t❡s ♦❢ ✭❛✮ ν = 150

♠❚✴s✱ ✭❜✮ ν = 100 ♠❚✴s✱ ✭❝✮ ν = 50 ♠❚✴s ❛♥❞ ✭❞✮ ν = 10 ♠❚✴s✳ ❙✇✐t❝❤✐♥❣ ❡✈❡♥ts
❛t ♣♦s✐t✐✈❡ ✜❡❧❞s ❝♦rr❡s♣♦♥❞ t♦ s✇❡❡♣ ❢r♦♠ ♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✭tr❛❝❡✮✱
❡✈❡♥ts ❛t ♥❡❣❛t✐✈❡ ✜❡❧❞s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡✈❡rs❡❞ s✇❡❡♣ ❞✐r❡❝t✐♦♥ ✭r❡tr❛❝❡✮✳ ❲❡ ♦❜s❡r✈❡
❛♥ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ♥✉❝❧❡❛r s♣✐♥ ♣♦♣✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s✇❡❡♣ r❛t❡✳
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❋✐❣✉r❡ ✻✳✷✶✿ ◆✉❝❧❡❛r s♣✐♥ t❡♠♣❡r❛t✉r❡ ❛♥❞ ♦❝❝✉♣❛t✐♦♥ ♣r♦❜❛❜✐❧✐t②✿ ✭❛✮ ■♥t❡❣r❛t❡❞ ♥✉♠❜❡r
♦❢ ❝♦✉♥ts ♥♦r♠❛❧✐③❡❞ ✇✐t❤ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❝♦✉♥ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ♠❛❣♥❡t✐❝
✜❡❧❞ ❢♦r ❞✐✛❡r❡♥t s✇❡❡♣ r❛t❡s✳ ❚❤❡ ✐♥t❡❣r❛t❡❞ ❝♦✉♥ts ❝♦rr❡s♣♦♥❞ t♦ s✇✐t❝❤✐♥❣ ❡✈❡♥ts ♦❢
t❤❡ ♠♦❧❡❝✉❧❡ ♦♥ ❛♥ ✉♣✇❛r❞s ♠❛❣♥❡t✐❝ ✜❡❧❞ s✇❡❡♣✳ ✭❜✮ ❖❝❝✉♣❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② P ♦❢ ❛
♥✉❝❧❡❛r s♣✐♥ st❛t❡ ❛s ❢✉♥❝t✐♦♥ ♦❢ ❤✐s ❡♥❡r❣② EI ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ ✭♦♥❧② ❢♦r
t❤❡ ✉♣✇❛r❞s ✜❡❧❞ s✇❡❡♣✮✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② P ❝♦rr❡s♣♦♥❞s t♦ t❤❡ st❡♣ ❤❡✐❣❤t ❡①tr❛❝t❡❞
❢r♦♠ t❤❡ ✐♥t❡❣r❛t❡❞ ❤✐st♦❣r❛♠ tr❛❝❡s ✐♥ ✭❛✮✳ ❚❤❡ ❜❧✉❡ ❝✉r✈❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✜t ✇✐t❤ ❛
▼❛①✇❡❧❧ ❇♦❧t③♠❛♥♥ ❞✐str✐❜✉t✐♦♥ P = P0exp (−EI/k❇T◆) ❛♥❞ ❣✐✈❡s ❛♥ ❡✛❡❝t✐✈❡ ♥✉❝❧❡❛r
s♣✐♥ t❡♠♣❡r❛t✉r❡ ♦❢ T◆ = 150 ♠❑✳



✻✳✹✳ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧
r❡s♦♥❛t♦r ♠♦❞❡ ✶✹✺

❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❛♥❝❡

❲❡ ♣❡r❢♦r♠❡❞ ✷✵✵ ♠❛❣♥❡t✐❝ ✜❡❧❞ s✇❡❡♣s ✭❜❛❝❦ ❛♥❞ ❢♦rt❤✮ ❛t ❛ r❛t❡ ♦❢ ✶✺✵ ♠❚✴s ❢♦r
t❡♠♣❡r❛t✉r❡s ♦❢ ✷✵✱ ✸✵✵✱ ✺✵✵✱ ✼✵✵ ♠❑✳ ❆t t❤❡ ❜❛s❡ t❡♠♣❡r❛t✉r❡✱ t❤❡ ♥✉❝❧❡❛r s♣✐♥ t❡♥❞s
t♦✇❛r❞s ❛ t❤❡r♠❛❧ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ ♥✉❝❧❡❛r s♣✐♥ ❣r♦✉♥❞ ✭s❡❡
♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛♥❞ ❋✐❣✳ ✻✳✷✸✮✳ ■♥❝r❡❛s✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ ❛❜♦✈❡ t❤❡ ❡♥❡r❣② ❧❡✈❡❧
s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ✭✶✷✵✱ ✶✺✵✱ ✶✽✵ ♠❑ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡✮✱
❧❡❛❞s t♦ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❤✐❣❤❡r ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ❞✉❡ t♦ t❤❡r♠❛❧ ❛❝t✐✈❛t✐♦♥ ✭❋✐❣✳ ✻✳✷✸✮✳

❆t T = 700 ♠❑ ❤♦✇❡✈❡r✱ t❤❡ ❤②♣❡r✜♥❡ str✉❝t✉r❡ ✐♥ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ✈❛♥✲
✐s❤❡s ❛♥❞ ♦♥❡ ♦❜s❡r✈❡s ❛ ❧❛r❣❡ s✇✐t❝❤✐♥❣ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❛ ❋❲❍▼ ♦❢ ✺✵ ♠❚✱
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❩❡❡♠❛♥ ❡♥❡r❣② ♦❢ ✼✺✵ ♠❑ ✭❋✐❣✳ ✻✳✷✸✮✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✈✐❜r❛t✐♦♥❛❧
s✐❞❡❜❛♥❞s ❛ttr✐❜✉t❡❞ t♦ t❤❡ q✉❛♥t✐③❡❞ ▲❙▼ ♣❤♦♥♦♥ ♠♦❞❡ ✈❛♥✐s❤ ✐♥ t❤❡ ♥❛♥♦t✉❜❡✬s ❜✐❛s
s♣❡❝tr♦s❝♦♣② ❛r♦✉♥❞ T = 900 ♠❑ ✭❋✐❣✳ ✻✳✷✷✮✳ ❆t T = 900 ♠❑✱ t❤❡ t❤❡r♠❛❧ ❡♥❡r❣② ✐s
♦♥ t❤❡ s❛♠❡ ♦r❞❡r t❤❛♥ t❤❡ ♣❤♦♥♦♥ ❡♥❡r❣② ~ω♣❤✱ ✇❤✐❝❤ r❡s✉❧ts ✐♥ ❛♥ ❛✈❡r❛❣❡ t❤❡r♠❛❧
♦❝❝✉♣❛♥❝② n̄ = kT

~ω♣❤
∼= 1✳ ■♥ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r tr❛♥s✐ts ❢r♦♠

❛ q✉❛♥t✉♠ st❛t❡ t♦ ❛ ❝❧❛ss✐❝❛❧ st❛t❡ ♦❢ ♠♦t✐♦♥✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✈❛♥✐s❤✐♥❣
✈✐❜r❛t✐♦♥❛❧ s✐❞❡❜❛♥❞s ✭❋✐❣ ✻✳✷✷❜✮ ❛♥❞ t❤✉s ✇✐t❤ t❤❡ q✉❡♥❝❤ ♦❢ ❤②♣❡r✜♥❡ str✉❝t✉r❡ ✐♥ t❤❡
r❡✈❡rs❛❧ st❛t✐st✐❝s ❛❜♦✈❡ ✼✵✵ ♠❑ ✭❋✐❣✳ ✻✳✷✸❛✮✳

(a) (b)

❋✐❣✉r❡ ✻✳✷✷✿ ▲♦♥❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥ ♠♦❞❡ ✈s✳ t❡♠♣❡r❛t✉r❡✳ ✭❛✮ ❙t❛❜✐❧✐t② ❞✐❛❣r❛♠ ❛t T = 20

♠❑ ❛t H① = 1.4 ❚✳ ✭❜✮ ❙t❛❜✐❧✐t② ❞✐❛❣r❛♠ ❛t T = 900 ♠❑ ❛t H① = 1.4 ❚✳ ❚❤❡ ❡①❝✐t❡❞
st❛t❡s ❛ttr✐❜✉t❡❞ t♦ ▲❙▼ ♣❤♦♥♦♥s ✈❛♥✐s❤ ❛s t❤❡ r❡s♦♥❛t♦rs tr❛♥s✐ts ❢r♦♠ ❛ q✉❛♥t✉♠ t♦
❛ ❝❧❛ss✐❝❛❧ st❛t❡ ♦❢ ♠♦t✐♦♥✳ ❋❡❛t✉r❡s ♦❢ ♥❡❣❛t✐✈❡ ❞✐✛❡r❡♥t✐❛❧ ❝♦♥❞✉❝t❛♥❝❡ ❛❧s♦ ✈❛♥✐s❤ ❛t
❤✐❣❤❡r t❡♠♣❡r❛t✉r❡✳
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(d)

❋✐❣✉r❡ ✻✳✷✸✿ ❙✇✐t❝❤✐♥❣ ✜❡❧❞ ❤✐st♦❣r❛♠ r❡❝♦r❞❡❞ ❢♦r ❛ s✇❡❡♣ r❛t❡ ♦❢ ✶✺✵ ♠❚✴s ❛t t❡♠✲
♣❡r❛t✉r❡s ♦❢ ✭❛✮ T = 700 ♠❑✱ ✭❜✮ T = 500 ♠❑✱ ✭❝✮ T = 300 ♠❑✱ ✭❞✮ T = 20 ♠❑✳ ❋♦r
t❤♦s❡ s✇❡❡♣ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ♥✉❝❧❡❛r s♣✐♥ t❡♥❞s t♦✇❛r❞s ❛ t❤❡r♠❛❧ ❡q✉✐❧✐❜r✐✉♠ ❛t t❤❡ ❜❛s❡
t❡♠♣❡r❛t✉r❡✳ ■♥❝r❡❛s✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ ❛❜♦✈❡ t❤❡ ❡♥❡r❣② ❧❡✈❡❧ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ♥✉❝❧❡❛r
s♣✐♥ st❛t❡s ✭✶✷✵✱ ✶✺✵ ❛♥❞ ✶✽✵ ♠❑✱ s❡❡ ♠❛✐♥ t❡①t✮ ❧❡❛❞s t♦ ❛♥ ❡q✉❛❧ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ ❢♦✉r
♥✉❝❧❡❛r s♣✐♥ st❛t❡s ✭✺✵✵ ♠❑✮✳ ❆t T = 700 ♠❑✱ t❤❡ ❤②♣❡r✜♥❡ str✉❝t✉r❡ ✈❛♥✐s❤❡s ❛♥❞ ✇❡
♦❜s❡r✈❡ ❛ ❧❛r❣❡ s✇✐t❝❤✐♥❣ ✜❡❧❞s ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ❚❜3+ ✐♦♥✳



✻✳✹✳ ❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ❚❜P❝2✯ s♣✐♥ t♦ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧
r❡s♦♥❛t♦r ♠♦❞❡ ✶✹✼

✻✳✹✳✹ ❙♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❛ ♠♦❧❡❝✉❧❛r ❛♥❞ q✉❛♥t✐③❡❞

♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥

❉✉❡ t♦ t❤❡ str♦♥❣❧② ❛♥✐s♦tr♦♣✐❝ 4f s❤❡❧❧ ❛♥❞ ❛ str♦♥❣ s♣✐♥✲♦r❜✐t ❝♦✉♣❧✐♥❣ ✐♥ t❤❡ ❚❜3+ ✐♦♥✱
t❤❡ ❚❜P❝2✯ ❡①❤✐❜✐ts ❛ ♠❛❣♥❡t✐❝ ❣r♦✉♥❞ st❛t❡ ♦❢ J = 6 ❛♥❞ ❛ str♦♥❣ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣②✱
✇✐t❤ ❛♥ ❡❛s② ❛①✐s ③ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ P❝ ❧✐❣❛♥❞ ♣❧❛♥❡s✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❢♦r ❛ ❚❜P❝2✯
❙▼▼✬s ❣r♦✉♥❞ st❛t❡ ♠✉❧t✐♣❧❡t J = 6 ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s t❤❡♥ ✇r✐tt❡♥ ❛s

H❚❜P❝2 = H❇ +H❝❢ ✭✻✳✽✮

✇❤❡r❡ t❤❡ ✜rst t❡r♠ H❇ = gµ❇BzJz ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❩❡❡♠❛♥ s♣❧✐tt✐♥❣ ✐♥ ❛♥ ❡①t❡r♥❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ❧❛tt❡r t❡r♠ H❝❢ ❞❡s❝r✐❜❡s t❤❡ ❝r②st❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ t❤❡ ❚❜P❝2✯ ❛♥❞
❛❝❝♦✉♥ts ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ❛♥✐s♦tr♦♣② ❡♥❡r❣② ♦❢ t❤❡ ❚❜P❝2✯ ❬✺✶❪

H❝❢ = αA0
2O

0
2 + β

(

A0
4O

0
4 + A4

4O
4
2

)

+ γ
(

A0
6O

0
6 + A4

6O
4
6

)

✭✻✳✾✮

✇❤❡r❡ Ok
q ❛r❡ t❤❡ ❙t❡✈❡♥s ♦♣❡r❛t♦rs ❬✺✷❪✱ α✱ β ❛♥❞ γ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❙t❡✈❡♥s ♣❛r❛♠❡t❡rs

❛♥❞ Ak
q t❤❡ ❝r②st❛❧ ✜❡❧❞ ♣❛r❛♠❡t❡rs ❬✺✸❪ ✭s❡❡ ❛❧s♦ ❙❡❝t✐♦♥ ✷✳✷ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥✮✳

❋✐❣✉r❡ ✻✳✷✹✿ ❙✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ❝♦✉♣❧✐♥❣ t♦ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❚❤❡ ♠❛❣♥❡✲
t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ ❛♥ ❚❜P❝2✯ ❙▼▼ ❢r♦♠ ❛ s♣✐♥ st❛t❡ Jz = +6 t♦ Jz = −6 r❡s✉❧ts ✐♥ ❛
r♦t❛t✐♦♥ ♦❢ t❤❡ ❙▼▼ ❝r②st❛❧ ❧❛tt✐❝❡ ✐♥ t❤❡ ①✲② ♣❧❛♥❡✳ ❚❤❡ r♦t❛t✐♦♥ ❜② ❛♥ ❛♥❣❧❡ ϕ❙▼▼(x, y)
❚❜P❝∗2 ❙▼▼ ♦❢ t❤❡ ❣❡♥❡r❛t❡s ❛ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ✇✐t❤ ❛♥ ❛♠♣❧✐t✉❞❡ u❈◆❚(x)✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ❚❜P❝2✯ ❙▼▼ r✐❣✐❞❧② ❣r❛❢t❡❞ t♦ ❛ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
◆❊▼❙✳ ❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ t❤❡ ❚❜3+ ✐♦♥ ❝❛✉s❡s ❛ r♦t❛t✐♦♥ ♦❢ t❤❡ ❙▼▼ ❝r②st❛❧
❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❝r②st❛❧ ❧❛tt✐❝❡ ❜② ❛♥ ❛♥❣❧❡ ϕ̂❙▼▼ (~r) ✐♥ ❛ ✭①✲②✮✲♣❧❛♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r
t♦ ✐ts ❡❛s② ❛①✐s ③✱ ❞✉❡ t♦ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ✭s♣✐♥✰❧❛tt✐❝❡✮ ❬✶✶✹✱
✶✸✷❪✳ ❉✉❡ t♦ t❤❡ r✐❣✐❞ ❣r❛❢t✐♥❣ t♦ t❤❡ ❈◆❚✱ t❤❡ ❙▼▼✬s r♦t❛t✐♦♥ ϕ̂❙▼▼ (~r) tr❛♥s❧❛t❡s t♦
❛ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ✇✐t❤ ❛♥ ❛♠♣❧✐t✉❞❡ ♦❢ û❈◆❚ (~r) ✐♥ t❤❡ s✉s♣❡♥❞❡❞ ❈◆❚
r❡s♦♥❛t♦r ❜❡❛♠ ✭❋✐❣✳ ✻✳✷✹✮✳ ❲❡ ❤❛✈❡ ❬✶✶✹✱ ✶✸✷❪



✶✹✽
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

ϕ̂❙▼▼ (~r) = ∇× û❈◆❚ (~r) ✭✻✳✶✵✮

û❈◆❚ (~r) =

√

~

2mωl

∫

d3k

(2π)3
ei
~k~r
(

a~k + a†
−~k

)

✭✻✳✶✶✮

✇❤❡r❡ ωl ✐s t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥ ♠♦❞❡✱ m t❤❡ r❡s♦♥❛t♦r ♠❛ss✱ ~k t❤❡
q✉❛♥t✐③❛t✐♦♥ ✈❡❝t♦r ♦❢ t❤❡ ♣❤♦♥♦♥ ❛♥❞ a ❛♥❞ a† t❤❡ ❝r❡❛t✐♦♥✴❛♥♥✐❤✐❧❛t✐♦♥ ♦♣❡r❛t♦rs✳ ❚❤❡
❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ ❤②❜r✐❞ ❙▼▼✲r❡s♦♥❛t♦r ❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s ❬✶✶✹✱ ✶✸✷❪

H = H♣❤ +H❇ + e−iJzϕ̂H❝❢e
iJzϕ̂ ✭✻✳✶✷✮

✇❤❡r❡ H♣❤ = ~ω❧
(

a†a+ 1/2
)

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ q✉❛♥t✐③❡❞ ♣❤♦♥♦♥ ♠♦❞❡
❛♥❞ H❇ = gµ❇BzJz t♦ t❤❡ ❩❡❡♠❛♥ ❡♥❡r❣② ♦❢ t❤❡ ❚❜P❝2✯✳ ❚❤❡ ❧❛st t❡r♠ ❞❡s❝r✐❜❡s t❤❡
♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝r②st❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ t❤❡ ❚❜P❝2✯ ❜② t❤❡ r♦t❛t✐♦♥ ♦❢ ✐ts ❝r②st❛❧ ❧❛tt✐❝❡✳
H❝❢ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✉♥♣❡rt✉r❜❡❞ ❝r②st❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ϕ̂ t♦ t❤❡ r♦t❛t✐♦♥ ❛♥❣❧❡ ♦❢
t❤❡ ❝r②st❛❧ ❧❛tt✐❝❡✳ ■♥ ✜rst ♦r❞❡r✱ t❤❡ ❧❛st t❡r♠ ✐♥ ❡q✉❛t✐♦♥ ✻✳✶✷ ❡①♣❛♥❞s ❛s

e−iJzϕ̂H❝❢e
iJzϕ̂ ≈ H❝❢ + i [H❝❢, Jz] ϕ̂ = H❝❢ +Hs✲♣❤ ✭✻✳✶✸✮

❲❡ ♥♦✇ ❡✈❛❧✉❛t❡ t❤❡ s♣✐♥✲♣❤♦♥♦♥ ✐♥t❡r❛❝t✐♦♥ ❍❛♠✐❧t♦♥✐❛♥ Hs✲♣❤✳ ❲✐t❤ ❡q✉❛t✐♦♥s ✻✳✶✵
❛♥❞ ✻✳✶✶ ✇❡ ❡✈❛❧✉❛t❡ t❤❡ r♦t❛t✐♦♥ ❛♥❣❧❡ ✐♥ t❡r♠s ♦❢ t❤❡ ♣❤♦♥♦♥ ❝r❡❛t✐♦♥ ❛♥❞ ❛♥♥✐❤✐❧❛t✐♦♥
♦♣❡r❛t♦rs ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥ ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛s ❢♦❧❧♦✇s

ϕ̂ =
1

2

√

2~

ωlIz

(

a+ a†
)

✭✻✳✶✹✮

✇✐t❤ t❤❡ ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛ Iz ♦❢ t❤❡ ❚❜P❝2✯ ❛♥❞ t❤❡ ♣❤♦♥♦♥ ❢r❡q✉❡♥❝② ωl ❬✶✶✹❪✳
❯s✐♥❣ ❡q✉❛t✐♦♥ ✻✳✾ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♠♠✉t❛t♦r [H❝❢, Jz]✳ ❋r♦♠ t❤❡ ❙t❡✈❡♥s

♦♣❡r❛t♦rs ❛♥❞ ♠❛tr✐① ❡❧❡♠❡♥ts ❞❡t❡r♠✐♥❡❞ ✐♥ ❘❡❢✳❬✺✷❪ ❛♥❞ ❬✺✸❪✱ ✇❡ ✜♥❞ t❤❛t

[

O0
k, Jz

]

= 0 , k = 2, 4, 6 ✭✻✳✶✺✮

A4
6 = 0 ✭✻✳✶✻✮

■♥ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❝♦♠♠✉t❛t♦r [H❝❢, Jz] s✐♠♣❧✐✜❡s t♦ [H❝❢, Jz] = βA4
4 [O

4
4, Jz] ✇❤❡r❡

βA4
4 = 1.8 ♠❑ ❬✺✸❪✳ ❯s✐♥❣ O4

4 =
1
2

(

J4
+ + J4

−

)

❬✺✷❪ ✇❡ t❤❡♥ ♦❜t❛✐♥

[H❝❢, Jz] = βA4
4

[

O4
4, Jz

]

= βA4
4

[

J4
+, Jz

]

+ βA4
4

[

J4
−, Jz

]

= −~βA4
4

2

(

J4
+ − J4

−

)

= −i~βA4
4O

−4
4 ✭✻✳✶✼✮



✻✳✺✳ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦ ✶✹✾

❯s✐♥❣ ❡q✉❛t✐♦♥s ✻✳✶✹ ❛♥❞ ✻✳✶✼ ✇❡ ♦❜t❛✐♥ ❛♥ ✐♥t❡r❛❝t✐♦♥ ❍❛♠✐❧t♦♥✐❛♥

Hs✲♣❤ =
~βA4

4

2

√

2~

ωlIz

(

a+ a†
)

O−4
4 ✭✻✳✶✽✮

❚❤❡ t♦t❛❧ ❍❛♠✐❧t♦♥✐❛♥ t❤✉s r❡❞✉❝❡s t♦ ❛ ❏❛②♥❡s✲❈✉♠♠✐♥❣s t②♣❡ ❡q✉❛t✐♦♥ ❛s ❞❡s❝r✐❜❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜②

H = H♣❤ +H❇ +H❝❢ + ~gs✲♣❤
(

a+ a†
)

O−4
4 ✭✻✳✶✾✮

✇❤❡r❡ t❤❡ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❚❜P❝2✯ s♣✐♥ ❛♥❞ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❧♦♥✲
❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥ ✐s ❣✐✈❡♥ ❜②

gs✲♣❤ =
βA4

4

2

√

2~

ωlIz
= 1.5 ▼❍③ ✭✻✳✷✵✮

✇✐t❤ t❤❡ ❙▼▼✬s ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛ Iz = 10−42 ❦❣ · ♠2✱ t❤❡ ♣❤♦♥♦♥ ❢r❡q✉❡♥❝② ωl = 34

●❍③ ❛♥❞ t❤❡ ❝r②st❛❧ ✜❡❧❞ ♣❛r❛♠❡t❡r βA4
4 = 1.8 ♠❑✳

❆ s♣✐♥✲r❡s♦♥❛t♦r ❝♦✉♣❧✐♥❣ ♦❢ t❤✐s ♠❛❣♥✐t✉❞❡ ❝♦✉❧❞ r❡s✉❧t ✐♥ ❛ s✉♣♣r❡ss✐♦♥ ♦❢ q✉❛♥t✉♠
t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✭◗❚▼✮ ♦♥ t❤❡ ❙▼▼ ❜② ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ q✉❛♥t✉♠ ✐♥t❡r❢❡r✲
❡♥❝❡ ❡✛❡❝ts ❬✶✶✹❪✱ t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❝♦❤❡r❡♥t ♠❛❣♥❡t♦✲♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t✐♦♥s ❬✶✶✹❪ ♦r t❤❡
❡♥t❛♥❣❧❡♠❡♥t ♦❢ ❛ s✐♥❣❧❡ s♣✐♥ ✇✐t❤ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ❬✶✷✷✱ ✶✶✺❪✳ ❲❡ ✇♦✉❧❞
❧✐❦❡ t♦ ♣♦✐♥t ♦✉t✱ t❤❛t ✇❡ ❞✐❞ ♥♦t ♦❜s❡r✈❡ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✐♥ ♦✉r
s♣✐♥✲r❡s♦♥❛t♦r s②st❡♠✳ ❆❧t❤♦✉❣❤ t❤❡ ❛❜s❡♥❝❡ ♦❢ ◗❚▼ ❝♦✉❧❞ ❜❡ r❡❧❛t❡❞ t♦ ♥❛♥♦♠❡❝❤❛♥✲
✐❝❛❧ q✉❛♥t✉♠ ✐♥t❡r❢❡r❡♥❝❡ ❡✛❡❝ts✱ ❛s st❛t❡❞ ❛❜♦✈❡✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ s✉✣❝✐❡♥t ❡✈✐❞❡♥❝❡ t♦
s✉♣♣♦rt s✉❝❤ ❛ ❝❧❛✐♠✳

✻✳✺ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦❜❡❞ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ✈✐❛ ❛♥ ❡❧❡❝tr♦♥✐❝ r❡❛❞♦✉t ♦❢ ❛
❚❜P❝2✯ ❙▼▼ ❝♦✉♣❧❡❞ t♦ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ str❡❝❤✐♥❣ ♠♦❞❡ ✈✐❜r❛t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
r❡s♦♥❛t♦r✳

❲❡ ✜♥❞ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ✈✐❜r❛t✐♦♥ t♦ ❜❡ ✐♥ ✐ts q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧
❣r♦✉♥❞ st❛t❡✱ t❤✉s ②✐❡❧❞✐♥❣ ❛ q✉❛♥t✐③❡❞ ❡♥❡r❣② s♣❡❝tr✉♠ ❛♥❞ ✈❡r② ❧♦✇ ❞❡♥s✐t② ♦❢ st❛t❡s
✐♥ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧ st❛t❡s ✭❙❡❝t✐♦♥ ✻✳✸✮✳ ❯♣♦♥ ❝♦✉♣❧✐♥❣ ❛ ❚❜P❝2✯ ❙▼▼ t♦ t❤✐s ❧♦♥❣✐✲
t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ♣❤♦♥♦♥✱ t❤❡ q✉❛♥t✐③❛t✐♦♥ ♦❢ t❤❡ ❧❛tt❡r ❡♥❛❜❧❡s t❤❡ ❞❡t❡❝t✐♦♥ ♦❢
t❤❡ ❢♦✉r ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ♦❢ t❤❡ ❚❜3+ ✐♥ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♠❡❛s✉r❡♠❡♥ts ✭❙❡❝t✐♦♥
✻✳✹✮✳

▼♦r❡♦✈❡r✱ ✇❡ ✜♥❞ ❛ str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ t❤❡ ♠♦❧❡❝✉❧❛r s♣✐♥ ❛♥❞ t❤❡ q✉❛♥✲
t✐③❡❞ ♣❤♦♥♦♥ ♠♦❞❡ ♦♥ t❤❡ ♦r❞❡r ♦❢ ✶ ▼❍③✳ ❚❤❡ ✈❛❧✉❡ ✐s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ❝♦✉♣❧✐♥❣
str❡♥❣t❤ ♣r❡❞✐❝t❡❞ ❢♦r ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ s♣✐♥ q✉❜✐t ❝♦✉♣❧❡❞ t♦ ❛ ❝❛r❜♦♥ ♥❛♥✲
♦t✉❜❡✬s ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❬✶✷✷❪ ♦r t♦ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ ❬✶✸✸❪✳



✶✺✵
❈❤❛♣t❡r ✻✳ ❙tr♦♥❣ ❙♣✐♥✲P❤♦♥♦♥ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ❙✐♥❣❧❡ ▼♦❧❡❝✉❧❛r ❙♣✐♥ t♦ ❛

❈❛r❜♦♥ ◆❛♥♦t✉❜❡ ◆❊▼❙

■t ❤❛s ❜❡❡♥ ♣r❡❞✐❝t❡❞ t❤❛t ❛ ❝♦✉♣❧✐♥❣ ♦❢ t❤✐s ♠❛❣♥✐t✉❞❡ ✇♦✉❧❞ ✐♥❞✉❝❡ str♦♥❣ ♥♦♥❧✐♥✲
❡❛r✐t✐❡s ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✬s ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❢♦r ✐♥st❛♥❝❡ ❜❡ ✉s❡❞ t♦
❡♥❤❛♥❝❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ ♠❛❣♥❡t♦♠❡t❡rs ❬✶✷✷✱ ✶✽❪✳ ❆ s❡♥s✐t✐✈✐t②
♦❢ ❛ ❢❡✇ µ❇ ✐s t♦ ❜❡ ❡①♣❡❝t❡❞✱ ♠❛❦✐♥❣ t❤✐s s♣❡❝✐✜❝ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡ ❛♥
✐❞❡❛❧ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ t♦rq✉❡ ♠❛❣♥❡t♦♠❡t❡r ✇✐t❤ ♠♦❧❡❝✉❧❡ s❡♥s✐t✐✈✐t② ❬✶✽❪✳

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ str♦♥❣ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ✇♦✉❧❞ ❡♥❛❜❧❡ t❤❡ ❡❧❡❝tr✐❝ ♠❛♥✐♣✉❧❛t✐♦♥
♦❢ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❛r s♣✐♥ ✈✐❛ ♠✐❝r♦✇❛✈❡ ✐rr❛❞✐❛t✐♦♥ ❬✶✷✷❪✳ ❘❡❝✐♣r♦❝❛❧❧②✱ ❛ str♦♥❣ s♣✐♥✲
♣❤♦♥♦♥ ✐♥t❡r❛❝t✐♦♥ ✇♦✉❧❞ ❛❧❧♦✇ ❛ s♣✐♥✲❜❛s❡❞ ❞❡t❡❝t✐♦♥ ♦❢ t❤❡ ♥❛♥♦t✉❜❡✬s ♠❡❝❤❛♥✐❝❛❧
♠♦t✐♦♥ ♦r t❤❡ ❣r♦✉♥❞ st❛t❡ ❝♦♦❧✐♥❣ ♦❢ t❤❡ r❡s♦♥❛t♦r ❜② ♠❛♥✐♣✉❧❛t✐♥❣ t❤❡ ♠♦❧❡❝✉❧❛r s♣✐♥
✈✐❛ ❡❧❡❝tr♦♥ s♣✐♥ r❡s♦♥❛♥❝❡ ❬✶✷✷❪✳ ❯❧t✐♠❛t❡❧②✱ ♦✉r r❡s✉❧ts ♦♣❡♥ t❤❡ ♣❛t❤ t♦ t❤❡ q✉❛♥t✉♠
❡♥t❛♥❣❧❡♠❡♥t ♦❢ ❛ s✐♥❣❧❡ s♣✐♥ ❛♥❞ ❛ q✉❛♥t✐③❡❞ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥✳



❈❤❛♣t❡r ✼

●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

❚❤❡ ❛❝❤✐❡✈❡♠❡♥ts ✐♥ t❤❡ ✜❡❧❞ ♦❢ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t✐s♠ ❛♥❞ s♣✐♥tr♦♥✐❝s ♣r♦✈❡❞ t♦ ❜❡ ♠✐❧❡✲
st♦♥❡s ♦♥ t❤❡ ❛♠❜✐t✐♦✉s ♣❛t❤ t♦✇❛r❞s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ q✉❛♥t✉♠ ❝♦♠♣✉t❡r✳ ❚❤❡
✉♥✐q✉❡ ♣❤②s✐❝❛❧ ❛♥❞ ❝❤❡♠✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡ts ♣r♦✈✐❞❡ ❛ ❧❛r❣❡ ✈❛r✐❡t② ♦❢
q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❡✛❡❝ts r❛♥❣✐♥❣ ❢r♦♠ t✉♥♥❡❧✐♥❣ ♣r♦❝❡ss❡s✱ ✐♥t❡r❢❡r❡♥❝❡ ♣❤❡♥♦♠❡♥❛
t♦ ❧❛r❣❡ q✉❛♥t✉♠ ❝♦❤❡r❡♥❝❡✱ ♠❛❦✐♥❣ t❤❡♠ ❛♥ ✐❞❡❛❧ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ s♦ ❝❛❧❧❡❞ s♣✐♥ q✉❜✐t
s②st❡♠✳ ■♥ t❤✐s ♠❛♥✉s❝r✐♣t✱ ✇❡ ♣r♦♣♦s❡❞ t♦ ❝♦✉♣❧❡ t❤❡ q✉❛♥t✉♠ ♠❛❣♥❡t✐s♠ ♦❢ s✐♥❣❧❡
♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts t♦ t❤❡ q✉❛♥t✉♠ ♦s❝✐❧❧❛t✐♦♥ ♦❢ ❛ ♠♦❧❡❝✉❧❛r r❡s♦♥❛t♦r ✇❤✐❝❤ ✇♦✉❧❞ ❛❧✲
❧♦✇ t❤❡ ❞❡t❡❝t✐♦♥ ❛♥❞ ❝♦❤❡r❡♥t ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❛r s♣✐♥ ♦r s♣✐♥ q✉❜✐t ❜②
t❤❡ r❡s♦♥❛t♦rs✬s q✉❛♥t✉♠ ♦s❝✐❧❧❛t✐♦♥ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❙✉❝❤ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥tr♦♥✐❝
❞❡✈✐❝❡ ❝♦✉❧❞ t❤❡r❡❢♦r❡ ❜❡ t❤❡ ✜rst ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ s♦ ❝❛❧❧❡❞ s✉♣r❛♠♦❧❡❝✉❧❛r t♦rq✉❡
♠❛❣♥❡t♦♠❡t❡r ✇✐t❤ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ s❡♥s✐t✐✈✐t②✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ♣r❡s❡♥t t❤❡ ✜rst ❡①♣❡r✐♠❡♥t❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢ s✉❝❤ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r

q✉❛♥t✉♠ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡ ❜② ❝♦✉♣❧✐♥❣ ❛ r❛r❡ ❡❛rt❤ s✐♥❣❧❡ ♠♦❧❡❝✉❧❛r ♠❛❣♥❡t ❛♥❞ ❛ ❝❛r✲
❜♦♥ ♥❛♥♦t✉❜❡ ♥❛♥♦❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✭◆❊▼❙✮✳ ❖✇✐♥❣ t♦ t❤❡✐r ♦✉tst❛♥❞✐♥❣ ❛♥❞
❡❧❡❝tr✐❝❛❧❧② t✉♥❛❜❧❡ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s✱ s✉❝❤ ❛s t❤❡ ❤✐❣❤ r❡s♦♥❛♥❝❡ ❢r❡♥q✉❡♥❝✐❡s ❛♥❞
q✉❛❧✐t② ❢❛❝t♦rs✱ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ r❡♣r❡s❡♥t t❤❡ ♣❡r❢❡❝t ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ❢♦r t❤✐s ❦✐♥❞
♦❢ s✉♣r❛♠♦❧❡❝✉❧❛r q✉❛♥t✉♠ s♣✐♥tr♦♥✐❝ ❞❡✈✐❝❡✳

❲❡ ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡r ✹ ❛♥ ✉❧tr❛❝❧❡❛♥ ❜♦tt♦♠✲✉♣ ♥❛♥♦❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ❢♦r ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ◆❊▼❙✱ ✇❤❡r❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s ❛r❡ ❣r♦✇♥ ❜② ❈❱❉ ♦♥ ❛ ♣r❡✲❢❛❜r✐❝❛t❡❞ ♠❡t❛❧
✬❜❛❝❦❜♦♥❡✬ ❥✉♥❝t✐♦♥ ✐♥ t❤❡ ✈❡r② ❧❛st st❡♣ ♦❢ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss✳ ■♥ ❝♦♥tr❛st t♦ t♦♣✲
❞♦✇♥ ❢❛❜r✐❝❛t❡❞ ❞❡✈✐❝❡✱ t❤❡s❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛r❡ ♠♦st❧② ❢r❡❡ ❢r♦♠ ❝♦♥t❛♠✐♥❛♥ts
❛♥❞ ❞❡❢❡❝ts✱ t❤✉s ❛❧❧♦✇✐♥❣ ❛ ❞❡t❛✐❧❡❞ st✉❞② ♦❢ t❤❡✐r ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ❛t ❝r②♦❣❡♥✐❝
t❡♠♣❡r❛t✉r❡s ❞♦✇♥ t♦ ✷✵ ♠❑✳

P❧❛t❡❢♦r♠ ❢♦r t♦rq✉❡ ♠❛❣♥❡t♦♠❡tr②✿ ❚r❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡ ✐♥ ❝❛r❜♦♥

♥❛♥♦t✉❜❡ ◆❊▼❙

■♥ ❝❤❛♣t❡r ✺✱ ✇❡ ❞✐s❝✉ss❡❞ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ♦❢ tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡ ✈✐✲
❜r❛t✐♦♥s ❛❝t✉❛t❡❞ ❜② ❛♥ ♦s❝✐❧❧❛t✐♥❣ ❣❛t❡ ♣♦t❡♥t✐❛❧ ❛♥❞ ♠❡❛s✉r❡❞ ❜② ❛♥ ❡❧❡❝tr♦♥✐❝ r❡❛❞♦✉t
❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✳ ❲❡ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ t❤r♦✉❣❤
t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦t ♠♦❞✉❧❛t❡s t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② f❜❡♥❞ ❛♥❞ t❤❡ ❞✐s✲
s✐♣❛t✐♦♥✱ ✐✳❡✳ t❤❡ q✉❛❧✐t② ❢❛❝t♦r Q❜❡♥❞✱ ♦❢ ❛ tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡ ✈✐❜r❛t✐♦♥✳ ❲❡ ❢♦✉♥❞
t❤❛t t❤❡ ❢r❡q✉❡♥❝② ❛♥❞ q✉❛❧✐t② ❢❛❝t♦r ♠♦❞✉❧❛t✐♦♥ str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❡❧❡❝tr♦st❛t✐❝



✶✺✷ ❈❤❛♣t❡r ✼✳ ●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

❡♥✈✐r♦♥♠❡♥t ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦t✱ ❢♦r ✐♥st❛♥❝❡ ♦♥ t❤❡ ❝✉rr❡♥t✱ t❤❡ t♦t❛❧
❝❛♣❛❝✐t❛♥❝❡✱ t❤❡ t✉♥♥❡❧ r❡s✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛♥❞ t❤❡ ♠❡t❛❧ ❧❡❛❞s ❛♥❞
✜♥❛❧❧② t❤❡ t❡♠♣❡r❛t✉r❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ q✉❛❧✐t② ❢❛❝t♦r ❜② ❛t ❧❡❛st ♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡
❜② r❡❞✉❝✐♥❣ t❤❡ ❝✉rr❡♥t✱ ❜② r❡❞✉❝✐♥❣ t❤❡ t✉♥♥❡❧ r❡s✐st❛♥❝❡ ✉s✐♥❣ ❛ ❜❛❝❦❣❛t❡ ✈♦❧t❛❣❡ ♦r
❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❞♦t ❝❛♣❛❝✐t❛♥❝❡ ✉s✐♥❣ ❛ ❤✐❣❤✲κ ❣❛t❡ ❞✐❡❧❡❝tr✐❝ ❆❧2❖3 ✭❝❤❛♣t❡r ✺✳✸✮✳ ❲❡
♦❜s❡r✈❡ q✉❛❧✐t② ❢❛❝t♦rs ✉♣ t♦ Q❜❡♥❞ ∼ 200000 ❢♦r r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ ❛ ❢❡✇ ❤✉♥❞r❡❞
▼❍③✱ ✇❤✐❝❤ ✐s ❛♠♦♥❣ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡s ✐♥ ♥❛♥♦s❝❛❧❡ r❡s♦♥❛t♦rs✳

◆❡✇ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ♣❛tt❡r♥s ❛r❡ ❝✉rr❡♥t❧② ❜❡✐♥❣ ❞❡✈❡❧♦♣♣❡❞ ❛t t❤❡ ✐♥st✐t✉t❡
✭s❡❡ ❛♣♣❡♥❞✐① ❆✳✶✮ ✐♥ ♦r❞❡r t♦ ❢✉rt❤❡r ✐♥❝r❡❛s❡ t❤❡ ◆❊▼❙ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s f❜❡♥❞
❛♥❞ q✉❛❧✐t② ❢❛❝t♦rs Q❜❡♥❞✳

❋♦r ✐♥st❛♥❝❡✱ ❜② ❝❤♦♦s✐♥❣ ❤✐❣❤✲κ ❣❛t❡ ❞✐❡❧❡❝tr✐❝s s✉❝❤ ❛s ❍❢❖2 ♦r ❩r❖2 ♦r ❜② t✉♥✐♥❣
❜♦t❤ t✉♥♥❡❧ ❜❛rr✐❡rs ✐♥❞❡♣❡♥❞❛♥t❧② via ❛❞❞✐t✐♦♥❛❧ ❧♦❝❛❧✐③❡❞ ❜❛❝❦❣❛t❡s ✭s❡❡ ❋✐❣✳ ✼✳✶ ❛♥❞
❛♣♣❡♥❞✐① ❆✳✶ ❢♦r ❢❛❜r✐❝❛t✐♦♥ ❞❡t❛✐❧s✮✱ ♦♥❡ ❝♦✉❧❞ ❡✈❡♥t✉❛❧❧② r❡❛❝❤ q✉❛❧✐t② ❢❛❝t♦rs ♦❢Q❜❡♥❞ ∼
106✳

Vg1 Vg2

Vsd

Vg1 Vg2

Vbg

QD 

S D 
QD

Vbg
(a) (b)

CNT

❋✐❣✉r❡ ✼✳✶✿ ✭❛✮ ❋❛❧s❡ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ t✇♦ ✺✵ ♥♠ ✇✐❞❡
♠❡t❛❧ ❣❛t❡s✱ V❧❣✶ ❛♥❞ V❧❣✷✱ ❛♥❞ ❙✐✰✰ ❜❛❝❦❣❛t❡ V❜❣✳ ✭❜✮ ❖♥❡ ❝❛♥ t✉♥❡ t❤❡ t✉♥♥❡❧ ❜❛rr✐❡rs
♦❢ t❤❡ q✉❛♥t✉♠ ❞♦t ✐♥❞❡♣❡♥❞❛♥t❧② ✉s✐♥❣ t❤❡ t✇♦ ❧♦❝❛❧ ❣❛t❡ ✈♦❧t❛❣❡s✳ ▲✐❣❤t ❜❧✉❡ ✭❞❛r❦
❜❧✉❡✮ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ♦♣❛q✉❡ ✭tr❛♥s♣❛r❡♥t✮ t✉♥♥❡❧ ❜❛rr✐❡r✳

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ q✉❛❧✐t② ❢❛❝t♦r ♦❢ ❛ tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡ ✐s ♣r❡❞✐❝t❡❞ t♦ ❞❡❝❛②
❛s 1/L5✱ ✇❤❡r❡ L ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ r❡s♦♥❛t♦r ❬✶✸✹❪✳ ❚❤✉s ✉♣♦♥ r❡❞✉❝✐♥❣ t❤❡ ❧❡♥❣t❤
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L ♦❢ t❤❡ r❡s♦♥❛t♦r t♦ ❛ ❢❡✇ t❡♥s ♦❢ ♥❛♥♦♠❡t❡r ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✼✳✷ ✭s❡❡ ❛♣♣❡♥❞✐①
❆✳✷ ❢♦r ❢❛❜r✐❝❛t✐♦♥ ❞❡t❛✐❧s✮✱ t❤❡ q✉❛❧✐t② ❢❛❝t♦r ❝❛♥ ✐♥❞❡❡❞ ❡①❝❡❡❞ 106 ❬✻✻❪✳ ❋✉rt❤❡r♠♦r❡
t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② f❜❡♥❞ ❞❡❝❛②s ❛s 1/L2✱ t❤❡r❡❢♦r❡ r❡❛❝❤✐♥❣ ❛ ❢❡✇ t❡♥s ♦❢ ●❍③ ❢♦r
r❡s♦♥❛t♦r ❧❡♥❣t❤✬s ❜❡❧♦✇ ✶✵✵ ♥♠ ❬✻✻❪✳ ❚❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❛♥❞ q✉❛❧✐t② ❢❛❝t♦r ♦❢ t❤❡
tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡ ❢r♦♠ ✷✼ ♠❡❛s✉r❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳
✼✳✸ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛t♦r ❧❡♥❣t❤ ✭❜❧✉❡ ❞❛t❛ ♣♦✐♥ts✮✳

50 nm

CNT

L
G

B
G

B
G

Pt

Si++ BG

SiO2

50 nm

300 nm

150 nm

Mo/Pt LG

350 nm

(a) (b)

CNT

❋✐❣✉r❡ ✼✳✷✿ ✭❛✮ ❋❛❧s❡ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ s✉s♣❡♥❞❡❞ ♦✈❡r ❛ ❧♦❝❛❧❣❛t❡
✭❜❧✉❡✮ ❡♠❜❡❞❞❡❞ ✐♥ ❛ ✺✵ ♥♠✲✇✐❞❡ tr❡♥❝❤ ✐♥ t❤❡ ❙✐❖2 ✭❣r❡②✮✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s✉s♣❡♥❞❡❞
♣❛rt ✐s ❛♣♣r♦①✐♠❛t❡❧② ✽✵ ♥♠✳ ✭❜✮ ❈r♦ss s❡❝t✐♦♥ ♦❢ ❞❡✈✐❝❡ ❞❡♣✐❝t❡❞ ✐♥ ✭❛✮✳ ❚❤❡ ❞❛s❤❡❞
❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ s✉s♣❡♥❞❡❞ ♦✈❡r t❤❡ ❡♠❜❡❞❞❡❞ ❧♦❝❛❧❣❛t❡

❚❤❡ ❤✐❣❤ q✉❛❧✐t② ❢❛❝t♦rs ❛♥❞ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤✐s tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡
✇♦✉❧❞ ❡♥❛❜❧❡ ✉❧tr❛s❡♥s✐t✐✈❡ t♦rq✉❡ ❛♥❞ ❢♦r❝❡ ❞❡t❡❝t✐♦♥✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✷✳✸✱
t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ ❛ s✐♥❣❧❡ ♠❛❣♥❡t✐❝ ♦❜❥❡❝t ❣r❛❢t❡❞ t♦ t❤❡ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ✐♥❞✉❝❡s ❛ s❤✐❢t ♦❢ t❤❡ ❜❡♥❞✐♥❣ ♠♦❞❡✬s r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✳ ❚❤❡ s❡♥s✐t✐✈✐t② ♦❢
s✉❝❤ ❛ ♠❛❣♥❡t✐❝ t♦rq✉❡ ❞❡t❡❝t♦r ❞❡♣❡♥❞s ❢♦r ✐♥st❛♥❝❡ ♦♥ t❤❡ ♠♦❞❡✬s q✉❛❧✐t② ❢❛❝t♦r ❛♥❞
t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✳ ❋♦r q✉❛❧✐t② ❢❛❝t♦rs ♦❢ Q❜❡♥❞ ∼ 106 ❛♥❞ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢
f❜❡♥❞ ∼ 100 ●❍③ ♦♥❡ ♦❜t❛✐♥s ❛ s❡♥s✐t✐✈✐t② ♦❢ ❛♣♣r♦①✐♠❛t❡❧② ✶µ❇ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✷✳✶✻✳

❆❧t❤♦✉❣❤ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ✐s s♦ ❢❛r ❡❧✉s✐✈❡✱ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❜❛s❡❞
t♦rq✉❡ ♠❛❣♥❡t♦♠❡t❡r t❤❡r❡❢♦r❡ r❡♣r❡s❡♥ts ❛♥ ✐❞❡❛❧ ♣❧❛t❡❢♦r♠ ❢♦r ♣r♦❜✐♥❣ t❤❡ ♠❛❣♥❡t✐③❛✲
t✐♦♥ ❞②♥❛♠✐❝s ♦❢ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ✇✐t❤ t❤❡ r❡s♦♥❛t♦r✬s tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡✳
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❋✐❣✉r❡ ✼✳✸✿ ❙✉♠♠❛r② ♦❢ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ❢♦r ✸✵ ♠❡❛s✉r❡❞ ❞❡✈✐❝❡s✳ ✭❛✮ ❘❡s♦♥❛♥❝❡
❢r❡q✉❡♥❝② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡ ✭❜❧✉❡✮ ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✲
✐♥❣ ♠♦❞❡ ✭❣r❡❡♥✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛t♦r ❧❡♥❣t❤✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❢♦❧❧♦✇
t❤❡ ❡①♣❡❝t❡❞ 1/L2 ❛♥❞ 1/L ❞❡♣❡♥❞❛♥❝✐❡s✱ ❢♦r ❜❡♥❞✐♥❣ ❛♥❞ str❡t❝❤✐♥❣ ♠♦❞❡ r❡s♣❡❝t✐✈❡❧②✳
❉❡✈✐❛t✐♦♥s ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ❞✐✛❡r❡♥t t♦ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦st❛t✐❝ ❡♥✈✐r♦♥♠❡♥t ♦❢
t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ q✉❛♥t✉♠ ❞♦t✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s ❞❡♣✐❝t t❤❡ ❡①♣❡❝t❡❞ L✲❞❡♣❡♥❞❛♥❝❡✳
✭❜✮ ◗✉❛❧✐t② ❢❛❝t♦r Q ♦❢ t❤❡ tr❛♥s✈❡rs❡ ✭❜❧✉❡✮ ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✭❣r❡❡♥✮ str❡t❝❤✐♥❣ ♠♦❞❡
❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤✳ ◆♦ ❝❧❡❛r ❧❡♥❣t❤ ❞❡♣❡♥❞❛♥❝② ❝♦✉❧❞ ❜❡ ❛ttr✐❜✉t❡❞✳ ❍♦✇❡✈❡r✱ Q✲
❢❛❝t♦rs ❢♦r t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ♠♦❞❡s ❛r❡ ✸ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r t❤❛♥ ❢♦r tr❛♥s✈❡rs❡
❜❡♥❞✐♥❣ ♠♦❞❡s ❛s ♣r❡❞✐❝t❡❞ ✐♥ ❘❡❢ ❬✶✸✹❪✳
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❆ q✉❛♥t✉♠ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✿ ▲♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ✐♥ ❝❛r❜♦♥ ♥❛♥✲

♦t✉❜❡ ◆❊▼❙

■♥ ❝❤❛♣t❡r ✸ ❛♥❞ ✻✱ ✇❡ ❛❧s♦ ♣r❡s❡♥t❡❞ ❡✈✐❞❡♥❝❡ ❢♦r ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡
✈✐❜r❛t✐♦♥ ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s✳ ❉✉❡ t♦ t❤❡ str♦♥❣
❡❧❡❝tr♦♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s✱ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡s ❝❛♥ ❜❡ ❛❝✲
t✉❛t❡❞ ❛♥❞ ❞❡t❡❝t❡❞ ❜② s✐♥❣❧❡✲❡❧❡❝tr♦♥ t✉♥♥❡❧✐♥❣ t❤r♦✉❣❤ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✳ ■♥❞❡❡❞✱
❛ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ❛♣♣❡❛rs ❛s ❛ ❤❛r♠♦♥✐❝ s♣❡❝tr✉♠ ♦❢ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧
st❛t❡s ✐♥ t❤❡ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt ♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛✲
t✉r❡s✳ ❚❤❡ ♦❜s❡r✈❡❞ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s f❧♦♥❣ r❛♥❣❡ ❢r♦♠ ✸✵ t♦ ✶✹✵ ●❍③ ❛♥❞ ❢♦❧❧♦✇ t❤❡
❡①♣❡❝t❡❞ 1/L ❞❡♣❡♥❞❛♥❝❡ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✼✳✸❛✳

❚❤❡ q✉❛❧✐t② ❢❛❝t♦r Q❧♦♥❣ ♦❢ ❛ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✈✐❜r❛t✐♦♥ ♠♦❞❡ ✐s ❣✐✈❡♥ ❜② t❤❡
❞❡❝❛② r❛t❡ ♦❢ t❤❡ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥ ♠♦❞❡ ❛♥❞ ✐s t②♣✐❝❛❧❧② ♦♥ t❤❡ ♦r❞❡r ♦❢ ✶✵✵✱ ♦r❞❡rs ♦❢
♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r t❤❛♥ ✐♥ tr❛♥s✈❡rs❡ ❜❡♥❞✐♥❣ ♠♦❞❡ ✭❋✐❣✳ ✼✳✸❜✮✳
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Delft
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Vienna

Roukes et al.

Roukes et al.
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〈n
〉

f
R 

(MHz)

〈n〉  = 1

UCSB

NIST

Neel

❋✐❣✉r❡ ✼✳✹✿ ❆✈❡r❛❣❡ t❤❡r♠❛❧ ♦❝❝✉♣❛t✐♦♥ 〈n〉 ♦❢ ❞✐✛❡r❡♥t r❡s♦♥❛t♦r ♠♦❞❡s ❛s ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ♠♦❞❡ ❢r❡q✉❡♥❝②✳ ❚❤❡ ❜❧✉❡ ❝✐r❝❧❡s ❝♦rr❡s♣♦♥❞ t♦ r❡s♦♥❛t♦r ♠♦❞❡s ❝♦♦❧❡❞ ❜② ❛❝t✐✈❡
❢❡❡❞❜❛❝❦✴s✐❞❡❜❛♥❞ ❝♦♦❧✐♥❣ ❬✶❪✱ t❤❡ ❜❧❛❝❦ ❞✐❛♠♦♥❞s t♦ r❡s♦♥❛t♦rs ♠♦❞❡s ❝♦♦❧❡❞ ❜② ❝♦♥✲
✈❡♥t✐♦♥❛❧ ❝r②♦❣❡♥✐❝ ♠❡❛♥s ❬✶❪ ❛♥❞ t❤❡ ❣r❡❡♥ tr✐❛♥❣❧❡s r❡♣r❡s❡♥t t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ♠♦❞❡s
❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t ❛♥❞ ✐♥ r❡❢✳ ❬✻✻✱ ✻✼✱ ✻✽❪✳ ▼♦❞✐✜❡❞ ✜❣✉r❡ ❢r♦♠ ❬✶❪✳

❆t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ♦❢ T = 20♠❑✱ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣
♠♦❞❡ E❧♦♥❣ = 140− 575 µ❡❱ ✐s t❤❡r❡❢♦r❡ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ t❡♠♣❡r❛t✉r❡ T = 1µ❑ ❛♥❞
t❤❡ ❛✈❡r❛❣❡ ❧❡✈❡❧ ♦❝❝✉♣❛t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛t♦r ♠♦❞❡ ✐s ♦♥ t❤❡ ♦r❞❡r ♦❢ 〈n〉 = 10−3✳ ❚❤❡
q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ✐s t❤❡r❡❢♦r❡ ❝♦♦❧❡❞ ✐♥t♦ ✐ts q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧
❣r♦✉♥❞ st❛t❡ 〈n〉 < 1 ✇✐t❤ st❛t❡ ♦❢ t❤❡ ❛rt ❝r②♦❣❡♥✐❝s✱ s✉❝❤ ❛s ❛ ❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦r✳



✶✺✻ ❈❤❛♣t❡r ✼✳ ●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

■♥ ♦t❤❡r t❡r♠s✱ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❡①♣❡r✐♠❡♥t❛❧ ✐♠✲
♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ q✉❛♥t✉♠ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✳ ❈♦✉♣❧✐♥❣ s✉❝❤ ❛♥ ♦s❝✐❧❧❛t♦r t♦ ❛ ✧s♣✐♥
q✉❜✐t✧✱ ❢♦r ❡①❛♠♣❧❡ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t✱ ✇♦✉❧❞ t❤❡r❡❢♦r❡ ❡♥❛❜❧❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢
q✉❛♥t✉♠ ❝♦❤❡r❡♥❝❡ ✐♥ ❛ ✧♠❛❝r♦s❝♦♣✐❝✧ s②st❡♠✳

❙tr♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❛ s✐♥❣❧❡ ♥✉❝❧❡❛r s♣✐♥ ❛♥❞ ❛ s✐♥❣❧❡ q✉❛♥t✉♠ ❤❛r♠♦♥✐❝

♦s❝✐❧❧❛t♦r

■♥ t❤❡ ❧❛st ♣❛rt ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t ✭❝❤❛♣t❡r ✻✮✱ ✇❡ ✜♥❛❧❧② ♣r❡s❡♥t❡❞ t❤❡ ✜rst ❡①♣❡r✐♠❡♥t❛❧
r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ♣♦t❡♥t✐❛❧ s♣✐♥ q✉❜✐t✱ ❛ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t✱ ❝♦✉♣❧❡❞ t♦ q✉❛♥t✉♠
❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✱ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ ♣❤♦♥♦♥ ♠♦❞❡ ✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳
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❋✐❣✉r❡ ✼✳✺✿ ❙✇✐t❝❤✐♥❣ ✜❡❧❞ H‖,sw ❤✐st♦❣r❛♠ ❢♦r H⊥ = 0 ❛t T = 20 ♠❑ ❛♥❞ ❛ s✇❡❡♣ r❛t❡
♦❢ ✺✵ ♠❚✴s✳ ❚❤❡ ❩❡❡♠❛♥ ❞✐❛❣r❛♠ ❞❡♣✐❝ts t❤❡ ♣❤♦♥♦♥✲❛ss✐st❡❞ tr❛♥s✐t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤
❡❛❝❤ s✇✐t❝❤✐♥❣ ❡✈❡♥t✳

❲❡ s✉❝❝❡ss❢✉❧❧② ❣r❛❢t❡❞ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ♦♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙
❜② ❞r♦♣ ❝❛st✐♥❣ ❢r♦♠ s♦❧✉t✐♦♥✳ ❙✉❝❤ ❛ ❣r❛❢t✐♥❣ ♣r♦❝❡ss ❝♦♥s❡r✈❡s ❜♦t❤ t❤❡ ♠❛❣♥❡t✐❝
♣r♦♣❡rt✐❡s ♦❢ t❤❡ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ r❡s♦♥❛t♦r ✭s❡❡ ❝❤❛♣t❡r ✹✳✼✮✳



✶✺✼

❯r❞❛♠♣✐❧❧❡t❛ ❡t ❛❧ ❬✹✽❪ r❡❝❡♥t❧② ❞❡♠♦♥str❛t❡❞ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥ ✈❛❧✈❡ ❜❡❤❛✈✐♦✉r
✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❢✉♥❝t✐♦♥♥❛❧✐③❡❞ ✇✐t❤ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts✳ ■t ✇❛s s❤♦✇♥ t❤❛t
s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ❛❝t ❛s ♣♦❧❛r✐③❡r ❛♥❞ ❛♥❛❧②③❡r ❢♦r t❤❡ ❝♦♥❞✉❝t✐♦♥ ❡❧❡❝tr♦♥ ✐♥
t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❝❤❛♥♥❡❧✳ ■♥ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❝✉rr❡♥t ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❧❛t✐✈❡ s♣✐♥
♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s✱ r❡s✉❧t✐♥❣ ❛ ❝✉rr❡♥t ❥✉♠♣ ❛s ♦♥❡ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡s s✇✐t❝❤❡s ✐ts
♠❛❣♥❡t✐③❛t✐♦♥✳ ❖♥❡ ❝❛♥ t❤❡r❡❢♦r❡ ❞❡t❡r♠✐♥❡ t❤❡ ♠❛❣♥❡t✐❝ s✇✐t❝❤✐♥❣ ♦❢ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡
✈✐❛ t❤❡ ❡❧❡❝tr♦♥✐❝ tr❛♥s♣♦rt ✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ✭❝❤❛♣t❡r ✷✳✸ ❛♥❞ ✻✳✹✳✷✮✳

❯s✐♥❣ t❤✐s ❡❧❡❝tr♦♥✐❝ r❡❛❞♦✉t✱ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ t❤❡ s✐♥❣❧❡
♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ✐s ✐♥ ❢❛❝t ❡♥❛❜❧❡❞ ❜② ❛ ✶❉ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ♣❤♦♥♦♥
✐♥ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❆s t❤❡ ❞❡❝❛② r❛t❡ ♦r ❧✐♥❡✇✐❞t❤ ♦❢ ❛♥ ❡①❝✐t❡❞ ✈✐❜r❛t✐♦♥❛❧
st❛t❡ ♦❢ t❤❡ ♣❤♦♥♦♥ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ❧❡✈❡❧✲s♣❛❝✐♥❣ ❜❡t✇❡❡♥ t❤❡ ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ♦❢
t❤❡ ❚❜3+ ✐♦♥ ✭❝❤❛♣t❡r ✻✳✸✮✱ ♦♥❡ ♦❜s❡r✈❡s t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ t❤❡ ❚❜P❝2 ❢r♦♠
❡❛❝❤ ♦❢ t❤❡ ❢♦✉r ♥✉❝❧❡❛r s♣✐♥ st❛t❡s ♦❢ t❤❡ ❚❜3+ ✐♦♥✱ ❛t ❢♦✉r ❞✐st✐♥❝t ✈❛❧✉❡s ♦❢ ♠❛❣♥❡t✐❝
✜❡❧❞ ❣✐✈❡♥ ❜② t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ♣❤♦♥♦♥ ✭❋✐❣✳ ✼✳✺✮✳

❇② ❝♦✉♣❧✐♥❣ ❛ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t t♦ ❛ q✉❛♥t✐③❡❞ ♣❤♦♥♦♥ ♠♦❞❡ ♦♥❡ ❝❛♥
t❤❡r❡❢♦r❡ ♣r♦❜❡ t❤❡ ♥✉❝❧❡❛r s♣✐♥ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❚❜3+ ✐♦♥ ✭❝❤❛♣t❡r ✻✳✹✳✸✮✳ ❘❡❝✐♣r♦❝❛❧❧②✱
t❤❡ s❛♠❡ ❝♦✉♣❧✐♥❣ ❛❧s♦ ❡♥❛❜❧❡s t❤❡ r❡❛❞♦✉t ♦❢ t❤❡ ❡♥❡r❣② ❛♥❞ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❧♦♥✲
❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ✉s✐♥❣ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✳ ❚❤✐s s♣✐♥

❜❛s❡❞ ❞❡t❡❝t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞ t♦ ♦t❤❡r ✈✐❜r❛t✐♦♥❛❧ ♠♦❞❡s
✐♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳

❋✐❣✉r❡ ✼✳✻✿ ❙✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ❝♦✉♣❧✐♥❣ t♦ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❚❤❡ ♠❛❣♥❡✲
t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ ❛♥ ❚❜P❝2 ❙▼▼ ❢r♦♠ ❛ s♣✐♥ st❛t❡ Jz = +6 t♦ Jz = −6 r❡s✉❧ts ✐♥ ❛
r♦t❛t✐♦♥ ♦❢ t❤❡ ❙▼▼ ❝r②st❛❧ ❧❛tt✐❝❡ ✐♥ t❤❡ ①✲② ♣❧❛♥❡✳ ❚❤❡ r♦t❛t✐♦♥ ❜② ❛♥ ❛♥❣❧❡ ϕ❙▼▼(x, y)
❚❜P❝2 ❙▼▼ ♦❢ t❤❡ ❣❡♥❡r❛t❡s ❛ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ✇✐t❤ ❛♥ ❛♠♣❧✐t✉❞❡ u❈◆❚(x)✳

❲❡ ✜♥❛❧❧② ♣r♦♣♦s❡❞ ❛ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❛ss❡ss t❤❡ ♥❛t✉r❡ ❛♥❞
t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣✳ ❚❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ✐♥ ❛ ❚❜3+ ✐♦♥
❝❛✉s❡s ❛ r♦t❛t✐♦♥ ♦❢ t❤❡ ❚❜P❝2✬s ❧✐❣❛♥❞ ❧❛tt✐❝❡ ❞✉❡ t♦ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠✳
■❢ t❤❡ ❚❜P❝2 s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ✐s r✐❣✐❞❧② ❣r❛❢t❡❞ t♦ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✱ t❤❡ r♦t❛t✐♦♥
♦❢ ❚❜P❝2 ✇✐❧❧ ❣❡♥❡r❛t❡ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ str❡t❝❤✐♥❣ ♠♦❞❡ ✐♥ t❤❡ s✉s♣❡♥❞❡❞ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡
❜❡❛♠ ✭❋✐❣✳ ✼✳✻✮✳ ❯s✐♥❣ ❛ ❏❛②♥❡s✲❈✉♠♠✐♥❣s ❢♦r♠❛❧✐s♠ ✇❡ ❞❡t❡r♠✐♥❡❞ ❛ ❝♦✉♣❧✐♥❣ str❡♥❣t❤



✶✺✽ ❈❤❛♣t❡r ✼✳ ●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s

❜❡t✇❡❡♥ t❤❡ ♠♦❧❡❝✉❧❛r s♣✐♥ ❛♥❞ t❤❡ q✉❛♥t✐③❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ ♠♦t✐♦♥ ♦♥ t❤❡ ♦r❞❡r ♦❢ ✶ ▼❍③
✭❝❤❛♣t❡r ✻✳✹✳✹✮✳ ❚❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤✐s ❝♦✉♣❧✐♥❣ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r❡❞✐❝t❡❞ ❝♦✉♣❧✐♥❣ ✐♥
❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❜❛s❡❞ s♣✐♥ q✉❜✐t ❝♦✉♣❧❡❞ t♦ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✬s ♥❛♥♦♠❡❝❤❛♥✐❝❛❧
♠♦t✐♦♥ ❬✶✷✷❪ ♦r t♦ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦♣❧❛♥❛r ✇❛✈❡❣✉✐❞❡ ❬✶✸✸❪✳ ❖✉r ✜♥❞✐♥❣s s✉❣❣❡st
t❤❡ ♣♦ss✐❜✐❧✐t② ❢♦r ❝♦❤❡r❡♥t ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ t❤❡ s✐♥❣❧❡ ♠♦❧❡❝✉❧❛r ✉s✐♥❣ t❤❡ q✉❛♥t✐③❡❞
♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

❚♦✇❛r❞s ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ s♣✐♥ ❛♥❞ ❛ s✐♥❣❧❡ ♣❤♦♥♦♥

❆s ❞❡♠♦♥str❛t❡❞ ♣r❡✈✐♦✉s❧②✱ t❤❡ str♦♥❣ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ❡♥❛❜❧❡s t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛
s✐♥❣❧❡ ♥✉❝❧❡❛r✴♠♦❧❡❝✉❧❛r s♣✐♥ ✇✐t❤ ❛ q✉❛♥t✐③❡❞ ♣❤♦♥♦♥ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

|↑>

|↓>

|↑>

|↓>

resonator cooling resonator pumping

200 nm

spin qubit spin qubitharmonic oscillator

❋✐❣✉r❡ ✼✳✼✿ ❈♦✉♣❧✐♥❣ ♦❢ ❛ ♣♦t❡♥t✐❛❧ s♣✐♥ q✉❜✐t ❛♥❞ ❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✳ ❖♥ t❤❡ ❧❡❢t ❤❛♥❞
s✐❞❡✱ t❤❡ ❝♦♦❧✐♥❣ ♦❢ t❤❡ ♦s❝✐❧❧❛t♦r ✈✐❛ ♣❤♦♥♦♥ ❛❜s♦r♣t✐♦♥ ✐♥ t❤❡ s♣✐♥ q✉❜✐t ✐s ❞❡♣✐❝t❡❞✳
❖♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✱ t❤❡ ♣✉♠♣✐♥❣ ♦❢ ♦❢ ❤✐❣❤❡r ❡①❝✐t❡❞ q✉❛♥t✉♠ ♦s❝✐❧❧❛t✐♦♥ st❛t❡s
✈✐❛ ♣❤♦♥♦♥ ❡♠✐ss✐♦♥ ♦❢ t❤❡ s♣✐♥ q✉❜✐t ✐s ❞❡♣✐❝t❡❞✳ ❆ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ❛♥❞ t❤❡
❧♦♥❣✐t✉❞✐♥❛❧ ♠♦❞❡ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❝❛♥ ❜❡ s❡❡♥ ❛s ♣♦t❡♥t✐❛❧ ❛ s♣✐♥ q✉❜✐t ❛♥❞
❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✱ r❡s♣❡❝t✐✈❡❧②✳

❆❞❞✐t✐♦♥❛❧❧②✱ ♦✉r ✜♥❞✐♥❣s s✉❣❣❡st t❤❛t ♦♥❡ ❝❛♥ ♠❛♥✐♣✉❧❛t❡ ❛ s✐♥❣❧❡ ♠♦❧❡❝✉❧❛r s♣✐♥
✉s✐♥❣ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❆s ✇❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s



✶✺✾

♠❛♥✉s❝r✐♣t✱ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜②
st❛t✐❝ ♦r ♦s❝✐❧❧❛t✐♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞s ❞✉❡ t♦ str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❝❤❛r❣❡ tr❛♥s♣♦rt
❛♥❞ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s✳ ❉✉❡ t♦ t❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ♠❡✲
❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❛♥❞ t❤❡ s♣✐♥ ♦❢ t❤❡ ♠♦❧❡❝✉❧❡✱ ❛ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ♥❛♥♦t✉❜❡✬s ♠❡❝❤❛♥✐❝❛❧
♣r♦♣❡rt✐❡s✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✱ ❝❛♥ t❤❡r❡❢♦r❡ r❡s✉❧t ✐♥ ❛ ♠♦❞✐✜❝❛t✐♦♥
♦❢ t❤❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t✐③❛t✐♦♥ ❞②♥❛♠✐❝s✳ ❍❡♥❝❡✱ t❤❡ str♦♥❣ s♣✐♥✲♣❤♦♥♦♥ ❝♦✉♣❧✐♥❣ ✇♦✉❧❞
❡♥❛❜❧❡ ❛♥ ❡❧❡❝tr✐❝ ❝♦♥tr♦❧ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ❞②♥❛♠✐❝s ♦❢ ❛ s✐♥❣❧❡ ❡❧❡❝tr♦♥✐❝ ♦r ♥✉❝❧❡❛r s♣✐♥✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦♥❡ ❝❛♥ ❛❧s♦ ♠❛♥✐♣✉❧❛t❡ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡✬s ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥
✉s✐♥❣ t❤❡ s✐♥❣❧❡ ♠♦❧❡❝✉❧❛r s♣✐♥✳ ❋♦r ✐♥st❛♥❝❡✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ r❡✈❡rs❛❧ ♦❢ t❤❡
s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t t♦ ♣✉♠♣ t❤❡ ❡①❝✐t❡❞ st❛t❡s ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❛♥❞ ❝♦♥tr♦❧
t❤❡ ♣❤♦♥♦♥ ♣♦♣✉❧❛t✐♦♥✳ ❘❡✈❡rs❡❧②✱ ♣❤♦♥♦♥s ❝❛♥ ❜❡ ❛❜s♦r❜❡❞ ❜② t❤❡ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡
♠❛❣♥❡t r❡s✉❧t✐♥❣ ✐♥ ❛ s♣✐♥ ✢✐♣ ✐♥ t❤❡ ♠♦❧❡❝✉❧❡ ❛♥❞ ❛ ❝♦♦❧✐♥❣ ♦❢ t❤❡ ✈✐❜r❛t✐♦♥❛❧ ♠♦❞❡✳
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✉s✐♥❣ t❤✐s ✧♠❛❣♥❡t✐❝ ❝♦♦❧✐♥❣✧ ✭❋✐❣✳ ✼✳✼✮✳

❈♦✉♣❧✐♥❣ ♠❛❣♥❡t✐s♠ ❛♥❞ ♠❡❝❤❛♥✐❝s ♦♥ ❛ ♠♦❧❡❝✉❧❛r q✉❛♥t✉♠ ❧❡✈❡❧ ✐s t❤❡r❡❢♦r❡ t❤❡
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♠❡♥t ♦❢ r❡s♦♥❛♥t ♠❛❣♥❡t✐③❛t✐♦♥ t✉♥♥❡❧❧✐♥❣ ✐♥ ❤✐❣❤✲s♣✐♥ ♠♦❧❡❝✉❧❡s✧✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇
▲❡tt❡rs ✱ ✼✻✱ ✸✽✸✵✲✸✽✸✸ ✱ ✶✾✾✻✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡s ✶✷✷✳✮

❬✶✷✾❪ ▲✳ ❚❤♦♠❛s ❡t ❛❧✳✱ ✧▼❛❝r♦s❝♦♣✐❝ q✉❛♥t✉♠ t✉♥♥❡❧❧✐♥❣ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥ ✐♥ ❛ s✐♥❣❧❡
❝r②st❛❧ ♦❢ ♥❛♥♦♠❛❣♥❡ts✧✱ ◆❛t✉r❡✱ ✸✽✸✱ ✶✹✺✲✶✹✼✱ ✶✾✾✻✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡s ✶✷✷✳✮

❬✶✸✵❪ ▼✳ ❯r❞❛♠♣✐❧❧❡t❛ ✧▼♦❧❡❝✉❧❛r ❙♣✐♥tr♦♥✐❝s✿ ❋r♦♠ ❛ s✉♣r❛♠♦❧❡❝✉❧❛r s♣✐♥ ✈❛❧✈❡ t♦
s✐♥❣❧❡ s♣✐♥ ❞❡t❡❝t✐♦♥✧✱ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐t② ❏♦s❡♣❤ ❋♦✉r✐❡r ❡t ■♥st✐t✉t ◆❡❡❧✲❈◆❘❙✱
✷✵✶✷✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡s ✶✷✻✱ ✶✷✼✱ ✶✸✸✱ ✶✸✻ ❡t ✶✸✼✳✮



✶✼✷ ❇✐❜❧✐♦❣r❛♣❤②

❬✶✸✶❪ ▼✳❙✳ ❉r❡ss❡❧❤❛✉s✱ ●✳ ❉r❡ss❡❧❤❛✉s✱ ❘✳ ❙❛✐t♦✱ ❆✳ ❏♦r✐♦ ✧❘❛♠❛♥ s♣❡❝tr♦s❝♦♣② ♦❢
❝❛r❜♦♥ ♥❛♥♦t✉❜❡s✧✱ P❤②s✐❝s ❘❡♣♦rts ✱ ✹✵✾✱ ✹✼✲✾✾✱ ✷✵✵✺✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡s ✶✷✽✳✮

❬✶✸✷❪ ❊✳ ❈❤✉❞♥♦✈s❦②✱ ❉✳❆✳ ●❛r❛♥✐♥ ❛♥❞ ❘✳ ❙❝❤✐❧❧✐♥❣ ✧❯♥✐✈❡rs❛❧ ♠❡❝❤❛♥✐s♠ ♦❢ s♣✐♥ r❡✲
❧❛①❛t✐♦♥ ✐♥ s♦❧✐❞s✧✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❇ ✱ ✼✷✱ ✵✾✹✹✷✻✱ ✷✵✵✺✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡s ✶✹✼ ❡t ✶✹✽✳✮

❬✶✸✸❪ ❆✳ ❈♦tt❡t ❛♥❞ ❚✳ ❑♦♥t♦s ✧❙♣✐♥ ◗✉❛♥t✉♠ ❇✐t ✇✐t❤ ❋❡rr♦♠❛❣♥❡t✐❝ ❈♦♥t❛❝ts ❢♦r
❈✐r❝✉✐t ◗❊❉✧✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs ✱ ✶✵✺✱ ✶✻✵✺✵✷✱ ✷✵✶✵✳ ✭❈✐t❡❞ ♦♥ ♣❛❣❡s ✶✹✾
❡t ✶✺✽✳✮

❬✶✸✹❪ ❆✳ ❉❡ ▼❛rt✐♥♦✱ ❘✳ ❊❣❣❡r✱ ❛♥❞ ❆✳ ❖✳ ●♦❣♦❧✐♥ ✧P❤♦♥♦♥✲♣❤♦♥♦♥ ✐♥t❡r❛❝t✐♦♥s ❛♥❞
♣❤♦♥♦♥ ❞❛♠♣✐♥❣ ✐♥ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡s✧✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❇ ✱ ✼✾✱ ✷✵✺✹✵✽✱ ✷✵✵✾✳ ✭❈✐t❡❞
♦♥ ♣❛❣❡s ✶✺✷ ❡t ✶✺✹✳✮



❆♣♣❡♥❞✐① ❆

◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ ❛❧t❡r♥❛t❡ ❝❛r❜♦♥

♥❛♥♦t✉❜❡ ◆❊▼❙ ❞❡s✐❣♥s

❆✳✶ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ ♠✉❧t✐♣❧❡ ❧♦❝❛❧ ❣❛t❡s

Vg2
RF

Vg1
RF

Vlg1

Vlg2

Vsd

LQD 2

LQD 1

QD Vbg

CNT 

150 nm 

❋✐❣✉r❡ ❆✳✶✿ ❋❛❧s❡ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ t✇♦ ✺✵ ♥♠ ✇✐❞❡
♠❡t❛❧ ❣❛t❡s✱ V❧❣✶ ❛♥❞ V❧❣✷✱ ❛♥❞ ❙✐✰✰ ❜❛❝❦❣❛t❡ V❜❣✳ ❖♥❡ ❝❛♥ ❝r❡❛t❡ t✇♦ ♦r ♠♦r❡ ❧♦❝❛❧✐③❡❞
q✉❛♥t✉♠ ❞♦ts ✭▲◗❉✮ ✉s✐♥❣ t❤♦s❡ ❣❛t❡s ❛♥❞ ✐♥❞✐✈✉❛❧❧② ❛❞r❡ss t❤❡♠ ✇✐t❤ ❉❈ ♦r ❘❋ ✈♦❧t✲
❛❣❡s✳ ❆ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡t ❝♦✉♣❧❡❞ t♦ ♦♥❡ ♦❢ t❤❡ ▲◗❉ ❝❛♥ t❤✉s ❜❡ ♠❛♥✐♣✉❧❛t❡❞ ❢♦r
❡①❛♠♣❧❡ ✇✐t❤ ❛ ♠✐❝r♦✇❛✈❡✳

❍❡r❡ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❥✉♥❝t✐♦♥ ✇✐t❤ s❡✈✲



✶✼✹❆♣♣❡♥❞✐① ❆✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ ❛❧t❡r♥❛t❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❞❡s✐❣♥s

❡r❛❧ ❧♦❝❛❧❣❛t❡s✳ ❲❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ♥❛♥♦❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ❢♦r ❛ ❥✉♥❝t✐♦♥ ✇✐t❤ t✇♦ ✶✵✵
♥♠ ✇✐❞❡ ❧♦❝❛❧ ❣❛t❡s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❛❞✐❧② ❡①t❡♥❞❡❞ t♦ ✸ ♦r ✹ ❣❛t❡s ✐❢ ♥❡❝❡ss❛r②✳ ❚❤❡s❡
❣❛t❡s ❝❛♥ ❢♦r ✐♥st❛♥❝❡ ❜❡ ✉s❡❞ t♦ ❝r❡❛t❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧❧② ❛❞r❡ss s❡✈❡r❛❧ ❧♦❝❛❧✐③❡❞ q✉❛♥✲
t✉♠ ❞♦ts ♦♥ ❛ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ❛s ✇❡❧❧ ❛s ♠❛♥✐♣✉❧❛t❡ s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ ♠❛❣♥❡ts ❝♦✉♣❧❡❞
t♦ t❤❡s❡ ❧♦❝❛❧✐③❡❞ ❞♦ts✱ ✉s✐♥❣ ❢♦r ❡①❛♠♣❧❡ ❛ ♠✐❝r♦✇❛✈❡✳

❙✐♥❝❡ t❤❡ ❧❛t❡r❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❣❛t❡s ✐s ❜❡❧♦✇ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ♦♣t✐❝❛❧ ❧✐t❤♦❣r❛♣❤②✱
✇❡ ♣r♦❝❡❡❞ ❛❧❧ st❡♣s ✇✐t❤ ❡❧❡❝tr♦♥ ❜❡❛♠ ❧✐t❤♦❣r❛♣❤②✳ ❚❤❡ ❞❡✈✐❝❡s ✇❡r❡ ❞❡s✐❣♥❡❞ ❛♥❞
❢❛❜r✐❝❛t❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❚❤✐❡rr② ❈r♦③❡s ❛♥❞ ❚❤✐❡rr② ❋♦✉r♥✐❡r ❛t t❤❡ ◆❛♥♦❢❛❜ ❢❛❝✐❧✐t②
❛t ◆❡❡❧ ■♥st✐t✉t❡✳ ❲❡ ✉s❡❞ ❛ ▲❊❖ ✶✺✸✵ ❙❊▼ ❝♦♥tr♦❧❧❡❞ ❜② ❛ ❘❛✐t❤ ❊▲P❍❨ ❝♦♠♠❛♥❞
♠♦❞✉❧❡ ✭❛♥❞ ✉s❡r ✐♥t❡r❢❛❝❡✮✳ ❚❤❡ ❞❡✈✐❝❡s ❛r❡ ❢❛❜r✐❝❛t❡❞ ✐♥ t❤r❡❡ ❡❜❡❛♠ ❧✐t❤♦❣r❛♣❤② st❡♣s
❛♥❞ ❧❛②❡rs ✇❤✐❝❤ ✇❡ ❞❡s❝r✐❜❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❋✐rst ❧✐t❤♦❣r❛♣❤② st❡♣✿ ▲♦❝❛❧ ♠❡t❛❧❧✐❝ ❣❛t❡s

❙t❡♣ ❞❡s❝r✐♣t✐♦♥ ❡q✉✐♣❡♠❡♥t ♣❛r❛♠❡t❡rs✱ ❝♦♠♠❡♥ts

✵ ❝❧❡❛♥✐♥❣ ❖2 ♣❧❛s♠❛✱ ❘■❊ ✶✵ ♠✐♥ ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✶ P▼▼❆ ✷ ✪ r❡s✐st s♣✐♥ ❝♦❛t❡r ✷✵✵✵ r♣♠✱ ✷✵✵✵r♣♠✴s ❢♦r ✻✵s
t❤✐❝❦♥❡ss ✶✶✵ ♥♠

✷ P▼▼❆ ✷ ✪ s♦❢t❜❛❦❡ ❤♦t♣❧❛t❡ ✺ ♠✐♥ ❛t ✶✽✵◦❈
✸ ❡✲❜❡❛♠ ❡①♣♦s✉r❡ ❙❊▼ ▲❊❖ ✶✺✸✵ E = 20 ❦❱

❊▲P❍❨ ✻✳✵ s❡tt❧✐♥❣ t✐♠❡ ✷✳✺ ♠s
✶✵✵ µ♠2 ✇r✐t❡✜❡❧❞ ✼✳✺ µ♠ ❛♣❡rt✉r❡ ✷✼✺ µ❈✴❝♠2

✶ ♠♠2 ✇r✐t❡✜❡❧❞ ✶✷✵ µ♠ ❛♣❡rt✉r❡ ✸✺✵ µ❈✴❝♠2

✹ ❞❡✈❡❧♦♣♠❡♥t ▼■❇❑✴■P❆ ✶✿✸ ✸✵s
✺ ❞❡✈❡❧♦♣♣❡r ♥❡✉tr❛❧✐③❛t✐♦♥ ■P❆ ✻✵s
✻ r❡♠♦✈✐♥❣ r❡s✐❞✉❛❧ r❡s✐st ❖2 ♣❧❛s♠❛✱ ❘■❊ ✸s ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✼ ♠❡t❛❧ ❞❡♣♦st✐♦♥ ❡❜❡❛♠ ❡✈❛♣♦r❛t♦r ✶✺ ♥♠ ▼♦ ♦r ❲
P▲❆❙❙❨❙ ✶✺ ♥♠ Pt

✽ ♠❡t❛❧ ❧✐❢t ♦✛ ❛❝❡t♦♥❡ ✺ ♠✐♥ ❛t ✹✺◦❈
✉♥t✐❧ ❡①❝❡ss ♠❡t❛❧

✐s r❡♠♦✈❡❞

❚❛❜❧❡ ❆✳✶✿ ❋❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ❢♦r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥ ✇✐t❤ ♠✉❧✲
t✐♣❧❡ ❜❛❝❦❣❛t❡ ✈✐❛ ❡✲❜❡❛♠ ❧✐t❤♦❣r❛♣❤②✿ ✜rst ❧♦❝❛❧❣❛t❡ ❧❛②❡r

❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦❝❡ss ❧✐st❡❞ ✐♥ t❛❜❧❡ ❆✳✶✱ ✇❡ ✜rst ♣❛tt❡r♥ ❛ ❧♦❝❛❧❣❛t❡ ❛rr❛② ✭❋✐❣✳ ❆✳✷✮✱
r❡♣r♦❞✉❝❡❞ ❛♥❞ ❛rr❛♥❣❡❞ ✐♥ ❛ ✶✧①✶✧ ♠❛tr✐①✱ ♦♥ ❛ ✷✧ ❙✐✰✰ ✇❛❢❡r ❝♦✈❡r❡❞ ❜② ✸✵✵ ♥♠ ♦❢
❞r② ❝❤❧♦r✐♥❛t❡❞ ❙✐❖2✳ ❆❢t❡r ♠❡t❛❧❧✐③❛t✐♦♥ ♦❢ t❤❡ ✜rst ❧❛②❡r✱ ✺✵ ♥♠ ♦❢ ❆❧2❖3 ❛r❡ ❞❡♣♦s✐t❡❞
❜② ❆▲❉ ✇❤✐❝❤ ✇✐❧❧ s❡r✈❡ ❛s ❣❛t❡ ❞✐❡❧❡❝tr✐❝✳



❆✳✶✳ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ ♠✉❧t✐♣❧❡ ❧♦❝❛❧ ❣❛t❡s ✶✼✺

(a)

100 µm

50 nm

(d)

(b)

10 µm

5 µm

(c)

❋✐❣✉r❡ ❆✳✷✿ ▼✉❧t✐♣❧❡ ❣❛t❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✱ ✜rst ❧❛②❡r ❧♦❝❛❧ ❣❛t❡s ✭❜❧✉❡ ❝♦❧♦rs✮✳
✭❛✮ ✶ ♠♠ ✇r✐t❡✜❡❧❞✱ ❞✐s♣❧❛②✐♥❣ ♣❛❞s ❢♦r ❡❧❡❝tr✐❝❛❧ ❝♦♥♥❡❝t✐♦♥✱ ❛❧✐❣♥❡♠❡♥t ♠❛r❦s ❛♥❞ t❤❡
❝❡♥tr❛❧ ✇r✐t❡✜❡❧❞ ✭❜❧✉❡ ❜♦①✮✳ ✭❜✮ ✶✵✵ µ♠ ✇r✐t❡✜❡❧❞✱ s❤♦✇✐♥❣ t❤❡ ❧♦❝❛❧ ❣❛t❡ ♣❛tt❡r♥ ❛t
t❤❡ ❝❡♥t❡r ✭❧✐❣❤t ❜❧✉❡ ❞♦tt❡❞ ❜♦①✮ ❛♥❞ ♠❛r❦s ✭❝r♦ss❡s ❛♥❞ ❝✐r❝❧❡s✮ ❢♦r t❤❡ ❛❧✐❣♥❡♠❡♥t ♦❢
t❤❡ s❡❝♦♥❞ ❧❛②❡r✳ ✭❝✮ ✺✵ µ♠ ✇r✐t❡✜❡❧❞✱ s❤♦✇✐♥❣ t❤❡ ❧♦❝❛❧ ❣❛t❡ ♣❛tt❡r♥✳ ❲❡ ❤❛✈❡ t✇♦ ✶✵✵
♥♠ ✇✐❞❡ ❣❛t❡s s❡♣❛r❛t❡❞ ❜② ✸✵✵ ♥♠✳ ✭❞✮ ❋❛❧s♦ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡ ♦❢ ❛ ♣♦rt✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧
❣❛t❡s ❛❢t❡r ♠❡t❛❧❧✐③❛t✐♦♥ ♦❢ t❤❡ ✜rst ❧❛②❡r✳

❙❡❝♦♥❞ ❧✐t❤♦❣r❛♣❤② st❡♣✿ ❍✐❣❤ ♣r❡❝✐s✐♦♥ ❛❧✐❣♥❡♠❡♥t ❛♥❞ s♦✉r❝❡✲❞r❛✐♥ ❥✉♥❝✲

t✐♦♥s

❚❤❡ ❦❡② st❡♣ ♦❢ t❤❡ ♣r♦❝❡ss ✐s t❤❡ ❛❝❝✉r❛t❡ ❛❧✐❣♥❡♠❡♥t ♦❢ t❤❡ s❡❝♦♥❞ ❧✐t❤♦❣r❛♣❤② ❧❛②❡r
✭❋✐❣✳ ❆✳✸✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜rst ♦♥❡ ✭❋✐❣✳ ❆✳✷✮✳ ❚❤❡ ❛❧✐❣♥❡♠❡♥t ♣r♦❝❡❞✉r❡ ❝♦♥s✐sts ♦❢



✶✼✻❆♣♣❡♥❞✐① ❆✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ ❛❧t❡r♥❛t❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❞❡s✐❣♥s

(a) (b)

10 µm100 µm

5 µm

(c)(d)

1 µm

❋✐❣✉r❡ ❆✳✸✿ ▼✉❧t✐♣❧❡ ❣❛t❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✱ s❡❝♦♥❞ ❧❛②❡r s♦✉r❝❡✲❞r❛✐♥ ❥✉♥❝t✐♦♥s
✭②❡❧❧♦✇ ❝♦❧♦rs✮✳ ✭❛✮ ✶ ♠♠ ✇r✐t❡✜❡❧❞✱ ❞✐s♣❧❛②✐♥❣ ♣❛❞s ❢♦r ❡❧❡❝tr✐❝❛❧ ❝♦♥♥❡❝t✐♦♥✱ ❛❧✐❣♥❡♠❡♥t
♠❛r❦s ❛♥❞ t❤❡ ❝❡♥tr❛❧ ✇r✐t❡✜❡❧❞ ✭❜❧✉❡ ❜♦①✮✳ ✭❜✮ ✶✵✵ µ♠ ✇r✐t❡✜❡❧❞✱ s❤♦✇✐♥❣ t❤❡ ❝❡♥tr❛❧
♣❛tt❡r♥ ✭❧✐❣❤t ❜❧✉❡ ❞♦tt❡❞ ❜♦①✮ ❛♥❞ t❤❡ ♠❛r❦s ✭❝r♦ss❡s ❛♥❞ ❝✐r❝❧❡s✮ ✉s❡❞ ❢♦r t❤❡ ❛❧✐❣♥❡♠❡♥t
♦❢ t❤❡ s❡❝♦♥❞ ❧❛②❡r✳ ✭❝✮ ✺✵ µ♠ ✇r✐t❡✜❡❧❞✱ s❤♦✇✐♥❣ t❤❡ ✽ ❥✉♥❝t✐♦♥s ❛❧✐❣♥❡❞ ❛❜♦✈❡ t❤❡ ❧♦❝❛❧
❣❛t❡s✳ ✭❞✮ ❋❛❧s♦ ❝♦❧♦r ❙❊▼ ✐♠❛❣❡ ♦❢ ❛❢t❡r t❤❡ ♠❡t❛❧❧✐③❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ❧❛②❡r✳

t❤r❡❡ st❡♣s✳

❋✐rst✱ ✇❡ ❤❛✈❡ t♦ ♣♦s✐t✐♦♥ t❤❡ ✶ ♠♠2 ❧♦❝❛❧❣❛t❡ ❛rr❛② ❢r♦♠ t❤❡ ✜rst ❧❛②❡r ✭❜❧✉❡ ❋✐❣✳
❆✳✷❛ ❛♥❞ ❆✳✹❛✮ ✇✐t❤✐♥ t❤❡ ✶ ♠♠2 ✇r✐t❡✜❡❧❞ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠✳ ❚❤✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜②
♠♦✈✐♥❣ t❤❡ ❙❊▼♠✐❝r♦st❛❣❡ ✇✐t❤ t❤❡ s❛♠♣❧❡ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t ♦❢ ❝♦♦r❞✐♥❛t❡s✳ ❚❤✐s
✜rst ❛❧✐❣♥❡♠❡♥t ❤♦✇❡✈❡r ❤❛s ❛♥ ✐♥❛❝❝✉r❛❝② ♦♥ t❤❡ ♦r❞❡r ♦❢ ✶✵ µ♠✳ ■♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡



❆✳✶✳ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ ♠✉❧t✐♣❧❡ ❧♦❝❛❧ ❣❛t❡s ✶✼✼

10 um100 um 10 µm100 µm

(a) (b)

(c)

x

y

❋✐❣✉r❡ ❆✳✹✿ ❆❧✐❣♥❡♠❡♥t ♣r♦❝❡❞✉r❡✳ ✭❛✮ P❤♦t♦❣r❛♣❤ ♦❢ t❤❡ ✶ ♠♠2 ✜❡❧❞ ♦❢ t❤❡ ♠❡t❛❧❧✐③❡❞
✜rst ❧❛②❡r✱ ✇✐t❤ t❤❡ ✜rst s❡t ♦❢ ❧✐♥❡s❝❛♥s ✭❜❧✉❡✮✳ ✭❜✮ ❙❊▼ ✐♠❛❣❡ ♦❢ t❤❡ ✶✵✵ µ♠2 ❝❡♥tr❛❧
✜❡❧❞ ♦❢ t❤❡ ♠❡t❛❧❧✐③❡❞ ✜rst ❧❛②❡r✱ ✇✐t❤ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ s❡t ♦❢ ❧✐♥❡s❝❛♥s ✭❣r❡❡♥ ❛♥❞
r❡❞✮✳ ✭❝✮ ❇❛❝❦s❝❛tt❡r❡❞ ❡❧❡❝tr♦♥ ✐♥t❡♥s✐t② ♣r♦✜❧❡ ♦❢ ❛ ❧✐♥❡s❝❛♥ ❛❧♦♥❣ ♦♥❡ ♦❢ t❤❡ ❜❧✉❡ ❧✐♥❡s
✐♥ ✭❛✮✳ ❚❤❡ ♠❡t❛❧❧✐❝ ♠❛r❦ ②✐❡❧❞s ❛ ♠✉❝❤ ❤✐❣❤❡r ✐♥t❡♥s✐t② t❤❛♥ t❤❡ s✉❜str❛t❡✳ ❚❤❡ ❝❡♥t❡r
♦❢ t❤❡ ♠❛r❦ ♣r♦✜❧❡ ✭②❡❧❧♦✇ ❧✐♥❡✮ ✐s str♦♥❣❧② ♠✐s❛❧✐❣♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❡♥t❡r ♦❢ t❤❡
s❝❛♥ ✇✐♥❞♦✇ ✭❜❧✉❡ ❧✐♥❡✮✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❝❛❧❝✉❧❛t❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❛♥❞ ❝♦rr❡❝ts t❤❡ ♣♦s✐t✐♦♥
t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ✇r✐t❡✜❡❧❞ ❛❝❝♦r❞✐♥❣❧②✳

t❤❡ ❛❝❝✉r❛❝②✱ ✇❡ ✇✐❧❧ ✉s❡ ❛ ♥✉♠❡r✐❝❛❧ ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❡❞ ❜② ❊❞❣❛r ❇♦♥❡t ✐♥t♦ t❤❡
❊▲P❍❨ ❝♦♠♠❛♥❞ ♠♦❞✉❧❡✱ ✇❤✐❝❤ ❝❛❧❝✉❧❛t❡s ❛♥❞ ❝♦rr❡❝ts t❤❡ ♠✐s❛❧✐❣♥❡♠❡♥t ❜❡t✇❡❡♥ t❤❡
❡❧❡❝tr♦♥ ❜❡❛♠ ✇r✐t❡✜❡❧❞ ❛♥❞ t❤❡ ✜rst ❧❛②❡r ❜② s❝❛♥♥✐♥❣ ❞✐✛❡r❡♥t s❡ts ♦❢ ❛❧✐❣♥❡♠❡♥t ♠❛r❦s



✶✼✽❆♣♣❡♥❞✐① ❆✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ ❛❧t❡r♥❛t❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❞❡s✐❣♥s

✐♥ t❤❡ ✜rst ❧❛②❡r✳
❲❡ ♥♦✇ ♣❡r❢♦r♠ t✇♦ ❡❧❡❝tr♦♥ ❜❡❛♠ ❧✐♥❡s❝❛♥s ✭❛❧♦♥❣ t❤❡ ① ❛♥❞ ② ❞✐r❡❝t✐♦♥ r❡s♣❡❝t✐✈❡❧②✮

♦♥ ❛ ♠❛r❦ ✐♥ t❤❡ ✉♣♣❡r ❧❡❢t ❝♦r♥❡r ♦❢ ✶ ♠♠2 ✜❡❧❞ ♦❢ t❤❡ ✜rst ❧❛②❡r ✭❜❧✉❡ ❧✐♥❡s❝❛♥s ✐♥ ❋✐❣✳
❆✳✹❛✮✱ ✇❤✐❧❡ r❡❝♦r❞✐♥❣ t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❜❛❝❦s❝❛tt❡r❡❞ ❡❧❡❝tr♦♥ ❢r♦♠ t❤❡ s❛♠♣❧❡ ✇✐t❤
t❤❡ ❊▲P❍❨ ❝♦♠♠❛♥❞ ♠♦❞✉❧❡✳ ❚❤❡ ❞✐✛❡r❡♥t ②✐❡❧❞s ♦❢ ❜❛❝❦s❝❛tt❡r❡❞ ❡❧❡❝tr♦♥s ♦❢ t❤❡
♠❡t❛❧❧✐❝ ♠❛r❦ ❛♥❞ t❤❡ s✉❜str❛t❡ r❡s✉❧ts ✐♥ ❛♥ ✐♥t❡♥s✐t② ♣r♦✜❧❡ ♦❢ t❤❡ ❧✐♥❡s❝❛♥ ❛s ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✳ ❆✳✹❝✳ ❚❤❡ ❛❧❣♦r✐t❤♠ t❤❡♥ ❝❛❧❝✉❧❛t❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♠❛r❦
✭②❡❧❧♦✇ ❧✐♥❡ ✐♥ ❋✐❣✳ ❆✳✹❝✮ ❛♥❞ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ s❝❛♥ ✇✐♥❞♦✇ ✭❜❧✉❡ ❧✐♥❡ ✐♥ ❋✐❣✳ ❆✳✹❝✮ ❢♦r
t❤❡ ❧✐♥❡s❝❛♥s ✐♥ ❜♦t❤ ① ❛♥❞ ② ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❛❧❣♦r✐t❤♠ t❤❡♥ ❛❞❥✉sts t❤❡ ✭①✲②✮ ♣♦s✐t✐♦♥ ♦❢
t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ✶ ♠♠2 ✇r✐t❡✜❡❧❞ t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✶ ♠♠2 ✜❡❧❞ ♦❢ t❤❡ ✜rst ❧❛②❡r
✉s✐♥❣ t❤❡ ❝❛❧❝✉❧❛t❡❞ ❝♦rr❡❝t✐♦♥s✳ ❚❤❡ ❛❧✐❣♥❡♠❡♥t ❡rr♦r ✐s r❡❞✉❝❡❞ t♦ ✻✵✵ ♥♠✳

❙t❡♣ ❞❡s❝r✐♣t✐♦♥ ❡q✉✐♣❡♠❡♥t ♣❛r❛♠❡t❡rs✱ ❝♦♠♠❡♥ts

✵ ❝❧❡❛♥✐♥❣ ❖2 ♣❧❛s♠❛✱ ❘■❊ ✶✵ ♠✐♥ ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✶ P▼▼❆ ✹ ✪ r❡s✐st s♣✐♥ ❝♦❛t❡r ✷✵✵✵ r♣♠✱ ✷✵✵✵r♣♠✴s ❢♦r ✸✵s
t❤✐❝❦♥❡ss ✸✽✵ ♥♠

✷ P▼▼❆ ✹ ✪ s♦❢t❜❛❦❡ ❤♦t♣❧❛t❡ ✷ ♠✐♥ ❛t ✶✽✵◦❈
✸ ❡✲❜❡❛♠ ❡①♣♦s✉r❡ ❙❊▼ ▲❊❖ ✶✺✸✵ E = 30 ❦❱

❊▲P❍❨ ✻✳✵ s❡tt❧✐♥❣ t✐♠❡ ✷✳✺ ♠s
✶✵✵ µ♠2 ✇r✐t❡✜❡❧❞ ✷✵ µ♠ ❛♣❡rt✉r❡ ✸✷✺ µ❈✴❝♠2

✶ ♠♠2 ✇r✐t❡✜❡❧❞ ✶✷✵ µ♠ ❛♣❡rt✉r❡ ✹✵✵ µ❈✴❝♠2

✹ ❞❡✈❡❧♦♣♠❡♥t ▼■❇❑✴■P❆ ✶✿✸ ✸✵s
✺ ❞❡✈❡❧♦♣♣❡r ♥❡✉tr❛❧✐③❛t✐♦♥ ■P❆ ✻✵s
✻ r❡♠♦✈✐♥❣ r❡s✐❞✉❛❧ r❡s✐st ❖2 ♣❧❛s♠❛✱ ❘■❊ ✸s ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✼ ♠❡t❛❧ ❞❡♣♦st✐♦♥ ❡❜❡❛♠ ❡✈❛♣♦r❛t♦r ✷✵ ♥♠ ▼♦ ♦r ❲
P▲❆❙❙❨❙ ✶✻✵ ♥♠ Pt

✽ ♠❡t❛❧ ❧✐❢t ♦✛ ❛❝❡t♦♥❡ ✺ ♠✐♥ ❛t ✹✺◦❈
✉♥t✐❧ ❡①❝❡ss ♠❡t❛❧

✐s r❡♠♦✈❡❞

❚❛❜❧❡ ❆✳✷✿ ❋❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ❢♦r ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❜❛❝❦❜♦♥❡ ❥✉♥❝t✐♦♥ ✇✐t❤ ♠✉❧✲
t✐♣❧❡ ❜❛❝❦❣❛t❡ ✈✐❛ ❡✲❜❡❛♠ ❧✐t❤♦❣r❛♣❤②✿ s❡❝♦♥❞ s♦✉r❝❡✲❞r❛✐♥ ❧❛②❡r

■♥ t❤❡ ❧❛st st❡♣✱ ✇❡ ❤❛✈❡ t♦ ❛❧✐❣♥ t❤❡ ✶✵✵ µ♠2 ❡❧❡❝tr♦♥ ❜❡❛♠ ✇r✐t❡✜❡❧❞ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ✶✵✵ µ♠2 ❝❡♥tr❛❧ ✜❡❧❞ ♦❢ t❤❡ ✜rst ❧❛②❡r✳ ❯s✐♥❣ t❤❡ ❞❡s❝r✐❜❡❞ ❛❧❣♦r✐t❤♠✱ ✇❡ ♥♦✇
♣❡r❢♦r♠ ❛♥ ❛❧✐❣♥❡♠❡♥t ✉s✐♥❣ t❤❡ ❝r♦ss ✐♥ t❤❡ ✉♣♣❡r ❧❡❢t ❝♦r♥❡r ♦❢ t❤❡ ✶✵✵ µ♠2 ❝❡♥tr❛❧
✜❡❧❞ ♦❢ t❤❡ ✜rst ❧❛②❡r ✭❣r❡❡♥ ❧✐♥❡s❝❛♥ ❋✐❣✳ ❆✳✹❜✮ ❢♦❧❧♦✇❡❞ ❜② ❛♥ ❛❧✐❣♥❡♠❡♥t ✉s✐♥❣ ✸ ♦❢
t❤❡ ✹ ❝✐r❝❧❡s ✭r❡❞ ❧✐♥❡s❝❛♥s ❋✐❣✳ ❆✳✹❜✮✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ✸ ❝✐r❝❧❡ ❛❧✐❣♥❡♠❡♥t
✐s ❡ss❡♥t✐❛❧ ❢♦r ❛ r❡♣r♦❞✉❝✐❜❧② ❛❝❝✉r❛t❡ ❛❧✐❣♥❡♠❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ✉s✐♥❣ ♦♥❧② ❛ ✷ ❝✐r❝❧❡
❛❧✐❣♥❡♠❡♥t ♦❢t❡♥ r❡s✉❧ts ✐♥ ❛ ❞✐st♦rt✐♦♥ ❛♥❞ ♠✐s❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ✇r✐t❡✜❡❧❞ ✭❋✐❣✳ ❆✳✺✮✳
❚❤✐s ✜♥❛❧ st❡♣ r❡❞✉❝❡s t❤❡ ♠✐s❛❧✐❣♥♠❡♥t ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s t♦ ✸✵ ♥♠✳ ❖♥❝❡ t❤❡ ❛❧✐❣♥♠❡♥t



❆✳✶✳ ❈❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ ♠✉❧t✐♣❧❡ ❧♦❝❛❧ ❣❛t❡s ✶✼✾

(a) (b)

1 µm 1 µm 

❋✐❣✉r❡ ❆✳✺✿ ❚❤r❡❡ ❝✐r❝❧❡ ✭❛✮ ✈s t✇♦ ❝✐r❝❧❡ ❛❧✐❣♥♠❡♥t ✭❜✮✳

✐s ❝♦♠♣❧❡t❡❞✱ t❤❡ s❡❝♦♥❞ ❧❛②❡r ✐s ♣❛tt❡r♥❡❞ ✐♥t♦ t❤❡ P▼▼❆ ❧❛②❡r✳
❚❤❡ ❙❊▼ ♠✐❝r♦st❛❣❡ ✐s t❤❡♥ ♠♦✈❡❞ t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♥❡①t ❛rr❛② ✐♥ ✶✧①✶✧ ♠❛tr✐①

♦❢ ❧♦❝❛❧❣❛t❡s ♣❛tt❡r♥❡❞ ❞✉r✐♥❣ t❤❡ ✜rst st❡♣✱ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ❛❧✐❣♥❡♠❡♥t ❛♥❞ t❤❡ ❡①♣♦s✉r❡
♦❢ t❤❡ s❡❝♦♥❞ ❧❛②❡r ♣❛tt❡r♥✱ ❡t❝✳✳✳✳ ■♥ t❤✐s ✇❛②✱ ♦♥❡ ❝❛♥ ❛❧✐❣♥ ❛♥❞ ♣❛tt❡r♥ t❤❡ s❡❝♦♥❞ ❧❛②❡r
♦♥ ❛❧❧ t❤❡ ❧♦❝❛❧❣❛t❡ ❛rr❛②s ♦❢ t❤❡ ✶✧①✶✧ ♠❛tr✐①✱ ✇✐t❤ ❛ r❡♣r♦❞✉❝✐❜❧❡ ❛❧✐❣♥❡♠❡♥t ♣r❡❝✐s✐♦♥
♦❢ ✸✵ ♥♠✳ ❚❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ s❡❝♦♥❞ ❧❛②❡r ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ❆✳✷✳

❚❤✐r❞ ❧✐t❤♦❣r❛♣❤② st❡♣✿ ❈❛t❛❧②st ✐s❧❛♥❞s ❛♥❞ ❈❱❉ ❣r♦✇t❤

❋✐❣✉r❡ ❆✳✻✿ ▼✉❧t✐♣❧❡ ❣❛t❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✱ t❤✐r❞ ❧❛②❡r ❝❛t❛❧②st ✐s❧❛♥❞s ✭❣r❡❡♥
❝♦❧♦rs✮✳ ✺✵ µ♠ ✇r✐t❡✜❡❧❞✱ s❤♦✇✐♥❣ t✇♦ ✸①✹ µ♠ ❝❛t❛❧②st ✐s❧❛♥❞s ♦♥ t❤❡ ❝❡♥tr❛❧ ❞r❛✐♥
❡❧❡❝tr♦❞❡✳



✶✽✵❆♣♣❡♥❞✐① ❆✳ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ♦❢ ❛❧t❡r♥❛t❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ❞❡s✐❣♥s

❙t❡♣ ❞❡s❝r✐♣t✐♦♥ ❡q✉✐♣❡♠❡♥t ♣❛r❛♠❡t❡rs✱ ❝♦♠♠❡♥ts

✵ ❝❧❡❛♥✐♥❣ ❖2 ♣❧❛s♠❛✱ ❘■❊ ✶✵ ♠✐♥ ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✶ P▼▼❆ ✹✪ r❡s✐st s♣✐♥ ❝♦❛t❡r ✷✵✵✵ r♣♠✱ ✷✵✵✵r♣♠✴s ❢♦r ✸✵s
t❤✐❝❦♥❡ss ✸✻✵ ♥♠

✷ P▼▼❆ ✹✪ s♦❢t❜❛❦❡ ❤♦t♣❧❛t❡ ✷ ♠✐♥ ❛t ✶✽✵◦❈
✸ ❡✲❜❡❛♠ ❡①♣♦s✉r❡ ❙❊▼ ▲❊❖ ✶✺✸✵ E = 20 ❦❱

❊▲P❍❨ ✻✳✵ s❡tt❧✐♥❣ t✐♠❡ ✷✳✺ ♠s
✶✵✵ µ♠2 ✇r✐t❡✜❡❧❞ ✶✵ µ♠ ❛♣❡rt✉r❡ ✷✶✺ µ❈✴❝♠2

✹ ❞❡✈❡❧♦♣♠❡♥t ▼■❇❑✴■P❆ ✶✿✸ ✸✵s
✺ ❞❡✈❡❧♦♣♣❡r ♥❡✉tr❛❧✐③❛t✐♦♥ ■P❆ ✻✵s
✻ r❡♠♦✈✐♥❣ r❡s✐❞✉❛❧ r❡s✐st ❖2 ♣❧❛s♠❛✱ ❘■❊ ✸s ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✼ ❝❛t❛❧②st ❞❡♣♦s✐t✐♦♥ s♣✐♥ ❝♦❛t❡r ✸✵✵✵ r♣♠✱ ✶✵✵✵ r♣♠✴s ❢♦r ✷✵s
r❡♣❡❛t❡❞ ✷ t✐♠❡s ✭❧♦✇ ❞❡♥s✐t②✮
r❡♣❡❛t❡❞ ✹ t✐♠❡s ✭❤✐❣❤ ❞❡♥s✐t②✮

✽ ♣♦st ❞❡♣♦s✐t✐♦♥ ❜❛❦❡ ❤♦t♣❧❛t❡ ✻✵s ❛t ✶✷✵◦❈
✾ ❈❛t❛❧②st ❧✐❢t♦✛ ❛❝❡t♦♥❡ ✹✺◦❈ ❢♦r ❛♥ ❤♦✉r
✶✵ Pr❡✲❈❱❉ ❝❧❡❛♥✐♥❣ ❖2 ♣❧❛s♠❛✱ ❘■❊ ✷✵ ♠✐♥ ❛t ✺✵❲✱ ✷✵ ❝❝ ❖2

✶✶ ❈❱❉ ❣r♦✇t❤ ❊❛s②❚✉❜❡ ✷✵✵✵ ✼✼✵◦❈✲✽✵✵◦❈✱
❈❱❉ s②st❡♠ ✶✳✷ ▲✴♠✐♥ ❈❍4✱ ✵✳✽ ▲✴♠✐♥ ❍2

✶✷ ♠✐♥

❚❛❜❧❡ ❆✳✸✿ ❈❛t❛❧②st ❞❡♣♦s✐t✐♦♥ ❛♥❞ ✉❧tr❛❝❧❡❛♥ ❈❱❉ ❣r♦✇t❤ ♦❢ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙
✇✐t❤ ♠✉❧t✐♣❧❡ ❣❛t❡s✳

❯s✐♥❣ t❤❡ s❛♠❡ ❛❧✐❣♥❡♠❡♥t ❛♥❞ ♣❛tt❡r♥✐♥❣ s❡q✉❡♥❝❡✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ❝❛t❛❧②st ✐s❧❛♥❞s
♦♥ t❤❡ ❝❡♥tr❛❧ ❞r❛✐♥ ❡❧❡❝tr♦❞❡ ♦❢ ❡❛❝❤ ❛rr❛② ✭❋✐❣✳ ❆✳✻✮ ❛♥❞ ❣r♦✇ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙
❜② ❈❱❉✳ ❚❤❡ ♣r♦❝❡ss ✐s s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ❆✳✸✳



❆✳✷✳ ❯❧tr❛s❤♦rt ❛♥❞ ❤✐❣❤ ❢r❡q✉❡♥❝② ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙ ✶✽✶

❆✳✷ ❯❧tr❛s❤♦rt ❛♥❞ ❤✐❣❤ ❢r❡q✉❡♥❝② ❝❛r❜♦♥ ♥❛♥♦t✉❜❡

◆❊▼❙

■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❤✐❣❤ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦♥❡ ❤❛s t♦ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ t❤❡ ❧❡♥❣t❤
♦❢ t❤❡ ❝❛r❜♦♥ ♥❛♥♦t✉❜❡ ◆❊▼❙✳ ❯s✐♥❣ ❡❧❡❝tr♦♥ ❜❡❛♠ ❧✐t❤♦❣r❛♣❤②✱ ✇❡ ❞❡s✐❣♥❡❞ ❛ ❝❛r❜♦♥
♥❛♥♦t✉❜❡ ◆❊▼❙ ✇✐t❤ s✉s♣❡♥❞❡❞ ♣♦rt✐♦♥ ♦❢ ❛❜♦✉t ✺✵ t♦ ✶✵✵ ♥♠ ✭❋✐❣✳ ❆✳✼✮✳

50 nm

CNT

L
G

B
G

B
G

Pt

Si++ BG

SiO2

50 nm

300 nm

150 nm

Mo/Pt LG

350 nm
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We demonstrate the effect of single-electron tunneling (SET) through a carbon nanotube quantum dot

on its nanomechanical motion. We find that the frequency response and the dissipation of the nano-

electromechanical system to SET strongly depends on the electronic environment of the quantum dot, in

particular, on the total dot capacitance and the tunnel coupling to the metal contacts. Our findings suggest

that one could achieve quality factors of 106 or higher by choosing appropriate gate dielectrics and/or by

improving the tunnel coupling to the leads.
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Carbon nanotubes (CNT) have become an essential
building block for nanoelectromechanical systems
(NEMS). Their low mass and high Young’s modulus allow
for instance ultrasensitive mass [1–3] or force detection
[4,5] (electric and magnetic) over a wide range of frequen-
cies and its small diameter enables even single-molecule
detection [5–7]. Moreover, CNT devices exhibit remark-
able electronic transport properties, ranging from Kondo
physics [8] to Coulomb blockade at high temperature [9]. It
was recently demonstrated that a CNT NEMS’ nanome-
chanical motion at very low temperature (i.e., in Coulomb
blockade regime) is strongly affected by the electronic
transport through the CNT quantum dot (QD), and vice
versa: For instance, single-electron tunneling (SET) caused
a frequency softening and increased dissipation when
tuning the CNT dot’s potential through a Coulomb
peak [10–12].

Here we demonstrate that the response and dissipation of
a CNT NEMS at very low temperature induced by zero
bias SET through the CNT NEMS QD critically depends
on the dot capacitance, the tunnel coupling to the metal
leads, and temperature. We studied the frequency and
dissipation response of nanomechanical bending modes
to zero bias SET in suspended CNT devices with tunable
tunnel couplings and different gate dielectrics, i.e., differ-
ent dot capacitance. We observe that SET causes a fre-
quency softening for small dot capacitance and/or tunnel
coupling, whereas a frequency hardening or no frequency
modulation is observed for large dot capacitance and/or
tunnel coupling. We show that the dissipation of the CNT
NEMS is mainly dominated by the capacitance, when
electron tunneling through the dot is suppressed (i.e.. in
the Coulomb valley), whereas it is limited by the mean
tunneling rate � and the conductance, when electron tun-
neling through the dot is allowed (i.e., on a Coulomb peak).
Finally we demonstrate that the tunnel current is the domi-
nant dissipation mechanism in CNT NEMS at low tem-
perature. Our findings are in fair agreement with a
theoretical model provided previously [10,12].

Low capacitance CNT quantum dots (Cdot � 20–40 aF)
were obtained by using silicon dioxide as gate dielectric
[Fig. 1(a)]. First, source-drain electrodes are patterned by
optical deep ultraviolet (DUV) lithography and e-beam
evaporation of Mo (20 nm) and Pt (160 nm) on 500 nm
of thermal SiO2. To ensure the suspension of the CNT,
150 nm of SiO2 are dry etched in CHF3 plasma. High
capacitance CNT quantum dots (Cdot � 160–260 aF) are
obtained with high-� gate dielectrics Al2O3 [Fig. 1(b)].
First, a 1 �m-wide metallic local gate is patterned by
optical DUV lithography and e-beam evaporation of Mo
(20 nm) on 300 nm of thermal SiO2. A layer of 100 nm of
Al2O3 is then deposited by atomic layer deposition. Using
optical DUV lithography and e-beam evaporation of Mo
(20 nm) and Pt (160 nm), source-drain electrodes are
aligned above the local gate. Suspended CNT are finally
grown by chemical vapor deposition at 800 �C from a CH4

feedstock and Fe/Mo catalyst spots patterned on the

FIG. 1 (color online). False color SEM image of (a) a low

capacitance device based on a SiO2 covered Si backgate (grey)
and (b) a high capacitance device based on an Al2O3 covered
local metallic gate (blue). The rf actuation signal is injected into
the local metallic gate and Si backgate, respectively, through a

home-built bias-T. As the induced mechanical motion changes
the charge flow through the CNT quantum dot and vice versa, we
can detect the CNT resonance through a change in zero bias

conductance. (c) Mechanical resonance of a typical CNT NEMS
at low driving power Prf ¼ �100 dBm. The resonance width
�f ¼ 2:5 kHz leads to a quality factor of Q � 140 000.
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source-drain electrodes next to the junction. The CNT
device length is approximately 800 nm (� 50 nm) and
the dot capacitances are deduced from the dot’s charging
energy at low temperature. The spread in capacitance

values of nominally identically fabricated devices is due
to variations in the nanotubes’ length and slack (see [13]).

The measurements are carried out in a 3He=4He dilution
refrigerator with a base temperature of 30 mK. The NEMS
actuation and detection scheme used in our experiment is
similar to the one used by Steele and co-workers [11,12].

The rf actuation signal is injected into the gate electrode
via a home-built bias T. As the induced mechanical motion
changes the charge flow through the CNT quantum dot and
vice versa, we can detect the CNT resonance through a

change in zero bias conductance. The actuation power is
kept to a minimum (Prf � �100 dBm) in order to ensure a
quasilinear regime of the oscillator and a high Q
Lorentzian resonance shape [Fig. 1(c)]. All measurements
were done under zero bias with a standard lock-in

technique.
SET in a CNT NEMS QD can be considered an external

perturbation to the CNT mechanical motion, and vice
versa. This perturbation can be described as an electro-
dynamic force acting on the CNT. The contribution of this
force, which is in phase with the mechanical motion, is

responsible for a frequency modulation �f, whereas a

contribution of the force being out of phase with mechani-
cal motion induces a modification of the dissipation and
the quality factor Q. �f and Q can be expressed as
follows [10]:

�f ¼ �
f0
2

C02
g

k

V2
g

Cdot

�

2G

Cdot�
� 1

�

; (1)

1

Q
¼ 2�f

C02
g

k
V2
g

�

2

�Cdot

�

2

G; (2)

where � is the mean tunnel coupling of the dot to the leads,
yielding � ¼ ð�d þ �sÞ=2, and Cdot is the total dot capaci-
tance. We can estimate the tunnel coupling � for each
device from the line shape of the Coulomb blockade peaks
(see [13]). Equations (1) and (2) are valid in the regime of
the Coulomb blockade and if � � f0.
First, we compare the frequency response �f (scaled

with fV2
g) of devices with different dot capacitances Cdot.

We studied the frequency response for comparable
Coulomb peaks height, i.e., for comparable conductance
GðVgÞ � 20 �S. The tunnel coupling are on the order of

10 GHz. As depicted in Fig. 2(a), we observe a strong
frequency softening for small dot capacitances, whereas
for high dot capacitances a frequency hardening or no
modulation is observed. As shown in Fig. 2(b), the

FIG. 2 (color online). Modulation of the resonance frequency due to SET: (a) Frequency shift �f (scaled with fV2
g) for different dot

capacitance Cdot, with comparable tunneling rates �. Inset shows a typical Coulomb peak centered at �Vg ¼ 0. (b) Maximum scaled

frequency shift at maximum tunnel current Gmaxð�Vg ¼ 0Þ vs the dot capacitance for all measured devices. The solid red line

corresponds to the fit using Eq. (1) with C02
g =k ¼ 8� 10�22 F2=Nm and �d � 10 GHz. The data are in fair agreement with the model.

(c) Scaled frequency shift for different Coulomb peaks, i.e., tunneling rates �, with a fixed dot capacitance Cdot ¼ 260 aF (device 1).
The tunneling rate � is estimated from the line shape of the respective Coulomb peaks (see [13]). (d) Maximum frequency shift �fmax

at maximum tunnel current Gmaxð�Vg ¼ 0Þ vs temperature for a device yielding Cdot ¼ 160 aF (device 2). The inset shows the

evolution of Gmax as a function of temperature.
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experimental data are in fair agreement with the model. A

fit with Eq. (1) yields fitting parameters C02
g =k ¼

8� 10�22 F2=Nm and � � 10 GHz, which are in rather

good agreement with previous experiments [10,12,14].
Figure 2(c) shows the (scaled) frequency modulation for

different Coulomb peaks and tunneling rates � on a given

device (device 1). It was shown previously that one can

tune a CNT quantum dot from a Coulomb blockade regime

to a regime of strong tunnel coupling by simply changing

the CNT’s gate potential [15,16]. Hence, we can change

the tunnel coupling � by tuning the gate voltage of our
CNT device and estimate the values of � from the Coulomb

peak line shape (see [13]). The dot capacitance Cdot ¼
260 aF remains unchanged by tuning the gate voltage. As

� increases, the CNT becomes stiffer, resulting in a sign

change of�f and the transition from a frequency softening

to frequency hardening, in qualitative agreement with
Eq. (1) [Fig. 2(c)].

Figure 3(a) depicts the effect of SET on the dissipation

of the CNT NEMS, i.e., theQ factor (scaled with fV2
g), for

devices with different dot capacitances. From Eq. (2), we

expect an increase of the Q factor with increasing capaci-

tance in the limit of suppressed SET through the dot.

Indeed, in a region of suppressed SET (j�Vgj � 0), the

Q factor is larger for devices with higher dot capacitance

[Fig. 3(a)]. The tunnel coupling � � 10 GHz and the con-
ductance GðVgÞ � 18 �S are comparable for both traces.

Figure 3(b) shows the Q factor (scaled with fV2
g) in the

limit of suppressed SET (j�Vgj � 0) as a function of the

dot capacitance for all measured devices. The fit with
Eq. (2) yields C02

g =k¼1�10�21 F2=Nm and ��10GHz,

which is consistent with the fitting parameters of Fig. 2(b)
and previous experiments [10,12,14]. Despite the good
agreement between theory and experiment, we observe
deviations from the model for some devices in Fig. 2(b)
and 3(b) that we attribute to variations in C02

g =k (see [13]).

Moreover, we expect from Eq. (2) and previous experi-
ments [10,12] an enhanced electromechanical dissipation
in a given device if the conductance G (i.e., the tunnel
current) and the tunnel resistance at the nanotube-electrode
interface R� 1=�d are increased, in analogy to the current
dissipation in a simple resistance. Indeed we observe in-
creased dissipation (decreased Q factor) when tuning the
gate voltage through a Coulomb peak [Figs. 3(a) and 3(c)].
In Fig. 3(c) (device 2), this effect becomes more pro-
nounced as we move to gate voltage regions with a smaller
tunneling rate �, i.e., larger tunnel resistance at the
nanotube-electrode interface. The dot capacitance Cdot

yields 160 aF for this device and the height of the
Coulomb peak is comparable for all traces (G � 7 �S).

FIG. 3 (color online). Modulation of the Q factor (scaled with fV2
g) due to SET: (a) For different dot capacitances, with comparable

tunneling rates �. The solid lines are to guide the eye and the inset shows a representative Coulomb peak centered at �Vg ¼ 0.

(b) Maximum quality factorQmax at minimal tunnel current Gðj�Vgj � 0Þ vs the dot’s capacitance for all measured devices. The solid

red line represents the fit with Eq. (2) with C02
g =k ¼ 1� 10�21 F2=Nm and � � 10 GHz. Our findings are in good agreement with the

model. (c) Modulation of the Q factor (scaled with fV2
g) for different tunneling rates �, with a fixed dot capacitance Cdot ¼ 160 aF

(device 2). The solid lines are to guide the eye and the tunnel coupling � is estimated from the line shape of the respective Coulomb
peaks (see [13]). (d) Maximum quality factor Qmax at minimal tunnel current Gðj�Vgj � 0Þ vs temperature for a device yielding

Cdot ¼ 160 aF (device 2). The inset shows the evolution of Gmin as a function of temperature.
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Therefore, the CNT capacitance is the limiting factor for
the dissipation in regions of suppressed SET, whereas the
mean tunnel coupling and the tunneling current itself de-
fine the dissipation in regions of strong SET. We conclude
that the electron transport through the CNT is the main
dissipation mechanism in our nanoelectromechanical
system.

Finally, we study the temperature dependence of the
frequency response and the dissipation. Figure 2(d) depicts
the frequency shift �fmax for Gmax ¼ Gð�Vg ¼ 0Þ

whereas Fig. 3(d) shows the quality factorQmax forGmin ¼

Gðj�Vgj � 0Þ as a function of temperature. A fit of the

data yields �fmax � T and Qmax � 1=T. As temperature
increases the Coulomb blockade peak broadens and be-
comes smaller (see[13], Fig. S3). As a result Gmax ¼

Gð�Vg ¼ 0Þ decreases whereasGmin ¼ Gðj�Vgj � 0Þ in-

creases with temperature, as depicted in the insets
of Figs. 2(d) and 3(d). From the data fit we obtain
Gmax ��T and Gmin � T. It was previously demonstrated
that carbon nanotubes show Luttinger liquid behavior
[17–19], where the conductance follows a characteristic
power law dependence as a function of temperature
GðTÞ � T�, � being related to the Luttinger parameter g
by � ¼ ðg� 1þ g� 2Þ=2 [17,18]. We find � � 1 and a
Luttinger parameter of g ¼ 0,1, which is close to previous
measurements [17] and theoretical predictions [18,19].
Comparing the temperature dependence of the conduc-
tance, the quality factor, and the frequency shift, we finally
obtain �fmax ��Gmax and Qmax � 1=Gmin, which is in
full agreement with Eqs. (1) and (2). We can conclude that
the current is the dominant dissipation mechanism for
carbon nanotube-based NEMS in a Coulomb blockade
regime at cryogenic temperatures.

We have demonstrated that the response and the dissi-
pation to single-electron tunneling of carbon nanotube
NEMS at low temperature depends on the dot capacitance
and the tunnel coupling to the leads, the tunnel current
itself being the main dissipation mechanism in the system.
By choosing high-� dielectrics (HfO2 or ZrO2) and im-
proving the tunnel contact to the metal leads, one could
significantly enhance the quality factorQ to values exceed-
ing 106. It was proposed in theoretical calculation that one
can use such high -Q CNT NEMS as magnetic torque or
force detectors for nanoparticles [5] or single-molecule
magnets [20,21] grafted to the CNT NEMS. In principle,
one can achieve a sensitivity of one�B at low temperature,
whereas the best magnetometers, for instance the micro-
SQUID, only have a sensitivity of 103 �B [22]. Finally,
such molecular quantum spintronic device would allow
single spin manipulation on a molecular level.
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and P. L. McEuen, Nature (London) 431, 284 (2004).

[15] T. Jespersen K. Grove-Rasmussen, J. Paaske, K. Muraki,

T. Fujisawa, J. Nygård, and K. Flensberg, Nature Phys. 7,
348 (2011).

[16] G. A. Steele, G. Gotz, and L. P. Kouwenhoven, Nature

Nanotech. 4, 363 (2009).
[17] M. Bockrath, D.H. Cobden, J. Lu, A.G. Rinzler, R E.

Smalley, L. Balents, and P. L. McEuen, Nature (London)
397, 598 (1999).

[18] C. Kane, L. Balents, and M. P.A. Fisher, Phys. Rev. Lett.
79, 5086 (1997).

[19] R. Egger and A. O. Gogolin, Phys. Rev. Lett. 79, 5082

(1997).
[20] A. A. Kovalev, L. X. Hayden, G. E.W. Bauer, and Y.

Tserkovnyak, Phys. Rev. Lett. 106, 147203 (2011).

[21] D. Garanin and E. Chudnovsky, Phys. Rev. X 1, 011005
(2011).

[22] W. Wernsdorfer, Supercond. Sci. Technol. 22, 064013
(2009).

PRL 108, 175502 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

27 APRIL 2012

175502-4



Strong spin–phonon coupling between a

single-molecule magnet and a carbon nanotube

nanoelectromechanical system
Marc Ganzhorn1, Svetlana Klyatskaya2, Mario Ruben2,3 and Wolfgang Wernsdorfer1*

Magnetic relaxation processes were first discussed for a crystal
of paramagnetic transition ions1. It was suggested that mechan-
ical vibrations of the crystal lattice (phonons) modulate the
crystal electric field of the magnetic ion, thus inducing a
‘direct’ relaxation between two different spin states1–3. Direct
relaxation has also been predicted for single-molecule
magnets with a large spin and a high magnetic anisotropy1,4–7

and was first demonstrated in a Mn12 acetate crystal8. The
spin-lattice relaxation time for such a direct transition is
limited by the phonon density of states at the spin resonance1.
In a three-dimensional system, such as a single-molecule
magnet crystal, the phonon energy spectrum is continuous,
but in a one-dimensional system, like a suspended carbon nano-
tube, the spectrum is discrete and can be engineered to an
extremely low density of states9. An individual single-molecule
magnet, coupled to a suspended carbon nanotube, should
therefore exhibit extremely long relaxation times9 and the
system’s reduced size should result in a strong spin–phonon
coupling10,11. Here, we provide the first experimental evidence
for a strong spin–phonon coupling between a single molecule
spin and a carbon nanotube resonator, ultimately enabling
coherent spin manipulation and quantum entanglement10,11.

Carbon nanotubes (CNT) have become an essential building
block for nanoelectromechanical systems (NEMS). Their low mass
and high Young’s modulus give rise to high oscillation frequencies
for transverse12,13 and longitudinal modes14–16, therefore enabling
ground-state cooling with state-of-the-art cryogenics and a large
zero point motion in the quantum regime17. Moreover, the strong
coupling between nanomechanical motion and single-electron tun-
nelling in high-Q CNTNEMS allows electronic actuation and detec-
tion of the nanomechanical motion18–21. As such, CNT NEMS can
be used for ultrasensitive mass sensing22–24 or as magnetic torque
detectors for single spin systems25.

A single spin, strongly coupled with a CNT NEMS in the
quantum regime, could serve as an elementary qubit in quantum
information processing. It has been suggested recently that a
strong coupling between a quantum CNT NEMS and a single elec-
tron spin would enable basic qubit control and the implementation
of entangled states9. In this framework, coupling a single-molecule
magnet (SMM) to the quantized nanomechanical motion of a
CNT NEMS is a very attractive option26. Chemical engineering
allows the synthesis of perfectly identical SMMs, as well as their
integration into nanoscale devices such as electromigrated
junctions27–29 or CNT transistors30. A large magnetic moment and
a strong, uniaxial magnetic anisotropy enable, for instance,
quantum tunnelling of magnetization31,32 or quantum phase

interference33, yielding coherence times on the order of micro-
seconds in crystalline form34. Moreover, it was recently predicted
that the spin–phonon coupling between an SMM and a quantum
CNT NEMS is strong enough to allow coherent spin manipulation
and quantum entanglement of a spin and a resonator10,11. In this
Letter, we first present the SMM and CNT NEMS. We then establish
a strong spin–phonon coupling between the two systems, that is,
between an individual TbPc2-SMM and the quantized high-Q longi-
tudinal stretching mode (LSM) of the CNT resonator. The strong
spin–phonon coupling presented here would enable the quantum
control of magnetization at a single-phonon level9,10 and the entan-
glement of a single spin with quantized mechanical motion9,11.

We study the magnetization reversal of a pyrene-substituted
bis(phthalocyaninato)terbium(III) SMM (hereafter TbPc2 , Fig. 1a)
grafted to a CNT resonator36. The TbPc2 is a rare earth SMM in
which the magnetic moment is carried by a single Tb3þ ion sand-
wiched between two organic phthalocyanine (Pc) ligand planes35.
The TbPc2 has a S¼ 1/2 radical delocalized over the Pc ligand
planes. As a result of p–p interaction, this radical can easily
hybridize with the p electrons of any form of sp2 carbon without
affecting the magnetic properties of the Tb3þ ion30,36,37. The highly
anisotropic 4f shell of the Tb3þ ion and its intrinsically strong
spin–orbit coupling result in a magnetic ground state of J¼ 6 and
a pronounced uniaxial magnetic anisotropy (Fig. 1a). The ground-
state doublet Jz¼+6 is separated from the excited states by
several hundreds of kelvin, which makes the TbPc2 an Ising-like
spin system at low temperatures (T, 5 K) and small magnetic
fields (B, 10 T)35. A strong hyperfine interaction with the nuclear
spin I¼ 3/2 of the Tb3þ ion splits the ground-state doublet
Jz ¼+6 into four states each (Fig. 1b). Finally, the ligand field
generates a small transverse magnetic anisotropy resulting in
avoided level crossings (black circles in Fig. 1b)35.

At cryogenic temperatures, magnetization reversal can occur
through two different processes. Around zero magnetic field, the
avoided level crossings allow for quantum tunnelling of magnetiza-
tion |Jz ,Izl�|2Jz ,Izl (refs 30,35). At high magnetic fields the mag-
netization reverses through a direct relaxation process involving
non-coherent tunnelling events combined with the emission of a
phonon30 (Fig. 1b). Previous experiments on TbPc2 single crystals

35

and on TbPc2 coupled to a non-suspended CNT30 have shown that
the spin relaxation was mainly enabled by bulk phonons in
the environment of an individual SMM (crystal or substrate).
However, an individual TbPc2-SMM grafted onto a suspended
CNT is physically decoupled from the bulk phonons in the substrate
or the transistor leads. As a consequence, the TbPc2-SMM can only
couple to one-dimensional phonons, associated with the
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nanomechanical motion of the CNT. It was recently demonstrated
that high-frequency and high-Q transverse12 and longitudinal
phonon14–16 modes in a CNT at cryogenic temperatures should be
quantized, thus yielding a discrete phonon energy spectrum.

Single-electron tunnelling (SET) onto the CNT quantum dot
shifts the equilibrium position of the CNT along the axis of the
CNT by an amount proportional to the electron–phonon coupling
g (ref. 14). For an intermediate electron–phonon coupling g≈ 1,
the electron therefore effectively tunnels into an excited vibrational
state (Fig. 2b). If the tunnel rate Gout is larger than the relaxation
rate g into the vibrational ground state, the electron tunnels
out of the dot, resulting in equidistant excited states in the region
of SET, running parallel to the edge of the Coulomb diamond
(black arrows, Fig. 2c)14,15. For large electron–phonon coupling
g≫ 1, one also observes a current suppression at low bias, a
phenomenon known as Franck–Condon blockade16. It was also
demonstrated that one can pump excited vibrational states
in a Coulomb-blockade regime by means of higher-order
co-tunnelling processes15.

For the device studied in this Letter, we observe a spectrum of
equidistant excited states in the region of SET (black arrows, Fig. 2c),
with an average energy separation of hv¼ 140 meV¼ 1.5 K
(Fig. 2d). According to hv¼ 110 meV/L [mm] (ref. 14) this corre-
sponds to an oscillator length of L¼ 800 nm, which is consistent
with the length of the CNT quantum dot, LD¼ 850 nm (Fig. 2a).
From the current intensity of these excited states we can
estimate the electron–phonon coupling g (Fig. 2d) using the
following equation16:

DI /
e−ggn

n!
(1)

where n is the phonon quantum number. We obtain g¼ 0.6+0.3,
which is comparable to the results of previous experiments14. Finally,
we can estimate a lower boundary for the quality factor of this longi-
tudinal phonon15. The quality factor is given by Q¼v/(2pg),
where g is the relaxation rate into the ground state. For the vibrational
states to be visible in a SET, we should have Gout. g. The tunnel
current at the edge of the Coulomb diamond I≈ 50 pA gives an
approximation of the tunnelling rate Gout≈ 310 MHz. Hence, the
quality factor yields Q.v/(2pGout)≈ 110, corresponding to a
phonon linewidth of the order of 15 mK. We now demonstrate
that this high-Q longitudinal phonon mode can be activated by

the magnetization reversal of a single TbPc2 , thus revealing strong
spin–phonon coupling.

First, we tune our CNT quantum dot to a regime of Coulomb
blockade (Vsd¼ 0, Vlg¼ 16.5 mV). In a regime of strong spin–
phonon coupling, the magnetization reversal of an individual
TbPc2-SMM via direct transition can induce the excitation of this
longitudinal stretching mode phonon on the CNT quantum dot
(Fig. 3a). The linewidth of the high-Q phonon was estimated to
be on the order of 15 mK and is therefore smaller than the energy
level spacing dEz¼ 120, 150 and 180 mK between the nuclear
spin states of the Tb3þ ion29,35. Consequently, we should observe
four different direct transitions matching the phonon energy
hv¼ 1.5 K, that is, four switching fields at 89, 113, 137 and
161 mT, corresponding to the different nuclear spin states of the
Tb3þ ion (Fig. 3a). By sweeping the magnetic field component par-
allel to the TbPc2 easy axis, we can induce magnetization reversal of
the Tb3þ ion. As described by Urdampilleta et al.30, reversal of the
SMM causes an abrupt increase in the differential conductance
through the CNT quantum dot, thus enabling an electronic
readout and revealing the four switching fields of the Tb3þ ion
(Fig. 3b). Note that the field sweep direction was previously
aligned with the TbPc2 easy axis (see Supplementary Information).

We performed magnetic field sweeps along the TbPc2 easy axis at
a rate of 50 mT s21, from negative to positive field values at different
transverse magnetic fields m0Htrans , while monitoring the differ-
ential conductance in the CNT (Vsd¼ 0 and Vlg¼ 16.5 mV). The
magnetization reversal of the Tb3þ ion in a sweep translates as a
jump in the differential conductance of the CNT, as described
above (see also Fig. 3b). The corresponding magnetic field, the
switching field m0Hsw, is extracted and plotted as a function of the
transverse magnetic field m0Htrans (Fig. 4a). The measurement
reveals four switching fields between 80 and 160 mT, which are
independent of the transverse magnetic field component m0Htrans.
By reversing the field sweep direction, the TbPc2 magnetization
is reversed symmetrically between 280 mT and 2160 mT. To
obtain a magnetization reversal statistic, we performed 200 sweeps
back and forth at zero transverse magnetic field. The histogram of
the extracted switching fields shows four dominant switching
events at 88, 112, 137 and 160 mT with an average full-width at
half-maximum (FWHM) of 2 mT (Fig. 4b). The model described
in Fig. 3 predicts that in the case of a strong coupling between the
TbPc2 spin and the observed quantized longitudinal phonon
mode in the CNT (energy hv¼ 1.5 K and linewidth dEph¼ 15 mK),
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Figure 1 | Rare-earth SMM. a, Schematic representation of a pyren-substituted TbPc2-SMM. A Tb3þ ion (pink) is sandwiched between two organic

phthalocyanine (Pc) ligand planes. Owing to the highly anisotropic 4f shell of the Tb3þ ion and strong spin–orbit coupling, the TbPc2 can be considered as an

Ising-like spin system, with high magnetic anisotropy and a ground-state doublet Jz¼+6. The oxidation state of the Tb3þ ion generates a spin S¼ 1/2

radical delocalized over the phthalocyanine planes. b, Zeeman diagram presenting the energy E of the two ground states Jz ¼+6 as a function of the

magnetic field m0Hz. The strong hyperfine coupling with the nuclear spin I¼3/2 in the Tb3þ ion splits the ground-state doublet Jz ¼+6 into four states.

The corresponding Zeeman diagram reveals four avoided level crossings (black circles) around zero field, allowing for QTM |Jz,Izl �|2Jz,Izl. Alternatively,

magnetization reversal can occur through a direct relaxation process, involving the excitation of a phonon.
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the magnetization reversal of the TbPc2 will indeed occur from each
of the four nuclear spin states of the Tb3þ ion at magnetic fields of
89, 113, 137 and 161 mT (Fig. 3). Also, the Zeeman energy corre-
sponding to the FWHM of each switching event in Fig. 4b is
≏30 mK, which is in close agreement with the phonon linewidth
of dEph¼ 15 mK determined in the previous section. Moreover,
all four switching events in the TbPc2 have a transition energy of
DEz¼ 1.5 K, which is in perfect agreement with the LSM phonon
energy of hv¼ 1.5 K. The experimental findings are thus in

excellent agreement with the provided model. The strong inter-
action between the molecular TbPc2 spin and the quantized LSM
phonon is further supported by the magnitude of the spin–
phonon coupling, which we will evaluate in the following.

Finally, we can estimate the spin–phonon coupling between the
magnetization of the TbPc2-SMM and the quantized longitudinal
phonon. For this purpose, we consider a TbPc2-SMM rigidly
grafted to the suspended CNT. Owing to the conservation of total
angular momentum, the magnetization reversal of the Tb3þ ion
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Figure 2 | Longitudinal stretching modes in CNT NEMS. a, False-colour SEM image of a CNT NEMS with local metallic (Vlg, blue) and Siþþ (Vbg, grey)

backgate. b, Actuation and detection of longitudinal stretching modes (LSM) of a CNT NEMS. (i) SETonto the suspended CNT shifts the equilibrium position

of the CNTalong its axis and proportional to the electron–phonon (e–ph) coupling g, leaving the electron in an excited vibrational state (red). (ii) If Gout. g,

the electron tunnels out of the dot, resulting in equidistant excited states running parallel to the edge of the Coulomb diamond (indicated by the black arrows

in c. c, Stability diagram of the CNT showing the differential conductance as a function of gate and bias voltages at 20 mK and 1.4 T. The black arrows

indicate the excited vibrational states attributed to an LSM, as described above. d, Energy of excited vibrational states (black diamonds) versus excitation line

number n at Vg¼ 18 mV. A linear fit suggests an LSM frequency of hv¼ 140meV, which is consistent with the CNT length of 850 nm (see text). From the

maximum current intensity DI (blue circles) of the excited vibrational states we can estimate the LSM e–ph coupling factor as g≈ 0.6+0.3. Owing to

measurement uncertainties in c, the relative error for DI is estimated to be 10%.
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before magnetization reversal. The arrows depict the scan direction.
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causes a rotation of the molecule by an angle w, in a plane perpen-
dicular to its easy axis10,11,38 (Supplementary Fig. S5). Because of the
rigid grafting to the CNT, the lattice rotation of the SMM translates
to a longitudinal stretching mode in the suspended CNT resonator
beam10,38. The Hamiltonian of the hybrid SMM–resonator can
be written as

H = Hph +HB + e−iJz ŵHcf e
iJz ŵ (2)

where Hph¼ hvl(a
†aþ 1/2) corresponds to the energy of the

quantized phonon mode and HB¼ gmBBzJz is the Zeeman energy
of the TbPc2 (Supplementary Section S3). The last term describes
the modification of crystal electric field (cf) by the rotation of
the TbPc2 , where Hcf is the unperturbed crystal field and w is
the angle of rotation of the crystal lattice. Equation (2) can be
reduced to an effective Jaynes–Cummings Hamiltonian
(Supplementary Section S3):

H = Hph +Hcf + HB + h− gs−ph a+ a†
( )

O−4
4 (3)

where Hph describes the free quantized longitudinal phonon mode,
HTbPc2

= Hcf +HB the TbPc2-SMM in the absence of the phonon,
a and a† the creation and annihilation operators of the phonon
mode and O4

42 the Stevens spin operator of the TbPc2-SMM. The
spin–phonon coupling then yields (Supplementary Section S3)

gs−ph =
bA4

4

2

����

2h−

Izv

√

(4)

with the moment of inertia of the TbPc2-SMM is Iz¼ 10242 kg m2,
the phonon frequency is vl¼ 34 GHz and the crystal field par-
ameter is bA4

4
¼ 1.8 mK. We therefore estimate the spin–phonon

coupling to be gs–ph¼ 1.5 MHz. A spin–resonator coupling of this
magnitude could result in a suppression of quantum tunnelling of
magnetization (QTM) on the SMM by nanomechanical quantum
interference effects10, the creation of coherent magneto-mechanical
oscillations10 or the entanglement of a single spin with quantum

mechanical oscillator9,11. We would like to point out that we did
not observe QTM in our spin–resonator system. Although the
absence of QTM could be related to nanomechanical quantum
interference effects, as stated above, we do not have sufficient evi-
dence to support such a claim. This would require further study,
which is beyond the scope of this work.

In conclusion, we have demonstrated a strong spin–phonon
coupling between a single molecular spin and the quantized,
high-Q mechanical motion of a CNT resonator. It has been pre-
dicted that a coupling of this magnitude would induce strong non-
linearities in the mechanical motion of a carbon nanotube, which
can for instance be used to enhance the sensitivity of CNT-based
magnetometers9,25. A sensitivity of a few mB is to be expected25.
Moreover, the strong spin–phonon coupling would enable the
electric manipulation of a single molecular spin by microwave
irradiation9. Reciprocally, a strong spin–phonon interaction would
allow the spin-based detection of the mechanical motion of the
nanotube39 or the ground-state cooling of the resonator by mani-
pulating the molecular spin via electron spin resonance9.
Ultimately, our results open the path to the quantum entanglement
of a single spin and a quantized mechanical motion.

Methods
Sample preparation. A 1-mm-wide metallic local gate was patterned by optical
deep-ultraviolet (DUV) lithography and subsequent electron-beam evaporation of
molybdenum (20 nm) on a degenerately p-doped silicon wafer with a 300-nm-thick
layer of thermal SiO2. A layer of 100 nm of Al2O3 was then deposited by atomic
layer deposition. Using optical DUV lithography and electron-beam evaporation of
molybdenum (20 nm) and platinum (160 nm), source–drain electrodes were aligned
above the local gate. Suspended CNTs were finally grown by chemical vapour
deposition (CVD) at 800 8C from a CH4 feedstock and iron/molybdenum
catalyst spots patterned on the source–drain electrodes next to the junction. The
CNT device length ranged from 800 nm to 1 mm. The pyrene-substituted TbPc2 was
synthesized as reported in ref. 36. TbPc2 powder was dissolved in a solution of
dichloromethane and dropcast onto the sample. The droplet was subsequently dried
in a critical point dryer to avoid destruction of the suspended CNTs through
capillarity effects.

Low-temperature measurements. Conductance measurements were carried out
in a He3/He4 dilution refrigerator with a base temperature of 20 mK. The
refrigerator was equipped with two orthogonal magnetic fields coils, generating up
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Figure 4 | Nuclear spin-dependent magnetization reversal of a single TbPc2 coupled to a CNT NEMS. a, Switching field m0Hsw versus transverse magnetic

field component m0Htrans for a sweep rate of 50 mTs21. We observe four distinct switching fields at positive values when sweeping the field from negative to

positive values (open symbols) and at negative values when reversing the sweep direction (filled symbols). The switching does not depend on the transverse

magnetic field component. We therefore attribute these events to the magnetization reversal of the Tb3þ ion via a nuclear spin-dependent direct transition

enabled by strong spin–phonon coupling. No quantum tunnelling of magnetization was observed in our measurement. The dotted lines are to guide the eye.

b, Histogram of the switching fields obtained for 200 field sweeps with a zero transverse magnetic field component for one sweep direction and a sweep

rate of 50 mTs21. We observe four dominant switching events at 88, 112, 137 and 160 mT corresponding to the switching fields for the þ3/2, þ1/2, 21/2

and 23/2 nuclear spin states, respectively. The FWHM of the switching field yields dB¼ 2 mTand the corresponding Zeeman energy of dEz≈ 30 mK is

consistent with the phonon linewidth dEph≈ 15 mK.
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to 1.4 T and 0.5 T respectively for both coils, in the plane of the sample, with a
maximum sweep rate of 250 mT s21. We could orient the field direction with respect
to the easy axis of the TbPc2-SMM by probing the magnetization reversal at different
magnetic field angles (Supplementary Section S1). The field sweep rate and
temperature dependences of the switching fields are presented in Supplementary
Section S2. The transport measurements were made with an ADWIN real-time data
acquisition system.

Received 7 September 2012; accepted 11 December 2012;
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