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Résumé

Dans cette these, on aborde trois thémes : probléeme de sélection de colonnes dans une matrice, distance de
Banach-Mazur au cube et estimation de la covariance de matrices aléatoires. Bien que les trois thémes paraissent
éloignés, les techniques utilisées se ressemblent tout au long de la these.

Dans un premier lieu, nous généralisons le principe d’invertibilité restreinte de Bourgain-Tzafriri. Ce résultat
permet d’extraire un "grand" bloc de colonnes linéairement indépendantes dans une matrice et d’estimer la plus
petite valeur singuliere de la matrice extraite. Nous proposons ensuite un algorithme déterministe pour extraire
d’une matrice un bloc presque isométrique c.a.d une sous-matrice dont les valeurs singuliéres sont proches de
1. Ce résultat nous permet de retrouver le meilleur résultat connu sur la célebre conjecture de Kadison-Singer.
Des applications a la théorie locale des espaces de Banach ainsi qu’a ’analyse harmonique sont déduites.

Nous donnons une estimation de la distance de Banach-Mazur d’un corps convexe symétrique de R™ au cube
de dimension n. Nous proposons une démarche plus élémentaire, basée sur le principe d’invertibilité restreinte,
pour améliorer et simplifier les résultats précédents concernant ce probléme.

Plusieurs travaux ont été consacrés pour approcher la matrice de covariance d’un vecteur aléatoire par
la matrice de covariance empirique. Nous étendons ce probléme a un cadre matriciel et nous répondons a la
question. Notre résultat peut étre interprété comme une quantification de la loi des grands nombres pour des
matrices aléatoires symétriques semi-définies positives. L’estimation obtenue s’applique & une large classe de
matrices aléatoires.

Mots clés : invertibilité restreinte, valeurs singuliéres, Kadison-Singer, Banach-Mazur, matrice de covariance,

log-concave.

Abstract

In this thesis, we address three themes : columns subset selection inside a matrix, the Banach-Mazur distance
to the cube and the estimation of the covariance of random matrices. Although the three themes seem distant,
the techniques used are similar throughout the thesis.

In the first place, we generalize the restricted invertibility principle of Bougain-Tzafriri. This result allows
us to extract a "large" block of linearly independent columns inside a matrix and estimate the smallest singular
value of the restricted matrix. We also propose a deterministic algorithm in order to extract an almost isometric
block inside a matrix i.e a submatrix whose singular values are close to 1. This result allows us to recover the
best known result on the Kadison-Singer conjecture. Applications to the local theory of Banach spaces as well
as to harmonic analysis are deduced.

We give an estimate of the Banach-Mazur distance between a symmetric convex body in R™ and the cube
of dimension n. We propose an elementary approach, based on the restricted invertibility principle, in order to
improve and simplify the previous results dealing with this problem.

Several studies have been devoted to approximate the covariance matrix of a random vector by its sample
covariance matrix. We extend this problem to a matrix setting and we answer the question. Our result can be
interpreted as a quantified law of large numbers for positive semidefinite random matrices. The estimate we
obtain, applies to a large class of random matrices.

Keywords : restricted invertibility, singular values, Kadison-Singer, Banach-Mazur, covariance matrix, log-

concave.
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Introduction

Cette these s’inscrit dans le domaine de l'analyse fonctionnelle. Plus précisément, nous
sommes intéressés par la théorie locale des espaces de Banach c.a.d leurs structures fini-
dimensionnelles. Un espace de Banach de dimension n est comme R muni d’une norme. Comme
dans chaque catégorie d’objets, on étudie les outils qui vont avec (applications, distance,..etc).
Dans notre cadre, les applications sont des opérateurs linéaires donc tout simplement des ma-
trices. Voila pourquoi nous ajoutons un autre centre d’intérét qui est la théorie des matrices.
Les méthodes probabilistes et les phénomenes de concentration de la mesure constituent un
outil puissant pour résoudre des problemes apparaissant en théorie des espaces de Banach. Ce
n’est donc pas par hasard que nous nous sommes intéressés aux matrices aléatoires. Nos ré-
sultats se situent principalement dans trois themes : sélection de colonnes dans une matrice,
distance de Banach-Mazur au cube et estimation de la covariance de matrices aléatoires. Le
fil conducteur de ces trois sujets est une méthode d’approximation de l'identité inventée par

Batson-Spielman-Srivastava [13].

Théoréme 0.1 (Batson-Spielman-Srivastava). Soite € (0,1) et m,n € N. Pour tout xy, ..., Ty

R™ il existe s1,...,8, € [0,00) tels que

Hz e{l,...,m}:s; # OH LZ-‘ , (1)

et pour tout y € R™ on a

Ms

(1 =) (i, ) <D silwi, )2 < (1 +2)2D (i, ) (2)
i=1 =1

1=1



Introduction

Ce théoréme nous dit que pour approcher une matrice de la forme UU?, avec U de taille
n X m, le nombre de colonnes nécessaires est de ’ordre de n. Néanmoins, les colonnes choisies
doivent étre pondérées par des poids. Ce résultat est a la base destiné au domaine de I'infor-
matique ou la réduction du nombre de données s’avere tres importante. Il vient compléter de
nombreux travaux spécialement dus a Spielman et Teng ([75],[76]) qui avaient déja démontré
des résultats similaires avec des termes log parasites. Le point essentiel dans ce résultat est
certainement la méthode inventée qui produit un algorithme déterministe pour effectuer I'ex-
traction des colonnes. Elle repose sur I'étude de I’évolution des valeurs propres d’une matrice
positive quand elle est perturbée par une matrice de rang 1. C’est plutét a la méthode plus

qu’au résultat méme de Batson-Spielman-Srivastava [13] que 'on s’intéressera par la suite.

Notons d’abord que la premiere ouverture vers le domaine de la théorie locale des espaces
de Banach fut 'application, due & Srivastava [77], du Théoréme 0.1 au probleme d’approxi-
mation d'un corps convexe par un corps convexe voisin ayant moins de points de contacts
avec l'ellipsoide de volume maximal qu’il contient. Rappelons qu'un corps convexe K est un
ensemble convexe compact d’intérieur non vide; il est symétrique si K = —K. Il existe une
correspondance entre I’ensemble des corps convexes symétriques de R” et les espaces vectoriels
normés de dimension n. En effet, il suffit d’associer a un corps convexe symétrique K sa jauge
pr(x) = inf {\ > 0/ = € AK'} qui constitue une norme sur R"; réciproquement, étant donné
une norme || - || sur R™, Pensemble {x € R"/ ||z|| < 1} est un corps convexe symétrique. Un

résultat fondamental est celui de John [40] :

Théoréme 0.2 (John). Soit K un corps conveze de R"™. Alors BY est lellipsoide de volume
mazximal contenu dans K si et seulement si BY C K et il existe 1, ..., T, des points de contacts

de K avec By et des scalaires cy, ..., ¢, > 0 tels que :

Id = Z cjxjxg» et Z cjr; =0

Jjsm j<m

Lorsque B est I'ellipsoide de volume maximal contenu dans K, on dira que K est en position
de John. Notons que le résultat précédent est encore valable lorsque Bj est I'ellipsoide de volume
minimal contenant K. Par la suite, plusieurs généralisations de ce résultat ont été données
([12],[30],35],[49]). Les points de contacts jouent un rdle trés important puisqu’ils caractérisent,

en quelque sorte, le corps convexe associé. Le nombre de points de contacts intervenant dans la

n(n+1)
2

généralité. Un probleme intéressant est de réduire le nombre de points de contacts; trouver un

décomposition de John est inférieur a , mais rien de mieux ne pourrait étre dit en toute
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corps convexe L qui est proche de K c.a.d L C K C al, ou « est une constante, tel que L a
moins de points de contacts. En approchant la décomposition de I'identité associée a un corps
convexe et en suivant les démarches utilisées par Rudelson [65], Srivastava a donné une premiere
application du Théoreme 0.1 au probleme de réduction des points de contacts, améliorant le
résultat obtenu par Rudelson [65]. A partir de la, la porte était grande ouverte vers d’autres
applications de ce résultat ([33],[72],[71]). Dans cette theése, la méthode de Batson-Spielman-
Srivastava sera pertinente puisqu’elle interviendra dans les trois themes abordés. Commencons

a présent par introduire chacun des problemes auxquels nous nous sommes intéressés :

0.1 Invertibilité restreinte et sélection de colonnes

Soit U une matrice rectangulaire de taille n x m. On verra U comme un opérateur de [5*

dans I3 ou [} désigne R™ muni de la norme euclidienne :

j<n

3
Pour » = (z;)j<n €R",  |[zf]2 = (Z "”?) :

On notera par s1(U) > ... = Spam(U) les valeurs singulieres de U. La norme d’opérateur de U

sera notée par ||U|| et est égale a s;(U). La norme de Hilbert-Schmidt de U est donnée par

|Ulus = /Tr(UU?).

On s’intéresse a extraire des colonnes de la matrice U de telle sorte que la matrice extraite
vérifie de meilleures propriétés ou que le nombre de données nécessaires a la résolution d’un

probleme soit réduit.

0.1.1 Invertibilité restreinte

Une propriété essentielle des matrices est évidemment son invertibilité et plus précisément
Iinjectivité puisque la surjectivité peut étre obtenue gratuitement en se restreignant a I'image.
En général, une matrice n’est pas injective et elle ne peut l'étre dans le cadre rectangulaire
ou la dimension de 'espace de départ est supérieure a celle de 'arrivée. Dans cette premiere

partie, nous nous intéressons au probleme suivant :

Etant donnée U une matrice de taille n x m, extraire un "grand" nombre de colonnes linéai-

rement indépendantes et estimer la plus petite valeur singuliere de la matrice extraite.
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Par I'algebre linéaire élémentaire, on sait que le nombre de colonnes linéairement indépen-
dantes que l'on peut extraire est égal au rang de la matrice. Cependant cette notion n’est pas
convenable car elle n’est pas stable par petite perturbation. Pour voir ceci, prenons D une

matrice diagonale de taille n x n de la forme suivante

146 0 ... 0
0 4

D: .
0 L6

On voit que D — 0 - Id est de rang 1 alors que D est de rang n. Donc apres perturbation, aussi
petite qu’elle soit, le rang est passé de n a 1. La notion du rang ne tenait pas compte du fait
que D repose sur un seul sous-espace propre. On va remplacer la notion du rang par ce qu’on
appelle le rang stable et qui est défini par

U 2
srang(U) = HHUH\FQS

Sur 'exemple précédent, on voit que si ¢ est petit alors le rang stable de D est de 'ordre

de 1 avant et apres perturbation. Notons que

rang(U)

) > 5(U0)?
_ ||U||HS _ g=1 < (U)
Tl T sy ST

srang(U)

Ainsi le "grand" nombre de colonnes de U qu’on cherchera a extraire sera donné par srang(U).
On notera a chaque fois ¢ C {1,...,m} I'ensemble des indices des colonnes choisies et U, la
restriction de U a ces colonnes ; en d’autres termes U, = U P~ ou P, est la projection canonique
de R™ dans R?. Concernant ’estimation de la plus petite valeur singuliere, la question est de

donner une minoration non triviale de celle ci. Il est facile de voir que
sk(U) > 0 < rang(U) > k,

ainsi donner une minoration non triviale de la plus petite valeur singuliere de U, signifie que les
colonnes de U, sont linéairement indépendantes ce qui répond a la question. Notons également

que donner une minoration pour la plus petite valeur singuliere de U, est équivalent a donner
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une majoration de la norme de l'inverse de U, ; en effet,
Vo € R7, (|Uszly = (Usw, Upz) = (ULUz, ) > smin(Us)? |3

Le probleme d’invertibilité restreinte a d’abord été étudié par Bourgain-Tzafriri [19] qui
ont obtenu un résultat dans le cadre d’une matrice carrée ayant des colonnes de norme 1.

Bourgain-Tzafriri ont démontré :

Théoréme 0.3 (Bourgain-Tzafriri). Soit T une matrice de taille n x n telle que ||Tej||s = 1,

ol (€;)j<n désigne la base canonique de R™. Alors il existe o C {1,..,n} avec

tel que pour tout choiz de scalaires (a;)jec,

Y aTe;

j€o

1
2
/ 2
>d (> ai|
2 ]EO’

c et ¢ étant des constantes universelles.

Comme |Tej||2 = 1 pour tout j < n, alors |T||3g = n et la taille de 'ensemble o extrait
dans le théoréme précédent est proportionnelle au rang stable de 7. Notons que la conclusion
du théoreme signifie que spin(U,) = ¢. La preuve donnée par Bourgain-Tzafriri utilise des
sélecteurs aléatoires, le lemme de Sauer-Shelah ([70], [73]) qui est un argument combinatoire
et enfin le théoréme de factorisation de Grothendieck (voir [27] et [61]). La démonstration est
technique et non constructive. Dans [87], Tropp a proposé un algorithme probabiliste pour réa-
liser la factorisation de Grothendieck, ce qui lui a permis de donner un algorithme probabiliste
pour effectuer 'extraction du bloc de colonnes qui fournit le résultat de Bourgain-Tzafriri. Le
Théoreme 0.3 est souvent connu sous le nom du principe d’invertibilité restreinte de Bourgain-
Tzafriri. On peut aussi interpréter ce résultat comme l'invertibilité de l'opérateur 7' sur la
décomposition canonique de Uidentité Id = 37, eje§; ainsi le probleme revient a chercher
une grande partie de cette décomposition sur laquelle 7" est inversible. En ce sens, Vershynin
[90] a généralisé ce résultat pour une décomposition quelconque de I'identité améliorant par la
méme occasion la taille de la partie extraite. Notons que Vershynin a également démontré une
estimation de la norme de l'opérateur restreint (et non seulement de celle de 'inverse) ; nous
préférons a présent faire appel uniquement a une partie du résultat obtenu par Vershynin, celle

en relation avec le principe d’invertibilité restreinte, sachant que le résultat complet fera ’'objet
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d’une étude plus détaillée dans la section suivante.

Théoréme 0.4 (Vershynin). Soit Id = Y, ij§- une décomposition de l’identité sur R™ et

soit T' un opérateur linéaire sur 1. Pour tout ¢ € (0,1) il existe o C {1,...,m} avec
7112
lo| = (1 — ¢e)srang(T) = (1 —¢) ||||7l||1’{23

tel que pour toute famille de scalaires (a;);cs

Z w T.Tj
T2

JjECT

jECT

> c(e) (Z a?) :

ot c(g) est une constante qui ne dépend que de €.

Commencons d’abord par comparer ce résultat avec le précédent. Si, a la place d'une dé-
composition quelconque de l'identité, on prenait la décomposition canonique de l'identité et
qu’on supposait en plus que ||T¢;||s = 1 alors le Théoreme 0.4 permet de trouver o de taille

(1-— 5)W tel que

> a;Te,

JjECT

e (z ) ,

pour toute suite de scalaires (a;);e,. On retrouve donc le Théoreme 0.3 avec I’avantage de pou-

voir extraire un ensemble d’indices de taille presque égal au rang stable de T, alors qu’avant on
ne pouvait pas extraire plus qu’'une proportion du rang stable. Ceci s’avere trés important, car
pour plusieurs applications (on en verra quelques unes par la suite), on a besoin presque de la
totalité et une proportion n’est pas suffisante. La constante dépendant de € joue également un
role crucial et trouver la bonne dépendance en ¢ est au coeur du probleme. Notons également
que dans ce résultat, Vershynin extrait des vecteurs T'z; mais I'estimation concerne les vecteurs
normalisés; cette normalisation sera essentielle pour certaines applications surtout lorsqu’il
s’agira d’estimer la distance de Banch-Mazur au cube comme on le verra dans la deuxieme par-
tie. Concernant la preuve, Vershynin démontre son résultat par une itération assez technique
du Théoréme 0.3 combiné a un résultat de Kashin-Tzafriri [43] dont on discutera plus tard.

Ainsi, la preuve proposée par Vershynin n’est pas constructive.

Spielman-Srivastava [74] ont également généralisé le principe d’invertibilité restreinte de
Bourgain-Tzafriri. En se basant sur la méthode introduite par Batson-Spielman-Srivastava [13],

ils ont proposé un algorithme déterministe pour extraire le bloc réalisant I'invertibilité.
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Théoréme 0.5 (Spielman-Srivastava). Soit Id = Y ;c,, ;x% une décomposition de l’identité

sur R™ et soit € € (0,1). Pour tout opérateur linéaire T : 5 — (3 il existe o C {1,...,m} de
taille |o| > {(1 - 5)2|||7;%SJ tels que {T'x;}ico sont linéairement indépendants et
2
2 T 2
A <Z(Txi)(Txi)t> > =Tl
€0 m

0l Ain €st calculée sur vect{Tz;}icy.

De maniére équivalente, pour toute suite de scalaires (a;)jeco

1

17 ||us 2\

=€ as .
vm jze; J

Ce résultat peut étre interprété comme l'invertibilité restreinte de matrices rectangulaires.

> a;Tx;

j€o

2

En effet, étant donné Id = Y, x;} une décomposition de l'identité sur R™ et 7" un opérateur
linéaire sur /3, on peut leur associer une matrice U de taille n X m ayant pour colonnes les
vecteurs (1'z;)j<m. Puisque les (z;);<p forment une décomposition de l'identité, il est assez
facile de voir que UU" = T'T" et ainsi que ||U|| = ||T|| et ||U|lus = ||T||us- Le résultat précédent
peut donc étre exprimé en fonction de la matrice rectangulaire U.

En conclusion, on est en face de deux résultats qui généralisent le principe d’invertibilité
restreinte ; d’'un co6té le résultat de Vershynin ou les vecteurs choisis sont normalisés mais ot la
dépendance en ¢ n’est pas satisfaisante, et d’un autre coté le résultat de Spielman-Srivastava
qui fournit une bonne dépendance en £ mais ou les vecteurs choisis ne sont pas normalisés.
Une question naturelle est donc de trouver un résultat qui englobe les deux précédents pour
disposer des normalisations tout en gardant une bonne dépendance en e.

On montre un principe d’invertibilité restreinte pour toute matrice rectangulaire et pour

tout choix de normalisations des colonnes tout en gardant une bonne dépendance en €.

Théoréme 1. Soient U une matrice de taille n x m et D une matrice diagonale de taille

m x m ayant (o) j<m sur sa diagonale. St Ker(D) C Ker(U), alors pour tout € € (0,1) il existe

oC{l,...,m} avec
U 2
o1 > (1 ePsrang(U) = (1 - £ |
tel que
_ el|lU]|ns
Smin Uo'Dgl > T =Y )
( ) [ D|lns

01 Smin désigne la plus petite valeur singulicre.
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De maniére équivalente, pour toute suite de scalaires (a;);eo

U s 2\ "
(o .
1Dl 2.9,

ViSla

Ue;
> a 7

jEoT

Pour étre convaincu que le Théoreme 1 n’est pas qu'une simple conséquence du Théo-
reme 0.5, il suffit de remarquer que le point important dans le résultat précédent est que la
taille de 'extraction ne dépend que de la matrice U et non de la matrice de normalisation D.
Le Théoreme 1 fait le pont entre les résultats précédents et généralise Théoreme 0.4 et Théo-
reme 0.5. Soient Id = };,, xij une décomposition de l'identité sur R™ et 7" un opérateur
linéaire sur (7. Définissons U la matrice de taille n x m ayant les (T'z;);<m, comme colonnes.
Ainsi, comme on 'a déja fait remarquer précédemment, on a UU' = TT*, et en appliquant le

Théoréme 1 on trouve o C {1,...,m} de taille
o] = (1 — &)*srang(U) = (1 — ¢)*srang(T)

En prenant D = Id, on obtient que pour toute suite de scalaires (a;) e,

1 1
HUHHS 2\ I Tns 2
a. :6 a ,

UDlas \ =) = Um \ =

> Tz,

j€o

Zaer

j€o

2

et on retrouve le Théoréeme 0.5.

En prenant D = diag(ay, ..., a.,) avec a; = [|T'z;||2, on obtient que pour toute suite de

1 1

||U||HS Z 2 ’ 2 ’
a’; =€ Za- ,

"Dl e’ jes

scalaires (a;)je,

Z s TI'j
T2,

j€o

Ue;
ol DI ,”

j€o

et on retrouve le Théoréeme 0.4.

0.1.2 Norme de matrice restreinte

Dans ce qui précede, on a étudié le probleme d’invertibilité qui concerne uniquement la
plus petite valeur singuliere. Dans cette partie, on ne s’occupera que de la plus grande valeur
singuliere qui représente la norme de la matrice. Etant donnés U une matrice rectangulaire

de taille n x m et un entier £ < m, on s’intéresse a extraire de U une matrice a k colonnes
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qui minimise la norme d’opérateur. Cette question a d’abord été abordée dans [51] puis par

Kashin-Tzafriri [43]. Kashin-Tzafriri ([43], voir aussi [90]) ont démontré ce qui suit :

Théoréme 0.6 (Kashin-Tzafriri). Soit U une matrice de taille n x m. Si X est tel que 1/m <
A < 3, alors il existe o C {1,...,m} de taille |o| > Am tel que

| U]|1s
Ul < e (VAU ,
U] C<\/_H | + —

ot ¢ est une constante universelle.

La conclusion du théoreme signifie que pour A < i fixé on a

< (ﬁHUH ; "’j'l_;ls) 3)

b 7
lo|= )\m

Ce résultat est optimal (& constante pres) dans le sens ot le membre de droite dans I'estimation
ne pourrait pas étre remplacé par une quantité plus petite. Pour en étre convaincu, considérons

I’exemple suivant :

Soient m, h, k € N tels que m = hk. On divise I'ensemble {1, ...,m} en h ensembles disjoints
I; de taille k chacun. Soit U la matrice de taille m x m définie par Ue; = ﬁel si 7 € I; pour

[ < h, (ej)j<m €tant la base canonique de R™. On a donc

UU' =Y (Uey) (Uey)' ZZ —eie] =Y _ee;

j<m l<hj€[l I<h

Ainsi ||U]| = 1 et |U|lus = V. Soit maintenant p le nombre de colonnes qu’on souhaite extraire
(p joue le role de Am dans le Théoreme 0.6). Si p < h, alors la meilleure restrlctlon serait de
choisir un vecteur de chaque bloc et dans ce cas la norme de la restriction seralt \F qui
est le deuxieme terme dans (3). Si p > h alors la meilleure restriction serait de ChOlSll“ le plus
de vecteurs dans des blocs différents, ce qui revient a choisir £ vecteurs de chaque bloc. Dans
ce cas, la norme de la restriction est \/% = \/% qui joue le role de v\ figurant comme premier

terme dans (3).

La preuve du Théoreme 0.6 ([43], voir aussi [90]) utilise des sélecteurs aléatoires et le théo-
reme de factorisation de Grothendieck (voir [27] et [61]). La méthode n’est donc pas constructive.

Dans [87], Tropp a donné un algorithme probabiliste pour réaliser la factorisation de Grothen-
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dieck ce qui lui a permis de donner un algorithme probabiliste pour trouver ’ensemble o garanti
par le Théoreme 0.6. Notre but est de donner une nouvelle preuve de ce résultat en s’inspirant
de la méthode introduite par Batson-Spielman-Srivastava [13].

Nous obtenons un résultat qui améliore la taille de la matrice extraite et toutes les constantes
apparaissant dans le Théoréme 0.6. Un point important est que notre preuve fournit un algo-

rithme déterministe pour réaliser I'extraction.

Théoreme 2. Soit U une matrice de taille n x m. Si 0 < A < n < 1, alors il existe 0 C
{1,...,m} de taille |o| = Am tel que

i XUl
Uy € —— AUl +4/1+—"—=],
101 < s (VA + 1+ 2100

Vo U s
101 < A2 (VAo + 10 )

En particulier,

0.1.3 Extraction d’un bloc carré : premieére tentative

Jusqu’a présent, on s’est contenté d’extraire un bloc de colonnes de la matrice de départ.
Etant donnée T" une matrice carré de taille n x n a diagonale nulle, Bourgain-Tzafriri ([19],[20])
ont cherché a extraire une "grande" sous-matrice carré dont la norme est petite. Ils ont démontré

le résultat suivant :

Théoréme 0.7. Soit T une matrice de taille n xn tel que (T'e;, e;) = 0 pour touti € {1,...,n}.
Pour tout € € (0,1), il existe o C {1,...,n} de taille |o| > c£®n telle que

t
1P TF || < el|Tl,
P, étant la projection canonique de R™ dans R? et ¢ une constante universelle.

Il faut noter que le Théoreme 0.7 implique le principe d’invertibilité restreinte de Bourgain-
Tzafriri (Théoreme 0.3) avec cependant une mauvaise dépendance en la norme de 7. Pour
voir ceci, prenons 7' une matrice de taille n x n tels que ||Te;|ls = 1 pour tout j < n. On
pose A = T'T" — Id, alors A est & diagonale nulle. On applique le Théoréme 0.7 pour trouver
o C{1,...,n} de taille ce?n tels que | P, AP!|| < ¢||A]|. Ceci signifie que

—e||A|| - Id < P,APL < ¢||A|| - Id

10
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En remarquant que || T']| > 1 et donc que ||A|| < 2||T|% o
(1—=2¢|T|°)- Id = P,T'TP. < (14 2¢||T|?) - Id

et on retrouve ainsi

En prenant ¢ = on a trouvé o de taille CW tels que spin(7T,) = %

_1
4|2
le Théoreme 0.3 avec une mauvaise dépendance en la norme de 7.

Dans [14], il a été démontré que la dépendance quadratique en € dans le Théoréme 0.7 est
optimale. Pour voir ceci, prenons A une matrice d’Hadamard de taille n x n c.a.d une matrice
dont les colonnes sont formées par des 1 et des —1 et sont orthogonales deux a deux. On a
AA" = nld, et ainsi ||A|| = /n. Si P est une projection canonique de rang k c.a.d P est une
matrice diagonale ayant k termes égaux a 1 sur sa diagonale, alors PAP! est une matrice de
taille k& x k ayant que des 1 ou —1. Donc |PAP!|| > vk et on a

IP (A~ ding(4) PY| > [ PAP| - | Pding(A)P] > VE— 13> %F

si k > 4 par exemple. En conclusion, si on note B = ﬁ (A — diag(A)) ou A est une matrice

d’Hadamard de taille n x n alors pour tout ensemble d’indices o de taille k = ¢%n, on vient de

voir que
VE e _ e
17 BE,|| > 5 = 1Bl
\/_ 274
car ||B|| < 2. Ceci montre que la dépendance quadratique en e dans le Théoréme 0.7 est
nécessaire.

Dans un survey [55] sur la méthode de Batson-Spielman-Srivastava [13], Naor a posé la
question de donner une nouvelle preuve du Théoreme 0.7 en utilisant les méthodes introduites
par Batson-Spielman-Srivastava. Nous nous sommes donc intéressés a ce probléme et on présente
pour commencer une premiere tentative qui ne donnera pas la bonne dépendance en =
Si T est une matrice symétrique de taille n X n, on pose U = [HTH (T + |7 - Id)} Pour

montrer que ||, TPL|| < |||, il nous suffit de montrer que
(1—¢)-1d = P,UUP: < (1+¢)-1d

L’idée est de lancer I’algorithme du Théoreme 2 pour trouver un ensemble d’indices v qui vérifie
la majoration, puis lancer I’algorithme du Théoreme 1 pour trouver l’ensemble d’indices o a

I'intérieur de v et qui vérifie la minoration. Cette démarche nous permet de montrer ce qui

11
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suit :

Proposition 1. Soit T une matrice symétrique de taille n x n a diagonale nulle. Pour tout
€ (0,1), il existe o C {1,..,n} de taille ce*n tels que |P,TPL|| < ||T).

Ainsi notre premiere tentative fournit un algorithme déterministe pour montrer le Théo-
reme 0.7 avec cependant une mauvaise dépendance en ¢ et I'hypothese de symétrie sur la
matrice T'. Le fait de lancer chaque algorithme séparément produit cette erreur dans la dépen-
dance en €. Nous nous intéresserons par la suite a trouver une méthode permettant d’obtenir

une majoration et une minoration des valeurs singulieres de la matrice extraite.

0.1.4 Sélection d’un bloc bien conditionné

Dans la premiére partie, nous avions évoqué une partie d'un résultat de Vershynin [90] qu’'on

a énoncée dans le Théoreme 0.4. L’énoncé complet est le suivant :

Théoréme 0.8. Soit Id = >

opérateur linéaire sur l5. Pour tout € € (0,1) il existe 0 C {1,...,m} de taille

j<m xj:p; une décomposition de l’identité sur R"™ et soit T un

|7 s

o] = (1 —g)srang(T) = (1 —¢) [AE

tels que pour toute famille de scalaires (a;);ecs

1 1
2 2
Tz,
ale) [ Doar] <D a; T Tl Seale) [ Doai |
jEOC Jj€EC || :L‘j||2 9 jEOC
ot c1(g) et ca(e) ne dépendent que de ¢.
La dépendence en e vérifie c(e) = 2—8 ~ ¢°log(®) En d’autres termes, le résultat précédent

affirme qu’on peut trouver une "grande' partie (disons de taille k) de la suite (7'z;);<, qui
est c(e)-équivalente a une base orthogonale de 5. Vershynin applique ce résultat & I'étude des
points de contacts et des plongements du cube dans un espace de Banach quelconque ; en effet,
son résultat combiné a des résultats de Talagrand [83] donne une idée plus claire sur la forme
de ces plongements. Dans le Théoreme 1, nous avons amélioré une partie du Théoreme 0.8 ;
précisément, la minoration qui concerne le principe d’invertibilité restreinte. Clairement, notre
but est d’obtenir une amélioration du résultat complet de Vershynin. Commencons par traduire

ce résultat dans un langage matriciel :

12
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Etant donnés I'd = >;,, mjx§- une décomposition de I'identité sur R™ et T" un opérateur
linéaire sur [%, on considere la matrice U de taille n x m ayant les vecteurs (17'z;);<,, comme
colonnes. On note U la matrice U avec des colonnes normalisées. Il est clair que UU! = TT*, et
ainsi le Théoreme 0.8 implique l'existence d’un ensemble d’indices o de taille (1 — ¢)srang(U)
tel que

01(5) S; Snﬁn((]&) 5; Srnax((]&) 5; 62(5)-

Le nombre de conditionnement d'une matrice U est donné par

[Uz]|> } Smax (U)
k(U) = max Cllzlle = lylle =1 = Tt
) {uvyug lall2 = Iyl o

Evidemment, si la matrice n’est pas de rang complet alors son nombre de conditionnement
explose. Un probleme intéressant serait d’extraire un grand bloc de la matrice tels que le
nombre de conditionnement de la restriction est bien majoré. Si le nombre de conditionnement
est proche de 1, alors la matrice est un multiple d'une isométrie. Le Théoreme 0.8 permet
d’extraire de U un nombre de colonnes égal & (1 — ¢)srang(U) tels que x(U,) < £°1°8().

Pour améliorer le résultat obtenu par Vershynin, 1'idée est de fusionner les algorithmes du
Théoreme 1 et du Théoreme 2 pour obtenir & la fois un principe d’invertibilité restreinte (et
donc une estimation de $p;,) et une estimation de sp.x. Nous avons réussi a démontrer ce qui

suit :

Théoréme 3. Soit U une matice de taille n x m. On note U la matrice dont les colonnes sont

celles de U normalisées. Pour tout € € (0,1), il existe 0 C {1,...,m} de taille

U112
lo| = (1 — ¢)*srang(U) = (1 — ¢)? HHUH]F?S
tel que
- _ 9_ ¢
2 _ c < Smin (Uo') < Smax (UO') < 6

De maniére équivalente, pour toute suite de scalaires (a;)jeo

€ : 2—c¢ 2
2 - 2
2_8(§ aj> < 2< 8 (E aj) .

jEOC jEoT

jg:(l' l]@j
T|Uej]l2

j€EC

Ainsi notre résultat implique Pexistence d'un bloc de taille (1—¢)2srang(U) qui a un nombre
2
de conditionnement inférieur a (%) . Dans le régime ou ¢ est proche de 1, le Théoréme 3 nous

permet d’extraire un bloc presque isométrique.

13
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Corollaire 1. Soit U une matrice de taille n x m. On note U la matrice dont les colonnes sont

celles de U normalisées. Pour tout € € (0,1), il existe o C {1,...,m} de taille

tels que

1—-¢ < Smin (Ua> < Smax ((70'> < 1 +¢€
De maniére équivalente, pour toute suite de scalaires (a;);jes
U@j
a.
2 e,

j€o

jE€o jE€o

(1-¢) (Za?)2< <+ (Z)

On verra par la suite que le Corollaire 1 implique (dans le cas d’un opérateur symétrique) le
Théoreme 0.7 ce qui répond a la question de Naor. Comme on a vu que la dépendance en € dans

le Théoreme 0.7 est optimale, cela veut dire qu’a constante pres, le Corollaire 1 est optimal.

0.1.5 Pavage de colonnes et conjecture de Kadison-Singer

Une matrice rectangulaire U de taille n x m est dite standard si toutes ses colonnes sont
de norme 1. Remarquons que le principe d’invertibilité restreinte de Bourgain-Tzafriri (Théo-
reme 0.3) concernait des matrices standards. Le probleme de pavage de colonnes consiste a
partitionner la matrice en blocs bien conditionnés. Précisément, on souhaite donner un al-
gorithme qui permet de partitionner une matrice en blocs presque isométriques. Un premier
résultat dans cette direction est dii & Bourgain-Tzafriri ([19],[20]) mais n’est pas constructif.
Tropp a proposé un algorithme aléatoire pour effectuer le pavage en blocs presque isométriques
(voir [86] pour plus d’informations sur ce sujet).

En utilisant le Corollaire 1, on donne un algorithme déterministe pour retrouver un résultat

de Bourgain-Tzafriri et effectuer le pavage en améliorant toutes les constantes qui interviennent.

Proposition 2. Soit U une matrice standard de taille n x m. Pour tout ¢ € (0,1), il existe

une partition de {1,...,m} en p ensembles oy, ..., 0, tels que

2
p < AT og(m)
9

et pour tout © < p,
1— € g Smin (Uoi) g Smax (Ua'i) < 1 +¢€
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Revenons a présent au probleme d’extraction de matrice carré. Dans notre premiere tenta-
tive, nous avions réussi a retrouver le Théoreme 0.7 avec cependant une mauvaise dépendance
en ¢. Le fait d’avoir lancé les algorithmes du Théoreme 2 et du Théoreme 1 consécutivement
était la cause de cette erreur d’estimation. Maintenant qu’on a réussi a donner un algorithme
fusionnant les deux autres, on retrouve le Théoreme 0.7 avec la bonne dépendance en € mais
toujours dans le cadre des matrices symétriqules. En effet, si T est une matrice symétrique de
taille n x n, on pose U = [ﬁ (T +||T|| - Id)}E et ainsi pour montrer que ||, TPL|| < ¢||T, il
nous suffit de montrer que

(1—¢)-Id =< P,U'UP: < (1+4¢)-1d,

ce qui a déja été démontré dans le Corollaire 1.

En suivant la démarche décrite précédemment, nous obtenons :

Proposition 3. Soit T une matrice symétrique de taille n X n a diagonale nulle. Pour tout
e €(0,1), il existe 0 C {1,...,n} de taille

tel que
1B TR <ellT].

Le résultat précédent est important car il est directement lié a la conjecture de Kadison-
Singer [41]. Cette conjecture est toujours non résolue et plusieurs formulations équivalentes ont
été proposées ([7], voir [22] et [23] pour plus de détails). Nous présentons ici ce qu’on appelle

la "Paving conjecture" due a Anderson [7] et qui est équivalente a Kadison-Singer.

Conjecture. Pour tout € > 0, il existe p = p(e) tels que pour tout n € N et toute matrice T
de taille n x n a diagonale nulle, il existe une partition de {1,...,n} en p ensembles oy, ..., 0,
tels que

Vi<p, |P.TP,|<e|T].

Notons qu’il suffirait de montrer cette conjecture dans le cadre des matrices symétriques (voir
[22]). Les deux meilleurs résultats connus sur cette conjecture sont dus a Bourgain-Tzafriri [20].

Le premier montre en toute généralité 'existence d’une partition de taille de 'ordre de log(n)

15



Introduction

pour laquelle la conclusion de la conjecture est vraie. Le deuxieme affirme que la conjecture est
vraie pour les matrices ayant des entrées uniformément bornées par la bonne quantité.

En itérant la Proposition 3, on donne un algorithme déterministe, qui améliore les constantes
intervenant dans le résultat, permettant de partitionner une matrice symétrique a diagonale
nulle en un nombre de blocs de 'ordre de log(n) pour lequel la conclusion de la conjecture est

vraie.

Proposition 4. Soit T une matrice symétrique de taille n x n a diagonale nulle. Pour tout

e € (0,1), il existe une partition de {1,...,n} en k ensembles o1, .., 0 tels que

2log(n)

k< (\/5 — 1)4¢2

et pour tout 1 < k,
|PoT | < el

0.1.6 Application a ’analyse harmonique

Notons T le cercle unité et v la mesure de Lebesgue normalisée sur T. L’ensemble des

fonctions de carré intégrable sur T est noté par Lo(T,v). Pour tout f € Lo(T,v), on définit

1l er) = </1r |f\2du)§.

Pour tout sous-ensemble B de T, on définit

1 >
1 oy = <(B) / |f|2dl/> .

Si A est un ensemble d’entiers, la densité de A est donnée par :

L AN {=n,n}

n—00 on ’

dens(A) =

pourvue que cette limite existe.
On note également L5 (T,v) le sous-espace de Lo(T,v) engendré par {e***},cn. En d’autres
termes, Ly (T, v) constitue I'ensemble des fonctions telles que le support de leur transformée de
Fourier est inclus dans A.

Dans [19], Bourgain-Tzafriri ont donné une application du principe d’invertibilité restreinte

au domaine de I’analyse harmonique en montrant :
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Théoréme 0.9 (Bourgain-Tzafriri). Pour tout B C T, il existe A un ensemble d’entiers avec
dens(A) > cv(B), tel que pour tout f € Ly(T,v), on a

||f”L2(B) > ”fHLg(’I[‘) , (4)

ou ¢, c sont des constantes universelles.

Dans [89], Vershynin utilise le Théoréeme 0.8 pour donner également une majoration dans
(4). En utilisant le Théoreme 3, nous améliorons les résultats obtenus par Bourgain-Tzafriri
[19] et Vershynin [89].

Théoréme 4. Soit B C T tels que v(B) > 0. Pour tout ¢ € (0,1), il existe un ensemble
d’entiers A avec densité dens(A) > (1 — ¢)?v(B) tel que pour tout f € Ly(T,v), on a

€ 2—¢

3¢ 1l oery < N fllym) <

< 1 lzage

Dans le régime ou ¢ est proche de 1, on a le corollaire suivant :

Corollaire 2. Soit B C T tel que v(B) > 0. Pour tout ¢ € (0,1), il existe un ensemble d’entiers
A avec densité dens(A) > %V(B) tels que pour tout f € LY(T,v), on a

=)l ey < Wfll oy < @ +E) 11y

Ceci signifie que pour tout B C T de mesure non nulle, on peut trouver un ensemble d’entiers
A a densité non nulle tel que les deux normes ||-[[,, ) et |||,z sont équivalentes sur Ly(T,v)

avec un facteur d’équivalence proche de 1.

0.2 Distance de Banach-Mazur au cube

Etudier la distance entre les objets est un outil efficace pour pouvoir les identifier. Pour
chaque catégorie d’objets, il faut définir la bonne notion de distance qui colle également avec la
notion d’application définie sur cette catégorie. Dans le cadre des espaces de Banach, on s’inté-
resse a la distance de Banach-Mazur qui va mesurer a quel point deux espaces sont isomorphes.
Pour avoir une idée claire, considérons un espace de Banach de dimension n comme R"™ muni
d’une norme ; mesurer la distance géométrique entre deux espaces de Banach revient a mesurer
’équivalence entre leurs normes. On sait que deux normes | - | et || - || sur R™ sont équivalentes
c.a.d

of <1< Bl
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mais il s’agit d’estimer le facteur d’équivalence g qui peut dépendre de la dimension. Ainsi si on

estime le facteur d’équivalence entre les normes de deux espaces de Banach X et Y, on aurait
aBx C By C By,

ou By et By désignent les boules unités respectives de X et Y ; la distance géométrique entre
X et Y serait donc le facteur d’équivalence entre leurs normes. Pour calculer la distance de
Banach-Mazur entre X et Y il faut minimiser sur tous les ' € GL,,(R) la distance géométrique
entre X et TY. Pour commencer, on notera BM,, le compact de Banach-Mazur c.a.d I’ensemble
des espaces de Banach de dimension n. La distance de Banach-Mazur entre deux éléments X
et Y de BM,, est définie par :

d(X,Y) =inf{||T| - |T7"|| | T est un isomorphisme entre X et Y }

Ainsi d va mesurer a quel point X et Y sont isomorphes; s’ils sont isométriques alors cette

distance vaut 1. Il est assez facile de voir que d est multiplicative, ce qui veut dire
VXY, Z € BM,,, d(X,Z)<dX,Y)dY,Z).

Ainsi log(d) est une distance sur BM,, quotienté par la relation d’équivalence qui consiste a
identifier deux espaces isométriques. Une autre propriété importante est que d est invariante

par dualité c.a.d
VX,Y € BM,, d(X,Y)=d4d(X",Y")

Estimer la distance entre deux espaces de Banach est d’une grande importance pour essayer de
mieux comprendre la structure de BM,,. La premiere démarche est évidemment de regarder sur
des exemples et plus précisément la distance entre les espaces [ dont les normes sont données
par
p
]l = (Z I%Ip) sil<p<oo et [zl =max|zl,
Jj<n
ou z = (x))j<n € R™ 1l est assez facile de voir que d(I7,13) = d(I%,15) = /n et plus gé-
néralement que d(I17,1") = n%_% sil <p<qg<2o0u?2<p<qg< oo Danslecas ou

p’q
1<p<2<q<oo,ilaété démontré dans [37] que

é) <d(l2,17) < (14 v2) max (n%_%,n%—é) ,

priq
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et en particulier que d(I7,1%) est de Pordre de \/n. Mis a part quelques exemples et cas particu-
liers, estimer la distance de Banach-Mazur en toute généralité s’avere étre un probleme difficile.
Le résultat de John [40] qu’on a énoncé dans le Théoreéme 0.2 permet d’affirmer que la distance
d’un élément quelconque de BM,, a 1§ est au plus y/n.

Si on note

5 =max {d(X,[l5)/ X € BM,},

alors le théoreme de John dit que Ry < /n et comme d(I},13) = /n alors R} = /n. Par
multiplicativité de la distance, on a que d(X,Y) < n pour tout X,Y € BM,, et ainsi que le
diametre de BM,, est inférieur ou égal a n. Gluskin [34] a montré que n est le bon ordre de
grandeur pour le diameétre de BM,, en construisant deux espaces X et Y tels que d(X,Y") > cn.

Comme le diametre de BM,, est de ordre de n et que RS = /n alors [ est un centre du

compact de Banach-Mazur BM,,.

0.2.1 Majoration de la distance de Banach-Mazur au cube

Dans cette these, on s’est intéressé a la distance de Banach-Mazur a [T, dont la boule unité
est un cube de dimension n. On a déja vu que la distance des espaces ) a [, et plus surprenant
de I & 17, ne dépasse pas /n asymptotiquement. Une question naturelle serait de se demander
si [ est également un centre de BM,, et que vaut la distance d'un espace de Banach quelconque
a . Par une construction similaire & celle de Gluskin, Szarek [80] a montré I'existence d'un
espace de Banach X tels que d(X, %) > cy/nlog(n), ce qui signifie que {2, n’est pas un centre
de BM,,. Notons

Rl =max{d(X,l%)/ X € BM,} et T =max {d(X,[})/ X € BM,}.

Par dualité, on a que R = R} et par le résultat de Szarek [80], on a que R} > c¢y/nlog(n). Le
probléme de donner une majoration de R a d’abord été abordé par Bourgain-Szarek [18] qui
ont démontré que R, = o(n). Szarek-Talagrand [82] puis Giannopoulos [31] ont amélioré cette
estimation pour obtenir ens et cné respectivement. Ces preuves reposent sur une factorisation
du type Dvoretzky-Rogers dont on discutera dans la partie suivante. Notons que Taschuk [84]

a démontré une estimation de R pour les petites dimensions ; précisément

2
vn+2—-1

ce qui n’est pas satisfaisant pour les grandes dimensions puisque c’est de 'ordre de n.

R’;g\/n2—2n+2+

19



Introduction

Nous proposons une nouvelle preuve de ce qui est appelé "proportional Dvoretzky-Rogers
factorization" et qui constitue le coeur des méthodes précédentes. Ceci sera détaillé par la suite,
mais ce résultat nous permet d’améliorer les constantes intervenant dans ’estimation finale de

R”. tout en retrouvant le méme ordre asymptotique.

Théoréme 5. Soit X un espace de Banach de dimension n. Alors
d(X,1%) < 25/ - d(X,13)5.

On montre également que R™ < (2n)s.

Notons également que cette estimation améliore celle de Taschuk a partir de la dimension

22.

0.2.2 "Proportional Dvoretzky-Rogers factorization" : cadre symé-

trique

Le lemme de Dvoretzky-Rogers [28] affirme que si X est un espace de Banach de dimension

n alors il existe z1, ...,z € X avec k = /n tels que pour toute suite de scalaires (a;);<x on a

1
2
2
<cldai]
X j<k

ou ¢ est une constante universelle. Bourgain-Szarek [18] ont montré que ce résultat reste vrai

Z ajx

i<
naleal <2

pour k proportionnel a n, d’ou 'appellation "the proportional Dvoretzky-Rogers factorization".

Théoréme 0.10 (Proportional Dvoretzky-Rogers factorization). Soit X un espace de Banach
de dimension n. Pour tout ¢ € (0,1), il existe x1,...,x;, € X avec k = (1 — &)n tels que pour

toute suite de scalaires (a;)j<k, on a

Z ;T

i<k

<
max |a;| <

< ce) (Z a?) ,

i<k

ot c(e) est une constante qui dépend de e. De maniére équivalente, lidentité is o @ 1§ — 1%

sécrit ineo = a0 B ou B: 15 — X,a: X — 1% et |laf - |18 < cle).

Trouver la bonne dépendance en ¢ est un probléme important et reste a présent un probléme
ouvert. Szarek [80] a montré qu’on ne peut espérer une dépendance meilleure que ce~10. Szarek-

Talagrand [82] ont montré le Théoréme 0.10 avec ¢(g) = ce~2 alors que Giannopoulos a amélioré
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ceci pour obtenir ce™2 et cs~! dans [31] et [32] respectivement. Dans tous ces résultats, une
factorisation pour l'identité i, a été donnée, la factorisation de iy o, découlant par dualité.
Les preuves utilisaient des arguments géométriques, dont le lemme de Dvoretzky-Rogers, et des

résultats combinatoires assez techniques ainsi que le théoreme de factorisation de Grothendieck.

Nous proposons une approche plus élémentaire basée sur le principe d’invertibilité restreinte
normalisé qu’on a montré dans le Théoréme 1. Ceci nous permet de simplifier considérablement

la preuve et montrer ce qui suit :

Théoréme 6. Soit X un espace de Banach de dimension n. Pour tout ¢ € (0,1), il existe

T1,...,t5 € X avec k = (1 —)?n tel que pour toute famille de scalaires (a;) i<k

%
2
elda] <
i<k

De maniére équivalente, lidentité iy o : I¥ — 15 sécritiio =aoB, ou f:1F — X, a: X —
15 et flof - 18Il < e

Z a;x;

Jj<k

<D lay

X i<k

Comme application directe de cette factorisation, on a le corollaire suivant :

Corollaire 3. Soit X un espace de Banach de dimension n. Pour tout ¢ € (0,1), il existe Y
un sous-espace de X de dimension k > [(1 — £)n] tels que d(Y, 1) < .

Se servant du Théoreme 3, on obtient un résultat de factorisation plus général :

Théoréme 7. Soit X = (R",|| - ||) ot || - || est une norme sur R™ telle que BY est ’ellipsoide
de volume minimal contenant Bx. Pour tout € € (0,1), il existe Y C R™ un sous-espace de
dimension k > (1 — €)*n tel que le diagramme suivant commute

k .2 k
ll l2

| )

Y1) == LI 1)

ot || - ||« est la norme duale de || - ||. Cela veut dire que i15 = o 3 et Idy = yo« et de plus,
18I < 1, lladll < %2 et [ < 2.

£
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0.2.3 "Proportional Dvoretzky-Rogers factorization" : cadre non sy-
métrique

Les résultats précédents peuvent étre énoncés en termes de corps convexes symétriques
puisqu’on a déja vu que la donnée d’une norme sur R™ est équivalente a la donnée d’un corps
convexe symétrique. Dans [50], Litvak et Tomczak-Jaegermann ont montré une version non

symétrique du Théoreme 0.10. Précisément, I’énoncé est le suivant :

Théoréme 0.11 (Litvak-Tomczak-Jaegermann). Soit K C R™ un corps convezxe, tel que B
est Uellipsoide de volume minimal contenant K. Soient ¢ € (0,1) et k = [(1 —e)n]. Il existe
Y1, Y2, -, Y dans K, et P une projection orthogonale dans R™ de rang supérieur ou égal a k tels

que pour toute famille de scalaires (a;);<k on a

|ajl,
1

(LI )

k

k 3
ce? (Z |aj|2) <
=1

k
> a;Py; <
= '

PK J

ot ¢ > 0 est une constante universelle.

Notre but est, comme dans le cas symétrique, de donner une nouvelle preuve de ce résultat.
En introduisant ce nouvel ingrédient fournit par le Théoreme 1, nous améliorons les dépendances

en € dans le résultat précédent et nous obtenons :

Théoreme 8. Soit K C R"™ un corps convexe tel que BY est l’ellipsoide de volume minimal
contenant K. Soient ¢ € (0,1) et k = [(1 —e)n]. Il existe y1,ya,...,yr dans K, et P une
projection orthogonale dans R™ de rang supérieur ou égal a k tels que pour toute famille de

scalaires (a;)j<x on a

<

PK J

|aj|
1

k

1
2 [k 2
i § |a-|2 <
16 (jzl J

Comme application directe de ce résultat, on déduit :

k
> a;Px;
j=1

Corollaire 4. Soit K C R" un corps convexe tels que By est l’ellipsoide de volume minimal
contenant K. Pour tout € € (0,1), il existe P une projection orthogonale de R"™ de rang k >

(1 —e)n] tel que
16
‘Bfc PK ¢

1 gﬁ.

En plus, d(PK, Bf) < Y.
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Par dualité, il existe un sous-espace E C R™ de dimension k > [(1 — e)n] tels que

e knEC B
16 2 g

En plus, d(K N E, BE) < 8"

3

Il est intéressant de noter que la dépendance en la dimension dans le résultat précédent est

la méme que dans le cadre symétrique qu’on a vu dans le Corollaire 3.

0.3 Covariance de matrices aléatoires

Les matrices aléatoires constituent un sujet tres vaste dont les applications touchent a de
nombreux domaines des Mathématiques. Dans cette these, nous n’abordons que le probléme
d’estimation de la matrice de covariance et plus précisément ’extension au cadre matriciel de
certains résultats vectoriels.

Si X est un vecteur aléatoire de R”, il s’agit d’approcher la matrice de covariance de X
qui est donnée par EX X'. Par la loi des grands nombres, on sait qu’en prenant beaucoup de
copies indépendantes de X, la moyenne convergera vers la matrice de covariance de X. Plus
précisément, si (X;);<n sont des copies indépendantes de X alors

1

J<N

On s’intéresse au probleme de quantifier cette convergence c.a.d déterminer le nombre minimal
de copies nécessaires pour bien approcher la matrice de covariance de X. Ce probleme se for-

mule donc comme suit :

Pour ¢ > 0, trouver le nombre minimal N = N(n,¢) de copies indépendantes de X tels que

1
5 2 XX —EXX'

JSN

< e,

avec grande probabilité ou méme en espérance.

Ceci rappelle le probleme d’approximation de I'identité étudié par Batson-Spielman-Srivastava

[13]. En effet, soit Id = 3., x;z}; une décomposition de I'identité sur R et ¢ > 0. On définit

j<m
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X un vecteur aléatoire sur R™ par

vn

513
Bk

x;  avec probabilité p; =
Il est facile de voir que 3-,<,,, p; = 1 et que

EXX' = ijH T L= 1d.
.7

Supposons qu’on sache estimer la matrice de covariance de X c.a.d en prenant X1, ..., Xy des

copies indépendantes de X on a

ZXXt

]<N

avec probabilité strictement positive. Cela veut dire qu’il existe o C {1,...,m} de taille N tel

que

<e et {j,s5;#0}=o0.

Z ijjx§ — Id

Jj<m

Si N était de l'ordre de n, on retrouverait le Théoréme 0.1. Cependant, en suivant cette dé-
marche, Rudelson [67] obtient N de I'ordre de nlog(n) ce qui est un résultat optimal. Néan-
moins, ceci montre le lien entre le probleme d’approximation d’une décomposition de 'identité

et celui de 'approximation de la matrice de covariance d’'un vecteur aléatoire.

Notons qu’il est assez facile d’obtenir 'approximation de la matrice de covariance d’un
vecteur gaussien avec un nombre de copies indépendantes proportionnel a la dimension ; en effet,
les vecteurs gaussiens bénéficient de propriétés de concentration avec vitesse exponentielle qui

permettent d’effectuer 'argument standard de réseau sur la sphere unité pour pouvoir estimer

Z<Gj7x>2 -1y,

J<N

sup
zesSn—1

ou (G désignent des vecteurs gaussiens standards indépendants. Cette stratégie n’est plus va-
lable en toute généralité. Apres une suite de travaux consacrés a ce probleme ([4], [5],[3]),
Adamczack et al. ont réussi a démontrer qu'un nombre proportionnel a la dimension suffit
pour approcher la matrice de covariance d’'un vecteur aléatoire bénéficiant de propriétés de

concentration avec vitesse sous-exponentielle. On réfere a [4] pour des énoncés plus précis et

24



Introduction

plus de références sur ce probleme. Dans cette these, on s’est intéressé a un résultat du a

Srivastava-Vershynin [79] sur le probléeme d’approximation de la matrice de covariance.

Théoréme 0.12 (Srivastava-Vershynin). Considérons X; des vecteurs aléatoires indépendants
isotropes dans R™. Supposons que X; satisfait une hypothése de réqularité (SR) : il existe C,n >
0 telle que pour toute projection orthogonale P de R™,

P{|PX|} >t} <Ct ™" Vt> Crang(P). (5)

Alors, pour tout € € (0,1) et pour
N> (Ce 22y

on a

1 N
E H XX - IdH <e. (6)
N3

La preuve de ce théoreme consiste a rendre aléatoire la méthode de Batson-Spielman-
Srivastava [13]. Ce résultat a lavantage de couvrir une grande classe de distributions; les
vecteurs log-concave ainsi que les vecteurs aléatoires ayant des entrées indépendantes avec
seulement des moments d’ordre plus grand que 2 vérifient (5). Cependant, I'estimation de la
matrice de covariance est seulement en espérance.

Notre but est d’étendre ce résultat a un cadre matriciel, dans le sens de remplacer le vecteur
aléatoire X par une matrice aléatoire de taille quelconque. Notons que plusieurs travaux ont
été consacrés a étendre des résultats connus pour des variables/vecteurs aléatoires a un cadre

matriciel (voir par exemple [6], [54] et [88]).

0.3.1 Estimation de la covariance de matrices aléatoires

Comme nous l'avons déja dit, nous nous intéressons a étendre le Théoreme 0.12 & un cadre
matriciel c.a.d étant donné A une matrice aléatoire de taille n x m, il s’agit d’approcher EAA?.
Le cadre intéressant est quand les colonnes de A ne sont pas indépendantes; sinon on écrit
AAY = ¥, C5CY, (C))j<m étant les colonnes de A, et si chaque colonne vérifie (5) alors
le Théoreme 0.12 s’applique pour chaque colonne et ainsi par 'inégalité triangulaire 1’approxi-

mation de EAA? en découlerait. Notre probléme peut étre formulé d’une maniére plus générale :

Soit B une matrice aléatoire symétrique semi-définie positive de taille n x n vérifiant cer-

taines hypotheses de régularité. Trouver le nombre minimal N de copies indépendantes de B
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tels que E H% >N Bi — IEBH soit, petit.

Si on suppose que EB = Id et que ||B|| < n presque surement, alors cnlog(n) copies
indépendantes de B suffisent pour 'approximation. En effet, prenons By, ..., By, Bj, ..., By des

copies indépendantes de B et ¢, ...,ex des bernoullis +1 indépendantes et écrivons

1 1
0 =E|~3 B —1Id =E|~ 3 (B, —EB)
) N2
1 /
<E|— > B;—Bj|| par Jensen
N &
1 e
<2E| = > &B;|| par symétrisation
N &
2 \7
<= |E Z €, B; pour tout p > 1
N i<N

En utilisant I'inégalité de Khintchine non commutative ([52], [53], voir également [57]), on a

(Ea ) ' < (ey/log(n) + +/p)

Comme les B; sont semi-définies positives alors

1
2

Z aiBz'

SN

> B

i<N

1
2 2

> B

ISN

> B,

ISN

1
< max | B[

X

Ainsi si ||B]| < n presque surement, on a d’apres ce qui précede

1
cy/nlog(n 2
@gig().[@ ZBZ'
N i<
nlog(n) 1 ’
<2 g |y B,
N IZJ:VN

nlog(n
<c ]g\;()-(\/aJrl)
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Par un simple calcul, on déduit que

nlog(n)

_E
@ N

<c

1
52 Bi—1d

<IN

et ainsi il suffirait de prendre N de 'ordre de cnlog(n) pour rendre « petit.

Sans hypotheses de régularité, on ne peut pas dire mieux que ca; en effet, en prenant B

uniformément distribuée sur {ne;et} (€)i<n €tant la base canonique de R™, on peut voir

<n?

qu’on a besoin d’au moins cnlog(n) copies.

De Carli Silva-Harvey-Sato [26] ont pu étendre le résultat de Batson-Spielman-Srivastava
[13] & un cadre matriciel. En rendant alétaoire la méthode de De Carli Silva-Harvey-Sato, on

obtient le résultat suivant :

Théoreme 9. Soit B une matrice aléatoire symétrique semi-définie positive de taille n X n.
Supposons que EB = Id et que B satisfait une hypothése de régularité (M SR) : il existe ¢,n > 0

telle que pour toute projection orthogonale P de R™,
P{||PBP| >t} <ct™*" Vt> crang(P). (7)

Alors, pour tout € € (0,1) et pour

N >ce 22%1.p

on a

<e, (8)

1 N
EHN;&—ICZ

ot By, ..., By sont des copies indépendantes de B.

Ceci généralise le Théoreme 0.12; en effet, soit X est un vecteur aléatoire isotrope de R™
qui vérifie (5). Posons B = X X' alors EB = Id et comme |PBP| = ||[PX]||3 alors B vérifie

(7). Ainsi en appliquant le Théoréeme 9 & B, on retrouve (6).

Afin de démontrer le Théoreme 9, nous estimons la plus petite et la plus grande valeur

propre de la somme de matrices aléatoires vérifiant (M SR).

Dans [9], Bai-Yin ont démontré que si X est un vecteur aléatoire de R™ ayant des entrées

i.i.d centrées de variance 1 et dont le moment d’ordre 4 est fini, alors pour N = N(n) tels que
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h = lim % € (0,1) on a

n—ocoN

1

J<N

1
Amaz (N > ij;) — (1+ VR ps

J<N e
Les estimations de la plus petite et la plus grande valeur propre de la somme de matrices
aléatoires vérifiant (M SR), données par le Théoréme 9, peuvent étre interprétées comme une
version matricielle non asymptotique du résultat de Bai-Yin.
Nous donnons des exemples d’applications de nos résultats. Le cas des matrices log-concave

en est un et sera détaillé par la suite.

0.3.2 Matrices log-concave

Une mesure de probabilité p sur R™ est dite log-concave si pour tout 0 < ¢ < 1 et pour tout

A, B C R" compacts de mesures non nulles, on a
p((L=t)A+tB) = u(A)~"u(B)".

Borell ([17],[16]) a donné une caractérisation des mesures log-concave : p est une mesure log-
concave sur R" si et seulement si la densité f de p par rapport a la mesure de Lebesgue est
log-concave i.e log(f) est une fonction concave. Finalement, un vecteur aléatoire de R™ est dit
log-concave si sa distribution est log-concave.

Les mesures log-concave jouent un réle trés important dans la géométrie des convexes; en
effet, si K est un corps convexe alors 1x est une mesure log-concave. D’autre part, étant donné
une mesure log-concave, Ball [10] associe a cette mesure un corps convexe ; d’ou leur appellation
les corps de Ball. Beaucoup de travaux concernant les mesures log-concave ont été réalisés ces
dernieres années ; un des résultats importants est celui de Paouris ([58], [59], [60]) qui montre
des inégalités de grandes déviations et des estimations de petites boules pour les vecteurs log-
concave. Pour faire le lien avec la partie précédente, un des problémes importants est celui
d’estimer la matrice de covariance d'un vecteur log-concave ; ceci a été résolu par Adamczack
et al. [4]. Nous nous sommes intéressés a la notion de log-concavité dans le cadre matriciel. Vu
qu'une matrice de taille n x m peut étre vue comme un vecteur de R™, ainsi on peut définir

d’une maniere naturelle la notion de matrices log-concave ; précisément, une matrice aléatoire
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A de taille n x m est log-concave si sa distribution est une mesure log-concave sur R™". Il reste

donc a définir la notion d’isotropie.

Définition 0.1. Soit A une matrice aléatoire de taille n x m ayant (C;)i<, comme colonnes.
On dira que A est une matrice log-concave isotrope si A" = /m(C%,..,Ct) est un vecteur

log-concave isotrope de R™™.

Ainsi lorsque A est isotrope, on a que EAA! = Id. Il est assez facile de déduire des propriétés
de concentrations de ces matrices a partir des résultats de Paouris. Nous utilisons cependant
un résultat plus raffiné dit & Guédon-Milman [36], qui affirme qu’avec grande probabilité, un
vecteur log-concave isotrope de R™ est situé dans une fine couronne dont le rayon est presque
/15 ceci est connu sous le nom de thin-shell. Ainsi les matrices log-concave vérifient ce qui

suit :

Proposition 5. Soit A une matrice log-concave isotrope de taille n x m. Si B = AA!, alors

pour toute projection orthogonale de R™, on a
P{|Tr(PB) — rang(P)| > t.rang(P)} < Cexp <—ct3 m.rang(P)) Vit < 1. 9)

A partir de ga, il est assez facile de voir qu’une matrice log-concave isotrope vérifie (M SR)
et donc les résultats de la section précédente s’y appliquent.

Les propriétés de concentration données par la Proposition 5 sont suffisantes pour qu’on
puisse obtenir des résultats avec grande probabilité et non seulement en espérance. On a ce-
pendant besoin que la matrice soit suffisamment rectangulaire. Plus précisément, on montre ce

qui suit :

Théoréme 10. Soit A une matrice log-concave isotrope de taille n x m. Pour tout ¢ € (0,1),

sim> % log(CnN)]?, en prenant

copies indépendantes Ay, ..., Ax de A, alors avec probabilité > 1 — exp(—ce3\/m) on a

N
=1

1
N £

Notons que le nombre de copies indépendantes nécéssaire dans le résultat précédent est
optimal comme on peut voir en prenant des matrices gaussiennes. L’ensemble des matrices
log-concave isotropes qu’on a défini contient une large classe d’exemples. Ainsi on a ce qui

suit :
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Proposition 6. Soit A une matrice aléatoire de taille n x m dont la densité par rapport a la

mesure de Lebesque est donnée par

G(A) = exp (—f(s1(A), ..., sx(A))),

ot f est une fonction convexe absolument symétrique, proprement normalisée et k = min(n,m).
96 max(n,m)

2 2
Supposons que m = E% [log(%)] etn > E% [log(cg—m)} , en prenant N = =757 alors avec
probabilité > 1 — exp(—ce*Vk) on a

1_5 m1n< ZAAt> max( ZAAt><1+€

n

(-0 < m< zAt ) max( zAt ) 1+t

m

Récemment, une nouvelle preuve du résultat de Paouris a été donnée dans [2]. Dans [1],
il a été démontré que la méthode de [2] s’étend au cadre des mesures convexes. Ainsi, des
propriétés de concentration pour les vecteurs (—%)—concaves isotropes ont été établies. A partir
de ces propriétés, on peut obtenir des analogues des résultats précédents dans le cadre des

matrices (—=)-concaves isotropes.

0.4 Références bibliographiques

Cette these regroupe trois papiers qui ont tous été soumis a des revues internationales.
Ainsi, le contenu des chapitres est essentiellement le contenu de ces articles. Notons qu’il y a
quelques résultats supplémentaires qui ont été rajoutés. Nos papiers peuvent étre trouvés sur

Arxiv :
1. "Restricted invertibility and the banach-mazur distance to the cube", Available at arXiv :1206.0654.
2. "A note on column subset selection", Available at arXiv :1212.0976.

3. "Estimating the covariance of random matrices', Available at arXiv :1301.6607.

Les résultats des chapitres 1 et 3 sont essentiellement contenus dans le premier papier. Les
résultats du chapitre 2 font partie du deuxieme papier, et finalement les résultats des chapitres

4 et 5 sont contenus dans le troisieme papier.
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This thesis lies in the field of functional analysis. We are interested in the local theory of
Banach spaces i.e their finite-dimensional structures. A Banach space of dimension n can be
considered as R" equipped with a norm. As in each class of objects, we study the tools that go
with it (applications, distance, etc. ..). In our framework, the applications are linear operators
or simply matrices. That’s why we added another area of interest which is matrix theory. The
probabilistic methods and the concentration of measure phenomena are a powerful tool to solve
problems arising in the theory of Banach spaces. In this context, we are interested in the study
of random matrices. Our results are mainly situated in three topics : Column subset selection
in a matrix, Banach-Mazur distance to the cube and estimating the covariance of random ma-
trices. The guiding thread of these three topics, is a method of approximation of the identity

invented by Batson-Spielman-Srivastava [13].

Theorem 0.1 (Batson-Spielman-Srivastava). Lete € (0,1) and m,n € N. For any x1, ..., %y, €

R™ there exists s1,..., Sy, € [0,00) such that

]{z‘e{L...,m};sﬁéo}]g["w, (1)

22
and for any y € R™ we have

(1= S lan ) <3 silre ) < (1420 S, )2, 2)

i=1 i=1 i=1

This theorem reveals that in order to approximate a matrix of the form UU!, U being an
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n X m matrix, the number of columns required is of order n. However, the selected columns
must be multiplied by some weights. At first, this result was destined for the field of computer
science where data reduction is very important. It completes many studies, especially due to
Spielman and Teng ([75],[76]) who had already obtained similar results with some parasite
log-terms. The key point in this result is certainly the method which produces a deterministic
algorithm to perform the extraction of the columns. It is based on the study of the evolution
of the eigenvalues of a positive matrix when perturbated by a rank 1 matrix. Later, we will be
focusing on the method rather than on the result of Batson-Spielman-Srivastava [13] itself.
We can begin by noting that the first opening to the local theory of Banach spaces was
the application, due to Srivastava [77], of Theorem 0.1 to the problem of approximating a
convex body by a neighboring one having less contact points with the ellipsoid of maximal
volume contained in it. Recall that a convex body K is a convex compact set with non-empty
interior ; it is symmetric if K = — K. There is a correspondence between the set of symmetric
convex bodies in R™ and n-dimensional normed spaces. Indeed, it is enough to associate to
every symmetric convex body K its gauge px(xz) = inf {\ > 0/ z € AK} which is a norm on
R™. Reciprocally, given a norm || - || on R™, one can see that {x € R"/ ||z|| < 1} is a symmetric

convex body. A fundamental result is due to John[40] :

Theorem 0.2 (John). Let K be a conver body in R™. Then, BY is the ellipsoid of mazimal
volume contained in K if and only if By C K and there exist xq,...,x,, contact points of K

with BY and positive scalars cy, ..., ¢y > 0 such that

Id="Y cjzai et > cu;=0

Jj<m Jj<m

When BY is the maximal volume ellipsoid contained in K, we will say that K is in John’s
position. Note that the previous result is still valid when BJ is the minimal volume ellipsoid
containing K. Later, multiple generalizations of this result were given ([12],[30],[35],[49]). The
contact points play an important role since they characterize somehow, the associated convex
body. The number of contact points intervening in John’s decomposition is smaller than @,
but nothing better can be said without further assumptions. An interesting problem is to re-
duce the number of contact points; finding a convex body L near K i.e L C K C al, where «
is a constant, such that L has less contact points. Approximating the identity decomposition
associated to a convex body, and following Rudelson’s procedure [65], Srivastava gave a first
application of Theorem 0.1 to the problem of reducing the contact points number, thus impro-

ving Rudelson’s result [65]. From here, the door was wide open to other applications of this
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result ([33],[72],[71]). In this thesis, the Batson-Spielman-Srivastava method will be pertinent
since it intervenes in the three addressed themes. We will start by introducing each of the

problems that we treated :

0.1 Restricted invertibility and column subset selection

Let U be an n x m matrix. We see U as a linear operator from (5 to I3, where [} denotes

R™ equipped with the euclidean norm :

1
2
For v = (2;)j<n €R",  |lzlla = (Z “”?) :

Jj<n
We denote by s1(U) > ... = spam(U) the singular values of U. The operator norm of U is
denoted by ||U]|| and is equal to s1(U). The Hilbert-Schmidt norm of U is given by

|U|lus = / Tr(UUY).

We are interested in extracting columns of the matrix U in a way that the restricted matrix

satisfies better properties or that the required data is reduced.

0.1.1 Restricted invertibility

An essential property of matrices is clearly their invertibility and more precisely their in-
jectivity. In general, a matrix is not and cannot be injective in the rectangular case where the
dimension of the domain is larger than that of the codomain. In this first part, we are interested

in the following problem :

Given an n x m matrix U, extract a "large" number of linearly independent columns and

estimate the smallest singular value of the extracted matrix.

By the linear algebra, we know that the number of linearly independent columns that can be

extracted is equal to the rank of the matrix. Nevertheless, this is inconvenient, being unstable
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under small perturbation. To see this, take an n x n diagonal matrix D as follows

146 0 ... 0
0 4

D: .
0 .6

It is obvious that D — ¢ - Id is of rank 1 while D is of rank n. Therefore, even after a small
perturbation, the rank decreases from n to 1. The notion of rank does not take into consideration
the fact that D lies on one eigenspace. We replace the notion of rank by what is known as the

stable rank, defined by
1U1lfs
srank(U) = —=>.
1U]1?

In the previous example, one can see that if § is small then the stable rank of D is of order

1 before and after perturbation. Note that

rank(U)
s;(U)?
1U s Z "
srank(U) = TE = 51 (0)? < rank(U).

Thus, the "large" number of columns of U that we will seek to extract will be given by srank(U).
At each time, o C {1,...,m} will denote the set of indices of the chosen columns and U, the
restriction of U to these columns. In other words, U, = U P! where P, is the canonical projection
of R™ into R?. Concerning the estimation of the smallest singular value, the problem is to give

a non-trivial lower bound for it. It is easy to see that
sp(U) > 0 < rank(U) > k,

thus, giving a non-trivial lower bound of the smallest singular value of U, means that the
columns of U, are linearly independent which solves the problem. Also note that, giving a
lower bound to the smallest singular value of U, is equivalent to giving an upper bound for the

norm of the inverse of U, ; indeed,

Vo € R7, (|Uszly = (Usw, Upz) = (ULUw, ) > smin(Us)?|| 3.

The restricted invertibility problem was first studied by Bourgain-Tzafriri [19] who obtained
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a result for square matrices with norm 1 columns. Bourgain-Tzafriri proved :

Theorem 0.3 (Bourgain-Tzafriri). Let T' an n x n matriz such that ||Te;||» = 1, where (e;),<n

denotes the canonical basis of R"™. Then there exists o C {1,..,n} with

such that for all scalars (a;)jco

1

2
/ 2
> aTej| = | ) aj|
2 jEoT

j€o

where ¢ and ¢ are universal constants.

Since ||Te;ll2 = 1 for all j < n, then ||T||fs = n and thus the size of the extracted set o
in the previous theorem is proportional to the stable rank of 7. Note also that the conclusion
of the theorem means that s, (U,) > ¢. The proof given by Bourgain-Tzafriri uses random
selectors, Sauer-Shelah lemma ([70], [73]) which is a combinatorial argument and finally Gro-
thendieck’s factorization theorem (see [27] et [61]). The proof is technical and non constructive.
In [87], Tropp gave a randomized algorithm to achieve Grothendieck’s factorization theorem
and therefore, he was able to give a randomized algorithm to extract the bloc of columns given
by Bourgain-Tzafriri’s result. Theorem 0.3 is usually known as the Bourgain-Tzafriri restric-
ted invertibility principle. We can also interpret the previous result as the invertibility of the
operator T' over the canonical decomposition of the identity Id = 3, ejez; therefore, the
problem is to search for a large part of this decomposition on which 7" is invertible. In this
context, Vershynin [90] generalized the previous result for any decomposition of the identity
and improved the size of the extraction. Let us note that Vershynin also proved a non-trivial
estimate of the norm of the restricted operator (and not only of that of the inverse) ; we prefer,
for now, to state a part of Vershynin’s result, the one in relation with the restricted invertibility

principle, while the full result will be subject of a detailed study in the next section.

Theorem 0.4 (Vershynin). Let Id =3, xjxé- be an identity decomposition on R™ and let T

be a linear operator on 3. For any € € (0,1) there exists o C {1,...,m} of size

|7 s

lo| = (1 — e)srank(T) = (1 — €)W
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such that for all scalars (a;);co

Z w T$j
T

j€o

ofg)

where c(g) depends only on ¢.

Let us start comparing this result with the previous one. If, instead of an arbitrary decom-
position of the identity, we take the canonical decomposition and we suppose that ||Te;||2 = 1

then Theorem 0.4 allows us to find o of size (1 — 5)W such that for all scalars (a;);eo

>_aTe;

j€Eo

> c(e) (Z af.) :

jEo

This recovers Theorem 0.3 with the advantage of extracting a set of indices of size almost the
stable rank of T', whereas before we couldn’t have more than a proportion of the stable rank.
This reveals to be of a big importance since for some applications (we will see some later on), we
need almost the full quantity and a proportion is not even sufficient. The constant depending
on ¢ plays a crucial role and finding the right dependence on ¢ is the heart of the problem.
Note also that in this result, Vershynin extracts the vectors T'z; but the estimate deals with
the normalized vectors; this normalization is essential for some applications, especially for es-
timating the Banach-Mazur distance to the cube as we may see in the next part. Concerning
the proof, Vershynin proves his result by a technical iteration of Theorem 0.3 combined with a
result of Kashin-Tzafriri [43] which we will discuss later. Thus, the proof given by Vershynin is

not constructive.

Spielman-Srivastava [74] also generalized the Bourgain-Tzafriri restricted invertibility prin-
ciple. Based on the method introduced by Batson-Spielman-Srivastava [13], they proposed a

deterministic algorithm to extract the bloc which performs the invertibility.

Theorem 0.5 (Spielman-Srivastava). Let xy,...2,, € R" such that Id = ¥, x;xt and let

0 < e < 1. For every linear operator T : 5 — (% there exists a subset o C {1,...,m} of size
lo| > {(1 - 5)2||||7;|||%SJ Jor which {Tx;}ico is linearly independent and
2 T 2
i (S0 ) > T,
€0 m
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where Apin s computed on span{Tx;}c, or simply here Amin denotes the smallest nonzero
eigenvalue of the corresponding operator.

Equivalently, for all scalars (aj)jeo

> a;Tx;

jEo

1

17 |ms 2\

25 a; .
vm Jze;r J

This result can be interpreted as restricted invertibility of rectangular matrices. Indeed,

given Id = Y, z;z! an identity decomposition on R™ and T a linear operator on [%, we can

associate to these an n xm matrix U whose columns are the vectors (17'2;) j<p. Since the () j<m

form an identity decomposition, it is easy to see that UU' = TT", and thus that [|U|| = ||T||
and ||U|lus = ||T|lus. The previous result can thus be expressed in terms of the rectangular
matrix U.

As a conclusion, we are facing two results generalizing the Bourgain-Tzafriri restricted inver-
tibility principle; on the one hand, Vershynin’s result where the chosen vectors are normalized
but the dependence on ¢ is not satisfactory, and on the other hand Spielman-Srivastava’s result
which provides a good dependence on € but where the vectors are not normalized. A natural
question is to find a result which includes the two previous ones in order to get the normaliza-
tions with a good dependence on ¢.

We prove a restricted invertibility principle for any rectangular matrix and for any choice

of normalization while keeping a good dependence on ¢.

Theorem 1. Given an n x m matriz U and a diagonal m x m matriz D with (a;)j<m on
its diagonal, with the property that Ker(D) C Ker(U), then for any € € (0,1) there exists
o CA{L,...,m} with

lo| > {(1 — g)QSrank(U)J — {(1 _ 6)2 H”U(v]”ﬁleJ

such that W
_ € HS
Smin UaDgl > T =Y )

( ) | D[ms

where syin denotes the smallest singular value.

Equivalently, for all scalars (aj)jeo

Ue;
> a ,’

j€o

1
HUHHS 5\
a’; .

“Dls (2

To be convinced that Theorem 1 is not a consequence of Theorem 0.5, just note that the
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important point in the previous statement is that the size of the restriction depends only on
the matrix U and not on the normalizing matrix . Theorem 1 bridges the gap between the
previous results and generalizes both Theorem 0.4 and Theorem 0.5. Let Id = };,, xsz be
an identity decomposition on R™ and 7" be a linear operator on [5. Define U the n x m matrix
whose columns are the vectors (T'x;) ;<. Thus, as already noted before, we have UU* = TT",

and applying Theorem 1 we find o C {1, ..., m} of size
lo| > (1 — &)?srank(U) = (1 — ¢)%srank(T).

Taking D = Id, we get for any scalars (a;);e,

1 1
HUHHS 2\ I Tns 2\
a. :6 a ,

Dlas \ =) =5 Um \ =

and we recover Theorem 0.5. Taking D = diag(ay, ..., o) with o = [|[Tz;||2, we get for any

1 1
||UHHS 3 ’ 2\
a| =e(da7] ,

"Dl e e’

Z aijj

j€o

Zaer

j€o

2

scalars (a;)jes

Z s ij
T2,

jEo

Ue;
=[>_a ,”

JjEo

and we recover Theorem 0.4.

0.1.2 Norm of coordinate restrictions

In the preceding, we studied the invertibility problem which concerns only the smallest
singular value. In this section, we will only deal with the largest singular value which represents
the norm of the matrix. Given an n x m matrix U and an integer k£ < m, we are interested in
extracting k columns of U which minimize the operator norm. This problem was first studied
in [51] and then by Kashin-Tzafriri [43]. Kashin-Tzafriri ([43], see also [90]) proved :

Theorem 0.6 (Kashin-Tzafriri). Let U be an n x m matriz. Fiz X with 1/m < X <

there exists a subset v C {1,...,m} of cardinality |v| = Am such that

Then,

<1
4-

U]
<
IIUV||\C<\/XIIUII2+ = |

where U, = UP' and P, denotes the coordinate projection onto R”.
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The conclusion of the theorem means that for A < % fixed we have

yeeey MY

|\)\m

0 < (ﬁuvu " ”(j“gs) 3)

This result is optimal (up to a constant) in the sense that the right hand side of the estimate

cannot be replaced with a smaller quantity. To be convinced, consider the following example :

Let m, h, k € N such that m = hk. We divide the set {1,...,m} into h disjoint sets I; of size
k each. Let U be an m X m matrix defined by Ue; = ﬁel if j € I, for | < h, where (€;);<m

denotes the canonical basis of R™. Thus, we have

UU' =" (Uey) (Uey)* szelel > e

j<m l<hj€Il I<h

Therefore, ||U|| = 1 and ||U]|gs = v/h. Now let p be the number of columns we want to extract
(p plays the role of Am in Theorem 0.6). If p < h, then the best restriction would be to choose
only one vector per block and in that case, the norm of the restriction is ﬁ = \/% which is
the second term in (3). If p > h then the best restriction would be to choose as much vectors
in different blocks as possible, which means choosing £ vectors from each block. In that case,
the norm of the restriction is \/% = \/% which plays the role of the first term in (3).

The proof of Theorem 0.6 ([43], see also [90]) uses random selectors and Grothendieck’s
factorization theorem (see [27] and [61]). The method is not constructive. In [87], Tropp gave
a randomized algorithm to achieve Grothendieck’s factorization theorem and therefore he was
able to give a randomized algorithm to find the set o given by Theorem 0.6. Our aim is to give

a new proof of this result using tools from the method of Batson-Spielman-Srivastava [13].

We obtain a result which improves the size of the extracted matrix and all the constants ap-
pearing in Theorem 0.6. An important point is that our proof provides a deterministic algorithm

to achieve the extraction.

Theorem 2. Let U be an n X m matriz and let 1/m < X < n < 1. Then, there exists
o CA{l,...,m} with |o| =k > Am such that

1 X U]
Us|| € == [ VA + U] +4/1 + ——~= |,
10 < s (VA + 1+ 2100
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In particular,

V2 1U1ls
101 < A2 (VAo + 190

0.1.3 Extracting a square block : first attempt

Until now, we always managed to extract a block of columns of a fixed matrix. Given an
n x n square matrix 7" with zero diagonal, Bourgain-Tzafriri ([19],[20]) worked on extracting a
"large" square submatrix with small norm. They proved the following :
Theorem 0.7. There is a universal constant ¢ > 0 such that for every ¢ > 0 and n € N, if
an operator T : R™ — R™ satisfies (T'e;,e;) =0 for alli € {1,...,n} then there exists a subset
o C{1,...,n} satisfying |o| = ce*n and ||P, TP < ||T|.

It should be noted that Theorem 0.7 implies the Bourgain-Tzafriri restricted invertibility
principle (Theorem 0.3) but with a bad dependence on the norm of T'. To see this, take T" an
n x n matrix such that ||Te;||2 = 1 for any j < n. Denoting A = T*"T — Id, then A has zero
diagonal. Apply Theorem 0.7 to find o C {1,...,n} of size ce?n such that ||P,APL|| < ¢||A]|.
This means that

—el||A||l - Id < P,AP! < ¢||A|| - Id

Noting that ||T|| > 1 and thus that ||A]| < 2||T||?, we get
(1 —2¢||T||?) - Id = P, T'TP! < (14 2¢||T|*) - Id

Taking ¢ = 4”T| HTH4 such that sy (T,) > % This recovers Theorem 0.3

with a bad dependence on the norm of T

e e found o of size ¢

In [14], it is proven that the quadratic dependence on ¢ in Theorem 0.7 is optimal. Indeed,
take A an n xn Hadamard matrix i.e a matrix whose columns contain only +1 and are mutually
orthogonal. We have AA" = nld, and thus ||A|| = y/n. If P is a canonical projection of rank
k i.e P is a diagonal matrix having k terms equal to 1 on its diagonal, then PAP' is a k x k
matrix containing only #1. Therefore ||[PAP!|| > vk and we have

IP (A~ ding() P > | PAP] — | Paiag(4)PY) > VE— 1> YF,

if £ > 4 for example. As a conclusion, if we note B = T (A — diag(A)) where A is an n X n
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Hadamard matrix then for any set of indices o of size k = ¢%n, we have

k
IRBRY > YK 5 g yp

2/n 2
since ||B|| < 2. This shows that the quadratic dependence on ¢ in Theorem 0.7 is needed.
In a survey [55] on the method of Batson-Spielman-Srivastava [13], Naor asked about giving
a new proof of Theorem 0.7 using the method of Batson-Spielman-Srivastava. We were then
interested in this problem and to begin, we present a first attempt which will not give the right

dependence on e.

1
If T is an n X n symmetric matrix, write U = [”—%” (T+ |7l - Id)} * . In order to prove that
|P,TPL| < e||T]|, it is sufficient to prove that

(1—¢)-Id < P,U'UP. < (14¢)-1d

The main idea is to run the algorithm of Theorem 2 to find a set of indices v satisfying the
upper bound, then run the algorithm of Theorem 1 in order to find a set of indices ¢ inside v

satisfying the lower bound. This procedure allows us to prove the following :

Proposition 1. Let T be an n x n symmetric matriz with zero diagonal. There exists o C
{1,..,n} of cardinality cs*n such that ||P,TPL|| < ¢|T||.

Therefore, our first attempt produces a deterministic algorithm to prove Theorem 0.7 but
with a bad dependence on € and with the assumption of symmetry on the matrix 7. Running
each algorithm separately produces this error in the dependence on €. We will be interested in
finding a method which allows us to obtain a lower and an upper bound for the singular values

of the restricted matrix.

0.1.4 Extracting a well conditioned block

In the first part, we mentioned a part of a result due to Vershynin [90] which we stated in
Theorem 0.4. The full statement is the following :
Theorem 0.8 (Vershynin). Let Id =3, x;x% and let T be a linear operator on (3. For any
e €(0,1), one can find o C {1,...,m} with

lo| = [(1 —¢e)srank(T") | = {(1 — S)WQ‘HHQSJ
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such that for all scalars (a;);co

[NIES

c1(e) (Z a?) <

jE€o

737]’ 2
a; < cofe a; |
Z J||ij||2H2 2( ) (Z J)

j€o j€Eo
where ¢1(€), ca(€) depend only on .

The dependence on ¢ satisfies c¢(e) = 521—8 ~ e°lg©) In other terms, the previous result
states that one can find a "large" part (say of size k) of the sequence (T'z;) <, which is ¢(e)-
equivalent to an orthogonal basis of 5. Vershynin applies this to the study of contact points
and embeddings of the cube in an arbitrary Banach space; indeed, his result combined with
results of Talagrand [83] gives a clear picture on the form of these embeddings. In Theorem 1,
we improved a part of Theorem 0.8; precisely, the lower bound dealing with the restricted
invertibility principle. Obviously, our target is to improve the full result of Vershynin. Let us

start formulating the result in terms of matrices :

Given Id = };,, xjx§ an identity decomposition on R™ and 7" a linear operator on I3,
consider the n x m matrix U having the vectors (T'x;);<n as columns. We denote by U the
matrix U with normalized columns. It is clear that UU! = T'T*, and thus Theorem 0.8 implies

the existence of a set of indices o of size (1 — ¢)srank(U) such that

01(5) g Smin(Uo') g Smax(Uo') g 02(8)-

The conditioning number of a matrix U is given by

[Uz]]2 } Smax(U)
k(U) = max Cllzlle = lylle =17 = 2
( ) {HUZ/Hz H H2 H H2 Smin(U>

Obviously, if the matrix is not of full rank then its conditioning number is infinite. An interesting
problem is to extract a big block of the matrix such that the conditioning number of the
restriction is bounded. If the conditioning number is close to 1, then the matrix is a multiple of
an isometry. Theorem 0.8 allows to extract from U a number of columns equal to (1—¢)srank(U)
such that K(UJ) < gclog(e)

In order to improve Vershynin’s result, the idea is to merge the algorithms of Theorem 1
and Theorem 2 to get simultaneously a restricted invertibility principle (and thus an estimate

of Spin) and an estimate of sy.. We proved the following :
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Theorem 3. Let U be an n X m matriz and denote by U the matriz whose columns are the

columns of U normalized. For any € € (0,1), there exists o C {1,...,m} of size

o] > {(1 — 5)2srank(U)J = {(1 —g)? HH[Q’HHQSJ

such that 5
7 < suin (Us) < s (Us) < =

€
In other terms, for all scalars (aj)jeg

= (2) < (s

Therefore, our result implies the existence of a block of size (1 — &)?*srank(U) whose condi-

a;
S

j€o

2
tioning number is less than (%) . In the regime where ¢ is close to 1, Theorem 3 allows to

extract an almost isometric block.

Corollary 1. Let U be an n X m matrixz and denote by U the matriz whose columns are the

columns of U normalized. For any € € (0,1), there exists o C {1,...,m} of size

ENTAe
o] > {
e

]__5 Smin (U> Smax (fj) 1+6
In other terms, for all scalars (a;);c,

(1—¢) (Za) (1+¢) (Za).

Later, we will see that Corollary 1 implies (in the case of a symmetric operator) Theorem 0.7

such that

Uej

j€o

which answers Naor’s question. As we have already seen, the dependence on ¢ is optimal in

Theorem 0.7 which means that, up to a constant, Corollary 1 is optimal.

0.1.5 Column paving and the Kadison-Singer conjecture

An n x m matrix U is called standardized if all its columns are of norm 1. Note that
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the Bourgain-Tzafriri restricted invertibility principle (Theorem 0.3) dealt with standardized
matrices. The column paving problem consists of partitioning a matrix into well conditioned
blocks. Precisely, we would like to give an algorithm to partition a matrix into almost isometric
blocks. A first result in this direction is due to Bourgain-Tzafriri ([19],[20]) but is not construc-
tive. Tropp gave a randomized algorithm to achieve the partition into almost isometric blocks
(see [86] for further information).

Using Corollary 1, we give a deterministic algorithm to recover a result of Bourgain-Tzafriri
and achieve the column paving while improving all the constants involved.
Proposition 2. Let U be an n x m standardized matriz. For any € € (0,1), there exists a

partition of {1,...,m} into p sets oy, ...,0, such that

9U|1*log(m)

and for any i < p,
1 — € < Smin (Ual) < Smax <U0'1> < ]- + 3

Let us now return to the problem of extracting a square submatrix. In our first attempt,
we recovered Theorem 0.7 but with a bad dependence on €. Having launched the algorithms of
Theorem 2 and Theorem 1 consecutively was the cause of the error in the estimate. Now that
we have an algorithm merging the two previous ones, we recover Theorem 0.7 with the right
dependence on ¢ in the case of symmetric matrices. Indeed, if T is an n X n symmetric matrix,
we note U = {m (T + |7 -Id)}% and thus to prove that ||P,TPL|| < ¢||T|, it is sufficient to
show that

(1—¢)-Id = P,UUP: < (1+¢)-1Id,

which is already established in Corollary 1.

Following the procedure described above, we obtain the following :

Proposition 3. Let T' be an n x n symmetric matriz with 0 diagonal. For any € € (0,1), there

exists o C {1,...,n} of size

such that

The previous result is important because it is directly related to the Kadison-Singer conjec-

F,TF| <<|T|

46



Introduction

ture [41]. This conjecture is still unsolved and many equivalent formulations were proposed ([7],
see [22] and [23] for more details). We present here what is known as the "Paving conjecture’

due to Anderson [7] and which is equivalent to Kadison-Singer.

Conjecture. For any e € (0,1), there exists p = p(e) such that for any n € N and any n x n

matriz T with zero diagonal, there exists a partition of {1,...,n} into p sets o1, ..., 0, such that
Vi<p, |PTP |l <e|T||

Note that it is sufficient to prove the conjecture for symmetric matrices (see [22]). At present,
the two strongest results on the paving problem are due to Bourgain-Tzafriri [20]. The first shows
that there exists a partition of size of order log(n) for which the conclusion of the conjecture
holds. The second states that the conjecture is true for matrices whose entries are uniformly

bounded by a suitable quantity.

By iterating Proposition 3, we give a deterministic algorithm, which improves all the
constants involved in the result, to partition a symmetric matrix with zero diagonal, into a

number of blocks of order log(n) for which the conclusion of the conjecture holds true.

Proposition 4. Let T be an n x n symmetric matriz with 0 diagonal. For any € € (0,1), there

exists a partition of {1,...,n} into k subsets oy, .., 0 such that

2log(n)

N

and for any i < k,
| P TR | < ellTl|

0.1.6 Application to harmonic analysis

Denote by T the circle and v the normalized Lebesgue measure on T. The set of functions
of square integrable on T is denoted by Lo(T, v). For any f € Ly(T,v), define

i = ([P
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For any subset B of T, define

1 3
o = (55 1P

If A is a set of integers, the density of A is given by :

dens(A) = lim An{=nn}| {—n,n}|’
n—0o0 2n

whenever the limit exists.
We also note L5(T, v) the subspace of Ly(T, ) spanned by {e***}, 5. In other words, L5(T, v/)
represents the set of functions whose Fourier transforms are supported on A.

In [19], Bourgain-Tzafriri gave an application of the restricted invertibility principle to har-
monic analysis by proving :
Theorem 0.9 (Bourgain-Tzafriri). For any B C T, one can find a subset A of the integers
with dens(A\) > cv(B), such that for any f € LY(T,v) we have

||f||L2(B) > ||fHL2(1r) J (4)

where ¢, ¢ are universal constants.

In [89], Vershynin uses Theorem 0.8 to give also an upper bound in (4). Using Theorem 3,
we improve the results obtained by Bourgain-Tzafriri [19] and Vershynin [89)].

Theorem 4. Let B be a subset of T of positive measure. For any € € (0,1), there exists a set
of integers A with density dens(A) > (1 — €)?v(B) such that for any f € L5(T,v), we have

€ 2 —

g
Wl <1y < == 1 lagr

€
In the regime where ¢ is close to 1, we get the following corollary :
Corollary 2. Let B be a subset of T of positive measure. For any ¢ € (0,1), there exists a set

of integers A with density dens(A) > %V(B) such that for any f € LY(T,v), we have

A=)l Loy < W llpmy < ) 1N,y

This means that for any B C T with positive measure, one can find a set of integers A with
positive density such that the two norms |||, ) and [|-[|, 5, are equivalent on LY(T,v) with

an equivalence factor close to 1.
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0.2 Banach-Mazur distance to the cube

Studying distance between objects is an effective tool towards their identification. In each
object category, one must define a notion of distance which is coherent with that of applications
defined on this category. In the setting of Banach spaces, we are interested in the Banach-Maazur
distance which will measure how two spaces are isomorphic. To have a clear idea, consider an
n-dimensional Banach space as R"™ equipped with a norm; measuring the geometric distance
between two Banach spaces is equivalent to measuring the degree of equivalence between their

norms. It is known that two norms |- | and || - || on R" are equivalent i.e
al-[ < |- <8I,

but the question is to estimate the equivalence factor g which can depend on the dimension.
Thus, if we estimate the equivalence factor between the norms of two Banach spaces X and Y,
we get

aBx C By C By,

where Bx and By denote the unit balls of X and Y respectively ; the geometric distance between
X and Y is the equivalence factor between their norms. In order to calculate the Banach-Mazur
distance between X and Y, one should take the minimum, over all T' € GL,,(R), of the geometric
distance between X and TY. We will denote by BM,, the Banach-Mazur compactum i.e the
set of n-dimensional Banach spaces. The Banach-Mazur distance between two elements X and
Y of BM,, is given by :

d(X,Y) =inf{||T| - IT7"|| | T is an isomorphism between X and Y }

If X and Y are isometric, then the distance is equal to 1. It is easy to check that d is multipli-

cative, which means that
VXY, Z € BM,,, d(X,Z)<dX,Y)d(Y,Z).

Thus log(d) is a distance over the quotient of BM,, obtained by identifying isometric spaces.
Another important property is that d is invariant by duality i.e

VXY € BM,, d(X,Y)=d(X* Y").

Estimate the distance between two Banach spaces is very important in order to understand
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the structure of BM,,. The first step is obviously to look at examples and more precisely,

estimate the distance between the spaces [;; whose norms are given by

jsn

v
1y = (Z \ivjlp) if1<p<oo and |zl = max]zl,

where x = ()<, € R"™. It is easy to check that d(I},13) = d(I,15) = /n and more generally
thatd(lg,lg):nifé ifl<p<g<2o02<<p<Lg<oo. Whenl <p<2<gqg<oo,itis
proven in [37] that

1
Ty e (ne 30270 ) < d(ip, 1) < (14 V) max (ne 730270

p’q

and in particular d(I7,1% ) is of order y/n. Apart from few examples and special cases, estimate
the Banach-Mazur distance in full generality appears to be a difficult problem. John’s result
[40] which we stated in Theorem 0.2 allows to prove that the distance between any element of

BM,, and I is at most /n. If we note
Ry = max {d(X,[3)/ X € BM,},

then John’s theorem states that Ry < /n and since d(I},l5) = /n then R} = /n. By
multiplicativity of the distance, we have that d(X,Y) < n for any X, Y € BM,, and thus that
the diameter of BM,, is less or equal to n. Gluskin [34] showed that n is the right order for
the diameter of BM,, by proving the existence of two spaces X and Y such that d(X,Y) > cn.
Since the diameter of BM,, is of order n and R} = \/n then [} is a center of the Banach-Mazur

compactum BM,,.

0.2.1 Upper bound for the Banach-Mazur distance to the cube

In this thesis, we were interested in the estimate of the Banach-Mazur distance to [T, whose
unit ball is the n-dimensional cube. We have already seen that the distance from the spaces
I3 to I7,, and more surprisingly from I to I}, does not exceed \/n asymptotically. A natural
question is to ask whether [ is also a center of BM,, and what is the distance from an arbitrary
Banch space to I’ . By a similar construction to Gluskin’s one, Szarek [80] proved the existence
of a Banach space X such that d(X,I”) > ¢y/nlog(n), which means that [ is not a center of

BM,,. Note

Ry = max{d(X,l%)/ X € BM,,} and R} =max{d(X,[})/ X € BM,}
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By duality, one can write R” = R} and by the result of Szarek [80], we have R} > c¢y/nlog(n).
The problem of giving an upper bound for R? was first studied by Bourgain-Szarek [18] who
proved that R, = o(n). Szarek-Talagrand [82] then Giannopoulos [31] improved this estimate to
obtain cn® and cné respectively. These proofs are based on Dvoretzky-Rogers type factorization
which will be discussed in the next section. Note also that Taschuk [84] established an estimate

of R7, for small dimensions; precisely,

2
vn+2-—-1’

which is not satisfactory for big dimensions since it is of order n.

R&é\/n2—2n~l—2+

We propose a new proof of what is called "proportional Dvoretzky-Rogers factorization" and
which is the heart of the previous methods. This will be detailed later, but this result allows
us to improve the constants involved in the final estimate of R2 while recovering the right

asymptotic behavior.

Theorem 5. Let X be an n-dimensional Banach space. Then
d(X, 1) < 25V/n - d(X, 13)3.

5
Moreover, R < (2n)s.

Note also that this estimate improves Taschuk’s one for dimensions bigger than 22.

0.2.2 "Proportional Dvoretzky-Rogers factorization" : symmetric case

The Dvoretzky-Rogers lemma [28] states that if X is an n-dimensional Banach-space then

there exist xy, ...,z € X with k = y/n such that for all scalars (a;);<x, we have

1
2
2
<cldaj]
X Jj<k

where ¢ is a universal constant. Bourgain-Szarek [18] showed that this result holds for k pro-

Z ajx

J<k

max a;| <

portional to n, this is why it is called "the proportional Dvoretzky-Rogers factorization".

Theorem 0.10 (Proportional Dvoretzky-Rogers factorization). Let X be an n-dimensional
Banach space. For any € € (0,1), there exist xy,...,xx € X with k > (1 — €)n such that for all

o1
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scalars (a;)j<k

Z ;T

Jj<k

| <
max |a;| <

< ¢(e) (Z a?) :

Jj<k

where c(€) is a constant depending on €. Equivalently, the identity operator iz o : I — I¥ can
be written iz oo = a0 B with B: 15 — X, a: X — 1% and || - ||B]] < c(e).

Finding the right dependence on ¢ is an important problem and remains open till now.
Szarek [80] showed that one cannot hope for a dependence better than e, Szarek-Talagrand
[82] proved Theorem 0.10 with ¢(g) = ce~? while Giannopoulos improved the estimate to get
c==2 and ce! in [31] and [32] respectively. In all these results, a factorization of the identity
112, was established, the factorization of iy o following by duality. The previous proofs used
geometric arguments, including Dvoretzky-Rogers lemma, and some technical combinatorics
alongside Grothendieck’s factorization theorem.

We propose a basic approach based on the normalized restricted invertiblety principle which

we proved in Theorem 1. This substantially simplify the proof and allows us to get the following :

Theorem 6. Let X be an n-dimensional Banach space. For any e € (0, 1), there exist x1, ..., x) €
X with k > [(1 — €)n] such that for all scalars (a;) ;<

1
2
(54) <
i<k

Equivalently, the identity operator iy o : I¥ — 15 can be written as i1 o = ao 8, where B : I} —
X, a: X — & and ||| - 8] <7t

Z ajx;

<k

<D lay

x sk

As a direct application of the previous result, we have the following corollary :

Corollary 3. Let X be an n-dimensional Banach space. For any ¢ € (0,1), there exists Y a
subspace of X of dimension k > [(1 — €)2n] such that d(Y,IF) < ¥

e
Using Theorem 3, we obtain an extended factorization result :

Theorem 7. Let X = (R", || - ||) where || - || is @ norm on R™ such that By is the ellipsoid of

minimal volume containing By . For any e € (0,1), there exists Y C R™ a subspace of dimension
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k> [(1 —&)*n] such that the following diagram commute

11,2

I 3

| )

YAl 1D =gz 5 [ [,

where || - ||« denotes the dual norm of || - ||. This means that i1 = a0 8 and Idy = o a.
Moreover [|B]] < 1, |lell < %22 and ||v]| < %=.

€

0.2.3 "Proportional Dvoretzky-Rogers factorization" : nonsymme-

tric case

The previous results can be stated in terms of symmetric convex bodies since, as it was
mentioned previously, it is equivalent to take a norm on R" or a symmetric convex body.
In [50], Litvak and Tomczak-Jaegermann proved a nonsymmetric version of Theorem 0.10.
Precisely, the statement is the following :

Theorem 0.11 (Litvak-Tomczak-Jaegermann). Let K C R™ be a convex body, such that BY
is the ellipsoid of minimal volume containing K. Let € € (0,1) and set k = [(1 — e)n]. There
exist vectors yi,Ys, ...,y in K, and an orthogonal projection P in R™ with rank(P) > k such

that for all scalars tq, ..., 1t

<= DIl

6 k
px S =l

k
> tiPy;
j=1

k >
ce® (Z |tj|2) <
j=1

where ¢ > 0 is a universal constant.

Our aim is, as in the symmetric case, to give a new proof of this result. Introducing this
new ingredient given by Theorem 1, we improve the dependence on ¢ in the previous result and

we get :

Theorem 8. Let K C R" be a convex body, such that By is the ellipsoid of minimal volume
containing K. For any ¢ € (0,1), there exist xy,...,x with k > (1 — e)n contact points and P

an orthogonal projection of rank > k such that for all (a;);<k

1
2 [k 2
- E |a.’2 <
16 (jzl !

|aj]

k
=1

k
> a;Prj| <
=1 '

PK J
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As a direct application of the previous result, we deduce :

Corollary 4. Let K C R" be a convex body such that B} is the ellipsoid of minimal volume
containing K. For any € € (0, 1), there exists P an orthogonal projection of rank k > [(1 — €)n]

such that
16

2

€

ZBf C PK C — B,

Moreover, d(PK, BY) < Gt\f.

By duality, this means that there exists a subspace E C R™ of dimension k > [(1 — e)n] such
that
SBicKnECip:
162 g >

Moreover, d(K N E, B%) < %4y~

e3

It is interesting to note that the dependence on the dimension in the previous result is the

same as in the symmetric case that we saw in Corollary 3.

0.3 Covariance of random matrices

Random matrices is a vast subject whose applications affect many areas of Mathematics. In
this thesis, we investigate the problem of estimating the covariance matrix and more precisely
the extension to the matrix setting of some existing vector results.

If X is a random vector in R"”, it is to approximate the covariance matrix of X which is
given by EX X', By the law of large numbers, we know that when taking many independent
copies of X, the average will converge to the covariance matrix of X. More precisely, if (X;);<n
are independent copies of X then

1

t t
N ZX]-X]-A:;EXX a.s

J<N

We are interested in quantifying the convergence i.e finding the minimal number of copies needed

in order to approximate the covariance matrix of X. This problem can be formulated as follows :

For ¢ > 0, find the minimal number N = N(n,¢) of independent copies of X such that

1
5 2 XX —EXX'

J<N

<,
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with high probability or even in expectation.

This reminds us the problem of approximating the identity studied by Batson-Spielman-
Srivastava [13]. Indeed, let Id = 3;,, xjx§~ be an identity decomposition on R™ and ¢ > 0.

Define X a random vector in R™ by

_Vn

[EAF
[EAP '

with probability p; =

It is easy to see that >>;,, p; = 1 and that

EXX! = ij” PR xg»:Id.

Suppose that we know how to estimate the covariance matrix of X i.e taking X, ..., Xy inde-
pendent copies of X we have

ZXXt

]<N

with positive probability. This implies the existence of o C {1,...,m} of size N such that

Z ijsz

jsm

<e and {j,s; #0} =o0.

If N was of order n, we would recover Theorem 0.1. However, following this procedure, Rudelson
[67] obtains N of order nlog(n) which is optimal. Nevertheless, this shows the link between the
problem of approximating an identity decomposition and that of approximating the covariance

matrix of a random vector.

Note that it is easy to approximate the covariance matrix of a gaussian vector using a
number of independent copies proportional to the dimension ; indeed, gaussian vectors satisfy
concentration properties with sub-gaussian decay, which allows to use the standard argument

of discretization of the unit sphere in order to estimate

§£:<(;jvx>2'_ 1

J<N

sup
zesn—1

Y

where GG; denote independent standard gaussian vectors. After a series of works devoted to this

problem ([4], [5],[3]), Adamczack et al. showed that for a random vector satisfying concentration
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properties with sub-exponential decay, a number of independent copies proportional to the
dimension is sufficient to estimate its covariance matrix. We refer to [4] for further information.
In this thesis, we were interested in a result due to Srivastava-Vershynin [79] and dealing with
the problem of approximating the covariance matrix.

Theorem 0.12 (Srivastava-Vershynin). Let X; be independent isotropic random vectors in R".
Suppose that X; satisfy a regularity assumption (SR) : there exist C,n > 0 such that for any

orthogonal projection P on R"
P{|PX|} >t} <Ct'™" Vt> Crank(P). (5)

Then, for any ¢ € (0,1) and for
N> (Ce 22y

we have

1 N
E H X X! - IdH <e. (6)
N =1

The proof of this theorem consists on randomizing the method of Batson-Spielman-Srivastava
[13]. This result has the advantage of covering a large class of distributions ; log-concave vectors
as well as random vectors having independent entries with p-moments, where p > 2, satisfy (5).
However, the covariance estimate is only in expectation.

Our aim is to extend this result to a matrix setting, in the sense of replacing the random
vector X by a random matrix of arbitrary size. Note that several studies were devoted to extend
known results for random variables/vectors in a matrix framework (see for example [6], [54]

and [38))

0.3.1 Estimating the covariance of random matrices

As we have mentioned before, we are interested in extending Theorem 0.12 to a matrix
setting i.e given an m X m random matrix A, we want to approximate EAA®. The interesting
case is when the columns of A are not independent ; otherwise, write AA* =37, CjC’]t-, where
(C;)j<m are the columns of A, then if each column satisfies (5) then applying Theorem 0.12 to
each column and using the triangle inequality, the approximation of EAA® follows. Our problem

can be formulated in a more general way :

Let B be an n x n positive semidefinite random matrix satisfying some regularity assump-
tions. Find the minimal number N of independent copies of B such that E H% >ien Bi — EBH
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is small.

If we suppose that EB = Id and ||B|| < n almost surely, then cnlog(n) independent copies
of B are sufficient to achieve the approximation. Indeed, take By, ..., By, Bj, ..., By, independent

copies of B and 1, ..., ey independent +1 Bernouilli variables and write

1 1
a=E|-> Bi—1Id =E|- Y (Bi—EB)
N N2
1
<E|— > B;i— B by Jensen
N
1 ..
<2E| = ) &B;|| by symmetrization
N %
2 \7
<= |E ZeiBz- for any p > 1
N i<N

Using Khintchine’s inequality in the non-commutative setting ([52], [53], see also [57]), we have

(Ea ) ' < (ey/log(n) + +/p)

Since the B;’s are positive semidefinite then

1
2

Z aiBz'

SN

> B

i<N

1
2 2

> B

1
< max || Byf|* -
= <N

X

> B,

ISN

Thus if |B|| < n almost surely, we get

cy/nlog(n 2
@gig().[@ ZBZ'
N i<N
< nlog(n) E lBi ?
N N

nlog(n
<c ﬁ()-(\/aJrl)
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By a simple calculation, we deduce that

nlog(n)

_E
@ N

<IN

and therefore it is sufficient to take N of order enlog(n) in order to make a small.

Without regularity assumptions, nothing better can be said; indeed, taking B uniformly

distributed over {ne;el} where (¢;);<, denotes the canonial basis of R", one can see that

<n?

cnlog(n) copies are needed.

De Carli Silva-Harvey-Sato [26] extended the result of Batson-Spielman-Srivastava [13] to
a matrix setting. By randomizing the method of De Carli Silva-Harvey-Sato, we obtain the

following :

Theorem 9. Let B be an n xn positive semidefinite random matriz. Suppose that EB = Id and
B satisfies a regularity assumption (MSR) : there exist ¢,n > 0 such that for any orthogonal
projection P on R"™,

P{||PBP| >t} <ct " ¥t > crank(P). (7)

Then, for any € € (0,1) and any
N > ce 27y

we have

< e, (8)

1 N
EHN;B,-—]CI

where By, ..., By are independent copies of B.

This generalizes Theorem 0.12; indeed, let X be an isotropic random vector in R” satisfying
(5). Take B = X X', then EB = Id and since ||PBP|| = |PX||3 then B satisfies (7). Therefore,
applying Theorem 9 to B, we get (6).

In order to prove Theorem 9, we establish estimates on the smallest and largest eigenvalue
of the sum of random matrices satisfying (M SR).

In [9], Bai-Yin showed that if X is a random vector in R™ with centered i.i.d entries of
variance 1 and with finite fourth moment, then if N = N(n) such that h = dim £ € (0,1) we

have

— 00
J<N

1
Amin (N 3 ij;) — (1=Vh) as
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1
>\max (N Z X]X;> ﬁ (1 —+ \/E)2 a.s

J<N e
The estimates of the smallest and largest eigenvalue of the sum of random matrices satisfying
(MSR), given by Theorem 9, can be seen as non-asymptotic matrix version of the result of
Bai-Yin.
We give examples where our result applies. The case of log-concave matrices is among these

ones and will be detailed in the next section.

0.3.2 Log-concave matrices

A probability measure p on R" is called log-concave if for any 0 < ¢t < 1 and any A, B C R”

compact sets of positive measure, we have
p((l=t)A+tB) > u(A) " u(B)"

Borell ([17],[16]) gave a characterization of log-concave measures : p is a log-concave measure
on R" if and only if the density f of u with respect to the Lebesgue measure is log-concave
i.e log(f) is a concave function. Finally, a random vector in R" is called log-concave if its
distribution is log-concave.

Log-concave measures play an important role in the geometry of convex bodies; indeed, if
K is a convex body then 1k is a log-concave measure. Conversely, given a log-concave measure,
Ball [10] associate to this measure a convex body. Many work on log-concave measures have
been made in recent years; one of the important results is that of Paouris ([58], [59], [60])
who establishes large deviation inequalities and small ball probability estimates for log-concave
vectors. To make the link with the previous section, one of the major problems is to estimate
the covariance matrix of a log-concave vector ; this was solved by Adamczack et al. [4]. We are
interested in the notion of log-concavity in a matrix framework. Since an n X m matrix can
be seen as a vector in R™”, then one can naturally define the notion of log-concave matrices ;
precisely, an n x m random matrix A is log-concave if its distribution is a log-concave measure

on R™ . It remains to define the isotropic condition.

Definition 0.1. Let A be an n x m random matriz having (C;)i<m as columns. We will say that
A is an isotropic log-concave matriz if A" = /m(C%,..,CL) is an isotropic log-concave vector

in R™™.
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Therefore when A is isotropic, we have EAA! = Id. It is easy to deduce concentration
properties of these matrices using the results of Paouris. We use a more refined result due to
Guédon-Milman [36], which states that with high probability, an isotropic log-concave vector in

R™ lies in a thin shell of radius almost y/n. Therefore, log-concave matrices satisfy the following :

Proposition 5. Let A be an n x m isotropic log-concave matriz. If B = AA!, then for any

orthogonal projection P on R™, we have

P{|Tr(PB) — rank(P)| > t.rank(P)} < Cexp (—ct3 m.rank(P)) vt < 1. 9)

Using the previous property, it is clear that an isotropic log-concave matrix satisfies (M SR)

and thus the results of the previous section can be applied.

The concentration inequality given by Proposition 5 are strong enough to allow us obtain
results with high probability rather than in expectation. However, we need the matrix to be

sufficiently rectangular. More precisely, we prove the following :

Theorem 10. Let A be an n X m isotropic log-concave matriz. For any ¢ € (0,1), if m >
< log(CnN)]?, taking

independent copies Ay, ..., Ax of A, then with probability > 1 — exp(—ce®\/m) we have

||ZA A

Note that the number of independent copies needed in the previous result is optimal as it
can be seen by taking gaussian matrices. The set of isotropic log-concave matrices we defined,

contains a large class of examples. Therefore, we get :

Proposition 6. Let A be an n X m random matriz whose density with respect to Lebesgue is
given by
G(A) = exp (—f(s1(A), ..., sx(A))) ,

where [ is an absolutely symmetric convex function, properly nmormalized as above and k =
min(n,m).

2 2
Suppose that m > E% {log(cn)} and n > % {log( )} , taking N = M then with proba-
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bility > 1 — exp(—ce3Vk) we have

1 X 1 X
1—¢ < )\min < E A1A5> < >\rnax ( E AZA5> g 1+e¢
N = N -

and

(1-¢)

n 1 X, 1 X,

% < >\min N ;A@Az < >\max N ZAZAz < (1 + 8)
Recently, a new proof of the result of Paouris was given in [2]. In [1], it is shown that the

method in [2] extends to the case of convex measures. Therefore, concentration properties for

isotropic (—%)—concave vectors were established. Using these properties, we can obtain analogues

of the previous results in the case of isotropic (—%)—concave matrices.

0.4 References

This thesis consists of three papers that were all submitted to international journals. Thus,
the content of the chapters is essentially the content of these articles although some additional
results were added. Our papers can be found on Arxiv :
1. "Restricted invertibility and the banach-mazur distance to the cube", Available at arXiv :1206.0654.

2. "A note on column subset selection’, Available at arXiv :1212.0976.

3. "Estimating the covariance of random matrices', Available at arXiv :1301.6607.

Results of chapter 1 and 3 are essentially contained in the first paper. The content of chapter
2 is basically the second paper, and finally, the results of chapters 4 and 5 are contained in the

third paper.
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Chapitre 1

Restricted invertibility

1.1 Introduction

An n x m matrix U can be seen as a linear operator from [5* into [5. The invertibility
of a matrix is a very precious property which means that the corresponding operator is an
isomorphism. Of course the important property is the injectivity which implies that the matrix
is an isomorphism on its image. Unfortunately, all matrices are not injective especially in the
case where the dimension of the domain is larger than the dimension of the codomain. However,
one can search for a subspace such that the restriction of the operator on this subspace is
injective. Finding a coordinate subspace is much more convenient, since the restriction can be
traced inside the matrix as a choice of a block of columns. Let us be more precise and introduce
the target of this chapter. Let U be an n x m matrix, we are interested in two problems :

— Problem 1 : Extract a "large" number of linearly independent columns of U. Denote

o C {1,...,m} the set of indices of the columns chosen and U, the restriction of U to
span{(€;)jec}-

— Problem 2 : Estimate Sy, (U, ).

Of course, our aim is to solve the two problems simultaneously to get what is called a res-
tricted invertibility principle. Looking at Problem 1, the "large" number is clearly the definition
of the rank of a matrix. However, this will not be convenient since this notion is not stable by
perturbation. Take for example a diagonal matrix D of size n x n with all entries equal § except
one which is equal to 1. Clearly, D is of full rank but is mostly directed in one direction. When

0 is small, modifying D by a small perturbation § - Id, it becomes of rank 1.
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Chapitre 1. Restricted invertibility

Considering the previous remark, we define the notion of stable rank by

U2
srank(U) = ||U|T{28

Clearly we have srank(U) < rank(U). Basicaly, the stable rank will be big if the matrix is

well distributed over the eigenspaces and will be small if it is distributed over few eigenspaces.
Looking at the previous example with § sufficiently small, the stable rank of D is almost one
before and after perturbation. From now on, the "large" number we are searching for will be

the stable rank. So our problem reduces to the following :

Given an n x m matrix U, find a subset ¢ of the columns of U of size almost the stable rank

and estimate the smallest singular value of U,,.

By estimating the smallest singular value, we mean giving a lower bound for it. Note that
if s,/(U,) is bounded away from zero, then clearly U, is of rank || and therefore injective. Let
us also note that estimating the smallest singular value is equivalent to estimate the norm of

the inverse of the restricted matrix U,. Indeed, for z € Rl?l write

Uy = (U, Uyz)
= (UiU,x,x)

> Spuin (Us) |12

Therefore from now on, when estimating the norm of the inverse or estimating the smallest
singular value, we will be dealing with the same problem. The restricted invertibility principle
was first studied by Bourgain-Tzafriri [19] who proved a result for square matrices with columns

of norm 1.

Theorem 1.1 (Bourgain-Tzafriri). Let T' be an n x n matriz satisfying ||Te;||o = 1, where

(€j)j<n denotes the canonical basis of R™. Then there exists o C {1,..,n} with

n
o] > {J |
WE

such that for any choice of scalars (a;);es

1

3
ZajTej >d (Z af) ,
2 jE€o

j€o
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1.1 Introduction

where ¢ and d are universal constants.

Note that since ||Tej|ls = 1 then ||T||3;s = n so that the size of the extracted matrix is
proportional to the stable rank of T'. The conclusion of the theorem also means that sy, (7,) >
d. This result is usually known as the Bourgain-Tzafriri restricted invertibility principle. The
proof of this theorem [19] uses the selectors (a probabilistic argument), Sauer-Shelah lemma
([70],[73]) which is a combinatorial argument and Grothendieck’s factorization theorem (see [27]
and [61]). In [87], Tropp gave a randomized algorithm to realize Grothendieck’s factorization
theorem and therefore he was able to give a randomized algorithm for the Bourgain-Tzafriri
restricted invertibility principle.

Back to Bourgain-Tzafriri’s result, one can interpret it in another way. Since the identity
operator can be decomposed in the form I'd = Y2, e;e} where (e;);<, is the canonical basis of
R™, then Theorem 1.1 states that one can find a large part of this basis (of cardinality greater
than cHTHQ), on the span of which, the operator T is invertible and the norm of its inverse is
controlled by an absolute constant.

Looking at this formulation, Vershynin [90] generalized this result for any decomposition of
the identity and improved the estimate for the size of the subset. Vershynin proved also a non
trivial upper bound which will not be our target for now. For this reason, we will just state a
part of Vershynin’s result, the one involved with the restricted invertibility principle, while the
full result will be the subject of the next chapter and a full statement can be found there. Using
a technical iteration scheme based on Theorem 1.1, combined with a theorem of Kashin-Tzafriri

[43] which we will discuss later in this chapter, Vershynin obtained the following :

Theorem 1.2 (Vershynin). Let Id =3, xjx and let T' be a linear operator on l3. For any
€ (0,1), one can find o C {1,...,m} with

2
lo| = [(1 — ¢e)srank(T)| = {(1 _ g)HHY;‘”HHfJ
such that |
Tz, , 2
c(e) a2
]Eo‘ ||T$g|| H Jza; J

for all scalars (a;) e,

This clearly generalizes the Bourgain-Tzafriri restricted invertibility principle. Indeed, if

|Tej|l2 = 1 then srank(7) = e and Vershynin’s result states that there exists o C {1,...,n}
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Chapitre 1. Restricted invertibility

of size (1 — E)W such that

Z ajTej

j€o

> c(e) (Z a?)

j€o

2

for all scalars (a;);e,. This recovers Theorem 1.1 with the possibility of finding a subset of size
almost the stable rank of 7" while in Theorem 1.1, we couldn’t go further than a proportion
of the stable rank. The constant c(¢) plays a crucial role in applications, however the estimate
of Vershynin was not of a good order. This will be more detailed in the next chapter. Finally,
let us note that having these normalizing factors || 7z;||2 in Vershynin’s result is convenient for

applications as we may see later.

Back to the original restricted invertibility problem, a recent work of Spielman-Srivastava
[74] provides the best known estimate for the norm of the inverse matrix. Their proof gives a
deterministic algorithm based on the method invented by Batson-Spielman-Srivastava [13] and
makes use of linear algebra tools, while the previous works on the subject employed probabilistic,

combinatorial and functional-analytic arguments.

More precisely, Spielman-Srivastava proved the following :

Theorem 1.3 (Spielman-Srivastava). Let z1,...x,, € R™ such that Id = >, z;xt and let

0 < e < 1. For every linear operator T : {5 — 0 there exists a subset o C {1,...,m} of size
lo| > L(l —¢e)? ”ﬁ;”%ﬂ for which {T'x;}ico is linearly independent and

(ST - ST

1€0 m

where Apin s computed on span{Tx;},c, or simply here A\ni, denotes the smallest nonzero

eigenvalue of the corresponding operator.

Equivalently, for all scalars (a;);eo

> a;Tx,

jE€o

1

17| s 2\

=€ as .
vm ;f J

One can view the previous result as a restricted invertibility principle for rectangular ma-

2

trices. Given, as above, an identity decomposition and a linear operator T', one can associate

t

to these an n x m matrix U whose columns are the vectors (T'x;) <. Since Id = 3; z;275, one
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can easily check that
U - Ut == TTt == Z(T[L']) . (TZEj)t.

j<m
Hence,
[Ullus = [[Tllus  and [[U[| = [T,

and thus the previous result can be written in terms of the rectangular matrix U. Beside produ-
cing a deterministic algorithm, Spielman-Srivastava’s result gives the best known dependence
on ¢. However, their result is without the normalizing factors appearing in Vershynin’s one and
which are crucial for our study to the Banach-Mazur distance to the cube in chapter 3. On
one hand, Vershynin’s result has these normalizing factors but produces a bad dependence on ¢
and on the other hand Spielman-Srivastava’s result gives a good dependence on & but without
these normalizing factors. It becomes natural to search for a result which interpolates the two.
We will be able to prove the restricted invertibility principle for any rectangular matrix, with
any normalizing factors for the columns and with a good dependence on e. Before giving the
precise statement, let us introduce some notations :

If D is an m x m diagonal matrix with diagonal entries (c;);j<m, we set Ip == {j < m |
a; # 0} and write D! for the restricted inverse of D i.e the diagonal matrix whose diagonal
entries are the inverse of the respective entries of D for indices in ¢ and zero elsewhere. The

main result of this chapter is the following :

Theorem 1.4. Given an n x m matriz U and a diagonal m x m matriz D with (o) j<m on its
diagonal, with the property that Ker(D) C Ker(U), then for any € € (0,1) there exists o C Ip
with

o] > |(1 - &)srank(U) | = {(1 _ 8)2HU||HSJ

U2
such that T
-1 € HS
Smin (UO'DO- ) > ||D||HS )
where syin denotes the smallest singular value.
Equivalently, for all scalars (a;)jeq
1
Ue; [U]]1s ’
Z aj—] = e Z aJQ- .
i |, IDlss \ie

Let Id =3, a:ja:§- be an identity decomposition and 7" a linear operator on 5. Define U

the n x m matrix whose columns are the (7'2;);<m. It is easy to check that TT" = UU" so that
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Chapitre 1. Restricted invertibility

srank(U) = srank (7).
— If D = Id, then clearly Ker(D) = {0} C Ker(U). Apply Theorem 1.4 with U and D to

find o of size

o] = |(1 = &)’srank(U) | = | (1 — )?srank(T) |

such that

Zaer

j€o

1 1
NUllss 2\ _ Tl 2\’
a;Tx; aj| =¢ ai | .
ot ol \E) T v (&
This means that Theorem 1.4 implies Theorem 1.3.
— If D = diag (o, ..., ) with a; = ||T'xj||2 then it is easy to see that Ker(D) C Ker(U)

and ||D|lus = ||U|lus. Apply Theorem 1.4 with U and D to find o of size

2

lo| > {(1 - 5)28rank(U)J = {(1 - E)QSrank(T)J
such that

ij

Ue;
=[>_a 7

j€o

1 1

HUHHS Z 2 ’ 2 ’
as =€ Zw
1D Is \ & i’

This means that Theorem 1.4 implies Theorem 1.2.

j€o

1.2 Proof of Theorem 1.4

Since the rank and the eigenvalues of (U, D; ') - (U,D;') and (U,D;') - (U,D; ')t are the
same, it suffices to prove that (U,D;') - (U,D;')! has rank equal to k = |o| and its smallest

positive eigenvalue is greater than &2 H DHHS Note that

-1 —1yt -1 -1, \! Ue; Ue; t
(U,D;Y) - (U,D; 1)t = % (UD;'e;) - (UD;"e;) = ;@; ( o ) ( o )
We are going to construct the matrix A, = 3,c, (UD;'e;)- (UD;'e;)" by iteration. We start by
setting Ag = 0 and at each step we will be adding a rank one matrix (%) . (%)t for a suitable
7, which will give a new positive eigenvalue. This will guarantee that the vector UD, 'e; chosen
in each step is linearly independent from the previous ones.

If A and B are symmetric matrices, we write A < B if B — A is a positive semidefinite
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matrix. Recall the Sherman-Morrison Formula which will be needed in the proof. For any

invertible matrix A and any vector v we have

A vtAL

b=l a1
(A+wv-2") A oAty

We will also use the following lemma which appears as Lemma 6.3 in [78] :

Lemma 1.5. Suppose that A = 0 has q nonzero eigenvalues, all greater than b’ > 0. If v # 0
and
V(A=) < —1, (1.1)

then A+ vv' has g + 1 nonzero eigenvalues, all greater than V.

Proof. The proof of the lemma is simple and makes use of the Sherman-Morrison formula.

Denote A\; > Ay > .. > A, > b’ the eigenvalues of Aand | > .. > /\; > )‘;+1 > 0 the eigenvalues

of A+ vv'. By the Cauchy interlacing Theorem we have

VDD DD P

/
q q+1

Since A, > b' then A > b" and it remains to prove that A, , > b'. Now write

1 1
—1
Te(A + ot — H1)L = jgzq;rl N j;q;l T
and 1 1
Tr(A-VD)"'=>" -5
§<q Aj = i>q v
then
1 1 1 1
Tr<A+mﬁ—b’I>—1—Tr<A—b’I>‘1—Z[, ;- ,1+ v b
ANV N V] Ny =YD
1 _ 1
SN -0 b

By the Sherman-Morrison’s formula we have :

A= V) out(A— Y1)~
1+l (A— VD) Ty

(At =) =(A-bD)" - (
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Chapitre 1. Restricted invertibility

Now taking the trace we get :

v (A - V1)
1+ (A —bD) o

Tr(A+vv' =6 1)™ = Tr(A-b1)"' =

Since (A —b'I)~2 is positive definite then using the hypothesis (1.1), one can see that the right

hand side in the previous equality is positive. Therefore we get :

wich means that A\(,, > b'.

For any symmetric matrix A and any b > 0, we define
(A, b) =Tr (U'(A = bI)"'U)

as the potential corresponding to the barrier b.

At each step [, the matrix already constructed is denoted by A; and the barrier by b;. Suppose
that A; has [ nonzero eigenvalues all greater than b;. As mentioned before, we will try to
construct A;,; by adding a rank one matrix v-v' to A; so that A;;; has [+ 1 nonzero eigenvalues
all greater than b, 1 = b, — 0, with 6 > 0, and ¢(A;11,b41) < ¢(A;, by). Note that

$(Arer, bia) = Tr (UH(A; + oo — b D) 7'0)

t _ —1,,,t - -1
=1r (Ut(Az - bz+11)71U) —Tr <U (A1 = biga )" 00" (Ay = b 1) U)

1+ Ut(Al — bH_lI)_lU
Ut(Al — bl+1[)_1UUt(Al — bl+1I)_1U
1+ /Ut<Al — bH_lj)*lU ‘

= (A, biy1) —

So, in order to have ¢(A;1,bi41) < ¢(A;, b)), we must choose a vector v verifying

Ut(Al — bl_,_l])*lUUt(Al — bl+11)711}
— < . . .
14+ vt (A — b D)o S O(Anbr) — ¢(Ar braa) (1.2)

Since v'(A; — by 1) TTUU(A; — by D)7 1o and (¢(Ay, b)) — ¢(Ar, biy1)) are positive, choosing v

verifying conditions (1.1) and (1.2) is equivalent to choosing v which satisfies the following :

v (A = b D) U (A = bia D) ™o < (6(An by) — 6 A b)) (=1 = 0! (A= b D) ')
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1.2 Proof of Theorem 1.4

Since UU' < |U||*Id and (A; — b1 I)™" is symmetric, it is sufficient to choose v such that

V(AL — by )20 < HU1||2 (6(A1b) = (A b)) (<1 = o' (A = ba D)) (13)

Recall the notation Ip := {j < m | a; # 0} where (a;);<mn are the diagonal entries of D.
Since we assumed that Ker(D) C Ker(U), we have

1UlZs = Y 1Uell; = > 11Uesll5 < |In] - U],

j<m J€Ip

2 .
and thus |Ip| > ””[i]”ﬁés. At each step, we will select a vector v satisfying (1.3) among (%)je Ip-

Therefore, our task is to find j € Ip such that

(AL, by) — o( A, biyr)

(Ue) (A = bua D) *Ue; < o

(=02 = (Uey)' (A = b )M Ue;)  (14)

The existence of such a j € Ip is guaranteed by the fact that condition (1.4) holds true if we

take the sum over all (%)jep. The hypothesis Ker(D) C Ker(U) implies that :
o > (Wey) (A= b D) PUe; = Tr (U (A = b D) °U),
J€ID
5 e = b 0y = T (010 — b0,
JE€ID
Therefore it is enough to prove that, at each step, one has

(A1, br) — d(Ar biy)

Tr(U'(A; — by 1) 2U) < THE

(=D 1A — 6(AL b)) (1.5)

The next lemma will determine the conditions required at each step in order to prove (1.5).

Lemma 1.6. Suppose that A; has | nonzero eigenvalues all greater than by, and write Z for the

orthogonal projection onto the kernel of A;. If

[

d(A,by) < —||Dlis — 5

(1.6)

and

12U s

0<do<b <o ,
U2

(1.7)

then there exists i € Ip such that Apyy = A+ (%) . (%)t has | + 1 nonzero eigenvalues all
greater than by := b, — 6 and ¢(A;11,b111) < O(AL D).
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Chapitre 1. Restricted invertibility

Proof. As mentioned before, it is enough to prove inequality (1.5). We set A; := ¢(A;, b)) —
d(A;, bi11). By (1.6), we get

IU®
5

(A1 bie1) < —[|1Dlls — Ay

Inserting this in (1.5), we see that it is sufficient to prove the following inequality :

A1
t -2 l
Tr (U'(A; = bia ) 720) < A (HUIP + 5) . (1.8)

Now, denote by P the orthogonal projection onto the image of A;. We set
6" (AL b) =T (U'P(A = bI)'PU)  and Al = ¢P(A;, b)) — ¢7(A, bipa)
and use similar notation for Z. Since P, Z and A; commute, one can write
A=A+ A7 and @A, by) = 7 (AL br) + ¢7 (A by).
Note that

(A = b D)™t — (A — by )7 = (A = 0 D) (bl — A+ Ay — by D) (A — by 1) 7!
= 6(A — o)A — b )7t

and since P(A; — b I)"'P and P(A; — b;111)7' P are positive semidefinite, we have
UtP(Al - blI)_lpU _ UtP(Al - bl+1])_1PU - 5UtP(Al . bl+1])_2PU.

Inserting this in (1.8), it is enough to prove that :

A 1 AP
Tr (U'Z(A; — b D72 ZU0) < Ay | s 4+ = | — =5
f<U (Ay = biga 1) U) l<||U||2 + 5) 5
Since A;Z = 0, we have
: 2 1ZU |l
Te(U Z(A; = by l) " 2U) = —5—
b
and ) ) )
Az _N2Ul%s | [12U00lks _ 512Ul
! b, biy1 bibiia
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1.2 Proof of Theorem 1.4

so taking into account the fact that A; > AZZ > 0, it remains to prove the following :

12UlGs _ 2 1ZUls 12U o)
b1 |UI50767, 4 bibi11
By Hypothesis (1.7), the inequality (1.9) follows by
12Ul _ 12013 |, 12Ul )
bl2+1 - blbl2+1 bibisa '
which is trivially true since b1 = by — 9. O

We are now able to complete the proof of Theorem 1.4. To this end, we must verify that
conditions (1.6) and (1.7) hold at each step. At the beginning we have Ay = 0 and Z = Id, so

we must choose a barrier by such that :

Ul I

15 < D — (111)
wnd U
HS
b < s (1.12)
We choose HUH2 HUH2
€
bp = e+ —15  and  § = ,
1D|lfs 1 —¢|Dllfs

and we note that (1.11) and (1.12) are verified. Also, at each step (1.6) holds because ¢(A; 11, b111) <
&(A;, ). Since || ZU |4 decreases at each step by at most ||U]|?, the right-hand side of (1.7)
decreases by at most ¢, and therefore (1.7) holds once we replace b; by b, — 9.

Finally note that, after k = (1 — ¢)? Hw‘% steps, the barrier will be

1U1[s
by = by — ké = &2 .
1D

This completes the proof.
Remark 1.7. The proof can be a little bit simplified using an idea of Casazza [21] which we
will discuss here. However, with this approach we lose a constant factor in the size of the set o

which turns out to be crucial in applications.

At the beginning, the method is the same and consists of finding a vector v satisfying (1.4).
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Chapitre 1. Restricted invertibility

This is guaranteed by taking the sum and proving (1.5), namely :

d( Ay, br) — (A, biya)
U115

To(U' (A — b 1) 72U) < (<D lIfs — @A biir))

While we followed Spielman-Srivastava’s idea in Lemma 1.6 to prove (1.5), we could have used

a remark of Casazza [21] and prove the following :

Lemma 1.8. Suppose that A; has | nonzero eigenvalues all greater than b;. If § < % (which

means § < by = b —0) and

oAt < D — 21 (113
then (1.5) holds and therefore the conclusion of Lemma 1.6 follows.
Proof. The main trick is that we have
(A= b )t — (A = b D) = g(Al — by )72 (1.14)

This was previously proven only on the image of A; without the constant % To see this, we
may compare the corresponding eigenvalues.
— On the Kernel of A;.

B
by —b1 b b
B )
bis1(big1 +6)

> ST since 0 < by
I+1

— On the Image of A;, denoting \; the nonzero eigenvalues of A;, we have :

1 5
ANi—b Ni—bigr (N — b)) (N — bigr)
S, 0
“ (N = by )?
0

> -
2(N — big1)?

This proves (1.14). Multiplying by U* and U from the two sides in (1.14) and taking the trace
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1.2 Proof of Theorem 1.4

we get
)

O(A, b)) — d( A1, biga) > 2T1“ (Ut(Al - bz+1f)72U)

This means that

2
Tr (U (A1 = bad) U ) < (@(A1br) = 6(An b)) - 5 (1.15)
Note that (1.13) can be written
2 _ Dl oAb  ~NDlfis — 9t g
0 1U]] U]l
Replacing (1.16) in (1.15), we get (1.5) and finish the proof of the lemma. H

Now it remains to take parameters with respect to this argument. For that, we must choose
by and § satisfying (1.13). Denote k the number of steps to be done. Since at each step, we must
have § < byyq then the final condition would be

bo
0 <b,=by—kd i.e 0
< O 0 1.€ < Er1
At the beginning, (1.13) gives the following :
Ul? 2||U||?
by )

Choosing 6 = (1 — &)% (with & < 1) and taking equality in (1.17) we get

bo " (1 —¢€)bo
After rearrangement, we have
||U||2 _ 2k U)?
b() — HS 1—¢

1Dl

In order to get a mon trivial information, we need to keep by > 0 which means that

2k - |U]?

Ull? >
U |s T_

Therefore one is led to take

N C B 1
AN
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Chapitre 1. Restricted invertibility

Finally, after k steps, the final barrier will be equal to by — kd = by = &2 [CAIE

1Dl

The inconvenient of this method, is that we are not allowed to extract more than half of the

stable rank. In applications, as we will see in chapter 3, extracting all the quantity is needed

and it turns out that a proportion of the stable rank is not even sufficient.

Remark 1.9. Let us mention that our proof of Theorem 1.4 produces a deterministic algorithm :

e€(0,1).

AO =0¢€ Mnxrm
o=10;

_ Ul .
bo = 5||D||2HSQ’

J— L”U”HS
0= 1—¢[|D|%g’
by = by — 9;

for [ =0 to [(1—¢)?srank(U)] do
for j € Ip and j ¢ 0 do

if (1.4) is satisfied then
o=o0U{j}
bito = b1 — 0;
break;
end
end
end
return o

Input: An n x m matrix U, an m x m diagonal matrix D = diag(ay, ..., ayy,) and

Algorithm 1: Algorithm of Theorem 1.4.

1.3 Coordinate projections

Given an n x m matrix U and an integer k < m, our aim is to find a coordinate projection of

U of rank k which gives the best minimal operator norm among all coordinate projections. First

results were obtained by Lunin [51] and Kashin [44] and a complete answer to this question

was given by Kashin-Tzafriri [43] who proved the following :
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1.3 Coordinate projections

Theorem 1.10 (Kashin-Tzafriri). Let U be an n X m matriz. Fiz A with 1/m < X\ < 1. Then,
there exists a subset v of {1,...,m} of cardinality |v| = Am such that
[U][ns
UI/ < AU )
0.1 < e (VAo + 10
where U, = UP? and P, denotes the coordinate projection onto R”.
The conclusion of the Theorem states that for a fixed A < i we have
U
min _||U,|| < ¢ <\/X||UH nl “HS> : (1.18)
oc{1,...m} \/ﬁ
lo|=xm

and this estimate is optimal in the sense that the dependence on the parameters in the right
hand side cannot be improved.

Kashin-Tzafriri’s proof (see [90]) uses the selectors with some other probabilistic arguments
and then the Grothendieck’s factorization Theorem (see [27] and [61]). In [87], Tropp gave a
randomized algorithm to realize Grothendieck’s factorization theorem and therefore he was able
to give a randomized algorithm to find the subset o promised in Theorem 1.10.

Our aim here is to give a deterministic algorithm to find the subset o. Our method uses tools
from the work of Batson-Spielman-Srivastava [13] and allows us to improve Kashin-Tzafriri’s
result by extending the size of the coordinate projection and getting better constants in the

result.

Theorem 1.11. Let U be an n x m matriz and let 1/m < A < n < 1. Then, there exists
o CA{Ll,...,m} with |o| =k = Am such that

1 XU s
Usl| € ——= | VA ||U|| +4/1 4+ — ;
(oA m(*/ v T

In particular,

% 10
10 < A2 (VAo + 120),

where U, denotes the selection of the columns of U with indices in o.

Proof. We denote by (e;);<m the canonical basis of R™. Since

Us - Uy =3 (Ue)) - (Uey)',

j<o
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Chapitre 1. Restricted invertibility

our problem reduces to the question of estimating the largest eigenvalue of this sum of rank
one matrices. We will follow the same procedure as in the proof of the restricted invertibility
theorem : at each step, we would like to add a column of the original matrix and then study
the evolution of the largest eigenvalue. However, it will be convenient for us to add suitable
multiples of the columns of U in order to construct the [-th matrix; for each [ we will choose
a subset o; of cardinality |o;| = [ and consider the matrix A; = Y ;c,, s; (Ue;) - (Ue;)" where
(sj)jes will be positive numbers which will be suitably chosen. At the step /, the barrier will
be denoted by w;, namely the eigenvalues of A; will be all smaller than u;. The corresponding
potential is (A, u;) := Tr (UY(w I — A;)7'U). We set Ay = 0, while uy will be determined
later.

As we did before, at each step the value of the potential 1(A;,u;) will decrease so that
we can continue the iteration, while the value of the barrier will increase by a constant ¢, i.e.
w41 = u; + 0. We will use a lemma which appears as Lemma 3.4 in [78]. We state it here in the

notation introduced above.

Lemma 1.12. Assume that Apax(A;) < w. Let v be a vector in R™ satisfying

vi(up I — A)) "%

Filo) = 50 ) = oA wy)

1U? + v (wgr I — A)) "o <

[V

Then, if we define A1 = A; + svv we have
)\max(Al+l) < Ui4+1 and ¢(Al+1, ul-l—l) < w(Aly Ul).
Proof. Using Sherman-Morrison formula we have :

(A, uyq) = Tr (Ut (ul+1] — A - vat> U)
wpr I — A)UU (ug I — Ay) Mo
1 — svt(up I — Ay~
v (up I — A"
vt (up I — Ay)~

t
=Tr (Ut (ulH[—Al)U) + sU

< V(AL w) — (VAL w) — V(A wgr)) + 1

s

U

Since v' (w1l — A)) "o < Fy(v) and F(v) < L we deduce that the quantity above is finite.

This implies that Apax(Air1) < w41, since otherwise one would find s < s such that Ayax(A; +
s'vv') = w4y and therefore (A, + s'vv', u41) would blow up which contradicts the fact that it

is finite.
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1.3 Coordinate projections

On the other hand, rearranging the inequality above using the fact that Fj(v) < % we get

V(A1 wigr) < Y(AL ). O

We write a for the initial potential, i.c. o = 1 ”HS . Suppose that 4; = 3¢, 5; (Ue;)- (Ue;)*
is constructed so that ¥(A;,u;) < w(Al,l,ul,l) < a and Apax(4;) < w. We will now use
Lemma1.12 in order to construct A;;;. To this end, we must find a vector Ue; not chosen

before and a scalar s;41 so that Fj(Ue;) < and then use the lemma. Since (v, — A;)~! and

1
Si41’

(wgrd — Al)_1 are positive semidefinite, one can easily check that
(ul] — Al)_l — (Ul+1] — Al)_l i 5(ul+1l — Al)_2

Therefore,

Tr (UMD — A)72U) < 5 (0( A w) — (A uig)).

S| =

It follows that

‘ N (U (wpr ! — Ay)~20)
J%ZFZ(UBJ) s J%;"LFI(UQJ) (AL w) — (AL u)

[l
J

1U]1> + ¥ (Ar, wigs)

< — tqo

and therefore one can find ¢ & o; such that

1 Ul? 1 Ull?
F(Ue) < - (H I +a> <Ll (H I +a>7
"71| 0 ’Uk’ d

where k is the maximum number of steps (which is in our case Am).
(1=N)m

\UH2 ’

take Ajp 1 = A+ s(Ue;) - (Uei) . After k = )\m steps, we get 0 = o}, such that

We are going to choose all s; equal to s := By the previous lemma, it is sufficient to

t P L4
)\max (Z (Uej) . (Uej) ) < *(Uo + ]{5(5) = m (Uo + kd)

—_

»

|]U||2u0
m 0

1 U
= | P o+ A

The result follows by taking ug = nmd. The second part of the theorem follows by taking
A=n. O

Remark 1.13. The proof of Theorem 1.11 produces a deterministic algorithm :
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Chapitre 1. Restricted invertibility

Input: An n x m matrix U and 0 <np < A < 1.

AO =0¢ Mnxn;
o=
Uy = 1M,
U = ug + 1;
o (1-X\)m
§= 1012
1U]]2+—H8

ug
for [ =0 to [Am] do
for j =1tom and j € o do
if [}(Ue;) < s7! then
Al+1 = Al + s (U@j) . (U@j)t;
oc=o0U{j};
U = Wy + 15
break;

end

end
end
return o

Algorithm 2: Algorithm of Theorem 1.11.

1.4 Extracting square submatrix with small norm : first

attempt

Till now, we always managed to extract columns of the matrix. One can ask about extracting
a "large" square submatrix with small norm. Bourgain-Tzafriri [19] answered this problem by

proving the following :

Theorem 1.14. There is a universal constant ¢ > 0 such that for every e > 0 and n € N, if
an operator T : R™ — R™ satisfies (T'e;,e;) =0 for alli € {1,...,n} then there exists a subset
o C{1,...,n} satisfying |o| > ce*n and |P,TP|| < ¢||T).

In [14], it has been proven that the quadratic dependance on ¢ in the previous statement
is optimal. Let us note that Theorem 1.14 implies the restricted invertibility as stated by
Bourgain-Tzafriri in Theorem 1.1 with a worst dependance on the norm of 7.

To see this, take 7" a linear operator on (4 such that ||Te;|l = 1 for all j < n, where (¢;),<n
denotes the canonical basis of R". Note that ||T||* > 1. Now let A = T*T —Id, then (Ae;, ;) = 0
for all i € {1,...,n} and ||A| < 1+ ||T||* < 2||T||*. Apply Theorem 1.14 to A to find o C
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1.4 Extracting square submatrix with small norm : first attempt

{1,...,n} satisfying |o| > ce?n and || P, AP!|| < 2¢||T||?. This means that
—2¢||T||*Id = P,AP. < 2¢||T|*Id

and therefore
(1 2¢7)?) 1d < P,T'TPL < (14 22| T?) Id

we get o of size CW such that sy (T,) = %, which is the statement of

Taking ¢ = 2

TP
Theorem 1.1.

The proof of Theorem 1.14 relies on some probabilistic arguments and Grothendieck’s facto-
rization theorem (see [27] and [61]). In [55], Naor asked if one can give a proof of Theorem 1.14
using tools of the method of Batson-Spielman-Srivastava [13] . In other words, find a deter-
ministic algorithm, based on the method of Batson-Spielman-Srivastava, to extract the square
submatrix. In this chapter, our proof gives an affirmative answer to this question in the case of

symmetric matrices but with a worse dependence on .

Proposition 1.15. Let T be an n X n symmetric matriz with zero diagonal. There exists
o C {1,..,n} of cardinality cs*n such that ||P,TPL|| < ¢|T||.

Proof. Let A =T + ||T|| - Id. Clearly A is positive semi-definite, so we can consider U = Az.

Denote by (e;);<, the canonical basis of R™.

U1 = Wﬂg

M:WM:

(Ue;, Ue;)

@
Il
—

Il
\E

(Aei, e5)

N
Il
—

Il
NE

(Tei, eq) + ||| Z (e, eq)

=1

@
Il
—

= Te(T) + | T
= n||T]|

In addition we have ||U]|? = ||A| = 2||T.
The main idea is to run successively the algorithms of Theorem 1.11 and Theorem 1.4. Let

¢ > 0 and take g1 = ;?
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Apply Theorem 1.11 to U with A = €% and = &, to find v C {1

lp|?

<« L (@ ra) 0+ ey 1Vl
1—e2 \\ 2T Yo

Replacing the values of ||U]|? and |U||%g we get

IUP|* <

1 _15% (2 (5% + 51) |T|| + (1 +¢&1) HTH)

Simplifying the calculation, the previous inequality implies the following

1 2¢?
PUUP, = (UP) - (UP) < 2155 25y
1 —e¢7f
Now denote U; = UP!. We have just established that

1+ 3ey + 2¢2
101 < : :

381
<= (L ) I

We also have

1Uillfs = lv| - 1Tl = ein|I T

Now apply Theorem 1.4 with U;, D = Id and parameter (1 — §) to find o C v of size

SUlhs 1, &
4 ||UL||? 47 1 4 -3

1—e1

84

AB+er(te)
>
2

™
S

—_
oo

such that

¢ 2| Ui
pPUUP: = (U,P) - (U, P! z(1—> BS g — (1—> |T||1d
) (k) = (1-5) i

Taking in account that U'U = A, we have shown that

(1 _ ) |T||1d < P,AP! < ( 321 ) |7 1d

,..,n} of size An such that



1.4 Extracting square submatrix with small norm : first attempt

which gives us
3e 1

52
= —e||T|Id = P,TP! < T||Id
(5 e)irina = e < 2oy
and finally that [|P,TPL|| < max ($£L,e — ) ||| = max (g, — ) | 7| = £||7]].
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Chapitre 2

Column subset selection

2.1 Introduction

Let U be an n x m matrix. As we have seen in the previous chapter, the stable rank of U

is given by srank(U) = ””UU”|I|2{QS, where ||U]|%g = Tr(UU?) denotes the Hilbert-Schmidt norm of

U and ||U]| the operator norm of U seen as an operator from [2* to 1. Denoting U the matrix

whose columns are obtained by normalizing those of U, our aim is to extract almost srank(U)
linearly independent columns of U and estimate the smallest and the largest singular value
of the restricted matrix. This problem is closely related to the restricted invertibility where
only an estimate on the smallest singular value is needed. In the previous chapter, we stated
in Theorem 1.2 a part of Vershynin’s result proved in [90]. Precisely, Vershynin proved the

following :

Theorem 2.1 (Vershynin). Let Id = ¥, x;x% and let T be a linear operator on (3. For any
e €(0,1), one can find o C {1,...,m} with

lo| = [(1 —e)srank(T) | = {(1 —¢) HHI;HG{QSJ

such that for all scalars (a;);co

Za.ﬂ
N Tasl

j€o

< ea(e) (Z a?) .

j€o

ci(e) (Z a?) <

j€o
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Chapitre 2. Column subset selection

The normalization on the vectors (7'z;);e, is crucial for some applications and the depen-
dence on ¢ plays an important role. Vershynin’s estimate gives c(g) = 2—8 ~ ¢¢o8()  Our aim
here, is to improve Vershynin’s result obtaining simultaneously a restricted invertibility prin-
ciple and an estimate on the norm of the restricted matrix. Our proof uses tools of the method

of Batson-Spielman-Srivastava [13].

The main result of this chapter is the following :

Theorem 2.2. Let U be an n X m matrix and denote by U the matriz whose columns are the

columns of U normalized. For any ¢ € (0, 1), there exists o C {1,...,m} of size

o] > |(1 - < srank(U)| = {“ L H”@!ﬁs J

such that
5o < suin (00) < e (0) < 225

In other terms, for all scalars (aj>jeo-

1
2
€ 2
g a <
J
2—¢ (jeg )

3

1
2 — & 2 :
2 ]eO’

Note that the lower bound problem is the restricted invertibility problem treated in Theo-
rem 1.4 while the upper bound problem is related to the Kashin-Tzafriri column selection
theorem treated in Theorem 1.11. Our idea is to merge together the two algorithms obtained
in the previous chapter in order to get the two conclusions simultaneously. The heart of these
methods is the study of the evolution of the eigenvalues of a matrix when perturbated by a

rank one matrix.

In the regime where ¢ is close to one, the previous result yields the following :

Corollary 2.3. Let U be an n x m matriz and denote by U the matriz whose columns are the

columns of U normalized. For any ¢ € (0,1), there exists o C {1,...,m} of size

2 U
o= |5
NI
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such that

1—e¢ < Smin (UO') < Smax (ija) < I+e
In other terms, for all scalars (a;);eco

(1—¢) (Za) (1+¢) (Za).

This result is also related to the problem of column paving that is partitioning the columns

2. J||UJ||

j€o

into sets such that each of the corresponding restrictions has "good" bounds on the singular
values, in particular such that the singular values are close to one. We will show how our theo-
rem allows us to recover a result of Tropp [87] (and of Bourgain-Tzafriri [19]) dealing with this

problem, using our deterministic method instead of the probabilistic methods used previously.

In a survey [55] on Batson-Spielman-Srivastava’s sparsification theorem [13], Naor asked
about giving a proof of another theorem of Bourgain-Tzafriri [19], which is stronger than the
restricted invertibility, using tools from Batson-Spielman-Srivastava’s method. The theorem in

question is the following :

Theorem 2.4 (Bourgain-Tzafriri). There is a universal constant ¢ > 0 such that for every
e €(0,1) and n € N if an operator T : R" — R"™ satisfies (T'e;,e;) =0 for alli € {1,...,n}
then there exists a subset o C {1,...,n} satisfying |o| > ce’*n and ||P,TPL| < ¢||T.

We have already tried to solve this question in the previous chapter but our first attempt
gave a wrong dependance on . Using the main result here, we will be able to give a deterministic
algorithm to solve this problem for symmetric matrices. This result being naturally related to
the Kadison-Singer conjecture ([41], see also [23]), we also give a deterministic algorithm to

recover the best know result on this conjecture for general symmetric matrices.

2.2 Proof of Theorem 2.2

Note k = |o| = (1 - )220 and

Ap = Zsj (ﬁej) . (ﬁej)t,

jE€EoT

where s; are positive numbers which will be determined later. Since our aim is to find o such

that the smallest singular value of U, is bounded away from zero and its largest one is upper
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bounded, it is equivalent to try to construct the matrix A, such that Ay has k eigenvalues boun-
ded away from zero and bounded from above and to estimate the weights s;. Our construction
will be done step by step starting from Ay = 0. So at the beginning, all the eigenvalues of A
are zero. At the first step we will try to find a vector v among the columns of U and a weight
s such that A; = Ay + svv! has one nonzero eigenvalue which have a lower and upper bound.
Of course the first step is trivial, since for whatever column we choose, the matrix A; will have
one eigenvalue equal to s. At the second step, we will try to find a vector v among the columns
of U and a weight s such that Ay = A; + svv! has two nonzero eigenvalues for which we can
update the lower and upper bound found in the first step. We will continue this procedure until

we construct the matrix Ay.
For a symmetric matrix A such that b < Apin(A) < Anax(A) < u, we define :
$(Ab) =Tr (U (A=bId)'U) and  ¢(A,u) =Tr (U (u.ld— )" U)

For [ < k, we denote by b; the lower bound of the [ nonzero eigenvalues of A; and by u; the

upper bound i.e A; < u;.Id and A; has [ eigenvalues > b;. We also note

2 2
¢ = ¢(Ao,bo) = — 1s g b = (Ao, u) = ||U||Hs’

where by and ug will be determined later.

As we said before, we want to control the evolution of the eigenvalues, so we will make sure
to choose a "good" vector so that our bounds b; and u; do not move too far. Precisely, we will
fix this amount of change and denote it by ¢ for the lower bound and A for the upper bound i.e
at the next step the lower bound will be b;,1 = b; — d and the upper one will be u;;1 = u; + A.
We will choose these two quantities as follows :

by bollUJ? w ___uollUJ?
L S T S S (s 17 %
Our choice of § is motivated by the fact that after k steps we want the updated lower bound to
remain positive but not too small due to some obstructions in the proof. In this case the final
lower bound will be
b =b._1—0=..=by— kd = cby

The choice of A is motivated by the fact that we don’t want the upper bound to move too
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far from the initial one and as for §, we have some obstruction on taking its value too small.

The final upper bound will be
uk:uk,l—i—A:...:u(]—i—k:A:(Z—e)uo

Definition 2.5. We will say that a positive semidefinite matriz A satisfies the l-requirement if
the following properties are verified :

- A=< u.ld.

— A has | eigenvalues > b;.

- (A br) < ¢.

- (A ) <.

In order to construct A;;; which has [ 4+ 1 nonzero eigenvalues larger than b;; and such
that ¢(A1,bi01) < ¢(A;, by), we may look at the algorithm used for the restricted invertibility
problem and more precisely, at the condition needed on the vector v to be chosen. This is

basically condition (1.3) appearing in the proof of Theorem 1.4.

Lemma 2.6. If A; has | nonzero eigenvalues greater than by and if for some vector v and some

positive scalar s we have

vt (A — b Id) o
P(Ag, b)) — ¢(Ar, biyr)

1
.”mﬁ—wpm—@HJ@”v>g

Gi(v) == — : (2.1)

then A1 = A; + svv' has | + 1 nonzero eigenvalues all greater than by, and ¢(Ar1,bi1) <

O(A, by).

Now, in order to construct A;,; which has all its eigenvalues smaller than ;1 and such that
(A1, ug) < Y(A,w), we may look at the algorithm used for the Kashin-Tzafriri column

selection theorem. This is basically Lemma 1.12 appearing in the proof of Theorem 1.11.

Lemma 2.7. If A; < u;.Id and if for some vector v and some positive scalar s we have

vt (upyq.Id — Al)_2 v

-IU ? ¢ dd— A -1 <
w<Al7ul) _w(Alaul+1) ” H +v (qu l) v

F(v) = (2.2)

» | =

Then denoting Ajy1 = A; + svvt, we have Apyy < wpr.Id and ¥(Ap, ur) < (AL w).

For our problem, we will need to find a vector v satisfying (2.1) and (2.2) simultaneously.

For that we need to merge these two conditions in one equation :
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Lemma 2.8. If A; satisfies the l-requirement and if for some vector v we have
Fi(v) < Gi(v) (2.3)

Then taking any s such that Fi(v) < + < Gi(v), then Ay = Ap + sov® satisfies the (I +1)-

requirement.

Remark 2.9. Since A1 has l+1 nonzero eigenvalues while A; had only | nonzero eigenvalues,
then the vector v chosen is linearly independent with the eigenvectors of A;. Therefore one can
see that Ker(A;41) C Ker(A4;) and Dim [Ker(A;41)] = Dim [Ker(A;)] — 1.

Proposition 2.10. Let A; satisfying the [-requirement. If by and ug satisfy

EUg

bo <
0 2—¢

(2.4)

- N
then there exists i < m and a positive number s; such that Ajvy = Aj+s; (Uei) . (Uel-) satisfies
the (I + 1)-requirement.

Proof. According to Lemma 2.8, it is sufficient to find ¢ < m such that F ([7 ei> < G ((7 ei)
and then take s; such that

F (Ue;) < — < G (Ue;) (2.5)

1
8j
Since F; and G are quadratic forms, it is equivalent to find i < m such that F} (Ue;) < G; (Ue;).
For that, it is sufficient to prove that

> Fi(Ue;) < Y Gi(Uey) (2.6)

j<m j<m
Before estimating >-;<,, F; (Ue;), let us note that
V(A w) = (A upy) = Tr [U (w.Id — A) ™ U] = Tr [U* (wr Td — A) " U]

= ATr |:Ut (Ulfd — Al)il (ulH.Id — Al)il U}
> ATr (U (uperId — A) 2 U
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Replacing this in F} we get
—2
S B (Ue;) - > jem €5U (w1 Id — A)) ™" Ue,
j<m V(A w) — (A, ug)
T [U* (upgrId — A) 2 U]
(AL w) = (A un)

|U]?
<
ST TV

NP+ Y U (wpr Id — Ay) ™ Uey

j<m

U + T [U" (wagr Id — A) MU

Now we may estimate 3,,, G; (Ue;). We denote by P, the orthogonal projection onto the
image of A; and ); the orthogonal projection onto the kernel of A;. Note that for any [ < k we

have the following fact

QU |lfis
U112
Since Qo = Id, this fact is true at the beginning by our choice of §. Taking in account Re-
mark 2.9, at each step ||@Q,U||}g decreases by at most ||U]|* so that the right hand side of (2.7)

decreases by at most d. Since at each step we replace b; by b;;1, (2.7) remains true.

b <o (2.7)

Since Id = P, + Q; and P, Q);, A; commute we can write

Tr [U* (A = by 1d) 2 U] = Tr [U' P (A — by Td) "2 BU| + Tr [U'Qy (Ay — biy 1d) > QiU

1QuU s

=Tr [U'P (A — by Id) 2 BU| + 55
bl+1

Doing the same decomposition for ¢(A;, b;) we get

$(A,by) = Tr [U'P (A — b.Id) ™ BU| + Tr [U'Qu (A — b.dd) ™" QiU

QU s

=Tr [U'P (A — bi.1d) ™ PU| - ;
l

= ¢T (AL, b) + 69 (A, by)

Denote A; = ¢(A;, b)) — ¢(A;, b 1) and AP, AIQ the corresponding decompositions onto the
image part and the kernel part as above. As we did before, we have A; = AF + AlQ and

AP =T [U'P (A = by.1d) ™ BU| = Tr [U'P (A = by Id) "' RU
= Tr [U'Py (A = by.1d) ™ (A, = by Id) " BU|
> §Tr [U'Py (A = by 1d) "> RU|
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Using (2.7) we have

AQ = _l@iUls |, 1@iUlEs _ Sl@iUlEs o U1

by bii1 by~ by

Looking at the previous informations, we can write

Tr |U' (A — biay Id) 2 U -
N G (Uey) = — [ e ] U = T [U (A = by Td) U

T [U*F, (A — byr.0d) > BU| + 1951
bl+1 2
T NUN? = 6(Ar, i)

j<m

Ay
AP QiU [L}
> - blb/l\ﬂ T U2 + A — ¢(ArLbr)
l
AP Q1 1
L 4+ A 1 L
> ; b’+1]-||U||2+A?—¢
Ay
11— IUI* e
> — — + Ay —
d bit1 L0
[l
> _
Z-"5 0
Until now we have proven that
U|? U|?
Sawe > 5 wma Y Rwe) < TF 1y
j<m j<m
So in order to prove (2.6), it will be sufficient to verify
U1 U
Lkl I Lt 2.
A TV 59 (2.8)

Replacing in (2.8) the values of the corresponding parameters as chosen at the beginning,

it is sufficient to prove that
(2= o)llUllEs _ ellUlls

Uo = bo
which is after rearrangement condition (2.4). O
2
Keeping in mind that k = (1—¢)? ”‘%”ﬁgs , we are ready to finish the construction of A;. We may

iterate Proposition 2.10 starting with Ay = 0. Of course, Ay satisfies the O-requirement so by the

proposition we can find a column vector and a corresponding scalar to form A; satisfying the
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2.2 Proof of Theorem 2.2

1-requirement. Once again we use the proposition to construct A, satisfying the 2-requirement.
We can continue with this procedure as long as the corresponding lower bound b; is positive

~ N
(which is the case for by). So after k steps we have constructed Ay = 3., 5; (Uei) . (Ue,;)

satisfying the k-requirement which means that
A < updd = (2 —€)up and Ay has k eigenvalues bigger than by = eby.
Now it remains to estimate the weights s; chosen. This will be done by a trivial calculation :

Lemma 2.11. For any | < k and any unit vector v we have

1 1
G < — d FWw) >2-———
l(U) €b0 an l<U> (2 - 8)1,60

. : vt (A — Id)" 2 —
Proof. Write Id = P, + ); and notice that ¢(£“%l)b_l;1(j%l+l) and v'P (A; — byy1.1d) ' P are

positive, then we have

o o 1 IQuwl3 _ Iwll} _ 1
GZ(U) < (% (Al bl+1.Id> (% < v Ql (Al bl+1.fd) Qﬂ) < < <
b by ebo

. ot (upg1 Jd—Ay) 20
Now since B ) =D (A ary) > 0 then

1

Biv) > 0" (wr Td = A) ™0 > 0! (e dd) 0> o

The weights s; that we have chosen satisfied (2.5) and therefore by the previous lemma
Vi <k, eby<s;<(2—¢)ug

Back to our problem note that

and therefore

1 1
Ay =

- ~ t ~ 1 ~ ~ t 1
BTt = @ e 2 (Ue) (Oa) 200, % o308 (Ue) - (Uer) = oA

jeoT €b0
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Transfering the properties of Ay, we deduce that U,U. < %[ d and U,U ! has k eigen-

values greater than ( £bg

2—¢e)up
This means that

gibojd < [7;(70 < m[d
(2 =€)y by
Taking by = 5“2 in order to satsify (2.4), we finish the proof of Theorem 2.2.

Remark 2.12. The proof of Theorem 2.2 produces a deterministic algorithm :

Input: An n x m matrix U and ¢ € (0,1).

Ag=0¢€ Mnxn;
o=
U2
5= <
1= Ul
L
A = 2—¢ |l
1—¢ Ullfs
Uy = 2 — g,
b() = &,
(75} —U0+A,
bl = bo — (5,

for [ =0 to [(1—¢)%srank(U)] do
for j =1 tom do

if [3(Ue;) < Gi(Ue;) then

s; = G(Ue;)™;

Al—i—l = Al + Sj (06]') . (Uej)t;
o=0U{j}

Uppg = g1 + A

biro = b1 — 0;

break;

end

end

end
return o

Algorithm 3: Algorithm of Theorem 2.2.

2.3 Application to the local theory of Banach spaces

As for the restricted invertibility principle where one can interpret the result as the inver-
tibility of an operator on a decomposition of the identity, we will write the result in terms of a

decomposition of the identity. This will be useful for applications to the local theory of Banach
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2.3 Application to the local theory of Banach spaces

spaces since by John’s theorem [40], one can have a decomposition of the identity formed by

contact points of the unit ball with its maximal volume ellipsoid.

Proposition 2.13. Let Id = Y., Yyl be a decomposition of the identity in R™ and T be a
linear operator on 3. For e € (0,1), there exists o C {1,...,m} such that

1T lfs
o1 |1yl
1T°][2
and for all scalars (a;)jeq,

(%) < <tz

Proof. Let U be the n x m matrix whose columns are T'y;. Therefore, we can write

>_a

]60’ ||Ty.]

UU' =3 (Ty) - (Ty;) =TT

j<m

We deduce that ||Ullus = ||T|lus and ||U]| = ||T||. Applying Theorem 2.2 to U, we find ¢ C
{1,...,m} such that

T2
o > {u oy
Wk

and for all scalars (a;),eo,

Ue; 2—¢ 9 :
a; < as
Tomen <5 (27

ViSle Visia

= () -

we finish the proof.

Uej _ _Ty;
IUe;ll2 1Ty, ll2°

Noting that
O

This result improves the dependence on € in comparison with Vershynin’s result [90]. While
Vershynin proved that (T'y;) e, is ¢(e)-equivalent to an orthogonal basis of R?, the value of ¢(¢)
was of the order of e7¢1°8(°) Here our sequence is (4c~2)-equivalent to an orthogonal basis of
Re.

In the regime where ¢ is close to one, the previous proposition yields the following :

Corollary 2.14. Let Id = Y., yiyt be a decomposition of the identity in R™ and T be a linear
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operator on 3. For e € (0,1), there exists o C {1,...,m} such that

€2HTII%SJ

o] >
9Tl

and for all scalars (a;)jeo,

i 3
(1—¢) (Za) (1+¢) (Za?)
Visle JjECT

The two previous results can be written in terms of contact points, let us for instance write
the case of T = Id. If X = (R", || - ||) where || - || is a norm on R™ such that BY is the ellipsoid

of maximal volume contained in By, then by John’s theorem [40] one can get an identity

D a JHT

jECT

decomposition formed by contact points of Bx with BJ. Note that the same holds if BY is the

ellipsoid of minimal volume containing Bx. Applying Proposition 2.13 we get the following :

Proposition 2.15. Let X = (R™,||-||) where ||-|| is a norm on R™ such that BY is the ellipsoid
of mazimal volume contained in Bx. For e € (0,1), there exists 1, ...,z contact points of Bx
with By such that

k> {(1 - 6)2?”LJ

o= (%) <[] <255 (5)

In other terms, we can find a system of almost n contact points which is (4¢72)-equivalent

and for all scalars (a;)j<k,

Z ;T

Jj<k

to an orthonormal basis. If we are willing to give up on the fact of extracting a large number
of contact points, we can have a system of contact points which is (1 + ¢)-equivalent to an
orthonormal basis. For that, we write the previous proposition in the regime where ¢ is close
to 1.

Corollary 2.16. Let X = (R™, || - ||) where || - || is a norm on R™ such that BY is the ellipsoid
of maximal volume contained in Bx. For e € (0,1), there exists 1, ...,z contact points of By
with BY such that
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2.4 Column paving

and for all scalars (a;) <k,

(1—¢) (Za) (1+¢) (Za)

Given X = (R",||-||), it is proven in [85] that there exist orthonormal vectors xy, ..., x; with
k= [ "] such that the three norms || - || x, || - |
(2;);<k- Corollary 2.16 allows us to find almost orthogonal vectors x1, ..., 2}, with k = [527”] such
x+ and | - ||2 are equal to one on the sequence (x;);<k-

Z a;Tj

Jj<k

x+ and || - ||o differ by a factor 2 on the sequence

that the three norms || - ||x, || - |

Applying proposition 2.15, we also get the following corollary :

Corollary 2.17. Let X = (R™, || - ||) where || - || is a norm on R™ such that BY is the ellipsoid
of mazimal volume contained in Bx. For ¢ € (0,1), there exist 1, ..., x linearly independent
contact points of Bx with By such that

k> (V2 —1)%n

and for any i < k,

Z <$j7 xi>2 e

J#i
Proof. Let € < 1 and denote o = (y/2 — 1)2. Apply proposition 2.15 with (1 — ag) in order to

find a system of linearly independent contact points (z;);<x such that

1 2
A = Zx]xz < (1+a€) Id

i< —ae
For 7 < k,
1+ ae\?
Apri, ;) =1 L) < < >
The conclusion follows by a trivial calculation. O]

2.4 Column paving

Extracting a large column submatrix reveals to be useful since the extracted matrix may
have better properties. First results in this direction were given by Kashin in [44], and others
followed improving or dealing with different properties (see [13], [19], [43], [51],[87]). One can

also be interested in partitioning the matrix into disjoint sets of columns such that each block
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has "good" properties. Obtaining a constant number of blocks (independent of the dimension)
turns out to be a difficult problem and many conjectures concerning this were given previously
(see [23]).

The previous algorithms for extraction used probabilistic arguments and Grothendieck’s
factorization theorem (see [27] and [61]). Here we propose a deterministic algorithm to achieve
the extraction, we apply our main result iteratively in order to partition the matrix into blocks
on each of them we have good estimates on the singular values.

The conditioning number of a matrix U is given by

[zl
1Uyll2"

Smax (U)
Smin(U)

o(0) = max { T ol =yl = 1} =

Clearly, if the matrix is not of full rank then its conditioning number goes to infinity. An inter-
esting problem is to extract a well conditioned submatrix of a given matrix ; by well conditioned
submatrix, we mean a submatrix with bounded conditioning number. When the conditioning
number is close to one, the matrix is close to a multiple of an isometry. Results of this chapter

goes in this direction.

Definition 2.18. Let U be an n x m matriz. We will say that U 1is standardized if all its

columns are of norm 1.

Note that when U is standardized we have |U||}g = m and |U|| > 1. Applying Theorem 2.2

to a standardized matrix, we get the following proposition :

Proposition 2.19. Let U be an n x m standardized matriz. For e € (0,1), there exists o C

{1,...,m} with
(1—¢)’m
ol |
U2
such that 5
€ —€
< . < <
9 _ - X Smin (Ua) X Smax (UO') X c

This means that there exists a "large" submatrix of U whose conditioning number is smaller
2
than (%) . In the regime where ¢ is close to one, the previous proposition yields an almost

isometric estimation :

Corollary 2.20. Let U be an n x m standardized matriz. For ¢ € (0,1), there exists o C

{17 ...7m} wi];h
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such that
1 — € < Smin (UO') < Smax (Ua) < 1 +€

We may now iterate Proposition 2.19 in order to partition a standardized matrix U into

well conditioned blocks.

Proposition 2.21. Let U be an n x m standardized matriz. For ¢ € (0,1), there exists a

partition of {1,...,m} into p sets oy, ...,0, such that

0P tog(m)
T (-
and for any i < p,
c 2—c¢
2 _ ¢ < Smin (Uai) < Smax (Uo'i) < €

Proof. Apply Proposition 2.19 to U in order to get o; verifying

such that 5
£ — £
2 c < Smin (Ual) < Smax (Uol) <

Now note that U is an n x |of| standardized matrix and ||Uge

£
< ||U||. Apply Proposition 2.19

to Uye in order to get oy C of verifying

2
oyl =

|oa| =

EEL D, [1_ <1—a>2] -

1] 1U]?
Doing this procedure p times, the number of remaining columns is

(=)

So in order to cover all the columns, we need to take p such that

By a trivial calculation, it is sufficient to take % blocks. O

In the regime where ¢ is close to one, the previous proposition yields a column partition

99



Chapitre 2. Column subset selection

with almost isometric blocks. This recovers a result of Tropp (see Theorem 1.2 in [87]), which

follows results of Bourgain-Tzafriri [19], with a deterministic method.

Corollary 2.22. Let U be an n x m standardized matriz. For e € (0,1), there ezists a partition

of {1,...,m} into p sets oy, ...,0, such that

9|U||? log(m
< AU log(m)
€
and for any i < p,
1—¢ g Smin (Uai) g Smax (Uai) < 1 +e€

The number of blocks here depends on the dimension. The challenging problem is to partition
into a number of blocks which does not depend on the dimension. This would give a positive

solution to the paving conjecture (see [23] for related problems).

2.5 Extracting square submatrix with small norm : se-

cond attempt

In this section, we will show how using our main result we can answer Naor’s question [55] :
find an algorithm, using the Batson-Spielman-Srivastava’s method [13], to prove Theorem 2.4.

However, we will be able to do this only for symmetric matrices.

Proposition 2.23. Let T be an n x n symmetric matriz with 0 diagonal. For any € € (0,1),

there exists o C {1,...,n} of size
(V2 — 1)t

o >

Proof. Denote A =T + ||T||.1d, then A is a positive semidefinite symmetric matrix, so we may
take U = Az, First, note that since T has 0 diagonal then

such that

P, TP <e||T|

[Ueill; = (Uei,Ue;) = (Aej e;) = ||T|

Therefore U = ”TU”; is a standardized matrix. Moreover ||U]|? = 2.
2
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Denote a = (/2 — 1)? and apply Proposition 2.19 with (1 — ag) to find ¢ C {1,...,n} of

. 2.2
size % such that

1—ae ~ ~ 14+ ae
g min Uo’ < max Uo <

1+ ae s ( ) § ( ) 1—ae
This means that ) ) | )

— Q€ ~ \t -~ + ae

dd=<(U,) - (U,) =< Id
(1+a5> _( ) ( ) (1—a5>

Recall that U, = UP. and U - U = ﬁ. Therefore by the choice of o, we have

(1—¢e)||T||.1d = P,AP! < (1 +¢)|T||.1d,
which after rearrangement gives
—e||T||.Id < P,TP! < ¢|T|.1d

and finishes the proof. O

The previous result is directly related to the Kadison-Singer conjecture ([41], see also [23]). It
has been proven in [7] that the Kadison-Singer conjecture is equivalent to the paving conjecture

which we state here :

Conjecture. For any ¢ € (0,1), there exists p = p(e) such that for any n € N and any n x n

matriz T with zero diagonal, there exists a partition of {1,...,n} into p sets oy, ..., 0, such that
Vi<p, |[PTP |l <e|T||

The difficulty lies on finding a partition whose size does not depend on the dimension n.
Iterating Proposition 2.23, we obtain by a deterministic method the strongest result on the
paving problem which is due to Bourgain-Tzafriri ([19], see also [86]); namely, every zero-
diagonal matrix of size n x n can be paved with at most O(log(n)) blocks. Once again, we are

able to achieve this for symmetric matrices.

Proposition 2.24. Let T be an n x n symmetric matriz with 0 diagonal. For any € € (0,1),

there exists a partition of {1,...,n} into k subsets oy, .., 0y such that

2log(n)
S V2o 1)k

and for any i < k,

P, TF. | <e|T|
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Proof. As before denote A = T+ ||T||.Id and U = A2. Note U = |TU|; the standardized matrix.
Applying Corollary 2.22, we have a column partition for which we do on each block as we did

in the previous proposition. The result follows easily. O

2.6 Application to Harmonic analysis

In this section, we will give a nice application to the problem of harmonic density in Fourier
analysis. Our result improves previous work of Bourgain-Tzafriri [19] and Vershynin [89]. Let

us start with some definitions :

For A a set of integers, the density of A is given by :

whenever the limit exists.

Definition 2.25. Let H be a set of finite sets of integers. H is called an homogeneous system
if for every A € 3, all the subsets and translates of A belong to JH.

Denote by T the circle and v the normalized Lebesgue measure on T. The space of twice

integrable functions on T will be denoted by Lo(T,v). For any f € Lo(T,v), define

ey = ( [ 11

Let B be a subset of T of positive measure and define

1 3
1 oy = ((& / |f|2dV>

For A a subset of the integers, we denote the closed linear span of the characters {e***},c, in
Ly(T,v) by LY(T, v). In other terms, L5 (T, v) is the space of functions whose Fourier transforms
are supported by A.

An interesting problem is the following :

Given a subset B of the circle T with v(B) > 0, can we find a subset A of the integers with

positive density such that every function in L5(T, ) does not vanish a.e on B ?
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A positive answer was given by Bourgain-Tzafriri [19] who proved the following :

Theorem 2.26 (Bourgain-Tzafriri). There ezists a positive constant ¢ so that, for any B C T,
one can find a subset A of the integers with dens(A) > cv(B), for which

Hf”L2(B) Zc: Hf”Lg('[F) , (2.10)

whenever f € LY (T, v).

The proof of this result makes use of the restricted invertibility principle alongside a result

of Ruzsa [69] which allows to pass from large finite sets to an infinite set of large density.

Theorem 2.27 (Ruzsa). Given an arbitrary homogeneous system H, there exists a set of

integers \ such that its finite subsets all belong to H and
dens(A) = d(H),

where d(H) is given by
ANAl,..
() = lim maXM‘

n—oo AeH n
Remark 2.28. In [69], Ruzsa proved the previous statement with the definition of density
(2.9) replaced by the one-sided density lim, . Il\ﬁ{zin}l In [89], Vershynin noticed that a

slight modification of Ruzsa’s arqument yields the result stated in Theorem 2.27.

Following the same strategy as in [19], Vershynin [89] added a non trivial upper bound to
(2.10). This follows from the use of Theorem 2.1. Therefore, making use of Theorem 2.2, we

improve the previous results and show the following :

Theorem 2.29. Let B be a subset of T of positive measure. For any ¢ € (0,1), there exists a
set of integers A with density dens(A) > (1 — ¢)%v(B) such that for any f € LY(T,v), we have

€ 2—¢
3¢ 1l ey < N fllym) < - 1l emy
Proof. Define T a linear operator on Ly(T,v) as follows
1
T(f) ===/ 1 [é€L(T,v)
v(B)

One can easily check that |T|| = v(B)~2 and ||T(e"**)|| = 1 for all k € Z. For every positive

integer n, taking U, the matrix whose columns are the coordinates of (T(ei"“))K in some
<n
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basis, and applying Theorem 2.2 we get
on C{1,...,n}

of size

n
> (1-— 5)2
U2

such that for any f € L§"(T,v) we have

lon| = (1 —¢)? = (1—-¢)*n-v(B)

n
1772

€ 2—c¢
3= 1A oy < NT ) pyem) < - 1N 2oy -

Since | T(f)|l 1,y = I/l ,(p) then the previous equation yields the following for any n and any

fe L3 (T,v)
2—¢

3

1l 2y - (2.11)

Define H the family of all finite subsets o of the integers such that (2.11) is satisfied for any

f € L(T,v). It is easy to check that H is an homogeneous system. Moreover, since o,, € H for

£
T oy < Wi <

any n then

d(H) > lim supM > (1—¢)*v(B).

n—00 n

Applying Theorem 2.27, we get a set of integers A with dens(A) > (1 — &)?v(B) such that all
its finite subsets belong to H. This completes the proof in view of the definition of H. n

In the regime where ¢ is close to one, we get the following :

Corollary 2.30. Let B be a subset of T of positive measure. For any € € (0,1), there exists a

set of integers A with density dens(A) > %V(B) such that for any f € LY(T,v), we have

(1—¢) ||f||L2(’]I‘) < ||f||L2(B) <(l+e) ||f||L2(T)
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Chapitre 3

Banach-Mazur distance to the cube

3.1 Introduction

Measuring distance between objects is an important tool towards identifying these ones. In
our context, the local theory of Banach spaces, two spaces are identified if they are isometric.
One can see an n-dimensional Banach space as R" equipped with a norm. It is well known that
all norms on R™ are equivalent ; this means that for |- | and || - || two different norms on R",

there exist positive constants o and  such that

(64
8
of equivalence 7 is one, then the two norms are just homothetic and can be identified. Of course

The constant v = £ will measure the "degree" of equivalence of these two norms. If the constant
~ can depend on the dimension n and the aim is to trace this dependence. Since we are interested
in "big" dimensions, if v does not depend on the dimension then it is considered small and the
two norms are well identified. Defining the distance between two Banach spaces as the constant
of equivalence between their norms is known as the geometric distance. In this chapter, we will
discuss the Banach-Mazur distance which is a smaller quantity than the geometric distance.
Indeed, to calculate the Banach-Mazur distance we allow some linear transformation on the
original spaces then calculate the geometric distance between the obtained spaces. The aim of
this chapter is to estimate the distance of an n-dimensional Banach space to the n-dimensional

cube [Z. To this end, we discuss the proportional Dvoretzky-Rogers factorization which we can
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derive using our results from previous chapters and then use this to estimate the distance to
the cube.

Let BM,, denote the space of all n-dimensional normed spaces X, known as the Banach-
Mazur compactum. If X, Y are in BM,,, we define the Banach-Mazur distance between X and

Y as follows :
d(X,Y) =inf{||T|| - |T"'|| | T is an isomorphism between X and Y }

Remark 3.1. For K, L two symmetric convex bodies in R™, one can define the Banach-Mazur

distance between K and L as
d(K,L)=1inf{a/f| BLCT(K) C aL}
One can easily check that this distance is coherent with the previous one as d(X,Y) = d(Bx, By).

Remark 3.2. [t is easy to check that d is multiplicative and that d(X,Y) = 1 if and only if
X and Y are isometric. Therefore log(d) is a distance over the quotient of BM,, obtained by

identifying isometric spaces.

3.2 Proportional Dvoretzky-Rogers factorization

By the classical Dvoretzky-Rogers lemma [28], it is proven that if X is an n-dimensional

Banach space then there exist 1, ...,z € X with k& = y/n such that for all scalars (a;);<

1
3
2
<cl|dda| .
X i<k

where ¢ is a universal constant. Bourgain-Szarek [18] proved that the previous statement holds

Z ;T

J<k

1<
max a;| <

for k proportional to n, and called the result "the proportional Dvoretzky-Rogers factorization" :

Theorem 3.3 (Proportional Dvoretzky-Rogers factorization). Let X be an n-dimensional Ba-
nach space. For any € € (0,1), there exist xq,...,xx € X with k > (1 — e)n such that for all
scalars (a;)j<k

Z a;xj

J<k

max |aj| <

< c(e) (Z a?) :

J<k

where c(€) is a constant depending on €. Equivalently, the identity operator is o : I — ¥ can

106



3.2 Proportional Dvoretzky-Rogers factorization

be written iz o = a0 B with B: 15 — X, a: X — 1% and || - ||B]] < c(e).

Finding the right dependence on ¢ is an important problem and the optimal result is not
known yet. In [80], Szarek showed that one cannot hope for a dependence better than e 0.
Szarek-Talagrand [82] proved that the previous result holds with c¢(¢) = ce™2 and in [31] and
[32] Giannopoulos improved the dependence to get ce3 and ce~L. In all these results, a facto-
rization for the identity operator i, o : [ — [5 was proven and by duality the factorization for
12,00 Was deduced. The previous proofs used some geometric results, technical combinatorics and
Grothendieck’s factorization theorem ([27], [61]). Here we present a direct proof using Theo-
rem 1.4 which allows us to recover the best known dependence on € and improve the universal

constant involved.

As we have seen in Chapter 1, the set of n-dimensional Banach spaces can be identified
with the set of symmetric convex bodies in R". Therefore, Theorem 3.3 can be formulated with
symmetric convex bodies. In [50], Litvak and Tomczak-Jaegermann proved a nonsymmetric

version of the proportional Dvoretzky-Rogers factorization :

Theorem 3.4 (Litvak-Tomczak-Jaegermann). Let K C R™ be a convex body, such that BY is
the ellipsoid of minimal volume containing K. Let € € (0,1) and set k = [(1 — €)n|. There exist
vectors Y1, Ya, ---, Yx in K, and an orthogonal projection P in R™ with rank(P) > k such that for
all scalars tq, ..., 1t

6
S 2 1tl;

PK j=1

K 3
ce’ (Z |tj\2) S
j=1

where ¢ > 0 is a universal constant.

k
> tiPy;
j=1

Using again Theorem 1.4 combined with some tools developped in [50] and [18], we will be

able to improve the dependence on ¢ in the previous statement.

3.2.1 The symmetric case

Let us start with the original proportional Dvoretzky-Rogers factorization. We will prove

the following :

Theorem 3.5. Let X be an n-dimensional Banach space. For any ¢ € (0,1), there exist
Ty, ..,z € X with k > [(1 — ¢)*n] such that for all scalars (a;);j<k

%
€ Za?- < Zajxj
j<k

<k

<D lay

x  Jsk
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Chapitre 3. Banach-Mazur distance to the cube

Equivalently, the identity operator iy o : I¥ — 15 can be written as i1 o = o 3, where B : If —
X, a: X — 1% and ||af - 18] <7t

Proof. Without loss of generality, we may assume that X = (R", || - ||x) and B} is the ellipsoid
of minimal volume containing By . By John’s theorem [40] there exist 1, ..., x,, contact points
of Bx with By (||lz;|x = [l;]

x+ = ||zj]|]2 = 1) and positive scalars c1, ..., ¢, such that

Id= 3 cjzjaf and |- [la <[~ [x

j<m

Let U = (ﬁxl, e \/@xm) be the n xm rectangular matrix whose columns are  /¢;x; and
denote D = diag(y/c1, ..., \/Cm) the m x m diagonal matrix with ,/¢; on its diagonal. Clearly,
UU" = Id and [Ullus = [ Dllus = v/7.

Let ¢ < 1, applying Theorem 1.4 to U and D, we find ¢ C {1, ...,m} such that

k=lo|l > [(1 - 5)2n}

and for all a = (a;)jer

Z a;T;

jEo

-1
UsD,a||, =
JjECT

Z € (Z |aj|2> (3.1)

To simplify the notations, we may assume that o = {1,...,k}. Denote P the orthogonal
projection of X onto Y = span{(z;);<x}. Now note that (3.1) guarantees that the (z;);<x are

linearly independent and therefore that P is of rank k. Define T" and [ as follows :

gk - X and T : Y — I[§
ej — x; forj<k rj — e forj<k

and write o = T P. For a = (a;);<x € R”, by the triangle inequality we have

15(a)llx = < lag - llwsllx = 3 lagl,

X i<k i<k

Z ;T

i<k

and therefore ||| < 1. Now let 2 € X, then Pz € Y and one can write Pz = Y-, a;z;. Using
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3.2 Proportional Dvoretzky-Rogers factorization

(3.1) we get
1
\° 1 1 1 1
la(@)llz = | d_aj | <= |2 asag|| == [IPzlly < llzlly < - lllly
oyt ot , € £ £
and therefore ||| < e, which finishes the proof. O

Remark 3.6. Denoting F the ellipsoid of minimal volume containing Bx, we proved the exis-

tence of vectors x1, ..,z with k = [(1 — £)*n] such that for all scalars (a;);<r

1
2
2
(54 <
Jj<k

As a direct application of the previous result, we have

Z a;T;

Jj<k

<

Z a;Tj

J<k

<2l (3.2)

X i<k

F

Corollary 3.7. Let X be an n-dimensional Banach space. For any € € (0,1), there exists Y a
subspace of X of dimension k > [(1 — €)?n] such that d(Y,1}) < @
Instead of using Theorem 1.4, we could have used proposition 2.15 but we lose a constant

factor of % in the estimate. Nevertheless, we can get the following factorization :

Theorem 3.8. Let X = (R",|| - ||) where || - || is a norm on R™ such that BY is the ellipsoid of
minimal volume containing Bx. For anye € (0,1), there exists Y C R™ a subspace of dimension

k> [(1 —&)*n] such that the following diagram commutes

11,2

I 5

|

Yo [ - ) == (V- |

x+)
i.eig =aof3 and Idy = o a. Moreover ||B]| <1, [|oof| < 2= and |y]| < 5.

Proof. Let ¢ < 1, we may start applying Proposition 2.15 to find z1, ..., ), contact points of
Bx with BY such that
k> |(1-¢)n]

and for all scalars (a;) <,

1 1

2:5(2‘@) < |24 <2_€(Za§) : (3.3)

i<k <k € <k

2
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Define Y =span{(z;)j<x}. Since 1, ..., z; are linearly independent then Y is of dimension k.

We may now define «, 3,7 as follows :

gk - Y a Y — b v oo 5 - Y
e = Ij ngk T = € ngk €; = Ty V]ék‘

For a = (a;);<x € R, by the triangle inequality we have

16(a)llx =D ajz;

Jj<k

< D lagl - llwgllx = llall,
x  J<k

and therefore ||| < 1. Since By C BY then

xe <l < - ix

Therefore, using (3.3) we have for a = (a;);<x € R”

1

<2—5 (ZQ?) 7

€ U<k

I7(a)]

Z ajx;

<k

x- <@z =

2

which means that ||| < 2==.

Let z € Y then » = Y-, a;x; for some a = (a;);<x and therefore using (3.3) we have

2—¢
€

Z a;T;

Jj<k

<
2

Z a;Tj

Jj<k

9

X

la@)ll: = (Z ) <2°¢

i<k €

which means that [|or]| < 2=. O

3.2.2 The nonsymmetric case
Let us now turn to the non symmetric version of Theorem 3.5. We will prove the following :

Theorem 3.9. Let K C R" be a convex body, such that By is the ellipsoid of minimal volume
containing K. For any ¢ € (0,1), there exist xy,...,x with k > (1 — e)n contact points and P

an orthogonal projection of rank > k such that for all (a;);<k
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3.2 Proportional Dvoretzky-Rogers factorization

Proof. By John’s Theorem [40], we get an identity decomposition in R™

Id = Z cjxsz- and Z cjr; =0,

j<m j<m

where 21, ..., x,, are contact points of K and Bj and (c;) ;< positive scalars. Note that we will

not use the second assertion i.e the fact that >-,.,, c;z; = 0.
As before, take U = (\/axl, . ‘/cm:vm> the n x m rectangular matrix whose columns are

V/Ci7j. Denote D = diag(\/cy, ..., /¢m) the m x m diagonal matrix with ,/c; on its diagonal.
Applying Theorem 1.4 to U and D with parameter £, we find o1 C {1,...,m} such that

£\ 2 €
s=|al\><1—4> (-,

and for all scalars a = (a;)jeo,

Define Y = span{z;};c,,. We will now use the argument in [50] to construct the projection

—~1 .
Uy, Dy aHQ —

Z a;x;

JjEo1

> (Z W) . (3.4)

JEo1

g

P. First partition o; into {55} disjoint subsets A; of equal size. Clearly

Als [[Sss]] s1s |2 []] r1s ]

Let 21 = 3 ;c 4, 75 and take P : Y — Y the orthogonal projection onto span{z}*. For every

[, we have Pz = 0 so that for j € A; we can write

—Pz;= Y Pz =(Al-
1€EAIF£]

We deduce that for every I and every j € A;, we have —Pz; € (|A)| — 1) PK C 2PK.

Z Px;

’Al| o zEAl JAF£]

Let T : Rt — Y be a linear operator defined by Te; = x; for all j € oy, where
(€;)jer, denotes the canonical basis of Rl71l and Y is equipped with the euclidean norm. Since
(2)jeo, are linearly independent, T is an isomorphism. Moreover, by (3.4), we have || T~} < 2

Take P’ = T~'PT and P” the orthogonal projection onto (KerP’ )L. It is easy to check that
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P"P" = P" and
k = rankP"” = rankP > (1 — ;) s=2(1—-¢e)n

For all scalars (a;);eo,,

Z CLjPQ’Ij = Z CLjPT@j
jEo1 2 j€o1 2
= Z T(ajP'ej)
j€o1 2
= ||T 1” Z a]P'eJ
JET1 2
Z Z a]P”e]
JET1

Now take U’ the s x s matrix whose columns are (P"¢;);co,. Apply Theorem 1.4 with U’ and

Id as diagonal matrix and £ as parameter, then there exists o C oy of size

2
\ay>(1—i> s>(1—2m

such that for all scalars (a;) e,

N|=

Z CLjPHGj

jE€o

19
1 (Z |aJ|2)
2 jEoc

This gives us the following

N|=

>

=

> a;Pu;

j€o

. ZajP”ej

j€o

B~ ™

>§ Z’a.ﬁ
16\~

2 Visia

On the other hand, since K C Bj then

2

> a;Px;

JjECT

> ajPx;

JjECT

> ajPx;

jECT

2 PBy PK

Denoting A = —PK N PK which is a centrally symmetric convex body, and using the fact

that —Pz; € %PK alongside the triangle inequality, one can write
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3.3 Estimate of the Banach-Mazur distance to the Cube

> ajPux;

j€EC

<= lajl.

A jEcr

M| >

Finally, we have

1
g2 2
6 (Z |aj!2) <

j€o

Z ajPa:j

j€o

<

Z CL]'P.I'J'

j€o

<

Z Cljpl'j

j€o

4
< = .
\€§:yaj|

A jEU

2 PK

One can interpret the previous result geometrically as follows :

Corollary 3.10. Let K C R™ be a convex body such that BY is the ellipsoid of minimal volume
containing K. For any € € (0, 1), there exists P an orthogonal projection of rank k > [(1 — )n]
such that

€ Lk 16
ZBI CPKC;BQ.

Moreover, d(PK, Bf) < ®".
By duality, this means that there ezists a subspace E C R™ of dimension k > [(1 — €)n] such
that o .
1—682 CKNEC gBoo‘
Moreover, d(K N E, B%) < 8yt

3

3.3 Estimate of the Banach-Mazur distance to the Cube

In [18], Bourgain-Szarek showed how to estimate the Banach-Mazur distance to the cube
once a proportional Dvoretzky-Rogers factorization is proven. This technique was again used
in [82] and [31]. Since we are able to obtain a proportional Dvoretzky-Rogers factorization with
a better constant, then using the same argument we will recover the best known asymptotic
for the Banach-Mazur distance to the cube and improve the constants involved. Let us start
defining

R =max{d(X,l%)/ X € BM,}

Similarly one can define R}, and since the Banach-Mazur distance is invariant by duality
then RY = R},. Since the diameter of BM,, is less than n then a trivial estimate would be

R < n. In [80], Szarek showed the existence of an n-dimensional Banach space X such that
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Chapitre 3. Banach-Mazur distance to the cube

d(X, 1) > cy/nlog(n). Bourgain-Szarek proved in [18] that R < o(n) while Szarek-Talagrand
[82] and Giannopoulos [31] improved this upper bound to ens and ens respectively. Here, we

will prove the following estimate :

Theorem 3.11. Let X be an n-dimensional Banach space. Then

d(X,17) < 28/n - d(X,15)3.

proof. We denote dx = d(X,1%). In order to bound d(X,[}), we need to define an isomorphism
T : 1" — X and estimate ||T|| - ||7!||. A natural way is to find a basis of X and then define
T the operator which sends the canonical basis of R™ to this basis of X. The main idea is to
find a "large" subspace Y of X which is "not too far" from [; (actually more is needed), then
complement the basis of Y to obtain a basis of X. Finding the "large" subspace is the heart
of the method and is basically given by the proportional Dvoretzky-Rogers factorization. The

proof is mainly divided in four steps :

-First step : Place Bx into a "good" position and choose the right euclidean structure.
Since the Banach-Mazur distance is invariant under linear transformation, we may change the
position of Bx. Therefore without loss of generality we may assume that X = (R", || - || x) and

B is the ellipsoid of minimal volume containing Bx. Denote also € the distance ellipsoid i.e

1
—E&CBxCEé& (3.5)
dx

The ellipsoid € can be defined as

&= {a: eER"/ D oz, v;)* < 1},

Jj=1

where v; is an orthonormal basis (in the standard sense) of R™ and «; positive scalars. To take

into consideration the two euclidean structures, we will define the following ellipsoid

€ = {x e R"/ Z; (1+a?) (z,0;)* < 1}.
j=1

It is easy to check that
Byn&cé& cV2ByNE (3.6)
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Therefore |

&, CBx CE& 3.7
\/del X 1 (3.7)

-Second step : Let ¢ > 0 and set k = (1 — 2¢)n. Apply Remark 3.6 to find 21, ..., 2, in X

such that for all scalars (a;),<k

1
3
€ (Z a?) < Zajmj
i<k

J<k

<D layl (3.8)

X i<k

Z a;x;

Jj<k

<

2

Note that (z;);<x are linearly independent and are a good candidate to be part of the basis
of X.

-Third step : To form a basis of X, we simply take yx,1,..,y, an orthogonal basis in the
&,-sense of span{(z;);<x} " (where the L is in the & -sense) such that [y; e, = #@. By (3.7),
we have

i>k il <1

-Fourth step : Define T : I¥ — X by T'(e;) = z; if j < k and T(e;) = y; if j > k. Let

a = (a;)j<n € R" and write

k n
Ta=7Y ajx;+ Y ay;
j=1 j=k+1

Then using the triangle inequality and (3.7), one can write

Yo ami+ Y ay;

i<k j>k

lally =" laj| + Y la| >

J<k >k

Yo azi+ Y ay;

j<k 5>k

2
X

&1
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We also have

-

2 272
ITallg, > (| ajz;|  + D ay; by orthogonality
| lli<k e Jj>k &
1
273
2 Zajxj + 11> ajy; by (3.6)
i<k 2 i>k &1
1
2
> *€QZCL +Za2||yg|151] by (3.8)
j<k >k
[, 2 272
> < > ay] 27 > layl by Cauchy-Shwarz
2n \ = 2d%
L Js >k
— 2 o
= (Za > Ja
Z | — a; a;
_Zn < 4€nd2 P

]<k i>k

\\/

Z|a]\—|— \/—Z| J‘]

2

> — Z la;|  taking e = (v2dx) 5.
3\/_ d3 j=
As a conclusion,
1
Tz llally < [ Tallx < lall,
3y/ndy
2

and therefore d(X,I7) < 23\/nd% for all X € BM,. O

Using the same procedure and working only with one ellipsoid &, the ellipsoid of minimal
volume containing By, and noting that by John’s theorem [40] ﬁ&” C Bx C 7, we get the

following
Theorem 3.12. R? = R < (2n)s.

Remark 3.13. Here we are interested in high dimensional results; this is why the constant is

not that important. If we want an estimate for “small” dimensions, then the value of the constant
7

becomes important. In [31], Giannopoulos proved that R? <end withe= —25  ~ 3,0116,

(vV2-1)3
and thus his result becomes nontrivial when the dimension is larger than 747. On the other hand,

our result becomes nontrivial whenever the dimension is bigger than 32. Moreover, if we are
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interested in small dimensions, we can obtain a better result by choosing € in the last inequality
in a different way : in fact we have chosen £ = (2n)~3 (replacing dx with /n) in the asymptotic
; then

regime, otherwise one just needs to optimize € so that it satisfies = =

1
\/(1—5)2n n\/l—(l—a)2
our result becomes nontrivial when the dimension is larger than 16. In [84], Taschuk has also

obtained an estimate for the Banach-Mazur distance to the cube of “small”-dimensional spaces.

Precisely, he proved the following

2
Ry, <n>—-2n+2+ ——xur—
> \/ vn+2-—1

We can check that our result improves on that whenever the dimension is larger than 22.
We give a table of comparison of the estimates obtained from the two results. Our values are
obtained as follow : write k = (1 — ¢)?n so that e = 1 — \/g then solve the equation

1—\/5_ 1
VE _./n(n—k)

Take kg the integer part of the solution obtained, then the upper bound will be given by

Dimension n | Our upper bound for R}, | Taschuk’s upper bound for R7
200 138,564 199,002
150 108,166 149,004
100 76,158 99,006
70 56,745 69,009
40 34,641 39,017
22 20,978 21,036
21 20,494 20,039
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Chapitre 4

Covariance of random matrices

4.1 Introduction

In recent years, interest in matrix valued random variables gained momentum. Many of the
results dealing with real random variables and random vectors were extended to cover random
matrices. Concentration inequalities like Bernstein, Hoeffding and others were obtained in the
non-commutative setting ([6],[88],[54]). The methods used were mostly combination of methods

from the real/vector case and some matrix inequalities like the Golden-Thompson inequality
(see [15]).

Estimating the covariance matrix of a random vector has gained a lot of interest recently.
Given a random vector X in R", the question is to estimate ¥ = EX X'. A natural way to do
this, is to take X7, .., Xy independent copies of X and try to approximate ¥ with the sample
covariance matrix Yy = % i X;X!. The challenging problem is to find the minimal number of
samples needed to estimate X. It is known using a result of Rudelson (see [67]) that for general
distributions supported on the sphere of radius y/n, it suffices to take cnlog(n) samples. But
for many distributions, a number proportional to n is sufficient. Using standard arguments, one
can verify this for gaussian vectors. It was conjectured by Kannan- Lovasz- Simonovits [42] that
the same result holds for log-concave distributions. This problem was solved by Adamczak et
al ([4], [5]). Recently, Srivatava-Vershynin proved in [79] covariance estimate with a number of
samples proportional to n, for a larger class of distributions covering the log-concave case. The

method used was different from previous work in this field and the main idea was to randomize
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the sparsification theorem of Batson-Spielman-Srivastava [13].

Our aim in this chapter is to adapt the work of Srivastava-Vershynin to the matrix setting,
replacing the vector X in the problem of the covariance matrix by an nxm random matrix A and
trying to estimate EAA? by the same techniques. This will be possible since in the deterministic
setting, the sparsification theorem of Batson-Spielman-Srivastava [13] has been extended to a

matrix setting by De Carli Silva-Harvey-Sato [26] who precisely proved the following :

Theorem 4.1. Let By,...,B,, be positive semidefinite matrices of size n X n and arbitrary
rank. Set B := Y, B;. For any ¢ € (0,1), there is a deterministic algorithm to construct a

vector y € R™ with O(n/e?) nonzero entries such that y > 0 and

B =Y yB < (1+¢)B.

For an n x n matrix A, denote by ||A|| the operator norm of A seen as an operator on 1.
The main idea is to randomize the previous result using the techniques of Srivastava-Vershynin

[79]. Our problem can be formulated as follows :

Take B a positive semidefinite random matrix of size n x n. How many independent copies
of B are needed to approximate EB i.e taking By, .., By independent copies of B, what is the

minimal number of samples needed to make H% > Bi — IEBH very small.

One can view this as an analogue to the covariance estimate of a random vector by taking
for B the matrix AA" where A is an n x m random matrix. With some regularity, we will be
able to take N proportional to n. However, in the general case this is no longer true. In fact,

take B uniformly distributed on {ne;e!}._ . where (e;);<, denotes the canonical basis of R™. It

<n?
is easy to verify that EB = [, and % > B; is a diagonal matrix and its diagonal coefficients

are distributed as
n

N(pl: "7pn)7

where p; denotes the number of times e;e! is chosen. This problem is well- studied and it is
known (see [45]) that we must take N > cnlog(n). This example is essentially due to Aubrun
[8]. More generally, if B is a positive semidefinite matrix such that EB = I, and ||B|| < n
almost surely, then by Rudelson’s inequality in the non-commutative setting (see [57]) it is

sufficient to take cnlog(n) samples.

The method will work properly for a class of matrices satisfying a matrix strong regularity

assumption which we denote by (M SR) and can be viewed as an analog to the property (SR)
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defined in [79].

Definition 4.2. [Property (MSR)]
Let B be an n x n positive semidefinite random matriz such that EB = I,,. We will say that B
satisfies (M SR) if for some ¢, > 0 we have :

P(||PBP| > t) < tl%n Vt > crank(P) and VP orthogonal projection of R".

The main result of this chapter is the following :

Theorem 4.3. Let B be an n X n positive semidefinite random matrixz verifying EB = I,, and
(MSR) for some n > 0. Then for every € € (0,1), taking N = Cy(n) -5 we have

7
2t

< e, where By,.., By are independent copies of B.

1 N
EHN;Bi—In

4.2 Property (MSR) and examples

A random vector X in R’ is called isotropic if its covariance matrix is the identity i.e
EX X! = Id. In [79], an isotropic random vector X in R! was said to satisfy (SR) if for some
c,n >0,

P(IPX[;>t) < . Vt>crank(P) and VP orthogonal projection of R

ti+n’
Since ||PX X!P|| = ||PX]|3, then clearly B = X X! satisfies (M SR) if and only if X satisfies
(SR). Therefore if X verifies the property (SR), applying Theorem 4.3 to B = X X", we recover

the covariance estimate as stated in [79].

Let us note that (MSR) implies moment assumptions on the quadratic forms (Bz,z). To
see this, first note that if x € S"~! then (Bx,z) = ||P,BP,||, where P, is the orthogonal

vl

1. Ci(n) = (640)' "7 (1 + 1) v 64(40)7 (32 + 22)'%7 v 256(20) 375 (16 + 10)7
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projection on span(z). Now, by integration of tails we have for 1 < ¢ <1+,

E(Bz,z)? = /OO P((Bx,z) > t).qt" dt
—/ (Bx,z) > t).qt"  dt
—I—/ ((Bx,x) > t).qt" 'dt

1 c 1

< c(g,m)

Moreover, property (M SR) implies regularity assumption on the eigenvalues of the matrix

B. Indeed, for any orthogonal projection of rank k one can write

|PBP| > d;g?krgggwx ) = An—rr1(B),

where the last equality is given by the Courant-Fisher minimax formula (see [25]). Therefore,
property (MSR) implies the following : for some ¢, > 0,

P(Mpii(B) =1 < ——, Vt=ckand Yk <n

ti+n’

We may now discuss some examples for applications of the main result. Let us first replace
(M SR) with a stronger, but easier to manipulate, property which we denote by (M SRx). If B
is an n X n positive semidefinite random matrix such that EB = Id, we will say that B satisfies
(M SRx) if for some ¢,n > 0 :

P(Tr(PB) > t) < tl%n Vt > c.rank(P) and VP orthogonal projection of R".
Note that since ||[PBP|| < Tr(PBP) = Tr(PB), then (MSRx) is clearly stronger than

(MSR).

4.2.1 (2 + ¢)-moments for the spectrum

As we mentioned before, (M SR), one can see that it implies regularity assumptions on the
eigenvalues of B. Putting some independence in the spectral decomposition of B, we will only

need to use the regularity of the eigenvalues. To be more precise, we have the following :

Proposition 4.4. Let B = UDU?* be the spectral decomposition of an n X n symmetric positive
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4.2 Property (MSR) and examples

semidefinite random matriz. Denote (o)<, the diagonal entries of D. Suppose that U and D

are independent and that (o)<, are independent and satisfy the following :

3=

Vi<n, Eey=1 and (Ea?)

\ C;
for some p > 2. Then B satisfies (M SRx).

Proof. First note that since U and D are independent and Ea; = 1, then EB = Id. Let k£ > 0
and P be an orthogonal projection of rank k& on R", then () = U*PU is a random orthogonal
projection of rank k independent of D. Note that Tr (PB) = Y« ¢;iv, and now using Markov’s

inequality we have for t > k,

P{Tr(PB) > {un o; — 1 t—k‘}

i<n
@{ k}

p
Looking at the expectation with respect to D and using Rosenthal’s inequality (see [63]) we

Z gi(a

i<n

E Y qilo

<n

get

[N4S]

Ep

Z qii (o

i<n

P
1)| <C(p)max{ > ¢iEla; — 17, (Z E|a; — 1]2>

i<n i<n

Taking in account that ¢; < 1, which implies that for any [ > 1, 3, ¢!, < k, we deduce that

p

< C(p)k

Zq” z_]-

i<n

Instead of Rosenthal’s inequality, we could have used a symmetrization argument alongside
Khintchine’s inequality to get the estimate above.
One can easily conclude that B satisfies (MSRx) with n = § — 1. O

Applying Theorem 4.3, we can deduce the following proposition :

Proposition 4.5. Let B = UDU* be the spectral decomposition of an n X n symmetric positive

semidefinite random matriz. Denote (o;),<n the diagonal entries of D. Suppose that U and D
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Chapitre 4. Covariance of random matrices

are independent and that (o)<, are independent and satisfy the following :

3=

Vi<n, Eq;=1 and (Ea)r <eg,

for some p > 2. Let ¢ € (0,1), then taking N = C(p)—5— we have

ep—2

1 N
E HN E B, —1,|| <&, where By,.., By are independent copies of B.
i=1

4.2.2 From (SR) to (MSR)

We will show how to jump from property (SR) dealing with vectors to the property (M .S Rx)

dealing with matrices.

Proposition 4.6. Let A be an nxm random matriz and denote by (C;)i<m its columns. Suppose
that A" = /m/(C%,..,CL)) is an isotropic random vector in R™™ which satisfies property (SR).
Then B = AA" verifies EB = I,, and Property (M SRx).

Proof. For | < nm, one can write | = (j — 1)n 4+ with 1 < i < n, 1 < j < m, so that the

coordinates of A" are given by a; = \/ma; ;, and since A’ is isotropic we get Ea; ja, s = %5(@]»)7(,,«’5).

The terms of B are given by b; ; = Z a; sa;s. We deduce that Eb; ; = ¢, ; and therefore EB = I,,.

s=1
Let P be an orthogonal projection of R™ and put P’ = I,, ® P i.e P’ is an nm X nm matrix of
the form
P 0 0
P 0 P
0 . P

Clearly we have |[P'A’||3 = mTr(PB) and rank(P') = m.rank(P).
Let t > c.rank(P) then mt > c.rank(P') and by property (SR) we have :

/A2 ¢
PIPAY; > mt) < o
This means that
c
P(Tr(PB) > t) < (i)
and therefore B satisfies (M SRx). O
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4.3 Proof of Theorem 4.3

4.2.3 Bounded matrices

Let A be an n x n symmetric centered random matrix satisfying ||A|| < M almost surely.
Set B = iA + I,,, then B is symmetric positive semidefinite and EB = I,,.
Since |PBP|| < 2 as, then B satisfies (M SR) almost surely. Applying Theorem 4.3 to B, we

have for N > cZ, that E N Z B; — I,,|| < e which means
i=1

2

mm( ZA)ggM and E)\mm< ZA) —eM

This is however weaker than matrix Bernstein’s inequality, see [88]. Although the conclusion
is not trivial, but it is not satisfactory since we do not know how to use the fact that A is bounded

almost surely in order to reduce the number N of copies needed.

4.3 Proof of Theorem 4.3

We first introduce a regularity assumption on the moments which we denote by (MW R) :
Jp > 1 such that E(Bx,z)’ <C, VreS"

Note that by a simple integration of tails, (MSR) (with P a rank one projection) implies
(MWR) with p < 1+ .
The proof of Theorem 4.3 is based on two theorems dealing with the smallest and largest

- 1 N
eigenvalues of + >7,1; B;.

Theorem 4.7. Let B; be n x n independent positive semidefinite random matrices verifying
EB; = I, and (MWR) .
Let € € (0,1), then for

we get
mzn( ZB>>1_5

Remark 4.8. The proof yiclds a more general estimate ; precisely if h = % then

mm< ZB> 1—¢ )max{h?z;_ll,h}
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Chapitre 4. Covariance of random matrices

Theorem 4.9. Let B; be n x n independent positive semidefinite random matrices verifying
EB; = I, and (MSR).
For e € (0,1) and N > Cy(n) %25 we have

pl
21

Remark 4.10. The proof yields a more geneml estimate ; Precisely if h = & then
ma:p ( ZB> 77) max{hﬁ,h}

Combining this with the previous remark, for any By, ..., By n X n independent positive semi-

definite random matrices verifying EB; = I,, and (M SR), we have

1—C(n)maX{hﬁ,h} < EXnin <]1[§:Bz> Amaz ( ZB) 1+ c(n) max{hﬁﬁ}

We will give the proof of these two theorems in sections 4.4 and 4.5 respectively. We need

also a simple lemma :

Lemma 4.11. Let 1 < r < 2 and Z4, ..., Zn be independent positive random variables with
EZ; = 1 and satisfying (IEZ{)% < M Then

1 N
EN;Zi_l <

Proof. Let (g;)i<y independent +1 Bernoulli variables. By symmetrization and Jensen’s in-

equality we can write

]

Proof of Theorem 4.3. Take N > (77) T satisfying conditions of Theorem 4.7 (with p = 14-1)
and Theorem 4.9. Note that by the trlangle inequality

2. Co(n) = 16c7 (32 + 32)147 v 16v/2(4c) 377 (8 + &)
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4.3 Proof of Theorem 4.3

i

ZB Tr<if§33,~> I,

i=1

i 1%3 L—1
—1r|\ —= % n ~— 4in
n N

=1

=a+pf

Observe that

Since the two terms in the max are non-negative, then one can bound the max by the

1 N
sum of the two terms. More precisely, we get a < Apax < Z B, ) Amin <N Z Bz-) and by
i=1
Theorem 4.7 and Theorem 4.9 we deduce that Ea < 2e.

Note that

1 N
—1‘: N;Zi—l,

where Z; = %. Since B; satisfies (MW R), then taking r = min(2,1 4 7) we have

-

1
Vi< N, (EZ)" < -—

3

Z (Biej, ej) )< c(n).
J=1

Therefore Z; satisfies the conditions of Lemma 4.11 and we deduce that ES < ¢ by the
choice of N.

As a conclusion

1 N
EHNZBZ-—LZ <Ea+ES < 3¢
=1
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4.4 Proof of Theorem 4.7

Given A an n X n positive semidefinite matrix such that all its eigenvalues are greater

than a lower barrier 4 = [ i.e A > [.I,, define the corresponding potential function to be
&(A) = Tr(A—1.1,)7 %

The proof of Theorem 4.7 is based on the following result which will be proved in section 4.6 :

Theorem 4.12. Let A > 1.1, and ¢;(A) < ¢, B a positive semidefinite random matriz satis-
fying EB = I,, and Property (MW R) with some p > 1.
Let e € (0,1), if

1 _p_
< — e

T 480,

then there exists l' a random variable such that

A+B =11, éy(A+B)<(A) and Bl >1+1—-¢.

Proof of Theorem 4.7. We start with Ay = 0 and [y = —7% so that o, (Ag) = =+ = o.

lo

Applying Theorem 4.12, one can find [; such that
Ay = Ao+ By =l dn, (A1) < ¢y (Ao)

and
El, 2lp+1—c¢

Now apply Theorem 4.12 once again to find /5 such that
Ay = A1+ By = lp. 1y, ¢1,(Az) < o, (Adr)

and
Elz>l1+1—€>l0+2(1—€)

After N steps, we get EAyin(An) = Ely > lp + N(1 — ). Therefore,

EA 1§NjB >1—c——
min NZ:1 K] = N¢
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4.5 Proof of Theorem 4.9

1 N
Taking N = %, we get EAyin (N ;BZ> > 1—2e.

4.5 Proof of Theorem 4.9

Given A an n x n positive semidefinite matrix such that all eigenvalues of A are less than
an upper barrier uy = u i.e A < wu.l,, define the corresponding potential function to be
Yu(A) = Tr (w.I, — A)~".

The proof of Theorem 4.9 is based on the following result which will be proved in section 4.7 :

Theorem 4.13. Let A < u.l, and ¥, (A) < ¥, B a positive semidefinite random matrix
satisfying EB = I,, and Property (MSR).
Let e € (0,1), if

¥ < Can) e

then there exists u' a random variable such that

A+ B =<u.1,, YA+ B) <Y, (A) and Eu' <u+1+e.

Proof of Theorem 4.9. We start with Ay = 0, ug = % so that ¥,,(Ay) = .

Applying Theorem 4.13, one can find u; such that

Al = AO + Bl =< ul-In7 wul (Al) < ’QDUO(A()) and Eul < ug + 1+ e

Now apply Theorem 4.13 once again to find us such that

A2 = A1 + BQ =< UQ.]n, @Z)u2(A2) < 77Z)U1 (Al) and E’LLQ < Uy + 1+4e.

N
After N steps we get EAax <Z Bi> < Euy <ug+ N(1+¢).

=1

3. Cs(n) = |8(2c)7 (16 + ;ﬁ)“%} A [16(26)%+%(8 + %)ﬂ
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Chapitre 4. Covariance of random matrices

Taking N > 2% = ¢(n) 1=, we deduce that

n
et

1 N
E)\max AT Bz <1 2
(vxo) <

4.6 Proof of Theorem 4.12

4.6.1 Notations

We are looking for a random variable I’ of the form [ + § where § is a positive random

variable playing the role of the shift.

If in addition A > (I + 9).1,, we will note :
Ls = A~ (l+0).I, = 0 so that Tr (B3(A — (I +0).1,) 'B?) = (L;', B).

A1, .., A will denote the eigenvalues of A and vy, .., v, the corresponding eigenvectors. Note

that (v;)i<, are also the eigenvectors of Lgl corresponding to the eigenvalues m.

4.6.2 Finding the shift

To find sufficient conditions for such § exists, we need a matrix extension of Lemma 3.4 in
[13] which, up to a minor change, is essentially contained in Lemma 20 in [26] and we formulate

it here in Lemma 4.15. The method uses the Sherman-Morrison-Woodbury formula :
Lemma 4.14. Let E be an n X n invertible matriz, C a k X k invertible matriz, U an n X k

matriz and V' a k X n matriz. Then we have :

(E+UCV)'=E'-FE'UCT'+VEU)TWWET!
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4.6 Proof of Theorem 4.12

Proof. Write

(E+UCV)-[E™ — ET'U(C + VE'U)'VE ]
=1d+UCVE™ = (U+UCVET'U)(CT + VET'U)'VE™
= Id+UCVE™ —UC(C™' +VE'U)(C ' + VE-'U)'VE™!
=I1d+UCVE™' —UCVE ' =1d

In a similar way, [E~' — E7'U(C™' + VET'U)"'VE™!]- (E4+UCV) = Id and this finishes the
proof. ]

Lemma 4.15. Let A as above satisfying A > [.1,,. Suppose that one can find 6 > 0 verifying

1

— and
Lo

0 <

(L3* B)

Sirs(A) — di(A) =1

|B2L;' B2

Then
Amin(A+ B) >1+6 and  ¢r15(A+ B) < 4i(A).

Proof. First note that HLle = Amin(A)—1, so the first condition on § implies that Ay, (A) > [44.
0

Now using Sherman-Morrison-Woodbury formula with £ = Ls, U =V = B 2, C =1, we get
Gris(A+B)=Tr(Ls+ B)""
— drs(A) = Tr (Lng% (L +BbL;'BY) B%Lgl>

(L3*.B)

< Grys(A) — I+ HB%Lng%

Rearranging the hypothesis, we get ¢ 5(A + B) < ¢;(A).
L]

Since || Lg'|| < Tr (Lal) = ¢;(A) and HB%Lng% < <L5_1,B> then in order to satisfy

conditions of Lemma4.15, we may search for § satisfying :

L and <L527 B>

¢1(A) Pr16(A) — ¢i1(A)

—(L;',B) >1 (4.1)

For t < %, let us note :
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Chapitre 4. Covariance of random matrices

0l6.5) = (175) =0 (A = 0.0
and
(L% B)  Te(BA-(+1).0,)7)
Te(L®)  Tr(A—(+1)1) "

We have already seen in Lemma4.15 that if ¢t < é < ﬁ then A > (I 4 t).1, so the
0

(h(t, B) =

definitions above make sense. Since we have

O145(A) = dr(A) = Te(A = (I +6).L) ™" = Te(A — L.1) ™
= OTr((A— (1 +0).1,) (A~ L.I,)™Y
<OTr(A— (1+6).1,)72

then in order to have (4.1), it will be sufficient to choose § satisfying 0 < é and
1
5@12(5, B)—q(6,B) > 1 (4.2)

Note that ¢; and ¢s can be expressed as follows

(Bv;,v;)
Buj, Ui> 2 (\i—1-t)?
- d t,B) = -

Since ¢(A) =Y (A —1)7" < ¢ then (A; —1).¢ > 1 for all i, and we have

i=1
therefore
@ (t,B) < (1—t.¢)"'q:(0, B)

and
(1 —t.0)°q(0, B) < g2(t, B) < (1 — t.¢) 2¢2(0, B)

Lemma 4.16. Let s € (0, 1) and take 5 = (1 —S)SqQ(O, B)]‘{q1(0,B)<S}]‘{q2(O7B)<
(l+0).I, and ¢r15(A+ B) < 4i(A).

y. Then A+ B ~

s
@

Proof. As stated before, it is sufficient to check that § < é and $¢2(6, B) — (6, B) > 1
If :(0,B) > s or ¢2(0, B) > 3 then 6 = 0 and there is nothing to prove since ¢;(A+B) < ¢y(4).
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4.6 Proof of Theorem 4.12

In the other case i.e when ¢;(0, B) < s and ¢2(0, B) < £, we have d = (1 — 5)3¢2(0, B).

3s
Therefore, 6 < (1 —s)°5 < $ and

S(0,5) — (6, B) = ©(0.B) — 0.5, B)

(1= 5)%q2(0, B)

1 2 -1
2 (1 _ 3)3q2(O,B) (1 - 5¢) QQ(OaB) - (1 - 5¢) ql(ovB)

(1—3)2_ s
ZM—sp (-9

=1

4.6.3 Estimating the random shift

Now that we have found 0, we will estimate E§ using the property (MW R). We will start

by stating some basic facts about ¢; and ¢s.

Proposition 4.17. Let, as above, A > 1.1, and ¢;(A) < ¢, B satisfying (MW R). Then we
have the following :

1. Eqy(0, B) = du(A) < & and Eqy (0, BY” < G,

2. Eq2(0,B) =1 and Eq2(0, B)? < C,,.

3. P(q1(0, B) = u) < Cy(2)? and P(g5(0, B) > u) < 2.

uP

Proof. Since EB = I,, then Eq(0, B) = ¢;(A) and Eg(0, B) = 1.
Now using the triangle inequality and Property (MW R) we get

3 =
3
'UH

) i=1 i

With the same argument we prove that Eg(0, B)? < C,. The third part of the proposition
follows by Markov’s inequality. O

Lemma 4.18. If § is as in Lemma 4.16. Then

E§ > (1-s)® [1 - 20, (f)pll
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Proof. Using the above proposition and Holder’s inequality with ;1) + % =1 we get :

Ed = E(1 - 5)°q2(0, B)1{g,0.5)<s} Laa(0.5)<2)
- (]- - 8>3 [EQQ(07 B) - EQQ(Ov B>1{Q1(07B)>s or qg(O,B)>%}}

> (1-5)° |1 - (Equ(0, B)")r . (P{qlw’B) > ¢ or a0, B) > ;D]

TR PR (Cp (f)p +C, (f)p”

> (1-s)* [1-2C, <f>p1]

Now it remains to make good choice of s and ¢ in order to finish the proof of Theorem 4.12.
Take I" = | + 0, the choice of § being as before with s = £.
As we have seen, we get A+ B >~ 1'.I,, and ¢y (A + B) < ¢;(A). Moreover,

p—1
120, <¢>
S

by the choice of ¢. This ends the proof of Theorem 4.12.

El'=14+E5 =1+ (1—s)? >1—¢,

4.7 Proof of Theorem 4.13

4.7.1 Notations

We are looking for a random variable u' of the form u + A where A is a positive random
variable playing the role of the shift.

1

We will note U, = (u+t).I, — A so that Tr (B%((u +1t).1, — A)_lBﬁ) = <Ut_1, B>.

As before, A1, .., A\, will denote the eigenvalues of A and vy, .., v, the corresponding eigen-

vectors. Note that (v;);<, are also the eigenvectors of U corresponding to the eigenvalues

1
u—i—t—)\i :
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4.7 Proof of Theorem 4.13

4.7.2 Finding the shift

To find sufficient conditions for such A exists, we need a matrix extension of Lemma 3.3 in
[13] which, up to a minor change, is essentially contained in Lemma 19 in [26]. For the sake of

completeness, we include the proof.
Lemma 4.19. Let A be as above satisfying A < u.l,,. Suppose that one can find A > 0 verifying

(V3" B)
7vZJu(‘A) - wu-i-A

Ol HB%U;B%

<1 (4.3)

Then
A+ B < (u+A)1, and VY a(A+ B) < (A).

Proof. Since <Ug2, B> and ¢, (A) — ¥y, a(A) are positive, then by (4.3) we have

(Us* B)

<1 and - HB%UKIB%

HB%U;B%

< Pu(A) = YuralA)

Nt 11
First note that HB%U;B% = HUAZBUA2 <1, so Uy*BU,* < I,. Therefore we get
B < Upa which means that A+ B < (u+ A).I,.
Now using the Sherman-Morrison-Woodbury (see Lemma4.14) with £ = Ux,U = V =

B%,C’: I, we get :

Yura(A+ B) =Tr (Ux — B)™'
— Puia(A) + Tr (UAlB% (1. - B3Us'BY) B%UA1>

(Uz*, B)
1= Joatsus?

< Yura(A) + < Yu(A)

We may now find A satisfying (4.3). Let us note :

Qi(t, B) = |B2U; ' B>

= | B> (w+t).1, - A)" B2 |

and
(U%B) Tr (B ((u+1).0, — A)7%)

Q2(t, B) = Uu(A) = hus(A) - Uu(A) — Yy (A)
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Since )1 and Q2 are both decreasing in t, we work with each separately. Precisely fix
6 € (0,1) and define Ay, A, as follows :

Ay the smallest positive number such that Q(Aq, B) < 0

and
Aj the smallest positive number such that Qy(Ag, B) <1 -6

Now take A = A; + Ay, then Q(A, B) + Q2(A,B) < 0+ 1—60 = 1. So this choice of A

satisfies (4.3) and it remains now to estimate A; and A, separately.

4.7.3 Estimating A,

We may write
1 1
", Biv;uiB>2

ZU—FAl—)\i

i=1

Q1(A1, B) =

Put & = B%viva%, i = ¥(u—XN) and p = ¥A;. Denote Ps the orthogonal projection on

span(v;);es, clearly rank(Ps) = |S|. Then we have :

EH@H =1

d

> &

i€S

1 is the smallest positive number such that Z ¢ < —-Id
St p Y
1
Applying Lemma 4.20 below, we get Ex < ¢(n) (ﬁ> +77’ so that

0

¢n

91+77

EA; < ¢(n) (4.4)

The Lemma we needed above is an analog of Lemma 3.5 appearing in [79]. We extend it to

a matrix setting :

Lemma 4.20. Suppose {; }i<n are symmetric positive semidefinite random matrices with E||&;|| =
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4.7 Proof of Theorem 4.13

> &l =

€S

“

for all subsets S C [n] and some constants c¢,n > 0. Consider positive numbers p; such that

) < <= provided t > c|S| =c) E|&],

1+77
€S

Let p be the minimal positive number such that

< K -1Id,
Z‘:1Mi+,u

for some K > C =4c. Then Eup< [g(ﬂr)n

Proof. For any j > 0, denote
L={i ¥ < p < 2}

and let n; = |I;|. Note that

—+00

> 5 Sy loyl

j=0 Jj=01i€l; Hi 1<nluZ

Define /' as the minimal positive number such that

> &

i€l

vj 20,

\5Ja

23+,u

where ¢; = %2?11 \Y %2_]'%277 and a =3, 279577 . First note that < indeed,

“+oo
&
;uz ]Z%Z;umtu JZ%)Wﬂm;
+o0
< &i
;)QMLM ZEXI:
<E
=0
K K

and since p is the minimal positive number satisfying the inequality above, then u < p/. We
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1
2 +1

> &

iEIj

may now estimate Eu'; to this aim, we need to look at P {u' > t}. For t > 0,
> &

Z €
iEIj
> 5j}

>sj(2j+t)}

P{u’>t}=P{3j>0/

+00 1
N b

K
4
the hypothesis satisfied by the &. Now since ¢; > %277’ ﬁ, we have

where the last inequality comes from the fact that £;(27 +¢) > %n; > ¢|I;| and by applying

1+7n +oo 400
P{y >t} < (QG) o < o g~ 1
K D022 (20 40) T T KM (2 )2

Now by integration we get,

N

Foo c(n) X [t 1 c(n)
= "> < T > / —T T
Eun /0 P{u' >t}dt 1 12h @ Y gdzﬁ Ton

4.7.4 Estimating A,

Suppose 6 < 1. Since ¥, (A) — Yy i(A) = t.Tr ((u.l, — A T+t g, — A 1) we can
2

write

(Bv;,v;)
2 (utt—X;)2

1
St =AM Tt = A Mu— A
= 1P2(t, B)

(Bv;,v;)
2i (utt=Xi)(u=Xi)

Q2(t,B) = ; (4.5)

First note that P(t, B) can be written as >, a;(t) (Buv;, v;) with 3, a;(t) = 1. Having this in
mind, one can easily check that EP,(t, B) = 1 and

EPy(t, B)* 7 < c(n), (4.6)
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where for the last inequality, we used the fact that B satisfies (MW R) with p =1+ %".

In order to estimate Ay, we will divide it into two parts as follows :
0
19

Y and denote

Az = Dolyp,0.p)<
4

Let us start by estimating EH;. Suppose that P,(0, B) <
v = (1+46)P5(0, B).

Since ¥, (A) < 1, we have (u— \;).¢p > 1 Vi and therefore u +x — A\; < (1 + 290)(u — A;). This

Py(z, B) < (14 1)) P5(0, B).

implies that
1+ (1446)¢
P(0,B) < +1(+t19 )i <1-0,

Now write
1 1
Qs(x, B) < L Py(a, By < LEY

T A

AQ]‘{PQ(O,BK&} < (1 +49)P2(0,B)

which means that
gﬁ} <1+46

and therefore
EH, = EAQI{PQ([)’B)

Now it remains to estimate EH,. For that, we need to prove a moment estimate for A,.

First observe that using (4.6) we have
P{A; >t} =P{Q2(t,B) >1—0} < P{P(t,B) > t.(1—0)}

P

By integration, this implies
1+ o0 2 !

EAL _/ P{A2>t}(1+§)t2dt</ (1+
0

Let p' = 1 + 2, applying Holder’s inequality with z% + i = 1 we have
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Chapitre 4. Covariance of random matrices

P {P2(0,B) > 9}) (4.8)

Looking at (4.7) and (4.8) we have

EA, < 1+ 46 + c(n) (Z)

Putting the estimates of A; and A, together we deduce that

EA <1+ 40+ c(n) (?) + C(n);f:n

We are now ready to finish the proof of Theorem 4.13. Take v’ = u + A, A being chosen
as before with ¢ = £. Then taking ¢ = c(n)eH% with the constant depending on 7 properly
chosen, we get EA <1 +e¢.
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log-concave matrices

A probability measure p on R™ is called log-concave if for all 0 < ¢ < 1 and for all compact

subsets A, B C R" with positive measure one has
p((l=tA+tB) > p(A) ' u(B)".

A random vector with a log-concave distribution is called log-concave. Borell ([16], [17]) cha-
racterized log-concave measures as follows : y is a log-concave measure on R" if and only if its
density f with respect to the Lebesgue measure is log-concave i.e log(f) is a concave function.

Log-concave measures are a particular case of the class of convex measures introduced by
Borell ([16], [17]). Let s < 0, a probability measure p on R" is called s-concave if for all 0 < ¢ < 1

and for all compact subsets A, B C R™ with positive measure one has

® =

#((1 = )A+1B) > (1 - )u(A) + tu(B)")

A random vector with an s-concave distribution is called s-concave. When the support of an
s-concave measure p generates R™, a characterization of Borell ([16], [17]) states that p is

absolutely continuous with respect to the Lebesgue measure and its density h is of the form

where f : R" — (0,00] is a convex function. We will follow the notations used in [1], so we

may take at each time a (—%)—COHC&VG vector with » > 0 so that its density & is of the form
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Chapitre 5. log-concave matrices

h = f~("*7) where f : R® — (0, 00] is a convex function. Let us note that a log-concave vector
is (—%)—concave for any r > 0. Later we will define these notions for matrices; the definition
will be in a natural way since an n X m matrix can be considered as a vector in R™". The
difference point will be in the definition of the isotropic condition.

A random vector X in R” is isotropic if EX X? = I'd. An important fact is that a projection
of an isotropic log-concave (resp. s-concave) vector is an isotropic log-concave (resp. s-concave)
vector in the corresponding space.

Log-concave vectors were subject of many studies in recent years and the picture is more

clear now. Let us state a fundamental result due to Paouris [59] :

Theorem 5.1 (Paouris). Let X be an isotropic log-concave vector in R™. For every t > 1, we

have

P{|[ X2 > ctv/n} < exp(—ty/n)

Another important result is the small ball probability estimate for isotropic log-concave
vectors obtained by Paouris [60]. We do not state the result in its full generality, we refer to

[60] for the exact statement.

Theorem 5.2 (Paouris). Let X be an isotropic log-concave vector in R™. For every e € (0,1),

P{|IX]ls < sV} <&

In [2], a new short proof was given to Paouris’s result and it is shown in [1] that the same
techniques extend to the case of convex measures; a large deviation inequality and a small ball
probability estimate were given in [1] for (—2)-concave isotropic random vectors. Let us start

with the large deviation inequality :

Theorem 5.3 (AGLLOPT). Let r > 2 and let X € R"™ be a (—+)-concave isotropic random
vector. Then for everyt > 0,

P{IX]2 > tv/n} < (Cmax{ljr/\/ﬁ}>;

t

In particular, if r > 2/n, then for every 6¢ < t < 3cr/\/n,

P{|IX]l> > tv/n} < exp(—cot/n),

where ¢ and ¢y are universal positive constants.
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We may now turn to the small ball probability estimate obtained in [1]. We do not state

the result in its full generality, we refer to [1] for the exact statement

Theorem 5.4 (AGLLOPT). Let r > 2 and let X € R™ be a (—1)-concave isotropic random
vector. Denote a = min{r, /n}, then for every e € (0,1),

P{[ X2 < cev/n} < e

where ¢ is a universal positive constant.

Back to the log-concave case, Paouris’s results mean that the euclidean norm of an isotropic
log-concave vector in R™ lies, up to a constant, at the level y/n with high probability. This can
be refined to show that with high probability, the equivalence constant between the euclidean
norm of an isotropic log-concave vector in R™ and /n, is almost 1. This is called the thin-shell

estimate ; let us state the result obtained by Guédon-Milman [36] :

Theorem 5.5 (Guédon-Milman). Let X denote an isotropic log-concave vector in R™. Then,

]]ED{‘HXHQ — \/ﬁ’ > t\/ﬁ} < Cexp (—c\/ﬁmin(t,t?’)) , Vt>=0.

5.1 Isotropic log-concave matrices

A natural way to define a log-concave matrix is to ask that it has a log-concave distribution.
However, for the isotropic condition we will define it in a coherent way with what is done in

the previous chapter.

Definition 5.6. Let A be an n x m random matriz and denote by (C;)i<m its columns. We will
say that A is an isotropic log-concave matriz if A" = /m(C%,..,Ct ) is an isotropic log-concave

random vector in R™™.

Remark 5.7. Let (a;;) the entries of A. Saying that A’ is isotropic means that
Ea; jar, = %5(2',]'),(1@,1)
This implies that for any n X m matriz M we have

E(A,M)A=ETr (A'M)A=—M.

1
m
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Chapitre 5. log-concave matrices

One can view this as an analogue to the isotropic condition in the vector case : in fact if A = X

is a vector (i.e an n x 1 matriz), the above condition would be
EX,y) X =y  forally € R",
which means that X is isotropic in R™.

Let us now write the large deviation inequality and the small ball probability estimate

satisfied by an isotropic log-concave matrix.

Proposition 5.8. Let A be an n X m isotropic log-concave matriz and denote B = AA*. Then

for every orthogonal projection P on R™ we have the following large deviation estimate for
Tr(PB)
P{Tr(PB) > ¢1t} < exp (—\/t.m) Yt > rank(P) (5.1)

and a small ball probability estimate
P {T(PB) > cse.rank(P)} < e2Vmrank(P) vz < 1, (5.2)
Moreover, we also have a thin-shell estimate
P{|Tr(PB) — rank(P)| > t.rank(P)} < Cexp (—ct3 m.rank(P)) Vit < 1. (5.3)

Proof. Let P be an orthogonal projection on R™ and denote P’ = I, ® P. As we have seen
before Tr(PB) = ||PA|}4g = L||P’A’||3 and rank(P’) = m.rank(P). Since P’'A’ is an isotropic

T m

log-concave vector, then using Theorem 5.1 for P’A’, we have
IP’{HP’A’H% > clu} < exp (—\/ﬂ) Yu > rank(P').
Let t > rank(P) and write v = t.m. Since u > m.rank(P) = rank(P’) we have
P{m.Tr(PB) > cit.m} < exp (—\/%)
which gives the large deviation estimate stated above.

For the small ball probability estimate, we apply Theorem 5.2 to P'A’ :

P {||P'A’||% > czs.rank(P’)} L e2VrakP) e 1
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5.2 Eigenvalues of the empirical sum of a log-concave matrix

Writing this in terms of B and P, we easily get the conclusion. Using Theorem 5.5 with the

same procedure as above, we get the thin-shell estimate. O

In [79], it was shown that an isotropic log-concave vector satisfies (SR) and in the previous
chapter we showed in Proposition 4.6 how to pass from (SR) to (MSRx). Therefore, we may

apply Theorem 4.3 to log-concave matrices and get the following :

Proposition 5.9. Let A be an n x m isotropic log-concave matriz. Then B = AA! satisfies
(MSR). Moreover Ve > 0, taking N > c(e)n independent copies of B we have

1 N

]EHNZBi—In

=1

Sy

where c(g) = ce27°),

Proof. Note first that since A is isotropic in the sense of definition 5.6, then B = AA’ satisfies
EB = I,.
By proposition 5.8, B satisfies

P (Tr(PB) > cit) < exp(—vtm) ¥Vt > rank(P) and VP orthogonal projection of R".

and therefore (M SRx). Applying theorem 4.3 we deduce the result. O

5.2 Eigenvalues of the empirical sum of a log-concave

matrix

The probability estimate for these log-concave matrices are strong enough to allow us obtain
some results with high probability rather than in expectation as was the case before. Precisely,

we can prove the following :

Theorem 5.10. Let n,m and N some fized integers. Let A be an n X m isotropic log-concave

matriz and denote B = AA'. For any £ € (0,1), if m > [log(CnN)]?, then with probability
> 1 — exp(—ce3y/m) we have

1 & 6n

)\max AT Bz < 1 BN

( ~ ; ) et

where (B;)i<n are independent copies of B.
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Chapitre 5. log-concave matrices

Proof. The proof of Theorem 5.10 follows the same ideas as in the previous chapter. Let ¢ €

(0,1), we only need the following property satisfied by our matrix B = AA" :
P ((Bx, )y > 1+ ;) <exp(—ce®ym) Vze S

This is obtained by applying (5.3) for rank 1 projections and looking only at the large deviation
part.

Define A, ¢ and « as follows :

1+
1+

N

A=1+4c¢; w:% and a=

™

Recall some notations
N
AO — 07 Al - B17 A2 - Al +B17 3] AN :AN—1+BN - ZBz
i=1
Denote

n 6n
E’ u1:u0+A, ’LL2:’LL1+A, .y UNZUN_1+A:(1+E)N—|—?.

Ug =

Define
77Z}Ui (Az) = TI' (U,Z[n — Ai)il N

the corresponding potential function when A; < wu;.I,,. Denote by &; the event
Sy = Ay < ud, and 1y, (A;) < 7.

Clearly P (Sy) = 1. Suppose now that ; is satisfied ; as we have seen in Lemma 4.19, the

following condition is sufficient for the occurrence of the event ;.1 :

Q2(A, Biy1) + Q1(A, Biy1) <1

Note that

1
Q2(A, Biy1) < EP2(A,Bz'+1),

where P, is defined in (4.5). Now denoting A; the eigenvalues of A; and v; the corresponding
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5.2 Eigenvalues of the empirical sum of a log-concave matrix

eigenvectors, taking the probability with respect to B;;; one can write

P (Qa(A Biat) + Qu(A, Bin) > 1) < B (P, Biyt) + Qa(A, B > 1)

1
]P) <P2 A, Bi+1) > Oé) + ]P)(Ql(A,BZ'+1) >1-— Oé)

- z+1U]aU]> . 1
> aA
(Z S WY R Sy e [ m)

Jj=1 J

Z+1U]7UJ> > 1_&
j= 1 Ujt1 —

€ . 11—«
<P (EI] <n/ (Bipvj,v;) > 1+ 2) + P (3] <n/ (Bipvj,v;) > >

(8
< 2Cn. exp(—ce*/m)

>

'ﬁ

_|_

So we have shown that P (3;11]Sy) = 1 — 2Cn. exp(—ce®y/m). Since B; are independent we

have

P (Sw)

WV

I p—

> P (Sn|Syo1) P(Sy_1|Sh_2) P (S0)
> 1 —2CNn. exp(—ce®y/m)
Therefore, Theorem 5.10 follows by the choice of m. [

Remark 5.11. Note that in the previous proof, we only used the large deviation inequality given
by the thin-shell estimate (5.3). If one uses the deviation inequality given by (5.1), then by the

same proof it can be proved that

n
max B ENZA
with high probability and with similar condition on m. The advantage of using thin-shell is that
we can get an estimate close to 1.

By the same techniques, we also get an estimate of the smallest eigenvalue.

Theorem 5.12. Let n,m and N some fized integers. Let A be an n x m isotropic log-concave
matriz and denote B = AA'. For any ¢ € (0,1), if m > § [log(CnN))?, then with probability
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> 1 — exp(—ce3y/m) we have

1 & 3n
)\min T Bz 21_ ——
COIEIEE

eN’
where (B;)i<n are independent copies of B.

Proof. Here we will use the lower and the upper estimate given by thin-shell (5.3). Applying
(5.3) for rank 1 projections, we have :

P <1 — % < (Bz,z) <1+ ;) >1— Cexp(—ce®y/m) VoeS
Define 9, ¢ and « as follows :

1_¢
d=1-—c¢; qb:% and o= 1_2
Recall some notations
N
A0:07 Al :B17 A2:A1+B17 3] AN:ANfl_FBN:ZBz
i=1
Denote 3
zoz—g, L=lo+ 06, lo=0+08, ., Iy=Iy+6=N1—-¢e)— .
€
Define

¢li (Az) =Tr (Al — ll In)_l 5

the corresponding potential function when A; > [;.1,,. Note also that § < é
Denote by &; the event
%i = “Ai t lz]n and ¢ZZ(A1) < qb”.

Clearly P () = 1. Suppose now that 3 is satisfied, following what was done after Lemma 4.15,
condition (4.2) is sufficient for the occurrence of the event ;.

1
5‘]2(57 Bit1) — (0, Biy1) = 1

Denoting A; the eigenvalues of A; and v; the corresponding eigenvectors, taking the proba-
bility with respect to B;,1 one can write :
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5.2 Eigenvalues of the empirical sum of a log-concave matrix

1
P (592(57 Bit1) — q1(0, Bit1) < 1) <

1
<P (5%(5, Biy) < a) +P(qi1(0, Biy1) > a—1)

. Z+1UJ> v;) . zHUJv v;)
1) —1
(Z Nz Z —zm) ) (Z Nl O )

j:1 j=1 J l2+1

—1
<P (EU <n/ (Binvj,v) <1-— ) +P <5|J n/ (Biw1vj,v;) > a)

2 ¢
< 20n. exp(—ce®/m)

So we have shown that P (3;,1]S;) = 1 — 2Cn. exp(—ce®y/m). Since B; are independent we
have :

(%N|\9N—1) ]P) (%N—1|%N—2> IP) (%0)

— 20Nn. exp(—ce*v/m)

= K

Therefore, Theorem 5.12 follows by the choice of m.

O

Remark 5.13. Note that in the previous proof, we used the large deviation inequality alongside
the small ball probability estimate given by thin-shell (5.3). If one uses the deviation inequality
given by (5.1) alongside the small ball probability estimate given by (5.2), then by the same

proof it can be proved that
n
mln B; Civ
(yL8)<—crop

with high probability and with similar condition on m. The advantage of using thin-shell is that

we can get an estimate close to 1.

Combining the two previous results, we will be able to obtain, with high probability, a
similar result to Proposition 5.9 for log-concave matrices :
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Theorem 5.14. Let A be an n x m isotropic log-concave matriz. For any € € (0,1), if m >
2 .
E% [log(%)} , taking
96n
)
copies Ay, ..., Ax of A, then with probability > 1 — exp(—ce3\/m) we have

HZA A

Proof. Let ¢ € (0,1), N > 2—7; and suppose that m satisfies the assumption of the theorem.

Note that

N
> 45} <P {)\max <]17 ZA#Q) > 1+ 26}

=1

+2 {5 ZAAt><1—25}

and therefore it is sufficient to apply Theorem 5.10 and Theorem 5.12. O]

g

5.3 Concrete examples of isotropic log-concave matrices

To find a log-concave matrix, we need to define a log-concave function over M, ,,,. It is indeed
sufficient to search for convex functions and then take the exponential of the opposite function.
A natural way to define a function over M, ,, is to define one over the singular values. To
simplify the idea, let us for instance give an example on SM" the space of symmetric matrices;
if A is an n xn symmetric matrix and V : R — R a function, then denoting \; the eigenvalues

of A one can define

=2 V(A

j<n
This definition has the advantage of transferring properties of V' to V. Let us illustrate this

fact in the following proposition :

Proposition 5.15. Let V : R — R be a convez function. Define V a function on SM" by
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5.3 Concrete examples of isotropic log-concave matrices

Then for any A € SM",

n

V(A) = sup Z V ((Ae;,e;)),

i=1

the supremum being taken over all orthonormal basis of R™. Moreover V is a convex function

on SM".

Proof. Since A is symmetric, apply the spectral theorem to get v; an orthonormal basis of eigen-
n

vectors associated to A\;(A). Since \;(A) = (Av;, v;), then clearly V(A) < sup >V ((Aey, e5)).

=1

n n
Let (&;)i<n be an orthonormal basis on R". Write Ae; = Z Ae;, v) v Z Aj (e;,vj) vj. Then
j=1 j=1

n

E:IV((Aei,ez = > (Z/\ €, Uj) )

'M:

(e;,v;)° V();) since V convex

N
M-
Ms

@
Il
—

<
Il

=1

(A,

/AN
M=
<

<.
Il
_

which prove the second inequality. Now to prove that V is convex, take A,B € SM" and
6 € (0,1) and write

1% (PA+(1-6)B) = supzn:V (0 (Ae;, e;) + (1 — 0) (Bey, e;))

n

< sup GZTL:V ((Aei, ) + (1= 0) YV ((Aes, e3))

i=1 i=1

<OV(A)+ (1 —0)V(B)

[]

It turns out that this phenomena is more general as is shown in [47]. For z € R*, we denote
by Z the vector with components |z;| arranged in nonincreasing order. Let f : R¥ — R, we say
that f is absolutely symmetric if f(z) = f(#) for all z € R*. (For example, || - ||, is absolutely
symmetric).

Define F' a function on M, ,,, by F(A) = f (s1(A),..,sk(A)) for A € M, ,, and k = min(n, m).
It was shown by Lewis [47] that f is absolutely symmetric if and only if F' is unitary invariant

and of this form. Moreover, f is convex if and only if F' is convex.
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Let A be an n x m random matrix whose density with respect to Lebesgue measure is given by
G(A) =exp(—f (s1(A),..,sx(A))), where f is an absolutely symmetric convex function. By the
remark above, G is log-concave. This covers the case of random matrices with density of the
form exp (—3; V (s;(A))), where V is an increasing convex function on R*. When V (z) = 22,
this would be the gaussian unitary ensemble GUE.

Let (a; ;) be the entries of A. By a good normalization of f, we can suppose that A satisfies

1
Ea, ; = 54
Qi,5Qk,1 m (4,9),(k,1)

To see this, fix (i,7) and (k,1) two different indices. Note D; = diag(1,..,—1,..,1) the m x m
diagonal matrix where the —1 is on the j term. Let E( ) be the n x n matrix obtained by
swapping the ¢ and k" rows in the identity matrix. Note also F;;) the m x m matrix obtained

by swapping the j* and [** rows in the identity matrix.

It is easy to see that AD; change the j™ column of A to its opposite and keep the rest

unchanged. Note that AD; has the same singular values as A.

Similarly, F(; ) AF(;;) permute a;; with a;; and keep the other terms unchanged. Note also

that E; ) AF(;;) has the same singular values as A.

Finally note that these two transformations has a Jacobian equal to 1, and since f is
absolutely symmetric, these transformations, which preserve the singular values, don’t affect
the density.

If 7 # [, by a change of variables M = AD); the density is invariant and we have

/CHJ(Ik;JG(A)dA = —/ai7jak7ZG(A)dA
Doing the change of variables M = D; A when i # k, we can conclude that
Ea; jar; =0 if (4,7) # (k1)
Now by a change of variables M = E; ) AF;;y the density is invariant and we have

/ a2,G(A)dA = / a2 G(A)dA
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5.3 Concrete examples of isotropic log-concave matrices

This implies that

/ a2,G(A)dA (A)dA = njn / 1A|2G(A)dA

I
|
g
—
S
7

Now we may normalize f in order to make the previous term equal % Suppose that
1 2
= [lAlsG(A)A = c

Define f(x) = f(v/er) — nmlog(ve) and G(4) = exp (—F(51(4), ., 54(4))).

Note that G is a probability density. Indeed, by the change of variables M = V/cA we have

[ Gayaa = [exp (= f(esi(A), .. Vesi(4))) (vVe)y™dA

— /exp(—f(sl(M),..,sk(M)))dM 1

Note also that G satisfies our isotropic condition. Indeed, by the same change of variables we

can write

1 A 1
= [14l3sGA)dA = — [IMIfsGOnNIM =1

As a conclusion, we can deduce that such matrices are isotropic log-concave. Moreover,
since in this case EA'A = 1, then we also have that /™ A" is an m x n isotropic log-concave

matrix. We summarize this in the following proposition :

Proposition 5.16. Let A be an n X m random matrix whose density with respect to Lebesgue
is given by

G(A) = exp (= f(s1(A), ., s(A))) ,

where [ is an absolutely symmetric convex function, properly nmormalized as above and k =
min(n,m). Then A is an isotropic log-concave matriz, and \/%At is an m X n isotropic log-

concave matrix.
Applying Theorem 5.10 and Theorem 5.12 for A and A’ we get :

Proposition 5.17. Let A be an n X m random matrix whose density with respect to Lebesgue
is given by

G(A) =exp (—f(s1(A),...,sx(A))),
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where f is an absolutely symmetric convex function, properly normalized as above and k =
min(n, m).

Suppose that m > [log(%)]2 andn > & [log(cjm)r, taking N = w then with proba-
bility > 1 — exp(—ce*VE) we have

1_5\ m1n< ZAAt> max( ZAAt><1+€

and

(-0 < m< zAt ) m( zAt ) 1+t

n
m
5.4 Isotropic (—!)-concave matrices

As we have done previously for log-concave matrices, we will start by defining isotropic

(— %)-concave matrices.

Definition 5.18. Let A be an n x m random matriz and denote by (C;)icm its columns. We
will say that A is an isotropic (—)-concave matriz if A" = /m(Ci,..,Ct) is an isotropic
(—1)-concave random vector in R™™.

Let us now write the large deviation inequality satisfied by an isotropic (—%)—concave matrix.

This can be obtained as in Proposition 5.8, by using the large deviation inequality given in
Theorem 5.3.

Proposition 5.19. Let r > 2 and A an n X m isotropic (—f) concave matriz and denote
B = AA!. For every orthogonal projection P on R™ we have the following large deviation
estimate for Tr(PB) ; for every t > 0,

P{Tr(PB) > t\/M} < (Cmax{l’r/\{m}) 2

In particular, if r > 2y/m.rank(P), then for every 6¢ <t < 3cr/y/m.rank(P),
P {Tr(PB) > t\/rank(P)} < exp (—cot\/m.rank(P)> ,

where ¢ and cy are universal positive constants.

In a similar way, we have also a small ball probability estimate.
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Proposition 5.20. Let r > 2 and A an n X m isotropic (—%)—concave matriz and denote

B = AA". For every orthogonal projection P on R™ and every e € (0,1),

P {Tr(PB) < cam} < e,

where o = min{r, /m.rank(P)} and ¢ is a universal positive constant.

In [1], it was shown that, with r properly chosen, an isotropic (—1)-concave random vector

satisfies (SR). In the previous chapter we showed in Proposition 4.6 how to pass from (SR)
to (M SRx). Therefore, we may apply Theorem 4.3 to isotropic (—%)—concave matrices and get

the following :

Proposition 5.21. Let a > 0 and r = max{4,2alogn}. Let Ay, ..., Ay be independent isotropic

(—1/r)-concave n x m matrices. Then for every e € (0,1) and every N > C(e,a)n, one has

1

JSN

where C(g,a) depends only on a and .

5.5 [Eigenvalues of the empirical sum of a (—%)-concave

matrix

As for log-concave matrices, using the same techniques as before, we will derive some esti-
1

mates on the smallest and largest eigenvalues of the empirical sum of a (—)-concave matrix.

Let us start with the estimate of the largest eigenvalue :

Proposition 5.22. Let n,m and N some fized integers. Let r > 2 and A be an n X m isotropic

(—%)—concave matriz and denote B = AA!. If
min {7“, \/E} > C'log(2nN), (5.4)

then with probability > 1 — exp (—cmin{r,/m}) we have

A ing» <C(1+ﬁ)
max ]\/vZ:1 7 ~ N 7

where (B;);<n are independent copies of B and ¢, C' are universal positive constants.
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Proof. Let us denote & = min {r,y/m}. The proof of Proposition5.22 follows the same pro-
cedure as in the proof of Theorem 5.10. We only need the following property satisfied by our
matrix B = AA! :

P((Bx,z) > O) < exp(—ca) VoS

This is obtained by applying Proposition 5.19 for rank 1 projections. Define A and ¢ as follows :

A=2C and wz;c.

Recall some notations

N
A0:07 AlzBl7 A2:A1+B17 cy AN:ANfl_FBN:ZBz

=1

Denote

uO:Z, up =up+ A, up =u + A, .., uy =uy_1 +A=20N +2Cn.

Define
¢Ui (Az) =Tr (uz]n — Ai)il s

the corresponding potential function when A; < w;.1,.

Denote by &; the event
%i = “Ai =< uz[n and ¢U2<Al> < w”.

Clearly P (Sg) = 1. Suppose now that ; is satisfied; as we have seen in Lemma 4.19, the

following condition is sufficient for the occurrence of the event ;.1 :
Q2(A, Biy1) + Q1(A, Biy1) < 1

Note that )

Q2(A, Bi1) < ZPQ(A’BZ'H%

where P; is defined in (4.5).

Now denoting A; the eigenvalues of A; and v; the corresponding eigenvectors, taking the

probability with respect to B;,; one can write
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P(Q2(A, Biy1) + Q1(A, Biyq) > 1) <P <iPQ(A7 Bit1) + Qi(A, Biy) > 1)
<P (ipg A Bz—‘rl 1) +P (Ql(A,BH_l) > ;)
" <Bi+11}j,’l)j> AL 1
X P 5
< (Z (s = M) o= %)~ 2 25 (s = ) = A»)
+P

i (Bit1v;,v5) U1
j=1 Ui+l — )\j 2

1
< P(E’j < TL/ <Bi+1Uj7Uj> > C) —|—]P) (Elj < n/ <Bi+1ﬂj,1)j> > 21/})

< 2n. exp(—ca)

So we have shown that P (SJ;41]S;) = 1 — 2n. exp(—ca). Since B; are independent we have

o (3i8) 200+ 3)

V

P (Sw)

> P(SN[Sy_1)P(Sn_1Snv_2) P (Do)
>1—2Nn.exp(—ca)

Proposition 5.22 follows by (5.4). O
By the same techniques, we also get an estimate of the smallest eigenvalue.

Proposition 5.23. Let n,m and N some fized integers. Let r > 2 and A be an n X m isotropic
(—21)-concave matriz and denote B = AA'. If

min {7’, \/ﬁ} > C'log(2nN), (5.5)

then with probability > 1 — exp (—cmin{r, \/m}) we have

mm< ZB) c—cN

where (B;)i<n are independent copies of B and ¢, C' are universal positive constants.

Proof. Denote o = min {r, y/m}. Here we will need the large deviation inequality and the small
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ball probability estimate satisfied by B. Applying Proposition 5.19 for rank 1 projections, we
have

P ((Bz,r) > C) < exp(—ca) Vre S

Now applying Proposition 5.20 for rank 1 projections, we have
P ((Bx,z) < ¢) < exp(—ca) Vo eS"

Define § and ¢ as follows :

c 1
525 and d):a

Recall some notations :
AO = 0, Al = Bl, A2 = Al -+ Bl, . AN = AN—I -+ BN = Zi\il Bl Denote lo = —%, ll =
lo+6, lo =1L+, ., Iy =In_1+6 = N — On. Define ¢y,(4;) = Tr(A; —1;.1,)"" the

corresponding potential function when A; > [;.1,. Note also that § < 1

©

Denote by &; the event

Sy = “A; = 1D, and ¢y (A4;) < @7

Clearly P () = 1. Suppose now that 3 is satisfied, following what was done after Lemma 4.15,
2)

condition (4.2) is sufficient for the occurrence of the event ;. :

1
gCIQ((Sa Biy1) — q1(0,Biy1) =2 1

Denoting A; the eigenvalues of A; and v; the corresponding eigenvectors, taking the proba-

bility with respect to B; i one can write

1
P (5Q2(57 Bit1) — q1(0, Bip1) < 1) <

1
<P (5%(5, Bit1) < 2> +P(q(0, Biyr) > 1)

= (Bit1v),v;) v)) = (Bit1vj,v;) v))
< 20 > 1
(jz::l )\ - lz+1) Z - lerl) ) (Z lz+1 )

1
<P@Ej<n/ By ) <) +P (aj <o/ Bawvy) > 5

< 2n. exp(—ca)
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So we have shown that P (SJ;,1]S:) = 1 — 2n.exp(—cy/m). Since B; are independent we

have :

N C n
ZBl) > - 0N> > P(Sy)
=1

> P(Sn|Syo1) P(Sn-1|Sv-2) P (So)
> 1

— 2nN. exp(—ca)

==

P <>\min <

Proposition 5.23 follows by (5.5).

[]

Remark 5.24. In a similar way to what is done in section 5.3, one can prove that taking A

an n X m random matriz whose density with respect to Lebesque is given by
G(A) = (f(51(A), .., s(A))) "™+

where f is an absolutely symmetric convex function, properly normalized and k = min(n, m),
then A is an isotropic (—%)—concave matrix. Therefore, the results of this section apply to this

class of matrices.
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