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▼❡s r❡♠❡r❝✐❡♠❡♥ts ✈♦♥t t♦✉t ❞✬❛❜♦r❞ ❛✉① ♣r♦❢❡ss❡✉rs q✉✐ ♦♥t ❡✉ ✉♥❡ ✐♥✢✉❡♥❝❡
s✐❣♥✐✜❝❛t✐✈❡ s✉r ♠❡s ét✉❞❡s ❥✉sq✉✬à ❝❡tt❡ t❤ès❡✳ ❈❡❧❛ ❝♦♠♠❡♥❝❡ ❡♥ ❝❧❛ss❡ ♣ré♣❛r❛✲
t♦✐r❡ ♣❛r ❚❤♦♠❛s ▲❛✛♦r❣✉❡ ❡t ●✐❧❧❡s ❉❡ ❇♦✉❛r❞ q✉✐ ♠✬♦♥t ✈ér✐t❛❜❧❡♠❡♥t ❢❛✐t ❞é✲
❝♦✉✈r✐r✱ ♥♦♥ s❛♥s ❞♦✉❧❡✉r✱ ❧❡s ▼❛t❤é♠❛t✐q✉❡s ❡t ❞❡ ❧❛ P❤②s✐q✉❡✳ P❧✉s t❛r❞✱ ❡♥ é❝♦❧❡✱
❝❡ ❢✉t ❙②❧✈✐❡ ❘❡t❛✐❧❧❡❛✉✱ ❈é❝✐❧❡ ❉✉r✐❡✉ ❡t ❙té♣❤❛♥✐❡ ❈❛ss❛♥ q✉✐ ❧❡s ♣r❡♠✐èr❡s✱ ♠✬✐♥✐✲
t✐èr❡♥t ❛✉ ♣❧❛✐s✐r ❞✬❡♥s❡✐❣♥❡r✳ P✉✐s✱ ❧♦rsq✉✬✐❧ ❢✉t t❡♠♣s ❞❡ ❝❤♦✐s✐r ✉♥ ❞♦♠❛✐♥❡ ❞❡
r❡❝❤❡r❝❤❡✱ ▼✐❝❤❡❧ ❑✐❡✛❡r ❡t s♦♥ ❝♦✉rs ❞❡ ❚❤é♦r✐❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❡t ❝♦❞❛❣❡ ❞❡
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❧♦rs ❞❡ ♠♦♥ ❛rr✐✈é❡ ✿ ❋r❛♥❝❡s❝❛✱ ▲❛♥❛✱ ❩✐❛❞✱ ◆❛❜✐❧❡✱ ❙♦✜❛♥❡✱ ❆♠❛❞♦✉✱ ❏♦sé✱ ❚❤❛♥❣
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♣❡rs♦♥♥❡s q✉✐ ♦♥t ❡✉ ❝♦♥✜❛♥❝❡ ❡♥ ♠♦✐ ❡t ♠✬♦♥t t♦✉❥♦✉rs ♣❡r♠✐s ❞✬❛✈❛♥❝❡r ✿ ❙❛♠s♦♥
▲❛s❛✉❧❝❡✱ ▼✐❝❤❡❧ ❑✐❡✛❡r✱ ❙✐❧✈✐✉ ◆✐❝✉❧❡s❝✉✱ ●✐❧❧❡s ❋❧❡✉r② ❡t ▼ér♦✉❛♥❡ ❉❡❜❜❛❤✳ P♦✉r
❝❡ q✉❡ ♥♦✉s s♦♠♠❡s ❡♥ tr❛✐♥ ❞❡ ❝♦♥str✉✐r❡✱ ♠❡s r❡♠❡r❝✐❡♠❡♥ts ✈♦♥t é❣❛❧❡♠❡♥t à
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✸✳✷ ❆♥❛❧②s❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✸✳✷✳✶ ❈♦♥✈❡r❣❡♥❝❡ ✈❡rs ❧❡ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✸✳✷✳✷ ❙♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ré♣♦♥s❡ ❛✉ ❝❤❛♠♣ ♠♦②❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✸✳✷✳✸ ❯♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
✸✳✷✳✹ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s ♣♦✉r ❧❡ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸✳✸ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s ✺✾
✹✳✶ ❏❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✶✳✶ ▼♦❞é❧✐s❛t✐♦♥ ❞✉ s②stè♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✹✳✶✳✷ ➱t✉❞❡ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻
✹✳✶✳✸ ❈♦♥✈❡r❣❡♥❝❡ ✈❡rs ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼



✐✈ ❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

✹✳✷ ❏❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
✹✳✷✳✶ ❋♦r♠✉❧❛t✐♦♥ ❞✉ ❥❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✹✳✷✳✷ ❈♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ❉▼❘ ✈❡rs ✉♥ ❊❙❊ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹
✹✳✷✳✸ ❈♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ré♣♦♥s❡ r♦❜✉st❡ ❛✈❡✉❣❧❡

✭❉❘❘❆✮ ✈❡rs ✉♥ ❊❙❊ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽
✹✳✷✳✹ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✹✳✸ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✺ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s ✽✸

❆ P✉❜❧✐❝❛t✐♦♥s r❡❧❛t✐✈❡s ❛✉① ❥❡✉① st❛t✐q✉❡s ❡t ❥❡✉① st♦❝❤❛st✐q✉❡s ✽✺
❆✳✶ ■❊❊❊✲❱❆▲❯❊❚❖❖▲❙✲✷✵✶✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺
❆✳✷ ■❊❊❊✲❉❙P✲✷✵✶✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

❇ P✉❜❧✐❝❛t✐♦♥s r❡❧❛t✐✈❡s ❛✉① ❥❡✉① à ❝❤❛♠♣ ♠♦②❡♥ ✶✵✶
❇✳✶ ❙P❘■◆●❊❘✲❉●❆❆✲✷✵✶✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶
❇✳✷ ■❊❊❊✲❆❙■▲❖▼❆❘✲✷✵✶✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

❈ P✉❜❧✐❝❛t✐♦♥s r❡❧❛t✐✈❡s à ❧✬❛♣♣r❡♥t✐ss❛❣❡ ❡t ❛✉① ❞②♥❛♠✐q✉❡s ❞❡
♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s ✶✸✶
❈✳✶ ■❈❙❚✲❱❆▲❯❊❚❖❖▲❙✲✷✵✶✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶
❈✳✷ ❙P❘■◆●❊❘✲●❆▼❊◆❊❚❙✲✷✵✶✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

❇✐❜❧✐♦❣r❛♣❤✐❡ ✶✺✼



❘és✉♠é ✿
❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ét✉❞✐♦♥s ❞❡s rés❡❛✉① s❛♥s ✜❧ ❞❛♥s ❧❡sq✉❡❧s ❧❡s t❡r♠✐♥❛✉①

♠♦❜✐❧❡s s♦♥t ❛✉t♦♥♦♠❡s ❞❛♥s ❧❡ ❝❤♦✐① ❞❡ ❧❡✉rs ❝♦♥✜❣✉r❛t✐♦♥s ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✳
❈❡tt❡ ❛✉t♦♥♦♠✐❡ ❞❡ ❞é❝✐s✐♦♥ ♣❡✉t ♥♦t❛♠♠❡♥t ❝♦♥❝❡r♥❡r ❧❡ ❝❤♦✐① ❞❡ ❧❛ t❡❝❤♥♦❧♦❣✐❡
❞✬❛❝❝ès ❛✉ rés❡❛✉✱ ❧❡ ❝❤♦✐① ❞✉ ♣♦✐♥t ❞✬❛❝❝ès✱ ❧❛ ♠♦❞✉❧❛t✐♦♥ ❞✉ s✐❣♥❛❧✱ ❧❡s ❜❛♥❞❡s ❞❡
❢réq✉❡♥❝❡s ♦❝❝✉♣é❡s✱ ❧❛ ♣✉✐ss❛♥❝❡ ❞✉ s✐❣♥❛❧ é♠✐s✱ ❡t❝✳ ❚②♣✐q✉❡♠❡♥t✱ ❝❡s ❝❤♦✐① ❞❡
❝♦♥✜❣✉r❛t✐♦♥ s♦♥t ré❛❧✐sés ❞❛♥s ❧❡ ❜✉t ❞❡ ♠❛①✐♠✐s❡r ❞❡s ♠étr✐q✉❡s ❞❡ ♣❡r❢♦r♠❛♥❝❡s
♣r♦♣r❡s à ❝❤❛q✉❡ t❡r♠✐♥❛❧✳ ❙♦✉s ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s t❡r♠✐♥❛✉① ♣r❡♥♥❡♥t ❧❡✉rs ❞é✲
❝✐s✐♦♥s ❞❡ ♠❛♥✐èr❡ r❛t✐♦♥♥❡❧❧❡ ❛✜♥ ❞❡ ♠❛①✐♠✐s❡r ❧❡✉rs ♣❡r❢♦r♠❛♥❝❡s✱ ❧❛ t❤é♦r✐❡ ❞❡s
❥❡✉① s✬❛♣♣❧✐q✉❡ ♥❛t✉r❡❧❧❡♠❡♥t ♣♦✉r ♠♦❞é❧✐s❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❧❡s ❞é❝✐s✐♦♥s ❞❡s
❞✐✛ér❡♥ts t❡r♠✐♥❛✉①✳

P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧✬♦❜❥❡❝t✐❢ ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❞✬ét✉❞✐❡r ❞❡s str❛té❣✐❡s
❞✬éq✉✐❧✐❜r❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❛✜♥ ❞❡ s❛t✐s❢❛✐r❡ ❞❡s ❝♦♥s✐❞ér❛t✐♦♥s
❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✳ ▲❡ ❝❛❞r❡ ❞❡s ❥❡✉① st♦❝❤❛st✐q✉❡s ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❛❞❛♣té
à ❝❡ ♣r♦❜❧è♠❡ ❡t ♥♦✉s ♣❡r♠❡t ♥♦t❛♠♠❡♥t ❞❡ ❝❛r❛❝tér✐s❡r ❧❛ ré❣✐♦♥ ❞❡ ♣❡r❢♦r♠❛♥❝❡
❛tt❡✐❣♥❛❜❧❡ ♣♦✉r t♦✉t❡s ❧❡s str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ q✉✐ ♠è♥❡♥t à ✉♥ ét❛t
❞✬éq✉✐❧✐❜r❡✳ ▲♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ t❡r♠✐♥❛✉① ❡♥ ❥❡✉ ❡st ❣r❛♥❞✱ ♥♦✉s ❢❛✐s♦♥s ❛♣♣❡❧ à
❧❛ t❤é♦r✐❡ ❞❡s ❥❡✉① à ❝❤❛♠♣ ♠♦②❡♥ ♣♦✉r s✐♠♣❧✐✜❡r ❧✬ét✉❞❡ ❞✉ s②stè♠❡✳ ❈❡tt❡ t❤é♦r✐❡
♥♦✉s ♣❡r♠❡t ❞✬ét✉❞✐❡r ♥♦♥ ♣❛s ❧❡s ✐♥t❡r❛❝t✐♦♥s ✐♥❞✐✈✐❞✉❡❧❧❡s ❡♥tr❡ ❧❡s t❡r♠✐♥❛✉①✱
♠❛✐s ❧✬✐♥t❡r❛❝t✐♦♥ ❞❡ ❝❤❛q✉❡ t❡r♠✐♥❛❧ ❛✈❡❝ ✉♥ ❝❤❛♠♣ ♠♦②❡♥ q✉✐ r❡♣rés❡♥t❡ ❧✬ét❛t
❣❧♦❜❛❧ ❞❡s ❛✉tr❡s t❡r♠✐♥❛✉①✳ ❉❡s str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ♦♣t✐♠❛❧❡s ❞✉
❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ s♦♥t ét✉❞✐é❡s✳

❯♥❡ ❛✉tr❡ ♣❛rt✐❡ ❞❡ ❧❛ t❤ès❡ ❛ été ❝♦♥s❛❝ré❡ à ❞❡s ♣r♦❜❧é♠❛t✐q✉❡s ❞✬❛♣♣r❡♥t✐s✲
s❛❣❡ ❞❡ ♣♦✐♥ts ❞✬éq✉✐❧✐❜r❡ ❞❛♥s ❧❡s rés❡❛✉① ❞✐str✐❜✉és✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❛♣rès ❛✈♦✐r
❝❛r❛❝tér✐sé ❧❡s ♣♦s✐t✐♦♥s ❞✬éq✉✐❧✐❜r❡ ❞✬✉♥ ❥❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès✱
♥♦✉s ♠♦♥tr♦♥s ❝♦♠♠❡♥t ❞❡s ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s ❡t ❞✬❛♣♣r❡♥t✐s✲
s❛❣❡ ♣❡r♠❡tt❡♥t ❞❡ ❝♦♥✈❡r❣❡r ✈❡rs ✉♥ éq✉✐❧✐❜r❡✳ ❊♥✜♥✱ ♣♦✉r ✉♥ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡
♣✉✐ss❛♥❝❡✱ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s ✈❡rs ❞❡s ♣♦✐♥ts
❞✬éq✉✐❧✐❜r❡ ❛ été ét✉❞✐é❡✳ ■❧ ❡st ♥♦t❛♠♠❡♥t ♣r♦♣♦sé ✉♥ ❛❧❣♦r✐t❤♠❡ ❞✬❛❞❛♣t❛t✐♦♥ ❞❡
♣✉✐ss❛♥❝❡ ❝♦♥✈❡r❣❡❛♥t ✈❡rs ✉♥ éq✉✐❧✐❜r❡ ❛✈❡❝ ✉♥❡ ❢❛✐❜❧❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞✉ rés❡❛✉✳



●❛♠❡ ❚❤❡♦r② ❛♥❞ ▲❡❛r♥✐♥❣ ❢♦r ❲✐r❡❧❡ss ❉✐str✐❜✉t❡❞ ◆❡t✇♦r❦s

❆❜str❛❝t ✿ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ st✉❞② ✇✐r❡❧❡ss ♥❡t✇♦r❦s ✐♥ ✇❤✐❝❤ ♠♦❜✐❧❡ t❡r♠✐♥❛❧s
❛r❡ ❢r❡❡ t♦ ❝❤♦♦s❡ t❤❡✐r ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡s❡s ❝♦♥✜❣✉r❛t✐♦♥ ❝❤♦✐❝❡s
✐♥❝❧✉❞❡ ❛❝❝❡ss ✇✐r❡❧❡ss t❡❝❤♥♦❧♦❣②✱ ❛❝❝❡ss ♣♦✐♥t ❛ss♦❝✐❛t✐♦♥✱ ❝♦❞✐♥❣✲♠♦❞✉❧❛t✐♦♥
s❝❤❡♠❡✱ ♦❝❝✉♣✐❡❞ ❜❛♥❞✇✐❞t❤✱ ♣♦✇❡r ❛❧❧♦❝❛t✐♦♥✱ ❡t❝✳ ❚②♣✐❝❛❧❧②✱ t❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥
❝❤♦✐❝❡s ❛r❡ ♠❛❞❡ t♦ ♠❛①✐♠✐③❡ s♦♠❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ❛ss♦❝✐❛t❡❞ t♦ ❡✈❡r② t❡r♠✐✲
♥❛❧s✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ♠♦❜✐❧❡ t❡r♠✐♥❛❧s t❛❦❡ t❤❡✐r ❞❡❝✐s✐♦♥s ✐♥ ❛ r❛t✐♦♥❛❧
♠❛♥♥❡r✱ ❣❛♠❡ t❤❡♦r② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♠♦❞❡❧ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t❡r♠✐✲
♥❛❧s✳

Pr❡❝✐s❡❧②✱ t❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ st✉❞② ❡♥❡r❣②✲❡✣❝✐❡♥t ♣♦✇❡r
❝♦♥tr♦❧ ♣♦❧✐❝✐❡s ❢r♦♠ ✇❤✐❝❤ ♥♦ t❡r♠✐♥❛❧ ❤❛s ❛♥ ✐♥t❡r❡st t♦ ❞❡✈✐❛t❡✳ ❚❤❡ ❢r❛♠❡✇♦r❦
♦❢ st♦❝❤❛st✐❝ ❣❛♠❡s ✐s ♣❛rt✐❝✉❧❛r❧② s✉✐t❡❞ t♦ t❤✐s ♣r♦❜❧❡♠ ❛♥❞ ❛❧❧♦✇s t♦ ❝❤❛r❛❝t❡r✐③❡
t❤❡ ❛❝❤✐❡✈❛❜❧❡ ✉t✐❧✐t② r❡❣✐♦♥ ❢♦r ❡q✉✐❧✐❜r✐✉♠ ♣♦✇❡r ❝♦♥tr♦❧ str❛t❡❣✐❡s✳ ❲❤❡♥ t❤❡
♥✉♠❜❡r ♦❢ t❡r♠✐♥❛❧s ✐♥ t❤❡ ♥❡t✇♦r❦ ✐s ❧❛r❣❡✱ ✇❡ ✐♥✈♦❦❡ ♠❡❛♥ ✜❡❧❞ ❣❛♠❡ t❤❡♦r② t♦
s✐♠♣❧✐❢② t❤❡ st✉❞② ♦❢ t❤❡ s②st❡♠✳ ■♥❞❡❡❞✱ ✐♥ ❛ ♠❡❛♥ ✜❡❧❞ ❣❛♠❡✱ t❤❡ ✐♥t❡r❛❝t✐♦♥s
❜❡t✇❡❡♥ ❛ ♣❧❛②❡r ❛♥❞ ❛❧❧ t❤❡ ♦t❤❡r ♣❧❛②❡rs ❛r❡ ♥♦t ❝♦♥s✐❞❡r❡❞ ✐♥❞✐✈✐❞✉❛❧❧②✳ ■♥st❡❛❞✱
♦♥❡ ♦♥❧② st✉❞✐❡s t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❡❛❝❤ ♣❧❛②❡r ❛♥❞ ❛ ♠❡❛♥ ✜❡❧❞✱ ✇❤✐❝❤ ✐s t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ st❛t❡s ♦❢ ❛❧❧ t❤❡ ♦t❤❡r ♣❧❛②❡rs✳ ❖♣t✐♠❛❧ ♣♦✇❡r ❝♦♥tr♦❧ str❛t❡❣✐❡s
❢r♦♠ t❤❡ ♠❡❛♥ ✜❡❧❞ ❢♦r♠✉❧❛t✐♦♥ ❛r❡ st✉❞✐❡❞✳

❆♥♦t❤❡r ♣❛rt ♦❢ t❤✐s t❤❡s✐s ❤❛s ❜❡❡♥ ❢♦❝✉s❡❞ ♦♥ ❧❡❛r♥✐♥❣ ❡q✉✐❧✐❜r✐❛ ✐♥ ❞✐str✐❜✉t❡❞
❣❛♠❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇ ❤♦✇ ❜❡st r❡s♣♦♥s❡ ❞②♥❛♠✐❝s ❛♥❞ ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠s
❝❛♥ ❝♦♥✈❡r❣❡ t♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ ❜❛s❡ st❛t✐♦♥ ❧♦❝❛t✐♦♥ ❣❛♠❡✳ ❋♦r ❛♥♦t❤❡r s❝❡♥❛r✐♦✱
♥❛♠❡❧② ❛ ♣♦✇❡r ❝♦♥tr♦❧ ♣r♦❜❧❡♠✱ ✇❡ st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❜❡st r❡s♣♦♥s❡
❞②♥❛♠✐❝s✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♣r♦♣♦s❡ ❛ ♣♦✇❡r ❝♦♥tr♦❧ ❜❡❤❛✈✐♦r❛❧ r✉❧❡ t❤❛t ❝♦♥✈❡r❣❡s
t♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ✈❡r② ❧✐tt❧❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♥❡t✇♦r❦✳



◆♦t❛t✐♦♥s ✿ ❉❛♥s ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ ❧❡s s❝❛❧❛✐r❡s ❡t ❧❡s ✈❡❝t❡✉rs s♦♥t r❡✲
s♣❡❝t✐✈❡♠❡♥t r❡♣rés❡♥tés ♣❛r ❞❡s s②♠❜♦❧❡s ❡♥ ♠✐♥✉s❝✉❧❡ ❡t ❞❡s s②♠❜♦❧❡s ❡♥ ♠✐♥✉s✲
❝✉❧❡ s♦✉❧✐❣♥és✳ ▲❛ ♥♦t❛t✐♦♥ a−k = (a1, . . . , ak−1, ak+1, . . . , aK) r❡♣rés❡♥t❡ ❧❡ ✈❡❝t❡✉r
♦❜t❡♥✉ ❡♥ r❡t✐r❛♥t ❧❛ k✐è♠❡ ❝♦♠♣♦s❛♥t❡ ❞✉ ✈❡❝t❡✉r a✳ ❆✈❡❝ ✉♥ ❧é❣❡r ❛❜✉s ❞❡ ♥♦t❛✲
t✐♦♥✱ ♥♦✉s ♣♦✉rr♦♥s é❝r✐r❡ a = (ak, a−k) ♣♦✉r ♠❡ttr❡ ❡♥ ✈❛❧❡✉r ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ k✐è♠❡

❝♦♠♣♦s❛♥t❡ ❞✉ ✈❡❝t❡✉r a✳ ▲❡s ♥♦t❛t✐♦♥s ∇xf ❡t ∆xf r❡♣rés❡♥t❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡
❣r❛❞✐❡♥t ❡t ❧❡ ▲❛♣❧❛❝✐❡♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f ♣❛r r❛♣♣♦rt ❛✉ ✈❡❝t❡✉r x✳ ▲✬♦♣ér❛t❡✉r ❞❡
❞✐✈❡r❣❡♥❝❡ ♣❛r r❛♣♣♦rt à x ❡st ♥♦té divx✳ ❊♥✜♥✱ 〈 , 〉E r❡♣rés❡♥t❡ ❧❡ ♣r♦❞✉✐t s❝❛❧❛✐r❡
❞❛♥s ❧✬❡s♣❛❝❡ E✳





❈❤❛♣✐tr❡ ✶

■♥tr♦❞✉❝t✐♦♥

✶✳✶ ❈♦♥t❡①t❡ ❡t ♠♦t✐✈❛t✐♦♥

▲❛ t❤é♦r✐❡ ❞❡s ❥❡✉① ❡st ✉♥❡ ❜r❛♥❝❤❡ ❞❡s ♠❛t❤é♠❛t✐q✉❡s ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞❡ s②s✲
tè♠❡s ❝♦♠♣♦sés ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞✬❛❣❡♥ts✱ ♥♦♠♠és ❥♦✉❡✉rs✱ ❝❤♦✐s✐ss❛♥t ❧❡✉rs ❛❝t✐♦♥s
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r ❛♥t✐❝✐♣❛t✐♦♥ ❞❡s ❛❝t✐♦♥s ❞❡s ❛✉tr❡s ❥♦✉❡✉rs✳ ❈❤❛q✉❡ ❥♦✉❡✉r ♣r❡♥❞
s❡s ❞é❝✐s✐♦♥s ❛✜♥ ❞❡ ♠❛①✐♠✐s❡r ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ♣r♦♣r❡ q✉✐ ❞é♣❡♥❞ ❣é♥ér❛❧❡✲
♠❡♥t ❞❡s ❛❝t✐♦♥s ❞❡ t♦✉s ❧❡s ❥♦✉❡✉rs✳ ❉❛♥s ❧✬ét✉❞❡ ❞✬✉♥ ❥❡✉✱ ✉♥❡ q✉❡st✐♦♥ ❝r✉❝✐❛❧❡ ❡st
❧✬❡①✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❬◆❛s❤ ✶✾✺✵❪✳ ❯♥ t❡❧ éq✉✐❧✐❜r❡ ❡st ✉♥ ♣r♦✜❧ ❞✬❛❝✲
t✐♦♥s ❞♦♥t ❛✉❝✉♥ ❥♦✉❡✉r ♥✬❛ ✐♥térêt à ❞é✈✐❡r ✉♥✐❧❛tér❛❧❡♠❡♥t✱ ❝✬❡st ❞♦♥❝ ✉♥ ♣r♦✜❧
❞♦♥t ❧❛ st❛❜✐❧✐té ❡st ❛ss✉ré❡ s♦✉s ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s ❥♦✉❡✉rs s♦♥t r❛t✐♦♥♥❡❧s✳ P❛r✲
t✐❝✉❧✐èr❡♠❡♥t ❛❞❛♣té❡ à ❞❡s ♣r♦❜❧è♠❡s ❞✬♦r❞r❡ é❝♦♥♦♠✐q✉❡✱ ❧❛ t❤é♦r✐❡ ❞❡s ❥❡✉① ❛
été ré❝♦♠♣❡♥sé❡ ❞❡ ♣❧✉s✐❡✉rs ♣r✐① ◆♦❜❡❧✱ ❧❡ ❞❡r♥✐❡r ❡♥ ❞❛t❡ ❛②❛♥t été ❛ttr✐❜✉é à
▲✳ ❙❤❛♣❧❡② ❡t ❆✳ ❘♦t❤ ❡♥ ✷✵✶✷✳ ❆✈❡❝ ❧✬❡ss♦r ❞❡s rés❡❛✉① ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s❛♥s
✜❧✱ s♦♥t ❛♣♣❛r✉s ❞❡s ♣r♦❜❧è♠❡s ❞❡ ♣❛rt❛❣❡ ❞❡ r❡ss♦✉r❝❡s ✭❜❛♥❞❡s ❞❡ ❢réq✉❡♥❝❡s✱
♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥✱ ♦r❞♦♥♥❛♥❝❡♠❡♥t✱ ❡t❝✮ ❛✐♥s✐ q✉❡ ❞❡s ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ rés❡❛✉①
❞♦♥♥❛♥t ✉♥❡ ❛✉t♦♥♦♠✐❡ ❞❡ ❞é❝✐s✐♦♥ ❛✉① t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❞✉ s②stè♠❡✳ ❈✬❡st ♥♦✲
t❛♠♠❡♥t ❧❡ ❝❛s ♣♦✉r ❧❡s rés❡❛✉① ❞❡ ❝❛♣t❡✉rs s❛♥s ✜❧✱ ❧❡s rés❡❛✉① ❞❛♥s ❧❡s ❜❛♥❞❡s
❞❡ ❢réq✉❡♥❝❡ ■❙▼ ✭❲✐✜✱ ❇❧✉❡t♦♦t❤✱ ❩✐❣❇❡❡✮✱ ❧❡s rés❡❛✉① ❢❡♠t♦✲❝❡❧❧ ❡t ❧❡s rés❡❛✉① ❛❞
❤♦❝ ❡♥ ❣é♥ér❛❧✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❛ t❤é♦r✐❡ ❞❡s ❥❡✉① ❡st ❞♦♥❝ ✉♥ ♦✉t✐❧ ♣❧❡✐♥❡♠❡♥t
❛❞❛♣té à ❧✬ét✉❞❡ ❞❡s ét❛ts st❛❜❧❡s ❞❡ ❝❡s rés❡❛✉①✳ ❯♥ ❛✉tr❡ ❛r❣✉♠❡♥t ❡♥ ❢❛✈❡✉r ❞❡
❧❛ t❤é♦r✐❡ ❞❡s ❥❡✉① q✉✐ ❡st ❡①♣❧♦✐té ❞❛♥s ❝❡tt❡ t❤ès❡ ❡st q✉❡ ❞❛♥s ❞❡ t❡❧s rés❡❛✉①✱ ❧❛
❝♦♥✜❣✉r❛t✐♦♥ ❞❡s ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥✬❡st ♣❛s ✜❣é❡✱ ❡❧❧❡ é✈♦❧✉❡ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❡♥
❢♦♥❝t✐♦♥ ❞❡ ♣❛r❛♠ètr❡s t❡❧s q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ t❡r♠✐♥❛✉① ❞❛♥s ❧❡ s②stè♠❡ ❡t ❧❛ q✉❛❧✐té
❞❡s ❝❛♥❛✉① ❞❡ tr❛♥s♠✐ss✐♦♥ ❞❡s t❡r♠✐♥❛✉①✳ ❆✉ ❞❡❧à ❞✉ ❥❡✉ st❛t✐q✉❡✱ ❧❛ t❤é♦r✐❡ ❞❡s
❥❡✉① ♣r♦♣♦s❡ ❥✉st❡♠❡♥t ❞❡s ♠♦❞è❧❡s ❞❡ ❥❡✉① ré♣étés ❡t ❥❡✉① st♦❝❤❛st✐q✉❡s ♣♦✉r t❡♥✐r
r❡s♣❡❝t✐✈❡♠❡♥t ❝♦♠♣t❡ ❞❡s ✐♠♣❧✐❝❛t✐♦♥s str❛té❣✐q✉❡s ❞❡ ❧❛ ré♣ét✐t✐♦♥ ❞✬✉♥ ❥❡✉ ❡t ❞❡s
✈❛r✐❛t✐♦♥s ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❥❡✉ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳

❊♥ ♣❛r❛❧❧è❧❡ ❞❡ ❧✬❛✉t♦♥♦♠✐❡ ❞❡ ❞é❝✐s✐♦♥ ❝r♦✐ss❛♥t❡ ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✱ ❧❡s
✉s❛❣❡s ❞❡ ❝❡s t❡r♠✐♥❛✉① s♦♥t ❛✉ss✐ ❡♥ tr❛✐♥ ❞✬é✈♦❧✉❡r✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ❝♦♥s♦♠♠❛✲
t✐♦♥ ❞❡ ❞♦♥♥é❡s✱ q✉✐ ét❛✐t ❥✉sq✉✬à ♣❡✉ ❝❧♦✐s♦♥♥é❡ ❛✉① rés❡❛✉① ✜❧❛✐r❡s✱ ❡st ❡♥ tr❛✐♥
❞✬❡①♣❧♦s❡r ❞❛♥s ❧❡s rés❡❛✉① ♠♦❜✐❧❡s✳ ❈❡ ❝♦♥st❛t ♣♦s❡ ❞❡s ♣r♦❜❧è♠❡s ❞✬♦♣t✐♠✐s❛t✐♦♥
❞✬❛❧❧♦❝❛t✐♦♥ ❞❡s r❡ss♦✉r❝❡s✱ ❛✉ss✐ ❜✐❡♥ ❛✉ ♥✐✈❡❛✉ ❞✉ ♣♦✐♥t ❞✬❛❝❝ès s❛♥s ✜❧ q✉❡ ❞❡s
t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✳ ❙✬✐❧ ❡st ❜✐❡♥ sûr ✐♠♣♦rt❛♥t ❞❡ tr❛✈❛✐❧❧❡r à ❛✉❣♠❡♥t❡r ❧❡ ❞é❜✐t
❞✐s♣♦♥✐❜❧❡ ♣♦✉r ❝❤❛q✉❡ t❡r♠✐♥❛❧✱ ✐❧ ❡st ❛✉ss✐ ♥é❝❡ss❛✐r❡ ❞❡ ✈❡✐❧❧❡r à ❝❡ q✉❡ ❝❡❧❛ ♥❡
s❡ ❢❛ss❡ ♣❛s ❛✉ ❞étr✐♠❡♥t ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ é♥❡r❣ét✐q✉❡✳ ❊♥ ❡✛❡t✱ ❡♥tr❡ ❞❡✉①
r❡❝❤❛r❣❡s ❞❡ ❜❛tt❡r✐❡s✱ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❞✐s♣♦s❡♥t ❞✬✉♥❡ q✉❛♥t✐té ❞✬é♥❡r❣✐❡



✻ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥

✜♥✐❡ q✉✐ ❞♦✐t ❞♦♥❝ êtr❡ ❡♠♣❧♦②é❡ ❞❡ ♠❛♥✐èr❡ ❡✣❝❛❝❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❡♥ r❛✐s♦♥
❞❡ ❧❛ q✉❛♥t✐té ✜♥✐❡ ❞✬é♥❡r❣✐❡ ❝♦♥t❡♥✉❡ ❞❛♥s ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✱ ✐❧ ♥✬❡st ❞♦♥❝ ♣❛s
s❡✉❧❡♠❡♥t ✐♠♣♦rt❛♥t ❞✬♦♣t✐♠✐s❡r ❧❡s ❞é❜✐ts ❞❡s ❝♦♠♠✉♥✐❝❛t✐♦♥s ♠❛✐s ✐❧ ❡st ❛✉ss✐ ❢♦♥✲
❞❛♠❡♥t❛❧ ❞✬♦♣t✐♠✐s❡r ❧❛ q✉❛♥t✐té ❞✬✐♥❢♦r♠❛t✐♦♥ é❝❤❛♥❣é❡ r❡❧❛t✐✈❡♠❡♥t à ❧❛ q✉❛♥t✐té
❞✬é♥❡r❣✐❡ ❞é♣❡♥sé❡ ♣❛r ❧❡ t❡r♠✐♥❛❧ ♠♦❜✐❧❡✳ ❯♥❡ t❡❧❧❡ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❛ ❥✉st❡♠❡♥t
été ✐♥tr♦❞✉✐t❡ ❞❛♥s ❬●♦♦❞♠❛♥ ✷✵✵✵❪ ♣♦✉r ✉♥ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ s✉r
✉♥ ❝❛♥❛❧ à ❛❝❝ès ♠✉❧t✐♣❧❡ ❡t ✉♥❡ ❧❛r❣❡ ♣❛rt✐❡ ❞❡ ❝❡ tr❛✈❛✐❧ ❞❡ t❤ès❡ ❡st ❜❛sé❡ s✉r ❝❡s
tr❛✈❛✉①✳

❈❧❛ss✐q✉❡♠❡♥t ❞❛♥s ✉♥ ❥❡✉✱ ❧❡s ❛❝t✐♦♥s ❞✬✉♥ ❥♦✉❡✉r ♦♥t ✉♥❡ ✐♥✢✉❡♥❝❡ ❞✐r❡❝t❡
s✉r ❧✬✉t✐❧✐té ❞❡s ❛✉tr❡s ❥♦✉❡✉rs ❡t ré❝✐♣r♦q✉❡♠❡♥t✳ ▲❡s ❞é❝✐s✐♦♥s ❞✬❛❝t✐♦♥s ❞❡ ❝❤❛q✉❡
❥♦✉❡✉r ❞é♣❡♥❞❡♥t ❞♦♥❝ ❞❡ ❧✬❛♥t✐❝✐♣❛t✐♦♥ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❝❤❛❝✉♥ ❞❡s ❛✉tr❡s
❥♦✉❡✉rs✳ ❈❡ ♣❤é♥♦♠è♥❡ ♣❡✉t r❡♥❞r❡ ❝♦♠♣❧✐q✉é✱ ✈♦✐r ✐♠♣♦ss✐❜❧❡✱ ❧❛ rés♦❧✉t✐♦♥ ❞✬éq✉❛✲
t✐♦♥s ❞❡ ♣♦✐♥ts ✜①❡s ❝❛r❛❝tér✐s❛♥t ❧❡s éq✉✐❧✐❜r❡s ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉rs ❡st tr♦♣
✐♠♣♦rt❛♥t✳ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ❝✬❡st ♥♦t❛♠♠❡♥t ❧❡ ❝❛s ❧♦rsq✉❡ ♥♦✉s ♠♦❞é❧✐s♦♥s ❧❡ ♣r♦❜✲
❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ s✉r ✉♥ ❝❛♥❛❧ à ❛❝❝ès ♠✉❧t✐♣❧❡ ♣❛r ✉♥ ❥❡✉ ❞✐✛ér❡♥t✐❡❧
st♦❝❤❛st✐q✉❡✳ ❈❡❝✐ ❞✐t✱ ❜✐❡♥ q✉❡ ❞❛♥s ✉♥ ❥❡✉ ❛✈❡❝ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉rs✱ ❧❡s
✐♥t❡r❛❝t✐♦♥s s♦♥t ♣❧✉s ❝♦♠♣❧❡①❡s✱ ❧✬✐♠♣♦rt❛♥❝❡ r❡❧❛t✐✈❡ ❞✬✉♥ ❥♦✉❡✉r ❡st ❛✉ss✐ ♠♦✐♥❞r❡
à ❧✬é❝❤❡❧❧❡ ❞✉ s②stè♠❡✳ ■❧ s❡ ♣❡✉t ❞♦♥❝ q✉❡ ❧❡s ❛❝t✐♦♥s ❞✬✉♥ s❡✉❧ ❥♦✉❡✉r ♥❡ ❝❤❛♥❣❡♥t
♣❛s ✈ér✐t❛❜❧❡♠❡♥t ❧✬ét❛t ❣❧♦❜❛❧ ❞✉ s②stè♠❡✳ ❈✬❡st s✉r ❧❛ ❜❛s❡ ❞❡ ❝❡s ✐❞é❡s q✉❡ s✬❡st
❞é✈❡❧♦♣♣é❡ ❧❛ t❤é♦r✐❡ ❞❡s ❥❡✉① à ❝❤❛♠♣ ♠♦②❡♥ ❬▲❛sr② ✷✵✵✼❪✳ ❉❛♥s ✉♥ ❥❡✉ à ❝❤❛♠♣
♠♦②❡♥✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❥♦✉❡✉rs ❞❡✈✐❡♥t ❝♦♥t✐♥✉ ❡t ❝❤❛q✉❡ ❥♦✉❡✉r ♥✬❡st ♣❧✉s ❞✐r❡❝t❡✲
♠❡♥t ❞é♣❡♥❞❛♥t ❞❡ ❝❤❛❝✉♥ ❞❡s ❛✉tr❡s ❥♦✉❡✉rs✱ ♠❛✐s ❞é♣❡♥❞ ❞✬✉♥ ❝❤❛♠♣ ♠♦②❡♥ q✉✐
❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ét❛ts ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❥♦✉❡✉rs✳ P♦✉r ✉♥ ❥♦✉❡✉r✱
❧❛ rés♦❧✉t✐♦♥ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ❝❡ ❥❡✉ ✐♠♣❧✐q✉❡ ❞♦♥❝ s❡✉❧❡♠❡♥t s♦♥ ♣r♦♣r❡ ét❛t ❛✐♥s✐
q✉❡ ❧❡ ❝❤❛♠♣ ♠♦②❡♥ q✉✐ ❡st ✉♥ ♣❛r❛♠ètr❡ ❣❧♦❜❛❧ ❞✉ ❥❡✉✳ ❉❛♥s ❧❡ ❝❛s ❞✉ ❝♦♥trô❧❡
❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t s✉r ❞❡s ❝❛♥❛✉① à ❛❝❝ès ♠✉❧t✐♣❧❡s✱ ❧✬ét❛t ❞❡
❝❤❛q✉❡ ❥♦✉❡✉r ❡st ❧✬ét❛t ❞❡ s♦♥ ❝❛♥❛❧ ❛✐♥s✐ q✉❡ ❧❡ ♥✐✈❡❛✉ ❞✬é♥❡r❣✐❡ ❞♦♥t ✐❧ ❞✐s♣♦s❡
❡t ❧❡ ❝❤❛♠♣ ♠♦②❡♥ s✬❡①♣r✐♠❡ à tr❛✈❡rs ❧✬✐♥t❡r❢ér❡♥❝❡ ♣❡rç✉❡ ♣❛r ❧❡ ♣♦✐♥t ❞✬❛❝❝ès✳ ▲❛
♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❝❡ ♣r♦❜❧è♠❡ ♣❛r ✉♥ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ♣❡r♠❡t ❞✬❡♥ ❞é❞✉✐r❡ ❞❡s
str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✐♥♥♦✈❛♥t❡s✳

❊♥✜♥ ❧❡ ❞❡r♥✐❡r ♣r♦❜❧è♠❡ ❣é♥ér❛❧ ❛❜♦r❞é ❞❛♥s ❝❡tt❡ t❤ès❡ ❡st ❝❡❧✉✐ ❞❡ ❧✬❛♣♣r❡♥✲
t✐ss❛❣❡ ❞❡s éq✉✐❧✐❜r❡ ♣❛r ❞❡s ♠ét❤♦❞❡s ❞②♥❛♠✐q✉❡s✳ ❉❛♥s ✉♥ ❥❡✉✱ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥
éq✉✐❧✐❜r❡ ❞é♣❡♥❞ ❞✉ ♥✐✈❡❛✉ ❞✬✐♥❢♦r♠❛t✐♦♥ ❞♦♥t ❞✐s♣♦s❡♥t ❧❡s ❥♦✉❡✉rs✳ ❊♥ ❞✬❛✉tr❡s t❡r✲
♠❡s✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞✬✐♥❢♦r♠❛t✐♦♥ ❞✐s♣♦♥✐❜❧❡✱ ❞✐✛ér❡♥ts éq✉✐❧✐❜r❡s ♣❡✉✈❡♥t
êtr❡ s♦❧✉t✐♦♥s ❞✉ ❥❡✉✳ ▼❛✐s ❞❛♥s ✉♥ s❝é♥❛r✐♦ ♣r❛t✐q✉❡✱ ❧❡ ♥✐✈❡❛✉ ❞✬✐♥❢♦r♠❛t✐♦♥ r❡q✉✐s
♣♦✉r q✉✬✉♥ éq✉✐❧✐❜r❡ ❞✬✐♥térêt s♦✐t ❝♦♥♥✉ ❞❡s ❥♦✉❡✉rs ♥✬❡st s♦✉✈❡♥t ♣❛s ré❛❧✐st❡✳ P♦✉r
♣❛❧❧✐❡r à ❝❡❧❛✱ ❞❡s ♠ét❤♦❞❡s ❞✬❛♣♣r❡♥t✐ss❛❣❡ t❡❧❧❡s q✉❡ ❧❡s ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s
ré♣♦♥s❡s ❬❋✉❞❡♥❜❡r❣ ✶✾✾✶❪✱ ❧✬❛♣♣r❡♥t✐ss❛❣❡ ♣❛r r❡♥❢♦r❝❡♠❡♥t ❬❙✉tt♦♥ ✶✾✾✽❪✱ ✜❝t✐t✐♦✉s
♣❧❛② ❬❇r♦✇♥ ✶✾✺✶❪ ❡①✐st❡♥t✳ ❊❧❧❡s ♣❡r♠❡tt❡♥t ❛✉① ❛❣❡♥ts ❞✉ s②stè♠❡ ❞❡ ❝♦♥✈❡r❣❡r
✈❡rs ❞❡s ét❛ts ❞✬éq✉✐❧✐❜r❡s s♦✉❤❛✐tés✱ s❛♥s ♣♦✉r ❛✉t❛♥t ❞✐s♣♦s❡r ❞✉ ♥✐✈❡❛✉ ❞✬✐♥❢♦r✲
♠❛t✐♦♥ ♥é❝❡ss❛✐r❡ à ❧❛ rés♦❧✉t✐♦♥ ❢♦r♠❡❧❧❡ ❞❡ ❝❡s éq✉✐❧✐❜r❡s✳ ❆✉ s❡✐♥ ♠ê♠❡ ❞❡ ❝❡s
♠ét❤♦❞❡s ❞✬❛♣♣r❡♥t✐ss❛❣❡✱ ♥♦✉s ✈❡rr♦♥s q✉❡ ❧❡ ♥✐✈❡❛✉ ❞✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡ s②stè♠❡
✐♥✢✉❡ s✉r ❧❡s ♣r♦♣r✐étés ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❡t s✉r ❧❡s éq✉✐❧✐❜r❡s ❛tt❡✐❣♥❛❜❧❡s✳ ❉❡ ♠❛♥✐èr❡
s✉r♣r❡♥❛♥t❡✱ ♥♦✉s ✈❡rr♦♥s q✉❡ ❞❛♥s ❝❡rt❛✐♥s s❝é♥❛r✐♦s✱ ✐❧ ❡st ♣ré❢ér❛❜❧❡ ❞✬❛✈♦✐r ♠♦✐♥s



✶✳✷✳ ❙tr✉❝t✉r❡ ❡t ❝♦♥tr✐❜✉t✐♦♥s ✼

❞✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡ s②stè♠❡ ♣♦✉r ❣❛r❛♥t✐r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs ✉♥ éq✉✐❧✐❜r❡✳

✶✳✷ ❙tr✉❝t✉r❡ ❡t ❝♦♥tr✐❜✉t✐♦♥s

❈❡ ♠❛♥✉s❝r✐t ❡st ♦r❣❛♥✐sé ❡♥ tr♦✐s ❝❤❛♣✐tr❡s q✉✐ r❡♣r❡♥♥❡♥t ❧❡s ❝♦♥tr✐❜✉t✐♦♥s
♣r✐♥❝✐♣❛❧❡s ❞❡ ❝❡tt❡ t❤ès❡✳

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷✱ ♥♦✉s ❝♦♠♠❡♥ç♦♥s ♣❛r ♣rés❡♥t❡r ❧❡ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡
❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t t❡❧ q✉✬✐❧ ❛ été ✐♥tr♦❞✉✐t ❞❛♥s ❬●♦♦❞♠❛♥ ✷✵✵✵❪✳ ➚ ♣❛rt✐r ❞❡
❝❡tt❡ ❜❛s❡✱ ♥♦✉s ét✉❞✐♦♥s ✉♥ ♣r♦❜❧è♠❡ ❞❡ r❡♣♦rt ❞❡ ❣❛✐♥s ❞❡ ❝❛♥❛✉① ❞❛♥s ✉♥❡ ❝❡❧❧✉❧❡
♦ù ❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ❡st ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t✳ ▲❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞✬✉♥
éq✉✐❧✐❜r❡ ❞❛♥s ❧❡ r❡♣♦rt str❛té❣✐q✉❡ ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ♣❡r♠❡t ❞❡ ❝♦♠♣❛r❡r ❧❡s
♣❡r❢♦r♠❛♥❝❡s ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❛✈❡❝ ❧❡s r❡♣♦rts str❛té❣✐q✉❡s ❡t ❧❡s
r❡♣♦rts ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ré❡❧s✳ P✉✐s ❧❛ ✈❡rs✐♦♥ ré♣été❡ ❞✉ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐s✲
s❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ❬▲❡ ❚r❡✉st ✷✵✶✵❪ ❡st ♣rés❡♥té❡✳ ➚ ♣❛rt✐r ❞❡ ❝❡ ♠♦❞è❧❡✱
♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ❡①t❡♥s✐♦♥ st♦❝❤❛st✐q✉❡ ❞✉ ❥❡✉ ré♣été✳ ❉❛♥s ❝❡ ♥♦✉✈❡❛✉ ❥❡✉✱ ♥♦✉s
❝❛r❛❝tér✐s♦♥s ❧❛ ré❣✐♦♥ ❞❡s ❡✣❝❛❝✐tés é♥❡r❣ét✐q✉❡s ❞❡s str❛té❣✐❡s ❞✬éq✉✐❧✐❜r❡ ❡t ♥♦✉s
♣r♦♣♦s♦♥s ✉♥❡ str❛té❣✐❡ ❞✬éq✉✐❧✐❜r❡ ❝♦♥❝rèt❡ q✉✐ ♦✛r❡ ❞❡ ♠❡✐❧❧❡✉rs ♣❡r❢♦r♠❛♥❝❡s ❡♥
t❡r♠❡s ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ q✉❡ ❧❡s str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✐ss✉❡s ❞✉
❥❡✉ st❛t✐q✉❡ ❡t ❞✉ ❥❡✉ ré♣été✳

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✸✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ ♠♦❞è❧❡ ❞❡ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡
♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t✳ ❈❡ ❥❡✉ ♣❡r♠❡t
❞❡ t❡♥✐r ❝♦♠♣t❡ à ❧❛ ❢♦✐s ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝❛♥❛✉① ❞❛♥s ❧❡ t❡♠♣s ❡t ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡
❧✬é♥❡r❣✐❡ ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❝❤❛q✉❡ t❡r♠✐♥❛❧ ♠♦❜✐❧❡✳ ❇✐❡♥ q✉❡ ❞❡s ❝♦♥❞✐t✐♦♥s s✉✣s❛♥t❡s
❞✬❡①✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ s♦✐❡♥t ❞♦♥♥é❡s✱ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞✬✉♥ éq✉✐❧✐❜r❡
❞❡ ❝❡ ❥❡✉ ❡st ✉♥❡ t❛❝❤❡ ❝♦♠♣❧❡①❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉rs ❡st
é❧❡✈é✳ P♦✉r ❝♦♥t♦✉r♥❡r ❝❡tt❡ ❝♦♠♣❧❡①✐té✱ ♥♦✉s ❞♦♥♥♦♥s ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❝♦♥✈❡r❣❡♥❝❡
❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ✈❡rs ✉♥ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ❬▲❛sr② ✷✵✵✼❪✳ ❉❛♥s ❝❡
♥♦✉✈❡❛✉ ❥❡✉✱ ♥♦✉s ❞♦♥♥♦♥s ❞❡s ❝♦♥❞✐t✐♦♥s s✉✣s❛♥t❡s ❞✬✉♥✐❝✐té ❞✬✉♥ éq✉✐❧✐❜r❡ ❡t ♥♦✉s
✐❧❧✉str♦♥s ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡s str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✐ss✉❡s ❞❡ ❝❡ ♠♦❞è❧❡
♣❛r ❞❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s✳

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥ ❥❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝✲
❝ès ♠♦❜✐❧❡s ❞❛♥s ❧❡q✉❡❧ ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès s❡ ♣♦s✐t✐♦♥♥❡ ♣♦✉r ♠❛①✐♠✐s❡r ❧❡ tr❛✜❝
❣é♥éré ♣❛r ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s q✉✐ s✬② ❝♦♥♥❡❝t❡♥t✳ ▲✬ét✉❞❡ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤
❞❡ ❝❡ ❥❡✉ ré✈é❧❛♥t q✉❡ ❧❡s ♣♦s✐t✐♦♥s ❞✬éq✉✐❧✐❜r❡ ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ❝♦♥♥✉❡s ❞❡s
❥♦✉❡✉rs ❛✈❡❝ ❞❡s ❤②♣♦t❤ès❡s r❛✐s♦♥♥❛❜❧❡s ❞❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞✉ s②stè♠❡✱ ♥♦✉s ♣rés❡♥✲
t♦♥s ❞❡✉① ♠ét❤♦❞❡s ♣❡r♠❡tt❛♥t ❞❡ ❝♦♥✈❡r❣❡r ✈❡rs ❧✬éq✉✐❧✐❜r❡✳ ▲❛ ♣r❡♠✐èr❡ ❡st ❧❛
❞②♥❛♠✐q✉❡ ❞❡s ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s✱ ❞♦♥t ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡st ♣r♦✉✈é❡ ♠❛✐s q✉✐ ♥é❝❡s✲
s✐t❡ q✉❡ ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès ❝♦♥♥❛✐ss❡ s♦♥ ♣♦s✐t✐♦♥♥❡♠❡♥t ♦♣t✐♠❛❧ ét❛♥t ❞♦♥♥é ❧❡s
♣♦s✐t✐♦♥s ❞❡s ❛✉tr❡s ♣♦✐♥ts ❞✬❛❝❝ès✳ ▲❛ s❡❝♦♥❞❡ ❡st ❧✬❛♣♣r❡♥t✐ss❛❣❡ ♣❛r r❡♥❢♦r❝❡♠❡♥t
q✉✐ ♥é❝❡ss✐t❡ s❡✉❧❡♠❡♥t q✉❡ ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès s♦✐t ❝❛♣❛❜❧❡ ❞❡ ❝♦♥♥❛îtr❡ ❧❛ ✈❛❧❡✉r
❞❡ s♦♥ ✉t✐❧✐té ♣♦✉r ✉♥ ♣r♦✜❧ ❞❡ ♣♦s✐t✐♦♥s ❞♦♥♥é❡s ♠❛✐s ❞♦♥t ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ♥✬❡st ♣❛s
❛ss✉ré❡✳ ◆♦✉s ♣rés❡♥t♦♥s é❣❛❧❡♠❡♥t ✉♥ ♣r♦❜❧è♠❡ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡
q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ❞❛♥s ❧❡s rés❡❛✉① ❞✐str✐❜✉és✳ Pré❝✐sé♠❡♥t✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ❥❡✉①



✽ ❈❤❛♣✐tr❡ ✶✳ ■♥tr♦❞✉❝t✐♦♥

❞❡ s❛t✐s❢❛❝t✐♦♥ ❬P❡r❧❛③❛ ✷✵✶✷❪✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥❡ rè❣❧❡ ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞♦♥t
❞❡s ❝♦♥❞✐t✐♦♥s s✉✣s❛♥t❡s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs ✉♥ éq✉✐❧✐❜r❡ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❡✣❝❛❝❡
s♦♥t ❞♦♥♥é❡s ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✳ P❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ❞❛♥s ✉♥ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡
♣✉✐ss❛♥❝❡ ❞♦♥t ❧❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s s♦♥t ❞✐s❝r❡ts✱ ❝❡tt❡ rè❣❧❡ ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t
♣rés❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞❡ ❝♦♥✈❡r❣❡r ✈❡rs ✉♥ éq✉✐❧✐❜r❡ à ♣❛rt✐r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ♣r♦✜❧
❞❡ ♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥✳

▲❡ ❝❤❛♣✐tr❡ ✺ ❝♦♥❝❧✉❡ ❝❡ ♠❛♥✉s❝r✐t ❡t ✉♥❡ sé❧❡❝t✐♦♥ ❞✬❛rt✐❝❧❡s ♣✉❜❧✐és ♣❡♥❞❛♥t
❝❡tt❡ t❤ès❡ ❡st ❞✐s♣♦♥✐❜❧❡ ❡♥ ❛♥♥❡①❡✱ ♥♦t❛♠♠❡♥t ♣♦✉r ❝♦♥s✉❧t❡r ❧❡s ♣r❡✉✈❡s q✉✐ ♥❡
s❡r❛✐❡♥t ♣❛s ❞♦♥♥é❡s ❞❛♥s ❧❡s ❝❤❛♣✐tr❡s ✷✱ ✸ ❡t ✹✳

✶✳✸ P✉❜❧✐❝❛t✐♦♥s

❈❡tt❡ t❤ès❡ ❛ ❞♦♥♥é ❧✐❡✉ à ❧❛ ♣✉❜❧✐❝❛t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs ❛rt✐❝❧❡s ❞❛♥s ❞❡s ❝♦♠♠✉♥✐✲
❝❛t✐♦♥s ❛✈❡❝ ❛❝t❡s ❡t ❞❡s r❡✈✉❡s ❛✈❡❝ ❝♦♠✐té ❞❡ ❧❡❝t✉r❡✳ ◆♦✉s ❧❡s ♣rés❡♥t♦♥s ✐❝✐ s❡❧♦♥
❧❡✉rs t❤è♠❡s ❞✐r❡❝t❡✉rs✳

❈♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t

▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t
❞✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡ ❛ ❡♥tr❛î♥é ❧❛ ♣✉❜❧✐❝❛t✐♦♥s ❞❡ ✸ ❛rt✐❝❧❡s ❞❡
❝♦♥❢ér❡♥❝❡s ✐♥t❡r♥❛t✐♦♥❛❧❡s ❡t ✉♥ ❛rt✐❝❧❡ ❞❡ ❝♦♥❢ér❡♥❝❡ ♥❛t✐♦♥❛❧❡ ✿

✕ ❋✳ ▼ér✐❛✉①✱ ❨✳ ❍❛②❡❧✱ ❙✳ ▲❛s❛✉❧❝❡ ❡t ❆✳ ●❛r♥❛❡✈✳ ▲♦♥❣✲❚❡r♠ ❊♥❡r❣② ❈♦♥✲
str❛✐♥ts ♦♥ P♦✇❡r ❈♦♥tr♦❧ ✐♥ ❈♦❣♥✐t✐✈❡ ❘❛❞✐♦ ◆❡t✇♦r❦s✳ ■♥ ■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧
❈♦♥❢❡r❡♥❝❡ ♦♥ ❉✐❣✐t❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ✭❉❙P✮✱ ♣❛❣❡s ✽✹✷✲✽✹✽✱ ✷✵✶✶✳

✕ ❋✳ ▼ér✐❛✉①✱ ▼✳ ▲❡ ❚r❡✉st✱ ❙✳ ▲❛s❛✉❧❝❡ ❡t ▼✳ ❑✐❡✛❡r✳ ❆ ❙t♦❝❤❛st✐❝ ●❛♠❡ ❋♦r✲
♠✉❧❛t✐♦♥ ♦❢ ❊♥❡r❣②✲❊✣❝✐❡♥t P♦✇❡r ❈♦♥tr♦❧ ✿ ❊q✉✐❧✐❜r✐✉♠ ❯t✐❧✐t✐❡s ❛♥❞ Pr❛❝t✐✲
❝❛❧ ❙tr❛t❡❣✐❡s✳ ■♥ ■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❉✐❣✐t❛❧ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣
✭❉❙P✮✱ ♣❛❣❡s ✻✻✺✲✻✼✶✱ ✷✵✶✶✳

✕ ❋✳ ▼ér✐❛✉①✱ ▼✳ ▲❡ ❚r❡✉st✱ ❙✳ ▲❛s❛✉❧❝❡✱ ❛♥❞ ▼✳ ❑✐❡✛❡r✳ ❏❡✉① ❙t♦❝❤❛st✐q✉❡s ❡t
❈♦♥trô❧❡ ❞❡ P✉✐ss❛♥❝❡ ❉✐str✐❜✉é✳ ■♥ ❈♦❧❧♦q✉❡ ❞✉ ●r♦✉♣❡♠❡♥t ❞❡ ❘❡❝❤❡r❝❤❡
❡♥ ❚r❛✐t❡♠❡♥t ❞✉ ❙✐❣♥❛❧ ❡t ❞❡s ■♠❛❣❡s ✭●❘❊❚❙■✮✱ ✷✵✶✶✳

✕ ❋✳ ▼ér✐❛✉①✱ ❙✳ ❱❛❧❡♥t✐♥ ❡t ❙✳ ▲❛s❛✉❧❝❡✳ ❆♥ ❊♥❡r❣②✲❊✣❝✐❡♥t P♦✇❡r ❆❧❧♦❝❛✲
t✐♦♥ ●❛♠❡ ✇✐t❤ ❙❡❧✜s❤ ❈❤❛♥♥❡❧ ❙t❛t❡ ❋❡❡❞❜❛❝❦ ✐♥ ❈❡❧❧✉❧❛r ◆❡t✇♦r❦s✳ ■♥ ■❊❊❊
❈♦♥❢❡r❡♥❝❡ ♦♥ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥ ▼❡t❤♦❞♦❧♦❣✐❡s ❛♥❞ ❚♦♦❧s ✭❱❆▲❯❊✲
❚❖❖▲❙✮✱ ♣❛❣❡s ✷✾✵✲✷✾✼✱ ✷✵✶✷✳

▲✬❡①t❡♥s✐♦♥ ❞✉ ♠♦❞è❧❡ ✈❡rs ❧❡s ❥❡✉① à ❝❤❛♠♣ ♠♦②❡♥ ❛ ♠❡♥é à ❧❛ ♣✉❜❧✐❝❛t✐♦♥
❞❡ ✷ ❛rt✐❝❧❡s ❞❡ ❝♦♥❢ér❡♥❝❡s ✐♥t❡r♥❛t✐♦♥❛❧❡s ❡t ✉♥ ❛rt✐❝❧❡ ❞❡ r❡✈✉❡ ✿

✕ ❋✳ ▼ér✐❛✉① ❡t ❙✳ ▲❛s❛✉❧❝❡✳ ▼❡❛♥✲❋✐❡❧❞ ●❛♠❡s ❛♥❞ ●r❡❡♥ P♦✇❡r ❈♦♥tr♦❧✳ ■♥
■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ◆❡t✇♦r❦ ●❛♠❡s✱ ❈♦♥tr♦❧ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥
✭◆❡t●❈♦♦P✮✱ ♣❛❣❡s ✶✲✺✱ ✷✵✶✶✳

✕ ❋✳ ▼ér✐❛✉①✱ ❙✳ ▲❛s❛✉❧❝❡ ❡t ❍✳ ❚❡♠❜✐♥❡✳ ❙t♦❝❤❛st✐❝ ❉✐✛❡r❡♥t✐❛❧ ●❛♠❡s ❛♥❞
❊♥❡r❣②✲❊✣❝✐❡♥t P♦✇❡r ❈♦♥tr♦❧✳ ❉②♥❛♠✐❝ ●❛♠❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✈♦❧✳ ✸✱
♥♦✳ ✶✱ ♣❛❣❡s ✸✲✷✸✱ ✷✵✶✸✳



✶✳✸✳ P✉❜❧✐❝❛t✐♦♥s ✾

✕ ❋✳ ▼ér✐❛✉①✱ ❱✳ ❱❛r♠❛ ❡t ❙✳ ▲❛s❛✉❧❝❡✳ ▼❡❛♥ ❋✐❡❧❞ ❊♥❡r❣② ●❛♠❡s ✐♥ ❲✐r❡❧❡ss
◆❡t✇♦r❦s✳ ■♥ ■❊❊❊ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❙✐❣♥❛❧s✱ ❙②st❡♠s ❛♥❞ ❈♦♠♣✉t❡rs ✭❆❙■▲❖✲
▼❆❘✮✱ ♣❛❣❡s ✻✼✶✲✻✼✺✱ ✷✵✶✷✳

❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

▲✬ét✉❞❡ ❞✬❛❧❣♦r✐t❤♠❡s ❝♦♥✈❡r❣❡❛♥t ✈❡rs ❞❡s s♦❧✉t✐♦♥s ❞✬éq✉✐❧✐❜r❡ ❞❡ ❥❡✉① ❛ ❞♦♥♥é
❧✐❡✉ à ❧❛ ♣✉❜❧✐❝❛t✐♦♥ ❞❡ ✷ ❛rt✐❝❧❡s ❞❡ ❝♦♥❢ér❡♥❝❡s ✐♥t❡r♥❛t✐♦♥❛❧❡s ✿

✕ ❋✳ ▼ér✐❛✉①✱ ❙✳ ▲❛s❛✉❧❝❡ ❡t ▼✳ ❑✐❡✛❡r✳ ▼♦r❡ ❛❜♦✉t ❇❛s❡ ❙t❛t✐♦♥ ▲♦❝❛t✐♦♥
●❛♠❡s✳ ■♥ ■❈❙❚ ❈♦♥❢❡r❡♥❝❡ ♦♥ P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥ ▼❡t❤♦❞♦❧♦❣✐❡s ❛♥❞
❚♦♦❧s ✭❱❆▲❯❊❚❖❖▲❙✮✱ ♣❛❣❡s ✸✼✷✲✸✽✵✱ ✷✵✶✶✳

✕ ❋✳ ▼ér✐❛✉①✱ ❙✳ ▼✳ P❡r❧❛③❛✱ ❙✳ ▲❛s❛✉❧❝❡✱ ❩✳ ❍❛♥ ❡t ❱✳ P♦♦r✳ ❆❝❤✐❡✈❛❜✐❧✐t② ♦❢ ❊❢✲
✜❝✐❡♥t ❙❛t✐s❢❛❝t✐♦♥ ❊q✉✐❧✐❜r✐❛ ✐♥ ❙❡❧❢✲❈♦♥✜❣✉r✐♥❣ ◆❡t✇♦r❦s✳ ■♥ ●❛♠❡ ❚❤❡♦r②
❢♦r ◆❡t✇♦r❦s✱ ✈♦❧✳ ✶✵✺✱ ♣❛❣❡s ✶✲✶✺✳ ❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✶✷✳

❊♥✜♥✱ ✷ ❛rt✐❝❧❡s ❞❡ ❝♦♥❢ér❡♥❝❡s ✐♥t❡r♥❛t✐♦♥❛❧❡s s♦rt❡♥t ❞✉ ❝❛❞r❡ ❛❜♦r❞é ❞❛♥s ❝❡
♠❛♥✉s❝r✐t ✿

✕ ▼✳ ▼❤✐r✐✱ ❑✳ ❈❤❡✐❦❤r♦✉❤♦✉✱ ❆✳ ❙❛♠❡t✱ ❋✳ ▼ér✐❛✉① ❡t ❙✳ ▲❛s❛✉❧❝❡✳ ❊♥❡r❣②✲
❊✣❝✐❡♥t ❙♣❡❝tr✉♠ ❙❤❛r✐♥❣ ✐♥ ❘❡❧❛②✲❆ss✐st❡❞ ❈♦❣♥✐t✐✈❡ ❘❛❞✐♦ ❙②st❡♠s✳ ■♥
■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ◆❡t✇♦r❦ ●❛♠❡s✱ ❈♦♥tr♦❧ ❛♥❞ ❖♣t✐♠✐③❛✲
t✐♦♥ ✭◆❡t●❈♦♦P✮✱ ♣❛❣❡s ✽✻✲✾✶✱ ✷✵✶✷✳

✕ ❳✳ ❈❤❡♥✱ ❋✳ ▼ér✐❛✉① ❡t ❙✳ ❱❛❧❡♥t✐♥✳ Pr❡❞✐❝t✐♥❣ ❛ ❯s❡r✬s ◆❡①t ❈❡❧❧ ❲✐t❤ ❙✉✲
♣❡r✈✐s❡❞ ▲❡❛r♥✐♥❣ ❇❛s❡❞ ♦♥ ❈❤❛♥♥❡❧ ❙t❛t❡s✳ ■♥ ■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣
♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ❆❞✈❛♥❝❡s ❢♦r ❲✐r❡❧❡ss ❈♦♠♠✉♥✐❝❛t✐♦♥s ✭❙P❆❲❈✮✱ ♣❛❣❡s
✶✲✺✱ ✷✵✶✸✳





❈❤❛♣✐tr❡ ✷

❈♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡
é♥❡r❣ét✐q✉❡♠❡♥t ✿ ❞✉ ❥❡✉ st❛t✐q✉❡

❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡

❙♦♠♠❛✐r❡
✷✳✶ ❏❡✉ st❛t✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✶✳✶ ▼♦❞è❧❡ ❞✉ rés❡❛✉ s❛♥s ✜❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✶✳✷ ❉é✜♥✐t✐♦♥ ❞✉ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✶✳✸ ➱q✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✷ ❘❡♣♦rt str❛té❣✐q✉❡ ❞✉ ❣❛✐♥ ❞✉ ❝❛♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✷✳✶ ▼♦❞é❧✐s❛t✐♦♥ ❞✉ s②stè♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✷✳✷ ❏❡✉ st❛t✐q✉❡ ❞❡ r❡♣♦rt ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✷✳✸ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✸ ❏❡✉ ré♣été ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✸✳✶ ❉é✜♥✐t✐♦♥ ❞✉ ❥❡✉ ré♣été ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✸✳✷ ❙tr❛té❣✐❡ ❞✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ ré♣été ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✹ ❏❡✉ st♦❝❤❛st✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✹✳✶ ❉é✜♥✐t✐♦♥ ❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✷✳✹✳✷ ❘és✉❧t❛ts ❛♥❛❧②t✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✹✳✸ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✺ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

▲❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡st ❞❡♣✉✐s ❧♦♥❣t❡♠♣s ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡
✐♠♣♦rt❛♥t ♣♦✉r ❧❡s ❝♦♠♠✉♥✐❝❛t✐♦♥s ❡♥tr❡ ♣❧✉s✐❡✉rs ✉t✐❧✐s❛t❡✉rs q✉✐ ♣❛rt❛❣❡♥t ❞❡s
r❡ss♦✉r❝❡s ❝♦♠♠✉♥❡s ❬❋♦s❝❤✐♥✐ ✶✾✾✸✱ ❨❛t❡s ✶✾✾✺❪✳ ❆✈❡❝ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ♣❛r❛❞✐❣♠❡s
♥♦✉✈❡❛✉① t❡❧s q✉❡ ❧❡s rés❡❛✉① ❛❞ ❤♦❝ ❬●✉♣t❛ ✶✾✾✼❪✱ ❧❡s ❜❛♥❞❡s ❞❡ ❢réq✉❡♥❝❡ ♥♦♥
ré❣❧❡♠❡♥té❡s ❡t ❧❛ r❛❞✐♦ ❝♦❣♥✐t✐✈❡ ❬❋❡tt❡ ✷✵✵✾✱ ▼✐t♦❧❛ ✶✾✾✾❪✱ ❧✬ét✉❞❡ ❞❡ ♣r♦t♦❝♦❧❡s ❞❡
❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✐str✐❜✉és ❞❡✈✐❡♥t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ♣❡rt✐♥❡♥t❡✳ ❊♥ ❡✛❡t✱ ❞❛♥s
❞❡ t❡❧s rés❡❛✉①✱ ❧❡s t❡r♠✐♥❛✉① ♣❡✉✈❡♥t ❝❤♦✐s✐r ❧✐❜r❡♠❡♥t ❧❡✉r str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡
♣✉✐ss❛♥❝❡ s❛♥s s✉✐✈r❡ ❞❡s rè❣❧❡s ✐♠♣♦sé❡s ♣❛r ✉♥ ♥÷✉❞ ❝❡♥tr❛❧✳ ▲❡s t❡r♠✐♥❛✉① s♦♥t
❛❧♦rs ❝♦♥s✐❞érés ❝♦♠♠❡ ❞❡s ❛❝t❡✉rs ✐♥❞é♣❡♥❞❛♥ts ❡t ✐❧ ❡st r❛✐s♦♥♥❛❜❧❡ ❞❡ ❝♦♥s✐❞ér❡r
q✉✬✐❧s s♦♥t é❣❛❧❡♠❡♥t r❛t✐♦♥♥❡❧s✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ♣❛r ❧❡ ❝♦♥trô❧❡ ❞❡ ❧❡✉rs ♥✐✈❡❛✉①
❞❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥✱ ❧❡s t❡r♠✐♥❛✉① s♦✉❤❛✐t❡♥t ♠❛①✐♠✐s❡r ❧❡✉r q✉❛❧✐té ❞❡ ❝♦♠✲
♠✉♥✐❝❛t✐♦♥✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ✐❧ ❡st ♥❛t✉r❡❧ ❞✬ét✉❞✐❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡
♣✉✐ss❛♥❝❡ ❞❡ ❝❤❛q✉❡ t❡r♠✐♥❛❧ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❥❡✉①✱ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡s



✶✷ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡

t❡r♠✐♥❛✉① ❝♦♠♠❡ ❞❡s ❥♦✉❡✉rs ❝❤❡r❝❤❛♥t ❝❤❛❝✉♥ à ♠❛①✐♠✐s❡r ❧❡✉r ♣r♦♣r❡ ❢♦♥❝t✐♦♥
❞✬✉t✐❧✐té ❡♥ ❝♦♥trô❧❛♥t ❧❡✉r ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥✳ ▲❛ t❤é♦r✐❡ ❞❡s ❥❡✉① ♣❡r♠❡t ♥♦t❛♠✲
♠❡♥t ❞✬ét✉❞✐❡r ❧✬❡①✐st❡♥❝❡ ❡t ❧❛ ♠✉❧t✐♣❧✐❝✐té ❞❡ str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡
❞✬éq✉✐❧✐❜r❡ ❞♦♥t ❛✉❝✉♥ t❡r♠✐♥❛❧ ♥✬❛ ✐♥térêt à ❞é✈✐❡r ✉♥✐❧❛tér❛❧❡♠❡♥t ✭éq✉✐❧✐❜r❡ ❞❡
◆❛s❤✮✳

❉❛♥s ✉♥ ❝❛♥❛❧ à ❛❝❝ès ♠✉❧t✐♣❧❡✱ ❧❡ s✐❣♥❛❧ é♠✐s ♣❛r ✉♥ t❡r♠✐♥❛❧ ❡st ♣❡rç✉ ♣❛r ❧❡s
❛✉tr❡s t❡r♠✐♥❛✉① ❝♦♠♠❡ ✉♥❡ ✐♥t❡r❢ér❡♥❝❡ ♣♦✉r ❧❡✉rs ♣r♦♣r❡s s✐❣♥❛✉①✳ ▲❛ q✉❛❧✐té ❞❡
tr❛♥s♠✐ss✐♦♥ ❞❡ ❝❤❛q✉❡ t❡r♠✐♥❛❧ ❞é♣❡♥❞ ❞♦♥❝ ❞✐r❡❝t❡♠❡♥t ❞✉ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡
❞✬é♠✐ss✐♦♥ ❞❡s ❛✉tr❡s t❡r♠✐♥❛✉①✳ ❯♥ ♣❛♥♦r❛♠❛ ❞❡s tr❛✈❛✉① ♣ré❝é❞❡♥ts s✉r ❧✬❛❧❧♦❝❛✲
t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ❞❛♥s ❧❡s ❝❛♥❛✉① à ❛❝❝ès ♠✉❧t✐♣❧❡s ❡st ♣rés❡♥té ❞❛♥s ❬❇❡❧♠❡❣❛ ✷✵✵✾❪✳
❯♥❡ ❝❛r❛❝tér✐st✐q✉❡ ❝♦♠♠✉♥❡ ❞❡ ❝❡s tr❛✈❛✉① ❡st q✉❡ ❧✬❛♠é❧✐♦r❛t✐♦♥ ❞❡ ❧❛ q✉❛❧✐té ❞❡
tr❛♥s♠✐ss✐♦♥ ❞❡s t❡r♠✐♥❛✉① s❡ ♣❛rt❛❣❡❛♥t ❧❡ ❝❛♥❛❧ ❡st ❣é♥ér❛❧❡♠❡♥t ♦❜t❡♥✉❡ ❡♥ ré✲
❞✉✐s❛♥t ❧✬✐♥t❡r❢ér❡♥❝❡ ❡♥tr❡ ❝❡s t❡r♠✐♥❛✉①✳ ❈❡❧❛ s✐❣♥✐✜❡ q✉❡✱ ♣❛r❛❞♦①❛❧❡♠❡♥t✱ ♣♦✉r
❛♠é❧✐♦r❡r ❧❛ q✉❛❧✐té ❣❧♦❜❛❧❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❞❡s t❡r♠✐♥❛✉① q✉✐ s❡ ♣❛rt❛❣❡♥t ❧❡ ❝❛♥❛❧✱
❝❡s ❞❡r♥✐❡rs ♦♥t ✐♥térêt à ❞✐♠✐♥✉❡r ❧❡✉r ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥✳ ❉❡✉① ❛♣♣r♦❝❤❡s ✈✐s❡♥t
à ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ❞❡s ♣r♦t♦❝♦❧❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ q✉✐ r❡♠♣❧✐ss❡♥t ❝❡t ♦❜❥❡❝t✐❢✳
▲❛ ♣r❡♠✐èr❡ ❝♦♥s✐st❡ à ♠✐♥✐♠✐s❡r ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ s♦✉s ❝❡rt❛✐♥❡s ❝♦♥tr❛✐♥t❡s
✭t②♣✐q✉❡♠❡♥t ❞❡s ❝♦♥tr❛✐♥t❡s ❞❡ ❞é❜✐t ♠✐♥✐♠❛❧✮✳ ▲❛ s❡❝♦♥❞❡ ❝♦♥s✐st❡ à ♠❛①✐♠✐s❡r
✉♥❡ ♠❡s✉r❡ ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ q✉✐ ❝♦rr❡s♣♦♥❞ ❛✉ r❛♣♣♦rt ❡♥tr❡ ❧❡ ♥♦♠❜r❡ ❞❡
❜✐ts ❞✬✐♥❢♦r♠❛t✐♦♥ ❝♦rr❡❝t❡♠❡♥t tr❛♥s♠✐s ❡t ❧❛ q✉❛♥t✐té ❞✬é♥❡r❣✐❡ ❝♦♥s♦♠♠é❡ ♣❛r
❧✬é♠✐ss✐♦♥✳ ❆❧♦rs q✉❡ ❧❛ ♣r❡♠✐èr❡ ❛♣♣r♦❝❤❡ ✈✐s❡ à ✉t✐❧✐s❡r ❧❡ ♠✐♥✐♠✉♠ ❞✬é♥❡r❣✐❡ ♣♦✉r
r❡♠♣❧✐r ❞❡s ♦❜❥❡❝t✐❢s ❞♦♥♥és✱ ❧❛ s❡❝♦♥❞❡ s❡ ❝♦♥❝❡♥tr❡ s✉r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛
tr❛♥s♠✐ss✐♦♥✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♣♦✉r ✉♥ ❥♦✉❧❡ ❞é♣❡♥sé✱ q✉❡❧ ❡st ❧❡ ♠❛①✐♠✉♠ ❞✬✐♥✲
❢♦r♠❛t✐♦♥ q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ tr❛♥s♠❡ttr❡ ❄ ❈❧❛✐r❡♠❡♥t✱ ❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞✬é♥❡r❣✐❡
s♦✉s ❝♦♥tr❛✐♥t❡ ❡t ❧❛ ♠❛①✐♠✐s❛t✐♦♥ ❞❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ s♦♥t ❞❡✉① ❛♣♣r♦❝❤❡s
❞✐✛ér❡♥t❡s ❞♦♥t ❧❛ ♣❡rt✐♥❡♥❝❡ ❞é♣❡♥❞ ❞✉ ❝♦♥t❡①t❡ ❝♦♥s✐❞éré ✭✈♦✐r ❬●♦♦❞♠❛♥ ✷✵✵✵❪
❡t ❧❡s tr❛✈❛✉① ❛ss♦❝✐és ♣♦✉r ♣❧✉s ❞❡ ❥✉st✐✜❝❛t✐♦♥s✮ ❡t ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ❝♦♠♣❛ré❡s
❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✳ ▲❡s rés✉❧t❛ts ♣rés❡♥tés ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❝♦♥❝❡r♥❡♥t ❧❡ s❡❝♦♥❞
❡♥s❡♠❜❧❡ ❞❡ tr❛✈❛✉①✱ ❞♦♥t ❧✬♦❜❥❡❝t✐❢ ❡st ❞❡ ♠✐♥✐♠✐s❡r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ q✉✐ ❡st
♠❡s✉ré❡ ❝♦♠♠❡ ❧❡ ♥♦♠❜r❡ ♠♦②❡♥ ❞❡ ❜✐ts ❞✬✐♥❢♦r♠❛t✐♦♥ tr❛♥s♠✐s ❛✈❡❝ s✉❝❝ès ♣❛r
❥♦✉❧❡ ❝♦♥s♦♠♠é ♣❛r ❧✬é♠❡tt❡✉r✳

❉❛♥s ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✬♦r✐❣✐♥❡ ♣r♦♣♦sé❡ ♣❛r ❬●♦♦❞♠❛♥ ✷✵✵✵❪ ❡t r❡♣r✐s❡ ❞❛♥s
❧❛ ♣❧✉♣❛rt ❞❡s tr❛✈❛✉① ❝♦♥♥❡①❡s ❬▼❡s❤❦❛t✐ ✷✵✵✻✱ ❇♦♥♥❡❛✉ ✷✵✵✽✱ ▲❛s❛✉❧❝❡ ✷✵✵✾✱
❇✉③③✐ ✷✵✶✶❪✱ ❧❡ ♣r♦❜❧è♠❡ ❞✉ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ❡st ♠♦❞✲
é❧✐sé ♣❛r ✉♥ ❥❡✉ st❛t✐q✉❡✱ ❞❛♥s ❧❡q✉❡❧ ❧❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ❞❡s t❡r♠✐♥❛✉① s♦♥t ✜①❡s✳
❇✐❡♥ q✉❡ ❝❡ ❥❡✉ ♣❡r♠❡tt❡ ❞✬♦❜t❡♥✐r s✐♠♣❧❡♠❡♥t ❧✬❡①♣r❡ss✐♦♥ ❞✬✉♥ éq✉✐❧✐❜r❡ ✉♥✐q✉❡✱
❞❡✉① ✐♥❝♦♥✈é♥✐❡♥ts ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ❝❡tt❡ ❢♦r♠✉❧❛t✐♦♥✳ Pr❡♠✐èr❡♠❡♥t✱ ❧✬éq✉✐❧✐❜r❡
❞❡ ❝❡ ❥❡ ♥✬❡st ♣❛s ♦♣t✐♠❛❧ ❛✉ s❡♥s ❞❡ P❛r❡t♦✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❡s ♣✉✐ss❛♥❝❡s ❞✬é♠✐s✲
s✐♦♥ à ❧✬éq✉✐❧✐❜r❡ ❞❡ ❝❡ ❥❡✉ ♥❡ ♣❡r♠❡tt❡♥t ♣❛s ❞✬❛tt❡✐♥❞r❡ ❞❡s ✈❛❧❡✉rs ❞✬❡✣❝❛❝✐té
é♥❡r❣ét✐q✉❡ q✉✐ ❞♦♠✐♥❡♥t ❧❛ ré❣✐♦♥ ❛tt❡✐❣♥❛❜❧❡✳ ❉❡✉①✐è♠❡♠❡♥t✱ ❝❡tt❡ ❢♦r♠✉❧❛t✐♦♥
♥é❣❧✐❣❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝❛♥❛✉① ❞❡ tr❛♥s♠✐ss✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❡t ♥❡ ♣❡r♠❡t ♣❛s
❧❛ ♠✐s❡ à ❥♦✉r ❞❡s ♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥ s✉r ❝❤❛q✉❡ ✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s✳

▲❡ ♣r❡♠✐❡r ❞❡ ❝❡s ❞❡✉① ✐♥❝♦♥✈é♥✐❡♥ts ♣❡✉t✱ ♣❛r ❡①❡♠♣❧❡✱ êtr❡ tr❛✐té ♣❛r ❞❡s
♠ét❤♦❞❡s ét❛❜❧✐ss❛♥t ✉♥ ❝♦ût ❞✬é♠✐ss✐♦♥ t❡❧❧❡s q✉❡ ❬❙❛r❛②❞❛r ✷✵✵✷❪✳ ❈❡♣❡♥❞❛♥t ❝❡s



✶✸

♠ét❤♦❞❡s ✐♠♣♦s❡♥t ❧✬❛❥♦✉t ❞✬✉♥ t❡r♠❡ ❞❡ ❝♦ût à ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞✉ ❥❡✉✱ ❝❡ q✉✐
❝❤❛♥❣❡ ❡♥ ♣r♦❢♦♥❞❡✉r ❧❛ str✉❝t✉r❡ ❡t ❧❡s ♣r♦♣r✐étés ❞✉ ❥❡✉✳ ❈♦♥❝❡r♥❛♥t ❧❡ s❡❝♦♥❞
✐♥❝♦♥✈é♥✐❡♥t✱ ♥♦✉s ♣♦✉rr✐♦♥s ♣❡♥s❡r q✉❡ ♣♦✉r ❧❡s s❝❡♥❛r✐♦s ❞❛♥s ❧❡sq✉❡❧s ❧✬ét❛t ❞❡s
❝❛♥❛✉① ♣r♦✈✐❡♥t ❞❡ ❧❛ ré❛❧✐s❛t✐♦♥ ✐✐❞ ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ ❞♦♥♥é❡ ♣♦✉r ❝❤❛q✉❡
✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s✱ ❧❡s ♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥ ♥❡ s♦♥t ♣❛s ❝♦rré❧é❡s ❞✬✉♥ ét❛t ❛✉
s✉✐✈❛♥t✳ ❉❡ ❝❡ ❢❛✐t✱ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛✉ ❝♦✉rs
❞✉ t❡♠♣s r❡✈✐❡♥❞r❛✐t à ❝♦♥s✐❞ér❡r ✉♥❡ séq✉❡♥❝❡ ❞❡ ❥❡✉① st❛t✐q✉❡s ❥♦✉és ❞❡ ♠❛♥✐èr❡
✐♥❞é♣❡♥❞❛♥t❡ ❞✬✉♥ ✐♥t❡r✈❛❧❧❡ ❛✉ s✉✐✈❛♥t✳ ▼❛✐s ♠ê♠❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ét❛ts ❞❡s
❝❛♥❛✉① s♦♥t ✐♥❞é♣❡♥❞❛♥ts ❡♥tr❡ ❞❡✉① ✐♥t❡r✈❛❧❧❡s ❞❡ t❡♠♣s✱ ✐❧ ❡①✐st❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s
str❛té❣✐q✉❡s ❡♥tr❡ ❧❡s t❡r♠✐♥❛✉① q✉✐ ❛♣♣❛r❛✐ss❡♥t ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ré♣ét✐t✐♦♥ ❞✉ ❥❡✉
❞❛♥s ❧❡ t❡♠♣s ❡t ❝❡s ✐♥t❡r❛❝t✐♦♥s ♥❡ s♦♥t ♣❛s ♣rés❡♥t❡s ❞❛♥s ✉♥❡ séq✉❡♥❝❡ ❞❡ ❥❡✉①
st❛t✐q✉❡s✳ P♦✉r t❡♥✐r ❝♦♠♣t❡ ❞❡ ❝❡s ✐♥t❡r❛❝t✐♦♥s str❛té❣✐q✉❡s✱ ▲❡ ❚r❡✉st ❡t ▲❛s❛✉❧❝❡
♦♥t ♣r♦♣♦sé ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❜❛sé❡ s✉r ✉♥ ❥❡✉ ré♣été ❬▲❡ ❚r❡✉st ✷✵✶✵❪✳
▲❛ ❞✐✛ér❡♥❝❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❡♥tr❡ ❧❡✉r ❢♦r♠✉❧❛t✐♦♥ ❡t ✉♥❡ séq✉❡♥❝❡ ❞❡ ❥❡✉① st❛t✐q✉❡s
❡st q✉❡ ❞❛♥s ❝❡ ♥♦✉✈❡❛✉ ♠♦❞è❧❡✱ ❧❡s t❡r♠✐♥❛✉① ❣❛r❞❡♥t ❡♥ ♠é♠♦✐r❡ ❧❡s ét❛♣❡s ♣❛ssé❡s
❞✉ ❥❡✉✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❝❤❛q✉❡ t❡r♠✐♥❛❧ ♣❡✉t ❛❞❛♣t❡r s♦♥ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡♥
❢♦♥❝t✐♦♥ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ♣❛ssé ❞❡s ❛✉tr❡s t❡r♠✐♥❛✉①✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ❡st ♣♦ss✐❜❧❡
❞✬❛✉❣♠❡♥t❡r ❧❡ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ ♣♦✉r ♣✉♥✐r ❞❡s ❝♦♠♣♦rt❡♠❡♥ts ♥♦♥ r❡s♣❡❝t✉❡✉①
❞❡ ❧✬✐♥térêt ❣é♥ér❛❧✳ ❊♥ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❧✬❛♣♣r♦❝❤❡ ❝❧❛ss✐q✉❡ ❞✬ét❛❜❧✐ss❡♠❡♥t ❞✬✉♥
❝♦ût ❞✬é♠✐ss✐♦♥ ❬❙❛r❛②❞❛r ✷✵✵✷❪✱ ✉♥❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❢♦rt❡s ❞❡ ❧❡✉r ❢♦r♠✉❧❛t✐♦♥
❡st q✉❡ ❝❤❛q✉❡ t❡r♠✐♥❛❧ ❛ ✉♥✐q✉❡♠❡♥t ❜❡s♦✐♥ ❞❡ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ s♦♥ ♣r♦♣r❡
❝❛♥❛❧ ❛✐♥s✐ q✉❡ ❞✬✉♥ s✐❣♥❛❧ ♣✉❜❧✐❝ ♣♦✉r ❛tt❡✐♥❞r❡ ✉♥ ét❛t ❞✬éq✉✐❧✐❜r❡ P❛r❡t♦✲♦♣t✐♠❛❧✳
❈❡♣❡♥❞❛♥t✱ ❝❡ ❥❡✉ ré♣été ♥❡ ♣❡r♠❡t ♣❛s ❞❡ ♠♦❞é❧✐s❡r ❝♦rr❡❝t❡♠❡♥t ❧❛ ✈❛r✐❛t✐♦♥ ❞❡s
❝❛♥❛✉① ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ♣✉✐sq✉❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡ ❥❡✉ ré♣été ✉t✐❧✐sé✱ ❧❡s ❝❛♥❛✉①
s♦♥t ❝♦♥s✐❞érés ❝♦♥st❛♥ts ❞✬✉♥❡ ét❛♣❡ à ❧✬❛✉tr❡ ❞✉ ❥❡✉✳ ❉❡ ❢❛✐t✱ ❧❛ str❛té❣✐❡ ❞✬éq✉✐❧✐❜r❡
♣r♦♣♦sé❡ ♣❛r ▲❡ ❚r❡✉st ❡t ▲❛s❛✉❧❝❡ ♥✬❡st ♣❛s ♦♣t✐♠❛❧❡ ❛✉ s❡♥s ❞❡ P❛r❡t♦ s✐ ❧❡s ❝❛♥❛✉①
✈❛r✐❡♥t ❞✬✉♥❡ ét❛♣❡ à ❧❛ s✉✐✈❛♥t❡✳

❆✜♥ ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ ♣♦ss✐❜❧❡ ❞❡s ❝❛♥❛✉① ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✱
♥♦✉s ❛✈♦♥s ❛❧♦rs ❢❛✐t é✈♦❧✉é ❧❡ ♠♦❞è❧❡ ❞✉ ❥❡✉ ♣♦✉r ♣❛ss❡r ❞✬✉♥ ❥❡✉ ré♣été à ✉♥ ❥❡✉
st♦❝❤❛st✐q✉❡ ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✶❝❪✳ ▲❛ ❢♦r♠✉❧❛t✐♦♥ ❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡ ✐♥❝❧✉t ♥♦✲
t❛♠♠❡♥t ✉♥ ét❛t ❞✉ ❥❡✉ q✉✐ é✈♦❧✉❡ ❞❡ ♠❛♥✐èr❡ ❞②♥❛♠✐q✉❡ à ❝❤❛q✉❡ ét❛♣❡ ❞✉ ❥❡✉✳
❉❛♥s ♥♦tr❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡✱ ❝❡t ét❛t ♣❡✉t êtr❡ ❞é✜♥✐ ♣❛r ❧✬❡♥s❡♠✲
❜❧❡ ❞❡s ❣❛✐♥s ❞❡s ❝❛♥❛✉① ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✱ s✉r ❝❤❛q✉❡ ✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s✳
❆✈❡❝ ❝❡tt❡ ❢♦r♠✉❧❛t✐♦♥ st♦❝❤❛st✐q✉❡✱ ❧❡s tr❛✈❛✉① ❞❡ ❬❋✉❞❡♥❜❡r❣ ✷✵✶✶✱ ❍ör♥❡r ✷✵✶✶❪
♣❡✉✈❡♥t êtr❡ ✉t✐❧✐sés ♣♦✉r ♦❜t❡♥✐r ✉♥ ❋♦❧❦ t❤é♦rè♠❡ q✉✐ ❝❛r❛❝tér✐s❡ ❧❛ ré❣✐♦♥ ❞❡s
✉t✐❧✐tés ❛tt❡✐❣♥❛❜❧❡s ❞❡ ❝❡ ❥❡✉ st♦❝❤❛st✐q✉❡✳ ❯♥❡ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡
❞✬éq✉✐❧✐❜r❡ ❡st é❣❛❧❡♠❡♥t ♣r♦♣♦sé❡ ♣♦✉r ♦❜t❡♥✐r ❞❡ ♠❡✐❧❧❡✉r❡s ♣❡r❢♦r♠❛♥❝❡s q✉❡ ❧❛
str❛té❣✐❡ ✐ss✉❡ ❞✉ ❥❡✉ ré♣été ♣r♦♣♦sé❡ ❞❛♥s ❬▲❡ ❚r❡✉st ✷✵✶✵❪✳

❈❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ❡st ♦r❣❛♥✐sé ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡✳ ❉❛♥s ❧❛ ♣❛r✲
t✐❡ ✷✳✶✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞❡ ❥❡✉ st❛t✐q✉❡ ✐♥✐t✐❛❧❡♠❡♥t ✐♥tr♦❞✉✐t
❞❛♥s ❬●♦♦❞♠❛♥ ✷✵✵✵❪ ♣♦✉r ♠♦❞é❧✐s❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣✲
❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t✳ ❉❛♥s ❧❛ ♣❛rt✐❡ ✷✳✷✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ✈❛r✐❛♥t❡ ❞❡ ❝❡ ♠♦❞✲
è❧❡ ❧♦rsq✉❡ ❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ❡st ré❛❧✐sé❡ ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❡♥ ❢♦♥❝t✐♦♥
❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① r❡♣♦rtés ♣❛r ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✳ ❉❛♥s ❧❛ ♣❛rt✐❡ ✷✳✸✱ ♥♦✉s



✶✹ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡

r❡♣r❡♥♦♥s ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✉ ❥❡✉ ré♣été ✐♥tr♦❞✉✐t❡ ♣❛r ❬▲❡ ❚r❡✉st ✷✵✶✵❪✱ ❛✈❛♥t ❞❡
♣r♦♣♦s❡r ✉♥ ♠♦❞è❧❡ ❞❡ ❥❡✉ st♦❝❤❛st✐q✉❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ✷✳✹✳

✷✳✶ ❏❡✉ st❛t✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡

▲❡ ❜✉t ❞❡ ❝❡tt❡ ♣❛rt✐❡ ❡st ❞❡ ♣❛ss❡r ❡♥ r❡✈✉❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ st❛t✐q✉❡ ❞✉ ♣r♦❜✲
❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ♣r♦♣♦sé❡ ♣❛r ●♦♦❞♠❛♥ ❡t
▼❛♥❞❛②❛♠ ❬●♦♦❞♠❛♥ ✷✵✵✵❪✳ ❈❡ ♣r❡♠✐❡r ♠♦❞è❧❡ ♦❝❝✉♣❡ ✉♥❡ ♣❧❛❝❡ ♣r✐♠♦r❞✐❛❧❡ ❞❛♥s
❧✬♦r❣❛♥✐s❛t✐♦♥ ❞❡ ❝❡ tr❛✈❛✐❧ ❞❡ t❤ès❡ ♣✉✐sq✉❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s tr❛✈❛✉① ♣rés❡♥tés ❞❛♥s
❝❡ ❝❤❛♣✐tr❡ ❡t ❛✉ ❝❤❛♣✐tr❡ ✸ ❡♥ ❞é❝♦✉❧❡♥t✳

✷✳✶✳✶ ▼♦❞è❧❡ ❞✉ rés❡❛✉ s❛♥s ✜❧

❉❛♥s ✉♥ ❝❛♥❛❧ à ❛❝❝ès ♠✉❧t✐♣❧❡ ❬❲②♥❡r ✶✾✼✹✱ ❈♦✈❡r ✷✵✵✻❪✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s
K ≥ 1 é♠❡tt❡✉rs ♠♦❜✐❧❡s ❡t ✉♥ ré❝❡♣t❡✉r✳ ❈❡ rés❡❛✉ ❡st ❞é❝❡♥tr❛❧✐sé ♣✉✐sq✉❡ ❧❡
ré❝❡♣t❡✉r ❝♦♠♠✉♥ ♥❡ ❞♦♥♥❡ ♣❛s ❞❡ ❝♦♥s✐❣♥❡s ❛✉① é♠❡tt❡✉rs ❝♦♥❝❡r♥❛♥t ❧❡✉r ♣✉✐s✲
s❛♥❝❡ ❞✬é♠✐ss✐♦♥✳ ▲❡s é♠❡tt❡✉rs s♦♥t ❞♦♥❝ ❧✐❜r❡s ❞❡ ❝❤♦✐s✐r ❧❡✉r ♣r♦♣r❡ ♣✉✐ss❛♥❝❡
❞✬é♠✐ss✐♦♥✳ ◆♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡s é♠❡tt❡✉rs ❡♥✈♦✐❡♥t ❧❡✉rs s✐❣♥❛✉① ♣❛r ♣❛q✉❡ts
❛✉ ré❝❡♣t❡✉r s✉r ❞❡s ❝❛♥❛✉① q✉❛s✐✲st❛t✐q✉❡s✱ ❡♥ ♠ê♠❡ t❡♠♣s✱ s✉r ❧❛ ♠ê♠❡ ❜❛♥❞❡ ❞❡
❢réq✉❡♥❝❡ ❡t s❛♥s ♠é❝❛♥✐s♠❡ ♣♦✉r ❛tté♥✉❡r ❧❡s ✐♥t❡r❢ér❡♥❝❡s t❡❧s q✉❡ ❧❛ ❢♦r♠❛t✐♦♥ ❞❡
❢❛✐s❝❡❛✉① ❬❱❛♥ ❱❡❡♥ ✶✾✽✽❪✳ ❯♥ ♣❛q✉❡t ❡st ❞é✜♥✐ ❝♦♠♠❡ ✉♥❡ séq✉❡♥❝❡ ❞❡ s②♠❜♦❧❡s
❞❡ ❧♦♥❣✉❡✉r ✜♥✐❡✱ ♣ré❝é❞é❡ ❞✬✉♥❡ séq✉❡♥❝❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡ q✉✐ ♣❡r♠❡t ❛✉ ré❝❡♣t❡✉r
❞✬❡st✐♠❡r ❧❡ ❝❛♥❛❧ ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♣♦✉r ❝❤❛q✉❡ ♣❛q✉❡t✳ ◆♦✉s s✉♣♣♦s♦♥s ❞♦♥❝ q✉❡
❧❛ tr❛♥s♠✐ss✐♦♥ ❞✬✉♥ ♣❛q✉❡t s❡ ❢❛✐t s✉r ✉♥❡ ❞✉ré❡ ✐♥❢ér✐❡✉r❡ ❛✉ t❡♠♣s ❞❡ ❝♦❤ér❡♥❝❡
❞✉ ❝❛♥❛❧✳ ▲❡ s✐❣♥❛❧ ❡♥ ❜❛♥❞❡ ❞❡ ❜❛s❡ r❡ç✉ ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ s✬é❝r✐t ✿

y(i) =
K∑

k=1

hk(i)xk(i) + z(i) ✭✷✳✶✮

♦ù k ∈ K✱ K = {1, . . . ,K}✱ xk(i) r❡♣rés❡♥t❡ ❧❡ s②♠❜♦❧❡ tr❛♥s♠✐s ♣❛r ❧✬é♠❡t✲
t❡✉r k à ❧✬✐♥st❛♥t i✳ ▲❛ ♣✉✐ss❛♥❝❡ ❞✉ s✐❣♥❛❧ é♠✐s ♣❛r ❝❤❛q✉❡ é♠❡tt❡✉r ❡st ♥♦té❡
E[|xk|2] = pk ∈ Ak✳ ▲❡ ❜r✉✐t z ❡st s✉♣♣♦sé s✉✐✈r❡ ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❣❛✉ss✐❡♥♥❡ ❞❡
♠♦②❡♥♥❡ ♥✉❧❧❡ ❡t ❞❡ ✈❛r✐❛♥❝❡ σ2✳ ❈❤❛q✉❡ ❝❛♥❛❧ hk ✈❛r✐❡ ❞❛♥s ❧❡ t❡♠♣s ♠❛✐s ❡st
s✉♣♣♦sé ❝♦♥st❛♥t ♣♦✉r ❧❛ ❞✉ré❡ ❞✬✉♥ ♣❛q✉❡t✳ P♦✉r ❝❤❛q✉❡ é♠❡tt❡✉r k ∈ K✱ ❧❡ ❣❛✐♥
❞❡ ❝❛♥❛❧ ❡st ❝♦♥t❡♥✉ ❞❛♥s ✉♥ ❡♥s❡♠❜❧❡ ❝♦♠♣❛❝t ✿ |hk|2 = ηk ∈

î
ηmin
k , ηmax

k

ó
✳ ❈❡tt❡

❤②♣♦t❤ès❡ tr❛❞✉✐t ❧❛ s❡♥s✐❜✐❧✐té ✜♥✐❡ ❞✉ ré❝❡♣t❡✉r ❡t ❧❛ ❝♦♥tr❛✐♥t❡ ❞✬✉♥❡ ❞✐st❛♥❝❡
♠✐♥✐♠❛❧❡ ❡♥tr❡ é♠❡tt❡✉r ❡t ré❝❡♣t❡✉r✳ ❊♥✜♥✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡ ré❝❡♣t❡✉r ❞é✲
❝♦❞❡ ❧❡ ♠❡ss❛❣❡ ❞❡ ❝❤❛q✉❡ é♠❡tt❡✉r sé♣❛ré♠❡♥t✳ ▲❛ ❢♦r♠✉❧❛t✐♦♥ ❞✉ s✐❣♥❛❧ tr❛♥s♠✐s
❝♦rr❡s♣♦♥❞ ❛✉ ♠♦❞è❧❡ ❞❡ ❝❛♥❛❧ à ❛❝❝ès ♠✉❧t✐♣❧❡ ✐ss✉ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥
✭✈♦✐r ❬❇❡❧♠❡❣❛ ✷✵✵✾❪ ♣♦✉r ♣❧✉s ❞❡ ♣ré❝✐s✐♦♥ ❛✉ s✉❥❡t ❞✉ ❝❛♥❛❧ à ❛❝❝ès ♠✉❧t✐♣❧❡✮✳ ❈❡
♠♦❞è❧❡ ♣❡✉t ❢❛❝✐❧❡♠❡♥t s✬❛♣♣❧✐q✉❡r à ❞❡s ♣r♦t♦❝♦❧❡s ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s♣é❝✐✜q✉❡s
t❡❧s q✉❡ ❧❡ ❈❉▼❆ ❬●♦♦❞♠❛♥ ✷✵✵✵✱ ▲❛s❛✉❧❝❡ ✷✵✵✾❪ ♦✉ ❧❡ ❈❉▼❆ ❛✈❡❝ ♣❧✉s✐❡✉rs ♣♦r✲
t❡✉s❡s ❬▼❡s❤❦❛t✐ ✷✵✵✻❪✳



✷✳✶✳ ❏❡✉ st❛t✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✶✺

P♦✉r ❝❤❛q✉❡ ♣❛q✉❡t ❞❡ ❧✬é♠❡tt❡✉r k ∈ K✱ ❧❡ r❛♣♣♦rt s✐❣♥❛❧ s✉r ✐♥t❡r❢ér❡♥❝❡ ♣❧✉s
❜r✉✐t ✭❘❙■❇✮ ❛✉ ré❝❡♣t❡✉r ❡st ♥♦té γk✳ ■❧ s✬é❝r✐t ✿

γk =
pkηk∑

j 6=k pjηj + σ2
. ✭✷✳✷✮

❈♦♠♠❡ ❡①♣r✐♠é ❞❛♥s ✭✷✳✷✮✱ ❧❡s s✐❣♥❛✉① ❞❡s ❛✉tr❡s é♠❡tt❡✉rs s♦♥t ♣❡rç✉s ❝♦♠♠❡ ❞❡
❧✬✐♥t❡r❢ér❡♥❝❡ ♣♦✉r ❧❡ s✐❣♥❛❧ ❞❡ ❧✬é♠❡tt❡✉r k✳

✷✳✶✳✷ ❉é✜♥✐t✐♦♥ ❞✉ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡

❉❛♥s ❧❡ rés❡❛✉ s❛♥s ✜❧ ❞é✜♥✐ ❞❛♥s ❧❛ ♣❛rt✐❡ ♣ré❝é❞❡♥t❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s q✉❡ ❧❡s
é♠❡tt❡✉rs ❝❤❡r❝❤❡♥t à ♠❛①✐♠✐s❡r ❧❡✉r ❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✳ ❈❡tt❡ ♥♦t✐♦♥✱ ✐♥tr♦❞✉✐t❡
❞❛♥s ❬●♦♦❞♠❛♥ ✷✵✵✵❪ ❡st ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❛ q✉❛♥t✐té ❞✬✐♥❢♦r♠❛t✐♦♥ ❝♦rr❡❝t❡♠❡♥t
tr❛♥s♠✐s❡ ❛✉ ré❝❡♣t❡✉r ❡t ❧✬é♥❡r❣✐❡ ❝♦♥s♦♠♠é❡ ♣♦✉r ❧✬é♠✐ss✐♦♥✳ ❈❡tt❡ ♠étr✐q✉❡ ❞❡
♣❡r❢♦r♠❛♥❝❡ ♣❡✉t êtr❡ ♣❡rç✉❡ ❝♦♠♠❡ ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❡ ❞é❜✐t ❞❡ ❧❛ ❝♦♠♠✉♥✐✲
❝❛t✐♦♥ ❡t ❧❛ ♣♦❧❧✉t✐♦♥ é❧❡❝tr♦♠❛❣♥ét✐q✉❡ ❝❛✉sé❡ ♣❛r ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❛♥s ❧❛ ré❣✐♦♥
❡♥✈✐r♦♥♥❛♥t❡✳ P♦✉r ❝❤❛q✉❡ é♠❡tt❡✉r k ∈ K✱ ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡✲
♠❡♥t s✬é❝r✐t ✿

uk(p1, . . . , pK) =
Rf (γk(p1, . . . , pK))

pk
bit/J, ✭✷✳✸✮

♦ù R ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❡♥ ❜✐t✴s q✉✐ r❡♣rés❡♥t❡ ❧❡ ❞é❜✐t ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡♥ s♦rt✐❡
❞❡ ❧✬é♠❡tt❡✉r ❬●♦♦❞♠❛♥ ✷✵✵✵❪✳ ▲❛ ❢♦♥❝t✐♦♥ f : R+ → [0, 1] ❡st ✉♥❡ ❢♦♥❝t✐♦♥ s✐❣♠♦ï❞❡
q✉✐ r❡♣rés❡♥t❡ ❧❡ t❛✉① ❞❡ s✉❝❝ès ❞❡ ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❡s ♣❛q✉❡ts ❡t q✉✐ ❞é♣❡♥❞ ❞✉
❘❙■❇ γk✳ ◆♦✉s r❛♣♣❡❧♦♥s q✉✬✉♥❡ ❢♦♥❝t✐♦♥ s✐❣♠♦ï❞❡ ❡st ❝♦♥✈❡①❡ ❥✉sq✉✬à ✉♥ ❝❡rt❛✐♥
♣♦✐♥t✱ ♣✉✐s ❝♦♥❝❛✈❡ s✉r ❧❡ r❡st❡ ❞❡ s♦♥ ❡♥s❡♠❜❧❡ ❞❡ ❞é✜♥✐t✐♦♥✳ ❉❡ ♣❧✉s✱ f ❡st s✉✣s❛♠✲
♠❡♥t ré❣✉❧✐èr❡ ♣♦✉r q✉❡ uk s♦✐t ❞✐✛ér❡♥t✐❛❜❧❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❞é✜♥✐t✐♦♥ Ak✳ P♦✉r
♣❧✉s ❞❡ ❞ét❛✐❧s✱ ✈♦✐r ❬❘♦❞r✐❣✉❡③ ✷✵✵✸✱ ▼❡s❤❦❛t✐ ✷✵✵✺✱ ❇❡❧♠❡❣❛ ✷✵✶✶❪✳ ▲❛ ♣✉✐ss❛♥❝❡
pk ét❛♥t ❡①♣r✐♠é❡ ❡♥ ✇❛tt✱ ❧✬✉♥✐té ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❡st ❞♦♥❝ ❜✐t✴❥♦✉❧❡✳

■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ❞é✜♥✐t✐♦♥s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ f q✉✐ ❛ss✉r❡♥t q✉❡ ❝❡ s♦✐t ❜✐❡♥
✉♥❡ ❢♦♥❝t✐♦♥ s✐❣♠♦ï❞❡ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ [0, 1]✳ P❛r ❡①❡♠♣❧❡✱ f ♣❡✉t êtr❡ ❝♦♥s✐❞éré❡
❝♦♠♠❡ ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ ❞é♠♦❞✉❧❛t✐♦♥ ❞é♣❡♥❞❛♥t ❞❡ ❧❛ ♠♦❞✉❧❛t✐♦♥ ✉t✐❧✐sé❡ s✉r ❧❡
❝❛♥❛❧ ❬●♦♦❞♠❛♥ ✷✵✵✵❪✳ ❉❛♥s ❧❡s tr❛✈❛✉① ❞❡ ❇❡❧♠❡❣❛ ❡t ▲❛s❛✉❧❝❡ ❬❇❡❧♠❡❣❛ ✷✵✶✶❪ ✐s✲
s✉s ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❝❛♥❛❧ ❙■❙❖✱ ❧❛ ❢♦♥❝t✐♦♥ ❞✬❡✣❝❛❝✐té
f ❛ss♦❝✐é❡ ❛✉ ❘❙■❇ γ ❡st ❞é✜♥✐❡ ❝♦♠♠❡ ✿

f(γ) = 1− P♦✉t

Ä
γ, a
ä
,

= exp

Ç
−a
γ

å
,

✭✷✳✹✮

♦ù P♦✉t ❡st ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ❝♦✉♣✉r❡ ❡t a = 2R/W − 1 ❡st ❧❡ s❡✉✐❧ s♦✉s ❧❡q✉❡❧ ❧❡
❘❙■❇ ♥❡ ♣❡r♠❡t ♣❧✉s ❞❡ tr❛♥s♠❡ttr❡ ❛✈❡❝ ✉♥ ❞é❜✐t R✳ ❈❡tt❡ ❡①♣r❡ss✐♦♥ ❡st ✐ss✉❡
❞✬✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣✉✐sq✉✬❡♥ ❡✛❡t✱ P♦✉t ❞❡✈r❛✐t ❞é♣❡♥❞r❡ ❞❡ ❧✬❡s♣ér❛♥❝❡ ❞✉ ❣❛✐♥
❞✉ ❝❛♥❛❧✱ ❡t ♥♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ✐♥st❛♥t❛♥é❡ ❞✉ ❣❛✐♥ ❞✉ ❝❛♥❛❧✳ ◆♦✉s ❥✉st✐✜♦♥s ❝❡tt❡
❛♣♣r♦①✐♠❛t✐♦♥ ♣❛r ❧❡ ❢❛✐t q✉❡ ❧♦rsq✉✬✐❧s ❛❞❛♣t❡♥t ❧❡✉rs ♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥✱ ❧❡s



✶✻ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡
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|h|2 = −112 dB

|h|2 = −114 dB

|h|2 = −116 dB

❋✐❣✉r❡ ✷✳✶ ✕ ❊✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞✬✉♥ é♠❡tt❡✉r ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐s✲
s✐♦♥ ♣♦✉r tr♦✐s ✈❛❧❡✉rs ❞❡ ❣❛✐♥s ❞❡ ❝❛♥❛✉①✳ ▲❡s ✈❛❧❡✉rs ❞❡ ♣❛r❛♠ètr❡s s♦♥t ✜①é❡s à
a = 1✱ ❡t σ2 = 5× 10−14 ❲✳

é♠❡tt❡✉rs ♥❡ ❝♦♥♥❛✐ss❡♥t q✉❡ ❧❡✉rs ❣❛✐♥s ❞❡ ❝❛♥❛✉① ✐♥st❛♥t❛♥és✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡
❛✐♥s✐ q✉❡ ❧❡ s✉✐✈❛♥t✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡tt❡ ❢♦♥❝t✐♦♥ s❡r❛ ♣r✐✈✐❧é❣✐é❡✳

P♦✉r ♦♣t✐♠✐s❡r s❛ ♣r♦♣r❡ ❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✱ ❝❤❛q✉❡ é♠❡tt❡✉r ❞♦✐t ♥♦♥ s❡✉❧❡✲
♠❡♥t ❛❞❛♣t❡r s❛ ♣✉✐ss❛♥❝❡ à ❧❛ q✉❛❧✐té ❞✉ ❝❛♥❛❧ ✈❡rs ❧❡ ré❝❡♣t❡✉r✱ ♠❛✐s ❛✉ss✐ ❛✉①
♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥s ❞❡s ❛✉tr❡s é♠❡tt❡✉rs✳ ❈❡ ♣r♦❜❧è♠❡ ♣❡✉t s✬❡①♣r✐♠❡r s♦✉s ❢♦r♠❡
❞✉ ❥❡✉ ♣rés❡♥té ❝✐✲❞❡ss♦✉s✳

❉é✜♥✐t✐♦♥ ✶ ▲❡ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t s♦✉s ❢♦r♠❡
str❛té❣✐q✉❡ ❡st ❞é✜♥✐ ♣❛r ❧❡ tr✐♣❧❡t G = (K, {Ak}k∈K, {uk}k∈K) ❞❛♥s ❧❡q✉❡❧ ✿

✕ K = {1, . . . ,K} ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s é♠❡tt❡✉rs ❀
✕ Ak = [0, Pmax

k ] ❡st ❧✬❡s♣❛❝❡ ❞❡s ❛❝t✐♦♥s ❞❡ ❧✬é♠❡tt❡✉r k ∈ K ❀
✕ ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞❡ ❧✬é♠❡tt❡✉r k ∈ K ❡st ❞♦♥♥é❡ ♣❛r

uk(p1, . . . , pK) =
Rf (γk(p1, . . . , pK))

pk
. ✭✷✳✺✮

▲❛ ✜❣✉r❡✳ ✷✳✶ ♠♦♥tr❡ ❧✬❛❧❧✉r❡ t②♣✐q✉❡ ❞❡ ❝❡tt❡ ❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥✱ ♣♦✉r tr♦✐s ✈❛❧❡✉rs ❞✐✛ér❡♥t❡s ❞❡ ❣❛✐♥ ❞❡ ❝❛♥❛❧✳ ■❧ ❛♣♣❛r❛ît
❝❧❛✐r❡♠❡♥t s✉r ❝❡tt❡ ✜❣✉r❡ q✉❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❡st q✉❛s✐❝♦♥❝❛✈❡ ✈✐s✲à✲✈✐s ❞❡
❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❡t q✉❡ ♠❛①✐♠✐s❡r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ♥✬❡st ♣❛s éq✉✐✈❛❧❡♥t
à ♠❛①✐♠✐s❡r ❧❡ ❞é❜✐t✳ ❊♥ ❡✛❡t✱ ❝♦♥tr❛✐r❡♠❡♥t à ❧❛ ♠❛①✐♠✐s❛t✐♦♥ ❞❡ ❞é❜✐t✱ ✐❧ ♥✬❡st
♣❛s ♦♣t✐♠❛❧ ❞✬✉t✐❧✐s❡r t♦✉t❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✐s♣♦♥✐❜❧❡ ♣♦✉r ♠❛①✐♠✐s❡r ❧✬❡✣❝❛❝✐té é♥✲



✷✳✷✳ ❘❡♣♦rt str❛té❣✐q✉❡ ❞✉ ❣❛✐♥ ❞✉ ❝❛♥❛❧ ✶✼

❡r❣ét✐q✉❡✳ ■❧ ❡st ❛✉ss✐ ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉✬à ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ✜①é❡✱ ❧✬❡✣❝❛❝✐té
é♥❡r❣ét✐q✉❡ ♣❛r ré❝❡♣t❡✉r ❛✉❣♠❡♥t❡ ❛✈❡❝ ❧❛ ✈❛❧❡✉r ❞✉ ❣❛✐♥ ❞❡ ❝❛♥❛❧✳

✷✳✶✳✸ ➱q✉✐❧✐❜r❡ ❞❡ ◆❛s❤

❯♥ ❝♦♥❝❡♣t ✐♠♣♦rt❛♥t ♣♦✉r ét✉❞✐❡r ❧❡ rés✉❧t❛t ❞✬✉♥ ❥❡✉ ❡st ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤✳

❉é✜♥✐t✐♦♥ ✷ ❉❛♥s ❧❡ ❥❡✉ G✱ ✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❡st ✉♥ ♣r♦✜❧ ❞✬❛❝t✐♦♥s (p∗1, . . . , p
∗
K)

t❡❧ q✉❡ ∀k ∈ K
∀pk 6= p∗k, uk(pk, p

∗
−k

) ≤ uk(p∗k, p∗−k
). ✭✷✳✻✮

❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❝✬❡st ✉♥ ♣r♦✜❧ ❞✬❛❝t✐♦♥s ❞♦♥t ❛✉❝✉♥ ❥♦✉❡✉r ♥✬❛ ✐♥térêt à
❞é✈✐❡r ✉♥✐❧❛tér❛❧❡♠❡♥t✳ Pré❝✐sé♠❡♥t✱ ❧❡ ❥❡✉ st❛t✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡❢✲
✜❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ❡st q✉❛s✐✲❝♦♥❝❛✈❡ ❡t ♣♦ssè❞❡ ❞♦♥❝ ✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤
♣✉r ❬▲❛s❛✉❧❝❡ ✷✵✶✶❪✳ ❉❡ ♣❧✉s✱ ❝❡t éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❡st ✉♥✐q✉❡ ❡t ❞♦♥♥é ♣❛r ❧✬❡①✲
♣r❡ss✐♦♥ s✉✐✈❛♥t❡ ✿

∀i ∈ {1, ...,K}, p∗k =
σ2

ηk

β∗

1− (K − 1)β∗
, ✭✷✳✼✮

♦ù β∗ ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ♥♦♥✲♥✉❧❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✿

γf ′(γ)− f(γ) = 0, ✭✷✳✽✮

q✉✐ ❡st ♦❜t❡♥✉❡ ❧♦rsq✉❡ ❝❤❛q✉❡ é♠❡tt❡✉r ♠❛①✐♠✐s❡ s❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❡✣❝❛❝❡ é♥✲
❡r❣ét✐q✉❡♠❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ s❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥✳

❈❡t éq✉✐❧✐❜r❡ ❡st q✉❛❧✐✜é ❞❡ ✏♥♦♥✲s❛t✉ré✑ s✐ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ♠❛①✐♠❛❧❡ ❞❡
❝❤❛q✉❡ é♠❡tt❡✉r✱ Pmax

k ✱ ❡st s✉✣s❛♠♠❡♥t é❧❡✈é❡ ♣♦✉r ♥❡ ♣❛s êtr❡ ❛t❡✐♥t❡ à ❧✬éq✉✐❧✐❜r❡✳
❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❝❤❛q✉❡ é♠❡tt❡✉r ♠❛①✐♠✐s❡ s♦♥ ❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ♣♦✉r ✉♥❡
♣✉✐ss❛♥❝❡ ✐♥❢ér✐❡✉r❡ à Pmax

k ✳ ❯♥❡ ♣r♦♣r✐été ✐♠♣♦rt❛♥t❡ ❞❡ ❝❡t éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❡st
q✉❡ ❧❡s é♠❡tt❡✉rs ♥✬♦♥t ❜❡s♦✐♥ ❞❡ ❝♦♥♥❛îtr❡ q✉❡ ❧❡✉r ♣r♦♣r❡ ❣❛✐♥ ❞❡ ❝❛♥❛❧ ηk ❛✐♥s✐ q✉❡
❧❡ ♥♦♠❜r❡ ❞✬é♠❡tt❡✉rs ❞❛♥s ❧❡ s②stè♠❡ ♣♦✉r ❞ét❡r♠✐♥❡r ❧❡✉r ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥
❞✬éq✉✐❧✐❜r❡✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ ❛ été ♣r♦✉✈é ♣❛r ❬●♦♦❞♠❛♥ ✷✵✵✵✱ ▼❡s❤❦❛t✐ ✷✵✵✻❪✱ q✉❡
❝❡t éq✉✐❧✐❜r❡ ♥✬❡st ♣❛s ♦♣t✐♠❛❧ ❛✉ s❡♥s ❞❡ P❛r❡t♦✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❡s ❡✣❝❛❝✐tés
é♥❡r❣ét✐q✉❡s à ❧✬éq✉✐❧✐❜r❡ ♥❡ ❞♦♠✐♥❡♥t ♣❛s ❧❛ ré❣✐♦♥ ❞✬✉t✐❧✐tés ❛tt❡✐❣♥❛❜❧❡s✳

✷✳✷ ❘❡♣♦rt str❛té❣✐q✉❡ ❞✉ ❣❛✐♥ ❞✉ ❝❛♥❛❧

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ét✉❞✐♦♥s ✉♥ s❝é♥❛r✐♦ ❞❡ ❥❡✉ st❛t✐q✉❡ ❝♦♥str✉✐t à ♣❛rt✐r
❞❡ ❧❛ ♠❡s✉r❡ ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ♣rés❡♥té❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ✷✳✶✳ ❯♥❡ ét✉❞❡ ♣❧✉s
❞ét❛✐❧❧é❡ ❞✉ ♣r♦❜❧è♠❡ ❞✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥ér❣ét✐q✉❡♠❡♥t q✉❡ ♥♦✉s
♣rés❡♥t♦♥s ✐❝✐ s❡ tr♦✉✈❡ ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✷❜❪✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡s ♣r❡✉✈❡s ❞❡s ❞✐❢✲
❢ér❡♥t❡s ♣r♦♣r✐étés é♥♦♥❝é❡s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t s♦♥t ♣rés❡♥t❡s ❞❛♥s ❝❡t ❛rt✐❝❧❡✳

❉❛♥s ❝❡ ♥♦✉✈❡❛✉ s❝é♥❛r✐♦✱ ♥♦✉s ét✉❞✐♦♥s ❧❡s ❝♦♠♠✉♥✐❝❛t✐♦♥s ❡♥tr❡ ✉♥ é♠❡tt❡✉r
✭✉♥❡ st❛t✐♦♥ ❞❡ ❜❛s❡✮ ❡t ♣❧✉s✐❡✉rs ré❝❡♣t❡✉rs ✭❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✮✱ s✉r ❞❡s ❜❛♥✲
❞❡s ❞❡ ❢réq✉❡♥❝❡ sé♣❛ré❡s✳ ❉✐s♣♦s❛♥t ❞✬✉♥❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ♠❛①✐♠❛❧❡ ✜①é❡✱



✶✽ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡

❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❛❧❧♦✉❡ ❝❡tt❡ ♣✉✐ss❛♥❝❡ ❡♥tr❡ ❧❡s ❞✐✛ér❡♥ts t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❞❡
♠❛♥✐èr❡ à ♠❛①✐♠✐s❡r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡✳ ❈❡tt❡ ❛❧❧♦❝❛t✐♦♥ ❡st ♥é❝❡s✲
s❛✐r❡♠❡♥t ré❛❧✐sé❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① r❡♣♦rtés ♣❛r ❧❡s t❡r♠✐♥❛✉① à ❧❛
st❛t✐♦♥ ❞❡ ❜❛s❡ ❝❛r ❧❡s ❝❛♥❛✉① ♥❡ s♦♥t ♣❛s s②♠étr✐q✉❡s ✭❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ❞❛♥s
❧❛ ♥♦r♠❡ ▲❚❊ ❬✸●PP ✷✵✵✾❪✮✳ ▲❡s ♦❜❥❡❝t✐❢s ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❡t ❞❡s t❡r♠✐♥❛✉①
s♦♥t ❞✐✛ér❡♥ts ♣✉✐sq✉❡ ♥♦✉s ❝♦♥s✐❞ér♦♥s q✉❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❝❤❡r❝❤❡ à ♠❛①✐♠✐s❡r
❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ t♦t❛❧✐té ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❛❧♦rs q✉❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s
♥❡ ❝❤❡r❝❤❡♥t q✉✬à ♠❛①✐♠✐s❡r ❧❡✉r r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ✭❘❙❇✮✳ ❆✐♥s✐✱ ❞❡ ♠❛♥✐èr❡
r❛t✐♦♥♥❡❧❧❡✱ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ♦♥t ✐♥térêt à r❡♣♦rt❡r ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① q✉✐
❢❛✈♦r✐s❡♥t ❧❡✉r ✐♥térêt ✐♥❞✐✈✐❞✉❡❧✱ ♠ê♠❡ s✐ ❝❡❧❛ ❞✐♠✐♥✉❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❣❧♦❜❛❧❡s ❞✉
rés❡❛✉✳

❈❡ ❝♦♥st❛t ♥♦✉s ✐♥❝✐t❡ à ét✉❞✐❡r ❧❡s ❡✛❡ts ❞❡ ❣❛✐♥s ❞❡ ❝❛♥❛✉① ❝❤♦✐s✐s ❞❡ ♠❛♥✐èr❡
str❛té❣✐q✉❡ s✉r ❧❡s ♣❡r❢♦r♠❛♥❝❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ s❛♥s ✜❧✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ♠♦❞é❧✐s♦♥s ❧❡
♣r♦❜❧è♠❡ ❞❡ r❡♣♦rt ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① s♦✉s ❢♦r♠❡ ❞✬✉♥ ❥❡✉ st❛t✐q✉❡ ❞❛♥s ❧❡q✉❡❧ ❧❡s
❥♦✉❡✉rs s♦♥t ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s q✉✐ ❝❤♦✐s✐ss❡♥t ❧❡✉r r❡♣♦rt ❞❡ ♠❛♥✐èr❡ à ♠❛①✐♠✐s❡r
❧❛ ♣✉✐ss❛♥❝❡ q✉✐ ❧❡✉r ❡st ❛❧❧♦✉é❡ ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✱ ❧❡s ♣✉✐ss❛♥❝❡s ❛❧❧♦✉é❡s ét❛♥t
❝❤♦✐s✐❡s ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❞❡ ♠❛♥✐èr❡ à ♠❛①✐♠✐s❡r ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬❡✣❝❛❝✐té
é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡✳ ❊♥ ❧✐♠✐t❛♥t ♥♦tr❡ ❛♥❛❧②s❡ à ❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡✱ ♥♦✉s
♣♦✉✈♦♥s ♦❜t❡♥✐r ❞❡s rés✉❧t❛ts ❢♦r♠❡❧s ♣♦✉r ❝♦♠♣❛r❡r ✉♥❡ ❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡
❛✈❡❝ ❧❡s ✈r❛✐s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ❡t ✉♥❡ ❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ❛✈❡❝ ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉①
r❡♣♦rtés ❞❡ ♠❛♥✐èr❡ str❛té❣✐q✉❡✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❝❡tt❡ ♣❛rt✐❡ ❢♦✉r♥✐t ❞❡s rés✉❧t❛ts
✐♠♣♦rt❛♥ts ♣♦✉r ❧❡s rés❡❛✉① ❝❡❧❧✉❧❛✐r❡s ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ❞❛♥s ❧❡sq✉❡❧s ❧❛
✜❞é❧✐té ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① r❡♣♦rtés ♥✬❡st ♣❛s ❣❛r❛♥t✐❡✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦s ❝♦♥tr✐❜✉t✐♦♥s s♦♥t ❧❡s s✉✐✈❛♥t❡s ✿

✕ ◆♦✉s ♣r♦✉✈♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥ ✉♥✐q✉❡ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ♣♦✉r ❧❡ ❝❤♦✐① ❞❡s ❣❛✐♥s
❞❡ ❝❛♥❛✉① r❡♣♦rtés✳ ❈❡❧❛ ♣❡r♠❡t ❞✬ét✉❞✐❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✉ rés❡❛✉ ❞❛♥s ✉♥
ét❛t st❛❜❧❡ ❞♦♥t ❛✉❝✉♥ t❡r♠✐♥❛❧ ♥✬❛ ✉♥✐❧❛tér❛❧❡♠❡♥t ✐♥térêt à ❞é✈✐❡r✳

✕ ◆♦✉s ❝♦♠♣❛r♦♥s ❧❡s ♣❡r❢♦r♠❛♥❝❡s ♦❜t❡♥✉❡s ❛✈❡❝ ❧❡s ✈r❛✐s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ❡t
❧❡s r❡♣♦rts str❛té❣✐q✉❡s à ❧✬éq✉✐❧✐❜r❡✳ P♦✉r ❧❡s ❞❡✉① t②♣❡s ❞❡ ❣❛✐♥s ❞❡ ❝❛♥❛✉①✱
♥♦✉s ❞♦♥♥♦♥s ✉♥❡ ❢♦r♠✉❧❡ ❡①♣❧✐❝✐t❡ ❞❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡✳
❈❡❧❛ ♥♦✉s ♣❡r♠❡t ❞✬♦❜s❡r✈❡r q✉❡ ❧❡s ❝❡❧❧✉❧❡s ❞❡ ♣❡t✐t❡ ❞✐♠❡♥s✐♦♥ s♦♥t ♣❧✉s
r♦❜✉st❡s à ❞❡s r❡♣♦rts str❛té❣✐q✉❡s ❞❡ ❣❛✐♥s ❞❡ ❝❛♥❛✉① q✉❡ ❞❡s ❝❡❧❧✉❧❡s ❛✈❡❝
❞❡s ❝❛♣❛❝✐tés ❞✬é♠✐ss✐♦♥ ♣❧✉s ✐♠♣♦rt❛♥t❡s✳

✷✳✷✳✶ ▼♦❞é❧✐s❛t✐♦♥ ❞✉ s②stè♠❡

▼♦❞è❧❡ ❞✉ rés❡❛✉ s❛♥s ✜❧

◆♦✉s ét✉❞✐♦♥s ✉♥❡ ❝❡❧❧✉❧❡ ❞❛♥s ❧❛q✉❡❧❧❡ ✉♥❡ st❛t✐♦♥ ❞❡ ❜❛s❡ ❛❧❧♦✉❡ s❛ ♣✉✐ss❛♥❝❡
❞✬é♠✐ss✐♦♥ ❡♥tr❡ K ré❝❡♣t❡✉rs ♠♦❜✐❧❡s✱ s✉r ❧❛ ❜❛♥❞❡ ❞❡s❝❡♥❞❛♥t❡✳ ❯♥ ✉t✐❧✐s❛t❡✉r ❡st
✐❞❡♥t✐✜é ♣❛r s♦♥ ✐♥❞✐❝❡ k ∈ K = {1, . . . ,K} ❡t ❧❛ ♣✉✐ss❛♥❝❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❛❧❧♦✉é❡
❡st ♥♦té❡ pk ∈ [0, P ] ♣♦✉r ❝❤❛q✉❡ ré❝❡♣t❡✉r✳ ▲❡ t❡♠♣s ❡st ❞✐✈✐sé ❡♥ ✐♥t❡r✈❛❧❧❡s ❡t
❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ❡st ❢❛✐t❡ ♣♦✉r ❝❤❛q✉❡ ✐♥t❡r✈❛❧❧❡✳ P♦✉r ét✉❞✐❡r ✉♥✐q✉❡♠❡♥t ❧❡s
❝♦♥séq✉❡♥❝❡s ❞❡ ❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡✱ ♥♦✉s ✐❣♥♦r♦♥s ✈♦❧♦♥t❛✐r❡♠❡♥t ❧❡ ♣r♦❜❧è♠❡



✷✳✷✳ ❘❡♣♦rt str❛té❣✐q✉❡ ❞✉ ❣❛✐♥ ❞✉ ❝❛♥❛❧ ✶✾

❞✬❛❧❧♦❝❛t✐♦♥ ❞❡ r❡ss♦✉r❝❡ s✉r ♣❧✉s✐❡✉rs s♦✉s✲❜❛♥❞❡s ❞❡ ❢réq✉❡♥❝❡ ❡t ♣♦✉r ♣❧✉s✐❡✉rs
✐♥t❡r✈❛❧❧❡s ❞❡ t❡♠♣s à ❧❛ s✉✐t❡✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❝❤❛q✉❡ ré❝❡♣t❡✉r ❞✐s♣♦s❡ ❞❡ s❛
♣r♦♣r❡ ❜❛♥❞❡ ❞❡ ❧❛r❣❡✉r ✜①❡ W ✳

❙✉r ❝❤❛q✉❡ ❜❛♥❞❡✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡ ❝❛♥❛❧ ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ✈❡rs ❧❡
ré❝❡♣t❡✉r s✉❜✐t ✉♥❡ ❛tté♥✉❛t✐♦♥ q✉❛s✐✲st❛t✐q✉❡ ❛✈❡❝ ✉♥ ❝♦❡✣❝✐❡♥t ❞❡ ❝❛♥❛❧ hk✳ ▲❡
♣r♦❝❡ss✉s ❞✬❛tté♥✉❛t✐♦♥ ❡st s✉♣♣♦sé ✐✐❞ ❘❛②❧❡✐❣❤✱ ❝❡ q✉✐ ❡♥tr❛î♥❡ ✉♥❡ ❞✐str✐❜✉t✐♦♥
❡①♣♦♥❡♥t✐❡❧❧❡ ♣♦✉r ❧❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ηk✳ P♦✉r ❝❤❛❝✉♥ ❞❡s ré❝❡♣t❡✉rs k ∈ K✱ ♥♦✉s
♣♦✉✈♦♥s ❡①♣r✐♠❡r s♦♥ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ✭❘❙❇✮ ✐♥st❛♥t❛♥é ♣❛r ✿

γk(pk, ηk) =
pkηk
σ2

, ✭✷✳✾✮

♦ù σ2 ❡st ❧❛ ✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t ♣♦✉r ❧❡ ré❝❡♣t❡✉r k✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡
❝♦♥tr❛✐r❡♠❡♥t ❛✉ ♠♦❞è❧❡ ét✉❞✐é ❡♥ ♣❛rt✐❡ ✷✳✶✱ ❧❡s ré❝❡♣t❡✉rs ♥❡ s♦✉✛r❡♥t ♣❛s ❞✬✐♥t❡r✲
❢ér❡♥❝❡ ♣✉✐sq✉❡ ❧❡s ❜❛♥❞❡s ❞❡ ❢réq✉❡♥❝❡s ❞❡s ré❝❡♣t❡✉rs ♥❡ s❡ s✉♣❡r♣♦s❡♥t ♣❛s✳ P♦✉r
ré❛❧✐s❡r ❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡✱ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ r❡q✉✐❡rt ✉♥ r❡♣♦rt ❞❡ q✉❛❧✐té
❞❡ ❝❛♥❛❧ ❞❡ ❧❛ ♣❛rt ❞❡ ❝❤❛q✉❡ ré❝❡♣t❡✉r✱ ♣♦✉r ❝❤❛q✉❡ ✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s✳ ❉❛♥s ❧❛
♣rés❡♥t❡ ét✉❞❡✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❝❡ r❡♣♦rt ❡st ❧❡ ❣❛✐♥ ❞✉ ❝❛♥❛❧ ηk✱ ∀k ∈ K✳

❊✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡

▲❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ré❛❧✐s❡ ❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡✱ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡
❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❛ss♦❝✐é❡ à ❝❤❛❝✉♥ ❞❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s✳ ❈♦♥tr❛✐r❡♠❡♥t
à ❬●♦♦❞♠❛♥ ✷✵✵✵❪ ♦ù ❧❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡st ❝♦♥s✐❞éré s✉r ❧❡ ❝❛♥❛❧ ♠♦♥t❛♥t✱
♥♦✉s ét✉❞✐♦♥s ✐❝✐ ❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ s✉r ❧❡ ❝❛♥❛❧ ❞❡s❝❡♥❞❛♥t✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱
❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞és✐❣♥❡ ✐❝✐ ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❛ q✉❛♥t✐té ❞✬✐♥❢♦r♠❛t✐♦♥ ❝♦r✲
r❡❝t❡♠❡♥t tr❛♥s♠✐s❡ à ✉♥ ré❝❡♣t❡✉r ♠♦❜✐❧❡ ❡t ❧✬é♥❡r❣✐❡ ❞é♣❡♥sé❡ ♣❛r ❧❛ st❛t✐♦♥ ❞❡
❜❛s❡ ✈❡rs ❝❡ ♠ê♠❡ ré❝❡♣t❡✉r✳ ◆♦✉s ♥♦t♦♥s u(k)❡❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡
❛ss♦❝✐é❡ ❛✉ k✐è♠❡ ré❝❡♣t❡✉r ♠♦❜✐❧❡✳ ❊❧❧❡ s✬é❝r✐t ✿

u(k)❡❡ (pk) =
Rf
Ä
γk(pk, ηk)

ä

pk
, ✭✷✳✶✵✮

♦ù R ❡st ❧❡ ❞é❜✐t ✜①❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❡♥ ❜✐t✴s✱ ❡t f ❡st ❧❛
❢♦♥❝t✐♦♥ s✐❣♠♦ï❞❡ q✉✐ r❡♣rés❡♥t❡ ❧❡ t❛✉① ❞❡ s✉❝❝ès ❞❡ ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❡ ❞♦♥♥é❡s✳
❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ♦♣t✐♠❛❧❡ ♣❛r ré❝❡♣t❡✉r✱ ♥♦✉s ♣♦✉✈♦♥s
✈ér✐✜❡r q✉❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ♣❛r ré❝❡♣t❡✉r ♣❡✉t êtr❡ ♠❛①✐♠✐sé❡ ❛✈❡❝ ✉♥❡ ♣✉✐s✲
s❛♥❝❡ ♣❧✉s ❢❛✐❜❧❡ ❧♦rsq✉❡ ❧❡ ❣❛✐♥ ❞✉ ❝❛♥❛❧ ❡st ♠❡✐❧❧❡✉r✳ P♦✉r ❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡
❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t à ❧✬é❝❤❡❧❧❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉✬✐❧ ❡st ♣❧✉s ✐♥tér❡s✲
s❛♥t ❞✬❛❧❧♦✉❡r ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❛✉① ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ❞✐s♣♦s❛♥t ❞✬✉♥ ❜♦♥ ❣❛✐♥ ❞❡
❝❛♥❛❧✱ ♣✉✐sq✉❡ ❝❡s ré❝❡♣t❡✉rs ♥é❝❡ss✐t❡♥t ♠♦✐♥s ❞❡ ♣✉✐ss❛♥❝❡ ♣♦✉r ♦✛r✐r ✉♥❡ ❜♦♥♥❡
❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✳

◆♦✉s ♣♦✉✈♦♥s à ♣rés❡♥t ❞é✜♥✐r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ q✉✐ ❡st ❧❛
s♦♠♠❡ ❞❡ t♦✉t❡s ❧❡s ❡✣❝❛❝✐tés é♥❡r❣ét✐q✉❡s ♣❛r ré❝❡♣t❡✉r✱ ❝✬❡st✲à✲❞✐r❡ ✿

u❡❡(p) =
∑

k∈K
u(k)❡❡ (pk), ✭✷✳✶✶✮



✷✵ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡

♦ù ❧❡ ✈❡❝t❡✉r p ❡st ❝♦♠♣♦sé ❞❡ t♦✉t❡s ❧❡s ✈❛❧❡✉rs ❞❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❛❧❧♦✉é❡s
♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✳

▲❡s ♣r♦♣r✐étés ❞❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❞é❝♦✉❧❡♥t ❞❡s ♣r♦♣r✐étés ❞❡s
❡✣❝❛❝✐tés é♥❡r❣ét✐q✉❡s ❞❡ ❝❤❛q✉❡ ré❝❡♣t❡✉r✳ ❊♥ ❡✛❡t✱ ♣♦✉r t♦✉t k ∈ K✱ ❧❛ ❢♦♥❝t✐♦♥
u
(k)
❡❡ (pk) ❡st ❝♦♥t✐♥✉❡ ♣❛r r❛♣♣♦rt à pk✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❛ s♦♠♠❡ ✭✷✳✶✶✮ ❡st ❝♦♥t✐♥✉❡

♣❛r r❛♣♣♦rt à p✳ ❈❡♣❡♥❞❛♥t✱ ✉♥❡ t❡❧❧❡ ❛♥❛❧♦❣✐❡ ♥❡ s❡ r❡tr♦✉✈❡ ♣❛s ♣♦✉r ✉♥❡ ❛✉tr❡

♣r♦♣r✐été ❞❡ ❝❡s ❢♦♥❝t✐♦♥s ✿ ❜✐❡♥ q✉❡ ❝❤❛q✉❡ ❢♦♥❝t✐♦♥ ✐♥❞✐✈✐❞✉❡❧❧❡ u(k)❡❡ (pk) s♦✐t q✉❛✲
s✐❝♦♥❝❛✈❡✱ ❧❡✉r s♦♠♠❡ ♥✬❡st ♥✐ ❝♦♥❝❛✈❡✱ ♥✐ q✉❛s✐❝♦♥❝❛✈❡✳ ▲❡ ♣r♦❜❧è♠❡ ❞✬❛❧❧♦❝❛t✐♦♥
♦♣t✐♠❛❧ ❞❡ ♣✉✐ss❛♥❝❡ ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ♥✬❡st ❞♦♥❝ ♣❛s tr✐✈✐❛❧✳ ◆♦✉s ✐♥✈✐t♦♥s ❧❡
❧❡❝t❡✉r à ❝♦♥s✉❧t❡r ❬▼ér✐❛✉① ✷✵✶✷❜❪ ♣♦✉r ✉♥❡ ét✉❞❡ ♣❧✉s ❞ét❛✐❧❧é❡ ❞❡ ❝❡ ♣r♦❜❧è♠❡✳
❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s s✐♠♣❧❡♠❡♥t q✉❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡
❡✛❡❝t✉❡ ✉♥❡ ❛❧❧♦❝❛t✐♦♥ ♦♣t✐♠❛❧❡ ❞❡ ♣✉✐ss❛♥❝❡✳

✷✳✷✳✷ ❏❡✉ st❛t✐q✉❡ ❞❡ r❡♣♦rt ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉①

❉é✜♥✐t✐♦♥ ❞✉ ❥❡✉

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ♥♦✉s ❝♦♥❝❡♥tr♦♥s s✉r ❧❡ ❝♦♠♣♦rt❡♠❡♥t str❛té❣✐q✉❡ ❞❡s
ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ❧♦rsq✉✬✐❧s r❡♣♦rt❡♥t ❧✬ét❛t ❞❡ ❧❡✉r ❝❛♥❛❧✳ ▲❛ ❞✐✛ér❡♥❝❡ ♣r✐♥❝✐♣❛❧❡
❛✈❡❝ ❧❡s ✐♥térêts ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❡st q✉❡ ❧❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ♥❡ s♦♥t ♣❛s
❝♦♥❝❡r♥és ♣❛r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ s✉r ❧❡ ❝❛♥❛❧ ❞❡s❝❡♥❞❛♥t ♣✉✐sq✉❡ ❝❡ ♥✬❡st ♣❛s
❧❡✉r ♣r♦♣r❡ ♣✉✐ss❛♥❝❡ q✉✐ ❡st ✉t✐❧✐sé❡✳ ➚ ❧❛ ♣❧❛❝❡ ❞❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✱ ✐❧s ♥❡
❝❤❡r❝❤❡♥t q✉✬à ♠❛①✐♠✐s❡r ❧❡✉r ♣r♦♣r❡ ❘❙❇✳ ❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞✬✉♥ ♦♣ér❛t❡✉r✱ ❧✬é♥❡r❣✐❡
❝♦♥s♦♠♠é❡ ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❛ ❜✐❡♥ ♣❧✉s ❞✬✐♠♣♦rt❛♥❝❡ q✉❡ ❧✬é♥❡r❣✐❡ ❝♦♥s♦♠♠é❡
♣❛r ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✳ ■❧ ② ❛ ❞♦♥❝ ✉♥❡ ❝❡rt❛✐♥❡ ❧♦❣✐q✉❡ à ❝♦♥s✐❞ér❡r q✉❡ ❧❛
st❛t✐♦♥ ❞❡ ❜❛s❡ ❝❤❡r❝❤❡ à ♠❛①✐♠✐s❡r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❛❧♦rs q✉❡
❧❡s ré❝❡♣t❡✉rs ❝❤❡r❝❤❡♥t s❡✉❧❡♠❡♥t à ♠❛①✐♠✐s❡r ❧❡✉r ❘❙❇✳

P♦✉r ❝❤❛q✉❡ ré❝❡♣t❡✉r ♠♦❜✐❧❡✱ ❧❡ ❘❙❇ ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à ❧❛ ♣✉✐ss❛♥❝❡ ❛❧❧♦✉é❡
♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✳ ❈❡tt❡ ♣✉✐ss❛♥❝❡ ❛❧❧♦✉é❡ ❞é♣❡♥❞ ❞✉ ❣❛✐♥ ❞❡ ❝❛♥❛❧ q✉❡ ❧❡
ré❝❡♣t❡✉r ❡♥ q✉❡st✐♦♥ r❡♣♦rt❡ à ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✱ ♠❛✐s é❣❛❧❡♠❡♥t ❞❡s r❡♣♦rts ❞❡
t♦✉s ❧❡s ❛✉tr❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ❞❛♥s ❧❛ ❝❡❧❧✉❧❡✳ P✉✐sq✉❡ ❝❤❛q✉❡ ré❝❡♣t❡✉r ♣ré❢èr❡
s❡ ✈♦✐r ❛❧❧♦✉❡r ✉♥❡ ❢♦rt❡ ♣✉✐ss❛♥❝❡✱ ✐❧ ♣❡✉t ❥♦✉❡r ❛✈❡❝ ❧❛ ✈❛❧❡✉r ❞✉ ❣❛✐♥ ❞❡ ❝❛♥❛❧ q✉✬✐❧
r❡♣♦rt❡ à ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❛✜♥ ❞❡ s❡ ✈♦✐r ❛❧❧♦✉❡r ✉♥❡ ♣✉✐ss❛♥❝❡ ♣❧✉s ✐♠♣♦rt❛♥t❡✳
◆♦✉s s✉♣♣♦s♦♥s ❞♦♥❝ q✉❡ ❧❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ♦♥t ❧❛ ❧✐❜❡rté ❞❡ r❡♣♦rt❡r ♥✬✐♠♣♦rt❡
q✉❡❧ ❣❛✐♥ ❞❡ ❝❛♥❛❧ à ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✱ ❡t ♥♦✉s ❢❛✐s♦♥s ❛♣♣❡❧ à ❧❛ t❤é♦r✐❡ ❞❡s ❥❡✉①
♣♦✉r ét✉❞✐❡r ❧❡ rés✉❧t❛t ❞✬✉♥ t❡❧ s❝é♥❛r✐♦✳ P♦✉r ❝❤❛q✉❡ ré❝❡♣t❡✉r ♠♦❜✐❧❡ k ∈ K✱ ❞❡✉①
✈❛❧❡✉rs ❞❡ ❣❛✐♥ ❞❡ ❝❛♥❛❧ s♦♥t ✐♠♣♦rt❛♥t❡s ✿

✕ ❧❛ ✈r❛✐❡ ✈❛❧❡✉r ❞✉ ❣❛✐♥ ❞❡ ❝❛♥❛❧ ηk✱ ♣✉✐sq✉❡ q✉❡ ❧❛ ❝❛♣❛❝✐té ❞✉ ❝❛♥❛❧ ❞✉ ré❝❡♣✲
t❡✉r ❞é♣❡♥❞ ❞❡ ❝❡ ❣❛✐♥ ❀

✕ ❧❛ ✈❛❧❡✉r q✉✬✐❧ r❡♣♦rt❡ à ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❡t q✉❡ ♥♦✉s ♥♦t♦♥s gk ∈ [0, G]✱ ❛✈❡❝
G ❧❡ ❣❛✐♥ ♠❛①✐♠❛❧ q✉✬✉♥ ✉t✐❧✐s❛t❡✉r ♣❡✉t r❡♣♦rt❡r✳ ▲❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥
❡st ❛❧❧♦✉é❡ ❛✉ ré❝❡♣t❡✉r ♠♦❜✐❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❝❡tt❡ ✈❛❧❡✉r✳

▲❡s ❞❡✉① t❡r♠❡s ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞❡ ❝❤❛q✉❡ ré❝❡♣t❡✉r✱ q✉✐



✷✳✷✳ ❘❡♣♦rt str❛té❣✐q✉❡ ❞✉ ❣❛✐♥ ❞✉ ❝❛♥❛❧ ✷✶

❡st ❧❡ ❘❙❇ ❛♣rès ❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✳ ∀k ∈ K✱

rk(gk, g−k
) =

pk(gk, g−k
)ηk

σ2
, ✭✷✳✶✷✮

♦ù pk(gk, g−k
) ❡st ❧❛ ♣✉✐ss❛♥❝❡ ❛❧❧♦✉é❡ ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ à ❧✬é♠❡tt❡✉r k ❡♥

❢♦♥❝t✐♦♥ ❞❡ t♦✉s ❧❡s r❡♣♦rts ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉①✳ ◆♦✉s ♣♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t ❞é✜♥✐r
❧❡ ❥❡✉ ét✉❞✐é✳

❉é✜♥✐t✐♦♥ ✸ ▲❡ ❥❡✉ ❞❡ r❡♣♦rt ❞❡ ❝❛♥❛❧ ❡st ❞é✜♥✐ ♣❛r ❧❡ tr✐♣❧❡t G′ =

(K, {A′
k}k∈K, {rk}k∈K) ❞❛♥s ❧❡q✉❡❧

✕ K ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❥♦✉❡✉rs✱ q✉✐ r❡♣rés❡♥t❡ ❧❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s✳
✕ A′

k = [0, G] ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛❝t✐♦♥s ♣♦✉r ❧❡ ❥♦✉❡✉r k✳ ❉❛♥s ❝❡ ❥❡✉✱ ✉♥❡
❛❝t✐♦♥ gk ∈ A′

k ❡st ❧❡ r❡♣♦rt ❞✉ ❣❛✐♥ ❞❡ ❝❛♥❛❧ à ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✳
✕ ▲❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞✉ ❥♦✉❡✉r k ❡st

rk(gk, g−k
) =

pk(gk, g−k
)ηk

σ2
.

❝✬❡st ❧❡ ❘❙❇✱ q✉✐ ❞é♣❡♥❞ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❛❧❧♦✉é❡ ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❡♥
❢♦♥❝t✐♦♥ ❞❡ t♦✉s ❧❡s r❡♣♦rts ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉①✳

▲❛ ✜❣✉r❡ ✷✳✷ ❞♦♥♥❡ ❧✬❛❧❧✉r❡ ❞❡s ❢♦♥❝t✐♦♥s ❞✬✉t✐❧✐té ❞❡s ❥♦✉❡✉rs ❞❡ ❝❡ ❥❡✉ ❡♥ ❢♦♥❝t✐♦♥
❞✉ ❣❛✐♥ ❞❡ ❝❛♥❛❧ r❡♣♦rté ❡t ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ♦♣t✐♠❛❧❡ ❛ss♦❝✐é❡ ♣♦✉r ♠❛①✐♠✐s❡r ❧✬❡✣✲
❝❛❝✐té é♥❡r❣ét✐q✉❡✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ❝♦♥st❛t❡r q✉❡ ❧♦rsq✉❡ q✉✬✉♥ ré❝❡♣t❡✉r r❡♣♦rt❡
✉♥ ❣❛✐♥ ❞❡ ❝❛♥❛❧ tr♦♣ ❢❛✐❜❧❡✱ ❛✉❝✉♥❡ ♣✉✐ss❛♥❝❡ ♥❡ ❧✉✐ ❡st ❛❧❧♦✉é❡✳ ❊♥ ❡✛❡t✱ ❛✈❡❝ ✉♥
❝❛♥❛❧ tr♦♣ ❢❛✐❜❧❡✱ ❧❛ ♣✉✐ss❛♥❝❡ ♥é❝❡ss❛✐r❡ ♣♦✉r ♠❛①✐♠✐s❡r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞✉
ré❝❡♣t❡✉r ❡st ❢♦rt❡ ❡t ❧❡ ❣❛✐♥ ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❡st ❢❛✐❜❧❡✳ ▲❛ st❛t✐♦♥ ❞❡ ❜❛s❡
♣ré❢èr❡ ❞♦♥❝ ❛❧❧♦✉❡r s❛ ♣✉✐ss❛♥❝❡ à ❞✬❛✉tr❡s ré❝❡♣t❡✉rs ❛✈❡❝ ❞❡ ♠❡✐❧❧❡✉rs ❝❛♥❛✉①✳
❆✉ ❝♦♥tr❛✐r❡✱ ❧♦rsq✉✬✉♥ ré❝❡♣t❡✉r r❡♣♦rt❡ ✉♥ ❣❛✐♥ ❞❡ ❝❛♥❛❧ ♣❧✉s é❧❡✈é✱ ❧❛ st❛t✐♦♥ ❞❡
❜❛s❡ ❧✉✐ ❛❧❧♦✉❡ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡✳ ▼❛✐s ♠❡✐❧❧❡✉r ❡st ❧❡ ❝❛♥❛❧ r❡♣♦rté✱ ♣❧✉s ❢❛✐❜❧❡ ❡st
❧❛ ♣✉✐ss❛♥❝❡ ❛❧❧♦✉é❡ ❝❛r ♥♦✉s r❛♣♣❡❧♦♥s q✉✬✉♥ ré❝❡♣t❡✉r ❛✈❡❝ ✉♥ ❜♦♥ ❝❛♥❛❧ ♥é❝❡s✲
s✐t❡ ♠♦✐♥s ❞❡ ♣✉✐ss❛♥❝❡ ♣♦✉r ♠❛①✐♠✐s❡r s♦♥ ❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ✭✈♦✐r ✜❣✉r❡ ✷✳✶✮✳
❈❤❛q✉❡ ré❝❡♣t❡✉r ❡st ❞♦♥❝ ❢❛❝❡ à ✉♥ ❝♦♠♣r♦♠✐s ♣♦✉r ❧❡ ❝❤♦✐① ❞✉ ❣❛✐♥ ❞❡ ❝❛♥❛❧ q✉✬✐❧
r❡♣♦rt❡ ✿ ✐❧ ❞♦✐t r❡♣♦rt❡r ✉♥ ❣❛✐♥ ❞❡ ❝❛♥❛❧ s✉✣s❛♠♠❡♥t ❢♦rt ♣♦✉r s❡ ✈♦✐r ❛❧❧♦✉❡r ❞❡ ❧❛
♣✉✐ss❛♥❝❡✱ ♠❛✐s é❣❛❧❡♠❡♥t s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡ ♣♦✉r q✉❡ ❝❡tt❡ ♣✉✐ss❛♥❝❡ s♦✐t é❧❡✈é❡✳

❈❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤

❉❛♥s ❧❡ ❥❡✉ G′✱ ♥♦✉s ♣♦✉✈♦♥s ♣r♦✉✈❡r q✉✬✐❧ ❡①✐st❡ ✉♥ ✉♥✐q✉❡ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤✳
▲❛ ♣r❡✉✈❡ ❞❡ ❝❡tt❡ ♣r♦♣r✐été ♣❡✉t s❡ tr♦✉✈❡r ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✷❜❪✳

❚❤é♦rè♠❡ ✶ ▲❡ ❥❡✉ G′ ♣♦ssè❞❡ ✉♥ ✉♥✐q✉❡ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤✳ ❈✬❡st ❧❡ ♣r♦✜❧ ❞✬❛❝t✐♦♥s
g∗ = (g∗, . . . , g∗) ♦ù g∗ = Kaσ2

P t❡❧ q✉❡

argmax
p

f
Ä
γ(p, g∗)

ä

p
=
P

K
. ✭✷✳✶✸✮



✷✷ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡

0 0.2 0.4 0.6 0.8 1

0

5

10

p∗k (W)

R
S
B

(d
B
)

−130 −125 −120 −115 −110 −105

0

5

10

gk (dB)

❋✐❣✉r❡ ✷✳✷ ✕ ❘❙❇ ❞✉ ré❝❡♣t❡✉r k ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❣❛✐♥ ❞❡ ❝❛♥❛❧ r❡♣♦rté ❡t ❞❡ ❧❛
♣✉✐ss❛♥❝❡ ♦♣t✐♠❛❧❡ ❛ss♦❝✐é❡ ♣♦✉r ♠❛①✐♠✐s❡r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✳

➚ ❝❡t éq✉✐❧✐❜r❡✱ ❧❛ ♣✉✐ss❛♥❝❡ ❡st ✉♥✐❢♦r♠é♠❡♥t ❛❧❧♦✉é❡ ♣❛r♠✐ ❧❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s
❡t ♣♦✉r ❝❤❛q✉❡ ré❝❡♣t❡✉r k ∈ K✱ ❧❡ ❘❙❇ s✬é❝r✐t

rk(g
∗) =

Pηk
Kσ2

. ✭✷✳✶✹✮

■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉✬à ❝❡t éq✉✐❧✐❜r❡✱ ❧❡s ré❝❡♣t❡✉rs r❡♣♦rt❡♥t t♦✉s ❧❡ ♠ê♠❡
ét❛t ❞❡ ❝❛♥❛❧ ❡t ♦❜t✐❡♥♥❡♥t ❧❛ ♠ê♠❡ ♣✉✐ss❛♥❝❡ ❛❧❧♦✉é❡ ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✳ ❉❡
♣❧✉s✱ ❝❡t éq✉✐❧✐❜r❡ ❞é♣❡♥❞ ✉♥✐q✉❡♠❡♥t ❞✉ ♥♦♠❜r❡ ❞❡ ré❝❡♣t❡✉rs ❞❛♥s ❧❛ ❝❡❧❧✉❧❡ ❡t
❞❡ ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✳ ▲❡s ❣❛✐♥s ❞❡s ❝❛♥❛✉① ré❡❧s
♥✬❛♣♣❛r❛✐ss❡♥t ♣❛s ❞❛♥s ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❝❡t éq✉✐❧✐❜r❡✳

➱t❛♥t ❞♦♥♥é q✉✬à ❝❡t éq✉✐❧✐❜r❡✱ ❧❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ♥❡ r❡♣♦rt❡♥t ♣❛s ❧❡✉rs
❣❛✐♥s ❞❡ ❝❛♥❛❧ ré❡❧s✱ ✐❧ ② ❛ ❞❡✉① ✉t✐❧✐tés ❡✣❝❛❝❡s é♥❡r❣ét✐q✉❡♠❡♥t ❞✬✐♥térêt ♣♦✉r ❧❛
❝❡❧❧✉❧❡✳ ▲❛ ♣r❡♠✐èr❡ ❡st ❧✬✉t✐❧✐té ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❛♥s ❧❛ ❝❡❧❧✉❧❡ q✉❡ ❧❛ st❛t✐♦♥
❞❡ ❜❛s❡ ♣❡♥s❡ ❝♦rr❡❝t❡✱ ét❛♥t ❞♦♥♥é ❧❡s r❡♣♦rts ❞❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s✳ ❈❡ ♥✬❡st ♣❛s
❧❛ ✈r❛✐❡ ✈❛❧❡✉r ❞❡ ❧✬✉t✐❧✐té ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✳ ❊❧❧❡ s✬é❝r✐t ✿

u❡❡

Å
P

K
, g∗
ã
=

∑

k∈K

K

P
exp

Ç
−aKσ

2

Pg∗

å
,

=
K2

P
exp(−1).

✭✷✳✶✺✮

❊♥❝♦r❡ ✉♥❡ ❢♦✐s✱ ♥♦✉s ✈ér✐✜♦♥s q✉❡ ❝❡tt❡ ✉t✐❧✐té ♥❡ ❞é♣❡♥❞ q✉❡ ❞✉ ♥♦♠❜r❡ t♦t❛❧ ❞❡
ré❝❡♣t❡✉rs ❞❛♥s ❧❛ ❝❡❧❧✉❧❡ ❡t ❞❡ ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✳
▲❛ ❞❡✉①✐è♠❡ ✉t✐❧✐té ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞✬✐♥térêt ♣♦✉r ❧❛ ❝❡❧❧✉❧❡ ❡st é✈✐❞❡♠♠❡♥t



✷✳✷✳ ❘❡♣♦rt str❛té❣✐q✉❡ ❞✉ ❣❛✐♥ ❞✉ ❝❛♥❛❧ ✷✸

❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ré❡❧❧❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡✱ q✉✐ ❞é♣❡♥❞ ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ré❡❧s✳
❈❡tt❡ ✉t✐❧✐té s✬é❝r✐t ✿

u❡❡

Å
P

K
, ηk

ã
=
K

P

∑

k∈K
exp

Å
−g

∗

ηk

ã
. ✭✷✳✶✻✮

❆✐♥s✐✱ ♥♦✉s ♣♦✉✈♦♥s ❡①♣r✐♠❡r ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ré❡❧❧❡ ❞❡ ❧❛
❝❡❧❧✉❧❡ ❡t ❝❡❧❧❡ ✐♠❛❣✐♥é❡ ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ✿

u❡❡(
P
K , ηk)

u❡❡(
P
K , g

∗)
=

1

K

∑

k∈K
exp

Å
1− g∗

ηk

ã
. ✭✷✳✶✼✮

◆♦✉s ♣♦✉✈♦♥s ♥♦t❛♠♠❡♥t ✈ér✐✜❡r q✉❡ ❧♦rsq✉❡ ❧❡s ❣❛✐♥s r❡♣♦rtés s♦♥t é❣❛✉① ❛✉①
❣❛✐♥s ré❡❧s✱ ❧❡ r❛♣♣♦rt ✈❛✉t 1 ❡t s✐ ❧❡s ❣❛✐♥s r❡♣♦rtés s♦♥t ❣❧♦❜❛❧❡♠❡♥t ♣❧✉s é❧❡✈és
q✉❡ ❧❡s ❣❛✐♥s ré❡❧s✱ ❧❡ r❛♣♣♦rt ❞❡✈✐❡♥t très ❢❛✐❜❧❡✳

✷✳✷✳✸ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s

▲❛ ✜❣✉r❡ ✷✳✸ ❡st ✐ss✉❡ ❞✬✉♥ s❝é♥❛r✐♦ ❛✈❡❝ ❞❡✉① ré❝❡♣t❡✉rs ♠♦❜✐❧❡s✳ P♦✉r ❝❤❛❝✉♥
❞✬❡♥tr❡ ❡✉①✱ ❧❡ ❣❛✐♥ ❞❡ ❝❛♥❛❧ ❡st ✜①é à −112 ❞❇✱ ❡t ♥♦✉s ét✉❞✐♦♥s ❝♦♠♠❡♥t ❧✬❡✣❝❛❝✐té
é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ✈❛r✐❡ ♣♦✉r t♦✉t❡s ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ♣♦ss✐❜❧❡s ❞❡ ♣✉✐ss❛♥❝❡s
❛❧❧♦✉é❡s ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✳ Pré❝✐sé♠❡♥t✱ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡
❡st r❡♣rés❡♥té❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❘❙❇ ❞❡ ❝❤❛q✉❡ ré❝❡♣t❡✉r ♠♦❜✐❧❡✳ ▲❛ ❝♦♥tr❛✐♥t❡ ❞❡
♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ t♦t❛❧❡ ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❡st P = 1 ❲✳ ❉✬✉♥❡ ♣❛rt✱ ♥♦✉s
✈ér✐✜♦♥s q✉❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❡st ♠❛①✐♠✐sé❡ ❧♦rsq✉❡ ❧❡s ré❝❡♣t❡✉rs
♠♦❜✐❧❡s r❡♣♦rt❡♥t ❧❡✉rs ❣❛✐♥s ❞❡ ❝❛♥❛✉① ré❡❧s✳ ▼❛✐s ❞❛♥s ❝❡ ❝❛s✱ ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡
♣✉✐ss❛♥❝❡ ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ♥✬❡st ♣❛s s❛t✉ré❡✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❝❡ ♥✬❡st ♣❛s ✉♥
♣♦✐♥t ❞❡ P❛r❡t♦ ♣♦✉r ❧❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ❧♦rsq✉❡ ❧❡s ré❝❡♣t❡✉rs
♠♦❜✐❧❡s r❡♣♦rt❡♥t ❧❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ❞✬éq✉✐❧✐❜r❡✱ ✉♥ ♣♦✐♥t ❞❡ P❛r❡t♦ ❡st ❛tt❡✐♥t✳
▼❛✐s ❡♥ ❝♦♥tr❡♣❛rt✐❡✱ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ♥✬❡st ♣❛s ♠❛①✐♠❛❧❡ ❞❛♥s
❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥✳

❉❛♥s ❧❛ ✜❣✉r❡ ✷✳✹✱ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❡st r❡♣rés❡♥té❡ ❡♥ ❢♦♥❝t✐♦♥
❞✉ ♥♦♠❜r❡ ❞❡ ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ❞❛♥s ❧❛ ❝❡❧❧✉❧❡✳ ▲❛ ✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t✱ σ2 ❡st ✜①é❡ à
5× 10−14 ❲✳ ▲❡ ♣❛r❛♠ètr❡ a ❡st ✜①é à 6✳ ▲❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① s♦♥t s✉♣♣♦sés s✉✐✈r❡
❞❡s ❞✐str✐❜✉t✐♦♥s ❡①♣♦♥❡♥t✐❡❧❧❡s✳ P♦✉r ❝❤❛q✉❡ ♥♦♠❜r❡ ❞❡ ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ❞❛♥s
❧❛ ❝❡❧❧✉❧❡✱ 104 ré❛❧✐s❛t✐♦♥s s♦♥t ❝❛❧❝✉❧é❡s ❡t ❧❡s ✈❛❧❡✉rs ♣rés❡♥té❡s s♦♥t ♠♦②❡♥♥é❡s
s✉r ❝❡s ré❛❧✐s❛t✐♦♥s✳ ❈♦♠♠❡ ♣♦✉r ❧❛ ✜❣✉r❡ ✷✳✸✱ ♥♦✉s ❝♦♠♣❛r♦♥s ❧❡ ❝❛s ♣♦✉r ❧❡q✉❡❧
❧❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s r❡♣♦rt❡♥t ❧❡✉rs ✈r❛✐s ❣❛✐♥s ❞❡ ❝❛♥❛❧ ❡t ❧❡ ❝❛s ♣♦✉r ❧❡q✉❡❧
✐❧s ♠♦❞✐✜❡♥t ❧❡✉rs r❡♣♦rts ❞❡ ♠❛♥✐èr❡ str❛té❣✐q✉❡ ♣♦✉r ♠❛①✐♠✐s❡r ❧❡✉r ❘❙❇✳ ◆♦✉s
ét✉❞✐♦♥s é❣❛❧❡♠❡♥t ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡
❡♥ ❝♦♥s✐❞ér❛♥t ❞❡✉① ✈❛❧❡✉rs ♣♦ss✐❜❧❡s ✿ P = 0, 1 ❲ ❡t P = 1 ❲✳ ❙❛♥s s✉r♣r✐s❡✱
♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ❝♦♥tr❛✐♥t❡s ❞❡ ♣✉✐ss❛♥❝❡✱ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❡st
♣❧✉s é❧❡✈é❡ q✉❛♥❞ ❧❡s ré❝❡♣t❡✉rs r❡♣♦rt❡♥t ❧❡✉rs ✈r❛✐s ❣❛✐♥s ❞❡ ❝❛♥❛✉①✳ ❈❡tt❡ ✉t✐❧✐té
❛✉❣♠❡♥t❡ ❞✬❛✐❧❧❡✉rs ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡ ré❝❡♣t❡✉rs ❞❛♥s ❧❛ ❝❡❧❧✉❧❡ s✐♠♣❧❡♠❡♥t ♣❛r❝❡
q✉❡ ❝✬❡st ✉♥❡ s♦♠♠❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ré❝❡♣t❡✉rs✳ ❉❡ ❢❛ç♦♥ ✐♥tér❡ss❛♥t❡✱ ❧♦rsq✉❡ ❧❡s
ré❝❡♣t❡✉rs ♠♦❜✐❧❡s r❡♣♦rt❡♥t ❧❡✉rs ✈r❛✐s ❣❛✐♥s ❞❡ ❝❛♥❛✉①✱ ❧✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡
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Report des gains de canaux strat́egiques

Report des gains de canaux ŕeels

❋✐❣✉r❡ ✷✳✸ ✕ ❊✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❘❙❇ ❞❡s ré❝❡♣t❡✉rs
1 ❡t 2✳ ▲✬é❝❤❡❧❧❡ ❞❡ ❝♦✉❧❡✉r r❡♣rés❡♥t❡ ❧✬✉t✐❧✐té ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡
❡♥ ❜✐t✴❥♦✉❧❡✳ ▲❡s ✈❛❧❡✉rs ❞❡ ♣❛r❛♠ètr❡s s♦♥t ✜①é❡s à a = 10✱ η1 = η2 = −112 ❞❇✱
P = 1 ❲✱ ❡t σ2 = 5× 10−14 ❲✳
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Efficacité énergétique moyenne avec P = 0, 1 W

Efficacité énergétique moyenne avec P = 1 W

Report des gains de canaux réels

Report des gains de canaux stratégiques

❋✐❣✉r❡ ✷✳✹ ✕ ❊✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ré❝❡♣t❡✉rs
♠♦❜✐❧❡s✳

♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❡st ❧❛ ♠ê♠❡ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♣✉✐ss❛♥❝❡✳ ■❧ ② ❛
❞❡✉① ❡①♣❧✐❝❛t✐♦♥s à ❝❡ ♣❤é♥♦♠è♥❡✳ Pr❡♠✐èr❡♠❡♥t✱ q✉❛♥❞ ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♣✉✐ss❛♥❝❡
♥✬❡st ♣❛s s❛t✉ré❡✱ ❧❛ ♣✉✐ss❛♥❝❡ ❛❧❧♦✉é❡ ❡st ❧❛ ♠ê♠❡ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ❝♦♥tr❛✐♥t❡✳
❉❡✉①✐è♠❡♠❡♥t✱ ♥♦✉s r❛♣♣❡❧♦♥s q✉❡ ❧❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ❛✈❡❝ ❞❡ ♠❛✉✈❛✐s ❣❛✐♥s
❞❡ ❝❛♥❛✉① ♥❡ s♦♥t ♣❛s ✐♥tér❡ss❛♥ts ❡♥ t❡r♠❡s ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ♣✉✐sq✉❡ ❧❛
♣✉✐ss❛♥❝❡ q✉✐ ♠❛①✐♠✐s❡ ❧❡✉r ❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❡st é❧❡✈é❡ ♣♦✉r ✉♥ ❣❛✐♥ ❢❛✐❜❧❡
❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✳ ❆❧❧♦✉❡r ♦✉ ♥♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ à ❝❡s ré❝❡♣t❡✉rs ♥❡ ❝ré❡
❞♦♥❝ ♣❛s ❞✬é❝❛rt ✐♠♣♦rt❛♥t ❡♥ t❡r♠❡s ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✳ ❯♥ ❛✉tr❡ ♣❤é♥♦♠è♥❡
q✉✐ ♠ér✐t❡ ❧✬❛tt❡♥t✐♦♥ ❡st q✉❡ ❧♦rsq✉❡ ❧❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s r❡♣♦rt❡♥t ❧❡s ❣❛✐♥s ❞❡
❝❛♥❛✉① ❞✬ éq✉✐❧✐❜r❡✱ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❡st ♠♦✐♥s ❜♦♥♥❡ ♣♦✉r P = 1

❲ q✉❡ ♣♦✉r P = 0, 1 ❲✳ P♦✉r ❝♦♠♣r❡♥❞r❡ ❝❡❧❛✱ ♥♦✉s r❛♣♣❡❧♦♥s q✉✬à ❧✬éq✉✐❧✐❜r❡✱
❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❡st s❛t✉ré❡✳ ■❧ ② ❛ ❞♦♥❝ ♣❧✉s ❞❡
♣✉✐ss❛♥❝❡ ❛❧❧♦✉é❡ ❛✉① ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ❞❛♥s ❧❡ ❝❛s ♦ù P = 1 ❲✳ ▼❛✐s ❛♣rès ✉♥
❝❡rt❛✐♥ s❡✉✐❧✱ ❛✉❣♠❡♥t❡r ❧❛ ♣✉✐ss❛♥❝❡ ❞❛♥s ❧❛ ❝❡❧❧✉❧❡ ❡♥tr❛î♥❡ ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡
❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡✳

❉❛♥s ❧❛ ✜❣✉r❡ ✷✳✺✱ ❧❡ ❘❙❇ ♠♦②❡♥ ❞✬✉♥ ré❝❡♣t❡✉r ♠♦❜✐❧❡ ❡st r❡♣rés❡♥té ❡♥ ❢♦♥❝t✐♦♥
❞✉ ♥♦♠❜r❡ ❞❡ ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ❞❛♥s ❧❡ ♠ê♠❡ s❝é♥❛r✐♦ q✉❡ ❝❡❧✉✐ ❞❡ ❧❛ ✜❣✉r❡ ✷✳✹✳ ▲❡
❘❙❇ ❞✉ ré❝❡♣t❡✉r ♠♦❜✐❧❡ ❡st ❞♦♥♥é ❡♥ ❞❇ ❡t ♣♦✉r ❝❤❛q✉❡ ❝♦♥tr❛✐♥t❡ ❞❡ ♣✉✐ss❛♥❝❡✱
❧❡ ❘❙❇ ❡st ♣❧✉s é❧❡✈é q✉❛♥❞ ❧❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s r❡♣♦rt❡♥t ❧❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉①
❞✬éq✉✐❧✐❜r❡✳ ❈♦♠♠❡ ❧❡ ❘❙❇ ❞❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s à ❧✬éq✉✐❧✐❜r❡ ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à ❧❛
❝♦♥tr❛✐♥t❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡✱ ♥♦✉s ♣♦✉✈♦♥s ❝♦♥st❛t❡r q✉✬✐❧ ❡①✐st❡ ✉♥
❣❛✐♥ ❞❡ ❘❙❇ ❡♥tr❡ ❧❡s ❞❡✉① ❝♦♥tr❛✐♥t❡s ❞❡ ♣✉✐ss❛♥❝❡✳ ◗✉❛♥❞ ❧❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s
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RSB moyen d’un récepteur avec P = 0, 1 W

RSB moyen d’un récepteur avec P = 1 W

Report des gains de canaux stratégiques

Report des gains de canaux réels

❋✐❣✉r❡ ✷✳✺ ✕ ❘❙❇ ♠♦②❡♥ ❞✬✉♥ ré❝❡♣t❡✉r ♠♦❜✐❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ré❝❡♣t❡✉rs
♠♦❜✐❧❡s ❞❛♥s ❧❛ ❝❡❧❧✉❧❡✳

r❡♣♦rt❡♥t ❧❡✉rs ❣❛✐♥s ❞❡ ❝❛♥❛✉① ré❡❧s✱ ❧❡✉r ❘❙❇ ❡st ♣❧✉s ❢❛✐❜❧❡✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❧❡
❝❛s ♦ù ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡ ❡st ♣❧✉s é❧❡✈é❡✱ ❝❡tt❡ ❞❡r♥✐èr❡
♣❡✉t ❛❧❧♦✉❡r ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ à ♣❧✉s ❞❡ ré❝❡♣t❡✉rs✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧❡ ❘❙❇ ♠♦②❡♥
❞❡s ré❝❡♣t❡✉rs ♠♦❜✐❧❡s ❡♥ r❡♣♦rt❛♥t ❧❡✉rs ❣❛✐♥s ❞❡ ❝❛♥❛✉① ré❡❧s ❛✉❣♠❡♥t❡ ❛✈❡❝ ❧❛
❝♦♥tr❛✐♥t❡ ❞❡ ♣✉✐ss❛♥❝❡✳

✷✳✸ ❏❡✉ ré♣été ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s r❡✈❡♥♦♥s ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡
é♥❡r❣ét✐q✉❡♠❡♥t ♠♦❞é❧✐sé ♣❛r ✉♥ ❥❡✉ st❛t✐q✉❡ ❡♥ ♣❛rt✐❡ ✷✳✶✳ ◆♦✉s r❛♣♣❡❧♦♥s q✉❡
❝❡tt❡ ❢♦r♠✉❧❛t✐♦♥ st❛t✐q✉❡ ♣rés❡♥t❡ ❞❡✉① ✐♥❝♦♥✈é♥✐❡♥ts ♠❛❥❡✉rs ✿

✕ ❇✐❡♥ q✉❡ ❧❡ ❥❡✉ st❛t✐q✉❡ ❛✐t ❧✬❛✈❛♥t❛❣❡ ❞❡ ♥✬❛❞♠❡ttr❡ q✉✬✉♥ ✉♥✐q✉❡ éq✉✐❧✐❜r❡ ❞❡
◆❛s❤ ❞♦♥t ✐❧ ❡st ❢❛❝✐❧❡ ❞✬♦❜t❡♥✐r ✉♥❡ ❡①♣r❡ss✐♦♥✱ ❝❡t éq✉✐❧✐❜r❡ ♥❡ ❞♦♥♥❡ ♣❛s ❞❡s
rés✉❧t❛ts s❛t✐s❢❛✐s❛♥ts ❡♥ t❡r♠❡s ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✳ ❊♥ ❡✛❡t✱ ❧❡s ✉t✐❧✐tés
❞✬éq✉✐❧✐❜r❡ ♥❡ s♦♥t ♣❛s ♦♣t✐♠❛❧❡s ❛✉ s❡♥s ❞❡ P❛r❡t♦✳

✕ ❈❡tt❡ ❢♦r♠✉❧❛t✐♦♥ ♥❡ ♣❡r♠❡t ♣❛s ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝❛♥❛✉① ❛✉
❝♦✉rs ❞✉ t❡♠♣s ❡t ❧❡ ❢❛✐t q✉❡ ❧❡s t❡r♠✐♥❛✉① ❛❞❛♣t❡♥t ❧❡✉r ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥
s✉r ❝❤❛q✉❡ ♣❛q✉❡t✳ ❊♥ ❡✛❡t✱ ❝♦♥s✐❞ér❡r q✉❡ ❝❡tt❡ é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ♣❡✉t êtr❡
♠♦❞é❧✐sé❡ ♣❛r ✉♥❡ séq✉❡♥❝❡ ❞❡ ❥❡✉① st❛t✐q✉❡s ✐♥❞é♣❡♥❞❛♥ts ❧❡s ✉♥s ❞❡s ❛✉tr❡s
♥✬❡st ♣❛s s✉✣s❛♥t ♣✉✐sq✉❡ ❧❛ ré♣ét✐t✐♦♥ ❞✉ ❥❡✉ ❢❛✐t ✐♥t❡r✈❡♥✐r ❞❡s ✐♥t❡r❛❝t✐♦♥s
str❛té❣✐q✉❡s ❡♥tr❡ ❧❡s ❥♦✉❡✉rs q✉✐ ♥❡ s♦♥t ♣❛s ♣rés❡♥t❡s ❞❛♥s ✉♥❡ séq✉❡♥❝❡ ❞❡
❥❡✉① st❛t✐q✉❡s✳



✷✳✸✳ ❏❡✉ ré♣été ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✷✼

P♦✉r ❧❡s ❞❡✉① r❛✐s♦♥s é♥♦♥❝é❡s ❝✐✲❞❡ss✉s✱ ❧❛ r❛✐s♦♥ ❞✬êtr❡ ❞❡ ❝❡tt❡ ♣❛rt✐❡ ❡st ❞❡
♣rés❡♥t❡r ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ ✐♥✐t✐❛❧❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐s✲
s❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ✿ ❧❡ ❥❡✉ ré♣été ❬❙♦r✐♥ ✶✾✾✷❪✱ q✉✐ ♦✛r❡ ❧✬❛✈❛♥t❛❣❡ ❞❡
t❡♥✐r ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s str❛té❣✐q✉❡s ❞❡s t❡r♠✐♥❛✉① ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳ ❊♥ ❡❢✲
❢❡t✱ ❧✬❛✈❛♥t❛❣❡ ❞❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ ré♣été❡ ❡st q✉❡ ❝❤❛q✉❡ é♠❡tt❡✉r ❝♦♥s❡r✈❡ ❧✬❤✐st♦✐r❡
❞✉ ❥❡✉✳ ■❧ ❡st ❞♦♥❝ ♣♦ss✐❜❧❡ q✉❡ ❧❡s é♠❡tt❡✉rs s✉✐✈❡♥t ❞❡s str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡
♣✉✐ss❛♥❝❡ ❣❧♦❜❛❧❡♠❡♥t ♣❧✉s ❡✣❝❛❝❡s q✉❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞✉ ❥❡✉ st❛t✐q✉❡✳ ❉❛♥s
❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❡ ♠♦❞è❧❡ ❞❡ ❥❡✉ ré♣été ✉t✐❧✐sé ❞❛♥s ❬▲❡ ❚r❡✉st ✷✵✶✵❪✱
❛✐♥s✐ q✉✬✉♥❡ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✐ss✉❡ ❞❡ ❝❡s tr❛✈❛✉①✳

✷✳✸✳✶ ❉é✜♥✐t✐♦♥ ❞✉ ❥❡✉ ré♣été

❉❛♥s ❧❡ ❥❡✉ ré♣été q✉❡ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❞❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ❧❡s ❛✉t❡✉rs
❞❡ ❬▲❡ ❚r❡✉st ✷✵✶✵❪ ♣r♦♣♦s❡♥t ✉♥❡ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ q✉✐ ❡st ❣❧♦❜❛❧❡✲
♠❡♥t ♣❧✉s ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ❛✉ s❡♥s ❞❡ P❛r❡t♦ q✉❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞❡ ❧❛
❢♦r♠✉❧❛t✐♦♥ st❛t✐q✉❡✳ ❈❡ ❣❛✐♥ ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❡st ♣❡r♠✐s ♣❛r ❧❡ ❢❛✐t q✉❡ ❞❛♥s
✉♥ ❥❡✉ ré♣été✱ ❧✬✉t✐❧✐té q✉❡ ❧❡s ❥♦✉❡✉rs ❝❤❡r❝❤❡♥t à ♠❛①✐♠✐s❡r ❡st ❧✬❡s♣ér❛♥❝❡ ❞❡ ❧❡✉r
❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ t♦✉t ❛✉ ❧♦♥❣ ❞❡s ét❛♣❡s s✉❝❝❡ss✐✈❡s ❞✉ ❥❡✉✳ ❆✐♥s✐✱ ❧❡s é♠❡tt❡✉rs
♥❡ ❝❤♦✐s✐ss❡♥t ♣❛s ❧❡✉r ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ♣♦✉r ♠❛①✐♠✐s❡r ✉♥ ❣❛✐♥ ✐♥st❛♥t❛♥é ♠❛✐s
♣♦✉r ❛ss✉r❡r ❞❡s ♣❡r❢♦r♠❛♥❝❡s s✉r ❧❡ ❧♦♥❣ t❡r♠❡✱ ❝❡ q✉✐ ❧❡s ✐♥❝✐t❡ à é♠❡ttr❡ à ❞❡s
✈❛❧❡✉rs ❞❡ ♣✉✐ss❛♥❝❡ q✉✐ ❧✐♠✐t❡♥t ❧✬✐♥t❡r❢ér❡♥❝❡ ❞❛♥s ❧❡ rés❡❛✉✳ ❆✜♥ ❞❡ ❞é✜♥✐r ❝❡tt❡
✉t✐❧✐té✱ ♥♦✉s ❛✈♦♥s ❞✬❛❜♦r❞ ❜❡s♦✐♥ ❞❡ ❞é✜♥✐r ❧✬❤✐st♦✐r❡ ❞✉ ❥❡✉ ❡t ❧❛ str❛té❣✐❡ ❞✬✉♥
❥♦✉❡✉r✳

❈♦♠♠❡♥ç♦♥s ♣❛r r❛♣♣❡❧❡r q✉✬✉♥ ❥❡✉ ré♣été s❡ ❥♦✉❡ ♣❛r ét❛♣❡s✱ q✉✐ ❝♦rr❡s♣♦♥❞❡♥t
❛✉① ✐♥st❛♥ts ❛✉①q✉❡❧s ❧❡s ❥♦✉❡✉rs ♣❡✉✈❡♥t ❝❤♦✐s✐r ❧❡✉rs ❛❝t✐♦♥s✳ ❊♥ ❞✬❛✉tr❡ t❡r♠❡s✱
❧❡s ét❛♣❡s ❞✉ ❥❡✉ ❝♦rr❡s♣♦♥❞❡♥t à ❧❛ ♠✐s❡ à ❥♦✉r ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❞❡s t❡r✲
♠✐♥❛✉① ♠♦❜✐❧❡s ♣♦✉r ❝❤❛q✉❡ ♣❛q✉❡t à tr❛♥s♠❡ttr❡✳ ▲✬❤✐st♦✐r❡ ❞✉ ❥❡✉ r❡♣rés❡♥t❡ ❧❛
♠é♠♦✐r❡ q✉❡ ❝❤❛q✉❡ é♠❡tt❡✉r ❣❛r❞❡ ❞❡s ét❛♣❡s ♣ré❝é❞❡♥t❡s ❞✉ ❥❡✉ ré♣été✳ Pré❝✐sé✲
♠❡♥t✱ ❧✬❤✐st♦✐r❡ ❞✬✉♥ é♠❡tt❡✉r ❡st ❝♦♠♣♦sé❡ ❞❡s ✈❛❧❡✉rs ❞❡ s❡s ♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥
❧♦rs ❞❡s ét❛♣❡s ♣ré❝é❞❡♥t❡s✱ ❛✐♥s✐ q✉❡ ❞✬✉♥ s✐❣♥❛❧ ♣✉❜❧✐❝ ♣❛rt❛❣é ♣❛r t♦✉s ❧❡s é♠❡t✲
t❡✉rs à ❝❤❛q✉❡ ét❛♣❡ n ❞✉ ❥❡✉ ré♣été ✿

ωn = σ2 +
K∑

k=1

ηk,npk,n, ✭✷✳✶✽✮

♦ù ηk,n ❡t pk,n s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ ❣❛✐♥ ❞✉ ❝❛♥❛❧ ❡t ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❞❡
❧✬é♠❡tt❡✉r k à ❧✬ét❛♣❡ n✳ ❈❡ s✐❣♥❛❧ ♣✉❜❧✐❝ ♣rés❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞❡ ♥❡ ♣❛s ♥é❝❡ss✐t❡r
❞✬é♠✐ss✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡ ❞❛♥s ❧❡ rés❡❛✉ ♣✉✐sq✉❡ ❝❤❛q✉❡ é♠❡tt❡✉r ♣❡✉t ❧✬♦❜t❡♥✐r ♣❛r
❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ s❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥✱ s♦♥ ❣❛✐♥ ❞❡ ❝❛♥❛❧ ❡t s♦♥ ❘❙■❇✳ ❈❡ s✐❣♥❛❧
♣✉❜❧✐❝ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞ét❡r♠✐♥✐st❡ ❞❡s ♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥ ❞❡ t♦✉s ❧❡s é♠❡tt❡✉rs

❞❛♥s ❧❛ ❝❡❧❧✉❧❡✳ ◆♦✉s ♥♦t♦♥s Ω =

[
σ2, σ2 +

K∑

k=1

ηmax
k Pmax

k

]
❧✬✐♥t❡r✈❛❧❧❡ ❞❛♥s ❧❡q✉❡❧ ❝❡

s✐❣♥❛❧ ❡st ❞é✜♥✐✳



✷✽ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡

❉é✜♥✐t✐♦♥ ✹ ▲❡ ❝♦✉♣❧❡ ❞❡ ✈❡❝t❡✉rs

(ωn, pk,n) = (ω1, . . . , ωn−1, pk,1, . . . , pk,n−1) ✭✷✳✶✾✮

❡st ❛♣♣❡❧é ❤✐st♦✐r❡ ❞✉ ❥❡✉ ♣♦✉r ❧✬é♠❡tt❡✉r k à ❧✬ét❛♣❡ n ❡t ❛♣♣❛rt✐❡♥t à ❧✬❡♥s❡♠❜❧❡
Hn = Ωn−1 ×An−1

k ✳

▲♦rs ❞✉ ❝❤♦✐① ❞✬✉♥ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ à ❧✬ét❛♣❡ n✱ ♥♦✉s s✉♣♣♦s♦♥s
q✉❡ ❝❤❛q✉❡ é♠❡tt❡✉r ❝♦♥♥❛ît s❛ ♣r♦♣r❡ ❤✐st♦✐r❡✳ ▲❡s é♠❡tt❡✉rs ❝❤♦✐s✐ss❡♥t ❞♦♥❝ ❧❡✉r
❛❝t✐♦♥ à ♣❛rt✐r ❞❡ ❧❡✉r ❤✐st♦✐r❡ (ωn, pk,n)✳ ➚ ♣rés❡♥t✱ ♥♦✉s ♣♦✉✈♦♥s ❞é✜♥✐r ❧❡s str❛té✲
❣✐❡s ♣✉r❡s ❞❡s é♠❡tt❡✉rs ❞❛♥s ❧❡ ❥❡✉ ré♣été✳

❉é✜♥✐t✐♦♥ ✺ ❯♥❡ str❛té❣✐❡ ♣✉r❡ τk ♣♦✉r ❧❡ ❥♦✉❡✉r k ∈ K ❡st ✉♥❡ séq✉❡♥❝❡ ❞❡ ❢♦♥❝✲
t✐♦♥s ❝❛✉s❛❧❡s (τk,n)n≥1 ❛✈❡❝

τk,n : Hn → Ak

(ωn, pk,n) 7→ pk,n.
✭✷✳✷✵✮

▲❡ ✈❡❝t❡✉r ❞❡s str❛té❣✐❡s τ = (τ1, . . . , τK) ❡st ✉♥ ♣r♦✜❧ ❞❡ str❛té❣✐❡s ❞❡s é♠❡tt❡✉rs
❞❡ ❧❛ ❝❡❧❧✉❧❡✳ ❯♥ ♣r♦✜❧ ❞❡ str❛té❣✐❡s τ ✐♥❞✉✐t ♥❛t✉r❡❧❧❡♠❡♥t ✉♥ ✉♥✐q✉❡ ♣❧❛♥ ❞✬❛❝t✐♦♥
(p

n
)n≥1 ❡t ✉♥❡ ❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ✉♥✐q✉❡ ♣♦✉r ❝❤❛q✉❡ é♠❡tt❡✉r✳ ❊♥ ❡✛❡t✱ à ❝❤❛q✉❡

♣r♦✜❧ ❞❡ ♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥ p
n
= (p1,n, . . . , pK,n) ❝♦rr❡s♣♦♥❞ ✉♥❡ ✉♥✐q✉❡ ❡✣❝❛❝✐té

é♥❡r❣ét✐q✉❡ uk(pn) ♣♦✉r ❝❤❛q✉❡ é♠❡tt❡✉r✳ ◆♦✉s ❞♦♥♥♦♥s ♠❛✐♥t❡♥❛♥t ❧❛ ❞é✜♥✐t✐♦♥ ❞❡
❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ♣♦✉r ❧❡ ❥❡✉ ré♣été q✉✐ ❡st ❧✬❡s♣ér❛♥❝❡ ❞❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡
❞❡ ❝❤❛q✉❡ é♠❡tt❡✉r ♣♦✉r ❧❛ ❞✉ré❡ ❞✉ ❥❡✉✳ ◆♦✉s ♣rés❡♥t♦♥s ✐❝✐ ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té
❞✉ ❥❡✉ ❡s❝♦♠♣té q✉✐ ❡st ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❥❡✉ ré♣été ✶✳

❉é✜♥✐t✐♦♥ ✻ ❙♦✐t τ = (τ1, . . . , τK) ✉♥ ♣r♦✜❧ ❞❡ str❛té❣✐❡✱ ❧✬✉t✐❧✐té ❞✉ ❥♦✉❡✉r k ∈ K
❡st ❞é✜♥✐❡ ♣❛r ✿

vk(τ) =
∞∑

n=1

λ(1− λ)n−1uk(pn), ✭✷✳✷✶✮

♦ù p
n

❡st ❧❡ ♣r♦✜❧ ❞❡s ♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥ ✐♥❞✉✐t❡s ♣❛r ❧❡ ♣r♦✜❧ ❞❡ str❛té❣✐❡ τ

à ❧✬ét❛♣❡ n✳ ▲❡ ♣❛r❛♠ètr❡ 0 < λ < 1 ❡st ❧❡ ❢❛❝t❡✉r ❞✬❡s❝♦♠♣t❡ ❞✉ ❥❡✉✳ ■❧ ♣❡✉t êtr❡
✐♥t❡r♣rété ❝♦♠♠❡ ✉♥❡ ♣r♦❜❛❜✐❧✐té ❞✬❛rrêt ❞✉ ❥❡✉ ♦✉ ❝♦♠♠❡ ✉♥❡ ♣♦♥❞ér❛t✐♦♥ ❡♥tr❡ ❧✬❡❢✲
✜❝❛❝✐té é♥❡r❣ét✐q✉❡ ✐♥st❛♥t❛♥é❡ ❡t ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ à ❧♦♥❣ t❡r♠❡✳ ❈❡ ♣❛r❛♠ètr❡
❡st s✉♣♣♦sé ✐❞❡♥t✐q✉❡ ♣♦✉r t♦✉s ❧❡s é♠❡tt❡✉rs✳

➚ ♣rés❡♥t✱ ♥♦✉s ♣♦✉✈♦♥s ❞é✜♥✐r ✉♥❡ str❛té❣✐❡ ❞✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ ré♣été ❡t ❞♦♥♥❡r
✉♥❡ str❛té❣✐❡ ❞✬éq✉✐❧✐❜r❡ ❡①♣❧✐❝✐t❡✳

✶✳ ▲❡s rés✉❧t❛ts ❡①♣r✐♠és ❞❛♥s ❝❡tt❡ ♣❛rt✐❡ ❡①✐st❡♥t é❣❛❧❡♠❡♥t ♣♦✉r ❧❡ ❥❡✉ ré♣été ✜♥✐ ❡t ❧❡ ❥❡✉

✐♥✜♥✐♠❡♥t ré♣été✱ ✈♦✐r ❬▲❡ ❚r❡✉st ✷✵✶✵❪✳



✷✳✸✳ ❏❡✉ ré♣été ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✷✾

✷✳✸✳✷ ❙tr❛té❣✐❡ ❞✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ ré♣été

❉é✜♥✐t✐♦♥ ✼ ❯♥ ♣r♦✜❧ ❞❡ str❛té❣✐❡ τ∗ ❡st ✉♥ éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ ré♣été ❞é✜♥✐ ♣❛r
(K, {Tk}k∈K, {vk}k∈K) s✐ ∀k ∈ K, ∀τk ∈ Tk,

vk(τ
∗) ≥ vk(τk, τ∗−k). ✭✷✳✷✷✮

❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ st❛t✐q✉❡ ❞✉ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣✲
❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t✱ ✐❧ ❡①✐st❡ ♣❧✉s✐❡✉rs str❛té❣✐❡s ❞✬éq✉✐❧✐❜r❡ ❞❛♥s ❧❡ ❥❡✉ ré♣été✳ ▲❛
str❛té❣✐❡ ❝♦♥s✐st❛♥t à t♦✉t ❧❡ t❡♠♣s é♠❡ttr❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ ❞é✜♥✐ ❞❛♥s ❧❛
♣❛rt✐❡ ✷✳✶ ❡st ❞✬❛✐❧❧❡✉rs ✉♥ ❞❡s éq✉✐❧✐❜r❡s ❞✉ ❥❡✉ ré♣été✳ ❈❡♣❡♥❞❛♥t ❧✬❡✣❝❛❝✐té é♥✲
❡r❣ét✐q✉❡ ❞❡ ❝❡tt❡ str❛té❣✐❡ ♥✬❡st ♣❛s s❛t✐s❢❛✐s❛♥t❡✳ ❉❛♥s ❬▲❡ ❚r❡✉st ✷✵✶✵❪✱ ✉♥❡ ❛✉tr❡
str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬éq✉✐❧✐❜r❡ ❡st ♣r♦♣♦sé❡✳ ❈❡tt❡ str❛té❣✐❡ ❡st ❜❛sé❡
s✉r ✉♥ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t q✉✐ ♦✛r❡ ✉♥❡ ♠❡✐❧❧❡✉r❡ ❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ q✉❡
❧❡ ♣♦✐♥t ❞✬éq✉✐❧✐❜r❡ ❞❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ st❛t✐q✉❡✳ ▲❡s ❛✉t❡✉rs ♣❛rt❡♥t ❞✉ ❝♦♥st❛t q✉✬à
❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞✉ ❥❡✉ st❛t✐q✉❡✱ ❧❡ ♣r♦❞✉✐t p∗kηk ❡st ❝♦♥st❛♥t ♣♦✉r t♦✉s ❧❡s é♠❡t✲
t❡✉rs✳ ■❧s ❛❥♦✉t❡♥t ❛❧♦rs ❝❡tt❡ é❣❛❧✐té ❝♦♠♠❡ ✉♥❡ ❝♦♥tr❛✐♥t❡ à ✈ér✐✜❡r ♣♦✉r rés♦✉❞r❡
∂uk

∂pk
(p) = 0✳ ▲✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❛ss♦❝✐é ❡st ✿

∀k ∈ K, p̃k =
σ2

ηk

γ̃

1− (K − 1)γ̃
✭✷✳✷✸✮

♦ù γ̃ ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ♥♦♥✲♥✉❧❧❡ ❞❡ γ[1− (K − 1)γ]f ′(γ)− f(γ) = 0✳
■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ✈ér✐✜❡r q✉❡ ❝❡tt❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ♦✛r❡ ✉♥❡ ❡✣❝❛❝✐té é♥✲

❡r❣ét✐q✉❡ ♠❡✐❧❧❡✉r❡ q✉❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ st❛t✐q✉❡✳ ➚ ♣❛rt✐r ❞❡
❝❡ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t✱ ✉♥❡ str❛té❣✐❡ ❞✬éq✉✐❧✐❜r❡ ♣❡✉t êtr❡ ❞é✜♥✐❡ ❞❛♥s ❧❡ ❥❡✉
❡s❝♦♠♣té✳

❚❤é♦rè♠❡ ✷ ❙✉♣♣♦s♦♥s q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ s✉✐✈❛♥t❡ ❡st r❡s♣❡❝té❡ ✿

λ ≤ ηmin
k δ(β∗, γ̃)

ηmin
k δ(β∗, γ̃) + ηmax

k [(K − 1)f(β∗)− δ(β∗, γ̃)] ✭✷✳✷✹✮

♦ù δ(β∗, γ̃) = 1−(K−1)γ̃
γ̃ f(γ̃) − 1−(K−1)β∗

β∗ f(β∗)✳ ❆❧♦rs✱ ♣♦✉r t♦✉t k ∈ K✱ ❧❛ str❛té❣✐❡
s✉✐✈❛♥t❡ ❡st ✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞✉ ❥❡✉ ❡s❝♦♠♣té ♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❞✐str✐❜✉t✐♦♥
❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ❞❡s é♠❡tt❡✉rs ✿

∀i ≥ 1, τ̃k,n =

{
p̃k s✐ ∀n′ < n, ωn′ = σ2 +Kσ2 γ̃

1−(K−1)γ̃

p∗k ❛✉tr❡♠❡♥t
. ✭✷✳✷✺✮

P❧✉s✐❡✉rs r❡♠❛rq✉❡s s♦♥t ✉t✐❧❡s ♣♦✉r ❝♦♠♣r❡♥❞r❡ ❝❡ t❤é♦rè♠❡ ✿
✕ ❙❡❧♦♥ ❧❡s ❞❡✉① ✐♥t❡r♣rét❛t✐♦♥s ♣♦ss✐❜❧❡s ❞❡ λ✱ ❧✬✐♥é❣❛❧✐té q✉✐ ❞♦✐t êtr❡ s❛t✐s❢❛✐t❡

s✐❣♥✐✜❡ q✉❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬❛rrêt ❞✉ ❥❡✉ ❞♦✐t êtr❡ s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡ ♦✉ q✉❡
❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ✐♥st❛♥t❛♥é❡ ❞♦✐t êtr❡ s✉✣s❛♠♠❡♥t ♠♦✐♥s ✐♠♣♦rt❛♥t❡
q✉❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ à ❧♦♥❣ t❡r♠❡✳ ❉❛♥s ❧❡s ❞❡✉① ❝❛s✱ ❝❡❧❛ s✐❣♥✐✜❡ q✉❡
❧❡ ❢✉t✉r ❞✉ ❥❡✉ ré♣été ❞♦✐t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ✐♠♣♦rt❛♥t✳



✸✵ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡

✕ ❙✐ ✉♥ é♠❡tt❡✉r ❞é✈✐❡ ❞❡ ❧❛ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡✱ t♦✉s ❧❡s ❛✉tr❡s
é♠❡tt❡✉rs ✉t✐❧✐s❡♥t ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t à ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤
st❛t✐q✉❡ ❥✉sq✉✬à ❧❛ ✜♥ ❞✉ ❥❡✉✳ P♦✉r q✉❡ ❧❛ str❛té❣✐❡ ♣r♦♣♦sé❡ s♦✐t ✉♥ éq✉✐❧✐❜r❡
❞✉ ❥❡✉ ré♣été✱ ✐❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ q✉❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ q✉❡ ♣❡✉t ❣❛❣♥❡r
✉♥ é♠❡tt❡✉r ❡♥ ❞é✈✐❛♥t ❞❡ ❧❛ str❛té❣✐❡ à ✉♥❡ ét❛♣❡ ❞♦♥♥é❡ s♦✐t ♣❧✉s ❢❛✐❜❧❡ q✉❡
❝❡ q✉✬✐❧ ♣❡r❞ s✐ ❧❡s ❛✉tr❡s é♠❡tt❡✉rs ✉t✐❧✐s❡♥t ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❞✬éq✉✐❧✐❜r❡
❞❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ st❛t✐q✉❡ ❥✉sq✉✬à ❧❛ ✜♥ ❞✉ ❥❡✉✳ ▲❛ ❝♦♥❞✐t✐♦♥ à ✈ér✐✜❡r ♣❛r λ
♣r♦✈✐❡♥t ❞❡ ❝❡tt❡ ♥é❝❡ss✐té✳

✕ ❊♥✜♥✱ ❝❤❛q✉❡ é♠❡tt❡✉r ♣❡✉t ❞ét❡❝t❡r s✐ ✉♥ ❛✉tr❡ é♠❡tt❡✉r ❞é✈✐❡ ❞❡ ❧❛ str❛té❣✐❡
♣r♦♣♦sé❡ ❣râ❝❡ ❛✉ s✐❣♥❛❧ ♣✉❜❧✐❝✳

❇✐❡♥ q✉❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ♣❛r ✉♥ ❥❡✉ ré♣été
♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥❡ str❛té❣✐❡ ❞✬éq✉✐❧✐❜r❡ ♣❧✉s ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t q✉❡ ❧✬éq✉✐❧✐✲
❜r❡ ❞❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ st❛t✐q✉❡✱ ❝❡ ❝❛❞r❡ ❞❡ tr❛✈❛✐❧ ♥❡ ♣❡r♠❡t ♣❛s ❞❡ t❡♥✐r ❝♦♠♣t❡
❞❡s ✈❛r✐❛t✐♦♥s ❞❡s ❝❛♥❛✉① à ❝❤❛q✉❡ ét❛♣❡ ❞✉ ❥❡✉ ❞❡ ♠❛♥✐èr❡ ♦♣t✐♠❛❧❡✳ P♦✉r ❝❡tt❡
r❛✐s♦♥✱ ❧❛ str❛té❣✐❡ ♣r♦♣♦sé❡ ❞❛♥s ❬▲❡ ❚r❡✉st ✷✵✶✵❪ ❡st ♦♣t✐♠❛❧❡ ❛✉ s❡♥s ❞❡ P❛r❡t♦
❧♦rsq✉❡ ❧❡s ❝❛♥❛✉① r❡st❡♥t ✜①❡s t♦✉t ❛✉ ❧♦♥❣ ❞✉ ❥❡✉✳ ▼❛✐s s✐ ❧❡ ❝❛♥❛✉① ✈❛r✐❡♥t✱ ❝❡tt❡
str❛té❣✐❡ ♥✬❡st ♣❧✉s ♦♣t✐♠❛❧❡✳ P♦✉r ♣❛❧❧✐❡r à ❝❡tt❡ s♦✉s✲♦♣t✐♠❛❧✐té✱ ♥♦✉s ♣r♦♣♦s♦♥s
❞❛♥s ❧❛ ♣❛rt✐❡ ✷✳✹ ❞❡ ♠♦❞é❧✐s❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ♣❛r ✉♥ ❥❡✉
ré♣été st♦❝❤❛st✐q✉❡✱ q✉✐ ♣❡r♠❡t ❞✬✐♥❝❧✉r❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡s ❝❛♥❛✉① ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞✉
❥❡✉✳

✷✳✹ ❏❡✉ st♦❝❤❛st✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡

▲❡s ❛✉t❡✉rs ❞❡ ❬▲❡ ❚r❡✉st ✷✵✶✵❪ ♦♥t ❞é♠♦♥tré q✉✬✉♥ ♠♦❞è❧❡ ❞❡ ❥❡✉ ré♣été ♣❡r✲
♠❡t ❞✬❛✈♦✐r ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♣❧✉s ✜♥❡ ❞✉ ♣r♦❜❧è♠❡✱ ♠♦❞é❧✐s❛t✐♦♥ q✉✐ ❝♦♥❞✉✐t à ❞❡s
s♦❧✉t✐♦♥s ♣❧✉s ❡✣❝❛❝❡s ❣❧♦❜❛❧❡♠❡♥t✳ ▲✬✐❞é❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❡t ♥♦✉✈❡❧❧❡ ❡♥ ❝♦♥trô❧❡ ❞❡
♣✉✐ss❛♥❝❡✱ ❡t q✉❡ ♥♦✉s ❡①♣❧♦✐t♦♥s ❞❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ❡st q✉✬✐❧ ♥❡ ❢❛✉t ♣❛s s✉♣♣♦s❡r ❧❡
❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✐♥❞é♣❡♥❞❛♥t ❞✬✉♥ ♣❛q✉❡t à ❧✬❛✉tr❡✱ ❡t ❝❡❝✐ ♠ê♠❡ s✐ ❧❡s ré❛❧✐s❛✲
t✐♦♥s ❞❡s ❣❛✐♥s ❞❡s ❝❛♥❛✉① s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s✳ ❯♥ ♠♦❞è❧❡ ❞❡ ❥❡✉ ❞②♥❛♠✐q✉❡ t❡❧ q✉❡
❧❡ ❥❡✉ ré♣été ♣❡r♠❡t ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞✉ ❢❛✐t q✉❡ ❧❡s é♠❡tt❡✉rs ✐♥t❡r❛❣✐ss❡♥t ♣❧✉s✐❡✉rs
❢♦✐s ❡t ❝❡❝✐ ❝♦♥❞✉✐t à ❝ré❡r ✉♥❡ ❝♦rré❧❛t✐♦♥ ❡♥tr❡ ❧❡s ♥✐✈❡❛✉① ❞❡ ♣✉✐ss❛♥❝❡s ❝❤♦✐s✐s ♣❛r
✉♥ é♠❡tt❡✉r ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳ ▲❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❝❡tt❡ ♣❛rt✐❡ ❡st ❞❡ ❣é♥ér❛❧✐s❡r
❧❡s tr❛✈❛✉① ❞❡ ❬▲❡ ❚r❡✉st ✷✵✶✵❪ ❡♥ r❡❧❛①❛♥t ✉♥❡ ❤②♣♦t❤ès❡ ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❞❡ ❧✬✉✲
t✐❧✐té ✐♥❞✐✈✐❞✉❡❧❧❡ ♣❛r ❧❡ ❣❛✐♥ ❞❡ ❝❛♥❛❧✳ P♦✉r ❢❛✐r❡ ❝❡❧❛✱ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥ ♠♦❞è❧❡ ❞❡
❥❡✉① st♦❝❤❛st✐q✉❡s ❬❙❤❛♣❧❡② ✶✾✺✸❪✱ ❝❡ q✉✐ ♥♦✉s ❛♠è♥❡ à s✉♣♣r✐♠❡r ❧❛ s♦✉s✲♦♣t✐♠❛❧✐té
❡♥ t❡r♠❡s ❞❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥❞✉✐t❡ ♣❛r ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥ ♥é❝❡ss❛✐r❡ ❛✉ ♠♦❞è❧❡ ❞❡
❥❡✉ ré♣été✳ ▲❡s tr❛✈❛✉① ❞❡ ❬❋✉❞❡♥❜❡r❣ ✷✵✶✶✱ ❍ör♥❡r ✷✵✶✶❪ s♦♥t ❛❧♦rs ✉t✐❧✐sés ♣♦✉r
♦❜t❡♥✐r ✉♥ ❋♦❧❦ t❤é♦rè♠❡ q✉✐ ❝❛r❛❝tér✐s❡ ❧❛ ré❣✐♦♥ ❞❡s ✉t✐❧✐tés ❛tt❡✐❣♥❛❜❧❡s ❞❡ ❝❡
❥❡✉ st♦❝❤❛st✐q✉❡✳ ◆♦✉s ♣rés❡♥t♦♥s é❣❛❧❡♠❡♥t ✉♥❡ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡
❡①♣❧✐❝✐t❡ ♣♦✉r ❝❡ ❥❡✉✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s rés✉❧t❛ts ♣rés❡♥tés ❞❛♥s ❝❡tt❡ ♣❛rt✐❡ s♦♥t ✐ss✉s
❞❡ ❬▼ér✐❛✉① ✷✵✶✶❝❪✳



✷✳✹✳ ❏❡✉ st♦❝❤❛st✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✸✶

✷✳✹✳✶ ❉é✜♥✐t✐♦♥ ❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡

❉❛♥s ❧❛ ❢♦r♠✉❧❛t✐♦♥ st♦❝❤❛st✐q✉❡ ❞✉ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥✲
❡r❣ét✐q✉❡♠❡♥t✱ ❧✬ét❛t ❞❡s ❣❛✐♥s ❞❡s ❝❛♥❛✉① η

n
= (η1,n, . . . , ηK,n) ∈ Γ ❛✈❡❝ Γ =

Γ1× . . .×ΓK ✱ ♣❡✉t ✈❛r✐❡r ❞❛♥s ✉♥ ❡♥s❡♠❜❧❡ ❞✐s❝r❡t s❡❧♦♥ ✉♥❡ ❧♦✐ ❞✬é✈♦❧✉t✐♦♥ ❞♦♥♥é❡
✭♣❛r ❡①❡♠♣❧❡ ❞❡ ♠❛♥✐èr❡ ✐✐❞✱ ♣♦✉r ❝❤❛q✉❡ ♣❛q✉❡t à tr❛♥s♠❡ttr❡✮✳ ▲❡s ét❛♣❡s ❞✉ ❥❡✉
st♦❝❤❛st✐q✉❡ ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ✐♥st❛♥ts ❛✉①q✉❡❧s ❧❡s é♠❡tt❡✉rs ♣❡✉✈❡♥t ♠❡ttr❡ à
❥♦✉r ❧❡✉r ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥✳ ❉✬✉♥❡ ét❛♣❡ à ❧✬❛✉tr❡✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧✬ét❛t ❞❡s
❝❛♥❛✉① η

n
✈❛r✐❡ ❞❛♥s ✉♥ ❡♥s❡♠❜❧❡ ❞✐s❝r❡t ❡♥ s✉✐✈❛♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐tés

❞❡ tr❛♥s✐t✐♦♥s π✳ ▲❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❡♥❣❡♥❞ré❡ ♣❛r ❝❡tt❡ ❞✐str✐❜✉t✐♦♥ ❞❡ tr❛♥s✐t✐♦♥
❡st s✉♣♣♦sé❡ ✐rré❞✉❝t✐❜❧❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ♣♦✉r t♦✉t ❝♦✉♣❧❡ ❞✬ét❛ts ❞❡ ❝❛♥❛✉① η ❡t η′✱
♥♦✉s ❛✈♦♥s π(η′|η) > 0✳ ❊♥✜♥✱ ✉♥ s✐❣♥❛❧ ♣✉❜❧✐❝ ❡st ❛❝❝❡ss✐❜❧❡ à t♦✉s ❧❡s é♠❡tt❡✉rs à
❝❤❛q✉❡ ét❛♣❡ ❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡✳ ❉❡✉① ❝❛s ♣❛rt✐❝✉❧✐❡rs ❞❡ s✐❣♥❛✉① ♣✉❜❧✐❝s s♦♥t ✿ ✭✐✮
❧❡ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ r❡ç✉❡ ♣❛r ❧❛ st❛t✐♦♥ ❞❡ ❜❛s❡

∑K
k=1 ηk,npk,n+σ

2✱ ✭✐✐✮ ❧❛ t♦t❛❧✐té
❞❡ ❧✬ét❛t ❞❡s ❝❛♥❛✉① ❛✐♥s✐ q✉❡ ❧❡s ♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥ ❞❡s ❛✉tr❡s é♠❡tt❡✉rs✱ ❝✬❡st✲
à✲❞✐r❡ (η

n
, p

n
) ✭♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ❥❡✉ ❛✈❡❝ ♦❜s❡r✈❛t✐♦♥ ♣❛r❢❛✐t❡✮✳ ❉✬❛✉tr❡s s✐❣♥❛✉①

♣✉❜❧✐❝s s♦♥t ❜✐❡♥ sûr ♣♦ss✐❜❧❡s ❡t ♥♦✉s ❡♥ ✐♥tr♦❞✉✐r♦♥s ❞✬❛✐❧❧❡✉rs ✉♥ ❡♥ ♣❛rt✐❝✉❧✐❡r
❞❛♥s ❧❛ ♣❛rt✐❡ ✷✳✹✳✷ ♣♦✉r ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ✉♥❡ str❛té❣✐❡ ❞✬éq✉✐❧✐❜r❡ ❛✈❛♥t❛❣❡✉s❡✳

◆♦✉s ♣♦✉✈♦♥s à ♣rés❡♥t ❞♦♥♥❡r ❧❛ ❞é✜♥✐t✐♦♥ ❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡✳

❉é✜♥✐t✐♦♥ ✽ ❯♥ ❥❡✉ st♦❝❤❛st✐q✉❡ ❡st ❞é✜♥✐ ♣❛r ✿

(K, (Tk)k∈K, (vk)k∈K, (Γk)k∈K, π,Θ, φ), ✭✷✳✷✻✮

❛✈❡❝ K ❧✬❡♥s❡♠❜❧❡ ❞❡s ❥♦✉❡✉rs✱ Tk ❧✬❡♥s❡♠❜❧❡ ❞❡s str❛té❣✐❡s ♣♦✉r ❧❡ ❥♦✉❡✉r k✱ vk ❧❛
❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞✉ ❥♦✉❡✉r k s✉r ❧❡ ❧♦♥❣ t❡r♠❡✱ Γk ❧✬✐♥t❡r✈❛❧❧❡ ❞❡s ét❛ts ❞❡ ❝❛♥❛✉①
❛❝❝❡ss✐❜❧❡s ❛✉ ❥♦✉❡✉r k✱ π ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ tr❛♥s✐t✐♦♥ s✉r ❧❡s ét❛ts✱ Θ ❧✬❡s♣❛❝❡ ❞❡s
♦❜s❡r✈❛t✐♦♥s ❡t φ ❧❡ s✐❣♥❛❧ ♣✉❜❧✐❝ ❛❝❝❡ss✐❜❧❡ à t♦✉s ❧❡s ❥♦✉❡✉rs✳

▲❡ ❥❡✉ s❡ ❞ér♦✉❧❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿ à ♣❛rt✐r ❞✬✉♥❡ ét❛♣❡ ✐♥✐t✐❛❧❡ ❛ss♦❝✐é❡ à
✉♥ ét❛t ❞❡s ❝❛♥❛✉① η

1
✱ ❧✬ét❛t é✈♦❧✉❡ ❞✬✉♥❡ ét❛♣❡ n−1 à ✉♥❡ ét❛♣❡ n s❡❧♦♥ π(·|η

n−1
) ∈

∆(Γ)✳ ➚ ❝❤❛q✉❡ ét❛♣❡✱ ❧❡s é♠❡tt❡✉rs ❝❤♦✐s✐ss❡♥t ❧❡✉r ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥
❡♥ ❢♦♥❝t✐♦♥ ❞✉ s✐❣♥❛❧ ♣✉❜❧✐❝ ✿

φ : Γ×A → Θ

(η
n
, p

n
) 7→ θn

✭✷✳✷✼✮

♦ù A = A1 × ...×AK ✳
▲❛ str❛té❣✐❡ ❡t ❧✬✉t✐❧✐té s✉r ❧❡ ❧♦♥❣ t❡r♠❡ ❞✉ ❥♦✉❡✉r k s♦♥t ❞é✜♥✐❡s ❝♦♠♠❡ s✉✐t✳

❉é✜♥✐t✐♦♥ ✾ ▲❛ str❛té❣✐❡ ❞✉ ❥♦✉❡✉r k ∈ K ❡st ✉♥❡ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥s (τk,n)n≥1 ❛✈❡❝

τk,n : Θn−1 × Γk → Ak

(θn, ηk,n) 7→ pk,n,
✭✷✳✷✽✮



✸✷ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡

❛✈❡❝ θn = (θ1, . . . , θn−1) ❧❛ s✉✐t❡ ❞❡s s✐❣♥❛✉① ♣✉❜❧✐❝s é♠✐s ❥✉sq✉✬à ❧✬ét❛♣❡ n✳
❆✉tr❡♠❡♥t ❞✐t✱ à ❧✬❤✐st♦✐r❡ (θn, ηk,n) ∈ Θn ✭♦❜s❡r✈❛t✐♦♥s ♣❛ssé❡s ❡t ét❛t ♣rés❡♥t✮✱
♦♥ ❛ss♦❝✐❡ ✉♥❡ ❛❝t✐♦♥ pk,n ∈ Ak✳

▲❛ str❛té❣✐❡ ❞✉ ❥♦✉❡✉r k ❡st ♥♦té❡ τk ❡t ❧❡ ✈❡❝t❡✉r ❞❡ str❛té❣✐❡s τ = (τ1, . . . , τK)

❡st ✉♥ ♣r♦✜❧ ❞❡ str❛té❣✐❡s✳ ❯♥ ♣r♦✜❧ ❞❡ str❛té❣✐❡s τ ❡♥tr❛î♥❡ ✉♥❡ ✉♥✐q✉❡ séq✉❡♥❝❡
❞✬❛❝t✐♦♥s (p

n
)n≥1✳

❉é✜♥✐t✐♦♥ ✶✵ ❙♦✐t τ ✉♥ ♣r♦✜❧ ❞❡ str❛té❣✐❡s✳ ▲✬✉t✐❧✐té ❞✉ ❥♦✉❡✉r k ∈ K s❛❝❤❛♥t q✉❡
❧✬ét❛t ✐♥✐t✐❛❧ ❞✉ ❝❛♥❛❧ ❡st η

1
❡st ❞é✜♥✐❡ ♣❛r

vk(τ , η1) =
∑

n≥1

λ(1− λ)n−1
Eτ ,π

î
uk(pn, ηn)|η1

ó
✭✷✳✷✾✮

♦ù (p
n
)n≥1 ❡st ❧❛ séq✉❡♥❝❡ ❞❡ ♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥ ✐♥❞✉✐t❡ ♣❛r ❧❡ ♣r♦✜❧ ❞❡ str❛té❣✐❡s

τ ✳ ◆♦✉s r❡♣r❡♥♦♥s ✐❝✐ ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❡s❝♦♠♣té❡✳ ▲✬✐♥t❡r♣rét❛t✐♦♥ ❞✉ ♣❛r❛♠ètr❡
λ ❡st ❧❛ ♠ê♠❡ q✉❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ✷✳✸✳

➚ ♣rés❡♥t✱ ❞é✜♥✐ss✐♦♥s ❧❡ ❝♦♥❝❡♣t ❞✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞✬✉♥ ❥❡✉ st♦❝❤❛st✐q✉❡ ♣♦✉r
✉♥ ét❛t ✐♥✐t✐❛❧ ❡st η

1
✳

❉é✜♥✐t✐♦♥ ✶✶ ❯♥ ♣r♦✜❧ ❞❡ str❛té❣✐❡s τ∗ ❡st ✉♥ éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡ ♣♦✉r
✉♥ ét❛t ✐♥✐t✐❛❧ η

1
s✐

∀k ∈ K, ∀τk, vk(τ∗, η1) ≥ vk(τk, τ
∗
−k, η1). ✭✷✳✸✵✮

✷✳✹✳✷ ❘és✉❧t❛ts ❛♥❛❧②t✐q✉❡s

❋♦❧❦ t❤é♦rè♠❡

◆♦✉s ❞♦♥♥♦♥s ♠❛✐♥t❡♥❛♥t ✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ✉t✐❧✐tés ❞✬éq✉✐❧✐✲
❜r❡ ♣♦✉r ❧❡ ❥❡✉ st♦❝❤❛st✐q✉❡✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ❞é✜♥✐ss♦♥s ❧❡s ♥✐✈❡❛✉① ❞✬✉t✐❧✐té ♠✐♥♠❛①
ṽk(η1) ♣♦✉r ❧❡ ❥♦✉❡✉r k ∈ K ❝♦♠♠❡ ❧❡s ♥✐✈❡❛✉① ❞✬✉t✐❧✐té ❞✬éq✉✐❧✐❜r❡ ❧❡s ♠♦✐♥s ❢❛✈♦r✲
❛❜❧❡s ❛✉ ❥♦✉❡✉r k ∈ K ❧♦rsq✉❡ ❧✬ét❛t ✐♥✐t✐❛❧ ❞✉ ❥❡✉ ❡st η

1
✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱

ṽk(η1) = inf
τ−k

sup
τk
vk(τk, τ−k, η1). ✭✷✳✸✶✮

❉✬❛✉tr❡ ♣❛rt✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ✉t✐❧✐tés ❛tt❡✐❣♥❛❜❧❡s ❡st ♥♦té❡ F (η
1
)✳ ▲❡ rés✉❧t❛t é♥♦♥❝é

♣❛r ❉✉tt❛ ❞❛♥s ❬❉✉tt❛ ✶✾✾✺❪ ✐♥❞✐q✉❡ q✉❡ s✐ ❧❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ✐♥❞✉✐t❡ ♣❛r π ❡st
✐rré❞✉❝t✐❜❧❡✱ ❛❧♦rs ❧❡s ♥✐✈❡❛✉① ❞✬✉t✐❧✐té ♠✐♥♠❛① ❡t ❧✬❡♥s❡♠❜❧❡ ❞❡s ✉t✐❧✐tés ❛tt❡✐❣♥❛❜❧❡s
s♦♥t ✐♥❞é♣❡♥❞❛♥ts ❞❡ ❧✬ét❛t ✐♥✐t✐❛❧ η

1
✳

lim
λ−→0

ṽk(η1) = ṽk, ∀η1 ✭✷✳✸✷✮

lim
λ−→0

F (η
1
) = F, ∀η

1
✭✷✳✸✸✮

➚ ♣❛rt✐r ❞❡ ❝❡s ❞❡✉① ❡♥s❡♠❜❧❡s✱ ♥♦✉s ♣♦✉✈♦♥s ❞é✜♥✐r ❧✬❡♥s❡♠❜❧❡ ❞❡s ✉t✐❧✐tés
❛tt❡✐❣♥❛❜❧❡ ❡t ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t r❛t✐♦♥♥❡❧❧❡s✳



✷✳✹✳ ❏❡✉ st♦❝❤❛st✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✸✸

❉é✜♥✐t✐♦♥ ✶✷ ▲✬❡♥s❡♠❜❧❡ ❞❡s ✉t✐❧✐tés ❛tt❡✐❣♥❛❜❧❡s ❡t ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t r❛t✐♦♥♥❡❧❧❡s
❡st ✿

F ∗ = {x ∈ F |xk ≥ ṽk, ∀k ∈ K} ✭✷✳✸✹✮

▲❡ ❋♦❧❦ t❤é♦rè♠❡ ♥♦✉s ❞♦♥♥❡ ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❝❡t ❡♥s❡♠❜❧❡ ❡t ❧✬❡♥s❡♠❜❧❡
❞❡s ✉t✐❧✐tés ❞✬éq✉✐❧✐❜r❡✳

❚❤é♦rè♠❡ ✸ ❙✉♣♣♦s♦♥s q✉❡ t♦✉s ❧❡s ❥♦✉❡✉rs ✈♦✐❡♥t ❧❡ ♠ê♠❡ s✐❣♥❛❧ ♣✉❜❧✐❝✳ ❆❧♦rs
♣♦✉r t♦✉t ♣r♦✜❧ ❞✬✉t✐❧✐té v ∈ F ∗✱ ✐❧ ❡①✐st❡ λ0 t❡❧ q✉❡ ♣♦✉r t♦✉t λ < λ0✱ ✐❧ ❡①✐st❡ ✉♥❡
str❛té❣✐❡ ❞✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡ ❞♦♥t ❧✬✉t✐❧✐té à ❧♦♥❣ t❡r♠❡ ✈❛✉t v ∈ F ∗✳

▲❛ ♣r❡✉✈❡ ❡st ❜❛sé❡ s✉r ❧❡ t❤é♦rè♠❡ ✷ ❞❛♥s ❬❍ör♥❡r ✷✵✶✶❪✳ ■❧ ❢❛✉t ♥♦t❡r q✉✬✉♥❡ t❡❧❧❡
❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❧❛ ré❣✐♦♥ ❞✬✉t✐❧✐tés ❞✬éq✉✐❧✐❜r❡ ❡st très ♣✉✐ss❛♥t❡✳ ❊♥ ❡✛❡t✱ ❧❛ t❡❝❤✲
♥✐q✉❡ ❝❧❛ss✐q✉❡ ♣♦✉r ♦❜t❡♥✐r ❧❛ ré❣✐♦♥ ❞✬✉t✐❧✐tés ❞✬éq✉✐❧✐❜r❡ ❝♦♥s✐st❡r❛✐t à ❞ét❡r♠✐♥❡r
t♦✉t❡s ❧❡s str❛té❣✐❡s ♣♦ss✐❜❧❡s ♣♦✉r ❧❡s ❥♦✉❡✉rs ♣✉✐s ❞❡ ❝❛❧❝✉❧❡r ❧❡s ✉t✐❧✐tés ❝♦rr❡s♣♦♥✲
❞❛♥t❡s✳ ❉❛♥s ✉♥ ❥❡✉ très s✐♠♣❧❡ ♦ù ❝❤❛q✉❡ ❥♦✉❡✉r ♥✬❛✉r❛✐t ❧❡ ❝❤♦✐① q✉✬❡♥tr❡ ❞❡✉①
♥✐✈❡❛✉① ❞❡ ♣✉✐ss❛♥❝❡ à ❝❤❛q✉❡ ét❛♣❡✱ ✐❧ ❢❛✉❞r❛✐t ❝♦♥s✐❞ér❡r 2N str❛té❣✐❡s ♣♦ss✐❜❧❡s✱
❛✈❡❝ N ❧❡ ♥♦♠❜r❡ ❞✬ét❛♣❡s ❞✉ ❥❡✉✳ ❉✬❛♣rès ❬❉✉tt❛ ✶✾✾✺❪✱ ❧❡ ❋♦❧❦ t❤é♦rè♠❡ ♥♦✉s ❛✉✲
t♦r✐s❡ à ❝♦♥s✐❞ér❡r ✉♥✐q✉❡♠❡♥t ❧❡s str❛té❣✐❡s ❞✐t❡s ❞❡ ▼❛r❦♦✈ s❛♥s ♣❡rt❡ ❞✬♦♣t✐♠❛❧✐té
♣♦✉r ♦❜t❡♥✐r ❧❛ ré❣✐♦♥ ❞✬éq✉✐❧✐❜r❡✳ ◆♦✉s r❛♣♣❡❧♦♥s q✉✬✉♥❡ str❛té❣✐❡ ❞❡ ▼❛r❦♦✈ ❡st
✉♥❡ str❛té❣✐❡ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡s ❛❝t✐♦♥s ❝❤♦✐s✐❡s à ✉♥ ét❛♣❡ ❞♦♥♥é❡ ♥❡ ❞é♣❡♥❞❡♥t q✉❡
❞❡ ❧✬ét❛t ❞✉ ❥❡✉ à ❝❡tt❡ ét❛♣❡✳ ▲❡ ♥♦♠❜r❡ ❞❡ str❛té❣✐❡s à ét✉❞✐❡r s❡ ré❞✉✐t ❞♦♥❝ à
2|Γ| ❛✈❡❝ |Γ| ❧❡ ♥♦♠❜r❡ ❞✬ét❛ts ❞❡ ❝❛♥❛✉①✳

P❧❛♥ ❞❡ sé❧❡❝t✐♦♥s ❞❡s ♠❡✐❧❧❡✉rs ✉t✐❧✐s❛t❡✉rs

❖❜t❡♥✐r ✉♥❡ ré❣✐♦♥ ❞✬✉t✐❧✐tés ❛tt❡✐❣♥❛❜❧❡s ❡st ✉♥❡ ❝❤♦s❡✱ ♠❛✐s ✐❧ ♥♦✉s r❡st❡ à
❞ét❡r♠✐♥❡r ❢♦r♠❡❧❧❡♠❡♥t ❞❡s str❛té❣✐❡s ❡✣❝❛❝❡s ❞❛♥s ❝❡tt❡ ré❣✐♦♥✳ ❈✬❡st ❝❡ q✉❡ ♥♦✉s
♣r♦♣♦s♦♥s ❞❡ ❢❛✐r❡ ❛✈❡❝ ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥ ♣❧❛♥ ❞❡ ❙é❧❡❝t✐♦♥ ❞❡s ▼❡✐❧❧❡✉rs ❯t✐❧✐st❡✉rs
✭❙▼❯✮✳

▲❛ str❛té❣✐❡ ♣r♦♣♦sé❡ ❡st ❜❛sé❡ s✉r ❧❡ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ♣rés❡♥té ❞❛♥s ❧❛
♣❛rt✐❡ ✷✳✸ ✿

∀k ∈ K, p̃k,n =
σ2

ηk,n

γ̃

1− (K − 1)γ̃
. ✭✷✳✸✺✮

❈♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞✉ ❥❡✉ ré♣été ♦ù ❧❡s ❣❛✐♥s ❞❡s ❝❛♥❛✉① s♦♥t ❝♦♥st❛♥ts✱ q✉❛♥❞
❝❡s ❞❡r♥✐❡rs ✈❛r✐❡♥t à ❝❤❛q✉❡ ét❛♣❡✱ ❧❛ str❛té❣✐❡ ❝♦♥s✐st❛♥t à ❝❡ q✉❡ ❝❤❛q✉❡ ❥♦✉❡✉r
é♠❡tt❡ ❛✉ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ✭✷✳✸✺✮ ♥✬❡st ♣❧✉s ♦♣t✐♠❛❧❡✳ ■❧ s❡ tr♦✉✈❡ q✉✬♦♥
♦❜t✐❡♥t ❞❡ ♠❡✐❧❧❡✉rs rés✉❧t❛ts ❡♥ t❡r♠❡s ❞❡ ❜✐❡♥✲êtr❡ s♦❝✐❛❧ ✭❝✬❡st✲à✲❞✐r❡ ❧♦rsq✉✬♦♥
❝❤❡r❝❤❡ à ♠❛①✐♠✐s❡r ❧❛ s♦♠♠❡ ❞❡s ❡✣❝❛❝✐tés é♥❡r❣ét✐q✉❡s ❞❡s é♠❡tt❡✉rs✮ s✐ ❧✬❡♥s❡♠✲
❜❧❡ ❞❡s ❥♦✉❡✉rs é♠❡tt❛♥t ❛✉ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❡st ré❞✉✐t✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❡st
✐♥t✐t✉❧é❡ str❛té❣✐❡ ❙▼❯✱ ❡❧❧❡ ❡st ❝❛r❛❝tér✐sé❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡✳

➚ ❝❤❛q✉❡ ét❛♣❡ n ❞✉ ❥❡✉✱ ❧❡ ré❝❡♣t❡✉r ✜①❡ Kn ⊂ K✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❥♦✉❡✉rs
é♠❡tt❛♥t ❛✉ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ✭✷✳✸✺✮ ♣♦✉r ♠❛①✐♠✐s❡r ❧❛ s♦♠♠❡ ❞❡s ✉t✐❧✐tés
✐♥st❛♥t❛♥é❡s ❞❡s é♠❡tt❡✉rs✳ P♦✉r ❝❤❛q✉❡ ❥♦✉❡✉r k ∈ K ✿

✕ ❙✐ k ∈ Kn✱ ✐❧ ❧✉✐ ❡st r❡❝♦♠♠❛♥❞é ❞✬é♠❡ttr❡ ❛✉ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ✭✷✳✸✺✮
à ❧✬ét❛♣❡ n✳



✸✹ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡

✕ ❙✐ k /∈ Kn✱ ✐❧ ❧✉✐ ❡st ❞❡♠❛♥❞é ❞❡ ♥❡ ♣❛s é♠❡ttr❡ à ❝❡tt❡ ét❛♣❡✳
■❧ ❢❛✉t ❜✐❡♥ ♥♦t❡r q✉❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡s é♠❡tt❡✉rs ♥✬❡st ♣❛s ✐♠♣♦sé✱ ❧❡ ré✲

❝❡♣t❡✉r ❡♥✈♦✐❡ s❡✉❧❡♠❡♥t ❞❡s r❡❝♦♠♠❛♥❞❛t✐♦♥s ❛✉① é♠❡tt❡✉rs✳ ❯♥ ♠é❝❛♥✐s♠❡ ❞❡
♣✉♥✐t✐♦♥ ❡st ét❛❜❧✐ s✐ ✉♥ é♠❡tt❡✉r ❞é✈✐❡ ❞❡ ❧❛ str❛té❣✐❡ ✿ ❧❡s ❛✉tr❡s é♠❡tt❡✉rs ❥♦✉❡♥t
❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ st❛t✐q✉❡ ♣♦✉r ❧❡ r❡st❛♥t ❞✉ ❥❡✉✳

Pr♦♣r✐étés ❞✉ ♣❧❛♥ ❙▼❯

❇✐❡♥ q✉✬♦♥ ♣✉✐ss❡ ♣❡♥s❡r q✉❡ ❧❛ str❛té❣✐❡ ❙▼❯ ♥é❝❡ss✐t❡ ❞❡s ♦♣ér❛t✐♦♥s ❝♦♠♣❧❡①❡s
❛✉ ♥✐✈❡❛✉ ❞✉ ré❝❡♣t❡✉r✱ ✐❧ s❡ tr♦✉✈❡ q✉❡ ❝❡ ❞❡r♥✐❡r ♥✬❛ ♣❛s à ❝♦♠♣❛r❡r t♦✉t❡s ❧❡s
❝♦♠❜✐♥❛✐s♦♥s ♣♦ss✐❜❧❡s ❞✬é♠❡tt❡✉rs✳ ❊♥ ❡✛❡t✱ ❧✬❡♥s❡♠❜❧❡ ♦♣t✐♠❛❧ ❞❡s é♠❡tt❡✉rs ❞❡
❝❡tt❡ str❛té❣✐❡ ❝♦♠♣r❡♥❞ t♦✉❥♦✉rs ❧✬é♠❡tt❡✉r ❛✈❡❝ ❧❡ ♠❡✐❧❧❡✉r ❣❛✐♥ ❞❡ ❝❛♥❛❧ ❡t ✉♥
❝❡rt❛✐♥ ♥♦♠❜r❡ ❞✬❛✉tr❡s é♠❡tt❡✉rs ♣❛r♠✐ ❝❡✉① ❛✈❡❝ ❧❡s ♠❡✐❧❧❡✉rs ❣❛✐♥s ❞❡ ❝❛♥❛✉①✳
❆✐♥s✐✱ ❧❡ ré❝❡♣t❡✉r ❛ ✉♥✐q✉❡♠❡♥t ❜❡s♦✐♥ ❞❡ ❝❧❛ss❡r ❧❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ❞❡s é♠❡tt❡✉rs
♣❛r ♦r❞r❡ ❞é❝r♦✐ss❛♥t ❡t ✜①❡r ❧❡ ❣❛✐♥ ❞❡ ❝❛♥❛❧ ♠✐♥✐♠✉♠ ♣♦✉r sé♣❛r❡r ❧❡s é♠❡tt❡✉rs q✉✐
♦♥t ✐♥térêt à é♠❡ttr❡ ❞❡s ❛✉tr❡s✳ ❈❡tt❡ ♦♣ér❛t✐♦♥ ❡st ❜❡❛✉❝♦✉♣ ♠♦✐♥s ❝♦ût❡✉s❡ q✉✬✉♥❡
❝♦♠♣❛r❛✐s♦♥ ❞❡ t♦✉t❡ ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ♣♦ss✐❜❧❡s ❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧♦rsq✉❡ ❧❡
♥♦♠❜r❡ ❞✬é♠❡tt❡✉rs ❡st ❣r❛♥❞✳ ❊♥ t❡r♠❡s ❞❡ ❝♦♠♣❧❡①✐té✱ ♣♦✉r K é♠❡tt❡✉rs✱ ❛✉ ❧✐❡✉
❞❡ ❝♦♠♣❛r❡r 2K ❝♦♠❜✐♥❛✐s♦♥s✱ ❧❡ ré❝❡♣t❡✉r ♥❡ ❞♦✐t ❡♥ ❝♦♠♣❛r❡r q✉❡ K✳

Pr♦♣♦s✐t✐♦♥ ✶ ➚ ❞é❜✐t ❞✬é♠✐ss✐♦♥ é❣❛❧✱ ❧✬❡♥s❡♠❜❧❡ ❞❡ k é♠❡tt❡✉rs q✉✐ ♦✛r❡ ❧❡s
♠❡✐❧❧❡✉rs ♣❡r❢♦r♠❛♥❝❡s ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❡♥ é♠❡tt❛♥t ❛✉ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥✲
♥❡♠❡♥t ✭✷✳✸✺✮ ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s k é♠❡tt❡✉rs ❛✈❡❝ ❧❡s ♠❡✐❧❧❡✉rs ❣❛✐♥s ❞❡ ❝❛♥❛✉①✳

▲❛ ♣r❡✉✈❡ ❞❡ ❝❡tt❡ ♣r♦♣♦s✐t✐♦♥ ❡st ❞♦♥♥é❡ ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✶❝❪✳
P♦✉r q✉❡ ❧❛ str❛té❣✐❡ ❙▼❯ s♦✐t ✉♥ éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡

q✉✬❛✉❝✉♥ é♠❡tt❡✉r ♥✬❛✐t ✐♥térêt à ❞é✈✐❡r ❞✉ ♣❧❛♥ ❞✬❛❝t✐♦♥ ♣r♦♣♦sé✳ ❊♥ ❞✬❛✉tr❡s t❡r✲
♠❡s✱ ❧✬éq✉✐❧✐❜r❡ ❞❡ ❧❛ str❛té❣✐❡ ❡st ❛ss✉ré s✐ ❧❡ ♠❛①✐♠✉♠ ✭❡♥ t❡r♠❡s ❞✬✉t✐❧✐té✮ q✉❡
♣❡✉t ❣❛❣♥❡r ✉♥ ❥♦✉❡✉r ❡♥ ❞é✈✐❛♥t à ✉♥❡ ét❛♣❡ ❞✉ ❥❡✉ ❡st ✐♥❢ér✐❡✉r à ❝❡ q✉✬✐❧ ✈❛ ♣❡r❞r❡
❡♥ ét❛♥t ♣✉♥✐ ♣❛r ❧❡s ❛✉tr❡s ❥♦✉❡✉rs ❥✉sq✉✬à ❧❛ ✜♥ ❞✉ ❥❡✉✳ ◆♦✉s ♦❜t❡♥♦♥s ❛❧♦rs ❧❛
❝♦♥❞✐t✐♦♥ ❞✬éq✉✐❧✐❜r❡ s✉✐✈❛♥t❡ ✿

❚❤é♦rè♠❡ ✹ ▲❛ str❛té❣✐❡ ❙▼❯ ❡st ✉♥ éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡ s✐ ∀k ∈ K

λ ≤
E[uk(p

smu, η)]− E[uk(p
∗, η)]

Rηmax

σ2
f(β∗)
β∗ + E[uk(psmu, η)]− E[uk(p∗, η)]

, ✭✷✳✸✻✮

❛✈❡❝ psmu ❧❡ ♣r♦✜❧ ❞❡ ♣✉✐ss❛♥❝❡ rés✉❧t❛♥t ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ str❛té❣✐❡ ❙▼❯ ❡t p∗

❡t β∗ r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ ♣r♦✜❧ ❞❡ ♣✉✐ss❛♥❝❡ ❡t ❧❡ ❘❙■❇ ❝♦rr❡s♣♦♥❞❛♥t à ❧✬éq✉✐❧✐❜r❡ ❞❡
◆❛s❤ ❞❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ st❛t✐q✉❡✳

▲✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ✐ss✉❡ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ str❛té❣✐❡ ❙▼❯ ♣❡✉t êtr❡ ❝♦♠✲
♣❛ré❡ ❛✉① ❡✣❝❛❝✐tés é♥❡r❣ét✐q✉❡s ✐ss✉❡s ❞❡ ❧❛ str❛té❣✐❡ ❞✬éq✉✐❧✐❜r❡ ❞❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥
st❛t✐q✉❡✱ ❞❡ ❧❛ str❛té❣✐❡ ❞❡ ♣❛rt❛❣❡ ❞❡ t❡♠♣s ♣♦✉r ❧❛q✉❡❧❧❡ s❡✉❧ ❧✬é♠❡tt❡✉r ❛✈❡❝ ❧❡
♠❡✐❧❧❡✉r ❣❛✐♥ ❞❡ ❝❛♥❛❧ é♠❡t ✭❡t ❞♦♥t ❧❡ ♣r♦✜❧ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❡st ♥♦té pts✮
❡t ❞❡ ❧❛ str❛té❣✐❡ ♦ù t♦✉s ❧❡s é♠❡tt❡✉rs é♠❡tt❡♥t ❛✉ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t✳



✷✳✹✳ ❏❡✉ st♦❝❤❛st✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✸✺

Pr♦♣♦s✐t✐♦♥ ✷ ➚ ❞é❜✐t ❞✬é♠✐ss✐♦♥ é❣❛❧ ❡t ♣♦✉r ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ✐✐❞✱ ♥♦✉s ❛✈♦♥s ✿

∀k ∈ K, E[uk(psmu, η)] ≥ E[uk(p
∗, η)] ✭✷✳✸✼✮

∀k ∈ K, E[uk(psmu, η)] ≥ E[uk(p̃, η)] ✭✷✳✸✽✮

∀k ∈ K, E[uk(psmu, η)] ≥ E[uk(p
ts, η)] ✭✷✳✸✾✮

■♥❢♦r♠❛t✐♦♥ ♥é❝❡ss❛✐r❡ à ❧✬ét❛❜❧✐ss❡♠❡♥t ❞✉ ♣❧❛♥ ❙▼❯

❉❛♥s ❧❡ ♣❧❛♥ ❙▼❯✱ ❧❡s é♠❡tt❡✉rs ❛❞❛♣t❡♥t ❧❡✉rs ♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥ ❛✉ ♥✐✈❡❛✉
❞✉ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ✭✷✳✸✺✮ s✐ ❧❡ ré❝❡♣t❡✉r ❧❡✉r r❡❝♦♠♠❛♥❞❡ ❞✬é♠❡ttr❡✳ ❈❡❧❛
s✐❣♥✐✜❡ q✉✬✐❧s ♦♥t ❜❡s♦✐♥ ❞❡ ❝♦♥♥❛îtr❡ ❧❛ r❡❝♦♠♠❛♥❞❛t✐♦♥ ❞✉ ré❝❡♣t❡✉r✳ ❉❡ ♣❧✉s✱
♣♦✉r é♠❡ttr❡ ❧❡ ❜♦♥ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ ✭✷✳✸✺✮✱ ✐❧s ❞♦✐✈❡♥t ❛✉ss✐ ❝♦♥♥❛îtr❡ ❧❡ ♥♦♠❜r❡
❞✬é♠❡tt❡✉rs q✉✐ ✈♦♥t êtr❡ ❛❝t✐❢s ❡♥ ♠ê♠❡ t❡♠♣s q✉✬❡✉①✱ ❛✐♥s✐ q✉❡ ❧❡✉r ❣❛✐♥ ❞❡ ❝❛♥❛❧✳
◆♦✉s ❝♦♥s✐❞ér♦♥s ❞♦♥❝ ❞❛♥s ❧❡ ♣❧❛♥ ❙▼❯ q✉❡ ❧❡ ré❝❡♣t❡✉r ❡♥✈♦✐❡ ❧❡s r❡❝♦♠♠❛♥❞❛✲
t✐♦♥s à t♦✉s ❧❡s é♠❡tt❡✉rs ❞❡ ❧❛ ❝❡❧❧✉❧❡✱ ❛✐♥s✐ q✉❡ ❧❡ ♥♦♠❜r❡ ❞✬é♠❡tt❡✉rs ❛✉①q✉❡❧s
✐❧ r❡❝♦♠♠❛♥❞❡ ❞✬é♠❡ttr❡✳ ❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉①✱ ♥♦✉s s✉♣♣♦s♦♥s
q✉❡ ❝❤❛q✉❡ é♠❡tt❡✉r ❝♦♥♥❛ît s♦♥ ♣r♦♣r❡ ❝❛♥❛❧✳ ▲❡ ❞❡r♥✐❡r s✐❣♥❛❧ ♥é❝❡ss❛✐r❡ à ❧✬ét❛❜✲
❧✐ss❡♠❡♥t ❞✉ ♣❧❛♥ ❙▼❯ ♣❡r♠❡t à ❝❤❛q✉❡ é♠❡tt❡✉r ❞❡ ❞ét❡❝t❡r s✐ ✉♥ ❛✉tr❡ é♠❡tt❡✉r
❞é✈✐❡ ❞✉ ♣❧❛♥ ❞✬❛❝t✐♦♥✳ ❈♦♠♠❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ✷✳✸✱ ❝❡ s✐❣♥❛❧ ♣❡✉t s✐♠♣❧❡♠❡♥t êtr❡ ❧❡
❘❙■❇ ❞❡ ❝❤❛q✉❡ é♠❡tt❡✉r✳

✷✳✹✳✸ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s

P♦✉r ❧✬♦❜t❡♥t✐♦♥ ❞❡ rés✉❧t❛ts ♥✉♠ér✐q✉❡s✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ❢♦♥❝t✐♦♥ ❞✬❡✣❝❛❝✐té
f(γ) = e

− a
γ ✱ ❞é✜♥✐❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ✷✳✶✳

▲❛ ✜❣✉r❡ ✷✳✻ ❡st ♦❜t❡♥✉❡ ♣♦✉r ✉♥ s❝é♥❛r✐♦ ❝♦♠♣r❡♥❛♥t 10 é♠❡tt❡✉rs ❞♦♥t ❧❡s
❣❛✐♥s ❞❡ ❝❛♥❛✉① ♣❡✉✈❡♥t s❡✉❧❡♠❡♥t ❛tt❡✐♥❞r❡ ❞❡✉① ét❛ts ηmin ❡t ηmax ❛✈❡❝ ❞❡s ♣r♦❜✲
❛❜✐❧✐tés {12 , 12}✳ ❊❧❧❡ ❞♦♥♥❡ ❧❡s ❣❛✐♥s r❡s♣❡❝t✐❢s ❞❡ ❧❛ str❛té❣✐❡ ✐ss✉❡ ❞✉ ❥❡✉ ré♣été ❡t
❞✉ ♣❧❛♥ ❙▼❯ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ✐ss✉ ❞✉ ❥❡✉ st❛t✐q✉❡✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉
r❛♣♣♦rt ❡♥tr❡ ηmax ❡t ηmin✳ ❈❡tt❡ ✜❣✉r❡ ♠♦♥tr❡ q✉❡ ❧❛ str❛té❣✐❡ ❙▼❯ ❡st ♣❛rt✐❝✲
✉❧✐èr❡♠❡♥t ✐♥tér❡ss❛♥t❡ ❧♦rsq✉❡ ❧✬é❝❛rt ❡♥tr❡ ❧❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ❡st ✐♠♣♦rt❛♥t✳ ❊♥
❡✛❡t✱ ♥♦✉s ♣♦✉✈♦♥s ✈ér✐✜❡r q✉❡ ♣♦✉r ✉♥ r❛♣♣♦rt ηmax

ηmin
= 1✱ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞✉

♣❧❛♥ ❙▼❯ ❡st ❧❛ ♠ê♠❡ q✉❡ ♣♦✉r ❧❡ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ✭✷✳✸✺✮ ❡t ♣♦✉r ηmax

ηmin
> 1✱

❧❡ ♣❧❛♥ ❙▼❯ ❞❡✈✐❡♥t ♣❧✉s ❡✣❝❛❝❡✳ ❉❛♥s ❧❡ ❝❛s ♣❧✉s ❣é♥ér❛❧ ♦ù ❧❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉①
♣❡✉✈❡♥t ♣r❡♥❞r❡ ❞❡ ♥♦♠❜r❡✉s❡s ✈❛❧❡✉rs ❞✐✛ér❡♥t❡s✱ ❧❡s ré❛❧✐s❛t✐♦♥s ❞❡s ❝❛♥❛✉① ❝♦♠✲
♣r❡♥♥❡♥t ❞❡s ✈❛❧❡✉rs ❤étér♦❣è♥❡s✱ ❝❡ q✉✐ ❡st ❞♦♥❝ ❢❛✈♦r❛❜❧❡ ❛✉ ♣❧❛♥ ❙▼❯✳

▲❛ ✜❣✉r❡ ✷✳✼ ✐❧❧✉str❡ ❧❛ ré❣✐♦♥ ❛tt❡✐❣♥❛❜❧❡ ♣♦✉r ✉♥ ❥❡✉ à 2 ❥♦✉❡✉rs ❡t 2 ét❛ts
❞❡ ❝❛♥❛✉① ✭❛✈❡❝ ηmax

ηmin
= 4✮✳ ▲❛ ❢r♦♥t✐èr❡ ♠✐♥♠❛① ❞é❧✐♠✐t❡ ❧❛ ré❣✐♦♥ ❞✬éq✉✐❧✐❜r❡✳ ▲❡s

✉t✐❧✐tés ♠♦②❡♥♥❡s ❞❡ ❙▼❯✱ ❞✉ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❡t ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤
❞❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ st❛t✐q✉❡ s♦♥t é❣❛❧❡♠❡♥t r❡♣rés❡♥té❡s à ❧✬✐♥tér✐❡✉r ❞❡ ❝❡tt❡ ré❣✐♦♥✳
◆♦t♦♥s q✉❡ q✉❡ ❧❛ str❛té❣✐❡ ❙▼❯ P❛r❡t♦✲❞♦♠✐♥❡ ❧❡s ❛✉tr❡s str❛té❣✐❡s ❝♦♥s✐❞éré❡s✳

▲❛ s✐♠✉❧❛t✐♦♥ ♣rés❡♥té❡ ❡♥ ✜❣✉r❡ ✷✳✽ ❝♦♠♣❛r❡ ❧❡s ✉t✐❧✐tés ✐♥st❛♥t❛♥é❡s ♠♦②❡♥♥❡s
❞❡ q✉❛tr❡ ♠é❝❛♥✐s♠❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬é♠❡tt❡✉rs✳



✸✻ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡
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Point de fonctionnement

SMU

❋✐❣✉r❡ ✷✳✻ ✕ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞✉ ♣❧❛♥ ❙▼❯ ❡t ❞✉ ♣♦✐♥t ❞❡
❢♦♥❝t✐♦♥♥❡♠❡♥t ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞✉ ❥❡✉ st❛t✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉
r❛♣♣♦rt ❡♥tr❡ ❧❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ❛tt❡✐❣♥❛❜❧❡s ❞❛♥s ✉♥ s②stè♠❡ à 10 é♠❡tt❡✉rs✳
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Région atteignable

SMU
Nash statique

Point de fonctionnement
frontière minmax

❋✐❣✉r❡ ✷✳✼ ✕ ❘é❣✐♦♥ ❛tt❡✐❣♥❛❜❧❡ ❡t ✉t✐❧✐tés ♠♦②❡♥♥❡s ❞❡ ❞✐✈❡rs❡s str❛té❣✐❡s ♣♦✉r ✉♥
❥❡✉ à ✷ ❥♦✉❡✉rs✳



✷✳✹✳ ❏❡✉ st♦❝❤❛st✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✸✼

P♦✉r ❝❡tt❡ s✐♠✉❧❛t✐♦♥✱ ♦♥ ❝♦♥s✐❞èr❡ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❣❛✐♥s ❞❡ ❝❛♥❛❧✳ ▲❛ ❧♦✐ ❞✬é✈♦✲
❧✉t✐♦♥ ❞❡s ❣❛✐♥s ❞❡s ❝❛♥❛✉① s✉✐t ❧❛ ♣r♦♣r✐été ❞❡ ▼❛r❦♦✈✱ ❝✬❡st✲à✲❞✐r❡ q✉✬✐❧ ❡①✐st❡ ✉♥❡
♠❛tr✐❝❡ ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧✬ét❛t ❞❡s ❝❛♥❛✉① à ❧✬✐♥st❛♥t n ❡t ❧✬ét❛t ❞❡s
❝❛♥❛✉① à ❧✬✐♥st❛♥t i+1✳ ❈❡tt❡ ♠❛tr✐❝❡ ❛✐♥s✐ q✉❡ ❧❡s ét❛ts ❞❡ ❣❛✐♥s ❞❡ ❝❛♥❛❧ ❛❝❝❡ss✐❜❧❡s
s♦♥t ❧❡s ♠ê♠❡s ♣♦✉r t♦✉s ❧❡s ❥♦✉❡✉rs✳ ➚ tr❛✈❡rs ❧✬ét✉❞❡ ❞❡ ❝❡s q✉❛tr❡ ♠é❝❛♥✐s♠❡s✱
♥♦✉s ét✉❞✐♦♥s ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❛tt❡✐❣♥❛❜❧❡s ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❝❛r❛❝tèr❡ ❝❡♥tr❛❧✐sé ♦✉
❞é❝❡♥tr❛❧✐sé ❞✉ ♠é❝❛♥✐s♠❡ ❛✐♥s✐ q✉❡ ❞❡ ❧❛ q✉❛♥t✐té ❞✬✐♥❢♦r♠❛t✐♦♥ ❞✐s♣♦♥✐❜❧❡ s✉r ❧❡
s②stè♠❡✳ ❈❡s ♠é❝❛♥✐s♠❡s s♦♥t ❧❡s s✉✐✈❛♥ts ✿

✕ ❯♥❡ ✈❡rs✐♦♥ ❝❡♥tr❛❧✐sé❡ ❞❡ ❙▼❯✱ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡ ré❝❡♣t❡✉r ❝❤♦✐s✐t q✉✐ é♠❡t
à ❝❤❛q✉❡ t♦✉r ❡t ✐♠♣♦s❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❡♥ ❝♦♥♥❛✐ss❛♥t ❧❡s ❣❛✐♥s ❞❡s
❝❛♥❛✉① à ❧✬✐♥st❛♥t n✳ ❉❛♥s ❧❡ ♠♦❞è❧❡ ❝♦♥s✐❞éré✱ ❧❡s é♠❡tt❡✉rs ❛♣♣❧✐q✉❡♥t à
❧✬✐♥st❛♥t n + 1 ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❞é❝✐❞é❡ à ❧✬✐♥st❛♥t n✳ ❈❡ r❡t❛r❞ s❡
❥✉st✐✜❡ ♣❛r ✉♥ t❡♠♣s ❞❡ tr❛♥s♠✐ss✐♦♥ ❡♥tr❡ ❧❡ ré❝❡♣t❡✉r ❡t ❧❡s é♠❡tt❡✉rs✳

✕ ❙▼❯✱ ♣♦✉r ❧❡q✉❡❧ ❧❡ ré❝❡♣t❡✉r ❞é❝✐❞❡ ✉♥✐q✉❡♠❡♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s é♠❡tt❡✉rs
❝♦♥s❡✐❧❧é à ❝❤❛q✉❡ t♦✉r ❞✉ ❥❡✉✳ ❈❤❛q✉❡ é♠❡tt❡✉r ❝♦♥♥❛✐ss❛♥t ❧❡ ❣❛✐♥ ❞❡ s♦♥
❝❛♥❛❧ ❡t ❧❡ ♥♦♠❜r❡ ❞✬é♠❡tt❡✉rs q✉✐ ✈♦♥t tr❛♥s♠❡ttr❡ ❛✈❡❝ ❧✉✐✱ ✐❧ ✜①❡ ❧✉✐✲♠ê♠❡
s❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥✳ ❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉❡ ♣ré❝é❞❡♠♠❡♥t✱ ♦♥ ♣r❡♥❞ ❡♥
❝♦♠♣t❡ ❧❡ r❡t❛r❞ ❞❡ tr❛♥s♠✐ss✐♦♥ ❡♥tr❡ ❧❡ ré❝❡♣t❡✉r ❡t ❧❡s é♠❡tt❡✉rs✳ ▲✬❡♥s❡♠✲
❜❧❡ ❞❡s ❥♦✉❡✉rs q✉✐ é♠❡tt❡♥t à ❧✬✐♥st❛♥t n+1 ❡st ❞♦♥❝ ❞é❝✐❞é ♣❛r ❧❡ ré❝❡♣t❡✉r
à ❧✬✐♥st❛♥t n✳

✕ ▲❛ str❛té❣✐❡ r❡♣♦s❛♥t s✉r ❧❡ ♣♦✐♥t ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞é✈❡❧♦♣♣é❡
❞❛♥s ❬▲❡ ❚r❡✉st ✷✵✶✵❪✳ ▲✬❛♣♣r♦❝❤❡ ❡st ❡♥❝♦r❡ ♣❧✉s ❞é❝❡♥tr❛❧✐sé❡ ♣✉✐sq✉❡ t♦✉s
❧❡s é♠❡tt❡✉rs ✜①❡♥t ❧❡✉r ♣✉✐ss❛♥❝❡ à ❝❤❛q✉❡ t♦✉r ❡♥ ❝♦♥♥❛✐ss❛♥t ❧❡ ❣❛✐♥ ❞❡ ❧❡✉r
❝❛♥❛❧ ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉rs s❛♥s r❡❝♦♠♠❛♥❞❛t✐♦♥ ❞❡ ❧❛ ♣❛rt ❞✉ ré❝❡♣t❡✉r✳

✕ ❯♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ✧♠②♦♣❡✧✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❡s é♠❡tt❡✉rs ♥✬♦♥t ❛✉❝✉♥❡ ✐♥❢♦r✲
♠❛t✐♦♥ s✉r ❧❡ s②stè♠❡ ♠✐s à ♣❛rt ❧✬❡s♣ér❛♥❝❡ ❞✉ ❣❛✐♥ ❞❡ ❧❡✉r ❝❛♥❛❧ ❡t ❧❡ ♥♦♠❜r❡
❞❡ ❥♦✉❡✉rs✳ ■❧s s❡ ❝♦♥t❡♥t❡♥t ❞♦♥❝ ❞❡ ❥♦✉❡r ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ st❛t✐q✉❡✳

■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❙▼❯ ♦✛r❡ ❞❡ ♠❡✐❧❧❡✉r❡s ♣❡r❢♦r♠❛♥❝❡s q✉❡ ❧❡s
tr♦✐s ❛✉tr❡s ♠é❝❛♥✐s♠❡s✳ ❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧✬❛♣♣r♦❝❤❡ ❝❡♥tr❛❧✐sé❡✱ ❧❡ ❢❛✐t q✉❡ ❧❛
♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ s♦✐t ❝♦♥♥✉❡ ❞❡s é♠❡tt❡✉rs ❛✈❡❝ ✉♥ t❡♠♣s ❞❡ r❡t❛r❞ ♣❛r r❛♣♣♦rt
à ❧✬ét❛t ❞❡s ❣❛✐♥s ❞❡s ❝❛♥❛✉① ❡st ✉♥ ✈ér✐t❛❜❧❡ ❤❛♥❞✐❝❛♣ q✉✐ ♥✬❡st ❝♦♠♣❡♥sé q✉❡ ♣♦✉r
✉♥ ♥♦♠❜r❡ s✉✣s❛♥t ❞✬é♠❡tt❡✉rs✳

▲❛ ✜❣✉r❡ ✷✳✾ ♦✛r❡ ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❣r❛♣❤✐q✉❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ❞✐✛ér❡♥t❡s
❝♦♥✜❣✉r❛t✐♦♥s ❞❡ r❡❝♦♠♠❛♥❞❛t✐♦♥s q✉✬✉♥ é♠❡tt❡✉r ♣❡✉t r❡♥❝♦♥tr❡r ❛✉ ❝♦✉rs ❞❡s
❞✐✛ér❡♥t❡s ét❛♣❡s ❞✬✉♥ ❥❡✉ st♦❝❤❛st✐q✉❡ ✭❞❛♥s ✉♥ ❝❛s ♦ù ❧❡s ❞✐str✐❜✉t✐♦♥s ❞❡s ❝❛♥❛✉①
❞❡s é♠❡tt❡✉rs s♦♥t ✐❞❡♥t✐q✉❡s✮✳ ▲❡ s✐❣♥❛❧ ✶ ❝♦rr❡s♣♦♥❞ à ❧❛ r❡❝♦♠♠❛♥❞❛t✐♦♥ ❞✬é♠❡t✲
tr❡ ❛❧♦rs q✉❡ ✷ ❝♦rr❡s♣♦♥❞ à ❧❛ r❡❝♦♠♠❛♥❞❛t✐♦♥ ❞❡ ♥❡ ♣❛s é♠❡ttr❡✳ P♦✉r ❝❤❛❝✉♥❡
❞❡s r❡❝♦♠♠❛♥❞❛t✐♦♥s✱ ♥♦✉s ✐♥❞✐q✉♦♥s é❣❛❧❡♠❡♥t ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞✬é♠❡tt❡✉rs q✉✐
♦♥t ❧❛ r❡❝♦♠♠❛♥❞❛t✐♦♥ ❞✬é♠❡ttr❡✳ ▲❛ s✐♠✉❧❛t✐♦♥ ❡st ❢❛✐t❡ ♣♦✉r ✺ é♠❡tt❡✉rs✳

▲❛ ✜❣✉r❡ ✷✳✶✵ ❢❛✐t ré❢ér❡♥❝❡ ❛✉ t❤é♦rè♠❡ ✹✳ ❊❧❧❡ r❡♣rés❡♥t❡ ❧❛ ✈❛❧❡✉r ♠❛①✐♠❛❧❡
q✉❡ ❧❡ ❢❛❝t❡✉r ❞✬❡s❝♦♠♣t❡ λ ♣❡✉t ♣r❡♥❞r❡ ♣♦✉r q✉❡ ❧❡ ♣❧❛♥ ❙▼❯ s♦✐t ✉♥ éq✉✐❧✐❜r❡
❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡✳ ❈♦♠♠❡ ❧✬é❝❛rt ❡♥tr❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞✉ ♣❧❛♥ ❙▼❯ ❡t
❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ st❛t✐q✉❡ ❝r♦ît ❛✈❡❝
❧❡ ♥♦♠❜r❡ ❞✬é♠❡tt❡✉rs ❞❛♥s ❧❡ s②stè♠❡✱ ❧❛ ✈❛❧❡✉r ♠❛①✐♠❛❧❡ ❞✉ ❢❛❝t❡✉r ❞✬❡s❝♦♠♣t❡
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❋✐❣✉r❡ ✷✳✾ ✕ ❉✐str✐❜✉t✐♦♥ ❞❡s ❞✐✛ér❡♥t❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞❡ r❡❝♦♠♠❛♥❞❛t✐♦♥ ❛✈❡❝ ❧❡
♣❧❛♥ ❙▼❯ ❞❛♥s ✉♥ s②stè♠❡ à ✺ é♠❡tt❡✉rs✳
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❋✐❣✉r❡ ✷✳✶✵ ✕ ❱❛❧❡✉r ♠❛①✐♠❛❧❡ ❞✉ ❝♦❡✣❝✐❡♥t ❞✬❡s❝♦♠♣t❡ λ ♣♦✉r q✉❡ ❧❡ ♣❧❛♥ ❙▼❯
s♦✐t ✉♥ éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡✳

❛✉❣♠❡♥t❡ é❣❛❧❡♠❡♥t✳

✷✳✺ ❈♦♥❝❧✉s✐♦♥

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ❛✈♦♥s ét❡♥❞✉ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣✲
❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ✐♥✐t✐❛❧❡♠❡♥t ✐♥tr♦❞✉✐t ❞❛♥s ❬●♦♦❞♠❛♥ ✷✵✵✵❪✳ ◆♦tr❡ ♣r❡♠✐èr❡
❝♦♥tr✐❜✉t✐♦♥ ❡st ❞❡ ♣r♦♣♦s❡r ✉♥ ❥❡✉ st❛t✐q✉❡ ♣♦✉r ét✉❞✐❡r ✉♥ ♣r♦❜❧è♠❡ ❞✬❛❧❧♦❝❛t✐♦♥
❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ✭à ❧✬é❝❤❡❧❧❡ ❞✬✉♥❡ ❝❡❧❧✉❧❡✮ ❧♦rsq✉❡ ❧❡s t❡r♠✐♥❛✉①
♠♦❜✐❧❡s s♦♥t ❧✐❜r❡s ❞❡ r❡♣♦rt❡r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ✈❛❧❡✉r ❞❡ ❣❛✐♥ ❞❡ ❝❛♥❛❧✳ P❧✉s ♣ré❝✐sé✲
♠❡♥t✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧❡ ❝♦♥✢✐t ❞✬✐♥térêt ❡♥tr❡ ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❝❤♦✐s✐ss❛♥t
❧❛ ✈❛❧❡✉r ❞❡ ❧❡✉r r❡♣♦rt ❞❡ ❣❛✐♥ ❞❡ ❝❛♥❛❧ ♣♦✉r ♠❛①✐♠✐s❡r ❧❡✉r ❘❙❇ ❡t ✉♥❡ st❛t✐♦♥ ❞❡
❜❛s❡ q✉✐ ❛❧❧♦✉❡ s❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❞❡ ❢❛ç♦♥ à ♠❛①✐♠✐s❡r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡
❞❡ ❧❡ ❝❡❧❧✉❧❡✳ ▲❛ ❢♦r♠✉❧❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ♣❛r ✉♥ ❥❡✉ st❛t✐q✉❡ ♥♦✉s ♣❡r♠❡t ❞❡ ♣r♦✉✲
✈❡r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ✉♥✐q✉❡ éq✉✐❧✐❜r❡ ♣♦✉r ❧❡ ❝❤♦✐① ❞❡s r❡♣♦rts ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉①✳
❊♥ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡ ❝❛s ♣♦✉r ❧❡q✉❡❧ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s r❡♣♦rt❡♥t ❧❡✉rs ✈r❛✐s
❣❛✐♥s ❞❡ ❝❛♥❛✉①✱ ❧❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s ✐ss✉s ❞❡ ♥♦tr❡ ♠♦❞è❧❡ ✐♥❞✐q✉❡♥t q✉❡ ❝❡s
r❡♣♦rts str❛té❣✐q✉❡s ♣❡r♠❡tt❡♥t ❞✬❛✉❣♠❡♥t❡r ❧❡ ❘❙❇ ❞❡s t❡r♠✐♥❛✉①✱ ❛✉ ❞étr✐♠❡♥t
❞❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡✳ ❈❡♣❡♥❞❛♥t✱ ❝❡tt❡ ❞é❣r❛❞❛t✐♦♥ ❞❡ ❧✬❡✣❝❛❝✐té
é♥❡r❣ét✐q✉❡ ❡st ♠♦✐♥s ✐♠♣♦rt❛♥t❡ ♣♦✉r ❞❡s ❝❡❧❧✉❧❡s ❛✈❡❝ ✉♥❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥
❢❛✐❜❧❡✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧❡s ❝❡❧❧✉❧❡s ❞❡ ♣❡t✐t❡ ❞✐♠❡♥s✐♦♥ s♦♥t ♣❧✉s r♦❜✉st❡s à ❞❡s
r❡♣♦rts str❛té❣✐q✉❡s ❞❡ ❣❛✐♥s ❞❡ ❝❛♥❛✉① q✉❡ ❞❡s ❝❡❧❧✉❧❡s ❛✈❡❝ ✉♥❡ ❢♦rt❡ ♣✉✐ss❛♥❝❡
❞✬é♠✐ss✐♦♥✳



✹✵ ❈❤❛♣✐tr❡ ✷✳ ❉✉ ❥❡✉ st❛t✐q✉❡ ❛✉ ❥❡✉ st♦❝❤❛st✐q✉❡

◆♦tr❡ s❡❝♦♥❞❡ ❝♦♥tr✐❜✉t✐♦♥ ❡st ❞❡ ♣r♦♣♦s❡r ✉♥ ♠♦❞è❧❡ ❞❡ ❥❡✉ st♦❝❤❛st✐q✉❡ ♣♦✉r
♠♦❞é❧✐s❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✐♥✐t✐❛❧✳ ❈❡ ❥❡✉ st♦❝❤❛st✐q✉❡ ♣rés❡♥t❡
❧✬❛✈❛♥t❛❣❡ ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s str❛té❣✐q✉❡s ❡♥tr❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s
❛✉ ❝♦✉rs ❞✉ t❡♠♣s ✭❞❡ ♠ê♠❡ q✉❡ ❧❡ ❥❡✉ ré♣été ✐♥tr♦❞✉✐t ❞❛♥s ❬▲❡ ❚r❡✉st ✷✵✶✵❪✮✱ ❛✐♥s✐
q✉❡ ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧✬ét❛t ❞❡s ❝❛♥❛✉① ❞❛♥s ❧❡ t❡♠♣s✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ♥♦✉s ♣❡r♠❡t
♥♦t❛♠♠❡♥t ❞❡ ❝❛r❛❝tér✐s❡r ❧❛ ré❣✐♦♥ ❞❡s ✉t✐❧✐tés ❞❡s str❛té❣✐❡s ❞✬éq✉✐❧✐❜r❡✳ ■❧ ❛♣♣❛r❛ît
é❣❛❧❡♠❡♥t q✉✬❡♥ r❛✐s♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s à ❧♦♥❣ t❡r♠❡ ❡♥tr❡ ❧❡s é♠❡tt❡✉rs✱ ❝❡s ❞❡r♥✐❡rs
♣❡✉✈❡♥t ❛✈♦✐r ✐♥térêt à ♥❡ ♣❛s é♠❡ttr❡ ❝❡rt❛✐♥s ♣❛q✉❡ts s✐ ❧❡✉r ❝♦♥❞✐t✐♦♥ ❞❡ ❝❛♥❛❧
❡st tr♦♣ ❞é❣r❛❞é❡✳ ❈❡❧❛ ♥♦✉s ♠è♥❡ à ét❛❜❧✐r ✉♥❡ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡
❞✬éq✉✐❧✐❜r❡ ❢♦♥❞é❡ s✉r ❧❡ ♣❛rt❛❣❡ t❡♠♣♦r❡❧ q✉✐ s❡ ♠♦♥tr❡ ♣❡r❢♦r♠❛♥t❡ ❡♥ t❡r♠❡s
❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✳ ▲❡s ♣❡rs♣❡❝t✐✈❡s ❞❡ ❝❡ tr❛✈❛✐❧ s♦♥t ❞✬✐♥té❣r❡r ❞❛♥s ❧❡ ❝♦♥trô❧❡
❞❡ ♣✉✐ss❛♥❝❡ ♣❧✉s✐❡✉rs ❛s♣❡❝ts ✈✐s❛♥t à ♠✐❡✉① ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s
❞❡s ✢✉① ❞✬✐♥❢♦r♠❛t✐♦♥ ❞❛♥s ❞❡s rés❡❛✉① ré❡❧s ✿ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ t♦❧ér❡r ✉♥ r❡t❛r❞ s✉r
❧✬é♠✐ss✐♦♥ ❞✬✉♥ ♣❛q✉❡t ❀ ❧❛ ♣♦ss✐❜✐❧✐té q✉❡ ❧❡ ✢✉① ❞❡ ♣❛q✉❡ts s♦✐t s♣♦r❛❞✐q✉❡ ❀ ❧❡ ❢❛✐t
q✉❡ ❧❛ t❛✐❧❧❡ ❞❡ st♦❝❦❛❣❡ ❞❡s ♣❛q✉❡ts à ❧✬é♠❡tt❡✉r s♦✐t ✜♥✐❡✳



❈❤❛♣✐tr❡ ✸

❏❡✉① à ❝❤❛♠♣ ♠♦②❡♥ ❡t ❝♦♥trô❧❡
❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡

é♥❡r❣ét✐q✉❡♠❡♥t

❙♦♠♠❛✐r❡
✸✳✶ ❋♦r♠✉❧❛t✐♦♥ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✶✳✶ ❉é✜♥✐t✐♦♥ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✶✳✷ ➱q✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✶✳✸ ❈❛s ❞✉ ❥❡✉ à ✉♥ ❥♦✉❡✉r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✷ ❆♥❛❧②s❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✷✳✶ ❈♦♥✈❡r❣❡♥❝❡ ✈❡rs ❧❡ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✷✳✷ ❙♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ré♣♦♥s❡ ❛✉ ❝❤❛♠♣ ♠♦②❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✸✳✷✳✸ ❯♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸✳✷✳✹ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s ♣♦✉r ❧❡ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸✳✸ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♠♦❞✐✜♦♥s ❧❡ ❥❡✉ st♦❝❤❛st✐q✉❡ ✐♥tr♦❞✉✐t ❡♥ ♣❛rt✐❡ ✷✳✹ ❞✉
❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ♣♦✉r ♦❜t❡♥✐r ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ♣❧✉s ✜♥❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥✲
trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t✳ ■❧ rés✉❧t❡ ❞❡ ❝❡ ♥♦✉✈❡❛✉ ♠♦❞è❧❡ ✉♥ ❥❡✉
❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ❬❇r❡ss❛♥ ✷✵✶✶❪ ❞♦♥t ❧✬ét✉❞❡ ❡st ❝♦♠♣❧❡①❡✳ ❋❛❝❡ à ❧❛ ❝♦♠✲
♣❧❡①✐té ❞❡ ❝❡ ♥♦✉✈❡❛✉ ♠♦❞è❧❡✱ ♥♦✉s ❢❛✐s♦♥s ❛♣♣❡❧ à ❧❛ t❤é♦r✐❡ ❞❡s ❥❡✉① à ❝❤❛♠♣
♠♦②❡♥ ❬▲❛sr② ✷✵✵✼❪ ♣♦✉r ét✉❞✐❡r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤✳

❈♦♠♠❡♥ç♦♥s ♣❛r r❛♣♣❡❧❡r q✉❡ ❧❡ ❥❡✉ st♦❝❤❛st✐q✉❡ ✐♥tr♦❞✉✐t ❞❛♥s ❧❛ ♣❛rt✐❡ ✷✳✹
♣rés❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞❡ ♠♦❞é❧✐s❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣é✲
t✐q✉❡♠❡♥t ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡s ❝❛♥❛✉① ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✱ ❛✐♥s✐ q✉❡
❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❧❡s ❥♦✉❡✉rs s✉r ❧❡ ❧♦♥❣ t❡r♠❡✳ ❇✐❡♥ q✉✬✐❧ s♦✐t ♣♦ss✐❜❧❡ ❞❡ ❞ét❡r✲
♠✐♥❡r ❤❡✉r✐st✐q✉❡♠❡♥t ❞❡s str❛té❣✐❡s ❞✬éq✉✐❧✐❜r❡s ❞❡ ❝❡ ❥❡✉ st♦❝❤❛st✐q✉❡✱ ✭❝♦♠♠❡
♥♦✉s ❧✬❛✈♦♥s ❢❛✐t ❡♥ ♣❛rt✐❡ ✷✳✹ ❞✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✮ ❝❡s str❛té❣✐❡s ♥❡ s♦♥t ♣❛s
❢♦r❝é♠❡♥t ♦♣t✐♠❛❧❡s✳ ▼♦t✐✈és ♣❛r ❧❡ ❜❡s♦✐♥ ❞✬♦❜t❡♥✐r ✉♥ ♠♦❞è❧❡ ♣❧✉s ❢❛❝✐❧❡♠❡♥t ♠❛✲
♥✐♣✉❧❛❜❧❡ ❡t ❧❛ ✈♦❧♦♥té ❞✬✐♥tr♦❞✉✐r❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡s ❝♦♥s✐❞ér❛t✐♦♥s é♥❡r❣ét✐q✉❡s
à ❧♦♥❣ t❡r♠❡✱ ♥♦✉s ❛♣♣♦rt♦♥s ❧❡s ♠♦❞✐✜❝❛t✐♦♥s s✉✐✈❛♥t❡s✳

✕ ▲❛ ♣r❡♠✐èr❡ ♠♦❞✐✜❝❛t✐♦♥ ❡st ❞✬✐♥tr♦❞✉✐r❡ ✉♥❡ ❝♦♥tr❛✐♥t❡ ❞✬é♥❡r❣✐❡ à ❧♦♥❣ t❡r♠❡
♣♦✉r ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✳ ❈❡tt❡ ❝♦♥tr❛✐♥t❡ ❞✬é♥❡r❣✐❡ ♣❡r♠❡t ❞❡ t❡♥✐r ❝♦♠♣t❡
❞❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧✬ét❛t ❞❡ ❝❤❛r❣❡ ❞❡s ❜❛tt❡r✐❡s ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❡t ❧❡s
str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✿ ✉♥ t❡r♠✐♥❛❧ ❞♦♥t ❧❛ ❜❛tt❡r✐❡ ❡st ✈✐❞❡



✹✷ ❈❤❛♣✐tr❡ ✸✳ ❏❡✉① à ❝❤❛♠♣ ♠♦②❡♥

♥❡ ♣❡✉① ♣❧✉s é♠❡ttr❡ ❡t ✉♥ t❡r♠✐♥❛❧ q✉✐ é♠❡t ✈✐❞❡ ♣r♦❣r❡ss✐✈❡♠❡♥t s❛ ❜❛t✲
t❡r✐❡✳ ❈❡tt❡ ❝♦♥tr❛✐♥t❡ ❞✬é♥❡r❣✐❡ ❡st ❝♦♠♣❧é♠❡♥t❛✐r❡ ❛✈❡❝ ❧❡s ❝♦♥s✐❞ér❛t✐♦♥s
é♥❡r❣ét✐q✉❡s ❞❡ ❝♦✉rt t❡r♠❡ ✐♥❞✉✐t❡s ♣❛r ❧❛ ♠❛①✐♠✐s❛t✐♦♥ ❞❡ ❧✬❡✣❝❛❝✐té é♥✲
❡r❣ét✐q✉❡✳ ➚ ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱ ❝❡tt❡ ❝♦♥tr❛✐♥t❡ à ❧♦♥❣ t❡r♠❡ ❡st ✉♥❡ ♥♦✉✲
✈❡❛✉té ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ s✉r ❧❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡✲
♠❡♥t✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧❡s tr❛✈❛✉① ❞❡ ❬●♦♦❞♠❛♥ ✷✵✵✵❪ ❡t ❧❡s tr❛✈❛✉① q✉✐ s✉✐✈✐r❡♥t
❬▼❡s❤❦❛t✐ ✷✵✵✻✱ ❇♦♥♥❡❛✉ ✷✵✵✽✱ ▲❛s❛✉❧❝❡ ✷✵✵✾✱ ❇✉③③✐ ✷✵✶✶❪✱ ❧❡s t❡r♠✐♥❛✉① ♠♦✲
❜✐❧❡s é♠❡tt❡♥t t♦✉t ❧❡ t❡♠♣s✱ ❝❡ q✉✐ r❡✈✐❡♥t à ♥❡ ❝♦♥s✐❞ér❡r ❛✉❝✉♥❡ ❝♦♥tr❛✐♥t❡
s✉r ❧✬é♥❡r❣✐❡ ❞✐s♣♦♥✐❜❧❡✳

✕ ▲❛ s❡❝♦♥❞❡ ♠♦❞✐✜❝❛t✐♦♥ ❛♣♣♦rté❡ ❛✉ ♠♦❞è❧❡ ❞✉ ❥❡✉ st♦❝❤❛st✐q✉❡ ❝♦♥❝❡r♥❡
❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝❛♥❛✉① ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳ ❆❧♦rs q✉❡ ❧❡s ❝❛♥❛✉① ❞✉ ❥❡✉ st♦❝❤❛s✲
t✐q✉❡ ✈❛r✐❡♥t ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞✬ét❛t ❞✐s❝r❡t s❡❧♦♥ ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈✱ ♥♦✉s
❝♦♥s✐❞ér♦♥s à ♣rés❡♥t q✉❡ ❧❡s ❝❛♥❛✉① é✈♦❧✉❡♥t ❞❡ ♠❛♥✐èr❡ ❝♦♥t✐♥✉❡ s❡❧♦♥ ✉♥❡
éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ st♦❝❤❛st✐q✉❡✳ ❈♦♠♠❡ ❥✉st✐✜é ❞❛♥s ❬❆❣❛r✇❛❧ ✷✵✶✷❪✱ ❝❡
♠♦❞è❧❡ ❡st ✉♥ ❝❛s ❧✐♠✐t❡ ❞✬✉♥ ♠♦❞è❧❡ ❞❡ ❝❛♥❛❧ à é✈❛♥♦✉✐ss❡♠❡♥t ♣❛r ❜❧♦❝
❝♦rré❧é ❞❛♥s ❧❡q✉❡❧ ❧❡ ❝❛♥❛❧ é✈♦❧✉❡ ❡♥ t❡♠♣s ❞✐s❝r❡t s❡❧♦♥ ✉♥ ♣r♦❝❡ss✉s ❞❡
●❛✉ss✲▼❛r❦♦✈✳ ■❧ ♣rés❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞❡ s✐♠♣❧✐✜❡r ❧✬ét✉❞❡ ❛♥❛❧②t✐q✉❡ ❞❡ ❧✬é✈♦✲
❧✉t✐♦♥ ❞✉ s②stè♠❡✳ ❉✬❛✉tr❡s tr❛✈❛✉① ✉t✐❧✐s❛♥t ❝❡tt❡ ❧♦✐ ❝♦♥t✐♥✉❡ ❞✬é✈♦❧✉t✐♦♥ ❞❡
❝❛♥❛❧ s♦♥t ❬❈❤❛r❛❧❛♠❜♦✉s ✷✵✵✺✱ ❋❡♥❣ ✷✵✵✼❪✳

❈❡s ❞❡✉① ♠♦❞✐✜❝❛t✐♦♥s ✐♥tr♦❞✉✐s❡♥t ❞♦♥❝ ❞❡s ❧♦✐s ❞✬é✈♦❧✉t✐♦♥ ❝♦♥t✐♥✉❡s ♣♦✉r ❧❡s
q✉❛♥t✐tés ❞✬é♥❡r❣✐❡ r❡st❛♥t❡s ❞❛♥s ❧❡s ❜❛tt❡r✐❡s ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✱ ❛✐♥s✐ q✉❡
♣♦✉r ❧❡s ét❛ts ❞❡s ❝❛♥❛✉①✳ ❊♥ ❝♦♥s✐❞ér❛♥t q✉❡ ❧✬ét❛t ❞❡ ❧❛ ❜❛tt❡r✐❡ ❡t ❧✬ét❛t ❞✉ ❝❛♥❛❧
❞✬✉♥ t❡r♠✐♥❛❧ ❝♦♥st✐t✉❡♥t s♦♥ ét❛t ✐♥❞✐✈✐❞✉❡❧✱ ❧❡ ♥♦✉✈❡❛✉ ♠♦❞è❧❡ ❝♦rr❡s♣♦♥❞ ❞♦♥❝
à ✉♥ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡✳ ❊♥ ❝♦♠♣❛r❛✐s♦♥ ❞❡s tr❛✈❛✉① ❞❡ ❬❍✉❛♥❣ ✷✵✵✸❪✱ ❝❡
❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ s❡ ❞✐✛ér❡♥❝✐❡ ♥♦t❛♠♠❡♥t ♣❛r ❧❡
❢❛✐t q✉✬✐❧ ♥✬❡st ♣❛s ❧✐♥é❛✐r❡ q✉❛❞r❛t✐q✉❡✳ P♦✉r ❝❡ ❥❡✉✱ ♥♦✉s ♣♦✉✈♦♥s ❞♦♥♥❡r ✉♥❡ ❝♦♥✲
❞✐t✐♦♥ ❞✬❡①✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤✳ ▼❛✐s ❧❛ ❝♦♠♣❧❡①✐té ❞❡ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥
❞❡s ♣❡r❢♦r♠❛♥❝❡s ❞✉ rés❡❛✉ ❞✐str✐❜✉é ❛✉❣♠❡♥t❡ ❞r❛st✐q✉❡♠❡♥t ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡
t❡r♠✐♥❛✉① ❞❛♥s ❧❡ rés❡❛✉ ❡t ❧❡ ♠ê♠❡ ❝♦♥st❛t ❡st ✈❛❧❛❜❧❡ ♣♦✉r ❞ét❡r♠✐♥❡r ❧❡s str❛té✲
❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬éq✉✐❧✐❜r❡✳ P♦✉r rés♦✉❞r❡ ❝❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♠♣❧❡①✐té✱
♥♦✉s ❢❛✐s♦♥s ❛♣♣❡❧ ❛✉① ❥❡✉① à ❝❤❛♠♣ ♠♦②❡♥✳

▲❡s ❥❡✉① à ❝❤❛♠♣ ♠♦②❡♥ ❬▲❛sr② ✷✵✵✼❪ ♣❡r♠❡tt❡♥t ❞✬ét✉❞✐❡r ❧❛ ❧✐♠✐t❡ ❞✬✉♥ ❥❡✉
❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉rs t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳ ▲❡ ♣r✐♥❝✐♣❡
❡st q✉❡ ❞❛♥s ✉♥ ❥❡✉ ❛✈❡❝ ✉♥ très ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉rs✱ ❧✬✐♥✢✉❡♥❝❡ ✐♥❞✐✈✐❞✉❡❧❧❡
❞✬✉♥ ❥♦✉❡✉r s✉r ❧❡ ❝♦✉rs ❞✉ ❥❡✉ t❡♥❞ à êtr❡ ♥✉❧❧❡✳ ❈❡❧❛ ♣❡r♠❡t ❞❡ ❝♦♥s✐❞ér❡r q✉✬✉♥
❥♦✉❡✉r ❞♦♥♥é ♥❡ ❥♦✉❡ ♣❧✉s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞✐s❝r❡t ❞✬❛✉tr❡s ❥♦✉❡✉rs✱ ♠❛✐s
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬❛❣ré❣❛t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡s ❛✉tr❡s ❥♦✉❡✉rs ❞❛♥s ✉♥ ❝❤❛♠♣ ♠♦②❡♥✳ ▲✬é✲
t✉❞❡ ❞❡ ❧❛ str❛té❣✐❡ ♦♣t✐♠❛❧❡ ❞✬✉♥ ❥♦✉❡✉r ❞♦♥♥é ♥❡ ♥é❝❡ss✐t❡ ❞♦♥❝ ♣❧✉s ❞❡ ❝♦♥♥❛îtr❡
t♦✉s ❧❡s ét❛ts ❞❡s ❛✉tr❡s ❥♦✉❡✉rs✱ ♠❛✐s ✉♥✐q✉❡♠❡♥t ❧✬ét❛t ❞✉ ❝❤❛♠♣ ♠♦②❡♥✳ ❈❡tt❡
❢♦r♠✉❧❛t✐♦♥ s✐♠♣❧✐✜❡ ❣r❛♥❞❡♠❡♥t ❧✬ét✉❞❡ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡✳ ■❧ s❡♠❜❧❡
q✉❡ ❧❡ tr❛✈❛✐❧ ❧❡ ♣❧✉s ♣❡rt✐♥❡♥t ❛✉ s✉❥❡t ❞❡s ❥❡✉① à ❝❤❛♠♣ ♠♦②❡♥ ♣♦✉r ❧❡ ❝♦♥trô❧❡
❞❡ ♣✉✐ss❛♥❝❡ ❡st ❬❚❡♠❜✐♥❡ ✷✵✶✵❪✳ P❛r r❛♣♣♦rt à ❝❡tt❡ ré❢ér❡♥❝❡✱ ❧❡ tr❛✈❛✐❧ ♣rés❡♥té
❞❛♥s ❝❡ ❝❤❛♣✐tr❡ s❡ ❞✐st✐♥❣✉❡ ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞✐✛ér❡♥t❡ ✭❛✉❝✉♥❡ ❤②♣♦t❤ès❡
❞❡ ❝♦♥trô❧❡ ❧✐♥é❛✐r❡ q✉❛❞r❛t✐q✉❡ ♥✬❡st ❢❛✐t❡ ✐❝✐✮✱ ✉♥❡ ❧♦✐ ❞✬é✈♦❧✉t✐♦♥ ❞❡s ❝❛♥❛✉① ♣❧✉s



✸✳✶✳ ❋♦r♠✉❧❛t✐♦♥ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ✹✸

ré❛❧✐st❡ ❡t ❧❡ ❢❛✐t q✉❡ ❧❡ ♥✐✈❡❛✉ ❞❡ ❜❛tt❡r✐❡ ❞❡ ❝❤❛q✉❡ t❡r♠✐♥❛❧ ❢❛✐t ♣❛rt✐❡ ❞❡ ❧✬ét❛t
❞✉ t❡r♠✐♥❛❧✳

❈❡ ❝❤❛♣✐tr❡ ❡st ♦r❣❛♥✐sé ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡✳ ❉❛♥s ❧❛ ♣❛rt✐❡ ✸✳✶✱ ♥♦✉s ✐♥tr♦✲
❞✉✐s♦♥s ❧❡ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ q✉✐ ♠♦❞é❧✐s❡ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐s✲
s❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t s♦✉s ❞❡s ❝♦♥tr❛✐♥t❡s ❞✬é♥❡r❣✐❡ à ❧♦♥❣ t❡r♠❡ ❡t ♥♦✉s
❞♦♥♥♦♥s ✉♥❡ ❝♦♥❞✐t✐♦♥ ♣♦✉r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤✳ ❉❛♥s ❧❛ ♣❛rt✐❡ ✸✳✷✱
❧✬ét✉❞❡ ❞❡ ❝❡ ❥❡✉ s♦✉s ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉rs t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐ ❡st
♣❡r♠✐s❡ ♣❛r ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✬✉♥ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥✳ ◆♦✉s ❞♦♥♥♦♥s ✉♥❡ ❝♦♥❞✐t✐♦♥
♣♦✉r ❧✬✉♥✐❝✐té ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❡t ♥♦✉s ✐❧❧✉str♦♥s✱ ♣❛r ❞❡s rés✉❧t❛t ♥✉♠ér✐q✉❡s✱
❞❡s str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬éq✉✐❧✐❜r❡ ♣♦✉r ❝❡ ❥❡✉✳

✸✳✶ ❋♦r♠✉❧❛t✐♦♥ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡

✸✳✶✳✶ ❉é✜♥✐t✐♦♥ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ❬❇r❡ss❛♥ ✷✵✶✶❪
q✉✐ ❡st ❝♦♥str✉✐t à ♣❛rt✐r ❞✉ ❥❡✉ st❛t✐q✉❡ G ❞é✜♥✐ ❡♥ ♣❛rt✐❡ ✷✳✶✳ ◆♦✉s s✉♣♣♦s♦♥s
q✉❡ ❧❡ t❡♠♣s ❡st ❝♦♥t✐♥✉✱ ❝✬❡st✲à✲❞✐r❡ t ∈ R✳ ❈❡tt❡ ❤②♣♦t❤ès❡ ❛ été ❞✐s❝✉té❡ ❞❛♥s
❞✬❛✉tr❡s tr❛✈❛✉① s✉r ❧❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ t❡❧s q✉❡ ❬❋♦s❝❤✐♥✐ ✶✾✾✸✱ ❖❧❛♠❛ ✷✵✵✻✱
❚❡♠❜✐♥❡ ✷✵✶✵❪✳ ❈❡tt❡ ❤②♣♦t❤ès❡ ❡st à ❧❛ ❢♦✐s ♣❡rt✐♥❡♥t❡ ♣♦✉r ❧❡s s❝é♥❛r✐♦s ❞❛♥s
❧❡sq✉❡❧s ❧❡s ❝❛♥❛✉① s♦♥t s♦✉♠✐s à ❞❡s ❛tté♥✉❛t✐♦♥s r❛♣✐❞❡s ❡t ❡♥ t❛♥t q✉❡ ❝❛s ❧✐♠✐t❡
❞❡s s❝é♥❛r✐♦s ♦ù ❧❡s ❝❛♥❛✉① s♦♥t s♦✉♠✐s à ✉♥❡ ❛tté♥✉❛t✐♦♥ ❧❡♥t❡✳ ▲✬❤♦r✐③♦♥ ❞❡ t❡♠♣s
❞✉ ❥❡✉ ❡st ✜♥✐✱ ♥♦✉s ❧❡ ❞é✜♥✐ss♦♥s ❝♦♠♠❡ ❧✬✐♥t❡r✈❛❧❧❡ ❛❧❧❛♥t ❞❡ T à T ′✳ ❈❡♣❡♥❞❛♥t✱
❧❛ ♠ét❤♦❞♦❧♦❣✐❡ ❞é✈❡❧♦♣♣é❡ ✐❝✐ ♣❡✉t êtr❡ ét❡♥❞✉❡ ❛✉ ❝❛s ❞❡ ❧✬❤♦r✐③♦♥ ✐♥✜♥✐ ✭❛✈❡❝ ❞❡s
✉t✐❧✐tés ♠♦②❡♥♥❡s ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✮ ❝❛r ❧❡s ♣r♦❝❡ss✉s s♦✉s✲❥❛❝❡♥ts s♦♥t ❡r❣♦❞✐q✉❡s
✭❧❡ ♠♦❞è❧❡ ❞❡ ❝❛♥❛❧ ♣r♦♣♦sé ❡st ❡r❣♦❞✐q✉❡ ❡t ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥✲
❡r❣✐❡ ❧✬❡st é❣❛❧❡♠❡♥t✮✳

❉é✜♥✐t✐♦♥ ✶✸ ✭▼♦❞è❧❡ ❞❡ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡✮ ▲❡ ❥❡✉ ❞✐✛ér❡♥t✐❡❧
st♦❝❤❛st✐q✉❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡st ❞é✜♥✐ ♣❛r ❧❡ q✉❛❞r✉♣❧❡t
ÛG = (K, {Xk}k∈K, {Sk}k∈K, {Uk}k∈K) ♣♦✉r ❧❡q✉❡❧ ✿

✕ K ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❥♦✉❡✉rs✳ ➚ ♥♦✉✈❡❛✉✱ ❝✬❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s é♠❡tt❡✉rs ❞✉
s②stè♠❡ ❀

✕ Xk ⊂ R3 ❡st ❧✬❡s♣❛❝❡ ❞✬ét❛t ❞✉ ❥♦✉❡✉r k✳ ▲✬ét❛t ❞✉ ❥♦✉❡✉r k à ❧✬✐♥st❛♥t t ❡st
❞é✜♥✐ ♣❛r Xk(t) = [Ek(t), hk(t)]

T ❡t s✉✐t ❧❛ ❧♦✐ ❞✬é✈♦❧✉t✐♦♥ s✉✐✈❛♥t❡ ✿

dXk(t) =

ñ
−pk(t)

1
2

Ä
µ− hk(t)

ä
ô
dt+

ñ
0

ν

ô
dWk(t); ✭✸✳✶✮

✕ Ek(t) ❡t hk(t) s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧✬é♥❡r❣✐❡ ❞✐s♣♦♥✐❜❧❡ ❡t ❧❡ ❝❛♥❛❧ ❞✉ ❥♦✉❡✉r k
à ❧✬✐♥st❛♥t t ❀

✕ ∀k ∈ K, Wk(t) s♦♥t ❞❡s ♣r♦❝❡ss✉s ❞❡ ❲✐❡♥❡r ♠✉t✉❡❧❧❡♠❡♥t ✐♥❞é♣❡♥❞❛♥ts ❞❡
❞✐♠❡♥s✐♦♥ 2 ❀

✕ µ ≥ 0 ❡t 0 ≤ ν < +∞ s♦♥t ❞❡s ❝♦♥st❛♥t❡s ❞♦♥t ❧❡s ✐♥t❡r♣rét❛t✐♦♥s ♣❤②s✐q✉❡s
s♦♥t ❞♦♥♥é❡s ❞❛♥s ❧❛ ♣r♦♣♦s✐t✐♦♥ ✸ ❀



✹✹ ❈❤❛♣✐tr❡ ✸✳ ❏❡✉① à ❝❤❛♠♣ ♠♦②❡♥

✕ Sk ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ♣♦✉r ❧❡ ❥♦✉❡✉r k ❬❇❛s❛r ✶✾✾✾❪✳ ❯♥❡
str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❡st ♥♦té❡ Ûτk ❛✈❡❝

Ûτk : [T, T ′]×X → AkÄ
t,X(t)

ä
7→ pk,

✭✸✳✷✮

♦ù X =
∏

k∈K Xk ❡t X(t) =
Ä
X1(t), . . . , XK(t)

äT
❡st ❧❡ ♣r♦✜❧ ❞✬ét❛ts ❀

✕ ▲❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ♠♦②❡♥♥❡ Uk ❡st ❞é✜♥✐❡ ♣❛r ✿

Uk

Ä
Ûτ ,X(T )

ä
= E

ñ∫ T ′

T
uk
Ä
Ûτ
Ä
t,X(t)

ä
, X(t)

ä
dt+ q(X(T ′))

ô
, ✭✸✳✸✮

♦ù Ûτ = (Ûτ1, . . . , ÛτK) ❡st ❧❡ ♣r♦✜❧ ❞❡ str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❡t q(X(T ′)) ❡st ❧✬✉✲
t✐❧✐té ❞❡ ❧✬ét❛t ✜♥❛❧ ✭❧❡ ♠♦❞è❧❡ ♣❡r♠❡t ❞♦♥❝ q✉❡ ❝❡rt❛✐♥s ét❛ts ✜♥❛✉① s♦✐❡♥t
♣ré❢ér❛❜❧❡s à ❞✬❛✉tr❡s✮✳ ◆♦✉s r❛♣♣❡❧♦♥s ❡♥✜♥ q✉❡ uk ❡st ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡
✐♥st❛♥t❛♥é❡ ✭✈♦✐r ♣❛rt✐❡ ✷✳✶✮✱ ❞♦♥♥é❡ ♣❛r ✿

uk
Ä
p(t)
ä
, X(t)

ä
=
Rf
Ä
γk(p(t))

ä

pk(t)
bit/J. ✭✸✳✹✮

▲❡s r❛✐s♦♥s ♣♦✉r ❝❤♦✐s✐r ❧❡s ❞②♥❛♠✐q✉❡s ♣r♦♣♦sé❡s ♣♦✉r ❧✬ét❛t Xk s♦♥t ❧❡s s✉✐✈✲
❛♥t❡s✳ ▲❡ t❡r♠❡ dEk(t) = −pk(t)dt s✐❣♥✐✜❡ q✉❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞✬é♥❡r❣✐❡ ♣❡♥❞❛♥t dt

❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛ ♣✉✐ss❛♥❝❡ ❝♦♥s♦♠♠é❡ ♣❛r ❧✬é♠✐ss✐♦♥✳ ▲❡ ♠♦❞è❧❡ ♣r♦♣♦sé
♣❡r♠❡t ❞♦♥❝ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ q✉✬✉♥❡ é♠✐ss✐♦♥ ❛ ✉♥ ❝♦ût é♥❡r❣ét✐q✉❡✳ ❈❡❧❛
s✬❛♣♣❧✐q✉❡ ♣❛r❢❛✐t❡♠❡♥t ♣♦✉r ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❞✐s♣♦s❛♥t ✉♥✐q✉❡♠❡♥t ❞✬✉♥❡
rés❡r✈❡ ❞✬é♥❡r❣✐❡ ✜♥✐❡✱ t❡❧s q✉❡ té❧é♣❤♦♥❡s ♣♦rt❛❜❧❡s✱ ❧❡s ♦r❞✐♥❛t❡✉rs ♣♦rt❛❜❧❡s✱ ❧❡s
♣❡t✐t❡s st❛t✐♦♥s ❞❡ ❜❛s❡s q✉✐ ❞♦✐✈❡♥t êtr❡ ❛✉t♦♥♦♠❡s é♥❡r❣ét✐q✉❡♠❡♥t✱ ❡t❝✳ ❉❡ t❡❧s
t❡r♠✐♥❛✉① ♦♥t ❞❡s ❜❛tt❡r✐❡s q✉✐ ❝♦♥t✐❡♥♥❡♥t ✉♥❡ q✉❛♥t✐té ❞✬é♥❡r❣✐❡ ✜♥✐❡ ❡t ♥é❝❡s✲
s✐t❡♥t ❞♦♥❝ ❞✬êtr❡ r❡❝❤❛r❣é❡s ❧♦rsq✉✬❡❧❧❡s s♦♥t ✈✐❞❡s✳ ◆♦tr❡ ♠♦❞è❧❡ ❡st ✈❛❧✐❞❡ ♣♦✉r
✉♥❡ ♣ér✐♦❞❡ ❝♦♠♣r✐s❡ ❡♥tr❡ ❞❡✉① r❡❝❤❛r❣❡s ❡t s✉r ✉♥ t❡❧ ❤♦r✐③♦♥✱ ❧✬é♥❡r❣✐❡ ❞✐s♣♦♥✐❜❧❡
❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞é❝r♦✐ss❛♥t❡ ❛✈❡❝ ❧❡ t❡♠♣s✳ ■❧ ❢❛✉t ❜✐❡♥ ❝♦♠♣r❡♥❞r❡ q✉❡ ❧❛ ♣r✐s❡ ❡♥
❝♦♠♣t❡ ❞❡s é♥❡r❣✐❡s ❞✐s♣♦♥✐❜❧❡s ❞❛♥s ❧❡s ❜❛tt❡r✐❡s ❞❡s t❡r♠✐♥❛✉① ❝❤❛♥❣❡ r❛❞✐❝❛❧❡✲
♠❡♥t ❧❡s str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ♣❛r r❛♣♣♦rt ❛✉① ♠♦❞è❧❡s ét✉❞✐és ❞❛♥s
❧❡ ❝❤❛♣✐tr❡ ✷✳ P❛r ❡①❡♠♣❧❡✱ s✐ ❧❛ ❜❛tt❡r✐❡ ❞✬✉♥ t❡r♠✐♥❛❧ ❡st ✈✐❞❡✱ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐s✲
s✐♦♥ ♦♣t✐♠❛❧❡ ❞♦✐t êtr❡ ♥✉❧❧❡ ❡t ♥❡ ♣❡✉t ❞♦♥❝ ♣❛s s✉✐✈r❡ ❧❡s ♥✐✈❡❛✉① ❞❡ ♣✉✐ss❛♥❝❡s
r❡❝♦♠♠❛♥❞és ♣ré❝é❞❡♠♠❡♥t✳

❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧✬❤♦r✐③♦♥ ❞❡ t❡♠♣s ❞❡ ♥♦tr❡ ♠♦❞è❧❡✱ T ❡t T ′ ♣❡✉✈❡♥t êtr❡
❝❤♦✐s✐s ❛r❜✐tr❛✐r❡♠❡♥t t❛♥t q✉❡ T ′ ≥ T ✳ ❇✐❡♥ sûr✱ ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❧♦✐ ❞✬é✈♦❧✉t✐♦♥
❞♦✐✈❡♥t êtr❡ st❛t✐♦♥♥❛✐r❡s s✉r ❝❡t ✐♥t❡r✈❛❧❧❡✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ µ ❡t ν ❞♦✐✈❡♥t êtr❡ ✜①és✳
▲❛ t❛✐❧❧❡ ❞❡ ❧✬❤♦r✐③♦♥✱ ♠❡s✉ré ❡♥ s❡❝♦♥❞❡✱ ❞é♣❡♥❞ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ✈✐sé❡✳ ❉❛♥s ❧❡ ❝❛s
♦ù ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝❛♥❛✉① ♠♦❞é❧✐s❡ ❧❡s ❡✛❡ts ❞❡s ♣❡rt❡s ❞✉❡s à ❧❛ ♣r♦♣❛❣❛t✐♦♥✱ ❝❡tt❡
é✈♦❧✉t✐♦♥ ❡st ❧❡♥t❡ ❡t ❧✬❤♦r✐③♦♥ ❞❡ t❡♠♣s ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ♠✐♥✉t❡✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❧❛
❧♦✐ ❞✬é✈♦❧✉t✐♦♥ ❞❡s ❝❛♥❛✉① ♠♦❞é❧✐s❡ ❞❡s ❛tté♥✉❛t✐♦♥s r❛♣✐❞❡s✱ ❧✬❤♦r✐③♦♥ ❡st ❞❡ ❧✬♦r❞r❡
❞❡ ❧❛ s❡❝♦♥❞❡✳ ❚②♣✐q✉❡♠❡♥t✱ ❞❛♥s ✉♥ rés❡❛✉ ❝❡❧❧✉❧❛✐r❡✱ ❧❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡st
❡✛❡❝t✉é ♣❛r ❜❧♦❝s ❞♦♥t ✉♥❡ ❞✉ré❡ t②♣✐q✉❡ ❡st ✶ ♠s✳



✸✳✶✳ ❋♦r♠✉❧❛t✐♦♥ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ✹✺

❚♦✉t ❡♥ ét❛♥t s✐♠♣❧❡✱ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❛♥❛❧ hk(t) ❢❛✐t ❛♣♣❛r❛îtr❡ ♣❧✉s✐❡✉rs
♣❤é♥♦♠è♥❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡s ❝♦♠♠✉♥✐❝❛t✐♦♥s s❛♥s ✜❧✳ ❆✈❛♥t ❞❡ ❝♦♠♠❡♥t❡r ❝❡s
♣❤é♥♦♠è♥❡s✱ ♥♦✉s ét❛❜❧✐ss♦♥s ❧❡s ♣r♦♣r✐étés ❞✉ ♣r♦❝❡ss✉s ❛❧é❛t♦✐r❡ hk(t)✳

Pr♦♣♦s✐t✐♦♥ ✸ ✭Pr♦♣r✐étés ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❝❛♥❛❧✮ ❙♦✐t hk(t) =

(ak(t), bk(t)) ✉♥ ♣r♦❝❡ss✉s ❛❧é❛t♦✐r❡ s✉✐✈❛♥t ❧❛ ❞②♥❛♠✐q✉❡ ❞é✜♥✐❡ ❞❛♥s ❧❡ ❥❡✉
❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ÛG✱ ❛❧♦rs ♥♦✉s ❛✈♦♥s ✿

lim
t→+∞

E[hk(t)] = µ,

lim
t→+∞

E[|hk(t)|2]− E[|hk(t)|]2 = 2ν2.
✭✸✳✺✮

▲❡s ❢♦♥❝t✐♦♥s ❞❡ ❞❡♥s✐té ❞❡ ♣r♦❜❛❜✐❧✐té st❛t✐♦♥♥❛✐r❡s
ma : R→ P(R)✱ mb : R→ P(R) ❞❡s ❞❡✉① ❝♦♠♣♦s❛♥t❡s ak✱ bk ❞❡ hk s♦♥t ✿




ma(ak) =

1
ν
√
2π
e−

(ak−µa)2

2ν2 ,

mb(bk) =
1

ν
√
2π
e−

(bk−µb)
2

2ν2 .

✭✸✳✻✮

▲❛ ♣r❡✉✈❡ ❞❡ ❝❡ rés✉❧t❛t ❡st ❞♦♥♥é❡ ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✸❪✳ ❈❡❧❛ ♠♦♥tr❡ q✉❡ ❧❛ ❞②✲
♥❛♠✐q✉❡ ♣r♦♣♦sé❡ ♣❡r♠❡t ♥♦t❛♠♠❡♥t ❞❡ ♠♦❞é❧✐s❡r ❞❡s ❝❛♥❛✉① ❞❡ ❘✐❝❡✱ ❝✬❡st✲à✲❞✐r❡
❞❡s ❝❛♥❛✉① ❞♦♥t ❧❡ ❣❛✐♥ ♠♦②❡♥ ❡st ♥♦♥✲♥✉❧✳ ❈❡❧❛ ❡st ♣♦ss✐❜❧❡ ❡♥ ✜①❛♥t |µ| ≥ 0✱
q✉✐ r❡♣rés❡♥t❡ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ❘✐❝❡✳ ▲❡s ❡✛❡ts ❞❡s é✈❛♥♦✉✐ss❡♠❡♥ts ❧❡♥ts ♦✉ r❛♣✐❞❡s
♣❡✉✈❡♥t é❣❛❧❡♠❡♥t êtr❡ ♣r✐s ❡♥ ❝♦♠♣t❡ ❡♥ ❝❤♦✐s✐ss❛♥t ✉♥❡ ✈❛❧❡✉r ❞❡ ✈❛r✐❛♥❝❡ 2ν2 r❡✲
s♣❡❝t✐✈❡♠❡♥t ❢❛✐❜❧❡ ♦✉ é❧❡✈é❡✳ ■❧ ❡st ❛✉ss✐ ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉❡ ❝❡tt❡ ❞②♥❛♠✐q✉❡
❞❡ ❝❛♥❛❧ ♣❡✉t ❛✉ss✐ êtr❡ ♣❡rç✉❡ ❝♦♠♠❡ ✉♥ ❝❛s ❧✐♠✐t❡ ❞✉ ♠♦❞è❧❡ ❞❡ ●❛✉ss✲▼❛r❦♦✈
❡♥ t❡♠♣s ❞✐s❝r❡t✱ ♠♦❞è❧❡ q✉✐ ♣❡r♠❡t ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡ ❧❛ ❝♦rré❧❛t✐♦♥ t❡♠♣♦r❡❧❧❡
❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ❬❆❣❛r✇❛❧ ✷✵✶✷❪✳ P♦✉r ✜♥✐r ♥♦tr❡ ❞✐s❝✉ss✐♦♥ s✉r ❧❡ ❝❤♦✐① ❞❡ ❝❡tt❡
❞②♥❛♠✐q✉❡✱ ♥♦✉s ✈❡rr♦♥s ❡♥ ♣❛rt✐❡ ✸✳✷ q✉✬❡❧❧❡ ♣♦ssè❞❡ é❣❛❧❡♠❡♥t ✉♥❡ ♣r♦♣r✐été ✐♠✲
♣♦rt❛♥t❡ ♣♦✉r ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ q✉✐ s❡r❛ ét✉❞✐é✳

✸✳✶✳✷ ➱q✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡

➚ ♣rés❡♥t✱ ♥♦✉s ♣♦✉✈♦♥s ❞é✜♥✐r ✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛s✲
t✐q✉❡ ÛG ❡t é♥♦♥❝❡r ✉♥ rés✉❧t❛t ❞✬❡①✐st❡♥❝❡✳

❉é✜♥✐t✐♦♥ ✶✹ ✭➱q✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞❡ ÛG✮ ❯♥ ♣r♦✜❧ ❞❡ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡
Ûτ∗ = (Ûτ∗1 , . . . , Ûτ∗K) ❡st ✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧
st♦❝❤❛st✐q✉❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ∀k ∈ K✱ Ûτ∗k ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥✲
trô❧❡ ✿

sup
Ûτk

E

ñ∫ T ′

T
uk

Ç
Ûτk
Ä
t,X(t)

ä
, Ûτ∗−k

Ä
t,X(t)

ä
, X(t)

å
dt+ q(X(T ′))

ô
, ✭✸✳✼✮

s♦✉s ❝♦♥tr❛✐♥t❡ q✉❡

dX(t) =

[
−[Ûτk

Ä
t,X(t)

ä
, Ûτ∗−k

Ä
t,X(t)

ä
]T

1
2

Ä
1l⊗ µ− h(t)

ä
]
dt+

ñ
0

ν

ô
dW(t), ✭✸✳✽✮



✹✻ ❈❤❛♣✐tr❡ ✸✳ ❏❡✉① à ❝❤❛♠♣ ♠♦②❡♥

♦ù 1l = (1, . . . , 1) ∈ R
K ✱ h(t) =

Ä
h1(t), . . . , hK(t)

äT
✱ ⊗ ❞és✐❣♥❡ ❧❡ ♣r♦❞✉✐t ❞❡ ❑r♦✲

♥❡❝❦❡r✱ W(t) =
Ä
W1(t), . . . ,WK(t)

äT
✳

❊♥ r❛✐s♦♥ ❞❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡s ❞❡s ❜❛tt❡r✐❡s ❞❡s ❞✐✛ér❡♥ts
é♠❡tt❡✉rs ❞✉ s②stè♠❡✱ ❧✬ét✉❞❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❡st ❞✐✛ér❡♥t❡ ❞❡s ❥❡✉① ét✉❞✐és
❛✉ ❝❤❛♣✐tr❡ ✷✳ ❈❡♣❡♥❞❛♥t✱ ♥♦✉s ♣♦✉✈♦♥s é♥♦♥❝❡r ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ❝♦♥❝❡r♥❛♥t
❧✬❡①✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤✳

❚❤é♦rè♠❡ ✺ ✭❊①✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞❛♥s ÛG✮ ❯♥❡ ❝♦♥❞✐t✐♦♥ s✉✛✲
✐s❛♥t❡ ♣♦✉r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞❛♥s ÛG ❡st q✉❡ t♦✉t ❝♦✉♣❧❡ (ϕ0, γ0) ∈ R

2

t❡❧ q✉❡ f ′(γ0)γ0 − f(γ0) = ϕ0γ
2
0 ✱ ✈ér✐✜❡ 2ϕ0 − f ′′(γ0) 6= 0✳

▲❛ ♣r❡✉✈❡ ❞ét❛✐❧❧é❡ ❞❡ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❞✬❡①✐st❡♥❝❡ ❡st ❞♦♥♥é❡ ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✸❪✳
❊❧❧❡ ✈✐❡♥t ❞✉ ❢❛✐t q✉✬✉♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ♣♦✉r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤
♣♦✉r ❧❡ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ❡st ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ à ❧✬éq✉❛t✐♦♥ ❞❡
❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥✲❋❧❡♠✐♥❣ ❬❋❧❡♠✐♥❣ ✷✵✵✻❪ ♣♦✉r ❝❤❛q✉❡ t❡r♠✐♥❛❧ ✿

0 = sup
Ûτk

ñ
uk
Ä
Ûτ
Ä
t,X(t)

ä
, X(t)

ä
− Ûτk

Ä
t,X(t)

ä∂Vk(t,X(t))

∂Ek

ô

+
1

2
〈µ− hk(t),∇hk

Vk(t,X(t))〉R2 +
∂Vk(t,X(t))

∂t
+
ν2

2
∆hk

Vk(t,X(t)),

✭✸✳✾✮

♦ù Vk ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❇❡❧❧♠❛♥ ❞é✜♥✐❡ ♣❛r ✿

Vk(T,X(T )) = sup
Ûτk

E

ñ∫ T ′

T
uk
Ä
Ûτ
Ä
t,X(t)

ä
, X(t)

ä
dt+ q(X(T ′))

ô
. ✭✸✳✶✵✮

▲❡ t❤é♦rè♠❡ ✺ ♣❡✉t s✬❛♣♣❧✐q✉❡r à t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ❞✬❡✣❝❛❝✐té ✉t✐❧✐sé❡s ❞❛♥s
❧❛ ❧✐ttér❛t✉r❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r ❧❛ ❢♦♥❝t✐♦♥ ❛ss♦❝✐é❡ à ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡
❝♦✉♣✉r❡ ❬❇❡❧♠❡❣❛ ✷✵✶✶❪ f(x) = e−

a
x ✱ ❛✈❡❝ a ≥ 0✱ ♥♦✉s ❛✈♦♥s ✿




e
− a

γ0 ( a
γ0
− 1) = ϕ0γ

2
0 ,

2ϕ0 − ( a
2

γ4
0
− 2a

γ3
0
)e

− a
γ0 6= 0,

✭✸✳✶✶✮

❝❡ q✉✐ ❞♦♥♥❡

2ϕ0 −
Ç
a

γ0
− 2

å
aϕ0

a− γ0
6= 0. ✭✸✳✶✷✮

❇✐❡♥ q✉❡ ♥♦✉s ♥✬❛②♦♥s ♣❛s ❞❡ rés✉❧t❛t ❢♦r♠❡❧ ♣❡r♠❡tt❛♥t ❞❡ ❥✉st✐✜❡r q✉❡ ❝❡tt❡ ❝♦♥✲
❞✐t✐♦♥ s♦✐t t♦✉t ❧❡ t❡♠♣s ✈ér✐✜é❡✳ ❉❡ ♥♦♠❜r❡✉s❡s s✐♠✉❧❛t✐♦♥s s❡♠❜❧❡♥t ✐♥❞✐q✉❡r q✉❡
❝❡❧❛ ❡st ❧❡ ❝❛s✳ ❈❡tt❡ ❝♦♥❞✐t✐♦♥ ♥✬❡st ❞♦♥❝ ♣❛s r❡str✐❝t✐✈❡✳

❆❧♦rs q✉❡ ❧✬✉♥✐❝✐té ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❡st ✉♥❡ ♣r♦♣r✐été ❛ttr❛❝t✐✈❡ ❞✉ ❥❡✉ st❛✲
t✐q✉❡ ✭✈♦✐r ♣❛rt✐❡ ✷✳✶✮✱ ❝❡tt❡ ♣r♦♣r✐été ♥✬❡st ♣❛s ❢❛❝✐❧❡ à ✈ér✐✜❡r ♣♦✉r ❧❡ ❥❡✉ ❞✐✛ér❡♥t✐❡❧
st♦❝❤❛st✐q✉❡ ÛG✳ ❆✉ ❝♦♥tr❛✐r❡✱ ❝❡ t②♣❡ ❞❡ ❥❡✉① ♣♦ssè❞❡ ❣é♥ér❛❧❡♠❡♥t ✉♥ ❣r❛♥❞ ♥♦♠❜r❡
❞✬éq✉✐❧✐❜r❡s✳ ▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ❡①♣❧✐❝✐t❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ♥✬❡st é❣❛❧❡♠❡♥t ♣❛s
✉♥❡ tâ❝❤❡ ❛✐sé❡ ♣✉✐sq✉❡ q✉✬❡♥ ❝♦♥séq✉❡♥❝❡ ❞❡ ✭✸✳✾✮✱ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✬✉♥ éq✉✐❧✐✲
❜r❡ ❞❡ ◆❛s❤ ♥é❝❡ss✐t❡ ❞❡ rés♦✉❞r❡ ✉♥ s②stè♠❡ ❞❡ K éq✉❛t✐♦♥s ❞✬❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲
❇❡❧❧♠❛♥✲❋❧❡♠✐♥❣ ❬❋❧❡♠✐♥❣ ✷✵✵✻❪✱ ❝♦✉♣❧é❡s ♣❛r ❧❡s ét❛ts X(t)✳ ■❧ ❡①✐st❡ ❝❡♣❡♥❞❛♥t



✸✳✷✳ ❆♥❛❧②s❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ✹✼

❞❡✉① ❝❛s✲❧✐♠✐t❡s ❞❡ ÛG ♣♦✉r ❧❡sq✉❡❧s ❧❡s ♣r♦❜❧è♠❡s ❞✬❡①✐st❡♥❝❡ ❡t ❞✬✉♥✐❝✐té ❞❡✈✐❡♥✲
♥❡♥t ♣❧✉s s✐♠♣❧❡s✳ ▲❡ ♣r❡♠✐❡r ❝❛s ♣❛rt✐❝✉❧✐❡r ❡st ❧♦rsq✉✬✐❧ ② ❛ ✉♥✐q✉❡♠❡♥t ✉♥ ❥♦✉❡✉r✳
▲❡ s❡❝♦♥❞ ❝❛s ♣❛rt✐❝✉❧✐❡r ❡st q✉❛♥❞ ❧❡ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉r ❡st ❣r❛♥❞✱ ❝❡ q✉✐ ❝♦♥❞✉✐t à
❧✬ét✉❞❡ ❞✬✉♥ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥✳ ▲❡ ♣r❡♠✐❡r ❝❛s ❡st ❞ét❛✐❧❧é ❞❛♥s ❧❛ ♣❛rt✐❡ s✉✐✈❛♥t❡
❡t ❧❡ s❡❝♦♥❞ ❡st tr❛✐té ❞❛♥s ❧❛ ♣❛rt✐❡ ✸✳✷✳

✸✳✶✳✸ ❈❛s ❞✉ ❥❡✉ à ✉♥ ❥♦✉❡✉r

❯♥❡ ❞❡s r❛✐s♦♥s ♣♦✉r ❧❡sq✉❡❧❧❡s ♥♦✉s ❛♥❛❧②s♦♥s ❧❡ ❝❛s ❞✉ ❥❡✉ à ✉♥ ❥♦✉❡✉r ❡st
❞❡ sé♣❛r❡r ❧❡s ❡✛❡ts ❞❡s ❝♦♥tr❛✐♥t❡s ❞✬é♥❡r❣✐❡ à ❧♦♥❣ t❡r♠❡ ❡t ❧❡s ❡✛❡ts ❞❡s ✐♥t❡r❛❝✲
t✐♦♥s ❡♥tr❡ ❧❡s ❥♦✉❡✉rs ♣✉✐sq✉❡ ❝❡s ❞❡✉① ❡✛❡ts ♣❡✉✈❡♥t ✐♥❞é♣❡♥❞❛♠♠❡♥t ✐♥❝✐t❡r ❧❡s
t❡r♠✐♥❛✉① à ♥❡ ♣❛s é♠❡ttr❡✳ ❊♥ ❡✛❡t✱ ❞❛♥s ✉♥ s②stè♠❡ ❛✈❡❝ ♣❧✉s✐❡✉rs t❡r♠✐♥❛✉①✱
❝❡s ❞❡r♥✐❡rs ♣❡✉✈❡♥t ❛✈♦✐r ✐♥térêt à ♥❡ ♣❛s é♠❡ttr❡ ❡♥ ♣❡r♠❛♥❡♥❝❡ ♣♦✉r ❧✐♠✐t❡r ❧❡
♥✐✈❡❛✉ ❞✬✐♥t❡r❢ér❡♥❝❡ ✭❝❡ q✉✐ ❢❛✐t ❞❡s str❛té❣✐❡s ❞❡ ♣❛rt❛❣❡ ❞❡ t❡♠♣s ❞✬é♠✐ss✐♦♥ ❞❡s
éq✉✐❧✐❜r❡s ♥❛t✉r❡❧s✱ ❝♦♠♠❡ ♦❜s❡r✈é ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✶❛❪✮✳ P❛r ❝♦♥tr❡✱ ❞❛♥s ❧❡ ❥❡✉
à ✉♥ ❥♦✉❡✉r✱ ✐❧ ♥✬② ❛ ♣❛s ❞✬✐♥t❡r❛❝t✐♦♥s ♣♦ss✐❜❧❡s ❡t ♥♦✉s ♠♦♥tr♦♥s✱ à tr❛✈❡rs ❞❡s
éq✉❛t✐♦♥s s✐♠♣❧❡s✱ q✉❡ ❧❛ ❝♦♥tr❛✐♥t❡ ❞✬é♥❡r❣✐❡ à ❧♦♥❣ t❡r♠❡ ✐♥❝✐t❡ ❧❡ ❥♦✉❡✉r à ♥❡ ♣❛s
t♦✉t ❧❡ t❡♠♣s é♠❡ttr❡✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬ét❛t ❞❡ s♦♥ ❝❛♥❛❧✳

❉❛♥s ❧❛ ♣❛rt✐❡ ♣ré❝é❞❡♥t❡✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❞ét❡r♠✐♥❡r ✉♥❡ str❛té❣✐❡ ♦♣✲
t✐♠❛❧❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ r❡✈✐❡♥t à rés♦✉❞r❡ ❧✬éq✉❛t✐♦♥ s✉✐✈❛♥t❡ ❡♥ γ1(t) ✿

f ′(γ1(t))γ1(t)− f(γ1(t)) =
γ1(t)

2

R

∂V1(t,X1(t))

∂E1

σ4

|h1(t)|4
. ✭✸✳✶✸✮

❊♥ ♥♦t❛♥t γ∗1(t) ❧❛ ♣❧✉s ❣r❛♥❞❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡✱ ✉♥❡ str❛té❣✐❡ ♦♣✲
t✐♠❛❧❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ s✬é❝r✐t ✿

Ûτ∗1 (t,X1(t)) =
σ2

|h1(t)|2
γ∗1(t), ✭✸✳✶✹✮

❛✈❡❝ γ∗1(t) ≥ 0✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ r❡♠❛rq✉❡r q✉❡ γ∗1(t) = 0 ♣❡✉t êtr❡ ✈r❛✐ ♣♦✉r
❝❡rt❛✐♥s ✐♥t❡r✈❛❧❧❡s ❞❡ t❡♠♣s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡❧❛ ❞é♣❡♥❞ ❞✉ ❣❛✐♥ ❞❡ ❝❛♥❛❧ |h1(t)|2✳
❙✐ ❝❡ ❞❡r♥✐❡r ❡st tr♦♣ ❢❛✐❜❧❡✱ é♠❡ttr❡ ♥❡ s❡r❛✐t ♣❛s ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t✱ ❝❡ q✉✐
❝♦♥❞✉✐t à ✉♥❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ♥✉❧❧❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ s✐ ❧❡ ❝❛♥❛❧ ❞✬✉♥ t❡r♠✐✲
♥❛❧ ♥✬❡st ♣❛s ❞❡ q✉❛❧✐té s✉✣s❛♠♠❡♥t ❜♦♥♥❡✱ ❧❡ t❡r♠✐♥❛❧ ♥✬❛ ♣❛s ✐♥térêt à é♠❡ttr❡✳
❈❡tt❡ ❞❡r♥✐èr❡ ❝♦♥st❛t❛t✐♦♥ ♣❡✉t ❛✈♦✐r ✉♥ ✐♥térêt ♣r❛t✐q✉❡ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧❛ r❛✲
❞✐♦ ❝♦❣♥✐t✐✈❡ ♣♦✉r q✉❡ ❞✬❛✉tr❡s é♠❡tt❡✉rs ♣✉✐ss❡♥t ❝❛♣t❡r ❧❡s r❡ss♦✉r❝❡s r❛❞✐♦ ❛❧♦rs
❧❛✐ssé❡s ❧✐❜r❡s✳ ❈❡tt❡ ✐❞é❡ ❡st ♣❧✉s ❧❛r❣❡♠❡♥t ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✶❛❪✳

✸✳✷ ❆♥❛❧②s❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥

✸✳✷✳✶ ❈♦♥✈❡r❣❡♥❝❡ ✈❡rs ❧❡ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥

❉❛♥s ❧❛ ♣❛rt✐❡ ♣ré❝é❞❡♥t❡✱ ♥♦✉s ❛✈♦♥s ♠❡♥t✐♦♥♥é q✉❡ ❧❡ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛s✲
t✐q✉❡ ❞❡✈✐❡♥t ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❞✐✣❝✐❧❡ à ❛♥❛❧②s❡r q✉❛♥❞ ❧❡ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉rs ❛✉❣✲
♠❡♥t❡✳ ◆é❛♥♠♦✐♥s✱ ♥♦tr❡ s②stè♠❡ ♣rés❡♥t❡ ✉♥❡ str✉❝t✉r❡ ♣❛rt✐❝✉❧✐èr❡ q✉✐ ♣❡✉t êtr❡



✹✽ ❈❤❛♣✐tr❡ ✸✳ ❏❡✉① à ❝❤❛♠♣ ♠♦②❡♥

❡①♣❧♦✐té❡ ♣♦✉r s✐♠♣❧✐✜❡r ❧❡ ♣r♦❜❧è♠❡ ❧♦rsq✉❡ K ❡st ❣r❛♥❞✳ ❊♥ ❡✛❡t✱ ❞✉ ♣♦✐♥t ❞❡ ✈✉❡
❞✬✉♥ ❥♦✉❡✉r ❞♦♥♥é✱ ❝❡ q✉✐ ✈❛ ✐♥✢✉❡♥❝❡r ❧❛ q✉❛❧✐té ❞❡ s❛ tr❛♥s♠✐ss✐♦♥ ❡st ✉♥❡ s♦♠♠❡
♣♦♥❞éré❡ ❞❡s ❛❝t✐♦♥s ❞❡s ❛✉tr❡s ❥♦✉❡✉rs ❡t ♥♦♥ ❧❡s ❛❝t✐♦♥s ❞❡s ❛✉tr❡s ❥♦✉❡✉rs ✐♥❞✐✲
✈✐❞✉❡❧❧❡♠❡♥t✳ ▲❛ q✉❛♥t✐té ♥✉♠ér✐q✉❡ q✉✐ ❛✛❡❝t❡ ❧✬✉t✐❧✐té ❞✉ ❥♦✉❡✉r k ❡st ❧❛ s✉✐✈❛♥t❡ ✿

Ik(t) =
1

K

∑

j∈K,j 6=k

pj(t)|hj(t)|2. ✭✸✳✶✺✮

❉❛♥s ✉♥ rés❡❛✉ s❛♥s ✜❧✱ ❝❡tt❡ q✉❛♥t✐té ❡st s✐♠♣❧❡♠❡♥t ❧✬✐♥t❡r❢ér❡♥❝❡ q✉✐ ❛✛❡❝t❡ ✉♥
ré❝❡♣t❡✉r ❧♦rsq✉✬✐❧ ❝❤❡r❝❤❡ à ❞é❝♦❞❡r ❧❡ s✐❣♥❛❧ ❞❡ ❧✬é♠❡tt❡✉r k s❛♥s ♣r♦❝é❞é ❞✬❛♥♥✉✲
❧❛t✐♦♥ ❞✬✐♥t❡r❢ér❡♥❝❡✳ ■❝✐✱ ❝❡tt❡ q✉❛♥t✐té ❡st ♥♦r♠❛❧✐sé❡✳ P❧✉s✐❡✉rs ❛♣♣❧✐❝❛t✐♦♥s ♣r❛✲
t✐q✉❡s ♣❡r♠❡tt❡♥t ❞❡ ❥✉st✐✜❡r ❝❡tt❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❬❚✉❧✐♥♦ ✷✵✵✹❪✳ P❛r ❡①❡♠♣❧❡✱ ❡❧❧❡ ❡st
♣❧❡✐♥❡♠❡♥t ❥✉st✐✜é❡ ❞❛♥s ❧❡s s②stè♠❡s ❈❉▼❆ à ét❛❧❡♠❡♥t ❛❧é❛t♦✐r❡ ❬▼❡s❤❦❛t✐ ✷✵✵✻❪✳
Pr♦✉✈❡r q✉❡ ❧❡ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ r❡✲
✈✐❡♥t à ♣r♦✉✈❡r q✉❡ ❝❡tt❡ ✐♥t❡r❢ér❡♥❝❡ ❝♦♥✈❡r❣❡ ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉rs t❡♥❞
✈❡rs ❧✬✐♥✜♥✐✳ P♦✉r ♣r♦✉✈❡r ❝❡tt❡ ❝♦♥✈❡r❣❡♥❝❡✱ ❧❛ tr❛❞✐t✐♦♥♥❡❧❧❡ ❧♦✐ ❞❡s ❣r❛♥❞s ♥♦♠✲
❜r❡s ♥❡ ♣❡✉t ♣❛s êtr❡ ❛♣♣❧✐q✉é❡ ♣✉✐sq✉❡ ❧❡s ♣r♦❝❡ss✉s ❛❧é❛t♦✐r❡s pj(t)|hj(t)|2 s♦♥t
❞é♣❡♥❞❛♥t ❧❡s ✉♥s ❞❡s ❛✉tr❡s✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ ❡①✐st❡ ❞❡s ❝♦♥❞✐t✐♦♥s s♦✉s ❧❡sq✉❡❧❧❡s ❧❛
❝♦♥✈❡r❣❡♥❝❡ ❡st ❛ss✉ré❡✳ ❈♦♠♠❡ ❞ét❛✐❧❧é ❞❛♥s ❬❚❡♠❜✐♥❡ ✷✵✶✶❪✱ ❧✬✉♥❡ ❞✬❡♥tr❡ ❡❧❧❡s ❡st
❧❛ ♣r♦♣r✐été ❞✬é❝❤❛♥❣❡❛❜✐❧✐té q✉✐ ❡st ❞é✜♥✐❡ ❝✐✲❞❡ss♦✉s✳

❉é✜♥✐t✐♦♥ ✶✺ ✭➱❝❤❛♥❣❡❛❜✐❧✐té✮ ▲❡s ét❛ts X1, . . . , XK s♦♥t ❞✐ts é❝❤❛♥❣❡❛❜❧❡s ❡♥
❧♦✐ ❛✈❡❝ ❧❛ str❛té❣✐❡ ❡♥ ❜♦✉❝❧❡ ❢❡r♠é❡ α s✬✐❧s ❣é♥èr❡♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té
❝♦♥❥♦✐♥t❡ q✉✐ ❡st ✐♥✈❛r✐❛♥t❡ ♣❛r ♣❡r♠✉t❛t✐♦♥ ❞❡s ✐♥❞✐❝❡s ❞❡s ❥♦✉❡✉rs✱ ❝✬❡st✲à✲❞✐r❡

∀ K, L (X1, . . . , XK | α) = L
Ä
XΠ(1), . . . , XΠ(K) | α

ä
, ✭✸✳✶✻✮

♣♦✉r t♦✉t❡ ♣❡r♠✉t❛t✐♦♥ Π ❞é✜♥✐❡ s✉r {1, . . . ,K}.

P♦✉r ❣❛r❛♥t✐r ❝❡tt❡ ♣r♦♣r✐été ❞❛♥s ❧❡ ❥❡✉ ét✉❞✐é✱ ♥♦✉s ❢❛✐s♦♥s ❧❡s ❤②♣♦t❤ès❡s s✉✐✈❛♥t❡s
✭H✮ ✿

✭✐✮ ❝❤❛q✉❡ ❥♦✉❡✉r ❝♦♥♥❛ît s❡✉❧❡♠❡♥t s♦♥ ét❛t ✐♥❞✐✈✐❞✉❡❧ ✐♥st❛♥t❛♥é✱

✭✐✐✮ ❝❤❛q✉❡ ❥♦✉❡✉r ✉t✐❧✐s❡ ✉♥ ❝♦♥trô❧❡ ❤♦♠♦❣è♥❡ ❡t ❛❞♠✐ss✐❜❧❡ ✿

Ûτk(t,Xk(t)) = αt(Xk(t)),

❡t E

ñ∫ T ′

T
αt(Xk(t))

2 dt

ô
< +∞,

✭✸✳✶✼✮

✭✐✐✐✮ ❧❡s ét❛ts ✐♥✐t✐❛✉① Xk(T ) s♦♥t ✐❞❡♥t✐q✉❡s ♣♦✉r t♦✉s ❧❡s ❥♦✉❡✉rs✳

❊♥ ❝♦♥séq✉❡♥❝❡ ❞❡ ❧❛ ♣r♦♣r✐été ❞✬é❝❤❛♥❣❡❛❜✐❧✐té ❞❛♥s ÛG✱ ❧❡ ❥❡✉ ❝♦♠♣r❡♥❞ ♠❛✐♥t❡♥❛♥t
❞❡s ❥♦✉❡✉rs ❛✈❡❝ ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❡t ❞❡s ❧♦✐s ❞✬é✈♦❧✉t✐♦♥ s②♠étr✐q✉❡s✳ ➚ ♣❛rt✐r
❞❡ ❝❡ ❝♦♥st❛t✱ ♥♦✉s ♥♦t♦♥s ❞♦♥❝ s = (E, h)T ❧❛ ✈❛r✐❛❜❧❡ ❞✬ét❛t ❞✬✉♥ ❥♦✉❡✉r ✭q✉✐ ♥❡
♥é❝❡ss✐t❡ ♣❧✉s ❞✬êtr❡ ✐♥❞❡①é✮ ❡t s(t) = (E(t), h(t))T s❛ ré❛❧✐s❛t✐♦♥ à ❧✬✐♥st❛♥t t✳

Pr♦♣♦s✐t✐♦♥ ✹ ✭❈♦♥✈❡r❣❡♥❝❡ ✈❡rs ❧❡ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥✮ ❙✐ ❧❡s ❤②♣♦t❤ès❡s
✭H✮ s♦♥t ✈ér✐✜é❡s✱ ❛❧♦rs ❧❡ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ÙG ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❥❡✉ à
❝❤❛♠♣ ♠♦②❡♥ “G = (X ,S, “U✮ ♦ù ✿



✸✳✷✳ ❆♥❛❧②s❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ✹✾

✕ X ⊂ R3 ❡st ❧✬❡s♣❛❝❡ ❞✬ét❛t ❞❡ ❝❤❛q✉❡ ❥♦✉❡✉r✳ ▲❡s ❞②♥❛♠✐q✉❡s ❞✬ét❛t ❞✬✉♥
❥♦✉❡✉r s♦♥t ❞♦♥♥é❡s ♣❛r ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s st♦❝❤❛st✐q✉❡s
s✉✐✈❛♥t❡s ✿ ®

dE(t) = −αt(s(t))dt,

dh(t) = 1
2

Ä
µ− h(t)

ä
dt+ νdW(t).

✭✸✳✶✽✮

♦ù µ ❡t ν ♥❡ ❞é♣❡♥❞❡♥t ♣❛s ❞✉ t❡♠♣s✳
✕ S ❡st ❧✬❡s♣❛❝❡ ❞❡s str❛té❣✐❡s α t❡❧❧❡s q✉✬à ❝❤❛q✉❡ ✐♥st❛♥t t ∈ [T, T ′] ✿

αt : X → A
s 7→ p.

✭✸✳✶✾✮

✕ ▲❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ♠♦②❡♥♥❡ ❞❡ ❝❤❛q✉❡ ❥♦✉❡✉r ❡st ❞♦♥♥é❡ ♣❛r ✿

“U(α, s(T )) = E

ñ∫ T ′

T
û(s(t),mt, αt)dt+ q(s(T ′))

ô
, ✭✸✳✷✵✮

♦ù mt ❡st ❧❡ ❝❤❛♠♣ ♠♦②❡♥✱ ❝✬❡st à ❞✐r❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ét❛ts à ❧✬✐♥st❛♥t t
❡t ✿

û(s,mt, αt) =
Rf(γ̂(s,mt, αt))

αt(s)
, ✭✸✳✷✶✮

γ̂(s,mt, αt) =
αt(s)|h|2

σ2 + Î(mt, αt)
, ✭✸✳✷✷✮

Î(mt, αt) =

∫

s
|h|2αt(s)mt(ds). ✭✸✳✷✸✮

▲❛ ♣r❡✉✈❡ ❞ét❛✐❧❧é❡ ❞❡ ❝❡tt❡ ♣r♦♣♦s✐t✐♦♥ ❡st ❞♦♥♥é❡ ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✸❪✳

✸✳✷✳✷ ❙♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ré♣♦♥s❡ ❛✉ ❝❤❛♠♣ ♠♦②❡♥

◆♦✉s ♣♦✉✈♦♥s ♠❛✐♥t❡♥❛♥t ❞é✜♥✐r ❧❡ ❝♦♥❝❡♣t ❞❡ s♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❞✬éq✉❛t✐♦♥s
st♦❝❤❛st✐q✉❡s ❞✐✛ér❡♥t✐❡❧❧❡s ✭✸✳✶✽✮✳

❉é✜♥✐t✐♦♥ ✶✻ ❙♦✐t T, T ′ > 0 t❡❧ q✉❡ [T, T ′] ❡st ❧✬❤♦r✐③♦♥ ❞✉ ❥❡✉✳ ▲❛ ❞✐str✐❜✉t✐♦♥
❞✬ét❛t mt(s) ❡st ✉♥❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✬ét❛t ✭✸✳✶✽✮ s✐ mt ❡st ✐♥té✲
❣r❛❜❧❡ s✉r [T, T ′] ❡t ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ψ à s✉♣♣♦rt ❝♦♠♣❛❝t ✐♥✜♥✐♠❡♥t ❝♦♥t✐♥✉❡ ❡t
❞✐✛ér❡♥t✐❛❜❧❡ s✉r [T, T ′]× R

3✱ ♦♥ ❛

EmT
[ψT (.)] +

∫ T ′

T
Emt

ñ
∂ψt(.)

∂t
− 〈∇sψt, D

∗(t, s)〉R2 +
ν2

2
∆sψt

ô
dt = 0, ✭✸✳✷✹✮

♦ù Emt ❡st ❧✬❡s♣ér❛♥❝❡ ♣❛r r❛♣♣♦rt à mt ❡t D∗(t, s) ❡st ❧❡ ✈❡❝t❡✉r ❞❡ ❞é✈✐❛t✐♦♥
(−αt(s),

1
2(µ− h))T.

❊♥ ❛♣♣❧✐q✉❛♥t ❧❛ ❢♦r♠✉❧❡ ❞✬■tô ❬❑❛r❛t③❛s ✶✾✾✶❪✱ ♥♦✉s ♣♦✉✈♦♥s ❞é❞✉✐r❡ ❞❡ ❧❛ ❞é✜✲
♥✐t✐♦♥ ✶✻ q✉✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞✬ét❛t mt✱ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s
♣❛rt✐❡❧❧❡s ✭✸✳✶✽✮✱ ✈ér✐✜❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦✲❑♦❧♠♦❣♦r♦✈ ❢♦r✇❛r❞ ✿

∂mt

∂t
− ∂

∂E
(mtαt) + divh(mt

1

2
(µ− h))− ν2

2
∆hmt = 0. ✭✸✳✷✺✮



✺✵ ❈❤❛♣✐tr❡ ✸✳ ❏❡✉① à ❝❤❛♠♣ ♠♦②❡♥

❉✬❛✉tr❡ ♣❛rt✱ ♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ tr❛❥❡❝t♦✐r❡ mt✱ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❞❡ ✭✸✳✶✽✮✱ ♥♦✉s
♣♦✉✈♦♥s ❢♦r♠✉❧❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ♦♣t✐♠❛❧ ♣♦✉r ❧❡q✉❡❧ ❝❤❛q✉❡ ❥♦✉❡✉r sé❧❡❝✲
t✐♦♥♥❡ ❧❛ ♠❡✐❧❧❡✉r❡ str❛té❣✐❡ ❞❡ ré♣♦♥s❡ à ✉♥❡ tr❛❥❡❝t♦✐r❡mt✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ré♣♦♥s❡
❛✉ ❝❤❛♠♣ ♠♦②❡♥ ❡st ❞❡ ❞ét❡r♠✐♥❡r ✉♥❡ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ α q✉✐ ❣é♥èr❡ ✉♥❡ tr❛✲
❥❡❝t♦✐r❡ ❞✉ ❝❤❛♠♣ ♠♦②❡♥ m∗

t ❡t q✉✐ ❡st ❡❧❧❡✲♠ê♠❡ ❧❛ ♠❡✐❧❧❡✉r❡ ré♣♦♥s❡ à m∗
t ✿

“VT (s(T )) = sup
α

E

ñ∫ T ′

T
û(s(t),m∗

t , αt)dt+ q(s(T ′))

ô
, ✭✸✳✷✻✮

♦ù mT ❡t q(.) s♦♥t s✉♣♣♦sés ❝♦♥♥✉s✳

❉❡ ♠ê♠❡ q✉❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ✸✳✶✱ ❧✬éq✉❛t✐♦♥ ✭✸✳✷✻✮ ♣❡✉t s❡ ❞é✈❡❧♦♣♣❡r ❡♥ éq✉❛✲
t✐♦♥ ❞✬❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥✲❋❧❡♠✐♥❣✳ ❊♥ ❝♦✉♣❧❛♥t ❝❡tt❡ éq✉❛t✐♦♥ à ✭✸✳✷✺✮✱ ♥♦✉s
♦❜t❡♥♦♥s ❞♦♥❝ ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞♦♥t ✉♥❡ s♦❧✉t✐♦♥ ❞♦♥♥❡ ✉♥ éq✉✐❧✐❜r❡ ❞✉ ❥❡✉
à ❝❤❛♠♣ ♠♦②❡♥ ✿





∂V̂t

∂t + H̃(s, ∂V̂t

∂E ,mt) +
1
2〈µ− h,∇h

“Vt〉R2 + ν2

2 ∆h
“Vt = 0,

∂mt

∂t + ∂
∂E (mt

∂
∂u′ H̃(s, ∂V̂t

∂E ,mt)) + divh(mt
1
2(µ− h)) = ν2

2 ∆hmt,
✭✸✳✷✼✮

❛✈❡❝

H̃(s, u′,m) = sup
αt

{û(s,m, αt)− αtu
′}. ✭✸✳✷✽✮

❈♦♠♠❡ ♣♦✉r ❧❡ ❝❛s ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡✱ ❧❛ ♣r❡♠✐èr❡ éq✉❛t✐♦♥ ❡st ✉♥❡
éq✉❛t✐♦♥ ❞❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥✲❋❧❡♠✐♥❣✳ ❊❧❧❡ ❡st ♠❛✐♥t❡♥❛♥t ❝♦✉♣❧é❡ ❛✈❡❝
✉♥❡ éq✉❛t✐♦♥ ❞❡ ❋♦❦❦❡r✲P❧❛♥❝❦✲❑♦❧♠♦❣♦r♦✈✳ ▲❛ ♣r❡♠✐èr❡ ❡st ✉♥❡ éq✉❛t✐♦♥ ❜❛❝❦✇❛r❞
❛❧♦rs q✉❡ ❧❛ s❡❝♦♥❞❡ ❡st ✉♥❡ éq✉❛t✐♦♥ ❢♦r✇❛r❞✳ ▲❛ ❞✐✛ér❡♥❝❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❡♥tr❡ ❧❡
❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ❡t ❧❡ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ❡st q✉❡ ❞❛♥s ❧❡ ♣r❡♠✐❡r✱ ❧✬♦❜✲
t❡♥t✐♦♥ ❞✬✉♥ éq✉✐❧✐❜r❡ ♥é❝❡ss✐t❡ ❧❛ rés♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ✭✸✳✾✮ ❞♦♥t ❧❛
❞✐♠❡♥s✐♦♥ ❞é♣❡♥❞ ❞✉ ♥♦♠❜r❡ ❞❡ t❡r♠✐♥❛✉① ❞❛♥s ❧❡ rés❡❛✉ ❛❧♦rs q✉❡ ❞❛♥s ❧❡ s❡❝♦♥❞✱
❧✬éq✉✐❧✐❜r❡ s✬♦❜t✐❡♥t ♣❛r ❧❛ rés♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ ❞❡ ❞❡✉① éq✉❛t✐♦♥s✳ ❆✐♥s✐ ❝❡tt❡
❢♦r♠✉❧❛t✐♦♥ ❡st ❜✐❡♥ ♠♦✐♥s ❝♦♠♣❧❡①❡ ❡t ♥♦✉s ✈❡rr♦♥s ❞❛♥s ❧❛ ♣❛rt✐❡ ✸✳✷✳✹ q✉✬❡❧❧❡ ♣❡r✲
♠❡t ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬éq✉✐❧✐❜r❡✳ ▲❡s s❡✉❧❡s
✐♥❢♦r♠❛t✐♦♥s r❡q✉✐s❡s ❛✉ ♣ré❛❧❛❜❧❡ ♣♦✉r rés♦✉❞r❡ ❝❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s s♦♥t ❧❛ ❞✐s✲
tr✐❜✉t✐♦♥ ✐♥✐t✐❛❧❡ ❞❡s ét❛ts ❞✉ rés❡❛✉ ❛✐♥s✐ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞❡ ❧✬ét❛t ✜♥❛❧✳
❙♦✉s ❧❡s ❤②♣♦t❤ès❡s ✭H✮✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ✐♥✐t✐❛❧❡ ❡st ✐♠♣❧✐❝✐t❡♠❡♥t ❝♦♥♥✉❡ ♣✉✐sq✉✬❡❧❧❡
❡st ✉♥✐❢♦r♠❡ ♠❛✐s ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ❡❧❧❡ ♣❡✉t êtr❡ ❛♣♣r✐s❡ ♣❛r ❧❡ ré❝❡♣t❡✉r ❝♦♠✲
♠✉♥ ✭✈✐❛ ✉♥ r❡♣♦rt ❞❡s é♠❡tt❡✉rs ❞✉ rés❡❛✉①✮ ❡t ❞✐✛✉sé❡ à t♦✉s ❧❡s t❡r♠✐♥❛✉①
❞❛♥s ✉♥ ✉♥✐q✉❡ s✐❣♥❛❧ ♣✉❜❧✐❝✳ ❈♦♥❝❡r♥❛♥t ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ✜♥❛❧❡✱ ♥♦✉s ♣♦✉✈♦♥s
r❛✐s♦♥♥❛❜❧❡♠❡♥t ❝♦♥s✐❞ér❡r q✉✬❡❧❧❡ ❡st ❝♦♠♠✉♥❡ ❡t ❝♦♥♥✉❡ ♣❛r t♦✉s ❧❡s é♠❡tt❡✉rs✳
❯♥❡ ❢♦✐s ❧❡ ❧❡ s②stè♠❡ rés♦❧✉✱ ❝❤❛q✉❡ t❡r♠✐♥❛❧ ♣❡✉t ❝♦♥♥❛îtr❡ s❛ ♣✉✐ss❛♥❝❡ ♦♣t✐♠❛❧❡
❞✬é♠✐ss✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬ét❛t ❞❡ s♦♥ ❝❛♥❛❧ ❡t ❧✬é♥❡r❣✐❡ ❞❡ s❛ ❜❛tt❡r✐❡✳ ❊♥ ❞✬❛✉tr❡s
t❡r♠❡s✱ ❧❛ s♦❧✉t✐♦♥ ❞✉ ❥❡✉ ❢♦✉r♥✐t à ❝❤❛q✉❡ t❡r♠✐♥❛❧ ✉♥❡ ❢♦♥❝t✐♦♥ ❞é♣❡♥❞❛♥t ❞❡ ❧✬ét❛t
❞❡ s♦♥ ❝❛♥❛❧ ❡t ❞❡ ❧✬ét❛t ❞❡ s❛ ❜❛tt❡r✐❡ ❞♦♥t ❧❡ rés✉❧t❛t ❡st ❧❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡
❞✬éq✉✐❧✐❜r❡✳



✸✳✷✳ ❆♥❛❧②s❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ✺✶

✸✳✷✳✸ ❯♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥

❯♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ♣♦✉r ❧✬✉♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ré♣♦♥s❡ ❛✉
❝❤❛♠♣ ♠♦②❡♥ ♣❡✉t êtr❡ ❞♦♥♥é❡✳ ❚♦✉t ❞✬❛❜♦r❞✱ ♥♦✉s r❛♣♣❡❧♦♥s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛
♣♦s✐t✐✈✐té ❞✬✉♥ ♦♣ér❛t❡✉r✳

❉é✜♥✐t✐♦♥ ✶✼ ✭P♦s✐t✐✈✐té ❞✬✉♥ ♦♣ér❛t❡✉r✮ ▲✬♦♣ér❛t❡✉r O : E → E ❡st ❞✐t ♣♦s✐✲
t✐❢ ✭♥♦té ♣❛r O ≻ 0✮ s✐

∀x 6= 0E , 〈x,Ox〉E > 0,

♦ù 0E ❡st ❧✬é❧é♠❡♥t ♥❡✉tr❡ ❞❡ E✳

❚❤é♦rè♠❡ ✻ ✭❯♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ré♣♦♥s❡ ❛✉ ❝❤❛♠♣ ♠♦②❡♥✮
❯♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ♣♦✉r ❧✬✉♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ré♣♦♥s❡ ❛✉
❝❤❛♠♣ ♠♦②❡♥ ❡st q✉❡ ♣♦✉r t♦✉t tr✐♣❧❡t (s, u′,m) ∈ R

3 × R× P(R3)✱

− 1

m

∂

∂m
H̃(s, u′,m) ≻ 0,

∂2

∂u′2
H̃(s, u′,m) > 0,

∂2

∂m∂u′
H̃(s, u′,m)− 1

2

( ∂2

∂m∂u′ H̃(s, u′,m))2

∂2

∂u′2 H̃(s, u′,m)
≻ 0.

✭✸✳✷✾✮

▲❛ ♣r❡✉✈❡ ❞❡ ❝❡tt❡ ♣r♦♣♦s✐t✐♦♥ ❡st ❞♦♥♥é❡ ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✸❪✳
❉❛♥s ❧❛ ♣❛rt✐❡ s✉✐✈❛♥t❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❞❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s ✐❧❧✉str❛♥t ❞❡s

str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✐ss✉❡s ❞❡ ❧✬❛♥❛❧②s❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥✳

✸✳✷✳✹ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s ♣♦✉r ❧❡ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥

▲❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❝❡tt❡ ♣❛rt✐❡ ❡st ❞✬ét✉❞✐❡r ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✉ ♠♦❞è❧❡
❞é✈❡❧♦♣♣é ❡♥ ♣❛rt✐❡ ✸✳✷ ♣♦✉r ❧❡q✉❡❧ ❧✬♦❜t❡♥t✐♦♥ ❞✬✉♥❡ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐s✲
s❛♥❝❡ ❞✬éq✉✐❧✐❜r❡ ❡st s✐♠♣❧❡✳ P❛r ❧❡ ❜✐❛✐s ❞❡ rés✉❧t❛ts ♥✉♠ér✐q✉❡s✱ ♥♦✉s ét✉❞✐♦♥s
❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❝❡tt❡ s♦❧✉t✐♦♥ ❡♥ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❝❡❧❧❡s ❞❡s str❛té❣✐❡s
✐ss✉❡s ❞✉ ❥❡✉ st❛t✐q✉❡ ❡t ❞✉ ❥❡✉ ré♣été r❡s♣❡❝t✐✈❡♠❡♥t ❞é✜♥✐s ❞❛♥s ❧❡s ♣❛rt✐❡s ✷✳✶
❡t ✷✳✸✳

❈❛s ❧✐♠✐t❡ ❞❡s ❞②♥❛♠✐q✉❡s ❞❡ ❝❛♥❛❧ ❧❡♥t❡s

▲❡ s❝é♥❛r✐♦ q✉❡ ♥♦✉s ét✉❞✐♦♥s ❞❛♥s ❝❡tt❡ ♣❛rt✐❡ ❡st ❝❡❧✉✐ ❞❡s ❞②♥❛♠✐q✉❡s ❞❡ ❝❛♥❛❧
❧❡♥t❡s ♣❛r r❛♣♣♦rt ❛✉① ❞②♥❛♠✐q✉❡s ❞❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♣♦✉r
❞❡s ❝❛♥❛✉① à ❛tté♥✉❛t✐♦♥ ❧❡♥t❡ ❡t ♣♦✉r ✉♥❡ ❞✉ré❡ ❞✉ ❥❡✉ s✉✣s❛♠♠❡♥t ❝♦✉rt❡✱ ❧❡s
❝♦❡✣❝✐❡♥ts ❞❡s ❝❛♥❛✉① ♣❡✉✈❡♥t êtr❡ ❝♦♥s✐❞érés ❝♦♥st❛♥ts s✉r ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ t❡♠♣s
[T, T ′]✳ ▲❛ s❡✉❧❡ ❝♦♠♣♦s❛♥t❡ ❞❡ ❧✬ét❛t ❞❡s t❡r♠✐♥❛✉① q✉✐ ✈❛r✐❡ ❛✉ ❝♦✉rs ❞✉ ❥❡✉ ❡st
❞♦♥❝ ❧❡ ♥✐✈❡❛✉ ❞✬é♥❡r❣✐❡ ❞❡ ❝❤❛q✉❡ t❡r♠✐♥❛❧✳ ❈❡❧❛ r❡✈✐❡♥t à ❝♦♥s✐❞ér❡r q✉❡ ❧✬é♥❡r❣✐❡



✺✷ ❈❤❛♣✐tr❡ ✸✳ ❏❡✉① à ❝❤❛♠♣ ♠♦②❡♥

❞❡ ❧❛ ❜❛tt❡r✐❡ ❞é✜♥✐❡ s❡✉❧❡ ❧✬ét❛t ❞✬✉♥ t❡r♠✐♥❛❧ ❡t ❞❛♥s ❝❡ ❝❛s✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ré♣♦♥s❡
❛✉ ❝❤❛♠♣ ♠♦②❡♥ ❞❡✈✐❡♥t ✿

{
∂V̂t

∂t + supαt
{û(s,mt, αt)− αt

∂V̂t

∂E } = 0,
∂mt

∂t − ∂
∂E (mtα

∗
t ) = 0,

✭✸✳✸✵✮

❛✈❡❝ α∗
t = argmaxαt{û(s,mt, αt) − αt

∂V̂t

∂E }✳ ▲❛ ♣r❡♠✐èr❡ éq✉❛t✐♦♥ ♣❡r♠❡t ❞✬♦❜t❡♥✐r
“Vt ❡t α∗

t ❡♥ ❢♦♥❝t✐♦♥ ❞❡mt✳ ▲❛ s❡❝♦♥❞❡ éq✉❛t✐♦♥ ❞♦♥♥❡mt ❡♥ ❢♦♥❝t✐♦♥ ❞❡ α∗
t ✳ ➚ ♣❛rt✐r

❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ✐♥✐t✐❛❧❡ mT ❡t ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞❡ ❧✬ét❛t ✜♥❛❧ VT ′ ✱ ❝❤❛q✉❡
❥♦✉❡✉r ♣❡✉t ♦❜t❡♥✐r ✉♥❡ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ α∗ q✉✐✱ ♣♦✉r ❝❤❛q✉❡
✐♥st❛♥t t✱ ❞♦♥♥❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬ét❛t ❞✉ ❝❛♥❛❧ ❡t ❞✉ ♥✐✈❡❛✉
❞✬é♥❡r❣✐❡✳ ▲❛ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ rés✉❧t❛♥t ❞❡ ❝❡ ❝❛s ❡st ✐❧❧✉stré❡ ♣❛r
❞❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s ✐ss✉s ❞❡ ❬▼ér✐❛✉① ✷✵✶✷❝❪ ❞❛♥s ❧❛ ♣❛rt✐❡ s✉✐✈❛♥t❡✳

❘és✉❧t❛ts ♥✉♠ér✐q✉❡s

▲❡s ♣❛r❛♠ètr❡s ❝❤♦✐s✐s ♣♦✉r ♦❜t❡♥✐r ❞❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s s♦♥t ❧❡s s✉✐✈❛♥ts✳
▲♦rsq✉❡ ❧❡s é♠❡tt❡✉rs é♠❡tt❡♥t ✈❡rs ❧❡ ré❝❡♣t❡✉r ❝♦♠♠✉♥✱ ✐❧s ❧❡ ❢♦♥t ❛✈❡❝ ✉♥ ❞é❜✐t
R = 1 ▼❜♣s✳ ▲❛ ♣✉✐ss❛♥❝❡ ❞✉ ❜r✉✐t ❛✉ ré❝❡♣t❡✉r ❡st σ2 = 0, 1 ✭♣✉✐ss❛♥❝❡ ♥♦r♠❛❧✲
✐sé❡✮✳ ▲❡s ❣❛✐♥s ❞❡s ❝❛♥❛✉① s♦♥t ❝♦♥s✐❞érés ✉♥✐❢♦r♠❡s ❡t |h(t)|2 = 1 ✭♦♥ ♥♦t❡r❛ q✉❡
♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❛✉tr❡ ❞✐str✐❜✉t✐♦♥ st❛t✐q✉❡ ♣❡✉t êtr❡ ❝♦♥s✐❞éré❡✮✳ ▲❛ ❢♦♥❝t✐♦♥ ❞✬❡✣✲
❝❛❝✐té ❡st f(γ) = exp(−0,9

γ )✳ ▲❡s ❝♦✉r❜❡s ✸✳✶ à ✸✳✹ s♦♥t ♦❜t❡♥✉❡s ♣♦✉r ✉♥❡ ❞✉ré❡ ❞✉
❥❡✉ ❞❡ 10 s ❛❧♦rs q✉❡ ❧❡s ❝♦✉r❜❡s ✸✳✺ ❡t ✸✳✻ s♦♥t ♦❜t❡♥✉❡s ♣♦✉r ✉♥❡ ❞✉ré❡ ❞✉ ❥❡✉ ❞❡
120 s✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ✐♥✐t✐❛❧❡ ❞✬é♥❡r❣✐❡ ❞❡s t❡r♠✐♥❛✉① mT ❡st s♣é❝✐✜é❡ ♣♦✉r ❝❤❛q✉❡
✜❣✉r❡✳ ▲❛ ❝♦♥❞✐t✐♦♥ ✜♥❛❧❡ “VT ′ = q(s(T ′)) ❡st ✜①é❡ à 0✱ ♣♦✉r q✉❡ ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝
❧❡s str❛té❣✐❡s ✐ss✉❡s ❞✉ ❥❡✉ st❛t✐q✉❡ ❡t ❞✉ ❥❡✉ ré♣été ❡s❝♦♠♣té s♦✐t ❥✉st❡✳ ❊♥ ❡✛❡t✱ ✐❧
♥✬② ❛ ♣❛s ❞❡ ré❝♦♠♣❡♥s❡ ❞✬✉t✐❧✐té à ❧✬ét❛t ✜♥❛❧ ❞❛♥s ❝❡s ❞❡✉① t②♣❡s ❞❡ ❥❡✉①✳ ❊♥✜♥✱
♥♦✉s ❝❤♦✐s✐ss♦♥s ✉♥ ♥✐✈❡❛✉ ♠❛①✐♠✉♠ ❞✬é♥❡r❣✐❡ ❞✐s♣♦♥✐❜❧❡ ❞❡ Emax = 20 ❏✳

❉❛♥s ❧❛ ✜❣✉r❡ ✸✳✶✱ ❡st r❡♣rés❡♥té❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❞✬éq✉✐❧✐❜r❡ ❞✬✉♥ t❡r♠✐✲
♥❛❧ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞✐s♣♦♥✐❜❧❡ ❞❛♥s s❛ ❜❛tt❡r✐❡ ❛✐♥s✐ q✉❡ ❧❛ ❞✉ré❡ ❞✉ ❥❡✉✳ ▲❛
✜❣✉r❡ ♠♦♥tr❡ q✉❡ ❧❡s t❡r♠✐♥❛✉① ❝♦♠♠❡♥ç❛♥t ❧❡ ❥❡✉ ❛✈❡❝ ✉♥ ♥✐✈❡❛✉ ❞✬é♥❡r❣✐❡ é❧❡✈é
✭20 ❏✮ ❝♦♠♠❡♥❝❡♥t ♣❛r é♠❡ttr❡ ❛✈❡❝ ✉♥ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ é❧❡✈é✳ P✉✐s ❝❡ ♥✐✈❡❛✉ ❞❡
♣✉✐ss❛♥❝❡ ❞✐♠✐♥✉❡ ❛✈❡❝ ❧❡ t❡♠♣s✳ P❛r ❝♦♥tr❡✱ ❧❡s t❡r♠✐♥❛✉① ❝♦♠♠❡♥ç❛♥t ❧❡ ❥❡✉ ❛✈❡❝
♣❡✉ ❞✬é♥❡r❣✐❡ ♥✬é♠❡tt❡♥t ♣❛s ❛✈❡❝ ❞❡s ✈❛❧❡✉rs ❞❡ ♣✉✐ss❛♥❝❡ é❧❡✈é❡s ❛✉ ❞é❜✉t ❞✉ ❥❡✉✳
■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ r❡♠❛rq✉❡r q✉❡ ❝❡s t❡r♠✐♥❛✉① ❛tt❡♥❞❡♥t q✉❡ ❞✬❛✉tr❡s t❡r♠✐♥❛✉①
❞é❝❤❛r❣❡♥t ❧❡✉rs ❜❛tt❡r✐❡ ❛✈❛♥t ❞❡ ❝♦♠♠❡♥❝❡r à é♠❡ttr❡✳ ❈❡❝✐ ❧❡✉r ♣❡r♠❡t ❞❡ s✉❜✐r
♠♦✐♥s ❞✬✐♥t❡r❢ér❡♥❝❡✳ ❈❡ ♣❤é♥♦♠è♥❡ ❡st é❣❛❧❡♠❡♥t ♠✐s ❡♥ ❧✉♠✐èr❡ ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✷
q✉✐ r❡♣rés❡♥t❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ♣♦✉r tr♦✐s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡
✐♥✐t✐❛❧❡ ✿ 1 ❏✱ 5 ❏ ❡t 20 ❏✳

▲❛ ✜❣✉r❡ ✸✳✸ r❡♣rés❡♥t❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❡s t❡r♠✐♥❛✉① ❡♥ ❢♦♥❝t✐♦♥
❞✉ t❡♠♣s ❧♦rsq✉❡ ❧❡s t❡r♠✐♥❛✉① s✉✐✈❡♥t ❧❛ str❛té❣✐❡ ❞✬é♠✐ss✐♦♥ ❞✬éq✉✐❧✐❜r❡✳ ❉❛♥s ❝❡
❝❛s ♣ré❝✐s✱ ❧❡s t❡r♠✐♥❛✉① ❞é❜✉t❡♥t ❧❡ ❥❡✉ ❛✈❡❝ ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞✬é♥❡r❣✐❡ ✉♥✐❢♦r♠❡
❡t ♥♦✉s r❡♠❛rq✉♦♥s q✉❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ t❡r♠✐♥❛✉① ♣♦ssé❞❛♥t ❜❡❛✉❝♦✉♣ ❞✬é♥❡r❣✐❡
❞✐♠✐♥✉❡ ❛✈❡❝ ❧❡ t❡♠♣s✱ ❛❧♦rs q✉✬✉♥❡ ♣r♦♣♦rt✐♦♥ ❝r♦✐ss❛♥t❡ ❞❡ t❡r♠✐♥❛✉① ✈♦✐❡♥t ❧❡✉rs
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’é
q
u
il
ib
re

(W
)

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

❋✐❣✉r❡ ✸✳✶ ✕ ❙tr❛té❣✐❡ ❞✬é♠✐ss✐♦♥ ❞✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ❡♥ ❢♦♥❝t✐♦♥ ❞✉
t❡♠♣s ❡t ❞❡ ❧✬é♥❡r❣✐❡ ❞✐s♣♦♥✐❜❧❡✳
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❋✐❣✉r❡ ✸✳✷ ✕ ❙tr❛té❣✐❡ ❞✬é♠✐ss✐♦♥ ❞✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ❡♥ ❢♦♥❝t✐♦♥ ❞✉
t❡♠♣s ♣♦✉r 3 q✉❛♥t✐tés ❞✬é♥❡r❣✐❡ ✐♥✐t✐❛❧❡✳



✺✹ ❈❤❛♣✐tr❡ ✸✳ ❏❡✉① à ❝❤❛♠♣ ♠♦②❡♥

0 5 10 15 20 0
5

100

0.005

0.01

0.015

0.02

0.025

 

Temps (s)
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❋✐❣✉r❡ ✸✳✸ ✕ ➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬é♥❡r❣✐❡ ❛ss♦❝✐é❡ à ❧❛ str❛té❣✐❡ ❞✬é♠✐ss✐♦♥
❞✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ♣♦✉r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞✬é♥❡r❣✐❡ ✐♥✐t✐❛❧❡ ✉♥✐❢♦r♠❡✳

❜❛tt❡r✐❡ s❡ ✈✐❞❡r✳ ❯♥ ❝♦♠♣♦rt❡♠❡♥t s✐♠✐❧❛✐r❡ ❡st ♦❜s❡r✈é ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✹✱ à ❧❛
❞✐✛ér❡♥❝❡ q✉✬✐❧ ♥✬② ❛ q✉❡ ❞❡s t❡r♠✐♥❛✉① ❛✈❡❝ ✉♥❡ q✉❛♥t✐té é❧❡✈é❡ ❞✬é♥❡r❣✐❡ ❛✉ ❞é❜✉t
❞❡ ❝❡ ❞❡r♥✐❡r ❝❛s✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞❛♥s ❧❡s t❡r♠✐♥❛✉① ❞✉ s②stè♠❡ é✈♦❧✉❡
❞♦♥❝ ❞❡ ♠❛♥✐èr❡ r❡❣r♦✉♣é❡✳

P✉✐sq✉❡ ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ré♣♦♥s❡ ❛✉ ❝❤❛♠♣ ♠♦②❡♥ ❡st ❞ét❡r♠✐♥é❡ ♣♦✉r
✉♥❡ ❞✉ré❡ ❞✉ ❥❡✉ ❞♦♥♥é❡✱ ❧❛ str❛té❣✐❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❞✬éq✉✐❧✐❜r❡ ❞é♣❡♥❞
é❣❛❧❡♠❡♥t ❞❡ ❝❡tt❡ ❞✉ré❡✳ P♦✉r ❝❡tt❡ r❛✐s♦♥✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ❢❛✐r❡ ❝r♦îtr❡ ❧❛
❞✉ré❡ ❞✉ ❥❡✉ à 120 s✱ ❝♦♠♠❡ ❝❡❧❛ ❡st ❢❛✐t ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✺✱ ♣♦✉r ❡♥ ♦❜s❡r✈❡r
❧✬✐♠♣❛❝t s✉r ❧❛ str❛té❣✐❡ ❞✬é♠✐ss✐♦♥✳ ❉✬✉♥❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ ✉♥❡ ❞✉ré❡ ❞✉ ❥❡✉ ♣❧✉s
❧♦♥❣✉❡ ✐♥❝✐t❡ ❧❡s t❡r♠✐♥❛✉① à ❝♦♥s♦♠♠❡r ♠♦✐♥s ❞❡ ♣✉✐ss❛♥❝❡ ♣♦✉r q✉❡ ❧❡✉rs ❜❛tt❡r✐❡s
r❡st❡♥t ❝❤❛r❣é❡s ♣❧✉s ❧♦♥❣t❡♠♣s✳ ❈❡tt❡ ❢❛✐❜❧❡ ❝♦♥s♦♠♠❛t✐♦♥ ♦✛r❡ ❛✉① t❡r♠✐♥❛✉① ✉♥❡
♠❡✐❧❧❡✉r❡ ❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ q✉❡ ❞❛♥s ❧❡ ❝❛s ❞❡s str❛té❣✐❡s ❞✬é♠✐ss✐♦♥ ✐ss✉❡s ❞✉
❥❡✉ st❛t✐q✉❡ ♦✉ ❞✉ ❥❡✉ ré♣été st❛♥❞❛r❞✱ ❝♦♠♠❡ ❝❡❧❛ ❡st ✐❧❧✉stré ❞❛♥s ❧❛ ✜❣✉r❡ ✸✳✻✳

✸✳✸ ❈♦♥❝❧✉s✐♦♥

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡
❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ✐♥✐t✐❛❧❡♠❡♥t ✐♥tr♦❞✉✐t❡ ❞❛♥s ❬●♦♦❞♠❛♥ ✷✵✵✵❪
s♦✉s ❢♦r♠❡ ❞✬✉♥ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡✳ ❈❡tt❡ ❢♦r♠✉❧❛t✐♦♥ ♣❡r♠❡t ❞✬♦♣t✐♠✐s❡r
❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❣❧♦❜❛❧❡ ❞✉ rés❡❛✉✱ t♦✉t ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡s ❝♦♥tr❛✐♥t❡s ❞✬é♥✲
❡r❣✐❡s à ❧♦♥❣ t❡r♠❡ ❡t ❞❡s ❡✛❡ts ❞❡ ♣r♦♣❛❣❛t✐♦♥ t❡❧s q✉❡ ❧❛ ❝♦rré❧❛t✐♦♥ t❡♠♣♦r❡❧❧❡
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❋✐❣✉r❡ ✸✳✹ ✕ ➱✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬é♥❡r❣✐❡ ❛ss♦❝✐é❡ à ❧❛ str❛té❣✐❡ ❞✬é♠✐s✲
s✐♦♥ ❞✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ♣♦✉r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞✬é♥❡r❣✐❡ ✐♥✐t✐❛❧❡ ♥♦♥✲
✉♥✐❢♦r♠❡✳
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❋✐❣✉r❡ ✸✳✺ ✕ ❙tr❛té❣✐❡s ❞✬é♠✐ss✐♦♥ ❞✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ❡♥ ❢♦♥❝t✐♦♥
❞✉ t❡♠♣s✱ ♣♦✉r 3 ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ✐♥✐t✐❛❧❡✱ ♣♦✉r ✉♥❡ ❞✉ré❡ ❞✉ ❥❡✉ ❧♦♥❣✉❡✳



✺✻ ❈❤❛♣✐tr❡ ✸✳ ❏❡✉① à ❝❤❛♠♣ ♠♦②❡♥

0 5 10 15 20
0

20

40

60

80

100
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Éq. du jeu statique

❋✐❣✉r❡ ✸✳✻ ✕ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❧✬✉t✐❧✐té ♠♦②❡♥♥❡ ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ♣♦✉r ❧❛
str❛té❣✐❡ ❞✬é♠✐ss✐♦♥ ❞✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ ❛✈❡❝ ❧❡s str❛té❣✐❡s ❞✬éq✉✐❧✐❜r❡
✐ss✉❡s ❞✉ ❥❡✉ st❛t✐q✉❡ ❡t ❞✉ ❥❡✉ ré♣été st❛♥❞❛r❞✳

❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉①✳ ▲❡ ♣r♦❜❧è♠❡ ❡st q✉❡ ❝❡ ♠♦❞è❧❡ ❞❡✈✐❡♥t tr♦♣ ❝♦♠♣❧❡①❡ à ♠❛✲
♥✐♣✉❧❡r ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ t❡r♠✐♥❛✉① ❞❛♥s ❧❛ ❝❡❧❧✉❧❡ ❞❡✈✐❡♥t ❣r❛♥❞✳ ❆✉ ❧✐❡✉ ❞❡
❝♦♥s✐❞ér❡r ❧❡s rés❡❛✉① ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡✱ ✐❧s ♣❡✉✈❡♥t êtr❡
♣❡rç✉s ❝♦♠♠❡ ✉♥ ❛t♦✉t ♣✉✐sq✉❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉rs✱ ❧❡
❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ♣❡✉t êtr❡ ❛♣♣r♦❝❤é ♣❛r ✉♥ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥✳ ❙♦✉s
❧✬❤②♣♦t❤ès❡ ❞❡ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧✬ét❛t ✐♥❞✐✈✐❞✉❡❧✱ ❧✬✐❞é❡ ❡st ♣ré❝✐sé♠❡♥t ❞✬❡①♣❧♦✐t❡r
❧❡ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❥♦✉❡✉r ♣♦✉r s✐♠♣❧✐✜❡r ❧✬❛♥❛❧②s❡ ❞✉ ♣r♦❜❧è♠❡✳ ❈❡ ♥♦✉✈❡❛✉ ❥❡✉
s✐♠♣❧✐✜❡ ❧✬❛♥❛❧②s❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ♣✉✐sq✉❡ ❧✬❡①♣r❡ss✐♦♥ ❞❡ ❧✬éq✉✐❧✐❜r❡ ♥é❝❡ss✐t❡ s❡✉❧❡✲
♠❡♥t ❧❛ rés♦❧✉t✐♦♥ ❞✬✉♥ s②stè♠❡ ❞❡ ❞❡✉① éq✉❛t✐♦♥s✱ à ♣❛rt✐r ❞❡ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡
❧❛ ❞✐str✐❜✉t✐♦♥ ✐♥✐t✐❛❧❡ ❞✬ét❛t ❞✉ s②stè♠❡✳ ❈❡tt❡ ❝♦♥♥❛✐ss❛♥❝❡ ♣❡✉t êtr❡ ♦❜t❡♥✉❡ ♣❛r
❧❛ ❞✐✛✉s✐♦♥ ❞✬✉♥ s✐❣♥❛❧ ♣✉❜❧✐❝ ❞❛♥s ❧❡ rés❡❛✉ ❡t r❡♠❛rq✉❛❜❧❡♠❡♥t✱ ❧❛ ❝♦♠♣❧❡①✐té ❞❡
❝❡ s✐❣♥❛❧ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ ❧❛ t❛✐❧❧❡ ❞✉ rés❡❛✉ ♣✉✐sq✉❡ ❧❛ q✉❛♥t✐té ❞✬✐♥❢♦r♠❛t✐♦♥ à
tr❛♥s♠❡ttr❡ ♥❡ ❞é♣❡♥❞ ♣❛s ❞✉ ♥♦♠❜r❡ ❞❡ t❡r♠✐♥❛✉① ❞❛♥s ❧❛ ❝❡❧❧✉❧❡✳ ➚ ❧✬✐ss✉❡ ❞❡ ❧❛
rés♦❧✉t✐♦♥ ❞✉ s②stè♠❡✱ ❝❤❛q✉❡ t❡r♠✐♥❛❧ ♦❜t✐❡♥t ✉♥❡ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐s✲
s❛♥❝❡ ❞é♣❡♥❞❛♥t ✉♥✐q✉❡♠❡♥t ❞❡ ❧✬ét❛t ❞❡ s♦♥ ❝❛♥❛❧ ❡t ❞❡ s❛ ❜❛tt❡r✐❡ ❡t ❛✉❝✉♥ s✐❣♥❛❧
♣✉❜❧✐❝ s✉♣♣❧é♠❡♥t❛✐r❡ ♥✬❡st ♥é❝❡ss❛✐r❡✳ ❈❡ ❝❛❞r❡ ♥♦✉s ♣❡r♠❡t é❣❛❧❡♠❡♥t ❞✬♦❜t❡♥✐r
❞❡s ❝♦♥❞✐t✐♦♥s s✉✣s❛♥t❡s ♣♦✉r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ str❛té❣✐❡s ❞❡
❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡✳

❆❧♦rs q✉❡ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ❧❡s éq✉❛t✐♦♥s ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s rés✉❧t❛♥t ❞✉
❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ r❡st❡♥t ❝♦♠♣❧✐q✉é❡s à rés♦✉❞r❡✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ✉♥ ❝❛s ♣❛rt✐✲
❝✉❧✐❡r ♣♦✉r ❧❡q✉❡❧ ❞❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s ♣❡✉✈❡♥t êtr❡ ♦❜t❡♥✉s✳ ❈❡s rés✉❧t❛ts s♦♥t



✸✳✸✳ ❈♦♥❝❧✉s✐♦♥ ✺✼

❡♥❝♦✉r❛❣❡❛♥t✱ ❜✐❡♥ q✉✬✐❧s ❛✐❡♥t s❡✉❧❡♠❡♥t été ❣é♥érés ♣♦✉r ❧❡ ❝❛s ❞❡s ❝❛♥❛✉① q✉❛s✐✲
st❛t✐q✉❡s✳ ◆♦✉s r❛♣♣❡❧♦♥s ❝❡rt❛✐♥❡s ❝♦♥❝❧✉s✐♦♥s ✐ss✉❡s ❞❡ ❝❡s rés✉❧t❛ts q✉✐ ♣❡✉✈❡♥t
êtr❡ ✐♥tér❡ss❛♥t❡s ♣♦✉r ❞❡s ✐♥❣é♥✐❡✉rs ❡t ❞✬❛✉tr❡s ❝❤❡r❝❤❡✉rs ✿

✶✳ ▲❡s t❡r♠✐♥❛✉① ❞✐s♣♦s❛♥t ❞✬✉♥❡ ❢❛✐❜❧❡ é♥❡r❣✐❡ ✐♥✐t✐❛❧❡ é♠❡tt❡♥t ❞✬❛❜♦r❞ ❛✈❡❝
✉♥❡ ❢❛✐❜❧❡ ♣✉✐ss❛♥❝❡✱ ♣✉✐s ❝❡tt❡ ♣✉✐ss❛♥❝❡ ❛✉❣♠❡♥t❡ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✱ ♣♦✉r
❧❡ ❝❛s ♦ù ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬é♥❡r❣✐❡ ✐♥✐t✐❛❧❡ ❡st ✉♥✐❢♦r♠❡ ❡t ❧❛ ❞✉ré❡ T ′ − T ❡st
❝♦✉rt❡✳

✷✳ ❉❛♥s ❧❡s ♠ê♠❡s ❝♦♥❞✐t✐♦♥s✱ ❧❡s t❡r♠✐♥❛✉① ❞✐s♣♦s❛♥t ❞✬✉♥❡ ❢♦rt❡ é♥❡r❣✐❡ ✐♥✐✲
t✐❛❧❡ é♠❡tt❡♥t ❞✬❛❜♦r❞ ❛✈❡❝ ✉♥❡ ❢♦rt❡ ♣✉✐ss❛♥❝❡✱ ♣✉✐s ❝❡tt❡ ♣✉✐ss❛♥❝❡ ❞é❝r♦ît
♣r♦❣r❡ss✐✈❡♠❡♥t ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳

✸✳ ▲❡s t❡r♠✐♥❛✉① ❛✈❡❝ ✉♥❡ é♥❡r❣✐❡ ✐♥✐t✐❛❧❡ ❢❛✐❜❧❡ é♠❡tt❡♥t ❞✬❛❜♦r❞ ❛✈❡❝ ✉♥❡ ♣✉✐s✲
s❛♥❝❡ ❢❛✐❜❧❡ q✉✐ ❞é❝r♦ît ❛✈❡❝ ❧❡ t❡♠♣s✱ ❛✈❛♥t ❞✬❛✉❣♠❡♥t❡r ❝❡tt❡ ♣✉✐ss❛♥❝❡ q✉❛♥❞
s✉✣s❛♠♠❡♥t ❞✬❛✉tr❡s t❡r♠✐♥❛✉① ♦♥t ✈✐❞é ❧❡✉rs ❜❛tt❡r✐❡✱ q✉❛♥❞ ❧❛ ❞✐str✐❜✉t✐♦♥
❞✬é♥❡r❣✐❡ ✐♥✐t✐❛❧❡ ❡st ✉♥✐❢♦r♠❡ ❡t q✉❡ T ′ − T ❡st ❣r❛♥❞✳

✹✳ ◗✉❛♥❞ T ′ − T ❡st s✉✣s❛♠♠❡♥t ❣r❛♥❞✱ ❧✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥
❡st ♣❧✉s ♣❡r❢♦r♠❛♥t q✉❡ ❞✬❛✉tr❡s éq✉✐❧✐❜r❡s ❝❧❛ss✐q✉❡s ✭❞❡ ❬●♦♦❞♠❛♥ ✷✵✵✵❪
❡t ❬▲❡ ❚r❡✉st ✷✵✶✵❪✮ ❡♥ t❡r♠❡s ❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡✳

❯♥ s♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ❝❛s ❣é♥ér❛❧ q✉✐ ❝♦♠♣r❡♥❞ ❞❡s ❝❛♥❛✉① ✈❛r✐❛♥t ❛✈❡❝
❧❡ t❡♠♣s ❡♥ ♣❧✉s ❞✉ ♥✐✈❡❛✉ ❞✬é♥❡r❣✐❡ ❡st ✉♥❡ ♣❡rs♣❡❝t✐✈❡ ❞❡ tr❛✈❛✐❧ ❢✉t✉r✳ ❉✬❛✉tr❡s
❛①❡s ❞❡ tr❛✈❛✐❧ ❝♦♥s✐st❡♥t à ét✉❞✐❡r ✉♥ rés❡❛✉ ♠✉❧t✐✲❝❡❧❧✉❧❛✐r❡✱ ❞❡s st❛t✐♦♥s ❞❡ ❜❛s❡
❞✐str✐❜✉é❡s ❛✐♥s✐ q✉❡ ❧❡ ❝❛s ❞❡s ♠✉❧t✐♣❧❡s ♣♦rt❡✉s❡s✳





❈❤❛♣✐tr❡ ✹

❉②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s
ré♣♦♥s❡s ❡t ❛♣♣r❡♥t✐ss❛❣❡ ♣♦✉r ❧❡s

rés❡❛✉① ❞✐str✐❜✉és

❙♦♠♠❛✐r❡
✹✳✶ ❏❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✶✳✶ ▼♦❞é❧✐s❛t✐♦♥ ❞✉ s②stè♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✹✳✶✳✷ ➱t✉❞❡ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹✳✶✳✸ ❈♦♥✈❡r❣❡♥❝❡ ✈❡rs ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✹✳✷ ❏❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ✳ ✳ ✳ ✼✶

✹✳✷✳✶ ❋♦r♠✉❧❛t✐♦♥ ❞✉ ❥❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✹✳✷✳✷ ❈♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ❉▼❘ ✈❡rs ✉♥ ❊❙❊ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✷✳✸ ❈♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ré♣♦♥s❡ r♦❜✉st❡ ❛✈❡✉❣❧❡
✭❉❘❘❆✮ ✈❡rs ✉♥ ❊❙❊ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✹✳✷✳✹ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✹✳✸ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

❉❛♥s ❧❡s ❝❤❛♣✐tr❡s ♣ré❝é❞❡♥ts✱ ❧✬ét✉❞❡ ❞❡ ❥❡✉① ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣✲
❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ♥♦✉s ❛ ❝♦♥❞✉✐t à ét✉❞✐❡r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✬éq✉✐❧✐❜r❡s
❞❡ ◆❛s❤✳ ◆♦✉s r❛♣♣❡❧♦♥s ❜r✐è✈❡♠❡♥t q✉✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❡st ✉♥ ♣r♦✜❧ ❞✬❛❝✲
t✐♦♥s ✭♣♦✉r ❧❡s ❥❡✉① st❛t✐q✉❡s✮ ♦✉ ❞❡ str❛té❣✐❡s ✭♣♦✉r ❧❡s ❥❡✉① ré♣étés✮ ❞♦♥t ❛✉❝✉♥
❥♦✉❡✉r ♥✬❛ ✉♥✐❧❛tér❛❧❡♠❡♥t ✐♥térêt à ❞é✈✐❡r✳ ❉❛♥s ✉♥ s②stè♠❡ ❞✐str✐❜✉é✱ ✉♥ t❡❧ ♣♦✐♥t
r❡♣rés❡♥t❡ ❞♦♥❝ ✉♥ ét❛t st❛❜❧❡ q✉✬❛✉❝✉♥ ❥♦✉❡✉r ♥✬❛ ✐♥térêt à q✉✐tt❡r ❡t ❝✬❡st ❝❡tt❡
♣r♦♣r✐été ❞❡ st❛❜✐❧✐té q✉✐ ❥✉st✐✜❡ ❧✬✐♥térêt ❞❡ ❝❡s ♣♦✐♥ts✳ P♦✉r ❧❡s éq✉✐❧✐❜r❡s ét✉❞✐és
♣ré❝é❞❡♠♠❡♥t✱ ❧❡s ❥♦✉❡✉rs ❛✈❛✐❡♥t ✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞✉ ❥❡✉ t❡❧❧❡ q✉✬✐❧s ♣♦✉✈❛✐❡♥t
❡♥ ❞é❞✉✐r❡ ❧❡✉rs ❛❝t✐♦♥s ♦✉ ❧❡✉rs str❛té❣✐❡s ❞✬éq✉✐❧✐❜r❡✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t ❧❡ ♥✐✈❡❛✉
❞❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞✉ ❥❡✉ ♥é❝❡ss❛✐r❡ à ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✬✉♥ éq✉✐❧✐❜r❡ ♥✬❡st ♣❛s ❢♦r❝é✲
♠❡♥t ❞✐s♣♦♥✐❜❧❡ ❞❛♥s t♦✉s ❧❡s ❝❛s ❞✬ét✉❞❡s✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ét✉❞✐♦♥s ❞❡✉①
♣r♦❜❧è♠❡s ♣♦✉r ❧❡sq✉❡❧s ♥♦✉s ♣r♦✉✈♦♥s q✉✬✐❧ ❡①✐st❡ ❞❡s ét❛ts ❞✬éq✉✐❧✐❜r❡ ♠❛✐s q✉❡
❧❡s ❥♦✉❡✉rs ♥❡ ♣❡✉✈❡♥t ♣❛s ❝♦♥♥❛îtr❡ à ❝❛✉s❡ ❞✉ ♠❛♥q✉❡ ❞✬✐♥❢♦r♠❛t✐♦♥ ❞✐s♣♦♥✐❜❧❡✳
P♦✉r ❝♦♥t♦✉r♥❡r ❝❡ ♠❛♥q✉❡ ❞✬✐♥❢♦r♠❛t✐♦♥✱ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ❞❡✉① ♣r♦❜❧è♠❡s✱ ♥♦✉s
ét✉❞✐♦♥s ❞❡s ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s ✭❉▼❘✮ ❬❋✉❞❡♥❜❡r❣ ✶✾✾✶❪ ❡t ❞❡s
t❡❝❤♥✐q✉❡s ❞✬❛♣♣r❡♥t✐ss❛❣❡ ❬❙✉tt♦♥ ✶✾✾✽❪ q✉✐ ♣❡r♠❡tt❡♥t ❛✉① ❥♦✉❡✉rs ❞❡ ❝♦♥✈❡r❣❡r
❡♥ ♣❧✉s✐❡✉rs ét❛♣❡s ✈❡rs ❝❡s ét❛ts ❞✬éq✉✐❧✐❜r❡✳



✻✵ ❈❤❛♣✐tr❡ ✹✳ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

▲❡s tr❛✈❛✉① q✉❡ ♥♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ s♦rt❡♥t ❞✉ ❝❛❞r❡ ❞✉ ❝♦♥trô❧❡
❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t ❡t s♦♥t ❞♦♥❝ t♦t❛❧❡♠❡♥t ✐♥❞é♣❡♥❞❛♥ts ❞❡s
❝❤❛♣✐tr❡s ✷ ❡t ✸✳ ▲❡ ♣r❡♠✐❡r ♣r♦❜❧è♠❡ ❝♦♥s✐❞éré ❛ été ♣rés❡♥té ♣♦✉r ❧❛ ♣r❡♠✐èr❡
❢♦✐s ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✶❜❪✳ ❈✬❡st ✉♥ ❥❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès s❛♥s
✜❧ ♣♦✉r ♠❛①✐♠✐s❡r ❧❡ ❞é❜✐t ♦✛❡rt ❛✉① t❡r♠✐♥❛✉① ♠♦❜✐❧❡s q✉✐ ② s♦♥t ❝♦♥♥❡❝tés✳ ❈❡
♣r♦❜❧è♠❡ r❡♥tr❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ❥❡✉① ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t✱ q✉✐ ♦♥t été ét✉❞✐és ❞❡
❧♦♥❣✉❡ ❞❛t❡ ♣♦✉r ét✉❞✐❡r ♥♦t❛♠♠❡♥t ❝♦♠♠❡♥t ♣♦s✐t✐♦♥♥❡r ❞❡s ♣♦✐♥ts ❞❡ ✈❡♥t❡s q✉✐
❝❤❡r❝❤❡♥t à ♠❛①✐♠✐s❡r ❧❡✉rs rés✉❧t❛ts r❡s♣❡❝t✐❢s ❬❍♦t❡❧❧✐♥❣ ✶✾✷✾❪✳ ❈❡ ♥✬❡st q✉❡ ♣❧✉s
ré❝❡♠♠❡♥t q✉❡ ❞❡s tr❛✈❛✉① t❡❧s q✉❡ ❬❆❧t♠❛♥ ✷✵✵✾❪ ❡t ❬❙✐❧✈❛ ✷✵✶✵❪ ♦♥t tr❛♥s♣♦sé
❝❡s ♣r♦❜❧è♠❡s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s té❧é❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❉❛♥s ❧❡ tr❛✈❛✐❧ q✉❡ ♥♦✉s
♣rés❡♥t♦♥s✱ ❧❡ ♣r♦❜❧è♠❡ ❡st ✿ ét❛♥t ❞♦♥♥é ✉♥❡ ❞✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡ ❞❡ t❡r♠✐♥❛✉①
♠♦❜✐❧❡s ❡t ❞❡s rè❣❧❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❡♥tr❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❡t ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès✱
♦ù ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès ♦♥t✲✐❧s ✐♥térêt à s❡ ♣♦s✐t✐♦♥♥❡r ♣♦✉r ♠❛①✐♠✐s❡r ❧❡ ❞é❜✐t q✉✐
tr❛♥s✐t❡ ♣❛r ❡✉①✲♠ê♠❡s s✉r ❧❡s ❝❛♥❛✉① ♠♦♥t❛♥ts ❄ ◆♦✉s ✈❡rr♦♥s q✉❡ s♦✉s ❝❡rt❛✐♥❡s
❤②♣♦t❤ès❡s ❞❡ r❛♣♣♦rt s✐❣♥❛❧ à ✐♥t❡r❢ér❡♥❝❡ ♣❧✉s ❜r✉✐t ✭❘❙■❇✮ ❢❛✐❜❧❡✱ ♥♦✉s ♣♦✉✈♦♥s
♣r♦✉✈❡r q✉✬✐❧ ❡①✐st❡ ✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❡♥ q✉❡st✐♦♥✳ P❧✉s ♣ré✲
❝✐sé♠❡♥t✱ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès ♦♥t ❞❡s ❝❛r❛❝tér✐s✐t✐q✉❡s s②♠étr✐q✉❡s✱
♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦s✐t✐♦♥s ❞✬éq✉✐❧✐❜r❡ ❡st ✉♥✐q✉❡✳ ❊♥ ❞✬❛✉tr❡ t❡r✲
♠❡s✱ s✐ ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞✬♦r❞r❡ ❡st ✐♠♣♦sé❡ ❛✉① ♣♦✐♥ts ❞✬❛❝❝ès✱ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❡st
é❣❛❧❡♠❡♥t ✉♥✐q✉❡✳ ❈❡♣❡♥❞❛♥t✱ s✐ ❧❛ ❝♦♥❞✐t✐♦♥ ❞✬♦r❞r❡ ♥✬❡st ♣❛s ❝♦♥♥✉❡ ❞❡s ♣♦✐♥ts
❞✬❛❝❝ès ✭❝❡ q✉✐ ❡st ❧✬❤②♣♦t❤ès❡ ❧❛ ♣❧✉s ré❛❧✐st❡✮✱ ✐❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ❝♦♥✜❣✉r❛t✐♦♥s ❞❡
♣♦s✐t✐♦♥♥❡♠❡♥t st❛❜❧❡s✳ ■❧ ♥✬❡st ❞♦♥❝ ♣❛s ✐♠♠é❞✐❛t ♣♦✉r ❧❡s ❥♦✉❡✉rs ❞❡ s❛✈♦✐r q✉❡❧❧❡
♣♦s✐t✐♦♥ ❞✬éq✉✐❧✐❜r❡ ✈✐s❡r✳ P♦✉r rés♦✉❞r❡ ❝❡ ♣r♦❜❧è♠❡✱ ✉♥❡ s♦❧✉t✐♦♥ ❡st ❞❡ ♠❡ttr❡ ❡♥
♣❧❛❝❡ ❞❡s t❡❝❤♥✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s ♦✉ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ♣♦✉r q✉✬❡♥ ♣❧✉s✐❡✉rs
✐tér❛t✐♦♥s✱ ❧❡s ❥♦✉❡✉rs ❝♦♥✈❡r❣❡♥t ✈❡rs ❞❡s ♣♦s✐t✐♦♥s ❞✬éq✉✐❧✐❜r❡✳ ◆♦✉s ✈❡rr♦♥s q✉❡
❝❡s ❞✐✛ér❡♥t❡s t❡❝❤♥✐q✉❡s ♥❡ r❡q✉✐èr❡♥t ♣❛s ❧❡ ♠ê♠❡ ♥✐✈❡❛✉ ❞❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞✉ s②s✲
tè♠❡ ❡t ❡♥ ❝♦♥séq✉❡♥❝❡✱ ♥✬♦♥t ♣❛s ❧❡s ♠ê♠❡s ❣❛r❛♥t✐❡s ❡t ✈✐t❡ss❡s ❞❡ ❝♦♥✈❡r❣❡♥❝❡✳
Pré❝✐sé♠❡♥t✱ ♥♦✉s ♣r♦✉✈♦♥s ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s ❉▼❘ séq✉❡♥t✐❡❧❧❡s ♦✉ s✐♠✉❧t❛♥é❡s
❡t ♥♦✉s ❛♣♣❧✐q✉♦♥s é❣❛❧❡♠❡♥t ✉♥ ❛♣♣r❡♥t✐ss❛❣❡ ♣❛r r❡♥❢♦r❝❡♠❡♥t ❞♦♥t ❧✬✉t✐❧✐s❛t✐♦♥
♥é❝❡ss✐t❡ ♠♦✐♥s ❞✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡ s②stè♠❡✳

▲❡ s❡❝♦♥❞ ♣r♦❜❧è♠❡ ❝♦♥s✐❞éré ❡st t✐ré ❞❡ ❬▼ér✐❛✉① ✷✵✶✷❛❪✳ ■❧ ❝♦♥❝❡r♥❡ ❧❛ ❣❛r❛♥t✐❡
❞✉ r❡s♣❡❝t ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ✭◗❉❙✮ ❞❛♥s ❧❡s rés❡❛✉① ❞é❝❡♥tr❛❧✲
✐sés ❛✉t♦✲❝♦♥✜❣✉r❛❜❧❡s ✭❘❉❆❈✮✳ ❉❛♥s ❞❡ t❡❧s rés❡❛✉①✱ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ ❝♦♥trô❧❡✉r
❝❡♥tr❛❧ ♣♦✉✈❛♥t ✐♠♣♦s❡r ❧❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞✬é♠✐ss✐♦♥✴ré❝❡♣t✐♦♥ ❞❡s ❞✐✛ér❡♥ts t❡r✲
♠✐♥❛✉① ❞❛♥s ❧❡ rés❡❛✉ ❛✜♥ ❞✬❛ss✉r❡r ✉♥ ét❛t ❣❧♦❜❛❧❡♠❡♥t s❛t✐s❢❛✐s❛♥t✳ ■❧ r❡✈✐❡♥t ❞♦♥❝
❞✐r❡❝t❡♠❡♥t ❛✉① t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❞❡ ❝❤♦✐s✐r ❧❡✉r ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✳
❆✐♥s✐✱ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝❤♦✐① ❞❡s t❡r♠✐♥❛✉① ✈❛ ❞é❝♦✉❧❡r s✐ ❧❡s ❝♦♥tr❛✐♥t❡s ❞❡ ◗❉❙
s♦♥t s❛t✐s❢❛✐t❡s ♣❛r ❧❡ s②stè♠❡✳ P♦✉r t❡♥✐r ❝♦♠♣t❡ à ❧❛ ❢♦✐s ❞❡ ❧❛ ❧✐❜❡rté ❞✬❛❝t✐♦♥ ❞❡s
t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❡t ❞❡s ❝♦♥tr❛✐♥t❡s ❞❡ ◗❉❙ à r❡s♣❡❝t❡r✱ ♥♦✉s ♠♦❞é❧✐s♦♥s ❧❡ ♣r♦❜✲
❧è♠❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ❥❡✉① ❞❡ s❛t✐s❢❛❝t✐♦♥✱ ✐♥tr♦❞✉✐ts ❞❛♥s ❬P❡r❧❛③❛ ✷✵✶✷❪✳ ❉❛♥s ❝❡
t②♣❡ ❞❡ ❥❡✉①✱ ✉♥ éq✉✐❧✐❜r❡ ❛ ❧❛ ♣❛rt✐❝✉❧❛r✐té ❞✬êtr❡ ✉♥ ét❛t ♣♦✉r ❧❡q✉❡❧ t♦✉s ❧❡s ❥♦✉❡✉rs
s❛t✐s❢♦♥t ❧❡✉rs ❝♦♥tr❛✐♥t❡s ❞❡ ◗❉❙✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥
❞✬✉♥ éq✉✐❧✐❜r❡ ♥✬❡st ♣❛s ❢❛✐s❛❜❧❡ ❛✈❡❝ ❞❡s ❤②♣♦t❤ès❡s ré❛❧✐st❡s s✉r ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞✉
s②stè♠❡ ♣❛r ❝❤❛q✉❡ t❡r♠✐♥❛❧✳ P♦✉r q✉❡ ❧❡ rés❡❛✉ ♦♣èr❡ ❞❛♥s ✉♥ ét❛t s❛t✐s❢❛✐s❛♥t✱ ✐❧



✹✳✶✳ ❏❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès ✻✶

❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞❡ ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ❞❡s rè❣❧❡s ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t q✉✐ ❝♦♥✈❡r❣❡♥t
✈❡rs ✉♥ éq✉✐❧✐❜r❡✳ P♦✉r ✉♥ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ s✉r ❧❡ ❝❛♥❛❧ ♠♦♥✲
t❛♥t ♣♦✉r r❡s♣❡❝t❡r ❞❡s ❝♦♥tr❛✐♥t❡s ❞❡ ❘❙■❇✱ ❞❡ t❡❧❧❡s rè❣❧❡s ♦♥t ❞é❥à été ♣r♦♣♦sé❡s
♣❛r ❬❨❛t❡s ✶✾✾✺❪ ❡t ❬❲✉ ✷✵✵✶❪✳ ❙♦✉s ❧✬❤②♣♦t❤ès❡ q✉✬✐❧ ❡①✐st❡ ✉♥ ét❛t ❞✬éq✉✐❧✐❜r❡ ❡t
q✉❡ ❧❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s s♦✐❡♥t ❝♦♥t✐♥✉s✱ ❧❛ ♠ét❤♦❞❡ ✐♥tr♦❞✉✐t❡ ❞❛♥s ❬❨❛t❡s ✶✾✾✺❪
❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ ❝♦♥✈❡r❣❡r à ♣❛rt✐r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ét❛t ❞❡ ❞é♣❛rt✳ ❈❡♣❡♥❞❛♥t✱
❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s s♦♥t ❞✐s❝r❡ts✱ ❧❛ rè❣❧❡ ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ✐ss✉❡
❞❡ ❬❲✉ ✷✵✵✶❪ ♥❡ ❝♦♥✈❡r❣❡ q✉✬à ♣❛rt✐r ❞❡ ❝❡rt❛✐♥s ét❛ts ♣❛rt✐❝✉❧✐❡rs ❞✉ s②stè♠❡✳ ❉❛♥s
❝❡tt❡ s❡❝♦♥❞❡ ♣❛rt✐❡✱ ♥♦tr❡ ❝♦♥tr✐❜✉t✐♦♥ ♣r✐♥❝✐♣❛❧❡ ❡st ❞♦♥❝ ❞❡ ♣r♦♣♦s❡r ✉♥❡ rè❣❧❡
❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ✐♥s♣✐ré❡ ❞❡ ❧❛ ❉▼❘ q✉✐ ♣rés❡♥t❡ ❧❡s ❛✈❛♥t❛❣❡s ❞❡ ♥❡ ❞❡♠❛♥❞❡r
à ❝❤❛q✉❡ ❥♦✉❡✉r q✉✬✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ s♦♥ ♣r♦♣r❡ ét❛t ❡t q✉✐✱ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡
❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛✈❡❝ ❞❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s ❞✬❛❝t✐♦♥s ❞✐s❝r❡ts✱ ♦✛r❡ ❧❛
❣❛r❛♥t✐❡ ❞❡ ❝♦♥✈❡r❣❡r ✈❡rs ✉♥ éq✉✐❧✐❜r❡ ❞❡ s❛t✐s❢❛❝t✐♦♥ à ♣❛rt✐r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧
♣♦✐♥t ❞❡ ❞é♣❛rt✳

✹✳✶ ❏❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès

▲❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s s♦♥t ❛❝t✉❡❧❧❡♠❡♥t ❡♥ tr❛✐♥ ❞❡ ❣❛❣♥❡r ❡♥ ❛✉t♦♥♦♠✐❡ ❞é✲
❝✐s✐♦♥♥❡❧❧❡ ♣♦✉r ♣❡r♠❡ttr❡ ✉♥❡ ♠❡✐❧❧❡✉r❡ ✉t✐❧✐s❛t✐♦♥ ❞❡s r❡ss♦✉r❝❡s ❞❛♥s ❧❡s rés❡❛✉①
s❛♥s ✜❧✳ ❆✐♥s✐✱ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ♣❡✉✈❡♥t ❝❤♦✐s✐r ❛✈❡❝ q✉❡❧❧❡ t❡❝❤♥♦❧♦❣✐❡ ❛❝✲
❝é❞❡r ❛✉ rés❡❛✉ ❡t à q✉❡❧ ♣♦✐♥t ❞✬❛❝❝ès ♦✉ st❛t✐♦♥ ❞❡ ❜❛s❡ ✐❧s s❡ ❝♦♥♥❡❝t❡♥t✳ ❉❛♥s ✉♥
❢✉t✉r ♣r♦❝❤❡✱ ♥♦✉s ♣♦✉rr✐♦♥s ✐♠❛❣✐♥❡r q✉❡ ❝❡❧❛ s♦✐t ❢❛✐t ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ ❧✬♦♣ér❛✲
t❡✉r ♠♦❜✐❧❡ ❣ér❛♥t ❧❡ ♣♦✐♥t ❞✬❛❝❝ès ✭♣❛rt❛❣❡ ❞❡ ♣♦✐♥t ❞✬❛❝❝ès✱ ✐t✐♥ér❛♥❝❡✮✳ ▲♦rsq✉✬✉♥
♦♣ér❛t❡✉r ♠♦❜✐❧❡ ❞é♣❧♦✐❡ s❡s ♣♦✐♥ts ❞✬❛❝❝ès ♣♦✉r s♦♥ rés❡❛✉ ♠♦❜✐❧❡✱ ✐❧ ❞♦✐t ❞♦♥❝ ❢❛✐r❡
❢❛❝❡ à ❞❡s ❝♦♥s✐❞ér❛t✐♦♥s ♥♦✉✈❡❧❧❡s✳ ❙✐ s♦♥ ♦❜❥❡❝t✐❢ ❡st ❞❡ ♠❛①✐♠✐s❡r ❧❡ tr❛✜❝ ♣❡rç✉
♣❛r s❡s ♣r♦♣r❡s ♣♦✐♥ts ❞✬❛❝❝ès ✭❞✬✉♥❡ ♣❛rt ♣♦✉r s❛t✐s❢❛✐r❡ s❡s ✉t✐❧✐s❛t❡✉rs ❡t ❞✬❛✉tr❡
♣❛r ♣♦✉r ♠❛①✐♠✐s❡r ❧❡s ❢r❛✐s ❞✬✐t✐♥ér❛♥❝❡✮✱ ✐❧ ❞♦✐t ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛ ♣rés❡♥❝❡ ❞❡
♣♦✐♥t ❞✬❛❝❝ès ❝♦♥❝✉rr❡♥ts ♣♦✉r ❝❤♦✐s✐r ♦ù ♣♦s✐t✐♦♥♥❡r s❡s ♣r♦♣r❡s ♣♦✐♥ts ❞✬❛❝❝ès✳ ❙✐
❝❤❛q✉❡ ♦♣ér❛t❡✉r ♠♦❜✐❧❡ r❛✐s♦♥♥❡ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱ ❝❡ ♣r♦❜❧è♠❡ ❞❡ ♣♦s✐t✐♦♥✲
♥❡♠❡♥t ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès ♣❡✉t êtr❡ ét✉❞✐é ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❥❡✉① ❡t
♣❧✉s ♣ré❝✐sé♠❡♥t ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ❥❡✉① ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t✳

▲✬❤✐st♦✐r❡ ❞❡s ❥❡✉① ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞é❜✉t❡ ❛✈❡❝ ❧❡s tr❛✈❛✉① ❞❡
❍♦t❡❧❧✐♥❣ ❬❍♦t❡❧❧✐♥❣ ✶✾✷✾❪ q✉✐ ✐♥tr♦❞✉✐s❡♥t ❧❛ ♥♦t✐♦♥ ❞❡ ❝♦♥❝✉rr❡♥❝❡ s♣❛t✐❛❧❡ ❞❛♥s
✉♥❡ s✐t✉❛t✐♦♥ ❞❡ ❞✉♦♣♦❧❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❞❡✉① ❡♥tr❡♣r✐s❡s s✬❛✛r♦♥t❡♥t ♣♦✉r
♣♦s✐t✐♦♥♥❡r ❧❡✉rs ♣♦✐♥ts ❞❡ ✈❡♥t❡ r❡s♣❡❝t✐❢s s✉r ✉♥ s❡❣♠❡♥t ✭q✉✐ ♠♦❞é❧✐s❡ ✉♥❡
r♦✉t❡✮ ♣❡✉♣❧é ❞❡ ❝❧✐❡♥ts ♣♦t❡♥t✐❡❧s✳ ▲❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡s ❞❡✉① ♣♦✐♥ts ❞❡ ✈❡♥t❡
❛ ♣♦✉r ❝♦♥séq✉❡♥❝❡ ❞❡ ❞✐✈✐s❡r ❧❡ s❡❣♠❡♥t ❡♥ ré❣✐♦♥s ❞✬✐♥✢✉❡♥❝❡ ❝♦♥✈❡①❡s ♣♦✉r ❝❤❛✲
❝✉♥❡ ❞❡s ❡♥tr❡♣r✐s❡s✳ ❯♥ ✈❛st❡ ✐♥✈❡♥t❛✐r❡ ❞❡s ❥❡✉① ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❡st ♣rés❡♥té
❞❛♥s ❬●❛❜s③❡✇✐❝③ ✶✾✾✷❪✳ ❉❛♥s ❬P❧❛str✐❛ ✷✵✵✶❪✱ P❧❛str✐❛ ❞♦♥♥❡ ✉♥ ❛♣❡rç✉ ❣é♥ér❛❧ ❞❡s
♠ét❤♦❞❡s ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞✬✉♥ ♥♦✉✈❡❛✉ ♣♦✐♥t ❞❡ ✈❡♥t❡ ❞❛♥s ✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t
♦ù ❞❡s ❝♦♥❝✉rr❡♥ts s♦♥t ❞é❥à ♣♦s✐t✐♦♥♥és✳ ▲❡s ❥❡✉① ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t s♦♥t ét❡♥❞✉s
❛✉ ❝♦♥t❡①t❡ ❞❡s rés❡❛✉① s❛♥s ✜❧ ❞❛♥s ❞❡s tr❛✈❛✉① t❡❧s q✉❡ ❬❆❧t♠❛♥ ✷✵✵✾✱ ❙✐❧✈❛ ✷✵✶✵❪✳
▲❛ s♣é❝✐✜❝✐té ❞❡ ❝❡ ❝♦♥t❡①t❡ ❛♣♣❧✐❝❛t✐❢ ❡st q✉❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❞❡s ♣♦✐♥ts ❞✬❛❝✲



✻✷ ❈❤❛♣✐tr❡ ✹✳ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

❝ès s♦♥t ♣r♦✈♦q✉é❡s ♣❛r ❧❡s ✐♥t❡r❢ér❡♥❝❡s ♠✉t✉❡❧❧❡s✳ ❈❡ ❝♦♥st❛t r❡♥❞ ❝♦♠♣❧✐q✉é ❧❡
♣r♦❜❧è♠❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❡♥tr❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❡t ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès✳ ❊♥ ❡✛❡t✱
♣✉✐sq✉❡ ❧❡s ❛ss♦❝✐❛t✐♦♥s ❡♥tr❡ ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès ❡t ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❞é♣❡♥❞❡♥t
❞✉ r❛♣♣♦rt s✐❣♥❛❧ à ❜r✉✐t ♣❧✉s ✐♥t❡r❢ér❡♥❝❡ ✭❘❙■❇✮ ♣❡rç✉ ♣❛r ❧❡s t❡r♠✐♥❛✉①✱ ❧❡s ❛ss♦✲
❝✐❛t✐♦♥s ❞é♣❡♥❞❡♥t ♥♦♥ s❡✉❧❡♠❡♥t ❞✉ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès ♠❛✐s ❛✉ss✐
❞❡ ❧❛ ré♣❛rt✐t✐♦♥ ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❞é❥à ❝♦♥♥❡❝tés ❛✉① ♣♦✐♥ts ❞✬❛❝❝ès✳ ❆❧♦rs
q✉❡ ❬❙✐❧✈❛ ✷✵✶✵❪ s❡ ❝♦♥❝❡♥tr❡ s✉r ✉♥ ♣r♦❜❧è♠❡ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès ❡♥
♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡s ❝❛♥❛✉① ❞❡s❝❡♥❞❛♥ts✱ ❞❛♥s ❬❆❧t♠❛♥ ✷✵✵✾❪✱ ❧❡ ♣♦s✐t✐♦♥♥❡♠❡♥t
❞❡s ♣♦✐♥ts ❞✬❛❝❝ès ❡t ❧✬❛ss♦❝✐❛t✐♦♥ ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s s❡ ❢♦♥t ❡♥ ❢♦♥❝t✐♦♥ ❞❡s
❝❛♥❛✉① ♠♦♥t❛♥ts ❡t s♦♥t tr❛✐tés ❝♦♠♠❡ ✉♥ ❥❡✉ ❞❡ ❙t❛❝❦❡❧❜❡r❣ ❬❙t❛❝❦❡❧❜❡r❣ ✶✾✸✹❪✳
▲❡ ❝❛❞r❡ ❞❡ ♥♦tr❡ tr❛✈❛✐❧ ❡st ♣r♦❝❤❡ ❞❡ ❬❆❧t♠❛♥ ✷✵✵✾❪ ♠❛✐s s❡ ❞✐✛ér❡♥❝✐❡ ♣❛r ❧✬♦❜✲
t❡♥t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs rés✉❧t❛ts ♥♦✉✈❡❛✉① ✿

✕ ❈♦♠♠❡ ❞❛♥s ❬❆❧t♠❛♥ ✷✵✵✾❪✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s q✉❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s
❢♦♥❝t✐♦♥♥❡♥t ❡♥ é♠✐ss✐♦♥ ❡t s♦♥t ré♣❛rt✐s ❧❡ ❧♦♥❣ ❞✬✉♥ ❛①❡ ✉♥✐❞✐♠❡♥s✐♦♥♥❡❧✳
❈❡♣❡♥❞❛♥t✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❝❤❛q✉❡ t❡r♠✐♥❛❧ ❝❤♦✐s✐t ❧❡ ♣♦✐♥t ❞✬❛❝❝ès ❧❡
♣❧✉s ♣r♦❝❤❡ ♣♦✉r s❡ ❝♦♥♥❡❝t❡r ✭♣❛r ❡①❡♠♣❧❡✱ ❡♥ s❡ ❜❛s❛♥t s✉r ✉♥❡ ❜❛♥❞❡ ❞❡
❢réq✉❡♥❝❡ ♥❡ s✉❜✐ss❛♥t ♣❛s ❞✬✐♥t❡r❢ér❡♥❝❡s✮✳ ❈❡❧❛ ♣❡r♠❡t ❞✬❡①♣r✐♠❡r s✐♠♣❧❡✲
♠❡♥t ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥
éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ♣❡✉t êtr❡ ❞é♠♦♥tré❡✳

✕ ❊♥ r❛✐s♦♥ ❞❡ ❧❛ s②♠étr✐❡ ❞✉ ♣r♦❜❧è♠❡✱ ❞❡ ♠✉❧t✐♣❧❡s éq✉✐❧✐❜r❡s ❞❡ ◆❛s❤ ❡①✐st❡♥t✳
Pré❝✐sé♠❡♥t✱ t♦✉s ❧❡s éq✉✐❧✐❜r❡s ❝♦♠♣r❡♥♥❡♥t ❧❡s ♠ê♠❡s ♣♦s✐t✐♦♥s ❡t ❝❡ ♥✬❡st
q✉❡ ❧❛ ♣♦s✐t✐♦♥ ♦❝❝✉♣é❡ ♣❛r ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès q✉✐ ✈❛r✐❡ ❞✬✉♥ éq✉✐❧✐❜r❡ à
❧✬❛✉tr❡✳ ❊♥ ✜①❛♥t ❧✬♦r❞r❡ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès✱ ♥♦✉s
♣♦✉✈♦♥s ❞♦♥❝ ♠♦♥tr❡r q✉✬✐❧ ♥✬❡①✐st❡ q✉✬✉♥ ✉♥✐q✉❡ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤✳

✕ ❙♦✉s ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❛ ❞✐st❛♥❝❡ ❛✉ s♦❧ ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès ❡st ♥é❣❧✐❣❡❛❜❧❡ ❡♥
❝♦♠♣❛r❛✐s♦♥ ❞❡ ❧❛ ❞✐st❛♥❝❡ t②♣✐q✉❡ ❡♥tr❡ ❞❡✉① ♣♦✐♥ts ❞✬❛❝❝ès✱ ❧❡ ❥❡✉ ♣❡✉t êtr❡
s✐♠♣❧✐✜é s♦✉s ✉♥❡ ❢♦r♠❡ ❞❡ ❞✉♦♣♦❧❡ ❞❡ ❈♦✉r♥♦t ❬❈♦✉r♥♦t ✶✾✻✸❪✳

✕ ❊♥ s✉♣♣♦s❛♥t q✉❡ ❧❛ ♣♦s✐t✐♦♥ ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès ♣❡✉t ✈❛r✐❡r ❞❡ ♠❛♥✐èr❡ ❞②✲
♥❛♠✐q✉❡ ✭❝❡ q✉✐ s❡r❛✐t ♣❛r ❡①❡♠♣❧❡ ♣❡rt✐♥❡♥t ❞❛♥s ❧❡s ❝❛s ❞❡s ❝❡❧❧✉❧❡s ❞❡ ♣❡✲
t✐t❡ ❞✐♠❡♥s✐♦♥ ♣♦✉r ❧❡q✉❡❧ ✉♥✐q✉❡♠❡♥t ✉♥❡ ♣♦rt✐♦♥ ❞❡s ❝❡❧❧✉❧❡s s♦♥t ❛❝t✐✈❡s
s✐♠✉❧t❛♥é♠❡♥t✮✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧❡s ❉▼❘ ❡t ❧✬❛♣♣r❡♥t✐ss❛❣❡ ♣❛r r❡♥❢♦r❝❡✲
♠❡♥t ❬❇✉s❤ ✶✾✺✺✱ ❙❛str② ✶✾✾✹✱ ◆❛r❡♥❞r❛ ✶✾✽✾❪ ♣❡r♠❡tt❡♥t ❛✉① ♣♦✐♥ts ❞✬❛❝❝ès
❞❡ ❝♦♥✈❡r❣❡r ✈❡rs ❞❡s ♣♦s✐t✐♦♥s ❞✬éq✉✐❧✐❜r❡✳

❈❡tt❡ ♣❛rt✐❡ ❡st ♦r❣❛♥✐sé❡ ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡✳ ❉❛♥s ❧❛ ♣❛rt✐❡ ✹✳✶✳✶✱ ♥♦✉s
♣rés❡♥t♦♥s ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ rés❡❛✉ ❛✐♥s✐ q✉❡ ❧❡ ❥❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡s ♣♦✐♥ts
❞✬❛❝❝ès✳ ▲❛ ♣❛rt✐❡ ✹✳✶✳✷ ❞♦♥♥❡ ❧✬ét✉❞❡ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤✳ ❊♥✜♥✱ ❧❛ ♣❛rt✐❡ ✹✳✶✳✸
♣rés❡♥t❡ ❝♦♠♠❡♥t ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès ♣❡✉✈❡♥t ❝♦♥✈❡r❣❡r ✈❡rs ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❡♥
✉t✐❧✐s❛♥t ✉♥❡ ❉▼❘ ❡t ❧✬❛♣♣r❡♥t✐ss❛❣❡ ♣❛r r❡♥❢♦r❝❡♠❡♥t✳

✹✳✶✳✶ ▼♦❞é❧✐s❛t✐♦♥ ❞✉ s②stè♠❡

❈♦♥s✐❞ér♦♥s ✉♥ ♣❧❛♥ ❞❛♥s R2✳ ❉❛♥s ❝❡ ♣❧❛♥✱ s❡ tr♦✉✈❡♥t ✉♥ ♥♦♠❜r❡ ✐♥❞ét❡r♠✐♥é
❞❡ t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❛✐♥s✐ q✉❡ K ♣♦✐♥ts ❞✬❛❝❝ès✳ ◆♦✉s ♥♦t♦♥s K = {1, . . . ,K}
❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès✳ ▲♦rsq✉✬✉♥ t❡r♠✐♥❛❧ ♠♦❜✐❧❡ ❡♥ ♣♦s✐t✐♦♥ x ∈ R

2 ❡st



✹✳✶✳ ❏❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès ✻✸

❝♦♥♥❡❝té ❛✉ ♣♦✐♥t ❞✬❛❝❝ès k ❡♥ ♣♦s✐t✐♦♥ xk ∈ R
2✱ ♥♦✉s ♣♦✉✈♦♥s ❡①♣r✐♠❡r ❧❡ ❘❙■❇

❞❡ ❝❡ t❡r♠✐♥❛❧ ✿

γk(x) =
Pηk(x)

σ2 + Ik
, ✭✹✳✶✮

♦ù P ❡st ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❞✉ t❡r♠✐♥❛❧ ♠♦❜✐❧❡ ✭q✉❡ ♥♦✉s s✉♣♣♦s♦♥s ❝♦♥st❛♥t❡
♣♦✉r t♦✉s ❧❡s t❡r♠✐♥❛✉①✮✱ σ2 ❡st ❧❛ ♣✉✐ss❛♥❝❡ ❞✉ ❜r✉✐t ❛✉ ♣♦✐♥t ❞✬❛❝❝ès k ✭s✉♣♣♦sé❡
✐❞❡♥t✐q✉❡ ♣♦✉r t♦✉s ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès✮ ❡t ηk(x) ❡st ❧✬❛tté♥✉❛t✐♦♥ ❞✉ ❝❛♥❛❧ ♠♦♥t❛♥t
❡♥tr❡ ❧❡ t❡r♠✐♥❛❧ ♠♦❜✐❧❡ ❡♥ ♣♦s✐t✐♦♥ x ❡t ❧❡ ♣♦✐♥t ❞✬❛❝❝ès k✳ ▲✬✐♥t❡r❢ér❡♥❝❡ ♣❡rç✉❡ ♣❛r
❧❡ ♣♦✐♥t ❞✬❛❝❝ès k ❡♥ ♣♦s✐t✐♦♥ x ❡st Ik ❡t s❡r❛ ❞é✜♥✐❡ ✉❧tér✐❡✉r❡♠❡♥t✳ ❉❛♥s ❧❡ rés❡❛✉
❝♦♥s✐❞éré✱ ❧❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞✬✉♥ ♣♦✐♥t ❞✬❛❝❝ès ❡st ✉♥❡ ❞é❝✐s✐♦♥ ❞♦♥t ❧❡s ❜é♥é✜❝❡s
s❡r♦♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t é✈❛❧✉és s✉r ❧❡ ❧♦♥❣ t❡r♠❡✳ ◆♦✉s ♣♦✉✈♦♥s ❞♦♥❝ r❛✐s♦♥♥❛❜❧❡✲
♠❡♥t s✉♣♣♦s❡r q✉✬à ❝❡tt❡ é❝❤❡❧❧❡ ❞❡ t❡♠♣s✱ s❡✉❧ ❧✬❛✛❛✐❜❧✐ss❡♠❡♥t ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❡st
✈r❛✐♠❡♥t s✐❣♥✐✜❝❛t✐❢ ♣♦✉r ♠♦❞é❧✐s❡r ❧❡s ❝❛♥❛✉① ❡♥tr❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❡t ❧❡
♣♦✐♥t ❞✬❛❝❝ès✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ♥♦✉s ♣♦s♦♥s ✿

ηk(x) =
Ä
|x− xk|2 + ε2

ä− ξ
2 , ✭✹✳✷✮

♦ù |x| ❡st ❧❛ ♥♦r♠❡ ℓ2✱ ε ❡st ❧❛ ❞✐st❛♥❝❡ ❛✉ s♦❧ ❞✉ ♣♦✐♥t ❞✬❛❝❝ès ❡t ξ ≥ 2 ❡st ❧✬❡①♣♦s❛♥t
❞✬❛✛❛✐❜❧✐ss❡♠❡♥t✳ ▲❡ ❝❛s ξ = 2 ❝♦rr❡s♣♦♥❞ à ❧❛ s✐t✉❛t✐♦♥ ♦ù ❧❡ t❡r♠✐♥❛❧ ♠♦❜✐❧❡ ❡t ❧❡
♣♦✐♥t ❞✬❛❝❝ès s♦♥t ❡♥ ❧✐❣♥❡ ❞❡ ✈✉❡✳ ❯♥❡ ✈❛❧❡✉r ♣❧✉s é❧❡✈é❡ ❞❡ ξ ❡st ✉t✐❧✐sé❡ ❧♦rsq✉✬✐❧
② ❛ ❞❡s ♦❜st❛❝❧❡s ❡♥tr❡ ❧❡ t❡r♠✐♥❛❧ ❡t ❧❡ ♣♦✐♥t ❞✬❛❝❝ès✳

❊♥ ❞é❝♦❞❛♥t ❧❡s s✐❣♥❛✉① ❞❡s ❞✐✛ér❡♥ts t❡r♠✐♥❛✉① ♠♦❜✐❧❡s s❛♥s ❛♥♥✉❧❛t✐♦♥ ❞✬✐♥✲
t❡r❢ér❡♥❝❡✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ ❤✐ér❛r❝❤✐❡ ❞❛♥s ❧❡ ❞é❝♦❞❛❣❡ ❞❡s ❞✐✛ér❡♥ts s✐❣♥❛✉① r❡ç✉s
à ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧❡ s✐❣♥❛❧ ❡♥ ♣r♦✈❡♥❛♥❝❡ ❞✉ t❡r♠✐♥❛❧ ❡♥
♣♦s✐t✐♦♥ x ❡st ❞é❝♦❞é ❛✈❡❝ t♦✉t❡ ❧✬✐♥t❡r❢ér❡♥❝❡ ❡t ❧❛ ❝❛♣❛❝✐té ❞❡ ❙❤❛♥♥♦♥ ❡♥tr❡ ❧❡
t❡r♠✐♥❛❧ ❡t ❧❡ ♣♦✐♥t ❞✬❛❝❝ès k s✬é❝r✐t ✿

Ck(x) = log (1 + γk(x)) . ✭✹✳✸✮

❙❛♥s ♣❡rt❡ ❞❡ ❣é♥ér❛❧✐té✱ ♣✉✐sq✉❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ♥✬❡st
♣❛s ✉♥ ❢❛❝t❡✉r ❞✐✛ér❡♥❝✐❛♥t✱ ♥♦✉s ✜①♦♥s P = 1✳ ❉❡ ♣❧✉s✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡s
❝♦♥❞✐t✐♦♥s ❞✬❛✛❛✐❜❧✐ss❡♠❡♥t ❞❡ ❝❛♥❛❧ s♦♥t ❧❡s ♠ê♠❡s ♣♦✉r t♦✉s ❧❡s t❡r♠✐♥❛✉①✱ ❝✬❡st✲
à✲❞✐r❡ q✉✬✐❧s ♣❛rt❛❣❡♥t ❧❡ ♠ê♠❡ ❡①♣♦s❛♥t ❞✬❛✛❛✐❜❧✐ss❡♠❡♥t ξ✳ ❆✈❡❝ ❝❡s ❤②♣♦t❤ès❡s✱
✭✹✳✸✮ ❞❡✈✐❡♥t ✿

Ck(x) = log

Ö

1 +

Ä
|x− xk|2 + ε2

ä− ξ
2

σ2 + Ik

è

. ✭✹✳✹✮

◗✉❛♥❞ ♣❧✉s✐❡✉rs ♣♦✐♥ts ❞✬❛❝❝ès s♦♥t ♣♦s✐t✐♦♥♥és ❞❛♥s ❧❡ ♣❧❛♥ ❝♦♥s✐❞éré✱ ❧❡s t❡r✲
♠✐♥❛✉① ♠♦❜✐❧❡s ♣❡✉✈❡♥t ❝❤♦✐s✐r ❧❡ ♣♦✐♥t ❞✬❛❝❝ès ❛✈❡❝ ❧❡q✉❡❧ ✐❧s s♦✉❤❛✐t❡♥t s❡ ❝♦♥✲
♥❡❝t❡r✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♥♦✉s é♠❡tt♦♥s ❧✬❤②♣♦t❤ès❡ ❢♦rt❡ q✉❡ ❝❡tt❡ ❛ss♦❝✐❛t✐♦♥ s❡
❢❛✐t ❡♥ ❝❤♦✐s✐ss❛♥t ❧❡ ♣♦✐♥t ❞✬❛❝❝ès ❧❡ ♣❧✉s ♣r♦❝❤❡✳ ❈❡❧❛ ❡st ♥♦t❛♠♠❡♥t ré❛❧✐s❛❜❧❡
♣r❛t✐q✉❡♠❡♥t s✐ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❝❤♦✐s✐ss❡♥t ❧❡✉r ❛ss♦❝✐❛t✐♦♥ ❡♥ s❡ ❜❛s❛♥t s✉r
❞❡s s✐❣♥❛✉① é♠✐s ♣❛r ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès ❞❛♥s ❞❡s ❜❛♥❞❡s ❞❡ ❢réq✉❡♥❝❡s ❞✐✛ér❡♥t❡s
❞❡s ❜❛♥❞❡s ✉t✐❧✐sé❡s s✉r ❧❡s ❝❛♥❛✉① ♠♦♥t❛♥ts ❡t q✉✐ ♥❡ s❡ r❡❝♦✉✈r❡♥t ♣❛s ❡♥tr❡ ❡❧❧❡s✳



✻✹ ❈❤❛♣✐tr❡ ✹✳ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

❆✐♥s✐✱ ♥♦✉s s✉♣♣♦s♦♥s q✉❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❝❤♦✐s✐ss❡♥t t♦✉❥♦✉rs ❞❡ s✬❛ss♦❝✐❡r
❛✉ ♣♦✐♥t ❞✬❛❝❝ès ❧❡ ♣❧✉s ♣r♦❝❤❡✱ ❝❡ q✉✐ ❝ré❡ ❞❡s ❝❡❧❧✉❧❡s ❝♦♥✈❡①❡s ♣♦✉r ❝❤❛❝✉♥ ❞❡s
♣♦✐♥ts ❞✬❛❝❝ès✳ P❛r ❡①❡♠♣❧❡✱ ❝♦♥s✐❞ér♦♥s ✉♥ s②stè♠❡ ❛✈❡❝ ❞❡✉① ♣♦✐♥ts ♣♦✐♥ts ❞✬❛❝❝ès
1 ❡t 2 ❛✉① ♣♦st✐♦♥s x1 ❡t x2 ❡t ✉♥ t❡r♠✐♥❛❧ ♠♦❜✐❧❡ ❡♥ ♣♦s✐t✐♦♥ x✳ ◆♦✉s ❛✈♦♥s ✿

CX =





log

Ç
1 + (|x−x1|2+ε2)−

ξ
2

σ2+I1

å
s✐ |x− x1|2 6 |x− x2|2

log

Ç
1 + (|x−x2|2+ε2)−

ξ
2

σ2+I2

å
s✐ |x− x2|2 6 |x− x1|2 .

✭✹✳✺✮

❋♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞✬✉♥ ♣♦✐♥t ❞✬❛❝❝ès

◆♦✉s ❝♦♥s✐❞ér♦♥s q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞✬✉♥ ♣♦✐♥t ❞✬❛❝❝ès ❡st ❧❛ s♦♠♠❡ ❞❡s ❝❛✲
♣❛❝✐tés ❞❡ ❙❤❛♥♥♦♥ q✉✬✐❧ ♦✛r❡ ❛✉① t❡r♠✐♥❛✉① ♠♦❜✐❧❡s q✉✐ ❧✉✐ s♦♥t ❛ss♦❝✐és✳ ❙♦✉s ❧✬❤②✲
♣♦t❤ès❡ q✉❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s s♦♥t s✉✣s❛♠♠❡♥t ♥♦♠❜r❡✉① ♣♦✉r êtr❡ r❡♣rés❡♥✲
tés ♣❛r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥t✐♥✉❡ d(x)✱ ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞✉ ♣♦✐♥t ❞✬❛❝❝ès k ∈ K
♣❡✉t s✬❡①♣r✐♠❡r ❝♦♠♠❡ ❧❛ s♦♠♠❡ ❝♦♥t✐♥✉❡ ❞❡s ❝❛♣❛❝✐tés ❞❡ ❙❤❛♥♥♦♥ ❞❡s t❡r♠✐♥❛✉①
❝♦♥♥❡❝tés à k ✿

Qk(x) =

∫

Sk(x)
d(z) log

Ñ

1 +
(|z − xk|2 + ε2)−

ξ
2

σ2 + Ik(x)

é

❞z, ✭✹✳✻✮

♦ù Sk (x) ❡st ❧❡ s♦✉s✲❡♥s❡♠❜❧❡ ❞✉ ♣❧❛♥ ❞❛♥s ❧❡q✉❡❧ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s s♦♥t ❝♦♥♥❡❝✲
tés ❛✈❡❝ ❧❡ ♣♦✐♥t ❞✬❛❝❝ès k ❡t x = (x1, . . . , xK) ❡st ❧❡ ✈❡❝t❡✉r ❞❡s ♣♦s✐t✐♦♥s ❞❡ t♦✉s
❧❡s ♣♦✐♥ts ❞✬❛❝❝ès✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥✐q✉❡♠❡♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥
✉♥✐❢♦r♠❡ ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❛✈❡❝ d(x) = 1✳

❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s ✐♥t❡r❢ér❡♥❝❡s✱ ♥♦✉s r❛♣♣❡❧♦♥s q✉❡ ❧❛ ♣✐r❡ s✐t✉❛t✐♦♥ ❡st
❝♦♥s✐❞éré❡✱ ❝✬❡st✲à✲❞✐r❡ q✉✬✐❧ ♥✬② ❛ ♣❛s ❞❡ ♠é❝❛♥✐s♠❡s t❡❧s q✉❡ ❧❛ ❢♦r♠❛t✐♦♥ ❞❡
✈♦✐❡s ❬▲✐t✈❛ ✶✾✾✻❪ ♣♦✉r ❡♥ ❞✐♠✐♥✉❡r ❧❡s ❡✛❡ts✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s é❣❛❧❡♠❡♥t q✉✬✐❧
♥✬② ❛ ♣❛s ❞✬✐♥t❡r❢ér❡♥❝❡ ❡♥tr❡ ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❝♦♥♥❡❝tés à ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès
❞✐✛ér❡♥ts ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ré✉t✐❧✐s❛t✐♦♥ ❞❡ ❢réq✉❡♥❝❡s✳ ❙❡✉❧s ❧❡s t❡r♠✐♥❛✉① ❝♦♥♥❡❝tés
à ✉♥ ♠ê♠❡ ♣♦✐♥t ❞✬❛❝❝ès ❣é♥èr❡♥t ❞♦♥❝ ❞❡ ❧✬✐♥t❡r❢ér❡♥❝❡ ❡♥tr❡ ❡✉①✳ ❈❡ ❝♦♥t❡①t❡ ❡st
♣r♦❝❤❡ ❞❡s tr❛✈❛✉① ♣rés❡♥tés ❞❛♥s ❬❆❧t♠❛♥ ✷✵✵✾❪ ♣♦✉r ❧❡sq✉❡❧s ❞❡✉① ♣♦✐♥ts ❞✬❛❝✲
❝ès ❝♦♥❝✉rr❡♥ts ✉t✐❧✐s❡♥t ❞✐✛ér❡♥t❡s ❜❛♥❞❡s ❞❡ ❢réq✉❡♥❝❡✳ ❉❛♥s ❧❡ s❝é♥❛r✐♦ q✉❡ ♥♦✉s
ét✉❞✐♦♥s✱ ❝❤❛❝✉♥ ❞❡s K ♣♦✐♥ts ❞✬❛❝❝ès ✉t✐❧✐s❡ s❛ ♣r♦♣r❡ ❜❛♥❞❡ ❞❡ ❢réq✉❡♥❝❡✳

❙❛♥s ♠é❝❛♥✐s♠❡ ❞✬é❧✐♠✐♥❛t✐♦♥ ❞❡ ❧✬✐♥t❡r❢ér❡♥❝❡ ❛✉ ♣♦✐♥t ❞✬❛❝❝ès k✱ ♥♦✉s
♦❜t❡♥♦♥s ✿

Ik(x) =

∫

Sk(x)

Ä
|z − xk|2 + ε2

ä− ξ
2 ❞z. ✭✹✳✼✮

▲✬✉t✐❧✐té ❞✉ ♣♦✐♥t ❞✬❛❝❝ès k ✭✹✳✻✮ ❞❡✈✐❡♥t ❞♦♥❝ ✿

Qk(x) =

∫

Sk(x)
log

Ñ

1 +
(|z − xk|2 + ε2)−

ξ
2

σ2 +
∫
Sk(x)

(|z′ − xk|2 + ε2)−
ξ
2❞z′

é

❞z. ✭✹✳✽✮



✹✳✶✳ ❏❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès ✻✺

❆♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧✬✉t✐❧✐té ❞✬✉♥ ♣♦✐♥t ❞✬❛❝❝ès

P♦✉r s❡ ❝♦♥❝❡♥tr❡r s✉r ❧❡ ❝❛s ❝r✐t✐q✉❡ ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❝♦♥♥❡❝✲
tés à ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès ❡st é❧❡✈é✱ ♥♦✉s ♥♦✉s ♣❧❛ç♦♥s ❞❛♥s ❞❡s ré❣✐♠❡s ❞❡ ❢❛✐❜❧❡s
❘❙■❇✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ♣✉✐ss❛♥❝❡ ❞✉ s✐❣♥❛❧ r❡ç✉ ❞❡ ❝❤❛q✉❡ t❡r♠✐♥❛❧ ♠♦❜✐❧❡ ❡st ❢❛✐❜❧❡
❞❡✈❛♥t ❧❡ ♥✐✈❡❛✉ ❞✬✐♥t❡r❢ér❡♥❝❡ ❞❛♥s ✭✹✳✽✮✳ ❆✈❡❝ ❝❡tt❡ ❤②♣♦t❤ès❡✱ ✉♥❡ ❡①♣r❡ss✐♦♥
s✐♠♣❧✐✜é❡ ❞❡ ✭✹✳✽✮ ♣❡✉t êtr❡ ♦❜t❡♥✉❡ ✿

Qk(x) ≈
∫
Sk(x)

(|z − xk|2 + ε2)−
ξ
2❞z

σ2 +
∫
Sk(x)

(|z′ − xk|2 + ε2)−
ξ
2❞z′

=
Ik(x)

σ2 + Ik(x)
.

✭✹✳✾✮

◆♦✉s ♥♦t❡r♦♥s q✉❡ ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ r❡♥❞ ❧✬✉t✐❧✐té ❜❛sé❡ s✉r ❧❛ ❝❛♣❛❝✐té
❞❡ ❙❤❛♥♥♦♥ éq✉✐✈❛❧❡♥t❡ à ❧✬✉t✐❧✐té ❜❛sé❡ s✉r ❧❡ ❘❙■❇ t❡❧❧❡ q✉✬❡❧❧❡ ❡st ét✉❞✐é❡
❞❛♥s ❬❆❧t♠❛♥ ✷✵✵✾❪✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❞❛♥s ❞❡s ré❣✐♠❡s ❞❡ ❢❛✐❜❧❡ ❘❙■❇✱ ✐❧ ❡st
éq✉✐✈❛❧❡♥t ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ✉♥❡ ✉t✐❧✐té ❜❛sé❡ s✉r ❧❛ ❝❛♣❛❝✐té ❞❡ ❙❤❛♥♥♦♥ ♦✉ ❧❡
❘❙■❇✳

❉❡ ♣❧✉s✱ ♣✉✐sq✉❡ ❧❛ ❢♦♥❝t✐♦♥ g (t) = t/
(
σ2 + t

)
❡st str✐❝t❡♠❡♥t ❝r♦✐ss❛♥t❡ s✉r

❧✬✐♥t❡r✈❛❧❧❡ [0,+∞]✱ ♠❛①✐♠✐s❡r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ Qk(x) ♦✉ Ik(x) ❡st éq✉✐✈❛❧❡♥t✳
▲✬✉t✐❧✐té ❞é✜♥✐t✐✈❡ q✉❡ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❞❛♥s ❧❡ ❥❡✉ ❞é✜♥✐ ❞❛♥s ❧❛ ♣r♦❝❤❛✐♥❡ ♣❛rt✐❡
❡st ❞♦♥❝ Ik(x), ∀k ∈ K✳

■❧ ♣❡✉t s❡♠❜❧❡r s✉r♣r❡♥❛♥t q✉❡ ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès ❝❤❡r❝❤❡ à ♠❛①✐♠✐s❡r s♦♥
✐♥t❡r❢ér❡♥❝❡✳ ❈❡♣❡♥❞❛♥t✱ s♦✉s ❧✬❤②♣♦t❤ès❡ q✉✬✐❧ ♥✬② ❛ ❛✉❝✉♥ ♠é❝❛♥✐s♠❡ ❞✬é❧✐♠✐♥❛t✐♦♥
❞✬✐♥t❡r❢ér❡♥❝❡✱ ♠❛①✐♠✐s❡r ❧✬✐♥t❡r❢ér❡♥❝❡ Ik r❡✈✐❡♥t à ♠❛①✐♠✐s❡r ❧❛ s✉r❢❛❝❡ Sk ❛ss♦❝✐é❡
❛✉① t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❝♦♥♥❡❝tés ❛✉ ♣♦✐♥t ❞✬❛❝❝ès k✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❞❛♥s ❧❡
s❝é♥❛r✐♦ ❝♦♥s✐❞éré✱ ♠❛①✐♠✐s❡r ❧✬✐♥t❡r❢ér❡♥❝❡ ❞✬✉♥ ♣♦✐♥t ❞✬❛❝❝ès r❡✈✐❡♥t à ♠❛①✐♠✐s❡r
❧❡ ♥♦♠❜r❡ ❞❡ t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❛ss♦❝✐és à ❝❡ ♠ê♠❡ ♣♦✐♥t ❞✬❛❝❝ès✳ ❈✬❡st ❞♦♥❝ ✉♥❡
❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té r❛✐s♦♥♥❛❜❧❡✳

❉é✜♥✐t✐♦♥ ❞✉ ❥❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ❝❛s ❞❡ K ♣♦✐♥ts ❞✬❛❝❝ès ❡♥ ❝♦♥❝✉rr❡♥❝❡ s✉r
✉♥ s❡❣♠❡♥t ❞❡ ❧♦♥❣✉❡✉r L ∈ R✳ ◆♦✉s r❛♣♣❡❧♦♥s q✉❡ ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès ✉t✐❧✐s❡ ✉♥❡
❜❛♥❞❡ ❞❡ ❢réq✉❡♥❝❡ ❞✐✛ér❡♥t❡ ❞❡s ❛✉tr❡s ♣♦✐♥ts ❞✬❛❝❝ès✱ ❝❡ q✉✐ ♣❡r♠❡t ❞✬é✈✐t❡r ❧❡s
✐♥t❡r❢ér❡♥❝❡s ❡♥tr❡ ❝❡❧❧✉❧❡s✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❡st ✉♥✐❢♦r♠❡ s✉r
❧❡ s❡❣♠❡♥t ❡t ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦s✐t✐♦♥s ❛❝❝❡ss✐❜❧❡s ♣♦✉r ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès ❡st [0, L]✳

❉é✜♥✐t✐♦♥ ✶✽ ▲❛ ❢♦r♠❡ str❛té❣✐q✉❡ ❞✉ ❥❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❡st ❞♦♥♥é❡ ♣❛r ❧❡
tr✐♣❧❡t G(2) = (K, {Lk}k∈K, {Ik}k∈K)✱ ♦ù

✕ K = {1, . . . ,K} ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❥♦✉❡✉rs✱ ❝✬❡st✲à✲❞✐r❡ ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès✳
✕ {Lk}k∈K ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛❝t✐♦♥s q✉❡ ❧❡s ❥♦✉❡✉rs ♣❡✉✈❡♥t ❥♦✉❡r✳ ■❝✐

Lk = [0, L]. ✭✹✳✶✵✮

✕ {Ik}k∈K ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ✉t✐❧✐tés ❞❡s ❥♦✉❡✉rs✳



✻✻ ❈❤❛♣✐tr❡ ✹✳ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

✹✳✶✳✷ ➱t✉❞❡ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤

▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡tt❡ ♣❛rt✐❡ ❡st ❞✬ét✉❞✐❡r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞❛♥s ❧❡
❥❡✉ ❞é✜♥✐ ❞❛♥s ❧❛ ♣❛rt✐❡ ✹✳✶✳✶ ❛✐♥s✐ q✉❡ ❞❡ ❞♦♥♥❡r ✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❝❡t éq✉✐❧✐❜r❡✳

❊①✐st❡♥❝❡

❚❤é♦rè♠❡ ✼ ❉❛♥s ❧❡ ❥❡✉ ✐♥tr♦❞✉✐t ❡♥ ❞é✜♥✐t✐♦♥ ✶✽✱ ✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥ éq✉✐❧✐❜r❡
❞❡ ◆❛s❤✳

▲❛ ♣r❡✉✈❡ ❞❡ ❝❡t t❤é♦rè♠❡ ❞é❝♦✉❧❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❘♦s❡♥ ❬❘♦s❡♥ ✶✾✻✺❪ ♣♦✉r ❧✬❡①✲
✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ✭✈♦✐r ❬▼ér✐❛✉① ✷✵✶✶❜❪ ♣♦✉r ❧❛ ♣r❡✉✈❡ ❝♦♠♣❧èt❡✮✳

▼✉❧t✐♣❧✐❝✐té ❞❡s éq✉✐❧✐❜r❡s ❞❡ ◆❛s❤

❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ♠✉❧t✐♣❧✐❝✐té ❞❡s éq✉✐❧✐❜r❡s ❞❡ ◆❛s❤✱ ♣✉✐sq✉❡ ❧❡s ❝❛r❛❝✲
tér✐st✐q✉❡s ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès ✭❤❛✉t❡✉r ❡t ♣✉✐ss❛♥❝❡ ❞✉ ❜r✉✐t à ❧❛ ré❝❡♣t✐♦♥✮ s♦♥t
s✉♣♣♦sé❡s ✐❞❡♥t✐q✉❡s✱ ✐❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ♥♦t❡r q✉✬✉♥❡ ♣❡r♠✉t❛t✐♦♥ ❞❡s ♣♦s✐t✐♦♥s
❞❡s ♣♦✐♥ts ❞✬❛❝❝ès ♠è♥❡ à ✉♥ s②stè♠❡ ✐❞❡♥t✐q✉❡✳ ❆✐♥s✐✱ s❛♥s ❝♦♥❞✐t✐♦♥ ❞✬♦r❞r❡ s✉r
❧❡s ♣♦✐♥ts ❞✬❛❝❝ès✱ ✐❧ ② ❛ K! éq✉✐❧✐❜r❡s ❞❡ ◆❛s❤ s②♠étr✐q✉❡s ♣♦✉r ❧❡sq✉❡❧s ❧✬❡♥s❡♠❜❧❡
❞❡s ♣♦s✐t✐♦♥s ❞✬éq✉✐❧✐❜r❡ ❡st t♦✉❥♦✉rs ❧❡ ♠ê♠❡✳ P♦✉r s✐♠♣❧✐✜❡r ❧✬ét✉❞❡ ❞❡ ❧❛ ♠✉❧t✐✲
♣❧✐❝✐té ❞❡ ❧✬éq✉✐❧✐❜r❡✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❞♦♥❝ ❧❛ ❝♦♥❞✐t✐♦♥ s✉✐✈❛♥t❡ s✉r ❧❡s ❡♥s❡♠❜❧❡
❞✬❛❝t✐♦♥s ❞✉ ❥❡✉ G(2) ✿

Lk = {xk ∈ [0, L] | 0 < x1 < . . . < xK < L}. ✭✹✳✶✶✮

❆✈❡❝ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ❞✬♦r❞r❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♣r♦✉✈❡r q✉✬✐❧ ❡①✐st❡ ✉♥ ✉♥✐q✉❡ éq✉✐❧✐✲
❜r❡✳

❚❤é♦rè♠❡ ✽ ❉❛♥s ❧❡ ❥❡✉ ✐♥tr♦❞✉✐t ❡♥ ❞é✜♥✐t✐♦♥ ✶✽✱ s♦✉♠✐s à ❧❛ ❝♦♥❞✐t✐♦♥ ✭✹✳✶✶✮✱
✐❧ ❡①✐st❡ ✉♥ ✉♥✐q✉❡ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤✳

▲❛ ♣r❡✉✈❡ ❞❡ ❝❡ t❤é♦rè♠❡ ❡st ❞♦♥♥é❡ ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✶❜❪✳ ❊❧❧❡ r❡♣♦s❡ s✉r ❧❛
❝♦♥❞✐t✐♦♥ ❞❡ ❝♦♥❝❛✈✐té str✐❝t❡♠❡♥t ❞✐❛❣♦♥❛❧❡ ❬❘♦s❡♥ ✶✾✻✺❪✳

▲✬✉♥✐❝✐té ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ s♦✉s ❝♦♥❞✐t✐♦♥ ❞✬♦r❞r❡ ♣❡✉t s❡♠❜❧❡r êtr❡ ✉♥
rés✉❧t❛t ❢❛✐❜❧❡ ❡♥ ❝♦♠♣❛r❛✐s♦♥ ❞✬✉♥ rés✉❧t❛t ❣é♥ér❛❧ ❞✬✉♥✐❝✐té✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ✉♥
❝♦♥t❡①t❡ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥ts ❞②♥❛♠✐q✉❡s✱ ❧❡s ♣♦s✐t✐♦♥s ✐♥✐t✐❛❧❡s ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès
s✉✣s❡♥t à ❞ét❡r♠✐♥❡r ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ♦❜s❡r✈é ✭❛♣rès ❝♦♥✈❡r❣❡♥❝❡✮✳

❈❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤

❯♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❡st ❞♦♥♥é❡ ❞❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ❛✐♥s✐ q✉❡ ❞❡s
❡①❡♠♣❧❡s ♣♦✉r ❞❡s ♣❡t✐t❡s ✈❛❧❡✉rs ❞❡ K✳ P♦✉r ξ > 2✱ ❧♦rsq✉❡ ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès



✹✳✶✳ ❏❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès ✻✼

♠❛①✐♠✐s❡ s❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té✱ ✉♥❡ s♦❧✉t✐♦♥ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ré❡❧ ❞♦✐t s❛t✐s❢❛✐r❡ ✿




x1 =
2

»
(5.2

2
ξ −2

4
ξ −4)ε2+2

2
ξ x2

2−2
2
ξ x2

4−2
2
ξ

,

xk =
xk+1+xk−1

2 , ∀k ∈ {2, . . . ,K − 1},

xK =
−2

»
(5.2

2
ξ −2

4
ξ −4)ε2+2

2
ξ (L−xK−1)2−2

2
ξ xK−1+4L

4−2
2
ξ

.

✭✹✳✶✷✮

❱♦✐r ❬▼ér✐❛✉① ✷✵✶✶❜❪ ♣♦✉r ❧❡ ❞ét❛✐❧ ❞❡s ❝❛❧❝✉❧s✳ P♦✉r ❧❡ ❝❛s ξ = 2✱ ♥♦✉s ♦❜t❡♥♦♥s ✿





x1 =
»
2ε2 + 2x22 − x2,

xk =
xk+1+xk−1

2 , ∀k ∈ {2, . . . ,K − 1},
xK = −

»
10ε2 + 2(L− xK−1)2 − xK−1 + 2L.

✭✹✳✶✸✮

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r ❧❡ ❥❡✉ ❛✈❡❝ ❞❡✉① ♣♦✐♥t ❞✬❛❝❝ès ❡t ξ = 2✱ ♥♦✉s ♦❜t❡♥♦♥s ✿

®
x1 = L− 1

2

√
2L2 − 4ε2,

x2 =
1
2

√
2L2 − 4ε2.

✭✹✳✶✹✮

✹✳✶✳✸ ❈♦♥✈❡r❣❡♥❝❡ ✈❡rs ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤

❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞❡ ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès✱ ❝♦♥♥❛îtr❡ ❧✬éq✉✐❧✐❜r❡ ❝❛r❛❝tér✐sé ❞❛♥s
❧❛ ♣❛rt✐❡ ✹✳✶✳✷ ♥✬❡st ♣❛s ✉♥❡ tâ❝❤❡ ❛✐sé❡✳ ❊♥ ❡✛❡t✱ ❝❡❧❛ ♥é❝❡ss✐t❡r❛✐t q✉❡ ❝❤❛q✉❡ ♣♦✐♥t
❞✬❛❝❝ès ❝♦♥♥❛✐ss❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té ❞❡s ❛✉tr❡s ♣♦✐♥ts ❞✬❛❝❝ès ❞✉ s②stè♠❡ ❛✐♥s✐
q✉❡ ❧❛ ❝♦♥❞✐t✐♦♥ ❞✬♦r❞r❡ ✭✹✳✶✶✮✳ ❉❛♥s ✉♥ s❝é♥❛r✐♦ ♣r❛t✐q✉❡✱ ❝❡❧❛ ❡st ❞✐✣❝✐❧❡♠❡♥t
❡♥✈✐s❛❣❡❛❜❧❡✳ ❈✬❡st ♣♦✉rq✉♦✐ ♥♦✉s ♣rés❡♥t♦♥s ♠❛✐♥t❡♥❛♥t ❞❡s t❡❝❤♥✐q✉❡s ♣❡r♠❡tt❛♥t
❞✬❛tt❡✐♥❞r❡ ❧❡s ♣♦s✐t✐♦♥s ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞✬✉♥❡ ♠❛♥✐èr❡ t♦t❛❧❡♠❡♥t ❞✐str✐❜✉é❡ ✿
❧❡s ❉▼❘ ❡t ❧✬❛♣♣r❡♥t✐ss❛❣❡ ♣❛r r❡♥❢♦r❝❡♠❡♥t✳ ▲❡ t❡♠♣s ❡st é❣❛❧❡♠❡♥t ❞é❝♦✉♣é ❡♥
ét❛♣❡s ♣❡♥❞❛♥t ❧❡sq✉❡❧❧❡s ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès ♣❡✉✈❡♥t ♠❡ttr❡ à ❥♦✉r ❧❡✉rs ♣♦s✐t✐♦♥s✳

❉②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

▲❡ ♣r✐♥❝✐♣❡ ❞❡ ❧❛ ♠❡✐❧❧❡✉r❡ ré♣♦♥s❡ ❡st q✉❡ ❝❤❛q✉❡ ❥♦✉❡✉r ❡st ❝❛♣❛❜❧❡ ❞❡ ❝❤♦✐s✐r
❧✬❛❝t✐♦♥ q✉✐ ♠❛①✐♠✐s❡ s❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té✱ ♣♦✉r ✉♥ ♣r♦✜❧ ❞✬❛❝t✐♦♥s ❞❡s ❛✉tr❡s ❥♦✉❡✉rs
❞♦♥♥é✳ Pré❝✐sé♠❡♥t ❝❡tt❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ s✬é❝r✐t ✿

MRk(x−k) = arg max
xk∈Lk

Ik(xk, x−k). ✭✹✳✶✺✮

▲❛ ❉▼❘ ❡st ❞♦♥❝ ❞é✜♥✐❡ ❝♦♠♠❡ ❧❛ ♠✐s❡ à ❥♦✉r ré♣été❡ ❞❡s ❛❝t✐♦♥s ❞❡s ❥♦✉❡✉rs
❡♥ s✉✐✈❛♥t ❧❡✉rs ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s✳ ❉❡✉① ❞②♥❛♠✐q✉❡s s♦♥t ❝♦♥s✐❞éré❡s ❞❛♥s ❝❡tt❡
♣❛rt✐❡ ✿

✕ ❧❛ ❉▼❘ s✐♠✉❧t❛♥é❡✱ ♣♦✉r ❧❛q✉❡❧❧❡ t♦✉s ❧❡s ❥♦✉❡✉rs ♠❡tt❡♥t à ❥♦✉r ❧❡✉rs ♣♦s✐✲
t✐♦♥s ❡♥ ♠ê♠❡ t❡♠♣s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❛❝t✐♦♥s ❞❡ ❧✬ét❛♣❡ ♣ré❝é❞❡♥t❡✱ ❝✬❡st✲à✲❞✐r❡
q✉❡ ♣♦✉r t♦✉t ❥♦✉❡✉r k ∈ K✱ s♦♥ ❛❝t✐♦♥ à ❧✬✐♥st❛♥t n+ 1 ❡st ❞♦♥♥é❡ ♣❛r ✿

x
(n+1)
k =MRk(x

(n)
−k), ✭✹✳✶✻✮
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Meilleures réponses du point d’accès 1

Meilleures réponses du point d’accès 2

Équilibre de Nash

❋✐❣✉r❡ ✹✳✶ ✕ ▼❡✐❧❧❡✉r❡s ré♣♦♥s❡s ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès 1 ❡t 2 ♣♦✉r ξ = 2✳

✕ ❧❛ ❉▼❘ séq✉❡♥t✐❡❧❧❡✱ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡s ❥♦✉❡✉rs ♠❡tt❡♥t à ❥♦✉r ❧❡✉rs ♣♦s✐t✐♦♥s
❝❤❛❝✉♥ ❧❡✉r t♦✉r✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ♣♦✉r t♦✉t ❥♦✉❡✉r k ∈ K✱ s♦♥ ❛❝t✐♦♥ à ❧✬✐♥st❛♥t
n+ 1 ❡st ❞♦♥♥é❡ ♣❛r ✿

x
(n+1)
k =MRk(x

(n+1)
1 , . . . , x

(n+1)
k−1 , x

(n)
k+1, . . . , x

(n)
K ). ✭✹✳✶✼✮

❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❝❡s ❞②♥❛♠✐q✉❡s✱ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ❡st
❞é♠♦♥tré ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✶❜❪✳

❚❤é♦rè♠❡ ✾ ❙✐ ❧❛ ❤❛✉t❡✉r ε ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès ❡st ♥é❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t ❧❛ ❞✐st❛♥❝❡
❝❛r❛❝tér✐st✐q✉❡ ❡♥tr❡ ❞❡✉① ♣♦✐♥ts ❞✬❛❝❝ès ❡t q✉❡ ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès ♥❡ s♦♥t ♣❛s s✉♣❡r✲
♣♦s❛❜❧❡s✱ ❧❡s ❉▼❘ s✐♠✉❧t❛♥é❡ ❡t séq✉❡♥t✐❡❧❧❡ ❝♦♥✈❡r❣❡♥t ✈❡rs ✉♥ éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ à
♣❛rt✐r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ♣r♦✜❧ ❞❡ ♣♦s✐t✐♦♥s ✐♥✐t✐❛❧❡s✳

P♦✉r ❧❡ ❝❛s ❞✬✉♥ s②stè♠❡ ❛✈❡❝ ❞❡✉① ♣♦✐♥t ❞✬❛❝❝ès✱ ❞❛♥s ❧❛ ✜❣✉r❡ ✹✳✶✱ ♥♦✉s ❝♦♠✲
♣❛r♦♥s ❧❡s ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s séq✉❡♥t✐❡❧❧❡s ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès 1 ❡t 2 ♣♦✉r ξ = 2✳
❯♥❡ ❝♦♥séq✉❡♥❝❡ ❞✉ ❢❛✐t ❞❡ ♥é❣❧✐❣❡r ε ❡st q✉❡ ❧❡s ❞❡✉① ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s s♦♥t ❞❡s
❢♦♥❝t✐♦♥s ❧✐♥é❛✐r❡s ❞❡ ❧✬❛❝t✐♦♥ ❞❡ ❧✬❛✉tr❡ ❥♦✉❡✉r✳ ▲❡✉r ♣♦✐♥t ❞✬✐♥t❡rs❡❝t✐♦♥ ❝♦rr❡s♣♦♥❞
à ❧✬éq✉✐❧✐❜r❡ ❞❡ ◆❛s❤ ❞✉ ❥❡✉✳

❆♣♣r❡♥t✐ss❛❣❡ ♣❛r r❡♥❢♦r❝❡♠❡♥t

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ♠♦❞✐✜♦♥s ❧❡ ♠♦❞è❧❡ ❞✉ s②stè♠❡ ét✉❞✐é ♣♦✉r ♣♦✉✈♦✐r
✉t✐❧✐s❡r ❧✬❛♣♣r❡♥t✐ss❛❣❡ ♣❛r r❡♥❢♦r❝❡♠❡♥t✳ ▲❛ ♠♦❞✐✜❝❛t✐♦♥ ❝♦♥s✐st❡ à ❝♦♥s✐❞ér❡r q✉❡
❧❡s ❡s♣❛❝❡s ❞✬❛❝t✐♦♥s ❞❡s ❥♦✉❡✉rs s♦♥t ♠❛✐♥t❡♥❛♥t ❞✐s❝r❡ts✳ ❆✐♥s✐ ♥♦✉s ♥♦t♦♥s L̃ =



✹✳✶✳ ❏❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès ✻✾

{y1, . . . , yM} ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦s✐t✐♦♥s ♣♦ss✐❜❧❡s ♣♦✉r t♦✉s ❧❡s ♣♦✐♥ts ❞✬❛❝❝ès ✭M ét❛♥t
❧❛ ❝❛r❞✐♥❛❧✐té ❞❡ L̃✮✳ ❈❡t ❡♥s❡♠❜❧❡ ❝♦rr❡s♣♦♥❞ à ❧❛ ❞✐s❝rét✐s❛t✐♦♥ ❞❡ ❧✬❡♥s❡♠❜❧❡ [0, L]✳
■❧ ❢❛✉t ❜✐❡♥ ♥♦t❡r q✉❡ ❝❡tt❡ ❞✐s❝rét✐s❛t✐♦♥ ❞❡s ❡s♣❛❝❡s ❞✬❛❝t✐♦♥s ❞♦♥♥❡ ♥❛✐ss❛♥❝❡ à
✉♥ ♥♦✉✈❡❛✉ ❥❡✉ ❞♦♥t ❧✬ét✉❞❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ♥✬❡st ♣❛s ❢❛✐t❡ ❞❛♥s ❝❡ tr❛✈❛✐❧✳ ▲✬✐❞é❡
s♦✉s✲❥❛❝❡♥t❡ ❡st q✉✬❛✈❡❝ ✉♥ ♠❛✐❧❧❛❣❡ ❞❡ ♣♦s✐t✐♦♥s s✉✣s❛♠♠❡♥t ❞❡♥s❡✱ ❧❡s ♣♦s✐t✐♦♥s
✈❡rs ❧❡sq✉❡❧❧❡s ❝♦♥✈❡r❣❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ♣❛r r❡♥❢♦r❝❡♠❡♥t s♦♥t ♣r♦❝❤❡s
❞❡s ♣♦s✐t✐♦♥s ❞✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ G(2)✳

◆♦✉s ✐♠♣❧é♠❡♥t♦♥s ✉♥❡ ✈❡rs✐♦♥ ❞✐s❝rèt❡ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡
st♦❝❤❛st✐q✉❡✱ ❝❡ q✉✐ s✐❣♥✐✜❡ q✉❡ ❧✬❡s♣❛❝❡ ❞✬❛❝t✐♦♥ ❡st ❞✐s❝r❡t ❡t q✉✬à ❝❤❛q✉❡ ét❛♣❡✱
❧❡s ❛❝t✐♦♥s s♦♥t ❝❤♦✐s✐❡s s❡❧♦♥ ❞❡s ❞✐str✐❜✉t✐♦♥s ❞❡ ♣r♦❜❛❜✐❧✐té q✉✐ s♦♥t ♠✐s❡s à ❥♦✉r
à ❝❤❛q✉❡ ✐tér❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✈❛❧❡✉rs ❞❡s ✉t✐❧✐tés ♦❜s❡r✈é❡s✳ ▲❛
s❡✉❧❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐s♣♦♥✐❜❧❡ ♣♦✉r ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès ❡st ❧❛ ✈❛❧❡✉r ❞❡ s♦♥ ✉t✐❧✐té
❛♣rès ❝❤❛q✉❡ ✐tér❛t✐♦♥✳ ■❧ ♥✬❡st ❞♦♥❝ ♣❛s ♥é❝❡ss❛✐r❡ q✉❡ ❧❡ ♣♦✐♥t ❞✬❛❝❝ès ❝♦♥♥❛✐ss❡
❧✬❡①♣r❡ss✐♦♥ ❞❡ s❛ ❢♦♥❝t✐♦♥ ❞✬✉t✐❧✐té✳

❉é✜♥✐ss♦♥s o(n)k = (o
(n)
k1 , . . . , o

(n)
kM ) ❧❡ ✈❡❝t❡✉r ❞❡s ❞✐str✐❜✉t✐♦♥s ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡s

♣♦s✐t✐♦♥s ❞✉ ♣♦✐♥t ❞✬❛❝❝ès k à ❧✬ét❛♣❡ n ✿

P
[
x
(n)
k = ym

]
= o

(n)
km, m ∈ {1, . . . ,M}. ✭✹✳✶✽✮

▲❛ r♦✉t✐♥❡ ❛♣♣❧✐q✉é❡ ♣❛r ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès ❡st ❛❧♦rs ❧❛ s✉✐✈❛♥t❡ ✿

✶✳ ■♥✐t✐❛❧✐s❛t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ✿

∀k ∈ K, ∀m ∈ {1, . . . , N}, o(0)km =
1

M
. ✭✹✳✶✾✮

✷✳ ❆ ❝❤❛q✉❡ ét❛♣❡ n✱ ❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès k ❝❤♦✐s✐t ✉♥❡ ♣♦s✐t✐♦♥ x
(n)
k s❡❧♦♥ ❧❛

❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té o(n)k ✳

✸✳ ❈❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès ♦❜s❡r✈❡ I(n)k ✳

✹✳ ❈❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès ♠❡t à ❥♦✉r s❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té o(n)k ✿

o
(n+1)
km = o

(n)
km − ζI

(n)
k o

(n)
km✱ s✐ x(n)k 6= ym ,

o
(n+1)
km = o

(n)
km + ζI

(n)
k

∑
s 6=m oks

(n)✱ s✐ x(n)k = ym.
✭✹✳✷✵✮

✺✳ ❙✐ o(n+1)
k = o

(n)
k ✱ ❧❛ ❞②♥❛♠✐q✉❡ s✬❛rrêt❡✳ ❆✉tr❡♠❡♥t✱ ❡❧❧❡ r❡♣r❡♥❞ à ❧✬ét❛♣❡ 2✳

▲❡s ✜❣✉r❡s ✹✳✷ ❡t ✹✳✸ ✐❧❧✉str❡♥t ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❞✐str✐❜✉t✐♦♥s ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡
❞❡✉① ♣♦✐♥ts ❞✬❛❝❝ès✳ ▲❡s ♣❛r❛♠ètr❡s ❞❡ s✐♠✉❧❛t✐♦♥ s♦♥t ❧❡s s✉✐✈❛♥ts ✿ ❝❤❛q✉❡ ♣♦✐♥t
❞✬❛❝❝ès ❛ ❧❡ ♠ê♠❡ ❡♥s❡♠❜❧❡ ❞❡ ♣♦s✐t✐♦♥s ❛❝❝❡ss✐❜❧❡s {10, 30, 50, 70, 90} ❡t ❧❡ ♣❛s ❞❡
❧✬❛❧❣♦r✐t❤♠❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ❡st ζ = 0.01✳

❊♥ ❢♦♥❝t✐♦♥ ❞✉ ❝❤♦✐① ❞❡ ζ✱ ❞❡✉① ♣❤é♥♦♠è♥❡s ♣❡✉✈❡♥t s❡ ♣r♦❞✉✐r❡✳
✕ P❧✉s ❧❛ ✈❛❧❡✉r ❞❡ ζ ❡st ❣r❛♥❞❡✱ ♣❧✉s r❛♣✐❞❡ ❡st ❧❡ t❡♠♣s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡

❧✬❛❧❣♦r✐t❤♠❡✱
✕ ❈❡♣❡♥❞❛♥t✱ s✐ ζ ❡st ❝❤♦✐s✐ tr♦♣ ❣r❛♥❞✱ ❧✬❛❧❣♦r✐t❤♠❡ ♣❡✉t ❝♦♥✈❡r❣❡r ✈❡rs ❞❡s ♣♦✲

s✐t✐♦♥s q✉✐ ♥❡ ❝♦rr❡s♣♦♥❞❡♥t ♣❛s à ❧✬éq✉✐❧✐❜r❡ ❞✉ ❥❡✉ ❞é✜♥✐ ❞❛♥s ❧❛ ♣❛rt✐❡ ✹✳✶✳✶✳



✼✵ ❈❤❛♣✐tr❡ ✹✳ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s
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❋✐❣✉r❡ ✹✳✷ ✕ ➱✈♦❧✉t✐♦♥ ❞❡s ♣r♦❜❛❜✐❧✐tés ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞✉ ♣♦✐♥t ❞✬❛❝❝ès 1 ♣♦✉r
✉♥ ❛♣♣r❡♥t✐ss❛❣❡ ❞✐s❝r❡t st♦❝❤❛st✐q✉❡✳
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Position 30

Position 50

Position 10

Position 70

Position 90

❋✐❣✉r❡ ✹✳✸ ✕ ➱✈♦❧✉t✐♦♥ ❞❡s ♣r♦❜❛❜✐❧✐tés ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞✉ ♣♦✐♥t ❞✬❛❝❝ès 2 ♣♦✉r
✉♥ ❛♣♣r❡♥t✐ss❛❣❡ ❞✐s❝r❡t st♦❝❤❛st✐q✉❡✳



✹✳✷✳ ❏❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ✼✶
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ζ = 0.05
ζ = 0.01

ζ = 0.005

❋✐❣✉r❡ ✹✳✹ ✕ ❈♦♥✈❡r❣❡♥❝❡ ❞❡s ♣r♦❜❛❜✐❧✐tés ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞✉ ♣❛s ζ✳

▲❛ ✜❣✉r❡ ✹✳✹ ✐❧❧✉str❡ ❧❡ t❡♠♣s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬✉♥❡ ♣♦s✐t✐♦♥ ❡♥
❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ζ✳

▲❡ ❝❤♦✐① ❞❡ ζ ♣❡r♠❡t ❞♦♥❝ ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ t❡♠♣s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❡t ♣r♦❜❛✲
❜✐❧✐té ❞❡ ❝♦♥✈❡r❣❡r ✈❡rs ❧❡s ♣♦s✐t✐♦♥s s♦✉❤❛✐té❡s✳

✹✳✷ ❏❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ q✉❛❧✐té ❞❡ s❡r✲

✈✐❝❡

❉❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥ ♣r♦❜❧è♠❡ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❞❡
◗✉❛❧✐té ❉❡ ❙❡r✈✐❝❡ ✭◗❉❙✮ ♣♦✉r ❧❡q✉❡❧ ❧❛ ♠ét❤♦❞❡ ❞❡s ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s ♥✬❡st ♣❛s
❛ss✉ré❡ ❞❡ ❝♦♥✈❡r❣❡r ✈❡rs ✉♥ éq✉✐❧✐❜r❡✳ ❯♥❡ ✈❛r✐❛♥t❡ ❞❡ ❧❛ ♠❡✐❧❧❡✉r❡ ré♣♦♥s❡ ❡st ❞♦♥❝
♣r♦♣♦sé❡ ♣♦✉r ❛ss✉r❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs ✉♥ éq✉✐❧✐❜r❡✳

❯♥ rés❡❛✉ ❞é❝❡♥tr❛❧✐sé ❛✉t♦✲❝♦♥✜❣✉r❛❜❧❡ ✭❘❉❆❈✮ ❡st ✉♥ s②stè♠❡ ❞❡ ❝♦♠♠✉♥✐✲
❝❛t✐♦♥ s❛♥s ✐♥❢r❛str✉❝t✉r❡ ❞❛♥s ❧❡q✉❡❧ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❝❤♦✐s✐ss❡♥t ❧❡✉r ♣r♦♣r❡
❝♦♥✜❣✉r❛t✐♦♥ ❞✬é♠✐ss✐♦♥✴ré❝❡♣t✐♦♥ ❞❡ ❢❛ç♦♥ ❛✉t♦♥♦♠❡✱ t♦✉t ❡♥ ❣❛r❛♥t✐ss❛♥t ❞❡s ❝♦♠✲
♠✉♥✐❝❛t✐♦♥s ✜❛❜❧❡s✳ ❚②♣✐q✉❡♠❡♥t✱ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞✬é♠✐ss✐♦♥✴ré❝❡♣t✐♦♥ ♣❡✉t êtr❡
❞é❝r✐t❡ ❡♥ t❡r♠❡s ❞❡ str❛té❣✐❡s ❞✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡✱ ❞❡ ♠♦❞✉❧❛t✐♦♥s✱ ❞❡ str❛té✲
❣✐❡s ❞✬♦r❞♦♥♥❛♥❝❡♠❡♥t✱ ❞✬♦r❞r❡ ❞❡ ❞é❝♦❞❛❣❡✱ ❞❡ ❜❛♥❞❡ ❞❡ ❢réq✉❡♥❝❡ ♦❝❝✉♣é❡✱ ❡t❝✳
❉❡s ❡①❡♠♣❧❡s ❞❡ ❘❉❆❈ ❝❧❛ss✐q✉❡s s♦♥t ❧❡s rés❡❛✉① ❞❡ ❝❛♣t❡✉rs s❛♥s ✜❧✱ ❧❡s rés❡❛✉①
❞❡ ❢❛✐❜❧❡ ♣♦rté❡ ❞❛♥s ❧❡s ❜❛♥❞❡s ❞❡ ❢réq✉❡♥❝❡ ■❙▼ ✭❲✐✜✱ ❇❧✉❡t♦♦t❤✱ ❩✐❣❇❡❡✳✳✳✮✱ ❧❡s
rés❡❛✉① ❢❡♠t♦✲❝❡❧❧ ❡t ❧❡s rés❡❛✉① ❛❞ ❤♦❝ ❡♥ ❣é♥ér❛❧✳ ❯♥❡ ❝♦♥st❛♥t❡ ❞❡s ❘❉❆❈ ❡st
q✉❡ ❧❡s é♠❡tt❡✉rs ❝♦♠♠✉♥✐q✉❡♥t ❞✐r❡❝t❡♠❡♥t ❛✈❡❝ ❧❡✉r ré❝❡♣t❡✉r ❛ss♦❝✐é✱ s❛♥s ❧✬✐♥✲



✼✷ ❈❤❛♣✐tr❡ ✹✳ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

t❡r✈❡♥t✐♦♥ ❞✬✉♥ ❝♦♥trô❧❡✉r ❝❡♥tr❛❧✳ ❆✐♥s✐✱ ♣♦✉r q✉❡ ❝❡s rés❡❛✉① ♣✉✐ss❡♥t ❢♦✉r♥✐r ✉♥❡
◗❉❙ ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s✉✣s❛♥t❡✱ ❧❛ ♣❧✉s ❣r❛♥❞❡ ❝♦♥tr❛✐♥t❡ ❡st ❞❡ ❧✐♠✐t❡r ❧❡s ✐♥✲
t❡r❢ér❡♥❝❡s ♣r♦✈❡♥❛♥t ❞❡s ❛❝t✐♦♥s ♥♦♥✲❝♦♦r❞♦♥♥é❡s ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✳ ❉❛♥s ❝❡
❝♦♥t❡①t❡✱ ❧❛ ❣❛r❛♥t✐❡ ❞✬✉♥ ♥✐✈❡❛✉ ❞❡ ◗❉❙ ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♠♣♦s❡ ❞❡ ❝♦♥❝❡✈♦✐r
❞❡s rè❣❧❡s ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t t❡❧❧❡s q✉❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❛❞❛♣t❡♥t ❧❡✉r ❝♦♥✜❣✉✲
r❛t✐♦♥ ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡ ♠❛♥✐èr❡ à ♠❛✐♥t❡♥✐r ❝❡ ♥✐✈❡❛✉ ❞❡ ◗❉❙ ❞❛♥s ✉♥❡ ré❣✐♦♥
s♦✉❤❛✐té❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❞❡s ❝❛♣❛❝✐tés s✐♠✐❧❛✐r❡s ❞✬❛❞❛♣t❛t✐♦♥ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦♥t
❞é❥à été ♠❡♥t✐♦♥♥é❡s ❞❛♥s ❬❍❛②❦✐♥ ✷✵✵✺❪ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧❛ r❛❞✐♦ ❝♦❣♥✐t✐✈❡✳

❉❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ ❧❛ str✉❝t✉r❡ ❞é❝❡♥tr❛❧✐sé❡ ❞❡s ❘❉❆❈ r❡♥❞ ♥❛t✉r❡❧❧❡ ❧✬✉t✐❧✐✲
s❛t✐♦♥ ❞✬♦✉t✐❧s ❡♥ ♣r♦✈❡♥❛♥❝❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❥❡✉① ❬▲❛s❛✉❧❝❡ ✷✵✶✶✱ ❍❛♥ ✷✵✶✶❪✳ ❉❛♥s
❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ♥♦✉s ❝♦♥❝❡♥tr♦♥s s✉r ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡
❣❛r❛♥t✐❡ ❞❡ ❧❛ ◗❉❙✱ à s❛✈♦✐r ❧❡s ❥❡✉① ❞❡ s❛t✐s❢❛❝t✐♦♥ ❬P❡r❧❛③❛ ✷✵✶✷❪✳ P❧✉s s♣é❝✐✜q✉❡✲
♠❡♥t✱ ♥♦✉s ❞♦♥♥♦♥s ❞❡s rè❣❧❡s ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t q✉✐ ♣❡r♠❡tt❡♥t ❛✉① t❡r♠✐♥❛✉①
♠♦❜✐❧❡s ❞✬❛tt❡✐♥❞r❡ ✉♥ éq✉✐❧✐❜r❡ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❡✣❝❛❝❡ ✭❊❙❊✮ ❞❛♥s ❧❡s ❘❉❆❈✳ ▲❛
♥♦t✐♦♥ ❞✬❊❙❊✱ ✐♥tr♦❞✉✐t❡ ❞❛♥s ❬P❡r❧❛③❛ ✷✵✶✷❪✱ ❞é✜♥✐t ✉♥ ét❛t ❞✉ rés❡❛✉ ♣♦✉r ❧❡q✉❡❧
t♦✉s ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s s❛t✐s❢♦♥t ❧❡✉rs ❝♦♥tr❛✐♥t❡s ❞❡ ◗❉❙ t♦✉t ❡♥ ♣r♦❞✉✐s❛♥t
✉♥ ❡✛♦rt ♠✐♥✐♠❛❧✳ ❈❡tt❡ ♥♦t✐♦♥ ❞✬❡✛♦rt s♦✉s✲❡♥t❡♥❞ q✉❡ ❞✐✛ér❡♥t❡s ❝♦♥✜❣✉r❛t✐♦♥s
❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ♥✬♦♥t ♣❛s ❧❡s ♠ê♠❡s ❝♦ûts ♣♦✉r ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✳ ❙♦✉✈❡♥t✱
❧✬✐❞é❡ ❞✬✉♥ ❡✛♦rt ✐♠♣♦rt❛♥t ❡st ❛ss♦❝✐é❡ à ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞✬é♠✐ss✐♦♥✴ré❝❡♣t✐♦♥
❝♦ût❡✉s❡s ❡♥ é♥❡r❣✐❡✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ✉♥❡ ❞❡s ❝♦♥tr✐❜✉t✐♦♥s ♣r✐♥❝✐♣❛❧❡s ❞❡ ❝❡tt❡
♣❛rt✐❡ ❡st ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥❡ rè❣❧❡ ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t q✉✐ ♣❡r♠❡t ❛✉① t❡r♠✐♥❛✉① ❞✉
s②stè♠❡ ❞✬❛tt❡✐♥❞r❡ ✉♥ ❊❙❊ ❡♥ ✉t✐❧✐s❛♥t ✉♥✐q✉❡♠❡♥t ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❧♦❝❛❧❡s✳ ❯♥❡
❛✉tr❡ ❝♦♥tr✐❜✉t✐♦♥ ✐♠♣♦rt❛♥t❡ ❡st ❞❡ ❞♦♥♥❡r ❞❡s ❝♦♥❞✐t✐♦♥s s✉✣s❛♥t❡s ♣♦✉r q✉❡ ❧❛
rè❣❧❡ ♣r♦♣♦sé❡ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❊❙❊✳

❆✜♥ ❞❡ ❞é♠♦♥tr❡r ❧✬✐♥térêt ❞❡ ♥♦s ❝♦♥tr✐❜✉t✐♦♥s ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ❘❉❆❈✱ ♥♦✉s
ét✉❞✐♦♥s ❡♥ ♣❛rt✐❝✉❧✐❡r ✉♥ ❝❛s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ s✉r ❧❡s ❝❛♥❛✉① ♠♦♥t❛♥ts ❞✬✉♥
s②stè♠❡ ❝❡❧❧✉❧❛✐r❡ q✉✐ ❞♦✐t ❣❛r❛♥t✐r ✉♥ r❛♣♣♦rt s✐❣♥❛❧ à ✐♥t❡r❢ér❡♥❝❡ ♣❧✉s ❜r✉✐t ✭❘❙■❇✮
♠✐♥✐♠✉♠✳ ❉❡ ♠❛♥✐èr❡ ✐♥tér❡ss❛♥t❡✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❞❛♥s ❝❡ s❝é♥❛r✐♦ ♣❛rt✐❝✉❧✐❡r✱
❧❛ rè❣❧❡ ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ♣r♦♣♦sé❡ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❊❙❊ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡ ❧✬ét❛t
❞❡ ❞é♣❛rt ❞✉ rés❡❛✉✳ ❈❡ rés✉❧t❛t ❝♦♥tr❛st❡ ❛✈❡❝ ❧❛ ❧✐ttér❛t✉r❡ ❡①✐st❛♥t❡✳ ◆♦t❛♠♠❡♥t✱
❞❛♥s ❬❆❧t♠❛♥ ✷✵✵✸❪✱ ❆❧t♠❛♥ ❡t ❛❧✳ ♦♥t ét✉❞✐é ❝❡ ♣r♦❜❧è♠❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❣é♥ér❛❧
❞❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s s♦✉s ❢♦r♠❡ ❞❡ tr❡✐❧❧✐s ❝♦♠♣❛❝ts✳ ❙♦✉s ❧✬❤②♣♦t❤ès❡ q✉✬✉♥❡
s♦❧✉t✐♦♥ ❛✉ ♣r♦❜❧è♠❡ ❡①✐st❡✱ ✐❧s ♦♥t ét❛❜❧✐ q✉❡ ❧❛ ❉▼❘ ❝♦♥✈❡r❣❡ ✉♥✐q✉❡♠❡♥t ✈❡rs ❧❛
s♦❧✉t✐♦♥ à ♣❛rt✐r ❞✬ét❛ts ❞❡ ❞é♣❛rt ♣❛rt✐❝✉❧✐❡rs✳ ◗✉❛♥❞ ❧❡s ❡♥s❡♠❜❧❡s ❞❡ ♣✉✐ss❛♥❝❡s
❞✬é♠✐ss✐♦♥ s♦♥t ❝♦♥t✐♥✉s✱ ❨❛t❡s ❡t ❛❧✳ ♦♥t ♠♦♥tré q✉❡ ❧❛ ❉▼❘ ❝♦♥✈❡r❣❡❛✐t à ♣❛rt✐r
❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ét❛t ❞❡ ❞é♣❛rt ❞❛♥s ❬❨❛t❡s ✶✾✾✺❪✳ ❊♥✜♥✱ ❞❛♥s ❧❡ ❝❛s ❞❡s ❡♥s❡♠❜❧❡s
❞✬❛❝t✐♦♥s ❞✐s❝r❡ts✱ ✉♥ ❛❧❣♦r✐t❤♠❡ ♣r♦❝❤❡ ❞❡ ❧❛ ❉▼❘ ❡st ♣r♦♣♦sé ❞❛♥s ❬❲✉ ✷✵✵✶❪✳
❈❡♣❡♥❞❛♥t✱ ✐❧ ② ❛ ❞❡s ❝♦♥❞✐t✐♦♥s s✉r ❧✬ét❛t ❞❡ ❞é♣❛rt ♣♦✉r ❣❛r❛♥t✐r ❧❛ ❝♦♥✈❡r❣❡♥❝❡
❞❡ ❧✬❛❧❣♦r✐t❤♠❡✳

❈❡tt❡ ♣❛rt✐❡ ❡st ♦r❣❛♥✐sé❡ ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡✳ ❉❛♥s ❧❛ ♣❛rt✐❡ ✹✳✷✳✶✱ ♥♦✉s r❡✈✐s✐✲
t♦♥s ❧❛ ♥♦t✐♦♥ ❞✬éq✉✐❧✐❜r❡ ❞❡ s❛t✐s❢❛❝t✐♦♥ ✭❊❙✮ ❡t ❞✬❊❙❊ ❡t ♥♦✉s ❢♦r♠✉❧♦♥s ✉♥ ♣r♦❜✲
❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ♣♦✉r r❡s♣❡❝t❡r ❞❡s ❝♦♥tr❛✐♥t❡s ❞❡ ◗❉❙✳ ❉❛♥s ❧❛ ♣❛r✲
t✐❡ ✹✳✷✳✷✱ ♥♦✉s ét✉❞✐♦♥s ❧❡s ❧✐♠✐t❡s ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ❉▼❘ ✈❡rs ✉♥ ❊❙❊✳ ❉❛♥s
❧❛ ♣❛rt✐❡ ✹✳✷✳✸✱ ♥♦✉s ♣rés❡♥t♦♥s ♥♦tr❡ ❝♦♥tr✐❜✉t✐♦♥ ♣r✐♥❝✐♣❛❧❡ ✿ ✉♥❡ rè❣❧❡ ❞❡ ❢♦♥❝t✐♦♥✲



✹✳✷✳ ❏❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ✼✸

♥❡♠❡♥t q✉✐ ♣❡r♠❡t ❛✉① ❘❉❆❈ ❞❡ ❝♦♥✈❡r❣❡r ✈❡rs ✉♥ ❊❙❊ ❛✈❡❝ ♠♦✐♥s ❞✬✐♥❢♦r♠❛t✐♦♥
q✉❡ ❧❛ ❉▼❘✳ ❉❛♥s ❧❛ ♣❛rt✐❡ ✹✳✷✳✹✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s ❛ss♦❝✐és
❛✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ♣♦✉r ✈ér✐✜❡r ♥♦tr❡ ❝♦♥tr✐❜✉t✐♦♥ t❤é♦r✐q✉❡✳

✹✳✷✳✶ ❋♦r♠✉❧❛t✐♦♥ ❞✉ ❥❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥

❈♦♠♠❡ ❞é✜♥✐ ❞❛♥s ❬P❡r❧❛③❛ ✷✵✶✷❪✱ ✉♥ ❥❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❡st ♣❧❡✐♥❡♠❡♥t ❞é❝r✐t
♣❛r ❧❡ tr✐♣❧❡t ✿

Ĝ =
Ä
K, {Ak}k∈K, {Fk}k∈K

ä
. ✭✹✳✷✶✮

❉❛♥s ❝❡ tr✐♣❧❡t✱ K r❡♣rés❡♥t❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❥♦✉❡✉rs✱ Ak ❡st ❧❛ str❛té❣✐❡ ❞✉ ❥♦✉❡✉r
k ∈ K ❡t ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ Fk ❞ét❡r♠✐♥❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛❝t✐♦♥s ❞✉ ❥♦✉❡✉r k q✉✐ ❧✉✐
♣❡r♠❡tt❡♥t ❞❡ s❛t✐s❢❛✐r❡ s❡s ❝♦♥tr❛✐♥t❡s ❞❡ ◗❉❙ ét❛♥t ❞♦♥♥é ❧❡s ❛❝t✐♦♥s ❞❡s ❛✉tr❡s
❥♦✉❡✉rs✳ ❯♥ ♣r♦✜❧ ❞❡ str❛té❣✐❡ ❡st ♥♦té a = (a1, . . . , aK) ∈ A✳

◆❛t✉r❡❧❧❡♠❡♥t✱ ✉♥ ét❛t ❞✬✐♥térêt ❞✬✉♥ ❥❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❡st ✉♥ ét❛t ♣♦✉r ❧❡q✉❡❧
t♦✉s ❧❡s ❥♦✉❡✉rs s♦♥t s❛t✐s❢❛✐ts✱ ❝✬❡st✲à✲❞✐r❡ ✉♥ éq✉✐❧✐❜r❡ ❞❡ s❛t✐s❢❛❝t✐♦♥ ✭❊❙✮✳ ▲❛
♥♦t✐♦♥ ❞✬❊❙ ❛ été ❞é✜♥✐❡ ❝♦♠♠❡ ✉♥ ♣♦✐♥t ✜①❡ ❞❛♥s ❬P❡r❧❛③❛ ✷✵✶✷❪✱ ❞❡ ❧❛ ♠❛♥✐èr❡
s✉✐✈❛♥t❡✳

❉é✜♥✐t✐♦♥ ✶✾ ✭➱q✉✐❧✐❜r❡ ❞❡ s❛t✐s❢❛❝t✐♦♥✮ ❯♥ ♣r♦✜❧ ❞✬❛❝t✐♦♥ a+ ❡st ✉♥ éq✉✐❧✐❜r❡
❞✉ ❥❡✉ Ĝ s✐

∀k ∈ K, a+k ∈ Fk

Ä
a+−k

ä
. ✭✹✳✷✷✮

❈♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s✱ ✐❧ ♥✬② ❛ s♦✉✈❡♥t ♣❛s ✉♥✐❝✐té ❞❡ ❧✬❊❙ ❡t ✐❧ ❡①✐st❡ ❞♦♥❝ ❞❡s
❊❙ ❛✉① ♣r♦♣r✐étés ♣❧✉s ✐♥tér❡ss❛♥t❡s q✉❡ ❞✬❛✉tr❡s✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s
❧❛ ♥♦t✐♦♥ ❞✬éq✉✐❧✐❜r❡ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❡✣❝❛❝❡ ✭❊❙❊✮✳ ❉❛♥s ❝❡tt❡ ♦♣t✐q✉❡✱ ♥♦✉s ❝♦♥✲
s✐❞ér♦♥s ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❝♦ût ♣♦✉r ❝❤❛q✉❡ ❥♦✉❡✉r ❞✉ ❥❡✉✱ ♣♦✉r ♠♦❞é❧✐s❡r ❧❛ ♥♦t✐♦♥
❞✬❡✛♦rt ♦✉ ❞❡ ❝♦ût ❛ss♦❝✐é à ✉♥ ❝❤♦✐① ❞✬❛❝t✐♦♥✳ P♦✉r t♦✉t k ∈ K✱ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦ût
ck: Ak → [0, 1] ✈ér✐✜❡ ❧❛ ❝♦♥❞✐t✐♦♥ s✉✐✈❛♥t❡ ✿ ∀(ak, a′k) ∈ A2

k✱

ck (ak) < ck
(
a′k

)
, ✭✹✳✷✸✮

s✐ ❡t s❡✉❧❡♠❡♥t s✐ ak ♥é❝❡ss✐t❡ ✉♥ ❡✛♦rt ♠♦✐♥❞r❡ q✉❡ ❧✬❛❝t✐♦♥ a′k ❧♦rsq✉✬❡❧❧❡ ❡st ❥♦✉é❡
♣❛r ❧❡ ❥♦✉❡✉r k✳ ❊♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❝❡tt❡ ♥♦t✐♦♥ ❞✬❡✛♦rt✱ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❊❙
❞✬✐♥térêt ❡st ❝❡✉① q✉✐ r❡q✉✐èr❡♥t ❧❡s ❡✛♦rts ✐♥❞✐✈✐❞✉❡❧s ❧❡s ♣❧✉s ❢❛✐❜❧❡s✳ ❈❡tt❡ ♥♦t✐♦♥
❞✬éq✉✐❧✐❜r❡ ❡st ❢♦r♠❛❧✐sé❡ ♣❛r ❧❛ ❞é✜♥✐t✐♦♥ s✉✐✈❛♥t❡✳

❉é✜♥✐t✐♦♥ ✷✵ ✭➱q✉✐❧✐❜r❡ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❡✣❝❛❝❡✮ ❯♥ ♣r♦✜❧ ❞✬❛❝t✐♦♥ a∗ ❡st ✉♥
❊❙❊ ❞✉ ❥❡✉ Ĝ =

Ä
K, {Ak}k∈K, {Fk}k∈K

ä
✱ ❛✈❡❝ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦ût {ck}k∈K✱ s✐

∀k ∈ K, a∗k ∈ Fk
(
a∗−k

)
✭✹✳✷✹✮

❡t
∀k ∈ K, ∀ak ∈ Fk(a

∗
−k), ck(ak) ≥ ck(a∗k). ✭✹✳✷✺✮

◆♦t♦♥s q✉❡ ❧✬❡✛♦rt ❛ss♦❝✐é ♣❛r ❝❤❛q✉❡ ❥♦✉❡✉r à s❡s ❛❝t✐♦♥s ♥❡ ❞é♣❡♥❞ ♣❛s ❞✉ ❝❤♦✐①
❞✬❛❝t✐♦♥s ❞❡s ❛✉tr❡ ❥♦✉❡✉rs✳ ■❝✐✱ ❧❡s ❥♦✉❡✉rs ♣❡✉✈❡♥t ❝❤♦✐s✐r ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t ❧❡✉r



✼✹ ❈❤❛♣✐tr❡ ✹✳ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

❢♦♥❝t✐♦♥ ❞❡ ❝♦ût✱ ❝❡ q✉✐ ❛❥♦✉t❡ ✉♥ ❛✉tr❡ ❞❡❣ré ❞❡ ❧✐❜❡rté à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ ♣r♦❜✲
❧è♠❡ ❞❡ ◗❉❙ ❞❛♥s ❧❡s ❘❉❆❈✳

◆♦t♦♥s ❛✉ss✐ q✉✬✉♥ ❥❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ♥✬❡st ♣❛s ✉♥ ❥❡✉ ❞♦♥t ❧❡s ❡♥s❡♠❜❧❡ ❞✬❛❝t✐♦♥s
s♦♥t ❝♦♥tr❛✐♥ts✱ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ❞❛♥s ❬❉❡❜r❡✉ ✶✾✺✷❪✳ ■❝✐ ❧✬❡♥s❡♠❜❧❡ ❞✬❛❝t✐♦♥s ❞✬✉♥
❥♦✉❡✉r ❡st ✐♥❞é♣❡♥❞❛♥t ❞❡s ❛❝t✐♦♥s ❞❡s ❛✉tr❡s ❥♦✉❡✉rs✳ ▲❛ ❞é♣❡♥❞❛♥❝❡ ❛✈❡❝ ❧❡s ❛❝t✐♦♥s
❞❡s ❛✉tr❡s ❥♦✉❡✉rs ✐♥t❡r✈✐❡♥t ✉♥✐q✉❡♠❡♥t à tr❛✈❡rs ❧❛ s❛t✐s❢❛❝t✐♦♥ ❞✉ ❥♦✉❡✉r✳

❏❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡

◆♦✉s ❝♦♥s✐❞ér♦♥s ❧❡ ❝❛s ❞✉ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❝❡❧❧✉❧❛✐r❡ s✉r ❧❛ ❜❛♥❞❡ ♠♦♥t❛♥t❡✱
t❡❧ q✉❡ ❞é✜♥✐ ❞❛♥s ❬❲✉ ✷✵✵✶✱ ❨❛t❡s ✶✾✾✺❪✳ ❉❛♥s ✉♥❡ ❝❡❧❧✉❧❡✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s K
❝♦✉♣❧❡s ❞✬é♠❡tt❡✉rs✴ré❝❡♣t❡✉rs ✐♥❞❡①és ♣❛r k ∈ K✳ P♦✉r t♦✉t k ∈ K✱ ❧✬é♠❡tt❡✉r k
✉t✐❧✐s❡ ✉♥❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ pk ∈ Ak✱ ♦ù Ak ❡st ✉♥ tr❡✐❧❧✐s ❝♦♠♣❛❝t✳ P♦✉r ❝❤❛q✉❡
❝♦✉♣❧❡ k ∈ K✱ ♦♥ ♥♦t❡ r❡s♣❡❝t✐✈❡♠❡♥t pmin

k ❡t pmax
k ❧❡ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ ♠✐♥✐♠❛❧❡

❡t ❧❡ ♥✐✈❡❛✉ ♠❛①✐♠❛❧ ❞❛♥s Ak✳ P♦✉r t♦✉t ❝♦✉♣❧❡ (i, j) ∈ K2✱ ♦♥ ♥♦t❡ ηij ❧❡ ❣❛✐♥ ❞✉
❝❛♥❛❧ ❡♥tr❡ ❧✬é♠❡tt❡✉r i ❡t ❧❡ ré❝❡♣t❡✉r j✳ ▲❛ q✉❛❧✐té ❞❡ ❧❛ tr❛♥s♠✐ss✐♦♥ ♣♦✉r ❝❤❛q✉❡
❝♦✉♣❧❡ k ∈ K ♣❡✉t êtr❡ ❡①♣r✐♠é❡ ♣❛r ❧❛ ❝❛♣❛❝✐té ❞❡ ❙❤❛♥♥♦♥

uk(pk, p−k
) = log2

Ç
1 +

pkηkk
σ2k +

∑
j 6=k pjηjk

å
[❜♣s✴❍③], ✭✹✳✷✻✮

♦ù σ2k ❡st ❧❛ ✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t ❛✉ ♥✐✈❡❛✉ ❞✉ ré❝❡♣t❡✉r k✳

▲❛ ❝♦♥tr❛✐♥t❡ ❞❡ ◗❉❙ ♣♦✉r ❝❤❛q✉❡ ❝♦✉♣❧❡ k ∈ K ❡st q✉❡ ❧❛ ❝❛♣❛❝✐té ❞✉ ❝❛♥❛❧
uk(pk, p−k

) s♦✐t s✉♣ér✐❡✉r❡ à ✉♥ s❡✉✐❧ Λk✱ ❡①♣r✐♠é ❡♥ ❜♣s✴❍③✳ ▲❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❞✉
❧✐❡♥ k ❡st ❞♦♥❝ ✿

Fk(p−k
) = {pk ∈ Ak | uk(pk, p−k

) ≥ Λk}

=

®
pk ∈ Ak | pk ≥ (2Λk − 1)

σ2k +
∑

j 6=k pjηjk
ηkk

´
.

✭✹✳✷✼✮

❯♥ ❊❙❊ ❞✉ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡st ✉♥ ♣r♦✜❧ ❞❡ ♣✉✐ss❛♥❝❡ p∗ t❡❧ q✉❡

∀k ∈ K, p∗k = min

{
pk ∈ Ak | pk ≥ (2Λk − 1)

σ2k +
∑

j 6=k p
∗
jηjk

ηkk

}
. ✭✹✳✷✽✮

◆♦✉s ét✉❞✐♦♥s à ♣rés❡♥t ❝♦♠♠❡♥t ❧❡s ❝♦✉♣❧❡s é♠❡tt❡✉rs✴ré❝❡♣t❡✉rs ♣❡✉✈❡♥t ❝♦♥✲
✈❡r❣❡r ✈❡rs ✉♥ t❡❧ éq✉✐❧✐❜r❡✳

✹✳✷✳✷ ❈♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ❉▼❘ ✈❡rs ✉♥ ❊❙❊

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ❞♦♥♥♦♥s ❞❡s ❝♦♥❞✐t✐♦♥s s✉✣s❛♥t❡s ♣♦✉r ❧❛ ❝♦♥✈❡r❣❡♥❝❡
❞❡ ❧❛ ❉▼❘ ✈❡rs ✉♥ ❊❙❊ ❞✉ ❥❡✉ Ĝ =

Ä
K, {Ak}k∈K, {Fk}k∈K

ä
✱ ❛✈❡❝ ❧❡s ❢♦♥❝t✐♦♥s ❞❡

❝♦ût {ck}k∈K✳



✹✳✷✳ ❏❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ✼✺

❉②♥❛♠✐q✉❡ ❞❡s ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

❉❛♥s ❧❡ ❝♦♥t❡①t❡ ❞✬✉♥ ❥❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ Ĝ =
Ä
K, {Ak}k∈K, {Fk}k∈K

ä
✱ ♥♦✉s

❞é✜♥✐ss♦♥s ❧❛ ♠❡✐❧❧❡✉r❡ ré♣♦♥s❡ ❞✉ ❥♦✉❡✉r k ∈ K à ✉♥ ♣r♦✜❧ ❞✬❛❝t✐♦♥s a−k ❥♦✉é ♣❛r
❧❡s ❛✉tr❡s ❥♦✉❡✉rs✱ ♣❛r ✿

MRk(a−k) = arg min
ak∈Fk(a−k)

ck(ak). ✭✹✳✷✾✮

▲♦rsq✉❡ ❧❡s ❥♦✉❡✉rs ♠❡tt❡♥t à ❥♦✉r ❧❡✉rs ❛❝t✐♦♥s ❞❡ ♠❛♥✐èr❡ séq✉❡♥t✐❡❧❧❡ ✭♠ét❤♦❞❡
❞❡ ●❛✉ss✲❙❡✐❞❡❧ ❬❇❡rts❡❦❛s ✶✾✽✾❪✮✱ à ❧✬✐tér❛t✐♦♥ n+ 1✱ ❝❤❛❝✉♥ ❞❡s ❥♦✉❡✉r ♠❡t à ❥♦✉r
s♦♥ ❛❝t✐♦♥ s❡❧♦♥ ❧❛ ❢♦r♠✉❧❡ ✿

a
(n+1)
k =MRk(a

(n+1)
1 , . . . , a

(n+1)
k−1 , a

(n)
k+1, . . . , a

(n)
K ). ✭✹✳✸✵✮

❉❛♥s ❧❡ ❝❛s ❞✉ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛✈❡❝ ✉♥ ❡♥s❡♠❜❧❡ ❞✬❛❝t✐♦♥s ❞✐s❝r❡t✱ ❧❛
❉▼❘ ♣❡✉t êtr❡ ❝♦♠♣❛ré❡ à ❧❛ ✈❡rs✐♦♥ ❛s②♥❝❤r♦♥❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ▼✐♥✐♠✉♠ ❋❡❛✲
s✐❜❧❡ ❱❛❧✉❡ ❆ss✐❣♥♠❡♥t ✭▼❋❱❆✮✱ ♣rés❡♥té ❞❛♥s ❬❲✉ ✷✵✵✶❪✳ ▲❛ ❞✐✛ér❡♥❝❡ ❡st q✉❡
❞❛♥s ❬❲✉ ✷✵✵✶❪✱ ❧❡s ❥♦✉❡✉rs ❝❤❛♥❣❡♥t ✉♥✐q✉❡♠❡♥t ❧❡✉r ♣✉✐ss❛♥❝❡ ❧♦rsq✉❡ ❧❡ ♣r♦✜❧
❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧✬ét❛♣❡ ♣ré❝é❞❡♥t❡ ♥✬❡st ♣❛s s❛t✐s❢❛✐s❛♥t✳ ❆✈❡❝ ❧❛ ❉▼❘✱ ❧❡s ❥♦✉❡✉rs
❝❤♦✐s✐ss❡♥t ❧❛ ♣✉✐ss❛♥❝❡ ♠✐♥✐♠❛❧❡ ❧❡✉r ♣❡r♠❡tt❛♥t ❞✬êtr❡ s❛t✐s❢❛✐ts ✐♥❞é♣❡♥❞❛♠♠❡♥t
❞❡ ❧❡✉r ét❛t ❞❡ s❛t✐s❢❛❝t✐♦♥ à ❧✬ét❛♣❡ ♣ré❝é❞❡♥t❡✳

❈♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ❉▼❘

P♦✉r ét✉❞✐❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ❉▼❘✱ ❝♦♠♠❡♥ç♦♥s ♣❛r ❞é✜♥✐r ❝❡rt❛✐♥❡s ♥♦✲
t❛t✐♦♥s✳ ❙♦✐❡♥t a = (a1, . . . , aN ) ❡t b = (b1, . . . , bN ) ❞❡✉① ♣r♦✜❧s ❞✬❛❝t✐♦♥s✱ ♥♦t♦♥s
c = a ∨ b ❧❡ ♠❛①✐♠✉♠ ❞❡ (a, b) t❡r♠❡ à t❡r♠❡✱ ❝✬❡st✲à✲❞✐r❡✱ c = (c1, . . . , cN ) ❛✈❡❝
cn = max(an, bn) ∀n ∈ {1, . . . , N}✳ ❉❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡✱ ♥♦t♦♥s a ∧ b ❧❡ ♠✐♥✐♠✉♠ ❞❡
(a, b) t❡r♠❡ à t❡r♠❡✳

❉é✜♥✐t✐♦♥ ✷✶ ✭Pr♦♣r✐étés ❞✬❛s❝❡♥❞❛♥❝❡ ❡t ❞❡ ❞❡s❝❡♥❞❛♥❝❡✮ ▲❛ ❝♦rr❡s♣♦♥✲
❞❛♥❝❡ Fk ✈ér✐✜❡ ❧❛ ♣r♦♣r✐été ❞✬❛s❝❡♥❞❛♥❝❡ s✐ ♣♦✉r t♦✉t ❝♦✉♣❧❡ ❞✬é❧é♠❡♥ts a−k ❡t
a′−k ❞❛♥s ❧✬❡♥s❡♠❜❧❡ A−k✱ a−k = a−k ∧ a′−k ✐♠♣❧✐q✉❡ q✉❡ ∀ak ∈ Fk(a−k) ❡t
∀a′k ∈ Fk(a

′
−k)✱ ®

min(ak, a
′
k) ∈ Fk(a−k),

max(ak, a
′
k) ∈ Fk(a

′
−k).

✭✹✳✸✶✮

▲❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ Fk ✈ér✐✜❡ ❧❛ ♣r♦♣r✐été ❞❡ ❞❡s❝❡♥❞❛♥❝❡ s✐ ♣♦✉r t♦✉t ❝♦✉♣❧❡ ❞✬é❧é✲
♠❡♥ts a−k ❡t a′−k ❞❛♥s ❧✬❡♥s❡♠❜❧❡ A−k✱ a−k = a−k∧a′−k ✐♠♣❧✐q✉❡ q✉❡ ∀ak ∈ Fk(a−k)

❡t ∀a′k ∈ Fk(a
′
−k)✱ ®

max(ak, a
′
k) ∈ Fk(a−k),

min(ak, a
′
k) ∈ Fk(a

′
−k).

✭✹✳✸✷✮

❯♥❡ ❝♦♥❞✐t✐♦♥ ♥é❝❡ss❛✐r❡ ♣♦✉r q✉✬✉♥❡ ❢♦♥❝t✐♦♥ Fk s♦✐t ❛s❝❡♥❞❛♥t❡ ♦✉ ❞❡s❝❡♥❞❛♥t❡
❡st q✉❡ ✿

∀a−k ∈ A−k, Fk(a−k) 6= ∅. ✭✹✳✸✸✮



✼✻ ❈❤❛♣✐tr❡ ✹✳ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

▲❛ ❞é✜♥✐t✐♦♥ ❞✬✉♥❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❛s❝❡♥❞❛♥t❡ ♣❡✉t s✐♠♣❧❡♠❡♥t s❡ ❝♦♠♣r❡♥❞r❡ ❞❛♥s
❧❡ ❝♦♥t❡①t❡ ❞✉ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✐str✐❜✉é✳ ❉❛♥s ✉♥ t❡❧ ❝♦♥t❡①t❡✱ ❧❛ ♣r♦♣r✐été
❞✬❛s❝❡♥❞❛♥❝❡ s✐❣♥✐✜❡ q✉❡ s✐ ❧❡s ❛✉tr❡s ❥♦✉❡✉rs ❛✉❣♠❡♥t❡♥t ❧❡✉rs ♣✉✐ss❛♥❝❡s ❞✬é♠✐s✲
s✐♦♥✱ ❧❡ ❥♦✉❡✉r k ❞♦✐t é❣❛❧❡♠❡♥t ❛✉❣♠❡♥t❡r s❛ ♣✉✐ss❛♥❝❡ ♣♦✉r r❡st❡r s❛t✐s❢❛✐t✳ ◆♦t♦♥s
é❣❛❧❡♠❡♥t q✉❡ s✐ ❧❛ ♣r♦♣r✐été ❞✬❛s❝❡♥❞❛♥❝❡ ❡st ✈ér✐✜é❡✱ ✐❧ ❡①✐st❡ t♦✉❥♦✉rs ❛✉ ♠♦✐♥s ✉♥
♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ q✉✐ s❛t✐s❢❛ss❡ ❧❡ ❥♦✉❡✉r k✱ q✉❡❧s q✉❡ s♦✐❡♥t ❧❡s ♥✐✈❡❛✉①
❞❡ ♣✉✐ss❛♥❝❡ ❥♦✉és ♣❛r ❧❡s ❛✉tr❡s ❥♦✉❡✉rs✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ t♦✉s ❧❡s ❥♦✉❡✉rs ✉t✐❧✐s❡♥t
❧❡✉r ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ♠❛①✐♠❛❧❡✱ ✐❧ ❡①✐st❡ ✉♥❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ s❛t✐s❢❛✐s❛♥t❡
♣♦✉r ❧❡ ❥♦✉❡✉r k✱ ❝❡ q✉✐ ❡st ✉♥❡ ❤②♣♦t❤ès❡ ❢♦rt❡✳

Pr♦♣♦s✐t✐♦♥ ✺ P♦✉r t♦✉t k ∈ K✱ s✐ Fk(·) ❡st ♥♦♥ ✈✐❞❡ ❡t ❝♦♠♣❛❝t❡ ♣♦✉r t♦✉t❡ ✈❛❧❡✉r
❞❡ a−k✱ s✐ Fk(·) ♣♦ssè❞❡ ❧❛ ♣r♦♣r✐été ❞✬❛s❝❡♥❞❛♥❝❡ ♦✉ ❞❡ ❞❡s❝❡♥❞❛♥❝❡ ❡t s✐ Fk(·) ❡st
❝♦♥t✐♥✉❡✱ ❛❧♦rs

✕ ✭✐✮ ❯♥ ❊❙❊ ❡①✐st❡✳
✕ ✭✐✐✮ ❙✐ ❧❛ ❉▼❘ ❞é❜✉t❡ ♣❛r ❧❡ ♣r♦✜❧ ❞✬❛❝t✐♦♥s q✉✐ ♠❛①✐♠✐s❡ ♦✉ ♠✐♥✐♠✐s❡ ❧❡s

❝♦ûts✱ ♣♦✉r t♦✉t k ∈ K✱ ❛❧♦rs ❧❛ ❞②♥❛♠✐q✉❡ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❊❙❊ ❞❡ ♠❛♥✐èr❡
♠♦♥♦t♦♥❡✳

✕ ✭✐✐✐✮ ❙✐ ❧❛ ❉▼❘ ❞é❜✉t❡ ❞✬✉♥ ♣r♦✜❧ ❞✬❛❝t✐♦♥s s❛t✐s❢❛✐s❛♥t ♣♦✉r t♦✉s ❧❡s ❥♦✉❡✉rs✱
❡❧❧❡ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❊❙❊✳ ❈❤❛❝✉♥❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ❞✉ ♣r♦✜❧ é✈♦❧✉❡ ❞❡
♠❛♥✐èr❡ ♠♦♥♦t♦♥❡✳

✕ ✭✐✈✮ ❉❛♥s ✉♥ ❥❡✉ ❝♦♠♣r❡♥❛♥t ❞❡✉① ❥♦✉❡✉rs✱ ❧❛ ❉▼❘ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❊❙❊
❞❡♣✉✐s ♥✬✐♠♣♦rt❡ q✉❡❧ ♣r♦✜❧ ❞✬❛❝t✐♦♥s ❞❡ ❞é♣❛rt✳

▲❛ ♣r❡✉✈❡ ❞❡ ❝❡tt❡ ♣r♦♣♦s✐t✐♦♥ ♣❡✉t s❡ tr♦✉✈❡r ❞❛♥s ❬▼ér✐❛✉① ✷✵✶✷❛❪✳

❉▼❘ ❞❛♥s ❧❡ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡

❈♦♠♠❡ ✐♥❞✐q✉é ♣ré❝é❞❡♠♠❡♥t✱ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧ ♦ù ❧❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s
s♦♥t ❞é✜♥✐s ♣❛r ❞❡s tr❡✐❧❧✐s ❝♦♠♣❛❝ts ✭q✉✐ ✐♥❝❧✉❡♥t à ❧❛ ❢♦✐s ❧❡ ❝❛s ❞❡s ❡♥s❡♠❜❧❡s
❝♦♥t✐♥✉s ❡t ❞❡s ❡♥s❡♠❜❧❡s ❞✐s❝r❡ts✮✱ ❧❛ ❉▼❘ ♥❡ ❝♦♥✈❡r❣❡ q✉✬à ♣❛rt✐r ❞❡ ♣r♦✜❧s ❞✬❛❝✲
t✐♦♥s ♣❛rt✐❝✉❧✐❡rs✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❧❡ ❝❛s ❞✉ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛✈❡❝ ❞❡s
❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s ❝♦♥t✐♥✉s✱ ✐❧ ❛ été ♠♦♥tré ❞❛♥s ❬❙❝✉t❛r✐ ✷✵✵✻✱ ❨❛t❡s ✶✾✾✺❪ q✉❡
❧❛ ❞②♥❛♠✐q✉❡ ❝♦♥✈❡r❣❡ à ♣❛rt✐r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ♣r♦✜❧ ❞❡ ♣✉✐ss❛♥❝❡✳ ❈✬❡st ❞♦♥❝
✉♥✐q✉❡♠❡♥t ❞❛♥s ❧❡ ❝❛s ❞❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s ❞✐s❝r❡ts q✉❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛
❉▼❘ ♥✬❡st ♣❛s ❣❛r❛♥t✐❡✳ P♦✉r ❝♦♥✈❛✐♥❝r❡ ❧❡ ❧❡❝t❡✉r ❞❡ ❝❡ ♣r♦❜❧è♠❡✱ ♥♦✉s ét✉❞✐♦♥s
❧❡ ❝❛s ❞✬✉♥ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ à tr♦✐s ❥♦✉❡✉rs✳

❊①❡♠♣❧❡ ✶ ❙♦✐❡♥t K = 3 ❝♦✉♣❧❡s ❞✬é♠❡tt❡✉rs✴ré❝❡♣t❡✉rs✳ P♦✉r t♦✉t k ∈ K✱ ❧✬é♠❡t✲
t❡✉r k ✉t✐❧✐s❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ pk ∈ {pmin, pmax}✳ ➱t❛♥t ❞♦♥♥é❡s ❧❡s ❝♦♥✲
tr❛✐♥t❡s é♥♦♥❝é❡s ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✹✳✷✳✶✱ ♥♦✉s ❝❤♦✐s✐ss♦♥s ❛r❜✐tr❛✐r❡♠❡♥t ❧❡s ❣❛✐♥s
❞❡s ❝❛♥❛✉① t❡❧s q✉❡

F1(p
min, pmin) = F3(p

min, pmin) = {pmin, pmax},
F1(p

min, pmax) = F3(p
min, pmax) = {pmin, pmax},

F1(p
max, pmin) = F3(p

max, pmin) = {pmax},
F1(p

max, pmax) = F3(p
max, pmax) = {pmax},

✭✹✳✸✹✮



✹✳✷✳ ❏❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ✼✼

❡t
F2(p

min, pmin) = {pmin, pmax},
F2(p

min, pmax) = {pmax},
F2(p

max, pmin) = {pmin, pmax},
F2(p

max, pmax) = {pmax}.

✭✹✳✸✺✮

◆♦✉s ♦❜s❡r✈♦♥s q✉❡ Fk ✈ér✐✜❡ ❜✐❡♥ ❧❛ ♣r♦♣r✐été ❞✬❛s❝❡♥❞❛♥❝❡ ♣♦✉r t♦✉t k ∈ K✳ ❆✐♥s✐
❞é✜♥✐✱ ❧❡ ❥❡✉ ♣♦ssè❞❡ ❞❡✉① ❊❙❊ ✿

✕ (pmin, pmin, pmin) ♣♦✉r ❧❡q✉❡❧ ❝❤❛q✉❡ ❥♦✉❡✉r é♠❡t à s♦♥ ♣❧✉s ❢❛✐❜❧❡ ♥✐✈❡❛✉ ❞❡
♣✉✐ss❛♥❝❡✳ ❆✉❝✉♥ ❥♦✉❡✉r ♥✬❛ ✐♥térêt à ❞é✈✐❡r ❞❡ ❝❡ ♣r♦✜❧ ♣✉✐sq✉❡ t♦✉t ❛✉tr❡
♣✉✐ss❛♥❝❡ ❛✉r❛✐t ✉♥ ❝♦ût s✉♣ér✐❡✉r ✭❜✐❡♥ q✉❡ ❧❡ ❥♦✉❡✉r r❡st❡r❛✐t s❛t✐s❢❛✐t✮✳

✕ (pmax, pmax, pmax) ♣♦✉r ❧❡q✉❡❧ ❝❤❛q✉❡ ❥♦✉❡✉r é♠❡t à s♦♥ ♣❧✉s ❤❛✉t ♥✐✈❡❛✉ ❞❡
♣✉✐ss❛♥❝❡ ♣♦✉r êtr❡ s❛t✐s❢❛✐t✳ ❙✐ ✉♥ ❥♦✉❡✉r ❞é✈✐❛✐t ❞❡ ❝❡tt❡ ♣✉✐ss❛♥❝❡ ♠❛①✐♠❛❧❡✱
✐❧ ♥❡ s❡r❛✐t ♣❧✉s s❛t✐s❢❛✐t✳

❇✐❡♥ q✉❡ ❞❡s ❊❙❊ ❡①✐st❡♥t✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣r♦✜❧ ❞❡ ♣✉✐ss❛♥❝❡ ✐♥✐t✐❛❧✱ ✐❧ s❡ ♣❡✉t
q✉❡ ❧❛ ❉▼❘ ♥❡ ❝♦♥✈❡r❣❡ ♣❛s✳ ❙✉♣♣♦s♦♥s ♣❛r ❡①❡♠♣❧❡ q✉❡ ❝❡tt❡ ❞②♥❛♠✐q✉❡ ❞é❜✉t❡ à
♣❛rt✐r ❞✉ ♣r♦✜❧ p(0) = (pmax, pmin, pmax)✳ ➚ ❧✬ét❛♣❡ 1✱ ❧❡ ❥♦✉❡✉r 1 ❝❤♦✐s✐t ❧❛ ♣✉✐ss❛♥❝❡

♠✐♥✐♠❛❧❡ q✉✐ ❧❡ s❛t✐s❢❛✐t✱ ét❛♥t ❞♦♥♥é ❧❡ ♣r♦✜❧ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡s ❛✉tr❡s ❥♦✉❡✉rs p(0)−1 =

(pmin, pmax)✱ ❝✬❡st✲à✲❞✐r❡✱

p
(1)
1 = BR1(p

min, pmax) = pmin. ✭✹✳✸✻✮

▲❡ ❥♦✉❡✉r 2 ❝❤♦✐s✐t ❧❛ ♣✉✐ss❛♥❝❡ ♠✐♥✐♠❛❧❡ q✉✐ ❧❡ s❛t✐s❢❛✐t✱ ét❛♥t ❞♦♥♥é ❧❡ ♣r♦✜❧ ❞❡
♣✉✐ss❛♥❝❡ ❞❡s ❛✉tr❡s ❥♦✉❡✉rs (p

(1)
1 , p

(0)
−(1,2)) = (pmin, pmax)✱ ❝✬❡st✲à✲❞✐r❡✱

p
(1)
2 = BR2(p

min, pmax) = pmax. ✭✹✳✸✼✮

▲❡ ❥♦✉❡✉r 3 ❝❤♦✐s✐t ❧❛ ♣✉✐ss❛♥❝❡ ♠✐♥✐♠❛❧❡ q✉✐ ❧❡ s❛t✐s❢❛✐t✱ ét❛♥t ❞♦♥♥é (p
(1)
1 , p

(1)
2 ) =

(pmin, pmax)✱ ❝✬❡st✲à✲❞✐r❡✱

p
(1)
3 = BR3(p

min, pmax) = pmin. ✭✹✳✸✽✮

➚ ❧✬ét❛♣❡ 2✱ ❧❡ ❥♦✉❡✉r 1 ❝❤♦✐s✐t ❧❛ ♣✉✐ss❛♥❝❡ ♠✐♥✐♠❛❧❡ q✉✐ ❧❡ s❛t✐s❢❛✐t✱ ét❛♥t ❞♦♥♥é
p
(1)
−1 = (pmax, pmin)✱ ❝✬❡st✲à✲❞✐r❡✱

p
(2)
1 = BR1(p

max, pmin) = pmax. ✭✹✳✸✾✮

▲❡ ❥♦✉❡✉r 2 ❝❤♦✐s✐t ❧❛ ♣✉✐ss❛♥❝❡ ♠✐♥✐♠❛❧❡ q✉✐ ❧❡ s❛t✐s❢❛✐t✱ ét❛♥t ❞♦♥♥é (p(2)1 , p
(1)
−(1,2)) =

(pmax, pmin)✱ ❝✬❡st✲à✲❞✐r❡✱

p
(2)
2 = BR2(p

max, pmin) = pmin. ✭✹✳✹✵✮

▲❡ ❥♦✉❡✉r 3 ❝❤♦✐s✐t ❧❛ ♣✉✐ss❛♥❝❡ ♠✐♥✐♠❛❧❡ q✉✐ ❧❡ s❛t✐s❢❛✐t✱ ét❛♥t ❞♦♥♥é (p
(2)
1 , p

(2)
2 ) =

(pmax, pmin)✱ ❝✬❡st✲à✲❞✐r❡✱

p
(2)
3 = BR3(p

max, pmin) = pmax. ✭✹✳✹✶✮

▲❛ ❞②♥❛♠✐q✉❡ r❡✈✐❡♥t ❞♦♥❝ ❛✉ ♣r♦✜❧ ❞❡ ♣✉✐ss❛♥❝❡ ✐♥✐t✐❛❧ ❡t s❡ tr♦✉✈❡ ❞♦♥❝ ♣r✐s❡ ❞❛♥s
✉♥❡ ❜♦✉❝❧❡ ✐♥✜♥✐❡✳



✼✽ ❈❤❛♣✐tr❡ ✹✳ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

✹✳✷✳✸ ❈♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ré♣♦♥s❡ r♦❜✉st❡ ❛✈❡✉❣❧❡
✭❉❘❘❆✮ ✈❡rs ✉♥ ❊❙❊

▲❛ ❉▼❘ ♣rés❡♥t❡ ♣❧✉s✐❡✉rs ✐♥❝♦♥✈é♥✐❡♥ts✳ Pr❡♠✐èr❡♠❡♥t✱ ♥♦✉s ✈❡♥♦♥s ❥✉st❡ ❞✬✐❧✲
❧✉str❡r q✉❡ ❞❛♥s ✉♥ ❥❡✉ ❛✈❡❝ ♣❧✉s ❞❡ ❞❡✉① ❥♦✉❡✉rs✱ ✐❧ s❡ ♣❡✉t q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ♥❡
❝♦♥✈❡r❣❡ ♣❛s ✈❡rs ✉♥ éq✉✐❧✐❜r❡✳ ❉❡✉①✐è♠❡♠❡♥t✱ ♣♦✉r ♦❜t❡♥✐r s❛ ♠❡✐❧❧❡✉r❡ ré♣♦♥s❡✱
❝❤❛q✉❡ ❥♦✉❡✉r k ∈ K ❞♦✐t ❝♦♥♥❛îtr❡ ❧✬❡♥s❡♠❜❧❡ Fk(a−k) ∀a−k ∈ A−k✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡
✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ❢♦rt❡ ❞✉ s②stè♠❡✳ P♦✉r ♣❛❧❧✐❡r à ❝❡s ✐♥❝♦♥✈é♥✐❡♥ts✱ ♥♦✉s ♣r♦♣♦s♦♥s
✉♥❡ ❞②♥❛♠✐q✉❡ q✉✐ ♥é❝❡ss✐t❡ ♠♦✐♥s ❞✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡ s②stè♠❡ ❡t q✉✐ ❝♦♥✈❡r❣❡
❝❡♣❡♥❞❛♥t ✈❡rs ✉♥ ❊❙❊✳ ❈♦♠♠❡♥ç♦♥s ♣❛r ❞é✜♥✐r ❧❛ ré♣♦♥s❡ r♦❜✉st❡ ❛✈❡✉❣❧❡ ✭❘❘❆✮
♣❛r RRAk: A → Ak✱ t❡❧❧❡ q✉❡ ✿

(ak, a−k)→





a′k, s✐ a′k ∈ Fk(a−k), ak ∈ Fk(a−k) ❡t ck(a
′
k) ≤ ck(ak),

a′k, s✐ a′k ∈ Fk(a−k) ❡t ak /∈ Fk(a−k),

ak, ❛✉tr❡♠❡♥t,
✭✹✳✹✷✮

♦ù ❧✬❛❝t✐♦♥ a′k ❡st ❝❤♦✐s✐❡ ❛❧é❛t♦✐r❡♠❡♥t ❞❛♥s Ak s❡❧♦♥ ✉♥❡ ❧♦✐ ✉♥✐❢♦r♠❡✳ ❈❤❛q✉❡
❢♦✐s q✉✬✉♥ ❥♦✉❡✉r k ∈ K ❛♣♣❧✐q✉❡ ❧❛ ❘❘❆✱ ✉♥❡ ❛❝t✐♦♥ ❞❡ s♦♥ ❡♥s❡♠❜❧❡ ❞✬❛❝t✐♦♥
Ak ❡st ❝❤♦✐s✐❡✱ s❛♥s t❡♥✐r ❝♦♠♣t❡ ❞❡s ❛❝t✐♦♥s ❞❡s ❛✉tr❡s ❥♦✉❡✉rs✳ ❈❤❛q✉❡ ❥♦✉❡✉r
k ∈ K ❛ s✐♠♣❧❡♠❡♥t ❜❡s♦✐♥ ❞❡ s❛✈♦✐r s✐ s❛ ♥♦✉✈❡❧❧❡ ❛❝t✐♦♥ ❡t s♦♥ ❛❝t✐♦♥ ♣ré❝é❞❡♥t❡
❧❡ s❛t✐s❢♦♥t✱ ♣✉✐s ❞❡ ❝♦♠♣❛r❡r ❧❡✉rs ❝♦ûts r❡s♣❡❝t✐❢s✳ ❙✐ ❧❡s ❞❡✉① ❛❝t✐♦♥s ♣❡r♠❡tt❡♥t
❛✉ ❥♦✉❡✉r ❞✬êtr❡ s❛t✐s❢❛✐t✱ ❝❡ ❞❡r♥✐❡r ❝❤♦✐s✐t ❧✬❛❝t✐♦♥ ❛✈❡❝ ❧❡ ❝♦ût ❧❡ ♣❧✉s ❢❛✐❜❧❡✳ ❙✐
❧❛ ♥♦✉✈❡❧❧❡ ❛❝t✐♦♥ ♣❡r♠❡t ❛✉ ❥♦✉❡✉r ❞✬êtr❡ s❛t✐s❢❛✐t ❛❧♦rs q✉❡ ❧❛ ♣ré❝é❞❡♥t❡ ♥❡ ❧❡
♣❡r♠❡t ♣❛s✱ ❧❡ ❥♦✉❡✉r ❝❤♦✐s✐t ❧❛ ♥♦✉✈❡❧❧❡ ❛❝t✐♦♥✳ ❉❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡✱ ✐❧ ♠❛✐♥t✐❡♥t
s♦♥ ❛❝t✐♦♥ ♣ré❝é❞❡♥t❡✳ ▲❛ ❞②♥❛♠✐q✉❡ ❞❡ ré♣♦♥s❡ r♦❜✉st❡ ❛✈❡✉❣❧❡ ✭❉❘❘❆✮ ❡st ❞é✜♥✐❡
♣❛r ❧❛ s✐t✉❛t✐♦♥ ♦ù t♦✉s ❧❡s ❥♦✉❡✉rs ✉t✐❧✐s❡♥t ❧❛ ❘❘❆ ❞❡ ♠❛♥✐èr❡ séq✉❡♥t✐❡❧❧❡✱ t❡❧ q✉❡
∀k ∈ K

a
(n+1)
k = RRAk(a

(n+1)
1 , . . . , a

(n+1)
k−1 , a

(n)
k+1, . . . , a

(n)
K ), ✭✹✳✹✸✮

▲❡ t❤é♦rè♠❡ s✉✐✈❛♥t s✬❛♣♣❧✐q✉❡ à ❧❛ ❉❘❘❆✳

❚❤é♦rè♠❡ ✶✵ ❙✐ ♣♦✉r t♦✉t k ∈ K✱ Fk(·) ❡st ♥♦♥✲✈✐❞❡ ❡t ❝♦♠♣❛❝t❡ ♣♦✉r t♦✉t❡ ✈❛❧❡✉r
❞❡ a−k✱ Fk(·) ✈ér✐✜❡ ❧❛ ♣r♦♣r✐été ❞✬❛s❝❡♥❞❛♥❝❡ ❡t ❡st ❝♦♥t✐♥✉❡✱ ❡t ck(·) ❡st str✐❝t❡♠❡♥t
❝r♦✐ss❛♥t❡✳ ❆❧♦rs ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s s♦♥t ✈ér✐✜é❡s ✿

✕ ✭✐✮ ❙✐ ❧❛ ❞②♥❛♠✐q✉❡ ❞é❜✉t❡ ♣❛r ✉♥ ♣r♦✜❧ ❞✬❛❝t✐♦♥ s❛t✐s❢❛✐s❛♥t ♣♦✉r t♦✉s ❧❡s
❥♦✉❡✉rs✱ ❧❛ séq✉❡♥❝❡ ❞❡ ❘❘❆ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❊❙❊✳ ▲❛ séq✉❡♥❝❡ ❡st ❞é❝r♦✐s✲
s❛♥t❡ ♣♦✉r t♦✉t❡s s❡s ❝♦♠♣♦s❛♥t❡s✳

✕ ✭✐✐✮ ❙✐ ❧❛ ❞②♥❛♠✐q✉❡ ❞é❜✉t❡ ♣❛r ❧❡ ♣r♦✜❧ ❞✬❛❝t✐♦♥s ❧❡s ♣❧✉s ❝♦ût❡✉s❡s✱ ∀k ∈ K✱
❧❛ séq✉❡♥❝❡ ❞❡ ❘❘❆ ❝♦♥✈❡r❣❡ ♠♦♥♦t♦♥❡♠❡♥t ✈❡rs ✉♥ ❊❙❊✳

✕ ✭✐✐✐✮ ❉❛♥s ✉♥ ❥❡✉ à ❞❡✉① ❥♦✉❡✉rs✱ ❧❛ séq✉❡♥❝❡ ❞❡ ❘❘❆ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❊❙❊
à ♣❛rt✐r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ♣r♦✜❧ ❞❡ ❞é♣❛rt✳

❆ ♥♦✉✈❡❛✉✱ ❧❛ ♣r❡✉✈❡ ♥✬❡st ♣❛s ❞♦♥♥é❡ ❞❛♥s ❝❡tt❡ ♣❛rt✐❡ ♠❛✐s ♣❡✉t s❡ tr♦✉✈❡r
❞❛♥s ❬▼ér✐❛✉① ✷✵✶✷❛❪✳

❊♥ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❧❛ ❉▼❘✱ ❧❡ ♣r✐♥❝✐♣❛❧ ❛✈❛♥t❛❣❡ ❞❡ ❧❛ ❉❘❘❆ ❡st ❞❡ ♥❡ ♣❛s
♥é❝❡ss✐t❡r ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞✬✉♥❡ ❡①♣r❡ss✐♦♥ ❡①♣❧✐❝✐t❡ ❞❡ Fk✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ s❡✉❧❡



✹✳✷✳ ❏❡✉ ❞❡ s❛t✐s❢❛❝t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ✼✾

✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ❧♦❝❛❧❡ ❞✉ s②stè♠❡ ❡st r❡q✉✐s❡ ♣♦✉r ❝❤❛q✉❡ ❥♦✉❡✉r✳ ■❧ s✉✣t ❞♦♥❝ q✉❡
❝❤❛q✉❡ ❥♦✉❡✉r ❛✐t ❧❛ ❝❛♣❛❝✐té ❞❡ s❛✈♦✐r s✬✐❧ ❡st s❛t✐s❢❛✐t ♦✉ ♥♦♥ ♣♦✉r ♣♦✉✈♦✐r ✉t✐❧✐s❡r
❧❛ ❉❘❘❆✳

❉❘❘❆ ❞❛♥s ❧❡ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡

❉❛♥s ❧❡ ❝❛s ❞✉ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛✈❡❝ ❞❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s
❞✐s❝r❡ts✱ ❧❛ ❉❘❘❆ ✈ér✐✜❡ ✉♥❡ ♣r♦♣r✐été ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❡①trê♠❡♠❡♥t ♣r❛t✐q✉❡
✭✈♦✐r ❬▼ér✐❛✉① ✷✵✶✷❛❪ ♣♦✉r ❧❛ ♣r❡✉✈❡✮✳

❚❤é♦rè♠❡ ✶✶ ❉❛♥s ❧❡ ❥❡✉ ❞✬❛❧❧♦❝❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ❞é✜♥✐ ❞❛♥s ❧❛ ♣❛rt✐❡ ✹✳✷✳✶✱
❛✈❡❝ ❞❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s ❞✐s❝r❡ts✱ ❝✬❡st✲à✲❞✐r❡✱ ∀k ∈ K, Ak = {p(1)k , . . . , pNk

k }
❛✈❡❝ Nk ❧❡ ♥♦♠❜r❡ ❞❡ ♥✐✈❡❛✉① ❞❡ ♣✉✐ss❛♥❝❡ ❞❛♥s ❧✬❡♥s❡♠❜❧❡ ❞✬❛❝t✐♦♥s Ak✱ ❧❡s ❉▼❘
❝♦♥✈❡r❣❡♥t ✈❡rs ✉♥ ❊❙❊ ❞❡♣✉✐s ♥✬✐♠♣♦rt❡ q✉❡❧ ét❛t ❞❡ ❞é♣❛rt✳

▲❡ t❤é♦rè♠❡ ✶✶ ❛ss✉r❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs ✉♥ ❊❙❊ ❧♦rsq✉✬✉♥ ❥♦✉❡✉r r❡❥♦✐♥t ♦✉
q✉✐tt❡ ❧❡ ❥❡✉ ✭♦✉ ❧♦rsq✉❡ ❧❡s ❣❛✐♥s ❞❡s ❝❛♥❛✉① ✈❛r✐❡♥t✮✳ ❊♥ ❡✛❡t✱ s✉♣♣♦s♦♥s q✉❡
K é♠❡tt❡✉rs s❡ tr♦✉✈❡♥t ❞❛♥s ✉♥ ❊❙❊ p∗ ❡t q✉✬✉♥ ♥♦✉✈❡❧ é♠❡tt❡✉r r❡❥♦✐❣♥❡ ❧❡
s②stè♠❡✳ ❯♥ ♥♦✉✈❡❛✉ ❥❡✉ ❞é❜✉t❡ ❛❧♦rs ❛✈❡❝ K+1 ❥♦✉❡✉rs✳ ❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ✶✶✱ ❧❛
❝♦♥✈❡r❣❡♥❝❡ ✈❡rs ✉♥ ♥♦✉✈❡❧ ❊❙❊ ✭s✬✐❧ ❡①✐st❡✮ ❡st ❛ss✉ré❡ à ♣❛rt✐r ❞✉ ♣r♦✜❧ (p∗, pK+1)✳

✹✳✷✳✹ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❞❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s ♣♦✉r ❧❡ ❥❡✉ ❞❡ ❝♦♥✲
trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛✈❡❝ ❞❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s ❞✐s❝r❡ts✱ t❡❧ q✉❡ ❞é✜♥✐ ❡♥ ♣❛rt✐❡ ✹✳✷✳✶✳

❉❛♥s ❧❛ ✜❣✉r❡ ✹✳✺✱ ♥♦✉s ♠♦♥tr♦♥s ❧❡s séq✉❡♥❝❡s ❞✬❛❝t✐♦♥s ❝♦♥✈❡r❣❡❛♥t ✈❡rs ✉♥
❊❙❊ ♣♦✉r ❧❛ ❉❘❘❆ ❞❛♥s ✉♥ ❥❡✉ à ❞❡✉① ❥♦✉❡✉rs✳ ▲❛ ré❣✐♦♥ ❝♦❧♦ré❡ ❝♦rr❡s♣♦♥❞ à
❧❛ ré❣✐♦♥ ❞❡ s❛t✐s❢❛❝t✐♦♥✱ ❝✬❡st✲à✲❞✐r❡✱ ❧❛ ré❣✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ♣❡r♠❡tt❛♥t ❛✉① ❞❡✉①
❥♦✉❡✉rs ❞✬êtr❡ s❛t✐s❢❛✐ts✳ ▲❛ ❝♦❧♦r❛t✐♦♥ ❞❡ ❝❡tt❡ ré❣✐♦♥ s✉✐t ❧❛ s♦♠♠❡ ❞❡s ❝♦ûts ❞❡
♣✉✐ss❛♥❝❡ ♣♦✉r ❝❤❛q✉❡ ❥♦✉❡✉r✳ ▲❛ ❉❘❘❆ ❝♦♥✈❡r❣❡ ❞✬❛❜♦r❞ ✈❡rs ❧❛ ré❣✐♦♥ ❞❡ s❛t✐s✲
❢❛❝t✐♦♥✱ ♣✉✐s ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❊❙❊✱ t♦✉t ❡♥ r❡st❛♥t ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡ s❛t✐s❢❛❝t✐♦♥✳

❉❛♥s ❧❡s ✜❣✉r❡s ✹✳✻ ❡t ✹✳✼✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥ s❝é♥❛r✐♦ q✉✐ ✐❧❧✉str❡ ❧❛ ❞✐✛ér❡♥❝❡
❡♥tr❡ ❧❛ ❉▼❘ ❡t ❧❛ ❉❘❘❆ ❞❛♥s ✉♥❡ ❝❡❧❧✉❧❡ ❛✈❡❝ ✸ é♠❡tt❡✉rs✳ ❉✉r❛♥t ❧❡s 200 ♣r❡✲
♠✐èr❡s ét❛♣❡s✱ s❡✉❧s ❧❡s é♠❡tt❡✉rs 1 ❡t 3 ♣❛rt✐❝✐♣❡♥t ❛✉ ❥❡✉✱ ♣✉✐s ❧✬é♠❡tt❡✉r 2 ❧❡s r❡✲
❥♦✐♥t ♣♦✉r ❧❡s 200 ét❛♣❡s s✉✐✈❛♥t❡s ❡t ✜♥❛❧❡♠❡♥t✱ ❧✬é♠❡tt❡✉r 3 q✉✐tt❡ ❧❛ ❝❡❧❧✉❧❡ ❞✉r❛♥t
❧❡s ❞❡r♥✐èr❡s 200 ét❛♣❡s✳ ❙✉r ❝❤❛❝✉♥❡ ❞❡s ❞❡✉① ✜❣✉r❡s✱ ♥♦✉s ♠♦♥tr♦♥s ❧❛ séq✉❡♥❝❡ ❞❡s
✐♥❞✐❝❡s ❞❡ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ ♣♦✉r ❧❡s ✸ é♠❡tt❡✉rs✱ s❛❝❤❛♥t q✉❡ ❝❤❛q✉❡ ❡♥s❡♠❜❧❡
❞✬❛❝t✐♦♥s ❡st ❝♦♠♣♦sé ❞❡ Nk = 32 ♥✐✈❡❛✉① ❞❡ ♣✉✐ss❛♥❝❡s ♣♦ss✐❜❧❡s ❛❧❧❛♥t ❞❡ 10−6 ❲
à 10−2 ❲✳ ◆♦✉s ♠♦♥tr♦♥s é❣❛❧❡♠❡♥t ❧✬ét❛t ❞❡ s❛t✐s❢❛❝t✐♦♥ ❞❡s tr♦✐s é♠❡tt❡✉rs ✿ ♣♦✉r
❝❤❛❝✉♥❡ ❞❡s ét❛♣❡s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡✱ s✐ t♦✉s ❧❡s é♠❡tt❡✉rs s♦♥t s❛t✐s❢❛✐ts✱ ❧✬ét❛t ❞❡
s❛t✐s❢❛❝t✐♦♥ ✈❛✉t 1✱ ❛✉tr❡♠❡♥t ✐❧ ✈❛✉t 0✳ ▲❛ ✜❣✉r❡ ✹✳✻ ❡t ❧❛ ✜❣✉r❡ ✹✳✼ ❝♦rr❡s♣♦♥❞❡♥t
r❡s♣❡❝t✐✈❡♠❡♥t à ❧❛ ❉▼❘ ❡t à ❧❛ ❉❘❘❆✳

▲❡s ❣❛✐♥s ❞❡s ❝❛♥❛✉① ❡t ❧❡s ♣r♦✜❧s ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❞é♣❛rt ❞❡s ❞❡✉① s✐♠✉❧❛t✐♦♥s
s♦♥t ❧❡s ♠ê♠❡s✳ ▲❡s ❣❛✐♥s ❞❡s ❝❛♥❛✉① ✈❛❧❡♥t η22 = 10−5✱ η11 = η33 = η13 = η21 =



✽✵ ❈❤❛♣✐tr❡ ✹✳ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

Indice de puissance du joueur 1

In
d
ic
e
d
e
p
u
is
sa
n
c
e
d
u
jo
u
e
u
r
2

 

 

0 5 10 15 20 25 30 35
0

5

10

15

20

25

30

35

Région de satisfaction

DRRA

❋✐❣✉r❡ ✹✳✺ ✕ ❙éq✉❡♥❝❡ ❞❡s ✐♥❞✐❝❡s ❞❡ ♣✉✐ss❛♥❝❡ ♣♦✉r ❧❛ ❉❘❘❆ ❞❛♥s ❧❡ ❥❡✉ ❞❡
❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ à ❞❡✉① ❥♦✉❡✉rs✳ ▲❛ ré❣✐♦♥ ❝♦❧♦ré❡ ❡st ❧❛ ré❣✐♦♥ ❞❡ s❛t✐s❢❛❝t✐♦♥✱
❝✬❡st✲à✲❞✐r❡✱ ❧❛ ré❣✐♦♥ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ❞❡✉① ❥♦✉❡✉rs s❛t✐s❢♦♥t ♠✉t✉❡❧❧❡♠❡♥t ❧❡✉rs
❝♦♥tr❛✐♥t❡s ❞❡ ◗❉❙✳

η32 = 10−6✱ η12 = η23 = η31 = 10−7 ❡t ❧❡s é♠❡tt❡✉rs ❞é❜✉t❡♥t r❡s♣❡❝t✐✈❡♠❡♥t à ❞❡s
♣✉✐ss❛♥❝❡s ❞✬é♠✐ss✐♦♥ ❞❡ 10−3 ❲✱ 10−5/2 ❲✱ ❡t 10−9/4 ❲✳ ▲❡s s❡✉✐❧s ❞❡ s❛t✐s❢❛❝t✐♦♥
Λ1✱ Λ2✱ ❡t Λ3 s♦♥t ✜①és à 1.2 ❜♣s✴❍③✱ 1.5 ❜♣s✴❍③✱ ❡t 1.2 ❜♣s✴❍③✱ r❡s♣❡❝t✐✈❡♠❡♥t✳
▲❛ ✈❛r✐❛♥❝❡ ❞✉ ❜r✉✐t ✈❛✉t 10−10 ❲ ♣♦✉r t♦✉s ❧❡s é♠❡tt❡✉rs✳ ■❧ ❡st ✐♥tér❡ss❛♥t ❞❡
♥♦t❡r q✉❡ ❧❛ ❉▼❘ ❝♦♥✈❡r❣❡ ✈❡rs ❧✬❊❙❊ ♣❡♥❞❛♥t ❧❛ ♣r❡♠✐èr❡ ❡t tr♦✐s✐è♠❡ ♣❤❛s❡✱ ♠❛✐s
q✉❛♥❞ ❧✬é♠❡tt❡✉r 2 ❡♥tr❡ ❞❛♥s ❧❛ ❝❡❧❧✉❧❡ ❞✉r❛♥t ❧❛ s❡❝♦♥❞❡ ♣❤❛s❡✱ ❧❛ ❝♦♥✈❡r❣❡♥❝❡
♥✬❡st ♣❛s ❛ss✉ré❡✳ ❊♥ ❡✛❡t✱ ❞✉r❛♥t ❝❡tt❡ ♣❤❛s❡✱ ❧❡s é♠❡tt❡✉rs s❡ tr♦✉✈❡♥t ❞❛♥s ✉♥❡
❜♦✉❝❧❡ ❡t ♥❡ s♦♥t ♣❛s s❛t✐s❢❛✐ts✳ ❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ❉❘❘❆✱ ❜✐❡♥ q✉❡ ❧❡ t❡♠♣s
❞❡ ❝♦♥✈❡r❣❡♥❝❡ s♦✐t s✉♣ér✐❡✉r✱ ❡❧❧❡ ♣rés❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞❡ ❝♦♥✈❡r❣❡r ❞✉r❛♥t ❧❡s tr♦✐s
♣❤❛s❡s✳ ❯♥ ❛✉tr❡ ♣♦✐♥t ✐♠♣♦rt❛♥t ❡st q✉✬❛✈❡❝ ❝❡tt❡ ❞②♥❛♠✐q✉❡✱ ❧❡s é♠❡tt❡✉rs s♦♥t
♣❧✉s s♦✉✈❡♥t ❞❛♥s ✉♥ ét❛t ❞❡ s❛t✐s❢❛❝t✐♦♥ q✉✬❛✈❡❝ ❧❛ ❉▼❘✳

✹✳✸ ❈♦♥❝❧✉s✐♦♥

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❞❡✉① ♣r♦❜❧è♠❡s ❞✐st✐♥❝ts ♣♦✉r ❧❡sq✉❡❧s ❧❡s
éq✉✐❧✐❜r❡s ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ❢♦r♠❡❧❧❡♠❡♥t ❝♦♥♥✉s ♣❛r ❧❡s ❥♦✉❡✉rs
✐♠♣❧✐q✉és✳ ❈❡♣❡♥❞❛♥t✱ ♠ê♠❡ s❛♥s ❝♦♥♥❛îtr❡ ❧❡s éq✉✐❧✐❜r❡s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛♣♣❧✐q✉❡r
❞❡s ❞②♥❛♠✐q✉❡s ❞❡ ♠✐s❡ à ❥♦✉r ❞❡s ❛❝t✐♦♥s ❞❡s ❥♦✉❡✉rs q✉✐ ❛ss✉r❡♥t ❧❛ ❝♦♥✈❡r❣❡♥❝❡
✈❡rs ✉♥ ♣♦✐♥t ❞✬éq✉✐❧✐❜r❡✳

▲❡ ♠♦❞è❧❡ ❞❡ ❥❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ♣r♦♣♦sé ❡st très s✐♠♣❧❡ ❡t ❞❡♠❛♥❞❡ à êtr❡
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❋✐❣✉r❡ ✹✳✼ ✕ ❙éq✉❡♥❝❡s ❞❡s ✐♥❞✐❝❡s ❞❡ ♣✉✐ss❛♥❝❡ ❡t ét❛ts ❞❡ s❛t✐s❢❛❝t✐♦♥ ♣♦✉r ❧❛
❉❘❘❆ ❞❛♥s ❧❡ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛✈❡❝ tr♦✐s ❥♦✉❡✉rs✳



✽✷ ❈❤❛♣✐tr❡ ✹✳ ❆♣♣r❡♥t✐ss❛❣❡ ❡t ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s

ét❡♥❞✉ ♣♦✉r ♦✛r✐r ❞❡s rés✉❧t❛ts ♣❧✉s ♣❡rt✐♥❡♥ts✳ ❈❡♣❡♥❞❛♥t✱ ❝❡ ♠♦❞è❧❡ ♣rés❡♥t❡
❞✬♦r❡s ❡t ❞é❥à ❧✬❛✈❛♥t❛❣❡ ❞❡ ♣❡r♠❡ttr❡ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ♣♦s✐t✐♦♥s ❞✬éq✉✐❧✐❜r❡
❞❡ ◆❛s❤ ❡t ❞✬❛♣♣❧✐q✉❡r ❞❡s ❞②♥❛♠✐q✉❡s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ✈❡rs ❝❡s ♣♦s✐t✐♦♥s ❞✬éq✉✐❧✐✲
❜r❡✳ Pré❝✐sé♠❡♥t✱ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s ❉▼❘ séq✉❡♥t✐❡❧❧❡ ❡t s✐♠✉❧t❛♥é❡ ❡st ♣r♦✉✈é❡
❡t ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛♣♣r❡♥t✐ss❛❣❡ ♣❛r r❡♥❢♦r❝❡♠❡♥t ❡st ✈ér✐✜é❡ ❡①♣ér✐♠❡♥t❛❧❡✲
♠❡♥t✳ ▲❛ ♣❡rs♣❡❝t✐✈❡ ♥❛t✉r❡❧❧❡ ❞❡ ❝❡ tr❛✈❛✐❧ s❡r❛✐t ❞✬ét✉❞✐❡r ❧❡ ❥❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t
❛✈❡❝ ❞❡s ❡s♣❛❝❡s ❞✬❛❝t✐♦♥s ❡♥ ❞❡✉① ❞✐♠❡♥s✐♦♥s✳ ❉❡✉① ✈♦✐❡s s✬♦✉✈r❡♥t ❞❛♥s ❝❡tt❡ ❞✐✲
r❡❝t✐♦♥✳ Pr❡♠✐èr❡♠❡♥t✱ ❧❛ ✈❡rs✐♦♥ ❝♦♥t✐♥✉❡ ❞✉ ♣r♦❜❧è♠❡ ♠✉❧t✐✲s♦✉r❝❡ ❞❡ ❋❡r♠❛t✲
❲❡❜❡r ❬❋❡❦❡t❡ ✷✵✵✺❪ ♣❡✉t êtr❡ ❛♣♣❧✐q✉é❡ à ♥♦tr❡ s❝é♥❛r✐♦ ♣✉✐sq✉❡ ❝❡ ♣r♦❜❧è♠❡ ❝♦♥✲
s✐st❡ ♣ré❝✐sé♠❡♥t à ♣♦s✐t✐♦♥♥❡r ❞❡s ♣♦✐♥ts ❞❡ ✈❡♥t❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❝♦♥t✐♥✉ ❞❡ ❝❧✐❡♥ts
❡♥ ✷ ❞✐♠❡♥s✐♦♥s✳ ❉❡✉①✐è♠❡♠❡♥t✱ ♣✉✐sq✉❡ ❞❛♥s ♥♦tr❡ s❝é♥❛r✐♦✱ ❧❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡
❝❤❛q✉❡ ♣♦✐♥t ❞✬❛❝❝ès ❝réé ✉♥❡ ❝❡❧❧✉❧❡ ❞❡ t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❛ss♦❝✐és à ❝❡ ♣♦✐♥t ❞✬❛❝✲
❝ès✱ ❧❡s ❥❡✉① ❞✐ts ❞❡ ❱♦r♦♥♦✐ ❬❉ürr ✷✵✵✼❪ s❡r❛✐❡♥t é❣❛❧❡♠❡♥t ✉♥ ❝♦♥t❡①t❡ ❞✬ét✉❞❡
❛❞❛♣té à ♥♦tr❡ ♣r♦❜❧è♠❡✳

❉❛♥s ❧❛ s❡❝♦♥❞❡ ♣❛rt✐❡✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ❥❡✉① ❞❡ s❛t✐s❢❛❝t✐♦♥s✱ ♥♦✉s ❛✈♦♥s ♣r♦✲
♣♦sé ✉♥❡ rè❣❧❡ ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❊❙❊ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧ ♦ù
❧❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s s♦♥t ❞❡s tr❡✐❧❧✐s ❝♦♠♣❛❝ts✳ ❊♥ ❝♦♠♣❛r❛✐s♦♥ ❞❡ ❧❛ ❉▼❘✱ ❧❛
rè❣❧❡ ♣r♦♣♦sé❡ ♥é❝❡ss✐t❡ ♠♦✐♥s ❞✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡ s②stè♠❡ ♠❛✐s s♦♥ t❡♠♣s ❞❡ ❝♦♥✲
✈❡r❣❡♥❝❡ ❡st ♣❧✉s ❧♦♥❣✳ ❉❛♥s ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✉ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ s✉r
❧❡ ❝❛♥❛❧ ♠♦♥t❛♥t ❛✈❡❝ ❞❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s ❞✐s❝r❡ts✱ ♥♦✉s ❛✈♦♥s ♣r♦✉✈é q✉❡ ❧❛
rè❣❧❡ ♣r♦♣♦sé❡ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ❊❙❊ à ♣❛rt✐r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ♣r♦✜❧ ❞✬❛❝t✐♦♥s ❞❡
❞é♣❛rt✳ ❈❡tt❡ rè❣❧❡ ❛ ❞♦♥❝ ❧❛ ❝❛r❛❝tér✐st✐q✉❡ ♣❛rt✐❝✉❧✐èr❡ ❞✬êtr❡ r♦❜✉st❡ à ❧✬❡♥tré❡ ♦✉
❧❛ s♦rt✐❡ ❞❡ t❡r♠✐♥❛✉① ❞❛♥s ❧❡ s②stè♠❡✳ ❈❡♣❡♥❞❛♥t✱ ✉♥❡ ❤②♣♦t❤ès❡ ❢♦rt❡ ❞❡ ❝❡ tr❛✈❛✐❧
❡st q✉❡ ♣♦✉r ❝❤❛q✉❡ ❥♦✉❡✉r✱ ✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ✉♥❡ ❛❝t✐♦♥ q✉✐ ❧❡ s❛t✐s❢❛ss❡ q✉❡❧❧❡s q✉❡
s♦✐❡♥t ❧❡s ❛❝t✐♦♥s ❞❡s ❛✉tr❡s ❥♦✉❡✉rs✳ ❉❛♥s ❧❡ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡✱ ✐❧ s❡r❛✐t
♣❧✉s ♣❡rt✐♥❡♥t ❞❡ ❝♦♥s✐❞ér❡r é❣❛❧❡♠❡♥t ❞❡s s❝é♥❛r✐♦s ♣♦✉r ❧❡sq✉❡❧s ❧❡s ♥✐✈❡❛✉① ❞❡
♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❞❡s ❛✉tr❡s ❥♦✉❡✉rs ♣❡✉✈❡♥t êtr❡ tr♦♣ é❧❡✈és ♣♦✉r q✉✬✉♥ ❥♦✉❡✉r
❞♦♥♥é ♣✉✐ss❡ êtr❡ s❛t✐s❢❛✐t✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ✉♥❡ ♣❡rs♣❡❝t✐✈❡ ♥❛t✉r❡❧❧❡ ❞❡ ❝❡ tr❛✈❛✐❧
❡st ❞❡ r❡❧❛①❡r ❝❡tt❡ ❤②♣♦t❤ès❡ ❡t ❞✬ét✉❞✐❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s ❞②♥❛♠✐q✉❡s ❞❛♥s ❝❡
♥♦✉✈❡❛✉ ❝♦♥t❡①t❡✳



❈❤❛♣✐tr❡ ✺

❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s

▲✬♦❜❥❡❝t✐❢ ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡tt❡ t❤ès❡ ét❛✐t ❧✬ét✉❞❡ ❞❡s rés❡❛✉① s❛♥s ✜❧ ❞é❝❡♥tr❛❧✐sés✳
❉❛♥s ❝❡ t②♣❡ ❞❡ rés❡❛✉①✱ ❧❛ t❤é♦r✐❡ ❞❡s ❥❡✉① s✬✐♠♣♦s❡ ❝♦♠♠❡ ✉♥ ♦✉t✐❧ ♣❛rt✐❝✉❧✐èr❡✲
♠❡♥t ❛❞❛♣té à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s str❛té❣✐q✉❡s ❡♥tr❡ t❡r♠✐♥❛✉①✳ ❉❡
♣❧✉s✱ ❧❡ ✈♦❧✉♠❡ ❝r♦✐ss❛♥t ❞❡s é❝❤❛♥❣❡s ❞❡ ❞♦♥♥é❡s ❞❛♥s ❧❡s rés❡❛✉① s❛♥s ✜❧ ✐♥❝✐t❡ à
❝♦♥t❡♥✐r ❧❡ ❝♦ût é♥❡r❣ét✐q✉❡ ❞❡s tr❛♥s♠✐ss✐♦♥s ❞❡ ❞♦♥♥é❡s ❛✜♥ ❞❡ ❧✐♠✐t❡r ❧❡s ♣✉✐s✲
s❛♥❝❡s ❞✬é♠✐ss✐♦♥ ❞❡s ♣♦✐♥ts ❞✬❛❝❝ès ❡t ❞❡ ♣rés❡r✈❡r ❧✬❛✉t♦♥♦♠✐❡ ❞❡s t❡r♠✐♥❛✉① ♠♦✲
❜✐❧❡s✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞✬ét✉❞✐❡r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❛♥s ❧❡s
rés❡❛✉① ❞✐str✐❜✉és ♣✉✐sq✉❡ ❝✬❡st ✉♥❡ ♠étr✐q✉❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡ ♣❡r♠❡tt❛♥t ♥❛t✉r❡❧❧❡✲
♠❡♥t ❞✬♦♣t✐♠✐s❡r ❧✬é♥❡r❣✐❡ ❞é♣❡♥sé❡ ❧♦rs ❞❡s tr❛♥s♠✐ss✐♦♥s ❞❡ ❞♦♥♥é❡s✳ ▲❡ ♣r♦❜❧è♠❡
❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t s✉r ✉♥ ❝❛♥❛❧ à ❛❝❝ès ♠✉❧t✐♣❧❡ ❡st
❧❡ ❝❛❞r❡ ❛♣♣❧✐❝❛t✐❢ q✉✐ ❛ ❞♦♥❝ été ❝❤♦✐s✐ ❝♦♠♠❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ❞❡ ❝❡tt❡ t❤ès❡✳ ▲❡s
tr❛✈❛✉① q✉❡ ♥♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é ❛✉t♦✉r ❞❡ ❝❡t ❛①❡ ❝♦✉✈r❡♥t ✉♥ s♣❡❝tr❡ t❤é♦r✐q✉❡
❝♦♠♣r❡♥❛♥t ❧❡s ❥❡✉① st♦❝❤❛st✐q✉❡s✱ ❧❡s ❥❡✉① à ❝❤❛♠♣ ♠♦②❡♥✱ ❧❛ t❤é♦r✐❡ ❞✉ ❝♦♥trô❧❡
❡t ❧❛ t❤é♦r✐❡ ❞❡ ❧✬❛♣♣r❡♥t✐ss❛❣❡ ❛✉t♦♠❛t✐q✉❡✳

P❛r♠✐ ❧❡s ❝♦♥tr✐❜✉t✐♦♥s ♣rés❡♥té❡s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ✉♥ ♣r♦❜✲
❧è♠❡ ❞❡ r❡♣♦rts str❛té❣✐q✉❡s ❞❡ ❣❛✐♥ ❞❡ ❝❛♥❛✉① ❞❛♥s ✉♥❡ ❝❡❧❧✉❧❡ ♦ù ❧❛ ♣✉✐ss❛♥❝❡ ❡st
❛❧❧♦✉é❡ ❛✉① t❡r♠✐♥❛✉① ♠♦❜✐❧❡s✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs r❡♣♦rts✱ ♣♦✉r ♠❛①✐♠✐s❡r ❧✬❡✣✲
❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡✳ ◆♦✉s ♠♦♥tr♦♥s q✉❡ ♣✉✐sq✉❡ ❧❡s ✐♥térêts ❞❡ ❧❛ ❝❡❧❧✉❧❡
❡t ❞❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ♥❡ s♦♥t ♣❛s ❛❧✐❣♥és✱ ❧❡s r❡♣♦rts str❛té❣✐q✉❡s ♣❡✉✈❡♥t ❞é✲
❣r❛❞❡r ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡✱ ❜✐❡♥ q✉❡ ❝❡t ❡✛❡t s♦✐t ❧✐♠✐té ❞❛♥s ❧❡s
❝❡❧❧✉❧❡s ❞❡ ♣❡t✐t❡ ❞✐♠❡♥s✐♦♥✳

❉❛♥s ❧❛ ❧✐❣♥é❡ ❞❡s tr❛✈❛✉① ❞❡ ▲❡ ❚r❡✉st ❡t ▲❛s❛✉❧❝❡ q✉✐ ❛✈❛✐❡♥t ♣ré❝é❞❡♠♠❡♥t
ét❡♥❞✉ ❧❡ ♠♦❞è❧❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡✣❝❛❝❡ é♥❡r❣ét✐q✉❡♠❡♥t
à ✉♥ ❥❡✉ ré♣été✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥ ♠♦❞è❧❡ ❞❡ ❥❡✉ st♦❝❤❛st✐q✉❡ q✉✐ ♣rés❡♥t❡
❧✬❛✈❛♥t❛❣❡ ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s str❛té❣✐q✉❡s q✉✐ ❛♣♣❛r❛✐ss❡♥t ❡♥tr❡ ❧❡s
❥♦✉❡✉rs ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ré♣ét✐t✐♦♥ ❞❡s ❛❝t✐♦♥s✱ ❛✐♥s✐ q✉❡ ❞❡s ✈❛r✐❛t✐♦♥s ❞❡s ❝❛♥❛✉①
❞❡ tr❛♥s♠✐ss✐♦♥ ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳ ❉❛♥s ❝❡ ♠♦❞è❧❡✱ ♥♦✉s ❝❛r❛❝tér✐s♦♥s ❧❛ ré❣✐♦♥
❞✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡s str❛té❣✐❡s ❞✬éq✉✐❧✐❜r❡ ❡t ♥♦✉s ét❛❜❧✐ss♦♥s ✉♥❡ str❛té❣✐❡
❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✬éq✉✐❧✐❜r❡ ❡①♣❧✐❝✐t❡ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s
♥✬é♠❡tt❡♥t ♣❛s ❧♦rsq✉❡ ❧❡✉r ❣❛✐♥ ❞❡ ❝❛♥❛❧ ❡st tr♦♣ ❢❛✐❜❧❡✳ ❊♥ t❡r♠❡s ❞✬❡✣❝❛❝✐té
é♥❡r❣ét✐q✉❡✱ ❧♦rsq✉❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ♦♥t ❞❡s ❣❛✐♥s ❞❡ ❝❛♥❛✉① ✈❛r✐❛♥t s✉✐✈❛♥t
❧❡s ♠ê♠❡s ❧♦✐s✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❝❡tt❡ str❛té❣✐❡ ❡st ♠❡✐❧❧❡✉r❡ q✉❡ ❧❡s str❛té❣✐❡s ❞❡
❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✐ss✉❡s ❞✉ ♠♦❞è❧❡ ❞❡ ❥❡✉ st❛t✐q✉❡ ❡t ❞✉ ♠♦❞è❧❡ ❞❡ ❥❡✉ ré♣été✳

P✉✐sq✉✬✉♥ ❞❡ ♥♦s ♦❜❥❡❝t✐❢s ❡st ❞✬♦♣t✐♠✐s❡r ❧❛ ❢❛ç♦♥ ❞♦♥t ❧✬é♥❡r❣✐❡ ❡st ❞é♣❡♥sé❡
❞❛♥s ❧❡s rés❡❛✉① ❞é❝❡♥tr❛❧✐sés✱ ✉♥ ♣❡♥❞❛♥t ♥❛t✉r❡❧ ❡st ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛
q✉❛♥t✐té ❞✬é♥❡r❣✐❡ ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❝❤❛q✉❡ t❡r♠✐♥❛❧ ♠♦❜✐❧❡✳ P♦✉r ❝❡ ❢❛✐r❡✱ ♥♦✉s ❛✈♦♥s



✽✹ ❈❤❛♣✐tr❡ ✺✳ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s

✐♥tr♦❞✉✐t ✉♥ ♠♦❞è❧❡ ❞❡ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ q✉✐ t✐❡♥t à ❧❛ ❢♦✐s ❝♦♠♣t❡ ❞❡
❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs
♥✐✈❡❛✉① ❞❡ ♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥ ❡t ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❝❛♥❛✉① ❛✉ ❝♦✉rs ❞✉ t❡♠♣s✳
P♦✉r ❝❡ ❥❡✉✱ ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ❡st ❞♦♥♥é❡ ♣♦✉r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ éq✉✐❧✐❜r❡ ❞❡
◆❛s❤✳ ❈❡♣❡♥❞❛♥t ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❡①♣❧✐❝✐t❡ ❞✬✉♥❡ str❛té❣✐❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡
♦♣t✐♠❛❧❡ s✬❛✈èr❡ tr♦♣ ❝♦♠♣❧❡①❡ ❡t ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧✬ét✉❞❡ ❞✉ ❥❡✉ à ❝❤❛♠♣
♠♦②❡♥ ✐ss✉ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ✭❡♥ t❛♥t q✉❡ ❧✐♠✐t❡ ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞❡
❥♦✉❡✉rs ❡t ❣r❛♥❞✮ ♣❡r♠❡t ❡♥ ♣❛rt✐❡ ❞❡ ♣❛❧❧✐❡r à ❝❡tt❡ ❝♦♠♣❧❡①✐té✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧❡
❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥✱ ❧❛ str❛té❣✐❡ ♦♣t✐♠❛❧❡ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡st s♦❧✉t✐♦♥ ❞✬✉♥
s②stè♠❡ ❝♦♠♣r❡♥❛♥t ✉♥✐q✉❡♠❡♥t ❞❡✉① éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s✳ ❉❛♥s ✉♥ s❝é♥❛r✐♦
s✐♠♣❧❡✱ ♥♦✉s ✐❧❧✉str♦♥s ❞❡s str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ♦♣t✐♠❛❧❡s ♣❛r ❞❡s
rés✉❧t❛ts ♥✉♠ér✐q✉❡s q✉✐ ✐♥❞✐q✉❡♥t q✉❡ ❧❡s t❡r♠✐♥❛✉① ♠♦❜✐❧❡s ♦♥t ✐♥térêt à t❡♥✐r
❝♦♠♣t❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❧❡✉rs ❜❛tt❡r✐❡s ♣♦✉r ❝❤♦✐s✐r ❧❡✉rs ♥✐✈❡❛✉① ❞❡
♣✉✐ss❛♥❝❡ ❞✬é♠✐ss✐♦♥✳

❊♥✜♥✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❞❡s ❞②♥❛♠✐q✉❡s ❞✬❛♣♣r❡♥t✐ss❛❣❡ ❞✬éq✉✐❧✐❜r❡ ❞❛♥s ❧❡s
rés❡❛✉① ❞é❝❡♥tr❛❧✐sés✳ P♦✉r ✉♥ ❥❡✉ ❞❡ ♣♦s✐t✐♦♥♥❡♠❡♥t ❞❡ ♣♦✐♥ts ❞✬❛❝❝ès✱ ♥♦✉s ❛✈♦♥s
❞é♠♦♥tré ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s ❞②♥❛♠✐q✉❡s ❞❡ ♠❡✐❧❧❡✉r❡s ré♣♦♥s❡s ✈❡rs ❞❡s ♣♦s✐t✐♦♥s
❞✬éq✉✐❧✐❜r❡✳ ❯♥ ❛❧❣♦r✐t❤♠❡ ❞✬❛♣♣r❡♥t✐ss❛❣❡ ♣❛r r❡♥❢♦r❝❡♠❡♥t ❛ é❣❛❧❡♠❡♥t été ♣r♦✲
♣♦sé✱ s❛♥s t♦✉t❡❢♦✐s q✉❡ s❛ ❝♦♥✈❡r❣❡♥❝❡ s♦✐t ♣r♦✉✈é❡✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❞②♥❛♠✐q✉❡
♣❡✉t ♥♦t❛♠♠❡♥t êtr❡ ✉t✐❧❡ ♣♦✉r ✉♥ ♦♣ér❛t❡✉r ♠♦❜✐❧❡ q✉✐ s♦✉❤❛✐t❡ s❛✈♦✐r ❝♦♠♠❡♥t
❛❝t✐✈❡r ✉♥ rés❡❛✉① ❞❡ ♣❡t✐ts ♣♦✐♥ts ❞✬❛❝❝ès t❡❧s q✉❡ ❞❡s ❢❡♠t♦❝❡❧❧s✳ ❉❛♥s ❧✬ét✉❞❡
❞❡ ❧❛ s❛t✐s❢❛❝t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ q✉❛❧✐té ❞❡ s❡r✈✐❝❡ ❞❛♥s ❧❡s rés❡❛✉① ❞é❝❡♥tr❛❧✲
✐sés ❛✉t♦✲❝♦♥✜❣✉r❛❜❧❡s✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥❡ ❞②♥❛♠✐q✉❡ ♣r♦❝❤❡ ❞❡s ♠❡✐❧❧❡✉r❡s
ré♣♦♥s❡s q✉✐ ♥❡ ♥é❝❡ss✐t❡ ❞❡ ❝❤❛q✉❡ t❡r♠✐♥❛❧ q✉❡ ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❧♦❝❛❧❡s✳ ❉✬✉♥❡
♣❛rt✱ ❝❡tt❡ ❞②♥❛♠✐q✉❡ ♣❡r♠❡t ❛✉① t❡r♠✐♥❛✉① ❞❡ s❡ ♠❛✐♥t❡♥✐r ❞❛♥s ✉♥❡ ③♦♥❡ ❞❡ s❛t✲
✐s❢❛❝t✐♦♥ ❞❡ ❧❡✉rs ❝♦♥tr❛✐♥t❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ❞❛♥s ✉♥ ❥❡✉ ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡
❛✈❡❝ ❞❡s ❡♥s❡♠❜❧❡s ❞✬❛❝t✐♦♥s ❞✐s❝r❡ts✱ ❧❛ ❞②♥❛♠✐q✉❡ ♣r♦♣♦sé❡ ♣♦ssè❞❡ ❞❡s ♣r♦♣r✐étés
❞❡ ❝♦♥✈❡r❣❡♥❝❡ ♣❧✉s ✐♥tér❡ss❛♥t❡s q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ♠❡✐❧❧❡✉r❡ ré♣♦♥s❡s✱ ❛❧♦rs
q✉✬❡❧❧❡ ♥é❝❡ss✐t❡ ♠♦✐♥s ❞✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧✬❡♥s❡♠❜❧❡ ❞✉ ❥❡✉✳ ❊❧❧❡ ♣❡r♠❡t ♥♦t❛♠♠❡♥t
❛✉ s②stè♠❡ ❞✬êtr❡ r♦❜✉st❡ à ❧✬❡♥tré❡ ❡t ❧❛ s♦rt✐❡ ❞❡ t❡r♠✐♥❛✉①✳

▲❡s ♣❡rs♣❡❝t✐✈❡s ✐♠♠é❞✐❛t❡s ❞❡ ❝❡tt❡ t❤ès❡ s♦♥t ❧✐é❡s ❛✉① ❥❡✉① à ❝❤❛♠♣ ♠♦②❡♥✳
❚♦✉t ❞✬❛❜♦r❞✱ ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡ ✈❡rs ❧❡
❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥ s♦♥t ♣♦✉r ❧✬✐♥st❛♥t tr♦♣ ❢♦rt❡s✱ ♣✉✐sq✉✬❡❧❧❡s ❝♦♥s✐st❡♥t ❡♥ ✉♥❡
s②♠étr✐❡ ❞❡s ❝♦♥❞✐t✐♦♥s ✐♥✐t✐❛❧❡s ❞❡s t❡r♠✐♥❛✉① ❛✐♥s✐ q✉❡ ❞❡s ❝♦♥st❛♥t❡s ❞✬é✈♦❧✉✲
t✐♦♥ ❞❡s ❝❛♥❛✉①✳ ❉❡ t❡❧❧❡s ❝♦♥❞✐t✐♦♥s ♥❡ s♦♥t ❞♦♥❝ ♣❛s ❛♣♣❧✐❝❛❜❧❡s à ✉♥ s❝é♥❛r✐♦
♣r❛t✐q✉❡✳ ❊♥ tr❛✈❛✐❧❧❛♥t s✉r ❧❡s ❝♦♥❞✐t✐♦♥s ❞✬é❝❤❛♥❣❡❛❜✐❧✐té✱ ♥♦✉s ♣❡♥s♦♥s q✉✬✐❧ ❡st
♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ♠♦✐♥s ❝♦♥tr❛✐❣♥❛♥t❡s✳ ❯♥ ❛✉tr❡ ❛①❡
❞❡ tr❛✈❛✐❧ ❝♦♥❝❡r♥❡ ❧❛ rés♦❧✉t✐♦♥ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥✳ ❊♥ ❡✛❡t✱ ❜✐❡♥ q✉❡ ♠♦✐♥s
❝♦♠♣❧❡①❡ q✉❡ ❧❛ rés♦❧✉t✐♦♥ ❞✉ ❥❡✉ ❞✐✛ér❡♥t✐❡❧ st♦❝❤❛st✐q✉❡✱ ❧❛ rés♦❧✉t✐♦♥ ❞✉ ❥❡✉ à
❝❤❛♠♣ ♠♦②❡♥ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧ r❡st❡ ❝♦♠♣❧✐q✉é❡✳ ■❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞✬❛♣♣r♦✲
❢♦♥❞✐r ❧❛ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❞✉ ❥❡✉ à ❝❤❛♠♣ ♠♦②❡♥✱ ❞❛♥s ❧❛ ❧✐❣♥é❡ ❞❡ tr❛✈❛✉① t❡❧s
q✉❡ ❬❆❝❤❞♦✉ ✷✵✶✵❪✱ ❛✜♥ ❞✬♦❜t❡♥✐r ❞❡s str❛té❣✐❡s ❞❡ ❝♦♥trô❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❛♥s ❞❡s
s❝é♥❛r✐♦s ♣❧✉s ❝♦♠♣❧❡ts q✉❡ ❝❡❧✉✐ ♣rés❡♥té ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✳
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P✉❜❧✐❝❛t✐♦♥s r❡❧❛t✐✈❡s ❛✉① ❥❡✉①
st❛t✐q✉❡s ❡t ❥❡✉① st♦❝❤❛st✐q✉❡s
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❋✳ ▼ér✐❛✉①✱ ❙✳ ❱❛❧❡♥t✐♥ ❡t ❙✳ ▲❛s❛✉❧❝❡✳ ❆♥ ❊♥❡r❣②✲❊✣❝✐❡♥t P♦✇❡r ❆❧❧♦❝❛t✐♦♥ ●❛♠❡
✇✐t❤ ❙❡❧✜s❤ ❈❤❛♥♥❡❧ ❙t❛t❡ ❋❡❡❞❜❛❝❦ ✐♥ ❈❡❧❧✉❧❛r ◆❡t✇♦r❦s✳ ■♥ ■❊❊❊ ❈♦♥❢❡r❡♥❝❡ ♦♥
P❡r❢♦r♠❛♥❝❡ ❊✈❛❧✉❛t✐♦♥ ▼❡t❤♦❞♦❧♦❣✐❡s ❛♥❞ ❚♦♦❧s ✭❱❆▲❯❊❚❖❖▲❙✮✱ ♣❛❣❡s ✷✾✵✲✷✾✼✱
✷✵✶✷✳
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Abstract—With energy-efficient resource allocation, mobile
users and base station have different objectives. While thebase
station strives for an energy-efficient operation of the complete
cell, each user aims to maximize its own data rate. To obtain this
individual benefit, users may selfishly adjust their ChannelState
Information (CSI) reports, reducing the cell’s energy efficiency.
To analyze this conflict of interest, we formalize energy-efficient
power allocation as a utility maximization problem and present
a simple algorithm that performs close to the optimum. By
formulating selfish CSI reporting as a game, we prove the
existence of an unique equilibrium and characterize energy
efficiency with true and selfish CSI in closed form. Our numerical
results show that, surprisingly, energy-efficient power allocation
in small cells is more robust against selfish CSI than cells with
large transmit powers. This and further design rules show that
our paper provides valuable theoretical insight to energy-efficient
networks when CSI reports cannot be trusted.

Index Terms—Energy Efficiency, Power Allocation, Feedback,
Game Theory

I. I NTRODUCTION

Reducing the energy consumption of cellular networks is a
challenging task for network operators and telecommunication
equipment vendors. One relevant approach is the energy-
efficient allocation of wireless resources such as bandwidth,
time and transmit power. By carefully allocating these re-
sources to the mobile users, a base station can reduce the
energy consumption of the complete cell [12], [9].

However, such centralized form of energy-efficient resource
allocation raises two problems. The first problem results from
the time-variant nature of the wireless fading channel. To
adapting to the users’ varying channels, the base station
has to update the resource allocation frequently, e.g., once
per millisecond in most LTE systems [2, Fig. 5.1-1]. This
renders computational complex approaches infeasible. The
second problem results from fading and interference, causing
most wireless channels to be non-reciprocal. Consequently, the
channel state is only known at the mobile user and needs to
be transferred to the base station. The accuracy of this CSI

François Mériaux has been supported by thePhD@Bell Labsinternship
program.

Michel Kieffer has been partly supported by the Institut Universitaire de
France.

feedback is crucial for the quality of the resource allocation
decision. If users report inaccurate CSI, the resource allocation
does not reflect the actual channel states and the performance
of the overall network may degrade.

In this paper, we analyze energy-efficient resource allocation
when users and base station have different interests. While
the base station strives for energy efficiency of the whole
cell, each users aims to maximize its individual Signal-to-
Noise Ratio (SNR). Note that in a perfect cellular network
the base station would simply overrule the users’ interest.In
practice, however, the base station controls the CSI format
[1, Sec. 7.2] but not how mobile users generate the reported
CSI values. Thus, mobile users can selfishly report CSI that
provides them an individual benefit while the performance of
the overall network suffers.

This makes it necessary to analyze the effect of selfishly
chosen CSI on the performance of the wireless cell. To do
so, we apply a game theoretical approach. Here, the mobile
users are reflected as players who selfishly choose their CSI
to maximize their individual performance. For all users, the
base station computes the resource allocation by maximizing
a utility function. This function expresses the energy efficiency
of the complete cell. Limiting our analysis to power allocation
allows us to formally compare centralized power allocation
with true CSI to the allocation with selfishly chosen CSI.
Consequently, our results provide significant insight to energy-
efficient cellular networks in which the CSI accuracy cannot
be trusted.

A. Contributions

In particular, we make the following contributions:

1) We analyze the optimization problem, where the base
station maximizes the cell’s energy efficiency under
power constraints. We obtain an optimality condition
and propose a simple power allocation algorithm whose
energy efficiency is close to the optimum in general.

2) We prove that there exists a unique equilibrium for the
users’ selfish choice of the CSI reports. This allows
studying the network in a stable state, where no user
has an unilateral interest to report a different CSI.



3) We compare the performance with true and selfish CSI
reporting. For both types of reports, we provide a closed-
form result for the cell’s energy efficiency. Numerical
results surprisingly show that small cells are more robust
to selfish CSI than cells with large transmit power
constraints.

All in all, our paper provides the theoretical insight to cope
with selfish CSI reports in cellular networks with energy-
efficient power allocation.

B. Paper Structure

Our paper is structured as follows. After discussing the
novelty of our study with respect to related work in Sec. II,
we describe the studied cellular system in Sec. III-A. Energy
efficiency is formalized in terms of a constrained utility
maximization problem in Sec. III-B. Using this function, we
formulate the non-convex optimization problem in Sec. IV.
Having discussed further properties of this problem, we pro-
vide an optimality condition and derive a power allocation
algorithm. Sec. V is devoted to the game theoretical study
of selfish CSI reports. Therein, we prove the existence of an
unique equilibrium for the proposed energy-efficient power
allocation. Finally, the numerical results in Sec. VI pointout
by how much a selfish choice of CSI reduces the energy
efficiency of the system and by how much it increases the
users’ individual SNRs.

II. RELATED WORK AND NOVELTY

Our paper joins two fields of research. The first field is
energy-efficient power control, where often transmit power
is minimized under Quality of Service (QoS) constraints
[5], [13]. We do not follow this common approach in our
work. Instead, we maximize of the ratio between throughput
and transmit power. This utility function was introduced in
[6] and was used in [10], [4] for Code-Division-Multiple-
Access (CDMA) systems. With CDMA, employed such utility
function for power allocation results in a game where the
players interact via the interference term. Our work differs, as
the players interact via the power allocation algorithm of the
base station. Such centralized resource allocation is common
with cellular systems such as LTE and has not been studied
with the utility functions from [6] so far.

The second related field is scheduling with non-cooperative
mobile users. Typically, a centralized scheduler at the base
station allocates wireless channel resources to maximize the
instantaneous sum throughput of its cell. As such allocation is
based on CSI reports, some users may not report their actual
channel gains to obtain more resource from the base station.
In [7], Kavitha et al. model this selfish choice of CSI as a
signaling game [11]. Here, even the base station is considered
as a player that knows which mobile users cooperate and
which not. The same authors take a similar approach in [8]
for α-fair scheduling. Here, a signaling game cannot be used
since each resource allocation is affected by the scheduling
history.

Although we focus on selfish CSI reporting, our work
differs significantly. Unlike the above papers, we do not
include the base station in the set of players. Instead, the base
station performs centralized power allocation under its own
general objective – energy efficiency per cell. This objective
differs from the users’ aim, which strive for maximizing their
individual SNR. This conflict of interest between the user’s
individual objective and the base station’s objective per cell
has not been studied so far.

III. SYSTEM MODEL

A. Wireless Scenario

We study a single wireless cell where one base station allo-
cates transmit power toK mobile users during the downlink.
An arbitrary user is denoted byk ∈ K = {1, . . . ,K} and
the downlink transmit power ispk ∈ [0, P ] Watts for each
user. Time is divided into slots and power allocation is done
once per slot. To focus on the effect of power allocation and
to provide tractable results we ignore subband and time slot
allocation. Consequently, each user has its own, fixed subband
of bandwidthW and inter-cell interference is ignored.

For each subband, the wireless channel from the base station
to the user is assumed to experience quasi-static, time-selective
fading with channel coefficienthk. The fading process is
assumed to be i.i.d. Rayleigh, which leads to exponentially
distributed channel gains|hk|2. For each mobile userk ∈ K,
we can write the instantaneous SNR as

γ
(
pk, |hk|2

)
=

pk|hk|2
σ2

, (1)

with σ2 the variance of the noise for userk. To perform power
allocation, the base station requires a CSI report from every
mobile user per time slot. In this work, we require that this
feedback is equivalent to the channel gain|hk|2, ∀k ∈ K.

B. Energy-Efficient Utility of the Cell

The base station performs power allocation, taking into
account the energy efficiency associated with each of the
mobile users. There are many common uses of the term energy
efficiency. Here, we precisely refer to the notion introduced
by Goodman and Mandayam in [6], i.e., the energy efficiency
is the ratio between the effective throughput of the mobile
user and the transmit power spent to attain this throughput.
Contrary to [6] in which power control is considered for the
uplink, we perform power allocation in the downlink. Hence,
the transmit power considered in the energy efficiency is not
the power from the mobile user but the power allocated to the
mobile user by the base station. We denoteu

(k)
BS the energy-

efficient utility associated with thekth mobile user. It writes

u
(k)
BS(pk) =

Rf
(
γk

(
pk, |hk|2

))

pk
, (2)

with R being a fixed transmission rate of the base station in
bit/s, andf is an S-shaped function taking its values in[0, 1]
which represents the packet success rate during transmission.
This function depends on the expected SNR of each mobile



user k ∈ K. The powerpk is expressed in Watt, the unit
of the utility is hence bit/Joule. Similarly to Belmega and
Lasaulce work in [3], for the particular case of SISO channel,
the efficiency functionf is defined as

f
(
γk
(
pk, |hk|2

))
= 1− Pout

(
γk
(
pk, |hk|2

)
, a
)
,

= exp

Å
− a

γk(pk, |hk|2)

ã
,

(3)

with a = 2R/W − 1 as the threshold under which the SNR
causes an outage. It is important to notice that there is an
approximation here, asPout should depend on the expectation
of the channel gain, and not on the instantaneous value of the
channel gain. The justification of this approximation is that
power allocation is performed every time slot. Consequently,
instantaneous channel gains are required to take into account
the variations of the characteristics of the channels from one
time slot to another.

Fig. 1 illustrates the typical shapes of this energy-efficient
utility per user, for three different values of the channel gain.
It represents the energy-efficient utility associated withone
mobile user (in bit/Joule) with respect to the power allocated
to that user. Energy-efficient utility maximization does not
necessarily correspond to rate maximization. Indeed, contrary
to a rate maximization, it occurs that it is not always optimal
to use all the power available to maximize energy efficiency.
It is also interesting to note that for the same transmit power,
the energy-efficient utility per user increases with the channel
gain. Regarding individual optimal power, we can check that
the energy-efficient utility per user can be maximized with a
lower power when the channel gain is higher. For a cellular
energy-efficient power allocation perspective, it means that it
is more interesting to allocate power to mobile users with a
good channel gain, as these mobile users require less power
and offer a better energy-efficient utility.

The energy-efficient utility per cell is the sum of all the
energy-efficient utilities per user, i.e.,

uBS(p) =
∑

k∈K
u
(k)
BS(pk), (4)

where the vectorp contains all power values allocated by the
base station.

Applying these utility functions for optimal power allocation
requires to understand their properties. For each user, energy
efficiency is expressed by (2). This functionu(k)

BS(pk) is
continuous with respect topk. Consequently, the sum (4) is
continuous with respect top. Nonetheless, such similarity
cannot be found for another property of the functions: although
each of the individual functionsu(k)

BS(pk) is quasiconcave, their
sum is neither concave nor quasiconcave.

IV. ENERGY-EFFICIENT POWER ALLOCATION

A. Optimization Problem

The objective of the base station is to allocate at mostP
Watts among the different mobile users in order to maximize
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Fig. 1. Energy-efficient utility per user with respect to theallocated power
for three different channel gains. Parameters area = 1, andσ2 = 5×10−14

W.

the energy-efficient utility per cell (4). The optimizationprob-
lem is

maximize
p∈RK

∑

k∈K
u
(k)
BS(pk),

subject to
∑

k∈K
pk ≤ P,

pk ≥ 0, ∀k ∈ K.

(5)

The problem is solved by choosing the optimization variables
p1, . . . , pk such that theK + 1 constraints hold. These con-
straints ensure that the optimization set is compact convex.
The energy-efficient utility per celluBS being continuous with
respect top, we know thatuBS has at least one maximum in
the set delimited by the power constraints. Hence, there exists
at least one optimal solution to this problem. But due to the
utility uBS being not quasiconcave, this optimization problem
is hard to solve.

B. Optimality Conditions

Optimality conditions can be obtained by the study of the
Lagrangian associated with (5). It writes

L(p, λ, µ) =
∑

k∈K
u
(k)
BS(pk)−λ

Å∑

k∈K
pk−P

ã
+
∑

k∈K
µkpk. (6)

The optimality conditions write∀k ∈ K

du(k)
BS(p̄k)

dpk
= λ− µk, (7)

with p̄ an optimal power allocation. These optimality condi-
tions lead to a partition of the setK in K′ andK′′. The setK′

is the subset of users for which power is allocated, leading to

µk = 0 and
du(k)

BS
(pk)

dpk
= λ. The setK′′ is the subset of users

with no power allocated (̄pk = 0), for whichµk = λ. In other
words, in an optimal energy-efficient power allocation, there
is a slope equality condition for a subset of the users, and the
remaining users are given no power.



C. Algorithm Design Principle

Here we do not provide an optimal power allocation scheme
to solve (5). Instead, we propose a simple suboptimal algo-
rithm with a performance that is very close to the optimum.
If the sum power constraint is not saturated,λ = 0, K′ = K.
Then, the proposed algorithm even provides the optimal allo-
cation per cell.

The idea behind the proposed algorithm is that, without
the sum power constraint, (5) can be divided intoK simple
quasiconcave optimization problems. For each of theseK
problems, the individual optimal power is known. As given in
[3], ∀k ∈ K, the powerp∗k(|hk|2) that maximizes the energy-
efficient utility of mobile userk is

p∗k(|hk|2) = argmax
pk

f
(
γk

(
pk, |hk|2

))

pk
,

= min

ß
σ2a

|hk|2
, P

™
.

(8)

This power is called individual optimal power. If the sum
of all these individual optimal powers is less than the sum
power constraintP , expression (8) provides the solution of
the optimization problem . If the sum exceedsP , the base
station cannot allocate the individual optimal powerp∗k for
each mobile user. Then it has to choose which mobile users
to serve and which users to exclude in order to maximize the
energy-efficient utility per cell while satisfying the sum power
constraint. How to make this choice is justified by Lemma 1.

Lemma 1:∀i, j ∈ K, i 6= j, |hi|2 ≥ |hj |2 is equivalent to

p∗i (|hi|2) ≤ p∗j (|hj |2), (9)

and

u
(i)
BS

(
p∗i (|hi|2), |hi|2

)
≥ u

(j)
BS

(
p∗j (|hj |2), |hj |2

)
. (10)

This means that a high individual optimal power offers a poor
outcome in terms of energy-efficient utility, whereas a low
individual optimal power offers a good outcome. Hence, from
the base station perspective, it is more interesting to allocate
the power budget for the users with the lower individual
optimal power values. Note that contrary to water-filling, the
individual optimal power associated with a mobile user with
a good channel gain is less than the individual optimal power
associated with a mobile user with a low channel gain. This
is due to the fact that energy efficiency is maximized instead
of sum capacity.

D. Algorithm

Based on the observations of Sec. IV-C, we propose the
following algorithm to allocate power in the cell, assumingthat
the coefficients provided by (8)

(
p∗1(|h1|2), . . . , p∗K(|hK |2)

)

are in increasing order (to simplify the notation, we only write
(p∗1, . . . , p

∗
K) in what follows). The power allocated to mobile

user k by the base station with that particular algorithm is
denoted bỹpk.

The algorithm is designed the following way. First, allocated
power values are initialized to0 (line 1). While allocated

Algorithm 1
Require: (p∗1, . . . , p

∗
K), P .

1: (p̃1, . . . , p̃K) = (0, . . . , 0)
2: i← 1
3: while

∑K
k=1 p̃k < P do

4: if p∗i < p∗i+1 then
5: if

∑i
k=1 p

∗
k < P then

6: p̃i ← p∗i
7: else
8: p̃i ← P −∑i−1

k=1 p̃k
9: end if

10: i← i+ 1
11: else
12: j ← i
13: while p∗i == p∗i+1 do
14: i← i+ 1
15: end while
16: if

∑j−1
k=1 p̃k +

∑i
k=j p

∗
k < P then

17: ∀k ∈ {j, . . . , i}, p̃k ← p∗k
18: else
19: ∀k ∈ {j, . . . , i}, p̃k ←

P−
∑

j−1

k=1
p∗

k

i−j+1
20: end if
21: i← i+ 1
22: end if
23: end while
24: return (p̃1, . . . , p̃K)

power does not exceedP , the allocation of power continues
(line 3). If the individual optimal power of mobile useri is
strictly less than the individual optimal power of the next
mobile user (line4),

• if the sum of the individual optimal power of mobile user
i to the power values already allocated does not exceed
P , this individual optimal power is allocated (line6),

• if the sum of the individual optimal power of mobile user
i to the power values already allocated exceedsP , only
the remaining power is allocated (line8).

If the individual optimal power of mobile useri is equal to the
individual optimal power of the next mobile user (line11), the
number of successive equal individual optimal power values
is counted (line13),

• if the sum of these optimal power values to the previously
allocated power values does not exceed the constraint,
these optimal power values are allocated (line17),

• if the sum of these optimal power values to the previ-
ously allocated power values exceeds the constraint, the
remaining power is fairly shared (line19).

Note that the algorithm takes into account the case in
which several individual optimal power values are equal.
Such an event occurs with almost null probability when the
channel gains are considered to be continuous and follow an
exponential distribution law.

For the same sum power constraint, Fig. 2 illustrates
the performance gap between the outcome of the proposed
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Fig. 2. Energy-efficient performance comparison of the optimal power
allocation and the proposed allocation.

algorithm and the optimal power allocation. The figure on
top compares the optimal power allocation and the proposed
allocation in a cell with three mobile users. For each user, the
associated energy-efficient utility is represented, and the power
allocations are given for the optimal and suboptimal cases.
While both allocations saturate the sum power constraint, the
optimal allocation verifies the slopes equality, in accordance
with Sec. IV-B, whereas the proposed allocation gives the
individual optimal power values to the two mobile users with
the best channel gains, and only the remaining power for
the third mobile user. The figure below represents the energy
efficiency in the cellular cell for the two allocations, for various
amount of mobile users in the cell. For each number of
mobile users, the channel gains and the sum power constraint
are chosen such that the two allocations differ the most. It
can be considered as a worst-case scenario for the proposed
algorithm.

V. SELFISH CHANNEL STATE REPORTING

A. Definition of a game

This section focuses on the behavior of the mobile users.
The main difference with the base station behavior is that
mobile users are not concerned with energy efficiency in
downlink as they do not provide transmit power themselves.
Instead, they are only concerned about their individual SNR.
From an operator perspective, the energy consumed at the
base station dominates the one needed by the mobile users.
Therefore, it makes sense to consider that only the base station
is concerned by energy efficiency while the mobile users are
only concerned about their SNR. For each mobile user, this
SNR is proportional to the power allocated by the base station.
Sec. IV shows that this power depends on the channel gain
the considered user reports to the base station, but also on the
channel gains reported by of all the other users. Considering
that each mobile user prefers to have a high allocated power,it
can try to twist the channel gain it reports to the base station in
order to get higher allocated power. Hence, we assume that the
mobile users have the freedom of sending whatever channel

gain feedback they want to the base station, and we use game
theory to study what are the outcomes of such a scenario. For
each mobile userk ∈ K, two values of the channel gain are
important:

• its actual channel gain|hk|2, as the actual performance
of the mobile user depends on this gain;

• the value it reports to the base station that is denoted by
gk ∈ [0, G], with G the maximum gain a mobile user can
report. Power is allocated to the mobile user based on
this value.

Both terms appear in the utility of each mobile user, which
is the SNR after power allocation by the base station.∀k ∈ K,

uk(gk, g−k) =
p̃k(gk, g−k)|hk|2

σ2
. (11)

With a slight abuse of notation(gk, g−k) emphasizes the
feedback of mobile userk compared to the CSI reports of
all the other mobile users. We can now properly define the
game under study.

Definition 1: The channel feedback game is defined by the
triplet G = (K,R, {uk}k∈K) in which

• K is the set of players of the game, which represents the
mobile users.

• Ak = [0, G] is the set of actions for playerk. In this
game, an actiongk ∈ Ak is the report to the base station.
The set of actions profiles is denoted byA = ×K

k=1Ak,
and the cardinal product of the actions sets of all players
except playerk is denoted byA−k = ×i6=kAi.

• The utility of playerk is

uk(gk, g−k) =
p̃k(gk, g−k)|hk|2

σ2
.

It is its SNR given the power allocated by the base station
knowing all the reported channel gains.

B. Characterization of the Nash Equilibrium

Generally, an important concept to study the outcome of a
game is the Nash equilibrium.

Definition 2: In the gameG, a Nash equilibrium is an action
profile (g∗1 , . . . , g

∗
K) such that∀k ∈ K

∀gk 6= g∗k, uk(gk, g
∗
−k) ≤ uk(g

∗
k, g

∗
−k). (12)

In other words, it is an action profile from which no player
has interest to deviate unilaterally. It is a selfish equilibrium.
Interestingly, in the gameG, we can prove that there exists at
least a pure Nash equilibrium.

Proposition 1: There is a unique Nash equilibrium in the
gameG. It is g∗ = (g∗, g∗, . . . , g∗) with g∗ = Kaσ2

P such that

argmax
p

f(γ(p, g∗))

p
=

P

K
. (13)

At this equilibrium, power is uniformly allocated among the
mobile users and the SNR of playerk ∈ K is

uk(g
∗) =

P |hk|2
Kσ2

. (14)
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It is interesting to note that this equilibrium depends only
on the number of mobile users in the cell, and the sum
power constraint. The actual channels gains are absolutelynot
involved in the expression of this equilibrium.

Proof: First, we show that the action profile
(g∗, g∗, . . . , g∗) is a Nash equilibrium. Assume that playerk
deviates from the actiong∗, it chooses an actiongk 6= g∗.
The action profile is then(gk, g∗−k).

• If gk < g∗ thenp∗k > P
K , and

∑

i∈K
p∗i = (K − 1)

P

K
+ p∗k > P. (15)

Hence, according to the allocation algorithm,p̃k is set to
P − (K − 1) PK = P

K , i.e., the SNR of playerk remains
unchanged.

• If gk > g∗ thenp∗k < P
K , then

∑

i∈K
p∗i = (K − 1)

P

K
+ p∗k < P. (16)

In this case, all the players are given the individual
optimal power. Hence playerk gets p̃k = p∗k < P

K , and
its SNR decreases.

We have proven that∀k ∈ K, player k has no interest in
deviating from the power profile(g∗, g∗, . . . , g∗), hence it is
a Nash equilibrium. We now prove that this equilibrium is
unique.

• If the sum of individual optimal power values is below
the sum power constraint, i.e.,

∑

k∈K
p∗k < P, (17)

then if one playerk decreasesgk, it gets a higher̃pk.
Hence there can be no equilibrium when the maximum
total power constraint is not active.

• If the sum of individual optimal power values is higher
than the sum power constraint, and∃k ∈ K such that
p̃k = 0. Then playerk can increase its reportgk in order

to have some power allocated. Hence playerk has interest
in deviating.

• If the sum of individual optimal power values is higher
than the sum power constraint, if no player gets zero
power allocated, and∃(i, j) ∈ K2 such thatp̃i < p̃j ,
then playeri can slightly decreasegi in order to get more
power from the base station.

• If the sum of individual optimal power value is higher
than the sum power constraint, and∀(i, j) ∈ K2, p̃i = p̃j ,
then∀i ∈ K, p̃i = P

K . If ∃i ∈ K such thatp∗i > P
K , then

any other playerj 6= i can reportgj such thatp∗j ∈
] PK , p∗i [. In that case, playerj receives more power from
the base station.

We have proven that there cannot be any other equilibrium than
the case for which the sum of individual optimal power values
saturates the sum power constraint, and∀i ∈ K, p̃i = p∗i = P

K .

Given that at this equilibrium, mobile users do not report
their actual channel gains, there are two energy-efficient util-
ities per cell of interest. First, the energy-efficient utility per
cell the base station is convinced to have, given the equilibrium
reports of the mobile users. This is not the actual value of the
energy-efficient utility per cell. It writes

uBS(
P

K
, g∗) =

∑

k inK

K

P
exp(−aKσ2

Pg∗
),

=
K2

P
exp(−1).

(18)

Once again, we can check that this utility depends only
on the total number of mobile users in the cell and the
power constraint. The second energy-efficient utility per cell
of interest is of course the actual energy efficiency of the cell,
which takes into account the true channel gains. This utility
writes

uBS(
P

K
, |hk|2) =

K

P

∑

k∈K
exp(− g∗

|hk|2
). (19)

Hence, the ratio between the actual energy-efficient perfor-
mance of the cell and the believed performance is

uBS(
P
K , |hk|2)

uBS(
P
K , g∗)

=
1

K

∑

k∈K
exp(1 − g∗

|hk|2
). (20)

VI. N UMERICAL RESULTS

In Fig. 4, a scenario with two mobile users is considered.
For both of them, the channel gains are set to−112 dB, and
we study how the energy-efficient utility per cell varies forall
the possible combinations of allocated power values. Hence,
the energy-efficient utility per cell is represented with respect
to SNR of each of the mobile users. The constraint on the
total transmit power isP = 1W . On the one hand, we can
check that the energy efficiency of the cell is maximized when
mobile users report their actual channel gain. But at this point,
the sum power constraint is not saturated. Hence, it is not
Pareto-optimal for the mobile users. On the other hand, when
the mobile users report the equilibrium channel gains, a Pareto
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optimal point is reached. But in this configuration, the energy
efficiency of the cell is not a maximum.

In Fig. 5, the energy-efficient utility of the cell is represented
as a function of the number of mobile users in the cell. The
variance of the noise,σ2 is set to5×10−14 W. The parameter
a is set to6. Channel gains are assumed to be exponentially
distributed. For each number of mobile users,104 realizations
are computed, and the presented results are the mean over
these realizations. Similarly to Fig. 4, we compare the case
in which mobile users actually report their channel gains, and
the case in which they twist their reports in order to maximize
their own utilities. In addition, two power constraints are
consideredP = 0.1 W, and P = 1 W. With no surprise,
for both power constraints, the energy-efficient utility ofthe
cell is higher when mobile users report their actual channel
gains. This utility increases with the number of mobile users
simply because it is a sum over the mobile users. Interestingly,
when mobile users report their actual channel gains, there is
no significant gap between the two power constraints. There
are two explanations for this phenomenon. First, when the
sum power constraint is not saturated, the power allocation
is exactly the same whatever the power constraint. Second,
we recall that mobile users with bad channel gains are not
interesting in terms of energy efficiency as their individual
optimal power is high and the associated energy efficiency is
low. Hence, allocating power or not to these mobile users does
not make a significant difference in terms of energy efficiency.
Another interesting phenomenon is when mobile users report
equilibrium channel gains, the energy-efficient utility ofthe
cell is worse forP = 1 W than forP = 0.1 W. We recall
that at the equilibrium, the sum power constraint is saturated.
Hence, there is more power allocated to the mobile users in the
case withP = 1 W. But after a certain threshold, increasing
power decreases the energy efficiency of the overall system.

In Fig. 6, the mean SNR of a mobile user is represented with
regard to the number of mobile users for the same scenario
as Fig. 5. The SNR of the mobile user is given in dB, and
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for both power constraints, this SNR is higher when mobile
users report equilibrium channel gains. As the SNR of the
mobile user at the equilibrium is proportional to the sum
power constraint, we can check there is a gain between the
two sum power constraints. When mobile users report their
actual channel gains, their SNR is lower. But a higher sum
power constraint allows the base station to serve more users.
Thus the mean SNR of the mobile users with actual channel
gains increases with the sum power constraint.

VII. C ONCLUSION

In this paper we studied the conflict of interest between (i)
mobile users that selfishly choose their CSI reports to increase
their SNR and (ii) a base station that aims to maximize the
cell’s energy efficiency by power allocation. We formulated
power allocation as a non-convex optimization problem, stated
its optimality conditions, and derived a low complexity algo-
rithm. Formulating selfish CSI reporting as a game allowed
us to prove the existence of a unique equilibrium from which
no user has interest to deviate. Consequently, we obtained a
stable system for which we derived energy efficiency with and



without true CSI in closed form.
We illustrate this powerful theoretical framework by numeri-

cal results. Naturally, these results show that selfish CSI reports
allow mobile users to increase their own SNR while the cell’s
energy efficiency decreases. Interestingly, this degradation
diminishes for smaller sum power constraints and for a larger
number of users. Consequently, small cells are more robust to
selfish CSI reports than cells with large power constraints and
few users.

As future work, we aim to extend this framework by an
optimal power allocation algorithm, energy-efficient utilities
not only for the base station but for the mobile users, as well
as by a practical, discrete set of CSI values.
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ABSTRACT

Frequency non-selective time-selective multiple access channels in
which transmitters can freely choose their power control policy are
considered. The individual objective of the transmitters is to maxi-
mize their averaged energy-efficiency. For this purpose, a transmit-
ter has to choose a power control policy that is, a sequence ofpower
levels adapted to the channel variations. This problem can be formu-
lated as a stochastic game with discounting for which there exists a
theorem characterizing all the equilibrium utilities (equilibrium util-
ity region). As in its general formulation, this theorem relies on
global channel state information (CSI), it is shown that some points
of the utility region can be reached with individual CSI. Interestingly,
time-sharing based solutions, which are usually considered for cen-
tralized policies, appear to be part of the equilibrium solutions. This
analysis is illustrated by numerical results providing further insights
to the problem under investigation.

Index Terms— Distributed power control, Stochastic games,
Folk theorem, Nash equilibrium, Game Theory.

1. INTRODUCTION

In the past decade, new types of wireless networks have appeared.
Just to name a few, when inspecting the wireless literature,we find
ad hoc networks, networks of wireless devices operating in unli-
censed bands, wireless networks with cognitive radios, small cells
based cellular networks. The decentralized nature of such networks
make game-theoretic analyses relevant [1]. Interestingly, game the-
ory offers a large set of tools and concepts to better understand im-
portant problems such as resources allocation and power control in
distributed networks. By distributed, it is meant that the allocation
or/and control policy is left to the terminal itself. In thispaper,
the problem under consideration is precisely the one of distributed
power control. The assumed network model is a multiple access
channel (MAC), which, by definition, includes several transmitters
and one common receiver. A brief overview of previous works about
power allocation for MACs is presented in [2]. In our framework,
based on a certain knowledge which includes his individual chan-
nel state information, each transmitter has to tune his power level
for each data block. In particular, it can ignore some specified cen-
tralized policies. The assumed performance criterion is the one in-
troduced by [3] that is to say, that transmitters aim at maximizing
the energy efficiency associated with the transmit radio-frequency
signal, which is measured as a number of correctly decoded infor-
mation bits per Joule consumed at the transmitter. The assumed
channel model is the same as [3] that is, links are assumed to be fre-

quency non-selective but the channel gains can vary from block to
block. The authors of [3] have formalized the energy-efficient power
control problem as a one-shot/static non-cooperative game: on each
block, the players (the transmitters) play a one-shot game by choos-
ing their action/move (their power level) in order to maximize their
utility (their individual energy-efficiency). The main drawback of
such a formulation is that it leads to an outcome (Nash equilibrium)
which is not efficient. Indeed, it can be checked that, for each block,
there exists a vector of power levels (an action profile) which allows
all the players to have better utilities than those obtainedat the Nash
equilibrium; the latter is said to be Pareto-dominated.

Motivated by the existence of power profiles which Pareto-
dominates the one-shot game Nash equilibrium solution, several
authors proposed solutions which are both efficient and compatible
with the framework of decentralized decisions. For instance, pricing
is proposed in [4], a Stackelberg formulation is introducedin [5],
and a repeated game formulation is exploited in [6]. The framework
adopted in this paper is a more general framework than the onecho-
sen in [6]. Indeed, although the repeated game model in [6] takes
into account the fact that transmitters interact several/many times,
the work in [6] has an important weakness: this is the need fora
normalized game which does not depend on the realization channels.
By definition (see e.g., [7]), a repeated game consists in repeating
the same one-shot game. The consequence of such a modeling
choice is a loss in terms of optimality in terms of expected utilities
(averaged over the channel realizations). The main purposeof this
paper is to propose a more general dynamic game model namely,
a stochastic game. Based on this choice, the contributions of this
paper are essentially as follows: (i) after providing the signal model
(Sec. 2) and reviewing the one-shot game model (Sec. 3) we present
the stochastic game model used and show how to exploit the recent
game-theoretic results by [8][9] to obtain a Folk theorem for the
power control game under investigation: this Folk theorem allows
one to fully characterize equilibrium utilities when public signals are
available to the transmitters and channel stats are quantized (Sec. 4);
(ii) some simple equilibrium power control strategies relying on
individual channel state information and possibly a recommenda-
tion of the receiver are proposed (Sec. 5); (iii) a numericalstudy is
conducted to assess the performance of the proposed strategies and
give more insights on tuning the relevant parameters of the problem
(Sec. 6).

2. SIGNAL MODEL

We consider a decentralized MAC withK ≥ 1 transmitters. The
network is said to be decentralized as the receiver (e.g., a base



station) does not dictate to the transmitters (e.g., mobilestations)
their power control policy. Rather, all the transmitters choose their
policy by themselves and want to selfishly maximize their energy-
efficiency; in particular, they can ignore some specified centralized
policies. We assume that the users transmit their data over quasi-
static channels, at the same time and frequency band and without
any beamforming [10]. Note that a block is defined as a sequence
of M ≥ 1 consecutive symbols which contains a training sequence:
a specific symbols sequence used to estimate the channel (or other
related quantities) associated with a given block. A block has there-
fore a duration less than the channel coherence time. The signal
model used corresponds to the information-theoretic channel model
used for studying MAC, see [2] for more comments on the multiple
access technique involved. This model is both simple to be pre-
sented and captures the different aspects of the problem. Itcan be
readily applied to specific systems such as CDMA systems [3][5] or
multi-carrier CDMA systems [11]. The equivalent baseband signal
received by the base station can be written as

y(n) =
K∑

i=1

gi(n)xi(n) + z(n) (1)

wherei ∈ K, K = {1, ..., K}, xi(n) represents the symbol trans-
mitted by transmitteri at timen, E|xi|2 = pi, the noisez is as-
sumed to be distributed according to a zero-mean Gaussian random
variable with varianceσ2 and each channel gaingi varies over time
but is assumed to be constant over each block. For each transmit-
ter i, the channel gain modulus is assumed to lie in a compact set
|gi|2 ∈

[
ηmin
i , ηmax

i

]
. This assumption models the finite receiver

sensitivity and the existence of a minimum distance betweenthe
transmitter and receiver. At last, the receiver is assumed to imple-
ment single-user decoding.

At a given instant, the SINR at receiveri ∈ K writes as:

SINRi =
piηi∑

j 6=i pjηj + σ2
(2)

wherepi is the power level for transmitteri andηi = |gi|2.
.

3. ONE-SHOT POWER CONTROL GAME

In this section, the one-shot game model of [3] is reviewed since it
both allows one to build the stochastic game model of Sec. 4 and
serves as a reference for performance comparison. A useful (non-
equilibrium) operating point in this game is also defined, asa basis
for the proposed control strategies in the stochastic game model.

Definition 1 (One-shot power control game)The strategic form
of the one-shot power control game is a triplet
G = (K, {Ai}i∈K, {ui}i∈K) where K is the set of players,
A1, ...,AK are the corresponding sets of actions,Ai = [0, Pmax

i ],
Pmax
i is the maximum transmit power for playeri, andu1, ..., uK

are the utilities of the different players which are defined by:

ui(p1, ..., pK) =
Rif(SINRi)

pi
[bit/J]. (3)

We denote byRi the transmission information rate (in bps) for
useri andf an efficiency function representing the block success
rate. The numerator of the utility is thus the rate of bits success-
fully received at the base station.f is assumed to be sigmoidal and

identical for all the users; the sigmoidness assumption is areason-
able assumption, which is well justified in [12][13]. Recently, [14]
has shown that this assumption is also justified from an information-
theoretic standpoint.

In this game with complete information (G is known to every
player) and rational players (every player does the best forhimself
and knows the others do so and so on), a major game solution con-
cept is the Nash equilibrium (i.e. a point from which no player has
interest in unilaterally deviating). When it exists, the non-saturated1

Nash equilibrium of this game can be obtained by setting∂ui

∂pi
to

zero∀i ∈ K which gives an equivalent condition on the SINR: the
best SINR in terms of energy-efficiency for transmitteri has to be
a solution ofxf ′(x) − f(x) = 0 (this solution is independent of
the player index since a common efficiency function is assumed, see
[13] for more details). This leads to:

∀i ∈ {1, ..., K}, p∗i =
σ2

ηi

β∗

1− (K − 1)β∗ (4)

whereβ∗ is the unique solution of the equationxf ′(x)− f(x) = 0.
An important property of the Nash equilibrium given by (4) isthat
transmitters only need to know their individual channel gain ηi to
play their equilibrium strategy. Another interesting property is that
the productp∗i ηi (instantaneous received power) is constant for all
the players.

Interestingly, the authors of [6] propose to study the powerpro-
file obtained when imposing the received signals to have the same
instantaneous power. The idea is to solve∂ui

∂pi
(p) = 0 under the

aforementioned constraint. This leads to the following system:

∀(i, j) ∈ K2,

{
piηi = pjηj
∂ui
∂pi

(p) = 0
(5)

The unique solution of (5), calledOperating point can be
checked to be:

∀i ∈ K, p̃i =
σ2

ηi

γ̃K
1− (K − 1)γ̃K

(6)

whereγ̃K is the unique solution ofx[1−(K−1) ·x]f ′(x)−f(x) =
0.

The difference between this operating point and the Nash equi-
librium can be explained by the fact that∂ui

∂pi
(p) = ∂ui

∂pi
(pi) when

adding the instantaneous power equality constraint. This operating
point can be proved to always Pareto-dominate the Nash equilibrium
and reach the Pareto frontier for each channel realization;addition-
ally, only individual CSI is needed to operate at the corresponding
power levels. This point will serve as a basis of the power control
strategies proposed in Sec. 5.

4. STOCHASTIC POWER CONTROL GAME

With the one-shot non-cooperative game model, transmitters are
assumed to play once for each bock and independently from block
to block. The goal here is to take into account the fact that trans-
mitters generally interact over several blocks, which is likely to
change their behavior w.r.t. the one-shot interaction model even if

1By using the term “non-saturated Nash equilibrium” we mean that the
maximum transmit power for each user, denoted byPmax

i , is assumed to be
sufficiently high not to be reached at the equilibrium i.e. each user maximizes
his energy-efficiency for a value less thanPmax

i (see [5] for more details
about the saturated case).



they are always assumed to be selfish. As channel gains are time-
varying, the most natural model is the one of stochastic games [15].
In such a model, important differences w.r.t. the one-shot game
model are that averaged utilities are considered, the channel state
η(t) = (η1(t), ..., ηK(t)) ∈ Γ andΓ = Γ1 × Γ2 × ... × ΓK may
vary according to a certain evolution law (the i.i.d. block fading case
is the most simple of them), and the state can depend on the played
actions (in conventional wireless settings this is howevernot the
case). Stochastic game stages correspond to instants at which play-
ers can choose their actions. From one stage to another, the channel
stateη(t) is assumed to be discrete (e.g., resulting from quantization
effects) and stochastically varies according to the transition prob-
ability distributionπ. This distribution is said to be an irreducible
transition probability if for any pair of channel statesη andη′ we
haveπ(η′|η) > 0. For example, this irreducibility condition is met
for i.i.d channels. The second important assumption we do toobtain
a Folk theorem is to assume that a public signal is available to all the
transmitters. Two special cases of interest are: (a) Every transmitter
knows the power of the received signal that is,

∑K

i=1 ηipi + σ2 is
known; (b) Every transmitter has global CSI and perfectly observes
the action profiles that is,(η, p) is known.

The game Course.The game starts at the first stage with a
channel stateη(1) known by the players. The transmitters simul-
taneously choose their power levelp(1) = (p1(1), . . . , pK(1)) and
are assumed to receive a public signal, denotedθ ∈ Θ. At stage
t, the channel statesη(t) are drawn from the transition probability
π(·|η(t− 1)) ∈ ∆(Γ) and the players observe the public signal

φ :

∣∣∣∣
Γ×A → Θ
(η, p) 7→ θ

(7)

whereA = A1 × ... × AK . The sequence of past signalsh(t) =
(θ(1)..., θ(t− 1), η(t)) is the common history of the players.

Definition 2 (Players’ strategies) A strategy for playeri ∈ K is a
sequence of functions(τi,t)t≥1 with

τi,t :

∣∣∣∣
Θt → Ai

ht 7→ pi(t).
(8)

The strategy of playeri will therefore be denoted byτi while the
vector of strategiesτ = (τ1, ..., τK) will be referred to a joint strat-
egy. A joint strategyτ induces in a natural way a unique sequence
of action plans(p(t))t≥1 and a unique sequence of public signals
(θ(t))t≥1. The averaged utility for playeri is defined as follows.

Definition 3 (Players’ utilities) Let τ = (τ1, ..., τK) be a joint
strategy. The utility for playeri ∈ K if the initial channel state is
η(1), is defined by:

vi(τ, η(1)) =
∑

t≥1

λ(1− λ)t−1
Eτ,π

[
ui(p(t), η(t))|η(1)

]
(9)

where(p(t))t≥1 is the sequence of power profiles induced by the
joint strategyτ .

The parameterλ is the discount factor, which can model various
effects such as the probability the game stops, the fact thatplayers
evaluate short-term and long-term benefits differently, etc. We now
present the definition of a stochastic game.

Definition 4 (Stochastic game)A stochastic game with public
monitoring is defined as a tuple:

G = (K, (T )i∈K, (vi)i∈K, (Γi)i∈K, π,Θ, φ), (10)

whereTi is the set of strategies for playeri and vi his long-term
utility function.

Equilibrium concept.Let us define the Nash equilibrium of a
stochastic game starting with the channel stateη(1).

Definition 5 (Equilibrium Strategies) A strategy τ supports an
equilibrium of the stochastic game with initial channel stateη(1) if

∀i ∈ K, ∀τ ′
i , vi(τ, η(1)) ≥ vi(τ

′
i , τ−i, η(1)) (11)

where−i is the standard notation to refer to the setK\{i},
τ−i = (τ1, ..., τi−1, τi+1, ..., τK). DenoteEλ(η(1)) the set of equi-
librium utilities with initial channel stateη(1).

We now characterize the equilibrium utility region for the
stochastic game under study. For this, define the min-max level
ṽi of player i ∈ K as the most severe punishment level for player
i ∈ K. The feasible utility region is denoted byFλ(η(1)). The
result of Dutta [16] states that if the transition probability π is irre-
ducible, then the min-max levels, the feasible utility region and the
equilibrium utility region are independent of the initial stateη(1).

lim
λ−→0

min
τ−i

max
τi

ṽi(τ̃i, τ̃−i, η(1)) = ṽi, ∀η(1) (12)

lim
λ−→0

Fλ(η(1)) = F, ∀η(1) (13)

lim
λ−→0

Eλ(η(1)) = E, ∀η(1) (14)

As already mentioned, irreducibility is verified under the common
assumption of i.i.d. channels. As a consequence, the equilibrium
utility region is independent of the initial channel state for a stochas-
tic game with a public signal.

Definition 6 We define the set of asymptotic feasible and individu-
ally rational payoff by:

F ∗ = {x ∈ F |xi ≥ ṽi, ∀i ∈ K} (15)

Theorem 7 Suppose that the players see the same public signal.
Then, for each utility vectoru ∈ F ∗, there exists aλ0 such that
for all λ < λ0, there exists a perfect public equilibrium strategy in
the stochastic power control game, such that the long-term utility
equalsu ∈ F ∗.

The proof is not given here and is based on Theorem 2 of [8]. Note
that such a characterization is very powerful. Indeed, the brute-force
technique to find the feasible utility region would be to lookat all
possible action plans for the players and compute the corresponding
utilities. This would be intractable even when every playercould
only choose two power levels for a finite stochastic games with 100
stages (each player could then choose between2100 action plans).
The Folk theorem characterizes the equilibrium utilities from quan-
tities far much easier to evaluate (namelyE,F, ṽi). Additionally,
as shown by Dutta [16], there is no loss of optimality by restricting
the set of strategies to Markov strategies (which only depend on the
current channel state). This will be exploited in Sec. 6

5. STRATEGIES FOR K-PLAYER GAMES

5.1. Best user selection (BUS)

The strategy we propose is based on the operating point presented
in Sec. 3. When channels gains vary from stage to stage, if every
transmitter plays at the operating point, the network is notsocially



optimal (in contrast with the case where the channel state would be
constant). It turns out that we get better results in terms ofsocial
welfare if the set of players playing the operating point at each stage
is shrunk. We name this approach thebest user selectionscheme.

At each staget of the game, the receiver setsK′t ⊂ K, the
optimal set of players playing theOperating pointin terms of social
welfare. For playeri ∈ K: • If i ∈ K′t, he is recommended to play
theOperating pointat staget; • If i /∈ K′t, he should not transmit
at this stage. To ensure the equilibrium of this strategy, ifone of
the player deviates from the strategy, the other players punish him
by playing the one-shotNash equilibriumfor the remaining of the
game.

5.2. Threshold-based user selection (T-US)

Note that in the former strategy, the set of players playing the Op-
erating point is decided at each stage but one can also imagine a
simpler strategy with a thresholdα ∈ [0, 1] set for the entire game
such that for playeri ∈ K: • If ηt

i ≥ αηt
max, he is recommended to

play theOperating point; • If ηt
i < αηt

max, he should not transmit
at this stage, whereηt

max is the best channel gain realization at stage
t andηt

i the channel gain realization of playeri at staget. As before,
if one of the players deviates from the strategy, the other players pun-
ish him by playing the one-shotNash equilibriumfor the remaining
of the game.

5.3. Properties of Best User Selection Scheme

Although one might think that the BUS scheme requires complex
computations at the base receiver, it happens that the former does
not have to compare all possible combinations of players. Indeed,
the BUS scheme always includes the player with the best channel
gain and a given number of other players with the following channel
gains in decreasing order. Thus, the base station just has toorder
the channels gains in decreasing order and decides which gain level
is the minimum to separate players allowed to play from the others,
which is far less complex, especially when the number of players is
very large. In term of complexity, forK players, instead of consid-
ering2K possible combinations, the base station has just to consider
K combinations.

Theorem 8 (BUS scheme fork players) At equal transmitting
rate, the best user selection ofk players,k ∈ K, playing together at
the Operating point is the set of thek players with the best channels
gains.

For the strategy to be an equilibrium of the stochastic game,it is
needed that no player has interest in deviating from the given plan.
This condition is expressed by the fact that the cost of the punish-
ment must always be higher than what a player can get when deviat-
ing at one stage. It results in the following theorem

Theorem 9 (Equilibrium strategy) The BUS strategy is an equi-
librium of the stochastic game if∀i ∈ K

λ ≤
E[ui(p

bus, η)]− E[ui(p
∗, η)]

Rηmax

σ2
f(β∗)
β∗ + E[ui(pbus, η)]− E[ui(p∗, η)]

(16)

The expected utility of the BUS scheme can be compared to the
strategy based on the one-shotNash equilibrium, the strategy based
on pureTime-sharing2 and theOperating pointstrategy.

2At each stage, only the player with the best channel gain can play.

Theorem 10 (Dominance)For equal transmission rates, for i.i.d.
channel states among the players, we have

∀i ∈ K, E[ui(p
bus, h)] ≥ E[ui(p

∗, h)]

∀i ∈ K, E[ui(p
bus, h)] ≥ E[ui(p̃, h)]

∀i ∈ K, E[ui(p
bus, h)] ≥ E[ui(p

ts, h)]

Simulations based on this strategy are discussed in Sec 6.3.

5.4. Information assumptions

For the BUS and the TUS schemes, players adapt their transmit
power at theOperating pointif they are recommended to play by
the Base station. Thus, they need to know whether they are recom-
mended to play. If so, given (5), they need to know the number of
players transmitting with them and the state of their own channel.
The recommendation and the number of recommended players are
sent by the Base station whereas the channel state is observed by
the transmitter, all these signals are modeled byθ. The last neces-
sary piece of side information is due to the equilibrium condition
of the strategy: if one player deviates from the plan, he is punished
by the other players for the remaining of the game. It impliesthat
players must be able to detect a deviation, what can be done ifthey
know their SINR at each stage (see [6] for more details). Fromone
strategy to another, the amount of information required mayvary
considerably. For instance, if one wants players to play theSocial
Optimumstrategy, players would have to know channels gains of ev-
ery other player whereas if they play the one-shotNash equilibrium
they would only need to know their own channel gain and the total
number of players. To have a clear view about the amount of side
information needed to implement the discussed strategies,we pro-
vide a simplified comparison for the various strategies under study
in Fig. 1. By “deviation alarm” we mean a signal allowing players
to detect single deviations from the cooperative action plan.

6. NUMERICAL RESULTS

6.1. Simulation Parameters

To obtain numerical results, we work with the efficiency function
f(γ) = e

− a
γ with a = 2R − 1, see [2] for more details about this

efficiency function. All our results are obtained from gameswith
105 stages.

6.2. Two-state channelK-player game

Fig. 2 is obtained for a10-player game where channels gains can
only reach two statesηmin and ηmax with probability { 1

2
, 1
2
} for

each player anda = 0.1. It is interesting in the sense that it clearly
highlights the fact that the idea of the proposed strategy isinterest-
ing when channels gains of players are sufficiently different. Indeed,
we can observe that for a channel gain ratioηmax

ηmin
= 1, the pro-

posed strategy is equal to the classicalOperating pointstrategy. For
ηmax
ηmin

> 1, the proposed strategy becomes more efficient. By work-
ing with random distributions for the channels gains, the case of re-
alizations with very different channels gains often occurs, which is
interesting for the proposed strategy.



CSI Recommendation signal Nb of players Deviation alarm
Pure time-sharing individual needed not needed not needed

One-shot Nash individual not needed needed not needed
Operating Point individual not needed needed SINR

T-US scheme individual needed needed SINR
BUS scheme individual needed needed SINR

Social optimum global not needed not needed SINR

Fig. 1. Information required for various stochastic strategies
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Fig. 2. Comparison of BUS utilities versus Nash utilities depending
on the ratio between the good channel state and the bad channel state
for a10-player game.

Fig. 3 shows the achievable utility region for a2-player,2-states
game (withηmax

ηmin
= 4 anda = 0.5) when considering all the possi-

ble strategies. Theminmaxline delimits the equilibrium region. The
mean utilities of BUS,Operating pointand staticNash equilibrium
are also represented in this region. It is clear that BUS strategy is
closer to the Pareto frontier.
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Fig. 3. Achievable region with expected utilities of various strategies

6.3. Truncated Rayleigh distribution for K-player game

In Fig. 4, we consider aK-player game withK varying from1 to
10 and a fixed to 0.1. In each game, channels states follow the
same truncated Rayleigh distribution law for every player.Four
strategies are compared on this figure: one-shotNash equilibrium
(Sec. 3), pureTime-sharing, Operating point(equation (6)), T-US
with α = 0.5 (Sec. 5.2) and BUS (Sec. 5.1). There are several points
to notice. First, for all the studied strategies, as the number of play-
ers increases, the mean utility decreases for each player. This is due
to the fact that players see each other signal as interference: the more
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Fig. 4. Comparison of strategies utilities depending on the number
of players

players in the game, the more they have to share resources. Second,
it is clear that theOperating pointand BUS strategies are more effi-
cient than one-shotNash equilibriumor Time-sharingstrategies. As
the number of players increases, this gap becomes even larger.

Fig. 5 shows a graphic representation of the different config-
urationsHi

1(k) and Hi
2(k) a playeri can meet at each stage of

the stochastic game (owing to the symmetry in the channels distri-
bution law, the configurations probabilities are the same for every
player).Hi

1(k) ⊂ Γ is the set of channels realizations wherek play-
ers are recommended to play and playeri is part of these players.
Hi

2(k) ⊂ Γ is the set of channels realizations where playeri is not
one of hek players recommended to play. The simulation is made
with 5 players anda = 0.2.
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2 for a5-player game with BUS strat-
egy

Fig. 6 refers to theorem 9. It represents the maximum value the
discount factorλ can have for the BUS strategy to be an equilibrium
of the stochastic game. As the gap between the expected utility of



Best combination strategy and the expected utility of the one-shot
Nash equilibrium increases with the number of players, the maxi-
mum value of the discount factor increases as well.
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Fig. 6. Maximum value of discount factorλ for the BUS strategy to
be an equilibrium.

7. CONCLUSION

Conventionally, for i.i.d channels, power control schemesare de-
signed such that the power levels are chosen in an independent man-
ner from block to block. In distributed networks with selfishtrans-
mitters, the point of view has to be re-considered even if thechannels
are i.i.d. due to the fact that long-term interaction may change the
behavior of selfish transmitters. In order to take into account this ef-
fect and the fact that channel gains may vary from block to block, the
model of stochastic games is proposed. When transmitters observe
a public signal (e.g., the sum of received signals), a recentgame-
theoretic result allows one to fully characterize the equilibrium util-
ity region. It is shown how to reach some points of this regionby
assuming individual CSI only. Both analytical and simulation re-
sults show potential gains in terms of energy-efficiency induced by
the proposed model. In particular, because of long-term interaction,
transmitters may have interest of shutting down for some blocks,
leading therefore to legitimate time-sharing based control policies.
Further investigations on the proposed approach are needed. In par-
ticular, it is relevant to characterize which part of the equilibrium
utility region can be reached under the individual CSI assumption,
which is relevant to include fairness issues. Additionally, typical fea-
tures of modern wireless networks such as finite size buffers, Marko-
vian evolution law for the channel state, should be accounted for to
make the proposed framework more applicable.
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1 Introduction

Power control has always been recognized as an important problem for mul-
tiuser communications (Foschini and Miljanic, 1993; Yates, 1995). With the
appearance of new paradigms such as ad hoc networks (Gupta and Kumar,
1997), unlicensed band communications, and cognitive radio (Fette, 2006;
Mitola and Maguire, 1999), the study of distributed power control policies has
become especially relevant; in such networks, terminals can freely choose their
power control policies and do not need to follow orders from central nodes.
The work reported in this paper precisely falls into this framework that is, the
design of distributed power control policies in multiuser networks. More pre-
cisely, the assumed network model is a multiple access channel (MAC), which,
by definition, includes several transmitters and one common receiver. A brief
overview of previous works about power allocation for MACs is presented
by Belmega et al (2009). In our framework, based on a certain knowledge
which includes his individual channel state information, each transmitter has
to tune his power level at each time instance. The literature of power control
is vast and here we will only refer to the two closest bodies of related works.
In the first body, the goal is to minimize the transmit power under constraints
(data rate constraints typically). While energy minimization is sought, energy-
efficiency is not necessarily high when measured in terms of a benefit to cost
ratio (as it is done in Physics or Economics). Clearly, energy minimization and
energy-efficiency maximization are two different approaches whose relevance
depends on the context under consideration (see Goodman and Mandayam
(2000) and related works for more justifications) and cannot be compared in
general. The results provided in this paper concern the second body of works,
in which the goal is to maximize energy-efficiency which is measured as an
average number of successfully decoded bits per Joule consumed by the trans-
mitter.

In the original formulation proposed by Goodman and Mandayam (2000)
and re-used in most related works (e.g., Meshkati et al, 2006; Bonneau et al,
2008; Lasaulce et al, 2009; Buzzi and Saturnino, 2011), the problem of energy-
efficient power control is modeled by a sequence of static games which are
played independently from stage to stage. One implicit motivation behind this
choice is that, in scenarios in which the channel state (i.e., the quality of the
transmitter-receiver link) corresponds to i.i.d. realizations of a given random
variable, correlating the power levels from block to block is a priori not rele-
vant. But, when there exists a strategic interaction, this approach may be very
suboptimal and the main drawback of the formulation of Goodman et al is pre-
cisely that it generally leads to an outcome (Nash equilibrium) which is not
efficient. Motivated by this observation, Le Treust and Lasaulce (2010) pro-
posed a repeated game formulation of the problem. One of the strong features
of their formulation w.r.t. the famous pricing approach from Saraydar et al
(2002) (which also aims at improving the efficiency of the game outcome on
each block) is that each transmitter only needs to have individual channel state
information. Although the repeated game model by Le Treust and Lasaulce
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(2010) takes into account the fact that transmitters interact several/many
times, the corresponding work has one major weakness: there is a need for
a normalized stage game which does not depend on the realization channels.
This normalization is valid only if no player has his power constraint active
and even in this case, there is a loss of optimality in terms of expected utilities
(note that this optimality loss is also undergone by the static game formula-
tion with pricing proposed by Saraydar et al (2002)). This is one of the main
reasons why we propose a different formulation which is based on stochas-
tic games. One of the goals of the present paper is to study the influence of
long-term strategic interaction in a game with states and long-term energy
constraints (e.g., the limited battery life typically) on energy-efficient power
control. Indeed, in the work of Goodman and Mandayam (2000) and related
references (e.g. Meshkati et al, 2006; Bonneau et al, 2008; Lasaulce et al, 2009;
Buzzi and Saturnino, 2011), the terminals always transmit, which amounts to
considering no constraint on the available energy. More specifically, the energy-
efficient power control problem in MAC under long-term energy constraints
is modeled by a stochastic differential game (SDG) in which the existence
of a Nash equilibrium is proven. But the problem of characterizing the per-
formance of distributed networks modeled by SDG becomes hard and even
impossible when the number of players becomes large. The same statement
holds for determining individually optimal control strategies. For instance, in
a previous work from Mériaux et al (2011b), equilibrium control strategies are
proposed but they are not optimal strategies. This is where mean-field games
come into play. Mean-field games (Lasry and Lions, 2007) represent a way of
approximating a stochastic differential (or difference) game, by a much more
tractable model. Under the assumption of individual state information, the
idea is precisely to exploit as an opportunity the fact that the number of play-
ers is large to simplify the analysis. Typically, instead of depending on the
actions and states of all the players, the mean-field utility of a player only
depends on his own action and state, and depends on the others through an
mean-field. It seems that the most relevant work in which mean-field games
have been used for power control is given by Tembine et al (2010). Compared
to the latter reference, the present work is characterized by a different utility
function (no linear quadratic control assumptions is made here), a more real-
istic channel evolution law, and the fact that the battery level of a transmitter
is considered as part of a terminal state.

The remaining of the paper is organized as follows. Section 2 gives a brief re-
view of the static game formulation of the energy-efficient power control prob-
lem. Section 3 introduces the stochastic dynamic game modeling the energy-
efficient power control game under long-term energy constraints. In Section 4,
two particular cases of the game are studied. The single player case highlights
the impact of a long-term energy constraint on the transmitter power pol-
icy. Then the large system case is modeled by a mean-field game. Section 5
concludes this work.

Notations: In the following, scalars and vectors are respectively denoted
by lower case symbols and underlined lower case symbols. The vector
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a−k = (a1, . . . , ak−1, ak+1, . . . , aK) denotes the vector obtained by dropping
the k-th component of the vector a. With a slight abuse of notation, the
vector a can be written

(
ak, a−k

)
, in order to emphasize the influence of its

k-th component. ∇xf and ∆xf respectively represent the gradient and the
Laplacian of the function f w.r.t. the vector x. divx is the divergence operator
w.r.t. the vector x. 〈 , 〉E represents the scalar product in the space E.

2 Review of the static game formulation of the energy-efficient
power control problem

The purpose of this section is to provide a brief review of how Goodman and Mandayam
(2000) formulated the power control problem. The motivation for this is twofold.
It allows us to have a reference for comparison and also allows us to build in a
clearer manner the SDG formulation. The communication scenario is a multi-
ple access channel (Cover and Thomas, 1991). There are K ≥ 1 transmitters
and one receiver. Each transmitter sends a signal to a common receiver and
has to choose the power level of the transmitted signal. In order to optimize
his individual energy-efficiency, i.e., the ratio of his throughput to its transmit
power, each transmitter has not only to adapt his power level to the quality
of the channel or link between him and the receiver but also to the power
levels chosen by the others. The static game formulation of this problem is as
follows.

Definition 1 (Static game model of the power control problem)
The strategic form of the static power control game is a triplet
Ḡ = (K, {Pi}i∈K, {ūi}i∈K) where:

• K = {1, 2, ...,K} is the set of transmitters;
• Pi = [0, Pmax

i ] is the action space of player i ∈ K;
• the utility function of player i ∈ K is given by

ūi(p1, p2, ..., pK) =
Rf (γi(p1, p2, ..., pK))

pi
[bit/J], (1)

where:
–

γi(p1, p2, ..., pK) =
pi |hi|

2

∑

j∈K,j 6=i

pj
∣∣hj

∣∣2 + σ2
; (2)

– ∀i ∈ K, hi ∈ R2 is a vector of parameters which represent the quality
of the channel between transmitter i and the receiver;

– σ2 is a constant which models the communication noise effects at the
receiver;

– R is a constant in [bit/s] which corresponds to the communication data
rate (see Goodman and Mandayam, 2000);
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Fig. 1 Typical form of the utility function regarding to the transmit power.

– the function f : R+ → [0, 1] is a sigmoidal or S-shaped function which
represents the packet success rate; recall that a sigmoidal function
is convex up to a point and then concave from this point. Addition-
ally, f is assumed to be sufficiently regular so that ūi is differentiable
on Pi. See the work of e.g. Rodriguez (2003); Meshkati et al (2005);
Belmega and Lasaulce (2011) for a justification.

The above performance metric can be seen as a tradeoff between the data
rate conveyed over the air and the electromagnetic pollution (since the radiated
power is concerned) in the corresponding region. Fig.1 illustrates the typical
shape of the utility function with regard to transmit power. A consequence of
the use of this utility function is that the optimal transmit power generally
does not make the maximum power constraint active. Precisely, this static
game can be shown to be quasi-concave and has therefore a pure NE (see e.g.
Lasaulce and Tembine, 2011). Additionally, this NE is unique and is given by:

∀i ∈ {1, ...,K}, p∗i =
σ2

|hi|
2

β∗

1− (K − 1)β∗ (3)

where β∗ is the unique solution of the equation

xf ′(x) − f(x) = 0. (4)

It has been shown by Goodman and Mandayam (2000), Meshkati et al
(2006), that this equilibrium is not Pareto-optimal. Assuming that the chan-
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nel coefficients are i.i.d., one could have thought that the study the one-shot
energy-efficient power control problem was sufficient to understand problems
of energy-efficient power control over time. But even with i.i.d. channel coeffi-
cients, there is a new phenomenon when the game is played over time which is
not taken into account by the one-shot game: strategic interactions over time.

Moving to repeated game is a way to take into account these interactions
and Le Treust and Lasaulce (2010) have shown that more efficient solutions
can be obtained in such a framework. However, to account for channel vari-
ations and varying energy level in the battery, using repeated games is not
sufficient. Stochastic games become necessary and are useful to further im-
prove efficiency. The main problem is that both the analysis and algorithm
design become complicated. This is why we propose to use mean-field games.
Therefore, the merit of the proposed approach is to apply stochastic games in
the energy-efficient power control framework to obtain efficient solutions and
simplify both the analysis and design of algorithms when the system is large. In
particular, only the individual channel state information, battery state, and
the interference level at the receiver are needed to implement the proposed
power control policy. This is an attractive practical feature which is not avail-
able for competitive approaches based on stochastic games with finite number
of players.

3 A stochastic differential game formulation

In this section, we present an SDG which is built from the static game de-
scribed in the previous section. Time is assumed be continuous that is, t ∈ R.
This assumption has been discussed in other works on power control (see e.g.
Foschini and Miljanic, 1993; Olama et al, 2006; Tembine et al, 2010). In par-
ticular, it is relevant in scenarios in which the channels are subject to fast
fading or interpreted as a limiting case for slow fading channels. From now on,
we will make appear explicitly the channel states as arguments of the instan-
taneous utility function which will be denoted by ui instead of ūi. The time
horizon of the game is finite, it is the interval ranging from T to T ′. However
the methodology can be extended to infinite horizon (with time average pay-
off) because the underlying processes are ergodic (the proposed channel model
is ergodic and the remaining energy dynamics is ergodic).

Definition 2 (SDG model of the power control problem)
The stochastic differential power control game is defined by the 5−tuple
G = (K, {Pi}i∈K, {Xi}i∈K, {Si}i∈K, {Ui}i∈K) where:

• K and Pi are defined by Def. 1;
• Xi is the state space of player i. The game state at time t is defined by

Xi(t) = [Ei(t), hi(t)]
T and follows the evolution law:

dX i(t) =

[
−pi(t)

1
2

(
µ− hi(t)

)
]
dt+

[
0
η

]
dWi(t); (5)
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• Ei(t) is the energy available for player i at time t;
• ∀i ∈ K, Wi(t) are mutually independent Wiener processes of dimension 2;
• µ ≥ 0 and 0 ≤ η < +∞ are constants which physical interpretation is given

in Prop. 1;
• Si is the set of feedback control policies for player i (see e.g. Basar and Olsder,

1999). A control policy will be denoted by pi(T → T ′) with pi(t) =
pi(t,X(t)), and T , T ′ two reals such that T ′ ≥ T ;

• the average utility function Ui is defined by:

Ui

(
p(T → T ′)

)
= E

[∫ T ′

T

ui(p(t), X(t))dt+ q(X(T ′))

]
, (6)

where p(T → T ′) =
(
p1(T → T ′), p2(T → T ′), ..., pK(T → T ′)

)
is the con-

trol strategy profile, X(t) = [X1(t), X2(t), ...XK(t)]T is the state profile,
q(X(T ′)) is the utility at the final state, and ui is the instantaneous utility.

The motivations for selecting the proposed dynamics for the state Xi are
as follows. The term dEi(t) = −pi(t)dt means that the variation of energy
during dt is proportional to the consumed power for the transmission. Indeed,
the proposed model accounts for a cost when transmitting. This is fully rel-
evant for transmitters having a finite amount of energy at disposal like cell
phones, unplugged laptops, small base stations which have to be autonomous
energetically speaking, etc. Such terminals have a battery with a finite amount
of energy over a certain period of time and need to be recharged when empty.
Our model holds over a horizon which lies strictly between two recharging
instants. Over such a horizon, the available energy is a non-increasing func-
tion of the time. Although the assumed evolution law can be used for both
fast and slow fading, in practice, when implementing a discrete-time version
of the control policy, the energy decrease from sample to sample is stronger
in the second case. Taking into account the energy of the battery in the game
model changes the outcome of the game. For instance, if the battery of a
transmitter is empty, the optimal power level has to be zero and cannot be
the power levels recommended by the static game approach such as those given
by Goodman and Mandayam (2000) or Saraydar et al (2002).

As far as time horizons are concerned, T and T ′ can be chosen arbitrarily
provided that T ′ ≥ T . Of course, the statistics of the evolution law are required
to be stationary on this interval. In particular, µ and η have to be fixed.
As for the order of horizon measured in second, it depends on the targeted
application. Note that, in practice, if those parameters need to be known and
updated, appropriate estimation schemes (with well-chosen time windows) are
implemented. Let us consider two cases, fast and slow power control. For fast
power control (the statistics are given by the path loss which is fixed), if the
evolution approximates a discrete-time power control problem for which the
(fast fading) channel is i.i.d. from block to block (in this case, η is large), T ′−T
is of the order of the second (a packet duration is typically 1 ms in cellular
systems). In practice, most often, power levels are updated from block to block
(meaning that typical updating frequency ranges from 100 Hz to a few kHz).
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As shown by Foschini and Miljanic (1993), deriving continuous-time power
control policies are still useful since it is possible to build practical discrete-
time algorithms from them. Additionally, when one studies the convergence
of these discrete time algorithms, often, it amounts to studying continuous-
time dynamics. For slow power control, if the evolution law represents the
variation of the pathloss/shadowing/slow fading (as assumed by Olama et al
(2006) and related works), the time horizon is much larger, typically of the
order of a minute or more (this depends on the mobile velocity of course). For
both fast and slow power control, the number of samples to approximate the
integrals can be of the same order since the updating frequencies are different.

Although being simple, the dynamics for the channel gain hi(t) capture
several typical effects in wireless communications. Before commenting on these
effects, let us state a property of the random process hi(t).

Proposition 1 (Channel dynamics property)
Let hi(t) = (xi(t), yi(t)) be governed by the dynamics defined in the SDG G,
then we have that:

lim
t→+∞

E[hi(t)] = µ,

lim
t→+∞

E[|hi(t)|2]− E[|hi(t)|]2 = 2η2.
(7)

The stationary probability density functions mx : R→ P(R), my : R→ P(R)
of the two components xi, yi of hi are:





mx(xi) =
1

η
√
2π

e
− (xi−µx)2

2η2 ,

my(yi) =
1

η
√
2π

e
− (yi−µy)2

2η2 .
(8)

The proof of this result is simple and provided in Appendix A. This shows that
the proposed dynamics allow one to model Rician channels namely, channels
with zero-mean gains; this is possible by tuning |µ| ≥ 0 which represents

the Rice component. Also, by choosing the variance 2η2 in an appropriate
manner, one can account for the fading effects. As a relevant comment, note
that the assumed channel dynamics can also be seen as a limiting case of the
important Gauss-Markov discrete-time model used to model time correlation
for the channel gains (Agarwal and Honig, 2012). To conclude on the choice
of these dynamics, we will see in Sec. 4 that they also possess an interesting
property for the mean-field dynamics under investigation.

At this point, we can define a Nash equilibrium of the SDG G and state
our existence result.

Definition 3 (Nash equilibrium of G)
A control strategy profile p∗(t,X(t)) = (p∗1(t,X(t)), . . . , p∗K(t,X(t)) is a feed-
back Nash equilibrium of the SDG if and only if ∀i ∈ K, p∗i is a solution of the
control problem

sup
pi(T→T ′)

E

[∫ T ′

T

ui

(
pi(t,X(t)), p∗−i

(t,X(t)), X(t)

)
dt+ q(X(T ′))

]
, (9)
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subject to

dX(t) =

[−[pi(t), p∗−i
(t)]T

1
2

(
1l⊗ µ− h(t)

)
]
dt+

[
0
η

]
dW(t), (10)

where 1l = (1, 1, ..., 1) ∈ R
K , h(t) = [h1(t), h2(t), ...hK(t)]T, ⊗ stands for the

Kronecker product, and W(t) = [W1(t),W2(t), ...,WK(t)]T.

Regarding to the existence of a Nash equilibrium, one can state the follow-
ing proposition (the function f is defined by Def. 1).

Proposition 2 (Existence of a Nash equilibrium in G)
A sufficient condition for the existence of a Nash Equilibrium in G is that for
all (θ0, γ0) such that f ′(γ0)γ0 − f(γ0) = θ0γ

2
0 , we have that 2θ0 − f ′′(γ0) 6= 0.

For the proof of this result and for clarifying some points in the sequel, we will
use the (auxiliary) Bellman function, which is defined by:

vi(T,X(T )) = sup
pi(T→T ′)

E

[∫ T ′

T

ui(p(t), X(t))dt+ q(X(T ′))

]
. (11)

Proof According to Bressan (2010), a sufficient condition for the existence of
a Nash equilibrium for the SDG is the existence of a solution to the Hamilton-
Jacobi-Bellman-Fleming (Fleming and Soner, 1993) equation for each trans-
mitter

0 = sup
pi(T→T ′)

[
ui(X(t), p(t,X(t))) − pi(t,X(t))

∂vi(t,X(t))

∂Ei

]

+
1

2
〈µ− hi(t),∇hi

vi(t,X(t))〉R2 +
∂vi(t,X(t))

∂t
+

η2

2
∆hi

vi(t,X(t)).

(12)

There exists a solution if the function

H

(
X(t), p−i

(t,X(t)),
∂vi(t,X(t))

∂Ei

)
=

sup
pi(T→T ′)

[
ui(X(t), p(t,X(t)))− pi(t,X(t))

∂vi(t,X(t))

∂Ei

] (13)

is smooth (see Evans (2010) for more details). And with a similar reasoning
as Mériaux et al (2011a), we can show that finding optimal power control

p∗(T → T ′) = (p∗1(T → T ′), . . . , p∗n(T → T ′)) (14)

such that ∀i ∈ K, p∗i (T → T ′) ∈

arg max
pi(T→T ′)

[
ui

(
X(t), pi(t,X(t)), p∗−i

(t,X(t))

)
− pi(t,X(t))

∂vi(t,X(t))

∂Ei

]

(15)
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amounts to solving ∀i ∈ K, ∀t ∈ [T , T ′]

f ′(γi(t))γi(t)− f(γi(t)) =
γi(t)

2

R

∂vi(t,X(t))

∂Ei

(
σ2 +

∑n
j 6=i |hj(t)|2p∗j (t)
|hi(t)|2

)2

.

(16)

Note that we consider that ∂vi(t,X(t))
∂Ei

≥ 0, otherwise the optimal power
p∗i (t)→∞. The existence of a non-zero solution depends on the term

θi =
1

R

∂vi(t,X(t))

∂Ei

(
σ2 +

∑n
j 6=i |hj(t)|2p∗j (t)
|hi(t)|2

)2

. (17)

It can be checked that there exists a threshold θmax such that if θi < θmax,
there exists a unique global maximizer γ∗ different from 0 and if θi ≥ θmax, 0
is the global maximizer.
We call for the implicit function theorem to state smoothness of

H

(
X(t), p−i

(t,X(t)), ∂vi(t,X(t))
∂Ei

)
, we define

g : [0, θmax[×R+ → R

(θ, γ)→ f ′(γ)γ − f(γ)− θγ2.
(18)

g is C∞, then if g(θ0, γ0) = 0, there exists ϕ : R→ R such that γ0 = ϕ(θ0).
ϕ is C∞ and

∂ϕ

∂θ
(θ0) = −

∂g(θ0,γ0)
∂θ

∂g(θ0,γ0)
∂γ

. (19)

In our case, it writes
∂ϕ

∂θ
(θ0) =

γ0
2θ0 − f ′′(γ0)

. (20)

If 2θ0 − f ′′(γ0) 6= 0, then smoothness is ensured. �

Remarkably, the proposed sufficient condition holds for all particular choices
of efficiency function made in the literature. In particular, it holds for the
information-theoretic choice of Belmega and Lasaulce (2011). Indeed, if f(x) =
e−

a
x , a ≥ 0 we have that:

{
e
− a

γ0 ( a
γ0
− 1) = θ0γ

2
0 ,

2θ0 − (a
2

γ4
0
− 2a

γ3
0
)e−

a
γ0 6= 0,

(21)

which gives

2θ0 −
(

a

γ0
− 2

)
aθ0

a− γ0
6= 0. (22)

While Nash equilibrium uniqueness is an attractive property of the static
game Ḡ, this property is not easy to be verified for the SDG G. Rather, this
type of games has generally a large number of equilibria. Concerning the ex-
plicit determination of Nash equilibrium power control policies, it has to be
mentioned that this task is also not easy a priori. Precisely, as written in
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(12), the determination of a Nash equilibrium requires to solve a system of K
Hamilton-Jacobi-Bellman-Fleming equations, coupled by the state X(t). In-
terestingly, there are two limiting cases of G for which both uniqueness and
existence issues are much easier. The first special case is when there is only
one player (note that the corresponding optimization problem has not been
studied in the literature). The second case is when the number of players is
large, making the mean-field game analysis fully relevant. These two cases are
the purpose of the next section.

4 Two relevant special cases of G: K = 1 and K → +∞

4.1 The single-player case (K = 1)

One of the interests in analyzing the single-user case is to separate the effects
due to the long-term energy constraint from those due to interaction between
players (two effects can incite the transmitter to be off, namely a bad channel
state, and high interference level). Indeed, in the single-player case only the
former effects appear. Below, it is proven through simple equations that the
transmitter is not always on. The fraction of time during which the transmitter
has to be off is approximated, which is of practical interest. When moving to
the case of several players, players can also have an interest in not transmitting
(as observed by Mériaux et al (2011a)), making appropriate time-sharing poli-
cies natural equilibria. Summing up, both reducing the interference between
the transmitters and long-term energy constraint can incite a transmitter to
be off.

In this section, we therefore study the special case of the game G in which
there is only one player. In this context, there is obviously no interaction
between players and the main interest of this case is to show the influence of
the long-term energy constraint. From the preceding section, it can be seen
that determining an optimal control policy amounts to solving the following
equation in γ1(t):

f ′(γ1(t))γ1(t)− f(γ1(t)) =
γ1(t)

2

R

∂v1(t, X1(t))

∂E1

σ4

|h1(t)|4
. (23)

By denoting γ∗
1 (t) the largest solution of the above equation, an optimal control

policy follows (see (2)):

p∗1(t) =
σ2

|h1(t)|2
γ∗
1 (t)), (24)

with γ∗
1 (t) ≥ 0. Interestingly, γ∗

1(t) = 0 can also occur at given time instants. In
particular, this depends on the channel quality |h1(t)|. If the latter is too low,
transmitting is not energy-efficient, leading to a vanishing transmit power.
With the same reasoning as Mériaux et al (2011a), the fraction of the time
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Fig. 2 Exact probability of the transmitter being off and lower bound of this probability

depending on
∂v1(t,X1(t))

∂E1
.

during which the transmitter is off can be assessed by using a simple lower
bound on the probability that γ∗1(t) = 0:

Pr

[
max f ′′ ≤ 2

∂v1(t, X1(t))

∂E1

σ4

R|h1(t)|4
]
≤ Pr[γ∗

1 (t) = 0]. (25)

Many Monte Carlo simulations have shown that this lower bound is reason-
ably tight, one of them is provided in figure 2. This result is of practical interest
since it allows one to quantify the impact of a long-term energy constraint on
power control policies, which is one of the goals of this paper.

4.2 The mean-field game analysis (K → +∞)

4.2.1 Convergence to the mean-field game

We have mentioned in the preceding sections that the SDG becomes more
and more difficult to analyze when the number of players increases. However,
our problem has a special structure which can be exploited and simplifies
the problem when K is large. Indeed, from a given player standpoint, what
matters in terms of utility is a weighted sum of the played actions. The relevant
quantity which affects the utility of player i is the following quantity:

Ii(t) =
1

K

∑

j∈K,j 6=i

pj(t)|hj(t)|2. (26)
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The quantity Ii(t) is called the interference in communication networks. Here,
we have normalized this quantity. There are many justifications of practical
interest for this normalization (see e.g. Tulino and Verdú, 2004). For example,
it is fully justified in randomCDMA systems (Meshkati et al, 2006). If it can be
proven that if Ii(t) converges, then the game G converges to a mean-field game.
To justify the convergence here, the conventional weak law of large numbers
is not applicable since the random processes pj(t)|hj(t)|2 are interdependent.
However, there still exist some conditions under which convergence is ensured.
One of them is the exchangeability or indistinguishability property which is
defined next.

Definition 4 (Exchangeability)
The states X1, X2, ..., XK are said to be exchangeable in law under the feed-
back strategies α if they generate a joint law which is invariant by permuting
the players indices , i.e.,

∀ K, L (X1, . . . , XK | α) = L
(
Xπ(1), . . . , Xπ(K) | α

)
, (27)

for any bijection π (one-to-one mapping) defined over {1, . . . ,K}.
To guarantee this property for the game under study we make the following
assumptions:

– each player only knows his individual state;
– each player implements an homogeneous admissible control:

pi(t) = α(t,X i(t)); (28)

– E

[∫ T ′

T

α(t,X i(t))
2 dt

]
< +∞.

As a consequence of the exchangeability property in G, the game now com-
prises generic players. From now on, we call s(t) = [E(t), h(t)]T the generic
individual state of a player. The state dynamics of a generic player is given by
the following stochastic differential equations (SDEs):

{
dE(t) = −α(t, s(t))dt,
dh(t) = 1

2

(
µ− h(t)

)
dt+ ηdW(t).

(29)

where µ, η are time-independent.
Before discussing the convergence of G to a mean-field game, we introduce

some notations to define the mean-field game concept properly. Let (Ω,P,F)
be a complete filtered probability space, on which a one-dimensional standard
Brownian motion W is defined with F = (Ft)t≥0, being its natural filtration
augmented by all the P−null sets (sets of measure-zero with the respect P.)
The filtration Ft will be combined with the one generated by the initial state
of the players. Note that at time t the trajectory generated by state dynamics
(29) is in Ft. The state given by the channel gains and the battery levels follows
a certain distribution which evolves over time: this distribution is called the
mean field.
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Proposition 3 (Convergence to the mean-field game)
If the states (X i(t))i,t and the admissible controls (α(t, X i(t)))i,t preserve the
indistinguishability property and the (X i(0))i are indistinguishable, then the
stochastic differential game converges to a mean-field game.

Proof

Ii(t) =
1

K

[ K∑

j=1

α(t,Xj(t))|hj(t)|2 − α(t,X i(t))|hi(t)|2
]
,

=

∫

s

|h|2α(t, s)MK
t (ds)− α(t,X i(t))|hi(t)|2

K
,

(30)

with

MK
t =

1

K

K∑

j=1

δsj(t), (31)

where δsj(t) is the Dirac measure concentrated at sj(t).

If the number of transmitters becomes very large (K → ∞), we can con-
sider that we have a continuum of transmitters. The convergence of the in-
terference term when K → ∞ needs to be proven. Using admissible control,
E[α(t,X i(t))|hi(t)|2] <∞, then

lim
K→∞

α(t,Xi(t))|hi(t)|2
K

= 0. (32)

To prove Ii(t) converges weakly, it suffices to prove
∫
s |h|2α(t, s)MK

t (ds) con-

verges weakly. A sufficient condition is the weak convergence of the process
MK

t . Since we have chosen the control law that preserves the indistinguishabil-
ity property, we can use the work by Tembine and Huang (2011) which states
that there exists a distribution mt such that

mt = lim
K→∞

MK
t . (33)

This distribution mt is the mean-field. In our case, the evolution of the state
of the transmitters does not depend on the index of the transmitters and each
each transmitter state law satisfies the system (29). Thus, the indistinguisha-
bility property holds. �

4.2.2 Solution to the mean-field response problem

We are now in position to define the solution concept of the SDE (29).

Definition 5 Let T, T ′ > 0 such that [T, T ′] is the horizon of the game.We say
that the state distribution mt(s) is a weak solution to the state dynamics (29)
if mt is integrable over [T, T

′] and for any infinitely continuously differentiable
function φ over (T, T ′)× R3 with compact support (test function), one has

EmT
[φT (.)] +

∫ T ′

T

Emt

[
∂tφt(.)− 〈∇sφt, D

∗(t, s)〉R2 +
η2

2
∆sφt

]
= 0, (34)
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where Emt
is the expectation with the respect to mt and D

∗(t, s) is the drift
vector [−α(t, s), 1

2 (µ− h(t))]T.

Assuming that D∗ is sufficiently regular in time t and in state s, we examine
the existence of a solution s(.) which is F -adapted,

E

[
sup

t∈[T,T ′]

|s(t)|2
]
< +∞, (35)

and s() has continuous paths.
A consequence of Itô’s formula (see e.g. Karatzas and Shreve, 1991) states

that the law of the SDE starting from distribution mT is a weak solution
of the partial differential equation (29). We deduce, from the Definition 5,
the equation satisfied by the distribution of the states, i.e., Fokker-Planck-
Kolmogorov forward equation is given by:

∂mt

∂t
− ∂

∂E
(mtα) + divh(mt

1

2
(µ− h))− η2

2
∆hmt = 0. (36)

With the new parameters of the game defined as:

Î(t,mt) =

∫

s

|h|2α(t, s)mt(ds), (37)

γ̂(s(t),mt) =
p(t)|h(t)|2

σ2 + Î(t,mt)
, (38)

û(t) =
Rf(γ̂(s(t),mt))

p(t)
=: r̂(s(t), p(t),mt), (39)

we can formulate the mean-field response problem in which each generic user
best-responds to the mean-field:

v̂T = sup
p(T→T ′)

E

[
q(s(T ′)) +

∫ T ′

T

r̂(s(t), p(t),m∗
t )dt

]
, (40)

where m∗
t is the mean-field optimal trajectory and mT is assumed to be given.

A solution of the mean-field response problem is a solution of
{

∂v̂t
∂t + H̃(s(t), ∂v̂t

∂E ,mt) +
1
2 〈µ− h,∇hv̂t〉R2 + η2

2 ∆hv̂t = 0,
∂mt

∂t + ∂
∂E (mt

∂
∂u′

H̃(s(t), ∂v̂t
∂E ,mt)) + divh(mt

1
2 (µ− h)) = η2

2 ∆hmt,
(41)

with v̂T ′ = q(s(T ′)), mT known and

H̃(s, u′,m) = sup
p
{r̂(s, p,m)− p.u′}. (42)

As for the SDG case, the first equation is a Hamilton-Jacobi-Bellman-Fleming
equation. But it is now coupled with a Fokker-Planck-Kolmogorov equation.
The former one is a backward equation whereas the latter one is a forward
equation. The other main difference between the SDG and the MFG is that
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in the former, each transmitter needs full knowledge of the channel states and
the transmit powers of the other players to compute the outcome of the game,
whereas in the latter only the knowledge of individual state and the mean-field
is required to compute the outcome. In our model, although this mean-field
cannot be directly known by the transmitters or the common receiver, it ag-
gregates in the interference term which can be known by the receiver. Conse-
quently, once the game is solved, given the interference at the receiver (which
can be broadcast to every transmitters), its channel state and its battery state,
each transmitter knows the power value it should use. The solution provides
every transmitter a function of interference, channel state and battery state
which output is the stable power control policy.

4.2.3 Uniqueness of the solution

Interestingly, a sufficient condition can be given for the solution of the mean-
field response problem to be unique. First, we recall the definition of positive-
ness for an operator.

Definition 6 (Positiveness of an operator)
We say that the operator O : E → E is positive (denoted by O ≻ 0) if

∀x 6= 0E , 〈x,Ox〉E > 0,

where 0E is the neutral element of E .

Proposition 4 (Uniqueness of the mean-field response problem solu-
tion) A sufficient condition for the uniqueness of the solution to the mean-field
response problem is for all triplet (s, u′,m) ∈ R3 × R× P(R3),

− 1

m

∂

∂m
H̃(s, u′,m) ≻ 0,

∂2

∂u′2 H̃(s, u′,m) > 0,

∂2

∂m∂u′ H̃(s, u′,m)− 1

2

( ∂2

∂m∂u′
H̃(s, u′,m))2

∂2

∂u′2 H̃(s, u′,m)
≻ 0.

(43)

The proof of this proposition is given in Appendix B.

5 Conclusion

This paper provides a stochastic differential game formulation of the energy-
efficient power control problem initially introduced in Goodman and Mandayam
(2000). This formulation allows one to better optimize the global efficiency of
the network, account for long-term energy constraints, and take into account
propagation effects such as time correlation for the channel gains. The prob-
lem is that this model becomes intractable when the number of transmitters
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becomes large. Instead of seeing large networks as a curse, they can be seen as
a blessing since under the large system assumption, the game can be approx-
imated by a mean-field game. Under the assumption of individual state infor-
mation, the idea is precisely to exploit the large number of players to simplify
the analysis. The authors believe the present paper provides several interesting
results to go into this direction but must admit that the numerical analysis
and the design aspect still require a lot of efforts to make this approach more
practical (in the same way as random matrix theory was initially introduced
in the wireless literature by Tse and Hanly (1999) and shown to be of prac-
tical interest later on by e.g., Dumont et al (2010)). Nonetheless, this paper
provides several interesting results on the mean-field game approach. Under
the exchangeability assumption, the stochastic differential game is shown to
converge to a mean-field game as the number of players increases. This new
game simplifies and even makes possible the equilibrium analysis since the
equilibrium derivation only requires the knowledge of the individual state and
the mean-field to solve a system of two equations. To be more precise, each
transmitter needs to know its channel state, its battery state and the instanta-
neous interference it undergoes. For this, the receiver only needs to feed back
the instantaneous interference. In the mean-field model, this instantaneous in-
terference is the same for all the transmitters. Hence, the required signal is
a broadcast to all the transmitters. Remarkably, this signal is fully scalable
since, in theory (up to quantization effects), the amount of signalling does
not depend of the number of transmitters. This framework allows us to derive
simple sufficient conditions for the existence and uniqueness of an equilibrium
power control policy.

A Proof of Proposition 1

Both results can be proven by using Ito’s formula (see e.g. Karatzas and Shreve, 1991). For
the mean, from (5), one has

dE[hi(t)] =
1

2
(µ − E[hi(t)])dt, (44)

then E[hi(t)] = µ(1 − e−
t
2 ) + hi(0)e

− t
2 . The limit when t goes to +∞ writes

lim
t→+∞

E[hi] = µ. (45)

For the variance, assume that for the two components xi and yi of hi:

dxi(t) = gx(t)dt+ ηdWx,

dyi(t) = gy(t)dt+ ηdWy,
(46)

with Wx and Wy two independent Wiener processes of dimension 1. Then

dxi(t)
2 = (2xi(t)gx(t) + η2)dt+ 2xi(t)ηdWx, (47)

and

dE[xi(t)
2] = E[(2xi(t)gx(t) + η2)]dt. (48)
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If gx(t) = 0, E[xi(t)2] = xi(0)2 + η2t and limt→∞ E[xi(t)2] = ∞. That is the reason why a
deterministic term is needed in (5). With gx(t) =

1
2
(µx − xi(t)), one has

dE[xi(t)
2] = E[2xi(t)

1

2
(µx − xi(t)) + η2]dt, (49)

then
dE[xi(t)2]

dt
= −E[xi(t)

2] + µxE[xi(t)] + η2. (50)

The solution of this differential equation has the form

E[xi(t)
2] =

(

xi(0)
2 +

∫ t

0

(

µxE[xi(t
′)] + η2

)

et
′

dt′
)

e−t,

=

[

(

µ2
x + η2

)

et
′

+ 2µx

(

xi(0) − µx

)

e
t′

2

]t

0

e−t,

=
(

µ2
x + η2

)

(1 − e−t) + 2µx

(

xi(0) − µx

)

(e−
t
2 − e−t),

(51)

thus
lim

t→+∞
E[xi(t)

2] = µ2
x + η2. (52)

The analogous is true for yi. Hence we have

lim
t→+∞

E[|hi(t)|2] = |µ|2 + 2η2, (53)

and finally
lim

t→+∞
E[|hi(t)|2]− E[|hi(t)|]2 = 2η2. (54)

Regarding to the probability density functions, applying the Kolmogorov forward equa-
tion to the state hi with the dynamics given in (5), one has for the component xi

∂mx(xi, t)

∂t
=− ∂

∂xi

[

mx(xi, t)
1

2
(µx − xi)

]

+
η2

2

∂2mx(xi, t)

∂x2
i

,

=
1

2
mx(xi, t) −

1

2
(µx − xi)

∂mx(xi, t)

∂xi

+
η2

2

∂2mx(xi, t)

∂x2
i

.

(55)

The stationary case gives

0 =
1

2
mx(xi)−

1

2
(µx − xi)

∂mx(xi)

∂xi

+
η2

2

∂2mx(xi)

∂x2
i

. (56)

One can check that m̂x(xi) =
1

η
√

2π
e
− (xi−µx)2

2η2 is a solution of (56). This is the stationary

density of xi. The analogous can also be written for yi: m̂y(yi) =
1

η
√

2π
e
− (yi−µy)2

2η2 . �

B Proof of Proposition 4

The proof follows the the same principle as in chapter Risk-sensitive mean-field games in
the notes Mean-field stochastic games by Tembine. Only the sketch of the proof is given
here. To prove the uniqueness of the solution, we suppose that there exists two solutions
(v1,t,m1,t), (v2,t,m2,t) of the above system. We want to find a sufficient condition under
which the quantity

∫

s
(v2,t(s)− v1,t(s))(m2,t(s)−m1,t(s))ds is monotone in time, which is

not possible.
{

m1,T (s) = m2,T (s),
v1,T ′ (s) = v2,T ′ (s),

(57)
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Compute the time derivative

St =
d

dt

(
∫

s

(v2,t(s)− v1,t(s))(m2,t(s)−m1,t(s))ds

)

,

=

∫

s

(
∂v2,t

∂t
(s) − ∂v1,t

∂t
(s))(m2,t(s)−m1,t(s))ds,

+

∫

s

(v2,t(s)− v1,t(s))(
∂m2,t

∂t
(s) − ∂m1,t

∂t
(s))ds.

(58)

To express the first term, the difference between the two HJBF equations is taken and
multiplied by m2,t −m1,t:

∫

s

(
∂v2,t

∂t
− ∂v1,t

∂t
)(m2,t −m1,t)ds =

∫

s

H̃(s(t),
∂v1,t

∂E
,m1,t)(m2,t −m1,t)ds−

∫

s

H̃(s(t),
∂v2,t

∂E
,m2,t)(m2,t −m1,t)ds

+

∫

s

η2

2

∂2v1,t

∂h2
(m2,t −m1,t)ds−

∫

s

η2

2

∂2v2,t

∂h2
(m2,t −m1,t)ds

+
1

2

∫

s

〈µ− h(t),∇hv1,t〉R2 (m2,t −m1,t)ds−
1

2

∫

s

〈µ− h(t),∇hv2,t〉R2 (m2,t −m1,t)ds.

(59)
For the second term, the difference between the two FPK equations is taken and multiplied
by v2,t − v1,t:

∫

s

(
∂m2,t

∂t
− ∂m1,t

∂t
)(v2,t − v1,t)ds =

−
∫

s

∂

∂E
(m2,t

∂

∂u′ H̃(s(t),
∂v2,t

∂E
,m2,t))(v2,t − v1,t)ds

+

∫

s

∂

∂E
(m1,t

∂

∂u′ H̃(s(t),
∂v1,t

∂E
,m1,t))(v2,t − v1,t)ds

+

∫

s

η2

2

∂2m2,t

∂h2
(v2,t − v1,t)ds−

∫

s

η2

2

∂2m1,t

∂h2
(v2,t − v1,t)ds

+
1

2

∫

s

divh(m2,t(µ− h(t)))(v2,t − v1,t)ds−
1

2

∫

s

divh(m1,t(µ− h(t)))(v2,t − v1,t)ds.

(60)
By integration by parts

∫

s

divs(k)φds = −
∫

s

k divs(φ)ds, (61)

then
∫

s

(
∂m2,t

∂t
− ∂m1,t

∂t
)(v2,t − v1,t)ds =

∫

s

(m2,t
∂

∂u′ H̃(s(t),
∂v2,t

∂E
,m2,t))(

∂v2,t

∂E
− ∂v1,t

∂E
)ds

−
∫

s

(m1,t
∂

∂u′ H̃(s(t),
∂v1,t

∂E
,m1,t))(

∂v2,t

∂E
− ∂v1,t

∂E
)ds

+

∫

s

η2

2

∂2m2,t

∂h2
(v2,t − v1,t)ds−

∫

s

η2

2

∂2m1,t

∂h2
(v2,t − v1,t)ds

+
1

2

∫

s

m2,t〈µ − h(t),∇h(v2,t − v1,t)〉R2ds−
1

2

∫

s

m1,t〈µ − h(t),∇h(v2,t − v1,t)〉R2ds.

(62)
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The full derivative writes

St =

∫

s

H̃(s(t),
∂v1,t

∂E
,m1,t)(m2,t −m1,t)ds−

∫

s

H̃(s(t),
∂v2,t

∂E
,m2,t)(m2,t −m1,t)ds

−
∫

s

m1,t
∂

∂u′ H̃(s(t),
∂v1,t

∂E
,m1,t)(

∂v2,t

∂E
− ∂v1,t

∂E
)ds

+

∫

s

m2,t
∂

∂u′ H̃(s(t),
∂v2,t

∂E
,m2,t)(

∂v2,t

∂E
− ∂v1,t

∂E
)ds.

(63)
We now introduce

mλ,t = (1 − λ)m1,t + λm2,t = m1,t + λ(m2,t −m1,t), (64)

and in the same way

vλ,t = (1 − λ)v1,t + λv2,t. (65)

We study the auxiliary integral

Cλ =

∫

s

H̃(s(t),
∂v1,t

∂E
,m1,t)(mλ,t −m1,t)ds−

∫

s

H̃(s(t),
∂vλ,t

∂E
,mλ,t)(mλ,t −m1,t)ds

−
∫

s

m1,t
∂

∂u′ H̃(s(t),
∂v1,t

∂E
,m1,t)(

∂vλ,t

∂E
− ∂v1,t

∂E
)ds

+

∫

s

mλ,t

∂

∂u′ H̃(s(t),
∂vλ,t

∂E
,mλ,t)(

∂vλ,t

∂E
− ∂v1,t

∂E
)ds,

(66)
which derivative is:

d

dλ

(

Cλ

λ

)

= −
∫

s

∂

∂m
H̃(s(t),

∂vλ,t

∂E
,mλ,t)(m2,t −m1,t)

2ds

+

∫

s

mλ,t

∂2

∂u′2 H̃(s(t),
∂vλ,t

∂E
,mλ,t)(

∂v2,t

∂E
− ∂v1,t

∂E
)2ds

+

∫

s

mλ,t

∂2

∂m∂u′ H̃(s(t),
∂vλ,t

∂E
,mλ,t)(m2,t −m1,t)(

∂v2,t

∂E
− ∂v1,t

∂E
)ds.

(67)

Note that ∂
∂m

H̃(.) and ∂2

∂m∂u′
H̃(.) are functional derivatives. They are defined such that

for all m′ ∈ P(R3)

〈 ∂

∂m
H̃(s(t),

∂vλ,t

∂E
,mλ,t), m

′ −mλ,t〉P(R3) =

lim
t→0

H̃(s(t),
∂vλ,t

∂E
,mλ,t + t(m′ −mλ,t)) − H̃(s(t),

∂vλ,t

∂E
,mλ,t)

t
,

(68)

and

〈 ∂2

∂m∂u′ H̃(s(t),
∂vλ,t

∂E
,mλ,t), m

′ −mλ,t〉P(R3) =

lim
t→0

∂H̃
∂u′

(s(t),
∂vλ,t

∂E
,mλ,t + t(m′ −mλ,t)) − ∂H̃

∂u′
(s(t),

∂vλ,t

∂E
,mλ,t)

t
.

(69)

A sufficient condition for the uniqueness of the solution to the mean-field response problem
is the monotonicity of the operator associated to

(

A11 A12

A21 a22

)
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with

A11 =− 1

m

∂

∂m
H̃,

A12 =A21 =
1

2

∂2

∂m∂u′ H̃,

a22 =
∂2

∂u′2 H̃.

(70)

This is true if
A11 ≻ 0, a22 > 0,

A12 − A2
12

a22
≻ 0.

(71)

�
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Abstract—This work tackles the problem of energy-efficient
distributed power control in wireless networks with a large num-
ber of transmitters. The problem is modeled by a dynamic game.
Each transmitter-receiver communication is characterized by a
state given by the available energy and/or the individual channel
state and whose evolution is governed by certain dynamics. Since
equilibrium analysis in such a (stochastic) game is generally
difficult and even impossible, the problem is approximated by
exploiting the large system assumption. Under an appropriate
exchangeability assumption, the corresponding mean field game
is well defined and studied in detail for special cases. The
main contribution of this work is to show how mean field
games can be applied to the problem under investigation and
provide illustrative numerical results. Our results indicate that
this approach can lead to significant gains in terms of energy-
efficiency at the resulting equilibrium.

I. I NTRODUCTION

We study distributed wireless networks, in which mobile
terminals have the liberty to choose their own power policies.
This can be due to the absence of a central node to control
the terminals in the network or due to complexity issues when
there is a large number of terminals. Such a scenario can
occur with ad hoc networks [7], unlicensed band communi-
cations, and cognitive radio [5], [15]. Modeling the terminals
as rational agents, who choose their power control policies
to maximize some utilities leads to applying game theory
on the problem [8], [10]. In the problem under study, the
wireless network model is a multiple access channel (MAC)
and the channel access method is code division multiple
access (CDMA). In this network, the mobile terminals aim
to maximize their expected energy-efficiencies over a given
time duration. For this purpose, they must adapt their power
control policies to varying channel conditions and decreasing
energy in their batteries.

By energy-efficiency, we mean the number of successfully
decoded bits at the receiver per Joule consumed at the trans-
mitter, as defined in [6]. In this seminal paper and related
works [14], [3], [9], [4], [1], the power control problem is
modeled by a sequence of static games independent from
one stage to another. But this approach does not capture the
interactions that are present among the players when a game
is repeated. In [12], it is shown that modeling the problem
by a repeated game can lead to more efficient equilibrium
power control policies (in the sense of Pareto) than the
Nash equilibrium from the static formulation. However, this
repeated model uses a normalized stage game which does not
depend on the channels realizations. One of the motivations

of our work is to account for the impact of channels real-
izations by modeling the problem with a stochastic game.
Moreover, we also account for long-term energy constraint
in the terminal since the remaining energy of the battery
decreases when power is consumed. Precisely, the energy-
efficient power control problem in MAC under long-term
energy constraints is modeled by a stochastic differentialgame
(SDG). But the problem of characterizing the performance
of distributed networks modeled by SDG becomes hard and
even impossible when the number of players becomes large.
The same statement holds for determining individually optimal
control strategies. In [13], this problem is overcome by theuse
of mean field games (MFG). MFG [11] represent a way of
approximating a stochastic differential (or difference) game,
by a much more tractable model. Under the assumption of
individual state information, the idea is precisely to exploit as
an opportunity the fact that the number of players is large to
simplify the analysis. Typically, instead of depending on the
actions and states of all the players, the mean field utility of a
player only depends on his own action and state, and depends
on the others through an mean field. The main contribution
of this paper is to show that the model developed in [13]
can be particularized to cases in which, it is possible to
derive equilibrium power control policies. These policiesare
illustrated with some numerical results and they are compared
with the equilibrium from the static game formulation and the
equilibrium of the repeated discounted game studied in [12].

Our paper is structured as follows. We describe the studied
wireless network and the evolution laws for the channels and
the energy in Sec. II. In Sec. III, the problem of power
control is modeled as an SDG and is shown to converge to
an MFG under given conditions. Additionally, the regime of
large energy budgets and the regime of quasi-static channels
are discussed. Resulting equilibrium power control strategies
are compared to the classical power control policies from the
static game and the discounted repeated game in Sec. IV.

Notations: In the following, ∇xf and ∆xf respectively
represent the gradient and the Laplacian of the functionf
w.r.t. the vectorx. The divergence operator w.r.t. the vector
x is denoted bydivx. The scalar product in the spaceA is
represented by〈 , 〉A.

II. SYSTEM MODEL

We consider one cell with a single base station andK
mobile terminals. Since the uplink power control problem
is addressed, mobile terminals are transmitters and the base



station is the receiver. The radio resource is used as a MAC.
Consequently the transmitters interfere with each other. Each
transmitter sends a signal to a common receiver and has to
choose the power level of the transmitted signal. In order to
optimize its individual energy-efficiency, i.e., the ratioof its
throughput to its transmit power, each transmitter adapts its
power level. This choice depends on the quality of the channel
between the transmitter and the receiver, the power levels
chosen by the other transmitter and the energy remaining. The
set of transmitters is denoted byK = {1, . . . ,K} and for each
transmitterk ∈ K, the signal-to-interference plus noise ratio
(SINR) writes

γk(p1, . . . , pK) =
pk |hk|2
Ik + σ2

, (1)

wherepk ∈ Pk and |hk|2 are the power level and the channel
gain of transmitterk, respectively. The variance of the noise
is represented byσ2. The interference term is denoted by
Ik = 1

N

∑
j∈K,j 6=k pj|hj |2 with N a processing gain due

to interference management at the receiver. For example, in
CDMA systems,N represents the spreading factor.

The instantaneous energy-efficiency, in bit/joule is defined
as

uk(p1, . . . , pK) =
Rf (γk(p1, . . . , pK))

pk
[bit/J], (2)

whereR is a constant rate of the transmitter. The functionf
is the probability of having no outage which takes its values
in [0, 1] and depends on the SINR.

Two parameters define the state of each transmitter: the
channel coefficients to the receiver and the remaining energy
in its battery. The evolution of these parameters is modeled
by the two following laws. The channel evolution law is

dhk(t) =
1

2

(
µ− hk(t)

)
dt+ ηdWk(t), (3)

where µ ∈ C and η ∈ R are constants related to the
channel statistics andWk(t) are mutually independent Wiener
processes. Depending on the value ofη, this law can model
slow-fading or fast-fading. Additional properties about the
asymptotic behavior of the channels are given in [13].

The evolution law of the remaining energy in the battery is
given by

dEk(t) = −pk(t)dt. (4)

This means that the energy of the battery decreases with the
transmit power consumption.

III. F ROM THE STOCHASTIC DIFFERENTIAL GAME

FORMULATION TO THE MEAN FIELD GAME

A. Stochastic Differential Game

With the model defined in the previous section, the problem
of each transmitter maximizing its expected energy-efficiency
over a given time interval can be addressed with an SDG. Time
is assumed to be continuous, i.e.,t ∈ R. The time horizon of
the game is finite, it is the interval ranging fromT to T ′.

Definition 1 (SDG model of the power control problem):
The stochastic differential power control game is defined by
the 5−tuple
G = (K, {Pk}k∈K, {Xk}k∈K, {Sk}k∈K, {Uk}k∈K) where:

• K = {1, . . . ,K} is the set of players. Here, the players
correspond to the transmitters.

• Pk is the set of actions of playerk ∈ K. Here, the action
set corresponds to the interval of transmit power values.

• Xk is the state space of playerk ∈ K. The game state
for player k ∈ K at time t is defined byXk(t) =
[Ek(t), hk(t)]

⊺.
• Sk is the set of feedback control policies for playerk ∈
K. A control policy will be denoted bypk(T → T ′)
which is a function of time betweenT andT ′ two reals
such thatT ′ ≥ T ;

• the average utility functionUk is defined by:

Uk

(
p(T → T ′)

)
= E

[∫ T ′

T

uk(p(t),X(t))dt+ q(X(T ′))

]
,

(5)
wherep(T → T ′) =

(
p1(T → T ′), . . . , pK(T → T ′)

)
is

the control strategy profile,X(t) = [X1(t), . . . , XK(t)]
is the state profile,q(X(T ′)) is the utility at the final
state, anduk is the instantaneous utility.

Even if it can be proven that a Nash equilibrium exists in this
game under given conditions [13], obtaining the expression
of an equilibrium requires to solve a system of2K coupled
equations. Consequently, the complexity of such a system
makes its resolution impossible forK large. This makes us
consider the MFG associated with the problem to overcome
this complexity issue.

B. The Mean field game analysis (K → +∞)

1) Assumptions:When the number of players goes to
infinity, under the assumption of the exchangeability of the
players of the game and the convergence of the interference
term, the SDG can be proven to converge to an MFG. The
exchangeability property (see [13] for more details) is ensured
if each player only knows its individual state and implements
an homogeneous admissible control:pk(t) = α(t,Xk(t)). A
sufficient condition for the convergence of the interference
term is limK,N→∞

K
N = θ > 0. In this new game, the set

of players is continuous and the generic state of a player is
given by s(t) = [E(t), h(t)]⊺, whose distribution is given by
mt (mt is the mean field). The SINR can be rewritten as:

γ̂(s(t),mt) =
p(t)|h(t)|2

σ2 + Î(t,mt)
, (6)

with Î(t,mt) the interference resulting from the continuum of
other players

Î(t,mt) =

∫

s

|h|2α(t, s)mt(ds), (7)

whereα(t, s) denotes the generic power response at timet
and states. The instantaneous utility writes

û(p(t), s(t),mt) =
Rf(γ̂(s(t),mt))

p(t)
. (8)



The main advantage of the MFG formulation is that the
utility of each player depends only on its own states(t) and
a common mean fieldmt.

2) Solution to the mean field best-response problem:For
the mean field optimal trajectorym∗

t , the best-response of the
generic player is such that there exists an average utility:

v̂T = sup
p(T→T ′)

E

[∫ T ′

T

û(p(t), s(t),m∗
t )dt+ q(s(T ′))

]
. (9)

Conversely, the control policy resulting from (9) has to lead
to the distribution trajectorym∗

t . Consequently, a solution of
the mean field response problem is a solution of the system





∂v̂t
∂t

+ H̃(s(t),
∂v̂t
∂E

,mt)

+
1

2
〈µ− h,∇hv̂t〉R2 +

η2

2
∆hv̂t = 0,

∂mt

∂t
+

∂

∂E
(mt

∂

∂u′ H̃(s(t),
∂v̂t
∂E

,mt))

+divh(mt
1

2
(µ− h)) =

η2

2
∆hmt,

(10)

with v̂T ′ = q(s(T ′)), mT known and

H̃(s, u′,m) = sup
p
{û(p, s,m)− p.u′}. (11)

The first equation is a Hamilton-Jacobi-Bellman-Fleming
equation which gives the behavior of̂vt for a givenmt. It
is coupled with a Fokker-Planck-Kolmogorov equation which
gives the behavior ofmt for a given v̂t. The former one
is a backward equation whereas the latter one is a forward
equation. It means that an initial condition formt and a
final condition for v̂t are needed to solve the system of two
equations.

C. Two particular regimes of the mean field game

Solving (10) in the general case is complicated since the
state of a transmitter includes both its energy and its channel
coefficients. However, it is possible to study the solutionsof
the mean field response problem for these two parts separately.

1) Large energy budgets:If energy budgets are large
enough, the variation of energy during the game can be
neglected. Consequently, only channel coefficients can be
considered as the state of the transmitter. In this case, the
mean field problem reduces to

{
∂v̂t
∂t + supp û(p, h,mt) = 0,
∂mt

∂t + divh(mt
1
2 (µ− h)) = η2

2 ∆hmt.
(12)

The first equation amounts to choosing the Nash equilibrium
from [6] as the power control. The second equation only
depends on the channels statistics and give the evolution ofthe
distribution of the channels. The second equation is solvedfirst
and the solutionmt is inserted in the first equation to obtain
the power control.

2) Quasi-static channels:Considering only energy as the
state of a transmitter amounts to assume that the channel
coefficients are constant during the time interval[T, T ′]. In
this case, the mean field problem turns into

{
∂v̂t
∂t + supp{û(p,mt)− p∂v̂t

∂E } = 0,
∂mt

∂t − ∂
∂E (mtp

∗) = 0,
(13)

with p∗ = arg supp{û(p,mt)−p∂v̂t
∂E }. The first equation gives

v̂t andp∗(T → T ′) givenmt. The second equation givesmt

givenp∗(T → T ′). Equilibrium power control policy resulting
from this case is illustrated in the following section.

IV. N UMERICAL RESULTS FOR A QUASI-STATIC CHANNELS

In this section, we provide illustrative numerical results
for the particular case of quasi-static channels, i.e., when the
energy dynamics are faster than the channel dynamics. For
the implementation of the proposed scheme, each terminal
requires only the knowledge of its own channel state and
energy level to choose the transmit power.

A. Comparison with other NE

For the purpose of evaluating our results, we compare the
equilibrium of the MFG to the equilibrium of two other well
known games.

1) The static Nash: This is the classical NE from the work
of [6]. The equilibrium point is given by the equation:

∀k ∈ K, p∗k =
σ2

|hk|2
β∗

1− θβ∗ (14)

whereβ∗ is the unique solution of the equation

xf ′(x)− f(x) = 0. (15)

2) The repeated game ”operating point”: When the power
control game is treated as a discounted repeated game,
there are several NE. In [12], the authors propose an
equilibrium point, defined as the “operating point” which
can be very close to the global optimal point. This
equilibrium is given by the equation:

∀k ∈ K, p̃k =
σ2

|hk|2
β̃

1− θβ̃
(16)

whereβ̃ is the unique solution of the equation

x
(
1− θx

)
f ′(x)− f(x) = 0. (17)

B. Parameters used

For the purpose of simulations, in order to obtain useful
numerical results we take the following parameters:

1) the rateR = 1 Mbps,
2) the noise level with path loss,σ2 = 0.1 W,
3) the channel gainE|h(t)|2 = 1,
4) the success functionf(γ) = exp(− 0.9

γ ) [2].
The averaged channel gain for all players at all times is taken
to be a constantE|h(t)|2 = 1. The initial distribution in
energy of the terminalsmT is specified for each figure. The
final condition v̂T ′ = q(s(T ′)) is set to0, in order for the



Fig. No T ′ − T mt(E, t = 0) Plotting
1 20 1 P ∗ v.s (t, E)
2 20 1 P ∗ v.s t

3 20 1 mt v.s (t, E)
4 20 0 if E ≤ 18, else1 mt v.s (t, E)
5 120 1 P ∗ v.s t

6 120 1 vt(E, t = 0) v.s E

TABLE I
SIMULATION PARAMETERS FOR THE PRESENTED FIGURES.

comparison to be fair with equilibrium power policies from the
static game and the repeated discounted game. Indeed, there
is no final reward in these two games. We take the maximum
available energy to beEmax = 20 J and time durationT ′−T
is specified for each figure.

C. Discussion

On Fig. 1, the equilibrium power policy plot shows that
terminals starting the game with high energy level (20 J in the
figure) start transmitting with a high power level. Then this
power decreases with time. It can also be noted that terminals
starting the game with low energy do not transmit at high
power values at the beginning of the game. They first wait for
other terminals to empty their battery in order to suffer from
less interference. This phenomenon is highlighted on Fig. 2.

0 5 10 15 20
0

5

10
0

0.2

0.4

0.6

0.8
 

Energy (J)
Time (s)

 

E
qu

ili
br

iu
m

 tr
an

sm
it 

po
w

er
 (

W
)

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

Fig. 1. MFG equilibrium power policy w.r.t. time and energy.
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Fig. 2. MFG equilibrium power policies w.r.t. time for3 initial amounts of
energy, for a short game duration.
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Fig. 3. Evolution of the energy distribution with the equilibrium power policy
of the MFG for uniform initial distribution.

On Fig. 3, where terminals start the game with a uniform
energy distribution, it can be seen that the amount of terminals
with high energy (20 J) decreases with time, whereas an
increasing proportion of terminals have empty batteries. A
similar behavior is captured on Fig. 4, except that there are
only terminals with high energy at the beginning of this case.
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Fig. 4. Evolution of the energy distribution with the equilibrium power policy
of the MFG for non-uniform initial distribution.
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Fig. 5. MFG equilibrium power policies w.r.t. time for3 initial amounts of
energy, for a long game duration.
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Fig. 6. Comparison of the average energy-efficient utilities with the MFG
equilibrium power policy, for a long game duration, againstthe equilibrium
from the static game, and the operating point from the repeated game
formulation defined earlier.

Since the solution to the mean field response problem is
determined for a given time duration, the equilibrium power
control policy naturally depends on this duration. Hence, it
is interesting to increase the time duration, as it is done on
Fig. 5, to capture the impact on the power policy. Globally,
it entices the terminals to consume less power to make their
batteries last longer. This low consumption gives the terminals
a better energy-efficiency than with the equilibrium form the
static game or the equilibrium from the discounted repeated
game, as illustrated on Fig. 6.

V. CONCLUSION

In this work, we treat the problem of power control games
as a mean field game, taking into account the limited energy
available to mobile transmitters, and the effects of channel
fading. Provided that convergence conditions are met, the
mean field approach offers interesting and useful results. While
in the general case, the resulting partial differential equations
are hard to solve, we analyze some special cases where
numerical results can be obtained. The numerical results are
encouraging, but they have only been computed for the case
of quasi-static channels.

Some of our key results that can be interesting to engineers
and other researchers are presented below:

1) Terminals with a low starting energy transmit with lower
power at the start and slowly increase their power with
time, when the energy distribution is homogeneous and
T ′ − T small.

2) In the same case, terminals with a high starting energy
start with a high power and slowly decrease their power
with time.

3) Terminals with a low starting energy transmit with lower
power at the start and slowly decrease their power with
time and then raise, when the energy distribution is
homogeneous andT ′ − T large.

4) The equilibrium of the mean field game whenT ′ − T
is large, outperforms other known equilibrium (from [6]
and [12]) in terms of energy-efficiency.

A numerical solution to the general case of an evolving
channel as well as the energy constraint, is a possibility for
future work. Additional possibilities include considering a
multi-cellular network, distributed base stations and themulti-
carrier case.
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Abstract

This paper addresses the problem of locating base stations in
a certain area which is highly populated by mobile stations;
each mobile station is assumed to select the closest base sta-
tion. Base stations are modeled by players who choose their
best location for maximizing their uplink throughput. The
approach of this paper is to make some simplifying assump-
tions in order to get interpretable analytical results and in-
sights to the problem under study. Specifically, a relatively
complete Nash equilibrium (NE) analysis is conducted (ex-
istence, uniqueness, determination, and efficiency). Then,
assuming that the base station location can be adjusted
dynamically, the best-response dynamics and reinforcement
learning algorithm are applied, discussed, and illustrated
through numerical results.

1 Introduction

Mobile terminals (MTs) are currently gaining increased au-
tonomy of decision to allow a better use of the available wire-
less resources. For example, MTs may choose their wireless
access technology or the base station (BS) or access point
to which they want to connect. We could imagine that this
may be done in the future independently of the network op-
erator owner of the BS. A mobile operator deploying BSs
for a wireless network will have to deal with these new char-
acteristics. If his goal is to maximize the traffic gathered
by his own BSs, he will have to take into account the pres-
ence of competitor network operators when deciding on the
location of BSs. If every operator involved has the same rea-
soning, this problem of BSs placement may be cast in the
framework of game theory and more precisely in the context
of location games.

The history of location games starts with the work of
Hotelling [8] in which the notion of spatial competition in a
duopoly situation is introduced. More precisely, two firms
compete for benefits over a finite segment crowded with cus-
tomers. This results in the partition of the segment into a
convex area of influence for each firm. Plastria [12] gives
an overview of optimization approaches to place new facil-
ities in an environment with pre-existing facilities. A large
overview on location games is also presented in [7]. Loca-
tion games are extended to the context of wireless networks
with works such as [1] and [2]. The main difference arising

in this new context is the interaction between MTs due to
the mutual interference they generate. This point makes the
association problem between MTs and BSs complex. As an
association between a MT and a BS depends on SINR, the
association relies on the respective locations of the MT and
the BS, but also on the MTs already connected to the BS.
Whereas [2] focuses on the downlink case, in [1] the location
of BSs and the association choice of the MTs is treated as a
Stackelberg game [15] in the uplink case. The context of our
work is similar to the one in [1] but several interesting results
are obtained in the present paper. The main contributions
of this paper can be summarized as follows:

• As in [1] MTs are assumed to operate in the uplink and
to be distributed along a one-dimensional region. How-
ever, each MT is assumed to select the closest BS (e.g.,
based on measure given by a GPS -global positioning
system- receiver). This leads to a convenient form for
the BSs utility functions (Sec. 2.1). As a consequence,
the existence of a pure Nash equilibrium can be made
rigorously (Sec. 3.1).

• Due to the symmetry of the problem, multiple Nash
equilibria generally exist. However, if the locations can
be ordered (which is easy for one-dimension regions),
the Nash equilibrium can be determined and checked
to be unique (Sec. 3.3).

• By making the reasonable assumption that the BS
heights are much less than the typical distance between
the BSs, the game can be further simplified and shown
to be a form of Cournot oligopoly [4].

• In the two-player case, the efficiency of the Nash equi-
librium is studied by evaluating the price of anarchy [9].
The influence of deploying its BS in the first place is
studied by considering a Stackelberg formulation of the
problem (Sec. 4.1).

• Assuming that the BS locations can be adjusted dy-
namically (which would be relevant in scenario like the
one of small cells where only some of the small BS have
to be active), the best response dynamics and rein-
forcement learning algorithm [3][14][11] are performed
(Sec. 5).

• The made assumptions lead to several interpretations
which could be further analyzed in the light of a more
general framework (e.g., in two-dimensional regions).
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The remainder of the paper is organized as follows. Sec-
tion 2 introduces the physical model and the parameters of
the K-player game. Section 3 describes the Nash equilib-
rium of the game in the one-dimensional case. In Section 4,
the Nash equilibrium, the Stackelberg equilibrium, and the
social optimum are compared. Section 5 presents a way to
reach equilibrium using best-response dynamics and rein-
forcement learning. Finally, Section 6 concludes this work.

2 Model

Consider a plane to which a frame R is attached. A MT X
located in a position x ∈ R

2 in this plane is linked with a
BS X1 of height ε situated in x1 ∈ R

2, see Figure 1. We
define the Signal to Noise Ratio (SNR) and the Signal to
Interference plus Noise Ration (SINR) of this MT

SNRX =
PX .hX1(x)

σ2
X1

, (1)

SINRX =
PX .hX1(x)

σ2
X1

+ IX1(x)
, (2)

where PX is the transmission power of the MT X, i.e. the
level of power chosen by the MT to transmit its signal. σ2

X1

is the power of the channel noise, IX1(x) is some interference
term, hX1(x) is the attenuation introduced by the uplink
channel from X to X1. Here, it is assumed that

hX1(x) =
(
|x− x1|2 + ε2

)−α
2 , (3)

where |x| is the ℓ2-norm of x and α ≥ 2 is the path-loss
exponent, α = 2 corresponding to the free-space path-loss
case. A higher value of α suits to worse channel conditions.

With Single User Decoding (SUD) at the BS X1, there is
no hierarchy for decoding the incoming signals at the BS.
Hence, the signal from MT X is decoded by taking into
account the full interference and the uplink capacity between
X and X1 may be written as

CX = log (1 + SINRX) , (4)

Without loss of generality, when several MTs are consid-
ered, it is assumed that PX does not depend on the MT and
is normalized, i.e., PX = 1. Moreover, the channel condi-
tions, described by (3), are the same for every MT and the
noise power is constant σX1 = σ. With these assumptions,
(4) becomes

CX = log

(
1 +

(
|x− x1|2 + ε2

)−α
2

σ2 + IX1(x)

)
. (5)

When several BSs are located on the plane, the MTs are
assumed to be able to choose the BS they want to be linked
with. In this paper, we consider that this association is
made based on SNR. Given (3), choosing the BS with the
highest SNR is equivalent to choosing the closest BS. Thus,
it is assumed that a MT always chooses the closest BS to
its location, leading to convex cells for BSs. For example,

ε

x

x
1

Figure 1: Base station located at x1 and mobile station
located at x

considering two BSs X1 and X2 at positions x1 and x2 and
a MT X at x, one has

CX =






log

(
1 + (|x−x1|2+ε2)

−
α
2

σ2+I1(x)

)
if |x− x1|2 6 |x− x2|2

log

(
1 + (|x−x2|2+ε2)

−
α
2

σ2+I2(x)

)
if |x− x2|2 6 |x− x1|2 .

2.1 Base station utility

The utility of a BS is taken as the sum of uplink capacities
it offers to its connected users. We assume that the number
of MT is large enough to be represented by a continuous
distribution ρ (x). This assumption allows to get the utility
for the k-th BS as a continuous sum of the MTs uplink
capacities

Uk(x) =

∫

Sk(x)

ρ(z) log

(
1 +

(|z − xk|2 + ε2)−
α
2

σ2 + Ik(x)

)
dz, (6)

where Sk (x) is the subset of the plane where MTs are linked
with the k-th BS and x = t(x1, x2, . . . , xK) is the vector of
locations for the set of BSs. This paper will consider only
uniform MT distribution with ρ(x) = 1.

When considering interferences, a worst-case scenario is
considered: there is no mechanism such as beamforming [10]
to lower their effects. We consider that there is no interfer-
ence between MTs connected with different BSs because of
frequency reuse. Then only interference between MTs of a
same BS has to be considered. This framework is quite sim-
ilar to the one of [1], where two competing BSs are assumed
to use different frequency bands. In our case, we consider K
BSs (with K > 1) and each of them uses its own frequency
band.

Performing SUD at the k-th BS, one gets

Ik(x) =

∫

Sk(x)

(
|z − xk|2 + ε2

)−α
2 dz. (7)

Utility of k-th BS (6) then becomes

Uk(x) =

∫

Sk(x)

log

(
1 +

(|z − xk|2 + ε2)−
α
2

σ2 +
∫
Sk(x)

(|z′ − xk|2 + ε2)−
α
2 dz′

)
dz.

(8)

2.2 Utility approximation

When considering the low SINR regime, the useful power
of each MT is small compared to the interference term in

2
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Figure 2: Two base stations competing in a one-
dimension space

(8). This is especially true for high MT density. With this
assumption, (8) may be approximated as

Uk(x) ≈
∫
Sk(x)

(|z − xk|2 + ε2)−
α
2 dz

σ2 +
∫
Sk(x)

(|z′ − xk|2 + ε2)−
α
2 dz′

=
Ik(x)

σ2 + Ik(x)
.

(9)

Note that this simplification makes the considered utility
based on capacity equivalent to a utility based on SINR such
as the ones in [1]. At low-SINR regime, it is equivalent to
work with a capacity-based utility or a SINR-based utility.

Also note that one has f (t) = t/
(
σ2 + t

)
strictly increas-

ing over [0, L], since its derivative is f ′ (t) = σ2/
(
σ2 + t

)2
.

Then maximizing the approximation of Uk(x) or Ik(x) is
equivalent. Thus the utility we define for the game is
Ûk(x) = Ik(x), k ∈ K.

2.3 Definition of the game

In this section, we study the case of K BSs competing on
a segment of length L. Each of the BSs uses different car-
rier frequencies so the MTs of different BSs do not interfere
together. As assumed in Section 2, the MT distribution is
uniform over the segment, and the set of possible locations
for the BS is [0, L]. Figure 2 illustrates the context for the
two-player case.

Definition 1. The strategic form of the game is given by

G = (K, {Ak}k∈K, {Ûk}k∈K)

where

• K = {1, . . . ,K} is the set of players, which are here
BS.

• {Ak}k∈K is the set of actions players can consider, here

Ak = {xk ∈ [0, L] | 0 < x1 < . . . < xK < L}. (10)

Denote A = {x ∈ [0, L]K | 0 < x1 < . . . < xK < L}.

• {Ûk}k∈K is the set of utilities players use.

Note that we are interested in location equilibria that
do not superimpose several BSs. Thus, if there exists an
equilibrium, there exists a spatial order for BSs at this equi-
librium, that is why we introduce this order in the action
spaces {Ak}k∈K.

3 Nash equilibrium analysis

The aim of this section is to show the existence of a Nash
equilibrium in the location game described in Section 2.3
and to characterize this equilibrium.

3.1 Existence

In this section, we focus of the existence of a Nash equilib-
rium in the defined game. To prove the existence of a Nash
equilibrium, the concavity of Ûk(x) with respect to xk over
Ak, ∀k ∈ K, has to be established.

Lemma 1. Ûk(x) is concave with respect to xk over Ak,
∀k ∈ K.

The proof of this lemma is in Appendix A.1. Then one
has the following theorem.

Theorem 1. In the game defined by Definition 1, there
exists at least one Nash equilibrium.

Proof. • Using Lemma 1, we know that Ûk (x) is concave
with respect to xk over Ak, ∀k ∈ K,

• Ûk (x) is continuous with respect to x over A, ∀k ∈ K,

• the set of feasible actions is compact and convex for all
players in the game.

The Rosen [13] conditions for the existence of a Nash
equilibrium are met and Theorem 1 is thus proved.

3.2 Multiplicity of NE

Regarding to the uniqueness of the Nash equilibrium, as the
characteristics of the BSs (height and noise) are assumed
to be identical, it is interesting to note that permuting the
order of BSs leads to a symmetric system of equation. Thus,
without condition on the order of BSs as in (10), there are
K! Nash equilibria for the game and all these equilibria are
symmetric, meaning that the set of locations at equilibrium
is unique. However, if one imposes the condition order (10),
the NE can be shown to be unique by using the Diagonally
Strict Concavity (DSC) condition [13].

Theorem 2. In the game defined by Definition 1, there
exists one single Nash equilibrium.

The proof of this theorem is in Appendix A.2. Having
uniqueness under this order condition might seem to be a
weak result in comparison with a general uniqueness result.
However, in the framework of a dynamic process, the initial
locations of the base station might suffice to determine the
effectively observed NE (after convergence).

3.3 Determination of the NE

A characterization of the equilibrium is provided in this sec-
tion with examples for small values of K. A real solution x

3
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Figure 3: Base Stations at Nash equilibrium for α = 3
(dotted line) and α = 2 (continuous line). From the top
to the bottom, configuration with 2 BSs, 3 BSs and 4
BSs. Parameters are ε = 0.1 and L = 100.

for α > 2 has to satisfy






x1 =
2

√
(5.2

2
α −2

4
α −4)ε2+2

2
α x2

2−2
2
α x2

4−2
2
α

,

xk =
xk+1+xk−1

2
, ∀k ∈ {2, . . . ,K − 1},

xK =
−2

√
(5.2

2
α −2

4
α −4)ε2+2

2
α (L−xK−1)

2−2
2
α xK−1+4L

4−2
2
α

.

(11)
See Appendix A.3 for detailed derivations. In the case α = 2,
one obtains






x1 =
√

2ε2 + 2x2
2 − x2,

xk =
xk+1+xk−1

2
, ∀k ∈ {2, . . . ,K − 1},

xK = −
√

10ε2 + 2(L− xK−1)2 − xK−1 + 2L.

(12)

In the 2-player game with α = 2, one gets

{
xne
1 = L− 1

2

√
2L2 − 4ε2

xne
2 = 1

2

√
2L2 − 4ε2

(13)

Figure 3 illustrates equilibria for α = 2 and α = 3 for
respectively two, three, and four BSs.

4 Comparing equilibria

This section compares the Nash equilibrium described in
Section 3, the Stackelberg equilibrium, and the social opti-
mum.

4.1 Stackelberg equilibrium

As written in Section 3, the pure Nash equilibrium needs
the players to know their spatial order to be reached. If
players do not know this order but play in a chronological
order, the problem changes. If the first player plays alone at
the first stage of the game knowing that other players will
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Figure 4: Û1
SE

Û1
NE and Û2

SE

Û2
NE with regard to ε.

place their BSs after, it turns into a Stackelberg game [15]
with the first player being the leader of the game. This idea
is illustrated with a two-player game with one leader (BS
1) and one follower (BS 2). The leader chooses its position
knowing that the follower will place itself after. Both BSs
still want to maximize their utilities and BS 1 knows this
point. Then, BS 1 knows how BS 2 is going to be placed
regarding to its own position, it is simply the best response
of BS 2

x2(x1) =
−2

√
(5.2

2
α − 2

4
α − 4)ε2 + 2

2
α (L− x1)2 − 2

2
α x1 + 4L

4− 2
2
α

.

Then BS 1 places itself at a location x1 solution of

∂Û1

∂x1
(x1, x2(x1)) = 0. (14)

With α = 2 and neglecting ε compared to every other
lengths of the problem, one gets

xse
1 =

(
1−

√
2 +

√
2−

√
2

)
L, (15)

and

xse
2 =

(
(
√
2− 1)(1 +

√
2−

√
2)

)
L. (16)

On Figure 4, we compare the utilities of the leader and the
follower of the Stackelberg game versus the utilities of the
Nash equilibrium. As we see, the leader of the Stackelberg
game has a better utility than what he would have get at
the Nash equilibrium. On the contrary, the follower has a
worst utility. Hence, in a mobile operator point of view, it
is more interesting to deploy its BS first.

4.2 Social optimum

Sections 3 and 4.1 provide equilibria corresponding to situ-
ations where the BSs only consider what is best for them-
selves. But these equilibria are not the best for the MTs.
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and Social Optimum for α = 2.

In the MTs point-of-view, the utility to consider is the com-
plete utility sum or social utility. In a 2-BS case

Û so (x1, x2) = Û1 (x1, x2) + Û2 (x1, x2) . (17)

For this utility, we know that there exists an optimum
since the strategy set A is compact and Û1 (x1, x2) +

Û2 (x1, x2) is continuous with respect to (x1, x2) over A. At
this optimum, it is proven [1] that

• (i) the BSs place themselves at the middle of their as-
sociated subset of segment (respectively S1 and S2),

• (ii) the frontier between the two BSs is the middle of
the segment.

Thus, we have the optimum

xso
1 =

L

4
, xso

2 =
3L

4
. (18)

Figure 5 shows the Nash equilibrium, the Stackelberg
equilibrium, and the social optimum for α = 2. The lo-
cations of BSs for Nash equilibrium and social optimum are
symmetric with respect to the middle of the segment [0, L]
whereas this is not the case for the Stackelberg equilibrium.

4.3 Price of anarchy

To compare the Nash and the Stackelberg equilibrium in
the two-player case, we look at the utilities at equilibrium.
Without any pricing mechanism, the Nash equilibrium and
the social optimum are very close in terms of locations. As a
result, they are also close in terms of utility sum. The Price
of Anarchy (PoA), introduced in [9], is an adequate metric
to compare these sums

PoA(eq) =
maxx∈A

∑
k∈K Ûk(x)

∑
k∈K Ûk(xeq)

. (19)

Note that the PoA is always stronger than 1 and if the
PoA is high, it means that the corresponding equilibrium is
not that efficient in terms of utility sum. On the contrary,
if the Po1 is close to one, the corresponding equilibrium
is satisfying. Figure 6 illustrates the behavior of the PoA
for the Nash equilibrium and the PoA for the Stackelberg
equilibrium as a function of ε for 2-player case. It appears
that the Stackelberg equilibrium is less efficient than the
Nash equilibrium.
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Figure 6: Prices of Anarchy regarding to ε. Parameters
are L = 100, σ2 = 104, α = 2.

5 Convergence to the Nash equi-
librium

Getting to the equilibrium given in Section 3.3 is not sim-
ple: it would require that every player knows the utilities
of other players. In practice, this is hardly the case. Thus,
we present techniques that enable to reach the Nash equi-
librium in a decentralized way: best-response dynamics and
reinforcement learning. However the BSs need to be movable
to perform these two techniques, hence it is more accurate
to talk about Mobile Stations (MSs) in the present section.
Note that for these two techniques, the only assumption
about MSs location is that they cannot superimpose.

5.1 Best response dynamics

The context of this section remains the same as defined in
Section 2.3.

The principle of best-response dynamics is that given a
realization of actions for its opponents, every player of the
game is able to compare its own possible actions and choose
which one is best for itself. Precisely the best-response al-
gorithm is the following

1. At every time step t, each MS k chooses its location
xbr
k (t) according to

xbr
k (t) = argmax

xk

Ûk(xk, x−k(t)).

2. Algorithm stops when
∣∣xbr(t+ 1)− xbr(t)

∣∣ < β, with
β fixed.

Regarding to the convergence of this algorithm, we study
the system of best-responses (11). If we neglect ε regarding
to x1 and L− xK−1, one gets a linear system of equations






x1 = 2
1+α
α −2

2
α

4−2
2
α

x2,

xk =
xk+1+xk−1

2
, ∀k ∈ {2, . . . ,K − 1},

xK = (4−2
1+α
α )L

4−2
2
α

+ 2
1+α
α −2

2
α

4−2
2
α

xK−1.

(20)

It is a linear Cournot oligopoly [4].
One distinguishes two ways this algorithm can run.
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Simultaneous best response dynamics. At every step, ev-
ery MS adapt their locations simultaneously. In this case,
the evolution of the locations with the algorithm can be ex-
pressed by

xbr(t+ 1) = a+AKxbr(t) (21)

with a = t
(
0, . . . , 0, (4−2

1+α
α )L

4−2
2
α

)
and

AK =




0 g(α) 0 . . . . . . . . . . . . . . 0

1
2

0 1
2

. . .
...

0
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 0

...
. . . 1

2
0 1

2

0 . . . . . . . . . . . . . . 0 g(α) 0




, (22)

with g(α) = 2
1+α
α −2

2
α

4−2
2
α

.

As recalled in Lemma 2.8 of [16], for an irreducible posi-
tive square matrix A= (aij)1≤i≤n, then either

n∑

j=1

aij = ρ(A) ∀i ∈ [1, n], (23)

or

inf
1≤i≤n

n∑

j=1

aij < ρ(A) < sup
1≤i≤K

n∑

j=1

aij , (24)

with ρ(A) being the radius of A. In our case, AK can be
verified to be positive and irreducible, then one has

g(α) < ρ(AK) < 1. (25)

Hence, the convergence of the algorithm is ensured.
Sequential best response dynamics. The other case is the

sequential algorithm: at every step, only one MS adapts its
location. Depending on the MS k adapting its location, the
algorithm evolves according to

xbr(t+ 1) = a+Ak
Kxbr(t), (26)

with Ak
K corresponding to the adaptation of the k-th MS.

Ak
K may have several forms.

• If the k-th MS, k ∈ {2, . . . ,K − 1} adapts its location,
then

Ak
K =




1 0 . . . . . . . . . . . . . . . . 0

. . .
. . .

. . .
...

... 0 1 0
...

... 1
2

0 1
2

...
... 0 1 0

...
...

. . .
. . .

. . .

0 . . . . . . . . . . . . . . . . 0 1




In this case, Ak
K is irreducible and positive and

ρ(Ak
K) = 1. (27)
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Figure 7: Best-responses of MS 1 and MS 2 for α = 2

• If the first MS adapts its location, the matrix has the
form

A1
K =




0 g(α) 0 . . .
0 1 0
...

. . .
. . .

. . .

0 . . . 0 1




Again, A1
K is irreducible and positive, but this time

g(α) < ρ(A1
K) < 1. (28)

Note that if the K-th MS adapts its location, the same
reasoning can be done.

g(α) < ρ(AK
K) < 1. (29)

Hence, ρ(
∏K

k=1 A
k
K) =

∏K

k=1 ρ(A
k
K) < 1 and the algorithm

converges.
In Figure 7, we compare MSs 1 and 2 sequential best-

responses for α = 2.

5.2 Reinforcement Learning

The following notations are used in this section. For a set
of MSs K = {1, . . . ,K}, let Ãk = {yk1, . . . , ykmk

} be the set
of possible locations for MS k (mk being the cardinality of
Ãk), which corresponds to a discretization of the set [0, L].

We implement a discrete stochastic learning algorithm in
the sense that the action space is discrete and at every step,
actions are chosen in a stochastic way. The only informa-
tion available to a MS is the value of its utility after each
iteration (note that the MS does not necessarily knows its
utility expression).

We define p
k
(t) = (pk1(t), . . . , pkmk

(t)) the probability
distribution vector of MS k at time t.

P [xk(t) = yki] = pki(t), i ∈ {1, . . . ,mk}. (30)

The algorithm used by each MS is then the following.

1. Initialize the distribution probability vector.

∀k ∈ K, ∀i ∈ {1, . . . ,mk}, pki(0) = 1
mk

.

2. At every step t, each MS k chooses a location xk(t)
according to its probability vector p

k
(t).

6
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Figure 8: Evolution of action probabilities for BS 1 with
discrete stochastic learning.
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Figure 9: Evolution of action probabilities for BS 2 with
discrete stochastic learning.

3. Each MS gets Uk(t).

4. Each MS updates its probability distribution vector
p
k
(t)

pki(t+ 1) = pki(t)− bUk(t)pki(t), if xt(t) 6= yki
pki(t+ 1) = pki(t) + bUk(t)

∑
s 6=i pks(t), if xk(t) = yki

(31)

5. Algorithm stops when p
k
(t+1) = p

k
(t), else go to step

2.

Figures 8 and 9 illustrate the evolution of the probability
distribution vectors of two MSs. The parameters of the sim-
ulation are the following: each MS has the same set of possi-
ble positions {10, 30, 50, 70, 90} and the step of the learning
algorithm is b = 0.01.

Depending on the choice of b, two phenomena occur.

• The higher the value of b, the lower the convergence
time of the algorithm,

• However, if b is chosen too high, the algorithm may
converge to locations that do no correspond to an equi-
librium of the game defined in Section 2.3.
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Figure 10: Convergence of probability with respect to
step b

Figure 10 illustrates the convergence time as a function
of b.

The choice of b is hence a trade-off between convergence
time and accuracy of the convergence.

6 Conclusion and perspectives

Obviously the proposed model is relatively simple and
should be improved to obtain refined results. However, this
led us to several interesting results such as a full character-
ization of Nash equilibria and interesting behavior in terms
of convergence. It would be very relevant to extend this
work to two-dimensional scenario, define a suitable order
for which uniqueness would be ensured. More connections
with the famous multi-source Weber problem [6] should be
established to better understand the general problem of de-
ployment games. Indeed, if an operator has to locate a set of
base stations, the problem becomes more complicated. The
problem becomes even more interesting if the set of possi-
ble constellations is discrete, which would lead us to make
connections with Voronoi games [5]. The authors believe
there is large avenue for contributions to the general prob-
lem under study, especially in finding relevant assumptions
to simplify it without too loss in terms of understanding.
Random matrix theory and stochastic geometry might be
for great help to achieve this challenging objective.
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A Proofs

A.1 Proof of Lemma 1

We need to prove that Ûk(x) is concave with respect to xk

over Ak.

We know that the index of players verify (10). In this
case, the regions associated to the BSs are






[0, x1+x2
2

] for BS 1,

[
xk−1+xk

2
,
xk+xk+1

2
] for BS k, k ∈ {2, . . . ,K − 1}

[
xK−1+xK

2
, L] for BS K.

(32)
Then






Û1(x) =
∫ x1+x2

2
0

(ε2 + (x− x1)
2)−

α
2 dx

Ûk(x) =
∫ xk+xk+1

2
xk−1+xk

2

(ε2 + (x− xk)
2)−

α
2 dx, k ∈ {2, . . . ,K − 1}

ÛK(x) =
∫ L

xK−1+xK
2

(ε2 + (x− xK)2)−
α
2 dx

(33)
which may be rewritten as






Û1(x) =
∫ x2−x1

2
−x1

(ε2 + x2)−
α
2 dx

Ûk(x) =
∫ xk+1−xk

2
xk−1−xk

2

(ε2 + x2)−
α
2 dx, k ∈ {2, . . . ,K − 1}

ÛK(x) =
∫ L−xK

xK−1−xK
2

(ε2 + x2)−
α
2 dx

(34)

To prove the existence of a Nash equilibrium, the con-
cavity of Ûk (x) with respect to xk ∀k ∈ K has now to be
established. One has the first-order partial derivatives






∂Û1
∂x1

(x) = − 1
2
(ε2 + (x2−x1

2
)2)−

α
2 + (ε2 + x2

1)
−α

2

∂Ûk

∂xk
(x) = − 1

2
(ε2 + (

xk+1−xk

2
)2)−

α
2 + 1

2
(ε2 + (

xk−1−xk

2
)2)−

α
2

∂ÛK

∂xK
(x) = −(ε2 + (L− xK)2)−

α
2 + 1

2
(ε2 + (

xK−1−xK

2
)2)−

α
2

(35)
and the second-order partial derivatives






∂2Û1

∂x2
1
(x) = −α

8
x2−x1

(ε2+(
x2−x1

2
)2)

α
2

+1 − α x1

(ε2+x2
1)

α
2

+1

∂2Ûk

∂x2
k

(x) = α
8

(
− xk+1−xk

(ε2+(
xk+1−xk

2
)2)

α
2

+1
+

xk−1−xk

(ε2+(
xk−1−xk

2
)2)

α
2

+1

)

∂2ÛK

∂x2
K

(x) = −α L−xK

(ε2+(L−xK)2)
α
2

+1 + α
8

xK−1−xK

(ε2+(
xK−1−xK

2
)2)

α
2

+1

(36)

Given (10), we have ∂2Ûk

∂x2
k

(x) < 0 ∀k ∈ K. Thus Ûk(x) is

concave with respect to xk overAk, ∀k ∈ K.

A.2 Proof of Theorem 2

In the context of K-player game, the DSC [13] condition
writes ∀(a, a′) ∈ A2 such that a 6= a′

K∑

k=1

(a′
k − ak)

(
∂Ûk

∂xk

(a)− ∂Ûk

∂xk

(a′)

)
> 0 (37)

For clarity reasons, we denote

g(a, b) =

(
(ǫ2 + a2)−

α
2 − (ǫ2 + b2)−

α
2

)
, (a, b) ∈ R

2. (38)
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By (35), it turns






∂Û1
∂x1

(a)− ∂Û1
∂x1

(a′)=g(a1,a
′

1)− 1
2

(
g(

a1−a2
2

,
a′

1−a′

2
2

)

)

∂Ûk
∂xk

(a)− ∂Ûk
∂xk

(a′)= 1
2

(
g(

ak−1−ak
2

,
a′

k−1−a′

k
2

)−g(
ak−ak+1

2
,
a′

k
−a′

k+1
2

)

)

∂ÛK
∂xK

(a)− ∂ÛK
∂xK

(a′)= 1
2

(
g(

aK−1−aK
2

,
a′

K−1−a′

k
2

)

)
−g(L−aK ,L−a′

K)

(39)
Equation (37) becomes

(a′

1−a1)

(
g(a1,a

′

1)− 1
2
g(

a1−a2
2

,
a′

1−a′

2
2

)

)

+
∑K−1

k=2

a′

k
−ak
2

(
g(

ak−1−ai
2

,
a′

k−1−a′

k
2

)−g(
ak−ak+1

2
,
a′

k
−a′

k+1
2

)

)

+(a′

K−aK)

(
1
2
g(

aK−1−aK
2

,
a′

K−1−a′

K
2

)−g(L−aK ,L−a′

K)

)
>0

(40)
which can also be written

(a′
1 − a1)g(a1, a

′
1)

+
K∑

k=2

a′
k − a′

k−1 − (ak − ak−1)

2
g

(
ak−1 − ak

2
,
a′
k−1 − a′

k

2

)

+ (L− a′
K − (L− aK))g(L− aK , L− a′

K) > 0
(41)

However ∀(a, b) ∈ R
∗2,

(b− a)g(a, b) > 0 (42)

and by the order condition (10)






(a′
1, a1) ∈ R

∗2

(
a′

k−a′

k−1

2
,
ak−ak−1

2
) ∈ R

∗2 ∀k ∈ {2, . . . ,K}
(L− a′

K , L− aK) ∈ R
∗2

(43)

Then the DSC condition is verified and the equilibrium is
unique.

A.3 Derivation of (11)

To obtain a formal expression of a Nash equilibrium, the
intersection of the best-responses has to be considered

∂Ûk

∂xk

(x) = 0, ∀k ∈ K, ∀α > 2. (44)

(44) leads to






(2
2
α (ε2 + (x2−x1

2
)2))

α
2 = (ε2 + x2

1)
α
2

(ε2 + (
xk+1−xk

2
)2)

α
2 = (ε2 + (

xk−1−xk

2
)2)

α
2 , ∀k ∈ {2, . . . ,K − 1}

(ε2 + (L− xK)2)
α
2 = (2

2
α (ε2 + (

xK−1−xK

2
)2))

α
2 .

(45)
Since all terms elevated at power α/2 are positive, one gets






2
2
α (ε2 + (x2−x1

2
)2) = ε2 + x2

1

(
xi+k−xk

2
)2 = (

xk−1−xk

2
)2, ∀k ∈ {2, . . . ,K − 1}

2
2
α (ε2 + (

xK−1−xK

2
)2) = ε2 + (L− xK)2

(46)

One real solution x verifying (10) has thus to satisfy (11)
whenα > 2 and (12) when α = 2.
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Abstract. In this paper, a behavioral rule that allows radio devices to
achieve an efficient satisfaction equilibrium (ESE) in fully decentralized
self-configuring networks (DSCNs) is presented. The relevance of ESE in
the context of DSCNs is that at such state, radio devices adopt a trans-
mission/receive configuration such that they are able to simultaneously
satisfy their individual quality-of-service (QoS) constraints. An ESE is
also an efficient network configuration, i.e., individual QoS satisfaction
is achieved by investing the lowest possible effort. Here, the notion of
effort refers to a preference each radio device independently establishes
among its own set of actions. In particular, the proposed behavioral rule
requires less information than existing rules, as in the case of the clas-
sical best response dynamics and its variants. Sufficient conditions for
convergence are presented in a general framework. Numerical results are
provided in the context of a particular uplink power control scenario, and
convergence from any initial action profile to an ESE is formally proved
in this scenario. This property ensures the proposed rule to be robust to
the dynamic arrival or departure of radio devices in the network.

1 Introduction

A decentralized self-configuring network (DSCN) is basically an infrastructure-
less communication system in which radio devices autonomously choose their
own transmit/receive configuration in order to guarantee reliable communica-
tion. In particular, a transmit/receive configuration can be described in terms of
power allocation polices, coding-modulation schemes, scheduling policies, decod-
ing order, etc. Typical examples of DSCNs are wireless sensor networks, short
range networks in the ISM bands (e.g., Wi-Fi, Bluetooth, ZigBee, etc,), femto-cell
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networks (e.g., femto cells in LTE-A) and adhoc networks in general. The under-
lying feature of DSCNs is that transmitters directly communicate with their re-
spective receivers without the intervention of a central controller. Thus, the main
limitation of these networks to actually provide QoS is the mutual interference
arising from the uncoordinated interaction of radio devices subject to mutual
interference. Within this context, the notion of QoS provisioning translates into
the need for designing behavioral rules such that radio devices autonomously
adapt their transmission configurations in order to meet the minimum require-
ments for their communications to take place satisfactorily. In particular, similar
reconfigurable capabilities have been already mentioned in [6] in the context of
cognitive radios.

In general, the decentralized nature of the QoS provisioning task in DSCN has
fostered the use of tools from game theory (GT) [7, 5], strategic learning theory
[9], distributed optimization and variational inequality theory [11] to the analysis
of QoS provisioning in this scenario. In this paper, we focus on a particular
formulation of the QoS provisioning problem, namely games in satisfaction form
[8]. More specifically, we provide behavioral rules that allow radio devices to
achieve an efficient satisfaction equilibrium (ESE) in DSCNs. The notion of ESE,
as introduced in [8], refers to a network state in which all the network devices are
able to satisfy their individual QoS constraints by investing the minimum effort.
Often, we associate the notion of high effort with transmit/receive configurations
that might represent an additional waste of energy to satisfy the individual QoS
constraints. In this context, one of the main contributions of this paper is the
introduction of a behavioral rule that allows the network to achieve an ESE
using only local information. Another important contribution is a set of sufficient
conditions to observe the convergence to an ESE of the proposed rule.

In order to show the potential of our contributions in the context of DSCNs,
we consider a particular scenario of power control in the uplink of a single-cell
system in which devices must guarantee a minimum signal to interference plus
noise ratio (SINR). Interestingly, we highlight that in this particular scenario, the
proposed behavioral rule converges to an ESE independently of the initial state
of the network. This result contrasts with the existing literature. For instance,
in [1], Altman et al. studied the problem in the general framework of compact
sublattices as action sets. Therein, under the assumption that a solution to the
problem exists, they established that a simple behavioral rule known in game
theory as the best response dynamics (BRD) [4] only converge to the solution
from particular starting points. When the transmit power sets are continuous,
Yates et al. proved that the BRD converge from any initial point in [14]. In
the case of discrete actions sets, an algorithm close to the BRD is proposed
in [12]. However, there are still conditions on the starting point to ensure the
convergence of the algorithm.

The remainder of this paper unfolds as follows. In Sec. 2, we revisit the notion
of satisfaction equilibrium (SE) and ESE and we formulate the QoS provisioning
problem in the most general terms. In Sec. 3, we describe our main contribu-
tion: a behavioral rule that allows DSCNs to converge to an ESE, when action
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sets correspond to compact sublattices. In Sec. 4, we present numerical results
in a particular scenario as described above in order to verify our theoretical
contributions. Finally, we conclude our work in Sec. 5.

2 QoS Provisioning and Games in Satisfaction Form

2.1 QoS Problem Formulation

Consider a DSCN comprising a set K = {1, . . . ,K} of K transmitter/receiver
pairs to which we refer as links. Each radio device autonomously chooses its opti-
mal transmit/receive configuration in order to satisfy its own QoS requirements.
Here, we denote by k ∈ K the k-th link, independently of whether it is the trans-
mitter or the receiver that is the device performing the self-adaptation of the
link configuration. We denote by ak the transmit/receive configuration adopted
by the link k, and we denote by Ak the set of all its possible choices. For all
k ∈ K, Ak is assumed to be a compact sublattice, as in [1, 13]. A = A1×. . .×AK

represents the set of all configuration profiles. This structure has the advantage
of comprising both compact continuous sets and discrete sets1. We denote by
a−k = (a1, . . . , ak−1, ak+1, . . . , aK) the vector obtained by dropping the k-th
component of the vector a. We denote the space in which the vector a−k exists
by A−k. With a slight abuse of notation, we write the vector a as (ak,a−k), in
order to emphasize its k-th component. A transmit/receive configuration can be
described by parameters such as the power allocation policy, modulation scheme,
constellation size, decoding order, scheduling policy, etc. The instantaneous per-
formance of radio device k is determined by a set of Qk functions





u
(1)
k : A → R,

...

u
(Qk)
k : A → R.

Typical performance metrics are transmission rate, transmission delay, bit er-
ror rate, energy efficiency, or any combination of those. We denote the minimum

and maximum acceptable values of the performance metric u
(qk)
k by Γ

(qk,min)
k

and Γ
(qk,max)
k , respectively. Thus, we say that the configuration profile a ∈ A

satisfies the QoS constrains of the DSCN if for all link k the following set of
inequalities are satisfied :





Γ
(1,min)
k < u

(1)
k (ak,a−k) < Γ

(1,max)
k ,

...

Γ
(Qk,min)
k < u

(Qk)
k (ak,a−k) < Γ

(Qk,max)
k .

(1)

1 The results of Sec. 3.2 and Sec. 3.4 apply to the general framework of compact
sublattices whereas the results of Sec. 3.5 apply only to discrete configuration sets.
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Note that the performance metrics of link k depend not only on its own con-
figuration ak but also on the configurations a−k adopted by all the other links.
Thus, in order to ease our notation, we define the correspondence fk: A−k → 2Ak

that determines all the possible configurations of player k that satisfies its QoS
constraints. That is ∀ak ∈ Ak

ak ∈ fk(a−k)⇔
∀q ∈ {1, . . . , Qk}, Γ (q,min)

k < u
(q)
k (ak,a−k) < Γ

(q,max)
k .

(2)

The problem of all the links wanting to satisfy their QoS constraints at the same
time can naturally be described as a game.

2.2 Game formulation

As defined in [8], a game in satisfaction form is fully described by the following
triplet

ÛG =
(
K, {Ak}k∈K , {fk}k∈K

)
. (3)

In this triplet, K represents the set of players, Ak is the strategy set of player
k ∈ K, and the correspondence fk determines the set of actions of player k
that allows its satisfaction given the actions played by all the other players.
A strategy profile is denoted by vector a = (a1, . . . , aK) ∈ A. In general, an
important outcome of a game in satisfaction form is the one where all players
are satisfied, that is, an SE. The notion of SE was formulated as a fixed point
in [8] as follows:

Definition 1 (Satisfaction Equilibrium). An action profile a+ is an equilib-

rium for the game ÛG =
(
K, {Ak}k∈K , {fk}k∈K

)
if

∀k ∈ K, a+k ∈ fk
(
a+
−k

)
. (4)

As we shall see, the SE is often not unique and thus, there might exist some SEs
that are of particular interest. In the following, we introduce the notion of an
efficient SE (ESE). For this intent, we consider a cost function for each player
of the game, in order to model the notion of effort or cost associated with a
given action choice. For all k ∈ K, the cost function ck: Ak → [0, 1] satisfies the
following condition : ∀(ak, a′k) ∈ A2

k, it holds that

ck (ak) < ck (a
′
k) , (5)

if and only if, ak requires a lower effort than action a′k when it is played by
player k. Under the notion of effort, the set of SEs that are of particular interest
are those that require the lowest individual efforts. We formalize this notion of
equilibrium using the following definition.

Definition 2 (Efficient Satisfaction Equilibrium). An action profile a∗ is

an ESE for the game ÛG =
(
K, {Ak}k∈K , {fk}k∈K

)
, with cost functions {ck}k∈K,

if
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∀k ∈ K, a∗k ∈ fk
(
a∗
−k

)
(6)

and
∀k ∈ K, ∀ak ∈ fk(a∗

−k), ck(ak) ≥ ck(a∗k). (7)

Note that the effort associated by each player with each of its actions does not
depend on the choice of effort made by other players. Here, we have left players
to individually choose their cost functions, which adds another degree of freedom
to the modeling of the QoS problem in DSCNs.

Note also that a game in satisfaction form is not a game with a constrained
set of actions, as is the case in the formulation presented in [3]. Here, a player
can use any of its actions independently of all the other players. The dependency
on the other players’ actions enters through whether the player under study is
satisfied or not.

2.3 Power control game

In the rest of this paper, we use the context of uplink power control in a single-
cell as a case study. Although most of our results apply in a general context,
we concentrate in the uplink power control problem as presented in [12, 14], to
illustrate our results.

ConsiderK transmitter/receiver pairs denoted by index k ∈ K. For all k ∈ K,
transmitter k uses power level pk ∈ Ak, with Ak generally defined as a compact
sublattice For each player k ∈ K, we denote pmin

k and pmax
k the minimum and

the maximum power levels in Ak, respectively. For every couple (i, j) ∈ K2, we
denote by gij the channel gain coefficient between transmitter i and receiver j.
The considered metric for each pair k is the Shannon rate given by

uk(pk,p−k) = log2

Å
1 +

pkgkk
σ2
k +

∑
j 6=k pjgjk

ã
[bps/Hz], (8)

where σ2
k is the noise variance at receiver k.

The QoS requirement for each pair k is to have a channel capacity uk(pk,p−k)
higher than a given threshold Γk bps/Hz. The satisfaction correspondence of link
k is then

fk(p−k) = {pk ∈ Ak | uk(pk,p−k) ≥ Γk}

=

®
pk ∈ Ak | pk ≥ (2Γk − 1)

σ2
k +

∑
j 6=k pjgjk

gkk

´
.

(9)

3 Convergence to an Efficient Satisfaction Equilibrium

In this section, we provide sufficient conditions for convergence of the BRD
and the robust blind response dynamics (RBRD) to an ESE of the game ÛG =(
K, {Ak}k∈K , {fk}k∈K

)
, with cost functions {ck}k∈K.
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3.1 Best response dynamics

In the context of a game in satisfaction form ÛG =
(
K, {Ak}k∈K , {fk}k∈K

)
, with

cost functions {ck}k∈K, we define the best response (BR) correspondence of
player k, given that the other players adopt the reduced action profile a−k, as
follows:

BRk(a−k) = arg min
ak∈fk(a−k)

ck(ak). (10)

We consider a BRD defined as the behavioral rule in which players sequentially
update their action following the Gauss-Seidel method [2]. At step n+ 1 of the
algorithm, all the players sequentially update their actions with the following
rule:

a
(n+1)
k = BRk(a

(n+1)
1 , . . . , a

(n+1)
k−1 , a

(n)
k+1, . . . , a

(n)
K ). (11)

For a discrete set of actions, the BRD can be compared to the asynchronous
version of the Minimum Feasible Value Assignment (MFVA) algorithm presented
in [12]. The difference is that in [12], players only move to their optimal satisfying
action if they are not satisfied with actions played at the previous step. In the
BRD, players move to their optimal satisfying action independently of their
satisfaction at the previous step.

3.2 Convergence of the BRD

To study the convergence of the BRD, we first define some notation of interest.
Let a = (a1, . . . , aN ) and b = (b1, . . . , bN ) be two action profiles and let c =
a ∨ b denote the maximum of (a, b) component wise, i.e., c = (c1, . . . , cN ) with
cn = max(an, bn) ∀n ∈ {1, . . . , N}. In a similar way, a ∧ b denotes min(a, b)
component wise.

Definition 3 (S-modularity). The function g: A → R is said to be supermod-
ular if for any a, b ∈ A

g(a ∧ b) + g(a ∨ b) ≥ g(a) + g(b), (12)

and said to be submodular if

g(a ∧ b) + g(a ∨ b) ≤ g(a) + g(b). (13)

In the case of the cost function defined in (5), ck depends only on the actions
of player k. Hence, ck is both supermodular and submodular. As a result, (12)
and (13) are equalities.

Definition 4 (Ascending and descending properties). The correspondence
fk is said to possess the ascending property (respectively the descending property)
if for any two elements a−k and a′

−k of the set A−k, with a−k = a−k ∧ a′
−k

implies that ∀ak ∈ fk(a−k) and ∀a′k ∈ fk(a′
−k),

ß
min(ak, a

′
k) ∈ fk(a−k),

max(ak, a
′
k) ∈ fk(a′

−k),
(14)
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or for the descending property

ß
max(ak, a

′
k) ∈ fk(a−k),

min(ak, a
′
k) ∈ fk(a′

−k).
(15)

An important consequence of the ascending (or descending) property is that

∀a−k ∈ A−k, fk(a−k) 6= ∅. (16)

The definition of an ascending set can easily be understood in the context of
distributed power control. In such a context, the ascending property means that
if all the other players increase their powers, player k also has to increase its own
power if it wants to remain satisfied. Also note that if the ascending property
is ensured, then there is always at least one satisfying power level for player k,
whatever the other players are playing. In particular, when all the players are
at maximum power levels, there exists a satisfying power for player k, which is
a strong assumption.

Proposition 1. Assume that for all k ∈ K, fk(·) is nonempty and compact for
all the values of their arguments, fk(·) has either the ascending or the descending
property and fk(·) is continuous. Then the following holds:

– (i) An ESE exists.
– (ii) If the dynamics start with the action profile associated with the highest or
lowest effort in ck(·), for all k ∈ K, the BRD converge monotonically to an
ESE.

– (iii) If the dynamics start from an SE, the trajectory of the best response
converges to an ESE. It monotonically evolves in all components.

– (iv) In a two-player game, the BRD converge to an ESE from any starting
point.

The proof of Prop. 1 comes from Th. 1 in [1] and Th. 2.3 in [13]. We simply
have to verify that the right assumptions hold for the ascending case and the
descending case:

– Let fk(·) be ascending for all k ∈ K. ck is a cost function player k wants
to minimize, in particular ck is a submodular function, and thus −ck is a
supermodular function player k wants to maximize and Th. 1 from [1] holds,
i.e., (i, ii, iii) in Prop. 1 are ensured when the sets are ascending.

– Let fk(·) be descending for all k ∈ K. A similar reasoning can be made: ck is a
submodular function player k wants to minimize and the same theorem holds
as well, i.e., (i, ii, iii) in Prop. 1 are ensured when the sets are descending.

In both ascending and descending cases, (iv) in Prop. 1 is obtained from Th. 2.3
in [13].
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3.3 BRD in the uplink power control game

In the general framework of compact sublattices as strategy sets (including con-
tinuous and discrete action sets), the BRD converge only from given starting
points (see [1, 13]). However, in the uplink power control problem, it has been
shown in [10, 14] that when strategy sets are continuous, the BRD converge from
any initial point. When strategy sets are discrete, the convergence of the BRD
from any initial point to an equilibrium is not guaranteed. In [12], it is shown
that the MFVA converges only when all the transmitters start at their lowest
power levels. In the following, we consider a 3-player uplink power control game
to illustrate the non-convergence of the BRD from a particular initial action
profile.

Example 1. In this example, we refer to the notation introduced in Sec. 2.3. Let
us consider K = 3 pairs of transmitters/receivers. For all k ∈ K, transmitter
k uses power level ak ∈ {pmin, pmax}. Given the constraints from Sec. 2.3, let
consider channel gains such that

f1(p
min, pmin) = f3(p

min, pmin) = {pmin, pmax},
f1(p

min, pmax) = f3(p
min, pmax) = {pmin, pmax},

f1(p
max, pmin) = f3(p

max, pmin) = {pmax},
f1(p

max, pmax) = f3(p
max, pmax) = {pmax},

(17)

and
f2(p

min, pmin) = {pmin, pmax},
f2(p

min, pmax) = {pmax},
f2(p

max, pmin) = {pmin, pmax},
f2(p

max, pmax) = {pmax}.
(18)

We can check that fk has the ascending property for all k ∈ K. For each pair
k, the cost of the power level is given by the identity cost function ck(ak) = ak.
This game has two ESEs:

– (pmin, pmin, pmin) where all the players transmit at their lowest power level.
No player has interest in deviating from its action since any other action has
a higher cost (even though the player would remain satisfied).

– (pmax, pmax, pmax) where all the players have to transmit at maximum power
to be satisfied. If one deviates from its action, it will not be satisfied anymore.

But depending on the initial action profile of the BRD, the BRD may not
converge to an ESE. For instance, assume that the BRD start at p(0) =
(pmax, pmin, pmax). At step 1, player 1 chooses the action that minimizes c1(·)
given the previous actions of the other players p

(0)
−1 = (pmin, pmax), i.e.,

p
(1)
1 = BR1(p

min, pmax) = pmin.

Player 2 chooses the action that minimizes c2(·) given the most recent actions

of the other players (p
(1)
1 ,p

(0)
−(1,2)) = (pmin, pmax), i.e.,



Achievability of Efficient Satisfaction Equilibria in Self-Configuring Networks 9

p
(1)
2 = BR2(p

min, pmax) = pmax.

Player 3 chooses the action that minimizes c3(·) given (p
(1)
1 , p

(1)
2 ) = (pmin, pmax),

i.e.,

p
(1)
3 = BR3(p

min, pmax) = pmin.

At step 2, player 1 chooses the action that minimizes c1(·) given the previous

actions of the other players p
(1)
−1 = (pmax, pmin), i.e.,

p
(2)
1 = BR1(p

max, pmin) = pmax.

Player 2 chooses the action that minimizes c2(·) given the most recent actions

of the other players (p
(2)
1 ,p

(1)
−(1,2)) = (pmax, pmin), i.e.,

p
(2)
2 = BR2(p

max, pmin) = pmin.

Player 3 chooses the action that minimizes c3(·) given (p
(2)
1 , p

(2)
2 ) = (pmax, pmin),

i.e.,

p
(2)
3 = BR3(p

max, pmin) = pmax.

The algorithm is back at the starting point, and it is clear that it will continue
in this infinite loop.

3.4 Robust blind response dynamics

The BRD have significant drawbacks. First, it was just shown that in a K-player
game with K > 2, the dynamics may not converge to an ESE depending on the
initial action profile. Second, to determine the BR, each player has to know
the set fk(a−k) ∀a−k ∈ A−k. To overcome these drawbacks, we propose a new
algorithm that requires less information about the game for each player and can
still be proven to converge to an ESE. Let us start by defining the robust blind
response (RBR) by RBRk: A → Ak, such that :

(ak,a−k)→




a′k, if a

′
k ∈ fk(a−k), ak ∈ fk(a−k) and ck(a

′
k) ≤ ck(ak),

a′k, if a
′
k ∈ fk(a−k) and ak /∈ fk(a−k),

ak, otherwise,
(19)

with action a′k being randomly chosen in Ak, such that ∀ak ∈ Ak, Pr (a
′
k = ak) >

0. Each time the RBR is used, a player k ∈ K randomly chooses an action in
its strategy set Ak without taking into account the constraints of other players.
Player k only has to know if the new action and the previous one allow the
satisfaction of its individual constrains and to compare their respective costs. If
both actions allow the satisfaction of the constraints, it chooses the one with the
lowest cost. If the new action allows the satisfaction of the individual constraints
whereas the previous one does not, it moves to the new action. Otherwise, it
keeps the same action. When all the players sequentially use the RBR such that
∀k ∈ K
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a
(n+1)
k = RBRk(a

(n+1)
1 , . . . , a

(n+1)
k−1 , a

(n)
k+1, . . . , a

(n)
K ), (20)

we refer to these dynamics as the RBR dynamics (RBRD). Our main result in
this section is stated in the following theorem.

Theorem 1. Assume that for all k ∈ K, fk(·) is nonempty and compact for
all the values of their arguments, fk(·) has the ascending property and it is
continuous, and ck(·) is strictly increasing. Then, the following holds:

– (i) If the dynamics start from an SE, the sequence of RBRs converges to an
ESE. It monotonically decreases in all components.

– (ii) If the dynamics start with the actions associated with the highest effort in
ck(·), ∀k ∈ K, the sequence of RBRs converges monotonically to an ESE.

– (iii) In a two-player game, the sequence of RBRs converge to an ESE from
any starting point.

Proof. Applying Prop. 1, we know that there exists an ESE for the game ÛG =(
K, {Ak}k∈K , {fk}k∈K

)
. The convergence of the RBRD to an ESE is proven in

two steps. First, we show for (i, ii, ii) that the RBRD converge to a fixed point.
Second, we explain why this fixed point has to be an ESE.

– (i) Assume that the dynamics start from an SE: aSE and this SE is not an
ESE (otherwise, the convergence is trivial). Let player k ∈ K be the first

player to actually change its action at step n to a
(n)
k ; necessarily this action

has a lower cost than aSE
k because a satisfied player can only move to another

satisfying action with a lower cost. Let the next player to move be denoted by

j. From its point of view (a
(n)
k ,aSE

−{k,j}) = (a
(n)
k ,aSE

−{k,j}) ∧ aSE
−j . Hence, due

to the ascending property of fj and the strict monotony of cj , necessarily its

new action a
(n′)
j ≤ aSE

j , and so forth. For each k ∈ K the sequence {a(n)k }n∈N

is decreasing in a compact set. Thus, the algorithm converges to a limit.
– (ii) Assume that the dynamics start from action profile amax = (amax

1 , . . . , amax
K )

and this point is not an SE (otherwise refer to (i)). Let player k update its

action first, at step n. Necessarily, its updated action a
(n)
k is lower than amax

k .
Then ∀j 6= k, j ∈ K

(amax
{−j,k}, a

(n)
k ) = (amax

{−j,k}, a
(n)
k ) ∧ amax

−j . (21)

Due to the ascending property of fj and the strict monotony of cj , the update
of player j is hence lower than amax

j , and so forth. Again, for each player

k ∈ K, the sequence of action {a(n)k }n∈N is decreasing in a compact set and
the algorithm converges to a limit.

– (iii) In a two-player game, assume the dynamics start from a random action

profile (a
(0)
1 , a

(0)
2 ). Assume player 1 is the first player that updates its action to

get satisfied, at step n. The action profile is then (a
(n)
1 , a

(0)
2 ). In the next move,

either the same player 1 decreases its action, remaining satisfied, or player 2

moves to an action that satisfies it, leading to an action profile (a
(n)
1 , a

(n′)
2 ).

If this profile is an SE, the dynamics converge according to (i). Otherwise
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player 1 is no longer satisfied and has to update its action. If a
(n′)
2 < a

(0)
2 ,

then due to the ascending property and the strict monotonicity of c1, player

1 will only move to a lower action than a
(n)
1 . Then player 2 will also have to

move to a lower action than a
(n′)
2 for analogous reasons, and so forth. The

sequences {a(n)1 }n∈N and {a(n)2 }n∈N are hence decreasing in a compact set,

so they converge to a limit. If a
(n′)
2 > a

(0)
2 , the sequences are increasing in a

compact set and converge as well.

We now have to prove that a fixed point is an ESE. Consider that a∗ is a fixed
point for RBRk, ∀k ∈ K. By the definition of RBRk this means that there exists
no ak ∈ Ak such that ak ∈ fk(a∗

−k) and ck(ak) ≤ ck(a
∗
k), which is exactly the

definition of the ESE. This completes the proof. �

The main advantage of these dynamics over BRD in a general framework
is that the former require only local information and the knowledge of an ex-
plicit expression for fk is no longer relevant. Only the knowledge of whether the
corresponding player is satisfied or not is sufficient to implement the RBR.

3.5 RBRD in the uplink power control game

A very interesting property occurs for the RBR in the uplink power control game
with discrete action sets.

Theorem 2. In the power allocation game defined above in Sec. 2.3, with dis-

crete action sets, i.e., ∀k ∈ K, Ak = {p(1)k , . . . , pNk

k } with Nk the number of
power levels in action set Ak, the RBRD converge to an ESE from any starting
point.

Proof. We show in this proof that from any starting point of the dynamics, there
is a non-null probability that the dynamics move to a particular SE with a given
way. Note that the particular sequence of events we describe here is not always
the way the dynamics run. It is simply a sequence that can occur with a non-null
probability, but there are many other possible sequences that lead to an SE.

Assume p(0) = (p
(0)
1 , . . . , p

(0)
k ) is the starting power profile of the dynam-

ics. Consider all the unsatisfied players at this point and assume that they all
move to their maximum possible power levels (this may happen with a non-null
probability). These levels satisfy them since the ascending property gives us

∀k ∈ K, ∀p−k ∈ A−k, p
max
k ∈ fk(p−k). (22)

This increase of power levels may cause some of the satisfied players at the
starting point not to be satisfied anymore. We also assume that these players
move to their maximum power levels. And the same is done until no unsatisfied
player remains. So we get a power profile made of the highest power levels for
some of the players and the initial power levels for the others, and every player
is satisfied at this point: it is an SE.

Finally, from (i) of Th. 1, the dynamics converge to an ESE, which completes
the proof. �
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Th. 2 highlights a very interesting property of the RBRD when players enter or
quit the game (or when the channel coefficients vary). Indeed, if K transmitters
are in any given ESE p∗ and a new transmitter enters the game, a new game
starts with K + 1 players. Thus, from Th. 2, it can be stated that convergence
to a new ESE, if it exists, is ensured from the new starting point (p∗, pk+1).

4 Numerical results

In this section, we provide numerical results for the uplink power control game
with discrete action sets as defined in Sec. 2.3.

In Fig. 1, we show the sequences of actions converging to an ESE for the
RBRD in a 2-player power control game. The colored region is the satisfaction
region, i.e., the region allowing both players to be satisfied. The coloring of this
region follows the sum of the costs for each player. The RBR first converges to the
satisfaction region, then converges to an ESE while remaining in the satisfaction
region.

Power Index of Player 1
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Satisfaction region

Robust blind response

Fig. 1. Sequence of power indices for the RBRD in the uplink 2-player power control
game. The colored region is the satisfaction region, i.e., the region where the two players
mutually satisfy their constraints.

The scenario we consider in Fig. 2 and Fig. 3 highlights the advantages
of RBRD over the BRD in a 3-player game: during the first 200 steps, only
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transmitters 1 and 3 are in the game, then transmitter 2 joins them for the 200
next steps, and finally transmitter 3 leaves for the last 200 steps. On each of
the two figures, we show the sequence of power indices for the three players,
knowing that each action set is made of Nk = 32 possible power levels from
10−6W to 10−2W. We also show the satisfaction states of the three players: for
each step of the dynamics, if all the player are satisfied, the satisfaction state
is 1, otherwise it is 0. Fig. 2 and Fig. 3 correspond to the behavior of the BRD
and the RBRD, respectively. The channel parameters and the starting points
of the two simulations are exactly the same. Channel gains are g22 = 10−5,
g11 = g33 = g13 = g21 = g32 = 10−6, g12 = g23 = g31 = 10−7, and transmitters
1, 2, and 3 start at power levels 10−3W, 10−5/2W, and 10−9/4W, respectively.
The utility constraints Γ1, Γ2, and Γ3 are taken as 1.2 bps/Hz, 1.5 bps/Hz, and
1.2 bps/Hz, respectively. The variance of the noise is fixed at 10−10 W for all the
transmitters. It is interesting to notice that the BRD converge to ESE during
the first and third phase but when transmitter 2 enters the game in the second
phase, the BRD do not converge to an ESE. Instead, they enter a loop and we
can see that the transmitters are not satisfied. Concerning the RBRD, although
their convergence time is longer, they converge in the three phases and another
interesting fact is that transmitters are satisfied during a longer amount of time
compared to the BRD.
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Fig. 2. Sequences of power indices and satisfaction states for the BRD in the 3-player
uplink power control game.
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Fig. 3. Sequences of power indices and satisfaction states for the RBRD in the 3-player
uplink power control game.

5 Conclusion and future work

In this work, we have proposed a behavior rule that converges to an ESE in
the general framework of compact sublattices as actions sets. Compared to the
BRD, the proposed rule requires far less information although its convergence
time is longer. Applying this rule to the uplink power control game with discrete
actions sets has been shown to be of great interest since the dynamics are proven
to converge to an ESE from any starting action profile. This particular feature
allows the proposed rule to be robust to the entrance or the exit of players in
the power control game.

However, a strong assumption of this work is to assume that for every player,
for any action profile of the other players, there exists an action satisfying the
considered player. In the power control game, it would be more relevant to take
into account scenarios in which the power levels of the other players are too high
and a given player cannot be satisfied for any action it can play. Hence, a natural
perspective of this work is to relax this assumption and study the convergence
of the dynamics in this context.
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